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ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS

By
T. NOIRI (Yatsushiro) *

1. Introduction

Let X and Y be topological spaces and /: Z—Y be a function of X into Y.
The subset {(x,/(x))|x6Z} of the product space XX Y is called the graph off and
is usually denoted by G(J). Properties of functions with closed graphs are consider-
ably known. Quite recently, in [2] L. L. Herrington and P. E. Long have introduced
the concept of strongly closed graphs. By using it they have obtained a necessary
and sufficient condition for a Hausdorff space to be fA-closed. In the present paper
we shall show that if Y is an f-closed space, then for any function f: X -~Y the follow-
ing a), b) and c) are equivalent:

a) / is almost-continuous and Y is Hausdorff;

b) G(f) is strongly closed;

c) f~\K) is closed in X whenever K is quasi f-closed relative to Y. Moreover,
we shall show that if the assumption ”A-closed” on Tis dropt, then a)=>b)=>c) holds.

2. Definitions

Let S be a subset of a topological space. By CI (S) and Int (S) we shall denote
the closure of S and the interior of S, respectively.

Definition 1. The graph G(f) is said to be strongly closed [Z] if for each point
(%, y)$G (f), there exist open sets Uc X and Va Y containing x and y, respectively,
such that [UXCI (V)] TG(f) = 0.

Definition 2. A function/: X —Y is said to be almost-continuous [7] if for each
point xEX and each open set V cY containing/(x), there exists an open set UczX
containing x such that/(t/)c Int (Cl (F)).

Definition 3. Aset Sc A'is said to be quasi H-closed relative to X[6\ if for every
cover {UaaG”/} of S by open sets of X, there exists a finite subfamily
such that Sc U {CI (t/3)|aPj/ 0} If X is quasi A-closed relative to X, then it is called
quasi H-closed. When X is Hausdorff, the word quasi” in these two definitions
is dropt.

Remark 1. Every quasi fA-closed subspace of a space X is quasi #-closed
relative to X, but the converse does not hold in general [6, p. 161].

Definition 4. A space X is said to be C-compact [8] if every closed set of X is
quasi fA-closed relative to X.

D efinition 5. A Hausdorff space X is said to be locally H-closed [5] if every
point of X hat a neighbourhood which is A -closed.

1 Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



2 T. NOIRI

3. Functions with strongly closed graphs

The following lemma, which follows easily from the definition, is useful in the
sequel. &

LEMMA. The graph G (f) is strongly closed if and only if for each point (x,y) ¢ G (f),
there exist open sets UCX and VCY containing x and y, respectively, such that
sonNcam=g.

Every function with the strongly closed graph has the closed graph. The converse
is not true [2, Example 3]. It is known that f: X —Y is almost-continuous and Y is
Hausdorff, then G (f) is closed [4, Theorem 9]. The following theorem is an improve-
ment of this result.

THEOREM 1. If f: X—Y is almost-continuous and Y is Hausdorff, then G(f)
is strongly closed.

ProoF. Let (x,y)4¢ G(f). Then we have y=f(x). Since Y is Hausdorff, there
exist disjoint open sets ¥ and W in Y containing y and f(x), respectively. Therefore,
we have Cl(V)NInt(Cl(W))= . Since f is almost-continuous, there exists an
open set UC X containing x such that f(U)< Int (Cl (W)). Therefore, we obtain
SU)NCI (V)= @. This implies that G(f) is strongly closed.

REMARK 2. The converse to Theorem 1 is not true. In [2, p. 473], it is shown
that there exists a function with the strongly closed graph which is not almost-
continuous.

In [3] P. KosTYRKO showed that if G(f) is closed and f is surjective, then the
range is a 7;-space, and also showed that there exists a surjective function with the
closed graph whose range is not Hausdorff. For a function with the strongly closed
graph we have

THEOREM 2. If f: X-Y is surjective and G(f) is strongly closed, then Y is
Hausdorff.

PrROOF. Let y and z be any distinct points of Y. Then, since f is surjective,
there exists a point x€X such that f(x)=y. Therefore, we have (x, z)¢ G(f). Since
G(f) is strongly closed, there exist open sets UC X and V'C Y containing x and z,
respectively, such that f(U)NCl (V)= . Put W=Y—-CI(V), then W is an open
set containing y such that W\ V= @. This shows that Y is HausdorfT.

It is known that if a function f: X—Y has the strongly closed graph and Y is
H-closed, then f is almost-continuous [2, Theorem 9]. Therefore, by Theorem 2,
we obtain the following corollary which shows that the converse to Theorem 1
holds if f'is surjective and Y is quasi H-closed.

COROLLARY 1. Let f: X—Y be surjective and Y quasi H-closed. If G(f) is
strongly closed, then f is almost-continuous and Y is Hausdorff.

REMARK 3. Under the hypotheses of Corollary 1, f'is not necessarily continuous.
In [2, Example 2] it is shown that there exists a non-continuous function onto an
H-closed space whose graph is strongly closed.

THEOREM 3. If G(f) is strongly closed, then f has the following property:
(P) For every set K quasi H-closed relative to Y, f'(K) is a closed set of X.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS 3

PrROOF. Suppose that G(f) is strongly closed. Assume that there exists a set
K quasi H-closed relative to Y such that f~*(K) is not closed in X. Then, there exists
a point x€ C1 (f~X(K))—f~4(K). Therefore, for each point y€ K, we have (x, y)¢ G(f).
Since G(f) is strongly closed, there exist open sets U,(x) — X and V(y)C Y containing
x and y, respectively, such that F(U,(x) ﬂCl( V( y)) @ . Now, the family {¥V(y)|y€ K}
is a cover of K by open sets of ¥ and K is quasi H-closed relative to ¥. Therefore,
there exist a finite number of points y;, y,, ..., », in K such that KcU
U{CL(V(yp)l1=j=n}. Put U=N{U,,(x)1 5J<n} then U is an open set of
X containing x and f(U)NK= @ because x€Cl(f~%(K)). Therefore, there exists
a positive integer k (1=k=n) such that

f(Uyk(x)) NCl (V(yk)) 0.
This is a contradiction.

REMARK 4. The converse to Theorem 3 is not always true, as the following
example due to P. KOSTYRKO [3] shows.

ExaMpLE. Let X and Y be the sets of positive integers. Let X have the discrete
topology, Y have the cofinite topology and f: X—Y be the identity mapping. Then,
the closure of any nonempty open set of Y'is Y itself. Therefore, f has the property (P).
Moreover, although G(f) is closed, it is not strongly closed.

The following corollary shows that the hypothesis ,,Hausdorff”” on the space
Y in [2, Theorem 9] is not necessary.

COROLLARY 2. Let Y be a quasi H-closed space. If f: X—Y has the strongly
closed graph, then it is almost-continuous.

ProOF. Let F be any regularly closed set of Y. Since Y is quasi H-closed,
Fis quasi H-closed [6, (2.2), p. 161] and hence quasi H-closed relative to Y. Therefore,
by Theorem 3, f~(F) is closed in X. This shows that f is almost-continuous [7,
Theorem 2.2].

The following corollary is an immediate consequence of Theorem 3.

COROLLARY 3 (HERRINGTON and LONG [1]). Let Y be a C-compact space. If
f: X—Y has the strongly closed graph, then it is continuous.

As an immediate consequence of Theorem 1 and Theorem 3, we obtain

COROLLARY 4 (LoNG and HERRINGTON [4]). If Y is Hausdorff and f: XY is
almost-continuous, then f has the property (P).

The following theorem shows that the converse to Theorem 3 holds if Y is
locally H-closed.

THEOREM 4. Let Y be a locally H-closed (Hausdorff) space. If f: X—Y has
the following property (P’), then G(f) is strongly closed.
(P’) For every quasi H-closed set K, f~'(K) is a closed set of X.

PROOF. Suppose that Y is locally H-closed and f: X —Y has the property (P’).
Let (x, ¥)§G(f), then we have y#f(x). Since Y is Hausdorff, there exist
disjoint open sets ¥, and V¥, containing f(x) and y, respectively. Therefore, we have
V:NCl(Vy)=@. Smce Y is locally H-closed, there exists a neighbourhood W of
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4 T. NOIRI: ON FUNCTIONS WITH STRONGLY CLOSED GRAPHS

y wfiich is //-closed. Since W is a neighbourhood of y, there exists an open set
tVO such that yE\¥0czW. Put V=VyDWu, then V is an open set containing y and
FxfICI(F)=0. Now, we shall show that C1(F) is //-closed. In fact, since W is
/I-closed and Y is Hausdorff, W is closed in Y and hence ClI (F)c W. Since V is
open in Y, it is open in Wand CI (V) is regularly closed in W. Since W is f-closed,
so is ClI (V). Therefore, by (P'),/ 1(C1 (V)) is closed in X. Put U=X— -1(CL (F)).
Then [/isanopensetcontainingxsuchthat/(i/)riCI(F)= 0 because FXHCL1(F)= 0.
This shows that G(f) is strongly closed.

Corollary 5 Let Y be an H-closed space. Then, for any function /: A'—T
the following are equivalent:

a) f is almost-continuous,

b) G (f) is strongly closed,

c) / has the property (P),

d) / has the property (P").

Proof. This follows immediately from Theorem 1, Theorem 3, Corollary 2
and Theorem 4.

In conclusion the author wishes to express his thanks to the referee for helpful
suggestions.
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WEAKLY DISTRIBUTIVE SEMILATTICES

By
W. H. CORNISH and R. C. HICKMAN (Bedford Park)

0. Introduction

A weakly distributive semilattice is a (lower) semilattice such that the infimum
distributes over all existent finite suprema, in the sense that if ...Y xn exists
then (xAx1IV..\J(xAx,,) exists for any x and equals XA (x1V...Vxr). Such semilattices
were first studied by Baibes [4] under the name of prime semilattices. Here we have
adopted the terminology of a recent paper of Variet [9]. An important class of
weakly distributive semilattices is provided by the distributive semilattices of G ratzer
and schmidt, i.e. those semilattices S in which aA6=c implies c=a'/\b" for some
a'“a and b'*b, or equivalently S is directed-above and has a distributive lattice
of filters, c.f. [4; Theorem 4.1] and [9].

In Section 1 of this paper we show that a semilattice is weakly distributive if
and only if its lattice of ideals is distributive and that the finitely generated ideals
form its free extension in the variety of distributive lattices.

A semilattice is said to have the upper bound property if any two elements,
which are bounded above, have a supremum. An interesting class of weakly distri-
butive semilattices with the upper bound property is provided by those semilattices
in which each principal ideal is a boolean algebra. These semilattices have been
studied by Abbott [1], [2], [3] under the name of semiboolean algebras and mainly
from the point of view of Abbot’s implication algebras; we show, in Section 2, that
the semiboolean algebras are precisely those semilattices with the upper bound
property whose finitely generated ideals form a generalized boolean algebra. In
Section 2, we shall show that there is an order-isomorphism between the prime
filters, in the sense of Baibes [4], of a weakly distributive semilattice, and the prime
filters of the lattice of finitely generated ideals, and thus elucidate results in [4] and [9].

In Section 3, we study the congruences on a semilattice which have the substi-
tution property for existent finite suprema. After obtaining a formula for the minimal
such congruence identifying a pair (a, b) with a*b, we show that, in the presence
of the upper bound property, the lattice of such congruences of any weakly distri-
butive semilattice is canonically isomorphic to the lattice of congruences on its
free distributive lattice extension. This last result may be regarded as an improvement
of a theorem recently proved by Fieischer [5, Theorem DL] using very general
techniques. In Section 3 we also consider permutability of congruences, the corres-
pondence between ideals and congruences, and the description of the join of con-
gruences.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 197S



6 W. H. CORNISH AND R. C. HICKMAN

1. Ideals

Throughout this paper whenever we refer to semilattices we will mean lower
semilattices unless otherwise stated. Whenever a semilattice has a least element we
will denote it by 0. If x;, ..., x, are elements of a semilattice then when we write
x;V...Vx, we mean that the supremum of x,, ..., x, exists and x,V...Vx, is the
symbol denoting this supremum.

A non-empty subset H of a semilattice S is called hereditary if for any x< 8§
and y€ H, x=y implies x€ H. When S does not have a smallest element we also regard
the empty set as hereditary. Thus, the set #(S) of all hereditary subsets of S is
a complete distributive lattice when partially ordered by set-inclusion; the meet
and join in #(S) are given by set-theoretic intersection and union, respectively,
the largest element is S and the smallest element is {0} if 0€ S and the empty set,
otherwise. An ideal is. an hereditary subset which is closed under existent finite
suprema. Hence the set #(S) of all ideals is an algebraic closure system on S,
and consequently is an algebraic lattice whose largest element is S and whose smallest
element is the smallest hereditary subset. If Ji,...,J, are ideals then J,+...+J,
denotes their supremum in #(S).If 4SS then (4] and (A4) denote the hereditary
subset and ideal generated by A, respectively. We note that for any x€S, (x)=(x].

THEOREM 1.1. The following conditions on a semilattice S are equivalent.

(i) S is weakly distributive.

(i) For any HecH#(S), (H)={hVN ..NVh,hy,...,h,e¢H}.

(iii) For any I,J€ #(S), I+J={a,V...Va,:ay, ...,a,cIUJ}.

(iv) Z(S) is a distributive lattice.

(V) The map H—~(H) is a lattice homomorphism of #(S) onto #(S) (which
preserves arbitrary suprema).

ProoF. (i)=(ii). The set J={V...Vh,: hy,...,h,€ H} is hereditary since
S is weakly distributive and is clearly closed under existent finite suprema and so
J=(H).

<(ii;=>(iii). Since J+ K=(JUK) and JUK is hereditary, the result is immediate.

(iii)=>(iv). Clearly INJ={i\j:icI, jeJ} and so let I, J, K¢ #(S) and suppose
x€IN(J+K). Therefore x€I and x=a,V...Va,, a6JUK. Since a;=x, a;cl
and so a;€(INJ)U(INK) showing that xc(/NJ)+(INK).

@iv)=(). Let x, y€ S with y=a,V...Va,. Now

(xAy) = (HNY) = HNKaY +... +{a,) = (xAa)+ ... +(xAa,),

and this implies that (xAa;)V ...V (x/Aa,) exists and equals x/A\ y.

(i), (ii) and (iii))=(v). Let G, HE#(S); then by our assumptions (GUH )=
=(G)+(H), and obviously (GNH)S(G)N(H). Suppose xc(G)N(H); that is
x=g,V...Vg,=h\V..Vh, where g€G,h;cH and so x=xAx=(g,V...Vgn)A
AV ..V h)=(g ARV ...(g.\h)E(GNH ).

(v)=(iv). This is trivial.

Let #,(S) denote the set of all finitely generated ideals of a semilattice S.
Then #,(S) is precisely the set of compact members of #(S), and in general is only
an upper subsemilattice of #(S). However, when S is weakly distributive and
X1s eres Xms V1s --es Vu€ S it follows from Theorem 1.1 that (xy, ..., X)) NPy, .o Yoy =

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



WEAKLY DISTRIBUTIVE SEMILATTICES 7

= 2 (xihY]) and so/f(S) is a distributive sublattice of f(S). Moreover, if e: S—
uJ

is defined by e(x)=(x) for any x£S then e is a semilattice monomorphism
which preserves existent finite suprema. Hence we have

Theorem 1.2. Thefollowing conditions on a semilattice S are equivalent.

(i) S is weakly distributive.

(i) There is a semilattice monomorphism, preserving existent finite suprema,
embedding S into a distributive lattice.

(iii) There is a semilattice monomorphism, preserving existent finite suprema,
embedding S into a ring of sets.

Corollary. Ifx, , ..., ynareelements of S such that xV>’ existsfor i—\,...,n,
then x\' (y1A...Kyn) exists and

xVOIiA ..Ay,,) = Ovyi)A...A(*Vy,,).

When S is weakly distributive f {(S) is the free extension of S in the variety
of distributive lattices in the following sense:

Theorem 1.3. Let S be a weakly distributive semilattice, D be a distributive
lattice and ¢ S—Da semilattice homomorphism preserving existent finite suprema.
Then there is a unique lattice homomorphism ¢ :fif (S) —D such that (poe—c> More-
over, ¢ is an injection if and only if pis an injection.

Proof. Let D beadistributive lattice and ¢\ S-*D be as above. Define b: fif (S)-~
—D by (1) =(pXD\/...\lg=>(xm) when /= (xI5 ..., xn) is in f f(S). Firstly ¢ is well
defined, for suppose 1=(x1, ..., xm)=(yt, ..., yn; then each x"(yr, ...,yn and
so X,=aiV...Vai() where {a, ..., aiiolEOh, ...,y Hence

cpix™V...jtpixj = \n} (<p(ai)V...v<p(ai(0)) » (p(yj)\V...Vtp(ym,
i=l
and the reserve inequality is similarly estabished.
Also if /=<*!, ..., xm) and J=(yt, ..., yn then

. = MMV L V<pmVIXYDV sV (p(y,,) = v(1+7J],
while

(P(DAIpE) = ((pixjif ..Va=(m)A((PKD f ...V (p(M) = V {(pP(XI)A(p(i)) = (p(IC\)

and so @ is a lattice homomorphism and (p=g>o0e. It is easily seen that o is the
unique homomorphism satisfying (p=g>os, and if ¢ is an injection then (p is an
injection. Suppose ¢ is injective and d(l)=d(J) where /=(xI5..., xm) and
J=(yi, ..., V). Thus, (p(xD\ ..\ I(p(xm=(p(yj)\J ...W(p(yn) and this implies that
(p(xi)=cp(xiAyD\J ...f(p(XiAyn and it follows that x;=(x;JlyQV...V(xfAy,,).
Hence x fJ for all i=1, ..., m, and so I*J. Similarly JQ | and therefore I=J and
we are finished.

Corollary. The category whose objects are weakly distributive semilattices
and whose morphisms are semilattice homomorphisms preserving existentfinite suprema
has the amalgamation property.
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8 W. H. CORNISH AND R. C. HICKMAN

Proof. Let S, Sl, S2be weakly distributive and let S-+S1,ip2: S-+S2 be

monomorphisms. By Theorem 1.3 there are lattice monomorphisms ip-: —

for /=1, 2. Since the variety of distributive lattices has the amalgamation

property ([5; Corollary 20, p. 148]), there is a distributive lattice D and mono-

morphisms for z'=1,2 such that (plog'=(R0ocp',, Then <pX is
a monomorphism mapping Stinto D for i=1I, 2 and <l|Blo”1=<p2|S20i/'2.

