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ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS
By

T. NOIRI (Yatsushiro) *

1. Introduction

Let X  and Y  be topological spaces and / :  Z — Y be a function of X  into Y. 
The subset {(x,/(x))|x6Z} of the product space XX Y is called the graph of f  and 
is usually denoted by G(J). Properties of functions with closed graphs are consider
ably known. Quite recently, in [2] L. L. Herrington and P. E. Long have introduced 
the concept of strongly closed graphs. By using it they have obtained a necessary 
and sufficient condition for a Hausdorff space to be Я-closed. In the present paper 
we shall show that if Y  is an Я-closed space, then for any function f:X -~ Y  the follow
ing a), b) and c) are equivalent:

a) /  is almost-continuous and Y is Hausdorff;
b) G(f) is strongly closed;
c) f~ \K )  is closed in X  whenever К is quasi Я-closed relative to Y. Moreover, 

we shall show that if the assumption ’’Я-closed” on Tis dropt, then a) =>b) =>c) holds.

2. Definitions

Let S' be a subset of a topological space. By Cl (S) and Int (S) we shall denote 
the closure of S and the interior of S, respectively.

D efinition 1. The graph G (f)  is said to be strongly closed [2] if for each point 
(x, y)$G (f), there exist open sets Uс  X  and Va Y containing x and y, respectively, 
such that [U X Cl (V)] (T G(f)  =  0 .

D efinition 2. A function / :  X — Y is said to be almost-continuous [7] if for each 
point x£X  and each open set V c Y  containing/(x), there exists an open set UczX 
containing x such that / ( t / ) c  Int (Cl (F)).

D efinition 3. A set S c  A' is said to be quasi H-closed relative to X[6\ if for every 
cover {Ua|aG^/} of S by open sets of X, there exists a finite subfamily 
such that S c  U {Cl (t/3)|aP j/ 0}. If X  is quasi Я-closed relative to X, then it is called 
quasi H-closed. When X  is Hausdorff, the word ’’quasi” in these two definitions 
is dropt.

R emark 1. Every quasi Я -closed subspace of a space X  is quasi Я -closed 
relative to X, but the converse does not hold in general [6, p. 161].

D efinition 4. A space X  is said to be C-compact [8] if every closed set of X  is 
quasi Я-closed relative to X.

D efinition 5. A Hausdorff space X  is said to be locally H-closed [5] if every 
point of X hat a neighbourhood which is Я -closed.
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2 T. NOIRI

3. Functions with strongly closed graphs

The following lemma, which follows easily from the definition, is useful in the 
sequel.

Lemma. The graph G ( / )  is strongly closed i f  and only iffor each point (x, y) (£ G ( /) ,  
there exist open sets U aX  and V a Y containing x and y, respectively, such that 
/(С/)ПС1 (V)= 0 .

Every function with the strongly closed graph has the closed graph. The converse 
is not true [2, Example 3]. It is known that f : X - + Y  is almost-continuous and Y  is 
Hausdorff, then G i f  ) is closed [4, Theorem 9]. The following theorem is an improve
ment of this result.

Theorem 1. I ff :X->-Y is almost-continuous and Y is Hausdorff, then G ( f )  
is strongly closed.

Proof. Let (x, y ) i G(f).  Then we have yVf(x) .  Since Y  is Hausdorff, there 
exist disjoint open sets V and W  in Y containing у  and f(x), respectively. Therefore, 
we have Cl (F )flin t (Cl (I7)) =  0 .  Since /  is almost-continuous, there exists an 
open set U a X  containing x  such that f (U) a  Int (Cl (У/)). Therefore, we obtain 
f(U)f]Cl (V)= 0 .  This implies that G(f)  is strongly closed.

Remark 2. The converse to Theorem 1 is not true. In [2, p. 473], it is shown 
that there exists a function with the strongly closed graph which is not almost- 
continuous.

In [3] P. K ostyrko showed that if G{f)  is closed and /  is surjective, then the 
range is a Tj-space, and also showed that there exists a surjective function with the 
closed graph whose range is not Hausdorff. For a function with the strongly closed 
graph we have

Theorem 2. I f  f : X-+Y is surjective and G ( / )  is strongly dosed, then Y  is 
Hausdorff.

Proof. Let у  and z be any distinct points of 7. Then, since /  is surjective, 
there exists a point x£X  such that f(x)=y.  Therefore, we have (x, z)(? G(f). Since 
G(f)  is strongly closed, there exist open sets U a X  and K e f  containing x and z, 
respectively, such that /(t/)D C  1 ( V ) = 0 .  Put 14 =  7 - 0  (V), then W is an open 
set containing у  such that IV(j V= 0 .  This show's that 7 is Hausdorff.

It is known that if a function f  . X ^ Y  has the strongly closed graph and 7  is 
//-closed, then /  is almost-continuous [2, Theorem 9]. Therefore, by Theorem 2, 
we obtain the following corollary which shows that the converse to Theorem 1 
holds if / is  surjective and 7 is quasi //-closed.

Corollary 1. Let f  .X ^ -Y  be surjective and Y quasi H-closed. I f G ( / )  is 
strongly closed, then f  is almost-continuous and Y is Hausdorff.

Remark 3. Under the hypotheses of Corollary 1 ,/is  not necessarily continuous. 
In [2, Example 2] it is shown that there exists a non-continuous function onto an 
//-closed space whose graph is strongly closed.

Theorem 3. I f  G ( f )  is strongly closed, then f  has the following property:
(P) For every set К quasi H-closed relative to 7, f ~ l(K) is a dosed set of X.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS 3

Proof. Suppose that G ( / )  is strongly closed. Assume that there exists a set 
A quasi Я-closed relative to F such th a t /_1(A) is not closed in X. Then, there exists 
a point x£ Cl Therefore, for each point у € A, we have (x, у ) $ G (/).
Since G(f) is strongly closed, there exist open sets Uy(x) с  X  and V(y)cz Y  containing 
x  and y, respectively, such that/ (Uy(x)) ПCl (V(y)) = 0 .  Now, the family { F(y)|y€ A} 
is a cover of A by open sets of Y and A is quasi Я-closed relative to F. Therefore, 
there exist a finite number of points yx, y2, ..., y„ in A such that A c  U 
U{Cl(F(yj))|l^y'^n}. Put U= r\{Uyj(x )\l^ j^n } , then U is an open set of 
X  containing x and f(U)C\ A ^  0  because xfC\ ( f~ x(K)). Therefore, there exists 
a positive integer k (1 ^ k ^ n )  such that

/(£/,„(*)) ПС1 (V(yk) ) X 0 .
This is a contradiction.

Remark 4. The converse to Theorem 3 is not always true, as the following 
example due to P. Kostyrko [3] shows.

Example. Let X  and Y be the sets of positive integers. Let X  have the discrete 
topology, Y  have the cofinite topology and f . X ^ - Y  be the identity mapping. Then, 
the closure of any nonempty open set of Fis Fitself. Therefore, /  has the property (P). 
Moreover, although G (/)  is closed, it is not strongly closed.

The following corollary shows that the hypothesis „Hausdorff” on the space 
F in [2, Theorem 9] is not necessary.

Corollary 2. Let Y be a quasi H-closed space. I f  f : X —Y has the strongly 
closed graph, then it is almost-continuous.

Proof. Let F be any regularly closed set of F. Since F is quasi Я -closed, 
Fis quasi Я-closed [6, (2.2), p. 161] and hence quasi Я-closed relative to F. Therefore, 
by Theorem 3, f ~ \ F ) is closed in X. This shows that /  is almost-continuous [7, 
Theorem 2.2].

The following corollary is an immediate consequence of Theorem 3.
Corollary 3 (Herrington and Long [1]). Let Y be a C-compact space. I f  

f : X ^ Y  has the strongly closed graph, then it is continuous.
As an immediate consequence of Theorem 1 and Theorem 3, we obtain
Corollary 4 (Long and Herrington [4]). I f  Y is Hausdorff and f  :X-+Y is 

almost-continuous, then f  has the property (P).
The following theorem shows that the converse to Theorem 3 holds if F is 

locally Я-closed.
Theorem 4. Let Y be a locally H-closed (Hausdorff) space. I f f : X —Y has 

the following property (P'), then G (f ) is strongly closed.
(P') For every quasi H-closed set K, f ~ \ K )  is a closed set of X.
Proof. Suppose that F is locally Я -closed and / : X ^-Y  has the property (P')- 

Let (x, y)CG (/), then we have y^ /(x ). Since F is Hausdorff, there exist 
disjoint open sets Vx and Vy containing f (x)  and y, respectively. Therefore, we have 
EjDCl (Vy)= 0 .  Since F is locally Я -closed, there exists a neighbourhood W of
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4 T. NOIRl: ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS

у  wfiich is //-closed. Since W is a neighbourhood of y, there exists an open set 
tV0 such that y£ \¥0czW. Put V=VyDWu, then V is an open set containing у  and 
FxflC l(F) =  0 .  Now, we shall show that C1(F) is //-closed. In fact, since W is 
//-closed and Y  is Hausdorff, W is closed in Y  and hence Cl (F )c  W. Since V is 
open in Y, it is open in W and Cl (V) is regularly closed in W. Since W is Я-closed, 
so is Cl (V). Therefore, by (P '),/ _1(С1 (V)) is closed in X. Put U = X —/ -1(C1 (F)). 
Then [/isanopensetcontainingxsuchthat/(i/)riC l(F)= 0  because FXHC1(F) = 0 .  
This shows that G(f)  is strongly closed.

Corollary 5. Let Y be an H-closed space. Then, for any function / :  A'—T  
the following are equivalent:

a) f  is almost-continuous,
b) G (f ) is strongly closed,
c) /  has the property (P),
d) /  has the property (P').
Proof. This follows immediately from Theorem 1, Theorem 3, Corollary 2 

and Theorem 4.
In conclusion the author wishes to express his thanks to the referee for helpful 

suggestions.
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WEAKLY DISTRIBUTIVE SEMILATTICES
By

W. H. CORNISH and R. C. HICKMAN (Bedford Park)

0. Introduction

A weakly distributive semilattice is a (lower) semilattice such that the infimum 
distributes over all existent finite suprema, in the sense that if ...Ухп exists 
then (xAxlIV ...\J(xAx„) exists for any x  and equals xA(x1V...Vxn). Such semilattices 
were first studied by B albes [4] under the name of prime semilattices. Here we have 
adopted the terminology of a recent paper of V arlet  [9]. An important class of 
weakly distributive semilattices is provided by the distributive semilattices of G rätzer  
and Sc h m id t , i.e. those semilattices S  in which aA 6=c implies c= a'/\b ' for some 
a '^ a  and b '^b , or equivalently S is directed-above and has a distributive lattice 
of filters, c.f. [4; Theorem 4.1] and [9].

In Section 1 of this paper we show that a semilattice is weakly distributive if 
and only if its lattice of ideals is distributive and that the finitely generated ideals 
form its free extension in the variety of distributive lattices.

A semilattice is said to have the upper bound property if any two elements, 
which are bounded above, have a supremum. An interesting class of weakly distri
butive semilattices with the upper bound property is provided by those semilattices 
in which each principal ideal is a boolean algebra. These semilattices have been 
studied by A bbott [1], [2], [3] under the name of semiboolean algebras and mainly 
from the point of view of Abbot’s implication algebras; we show, in Section 2, that 
the semiboolean algebras are precisely those semilattices with the upper bound 
property whose finitely generated ideals form a generalized boolean algebra. In 
Section 2, we shall show that there is an order-isomorphism between the prime 
filters, in the sense of B albes [4], of a weakly distributive semilattice, and the prime 
filters of the lattice of finitely generated ideals, and thus elucidate results in [4] and [9].

In Section 3, we study the congruences on a semilattice which have the substi
tution property for existent finite suprema. After obtaining a formula for the minimal 
such congruence identifying a pair (a, b) with a ^ b ,  we show that, in the presence 
of the upper bound property, the lattice of such congruences of any weakly distri
butive semilattice is canonically isomorphic to the lattice of congruences on its 
free distributive lattice extension. This last result may be regarded as an improvement 
of a theorem recently proved by F leischer [5, Theorem DL] using very general 
techniques. In Section 3 we also consider permutability of congruences, the corres
pondence between ideals and congruences, and the description of the join of con
gruences.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 197S



6 W. H. CORNISH AND R. C. HICKMAN

1. Ideals

Throughout this paper whenever we refer to semilattices we will mean lower 
semilattices unless otherwise stated. Whenever a semilattice has a least element we 
will denote it by 0. If xx, ..., x„ are elements of a semilattice then when we write 
хх\/...\/х„ we mean that the supremum of xx, ..., x„ exists and хгЧ . . . 4 x„ is the 
symbol denoting this supremum.

A non-empty subset H  of a semilattice S is called hereditary if for any x£ S  
and y€H, x ^ y  implies x£H.  When 5 does not have a smallest element we also regard 
the empty set as hereditary. Thus, the set Ж(Б) of all hereditary subsets of S is 
a complete distributive lattice when partially ordered by set-inclusion; the meet 
and join in ,W(S) are given by set-theoretic intersection and union, respectively, 
the largest element is S' and the smallest element is {0} if 06 S  and the empty set, 
otherwise. An ideal is an hereditary subset which is closed under existent finite 
suprema. Hence the set f  (S) of all ideals is an algebraic closure system on S, 
and consequently is an algebraic lattice whose largest element is S  and whose smallest 
element is the smallest hereditary subset. If f ,  ...,/„  are ideals then / ,  +  ...+ /„  
denotes their supremum in , f (S) .  If A Q S  then (A] and (A)  denote the hereditary 
subset and ideal generated by A, respectively. We note that for any x£ S, <*> = 01-

T heorem  1.1. The following conditions on a semilattice S  are equivalent.
(i) S is weakly distributive.
(ii) For any H£3tF(S), (H)={hfJ  ...Vh„: hlf ..., h„£H}.
(iii) For any I , J £ / \ S ) ,  I + J ^ a f l  ...Vo„: я15..., a„€/U/}.
(iv) jT(S) is a distributive lattice.
(v) The map is a lattice homomorphism o f J4?(S) onto f ( S )  (which

preserves arbitrary suprema).
Proof. (i)=>-(ii). The set J={h14 ...\/hn: hx, ..., hndH )  is hereditary since 

S  is weakly distributive and is clearly closed under existent finite suprema and so 
/=<Я>.

(ii) =>(iii). Since J + K = ( J ö K )  and JU К is hereditary, the result is immediate.
(iii) =>-(iv). Clearly TC\J={iAj: i £ l , j f J }  and so let /, J, K £ f ( S )  and suppose 

xí/nÓ +A "). Therefore x £ l  and x —a1'T...dan,a i^JU K . Since a;S x , a ^ I  
and so а,-б(/ПУ)и(/ПА') showing that х € (/П /)  + (/П К).

(iv) =Ki). Let x, y£ S  with y = a f l  ...У an. Now

<хЛу> =  <х>П(у> =  <х>П((а1>+...+<а„» = <хЛа1>+...+(хЛа„>,

and this implies that (xAax)V ...V(xAa„) exists and equals xAy.
(i), (ii) and (iii)=>-(v). Let G, H£Jif(S); then by our assumptions (G U # ) = 

= (G) + (H), and obviously (Gr\H)Q(G)C\(H).  Suppose х€((?)П(Я); that is 
x=g]V...Vgm=A1V...VA„ where g f G , h j £ H  and so x =  xAx = (gxV...Vgm)A 
A(AXV... VAJ=(g1AA1)V ...(gmAhn)^(GC\H).

(v) =>(iv). This is trivial.
Let , f f (S )  denote the set of all finitely generated ideals of a semilattice S. 

Then f f (S) is precisely the set of compact members of f ( S ) ,  and in general is only 
an upper subsemilattice of <f(S). However, when S is weakly distributive and 
xl5 ...,xm,.y1, ...,y„e s  it follows from Theorem 1.1 that <xl5 ..., хт)Г\(у1, ...,yn)=

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



WEAKLY DISTRIBUTIVE SEMILATTICES 7

= 2 ( xihУ]) and so / f ( S )  is a distributive sublattice of f ( S ) .  Moreover, if e: S — 
UJ

is defined by e(x)=(x) for any x £ S  then e is a semilattice monomorphism 
which preserves existent finite suprema. Hence we have

Theorem 1.2. The following conditions on a semilattice S  are equivalent.
(i) S is weakly distributive.
(ii) There is a semilattice monomorphism, preserving existent finite suprema, 

embedding S into a distributive lattice.
(iii) There is a semilattice monomorphism, preserving existent finite suprema, 

embedding S into a ring o f sets.
Corollary. I f  x , , . . . ,  yn are elements o f S such that xV>’; exists for i—\,...,n,

then x \ ' (y1A...Kyn) exists and

x V O i A  ...Ay„) =  O v y i ) A . . . A ( * V y „ ) .
When S  is weakly distributive f  {(S)  is the free extension of S in the variety 

of distributive lattices in the following sense:
Theorem 1.3. Let S be a weakly distributive semilattice, D be a distributive 

lattice and q>: S —Da semilattice homomorphism preserving existent finite suprema. 
Then there is a unique lattice homomorphism ф: f if (S) — D such that (poe — q>. More
over, ф is an injection i f  and only if <p is an injection.

Proof. Let D be a distributive lattice and cp\ S-*D be as above. Define ф: f i f (S)-~ 
—D by ф(1) = (р(х1)\/... \lq>(xm) when /= ( x l5 ..., xm) is in f f (S). Firstly ф is well 
defined, for suppose I= (x1, ..., xm)= (y t , ..., yn); then each х ^ ( у г, . . . , yn) and 
so x,=aiV ...V ai(i) where {a[, ..., a iio lE O h , ...,yn\- Hence

m
cpix^V. . . j tpix j  = V (<p(ai)V...V<p(ai(0)) ^  (p(yj)\/...Vtp(ym),

i = l

and the reserve inequality is similarly estabished.
Also if /=<*!, ..., xm) and J=(yt ,  ..., yn) then

= ^(^i)V ...V<p(xm)V(jí>(y1)V •••V (p(y„) = v(I+Jj,
while
(p(I)Alp(J) = ((pixjjf ...\/q>(xm))A((p(y1) f  ...V (p(yn)) = V {(p(Xi)A(p(yjj) = (p(IC\J)

and so ф is a lattice homomorphism and (p=q>oe. It is easily seen that ф is the 
unique homomorphism satisfying (p=q>os, and if ф is an injection then (p is an 
injection. Suppose q> is injective and ф(I) = ф(J) where /= (x l5 ..., xm) and 
J=(yi ,  ..., y„). Thus, (p(x1)\l ...\J(p(xm)=(p(yj)\J ...W(p(yn) and this implies that 
(p(xi)=cp(xiAy1)\J ...f(p(XiAyn) and it follows that x;= (x; Л yx) V... V (xf A y„). 
Hence x f J  for all i= l ,  ..., m, and so I ^ J .  Similarly J Q I  and therefore I= J  and 
we are finished.

Corollary. The category whose objects are weakly distributive semilattices 
and whose morphisms are semilattice homomorphisms preserving existent finite suprema 
has the amalgamation property.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



8 W. H. CORNISH AND R. C. HICKMAN

Proof. Let S, Sl , S2 be weakly distributive and let S-+S1,ip2: S-+S2 be 
monomorphisms. By Theorem 1.3 there are lattice monomorphisms ip-: —

for /= 1 , 2. Since the variety of distributive lattices has the amalgamation 
property ([5; Corollary 20, p. 148]), there is a distributive lattice D and mono
morphisms for z '= l,2  such that (р1оф' = (р2оф',. Then <р;|Х is
a monomorphism mapping St into D for i= l,  2 and <p1|1S,1o^1=<p2|S,2oi/'2.

2. Prime filters and semiboolean algebras

A filter F in a semilattice A is a non-empty subset of S such that if / i , / 2£F  
and x£ S  with f  = x  then both / i A /2 and x  are in F. Following Balbes [4] a filter 
G is called a prime filter if G ^ S  and at least one of jc15 ...,x„ is in G whenever 
xfij...\/xn exists and is in G. In [4, Theorem 2.2] Balbes showed that a semilattice 
5 is weakly distributive if and only if the prime filters separate the elements of S. 
Here we show the interrelation between the prime filters of a weakly distributive 
semilattice S and those of the distributive lattice # f  (A).

An ideal P of a semilattice A is called a prime ideal if PV S and xAy£P  implies 
x£P  or y£P. It is not hard to see that a filter F  of a semilattice S  is prime if and 
only if S \ F  is a prime ideal.

Theorem 2.1. Let S be a weakly distributive semilattice and identify S with the 
subsemilattice e(S) o f Then the map F —FD S  is an order isomorphism between
the partially ordered sets of prime filters of and S.

Proof. Since preserves existent finite suprema, FD S  is a prime
filter of S when F is  a prime filter o f / f {S). If Fx and F2 are prime filters of f f ( S )  
then the primeness of F1 and F2 ensures that Fx П S  ̂  F2 П S if and only if F1(L F 2. 
It remains to show that the restriction map is a surjection. Let G be a prime filter 
of S, so that S \G  is a prime ideal of S, and thus Х={(хг, ..., x„): Xi£S\G }  is 
a prime ideal of ^ f (S). Therefore, f f { S ) \X  is a prime filter of f if(S)  and 
5 П { / f ( S ) \ X )  = S \ ( S D X ) = S \ ( S \ G )  = G.

It is clear that a semilattice has the upper bound property (see Introduction) 
if and only if each principal ideal is a lattice. Furthermore, if угУ ...Уy„ exists in 
a semilattice S  with the upper bound property then y;VX exists in S  for each i and j.

Theorem 2.2. A semilattice S  is a semiboolean algebra if and only if each o f 
the following conditions is satisfied.

(i) S has the upper bound property.
(ii) S is weakly distributive.

(iii) S has a 0 and for any S, x* = {y€S: yA* =  0} is an ideal and (x)+x* = S.
Proof. Suppose S  is semiboolean. It is immediate that S has a 0 and satisfies 

the upper bound property. In order to show that A is weakly distributive it is sufficient, 
in the presence of the upper bound property, to prove that xrA(y1Vy2)=(xAy1)V 
У(х/\у2) when ух\/y 2 exists.

Let J  be the principal ideal (ухУу2). Then хА уг and xt\y2 are both elements 
of J  and so (хАу1)У(хАу2) exists and is an element of J. If r\, r2£J are the comple
ments of xAyx and xA y2 in /,  respectively then a routine calculation shows that

Acta Mathematica Academiäe Scientiarum Hungaricae 32, 1978



WEAKLY DISTRIBUTIVE SEMILATTICES 9

гг/\гг is the complement in J  of both x A (yiVy2) and (хЛух)\/(дсЛуг). Hence, 
x  A (Ji V у 2) = (x A yO V (x A у 2).

Since S' is weakly distributive for any x£S,  x* is an ideal. Let у be an arbitrary 
element of S. Now xAy£(y) and (y) is a Boolean algebra, and so xAy has a comple
ments in(y); that iszAxAy = OandzV(xAy)=y. Sincez£(y), zs .y  and so zAxAy= 
=zAx=0, hence zgx* and since xAy€(x] we have y£(x]+x*. Thus condition (iii) 
holds.

Now let us assume conditions (i), (ii) and (iii) and let a,bZS  with a ^ b .  By 
assumption bd(a)+a* and so using the upper bound property we have b=xMy,  
where x£(a) and y£a*. Therefore, b=bMa=a\xVy=aVy, and since y£a*, 
aAy=0, showing that у  is the complement of a in (b).

Theorem 2.3. Let S be a semilattice with 0 satisfying the upper bound property. 
Then the following are equivalent.

(i) S is semiboolean.
(ii) rff(S) is a generalized boolean algebra.

(iii) S is weakly distributive and its set o f prime filters is unordered by set- 
inclusion.

P roof. (i)=>(ii). Suppose S is semiboolean. By Theorems 1.3 and 2.2 
is a distributive lattice with 0. Let (0)£  YQX,  where Х=(хг, ..., xn), Y=(ylt ...,y m)€ 

By Theorem 2.2, for each i= l ,  ..., n, and j=  1, ..., m there exist wtJ and
m

ztJ such that xi=wij\/zij, wiĴ (yJ)  and zu ^y*. Then Z =  f) (zl j , ...,znj) is a finitely
j =1

generated ideal contained within X. In addition,
m m

Y + Z =  П (Oh, ...,y m>+<zi; , ..., znj)) = П <*i,..., x„) — X,
7=1 7=1

and
Y n Z  =  «*> f)Z)+...+(<y„>n Z) g  «Ух)n y f)+.. .+ (<y„>ny*n) = <0>.

Hence Z is the complement of Y  in the interval [(0), X] of f  f (S), and so (X) 
is a generalised boolean algebra.

(ii)<=>-(iii). This is an immediate consequence of Theorem 2.1 and a well known 
characterization of generalized boolean algebras, c.f. Grätzer [6, Theorem 22 
p. 76 and exercise 27 p. 79].

(ii)=*(i). Suppose f f ( X )  is a generalized boolean algebra and let x, у  £ S  with 
O sx^y . Because of the upper bound property the complement of (x) in the interval 
[(0), (y)] is a principal ideal and its generator is the complement of x in <y).

3. Congruences

A V-congruence 0 of a semilattice A is a congruence of the algebra (S ; A) 
such that if Xj=y;(0) for z = 1, ..., n and both хг\ / ...Vx„ and yiV...Vy„ exist, then 
x1V...Vxn= y1V...VyH(0). We note that if S  satisfies the upper bound property 
then it is only necessary to state the last condition for n = 2.

The set c€{S) of all V-congruences on S is an algebraic closure system on 
S x S  and hence, when ordered by set-inclusion, is an algebraic lattice.
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Theorem 3 .1. Let J be an ideal of a weakly distributive semilattice S. Then the 
equivalence relation 6{J) defined by x  = y(0(J)) i f  and only i f  (x]+J=(y]+J is the 
smallest Ч-congruence having J  as a congruence class. Moreover the equivalence 
relation R(J) defined by x=y{ R (J)) if and only if, for any be S, x f b cJ is equivalent 
to y t b e J  is the largest 4-congruence having J  as a congruence class.

Proof. Because of Theorem 1.1, 9{J) has the substitution property for A and 
it follows that 9(J ) is a V-congruence having /  as a congruence class. Let Ф be 
any V-congruence with this last property and let x=y(9(J)). Without loss of gene
rality, we may assume that x S j .  Then y£(x )+ J  and so y= xfij ...VxraVAV... V/„ 
for somex;£(x) and j k(LJ. it follows that = x V/i V... V j n . Certainly, x=xV(xAy1)V... 
...V(xAj„). Because х=х(Ф) and А=хЛА(Ф),

xVAV...V7n =  xV(xA;1)V...V(xAj„)(<P).

That is to say х=у(Ф).  It is well known and easy to show that R(J) is the largest 
congruence of the semilattice (S ; A) having the hereditary set /  as a congruence 
class. As S is weakly distributive, R (J) is a V -congruence and our assertion follows.

Let S be a weakly distributive semilattice and x£S. Then we shall use 0(x) as 
an abbreviation for 0((x)). Also, '/-'(x) denotes the relation defined by a = Ь(Ф(х)) 
if and only if aAx=bAx;  it is easy to see that *Р(х) is a V-congruence.

Theorem 3.2. Let S be weakly distributive and a, b£S with ae=b. Then T(a, b), 
the smallest \j-congruence identifying a and b is equal to 'Т(а)П0(Ь).

Proof. Clearly !F(ű) П 9(b) is a V -congruence which identifies a and b. Suppose 
Ф is another such congruence and x=y(T(a)C\6(b)) where, without loss of generality, 
x ^ y .  Then xA a = yA a  and j'€< x)+(i). It follows that y = x f b 1\l ...Vb„ for 
suitable bfi(b). Since а=6(Ф) and xAa=yAa, хАЬ=уАЬ(Ф) and so х = х(Ф) and 
xAbi=yAbi(<P) for i= l ,  ...,n. Therefore

у = yA(xVb1V...Vb„) = x\l(yAbj)4 ...\l(yAbn) = xV(xAb1)V...V(xAb„) = x. 

That is, х=у(Ф).
This last theorem shows that for any a 6 S, a weakly distributive semilattice, 

Ч/(а)Пв(а)=со, where со is the smallest element of T(S) and is given by x = y(co) 
if and only if x —y. Now suppose S’ is an arbitrary semilattice and let Фк and Ф2 be 
two V-congruences on S. If V denotes the supremum in TfiS) and z0, ..., zn£ S 
are such that 2 ;_1 =  г;(Ф1 or Ф2) for / = 1 , ..., n, then z0 =  г„(Ф1У Ф2). This last remark 
follows from the inequality Ф1'/Ф 2^ Ф 1 V (l>2, the supremum in the lattice of equi-

g(S)
valence relations, <f(S), on S. If S  is weakly distributive we can use this comment 
to show that for all a€S, Т(а)4 0(a) = i = 'F(a) f  9(a) where i, the largest V-con-

<?(S)
gruence on S, is given by x=y(i) for all x, y€ S: for suppose x, S, then x=xA 
Aa{4/(aj), x l a~yAa(0(a)) and у Aa^yifTia)). Given the upper bound property 
we have more.

L emma 3.3. Let S  be a semilattice having the upper bound property and Фг, Ф2 
two V -congruences on S. Then Ф1УФ2=Ф1 V Фг •

<f(S)
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P roof. It suffices to show that Ф, V Ф2 has the substitution property for
<?(S)

V since general theory tells us that Ф1 V Ф2 is the supremum of Фх and Ф2 in the
i(S)

lattice of semilattice congruences on 5. Suppose х1=у1(Ф1 \/ Ф2) for * =  1,2, and
<?(S)

assume both xk\l x2 and y\d y2 exist. At first assume 

(1) Xf s; yt for i =  1, 2.
By assumption there exist elements z‘0, z[, . .. ,z l„(i) of S such that x(=zj, yi= z ,„ii) 
andг‘к_1=г'к(Ф1 or Ф2) for к — 1, ..., n(i) and for / =  1, 2. Set w=max(«(l) + l,«(2)+l). 
For г=1, 2 we perform the following alterations to the sequences.

(i) If for some у and к, 4-1=4(Фу) and г1к=г[+1(Ф^ (and so zJ-i^zi+iOPy)) 
we omit z‘k from the sequence and renumber the sequence in the natural way.

(ii) Repeat (i) until 4-г=4(Ф у) implies zik^ z ik + l(Fj).
(iii) If г!)^г{(Ф1) introduce zi_1=z,0 and renumber in the natural way.
(iv) Introduce additional terms z‘m=z‘m_1 = ...= z‘n(i)+1—z‘„(i).
We now have two sequences zj, ..., zj„ and z\, ..., z% such that хг= z#, у( = г ‘т, 

гк_1=г‘к(Ф1) if к is odd and г |_х = г((Ф2) if к is even. Define w‘-=zjA... Az*- for 
and i= l,2 . Therefore xi=w‘0^ w i1S . . .S w im and also и,(_1 = н'((Ф1) 

if к is odd or wjt-i—у4(Ф2) if к is even. Now since X; = Wj, yt for y= l, ..., m and 
1=1,2, w) Vyt exists and we set v) = w) V .

Therefore хг= 4  —4 —•••4i= l4,Vj/i=yi and furthermore 4 - i = 4 ^ i )  if 
к is odd or 4_1 =  4!(Ф2) if к is even. Since xk\Jx2 exists so does v)M v) for all y= 1, ...,m  
and hence x1Vx2=4V 4^ У1 У Уь—VmV v% and 4 - iV 4 - i—4 V 4 (^ i ог Ф2) proving 
that х1Ух2= у1\/у2(Ф1 V Фг)-

<?(S)
If the inequalities in (1) no longer hold, then х1=у1(Ф1 V Ф2) implies xf =

e(S)
= х1Ау1(Ф1 V Ф2) aad Р(=хгЛу|(Ф1 V Ф2) and so the result follows by an easy

<?(S) S(S)
argument.

T heorem  3.4. Let S be a semilattice with the upper bound property and {Фг: г£/}
a collection o f V-congruences on S. Then x= y( \J Ф,) i f  and only i f  there exists ele-

i£J
ments z0, ..., z„ o f S such that x= z0, y= zn and гк_1 = гк(Ф1(к)) for some i(k)fi.

Proof. Assume x= y(  V Ф;) and so T(x, V Ф,)- Since T(x, y) is compact 
■€/ ier

in #(£), there exist q, ..., г„6/ such that Г(х, y) =  Ф^УФк\/ ...\/ Фк and the proof 
follows from the above lemma. The reverse implication was covered by earlier 
remarks.

C o ro llary . For a semilattice S with the upper bound property the V -congruences 
form a distributive sublattice o f the lattice of (semilattice) congruences on S.

Proof. Let x, with хШу, Г, Ф1, Ф2£<&(5) and assume х=у(^’П(Ф1У Ф2)). 
It suffices to show that х=у'((ГПФ1)\/(ГПФ2)). By Theorem 3.4 there exist 
z0, .. . ,z„£S  with x= z0^ z 1S ...S z„= y  such that zk„1=zk(F1 or Ф2). Since x =  
=у(Г), xAz(=jA z;(r) and so х,=у(Г) for i=0, 1, ..., n. Therefore гк^к=гк(Г) 
and hence zk_k = zk(r  П Фх or Г П Ф2), giving the desired result.
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We note that this last result was stated by Grätzer and Lakser in [7], without 
proof.

Let S be a weakly distributive semilattice, and denote by f (S)) the set of
all lattice congruences on f f (S). We wish to investigate the relationship between 
# ( / f {S)) and S ), and to this end we define the restriction map g: S )) —
— ̂ (5) by, for x=y(g(0)) if and only if (x)=(y)(0). We note the
following results without proof.

(i) I f  {в,: i i I } Q % ( f f (S% then e (П Ö.) =  П вФд-
ta  mi

(ii) I f  T(fa), (b)) is a principal congruence on fi fiS )  with (a)Q(b) then 
e(T((a), (b)))=T(a, b).

Theorem 3.5. Let S be a weakly distributive semilattice with the upper bound 
property. Then о : r6( f f i  S)) -* 'O(S) defined as above is a lattice isomorphism.

Proof. We first show that q is a homomorphism. It has already been noted 
that q preserves infima, so now suppose x= y( f  g(0;)). By Theorem 3.4 there

fer
exist z0, . . . ,zn£ S  such that x = z 0, y —zn and zk_1 = zk(g(6nk))) for k=  1, ..., n and 
some i(k)£l. Therefore, (zk- 1) = (zk)(Oi(k)) and so (x) = (y)( V Si) implying x =

i d
=y(e(V 0;))- Assume that x=y(g( \ /  0,)), where, without loss of generality, x ^ y .

id  iCI
By the definition of q we have (x)=(y)( V 0<) and so there exist finitely generated

id
ideals J0, ..., Jn with (x)=J0QJ1Q . . . ^ J n—(y) and Jk- k=Jk(ei{k() for k=  1, ..., n 
and some i(k)£l. Since S has the upper bound property, J0, ...,/„  are all principal 
ideals and so there exist z0, . . . ,z„ inS  such that Jk = (zk) and hence zk_1 = zk(g(eiik)))
showing that x= y ( V e(0,))- 

id
Next we show g is a surjection. Result (ii) above shows that there exists an 

inverse image for each principal V-congruence T(a,b), with a^b.  But for any 
V-congruence Ф on S, Ф = У{Т(а, b): a ^ b , а=Ь(Ф)} and so by what we have 
above Ф = р(0) where 9 ^ ( f f (S)) defined as \l{T((a), (b)):a^b, а=Ь(Ф)}.

Finally в is injective, for suppose g(0) =  о(Ф) with 0Q Ф. Let I= (x1, ..., xm), 
J={yk, ..., y m) € f f ( S )  with /=7(Ф). Therefore, 10(а) = 10(а)(Ф) for all a£S. 
Since S has the upper bound property, both 10(a)  and JO(a) are principal and 
will be denoted by (z0) and (zk) respectively. Then, г0 = г1(д(Ф)) and since д(Ф) = 
= g(9), (zo) = (z1)(0). That is, 1 0 (a)=J0(a)(0) for all a£S. In particular IO(yfi = 
= J0(yfi(9) for y'=l, ..., n; that is, 1 0 (yfi =  (yfiiO) and therefore

Z ( I O ( y j ) ) ^ ( Z ( y j ) ) ( e ) .
j  j

Then I0J=J(6).  Since IOJ=I(0)  is similar, g is injective.
We now examine a particular example of a weakly distributive semilattice 

which shows the last result is not true in general. Let Z~ be the negative integers 
with their natural ordering and let A — Z~ U {xjJU {x2}U {a} where we define xk, x2 
to be less than all the elements of Z and set a —x j \ x 2. It is clear that given this 
ordering, A is a weakly distributive semilattice which does not have the upper 
bound property, since xk\! x 2 does not exist. Furthermore the only ideal in f is { A)
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which is not a principal ideal is (x x, x 2) . We define two congruences Фх and Ф2 
on f f (S) by /=У(ФХ) if and only if /Г)(хх, х2)= /П (х х, x2) for all /, Jd f } (S ) ,  
while /= /(Ф 2) if and only if /T-(xx, x2) = / + ( x x, x2). The theory of congruences 
on distributive lattices shows that Фх\/Ф2=г, the largest congruence on f f (S). 
From the very definition of g, we have g(Ф2) =  0((х1, x 2) ) ,  while а = Ь(д(Ф1)) if 
and only if (а) П (xx, x2)= (b) П (xx, x2) for all a, bd A.

It is now clear that д(Ф1\1Ф2) = >, while e№i)\l в(Ф2) has two distinct congruence 
classes, Z~ and {xx,x 2,a}, and so we cannot have д(Ф^ Ф2 ) = я(Ф\)Ы о(Ф2)-

In the case of semiboolean algebras the lattice of V-congruences has a special 
form, as shown by

Theorem 3.6. Let S be a weakly distributive semilattice with the upper bound 
property and assume 0$ S. Then S is semiboolean if  and only if the map Ф : ^ ( S ) —^(S)  
defined by Ф(I) = 9(1), for I d f ( S ) ,  is a lattice isomorphism.

Proof. Suppose S is semiboolean. It is clear that g is an injection. Now let 
x=y(R(I))  for some I d f ( S )  and assume that т З у  Since S  is semiboolean, there 
exists x' in (y) such that xAx' =  0 and xVx'  =y. Now x=y(R(I))  and хЛх' =  0£ / 
implies that yAx'=x'dI .  Since y=x\Jx', yd(x)+I  and hence (y)+I=(x) +1. 
That is x=y(9(I)). As [0]Ф(={х£5: х = 0(Ф)}) is the only ideal which is a congruence 
class of Ф, for any Ф£с£(5), Theorem 3.1 shows that this is sufficient to prove 
that q is a surjection.

To show that g is an isomorphism, suppose x=y(9(I+J)) and xSy .  That is 
(x)+I+J=(y)+I+J,  and so yd(x)+ I+ J  which implies that y= x \ / id j  for some 
id I, j  dJ. Since S has the upper bound property x\Jt exists, and so i ( m
while xV/=xVi'Vy(0(/)) and this shows that x=y(0(I) J6(J)). To prove the reverse 
implication we note that a=b(9(I) or 9(J)) implies that a=b(9(I+J)) and use 
Theorem 3.4.

Now assume x=y(9(I)C\9(J)). Therefore (x)+/=(y)-f-/ and (x)+J=(y)-\-J. 
Using this (x) + (7П У)= (<x>+ /) (T ((x)+ J)= ((у) + /) П «,у> -I- У)= <̂ > + (/П /) ,
hence xsy(0(ffU )), while the converse is trivial. Thus cp is an isomorphism.

If <p is an isomorphism let x, у dS  with x ^ y  and set 1= [0] T (x, y). By assumption 
0(I)=T(x, y) and hence x=y(9(I)); that is (x) + / —(y)+/. Thus y= xda  for some 
adl, while xAad l  and so xAa =  0(T(x, j))  and it follows that xAa=0. Hence 
a is the complement of x in (_y).

Theorem 3.7. The V-congruences on a weakly distributive semilattice S with
0 are permutable i f  and only i f  it is a generalised boolean algebra.

Proof. Let a, b d S be arbitrary. Since we have already shown that 9(a) ПЧ'(а)=со 
and 9(a) V T(a) = i, the permutability of the V-congruences implies that 5 is

<?(S)
isomorphic to the product S/4'(a)XS/9(a). Also S/4,(a) has a largest element
1 =[a]4J(a) and S/9(a) has a smallest element 0=[a]9(a) and a corresponds to the 
element (1, 0) of the product. If b corresponds to the element (x, y) then it is easy 
that the element of 5 corresponding to (1, y) is the supremum of a and b. Hence 
S  is a lattice. The rest follows from well known results.

Corollary. Let S be a distributive semilattice with 0 and 1. Then, S is a boolean 
algebra if  and only i f  the map 4J: dF(S)^(6(S), where ^ ( S )  is the lattice o f filters
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14 W. H. CORNISH AND R. C. HICKMAN

of S and for F d^ (S ) ,  F(F) is the V -congruence x=y(4'(F)) (x, ydS)  iff x A f = y A f  
for some fdF ,  is a lattice isomorphism.

P ro o f. This is an immediate consequence o f  the theorem since K a t r in á k  
[8; 3.3, p. 167] has proved that the above congruences associated with filters permute 
in a distributive semilattice.

We close this section with a discussion of the join in ^ (S )  of two V-congruences 
in the case of a general weakly distributive semilattice. Firstly, we give an example 
of a weakly distributive semilattice whose V-congruences are not a sublattice of 
the lattice of semilattice congruences.

Let A = {a, b} be the two element chain defined by a < 6  and let J f  be the 
natural numbers with the usual order. Let D = Jf \JA  be the chain obtained by 
adjoining A above that is cd A implies c>n for all nd-AT. Define C to be the dual 
lattice of D. We partially order C3 by saying (x1; x2, x3)^ (y l5 y 2, y3) if and only 
if X i^yt in C for all i= 1, 2, 3. Let S ' = (J {(0, i, 0), (i, i, 0), (0, i, i), (i, i, /)} and

i€C\{0}
induce the partial order of C3 onto S'.

Define S=  S'X^O, a, 0)} and induce the partial order of S ' onto 5 (recall 
that a is the second smallest element in C). Then we claim that S  is a weakly distri
butive semilattice and that there exist two congruences Гг and Г2 such that Г г \/ Г

*'(S)
V Г2. First we show that S  is in fact a semilattice. To do this we need only

*(S)
show that (0, a, 0) cannot be written as xAy, x, yd S. Suppose xAy=(0, a, 0). This 
implies xS(0, a, 0) and y^(0 , a, 0). By the construction of S  this would imply 
that x and у  are of the form (0, i, 0) and (0, j ,  0) for some i and j  in C. Ffence xl\y=  
= (0, i, 0)A(0,j, 0) = (0, i/\j, 0) =  (0, a, 0) and so a—iAj in C. Since C is a chain 
this implies a = i or a= j which is a contradiction. Hence S  is a semilattice.

We note that the infimum of two elements in S is the same as the infimum of 
the same two elements in S',  and of y f f  ...\ly„ exists in S then yf\l ...\lyn exists 
in S ' (since S ' is a lattice) and the two suprema are equal. Furthermore it is straight
forward to verify that S ' is a distributive lattice, for example

(i, i, i)A((j,j, 0)v(0, к, к)) =  (i, i, i)A(0, jV/c, 0) = (iA(jVfc), iA(jyk) ,  iA(j\/k)), 
while

((/, i, i)A(j,j, 0))V((i, i, i)A(0, k, k)) = (iAj, iAj, iAj)d(iAk, iAk, iAk) =

= (OAj)V(iAk), (iAj)V(iAk), ( iAj) f( iAkj)  = (iA(jVk), iA(jVk), iA(jVk)).

Hence to show that S is weakly distributive it suffices to show that the existence 
of >jV... V im p lie s  the existence of (xAjjjV... V (xAy„) in S  for all xdS.  Therefore 
suppose (xAyOV...V(xAy„) does not exist in S. By our construction this implies 
(хАуг)\/ ...V(xAy„) = (0, a, 0) in S'. Since S'  is distributive this implies 
хА(уг\/ ...V>’n) =  (0, a, 0) which leads to a contradiction if both x and y f f  ...\ly„ 
are in S.

Set Г1 = 0((a, a, a)) and define Г2 as the equivalence relation which has the 
following equivalence classes (of more than two elements):

{(/, i, 0): i = a}, {(0,1, i): i S  a}, {(/, i, i): i Ш a} and {(0, i, 0): i >  a}.
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It is easy to see that Г2 is in fact a V-congruence. Furthermore Гx has as its non
trivial equivalence classes the sets {(a, a, 0), (b, b, 0)}, {(0, a, a), (0, b, 6)} and 
{(a, a, a), (b, b, b)}. Hence Гх V Г2 is defined by the following classes,

<?(S)
{(i, U 0): i€ C \{ 0 } } , {(0, i, i): i€ C \{ 0 } } , {(i, i, i): i€ C \{ 0 } } , {(0, /,0): i >  a}

and {(0, b, 0)}.
Hence (b,b, 0) = (1, 1,0) (A V Г2) and (0, 6, Z>) =  (0, 1, 1)(ГХ V F2), both (1, 1,0) V

i(S) <?(S)
V(l, 1 , 0) = (0, 1 , 0) and (b, b, 0)V(0, b, b)=(0, b, 0) exist and yet (0,1,0)?* 
^(0, b, 0) (Г1 V Г2) showing that Гк \/ Г2т̂ Г1\/ Г2.

S \ S )  <f(S) r€{S)
We now give a description of the supremum of V -congruences in an arbitrary 

weakly distributive semilattice.
T heorem 3.8. Let S be a weakly distributive semilattice and suppose {Гр. i£ l}Q  

Q'&iS). Define E0= V T;, the supremum of {Гр. i£l] in the lattice of equivalence 
<?(S)

relations on S. Inductively define F„, En + 1for n = 0, 1,2, ... and x, y £ S  by (x, y)£Fn 
if and only if there exist xt, y{£ S  for i — 1,..., m such that (x; , j';) € En and x  = x k V... 
...Vxm, J= y iV ...V jm; and (x, y)f_En+1 if and only if there exist z0, z f iS  with 
x= z0,y=z,  and (Zj_l5 Zj)£Fn for /= 1 ,...,/ . Let T ~  U £„. Then T= V A-

n<co j ^ ( S )
P roof. We prove by induction that Ek is a semilattice congruence. For k= 0  

the result is well known. Assume Fk_k is a semilattice congruence. Then we claim 
the following are true of Fk_1.

(i) (x, x)6Ffc-i for all x£S.
(ii) (x,y)6Fb l  if and only if (y ,x)(F t . j  for x, y€S.

(iii) Suppose (x1, y i)€Ek_1 for i= 1, ..., n where x‘, y ld S. Then (х1Лх2, j xA j>2)£ 
€Ек_к and if xxV ...Vx" a n d j1V ...\ly" both exist then (xxV ...Vx", jAV ...Vj")€

The first two of these are trivial. For the third, by definition, there exist elements 
x i,-..,xL (o , y{,  ■■■, ylnu) of s  such that (x), у))^Ек_! and х*=х1\/... VxJ„fl), 
yl=y\S  •■■Vylnd). Therefore x1Ax2=(x}Axf)V(xiAxl)V...V(xJl(1)Ax^(2)) and 
/ А ^ 2 = (Я А ^)\/(7 хЛ ^|)\/...\/(^х (1)A /m(2)). Now (x'Axf, y ijAyi)€Ek- 1 since, by 
assumption, Ek_1 is a semilattice congruence, and hence (x'Ax2, У1Лу2)£Ек_1 from 
the definition. Also,

xxV ...Vx" =  xiV...Vxi,(1)VxfV...VxS,(n) 
and

W . . . V /  -  T i V . . . V y i , (1) V T ? V . . . V K (B)
and thus (iii) is proved.

It is now easy to show that Ek is a semilattice congruence. It is reflexive by 
(i) and symmetric by (ii) while transitivity follows from the definition. The substi
tution property for A follows, after an easy manipulation, from (iii).

We note that E0Q F0QEl Q FkQE2Q ... and so T= UE„ = U F„. T is obviously 
a semilattice congruence and clearly TQ V F;. Now suppose xf, € 5 are such

M S )
that (x,-, уг)€ T for i'= 1, ..., n and both xtV... Vx„ and yf!...My„ exist. By construc
tion there exists an integer к such that (x;, y t)d Fk for all i= l,  ...,n  and so (XjV... Vx„, 
yk\l ...\/y„)£FkQ T. It is now clear that T=  V {T,: /€/}■

*(S)
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THE RANGE SPACE IN A CLOSED GRAPH 
THEOREM
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By
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1. A linear map from a Banach space into another is continuous if its graph is 
closed; it is also open of in addition it is onto. A Hausdorlf locally convex space 
E is barrelled if and only if for each Banach space F, every linear map with a closed 
graph from E into F  is continuous [8]. This note seeks the locally convex range 
spaces in a closed graph theorem for linear mappings from Banach spaces.

Throughout our linear topological spaces are over a fixed field either the real or 
complex numbers, and are assumed Hausdorlf. A linear map from a linear topo
logical space E to another F is called a closed map if its graph is closed in EX F.

2. V. P tá k , in [9; 3.6 and 3.8] proved that for a locally convex space E, the 
following conditions are equivalent:

(i) A continuous linear nearly open one-to-one map from E onto any locally 
convex space is open.

(ii) A closed linear nearly open one-to-one map from E onto any locally convex 
space is open.

(iii) A closed linear nearly continuous map from any locally convex space into 
E is continuous.

Notice that a linear map from a Banach space E  into a linear topological space 
F is nearly continuous, and a linear map from F onto E is nearly open.

Let T  be a class of locally convex spaces. As in [3], a locally convex space E is 
called Br(T)-space if for each F in T, any continuous linear one-to-one map from 
E onto F is open. If “continuous” is replaced by “closed” in this definition, we 
call E a Dr(T)-space. We shall denote by Br(T) and Dr(T) the classes of all Br(T)- 
spaces and Dr{T)-spaces, respectively.

If T  is the class of all barrelled spaces, the Dr(T)-spaces are the range spaces 
in the closed graph theorem for linear mappings from members of T[4; Theorem 3.1], 
and from this it follows that a closed linear subspace of a Z)?(T)-space is also a 
Dr(T)-space. Every £>r(T)-space is a Är(T)-space, but the converse fails [11].

Pro po sitio n  1 . Let (E, r) = X (Ex, tx) be a topological product space of infinitelyавФ
many non-trivial linear topological spaces. I f  t is a closed linear map from (E, г) 
into a complete metric linear space F, then there is a countable subset Ф0 o f Ф such that

t{ X ЕЛ = 0.v* e ф\  ф0

I f  F is locally bounded, then Ф0 can be chosen to be finite.
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18 S. О. IYAHEN

Proof. If г]я is the finest linear topology on Ea, then (Ea, rjf is ultrabarrelled, 
and so is

(•Е,ц)=  X (Ex,rix),а£Ф

by (1). Since // is finer than t, the map t: (E, rj)-*F is closed and therefore continuous 
by [10; Propositions 13 and 15 (ii)]. If (V„)™=1 is a fundamental sequence of neigh
bourhoods in F, then for each n there is a finite subset 4'„ of Ф such that

£  v”

<( x_ £.) S  П = 0.
J ( « \  U ¥ „  n=1П = 1

If F is locally bounded, Vx may be taken to be bounded, and 
fundamental sequence of neighbourhoods in F. In the above then,

t{ X £.) £  n  -  И1 = 0.
(cf. [5; Lemma 3.1]).

We shall denote by Bn and Fr the classes of all Banach and Fréchet spaces, 
respectively. Clearly Dr(Fr)QDr(Bn).

Corollary 1. Any infinite (uncountably infinite) product of locally convex 
spaces is a Dr(Bn)-space (Dr(Fr)-space). In particular any product of Fréchet spaces 
is a Dr(Fr)-space.

Corollary 2. A locally convex space (E, t) has the finest locally convex topology 
i f  and only if  for each Dr(Fr)-space F, every closed linear map from (E, t) into F is 
continuous. In particular such E is finite dimensional i f  metrizable.

Proof. If r] is the finest locally convex topology on E, then (£, ц) is a closed 
linear subspace of some product space F of Banach spaces; £  is a (£r)-space. 
The graph of the identity map i: (E, %)-*-(£, r\) is closed in (E, т)XF. If i is conti
nuous then t= í?.

If in the above argument (E, t) is a Banach space of infinite dimension, then the 
closed subspace (E, ц) of the ^(Tyj-space F, is not a £>r(£„)-space, and a closed 
linear map from (£, t) in Bn into a Dr(Bn)-space F need not be continuous.

3. An absolutely convex bounded subset £  of a locally convex E  is called 
a Banach disk if the linear span of В is complete under the topology with the sequence

Вj as a local base.
A closed sequentially complete absolutely convex bounded subset of a locally 

convex space is a Banach disk. A Banach disk need not be closed or sequentially 
complete, since the open unit ball in a Banach space is a Banach disk.

We shall use the notion defined in [2; page 3], of a generalized inductive limit 
of absolutely convex sets. Let G denote the class of all locally convex spaces which 
are generalized inductive limits of Banach disks, and Gm the subclass of G consisting
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of all members of G with the Mackey topology. Let N  denote the class of all complete 
bornological spaces.

Proposition  2. Dr(G) c.D,(Gm)czDr(N)QDr(Fr)c:Dr(B,1).

P ro o f . A s B„czFr(^N(zGmc:G, we have that

Dr(G) S  D,(GJ c  Dr(N) Q Dr(Fr) Q Dr(B„).

Now Dr(G)X Dm(Gr). For if (E, x) is a reflexive Banach space of infinite dimen
sion, then by the method of proof of Proposition 3.3 of [6], (E, x) is a A.(Gm)-space. 
If // is the topology on E of compact convergence, rj is strictly coarser than x, and 
as (E, r\) is in G, (E, x) is not a Z>r(G)-space.

flr(G J ^ f lr(JV). For if (E, x) is the strong dual of a Fréchet space and (E, x) 
is not bornological (see for example [7; Page 221, Problem G]), then under its 
associated bornological topology r\, E is a Dr(N)-space, but not a Z)r(Gm)-space.

Dr(Fr) x D r(B„). For, if (En, x„) is a Banach space of infinite dimension for 
each positive integer «, and r\„ the finest locally convex topology on En, then the
product space (E, rj) = X (En, /y„) is a Dr(B„)-space by Proposition 1, but not a Dr(Fr)-

71 =  1

space, since the identity map from (E, r\) onto the Fréchet space X (E„, x„) is conti-
71 =  1

nuous but not open.
Notice that with the same examples as above, Proposition 2 holds with Dr(T) 

replaced throughout by Br(T).
Let C be the class of all locally convex spaces such that EdC if and only if either 

(i) E£Bn or (ii) E  is a linear space under its finest locally convex topology or (iii) 
E is the topological direct sum of two spaces, one from each of (i) and (ii).

T heorem  1. A locally convex space (E, x) is a Dr(C)-space i f  and only if for 
each F in C, any closed linear map from F into (E, x) is continuous. This is true if and 
only i f  for each Banach space F, any closed linear map from F into (E, x) is conti
nuous.

P ro o f . Let i be a closed linear map from some F in C into a Dr(C)-space 
(E, t). T o prove that t is continuous, there is no loss of generality in assuming that 
F is a Banach space since every member of C is an inductive limit of Banach spaces. 
For some Hausdorff locally convex topology r], say, on E coarser than x, t : F-»(E, rf) 
is continuous, because its graph is closed in FX(E, x). If Я is the finest locally convex 
topology on E for which t is continuous, then (E, Я) is topologically isomorphic 
to (?(F), ß)® Я, where Q is the quotient topology of Ту?_1(0), and Я  is an algebraic 
supplement of t{F) in E, given the finest locally convex topology [7; Page 148, 
Problem C (a)]. Thus (E, Я) is in C. Since (E, x) is a Dr(C)-space, and the identity 
map (E, т)— (E, Я) is closed, x=k. The map t: F-*(E, x) is therefore continuous.

If Tt QT2 are classes of locally convex spaces, then Dr(Ti) ^ D r(T1). Suppose 
that each member of T2 is the inductive limit of some members of 7 \, and that 
a closed linear map from any member of 7) into a Dr(T1)-sp'dce F is continuous. 
Then a closed linear map from a member of T2 into F is necessarily continuous. 
This implies that Dr(T^)QDr(T^), and thus Dr(T1) = Dr(T2). From Theorem 1 we 
thus have the following
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Corollary 1. I f  B* is the class o f all inductive limits o f Banach spaces, then 
Dr{C) = Dr{N) = Dr{Bt).

Corollary 2. A closed linear subspace o f a Dr(N)-space is a Dr(N)-space.
Corollary 3. Dr( N ) c D r(Fr).
Proof. By Proposition 2, Dr(N)Q Dr{Fr). That Dr(N)^-Dr(Fr) follows from 

Corollary 2 above and the remark after Proposition 1 Corollary 2.
If in Theorem 1, C is replaced by G or Gm, then the space (t(F), Q)QH  is in 

G or Gm, respectively. The first part of Theorem 1 is thus true with C replaced by 
either G or Gm. The second part is false by the examples in Proposition 2 showing 
that Dr(G)c:Dr(Gm)czDr(N). As can be seen from Propositions 3.2 and 3.3 of (6), 
a semi-Montel (semi-reflexive) ű r(A)-space is a Dr(C)-space (D,(Gm)-space). These 
two latter classes of spaces thus include the distribution spaces f  3>, вм , вс, 
and their duals.
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MEROMORPHE ZWEIGE YON LÖSUNGEN 
BEI ASYMPTOTISCH LINEAREN 
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1. Einleitung

Im Zusammenhang mit Fragestellungen der mathematischen Physik treten 
häufig parameterabhängige Operatorgleichungen der Form

(1.1) 0 = x + T(x,A), A£R,

mit asymptotisch linearen Operatoren in einem Banachraum X  auf. Hierbei heißt 
TU, A) für festes 1 nach K rasnoselskii [7] asymptotisch linear, falls ein linearer 
Operator Lx existiert, mit

(1.2) ||r(x , A )-L xx\\ =  о(||лг||), für ||x||

Man nennt L; die asymptotische Ableitung von TU , A). So führt z. B. das nicht
lineare Sturm—Liouville-Problem

(1.3) - [ p W /W l ' +  iW y W  = Ay(x)+f(x, у, у', A), x£(0,7t) 

mit den Randbedingungen

(1.4) ay(0) + by'(0) = 0, cy(7t) + dy'(n) = 0 

auf eine Integralgleichung der Form
7Г

(1.5) 0 = y ( x ) - J  \Ay(t)+f{t, y(t), y'(t), Я)] G(x, t) dt,
0

wobei G die zugehörige Greensche Funktion ist. Für den Fall

(1.6) / ( •, u, v, •) = о(|/и2 + и2) für (u, v) °°

ist der Integraloperator in (1.5) asymptotisch linear mit asymptotischer Ableitung
n

(1.7) Lxy(x) = A J  y(t)G(x, t) dt.
о

Bei der Behandlung von Problemen dieser Art sind Verzweigungsphänomene von 
großem Interesse. Ist Г(0, /.) = 0 für alle A^R, so bildet {(0, A): A€R} die Kurve der 
trivialen Lösungen von (1.1) in XxR. Falls für ein A0£R der Punkt (0, A0) Häufungs
punkt von nichttrivialen Lösungen von (1.1) ist, heißt (0, A0) Verzweigungspunkt. 
Entsprechend nennt man (°°, A0) asymptotischen Verzweigungspunkt, falls es eine
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Folge (x„, A„) von Lösungen gibt mit A„ — A0 und ||x„||—°°. Bekanntlich steht das 
Lösungsverhalten von (1.1) in einem engen Zusammenhang zum Verhalten der 
asymptotischen Ableitung L; (vgl. z. B. [7]). Mit den üblichen Beweismethoden läßt 
sich für vollstetige Operatorscharen T( - , /.) zeigen (siehe hierzu Lemma 3): Be
zeichne a(Lx) das Spektrum von L x und gelte für ein A0£R : — 1 Ccr(L;0) mit Viel
fachheit m< °o ungerade, jedoch — 1 $ o(Lx) in einer Umgebung U(A0)/{A0} von A0. 
Dann liegt ein asymptotischer Verzweigungspunkt von (1.1) vor.

Dies besagt indessen keineswegs, daß die Lösungsmenge in der Umgebung 
von («=, A0) eine Kurve enthält, wie sich anhand einfacher Beispiele zeigen läßt.

Die analoge Situation der Verzweigung der trivialen Lösung in (0,A0), bei 
in x = 0  Fréchet-difFerenzierbaren Abbildungen, ist insbesondere von J. Sc h w ar tz  [8] 
und R. Böhme [1], [2] untersucht worden. Für den Fall komplexer Banachräume 
und vollstetiger Operatorschar T (•,).), mit T(x, /.) analytisch bezüglich Я und 
x (zum Analytizitätsbegriff vgl. Abschnitt 2) in gewissen Umgebungen von A0 bzw. 
jc =  0, konnte J. Schwartz die Existenz einer Verzweigungslösung in (0, A0) nach- 
weisen, die sich als Reihenentwicklung nach gebrochenen Potenzen von (Я — /.„) 
darstellen läßt. Das Schwartz’sche Resultat ergibt sich als Anwendung einer Ver
allgemeinerung eines Satzes von J. C ronin [3], [4].

Eine systematische Untersuchung unter Einbeziehung reeller Banachräume 
und nicht notwendig vollstetiger Operatoren wurde von R. Böhme durchgeführt. 
Böhme legt seinen Betrachtungen das nichtlineare Eigenwertproblem

Ах + ах(х) = (^4-A)(x + a2(v))> Л linear,

mit stetigen Operatoren A,ax, a 2 zugrunde. (Die lineare Parameterabhängigkeit 
bedeutet keine wesentliche Einschränkung.) Auch hier stellt die Forderung der 
Analytizität von ax und a2 die entscheidende Voraussetzung für die Existenz von 
nichttrivialen analytischen Lösungskurven dar. Insbesondere enthält die Arbeit 
von Böhme Aussagen über die Anzahl der Lösungskurven. Diese Resultate ergeben 
sich durch Betrachtung topologischer Invarianten und Anwendung funktionenthe
oretischer Sätze.

In der vorliegenden Arbeit wird in Anlehnung an Beweismethoden von Böhme 
die Frage untersucht, unter welchen Voraussetzungen an T( - , /.) Kurven von Lö
sungen von (1.1) durch (°°, A0) existieren und welche Eigenschaften diese besitzen. 
Wir beschränken uns hierbei auf reelle Banachräume und leiten durch Inversion

in Abschnitt 3 eine zu (1.1) äquivalente Gleichung der Form 

(1.9) 0 =  z+T(z,  A)

her, die den Methoden von Böhme zugänglich ist. Es zeigt sich, daß hierbei die 
asymptotische Ableitung Lx von T( - , A) in die Fréchetableitung von f  (•, A) in 
z = 0 übergeht. Ein Vergleich mit den Ergebnissen von Böhme zeigt: Die Eigen
schaft der asymptotischen Differenzierbarkeit ist zu schwach, um die Existenz einer 
Kurve durch (°°, A„) zu gewährleisten. Sogar dann, wenn f  unendlich oft differenzier-
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bar ist, muß es keine Lösungskurve geben, wie das bekannte Beispiel: X — R2 und

( 1. 10)

f[— 14-(l — A)®]jc—(1 —Я)уг
T(x, у; A) = —Ay+ у 2 + sin — • exp

zeigt. Dagegen folgt unter stärkeren Voraussetzungen an T(-,  A), genauer: an 
T ( ' ,A)—Lk, die Existenz von mindestens zwei meromorphen Lösungskurven, die 
sich nur in (°°, A0) treffen. (Siehe hierzu Satz 1.)

2. Definitionen und Hilfssätze

Wir stellen einige Hilfsmittel zusammen, die wir im folgenden benötigen.
D efinition 1. Sei X  ein reeller Banachraum, U<zX offen, und T  eine Abbildung 

von X  in sich. Г heißt reell analytisch in U, falls es zu jedem x£U  eine ^-Umgebung 
Kn(x) gibt, so daß T in Kfx)  durch eine gleichmäßig konvergente Taylorreihe der 
Form

T(x + h)= Z ~ ( D nT(x))h 
n = 0 ni

dargestellt werden kann. Hierbei bedeutet DnT(x) die и-te Fréchetableitung von 
T in x (vgl. [5]).

Für analytische Abbildungen gilt die folgende Verschärfung des Satzes über 
implizite Funktionen:

Lemma 1. Seien X, Y, Z  (reelle) Banachräume, 12 ez X X  Y offen und (0,0)£ß . 
Ferner sei T : Q -*-Z analytisch in Q mit T(0, 0) = 0. Die partielle Ableitung D2T(0, 0) 
von T im Punkt (0, 0) bezüglich Z  sei ein Isomorphismus von Y auf Z. Dann existiert 
eine Umgebung U von OCX und eine analytische Abbildung g: U-*X mit g(0)=0 
und T(x, g(x)) = 0 für alle x£U.

Beweis. Siehe R. Böhme [2].
Schließlich benötigen wir noch
Lemma 2 (curve selection Lemma). Bezeichne Q eine offene Umgebung von 

0£RP undfx, . . . , fm sowie gx, ..., gn analytische Abbildungen von Q in R. Die Mengen 
M  und Q seien durch

M := {x£Q: f,(x) = 0, i = 1,

Q := {x€ß: gfx)  > 0 ,  i = 1, n)

erklärt. Falls O ^M D ß1 gilt, enthält MC\Q in einer Umgebung von 0 endlich viele 
analytische Zweige, die sich nur in 0 treffen, genauer, es existieren Intervalle /„:== 
:= (—ev,ev) und Abbildungen (pv: / v—Rp mit

1. (pv bildet (—ev, 0) und (0, ev) je homeomorph auf einen Zweig ab;

1 Hierbei ist M f ) Q  die Abschließung von M f ) Q .
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2. (pv läßt sich durch

<Py(t) =  2  Ciyt1, civ€Rp, 
i — 1

dar st eilen.
Beweis. Siehe [2].
Wir beweisen nun in Analogie zu den Ausführungen von B öhme [2] und in 

Anlehnung an ein Seminar von K. K ir c h g ä ssn er  [6]

Lemma 3. Sei X  ein (reeller) Banachraum, Q cz J X R  eine offene und beschränkte 
Menge, (0, /.„) 6 Q, und f  eine vollstetige Abbildung von Q in X. Ferner sei T analytisch 
in einer Umgebung von (0, л0), T  (0, A)=0 für alle (0, /.) 4 Q und D1T (0, X) = h (?) •
• D1 f(0), mit einer in einer Umgebung von X0 erklärten (analytischen) streng mono
tonen reellwertigen Funktion h(X). Gilt dann: — 1 £a(D1 f(0,  л0)) mit ungerader 
Vielfachheit m und für X X X0: — 1 $ o(D1 f  (0,1)) in einer Umgebung von X0, dann exis
tieren mindestens zwei analytische Zweige von Lösungen der Gleichung

(2.1) 0 = x+T(x,X),

die sich nur im Punkt (0, X0) treffen.

Beweis. Aufgrund der Voraussetzungen von Lemma 3 ist (0, X) für X hin
reichend nahe bei X0 isolierte Lösung von (2.1). Daher existieren X~, X+ mit Я_<Я0<  
<A+ und eine Umgebung A'£(0) =  {x: ||x||<e} von x=0, so daß es außer (0, A+) 
bzw. (0, X~) keine weiteren Lösungen auf if£(0)X {A+} bzw. A£(0)X{/.- } gibt. 
Da m nach Voraussetzung ungerade ist, folgt unter Verwendung der Homotopie- 
Invarianz des Abbildungsgrades die Existenz einer Lösung von (2.1) auf dem 
Zylinder K£(0)X(A“ , z +), wobei Ke(0) der Rand von Ke(0) ist. D.h. (0, X0) ist Ver
zweigungspunkt von (2.1).

Zum Nachweis von analytischen Lösungszweigen läßt sich Problem (2.1) nach 
der bekannten Methode von Lyapunow—Schmidt auf die Untersuchung einer 
analytischen Mannigfaltigkeit im Rm zurückführen. Bezeichne X1 den Nullraum 
des vollstetigen Operators id +  Dj Г(0, X0); dann läßt sich X  als direkte Summe 
Х=Х1фХ2(Х1, X2 abgeschlossen) darstellen. P ,, P2 seien die zugehörigen Projek
tionsoperatoren und щ :=Рги, u2 := P.,u. Ferner verwenden wir die Abkürzung

(2.2) W (x , X-X 0) := f( x ,  X) — f(0, X0) - ( D T ( 0, Xu))(x, X-X0).

Dann ist (2.1) äquivalent zu

1 0 = « ! -\-D1 T(0, Xq) u1 + (X — X0)P1Do F(0, a0) + Pi IV(u1 + u2, X — Xf)
}o =  и 2 + D \ T (0, X0)u2 + (X — A0)P2f^2 F(0, a0)-{-PoW(u1 + u2, X—X0).

Falls (щ, X) in einer hinreichend kleinen Umgebung von (0, A0) liegt, gibt es wegen 
Lemma 1 eine bezüglich ux und X—X0 analytische Funktion Ф mit и2=Ф(щ, X—X0). 
Damit ist (2.1) äquivalent zu

(2.4) 0 -  [id+D.fiO, X ^ + i X - X ^ P ^ n O ,  Xf) + Р^У[и1+Ф(и1, X-X0), X-X0].
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Wegen dimX1̂ nz<°° läßt sich in Xx eine Basis einführen und die rechte Seite 
von (2.4) als analytische Abbildung ф einer Umgebung von 0 c Rm+1 in Rm auf
fassen. Damit kann (2.4) in der Form
(2.5) 0 = ^(w,A-Ao)
geschrieben werden. Setzen wir für g(x) etwa j[x||2, so folgt mit Lemma 2 die Be
hauptung.

3. Meromorphe Zweige von Lösungen

Wir untersuchen in diesem Abschnitt die Gleichung
(3.1) 0 = x+T(x,A),
mit T : X x R - ' X  asymptotisch linear für alle Ag/, wobei X ein reeller Banachraum2 
und /  ein beschränktes offenes Intervall ist. Daher existiert für jedes A£/ ein bezüglich 
x linearer Operator L(-,X)  und eine Abbildung K, L , K : X X R —JF, so daß
(3.2) K(x, X) =  o(||x||) für ||x|| -*-<=, gleichmäßig in I, 
und
(3.3) T(x,  A) = I(x , X)+K(x,X)
gilt. Damit läßt sich (3.1) in der Form
(3.4) 0 = x + 7 \x , A) =  x+L(x,  X)+K(x, X)
darstellen. Ist (x, X) aus der Lösungsmenge von (3.4) und ||x ||*0 , dann folgt aus
(3.4) durch Inversion

die Gleichung
(3.6) 0 — z+ T(z, X) = z + L(z, X) + J(z, X), 
mit

(3.7) J(z,X):= a), N 1* 0.

Wir setzen bei stetigem К J(z, A) stetig durch die Festlegung /(0 , A) =  0 in den Punkt 
z = 0 fort. Der Bedingung (3.2) entspricht im Zusammenhang mit (3.6) die Bedingung

(3.8) J(z, X) = o(N |) für ||z ||-> 0, gleichmäßig in I.
Ist umgekehrt z eine nichttriviale Lösung von (3.6), so genügt

(3.9) x :=

der Ausgangsgleichung (3.1). Aus Lemma 3 ergibt sich dann unter Berücksichtigung 
von (3.9) der folgende

2 Im Folgenden betrachten wir solche Banachräume, für die HaII2 analytisch ist.
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S atz  1. Sei X  ein reeller Banachraum. Die Abbildungen T ,L ,K ,J:  Y X R  ~ X  
seien wie oben erklärt, К stetig in AfXR, L und J  vollstetig und analytisch in einer 
Umgebung von (0, A0). Für L sei außerdem ДО, Я) = 0, AdR, erfüllt und die Abhängig
keit vom Parameter A wie in Lemma 3. Gilt dann: — 1 Co(L( •, A0)) mit ungerader 
Vielfachheit und — 1 d <г(Д •, A)) für  A hinreichend nahe bei A0, so existieren mindestens 
zwei meromorphe Lösungskurven der Gleichung (3.1), die sich nur im Punkt (<=°, A0) 
treffen. Diese genügen für hinreichend kleine id R einer Parameterdarstellung der Form

(3.10) (p ( 0 '=  2  c t t l,
i =  —k

mit ct = (yt, rt) d X X  R, ck X 0.
B eispiel. Ein einfaches Beispiel ist durch Af=R und 0 = х  + Ял:+— gegeben.
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TWO PROBLEMS ON fc*-SPACES
By

J. L. BLASCO* (Valencia)

1. Introduction. A space X  is called a kR-space when every real-valued function 
with domain X  is continuous if its restriction to each compact subset of X  is conti
nuous. In this paper we answer the question proposed by K. Bierstedt: If X  is a 
A:K-space so is every open subspace? We give a positive solution when A is a completely 
regular Hausdorff space and we construct an example of a regular Hausdorif Агя-space 
which possesses an open subspace that is not a kR-space.

Associated with each completely regular Hausdorff space X  there is a unique 
completely regular Hausdorff /cR-space, k RX, having the same underlying set and 
the same compact subsets as X. The space kRX  is X  equipped with the smallest 
topology making continuous each real-valued function on X  whose restriction to 
compact subsets is continuous. In [1] Frolík characterizes the class © of the spaces 
X  such that for every pseudocompact space Y the topological product XX, Y is 
pseudocompact. Let 53* be the class of the spaces with the property: Each infinite 
collection of mutually disjoint, non-empty, open subsets has an infinite subcollection 
each member of which meets some fixed compact set. According to Frolík ([1], 
T. 3.5, E. 3.7) 53* is a proper subclass of 53. Noble has proved that every ^-compact 
space (spaces X  for which kRX  is pseudocompact) is in 53* ([5], T. 2.1) and leaves 
as unsolved question if 53* is the class of k-compact spaces. A negative answer is 
provided in Section 3. I am informed by A. Kato that utilizing the Stone—Lech 
compactification of an uncountable discrete space, he has constructed a space in 
53* which is not k-compact [3]. Our example is different from the former one.

2. Open subspaces of kR-spaces. In ([5], 2.3) it is proved that every completely 
regular Hausdorff space can be embedded as a closed subspace into a pseudo
compact completely regular Hausdorff /cR-space, therefore, not every closed sub
space of a k R-space is a k R-space.

Let X  be a topological space and let /  be a real-valued function with domain X. 
If the restriction of/  to each of an arbitrary number of open sets, whose union is X, 
is continuous, then /  is continuous. Consequently, we have the following

Proposition. I f  every point o f a topological space X  has a neighbourhood that, 
provided the topology induced by X, is a kR-space, then X  is a kR-space.

If l '  is a topological space we write C(X) for the ring of all continuous real
valued functions on X  and iff£C (X ), coz/  will be the set {x£X: f ( x )X 0}.

* This paper has been supported by „FUNDACION JU AN  MARCH”.
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Theorem. I f  X  is a completely regular Hausdorff kR-space, every open subspace 
o f X  is a kR-space.

Proof. If fdC (X )  and A — cozf, it will be seen that A is a /tR-space. Since 
kRA is completely regular, a basis of neighbourhoods of a point x£kRA is the family 
{cozg: gdC(kRA), xCcozg} and what will be proved is that if x^cozg, gdC(kRA), 
there exists hdC(X) such that x£coz Acrcoz g, therefore A =kRA and A will be 
a k,j-space. Letx be a point of A and let ldC(X) such that coz/П {X ~ co zf}  = 0 ,  
x£coz /. Given gdC(kRA) satisfying x£cozg<zcoz /, let b(y)=g(y) • l(y) if /(>>)Х0, 
h(y) = 0 if /(>0 = 0. Then hdC(kRX) = C(X) and coz /П coz h = cozg; on the other 
hand, coz /flcoz h=coz (/. h), l. h£C(X), therefore coz g=coz (/. h) and A is a 
&R-space. Since X  is completely regular, every open subspace is a union of sets of 
the form cozf fd C (X ) .  According to the latter proposition, every open subspace 
of A is a &R-space.

The following example shows that the assumption of complete regularity of 
X  is essential.

If ß is an ordinal we write ß +1 for the ordinal which follows ß and w(ß) for 
the set of all ordinals less than ß, provided with the order topology. The smallest 
ordinal of cardinal is denoted by wa. If P is the product space ^ (a ^ + ^ X  
Xw(co0X l), let S' be the subspace / >~{(ш1, co0)} and let {S„: ndZ}1 a countable 
family of copies of S. If A (resp. x) is a subset (resp. a point) of S’, we will write 
A„ (resp. xn) to denote it in the copy S„. The topological sum E of the spaces S„, 
ndZ, is a locally compact Hausdorff space and if we identify in it ({o^} X w (ю0))2„ 
with ({wjJXw (cu0))2„ + i and (w (w ^xjeüo}^-! with (w (md X ( o j0} ) 2„ , n fZ , the 
quotient space E* is a locally compact Hausdorff space because the canonical projec
tion (p from E onto E* is a perfect map ([4], 5—20). For brevity we will write 

ß)n) = («, ß)* and <p(A„) = A*.
Now let {£*: pdN} be a collection of copies of E* and let Y be its topological 

sum. Evidently, Y is a locally compact Hausdorff space. We will write (a, /?)*_„ 
for the point (a, ß)tdE* considered in the copy E*. Let X  be the set H J {Q} where 
Q is a point which does not belong to Y, and we will define a topology on X. A basis 
of the neighbourhoods in A of a point of Y will be the family of the neighbourhoods 
of this point in Y.

Let 4Z be a free ultrafilter on A .2 I f  pdN  and « (Z  we write

H(p, n, a„, ß0) = {(a, ß)$,„dS*n: a0 ^  a coj, ß0 ^  ß ^  m0}

where a0-=co1 and /?0<co0. A basis of neighbourhoods of ß  in X  will be the family 
of the sets having the form

{ß}U [U {#(p, n, a(p, n), ß(p, n)): ß(p, 2n') = ß(p, 2n'+l), a (p, 2 n ' - \ ) =
= a (p, 2n'), pdF, n ^  - n 0}]U[U{5*„: p e? p0, n S  n0}]

where F f őli and n0,p0dN. The set X  provided with this topology is a regular Haus
dorff space.

1 Z  is the set of all integer numbers and N = {x d Z :  x i  i_}.
2 An ultrafilter S' on N  is said to be free if П {F\ F tS ' )  =  0 .
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(I) I f f  is a continuous real-valued function on Z* it can be verified that:
(a) For every n£Z, lim /((£%, #)*„)= s.
(b) For each ndZ  there exists a (p, n) <  m1 such that /((a, (o0)*tn) — s for every 

°r = <*(p, n).
(c) I f  e is a positive number, for each nf-Z there exists a set, H(p,n, a (p, n),ß(p, n)) 

such that ß(p, 2n') = ß(p, 2ri + l), ot(p, 2n'— l) = a(p, 2n') and

H{p, n, a(p, n), ß{p, n)) c  {x£Z$: |/ ( x) - s| < e}.

In fact, if /  is a continuous real-valued function on Z*, its restriction to S* n 
is continuous, so there exists <x(p,n)-^co1 such that /((<r, /?)* „)=/(a(p, ri), /?)*„) 
for every aZsa(p, ri) and ß£w(co0) ([2], 8.20). By continuity it follows that 
/ ( 0 ,  cu0)* n))=f((a(p, ri), cu0)piH)=j„ for every a ^ v f  p, n) and moreover that 
lim/((col5/8)* n)= sn. As a consequence of the identifications {fi, co0)Pt2n- i ,  (ij, ш0)Р, гЛ
and {(со!, ß) 2n, (cOi, ß)P'2n+i}, n£Z, it is concluded that if n, mc_Z then s„=sm, 
with which (a) and (b) are proved. Part (c) is a direct consequence of (a) and (b).

(II) X is a kR-space. If T  is the subspace of X  consisting of

{ß } U [U (s;r / . s i , « s i } ] ,

then T is a /c^-space because Q has a countable neighbourhood basis and the 
remaining points of T  have a basis of compact neighbourhoods. I f / i s  a real-valued 
function which is continuous on each compact subset of X, the restriction of /  to 
T is continuous, and therefore, given a positive number e there exist two positive 
integers p0, n0-=2 such that

U{5*„: psrpo, и а По} с {хбГ: |/(x ) - / (ß ) | <  s/2}.

Let F be a member of 6U satisfying Fez {pfN : p=p0); if p£F, from (c), for each 
n ^  —«о there exists a set H(p, n, y.(p, n), ß(p, n)) contained in {x^Z*: |/(x )—,s|<£/2} 
with ß(p, 2n') = ß(p, 2ri + 1), я(р, 2ri — l) = a(p, 2ri) and i  = lim/((cu1, /?)* 0). From
(b) it follows that | i —/( 0 ) |< e /2  so if x £  U{H(p, n, a(p, ri), ß{p, r i ) ) :  n ^  — n0}, 
then \ f ( x )— /(ß ) |< e  is concluded. It is verified for the obtained sets H(p, n, <x(p,ri), 
ß(p, n)),p£F, the relation H(p, n, a(p, n), ß(p, n))cz {x£X: |/(x )—/ ( í3)|<e},
and, therefore, /  is continuous at Q. Since Y is locally compact we conclude that 
/  is continuous on X, so X  is a fcR-space.

Let M  be the set X ~  U {(a, co0)* 1 and put

Dp = U 1 },pdN .

(III) I f  E— {ß}U[U {Dp: p£N}\, a compact subset o f E for which Q is an accu
mulation point does not exist. Let F. be the quotient space which is obtained by 
identifying the points of each Dp,p £ N  in E. Then É is homeomorphic to a sub
space jVU {ct} of ßN  (Stone—Cecil compactification of N) where o c-ß N ~  N. Let 
us suppose that AT is a compact subset of E and that Q is an accumulation point 
of K. Evidently К  meets infinitely many sets Dp, therefore, the image of К in É is 
an infinite compact subset of É, which is a contradiction because the infinite 
compact subsets of ßN  have cardinality 22*0.
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(IV) There exists an open subspace o f X  that is not a kR-space. The subspace 
M  of X  is open and, from (III), the function with domain M  whose value in Dp,p£N, 
is 1 and vanishes otherwise, is continuous on each compact subset of M, but is not 
continuous in M, so M  is not a kR-space.

3. An example of a space X  in 4V for wich kRX  is not pseudocompact. Let
Z0 be the subspace of w(co2 + 1), Z0 =  {a>2}U{a£w(<u2): a has a countable neigh
bourhood basis}. Let us see that S = Z 0~{a>2} is a sequentially compact space. 
If {x„}“=1 is a sequence of distinct points in S we can choose a strictly increasing 
subsequence {x„k}£°=1, and since this subsequence is not cofinal in w(co2) ([2], 9K) 
there exists а6и(ю2) such that a = sup {x„k: kf._N). The sequence ( \} Г =1 converges 
to a in w(co2) and therefore oidS. Obviously, Z0 is also sequentially compact.

We shall prove now that co2 is not an accumulation point of any compact
subset of Z0. Let us suppose that A is a compact subset of Z0 such that co2 is an
accumulation point of K. The set К  ~  {oj2} is cofinal in w(a>2). Then, we can define 
a set A = {xv: {co2}, where x„ is posterior to {xß: ß<tj} for every

Since A has cardinality K, there exists у 6 w(oi2) such that y — sup {xß: 1 
-ccuj}, then, by our construction у has no countable neighbourhood basis and hence 
y$Z0. The net {jc„: 1 does not have convergent subnets in Z0 because it
converges in w ( o j2)  to у and w(coJ  is a Hausdorff space. Therefore {xn: 1 
is a net in К  without cluster points, but this contradicts the fact that К  is compact. 
The function whose value is 1 in a>2 and vanishes otherwise is not continuous in Z0, 
but it is continuous on each compact subset of Z0, therefore {a>2} is an open set 
in kRZ 0.

Let X  be the space (Z0Xw(co0 + 1)) ~{(®2, ®o)} and we are to prove that X  
belongs to 33*. Since A is sequentially compact, w(con+ 1) is compact and the class 
23* is closed under arbitrary products ([5], T. 3.4), the product space Y= SX  
Хи'(со0+  1)6®*. Since Y  is dense in X, it follows that A6®*.

Now let us see that kRX  is not pseudocompact. The set {(co2,n)} is open in 
kRX  for every n£N, so the function whose value is n in (ю2, и), n£N, and vanishes 
otherwise is continuous and unbounded in kRX.
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ON THE CONSTRUCTIONS OF LOCAL AND  
ARITHMETIC RINGS

By
LEE SIN-MIN (Paris)

§ 1. Introduction. Following L. F u c h s  [3] a ring R is said to be arithmetic if 
its lattice of ideals J5f(R) is a distributive lattice. It is called local if it has a unique 
maximal ideal. For a commutative local ring with identity, C. U. Jensen  [4] showed 
that it is arithmetic if and only if its lattice of ideals forms a chain.

In this paper it will be shown that Jensen’s result cannot be extended to non- 
commutative local rings. There methods of construction of local rings are given 
which show that there exist infinitely many local and arithmetic rings whose lattice 
of ideals are not totally ordered under set-theoretical inclusion.

§ 2. The first construction of local rings. For each n S2, we denote by n the 
linearly ordered set of n elements.

We denote the class of rings R (not necessarily with identity) such that 2F(R) 
is isomorphic to n by á?„. For example 3H2 is the class of all simple rings.

Now let R^0tn such that R is commutative with an identity and M  be a simple 
J?-module, i.e. M  has only (0) and M  as its submodules. We construct a ring from 
the set A = R x M  by defining addition and multiplication as follows:

(ri, m1) + (r2, m2) = (гх + г2, m1 + m2), (rl5 m2) =  (г2г2, ггт2)

then (R, + , •) is a non-commutative ring.
R has no identity and also no right identity. However each element in 

{(1, m): m£M} is a left identity of R. Since the anihilator ideal of M  is J(R) thus 
the left ideals of R are of the forms: 7*X0 or IkX M  ( I s k ^ n )  where 0 = /1c :/2<z... 
...czIn_1czIn = R is the chain of ideals of R. Therefore the lattice SffR ) of left 
ideals of R is isomorphic to the lattice product 2Xn.

Each of the left ideal of R except /„X 0 is also a right ideal of R. For if m is 
not equal to zero in M then for (r, m) in R we have (1,0)- (r, m) = (r, m) which is 
not in 7nX0.

Therefore for each 1 S k< n  the sets IkX 0 and IkXM  are the only proper ideals 
of R. The maximal ideal of R is I„_1x M .

For a given lattice L  we denote the lattice adjoint with a greatest element 1 
by L1. Then we have the following result.

T heorem  2.1. For a commutative ring R with identity 1 in 37tn where пШ2, the 
ring R constructed as above is a local and arithmetic ring whose lattice o f ideals is 
isomorphic to the lattice (2X(n
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We observe that for n^3 , R  is a local and arithmetic ring whose lattice of 
ideals SC(R) do not form a chain.

§ 3. The second construction of local rings. Let R(f%„ where пШ2. Assume 
R has an identity and its chain of ideals is given by 0=/jCz/2c  ...cz/„_1c/„= ff.

Let G2—{x , y} be two element left zero semigroup, i.e. G., satisfies the identity 
uv=u. We construct the semigroup ring i?[G2] of G2 over R. We have

Lemma 3.2. For each l ^ i ^ n  the set I f  = {rx—ry: r€ /f} is an ideal of R[G2].

Recall that an ideal /  of a ring R is called join-irreducible if I= J+ K  where 
J, К  are ideals of R  implies either I= J  or I=K. In fact {/*}iSfSn are join-irreducible 
ideals of R[G2]. Denote Ii‘=Ii[G2], then {If }lsi3„ are also the join-irreducible ideals 
of /?[</,].

Lemma 3.3. For l ^ iS n ,  I* and I f  are the only join-irreducible ideals of R[Gf\.
Lemma 3.4. For i^ j ,  we have I f+ I f  X /*+ If where k^m 'm  {/,_/}.
Lemma 3.5. The only ideals o f R[G2] are o f the forms:

(1) It, 1 ^  i =  n
(2) I f  1 á i s n
(3) I t  + 1], where 2 s j < i S n - l .
Summarizing the above result we have
Theorem 3.6. For я £2, let R f0 ln with identity. Then the lattice of ideals o f 

R[G2] is given by the following lattice:

Since jS?(R[G2]) is a sublattice of ((n —l)X(n —l))01 therefore üf(R[G2]) is 
distributive.

Corollary 3.7. R[G2] is a local and arithmetic ring, it is also subdirectly 
irreducible.
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Remark 3.8. The above result is not true if R does not have an identity. For 
example let R be the zero ring (Z/2Z, + , •) then R f St2. However the lattice of 
ideals of R[G2\ is the following modular non-distributive lattice J tb\

Clearly R[C2] is not local.
R emark 3.9. The above result is also not true if G2 is replaced by Gm where 

m ^ 3, i.e. left zero semigroup with m elements.
R[Gm] is still a local ring, however it is not arithmetic for the following ideals:

(0), I2[x, y]= {rx-ry:  r€/o}, I2[y, z] = {ry-rz: r£ l2), I%[z, x] = {rz-rx: r£ l2) and 
I2[x,y, z] = {ax+by + cz: a, b, c£l2 and a + b + c — 0} forms a sublattice of ü?(R[Gm]) 
which is isomorphic to J tb.

4. The third construction of local rings. The local and arithmetic rings which 
are constructed by the above methods have no identities. One may think that the 
condition of existence of an identity in a local and arithmetic ring R may be strong 
enough to imply that the lattice S£(R) of ideals forms a chain. However this is not 
the case.

Let R be a simple ring with identity 1 such that there exists two non-isomorphic 
simple R — R-bimodules Mx and M2. For example the Weyl algebra W fk) on x, у 
over a commutative field к in characteristic 0 with the defining relation x y —yx = 1 
is such a simple ring.

Consider R* = R X M 1XM 2 with the component-wise addition and the multi
plication is defined as follows:

(r, m1,m 2) ’(s, nx, n2) — (rs, rn1 + m1s, rn2 + m2s).
Then (R*, + , •) is a ring with identity (1, 0, 0).
Its lattice of ideals is isomorphic to (2X2)1 and hence R* is local and arithmetic . 

ring. The lattice J5?(R*) is given as follows:

Finally, we wish to give some conditions for a local and arithmetic ring R 
whose lattice of ideals £?(R) forms a chain.

Theorem 4.10. Let R be a ring with an identity such that
(1) R is left (right) local, i.e. it has a unique maximal left (right) ideal and
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(2) R is left (right) arithmetic ring, i.e. its lattice o f left (right) ideals is 
distributive.

Then fd(R) is a chain.
Proof. The proof is essentially the same as the commutative case. First of all 

we show that for any non-zero elements a, b in R, the principal left ideals Ra, Rb 
are comparable.

Since Ra = RaCl[Rb + R(a — ̂ )] = [ЛйПЛ6] +  [7?яП2?(а — b)] therefore a = t + 
+ c(a—b) where 16 Ra П Rb and cbf Ra. If c is invertible then b is the left multiple 
of cb and hence b fR a  which implies Rb£Ra. If c is not invertible then 1—c is in
vertible for R is left local. Since a is the left multiple of (1 —c)a = t —cb£Rb therefore 
Ra Q Rb.

Now we want to show that the lattice f£x(R) of left ideals of R forms a chain. 
Suppose I  and J  are two left ideals of R and J f l ,  then there exists j£ J  such that 
j it/. Thus the principal left ideal Ri for each i£ l  is contained in Rj. Therefore 
IQ R jQ J.

Since S£x (R) is a chain therefore £R(R) is a chain.
Finally I wish to thank Professor D. Eisenbud for his helpful discussions.
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D IST R IB U T IV E  IN SEMILATTICES
By

R. C. HICKMAN (Bedford Park)

0. Introduction

The structure of ideals and congruences in distributive lattice is well known 
(see Grätzer [4]). Our aim here is to construct analogous results for lower semi
lattices which obey a particular form of distributive law. There are numerous 
notions of distributivity in semilattices.

A semilattice S  is distributive if  whenever x, a, b£S  are such that x ^ a A b , 
there exist a', b '£S  with a '^a , b ^ b ' and x —a'Ab' (see Katrinák [5] and Grätzer 
[4, pp. 117-118]).

We call a semilattice S m-distributive if and only if it satisfies the equation 
( D J  yA(x1V...Vx„I) = (yAx^V  ...V(yAxm)
in the sense that whenever the left hand side exists then so does the right hand 
side and the two sides are equal. This idea was first put forward by Schein [6]. We 
will denote the class of m-distributive semilattices by S>„, for each m = 2, 3, ... and 
the class of semilattices which satisfy Dm for each m = 2,3, ... by This last class 
has been investigated by Balbes [1], Varlet [7] and Cornish and Hickman [2]. 
If we denote the class of distributive semilattices by 3t then the following series of 
inequalities hold.

A non-empty subset Я of a semilattice S is called hereditary if whenever and 
y£H  then x €H. For any integer и ̂ 2 we call a subset /  of S an n-ideal if I  is an here
ditary subset of S and whenever xl5 ..., xn( I  are such that xxV ...Vx„ exists in S 
then x l V... V xn € /. A subset У of S is called an ideal if J  is an и-ideal for each 
/г=2, 3, ... . In section 1 we show that a semilattice is m-distributive if and only 
if its m-ideals form a distributive lattice. We also introduce the technical concept 
of an m-reducible join and show that in an m-distributive semilattice the join of 
two m-ideals /  and / i s  the set of all m-reducible joins of elements from IUJ.

In section 2 we develop a system of congruences on m-distributive semilattices. 
We consider the class of semilattice congruences that have the following substitution 
property: suppose xx, x m, yx, ym are such that х(=д/г(Ф) for 
and both x1\/...\/xm and >iV...Vj„, exist, then XjV...Vxm =  ...\!ут(Ф). We
call such congruences m-join partial and for a given semilattice S  denote the collec
tion of all m-join partial congruences by c6m{S). Our main task in section 2 is to 
describe the join in the lattice 9im(S) in the case when V is m-distributive. We conclude 
by investigating some examples of m-join partial congruences of an m-distributive 
semilattice; in particular, using the ideas developed in section 1 we are able to 
determine T(a, b), the smallest m-join partial congruence which identifies a and 
b for any a, b(S .
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1. Ideals

Let 5 be a semilattice. Recall that for a given integer «, a non-empty subset 
/  of S is called an n-ideal if x S y  and у £ /  implies x £ I  and if xx, ..., x„£ /  and xt V... V xn 
exists in S  then xxV ...Vx„6/. Clearly if /  is an «-ideal and x k, xr are elements 
of I ,r ^ n ,  and XiV.-.VXr exists in S then xxV...Vxr£l. We denote the set of all 
«-ideals of S by J n{S).

Lemma 1. Let S be a semilattice. I f  we denote by -T^(S) the set of all n-ideals 
together with the empty set, then is an algebraic lattice. Furthermore, i f  H is
an hereditary subset of S, then the n-ideal I  generated by H is given by the following 
construction.

Let #„ =  # ,

(1) Hk = {x£S: x  ^  h f l ...Vhn fo r  some h, ..., hn^H k_1}

for each k=  1, 2, 3, .... Then /=  |J  Hk.
k<(0

P roof. A  routine argument shows that J nü (S )  is an algebraic lattice. Indeed, 
since the intersection of two «-ideals is again an «-ideal, . / n(S) is a lattice and f n(S) 
is an algebraic lattice, provided S  possesses a least element.

Let H  be hereditary and define Hk, for fc = 0 ,1, 2, ..., as above. Since each 
Hk is hereditary, /  is hereditary. Suppose xl5 ...,xn£ l  are such that xxV...Vx„ 
exists in S. By our construction there exists an integer r such that xx, ..., xn£Hr. 
Hence xxV ...\lxn£Hr+1QI, showing that /  is an «-ideal. If J  is another «-ideal 
containing H  then a simple induction argument shows that HkQ J  for k = 0, 1,2, ... 
and so IQ J.

This lemma now gives us a way to describe the join in ^ n(S). Suppose {/Лаед 
is a family of «-ideals of S. Then (J f  is an hereditary set and so the join of the

x£A
f  in J n{ S ) can be described in terms of the «-ideal generated by U 4- F°r апУ
hereditary set H, we denote the «-ideal generated by H with (H)„. Note that in the 
case when S' is «-distributive we may write in Lemma 1

(1) Hu= {x£S: x = h fd . . . fh n for some hk, ..., h„£Hk-1}.

For any element a in S let (a] denote the set {xG S: x^a}, that is (a] is the hereditary 
set generated by a. For simplicity we write (a)„ for ((a])„ (in fact (a)n = (a\) and 
(ak, ..., ar)„ for ((а^и.-.и^ЛХ , where a,€S for /=1, ..., r.

An «-ideal I  is said to be finitely generated if it can be written in the form 
(ak, ..., ar)„ for some ak, ..., ar€ S. We denote the set of all finitely generated «-ideals 
by yß(S). We denote the join in J^"(S) (and when it is a lattice) by +".

Theorem 2. Let S be a semilattice and /« ==2 an integer. Then the following 
are equivalent.

(i) S(i3}m (the class o f m-distributive semilattices).
(ii) .Fm(S) is a distributive lattice.
(iii) is a distributive lattice.
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Proof. (i)=>(ii). Let I , J ,K £ j m(S). We must show that 7fl(./+mA )^  
£ (/П У )+ т (7ПА )̂, which is the same as IC)(JU K)mQ ((ir\J){J (IГ) K))m.

Let A0=J(JK, Ак={а1У ...Уат: ar, ..., am£Ak_1) for k=  1 ,2 , . . . .  Lemma 1 
and the remarks following it show that <JUK)m= U Ak. Now let х€1П (Л1К)т.

Ä<CO
Then x£7and x£A r for some integer r. We show, by induction on r, that xC ((/n /)U  
U (7fi/0)m. Case r = 0. Then х€7ПЛ0 = /П ( /и * )  = (7П7)и(7П*)Е<(7П.7)и 
U (ШК))т.

Assume the result holds for r—t — 1 and let х£/ГМ (. Then x = a 1V...Vam, 
űj, ..., am£A,_1. Now for each i= l,2 ,. . . ,m  we have a,^x€7 which implies 
<7;r /П /!,_!. Hence by our inductive hypothesis aif((ir\J )\J (ir\K ))m for each 
i= l ,  2, ..., m and so х б ((/П /)и (/П K))m.

(ii) =>(iii). We first note that in any semilattice (x)mП(y)m =  (xЛy)m for x, y£S. 
Now let (Xj, ...,x r)m and (yk, ..., ys)m be two finitely generated m-ideals. Then,

(1) (Xi, . . . ,x r>m+m<y1, . . . , y , )m = (x i> . . . ,x r, yu . . . ,y s)m 
and
(2) <Xj, • • •, xr)mП<у!, • • ■,ys)m =  <^iAyi, ...,JCiAys, x2Ay1.......xrAys)m-

The second of these results is obtained by a repeated application of (1) and 
our assumption of (ii). Thus J fiiS )  is a sublattice of J m(S). Since a sublattice of 
a distributive lattice is distributive, the result holds.

(iii) =>(i). Let x 1, ...,xm£S  be such that XjV...Vxm exists and let a 6S. Then 
öAÍXjV...Vxm) is an upper bound for {a.Axl5 ..., aAxm}; let b be any other upper 
bound. Then (6)mg(aA x;)m for each i= l, ...,m  and so (b)mQ(aAx^)m + m... 
... + m(aAx„,)m.

Hence
(b)m i  «а>т П<х1>т)+ т ...+ т« а)т П(хт>т) =  <ű)mn « x 1>m+m...+ m<xm>m) =

=  (а)«П{х1, ..., xm)m = <a>mn<X!V...Vxm>m =<aA(x1V...Vxm)>ffl, 
which implies that Ь^аА(хг\!... Vxm) and so

aA(xjV ...Vxm) = (aAxj)V ...V(aAxm).
An «-ideal 7 of a semilattice S  is called prime if xAy £ l  implies x £ l  or yd l. 

A non-empty subset F of A is called a filter if xA y£F  is equivalent to x£F  and 
у f  F. Thus, by using the above theorem, we have the following extension to the 
Prime Ideal Theorem.

Corollary. Let S be an m-distributive semilattice, I  an m-ideal and F a filter 
such that /П F = 0 . Then there exists a prime m-ideal P such that IQ  P and PП F = 0 .

Proof. Let Ж denote the set of all m-ideals which contain 7 and are disjoint 
from F. Clearly 1£Ж and if is any chain contained in Ж then K=U{J: JZ*#} 
is also a member of Ж. Hence Ж satisfies the hypothesis of Zorn’s Lemma and so 
possesses a maximal element P. We claim that P is a prime m-ideal, for suppose 
a ,b £ S  and a$P, b^P. Since P is maximal we have {P+m(a)n)C\FAL 0  and 
(P +m(b)m)П TV 0 .  Hence there exist x, y£F  such that x^P  +m(a)m and y£P+m(b)m, 
and so

хА Уа Р + т(а)т)Г)(Р+т(Ь)т) = P+m(aAb)m
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which implies that a/\b$P. Thus P is a prime m-ideal which contains /  and is 
disjoint from F.

Following Grätzer [4, p. 39] we say that D is the free distributive extension 
of the partially ordered set P if

(i) D is a distributive lattice.
(ii) PQ D , and for a, b, c£P, inf {a, b} = c in P if and only if a/\b = c in D, 

and sup {a, b)= c in P if and only if a V b =  c in D.
(iii) P generates D as a lattice.
(iv) Let L be a distributive lattice and let cp: P-<-L be an isotone map with the 

properties that if a, b, c fP , inf {a, b}=c in P, then cup A bcp =  ccp in L, and if sup {a,b}= 
— c in P, then a(p\Jbcp = ccp in L. Then there exists a (lattice) homomorphism ф: 
D-»L extending (p (that is, аср=аф for all a£P).

Theorem 3. Let . Then -ff (S ) is the free distributive extension o f S.
Proof, (i) Of course, for each m = 2 and so Theorem 2 shows that

J f(S )  is a distributive lattice.
(ii) By identifying x d S  with { x )^ J f{ S )  it is easy to see that both (ii) and 

(iii) hold.
(iv) Now suppose L and (p are as stated in (iv). Then define ф \ JFf(S)^L  

by (xls ..., хг)2ф=х1ср\/ ...V xrcp for xl5 ..., xr£S. First we must show that ф is well 
defined. Suppose we have /= (x 1, ..., xJ.)2 =  ( j1, ..., ys)2 for some xt and yj€S. 
It is sufficient to show that xi<p^y1(p\/ ...\/ys(p for each i= l, r. If we set 
•Ho=(Ji]U...UO's]> ffk={hi^/h2: hx, h ^ H ^ x )  for each k = \ ,  2, 3, ..., then by 
Lemma 1, 1= Q Hk. An easy induction argument shows that zf Hk implies zcpS

f c < C t)

ájjipV ...V ys(p for each k = 0, 1,2, .... Now x f l ,  xt£Hk(i) for some k(i) and so 
Xiíp-^yxtpf ...Vys(p for /= 1 , ..., r. Hence ф is well defined. It is clear that ф is now 
in fact a homomorphism and by our construction it is obvious that ф is an extension 
of cp.

Grätzer’s definition of the free distributive extension is not the only one possible. 
We could insist that the free extension preserves suprema (and infima) of sets of m 
elements. That is we change sections (ii) and (iv) of the definition to read

(ii') PQD, and for xl5 ...,x,„, y£P, inf {xj, ...,x,„}=y in P if and only if 
XjA.-.Axm= y  in D, and sup {xl5 ...,xm}=y in P if and only if xxV ...Vxm=y in D; 
and

(iv') Let L be a distributive lattice and let cp: P —L be an isotone map with the 
properties that if xl5 ..., xm,y£P , inf {x,, . .. ,x m}=y in P, then x^A .-.A x,„(p=y<p 
in L, and if sup (xl5 ..., xm}= y  in P, then x ^ V  ...Mxmq>=ycp in L. Then there exists 
a (lattice) homomorphism ф: D ^ L  extending cp.

If we now call a lattice D which satisfies (i), (ii'), (iii) and (iv') with respect 
to P the free distributive m-extension of P we have

Theorem 3'. Let SdS>m. Then J / f S )  is the free distributive m-extension of S.

In a lattice L it is well known that the distributive equation aA(xVj) = (aAx)V 
\J(aAy) is equivalent to its dual. In the case of /п-distributive semilattices we have 
the following result.
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Theorem 4. Let S be an m-distributive semilattice. Then S satisfies the equation

(Ю  CyVxx)A(yVx2)A...A(yVxm) =  yV(xx A...Axm)
in the sense that i f  the left hand side exists, then so does the right hand side and the 
two sides are equal.

Proof. Suppose (yVxx)A...A(yVxm) exists for y, x1, ..., xmy S. Certainly 
a = (у Vxx)A... A(у Vxm) is an upper bound for {y, xxA'...Axm}. Let b be any other 
upper bound. Then

<b)m i  (y)m +m(xx A... Axm)m = <y, хх>т П ... П(у, xm)m =

=  <J’Vx1>mn...n<yV xm>m =  <OVx1)A...A(yVxm)>m.

That is b ^ a  and so a=yV(xxA ...Axm).
Our next task, for S^Q)m, is to find a better description of the join in .Jkm(S). 

For this we need the following definitions.
Let S be a semilattice and xx, ..., x f iS  be such that xxV ...Vx, exists in S. 

A family {A,}f=x of subsets of {xx, ..., xr} is called an n-reducing partition of 
XjV...Vxr if

(i) s ^  n,
S

(ii) U At =  {xx, ... ,x r},
i=l

(iii) for each /= 1 , . . . , s the supremum, V At, of all the elements of At 
exists in 5.

A join х х\/ ...Vxr is called n-reducible (step 0) if rSn. For k=  1, 2, 3, ... a join 
XjV.-.VXr is called n-reducible (step k) if there exists an n-reducing partition 
Аг, ...,A S of xxV...Vxr such that for each / = 1, ...,s  the join ajV ...\'a{(i) of all 
the elements of At is и-reducible (step к — 1). A join xxV...Vx, is called n-reducible 
if it is n-reducible (step k) for some integer k. Of course, it only makes sense to 
investigate the case when n S 2: a join xxV...Vxr is 1-reducible if and only if r = l .

Lemma 5. Let S be a semilattice and suppose that x iV ...V x j(i) are n-reducible 
joins in S for i=  1, s with s^ n , such that XjV...VxJ(j)Vv:?V...Vx£(S) exists in S. 
Then, x \V... VxJ(1)VxfV...Vx*(s) is n-reducible.

P roof. Suppose xiV...Vx£(i) is n-reducible (step к (ij) for each i. If we let 
k=  1 +max (Är(l), ..., k(sj) it is not very hard to see that xjV ...VxJi^VxfV ...VXr(S) 
is и-reducible (step к) since if we let Al={x[, ..., x‘(i)} then {A;}f=1 is an n-reducing 
partition having the necessary properties.

Lemma 6. Let S£.3>m, xxV ...Vxr an m-reducible join in S  and y^S . Then 
(у Л xx) V... V (yA xs) exists and equals у A (xxV... V xr).

P roof. Suppose xxV...Vxr is m-reducible (step k). The proof proceeds by 
induction on k. The result holds for k = 0, since S£Stm and rs=m. Suppose the 
result is true for k = t—1, and let xxV...Vxr be m-reducible (step t). Then there 
exists an m-reducing partition Ax, ..., As of xxV ...Vxr such that V At is m-reducible
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(step t — 1) for each /=  1, s. If we set а, = У A(, then

j>A(x1V...Vxr) =  yA(axW... Vus) =  (yAaJV  ...V(yAus) =
= (yA('AA1))\/ ...У(уА(\/ A j)  =  (yAxx)V ...V(yAxr) 

by our inductive hypothesis.
To illustrate the use of this lemma, consider the following example. Let Z~ be 

the non-positive integers with their natural ordering and let S' be the collection 
of all couples of the form (z, — 1) and (z, 0) where z£Z~. Under the induced ordering 
it is not hard to see that S ' is in fact a distributive lattice. To S ' we adjoin three 
elements, a, b and c, such that аШх for all x£ S ', b ^ (z , 0) for all z£Z~, b\\a and 
b\\(z, — 1) for all z£Z~  and c is the smallest element of 5'=-S'/ U{a, b, c}. We claim 
that but Clearly 5 is a semilattice. Now (0, — 1)Ab = c and aS c  =
= (0, — 1)Ab. If S£3> then there would exist x and у  in S  with x^(0, — 1), y ^ b  
such that a^xA y . Since a is meet irreducible this would' imply a = x or a=y, 
both of which would lead to a contradiction. Hence S Q i.  Now we show that 

We in fact prove that S£3>2 and that any existent join is 2-reducible, and 
so, by Lemma 6, we will be finished. To show that can be done by sheer
computation; we just give a few examples.

bA((xx, — 1)V(x2, 0)) =  bA(max (jcl5 x2), 0) = b
(ЬЛ(хх, — l))V(i>A(x2, 0)) = сУЬ =  b
ЬА(аУ(х, 0)) = bA(x, 0) =  b
(ЬАа)У(ЬА(х, 0)) = сУЬ — b
aA(bV(x, — 1)) = aA(x, 0) — a
(аАЬ)\/ (aA(x1~  1)) =  cVa = a.

Now for any integer r and any xt£ S  for /=1, ..., г, xxV ...Vxr exists in S unless 
{xx, ..., xr}= {a, b) or {x1, ..., xr}={a, b, c}. Using this fact we show, by induc
tion on k, that xxV ...У xk is always 2-reducible.

For к = 2 the statement is trivial. Assume that the result is true for k = t — 1, 
and let xxV ...Ух, exist in S. Without loss of generality we may assume that x ^ X j  
for iV / If for no /=1, ..., t is x, equal to b, then {{xl5 ..., x(_x}, {x,}} is a 2-reducing 
partition of x1V...Vx(, and by our inductive hypothesis xxV ... Vxt_x is 2-reducible, 
giving the result.

If for some i, xt = b, then {{xx, ..., х(_х, xi+1, ..., x,}, {x;}} is a 2-reducing 
partition of xxV ...Vx„ and again by our inductive hypothesis xxV ...Vxi_1Vxi+1V... 
... Vx, is 2-reducible. Thus xxV ...Vx, is 2-reducible.
, Theorem 7. Let S £ &>m and H  an hereditary subset o f S. Then

(i) (H)m = {x£5: x = hx\/ ...\/h r, h ^ H fo r  i — 1, ...,r  and h f j  ...\Jhr m-reducible}.

Proof. Since H is an hereditary set, Lemmas 5 and 6 show that the right hand 
side of (i) is an ideal, and hence must contain {H)m. Conversely, if we set H0=H, 
Hk~ \ h f l ... Vhm: h fH k- x} then we have already seen that (H )m= (J Hk and,

/c<co
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by using an easy induction argument and Lemma 5, it is possible to show ...Vhr 
is contained in Hk for some к and for each m-reducible join h j j ... Vhr of elements 
of H.

T heorem 8. Let S£@>m, х кУ .. . \J x r and yjd  . . .У  у s be two m-reducible joins 
in S. Then

(*i А У í)'V to  Л У 2)V ... V (jcj. Л ys)V (x2 Л у j V... V (xr A ys)
is an m-reducible join.

Proof. A repeated application of Lemma 6 shows that the join (x1/\y1)\/ 
V(xiAy2)V...V(jc1Ays)V(x2Ayi)V...V(xrAys) actually exists. Suppose хгУ...Ухг 
is m-reducible (step h) and yjd  ...4 ys is m-reducible (step k). We first do the case 
when s=  1. The proof is by induction on h. The case when h = 0 is obvious. Suppose 
whenever z j j  ...Vz, is an m-reducible join (step и— 1) then so is (у1/\г1)У ... 
...V(jiAz(), and let xkW ...Ухг be m-reducible (step u). Now there exists an m-re
ducing partition Ax, ...,A V of х гУ ...Ухг such that V At is m-reducible (step и— 1) 
for each i= l ,  ..., r. If we set Bi = {y1/\a{: ajjA ,}  our inductive hypothesis shows 
that Blt Bv is an m-reducing partition of (y1 A xjV ...V()\A xr) having the neces
sary properties to ensure our result. We may now return to the case when s is no 
longer 1. Our proof, again, is by induction on h. The case when h= 0 is covered 
by the first part of the proof and Lemma 5. Assume the result is true for h = u—\ > 
and suppose xjd  ...Ухг is m-reducible (step u) where Alf ... ,A V is an m-reducing 
partition of x1V ...V xr such that VAt is m-reducible (step и — 1) for each i =  l, ..., r. 
Now if we set Bi={aiiTyk\ а{^А{, k=  1, ..., s} then, by our inductive hypothesis^ 
it can be seen that {0г}“=1 is an m-reducing partition of (x1Aj 1)V...V(;c1Aj s)V 
V(x2Лух)V ...V(xrAys) such that ' / Bt is m-reducible (step n(ij) for some integer 
n(i) and for each i= l, ..., v. If we set n = l + max(w(l), и(2),..., n(v)) then clearly

(xi Л у i) V... V (x:j Л ys) V (x2 Л у j) V... V (xr A ys) 
is m-reducible (step n).

We conclude this section by noting that an example, due to Dilworth, of a semi
lattice which is in 2)m but not 3tm+i, is presented in Cornish and H ickman [3].

/

2. Congruences

We are interested in those semilattice congruences Ф, which have the following 
substitution property for suprema. Let m be a fixed integer and suppose хг =  у;(Ф) 
for i= l,2 ,  ...,m  and furthermore both x j j  . . . j x m and yiV...Vym exist. Then we 
require that xk\f ...V x ^ y jV  ...\/ут(Ф). We call such congruences m-join partial 
and denote, for a semilattice S, the set of all m-join partial congruences on S by 
T m(S). This set is easily seen to form an algebraic lattice with smallest element 
Q defined by x=y(Q) if and only if x= y  and largest element Г defined by x= y(T) 
for all x  and y. Our first objective is to find a method of describing the join in 
4>m(S), in the case where S is m-distributive.

Let S be a semilattice, xk, ...,x r, yl5 ..., yr6 S be such that both x j j  ...Vxr 
and y j j  ...Vy, exist in S. We call, for a fixed integer m£2, x j j  ...\/xr and y j j  ...Vyr 
m-comparable (step 0) if r^m . If q> is the „map” <р(*г)=Уь we call x j J ...Уxr and
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укУ ...Ууг m-comparable (step к) if there exist m-reducing partitions {Л;}{=1 and 
{£,}}=1 of X].V...Vxrand jjV  ...Уу„ respectively, suchthat (р(А{) = Bt for all /= 1 , t 
and MAi and У Bt are m-comparable (step к — 1) for each /= 1 , ..., Z. To state it 
more exactly, for each i we can find integers such that At consists
of the j \ th, j'2th, (o,h components of the r-tuple (xx, ..., xr) and A, consists of the 
7i'h,yVh, ...,y„(o,h components of (y1? ..., yr). We say that xxV ...Vxr and yjV.-.Vy,. 
are m-comparable if they are m-comparable (step /с) for some integer k.

Lemma 1. Let S be a semilattice and suppose that хкУ ...Ухг and y f !  ...Уyr 
are m-comparable in S. Then both x f j  ...Ух,, andy-fj ...Уyr are m-reducible.

Proof. Suppose xxV ...У xr and yxV ... Vyr are m-comparable (step k). The 
proof proceeds by induction on k. The case A = 0 is trivial. Suppose that the result 
holds for k = t — 1 and let xxV ...Vxr and y f l  ...Ууr be m-comparable (step Z). 
Then there exist m-reducing partitions and (Д}|=1 of х1У...Ухг and
угУ ...Уyr respectively such that V At and V A, are m-comparable (step z—1). Hence 
У А;, У Bt are m-reducible by hypothesis and so the result follows from Lemma 1.5.

Lemma 2. Let S be a semilattice and suppose that xxV .;.Vx£(i) andyjV ...У y 'r ( i )  

are m-comparable for each / =  1, ..., s with s^m . I f  both xxV.. -V x} (1)V х\У ... V*r(S) 
and у{У...Уy}w y у1У ...Ууr(s) exist in S then they are m-comparable.

Proof. An application of the technique used in Lemma 1.5 quickly yields 
the result.

Theorem 3. Let S  £ 2>m and suppose that хгУ ...У xr is m-comparable to yx V... V yr, 
MjV.-.VMs is m-comparable to r f!  ...Уrs. Then (xxAux)V(xxAu2)V...V(x,.Ans) 
is m-comparable to (УгАг^У(у1Аг2)У ...У(yrArs).

Pro o f . Both these joins exist in S by Lemma 2 and Theorem 1.8. Suppose 
xxV ...Vxr and y f l  ...Ууг are m-comparable (step k). The proof proceeds by induc
tion on k. For k = 0 it suffices, by Lemma 2, to show that (x ^ k u fy ...У(x1kus) 
and 0>xArx)V ...V(yxArs) are m-comparable. Suppose mxV ...Уus and r1V...Vrs 
are m-comparable (step h). We now use induction on h. The case h= 0 is trivial. 
Assume that the result holds for h = t — 1 and щ У...У us and r1 V...Vrs are m-compar
able (step Z). Then, if {/f;}"=1 and {А;}"=1 are the m-reducing partitions of игУ...У us 
and rty  ...У rs respectively, which satisfy the requirements of the definition, we 
define Ci~ {xĵ AOi'. at^Ai) and Di = {ylAbi: h;€A}- By an application of the 
inductive hypothesis we can see that {Cj}"=1 and {А}?=1 are m-reducing partitions 
of (xxAux)V ...V(xxAns) and (j'iArJV ... V(yxArs) satisfying the necessary conditions 
to ensure that (xxAmx)V ...V(xxA«s) and (УгАг^У ...У(у1Агх) are m-comparable. 
So we have completed the proof for the case k=0. Now assume that the result 
holds whenever k = t — 1, and xxV ...Vx, and укУ ...Ууг are m-comparable (step Z). 
Let {Ai}1= 1 and {5;}?=1 be m-reducing partitions of xxV...Vxr and y f j  ...У уr res
pectively, which justify the fact that xxV ...Vxr and угУ ...У уr are indeed m-compar
able (step Z).

If we set Ci={a{Auk: a { ^ A i ,k = \, ..., s) and Dt={b{Ark: b{£Bt, k = l ,  ..., s} 
it is not hard to see that {C,}"=1 and {A}"=i are m-reducing partitions of (xjAiqjV ... 
...y(xrAus) and (у1Аг1)У ...У (yrArs) respectively. Indeed, it is possible to show 
that {C;}"=i and (л ;}"= 1 satisfy the conditions of the definition which ensure that
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(xxЛщ)V... V (xrAus) and (JA A r j  V... V(yrArs) are m-comparable. This has now 
completed the inductive step.

We are now in a position to describe the join in the lattice of m-join partial 
congruences on an /«-distributive semilattice.

T heorem 4. Let S be an m-distributive semilattice and E a semilattice congruence 
on S. We define E0 = E, and F0 by (x, y) £ Fn if  and only if there exist xls xr and 
ylt ...,y r in S such that

(i) x= xt \/...\lx r, y —y-fiJ ...\lyr,
(ii) (Xi, y:)€ E0 for 1=1, ..., r,

(iii) XiV.-.Vx,. and у f i t ... V yr are m-comparable.
We define inductively Ek and Fk for k=  1, 2, 3, ... by (x, y)£Ek if and only if  

there exist z0, .... z f S  such that x= z0, y= zs and (z,-^, z;)AFk_k for i=  1, ..., s, 
while (x. y)£Fk i f  and only if there exist xk, .... xr and yk, .... у r in S such that

(i) x = x xV ...Vxr, у= укУ
(ii) (Xi, yi)£Ek for i= 1, ..., r,

(iii) x f j  . ..4 xr and yk\! ...Myr are m-comparable.
I f  Ф is the m-join partial congruence generated by E, we then have Ф= 1J Ek.

k<-(o

P roof. We claim that the following are true for each k = 0, 1, 2, ... .
(1) Ek is a semilattice congruence,
(2) (x, x) 6 Fk for all xdS,
(3) (x,y)dFk if and only if (y, x)£Fk,
(4) (x‘, y')£Fk for i = l ,  ...,m  implies (хгАх2, y1hy2)dFk and if both хх\/... 

. ..d x m and y1V ...\lym exist then (xW ...Vx”, у г\1 ...Vym) í Fk.
The proof proceeds by induction on k. For the case £=0, (1) follows from the 

definition and (2) and (3) are obvious. To show (4) suppose (x‘, y ‘)£F0 for / =  1, ...,/«. 
If both x}V... Vx"‘ and yvj  ...\Jym exist then they are certainly m-comparable, in 
which case the second part holds, while the first part holds by applying the defini
tion and Theorem 3.

Now assume that the result is true for Лг = / — 1 and consider the case k = t. 
For (1) it clearly suffices to show that Et has the substitution property for Л, so 
suppose that (xr, y l) and (x2, y 2)AEt. By definition, there exist z\, .... zj(1) and 
zg ,...,z?(2) such that xj= z j , / = z ‘(f) and ( z j^ ,  for j = l ,  .... r(i) and
i= l ,2 .  Without loss of generality, we may assume that r(l)= r(2) (=/•). Then 
put Zj = z)f\z2j for j= 0, .... r and observe that x1 Ax2=zn, y 1 Ay2=zr and by our 
inductive hypothesis (z^_l5 zj)£Ft_l for j= i ,  ...,/•. Hence ( x ^ x 2, y1Ay2)£E, 
proving (1). Again (2) and (3) are obvious and (4) is shown by the same argument 
as before.

Let Ф= (J Ek. Since F0Aj£jS= £ 2 ..., Ф must be a semilattice congruence.
k<co

Because of our construction it is clearly m-join partial. If A is any other m-join 
partial congruence which contains E then it is easy to show that EkQA for each 
к and so ФЯ1А. Thus, Ф is the m-join partial congruence generated by E.

Hence the join of any family of m-join partial congruences may be constructed 
by first taking their supremum in the lattice of semilattice congruences and then 
applying the method described above.

Before proceeding with some examples we need an obvious technical lemma.
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Lemma 5. Let S be an m-distributive semilattice, Ф £ (ém(S ) and x j j ...У xr 
and угУ ...Vyr m-comparable. I f  х г=У{(Ф) for i'= l, ...,r  then we have

*1V...V*r = j 1V...Vjv«P).
Theorem 6. Let S be an m-distributive semilattice and let I  be an m-ideal on S. 

Define the following equivalence relations on S.
x= y(0(l j) i f  and only if (x)m+m I = (y)m +mL and
x=y(R(Ij) if  and only if (xf\b£l<*yAb£l, У be S).

Then both 6(1) and R(I) are m-join partial congruences. Furthermore, R(I) is the 
largest m-join partial congruence having I as a congruence class and 6(1) is the smallest 
m-join partial congruence having I  as a congruence class.

Proof. By applying Theorem 1.2 it is not hard to show that both 6(1) and 
R(I) are m-join partial congruences which have /  as a congruence class. Now suppose 
A is another m-join partial congruence which has I  as a congruence class. We wish 
to show that 6(I)QAQR(I). Suppose x = y(9(lj) and without loss of generality 
assume x ^ y .  Hence (x)m+mI —(y)m+mI  and so x£((y]U /)m. Thus, x  can be 
expressed as an m-reduciblejoin h f  / ...Уhr where each h fH = (y]{JI, using Theorem 
1.7. By Lemma 1.6 y= yA x = (yAh1)\l ...V(y/\hr). Since A has /  as a congruence 
class yAhi=hi(A) for each i= l , . . . , r .  Also (yAh^M ...У (yAhr) and h fj.- .y h ,  
are clearly m-comparable and so, by Lemma 5, x=y(A).

Now assume that x=y(A) and so xAb=yAb(A) for all b£S  and so xA b y l 
if and only if yAb£l, since /  is a congruence class of A. Hence x=y(R(lj).

For a filter F of a semilattice S  it is well known that the equivalence relation 
41(F) defined by x = y(4/(Fj) if and only if x l  f= y!' f  for some f£F , is a semilattice 
congruence. If S is m-distributive it is easy to show that 'P(F) is m-join partial. 
Indeed we have

Theorem 7. Let S£3>m and F a filter in S. Then T (F) is an m-join partial 
congruence. Furthermore if S is directed above, then F(F) is the smallest m-join 
partial congruence which has F as a congruence class.

For an element a of a semilattice S we let [a) denote the smallest filter which 
contains a. Clearly [a) = {x€ S: x ^ a ).

Theorem 8. Let S be an m-distributive semilattice and a, b£S  with a^b . Then 
T(a, b) = 6((b')m)C\ T{[a)) is the smallest m-join partial congruence which identifies 
a and b.

Proof. T(a, b) is clearly an m-join partial congruence which identifies a and b. 
Suppose Ф is another and let x= y(T(a, bj). We may assume that Then
xAa= yAa  and (x, b)m = (y, b)m. Since а = ЫФ), we have хАа=хАЬ(Ф), yAa= yA  
АЬ(Ф) and so хАЬ=уАЬ(Ф).

Now (x,b)m = (y,b)m implies (x)m П (x, b)m = (x)m П (y, b)m. Thus <x>m = 
= (y, xAb)m and so x=y\/(xAb). Since у=у(Ф) and уАЬ = хАЬ(Ф), y\J(yAb) = 
=у\/ (хАЬ)(Ф).

That is, у = х(Ф).
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During this section we have only considered the case when S£2)m for some 
tengeri m. Similar results for S c_3/a, have been given in Cornish and Hickman [2].

Acknowledgement. The author would like to thank Dr. W. H. Cornish for 
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EINE ANALYTISCHE KENNZEICHNUNG EINER 
KLASSE DISKRETER GRUPPEN UND IHRER 

RIEMANNSCHEN FLÄCHEN
Von

G. ROSENBERGER (Dortmund)

Einleitung

In der analytischen Theorie der Flächen ist folgende Frage von Bedeutung: 
Unter welchen Bedingungen sind zwei diskrete, isomorphe Gruppen Gx, G2 von 
Automorphismen der oberen Flalbebene §  in der Gruppe © (§) aller Automorphismen 
von §> konjugiert zueinander? Sind nämlich zwei solche Gruppen Gx und G2 in 
©(§) konjugiert, so sind die Riemannschen Flächen §>/Gl und §>/G2 biholomorph 
äquivalent.

Seien nun G1; G2 zwei diskrete, isomorphe Untergruppen von ©(§). Hat 
Gx keinen Fundamentalbereich mit endlichem nicht-euklidischen Flächeninhalt, 
so ist natürlich G\ in ©(§) im allgemeinen nicht konjugiert zu 6'2.

Ist i]3(G;) die Menge der parabolischen Spitzen von Gj (/=1, 2), so bezeichne 
Ö+(G;) die Vereinigungsmenge von §  und SF(G;) für (=1, 2.

In [7] wurde gezeigt (vgl. auch [5]): Ist G; freies Produkt zweier (endlicher 
oder unendlicher) zyklischer Gruppen und $>+(Gi)/Gi kompakte Riemannsche 
Fläche vom Geschlecht null für /=1, 2, so ist Gx in ©(§) konjugiert zu G2.

Der Fall zweier Erzeugender endlicher Ordnung wurde schon in [2] behandelt. 
Ist dagegen einer der folgenden Fälle erfüllt, so ist G\ in © (§) im allgemeinen nicht 
konjugiert zu G2:

1. G( ist freies Produkt zyklischer Gruppen und §t+(Gi)/Gi ist kompakte 
Riemannsche Fläche vom Geschlecht gi^l (vgl. [7], [5] und [10]).

2. G, hat Rang ^2, und §/G; ist kompakte Riemannsche Fläche vom Ge
schlecht g ^ l  (vgl. [6] und [10]).

3. G; hat geometrischen Rang ^3, und §/G; ist kompakte Riemannsche 
Fläche vom Geschlecht null (vgl. [4], [8], [9] und [10]), für /=1 und 2.

In dieser Note zeigen wir (Satz 1 und Satz 2): Hat G; den Rang zwei und den 
geometrischen Rang zwei, und ist §/G; kompakte Riemannsche Fläche vom Ge
schlecht null für /=1, 2, so sind G\ und G2 in der Gruppe aller Automorphismen 
von §  konjugiert zueinander und die Riemannschen Flächen $/Gx und §/G2 
biholomorph äquivalent.

Wir liefern einen neuen, elementaren Beweis für teilweise bekannte Ergebnisse 
(vgl. [3] und [10]).

Vorbemerkungen

Die Arbeit verwendet die Terminologie und Bezeichnungsweise von [3] und [4]. 
Wir identifizieren die PSL (2, R) mit der Gruppe aller Automorphismen der oberen 
Halbebene ©. Es ist PSL (2, R) = SL (2, R)/{£, - £ } ,  d. h. die PSL (2, R) besteht 
aus den Paaren {W, —W), JT€SL(2, R). Es ruft keine Mißverständnisse hervor,
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wenn wir kurz W statt {W, — W} schreiben. Es bedeute: A„=2cos—, ngN und 
/752. Sp U die Spur von £/£GL (2, R). 11

Sei nun Gt eine diskrete Untergruppe der PSL (2, R) mit den Eigenschaften:
a) G1 hat Rang zwei und geometrischen Rang zwei.
b) §>/G1 ist kompakte Riemannsche Fläche vom Geschlecht null.

Nach [3] und [4] besitzt G± eine kombinatorische Beschreibung

71

G =  (s j , s2|s f  =  sf2 =  (s^ )* 3 =  1)), 2 ^  al5 oc2, a3; ---- 1----- 1----oti oc2 a3 <  1.

Man nennt Gx auch Triangel-Gruppe, und wir werden im folgenden diese Bezeichnung 
verwenden.

Sei nun G2 eine diskrete Untergruppe der PSL (2, R), die isomorph zu Gx ist. 
Nach Satz 32 von [3] ist G2 auch eine Triangel-Gruppe und es ist

G2 = (nl5 u^uf1 =  u |2 =  (ujUa)*3 =  1),
<xlf tx2, ot3 wie bei Gr. Für den Spezialfall ax =  2, a2 =  3, a3 = 7 wurde Satz 1 und 
Satz 2 in [3] bewiesen.

Die Resultate

Satz 1. Seien Gx, G2czPSL (2, R) zwei isomorphe Triangelgruppen. Dann ist 
Gx in PSL (2, R) konjugiert zu G2, d. h. es gibt eine Transformation Гб PSL (2, R) 
mit Gx=TG2T~x.

Beweis. Sei G cPSL (2, R) Triangelgruppe, d. h.
G = (sj, SalsJ1 = s22 = (s^o)*3 = 1) c  PSL (2, R)

mit 2 ^ a 1,a 2,a 3; —+ —+  —<1. Nach Theorem 2.3 von [1] gibt es Erzeugende 
® 1 *2

A und В von G mit
S p ^ = 2 ai, Sp В =  ka., und Sp A B = —kX3.

Behauptung (1.1). Wir können A =  j j annehmen.

Beweis. Sei etwa ^  =  PSL, (2, R). Wegen a + ü?=ASl<2 ist c^O. Indem
wir eventuell A und В durch A~x und B 1 ersetzen, können wir c<0 annehmen. 
Sei also c<0. Mit

N = - L = [ ~ C a\ ist N A N ^ = {  °  1 )•Y^c l  0 \) l - l  kJ
Sei also nun

Sei Мб PSL (2, R) mit M = xE+ yA, x, j>CR. Dann kommutiert A mit M, d.h.
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es ist MA = AM. Eine Parameterdarstellung der Zahlen x, у ist gegeben durch

n Я . . sin 9
X  =  COS 9 — cot —• • sin 9, у = --------а, . nsin —

«1
wegen

(х + ^ К у) =  L
Mit

( 2  sin2 — ] s:= (b + c) sin — ,t aj/

(2 sin2 — r:=  a —d+(b — c) cos— und f := г —а ax I «i
ist das (1 ,1)-Element von MBM~l gerade

ax2+(akxi + b + c)xy + (ckxi+d)y2 — s sin 29+ r cos 29 — t.
Es ist

4sin2 — (s2 + r2 —t2) =  ft2 + c2 + 2i>c + a2A21 — 4ad + 2akxi(b — c) —
ai

= (aAai + b —c)2—4 = (Sp A B -1)2-4 .

Behauptung (1.2). Sei а2^ а 3 г/яс/ а2=4 oJer а3&3. Dann ist 
Sp AB~2^ 2 und damit (Sp AB^1)2^ 4.

Beweis. Es ist Sp T.ß_1 =  Sp A -Sp B —Sp AB=kXl- кхг+кХа. Ist a2^ 4  oder 
«з =  3, so ist 2Xl- kXi+kXas 2  wegen а^оса^аз. Damit ist Sp AB~1^ 2.

Fall (1.3). Es seien zwei der afs 4  oder alle drei а;ёЗ. Sei ohne Einschränkung 
а ^ а ^ а з  und a2^ 4  oder а3ёЗ . Nach (1.2) ist (Sp T ß_1)2^4 , d. h. i2^ r 2+.$2, 
und es sind r, s nicht beide null. Damit kann eine reelle Zahl 9 gerade so gewählt 
werden, daß s-sin 29+r-cos 29 = i, d.h. das (1, 1)-Element von MBM~X gerade 
null ist. Wegen Sp AB~1=kXl • kX2+kX3̂ 2  ist das (1,2)-Element von MBM~X 
größer als null.

Also ist G in PSL (2, R) konjugiert zu einer Gruppe G', die erzeugt wird von

( - 1 U
mit e >  0 und =  6+-^- ё  2.

Sei g«=l. Die Transformation X>—PX~

und führt
0 Q

—— ; über in o 1 )
Q

Q -J —Q kXi,

0 q

P 1 mit ^ = [ 1  0 ) läßt ^  unverändert 

ist nicht schwer zu zeigen, daß es ein
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i?€GL(2, R) gibt mit detR = — 1 und G"—RG" R \  wobei G" die von j  j

und erzeugte Gruppe ist.o i
Q

 ̂ Q 1̂X2'
Also können wir annehmen, d. h. G ist in PSL (2, R) konjugiert zu einer 

Gruppe G\ die erzeugt wird von
О о

(-? U und - -  L

1mit ß S l  und 2^2^ + ).^ = q-\— Ш2. Wegen 1 ist g eindeutig bestimmt, d. h. im
Q

Fall (1.3) ist die Behauptung des Satzes gezeigt.
Zu untersuchen ist nun noch der
Fall (1.4). Es sei ein аг=2 und ein ocj—3. Sei ohne Einschränkung а1 = 2, a2=3. 

_ . b + c a—d , a+ d  1 ^
Dann ist s= - 2  ' » f  = " 2 "' uncl t = -----2 ~ = - Damit ist das (1,1)-Element
von M B M gerade

b + c . a —d 1——  sin 29 d— -— cos 25+ —.

Es kann eine reelle Zahl 5 so gewählt werden, daß gerade
(b+c) sin 29 + (a—d) cos 29 =  0,

d.h. das(l, 1)-Element von MBM-1 gerade ist. Also ist G in PSL(2, R)konjugiert

2 8 

~h i

mit g>0, h> 0,zu einer Gruppe G', die erzeugt wird von |_*j* q|  und 

h+g = /.a3 und h g = ^ . Sei Die Transformation X ^ P X * 1 P _1 mit P — ̂

. Analog wie im Fall (1.3)

1 1 ,4
2  8 2 *
, 1 über in 1

- h TJ ~ 8  T •
läßt A unverändert und führt

können wir also h S g  annehmen, d.h. G ist in PSL (2, R) konjugiert zu einer Gruppe 
G', die erzeugt wird von

1
o 8

(-?i) und 1

mit h ^ g > 0, h+g = 2<x3 und hg= —. Wegen Afeg ist h eindeutig bestimmt, d. h. 
auch im Fall (1.4) ist die Behauptung des Satzes gezeigt. Q.e.d.
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Als Anwendung erhalten wir
Sa t z  2. Seien Gt , G2 c  PSL (2, R) zwei isomorphe Triangelgruppen. Dann sind 

die Riemannschen Flächen $>/Gj und S>/G2 biholomorph äquivalent.
Bew eis. Nach Satz 1 ist G1 = TG2T~1 für ein 7'gPSL(2, R). Den folgenden 

Teil des Beweises kann man [3] entnehmen. Wir bringen ihn vollständigkeitshalber.
Sind z-,, z2 Elemente derselben G,-Bahn, so sind Tz1,T z2 Elemente derselben 

Gi-Bahn, denn: гг = Аг2, A^G2 impliziert Tz1= T A T ~ 1 Tz2, und es ist TAT~1£G1. 
Ist nun Г eine G2-Bahn, so sei Т(Г) die eindeutig bestimmte Gj-Bahn, die das T-Bild 
von einem Element aus Г enthält. Die Zuordnung Г>->-Т(Г) liefert nun eine bi- 
holomorphe Abbildung von §/G2 auf §>/G1. Q.e.d.
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SOME PROPERTIES OF MATRIX OF COEFFICIENTS 
IN BLOCK’S MULTIPLICATION TABLE OF THE 
SIMPLE MODULAR LIE ALGEBRAS OF BLOCK

TYPE
By

I. B. MOHAMMED (Zaria)1

1. Introduction. R. E. Block [1] has constructed simple Lie algebras over 
a modular field by considering an additive group G of order pn> 1, which is a direct 
sum of a finite number of finite elementary p-groups G0, Gk, ..., Gm. These groups 
are then finite dimensional vector spaces over Zp. He assumed that G„ can be allowed 
to be zero, and p > 2, or G xG 0. Let <5 =  c)1+c>2+ ... + <5m be a fixed element of G, 
where 0 for /= 1 ,2 , and let L  be a vector space over the modular
field Ф whose basis is indexed by the elements of G other than 0 and — <5. Denote 
by via) the basis element of L corresponding to a in G. Hence the basis of L  is in 
one-one correspondence n(a)-— a with elements of G such that aZO, —5. Further
more, we assume given, for each /, a nondegenerate and skew-symmetric biadditive 
function f  on GiXGi to Ф, such that, for ls /S m , there are additive functions 
gt,hi on G, to Ф, with £г(<5,) = 0 and f(a , ß)=gi(a)hi(ß)~gi(ß) A;(a) for every

m
a and ß in Gf. Multiplication on Lis defined by v(a)oniß) — 2 Z ( ai’ßi)v ( oo + ß-öi)\

i=0
where at and ßt are the the components of a and ß in Glt respectively; and where 
<50 and v(0) denote zero. With this multiplication L becomes a Lie algebra, which 
is represented by L(G, S ,f) ;  where / i s  the biadditive function on G whose restric
tion tO G; is f .

2. Preliminaries. Let v{a) be denoted by vx. Block has defined the derivations
D(yk, - S k), D{d, 0), and Diau , 0) of L iG ,ő ,f)  by vxDiyk, - д к)=Дак, yk)
v ia -ö k), D(tju , 0)= sijia)vx, and vxD(S, 0) = [— 1 -E £  siL)Jt'aif G0 =  0; D(á, 0) = 0
if G0?í0; where yk is any element in Gk for any к; a01, а02, .... a0ro is the basis of 
G0 over Z p; an , ai2, ..., air., ,9; a basis of G; over Z p such that /(<тг1, <5г)^0 ; for 
/=1, 2, ..., m; Sij(a) is the coefficient of au in a for / =  0, 1,2, ..., m; and j f(a) is 
the coefficient of <5,- in a.

If we denote vx ad vß for all a, ß X —ő in G by vx Rß, we obtain, using Block’s 
multiplication, a general representation for vxRpß as follows:

=  (K°Vß)Rß 1 =  í 2  fi<*h> ßißv(ca +  ß ~ ö il)\ щ - 1
Mj =  0 J

m
=  2 fKißJM^+ß-Wß-1]-ij = 0

1 The paper is based on a doctoral dissertation presented to the University of Oregon in 
September, 1974.
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Continuing we get
=

m
=  • 2  / К ,  Ai)/(«fc-«n, — ßiP) v(a° - öi - - ~ öiP)-Н’Ч....*P=°

Letting the components of a and ß in G; to be af and ßt, respectively, we have the 
following

v*Rßо = / ( a 0, АЛ'Ч, =  [/(«o ßiV î)p_1/ ( ai> ft)]»,
where z = 1, 2, ra.

It will be assumed that the algebra L(G, d, / )  is defined with respect to a group 
G of order p” which is a direct sum of elementary p-groups G, of order ря<; 
i—0, 1,2, ..., m and a nondegenerate and skew-symmetric biadditive function 
f  defined on G and taking its values in the ground field Ф such that its restriction 
to Gt is f \  2 =  0, 1, 2, ..., m. In addition we require that the ground field Ф be al
gebraically closed of characteristic p> 3 , and d =  <51 + ó2 + ...+ dm; where öt£Gt. 
Unless otherwise stated, it is to be assumed that n ^ 2 .

The following lemma will be useful.
L emma 2.1. Let Ф be an algebraically closed field o f characteristic p = 3, G an 

elementary p-group o f order p", where n^2 , {ßfi—1,2; ...} a basis o f G, and f  
a skew-symmetric biadditive function on G with values in Ф. Then f  is non-degenerate 
i f  and only if the matrix (/(/?;, ßj))iS i,jSn kas no non-trivial linear combination over 
Zp of the rows equal to zero.

Remark. It needs to be remarked that / :  G X G — Ф is a Zp-bilinear map and 
not necessarily a bilinear form on G.

3. Matrix of coefficients in Block’s multiplication table. Theorem 3.1. Let 
пШЗ, GxG0, and {a0k, <Ty|y'=l, 2, ..., np, / = 1, 2, ..., m; k —\, 2, ..., «„} be some 
basis o f G over Zp such that dr = оГПг and f(S ri, дг) X0; r =  1, 2, ..., m. Then for each 
/= 0 ,1, ..., m none o f the columns o f the matrix o f the coefficients o f О(а^,0)\ 
j —1,2, ..., ?2j — 1 in ad v%tJ; j= \,  2, ..., nt is zero.

m
Proof. With the use of va ad v% = 2 \ f ( aii l i f - f ih i i  bi)p~1f(ixi, qi)]!‘v1 

we have i=0
U ad v%0 = /o(a0, h0)pvx

and
vx ad vpm = [/,(«,-, rjiY -ffrti, <5;)р-1/ ; ( a«, ifiv ,

where a;, r̂  are the components of a, q in G;, respectively; and 2=1, 2, ..., m.
It should be remarked that the.nondegeneracy o f  f  over Zp; i=0, 1, 2, ..., m 

has been established by Block in [1].
From the expressions of va ad vp0; i= 0, 1, ...,m  it follows that to prove the 

theorem it is sufficient to consider each of the f  on G, in turn. In fact for i=  1, 2,..., m, 
we only need to consider one of them.

Consider/о on G0. Since vxa.dvpo= f0(rx0,q0)pv̂  for all a = (я0, ... ,a )  in G, 
"0

ad vp.— 2  °'0j)p-D(o'0i> 0); j= l ,2 ,  . .. ,n 0. Hence whenever a column of
i = 1

the matrix of the coefficients of D (croi, 0); i =  1, 2 ,..., n0 in ad vp0J; j  — 1, 2, ...,n0
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is zero, a column of the matrix of f 0 in the basis a0j\ j=  1, 2, n0 will be zero. 
This will make f 0 degenerate over Zp; thereby giving a contradiction. Therefore 
no column of the matrix of the coefficients of £>(croj, 0); /=1, 2, ..., n0 in ad vao.; 
7 = 1 , 2 , . . . ,n 0 will be zero.

We now consider f x on Gx. Using

v* ad vpt = [/i(aj, ih)p“ /^ 'h jA )'’~1/i(*t'h)] v„,
we get

a d v %v =  2  t / i f e .  a i j ) p - f i ( 0 i j >  <5i)p_1/ 1(ffii, ffw)]ö(ffu, 0); j  =  1, 2, . . . ,  n x ,i = 1
where Sx is defined as ст1Л1.

Suppose one of the columns of the matrix of the coefficients of D (<ju , 0); 
i= l ,  2 ,.. . ,  nk—1 in ad vpai.', 7=1, 2, ..., nx is zero. Since /i(<zu , <т1Я1)^ 0 , the 
first column of the matrix is not zero. Assuming the second column is zero, then 
/i(ffi2 ,o-ini) = 0  and

/ 1(^12, <rii)p-/i(<7io <7ini)p" 1/iOi2> ffii) =  0; i = 1. 2, . .. ,n 1- l .
This says that whenever А(ах], ffi„1)=0, then /i(a-12, <ru)=0.

It has been shown in [1] that the Jacobi identity will be satisfied in the algebra 
L(G, 5 , f )  if and only if

/(*i> ßi)f(7i, <5,) +/(/?,, y,)/(a,-, <5,0 +/(?,-, <*i)/(/?i> <5,0 =  0;
for /= 1 ,2 , ...,m  and all a, ß and у in G.

Suppose /, (<x12 , cr1() = 0, for some /. By the nondegeneracy of / j  over Zp, there 
exists a Cy such that f x (<r12, cr^OzO. Then with the substitution of x,=  (t12, ßi = av , 
and у4=<г1; in the alternative Jacobi identity, we get the following:

/l(°12> (°4j > fflni) + /l(ffll, fflj)/l(ff125 fflni)+/i(<Ti;, njol/i (<Тц , <rlni) =  0.
Since A fa u , Gu)—f i ( ai2 > ain) = Q and f x(axj, <712)^0 , the identity reduces to 
/ 1О 11, °ini) = 0. We have thus proved that if f x(a12, cr1() = 0, then f x(au , <rlni)=0.

Combining this with the result that if f x(oxl,a 1Л1)=0, then Л(<т12, cru)=0, 
we get М<т12,(гц) = 0 if and only if / i (<t1(, <rlni)=0.

if for some к, А(<т12о1к)^ 0 ,  then /i(ffu fflni)^0 , and {/i(<T12,<Tlk)[/i(<rlt, 
<Ti„i)] 1}p 1 =  1. This implies that A  (<r12, erlfc) =  akf x (olk, erL,u) for some nonzero a* in Zp.

Suppose for some nonzero a;,a 7- in Zp, ./i(<T12, ö'li) =  ai/ 1(crli, <rlB1) and 
/iO i2> °i j ) = a j A ( ° i j » The substituting а1 =  «г12, Д  =  <т1(, and y x =  a xj  in
the condition for the satisfaction of the Jacobi identity, we get

/l(°12> al d f Á alji <Tlni)+/l(°'li> al j ) f Á a\2l Cini) + /i(ffi; , <Ti2)/i(<71;, fflni) =  0.

Whence

ai f i ( aui  ^inií+ZiC^iM gív) / i (°Í2 > aini)~aj f i ( <Tiji ^ínií/iÍGio =  0.

Since /jO ja, <xlni)=0, it follows that (al~aj) f l (ali, alni)A (°u , <rlni)=0. By 
the assumptions that A(ffu> <г1п)?^0 and А((Т1Х, we will have at = ay.

Hence for each i = l, 2, ..., /и, either AiPizi <Тц) = 0, or /i(<x12, <7i;) = 
= a/i(<Tif, f7lni) for some nonzero a£Z. Since yi(<712, <т1г)= 0  if and only if
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/íí^ ii. ffiBl) =  0, we can write f { a 12, Сц) = а/1(аи , <г1И1) for all i= l,2 ,. . . ,m .  
Inserting the deduction in the matrix of f x in the basis <ti ; ; i—1,2, the
second row or column of the matrix of f  will be a multiple over Zp of the last 
row or column, respectively. But Lemma 2.1 says this can only hold if / ,  is 
degenerate.

Therefore the matrix of the coefficients of D(alt, 0); j= l ,  2, . . . ,  пг—1 in 
ad v§u; i= 1,2, ..., пг cannot have a zero column.

Using an identical argument, we can deduce that for each i= l,2 , m, 
the matrix of the coefficients of D (try, 0); j  =  1, 2, ..., — 1 in ad vp„ .\ y  —1,2, ..., nt
cannot have a zero column.

T heorem 3.2. Let G ^G 0, and n^3 . I f  {aok, atj \ j= l,  2, ..., щ\ i= l ,  2, ..., m; 
k = 1,2, . .. ,я 0} a basis of G over Z p, then for each i= 1,2, ...,m  i/ze columns 
o f matrix of the coefficients of D (ои , 0); j=  1, 2, ..., щ — 1 in ad у =  1, 2, ..., щ 
are linearly independent over Z p\ and the columns of the matrix o f the coefficients 
o f D(ooj, 0); j — 1, 2, ..., n0 in ad v^0J; j=  1,2, . . . ,n 0 are also linearly independent 
over Zp.

P roof. Since f  is the restriction of /  to G t ; where г'=0, 1, ..., m it then follows
that

ad va„j = 27о0ог, (t0J)pD((J0i, 0);
i= 1

where j=  1, 2, ..., n0 and

ad vpaiJ = 2  [ f(a ik, C i jY - fM j ,  f{<tik, cr0)] D (<rifc, 0)
i = 1

for j= \ ,  2, ..., nt; i= l,  2, ..., m.
To prove the theorem we need to consider the matrices of the coefficients of 

D(ooj,0 y j= l ,2 ,  . . . ,л 0 in ad vpaaj-,j= 1,2, . .. ,n 0, and D{aik, 0 );k=  1, 2, . . . ^ - l  
in ad vptJ; j= l ,  2, ... ,  иг for /'= 1, 2, ..., m.

Suppose the columns of the matrix of the coefficients of D(ooi, 0); i= 1, 2, ..., и0 
in adu£0J; j= l ,  2, , n0 are linearly dependent over Z p. Then by the skew-sym
metry of the matrix the rows will also be linearly dependent over Zp. Consequently 
the rows of the matrix of / 0 will be linearly dependent over Zp ; and this contradicts 
Lemma 2.1. Hence the columns of the matrix of the coefficients of Z>(<r0i,0); 
i =  1, 2, ..., и0 in ad vp..; /= 1 ,2 , ..., u0 are linearly independent over Zp.

We now consider the matrix of the coefficients of D(olk, 0); к — 1, 2, ..., пг— 1 
in ad v% ; j — 1, 2, . ..,% . Assuming the rows of the matrix are linearly dependent 
over Zp; then we can find iji; i = l , 2 , . . . , n 1 — l in Z p not all of which are zero 
such that they give a dependence relation over Zp between the columns of the matrix 
of the coefficients of D(ßlj , 0); j = l ,  2, ..., nx— 1 in adu^1(; г=1, 2, ..., n1. If

"i-i
У= 2  hißu, then A (ß lni,y )= 0 and

ii tf i i i  y)p = /i№i> 1fi(ßu^y)l г = 1, 2, ..., пг— 1.
We note that у is not a multiple of ySn over Zp as otherwise / (/Jln,, ßkl) will 

be zero; which is not possible. Assuming that the coefficient of ß12 in у is not zero, 
then ßn , у, ß13, ..., ßlni is again a basis of Gf over Z p.
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With this new basis for Gx, (ad L(G1, <5Х, / 1))р will be spanned by ad vp, 
ad vpß ; j=  1, . .. ,% —1; iV2. The following matrix representation for the ex
pansions of advp,adv%lt; i= l ,  2 , — 1; iV2 in D(ßl j , 0), Z)(y, 0); y'= 
=  1, 2, «j — 1; yV2 will then arise.

X

ad Vßn 

ad Uy 

ad v?3

ad vL , - i

X

ad vf c

0 f\\J y P  -yP — 1 V 
Л г г ~ л п11 л 13

у Р  у Р ~ 1 у*1л1 —1

- f ( y , ß u Y 0 A ß i s , y ) p Л А - , - 1  , у)р

- ( X f t - X f - ' X u ) 0 0 у Р  у Р ~ 1 •• л 3п1~ 1 ~  л пх3

— ( Х щ  _  j ,  X f j i * - i  Х щ - i ) 0 .. 0

- X f ni 0 —  Х щ Y p■ ■ л ^ - щ

X

X

D (ßn , 0) 

D(y, 0) 

D(ß13, 0)

^ U V - i ’O)

Therefore we have found a basis (/?u , y, ß13, ßlni} of Gx over Z p such that 
the matrix of the coefficients of D(y, 0), D{ßkj, 0); y = l, 2, — 1; yV2 in
ad ad u^1(; /=1, 2, .... n — 1; »V2 has a zero column. But according to Theorem 
3.1 this is possible only if is degenerate over Zp. Since / ,  is nondegenerate over 
Zp, we will end up a with a contradiction.

Repeating the same proof for the matrix of the coefficients of D (aik, 0); k = 
=  1,2, ..., щ—1 in ad ; 7=1, 2, Hj, where /=2, 3, ..., m, we conclude 
that the columns of the matrix of the coefficients of 0); у = 1,2, 1
in a d r j0.; y '= l ,2 , . . . ,nt, for /=1,2 , ... ,m  are linearly independent over Z v.
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CLASSICAL ALGEBRAS OF QUOTIENTS AND 
CENTRAL QUOTIENTS OF ALGEBRAS

By
G. SZETO (Peoria—Chicago)1

1. Introduction

L. R o w e n  [5] defined the central quotients of an algebra, and answered the 
question negatively whether the classical algebra of quotients is the central quotient 
of an algebra. W. D . B lair  [1] proved that an algebra over a commutative ring 
finitely generated and projective as a module has a right and left classical algebra 
of quotients, which is the central quotient of the algebra. The present paper con
tinues the above study. We shall show that any non-zero-divisor of HomR(M, M) 
is injective if M  is finitely generated flat module over a commutative ring R and 
Rp<8>r Horn,, (M, M) =  HomRp (Mp, Mp) for each maximal ideal p of R, where 
Rp is a local ring at p. This generalizes the well known fact when M  is finitely generat
ed free or finitely generated and projective over R ([1], Lemmas 1 and 2). Moreover, 
when the zero divisors Z(R) of R are stable under localizations (that is, whenever 
p<zZ(R), (p)pczZ(Rp) for each maximal ideal p), the above non-zero-divisor of 
HomR (M , M ) is also surjective. In this case, HomR (M, M) has a classical algebra 
of quotients, which is the central quotient of HomR (M, M). Thus this fact is true 
for an algebra A if Z(R) is stable and if A is finitely generated flat and p-torsion 
free over R (for p-torsion theory, see [4]). Furthermore, any separable algebra 
(see [3] for definition) can be shown to have a classical algebra of quotients, which 
is the central quotient of the algebra.

Throughout, we assume that R is a commutative ring, that all rings have an 
identity, and that all modules are unitary.

2. Preliminaries

We shall employ the following facts which can be found in [2]. Let Mn(R) 
be the matrix ring of order n over R. Then we have:

P ro po sitio n  2 .1. Let F be a finitely generated free or projective R-module. Then 
any regular (non-zero-divisor) element of HomK (F, F) is injective ([1], Lemmas 
1 and 2).

Proposition 2.2. I f  M is a finitely generated R-module, N  an R-module, and 
S a multiplicative dosed set excluding 0 of R such that N —Ns is injective where Ns 
is the localization of N at S, then RsZ r HomR (M, N ) ^  HomR. (Ms . Ns) under 
the natural map.

Proposition 2.3. I f  M is a finitely generated and flat R-module over a commutat
ive local ring R, then M is free.

1 This work was done during the author’s sabbatical leave at the University of Chicago.
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Pro po sitio n  2.4. The direct product П Rp o f  local rings Rp at all maximal ideals 
p of R is faithfully flat over R.

Let 5 be the set of non-zero-divisors of R, we denote the total quotient ring 
of R by Rs, and the set of zero-divisors of R by Z(R). The central quotient of an 
algebra A is the localization of A at S (—Rsig)RA).

3. Classical algebras of quotients
We now extend Proposition 2.1.
T heorem  3.1. Let M  be a finitely generated flat R-module such that 

RpZn HomR (M, M) = HomKp (Mp, Mp) for each maximal ideal p of R. I f f  is a 
regular element o f  Н отя (AI, M), f  is injective.

P roof. Denote the image of /  in HornRp (Mp, Mp) by / ' .  We claim that f  
is regular; for otherwise there exists a non-zero element g' in НотRp(Mp, Mp) 
with g in HomK (M, M) such that f ' g '  = 0. (fg)' =0, so there exists some .v in 
(R—p) such that s(/g) = 0, f{sg) = 0. Since /  is regular, (jg) = 0. Hence g ' =  0, 
a contradiction. Moreover, Hom Rp(Mp, Mp) is a matrix ring of finite order over 
Rp because M p is finitely generated flat over Rp (Proposition 2.3). Thus f  is injective 
for each p (Proposition 2.1). Since П Rp for all maximal ideals of R is faithfully 
flat over Л (Proposition 2.4), /  is also injective.

We note that there exist finitely generated flat Л-modules M  such that 
Лр0Н отд  (M, M )^H om Rp (Mp, Mp), but M  is not projective. For example, 
let R be the ring given on p. 509 in [6], and M  the Л-module generated by 
/(= (2 ,0 )) in Л. It is straightforward to verify that Rp<S>r Н отя (M, M) = 
sH om „ (Mp, M p) for each maximal ideal p or Л.

It has been known that some class of algebras have classical algebras of quo
tients, which are central quotients of the algebras ([1], and [5]). For these algebras, 
we can assume Л is a total quotient ring and claim that each regular element of 
the algebra is invertible. Next we discuss when the above HomR (M, M) has a 
classical algebra of quotients.

T heorem  3.2. Let A be an R-algebra finitely generated flat as an R-module with 
Rp®r HomR (А, /I) =  Homj,^ (Ap, Ap) for each maximal p contained in Z(R). I f  
Ap is its own classical algebra o f quotients, then so is A.

P roof. Let x be a regular (non-zero-divisor) element of A. We claim that the 
image x' of x  in Ap is regular in Ap. In fact, suppose y' is a non-zero element in 
Ap such that x 'y '  = 0, (xy)' = 0. Then there exists an 5 in (R—p) such that s(xy) =  0, 
x(sy) =  0, so (sy) =  0; and so y '=  0 in Ap, a contradiction. By hypothesis on 
Ap, x' is invertible. On the other hand, the element x  induces a left multiplication 
map f x of Horn,; (A, A) such that f x, is invertible in Н отЯр (Ap, Ap) for each p. 
Hence f x is a bijection in HomR (A, A) because П Rp for all maximal ideals p of R 
is faithfully flat over Л (Proposition 2.4). This implies that there exists an у  in A 
such that f x(y)=  1, and so xy=  1. Similarly, there exists a z in A such that zx =  1, 
so x is invertible in A.

We observe that there exists a class of commutative rings Л with the property 
that (p)pciZ(Rp) whenever the maximal ideal pczZ(R). We call such an Л a 
Z-stable ring.
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Theorem 3.3. (1) All R of Krull-dimension 0 are Z-stable rings. (2) All noetherian 
rings R are Z-stable rings.

Proof. (1) Let p be a maximal ideal of R contained in Z(R), and x an element 
in p such that its image in Rp, x '^ 0 . We then have an integer n>  1 such that 
(x')B = 0 since the Krull-dimension of R is 0. Thus x ' is a zero divisor of Rp.

(2) Let p be a maximal ideal of R contained in Z(R). Since R is noetherian, 
p is a maximal associated prime ideal of 0; that is, p = the annihilator of x for some 
element x. If у  is in p such that the image y' of у  in Rp is not zero, then x must be 
in p. Thus x 'y ' = 0. Since p = the annihilator of x, x '^ 0 . Thus y '  is a zero divisor 
of Rp.

Now a class of algebras over a Z-stable ring R can be shown to have classical 
algebras of quotients, which are central quotients of the algebras.

T heorem  3.4. Let R be a Z-stable ring, M  a finitely generated flat R-module 
such that Rp ®R HomR (M, M)^z HomRp (Mp, Mp) for each maximal idea! p con
tained in Z(R), then HomR (M, M) has a left and right classical algebra of quotients, 
which are the central quotients o f  Homs (M, M).

Proof. As given in the remark before Theorem 3.2, R can be assumed to be 
a total quotient ring. Let /b e  regular in HomR (M, M). The proof of Theorem 3.1 
shows that the image / '  of /  in HomRp (Mp, M p) is also regular. Since R is a 
Z-stable ring, Rp is its own total quotient ring. Then, by Proposition 2.3, f  is in
vertible since Mp is free over Rp. Hence f  is surjective in Horn* (Mp,M p) for 
each p. By noting that R is its own total quotient ring, these p's are all maximal 
ideals of R, so /is  surjective in Horn* (M, M) by Proposition 3.4. Thus / i s  invertible 
in Homs (M, M).

Corollary 3.5. Let R be a Z-stable ring, and A an R-algebra finitely generated 
flat as an R-module such that R„Zr HomR (A, A) = HomRp (Ap, Ap) for each max
imal ideal p contained in Z(R), then A has a left and right classical algebra of quotients, 
which are the central quotients o f  A.

Proof. Theorem 3.4 implies that HomR (A, A) is its own classical algebra of 
quotients if R is its own total quotient ring. In this case, since any regular element 
x in A remains regular in HomR (A, A), where x is considered as a left multiplica
tion map in HomR (A, A), x  is invertible in HomR (A, A). Hence x is invertible 
in A as argued in Theorem 3.2.

Let M  be an А-module, p a prime ideal of R. J. Lambek called the submodule 
N p the ̂ -torsion of M  where

N p = {x in Mj there exists an r not in p with rx = 0}.

If N p= 0, M  is called ^-torsion free [4]. Clearly, M-*Rp®r M  is injective, so 
Rp<Zr HomR (M, M ) ^  HomR (Mp, Mp) if M  is finitely generated over R (Pro
position 2.2). Thus we have:

Corollary 3.6. Let R be a Z-stable ring, A an R-algebra finitely generated 
flat and p-torsion free as an R-module for each maximal ideal p contained in Z(R). 
Then A has a left and right classical algebra of quotients, which are the central quo
tients of A.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



62 G. SZETO: QUOTIENTS AND CENTRAL QUOTIENTS O F ALGEBRAS

Now we give an application for the theorem of Blair in [1]. Recall that an 
R-algebra A is separable if it is projective (left) over A <%iR A0, where A° is the 
opposite algebra of A ([3]).

Theorem 3.7. Let A be a separable R-algebra. Then A has a left and right classical 
algebra of quotients, which are the central quotients of A considered as an algebra 
over its centre C.

Proof. Since A is separable over R, it is central separable over its centre C 
(an Azumaya C-algebra). Hence A is finitely generated and projective over C. Thus 
the statement is immediate from the theorem in [1].

We conclude the paper with an example of a finitely generated fiat module 
M  over a commutative ring R such that:

(1) R is a Z-stable ring;
(2) Rp<8>r HomR (M, HomRj (Mp, Mp) for all maximal ideals p con

tained in Z(R); and
(3) M  is not projective.
This means that our results provide a new class of algebras with classical algebras 

of quotients, which are the central quotients of the algebras. The example is due 
to W. Vasconcelos ([6], p. 509).

Let A be the ring without identity obtained by taking a non-finite direct sum 
of copies of J/2J where J  is the ring of integers, A = ® 2Ü (T/2/)a for a in some

a
index set /  and defining addition and multiplication componentwise. Let R be the 
ring obtained by adding the identity of J  to A : R=J+A  where addition is defined 
componentwise and multiplication is given by (n, a)(n', a') = (nn',na'+n'a+aa'). 
Let /= (2 ,0). Then M( = R f ) is a fiat R-module generated by f  but not projective 
(see [6]). Now let p be a maximal ideal contained in Z(R). Clearly, (J, 0) c p ,  so /  
is inp. Hence Mp = 0. Thus HomRp (Mp, M p) = 0. Since HornR (M, M )^M (= R f) ,  
Rp HomR (M, M)=0. Thus (2) is satisfied. Again, since (J, 0)ap, there exists 
a component, J/2J, not contained in p. Thus (p)„=0. This proves (1).

Finally, we observe that the above R is a Z-stable ring of Krull-dimension 
1 although we have proved that all R of Krull-dimension 0 are Z-stable in 
Theorem 3.3.
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IDEALS IN Z [ x , y ]

By
P. G. TROTTER (Hobart)

1. Introduction

The ideals of Z[x], the ring of polynomials over the integers, have been enumerat
ed by Kronecker and Hensel [1]. More recently Szekeres [4] determined a canon
ical basis for any ideal of Z[x] and derived from the basis a set of integer invariants 
that characterize the ideal. Rédei has compared the results of these authors in [2], 
and has generalized them in [3] for ideals of /?[.v] where R is a commutative principal 
ideal ring with prime decomposition.

The aim here is to generalize the approach of [4] to obtain a canonical basis 
for any ideal of Z[x, y] and to characterize the ideal with a set of degree and integer 
invariants. The invariants of the ideal are chosen in section 5 and are shown to 
be restricted by certain inequalities between themselves; conversely any set of 
degrees and integers satisfying the restrictions is a set of invariants of an ideal 
in Z[x,y],

Szekeres has enumerated those ideals o f  Z[x, y] that contain an integer [5], 
and the homogeneous ideals o f  K[x, y, z] where A" is a field [6]. In these papers 
a different method is used for determining ideal invariants; in particular, som e  
o f the invariants o f [6] are chosen as solutions o f  systems o f  algebraic, possibly  
non-linear, equations.

It should be noted that, as with Rédei’s generalization of [4], the results of 
this paper can be modified to provide for ideals of R[x, y] where A is a principal 
ideal domain. Furthermore the methods may be extended for ideals of 
Z[x1, x2, ..., x„]. However, because of the additional complication in these cases 
we consider only ideals in Z[x, у].

The following notation is used throughout. Let
zl =  {(Í,J)€ZXZ; i , j  S  0 } U (-~ , - ~ )

be a semigroup under componentwise addition with (— =», — °°) as its zero. Define 
an order on zl so that for (h, k), (i, j)£A  then (i, j)>{h, k) if i+ j> h+ k  or i+ j=  
=h + k and j> k .  For tx = (i, j)£A  write X x= xtyj £Z[x, y]; if a= (— °°, — °°) 
let X х = 0. Call a the degree of X я. For a£Z[x, y] let a (a) denote the coefficient 
of the term of degree a of a and let a£A be largest so that a(ä)xO. Call a the 
degree of a. Then a— 2  a(x)Xx.

For oc£zl and h£Z  define aA = a + (0, h) if a + (0, h)£A and hx = a. + (h, 0) if 
u + (h, 0)£А (addition is componentwise). We will consider the following subsets 
of an ideal Г of the subsemigroup A \ ( — °°, — <=°) of zl:

Л  == ( a 1 ; a e r } ;  гГ  =  { 4 r ,  a C T } ;  ^  =  { V ;  а € Г } ;  Ф =  Г \ ( Г x U ХГ ) ;

V = (Л П ^ Х г Л .
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2. Degree sets of ideals

Let 22 be an ideal of Z[x, у  ] and let Г={а ; a £ 0 \ 0} be a set of degrees. Clearly 
Г is a semigroup ideal of Z \ (  — <=>, - « ) .  We will determine some properties of 
the subsets Ф and Ф of Г.

Lemma 2.1 . I f  (h, k) and (p, q) are distinct elements o f Ф then either h >p and 
k<q or h<p and k>q. Hence Ф is finite.

P roof. Note that а £Ф  if and only if а. 6  Г  and there exists no (r, s)4A, ( r ,  s )^  
9^(0, 0), so that ~гх~‘£Г.  Since {h—{h—p ) , k  — {k—q)) and (p  — {p—h),q — (q —k )) 
are in Ф then the first statement follows. Let j  be least so that (i, /)£ Ф. If (f, j ) ^  
?±(к,к)(:Ф then 0 so |Ф |ё/ +  1.

We therefore label the elements of Ф by ctj={mj , ifi; j =  1, 2, ..., |Ф|, so that 
for |Ф|^/г>А:&1 then ih>ik and mh<  mk. Note that any element of Г is ex
pressible in the form '"a/for some (h,k)£A, ay£ Ф. Hence Ф is a set of generators 
of the ideal Г.

Lemma 2.2. ßdV if  and only if  ß = (mj, iJ+fi for some j ,  1 = /<  |Ф|. Further
more, (mj, iJ + 1)= hy.uk for some (h,k)£A only i f  u=j or u = j+ 1.

Proof. If ßZV  then there exists i u, а,-€ Ф and p ,q > 0 so that (mu+p, iu)= 
=  ß=(mj, ij +  q).  Then и=-у. If u> - j+1 then iu>iJ+1 while so
ß = ( m j+1, ij+1) +  (m j-m j+1, iu- i j +f i£1r 1. But ß~4> so u= j+ 1 and ß =  
=(mj,iJ+1). Conversely if (mj, i j+fi^ir 1 then there exists а„6Ф and p ,q > 0 so 
that (mu+p, iu+q)=(mj, iJ+1). Then j + 1 which is impossible. Clearly
(mj, ij+1) ^ r i r \1r  so (mj, iJ+1)(L4J. The second statement follows immediately.

We therefore label the elements of by ßj ={mj , i j+fi; у=1,2, ..., |Ф| —1.

3. Basis coefficients

An ideal of Z[x, y] is primitive if its elements have no non-unit common divisor. 
In the remainder of the paper 22 denotes a primitive ideal of Z[x, y] with degree 
set rU ( —“ , — The elements of the subsets Ф and Ф of Г will be labelled as 
in section 2. In this section we describe some bases of 22 and from any such basis 
we determine a set of basis coefficients that uniquely characterize the basis.

By Hilbert’s basis theorem there is a least degree т£Г so that the polynomials 
a ^ 2 2 , a ^ x ,  generate 2 2 . For each а£Г we may choose a polynomial a x 2 2 2  of degree 
ax=oc so that the leading coefficient a fia) is the least positive element of the ideal 
{6(a); 5 ^  a} of Z. We call the set {ах;освГ} an extended 2?-basis and the
subset {ax; а^ т}  a 22-basis. A á^-basis is unique if and only if Ф =  {i}. The follow
ing is easily proved:

Lemma 3.1. I f  {afi is an extended 2?-basis then any a222 uniquely determines 
R f iZ  so that a — 2! Rxax. Hence a 22-basis is a basis o f 0 .

oĉ ä
For an extended .^-basis {afi we have for ß £ i  

(la) a-ixx = 2 Aßzaß for a €irßSa
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a„-iy =  2  Bß*<*ß for а e r k,ßsa
where Aßx,Bßx£Z. For convenience write Aßx — 0 and Bßx= 0 if ß $ r .  Also let 
Ax—АХХ,В^=ВХХ. Whenever they are defined Ax and Bx are positive integers. 
Aßx, Bßx are called basis coefficients of {ax}.

For а£Г1Г)1Г we get from (la, b)

(2) Dxax- i y - E xa-ixx =  £  Fßxaß
ß-ca

where CXDX=AX, CxEa = Bx, Fßx = DxBßx — ExAßx and CX = (AX, Bx) is the highest 
common factor of Ax and Bx.

For а£1Г1 we also have from (la, b) that

a-ix-ixy 2  Ayx-\ayy =  2  A(y-i}X- \ВßyOß.
ŷ ct-1 ß^y^a

Also a-ix-iyx= 2  Я-iy(-ix)Aßyaß. We can equate coefficients by Lemma 3.1
ß^y^n

to get for а€гГ19

(3) A(X-iBßX B-i^Aßz ^  (B-iy(-l^Aßy Bßy).
ß^y«x

When /1=а we get
(4) Ax-iBx = B-ixAx for a £ i /y

By comparing (2), (3) and (4) for ос̂ 1Г1 it can be checked that

(5) Ax-iax-iy  — B-ixa-ixx — 2 G ßxaß
ß«Z

where
Gßx 2  (ß~1y(~1&)Aßy A(y-i)a- iBßy) — Fßx(Ax-i, В-ia).

Rewriting equations (la, b) gives 

(6a) ax = (a-ixx -  2  Ap*aß)lAx for a£trß«Z
and
(6b) ax = (ax- i y — 2  Bpxap)IBx for а £ / \ .

ß«X

By using the corresponding equations for degrees less than a and giving precedence 
to equations of form (6a) we get uniquely

(7) dx =  2 f k aik where n =  |Ф|, а*£Ф, f k£Q[x, у];
k = l

Q denotes the rational number field. Notice that the degree / kca.s a .  In fact, since 
precedence is given to (6a) in calculating (7) then f kaXk = a if and only if к is greatest 
so that ot = pakq for some (p, q)dA.
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Theorem 3.2. An extended ёА-basis {aa} is uniquely determined by its basis 
coefficients.

P roof. Given the polynomials aXk, якё Ф, an extended .^-basis can be uniquely 
determined from its basis coefficients by equations (la, b). We must therefore 
show that the basis coefficients uniquely determine аХк, ak£ Ф. If \Ф\ = 1, SP uniquely 
gives a7k. Recall equation (2) for x= ßJ(:_ 4P Using relations (7) to substitute for 
the terms of (2) (for each j )  we get the equations

Z f j , k a*k= °  for 7 =  1,2,..., n - 1 ,  f j ,keQ[x,y].
к = 1

By Lemma 2.2 and the comments following (7) we have

(8) f j:k + uk ^  Bj with equality if and only if k —j  or к = j+ \ .  

Consider the linear equations over the quotient field Q(x, y) of Z[x,y]

(9) 2 f j , k zk =  0; j  = 1,2, ..., n — 1.
k = 1

We will prove the theorem by showing that there is only one subset of an extended 
^-basis, with elements of degrees ак£Ф, that satisfies (9). We know that {a7k; ак£Ф} 
satisfies (9). Let N =  {1, 2, ..., n — 1} and Nh= {1, 2, ..., h— 1, A + l, ..., n}. Let 
n: N-+Nh be a bijection. Then by (8)

П  fj,n(j)T 2  v-n(j) 2  (fj,no)"b(j>) — 2  Bj.jíN jíN jíN jíN

Equality is achieved if n{j)= j  for j< h  and л ( / ) = / + 1 for j=h. In fact equal
ity is achieved only for this choice of n; for by (8), since n(h)Ah then n(h)^=h+ I, 
so n(h + l)=h + 2 and so on. Similarly п(И—\)^ Ь  so n{j)= j  for j<h. Hence 
the determinant |( f j ,k)k*h\ has degree

2  (ßj-Xnu)) = 2  (("*;» ij+i ) - ( m«o-), h(j))) =  (mh- m „, iH-h ) ,jtN jeN
by Lemma 2.2. Hence the polynomial \(fj,k)k*h\ is non-zero. Given some value 
for zh the equations (9) are linearly independent over Q (x, y) and hence have a 
unique solution. Since {aXk; xk£ Ф} satisfies (9) then any solution set of (9) is of 
the form {faXk; ak£ Ф} for f£Q (x, y). But the leading coefficients and degrees of 
elements of an extended .i^-basis are uniquely determined by 3P, so {аХк;сск^Ф} 
is the only solution of (9) of the required form.

Corollary 3.3. Let п=\Ф\. Then mn—i1=0.

Proof. By Cramer’s rule {\(fj,k)k±h\; 1 =/* = «}'= Q[x, y] is a solution set of (9). 
By (la, b) any common divisor of {аак;хк£Ф} in Q[x,y] is a common divisor of 
the elements of 3P. в? is primitive so we have fa7h = |(//,*)**л| for some f^Q[x,y]  
and 1 ä /jä /j. Then (m1+p,i1+q) = (m1—mn, i1 — i1) where (p,q)=J . The result 
follows.
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4. The canonical basis

In this section restrictions will be imposed on basis coefficients of extended 
^-bases so that there is only one extended .^-basis with basis coefficients satisfying 
the restrictions. The underlying á^-basis is the canonical basis of SP.

Suppose throughout this section that {aa\ and [bx} are extended Abases with 
basis coefficients Aßx, Bßx and Aßx, B'ßx respectively. Since ax(oi)=bx(a) then AX = A' 
if я£XF and BX = B'X if oc^Ty.

For some a£ iГ assume aß = bß for all /?<я. Combining equations (la) for 
the respective extended #-bases gives

4 x(ax- b x) = 2  (4'ßa - A ßa)aß.
ß < a

By Lemma 3.1 then A'ßx = Aßx (mod Ax). Conversely, using (la), we can construct 
an extended á^-basis {aß, cy; /?<я<у} with basis coefficients Ax and Aßa + kßxAx, 
kßx£Z, for degree я. Similar statements apply to Bßx and B'ßy when a£T1. Let яZ£<P 
be the least degree in Г. We can now assume that {ax} has been chosen so that

(10a) 0 ^ A ßx< A x for а(:1Г \Ч /, or я = /?„€'?', иШ г
and
(10b) 0 ^  Bßx <  Bx for я € Г1\ ( 1Г U T), or a = ßu£ T, u <  z.

The case я в 'В is distinguished for the sake of the next Theorem.
Notice that given the subset {ax, я€Ф} of an extended á^-basis then by (la, b) 

there is exactly one extended .^-basis with basis coefficients satisfying the restric
tions (10a, b). We must therefore restrict the choice of extended á^-basis polynomials 
of degrees я£Ф.

By Lemma 3.1 it can be seen that

(11) bXj = ax.+ 2  kßjaß for a7€<M „€Z.
ß « Z j

Note, since az is least in Г, that bXz=ax̂ . For convenience of notation let я* = 
=ax — bx and write bx = ax mod (aß; ß a*).

Lemma 4.1. Let {ax} and {bx} be extended &-bases satisfying restrictions (10a, b). 
Then я*5тах  \i], max /?*} where

ß  < C t

(i) ц =  1((_1я)*) if a€ ir \ f  or я = ßu^T, и ё  z and

(ii) t] — ((a-1)*)1 if o eA X G rU y ) or я = &€•?, u ^ z .

Proof. Consider only case (i), case (ii) is similar. Let o = max/?* and £ =
ß < ! X

=max{?/, <x}. If (_1я)*£Г then there is a non-zero R ^ Z  so that b-ia =  
=  (a-i„+ka-i,) mod (aß\ß <  ~1q). So by (la)

(12) b-iax  =  (a-ixx+ R A nav)mod(aß; ß <  rj). 

b-iax =  2  A'ßotbß = (Axbx + 2  A'ßxaß) m od(aß; ßiäcr)
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by (la). Hence by (12)
Axbx = (a-ixx -  2  A'txaß) mod (aß; ß £).

So by (la)
Ax(bx- a x) = ( 2  (Aßx-A 'ßx)aß)mod(aß; ß =sf£).

By Lemma 3.1, Aßx = A'ßx (mod A J  so by (10a) Aßx=Aßx for
Notice that if rj^maxß*  then Aßx—A'ßx for 4 <ß, so by (12) and (la),/?<Я

Axbx + А'аа„ = (Ахах + (A„ + RA„)a„) mod (aß; ß <  q).
Then by Lemma 3.1, A'nx = (A4x+RA4) (mod Ax). By (10a) there is a T£Z so that

(13) A'X+TAX = A4x+ RAn and bx = (ах+Тач) mod (aß; ß < rj).

In the remainder of the paper the following subsets of Г  will be considered. 
Recall that a. is least in Г, Ф =  {au; 1 S kS |Ф|} and *P = {ßu; lSu<\<P\}. Let

ß i =  К ^ /У Ч ^ П х Г ); и <  z}; ß 2 =  {aj€Гх\(ГхПХГ ); и s= z};

iß  =  {лаи€хГ\(Г1 ПхГ); u >  z}; 2ß  =  {Ч б ^ М А Н х Г ); и S  z};

*Fx = {ßu£ 'P ; u < z }  and 1 'F = {ß^'P; и ^  z}.

Define Kßx= 1 if a -1£ Ф, ß~1dT  or -1a £ Ф, ~1ß£T. Define Kßx=0 if a_1€Ф, 
ß -1$Г or -1аеФ, Define inductively K(ßi)xi=KßxBß/(KßxBß, Bx) if
aCßxUlPxi and K\ß^â  — KßxAßl{KßxAß, Ax) if a(ixßUx!P.

We will see that there is an extended .^-basis with basis coefficients so that

(14a) 0 — Aßx <  (KßxAß, Ax) if a€xßUxf',

(14b) 0 = Bßx <  (Kßx Bß, Bx) if a€ßxU Ух,

(15a)
and

0 =  Bßx <  (íj) Bx if а = hxu£14/ and ~hß e r

(15b) 0 ^  Aßx <  A:(pi)ctl if а = а* € Фх and ß~he r .

T heorem  4.2. There is exactly one extended 3P-basis with basis coefficients sat
isfying the restrictions (10a, b), (14a, b) and (15a, b).

P roof. Suppose that the basis coefficients of the extended ,^-bases {аа} and 
{éa} are restricted by (10a, b). We have seen that such bases exist and are uniquely 
determined by their basis coefficients and their elements of degree оси£Ф. We will 
see that with (14a, b) and (15a, b) the elements of degree а„€ Ф can also be uniquely 
determined. Some further information is required.

For а£Г, аИ£Ф let [а —аU]6A be largest so that ац + [а—аи]^а. Let 
a +=max {а*+[а —а„]}. We will prove by induction that s * ^ a +. Clearly oc* =

<zM 6 Ф
=  (—oo, — o=)sa + . Assume ß * ^ ß + for all ß<ct,ß£T. Since [ ß - ая]ё[а —a j  
and [a-1 — —а„] then and ((а-1)*)1ё ((а -1) +)1^ а +. Like
wise ^ (“Ч * )—а+ so by Lemma 4.1 а*^а+.
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Choose uAz  with the property that \u—z\ is least so that оср + а*£а„+а* 
for all а„£Ф. Let 0L—hixu^ ß u_1 if u>z  and a—(Xu=ßu if и<г. Assume a*^ 

-oo). We will see that а+= а*+ [а—а„]>/1+ for all ß<a. Assume 
u>z; the proof is similar for m< z. By Lemma 2.2 we have [а—ак] + а„<а if 
H  {и, и— 1}. By the definition of и, if v = u— 1 then a„ + a*>a„ +  a*. Hence 
a+=a* + [a — a„]>a* + [a — a„] for since au + a* +  [a —a„]Sa* + a„ +  [a—a„]S
ёа* + а =  а* + а„ + [ а - а и]. Since a* +  [jS —a„]^a* + [a —a„]<a+ and [/?-a„]< 
< [a-a„] then /i+< a +. Note also that if a=ßu_1 then [а- 1— «»] and 
since [a — a J ÍT j  then [a-1—a j 1-« [a — a„] so ((a_1)+)1-=a+.

The proof of the theorem can now be completed. Choose m=»z as above and 
suppose aXu — bXu = Ray mod (a0; d<y) for some R £Z  (see (11)). We will see that 
there is an extended #-basis satisfying (10a, b) and satisfying (14a, b), (15a, b) 
for tx = hau^ ß u_1 and ß = hy (then Furthermore if {aj and {b j  satisfy
these restrictions we will see that R = 0. The process is similar if a 6 ß 1U i '1. Let 
h — 1, then ß = 1((~1a.)*) = oi* + [oi-<xu] = u.+ >ő+^ö*  for all <5<a. Hence as with 
the derivation of (13) we get T ^ Z  so that Aßx + ТгАх=Арх+RAß where by (10a), 
0S A ßx, A ßa<Ax. We may choose {b j  and hence R so that 0^ A ßx<(Aß, A J=  
=(KßxAß, AJ. Hence we can assume that the coefficients Aßx and Aßx of {bj  and 
{ax} respectively satisfy (14a). But then A'ßx = Aßx and T1=RAß/Ax=R1Aß/(Aß, AJ  
where R1 = R(Aß, AJ/Aa£Z. Depending on the choice of R, Rx may take any 
integer value. So T1 = R1Kiß(ix) and by (13) ax — bx = Txaß mod (as; 5<ß). Hence 
the process may be repeated. For example, suppose /г> 1 and assume A-ißi-ix)~  
= A-iß(-ix) satisfies (14a), that ~1ß = (~1a)+ and that a-ix — b-\x= T h_la-iß 
mod (аг; <5<_1/0 where Th_1 = Rh_1Kßx and Rh_1 can be any integer depending 
on the choice of R; so that R= 0 if and only if Rĥ i= 0. Since 1["1a —a„] = 
= [a—a„] then ß=a+ and as above there exists Th£Z  so that A'ßx+ThAx = 
= Aßx+ T h_1Aß, and by (10a), 0 ^ A ßx, Aßx<Ax. We may choose {6J and thus 
R, and Rh_ i ,  so that 0^A 'ßx<(KßxAß, AJ. Therefore assume A'ßx and Aßx satisfy 
(14a). Then A'ßx=Aßx and by (13) ax — bx= Thaß mod (аг; <5<jS) where Th = 
=̂ Rĥ K ßxAßIAx = RhKrß{ix) and Rh = Rh_1(KßxAß, AJ/AX takes any integer value, 
depending on Rh_1 and hence on R. Rh = 0 if and only if R = 0.

Now suppose oi = hoiu = ßu_1 and ß = hy. By (2) and the above, Dxax-iy — 
- E xa-ixx=  2  fŝ ó and Dxbx- i y - E xb-ixx= 2  + 2  Ftabs. Since
ß —a+ ><5 + ё<5* for all (5<а and а+ > ((а -1)+)1^((а-1)*)1 then ß = (a-ix- b - i j x >  
>(ax- i—bx-i)y and ß>aö- b s. So using (12) and comparing terms of degree 
ß gives Fßx = Fßx+Th_1AßEx. By (2)

F*dßx = AxBßx — BxAßx + Th_1AßBx.

But we have assumed A'ßx=Aßx so

Fßx~ Bßai ~  Fh-i-AßBJAx = Rh- 1KßxAßBJAx = RhKiß(ixfBx.

We can choose {b j  and hence R and Rh so that 0 sB'ßx-^Kiß(ix)Ba. So we can 
assume Bßx and B'ßx satisfy (15a). Then Bßx—B'ßx so Rh=R=0.

The underlying #-basis of the extended .^-basis that satisfies (10a, b), (14a, b) 
and (15a, b) is the canonical basis of SA.
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5. Invariants

A set of invariants for the primitive ideal ЗА will now be determined. The set 
of invariants of ЗА consists of a set of degrees and a set of non-negative integers 
satisfying certain restrictions. It will be seen that any set of degrees and integers 
satisfying the restrictions is the set of invariants of some primitive ideal in Z[x, у].

Let Г be the degree set of ^ \ 0 .  Recall the definitions and properties of the 
following subsets. ХГ = ос£Г}; Г1={а1;а£Г}; \Гг = {V ; а£Г}; Ф — 
= {аи—(ти, 1ёы ёи  for и, пeZ}  where mu<mv and /„</„ for 1
and i1=/w„=0; 'E = {ßu=(mu, z'u+1); l^u< «} . For <xz the least degree in Г,

iQ =  { 4  € гГ\(Гг  П ХГ ); к >  z}; fl2 =  П , 0  U Q j ;
2Í2 = i / X ^ n ^ U ^ ) ;  =  {&€•?; u <  z} and ^  -  {ßu£ ¥ ;  и == z}.

Let {яа} be the extended basis with basis coefficients satisfying (10a, b), 
(14a, b) and (15a, b) and let {ax; xS i}  be the canonical basis. Let A= 
=max {t, ßu; ß„£ ¥}. The set of invariants of ЗА will contain

We will now choose integer invariants for degrees а£Г \Ф , а^Д.
Let Q, be the highest common factor of the set {Aßy, Bßy; ß ^ y S a} and let 

QXRX be the highest common factor of {Aßy,B ßy; ß ^ y <а}. Let A'ßyQxR = A ßy, 
B'ßyQ*R*=Bßv for у< а and let AßxQx = Aßx, BßxQx = Bßx.

For а^хГх we have by (3) and (5) that Ax-iBßx — B-ixAßx = Gßx. Let 
G ' ß A Q x R <x)2=g d* then B'-1rA'ßx = G'ßxRx. Let Vßx be the least positive
integer so that A'x- i S —B-ixT=GßxVßx for some S, T£Z. By (2) and (4), Dx~  
= Ax-i/(Ax-i, B-ix) and Ex = B-ia/(Ax-i, B-ix). Hence assume 0 S i < 0 r  Let 
Vx be the least common multiple of {Vßx; /!<«}, JX=RJVX and Jßx=RJVßx. 
Since A'x-iSJßx — B-ixTJßx = G'ßxRx then there is a unique Hßx, 0 ^ H ßx<A'JDx 
so that (A'ßx — TJßx) = HßxDx (mod Ax). Let IX = A'X/DX = B'JEX. The set of in
variants of & will contain {Hßx, Ix, Jx ; /?<а}. Note that these are uniquely deter
mined from ЗА and conversely, given Aßy, Bßy for ß ^ y < x ,  and Qx then with (10a) 
we may derive Aßx, Bßx from these invariants. Further note that the highest com
mon factor U of the invariants is 1; this follows since IX=A'JDX = B'JEX and 
(DX,E X)= 1 while for some W£Z, A'ßx=TJßx + HßxDx+ WAX and B'ßx = SJßx-(- 
+ HßxEx+ WB'X so U divides {A'ßx, B'ßx; ß^a.}. But Jx divides Rx so U divides 
(Aßy/Qx, Bßy/Qx; ß^y^oc}  and hence £7=1.

For а£1Г \ ( Г 1Г\1Г) choose for invariants Hßx = A'ßx where ß <а, IX = AX 
and JX = RX. By convention let RiXi = l. For a d /W ^ H iF )  choose Hßx = B'ßx 
where /?<а, IX = BX and Jx — Rx. For oKlßE choose as invariants Dx, Ex, Hßx = 
= A'ßx and Lßx — B'ßx where /1<а, IX = AX and JX = RX. For a 3'F1 choose as in
variants Dx, Ex, Hßx = Bßx and Lßx = Aßx where /?<а, IX = B’X and Jx — Rx. As 
in the previous paragraph, in each of these cases the invariants are relatively prime.

Let Q = QX. Note from the definition of A that IXQ ^  1 if A $ IP. This fol
lows since IyQ ~ A x or B, if A$(1T1U *Р) and DXIXQ = AX, EXIXQ=B, if 
ACiFj. We have by (la, b) the coefficient relations а -1Я(-1А) = Axax(E) and 
яя -1 (A “x) = B, ax (A) if Ax and Bx respectively exist. Since (D,, Ex) =  1 then in 
these cases ax is generated in Z[x,y] by {ax; a<A} if and only if IXQ= 1.
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Summarizing, the invariants of 0* are elements of a set of degrees and of 
a set of non-negative integers. The degree invariants are:

(i) a„=(w„,/'„) where u=l,2 , n, ii—mn= 0 and for u>v then 
mu<mv;

(ii) A where is m a x  {(m„, i„+1);
Let Г be the ideal of the semigroup d \ ( — — °°) generated by {a„; I s m S k}. 
Let хГ ,Г г, Ч', 1Ч1, and ßx be subsets as defined earlier in the section and
let <xz be least in Г. The integer invariants are:

(iii) Q where Q > 0;
(iv) J% for A s a c /’xUxT where Jx> 0 and JiXx= 1;
(v) Ix for A^aGTiUxT where /„ > 0 and if A$!T;

(vi) for Asa^rxUxT and а>/?€Г where 0^ H ßx<Ix if a$ IPUxßUß], 
0S H ßx̂ (K ßxAß/Qx, Q  if a6xßUxT and 0 ^ H ßx^(KßxBß/Qx, Ix) if 
a 6ßxU T j. Also if a$!P then {Ix,J x,H ßx; /?<a} is a set of relatively 
prime numbers;

(vii) Dx and Ex for >F where Dx and Ex are relatively prime positive integers
and Dx or Ex divides Ix if or 4'1 respectively;

(viii) Lßx for a £ 4* and а >ßdT  where 0 S Lßx <  Kiß (ia) Ix EJDX if a =  
= 4 € x T , ~hß e r  and 0 s L ßx<K(ßl)xiIxD J£x if oi=a.Hud'Pi , ß ~ \ r .  
Also {Ix, Jx, Hßx, Lßx, ß<at) is a set of relatively prime numbers.

The restrictions of (vi) and (viii) are derived from (10a, b), (14a, b) and (15a, b). 
It will now be shown that the basis coefficients of the ,^-basis [ax; asA}, which 

contains the canonical basis, can be reconstructed from the ^-invariants. App
roximate values for the basis coefficients will be calculated successively for degrees 
in ГхU ,Г. At the step for degree a the approximations for degree less than a will 
be modified by a multiplier. At step A the approximations become exactly the basis 
coefficient required.

Let Qßx=( f f  Ry). Then Qß—QßXQ- The Ry will be calculated.
ß<y^a

Let A"=IX and Aßx=Hßx if a6xßU2ßUxlf'. Let B"=lx and B"ßx — Hßx 
if ad ßxU ß2U f'x- For ocdi'F let B" — IXEJDX and Bßx=Lßx. For ad'Fi let 
A" = IXDJE . and А"Вх=Ьйх. Notice that from the derivation of the invariants 
Aßx = A"ßxQx).Q and Bßx — B'ßxQxkQ.

Suppose a is least in iTj, then Ry=Jy for у <a. In the terminology used 
in deriving the invariants, A'ßy = Aßy/QxRx=AßyQ J R x and B'ßy=BßyQyx/Rx for 
)?ёу<с(. So we can calculate, by (5),

G ßx A(y-i)x-i Bßy.
ßSy^x

Let Vß« be the least positive integer so that A'x- iS — В -4T=G'ßx Vßx for some 
S, T£Z  and let Vx be the least common multiple of {Vßx; ß<a). We can com
pute Dx = A'x-i/(Ax-i, B-ix), Ex=B'-iJ(A'x-i,B'-ix) and Jßx=JxVJVßx. Define 
AX=DXIX, B" = EXIX and Aßx = (TJßx + HßxDx)(mod A") so that 0s A ßx<A" (see 
(10a)). Let Bßx satisfy

A'x-lB;x-B '- lxA"ßx = G'ßxJxVx.

Notice that from the derivation of the invariants Aßx=A"ßxQxkQ and Bßx= 
= B"ßxQx>Q. Also note that RX=JXVX.
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Now assume that A"6y, B'iy have been calculated for all degress y<a. We 
have Ry=JyVy for у€1Г1 and R y= J y otherwise. The process just described may 
be repeated to calculate A"ßx and B"ßx for ß= zb and to determine Vx.

Thus the basis coefficients Aßx=A"ßxQxkQ and Bßx = B"ßxQxXQ of the ^-basis 
{ax, a s  A} can be calculated from the invariants of SP.

Notice that the numbers Kßx, A ß/Qx and Bß/Qx that appear in the definition 
of ^-invariants may be calculated from the invariants for degree less than a. Let 
Kßx= 1 if а^бФ , ß - Ч Г  or - га6Ф , ~^£Г.  Let Kßx = 0 if а '^ Ф ,  ß- Ц Г  or 
_1а£Ф, ~1ß ^ r .  Continue inductively. For some agJbUi'F assume Kiy,A'iy and 
B'iy have been calculated (where they exist) for d s y < 1a. Then AßIQx—A"ßQßx 
and BßIQx=B"ßQßx. Define Kiß^ = K ßxA"ßQßJ(KßxA'ßQßx, A’f). Similarly for 
«eßtlM P, define K<fii).1= KßxB"ßQßx/(KßxB"ßQßx, B'f).

T heorem 5.1. A primitive ideal SP of Z[x,y] uniquely determines a set of SP- 
invariants. Conversely a set of degrees and integers whose elements satisfy the re
strictions (i), (viii) is a set o f SP-invariants for some primitive ideal SP of Z[x,y].

P roof. The first statement has been proved. Given the set of degrees and in
tegers of the second statement we can determine numbers A"ßx, B"ßx for A^a^TiUiT 
and oc^ß^r  as in the argument that followed the definition of ^-invariants. 
Likewise Ух,а £ 1Г1, can be determined. Let Aßa=A"ßxQxkQ and Bßx=BßxQxXQ 
where Qxk is defined as above for Ry=Jy if у € ( / \ и 1Г ) \1Г1 and Ry=JyVy if 
у £ 1Г1. These numbers satisfy the restrictions (10a, b), (14a, b) and (15a, b). Let 
{dx; А^а£Г} be a set of unknowns so that

(la  У 
and

d-ixx  — 2  Aßxdß
Рва

for a

(1ЬУ d*-iy = 2  Bßxdß for а €Гк.
ß^a

From these equations, equations of form (2), (6a, b) and (7) may be obtained for 
the unknowns. By their construction from the invariants, the numbers Aßx,B ßx 
satisfy equations (3) and (4) for а € 1Г 1. From the equations of form (2) for agf*

Dxdx- i y - E xd- i xx -  2  Fßadß =  0 

we obtain, using equations of form (7), the equations 

(16) 2 M k = 0 for j  = 1,2,..., n - 1 ,  f j ,k£Q[x, у].
k =  l

As in the proof of Theorem 3.2 equations (16) are satisfied by a set 
{aXk; k  = \, 2, ..., n}^Z[x,y].  Any solution of (16) in Q[x,y] is of the form 
{faXk; k  = l, 2, ..., n) for some f£Q [x,y].  The equations (la, b)' can be solved 
successively for increasing a to obtain solution set {а'; А^а£Г}. Multiplying 
through by a suitable factor /£  Q[x, >’] we get uniquely a relatively prime solution 
set {ax; Айа£Г} in Z[x, y] for equations (la, b)'. These polynomials clearly form 
a ^-basis for some primitive ideal SP in Z[x,y] with basis coefficients Aßx, Bßx sat
isfying (10a, b), (14a, b) and (15a, b). Conversely, from the construction, it is clear
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that the set of degrees and integers with which the proof began are the ^ -in 
variants of SP.

In conclusion a comment should be made on the complexity of the invariants. 
The only complication in determining a set of degrees and integers to satisfy 
(i), ..., (viii) is in the calculation of the numbers Kßot, Aß/Qx and Bß/Qx that appear 
in (vi) and (viii). The method of calculation is described in the comments preceding 
Theorem 5.1. Although the method involves very elementary manipulations of 
integers, the number of manipulations involved could be large (depending on the 
distribution of Ф and 4* in Г). Since we have a routine for successively choosing 
integers to satisfy (iii), ..., (viii) (and hence to construct an ideal with these as in
variants), the method described here is less complex than that described in [6] 
for homogeneous ideals in K[x, y, z]. In [6] the invariants include “basis coefficients” 
that must satisfy systems of algebraic, but not necessarily linear, equations.
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COSINE FAMILIES AND ABSTRACT 
NONLINEAR SECOND ORDER DIFFERENTIAL

EQUATIONS
By

C. C. TRAVIS and G. F. WEBB (Nashville)

I. Introduction

Our primary objective is to investigate the abstract semi-linear second order 
initial value problem

(1.1) d2/dt2w(t) = Aw{t)+f(t, w(t), d/dtw(t))

w(i„) =  x£X, d/dtw{t0) = y$X.

In (1.1) X is a Banach space, w is a mapping from R to X, A is the (possibly un
bounded) infinitesimal generator of a strongly continuous cosine family of linear 
operators in X, and /  is a nonlinear mapping from R X X X X to X. Our goal will 
be to give a systematic and general treatment of (1.1) from the standpoint of ex
istence, uniqueness, continuous dependence, and smoothness of solutions. The 
pioneering work on (1.1) was done by I. Segal in [23] and our development follows 
his approach. Our results extend those of [23] in several respects. First, we allow for 
a more general linear term A, in that we assume A is the infinitesimal generator 
of an arbitrary strongly continuous cosine family. Second, we analyze various 
hypotheses on the nonlinear term /, some of which are more general than found 
in [23]. Third, we distinguish between cases in which (1.1) can be converted to an 
equivalent first order system of abstract equations and cases in which it is more 
advantageous to study the second order equation directly.

As a second objective we will unify and simplify some ideas from the theory 
of strongly continuous cosine families of linear operators in Banach spaces. The 
most fundamental and extensive work on cosine families is that of H. F a t to rini 
in [5, 6]. Important additions to the theory have also been made by M. So va  [24, 25], 
G. D a P rato  and E. G iu st i [3], J. G o ld stein  [9, 11], and B. N agy  [20, 21]. We 
will state some of the main results from these papers and in certain cases give simpli
fied proofs. We will also add some new results concerning inhomogeneous equa
tions, and the equivalence of second order equations and first order systems. The 
results we present for linear cosine families will be essential to our later treatment 
of the nonlinear equation (1.1).
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II. Strongly continuous cosine families of linear operators

A one parameter family C(t), t f  R of bounded linear operators mapping the 
Banach space X into itself is called a strongly continuous cosine family if and 
only if

(2.1) C(s +  i) +  C ( j - 0  =  2C(s)C(t) for all s , t£ R;
(2.2) C(0) =  7;
(2.3) C{t)x is continuous in t on R for each fixed x£X.

If C(t), i£R is a strongly continuous cosine family in X, then'S^t), i£R is the 
one parameter family of operators in X defined by

t

(2.4) S ( t ) x — JC (s)xds,  x£X, i£R.
о

P ro po sitio n  2.1. Let C(t), t£R be a strongly continuous cosine family in X. 
The following are true:
(2.5) C (t)= C (—t) for all f£R;
(2.6) C(s), S(s), C(t), and S(i) commute for all s,t£  R;
(2.7) S(t)x  is continuous in t on R for each fixed x£X;
(2.8) S ( j+ /)  +  S ( j - f )  =  2S(,y)C(i) for all s, t£ R;
(2.9) 5 (s+ í)= S (s )C (í)+ 5 ( í)C ( i)  for a l l s , te R;
(2.10) S ( t ) = - S ( - t )  for all te R;
(2.11) there exist constants /T ^l and co^O such that \Си)\^КеаМ for all /6R;

t

(2.12) |S(l) —S(f)| = K \ f  e“ |s| ds| for all t j e R.
t

Proof. (2.5) follows from (2.1); (2.6) follows from (2.1) and (2.4); (2.7) follows 
from (2.4); (2.8) follows by integrating (2.1) with respect to s; (2.9) follows from 
(2.8); (2.10) follows from (2.8); (2.11) is proved in [5], p. 90, lemma 5.5; and (2.12) 
follows from (2.11).

The infinitesimal generator of a strongly continuous cosine family C(t), f£R 
is the operator A: X — X defined by

(2.13) Ax = d2/dt2C(0)x

D(A) = {xCX: C(t)x is a twice continuously differentiable function of /}. 
We shall also make use of the set
E= {x\C (t)x  is a once continuously differentiable function of t }.
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P roposition  2.2. Let C(t), t€_ R, be a strongly continuous cosine family in X 
with infinitesimal generator A. The following are true:
(2.14) D(A) is dense in X and A is a closed operator in X;

S
(2.15) if xdX and r, s£R, then z =  j  S(u)xdu£D(A) and Az=C(s)x — C(r)x;

r
s r

(2.16) if xdX and r, sgR, then z =  J  J  C(u) C(v)x du dv£D(A) and Az =
о о

= 2_1(C(s + r)x — C(s — r)x);
(2.17) if xfX., then S(t)x£E;
(2.18) if x£E, then S(t)x£D(A) and d/dtC(t)x=AS(t)x;
(2.19) if x£D(A), then C(t)x£D(A) and d2/dt2C(t)x=AC(t)x = C(t)Ax;
(2.20) if x£E, then lim/4S'(l)x=0;

(2.21) if x£E, then S(t)xdD(A) and d2/dt2S(t)x=AS(t)x;
(2.22) if x£D(A), then S(t)xdD(A) and AS(t)x = S(t)Ax ;
(2.23) C(t+s) — C(t — s) =  2AS(t)S(s) for all s, teR.

P ro o f . The proofs of all but (2.15)— (2.18) and (2.20) can be found in [5]. To 
prove (2.15), notice that using (2.8) we have

S  S

C (t)z=  J  C(t)S(u)x du — 2_1 J  (S(u+t)x + S(u—t)x) du.

Thus
s s + t  s —t

dfdtCft)z = 2-1 J  (C(u + t)x — C(u—t)x)du = 2_1 ( /  C{u)xdu— J  C(u)xduy
r r + t  r —t

and
d2/dt2C(t)z =  2-1(C(s + i)x — C(r + i)x+C (s — t)x— C(r — t)x), 

d2/dt2C(0)z = C(s)x — C(r)x.

(2.16) follows from (2.1), (2.5), and
r s r s

C (t)z=  J  J  C(t)C(u)C(v)x du dv = J  J  2~1(C(t-{-u) + C(t — u))C(v)xdu dv =
0 0 0  0 

r  t + s  t r t + s

= * - / ( /  C(u)C(v)xdu + J  C(u)C{v)xdu dr] =  2 1 J  J  C(u)C(v)x du dv,
0 t t —s  0 t —s

r

d/dtC(t)z = 2_1 f  (C (t+s)-C(t-s))C (v)xdv =
0

r

= 2_1 J  2~1(C(t-{-s + v)i-C(t-{-s — v) — C(t — s-\-v) — C(t — s — v))xdv =
о
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t  — s + r

4_1( J  C(v)xdv + J  C(v)xdv— J  C(v)xdv— J C{v)xdv) =
t  -t-s— r 

t + s + r

= 4 J  C(v)xdv— J C(v)xdvj,
t + s —r t —s —r

d2/dt2C(t)z = 4 ~1(C(t + s + r)x—C(t+s — r)x — C(t — s + r)x+C(t — s—r)x), 
d2/dt2C(0)z = 2 ~1(C(s + r)x — C(s — r)x).

(2.17) follows from (2.1), (2.4), and
I r + t

C(r)S(t)x — f  C(r)C(s)xds = 2~1 f  C(s)xds,
0 r - t

d/drC(r) S(t)x = 2~1(C(r + t)x—C(r — t)x).
To obtain (2.18) we notice from the previous line that

d2/dr2 C(r)S(t)x — 2 ~1(d/drC(r + t)x—dldrC(r — t)x), 
d2/dr2 C(0)S(t)x = d/dtC(t)x.

To prove (2.20) notice that x4_E implies that d/dtC(t)x is a continuous function 
of t and thus from (2.18),

lim AS(t)x — lim dldtC(t)x = dldtC{0)x. t-+ о г—0
Now, let

b =  d/dtC(0)x = limir̂ O
C(h)x — x

But, we also have

d/dtC(0)x =  lim C(— h)x- 
— h lim -h~0

C(h)x — x = -b .

Thus b= 0 and the result follows.
It is natural to try to replace definition (2.13) of the infinitesimal generator 

of a strongly continuous cosine family by the central difference approximation

C (-2 t)x-2C {0)x  + C(2t)x
lim--------------- ТА---------- ------ >i-o 412

of the second derivative of C(t), t£X, at t= 0. For arbitrary functions, it is well- 
known that the central difference definition of the second derivative is not equivalent 
to the classical definition. However, as the following proposition demonstrates, 
these two definitions are equivalent for functions satisfying the cosine property
(2.1) (see [24], Proposition 2.18).

P ro po sitio n  2.3. Let C(t), t f  R, be a strongly continuous cosine family in X. 
The operator A: X —X defined by

Áx = lim (C(2t)x—x)/2t2,
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with domain those jctX for which this limit exists, is the infinitesimal generator of 
the cosine family C(t), t(  R.

Proof. Suppose l im (C(2t)x—x)!2t2—y. We would like to show th a t  

xfD(A)  and lim (C(2t)x — x)/2t2 = Ax. Define

t  t

x, = t~2J J  C(s)C(r)x ds dr. 
о о

Then by (1.16), x,(D(A) and
Ax, = (C(2t)x — x)/2t2.

The result now follows from the fact that A is closed and

t  t

lim t~2 J fC (s)C (r)xds  dr = x 
f"*'° о о

for each x (X .  Thus we have shown that A = Ä  on the domain of Ä. Now suppose 
that x(D (A)  and Ax=y. Since for x£X, C(t)x-»x as r —0, given e> 0  there 
is a (5>0 such that 0«=и-=(5 implies \\C(u)Ax—Ax\\~<e. Thus if 0<|2i|<<5, 
then

21 s

\\2t~2(C (2t)x-x)-y \\  = ||2 í-2 f  f  (C"{u)x-Ax)duds\ s
0 0

21 s

ä  2t~2 J J \\C(u)Ax — Ax\\du ds<e,
о 0

and the proof is complete.
The motivation for the proof of the following proposition concerning the linear 

inhomogeneous equation corresponding to (1.1) comes from semigroup theory 
[13], p. 486:

P ro po sitio n  2.4. Let C(t), t (  R be a strongly continuous cosine family in X 
with infinitesimal generator A. I f  g: R —X is continuously differentiable, x(.D(A), 
у (:E, and

t

w (/)^  С(?)л: + 5(/)у+ f  S(t — s)g(s)ds, r£R,
0

then w(t)( D(A) for t(R , w is twice continuously differentiable, and w satisfies

(2.24) d2/dt2w(t) — Aw(t) +g(t), i£R, w(0) = x, d/dtw(0) = y.

Conversely, i f  g: R —X is continuous, w{t)\ R —X is twice continuously differentiable, 
w{t)(D{A) for t(  R, and w satisfies (2.24), then

t

w(0 =  C(r)x + S,(03' +  f  S(t — s)g(s)ds, t ( R.
0
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Proof. By virtue of (2.19) and (2.21), it suffices to show (2.24) for x = y = 0. 
First,

t  t  3

f  S (t—s)g(s) ds =  f  S(t-s)(g(0) + f  g'(u)du)ds =
0  0 0 

t  t  t

-  j S(t—s)g(0) ds+ J f  S (t — s)g'(u) ds du =
0 О и

í t  t  — u

= f  S(t — s)g(0) ds+ f  f  S(s)g'(u) ds du.
0 0 0

By (2.14) and (2.15)
t  t

A f  S(t-s)g(s)ds  =  C (0g(0)-g(0)+  f  (C (t-u )-I)g '(u )du .
0 0

Then, (2.24) follows from
t  t

d/dtw(t) = f  C(t — s) g(s) ds + S(0) g(t) = f  C(s)g(t-s) ds,
0 0

t

d2/dt2w(t) = f  C(s)g '(t-s) ds + C(t)g(0) = Aw(t) + g(t). 
о

To prove the converse statement, observe that
d/dsS(t—s)w'(s) =  —C(i—s) w'(s) +  5 (i —s)w"(s), 

d/dsC(t-s)w(s) =  — S(t—s)^ w (s) +  C(/-s)vv'(s),
implies

t  t

— S(t)w'(0) =  — J  C(t — s)w'(s) ds+  J S ( t  — s)w"(s)ds, 
о о

t t

w(t) — C(t)w(0) = — J ’ S(t — s)Aw(s)ds+ J C(t — s)w'(s) ds. 
о о

The conclusion follows by adding the two formulas.
The proof of the next proposition, of which we will have later use, can be 

found in [5].
P roposition  2.5. Let C(t), t - R  be a strongly continuous cosine family in X 

satisfying |C(f)| =ATe“ |(|, i£R, and let A be the infinitesimal generator of C(t), 
t c R. Then for Re 2>eo, }? is in the resolvent set o f  A and

oo
(2.25) A)x = J  e~ktC{t)xdt for  x£X,

о
oo

Ä(A2;/4);t =  J  e~hS(t)xdt fo r  x£X. 
о
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In [5], p. 95 it is established that if A is the infinitesimal generator of a strongly 
continuous cosine family C(t), td R, in X satisfying ||C(t)ll SM«“ 1'1, then a translate 
of A has a square root; that is, if k^co, there exists an operator Bk in X such that 
Вк= А —№1. It is also shown that the domain of Bk is independent of the value 
of k, and if к х л  then zero is in the resolvent set of Bk. The following condition, 
which we call condition (F), is of fundamental importance in the study of strongly 
continuous cosine families:

Condition (F): If B2 = A, where A is the infinitesimal generator of C(t), td R. 
then S(t) maps X into D{B) for i£R, BS(t) is bounded in X for i£R, and B S(t)x  
is continuous in t on R for each fixed x£X.

In [5] it is also established that A is the infinitesimal generator of a strongly 
continuous cosine family if and only if Ä = A —k2I, k^co, is the infinitesimal 
generator of a strongly continuous cosine family. Thus when dealing with the in
finitesimal generator d  of a strongly continuous cosine family, we can, without 
loss of generality, assume that there exists an operator В in X such that B- = A 
and that zero is in the resolvent set of B. In [22], Theorem 3, an example is given 
of a strongly continuous cosine family that does not satisfy condition (F), even 
after a suitable translation of the generator.