2. Prime filters and semiboolean algebras

Afilter F in a semilattice A is a non-empty subset of S such that if/i,/2EF
and Xx£S withf =x then both/iA/2and x are in F. Following Balbes [4] a filter
G is called a prime filter if GAS and at least one of jc5...,x,, is in G whenever
xfij...\/xnexists and is in G. In [4, Theorem 2.2] Balbes showed that a semilattice
5 is weakly distributive if and only if the prime filters separate the elements of S.
Here we show the interrelation between the prime filters of a weakly distributive
semilattice S and those of the distributive lattice # f (A).

An ideal P of a semilattice Ais called aprime ideal if PV S and xAy£P implies
x£P or yEP. It is not hard to see that a filter F of a semilattice S is prime if and
only if S\F is a prime ideal.

Theorem 2.1. Let S be a weakly distributive semilattice and identify S with the

subsemilattice e(S) of Then the map F—FD S is an order isomorphism between
the partially ordered sets ofprimefilters of and S.
Proof. Since preserves existent finite suprema, FD S is a prime

filter of S when Fis a prime filter of/ f{S). If Fxand F2are prime filters of ff(S)
then the primeness of Fland F2ensures that FxM S F2MS if and only if F1LF2.
It remains to show that the restriction map is a surjection. Let G be a prime filter
of S, so that S\G is a prime ideal of S, and thus X={(xr, ..., X,,): XiES\G} is
a prime ideal of ~ f (S). Therefore, f f{S)\X is a prime filter of fif(S) and
5N{/f(S)\X)=S\(SDX)=S\(S\G) =G

It is clear that a semilattice has the upper bound property (see Introduction)
if and only if each principal ideal is a lattice. Furthermore, if yry...Yy,, exists in
a semilattice S with the upper bound property then y;V X exists in S for each i and j.

Theorem 2.2. A semilattice S is a semiboolean algebra if and only if each of
the following conditions is satisfied.
(i) S has the upper boundproperty.
(i) S is weakly distributive.
(iii) Shasa0andforany S, x*={y€S: yA*=(0}isanideal and (x)+x*=S.

Proof. Suppose S is semiboolean. It is immediate that S has a 0 and satisfies
the upper bound property. In order to show that Ais weakly distributive it is sufficient,
in the presence of the upper bound property, to prove that xrA(ylVyd=(xAy)V
Y(x/\y2 when yX\/y2 exists.

Let J be the principal ideal (yxYy2. Then xAyr and xt\y2are both elements
of J and so (xAyDY (xAy2 exists and is an element of J. If r\, r2£J are the comple-
ments of xAyx and xAy2in /, respectively then a routine calculation shows that
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WEAKLY DISTRIBUTIVE SEMILATTICES 9

rr/Arr is the complement in J of both xA(yiVyd and (X/lyx)V(ac/lyr). Hence,
XAJiVy = (x AyOV(xAyD.

Since S is weakly distributive for any x£S, x* is an ideal. Lety be an arbitrary
element of S. Now xAy£(y) and (y) is a Boolean algebra, and so xAy has a comple-
ments in(y); that iszAxAy = OandzV (xAy)=y. Sincez£(y), zs.y and so zZAXAy=
hzzlanzo, hence zgx* and since xAy€(x] we have y£(x]+x*. Thus condition (iii)

olds.

Now let us assume conditions (i), (ii) and (iii) and let a,bZS with a*b. By
assumption bd(a)+a* and so using the upper bound property we have b=xMy,
where x£(a) and yfa*. Therefore, b=bMa=a\xVy=aVy, and since yfa¥*,
aAy=0, showing that y is the complement of a in (b).

Theorem 2.3. Let S be a semilattice with 0 satisfying the upper bound property.
Then the following are equivalent.
(i) S is semiboolean.
(ii) rff(S) is a generalized boolean algebra.
- (iii) S is weakly distributive and its set of prime filters is unordered by set-
inclusion.

Proof. (i)=>(ii). Suppose S is semiboolean. By Theorems 1.3 and 2.2
is a distributive lattice with 0. Let (0)£ YQX, where X=(xr, ..., xn), Y=(ylt ...,ym€
By Theorem 2.2, for each i=1, ..., n, and j= 1, ..., m there exist wt]J and

zt) such that xi=wij\/zij, wi*(y) and zu”y*. Then Z= f) (zlj, ...,znj) is a finitely
2
generated ideal contained within X. In addition, :

Y+7Z= ITI Oh, ..., ynme+<zi;, ..., Znj :ml'l <Fi,o, X, —X,
7:1( y ) n )

and
YnZ = «*>f)Z2)+..+(<y,>n Z) g «¥YX)nyf)+...+ (<y,>nyn) = <0>.

Hence Z is the complement of Y in the interval [(0), X] of f f(S), and so  (X)
is a generalised boolean algebra.

(ify<=>(jii). This is an immediate consequence of Theorem 2.1 and a well known
characterization of generalized boolean algebras, c.f. Gratzer [6, Theorem 22
p. 76 and exercise 27 p. 79].

(ii)=*(i). Suppose ff(X) is a generalized boolean algebra and let x, y £S with
Osx”y. Because of the upper bound property the complement of (x) in the interval
[(0), (y)] is a principal ideal and its generator is the complement of X in <y).

3. Congruences

A V-congruence 0 of a semilattice A is a congruence of the algebra (S; A)
such that if Xj=y;(0) for z= 1, ..., n and both xr\/...Vx,, and yiV...Vy,, exist, then
x1V..Vxn=y1V..VyH0). We note that if S satisfies the upper bound property
then it is only necessary to state the last condition for n=2.

The set €{S) of all V-congruences on S is an algebraic closure system on
SxS and hence, when ordered by set-inclusion, is an algebraic lattice.
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10 W. H. CORNISH AND R. C. HICKMAN

THEOREM 3.1. Let J be an ideal of a weakly distributive semilattice S. Then the
equivalence relation 0(J) defined by x=y(0(J)) if and only if (x]1+J=(y]+J is the
smallest \/-congruence having J as a congruence class. Moreover the equivalence
relation R(J) defined by x=y(R(J)) if and only if, for any b€ S, x\b<J is equivalent
to yAbeJ is the largest \/-congruence having J as a congruence class.

Proor. Because of Theorem 1.1, 6(J) has the substitution property for A and
it follows that 6(J) is a V-congruence having J as a congruence class. Let @ be
any V-congruence with this last property and let x=y(6(J)). Without loss of gene-
rality, we may assume that x=y. Then yé(x)+J and so y=x,V...Vx,VjV...Vj,
for some x;€(x) and j,€J. It follows that y=xVj, V ...Vj,. Certainly, x=xV (xA\j)V...

..V (x\j,). Because x=x(®) and j.=x\j(P),

ViV Vin = xVEAjDV ... V(xAj) (D).

That is to say x = y(®). It is well known and easy to show that R(J) is the largest
congruence of the semilattice (S; /) having the hereditary set J as a congruence
class. As S is weakly distributive, R(J) is a \V-congruence and our assertion follows.

Let S be a weakly distributive semilattice and x€ S. Then we shall use 6(x) as
an abbreviation for 6((x)). Also, ¥(x) denotes the relation defined by a=5(¥(x))
if and only if aAx=»bAx; it is easy to see that ¥(x) is a V-congruence.

THEOREM 3.2. Let S be weakly distributive and a, b S with a=b. Then T(a, b),
the smallest \/-congruence identifying a and b is equal to ¥(a) O(b).

Proor. Clearly ¥(a)N6(b) is a V-congruence which identifies @ and 5. Suppose
@ is another such congruence and x=y(¥(a)N6(b)) where, without loss of generality,
x=y. Then xAa=yAa and y€e{x)+(b). It follows that y=xVb,V...Vbh, for
suitable b;€(b). Since a=b(®) and xAa=yAa, xAN\b=yA\b(®) and so x=x(P) and
xNb;=y\b;(®) for i=1, ..., n. Therefore

y =yANxVbV...Vb,) =xV(yAb)V..V(yAb,) = xV(xAb)V...V(xAb,) = x.

That is, x=y(P).

This last theorem shows that for any a< .S, a weakly distributive semilattice,
¥Y(a)N0(a)=w, where o is the smallest element of %(S) and is given by x=y(w)
if and only if x=y. Now suppose S is an arbitrary semilattice and let ¢; and &, be
two V-congruences on S. If ¥ denotes the supremum in %(S) and z,y, ..., z,€S
are such that z;_, =z;(®, or ®,) fori=1, ..., n, then zy=z,(d,V d)z) This last remark
follows from the inequality @,V &= &, \/ @,, the supremum in the lattice of equi-

&(S)
valence relations, &(S), on S. If S is weakly distributive we can use this comment
to show that for all a€ S, Y(a)VO0(a)=1=¥(a) \/ 0(a) where 1, the largest \/-con-
&(S)

gruence on S, is given by x=y(1) for all x, yc S: for suppose x, y€ S, then x=x/
Na(¥(a)), xNa=y/a(0(a)) and yAa=y(¥(a)). Given the upper bound property
we have more.

Lemma 3.3. Let S be a semilattice having the upper bound property and ®,, ®,
two V-congruences on S. Then ®,N @y=@, \/ D,.
o)
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WEAKLY DISTRIBUTIVE SEMILATTICES 11

Proor. It suffices to show that @;\/ @, has the substitution property for
8(S)
V since general theory tells us that @, \/ @, is the supremum of &, and @, in the
£(S)
lattice of semilattice congruences on S. Suppose x;=y,(®, \/ ®,) for i=1,2, and
&(S)

assume both x,V x, and y,Vy, exist. At first assume
(1) x;zy for i=1,2.

By assumption there exist elements 25,28, ..., Z4 ) of S such that x,=z}, vi=zi
and zj_; =zi(®, or ®,)fork=1, ..., n(i)and fori=1, 2. Set m= max(n(1)+1 n(2) +1)
For i=1, 2 we perform the followmg alterations to the sequences.

(i) If for some j and k, zj_,=z{(®;) and zk_zH_l(d)J) (and so zf_; =z} ,,(®)))
we omit zj from the sequence and renumber the sequence in the natural way.

(ii) Repeat (i) until z}_ 1_z,c(d*,) implies zkzzk“(dﬁl)

(iii) If z} 2 zi(®,) introduce z_ 1—z0 and renumber in the natural way.

(iv) Introduce additional terms zi —z,,, 1= =Zpi)+1=2n(i) -

We now have two sequences Z3, 0%, 2t and zo, ...s Zy Such that x;=zj, y;=2z},,
ZrL 1_z,‘(dil) if k is odd and zj_ 1_zk((bz) if k is even. Define wi=zjA...AZ} for
j=1,...,m and i=1,2. Therefore x;=wi=wi=...=w! and also wi_ 1_w,¢(<151)
if k is odd or wi_ 1_w,‘(diz) if k is even. Now smce X >w' ,»; for j=1,...,m and
i=1,2, w;Vy; exists and we set vi=wjVy;.

Therefore x;=vj=vi=...v}, —w' Vy,=y; and furthermore vi_,=vi(®,) if
k is odd or v}, 1_vk(dig) 1f k is even. Smce Xx;Vxy ex1sts so does v}V v} forall j=1, ...,m
and hence x1Vx2—UOV va, Y1Vy.=viVv% and v}_,Voi_,=viV vk(tbl or @,) provmg
that x;Vx,=y,V y2(¢1g g) D,).

If the inequalities in (1) no longer hold, then x;=y(®, \/ ®,) implies x;=
£(S)
=x;Ay((P,\V ;) and y;=x;Ay(P,\/ @,) and so the result follows by an easy
£(S) £(S)
argument.

THEOREM 3.4. Let S be a semilattice with the upper bound property and {®;: icI}
a collection of \/ -congruences on S. Then x= y( \/ @,) if and only if there exists ele-
€I

ments z,, ..., z, of S such that x=z,, y=z, and zk 1=2(Dyxy) for some i(k)E L.

PROOF. Assume x= y( V ®,) and so T(x, y)C( \/ ®,). Since T'(x, y) is compact

in 4(S), there exist i, .. l El such that T'(x, y) S d> 9,V...V®, and the proof
follows from the above lemma The reverse unpllcatlon was covered by earlier
remarks.

COROLLARY. For a semilattice S with the upper bound property the \ -congruences
form a distributive sublattice of the lattice of (semilattice) congruences on S.

PROOF. Let x, y€ S with x=y, I', @,, 9,€ ¢(S) and assume x=y(I'N(2,V ®y)).
It suffices to show that x=y(('N®,)V('N®,)). By Theorem 3.4 there exist
Zgy ..y Z2,€8 With x=zy=z,=...=z,=y such that z;_,=z(®P; or J,). Since x=
Ey(l"), x/\ zz=yAz(T') and so x; _y(F) for i=0,1, ...,n. Therefore z,_,=z(I")
and hence z;,_; = z(I'N @, or ' @,), giving the desired result.
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We note that this last result was stated by GRATZER and LAKSER in [7], without
proof.
Let S be a weakly distributive semilattice, and denote by %(#,(S)) the set of

all lattice congruences on #,(S). We wish to investigate the relationship between
%(#,(S)) and %(S), and to this end we define the restriction map ¢: %(F4(S))~
—~%(S) by, for 0¢%(#,(S)), x=y(e(0)) if and only if (x)=(y)(6). We note the
following results without proof.

(i) If {0:: i€ I}S €(F((S)), then Q(Q )= Q}g(o,.).
(i) If T(a), (b)) is a principal congruence on JZ,S) with (a)=(b) then
o(T(ay, (b)))=T(a, b).

THEOREM 3.5. Let S be a weakly distributive semilattice with the upper bound
property. Then o: €(F(S ))—»fg(S) defined as above is a lattice isomorphism.

PrROOF. We first show that ¢ is a homomorphism. It has already been noted
that ¢ preserves infima, so now suppose x=y(\/ ¢(f)). By Theorem 3.4 there
icl

exist zy, ..., z,€ S such that x=z,, y=z, and z,_,=z(e(6;4,)) for k=1, ...,n and
some i(k)€l. Therefore, (z,_1)=(z)(0;x) and so (x)=(y)(V 6;) implying x=
13

=y(o(V 6;)). Assume that x=y(¢(\/ 6;)), where, without loss of generality, x=y.
il icr
By the definition of ¢ we have (x)=(y)(\V/ 0;) and so there exist finitely generated
i€l

ideals Jy, ..., J, with (x)=Jo,C S S...EJ,=(y) and J,_,=J,(0;4) for k=1, ...,n
and some i(k)€1. Since S has the upper bound property, Jy, ..., J, are all principal
ideals and so there exist z,, ..., z, in S such that J,=(z,) and hence z,_,=2z,(0(0; )
showing that x=y('\/ ¢(0)).

i€l

Next we show ¢ is a surjection. Result (ii) above shows that there exists an
inverse image for each principal V-congruence 7'(a, b), with a=b. But for any
\-congruence @ on S, ®=V{7(a,b): a=b,a=b(P)} and so by what we have
above ®=g(0) where 0€%( #,(S)) defined as V{T'({a), (b)):a=b, a=b(P)}.

Finally o is injective, for suppose ¢(0)=o(®) with 0 ®. Let I=(xy, ..., Xp),
J=1s coos Ymp€F(S) with I=J(®P). Therefore, IN{ay=JN(a)®) for all acs§.
Since S has the upper bound property, both 7({a) and J({a) are principal and
will be denoted by (z,) and (z;) respectively. Then, z,=z,(o(®)) and since o(®)=
=0(0), {zo)=(z,)(0). That is, IN{a)=JN{a)(0) for all ac S. In particular IN{y;)=
=JN{y;)0) for j=1, ..., n; that is, IN{y;)=(y;)(0) and therefore

; Iy = (;’ (y)(0).

Then INJ=J(0). Since INJ=1(0) is similar, g is injective.

We now examine a particular example of a weakly distributive semilattice
which shows the last result is not true in general. Let Z~ be the negative integers
with their natural ordering and let A=Z~U {x,}U {x,}U {a} where we define x,, x,
to be less than all the elements of Z~ and set a=x;/\x,. It is clear that given this
ordering, 4 is a weakly distributive semilattice which does not have the upper
bound property, since x,Vx, does not exist. Furthermore the only ideal in #,(4)
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which is not a principal ideal is (xx, x2. We define two congruences ®x and ®2
on f £(S) by /=Y (X if and only if /T")(xx, x2=/1(xx, x2 for all /, Jdf}(S),
while /=/(® 2 if and only if /T-(xx, x2=/+ (xx Xx2. The theory of congruences
on distributive lattices shows that ®/d2=r, the largest congruence on f f (S).
From the very definition of g, we have g(®29= 0((x1,x2), while a=b(a(®1) if
and only if (a) M (xx, x2=(b) N (xx,x2 for all a, bdA.

It is now clear that g(®01d2) = >while eNe i)\l (P2 has two distinct congruence
classes, Z~ and {xx,x2a}, and so we cannot have pg(®”" ®.)=sa(P\)blo(d2-

In the case of semiboolean algebras the lattice of V-congruences has a special
form, as shown by

Theorem 3.6. Let S be a weakly distributive semilattice with the upper bound
property and assume 0% S. Then S is semiboolean ifand only if the map ®:(S)—"(S)
defined by @(1)=9(1), for 1df(S), is a lattice isomorphism.

Proof. Suppose S is semiboolean. It is clear that g is an injection. Now let
x=y(R(I)) for some Idf(S) and assume that T3y Since S is semiboolean, there
exists x' in (y) such that xAx'=0 and xVx'=y. Now x=y(R(I)) and xJIx'=0£/
implies that yAx'=x'dl. Since y=x\Jx', yd(x)+1 and hence (y)+I=(x) +L
That is x=y(9(1)). As[0]®P(={x£5: x=0(P)}) is the only ideal which isa congruence
class of &, for any ®££(5), Theorem 3.1 shows that this is sufficient to prove
that q is a surjection.

To show that g is an isomorphism, suppose x=y(9(1+J)) and xSy. That is
(X)+1+J=(y)+1+J, and so yd(x)+1+J which implies that y=x\/idj for some
idl, jdJ. Since S has the upper bound property x\Jt exists, and so i(m
while xV/=xVi'Vy(0(/)) and this shows that x=y(0(l) J6(J)). To prove the reverse
implication we note that a=b(9(l) or 9(J)) implies that a=b(9(I+J)) and use
Theorem 34.

Now assume x=y(9(1)C\9(J)). Therefore (x)+/=(y)-f-/ and (x)+J=(y)-\-J.
Using this  (x) + (TNY)= (<x>+1) (T((x)+I)=((y) +/) Ny>-LY)= <>+ (M),
hence xsy(0(ffU)), while the converse is trivial. Thus @ is an isomorphism.