Some of the ideas in the proposition below originate in [5] and [10].
Pro po sitio n  2 .6 . Let A and В be linear operators from the Banach space X 

to itself, let В commute with every bounded linear operator in X which commutes 
with A, let zero be contained in the resolvent set of B, and let B2 = A. The following 
are equivalent:
(2.26) A is the infinitesimal generator o f a strongly continuous cosine family C(t), 

t£R  in X satisfying condition (F);
(2.27) В is the infinitesimal generator of a strongly continuous group T(t), (PR in X;

(2.28) & qJ , with domain D(B)XD(B), is the infinitesimal generator o f a strongly 
continuous group U(t), td R in X xX;

def Г 0  / 1
(2.29) ,sd=  N  q | with domain D(A)XD(B), is the infinitesimal generator of

a strongly continuous group V(t), t£R  in Y =  [D(B)]XX, where [D(B)\ denotes 
the Banach space D(B) with graph norm IM|B=||x|| +  ||i?x|[.

P ro o f . That (2.26) implies (2.27) is proved in [5], p. 97, Theorem 6.6., but 
we give a more straightforward proof here. Define T(t)=C(t)+BS(t), td R. By 
virtue of the properties of C(t), S(t), and condition (F), it is easily shown that 
T(t), t£R  is a strongly continuous group of bounded operators in X. It remains 
to verify that В is the infinitesimal generator of T(t), td R 

Let xdD(B) and observe
(2.30) t - ^ T ^ x - x )  =  t - 1(C { t)x -x )+ t-1BS(t)x =

t t t
= t~xA J  S(s)xds + t~1S(t)Bx =  í-1 J BS(s)Bx ds + t -1 J C(s)Bx ds,

0 0 0
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where we have used (2.14), (2.19), (2.22) and condition (F). The right-hand side 
of (2.30) has a limit of Bx as t —0, and so the infinitesimal generator of T(t), i£R 
and В agree on D{B). Now let x  be in the domain of the infinitesimal generator 
of 7X0,/6 R and observe that

t  t

(2.31) t~1(T ( t)x -x )  = B ^ - 1 f  BS(s)xds + r 1 J  C(s)xds),
о 0

where we have used the closedness of В (which follows from the fact that В has 
a nonempty resolvent set). The expression inside the parentheses of the right-hand 
side of (2.31) has a limit of x  as f->0, which means xfD(B), since В is closed.

We shall now demonstrate that (2.27) implies (2.28). For each i£R, define 
C(t)=(T(t)+T(-t))/2 , S ( t )= B -1(T ( t ) -T ( - t ) ) /2 ,  and

(2.32) U(t) = rc(0, Ä S ( 0 1
[BS(t), C(0J-

Obviously, U(t), t f  R is a strongly continuous family of bounded operators in 
XXX. A simple calculation shows the group property U(t) U(s)= U(t+s). It 
remains to show that 0S generates U (t),tdR. For x£D(B), observe that 
d/dtC(t)x=BS(t)Bx  and d/dtS(t)x = C(t)x, and hence for [x, y]£D(B)XD(B)
(2.33) d/dtU(t)[x, y] = [BS(t)Bx+ C(t)By, C(t)Bx+BS(t)By].
Clearly, the right-hand side of (2.33) equals [By, Bx] when t equals zero, which 
means -M agrees with the infinitesimal generator of U(t),t£R on D(B)XD(B). 
Now suppose that for [x, y] contained in the domain of the infinitesimal generator 
of U(t), we have
(2.34) [ti, v] =  lim t"1 [U(t) — I] [x, у].
Then
(2.35) t - 1(C ( t)x -x )  + t - 1BS(t)y -  u,

(2.36) t - 1(R5'(r)x) + r 1(C (0y -y ) -  v.
Replace t by — t in (2.35) and (2.36) and add the result to the equation from which 
it was obtained, yielding
(2.37) t - ^ B S ^ y )  -  u,
(2.38) t -^B S ifyx )  -  v.
It now follows from the closedness of В and the fact that lim t 1 S(t)x= x  forf—0
all x£X, that x,y£D{B)  and Bx = v, By = u.

To demonstrate that (2.28) implies (2.29), we define for R, 
XX-[Z>GB)]XX by
(2.39)

V(t):[D(B)]X

V(t) is bounded in [D (5)] XX, since

B~x 01
[0 l \ : XXX [D(S)]XX, [q J]: [D (ß)]X X -X xX

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



COSINE FAMILIES 83

are both continuous. Obviously, V{t), t i  R satisfies the group property and is strongly 
continuous. Moreover, the infinitesimal generator of V(t), i£R is

B -1 01 ГО Я]Г В 01 _  ГО /1 
0 7J [Я Oj [о  7J -  [A 0j>

with domain D(A)XD(B).
To demonstrate that (2.29) implies (2.26), define S(t)y = n1V(t)[0, y] and 

C(t)y — n2 F(i)[0, y] for y£X, i£R, where n^x,  j ]  =  x and n2[x,y\ =  y. Since 
V(t), t£~& is a strongly continuous group in [D(Ő)]XX, S(t) and C(t) are bounded 
and strongly continuous in X, S(t)KczD(B), and BS(t) is bounded and strongly 
continuous in X. If x^D(B), then s/V(t)[0, x]= V(t)sY[0, x]. But sYV (t)[0, x] =  
= sY[S(t)x, C(t)x] = [C(t)x, AS(t)x] and V(t)jtf[0, x]=V(t)[x, 0]. Thus 
V(t)[x, 0] = [C(i)x, ,45(?)x] for x£D(B). Since for j£X , V(t)[0, y ]= [5 (0y , C(t)y], 
we have that
(2.40) V(t) = rc(r) S(t) 1 

AS(t) C(t) \ '
It follows from F(0)=7, that C(0)=7 and 5(0) =  0. Next observe that if x^D(A) 
and i£R, then
(2.41) Y-d/dtV(t)[x, 0] =  s/[C(t)x, AS(t)x] =  [4 5 (i)x , AC(t)x],

where Y—d/dt denotes differentiation with respect to the norm of Y. Equation
(2.41) implies that
(2.42) [D{B)] — d/dtC(t)x = AS(t)x for x£D(A), i£R,
(2.43) X —d/dtAS(t)x =  AC(t)x for x£D(A), t£R.
At this point we would like to demonstrate that
(2.44) C(t)x =  C(— t)x and AS(t)x = —AS(—t)x, t£ R, x£D{A).
For xeD(A), let n(i) = [C(i)x, ^45(t)x] and w(t) — [ C ( - t ) x ,—A S (- t )x ] .  Using
(2.42) and (2.43), it is easily shown that both v and w satisfy the equation 
Y —d/dtv(t)=sYv(t). Since n(0) =  w(0), we can conclude from the uniqueness 
of solutions to this problem that C(t) = C( — t) and A5(i) = — A5( — t) in D(A). 
The group property V(t+s)=V(t)V(s), (2.40), and (2.44) now yield that (2.1) 
holds on D(A). Since D(A) is dense, (2.1) holds in X. Finally, we prove that A is 
the infinitesimal generator of C(t), tc R If x£X and Re A is sufficiently large, then 
a simple calculation shows that 7r2R(A; .я/)[0, x]=A7?(A2; A)x. Using (2.25) and 
[4, p. 623, lemma 12] we have that the infinitesimal generator Ä  of C(t), t f  R sat
isfies for Re A sufficiently large

A7?(A2;A )x =  J e  k,C(t)xdt — J  e At7i2F(r)[0, x]dt =■ n2R(X, j/)[0, x]. 
о о

But then AR(A2; A) = /.R(P; Á)  and so A =  Ä, completing the proof.

Proposition 2.7. Assume the same hypothesis on A and В is in the previous pro
position. A necessary and sufficient condition that A be the infinitesimal generator
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of a strongly continuous cosine family C(t), t fM  in X satisfying condition (F) is that 
there exist constants M > 0 and ю isO such that
(2.45) D(B) is dense in X\
(2.46) for real 2, 2>co, 22 is in the resolvent set о (A) of A;
(2.47) 2(22 — A)-1 and B(X2 — are strongly infinitely differentiable for 2>са;

(2.48) (2—ca)N+1
N\

(2.49) (А-со)лг+1
N\

( d / d W ^ t f - A ) - 1 

(d/dX)N В(Х2- А ) ~ г

Ш М for X >  со and N — 0 , 1 ,2 , . . . ;  

^  M  for X >  со and N = 0 ,1 ,2 ,__

P ro o f . Suppose A is the infinitesimal generator of a strongly continuous cosine 
family C(t), t£ R in X satisfying condition (F). Then by proposition 2.6,
J  =  q], with domain D(B)XD(B), is the infinitesimal generator of a strongly
continuous group U(t), í£R in XXX satisfying ||С/(г)||Ххх = Л/ею|' 1, t€R, for 
some M >~0 and casO. It follows from the theory of groups of operators that 
D(B) is dense in X, and that (X—M)-1 exists in XxX as a holomorphic function 
of X for |2|>ca, and satisfies (d/dX)N(X—&S)~1= N \(—l)w(2 — B)~N~1. However 
an easy calculation shows that

(2.50) (2 -á ? )-1 = fX(X2 — A)~1 
УВ{Х2—А)~1

B{Xi —A)~1'\2(22-T)_1J
Thus2(22—A) 1 and B(X2—A) 1 are strongly infinitely differentiable and

(2- M ) - " - 1 = t j ^ - ( d /d X ) N(X-!%)-1 =

(~ f ( d l d X ) NX(?2- A ) ^  t ^ . (d/dk)nB(p _ A r i 

(d/dX)NB(X2- A ) ~ 1 (d/dX)N X(X2 — A)~1

Since for [2|>ca, the infinitesimal generator M of the strongly continuous group 
U(t), i£R satisfies

Ц к-Я)-*-*[х ,  y]||xxx — В Д - в > ) - * - 1(М1 + М ), N =  0 ,1 ,....

We have that for N = 0, 1, ...,

KX-dS)~N̂ [ x , 0]hI IXxX =

(-1)"
№

(d/dX)N X(X2 — A)~1x + (-1 )№
N1 0d/dX)NB(X2- A )- = M{\X\ — (o)~N~1 ||x||.

Thus (2.48) and (2.49) hold for real 2>ca.
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Now suppose that conditions (2.45)—(2.49) are satisfied. Then the operator

with domain D(B)XD(B) is densely defined in XXX. It is easily shown that for 
real A, |A|=»co, the resolvent of 'M exists and is given by (2.50). Conditions (2.48) 
and (2.49) imply that for A>cu,

||<±А-Л)-»-Ч*, У]IIxxxS

( ~ l f
N\

( ~ l f
N\

(d/dAf ±  A (A2 — Л)~1 x 

( d /c a ^ B iP - A ) - ^

+
( - I f

N\ 

( - I f

(d/dX)NB(№—A)~1y +

AM (d/rfAf ± Щ 2- А )~ 1у

2 M
(А-m ) N + 1 If 11 +

2 M
(A —m f+1 Ill’ll

2 M
(2 —со),N + 1 I f ,  A’]IIXxX-

Thus (A with domain D(B)XD(B) is the infinitesimal generator of a strongly con
tinuous group U(t), i€R in X xX  satisfying i|t/(i)||xxx = 2Me“ |t|, t£R. The proof 
now follows from the equivalence of (2.26) and (2.28).

If A is the infinitesimal generator of a strongly continuous cosine family in 
X, then the set E is precisely the set of j£ X  for which the initial value problem

u"(t)=Au(t), u(0) = xeD(A), u'(0) =  y,

has a twice continuously differentiable solution. Hence the exact determination 
of this set is of great importance. It is shown in [5], Remark 6.11, that D (B )^E .  
The following proposition demonstrates the close relationship between condition 
(F) and the equality of these two sets.

Pro po sitio n  2.8. Let C(t), i£ R  be a strongly continuous cosine family in X 
with infinitesimal generator A and let В be an operator in X such that В commutes 
with every bounded linear operator in X which commutes with A, zero is in the resolvent 
set of B, and B- = A. A necessary and sufficient condition that D(B) = E is that 
C(t), t c_ R satisfy condition (F).

P roof. Assume that C(t), t í  R satisfies condition (F). By Proposition 2.6, 
В is the infinitesimal generator of a strongly continuous group T(t), í^R in X and 
C(t)=(T(t) + T (—t)]/2. Assume now that x£E. Then C(t)x  is continuously 
differentiable and hence (see [13], p. 486)

t

u(t)=  J T ( t —s)C(s)x ds, i€R 
0

is the unique continuously differentiable solution to the nonhomogeneous equation

u'(t) = Bu(t)+C(t)x, u(0) -  0.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



86 С. С. TRAVIS AND О. F. WEBB

Thus u(t)£D(B), and since T( — t) leaves the D(B) invariant T( — t)u(t)c_D(B). But
t

T(—t)u(t) =[tx+ J  T(— 2s)xds}/2, 
о

t

which implies that x£D(B), since J  T( — 2s)x ds£D(B).
о

Now, assume that D(B)—E  and we will demonstrate that the cosine family 
satisfies condition (F). By (2.18), S(t): X^E=D (B).  Since В is closed 

and S(t) is bounded, BS(t) is a closed everywhere defined operator, and hence, 
by the closed graph theorem, is bounded. It remains to show that BS(t)x is con
tinuous in t for fixed x£X. But for x£E=D(B), d/dtC(t)x — AS(t)x=BS(t)Bx  
is continuous in t. Thus BS(t)y  is continuous in t for у in the range of B. Since В 
has a bounded inverse, the range of B=X  and the proof is complete.

We conclude this section with some simple examples of cosine families (see [24]).
E xam ple  2.1. Let X be a Banach space and let A be a bounded linear operator

in X. Then C(t)— 2! Aktik/(2k)\ is a strongly continuous cosine family. The
corresponding sine family is given by S(t)= ^  Akt2k+1/(2lc + 1)1. If X=R,

k = о
and ^4:R —R is defined by Ax = ax, then C(i)=cosh (i У a) and S(t) = 
=  sinh (yja)lib. If y4:R — R is defined by A x = —ax, then C(t)=cos (t ̂ a) and 
S(t) = sin (í/a)/j/ű .

E xam ple  2.2. Let X be the Banach space of bounded continuous functions 
on R with supremum norm. Let T(t), t£R be the group of translations on X, that 
is, (T(t)x)(u) = x(u + t). Define C(t)=(T(t) + T(-t))/2. Then

(C(t)x)(u) = (x(u+t)+x(u —1))/2,
t  U + t

(S(t)x)(u) =  ( f  C(s)xds|(u) =  2_1 J  x(s)ds.
О u —t

One easily sees that C(t), t£R is a strongly continuous cosine family with infinites
imal generator A given by Ax=x", D(A)={x€X: x"gX}. If B :X ^ X  is defined 
by Bx=x', D(B)= {x£X\ x'€X}, then B2 — A, and it is easily seen that the strongly 
continuous cosine family defined by (2.55) satisfies condition (F). Since (BS(t)x)(u) = 
= (x(u + t) — x(u — t))/2, we note that for f£D(A), g£E= D(B),

x  +  t

w(x,t)dJi(C(t)f+S(t)g)(x) = 2-i{f(x  + t)+ f(x - t) )  + 2 - i  f  g(s)ds
X — t

gives the classical D’Alembert solution of the one-dimensional wave equation 

d2/dt2w(x, t) = d2/dx2vv(x, /), vv(x, 0) =  f(x), d/dtw(x, 0) = g(x), 

whose abstract formulation is

d2/dt2w(t) =  Aw(t), w( 0) — / ,  djdtw(Q) = g.
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III. Abstract nonlinear second order differential equations

We now treat the nonlinear equation (1.1). Henceforth, we suppose that A 
is the infinitesimal generator of a strongly continuous cosine family C(t), t£ R 
in X. We will seek a “mild” solution of (1.1), that is, a solution of the integral 
equation

t

(3.1) w(t) = C(t— t0)x+ S(t — t0)y + f  S(t — s)f(s,w(s),d/dsw(s))ds.
f0

Equation (3.1) is more general than (1.1) by virtue of Proposition 2.4. We will in
vestigate the existence of solutions to (3.1) under various hypotheses on the cosine 
family C(t), t£ R, the nonlinear function / ,  and the initial values x and y.

Pro po sitio n  3.1. Let D be an open subset of RXXxX and let / :  D -X be 
continuous and satisfy

(3.2) \ \ f ( t ,x ,y ) - f ( t ,x ,  y)\\ S  L(0(||x-x||-H |y-j>|[),

for (t , x , y ), (t, x, y)£D and some continuous real-valued function L. For each 
(r0, x, y ) f  D such that x£D(A) there exists tt >0 and a unique continuously differ
entiable function w:(i0 —il5 io + t^-oX satisfying (3.1). Furthermore, if D = R x  
XXXX, then the solution w is defined on R.

P ro o f . Let (/„, x,y)£D  with xfD(A), and let Лг be a neighbourhood of (t0,x , y) 
such that NczD. Then there exists tA>0 such that

(0 if then (t, C ( t - t0)x + S ( t - t 0)y, S ( t - t 0)A x + C ( t - t0)y)eN,
and

(ii) if v is a continuously differentiable function from (tQ — tx, i0+ i t) to X such 
that (s, v(s), v'(s))£N for |s — t0\<tx, and

t

u(t) =  C ( t - t 0)x  + S ( t - t 0)y+  f  S(t-s)f(s,v(s), v'(s))ds
*0

for \t — fetch , then и is continuously differentiable,
t

u'(t) = S ( t - t 0)Ax + C ( t - t 0)y+ J  C(t-s)f(s,v(s),v'(s))ds, 

and (t, u(t), u'(t))£N.
Observe that if D= RXXXX, we can choose N=D  and f  can be chosen 

arbitrarily large. Define w0: (/0— , t0 + h ) ^ X by w0(t) = C ( t - t 0) x + S ( t - t 0)y, 
and define wn: (Г0— г0 + гг) —X by

t

wn(0 = C ( t - t0)x + S ( t - t 0)y+  f  S(t-s)f(s ,w„_1(s),w'n_l (s))ds,
f0

for /i =  1,2, . . . .  There exists 0 such that if |/ — 1^^i•> then
t t Д ,

II f  S ( t~ s ) f ( s ,  w0(s), wí(s))í/s|| +  | | / C (i —s)/(s, w0(s), wi(s))ds|| s  — .
to tn 1
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T hus, for | i — i 0| < ? i and

R =  su p  (II5(5)11, ||C (s)i|)  sup  L (s)

w e  have that
| s | s » l lí-toISÍ!

Mmax {llwjft) — w0(í)||, IK (0-4(011} — ,

max{||w2( 0 - w 1(r)||, ||w i(0-w i(0H }^  \ t~h\MR,

a n d , in gen eral, fo r  n — \ ,  2,

m ax { ||w „+1( í ) - w n(OI|, ||w ;+1( 0 - w í ( í ) | | }  S  \ t - t 0\n R n M l ^ / n l .

lim  w„(i) =  w ( i)  and lim  w'„(t) =  v ( t )

T h en ,

ex is t  uniform ly f o r  | i —г0|< ^ х, a n d  w ( t )  is co n tin u o u s ly  d ifferen tiable, w ' ( t ) = v ( t ) ,  
a n d  ( t ,  w ( t ) ,  w ' ( t ) ) £ N < z D . l  T o  estab lish  th a t w satisfies (3 .1 ), use the estim ate

t

\ \ w ( t )  —  C ( t - t 0) x - S ( t — t ^ ) y - f S ( t - s ) f ( s , w ( s ) ,  w '(s))  ds|| ^
f0

“  l k ( 0 - w „ +1(;)|| +  7? J (IIw(s) — w „(s)|| +  IIw'(s) — w'n (s ) ||)  ds.
»0

L astly , the u n iq u en ess  claim  f o l lo w s  from  th e  fo llo w in g  p ro p o sitio n :

Pro po sitio n  3.2 . A s s u m e  t h e  h y p o t h e s i s  o f  P r o p o s i t i o n  3 .1 . T h e r e  e x i s t  c o n  
s t a n t s  M = M ( t 1)  a n d  y = y ( t ^  s u c h  t h a t  i f  vv a n d  w  s a t i s f y  (3 .1 ) f o r  |/  —?0| °°
w i t h  w { t 0) = x £ D { A ) ,  w ' ( t 0) = y ,  w ( t 0)  =  x e D ( A ) ,  a n d  w ' ( t ^ ) = y ,  ( t 0 , x , y ) ,
( t 0 , x , y ) d D ,  t h e n  f o r  |i — ?ol*=

(3 .3 )  | |w ( 0 — w  ( 0 II+ II w ' ( 0 — (OH —

=  M ( \ \ x - x \ \  +  \ \ A { x - x ) \ \  +  \ \ y - y \ \ ) e i u - ,° \ .

Proof. (3 .3 )  fo llo w s from  G r  o n  w all’s L em m a  and the estim ates

IIw( 0  — 0(011 =  К е ю |r - i*1 | | x - x | |  + K  |i  — t0le“ |i_,olIIP—i'll +

1
+  K \ t - t 0\ I / e“ " - s' L ( s ) ( | |w ( s ) - w ( s ) | |  +  | | w ' ( 0 - « / ( a ) l l ) * |

a n d
IIW'(0 -  w '(0 ll 3S K \ t -  t 0 \ е и II A ( x - x)|| + K e » | | y- y\\  +

t

+  K \ f  e“ 1' - 51 L ( s ) ( | |  w (s )  -  0 (s ) || +  II w '(s) -  0 '(O I I )*
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Pro po sitio n  3.3. Let the hypothesis of Proposition 3.1 hold, let (t0, x,y)£D  
where x£D(A) and ydE, and also suppose that:

(3.4) there exists an open neighbourhood N of (t0, x, y) such that NczD, f  is con
tinuously Frechet differentiable from N to X, and there exists a constant R 
such that if  (t, v, w), (t, v, w)£N, then

max{||/i(f, v, w) fi(t, v, vv)||, ||f 2(t, v, w ) - f2(t, v, w)||, ||/3(i, v, w ) - f3(t, v, w)||}==
=£ R |[w — ív (I,

(where f , f 2 and f 3 denote the partial derivatives of f  with respect to its first, 
second, and third places, respectively).

Then there exists t2ffi0, i j  such that the solution w of (3.1) is twice continuously 
differentiable on (tn ~ t2, t0 + 12) and w satisfies (1.1) on (t0 — t2, t0 + t2).

P roof. The method of proof for Proposition 3.1 can be used to show that 
there exists t2£(0, t3] and a unique continuous function v:(t0 — t2, t0 + t2)—X  sat
isfying
(3.5) v (t) = C ( t - t 0)(Ax+ f(t0,x ,y ))  + A S ( t - t 0)y +

t

+ f  C ( t- s ) ( f1(s, w(s), w '(s))+/2(s, w(s), w'(s))w'(s)+f3(s, w(s), w'(s))v(s) ds.
*0

t

Define u ( í ) = j  + J  v(s)ds for |i —i0|< /2. We will show that u — w', which will 
*0

establish that w is a twice continuously differentiable function. The conclusion of 
the proposition will then follow from Proposition 2.4. First, by taking the limit 
of the difference quotient one shows that

t

d/dt J  C(t — s)f(s,w(s),u(s))ds =
*0

t

=  C ( t - t0)f(t0, x, f )+  f  C (t-s )  d/dsf(s, w(s), u(s)) ds, 
t0

which implies
t  t

(3.6) f  C(t-s)f(s,w(s),u(s))ds = f  C (s - t0)f(t0, x, y)ds +
f0 *0 

t s

+ J J  C(s — t) dfdzfft, w(x), u(t))dx ds. 
f0 t0

Using (2.19), we obtain
t

(3.7) u (0 = y+ f  C ( s - t0)(Ax+f(t0,x ,  y))ds + C ( t - t 0)y+
t0

t  s

+ f f  ( C ( s - T w(t), w'(t))+ /2(t, w(t), w'(x))w'(T)+f^T, w(t), w’(x))v(f))dx ds. 
*0 f0
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From (3.6) and (3.7), we obtain
t

(3.8) u(t) — C(t — t0)y + f  C(s — t0)Ax ds +
*0

t  t s

+ J  (C(t — s)f(s, w(s)u(s))ds — J  f  C(s — x)d/dTf(T, w(t), u(r))drds +
to 10 *0

+  f  f  ( C ( s - т ) Л ( т ,  w ( r ) ,  w ' ( r ) ) + / 2(T , w ( t ) ,  h/ ( t) ) w ' ( t) + / 3( t , vv( t ) ) w ' ( j ) ) v ( T ) d T d s .  

f0 f0
Since for x£D{A),

t

J ' C(s — t0)Ax ds = S(t — t0)Ax, 
f0

(3.8) yields that there exists a positive constant AT such that
t

||u(/)-w '(0ll t ^ K  f  ||m(s) —w'(s)|| d s ,
*0

which implies, by Gronwall’s lemma, that u(t) = w'(t) for \t — r0|< i2.
Corollary 3.4. Let D be an open subset o / R x X x X  and let /:£>->-X be a 

twice continuously (Frechet) differentiable function on D. For each (r0, x, y) f  D 
such that Xr_D(A) and y£E, there exists tx>0 and a unique twice continuously 
differentiable function w: (t0 — tx, tn + rx) -*■X satisfying (1.1).

Proposition 3.5. Let D be an open subset of RxX ,  let f :  D - X  be continuous 
and satisfy

(3.9) IIf i t ,  x) f{t, x)\\ s  L(t)\\x—x\\,

for (t, x), (t, x)£D and some continuous real-valued function L. For each (t0, x) в D 
and у EX, there exists tx >0 and a unique continuous function w: (t0 — t1, tn + tx) --X 
satisfying

t

(3.10) w(t) = C(t — t0)x + S(t — t0)y+ j S { t  — s)f{s, w(s))ds.
f0

Further, there exist constants M = M (t1) and y = y(t1) such that i f  (t0, x), (t0, x) fD,  
у and j>€X, w satisfies (3.10) for \t — t0\<tx, w satisfies (3.10) for |i—?0|< G wifA 
л: and у replaced by x and y, respectively, then for |í —

(3.11) ||w(0 —иЧОН = 3F(||x —x||+ ||y  —ylDe1,1' - '»1.

Finally, if Z) =  RXX, then the solution w is defined on all o f  R.
The proof of Proposition 3.5 is similar to the proof of Propositions 3.1 and 

3.2, and hence will be omitted. We next present the analogue of Proposition 3.3 
for equation (3.10). Notice that it is not necessary to assume that the Frechet deriv
ative of /  is locally Lipschitz.
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P roposition  3.6. Let D be an open subset o /R x X  and let / :  Z> — X be con
tinuously (Frechet) differentiable on D. For each (t0, x) f  D such that x f  D(A) and 
for each y£E, there exists a unique twice continuously differentiable function 
w: (f0— fo + fj)—X satisfying

(3.12) d2/di2w(i) =  Aw(t)+f(t, w(f)), w(t0) = x, d/dtw(t0) = y, 

for |i—íol-cíi-
Pro o f . Since / i s  continuously Frechet differentiable, (3.9) is satisfied for some 

open neighbourhood of (t„, x), and hence, by Proposition 3.5, equation (3.10) 
has a unique continuous solution w existing on \t — i01-= i i , for some positive t1. 
Since x£D(A), it is easily shown that w is continuously differentiable and satisfies

t

w\t) =  AS(t — íq)x -\-C(t — to)у 4- f  C (t—s)f(s, w(s))ds.
h

Thus, f ( s ,  H’(i)) is continuously differentiable for Is — so the conclusion
follows from Proposition 2.4.

We will now establish local existence of solutions to equation (3.12) under 
the assumption that f  is only continuous. The continuity of f  however, is not 
sufficient to assure local existence of solutions without further restrictions on the 
cosine family C(t), t£R. For our purposes it will suffice to assume that S(t) is 
compact for each t£ R.

Proposition 3.7. Let S(t) be compact for each i£R, let D be an open subset 
o /R X X , and let / :  79—X be continuous. For each (t0, x)<iD and j>€X, there exist 

0 and a continuous function w : ( /  — / ,  to + ti)—X satisfying (3.10).

P roof. Let (/„, x)^_D, y f X. Let К, со be constants as in (2.11) and (2.12/ and 
let N  Ье_ a neighbourhood of (t0, x)£D  such that N  is bounded, convex, NczD, 
and f ( N )  is bounded in X. There exists /> 0  such that if и is a continuous func
tion from [t0 — Z , /  +  / ] — X  satisfying (s,u(s))CN for \s—t0\S t1 and if

t

v(t) =  C(t — t0)x  + S(t — t0)y+ J S(t — s)f(s,u(s))ds
*0

for |i — Z lSh, then (t,v(tj)£N. Let C be the subset of C([i0 — / ,  fo-Kj; X) con
sisting of all functions и from [/„ — íl5 i0 + ij] to X such that (?, u(t))£N. Consider 
the transformation C :C —C defined by

t

(Gu)(t) =  C(t — t0)x  + S(t — t0)y + J S ( t  — s)f(s, u(s))ds.
ro

Obviously, G is continuous. To show that G is compact, we will show that if U 
is a bounded set in C, then {(Gu)(t): u£U} is equicontinuous and precompact in
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X  for each fixed t£[t0 — tlt i0 +  ?i]- For Û U  and t()~ t 1̂ t < i ^ t 0 + t1,
||(C?«)(0-(GM)(f)|| =

t

=  | |c ( r - í 0) x - C ( f - r 0)x + S '( '/- í0) ^ - S '( f - í0)j>+ /  S(t-s)f(s ,u (s))ds-
ro

t

-  j  S ( i- s ) f( s ,  u(s))<fo|| S | |C ( í - í0) ^ - C ( í - í 0)x:|| +  | |5 ( í - í0) j ; - 5 ( f - í 0)y|| +
*0

t  t

+ || /  (S ( t-s )  — S (i—s)) f(s, u(s))<fe|| +  | | / S (t-s ) f(s , и(s)) ds11.
*0 t0

The equicontinuity now follows from the fact that C(t — t0)x  and S(t — t0)y are 
uniformly continuous on [?„ — t1, t 0 + t1], and from the fact that /  bounded on N 
and (2.12) imply

t  t

I I / ( S ( t - s ) - S ( i—s))f(s, u(s))ds|| + | | / S ( t-s ) f(s ,  u(s))ife|| S  C\t—t\,
»o '

where the constant C does not depend on u. The precompactness of {G(u)(t): u^U} 
for fixed t£[t0—Z, /  + / ]  follows from the fact that S(t) is uniformly continuous 
from [ta — t1, ?0 +  +] to B(X, X) (see (2.12)) and a proof using the compactness of 
S(t) which is similar to that found in [26], Lemma 2.5.

By Schauder’s fixed point theorem, G has a fixed point in C, and the proof 
of the theorem is complete.

P roposition  3.8. Let the hypothesis of Proposition 3.5 or 3.7 hold, and in addi
tion, let f  map closed bounded sets in D into bounded sets in X. I f  (i0, x)£_D, x^D(A), 
j+ X , and w is a solution of (3.10) noncontinuable to the right on [t0,b), then either 
b= + °°, or given any closed bounded set U in D, there exists a sequence tk^-b~ 
such that (tk, w(tk)) $ U. An analogous result holds for a solution noncontinuable to 
the left.

Proof. Assume that Z><°° and the conclusion of the proposition is false. 
Then there exists a closed bounded set V in D such that (t, w(t))dU  for t1^t< b, 
where For t ^ t ^ f ^ b

||w(f)-H>(i)|| ^  ||C ( f - t0) x - C ( / - f 0)x|| + ||S (? -í0) y - 5 ( í - í 0)^|| +
t  t

+ Ц / (S (t—s) — S(t — s))f(s, w(s))ds|| + Ц / S (t—s)f(s, w(s))ds||.
r0 ro

Using (2.12) and the fact that /  is bounded on U, we have
||w(f)-w(í)|| ^  ||C (í-?0) x - C ( f - í 0)xi| + ||5 ( í- ío )y -5 '( f - í0)y||+const 

Then, lim w(r) =  n exists, which implies thatt-*-b~
b

lim w'(t) = S{b — tg)Ax + C(b — t0)y+  Jc(b — s)f(s,w (s))ds= q
*0

exists. Since (b,p)dU<^D, one can find a solution of the equation
t

v(t) = C(t — b)p + S(t — b)q+ J  S(t — s)f(s,v(s))ds
b
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for b ^ t< t2. Extend w to [i0, t2) by defining w(t) = v(t) for b ^ t< t2. Using 
the identities (2.9) and (2.23) we have for b^t< -t2,

b

w(i) =  v(t) = C(t — b)(C(b —10) x  + S(b - 10) у + f  S(b -s)f(s , w(s)) ds) +
f0

b t

+ S ( t-b )(A S (b - t0)x  + C (b -t0)y + J  C(b-s)f(s,w(s))ds)+ J  S ( t—s)f(s,v(s))ds =
t0 b

t

-  C ( t - t0)x + S ( t - t 0)y + f  S(t-s)f(s,w (s))ds.
f0

This contradicts the non-continuability assumption and the proof is complete.
C orollary  3.9. Suppose that the hypothesis o f Proposition 3.7 holds, D = RXX, 

and f  maps closed bounded sets in D into bounded sets in X. I f  x£D(A), y£X, and 
w is a solution o f (3.10) noncontinuable to the right on [t0,b), then either b= + °°  
or lim ||w(OII = " .  An analogous result holds for a solution of (3.10) noncontinuable

t-*-b
to the left.

Proposition 3.10. Suppose the hypothesis o f Proposition 2.6 holds and that 
condition (F) is satisfied. Let D be an open subset o f RX[fl(ß)]XX and let/ :  D — X 
be continuous and satisfy

(3.13) m t , x , y ) - K t , x , y ) \ \ ^ L m \ x - x \ \ B + \\y-y\\)
for (t, x, y), (t, x, у) в D and some continuous real-valued function L. For each 
(t0, x, y)£D, there exists ^ > 0  and a unique continuously differentiable function 
w: (?o~h, i0 + ti)—X satisfying (3.1). Furthermore, if fl=RX[ö(Ä)]XX, then 
the solution w is defined on R.

P roof. We shall make use of the equivalence (2.26) and (2.29) of Proposition 
2.6. If we define f=[ß(Ä )]X X  and F(t, [x, y]) =  [0, f ( t ,  x, y)] for each {t, x ,y)£D  
then F: R X f - f .  It follows from the continuity of f  that Fis continuous. Further
more, it is uniformly continuous on finite intervals in its first variable, and Lipschitz 
continuous in its second variable. The methods of Proposition 3.1 or [23], Theorem 1, 
can now be used to establish that for each (t0,x ,y )£ D  there exists ^ > 0  and a 
unique continuous function W: (t0 — t1, t0 E ^) — Y  satisfying

t

(3.14) fV(t) = V ( t - t0)[x, y ] + f  V(t — s)F(s, W(s))ds,
*0

where V(t), i£R, is the strongly continuous group appearing in (2.29). To establish 
the claim of this Proposition, we let n1[x,y] =  x  and n2[x,y] =  y, and define w(t) = 
=71! W(t) for Ui(t0 — t1, f0+fi). Then

t

w(t)= C ( t - t0)x + S ( t - t 0)y+ f  S(t-s)f(s,w (s), 7i2W(s))ds,
*0
t

d/dtw(t) — BS(t—t0)Bx+C(t — t0)y + J  C(r —s)/(s, w(s), n2W(s))ds = n2lV(t).
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Pro po sitio n  3.11. Let the hypothesis o f Proposition 3.10 hold. There exist con
stants M = M (t1) and y — y(?i) such that i f  w and w satisfy (3.1) for |f — 
with w(t0)= x, w' (tn)= y, w(t0) = x, w'(t0)= y, (t0,x ,y ) ,  (t0,x ,y )£D , then for

(3.15) II w (I) -  Л (0 II в +  II w' (0 -  wV)\\ ^  M (||x -x ||B +  ||y-;p||)e’’|,-'o|.
The proof is similar to that of Proposition 3.2 and will be omitted.
Pro po sitio n  3.12. Suppose the hypothesis of Proposition 2.6 holds and that 

condition (F) is satisfied. Let D be an open subset o f RX[ü(ß))XX, and f:  D-+X 
be twice continuously (Frechet) differentiable on D. For each (t0, x,y)£D  such that 
x£D(B) and ydD(B), there exists t1 >0 and a unique twice continuously differenti
able function w: {t0 — t1, ío +  rj)—X satisfying (1.1).

The method of proof is similar to that found in [24], Proposition 2.3, and we 
omit the details.

P ro po sitio n  3.13. Let the hypothesis o f Proposition 3.10 hold, and in addition, 
let f  be uniformly continuous and bounded on bounded sets in D. I f  (t0, x, y)£D  
and w is a solution of (3.1) noncontinuable to the right on [i„, b), then either b=  + °° 
or given any closed bounded set U in D, there exists a sequence tk^b~ suchthat 
(tk, w(tk), w'{tk)) ̂  U. An analogous result holds for a solution noncontinuable to 
the left.

P roof. Assume and that the conclusion of the proposition is false.
Then there exists a closed bounded set V  in D such that (t, w\t),w’(t))£U for 
t1^t-=b, where fiS L ^b . For t ^ t ^ t  + h-^b

\\Bw(t + h) — 2?w (OH = \\C(t+h — t0)B x—C(t—t0)Bx\\ +
4+h

+ IIBS (t + h - 10) у -  BS(t - 10) у II + 11J BS(t+ h  -  s)/(s, w (s), w' (s)) ds\ | +
*0

t

+ Ц / B S (t-s)[ f(s  + h, w(s), w '(s))-/(s, w(s), vv'(s))] * | |  +
T0

t

+ Ц / B S (t-s )[ f(s  + h, w(s + h), w'(s + h ))- f(s  + h, w(s), w'(s))] ds||,
‘ >0

\\w'(t + h)-w'(t)\\ \\BS(t + h - t 0) B x - B S ( t - t0)Bx\\ +
t0+ h

+ W C(t+h-t0) y - C ( t - t 0)y \\+ \\j C(t + h -s )f(s , w(s), w'(s))rfs|| +
*01

+ | | f  C (t-s)[ f(s  + h, w(s), w '(s))-/(s, w(s), w'(s))] ds|| +
ro

t

+ || f  C (t-s ) f(s  + h, w(s + h), w'(s + h ))- f(s  + h, w(s), vv'(s))] <ás||. 
f0

Since F is bounded on bounded sets in D, there exists a constant К such that
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| |/ ( s ,  w/5), w'(5'))|| S K  for 5€[?o»^) (since 5 —(5 , w(5), 1/ ( 5 )) is continuous for 
5£[i0, 0] and (5, w(5), w'(5))£ U for 5С[/,Ь)). Also, I^ ÍO I is bounded uniformly 
in finite intervals of t by virtue of the Principle of Uniform Boundedness. For 
t1< t< t+ h< b, define

H(t, h) =  \\C {t+ h-t0) B x - C { t - t0)Bx\\ + \\BS{t+h — t^ y  — 2?S(i-/0).y|| +
+ \\BS(t+ h-t0)B x—B 5 (i-r0)Bx|| +  ||C(/ + h - i 0)y — C ( t- i0)y|| +

to + h

4- J (I BS(t-\~h — s)| + \C(t-\r h — s)|)i^6?s +
ro

t

+ / (|Ä S(f-s)|+ |C (i-s)|) ||/(s  + ft, w(s), w '(s))-/(s, w(s), w'(s))|| ds.
ro

Using the strong continuity of C(t) and BS(t), the uniform boundedness of |55'(i)J 
and |C(0| on finite intervals, and the uniform continuity of /  on bounded sets, 
we see that lim H(t, h) = 0 uniformly for t ^ t ^ t + h ^ b .  Define

y = ( sup |2?S(s)| + sup |C(s)|)( sup Z.(s))
t0^ s ^ b  t0^ s ^ b  t0- ^ s ^ b

where L is as in (3.13) and we see that for 0< í< í+ /i-= é,

I\Bw(t+h) - Bw(OH + IIw '(t+h) - w'(OII S
t

^  H(t, h)+y f  (\\Bw(s +  h ) — Bvv(s)|| +  ||w'(s +  fi) — w'(s)||)i/s.
*•

Using Gronwall’s lemma, we obtain

Then,
\\Bw(t+h)-Bw(t)\\ + \\w'(t + h)-w'(t)\\ ^  H(t, й)е«*"Ч 

lim Bw (0 =  r and lim w' (t) =  q
t - * b ~ t - b ~

exist. For t1< t< t+ h< b

||w(i +  /i)-w(0H ||C(í +  h - í 0) x : - C ( í - í0)x|| +  | |S ( í+ f i - í0)y -5 ( í0-OTll +
t

+ Ц / (S(t+ h — s) — S(t—s))f(s, w(s), w/(s)) dsjj +
*0

t+h

+ Ц /  S(t+h — s)f(s, w(s), w' (s)) ds j I.
t

Using (2.12) and the fact that / i s  bounded on U, we have

||w (/+h)-w (0ll á  ||C (t+ fe -í0) x - C ( í - í 0)x|| + | |S ( í+ f i - to )y -5 ( í- r 0y)ll +
+ constant times h.

Then, lim w(t) ~ p  exists, and since В is closedp^D(B). But then (b,p, q)^U aD
t-*-b

and by Proposition 3.10, w can be continued to the right of b as in the proof of 
Proposition 3.8. This contradicts the noncontinuability assumption on w, complet
ing the proof.
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GRAPHS WITH MAXIMAL NUMBER OF ADJACENT
PAIRS OF EDGES

By
R. AHLSWEDE1 (Bielefeld) and G. О. H. KATONA2 (Budapest)

1. Introduction and statement of the results

Let G% denote an undirected graph (without loops and multiple edges) with 
n vertices and N  edges. P ( G shall count the number of pairs of different edges 
which have a common vertex and finally /  (n, N) is defined by
(1.1) f(n , N)  =  max p(G"),

where the maximum is taken over all possible graphs G%.
In information theory the problem came up to determine f(n , N ) for certain 

hypergraphs. We give here a solution for graphs and for bipartite graphs. As Vera 
T. Sós kindly informed us, this problem has been solved by Moshe Katz [1] for 
“nice” N ’s.

In order to state our results we need the concepts of a quasi-complete graph 
and of a quasi-star. Suppose the vertices of the graph are denoted by 1, 2, ..., n. 
We define the quasi-complete graph C* with N  edges in the following way: i and 
j  are connected for i, j s a  (i^ j )  and a+1 is connected with 1,2, where
a and b are determined by the unique representation

(1.2) N = 2̂ ) + O s f x a .

A quasi-star S* with N  edges is defined as follows: use the unique representation

(1.3) — (2 ) + ^ ’

and connect the first n —c — 1 vertices with every other, connect the vertex n —c 
with the first n —d vertices.

( n) - N
It is easy to see that S„ is the complement graph of СЦ if we change 

the order of the vertices. We use the abbreviations

(1.4) C(n, N) — p (^)l, S(n, N ) = p(SnN).

Let G^m denote an aritrary bipartite graph with N  edges and I+m vertices, where 
/ vertices are coloured red and m pink.

1 Research of this author was supported by the Deutsche Forschungsgemeinschaft.
2 This work was done while the author visited the Institute of Mathematical Statistics, Universi

ty o f Göttingen.
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Theorem 1. Suppose ls ä /и, N=qm + r, Then m axp (Gfm) is assumed
for the graph in which q red vertices are all connected with all the pink ones and one 
more red vertex is connected with r pink ones.

Theorem 2. / (и, N )= m ax [C(n, N ), S(n, jV)]. 

Theorem 3.

f in , N ) =
Sin, N ) 

Cin, N ) * t G)+7 - w- 0 -
Moreover, there are infinitely many n’s for which /(« , N) = S(n, N) for all 

and f in ,N )= C in ,N ) for all On the other hand there are
infinitely many «’s for which this is not true. (For further details see Lemma 8.)

We give two different proofs of Theorem 2. The first is more elegant and is 
based on Theorem 1.

The second proof is more elaborate, however, it uses techniques which we 
also use in the proof of Theorem 3, and it is worthwhile knowing that both Theorems 
can be proved by the same approach. The first proof might be more suited for 
generalizations of Theorem 2.

2. Proof of Theorem 1

The present proof and also the first proof of Theorem 2 are formulated in 
terms of vertex-vertex incidence matrices.

For the bipartite graph G*m with / red and m pink vertices and with N  edges 
the matrix JiG ^m) is defined by

where

(2 . 1)

Jicr.J = iaij)TÁ\:::,‘rn
if the i-th red and у-th pink vertices are connected in G^m 
otherwise.

If Ji*,m is an iXm 0 —1-matrix with N  l ’s q(J*m) denotes

where rl5 ...,r t and, slt 
respectively. Since 
(2 .2)

2 rf+ 2 tf,
i =  l  i = 1

are the numbers of l ’s in the rows and columns, 

q(J{GZm)) = 2p(Glm) + 2N,

for our purposes it suffices to maximize the quadratic form q(J*m). We need
Lemma 1. max gift! m) is assumed for a matrix with the property: if atJ= 1 and 

i i ,  j ' ^  j, then aVj. = 1.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



GRAPHS WITH MAXIMAL NUMBER OF ADJACENT PAIRS OF INTEGERS 99

P roof. Suppose J* m maximizes and its rows and columns are ordered such 
that /у^г2ё .. .ё /у  and s1^ s 2=--.=sm. Suppose that there are entries atj— 1, 
ao- =  0for / - = /  (or arj = 0 for ;'< ;). By exchanging this 1 and 0, q(J,Nm) changes by

-s5. + ( s ; - l ) 2 + (s;. + l)2- s ^ =  2 + 2(sr - s j )  >  0,
a contradiction and the lemma is proved.

Proof of T heorem  1. We prove it by induction on n=l+m. If l+m=2  
the statement is trivial. Suppose that /+ м > 2 and also that J*m has the properties 
described in Lemma 1. We can also assume that rl ^ s 1, because otherwise we 
can exchange the role of rows and columns without changing the total number 
of rows and columns, because r1<s1̂ m ,  and we can have l ’s only in the first 
r2 columns. (We write 0’s in the undefined places.)

Notice that we have now l ’s only in the submatrix J* determined by the first 
rl columns and first rows, and by Lemma 1 the first row of this submatrix con
tains only l ’s. Denoting by /£1£Г1 the (лу — l)X/y-matrix, which is derived form 
J* by omitting its first row, we can establish the recursion formula

m l f1
(2-3) =  2  s?+ 2 r? =  2  st +  2  rl =i=l i=l i =1 i =  l

= Í Í ( s i - l ) 2+  2 r l ) + 2 ( 2 s t- l ) + r t  = q(J^Z'1)ri) + 2 N -r1 + r l

This means that if we want to maximize q(Jl!m) with fixed r1 and cy then we have 
to maximize q(J£z[]rJ . Here sx — 1 + /y< /+m  and we can use the induction hy
pothesis. Since cy — l < r 1? max is assumed for a matrix in which the
first и — 1 rows are full with l ’s and in the и-th row the first r entries are 
l ’s, where
(2.4) N — ry = (u— l)iy + iy 0 S  i) <  y .
All the other entries are 0’s.

We have thus proved that it is sufficient to consider the matrices J* m which 
have l ’s in the first /у places of the first и rows and in the first v places in the 
(u+l)-th row, where иШ г^т  and N=ur1+v, O g tx y .  Denote these matrices 
by J(N, /у). We have only to prove that

(2.5) 9( / W i y + l ) ) £ 9(/(tf,iy)).
For this we use the equation
(2.6) q(J(N, jy)) = Ui +  i^+DÍu + l^  + í/y — v)u2.
We distinguish two cases:

1. Case v^u . Then
N  — и (jy + 1) +  о — u, 0 ^ v  — u < r

and by (2.6)

(2.7) q(j(N , /у+1)) =  м(?у+ l)2 + (u —m)2 +  (f —u)(u +  l)2 + (/y —f + m + l)u 2.
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An elementary calculation yields
q(J{N,  rt + 1)) — q(J(N, rt)) =  2r1u-2vu.

Since r ^ v  this proves (2.5) in the first case.
2. Case v < u .  Then N —(u —1)^1 +  1)+(d— 1), where OSs - m+ ^ + I «  

< / i + 1 follows from «S fj and u< m. We can again use (2.6) and get

(2.8) ^ ( /(W .^  +  l)) =  (M-i)(/-14-l)2 +  ( t ) -u + r 1+ l ) 2 +  ( r - u + r 1+ l ) u 2 +

+ (u—r)(u —l)2.
Again by an elementary calculation

q( j (N ,  rt + l ) ) ~ q ( J ( N ,  rx)) =  2r1v-2uv,

which is non-negative because r ^ u .  We thus have proved (2.5) in both cases 
and q(J(N,rj))  is maximal if we choose r1=m.  The Theorem is proved.

3. First proof of Theorem 2

Denote the vertex-vertex incidence matrix of G% by

/(<£) = K )/=
where

1 if i and j  are connected 
0 otherwise.

The и Хи-matrix I(G%) is symmetric, has 2N  l ’s and 0’s in the diagonal. Also every 
0 — 1-matrix I* is the incidence matrix of a graph G f  Define

(3.1) Q(InN) =  2  c l
i =  1

where ct counts the number of l ’s in the г'-th row or г-th column. Clearly,

(3.2) Q(KGNn)) = 2p{l(GNn))+ 2N

and it suffices to maximize the expression in (3.1). Again we need an auxiliary 
result

Lemma 2. m ax Q ( I „ )  is assumed for a matrix with the property: i f  = 1 and 
i ' S i , / S ) , i ' V / ,  then aVj. = 1.

Proof. Let the rows and columns of an optimal /„v be numbered by 1, 2, ..., n 
suchthat c !^c2 = ... =c„. Now suppose that atj= l, i-<j, but aVJ= 0 for Г</. 
By exchanging this 1 and 0 (also symmetrically the corresponding term) we get

c*. = cr + l, c* — ct— 1, c* - c, for t X i', i,
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and

2  c*2 — j t  ct = 2c't — 2 с; + 2  >  0 ,»=1 i=i
because c /S q . This contradiction proves the lemma.

We begin now the proof of Theorem 2. Suppose /„** has the form described 
in Lemma 2. Denote the largest index i satisfying 0 М _ ! = 1  by w = w(/„w). Then

\aw+i,w = aw W+1 = 0 , au = 0 , for w + l S i , j .
(3 3) [atJ = 1  for 1 ^  j  ä  w with i ^  j.
In the class of matrices /„v maximizing ß  (/*), let the minimal and maximal value 
of iv(/*) be denoted by wx and vv2, respectively. We distinguish two cases:

1. Case iv2 = у . Cut the matrix Ij? , with w2 = w(I*), after the iv2-th row
and w2-th column. It is separated now into four submatrices А, В, C and D. Here 
A is a w2 Xiv2 matrix with 0’s only in the diagonal. В and C are и>2 Х(и —w2) and 
(и—w2)Xw2 matrices (symmetrical images of each other), respectively, D is a 
0 -matrix.

Consider the expression
П 2̂ w2 w2 И

(3.4) 0 ( 0  = 2  c? =  ^  (cj —(w2— l ) ) 2 + 2 2 ” C i(W ji-l)-^  (w2 - 1 ) 2+ 2  c? =
i = j  i = l  i =  l  i = l  i =  w2+ l

= 2 ’(ci - ( w’2 - l ) ) 2+ 2  cf + 2 IV(w2 — 1) —2 w2(w2— l)2.
i =  l  i = w 2 +  l

£ and C are incidence matrices of bipartite graphs and

(3.5) q(B) =  q(C) =  J  (q-(iv 2 -1 ))2+ 2  cf.
i =  l  i = w 2- f l

To maximize ß  (/„N) for fixed w2 means therefore simply to maximize q(B). Since 
iv2 S n —w2 it follows from Theorem 1 that the first column of В  contains as many 
l ’s as the number of l ’s in В permits. This leads to a contradiction if the first 
column is full, because aW2<W2+1 = 1 contradicts the definition of iv2. It follows 
that В contains l ’s only in the first column and that this number is smaller than w2.

C is symmetrical to B. The matrix /* , which consists of А, В, C and D is the 
incidence matrix of a quasi-complete graph.

2. Case tv2«= y . In this case also w ^ y .  Cut now the matrix I*  with
tVj = w(/*') after the first wx — 1 rows and wx— 1 columns. We obtain four matrices: 
A , В, C and D. A is a (wx — 1)Х(и>х—1) matrix with 0’s only in the diagonal. В is 
a (Wj—1)Х(л—iv!+1) matrix, C is the symmetrical image of B. D is a 0-matrix 
since űWbWi+i=0. We can use (3.4) with wx — 1 instead of iv2. Then Q{I„) can be 
maximized by maximizing q(B). Since wx— 1< и—iVj-l-1 by Theorem 1, q{B) 
is maximal if we choose В full with l ’s in the first rows. However, by definition of 
wl5 eWl_1>Wl= l ,  that is, the first element of the last row of В is 1. It follows that
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the first w1 — 2 rows of В are full with l ’s, because otherwise we could find a В 
(and Z„v) which maximizes Q (/nv) and has w(I*)<w1.

Thus we have found an optimal matrix which has l ’s in the first w1 — 2 rows 
and columns everywhere except the diagonal, furthermore it has l ’s at the beginn
ing of the (w!~ l)-th row and column. The other entries are 0. This is the incidence 
matrix of a quasi-star graph. Case 1 and 2 yield

f(n , TV) = max (C(n, TV), S(n, TV)).

Notice that the proof gives also an interesting property of S(n,N):

(3.6) S(n + l, TV) is S{n,N ) if n S  4 and TV == -I(").

To see this it suffices to check that и’( ^ ) < —у —• Suppose the contrary, then

2N  S  w(w— l) + 2(n 4-1 — w)(w — 2) =  — w2 + (2n + 5) w—4(n + 1) &

B - ( ü  + l j ‘ + (2„ +  5)^ i _ 4 ( „  + i) =  C + M V n - b  ü tL ll l .

This contradiction for пш4 establishes (3.6).

4. Comparison of C(n, N) and S(n, TV), the proof of Theorem 3

At the first moment one might think that it should be easy to compare С (и, TV) 
and S(n, TV) for given n and TV. However, the functions are given only in an implicit
way by number-theoretical-combinatorial expressions. Also around ^r= '^ ( 2 )
they are very close to each other. Of course it is quite easy to make the comparison

if ог (2 )’ '3Ut We wou^  t 0  consider values of TV around

2 as well. We shall need several lemmas, which we now state and prove.

Lemma 3.

a )  S(n, TV) =  c ( n ,  ( 2 ) - ^ ) - n ( " 2 1) - 4 A T + 2 « T V

b) S(n, N ) —C(n, TV) =  c[n, Q  -Tv) - S  (и, (3 ) -Tv) .

P roof. Since the quasi-star with TV edges and the quasi-complete graph with
-TV edges are complementary to each other (if we change the order of the

vertices), it suffices to prove the statements for any pair of complementary graphs.
" " (c )If we denote by cl5 ..., cn the valencies of the first graph, then 2Í с* = 2А', I 1

i = i  i = 1  /
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is the number of adjacencies and 
for the complement graph. Now

is the corresponding number

i ( "  2  1) =  { j| i (« -c i- l ) ( n - c i-2 )  =

=  i  2  n * - 2  nct- l  2  n +2  i c i+ 2  1 + 4  2 t i - c d  =
L  i =  1  i  =  i  2  i  =  1 i  =  l  i  =  i  Z  i  =  1

_ ^ - 2 № - |n M - 4 W + » + i ( j j  = (| ( ‘j + n ( " 2 1) + 4 f f - 2 nM

b) follows easily from a).
After we know now that one of the functions can be expressed in terms of 

the other one, we express now C(n, N) as partial sum of an infinite sequence. Define 
ßu by
(4.1) ßij = i+ j, 0 = j  = i.

The k-th element of the sequence ß00, ß10, ß20, ß21, ß2i, ... is denoted by ak.
N

L emma 4. C(n,N)=  2 0Lk-
k = 1

P roof. We proceed by induction on N. The statement clearly holds for N=  1. 
Use the expansion

N = fy + b ,  0 s= 6 < a .

It is easy to see that a.N=ßa-i,b -i■ Recall that the quasi-complete graph with 
N  edges is composed out of a complete graph of a vertices and an additional 
(a+l)-st vertex, which is connected with the first b vertices.

Suppose that 6 +  l< a , then the quasi-complete graph with N + 1 =  + 1
(0 s6  +  l< a ) has one more edge from the (a+l)-st vertex. The number of new 
adjacencies is a —1+6. This is, indeed, equal to the new term otN+1=ßa_lb . If
6 + 1= a, then the quasi-complete graph with W + l ^ 0 ^  *) edges is simply a
complete graph with a+ 1 vertices. The number of new adjacencies is 2a—2= 
—ßa- i.a- 1  which again equals xN+1. The proof is complete.

L emma 5. a) C(n, N )sS (n , N) is equivalent to

(4.1) 2  (<Xk + *(«)-k+1) ^  N(2n-4).
k=1

b) I f  C(n, N ) ^  S(n, N) for some n ( ^ 4), then it is also true
for n + l, N. K 2К2И
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P roof. By Lemma За), С(и, Л 0  =  S(n, N) is equivalent to

(4.2) C(n, N) + n ( ” 2  J) — (2 ) — — N(2n — 4).
Since

(4.3) ' z  2 ß,j = n ( " ~ l )
i= 1 j=  0 \  2  /

we get from Lemma 4

( " 2 1) - ^ ( " . ( 2 ) - v )  =  | ‘ i / „ - <>|
(2)-* N

= Ж  “(2)-* + !

and that (4.1) is equivalent to

(4.4) 2  (a* +  a(»)-*+i) s  (V (2 n -4 ).

Obviously b) follows from (3.6) and the fact that C(/i+1, N) = C(n, N) for

We give now a proof which uses only results of the present section. It is far 
more complicated than the above argument, but it also shows how the new tech
niques work, which we need later anyhow.

It is clear from a) that it suffices to prove the inequality

N

2  (<** + ap .+ iw +1) ^  N (2n-2 )k=l V 2 /
or equivalently that

N

(4.5) 2 ^ (®("+1)-ц+1 — a(2)-k+i) —

We prove it first for some special N ’s. Suppose

({x} is the smallest integer ёх ). Then

and

N  n — 2 i n - 2  i  1 - 2  i 1 \

2  a(n)_k+i = 2 2  ßij = 2  2  ßij -  2  2  ßij = n I 2  j _  M 2  I >t=i V2X * ;=f-i j —o i=o j  = 0 i= 0 j= o  \  *■ ) V ^ )

П — 1 i
2  a(B21)-*+i ~  2  2  ßij+ 2  ßi.j -  2  2  ßij— 2  2  ßij+ 2  ßt,j =k = l  v 2 '  i= i + 1 j = 0 j  = n - l  i = 0 j  = 0 i = 0 j - 0 j = n —l

= ( n + l ) { n2 ) - ( l  + 2 ) [ '+2 1) + (2 l -n  + l )l  + (2l-r ,+ \ ) 2 .
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Therefore the left hand side of (4.5) is

( » + D ß ) - ( / + 2 ) ( '+ i) + (2 1 - . + 1) ( l+ i ) - . ( ’ - , ) +  l ( ' - 1) l  _
which equals

2 I It I — = 2 N.
We proved that in the case 

exact equality holds in (4.5).
We shall now verify that the difference of the sides (right-left) of (4.5) is an 

increasing function of N  in the interval

(4.6)
and it is decreasing in
(4.7) m - m - G M ' ! 1)-
In the last interval (4.6) the last terms of the left hand side of (4.5) are

a ( " + 1) —лг+ i  =  ^ i, ( " Í 1) - ( ' Í 1) - jv 

and

a(S)-iv+i =  (ßi-г.» ^  (2 ) — (2 )) ‘

Thus for N + 1, the new terms are

^,’(n81)- (, 21)“JV_1 аПС̂ ^1— 2,1 —2—AI+(g) —(g) *
Their difference is

f+ ("  2 (7Í  *) —ЛГ~ 1 —/ + 2 —Л-2 + iV—(2) + (2 ) = n -2 l+ 3 .

The right hand side of (4.5) is increased by 2, so the change of the difference of 
the sides is 2/—и — 1, which is non-negative by the supposition jg / .  Similarly
if we are in the interval (4.7), the last terms in (4.5) are

and
a(n21) - JV+l ^ ,- 1-,- л,+(п21)_ (, 21) (^,’° ^  ^  —( 2  ) ( 2 )

“( S ) - ^ 1 =  l-l-W+(5)-(i) •

Thus going to N + 1, the new terms are

ß i - i , i - N + ( ' ,%1) - ( l %1)+ 1 a n c ^ ^ 1- 2, / - лг+ ( 5) - ф  •
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Their difference is

í - l  +  í - W + ( ' , + 1) - ( '  +  I)  +  l - / + 2 - l + í f - g )  +  ( y  =  » - l + 2 .

The change of the difference of the sides of (4.5) is l—n, non-positive because of 
Шп. This proves the statement of our lemma, if

that is
0 =  2n2 — 2n — n2 — 2n = n2—4n,

which is true for n ̂ 4 . The lemma is proved. 1 fn) n
In particular we know that if C(n, N )^ S (n , N) holds for ——,

then it is also true for и + l. However, in order to prove Theorem 3 by induction
on n we have to prove the inequality for A g — \ -. Also in some

„  .. . . _______ . 1 Ju+ l j  , ................  2  \  2  . /  2 .cases it is true up to and we want to consider those cases as well. This
is done in 3 more lemmas. The last one, Lemma 8, gives the complete solution.

Instead of C(n, N )^S (n , N ) we shall use a further modified version of (4.1). 
Since

GD
2  <*k = r>

the left hand side of (4.1) is equal to

n (n~2 1) -

Introducing the notation r= — — ̂  we obtain from (4.1) necessarily

(4.8)
' - T Ö

2  <xk =  r(2n —4),

where r is not necessarily an integer, but there are always 2r terms on the left 
hand side.
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One more form of (4.8) is
OCl-(4.9) ——- = 2/7 — 4.r

Let e und /  be defined by

(4.10) t (” ) =  ( / ) + /  (0 = / < e >- 

(It is easy to see that this is unique).

Lemma 6. Suppose /< -y  (in (4.10)) if 2e + 2f^2n — 1. Then C(n, N )^S (n , N)

holds when r = N s e + f — 1.
в

Proof. Case A: f > —+ 1. We want to prove (4.8). The sequence of numbers,
we are investigating (when /  is an integer) is (starting from left to right and from 
the middle going backward in the next row).

r|e —2,..., 2 /—5, 2 /—4,..., 2e —4| e - 1 , e + f - 2
( ' } | 2 / - 2 ...... e + l  \ 2 e , . . . , 2 f ,  2 f - l , . . . , e \  2 e - 2 , e + f - l .

" ' ------»---- ' 4-----*-----' --  ---"
- e + 2 f - 2  2 e — 2 f + l  2 f - e  e - f

If /  is not an integer, the only difference is, that on the right hand side one number, 
3

e + f—— stands instead of e + f—2 and e + f— 1.
Observe that in one interval in table (4.11) the sum of the numbers standing 

under each other is constant. The sums are
(4.12) e + 2 /—4 ,..., 2e +  2 / - 4 , ..., e + 2 / - 2 ,..., 2e + 2 / - 3 , ....

- e  +  2 / - 2  2 e - 2 / + l  - e  +  2 f  e - f

Subcase 1: Prove the statement for r= -j e~ f  ^ s>ng (4.8) we have
to prove that the sum of the last 2r terms in (4.11) is not smaller than r(2n — 4). 
The sum of the last 2r terms of (4.11) is exactly the sum of the last r terms in (4.12). 
Since r ^ e —/ ,  they are constant. It is enough to prove that
(4.13) 2e + 2 /-3  ^ 2 n - 4 .
Later we need the inequality
(4.14) 2e + 2 /-4  l=r 2 n -4
as well, thus we make the calculations here together. From the definition (4.10) 
of e and /  we have
(4.15) n ( n - l )  = 2e2-2 e  + 4/.
Suppose, the converse of (4.13) ((4.14)) is true:

n > e + / + y  (n > e + /) .
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Substituting into (4.15) we obtain

2e2-2 e  + 4 />  (e+ / + y )  (e+ /—y )

(2e2- 2 e + 4 />  (e + f) (e + f-1)).
Reordering it:

(4.16) e2- 2 e - / (2 e + /-4 )+ -^ -> 0  (e2- e - / ( 2 e + / -  5) >  0).

If e ^ 2  then 2e + / — 4 (if eg3  then 2e+ f—5) is non negative, f(2 e + f— 4) 
( / ( 2 e + /—5)) is an increasing function of / ,  so (4.16) remains true if we use the
inequality /& — (supposition of our lemma):

' e / e 4 1 e2 1e2 — 2e — — \2e + — — 4 1 +  — — —T —T >2 { 2 J  4 4 4
( e f .  e ) e2 3e .)e2 — e —— 2б + —— 5 =  - —T + — >  0 .v 2 V 2 4 2 )

However, these inequalities do not hold when её 2  (e^6). If пшЗ then её2 , 
thus (4.13) is proved for я ёЗ . The inequality (4.14) is proved only for ешб, 
that is я ё 9 . For the values it is easy to check in Table 1 that the supposi-

€tion f = ~ 2  ° f the lemma is not satisfied for « = 3,4,6, 7 and for the remaining 
values /7 =  5, 8,9 (4.14) holds.

n i - f )  2 V2>' e / n i ( n)
2 '2' e /

3 1.5 2 0,5 23 126,5 i6 6,5
4 3 3 0 24 138 17 2
5 5 3 2 25 150 17 14
6 7,5 4 1,5 26 162,5 18 9,5
7 10,5 5 0,5 27 175,5 19 4,5
8 14 5 4 28 189 19 18
9 18 6 3 29 203 20 13

10 22,5 7 1,5 30 217,5 21 7,5
11 27,5 7 6,5 31 232,5 22 1,5
12 33 8 5 32 248 22 17
13 39 9 3 33 264 23 11
14 45,5 10 0,5 34 280,5 24 4,5
15 52,5 10 7,5 35 297,5 24 21,5
16 60 11 5 36 315 25 15
17 68 12 2 37 333 26 8
18 76,5 12 10,5 38 351,5 27 0,5
19 85,5 13 7,5 39 370,5 27 19,5
20 95 14 4 40 390 28 12
21 105 15 0 41 410 29 4
22 115,5 15 10,5 42 430,5 29 24,5

Table 1
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Subcase 2: Prove the statement for e - / < r s / .  The second interval in (4.12) 
contains the value e + 2 /—2. If e + 2 /— 2^2n —4, we do not have to prove any
thing. Otherwise the average — ak (see (4.9)) decreases when we use larger values 
of r. So, it is sufficient to prove (4.8) for r—f. The left hand side of (4.8) is 

(—e+2f) (e+ 2f—2) +(e —/ )  (2e + 2/— 3) =  e » + 2 /* -e -/.
(4.8) is equivalent to

e2 + 2p — e—f  ^ / ( 2 n —4).
Using e2 — e = ^ J —2 f  we obtain

(2 ) + 2/ 2 -  3/ ̂  /(2n -  4)
and this is equivalent to

This inequality always holds, because /  is a half of an integer, it cannot satisfy
n— 1 ,  n
— ^ 2 -

Subcase 3: /< г ^ 2 е —/+ 1 . The new term (see (4.12)) in this interval is 2e +
+ 2 /—4. We have proved (4.14), thus the average — ^ a k is increasing in this in
terval, consequently (4.9) and (4.8) hold. r

Subcase 4: 2e—/ + 1 < г ^ е + / — 1. If the new term e+2f— 4 is s2 n —4, we 
are done. In the contrary case the average is decreasing, so it is sufficient to prove 
it for r= e + f—l. The statement means that the average of ot( s for the 4 intervals 
is S2n—4 (see (4.9)). We have proved it for 2 intervals, so it is sufficient to prove 
the same for the two new intervals:

( - e + 2 /—2)(e+2/—4)+(2e + 2/—4)(2e—2/+1) s ( e - l ) ( 2 n —4).

This is equivalent to
(4.18) Зе2- 2 /^ 2 и ( е - 1 ) .

Since /< e ,  we can prove (4.18) with 3e instead of 2f:
(4.19) Зе ё  2n.
We know n(n — l)=2e2—2e+2f and using again /< e  we have

(4.20) n ( n - l )  < 2e2 + 2e.
2n

Suppose (4.19) does not hold: , and substitute into (4.20):

, 8n2 4 nn ( n - l ) < —  + —  , or n - 2 1 < 0 ,
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which is a contradiction for «£21. For smaller «’s it is easy to check from Table 
1 that (4.19) holds for « =  3, 4, 6, 7, 9, 10, 12, 13, 20. For « = 5,8 and 11
(4.19) is not true, but (4.18) holds. Case A is proved.

Case В : If 1, then (4.11) and (4.12) have a slightly different form:

i | e - 2 ,  .„ , 2 e - 4 |  e - \ , e + f - 2

( ' ) | |2 e , ..., e + 2 /—2,..., 2/, 2 /—1, ..., e| 2e—2 ,..., e + /—1,
(4.12') 2e + 2 /—4, ..., e + 2 / - 2 , . . . , 2e + 2 / - 3 , . . ..

e —1 — e + 2/ e—/
So, in this case we consider only 3 intervals. The first two are exactly like in Case A. 
The length of the third is different, but we did not use it. The lemma is proved.

Lemma 7. Suppose / < — (in (4.10)). I f  2e +  2 / s 2 «  — 1, then C (n,N )S
^ S(n ,N ) AoWs when

=  1  (” ) - * *

. ( « .1 1 mm^— , e - / J  ^  r j

T/- 2e + 2f^2n  — 1, then C(n, N )^ S (n , N) holds when
\2 e + f-3  ( / <  2)
2 e - / + l  ( / £ 2 )

and the opposite inequality holds when 0</•= /. 77ге inequality C(n, N )sS (n , N) 
changes its direction only once in this interval.

Proof. Case A: / s 2 .  The sequence of numbers, we are investigating now, 
have the following form:

(4.21)
..., e + 2 f— 7, ..., 2e— 6|e —2,..., e + 2 f— 3, ..., 2e —4 |e —1,..., e+ f—2e +

l|2e,..„ e + 2 /—1, e+2f —2, ...,e| 2e—2, ...,e+2 f —1, e-t-2f—2,...,e4~ f—1.
e - 2 /+ 2

— -—
‘i f -  1

— ■ —

<■ */
-N'-

/
Observe that in one interval in table (4.21) the sum of the numbers standing under 
each other is constant. The sums are
(4.22) 3e + 2 f—7, ..., 2e + 2 / - 4 , ..., 3e +  2 /-5 ,  ..., 2e +  2 / - 3 , ....

'------ V------ ' '-------»------ ' '-----■-----' '------ “V--------'
e - 2 /+ 2  2 / - 1  e —2 f  /

Subcase 1. If 2e + 2/— Зш2п — 4, then (4.8) holds for 0 < r^ /, otherwise 
it does not hold. This proves the lemma for the first interval.

Subcase 2. Consider now the interval f c r ^ e —f  If 2e + 2/—3£2« —4 is 
true, 3e+2/—5£2«—4 is also true whenever e£2  (that is, «S3). Then (4.8) 
holds. If 2e+2f— 3<2«—4 holds, then first we prove that (4.8) holds for r= e—f  
We have to prove

(e -  2f )  (3e + 2 f -  5) +f(2e + 2f -  3) £  (e - / )  (2« -  4),
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that is,
(4.23) 3e2—2f2—2ef—e+3f ^  2n(e—/) .

We use e2= Í 2 j + e — 2/:

3 (2) - 2/ 2 -  2ef + 2 e  -  У -  2 n  (e - /) •
By the suppositions 2e+ 2f^2n—2, so it is enough to prove this last inequality 
after substituting —f(2 e+ 2 f)  by —/ ( 2 л —2 ):

3 (") -  2 л /+  2f+  2e—3/ 2n (e - / )  
or

3 ^ j  + 2 e—/ S  2 ne.
Since /<=e, we can write
(4.24) 3 ^  + еа?2 ne.

We prove it in an indirect way. Suppose the contrary, i.e.

з|
(4.25) 2 л - 1

and use ^ J  — ß2~ e + 2 f^ e 2 — e. As the right hand side of this inequality is in
creasing in e, it follows

~ (л)

2 л — 1
‘ з 1п

(2л— 1 - 1

by (4.25). Reordering it, we obtain 0>л2—13л+4. This is a contradiction for 
л^13. For smaller л’s: (4.26) holds (see Table 1) when л=5, 6 , 8 , 9, 10,11,12. 
For n = 3,4,7 (4.24) is not true, but (4.23) is true.

Subcase 2a. If —< e —/,  we have to prove that the inequality (4.8) changes
n nits direction earlier than e —f,  at —. It is enough to prove that it holds for /•=— .

In other words: ^ 2

( 3  - / )  (3 e + 2 /-5) +f(2e + 2 / -  3) fe (2л -  4) |

has to be proved, or equivalently

(4.26) 3ne+2nf—2ef+4f ̂  2n2 +  n.

It is sufficient to prove 3ne^2n2+n (we omitted a positive number, as л£е), or

(4.27) З е ^ 2 л  + 1.
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We verify it in an indirect way. Suppose —-— , and substitute into the
inequality

n2 — n — 2e2 — 2e + 4f <  2e2 + 2e — 2e(e + \),

n2 — n ^2n + \ 2« + 4 
2 _ 1  3 ~ ’

or equivalently n2 — 29n — 8<0 which is a contradiction if л ё 30. For smaller 
n's: (4.27) holds (see Table 1) when n=4, 7, 10, 13, 14, 16, 17, 19, 20, 21, 22, 
23,24,25,26,27,28,29. The remaining n's do not belong to this case

К ,  f - e-f ).

Subcase 3: e—/ < r s e + / — 1. If 2e + 2 f-4 ^ 2 n  — 4, the averages do not 
decrease in this interval, and we are done. If 2e+2/— 4<2n—4, it is enough to 
investigate r= e + f— 1, the average will be the smallest here. We have to prove 
that the sum in the last 3 small intervals is ^.{e+f— 1) (2и—4). The 3d interval 
gives

(2 /-l)(2 e  + 2 /-4 )  -  4ef+4f2 — 2e—10/+4.

Adding to the sum of the 2 previous ones (see (4.23)):

3e2 + 2f2 + 2ef—7e — 3f+4  ^  (e+ f— l)(2n —4)
or equivalently
(4.28) 3e2—3e ^  2en—2n+ f(2n—2f—2e—l).

It is easy to see, that

f(2 n —2 /—2e — 1) =  j  2f(2n - 2 f - 2 e - l ) * j  ( 2и~ ^ .г ! .) -

Substitute it into (4.28)

n2 e2 1 n
~2+ Т  + Т ~ пе~ 1

be2 —be ё? 4en—4n+n2 + e2+~.— 2ne—n+e4
or equivalently

—n2 + 5e2 — 2en — 7e + 5n — ̂ ~ ^  0.4
Use e2=^ 2 j + e —2/:

(4.29) 3n2 — 4en— 4e + 5n — 20/— ^ 0. 
Since 2/<e:

(4.30) 3n2 — 4en — l4e + 5n—-- = 0.
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From =e2—e + 2 f we obtain

1 +
2

1
2

Substitute it into

(4.30) ( 3 - 2 ( /2)йг- ( 7 / 2 - 3 ) п - 7 - | а 0 .

This holds for n s 42. An ugly compution shows, that for 3 s« s4 1 , я ̂ 6 , either
(>

(4.29) holds or / s —, that is, not our case. For n=6 (4.28) holds.

Subcase 4: e + f— 1 < r^ 2 e —/ + 1. If

(4.31) 3e + 2 /-7  s 2 n - 4 ,

then the new terms do not decrease the average — 2 «*• Use the assumptionf= 2  
of Case A: 1
(4.32) 3 e + l s 2  n.

This is weaker than (4.29), which was proved for n s 21 and was checked for 
n = 3,4, 6, 7, 9, 10, 12, 13, ..., 20. For n = 5, 8, and 11 (4.32) holds.

Case B: 0 < /< 2 . (4.21) and (4.22) have a slightly modified form

(4.210
Í... |e —3,..., 2e —6| e — 2,..., e + 2 f— 4, e + 2 f— 3 — 4 |e— 1, . .. ,e + f— 2 
[\2e, ...,e + 2 f—1, e+2/ —2,..., e\ 2e — 2, . .. ,e + 2 /—1, e+2 f —2 ,...,e -\-f—1

1 V "V
e  — 2 2 / - 1  e - 2  f  f

(4.220 3e + 2 / - 7 , ..., 2g + 2 /-4 , . . . , 3e + 2 /-5 ,  ..., 2e + 2 / - 3 , ....
e - 2  2 / - 1  e - 2 /  /

The only change that the 4th interval is shorter, but we did not use its length. The 
cases n = 3 and 7 can be done by an easy computation.

Case C: f=  0.

f..., 2e—8| 
<4-2Г > {j2e, 2e — 1

(4 .220

...,2e—8| e — 3,..., 2e—7, 2e—6| e—2,..., 2e—4|
2e — 2, 2e — 3, 2e — 4 , e\ 2c —2, 2e — 3, ... ,e — 1

e - 3  1 e - 1

3e —7, ..., 4e —8,..., 3e —5,....

We prove that all these numbers are s2n  —4. It is enough to prove that 3e —7 s  

s 2 n —4, that is 3e—3 s2 n. We prove it in an indirect way. Suppose
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and use n(n— l)=2e(e—1):

n(n— 1) «= 2 2n +  3 2n 
3 3 ’

or equivalently n—21<0. This is a contradiction if и^21. There is only one 
case, when и < 21 and /= 0  (see Table 1), namely when и=4. It is easy to check, 
that the statement holds for n = 4.

Lemma 8. У/- / ё — in (4.10), t/геи

(4.33) 
and

(4.34)

С(и, TV) == S(n, TV) for  0 

C(n,TV)i=,S(n,/V) /o r

' 2и -

2e + 2f^2n--1, then (4.33) and (4.34) hold, again. I f  / <

there is an R such that /^ /{ s m in  | y ,  e—/ j, and

C(n, TV) S  S(n, TV) for 0 * " * 7 (2 ) - *

C(n,TV)S S(n, TV) /or l ( : ; ) - * « * « t G)

C(n, TV) éí S(n, TV) ^  t G

C(n, TV) s : S(n, TV) /or  L (

Proof. We use induction over n. For n — 3 the statements are true. Let и > 3. 
Suppose the statement is true for и —1, we want to prove it for n. According to 
the induction hypothesis C(n—\,N ) ^ S ( n ,N )  if

(4.35)
By Lemma 5
(4.36) C(n, TV) S  S(n, TV)

follows under the condition (4.35). From Lemma 6 we know that (4.36) holds when 

(4.37)
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where

(4.38)

e+ f— 1 lf 7
z =• 2e —/  +1 if 2 

( 2 e+ /—3 if 0 ^ / < 2
and Ä =  0 if —

/ S  R m in ^ - , e - / j  if 

If we are able to prove that

4 ”) z - l {n~ l \2 \2) -  2 { 2 ) 2(4.39)

(see (4.35) and (4.37)), then (4.36) holds under the condition

(4.39) is equivalent to
(4.40) n — 1 =  z.

R.

Case A: — ̂ / .  Then z= e + f— 1. Assume the opposite of (4.40) holds: 
и—1 > е + /—1 or n > e+ f Substitute it into the equality n(n— l) = 2e2 — 2e+4f:

(e+f)(e+f—l) -= 2e2 —2e + 4/,
which is equivalent to
(4.41) е2- / 2- 2 е / - е + 5 / >  0.
If f+ 2e  — 5^0 (if eS2), then

f ( f + 2 e - 5 ) ^ j ( f + 2 e - 5 ) ^ j [ j + 2 e - 5 ]  = 5e2 5e~4 T ’

(4.41) results in —e2+6e>0. This is a contradiction if e^6 , that is, if « s9 . For
e

smaller n’s either — > /  or (4.40) holds.

Case B: 2 . We have to prove n— 1ё2е—/+ 1  or 2n^3e + 4. Use 

n — 1 =  (''e2—e + 2/ ^  e:

which holds for пШ 0.

„ 3 n 3 „2n =  - -  —  +4,
/2  )7
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Case С: 0^/-=2. We have to prove n — \^ 2 e + f— 3 or

(4.42) n =£ 2e-2.
n — 1 2n — 2Use — —7=---- 2. This holds for «S9. For n = 4,6 and 7 (n = 5
У2 У2

and 8 do not belong to this case) (4.42) holds. The lemma is proved. Lemma 8 
completely proves our Theorem 3.

5. The second proof of Theorem 2

We use the results of Section 3, in particular Lemma 8, and its methods and 
notation. First we have to prove another inequality:

L emma 9. C (n , N + n ) — C (n , A 0 ^ 2 N + |2 )  i f

IH=5 N :

P r o o f . We start with the case N =  ^  j  [[■ y j  — 1 = » j -  Then the statement holds
with equality. The difference C(n, N + n)-C (n, N) is the sum of the following 
terms (see Lemma 4):

ß l - 1,0 5 ■■■» ß l - l , l - l >  ß l , 0 f  •••  » ß l , n - l - l

(here we used l ^ n  and пШ21+1). The sum of these terms is

n + l—l21-2 n-1
2  i +  2  i>=)-! i=( (2) + (« -/)-

№ ) ■

The desired equality is proved. Now we prove that the function

(5.1) C (n ,W + n)-C (n ,iV )-2 iV -[2

is increasing in the interval

(2) — N  =  Í2I+2/+I — n

and it is decreasing in

(2) m  ( й — )■1+2/+1-И  ^

This proves the statement, since (5.1) is 0 for N = ^ 2 ] and If

í m  <  Í 2 J + 2 / + I  — n,
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then the difference C(n, N+n) — C(n, N) is the sum of the terms

Here

and

•••’ ß l - 1 , 1 - 1 ’ ^ 1 ,0 ’ ß l , n - l - l + N - ( £ ) '

0  ^  n — 1 + TV— (because of / <  n, =  TV j

n - / - l+ T V -  (2 ) < /•

If we change TV to T V + 1 ,  a new term comes in: n_l+N/iy  and /f(1  N_(i) wil 
be omitted. The change is

n + N- l + l —N- = n — /Т 1.

However, in (5.1) 2 TV changes to 2 ( T V + 1 ) .  So, the total change is «—/ —1^0, 
and the function (5.1) is increasing. On the other hand, if

then the difference C(n, N+n) — C(n, N) is the sum of the terms

ß l - l . N - ß f ) ’ •••> ß l - 1 , 1 - 1 ’ ß l ,  0 ’ ß l , l>  ß l + 1 , 0 ’ ^< +  1 ,п  +  2 1 + Л Г - ( |)  ’

where

- 1  S  n —2/ —2 + TV— <  /+1

(using T V <  (—̂   ̂j a n d n s 2 /+ l ,  if = — 1, bhl is the last term). Changing TV

into TV+1, the sum changes with

ßi+i ,n-2i - \+N-^~ßi- i ,N-ß2) =  ti — 2l +  \,

and (5.1) changes with n — 21— l^ o . The function is decreasing in this interval. 
The lemma is proved.

' L emma 10.

(5.2) fin,  TV) =  m ax(/(n— 1, N ) , f ( n - 1, TV- n  + 1) + ("^ *) +  2(TV-n + 1))

i f  и — 1 = TV s  2   ̂j . (Otherwise only the defined term is considered on the right
hand side.)

P roof. Consider an optimal graph. There are two possibilities: a) either each 
vertex is contained in at least one edge b) or not.

In case b) our graph must be optimal also for n—1 vertices, so /  (n, TV) = 
= f (n — 1, N). In Case a) there is an edge containing the last vertex, thus by 
Lemma 1, the first vertex is connected with every vertex. Consequently, at the
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first point there are (” 2 ^) acUacencies- The remaining TV—n + l edges have one
adjacency at their both ends with edges going to the first vertex. This is 2 (TV—n + l). 
What remained is the number of adjacencies among edges not containing the first 
vertex. They must form an optimal configuration on n — 1 points. Thus in case 
a) the number of adjacencies is

/ ( n - l ,T V - n + l )  + i " 2 1) + 2(ЛГ— n + l) .
The lemma is proved.

P r o o f  o f  T h e o r e m  3. We prove that f (n,  N )—C(n, TV) or S(n, TV) by induc
tion on n. The exact result is given by Lemma 8. This is true for n=2, 3. Suppose 
it is also true for n — 1 (with any TV) and let us prove it for n.

Case A. Suppose f (n  — 1,TV) and / ( n  —1, TV—n + l) are both assumed for 
quasi-complete graphs. Since TV^{2), also TV—n + l s ( ” 2 )•

Subcase 1. If additionally

^  TV—n + 1

then we can use Lemma 9:

C(n — 1, TV) —C(n — 1, TV-n+1) a; (П2 1J+2(TV-n + l).

That is the first term under the max in (5.2) is s  than the other one. Consequently 
/ (n, N) is assumed for the quasi-complete graph.

Subcase 2: N —n + 1-

n — 1 
~2~ 
2 In this case we shall prove that C(n — 1,

TV—n + l ) S S ( n — 1, TV—n + l). Indeed, it follows from Lemma 8, when

that is always for 4. It means that in Subcase 2, f (n — 1, TV—n + l) is assumed 
by the quasi-star and it belongs to the next case.

Case B: Suppose f ( n —l , N ) is assumed for the quasi-complete graph and 
/(n  —1, TV—n +  l) for the quasi-star. It is easy to see that

S(n —I, TV—n + l) +  fn 2 1j+2(TV—n + l) = S(n, TV).

In (5.2) we have max (C(n —1, TV), S(n,m)), we obtain always either a quasi-star 
or a quasi-complete graph.
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Case С :/(я  — 1, TV) is assumed strictly for the quasi-star and f  (n — l, N —n + l) 
strictly for the quasi-complete graph. It means that
(5.3) C(n — 1, TV) < S(« — 1, TV)
and
(5.4) C (n -l,T V -n  +  l ) >  S (n -l,T V -n  + l).
By Lemma 8 (5.3) results in

(5.5)
and (5.4) results in

(5.6)

TV - 1 f/i-1 ) n — 1
24  2 J + _

-1 TV— и +1.

But (5.5) and (5.6) contradict each other.
Case D: f ( n — 1, TV) is assumed strictly for the quasi-star and/(«  — 1, TV—я + 1) 

(not necessarily strictly) also for the quasi-star. We have again (5.3) and (5.5). We 
shall prove that in (5.2) the second term under the maximum is larger, that is, 
S(n — 1, N)^S(n,  TV). Rewrite this inequality using Lemma 3:

c ( n — ' j - T v ) —(n —d ( " 2 2) —4 TV+2(n —! ) T V s

-  C ("’ (2 ) —̂ )  —и (”~2 X} - * N +2nN’
or

- ( V H ( ( V ) 4
By Lemma 10 this holds when

or

However, this follows from (1.2) when

holds, that is always if « S 4. The theorem is finally proved.
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6. Open questions

1. Some strange number-theoretical combinatorial questions arise. What is 
the relative density of the numbers n for which R = 0 (see Lemma 8)? What is

the distribution of — ?
2. We started to think about the next problem. N  dilferent

3-types are given on an и-set. What is the maximal number of pairs of 3-tuples 
having 2 elements in common. By easy symmetry-arguments it is enough to con
sider the case We conjecture that in this interval the maximum
is assumed for a quasi-complete 3-graph, or a quasi-3-star on some m Sn ele
ments. Recently Vera T. Sós and M. Simonovits have some results in connection 
with this problem.
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THE ISOMORPHISMS OF THE CATEGORY 
OF UNIFORM SPACES AND RELATED CATEGORIES

By
E. MAKAI, Jr. (Budapest)

In this paper we determine the isomorphisms of the categories of uniform 
spaces, proximity spaces and all full embeddings of the categories of several classes 
of topological spaces (corresponding to usual separation axioms) into themselves. 
In the lemmas we investigate the relation of the forgetful functors to concrete 
categories and to functors between concrete categories, in a general setting. To 
finish we mention several unsolved problems.

Uniform and proximity spaces are not assumed to be separated. Unif denotes 
the category of uniform spaces, HUnif denotes that of separated uniform spaces.

T heorem . Every isomorphism i of Unif onto itself is o f the following form: for 
each uniform space X  there is an isomorphism ix :X-*i(X), and for each map f:X -* Y  
the following diagram commutes:

X - t — Y

*X I *Y

i { X ) - ^ i ( Y )
(i.e. i is naturally isomorphic to the identity functor).

Before the proof we recall the definitions of the concepts to be used later and 
remind some facts about them. Let cp be a morphism in a category. If cp-.A^-B, 
we write A=D(cp), B=R(q>). <p is called a constant map (cf. [3], 14.1.1) if, for every 
object X, \q> Н от (X, D(yp))\S  1. q> is called an extremal monomorphism (cf. [3], 
7.1.1) if cp is a monomorphism, and cp = фе, e is an epimorphism imply e is an 
isomorphism, tp is called a pure epimorphism (cf. [1], p. 7) if cp is an epimorphism, 
and (p = m%, m is a monomorphism imply /  is an epimorphism. <p is called а со
рте monomorphism (cf. [1], p. 7) if ер is a monomorphism, and <р=фе, e is a pure 
epimorphism imply e is an isomorphism. In Unif the first of these concepts coincides 
with constant maps in the usual sense (cf. [3], 14.1.3), in HUnif the following con
cepts coincide with closed embeddings (by [3], 15.2.3), onto maps (cf. [1], p. 7) 
and embeddings (cf. [1], p. 7), respectively. For separated uniform spaces p denotes 
precompact reflection ([2], II); this corresponds to the generated proximity in a one- 
to-one way. A separated uniform space X  is called proxima/ly fine (cf. e.g. [9], pp. 
141—142) if for each separated uniform space Y the function-sets Н о т  (X, Y) 
and Horn (pX, p Y) coincide. Every metric uniform space is proximally fine, and 
every proximally fine separated uniform space X  has the finest uniformity on the 
underlying set whose precompact reflection is pX  (cf. [2], II. 38 and the remark 
following it).
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First we relate the constant maps in a concrete category to the maps constant 
in set-theoretic sense, and to the points of the underlying sets.

L emma 1. Let & be a concrete category, with forgetful functor F into the category 
o f sets. Let

(1) for уСб'й’ the maps in (в  to C separate the points of FC in the following sense:
V c^c^F C , сгт±с2 ЗС'б'й’, 3(Pi,tp2- C'-*C, 3c f FC' ,  (F(p1)(c')=c1,
(F<p2)(c')=c2.

Then Ftp is constant in set-theoretic sense iff cp is a constant map in (6. (In this 
case vF (<p) denotes the constant value of Ftp (if D(Ftp)^ 0).)

Let besides (1) hold

(2) VC€# d c f FC 3C'^fß, 3 tp: C'-*C, Ftp is constant on FC' and has value c.

Then for each Cffß vF is onto from the class o f constant maps tp with R(tp) = C, 
ü(Ftp)^C).

Let (1) hold. I f  tpi, tp2 are constant maps in c€, D(Fcp1), D(Ftp2) ̂  0 ,  and 3<A, 
=  then vF(tpi) = vF(tp2). Let be the smallest equivalence relation on the 

class o f the above tp-s containing the above pairs (tpt , tp2). Let

(3) VfitpJ = vF(tp2) => <Pi~<P2-

Then vF is one-to-one from the classes of ~  -equivalence of the above maps with 
R(tp) = C to the points o f the set FC.

Proof is evident.

C orollary . Let % be a concrete category, with forgetful functor F. I f  
\jC(f€  Vc£ FC 3 tp: C-^C, Ftp is constant and has value c, then the statements o f 
the lemma are valid(and q>l ~  <p2 iff R((p1) = R((p2) and 3(//: R((p1)—R((p1), ф 
is a constant map, Зфг,ф2, (Р1 = фф1, (P2 = l especially any such cpx is o f the 
form ффг).

Now we investigate the relation of the functors between concrete categories 
to the forgetful functors.

L emma 2. Let <é, 3  be concrete categories with forgetful functors F, G into 
the category o f sets, both satisfying (1), F satisfying (2) and (3). Let further

(4) C€tf, F C ^ 0 ,  |Н о т(С ,С )| = 1=>-ЭС'€«, CV C, Horn (C\ C )*  0  V 
V|Hom (C, C ')|>1, and similarly for 3>, G.

Let H be a functor from Я> to 3s, which satisfies

(5) {|Hom(C, C)|>1V 3C, €«', C ffC , [Н от (C', C )*  0  V |Hom (C, C ')\> 
>1]}=>{|Нот (НС, HC)|>1V3-D'€®, D ffH C , [Horn (D\ НС)т± 0  V 
VIНот (HC, D')\ >  1]} (e.g. H  is an embedding) and
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(6) <p is a map in (6, Hep is not a constant map in 3=>3ij/x, ф2 in W, Z)(t/q) =  Z>(i/i2), 
(Н(р)(Нф1) з(Н<р) (Нф2) (or at least срфх3(рф2) ■

Then there exists a natural transformation {Ac}cc« from F to GH.
I f  beside the above conditions (3) holds for 3 , G and

(7) H is one-to-one from the ~  -equivalence classes in 'if with fixed range to those 
in 3 ,

then also hc is one-to-one from FC to GHC.
I f  beside the above conditions alternatively (2) holds for 3 ,  G and

(8) H is onto from the ~  -equivalence classes in T  with fixed range C to those in 
3  with range HC

and
(9) the inverse implication in (5) holds, 

then hc is onto from FC to GHC.

Proof. (4) uniquely determines that Cd*# and D £3  for which FC— 0  and 
GD=<z> (if there are such objects). By (4) and (5) no C s a t i s f i e s  F C ^ 0 ,  
GHC—0 .  If F C = 0 , hc is defined in the unique way.

Let now C£.<€, FC, GHC^ 0 .  Then by (1), (2), (3) the points of FC corre
spond to the ~-equivalence classes for (€ with range C. A ~  -equivalence class 
for 'if is mapped by H into a ~  -equivalence class for 3. In fact by (6) ep is constant => 
=> Hep is constant, and according to the above said D(Ftp) ̂  0  =>D(GH<p) ̂  0 ,  
and (р1=(р2ф=>Нср1—(Н(р2)(Нф). By Lemma 1 for <px, cp2 in 3 ,  cpx ~ <Ръ=>ов (cpx) = 
=vG((p2). Hence by the mapping of the ~  -equivalence classes, for each C £ ^  H 
induces a map hc : FC—GHC (explicitly hc [i;f (<p)] = vG (Hep)).

We assert that for any (p:Cx-*C2 in 'if the following diagram commutes:

Ftp
fcl — — FC2

GH<p
GHCX — GHC2

In fact, for FCX = 0  this is evident. If however FCX 3  0 ,  then also the other 
sets in the diagram are non-void. Let now c\ 3 FC\, c2f FC2, (Ftp) (ct) = c2. Then 
by (2) 3(px, (p2 in <€, F(pt , Fcp2 are constant and have values cx, c2. By (3), (pcp1~ep2. 
Hence, by what has been said above, Hcpx and Hcp2 are constant in 3 ,  and 
(H<p)(H<px) — (H(p2). Thus by Lemma 1 vG[(H<p)(H(pl)] — vG(H(p2), i.e. (* )
ÍGHcp)[vG(H(p1)] = vc (H(p2). By definition we have hCl(c1) = vG(H(p1), hcf c 2) = 
= vG(Hq>2). Hence (*) can be rewritten as (GH(p)[hCl(c1)] = h c fc2), i e - 
(GH(p)[hCl(c1)\=hC2[(F(p)(c1)]. Since cxf FCX was arbitrary, this proves that 
{hc}cí'í is a natural transformation.

Let now beside the above conditions (3) for 3 , G and (7) hold. If epx, cp2 are 
in cd, R((p1) = R((p2), (px~(p2, then (7) assures Hepx~Hep2 and (3) for 3 , G assures 
vG (Нерф vG (Hep2). Thus hc is one-to-one.
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Let now beside the above conditions (2) for 3 ,  G and (8), (9) hold. Let FC= 0 . 
Then by (9) GHC—0 ,  so hc is onto. Let FC?±0, so also G H C ^0 . Let 
d£GHC. Then (2) for 3 , G assures 3<p in 3 ,  vG(q>) = d. Further (8 ) assures 31jj 
in e€, H\l/~(p. Thus hc is onto.

Corollary. Let 4>, 3) be concrete categories with forgetful functors F, G. Let
V Cf/F У c 3  FC 3  <p:C—C, F(cp) is constant, and has value c, and similarly for 3 .  
Let CtV, \FC\ = 1=>3C'€V, C V C , [Н от (С ', C )*  0  V|Hom(C, C')|>1] and 
similarly for 3 .  Let H be a functor from 3? to 3 ,  satisfying { 3  C'C%, C '^ C ,  
[Hom(C', C)^0V|Hom(C,C')|>l]}*=>{3T>'€^, D 'xH C, [Horn (£', H C )^  0  V
V |Hom {HC, D')\ =-l]}, and let H  be one-to-one, onto from the constant maps 
C -C for any ' C €^  to the constant maps H C-*■HC (e.g. H  is a full embedding, 
and {3D f 3 ,  D 'XHC, [Horn (D', H C )^  0  V |Hom (HC, D')|>1]}=> there is an 
НС', C i n s t e a d  of D' with the same properties). Then F and GH are naturally 
isomorphic.

Lemma 2 is a generalisation of the statement at the beginning of the proof 
of the Theorem in [5].

Proof of the Theorem. By Lemma 2, Corollary we have for any A3  Unif 
a one-to-one onto map i'x from the underlying set of X  to that of i(X). For objects 
X  and maps q> denote by X ' and <p' the corresponding objects and maps in the 
category of sets. Also by Lemma 2, Corollary for any map / :A — Y in Unif the 
following diagram commutes:

X' r

i ( X y ^ ~ i ( Y ) '

Г

X is a two-point discrete space iff \X'\—2, and [|У'| =  2, Y non-isomorphic to 
A=»|Hom (У, A)| =  2]. Hence A is a two-point discrete space iff i(X) is. Let {0, 1} 
denote the two-point discrete space.

For any A3 Unif define the following relation on X': for x1, x 2€X' 
x1~ xx2o { x 1 = x 2V[x1X x2, 3 f:X ^ X ,  f ' ( x 1) = x 2, f ' ( x 2)= x1, (x£X',x?*x1,x 2=> 
=>f'(x)=x), ^ - 4 1 )=  Ы ,  ^ g 2 :A-{0, 1}, ^ - 1(1 )= Ы ]} . Thus

is carried over by i'x to ~ j(X). Evidently x1~ x x2o x 1, x2 are not separated 
by the uniformity of X. Hence i maps the subcategory HUnif onto itself, iso- 
morphically.

i preserves extremal monomorphisms in HUnif, hence /  is a closed embedding 
iff i i f )  is. For A3HUnif { f '(Y ') ,  f:  У—X  is an extremal monomorphism in 
HUnif} equals the system of all closed sets of X. Hence the map ix induces a homeo- 
morphism of the topologies of X  and i(X).

Compact T2 spaces have unique uniformities. Hence if A3 HUnif is compact 
(which holds iff г (A) is compact), ix induces an isomorphism ix of A to г (A).

For A3 HUnif the uniformity weakly generated by all maps from A to compact 
T2 spaces of density s  \X'\ is pX. Hence ix induces an isomorphism ofpX  to pi(A).
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HUnif is proximally fine, i.e. \/F£HUnif [Нот (X, Y)]'= [Horn (p X ,p Y )\ 
iff VT<E HUnif [Horn (i(X), г(Г))]' =  [Нош (/j/CA'), /?г(К))]г, i.e. VT<E HUnif 
[Hom(/(V), У)]' = [Horn (pi(X), pY y\', which holds iff i(X) is proximally fine. 
Further in this case the uniformity of X  is the finest one on X ' whose precompact 
reflection is pX. Hence in this case г* induces an isomorphism ix of X  to i(X).

Especially for metric uniform spaces X, ix induces an isomorphism ix of X  
to i(X). Since i preserves products, for any product X  of metric uniform spaces 
ix induces an isomorphism ix of X  to i(X).

i preserves copure monomorphisms in HUnif, hence /  is an embeddin iff i ( f )  
is. Every Xd HUnif can be embedded into a product of metric uniform spaces Y. 
Then i(X) is embedded in i(Y), and ix induces an isomorphism ix of X  to i(X).

Now we show that for any JF^Unif, ix induces an isomorphism ix of X  to 
г (V). Denote r0: Unif—HUnif the T0-reflection functor. We have (r0X ) '= X '/~ x . 
Since (ix Xix)(~x) = ix induces a one-to-one onto map j x of (r0X')' onto
(rai(X))\ and for every f:X -* Y  in Unif the following diagram commutes:

(r0XY (r0Y)'

j x  I I J y

(r0i(X)Y ^ ^ : (r0i(Y)y

Hence by the result already proved for HUnif we have that each j x induces an 
isomorphism of r0X  to r0i(X). Thus also ix induces an isomorphism ix of X  to 
i(X). Q.e.d.

Remark. A related matter is the monadicity of the underlying set functor for 
categories of algebras with any fixed type and for the category of compact T2 spaces 
(cf. [6], VI and also [10]). It might be of interest to construct reasonable forgetful 
functors for abstractly given categories of algebras of given types (possibly ones 
by which these categories actually become categories of algebras of some types). 
A possibility is given by C —Hom(C„, C) where C0 is a free algebra on one 
generator, provided can be recovered from cf. [7], 32.21,22 (this is done
in a special case at the beginning of the proof of the Theorem in [5]). Also for a 
concrete category of algebras of fixed type, with forgetful functor F, it might 
be interesting to determine those isomorphisms i of onto itself, for which Fi =  F. 
Of course it would suffice to consider free algebras and the operations on the 
generators.

Using only parts of the proof we obtain the following

Corollary of the proof. Every isomorphism of the category o f proximity spaces, 
separated proximity spaces or separated uniform spaces onto itself is o f the form  
given in the theorem.

Remarks. 1. It would be desirable to develop the proof of the theorem to a 
characterisation of the categories in the theorem and the corollary, in the spirit 
of the characterisations of the category of all topological spaces in [11], Example 
4 and [12].
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2. Presumably the statements of the theorem and the corollary hold for any 
full embedding instead of an isomorphism. (These statements for the separated 
and for the general case are equivalent.)

A free ultraspace ([8], p. 540) is a topological space X, for which DczXaßD, 
|A '\D j = l for some discrete space D. A topological space is Sx if its T0-reflection 
is 7). Utilizing Lemma 2, Corollary and [8], Proposition 6 and Lemmas 5 and 6 
(where in fact isomorphic representations of the given category of topological 
spaces by more general categories are investigated; however the representation is 
supposed to have the same underlying sets and the same functions as maps) and 
in the second case constructing T0 -reflections by maps into free ultraspaces in 
stead of {0, 1} we obtain the following

Proposition. Every full embedding e o f any category of topological spaces con
taining all Tx spaces or o f any category of S1-spaces containing all free ultraspaces 
into the category o f all topological spaces is o f the form given in the theorem (i.e. 
e is naturally isomorphic to the inclusion functor).

Utilizing Lemma 2, Corollary, [4], Theorem 4.5 (asserting that for any topolog
ical space F whose underlying set is [0,1], if Horn ([0, 1], [0, l]) = Hom (F, F) 
holds, then F=[0, 1], and the fact that any Tychonoff topology (these are not 
assumed to be T0) on a given set is determined by its continuous maps to [0, 1], 
(and noting Horn ([0,1], X)=  0-e>X= 0 )  we obtain the following

Proposition. Every full embedding e o f any category (€ o f Tychonoff spaces 
which contains [0, 1] into the category of all Tychonoff spaces is o f the form given 
in the theorem.

R em ark . The same can be said about the class R' $  of topological spaces, 
whose Tq-reflections are «f-regular (i.e. homeomorphic to subspaces of products 
of spaces from S, cf. [3], 17.1), where S is any class of topological spaces (no separa
tion axiom imposed), and any category <€ with R'S\ where each E ^S
is R'^-special (i.e. F£ R'S, f  one-to-one, onto from the underlying set of E to that 
of F, Horn (E, E )= f~ 1 Horn (F, F ) f  imply / i s  a homeomorphism, cf. [4], p. 25). 
Cf. also [8], proof of Proposition 5.

R em ark . Proceeding on the lines of [8] one may ask whether the full embeddings 
of Unif into the category with objects {X, <W), where %c:2XxX, or (X, p), where p 
is a cover of X  ( f  is a map (X^, %)-»(Х2, %) or (X1, pf)-» (X2, p2) if 
( /X / ) -1^ 2c ^ i  or f ~ lil2 czlli) are given by the entourages or by the comple
ments of the entourages, and by the uniform covers, respectively. If only p a 2 2X, 
then another full embedding is given by \fU, allcz2x, Ш is a uniform cover on U ólí}. 
Also if p is one of the two above mentioned families, { 2 * \^ , Wdp} gives a full 
embedding as well. Is there no other full embedding? One can ask the same ques
tions for proximity spaces. Alternatively one can ask, whether all full embeddings 
of the category of proximity spaces into the categories with objects (X, С ), У  cz 
c{(F, W), V, WczX} and with maps /  for which or fT^czi^,
are given by farness of e1(F, W), s2(V, IV) — where (ex, e2) is a one-to-one map 
defined by a formula containing unions and complements (e.g. et (V, 
s2(K W) = ( V \ W )  U (IU \F )) — or by nearness of V and W, respectively. Analog
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ously one may ask the full embeddings of Unif into the category of (X, p)-s, with 
maps /  characterised by //txc:/t2. One such embedding is given by the family of 
all non-vanishing systems (i.e. systems {/)2}с2х, for which for each uniform cover 
TV nSt(/4a, 0 ,  cf. [2], p. 86). Is this the only one (for non-empty spaces)?

Remark added in proof (August 8, 1978). L. Márki has drawn my attention to 
the fact that the question of determining all isomorphisms of a given category on
to itself was considered also in the algebra. [14], Ch. 1, Exercises determine all iso
morphisms of the categories of sets, small categories, partially ordered sets, abelian 
groups, groups (although in this case I do not see how he disposed about the ’’op
posite group” functor), while [15] and [16] determine those of the categories of se
migroups and 7?-algebras, commutative or not necessarily commutative, and with 1 
oi not necessarily whith 1 (where R  is a commutative integral domain with 1), res
pectively. Related matter cf. in [1] too, (Introduction, § 5) about representation of 
categories by quasiprimitive or primitive classes of algebras and about the diversity 
of these representations. The case of primitive classes cf. [13] too.

For the last question of the paper another full embedding is given in [17] by 
the family of all systems consisting of non-empty sets and containing arbitrarily 
small sets (i.e. systems {Ax} с  I х, for which for each uniform cover w3Aa, 3lV£w, 
Ax U W ). At this question it is natural to restrict ourselves to such p-s, for which 
ss?={Aa}£p imply Ax^ 0 -  Namely otherwise p — p'Llp", where ц' = {.с/, 0  -sffp}, 
р" = {л/, 0  £sd£p} and p' ahd p" give embeddings of Unif into this category; con
versely if p' and p" give embeddings, and one of these is full, the p gives a full em
bedding. Also we can suppose 0  $ p.
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OF PARTITIONS WITH APPLICATION 
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1. This paper is the third one in a series, the first two papers of which contain 
five theorems on the distribution of summands in partitions of n (see [1], [2]). We 
shall give a practical summary of these results in Section 3.

In what follows we are dealing with the statistical properties of the dimensions 
of the irreducible representations (over the complex field) of S„, the symmetric 
group on n letters. It is well-known that the number of pairwise non-equivalent 
irreducible representations of Sn is equal to the conjugacy class-number of S„ and 
it is p(n), the number of partitions of n. Let Гг, Г2, ..., Гр(в) be the pairwise non
equivalent irreducible representations of Sn and let us denote by the character 
of Гу and by E the unit class of Sn.

The irreducible representations of Sn are closely connected with the partitions 
of и by a theorem of Frobenius and Schur (see [3]). According to this theorem, the
re is an appropriate one-to-one correspondence between the irreducible representati
ons of Sn and the partitions of n in the following way.

Let

( 1. 1)
ín — Aj +  A2 +  ...-(- Am 
{ At =  A2 = . . .  =  A„ =  1

be a generic partition of n. Then for the corresponding irreducible representation Гn

П (Ap- A v +  v - / f )
(1.2) á im rn = xn(E) = n \1- i ^ ^ -------------------

Я(Ад +  ш-/г)!

In this paper we prove the following

T heorem  VI. There are explicitly calculable positive constants c and n0 such 
that for n>n0 and at least for  ̂1 P(n) U’s the inequality

(1.3) I log Xn{E)-^og{Yn\)+ An\ <  c • n7/8log4 n
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holds with the constant A defined by

(1.4) A У logy 
exp 0 0 -1

dy +

for which

+ | / / > o S
log 1 dx dy

1 — 1—exp (— x —у)

y + log 1
1 -ex p (— x)

(1.5) , 0.02.71*
( See also Lemma 8.)

For other observations about the irreducible characters of Sn we refer to [1].
2. In order to estimate the dimensions given by (1.2), we need relatively precise 

results about the value distribution of the summands in (1.1), at least for the 
“middle” summands and for “almost all” partitions of n. We shall use the corollary 
of Theorem II (see [l]). This asserts that if the number of summands &Л in (1.1) 
is denoted by S1(n ,n ,A ) then we have for

(2.1) 11 log« ^  A ^  Yn\o% n — 3j/nloglog n2 71
the uniform estimation

(2.2) +

apart from
(2.3) cp(n)n~5/ilogn

og
1 — exp I—%L 

У 6л

exceptional ГГs at most.
Throughout this paper c stands for explicitly calculable positive constants 

not necessarily the same in different occurrences. The О and о-signs refer to 
and the О-constants are explicitly calculable.

For the range (2.1) we shall need also the stronger form of the corollary of 
Theorem I (see [1]) which follows immediately from Lemmas IV and V of [1]. This 
asserts for the /Ts in (2.1) the uniform estimation

(2.4) Sx{ n ,n , A ) ^ ]— ^n\op,---------1------ — + 0
1 —exp

for all but cp (n)n*5/4 log n 77’s at most

nA
I 6 и J 1

}fi log n
nA 

exP ^ bn
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Owing to the relations
(2.5) Sj(n, Л, A„) S  p
and
(2.6) Si(n, П, A„+l) ^  p - l
we can prove similar results for the A„’s. Namely, we assert the 

Lemma 1. For n>c, if a = a (n) is restricted by

(2.7) 
then for

( 2.8)

the relation 

(2.9)

1 log n3 = a = — ■■■■ --------62 log log n

—  / ” ■, a —  j/nloglogn = / j  (ц integer) n log  ̂n 71

]/6 1A,, == (1 +O(n-1/4log0t/2)+2 n)) —  /nlog

' ехр(-?Ш
Ao/ds uniformly in f  with the exception of cp(n)n~&l4 log и partitions o f n at most. 

For the proof of this lemma we mention that owing to (2.7) the relation

( 2 . 10) 11 log н а  —  < (« + ! )—• log log nn log n 71

= fn  log n — 3 in  log log n — 12n
holds for я>с. Thus we can apply (2.2) for these expressions, with the exception 
of cp(n)n~&l4 log n n ’s at most, as follows.

S A n ,n , У6 Уп ]
71 log“+1«J= 1 + 0 log 1

1 — exp (— log ~ <a+и)
> í  1 — , C ■ 1 —  Yn\og (loga+1 n)( logn) 7t

for и>с. This gives that
m n  , „  l;6 \Гп

X[^^.oglogn] + l ~  Л l0ga + 1«'
Further,

У6a —  ynloglogn71 + 1

s 1 ( n, n , ( «  + i ) t f  tiiogiog») -  ( ' +  o ( i ^ r) ) v >'" lo s i- io g -< « « > » "

*  + ^ l08(1+ [ v i ^ r ]
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for n>c. This gives that
]/в -

(2.12) Я|75 ^  I < («  +  !) W " l o g l ° g "-
L 7Г log* nj

(2.11) and (2.12) yield that for рСД (p integer) the relation

(2J3) K  -  (“ +  1)T  ^ log l0g П

holds uniformly in /, for all but cp(n)n 5/4 log n partitions of n at most.
Taking into consideration (2.10) we can apply (2.4) for Л=А„ and A —A„ + l. 

With the abbreviation
(2.14)

we get (using (2.5) and (2.6)) the inequalities

and

P Ш Si(n, П, A.ß) —

_  У 6 r  1 , 1Í  V'nlogn
n e l - e x p ( - x 0AM) ! exp (х0Ад) -  i

p £  H -S ^ n ,  П, A„ +  l) =»

Ű . ifnloz________ -__________c]f____ s
n ё 1 - е х р ( - х 0(А̂  +  1)) I exp(x0(A„ +  l ) ) - l

—  /nlog-j-------- у-----y-T7t 1 - е х р ( - х 0А„)
l - e x p ( - x 0) ) 
exp(x0A„)-l )

- 4
Уnlogn

exp (х0А„)-1
1

1 — exp(—x0A„)

_______ 1_______ 1/ Уп log n
exp (х0Ад) — 1 f exp(x0A „)-l

Owing to (2.13) and (2.10) we have

1 Л Уп\о%п
exp (x0 A„) -  1 '  C f exp (x0 A„) - 1

thus we get the relation

(2.15) P =  —  /« lo g ---------\— —r-r+Oк e l - e x p ( - x 0A„)
' n log n

exp(x0A„)-l
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which holds uniformly in Ix with the exception of cp(n)n~&,i log n П’s at most. In 
order to invert this relation we investigate the quotient

1/ jnlogn  
V exp (ХрЯд)— 1 def

fnlog 1 M

for the 2„’s in (2.13). 
First let

1-ехр(-л :0А„)

( s H l!  ̂  ®я- ® (“+ |/"108108 "•
Then

M -  *Г( l0gV  *exp (*<A) ^  С]/Г “ 7=" exp (*<Л) -) Fn(exp(x0A J - l )  ! \n

iS c l /  exp ((a+ 1) log log n) =cn~114 log(a/2) + 1n. 
f \n

Next let
fn  

(6 У~п
^ - п л 1 ' ^ ^ Г п ( =  гУ -

Then
n log*

c-

log n

log
cn 1/4log(0l/2) + 1 n.

X0l ß

Thus we got from (2.15)

p =  ( l+ 0 (n ~ 1/4 log<a/2)+1n))—  j/nlog-------- 1------— .4 '  n °1 -ех р (-л :0А,1)
Finally, owing to (2.7) having

(2. 16)
we got the relation

n 1/4log<*/2>+1n ^  log 2n,

(2.17) У6A. =  —  I'm logn & 1 —exp{—x0/i ( l+ 0 (n _1/4log(a/2)+1 n))}

which holds uniformly in Ix apart from cp(ri)n~s/i log n /7’s at most. 
Moreover, using (2.16), we have in Ix

/in~3/4log<s,/2>+1 n =  0(log_1n),
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therefore,

=  log(

log
1 — exp { — x0 n (1 + О (n - 1/4 log*“'2' +1 n))}

l - e x p ( - x 0ju)

1 +
1 —exp{0(pn~31* log(“/2,+1 и)}

) =  log(exp (x0p ) - l  

= log  ̂1 + О (n ~1/4 exp (— x0 ц) log(*/2)+1 n) 

We investigate the factor

1 +
O (pn ~ 3/4 log<“/2)+1 n)

1 — exp (

exp (x,

x0p ___ 1
х0ц))

0g(*/2)+i п) 1
oM) — 1 / ~

X0fl

For

we have

and for

we get

1-exp  ( Xq/t)

]/6 1«

£Lb.

_l'6 лГ ( 21 - ^ Л  = 2—  fn  = —
П 71 \  Xq/

L =

n log“ 

x0/iexp(x0/i)
exp(x0/i) —1

V6

Ш exp(x0/i) =5 e2

Í— =) 2—  Yn < n = а)^л loglog л
VXft /  TC

L  S

tx0 

x0n c —=  = ca log log n Ш c log n.
l - e x p ( -2 )  Yn 

These estimations give with (2.17) and (2.16) that

A = - Y n \ o g - --------\ ------ .ß n 1— exp(— x0/<) 7Г
Уб ,/-. 1 —exp{—x0/u(l + 0 (n -1/4loga'/2)+1n))}

\n  log--------- ^ --------------------1 — exp (—х0ц)

1 H= —  Yn log —n 1— exp(— х0ц) n
------ Yn log (l + О (л- 1/4 exp (— x0 p)) log(l/2)+2 n) =

= — Yn\ log-7----------------- + О (л ~1/4 log(“/2)+2 n) exp (— x0/i)| =
7i ( l - e x p ( - X o ^ )  J

=  (1 +  £>(» -  w  log<^ * ■»)) ̂  log

holds uniformly in lL apart from cp(я)n~5/4logn ff’s at most. This proves Lemma 1. 
In order to make a later estimation easier we mention the
Lemma 2. For n > c , i f  a= cc(л) is restricted by

1 log n
(2.18) 3 = (x = 4 log log л- 3
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then for

(2 .1 9 )

the relation

(2.20)

life }fn .  ,
А*Ч~тг^57Г» 2a-— У n log log nл log"« ’ n

def

16

l, in integer) 

1=  (l4 -0 (n -1/4loga+2n))—  («log
’  7t ,  I U p1 —exp —

16«

holds uniformly in /2 with the exception o f cp(n)n~5/i log n partitions o f n at most.
Lemma 2 is an immediate consequence of Lemma 1. Namely, for the a’s in 

(2.18) 2a satisfies (2.7) and Lemma 1 yields (2.20) owing to 4 (a)c:/1(2a).
3. Though the applications require good error terms for different choices of 

а=а(и), we mention the following consequence of Lemma 1 (by maximal a) which 
is interesting in itself too and can be considered a natural and practical summary 
of our results in Part I (cf. [1], Theorem II).

C o r o l l a r y  1 . With the restriction

(3.1)
16log6 « S f i S - l

the relation

(3.2) я- = ( 1+оЫ )

holds uniformly with the exception o f ср(п)п~5/* log n partitions o f n at most.
For the sake of completeness we give a practical summary of our results in 

Part II (cf. [2], Theorem V). Following the way of Lemma 1 but using also Theo
rems V and IV (see [2]) one can get easily for the complementary ranges of (3.1) the

C o r o l l a r y  2 .

a) I f  co(ri)/°° arbitrarily slowly and

(3 .3 ) I^log n — 5 1̂« log log и ^  p = I7«log« — Упсо(п)
1 л  Z u

then the relation

holds for almost all partitions of n, i.e. with the exception of o(p(n)) f l ’s at most.

b) I f  В {п )/ oo arbitrarily slowly and 

(3.5) Bin) = ji — log6«
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then the relation

(3.6) ^  \n \ogn  — —  f \ o g p  + 0{^n  log^)

holds for almost all partitions o f n.
c) I f  co(ri)/ °° arbitrarily slowly and

1 ~  c(3.7)
then the relation

(3.8) ^6 
2 л fn\og п + 0(Уп co(n))

holds for almost all partitions o f n.

4. We shall need upper estimations for and m (see (1.1)) with the exception of 
0(p(n)) exp (— c log n) ГГs at most. (Theorem IV gave it for т=1(П) with an 
exceptional set of measure О(p (и)) exp (—со (л)) by the condition co(n)=o(logn).) 
Now we assert the

Lemma 3. I f  ß=ß(n) is restricted by

(4.1)

then the relations

(4.2)

and

(4.3)

fn
2 /б  log n 2

^  (1 + 2 ß ) ^ fn \o g n  

m ^  (1 +2ß) —  yfilogn
Z71

hold with the exception o f О (p (n) • n II’s at most.
Owing to the associate partitions it is enough to prove (4.2). In order to 

estimate the number of the exceptional Д ’s, let

|(1 + 2 ß ) ~ in \o g  n j +  1.

The number of # ’s with f  =j, F ^ j ^ n - 1 is at most p(n—j). Hence, the number 
of the exceptional П’s is

=  2  P ( n ~ j ) + 1 =  1 + 2 '  P ( 0-j=F 1 = 1
Using the partition formula

р(и) =  (1+0(1))
An f i

expИ
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of Hardy and Ramanujan (see [4]) we get

■-F n-f I (7n A
H- 2 p (0 = c+ c 2  т ехР —  Щ -i=i i=i * ( у 6 J

+1 1 2лS c  + c / — exp -=■ У x \d x  S.
1 * l(/6 J

s с H—T = = = =  exp i - ^ - y n - F + l ] .
У и — F+  1 ( /6  J

Owing to (4.1) we have

n - F + 1 É -
thus

c +  -j=- C ■■—  exp Уи- F + l )  ^  
\ n - F + 1 (,j/6 J

=  ер (и) -p--- П — - exp { — (Ун -  У n -  F + 1)} s\n — F+ 1 I )/6 J

2 n [(1 + 2ß) fn  log n

Уб Ун+Уи- F + l
ä  cp(n) yTi exp

Choosing ß=2 in Lemma 3 we get the 
Lemma 4. The inequalities

(4.4) Ax = 5-j^- |//ilogn 
and

(4.5)
У6 /-

m =  5 —  ynlogn
271

= 0(p(n)n~ß).

Q.e.d.

hold with the exception of 0(p(n)n 2) FTs at most.
5. The simple observations

and

m  m m —1(7,  i w

П h'-’ П (A, + v - g ) = f f A , l .  п " f ,  -  П + ni—p)l
j = l  / 1 = 1  л / 1 !J — 1  1 5 / i < v S m /1=1

Я/j+v—/I Av +  1 1 (for /!<  v)
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give for Xn(E)  (see (1.2)) the alternative representations

n! „  A„—Av -{-v —p
(5.1) Xn(E) 2 \ 1 ! i t  ПA 1 i . . .  A m : 1  S I K H S

exp

A„ +  v - / i

n!
Ax! A2!... Am! 

Using Stirling’s formula we get 

log

-  2  logl f̂i <v̂ m
l

l Â  + v-jU

n!

{
m m m  1 ™

j ?  A „ lo g A „ -  2  K +  Д  T 1° g A (t +  T l o g 2 7r +  0,=1 f r  2 ' 2 1 ~ ( Д а,)}
m

= n logn+ 0(logn )— 2  A ,lo g  A „ + 0 ( m l o g XJ+Oim).
A=1

N o w , L em m a 4 g ives th a t apart fro m  0(p{n)n~2) f f ’s  a t m ost w e h a v e  

я , я ” ~ я , =  exp j n  lo g  п - J  A, log  A, +  О  ( fa  log2 n ) |  =

=  е х р |Д  n lo g  n +  2  К  lo g  f a  -  2  К  lo g  A „ + 0 ( y  « lo g 2 и )[  =
H = l H = 1 '

= f a i  exp  Í 4 - n — 2  К  l o g 2^ --I- o  (|/7 i lo g 2 «)} =
[ z m=i \n  J

=  ]fn\ exp  +  log-^L-j n — Д  A , l o g О () « lo g 2 n )J .

T h is  re lation  gives w ith  (5.1) th e  fu n d am en ta l 

Lemma 5. With the notation (1.1) we have

(5 .2 ) Xn(E) = l /^ ! e x p f i y  +  l o g - ^ ) n — 2  K [o§ f = ~
(Az  \ 6 > n = l  f6  n

2  i°g-l îu< v̂ m l — A„ - + 0 ( fa lo g 2 n)

K  + v - p

with the exception o f 0(p(n)n 2) fl 's  at most.
6. Next we are going to investigate the sum

(6. 1)

m -rr)

H = 1 } вП
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Let oc=oc(n) be restricted by

(6.2)

Then from Lemma 1 we get 

(6.3) Ц л , -

з а . а 1 . log" -6 .2 log log n

Г l/б r- 1 — c l^ lo g -----------7--------
bV^loglog"] . ( П1 — exp I— —

l ifbn

1

^  c in  exp I — -ß= 
У 6n

/ 6n

a —  1« log log иn

у ̂
a-— \ n log logn "])

= c yrnlog~“n

(6.4): apart from cp{ri)n 5/4 log« fl's at most.

Owing to (6.3) and Lemma 4 we get trivial estimates for two part sums of
(6.1) beside (6.4), as follows.

nX —2  A^log —=  = 0(m )0(yrnlog~*n)O(logn) =  0(nlog2_a n),
VX У 6 лa — V 6 loglog m

p  integer

f t
lo g - *« 

p  integer

7ГЯ,A^log—=  — 0(1 «log 01«)O(A1)O(logn) =  0(n  log2-* n). 
\6n

Hence, with the notations of Lemma 1, we have beside (6.2) and (6.4)

(6.5)
«1 тг j1 77 2

^ A , l o g ^ : =  2  A „ lo g ^ + 0 (n lo g 2- ‘ n). 
n=i убп на1 У bn

p integer

Hereafter, summations over p refer to integer values of p. We have to inves
tigate the sum

2  К  ' » s í kдед убп
Using again the abbreviation

( 6 ' 6 )

Lemma 1 gives for p ~ f  beside (6.2) and (6.4)

108 Й1 = lo4 '+ 0 < » - ,'*l°s, w ! »))1°s r ^ 5 T ^ ) }  =

= log log-j— ^ ^ 7—z~^\ + <A(n~1/4log<I/2> + 2 n).1-exp (~ x0p)
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From this (using again Lemma 1) we get 
TtX„ . . . 1

2 K  lo g ^ S  = 2  A  log !°8 , 2  X , 0 ( n - " ‘ \o g i« « * ‘ n) =
ii€Jj У 6П Hih * exP t x oM) и€/!

16
=  J O + O t . - 'M o g W . . ) )  —  V»l°t 1 - H . p ' °8' °g i . „ > K > |  +

Here

0(n_1/4log<a/2) + 2n) ^  —  y«log

+ 0 (n3/4 log(a/2,+2 n). ( 2  Xu^ n .)
p£/i

У6
Hih 71

1

= 0 (n _1/4log(“/2)+2И) 2" 0(AB) f
Hih

1-exp ( x0 /0 
7tA

log log- 1

log
УбЙ

1-exp ( -x o/0 

О (n ~1/41 og(a/2) + 2 n)l =

=  О (n_ 1/4 log(0,/2) + 2 n) 2  0(A„)O(logn) = 0(n3,i log(a/2)+3n).
Hill

Introducing the notations

(6.7) / ( 0  =  ^  У« log——  1 A log log
7£ 1 C A jJ у A q

and
( 6 .8)

0 e 1 —exp (—x0i)
(r> 0)

we have beside (6.2) and (6.4)
F( a )=  2  m

nX„

i.e. (by (6.5))
(6.9)

Let

(6 . 10)

2  ABlog —=A -  F(a) + 0 (n 3/i log(a/2)+3 n) 
niii у bn

2  к  l o g ^  =  F(a) + 0(n3/4 log(0t/2) + 3 n) + 0(n  log2-“ и).
Д = 1 Уби

У 6 лГл 1— |' , |° е 1_ ехр ( - 1).

У 6 Г—h -  — y«log 1 — exp (— exp (— 1)) ’

( 6. 11)

For t>0

Убh -  — y«log *n,n

ts =  a — y«loglog n
(Л — [L, lD.

/4 0  =
1

exp (x0 0 —1
log-

log

exp ( - 1 ) __
1

1—exp(—*„0
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and we have obviously
(6.12) /( i)  > 0  if and only if 0 <  t <  t0,
(6.13) f '( t )  > 0  if and only if t >  ij(>  t0 >  0) 
and
(6.14) 0 < / ( /2) S  c («log2/?,

(6.15) - c f n  <  0.
Using Euler—Maclaurin’s formula and (6.10)—(6.15) it is easy to see that

Substituting

we get 

(6.16)

But

F(a) = 2 f ( ß ) =  f  f(t)  d t+ 0(]fn log2 и).
t.

and

0

У = log
1

1-exp ( - x0t )

log -
s  l - e x p ( - l o g - “ n)

m  =  f

log

—y j°&y dy + 0 ( /«  log2«). exp(y) —1
1 — lo g - *  n

log
1 —lo g ~ * n  ,

f  y logy  dy J exp (у) -1  ;

2 lo g - * n

108 1 - l o g ~ %n /  « \

-  /  - T 1?) exp (у) — 1 dy

> 1
J log — dy S. clog1-1«

/
log

l - e x p ( - l o g - e n)
(> a lo g lo g n )

У log У 
exp (у) — 1 dy r . exp (—y)/ У log у -------- 7----r dysiogn l - e x p ( - y )a log log

s c  J" y(y—l)exp(—y)dy ^  clog2-“ «,
я log log n

thus we get from (6.16)

(6.17) F( a) =  1 " / ^ ) - !  dy+0(rt log2"“ n).

Finally (6.17) and (6.9) give that the relation

/  eXp7x) -  Í dy + 0(n3/i log(l/2)+3 «) + 0(n|log2-« «) 

holds beside (6.2) and (6.4).
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Choosing

(6.18) a = 1 log«
6 log log и

the condition (6.2) is fulfilled for и=»с and
0(«3/4log<a/2>+3 n) + 0(n  log2-* n) = 0 (« 5/6 log3 n). 

Thus we have proved the 
Lem m a 6. The relation

,6Л9> Í V o s 7 Í k  = I "  M t ^ + 0 ,"W|og’")
AoA/s apart from cp(n)n~s,i log n TTs at most.

7. Now we are going to investigate the more intricate sum

1(7.1) 5(Л) def 2  log-1 l -
in a similar way. We have obviously 

(7.2)

K + v - p

m — 1 m — h

s =  2  2  log-h = 1 d=1 I ^h + d
h + d

Hereafter, summations over h or d refer to their integer values. Empty sums 
are to be considered zero.

Let a =  ot(«) be restricted by
1 log«(7.3) 3 ё  a ^
4 log log« -3 .

Thus both Lemmas 1 and 2 will be applicable in Ix and I2, resp. In order to 
reduce the investigation to the case A, d d f  (h+d£l2) we have to estimate the con
tribution of the “outer” terms.

Let first
(7.4) 2  log- 1

/1=1 lSdSm —A,
Vi

d < -----У n log -  * n
1 Áh + d

K + d

1
Owing to
(7 5) 2h±i_ Ä _
У ’ Xh+d -  *h+ l -  Aj + 1
using also Lemma 4 we get

Sx = 0(m )0 (in \og~ lx n) log (Aj-t-1) = 0(n log2-1 n)
apart from 0(p(ri)n~2) Л ’s at most.
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Next let

(7.6) S2=  2 log-
f i  r- Ve 1 ^ h  + d

l ^ h < —— \ n \ o % - a n ---- у n \ o g ~ a n ^ d - ^ m  — h 1 “Ä ~ 1* я -j- a
Using again (7.5) and Lemma 4 we get

S2 =  0(V^ilog_‘In)0(m)log(A1+ 1) = 0{n log2-1 и)

apart from 0(p(ri)n 2) П’s at most. 
Now let

(7.7) c  delOo = log-
У6 r~ У6 /- 1 ^h + d-----\ n  lo g - “ n ^ h ^ m  — 1 a  Ул lo g lo g n < d ^ m  — h 1 ih + d

j/g -
Owing to d> a-— /«log  log и we have7Г

|"cr“ Í  log log nj
ü  c f « log- “«

by Lemma 1 
(7.8): apart from cp(«)n-5/4log n IJ's at most. 

Thus we have
h  + d ,  h  _ 1 
h  -f d d 2

(7.9)
for « > c  and

0 <  log-
1 -

Hence, using again Lemma 4

^h + d
h  + d

log Id-

id
d

1
d

4 -

^ 3  =  O(m)
Уб —

a - — Уп  lo g lo g n < d ^

■4 =  0 (w )o ( /« io g -a/7) 2
a у 6 -I 3 - — )^n log log n « l ^ m

=  O («log2-“«)
beside (7.8).

Defining Aj=0 for y>«i we investigate

(7.10) S« = 2  Ioi-
yi /-a ---- У л log log л -cft^m  — 1 l -

/6Owing to A>a— V«loglog« we have71
h  — c Yn log * n
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by Lemma 1 beside (7.8), further from
Ab-i.,10 =

we get

0 log

Я/, + d Aj -+- d 

1

1 - Ai.+d

^ lo g ^ l+ ^ - j  <  Y  =  -i-0(Vni°g zn),

therefore,

S4 =  0 (m )0(y7ilog- “w) 2  ^  =  0 (n los2~xn).
tzh  «

From the estimations of the sums Slt S2, S3, S4 we get the fundamental 
relation

(7.11) S = 2  2  loS ------ 1----- +0(n  log2-®«)hil! <)€/! 1 - AÄ + d
beside (7.3) and (7.8). Here,
(7.12) /i, d, h -\-d £ I2
follows from /г, d^A and we can use (2.20) beside (7.3) and (7.8).

We shall apply (2.20) for ц —h and p=h+d. (h, d(E/i). Thus we have
(7.13) 
where

(7.14)

A ^ O + C H n -^ lo g * * 2^

У6 1A* =  —  V n log

(beside (7.3) and (7.8)).
Hereafter we use the restriction

(7.15)
which is stronger than (7.3). 

Thus for h, d f  l l we get
Aft + d

3 =s a Ä

- ехр( " Ш

1 log л 2
8 log log n

1 -
log- A*+d

1 - Ai + d
Aft + d

log
(̂ ■ft+í —A*+4) — (A*—A* )

3** \ л h + d

i + - d +  A,,—Xh+d

=  log( 1+7 0(-n 1/4log3'+2n)^ +I' ( 1+ Ii+ d '))  =

=  log  ̂1 + 0 (n~1/4 log1 + 2 и) j = ^ - 0 ( n - 1/4logI+2n) =  -^-0(n1/4log* + 3n)
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owing to (7.15), and (for n=»c)

K+d = 0Í—  Fwloglogn, ^ ± ±  =  0(log*+1n) n a

(from /z +  <7s2—  ^n\og~*n and d ^ - ^ -  /« log"“«) and n n )
1*- ^ - 0 ( n - 1/4log*+2n) = 0(log-4n).

Thus we have

2  2  logha1 dei! = 2 2  iog-I 2/, + d hei\deii j ĥ+d
K + d К  T d

Here,

+ 2 2  - jO (n 1/4 iogä+3n).
hetidéi! a

2  2  -г = О (a fn  log log«) О (log n) = О (Уп log2 n)
he/г dei! a

and we get from (7.11) the relation

(7.16) 5 =  2  2  log----- y*—- + О (n3li logx+5 n)+0(n  log2_a/j)
he/! <*€/, 1 Ah + d

K + d
beside (7.15) and (7.8).

8. In order to substitute the sums in (7.16) by integrals let us investigate the
sum

2  log------ j i —

K + d

for fixed h Z l (The О-constants will be independent of h too.)
Let

(8.1) f h(d) = log------
1 Ah+d 

K + d

It follows from (7.14) that f h(d) is positive and monotonically decreasing in d. 
Thus we have
(8-2) 2 f n ( d ) =  f f h(y)dy +  O(fh(d0))

l\
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l/б _
where d0=—  Vnlog-1 n. Using also (7.13) we get (beside (7.15) and (7.8))

0 S  l o g — ^  =  log  ( l  +  f )  =
K + d 0

further,

2 Ш o) =  2  ^  =  о й  =  O ( ^ l o g - n )  =  0 ( n 3/4lo g a+5n).
*€/! »ел «о ViV

Thus we get from (7.16) and (8.2) the relation

(8.3) 2  '°g*€/! 1 -

1
2*л* + у

dy + 0(n3,i loga+5n) + 0(n log2-*«)

beside (7.15) and (7.8).
Next we investigate the sum

2  log------^ r—
*€/J 1 __2* + y_

for fixed j€ / i .  (The О-constants will be independent of у  too.)
Let

gy(h) = log------------ .
1 A h + y

K + y

Using (7.13)—(7.14) and Lemma 4 we get (beside (7.15) and (7.8)) for h ,y ^ Ix

.4) 0 -c g (h) =§ log------=  l o g (l + 4 )  =  - 7 = \ o ( f n log«),
V У  J  У  У

(8

further for x, y£Ji 

d
d xg

therefore,

(8.5)

K + у

1 -1
Х$—Л*+у + У ■ ( л (х  + у )  1

l e x p i  Yto  J
2 1

dx 8y{ ) У [ л х  )
е х р Ы - ‘

■+-
1

e x p
' 7CJC '

M -

о 2
У X
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Using Euler—Maclaurin’s formula and (8.4)—(8.5) it is easy to see that

=  f  gy(x ) d x + 0 ( f n l o g n ) ^ - .
h y

Owing to (8.3) and

Jo{in\ogn) -j- dy = 0(fnlog2 n) = 0(n3/4loga + 5n) 

we have proved the relation

(8.6) S =  J J log------------ dxdy + O(n3/4log“+5n) + 0(nlog2_“n)
Я* + 

я ;+ у

i.e. (by trivial substitutions)

a log logn  aloglogn

(8.7) /  *
log ~ a n log ~ a tl log 1 ■ dxdy +

l — 1 — exp(—x —y)

y + log-
1

1 — exp (— x)

+ О(n3/4 log“+5 n) + О(n log2-“ ri)
beside (7.15) and (7.8).

9. Next we extend the integrals in (8.7). For x, y > 0  let

(9.1)

Owing to

f(x , y) =  log - 1

log 1

1 — l-e x p (— x -y )

y + log 1

f ix ,  у) <  log ■

1 — exp (—x) 

1

log 1

1 — 1 —exp (— x — y)

y + log 1
1 - exp ( - x - y )
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the following inequalities hold obviously for x,y> 0.

(9.2) 0 < / ( » , , ) - log (l + l  log T— l — T) ,

(9.3) 0 < f ix ,  y) <  — log 1у 1 —exp(—x —у) ’

(9.4) 0< /(X , У) <  — lOg:у 1— exp(— x)'

Using (9.4) and the substitution

и =  log 1

we get
1 — exp (—x)

lo g _ a H i -f-<

o <  f  f ix , y)dx  s  — fу  v exp (m) — 1
lo g --------------------------1 —exp(—lo g - “ «)

+ o

du s

1 л мехр(-и) c , , , c . . .=a— 1 ---------7----r d u ^ — / uexp(—u ) d u ^ —log1-* и
37 a lo g lo g ^ -^ P Í-“) Уa log log П

and
, |08Гт

0 < /  f ix ,  y )d x  ^  — J
1 —log _a  л

a log logn exp (м) — 1 du =.

Since

1 1 1 c—loe--------- -----  s, —
у 1—log “я у log- I n.

a log log n O (log1 “n)
, f  уlog ~ а П *

dy = CHlog1 “n)0(log(log*+1n)) = 0(log2_*n)

we get from (8.7) the relation

a log log л

(9.5) S = — n J  [ J  f(x , y)dx} dy+Oin3,ilogx+5 n) + Oin log2-2«)
lo g - “ л 0

beside (9.1), (7.15) and (7.8). 
Using (9.3) and

и

(9.6)
2 "Г  exP I ̂  I —1

2 a
exp (u) — 1 exp (m)
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we get similarly

0 <  / } ( * ,  f )dx d  1  f  log  , _  '
У 0

log -

exp( - x - y )  dx

7  /  log 1 — exp (— x)
i  1—e x p (-)0

— dx = l  J- x l  у J
и , 4 . .

-----—г du ^  — exp (— >■)•exp (и) — 1 у

Consequently,

0 <  /  y)dx)dy ^  4 f  — exp(-y )dy
a lo g lo g «  0 a log log«

a log log— f  exp (—y) dy =  c log-a ti. n , Ja log log n

Finally, using (9.2) and (for arbitrary integer К ё  3 and for w>0)

(9.7) 
we get

w.
K К exp í-^) - 1  . .

S Ife x p W  - * « p ( f )1—exp(—w) “  try"/ exp(w)- 

0 < /  f ix ,  y> dx< /  log (l + 1  log , . exp(7 - J  =

=  / l o g ( l + d l ° 8 j-- J ,  _  } dx =exp(-x))

108 1- e x p ( - y )  IOg l - e x p ( - ) i )  J______ y±
exp (u) — 1

M ( y )

- /
w

1—exp (— w) = l08(1+7))dw w

where 

(9.8)
But from (9.7) and (9.8)

M ( y )

M(y) =  lóg Í 1+ — log -j-----—— -) .
(  D l _ e X p ( _ y ) )

exp (M (y))-l

exphx)
7 log(1+7))

(y ^°8 1 — exp(—y))

(1 f /K
* K ' k )  •
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Thus we have (for K s3)
lOg~*H OO log- * «  /  л \2/K

0< f  ( f  f ( x ,  y)dx)dy<  f  /И-] dy =
0 0 0 v У '

= — — (log- * n)1-(í/K) s  3K 2 (log 1 n) log2*^ n s  3Af2(log- * n) exp

l - T
(from (7.15)). Choosing

К — [log n] +1 S  3 (for n =- c)
we get

log - * n  oo

0 < J  [ f  f ( x , y ) d x ) d y ^ c l o g 2~'l n.
о 0

In view of (9.5) we have proved the relation
^  oo oo

(9.9) 5 = —j «  J  f f ( x ,y ) d x d y  + 0(n3,ilog*+!in) + 0(n\og2-*n)
n~ 0 0

beside (9.1), (7.15) and (7.8).
Choosing

_  1 log я 
a 8 log log n

(7.15) is fulfilled for и > с  and we have

0(ti3/i log*+5 n)+ 0(n  log2-1«) =  0 (n 7/8log4n).

Thus we have proved the
Lemma 7. With the notations o f  (7.1) and (9.1) the relation

(9.10) S(T1) = —̂ n f  f  f(x ,y )d xd y-\-0 {n v *\og2n)
n  о 0

holds apart from cp(n)n~bji log n n 's  at most.
10. In view of Lemmas 5, 6, 7 and (for и>с)

cp(n)n~6/* logn < p(n)

we have proved Theorem VI apart from the estimation (1.5). 
Let

( 10. 1) J ^ f  !  log
log 1 • dx dy.

1 - - 1 —exp (— x  — y)

V +  log
1

1 — exp (— x)
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We have proved the relation (1.3) with the constant A defined by (1.4). Thus 
we have

(10.2) ^  = io g -^  + А /
2 t6  я У

and we have to prove the inequality

ylogy Jv 6 j  
Y l ' exp (у) — 1 y ni

To determine the integral
A ^ - z  0.02.

У log У
о exp (y )-l/ dy

we shall need two well-known relations.
Let у denote Euler’s constant. Then we have for x=»-0

Г  (x)
Г(х)

r 1 —Iх-1 ,
+y = f  ~ T T dt>(10.3)

in particular,

(10.4) Г'(2) =  (1-у)Г(2) =  1-у. 
Next, we have for Re s=~l

(10.5) 

consequently,

(10.6) m r ( s>y = f ^ L ä u .

Applying (10.6) with s = 2 and using (10.4) we get 

У l°g У(10.7)

and we have

( 10.8)

Г
J e x p (y )-l

dy = С, (2 )Г '(2) + ( ( 2) Г ' ( 2 ) =b

~2 v

A = 6 f .  ^  log V K2 ( 71 1
=  ^2 p -  2  - Z T + —  11 - Г - l o g~2 v Ye - ! ) } •

Using (10.1) it is easy to see that

(10.9) J ~  f  f  log
log 1

1 +  -
l - e x p ( - x - y )

log exp  O’) - e x p  ( - * )
dxdy.

1—exp (—x)
Easy calculations][show the validity of the following assertions.
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Let for x, y > 0

( 10. 10)

log 1

r =■ 1 — exp (— x —y)
ш ( ] | ) - ехр ( - г )  ’ 

ё 1 — exp (—л:)

s =  log exp (y) — exp(— x) 
1— exp(— x)

Then r, j =-0. Let for r ,s > 0 

( 10. 11)
,  4 d e f , 1 -exp  ( -  sr) {1 -  exp ( -  s)}

s) - log-------- 1 - e x p (—sr)— -■

( 10. 12)

Then

(10.13)

IHr, s) =  log
1

1 — exp (— sr) {1 — exp (— s)} ’

Í* = (p(r ,  s)

[y = IHr, s)
establishes a one-to-one correspondence between the open quarter-planes {r, ,y>0} 
and {x, y=-0}. Further cp(r,s) and ф(г, s) have continuous partial derivatives and

dcp dcp 
dr ds

<Ц)_ 
dr ds

— — s-exp (—sr) 1 — exp (—sr) 1 — exp (— sr)(1 — exp(— s)}J

Thus we have (from (10.9))
(10.14)

7  7  '" r 1 1 1J =  f  f  log(l+ r)s-exp  (— s r)j--------- ----- ----------—;----r-r.--------7— r^tdsdr.d d 04 * 11 — exp (— sr) 1 —exp (—sr) {1 —exp(—s)}J

From (10.14) one can get easily

(10.15) J = 2  /  log(1 -f r) ( /  s • exp (— vsr){ 1 -(1  — exp(—s))1’-1} ds] dr =
v=2 о ! . о

= 2  2  /"log (1 + r) ( /°s  - exp (—s(vr+ l))(l — exp (—s))k dsj dr.

v = 2  0  I

oo V — 2
2  2

v =  2 k=0 0

We remark that here

(10.16) /  lo g ( l+ r ) ( /s - e x p (— s(vr+ 1))(1— exp(— s))fcds]dr ё  0.
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It follows from (10.15) that 

(10.17) J =  zv —2 fc = 0 11 = 0 v t/ о
lo g (l+ r) dr\ =

J (vr +  Z+1)2

= у  V  i f  4 ffc) у log, v — log (l +.1)1 
vé 2 v l ,é o u J l ; v -(z+ í)  j

and from (10.16) that here

(u n s )
Continuing (10.17),

1 = 0 1 l v - ( /+ 1)

. У У 1 f f  f fc) r lVb g v - l ° g  (1+1)1 
é o  v=r+2 V |Д Ы С j V—(Z+l) J

V  1 logy | у  1 / logy lo g y -lQ g .2 )
v=2- v v — 1 v=3 V l v - 1  v — 2 J

}+
v 2(logv —log2) log v —log 3

v —2
y ljlO g V  

v = 4 V Í v—1

i  i
к = з  v = t + a  v  t i = v  —

v —3 

- lo g ( /+ l)
( Í+1)

+

° l ^ 4 (l41log2- 52'°s3 )^ ; I v » (v - i ) 'l% ( v - 3 )

i f  у  i f  y { k )(  |V log v~  log (̂  + 1)1
Á  v=f+2 V [ёоУ 1Г  ’ T-(Z+1) J-

Thus we get from (10.8) the
Lemma 8. For the constant A in Theorem VI we have

6 í 1 71̂  ( 1 1(10.19) A = ^  1 ^  (141 log 2 -  52 log 3) |y -  -  + -  log — ) +

+

+ 6 z - logv
=& v2(v— l)(v —2)(v —3)

11. It follows from Lemma 8 and (10.18) that

+  i  i  - f Z  Р П ( - 1 ) 1 l o g v  ■- ■ ] } •*c=3 v=s+2 v l.г=о v Zу v =  (Z + l) )J

< " »  4 = .A ( _ L (141log2_ 521og3 ) - ^ ( , - ^ + I IOg ^ ) } .
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Using (11.1) and y = 0.577 215 664 9... further ^ -=  1.644 934 066 8... we get6

(11.2) A ^ ~  0.02.7Г
Thus Theorem VI is completely proved.

12. We mentioned the very risky conjecture (2.3) in [1] that the relation

l n{E) =  )/^ Ie x p (-T n + /I1V/wlog2n+/l2l/«logn+0(V'nloglog n))

holds with suitable constants A1 and Л2 for almost all U ’s. This relation would 
be near the best possible since P. Erdős proved (oral communication) that the 
relation

1 ° 8 * » < £ ) - 8 « + о ( |Е у  ,

cannot be true for almost all partitions of n. We sketch his proof here.
From the estimations in Section 11 of [2] it is easy to see that for arbitrary 

fixed positive constant c there exists a positive constant c' such that for c'p(n) parti
tions of n at least the inequality

( 12.1) S2{ n , n , \ ) ^ c f n

holds, i.e. these partitions of n contain 1 as summand [c/n]-times at least. Omitting 
of the l ’s and increasing Ax to Лг + [с)/я] in the partitions in question we get 

c'p(n) “new” partitions of n at least with the property

(12.2) A j - J . s t c t f i ] .

Now, let us suppose that there exist a function g(«) and a positive constant c0 
such that the relation

(12.3) |lo g Z n (£ )-g (« ) |S c 0ÍjL - 

holds for almost all partitions of n. Choosing

(12.4) c = 20 f a ,  
the relations (12.2), (12.3) and

(12.5) Aj-t-m ^  5 f^ilog« (and m >  2)

hold simultaneously for (c'—o(l))p(n) partitions of n at least. For each partition 
П  from these ones we construct a partition П' by

aí =  Ai _ [t ^ ] ,  aí =  а3, . . . , а;  =  аи .

(Here the inequality A( ̂ Aj holds owing to (12.2).) It is easy to see that — for
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ЧИ
Xw(E)
Xn(E)

_ (,___) /т í 1 j_______ /с(Яг Aa+1 k)___ 1
X1- X i + l ) vl { y  (A1-A ,+ v - l) (A 2-A„4-v-2)J'

Using (12.2) and (12.5) we get 

X n ( E )

rUi l  A2 + m — 2 +  r)'

Ха (E)
1 fc+1 ] _

— 2fc4-lr=il At — 2k + m — 2 + r) ~

Ä  _ L _ Í 1+ J i ± L ) k .  _ l _ f 1 + _ £ _ r
_  2fc+H A ^ m )  -  2fc+H  10lognJ 

Consequently, for n >n0 we have the inequalities

n Uog2 nJ 100 log n 0log
i.e. (by (12.3))

Xn'(E) ^  _
Хп (E) ~  10 log I

log Xn (E) ^  g(n) + 3c0

100 logn

Y*_
logn ■

'logn ’

Therefore, for (c'~o(l))p(n) partitions /7' of n at least the inequality

fnlog Xw (E) — g(n) si 3c0logn
holds in contradiction with the relation (12.3) of type “almost all”.
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AN EXTREMAL PROBLEM FOR 3-GRAPHS
By

P. FRANKL (Budapest)

1. Introduction. Let X  be a finite set of cardinality n. Let k, l, i be integers, 
i<k<n, 1^2. Let 3F be a family of ̂ -subsets of X  such that there are no l members 
Fi, ..., Ft of which form a 4 -system having a kernel of cardinality i, i.e. F1C\F2 = 
= F,f)Fs for 1 and |F1ПF2\—i. Let fin, l, i, k) denote the maximum
possible cardinality of SF. This function was introduced by Duke and Erdős. In 
this terminology the E rdős—Ко—R ado  theorem (see [3]) states that for n ^2 k
fin , 2, 0, k) = |j. A recent result o f the present author (see [4]) can be restated

as f(n, 2, 1, A-) = ̂  2  ̂ f°r ^ —4, n>n0(k). Duke and Erdős [2] proved

fin , l, 1, k)<c(k, /) ̂  2  ̂ where c(k, l) is a constant depending on к and / only.
In the case k = 3 they observed f(n, l, 1, 3 )= /(/— 1)(и — 21) for odd values of /, 
and f{n, l, 1, 3 ) s ( / - l ) 2(« -2 ( /- l ) )  if / is even. This latter estimation can be
improved to fin , l, 1, 3 )s/^ / —-^-j(n —2 /+ 1). To prove this or the lower bound
for odd values of / let us make the following construction. Let Y be a subset of X, 
and let & be an ordinary 2-graph on Y, which has maximal degree less than /, and 
contains at most /—1 independent edges. Let us define ^  = {EUx\E is an edge 
of H, x £ X — F}. It is not hard to see that 3 satisfies the assumptions. In the case 
of even values of / we can take У to be a graph on 2/—1 vertices and with degree- 
sequence / —1, /—1, . . . , /— 1 ,1—2. For odd values of l, let <8 be the disjoint union 
of two copies of the complete graph on / vertices. Duke and Erdős conjectured that 
fin , 3, 1, 3) =  6(я — 6)+ 2. The aim of this paper is to prove the following

2. The proof of the results. Let us define the following family of pairs ° f  sets. 
3i= {(£>, x)\x£X, DezX, \D\=2, ( D U x ) ^ ,  there are at least 2/—1 different 
members of 3F containing D}. Let be the family of those members of which 
cannot be obtained as ä union of the form D{Jx, where (D, x)£(A. It is clear 
from the definitions that the following inequality holds:

T heorem .

( 1)

and for « ä  54 
(2)

f in , l, 1 ,3)<  j /( / - ! )«

fin , 3, 1, 3) =  6(n —6) + 2.

(3) \3F\ s  \9\ + \3F*\
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Let us define further for any element x of X:
<3X = { F -x \x t& , F t?*}, <S'X =  {D\(D, x)€<2>}.

Then both of these families are ordinary 2-graphs. Let us state some properties 
of them.

Lemma 1. Neither (SX nor <8X contains more than / —1 independent edges. The 
maximum degree o f <SX is at most 2 (/- l) , and that of У* is at most /—1.

Proof. The first statement is evident. To prove the second let у be a vertex 
of &x of maximal degree, let zlt  z2, ...,z, be the vertices which are adjacent to it. 
If s ^ 2 l— 1 then we should have ({x,y}, zt)(iQ} for contradicting
{x, y, z^S F * . Let now у be a vertex of maximal degree in 4SX, and let zx, z2, z ,  
be the vertices which are adjacent to y. Suppose that t s l .  As for i= l ,  . . . , /
({y,z;},x)€S>, and |  (J {y, z ,} )-{y , z,} = /— 1, we can assign an /-element set

to each of the z;’s such that this set is disjoint to t j  {y, zfj, and for any elementj=1
y; of it {y, zf, y j c ^ .  Consequently, using the mariage principle, we can find 
elements x1,x 2, . . . ,x ,  suchthat {у, z,, x j € ^  for /= 1 ,2, . . . , / ,  and these sets 
form a d-system with kernel {y}. This contradiction completes the proof of the 
lemma.

Corollary 1.

1(1—l) if I is odd

For a proof cf. Sauer [5], and A bbott—Hanson—Sauer [1], respectively. 
Now from (3), (4), and (5) we can deduce

\Г \* -\9 \ + \Р*\ = \  2  Ш + 2
J  x £ X  x € X  J

proving (1).
Now we restrict ourselves to the case 1=3. First we give an improvement of 

Lemma 1 for this case.
Lemma 2. Let D x, D2, D3£&x U yx for some x fX . Then these sets do not 

form a А-system with empty kernel, moreover, i f  at least two o f them belong to Ух 
then they cannot form a А-system with kernel o f cardinality 1 either.

Proof. The first statement follows trivially from the assumptions of the theo
rem and (Z)(Ux)£ 3F for i= 1, 2, 3. To prove the second part of the lemma, suppose 
that D2, D3£&x. Then there are at least five different elements of X, say xx, x2, ... 
. . . ,x s, such that (D2U xj£OF for /=1,2, ...,5 . Hence it is possible to choose 
one of them which is not an element of xUD3. Let x' be this element, and let us
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set F1=D1 U jc, F2= D 2Ux'. A s D.fS'x there are at least five different elements 
of X, say z1, . . . , z s such that for /=1, 5, (Z)3U H e n c e  at least one
of them, say zx, is not an element of the 4-set (Ft U F2) — (D1П Dj). Setting F3=D3 U 
Uzj we come to a contradiction as the three sets F ,, F3, F3 form a A-system with 
kernel of cardinality 1, establishing the statement of the lemma.

Now we use Lemma 2 to prove the following
Lemma 3. For any x£ X  either & x  is empty and 4S'X is the union of two disjoint 

triangles or we have

(6)

Proof. We distinguish several cases according to the cardinality of (S'X.
Case (a): \&x\=6. By Lemma 1 fS'x is a 2-graph of maximum degree at most

2. Hence it is the disjoint union of circles and paths. As it contains at most two 
independent edges in this case the only possibility is that it is the disjoint union of 
two triangles. Then Lemma 2 implies %=<z>.

Case (b): |# '| = 5. Now we have two possibilities for rSx\ either it is a five- 
circle or the disjoint union of a triangle and a 2-path. In any case Lemma 2 yields 
l^xl— 1) implying (6).

Case (c): |#£)=4. There are two possibilities again: either %x is the disjoint 
union of a triangle and an edge or of two 2-paths. In the first case Lemma 2 implies 
that the edges of 1SX do not meet the triangle and consequently they have pairwise 
non-empty intersection. Hence by Lemma 1 j&xl^4. In the second case a similar 
argument yields |^ J^ 2 . Anyway (6) follows.

Case (d): \&x\=3. Now we have three possibilities: either fSx is a triangle or 
a 3-path or the disjoint union of a 2-path and an edge. In the first case the edges 
of (SX are disjoint to the triangle and consequently they have pairwise non-empty 
intersection, yielding |^x|^ 4 . In the second case Lemma 2 implies that every edge 
of <3X is disjoint to the central edge of the 3-path, whence again by Lemma 2 they 
have pairwise non-empty intersection. So by Lemma 1 |^х| ё 4 . in the third case 
Lemma 2 implies that any edge of <8X is either the edge connecting the two endpoints 
of the 2-path or it intersects the independent edge of &x. As (D, x)$@ for D ^eSx, 
the maximum degree in -ßxU4SX is at most 4, yielding \1Sx\ s l .  In all three cases 
(6) follows.

Case (e): |^ '|s 2 .  In this case (6) follows at once from 10= ( 2  )•
As by Corollary 1 |^ '|& 7  is impossible the lemma is proved.
Now we turn to the proof of the theorem. Let Y be the set of those elements 

of X  for which is not the union of two triangles. Then (3) and Lemma 3 yield 
2

\3F\s6n—— |У|. Assuming that ^ i s  of maximum cardinality we deduce |У |^53.
So for n =. 54 there exists at least one element of X, say x, such that %x is the disjoint 
union of two triangles, say угу2у3 and y4y3y3. We assert that = Q for 
i= l ,2 , . . . ,  6.
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Suppose that it fails for example for /= 3  and let E be an edge of The 
definition of F*  implies that ЕС] {уг, y2} = 0  • Let us set F3=E{Jy3. As ({yl5 y2}, *) 
and ({y2, Уз}, x) belong to S> we can proceed in the “usual” way, and find Fx, F2CF  
such that Ft , F2, F3 form a d-system with kernel {y3}, a contradiction, proving 
9yt = 0 . A similar argument yields that for /= 1 ,2 , . . , , 6  | ^ 3|S l  with equality 
holding if and only if ^ '3 consists of the edge opposite to yt in the corresponding 
triangle. However, if this triangle belongs to F  then it is counted three times in (2). 
So we can deduce

\^ \  — 2+  2  № \ + W ,* € (ЛГ— ...,y6>)
yielding \F \s6 (n -6 )+ 2  with equality holding only if Y= [ylx ..., y6}. But then 
for every x 'C X —Y, is the disjoint union of two triangles on the set Y. However if 
these triangles would not coincide with угу2у3, У\УъУ% then we could find three 
2-element subsets of Y, forming a d-system with a 1-element kernel such that each 
of the sets is contained in at least 5 different members of F ,  leading to a contradic
tion, as so many times before. Hence it follows that the only system — up to iso
morphism — for which equality holds in (2) is:

{DUx\\D\ = 2, x $ D c  {у!,у2,Уз}, * € (^ -{ у 4 ,у 5 ,у в})}и
U{DUx||Z)| = 2, x$D  с  {у*,уз,ув}, x £ ( X -  {y1; y2, y3})}.

Remark. For « = 12 let A' be the union of the two 6-element subsets Xx, X2, 
and let us define Ж={Н<^Х1\\Н\ = Ъ)0{Н с:Х2\\Н\ = Ъ}. Then Ж does not con
tain any d-system of cardinality 3 and with kernel of cardinality 1. As \Ж\ =40, 
the theorem certainly does not hold for «=12 which proves that the assumption 

54 cannot be omitted. But it can certainly be replaced by a weaker assumption.

References

[1] H. L. A b b o t t , D. H anson, N. Sauer, Intersection theorems for systems of sets, / .  Combin.
Theory, A 12 (1972), 381—389.

[2] R. Duke, P. Erdős, Systems o f finite sets having a common intersection, to appear.
[3] P. Erdős, C. Ko, R. Rado, Intersection theorems for systems of finite sets, Quart. J. Math.

Oxford, (2) 12 (1961), 313—320.
[4] P. F rankl, On families of finite sets no two o f which intersect in a singleton, Bull. Austral. Math.

Soc., 17 (1977), 125—134.
[5] N. Sauer, The largest number of edges of graphs such that not more than g  intersect in a point

or more than n are independent, in: V. N. Welsh, ed., Combinatorial Mathematics 
and its Applications, Academic Press (New York, 1971), 253—257.

( Received April 12, 1977)

MATHEMATICAL INSTITUTEOF THE HUNGARIAN ACADEMY OF SCIENCES 1053 BUDAPEST, REÁLTANODA U. 13— 15.

Acta Mathematica Academiae Scientiarum Hungaricae. 32, 197S



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 32 (1—2), (1978), 161—162.

ON A PROBLEM OF D. NEWMAN
By

D. PETZ (Budapest)

It is a well-known fact that every continuous function on /= [0, 1] can be 
uniformly approximated by polynomials of a fixed function /£ C (f) if and only 
if /  is strictly monotone. The class of strictly monotone functions is fairly small 
in the space C(I) so it can be said that in most cases the polynomials of one given 
function from C(I) do not form a dense set in C(I). As Vera T. Sós informed me, 
on a joint seminar of Hungarian and American mathematicians held in Budapest, 
August 1975, Donald Newman raised the question what about taking more than 
one basic functions and approximating the functions in C(I) by their polynomials. 
He conjectured that picking three basic functions their polynomials were every
where dense in most cases.

The aim of this paper is to give one possible topological formulation for New
man’s conjecture and to prove it.

Let Sn denote the set of those «-tuples of functions from C(/)" whose polyno
mials are everywhere dense in C(I). With this notation we can state the following

Theorem. I f  n S 2 then S n is nowhere dense in C(/)'! and if  n ^ 3  then C(I)n\ S n 
is everywhere dense and of first category (i.e. the union of a countable family o f no
where dense sets).

We say that an «-tuple of functions ( / j ,  ...,/„) is separate if for each pair 
of points , tx, t2£l, there is a к with f k(t,)¥if k(t2). Geometrically this means 
that the curve produced by the «-tuple in R" does not intersect itself. Due to Stone—- 
Weierstrass theorem the set of all separate «-tuples is just S n.

The «-tuple of functions ( / j ,  ...,/„) is said to be simple provided that f k 
(1 ̂ k = n )  is piecewise linear and not constant on any subinterval. The range of a 
simple «-tuple is a polygonal line without any line segment parallel to some co
ordinate hyperplane. Conversely, such polygonal lines can be observed in this way. 
Denote by Pn the set of all simple «-tuples of continuous functions. Then

1. P" is everywhere dense in C(I)n.
2. C(I)n\ S n is everywhere dense in C(/)n.
3. For p£N let

i p = {(/i....../»)iC(/)": Bil5 t2(il, \h~h\  — ~ > fk(h) =  fk(h)’ 1 — Iе — и}-
Then Fp is closed in C(/)n.

4. P3C\S3 is everywhere dense in C(/)s.
Taking ( / 1 , / 2 ,/зК Р 3 and e>0 we choose the numbers 0 = ao< « 1< ... 

...<«„=1 so that \ fk( t f ) - fk(tf)\<e for ?i, a;] (1 ;ёкёЗ , 1 =aii=«). We
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can make a {glf g2,g 3)eP 3 such that (gi, g2, gditei-i, at]) does not intersect 
itself and the curve (gi, g2> £з)([яо> ai-i)) and it is in the sphere {x£R3: dist (x, Qt)< 
<2e} where Qi=(g1,g i ,g 3)(al)  ( l s i^ n ) .  Thus we have (&, g2, g3)€P 3ll S3 
and \gk—fc I-=4e (1 ^ k ^ 3 ) .  According to Statement 1 the proof is complete.

5. C(/)3\ S 3 is of first category in C(/)".
It is clear that C(I)3\ S 3= U {F3: p k N}. Since F3 is closed and C(/)3\F®z> 

Z2S30 P 3 is everywhere dense, F3 is nowhere dense. So C(I)3\ S 3 is the union of 
a countable family of nowhere dense sets.

6. If a simple pair of functions ( / i , / 2) produces a polygonal line having a 
point of selfintersection different from its endpoints then (Л ,Л К  int (CfT^X-S2).

7. S'2 is nowhere dense in C(/)2.
This is obtained from Statements 2 and 6.
Now we prove the main theorem. If и =  2 then by virtue of Statement 7, S 2 

is nowhere dense and since S 1X C (I)a  S 2, S 1 is nowhere dense. If n = 3 then 
according to Statement 6, C(I)3\ S 3 is of first category. It is obvious that for 
n> 3, C(I)n\ S n<^(C(I)3\ S 3)x C (I)n~3 and for this reason C(/)"\S" is of first 
category, too. C(F)n\ S n was stated to be everywhere dense in Statement 2.

Thus the theorem is proved.
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By
T. HERM ANN (Budapest)

1. Let S„ be the Szász—Mirakian operator, i.e.

s n[ / ; * ] =  2 f { —)p„,k(x)*=о \nJ
where

The operator

, 4 (nx)kPn,k(x) = e

k +  1

SnU;  x]= 2 n  f  f  (t) dt • pn k(x)

has been introduced by P. L. B utzer  [1]. It is known [4] that if /<£C[0, °°) and 
f(x )  = 0 (xax) then

lim Sn[/; x]= f(x )  ( O s ; i< »)
И—► oo

and if f£ L [0, °=) then [1]
lim \\S ;[f]-f\\Li = 0.П-+00

We can consider these operators as analogues of the Bernstein and Kantorovitch 
polynomials B„ and B* resp. on the interval [0, °°). It is known [6], [2] that

\\Bnl f ] - f \ \ , ^ K cco2\ f ;  -L-) ( fe c [ 0, 1])

and
\\B*„[f]-f\\L* ^  Kpco2 ( /; -L )  ( fO /[ 0,1], oo> p ^  i)

V \n)Lp
where the norms are the usual norms in C[0, 1] and Lp[0, 1] resp. and Kc, Kp are 
absolute constants.

As a matter of course, the question arises whether similar inequalities hold 
for the operators Sn and S*:

( 1) \\Sn[ f ] - f \ \ e ^ K c o [ f ; - ^
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where / с  C[0, =») has a finite modulus of continuity co(f; •), and

(2) IIs„* [/] - / I I L 1 s  к ;  J f ; - L )  (/€£[0, «));
V \n ) L

or rather what can we state about the rapidity of the convergence? We try to answer 
these questions in the following sections.

2. Denote by C0 the following class of continuous functions on [0, c«):1
C0 =  {/€C[0, °°)|sup \f(x+ S)—f(x)\ < + oo  for any ő >  0}.

I S O

Then /€ C 0 has modulus of continuity co(/; ö) on [0, °°) and

(3) .... Ш /Ь /И с  sup ——---- 7—  = +oo

А  £)
for all n. This is obvious from the following example. Let f m(x) = (m — x)+ where 
m is any natural number. Then co(fm;ő)=ö and using the Stirling-formula we 
obtain

\\Sn[fm] - f J c £  S„[fm; ) = Sn[fm; m] =

—nm k)(nm )k _nm/ ™ (nm)k ш!£1 (nm)k\
k=о ( и/ к! I k=o kl k=o k\ )

(nm)nm

Hence
— me

lim

(nm)!

\Sn[fm]-fm\\c

m
2nn

CO
(/mi i d

from where (3) follows.
In contrast to this fact we have

T h e o r e m  1. Let о (x)=----- — . Then
l + \'x

s u p m i h L m s 1
/€C0 ft»

for all n.
P r o o f . Evidently

(/ ;  In )

(4) 2  PnAx) = !. 2  vp»,kW = 2" { ~ - x) Рп,Лх) = — •t = 0 fc= 0  n fc=o \n  J n

1 This class of functions is not compact, i.e. <5-*0 does not necessarily imply ю (/;  <S)-*-0.
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Hence

IS„[f; x]-f(x)\ = Í  p„,k(x) - /(x ) j

=  2  Pn,k(x)\f{^-)-f(x)  s  J  рл>*(х)ю ( / ;
*=o I \ nJ  fc=o V П I/

Because cu (/; <5Л)^(1 + [А ])ю (/; <5) so

1*5»[/;  x ] - f ( x )I S  2  V n , Á x ) [ l + ] / n  - ^ - -x l lc u i / ;  =
*=o l и I; v

=  <o [ f \ - ] = \ \ i + Y n  2
V f/7.7 1 k=0 n J

From the Cauchy—Schwarz inequality

Hence

°o J.
2  -  k= 0 И

Q.e.d.

—x P n , k ( x ) ( . K M ' -
1/2

(*) =

\s„[f; x ] - m \  =  cu Í/; -L J(l + ]/x).

R em a r k . Let e(:c)sO any monotone increasing function tending to infinity. 
Then for the weight function

«-•<*)= eW

we have
sup
/€C0

1 + f x

1 Ш Л -/)<?*

W ifr; - l )1 У 77 /

=  + °°

for all и.
P r o o f . We prove more than what we stated. We give a function h£C0 suchthat

for all и. Let
sup |e*(*)(S„[fc; *]-M *))|

K (x)  =

0 if 0 ;= * ё  2m
x - 2 m if 2m ^  * ss 3 .2“ - 1
2m+1 — x if 3-2m~1S  x ^ 2 m+1
0 if 2m+1 ^  x  <  oo
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and let h(x)~ ^  hm(x). Obviously co(h;5) = ő so h6C0. For the sake of brevity
m =  1

we use the notation y —2m, then

\e 4 S n[h]-h)\\ s  Q*(y)\Snlh;y]-h(y)\ =  Q*(y)Sn[h; y],

\k
and

* * * * • -  ?  &-№=Ыг ,  i f -  2  f ) .
ny^k + 15? — n>’ пу̂ кШ — пу

= e nyy (ny)"y (.ny)ny3,2
(ny)!

( - 4 ) '

Applying again the Stirling-formula we obtain the existence of a constant c, >0 
so that

If y= 2m is large enough then there exists a c2> 0 so that

S„[h; у ] ^ с г] Д .
But

lim Q*(y)\S„[h\ y]-h (y)\ & lime(y) 
m~~°° y~~ 1 + vy

because e(y) is not bounded. Q.e.d.
3. Now let us consider the space L[0, °°). We prove that the situation is similar 

to the continuous case. Here the norm is the usual L[0, ») norm.
Lemma 1. I f

then

if t ~  s 
if t >■ s

I---
H S M - / J I  -  у  7

Proof. It is known [5] that jjS f — 1, thus

iî [ / j - / s1il s  \ \s:[fs - f j \ Ln s : [ f j - f j L+ u K- f j  -
—  2 II f si —/ « I I L  +  IIS „  [ / S2]  —/ „ H i .

Therefore
|llO T e] - / J i - » W j - / J b| S  2IIf n - f J L =  2|Sl- s 2|
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For this reason we may assume without loss of generality that n • s is an integer. 
Then we obtain

fc+X

IIS* Ш  - f s\\L= f  2  Р п , к ( Х ) П  f  f s ( t )d t  - f s (x)
0 k = °  k/n

dx =

= / 2  P n , k ( X ) ~ f s ( X )
k  =  0

л °° л ns—l
dx  =  I 2  Pn,k(x)dx+ j  2  Pn,k(x ) d x  =

0 k = ns s k = s

/ •* “  Л5-1 .  “ S
2  PnAx)d x +  2  I Pn,kix ) d x — I pn,k(x)dx\  =

о *="* Á=0 V  о

J °° Í ns — 1 j 5 ns — 1 \
=  f  2  Pn,k(x )d x  + \ 2  f  2  Pn,k(x )d x \  =

0 k  = ns \fc =  о И о k = 0 '

s °° 5 Г ns — 1 1 1* °°
=  /  2  p » ,ü W * +  /  U - 2  ^  = 2  f  2  Pn,k(x)dx  =У У L fc = 0 J У

Here we have utilized that
00  00

2  PnAx) =  1 and f  e
k =  0 0

With a short computation we get:
00 ^

2  /
. (M X )'

W fc =  ns +  l
2  (fe — ns)

~ r e - n x  ~ 
-<** = 2  2

(пх)'Г
fc =  ns У- —П l =  o /! Jo

(ns)k e~ns \ ^ (ns)“, . -  ns 2  k\ n L kf m k\

= -  (k — 0, 1,...). к ! n

у  (ns)1 
=k+i /!

(ns)'
к =  ns-f-1

se (ns)!'
I.e. we obtain with the help of the Stirling formula

I I W s] - / J l  =  2 s

Q.e.d.
C orollary .

sup
/£L(0

(ns)

11# [Л-/11;r- ̂  a

( \ n s

“ ) _  , / ж
! J* 7ГИ ’

= + oo.

In contrast to this phenomenon, as in the continuous case, the following theorem 
holds.
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Theorem 2. (i) Let q(x) = -—— . Then
1 +  fx

sup sup
n€ N /£L(О, со)

\\(s;if]- f ) Q h
- f -  o o .

(ii) I f  0 S £ ( ^ ) /o o  and Q * ( x ) =

l + yx
then

sup
fe n  o, <*>)

\ \ ( S * f - f ) e *
( r 1 'lr; —  fn )L

+

I.e. the weight function obtained is, in a certain sense, the best possible.
Proof. First we prove (i). Let g£L[0, °°) be differentiable and g' integrable, then

g(x) =  g(0)+ /  f x(t)g '(t)d t 
о

where f x(t) is the same as in Lemma 1. Thus

S * [ g ;  x]-g (x) = f  g'(t)[Sj[fx(t); x ] - fx(t)] dt)
0

Therefore

II(s?[g;  x ] - g ( x ) ) e W i | L s  / |g ' ( O M I ( s ; [ / , ( 0 ;  x ] - fx(t))e (x)\\Ldt.
0

Let us consider now
Rn(t) | | ( S * [ /* ( 0 ;  x ] - fx(t))q(x)\\l .

If we can show that i?„(í) = o í —L j independently of t then (i) can be proved as 
follows: \ \ n )

Let f n(x)= f / j x + ^ L j  dt. Obviously f'„{x) = \n  | / ( x + ^ L j - / ( x ) j  a.e., and

l l e ( W ] - / ) I L  ^  \ \ s : [ f - f n]8\\L + \ \ ( s ; [ f n\ - f „ ) Q \ \ L + \ \ ( f n- f ) Q \ \ L  ^

But
=  2 I I / - / J I  t + ! ! № , *  [ / „ ]  - / „ )  e  I I L .

I I / - -rJ1=/l/(/w+/(*+^))*|*s/7|/(*+^)-/w

= /< » (/; 7 ^ )  d t^ c o if;  -L )  .
Ó7  ̂ } 'п 'ц  \ f n ’L

dx dt =
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On the other hand, according to the above considerations

K Í W - M S  J \ f '( t ) \R n(t)dt = 0  f \ f ( t + ± ) - f ( t )  
о Vo I  ̂ i n '

Í (<P. 1 1 )

dt

and from this already (i) follows.
Consider then Rn(t). Except the points x = t we have f x(t)+ f(x) = 1 every

where, therefore

SO

K (t) = f  e(x)\S*[ft; x ] - f t{x)\dx.
0

According to Lemma 1, Rn(f)<cA  —. So if t^ 2  then R Jt)= ~ = . Assume) n |/„
now that t>  2. By the definition of g(x) (cf. the proof of Lemma 1)

' e "
* „< »  = л + / ,о l + V* k_^t k l  о 1 + yje LS( * !

(их)‘

The function e "* (их)4 . . . . .  . A:
ГА 1 л L ni
I—, °°| it is monotone increasing and decreasing, resp. By applying the proof of
Lemma 1 again, we obtain

attains its maximum at x ——, and in И and

2 ~ \  + f t  
As for / , , we get

' e nx „  (nx)k
2  тг~ dx — h i+ h i-

Ч2 1 „ - n x  , „ v \k

h  = 4  + . / * i  + & £ ,  Ы
n

Evidently (as t=*2):

2
By using Lemma 1 once more 

1
h i  —

i.e.

^ К + Ш Ч “ У £ ( С - ° Ш -

/
-nx ^ ( П*)А J y2e nx Z  -т-7- dx = -=— ■ . 

* A!
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Now we turn to the proof of (ii). Let

K(t) = IK W J--f,)e*\\L

and let t> l .  Then by the considerations used before,

K ( 0 =  f  e*(x) Z  Pn,k(x)dx= f  s(x-= e~nx Z ^ r r
t iLs t t 1 + Yx <Lat kl

n n

~nx (nx f

dx

■ ® / t + Vxi.~ kl
n

being e(i) monotone increasing. Obviously
\ k 1 2f

dx

f  e""* (их)* 1 f
!  l + r i i f ,  И 1 +  Г 5 /

—U  f

For the last integral we obtain
2t /_At

fc!

U —̂ t —̂ t

Л1'
2í

Here
П fc = 0^  (n í+ 1 -k )

A 0  — 2.nt Ttt(nt)k e (2nt)k drf
Й — г -

. BtL £ (n f)fc (иОМ ,, (nt)nt (nr)fe 1»/, = «-{(«/+!) 2 - - - n , 2  V i  = e 1 ("'+1> U t+ 2  Т Г Г

I fc=o к • fc=o к! J

"«-'■> -  c‘' (”'+»Щт ( 4 ! ) > ел 1 '  ‘k i  <2'",‘fc! •

By omitting the last two terms we obtain

Л Л = c3r  ̂  ̂j j —y  = c41/"— (C3> C4 > 0).
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Therefore

Thus

Д„*(0ёе(0
M/f
1 + )'21

e(0
\n

where c5 =» 0.

\ \ (SZf-f t)o*\\L
c 5 s ( t ) ,

and here в(t) tends to infinity as t —°=. Q.e.d.
Remark. It is an open question whether the relations

\\Sn[ f ) 4 \ \ c ^ K e(f)co [ f - -pr] (/€C [0, °°) and bounded) 
V \n>

and

\ \ s ; [ f ] - f \ \L S К^Лсо (/; -L) (/€L[0 , -))

hold where Kc( f )  and K f f )  are constants depending only on /.
4. In this section we give a Voronovskaya-type theorem for S *: 
T heorem 3. I f  / 6 C ä[0, °°) a n d  f ( x ) ~ 0 ( x 7 X )  ( x  -  a > 0 )  rAerc

*]-/(* )) = у (*/'(*))' (0 S x < + o o ).

To prove this theorem we need the following
Lemma 2. L e t  /€ C [0 , °°) a n d  f { x )  =  0 { x x x )  (x — =>, a > 0 )  t h e n

№+i )/n
2” PuW" f  f ( t ) d t  =  0 ( e - yn)  (y>0)

*/n

w h e r e  у  d e p e n d s  o n  f ,  x  a n d  5 .

Proof of the Lemma.

2  =  1 + 2  = s l + s 2.
--x^ö  x-->d

I n I n n

As /€C [0, °o) so there exists M  =  M ( f ,  x , <5) such that

|/(0I S  M  if t  S  x —<5.
Hence

s 2^ M  2  Pn,Ax)-
k
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According to a theorem of Hardy [3, p. 200]

Sa =  0 ( e-V )  (7 l> 0 )
because

х - ő  log——-  <  Ő. x —<5
As f i x )  = О (xxx), we get

( k + l ) I n  /  / 1 1  \*(И-1)/иЛ
o ^  2  p„,k(x)n f  t°*dt) = Pn,k(x ) { —^ - ) у

— >JC-f Ő

Let us introduce the notation
, . f f e + n

a k  =  P n , k ( x ) { — — )

a(fc +  l) /n

Then by —> x + d we get n

л к - 1

k+1 k к"I « L ( ,  1Y‘+ioe*+1lI nx —\ -== __g n
~  к

n n 8 „ J _  H  
к

e* Г 8!.1 +log „ J

\ c ik+ l
\ia/n
1 -= "* \ 2ekT  (2 „W. X

[C\ n JJ “  к 1 n J ”  (2e) f Ä

II_ŝ1iH. . 1 .

< (2e)a!n-—

кVII11
* i

if w is large enough. Hence

Si =  0 (  2  at) = 0
k > n ( x  +  ő)

X + 2

1
P n , n ( x + S )  W  x

<5A + y

= 0 (р я,ви+4)(дс)).

So by the above mentioned theorem of Hardy

Sj = 0 (e_y2 B).
Q.e.d.

Proof of Theorem 3. By the Taylor formula

f i t ) - f i x )  = i t ~ x )f'(x )  + ix) + n if, t ,  X )

where for arbitrary e>0, A>0  there exists <5>0 suchthat

(5) \riif, t ,  x)\ ^  E if I#—x| S  <5, x S A .
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With an easy computation we obtain:

(6) S ÍK t-x );  x] = ~  and S„*[(/-x)2; *] =  -  + A  Zn n in*
so

+ 2  p*,k(x*= 0

We have to prove that lim Rn=0.

R* — (n 2  +  n 2  ) — l +  Rn, 2
I к i I k i
------x  I ̂ <5 ------ x  ><5
n I n  j

It follows from (5) and (6)
(к+Х)/в

■x = -á  kl"
f t

By assumption, the order of the function in square brackets is 0(í") and according 
to our Lemma 2

for certain y^-0. Thus lim \R„\^ex, but s was arbitrarily chosen so lim Rn=0. 
Q.e.d.
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ON POLYNOMIALS WITH INTEGER COEFFICIENTS 
AND GIVEN DISCRIMINANT. V 

P-ADIC GENERALIZATIONS
By

K. GYŐRY (Debrecen)

Dedicated with deepest respect to the memory o f  my teacher Professor P. Túrán

1. Introduction

In this paper we continue our investigations on polynomials of given discrimi
nant and give p-adic generalizations of some of our results obtained in [5], [6], [7], 
[8] and [9].

Let L be an algebraic number field of degree « s i  with ring of integers Z L. 
Denote by hL and D, the class number and the absolute value of the discriminant 
of L, respectively. If / € ZL[x] and f* (x )= f(x  + a) with an a£ZL, then for their 
discriminants D (f)= D (f* )  holds. Such polynomials/ , / * £ Z L[x] will be called Z L- 
equivalent.

As a generalization of some results obtained in [5], [6] and [7] we have proved 
in [9] that for any monic polynomial f£ Z L[x] of degree /cs3  with discriminant 
D (f)  = ő9^0, \NL/Q(S)\^d, there is a polynomial /*  ZL-equivalent to /  such that1

(1) I7 Í  < [Тр да - exp {(5nk3f°"k3 ((d D if2 (log dDL)nkf  “1)(1 ~2)}.

Consequently, there are only finitely many pairwise ZL non-equivalent monic poly
nomials f ( Z L[x\ with given degree and given discriminant S^O  and such a system 
of polynomials is effectively determinable. In the special case L =Q  this was first 
proved in [5].

In this section we investigate the monic polynomials with integer coefficients 
in L whose discriminants are divisible only by finitely many fixed prime ideals of L.

Let p j, ..., ps be distinct prime ideals of L lying above rational primes not 
exceeding Р(ш2). Throughout this paper, S  will denote the multiplicative semigroup 
of all the integers of L  which are not divisible by any prime ideal different from 
pls ..., ps. S obviously contains the group UL of units of L.

T heorem  1. Let L, S be as above and let ő be a non-zero integer in L with 
\NLiQ{ő)\=d (d^J). I f  / £ Z L[x] is a monic polynomial with degree 3 and dis
criminant D (f)ZSS, then it is ZL-equivalent to a polynomial o f the form qkf*(ri~1x), 
where q£S, f*Z  ZL[x] and

(2) j /4  <  exp {q [c2 (s + l)c* ((Dl d1,k P<-s+1'> ")3/2 (5skn log DL d/>)"+1)C3]SC3+4}

1 As usual, |F| denotes the maximum of the absolute values of the conjugates of the coeffici
ents of a polynomial F(x) with algebraic coefficients.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 197S



176 К. GYŐRY

with effectively computable positive constants c3=k(k — l) ( k —2), cl = c1(n,k), 
c2=c2(n, к) and a positive absolute constant c*.-

The proof of Theorem 1 easily implies that our theorem is true for k —2 with

(20 17*1 <  exp{c13sn2D2LdP4n+1>(log DLdP)3"“2}
instead of (2). In what follows we shall state all the consequences only for k ^ 3, 
but in view of (2') they remain obviously valid for к =2 too with other estimates.

Put p ^ = (n t) for As will be shown in the proof, rj may be chosen
in the form with suitable UL and non-negative rational integers
wlt ..., ws.

All results of this paper remain valid for s= 0 (when S —UL), thus they can 
be regarded as generalizations of some of our theorems obtained in the case x=0 
(see [5], [6], [7], [9]). However, in case s=0 Part IV contains slightly sharper esti
mates with explicit constants c.

C orollary  1. Let L, S, S be as in Theorem 1 and let f(x )= x k+а^хк~у -\-... 
... + ak£ZL[x] with degree k ^ 3 .  Suppose that for a fixed i, 2S i^ k ,  ai = öixi 
with non-zero 8t , a ffZ L, where \NLiQ(6i) \^ d i, аг has at most t distinct prime 
ideal factors with norms =Pt, Pt = 2, and f <k~i)(x) has at least two distinct zeros. I f  
D (f)^3 S  and N ((D (f ), a;))si A/;, Л/,^3, then there exists a unit s in L such 
that the polynomial f*(x)= ekf(e ~ 1x ) satisfies

(3) \T \ <  exp {c4(c5(s + t+  l))c*<‘2' +'l3s,(Pr(log Л)')** log (dj M;)(log log d f i f  •
• ((Z)| d1,k P(-s+2)")3/2 (5stn log Dl d)2")C3 (SC3+4)},

where c3= k(k — l)(k — 2), c4 and c5 are effectively computable positive constants 
depending only on n and к and c* denotes the absolute constant occurring in Theo
rem 1.

It is easy to  verify that the conditions concerning i and f (k ~l> are necessary. 
In proving our theorems we employ some recent estimates for linear forms 

in the logarithms of algebraic numbers [2], [17], [18]. I would like to thank Professors 
A. Baker, A. J. van der Poorten and R. Tijdeman for kindly permitting me to make 
use of preprints of their papers [3], [19] and [18].

In Section 2 we give some applications of Theorem 1 and Corollary 1 to algebraic 
numbers. Further applications will be given in Part VI and in a joint paper with 
Z. Z. Papp [10].

2. Applications to algebraic integers

Before stating our theorems on algebraic integers, we establish our notation 
and recall some standard definitions.

We denote by |a| the maximum of the absolute values of the conjugates of

2 As we shall see, c*=max {c2*, c4*} with the effectively computable positive absolute con
stants c2*, cT  which occur in Theorems A  and B.

Added in proo f (August 9, 1978). Replacing Theorems A and В by Theorem 3 of [18] and 
Theorem 4 of [17], we can get, throughout this paper, slightly better estimates and we may choose 
c* — 30.
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an algebraic number a. For an algebraic number a of degree к ё 2  over L, 
DL(ayl (a) and NL(X)/L(a), or, more briefly, D(a) and N(a) will denote the relative 
discriminant and the relative norm of a with respect to the extension L(cc)/L. If a 
is an integer and its minimal polynomial over L is / £ Z L[x], then we have D(oc)=
= £)(/), N(a)=±f(0), 1У1 =(2|a|)k and \x \^ k \ f \ .

We say that the algebraic integers a and a* are ZL-equivalent if a — a*£Zt . 
In this case their minimal polynomials over L are also ZL-equivalent. Consequently, 
Theorem 1 and Corollary 1 easily imply Theorems 2 and 3.

T heorem  2. Let L, S, d be as in Theorem 1 and let a be an algebraic integer 
with degree k ^ 3  and discriminant D(y.)£őS over L. Then a is Z L-equivalent to an 
integer o f the form rja*, where rj£S and a* is an algebraic integer satisfying

(4) Щ  <  к exp {Cl [c2(s + 1Y *((Dl dl>kP ( ^ l> y / \ 5 skn log DLdP)n+1)C3]SC3+4}
with the constants c3 = k (k —\)(k — 2), c ,, c2 and c* occurring in Theorem 1.

If in Theorem 2 we restrict ourselves to the integers a of a fixed algebraic num
ber field К of degree 3 over L, then, writing Dk=\Dk/q\, from (51) we get 
for a* that

(4')_
|a*| <  exp (c6D f2 Plnc> [c7 (s +1 )c* (log PY(Df2k(log + 4 log d(log log d)2}

with the above c3 and c* and with effectively computable c6, c7=>0 which depend 
only on n and k.

In the special case s=0 we have obtained in [9] a slightly sharper estimate for 
|oc*| with explicit constants c.

An easy corollary of Theorem 2 is that up to the obvious multiplications by 
elements of S and the translations by integers of L, there are only finitely many 
algebraic integers with given degree к  and discriminant D (y)főS  over L and they 
can be effectively determined. We note that this result can be deduced, in an ineffec
tive form, from an ineffective theorem of B. J. B irc h  and J. R. M e r r im a n  [4] on 
binary forms and from the finiteness of the number of solutions of the generalized 
Thue—Mahler equation ([16], [12], [13]).

Consider now Theorem 2 in the special case when L = Q.
C orollary  2. Let d be a non-zero rational integer and let px, . . . ,p s be rational 

primes not exceeding P. Let a be an algebraic integer o f degree k ^  3 with discrimi
nant D(a) = dpxl...puss. Then a is /-^-equivalent to an integer o f the form р ^ .- .р ”3 a.*, 
where a* is an algebraic integer such that
(5) 15*1 <  exp {c8 [c,(s + l)c* ((|<i|1/fc Ps+x)312(5sk log 2 \d\ P)2)^]sc3+4}
with c3 = k(k — \)(k — 2) and effectively computable positive constants c8, c9 depending 
only on k.

Since the proofs of the present paper were completed, a very recent paper [23] of 
L. A . T relina  appeared, in which she proves two interesting theorems similar to the 
special cases |d| = |A| =  1 of our Corollaries 2 and 3. The estimates in [23] are weaker 
than (5) and (7) in the case |d| =  |iY| =  l, but the exponents of s are explicitly deter-
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mined. In [21] the proofs depend on a theorem of S. V. Kotov [13] on the gen
eralized Thue—Mahler equation (see also S. V. K otov and V. G. Sprindzuk [12]). 

An immediate consequence of Corollary 1 is the following
Theorem 3. Let L, S, <5 be as in Theorem 1 and let a be an algebraic integer 

with degree k s 3 and discriminant D(d)£öS over L. Suppose that the relative norm 
N( a) o f a. over L is o f  the form N(oc) — S • a, where |A7L/Q(5)|s7V and a has at most 
t distinct prime ideal factors in L with norms S ß ,  ß s  2. IfN((D(ix), N M s3 ,
then there exists a unit s in L such that

(6) |äej < к exp{c4(c5(s-M+ l))'l!c*(,!S+()((2"(log 0 ')* 2log ЖЛ/(log log NM)2 •
• ((Z>| dllkP<-s+2> n)3/2 (5sk" log Dl d f n)C3 (SC3+4)} 

with the constants c3 = k ( k —\)(k — 2), c4, c5 and c* occurring in Corollary 1.
In the special case £ —Q Theorem 3 yields
Corollary 3. Let d, N be given non-zero rational integers and let px, ...,p s, 

qx, . . . ,q ,  be fixed rational primes with max {p,}^P and max {<7 }^Q ,Q  a 2. Let
a be an algebraic integer o f degree к S 3  such that

£>(a) = dp“'...Ps‘ and N(a) =  Nql1... qt‘
with non-negative rational integers иг, us, vx, ..., vt. I f  \{D(a), q{x...qvd)\-^M, 
M s 3, then

(7) H <  exp {c10(cn (s + /+  i))*^*(*>+<)(g(log Q )Jk log |JVAf | (log log|7VM|)2 •
• ((|i/|1/Ä/>s+2)3/2(5sk log 2 |d|)2)C3(sC3 + 4>},

where c3—k(k — l)(k — 2) and c10, cu  are effectively computable positive constants 
depending only on k.

We note that in our theorems and their corollaries s^nn(P)^cnP/log P and 
t^nn(Q)ScnQ/log Q hold with an effectively computable positive absolute 
constant c.

The special case t= 0  of Theorem 3 is of particular interest.
Corollary 4. Let L, S, ö be defined as in Theorem 1 and let a be an algebraic 

integer with degree k s 3 and discriminant D(d)£őS over L. Suppose that 
\Nq (а,)/о(а)[^  A, N s  3. Then there exists a unit e in L  such that

(8) H  <

< exp |c](cs(s+ i))e**Ss log N (log log N )2[(Dld1,k P is+2)n)3/2(5skn\ogDLd)2n)C3̂SC3+i)}
with the constants c3 = k (k  — \){k — 2), cb and c* occurring in Theorem 3 and with an 
effectively computable cf =  c'fin, k).

In virtue of s^cnP/log P, Corollary 4 implies
Corollary 5. Let q  be an algebraic unit with degree k s 3 and discriminant 

D(q) over L and suppose that D(o) has s distinct prime ideal factors in L. There is a
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unit e in L such that the greatest N(p) of the norms of the prime ideals p dividing 
D(q) satisfies

s2 log N(p) >  c12 log log Iee|
and

N(p) >  c13(log log |ee| log log log |ee|)1/2

provided that !fi/| > c14 for any unit where c12, c13>0 and cu  are effectively
computable constants depending only on k, n and DL.

If q  lies in a fixed extension К of L with relative degree we can derive
from (4') sharper estimates for i 2logN(p) and N(p) with constants c12, c13 and 
c14 depending on k, n, DL and DK.

In particular, if q  is a unit of degree k ^ 3  over Q, and D(o) has s distinct 
prime factors the maximum of which is P, then by Corollary 5 we have

and
s2log/>>  c15 log log |e| 

p>~ c16(iogiog|e|iogiogiog|e|)1/2

provided that |e|=*c17, where c15, c16, c17 denote effectively computable positive 
constants depending only on k. In view of |Z>(e)|s(2|e|)fe(t:' ' 1) this allows us to 
get some information about the arithmetical structure of those rational integers 
which are discriminants of algebraic units.

C orollary 6 . Let D be a rational integer with s distinct prime factors and 
greatest prime factor P. I f  there exists an algebraic unit with degree кшЪ and dis
criminant D (over Q), then

s2 log P >  c18 log log \D\

provided that \D\ = c19, where cis, c19 are effectively computable positive constants 
which depend only on k.

In the general case Corollary 5 provides a similar consequence.
Consider again a number field L with the above parameters. Take an extension 

К/L of degree k ^  3. If a£ZK is a primitive element of К/L, then the principal 
ideal generated by DK/I (ot) may be written in the form

(DK/L(a)) = J 2(<x) •Dr/l

with a suitable non-zero integral ideal J ( i)  of L. ■J(ot)=JK/L(tx) is called the index 
of a with respect to K/L.

Suppose now that the relative discriminant DK/L is principal and that h, is 
odd. Then К/L has a relative integral basis (see e.g. [15]) and SK/L(«) is also principal, 
say Л/г.(а) = (4д.(а)) with some IK/L(a)eZL.

Under the above assumptions the theorems and corollaries of this section can 
be stated for indices of algebraic integers in place of their discriminants. For example, 
an immediate consequence of Theorem 2 and (4') is the following
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C orollary  7. Let L, S, ő, К  be as above, and let a be an integer in К  with 
JKjL(a)^0S. Then a is ZL-equivalent to a number of the form щ*, where t]dS and a* 
is an algebraic integer satisfying

|ö i <  exp {4с6Л}/2 P2nCi [c70 +  l)c* (log P)-(DYZK (log DK)")C:i]SC3 + 4 •
• log <(ЛГ(Т>к/ь)(1оё log dN(DK/L) f}

with the constants c3 = k (k —\)(k~ 2), c6, c7 and c* occurring in (4').
By using Theorem 2 and (4') one can easily generalize Corollary 7 to any K/L.

3. Auxiliary results

Throughout this section M denotes an algebraic number field of degree m 
with гг real and 2r2 complex conjugate fields. Let DM denote the absolute value 
of the discriminant of M, RM its regulator and hM its class number.

The proofs of our theorems depend on the following powerful results of A. B ak er  
[2] and A. J. v a n  der  P oorten  [17].

Let «j, ...,oe, be non-zero elements in M  with heights at most Ax, . . . ,A X 
(all А у ё 3), resp. Write

Q' =  log Ax... log Л,_15 Q = Q '\ogAl.
Further denote by Ьг, ... ,b t rational integers with absolute values at most В (^2), 
and write for brevity A ^af1...a?' — 1.

Theorem A (A. Baker [2]). I f  Л^О, then

\A \ >  exp {— (с* lm)c*‘Q log Q' log B}, 
where c] and c\ are effectively computable positive absolute constants.

In fact this theorem is stated in [2] for linear forms in the logarithms of algebraic 
numbers, but it is easy to see that Theorem A is a consequence of Baker’s theorem 
(see e.g. [19]).

We remark that in [2] the constants corresponding to cf and cl are explicitly 
determined. Recently, these constants have been further diminished by A. J. v a n  der  
P oorten  and J. H. L oxton  [18].

Let p be a prime ideal in M  lying above a prime p.
T heorem  В (A. J. v a n  d e r  P oorten  [17]). I f  ordp /1 < then

n2m
ord, A <  (ej lm )* -f—  Q (log B)\

where cl and cl are effectively computable positive absolute constants.
As usual, for an i/£M we denote by r)w , . . . , f n) the real conjugates of rj 

and by >/<ri+1), ..., ^<ri+,2> the complex conjugates of f ri+r* + 1\  ..., tj<ri+ari \  res
pectively . Put r=r1 + r2— 1.
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In the proof of Theorem 1 we need the following two lemmas.
L em m a C. Suppose r S l .  There exist independent units 17,, , rjr in Msuch that

Г ___
П  max (1, log |i/j |) <  c20Rm
j=1

and the elements of the inverse matrix o f the matrix (log \= i, j= r , do not
exceed c21 in absolute value, where c20 and c21 denote effectively computable positive 
constants depending only on m.

This important result follows from the work [20] of C. L. S iegel  (see
H. M. St a r k  [21]).

We note that by a well known theorem of E. La n d a u  [14]

(9) Rm К  <  <'22D]!f (log DM)m- 1 (m S  2)
holds with an effectively computable constant c22 which depends only on m. An 
explicit form for c22 is given in Siegel [20].

Let r\k, r j ,  be units in M with the property given in Lemma C and denote 
by U the multiplicative group generated by them. If r= 0, let C/={1). Using a 
well known argument (see Baker [1]), from Lemma C one can easily deduce the 
following

Lem m a  D . I f  0 is a non-zero integer in M, then there exists an t]^U such that

|Л<м/о(0 )]1/ш• ет2сгоКм 

with the above constant <*20 (<'2 0 = 1  i f  Г= 0 ).

Put
4. Proof of Theorem 1

f(x) = ( x - x f . . . ( x - o ik),

where , ...,<xk are distinct algebraic integers. By assumption

(10) (£ ( /) )  = ( П  ( a , - a  i)2) = (á)pí1- .p “»l^i< jsk

holds with non-negative rational integers щ ,... ,и &. Write m;=/ il 0 ^r , < hL 
and p?l =  (л() with jr;€ZL for i= l , . . . , s .  Then we have

(11) П  (ctj- a;)2 = £d'nvf  ...nvs‘

with a unit £ and an integer 6' of L such that (á,) = ((5)p[1...p(s and |А^/е ((Т)| = 
zsdPm<hi-~1). By Lemma D we may suppose that

max(|л,|) < exp{c23(RL + hL\ogP)}

|<5'| <  exp{c23(ÄL +  lo g d + s /iLlo g P )} ,

( 12)

and
(13)
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where c23, like c24, c2B, ... , denote effectively computable positive constants depend
ing only on n and k.

Choose any three from a4, . . . ,a fc. Suppose, for convenience, that these are 
al5 a2 and a3. Let M=L(<x1, a2, a3). Then m = [M: Q ]Snk(k — l)(k —2). Denote 
by 234, ...,93, all the distinct prime ideals of M  lying above p4...ps. Obviously 
t^m s/n . Applying the unique factorization theorem to (10), we get

(14) (a,—a,) =  1 =§ Í s  3,
where JJ bL|(<5) and the UlH are non-negative integers. Put Сог=/гммог+гог,

lSi«j'S3
where hM is the class number of M/Q and 0S rtJi< hM for /=  1, ..., t. Write 

= (/!,). Then (14) implies

(15) olj- щ =  ejiö jifö* ... ßut“\  1 = I <./ = 3,
where are units in M  and (<5уг) =  Ьуг SBjo1... in view of Lemma D we may
suppose
(16) max(|)?,|) -= exp {c2i(RM + hM log P)} 
and
(17) exp{c2B (PM+ log d +  thM log P)},

R M being the regulator of M/Q.
Put a,= min ^utJi and и'1Я = utji—a, for lS i< y ^ 3  and /=1, Sup

pose, for convenience, that U— max u'Ui=u'121 and u'vn=0. Denote by r the
1S(-=JS3

free rank of the group of units in M. If r> 0 , let ..., t\r be units with the property 
given in Lemma C. By Lemma D we may write

£2i/e3i =  e'2invil21---4rril, £зг/езг = £32»/il>i-..^"3*,

where pVi, ..., vrji are rational integers and |e21|, |e32| are bounded above by 
exp {c26Rm}. Put e31 = l and 0'-г=е'-г• дп , lS /< /^ 3 .  Then  ̂ m a x _ a l s o  
satisfies (17) with a constant c27 in place of c25. Consequently we have

(18) <Zj-<Xi = <тул, 1 — i ^  j  — 3, 
where
(19) a = e3ißll...ßatc and yy,=  6'jirili‘i...rfr̂ ß'i^...ß't't“ 

for lS i< y S 3  and Pi3i = 0 for each l ^ l s t .  From

(20) (ot2 -  oq) +  (a3 -  a2) =  (a3 -  a,) 
it follows that
(21) У21+Уз2 =Уз1 , 
whence

(22) A = ^ ~  l = - l 2 1 # 0 .
Vei У 3i
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We are going to derive an upper bound for H =max (U, V), where К = тах(|п /Л|). 
We have ' ,”M
(23) ordSl A £  hM U -  (hM + m log d).
Further we obtain from (19) and (22) the equality

A =  ^  •• /ff*’1-"'*1 — 1 •3̂1
Let us apply now Theorem В with ©x. Since

Q < RM(RM + hM log Py(RM + \ogd + thM log P) = 7\ 
by (16), (17) and Lemma C, we get by Theorem В that

p2m
(24) ordВ1Л <  (с29(Г+1))^('+' +1) —  .TiQ ogH y.
(23) and (24) imply
(25)

p2m
U <  e30(c31 (t +1 ))c*' 7\ RM (7?M + hM log P)' (RM + log d+ thM log P) (log H )2 = T2

where ct denotes the effectively computable absolute constant occurring in Theo
rem B.

We shall prove
(26) H  <  c32(c33(t +1)У*1 P2m(log P)(RM + hM log Р Г 2log2(RM + hMlog P) -

• log d (log log d)2 = T3,
where c* = max (c2, c\) with the effectively computable positive absolute constant 
4  appearing in Theorem A. If V ^U , we obtain immediately (26) from (25). Con
sequently we may suppose that U<V—H. Suppose, for convenience, that V=\v121\.
(19) implies

I’m  log \riia)\ + ... + vr21 log Ii?<a)] =  log |уЙ)|—log \ő&a)\ - 2  Pin log \ßia)\
I

for any conjugate with a = 1, ..., r, where the conjugates are ordered in the usual 
manner. Suppose that the right sides attain their maximum in absolute value for 
a=J, By Lemma C we get

(27) Ksi cM{| log №11 + 1 log \ő ^ \ \+ 2 P m  I log |№l|}- 
Thus from (16), (17), (25) and (27) it follows that

I log № |I  >  c35V -c 3eT2{RM + hM log P}.
But we have

log ITVa,/Q(y21)I =  log!7Vm/Q(<52i)| + 2  Pin log |^M/Q0?i)| S  c37hM T2 log P.
I

Hence we obtain for some 1
log № 1 S  - c 33V+c39T2{RM + hM\og P}
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with suitable c38, c39>0. Further it is easy to see that

- lo g  b4?>| ^  c40log |y31| ё  c41r 2{/?M + /iMlog P}
which implies

log И<®>| -  log ^ - c 3eV+c42T2{RM + hMlogP}.
/ 3 1

We may suppose 

(28) c42T2{RM + hMlog P) <  2  V,

because otherwise we get immediately (26). Consequently

(29)
Applying now Theorem A to

log |Л(»>| < H.

we obtain

(30) log |Л(9)1 ^ - ^ ( ^ ( r + l ^ '^ l o g i Ä M  + ftMlog P) log H

with the constant c2 appearing in Theorem A. From (29) and (30) we get again (26). 
Thus, using (16), (17), (26) and Lemma C, from (19) we obtain

for any lS /c y S 3 .
Using throughout this paper the splitting field M=L(<x4, ..., otk) o f /  instead 

of M =L(a4, a2, a3), we should obtain an estimate for |/* | in which RM, hM and 
m (^nkl)  occur. Since we want to deduce Theorem 2 from Theorem 1, we shall 
derive an upper bound for |/* | with other parameters. For this reason we need 
the following notation. Let M ~ L { af) with degree w;=[A/:Q] for 
Denote by DM. and DM the absolute values of the discriminants of M { and M  respec
tively. Put D = m axD Mj and let D = 2 if L(ax, ..., at) = Q. Then we have (see

Thus (9) and (32) imply

(33) Г4<  c46i>2"C3[c47(s+ l)c*(logP)2(ű3/24logT))n)C8]5C3+3logd(loglogd)a =  T5

where c3= k {k ~ \)(k  — 2).
If 3, we obtain in a similar manner that for any 3 - c j^ k

(31 ) log \Ул\ <  c45(t+ \)(R M + hMlog P)T3 = T4

H. M. Stark [22]) 

(32)

a2 -  a4 =  <Tj y 2i j , a} -  a2 =  C j y j 2 , ccj- a 4 =  а} уn
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holds, aJ, y21j, y'j2, y'n  being integers in Ц л1, я2, я}) with the property y21;-j, |y'-2|, \y'n \ < 
<exp {c^Tg}. Since cry21=<Tjy21J, we get

=  <ryn

for j= 2 , . . . , k  with yn  = у21 y'jijyzij if ,/>3. This implies a.j —a.i=oyji for any 
1 = where Уц — Уц — уп for i s 2. Since — x;, y21j-, y21i are integers
and |y21j-|, IV2iil<exP {r'48Tr), there are rational integers 0 ^ а / ё a, such that 
ßi1- -ßt, yji=Qji are also integers and
(34) li^ | <  exp [ci9 (s +1) Tg (log P) D(3/2) (k 2) (log D)nk (*- iH*- 2) - i j

for any l ^ i c j ^ k .  Further, with the notation 6 г= а ,—ai(^O), £31= 6! we have

(35) <Xj- a; = e1ßl1...ßt'Qji, 1 S  i <  j  s  k.

Thus we may write (11) in the form

(36) е8'1ф...1& = (*!№:■ П Qn-l^i< j^k

Let 1 r^ l^s  be a fixed subscript. Let © denote an arbitrary prime ideal divid
ing (щ) in G = L(al , ..., y.k), ordjj яг=е, does not depend on the choice of ©. 
© divides only one of ßt , ..., ßt, say ©[(/?,). Let d, be the greatest rational integer 
for which
(37) min{vte, + ord®S' — ord® ( [J gJJ, vte,} S  k (k— 1)d,et

1 SicjSfc
holds for any ©|(л;). Since (36) implies

(38) k ( k - l ) b qOTd!sßq = ti, e,+ ordB У - orda ( J] д%), 

hence dt^0 . By definition of dl there is а ©|(лг) such that

(39) k(k  — l)(d ,+ l)e ,>  min{i;;e;-l-ord® <5' — ord®( JJ 

But (34) and (13) imply for each ©|(лг)

°rd® ( 7 / g%) <  c5o log T6
l^i< j^k

and

Q%), v,e,}.

ord®(5'< c51 log T6. 

Therefore from (37) and (39) we get

(40) 0 ^  vlel — k{k— 1)с(,ег <  c52lo g r6

and this together with (37) and (38) give

(41) 0 ^  bq o rd ® # ,-^ ,  <  cä3lo g r6.

(40) and (41) are obviously valid for each l, and for every prime ideal ©|(яг).
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Choose now £ so that ß\1...ß b1,=n{1...nd’t; holds. By (41) £ is an integer in 
the above number field M. There is a unit e2£M and an integer c' such that
£=ea£' and
(42) |£'| <  exp {c54(s+ l) lo g P lo g re}.
In (36) e can be written in the form e=ri1ri2ik~1\  where and r\2 are units in L and

(43) foil <exp{c55JRL}.
Finally from (36) we obtain that

(e1£2'72-1)*(‘ - 1) =  Ъ 6 ' { П  П  в % } ~ \
1 1=1 > l s i - c j s k

whence, by virtue of (43), (13), (12), (40), (42) and (34), for £3=s1s2rj2 1 we get

Ы  <  exp {c56(s+ l)(RL + hL\og P) logTe}.

This yields with Xj~83̂ 'Qn
(44) ctj-ct. = c1ßb\ . .  ßb‘Qji = Г12л(1...пр Xji

for any l ^ i c j ^ k .  Writing xu=0, xk+ ... + ock=a1 and xu + ...+ xki= — 9t, from
(44) it follows that
(45) ka( =  + q2 nj1... nd5 St

for i= l,  where a ^ Z L and

(46) |£»;| <  exp{c57(s + l) (^ L+/!Llog F)log Т6} = T7, i - l , . . . , k .

From (45) we get
(47) rj2n{1... ni’&f = — űj (mod k)

for i—\ , . . . , k .  If (k, n1...ns) = l, then there is an a»f'ZL suchthat

(48) St = a2 (mod k)

for every i, l ^ i ^ k .  Suppose now that, say, ях, ..., я,, /s í , are not relatively 
prime to k. Consider the ideal decomposition (к)=Лх-Л 2 in G = L(<x1, ..., ak) 
such that (9IX, iz1...ns)= l and Л2 is divisible exactly by those prime ideals which 
lie above л1... щ. If for some l ^ / s /  and c58>0, d j^ c 68 holds, then we may 
take S't = ndf  in place of St for each i, l ^ i ^ k ,  where |3-| is bounded above
by T,59. In this case we can eliminate яj from (47). Thus we may assume that in 
(47) dj>cm for any j, 1 =_/=/, and for a suitable c60>0. Choose now c60 and d-, 
j= l ,  I, with the properties d<^ceo, ndK..nd, = z = 0 (mod 3l2)and т = 1 (mod Лх). 
For S'i =Sini1... nd‘ we obtain by (47) that

and
Si = a3 =  a3x (mod 5JIX)

Si = 0 =  a3T (mod Л 2), i = 1, ..., k,
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with an a3€ ZL. From this we get, similarly to (48)
3j = a Зт (mod A)

for i = l , . . . , k  with a3TdZL.
There exists an integral basis 1, w2,...,co„ in L  for which max(|a)f|)<  

^ c 61D(Ln2- ^ /2 holds (see e.g. [6]). Representing a3x in such a basis, it is easy to see 
that there is an a4f Zt  congruent to a3 т (mod A:) such that |ű4|< c fi2Z)̂ ,2_1)/2. 
Write 9 [ = a i + k y i for i = l , . . . , k ,  d j —dj =Wj  for j  =  l, I and d — Wj for 
_/>/. Then y, are integers for any i and

(49) max (|y-|) <  Tf*3.i
Finally, from (45) it follows that for any i

(50) a, =  a+ti27t?1...n?‘yi

with an integer a and a unit i?2 of L.
Take now the polynomial

/* (* )=  П (x-vd&dx)-
i =  1

Putting ^аяр...я*«=»;, t] belongs obviously to 5 and x) is ZL-equivalent
to /. Further we have

(51) I r í  <  <

<  exp {c65Т>1/2Р2"Сз [c66 (s + 1У* (log p y  (D3l2k(logD)n)C3]sc*+4 log d(log log d)2} 

by (49), (46), (34) and (33).
In order to prove (2) it suffices now to estimate D from above by P, D ,, d, n, к 

and s.
If D = Dl , that is Mi = L(txi) = L for each l^ j'^A , then (2) immediately 

follows from (51).
Suppose now that D =D V. for some Mi=L(xi) ^ L .  Denote by f 6ZL[x] 

that irreducible monic polynomial for which f (a,)=0. Then f \ f  over Z£. The 
relative discriminant DM./L lies above DM./L((xi) and by (10)

(52) ( V W )  =  (D(fi))\{D(f)) -  0 )p i‘...p.**.