If pisan isomorphism let x, y dS withx*y and set 1=[0] T (X, y). By assumption
0()=T(x, y) and hence x=y(9(i)); that is (x)+/—{y)+/. Thus y=xda for some
adl, while xAadl and so xAa=0(T(x, j)) and it follows that xAa=0. Hence
a is the complement of x in (y).

Theorem 3.7. The V-congruences on a weakly distributive semilattice S with
0 are permutable if and only if it is a generalised boolean algebra.

Proof. Leta, bdS bearbitrary. Since we have already shown that 9(a) N4'(a)=co
and 9(a) V T(a)=1i, the permutability of the V-congruences implies that 5 is

|somorph|é)to the product S/4'(a)XS/9(a). Also S/4,(a) has a largest element

1=[a]4J@) and S/9(a) has a smallest element O [a]9(a) and a corresponds to the
element (1, 0) of the product. If b corresponds to the element (X, y) then it is easy
that the element of 5 corresponding to (1,y) is the supremum of a and b. Hence
S is a lattice. The rest follows from well known results.

Corollary. Let S be a distributive semilattice with 0 and 1. Then, S is a boolean
algebra if and only if the map 4): dF(S)"6(S), where ~(S) is the lattice offilters
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of S and for FEZF(S), Y (F) is the \/ -congruence x=y(¥(F)) (x, y€S) iff x\f=y\f
for some fE€F, is a lattice isomorphism.

PrROOF. This is an immediate consequence of the theorem since KATRINAK
[8; 3.3, p. 167] has proved that the above congruences associated with filters permute
in a distributive semilattice.

We close this section with a discussion of the join in () of two V-congruences
in the case of a general weakly distributive semilattice. Firstly, we give an example
of a weakly distributive semilattice whose V-congruences are not a sublattice of
the lattice of semilattice congruences.

Let A={a, b} be the two element chain defined by a<b and let A" be the
natural numbers with the usual order. Let D=A"UA be the chain obtained by
adjoining 4 above A" ; that is ¢€ 4 implies ¢>n for all n€.4". Define C to be the dual
lattice of D. We partially order C® by saying (x;, x5, X3)=(y;, Vs, ¥s) if and only
if x,=y;in C for all i=1,2,3. Let = U {(0,4,0), (4, i,0), (0,1, 1), (i, i, i)} and

i€ C\{0}
induce the partial order of C® onto S”.

Define S=S"\J{(0, @, 0)} and induce the partial order of S’ onto S (recall

that a is the second smallest element in C). Then we claim that S is a weakly distri-

butive semilattice and that there exist two congruences I'; and I', such that I'y \/ Iy #
€(S)

#I';\/ I'y. First we show that S is in fact a semilattice. To do this we need only

&(S)
show that (0, @, 0) cannot be written as xAy, x, y€ S. Suppose x/Ay=(0, a, 0). This
implies x=(0, @, 0) and y=(0, a, 0). By the construction of S this would imply
that x and y are of the form (0, 7, 0) and (0, /, 0) for some i and j in C. Hence xA\y=
=(0,1,0)A(0, j, 0)=(0, i\j, 0)=(0, a, 0) and so a=i/\j in C. Since C is a chain
this implies a=i or a=j which is a contradiction. Hence S is a semilattice.

We note that the infimum of two elements in S is the same as the infimum of
the same two elements in S/, and of y;V...Vy, exists in S then y,V...Vy, exists
in S’ (since S’ is a lattice) and the two suprema are equal. Furthermore it is straight-
forward to verify that S’ is a distributive lattice, for example

(s i, YA ((J> J» OV (O, k, K)) = (i, i, i)A(O, jVk, 0) = (IA(jV k), iA(GV k), iA(jV K)),
while
(G, 1, DAL 4, )V, B, DA, k, k) = (iAJ, iNj, iN)V EAK, iNk, iNk) =

= ((ADVEAK), GAHVENK), GAHVEAK)) = (iAGV k), iINGV k), iAGV K)).

Hence to show that S is weakly distributive it suffices to show that the existence
of y;\V...Vy, implies the existence of (xAy;)V...\V(xAy,) in S for all x¢ S. Therefore
suppose (xAy;)V...V(xAy,) does not exist in S. By our construction this implies
(xAy)V..V(xAy,)=(0,a,0) in S’. Since S’ is distributive this implies
xAN(»V...Vy,)=(0, a, 0) which leads to a contradiction if both x and y,V...Vy,
are in S.

Set I'y=0((a, a, a)) and define I', as the equivalence relation which has the
following equivalence classes (of more than two elements):

{G,i,0): i=a}, {(0,i,i): i=a}, {(G,i,i): i=a} and {(0,7,0): i = a}.
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It is easy to see that "2is in fact a V-congruence. Furthermore I'x has as its non-
trivial equivalence classes the sets {(a a 0), (b,b, 0)}, {(, a, a), (0, b, 6)} and
{(@& a, a), (b, b, b)}. Hence 'xV I"2is defined by the following classes,

2 ©)

{(i, U0): i€EC\{0}}, {(0, i, i): iEC\{O}}, {(i, i, i): iEC\{0}}, {(0,/,0): i> a}
and {0, b, O)}.
Hence (b,b, 0)= (1, 1,0) (A v r2) and (0,6, 3= (0, 1, 1)(TXV F2), both (1, 1,0)V

<)
V(l, :,0=(0,:,0) and (b b 0)V(0, b, b)=(0, b, 0) exist and vyet (0,1,0)?*
7O, b 0) (FlV 2 showing that Tk\/ P21\ T2.

<f(S) €{S)
We now glve a description of the supremum of V/-congruences in an arbitrary
weakly distributive semilattice.

Theorem 3.8. Let S be a weakly distributive semilattice and suppose {I'p. i£1}Q
Q'&iS). Define EO= V T;, the supremum of {I'p. i£1] in the lattice of equivalence

<S)
relations on S. Inductivéfy define F,,, En+lfor n=0, 1,2, ... and x, YES by (X, y)EFn
ifand only if there exist xt, y{£S for i—1,..., m such that (x;, j';)€Enand x = xkV...
LVxm J=yiV..Vjm and (x, y)f_Entl if and only if there exist z0, zfiS with
x=z0,y=z, and (Zj_I5 Zj)EFnfor /=1,...,/. Let T~ U£,. Then T= V A-
n<co jn(s)

Proof. We prove by induction that Ek is a semilattice congruence. For k=0
the result is well known. Assume Fk_k is a semilattice congruence. Then we claim
the following are true of Fk_1.

(i) (x, x)6Ffc-i for all x£S.
(i) (x,y)6Fb I ifand only if (y,x)(Ft.j for x, y€S.

(iii) Suppose (x1yi)€Ek_1fori=1, ..., n where x, yldS. Then (XU1xX2 j XAj2£
€EK_kand if xxV...Vx" andj1V..\ly" both exist then (xXV...VX", JAV...Vj")€

The first two of these are trivial. For the third, by definition, there exist elements

XL(o,y{, mmylnu) of s such that (x? ())"EK I and x*=x1V/... VxJ,fl),
yI—y\S -Vylnd). Therefore  x1Ax2=(x}Axf)V X|AXT)V V(xJI(l)Ax"(Z)) and
TA 2= (AAMN XNV N (X QA IMD). Now (X'Axf, yjAyi)€EkK-1 since, by
assumption, Ek 1is a semilattice congruence, and hence (x'Ax2 YUly2£EK 1from
the definition. Also,
’ XXV.. VX" = xiV..Vxi,(QVxFV...VxS,(n)

an

W ...V - TiV..Vyi,(QVT?V...VK({®

and thus (iii) is proved.

It is now easy to show that Ek is a semilattice congruence. It is reflexive by
() and symmetric by (ii) while transitivity follows from the definition. The substi-
tution property for A follows, after an easy manipulation, from (iii).

We note that EOQ FOQEIQ FKQE2Q ... and so T= UE,,= UF,,. T is obviously
a semilattice congruence and clearly TQ V F;. Now suppose xf, €5 are such

s)
that (x-, yp€T for i'=1, ..., n and both xt\y...Vx,, and yfl...My,, exist. By construc-
tion there exists an integer k such that (x;,yt)d Fkfor all i=1, ...,n and so (XjV... Vx,,,
yRI .\, )EFKQT. It is now clear that T= V {T,: /€/jm

*®
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THE RANGE SPACE IN A CLOSED GRAPH
THEOREM

By
S. O. IYAHEN (Benin City)

1. A linear map from a Banach space into another is continuous if its graph is
closed; it is also open of in addition it is onto. A Hausdorlf locally convex space
E is barrelled if and only if for each Banach space F, every linear map with a closed
graph from E into F is continuous [8]. This note seeks the locally convex range
spaces in a closed graph theorem for linear mappings from Banach spaces.

Throughout our linear topological spaces are over a fixed field either the real or
complex numbers, and are assumed Hausdorlf. A linear map from a linear topo-
logical space E to another Fis called a closed map if its graph is closed in EX F.

2. V. Ptak, in [9; 3.6 and 3.8] proved that for a locally convex space E, the
following conditions are equivalent:

(i) A continuous linear nearly open one-to-one map from E onto any locally
convex space is open.

(i) A closed linear nearly open one-to-one map from E onto any locally convex
space is open.

(iii) A closed linear nearly continuous map from any locally convex space into
E is continuous.

Notice that a linear map from a Banach space E into a linear topological space
F is nearly continuous, and a linear map from F onto E is nearly open.

Let T be a class of locally convex spaces. As in [3], a locally convex space E is
called Br(T)-space if for each F in T, any continuous linear one-to-one map from
E onto F is open. If “continuous” is replaced by “closed” in this definition, we
call E a Dr(T)-space. We shall denote by Br(T) and Dr(T) the classes of all Br(T)-
spaces and Dr{T)-spaces, respectively.

If T is the class of all barrelled spaces, the Dr(T)-spaces are the range spaces
in the closed graph theorem for linear mappings from members of T[4; Theorem 3.1],
and from this it follows that a closed linear subspace of a 2?(T)-space is also a
Dr(T)-space. Every £ (T)-space is a Ar(T)-space, but the converse fails [11].

Proposition 1. Let (E r)=a)3$D(Ex, tX) be a topological product space of infinitely

many non-trivial linear topological spaces. I1f t is a closed linear map from (E, r)
into a complete metric linear space F, then there is a countable subset d0of dsuch that

t@*eq))\((wEﬂ =0

If F is locally bounded, then ®0can be chosen to befinite.
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Proof. If R is the finest linear topology on Ea, then (Ea, rjf is ultrabarrelled,

and so is
(E.1)= X (EXIY,

by (1). Since // is finer than t, the map t: (E, rj)-*F is closed and therefore continuous
by [10; Propositions 13 and 15 (ii)]. If (V,)™=Lis a fundamental sequence of neigh-
bourhoods in F, then for each n there is a finite subset 4',, of ® such that

£ V”

< x_ £)sn =o.
J(« \I_E1¥,, n=1

If Fis locally bounded, Vx may be taken to be bounded, and
fundamental sequence of neighbourhoods in F. In the above then,

f X £)En - M=o

(cf. [5; Lemma 3.1]).
We shall denote by Bnand Fr the classes of all Banach and Fréchet spaces,
respectively. Clearly Dr(F)QD r(Bn.

Corollary 1. Any infinite (uncountably infinite) product of locally convex
spaces is a Dr(Bn)-space (Dr(Fr)-space). In particular any product of Fréchet spaces
is a Dr(Fn-space.

Corollary 2. A locally convex space (E, t) has thefinest locally convex topology
if and only iffor each Dr(Fr)-space F, every closed linear map from (E, t) into F is
continuous. In particular such E isfinite dimensional if metrizable.

Proof. If ] is the finest locally convex topology on E, then (£, ) is a closed
linear subspace of some product space F of Banach spaces; £ isa  (£r)-space.
The graph of the identity map i: (E, %)-*-(£, \) is closed in (E, T)XF. If i is conti-
nuous then t=12

If in the above argument (E, t) is a Banach space of infinite dimension, then the
closed subspace (E, ) of the A(Tyj-space F, is not a £1(£,)-space, and a closed
linear map from (£, ©) in Bninto a Dr(Bn)-space F need not be continuous.

3. An absolutely convex bounded subset £ of a locally convex E is called
a Banach disk if the linear span of B is complete under the topology with the sequence

Bj as a local base.

A closed sequentially complete absolutely convex bounded subset of a locally
convex space is a Banach disk. A Banach disk need not be closed or sequentially
complete, since the open unit ball in a Banach space is a Banach disk.

We shall use the notion defined in [2; page 3], of a generalized inductive limit
of absolutely convex sets. Let G denote the class of all locally convex spaces which
are generalized inductive limits of Banach disks, and Gmthe subclass of G consisting
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of all members of G with the Mackey topology. Let N denote the class of all complete
bornological spaces.

Proposition 2. Dr(G) ¢.D,(GnczDr(N)QDr(Frc:Dr(B).
Proof. As B,,czFr(®N(zGmc:G, we have that
Dr(G) S D,(GJ ¢ Dr(N) Q Dr(Fr) Q Dr(B,,).

Now Dr(G)XDm(Gr). For if (E, x) is a reflexive Banach space of infinite dimen-
sion, then by the method of proof of Proposition 3.3 of [6], (E, X) is a A.(Gn)-space.
If // is the topology on E of compact convergence, 1 is strictly coarser than x, and
as (E, ) isin G, (E, x) is not a Zr(G)-space.

flr(G IJMfIr(V). For if (E, x) is the strong dual of a Fréchet space and (E, X)
is not bornological (see for example [7; Page 221, Problem G]), then under its
associated bornological topology R, E is a Dr(N)-space, but not a 2Zr(Gm)-space.

Dr(FnxDr(B,). For, if (En, x,) is a Banach space of infinite dimension for
each positive integer «, and A, the finest locally convex topology on En, then the

product space (E, rj)= X (En, A;) is a Dr(B,,)-space by Proposition 1, but not a Dr(Fr)-

space, since the identity map from (E, ) onto the Fréchet space X (E,,, x,) is conti-

nuous but not open.

Notice that with the same examples as above, Proposition 2 holds with Dr(T)
replaced throughout by Br(T).

Let C be the class of all locally convex spaces such that EdC if and only if either
(i) EEBnor (ii) E is a linear space under its finest locally convex topology or (iii)
E is the topological direct sum of two spaces, one from each of (i) and (ii).

Theorem 1 A locally convex space (E, x) is a Dr(C)-space if and only iffor
each F in C, any closed linear mapfrom F into (E, X) is continuous. This is true ifand
only if for each Banach space F, any closed linear map from F into (E, x) is conti-
nuous.

Proof. Let i be a closed linear map from some F in C into a Dr(C)-space
(E, v). To prove that t is continuous, there is no loss of generality in assuming that
F is a Banach space since every member of C is an inductive limit of Banach spaces.
For some Hausdorff locally convex topology r], say, on E coarser than x, t: F-»(E, rf)
is continuous, because its graph is closed in FX(E, x). If Ais the finest locally convex
topology on E for which t is continuous, then (E, ) is topologically isomorphic
to (?(F), B)® A, where Q is the quotient topology of Ty? 1(0), and A is an algebraic
supplement of t{F) in E, given the finest locally convex topology [7; Page 148,
Problem C (a)]. Thus (E, 9 is in C. Since (E, x) is a Dr(C)-space, and the identity
map (E, T)—E, 5 is closed, x=k. The map t: F-*(E, x) is therefore continuous.

If TtQT2are classes of locally convex spaces, then Dr(Ti)*D r(T1). Suppose
that each member of T2 is the inductive limit of some members of 7\, and that
a closed linear map from any member of 7) into a Dr(T1)-sp'dce F is continuous.
Then a closed linear map from a member of T2 into F is necessarily continuous.
This implies that Dr(T*)QDr(T"), and thus Dr(T)=Dr(T2. From Theorem 1 we
thus have the following
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Corollary 1. If B* is the class of all inductive limits of Banach spaces, then
Dr{C) =Dr{N) =Dr{Bt).

Corollary 2. A closed linear subspace of a Dr(N)-space is a Dr(N)-space.
Corollary 3. Dr(N)cDr(Fp.

Proof. By Proposition 2, Dr(N)Q Dr{Fr). That Dr(N)*-Dr(Fr) follows from
Corollary 2 above and the remark after Proposition 1 Corollary 2.

If in Theorem 1, C is replaced by G or Gm then the space (t(F), Q)QH is in
G or Gm respectively. The first part of Theorem 1is thus true with C replaced by
either G or Gm The second part is false by the examples in Proposition 2 showing
that Dr(G)c:Dr(Gm)czDr(N). As can be seen from Propositions 3.2 and 3.3 of (6),
a semi-Montel (semi-reflexive) (ir(A)-space is a Dr(C)-space (D,(Gm)-space). These
two latter classes of spaces thus include the distribution spaces f 3>  BwMm, Bc,
and their duals.

References

[1] N. Adasch, Topologische Produkte gewisser topologischer Vektorraume, Math. Ann., 189
(1970), 280—284.

[2]1 D. J. H. Garling, A generalized form of inductive limit topology for vector spaces, Proc.
London Math. Soc., 14 (1964), 1—28.

[3] T. Husain, Locally convex spaces with the B(r)-property, Math. Ann., 164 (1962), 413—422.

[4] S. O. lyahen, D(t; /)-spaces and the closed graph theorem, Proc. Edinburgh Soc., 16 (1968),

[5] S. O. lyahen, Semiconvex spaces, Glasgow Math. J., 9 (1968), 111—118.

[6] S. O. lyahen and J. O. Popoola, A generalized inductive limit topology for linear spaces,
Glasgow Math. J., 14 (1973), 105— 110.

[7] 3. L. Kelley and I. Namioka, Linear topological spaces (New York, 1963).

[8] N. Mahowald, Barrelled spaces and the closed graph theorem, J. London Math. Soc., 36
(1961), 108— 110.

[9] V. Ptak, Completeness and the open mapping theorem. Bull. Soc. Math. Fr, 86 (1958),

41—74.

[10] W. Robertson, Completions of topological vector spaces, Proc. London Math. Soc., 8 (1958),
242—257.

[11] L. J. Sulley, On B(t)- and Br(r)-locally convex spaces, Proc. Cambridge Philos. Soc., 68 (1970),
95—097.

(Received January 27, 1976)

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BENIN
BENIN CITY, NIGERIA

Acta Mathematlca Academiae Sclentiarum Hungaricae 3 1978



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 32 (1—2), (1978), 21—26.