Further for any j  N(pj)=pJy  holds with a rational prime pj. Thus we get

(53) D = DMt= Nl/Q(DMíIL)DÍm‘ li \DÍNl/Q(ő) f i  Pj’uj-
7 = 1

For an arbitrary p=Pj, consider the prime ideal decomposition (Jp) =  ®f1...S*r 
in Mi with N(^Bi)=pf ’, 1=1, Denote by the highest power of p in
DM. and by 33,v*i(Sm,iq) the highest power of 33, in the different @UllQ for 1 = 1 ,  ..., r.  
By a theorem of K. Hensel [11] (see also W. Narkiewicz [15]) we have

v» ,(^ m,/o) =  e, +  v8, ( e , ) - l .
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Therefore we get

vPCDMi) = 2 f i v» , ( ß u , i Q )  S [Mt: Q ] - l  + 2  //%,(е,) ^ n k - 1 + 2 7 /v»,(e,). 
í í í 

But
[M,:Q]

2 ” / /  v®, (ei)
consequently

- 2 1о§ е; =  (nfc)2/logp, l o g ;

S / S \Я<£ —1 / s \(nfc)2
п  p ? ^  ̂ \ П рЛ [ п  рГ Ч  - p1=1 '1=1 / '1=1 '

Combining this with (53) we obtain that
D S  DkLdPs(nk- 1)es(nk)\

Now (51) implies (2) and our theorem is proved.

,s(nk — 1) s(nk)z• e

5. Proof of Corollary 1

By Theorem 1 /  may be written in the form f(x)=tikf*(ti~1(x + a)) with r/£S, 
a£ZL, f* £ Z L[x] and |/* |< Г 8, where Г8 denotes the upper bound given in Theo
rem 1 for |/* |.  Further, putting р?*-=(7Ег) for 1=1, we may assume that
ri=Eiti1...n™* with a suitable unit e of L and non-negative rational integers 
Щ, ■■■, ws and

(54) max(|7r,|) <  exp {ce7(RL + hLlog P)} = T9.
We have

(55) 5,«, =  a, = »(ц-'а).

Let 0lf ..., 0; denote the roots of f Hk~i>(x). Then

(56) max(|0|) < c68|/* | <  св9Г8
j

holds. By hypothesis/*<*—') has at least two distinct roots. Suppose, for convenience, 
that в ^ в 2. O j = ^ 9 j ,  y = l, ...,/ , and 6 = {^-ja are integers and from (55) we 
obtain that

(57) <5;«i =  ( b  — t i d ' ^ i b  — rjOz) n j b - t i d j ) .

Put M =L(91, 02). From (57) we get that

(58) (b-rie'j) =  bjZ3ÍO...©“- ,  7 =  1,2,

where bj denote ideals in M  dividing
i - 1

áj and 3315 ...,93,. are all the distinct
prime ideals in M  lying above a; . Clearly we have rS t i ( i— 1) and N(bj)^c7i)d‘{l u 
for 7=1,2. Further jV(33ra) S P |(i_1) for each m = \,
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Write umj=hMvmj+ k mJ with 0S k mJ< hM and &mM=(ßm) for any m, j ,  where 
hM denotes the class number of M/Q. From (58) it follows that
(59) b—ел”1... Ttss6j = E j ... ßvrrJZj, j  = 1,2, 

with (TJ) = bJ-23J1j...93Jr-i for 7=1,2. We may suppose that

(60) тах(|т; |) <  exp [cn {RM + log dt + thM log Л)} = T10
J

and

(61) rnax(|^m|)<  exp {c72(RM + hM logF,)} =  Tu ,

RM being the regulator of M/Q.
In M

(ЯГ*...ЯГ*, ß ^ - ß r ^ l  (Pif) ,  Of)
holds for 7=1, 2. Therefore, if ©т |я( for some m and /, then

(62) min {vmj, w,} <  c73 log Mi, 7 = 1, 2.

Consequently, this allows us to write

Ttj1... 71^(01 -0',) = nws l ... n lsG and ß[1J ... ßvrrJ t} =  ßl1J... ßvrrJ Oj,

where w'lf v'm. are non-negative rational integers such that n f1...л”* and ß^K .-ß f  
are relatively prime for j — 1, 2 and by (54), (56), (59), (60), (61) and (62)

and
log |<r I <  c74 log Tg +  c75 s log Mt log T9

log \0 j\ <  c76 log r 10 +  c771 log Mi log Tn
holds for 7 = 1 , 2 .

From (59) it follows now that

яГ1 • • • яГ* (7 =  ( ф )  -ßll\ . . ß Vr<J2- ( ф ) . ßl11... ßV1 а , .

Since this equation is of the same type in w[, v'mj as (21), we can apply the argu
ment used in the proof of Theorem 1 to give an upper bound for w{, ..., w,, v[j, ..., v'rj 
and \sj/e\, 7 = 1 , 2 , and consequently for \п^х...п^вв)\ and \ax\, where a1= e_1a. 
After calculating these bounds, we get for the polynomial

f(x)  =  (п?'...п?‘)кГ ( № . . . л 7 ’Г 1(х+а1)) 

that f(x)=E~kf(ex) and

log |7T -= c78 (c79 (s + i + i))c*<‘2<+*•«> (Р» (log Pt) f  log dt Mi (log log d, M i f .

• {(Dld1,k P,s+2> ")3/2 (5skn log Dl d fn)c3 (SC3+4) 

with c3=k(k — l)(k-2).  This completes the proof of Corollary 1.
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ON THE INTEGRAL OF THE LEBESGUE FUNCTION 
OF INTERPOLATION

By
P. ERDŐS, member of the Academy and J. SZABADOS (Budapest)

Let
(1) - 1  S  *!,„ < x2,n 1

be the nodes of interpolation (shortly xk=xkt„);

=  (t = 1......  <»(*)=

the corresponding fundamental polynomials, and

;.„(a, b) = max 2  IW*)I if - 1  ^  a < b S  1 .
arsxsbk = 1

The quantity A „ ( —  1, 1) called Lebesgue constant plays an important role in the 
theory of Lagrange interpolation; as G. Faber [1] showed 1

(2) A„(-l, l)==Cliogn

for an arbitrary system of nodes (1). Moreover, S. Bernstein [2] proved that

(3) A„(a, b) Ä c2 log n — 1 S  a <  b ^  1)

for all systems (1) again.
In this paper we prove a more general result from which (3) will follow as a 

corollary.
Theorem. For an arbitrary system of nodes (1) and subinterval [a, 6]i=[ — 1, 1] 

we have
.b n

(4) f  2  IW*)I dx ^  c3(b~a) log n (n ^  n2(a, b)).
a k =  i

In the special case a—— l, b= 1, this result has been announced in [3] (with 
an indication of a possible method of proof). Our proof is simpler and follows a 
different pattern.

Proof. According the growth rate of A„(a, b) we distinguish two cases.

1 In what follows, Ci, c2, ... will denote absolute positive constants.
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192 P. ERDŐS AND J. SZABADOS

Case 1: k„(a,b)^n3. Then let b] be such that 2.„(a, b)= |4(y„)|,
n k= 1

say хг<у„сХ;+1. On the interval [x;, xi+1], 2  I4(X) I is identical with a polyno-
k =  l

mial of degree less than n, and this polynomial attains its absolute maximum on 
[a, b] also at y„. But then by Markov’s inequality, the absolute value of this polyno
mial is = - ^ - « 3 in the interval [y„— , y„+ | . Hence4/j2

J h w * ) l - \ n *  if x€[a, b]n[yB- - ^ , Уп+^-^\,
i.e.

f  2  \ lk(x) \dx^— n
1 . b —a b—a

<i=i 4u2

which is even more than we need.
Case 2: /„„(a, b)<n3. Then, as we shall see from the following lemma, the 

intervals [xk, xk+1\f[a ,  b] cannot be “too long” .

Lemma. We have

(5) max (xk+1- x k) ^  25 ]ogM a’ b) (n ^ n s(a,b))amxk^xk + 1Sb n

for an arbitrary system of nodes (1).
By a slightly more complicated argument, we could replace xk by arc cos xk 

in this lemma, and then (5) would be a generalization of Theorem IV from [4]. 
However, the given formulation will be sufficient for our purposes.

Proof of t h e  L emma. Assume the contrary; then there exists a subinterval 
[c„, dn] c  [a, b] of length

J _ ,c  log kn(a,b) d„-cn = 25--------------

which does not contain any of the nodes xk, k —\, 2 ,..., n. 2 Let

3c„ +  2dn s 2c„ + 3d„
7n = -----— . -5»=---- 5—

and zk, k —\, ... ,n, the roots of the Chebyshev polynomial T„(x) of degree n. 
The polynomial

Pn(x) =  П  ( x - z k)
zki[y„. «„]

is of degree less than n. Let x0 €[y„, <5„] be a point such that \T„(x)\ attains its local

log Xn(a, b)
2 We may assume that 2 5 -----------------< b -a ;  otherwise there is nothing to prove.
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maximum at x0. Such a point exists because by the Bernstein’s result (3)

dn-c„ logX„(a,b) _ n 
o„-?n = —-— = 55 n

holds. Thus we obtain for xd[ — 1, l]\[c„, dn]

-  >  \zk+i - z k\ (n =£ u4(a, b))

|P„(*)| =
Tn(x)

П ( x - z k)
Zk£ly„,6„l

= [pn(*o)('
TJx)
Tn(x<>) ■ П x  — z b

^ \P n(x0) \ ‘ Ü  ~ ^ \ p „ ( x 0)\-2  ̂ 11zkíb„,ö„] z
\Pn(x<,)\l„(a, b) 1-1 (n ^  n5(a, b)). 

Hence, by the Lagrange interpolation formula

! / ’„ ( * o ) l  =  2  Ip » ( * * ) M 4 ( * o) I  <  \Pn(x0)\>-Ja, b) 1Л 2  1 4 ( * о ) 1  ^  ! p „ U 0) | A „ ( a ,  b ) ~ 0 1 ,fc=i fc=i
i.e. A„(a, b )< l, a contradiction. The lemma is proved.

Returning to the proof of our theorem, (5) implies that in case X„(a, b)<n3 
we have

(6) max (xk+1- x k) tS 75 (n ^  n3(a, b)).
a m x k -=xk + JS b  П

Let
(a ^ ) x t <  xi+1 < . . .<  b) 

be all the nodes lying in the interval [a, b], then

Xj a, Xj -* b as n

(otherwise even |/г(а)| or |/,(b)| would increase at least as a geometric progression). 
Further
(7)

k = 1
X n j - 1 /Г + 1 J 1 J-l Л1П*1/ 2 114001 d x ^  2  f  2  14001 dx §= у  z  f  {14001 + 14+iOOD d*

^  ь — 1 — í * 7 f e=i  Z. ~  i * 7

1 40
m = i k , m  =  i ,

- j 2  2 { Xf  (14001+I4+iOOI) d x + J  (14,001+ l4»+i00l)dx}-^ m = i Zr—“

Let Axk—xk+1—xk and

A x
y  =  -7- r ( x - x n)+ x k (i — m — к ^  j  1),

ZIXm

then using the inequality

400+ 4 +100^1  (xk ^ y ^ x k+1)
13 A c ta  Mathematica Academiae Scientiarum Hungaricae 32, 1978
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(cf. [5, Lemma IV]) we get

|/*(*)| +  |/ft+i(x)| =
co(x)
03 iy) I  1 X k X  Х к + 1 X )

Cú(x)
0i(y)

Axk
4 ( ^ +1- x J { Ш + 1 к+Л у )} ^

co(x)

[xm+ ^ ^ x s x n

co(y)

Axm\
+1 4 )■

Axk
4 (xk+1- x m)

Thus

/  {\K(x)\ + \lk+1(x ) \} d x ^  f Cü(x)
co(y) dx • Axk

4(xt+1- z J

Axm f
4 X k  +  l - X m) Ax,

со (л:)
со (у)

dy.

Similarly, by changing the roles of к and m, x  and y,

Xk  + 1
xk+l А л
f  {\L(x)\ + \L +1(x)\}dxS  m ■ J

x  4 \ x k  + 1  —  X m> A x
k ^+-J

Hence and from (7)

Axj,
4

ffl(y)
a>(x) dy.

r " 1 4 - i  j"1 Ax(8) f  Z \ l k( x ) \ d x > j -  z  2J  k = 1 X ---- : -----8  m =  i  k  = m %k + 1 I a>(x)
co(y) +

co(y)
co(x) dy

1 v  . V  Axk
=  о  2  a  Xm ^  _

Ö a + b  k  =  m  -Xk +  l

In order to estimate the inner sum, let

,  Г 75 log и 75 log n .  1 л , .
I t , m  —  ------------------- U  X m -\------- — -------(t+l)j ( t  —  0 ,  1 ,  Sn)

where
= \ (b -a )n  

" 1150 log n J
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Then by (6), Itm cz[a , b ], and each / t m contains at least one of the nodes x k . Hence

J2  Axk ^ 2 2  ЛХк
k = m xk + l X m t=0 xk£It, + l X n -  , ? o 7 5 ( t+ \ ) lo g n J " mAXk-

Mn 1 a J j И 1 1
75log«,f i  t *k€ 

Thus (8) yields

2  A x k =  2  — S T l ° g n  ( n S n 6( a , b ) ) .
+ 1, + 2, m í — 1 * ^

f  ^ k M l d x ^ 1— - 2 a+bAxm - ^ 4 f i~ l° S n (n — ni(a, b)).
a a^x ^ ---u  — л т — t)

Q.E.D.
The best constants in (2) and (3) are (roughly speaking) 2/я. Apparently, our 

c3 in (4) is far from being best possible, and our method does not seem to be applic
able to finding of the largest c3.
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PERIODIZITÄTSVERHALTEN BOOLE’SCHER 
DIFFERENZENGLEICHUNGEN

Von
H. KRÖGER (Kiel)

§ 1 Einleitung

Ausgangspunkt ist folgendes System (f€R, /=0, wobei R die Menge der reellen 
Zahlen bedeutet):

q(t)
y(t)

V e ra rb e i tu n g s  - 

Vorschrift V

А __________
V e rz ö g e ru n g  Д

Abb. 1

welches sich als Differenzengleichung schreiben läßt: 

a (t) für t S  0 vorgegeben, 
y(t):= h(t) für 0 s i < - f  vorgegeben, 
у (t + A ) V ( a  (t), у (/)) für t S  0.

Die Verarbeitungsvorschrift V ist verzögerungsfrei. Die Art der Verarbeitungs
vorschrift V sowie die Wertebereiche der Funktionen a(t) und y(t) müssen selbst
verständlich miteinander verträglich sein. Der Fall, daß V nicht nur über a(t) und 
y(t)  sondern zusätzlich direkt von t abhängt, soll hier nicht behandelt werden. 
Die Fragestellung lautet nun: Wann gibt es Zahlen i0sO und <5 >0  derart, daß für 
iS f0 y(t+d) = y(t) gilt? Was kann man über t0 und ö aussagen?

In Abb. 1 spielt a(t) offenbar die Rolle einer Störfunktion, es handelt sich 
gewissermaßen um eine inhomogene Differenzengleichung. Falls a(t) periodisch 
ist, es also ein т gibt, so daß a(t + i)=a(t)  gilt, kann man obige inhomogene 
Differenzengleichung in folgendes homogene Differenzengleichungssystem

а (t) für 0 = i <  T vorgegeben,
_y(t) für 0 S  t <  A vorgegeben,
a (t + t) := Va (a (t), у  (0) für i S  0 mit Va {a (t), у (/)) := a (t), 
y(t + A): = Vy(a(/), у (()) für t S  0 

überführen, dem die Skizze in Abb. 2 entspricht.
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198 H. KRÖGER

Damit liegt es nahe, homogene Differenzengleichungssysteme (mit n Diffe
renzengleichungen, n£ N, n fe2, wobei N die Menge der natürlichen Zahlen bedeutet) 
zu untersuchen. In dieser Arbeit sollen alle in den Differenzengleichungen auf
tretenden Funktionen endliche Wertebereiche besitzen und zwar soll stets {O, L) 
— die Menge der Boole’schen Wahrheitswerte wahr (L) und falsch (O) — als 
Wertebereich gelten. Die Einschränkung auf endliche Wertebereiche ist wesentlich.

Abb. 2

Die zusätzliche Einschränkung auf den Wertebereich {O, L) erlaubt, bekannte 
Eigenschaften Boole’scher Funktionen auszunutzen. Damit bietet sich eine gewisse 
Beziehung zur Theorie der Schaltwerke an. Diese Untersuchungen sollen jedoch 
überwiegend aus der Sicht der Differenzengleichungen durchgeführt werden, denn 
für von {О, L) verschiedene endliche Wertebereiche kann man die allgemeine 
Periodizitätsaussage von Satz 1 leicht übertragen. Eine weitergehende Spezialisie
rung wird natürlich sehr stark von dem ausgewählten Wertebereich geprägt.

§ 2 Systeme im rationalen Fall

Unter einem homogenen Boole’schen Differenzengleichungssystem verstehe 
man folgendes:

Für l s / g n  (n£N, и ё 2) seien positive reelle Zahlen At und Funktionen 
h f t )  mit Werten aus {0 ,L}  für sowie л-stellige Boolesche Funktionen
Ft gegeben und es gelte

T'i (0  := hf t )  für 0 á í < 4 ,

yi(t+Ai):= Fi(yi(t), ~.,y„(0) für i S  0 .
Abb. 2 gibt für n = 2 einen Spezialfall an.

Sa t z  1. Sind in einem homogenen Booleschen Differenzengleichungssystem die 
Verhältnisse AX:A2, ..., A„_1:An alle rational, so gilt mit t)(i): =  (yi(i), ...,yn(t))T: 
Es gibt reelle Zahlen i„ — 0 und <5>0 so, daß i)(t + S) = p (t) für t ^ t 0.

Beweis. Offenbar gibt es ein maximales A und 2;6N derart, daß • А
gilt, A kann als Elementarlänge des Systems bezeichnet werden. Sei

Amm:= max (Аг, ..., An), 2max:= max (Ax, ..., 2„).
Für festes t' mit O ^ t '^ A  sei füry€NU{0} t)j(t'):= t)(f+ j-A).  Für zTNU{0} sei

Si(t'):= (hi(O ’ hi+i(0> •••’ hi+^m„ - i ( 0 )
das z-te Stammstück zu t'.
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Wegen der Endlichkeit der Wertemenge {O, L) der Ft gibt es nur endlich 
viele verschieden besetzte Stammstücke, nämlich höchstens 2m mit m := n • Amax. 
Da das i'-te Stammstück das (z'+l)-te Stammstück eindeutig bestimmt, gibt es für 
jedes t' mit O st '< A  ganze Zahlen k0 und k' mit Оёк0<2т, l ^ k ' ^ 2 m so, daß 
für i ^ k 0 Si+k'(t') = Folglich gilt mit i0: =  2m • A ^max {/c0:0 ^ i'-= A] • А +A
und k \= k g V {r : \^ r^ 2 m}, 5: = k-A  die Aussage t)(i + <5) =  t)(/) für t ^  t0.

Man beachte, daß es sich bei obigen Angaben um Abschätzungen für das 
gesamte Boole’sche Differenzengleichungssystem — nicht nur für einzelne Kom
ponenten — handelt, daß außerdem keine speziellen Eigenschaften der Funktionen 
Ft oder der Л,(0 ausgenutzt wurden. Die Bedeutung des Satzes liegt nicht in seiner 
quantitativen sondern in seiner qualitativen Aussage. Eine Verallgemeinerung für 
von {О, L) verschiedene aber ebenfalls endliche Wertebereiche liegt nahe.

Besonders übersichtliche Verhältnisse findet man, wenn die Funktionen Ft 
nur z'-stellige Funktionen der Argumente yx(/), уt(t) sind, also der Fall

y i i t + A i )  :=  F f o i i f ) ,  . . . , y t(0 ).

Es handelt sich um ein gestaffeltes System (gewissermaßen in Dreiecksgestalt), 
das man nicht simultan lösen muß sondern zeilenweise lösen kann. Dies legt es 
nahe, folgenden Gleichungstyp zu untersuchen.

§ 3 Die allgemeine Gleichung im rationalen Fall

Die Differenzengleichung von Abb. 1 läßt sich offenbar als Spezialfall des 
Typs

a;(i) für i&0 und vorgegeben,

y(t):=h(t)  für 0 vorgegeben,

(* ) y(t+A): = V(a1(t), . . . ,an(t),y(t)) für

ansehen. Aber im Fall Boolescher Funktionen reduziert sich (*) zu

y{t+A):= (y(t)!\g (0) V ( -I у (?) Л/(0),

wobei g und f  durch V und ax, eindeutig bestimmt sind, oder anders for
muliert

. fg(0 falls y(t) = L,
yif + A ) |у (;> falls y(t) = 0.

Nun sollen Boole’sche Differenzengleichungen dieses Typs untersucht werden, 
bei denen zusätzlich f ( t ) und g(t) für zsO eine gemeinsame Periode x>0 haben 
und das Verhältnis z:A rational ist. Es gibt also minimale p, q£ N mit p • A=q • x. 
Zunächst soll eine Klassifizierung der Argumente tsO  eingeführt werden.

D efin itio n . Man erkläre:
1) t' hat die Eigenschaft 1: genau dann, wenn y(t'+p  • A)=y(t'),
2) t' hat die Eigenschaft А : genau dann, wenn es mindestens eine ganze Zahl j

mit gibt mit f ( t '+ j -A )= g ( t '+ j ‘A).
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Die Eigenschaft 1 vererbt sich, d.h., wenn t '  die Eigenschaft 1 hat, so hat auch 
t' + i-p -A  die Eigenschaft 1, /£NU{0}.

B ew eis durch vollständige Induktion. Es gelte für festes t ' und i£N

У ( f l  = y(t' + p • A) = ...= t y(t' + i-p-A),
dann ist zu zeigen:

y( t ' )  = y ( t ' + ( i + l ) - p - A ) .

Wegen p -A ~ q -x  gilt für / 6 NU {0} auch

f ( t '+ j  • A) = f( t '  + i • p • A+ j • A), g(t'+j • A) = g(t' + i • p • A+j • A).

Demnach geht die Berechnungsfolge von y(t '  + i-p- A) bis y(t'-\-(i+X) • p • A) aus 
der von y(t')  bis y(t' +p • A) durch Parallelverschiebung um i-p- A hervor und 
es folgt

y(t' + p-A) = y(i' +  (i + l)- p-A ).

Wegen p • A =q • x kann man bei der Definition der Eigenschaft A auf die 
Bedingung j< p  verzichten. Die Eigenschaft A bedeutet offenbar, daß eine Berech
nungsfolge von y(t') bis y(t '+ p  ■ A) sowohl im Fall y(t') — L  als auch im Fall 
y(t') = 0  dasselbe Endstück hat, das im Extremfall nur aus y(t'+p-A)  besteht. Da 
die Eigenschaft A allein von den Funktionen f ( t )  und g(t) geprägt wird, ist wieder 
wegen p -A = q -x  auch die Eigenschaft A erblich, d.h., wenn t ' die Eigenschaft А 
hat, so hat t '+ i-p -A  ebenfalls die Eigenschaft A. Hat t ' die Eigenschaft A, so 
gilt dann für i'£N auch y ( t '+ p • A) = y(t'+ i • p • A).

Als Gegenstück zu A betrachte man die Eigenschaft B, die für t' genau dann 
gelten soll, wenn die Eigenschaft A für t ' nicht gilt, d.h. genau dann, wenn für 
alle 7 6 NU {0}

f ( t '+ j -A )  ^  g(t'+j-A)

gilt. Ebenso wie A ist auch die Eigenschaft В erblich in dem Sinne, daß mit t ' auch 
t' + i-p- A (i£N) die Eigenschaft В hat. Wenn t ' die Eigenschaft В hat und y(t') = 
= W£{0, L) für i'£N die Werte y(t ' + i • A)= {O, L} impliziert, so impliziert
y(t') = ~i W  für i£N die Werte y(t '  + i • A)= ~ 1 Wt, die Berechnungsfolge wird 
negiert.

Hat nun t' die Eigenschaft В und nicht die Eigenschaft 1, so gilt zunächst 
y(t')= ~~\y(t'+p • A), wegen der Eigenschaft В muß dann aber für i £ N

y(t'+(2- i — l) • p • A)— - i y(t'), y ( t '+ 2 - i-p -A )  = y(t')
gelten.

Offenbar wird das Periodizitätsverhalten der Lösung y(t)  der allgemeinen 
Boole’schen Differenzengleichung im rationalen Fall durch die Eigenschaften der 
Argumente im Intervall 0 festgelegt. Im generellen Fall ist y(t) für 
t ^ p -A  entweder konstant oder y(t) hat für t=sp • A eine kleinste Periode d und 
dann gilt für ein geeignetes r£N  2 • p • А = ö • r. Je nach den Eigenschaften der Ar
gumente im Intervall 0^ t< p -  A kann y(t) sogar für rsO  periodisch sein oder für 
die kleinste Periode ö bei geeignetem r£N  sogar p-A  =  ö • r gelten.
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§ 4 Klasseneinteilung 2-stelliger Verknüpfungen

Wählt man in §3 die Funktionen /(?) und g(t) geeignet, so geht der dort be
handelte Gleichungstyp über in den Typ

a(t) für (S O  vorgegeben, 
y(t) := h(t) für 0 s  t <  A vorgegeben, 
y(t+A)  := (y(t)ga(t)) für / i=r 0, 
g£R:= ÄiUÄoUÄa,
ÄX: = { A , V , R2:={=,?á},
R3 := {Л, V, 4 -, —}.

Dabei sei A=und, V =oder, ~i=non,
x  — у ~i xVy, x у := у x, x / \ y ~i (x/\y),
xd  у := - i(xVy), x  -> у := ~i (x у), x  4- у := у -F x,
X = у := ((xAy)V(пхЛпу)), x =zé у : = i  (x = у).

Jeder Operation ordne man eine Operation д und д mit 
x§y := x£>(~iy) und xj?y := ~ 1 ((“ ix)ßy) 

zu. Damit erhält man folgende Tabelle.

g : Л V - -t* Л V 4- - = 2

g - -K - V Л - -4- V Л & =

в ■ - -4- Л V -4- - Л V = &

g: V Л — V Л - 4- =

Offenbar gilt д — д=д, д = д.
Sei nun zz(/) mit Periode t> 0 für i^O fest vorgegeben, ebenso A und h(t) 

für 0 ^ t< A .  Die Lösungsfunktion der zugehörigen Differenzengleichung vom 
Typ (B) werde mit y(h; д; a) bezeichnet. Dann gilt, wie man der Tabelle entnimmt,

y{h\g; а) =  y(h; §; na )  = n y ( n h ;  g; а) = n y ( n h ; g ;  na).
Sofern man an a(t) und h(t) kein speziellen Bedingungen stellt, kann man den 
Gleichungstyp (B) auf die Fälle £>€{A, = , -*-} reduzieren, für jede der Klassen 
Ri, R2, R3 genügt es, wenn man das Problem für den entsprechenden Repräsen
tanten lösen kann. Für die Klasse {=, ^ }  gilt etwa

S a t z  2. Gegeben sei eine Differenzengleichung vom Typ (B) mit £>€{=,  ^ } ,  
г >0 sei die kleinste Periode von a(t). Wenn es i0= 0 und <5 > 0  so gibt, daß für  
t S t 0 y(t + ö) = y(t) gilt, dann gibt es A£N so, daß 5 = A«t.

B ew eis . Sei t ' ^ t 0. Der Funktionsverlauf von y(t) im Intervall t ' ^ t < t '+ S  
ist mit dem im Intervall t '+ ö ^ t< t '+ 2  • ö identisch. Entsprechendes gilt für 
y(t + A). Aus der Wertetafel von =  erkennt man sofort, daß in (x=y) = z  der
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Wert von x  durch die Werte von у und z eindeutig bestimmt ist. Daher gilt für 
t ^ t 0 sofort a(t+ö)=a(t), aber auch a(t+x)=a(t). Da т als kleinste Periode 
von a(t) angegeben war, folgt die Behauptung.

Wenn T: A rational ist, ist die Existenz von t0 und ö für Satz 2 durch §3 gesichert. 
Für die Klasse R± erhält man

Satz 3. Gegeben sei eine Dijferenzengleichung vom Typ (B) mit q£R i = 
= {Л, V, -f }. Sei x :A rational, also p - A —q-x für geeignete p ,q£N. Dann 
gibt es ö>0, A£N und t0=p • A so, daß für  i =  t0 У(14-д) = y(t) gilt, wobei ö fol
gende Eigenschaft hat: А • <5 =  А.

Beweis. E s genügt, für £> — Л zu zeigen, daß für t s t 0 y(t+A) = y(t) gilt. 
Für q= Л erkennt man y(t) = О => y{t + A) = O. Sei nun t ' ^ t 0 und y(t')=L.  
Angenommen y{ t '  + A) = 0 ,  dann gilt aber als Widerspruch

L  = y(t') = y(t' + 2-p-A) = y (t '  + A+(2-p—l)-A ) = O.
Als offene Frage bleibt, ob es für die Klasse R3 ähnliche Aussagen wie Satz 2 

oder Satz 3 gibt.

§ 5 Weiterführende Beispiele

Bereits bei Differenzengleichungen vom Typ (B) aus §4 mit periodischer Stör
funktion a(t) stößt man auf erhebliche Schwierigkeiten, wenn das Verhältnis x:A 
irrational ist. Wegen Satz 2 dürfte der Fall e€ { = , ^  } noch am übersichtlichsten 
sein.

Beispiel 1. Sei q==, A=  2, x=Í2.
f L für 0 3= i < 1, 

ö ( i ) := (o  für 1 3  í <  Í2, 
a{t + x)\= а (t) für i^ O , 
у  (í) := L für 0 S i < 2 ,  
y(t  + A):=(y(t) = a(t)) für t & 0.

Man sieht, daß y(t) Sprungstellen für t = 1+A- fT+2-g wobei A£{0}UN, /r£N, 
und für i =  A- У2+2-Ц wobei A, /i£N, hat.

Besitzt y(t)  auf dem Intervall b ^ t< b  + 2 genau a Sprungstellen, so besitzt 
y(t)  auf dem Intervall b + 2 ^ t< b + 4  mindestens <r+2 Sprungstellen (6&0). Es 
kann also kein t0 und kein <5>0 mit y(t + S)=y(t)  für t ^ t 0 geben.

Beispiel 2. Sei Q==, A = 1, x = Í2.
[О für 0 g i < l ,  

a ^ : = [L für l ^ r < / 2 ,  
a{t + x):= a{t) fü r t ^  0, 
y(t) := L für 0 s  i <  1, 
y{t + A) := (y(i) =  a(t)) für t ^  0.
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Die Sprungstellen von y{t) sind außer t —1 nur noch г = A • 1 für A£N.
Daher gilt für гш0 mit <5: =  2 * /2  y(t) = y(t+S).

Beispiel 3. Sei q= =,  A = l, t = /2.

Als Sprungstellen von y(t) ermittelt man t — A wobei A ^  2, 2 6 N, t — 1
wobei N. Es gibt kein t0§ 0  und kein ö^O  derart, daß für t S t 0 eine Bezie
hung y(t + ö)=y(t) gelten würde. Nach Satz 2 müßte <5 nämlich ein Vielfaches 
von /2  sein. Ist aber A'€N und A '^ l, so gibt es kein v€N derart, daß A' + v • /2  
wieder eine Sprungstelle ist.

Bislang wurden die Differenzengleichungen als exaktes mathematisches Modell 
behandelt. Man kann sich jedoch auch eine technische Realisierung für Abb. 1 
vorstellen, wobei folgendes Problem auftaucht: Aus Trägheitsgründen benötigt 
der technische Apparat eine gewisse Zeit, um vom Funktionswert О auf den Funk
tionswert L umzuschalten und umgekehrt. Man kann während der Trägheitspause 
als Funktionswert entweder einen Undefinierten Wert einsetzen — was im mathe
matischen Modell den Übergang zu einer 3-wertigen Wertemenge oder Logik 
erfordert — oder man behält den alten Funktionswert solange bei, bis sich der 
neue Funktionswert durchgesetzt hat, auch das erfordert eine Modifikation des 
mathematischen Modells. Hier soll an einem Beispiel noch gezeigt werden, wie 
man in Beispiel 3 bei konsequenter Impulsunterdrückung doch noch zu einer 
periodischen „Lösung“ gelangt.

Beispiel 4. Die Ergebnisfunktion y ( t )  aus Beispiel 3 habe einen O-Impuls 
bezw. L-Impuls mit den Randpunkten q, t 2 ,  wobei /2—q <  1 -= <  t2. Zu j>(r) 
konstruiere man eine neue Funktion y ( t )  so:

a (t + т) := а (t) für ( ё  0,

y(t) := L  für 0 = i <  1,

y{t + A) := (j>(/) = a{t)) für i&0.

y(t):= y(i) für 0

y(t) := ~iy(t) für i j S i < i 8,

y(t+A):=  (y(t) =  a(t)) für t S  t2—A, mit А — 1, 

а (0 wie in Beispiel 3.
Sei

{t2 falls h€N, t2 ff N, 
L falls q$N, t2€N-

Offenbar gilt nun
y(t) = const für 1
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und

Ж + 0
J y (i+ l)  wenn y(ti) = 0  
\ ~ i j ( /+ 1) wenn y(t1) = L

Der verschluckte Impuls kommt in diesem Beispiel also bei y(t) in negierter oder 
nicht-negierter Form wieder mit den Randpunkten t'x: — t'-\-tx— 1 und t'2: =  
:=t'+ t2 — 1.

Wiederholt man diesen Prozeß stets, wenn der Impuls negiert oder nicht- 
negiert wieder auftritt, so erhält man dabei eine Funktion y(t) und es gilt für 
iS l  mit S: = t' — 1 у (t + S) =y (t). Man beachte, daß <5 ein Vielfaches von J/T ist.

Es bleibt als offene interessante Frage: Wie reagieren andere Beispiele auf 
einen derartigen Impuls-Unterdrückungsprozeß?

Quellenangaben. Zu diesen Untersuchungen wurde der Verfasser 1970/71 von 
Prof. Dr. P. Deussen angeregt. Die Resultate wurden zunächst im Bericht Nr. 
7107 der Abteilung Mathematik der TU München gesammelt. Für die benutzten 
Beweismittel sei auf die allgemeine mathematische Literatur verwiesen, besonders 
auf die Gebiete Verbandstheorie, Boole’sche Algebren, Schaltwerktheorie und 
Automatentheorie.

(Eingegangen am 5. Mai 1976.)
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A LOG LOG LAW FOR ABEL’S SUM
By

R. VASUDEVA (Mysore)

1. Introduction

Let {T„ , и =  1} be a sequence of independent random variables (r.v). Write

Sn= 2  Tn = 2  (1 - k / n y x k and 2 1  =  2  Al_kA~*Xk,
k = 1 k= l k= l

where 0 and

A S =
(n+ p)(n+ p-l) . . .(p+ l)

n\

For the sequence {Xn} with E(Xn)=0, E(Xl) = 1 and \Xn\^ M ,  where M  is a
i 2n 1-i/aknown positive number, G o po sh k in  [6] proved that lim sup Tn I -—— log log n\ =1n—~ I2n+1 J

Í 2n l -1'2almost surely and lim sup У М -- -log log я} =1 almost surely. In [1] B asu  
и—оо 12/7+1 J

has established the above results under the weaker conditions (i) E(Xk)= 0 and 
E(Xl) = 1 when the Xk s are identically distributed and (ii) E(Xk)=0, E(X%) = 1
and 2  E(X%+d)k~il+0,2)< °° when otherwise.

t=i
The motive of this paper is to obtain iterated logarithm laws for Tn and 2 n  

under the following two assumptions on X„: (i) the X„’s are identically distributed 
and independent r.v.’s and (ii) for properly selected sequence {B„} of positive con
stants, the sequence {SJB„} converges weakly to a non-normal stable r.v. Our proof 
rests on the method of G o po sh k in  [6].

2. Notations and preliminaries

For a real number и let [и] stand for the greatest integer =u, let e>0 and 
C, Cj, C2 ( 0 )  stand for absolute constants whose values are not the same at each 
occurence. G(-,  a, ß , 0, C), a€(0, 2), /?€[— 1, 1], C >0 stands for the stable 
distribution function to which {SJBn} converges weakly and L(x) stands for a func
tion slowly varying at °°. Denote (log log и)-1,

(sign T„) and (sign 2 n ) by 9n,U n and V„,
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respectively. The terms “infinitely often” and “almost surely” are abbreviated 
as i.o. and a.s., respectively.

We recall two well known results which are useful in proving the main theorem 
of this paper.

When the Xn’s are independent and identically distributed r.v.’s with 

lim P(SJBn S r )  =  GO, a, ß, 0, C)

then for any x > 0  (see, for example [4])

P(Xx - x )  ~  C O -'Z O ) and P(Xx & x) ~  C2x - “L(x)

whenever |/?|<1, C2x~xL(x) when ß= \  and P(Xx^  — x )~
~ C1x~xL(x) when /?= —1. Further, when ß= + l the other tail can have any 
rate but of o(x~*L(x)).

Another result is of Beuerman [2] which states that the assumptions (i) and
(ii) imply

fim P(TJB„ ^  x) =  G (x; a, ß, 0, ^ - j - )

whenever a 5*1. The arguments used in [2] establish the result for a = l  also under 
assumptions (i) and (ii).

3. Results

The main theorems of this paper are presented in this section. A few lemmas 
are proved first, which are needed in establishing the theorems. In the first three 
lemmas the sequence (yn) stands for a sequence of positive numbers with y„ — °° 
as и-*-».

Lemma 3.1. I f
lim P(S„/Bn — x) =  G(x; ct, ß, 0, C)
П-*-оо

then
(1) Сгу;Ь+» == P(Tn Sr ynBn) ^  C2y“(a"c>
when /?€(--1, 1] and

(2) C iy -(‘+e) P(T„ Ш- y nBn) = C2y "(l_e)
when /?£[ —1,1).

P roof. We give the proof of inequality (1). The proof of (2) is omitted as it 
could be obtained on similar fines.

Define
Ai = { ( l - i / n y X i ^ ( l+ e ) y nBn}

and

A  =  f 2  (1 - j / n y X j  * е у нв \ ,  i = 1,2,
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Proceeding on the lines of H e y d e  [7] one gets

P(T„ s ynB„) ^  2  P(d.) Íp(D t) -  2 w )  •
j —1 '  j = 1 '

Since

lim P(TJBn ä  x) = G (x; a, ß, 0, ,

y~ 1B~1T„ ^  0 (in probability) as л — Hence given a <5 =-0 with 1 — 2<5=»0 
we can choose an integer N t such that for all n ^ N x and for all 7=1,2, ... ,n  
P(Dt) ^  1-25. Also

2  P(Aj) 2  P(Щ  s  ynBn) S  Cxny~x B~XL(y„Bn) ^  C2ny-<*-‘>B-*L(Bn).
7 = 1  7 = 1

Since nB~xL(B„)-+C as (see F e l l e r  [4]) we can find an integer N2 such
n

that for all n ^ N 2 2  P(Aj)—d- As a consequence 
7=i

(3) P(Tn^ y nBn) ^ ( l - ő )  2P(At).
i= 1

But
n [ л / 2 ]  1  Г  Yl 1

(4) 2  P W  s  2  Щ S  277.Ю  '= [ y ]  Q y -(a+£)ß„-*I(SJ ^  C2yB- (i+£).

(3) and (4) together imply that
P(Tn S  y„ß„) ^  С1Л-<-+<>.

To prove the right half of the inequality define the r.v. ’s Xkn as 

x  К* if |(1 - k /n y X k\ ^ Z nBn 
fc’" \o otherwise, 

where Z n=yrn, l /2 < r< l ,  and write

тпп= 2 ( i - W ^ ,n-
1=1

Denote by En, Fn and Gn the events
En — {(1 — k/n)pXk ^  (1 —z)ynBn for at least one к ^  n}.
F„ = (|(1 — k/n)pXk\ ^  Z„Bn for at least two k's, к ^  n}

and
Gn = {\Tnn\ ^  synBn}.

Then
<5) P(Tn ^  ynB„) =i P(En) + P(F„) + P(Gn).
It is easy to observe that for some e>0
(6) P(En) =S nP(Xx S  (1 - e)yn Bn) S  С л “(— >
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and „
(7) P(Fn) ^  {пР(\Х,\ ^  ZnBn)Y =  C1Z “2(*_,) ^  C2j- (« -e>.

By Tchebycheff’s inequality

P ( |7 ;„ | ^  ey„B„) ^
where

^(71) = 2 ( 1  - j l n ) 2pE ( X l n) +  2  (1 - j / n ) p ( l - k / n y E ( X j J E ( X kJ .
J = 1  J ,k  =  lj*k

From F eller [4], page 544,
/ \(2 —a)P + c

В Д .р ) =S J Z t * +cBy-*>L(Bn)

and hence

(8) v  Ü__ Jtn)__e (X? ) <  c  v-(a-£)^  c 2 d 2 л,2 ^ У л ] , п )  =  ^ 1 > лJ = 1 г Ai>n
Easy calculations show that the second term of E(T%n) is

^  ( Í d ~ W £ ( K  ,.!))•
в ( п , р )  со

Majorising FOA^ ,,!) by f  P{\X1\^ x ) d x  when a-=l and by f  P{\Xl\ ^ x ) d x
о e(n,p)

when a>l ,  where в(п,p)—(n—k)~pnpZnBn, and applying Theorem 1 in F el l e r  
[4], page 273, one can obtain the inequality

(9)
f i d  -к1пУЕ{\Хк Л4=i '

е у\в\ С2Упи ~с) if а 1.

When a =  l, the Xn’s are essentially symmetric r.v.’s and hence the second term 
of E(T%n) is exactly zero. Hence from (8), (9) and the above argument

(10) P(Gn) Ш (Ci + C2) y - ^ - c>.
The proof of the lemma is complete, once (6), (7) and (10) are substituted 

in (5).
L emma 3 .2 . С1у - (‘+Е>^Р(|7’п|^ у „ В ^ С гу;<— \
Since slight modification in the proof of Lemma 3.1 establishes the above ine

quality the details are omitted.
L emma 3 .3.

lim
n-*- OO

P(\S„\ S  ynBn) 
пР(\Хг\ S  ynBn)
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For proof see H eyde  [7], when oc^l. The arguments given in [7] work in 
the case of a = l  also as the r.v. Xn’s reduce to symmetric r.v.’s.

Lemma 3.4. F o r  e v e r y  e>0
P(|S„| ^tf„(logn)(1+E>/' i.o.) = 0.

P ro o f . Define the sequence nr= 2 ' ,  r =  1 ,2 ,... and the events

Л(п) =  {1$.1 flog n)(1+«>'«},

B(r) = { sup |<Sn| is B„r (log nr)(1+E)/a}.
and

C(r) -  {|S„r+1| ^ y f i „ r(log«r)(1- ^ } .
Observe that
(11) (A„ i.o.) c  (Br i.o.).

We aim at establishing that for all r ^ r 0 ( r 0 is a positive integer)

(12) P ( B r)  ^  2 P ( C r).

From Lemma 3.21, page 45 [1], (12) holds if we prove that for all n in nr^ n < n r+1 
and for all r ^ r 0

<13) i>(|S„r t l—S„| s i - A , r(lognr)<1+t)/*) s  1/2.
Since

p{|S„r+l- S n| s i - 5 „ r(lognr)(1+í)/“} ^  P { \ S nr+1- n\ S  C B nr+1_ n( lognr)(1+£)/*}

from Lemma 3.2 we can find integers N  and R such that for all nr+1—n S N  and 
for all r ^ R  (13) holds. When nr+l—n ^ N ,  as there will be only a finite number 
of terms in S „ r+1— S „ ,  we can always find an r 0 such that (13) holds for all r ^ r 0 
and consequently (12) is valid.

Now

2  P ( B r) =  2  P ( B r)  + 2 i  P(Cr).
r = 1 r = l  r = r 0 +  l

From Lemma 3.3 one can show that P(CP)^ C r_(1+£) for all r ^ r 0. Hence
CO

2  P(Br) <°°. By a reference to the Borel—Cantelli lemma and (11), the proof
t=1
is complete.

T heorem  ЗА. I f
lim P ( S J B n ^ x )  = G(x, a, ß, 0, C)
Л-*-оо

P  (lim sup U„ = e1/a) =  1
n -►oo

with /?€(—1, 1] then 
(14)
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and
(15) P (lim sup V„ = e1/a) = 1.4 П-+00 7

Pr o o f . To establish (14) it is sufficient if we prove that
(16)
and

P(Tn £  B„(log«)(1-W“ i.o.) -  1

(17)
Define

P(Tn £  5„(log«)<1+E)/a i.o.) =  0.

and
Ns = s°, Ws =  Z  (1 - k / N sy x k

i+l

Zs = Nz \ l - k / N sy X k, s = 1,2, ....
k = 1

Then TNs= W s + Zs. Hence (16) is obtained by proving
(18) P(WS ^  2BNs(log N p - * ' ‘ i.o.) = 1 
and
(19) P(ZS ^ - B Ni(log i.o.) = 0.

P(WS £  2BNa (log iV,)(1_t)/i) = p \ T" ' - N'- '  £  2 L  N' ) ' 0 o g N p - * f \ .
{&NS-NS-1 V-Лг,—iVs-l*' '

в».Since T as i->-oo T is immediate and henceNs
N s — N s _  1 d n s - n s - i

P(WS £  2BNs (log lVs)(1_' )/e) £  P ír* ..* ..,  £  CBNt_Na l (log 7Vs)(l- £)/i) £
£  C(logJVJ)-(1'_*/8).

Since Ws, s = l ,2 ,  ... are independent r.v.’s an appeal to the Borel—Cantelli 
lemma yields (18).

Next notice that
ZsB ^ ( \o g N J - (1- t)lx- ^ 0  as s + ~ .

Hence by Lemma 3.2 there exists a d >0 such that

P(ZS ^ - B Ns (log Nsf ~ e)lci) == С г В ^ В ^  (log ду-а-еН*-*)/* s  c 2s~(1+e).

Again by Borel—Cantelli lemma (19) is established. We now proceed to claim (17) 
and thereby complete the proof for (14).

Let {ns} stand for the integer sequence [0s], s=  1,2, ..., 0=-1. Then from 
Lemma 3.1

P(Tns >  2?„s(logns)<1+£>/*) ^  Cs-<i+*>

and hence P(T„s>B„s (log«s)(1+E)/a i.o.)=0. For any n in п, . , 5 и< й, write

T„ = T ^ H T . - T ^ .
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To establish (17) it is enough if we prove that

(20)

and

(21)

p [t„ ^  s  J  Bn( l o g n Y ^  La) = o

Bn (log n)(1+£)/‘ i.o.) =  0.

(20) is easily obtained from Lemma 3.1 and the Borel—Cantelli lemma. 
To establish (21) we define

Rs = sup I _ J 1 (log n) - (1 +E)/a,
И5 . , 2 Я < И ,

7?s1) — sup 2  (l-fc/u)pz J  1 (log n) -(!+£)/*
"..iS»««. t=n._,+l

and

Ri2) = sup
"s-lf Í k) P (

I1“ «] 4
\-(l—*)/*

Proceeding as in [6] one gets

/?u)=g sup |>S'®|5“1(log/i)
'  n s '  ns _ 1^ n < n s

—( l  +  e)/a

where

s°n= 2  xk.

From Lemma 3.4 it is easy to conclude that

?°|Ä-1(logn)-<1+£)/“‘ =5 1 a.s.
Also from the inequality

the right side of which can be made as small as desired by making 9 tend to 1, one 
can easily show that
(22) R(v — 1/4 a.s.
Again from [6]

n{ ■\ci\ 2  W ns-i)Jx k
k  =  l

where

Ct =
p ( p - l ) . . . ( p - j+ l )

j!
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Clearly

Hence

(22)

p ( \ T w n s^ X k S  l o g =

=  И1 2 X(l-fc /n s- i ) ^ t ^  Bn i (logn,- i)(1+t)/a) ^  C(s —1)~(1+£/2).AI k=i )

Further since (i)

2  W ns-i)j x k
|f c  =  l

n t- n i -

^«/.xO og^-i) (1+E)/* t§ 1 a.s.

~  1 —-prr which can be made as small as desired by n{ QJ

taking в near 1 and (ii) ^  |C /|< °°, (22) implies that R(2)S l/4  a.s. Hence Rs^  1/2
j=1

a.s. and (23) is established. Thus the proof of (14) is complete.
(15) is established below. From the fact that

Í U A - p = ( l - k / n Y + O i n - 1)

one gets 2 n  = Tn + 0(n~v)S„. Lemma 3.4 implies that 0 (n _1) 
is equivalent to

(23) P ( 2 pn s  Bn (log i.o.) = {j

S e a.s. (15)

if £ 0
if £ <  0.

Take £>0. Then
P (Z P = 5 n(lo g n )(1+E)^  i.o.) P(Tn S  R„(logn)(1+£)/* -£  i.o.) S  

S  P(Tn 3=r fi„(logn)(1+£/2)/l i.o.) =  0,

the last step following from (17). Similarly proceeding with e<0, (23) is obtained. 
Theorem 3.2. I f

with /?£[— 1, 1) then
(24) 
and
(25)

lim P(SJBn S  x) =  G(x, a, ß, 0, C)
П-*-оо

P (lim inf Un — — e1/a) = 1
4 n-*~ OO

P (lim inf Vn = — e1,x) =  1.

Since minor modifications in the arguments of Theorem 3.1 establish (24) and
(25) , the details of the proof are omitted.

R emark. Notice that when |/?|< 1, the above theorems give both limit superior 
and limit inferior of the functions U„ and V„. But when ß = \ (ß——l), only the 
limit superior (limit inferior) is given. When the common distribution of the se
quence {Xn} is G( ■ , a, 1, 0, C) with ж  1, M ijnheer [8] has shown that for a known 
constant C
(26) P (lim inf Snn~lla (loglog n)(1-a)/ot =  C) = 1.

4 П-*- oo 7
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Since 2~pSini2 i= Tn^:Sn, from (26) we can find constants Cx and C2 (Ct < C2) 
such that

P(Tn s  Q  n1/x (log log n)-<l- x)lx i.o.) = 0
and

P(T„^ C2n1,x (log log i.o.) = 1,
which imply that

P(T„ Ш n1/a(logn)c i.o.) =  1
and

P(Tn =  n1/01(log n)~c i.o.) = 0 

and the two together are equivalent to

/ ’(liminf U„ =  1) =  1.

Now P(liminf F „ = l)= l can be obtained as an easy consequence.П — oo
The following example shows that 1 ceases to be the limit inferior of Un(V„) 

for distributions which are in the domain of attraction of (?(•, a, 1,0, C), a < l .
Example. Let {Xn} be a sequence of independent r.v. ’s with the common distri

bution F given by
F(—x) = x-II(log x)_1/3

and 1— F(x) = x~x for х ё е  and 2 /3 < a d .  Then

lira P(SJnllx S x )  = G(x; a, 1, 0, C).
П — oo

Taking yn=(log n)2(1+e)/3a an(i proceeding as in Lemma 3.4 by giving the value 
r—3J4 in establishing the right half of the inequality, one gets

P(Tn S - n 1/*(logn)2(1+£)/3£I) Q O o g n ) - ^
and

P(Tn S - n 1/41ogn)2(1- £)/3°‘) ^  C2(log n)-(1-e).

Repeating the proof that one would give for Theorem 3.2,

(27) P(Tn 3= - n 1/0I(log n)2(1- £)/3a i.o.) = 1 
is easily seen.

A slight modification in establishing the other part, which is indicated below,
gives
(28) P(T„ за - n 1/a(log „)2(i+<0/3« i.o.) = o.

The modification is only in proving

р [ г п- Т П'_1^ - ^ п ' 1\\о%пуЬ+»13'  i.o.) =  0.
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Define
R, — inf (Гл -  Г,. _ n (log n) - 2 (1+t)/3‘,

2 ( l  +  e)/3*

and
Ä<1)= inf Í 2  ( l-fc /n /A 'tln -^ O o g n )

",-lS»-=n- V*=n,.j+1 /

Z 'd - k / n . ^ y X ,
R<2> =  inf t = l

and the r.v. ’s

Notice that

n - 1/a(log«)2<1+e)/3“ 

X* if Xk ^ 0
otherwise.

[ X

* H o

Í 2  -*»“1) n_1/l(log л)1/3tjt=i >

converges weakly to a stable r.v. with the same a and with 
Lemma 3.4 one gets

2
J k = l

-^-(log n)2(1+t)/3“ a.s.

Therefore

ß = - l . Applying

2  (1 - k / n y x k z x k- 1
*=”.-1+1__________  . *=1_______ г ___

n1/e0og п)2(1+е)/3* = n1/CI(log п)2(1+‘)/3,ж _  4

i.e. a.s.5 4
Repeating the lines of proof of Theorem 3.2, R{,2)S — a.s. is easily seen and

consequently P(Tn—T„t_1̂ ( l o g  л)2(1+е)/3* i.o.)=0 is established.
(27) and (28) together imply that

P (lim inf Un = — e2/3“) = 1.
Now

P (lim inf V„ = — e2/3‘) = 1
4 П - *  oo 7

can be easily claimed. Thus we conjecture that the lim inf of U„(V„) depends on 
the rate of convergence of F(—x)/(l — F(x)) to zero as x —
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ON PROPERTIES OF PEANO DERIVATES
By

P. S. CHAKRABARTI (Raniganj)

1. Introduction. Let /  be a real function defined in some neighbourhood of 
the point x„. If there are numbers a1;a2, . . . ,a r depending on x„ but not on h 
such that

where lim ap denotes the approximate limit [12, p. 218], then ar is called the approxi
mate Peano derivative of /  at x0 of order r and is denoted by f r a (x0) [2, 4, 9]. 
From the definition it follows that if / r,a(x0) exists, then Л ,а(х0) also exists for 
1 S k ^ r .  We shall write / ( x 0)=/o,a(x0) = a0.

Let / г,а(х0) exist for a fixed r. Let

f r+ i , a(x o) and f r+ i ,a(x o) are called the approximate upper and lower Peano deriv- 
ates of f  at x0 of order r+1 , respectively, where lim sup ap and lim inf ap denote 
the approximate upper and lower limits, respectively [12, p. 218], while Jr+1(x0) 
and fr+y (x0) are called the upper and lower Peano derivates of /  at x0 of order 
r+1 , respectively. The definitions of the right hand upper and the approximate 
right hand upper Peano derivates / r+i(x0), f r%x,a(x0) are obtained from / r+i(x0) 
and f r+i>a(x0), respectively, by restricting h to be positive. The definitions of the 
other Peano derivates f~+1(xa), Jr+i,a(x o), L X i ( 4  L X i.«(*<>)> /Г+ iW , L+i ,a(x o) 
are similar. When all the four derivates / r + i,„(x0), f r~ 1>а(х0), / r+i>a(x0) and 
LX  I, „ (Xo) are equal, the common value is said to be the approximate Peano deriv
ative (possibly infinite) of / at x0 of order r + 1. If in the above definition the approxi
mate limit is replaced by the ordinary limit at every stage, then we get the defini
tion of the Peano derivative / r+1 [11].

It is known that a finite approximate Peano derivative belongs to Baire class 
1 [4] and it satisfies Darboux property, mean value property, boundedness pro
perty, Zahorski’s property and the Denjoy property [9]. It is also known that 
an ordinary (finite) Peano derivative enjoys Zahorski’s property ,///3 [13] and that
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if the approximate derivates are bounded at least on one side then they are the 
corresponding Dini derivates [6, 5, 7]. These results are extended for the approximate 
Peano derivates.

2. Terminology and notations. Let /  have an approximate Peano derivative 
of order n — 1 at each point in the closed interval [a, b], Then /  is said to have the 
mean value property M * with respect to / / „  in [a, b], Ошк^п — l, if for each x  
and x+ h  in [a,b] there is x' between x  and x + h such that

(„ — tv  f n-l i 14=^{/*.-(*+*)-r5 у/г..Ц  =/.t.(*0-
If /  has the property M* with respect to then we shall write f€ M f  (//«). 
Set

Mn(J:.a) = "n M*(J+a).
k = 0

The mean value property with respect to other derivates, viz., f* a, f~ a, f~ a, / / ,  
ín > In ar>d fn are similarly defined. The class of Darboux functions will be 
denoted by 3).

3. T heorem  1. / / / , - i ,« ( n s 2 )  exists in [a, b] and i f  any of /„%,
/„+, /„ , f f  and j f  is bounded at least on one side in [a, b], then / ("_1) exists and 
the Peano derivates o f f  are equal to the corresponding approximate Peano derivates 
of f  in [a, b\.

P r o o f . We shall prove that if /„+„ be bounded at least on one side, then 
/„ % = //. Other cases are similar.

Let us first suppose that f f a is bounded below. We may suppose f f a= 0. 
Then by Theorem 3 of [9], /„_1>a is non-decreasing and continuous in [a, b\ and 
since [9], exists in [a, b]. If possible let £ be such that

Кг =  /+ « )  </„%(£) = K.

We may suppose that 0 = ̂ —f ( f )  = . . .—f n_ ff ) .  Choose 0-=e<— -— Since 
K1< K —2e, there is a sequence {Av} such that Ay—0 + as v — °° and

(1) f(K )  
K i n ! K -2 e  for all v.

We may suppose AV<1. 
0<ГУ<ЛУ suchthat

Let us fix v. Then by mean value theorem, there is tv,

i (K)
K /n ! -in-ЛК).

Since/„_! is non-decreasing and/„-i(0) — 0 ,/„_!/„) ^  0 i.e./(/iy) s  0. Also from (1)

ПК)
K/n\ <  К — 2 e  - K —e.
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Hence n! f ( h v) <  K (K —e) i.e.

Let Л = [0,Л„] and 7>=[{B^ f * 4  So, from (1)

Ч ё Г -(2)
m ( I v)  =  f  n \ f ( K )  l1'"
m (/v) U ;(A :-e)J

satisfies

(3 )

Since / п+о(0) = А' there is N  such that the set E = \x: —K>— e;;t>o[’ У xr In'. )

m ( ^ n /v) ^  ( К - Щ -  for
m(Jv) \ K —e)

Since /„_! is non-decreasing in [0, Av] and /„ - jXO^O, /„_1s 0  in [0, Avj. 
Hence /„_a is non-decreasing in [0, hv]. Since /„_2(0)=0, /„_2^ 0  in [0, Av]. Con
tinuing this argument, /  is non-decreasing in [0, Л„].

Let x e ly. Then f ( x ) ^ f ( h y) ^ K ~ £} X" i.e. ^ K ^ K - e. So ECl/,=0.
Hence from (2)

m (£Tl/v)
m(Jv)

n\ X я/ n \

m(Jv) - m ( I v)
m ( / v)

w(/y)
m ( / v)

This is true for all v. But this contradicts (3) and the result follows.
Next, let /„% be bounded above. We may suppose /„^S0. As ab o v e ,/(n_1) 

exists and is non-increasing. Suppose 0 =  £ = /(£) £)• If possible, let ^
be such that К, = /„+(^) </„%(£) =  К. Choose 0< e<  ^  ^  . Since K ^ K —Ie,
there is a sequence {/;„} such that hv-*-0+  as and 0<AV<1 and

/ ( A v )
(4 ) л;/п! K —2e for all

Now, since K ^0, f  (hv)<0 and so / ( A . )  .
K -E  '

n \f(  A y )
a: - e

-0. Also from (4) n! f(h v) <  h"(K—E) i.e.

> ft;.
Hence

Let

A cia  Mathemaiica Academiae Scientiarum Hurigaricae 32, 1978



220 P. S. CHAKRABARTI

Then from (4)

(5 ) га (/у) =  , К  
га (Л) jи!/(йу) у/»

Since f f a(0) = K, there is TV such that the set

satisfies

(6)

-e ; x  : °}
w (£ fV v)

г а ( Л )
for all V arTV.

Since /+ ,s 0 ,  / , _ 1>a is non-increasing and since /„ -i,a(0) = 0, /„_1>â o  in 
/„ and as in the first case, / i s  non-increasing in Jv. So, if x € /v then

f ix )  S /(A V) x " ( K — e )

i.e. /(*)
x"/n\ ä  / f—e. So £Tl/„ =  0.

n\

Hence from (5)

m(EC\Jx)  m (/„) — m (7V)
m (Jv) ra(7v)

1 - ra ( /v) 
ra(Tv)

which contradicts (6) and the result follows.
4. Let /„_i>a exist and let

ö„(f ; x0, h) = <Pn(f; x0, h)-<Pn(f; x0, - h) 
where Ф is as defined in Section 1. Then if lim ö„(f; x 0, A) = 0, /  is called smoothh-*-0 +
of order n at xa (see [15, II, p. 62] and [10]). It is clear that if / i s  smooth of order 
n at x0, then /„+ (x0) =/„~ (x0) and similarly if lim ap xa,h )= 0 (which may

Л - 0 +
be called the approximate smoothness o f /o f  order n),_then_//a(xo)=/„7a(x0). So, 
the following results, where we assume / /  =f~  or /„% =  / / „ , will remain valid 
if these conditions are replaced by the smoothness or approximate smoothness 
of /  of order n, respectively. We note that if j f a =  J~a or / /  =/„“ then the 
common value is / п а or /„, respectively.

T heorem  2. Let / n_1>a (n^2) ex«/ and let f~ a= J fa (resp. J~=J+). I f  Jn<a 
( r e s p .j j  is of Baire class 1, then „ (resp. Jn)£&>.

P ro o f . We prove for J n a; the proof for /„  is similar. Set g = / „ , fl and let a, ß, 
a<jS, be any two real numbers such that g(a)<0<g(ß). Suppose if possible 
that there is no ££(a, ß) such that g(c,) = 0. Let

E =  {x: xe[ot,ß]; g(x) >  0}, F =  {x: x€[a, ß]\ g(x) <  0). 

Then £ U f= [a ,j5 ],
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Let Q be any non-degenerate component of E. Then Q is an interval. Let 
c = inf Q, d= sup Q. Then by a known result [9] /„_l a is non-decreasing in (c, d) 
and since f n-i,a is non-decreasing and continuous in [c, d]. Hence by
mean value theorem [9], if c<c+h<d, there is h', 0 such that

ф „ (/;  C, h) =  ^ { / ( c + Ä ) - / ( c ) - . . . - ^ ^ j - / „ _ 1>a(c )}  =

=  |{ / „ - 1 ,а(с + Ю - /п-1,„(с)}^0.

So /„% (c)a0. Similarly f - a(d )^0  i.e. g(c)=t0, g (d )^ 0. Since g(c)^0^g (d ), 
g(c)>0 and g(d)> 0. So, eg (9, dc~_Q. Thus every non-degenerate component of 
E  is a closed interval. Similarly every non-degenerate component of F is a closed 
interval.

Let {Q} and {/?} be the collections of all non-degenerate components of E and 
F, respectively, and let {S}= {Q}U {/?}. Then two distinct elements of S are dis
joint. Set P=[a, /?] — U S° where S° denotes the interior of S and where the 
union extends over all S in {S'}. Then P is perfect and g/P has no point of continuity 
in P, which contradicts the fact that g is in Baire class 1.

T heorem  3. Under the hypothesis of Theorem 2 / £  Mn(Jn a) (resp. f£ M „(/„)).
P roof. Let <x<ß. Set

G (0 = /(0 - f n - U ß ) - f n - U a)  ( * - « ) "

Then,

and

ß - a n\

C t t\ _ Г i*\ fn — 1,а(/0 /п-1,а(а) it „л
n - l , a V )  —  J n - l , a \ 4  о

Gn,a(0 =L,a(t)~

ß-OL

fn-l,a(ß)-fn-l,a(<x)
ß — a.

Now / n_ij0 is a Darboux function of Baire class 1 and hence Gn_1<â 3> [1]. There
fore if G„;„(0=tO for tfjee, ß) then G„_li(J would be nondecreasing in (я, ß) and 
by the property Gn_lta^S>, G„_lja would be non-decreasing in [a, /?] and since 
G„-i,a(°0 = Gn- i ta(ß), G„_la  would be constant in [a, ß] which is a contradiction 
to the fact that Gna(t)> 0 in (a, ß). TTius there is ?x6(a, ß) such that Gn a(t1)^ 0 . 
Similarly there is i26(a, ß) such that Gn>a(t2) = 0. Since G„ta£S> there is i0G(a, ß) 
suchthat Gna(í0)=0. That is,

( 1)

Next let

G(t)

fn-l,a(ß)-fn-l,a(!*)  =  (ß-<X)Jn,a(to)-

= /(0 —
fk,a(ß) fk,a(x) ••• / » - ! . « ( “ ) (t — a.)"

i ß - a ) n- k/ ( n - k ) \ П!
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Then
( R-Qj)n — * “ 1

Gk,a( ß ) - G k, M -  - - ^ n _ l c_ l y  Gn. х , я ( я )  =  0

and so by mean value property there is t^ ia ,  ß) such that

Gb- i.oOi) — G„_i,a(a) — 0.

Now as above we assert that there are r26(a, G) and t3£(a, fx) such that

G„,a(G) — 0 and G„>0(i3) ^  0

and since Gn_a£Q) there is f„€(a, G) such that Gn>a(i0) =  0 i.e.

LAß) -Л ,а ( « ) -  •• • -  У  n  ; / - ! . . ( « )
? f, \ = __________________ K d -____________
/n>aW (ß — a)n~k/(n — k)\

completing the proof.
5. We recall that a set E £M 2 if and only if E is an Fa and every one sided 

neighbourhood of each point of E  intersects £  in a set of positive measure and 
/ € ^ 2  if and only if for every a and ß, the sets {x :f(x )> a} and {x:/(x)</?} 
belong to the class M2 [14].

T heorem  4. Let 
0) /в - l ,a exist,

(ii) /в7а=/в% (resp. f„-=f„+),
(iii) f n a (resp. f„) belongs to Baire class 1, and
(iv) Jna (resp. ]„) be finite except on a countable set.

Then /„, a '(resp. f j  £ M2.
P roof. Since f na is in Baire class 1, for each a the sets Ex — {x:jn a(x)<-a} 

and Ex— {x:f„ a(x)>a} are Fa sets. Let ££Ea and <5>0 be arbitrary. Then if 
w([£, £,+ö]C\Ea)=0, the function /„_i,a(x) —ax would be non-decreasing in 
[£,,£,+6] and hence f n,a(£) = a which is a contradiction, since £€EX. So 
т(\£, t; + 5]C\Efi>0. Similarly if m([i£ — <5, then it is of positive
measure. Thus ExdM2. It can similarly be shown that ExdM 2.

C o r o lla r y . Under the hypothesis o f Theorem 4 , / ла (resp. f„) possesses Denjoy 
property [3], that is, for any two reals a, ß, a<ß, the set (x: a < /n>a (resp. f j< ß }  
is either void or is o f positive measure.

P roof. Let /„ „ ^ 0  a.e. in an interval /. Then /„_l a is non-decreasing in /  
and hence / п>аё 0 in I. So /„>a has the property that if f„iCI = 0 a.e. in an interval, 
then / иаё 0  everywhere in that interval. Similarly if J„<a=0 a.e. in an interval, 
then f„,asO  everywhere in that interval. So by a result of [8], possesses Denjoy 
property.

6. T heorem  5. Let f k_ 1>a (A: =  2) exist in an interval [a, b]. I f  J k,a —C in [a, b] 
where csO  is fixed, then for each j,  1 =y'=L, there is a partition o f [a,b\ say
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a ~ tj '0< tj'1~z...~=:tj'mU)=b such that m ( j) ^ 2 J and for each i, 
one o f the following assertions hold for every x  in

1 (j): f k - j . a ( x )  f k l) ^  J j  ( x j  -  t ,_j) a n d  f k - j , a ( t j . i - l )  ^  J j

2(j): f k - j . a ( x ) - f k - j , M j . i )  -  - j ^ j . t - x 1)  a n d  f k - j f a ( t j ' i )  £  у Д ,

3 (j) Г f k - j , a ( x ) - f k - j , a ( t j . i - l )  a n d  f k - j . a O j . i - l )  ~

4(j): f k - j . a W - f k - j . a i t j . i ) = j M , i - X S)  a n d  f k - j . a i t j . i )  =  j ]  ‘ j . i -

1

Proof. We shall use the argument of Weil [13] with essential modifications.
We first prove the theorem for the special case when c =  0 and then con

sider the general case. Let 7=1. Then since Л ,а=0, f k_la  is non-decreasing in 
[a, b] and by the Darboux property of f k~\,a, f k- \ .a is continuous in [a, b}. So there 
is a point t£[a, b] such that

(1) 1Л—i.„0)l S  l/*-i,«(*)l> for x£[a, b].

If fk-i,a is constant in [a, b\, we take t=a  and if f k-\,a(,a) = 0, then clearly 1(1) 
holds for the partition a= th0^ t ltl=b and if Л - 1>а<0, then 2(1) holds. So we 
assume that Л _ 1>а is non-constant. If t=a, then since Л _ 1>а is non-decreasing 
in [a,b], f k-i,a (x )-fk -i,a(a )^ 0. Also A -i,o0 )^ 0 . For if A _i,o(a)<0, then 
by (1), Л -1,0 would be constant. Hence for the partition a =  th0< t l t l—b, 1(1) 
holds. If t —b then by the monotonicity of Л - i,«» / i - i ,« W - / t_ i ia( i)^ 0 ,  and 
as above Л - 1,о(^) — 0- In this case also the partition is a = tk 0<-th l—b and 2(1) 
holds.

Finally, if t£(a,b), then Л-1,о(0= 0. So the partition is a = t10< tl l = 
=  /< t12=Z). By the monotonicity ofЛ - i,„> x  in [f1>0, h,i] implies that fk - i ,a(x) — 
—fk -i,a(ti,i)=0 and so 2(1) is satisfied for any x in [r1>0, Г1Д] and x in [ilfl, rli2] 
implies that

fk-l,a(x)~fk-l,a(tl,l) — 0
and so 1(1) holds for any x  in ilj2]. Thus the theorem is true for y'=l. Let us 
suppose that the theorem is true for j= p  and prove that it is also true for 
j= p + l  where lS p < k . So we assume that there is a partition a=tp0< tp l < ... 
...-<tPim(p)= b such that m (p )^2 p and for each /=1, 2, m(p) one of the 
relations l(p), 2(p), 3(p) and 4(p) holds for any x  in [ip>i_ ъ tpf[. We shall show 
that each interval [tp i_1, tp<,] can be divided into atmost two subintervals on each 
of which one of the relations l(p  + l), 2(p +  l), 3(p + l) and 4(p + l) holds for 
each x  in it.

Let l ^ i^ m (p )  and let 1 (p) hold for any x  in [tp>i- k, tpf\ .  Since 
A-p,«0p,i-i)=0, f k- p,a(x)^0 for all x in [tP'i_j ,  tpJ .  Hence Л_(р+1)’0 is non
decreasing and continuous in tPti], So there is a point t in fp>j] such
that IA-(p+i),a(0l = IA -(P+i),oWI for x in [ip.i-i, ip.il- As in the case for y = l,
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we may assume that /*_(р+1)>а is non-constant. If t= tp,i- 1, then since Л -(Р+1),Я 
is non-decreasing and continuous in [tp-i- i ,  tp,,] for each x  in [tp>i_i, tPji],

fk — (P + l),«(■*■) fk — (P + l),a(lp, i-l) — ^ and fk-(p + l),a(.tp,i-l) — ^
then renaming the interval [iPji_i, tp>;] as [tp+1)i_i, tp+lji], l(p  + l) holds for any 
x  in [tp+i,i_i, tp+i,i] and in this case this interval remains undivided. If t= tp i then 
also by the above argument for each x  in [ip i_l5 tp>;] we have

A -(P+i),«W- /);-(P+i),«(lp,i) — 0 and /fc-(p+i),a(ip,;) = 0 
then 2 (p + l)  is satisfied for all x  in

[tp + 1, i~ Is P̂ + l,j] t̂ P,i —15  ̂p. /]'
Finally, assume that t€(iPl;- i ,  tPii). Then /*_(p+1)ia(0 = 0. Divide the subinterval 
[*P,I-1 > lPji] into two subintervals [/р>;_15 t] and [t, fp>i]. Now since f k- (p+1),a is 
non-decreasing in [tp,i_i, tpi\, for each x  in [tp j_i, /]

fk — (P + l),a(0 fk — (p + l),a(x) — 0
and so 2(p + l) holds for all x  in [tp j_ls t] =  [tp+i j-i, tpi] and for each x  in
[*, tp,i\

fk-(p + l),a(x)~fk-(p + l),a(t) = 0
and hence l(p  + l) is satisfied for all x  in

[ t y  ! p , ( ]  [^P +  l , i s  t p  +  1 ,  i + l3 ’

If 2(p), 3(p) or 4(p) holds for x€[tPji_i, tp t], then it can be proved by similar 
arguments that one of l(p  + l), 2(p + l), 3(p +  l) and 4(p + 1) also holds for all 
x  >п [iP+i,i-i! tP+i,;], l= i= m (p + 1). Hence the theorem is also true for j= p  + 1- 
Thus the proof for the special case when c = 0 is completed by induction on j.

cx^For the general case, let с ё 0. Set g (x )= f(x )—— . Then gk_ 1o exists
in [a,b\ and gk,a—fk,a~c—0. So by the special case applied to g, for each j, 

there is a partition of [a, b]

a ~ tj, о li, 1 0. Mi) — b
such that m(y') =  2J and for each i, 1 ^ i ^ m ( j )  one of the following assertions 
hold for any x  in [tj^-i,

i(j): fk - j, a (x )-fk  - j, a (tj, i-i) = Jj (xJ ~  tj,; - 1) and /*_,,*(7/,г_l) i?

2(j): fk-j,a(x)-fk-j,a (tj,d  = - j | ( )  and f k-j,a(tj,i) = j j tj.i 

3(j): fk-j,a(.x)-fk -j,a (tj,i-d  = - -y ,(x i~ t jj,i-i)  and i ) s  у  1Jjti_x

4(j): fk-j,a(x)-fk-j,a(tj,i) = J i (tj,i~ xJ) and f k-j,a(tjti) S  ~  tjyi, 
completing the proof.
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7. In what follows, by the convergence of a sequence of closed intervals 
{[a„, fe„]} to a point x, we mean x^ t j  [an, fe„] and lim an~ x=  lim fe„.

n _ j  П —  o o  П -* -о о

L e m m a  1. Let gfcjű(0) (/cs 2 ) exist, g(0)=glia(0) =  ...= g fc_la (0)=0 and 
Sk,a (0) >0. Let {/„ = [a„, /?„]} fee a sequence of closed intervals with positive end
points converging to 0 such that for every n, x£/„ implies gfc u(x) = 0. Then

lim
П-~оо

m(I„) 
d{0, /„)

=  0 .

P r o o f . Let g/t,a(0)>£>0 and

£  =  {*■ &..(<0 )-e  <  < gft,a(0) +  e}.

Then 0 is a point of density of the set E. Let и be a fixed positive integer. We shall 
show that

m(EOIn) 2e
w  К < gk,a(0) '
Since gka(x) ^ 0 for all xdl„, gt _l a (x) is non-increasing on /„ and hence gt _1(J 
is continuous on /„.

Let А=ЕГ)1П. If A is empty, then

т(ЕП1„) _  2s
К gUO) '

If A is non-empty, let x2 = sup/4. Since gk_ la  is continuous on /„, so is 
g(x)/(xn/k \) on /„. Therefore

(2)
Let

g(*2)
x|/fc!

(3) Xl =

=  g*,e(0)-e >  0.

Í U 0 H 1
Uic,a(0)+£

We shall show that А а[хк, x 2]- If xl S an, then Acz[xk, x 2]. Let xt >a„. 
Since gk a^ 0  in gt _lj0 exists and sO in /„. Now, applying Theorem 5 in the
interval [a„, x2] for the function —g we see that there is a partition =  ...
. . .< im= x2 such that for every x6[tj_i, fi] one of the following inequalities holds

!(*): - g ( x ) + g ( t i - 1) SO and -g (i,_ i)  SO

2 (k): - g W + g f t )  =  о and - g t ó s o

4 k ): -g W + g fc - i)  s  о and

ОVII\bo1

4 (k): - g ( * )  +  g(A) ==0 and -g (tj) s 0 .
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Let £€[a„, x j. Then £ will lie in some subinterval, say [tjo_l5 rfo], of the parti
tion. Now g(x2) =~0 and so from 2(k)

g(*2) =  g ( ' m - l )  =  g(L-2) g ( t j  =  g ( £ ) .

So from (2) and (3)

g(£) _  g(x2) fg*.a(0)+£l* g(x2) __ , _
д а -  *  im  -  f e n ö b i J  W irs 8* - (0 )+ t-

Hence £ $E  and consequently £ $Л. Thus A(z[xk, х 2]. Since ЕГ\1п = А,

m(EP\J„) sí x2 —x, =  x2- g^  , ! ‘ *2 — x 2 m 2e
g*.a(0) + e

s L -

2eXo * — ^
g*,a(0) + e g*,a(0)

2e

i.e.
g*.a(0)’ 

m(EC\I„) ^  2e
bn g*.«(0) ‘

Thus (1) is true. Also, since 0 is a point of density of E, we have

(4)

Now from (1)
lim
П — 00

т(ЕП[0, bn]) 
bn

= 1.

an ^  m(Ef][0, an]) т(ЕП[0, fej) т(ЕП1„) т(£ П [0 , fej)
К К b„ Ьп ^  Ь„

Hence from (4)

1 s- lim s u p ^  lim inf ^bn в-«*» bn 1 - 2e
g*.a(0) ’

2e
g*>0( o) •

Since £>0 is arbitrary, lim ^  = 1.
f e „

So, lim b\ a'  = 0.n~” b„

Theorem 6. Let /*  _ la  (& ё2) exist, let f f a  = f k£ a and let J k a be i n  Baire class Í. 
Suppose that j k a is finite except on a countable set. For any two reals a, ß, a ^ß , 
let

E(ct, ß) =  {x: a < /* ,a(x) <  ß).

I f  E(ct, fi) contains a point x0 where /*,а(х0) exists, then E{a, ß) has the following 
property:

For every sequence {/„} of closed intervals converging to x„ with

m[E(a, ß)D In] = 0
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for every n, we have

lim
П-+00 d(x0, /„)

= 0

where d(x0, /„) = inf {|x0- ^ |  :y€/„}- 
P roof. We may assume

* o  =  0  = / ( * o )  = f i , a ( x o) =  - = / t - i . « ( * o ) -

Now by Corollary of Theorem 4, m[£(ot,/?)("!/„] = 0 implies E(a,ß)CMn= 0  for 
every n. Thus *£/„ implies either Jk a(x )^ ß  or Jka( x ) ^ a. Since by Theorem 2, 
f kt„ has Darboux property, either f kya( t) ^ ß  for all t£l„ or / t a (f)^a  for all t£ In. 

Let N  be the set of all positive integers. Let
Nk= {л: n£N; /„ has positive end-points and ?£/„ implies Jktil(t)=ß},
N2= {n: n£N; /„ has positive end-point and /£/„ implies /*,„(/) =  <*}>
N3= {и: n£N; /„ has negative end-points and i£/„ implies / k>a(f) = /í},
Nt = {л: In has negative end-points and tfj„  implies Jka(t)^ot}.
Now, the function

gW  = ß j f  - /(* )

is such that g(0)=g1;a(0) = ...=gk_lja(0)=0<gi>a(0) and for the intervals 
n^Nx, gka(t)^ 0  for r£ /n. Hence by Lemma 1

,■ m(In)
"7~ d(0, /„) *ín x

= 0.

Considering g(x)=f (x)  — ot — ,

g(x) = - ( - l ) kf ( - x) and g(*) =  ( - l ) kf ( - x ) - c t ^

for the sets N2, N 3 and iV4 respectively, one gets

and hence

lim
n-+ OOnZNt d(0, /„)

- 0 , i = 2, 3, 4

lim
n -* -o o

m(In)
d(0, /„)

=  0.

C o ro llary . Let f k>a exist and be finite. Then f k>a has the following property: 
For every open interval (a, fi), for every x satisfying a </*,„(*)</? and for 

every sequence {/„} o f closed intervals converging to x  with т [ / лП{х:«<f kj a(x)</?}] = 0 
we have

lim
n-+-oo

™Un) 
d(x, /„) =  0.
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The class of all functions which satisfy the property of f k a stated in the above 
corollary is called by Zahorski [14] the class . Therefore, the above corollary 
asserts that a finite f k>â J i3.

I express my sincere gratitude to Dr. S. N. Mukhopadhyay, Reader, Depart
ment of Mathematics, University of Burdwan, for his guidance and inspiration 
in this work.
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TOPOLOGISCHE NULLTEILER UND ENDLICH 
ERZEUGTE IDEALE IN GEWISSEN ALGEBREN 

HOLOMORPHER FUNKTIONEN
Von

M. von RENTELN (Giessen)

1. Einleitung und Problemstellung

Die bekanntesten Beispiele von normierten Algebren von Funktionen, die 
in der offenen Einheitskreisscheibe D = {z: jz |< l} holomorph sind, bilden die 
Algebren H°°— { f  :D-*C \ f  holomorph und beschränkt} und die Disc-Algebra 
A(D) = { f:D —C \ f  stetig auf D und holomorph in D) jeweils unter der Norm 
ll/ll =sup { \f  (z)\:z£D). Beides sind komplexe Banachalgebren und daher lassen 
sich viele Resultate mit Hilfe der Gelfandtheorie herleiten. Wir wollen in der vor
liegenden Arbeit gewisse normierte Algebren in D holomorpher Funktionen unter
suchen, die im allgemeinen weder vollständig noch komplex sind. Während einige 
Untersuchungen zu reellen Banachalgebren dieser Art vorliegen (vgl. A l l in g  [1]), 
scheinen nicht vollständige normierte Algebren über Körpern К mit K a C und 
K ^R  nicht untersucht zu sein.

Eines der ungelösten Probleme in der Banachalgebra H°° und der Disc-Algebra 
А (£>) ist die,analytische' Charakterisierung der endlich erzeugten Ideale / = ( / (, ...,/„). 
Zur Untersuchung hat sich ein weiteres Ideal

(C ist eine von /  abhängige Konstante) als zweckmäßig erwiesen. IQ W  ist klar 
In H°° wurde anfangs vermutet, daß 1= W  bei jeder Wahl der Funktionen 
f i ,  gilt (vgl. Birtel [2], S. 347, Nr. 12). Für beide Algebren ist dies jedoch 
falsch. Ebenso ist, im Gegensatz zur Algebra aller im Einheitskreis holomorphen 
Funktionen, nicht jedes Ideal I= (fi,  ...,/„) ein Hauptideal.

Das Ziel unserer Arbeit ist, für gewisse Algebren im Einheitskreis holomorpher 
Funktionen endlich erzeugte Ideale I  anzugeben und zu charakterisieren, für die 
/ =  W gilt und die Hauptideale sind. Ein Spezialfall dieses Problems, nämlich 
1= W  und /=(1), wurde für die Algebren H°° und A (D) untersucht und die Lösung 
im komplizierteren Fall A=H°° ist das bekannte Corona-Theorem von L. 
C arleson  (siehe etwa [3], S. 202) in der folgenden algebraischen Formulierung:

C o ro na-T heorem . Ist (5(A) die Gruppe der invertierbaren Elemente der Al
gebra A, so gilt: W П (ö (А) А 0  <=>/= W und I  ist das triviale Hauptideal (1).

I= W  folgt hier schon aus /=(1), wegen der ins Auge gefaßten Verall
gemeinerung wählen wir trotzdem obige Formulierung. Der Satz ist auch für 
A=A(D) gültig und mittels Gelfandtheorie unschwierig zu beweisen, er wird 
daher auch als ,kleines’ Corona-Theorem bezeichnet. Das Hauptergebnis unserer 
Arbeit ist eine Verallgemeinerung des kleinen Corona-Theorems in zweierlei Hin-
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sicht, zum einen werden allgemeinere Algebren A über einem Körper К ̂  C von 
im Einheitskreis holomorphen Funktionen betrachtet, zum andern wird ©(A) 
durch eine geeignete größere Menge ersetzt. Es stellt sich heraus, daß für die ge
suchte Charakterisierung diese geeignete Menge gerade das Komplement der topolo
gischen Nullteiler der Algebra A ist.

2. Vorbemerkungen

In diesem Abschnitt möchten wir einige Definitionen, Bemerkungen und eine 
Proposition bringen.

D ef in it io n . Unter einem imaginären Zahlkörper К verstehen wir einen Unter
körper von C, der mindestens eine nichtreelle Zahl у enthält mit |y|(;K.

B eispiel . Für jedes m £N \{ l,2 }  ist Q(e2ni/m) ein imaginärer Zahlkörper. 
Speziell für m = 4 erhalten wir den Gaußschen Zahlkörper Q-NQ.

D e f in it io n . A sei eine kommutative normierte Algebra über dem Körper K. 
Ein Element f£ A  heißt topologischer Nullteiler von A, falls eine Folge (g„)~ von 
Elementen g„£A existiert mit ]|gn|| =  1 für jedes «£N und fg n-»0 für n-+°°.

B e z e ic h u n g e n . Für die Algebra A bezeichne © (A) die Menge der in A invertier
baren Elemente und TNT(A) die Menge der topologischen Nullteiler von A. Fer
nerhin setzen wir TNTC(A)=A\TNT(A). K[z] bezeichnet wie üblich die Menge 
der K-Polynome, d. h. die Koeffizienten der Polynome sind aus dem Körper K.
K(z) sei die Menge aller ganzen Funktionen JF a„ z" mit a„€K.

n =  0

D ef in it io n . Für einen imaginären Zahlkörper К ist

AK(D) := |/€ A (5 ) : / ( z) = J  a„z", unCк}.

B e m e r k u n g e n . 1. Unter der Sup-Norm ist AK(D) eine normierte Algebra 
über dem Körper К und nur im Fall K = C vollständig.

2. Wie man leicht (unter Beachtung von QczK und К dicht in C) nachrechnet, 
exisitiert zu jedem f£A(D ) ein gfAb[A(D)], so daß fg£AK(D). Daraus folgt ins
besondere, daß ein Element / genau dann in Ak(D) invertierbar ist, wenn es keine 
Nullstelle (in D) hat.

Pr o po sit io n . A sei eine die K-Polynome enthaltende Unteralgebra von Ak(D) 
und f(LA. Dann gilt: f  ist ein topologischer Nullteiler von A genau dann, wenn f  eine 
Nullstelle a auf dem Rand dD besitzt.

B ew eis. Sei /£TNT(A). Dann gibt es eine Funktionenfolge (g„)f mit €Л, 
||g„|| =  l, so daß g„/-►O für n->-°o. Nach dem Maximumprinzip existiert eine 
Punktfolge (z„)r mit zn£dD, so daß |g„(z„)| =  l für jedes n€N gilt. Angenommen 
/  wäre nullstellenfrei auf dD, d. h. |/(z)|Sc> auf dD für ein <5 >0, so folgt ins
besondere |/(z„)|s<5. Dies impliziert |(g„/)(z„)| das ist aber ein Widerspruch 
zu II gnf\\ —0.
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Nun habe umgekehrt f£ A  eine Nullstelle oc£dD. Wir müssen zeigen, daß zu 
jedem s > 0 ein л=и(е)6N und A existieren, so daß ||g„/||< e und ||g j  =  l 
gilt. Sei £>0 vorgegeben. Da/ stetig und / ( a ) = 0 ist, so existiert eine Umgebung 
Ud(a)={z: \z -a \^ S }n D ,  in der |/(z )|< e  ist. Wir bilden die reelle Achse R durch
eine lineare Transformation L(z) = aZ- - - auf die Einheitskreislinie ab. Da die
Einheitskreislinie außer den Punkten —1 und +1 noch einen weiteren Punkt 
(nämlich y/\y\) aus К enthält, kann man die Koeffizienten a, b, c, d sogar aus dem 
Körper К wählen. Da Q cK  und Q dicht in R, so liegt L(Q) dicht in dD. 
Außerdem gilt wegen der Wahl der Koeffizienten I(Q )cK . Daher gibt es ein
ß£Uö(a)r\dD mit ß£K. Wir setzen f ß(z) = -^-(l+ßz). Dann gilt f ß(LA wegen 
ß = ~ e K . \\fß\\ = \, f ß(/0 = 1, | / fl(z ) |< l für jedes z£ö\{ß}. Insbesondere exis
tiert (^ > 0  mit \ f ß ( z ) \ ^ \  — <), in D \U 6(oi). Wir wählen nun n  so groß, daß 
1 1 /1 1 (1  gilt- Mit gn{z)=fg(z) folgt ||g j  =  l und

l(gj)(z)| =
( |/(z)| £ in Us( a)

£ in D \ U s(a).

Für jedes z6D gilt also |(g„/)(z)|<£, d. h. ||g„/]|<£.

3. Das Hauptergebnis

Definition. Wir sagen, daß eine Unteralgebra A von A^(D) die schwache 
Teilereigenschaft besitzt, wenn sie folgende Bedingung erfüllt: Zu jeder Untermenge 
U einer endlichen Menge M=  {zx, . . . ,zmj mit |z;|<  1 für jedes г'б{1, 
gibt es ein f£A , welches genau in den z; einfache Nullstellen hat (sonst keine Null
stellen) und Teiler einer jeden Funktion g£A ist, die in zx, . . . , z m verschwindet.

Bemerkungen. 1. AK(D) besitzt für jeden imaginären Zahlkörper К die schwache 
Teilereigenschaft. Im Fall der Disc-Algebra nimmt man für /  am einfachsten das 
Polynom f( z )= (z—z1)...(z—zm). Im Fall A = AK(D) wählt man /(z )  =  
= (z—z1)...(z—zm)g(z) mit gf(?)[A (£>)], so daß fd A  (vgl. Bemerkung 2 von oben).

2. Im Spezialfall U= 0  besagt die Bedingung, daß jedes nullstellenfreie 
Element in A invertierbar ist.

Für endlich viele Funktionen , ...,/„ der Unteralgebra A von Ац (D) bezeichnet 
1=1(1j, ...,/„) das von den /j, ...,/„  (algebraisch) erzeugte Ideal und das Ideal 
W= W (fy, ...,/„) besteht aus allen Funktionen f^ A ,  die in D einer Abschätzung

n

l / ( z)l — C 21 /;(z)! mit einer von f  abhängigen Konstanten C genügen.
i = l

Theorem. A sei eine die K-Polynome enthaltende Unteralgebra von Aa(D) mit 
der schwachen Teilereigenschaft. Dann gilt:

W flTNTc04) ?£ 0  => /  = W und I  ist Hauptideal.
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Existiert darüber hinaus zu jedem fZ  A mit f  (zo)= 0  für ein z0£dD ein cp 6  H °°\A, 
so daß fcp£A, so gilt sogar

Wf) TNTC(T) 5̂  0  <=* /  =  W und I ist Hauptideal.
Bemerkung. Im Fall_K=C gibt es viele bekannte, die Polynome enthaltende, 

Unteralgebren von Ak(D), welche die schwache Teilereigenschaft erfüllen, wie 
z. B. A(n) (K orenblyum [6]), A°° (Taylor and Williams [7]), A+ (K ahane [5], 
Кар. XI), A(D)C\~L\px (dD) ( 0 < a ^ l )  und weitere Algebren (siehe z. B. Faívy- 
sevskií [4]).

K o ro llar . In jeder Algebra A = A k(D) gilt:
W nTN Tc(d) 7Í 0  •<=> /  — W und I  ist Hauptideal.

B ew eis. K[z]c 4 ( ö ) ist klar. Wie weiter oben bemerkt erfüllt AK(D) die 
schwache Teilereigenschaft. Wir haben nur noch zu zeigen, daß Ak(D) auch die 
Voraussetzung des zweiten Teils des Satzes erfüllt. Sei also f£ A , f ( z 0) =  0 für ein 
z0£dD. Wie eine leichte Rechnung zeigt, existiert / j  £ © [,4 (5)], so daß cp(z) —

[ Z  z  1 00
----- - eine Entwicklung cp(z) =  2  cnz" mit c„£K hat. Offensichtlich
Z  Z q J  n =  0

gilt cp£H°°\A(D), da cp eine singuläre Stelle an z0 besitzt. Wegen / ( z 0) = 0 ist 
aber fcp£AK(D).

Beweis des S atzes . Zum Beweis des ersten Teiles nehmen wir an, daß W  ein 
Element /  enthält, welches kein topologischer Nullteiler (in Ä) ist. Aus der Pro
position folgt, daß /keine Nullstelle auf dem Rand dD hat. Also haben die Erzeu
g e r^ , . . . ,/ ,  des Ideals /  nur endlich viele gemeinsame Nullstellen, von denen keine 
auf dem Rand liegt. Da A die schwache Teilereigenschaft besitzt, zeigt man leicht,

n
daß auch ein G£A existiert m it/ A  und 2 \( f /G ) ( z ) \^ ö  mit einem <5>0.

_  i  =  l  _

Da insbesondere f /G d A (D )  so gibt es nach dem Corona-Theorem für A(D)
Funktionen G,£/1(D) mit 1= 2  G ß f/G ) .  Da К dicht in C und wegen К [z]QA 

_  i = i
ist A dicht in A(D), d. h. es gibt Funktionen h ^A  mit

WGi-KW <  --------
2 2  II (fi/G )  II 

1 =  1
für jedes /£{1, ..., n). Daraus folgt

n n n

1 - 2  h f f / G )
i = l

= 1 -  2  ht( f , /G )
i = 1

= 2  { G ,-h M ,/G )
i = l

^  Z W i - h M f i / G W ^ ^ .i = l  ^n
Dies impliziert, daß die Funktion h — 2 h i( f /G )d A  invertierbar ist. Wir erhalten

t=i
"  h-G— 2 S i f  mit g i= 2 iA ,  d. h. (G )Q (f1, ...,/„ )= /, unter Beachtung von 

1 = 1 n
Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



TOPOLOGISCHE NULLTEILER UND ENDLICH ERZEUGTE IDEALE 233

f / G £ A ,  d. h. (/j)^(G ) für jedes i(E{l, folgt I —{G), d. h. 7 ist ein
Hauptideal.

Es bleibt noch zu zeigen I=W . I ^ W  ist klar. Sei also f£ W , d. h. \f(z)\s
n

= C ^  I f(z ) \. Da A die schwache Teilereigenschaft besitzt, ist G auch ein Teiler 
von /7 d. h. /€(G)=7.

Zum Beweis des zweiten Teils ist nur noch zu zeigen, daß aus W П TNT‘fi4) =  0  
folgt I ^ W  oder 7 ist kein Hauptideal. Sei also WC\TNTc(A) = 0 .  Ist 7 kein 
Hauptideal, so sind wir fertig. Ist aber 7 ein Hauptideal, d. h. I= (d ) für ein d fA , 
so müssen wir zeigen 7?í W. Nach Voraussetzung besteht W nur aus topologischen 
Nullteilern, insbesondere muß nach der Proposition ddlcz W eine Nullstelle z0 
auf dem Rand dD haben. Nach Voraussetzung gibt es zu d eine Funktion (р£Нсю\ А ,  
so daß dcp£A. Daraus folgt dtpOW, aber dcp$I, d. h. I^ W .

Zusatz bei der Korrektur (24. November 1978.) Inzwischen hat mir Herr 
К. H. Indlekofer einen anderen Beweis der Proposition mitgeteilt, der die Eigen
schaft |y|£K (bei der Definition des imaginären Zahlkörpers) nicht benötigt.
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^-COMPACTNESS AND CONTINUOUS 
FUNCTION SPACES

By
W. GOVAERTS1 (Ghent)

1. Introduction and motivation. For all notions from universal algebra we refer 
to G . G rätzer  [12]. In particular, our use of the term “structure” agrees with p. 
223—224 in that work. Я denotes a Hausdorff space provided with a family of 
continuous finitary everywhere defined operations and a family of finitary relations 
with Я-compact graph sets. For each topological space X  the set C(X, E) of all 
continuous functions from X  into E is provided with pointwisely defined operations 
and relations so that it is regarded as a structure of type т (Я).

A character is a homomorphism from C(X, E) into E. In particular, each 
point x n((X determines a character Пхо by ЯХо( /) = /( х 0) for all /6  С (X, E). Such 
characters are called evaluations.

In our study of C(X, E) we make use of the pioneering work of S. M r ó w k a  
([7], [16]) who introduced the fundamental notions of Я-complete regularity and 
Я-compactness (see also [17]).

Я is said to be sufficiently complicated iff each character C(X, Я )—Я is an 
evaluation whenever X  is Я-compact. Essentially, our aim is to investigate which 
systems Я are sufficiently complicated. This problem has already received a con
siderable attention in literature, as well in the general setting ([4], [6], [17]) as for 
specific structures Я ([19], [14], [18]). Its importance may be seen from the following 
arguments:

1. For each topological space X  there exists an Я-compact space Y  and a con
tinuous mapping h from X  onto a dense subset of Y such that the mapping H  from 
C(F, Я) into C(X, Я), obtained by setting H (f)= fo h  is one-to-one and onto; 
H  is an isomorphism for all operations that are pointwisely definable from con
tinuous operations in Я and preserves in both senses all relations whose graphs 
are Я-compact sets (this includes all relations with closed graphs; in some cases, 
e. g. Я=Л, all relations have Я-compact graphs).

2. If Я is sufficiently complicated, each character K\C(X, E)-*E  preserves 
all continuous operations and relations with Я-compact graphs, even those not 
belonging to the structure Я. This holds true when X  is an arbitrary topological 
space.

3. If Я is sufficiently complicated and X, Y  are general topological spaces, 
then each homomorphism H from C(X, E) into C(Y, E) also preserves all other 
continuous operations in Я and all relations with Я-compact graphs; if in addition

1The author was supported by the Belgian ’’Nationaal Fonds voor Wetenschappelijk Onder- 
zoek” . The paper is part of a doctoral dissertation at the University o f Ghent.
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X, Y are both F-compact, there exists a (unique) continuous function h: Y-*X  
suchthat H (f)= fo h  for all f£C (X ,E ).

4. If E is sufficiently complicated, two F-compact spaces X, Y are homeo- 
morphic iff the structures C(X, E ) and C( Y, E ) are isomorphic. For some specific 
structures E, this basic “determination theorem” implies many others of the same 
type (e.g. two metric spaces are homeomorphic whenever their rings of continuous 
real-valued functions are isomorphic; cf. also the nice small paper of M. H e n 
rik ben  [13]).

We treat the problem in as general a way as possible. In section 2 we obtain 
a categorical characterization of F-compactness that generalizes some results con
cerning inverse limits. Section 3 gives applications to the question of representing 
characters. In section 4 we collect known and original examples.

2. F-compact spaces as inputs of diagrams. For all categorical notions not ex
plained in the text we refer to Ch. I ll  of the work of Z. Sem adeni [19]. In the sequel 
Topo denotes the category of topological T0-spaces and continuous functions. 
We also need some full subcategories of Top0, namely

Top2 (objects are all Hausdorff spaces)
TFP£ (finite products of E)
TCFP£ (closed subsets of finite products of E)
TCP£ (F-compact spaces)
TCR£ (F-completely regular spaces).
For specific structures F  there exist characterizations of F-compact spaces 

as inverse limits of certain inverse systems (see [5], [21]): however, in general it 
is more appropriate to use the notion of the input of a diagram in a category 
(see [19]). Indeed, for some purposes inverse limits are not suitable.

If S> is a small category and F : Top0 (or Top2) is a diagram, then the
input of Г is easily seen to be the object I= {k£ JJ Г(0):П В2(к)=Г(6)оПВ1(к)

De a0
for each ^-morphism ő :D1-*D2}, together with the projections Пв from /  into 
r(D ). Hence I  is a subset of the product of all F(F>); if each Г (D) is F-compact, 
I  will be F-compact too (the empty set is F-compact for each F).

P roposition 1. Let F£Top2, 2f£TCP£. There is a diagram T:3>^Top2 with 
F(F)£TCFP£ for all D£3° and there are morphisms (ctb)D(s0 from X  into T(D) 
so that (X, (oD)Diaa) is the input o f  Г. Furthermore, we may require

(a) the input is an inverse limit
(b) for all f£ C (X ,E )  there exist a D£3>° and / 0£С(Г(2)), E) such that 

f= fo °o D.
P roof. We set S>°= (J Dn where Dn= C (X ,E n). If /£F „ , g(LDm, the set

n = 1
(/, g) of all ^-morphisms from / into g is the set of all continuous к from Cl£n(/(F)) 
into C l£m(g(2Q) such that kof=g. Let Г:Я>—Top2 be determined by F ( /)  =  
=  C1£«(/(Z)) whenever /££>„ and by Г (k) = к if к  is a ^-morphism. We also 
set af = f  Now the condition (b) trivially holds and it is easily seen that (сгг)/€9о 
is compatible with F.

Let F£Top2, (/?/)/cs0 a family that is compatible with Г. We fix y0£ Y  and 
show that there is a point x(LX such that / (x) = ßf (y0) for all / £ F , . If not, we
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introduce X '= X \J{x0) where For all f£C(X, E) we define f e:X'-*E
by f e= f  in all points of X  and f e(x0)= ßf (y0). We provide X ' with the weak 
topology induced by all / е(/€С (Т , E)). Then X ' is an F-completely regular space 
containing X  as a subspace.

We recall from [7] that an E-compact space X  is never dense in a proper in
completely regular extension X ' such that each continuous f:X -* E  may be con
tinuously extended to the whole of X'; so in our situation we arrive to a contradic
tion by showing that X  is dense in X'.

Let / 1 , /„6C(W, E) be given, together with open neighbourhoods
G1,. . . ,G n of ßf l (y0), ßfn(ya) respectively. Let /  be the function ( / 1 , ...,/„) 
from X  into E". Then ßf ( y0) € С 1 ( / (X)); for all i— 1, . .. ,n  we have in addition 
niOßf (y0) = ßfi(y0)=fß(y0). This implies that (GiX... XG„) C \f(X )^  0 .

Hence we may find a point x£X  such that / (x)f G \X ... XG„ which means 
/(х)бС ; for all i= \ , . . . ,n ,  a contradiction.

We conclude that there is a unique function assigning to each y d Y
a point x£ X  such that j8 /00=/(£ 0 0 ) for all f£C (X ,E ), i.e. ßf =foi; for each 
f^ D 1. Furthermore, Q is continuous since each composition fo£ (f£C (X , E)) is 
continuous.

It remains to show that ßf= f°£  whenever f(LD„ with и>1. For i £ { 1 ,  ...,n}  
we set f = n tof, so / / D , . Then nioßf  = ßf =fio^ = niofo^; consequently 
ß f= M .

Finally, each morphism set ( /, g) in 3> contains at most one point, so that 
<2>° may be partially ordered by setting f ^ g  whenever ( /  g) is nonempty; then 
S>° is trivially directed downward, which means that the input may be viewed as 
an inverse limit.

C o ro llary  1. In the case E=Z, spaces of TCFP£ are just finite or countable 
discrete spaces, so that we find the main result of [5] as a particular case. Further
more, it is well known ([8], 8.2 p. 115) that all separable metric spaces are realcom- 
pact. Proposition 1 thus implies that realcompact spaces are just homeomorphs 
of inverse limits of separable metric spaces; this agrees with [21]. As another aplica- 
tion, compact Hausdorff spaces are just inverse limits of finite-dimensional Euclidean 
compacta; while zerodimensional compact Hausdorff spaces are inverse limits of 
finite discrete spaces. The latter result implies dually that each Boolean algebra 
is a direct limit of finite Boolean algebras.

We recall from [11] that a Hausdorff space E is an sj-space iff for each closed 
subset F of each finite product En of E and x€E n\ F  there are /,  gZC(En, E) such 
that /  and g agree on F but differ in x.

Pro po sitio n  2. Let E be an ss-space, XcTCPy . There is a diagram Г Top2 
with r(Z))GTFPE for all D£@0 and a family (an)n(eo o f morphisms from X  into 
r(D ) such that (X, (oD)Dc_ s<>) is an input o f Г. Furthermore we may require that for 
each f£C (X ,E ) there is a DcQi{) and f 0dC(T(D),E) with f= f0ooD.

P roof. Again set S>°= (j Dn where Dn=C(X, E n). If /€£>„, gf,Dm, < f ,g )
n =  1

is defined as the set of all kZC(E", Em) such that kof=g. The functor Г : Top2
is determined by T ( f)  = E n if/£D„ and by T(k)=k whenever к is a ^-morphism. 
Also, <Jf = f  for each f^S>°.
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The rest of the proof is analogous to that of proposition 1, except for one thing. 
If {Y,{ßf )f i 3 о) is compatible with Г and if >'„£ Y  we need show that ß f(y0)€ 
€C1£>.(f(X)). Suppose this does not hold; then there is m&l (in fact m = 1) and 
continuous q>, iф:Еп-*Ет such that <p, ф agree on C \Efif(X ))  but differ in ß f(y0). 
Set Н = сро/=фо/. Then ßh = (poßf  = фcßf , whence (рфг (у0))=Ф{Р/ (Уо)), a 
contradiction.

R em a rk s. One may wonder whether for each Top2 and Х£ТСРЛ there 
is a diagram Г :© —Top2 such that each r(D) is a finite product of A and X  is 
an input of Г. This does not hold; indeed we know from [10], 3.1 that there exists 
a Hausdorff space A0 for which there are A0-compact spaces that are not A0 -max
imal. The negative result now follows from proposition 3, all notions about Л- 
maximal spaces being found in [10]:

P ro po sitio n  3. Let A be a T0-space, Г :© —Top2 a diagram with r(D) a finite 
product o f A for each D£3>°. I f  X  is an input o f Г, together with a family o f 
morphisms (aD)D( s«, then X  is A-maximal.

P roof. Set P= JJ r(D), (ps—ttD, and ф0—Г(0)опВ1 for each ©-morph-D€3°
ism d:Dl -~D2. Then P is Л-maximal (see [10] 2.5.2)), each <ps or ф6 is a continuous 
function into an ^-completely regular space and

X  =  {р£Р:(Рй(р) = Фд(р) for each ©-morphism b}.
To show that X  is Л-maximal, let X ' be the Л-maximal extension of X. It follows 
from [10] 2.6 that the identity function on X may be extended to a function f£C (X ', P). 
Then q>0o f  and фдор agree on X  for each 5, so they agree on the whole of X'; this 
implies f(X ')<^X. The identity on X ' now agrees with /  on X, so it agrees every
where and we obtain X '= X , i.e. X  is Л-maximal.

3. Reduction theorems. Let CF£ be the category whose objects are all structures 
C(X,E) and whose morphisms are structure morphisms in the sense of [12] p. 224. 
Let ré f  be the contravariant functor from Top2 into CFE such that (£E(X) — C(X, E) 
for each object X  and [^E((p)](f)=foq> for each continuous (p:X-»Y and 
f£ C (Y ,E ). It may be seen without difficulty that (dE is faithful on TCRf , i.e. 
whenever (p, ф£С(Х, Y) with X, F€TCRB and с6е((Р)=<̂е{Ф), then ср = ф.

We say that a space 2f£Topa has the ^-evaluation property if each character 
C(X, E)-*E is an evaluation. If X0 =  {x0} is a singleton space in Top2, this is 
equivalent to saying that for each morphism ф:С(Х, E) — C(X0, E) there is a 
morphism (p:X0— X  such that с6'Е((р)=ф.

P ro po sitio n  4. Let Г :© —Top2 be a diagram; suppose that each r(D ) belongs 
to TCR,; and has the E-evaluation property. Let (X, (a D)Di3<>) be the input o f Г. Suppose 
that two structure morphisms фх, ф2: C(X, E)^-E are equal whenever фх ( / )  = ^ 2! /)  
for each f^C (X , E) that filters through a oD. Then X  has the E-evaluation property.

P roof. For convenience we replace ((iE be a '-sign, thus writing X ' instead 
of C (X,E ) and cp' instead of VE(<p). Let X0={x0} and suppose ф:X ' — Хд is a 
structure morphism; we are looking for a (p:X0-*X such that ср'=ф.
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For D~Qs0 set ф0=фоо'0; there is a cpD such that <p'D = fiD. To show that 
((Pd)d€3 ° is compatible with Г, we compute for each ^-morphism <5

( Г  (<5) о  (pDi) '  =  (p'D l o r ( S ) '  =  ф В1о Г ( 5 У  =  ф о а 'В 1о  Г  ( f f  =

= фо{Г(0)о crDiy = фо a’Dí = фВг = (Pd2,

whence T(ő)o(pDl indeed equals cpD̂.
Since X  is an input of Г there exists a (p:X0^ X  such that (pD = cDo(p for 

all D£@)°. We conclude that фв = q>' оa'D = ф ° a’D for all D£@°; this implies 
that (p' and ф are structure homomorphisms from C(X,E ) into X'0 that agree in 
each function which filters through a aD; hence they are equal by the hypothesis 
ad hoc.

We now proceed to the main result of this section, the second part of which 
is a generalization of [11] 4.2.

Proposition 5. (a) I f  each closed subset o f each finite product o f E has the 
E-evaluation property, then E is sufficiently complicated.

(b) I f  each finite product o f E has the E-evaluation property, and if  E is an ss- 
space, then E is sufficiently complicated.

Proofs, (a) follows from propositions 1 and 4 while (b) is a consequence o f  
2 and 4.

Lemma 1. Let be a subbase for E, X  a closed subset o f En (n finite). 
H:C(X, E )^ E  arbitrary. Then H  is an evaluation iff (a) holds:

(a) For each finite family f x, ... , f mdC(X, E) and each family G1, 
such that HiffiZGi for all i, there is an x£ X  with f  (x)6G'; for all i.

Proof. The requirement is obviously necessary. Now suppose that it holds; 
we may assume that У  contains all open sets. Set х0=(Н(л1), ..., H(tz„)) where 
7Г; denotes the itb projection of E n. Whenever x0eG1X...XGn with for all
i, there exists an x€X  such that 7r;(x)€C; for all i. So x0 belongs to the closure 
of X, i.e. to X  itself.

Now let f£ C (X ,E )  be arbitrary. If H(f)X=f (xn), we may choose open dis
joint G0 and Gn+1 containing f ( x 0) and H (f)  respectively. By continuity of fi there 
are Gx, ..., Gn££f such that x0£G1X...XG„ and f(G 1X...XG „)<fzG0. Then 
H{nfi£Gi for all i and H (f)Z G n+1. Suppose x £ X  is such that я,(х)$С; for all 
i and / (x)£G„+i. Then f(x )£ G 0C\Gn+1, a contradiction.

Proposition 6. Let IE be a subbase for E. The following conditions are equivalent:
(i) E is sufficiently complicated.

(ii) Each closed subset o f each finite product o f E has the E-evaluation property.
(iii) Condition (a) of lemma 1 holds for each E-compact space X  and each charac

ter H.
(iv) Condition (a) of lemma 1 holds for each closed subset X  o f each finite pro

duct o f E and each character H.
Furthermore, in (ii) and (iv) we may consider only the finite products of E them

selves whenever E is an ss-space.
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P r o o f . The implications (i)=>(iii) and (iii)=>(iv) are obvious. Lemma 1 shows. 
(iv)=>(ii). Finally, proposition 5 implies (ii)=>(i).

C o ro llary  2. E  is sufficiently complicated whenever for each A-compact 
space X, each character H  and functions / x, . . . , /m£ C(X, A) there exists an x£X  
such that for all (cf. [6]).

A remarkable result concerning topological rings may be deduced from this 
corollary; since it is known from [4] we state it without proof:

P ro po sitio n  7. Let E be a Hausdorjf topological ring, provided with ring opera
tions +  , — , X  and all constant unary operations and suppose that the following 
conditions hold:

(a) Whenever H ( f)  = 0 for a character H :C (X ,E )-»E  with f£ C (X ,E ) and 
X  E-compact, one may find x£ X  such that fix )  =0.

(b) There is a continuous function x —x* in E such that xx*+yy* = 0 only 
when x —y = 0.

Then E is sufficiently complicated.

4. Sufficiently complicated structures. In this section we treat old and new ex
amples of sufficiently complicated structures:

1. The real numbers, provided with their usual topology, ring operations 
and the constant mapping from R onto 1 ([14]).

2. The two-point discrete lattice {0, 1} with lattice operations and constant 
unary mappings (in this case the class of structures C(X, E) is just the class of 
Boolean algebras, as follows from a classical representation theorem of M. H. 
Stone).

3. The ring Z of integer numbers, provided with a discrete topology, ring 
operations and constant unary operation onto 1 (see [4]).

4. Field of complex numbers with usual topology, ring operations and con
stant unary operations (cf. [4]) (analogous result for the quaternions).

5. Subfield of the real numbers with relative topology, ring operations and 
constant unary operation onto 1 (particular case: rational numbers); cf. [4].

6. Any field with a discrete topology, when provided with ring operations 
and all constant unary operations ([4]).

7. The interval [0, 1], provided with usual topology, binary operation (x, y)-+ 
—x-y  and unary operation x —1—x (see [9]).

8. The ring of integer real quaternions, provided with a discrete topology, 
ring operations and constant unary mappings onto i, j  (where i, j, к are the imagin
ary units).

Proof o f this example 8. Let X  be А-compact, H: C(X, A) -»-A a character. 
Then by hypothesis H(i) = i and H ( j ) —j, so that H(\) = H( — i • /) = 
= — H(i) • H (i)= —i2= 1 and H (k)= H (i•j) = i-j= k. If x= a+ ib+ jc+ kd  with 
a ,b ,c , d real, then x — ixi—jx j—kxk=Aa. So f fC (X ,  A) is real-valued iff 
/ - ifi- j f j - k fk = 4/; in that case H ( f ) - i H ( f ) i - j H ( f ) j - k H ( f ) k = 4 H ( f ), 
whence H ( f ) is real-valued.

Let H ' be the restriction of H  to C(X,Z). Then Н'{С(Х, Z ))Q Z  and we 
conclude from example 3 that there is a point x0£X  such that A (/)= /(x „) for 
all f£ C (X ,Z ). Now let /  be arbitrary. Then there are f ,  ...,fffiC(X, Z) such

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



E-COMPACTNESS AND CONTINUOUS FUNCTION SPACES 241

that / = / 1 + /2 i + fa j  +fi к  and we obtain H (f) = H (f1) + H (f2)i+ H (f3) j+  
+ H (fi)k = f(x 0).

9. Field with a Krull valuation, not having characteristic 2, when provided 
with the valuation topology, ring operations and all constant unary mappings.

Proof o f this (as far as we know unpublished) example. We verify the conditions 
of proposition 7. First remark that in such fields inversion is continuous; so con
dition (a) clearly holds. Furthermore, the existence of a * -function follows from 
[15] p. 178.

10. Chain, provided with order topology, lattice operations and all constant 
unary operations. This provides a suitable example whenever the chain is zero
dimensional or when it is connected and separable (see [1], [2], [3]).

11. Let R + =  {r6R:rS0} be provided with usual topology, addition, multiplic
ation and all constant unary operations.

We make use of corollary 2. Let H:C(X, R +) —R+ be a homomorphism and 
H (fi)—rt for i= l , . . . ,n .  Set gi=f? + r? -2 fr i. Then g fC (X . R +) and 
gi + 2/jTj =fi +  rf whence H (gi) = 0. So also H(gi + ...+gn)=Q, from which we 
deduce the existence of a point x0£X  with gi(x0) = g n(x0) =  0; then f  (x0) = 
— rt = H(f() for all i.

12. Let Z + = {z£Z:zsO} be provided with a discrete topology, addition, 
multiplication and all constant unary operations. The proof is analogous to the 
preceding. If this time H ( f)  = 0, there is a point xi_X with /(x )= 0  since other
wise /  could be written as / — l+g, whence H (f)=  1 +  H(g) = l-

13. Let £  be a commutative и-group (see [20]) that is totally ordered so that
ex + ...+ej + ...+en^ e 1 + ...+е)+  ... + en whenever Cj^ e). Let E be provided 
with the order topology, binary operations +  and V and all constant unary oper
ations. We verify condition (iii) of proposition 6, taking i f  = i f f  J  where
* I= fl - °° 5 a[: a£E} and Sf3 = {]a, +<x{\ a^E). LetX  be Z'-compact, H\C(X,E)-*E
a character, f ,  . . . , fm £ C(X, E), #(/D  =  r; and r fG { with G f i f  for lái'Sm .

First suppose (7г=] — °°, for all i. If condition (a) in lemma 1 does
not hold, we can find for each x£X  a number ixi  (1, ..., m) such that f x(x )^e ix. 
We set gi=/iVvr. so that H(gi) = ri and gix(x )^e ix. Choose к S  1 so that 
1+к(и —l)Sm , then there are a1? ..., am, all S i  such that a1 +  ...+ am = 
=  1+/с(и — 1). We set g = 2 aiiSi and r = 2 xiri- For 1 =j=m  define e) =

i i
=  2  aisji where sn = rt if j ^ i  and su = . Then r< e) for all j ; so also r<e' 
if e' = inf {e{, ..., e'm}.

We now have g(x)^e'ix^ e ' for all x; consequently r—2  a;r> =  2  aiH(g;) = 
= E I (2 0<-igi) — H(s) — H(.e') = e'>r, a contradiction. ‘ ‘

i
Finally, the general case may easily be reduced to this particular situation.
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PACKING OF SPHERES IN SPACES OF CONSTANT
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K. BÖRÖCZKY (Budapest)

§ I. Introduction

The various investigations concerning packings of spheres reach back to 
Lagrange [10] and Gauss [9] whose results implicitly involve the solution of the 
problem of densest lattice packing of circles and spheres, respectively. The pro
blem of densest packing of equal circles in the Euclidean plane, without any re
striction on the regularity of the arrangement, was solved by Thue [17]. The densest 
packing of equal spheres in the и-dimensional Euclidean space is not known for

Yl - J -  2
иёЗ. Blichfeld [1] gave the upper bound —-— 2~n/2 for the density o f equal

spheres in the и-dimensional Euclidean space, which was subsequently improved 
by R a n k in  [12] and R ogers [14]. Let d„ denote the density of и +  l equal spheres 
mutually touching one another with respect to the simplex spanned by the centres 
of the spheres. R ogers [14] proved that dn is an upper bound for the density of 
any packing of equal spheres in the и-dimensional Euclidean space. For large values 
of n, Sid e ln ik o v  [15] gave a better bound than d„. Sidelnikov’s bound was receently 
improved by L evenstein  [11].

The analogous problem on the surface of a sphere was raised by T ammes [16]. 
For the density of packing equal circles on the sphere, L. F ejes T óth  [6] gave an 
upper bound which is exact in some cases. L. F ejes T óth [7], [8] and C o xeter  [4] 
extended the investigations to spherical and hiperbolic и-spaces. We shall call a 
spherical, Euclidean or hyperbolic space a space of constant curvature. Without 
loss of generality we shall assume that the curvature of the space is 1, 0 and — 1, 
respectively.

In an и-dimensional space of constant curvature let dn(r) be the density of 
и + 1 spheres of radius r mutually touching one another with respect to the simplex 
spanned by the centres of the spheres. Fejes Tóth [7] and Coxeter [4] conjectured 
that in an и-dimensional space of constant curvature the density of packing spheres 
of radius r cannot exceed dn(r). In Euclidean spaces this conjecture has been con
firmed by the above mentioned result of Rogers [14]. The two-dimensional spherical 
case was formerly settled by Fejes Tóth [6]. As to the hyperbolic space, I observed 
(see [3]) that here no reasonable notion of density concerning the entire space can 
be defined. Thus in the hyperbolic space the formulation of the above conjecture 
needs a correction.

The main result of our paper is the following
Theorem l. In an n-dimensional space o f constant curvature, consider a packing 

o f spheres o f radius r. In spherical space suppose that r<n/4. Then the density of 
each sphere in its D—V cell cannot exceed the density o f n + \ spheres o f radius r 
mutually touching one another with respect to the simplex spanned by their centres.
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The Dirichlet— Voronoi cell, or in short the D —V cell associated with a sphere 
of a packing consists of those points of the space which lie nearer to the centre 
of this sphere than to the centre of any other sphere of the packing.

Some years ago I proved the special case of this theorem when n = 3 (see 
BöRöczKY— F lorian [2]). In spherical spaces the problem of densest packing of 
equal spheres of radii greater than or equal to я/4 was previously settled by several 
authors (see e.g. Rankin [13]).

In an «-dimensional space of constant curvature a simplex A0A1...An is called 
an orthoscheme if for 0< /< «  the г-dimensional subspace Aa... A, is totally ortho
gonal to the (n—/)-dimensional subspace Ai...A„ with the additional condition 
thai in spherical space A0A t-<n/2 (0< f s « )  (Fig. 1). Two subspaces are totally 
orthogonal if together they span the whole space and any two lines from each of 
them are perpendicular. In what follows we shall write the vertices of an ortho
scheme always in accordance with the above definition. Note that by the symmetry 
of the definition also the opposite order A„...A0 can be used.

Remark 1. We shall consider a point and a line segment as a 0- and l-dimensional 
orthoscheme, respectively.

Remark 2. The edges A0AX, A t A2, A n- 1An of the orthoscheme A0A1...A„ 
are pair-wise perpendicular, and conversely, the fact that in a simplex A0...A„ these 
edges are mutually perpendicular implies that the simplex is an orthoscheme (Fig. 2).

R emark 3. I f  the point В runs along the polygonal line A0A1...An from A0 to 
A„ then the distance A0B increases and the distance A„B decreases.

R emark 4. The convex hull o f  m Sn vertices o f an n-dimensional orthoscheme 
forms an (m-X)-dimensional orthoscheme which is a cell o f the original orthoscheme.

R emark 5. An n-dimensional orthoscheme can be constructed also in the following 
way: Let A0...Ai be an i-dimensional orthoscheme with 0 < / <  « and consider the

§ 2. Orthoschemes and 0-simplices

Fig. 1 Fig. 2
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(n-i)-dimensional subspace through At totally orthogo
nal to the subspace A0... A t . Let А{. . .Ап bean (n—i)- 
dimensional orthoscheme in this subspace. Then 
A I, A , ... A„ is an n-dimensional orthoscheme which is 
the convex hull of A0. . .A i and A;.. .An.

L emma 1. In an n-dimensional space o f constant 
curvature the simplex A0A1...A„ is an orthoscheme if  
and only i f  for any i, 0 < /< n , the orthogonal project
ion of A0 onto the (n — i)-dimensional subspace 
A;...A„ is A

An analogous statement holds for the point A„ 
and the i-dimensional subspace A0...A t.

Fig. 3

Fig. 4

It is obvious that any orthoscheme fulfils the conditions of the lemma. Suppose 
that for the simplex A0A1...An the vertex At is identical with the orthogonal pro
jection of A0 onto the (и—z)-dimensional subspace A i...A n for any 0 < /< я . If 
0< j^ i  then the line A0Aj is orthogonal to the (n —j )-dimensional subspace 
A j...A i...A n thus it is orthogonal also to the subspace A;...A„ (Fig. 3). It follows 
that the /-dimensional subspace A0...Ai spanned by the linearly independent
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directions A0A1, . . . ,A 0Ai is totally orthogonal to the (n—z)-dimensional subspace 
Ai...A„, i.e. A0...A„ is an orthoscheme.

In an и-dimensional space of constant curvature let Л0Л -- -Л  be an ortho
scheme. Consider an interior point Bt of the edge Ai_1Ai (0< isn ) . Disect the 
orthoscheme A0A1...A„ by the (n — l)-dimensional hyperplane A„...Ai^2BiAi+1...An 
into the simplices Sl=A0...A i- 1B iAi+1...A„ and S‘=A0...A i_2BiAi ...A„ (Fig. 4). 
Here we use the natural convention that S 1 = A0...A -1B1A1...A n — B1A1...A„ and 
S„=A0...An- 1B„An+1...A„=A0...A„-1Bn. Accordingly A0...A _1 and An+1...An 
will denote the empty set. The simplices of type St and S ‘ ( 0 obtained 
by disecting an orthoscheme in two simplices in the above described way will be 
called O-simplices.

Remark 6. Any orthoscheme is an О-simplex. The O-simplices B1A1...A„ and 
A0A1...A„^1B„ are orthoschemes (Fig. 5).

R emark 7. The O-simplices S l and S„_i+1 are o f the same type. This can be 
seen immediately by writing the vertices o f the orthoscheme A0A1...A„ in the con
verse order A„A„_1...A 0.

Lemma 2. Any О-simplex which is not an orthoscheme can be obtained from two 
different orthoschemes: The О-simplex A0...A i_1BiAi+1...A„ obtained by disecting 
the orthoscheme A0...A„ can be obtained also by disecting an orthoscheme 
A0...A i_1AiAi+1...A n for which А о А ^А ^ В ^ А д А ^

By Remarks 6 and 7, it suffices to consider only O-simplices of type S( = 
= A0...A i^1BiAi+1...A„ (0<z<«). Since in the right triangle BiAiAi + 1 the angle 
at Bt is acute, we have <$Ai_1BiA i+1-=:nl2 (Fig. 6). Let At be the foot of the 
perpendicular drawn from the point to the line Ai+1Bi. Then we have A„A(-= 
<у405 г<А 0̂ г. Since A0...Ai_1BiA i+1...A„ is one of the simplices obtained by 
disecting the simplex A0...Ai_1AiA i+1...A„ into two simplices by the hyperplane 
A0...A i- 2BiAi+1...A„, it suffices to show that the simplex A0...A i_1AiAi+1...A„ 
is an orthoscheme (Fig. 7).

fig- 5
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Ai_1AiAi+1 is a right triangle lying in the plane Ai_1AiAi+1. Since Ai_1Ai ...A„ 
is an (n — i+  l)-dimensional orthoscheme, the plane Ai_1AiAi+1 and the (n — i — 1)- 
dimensional subspace Ai+1...A„ are totally orthogonal in the subspace Ai_1Ai ...A„. 
It follows, by Remark 5, that the convex hull Ai_1AiAi+1...A n of the orthoschemes 
Ai_1AiAi+1 and Ai+1...A„ is an orthoscheme.

The orthoschemes Ai_1AiAi+1...A n and Ai_1Ai ...A„ lie in the same subspace 
which is in и-space totally orthogonal to the subspace of the (i— l)-dimensional 
oithoscheme Aq^ .A ^ x. Thus referring again to Remark 5, we see that A0... 
...Ai_1AiA i+1...A„ is an orthoscheme.

In what follows the points At and Л; = Я; belonging to the O-simplex 
Si = A0...A i_1BiAi+1...A„ will play a distinguished role. We shall call these points 
lower and upper orthopoints of the vertex 2?;, respectively. We shall use the symbol 
A0...A i_1BiAi+1...A„ with 0<г'<и also for orthoschemes. By convention the 
lower and upper orthopoints of a vertex of an orthoscheme are identical with the 
corresponding vertex: Ai = Bi — Л,.

Remark 8. I f  A0...A i„1B0Ai+1...A„ is an О-simplex and the point C runs along 
the polygonal line A0...A i_1BiAi+1...A„ from A0 to A„ then the distance A0C in
creases and the distance A„C decreases.

By Remark 3 the statement is true if A0...Ai_1BiAi + 1...An is an orthoscheme. 
In the opposite case by Lemma 2, the polygonal line A0...Ai_1BiA i+1...A„ can 
be split into two polygonal lines Au...A i_1Bi and BiAi+1...A„, the first belonging 
to the orthoscheme А0Аг ...An, the second to the orthoscheme A0...A i_1AiAi+1...A„. 
Thus the monotonicity of the distances A aC and A,.C follows again from Remark 3.

It is natural to call the vertices A0 and A„ extreme vertices of the O-simplex 
A0...A i_1BiAi+1...An.

Remark 9. I f  Aa... Ai_1BiAi + l ... An is an O-simplex and the point C runs along 
the polygonal line A0...A i_1BiAi+1...A n from A0 to An then the distance AjC de
creases till C reaches Aj and increases afterwards (0<у<и, jA i) .

Fig. 6 Fig. 7
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The polygonal line A0...A i_1BiAi+1...A„ can be split into two polygonal 
lines A0... Aj and A} ... A„ determining two O-simplices with the common extreme 
vertex Aj. Hence our statement follows from Remark 8.

Lemma 3 . In an n-dimensional space of constant curvature let A0... Ai-iBiAi+1... 
...A„ and A0...A i_1CiAi+1...A„ be two O-simplices. I f  0<г'<я then the planes 
Ai_1BiAi + 1 and Ai_1CiAi+1 are identical. For i= 0 the lines BiiA1 and C0Al and 
for i=n the lines An- 1B„ and A„^1C„ are identical.

The cases when /= 0  or i —n are trivial. Suppose that and let
Ag...Ai_iBiAi+1...A„ be an О-simplex which is not an orthoscheme. Then this 
simplex is a part of an orthoscheme A0...A t ...A n such that Bt is an inner point 
of the edge A i_1Ai. Then the planes Al_1BiAi+1 and Ai_1AiA i+1 are identical. 
It follows immediately that we can restrict ourselves to the case when both O- 
simplices are orthoschemes.

Let A0...A i_1AiAi+1...An and A0...Ai_1A'iA i+1...A„ be two orthoschemes. 
Then the (л — i+  l)-dimensional subspaces Ai_1A iAi+1...An and Ai_1A'iAi+1...A n 
are identical because both of them are totally orthogonal to the (г —l)-dimensional 
subspace A0...A i^ 1 (Fig. 8). Since Ai_1AiAi+1...A„ and Ai_1A-Ai+1...A„ are 
orthoschemes lying in the same (n—i+l)-dimensional subspace, the (n—i— 1)- 
dimensional subspace Ai+1...A„ is totally orthogonal both to Ai_1AiAi+1 and 
Ai_1A'iAi+1. This means that these two planes are identical.

Lemma 4. Let A0...A i- 1BiAi+1...An be an n-dimensional О-simplex (O^iSn). 
Let C and D be points o f the edges A i_1Bi and BtAi + 1 respectively. Then the (n— 1)- 
dimensional subspaces Ад... А ^ 2САi + l ... An and A„... Ai_1DAi+t... An intersect the 
О-simplex A0...A i^ 1BiAi+1...A„ in the (и —1)-dimensional O-simplices A0... 
...A i_2CAi + 1...A n and А д .-.А ^^Б А ^^.-.А ,,, respectively (Fig. 9).
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By Remark 7 it suffices to prove that the (и —l)-dimensional subspace 
A„...Ai_2CAi+1...A„ intersects the О-simplex A0...Ai_1BiAi+1...A n in the (n—1)- 
dimensional О-simplex A0...Ai_2CAi+1...A„. Let At be the upper orthopoint of 
the vertex Bt. If i=n then An — Bn and A0...A i_1BiAi+1...A„=A0...A„_1B„ 
is an orthoscheme (Fig. 10). The (n_— 2)-dimensional subspace A0... A„_2 is totally 
orthogonal to the plane A„_2A„_1A„ and therefore it is totally orthogonal to the 
segment An_2C in the (и — 1 (-dimensional subspace A0...A„-2C. Hence Remark 5 
implies that A0...A„^2C is an (n— l)-dimensional orthoscheme.

The case when i= l  can be settled in a similar way as the case i—n. The seg
ment CA2 is totally orthogonal to the (и — 2)-dimensional subspace of the ortho
scheme A2...A„ in the (n — 1 (-dimensional subspace CA2...A„ and therefore, by 
Remark 5, CA2...A„ is an (n — 1 (-dimensional orthoscheme (Fig. 10).

Fig. 10

The Lemma is obvious also in the cases when 1<г<и and C=Ai_1 or 
C = At. Now the intersections under consideration are the (n — l)-dimensional
orthoschemes A0...A i_1Ai+1...A n and A, 

Consider now the case when 1 <  г< n 
Let AI be the lower orthopoint of the 
vertex C of the O-simplex

Aq ... A CA;+1... An

(Fig. 11).
The cell A0...A i_2AiAi+1...An of 

the orthoscheme A0...Ai_1AiAi+1...A„ 
is an (и—l)-dimensional orthoscheme 
which is bisected by the (n — 2)-dimen- 
sional subspace А0...А г- 2СА1+1...Ап 
into two (n — l)-dimensional O-simpli- 
ces. From these two (и — ^-dimen
sional O-simplices the simplex A0... 
...Ai_2CAi+1...A„ is nothing else but 
the intersection of the n-dimensional

...A i_2Aj...A„, respectively.
and C is an inner point of the edge A i^ iA i.
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O-simplex A 0...A i_1BiAi+1...A„ and the (n — l)-dimensional subspace A0... 
... Aj_2CAi+1... A„.

This completes the proof of Lemma 4.
Lemma 5. Let A0...A i_1BiAl+1...A„ be an n-climensional О-simplex. For 

0 < í' S k  let C be a point on the edge Ai^1Bi and for 0 ̂ i< n  let D be a point on 
the edge BiAi + l . Let the points C and D move on the edges A t^ x Bt and BiAi+1, resp. 
so that the distances A0C and A0D increase. Then the distances between A„ and the 
upper and lower orthopoint o f  the vertex C o f the (n — X)-dimensional O-simplex 
A„...Ai_2CAi + 1... An as well as between A0 and the upper and lower orthopoint o f 
the vertex D o f the (n-l)-dimensional O-simplex A0...A i_1DAi+2...An increase.

Let Cx and C2 be two points on the edge Ai_1Bi such that A0Cl<A0C2. In 
view of Remark 3 we have Ai_1C1<Ai_1C2.

We saw in the proof of Lemma 4 that if i=  1 or i=n then the (л — ^-dimen
sional simplex A0...Ai_2CAi+1...A„ is an orthoscheme, thus in this cases the 
lemma is trivial (Fig. 10).

Consider now the case when 1 <г<и. Let A( be the upper orthopoint of the 
vertex R; of the O-simplex A0...A i_2BiAi+l...A„. Let Au be the lower orthopoint 
of the vertex Cj of the (n — l)-dimensional O-simplex A0...Ai_2CJA i+1...An ( / = 1, 2) 
(Fig. 12). Ai_1AilAi+1 and Ai_1Ai2Ai+1 are right triangles lying in the plane 
Ai_1AiAi+1 with the common hypotenuse Ai_1Ai + 1. Therefore it follows by the 
construction of the points Au ( /= 1 ,2 )  and the assumption Ai_l C1<Ai_1C2< 
< A i_1Ai that Ai_1AncA i_1Ai2. Observe that is the foot of the perpendicular 
drawn from the point A0 to the plane Ai_1ÄiAi+1. Therefore the inequality A;^l Ail-= 
<Ai_iAi2 implies that A0Aa< A 0Ai2.
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This proves the lemma for the lower orthopoint of the vertex C of 
A0...A i_.,CAi+1...An. The remaining three statements of the lemma can be proved 
in a similar way. We leave the details to the interested reader.

Lemma 6. Let A0...A i_1BilAi+1...An and A0...A i- 1Bi2Ai+1...A„ be two 
O-simplices lying on the same side o f the hyperplane A0...Ai_1Ai + 1...A n (0<i<n). 
Suppose that for the lower orthopoints 
Au and for the upper orthopoints Аи 
of the vertices Ви , j=  1,2,_ we have 
AqA^-^ Aq A12 and АдАц^АдА^- 
Then the segments Ai^ 1Bi2 and BaAi+1 
intersect one another in inner points.

In view of Lemma 3_ the points 
A[—г? Ац.i, Ац, A-l2, Ац, Afä5 Вa, B-l2 
lie in the same plane. Further, by the 
assumptions of the lemma, the points 
Aa , Ai2, Än , Äi2, Ba , 0,2 lie on the 
same side of the line Ai_1Ai+1 (Fig.
13). Since the foot of the perpendicular 
drawn from the point A0 to this plane 
is A{_l5 the inequalities A0Aa-<AaAi2 
and A0An <A0Äi2 imply that Ai_1Aii<
< ĵ í- i A í2  and Al_1Ail<Ai_1Ai2.
Since_ Ai_1AilAi+i, Ai_l Ai2Ai+l,
^i-i-^ii^i+i and Ai_1Ai2Ai + 1 are 
right triangles with the same hypote
nuse, these last two inequalities are equivalent with the following ones:

<Ai_1Ai+1Bil = <$Ai- 1Ai+1Ail < <l4,i-iAt+iAj2 =  <lAi_1Ai+1Bi2,

</4,+i Ai^ 1Bll =  ‘iAi+xAi-x An >- <ZAi+1A i- 1 Ai2 =<lAi+1Ai_1Bi2.

It follows that the sides Ai_1Bi2 and BaAi+1 of the triangles Ai_1Bi2Ai+1 and 
A i-iB n Ai+1 intersect one another in inner points.

§ 3. Densities of spheres with respect to O-simplices

by

The density of an и-dimensional sphere S with respect to a body T is defined
s c \td(T, S) = ——— . Here and in what follows we denote a convex body and its

и-dimensional volume with the same symbol.
Let T=A0...A„ be an orthoscheme and S  a sphere which does not intersect 

the hyperplane A1...A„. Our aim is to give an upper bound for the density of S  
with respect to T  in terms of lower bounds of the distances A0A1? ..., A0A n. One 
of the main ideas of the proof is to consider the “density” of an и-dimensional 
sphere S with respect to a fc-dimensional simplex T —P0...Pk for k<n. We con
sider the ^-dimensional simplex T as a degenerated и-dimensional simplex
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Р0.. .РкРк+1... Рп with Рк + 1 — ...= Рп = Рк and define the limiting density d(T, Pk, S) 
by

d(T,Pk,S )  = lim d(P0...PkPk+1...P„,S).
F i ~ * F kk<i^n

Let Pk+1, ...,P k+m (m ^n  — k) be points tending to the point Pk such that 
the convex hull К  of the points P0, Pk+m is a convex polytope. It is obvious 
that we have d(T, Pk, S)=lim  d(K, S).

Using this we easily obtain the following alternative definition of the limiting 
density d(T ,P k, S ):

(i) Rotate the simplex T  about the subspace P0...Pk- 1 of the «-dimensional 
space, obtaining a body B. Then we have d(T, Pk, S) = d(B, S ) (Fig. 14).

Fig. 14

The following lemma is a simple consequence of the definition of the limiting 
density (Fig. 15):

Lemma 7. In an n-dimensional space of constant curvature let T= 
= A0...A i^ 1BiAi+1...A„ be an О-simplex o f volume V and S a sphere with centre 
A0 which does not intersect the hyperplane A1...A i_1BiAi+1...An. Let C and D 
be the points o f the segments A i_1Bi (1 < i^ n )  and BiAi+1 (0<«'<«), respectively, 
such that the simplices A0...A i_1CAi+1...A„ and A0...Ai_1DAi+1...A„ have volume 
w ( 0 Writing f(v )  = d(A0...A i_1CAi+1...A„, C, S) and g(v) =
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=d(A0...A i_1DAi+1...A B,D ,S )  we have

d{T, S) = y  f  f(v) dv = у  f  g(v) dv. 
v о v 0

Lemma 8. Let T= A 0...A i_1BiAi+l...Ak be a k-dimensional О-simplex in an 
n-dimensional space o f constant curvature with 2 s k < n  and S a sphere centred 
at A о not intersecting the subspace A1...Ak. Let V be the volume of the body obtained 
by rotating Tabout the (k-\)-dimensionalsubspace An...A i_1Ai+1...Ak. For l < i s k  
let C be the point o f the edge Ai_1Bi for which the volume o f the body obtained by 
rotating A0...A i_1CAi+1...Ak about the subspace A0...A i_1Ai+1...Ak is equal to v 
(0 sä f s= V). For 0 <  г <  Л let D be the point o f the edge Bt Ai+1 for which the volume 
of the body obtained by rotating A0... A ^ , DAt ...A k about the subspace 
A0...A i_1Ai+1...A k is equal to v (O sc sF ). Writing f  (v)=d(A0...Ai_2CAi+1... 
...Ak, C, S ) and g(v) = d(A0...A i_1DAi+2...Ak,D ,S )  we have

I v I v
d{T,Bi, S ) = — f  / 0 )  dv = — f  g(v)dv.

V 0 *0

The proof of the lemma is obvious if we use definition (i) of the limiting den
sity (Fig. 16).

In the following lemma it will be convenient to use the symbol d(P0...P„, Pt, S ) 
(O sis/i) to denote the density d(P0...P„, S ).

Lemma 9. I f  T1=A0...A i_1BilAi+1...Ak and T2=A0...Ai_1Bi2Ai+1...Ak are 
two k-dimensional O-simplices ( l ^ k ^ n ,  0< i^ k )  such that for the lower ortho-
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points Au and for the upper orthopoints Au o f the vertices BtJ, j=  1,2, we have 
AoAn-<A0 Ai2 and A0Än< A 0 Ai2, and S is an n-dimensional sphere centred at 
A0 which does not intersect the subspaces A1 ...Ai_1BilAi+1 ...Ak and A , ... 
...Ai- 1Bi2Ai+1 . ..Ak then

d(T\, В11, S) = d(T2, В i2, S).

The proof follows by induction on k. The lemma is obvious for k = 1. We 
suppose that it is true for k< m  and prove it for k=m.

Fig. 16

Let P and Q be points of the segments Ba Ai+1 ( 0 and A^yBy, 
(1 resp. For m —n let v= v(P) denote the volume of A0...A i_1PAi+1...Am
and let w = w(Q) denote the volume of A0...Al_1QAi+1...Am. If let i>(P)
and w(Q) be the volumes of the bodies obtained by rotating A0...A i_1PAi+1...Am 
and A0...Ai_iQAi+1...A m about the subspace A0...A i- 1Ai+1...A m, respectively. 
Write

f(v) = d(A0...A t- 1PAi+2...A m, P, S )
and

g(w) = d(A0...A i_2QAi+1...A m,Q, S).

If the point P moves on the segment Ai+1Ba from Ai+1 in the direction of 
Ba then by Remark 8 the distance A0P  decreases. Hence it follows by Lemma 5 
that the distance of A 0 from both the upper and lower orthopoints of P of the 
(m — l)-dimensional О-simplex A0...A i_1PAi+2...Am, decreases. Therefore, by the 
induction hypothesis f(v)= d(A 0...A i_1PAi+2...Am,P ,S )  is an increasing func
tion of v. In a similar way we see that g(w) is a decreasing function of w.

We may assume without loss of generality that Tx and T2 lie in a common 
m-dimensional subspace on the same side of the subspace A0...A i_1Ai+1...Am. 
If then by Lemma 6 the segments Ti_l ß,2 and Ba Ai+1 intersect one
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another in a point C (Fig. 17). First consider the case when Then by
Lemmas 7 and 8 we have

d(A0...Ai- 1BllAi+1...Am,B il,S )  = -^-ß-у  J f(v)dv,

Y wiвп)
d(A0...Ai_1Bi2Ai+1...Am,B ia,S )  = - ^ r ^  f  g(w)dw 

and
i !7fC) 1 w (C )

d(A0...A i_1CAi+1...A m,C ,S )  = ^ y  f  f(v) dv = f  g(w)dw.

Since f(v )  is an increasing and g(w) a decreasing function, we have
d(A0... Ai_1Bil Ai+1... Am, Вц, S ) £  d(A0... А1_хСА1+1... Am, C, S) =

— d(A0... Ai- 1Bi2Ai+1... Am, Bi2, S ).
If i= l  then the inequalites

d(A0 CA2... Am, C, S) = d (А0В ц ... Am, Bn , S)
can be seen in the same way. Now the relation

d(A0B12... Am, BX2, S) ^  d(A0CAa... Am, C, S )
does not follow in the above way but it is an obvious consequence of definition (i) 
of the limiting density (or the definition of the density if m=ri) (Fig. 18).
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Bi2

Finally if i=m  then Tx and T2 are orthoschemes and the point Bn ( = Am 
lies on the edge Ai^1Bi2. Now we have

1 it
d(A0...A i..1Bil, Ba , S ) = f  g{w)dw £

-  WR- ; I  s(w)dw = d(A0...At. 1Bi2,B i2,S ).
w ( B i2) J
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This completes the proof of Lemma 9.
Lemma 10. In an n-dimensional space o f constant curvature let T=A0At ... An 

and T=A0AX... Ä„ be two orthoschemes and S  a sphere centred at A0 which does 
not intersect the hyperplanes А хАг ...Ап and_A1A2...Ä„. Suppose that A0Ai^ A 0Ai 
for i= l ,  . . . ,« .  Then we have d(T, S )sd (T , S), and equality holds only i f  А0Аг = 
= A0Äi for all i's.

If A0Ai = A0Äi for i= l,  2, ..., n, then T  and T are congruent and we have 
d(T, S) = d(T, S). If T and T  are not congruent then consider the least index i 
for which A0Ai> A0A;_, and construct the orthoscheme T' = A0...A i_1A'iAi+1...A„ 
for which A 0A -~ A 0Äi. By Lemma 9 we have d(T, S)< d(T ', S). Repeating 
this process until we obtain an orthoscheme congruent to T, the density increases 
in each step. Thus we have indeed d(T, S )^d (T , S ).

Lemma 11. In an n-dimensional space o f constant curvature let T=A0A 1... Ak 
be a k-dimensional and T= A0AX... A„ an n-dimensional orthoscheme. Let S be 
a sphere centred at A0 which does not intersect the subspaces A1...Ak and A1...Ä n. 
Suppose that AqA ^ A qAí fo r  i =  l, ...,1c— 1 and АйАкшА0А„. Then we have 
d(T, Ak, S )^ d (T , S).

We choose a sequence of «-dimensional orthoscheme OJ = A0Al ...AkBJk+1...B Jn 
suchthat A0B{> A0Äi for i = k + \ ,  ...,n  and lim B{=Ak ( i= fc + l , ...,«). Then

Í —► oo ___

we have, on the one hand, by Lemma 10 d(Oj, S )^d(T , S) ( j=  1,2,...), and 
on the other hand, by the definition of the limiting density d(T, Ak, S) = lim d(Oj, S). 
This proves the lemma. J~°°

§ 4. Further auxiliary results

In an n-dimensional space of constant curvature let h„(r) denote the distance 
of the centre of a regular simplex of edgelength 2r from the vertices of the simplex- 
In a 2-dimensional subspace let h(r) denote the distance of the centre of a square 
of sidelenght 2r from its vertices. Note that in an «-dimensional space of constant 
curvature the distance of the centre of a regular crosspolytope of sidelength 2r  
from its vertices is also h(r), since two pairs of opposite vertices of the crosspolytope 
form a square.

Let a be the angle spanned by a sphere S  with centre О at a point A outside 
of S. In spherical space let О A be less than тг/2. Then a is a strictly decreasing 
function of О A. A sphere of radius r spans a wright angle at the distance h(r) and 
the obtuse angle 2 arc cos 1/« at the distance hn(r). Thus we have

r = hx(r) <  hz(r) < ...<  A„(r) < . . .<  h(r).

Lemma 12. In an n-dimensional space of constant curvature the distance o f the 
radical subspace o f к +1 (2^ k ^ n )  disjoint spheres o f radius r from the centres 
o f the spheres is greater than or equal to hk(r), and equality holds i f  and only i f  the 
spheres mutually touch one another.

Let U be the subspace spanned by the centres of the spheres and P the inter
section of V and the radical subspace of the spheres. Let S be the ^-dimensional
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unit sphere centred at P and lying in U. It is well known that the minimal spherical 
distance between k + 1 points lying on the surface of a /с-dimensional sphere is 
at most 2 arc cos 1 /к with equality if and only if the points form the vertices of 
a  regular simplex. Thus among the projections of the centres of the spheres from 
P onto S  there is a pair with spherical distance at most 2 arc cos 1 Ik. It follows 
that these spheres span an angle at P less than 2 arc cos l /к. In view of the above 
considerations this means that the distance of the centres of the spheres from P 
is at least hk(r). The case of the equality is obvious.

Lemma 13. I f  O, Ok, ..., Om + 2 are points in an m-dimensional space of constant 
curvature such that < 0 Ш + З0 0 г̂ л/2 for z = l , . . . ,w + l  then

min < ОIOO, ^  nil.
l S i . j 'S m + l  J

i*j
We may assume that

min <  Oi OO i — nil,
l S i , j ' S m + 2  J

for otherwise the lemma is trivial. On the other hand, a theorem  o f D avenport 
and H ajós [5] says that

min < 0 ,0 0 ,  ~  n/2,
l ^ i ,  j‘S f fl +  2

and the condition of equality is that <3.0k0 0 t = n for some indices к and /. If 
one of the indices к and /, say k, is equal to m + 2 then < О гОО,^я/2 for any 
i, lS iS m + 1 . If, on the other hand, 1 =§/, k ^ m  + l, then we have for any point 
O; with lSz '^m +1, zVk, < 0 ;0 0 * .+ < 0 ,0 0 ,= я. Hence we have

min {<O ,00t , < O iOO/} S n/2, 
which completes the proof of the lemma.

Lemma 14. In an n-dimensional space o f constant curvature let S j, ..., Sk+2 
(0<k<zz) be spheres o f radius r centred at Ox, ..., Ok + 2. Suppose that the radical 
subspace o f the spheres Sk, ..., Sk+l exists. Let H be the orthogonal projection of 
the point Ox on the radical subspace of S j, ..., Sk+1. I f  the radical hyperplane of 
the spheres Sk and Sk + 2 intersects the segment Оx//, then OxH^h(r).

The points Oj, 0 2, ..., Ok+2 lie in a (k+  l)-dimensional subspace Uk+1 which 
contains also the point H. Let S{ be the intersection of the sphere 5; with the 
subspace Uk+1 (i= l, 2, ..., k+2). Let S ' be the (k+  l)-dimensional sphere in 
the subspace Uk+1 with centre H  and radius 0 1H. The points Ox, . . . ,O k+1 lie 
on the boundary of S'. Since the radical hyperplane of .S’, and Sk+2 intersects the 
segment OxH , we have Ok+2H ^O XH, showing that the sphere S ' contains also 
the point Ok+2. Let Uk be the k-dimensional subspace spanned by the points 
Oj, ..., Ok + l . Preserving the original notations, we translate the sphere Sk+2 in 
Uk+1 perpendicularly to the subspace Uk until its centre will lie on the boundary 
of S'. Since by this process the distance of Ok+2 from any point of Uk increases, 
Sk+г in its new position will not intersect any of the spheres S{, ..., S'k+1.

Now the points Ox, ..., Ok+2 lie on the boundary of one of the hemispheres 
o f  S ' bounded by the subspace Uk. Therefore, by Lemma 13 there are two indices,
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say i and j  (\= i, j S k  + 2), such that <0,110  Since the spheres S{ and
Sj are disjoint, the angle spanned by these spheres at H  is at most n/2. Thus we 
have indeed 0 1H=OiH ^h (r).

§ 5. Proof of Theorem 1

In an и-dimensional space of constant curvature, consider a packing of spheres 
of radius r. We may assume that this packing is saturated. In this case the D —V 
cells of the spheres are convex polytopes. Let S' be one of the spheres of the packing, 
О its centre and Z  the D —V cell associated with S. Any (n — k)-dimensional cell 
of the polytope Z  lies in the radical subspace of к +1 spheres of the packing, one 
of which is S. Thus, by Lemma 12 the distance of an (n — k)-dimensional cell of 
Z from О is at least hk(r).

Let S be the open sphere of radius h„(r) concentric with S. We show that any 
cell of Z which intersects S contains the orthogonal projection of О onto the sub
space of the cell.

Fig. 19

Let Z„_t be an (n—L)-dimensional cell of Z  ( 0 whi ch does not con
tain the orthogonal projection H  of О onto the subspace of Z„_fc. Let the subspace 
spanned by Z„_* be the radical subspace of the spheres S, Sl t ..., Sk of the packing. 
There is an (n—k —l)-dimensional cell Z„_)£_1 of Z„_t the subspace of which se
parated H  from Z n_k (in the subspace of Z„_*). There is a sphere Sk+l of the pack
ings such that the subspace spanned by Z„_k_1 is the radical subspace of the 
spheres S, Sk, ..., Sk, Sk+1 (Fig. 19). The point H  and the cell Z  are separated 
by the radical hyperplane of the spheres S and Sk+1. Thus this hyperplane inter
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sects the segment OH, and it follows by Lemma 14 that OH^h(r). Since we have 
A„(r)<A(r), this means that Z„_* does not intersect S.

We shall show that the density of S' in Zf)S  and a fortiori in Z, is less than 
or equal to the density dn(r) of n + 1 spheres of radius r mutually touching one 
another with respect to the simplex spanned by their centres. To see this we de
compose the body Z(TS into smaller bodies and show that the density of S with 
respect to each of the smaller bodies is at most d„(r). To describe this decomposi
tion it is convenient to introduce a notation: If A0, ..., A; are points and X  is a 
pointset, we write A0...A iX  to denote the convex hull of the set formed by adjoin
ing the points A0, Л/ to the set X. We denote the boundary of S by S0.

The decomposition of Z П S follows in n steps which we define by induction: 
We write A0 = O and in the first step we divide ZD S into the body A0(ZD S0) 
and into the bodies A()(ZI,-1DS), where Zn_1 runs over the (n— l)-dimensional 
cells of Z  (Fig. 20). Now suppose that in the i th step (1ёг'<и) we have decom
posed Z D S  into bodies of type A0...A j (Z„^jDS0) for j= 0, 1, Z„=Z,
and into bodies of type A0...Ai^1(Z„_iDS), where Zk is a ^-dimensional cell 
of Z and A, is the orthogonal projection of the point O=A0 onto an (n — /)- 
dimensional cell of Z  which contains Ai+1...A jZn- j  and Al+-l...A i^ 1Z„^i, respect
ively. Consider one of the bodies of type A0...Ai^ l (Zn_iDS) and denote by At 
the orthogonal projection of A0 onto the subspace of the cell Z„_t. We have seen 
that if the set Z„_fn S  is not empty then it contains the point At. In the i,h step 
we divide each body of type A0...A i_1(Z„_iDS) into the body A0... Ai(Z„_iDS0) 
and into the bodies of the form A0...A i(Zn_i_1DS), where Z„_i_1 runs over 
all (n — i— l)-dimensional cells of Z„_f (Fig. 21). By Lemma 12 all vertices  ̂ of Z 
lie outside of S, which means that the sets of the form /lo.../I„_1(Z(in S ) are 
empty. Thus the process ends at the nth step. As a result, we have decomposed 
ZD S  into bodies of the form A0...Aj(Z„_jDS0) for j= 0, — 1, where Zk
is a /г-dimensional cell of Z and At is the orthogonal projection of the point O=A0 
onto an (n—/)-dimensional cell of Z  which contains Al+1...AjZ„_j. The bodies 
Aq“•An~i (Zi PlS0) are orthoschemes.

Fig. 20 Fig. 21
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We continue to show that the density of S with respect to each of the bodies 
A0...A j(Zn_ j CiSq) is at most dn(r) (y=0, . . . ,« —1). Consider « + 1 spheres of 
radius r mutually touching one another and let T  be the regular simplex spanned 
by the centres of the spheres. T  can be divided into (« + 1)! congruent orthoschemes. 
One of these orthoschemes, say Ä0Ä1...Ä n, is obtained by taking Л0 to be a vertex 
of T, and when Л„, ..., Äi_l have been chosem taking Л;_to be the centroid of 
one of the /-dimensional cells of T  that contains A0, A1, ..., Л,_х. If S ' is the sphere 
of radius r centred at Л0 then we have

d „ ( r )  =  d ( Ä 0 Ä 1 . . . Ä n , S ' ) .

Consider the body A0...A J(Zn_j riS(i) and let Aj+1 be an arbitrary point of 
Z„ _ у П S0. Observe that

d(A0... Aj(Z„_jПS0), 5) =■ d(A0... A j+1, AJ+1, S).
We have, by Lemma 12, Л0Л;^/гг(г) for £ = 1 ,...,_/ and A0Aj+1=h„(r). On 
the other hand, we have, by definition, Л0Лг=/г;(»  for /=1, ...,« . Using the 
fact that hi(r)<hn(r) for i= l, ..., n — l, we get, by Lemma 11,

d„(r) = d(Ä0Ä0...Ä„,S') Ш d(A0...A J+1, Aj+1, S) =  d(A0...Aj{Zn_jOG0), S).
This completes the proof of Theorem 1.

§ 6. Remarks

In a packing of equal spheres of radius r the density of a sphere in its D —V 
cell attains the bound dn(r) only if the D —V cell can be decomposed into ortho
schemes congruent with Ä0...Än (Л0Л, = /2г(г)). This means that the D —V cell 
is a regular и-dimensional polytope {a, 3, ...,3} whose /-dimensional cells are at 
a distance /г„_г(г) from the centre of the sphere. Consequently if the density of 
each sphere with respect to its D —V cell is equal to dn(r) then the spheres are in
spheres of a regular tessellation {a, 3, ...,3}. These tessellations are {3,3, ...,3} 
and {4, 3, ..., 3} in the «-dimensional spherical space, {5, 3, 3} in the three-dimen
sional spherical space and {5, 3, 3, 3} in the four-dimensional hyperbolic space. 
The cell-inspheres of all these tessellations form a densest packing.

In an «-dimensional hyperbolic space let S  be horosphere and T a body con
tained in S. Since the volume of S is infinite the density of T with respect to 5 
cannot be defined in the usual way. But this density can be defined as a limiting 
value as follows: Let E be the boundary of S. It is known that the hyperbolic metric 
in E  is equivalent to the (« —l)-dimensional Euclidean metric. Let A be a subset 
of E  and C(A) the point-set union of the axes of S  having a point in common with 
A. Let О be an arbitrary point of E and Sn_r(R) a sphere of radius R centred at
O. Now we define the (upper) density of T  with respect to 5 by the value

C(Sn^(R ))O T  ■
Using the fact that E can be considered as an (« — l)-dimensional Euclidean space, 
it is easily seen that this value does not depend on the choice of the point O.
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In the hyperbolic space we can consider, besides packings of spheres, packings 
of horospheres. In this case we have to extend the investigations of § 2 and § 3 to 
asymptotic simplices with one ideal vertex A0. All the definitions and proofs can 
be transferred without any change to this case. Thus we have the following

T h e o r e m  4 . In the n-dimensional hyperbolic space, consider a packing of horo
spheres. Then the density o f each horosphere with respect to its D —V cell cannot be 
greater than the density o f n + 1 horospheres mutually touching one another with 
respect to the asymptotic simplex spanned by the centres of the horospheres.

The bound of Theorem 4 is exact for the horospheres inscribed in the cells 
of the three-dimensional regular tessellation {6, 3, 3}.
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SUR LES GROUPES QUASI-^-PURS-PROJECTIFS
Par

K. BENABDALLAH et R. BRADLEY (Montréal)1

Les questions de quasi-projectivité et de quasi-injectivité relatives reçoivent 
présentement beaucoup d’attention de la part des chercheurs dans ce domaine. 
Par exemple dans [1] les groupes quasi-purs-injectifs sans torsion de rang fini sont 
complètement caractérisés (voir également [2]). Dans [3] nous avons caractérisés 
les groupes quasi-purs-projectifs torsions.

Dans ce travail, nous établissons une caractérisation complète des groupes 
quasi-^-purs-projectifs. Quelques uns des résultats démontrés dépendent, en tout 
ou en partie de l’hypothèse généralisée du continu. Ces théorèmes seront marqués 
d’un astérisque. Les notations utilisées sont de [4] et tous les groupes considérés 
sont abéliens. De plus, si H  est un sous-groupe d’un groupe G, vH désignera tou
jours l’épimorphisme canonique de G sur G/H.

1. Definition et propriétés élémentaires

Un groupe G est dit quasi-p-pur-projectif si pour tout sous-groupe />-pur H  
de G et pour tout homomorphisme f:G-*G/H, il existe un endomorphisme cp 
de G tel que vH-(p—f.  On notera quasi-p-pur-projectif par q-p3 dans ce qui suit.

Il est évident que dans le cas où G est un ^-groupe, G est q - p3 si et seulement 
si G est quasi-pur-projectif. Nous avons précédemment caractérisé les /^-groupes 
quasi-purs-projectifs dans [3]: ce sont soit des sommes directes de groupes cycli
ques, soit des sommes d’un groupe divisible et d’un groupe borné (en supposant 
vraie l’hypothèse généralisée du continu). Il est alors logique de se demander si 
un groupe q - p3 quelconque ne possède pas une structure similaire.

On démontre aisément que:

Proposition 1.1. Un groupe torsion G est q-p3 si et seulement si Gq est q • p3 
pour tout premier q.

Proposition 1.2. Tout facteur direct d'un groupe q-p3 est également q-p3.

Comme tout ^-groupe est p-divisible, par la proposition 1.1 et par la discussion 
qui précède, on obtient:

Théorème* 1.3. Un groupe torsion G est q-p3 si et seulement si Gq est quasi- 
projectif pour tout premier q distinct de p et Gp est soit somme directe d'un groupe 
divisible et d'un groupe borné, soit somme directe de groupes cycliques.

1 Ce travail a bénéficié du fond C .R .S .N .G .C . n° A5591.
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Théorème 1.4. Soit G un groupe p-réduit q • p :i et soit B un sous-groupe p-basique 
de G. Alors card End (G/B)^ card End B.

Preuve. Soit (p-.G/B-^G/B. Alors il existe un endomorphisme в de G tel que 
vB-9 = <p-vB. D éplus 9(B)^B . Soit / :  End (G/B) — End B l’application définie 
par f(tp) = 9\B = B.

Si B=Bt , 9 = 61 car G est p-réduit. Donc vB'9  = vB-9x, <p • vB = (px • vB et 
<p — (px ■ Par conséquent /  est injective et card End (G/B) ^ card End B.

Il est facile de démontrer que :
Théorème 1.5. Si G est q-p3 et si H est un sous-groupe p-pur totalement in

variant de G alors G/H est également q-p3.

2. Les groupes q • p3 sans torsion

Nous nous restreignons d’abord aux groupes q • p 3 sans torsion. La preuve des 
lemmes suivants ne présente aucune difficulté.

Lemme 2.1. Si L est un groupe libre de rang infini, alors il existe un sous-groupe 
F de L  tel que L/F soit divisible sans torsion de même rang que L.

Lemme 2.2. Si B est un sous-groupe p-basique d'un groupe G quelconque, alors 
nB est aussi un sous-groupe p-basique de G et ce pour tout entier n premier avec p.

Etudions d’abord le cas p-réduit.

Théorème 2.3. Si G est sans torsion p-réduit q -p3 et s'il existe un sous-groupe 
B p-basique dans G et de rang un, alors G = Z.

Preuve. Soit m tel que (m, p) = 1, m non puissance de premier, alors il existe
un endomorphisme idempotent cp de G/mB tel que cp^ 0, 1.

G étant q-p3, il existe un endomorphisme 9 de G tel que vmB • 9 = cp • vmB. 
Alors (92-9)(G )^m B  et (02-0 ) (ß )S m f iS ß s Z  d’où (92-9)\B = n\B . Donc 
02 —0=n car G est p-réduit. (Ici, n désigne un nombre naturel.)

Si n = 0, 02 = 0, (MO, 1 d’où G = Gx®G2 o ù  G M 0, G2^0 . Soient Bt et
B2 des sous-groupes p-basiques de Gx et G2 respectivement. Alors ВХА 0, B2^0 ,
B^iBx®Bo ce qui contredit que B=  Z. Alors n ^ 0, G = nG = (9- — 9)(G)^B=  Z 
d’où G = Z.

Théorème 2.4. Si G est sans torsion p-réduit q -p3 et s'il existe un sous-groupe 
p-basique de rang fini B de G, alors G est libre de même rang que B.

Preuve. On démontre ce résultat par induction sur k, le rang de B. Le cas 
k=  1 suit du théorème précédent. On suppose le théorème vrai pour k<n. Suppo
sons alors que k=n.

Par le procédé utilisé dans la preuve du théorème 2.3, il existe un endomorphisme 
0 de G tel que (02 — 9)(G )^B, 0^0 , 1. Comme B est libre, ker(02 —0) est facteur 
direct de G.

Si ker(02 —0) = O, 02 —0 est un monomorphisme tel que (02 — 9)(G)^B  libre 
et donc G est libre. Sinon, on peut écrire G=^Gx®G2 où Gm O, Gm O. En effet,
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si ker(02-0 )  = G, G=0(G)®ker в et si ker (02- в)ф G, G=ker (62-9)® K, K^O. 
Alors, si B1 et B2 sont des sous-groupes p-basiques de Gt et G2 respectivement 
Вг®В2^ В  et donc rang Bt <n, rang U2-=n.

Par l’hypothèse d’induction, Gx et G2 sont libres d’où G est libre. Donc G est 
p-basique dans G d’où Gs=B.

Théorème* 2.5. Si G est sans torsion p-réduit q • p?‘ et si B est un sous-groupe 
p-basique de G, alors B et G sont de même rang.

Preuve. Si le rang de B est fini, le théorème précédent nous donne le résultat. 
Supposons donc que le rang de B soit infini.

Supposons a = rang 5  <  rang G=ß. Par le lemme 2.1, il existe un sous-groupe 
B' de B tel que В /В '^ ф  Q. On vérifie facilement que B' est un sous-groupe p-

a
basique de G. Donc card End (G/È?') = card End B' par le théorème 1.4.

Comme G/B' = B/B' ®K/B' pour un certain K, on a que card End (G/i?') = 
Scard Hom (G/B', B/B'). Mais r0(B') + r0(G/Bj = r0(G) = ß , r0(B') = ot d’où 
r0(G/B') = ß. Donc card Horn (G/В', В/В')=вcard (JJ Q) = 2*.

ß
Donc a<y9<2i ^card End В '= 2* ce qui contredit l’hypothèse généralisée 

du continu. Par conséquent, B et G sont de même rang.
T héorème* 2.6. Si G est sans torsion p-réduit, alors G est q -p8 si et seulement 

si G est libre.
Preuve. On suppose d’abord que G est q • p3. Soit B un sous-groupe /^-basique 

de G. Par le théorème précédent, le rang de B et celui de G sont identiques. Si le 
rang de B est fini, G est libre. On suppose donc que le rang de B est a infini.

Il existe, par le lemme 2.1, un sous-groupe B' de B tel que B/B' ̂  ®Q,
. a

G/B' = B/B '® R/B '. On définit alors / : G—G/В' par l’inclusion canonique de G 
dans son enveloppe divisible isomorphe à B/B'^G/B'.

Comme /  est un homomorphisme et qu’il existe un endomorphisme (p de 
G tel que vD ■ <p = /, (p est également injectif et <p(G)^B libre. Donc G est libre.

L’autre implication est triviale.
Le théorème suivant nous permet de ramener l’étude des groupes q • p3 sans 

torsion aux sommes directes de p-divisibles q-p3 et de ^-réduits q-p3.
Théorème* 2.7. Si G est sans torsion q • p3, alors G est somme directe d'un groupe 

p-divisible et d'un groupe p-réduit.
Preuve. Soit H le sous-groupe p-divisible maximal de G. Alors H  est pur 

totalement invariant dans G et donc G/H  est q-p3 p-réduit par le théorème 1.5.
Alors G/H est libre, G=H®K  où K=G/H  libre et H  p-divisible.
On se restreint maintenant au cas p-divisible. On note par Qp le sous-groupe 

de Q formé des fractions avec dénominateur puissance de p. On vérifie facilement que :
Lemme 2.8. Un groupe p-divisible réduit G est q-p3 si et seulement si il est quasi- 

projectif comme Qp-moduIe.
Il suffira donc de caractériser les Qp-modules quasi-projectifs.
Par une preuve analogue à celle du théorème 1.4, on a que:
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Lémmé 2.9. Si A est un anneau quelconque, si G est un A-module quasi-projectif 
et si B est un sous-module de G, alors card Hom4 (G/B, G/B) S  card Нотл (G, G).

On obtient alors :
Théorème 2.10. Si G est un Q p-module sans torsion, alors G est quasi-projectif si 

et seulement si G est libre sur Q p.

P r e u v e . Supposons d’abord G quasi-projectif. Soit B un sous-module libre 
maximal inclus dans G. Si le rang de G est fini GIB est torsion tel que 
card HomQP (G/B, G/B)Scard Homo? (G, G)^K 0. Donc G/B est fini et nG ^B  
d’où G ^nG  est libre.

Si le rang de G est infini, il existe B' sous-Qp-module de B tel que 
= ® Q. Alors G/В' = B /B '® R /B '. On définit alors f:  G — G/B' comme l’in-

r ( G )

elusion de G dans son enveloppe divisible B /B '^G IB '.
Comme G est quasi-projectif, il existe un endomorphisme <p de G tel que 

VB’ ’Ç—f  Donc cp est injectif, G = (p(G)^B  libre. Par conséquent G est libre. 
L’implication inverse est évidente.

On sait donc que si G est sans torsion q-p3, il peut s’écrire comme somme 
directe de copies de Qp et de copies de Z. Le lemme suivant nous permet de dire 
plus.

Lemme 2.11. Si G = K®L où K= Qp et L = Z, alors G rí est pas q-p*.
P r e u v e . On suppose au contraire que G est q • p3. Soit q un nombre premier 

différent de p  et soit H=K® qL. Alors H  est p-pur dans G et G/H=(l) où 
£  = </). Soit x£K  tel que x (x) =  (°°, 0, 0, 0, ...), l’ordre des nombres premiers 
étant р , р г , р 2. . . .

On définit alors f 0: (x )® L —G/H par f ( L ) = 0 ,f ( x )  = l. On prolonge f 0 
à / :  G ^ G /ff de la façon suivante: si к ÇK quelconque, il existe un unique entier 
naturel n et un unique entier a premier avec p tel que p"k = ax. De même, il existe 
dans G/H un unique élément g tel que png=al. On définit alors f(k)= g. f  est 
évidemment un homomorphisme bien défini.

Comme G est q-p3, il existe un endomorphisme (p de G tel que vH-cp=f. 
Alors <p(x) + H = lrí0. Mais K  est totalement invariant dans G et donc <p(x)€ 
£ K ^ H  d’où (p(x) + H=  0 ce qui est une contradiction. Donc G n’est pas q-p3.

On en déduit la caractérisation suivante :
Théorème* 2.12. Un groupe sans torsion G est q-p3 si et seulement si G est 

soit libre, soit somme directe de copies de Q p.

Corollaire* 2.13. Si G est sans torsion q-p3, alors G est q-réduit pour tout 
premier q différent de p.

Il est à remarquer qu’on peut démontrer ce résultat indépendamment de 
l’hypothèse généralisée du continu. Nous pouvons maintenant établir:

Théorème 2.14. Si G est mixte q-p3, alors Gq est nul pour tout premier q diffé
rent de p.

Preuv e . Supposons au contraire que Gq est non nul pour un nombre premier 
q distinct de p. Si Gq n’est pas quasi-projectif, ou bien il existe x et y non nuis dans
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Gq tels que G=(x)®(y)©M , O (x) = qs <q‘ = O (y), ou bien il existe un facteur 
direct de G, isomorphe à Z (q°°). De toute façon, ceci contredit le théorème 1.3.

Donc Gq est borné et G = Gq®K  avec Kq — 0. Soit H=Gq®qK. Si qK=K, 
K ^G /G q est ^-divisible et donc G/T est ^-divisible q-p3 sans torsion d’où G = T  
ce qui contredit le fait que G soit mixte.

Donc qK ^K  et H ^G . Evidemment H  est p-pur dans G. Soit x un élément 
non nul de Gq tel que (x)® L = Gq. Soit / :  G-»G/H défini par f(x )= y  + H, un 
élément non nul quelconque de G/H, et f(L ® K )= 0.

Comme G est q • p3, il existe un endomorphisme (p de G tel que vH • cp = f  d’où 
<p(x) + H=y+H?íO. Mais (p(x)£Gq^ H  d’où (p(x)+H=0 ce qui est une con
tradiction.

Donc Gq est nul pour tout q premier distinct de p.
T héorème 2.15. Un -module G est quasi-projectif si et seulement si soit 

G ^ e ( ® Z ( r t ) ,  soit G se Q " .
g^p
P reuve. Si G est torsion, G= ® Gq où Gq est quasi-projectif comme

g*p
Q'’-module. Mais alors Gq est quasi-projectif comme groupe abélien. Donc 
G s  0  (® Z (q"i)). Si G est sans torsion, G ^ ® Q P par le théorème 2.10. Si G est

g^p
mixte, Gp = 0 pour tout premier q^p. Comme Gp = 0, G est sans torsion ce 
qui est une contradiction.

3. Les groupes q • p3 mixtes et la cas general

On se restreint d’abord au cas mixte p-réduit.
T héorème* 3.1. Si G est mixte p-réduit q • p3 alors Gp est somme direct de groupes 

cycliques.
P reuve. Comme G est p-réduit, Gq est nul pour tout premier q différent de 

p. Alors G/Gp est q ■ p3 sans torsion. Si G/Gp est libre G = Gp®G/Gp et donc G 
est somme directe de groupes cycliques.

Si G/Gp est p-divisible, soit B un sous-groupe p-basique de Gp. Alors B est 
p-basique dans G. Le groupe B ne peut être borné. Sans perte de généralité, on peut 
supposer que rang ß = rang final B et rang Gp = rang final Gp et rang B infini.

Supposons que rang £  =  a</? = rang Gp. Alors rang Gp/B = ß et G JB  est 
divisible d’où <x-=j5<2^=card End (Gp/Â)^card End (G/B)^card End B=2a ce 
qui contredit l’hypothèse généralisée du continu.

Donc, rang 5=rang Gp. Il existe un sous-groupe pur B' de B tel que B/B' 
soit divisible et rang (B/B') = rang final ß = rang ß = rang Gp. On peut alors définir 
f 0:Gp-*-B/B' comme l’inclusion canonique de Gp dans son enveloppe divisible. 
On prolonge /о à f.G -^G /B ' par injectivité de BjB'.

Comme G est q • p3, il existe un endomorphisme cp de G tel que vB, • <p=f. 
Alors f \G p est injectif d’où cp\Gp est injectif. Donc Gp^(p(Gp)^ B .

Théorème 3.2. Si G est q ■ p3, si B est un sous-groupe p-pur de G avec p0>B= 0 
et si G/B=H/B®K/B, alors paG=paH®p(°K.
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Preuve. Soit / l a  projection canonique de G/В sur H IB. Alors / 2=/. Comme 
G est q  • p3, il existe un endomorphisme (p de G tel que vB • (p=f ■ vB. Alors 
(cp2 — (p)(G)^B d’où (<p2 — (p)(pcoG )^ploB=0.

Par conséquent, si ф = (р\рюС, ф = ф2. Donc paG = ф(р(°G)®ker ф. Mais 
ф{раС) = (р(р0>С )^р 0>H, ker ф ^р 0,К et ра,КГ)ро,Н =рюВ=0. Donc pwG = 
=pclH®p0>K.

Théorème* 3.3. Si G est p-réduit mixte q-p3, alors G est sans élément de p- 
hauteur infinie.

Preuve. Comme T  est somme directe de groupes cycliques, par le théorème 
3.1, pcoT=0. Comme T est pur dans G, TC\pwG =  0. Supposons раС?±0.

Soit H  un p"C-haut contenant T. Alors H  est p-pur dans G. Si T  est borné, 
T  est facteur direct de G et le théorème 2.6 complète la preuve. On suppose donc 
que T n’est pas borné.

Soit B un sous-groupe pur de T  tel que Tl B soit divisible. Alors H/B=T/B® 
®R/B, H /R ^T /B  et R est pur dans H  et donc p-pur dans G.

Il existe alors h un élément non nul de H[p] tel que (h)ClR =0. Soit x un élé
ment non nul de paG. On voit facilement que ({г+А )+й)П Я =Л  d’où 
((x+h) + R)/Rr\H/R = 0. Soit K/R un H/R-haut contenant ((x + h) + R)/R. Alors 
G/R = H/R ® K/R.

Par le théorème précédent, pcoG=pa>H®ploK. Comme 0 = HÇ\p'aG=pwH, 
ptoG=p0>K. Donc x£K, x+ h£K , hdKC\H=R ce qui est une contradiction. 
Donc p‘°G = 0.

Théorème 3.4. Si G =  GP(&L où Gp est une somme directe de groupes cycliques 
et L est libre, alors G est q-p2.

Preuve. Soit H  un sous-groupe p-pur de G. Alors H = H P®K  où K est libre 
car H  est somme directe de groupes cycliques. Il est clair que (Gp + H)/H=(G/H)p.

Donc (G/H)p=(Gp+H)/Hï=Gp/(GpnH ) = Gp/Hp. Soit 0 l’isomorphisme de 
(G/H)p à Gp/Hp. Soit f:G-+G/H  un homomorphisme quelconque. On définit 
f'-Gp^GJHp par J= 6-f\„ .

Comme Hp est pur dans Gp, il existe un endomorphisme <px de G tel que 
vHp-(pi=f. On a alors que v„ • cpx = / 1 H. De plus, comme L  est projectif, il existe 
un homomorphisme q>2:L->-G tel que vH- cp2= f\L . Soit (p = (p1®cp2. Alors 
vH • cp—f. Donc G est qp3.

Théorème* 3.5. Si G est p-réduit mixte, alors G est q-p3 si et seulement si G est 
somme directe de groupes cycliques.

Preuve. Evidemment, Gq = 0 pour tout q premier différent de p. Alors G/Gp 
est q • p3 sans torsion. Si G/Gp est libre, G=GP®G/GP et donc G est somme directe 
de groupes cycliques.

Supposons donc que G/Gp soit p-divisible. Alors С/Ср= ®  <Zi0)* où
ter

Z№o) = (~ ,0 ,0 , ...) Г ordre des nombres premiers étant p,Pi,p%, .... Donc, si 
Xi0=pJXu , on aura que ({Xu \i£l, jeN }) + Gp = G.

On définit l’homomorphisme f:G  — G/Gp comme suit: fixons k £ l  et soit g
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un élément quelconque de G. Alors g = 2  aijXij + t où afj€Z, t£T, atj = 0 sauf
i, i  _____

pour un nombre fini de couple (i, j). Alors f  (g) — 2  akjXkj +i ■
j

On vérifie d’abord que /  est bien défini. Si g = 2 b ijX iJ + t ' alors 
__  __ Uj

g = 2  aijXij = 2  ЬцХц . Par indépendance linéaire, 2  akj^kj~ 2  bkjX kJ. Mais
___i, j  ___  >. J j  j
XkJ=pn~j Xk„ si j ^ n  d’où

akJx2} =  2  akJPn- J* L , 2  hjX^j =  2  bkJpn- j x2n
j  j=  0 j  j=  0

n n

pour un n. Comme G/Gp est sans torsion, 2  akjPn~J — 2  bkjpn~J,
j = о j=0

2  a kjP n j X kn + 1 
j  = 0

n ______  n ______  n ______

2 bkjPn Jxk„+1, 2 akjXk,j+1 = 2 bkjXk j+ 1
3 = 0  3 = 0  3 = о

et donc / (g) est uniquement déterminé.
Comme /  est évidemment un homomorphisme, il existe un endomorphisme 

<P de G tel que vGp-<p=f Mais alors <p(Xk0)= X kl, <p(pXk0)= Xk0, <p(pXk0)~  
~ X k0£Gp,p n(p(pXk0)=pnXk0, (p(p"+1Xko)=pnXko. Par le théorème 3.3, hp(pnXk0) = S 
fini car pnXk„ est non nul. Donc hp((p(pn+1 Xk0))^h p(pn+1 Xk0) ^ S  +1 ce qui est 
une contradiction. Donc 1 = 0 , G=GP ce qui contredit le fait que G soit mixte.

On établit maintenant un résultat technique utile.
Lemme 3.6. Si G=A®B®C où A est un p-groupe divisible, B un p-groupe 

borné, C soit un groupe libre, soit une somme directe de copies de Qp et si H  est un sous- 
groupe p-pur de G, alors H =A1®B1®C1, G=A2®B2®C2 où A2 = A, 5 2 = Д  
C2^ C , Ak=A2, Bk^ B 2. Si C ^ © Q P, Сг = C2.

Preuve. Il est évident que Hp est pur dans A®B. Alors HP=A1®B1 où Ak^ A  
et Bk est borné. Donc В1ПА=0 d’où GP= A® B= A2®B2 où A = A2, Bk^ B 2.

Si de plus, C est p-divisible, on aura que si pnB = 0, pnG=A® C. Comme Hp 
est facteur direct de H, H =A1®B1®Ci où Cl est sans torsion, pnH = A 1®p"C1, 
avec рпС1Г)А= 0. Soit C2 un Л-haut contenant pnC1. Alors pnC1 est sous-groupe 
p-pur de C2 et pnG=A®C2. Par conséquent Cx =  p"C, p-divisible, C1=pnC1, 
Cj =  C2.

Théorème 3.7. Si G=A®B®C où A est un p-groupe divisible, B un p-groupe 
borné et C un groupe libre ou une somme directe de copies de Qp, alors G est q-p3.

Preuve. Soit H  un sous-groupe p-pur de G et soit f  : G —G/H  un homomor
phisme quelconque. Nous considérons d’abord le cas ou C est libre. Par le lemme 
précédent, sans perte de généralité H = Лл ® Bl ® Q  où A = Ay®A2, B = B1@B2. 
Alors (G/H)p = ((A ®B) + H)/Hss A © В/((A ® В)П Н ) = А® В/A, ® B ^ A 2®B2.

Notons par 6 l’isomorphisme 9: (G/H)p^ A 2®B2. Soit <рк: A®B->- A2®B2 
défini par (p1 = 6-f\(A® B ). Il existe cp2\C=G  tel que vH-(p2= f  par la projec
tivité de C. Si (p =  (px®(p2, alors vH- cp= f  et donc G est q • p3.
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Supposons maintenant que C soit /»-divisible. Par le lemme 3.6, H=A1(B 
®Bl®C1 où, sans perte de généralité, A = A1®A2, В = В г ® В 2 ,  Q ë C . Alors 
G/H3*A2®B2®C/C1 = S. Soient щ: S-*Az®Bs, л2: S -C /C j et 0: G /tf -S  les 
homomorphismes canoniques.

On définit q>x:A®B-*A2®B2 par (рг = в -f\(A®B), <p2:C-+A2®B2 par 
<j92 =  rc16 ,/ |C '. De plus, il existe (p3: C-»C tel que vCl- ç 3 = n26 -f\C .  On définit 
<f> = <Pi®((p2 + (P'.i). On vérifie facilement que vI{ •cp=f Donc G est q -p3.

Théorème 3.8. Si G—A®B où A est unp-groupe réduit et B contient Qp ou Z (/»“) 
et si G est q • p3, alors A est borné.

Preuve. Sinon, il existe un sous-groupe pur Ax de A tel que Z (/>“).
Soit H ^ A ^ B .  Alors GIH=7j(p°°). Soit x  un élément non nul de Qp ou Z (p°°) 
inclus dans B. Soit /„: <x )—G/H défini par f 0(x)=g + H®0. On prolonge/0 à  

f : G —G/H par l’injectivité de G!H.
Comme G est q-p3, il existe un endomorphisme (p de G tel que vH• q> = /  d’où 

vH • (p(x)=f(x)=g+H®0. Mais (p (x) € B car B contient le sous-groupe /»-divisible 
maximal de G. Donc (p(x)£H et v,, • <p (x) = 0 ce qui est une contradiction. Donc 
A doit être borné.

Le résultat suivant généralise le théorème 2.7.

Théorème* 3.9. Si G est q-p3, alors G = A® B où A est p-divisïble et B 
p-réduit.

Preuve. On écrit d’abord G=D® R  où R est réduit et G ^® Z(/»“) car 
Z (q°°) et Q ne sont pas q ■ p3. Soit M  le sous-groupe /»-divisible maximal de R. Alors 
MC\Rp = 0. De plus R/M  est /»-réduit q-p3. Par le théorème 3.1, R/M =(R/M )p® 
® S/M  où S/M  est libre et (R/M )p=(Rp® M )/M = R p est somme directe de 
groupes cycliques.

Alors R = S® RP, S= M ® L  où L  libre G = D®M ®L®Rp. Si on pose 
A = D ® M  et B= L® Rp on obtient le résultat.

Nous sommes maintenant en mesure d’établir la caractérisation complète 
des groupes quasi-/»-purs-projectifs:

Théorème* 3.10. Un groupe G est q -p3 si et seulement si G est d'une des cinq 
formes suivantes:

(1) G = D ® B ® L

(2) G = D ® B ® S

(3) G = A® L

(4) G = A ® (® C q)
q^p

(5) <7 = D®B®[ 0  Cq)
q*p

ou D est un p-groupe divisible, B est un p-groupe borné, L est libre, S est somme di
recte de copies de Qp, A est un p-groupe somme directe de groupes cycliques et Cq 
est un q-groupe quasi-projectif.
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Preuve . Si G est d’une des cinq formes précédentes, G est 9  • p3 par les théorèmes 
1.3, 3.4 et 3.7. Ce résultat est d’ailleurs indépendant de l’hypothèse généralisée 
du continu.

Supposons maintenant que G est q-p3. Par le théorème précédent, G = N@M 
où A est p-divisible et B p-réduit. Alors, par les théorèmes 1.3, 2.12, 2.14 et 3.1, 
G = Z)®(®Ce)®A®L  ou G=D® S® A® L  selon que N  soit torsion ou non,
où A, D, Cq, L , S  ont la signification donnée dans l’énoncé.

Si ® C4 ^0, alors £  = 0 et G est de la forme (4) ou (5) selon que D — 0 ou
non. Si ф  Cq = 0, G = D®S®A®L. Si Z)=0, S=0 alors G est de la forme (3).
Si SVO, alors A = B borné et L = 0 donc G est de la forme (2). Si 5=0, D ^0, 
A = B borné et G est de la forme (1).

On remarque ici que plusieurs résultats obtenus en utilisant l’hypothèse gé
néralisée du continu peuvent également être démontré indépendamment comme 
le corollaire 2.13 et le théorème 3.3 par exemple.

La totalité des résultats restent également valides si on suppose que pour tout 
groupe q-p3, on peut trouver un sous-groupe p-basique B tel G tel que rp(B) = 
= r„(G) et r0(B)=r0(G).
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THE EXISTENCE PROBLEM FOR COLOUR 
CRITICAL LINEAR HYPERGRAPHS

By
H. L. ABBOTT and A. C. LIU (Edmonton)

1. Introduction

One of the most extensively studied concepts of ordinary graph theory is that 
of chromatic number. We remind the reader that a 2-graph is said to have chro
matic number r if r is the least positive integer for which there exists some way 
of colouring the vertices of the graph in r colours so that no edge joins vertices 
of the same colour. This notion generalizes in a natural way to hypergraphs.

A hyper graph is an ordered pair (V, F )  where К is a finite non-empty set and 
F\% a non-empty collection of subsets of V. We shall always assume that V=  U F ,  
so that we may speak of the hypergraph F  rather than ( V, F ) .  The elements of 
U tF are called the vertices of F  while the elements of F  are called the edges of F .

A hypergraph F  is said to be uniform if for all F ^ F ,  |F |= n  for some in
teger п ё2 . Then F  is called an n-graph. An я-graph ,F is said to be linear if 
JFT lF 'Isl for all F, F '^ F , Ff F', and is said to be regular of degree t if all 
its vertices belong to exactly t edges for some integer t.

An я-graph ,F is said to be r-colourable if there exists a function q>: U (F — 
— {1, r ) such that \(p(F)\ = 2 for all F(.F. We call cp an r-colouring of F . 
F  is r-chromatic if it is r-colourable but not (r—l)-colourable and we then call 
r the chromatic number of F . F  is r-critical if it is r-chromatic and all its proper 
subgraphs are (r— l)-colourable. F  is critical if it is r-critical for some r.

Critical 2-graphs were first investigated by Dirac and subsequently by many 
other authors (see for example [9] and references given there). It is a simple matter 
to verify that the only 3-critical 2-graphs are the circuits of odd length. It was hoped 
at one time that a characterization of the 4-critical 2-graphs would be useful in 
tackling the celebrated Four Colour Problem. However, no such characterization 
has been found and, in fact, recent results (see, for example, Sim onovits [11] and 
T oft [12]) indicate that the 4-critical 2-graphs may be quite complicated and that 
perhaps no simple characterization is possible.

By an (in, n, r)-graph we shall mean an r-critical я-graph on m vertices. There 
are two questions which arise:

(A) Given integers я and r, for which integers m do (m, n, r)-graphs exist?
(B) Given integers я and r, for which integers m do linear (m, n, r)-graphs 

exist?
For 2-graphs, and here the two problems coincide, (m, 2, 3)-graphs exist only 

when m S 3  is odd. This is just a restatement o f the fact that the only 3-critical 
2-graphs are the odd circuits. For г ш 4, D irac [4] proved that (m, 2, r)-graphs 
exist only when m = r or m ^r+ 2.

For я^З , let
M(n, r) =  (n — 1)(i— 1)+1.
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It is easy to verify that the graph whose edges are the и-element subsets of a set 
of M(n, r) elements is /--critical. Recently, it has been shown that (m, «, r)-graphs 
exist for all m ^M (n , r). This was done by A bbott and H anson [3] for the case 
r—3 and by T oft [13] for r ^ 4 .  Since (m, «, /-)-graphs do not exist for m<M(«, /•), 
problem (A) has been solved completely.

The constructions of Toft, Abbott and Hanson do not yield linear «-graphs, 
so that their work sheds no light on problem (B). A priori, it is not obvious whether 
linear (m, n, /-)-graphs exist for any value of m.

The question seems to have been first raised by Gallai. Erdős and Hajnal [5] 
mention the problem and point out that the Steiner triple system on 7 points is an 
example of a linear (7, 3, 3)-graph, but give no other examples.

Proofs of the existence of linear (m,«, z-)-graphs for each pair of integers n 
and г, « аЗ , r ^ 3 ,  and some integer m, were given by several authors at about 
the same time. A simple proof based on Ramsey’s Theorem was given by Abbott
[1] for the case r = 3, and his proof easily generalizes to г=г4. Other proofs were 
given by Erdős and Hajnal [6], Lovász [8] and H ales and Jewett [7]. In all these 
papers, the «-graphs constructed are not necessarily critical, but since any /--chro
matic «-graph contains an /--critical subgraph, there is no problem.

The papers of Lovász, Erdos and Hajnal referred to above also establish the 
existence of arbitrarily la ge integers m for which linear (m, n, rj-graphs exist. A 
simple proof of this is given by Abbott [2], in the case r—3, which we shall 
generalize into one of our Constructions in § 2.

Our main result is the following
Theorem 1. For пШ3 and 3, there exists a least integer M*(n, r) such that 

for m ^M *(n, /•), a linear (m, n, r)-graph exists.
The determination of the numbers M  *(«,/•) seems to be very difficult, and 

we have succeeded in determining only one value. We state this as

Theorem 2. M *(3,3) = 9.

Even the next non-trivial values, M  * (3, 4) and M  * (4, 3), seem to be out of reach. 
The main difficulty lies in finding actual examples of linear (m,«, r)-graphs. Wo 
have been able to obtain the following bounds:

Theorem 3. M *(4, 3 )^  124.

Theorem 4. M *(3, 4)^1399.

However, we have no reason to believe that these are sharp.

§ 2. Main result

In this section, we establish the existence of linear (m, n, r)-graphs for 
sufficiently large integers m. We first describe two constructions of such graphs.

C o nstruc tio n  1. Let « s 3  and /•&3. Let l be an integer such that a linear 
(/, «, r)-graph У exists. For l s z 's / ,  let mi bean integer such that a linear (/и;, «, r+ 1)-
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graph F t exists. Then there exists a linear (m, n, r + l)-graph where m = l+ m 1 + ...

P roof. Let U 'S — {a1, a,}, Vt = U F i  and let the F ’s be pairwise disjoint.
Let F] be a fixed edge of F { and vt a fixed vertex of Ft. Let и be a vertex which is 
not in any of the F’s. Let Ki = (Fi— {e;})U{e}.

Let F  be the и-graph consisting of all the edges of F t, l ^ i ^ l ,  with Ft re
placed by K{, together with the edges of S  with a; replaced by vit so that F  contains 
a subgraph isomorphic to S .

It is easily verified that F  is linear and that \UF\=m. We need to show that 
F  is (r+l)-critical. We do this in two steps.

Step 1: F  is not r-colourable. Suppose F  has an r-colouring ф. Then ф is also 
an /--colouring of F i—{Fi} for each l s i '^ / .  Clearly we must have ф (и)^ф (vt). 
Thus ф is an (r — l)-colouring of the и-graph obtained from '§ by replacing at by 
V(. This is a contradiction since S  is r-chromatic.

Step 2: all subgraphs o f F  are r-colourable. We need only consider the sub
graphs of the form F —{F} for F£F. We consider three cases:

(i) F={vh, . . . ,v il} where G= {ah , ..., Since <S is /--critical, <S — {G}
has an (r— l)-colouring t\),s . Let фг be an /--colouring of F t — {F4} such that 
ФЛщ)=^»(а1). Define ф :0 F -~{\, ..., r} by:

It is easily verified that ф is an r-colouring of F  — {F).
(ii) F=Kj for some j, l ^ j s l .  Since S  is r-critical, S  has an r-colouring 

<p,s such that <p9( a j ) (pg(x) for any х£@, хт±а}. Let ф1 be an r-colouring of 
F i — {F,} such that ф1(р!) = (р9(а1). Define ф: U F - * { 1 ,  ..., r} by:

(iii) F £ F j—{Fj} for some /, 1 Sy ̂ /. Since -d is /--critical, (S has an r-colouring 
(pg such that (pg(a,)й cpg(x) for any Ö S, xFUj. For iF j let ф( be an r-colour- 
ing of F i —{Fi} such that iPt(vi) = (p9(at). Let фj be an r-colouring of F j  — {F} 
such that фj{vj) = q>g(aj). Define ф-.ÖF^- {1, 2, ..., r} by:

It is easily verified that ф is an r-colouring of F  — {F}.
C o nstruc tio n  1*. L e i и ^ З  and (и +  1 ) /2 ^ /^ и .  For 1 ^ / =5/, let mt be an in

teger such that a linear (mt, n, 3)-graph F t exists. Then there exists a linear (m, n, 3)- 
graph where m = l+ m 1 + ... + mt.

P roof. Let Vi= U Fi and let the F ’s be pairwise disjoint. Let Ft be a fixed 
edge of F t and v{, v- be fixed vertices of Ft. Let v be a vertex which is not in any 
of the F ’s. Let Kt =  (F; — {e;}) U {u}. Let F  be the и-graph consisting of all the
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edges of with Ft replaced by K{, together with an extra edge con
taining vt, and any n — l elements of {«,'| l^ i^ /} .  The proof that d? is
a linear (m, «, 3)-graph follows closely that of Construction 1, and is omitted.

C o n st r u c t io n  2. Let n ^ 3  and let k = 2 or 3. Let l be an integer for which 
there exists a linear (l, k, ЗУ graph 7# which is regular o f degree k. For I s i ^ l ,  let m; 
be an integer for which a linear (nti, n, 3)-graph ■¥t exists. Then there exists a linear 
(т,п, ЗУ graph where m = m1+

P ro o f . Let U ^ =  {al5 ..., a,}. We note first that the number of edges of *S 
is / and that, by the König—Hall Theorem, one may label the edges Gj, ..., G, 
so that ajdGj. Let Q = (cpl) be an /X / matrix, whose entries are ordered pairs of 
integers, defined as follows:

_  JO'J) if a fG j
^,J {(0, 0) otherwise.

Call (0, 0) a zero element and the other entries non-zero elements.
Let Vi —— U 3Fi and let the V’s be pairwise disjoint. Let Ft be a fixed edge 

of 3Fi and let //, be a fixed (k— l)-subset of Ft. Let £t be a mapping from Ft into the 
i-th row of Q which maps Ft — //, onto the diagonal element (i , i) and maps Ht 
one-one onto the other к — 1 non-zero elements of the row. The mappings t£t induce 
a mapping £ from p y j  ...U Ft onto the non-zero elements of Q. Let

Kj = {x€TjU... UF,: £(x) is in the y-th column of Q}.

Clearly each Kj is an «-set. Let F  be the «-graph consisting of all the edges of !FX 
with Fi replaced by Kt.

It is easily verified that F  is linear and that |U # j  =m. We need to show 
that F  is 3-critical. We do this in two steps.

Step 1: F  is not 2-colourable. Suppose F  has a 2-colouring ф. Then ф is also 
a 2-colouring of F  i — {/у}. Since F ; is 3-critical, ||^(Т’/)| =  1. Define —
— {1,2} by: Il/g(aj) = фф,) for l ^ j ^ l .  Since S  is 3-chromatic, there exists G,dS 
suchthat \ф&(С,)\ = 1. It follows that \ф(К,)\ = 1. This is a contradiction.

Step 2: all subgraphs o f F  are 2-colourable. We need only consider the sub
graphs of the form F  — {F} for F dF . We consider two cases:

(i) F=Kt for some t, l ^ t ^ l .  Since S  is 3-critical, S —{Gt} has a 2-colouring 
ф'. Let Ij/i be a 2-colouring of F t—{Ft} such that ф1(Р£) = ф' (a£). Clearly the 
mappings ф1 induce a 2-colouring of F  — {F).

(ii) F dF t — {Ft} for some t , l ^ t ^ l .  We have a 2-colouring ф, of F t — {F}. We 
treat separately the cases k = 2 and k = 3.

(a) k = 2. In this case, H,= {b}. for some b. We have a 2-colouring ф$ of 
*S — {Gt} such that ф^(С,) =  ф,(Ь), and a 2-colouring i/y of F t — {F;}, i F t ,  such 
that tAiC-fi) —*А»(аг)- Clearly the mappings ф1 induce a 2-colouring of F  — {F}.

(b) k = 3 . In this case, H,= {b,c} for some b and c. If ф,(Ь) = ф,(с), the argu
ment is exactly the same as in case (a). If ф,(Ь)^ф,(с), we may assume that 
ф,(Ь)^ф,(х) for some xdF, — H,. Let £(c) belong to the h-th column of Q. Then the 
argument of case (a) applies with G, replaced by Gh.
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We now prove our main result. We shall need two lemmas, the first one having 
been mentioned in § 1. The proofs are not difficult and will not be presented.

L emma 1. For n s  3 and r s  3, a linear (m, n, r)-graph exists for some integer m.
L emma 2. Let S be a set o f integers such that S contains a and a+ 1 for some 

integer a and for some integer k s 2 ,  at + ...+ak£S  whenever аг, ...,a k£S. Then S 
contains all integers greater than or equal to a(ak — a+ 1).

T heorem  2.1. For n s 3 and r^3 , there exists a least integer M*(n, r) such 
that for m~=sM*(n, r), a linear (m, n, rfgraph exists.

P ro o f . We use induction on r. We first establish the existence of M *(n, 3) 
for fixed n. Let G be the set of integers m for which linear (m, n, 3)-graphs exist. 
We need to show that S  contains all sufficiently large integers. We consider two 
cases:

(i) n is odd. By Lemma 1, there exists an integer m £S. Now an odd circuit 
of length и is a regular linear (n, 2, 3)-graph of degree 2. By Construction 2, ak + ... 
...+an£S  if a1, ..., a„dS. Thus mnf S. By Construction 1*, we have mn + l£S. 
By Lemma 2, S contains all sufficiently large integers.

(ii) n is even. By Lemma 1, there exists an integer m£S. From the (7, 3, 3)-graph 
we can obtain by Construction 1 * a linear (22, 3, 3)-graph which is regular of degree 
3. By Construction 2, ak + ... + ai2dS  if al , ..., a22(zS. Thus 22m6S. In Construc
tion 1*, take l=n, m1=22m and mt=m for z> 1. It follows that m(n + 2\) + \ £S. 
Now an odd circuit of length 21 +n is a regular linear (21 +n, 2, 3)-graph of degree
2. By Construction 2, m(n + 2l)ZS. By Lemma 2, S contains all sufficiently large 
integers.

Suppose 3  and that M*(n, r) exists. By Lemma 1, there is an integer m0 
for which there exists a linear (m0,n ,r + l)-graph. By Construction 1, there exists 
a linear (m0M*(n, r) +  l, n, r+  l)-graph. Let
(1) m ^  m0(m0+l)M*(n,r) 
and write
(2) m = qm0 + b, 1 ^  b ^  щ0.
From (1) and (2), it follows easily that
(3) q & m0M*(n, r).

Let
(4) t = q — (b — l)M*(n, r) 
so that by (3) and (4),
(5) t^ M * (n ,r ) .
By the induction hypothesis, (5) and the fact that ft s i ,  there exists a linear 
(t+b — l,n , /-(-graph. In Construction 1, take
^  (m i= ...=  m, = m0

\ mt+i =■■■= Щ + ь - i  =  mnM*(n, r) +  l.
Now by (2), (4) and (6), l+ m 1 + ...+m t+b_1=m so that, by Construction 1, a linear 
(m, n, r+ 1 (-graph exists. This completes the proof.
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§ 3. Some special constructions

In this section, we determine the value of M *(3, 3) and give upper bounds 
for M*(4, 3) and M*(3, 4). We first describe two other constructions of linear 
(m, n, r)-graphs.

Construction 3. Let n ^ 3  and let п — 2 ^Ы п * —Зп + 3. For l s z 's / ,  let 
mi be an integer such that a linear (mt, n, 3)-graph #7 exists. Then there exists a linear 
(m ,n, 3)-graph where m=n + тг + ... + mt.

P roof. Let F;=  U and let the F’s be pairwise disjoint. Let F i= { a { ,  . . . ,  a'„} 
be a fixed edge of S;i. Let vy, ..., vn be vertices which are not in any of the F ’s.

Let S' be the и-graph consisting of the following edges:
(1) all edges in S 'i — {Fi}, l ^ i ^ l ;
(2) the edges =  {ux, a{, ... ,  a‘„}, 1 S i^ l ;
(3) the edge H1={v1, ..., v„};
(4) the edges Hj, 2 s j ^ n ,  satisfying the following conditions:

a) t f , .c  ( j j  F;) u t f i;

b) alSHj;
c) H .D H j = {a,};

П
d) each of a\, a[ appears exactly once in (J Hj\

J =  2l n
e) each vertex of |J  (Gt — {tj}) appears at most once in |J  Hj.

i=l j = 2

The choice of l ensures that these conditions can be met.
It is easily verified that S' is linear and that \V2S'\ =m. We need to show that 

S' is 3-critical. We do this in two steps.

Step 1: S' is not 2-colour able. Suppose S' has a 2-colouring ф. Then ф is also 
a 2-colouring of t —{.F,} for each i, l ^ i ^ l .  We may suppose that ф(Ь\) = 1. By 
considering the edge Glt we conclude that ф(о1) = 2. It follows that i/i (F;) =  1 
also for 2s i 's / .  By considering the edges //,-, we conclude that ф(о1)= 2 for 
2 ^ j ^ n .  It follows that \ф(Н1)\ = 1. This is a contradiction.

Step 2: all subgraphs of S' are 2-colourable. We need only consider the sub
graphs of the form S' — {F} for F ^ S '.  We consider six cases:

(i) Р’= Я 1. Let (/i; be a 2-colouring of #7— {F;} such that i/ii(Fi) =  1. Define 
tf r :U ^ -{ l,2 }  by:

Ф(х) =
'l'i(x) if xeVi 

if х е н г .

It is easily verified that ф is a 2-colouring of S' — {/}.
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(ii) F—H , for some j, 2 ^ jS n .  Let ф, be a 2-colouring of —{F,} such 
that <MFj)=l. Define i/uUJ5" —{1,2} by:

•AW =
•AiW

1
2

if x£Ff
if X =  Vj 
if —{Uj}.

Itis (ieasily verified that ф is a 2-colouring of —{F}.
ii) F=G X. Let фг be a 2-colouring of {Fx} such that \J/1(F1)= l. For 

2ёг 'ё /, let ф1 be a 2-colouring of {FJ such that \{/i(Fi)=2. Define ф :0 ^ -*  
-{1,2} by

<A,(x) if *€F;
<K*) = 1

2
if X — V-! 
if x€#i-{tfi}.

It is easily verified that ф is a 2-colouring of —{F}.
(iv) F=G, for some t, 2 á í^ / .  Let a{€ //,-. Let ф, be a 2-colouring of 

J*7,—{F,} such that i^,(Ft) = l. For iVi, let ф1 be a 2-colouring of — {F;} 
such that iAi(Fi)=2. Define ф:U J5-—(1, 2} by:

<A(x) =
'MD

2
1

if x€Kf
if X =  Vj
if xe F f - { v j } .

It is easily verified that ф is a 2-colouring of {F}.
(v) F ^ ^ i —{Fj}. Let Ip! be a 2-colouring of !FX— {F} such that ф1 (a}) =  1. 

For 2 ^ i ^ l ,  let ф1 be a 2-colouring of —{Ff} such that i/̂ i(Fi)=2. Define 
t/uU J5" —{1, 2} by:

i//,-(x) if X(EF;
iA(x) = 1

2
if x = vx 
if x € ^ —{ii]}.

It is easily verified that ф is a 2-colouring of J*- — {F}.
(vi) F ^^r,— {Ft} for some t, 2 ^ t ^ l .  Let a[£H j. Let ф, be a 2-colouring 

of £F,— {F) such that ф,(а‘1)=1. For iVt, let ф1 be a 2-colouring of J5-; — {F,} 
such that i/̂ i(Fi}=2. Define i / u U  J* —{1, 2} by:

< A i(* )

iA(x) = 2
1

if x€Ff
if X =  Vj
if x € # ! —{»j).

It is easily verified that ф is a 2-colouring of — {F}.

Construction 4. Let r s 2  and let l be an integer such that a linear (l, 3, r ) -  

graph 'S exists. For l s i ^ /, let mt be an integer such that a linear (m;, 3, r +  2)- 
graph 3Fi exists. Then there exists a linear (m, 3, r+2)-graph where m = 3 + 
+тг+ ...+m t.
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Proof. Let U ^  — {xl5 x t } .  Let L* = U S' t and let the V’s be pairwise 
disjoint. Let F;= {a[, a |,  a‘3} be a fixed edge of Let vt , v2, v3 be vertices which 
are not in any of the F ’s.

Let S' be the //-graph consisting of the following edges:
(1) all edges of S 'i—{Fi}, I s i s l ;
(2) the edges G[ = {i>l9 a\, 4}, 1 S i s l ;
(3) the edges G‘2= {a{, v2, a‘3}, I s i s l ;
(4) the edges G ^  {a{, a{, v3}, I s i s l ;
(5) the edge {v1,v 2,v 3};
(6) all edges of У, with x; replaced by a{.

It is easily verified that Sr is linear and that |U J7 \ = m. We need to show that S' 
is (r+2)-critical. We do this in two steps.

Step 1: S' is not (r+1)-colourable. Suppose S' has an (r+l)-colouring tj/. 
Then ф  is also an (r+  l)-colouring of S ri — {Fi} for each i, 1S iS l .  Since S ri is 
(r+2)-critical, |^(F;)| =  1. Now \ ф ( { р г ,  t>2 ,  f3})| =2, and by considering the 
edges G[,G |  and G‘3, we conclude that \i/j({a[\l^i^l})\ S r  — 1. This is a con
tradiction as is r-critical.

S t e p  2 :  a l l  s u b g r a p h s  o f  S '  a r e  (r+1)-c o l o u r a b l e . We need only to consider 
the subgraphs of the form S '— {F} for F£ JF  We consider four cases:

(i) F =  {v1, v2, v3}. Let (p& be an r-colouring of *&. Let i f  be an (r-H)-colouring 
of S '  i — {F,} such that \J/ i ( a i1 )  = (p 9 ( x i ) .  Define ф  = UJ*' — {1, ..., r +  1} by

Ф ( х )  =

Ы/ f x )  if x e V i  

}r+l if x — vlt v2, v3.
It is easily verified that ф is an ( r + 1 (-colouring of S r — {F}.

(ii) F =  G{, G{ o r  G{ f o r  s o m e  j, I s j s l .  We may assume that F=G{. Since 
^  is r-critical, ^  has an r-colouring q>9 such that <pr, (xj) +  (p& (x) for any x€ U ^, 
x?±Xj. Let ф1 bean (r+l)-colouring of S ri—{Fi} suchthat i//;(F;) =  9i«(x;). Define 
ф-.и#?-*^, ..., r-f-1} by

Ф i (x) i f  x£Vi
ф(х) = (P v ( X j )  i f  x =  r,

r+1 if X = v2,v 3.
It is easily verified that ф  is an (r-t-l)-colouring of S r  — {F}.

(iii) F =  {41, 4% a{3} w h e r e  G — (x;i, x h ,  xi;,}(F#. Since ^  is /--critical, 
— {G} has an (r—l)-colouring ф$. Let if  be an (r+l)-colouring of —{F,} 

suchthat ф1(Р;)=ф9(Х'). Define ф : 0 & '{l, r+ \}  by

Ф(х) =
ф ф х )

г
r+1

if xev\
if X =  Vx
if X = v2, v3

It is easily verified that ф is an (r+l)-colouring of S r — {F).
(iv) F£ S' j  — {Fj} f o r  s o m e  j , 1 S j S l . Since S  is r-critical, ■§ has an /--colouring 

(pqi such that (pv (xj)F<Pv(x) for all x f iJ S ,  x + Xy. For /+ /, let ф1 be an (r +1)- 
colouring of S 'i — {F;} such that i//;(F;) — <p»(x,). Let фj be an (r +  l)-colouring
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of ̂ rj —{F). Without loss of generality we may suppose that (pj(a{)^<Pj(a£). Define 
* :U ^ -{ 1 ,2 ,  . . . ,r + l}  by

Il/t(x) if x£Vt
ф(х) = (p<g(Xj) i f  *  =  ®1

r + 1 if x — v2 or v3.
Theorem 2. M *(3, 3)=9,
P ro o f . It is not difficult to verify that linear (8, 3, 3)-graphs do not exist. The 

Steiner triple system on 7 points is a (7, 3, 3)-graph and linear (9, 3, 3) and (11,3, 3)- 
graphs are shown in Fig. 1. By Construction 3, with n = 3 and taking /=1, we 
can obtain a linear (m + 3, 3, 3)-graph from a linear (m, 3, 3)-graph. The Theorem 
follows immediately.

Fig. l

A (11 ,3 ,3 )-g raph

It is easy to show that linear (m, 3, 3)-graphs do not exist for m g 6. The exis
tence problem in the case n = r= 3 is thus solved completely. There exists a linear 
(m, 3, 3)-graph if and only if m = 7 or m ̂  9.

T heorem 3. M*(4, 3 )sl24 .
P roof. We have verified that there exist block designs with parameters 

(25, 50, 8, 4, 1) and (28, 63, 9, 4, 1) which contain a linear (25, 4, 3)-graph and a 
linear (28, 4, 3)-graph, respectively. Using these as building blocks and applying 
Constructions 1, 1*, 2 and 3, we obtain linear (m, 4, 3)-graphs for 124SmS 149, 
a block of 26 consecutive integers. By Construction 1*, with n = 4 and taking 
1=2, m1=m and m2=25, we can obtain a linear (m + 26, 4, 3)-graph from a linear 
(m, 4, 3)-graph. The Theorem follows immediately.

Theorem 4. M*(3, 4 )^  1399.
P roof. There exists a 4-chromatic linear 3-graph on 31 vertices [10] and we 

have verified that it contains a linear (31, 3, 4)-graph. Using it as a building block 
and applying Constructions 1 and 4, we obtain linear (m, 3, 4)-graphs for 1399 s  
S m S  1463, a block of 65 consecutive integers. By Construction 4, with r= 2 
and taking 1=3 and m2 = m3 = 31, we can obtain a linear (m + 65, 3, 4)-graph 
from a linear (m, 3 ,4)-graph. The Theorem follows immediately.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



282 H. L. ABBOTT AND A. C. L IU : COLOUR CRITICAL LINEAR HYPERGRAPHS

References

[1] H. L. Abbott, An application of Ramsey’s Theorem to a problem of Erdos and Hajnal,
Can. Math. Bull.. 8 (1965), 515— 517.