MEROMORPHE ZWEIGE YON LOSUNGEN
BEI ASYMPTOTISCH LINEAREN
OPERATORGLEICHUNGEN

Von
H. HAF (Kassel)

1. Einleitung

Im Zusammenhang mit Fragestellungen der mathematischen Physik treten
haufig parameterabhéngige Operatorgleichungen der Form

(11 0 =x+T(x,A), AER,

mit asymptotisch linearen Operatoren in einem Banachraum X auf. Hierbei heifst
TU, A fir festes 1 nach Krasnoselskii [7] asymptotisch linear, falls ein linearer
Operator Lx existiert, mit

(12 [Ir(x, A)-LxX\ = o(nr]), fur |[Ix||

Man nennt L; die asymptotische Ableitung von TU, A. So fiihrt z. B. das nicht-
lineare Sturm—Liouville-Problem

(1.3) -[PWIW I'+iWyW = Ay(x)+f(x, y, y', A xE(0,7t)
mit den Randbedingungen
(1.4) ay(0) +by'(0) = 0, cy(7t)+dy'(n) =0
auf eine Integralgleichung der Form
T
(1.5) 0=y (X)-g \Ay(t)+Ht, y(1), y'(t), A1 G(x, 1) dt,
wobei G die zugehorige Greensche Funktion ist. Fir den Fall
(1.6) [(eu vV ) =o0(m2+m fir (uv) °°
ist der Integraloperator in (1.5) asymptotisch linear mit asymptotischer Ableitung
n
€7 Lxy(x) = AJ y(t)G(x, t) dt.
0

Bei der Behandlung von Problemen dieser Art sind Verzweigungsphanomene von
grofRem Interesse. Ist (0, /)=0 fur alle A”R, so bildet {(0, A): A€R} die Kurve der
trivialen Losungen von (1.1) in XxR. Falls fir ein A£R der Punkt (0, A) Haufungs-
punkt von nichttrivialen Ldsungen von (1.1) ist, heilt (0, A) Verzweigungspunkt.
Entsprechend nennt man (°°, A) asymptotischen Verzweigungspunkt, falls es eine
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Folge (x,,, A) von Lodsungen gibt mit A,—2 und ||x,|[—°. Bekanntlich steht das
Losungsverhalten von (L.1) in einem engen Zusammenhang zum Verhalten der
asymptotischen Ableitung L; (vgl. z. B. [7]). Mit den Ublichen Beweismethoden laRt
sich fiir vollstetige Operatorscharen T(-,/) zeigen (siehe hierzu Lemma 3): Be-
zeichne a(LX) das Spektrum von Lx und gelte fir ein AER:—1Ccr(L;Q mit Viel-
fachheit m< °o ungerade, jedoch —1$0(LX) in einer Umgebung U(AQ/{AC} von A0.
Dann liegt ein asymptotischer Verzweigungspunkt von (1.1) vor.

Dies besagt indessen keineswegs, da die Ldsungsmenge in der Umgebung
von (« A) eine Kurve enthdlt, wie sich anhand einfacher Beispiele zeigen lafit.

Die analoge Situation der Verzweigung der trivialen Ldsung in (0,A), bei
in Xx=0 Fréchet-difFerenzierbaren Abbildungen, ist insbesondere von J. Schwartz [8]
und R. Bshme [1], [2] untersucht worden. Fiir den Fall komplexer Banachraume
und vollstetiger Operatorschar T(e,).), mit T(x, /) analytisch beziiglich A und
X (zum Analytizitatsbegriff vgl. Abschnitt 2) in gewissen Umgebungen von A0 bzw.
jc= 0, konnte J. Schwartz die Existenz einer Verzweigungslésung in (0, A) nach-
weisen, die sich als Reihenentwicklung nach gebrochenen Potenzen von (A—.,)
darstellen 1&Bt. Das Schwartz’sche Resultat ergibt sich als Anwendung einer Ver-
allgemeinerung eines Satzes von J. Cronin [3], [4].

Eine systematische Untersuchung unter Einbeziehung reeller Banachrdume
und nicht notwendig vollstetiger Operatoren wurde von R. Béhme durchgefiihrt.
Bohme legt seinen Betrachtungen das nichtlineare Eigenwertproblem

Ax+ax(x) = (M-A)(x+a2Vv)> N linear,

mit stetigen Operatoren A,ax,a2 zugrunde. (Die lineare Parameterabhangigkeit
bedeutet keine wesentliche Einschrankung.) Auch hier stellt die Forderung der
Analytizitdt von ax und a2 die entscheidende Voraussetzung flr die Existenz von
nichttrivialen analytischen Ldsungskurven dar. Insbesondere enthélt die Arbeit
von Bohme Aussagen Uber die Anzahl der Losungskurven. Diese Resultate ergeben
sich durch Betrachtung topologischer Invarianten und Anwendung funktionenthe-
oretischer Satze.

In der vorliegenden Arbeit wird in Anlehnung an Beweismethoden von Béhme
die Frage untersucht, unter welchen Voraussetzungen an T(-,/.) Kurven von L&-
sungen von (1.1) durch (°°, A) existieren und welche Eigenschaften diese besitzen.
Wir beschrédnken uns hierbei auf reelle Banachrdume und leiten durch Inversion

in Abschnitt 3 eine zu (1.1) dquivalente Gleichung der Form
(1.9) 0=z+T(z, A

her, die den Methoden von Bohme zugénglich ist. Es zeigt sich, dafl hierbei die
asymptotische Ableitung Lx von T( -, A in die Fréchetableitung von f (s, A in
z=0 Ubergeht. Ein Vergleich mit den Ergebnissen von Bothme zeigt: Die Eigen-
schaft der asymptotischen Differenzierbarkeit ist zu schwach, um die Existenz einer
Kurve durch (°°, A)) zu gewabhrleisten. Sogar dann, wenn f unendlich oft differenzier-
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bar ist, muB es keine Ldsungskurve geben, wie das bekannte Beispiel: X —R2 und
f—14-(1 —AGlic—(1—A)yr

1 A= .
(110 Ty A —Ay+ y2+ sin—eexp

zeigt. Dagegen folgt unter starkeren Voraussetzungen an T(-, A), genauer: an
T(',A)—Lk, die Existenz von mindestens zwei meromorphen Ldsungskurven, die
sich nur in (°°, A) treffen. (Siehe hierzu Satz 1)

2. Definitionen und Hilfssatze

Wir stellen einige Hilfsmittel zusammen, die wir im folgenden bendtigen.

Definition 1. Sei X ein reeller Banachraum, U<zX offen, und T eine Abbildung
von X in sich. I heif3t reell analytisch in U, falls es zu jedem x£U eine ~-Umgebung
Kn(x) gibt, so daB T in Kfx) durch eine gleichmaRig konvergente Taylorreihe der
Form

T(x+h)= Z~ (D nT(x)h

dargestellt werden kann. Hierbei bedeutet DnT(x) die u-te Fréchetableitung von
T in x (vgl. [5)).

Fur analytische Abbildungen gilt die folgende Verschéarfung des Satzes (liber
implizite Funktionen:

Lemma 1 Seien X, Y, Z (reelle) Banachraume, 12ezX X Y offen und (0,0)£R.
Ferner sei T : Q-*-Zanalytisch in Q mit T(0, 0)=0. Die partielle Ableitung DZT (0, 0)
von T im Punkt (0, 0) bezliglich Z sei ein Isomorphismus von Y aufZ. Dann existiert
eine Umgebung U von OCX und eine analytische Abbildung g: U-*X mit g(0)=0
und T(x, g(x))=0flr alle xEU.

Beweis. Siehe R. Bohme [2].
SchlieRlich bendétigen wir noch

Lemma 2 (curve selection Lemma). Bezeichne Q eine offene Umgebung von
0E£RPundfx, ...,fmsowie gx, ..., gnanalytische Abbildungen von Q in R. Die Mengen
M und Q seien durch

M:={x£Q: f,(x) =0, i=1,

Q:={x£€R: gfx) >0, i=1, n)

erklart. Falls O*M DR1 gilt, enthalt MC\Q in einer Umgebung von 0 endlich viele
analytische Zweige, die sich nur in O treffen, genauer, es existieren Intervalle /,=
:=(—ev,eV) und Abbildungen (pv:/v—Rp mit

1 (pvbildet (—ev, 0) und (0, ey je homeomorph aufeinen Zweig ab;

1Hierbei ist mf)q die AbschlieBung von ™ f)qQ
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2. (pv 18Rt sich durch

<Pyt) = 2 Ciyt] civERp,
i—1
darsteilen.

Beweis. Siehe [2].
Wir beweisen nun in Analogie zu den Ausflihrungen von Bsnhme [2] und in
Anlehnung an ein Seminar von K. Kirchgassner [6]

Lemma 3. Sei X ein (reeller) Banachraum, QczJXR eine offene und beschrankte
Menge, (0, /.,,)6Q, und f eine vollstetige Abbildung von Q in X. Ferner sei T analytisch
in einer Umgebung von (0, n0, T (0, A)=0 fur alle (0,/)4Q und D1T (0, X)=h(?) e
* D1f(0), mit einer in einer Umgebung von X0 erklérten (analytischen) streng mono-
tonen reellwertigen Funktion h(X). Gilt dann: —I1£a(D1f(0, nQ) mit ungerader
Vielfachheit m undfir XXX0: —1$o(D1f (0,1)) in einer Umgebung von X0, dann exis-
tieren mindestens zwei analytische Zweige von Ldsungen der Gleichung

(2.1) 0 = x+T(x,X),
die sich nur im Punkt (0, X treffen.

Beweis. Aufgrund der Voraussetzungen von Lemma 3 ist (0, X) fur X hin-
reichend nahe bei XOisolierte Losung von (2.1). Daher existieren X~, X+mit 4 <A0<
<A+ und eine Umgebung AE0)= {x: ||x||<e} von x=0, so daR es auer (0, At+)
bzw. (0, X~) keine weiteren Ldsungen auf if£(0)X {A+} bzw. AE0)X{/.-} gibt.
Da m nach Voraussetzung ungerade ist, folgt unter Verwendung der Homotopie-
Invarianz des Abbildungsgrades die Existenz einer Ldsung von (2.1) auf dem
Zylinder KE0)X (A", z+), wobei Ke(0) der Rand von Kg0) ist. D.h. (0, X0 ist Ver-
zweigungspunkt von (2.1).

Zum Nachweis von analytischen Lésungszweigen 1aRt sich Problem (2.1) nach
der bekannten Methode von Lyapunow—Schmidt auf die Untersuchung einer
analytischen Mannigfaltigkeit im Rm zurtickfiihren. Bezeichne X1 den Nullraum
des vollstetigen Operators id+ Dj (0, XQ; dann &Rt sich X als direkte Summe
X=X1p X2(X1, X2 abgeschlossen) darstellen. P,, P2 seien die zugehérigen Projek-
tionsoperatoren und w,:=Pr, u2:=P.,u. Ferner verwenden wir die Abkirzung

(2.2) W (x, X-X0 := f(x, X—f(0, X0-(DT(0, XJ)(x, X-XO0.
Dann ist (2.1) aquivalent zu

10=«! A-DIT(0, Xg ul+ (X—XQP1DoF(0, a0 +Pi IV(ul+ u2, X—Xf)
}o = 1.+ D\T(0, XQu2+ (X—A)P 22 F(0, aQ-{-PAN (ul+ u2, X—X0.
Falls (w, X) in einer hinreichend kleinen Umgebung von (0, AX) liegt, gibt es wegen

Lemma 1 eine beziiglich uxund X—X0analytische Funktion ® mit n2=d (1w, X—x0.
Damit ist (2.1) aquivalent zu

(24) 0- [id+D.fi0, XA+ iX-XAPAn0O, Xf)+PAY[ul+d(ul, X-X0, X-X0}

Acta Mathematica Academiae Sclentiarum Hungaricae 32, 1978



ASYMPTOTISCH LINEARE OPERATORGLEICHUNGEN 25

Wegen dimX1nz<°° [4Rt sich in Xx eine Basis einfihren und die rechte Seite
von (2.4) als analytische Abbildung & einer Umgebung von 0c Rmtl in Rm auf-
fassen. Damit kann (2.4) in der Form

(2.5) 0 = Mw,A-A0)
geschrieben werden. Setzen wir fir g(x) etwa j[x||2 so folgt mit Lemma 2 die Be-
hauptung.

3. Meromorphe Zweige von Loésungen

Wir untersuchen in diesem Abschnitt die Gleichung
(3.1 0= x+T(x,A),

mit T : XxR-"'X asymptotisch linear fiir alle Ag/, wobei X ein reeller Banachraum2
und / ein beschréanktes offenes Intervall ist. Daher existiert fur jedes A£/ ein beziglich
x linearer Operator L(-,X) und eine Abbildung K, L,K:XXR —JF, so daf}

3.2) K(x, X) = o([[x][) fur [X| <= gleichmaRig in I,
und

(3.3) T(x, A= I(x, X)+K(x,X)

gilt. Damit I&Rt sich (3.1) in der Form

(3.9 0= x+7\x, A= x+L(x, X)+K(x, X

darstellen. Ist (x, X) aus der Losungsmenge von (3.4) und [|x||*0, dann folgt aus
(3.4) durch Inversion

die Gleichung

(3.6) 0—z+T(z, XY= z+L(z, X)+I(z, X,
mit

(3.7 J(z,X):= a), N1*0.

Wir setzen bei stetigem K J(z, A stetig durch die Festlegung /(0, A= 0 in den Punkt
z=0 fort. Der Bedingung (3.2) entspricht im Zusammenhang mit (3.6) die Bedingung

(3.8) J(z, X = o(N|) fir |[|z|]|-=>0, gleichmaRig in 1.
Ist umgekehrt z eine nichttriviale Lésung von (3.6), so gentigt

(3.9 X =

der Ausgangsgleichung (3.1). Aus Lemma 3 ergibt sich dann unter Berlicksichtigung
von (3.9) der folgende

2 Im Folgenden betrachten wir solche Banachraume, fur die FhiRanalytisch ist.
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Satz 1. Sei x ein reeller Banachraum. Die Abbildungen T,L,K,J: YXR ~X
seien wie oben erklart, K stetig in AfXR, L und J vollstetig und analytisch in einer
Umgebung von (0, A). Fir L sei auBerdem A0, )= 0, AdR, erfullt und die Abhéngig-
keit vom Parameter A wie in Lemma 3. Gilt dann: —1Co(L( e, A)) mit ungerader
Vielfachheit und —1d<r(d e, A)flr Ahinreichend nahe bei A0, so existieren mindestens
zwei meromorphe Loésungskurven der Gleichung (3.1), die sich nur im Punkt (<= A)
treffen. Diese gentigenfiir hinreichend kleine id R einer Parameterdarstellung der Form

(3.10) (p(o'= 2 kcm,
mit ct=(yt, r)dXX R, ckXO0.
Beispiet. Ein einfaches Beispiel ist durch Af=R und 0=x + An:+—gegeben.
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TWO PROBLEMS ON fc*-SPACES

By
J. L. BLASCO* (Valencia)

1. Introduction. A space X is called a kR-space when every real-valued function
with domain X is continuous if its restriction to each compact subset of X is conti-
nuous. In this paper we answer the question proposed by K. Bierstedt: If X is a
Alcspace so is every open subspace? We give a positive solution when A is a completely
regular Hausdorff space and we construct an example of a regular Hausdorif Ar-space
which possesses an open subspace that is not a kR-space.

Associated with each completely regular Hausdorff space X there is a unique
completely regular Hausdorff /cRspace, kRX, having the same underlying set and
the same compact subsets as X. The space kRX is X equipped with the smallest
topology making continuous each real-valued function on X whose restriction to
compact subsets is continuous. In [1] Frolik characterizes the class © of the spaces
X such that for every pseudocompact space Y the topological product XX, Y is
pseudocompact. Let 53* be the class of the spaces with the property: Each infinite
collection of mutually disjoint, non-empty, open subsets has an infinite subcollection
each member of which meets some fixed compact set. According to Fronik ([1],
T. 35, E. 3.7) 53*is a proper subclass of 53. Noble has proved that every ~-compact
space (spaces X for which kRX is pseudocompact) is in 53* ([5], T. 2.1) and leaves
as unsolved question if 53* is the class of k-compact spaces. A negative answer is
provided in Section 3. I am informed by A. Kato that utilizing the Stone—Lech
compactification of an uncountable discrete space, he has constructed a space in
53*which is not k-compact [3]. Our example is different from the former one.

2. Open subspaces of kR-spaces. In ([5], 2.3) it is proved that every completely
regular Hausdorff space can be embedded as a closed subspace into a pseudo-
compact completely regular Hausdorff /cRspace, therefore, not every closed sub-
space of a kR-space is a kR-space.

Let X be a topological space and let/ be a real-valued function with domain X.
If the restriction of/ to each of an arbitrary number of open sets, whose union is X,
is continuous, then/ is continuous. Consequently, we have the following

Proposition. |fevery point of a topological space X has a neighbourhood that,
provided the topology induced by X, is a kR-space, then X is a kR-space.

If I' is a topological space we write C(X) for the ring of all continuous real-
valued functions on X and iffEC(X), coz/ will be the set {xE£X:f(x)X 0}
* This paper has been supported by ,,FUNDACION JUAN MARCH”.
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Theorem. |f X is a completely regular Hausdorff kR-space, every open subspace
of X is a kR-space.

Proof. If fdC(X) and A —cozf, it will be seen that A is a /tR-space. Since
kRA is completely regular, a basis of neighbourhoods of a point xEKRA is the family
{cozg: gdC(kRA), xCcozg} and what will be proved is that if x*cozg, gdC(kRA),
there exists hdC(X) such that xEcoz Acrcoz g, therefore A=kRA and A will be
a k,j-space. Letx be a point of A and let IdC(X) such that coz/M {X~cozf} =0,
x£coz /. Given gdC(kRA) satisfying xEcozg<zcoz /, let b(y)=g(y) *I(y) if /(>>)X0,
h(y) =0 if /(>0=0. Then hdC(kRX)=C(X) and coz /Mcoz h=cozg; on the other
hand, coz /flcoz h=coz (/. h), I. hEC(X), therefore cozg=coz (/. h) and A is a
&Rspace. Since X is completely regular, every open subspace is a union of sets of
the form cozffdC (X). According to the latter proposition, every open subspace
of A is a &R-space.

The following example shows that the assumption of complete regularity of
X is essential.