[2] H. L. Abbott, On property В of family o f sets, Can. Math. Bull., 18 (1975), 133— 135.
[3] H. L. Abbott and D . H anson, On a combinatorial problem of Erdős, Can. Math. Bull., 12

(1969) , 823— 829.
[4] G. A. D i r a c , A property of 4-chromatic graphs and some remarks on critical graphs, J. London

Math. Soc., 27(1952), 85—92.
[5] P. Erdős and A. H ajnal, On a property of families of sets, Acta Math. Acad. Sei. Hungar.,

12 (1961), 87— 123.
[6] P. Erdős and A. H ajnal, Chromatic numbers of graphs and set systems, Acta Math. Acad.

Sei. Hungar., 17 (1966), 61—99.
[7] A. W. Hales and R. I. Jewett, Regularity and positional games, Trans. Am. Math. Soc., 106

(1963), 222— 229,
[8] L. Lovász, On chromatic numbers of finite set systems, Acta Math. Acad. Sei. Hungar., 19

(1968), 59—67.
[9] O. O r e , The Four Color Problem, Acad. Press (1967).

[10] A. R o s a , Steiner triple systems and their chromatic number, Acta Univ. Comen. Math., 24
(1970) , 159— 174.

[11] M. Simonovits, On color-critical graphs, Stud. Sei. Math. Hungar., 7 (1972), 67—81.
[12] B. Toft, Two theorems on critical 4-chromatic graphs, Stud. Sei. Math. Hungar., 7 (1972),

83—89.
[13] B. Toft, On color-critical hypergraphs, Infinite and Finite Sets, ed. Hajnal et al., North-Holland

Publ. Co. (1975), 1445— 1457.

(Received August 3, 1976)

UNIVERSITY OF ALBERTA EDMONTON, ALBERTA, CAN A D A

Acta Mathematica Academiae Scientiarum Hungarlcae 32, 1978



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 32 (3— 1), (1978), 283—285.

MAPPINGS ON METRIC SPACES
By

B. FISHER (Leicester)

A contraction mapping of a metric space (X , q) into itself is a mapping T 
such that

q ( T x , Т у )  ^  c q ( x ,  y ) ,  

for all x ,y  in X, where 0 ^ c <  1.
In a paper by R. K a n n a n  [1], he considers a mapping T of a metric space 

(X, q) into itself such that

q (Tx, Ту) к  {e (x, Tx) +  q ( y ,  7 » } ,

for all x, у  in X, where . We will call such a mapping a Kannan mapping.
We now prove the following theorem:
T heorem  1. Let T  be a contraction mapping o f the metric space (X, q) into itself. 

Then Tn is a Kannan mapping for some positive integer n.
P ro o f . Suppose

Q{Tx,Ty) s  c q ( x ,  y)

for all x, у  in X, where 0 S c < l. Then

Q(Tnx ,T ny) ё  cnQ{x,y) ^  c"{eOc, T nx) + Q(Tnx, T ny) + e(T ny, y)}
and so

Q(TnX, T"y) ^ - ^ { e i x ,  T nx) + Q ( y ,  T ny)}
for all x, у  in X.

Since c d ,  we can find an n such that cn<  1/3 and then

It follows that for such an n, Tn is a Kannan mapping. This completes the proof 
of the theorem.

One may now ask the following question. If T  is a Kannan mapping of the 
metric space (X, q )  into itself, must Tn be a contraction mapping for some positive 
integer nl

The answer to this question is in the negative, as can be seen from the following 
example.
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Let X  be the set of real numbers x, with — 2< x < 2 . Define a metric g on X  by
д(х, у) =  \x -y \.

Define a mapping Г of I  into itself by

Then

Thus

_  i~ x/4’ Iх ! -
X  { x / 4 ,  1 <  |л:| <  2.

д ( Т х ,  Т у )  S  - j ( |x |  + |y|), e(x, Tx) + g ( y ,  Т у )  S - | ( | x |  +  |y|). 

Q ( T x ,  Т у )  у  { g  ( x , T x )  +  q ( у ,  Т у ) } ,

for all x, у  in X  and so Г is a Kannan mapping.
However it is obvious that T" is discontinuous at the point jc = 1 for 

n=  1, 2 ,... and so cannot be a contraction mapping, which is always continuous. 
We can however prove the following theorem.
Theorem  2 . Let T be a Kannan mapping o f the metric space (X, q) into itself 

and suppose that
(1) g(x, Тх) + д(у, Ту) =s hg(x,y)

for all x ,y  in X, where h> 0. Then Tn is a contraction mapping for some positive 
integer n.

Proof. Suppose first of all that X  is complete and that

q ( T x , Ту) S  k{o(x, Tx) + g(y, 7 » }  

for all x ,y  in X, where 0^fc< l/2 . Then

g(T nx, T n+1x) <  k i g l T ^ x ,  T nx) + g{Tnx, T"+1x)}
and so

e (T nx, T"+1x) ^  e iT '- 'x ,  T"x) s  [ y - ^ ]  0(x, Tx).
Thus

g{Tnx, T n+rx) ^  д(Тпх, T n+1x)+  ... + <?(7’л+' - 1х, T"+rx) S  k„g(x, Tx)
where

It follows that {Tnx} is a Cauchy sequence and in fact converges to a unique point 
z, see [1], with the property that Tz=z. On letting r tend to infinity we see that

Similarly
o (Tnx, z) =s k„g(x, Tx). 

Q(Tny ,z)  =£ kn q (у, Ту)
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and so
e(Tnx, T ny g ( T nx, z) + g (z ,T ny ) ^  k„{g(x, Tx) + g(y,Ty)} s  hkne(x,y)

for all x, у  in X, on using inequality (1). Since k{\ — A:)_1<  1, we can choose an 
n such that hk„ <  1. For this n, Tn is a contraction mapping, completing the proof 
of the theorem when X  is complete.

If X  is not complete we note that
Q(Tx,Ty) S  Q(x, Tx) + Q(x, y) + q(у, Ту) ~  (h+ \)e{x,y),

on using inequality (1). This implies that T  is uniformly continuous and so T, the 
completion of T, is a Kannan mapping on X, the completion of X  and

Q ( x ,  Tx) + g ( y ,  f y )  ä  hg(x, y ) ,

for all x, у in X. It follows from what we have just proved that T " is a contraction 
mapping on X  for some n and so for this n, T" is a contraction mapping on X, 
completing the proof of the theorem.
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ON A RECURRENT FINSLER MANIFOLD WITH 
A CONCIRCULAR VECTOR FIELD

By
R. B. MISRA1 (Turin), F. M. MEHER (Balangir) and N. KISHORE (Allahabad)

Concircular transformation in Riemannian manifolds was introduced and 
studied in detail by K. Y ano in a series of papers [4]. For non-Riemannian manifolds 
of recurrent curvature K. Takano [3] studied affine motions generated by dilferent 
forms of concircular vector fields. M. Okumura [5] continued the study of con
circular vector fields in various types of Riemannian manifolds. R. S. Sinha [13], 
R. B. M isra and F. M. M eher [1], [6], [8] to [11] extended the theory of concircular 
vector fields to Finsler manifolds. In the paper at hand we discuss various forms 
of concircular vector fields and study the recurrent Finsler manifolds admitting 
one of them. Notation employed in the paper is based on [1], [6] to [12].

1. Introduction

Let Fn be an и-dimensional Finsler manifold of class at least C5 endowed with 
a  metric tensor gtJ2 satisfying the requisite conditions [2]. The connection para
meters of Berwald are the functions

G)k^ d j G [  (dj =  d/dxJ),

and are positively homogeneous of degree zero in the directional arguments. 
Because of homogeneous properties these functions satisfy

(1.1) a) G)kxj =  G'|, b) GljkhxJ = 0,

where G‘Jkh =  djG‘kh form a tensor field symmetric in all its lower indices. The 
Berwald’s covariant derivative of a vector X for these connection parameters is 
given by
(1.2) ®kX l =  дкХ ‘-(д]-Х‘) GÍ+XJ G)k, (дк =  d/dx*).

In particular, the covariant derivative vanishes for the vector field x‘.

1 On leave from the University of Allahabad, Allahabad (India) expresses his gratitude to the 
Italian National Research Council for offering a Visiting Professorship to him at the Turin Uni
versity, Turin (Italy).

2 Unless stated otherwise all the entities are considered as functions of line-element (я:', x ‘). 
The indices i, j ,k , ... assume positive integral values 1 ,2
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The operators of partial and covariant differentiation commute according to

(1.3) ( д ^ к-38кд } Х 1 = G)khX \  
and
(1.4) 2Яи Яа Х 1 =  H)khX h-H%dhX \  3

where the functions Hjkh are skew-symmetric in j, к and constitute a tensor, H, 
called the curvature tensor of Berwald. The functions H)k are connected with the 
curvature tensor by
(1.5) a) Hjkhxh = H}k, b) Hjkh= dhH}k.

These tensors when transvected with xk or contracted in their indices also give 
rise to the following relations

(1.6) a) Hjkxk = И), b) H)x} = 0,

Hlkh — H k h ,  b) H l k  —  H k ,  c) H j k i  —  2 H [ k f l ,

Hkhxh = Hk, e) Hkh = dhHk, f) H\ = (и— \)H.(1.7)
a)
d)

2. A recurrent manifold and concircular vector field

If there exists a non-null covariant vector field A, so that the curvature tensor 
satisfies
(2.1) :ifil H j kh =  A; H ‘jk h ,

the manifold is then called recurrent, and is denoted by HR —F„ [7]. It is seen that 
an HR—F„ also admits
(2.2) ^ H ‘jk = A,tfjt ,

and analogous identities satisfied by the entities defined in (1.6) and (1.7).
We consider an infinitesimal point transformation

(2.3) x ‘ = x ' +  e v ' ,

where e is an infinitesimal constant and v‘ (independent of the directional argu
ments) are components of a contravariant vector. As indicated by K. T akano 
[3—V] there exist various possibilities for the vector field v‘:

(2.4)

a) &jV
b) 3$jV
c) iiSjV
d) MjV
e) 38jv

= 0,
=  cőj, c being a non-zero constant,
= e(x, x)5), g ^O ,
— (Pj(x, x)v’, (pj being a non-null vector-field, 
=  Q(x, x)Sij + (pj (x, x)v\

3 Square brackets denote the skew-symmetric part with respect to the indices enclosed therein.
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<Pj being a non-null vector field satisfying 

(2.5) 2Яи <ра = 0,

(2.4) f) v l = q (x ,  x )  ö )  -f- (pj(x, x )  v \  <pj being any non-null vector.

Correspondingly, the vector field v‘ is called a contravector field, concurrent vector 
field, special concircular vector field, recurrent vector field, concircular vector 
field and torse-forming vector field respectively. The forms (2.4b) and (2.4c) of 
the vector field generating an affine motion in bi-recurrent Finsler manifolds and 
projectively symmetric Finsler manifolds have been studied in [8] and [11] respect
ively. Also the form (2.4c) generating a projective motion has been studied in [10]. 
The form (2.4d) generating an affine motion in symmetric and recurrent Finsler 
manifolds has been studied in [6] and [9] respectively. In the present paper we discuss 
the form (2.4e) and study a recurrent manifold admitting an infinitesimal trans
formation (2.3) of the type (2.4e). Such a manifold will be called a recurrent Finsler 
manifold admitting a concircular vector field and will be denoted by CHR—Fn.

3. CHR —F„

In this section we consider a recurrent Finsler manifold admitting an infinite
simal transformation generated by a concircular vector field v‘ of the type (2.4e). 
Differentiating (2.4e) covariantly with respect to xk and simplifying by means of 
(2.4e) itself we derive
(3.1) @k@jV‘ = QkÖij + QŐik (pj +  <pkJVi, 
where we have put
(3.2) a) Qk = @ k Q, b) (pkj= ^ k(pj + <pk<Pj.

For (2.5), it may be easily seen that the skew-symmetric part of (3.1), in view of 
the commutation formula (1.4), yields

(3.3) Hjkh vh = 2д‘и (д(рк] -  ри).

Contracting it with respect to i and j, and using (1.7a) we obtain

H khvh =  (n - l ) ( e c p k - e k).
Substituting from this relation in (3.3), we get

(3.4) H)khvh = SíjHknvh.

As the contracted curvature tensor is also recurrent in H R —F„, the covariant 
differentiation of (3.4) with respect to x l, for (2.1), (2.4e), and (3.4) itself, yields

(3-5)

for a proper special concircular case, i.e. when neither q  nor c p j  are zero.
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When contracted with respect to i and /, this relation reduces to

Hm -

which, in consequence of (1.7c), implies vanishing of H)ki:

(3.6) H)ki = 0.
We, therefore, have the

Theorem 3.1. In a CHR—F„ (n > 2 )  the contracted curvature tensor Hkj is 
necessarily symmetric.

As a consequence of this theorem we may have an analogue of (1.7d):

(3.7) Hhkx h =  Hk.

Also, transvection of (3.5) with xl, for (1.5a) and (1.7d), determines

(3.8) Н } к =  - ^ - 0 ‘и Н и .

Employing the relations (3.6), (3.7) and (3.8) it is not difficult to see that the WeyPs 
projective tensor [2]

W l = H i --------1 J n + l H*r +  —Z— {nHU +  ̂ HrlM h

vanishes in CHR —F„. Accordingly, the Weyl’s projective curvature tensor

Wl —  b W‘VVj k h  =  ° h Vyj k  5

too, vanishes there. This establishes the
Corollary 3.1. CH R—F„ (и > 2 )  is projectively flat.
In the remaining part of this section we deduce a relation between the Berwald’s 

tensor field H)k and the recurrence vector field 2, in CHR—F„. Forming the co
variant differentiation of (3.8) with respect to xl and using the recurrence property 
of Hk we get

%lH)k =

From this relation we obtain two more equations by cyclic interchange of the 
indices /, j ,  к and adding the equations so obtained with it we get

(3.9) = 0,

where we have used the Bianchi identity á?[( Н ‘к] = 0. Contracting (3.9) with respect 
to i and j ,  we get
(3.10) XlHk- X kHl = 0,
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for я>2. The last relation establishes the fact that IIk is symmetric in /, k. Thus, 
it seems that there may exist a scalar function P(x, x) so that
(3.11a) Hk — P2k.
As Hk is positively homogeneous of degree 1 and l k is independent of x‘’s, P is 
homogeneous of degree 1 in x‘’s. Transvecting (3.11a) with xk, we get

Hkxk = P?.kxk.
From (1.6a), (1.7b) and (1.7f) we notice that Hkxk = (n— l)H. Therefore, the above 
relation determines
(3.12) P = (n — l)(H/X),

where A =  Xkxk is a scalar function supposed to be non-vanishing. From (3.11a)
and (3.12) we, therefore, have
(3.11b) Hk =  (n — l)(H/X)Xk.
Substituting from (3.11b) in (3.8) we obtain the desired relation
(3.13) H)k = (2H/X)0[jXa .

4. Concircular vector field v' and the function q

Applying the commutation formula (1.3) for the concircular vector field v‘ 
satisfying (2.4e) we derive
(4.1) (dj q) S‘k + (dj (pk)vl = G)kh vh.
Taking its skew-symmetric part with respect to j, and k, we have

(4.2) IdijQÖfo+lv'bijCptf =  0.
Transvecting it by vk we get
(4.3) vi{djQ + 2d[j(pkivk} - ( v kdke)öij = 0, 
which, on contraction with respect to i and j, yields

( l-n )(a idi0) +  2d[i^ ]Fit;fc = 0.
The second term being zero this equation simplifies to
(4.4) v'diQ — 0.
Consequently, (4.3) reduces to
(4.5) djQ + 2du q>nVk = Q,
for arbitrary a”s. On the other hand, the contraction of (4.2) for i and к yields

(4.6) (n -l)d jQ  + 2du (PnVk = 0.
Comparing the last two relations we, thus, obtain
(4.7) djQ = 0
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for an F„ (я>2). Also, from (4.2) and (4.7) there follows the identity

(4.8) 2 Ьц(рк] = 0.
Therefore, we have the

T heorem  4.1 . I f  the manifold F„ (я >2), admits a concircular vector field v' 
o f the type (2.4e) the scalar function q is necessarily a point function and the vector 
field (Pj satisfies (4.8).
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A NINE-FOLD PACKING
By

W. J. BLUNDON (St. John’s)

Let dk represent the density of closest k-fold packing of equal circles in the 
plane when the centres of the circles are at the points of a lattice Л. It is well known 
that d ^ n ß f b ,  this result being essentially due to Lagrange. H eppes [4] proved 
that d jk d 1 = 1 for k = 2,3,4 and B l u n d o n  [1] found the values of d5 and de.

B l u n d o n  [2] pointed out an inequality in the Heppes paper which leads readily 
to an estimate for dk and later [3] he gave a sharper estimate,
(1) d jk d 1 ^ f(x /k ),
where с — [кв] and 0 = ̂ ( 6  — УТо̂ )—0.21828 ..., and where

/(x )  =  ( l  — x2)/(! — 4x2)'/2.

The values of dk for k = 1, 2, 6 are all given by equality in (1). Further,
(1) gives the best known estimates for dk for small k= l.
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In particular, (1) gives r/g/9/cjS 1.01298.... The purpose of this paper is to 
give an improved estimate for d9. We prove the following

25
T heorem . d9/9d1 ̂  —  /7~ = 1.04990..., and the corresponding lattice is that Ы

generated by the points P(2/5, 0) and ß |l /5 ,

Proof. Let circles of unit radius be centred at the points of A. By symmetry, 
it is sufficient to prove that no point in the open rectangle with vertices at
O, y  P, P + y  Q, — is covered by more than nine circles of Л. The
only circles having points in common with this rectangle are those centred at the 
twelve lattice points —2P+Q, —P+Q, Q, P+Q, 2P+Q, —2P, —P, O, P, IP,
- Q ,P - Q .

Since \P+2Q\=2, no point of the rectangle can be common to the circles 
centred at P+Q  and — Q. Similar considerations apply to the pair 2P+Q, —2P 
and also to the pair P —Q and —2P+Q. It follows that no point of the rectangle 
and hence no point of the plane can be covered by more than nine circles.

The estimate for d9 follows at once from the fact that the determinant of A
2is — \ 21 and the determinant of the lattice giving best single packing for circles

of unit radius is 2/3.
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THE STRUCTURE OF CRITICAL RAMSEY GRAPHS
By

J. NESETRIL and V. RÖDL (Prague)

The structure of minimal Ramsey graphs

All graphs in this paper are finite and undirected. Let G=(V, E), G '=(V', E'). 
A one-to-one mapping f:V -* V ' is said to be an embedding iff (л:,y)£E o  
<>(/(x), f  (y))zE'. We say that the graph G' is a Ramsey graph for G if for every 
partition E '= E fJE z there exists an embedding f .G -^ G ’ such that f ( E )a E i 
for an j£{l, 2}. We abbreviate this by G y  G'. The negation of this statement is 
denoted by G - y  G'. Given a graph G, it is an interesting question to characterize 
all finite graphs G' for which G у  G'. This seems to be very difficult. Presently 
it is evident that the structure of all graphs G', which are Ramsey graphs for G, 
is very complex. In this paper we shall go in this direction using the notion of 
critical Ramsey graph. ы  ’ f©

D efin itio n . A graph G' is a vertex-critical Ramsey graph for G iff G- у  G', 
and G - y  G" for every vertex deleted subgraph G" of G. A graph G' is a critical 
Ramsey graph for G iff G- у  G', and G- у  G" for every proper subgraph 
G" of G' (i. e. E(G")%E(G'j).

Obviously, every critical Ramsey graph for G is a vertex critical Ramsey graph.
The following was conjectured in [6].
C onjecture  1. For a graph G, the following three statemens are equivalent:
1) G has an infinite number of nonisomorphic vertex-critical Ramsey graphs
2) G - у  G
3) G contains at least two edges.
The problem of finding minimal Ramsey graphs was raised by the authors 

earlier (see [2]).
The statements 1)=>2), 1)=>3) and 2)-e>3) are obvious. In this paper we shall 

prove 3)=»1) for “most frequent graphs” (in the sense specified below). For critical 
Ramsey graphs the situation seems to be more difficult. It may happen that G - y  G 
and G can have only a finite number of critical Ramsey graphs (an example is 
provided by к disjoint edges or a star with odd number of edges, see [1]). Neverthe
less, we give two constructions of critical Ramsey graphs which correspond to 
the following theorems:

T heorem  1. Let the chromatic number ;((G) of G be S 3 .  Then G has infinite 
number o f critical Ramsey graphs.

T heorem  2. Let G be 2.5-connected graph. Then G has an infinite number of 
critical Ramsey graphs.
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(A graph is 2.5-connected if it is 2-connected and the removal of any two 
points joined by an edge does not disconnect the graph; e.g. every cycle is 2.5- 
connected.) In fact (in both theorems), we prove more as specified below (e.g. if 
G does not contain a triangle then there are infinitely many critical Ramsey graphs 
and there is an infinite number of triangle-free critical Ramsey graphs).

The paper is divided into two parts A, B, according to the two constructions. 
Part C contains concluding remarks and further results in the direction of the main 
conjecture. However, we did not achieve the full solution.

Let us finally remark that some special case of the main problem was handled 
by B u r r , Erd ő s  and L ovász [1] who proved that there exists an infinite number 
of minimal Ramsey graphs for every complete graph. They used a different tech
nique (“signal senders”).

A. Nonbipartite graphs

Theorem 1 will be proved in two steps. First we prove

Lemma 1. Let Kk, /сS 3  be a  complete graph, a £ N . Then there exists a graph 
G such that

1) Kk—£+ G,
2) /  (//) = 2k — 1 for every subgraph H of G with at most a vertices.

P roof. Put (1, k) = {1, 2 , ..., k). Define G recursively as follows. Let G2 
be the isolated edge denoted by [z0, zt]. Let Gt = (Xu E f  l<2k — \ be defined, 
put I Aj I=L;. Let (Yt, Jtf) be a set-system such that

1) M £Jtl=>\M\ = Ll,
2) 2,
3) (Y^M ,) does not contain cycles of length s2 a  (such a set-system exists 

by [3] or [4] for every positive integer a).
Let G,+1 be defined as follows: For every let iM\M ^ X l be a fixed

bijection. Define Gl+1=(Xl+1, El+1) by Xl+1= r,U  {z,}, [z(, x]£El + 1 for every 
x€F ,, where z, is a new vertex and [x, y \-E l+1, x ,y £ Y t iff {x, y}fz MT-Jf, and 
[imW> 'aíOOK^í - Put G={X, E) = G2k_1=(X2k_1, E2k_1). Note, that for any pair 
x, j€ T ; there is at most one M £J?l for which {x, y } ^ M  because (Yt,Jti) con
tains no 2-cycles. As a consequence, every subgraph of G;+1 spanned by M £ Jtl 
is isomorphic to Gt .

Claim 1: Kk^G .
Let E = E 1U E 2. Considering edges [z2k_2, x], x£ Ya -2 = X2k_ 1~ {z2k-i} 

we have an induced partition F2jfc_2U Y£k_2 of the set Y2k- 2  defined by x£Y jk_2<=> 
x \ fE l. As Z ( -  г > -'^ik -  2 ) ==■ 2, there exists M2k_2£.J£2k_2 such that 

M 2k- 2 = Yk - 2  for г=1 or 2. However, the graph G2k_1 restricted to the set M2k_2 
is isomorphic to G2k_2. Let <p2k- 2:X2k_2—M 2k- 2 be an isomorphism. Find 
<?, 2 s - 2 (z 2 fc-3 ) € M 2fc_ 2 and repeate the above procedure. Consequently, we find a set 
\<pr(zr); г С (0, 2k — 2)}QX  such that [(pr(zr), <ps(zs)] Q E fs)  for r < ,v where 
*(■*)€ (1, 2}. Hence (by the Dirichlet principle) Kk-^ -G .

Claim 2: y (H )^ l  for every subgraph H of G, with at most a vertices.
Proof is by induction on / (1=2 is clear). It suffices to prove

*(#Г Ш ,-{г,_ !» = = /-1. If J{={N:N£JF„ N n v (H )9 i0 }  then H= (J GN
N  £ J f  I
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where GN is the subgraph of G, spanned by N. y(Gfi)=l— 1 by the induction hypo
thesis (Gv = y (H )^ l— I follows from this using the fact that does not
contain cycles (which can be deduced from condition 3).

Corollary. For Kk, кш  3 there exists an infinite number o f critical Ramsey 
graphs.

Proof. It suffices to observe that if Kk—~* G then y(G)>2k — 1 (k^3). Con
sequently, if Kk-j+  F, \ V(F)\=a and if we take G which has properties of Lemma 1 
then every minimal Ramsey graph contained in G has at least a + 1 >|F(F)I ver
tices. This procedure may be repeated.

Now we prove Theorem 1. We prove a stronger theorem (stated below as The
orem 3) which makes use of the following notion:

D efinition. A class ^  of graphs is said to be ideal if G €^=>G X #£^ for 
any graph H. A class of graphs is said to be Ramsey if for every G^/S there exists 
a Ramsey graph H^/S with G —— H. A class ■$ of graphs is said to have orderings 
if for every Gtfid there exists such that for every ordering g j  of V(G) and

of V(H) there exists a monotone embedding fi.G^-H. This fact is denoted 
by G— - t f .

We prove the following theorem which implies Theorem 1:
Theorem 3. Let У be an ideal class o f graphs which is Ramsey and which has 

orderings. Then for every graph Gf/d, y (G )= kS 3 there exists an infinite number 
of Ramsey graphs Hk,H 2, ... such that for every i£N.

Proof. Let Gd&, y(G )= k> 2 be fixed. Let Hk, H2, ..., Hn be minimal Ramsey 
graphs where |F (^ 1) |^ |F ( i f2) |s .. .g |F ( //„ ) |.  Let F be a graph which satisfies:

1. a) Kk—-+ F,
2. a) / ( / / ) < 2k— 1 for every subgraph H  of F with at most \V(Hfi\ vertices. 

(The existence of such a graph follows by Lemma 1.)
Let c0:G—[\,k] be a fixed colouring. Let s  be any ordering of G such that 

c0: (K(G), k] is a monotone mapping. Let (G', =) be an ordered graph
(i.e. a graph the vertex set of which is ordered by S) which satisfies:

1. b) Gfi<$,
2. b) (G, r s ) _ * (G', за) where r=2\ l=\E(F)\ and (G, =á)-(G', =s) means 

that for every partition E(G')—El {JE2[J...UEr there exists /C[ 1, r] and mono
tone embedding /:(G, S ) — (G', ё )  such that f(E(G ))Q Ei.

The existence of (G S )  follows from the fact that <S is Ramsey which has 
orderings: Let G ► G* and G*—y~ G'. Take any ordering S  of V(G'). One may 
check that then (G, S ) —->- (G', ^). Put H '+1—G 'X F 6 ^  where X means the 
direct product. (GXG' for G = (F, E), G '=(V',E ') means V(GXG')= VX V ',

E(GXG') = {[(x,x'), (y,y')]; (x, y)dE, (*', /)€ £ '} ) .

We prove G —■* H '+ x. This follows by a standard argument using the categorial 
properties of the direct product: Let c:E(G'XF)->-( 1,2) be a partition. Assume 
that F(G') and V(F) are ordered sets (by =). Define the induced colouring
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d:E(G ')^2E(F) by
d ([x', / ] )  ([x, у]) =  c([(x', x), (у ' j)]) for x  <  у, x' < у'.

By l.b) there exists an embedding f:G -»G ' suchthat f(E(G )) belongs to one of 
the parts of the partition induced by d. But this means that for every edge 
[(*', x), O ', jOL [*':/]€/(£■(<?)) the colour c([(x', x), (y',y)]) depends on [x, y] 
only. Now we use l.a) and the fact if f:G-+G' is an embedding, g:G-»Kk is a 
homomorphism and h.Kk-*F' then (hog )X f is an embedding.

Let Hn+1 be a critical Ramsey graph contained in H '+1. Then !Я„+1|>|Я„| 
by Property 2,a). This proves the theorem.

Remark. Examples of ideal classes which are Ramsey and have orderings: 
Class o f all graphs [5].
Class of all graphs without triangles [7].
Class of all graphs without Kk [8].
Class of all graphs without short odd cycles [9].
This implies Theorem 1.

B. Bipartite graphs

For bipartite graphs we shall use another construction:
T heorem . Let G be a 2.5-connected graph, |£(G)|>1. Then G has an infinite 

number of critical Ramsey graphs.
Proof. Let G H, H  be critical Ramsey. We shall construct a critical 

Ramsey graph H* suchthat |Я*|=-|Я |. Let us fix e£E(H), H=(W , F), e= {x, y} 
and put H' = (W, F— {e}) = (W, F'). We have G-^fi-H’ and consequently, there 
exists a partition £■(#') = .EjU.E'2 suchthat Gdß(fV, £;). But from G— and 
from the 2-connectivity of G follows that 
(* )  |{z; {x, z}e£;}| ä  1 for i = 1, 2.
Put {z; {x, z}£F '}= V ', \V'\—r. Let (X, J i ) be an /--uniform set system with 
X(X, M)>2  which does not contain cycles of length S \W \ (/- =  2 by (*)). To 
continue the main construction, assume the following:

1) Ji={Mp, /£/}.
2) Let Hj=(W j,  F'j), j f i l  be disjoint copies of H'= (W, F’).
3) Let z~*Zj, zdW  be an isomorphism
4) Put v ;= {z j,ze v '} .
5) Let £j: M j — Vj be a bijection.
Let ~  be the equivalence on the set IJ WjUX generated by the set

Je/
U r n ,  £ j ( m ) ) ;  m £ M j ,  j e l } -  For x в X [ J U W j  let [x] denote the equivalence class 
of ~  containing x. Put tfv = (fEv, E v) where W v = {[z]; z£X \J  U Wfiil {x*} and 
x*(| {[z];z£X\J(JWj},

F v =  {[И, M], [c ;H ; £jM]6F '}U{[x, >■]; y€ X).
We prove G---+ H J. Let Fv = FkU F2 be a partition. The restriction of this parti-
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tion to the set {[х*,у];y £ X)  induces a partition Х = Х г0 Х 2 and consequently 
there exists M ^ J i  such that {[[m], jc*], Let е :Я '- -Я у be an
isomorphism which satisfies e(x)=x*, c(V') = Mj. Then there exists G = H ' such 
that e(E(G))Q Ft (as every partition F[ U F2' of E(H') which does not contain 
H  satisfies (*)).

Let H* = (V*, F*) be a critical Ramsey graph for G contained in f fv. Then 
X*£V* (as G is 2-connected, (X, J i)  does not contain cycles of length s |G |)  and 
G ^ H y =>G^Hj (as G is 2-edge connected and (X, J l)  does not contain short 
cycles).

From this follows that every subgraph H of # v, |Я |^ |Я | fails to satisfy 
G—Я (by the construction of Я у).

C. Concluding remarks

1) One can prove further partial results for the solution of the original 
problem.

T h e o r e m . For every finite forest T which contains a path o f length 3  there exists 
an infinite number of critical Ramsey graphs.

Proof. Let Я  be a critical Ramsey graph for T. We shall construct a graph 
H ' suchthat T —— H' and no subgraph of H  with ^ | V(H)\ vertices is a Ramsey 
graph for T. Let \V(H)\=r, \ V(T)\=a. Let H' = (V', E') be a graph without 
cycles of length S r  and with ■/{Hr)> di. Then H' has the following properties:

Let E(H ')=E1UE2 then either y_(V', £ j)> a or %(V', E2)>a. In both cases 
the graph (V', £)) does not contain cycles of length =\T\ and contains a subgraph 
I Iv, y(H v)>a  with each of its vertices of degree =-a (e.g. we may take a colour 
critical subgraph of (V E f ) .  The rest of the statement follows by the fact that 
every Ramsey graph for a forest T  which contains a path of length S3 necessarily 
contains a cycle.

2) The structure of critical Ramsey graphs could be investigated further. 
Namely the following could be questioned: Given F and G, does there exist an 
infinite number of Ramsey critical graphs for F which contain G? This is surely 
false, as if F  — ► G then there exists at most one such a graph (namely G itself — in 
the case that G is a Ramsey critical graph).

C o n j e c t u r e  2. Let F, G be graphs, F—-W G, F —+- F. Then there exists an infinite 
family of vertex critical Ramsey graphs for F which contain G.

3) If we consider partition of vertex-set of graphs (instead of edge-set of 
graphs) the analogons of both Conjectures 1 and 2 are true. The analógon of Con
jecture 1 follows by an easy application of the methods used in [6], and that of 
Conjecture 2 will be proved in a forthcoming paper by V. Müller, J. Nesetril and 
V. Rödl.

4) We could also define the following notion: a graph Я  is a cocritical Ramsey 
graph for G if

i) G - ^ H ,
ii) H  H'; V (Я) =  V(H') =>• G H'.
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Of course, for every graph there exists a cocritical Ramsey graph. However, the 
situation seems to be a bit different as indicated by the following: If G=Kk then 
there exists exactly one cocritical Ramsey graph for G.

5) More generally, one can define an / ’-Ramsey critical graph for G as a graph 
H which satisfies

i) G — H, ii) G -fq -H ' for H' H.

Here G H  (as defined in [5]) means that for every partition of the induced sub
graphs of H  isomorphic to /  into two classes there exists an induced subgraph of 
FI isomorphic to G all whose induced subgraphs isomorphic to F belong to one class.

Most important is the case when F is a complete or discrete graph. One can 
easily derive the notion of a Ramsey cocritical graph from the /-Ramsey critical 
graph (using complementation and / —2-element discrete graph).

6) All the above questions may be asked also for weak-Ramsey graphs: 
A graph G' is a weak Ramsey graph for G if for every partition E(G') = E1{JE2 
there exists (V ,E )^G  such that V ^V (G ') and £ £ /,-  for i£[l,2] (this is the 
basic concept of the generalized Ramsey theory see [0]). All the above theorems 
are valid for weak Ramsey graphs as well if we replace 2.5 connectivity by 3-con- 
nectivity. This generalizes some results due to S. A. Burr, P. Erdős, R. J. Faudree 
and R. A. Shelp.

As this is a straightforward translation of the above theorems and proofs, 
we do not state it explicitly.
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О  НЕКОТОРЫХ СВОЙСТВАХ ОБОБЩЕННЫХ РЕШЕНИЙ 
КВАЗИЛИНЕЙНЫХ ВЫРОЖДАЮЩИХСЯ 

ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ
Р. КЕРШНЕР (Будапешт)

Введение

0.1. Мы будем рассматривать задачу Коши и первую краевую задачу для 
уравнения
(0.1) и, = [а(0 ыд]хх- [Ь(/, х, и)\х- с (t, х, и).

Условия, которые мы налагаем на функции, образующие уравнение (0.1), 
сформулированы в п. 1.1.1. Эти условия выполнены, например, для модель
ного уравнения
(0.2) и, =  (и")хх— b • (u*)x—cuv,

где ц > 1 , A fel, v> 0 , с&О и b £ ( — °=>, °°) постоянные.
В случае задачи Коши уравнение (0.1) рассматривается в

R2+ =  {(/,*): 0 <  t  x GR1}
с начальным условием
(0.3) и(0, х) =  и 0(х).

В случае первой краевой задачи мы будем рассматривать уравнение (0.1) 
в R+ + —R+ П {х  >0} с начальным и граничным условиями и условием согла
сования

(0.4)
и(0, х )  =  и0(х), 

u (t, 0 ) =  « i ( i ) ,

Uo(0) =  «ДО).

Уравнение (0.1) является параболическим при и >0 и вырождается в уравнение 
первого порядка при и = 0. Уравнения вида (0.1) описывают процесс фильтра
ции жидкости и газа, а также процесс теплолередачи в среде с теплопровод
ностью, зависящей от температуры. Уравнения такого вида возникают также 
в теории пограничного слоя, в теории неньютоновских жидкостей и в маг
нитной гидродинамике. В связи с этим частные решения различных уравнений 
вида (0.1) строились в целом ряде прикладных работ. Укажем, например, ра
боты [3] — [6], [11], [21], [23], [24] и [33].

В статье [26] О. А. О лейник, А. С. К алаш ников и Ч ж оу Ю й-линь  
рассмотрели задачу Коши, первую и вторую краевые задачи для уравнения

(0.5) и, =  [ср(и)]хх.

При соответствующих предположениях относительно данных в [26] доказаны 
теоремы существования и единственности неотрицательного непрерывного
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обобщенного решения, ограниченного вместе с обобщенной производной 
[<р (и)\х. Установлено, что в точках, где обобщенное решение положительно, 
оно удовлетворяет уравнению (0.5) в обычном смысле. В точках, где обобщен
ное решение обращается в нуль, оно может быть негладким.

Однозначная обобщенная разрешимость задачи Коши для уравнения (0.2) 
с младшими членами доказана А. С. К алаш никовы м  [17]. Этот вопрос 
изучался также в статье [9] Гилдингом  и П елетье.

Дифференциальные свойства обобщенных решений уравнений вида (0.1) 
и (0.2) исследовались Д. Г. А ронсоном  [1], С. Н. Круж ковым [18], А. С. 
К алаш никовы м  [14].

В работе Е. С. С абининой [29] была доказана теорема существования 
и единственности обобщенного решения задачи Коши для уравнения и,— 
= Аср{и) при предположении, что (р£С2+х

В работах Ю. Н. Б лаговещ енского  [2], О. А. Олейник [24] и Г. М. 
Ф атеевой [30] рассматривались вопросы существования и единственности 
решения задачи Коши и краевых задач «в малом» для уравнения

р  р
(0.6) и,=  2  x ,u )u XiXj+ 2  bi(t, x ,u )ux. + c(t, x ,u )+ f{t,x)

i , j = l  i = 1

P
при условии 2  аи 0, X, и) Zj S  0, V f € Rp.

U j=i
В работе M. И. Ф рейдлина [31] указаны условия, обеспечивающие 

существование и единственность классического решения задачи Коши для 
уравнения (0.6) «в целом». Заметим, что в работах [2] и [31] применяются вероят
ностные методы.

А. И. Вольперт и С. И. Худяев [7] изучают задачу Коши для урав
нения

ut = [a(t, х, u)ux\x—[b(t, х, u)\x-c ( t, х, и),
где a(t, х, и) SO, при условиях на функции а, Ъ и с, которые в случае уравнения 
(0.2) означают, что д S3 (или д=2), l s 2  (или к — 1) и v S i. В этой работе дают
ся также некоторые обобщения на многомерный случай.

К этому же кругу вопросов относится работа С. Н. К руж кова [19].
В вышеназванных работах можно найти и сведения о других работах по 

этой теме. См. также статью Ю. А. Д убинского [10] и книгу Ж.—Л. Ли- 
онса [22].

0.2. Некоторые характерные черты, свойственные лишь вырождающимся 
уравнениям, появляются уже в случае самого простого (и наиболее изученного) 
уравнения вида (0.1)
(0.7) щ = (и'1)хх, д >  1.

В работе [3] Г. И. Б ар ен б л атт , рассматривая задачу Коши для этого 
уравнения при д = 2  и

{ахх при х  >  0 (а >  0, 1 <  а <  2)
0 при х  S  о,

обнаружил, что при t >0 у производной их возникают точки разрыва. Обобщая
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это, А.С. К алаш ников в [12] доказал, например, что если д ^2 , и0(х)=0 на 
отрезке [а, Ь], а<Ь и и0(х)^ 0, то при г>0 всегда найдутся точки разрыва функ
ции их. Следовательно, задача Коши для уравнения (0.7), вообще говоря, 
классического решения не имеет. Обобщенное решение определяется через 
обычное (в таких рассмотрениях) интегральное тождество (см. определения 
1.1.1 и 1.4.1).

0.3. Другое важное отличие от невырожденного случая также было впер
вые открыто для уравнения (0.7): это наличие «конечной скорости распростра
нения возмущений». В работе [11] Я. Б. Зельдовича и А. С. К омпанейца 
было установлено, что при некоторых и0(х)^ 0, решение u(t, х) финитно по х 
(для равномерно параболических уравнений это не так).

П ример (см. [11] и [28]). Пусть

а д  = [ М „ +1)р +и, „ а

Тогда функция

U (t, X) — 2(0 [1- Ш Г
при \x\ <  1(0

0 при \x\ S  2(0
является обобщенным решением уравнения (0.7), удовлетворяющим началь
ному условию

и (0, х)
1

А(0) |х| <  2(0) 

|х| ^  А (0).
По поводу «конечности скорости распространения возмущений» см. также 
работы [4], [6] и [26]. В статье [26] доказано в частности, что для конечности 
скорости распространения возмущений для уравнения (0.5) дозтаточным яв
ляется условие

(0.8) f  du <  о».J и о
Для уравнения (0.7) это эквивалентно условию ц>1. Как доказал А. С. К а
лаш ников в [13], условие (0.8) является и необходимым: какова бы ни была 
функция u0?á 0, соответствующее обобщенное решение положительно всюду 
при t> 0, если интеграл в (0.8) расходится.

Но, как было показано в [12], хотя тепловые возмущения и распространя
ются с конечной скоростью, они проникают как угодно далеко: для каждой точки 
Ху существует такое /х, что u(t, хх) >0 при t'^ty, если только ио^0.

0.4. Наличие младших членов в уравнении может вызвать третий важный 
эффект, который впервые был обнаружен Л. К. М артинсоном и К. Б. 
П авловы м  [23]. Этот эффект состоит в локализации возмущений: может слу
чится, что даже за бесконечный промежуток времени тепло проникает в среду 
лишь на конечное расстояние, т.е. существует такое 0, что u(t, х )=0  при 
|х| ^ L  для всех t >0.
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П ример (cp. [23], [28]). Рассмотрим следующую задачу
-ум при х6(— °°), t >  О,(0.9) Щ= («")**-

\К[ 1
(0.10) и (0, х) = j
где

О пру |х| а  к - \

К [2д(д+1)| - 1/(̂ +1)
I

Непосредственно проверяется, что обобщенным решением задачи (0.9), (0.10) 
является функция

( 0. 11)
íto-* 'g(0[l ~ K 2x2g2(t)]1̂ 1'> 

и (t, х) = (
при
при

1*1 <  т - 1
м

где

g(0 =  [i
1 — е—у (л*—D* 

У(Л4— 1)

1 — 1/(л+1)

(Единственность следует из теоремы 1.2.1.) Из (0.11) видно, что положение 
фронта (т.е. линии, где u(t, х) обращается в нуль) определяется уравнением

x(t) = ± K ~ 1
Г ] _ е - у ( х - 1 ) П 1/0* +  1)

[1+ у(м -1) I

из которого в свою очередь следует, что в данном случае тепло проникает в 
среду на расстояние

Г 1 -|1 /(А + 1)

L  =  su,p i* « i =  !ini  w o i =  l 1+ h ^ í )J

Условия локализации возмущений в задаче (0.2), (0.3) при произвольной финит
ной начальной функции изучались в [15]. Аналогичные вопросы были расс
мотрены для первой краевой задачи (0.2), (0.4) в [16].

0.5. Для уравнения
(0.12) н, = (u’‘)xx- c - u v
с начальным условием
(0.13) м(0, х) = и0(х),

где д> 1 , 0 < V< ] ,  с >0, щ(х) — финитная непрерывная функция, изучался по
ставленный Г. И. Б арен блаттом  вопрос о направлении движения границы 
носителя обобщенного решения. Было установлено, что этот носитель может 
сначала расширяться, а потом сужаться (см. [17]).

П ример. Пусть H + V — 2 и

и0(х) =  К/*- l)a]_1/(M-1)(í2—х2)1,(11~1) при |jc| -= / и м0(х) =  0 при |jt| £  I, 

где а >0 и I >0 произвольные числа. Можно проверить, что обобщенное ре
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шение задачи (0.12), (0.13) дается формулой
,  . Г2д(д +  1) , 1Ч 1“1/(" -1) /с ( д - 1 ) 4а2 +  4д2/2

м(/, лс) — [ t + (ß l)aj " 14д2[(д — 1)а]2/(д+4) Х
1/0*-X)

там, где величина в фигурных скобках неотрицательна, и u(t, х) —0 вне этого 
множества. _

. 21 faАнализ этого решения показывает, что в случае а«=а0 =  —=---------при воз-
\ c ( ] i - 1)2

растании t носитель u(t, х) сначала расширяется, а затем сужается. В случае 
а ^ а 0 носитель u(t, х) сужается.

0.6. Настоящая работа посвящена изучению обобщенных решений задач 
(0.1), (0.3) и (0.1), (0.4). Она состоит из двух глав.

В первом параграфе первой главы при предположениях, выполняющихся, 
например, в случае уравнения (0.2), доказаны теоремы существования для этих 
задач.

Обобщенные решения задач (0.1), (0.3) и (0.1), (0.4) строятся как пределы 
классических решений краевых задач с положительными начальными и гранич
ными функциями в расширяющихся областях.

В определение обобщенного решения включено требование его гельдеро- 
вости. Гельдеровость по х  доказывается методом вспомогательных функций
С. Н. Бернштейна. Согласно работам [18] и [8] из этого следует гельдеровость и 
по t.

В случае первой краевой задачи оценку нормы Гельдера удается получить 
таким путем лишь в области вида х ><5 >0. Для того, чтобы доказать гельде
ровость обобщенного решения вблизи х —0, мы устанавливаем, что там ап
проксимирующие его классические решения равномерно отделены от нуля.

Во втором параграфе первой главы рассмотрены вопросы единственности 
обобщенного решения задач (0.1), (0.3) и (0.1), (0.4).

В третьем параграфе первой главы доказаны теоремы сравнения для обоб
щенных решений. Эти теоремы систематически применяются во второй главе, 
но имеют и самостоятельный интерес.

Четвертый параграф посвящен многомерному случаю. Оказывается, что 
примененным в первом параграфе методом существование обобщенных реше
ний задачи Коши и первой краевой задачи для уравнения (0.1) можно доказать 
при некотором условии близости д к единице. Доказательства же теорем единс
твенности и сравнения дословно переносятся на многомерный случай.

В первом параграфе второй главы рассмотрен вопрос о локализации воз
мущений для задачи Коши (0.1), (0.3).

Во втором параграфе второй главы изучаются аналогичные вопросы для 
первой краевой задачи (0.1), (0.4).

Результаты второй главы иллюстрируются на примере модельного урав
нения (0.2).

Автор приносит глубокую благодарность А. С. Калашникову за постоян
ный интерес к работе и ценные советы.
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I. ТЕОРЕМЫ СУЩЕСТВОВАНИЯ, ЕДИНСТВЕННОСТИ И СРАВНЕНИЯ

§ 1 . 1 .  Теоремы существования

1.1.1. Основные обозначения, предположения и определения.
R+ = {(г,х): xER1}, R2+ + = R2+ П {x 0}.

Мы будем рассматривать в R2+ или в R2+ + уравнение 
(1) и, = [a(t)u»]xx-[b(t, х, u)]x-c (t, х, и).
Предполагается выполнение следующих условий.

I. /1 — константа, д =» 1.
II. a (í)€C 2 при Os íc o o  и 0 < а ^ а (г )= 5 < ° °  для всех гс[0, °°], гдей и  3 

константы.
III. Функции b(t, х, и) и c(t, х, и) определены и непрерывны для значений 

и ^0; при этом b(í, х, 0) =  с(/, х, 0)=0, а для н>0 и всех рассматриваемых
Г, х справедливы соотношения b{t, х, и)6 С3, c(t, х, и)£С2, +с(/, х, и) &ох
ёО  и c(t, х, и) ^0 .

IV. Существует такое число /?€ (д—1, д), что при (О, М), \jМ > 0, и при 
всех рассматриваемых t, х  органичены следующие величины:

„28+1 -а  P b(t,x , и) в+9_а d2b(t, X, и) й4.,_ц db(t,x, и) 
д и д х ’ ди2 ди

d2b(t, х, и) 
дх2

_udb(t, х, и),28-а
дх

u » - i ‘C{t,x,u), u2ß+'-о дс^’ Х’ ц) , Ц3 8 - / .  дс(1,х ,  и)
ои ох

Поясним смысл этих условий в случае модельного уравнения:

a(t) =  1, b(t, х, м) =  Ь0ид, С(Л м) =  c0uv; Со, fe0 —const.
Нетрудно проверить, что все сформулированные выше условия выполняются 
при с0 ̂ 0, V >0, Я ^  1 и любом Ь0 если

шах ( д -1 ,  <  ß -== д.

Для уравнения (1) будет рассматриваться либо задача Коши в R2+ с началь
ным условием
(2) а (0, х) =  u0(x), x€ R \
либо первая краевая задача в R + + с условиями

и (О, х) =  н0(х), х ё  0
u (t, О) =  мДО,
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Здесь и0(х)£0 — непрерывная ограниченная функция, причем существует
ограниченная обобщенная производная , где ß то же, что и выше.ах

В случае первой краевой задачи дополнительно предполагается следую
щее

1° мо(0)=н1(0)>0,
2° Функция ux(t) ограничена и строго положительна при ограниченных t 

и имеет обобщенную производную dujdt ограниченную при ограниченных t.
Пусть Я — замкнутая подобласть R+ или R ++, вообще говоря, неограни

ченная; в частности, может быть Я = R+ или П  = R++.

О пределение 1.1.1. Неотрицательная в Я функция u(t, х), удовлетворяю
щая условию Гельдера и ограниченная при ограниченных t называется обоб
щенным решением уравнения (1) в Я, если для u(t, х) выполняется интегральное 
тождество
(4) I(u ,f- t0, íj; х„, Xi) = f  (uf, + a (t)u*fxx + b (t, x, u )fx-

ц

*1 f l  t x

— c(t, jc, u)f) d x d t— J  иf  dx I — J* a(t)ußf xdt | = 0 ,
*0 *0 *0 *0

каковы бы ни были числа x0< x ls такие, что Д=[*0> Д]Х[х0, x j c n ,  и
функция f(t, x)dCl;l (Я), равная нулю при х =  х0 и х = х х.

О пределение 1.1.2. Обобщенным решением задачи Коши (1), (2) назы
вается ограниченная функция u(t,x) являющаяся обобщенным решением урав
нения (1) в R+ и удовлетворяющая условию (2).

Определение 1.1.3. Обобщенным решением первой краевой задачи (1),
(3) называется функция м(г, х) являющаяся обобщенным решением уравнения
(1) b R!+ + h удовлетворяющая условиям (3).

1.1.2. Теорема существования для задачи Коши. Т еорем а 1.1.1. Пусть 
выполнены условия пункта 1.1.1. Тогда обобщенное решение задачи Коши (1),
(2) существует. В тех внутренних точках R+, где u(t, х) >0, функция u(t, х) 
удовлетворяет уравнению (1) в обычном смысле.

Д оказательство . Для построения обобщенного решения задачи (1), (2) 
мы будем следовать схеме, применявшейся в работе [26].

Пусть г0„(х), и=1, 2, ... — последовательность ограниченных, положитель
ных, бесконечно дифференцируемых функций, которая, монотонно убывая, 
равномерно сходится при п-*<=° к функции v0(x) = u(j(x) на каждом конечном 
отрезке; ß — то же, что и в п.1.1.1.

Предположим еще, что

sup \dv0n(x)/dx\ <  °° и Vfjn(х) = sup v0m(O = М  для |х| == п.
п ,х  т,£
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Обозначим через v—v„(t, х) решение следующей задачи:

(5)

-(■ ди V x  + ^ l ^ l ) - ß v ^ c ( t ,  X, v1'»)

В ß„ =  (0, л)Х{|х| <  и},

(6)
|р(0, х) =  v0„(x)
Ь (Б * ) |и =» =  м .

Из теории невырождающихся параболических уравнений известно (см. [20]), 
что решение задачи (5), (6) существует и единственно для каждого п. Из прин
ципа максимума следует, что M ^ v n S v n+1 >0 всюду в Qn (и=1,2, ...), М  — 
то же, что в (6); ясно, что оно не зависит от п. Поэтому в каждой точке (t, x)6R+ 
существует lim un(t, x)=u(t, x), где un(t, x)= v\lß(t, x). Мы покажем, что u(t, x)

П-*-оо
является обобщенным решением задачи (1), (2). Очевидно, что функция u(t, х) 
неотрицательна, ограничена и удовлетворяет интегральному тождеству (4).

Докажем, что u(t, х) удовлетворяет в RL+ условию Гельдера. Обозначим 
через Рп прямоугольник

{(?, х): 0 S í i n ,  |х| S f i - 1 ,  п >■ 2}.

Мы покажем, что в Р„ функция u„(t, х) удовлетворяет условию Гельдера с по
казателем и константой, не зависящими от п.

Мы используем метод С. Н. Бернштейна в форме А ронсона [1].
МПоложим vn=f(wn), где /(w) = — vr(4 — w). Тогда 0 < w’„ S 1. Очевидно, что 

на отрезке [0,1] для функции f(w ) выполняются соотношения

(7) 4M  _2М
3 ’ J 3 4 ‘

Функция w=w„(t, х) удовлетворяет в Q„ уравнению

(8) и, =  ца(О f (ß- lVßwxx + \( í l / t o - ü / z r + L Í /у с - '- и / « )  „;] _

_  ( Щ Р W, + ß - ß i ? p c b
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Продифференцируем уравнение (8) по х:

(9) с- ц а ( 0 / ('‘- 1)//Ч ,*  -  n a ^ E - L f ' f b - 1-

w 3x f i l i~ 1 ~ 2ß) , ß

- f t

+ 2wxwxxf * - ' - ßVß [j"Tf + E - £ f ' }

Kffr

fiVfi

+

wxwxx +

ß

( n - ß X n - l - ß )  , 2 p - l - ß- f ' 2+-
ß / " / ] } -

d2b ( t ,x ,p iß) + d2b { t,x ,p iß) 1
du dx du2 ß f (1~l»lßf 'w x) wx

(d2b(t, x, f 1,ß) 1 (1_g)/g d2b(t, x , f llß) ) f (ß~ 
l dxdu ß J J x + dx2 ) P / ' ■+

+ db{t, x , f 1,ß) l 0 d b (t,x ,p lß) ( f ß- ^ ß )' 1_
du XX + P dx l  / '  J  W * J

~ ß
d c (t,x ,fllß) fW ~1)lß dc(t, x , f llß)

dx r du Wx- ß c ( t ,x , f ' lß) \ L — - J  Wjc.

Обозначим через £ =  £„(*) гладкую срезающую функцию со следующими 
свойствами: £ = 0 в окрестности прямых |х|=п; £=1 при |х| Шп — 1, 0 ss  ̂=31, 
ICxl =М г, l^jd ^ М 2,_где Мх и М2 не зависят от и.

Рассмотрим в Q„ функцию z(t, x)=C,2(x)w%. Если maxz достигается при 
í=0, то в точке максимума z выполнено неравенство z  = [ ( /  "1)' vnnxT = М 3, где 
М3 от п не зависит. Предположим теперь, что max z достигается в Qn. Тогда 
в точке максимума функции z(t, х) выполняются соотношения

zx — 0 и zt- n a ( t ) f^  1)lßzxx^ d .

Подставляя сюда явное выражение для z(t, х), получаем

0°) t 2wxwxx= - t xw2x,
(П )

Z2wx(Wtx- f i a ( t ) f ^ / ßwxxx) ^  ца( t ) f ^ )lß( a w 2 +  ^ w 2x+4C2wxwxx +  C2w%x).

Величину, стоящую в левой части (11), выразим из уравнения, получаю
щегося умножением обеих частей (9) на t?wx. Затем возникшее неравенство ум
ножим на yöí+ i-rt/^  После некоторой перегруппировки членов полученного 
неравенства мы приходим к основному неравенству (аргументы у функций а, Ь
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и с не пишем; везде a(t)—a, b(t, x , f llß)=b, c(t, x , f llß)=c):

(12) /ш£2 [ -  И  P -  Ь - Р Ь Т 1 -P )  W4 ^
4 '

S HaC2f 2w2xx + ̂ ^ - ^ - f ' f w xxwl + 2iiaC2ß ,  J XX x  r  * у ß

p a f 2 ( C x  W 2 +  CCXX w l  4 -  p 2 w x x  w x )  -

■Г \  d * b  f ( 2 g  +  l - « ) / g . , , 8  I d2 b_ _ j_  f ( ß + 2 - p ) / ß  f f  3  f ( 2 ß  + l
l d u d x J  W x + d u 2 ß J  J  x + d u J

~ß)lßWxxWx +

d2b n fW -» M  d2b 
+ dx*ß / '  Wx+3xdu

f ( 2 ß  +  l - i i ) / ß w 2 . db
dx

ß fm +i-ß)/f f p i 4 -

- t ‘  [ f ? *  „ ■ ] .

Величина, стоящая в квадратных скобках левой части (12), в силу выбора 
ß и /  (см. (7)) больше фиксированного положительного числа.

Используя для преобразования правой части (12) и равенство (10) и прини
мая во внимание свойства III и IV п. 1.1.1, мы из (12) получим неравенство
(13) Ci K |  +  c 2 w 2x +  c 3 K | 3,

из которого, в свою очередь, вытекает неравенство |wx| =Ct в Р„.
Отсюда немедленно следует ограниченность |ах|, а из этого следует, что

функция u„(t, х) удовлетовряет условию Гельдера в Р„ с показателем min
и константой, не зависящей от п. Как показал С. Н. Кружков [18], из этого 
следует, что un(t, х) удовлетворяет условию Гельдера и по t. Функция u(t, х) 
обладает этими же свойствами. По построению u(t, х) удовлетворяет началь
ному условию (2) и, следовательно, является обобщенным решением задачи
О), (2).

Для доказательства последнего утверждения теоремы рассмотрим внут
реннюю для R+ точку (г°, х°) такую, что u(t°, х°) >0. Тогда uß(t, х) 5£а ==-() в 
некоторой замкнутой окрестности Q точки (t°, х°). Следовательно v„(t, х) Шос 
(п= 1,2,...) в Q. Поэтому уравнение (5) является равномерно относительно п 
параболическим в Q. В силу оценок А. Ф ридм ана (см. [32]), последователь
ность {г„} компактна в C};X{Q). Отсюда вытекает, что функция u(t, х) в Q 
удовлетворяет уравнению (1) в обычном смысле. Теорема доказана.

1.1.3. Теорема существования для первой краевой задачи. Теорема 1.1.2. 
Пусть выполнены условия пункта 1.1.1. Тогда обобщенное решение u(t, х) первой 
краевой задачи (1), (3) существует. В тех внутренних точках R+ +, где u(t, х) >0, 
функция u(t, х) удовлетворяет уравнению (1) в обычном смысле.

Д оказательство  в основном аналогично пункту 1.1.2. Достаточно по
строить обобщенное решение задачи (1), (3) в R + + C \{t^T) для произвольного
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ТО. (0, °°). Функции v„(t, х) определим как решения уравнения (5) в Q+ — Q„ П 
П { х ^0} П { tё Г }  с условиями

vn(0,x) = v0n(x)
(14) » n \ x  = n  =  М

vn(t, о) =  Vln(t).

Здесь vln{t), n= \, 2, ... — последовательность положительных бесконечно диф
ференцируемых функций, монотонно убывая сходящихся к функции u((t). 
Равномерную по п ограниченность производных vnx удается теперь доказать 
лишь в прямоугольниках вида Pnö= {(í, х ):0 ^ t^ T ,  0 < á  ^х-<и — 1} (V<5>0). 
Отсюда вытекает, что функция u(t, х) =  lim х) удовлетворяет условию

п -

Гельдера на всяком множестве вида R+ + {х >0}.
Покажем теперь, что в достаточно узкой полосе, примыкающей к прямой 

х = 0  решения vn(t, х) задачи (5), (14) равномерно по п отграничены от нуля.
Л ем ма 1.1.1. Пусть выполнены условия пункта 1.1.1. Тогда существуют 

такие положительные постоянные ц и г, не зависящие от п, что при (t, х)£Рп = 
=  {(?, x ) :0 ^ t^ T ,  О ^х^ц) имеет место u„(t, х)^е.

Д оказательство . По предположению м1(г)^Ег > 0 при O s t ^ T  и и0(х) -= 
при 0 Sx^(5l5 >0, по непрерывности функции и0(х). Рассмотрим в

области D = {(t, х ):0< г<Г , х>0, v—l —х(г + т)>0} функцию y= y(t, x)=ova, 
где т, о и со — вы бираемые ниже положительные постоянные.

Прежде всего, выберем о и т таким образом (сг = сг(), т ^ т 0), чтобы мы имели 
у(0, х)<м(0, х) и y(t, 0)-=м(?, 0).

Тогда у = ип на параболической границе области -DП <2„+(я = 1,2, ...). Если 
мы покажем, что при некоторых сг, т и со
(15) <£у = -  у, + [а (Oy"]** ~[b(t,x, у)]х -  с (t, х, у) >  0
в области D, то из теоремы сравнения А. Фридмана [32] будет следовать, что 
y(t, x )^ u n(t, х) в О П g +. Отсюда предельным переходом получим утвер
ждение леммы. Находим:

i f y  =  (t c o x v 10 1 +  a ( t ) j U c o ( c o p — l ) ( t  +  T ) 2 o , l v CJIí 2 —

db(t, x, y) 
dx -0(ü{t + x) db(t, x, y) 

du
1Пусть —  . Так как x > 0  в D, мы имеем 
d

— осо(Т+ т)

С£у >  с̂од-2

db(t, х, у)

^ 2 _ v2~wii

L-c ( í ,  X, у).

db(t, х, у)

d u

|ао)д(а)д— 1)<т'

ci-® oi-i)_e2-»íic(í>je>J,)] =  -* [ 2 i _

Из условий III п. 1.1.1. следует, что для ограниченности ^ 2, ^ -Л и достаточ
ным условием является выполнение следующих неравенств (соответственно):

ai(2ß — p ) ^ 2  — cop, a>(ß+1 — р) ё  1 — со(р— 1), co(2ß — p ) ^ 2  — cop.
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Все они эквивалентны неравенству coß^l. Выбор со из неравенств — =сиц ß
возможен, так как Итак, существуют положительные константы Q , С2
и С3 не зависящие от т, такие, что Х у  > р“'1_2(С1т2 —С2т — С3). Отсюда видно, 
что за счет возможного увеличения г&т0 можно достичь того, чтобы было 
Х у > 0 в D. Лемма доказана.

Согласно лемме, уравнение (5) равномерно по п параболично в ? , .  В силу 
известных оценок из теории невырожденных параболических уравнений (см., 
напр., [20]) отсюда следует, что функция u(t, х) удовлетворяет условию Гель- 
дера в Р , ,а  значит, и всюду в R + + П [t ̂  Т}.

Выполнение интегрального тождества (4) и краевых условий (3) для u(t, х) 
вытекает из построения. Теорема 1.1.3 доказана.

§ 1.2. Теоремы единственности

1.2.1. Теорема единственности для задачи Коши. Т еорем а 1.2.1. Обоб
щенное решение задачи Коши (1), (2) единственно.

Д оказательство . Возьмем произвольное Т6(0, оо). Пусть u{t,x) обоб
щенное решение задачи (1), (2) в R + П {t^T }, построенное в п. 1.1.2. Напом
ним, что u{t, х)=  lim un(t, х), где функции un(t, х) >0 удовлетворяют урав-

П-*-°о
нению (1) при |х| <и, t </?, а следовательно, и тождеству (4), если ^ < Г

Пусть v(t, х) — другое обобщенное решение этой же задачи. Покажем, 
что u(t, x) = v(t, х) в R2+ C \{ t^ T }. Подставим в тождество (4) вместо и сначала 
и„ а затем v, вычтем из первого равенства второе. Получим

(16) /  (f, + Anf xx + B J x- C J ) (u n- v ) d x d t -
ц

где

-  /  f(u n- v )d x  I -  / a(t)fx(u ü - i f )d í  | = 0 ,
*0 »0 <0 *0

}  . } db(t, x, Oun + (l — G)v)
A„ = pa(t) f  [вип + ( \-9 )и Г -Ч е , Bn = f  " -----— dO,

fd c (t,x ,O u n+ ( i-e )v )C„ — J ------ к-------de.du

В силу предположений относительно функций a(t) и b(t, х, и) и свойств 
un(t, х), доказанных в предыдущем парлграфе, функции A„(t, х) и B„(t, х) 
удовлетворяют условию Гельдера по обоим аргументам, причем

А„ У pa(t) inf 1 =  /и„> 0, п = 1 ,2 ,__
Í, X

Предположим, что и ̂  v; тогда найдется круг Е с  R2b, в котором разность u — v
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сохраняет знак. В тождестве (16) положим ío=0, tx= Т, х0=  — R и хг—R. Пред
положим, что числа Т и R  настолько велики, что Ес  Ц к ~1 где Ц1 = [— I, /] X [О, Г].

Пусть функция g(t, x)CC0“ такова, что g(u—v)> 0 внутри Е и suppg=£.
Обозначим через {CRnk(t,x)} последовательность положительных гладких 

функций, равномерно сходящуюся к Cn(t, х) при к—<=° в цилиндре Ц К.
Рассмотрим первую краевую задачу в Ц К для функции f(t, x )= fRnk(t, х):

í &of =  ft+ A nf xx+ B J x- C Rnkf  == g(t, x),
{ } 1 /I í=t = /I|* |= ä =  0.

Известно [32], что задача (17) имеет единственное решение f Rnk для любого 
к=  1,2, .... Нам понадобятся некоторые оценки для f Rnk.

Л ем м а 1.2.1. Существуют положительные постоянные а и М, не завися
щие от R, п и к такие, что для /  в Ц к выполнено неравенство

\f(t,x)\ ё  М  ехр [—а(1 + х2)1/2].

Д оказательство . Рассмотрим функцию zßt, х )= М Т ~ \Т — г)ехр[— а(1 + 
+ *2)1'2], и положим w1= ± f+ z 1. Очевидно, что ндё0 при x = —R и x=R, и 
wx=0 при t=T. В силу принципа максимума для доказательства леммы дос
таточно показать, что в Ц к при некоторых М  и а. Имеем

[ (  (Y ( f l  X ^  I OCX

А п  ("(1 + х 2)1/2 + (1 + х 2)3/2+ Т Т ^2 J  “ ■В п  (1 + Х 2)1/2 “

- С Кпк- ^ ~  == ± g + z 1 [л„(а + а2) + [ Д , |а - ^ | .

Мы можем предположить, не нарушая общности, что \g(t, х ) |< — МТ~Х •
• ехр[ —(1 +х2)1/2] при некотором М. Так как функции А„и В„ равномерно ограни
чены, то из неравенства (18) видно, что можно выбрать а. >0 настолько малень
ким, чтобы было JS?0 и'х с  0 в Ц К. Лемма 1.2.1. доказана.

Л ем м а 1.2.2. Существует положительное число ß=ß(n), зависящее от п, 
но не зависяшее от R u  к, такое, что

S  Mß{ \ +(/? — 1)2)1/2ехр I—^-(1 + (/? — 1 )2)!/2j ,

где ос и М то же, что и в лемме 1.2.1.

Д оказательство . Воспользуемся методом, применявшемся в статье
[27]. Пусть В={\ +(R —1)2)1/2, Res-2. Введем функцию z2 — M e x p i —%в\ ■
• exp[ßB(x—R)] и положим w2= + f+ z2. \ I  )

Имеем

w2\x=r = М е х р ( -у л ] ,  w2|JC=Ä_1 = ± / |x=ä- i + -^  exp ^—— B —ßB^.

d f ( t ,  x )  

d x
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Условие W2Lc=k- i S w2|*=k выполнено, если (см. лемму 1.2.1) ехр |—y ß j  +
+ехр(— ß B )^ l.  Так как В>~ 1, то достаточно взять ß=ßi, где ß, >0 опреде
ляется равенством e-/Ji =  l — е~а/2; очевидно, ßx не зависит от R, п и к. Далее, 
в Ц К\ Ц К- 1 имеем J2>2 =  z2(Anß2B2 4-BnßB-  CRnk) S z 2(oe0{rí)(R -  I fß 2 - (n)Rß -  
CRnk)> г Д е  ao(.n) и y-i(n) положительные числа. Поскольку CRnk равномерно по 
R и к ограничены, то можно выбрать ß2(n) так, чтобы при ß = ß-,(n) выполнялось 
неравенство j5?ow2=-0 в Ц К\ Ц К~г. Возьмем /1 = (п) = max(ßb ß2). Из доказанного 
выше следует, что

- —в
=§ MßBe 2 .

x  =  R

Для x = —R доказательство аналогично. Лемма 1.2.2 доказана.
Вернемся к тождеству (16). На основании лемм 1.2.1 и 1.2.2 из него сле

дует, что
f  g(un — v )d x d tS  Мх f  \Cn- C Rnk\e-«1+x2>l,,t dxdt +
Е ЦR

R _ ± д
+ М2 J  \un{0,x) — u0(x)\e~lx(1+x’i>1/1dx + M aß{n)Be 2 .

- R

Устремляя здесь к бесконечности сначала к, затем R  и, наконец, п, приходим 
к неравенству

J" g(u — v)dxdt ä  0.
Е

Это противоречит положительности подинтегральной функции внутри Е. 
Таким образом, u=v всюду при t^ T ,  а ввиду произвольности Т  — всюду в R+. 
Теорема доказана.

1.2.2. Теорема единственности для первой краевой задачи. Теорема 1.2.2. 
Обобщенное решение первой краевой задачи (1), (3) единственно.

Д оказательство  аналогично доказательству предыдущей теоремы. От
личие состоит в том, что в качестве {ип} берется последовательность, постро
енная в п.1.1.3, х0 = 0, xx = R.

Вместо задачи (17) рассматривается задача

í/lf=T = /1ж = 0 = /l*  = R =  0.

§ 1.3. Теоремы сравнения

В этом параграфе будет доказана теорема о монотонной зависимости 
обобщенного решения уравнения (1) от начальных данных, а также некоторые 
другие утверждения, играющие важную роль в исследовании свойств обоб
щенных решений.

dw2
дх S  0, что дает К

дх
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1.3.1. Пусть V замкнутая подобласть в R2+ или в R + +.
О пределение 1.3.1. Неотрицательная в V функция v(t, х), удовлетворяю

щая условию Гельдера и ограниченная при ограниченных t называется обоб
щенным суперрешением уравнения (1) в V, если для v(t, х) выполняется нера
венство I(y,f; t0, tx; х0, хг)шО, каковы бы ни были числа t0< ?ъ х0< хх, такие, 
что Ц=[хп, x j X[?о, Д]с К и неотрицательная функция f(t, х)^С};х (Ц), рав
ная нулю при х= ха и х= х х. Здесь I(v,f; t0, tx; х0, Xj) определяется согласно (4).

Замечание 1.3.1. Пусть функция v ( t ,x ) ^ 0, удовлетворяющая в V усло
вию Гельдера и ограниченная при ограниченных t является гладкой вне конеч
ного числа непрерывных кривых вида х=£(?) и удовлетворяет там неравенству 
JTv^O, где
(19) & у = - у ,  + [а (t)y*]xx -[b(t, х, у)]х -  с (?, х, у).

Пусть, кроме того, производная непрерывна при x = £(t). Тогда с помощью
интегрирования по частям легко убедиться, что v{t, х) является обобщенным 
суперрешением уравнения (1) в V.

Теорема 1.3.1. Пусть u(t, х) — обобщенное решете задачи Коши (1), (2), 
a y(t, х) — обобщенное суперрешение уравнения (1) в R+. Предположим, что 
и0(х) =у(0, х) для xCR1. Тогда u(t, х) ~y(t, х) всюду в R+.

Д оказательство . Предположим противное. Тогда, так как u(t,x) и 
y{t, х) непрерьшны, существует круг £ c R 2+ П {í~T}, в котором и>у, и тем 
более и„ >у, дге (м„) построенная в п. 1.1.2 последовательность.

Так как и„ является и обобщенным решением уравнения (1), мы имеем

к , h; х0,x 1) - I ( u n,f;  t0,tx, х ^ х Д ^ О ,
то есть
(20) f  ( ft + Anf xx + Bnf x — Cnf) (y  — u„) dx dt S  

ц

S  f  f(y -u „ )d x  I + f  a(t)fx(yß — u%) dt \ .
*0 *0 *0 *0

Аналогично тому, как это было сделано в доказательстве теоремы 1.2.1, мы 
построим последовательность {CRnk(t, х)} с нужными свойствами, где R >0 
выбирается так же, как там. Полагая в (20) t0= 0, tx=T, Ц = Ц К, мы приходим 
к неравенству
(21) /( / ,(? , x)+Anf xx+Bnf x- C Rnkf)(y -u „ ) dx dt S  

ц*
R

S  f  / ( 0, x) [un (0, x ) - y  (0, x)] dx+ f  f(C n — CRnk) (y -  u„) dx dt +
— R  Ц *

T  R

+ f  a (t)fx (y" ~ uü) dt I .
0 —R
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Пусть g(t,x) — произвольная гладкая финитная функция, suppg=£ и 
g(t, х )< 0  в Е, a f(t, x )= fRnk(t, х )— решение задачи

\ft+ A Jxx+ B „fx- C Rnkf  = g в Ц к,
{ ’ \ f ( T ,x ) = f \ lxl=R=0.
Оно существует и единственно для любых к, п, R. Из принципа максимума 
следует, что /&  0. Подставим функцию / = f Rnk в неравенство (21), рассуждая 
подобно тому, как это было сделано в конце доказательства теоремы 1.2.1, мы 
получаем неравенство J g(y — u) dx dt SO, и приходим к противоречию. Теорема 
доказана. е

1.3.2. Пусть í  — неотрицательное число. Введем множество
К  = {(б х): O g i « » ,  s =  -X <  °°}.

Теорем а 1.3.2. Пусть u(t, х) обобщенное решение, a v(t, х) обобщенное 
суперрешение уравнения (1) в Vs. Предположим, что и0(х) S.v(0, х) при 
и u(t, s )^v (( t, s) при 0 ^ i < “ . Тогда u(t, x )^v (t, х) всюду в Vs.

Д оказательство . Рассуждаем аналогично предыдущему пункту. Но вме
сто решения задачи (22) мы подставляем в неравенство (21) решение следующей 
задачи:

[ f,+ A J xx + B J x- C Rnkf = g  в Д  = [0, T]X[s, Я],
1Л =г -  о, / и  = /и = *  =  о,

где R > s  настолько велико, что Е а Ц .
d fИз принципа максимума следует, что /ё О  в Ц, и -f-ах

тому, как было получено (21), мы приходим к неравенству
=0. Аналогично

я
J  g(v—u„) dx dt S  J f  (0, x)[м„(0, x) — v(0, x)] dx +
E s

T

+ f f ( C n- C Rnk) ( v - u n) d x d t - f  a (t)fx(t,s)[vli(t,s)-uZ(t,s)]d t +
Ц о

T

+ / a(t)fx(t, R)[vß(t, R) — u£(t, R)] dt,
0

и доказательство теоремы можно завершить, как в п. 1.3.1.
1.3.3. Обозначим через Н  область, заданную неравенствами 

^х(0< ж < ^2(0> гДе Ci и £2 непрерывные функции. Через дН  обозначим ее пара
болическую границу.

Теорема. 1.3.3. Пусть u(t, х) — обобщенное решение задачи (1), (2), а 
z(t, х) С С,’ ’х (Н \дН )  П С(Н), причем u=zz на дН, а в Н \д Н  выполнены неравен
ства z(t, х) =-0 и Z£z>0. Тогда u(t, x ) ^ z ( t ,  х) всюду в Н.

Д оказательство . £Тип= 0 в Н \д Н  и h„> z на дН. По теореме сравнения 
из [32] следует, что un> z в Н. Следовательно и= lim un^ z .
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§ 1.4. Некоторые обобщения на многомерный случай

I. 4.1. Пусть Rp — д-мерное евклидово пространство,

х =  (х15 , xp)€Rp, х ' =  (х2, . . . ,х р).

Rp++1 = {(t, х ): 0 ä  t <  x£Rp}, R ft1 = R̂ .+1 П {хх s  0}.

Мы будем рассматривать в R?_+1 или R^++ уравнение

(23) и, = 2  [а;(0и"],,,,- 2  tbi(í, х, u)]x -c ( t ,  х, и).
i=1 i = l

Предполагается выполнение следующих условий.
I. д=-1 — константа.

II. a;(í)£C 2 при 0^7-=°° и i= l ,  0 < а ^ й .(г )^ а <Оо для всех 76(0,°°), 
1=1, ..., р, где а и 5 константы.

III. Функции bt (t, х, и) и c(t, х, и) определены и непрерывны для значений 
0; при этом bi(t, х, 0)=с(/, х, 0)=0, а для и>0 и всех рассматриваемых

t, х справедливы соотношения:

bi(t, х ,и )£С 3, с (t, х, и) £ С2, с (t, х, и) S  0,

х, »)
í=i fai

+ с(/, х, и) S  0.

IV. Существует такое число —1, д), что при и£(0, М), V M >0 и при 
всех рассматриваемых t, х  ограничены следующие величины

2й + 1_ца2Ь ^ ,* ,«) х ,и )U <\ (\ 9 U а  о :ouöXi du*

..B+1- Udb,(t, х, и) ..ae-uffibiit, х, и)
и «л 5 U а а ’О U ОХ} ОХ к

u 2 ß ^ f > h i ( t ’ X— , u2»-pc(t,x,u), и2»+1- р —
o x i  d u

и3“- Ц дС(д х ’ U) О*. * =  i,

Эти условия выполнены, например, в случае многомерного модельного 
уравнения: аг(/)= 1, b^t, х ,u) = bi()uÄi, c(t, х, u)=c0uv при условиях c0sO, v>0,
2;S i  и любых btо, если т а х |д  — 1, ^  Vj fti0 и с0 — константы.
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Для уравнения (2.3) рассмотрим либо задачу Коши в R'(+1 с начальным 
условием
(24) и (О, х) = м0(х), x6Rp,

либо первую краевую задачу в R^++ с условиями

(25)
íu(0, х) =  и0(х), x6Rpfl {хх ^  0} 
| m(í, 0, х') = мД?, х'), t ^  0.

Здесь H0(x)sO — непрерывная ограниченная функция, причем существуют 
ограниченные обобщенные производные ди%(х)/г)х,- (i= l, где ß — то
же, что и выше.

В случае первой краевой задачи дополнительно предполагается следую
щее:

1° Существуют такие гх> 0  и <5Х >0, что M0(x)Se1 при О ^ х ^ с )^
2° Функция мДг, х ) непрерывна, ограничена и строго положительна при 

ограниченных t, имеет обобщенные производные dujdt, du^/dxt (i=2, ...,/?), 
ограниченные при ограниченных t \

3° Выполняется условие согласования г/ДО, х') =  м0(0, х'). Пусть Я замк
нутая подобласть RV-1 или R ^V .

О пределение 1.4.1. Неотрицательная в Я  функция m(í, х), удовлетворя
ющая условию Гельдера и ограниченная при ограниченных t, называется обоб
щенным решением уравнения (23) в Я, если для u(t, х) выполняется интеграль
ное тождество

/(и ,/; t o ,  к \  ß) =  f \ u f , +  2  0 , ( 0 « % * , +  2  b i ( t ,  х > u ) f x ~ c { t ,  х, м ) / |  d x d t -  
Ц  V i = i  i = i  )

rl p  r

— J u f  dx \ — 2  f  f  ai(t)u,lfx i cos (v, X;) ds dt = 0, 
n t„ i = 1 1 о an

каковы бь1 ни были числа t0< t1 и ограниченная область ß ezRp такие, что Ц= 
— \t0, i J X ß c H , и фиункция/(?, х )еС ^(Ц ), равная нулю на [t0, (JXciß.

Обобщенные решения задач (23), (24) и (23), (25) определяются так же, 
как в п.1.1.1.

1.4.2. Теорема существования

Теорема 1.4.1. Пусть выполнены условия пункта 1.4.1. Тогда, если

l + J - y - jQ i- ß H ß - n + V ,

то обобщенные решения задач (23), (24) и (23), (25) существуют.
Д оказательство . Обобщенное решение строится так же, как в п.1.1.2. 

Доказывая гельдеровость обобщенного решения, мы приходим к аналогия-
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ному (12) неравенству

(Я>(26) 2  Р ^ 2
i ,k = 1

( ß - ß ) ( p - l - ß )  ,,2_ 2 p - \ - ß
ß2 } ß J 3 w?w| ==

2  ^ iC 2f 2wfk+ 2  №  Í2 ̂ —ö—f ' f wii wl +
i , k  = 1 i , k  =  1 P

2  2pat £ 2 Í7 7 / 2 +  ) w,-w*,-wk — 2  nei/VCfwJ +  Kwwi+^W wwJ-
i ,  fc =  l  V  P '  i, k = l

___ у  Г2 \ Ä l j _  f ( 2ß  + l
i . Ú i  L дидх„

-l‘)lßwiWk+ - ^ i - j f ^ - ^ f ' WiWl +

+ ^ f ^ +1- ,v ßWikWk+^ ^ ß L Z ^ Wk+2 ^ - f ^ +И / Мd2bf 0 f W - M  (fbj 
dxt du ' W Í

+ cßfW+i -rtlß ^  ■ j  w2J,

f ( 3 ß - n ) / ß  Q „

^ :L7 ^ w t + £ - /< 2'i + 1-^ H - l  +

где = , wit =  - ^ ™ . Обозначим через 2 j  У-ый член неравенства (26) так,ÖXi OXiÖXfc
чтобы оно имело вид

^ l  +  ̂ '2 + ̂ 'з  =  ^ ’4 + ̂ 5 +•••+^19-

Имеем Z i + 2 . + 2 .  ^  ^  J 2 К 2 Г 2°к<  = 2 пк = 1
И

2 б — ~~ i  да,.с2^ - Г М  =  ^ 1 + Х 2»£ i,k = 1 Р i,k = 1 Р

где е >0 — любое число. Далее, С

^ 4  + Z 51^ -  í  2№ C2/ 2w?i+ 4  Í  ^ i i — Lpwä S  о, 
1=1  е i=1 р

если Фиксируем (5£(0, 1) так, чтобы было2ß

1 + - /?)0?-/н-1).
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Имеем

(1—<5)^21-2 5 2  =  (1-<5)2К2(p -ß )(ß ~ P  + О
ß2 S'22  akw i-k = 1

если
■ w i2^ -jr -J '2( 2  2  <  ^  o,

P  4 = 1  '  k = 1

£ Sa 2 (1—0) a(ß~ ß )(ß ~ P + l)
äpß(n -  1)

Ввиду (27), неравенства для e совместны, поэтому, так же как в п. 1.2.1, мы 
приходим к неравенству

<5£2 2  w*4 =э с1 2  К|+с2 2  wl+ c3 2  Kl3,
к=1 к = 1 к= 1 к=1

и доказательство теоремы можно закончить так же, как в п. 1.2.1.
1.4.3. Теоремы единственности и сравнения в многомерном случае фор

мулируются аналогично §§ 1.2 и 1.3 и доказываются дословно так, как там.
При ссылках на эти утверждения мы будем ссылаться на соответствующие 

утверждения из §§ 1.2 и 1.3.

II. КАЧЕСТВЕННОЕ ИССЛЕДОВАНИЕ ОБОБЩЕННЫХ РЕЩЕНИЙ

В этой главе мы будем считать, что выполнены условия, при которых до
казаны теоремы существования, единственности и сравнения главы I.

§ 2.1. Локализация возмущений в задаче Коши

Будем предполагать, что функция м0(х) финитна: и0(х)=0 при |х| S/; пусть, 
кроме того, м0(0)>0.

О пределение 2.1.1. Будем говорить, что в задаче (23), (24) происходит 
локализация возмущений справа по хк, если существует такое число 1к >0, 
что u(t, х)=0 при хк Ы к для всех t^O , где u(t, х) — обобщенное решение задачи 
Коши (23), (24). В противном случае мы будем говорить об отсутствии локали
зации возмущений справа по хк.

Аналогично определяется локализация возмущений слева по хк и ее от
сутствие.

Если по хк происходит локализация и справа и слева, то мы будем гово
рить о двусторонней локализации возмущений по хк.

Введем обозначение

(28) <£у ■■ -у,+ 2  аМ ( у
i = 1

dbj(t, х, у)1
t e t 5*  J - c ( t ,  X ,  y ) .

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



О НЕКОТОРЫХ СВОЙСТВАХ ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ 321

Результаты этой главы будут иллюстрироваться на примере одномерного 
модельного уравнения
(29) и, = (u'i)xx—b0(ux)x—c0u'',
где постоянные, входящие в уравнение, удовлетворяют условиям р > \, Хш1, 
V >0, с0 > ; Ь0 — произвольное.

Теорем а 2.1.1. Пусть, кроме условий пункта 1.4.1, выполняются следую
щие предположения: существуют положительные постоянные ю С1; С2 и
/с <  1, такие, что при 0ДО, М2“], где M =sup u(t, х), справедливы неравенства

1° 0" ~  Скв21°>сЦ,х,0),

2° либо 3bk(t: x ’ ы) ä  о, либо дЬ^ Х’ 0) в С201/м(/, х, 0),
ди

£ d b i( t ,x ,u )
i=i

3 °  л и б о  У  &  о , л и б о
Ö X i

ди

4  dbi(t, х, 0) 
£ = 1 бхг

kc(t, х, в).

Тогда по хк происходит локализация возмущений справа.
Д оказательство . Рассмотрим в области Vk+ ={(t, х): 0 0 < x fc<°°,  

x£Rp} вспомогательную функцию г+ (t, x) = v+ (xk):

v+(xk)
M(£?Г

о

при 0 <  xk <  L 

при Xfc L,

где Z, >21 — число, которое мы выберем позже. Очевидно, что v+ (0, х) =£м0(х),
r+|X(t=0feM|Xfc=o. Покажем, что < 0  при 0 <х4<Т. 

Положим Д =  -̂  Хк-. ИмеемL — 1

(30) &V+ = ащ (ащ -1И (0
( L - / ) 2 М'‘/4“" - 2 + сор dbk(t, х, МА“)

L — 1 ди МА01- 1-

4, db.jt, х, МИ“) 
Ä  dxi — c(t, х, MA01).

Из условий теоремы следует, что

& v+ c(t, х, МА<°) [ J ^  + J í l j  + k - 1] ,

где константы Мх и М2 от L не зависят. Поэтому мы можем выбрать L >21 
таким большим, чтобы при 0< x t <Z, выполнялось неравенство £Tv+ <0. Так 
как £?v+ =0 при хк s L  и производная (гф)х непрерывна, то по Замечанию 
1.3.1, v+(t, х) является обобщенным суперрешением уравнения (23) в Vk . 
По теореме 1.3.2 получаем, что u(t, x)Sr+ (t, х) всюду в Vk , откуда следует 
утверждение доказываемой теоремы.
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Замечание 2.1.1. Как уже отмечалось, для уравнения (29) все условия 
пункта 1.1.1 (и п. 1.4.1) выполнены. Условия теоремы 2.1.1 эквивалентны сле
дующим: существует такое, что при 0€[О, М2а>]

а) 0'‘- v- 2/eos C 1,
б) либо 6о=0, либо ex~v~1/(0шС2.

2
Отсюда видно, что в качестве со в случае b0S  0 можно взять ------, в случаеfl V
b0> 0— число max , у — при условии, что и 2>v. Теорему 2.1.1 в
этом случае можно сформулировать так: пусть v<min(^, 2), bQ — любое; тогда 
по х происходит локализация возмущений справа.

Теорема 2.1.2. Пусть, кроме условий пункта 1.4.1, выполняются следую
щие предположения: существуют положительные постоянные со^-р*1, Сг, С2 
и к < 1 такие, что при 0€[О, М2Ы] справедливы неравенства

Iе 0" ^  Сгв2'аф ,  х, 0),

ло dbk(t,x ,u ) \dbk(t,x,9)2° либо - - - =  0, либо 1 *du

J ,dbi(t , X , и) 
Í = 1

du 0 == c 2e1/ac(t, x, 0),

3° либо ^  ^  о, либоdxi
у  dbj(t, x, 0) 

&  dxt ^  kc(t, x, 0).

Тогда no xk происходит локализация возмущений слева.
Д оказательство . Рассмотрим в области V f = {(/, х): 0 < = > ,  — 

x£R p} вспомогательную функцию

v-(t, х) =
М

т
о

при —L  < í , < 0 

при хк ^  _  ь,

где число L>21 будет выбрано ниже.
Очевидно, что и_(0, х )^ и 0(х), v_ |Xk=0= Mlxk=i • Покажем, что при

— 0. Положим А —L + xk 
L - l . Имеем

(31) &v_ = cop(ojp-l)ak(t) сор dbk(t,x ,M A a) М{ш_1
(L — О2

■ A'/M“"- L - l du

Í  МА‘а) -C(t, х, MA-).
i = 1

Из условий теоремы следует, что
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где постоянные М1 и М 2 от L не зависят. Поэтому мы можем выбрать L >21 
так, чтобы было при —L < х 4 <0. После этого доказательство завер
шается так же, как в предыдущей теореме.

Замечание 2.1.2. Для модельного уравнения (29) теорема 2.1.2 формули
руется так: пусть v<min(^, Я), Ь0 — любое; тогда по х происходит локализация 
возмущений слева. Принимая во внимание замечание 2.1.1, мы можем сфор
мулировать следующее утверждение: пусть v<min(/i, Я), Ь0 — любое. Тогда по 
х происходит двусторонняя локализация возмущений.

Теорем а 2.1.3. Пусть, кроме условий пункта 1.4.1, выполняются следую
щие предположения: существуют положительные постоянные со>р~1 и С, 
такие, что при 0€[О, Ml"} справедливы неравенства

0 dbk(t, х, ») 
du

2° 0" S  С91+1/а

0 при и > 0, 

dbk{t, х, в)
ди

3<э р dbj(t, х, и) ä  0
í= i  dXi ~

Тогда по хк происходит локализация возмущений справа.
Д оказательство . Возьмем ту же область и ту же функцию, что и в дока

зательстве теоремы 2.1.1. Имеем из (30):
„  _  сорМА“ - 1 dbk(t, х, MA“) \( М, ,)
^ V+ ~  L —l du | I l - /  \ ) ’

и опять можем выбрать L >21 таким образом, чтобы было JTv+-<0 при 0< xk<L. 
Доказательство завершается так же, как в теореме 2.1.1.

Замечание 2.1.3. Для модельного уравнения (29) условия теоремы 2.1.3 
эквивалентны следующим: существуют постоянные со>р~1 и С >0 такие, что 
при 0£[О, М210]

а) Ь0 < 0,
б) ö " -* -1/“ á  с .

Отсюда видно, что если р>2, то можно положить сз = —Ц - , и теорему сфор-
/X — А

мулировать так: пусть Я<д, 60 < 0  а Я >0 — любое. Тогда по х происходит 
локализация возмущений справа.

Отметим, что при Ь0>0 и min(/í, v) >/.= 1 по х справа нет локализации 
возмущений (см. [17]).

Теорем а 2.1.4. Пусть, кроме условий и. 1.4.1 выполняются следующие пред
положения: существуют положительные постоянные со>р~1 и С, такие, что 
при в 6 [0, М2га] справедливы неравенства

о dbk(t, х, и)
ди 0 при и >  0,
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2° 0" =£ Св1+1/тbbk(t, х, в) 
du

3° 2
р dbj(t, х, и) S  0.

i = l  f a ;

Тогда no xk происходит локализация возмущений слева.

Д оказательство . Рассмотрим ту же область и ту же вспомогательную 
функцию, что и в доказательстве теоремы 2.1.2. Имеем из (31):

STv_ = cop M A 01'_1 dbk(t, x, M A m) { м х
L — l du \L  — l

и мы опять можем завершить доказательство теоремы так же как это было 
сделано в предыдущих теоремах.

Замечание 2.1.4. В случае модельного уравнения (29) теорема 2.1.4 гла
сит: пусть Ь0 >0 и Тогда по х  происходит локализация возмущений
слева.

Как нетрудно проверить, при й0<0 и тш (д, v)=-A=l имеет место отсутс
твие локализации возмущений слева по х. (Этот случай сводится к рассмотрен
ному в [17] заменой х на —х.)

Теорема 2.1.5. Предположим, что, кроме условий п. 1.4.1, выполнены сле
дующие:

1° существуют числа А; ̂ р  такие, что

dbt(t, х, у)
ди ^  Схух при уе[о, 1], i = \, .. .,р ,

-О ^ , с dbi(t, х, и)2 g.in любого 1 = \, ..., р выполняется либо неравенство — ------ g  0,
либо неравенство dbj(t, х , у)

Эх,
ЬХ:

С2у \  у€[0, 1],
3° существует число v ^ p  такое, что c(t, х, y ) ^ C 3yv при у£[0,1], где С1; 

С2 и С3 положительные постоянные.
Тогда локализация возмущений отсутствует по всем направлениям.
Д оказательство . Без ограничения общности мы можем считать, что 

m0W = £ > 0  при |х|2^с>, (5>0. Положим H={(t, х ):0< ?< °°,v= q — 
— |x|2 ln _v( ln ( i+ t)) > 0 }, где положительные постоянные т >ехр(е), q  <  1 и у <  1 
будут выбраны ниже. Рассмотрим в этой области функцию

у(/,х) =  (/ + т) 1/(íl 1)In 1/(" (г +  т)[{? — |х|21п у (In (í + t))]1/(" 1).

Положим для сокращения записи со = —Ц -, 0 = t+ т; тогда y{t, х) = 0~ш1п~ю Oif.р а
Если мы выберем т из неравенства т In т S e_1/o>, затем о из неравенства

(32) Q <  д  1п 1 (In т),
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то мы очевидным образом будем иметь: y(t, x)Su(t, х) на параболической 
границе Н, так как у (г, х )=0  на боковой границе Н. Следовательно, если мы 
докажем, что S'у  >0 в Н, то наша теорема будет доказана ввиду теоремы
1.3.3. Имеем
(33) У у  =  ш0-ш- 11п-и0гш+ю 0-а“- 11п-и- 10г“ -

-  2  усов-^-Чп-
i=i

- о  —Ц „  —со —1 0  1 п - У - 1 ( 1 п  0 ) г;ш - 1 л :2 _ |_

+ 2  4űí£(í)со/т(со/т — 1)0— 1п~ю,10 ln-27 (ln 0 ) id ~ 2x2 -
р
2i=1

-  2  2ai(t)coixe~(oflln“^  0 ln~y (In б ) ^ “ 1 +
i = 1

+  2 dbi^ ’ X’ Ю0-" In- ю0 In-» (In 6)vco~1 • 2X ,-  2  *» y) - c ( t ,  X, у ).;=1 OU i=1 О Xi

Отметим очевидные соотношения: 2x;& — 1— xf, v< q<  1, x2 ln~v(ln 0 )-= g d , 
— сад =  — со — 1, COfl —  l — CŰ и шд — 2  =  <у — 1.

Имеем из (33):

(34) SS у  >  £  4ai(t)cúfi(co n -l)e -°> -1\n - ,° - 1e \n - 24 ln e ) v ,a- 1x2i -
i=l

-  2 'y ® 0 “ “ _1ln “ “ - 10 1 n -J- 1(ln 0)гю_1Х-+Ю0_ “ _11п_ю0Гга—
1=1

-  2  2а;(?)юд0-ш_11п_“_101п_>,(1п 0)v‘° — 2
i=l i = l

dbi{t, х ,у)
du

- 2  i=1
dbt(t, x, у)

du Gi0_toln_ra 01n_>,(ln 0)r“~1 — 2
i = 1

ш0-ю1п-ю0г;ю- 1-  

dbt(t, x, y)
dxt

— c(t, x, y) =  Ix +12+ ...+ 1».
Имеем

/1 + /2 = 2 'xfcn0-“ - 1 ln"“"101п-2у(1п0)гш- 1[4а;(Осод-у 1п»-гОп0)].
i = l

Фиксируем у<1 и выберем t STj так, чтобы было 4äcofi =- ln“1+ у(In т). Далее, 
/3+ / 4+ ... +  /8 ё 0 - со- 11п-<о0гю[ш-2арюд1п-10 -

-L 0-«,U(-M)In-«.Ui- i ) 0 _ C2 Р 
i=l i=l

-2Cita 2 '0 - 0(я<-")1п-ш('1<-1)0 - С 2 2 'l n - “w<-1)0 - C 3ln -“(v- 1)0].

Напомним, что 2г^ д > 1  и у^д=~1. Поэтому мы можем выбрать т таким 
образом, чтобы было /3 +  . . .+ /8>0 в Н. Если мы сначала выберем т из нера
венства т ^ т а х  (ехр (е), е_1/ю, г1; т2), затем д >0 из (32), то из неравенства (34) 
будет следовать, что 3?у> 0 в Н. Теорема доказана.

Замечание 2.1.5. В случае модельного уравнения (29) теорему 2.1.5 
можно сформулировать так: пусть д ̂ mm(A, v); тогда по х отсутствует локали
зация возмущений как слева, так и справа.
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Замечания 2.1.1—2.1.5 показывают, что для модельного уравнения (29) 
при любом соотношении между числами р, X и v и при любом Ьа мы можем 
сказать, имеет ли место локализация возмущений (слева или справа) или она 
отсутствует.

§ 2.2. Локализация возмущений в первой краевой задаче

В этом параграфе мы будем предполагать, что м0(х)=0 при X j^ /> 0.
О пределение 2.2.1. Будем говорить, что в задаче (23), (25) происходит 

локализация возмущений по х г, если существует такое число 1г >  0, что u(t, х) = 0 
при для всех t =?0 и x'CR7’“1, где u(t, х) — обобщенное решение задачи
(23), (25). В противном случае мы будем говорить об отсутствии локализации 
возмущений по х г.

Теорема 2.2.1. Пусть функция щ(г, х') ограничена, и пусть, кроме условий 
/2.1.4.1, выполнены следующие условия (мы предполагаем, что щ и щ ограничены 
единой константой М ):существуют положительные константы ю >д-1, С1, 
С2 и к<  \ такие, что при G £ [О, М2Ш] справедливы неравенства

1° 0" =s Cxe2l°>c(t, х, в),

дЬг (t, х, и) dby(t, х, в )2° либо ^  о, либо —ivM в s  c 2e1/ac(t, х, в),

dbi(t, х, и)
du du

3 g.m любого i= 1, ■■■, p выполняется либо неравенство
либо неравенство

dx i =0,

d b i(t,x ,e )
dxi —  С ( t ,  X ,  в ) .

р
Тогда по хг происходит локализация возмущений.

Д оказательство . Рассмотрим в области G={(í, x ):0< í<°o , 0< х1<°°, 
x, 6Rp' 1} вспомогательную функцию

v(t,x) = М й = ? Г
о

при 0 <  х1 -с L  

при хх — L,
где Т > 2/ — число, которое будет выбрано ниже. Очевидно, что v(0, х) ==м0(х) и 
v(t, 0, x')SMi(í, х ' ) .  Поэтому, как в теореме 2.1.1, достаточно показать, что 
JáftxO при 0 Xj[ <  L, где определяется согласно (28). Находим, полагая
a_ L ~ X1.

L - Г

(35) Z v  = сор(ю р-\)аЛ1)М, А ^  дЬ^  х, МАЮ) т
СL - l f Ч - du L —l М Аа

_  I  dbt(t,x^MA«) _ с(/> ш а )
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Из условий теоремы и из (35) вытекает, что

c(t,x ,M A a) ^ L J ^ + L l +k l ] ,

где постоянные М, и М2 не зависят от L. Поэтому мы можем выбрать L >21 
настолько большим, чтобы при 0<хг<Ь, было iftxO . Теорема доказана.

Замечание 2.2.1. В случае модельного уравнения (29) теорема 2.2.1 утверж
дает следующее: если функция иД?) ограничена и v<min(/i, Я), то при любом 
Ь0 происходит локализация возмущений.

Теорема 2.2.2. Пусть функция щ (!, х ') ограничена. Пусть, кроме условий 
п. 1.4.1, выполнены следующие: существуют постоянные и С >0 такие,
что при 0£[О, М2Ш] справедливы соотношения

О дЬг (t, х, и) 
ди

2° 0" ^  С01 + 1/ш

0 при и > 0, 

dbi(t, х, 0)
ди

3° либо bt(t, х, и) = b^t, и), либо db* (U ц) ^  i =
С/Х}

Тогда по х1 происходит локализация возмущений.
Д оказательство . Сравним обобщенное решение задачи (23), (25) с функ

цией v{t,x) в области G (см. доказательство теоремы 2.2.1). Из (35) следует, 
что

STv MA
L - l

db^t, x, MAa) I
( M l  c Jdu l L - l  ^ ) при

где М, от L не зависит. Следовательно, мы можем выбрать L >21 так, чтобы 
выполнялось неравенство £?v<0 при 0<X j<L. Теорема доказана.

Замечание 2.2.2. Для модельной задачи (29), (3) теорему 2.2.2 можно 
сформулировать так: пусть ыД/) ограничена, 6„<0 и /  <ц. Тогда в задаче (29),
(3) происходит локализация возмущений.

Теорем а 2.2.3. Пусть, кроме условий п. 1.4.1 выполнены следующие пред
положения:

1° ii1( f ,* ') £ c 1( f + l ) -1/ü,- 1),
db^t, х, и)2° либо 

dbx(t, х, у)
ди

ди

=  Q tAi_1 пРи Т€[0, 1].

0, либо существует число >р, такое, что

3° сушествует число v ^ p , такоег что с(t, х ,у )S C 3 y v при у £[0, 1],

9* Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



328 Р. КЕРШНЕР

4е либо bi(t, х, u) = bi(t, и), либо — О» 0ля всех 1 =  1 где
С1} С2 и С3 положительные постоянные. Тогда локализация возмущений по х\ 
отсутствует.

Д оказательство . Рассмотрим в области
G = {(í, х): 0 <  t w = q — 1п_у (1п(г + т)) >■ 0, x'gR'’-1}

вспомогательную функцию
z(t, х ) =  (/ + т)-1/(д~1) in-1/("_1)(? +  т)[р — хх 1п_у In (М-т))]1/(д_1)

где положительные постоянные т >ехр (е) = т0, q < 1 и у <  1 будут выбраны ниже. 
Если мы положим со =  ( д — I ) -1  и 0  =  t  +  т, то z  примет более простой вид: 
z { t ,  х)=в~ю 1п~ю 6wa. Сначала мы выберем т =тх, и q + qx <  1 так, чтобы мы 
имели на границе G неравенства u x { t ,  x ' ) ^ z ( t ,  х  ) и mo(.t) ^ z (0, х ) . Это, оче
видно, возможно.

Покажем, что при подходящем выборе параметров в G выполняется нера
венство jS?z > 0. Имеем

Síz = сов~,а- 1Ы -ю 9у/ш + сов-‘а- 1\п-°1- 1 ewco -
— усн0- “ _11п_о,_10 In-7-1 (In 0)w“_1x1 +

+ юц(юц-1)а1(О0_сод1п-<о''01п -2у(1п 0)w“" - 2 +

+  ю в -  ® In -  “  в In - у (In в) w“ - 1 -

4, dbjjt, х, z) 
i = i  d x i

— c ( t , X ,  z) — Ix +  / 2 + . . .  +  /7  .

Заметим, что 72 £ 0 , / 6 s 0  и /3> — русоб-'ш-11п_ет_1 01n_1 (ln0)w"_1= /31, так как 
jCi-<ßln?(ln0) в G. Поэтому JSfz> / 1 + / 31+ / 4 +  /5+ /7. Имеем (напомним, что 
coiJ.=w+1):
(36) / 4 + /31 +  / 5 =  OJ0 - In - 0 ln - 2у (ln 0) w“" - 2 \_цоза1 (?) -  у у ln2y - 1 (In 0) -

dbx(t, х, z)
du 0  ln 0  lny (ln 0 )

(37) Д +  /, = 0 - “ - 1 ln -“ 0 wM[üJ-0 “ + 1 ln“ 0 w-“ c(r, x,z)\.
Обозначим через ЕДЕг) величину в квадратных скобках в (36) (соответственно 
в (37)). Из условий теоремы следует, что

2" i 2= цсоа-Ы2?-1 (In 0 ) - С 20 - “ (Л1 -д) l n " 0 Iny (In 0).

Пусть у < 2 -, Так как то существует такое число т2, что при г +т2 мы
имеем Ej >0. Далее, так как 1 ^  v и vv <  1:

2^2 — ш —С20 -“ (у- д) ln - “ ^ - 1» 0w“ <v- 1) аг со-Сз ln - “ 1'’-»  0.
Поэтому существует число т3 такое, что при т ё т 3 мы имеем Е2 >0.
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Сначала выберем т из неравенства г й т а х (г 0, т15 т2, т3), потом q >0 
из неравенства т). При таких значениях т, у и о: >0 в G.

Возьмем произвольное Гб (0, °°). Как показано в п. 1.1.3 (см. также п. 1.4.2), 
функция u(t,x) в П {t = T\ может быть построена как lim un(t, х), где и„ —

п-+ оо

решения уравнения (23) в расширяющихся областях Q + . Из построения сле
дует, что m„>-z на параболической границе G П {? Т]. Так как c£ z  >0, то по
теореме сравнения из [32] получаем, что un(t,x )^z(t,x )  в Gf) {t ä Т]. Переходя 
к пределу при и->°°, ввиду произвольности Т  получаем, что u(t, х) 7=z(t, х) 
всюду в Кф1).1, откуда следует утверждение теоремы.

Замечание 2.2.3. Для модельного уравнения (29) при м1(г)^С 1(/-Ы)_1/(''“1> 
С >0, теорема 2.2.3 гласит: если v и д </., а число Ь0 — любое, то локализа
ция возмущений отсутствует; если Z>„ — то Для отсутствия локализации воз
мущений достаточно, чтобы было д ^ т .
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ON THE CONTINUITY OF BEST APPROXIMATIONS 
IN THE SPACE OF INTEGRABLE FUNCTIONS

By
A. KROÓ (Budapest)

Introduction and preliminary results

In the last fifteen years the problems of unicity, strong unicity and continuity 
of best approximations have been widely investigated. In this paper we shall present 
several results of this type.

Let M„ be a finite-dimensional subspace of a real Banach space X. Then for 
each x f X  there exists an element of best approximation to x  in Mn. In what follows 
pn(x) denotes one of the best approximations to x  from Mn and E„(x) the measure 
of best approximation.