If 8 is an ordinal we write B +1 for the ordinal which follows 8 and w(R) for
the set of all ordinals less than 3, provided with the order topology. The smallest
ordinal of cardinal is denoted by wa. If P is the product space "(a”+”"X
Xw(co0X1), let S be the subspace />{(w1, c)} and let {S,. ndZ}1a countable
family of copies of S. If A (resp. x) is a subset (resp. a point) of S, we will write
A,, (resp. xn) to denote it in the copy S,,. The topological sum E of the spaces S,,,
ndZ, is a locally compact Hausdorff space and if we identify in it ({0} Xw (t00))2,
with ({wjiXw (@0)2,+i and (w(w”xjeto}”-1 with (w (md X (ojop)2,, nfZ, the
quotient space E* is a locally compact Hausdorff space because the canonical projec-
tion (p from E onto E* is a perfect map ([4], 5—20). For brevity we will write

B)n) = («, B)* and P(A,,) = A*.

Now let {£*: pdN} be a collection of copies of E* and let Y be its topological
sum. Evidently, Y is a locally compact Hausdorff space. We will write (a, /%*,,
for the point (a, R)tdE* considered in the copy E*. Let X be the set HJ {Q} where
Q is a point which does not belong to Y, and we will define a topology on X. A basis
of the neighbourhoods in A of a point of Y will be the family of the neighbourhoods
of this point in Y.

Let &Zbe a free ultrafilter on A.2 If pdN and «(Z we write

H(p, n, a,, B0 = {(a R)$,,,dS*n: a0 a  coj, RO B~ mO}

where a0-=col and /20<c00. A basis of neighbourhoods of B in X will be the family
of the sets having the form

{BIULU{#(p, n, ap, n), B(p, n): B(p, 2n) = B(p, 2n'+1), a(p, 2n'-\) =
= a(p, 2n), pdF, n”* -n GHJULU{5*,;: p €?p0, n S nCY
where Ff di and nO,p0dN. The set X provided with this topology is a regular Haus-
dorff space.

1Z is the set of all integer numbers and N={xdZ: x i i}
2 An ultrafilter S* on N is said to be free if M{F\ FtS')=0.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



TWO PROBLEMS ON /*-SPACES 29

() Iffisa continuous real-valuedfunction on Z* it can be verified that:
(@) For every n£Z, lim/((E%, #)*,,)=s.

(b) For each ndZ there exists a(p, n)< mlsuch that /((a, (0*tn)—s for every

r= n).
<(A§§ Ifeisapositive number, for each nf-Z there exists a set, H(p,n, a(p, n),B(p, n))
such that (p, 2n")=RB(p, 2ri+1), ot(p, 2n'—l) =a(p, 2n") and

H{p, n, a(p, n), B{p, n)) ¢ {XEZ$: |/(x) - s| < €}

In fact, if/ is a continuous real-valued function on Z*, its restriction to S*n
is continuous, so there exists <x(p,n)-"col such that /((<r, /*,)=/(a(p, ), /)*,)
for every aZsa(p, riy and REw(co0 ([2], 8.20). By continuity it follows that
/(0, aO*n)=Ff((a(p, r), aQpH=j,, for every a”vfp,n) and moreover that
lim/((col5/8* =sn. As a consequence of the identifications {fi, cQP2ti, (ij, WOP N

and {(co!, B) 2n (cOi, B)P2+}, nEZ, it is concluded that if n, mc Z then s,,=sm,
with which (a) and (b) are proved. Part (c) is a direct consequence of (a) and (b).
(I X isakRspace. If T is the subspace of X consisting of

{RIUU(s;r/.si,«si}],

then T is a /cM-space because Q has a countable neighbourhood basis and the
remaining points of T have a basis of compact neighbourhoods. 1f/is a real-valued
function which is continuous on each compact subset of X, the restriction of/ to
T is continuous, and therefore, given a positive number e there exist two positive
integers p0, n0-=2 such that

U{5*,,: psrpo, n alb}c {x6I: |/(x)-/(B)| < s/2}.

Let F be a member of &J satisfying Fez {pfN: p=p0); if p£F, from (c), for each
n”~ —othere existsa set H(p, n, y.(p, n), B(p, n)) contained in {x"Z*: |/(x)—s|<E/2}
with B(p, 2n)=RB(p, 2ri + 1), a(p, 2ri—I) = a(p, 2ri) and i = lim/((cul, /* 0. From

(b) it follows that |i—/(0)|<e/2 so if x£ U{H(p, n, a(p, ri), B{p, ri)): n ~ —nC},
then ¥(x)—/(R)|<e is concluded. It is verified for the obtained sets H(p, n, <x(pi),
B(p, n)),p£EF, the relation H(p, n, a(p, n), B(p, n))cz {xEX: |/(x)—(i3)|<e},
and, therefore, / is continuous at Q. Since Y is locally compact we conclude that
/ is continuous on X, so X is a fcRspace.

Let M be the set X~ U{(@@ occd* 1 and put

Dp=U 1},pdN.

(1 1f E—{R}U[U {Dp: pEN}\, a compact subset of E for which Q is an accu-
mulation point does not exist. Let F be the quotient space which is obtained by
identifying the points of each Dp,pEN in E. Then E is homeomorphic to a sub-
space VU {a} of BN (Stone—Cecil compactification of N) where 06BN~ N. Let
us suppose that ATis a compact subset of E and that Q is an accumulation point
of K. Evidently K meets infinitely many sets Dp, therefore, the image of K in E is
an infinite compact subset of E, which is a contradiction because the infinite

compact subsets of BN have cardinality 2240.
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(V) There exists an open subspace of X that is not a kRspace. The subspace
M of X is open and, from (l11), the function with domain M whose value in Dp,pEN,
is 1and vanishes otherwise, is continuous on each compact subset of M, but is not
continuous in M, so M is not a kR-space.

3. An example of a space X in 4V for wich kRX is not pseudocompact. Let
Z0 bethe subspace of w(co2+ 1), Z0= {&>ZU{afw(<ud: a has a countable neigh-
bourhood basis}. Let us see that S=Z0~{a>2 is a sequentially compact space.
If {x.}*=L is a sequence of distinct points in S we can choose a strictly increasing
subsequence {xK¥E=1, and since this subsequence is not cofinal in w(co? ([2], 9K)
there exists a6u (102 such that a=sup {x,k: kf._N). The sequence (\} I =1 converges
to a in w(cod and therefore 0idS. Obviously, Z0is also sequentially compact.

We shall prove now that o2 is not an accumulation point of any compact
subset of Z0. Let us suppose that A is a compact subset of Z0such that o is an
accumulation point of K. The set K~ {oj2} is cofinal in w@>2. Then, we can define
a set A= {xv: {02}, where x,, is posterior to {xR:RB<tj} for every

Since A has cardinality K there exists y6w(0id such that y—sup {xf3: 1

-ccuj}, then, by our construction y has no countable neighbourhood basis and hence
y$Z0. The net {jg,: 1 does not have convergent subnets in Z0 because it
converges in Wj2 to y and w(col is a Hausdorff space. Therefore {xn:1

is a net in K without cluster points, but this contradicts the fact that K is compact.
The function whose value is 1in &2and vanishes otherwise is not continuous in Z0,
but it is continuous on each compact subset of Z0, therefore {&7} is an open set
in KRZ 0.

Let X be the space (ZOXw(co0+ 1)) ~{(®2, ®o)} and we are to prove that X
belongs to 33* Since Ais sequentially compact, w(con+ 1) is compact and the class
23* is closed under arbitrary products ([5], T. 3.4), the product space Y=SX
Xn'(co0+ 1)6®*. Since Y is dense in X, it follows that A6®*.

Now let us see that kRX is not pseudocompact. The set {(co2,n)} is open in
kRX for every nEN, so the function whose value is n in (102, 1), n£N, and vanishes
otherwise is continuous and unbounded in kRX.
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ON THE CONSTRUCTIONS OF LOCAL AND
ARITHMETIC RINGS

By
LEE SIN-MIN (Paris)

8 L Introduction. Following L. Fuchs [3] a ring R is said to be arithmetic if
its lattice of ideals J5f(R) is a distributive lattice. It is called local if it has a unique
maximal ideal. For a commutative local ring with identity, C. U. Jensen [4] showed
that it is arithmetic if and only if its lattice of ideals forms a chain.

In this paper it will be shown that Jensen’s result cannot be extended to non-
commutative local rings. There methods of construction of local rings are given
which show that there exist infinitely many local and arithmetic rings whose lattice
of ideals are not totally ordered under set-theoretical inclusion.

§ 2. The first construction of local rings. For each nS2, we denote by n the
linearly ordered set of n elements.

We denote the class of rings R (not necessarily with identity) such that 2F(R)
is isomorphic to n by &?,,. For example 32is the class of all simple rings.

Now let R*"0tnsuch that R is commutative with an identity and M be a simple
J?-module, i.e. M has only (0) and M as its submodules. We construct a ring from
the set A=R xM by defining addition and multiplication as follows:

(ri, m)+(r2, md = (rx+r2, mi+m32, (rI5 ma = (r2r2, rrrd

then (R, +, ¢) is a non-commutative ring.

R has no identity and also no right identity. However each element in
{1, m): mEM} is a left identity of R. Since the anihilator ideal of M is J(R) thus
the left ideals of R are of the forms: 7*X0 or IkKXM (Isk”n) where 0=/1c:/2<z...
...czln_lczIn=R is the chain of ideals of R. Therefore the lattice SffR) of left
ideals of R is isomorphic to the lattice product 2Xn.

Each of the left ideal of R except /,,X 0 is also a right ideal of R. For if m is
not equal to zero in M then for (r, m) in R we have (1,0)- (r, m)=(r, m) which is
not in 7nXo.

Therefore for each 1Sk<n the sets IkX 0 and IkXM are the only proper ideals
of R. The maximal ideal of R is I,,_1xM.

For a given lattice L we denote the lattice adjoint with a greatest element 1
by L1 Then we have the following result.

Theorem 2.1. FoOr a commutative ring R with identity 1 in 3 where nLL2, the
ring R constructed as above is a local and arithmetic ring whose lattice of ideals is
isomorphic to the lattice (2X(n
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We observe that for n*3, R is a local and arithmetic ring whose lattice of
ideals SC(R) do not form a chain.

8 3. The second construction of local rings. Let R(f%,, where nLLI2. Assume
R has an identity and its chain of ideals is given by 0=/jCz/2c ...cz/,_1c/,,=ff.

Let G2—{x, y} be two element left zero semigroup, i.e. G, satisfies the identity
uv=u. We construct the semigroup ring i?[G] of G2over R. We have

Lemma 3.2. For each 1"i*n the set If={rx—ry:r€/f}is an ideal of R[GZ].

Recall that an ideal / of a ring R is called join-irreducible if I=J+K where
J, K are ideals of R implies either I=J or I=K. In fact {/*}iSfSn are join-irreducible
ideals of R[GZ. Denote li‘=1i[GZ], then {If Usi3,, are also the join-irreducible ideals
of 1?[</].

Lemma 3.3. For I*iSn, I* and If are the only join-irreducible ideals of R[Gf\.
Lemma 3.4. For i”*j, we have If+ If X/*+If where k*m'm {/, /}.

Lemma 3.5. The only ideals of R[GZ are of the forms:

@ i, 1~i=n

@ If 1aisn

(3 It+1], where 2sj<iSn-I.

Summarizing the above result we have

Theorem 3.6. For A£2, let Rf0In with identity. Then the lattice of ideals of
R[GZ is given by the following lattice:

Since jS?(R[GZ) is a sublattice of (n—)X(n—))Q therefore GUf(R[GT) is
distributive.

Corollary 3.7. R[GZ is a local and arithmetic ring, it is also subdirectly
irreducible.
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Remark 3.8. The above result is not true if R does not have an identity. For
example let R be the zero ring (Z/2Z, +, ) then RfSt2. However the lattice of
ideals of R[G2 is the following modular non-distributive lattice Jtb\

Clearly R[CZ is not local.

Remark 3.9. The above result is also not true if G2 is replaced by Gm where
m "3, i.e. left zero semigroup with m elements.

R[Gn] is still a local ring, however it is not arithmetic for the following ideals:
), 12[x, y1={rx-ry: r€lo}, 12y, Z]={ry-rz: r£l2), 19z, x]={rz-rx: r£l12) and
12[x,y, zZ] ={ax+by +cz: a, b, cEl2and a+b+c—0} forms a sublattice of U?(R[Gn])
which is isomorphic to Jth.

4. The third construction of local rings. The local and arithmetic rings which
are constructed by the above methods have no identities. One may think that the
condition of existence of an identity in a local and arithmetic ring R may be strong
enough to imply that the lattice SE(R) of ideals forms a chain. However this is not
the case.

Let R be a simple ring with identity 1 such that there exists two non-isomorphic
simple R —R-bimodules Mxand M2. For example the Weyl algebra Wfk) on x,y
over a commutative field k in characteristic 0 with the defining relation xy—yx =1
is such a simple ring.

Consider R*=RXM 1XM2 with the component-wise addition and the multi-
plication is defined as follows:

(r, m,m2’(s, nx, nd —(rs, rnl+ mls, rn2+m2s).

Then (R*, +, *) is a ring with identity (1, 0, 0).
Its lattice of ideals is isomorphic to (2X2)1and hence R* is local and arithmetic .
ring. The lattice J5?(R*) is given as follows:

Finally, we wish to give some conditions for a local and arithmetic ring R
whose lattice of ideals £?(R) forms a chain.

Theorem 4.10. Let R be a ring with an identity such that
(1) R is left (right) local, i.e. it has a unique maximal left (right) ideal and
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34 LEE SIN-MIN: LOCAL AND ARITHMETIC RINGS

) R is left (right) arithmetic ring, i.e. its lattice of left (right) ideals is
distributive.

Then fd(R) is a chain.

Proof. The proof is essentially the same as the commutative case. First of all
we show that for any non-zero elements a b in R, the principal left ideals Ra, Rb
are comparable.

Since Ra=RaCI[Rb +R(a—")] = [JAMN16] + [7?2aM2?(a—b)] therefore a=t+
+c(a—b) where 16 RalRb and cbf Ra. If c is invertible then b is the left multiple
of cb and hence bfRa which implies Rb£Ra. If ¢ is not invertible then 1—¢ is in-
vertible for R is left local. Since a is the left multiple of (1—c)a=t—cb£Rb therefore
Ra QRb.

Now we want to show that the lattice fEXR) of left ideals of R forms a chain.
Suppose | and J are two left ideals of R and J fl, then there existsj£J such that
j it/. Thus the principal left ideal Ri for each i£l is contained in Rj. Therefore
IQRjQJ.

JSince SX(R) is a chain therefore £R(R) is a chain.

Finally 1 wish to thank Professor D. Eisenbud for his helpful discussions.
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DISTRIBUTIVE IN SEMILATTICES

By
R. C. HICKMAN (Bedford Park)

0. Introduction

The structure of ideals and congruences in distributive lattice is well known
(see Gratzer [4]). Our aim here is to construct analogous results for lower semi-
lattices which obey a particular form of distributive law. There are numerous
notions of distributivity in semilattices.

A semilattice S is distributive if whenever X, a, bES are such that x*aAb,
there exist @', b'ES with a'?a, b*b"' and x—a'Ab’' (see Katrinak [5] and Gratzer
[4, pp. 117-118]).

We call a semilattice S m-distributive if and only if it satisfies the equation

(DJ YA(XIV..VX,) = (YAX"V ...V(YyAxm)

in the sense that whenever the left hand side exists then so does the right hand
side and the two sides are equal. This idea was first put forward by Schein [6]. We
will denote the class of m-distributive semilattices by S5, for each m=2, 3, ... and
the class of semilattices which satisfy Dmfor each m=2,3, ... by This last class
has been investigated by Balbes [1], Varlet [7] and Cornish and Hickman [2].
If we denote the class of distributive semilattices by 3t then the following series of
inequalities hold.

A non-empty subset A of a semilattice S is called hereditary if whenever and
yEH then x €H. For any integer n”~ 2 we call a subset / of S an n-ideal if | isan here-
ditary subset of S and whenever xI5 ..., xn(1 are such that xxV...Vx,, exists in S
then xIV...Vxn€/. A subset ¥ of S is called an ideal if J is an wu-ideal for each
/r=2, 3, ... . In section 1 we show that a semilattice is m-distributive if and only
if its m-ideals form a distributive lattice. We also introduce the technical concept
of an m-reducible join and show that in an m-distributive semilattice the join of
two m-ideals / and /is the set of all m-reduciblejoins of elements from 1UJ.

In section 2 we develop a system of congruences on m-distributive semilattices.
We consider the class of semilattice congruences that have the following substitution
property: suppose XX, X myX, ymare such that x(=g/r(®) for
and both x1\/...\/xm and >iV...Vj,, exist, then XjV..Vxm= LAy T(d). We
call such congruences m-join partial and for a given semilattice S denote the collec-
tion of all m-join partial congruences by 6m{S). Our main task in section 2 is to
describe the join in the lattice 9im(S) in the case when Vis m-distributive. We conclude
by investigating some examples of m-join partial congruences of an m-distributive
semilattice; in particular, using the ideas developed in section 1we are able to
determine T(a, b), the smallest m-join partial congruence which identifies a and
b for any a, b(S.
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36 R. C. HICKMAN

1 Ideals

Let 5 be a semilattice. Recall that for a given integer «, a non-empty subset
/ of Siscalled an n-ideal ifxSy and y £/ implies x £l and ifxx, ..., X,,£/ and xtV...Vxn
exists in S then xxV...Vx,6/. Clearly if / is an «-ideal and xk,  xrare elements
of I,r*n, and XiV.-.VXr exists in S then xxXV...VxrEl. We denote the set of all
«-ideals of S by J n{S).

Lemma 1 Let S be a semilattice. If we denote by -T~(S) the set of all n-ideals
together with the empty set, then is an algebraic lattice. Furthermore, if H is
an hereditary subset of S, then the n-ideal | generated by H is given by the following
construction.

Let #,=#,

@ Hk= {x£S: x ~ hfl..Vhn for some h, ..., hm"Hk 1}

for each k=1,2,3,.... Then /= |J_Hk.
<0

Proof. A routine argument shows that J a(s) is an algebraic lattice. Indeed,
since the intersection of two «-ideals is again an «-ideal, ./n(S) is a lattice and f n(S)
is an algebraic lattice, provided S possesses a least element.

Let H be hereditary and define Hk, for fc=0,1 2, ..., as above. Since each
Hk is hereditary, / is hereditary. Suppose xI5...,xnEl are such that xxV...\VXx,,
exists in S. By our construction there exists an integer r such that xx, ..., xnEHr.
Hence xXV..\IXnEHr+1QI, showing that / is an «-ideal. If J is another «-ideal
containing H then a simple induction argument shows that HkQJ for k=0, 1,2, ...
and so 1Q J.

This lemma now gives us a way to describe the join in * n(S). Suppose {//laeq,
is a family of «-ideals of S. Then ngf is an hereditary set and so the join of the

f INJ n{s) can be described in terrs of the «ideal generated by U 4- F°rany

hereditary set H, we denote the «-ideal generated by H with (H),,. Note that in the
case when S is «-distributive we may write in Lemma 1

@ Hu= {x£S: x = hfd...fhn for some hk ..., h,,EHk-1.

For any element a in S let (a] denote the set {xGS: x"a}, that is (a] is the hereditary
set generated by a. For simplicity we write (a),, for ((a]),, (in fact (a)n=(a\) and
(ak, ..., an,, for ((a™un.-.n"NX, where a,€S for /=1, ..., r.

An «-ideal | is said to be finitely generated if it can be written in the form
(ak, ..., an),, for some ak, ..., ar€S. We denote the set of all finitely generated «-ideals
by y3(S). We denote the join in J*(S) (and when it is a lattice) by +".

Theorem 2. Let S be a semilattice and /«==2 an integer. Then the following
are equivalent.
(i) S(i3}m (the class of m-distributive semilattices).
(i) .FM(S) is a distributive lattice.
(mg is a distributive lattice.
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Proof. (i)=>(ii). Let I,J,K£jm(S). We must show that 7fl(./+mA)"
£(/NY)+T1(7NAY), which is the same as 1C)(JU K)mQ ((ir\J){J (1NK))m.

Let AO=J(JK, Ak={alY...YaT:ar, ..,anmEAk_1) for k=1,2,.... Lemma 1
and the remarks following it show that JU K)npp%gAk' Now let x€1M (11K)T.

Then xE7and x£Ar for some integer r. We show, by induction on r, that xC ((/n/)U
U(7fi/0)m Case r=0. Then x€7MJ10=/M(/n*)=(F7N7)n(7N*)E<(7M.7)n
U ELIJK)gT.

Assume the result holds for r—t—1 and let XxE/FM(. Then x=alV...Vam,
dgj, ..., amEA, 1. Now for each i=1,2,....m we have a,"x€7 which implies
<r /M /1, 1. Hence by our inductive hypothesis aif((ir\J)\J(ir\K))m for each
i=1,2, ...,mand so x6((/M1/)n(/MK))m.

(i) =>(iii). We first note that in any semilattice (x)m(y)m= (xJly)mfor X, y£S.
Now let (X, ...,x)mand (yk, ..., y9m be two finitely generated m-ideals. Then,

@ (Xi, ..., xememeyl, .. y,)m= (XL, X, YU L.,y S)m
and

)] <Xj, oo, XNNMI<y!, eomys)m= <NiAyi, ...,JCiAys, X2AyLl......XrAys)m-

The second of these results is obtained by a repeated application of (1) and
our assumption of (ii). Thus JfiiS) is a sublattice of J m(S). Since a sublattice of
a distributive lattice is distributive, the result holds.

_ (i) =>(i). Let x1,...,xmES be such that XjV...Vxmexists and let a6S. Then
6AIXjV...Vxn) is an upper bound for {aAxI5 ..., aAxn; let b be any other upper
bound. Then (6)mg(aAx;m for each i=I, ....m and so (b)mQ(aAx*)m+m..

... + n@Ax,,,)m
Hence

(b)mi «@>T N<XBT)+T...+T«a) T M(XT) = <O)m«x mem. .+ mxen) =
= (a)«M{xY, ..., xmm= <a>m<X!IV..Vxmm=<aA(x1V...Vxm>fi,
which implies that b*aA(xr\!l... Vxn) and so
aAXjV ..vVxnm = (aAxj)V ...V (aAxn).

An «-ideal 7 of a semilattice S is called prime if XAy£1 implies x£E1 or ydlI.
A non-empty subset F of Alis called afilter if XAy£EF is equivalent to xEF and
yf F. Thus, by using the above theorem, we have the following extension to the
Prime ldeal Theorem.

Corollary. Let S be an m-distributive semilattice, 1 an m-ideal and F afilter
such that /M F=0. Then there exists aprime m-ideal P suchthat IQ P and PIMMF=0.

Proof. Let XX denote the set of all m-ideals which contain 7 and are disjoint
from F. Clearly 1£XK and if is any chain contained in XX then K=U{J: JZ*#}
is also a member of XK Hence XK satisfies the hypothesis of Zorn’s Lemma and so
possesses a maximal element P. We claim that P is a prime m-ideal, for suppose
a,b£S and a$P, b"P. Since P is maximal we have {P+m(a))C\FALO and
(P+m(b)mM M TV 0. Hence there exist X, yEF such that x*P +m(a)mand y£P +m(b)m,

and so
xAYaP +T1(a)T)N)(P+T1(b)T) = P+m@aAb)m
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which implies that a/\Ab$P. Thus P is a prime m-ideal which contains / and is
disjoint from F.

Following Gratzer [4, p. 39] we say that D is the free distributive extension
of the partially ordered set P if

(i) D is a distributive lattice.

(i) PQD, and for a, b, cEP, inf {a, b}=c in P if and only if a/Ab=c in D,
and sup {a, b)=cin P ifand only ifaVb=cin D.

(iii) P generates D as a lattice.

(iv) Let L be a distributive lattice and let qx P-<-L be an isotone map with the
properties that ifa, b, cfP, inf {a, b}=c in P, then apAbcp= apin L, and if sup {a,b}=
—c in P, then a(pMdbcp=op in L. Then there exists a (lattice) homomorphism d
D-»L extending (p (that is, acp=ach for all aEP).

Theorem 3. Let . Then -ff(S) is thefree distributive extension of S.

Proof, (i) Of course, for each m=2 and so Theorem 2 shows that
Jf(S) is a distributive lattice.

(il) By identifying xdS with {x)*Jf{S) it is easy to see that both (ii) and
iii) hold.
) (iv) Now suppose L and (p are as stated in (iv). Then define p\JFf(S)"L
by (xIs ..., xn)2p=x1cpV...Vxra for xI5 ..., xrES. First we must show that ¢ is well
defined. Suppose we have /=(x1, ..., xJ)2=(j1, ..., ys)2 for some xt and yj€S.
It is sufficient to show that xi<p®ylpV..\/lysp for each i=I, r. If we set
*Ho=(Ji]JU...UO'spffk={hi*h2:hx,n~ n~ x for each «-\. 23, .., then by
Lemma 1, 1= Q Hk. An easy induction argument shows that zf Hk implies zcpS

ajjipV ..Vys(p for each k=0, 1,2, .... Now xfl, xtEHKk(i) for some k(i) and so
Xiip-*yxtpf ...Vys(p for /=1, ..., r. Hence b is well defined. It is clear that ¢ is now
in fact a homomorphism and by our construction it is obvious that ¢is an extension
of
qﬂGr.‘sitzer’s, definition of the free distributive extension is not the only one possible.

We could insist that the free extension preserves suprema (and infima) of sets of m
elements. That is we change sections (ii) and (iv) of the definition to read

@iy PQD, and for xI5...,x,,,, YEP, inf{xj, ....x,,,}=y in P if and only if
XjA.-. Axm=y in D, and sup {xI5 ...,xn}=y in P ifand only if xXV...Vxm=y in D;
and

(iv) Let L be a distributive lattice and let gx: P—L be an isotone map with the
properties that if xI5 ..., xmy£P, inf {x,, ...,.xn}=y in P, then x"A.-.AX,,(0=y<p
in L, and if sup (xI5 ..., xn}=y in P, then x*V ...Mxnmg>=ycp in L. Then there exists
a (lattice) homomorphism ¢: DAL extending q

If we now call a lattice D which satisfies (i), (ii'), (iii) and (iv') with respect
to P the free distributive m-extension of P we have

Theorem 3'. Let SdS>m. Then J/fS) is thefree distributive m-extension of S.

In a lattice L it is well known that the distributive equation aA(xVj) = (aAx)V
\J(aAy) is equivalent to its dual. In the case of /n-distributive semilattices we have
the following result.
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Theorem 4. Let S be an m-distributive semilattice. Then S satisfies the equation

(o CYVAA(YVXIA...A(YVxn) = yV(XxA...Axn)

in the sense that if the left hand side exists, then so does the right hand side and the
two sides are equal.

Proof. Suppose (YVXXYA..A(yVxn) exists for y, x1, ..., xmyS. Certainly
a= (YVxXA...A(yVxn) is an upper bound for {y, xxA'...Axn}. Let b be any other
upper bound. Then

<b)mi (y)m+m(XxA... Axmim= <y, x¥1 ... T(y, xmm=
= <VXBmM...n<yVxmm= <OVxDA...A(yVxm>m

That is b”a and so a=yV (xxA...Axn).

Our next task, for S*Q)m, is to find a better description of the join in .Jkn(S).
For this we need the following definitions.

Let S be a semilattice and xx, ..., xfiS be such that xxV...Vx, exists in S.
A family {A}=x of subsets of {xx ..., xr} is called an n-reducing partition of
XjV..Vxr if

@) s~ n,
(i) igl At= {xx, ..., xT}

(iii)y for each /=1, ...,s the supremum, VAt, of all the elements of At
exists in 5.

Ajoin xxV ...VVxris called n-reducible (step 0) if rSn. For k=1, 2, 3, ... ajoin
XjV.-VXr is called n-reducible (step k) if there exists an n-reducing partition
Ar, ...,ASof xXV...Vxr such that for each /=1, ...,s the join ajV ..\'a{(i) of all
the elements of At is u-reducible (step k—1). Ajoin xXV...Vx, is called n-reducible
if it is n-reducible (step k) for some integer k. Of course, it only makes sense to
investigate the case when nS 2: a join xxV...Vxris l-reducible if and only if r=1.

Lemma 5. Let S be a semilattice and suppose that xiV ...V xj(i) are n-reducible
joins in Sfor i=1, s with s*n, such that XjV...VxJ()VV:?V...VXE(9 exists in S.
Then, x\V... VxJQVxfV...Vx*(s) is n-reducible.

Proof. Suppose xiV..VxX£(i) is n-reducible (step k(ij) for each i. If we let
k= 1+max (Ar(l), ..., k(sj) it is not very hard to see that xjV ...VxJi*"VxfV ..VXr(@©
is u-reducible (step k) since if we let AlI={x[, ..., x*(i)}then {A;}=1is an n-reducing
partition having the necessary properties.

Lemma 6. Let SE3>m, xXV..Vxr an m-reducible join in S and y*S. Then
(yIxR V...V (yAx9) exists and equals y A(XxV ... Vxn).

Proof. Suppose xXV..Vxr is m-reducible (step k). The proof proceeds by
induction on k. The result holds for k=0, since SEStmand rs=m. Suppose the
result is true for k=t—1, and let xxV...Vxr be m-reducible (step t). Then there
exists an m-reducing partition Ax, ..., As of xXV...VVxr such that VAt is m-reducible
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(step t—1) for each /= 1, s. If we set a,= YA(, then
PAXIV ...V xr) = yA(axW... Vug) = (yAalV ..V(yAuy =
= (YA(AAD)V ..Y(YA(NA]J) = (YAXRV ...V (YAXI)

by our inductive hypothesis.

To illustrate the use of this lemma, consider the following example. Let Z~ be
the non-positive integers with their natural ordering and let S' be the collection
of all couples of the form (z, —1) and (z, 0) where zEZ~. Under the induced ordering
it is not hard to see that S' is in fact a distributive lattice. To S' we adjoin three
elements, a, b and c, such that alllx for all xES', b”(z, 0) for all zEZ~, b\a and
b\(z, —1) for all zEZ~ and c is the smallest element of 5'=-S/U{a, b, c}. We claim
that but Clearly 5 is a semilattice. Now (0, —1)Ab=c and aSc =
= (0, —1)Ab. If SE3> then there would exist x and y in S with x*(0, —1), y*b
such that a”xAy. Since a is meet irreducible this would' imply a=x or a=y,
both of which would lead to a contradiction. Hence SQi. Now we show that

We in fact prove that SE3>2and that any existent join is 2-reducible, and
so, by Lemma 6, we will be finished. To show that can be done by sheer
computation; we just give a few examples.

bA((xx, —1)V(x2,0)) = bA(max (jcI5x2, 0) = b
(bI(xx, —))V(i>A(x2,0)) = cYb = b
bA(aY(x, 0)) = bA(x,0) = b
(bAa)Y (bA(x, 0)) = ¢c¥Yb —b
aA(bV(x, —1) = aA(x, 0) —a
(aAb)V (aA(x1~ 1)) = cVa = a
Now for any integer r and any xt£S for /=1, ..., r, XXV...\V/Xr exists in S unless
{x, ..., xr}={a, b) or {x1, ..., xr}={a, b, c}. Using this fact we show, by induc-
tion on k, that xxV...¥ xk is always 2-reducible.
For k=2 the statement is trivial. Assume that the result is true for k=t—1,
and let xxXV...¥x, exist in S. Without loss of generality we may assume that x* X j
foriVv/ Ifforno /=1, ..., t isx, equal to b, then {{xI5 ..., x(_x}, {x}} is a 2-reducing

partition of x1V...Vx(, and by our inductive hypothesis xxV ... Vxt_xis 2-reducible,
giving the result.

If for some i,xt=b, then {{xx ..., x(_x, xi+l, ..., x,}, {X;}} is a 2-reducing
partition of xxXV...VX,, and again by our inductive hypothesis xXV...Vxi_IVxi+lV...
... VX, is 2-reducible. Thus xxV ...V, is 2-reducible.

Theorem 7. Let SE&mand H an hereditary subset of S. Then
@) (H)m= {x£5: x = hx\/ ...\/hr, h*Hfor i —1,...,r and hfj ..\Jhr m-reducible}.
Proof. Since H is an hereditary set, Lemmas 5 and 6 show that the right hand

side of (i) is an ideal, and hence must contain {H)m. Conversely, if we set HO=H,
Hk~\hfl...Vhm hfH k-x} then we have already seen that (H)mzlé%DHk and,
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by using an easy induction argument and Lemma 5, it is possible to show ..Vhr
is contained in Hk for some k and for each m-reducible join h jj... Vhr of elements
of H.

Theorem 8. Let sg@>m, xky ..\Jxr and yjd ...y ys be two m-reducible joins
in S. Then
(*TIAY)Vto NYQV ... V(4. Nys)V (x2yj V... V(xrAys)

is an m-reducible join.

Proof. A repeated application of Lemma 6 shows that the join (xU\yQDV/
V(XiAy2V...V(jc1Ay9V (x2Ayi) V...V (xrAys) actually exists. Suppose Xry..Yxr
is m-reducible (step h) and yjd ...4ys is m-reducible (step k). We first do the case
when s= 1 The proofis by induction on h. The case when h=0 is obvious. Suppose
whenever zjj ...\Vz, is an m-reducible join (step m—1) then so is (yV\r)Vy...
..V (jiAz(), and let xkKW...¥xr be m-reducible (step u). Now there exists an m-re-
ducing partition Ax, ...,AVof xr¥...¥xr such that VAt is m-reducible (step n—1)
for eachi=1, ..., r. If we set Bi={yl\a{: ajjA,} our inductive hypothesis shows
that BIt  Bvisan m-reducing partition of (ylAxjV...V()\Axr) having the neces-
sary properties to ensure our result. We may now return to the case when s is no
longer 1 Our proof, again, is by induction on h. The case when h=0 is covered
by the first part of the proof and Lemma 5. Assume the result is true for h=u—\>
and suppose xjd ...¥Yxr is m-reducible (step u) where Alf ...,AVis an m-reducing
partition of x1V...Vxr such that VAtis m-reducible (step n—1) for each i=1, ..., r.
Now if we set Bi={aiTyk\a{*A{, k=1, ..., s} then, by our inductive hypothesis"
it can be seen that {Or}=l is an m-reducing partition of (x1Aj JV...V(;dAj 9V
V(x2NyxV...V(xrAys) such that '/Bt is m-reducible (step n(ij) for some integer
n(i) and for each i=I, ..., v. If we set n=1 + max(w(l), n(2),..., n(v)) then clearly

Xiny)V...V(xjNy)V(x2yj) V... V(xrAys)

is m-reducible (step n).
We conclude this section by noting that an example, due to Dilworth, of a semi-
lattice which is in 2)mbut not 3tm+i, is presented in Cornish and Hickman [3].
/

2. Congruences

We are interested in those semilattice congruences @, which have the following
substitution property for suprema. Let m be a fixed integer and suppose xr=y;(®)
for i=1,2, ...,m and furthermore both xjj ...jxmand yiV...Vymexist. Then we
require that xK\f...Vx*yjV ..\/lyT(®). We call such congruences m-join partial
and denote, for a semilattice S, the set of all m-join partial congruences on S by
Tm(S). This set is easily seen to form an algebraic lattice with smallest element
Q defined by x=y(Q) if and only if x=y and largest element I" defined by x=y(T)
for all x and y. Our first objective is to find a method of describing the join in
4m(S), in the case where S is m-distributive.

Let S be a semilattice, xk, ...,xr, yI5 ..., yr6S be such that both xjj ...Vxr
andyjj ...Vy, existin S. We call, for a fixed integer m£2, xjj ..\/Ixrandyjj ...Vyr
m-comparable (step 0) if r*m. If ¢risthe ,,map” <p(*r)=Yb we call xjJ...¥xr and
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yKY...Yyr m-comparable (step k) if there exist m-reducing partitions {JTI{=1L and
{£}}=1of X].V..VxrandjjV ...Yy,, respectively, suchthat (p(Ay) =Btforall /=1, t
and MAI and YBt are m-comparable (step k —1) for each /=1, ..., Z To state it
more exactly, for each i we can find integers such that At consists
of the j\th,j'2h, (o)h components of the r-tuple (xx, ..., xr) and A consists of the
7i'hyVh, ....y,,(0,hcomponents of (y1? ..., yr). We say that xxV...Vxrand yjV.-.Vy,.
are m-comparable if they are m-comparable (step /c) for some integer k.

Lemma 1 Let S be a semilattice and suppose that xkY ...¥xr and yf! ...Yyr
are m-comparable in S. Then both x fj ...¥x,, andy-fj ...Yyrare m-reducible.

Proof. Suppose xxV..¥Y xr and yxXV...Vyr are m-comparable (step k). The
proof proceeds by induction on k. The case A=0 is trivial. Suppose that the result
holds for k=t—1 and let xxXV...Vxr and yfl ...Yyr be m-comparable (step z.
Then there exist m-reducing partitions and (4}=1 of x1¥..¥xr and
yry...Yyrrespectively such that VAtand VA are m-comparable (step z—1). Hence
YA;, ¥YBt are m-reducible by hypothesis and so the result follows from Lemma 1.5.