It is known (see [1]) that if p„(x) is the unique best approximation to x then 
it is continuous at the point x, i.e. for any sequence {xm} c Z  such that 
||x—x j| —0 we have

sup II Pn (x) Pn (xm) II - 0 .

If for a given x£A” the best approximation is unique we define the modulus 
of continuity of the operator of best approximation at the point x by

*i(x, e) x  =  sup II Pn O )  Pn (Xi)ll > £ > 0
X1£X,  H X - x p I S E

and the modulus of strong unicity of the operator of best approximation at the 
point x by

R2 (* ,e )x=  sup ||p„(x)-y||, e > 0 .
yiM„

Ux-y\\sEn(x)+e

Then evidently R 1(x , e)x  and R 2(x , e) x monotonously tend to zero as e ^ + 0 . It 
can be also easily proved [2] that for any x£X with unique best approximation 
p„(x) and e>0
(1) £ SS R j (x ,£ ) x 0  = 1,2) 
and
(2) R 1(x , e)x  ^  R 2(x , 2 e)x .

The orders of Rt (x, e)x  and R2(x, e)x  where 6 —+ 0 are always connected 
with the specific properties of the space considered and determining of them is, 
as a role, based on use of the criterion of best approximation in the given space.

As far as I know, the first result in this direction was obtained by G. F r e u d  [3]. 
He proved the following
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Theorem A (G. Freud, 1958). I f  X=C[a, b], M„czC[a, b] is a Cebysev system 
on [a,b], then for any fdC [a ,b ] and £>0
(3) e R fif, 8)c C fif, M„)e.

Here and in what follows Сг (...) denote constants depending only on quantities 
specified in the brackets, while C, denote absolute constants.

D. N ewman and H. Shapiro [4] proved the more general

Theorem В (D. Newman, H. Shapiro, 1963). I f  X=C(K), MnaC (K ) is 
a Cebysev system on K, where К  is a compact set, then for any f£C(K) and £>0
(4) s S R 2(f,e)c S C 2( f ,M n)s.

Hence under the conditions of Theorem В Rx( f  e)c ~  R2(f,E)c~ s  for any 
f£C (K ) and £>0.

The first result for the space Lp[ — 1, 1] is due to R. H olmes and B. Kripke [5].
Theorem C. I f  X = L p\ — 1, 1], p s 2 ,  Mnc.Lp[ — 1, 1] is finite-dimensional, then 

for any f€ L p[ — 1, 1] and £=-0
£ =  R fif, e)Lp =  C3(/, M J e.

(Actually they proved a somewhat stronger result.)
In general, in the space Lp[— 1, 1], Rx and R2 are not equivalent. For examp

le, for p = 2 we evidently have Rv(f,  8)^=8 for any /(jT2 but R 2(f, e)ia~£1/2 for 
any / 6 Ta

ll. O. B j ö r n e s t a l  [6] studied the case l^ /?< 2 . He proved the following 
theorems.

Theorem D. I f  f£ L p[ —1 ,1 ], 1 < /k 2 and ( / ) 1 then for any £ > 0

R fif, e)Lp ^  Q(p)£p/a
and in general, this estimation cannot be improved.

Theorem D'. I f  X = L[— 1, 1],/€C[—1, l ] , f t ( / ) s O ,  M „ c C [ - 1,1] is a Cebysev 
system on [—1,1], then for 0 ё е ^ С 5(/, M„)

R fif, e)L sn R2(f, 2b)l s= S -j(C 6(f, Мп)г)
where

о f  He)
Sv/R) = f  (e-cof (t))dt, cof (t) =  sup \f(xx)~ f(x f i

I JCj.—JC2I —1

and in general, R l ( /, e)L is o f no smaller order.
Here and in what follows we use the notation 

f~ 4 y )  =  min {x: f ( x ) =  y).
Theorem D gives uniform estimation for Rx when En( f ) S  1. Hence in the 

case 1 <  2 the modulus of continuity and uniform modulus of continuity of
the operator of best approximation on the set {En{ f ) ^ \ }  are equal. In [7] and
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[8] the uniform modulus of continuity of the operator of best approximation in 
the space of continuous real-valued functions was studied. In this case the uniform 
moduli on certain sets of functions can be determined but their orders are less 
than e, i.e. less than the order of the local modulus of continuity of the operator 
of best approximation.

Theorem D' gives a local estimation for R± and R2 in the space L[—1, 1]. It 
turned out that this theorem can be generalized in such a way that the constants 
C5(/, M„) and C6( /,  Mn) do not depend on / b u t  only on cof  or, in other words, 
the uniform modulus of continuity of the operator of best approximation on the 
class 1, l]:p„(/) =  0, wf (<5)Sct>(<5)} equals to the local modulus
which is determined in Theorem D'. This is the main result of the present paper.

At first we give a modification of a known criterion for the best approximation 
in L, then the main theorem will be proved. We shall also determine a class of 
“trivial” functions for which R f f ,  e)£,~i?2(/, e)L~ £  and at last some corollaries 
for algebraic and trigonometric cases will be obtained.

We shall use the notations

ll/llc =  max |/(x)|, /€ C [—1,1];*€[-1,1]
1

l|g|lt= f\g (x )\d x , g£L[— 1, 1].

Characterization of the best approximation in the space L[— 1, 1]

Let M„ be any finite-dimensional subspace of L[ — 1, 1]. Then fdL [ — 1,1] 
is said to be orthogonal to M„, written f_LMn, if and only if ||/Hz, =  | | / —<7Jz, for 
all qn£M„, i.e. 0 is a best approximation of f  from Mn. From the general theory 
of approximation in L[—1,1] we know two criteria of orthogonality.

C r i t e r i o n  I ( R i c e  [9]). f± M „ if  and only i f  for any qn 6 Mn
1

(5) I f  qn sign fdx \ f  \q„\dx
- 1  Z ( f )

where Z ( f)=  { x £ [ -1, l]:/(x ) =  0}.
C r i t e r i o n  II ( S h a p i r o  [10]). f_i_ M„ if and only if  there is a function cp on Z  ( / )  

such that |<p| = l and for any qn£Mn
1

(6) J  qnsignfdx+ fcpqnd x =  0.
- 1  Z ( f >

If /i(Z (/)) =  0 then Criteria I and II imply
1

f  qn sign/ dx =  0 
-1

for any q,fM„.
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Assume now that M„ is a Cebysev system of continuous functions on [ — 1, 1], 
f± .M n and ti(Z ( /) )> 0. Then the function cp in Criterion II can be determined 
a.e. on Z ( / )  and we have the following modification of Criterion II.

Theorem 1. Let f£L [ — 1, 1] and M„ be a Cebysev system of continuous func
tions on [—1, 1]. Then f_LMn in L-norm i f  and only if  there is a function (p on Z ( f)  
such that \cp\ = \ and for any qndMn (6) holds.

Moreover, i f  g (Z (/))> 0  then \<p\ = Qn( f )  on Z ( f )  where

(7)

for some cp satisfying (6).

Qn( f ) - sup
?„€м„

l
f  <7„sign/dx| 
1__________

/  k l  dx
Z(f)

Proof. (5) implies that 0 ^ Q n ( f  ) ^  \ . I f  £?„(/) = 0 then (7) implies that
1

J  qn sign f  dx = 0 for any qn£Mn thus we may assume that cp=0 in this case. 
—1
Let Qn( f )  be positive. For some qn£Mn, | |g jc = l

1
(8) f Чп signf d x  = Qn(f)  f  \qn\ dx

- 1  Z ( f )

holds. Let us prove that if for some q*£M„, q ^ q n, (8) holds then sign q* = 
=  sign q„ a.e. on Z (/). (We may assume of course that \\q*„\\c~ L) Indeed, in this 
case using (7) we obtain

Qn(f) f  \dn\dx+Qn( f)  J \q * \d x = J (q „ + q * )s ig n fd x ^
Z ( f )  Z { f ) - 1

S  Q Jf) f  \qn +  q lI dx ^  Q„(f) f  m  +  k*|} dx
Z ( f ) Z ( / )

hence sign =  sign g* a.e. on Z ( /) .  
For any qn£M n define

\4n, * € [-1 , 1 ]\Z (/) ;
I Qn(f)4n, x e z ( f) .

Thus we obtain a finite-dimensional subspace M*czL[ —1,1] and (5), (7) and
(9) imply that f_L M*. Hence by Criterion II there is a function cp* on Z ( / )  such 
that \<p*\^l and for any q*£M*

f  <7* sign/dx+ fq*cp*dx = 0
- 1  Z ( f )

holds, i.e. for any qndMn
1

(10) / g„sign/dx + Qn(f) f q ncp*dx = 0.
-1 zcn
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Then using (8) and this relation we obtain

-  f  (P*qndx=  f  \q„\dx
Z ( f )  Z ( f )

hence c p * = —  sign a.e. on Z ( / )  and setting <p = Qn(f)q>* in (10) we obtain the 
statement of the theorem.

Remark. In what follows we shall always consider cp satisfying Theorem 1.

The main theorem

Let Mn (n€N) be an и-dimensional Cebysev system of continuous functions 
on [— 1,1] containing the constant functions, p„(f)£.M n and En( f ) be the polynom
ial and the measure of best approximation to /£ C [ — 1, 1] in L-norm, respectively. 
Further let = S~j(t) where co/(t) and Smf(t) are defined in Theorem D '
and cu(t>) a uniform modulus of continuity.

Then we have
Theorem 2. For any /€ C [—1, 1], cof (ő)^co(ő), f± M n, e>0

( 1 1) R i ( / ,  e ) l  si R2(f, 2 e ) l  si C7(co, M„)/ra(e)
and in general R f f  e)L is o f no smaller order.

Some lemmas

For qn(LMn and 0 < c <  1 define the set

K(q„, 0  =  { x £ [- l , 1]: I?»(*)| =  й\Ш\c}-

Lemma 1. For any qn € M„, qn ̂  0, 0 <  £ <  1, [— 1, l]\Ä i(^„, £) consists of at most n 
disjoint intervals. Moreover, there exists a positive function F* (£) such that

(12) p(K(qn, 0 )  ^  Fn*(?;)

holds where F* depends only on Mn and monotonously tends to zero as { — +0.
P roof. The first statement follows from the fact that M„ contains the constant 

functions. Let us prove (12). For any system of points - l S x 1< x 2< „ .< x „ S l  
consider the determinant

Un{xi, x2, ...,x„) =  {(pJ(xi)}yJ];X;::,nn’; 
where {<Р](х)У‘=1 is a basis in Mn, and define the function

Fn(d)=  , inf , ^„(*1 , *2 , •••,*„), d > 0 .
d

X: . 1— Xi^ — , i = l ,  2, — 1i + i. * n

Then F„(d)>0 if d>0, F„(d) monotonously tends to zero as if—+0 and Fn(d)
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depends only on Mn. Set ц(К(дп, c,)) = d, then if d> 0 we can find a system of 
points {ti}nl=1^K{qn, c) such that

t j + i - t j  is ( . /=  1 ,2 ,..., n -1 ) ,

and by Lagrange interpolatory formula

Ik Jc  ^  C8(M„). max \qn(ti)\ - J —  sg С8(Мп)Ш„11с 
,=1'2...."

i.e. Fn(d )^ C s(M„)q, whence d^F*(if), where

1
F M

If ű?=0 then (12) is evident. Q.E.D.
L em m a 2. For any q„ € M„

(13) \ \ ч Л с ^ С , { М п) \ \ Яп\\ь .

P ro o f . The lemma follows from the equivalence of norms in Rn.
Let /€ C [  — 1,1] be orthogonal to M„. Then by Theorem 1 there is a function 

(p on Z ( / )  such that relations (6) hold. We shall say that /£C [— 1, 1], f ± M n is 
“trivial” if and only if /r(Z (/))> 0 and ß „ ( /)<  1.

By Theorem 1 if /  is trivial then |<p| =  ö „ ( /)< l.
Lemma 3 . Let f  be a trivial function. Then for any qn 6 M„

(14) II/- qJL-  II/IIl S Ц- (1 -Q A f))h {Z (f))  \\qn\\c

where Fn* ( ^ p ( Z ( f ) ) / 2.
P roof. Using relation (6) we obtain

(15) \\f-qn\\i / ( / - O s i g n  ( f - q „ )d x -  f f s i g n f d x  =

f  ( f - q „){sign ( / -  ?„)- sign/} dx+ / |g . |d * +  /
[—1 , 1 ] \ Z ( / )  Z ( / )  Z  ( / )

— 2 /  |/-<5rn|d x +  / [ |? J  + <P6^dx 5=0-£ « ( /) )  y"|9„|dx.
о Z ( / ) Z ( / )

Let <f0> 0  satisfy F*(£0)< ti(Z (fj)/2 . Then (15) and (12) imply

II/- <7„IIl-  ll/llx. ^ [1 -QAf)] IMc-

Q.E.D.
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sets:

C o ro llary . Let f  be a trivial function. Then for any £ > -0  

R id , e)L R,(f, 2s)l C10(J, M„)s.
Let /£C [ — 1, 1],/j_M „ and assume that q> satisfies (6). Define the following 

P Í if, 4n) =  {x6[-l, 1]: /  ^  0, sign/ =  sign qn};

where qn£Mn.

P r (f,q n) = { x e [ -1,1] 

P i (/, cln) -  {*€[-1, 1] 

Pi  ( f  q„) = {*€[-!, l]

/  ^  o, sign/  =  sign qn}; 

f  = 0, sign (p = sign qn}\ 

f  = 0, signtp = - s ig n a l ;

ities:

<16)

L emma 4 . Let / £ C [  — 1, l ] , / i _ M „  satisfy at least one o f the following inequal-

1
4 C9(MB)

(where C9(M„) is defined by (13)// or 

(17) Qn(f)  >  4 *
Then /or any qndMn, qn?éO 

< 18) q{P i (/, 4„)) + (TV (/, <7„)) =

Proof. By (6) for any qn£Mn

(19)

1
4C g(M „) •

f  Ы - f  kn\+
p,! (/.<?„) p/ (/.<?„) ZV)

Therefore, if (16) holds, we get

\ \ 9 n h =  f  l?»l+ /  k»l+ / Ы  =
pf (/,«„) P{(f,i„) z </>

=  2 /  |?„|+ /  {|?„|-<??„} S  2||i„||c{/r(P1- (/, ?„)) + /i(Z(/))} :
г  Г (/.<?„) z .CO

i.e.
=  2C3(M„)[|c/„||i {/i(P1 (/, g„))+4Ca| M ) } 

(/. 7,,)) =
1

4C9(M„) '

Assume now that /  satisfies (17). Then by (19)

/  k„ l+ ß„(/) /  k„l =  /  l?„!+ß„(/) /  knl
p f  ( / .? „ )  P Í  (/.« „ ) P f  (/.« „ ) p 2‘ (/.9 „ )
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for any q„£M„. Thus

IIíüIIl — 21 J  \q„\+ f  \q„ \ + ~ 2  f  \Чп\ + ~ 2  J  I ín I
1 Pi (f, ?„) ) P 2+ (/ ,8 „ )  Z Pi(f .9„)

S 4 {  /  | iB|+ ß „ (/)  /  |i„ |} s
ff (/■ ?„) p2- (/, e„)

^  4C0(MJÍ|<7J t {/í (P r ( /; <7„))+/i(P2- ( / ,  <?„))}

and this proves (18). Q.E.D.
Lemma 5. For any uniform modulus o f continuity co(t), Im(t) is also a uniform 

modulus o f continuity.
Pro o f . It is evident that a>-1(0

Sm(t) — J  {t—w(x)}dx
о

is a positive increasing continuous function which converges to zero as i->-+0. 
Let us prove now, that for any гг>0, t2>0

(20) Soj(h + A) >  ^ (? i)  +  5t,(?2).

Assume that t f ^ t 2. Then co_1(t1 +  t2)&co_1(i1)Scu_1(i2) and

“ _ 1 (< l+ < 2)  o>_ 1 ( i2)

Sa(h + t?) =  /  (/j +  /2-a»(v)) dx = f  {t1 + t2~m (x)}dx +
о  0

c o -H ii )

-Г f  (t1 + t2 — co(x))dx + f  (t1 + t2 — co(x))dx =
a> * H i2J to -  H í j )

a>_1(t2) <»_1(<2) o>_1(<2)
= J (t2 — co(x))dx + J  co(x)dx+ f  (tx —<u(x)) dx+

0  0  0
o - 1(f1)  co - H t j )  (0~ 1( t1+ t 2)

+ /  (t1-co(x))dx+  f  t2dx+ f  (t1 + t2-a>(x)) dx >  Sa(t2) + Sa(f),
0> ~ !(i2)  <0 ~ 1( t2)  to *  H ii)

hence (20) is proved. Lurthermore, because of 7(0(t) =  iS'“1(i) we have

AAb +A) <  Ла(Ь)+Ло(?2)

for any ?i>0, t2>0. Being /и(0  also a positive increasing continuous function 
converging to zero as t — +0, this means that Ia(t) is a uniform modulus of con
tinuity, so the lemma is proved.
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The proof of the upper estimation in Theorem 2

By (2), it is enough to prove the upper estimation for R2(f, e)l -
Let f íC [ — 1, 1], co(f, ő)^co(ö), fl_ M n, e> 0  and take qn£M n, q„^0  such that

(21) II/— — ll/IL+6-
Obviously, we have to prove the upper estimation only for 0<e<Cn ((o, Mj) 
because if e=- ̂ 11 (co,Mn) then (21) implies

Il9.llL ^  Wf-gnh+Wfh ^  2\\f\\L+e S  4 ||/ ||c +  e ^  4co(2) +  e ^  С12(ю, Mn)e,
hence we obtained an inequality stronger than (11).

Assume now that (17) and (16) do not hold. Then by Lemma 3 and (21) 
£ =  C13 (Mj)\\qn\\L and we again obtained a stronger inequality. So we may assume 
that 0< e< C u (a>, M„) (this constant will be determined later) and /  satisfies 
at least one of the conditions of Lemma 4. Hence (18) holds for any qn£M„, qn^ 0. 
Further by (15) and (21)
(22) £ S 2  f  \ f - q n\dx + f  {\qn\ + cpqn}dx

0</-=<7„ Z ( f )

holds. Set  ̂ such that

(23)
Then by (12) we have

(24)
Further

48 и Ce(M„) ’

^(K{qn, I)) < 48nCe(Mn) •

K*{qn, l) -  [-1, l]Vf(?„, a  = U (ei, bd
i  =  1

where l ^ k ^ n  and
(25) ytqn(x) >  a i9 jc  (*€(аг, b j, i = 1, 2, ..., k)
where yt = sign qn on (af, b j (i = 1 ,2 ,..., k).

Let us prove now that there exists an interval (a,-, bj), 1 = j= k  on which one 
of the following cases occur:

Case A: Z ( f)C \(о,-, bj) ^  0  and

(26) \i(FJ) = Ц{x6(aj, b j n z ( / ) :  sign (p = yj} S  '
Case B: Z ( / )  П(aj, bj) ̂  0  and

(27) fi(Ff) = fi{x£(aj, b j ) \ Z ( f ): s ign /=  yj} S  32nCä(Mn) '

Assume the contrary. Then on each of the intervals (a;, bj, i= l, 2 , к we have 
the following situation: Z ( f )  П(a{, bj =  0 ,  or Z ( f )  П (at, b j  ̂  0  but

(28) MF‘] "  32nC9(M„)
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and

(29) ß(Fi) <  ~ ~ ~  d2,tiCq

But k ^ n ,  therefore we can construct a polynomial qn£M„ such that sign qn = 
= sign/  on (a:, bi) if Z(f)C \(ai,b i) = 0  and sign q„= - y t on (af, b;) if Z ( /)D  
П(а;, bi) 0  (i'= 1,2, , k). Then (24), (28) and (29) imply

( Л  ( / ,  9 J )  S  ^ ( % ,  0 )  +

+ П32пС9(М„) -  48С9(Мп) +  16C9(M„) 12C9(M„)
and this contradicts (18). Hence for some 1 s j s k  one of the Cases A or В occurs 
on (aj, bj).

Assume at first that (26) holds. Then (22) and (24) imply

e =  f  {Wn\+<P<ln}dx S  f { \q n\ + cpqn} dx S  
z(f) f}

-  /^ " 1  dx -  96nC9(M J  =
f j

i.e. we obtained an inequality stronger than (11).
Assume now that Case В occurs on (Uj,bj) and j j  = 1 (the case y,-= — 1 

can be settled similarly). Then there is a point x1 £ (aj, bj) such that / ( х х)=0.
Case B ': there is a point x2 £ (о,-, bj) such that f_(x2) = ̂  \\qn\\c- Without loss 

of generality we may assume that x1< x2 and ||^„||c for х£(хх, xa) hence
and by (25) 0 for x€(xl5 x2). Therefore (22) implies

(30) e =  2 f  \ f - q n\ d x ^  f \ q n- f ) d x ^
0-=/-=?„ Xj.

о

^  /  { lllíJc-® (x )}áx  =  Sa,(f||í ,||c).
0

2

Set ~~ J* {gí (2) then becciiise of* 0< e<  Cn (a>) (30) implies

(31) ° IlkJcS/^ie).
Case B": f ( x ) ^ \ \ q j c on (a},b j). Then by (25) f(x )< q n(x) for x£(aj,bj). 

Let Pn ( f)  =  {x € (aj, bj) : sign / =  1} then by (27)

<32) d = « p - ^ s m é m

holds. Further P„(f) — \ J ( a j , b j )  (where the number of intervals in the union
i

is finite or countable), d = ^ l {bij —ai])  and we can define a continuous function
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/  (x) on the interval (etj, cij+d) which consists of pieces of the function / (x) when 
х£(а), b'j). Hence / (aj) —0 and sup \f(x1) —f(x 2)\^co(t), then (22) yields

x 1, x 2 i ( a , , a ] + d )
l*i—*sl-t

(33) £Ä  J  \ f - q H\dx S  f  (qn- f ) d x ^
()-=/-=<?„ p„(/)

b'j a j + d

= 2  f  {U qn\\c-f)dx=  f  {Uqn\\c- f} d x .
1 a‘j ai

Moreover, if cö(í/ ) s | | |# J c then analogously as in Case ЕГ we obtain (31). If
£

-r-||íjrjc^ía(űf)<£ Iknllc we obtain an estimate twice as large as in (31) and at
2 llast if (a(d)<—\\qn\\c then (33) implies

“j + d  _ E

£ =  J {^\\dn\\c-(o(x-aj)}dx ^  d j \ \q n\\c-
aj

Using (32) we obtain again an inequality stronger than needed. This together with
(31) completes the proof of the upper estimation in Theorem 2.

The counter-example of Theorem 2

Let us give now an example which shows that in general the upper estimation 
for R1( f ,  e)L is exact. We shall use the method of B. O. B jö r n e sta l  [6].

Let io(d), 0 ^ 5 Ш2 be a uniform modulus of continuity and {<p;}"=1 a basis 
in M n. By a theorem of H obby  and R ice [11], there exist points — 1 = x0< x1-cx2-< • • • 
... <  x„ <  x„+! = 1 such that

(34)
*i + i

2  (“ I)' /  <Pj(x)dx = 0 0  =  1, 2,..., n).t — n *

Consider the function

/(*) =
(-1 )гю (х -х ;), xgjx;, A‘+2Y‘+1 j ;  

( -1 )гсо(хг+1-х ) , x g [ - ‘± * l+1,x i+1];
i = 0, 1, ..., n.

By (34), f± M n. For <5>0 small enough define the function 
_ К -1)г<3, хё[хг, x1-+m~1(<5)]U[xi+1—ю-1^), xi+1]; 
"  1 fix),gb(x)

Then
x€[x;+® H ^X i+ i-cn -1^)]

(0 ^  j ^  ny

<a-1(d)
Wf—göWb — 2(n + 1) /  {<5—co(x)}dx = 2(n +  1)5Ш((5).
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Further \g t\^ö  for any x€[—1,1]; hence s i g n ^ - y j  =  sign / a.e. on [ -1 ,  1].

Because of f ± M n, p {Z (f))  —0 we obtain that gs —-=-±Mn. Thus setting 
S = Ia (e) we obtain

Wf—giWb — 2(n + l)e, g a ~ ^ -  iM ,i
i.e. the lower estimation in Theorem 2.

Remark. As we see from the proof, the order of R j(f, e)L (_/= 1,2) depends 
on the behaviour of the function f —pn( f )  at the neighbourhood of its zeros. That 
is why further improvement of differential properties of the function /  does not 
improve the order of R j{f, e)L (j=  1,2).

n
For example, replacing f ( x )  by f(x )  =  / /  (x—xk) in the counter-example

ft=i
we easily obtain

where f  (x) is even analytic.
C1B (Mn)e1/2

Corollary 1. For any / € Lip a, 0 < a ^  1,/  _LMn and e>0

R±(J, s)L S  R2(f, 2e)t  ^  C16(a,

and there is a function g£Lip a, g ± M n such that

Ri(g, £)t S  C17(a, M„)£,/(l+1).

Proof. Indeed, if co(c>) =  <5*

5 .(0  =
hence

га"1«  (l/ot I
f  {t—w{x)}dx = f  =  ------- f(«+i)/« _

У У a+1

■ « - m
a / ( a  +  l )

ôt/(a + l)_

a /(« + !)/« 
a + 1

Q.E.D.
This corollary gives an exact uniform estimation for i? i(/, s)L and R2(f, e)l 

for functions of Lip a orthogonal to M„. With a slight modification of Theorem 1 
we can omit the condition of orthogonality of the function /  to Mn.

The unit sphere of a finite dimensional space is compact, therefore for any 
qn£M„, II#„||c =  l, coqn(ő)^cö(Mn, ő) holds where ci>(M„,<5) is a fixed modulus of 
continuity depending only on M„.

Further setting f* (x )= f(x )—f(0 )  for / € C[ — 1,1], a>f (ö)^co(ö) we have

co{Pn( f \S )  =  а)(Рп(П , S) ё  \\РЛ П \\сН М п, 8) S  C9(Mn)\\pn(f*)\\L(5(Mn, ő) S  

^  2C9(Mn)\\f*\\L(ü(Mn, Ö) S  4Ce(M„)m(2)«(M„, <5) =  C18(eo, M„)a(Mn, 5)

hence putting
ю*((5) =  max {ca(<5), co(Mn,ö)}
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we obtain
<*>{/-Pn(f)' S) = Са8(о, Mn)(o\0).

Using this inequality we obtain
Corollary 2. For any f£C[ — 1, 1], wf (d)^oj(ő) and e>0 

(/> e)l — -̂ 2(/> 2e)^ = C19(oi, Mn)I0>t(e).

The criterion of the local Lip 1 property

By Theorem 2, in general the best possible order of R j(f, s)L 0 '= 1 , 2) is e1/2. 
But at the same time Lemma 3 shows that if is a “trivial” function then

(/> e) l  — ^2(/> 2e)L si C10(/, M „ ) e .

It turns out that the condition of triviality of the function / —p„(/) is not only 
sufficient but it is necessary also.

First of all we shall prove that for any/£C[ — 1, 1], R f f ,  e)l ~  R Á L  e)l holds.
T heorem  3. Let /€ C [—1,1], £>0 and let qn£Mn satisfy \\ f—qn\\L= 

=E„(f) + e. Then there is a function f £ L [ — 1, 1] such that \\f—f  ||L = C20(f ) e  
and f 1- q n± M n.

P ro o f . Set J = f-p „ (f) , q„=q„-p„(f), then p „ (f)= 0 and \ \ f - q n\\L^  
= II/!Il + £- Thus (15) implies

(35) E =  II/—íjfnllx.—II/IIl =  2 J  \J—qn\ dx+  f  {\q„\ + (pqn}dx
z(j)

where by Theorem 1, \<p\ = Qn(J), O ^Q n(J )S l .
Consider now two cases.
Case A: Qn( f ) =  1. Then set

Ji
q„, if 0 < / S i ,  or <?„==/<(); 
\qn\(p+qn, if 1 = 0-, 
j  otherwise.

Then a.e. on [ — 1, 1]

sign (/!-<?„)
0, if 0 ~=Jr&qn or 0;
<P, if / = 0 ;  
sign /  otherwise.

Hence setting <•/>* =  sign/  on {0< / s ? „  or ^ s / < 0 }  we have
1 1 

f  q* sign ( f i —q„) dx+ f  cp*q* dx = f  q* sign fdx+  f  (pq* dx = 0 
- 1  Z  ( h - q j  - 1  Z ( J )
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for any q*£M„. This means that J1—q„_LMn. On the other hand, from (35) we 
have

II/ Ji Wl =  /  l / - « J  dx+ f \ \q n\(p+q„\dx^e,
z(T)

and setting A = h + p „ (f)  we obtain that f x- q n±.Mn and | | / - / i l | b =
=  l l / — I i Wl —e-

(36)

Let

Case B: 0 ^ ß „ ( / ) < l .  Then (35) implies

£  =  { 1  - Q n i J ) }  f  Ш dx+2 J  \f -qn\dx.
Z(J) 09n^T^°

q„, if 0 ^ f ^ q n or « , S / S 0 ;  
otherwise.

Then
_ ч Г0, if 0 ^ f ^ q n or qn ^ J t s  0; 

s i g n  ( Л  4n) — j  sjgn j  otherwise.

Hence evidently f x — qn _L Mn. Further (36) implies

I I / - / i IIl =  f  \< ln ~ J \d x =  f \ q n\dx+  f  \q „ - f\d x S
Z(T) о < / < « „я„^Т^оe„-=/s о

6 : + ̂  = C20( f ) s
-  1 - Q n i f )  2

and setting again Л  =JX+P„(f) we obtain f x- q n _L Mn, Ц/—AHL =  C20(f)e. 
Q.E.D.

Corollary. For any /£  C[ — 1, 1] a«i/ e > 0

A ( / ,  <0l S  A C /-. 2e)t  ^  A ( / ,  2 C20( /)e ) t .

Proof. The proof follows immediately from (1) and Theorem 3.
Now we shall obtain the necessary and sufficient condition for the local Lip 1 

property.
T heorem  4. Let / 6 С [  — 1, 1]. Then

(37) Rj(A B)L — C2i(f, Mn)e 0  =  1,2)

for any £>0 i f  and only i f  f —pn( f )  is trivial.

Proof. If f —pn( f ) is trivial then (37) follows from the Corollary of Lemma 3. 
Assume now that for a given /£C [ — 1, 1] and arbitrary c>0, (37) holds with
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j=  1 or 2. The Corollary of Theorem 3 implies that without loss of generality 
we may assume
(38) R2(J, k)l =  R-Af, s)l S  C21(f, M„)£

for any £=-0, where J = f — />„(/)■
Further for any q„£M„,qn^á0

1
(39) 0 <  ||/-?Jí-1I/IIl ^ 2 / |/-?„|dx + / k | d x -  / q n signJdx.

0 Z(J) —1
0

Assume now that /  is “nontrivial” . Then n(Z (f)) — 0 or 6 „ ( /)= l .  If 
/i(Z (/)) = 0 then (39) implies that

о  <  I I / -  ? J L -  I I / I |l  =  2  /  I / -  ? „ | dx
о </-=«„

for any qneM n,qn^  0.
On the other hand, if /i(Z (/))> 0  then ß„(/) =  T Thus for some qn£M„,

\Ы с =  1 1
fq „ ú g n fd x =  f  \qn\dx.

- l  z(7)
Hence and from (39)

(40) 0 <  | | / - « J I. - | | / | | i  =  2 /  |/ - e , |d x .
0*=/< 4„

So we may conclude that for some qn£M„, | |q jc = l5 (40) holds.Then evidently, 
for any a> 0  and A>0

(41) ^* .«=II^ /-«9JL -Ilif/IIL  =  2 f  \K j-* q n\dx.
xqn̂ KJ< 0

For a given A">0, is a positive monotonously increasing function of
oo>0 and ,4Kia—+0 as a --+ 0 ; Лк_а+  +  °° as a-~ + °°. Further for 0 < a !< a2 
we have

0 <  АКуХг- А к>а1 = j  (Kf-cc2qn)dx+  f  (cc2qn- K j )  d x -
x2q„^Kf~z 0 0 < r 7 < i j } n

-  f  ( K f - ^ q j d x -  f  (a1q „ -K f)d x  = 
c*\ Qn^Kj < 0  0 <АГ qn

— J  (y.1~a2)q„dx+ J  (Kj-oi2q„)dx+ f  (oc2- a 1)qndx +
cti qr<Kj < 0  a2qn̂ ::Kf^a1qn~=:0 0<Kf <a1qn

+ /  (<*2 -  A /) dx s 4(02-aj).
0 < a x qn̂ K j <a2qn
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Hence AK tt is a continuous function of a. Let Km> 0 (m —1,2, ...), +
as m со and take any e0 >0. Then using the properties of the function AKi x we 
can choose a positive sequence am (m = 1,2, ...) such that

so we obtained a contradiction. Therefore /  must be “trivial” . Q.E.D.
This theorem shows that there is a class of “trivial” functions for which 

2~ e  in spite of the fact that, in general, R i ( e )  and R 2 (fi) do not exceed e1/2. 
Now we shall be interested in those “nontrivial” functions for which the order of 
R2(e) (i.e. Rx (s) also) is less than e1/2. As it was already mentioned, the order of 
Rj(f, e)L ( /  =  1, 2) depends on the behaviour of the function ) near its
zeros, and it is natural to expect that if \ f —pn(f)\ is of order t1+v, у >0 near its 
zeros then we obtain better orders for R j(f,e )L (j=  1,2).

Theorem 5. Let g(t), t> 0 he a positive function monotonously converging to 
zero as t —+0, and assume that g2 (t) is concave. Then there exists a function 
/6C [ — 1, 1] such that for any 0< e< C 25

Proof. First of all remark that concavity of g2(t) implies that g ( f )  = C26! t

(42) AKm,«m = £ о (m = 1,2,...).
(38) implies that

(43) * 2{K J , e)L 3= C21 (/, Mn)e (m = 1, 2, ...)

for any £>0. Hence by (41), (42) and (43)

<xm\\q„\\L S  C21(f, M„)e0 (m = 1, 2, ...)
thus
(44) 0 <  <  C22(f, Mn) (m = 1,2,...).

On the other hand, combining (41), (42) and (44) we obtain

0 <  £0 =  AKmiXm =  2 f  \Kmf-ccmq„\dxS

S  2<xJq„\\Lp { x e [ - l ,  1]: 0 <  ÄTm/ <  a.mqn or amqn <  Am/ <  0}

S  C23(/, M n) p { x d [ - 1/1]: 0 <  l/l <  C2xifK ™n))-
But

hence

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



ON THE CONTINUITY OF BEST APPROXIMATIONS 347

Set <p(t)=— —  and define

(-1У <?(*-*,), x e \x t, *i+ *t+1];

/ ( * )  = '  r x . + x .
(-iy<p(xi+1-x ) ,  ‘ 2 ‘+1,Xi

where {Xj}"Jo are as in the counter-example.
Then with the methods of the proof of Theorem 2 it can be easily verified that

<p - 1  ( « )
(45) Rj (/, e)L ~  [ f  {E-(p (x)} dx\ _1

0
where denotes the inverse function. Further the concavity of g2 implies that
cp is a convex function, therefore

(46) ---------- = /  dx -  f  { £ -? > М } * ё « ? > '1( 4

On the other hand, the relation (p(t)=  can be transformed in the follow
ing way: г

HO = - - f -  ~  i’(8(0) = Щ  ~  *«> - (Уо) “

Combining this inequality with (45) and (46) we obtain the statement of 
the theorem.

Algebraic case. Let M n — Pn be the set of algebraic polynomials of order at 
most n — 1. Evidently w(Pn, <5)^С26(я)<5 hence by Corollary 2 we have

T heorem  2a. I f  M„ = P„ then for any /£ С [—1, 1], cof (ő)^co(ő) and e>0

R f f ,  e)L si R2(f, 2s)l si C27(n, со)/ш(е)

and this estimate cannot be improved.
C orollary  la. Lei M„=Pn, 0 < « S l .  Then for any 0 < г< С 28(я, ос)

sup Rj(f, e ) l  ~  fie /(* + 1) ( ; '  =  1, 2)
/ 6  Lip x

where the constants involved depend only on n and a.
Trigonometric case. For approximation of periodic functions by trigonometric 

polynomials we have a theorem analogous to Theorem 2a. But for periodic func
tions the boundedness of / (r), r s i  implies that ojf (S) ̂  C29(r)S, and therefore 
we can modify Corollary la.

(i =  0, 1, ..., n)
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Set Wr Lip a = {f\ f  periodic, t»yo->(<5)s<5“}. Then we have the following 
Co ro lla ry  lb . In the periodic case

P « /(a + l)  j j 4 r  _  Q

sup R
/ €  W T Lip a

.1/2 if Г ЭГ 1 U =  1,2).

Let us show that there is no analogous theorem in the algebraic case. Indeed, 

Рп+1 c  IF"*1 = {/: ||/<"+1>||c ^  1}, 

but Pn+1 is a cone so by a theorem from [2]

sup Ä i(? ,+ i.« )i3 « or °°-
n̂ + l̂ -̂ n + 1

On the other hand, by the Remark made after the proof of Theorem 2

RAJ, e)L 5É C15(M n)fi1/2
n

where j  {x)~ f j  (x—xk) i.e. j£ P n+1. Hence

sup R A f,e )L == sup T?1(g'n+1,£)t =oo.
/in'"*1 9„ + l^ „  + l
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HERMITE—FEJER TYPE INTERPOLATIONS. I
By

P. VÉRTESI (Budapest)

1. Introduction

1.1. We prove theorems of convergence and divergence type for the Hermite— 
Fejér and quasi-Hermite—Fejér interpolations based on the Jacobi-roots. Equi- 
convergence of certain Hermite—Fejér and quasi-Hermite—Fejér processes will 
be established, too. These statements partially solve a problem raised by P. T ú r á n  
([11], Problem XXVI).

1.2. Let us denote by

n distinct points in [ — 1, 1] and let f  (x) be a continuous function in the same interval. 
It will be denoted by /£C .

Then, setting

the uniquely determined Hermite—Fejér interpolatory polynomials of degree 
^ 2 n — 1 are

( 1 . 1 ) (-1  = ) \ » < V i , . < - < J íi, ,(= 1 ) (« = 1.2,...)

( 1.2)
and

=  c„(x-xlt„)( x - x 2'„ ) ...(x -x„yJ  (c„ И 0)

(1.3) (к — 1, 2, ..., n),

n

(1.4) # „ ( / ;  X )  =  2 f ( x k,n)hk,n(x) (n =  1, 2 , . . . )
k = 1

or
n

(1.5)
k=1

Here
(1.6) K,n(x) = vk'„(x)lln(x) (к = 1, 2, . . . , n),

(1-7)

( 1.8) £*.„(*) = ( x - x kJ ll„ (x )  (fe =  1,2, ..., n),

the values {ßk.„} are arbitrarily prescribed.
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It is well known that 2  hk,n(x)= 1» moreover,
k  =  l

ÍHn(f; **,„) =  Hn(f- xkt„) =/(**,„) (fc =  1,2, ...,ri),
; xkJ  =;0, # „ (/; xk,„) =  ßk,n (fc =  1,2,..., и)

(see, e.g. G. Szegő, [1], 14.1).

1.3. Let us consider for arbitrary fixed complex a and ß the и-th Jacobi-poly
nomial P(nx-ß)(x) defined by

(1.10) p^ß)(x) = - } 2 ; { r') (n  + x + ß+ l)...(n  + <x+ß + k)'И! jt= o \KJ

•(a + fc+ l)...(a + n) [ ~ 2~ ]  (a, ß€C)

(see [1], (4.21.2) and (4.22 (1); y£C means that у is complex, if у is real we write 
V€R).

If a, ß ^  — 1 then the distinct roots (k=  1,2, ...,ri) of P*«.ß)(x) are in
[—1,1] (see 2.2), so they can serve as fundamental points of the processes Hn or 
H„. For — I s a ,  /?<0 one can prove that the polynomials Hn( f ; x ) converge 
uniformly to f(x )£ C  over [ — 1, 1] (see, e.g., G. G r ü n w a l d  [2]). Further results 
can be found in [1], 14.6.

As for the rate of convergence we have

(1.11) !#.<«■«(/; * )-/(*)! =

i sin 9 
n (X6[-1+E, 1], CC,ß - 1)

where у = max (a, —0.5), x=cos 9 (0==9^7r), e>0, oo(f; t) is the modulus of 
continuity of /  (x) and stands for the process Hn based on the roots of
/>(<*,P>(x). Similar estimation is valid in [—1, 1 —e] if у stands for max (ß, —0.5). 

In a closed [a, é ] c ( —1, 1) we have

(1.12) |Я<*«(/; * )-/(* ) | = 0 ( 1 ) 1  coif; - Ц  (*€[«, b], a, ß> -  1)í=1 v и у г
(see P. V értesi, [8] and [9]).

1.4. The notion of the quasi-Hermite—Fejér interpolatory polynomials was 
introduced by P. Szá sz  [3]. Supposing that xl n=  1, — 1 (и =  1,2, ...) he
considered the polynomials Qn(f;  x) and Qn(f\ x) of degree ^2n — 3 for which 
ß „ (l;x ) = l (и^2) and

IQn(f; xkJ  = Qn(f; xk,„) =/(**,„) (fc =  1, 2 ,..., n),
[Qn(f ; x k,n) = o, Qn( f ; x k,„) = ßk,n (fc =  l, 2 ,..., и—l).
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It can be established that the uniquely determined Qn and Qn have the form

(1.14) £?„(/; x) = Z f ( xk,n)rk,n(x),k = 1

(1.15) Qnif', x) = Q„(J; x)+ z  ßk,*sk,n(x),

where with оэ„(х) = с„ JJ (x—xkt„) 
* = 2

1+x , .-oXn(x), r„'„(x)

(1.16)

1 —x Oilix),Гип{х) ~  2wl(\) '" ’nW 2со1(-1)ш‘

rk,n(x) =  }  - T -  Як,п(х)11„(х) (fc =  2, 3,..., n 1),
A xk,n

4k, nix) =  1 + Ít~ £ -----TTT^t ] (* — Xk. n) (fe =  2, 3,..., n - 1),
L A —  x k , n  ° ^ n \ x k , n )  }

(1.17) skt„(x) =  1 * ( x - x k_n) l l n(x) (k = 2 ,3,..., n —1).
A xk, n

1.5. If the fundamental points x 2n, x3„, . . . ,x n_ljn are the roots of PfcP(x) 
(a, /?> — 1) we write Qix,ß)(f;  x).

The following result was proved by P. Szász [3], [13] and J. Sántha [14]. If 
Oá«, /?<l then the polynomials Q(n ,ß)(f',x) converge uniformly to /(x )€C  over 
[—1, 1] (for a.=ß=0 see E. Egerváry, P. Túrán  [4] and T. M. M ills, A. K. 
Varma [15]).

D. L. Berm an  [12] proved that for any fixed x £ [ - l ,  1] Qp,x)( f \  x)-+f(x) 
(n^°°) if /£ C  and a ^ —0.5; the convergence is uniform for each [a, fe]c(—1, 1).

A uniform convergence theorem for a = /? = —0.5 was proved by L. P. 
Povchun and A. A. Privalov in [5].

The rapidity o f  convergence was established for a  =  ß = 0 . 5  by R. B. Saxena 
and К . K. M athur [6]. They proved that

( 1 1 8 ) | 0 ( ° . 5 ’ o . 5 , ( / ;  х)| =  0 (1 )Д  [co( / ;  ^ ) + e > ( / ;  ^ f 1) ] *€[-1,1].

As we mentioned, the aim of our paper is to prove convergence theorems 
both for H p'ß> and Q%*,ß\  investigating those values of a and ß which were not 
considered above (Parts 2 and 3). We investigate the rapidity of the convergence, 
too. Further we prove a certain equiconvergence theorem for H p 'ß) and q O'+lp+d 
(Part 3.7).

2. The H p ,ß) -process for a, /? s  — 1

2.1. In this part we prove theorems for the Hermite—Fejér interpolation in
cluding the values a =  — 1 and ß = — These results will be used in the investiga
tions of the quasi-Hermite—Fejér interpolation, too.
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2 .2 . First of all remark that xfyß) € [— 1, 1] (k = 1,2, . . . ,  rí) whenever a, yS = — 1 
and n^2 . This is a well-known fact if a, /?> — 1 (see, e.g., [1]) and comes from 
the formula

2 n P ^ ( x )  = (n + ß )(x ~ \)P ^ P (x )
(see [1], (4.22.2)) if min (a, ß) = — 1.

We often use the fundamental relations

(2.1) Pl*'ß4 l)  = (n n a) (<*€C),

(2.2) /*.*"(*) =  ( - i W « 4 - x )  («€С),

(2.3) ^  [Pi*- ß\ x ) ]  = ~ (n + a + ß  + \) р £ \ г’ е+1)(х) (а€С).

2 .3 . We now prove
T heorem  2.1. Let а, ß= — 1. Then for any f£ C  we have

(2.4) I//„<“•« (/;  * )-/(* )!  =  0 ( 1 ) 1  4 / ;  */ x ^ a> 1),i = l V Yl / l
|Я<-1'« ( / ;  x )- /(* ) | =

=  0(1) [ W  j > ( / ;  ± + (o (f;  sin2 3)1 i f

(2.5) Á
0(1)

I t
10 [f. i s i n r \ + <n[j i2 |cos 11
Г Т ’ n 9 0n2 JJ

0(1)
Ц

L ie -  isin&'! + « ( /
i2 |cos SI 11

r V ’ n > оn- JJ
//ere e, c=c(ß) > 0 are fixed, cp = max (/?, — 0.5).

Similar formulae are true for |Я„<а' _1)( /;  x)—/(x ) | («== — 1).
2.4. C o ro lla ry  2.1. I f  — l^ a ,  /?<0 then H f  '^ fif;  x) uniformly tends to 

f  (x) in [—1,1], whenever f £ C.
Indeed, for min (a, ß)>— 1 we obtain Corollary 2.1, e.g. by (1.11). If 

min (a, ß ) =  — 1 we can apply (2.5) and (2.6) (see [9], (2.2)).
Using (2.5) we get
C orollary  2 .2 . Supposing О ^З ^ еи -2, we have

(2.6) |Я„(-1’« ( / ;  * ) - /(* ) I -  O(l)co(/; sin2 9).

Considering that by the Teliakovski—Gopengauz estimation we can state that for

1 Here and later c, clT c2, ... denote fixed positive constants, not necessarily the same in differ
ent formulae.
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certain Pn(f; x)

(2.7) \ m - P n(f;  x)\ =  0 (1 )0 ( / ;  (*€[-1,1]),

(2.6) is better than (2.7) if x is “very close” to 1.
Another finer consequence of the estimation (2.5) is
C orollary  2.3. We have for /£  Lip ő (0<<5^1) and Osísin Э^сп~г

r6>(l)32(92n2ln'n + l) i f  5 = 1
(2.8) |tf„( J)( /; * ) - /(* ) I = { o (l)9 2Ä[(n9)4- M+ l] i/  0 <  5 «= 1

Let us remark that by (4.4) and (4.5) we get the well-known formula

(в -2 ) (я -П(2.9) Я.«-1*"« ( /;* )= /( ! ) 1 (x -1 )  /f(x) +

+ Д  /(* * )!!(* )+ /(-1) [i +  (n 2)2(n- 1}(x + l)]  /!(x).

2 .5 . In many cases the estimations (1.11), (1.12) and (2.4)—(2.5) are the best 
possible. For proving this fact denote C(co)={f(x); f£ C  and co(f; t) ^ a ( f)m (t) )  
where co(t) is a modulus of continuity. (If a ( f  ) si M, we write CM(co) instead of 
C(co).) We state

Theorem 2.2. Let a, ß = — 1, moreover lim (o(t)t~1 = °°. Then
i  =  0

a) for any fixed x*£( — 1,1) one can choose a sequence {«;} and / г€С(ш) 
such that

H ^ H fT ,  x*)-/i(x*) s  2 1 « ( -M 4  О =  «1 . «2 , •••);

b) supposing /or any fixed sequence {z„ = cos^„} one can choose
a sequence {nt} and / 2 6 С (со) ämcA that

Я„(_1’я ( /2; z„ )-f2(zn) & (n£„)4 ^ ü jí^ l-^ + ttJ Ís in 2^ )  (n = nx, n2, ...)
(cx is a positive fixed number)',

c) supposing 0 й ц - ( „ $ с2я-1 moreover —l< ß, ß^O , for any fixed sequence 
{zn =cos <?„} one can choose a sequence {и,} and fi'zC(oj) such that

Яв(*’р)( /3; 2„ ) - /3(z„) ^  (и =  «1 . «2 , •••)
(c2 is a fixed positive number).

2 .5 .1 . Remark that for co(t) — t the expressions a>(...) must be replaced by 
«„«(...) where e„>0 and s„ \0  arbitrarily slowly (see [10]). Statements analogous 
to b) and c) can be proved for H)ß’ 'x) in the corresponding intervals.

2 .6 . If a ^  —1, ß >0, by Theorem 2.2 one can easily prove that for a suitable 
/£  C, //„<a,/i) ( / ;  — 1) does not tend to / ( — 1). The result can be extended for a>  — 1 
and ß=0  (see, e.g., [1] (4.6(4)).
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Further, it is easy to see that for a suitable g(x) Я„(0,_1)(£; 1) does not tend 
to g(l). Indeed, by (4.4) and (4.5) for a = 0, ß = — 1

t>i(*) =  l - ^1 (x —*i), »*(*) = -r— ~r (k =  2,3, . . . ,r i ),
L  1 X 2

vn(x) =  1 + ^ - ~ -  (x +  1) ,
from where with g1(x)= 1 —x

tfn(0,_1)(g, О = g(x„)hn(\)  >  M O  >  0 5* g(l) = 0 (n S  n0).
Similar result holds for Я„(_1’0)( / ;  х). I.e., we get

Corollary 2.3. I f  a, ß ^  —  l and max (a, ß)=0 then for a suitable 
f£ C  lim||tf<“'w( / ;  x )- /(x ) ||> 0 . (Here, as usual, ||g||[e>M=  m axjg(x)|; if
[а, Я] = [— 1,1] we write ||g||.)

3. The Q£a,/?)-process for a, /?>  — 1

First of all we prove some theorems on the order of convergence.
3.1. T heorem  3.1. Supposing a, /?> — 1 we have the following relations

(3.1) I\ Q ^ ( f i  * ) - / ( * ) !  =  o ( i ) [ j > ( / ; - ^ ) ^ + ^ + - ^ w ]

if x£[a, b ] c ( - l ,  1),

(3.2) Iß i - ’« ( / ;  * ) - / ( * ) !  =  0 ( 1 ) { д  [ to ( / ;  ^ )  +

( r [i2 |c o s 3 |l l  . c o (/;  sin2#) 9 - 2a+1l c  n
+ <B l/ :  ~ ^ J J 1 + ( V + 1 + - ^ \  lf n * * * * ~ '

and ő = max (— 0.5, a — 1).
By (3.2) one can obtain the following 

Corollary 3.1. We have

(3.3) I *) - / ( *) !  =  0 ( 1 ) { 1  [eo(/; ^ - )  +  w ( / ;  9| )]  1 +

(3.4)

£ - 2 a + l  I  c

+ +1 } V -  =  5 = Л- £ «»»<* О = a ^  0.5,

I$ “* » ( /;  x ) - f ( x )I -  0 ( 1 ) { 1  [ © ( / ;  i ^ i )  +

+ a>( i2|cos,9n л # - 2° + 4
V ’ n2 ) Г  n2" + 1 I and ot --- 0.5.
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3.2. Now we investigate the interval [0, cn x]. We state 
Theorem 3.2. Supposing a, ß >  — 1 we have

(3.5) I x )- f(x )\  =  0(1) [(n9)21  ai ( / ;  z2‘- s+

92 2  jW-i
+  w (/; sin'29) + j  if

moreover

(3.6) ie<°’0)( /;  * )-/(*)! =  0(1) [(zz9)2 i  OJ ( / ;  -^ + oj( /;  sin2 9)]

if 0 s 5 s  cn-1.
3.3. Using (3.1)—(3.5) and the analogous formulae for [e, n] we obtain
Corollary 3.2. I f  fd C  then {Q(f ’ß)( f l  x)} uniformly tends to f  (x)
a) in [a, £>]<=(— 1, 1) i f  a, /?> —0.5;
b) in [ — 1,1] i f  Osot, /?<1;
c) in [ -1 , 1] z/ |a|, |y5|-=0.5;
d) in [—1, 1] i f  a= /?= — 0.5.

(For the statement d) see [5].)
Remark that by (3.1)—(3.6) we obtain formulae similar to (2.4) and (1.11). 

Here is an example.
Corollary 3.3. We have

№ ’ß\ f ; x ) - f ( x ) \  = 0 ( l ) 2 c o [ f ; A ±  if [a ,b ]c (—1,1); a ,/? sO ;
j = l  \  i t  /  Í

Г 4 .  [ . is in9
j  +  to ^ / ;

i2 |cos
S l ) ]>• n n2

if 0 ^ 9 ^ n —e and
(jee (3.1) aizzi (3.2)).

3.4. We mention the following estimations of Teliakovski—Gopengauz type 
for the whole interval [—1, 1] if oc=/?=0.5 (see [6] and (1.18)).

Theorem 3.3. We have for — l s x ^ l

(3.7) l 2 i ° - 5 ’ ° - 5 ) ( / ;  x )-f(x )\ = o (i)  jsin2(zi—1)9 2  [® (/;

+ Ш

where yj is the nearest node to x. By (3.7) we get

i sin 9) 
n J
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Corollary 3.4. We have for - l S T S i

|g ( 0 .5 ,0 .5 ) ( /;  x )-f(x )\ = 0(1) jsin20 i—1)3 2  [ « ( / ;

+ . ( / ; Л М ) ] 1 + ш (/ ; ^ ) } .

i'sin3)
— J+

3.5. Now we prove that the order of our estimations in many cases is the best 
possible.

If, e.g., in (3.1) 2  w \ ^ f i = 0(\)(n~ 1~2a+n~1~2i‘) then we say that the 
sum is negligible. Similar definitions hold for (3.2)— (3.4).

Theorem 3.4. Suppose a, ß > — 1, lim co(t)t~1= °° and e „ \ 0  arbitrarily slowly. 
Then

a) for any fixed x*£[— 1, 1] one can choose a sequence {щ} and a function 
f  (x) с  C (со) such that

Q«*’n (fl x*)-fi(x*) s  i ® ( 4 ) ^  +  e. [^ tW  +  ^ tW ]  (n =  п 1г  n 2, ...);

b) supposing с ^ п ^ Ш ^ ^ п —е (c\ is fixed), for any fixed x* =  cos3* one 
can choose a sequence {«,} and a function f 2(x)£C(<x>) such that

Qi?” (/*; **)-/.(**) s  e„
Гео (sin2 3*) (3*)'201+11 
l (n3*)2“+1 n2l>+1 J (n = nx, n2, ...)

i f  the sum in the corresponding upper estimation is negligible (see (3.2)—(3.4));
c) there exists a sequence {zn — cos £„} with £п~ и _1, the sequence {и;} and 

f 3(x)£C(co) such that

ö í“,W(/a; zn) - f 3(z„) ё  J 'c o i^ )  i2 
i =1 УП )

4 "n, 2 0 ? - a  +  l ) (n =  nx, n2, ...) if a 5*1;

d) supposing 0 s£ „ ^ c 2n 1 (c2 is fixed), for any fixed sequence {z„ —cos <!;„} 
one can choose a sequence {и;} and a function / 4 (x) 6 С (со) such that

Qna,p\ f i ' ,  zn) - h ( Z n )  S ,1  » ( 3 ' “ - +

а  2  i2ß̂
+ m(sin20  + en---*2/'- 2 ,—  (n =  nl5 n2, ...),

excluding the cases a = l  and a=ß=0. I f  oc=ß=0, the last term must be replaced 
by enCn-

3.5.1. Remarks analogous to 2.5.1 are valid.
3.6. By Theorem 3.4 we can state the following
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Corollary 3.5. One can choose functions f£ C  such that the corresponding 
x)} does not tend uniformly to f  (x)

a) in [a, ft]c(— 1, 1) if  min (oc,/?)< — 0.5;
b) in [—1,1] i f  m ax(a,/?)sl.
Indeed, we get a) by Theorem 3.4 a). To obtain b), consider that for the func

tion h(x)—\ —x  with 2z„=l +y2 we get

Qn,0)(h;zn) S  h(-l)r„,„(z„) ~  n2n 2 =  1

from where Qi1,0)(h; zn) does not tend to h(z„)~  n~2. If a = 1, 0 <  /i si 1 we get 
by (4.25) and (4.27)

L l f j  7.2 L 3  „ 4  4.2

Q?-ß)(h; z „ )s  2 И И А П
finally for oc=l, — we obtain

2  K A zn)\ ~  n 2ß
k = l

i.e. b) is true for a—l , ß ^ l  (or /? = l ,a ^ l ) .  Considering Theorem 3.4 c) we 
obtain the desired result.

3.5. Now we prove an equiconvergence theorem.
T heorem  3.5. I f  «,/?== — 1 then we have for arbitrary modulus o f continuity

sup \\Ql?+1’ß+1)(f; x ) - f ( x ) II
/eCi(co)____________________

sup I I x)-f(x)\\
fiCpm)

3.8. Finally we mention the case a=/?= —1. One can consider л;£~1,_1) 
(k = l, 2, n; n=  1,2, ...) as fundamental points of the process Q(n~1,~1>. More
over, it is easy to prove the statement of Theorem 3.4 a) for a = ß — — 1.

The cases min (a, /?)=— 1 can be treated similarly. We omit the details.

4. Proofs

4.1. First of all we mention some relations used later.

- a - — — 10(9  “ 2 n 2) if = 9 = ~~, a, ß£R, 4 ' n 2

(4.1) |Р ^« (х )| = \0 ( n x) if 0 s s S s i—, a,ßdR,

0(n92) if 0 = & = — o c= -l,ß e R .
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Here the first two relations are from [1], (7.32.5). To prove the third one we can 
use [1], (4.22.2). (1.7.1(1) and (1.71.10). (Indeed, if J„(z) stands for the Bessel 
function of the first kind of order a, we have

„Q
cos 9) = 0 (  1)—  J - k(n9) = 0(1) ^ Л ( « 3 ) 0(1)н232

uniformly for 9 = 0(n~l), which is the desired estimation.)
(We suppose where j[x) is the first positive root of J7(z))
It is important to remark (4.1) is the best possible in the following sense. Let

zs=cosi;s and 2<fs= 3s „+3s+li„ 1̂ Then we have

\p i*’ß)(zd\ ~  is * 2 И 2 if C0’=  a, ß a : - 1,

(4'2) 1|P<-'»(jc)| ~  и* if 2n9 =  j}*\ a, ß  s - 1 ,
.l-PÍ"1,w(*)l ~ n32 'f 2иЭ = Л1)

(see the arguments of [1], 7.32(3) and (2.3)).
Denote xk!„ = x[*'nß)=cos Then, sometimes omitting the superfluous

notations,

— =  Эк+1—9к =̂ — (к =  0 ,1 ,..., n; 3^5  ̂ 3t+1; x, /? = — 1),

where x0= 1, xn+1=  — 1. If, e.g., a =  —1 then x„—X!=l. Indeed, consider that 
P(n7'ß> (x) satisfy the differential equation

(4.3) ( l—x 2)y" + [ß — <x — (cc + ß + 2)x]y'+n(n + ix + ß + l)y  = 0 (a, ß£C).

([1], (4.21) and 4.2.2). Now by the argument used by G. F r e u d , A. Sh arm a  [7], p. 
297 we obtain the desired relation. Another useful relation is

(4.4)
i x>» (x) =  1 - (x _ Xk) (_  1

1 ~x l
Xk <1; a, ß a - 1 ) ,

(x) =  0 ( l) ( l  + n2|x—xx|) (xx = 1; a =  - l , j ? ^ _ i ) .

The first relation can be obtained by (1.7) and (4.3); further by (2.1)—(2.3)
(4.5)

i>;;(a’« (  1) (n +  <*+ß){„-  2) р"(«,/П(_1) (w + « + w ( n _2)
^ (*w0 )

Г -? )
(<z,ß€Q

which can be applied for v1 (xj.
If we use [1], Theorem 8.9.1, and 2.2 we can obtain

(4.6) \Pna,ß\x ^ \  ~  к-*~3,2п*+г ( 0 ^ 9 к ^ л - е ;  а,Д =?-1).
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We shall use the relations

(4.7) \ f ( x ) - f ( x k)\ = 0(1) [w +  |cos 9 |)],

where i= \k —j\ if k ^ j  and i—l if k = j (xj „ is the nearest root to x; see [9], 
(2.10));

(4.8) sin ~  |S -  3*| ~  ±  (к * j ) .

4 .2 . P roof of T heorem  2.1. 4 .2 .1 . By J£/zfc(x) = 1 we have
k  =  l

(4.9) \Hn(f;x)-f(x)\s{2+ 2  + 2  + 2  )•
k = j  \ x - x k \iä iu<x,ß) x - x k > t ; ( a , ß )  x k - x ^ i ( x , ß )  

k * j

• \f (x ) - f(x k)\ \hk(x)\ = { 2  + 2  + 2  + 2)\f(x)- f ( x k)I \hk(x)\.I II III IV
If we apply the methods used in [8] and the relations obtained above we get for 
x€[a, 6 ] с (  —1, 1)
(4.10) \hk(x)\ = 0(1)1--2  i f k€lUII, a, ß £  — 1,

(4.11) 2 ... =  0(l)n -  2a — 3 2  i2x+\ a, ß =  - l ,Ill i=i

(4.12) Z - = 0(1)« -2/3 — 3 2  i2ß+\ a, ß S - l .
IV i=i

By (4.11) and (4.12) Z  + ' i r ) , i.e. we proved (2.4).
Ill IV ’

4 .2 .2 . For the whole interval we use

|tf„ (/; * )-/(* )! = o ( i ) ( 2 + 2 +  2 + 2  )1Я*)-/(**)1|й*(*)1 =  
k=J 8̂ ,,- £

k*j
= ( 2 + 2 + 2 + 2 )  \f(x) -/(**) I M *)l

1 II II I  IV
and

<4ЛЗ> 1М*>1 = °(1 ) ( 1 _ ,й Д ^ )(Э_ а, у

By these formulae, as in [9], we obtain as follows.
4 .2 .2 .1 . If 0s S á a " 1 then we have

(4.14) |A*(*)| =  0(1)е4Г 3 if  /с € IIU III, a =  —1, ) S s - l ,

(4.15) 2 '-"=C >(l)04n -2(i+2) 2 ' ^ +1 if a = - l ,  0 £ - l .
IV i =  l
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By |Л*(х)| =  0 (1) and elementary estimations we get

(4.16) |/(х )-/(1 ) |М * ) =  0(1)ш (1-х) >f * = - \ ,  ß m - l ,

co( 1 —x) — a»(l —x2) = co(sin2 3) if O s  sin 9 ~  3 S  си-1.

Using these relations we get the first part of (2.5).
4.2.2.2. If c«-1s9 S 7 r —£ we have the estimations

(4.17) |A*(jc)| =  0 ( l) iay- 1 if k e ll  and 29fc >  $, a ,0 s = - l ,

(4.18) \hk(x)\ = 0 ( l) i2y~1 if fc€lUIII; <x,j8fe-l,

(4.19) ^ . . . =  0 ( l ) 9 - * - 1 i r * - 3 2 1 M + 1  if a, 0 ^ - 1
IV  i =  l

(see the corresponding parts in [9]; y =  max(a, ß, —0.5)).
For the remaining part of 2  (i.e.,when 29(t<3) using (4.4) we get |г*(х)| = 0(1)

и
if x*—— 1+e, кэ*1, a =  — 1 (see further (4.24)). Further, by (4.1) and (4.6) we 
obtain |A1 (x)| | / ( x )  —/ ( l ) |  =  0(l)e> (sin2 9)(n9)_1. So the corresponding part of 
[9] can be estimated as follows:

(4.20) 2  — = 0 ( 1 )  2 ’ w i ^ r s i n i 9 ) ^ 4 ' ^  =  0 ( l ) w ( s i n 2 9 ) ( n 9 ) - 1
2 » k ~=9 k=l V И  ' П П  i f
к* 1

By (4.13)—(4.20) further using that 

sin 9 • n~2ß~3 2  l2ß+1

(a = — 1, jS s - l ) .

0 (1) sin 9 - n Чпи
cj

and (o (sin2 9)(иЗ)_1~  2 co(U ~ fy  sin 9-и x)( 7 —A:) 2 (c«=l) we get the second
*=i

part of (2.5).
4.2.2.3. To prove the third one, first we investigate the difference

[#„(*'_1)(/; x )-/(x )] in 0 s 3 s  п - e  (cc >—  1).
By (4.4)

(4.21) ^  :-Yj (W  <  1)

from where |i’i:<,_1)(x)| = 0 ( l)  if x ^ s l - e .
By (4.21) and the methods used in [9] we get (2.6) considering (2.2), too. (See 

the corresponding parts in [9]; the restriction a >—  1 will be applied at IIj b.)
4.3. P roof of T heorem  2.2. First we prove b).
4.3.1. We wish to apply the following statement which is a special case of [10], 

Theorem 3.1.
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T heorem  4.1. I f  for the sequence o f linear operators T„(f; x) and the functions 
g„(x) (n= \,2 , ...) we have

(al) g„(x)cC(m);
(a2) T„(gn; zn) ^ c i l n(z„) for certain {z„}c[-l, 1] (definition of Án( z „ ) )  ;

(В*) f(x )  = Q  2  епЯп.(х)£С{ы) for certain {и,} and {«?„.} (0 < c „ s l,  en + l ^e„);

(C*) c5A„k( z J  >  2  eni\Tnk(gn - z j \  + 2  eni\g„,(z„k)\ (fc = 1, 2,...) with c3 <  c4,
i = f c + l  i ~ k

then there exists an /£С(ю) smc/j that
TM-, Zn) - f ( z n) >  e„An(z„) (и = nl5 n2, ...).

Let {z„=cos £„} be a sequence such that 0 < <S„ <  cx min (,92i у/1*). By
2 ^p = p n(со) = о(n) and wn=xp—p2n~2 define g„(x) as follows:

(4.22)

g„(l) =  co (l-zn),

g„ (**) =  0 ) (^ )  if 2  к sí p„(co),

g„(z„) = g„K ) =  g„(x*) = 0 (xfc sS w„).

In the intervals formed by 1, z„, wn, xk (k= 2, ...,p ) and —1 let g„(x) be linear. 
Obviously aj(g„; t)^cco(g„, t; [1— z„; l])=c<u(i) if O ^ i ^ l— z„. (Here 
co„(gn; t: [a, b\) is the co(g„;t) restricted to [a,b]) I.e.
<al) g„(x)€C(<w).
Further we mention that by (4.22)
(4.23) gM„) = 0 if N S s(n ).
By (1.7) and (4.5) u1(x) =  l —с2и2|х—x4| i.e., ^ (zJsO .S  if c4 is small enough. 
Then by (2.1) and (2.3) A1(z„)~l. Further, using

(4.24) vk(x) =  1+ ]' ( x - x k) (k = 2 ,..., n — 1),1 -txk
we get ut (z„)>0,ujk(z„)~ l (2^к^р„(ш)).

Using this, (4.22), (4.2) and (4.6) we get

n i~ 1,ß4gn’> z„) s c 3[ет(sin2o  + 2 ( î)] ~

~  [(«U 4 Д  ю (^i) pr + "(sin2 í j ]  •

So by A„(zB) =[...] we obtain

<a2) #„( - 11 ß) (g„; z„) =  <V-„(z„) (n — n0).
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Now we prove with Q >0

(Б*) ? (x )~ Q  2  gnt(x)fX(m) (ni+1>  d(n,)).
i = 1

Indeed, if 1— z„J+l- = ts l— zn. then we get

w (/; 0 = 6 Z ® (g » ,; 0 = q \ 2 !  + 2  ■i = 1 M = 1 i=j+1J
By (4.22) and lim c o ( t ) t ~ 1 — <^ t=+ о

2 (o(gni; 0 = ct 2
i = 1 i=l

<*>(l-*ni) S  2ct
1 — Znj

1: 2ccn(t)

if {n;} is lacunary enough. Further with 1

2  " (g ni; O s  2  ®(gni; i - w ni)*=7+1 i=j+l c m ( l - w „ . +1) 2 V  = 1 - ?
ш(0

if {«;} is lacunary such that ю(1 — и>П1)^<7, w(l — wn.+1)s^ ca (l — w„). I.e., we 
proved (B*).

By (4.22) we get |g„(x)|^e„ where lim q„—0. Using this and (4.23) we get 
for a certain {и;} n~°°

(C l 2  IHnSgni\i=k +1 znk) 1+ 2  lgni(^„fc)[ =i=k

=  (  2  | ^ , П к ( г Л к ) | )  (  2  б л , )  <  U n k (Z nk).

I.e., by (al), (a2), (В*), (C*) and en= \ we get for f  (x) = caf  (x)£C(a>)

(4.25) Ff„(_1,P)(/; z„)-/(z„) >  A„(z„) (n =  nx, na, ...)

(see Theorem 4.1). To complete our proof, we decide the index pn((o).
First suppose a>(í) = 0(í°), e.g. /a+iS co(i)S cta where 0 < a< l,< 5 s0  is 

arbitrarily small, t is small enough. We have by a simple computation

if r\ is small enough, i.e. one can choose p„(o>)=[n1-'']. For c o (t)^0 (t’x) let 

pn(co)= [(/«], finally if co(f) =  i</>̂ -j-j where Нгп̂ ф (y) = °°, êt p„(®) =  
=  [и(1п и)-1/2]. Using (4.25) we get our assertion.
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4.3.2. We sketch the proof of the remaining formulae. To get a) one can choose 
a sequence {иг} such that к>,п-**1~и 1 (n=n1, n2, ...) (see, e.g. [1], Theorem 
8.9.1). For this subsequence we define g„(x) as follows:

' gn(x*) = gn(xk) = 0 if k

g„(xk) =  со if s =  j-Pn(o>) ^  k <  j>

gn(w„) =  g„(xk) = 0 if xk ^ w n = xs+ p nn - \

By (4.4) one can see that vk(x*)>0, vk(x*)~  1 whenever g„(xk) ^ 0 (и=и1,и 2, ...). 
The remaining parts are similar to 4.3.1.

4.3.3. We prove c) for z n =  — l .  If z n ^  — l ,  one can argue similarly. Let 
gn(x) (п=их,и2, ...) define by

g „ ( - i )  =  o ,

gn(xk) =  со ^2+— ) sign hk( - 1) if s = n - p „ ^  k ^ n ,

g»(w„) = g„(xk) = 0 if xk Ш wn =  xs + (n-p„)2n~2.

By (4.4) vk(—1)~1 and sign vk(—1) = sign ( — ß) if gn(xk)?±0. The further parts 
are similar to 4.3.1.

4.4. P roof of T heorem  3 .1 . 4.4.1. First we state the following simple but im
portant relations:

(4.26)
sinS|P<«_+s1-*+1>(jc)| ~  |P<‘-«(jc)| if a,j36R, Ш п

sin 9 |p(i+1./»+1)(x)| ~  if a >  -  1, ßtR-, 9 =  ^  ^  -± £ -

where

J.

considering only the real roots of Pn(x)’s (see [1], 6.72). Indeed, by the arguments 
of [1], 7.32 (3) and (2.3) we get

(4.27) |Р<«-«(*)| ~  a -* -1/2«“1/2 if Ш я, a;i8€R

from where by (4.1) we obtain the first relation. The second one can be proved 
by (2.1) and [1], 6.21 (1). Further, denoting the roots of Р£Хг'р+1)(х) (a ,/?:>—2) 
by Ук“п-2Р+1)=cos 4k*n-2ß+1) we get, using (1.16) and (4.3),

(4.28) ?&+M+1)(*) =  i -
(a + ß + 2) yk — ß + a

1 -yt
(x~ yk) (k =  2, 3,..., и— 1)
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from where

(4.29) q<k,nX'ß+v>(x)>  min (—a, —ß) if - 1  s  a J s O ,  к = 2 , 3 , и — 1

(see [1], 14.5(1) and [3]).
4.4.2. If — l< a ,/l and [a, 6 ]c (—1,1) we have by (1.16) and the method 

applied in 4.21 that

x )- f(x )\ = 2 [ f ( y k)-K x)]rk(x) =  0 ( l ) f  2 . . . + - ^  +  - ™ ]
k = 1 *~k = 2 " n j

which proves (3.1).
4.4.3. Now we prove (3.2). By (1.16) we obtain

(4.30)
|ß (*+l,P + l)( / ; *)_/(*)! = y \ f(v , f (xy  [ ьш В Р Ж -' + Ч х) V

k ? 2  f  - k } Isin t]k P £ }  1' " + 1 > ( y k) ( x  -  vv)J

. ^ +M+i)W + ( / ( l ) _ /W ]

+ [ / ( - l ) - / ( x ) ] - - X =  A.

First let 9 € . One can choose the sequence {z„=cos £„} such that J.9 — c„| ^
5СЛ“1 moreover £„£/„. Then by (4.26), (4.28) and former arguments we have 
in cn~l ^ 9 s n  — E

(4.31) A =  ° 0 )  | д  n(\zn- x k\) № 4 *„)
(a’P)(xt)(zn- ^ ) «4*'>(*.) +

cu(sin2 9) a - 2" -1!
+  (п9)2“ + 3 + и2'**3 J ’

where P'„u,ß)(xk) =  sin t]kP ^ 2 1,fi+1)(yk) if min (a, /?)< — 1.
If we use the argument of 4.2.2.2 considering that now — 2<a, ß we get (3.2) 

substituting a and ß by a + 1 and /1+1, respectively.
Secondly suppose 9$/„. Then we can choose 9* such that and |9* — 9| ё

S en“1. Using

(4.32) sin 9 |/><‘_У'*)(9)| =  0(1) sin 9* |py_V'/')(^ ) | (0 =£ 9 it)

we get the previous estimation. This completes the proof of formula (3.2).
4.5. Proof o f T heorem 3.2. We have to use (4.30), (4.13), (4.28) and the corres

ponding estimations.
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4.6. Proof of Theorem 3.3. For the sum in (4.30) we obtain
n-l
2  1 / Ы -/(* )]

1 — xyk sin2 (n —1)9 
( n - l ) 2 ( x - y kf

o ( \)  2  [f(yk)-k = 2
-/(*)]

1 — cos (9 + rjk) sin2 (n —1)9
( n - l ) 2 4 sin2 sin2 9 + 4 k

0(1) sin2 (n - 1)9 2 ;  \ЯУк) - П х ) \ - ^ у + с о ( / ;  Ix - jvI)]

( 2 '  means that k ^ j) .
The remaining parts can be incorporated into the above terms.
4.7. P roof of T heorem  3.4. 4.7.1. For a) first we suppose

,4.33) max(_IL_,_l5i) = 0 < i) |« ,y i .
Now, using (4.30), (4.28) and the argument of 4.3.2 we obtain a).

If (4.33) is not valid then let, e.g. oc^/b By (4.28) we can state with a certain 
K=K(<x, ß)
(4.34) sign qk(x) = ф if ,x€[a,h], l ^ k s K n  (n S  n0).
By s=max (b+E, у1Ы) let

fg„(l) = Ф
ig„0 - s )  = gn W  =  0 if x = l s ( п ё  n0).

By 2я(х*) =  и-2а-1 and f(x )  =  2  eni8ni(x) we get the desired result for a certain
i= 1

{nj (see Theorem 4.1). The case oo>/? can be treated similarly.
4.7.2. To prove b) let

I gn (У к) =  sign qk (.г*) со (yk -x* )  if 1 S  к =S j - 1 ,
lg„(**) =  gn(yk) = 0 if k ^ j

and linear in the subintervals. For suitable {«,}

Q<’-n (ga; **) S  c[o)(sin29*)(и9*)_2“_1 + (9*)-2‘' +1и-2р-1] =  A„(x*)
(n = Щ, n2, ...).

With f ( x )  — Q 2  ещ 8 п f c \ 0 )  we obtain b) by usual argument.
i=l

4.7.3. At c) first suppose that for certain {en} the sum is negligible. By (4.28) 
we can state with a certain K1 = K1(a, ß) and z„ (1 —z„~n-2), sign qk(z„) = ф if 
Кгп ^ к ^ п  — 1 (nSn0). The remaining part is similar to 4.6.1. If the sum is not 
negligible we can apply (4.26), (4.28) and the ideas 4.3.3.
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4 .7 .4 . The statement d) can be proved by the previous arguments.
4 .8 . P roof of T heo rem  3.5. 4 .8 .1 . First let — I s a ,  /?s0. Define

, , _ / / < * >  if / W  = / O o )
KX;Xo)~[2f(x0)-f(x) if f(x) < /(* ,,)

and
fix- x„) = fix-, x0)-fix0).

(See Figure 1.)

If f^Cxiw) then f£ C 1ia>) and J^C xia>), too. Further by (4.29) /-fci„(x)£0 
ik=\, 2, ..., ri), so

\\Qi*+1-ß+1)if; x)-fix)II =  IQ ^ ’̂ i f ;  z„)I =

=  Qnx+1,ß+1){fi- ; г„); z„)-/(z„; z„) =  0<I+u+1)( / ( '  ; z„); zn)-f(zn; z„) =

=  Qi*+1’ß + 1)(f i ‘ ; г„); z„) ß<«+1.*+1,( a , ( . ; z„); z„),
where <u(t; z„) = o ( |t—z„|). I.e. we obtained

sup llß^“+1*/,+1)(/; *)-/(*)ll =
/e q w

= sup g(* + !. 0 + о (ffl ( . x) ; ^  tf(a+ !. /> + D (a,).
xSI-1.1]

By (1.16) it is easy to see that with \у\^\—сп~г
0 <>+1,/!+1)(ю(. . y). у) = 0 0 ) sup Qix+1’ß+r>((oi-\ x); x),

ná nä
so one can choose the sequence p„ = cos\l/n such that for arbitrary fixed c> 0  
си—1= i/i„ =  7Г—cn~l, moreover,

Ö (^i-^ i)(co(.;p„);
By (1.16) we obtain

(4-35) Qi*+1>ß+r>(coi•; p„); p„) =  J ” ®(1л-Рл1)^(Р»).
k = l

where by (4.1) and (4.2) we can suppose

(4.36) |Р<*-+21’/, + 1)Ы 1 -  ^ - a- 3/2 n - 1/2 (P„ ^  0).
The corresponding estimation holds for pnS 0.
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4 .8 .2 /Now we prove
Lemma 4.1. We have for — l ^ a ,  ß^O

(4.37)
Denote

g(a + 1,0 + 1>(ш(. ; рп)) ~ 21 «(|yt-p„!)rt(pn).
k  =  2

2  = 2  +  2  +  2  — h  + h + h -
f c = l  fc=2 k = l  ü = n

First we suppose a, ß >—  1.
a) If сп~1̂ ф п^ л /2  we get

r _  _ lA,7251-3+2 0>(|Л - А |) fc2a+5"2
•'l =  ci „ 2 „2И + 6-2 —«  k =s ( Л - Л ) 2 n

Фй251-1 [4?] <а(|л-р„|) fc2a+3 co(sin2 v>„) f2n 7=2 |fc+j'|2|fe-j'|2 n2“
w(sin2y>„) ^  л co(sin2iAn)

( # , ) 2l+1 J 4

=  Coпфп -  ^  ( # , ,Г +3 2
(see, e.g., (4.30)).

b) By similar computation we have for л/2-^.ф„Sn — cn-1 that / , s c 3/3. 
(If y'<4 the argument will be trivial.)

Now we investigate the remaining part, 
a) Let cn-1SiA„^7r/2. We obtain

A •a 7 25,-1 г а < 0 (1 л -л 1 )  fc2a+32 '
k =  2

fc2*+3 (, . ,n2) 1 W4] fc2P+3 „21
„ 2 а + 4  ( 1 + 1 Л  Л 1 ^ | Л _ А | + Д  „ 2 0  +  4 fc2J  -

Фп
1 „ 2 a + 3 2 ' -

/с2я+ 3

^  I/,« *1! ь TT+ 2 /с2а+1+ 1fc=i |k-f-j \\k—j\  k=1 ] -
Фп 2а + 1

^  C. •A72“-1 ,
2 „ 2 / 1 + 3  ~  7 3 -

b) If ;r/2siA„ =  rt —c/i-1, by similar estimations /гS c4/2.
Remarking that similar arguments hold for the remaining a ’s and /i’s, we 

obtain (4.36).
4.8.3. By (4.3.6), (4.3.7) and (4.3.1)

Rn ~  0<«+i.i + « (a ,(; p„); p„) ~  5  ®(1Л “  Al) [i>'(“- « ( ^ ) ( ^ - / i n) ]  '

5  ®(l**-^J)Aía,w(z»)+ö>í-^) =k = 2 vn7

sup II я„(а’« (/; а) —/ ( а)И + со Í—)] =
/eCj( со) \n ) \= 0(1)

=  0(1) sup l№ » ( f ;x ) - / ( * ) | |S O ( l ) S ,
/гСхСш)

for a certain {z„ = cos^„} where |<A„—£н| — 0 (n _1).
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4 .8 .4 . By the corresponding arguments we get Sn= 0 (l)R n which gives our 
theorem for - l S a ,  ß^O.

4 .8 .5 . When a^ /J  and a > 0  we prove a statement interesting in itself.
L emma 4 .2 . I f  — a > 0  we have for arbitrary co(t)

R(f+1’P+1)(co) ~  Sf'Vfco) ~  n2x.

To prove this, first we investigate Sn. We prove that Sn = 0(n2x). Indeed, we 
have for f^C fro )  by the previous arguments

№ » ( / ;  *)-Я*)11 -  p„ ) - /( p„)] =

Here

and

Г [n/2]
У |w ( |x -x 2|) k2x+1 , k2ß+1))

U = 1 n2x+2 + n2ß + 2)\

[n /2]

[...]SC! 2  (k2x+1n~2x~2 + k2ß + 1n~2ß~2) ~  1
*=i

/c2ot+1 , _ _
„2a+2|I, I Jill. ;| +  С2^С 3,

/ [j/2] 2j п \
[•••] — c2 I 2  + 2l + 2  1̂ 24  = 1 k=L//2]+l fc=2j+l/ H

so we have

№ » ( / ;  * ) - / ( jc)|| =  0 (1 )||Р < ^ »(р „)112 =  0 ( n 2“) i f  ф„ ~  и - l .

Further we get by f f x )  = co(zn — x) ( x S z „ )  and / 3(x) =  0 (x > z „ ) ,  with 
{z„ =  cos£„,

because for the difference
; 2 \  n

2 c o \ - A i 2^ 1 ^  2 ^ ~ x - n 2
i=1 Vn I i = l

n ( 1 2 \ n ;2<x +  l
1 j2ct_1 >  c 2  — — ~  n2x.2 *  b

i = l  V « )  i = l  n 2

So we proved S„~n2x. By similar arguments we obtain Rn~ n2x, too. This 
completes the proof of (3.8).

References

[1] G. S z e g ő , Orthogonal polynomials, AM S Coll. Publ. Vol. XXIII (New York, 1959).
[2] G. Grünwald, On the theory o f interpolation, Acta Math., 75 (1942), 219—245.
[3] P. S z á s z , On quasi-Hermite—Fejér interpolation, A cta Math. Acad. Sei. Hungar., 10 (1959),

413—439.
[4] E. Egerváry, P. Túrán, Notes on interpolation. V, Acta Math. Acad. Sei. Hungar., 9 (1958),

259—267.
[5] L. P. Povchun, A. A. Privalov, On an interpolatory process defined by Egerváry and Túrán,

Izv. Vyss. Ucebn. Zaved. Matematika, 8 (147) (1974), 82—87 (Russian).

Acta Mathematica Acactemiae Scieniiarum Hungaricae 32, 1978



HERMITE—FEJÉR TYPE INTERPOLATIONS. I 369

[6] R. В. S a x e n a , К. K. M a t h u r , The rapidity of the convergence of quasi-Hermite— Fejér inter
polation polynomials, Acta Math. Acad. Sei. Hungar., 29 (1976), 343—347.

[7] G. F r e u d , A. S h a r m a , Some good sequences o f interpolatory polynomials, Can. J. Math.,
26 (1) (1974), 233—246.

[8] P. V é r t e s i , Hermite—Fejér interpolation based on the roots o f Jacobi polynomials, Studia
Set. Math. Hungar., 5 (1970), 395— 399.

[9] P. V é r t e s i , Notes on the Hermite—Fejér interpolation based on the Jacobi abscissas, Acta
Math. Acad. Set. Hungar., 24 (1973), 233—239.

[10] P. Vértesi, On certain linear operators. VIII, Acta Math. Acad. Sei. Hungar., 25 (1974), 171—
187 and 449—450.

[11] P. T ú r á n , On some unsolved problems in approximation theory, Mat. Lapok, 25 (1974),
21—75. (Hungarian).

[12] D. L. B e r m a n , On interpolatory processes based for the extended Jacobi abscissas, Izv. Vyss.
Ucebn. Zaved. Matematika, 10 (137) (1973), 14— 22 (Russian).

[13] P. S z á s z , On a sum concerning the zeros o f the Jacobi polynomials with application to the
theory of generalized quasi-step parabolas, Monatsh. fü r  Math., 68(1964), 167— 174.

[14] J. S á n t h a , Convergence theorems of quasi Hermite—Fejér interpolation, Publ. M ath. Deb
recen, 22 (1975), 23—29.

]15] T. M. M i l l s , A. K. V a r m a , On a theorem o f E. Egerváry and P. Túrán on the stability of 
interpolation (preprint).

(Received M ay 19, 1977)

M ATHEM ATICAL INSTITUTE O F  TH E 
H U N G A RIA N  ACADEM Y O F SCIENCES 
1053 BUDAPEST, REÁLTANODA U. 13—15.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978





Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 32 (3— 4), (1978), 371— 375.

A THEOREM ON RELATIVE UNIVERSAL SPACES 
WITH GIVEN WEIGHT AND DIMENSION

By
V. V. FILIPPOV (Moscow) and L. ÚRY (Budapest)

Introduction

Let 5  be any class of topological spaces. In this paper let и€{0,1, ...} or 
n= o°, and let z^a>0 be any cardinal. Here co0 denotes the first infinite cardinal, 
“dim” is the usual covering dimension. Let be such that dim F^n,  the weight 
of F( = wF)Sz, i :F-*X a closed embedding, i.e. an embedding such that i(F) 
is closed in X.

D efin itio n . (X , F, i) is called an (F, t , n) universal embedding space with 
respect to 5  iff:

(i) dim X^n, w X ^ z ,
(ii) for every УС 5 and for every closed embedding x from F  into Y such that 

dim Y=tn, wY^z there is an embedding у:У —X  for which the diagram

F — x
\  /
* \ /  у

Y

commutes, i.e. t — yox. If n — °° we simply write (F, z) instead of (F, z, °°).
Denote by 5Щ and (£ the class of metrizable and the class of compact T., topo

logical spaces, resp. Let us suppose, that 5=9)1 or C. If X  and Y are homeo- 
morphic we shall write Xm Y. |X| denotes the cardinality of X. Cardinals are 
identified with the initial ordinals.

Main theorems

We can summarize our results as follows:

T heorem  C. For every F, n and z there is an (F, z, n)-universal embedding space 
with respect to 5-

This theorem is obviously a consequence of the following two theorems:

T heorem  A. For every F and z there is an (F, z)-universal embedding space 
with respect to 3-

T heorem  B. I f  there is an (F, z)-universal embedding space with respect to g ,  
then for every n there is an (F, z, n)-universal embedding space too.
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Proof of theorem A

(i) Metric case. Let F be a metrizable space with weight Sz. Then there
is a base В of F  such that B=  [J Bt, where the B?s are discrete, disjoint families

where q is any fixed metric on F inducing its topology. For V£ Bt and 
k=  1 ,2 ,... let us define a function tn -F ~[  0, 1] such that

Let M 1 = {(V ,k)\V£B ,k£N },  let M2 be any set such that М 1 П М 2 = 0 ,  
|М2|=т, and let M = M 1(jM 2. For mCM2 take t'm=0.

Finally let i.F-*Rz be given by i(x) =  {t'm(x):m£M}, where Rr is the r- 
dimensional generalized Hilbert-space. Let L =  {xZRx\ym £M 2, xm = 0} and take 
X(F, z) = Rx\ ( L \ i ( F ) ) .

The map i is an embedding (see [11] p. 127) and clearly i(F) is a closed sub
space of X(F, t).

Let x:F-*Y  be an embedding such that w Y sz ,  x(F) is closed in Y. We
may suppose, that F is a closed subspace of Y. Let C= \J Ct be a base for Y
such that |C |S t and the Cj’s are disjoint and discrete. Since Y  is collectionwise 
normal, there is an open discrete family {G(V)\ V£Bi} such that G(V)s>V. Let 
Gk(V) = G(V)C\ U if there is a £/£ Q  containing V, and let Gk(V) = G(V) otherwise.

Applying Tietze’s theorem for every V£B, k —1,2, ... there is a continuous 
function hVk such that hVk: ^ “*■[0, 1]> hyk\F—f v ■> hyk (ext Gk(V))=0.

For V£Bi take

Obviously the family {ty£ ((0, 1]) | V£Bt, k=  1,2,...} is o-discrete, and con
tains a subfamily being base at the point p in the space Y  for every p£F. Let 
C *  = { U \ U £ C ,  U C \ F = 0 } .  For E/£C* let gu: F -[0 , 1] be given by gu(y) = 
=min { Q t ( y ,  Y \ U ) ,  1} , where is any metric on Y ,  inducing the topology of 
Y .  Let tu(y) = 2~igu(y) if U d C f C l C * .  Since |C * |^ t there is an injection 
<r:C*—M2. Take („ = 0 for m £ M 2\ a ( C * )  and let t<T(u) = tu for U £ C * .  Let 
y : Y ^ R z be given by y(y) = {tm(y):m£M}. у  is an embedding. Since for every 
у  $  F  there is a U £  C  * such that thus if у  ([ F  then у  (у) $  L .  Hence у : Y —
- * X ( F , z )  and clearly y o x  =  i.

(ii) Compact case. Let В be an open base for F  such that \B\Sz. Let

i = l
and For every V£B let f v :F-*[0, 1] defined by

t'vk (x) — 2k+i f v ( x)-

i= 1

tvk -  ~yk+T ’  hvk-

Mi = {{U, V, co)\U id V; U, V£B, со S  z any ordinal}.
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For m = (JJ, V,(o)£M1 let / m:F —/  be a continuous function such that f ( F \ U )  = 0 
and f ( V )=  1. (/=[0, 1], and F  is a compact T2 space so it is normal.) Let M 2 
be any set such that М 1Г\М2= 0 ,  \M2| = t  and take M = M fJ M 2. For m £M 2 
let f m = 0. Finally let i:F-*IMlUM2 ^ I z be given by i(x)= { fm(x)\m£M}.

Since {f„}mcM separates the points and the closed sets, i is an embedding. 
F is compact, hence i (F) is a closed set in I х.

Let x:F-*Y  be a closed embedding. We may suppose that F  is a closed sub
space of Y. Let C={Gct}I[St be an open base for Y. For m = (U, V, co)£M1 let 
Um = G0) if G0Jzd U, otherwise let Um = Y. Let gm: Y \ U m-+I be given by 
gm (x) = 0. f m and gm are compatible and thus by Tietze’s theorem there is a tm: Y-*X  
such that tm\F=fm, t J Y \ U J  = 0. Let

C* =  { ( G j  H)\G zd H; GC\F =  0  ; G, H£C}.
Since |C * |S t, we may suppose that C*clM 2l_ Take t,„=0  for m^M 2\C'*, 
and let tm:Y-*I be given by tm(Y \G )  = 0, tm(H)= 1 if m£C*.

Now let y:Y-»IMlUM2 be defined by y(y) =  {tm(y):m£M}.
Since {/,„},n(M separates the points and the closed sets, у is an embedding, and 

clearly yo% = i.

T w o lem m as

Let {Xffa(I be an almost disjoint family of normal spaces, i.e. XxPiXfi = F  
if aXß, and for every a f l  F h a closed subspace of Xa. F is called the kernel of 
this family. Let X°=  (J Xa and let px:Xa->-X0 be the natural injection. Let the

nil
topology of X° be induced by {/?a}a€/.

The following statements are evident:
(1) U is open (closed) in X° iff for every a £ lp ~ 1(U)=XЯП U is open (closed) 

in Xx.
(2) px is an embedding, Xx is closed in X°.
(3) v:F<fX° is an embedding.
L emma 1. Let I f , H2, H  be closed subspaces of a normal space Y- Н1Г\Н2 = 0 ;  

U1,U 2 open sets in H, UiZDHПHt (/= 1,2) and [71UD2= 0 .  Then there are 
two open sets V1, V2 in Y for which Vt zd Ht, L\ (i = 1, 2) and У1ПУ2= 0 .

P roof. For г = 1 , 2 ,  Ut U Ht is open in Z  =  HxU IF U H therefore there are 
two_ open sets Sj, S2 in Y  such that SlC\Z=UiUHi. Since J Ü jU ffJ D  
П (U2 U H2) = 0  , there are open sets Gj, G2 in Y such that Gj zd Lj U //, and 
G1lTG2 =  0 .  Take Vt = G';ПS) (/=1,2). It is evident that LjzdH t, Vin H = U i 
and V1(1V2= 0 .  Q.E.D.

(4) X° is normal if the X f s  are normal spaces.
In order to prove this let Ax and A2 be disjoint closed subspaces of X°. Let 

Ft = FnA i (i= 1, 2). F is normal, hence there are Lj, U2 such that Ftcz Gj, 
1/1ПС/2= 0  and the Cj’s are open in F. Applying Lemma 1 for the sets X^ClAx, 
ХхГ\А2, F, U1, U2 let S[x)=Vi (/=1,2, aC/). It is clear, that if Gf= (J Sla) 
then the Gj’s are open in X°, G1DG2 = 0  and (/=1,2). aiI

L emma 2. I f  for every oc£/, dim X^Xn then dim X°==n.
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Proof. Let A be any closed subset of X° and let f : A ^ - S ” be any continuous 
map. The m a p /i= /L nF may be extended to a continuous map / 2: F —S", since 
AC\F is closed in F and  dim FSn  (see [11], p. 270, Theorem 14'). f ,  and /  are 
compatible, and thus there is a continuous m ap /iT U F — S n in such a way that 
f \ A = f  Applying Tietze’s theorem there_is a closed neighbourhood of AÖ F  
denoted by U, and a continuous mapf : U —S" such that / |x J f =/.

Consider the maps / 3 =/ U^nF: Since XaC\U is closed in Xx, 
and dim there is a continuous m apgx:Xx-+Sn such that g x \ x „ n o — f<x-

It is evident, that g =  Ug-a:A0 —S’" is continuous and g \ A = f  Thus dim A°^n. 
Q.E.D.

Proof of Theorem В

Let {Xx}xiI be an almost disjoint family of normal spaces with the kernel F 
satisfying the conditions:

(a) wXa^ r ,  dim for a£l.
(b) {Xx}xfl is complete in the following sense: For any space Z with wZ ^ r , 

dim Zsgn and for any closed embedding k :F —Z there exists an a£7 and a 
homeomorphism ij/: Xx -* Z  such that the diagram

F cz Xx
\  /

* \  / *
z

commutes. Obviously, there exists such a family.
Let X a be the same as in the Lemmas. For every oc£/ let gx be an embedding 

such that the diagramm
F c  Xx
\  /* \  /9*

X(F, t)
commutes, where X(F, t) with the map i is an (F, r)-universal embedding space 
with respect to g. Let the map /°:A °—A(F, t) be given by f°(x)  =g2(v) if x£Xx. 
Obviously f °  is well defined, f ° \ F=i and it is continuous.

(i) The metric case. Applying the factorization theorem (see [11], p. 388) for 
/°:A ° — X(F, r) there are continuous maps g:X°—I ,  h : I —X(F,r) in such 
a way, that dim ZSdim X ° ^ n  and wE^wX(F, t) S i . Furthermore X(F,x) 
is metrizable hence Z£ält. Let T=g\F. The map g is topological on Xx since 
f= hog  is topological on Xx. Thus I  with i is an (F, t, n)-universal embedding 
space with respect to 9Л if only I is a closed embedding. This proves the following

Lemma 3. Let X, Y, Z  be Hausdorff spaces and let / :  X —  Y, g: Y-~Z be conti
nuous maps. I f  go f\X —Z  is a closed embedding, then so is f ,  too.

Proof, f  is obviously an embedding. Suppose that f  (A) is not closed in F, 
and let у€ / (A )\/(A ). Then g (y ) fg f (X )c g f(X )= g f(X ) and therefore there 
exists a y f f ( X )  such that g iy j ^ g i y ) .  Let G and be disjoint neighbourhoods
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of у  and y1, resp. Then g(Gr \f(X)) and g{Gt r\f(X j)  are open and disjoint in 
gf(X). Thus there exists a T  open in Z such that TC\gf (X)=g(G1C\f (X)).

Since g(y)€T  there is an open set G'tzG such that y^G' and g(G')<zT. 
Then g(G 'r\f(Xj)ng(G1 f \ f(X ))* 0 ,  while the sets g(GC\f(X)), g(GxC\f(X)) 
are disjoint. This is a contradiction, and thus f ( X )  is closed in Y.

(ii) The compact case. In the compact case let X' =  ßX°, and let/ '  be any extension 
of /° . Applying the factorization theorem (see [11], p. 304) for f ':X '-*X {F ,x)  
there are continuous maps g:X'~*X, h:Z-»X(F,x) such that f '= hog .  Similarly 
to the metric case let f= g |F. It is evident that г is a closed embedding. The map 
g is topological on Xy since f '= h o g  is topological on Xy. Thus I  with 7 is an 
(F, T, n)-universal embedding space with respect to (i. Q.E.D.
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ON A SATURATION PROBLEM
By

|G . SOMORiÄT) (Budapest)1

Let f ( x ) (_ C [0 ,  1], a> 0  a real number, and consider the positive linear 
operators „ , , ,

,? / ( ! ) /■
П) A(/> x)

fcPx ----n

z  > / ( * - $
k =0 V П /

( O ^ x S l ,  n =  1, 2, ...).

Especially, when a is a natural number, (1) is a rational function of degree 
at most not.. In the latter case, these operators were discovered and investigated 
by J. Balázs, and later by J. Szabados [2], who also raised the saturation problem 
(see [1]). In what follows, we give a complete description of the order and class 
of saturation when a >2. The case 0 < a ^ 2  remains open. || -|| will always denote 
the supremum norm in the interval [0, 1], and the “o”, “O” notations refer 
to и-*-<».

Theorem. I f  ot>2 is an arbitrary real number then for the operator (1) we have 
the following statements:

(i) ||L „ (/)- / ||= o (l/n )  i f f / =  const,
(ii) \\Ln( f ) —f\\ — 0(l/n) i f f U p  1.
The direct part of these statements is easily seen. Namely, if / =  const, then 

L „ (f  x)=f(x). On the other hand, if / 6 Lip 1 then we get from (1)
a —1

2  4
II/-A,COII ^

n
2Jc = 0 f ( x ) - f (4 | J к *\ x ----n

2 1/|fc = 0 1
X — Г

la

1

кx ----n

2  4

For the proof of the converse statements we need several lemmas.
Lemma 1 . I f  at > 2  then there exists a Q =  Q (a) € (0, 1/2) such that for all 

 ̂ q/п impliesn= 1, 2, ...,

(2)

x —

2  4
k ' =  0 fcVJc

k' 1

20 кx ---- -n
(Of course, (2) holds with a —1 replaced by a, too.)

1 Editorial remark. This paper has been completed by J. Szabados after the premature death 
of the author on January 15, 1978.
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P r o o f . The left hand side of (2) is not greater than

(2n)'-l +  2 2  Й *  W ( a ) n * - \
7 = 1  v J ’

thus it suffices to choose q such that cfy)  ga-1-= Í/20. Q.E.D.
Now let

(3) Mf(x) =  limsup
J x ' —x

for any f£C[0, 1].
Lemma 2. (i) M f  (x)=0 iff f  (x)= const,
(ii) Mf = sup if f  /CLip 1.

O S l S l

P r o o f , (i) and /€  Lip 1 =>Mf < °° is well-known. Thus suppose that + =o, 
and let OsXiCXa^l be arbitrary. We shall prove that

(4) |/(*2 - /(* i)l = Mf (x2-x f ) .

Let e=-0 be arbitrary. To each x€[xx, x2], there exists a <5(x)=-0 such that

(5) \f(x)-f(y)\ =  (Mf + z)\x-y\ if ye/(x) =  [x-<5(x), х +  <5(х)]П[0, 1]
(see (3)). By the Heine—Borel theorem, from the infinite covering (J I  (x)

m ^ [̂x1,x2]
of the interval [xl5 x2], we can select a finite covering (J /(у,) 3  [xx, x2], such that

i =  l
each point of [x±, x 2] belongs to at most two /(>’•)’s. Let zt be a common point 
of I(y t) and I(yi+1) ( i= l ,  2, m —1). Then by (5)

l / M ~ f M I  S  \f(Xl) - f ( y i )\ + 1f iy f)- f(z j) \  + \f(zj)~f(y,)\ + ...

• • • + \f(ym) - f  (x2) \ ^ ( M f +E)(x2-  Xj).

But s> 0  was arbitrary and the proof of (4) is complete.
Lemma 3. I f  a > 2  and /€[0, 1] then

fim sup M  Т Д /) —/|i] 4 ^ - .П — lOU

f i x ' ) - f { x )
X

(0 =s Mf  (x) s  + =o)

We note that Lemmas 2 and 3 clearly imply the Theorem.
P r o o f  of L emma 3. We may assume that Mf > 0, otherwise there is nothing 

to prove. Let xaS[0, 1] be an arbitrary but fixed point such that M/ (x0)=-0. If 
Mf (x o) <  o o  then by (3) there exists a d0> 0 such that

(6)
f i x ) - f i x  o) 

x - x 0 ^  2 Mf ix0) if x£[x0-<f0, x0 + d(i]n [0, 1].

On the other hand, when M fix0) = °°, (6) clearly holds with d0= 1.
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( 7 )

and

<8)

Evidently, there exists a sequence {xt}”=1 such that 

xk ^  xo (fe =  1» 2 , . . . ) ,  l im  xfc =  x0к —► oo

f ( x k) - f ( x o)xk-x 0
S  — Mf {x0) if Mf (x0) < o o

Thus in both cases 

f ( x ' ) - f ( x o)

max
| x ' - x 0 i s | x lc - x 0 |

f ( x ' ) - f ( x 0)
X  — X n

(lc = 1,2,...).
if Mf (x0)=oo

( 9 )
-V - А л

S  4 f ( x k) - f ( x  0)
Xb-X„ if |xs- x 0| =- |x '- x 0| S  <4 (k = 1, 2, ...)•

Now if Xq is irrational then for all fc=l, 2, ... there exist positive integers 
4 , mfc such that

( 10)
4

X n -----m,.
2|x0 —xt

Q t n k
where in,. 2|x„—x*| ‘

(This in an elementary number-theoretic result.) Then by (7) there exist integers 
nk which are multiples of mk and

( П )

Evidently, lim mk= ^ ,  otherwise by (7) and (10) the irrational number x0 could
fc -* o o

be approximated arbitrarily close by rational numbers l jm k with bounded denomina
tor, which is impossible. But then (10) and (11) imply (with the notation lk/mk = 
=hk/nk, 4 an integer)

( 12)

This and (11) yield 

(13)

h\
nk

в
8 nk

X,- 35 f -  (feS fco ).
nk

Now if x0 is rational, then all the relations (10)—(13) which we will make use in 
the sequel, trivially hold.

We have by (9) and (11)—(13)

+
/(* * ) - / f ( x 0) - f { - ]  \ + \f(xn) - f ( x k)\ 

пкЦ

Xk-~  K 11к
L - l
1 nk

+ f ( x 0) - f ( x k)
x0- x k

Xk 13 f ( x k) - f ( x 0) if * j
-  2 xk- x 0 д0 nk

nk

x0- lnk
i jxk —nk nk

VII j  ^  hk, к
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Thus using (1) and (2) we get

(14) \L„k(f, **)-/(**)I
/ w - / N

nk
Xt----

У 1

j a—1
*o — ~ — do1 nk\

x k----nk xk-----nk

2  !/(**)! + / f
l

----

Now if

(15)
/(x fc) - / | ^

— -

f ( x k) - f ( x 0)
xk- x 0

then (9), (2) and (13) imply

(16) \Ln (f, xk) - f ( x k)\ ^ f{xk) - f ( x 0) \[  в в
xk- x 0 i r - u f c - 0 «"!“ »}®

Q f ( x k) - f ( x 0)
10 nk xk- x n (k = kt S  k0).

On the other hand, when (15) does not hold then by (11) and (12)

\f(xk) - f { f j \ ^ ~ \ f ( x k) - f ( x 0)\-
\xk - x 0\ + ^ - x

n k
K-Xol = j l / ( * t)-/(X 0)|

and thus

/ ( * „ ) - /M  S  I  \f(xk) - f ( x 0)\.
VAT»./ H
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Therefore, similarly as in (14),

\L„k(f, x0) - f ( x 0)I i?

2

This and (14) imply

/ « - 4 Й
КXn----

h \a~
\ X —-I" nk 1 nk 1

\nk) 1 l / ( * o ) l+ /M^  1 \Пк1\
j
nk

X - i -  л0 "к

a —1 -̂}J1 J 1 . *o-— >do1 nk\
x - i -Г л0 nk\

f (x k) - f ( x 0)
xk- x n -0(nl--) i s

3p
160m

f ( x k) - f ( x  o)

nk

xk- x n

\\L .M )- f \ \  £
Hence and from (8)

80a j.
/(* * )-/(* o) (к ё  fe2 & ^).

lim sup [|| L„ (/) - /  II n] is Mf  (x0).

But x0 was arbitrary and thus Lemma 3 is proved.

( Received January 16, 1978)
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