Lemma 2. Let S be a semilattice and suppose that xxV.;.VX£(i) andyjV ...Yy r()
are m-comparablefor each /=1, ..., s with s"m. If both XXV ..-Vx} (QVx\Y ... V*r(S)
and y{Y...Yy}w yylY..¥Yyr(s) exist in S then they are m-comparable.

Proof. An application of the technique used in Lemma 1.5 quickly yields
the result.

Theorem 3. Let S£2>mand suppose that xrY ...¥xris m-comparable toyxV... Vyr,
MV.-VMs is m-comparable to rf!..¥rs. Then (XXAuXV(XxxAuldV...V(X,.Ans
is m-comparable to (YTAr*Y (y1lArdY ...Y (yrArs).

Proof. Both these joins exist in S by Lemma 2 and Theorem 1.8. Suppose
xXV..Vxrand yfl ...Yyr are m-comparable (step k). The proof proceeds by induc-
tion on k. For k=0 it suffices, by Lemma 2, to show that (x"kufy...Y(xlku9
and O>XArYV..V(yxAr9 are m-comparable. Suppose mXV...Yus and rlV..Vrs
are m-comparable (step h). We now use induction on h. The case h=0 is trivial.
Assume that the result holds for h=t—1and wY...Yusand r1V...Vrsare m-compar-
able (step z). Then, if {/f;}=1l and {A}'=l are the m-reducing partitions of ury...Yus
and rty ...Y rs respectively, which satisfy the requirements of the definition, we
define Ci~ {§"AQ". at*Ai) and Di={ylAbi:h;€A}- By an application of the
inductive hypothesis we can see that {Cj}'=1 and {Aj»=1 are m-reducing partitions
of (XXAUXV ...V (xx¥Ans) and (JiIArJV ... V(yxArs) satisfying the necessary conditions
to ensure that (>AMYV..V(xxXA«s) and (YTArY ...Y(y1lAry are m-comparable.
So we have completed the proof for the case k=0. Now assume that the result
holds whenever k =t—1, and xxV...Vx, and yKkY ...Yyr are m-comparable (step z).
Let {Ai}l= and {5;}>=1 be m-reducing partitions of xXV...Vxr and yfj ...Yyr res-
pectively, which justify the fact that xxXV...Vxrand yrY...Yyrare indeed m-compar-
able (step z).

If we set Ci={a{Auk:a{"Ai,k=\,...,s) and Dt={b{Ark:b{EBt, k=1, ..., s}
it is not hard to seethat {C.}'=1 and {A}"=i are m-reducing partitions of (xjAiqjV ...
..y(xrAus) and (Y1ArdY...Y (yrArs) respectively. Indeed, it is possible to show
that {C}'=i and (n;3=1 satisfy the conditions of the definition which ensure that
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o) V... V(xrAus) and (JAArj V...V(yrArs) are m-comparable. This has now
completed the inductive step.

We are now in a position to describe the join in the lattice of m-join partial
congruences on an /«-distributive semilattice.

Theorem 4. Let S be an m-distributive semilattice and E a semilattice congruence
on S. We define EO=E, and FOby (x, y)£EFnif and only if there exist xIs  xr and
ylt ...,yrin S such that

@) x=xt\/..\Ixr,y—y-fiJ.. \lyr,

(i (Xi,y:)€EOfor 1=1, ..., r,

(iii) XiV.-.Vx,. and yfit... Vyr are m-comparable.

We define inductively Ek and Fkfor k= 1,2, 3, ... by (x, y)EEk if and only if
there exist z0, .... zfS such that x=z0,y=zs and (z,-", z;)AFk_kfor i=1, ..., s,
while (x. y)EFkK if and only if there exist xk, .... xrandyk, .... yrin S such that

(1) x=xxXV..Vxr,y=ygY

(i) (Xi,yi)EEkfor i=1 ..., r,

(iii) xfj ...4xr and yR!...Myr are m-comparable.

If ®is the m-join partial congruence generated by E, we then have ®= 1J Ek.

k<-(o

Proof. We claim that the following are true for each k=0, 1,2, ... .

(1) Ek is a semilattice congruence,

(@) (x, x)6Fk for all xdS,

() (x,y)dFk ifand only if (y, x)EFKk,

@ (x,yHhEFk for i=1, ...,m implies (xrAx2 ylhy2dFk and if both xx\/...
...dxmand y1V...\lymexist then (xXW ...Vx”, yr\L...Vymi Fk.

The proof proceeds by induction on k. For the case £=0, (1) follows from the
definition and (2) and (3) are obvious. To show (4) suppose (x‘, y )EF0for /=1, ...,/«.
If both x}V...Vx"* and yvj ..\Jymexist then they are certainly m-comparable, in
which case the second part holds, while the first part holds by applying the defini-
tion and Theorem 3.

Now assume that the result is true for Ji=/—1 and consider the case k =t.
For (1) it clearly suffices to show that Et has the substitution property for 1, so
suppose that (xr,yl) and (x2 y2AEt. By definition, there exist z\, .... zj(1) and
z0,...,2?( such that xj=zj,/=z‘®) and (zj", for j=1, ... r(i) and
i=1,2. Without loss of generality, we may assume that r(l)=r(2) (=/¢). Then
put Zj=z)f\zp for j=0, .... r and observe that x1Ax2=zn, y1Ay2=zr and by our
inductive hypothesis (z* I5z))EFt_| for j=1i, .../. Hence (x"x2ylAy2£EE,
proB/ing (1). Again (2) and (3) are obvious and (4) is shown by the same argument
as before.

Let &= (J Ek. Since FOAJ£jS=£2 ..., ® must be a semilattice congruence.

k<co
Because of our construction it is clearly m-join partial. If A is any other m-join
partial congruence which contains E then it is easy to show that EKQA for each
K and so ®A1A. Thus, @ is the m-join partial congruence generated by E.

Hence the join of any family of m-join partial congruences may be constructed
by first taking their supremum in the lattice of semilattice congruences and then
applying the method described above.

Before proceeding with some examples we need an obvious technical lemma.
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Lemma 5 Let S be an m-distributive semilattice, ®E£EmM(S) and x jj...¥xr
and yrY...Vyr m-comparable. |If xr=Y{(®) for i'=l, ...,r then we have

*IV..V*r= j V... VjwP).

Theorem 6. Let S be an m-distributive semilattice and let | be an m-ideal on S.
Define the following equivalence relations on S.

x=y(0(lj) if and only if (x)m+ml=(y)m+nmL and
x=y(R(lj) ifand only if (xA\bE£l<*yAbE£Il, YbeS).

Then both 6(1) and R(l) are m-join partial congruences. Furthermore, R(l) is the
largest m-join partial congruence having | as a congruence class and 6(1) is the smallest
m-join partial congruence having | as a congruence class.

Proof. By applying Theorem 1.2 it is not hard to show that both 6(1) and
R(1) are m-join partial congruences which have / as a congruence class. Now suppose
A is another m-join partial congruence which has | as a congruence class. We wish
to show that 6(1)QAQR(I). Suppose x =y(9(lj) and without loss of generality
assume x”"y. Hence (x)m+m—(y)m+ml and so xE£((y]JU/)m. Thus, x can be
expressed as an m-reduciblejoin h f/ ...Y hrwhere each hfH = (y]{JI, using Theorem
17. By Lemma 1.6 y=yAx = (yAhD\I ...\VV(y/\hr). Since A has / as a congruence
class yAhi=hi(A) for each i=1,...,r. Also (yAh™M ...¥ (yAhr) and hfj.-.yh,
are clearly m-comparable and so, by Lemma 5 x=y(A).

Now assume that x=y(A) and so xAb= yAb(A) for all b£S and so xAbyl
if and only ifyAb£l, since / is a congruence class of A. Hence x=y(R(lj).

For a filter F of a semilattice S it is well known that the equivalence relation
41(F) defined by x =y(4/(Fj) if and only if x| f=y!'f for somefEF, is a semilattice
congruence. If S is m-distributive it is easy to show that 'P(F) is m-join partial.
Indeed we have

Theorem 7. Let SE3>mand F afilter in S. Then t (F) is an m-join partial
congruence. Furthermore if S is directed above, then F(F) is the smallest m-join
partial congruence which has F as a congruence class.

For an element a of a semilattice S we let [a) denote the smallest filter which
contains a. Clearly [a)= {X€S: x"a).

Theorem 8. Let S be an m-distributive semilattice and a, b£S with a”*b. Then
T(a, b)=6((bYMC\ T{[a)) is the smallest m-join partial congruence which identifies
a and b.

Proof. T(a, b) is clearly an m-join partial congruence which identifies a and b.
Suppose @ is another and let x=y(T(a, bj). We may assume that Then
xAa=yAa and (X, b)m=(y, b)m. Since a=bl®), we have xAa=xAb(®P), yAa=yA
Ab(®P) and so xAb=yAb(®P).

Now (x,b)m=(y,b)m implies (x)mI(x, b)m= (x)mM(y, b)m. Thus <enE
=(y, xAb)m and so x=y\/(xAb). Since y=y(®) and yAb =xAb(®), y\J(yAb) =
=y\/ (XAb)(D).

That is, y =x(P).
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During this section we have only considered the case when S£2)m for some
tengeri m. Similar results for Sc3/a have been given in Cornish and Hickman [2].

Acknowledgement. The author would like to thank Dr. W. H. Cornish for
discussions regarding the content and format of this paper.
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EINE ANALYTISCHE KENNZEICHNUNG EINER
KLASSE DISKRETER GRUPPEN UND IHRER
RIEMANNSCHEN FLACHEN

Von
G. ROSENBERGER (Dortmund)

Einleitung

In der analytischen Theorie der Fl&chen ist folgende Frage von Bedeutung:
Unter welchen Bedingungen sind zwei diskrete, isomorphe Gruppen Gx, G2 von
Automorphismen der oberen Flalbebene § in der Gruppe ©(8) aller Automorphismen
von & konjugiert zueinander? Sind namlich zwei solche Gruppen Gx und G2 in
©(8) konjugiert, so sind die Riemannschen Flachen /A und §>/G2 biholomorph
aquivalent.

Seien nun GIL; G2 zwei diskrete, isomorphe Untergruppen von ©(8). Hat
Gx keinen Fundamentalbereich mit endlichem nicht-euklidischen Flacheninhalt,
so ist natlrlich G\ in ©(8) im allgemeinen nicht konjugiert zu 6'2.

_Ist i]3(G) die Menge der parabolischen Spitzen von G (/=1, 2), so bezeichne
O+(G;) die Vereinigungsmenge von § und &(G;) fur (=1, 2

In [7] wurde gezeigt (vgl. auch [5]): Ist G; freies Produkt zweier (endlicher
oder unendlicher) zyklischer Gruppen und $HGi)/Gi kompakte Riemannsche
Flache vom Geschlecht null fiir /=1, 2, so ist Gxin ©(8) konjugiert zu G2.

Der Fall zweier Erzeugender endlicher Ordnung wurde schon in [2] behandelt.
Ist dagegen einer der folgenden Félle erfullt, so ist G\ in ©(8) im allgemeinen nicht
konjugiert zu G2

L @ ist freies Produkt zyklischer Gruppen und 8tHGi)/Gi ist kompakte
Riemannsche Flache vom Geschlecht gi*l (vgl. [7], [5] und [10]).

2. G, hat Rang 2, und 8/G; ist kompakte Riemannsche Flache vom Ge-
schlecht g~ 1 (vgl. [6] und [10]).

3. G; hat geometrischen Rang ~3, und 8§/G; ist kompakte Riemannsche
Flache vom Geschlecht null (vgl. [4], [8], [9] und [10]), fir /=1 und 2.

In dieser Note zeigen wir (Satz 1 und Satz 2): Hat G; den Rang zwei und den
geometrischen Rang zwei, und ist 8/G; kompakte Riemannsche Flache vom Ge-
schlecht null fur /=1, 2, so sind G\ und G2in der Gruppe aller Automorphismen
von § konjugiert zueinander und die Riemannschen Flachen $/Gx und §/G2
biholomorph &quivalent.

Wir liefern einen neuen, elementaren Beweis flr teilweise bekannte Ergebnisse
(vgl. [3] und [10]).

Vorbemerkungen
Die Arbeit verwendet die Terminologie und Bezeichnungsweise von [3] und [4].
Wir identifizieren die PSL (2, R) mit der Gruppe aller Automorphismen der oberen
Halbebene ©. Es ist PSL (2, R)=SL (2, R){E, -£}, d. h. die PSL (2, R) besteht
aus den Paaren {W, —W), JT€SL(2, R). Es ruft keine MiRverstdndnisse hervor,
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wenn wir kurz W statt {W, —W?} schreiben. Es bedeute: A,,=Zcos£, ngN und
/752. Sp U die Spur von £/£GL (2, R). 1
Sei nun Gt eine diskrete Untergruppe der PSL (2, R) mit den Eigenschaften:
a) Gl hat Rang zwei und geometrischen Rang zwei.
b) 8>/Glist kompakte Riemannsche Flache vom Geschlecht null.
Nach [3] und [4] besitzt Gxeine kombinatorische Beschreibung

G = (sj, s2sf = sf2= (s™)*3= 1)), 2" al5a2, a3; 1 1—5— <1l

ai Y@ “a3
Man nennt Gxauch Triangel-Gruppe, und wir werden im folgenden diese Bezeichnung
verwenden.

Sei nun G2 eine diskrete Untergruppe der PSL (2, R), die isomorph zu Gxist.
Nach Satz 32 von [3] ist G2auch eine Triangel-Gruppe und es ist

G2 = (nl5urufl= u|2= (UUa)*3= 1),

<Af 82, d3wie bei Gr. Fir den Spezialfall ax=2, a2= 3, a3=7 wurde Satz 1 und
Satz 2 in [3] bewiesen.

Die Resultate

Satz 1 Seien Gx, G2czPSL (2, R) zwei isomorphe Triangelgruppen. Dann ist
Gx in PSL (2, R) konjugiert zu G2, d. h. es gibt eine Transformation '6 PSL (2, R)
mit Gx=TG2T ~x.

Beweis. Sei GCPSL (2, R) Triangelgruppe, d. h.
G= (3], Salsll= s2= (s™0)*3= 1) ¢ PSL (2, R)

mit 2”al,a2,a3; a+ §+ —<1. Nach Theorem 2.3 von [1] gibt es Erzeugende
A und B von G mit
Sp~r=2ai, SpB=%ka und SpAB=—kXR
Behauptung (1.1). Wir kdnnen A= J j annehmen.

Beweis. Sei etwa ™ = PSL, (2, R). Wegen a+ U?=ASI<2 ist ¢~O. Indem

wir eventuell A und B durch A~xund B 1 ersetzen, kbnnen wir c<0 annehmen.
Sei also ¢c<0. Mit

V=Yg EONANS= gy

Sei also nun

Sei M6 PSL (2, R) mit M=xE+yA, x, j>CR. Dann kommutiert A mit M, d.h.
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es ist MA =AM. Eine Parameterdarstellung der Zahlen x, y ist gegeben durch

X = COS g—COtEﬂ"Sin 9, y-= f.lﬂg_
' sin—
&
wegen
(x+ "Ky) =L
Mit

¢ SinZ?j,] s:= (b+c)sin—,

(2sin2—, r:= a—d+(b—)cos— und f:= r—a
axl| «i

ist das (1,1)-Element von MBM~I gerade

ax2+(akxi+b+c)xy + (ckxi+d)y2 —s sin 29+ r cos 29 —.
Es ist

4sin2; (s2+ r2—2 = ft2+ c2+ 2>c+ a2A2—4ad + 2akxi(b —c) —
[
= @A+ b—€)2—4 = (SpAB-02-4.
Behauptung (1.2). Sei a2’a3 rfad a2=4 olJer a3&3. Dann st
Sp AB~2" 2 und damit (Sp AB*])2" 4.
Beweis. Es ist SpT.B_1=Sp A -Sp B—Sp AB=kXl-kxr+kXa Ist a2*4 oder
«3= 3, so ist 2XI-kXi+kXs2 wegen a*oca”a3. Damit ist Sp AB~1" 2.

Fall (1.3). Es seien zwei der afs4 oder alle drei a;€3. Sei ohne Einschrankung
a“a”a3 und a2"4 oder a383. Nach (1.2) ist (Sp TR_12*4, d. h. i2"r2+.%$2
und es sind r, s nicht beide null. Damit kann eine reelle Zahl 9 gerade so gewahlt
werden, dafl s-sin 29+r-cos 29=1, d.h. das (1, 1)-Element von MBM~X gerade
null ist. Wegen Sp AB~1=kXkX+kX3'2 ist das (1,2)-Element von MBM~X
groRer als null.

Also ist G in PSL (2, R) konjugiert zu einer Gruppe G', die erzeugt wird von

0 g

(-1U
mit e> 0 und = 6+"-¢& 2

Sei g«=I. Die Transformation X>>—PX~ P 1mit~=[1 o) la8t A unverdndert
0Q 01l)
und fihrt . Uber in Q ist nicht schwer zu zeigen, dal es ein

Q- —Q K%,

4 Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



50 G. ROSENBERGER

ReGL (2, R) gibt mit det R=—1 und G"=RG” R™!, wobei G” die von ( (1)

)
Aay

1
und l Y E] erzeugte Gruppe ist.

Also kénnen wir 0=1 annehmen, d. h. G ist in PSL (2, R) konjugiert zu einer
Gruppe G’, die erzeugt wird von

mit ¢=1 und /Lal/.uz—f—/wa:g—{-;zz Wegen ¢=1 ist ¢ eindeutig bestimmt, d. h. im

Fall (1.3) ist die Behauptung des Satzes gezeigt.
Zu untersuchen ist nun noch der

Fall (1.4). Es seiein o;=2 und ein o;=3. Sei ohne Einschrinkung o, =2, o, =3.

Dann ist szb—;g, r:a_zd und 7= _a-f2-d= —-%. Damit ist das (1, 1)-Element
von MBM ™~ gerade
b+c .

a—d 1

5 sin 29+T cos 29+—2-.

Es kann eine reelle Zahl 9 so gewahlt werden, daB3 gerade
(b+c) sin 29+(a—d) cos 28 = 0,

1 : 5 .
d. h. das (1, 1)-Element von MBM ~1! gerade 5 ist. Also ist G in PSL (2, R) konjugiert
1

» 5
zu einer Gruppe G’, die erzeugt wird von (_(1) (l)] und " 1 mit g=0, ~=0,
Sl |
h+g=/4,, und hg:%. Sei hi<g. Die Transformation X+—PX ~! P~1 mit P=((l) (1))
3¢ 3
1aBt A unverdndert und fiihrt 1 | tber in 1 |- Analog wieim Fall (1.3)
2 2

koénnen wir also A=g annehmen, d.h. G ist in PSL (2, R) konjugiert zu einer Gruppe
G’, die erzeugt wird von
1
(28 wo |2

_h7

mit h=g=>0, h+g=J,, und hg:%. Wegen h=g ist h eindeutig bestimmt, d. h.

oQ

auch im Fall (1.4) ist die Behauptung des Satzes gezeigt. Q.e.d.
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Als Anwendung erhalten wir

satz 2. Seien Gt, G2¢ PSL (2, R) zwei isomorphe Triangelgruppen. Dann sind
die Riemannschen Flachen $/G und S¥G2 biholomorph &quivalent.

Beweis. Nach Satz 1ist G1=TGZT~1flr ein 7'gPSL(2, R). Den folgenden
Teil des Beweises kann man [3] entnehmen. Wir bringen ihn vollstandigkeitshalber.

Sind z-,, z2 Elemente derselben G,-Bahn, so sind Tz1,Tz2 Elemente derselben
Gi-Bahn, denn: rr=Ar2, AAG2 impliziert TzZ1I=TAT~1Tz2 und es ist TAT~1£G1.
Ist nun I eine G2Bahn, so sei T(I") die eindeutig bestimmte Gj-Bahn, die das T-Bild
von einem Element aus I enthdlt. Die Zuordnung ™>>T(I) liefert nun eine bi-
holomorphe Abbildung von §8/G2 auf 8/GL. Q.e.d.
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SOME PROPERTIES OF MATRIX OF COEFFICIENTS
IN BLOCK’S MULTIPLICATION TABLE OF THE
SIMPLE MODULAR LIE ALGEBRAS OF BLOCK

TYPE

By
I. B. MOHAMMED (Zaria)l

1. Introduction. R. E. Block [1] has constructed simple Lie algebras over
a modular field by considering an additive group G of order pn>1, which is a direct
sum of a finite number of finite elementary p-groups GO, Gk, ..., Gm. These groups
are then finite dimensional vector spaces over Zp. He assumed that G, can be allowed
to be zero, and p>2, or GXGO. Let &= gl+c>2+ ... + Snbe a fixed element of G,
where 0 for /=1,2, and let L be a vector space over the modular
field ® whose basis is indexed by the elements of G other than 0 and —& Denote
by via) the basis element of L corresponding to a in G. Hence the basis of L is in
one-one correspondence n(@)—a with elements of G such that azO, —5. Further-
more, we assume given, for each /, a nondegenerate and skew-symmetric biadditive
function f on GiXGi to &, such that, for Is/Sm, there are additive functions
gt,hi on G, to @, with £r(<5)=0 and f(a, R)= gi(a)hi(B) gi(®) A(a) for every

a and B in Gf. Multiplication on Lis defined by v(a)omB)—Z Z (ai’Bi)v(oo+RB-61)\

where at and Rt are the the components of a and B in GIt respectlvely, and where
& and v(0) denote zero. With this multiplication L becomes a Lie algebra, which
is represented by L(G, S,f); where/is the biadditive function on G whose restric-
tion to G; isf.

2. Preliminaries. Let v{a) be denoted by vx. Block has defined the derivations
D(yk, -SkK, D{d, 0), and Diau,0) of LiG,8,f) by wDiyk, -g K=[ak, yK
via-0K, Df(tju, 0)=sijia)vx, and vxD(S, 0)= [—1-E£ siL)Jtaif GO=0; D(4 0)=0
if G0?i0; where yk is any element in Gk for any k; a0l, a2, .... a0o is the basis of
GO over Zp; an, ai2, ..., air., 9 a basis of G; over Zp such that /(<Trl, §)"0; for
/=1, 2, ..., m; Sij@@) is the coefficient of au in a for /=0, 1,2, ..., m; and jf(a) is
the coefficient of & in a

If we denote vxad vB for all a, R X —6 in G by vxR[, we obtain, using Block’s
multiplication, a general representation for vxRf8 as follows:

= (K°VB)RR 1= {2 fich>RiBy(ca+ B~Gil)\ uy -1
o
m
. ij2_OfKiB»Jl\/I"+f$—Wf3»—i[]—

1The paper is based on a doctoral dissertation presented to the University of Oregon in
September, 1974.
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Continuing we get
v, R} =

=, 2 0f(m.-l, B f(ay—045 Biy - S, — 0 — ... —6;, ;5 B, )v(2—0;,—...— ).
s dgy-ensip=
Letting the components of « and f in G; to be «; and f;, respectively, we have the
following
vaR‘ﬂ?O :f(aOa ﬂo)pvzv vaRp [f(an ﬂl)p _f(ﬁn i lf(an ﬁ,)]li
where ii="12" i 'm.
It will be assumed that the algebra L(G, 9, f) is defined with respect to a group
G of order p" which is a direct sum of elementary p-groups G; of order p";
i=0,1,2,....,m and a nondegenerate and skew-symmetric biadditive function
f defined on G and taking its values in the ground field @ such that its restriction
to G; is f;: i=0, 1, 2, ..., m. In addition we require that the ground field @ be al-
gebraically closed of characteristic p=>3, and 6=9;+0,+...+9,,; where 6,€G;.
Unless otherwise stated, it is to be assumed that n=2.
The following lemma will be useful.

LemMA 2.1. Let @ be an algebraically closed field of characteristic p=3, G an
elementary p-group of order p", where n=2, {B;li=1,2; ...} a basis of G, and f
a skew-symmetric biadditive function on G with values in <D. Then f is non-degenerate
if and only if the matrix (f(B;, B,))1=:, j=n has no non-trivial linear combination over
Z, of the rows equal to zero.

REMARK. It needs to be remarked that f: GXG —@® is a Z,-bilinear map and
not necessarily a bilinear form on G.

3. Matrix of coefficients in Block’s multiplication table. THeEOREM 3.1. Let
n=3, G#Gy; and {64, 0ylj=1,2,...m; i1=1,2,...,m; k=1,2, ..., n,} be some
basis of G over Z, such that 6,=a0,, and f(5,;,0,)#0; r=1,2, ...,m. Then for each
i=0,1, ...,m none of the columns of the matrix of the coefficients of D(o;;,0)
j=L2,...,m—1in ad v, ; j=1,2, ..., n; is zero.

Proor. With the use of v,adv?= 3[f(u, n)—f(n:, 3:)°~ floy, n))Pv,
we have =0
v,ad vh = fo(%, No)P 0,

Uy ad UI:],' = [fi(ai’ r’i)p —_fl'(rli’ 51’)P_1f‘i(zxi‘! ’71)] Uy

where «;, 1; are the components of «, # in G;, respectively; and i=1, 2, ..., m.

It should be remarked that the.nondegeneracy of f; over Z,; i=0,1,2,...,m
has been established by Brock in [1].

From the expressions of v,ad vf ; i=0,1,...,m it follows that to prove the
theorem it is sufficient to consider each of the f; on G;in turn. Infactfori=1,2, ..., m,
we only need to consider one of them.

Consider fo on G,. Since v,ad vf =fo(2, no)Pv, for all a=(ax,, ..., %) in G,

and

ad 0§ = Zfo(ao.,a(,,)”D(O'g.,O) j=1,2,...,n,. Hence whenever a column of

the matnx of the coefficients of D(ay;, 0); i=1,2,...,n, in ad v} ;j=1,2,..,n
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is zero, a column of the matrix offQin the basis aOj\j= 1, 2, n0 will be zero.
This will make f0 degenerate over Zp; thereby giving a contradiction. Therefore
no column of the matrix of the coefficients of £x(croj, 0); /=1, 2, ..., n0 in ad vao,;
7=1,2,...,n0 will be zero.

We now consider fxon Gx. Using

vead vpt = [/iaj, ih)p“/~'hjA) " ~Ti(*th)] v..
we get

adv%v = 2
i=1
where Sx is defined as al/l
Suppose one of the columns of the matrix of the coefficients of D(gu, 0);
i=1,2,...,nk—1 in advpi, 7=1, 2, ..., nx is zero. Since /i(<zu,<¥H)"0, the
first column of the matrix is not zero. Assuming the second column is zero, then
[i(ffiz,0-ini)= 0 and

 1(Ma, <tip-li(<Tio <ni)p" Vioi2> ffii) = 0; i= 12 ...n1-I.
This says that whenever A(ax], ffi,)=0, then /i(a-12 <u)=0.

It has been shown in [1] that the Jacobi identity will be satisfied in the algebra
L(G, 5,f) ifand only if

1> Bi)f(7i, €)+/(/?,, y,)/(a,-, €O+/(?,-, <)(/7>K0= O;

for /=1,2, ....m and all 8, and y in G

Suppose/, (K2, al) =0, for some /. By the nondegeneracy of/j over Zp, there
exists a Cy such that f x(«12, cr*0zO. Then with the substitution of x,= 12 Ri=av,
and y4=<rl, in the alternative Jacobi identity, we get the following:

NE12>  (o4j >Hini)+ /1 (1, Fj)/1(FFIS Fn)+/i(<Ti;, njol/i (1, <ini) = 0.

Since Afau, Gu)—fi(ai.>ain)=Q and fx(axj, <A"0, the identity reduces to
/1011, °ini)=0. We have thus proved that if fx(al2, al)=0, then fx(au, <ini)=0.

Combining this with the result that if fx(oxl,all)=0, then Ji(<112, cu)=0,
we get M<T12(r)=0 if and only if /i(l( <ini)=0.

if for some Kk, A<tdIY"0, then /i(ffuffln)~0, and {A(<TI2<TIK)[/i(<rlt,
<Nij)] Bp 1= 1 This impliesthatA (<12, edfg = akf x(olk, eru) for some nonzero a*in Zp.

Suppose for some nonzero a;,a? in Zp, fi(<T12 &li)=ai/ 1(cli, <iB) and
[i0i2>%ij)=aja (°ij» The substituting al= «12,4 = <1(, and yx=axj in
the condition for the satisfaction of the Jacobi identity, we get

t/ife. aijyp-ficoij> <Q)p U Uffii, fiw)]o(ffu, 0); j = L 2, ..., nx,

NI(°12> aldfAalji dmi)+/1(°'li> alj)fAa\2l Cini) +/i(ffi;, <i2)/i(<71; fflni) = 0.
Whence
aifi(aui ANii+ZiCrNM giv) /i (°T2>aini)~ajfi(ji MiniifiiGio = 0.

Since /jOja, sdni)=0, it follows that (al~aj)fl(ali, alni)A(°u, <ni)=0. By
the assumptions that A(fiU><i)?70 and A((T1X we will have at=ay.
Hence for each i=1,2,...,/m, either AiPizi )=0, or /i(<x12 <&;)=
= afi(<Tif, fAni) for some nonzero af£Z. Since Vi(<r12, <=0 if and only if
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[iinii, ffilB)=0, we can write f{a 12 Cuy=a/l(am,<sld) for all i=1,2,....m

Inserting the deduction in the matrix of fx in the basis <;; i—1,2, the
second row or column of the matrix of f will be a multiple over Zp of the last
row or column, respectively. But Lemma 2.1 says this can only hold if /, is

degenerate.

Therefore the matrix of the coefficients of D(alt,0); j=1, 2,..., nr—1 in
ad v8u;i=1,2, ..., nr cannot have a zero column.

Using an identical argument, we can deduce that for each i=1,2, m,
the matrix of the coefficients of D (try, 0);j=1,2, ..., —linadvp\y—1,2, ..., nt

cannot have a zero column.

Theorem 3.2. Let G*GO0, and n*3. If {aok atj\j=1, 2, ..., w\i=1,2, ..., m
k=1,2,...,qa0 a basis of G over Zp, thenfor each i=1,2, ....m i/lze columns
of matrix of the coefficients of D (on,0);j= 1, 2, ..., w—1 in ad y=12, .., 1
are linearly independent over Zp\ and the columns of the matrix of the coefficients
of D(00j,0); j—1,2, ..., n0 in ad v*QJ;j= 1,2, ...,n0 are also linearly independent
over Zp.

Proof. Since f is the restriction of/ to Gt; where r'=0, 1, ..., m it then follows
that

ad va,j = I2_71000r, (tQ)pD((Jai, 0);
where j= 1,2, ..., n0 and

ad veid = 2 [f(aik CijY-fMj, f{<tik, 00)] D (<i; 0)

for j=\, 2 ...,nt;i=1, 2, .

To prove ‘the theorem we need to consider the matrices of the coefﬁments of
D(00j,0yj=1,2, ...,n0in ad vpaj-,j= 1,2, ...,n0, and D{aik, 0);k=12, . -
in ad vpt.];j=|, 2, ..,ur for '=1, 2, ..., m

Suppose the columns of the matrix of the coefficients of D(ooi, 0); i=1, 2, ..., n0
in adu£Qx j=1, 2, ,n0 are linearly dependent over Zp. Then by the skew-sym-
metry of the matrix the rows will also be linearly dependent over Zp. Consequently
the rows of the matrix of/ Owill be linearly dependent over Zp; and this contradicts
Lemma 21. Hence the columns of the matrix of the coefficients of Zx<0i,0);
i=12 ..,um0in ad vp..; /=1,2, ..., uO are linearly independent over Zp.

We now consider the matrix of the coefficients of D(olk, 0); k—1, 2, ..., nr—1
in ad Wo ;j—1, 2, ...,% . Assuming the rows of the matrix are linearly dependent
over Zp; then we can find iji;i=1,2,...,n1—I in Zp not all of which are zero
such that they give a dependence relation over Zp between the columns of the matrix
of the coefficients of D(BIj,0); j=1, 2, ..., nx—1 in adu™l( r=1,2, ..., nl. If

"i-i
Y= 2 hilu, then A(RIni,y)=0 and

iitfiii y)p =/iNei> Hi(Bury)l r= 12, ..., nr—1

We note that y is not a multiple of ¥ over Zp as otherwise / ({In,, Bkl) will
be zero; which is not possible. Assuming that the coefficient of $12in y is not zero,
then Bn,y, R13 ..., BIni is again a basis of Gf over Zp.
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With this new basis for Gx, (ad L(G1, &5/ 2)p will be spanned by ad vp,
advB ; j=1,...,.% —1; iV2. The following matrix representation for the ex-

pansions of advp,adv%lt; i=1, 2 , —1; iV2 in D(BIj,0), 2y, 0); y=
=1 2, «j—1; yV2 will then arise.

ad Vin
ad
ad v?23 X
ad vL ,-1i
ad vfc
0 \ Hrr nnll nV13 )y"linl—l yp-1
- f(y,BuyY 0 ARis,y)p NA--1,y)p
NECAAREEY 00 w Vo1~ ¥Rzt X
—(Xuw _j, Xfji*-iXwy -i)0 .0
- X fni 0 —Xu - nY”p-m
D(Bn, 0)
D(y, 0)
X D(R13 0)
AUV -i’0

Therefore we have found a basis (fu,y, R13, BIni} of Gxover Zp such that
the matrix of the coefficients of D(y, 0), D{Rkj, 0); y=I, 2, —1; yV2 in
ad adurl( /=1, 2, .... n—1; »VV2 has a zero column. But according to Theorem
3.1 this is possible only if is degenerate over Zp. Since/, is nondegenerate over
Zp, we will end up a with a contradiction.

Repeating the same proof for the matrix of the coefficients of D (aik, 0); k=
=12, ...,u—1 in ad 1 7=1, 2, Hj, where /=2,3, ..., m, we conclude
that the columns of the matrix of the coefficients of 0); y=1,2, 1
in adrj0; y'=1,2,...,nt, for /=1,2, ...,m are linearly independent over Zv.
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CLASSICAL ALGEBRAS OF QUOTIENTS AND
CENTRAL QUOTIENTS OF ALGEBRAS

By
G. SZETO (Peoria—Chicago)1

1. Introduction

L. Rowen [5] defined the central quotients of an algebra, and answered the
question negatively whether the classical algebra of quotients is the central quotient
of an algebra. W. D. Burair [1] proved that an algebra over a commutative ring
finitely generated and projective as a module has a right and left classical algebra
of quotients, which is the central quotient of the algebra. The present paper con-
tinues the above study. We shall show that any non-zero-divisor of HomR(M, M)
is injective if M is finitely generated flat module over a commutative ring R and
Rp<8r Horn,, (M, M) = HomRo (Mp, Mp) for each maximal ideal p of R, where
Rpis a local ring at p. This generalizes the well known fact when M is finitely generat-
ed free or finitely generated and projective over R ([1], Lemmas 1 and 2). Moreover,
when the zero divisors Z(R) of R are stable under localizations (that is, whenever
p<zZ(R), (p)pczZ(Rp) for each maximal ideal p), the above non-zero-divisor of
HomR(M, M) is also surjective. In this case, HomR(M, M) has a classical algebra
of quotients, which is the central quotient of HomR(M, M). Thus this fact is true
for an algebra A if Z(R) is stable and if A is finitely generated flat and p-torsion
free over R (for p-torsion theory, see [4]). Furthermore, any separable algebra
(see [3] for definition) can be shown to have a classical algebra of quotients, which
is the central quotient of the algebra.

Throughout, we assume that R is a commutative ring, that all rings have an
identity, and that all modules are unitary.

2. Preliminaries

We shall employ the following facts which can be found in [2]. Let Mn(R)
be the matrix ring of order n over R. Then we have:

Proposition 2.1 Let F be afinitely generatedfree or projective R-module. Then
any regular (non-zero-divisor) element of HomK(F, F) is injective ([1], Lemmas
land 2).

Proposition 2.2. If M is a finitely generated R-module, N an R-module, and
S a multiplicative dosed set excluding 0 of R such that N—Ns is injective where Ns
is the localization of N at S, then RsZr HomR(M, N)" HomR. (Ms. Ns) under
the natural map.

Proposition 2.3. If M is afinitely generated andflat R-module over a commutat-
ive local ring R, then M is free.

1This work was done during the author’s sabbatical leave at the University of Chicago.
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PROPOSITION 2.4. The direct product II R, of local rings R, at all maximal ideals
p of R is faithfully flat over R.

Let S be the set of non-zero-divisors of R, we denote the total quotient ring
of R by Rg, and the set of zero-divisors of R by Z(R). The central quotient of an
algebra A is the localization of 4 at S (=Rs®rA4).

3. Classical algebras of quotients

We now extend Proposition 2.1.

THEOREM 3.1. Let M be a ﬁnitely generated flat R-module such that
R,®g Homg (M, M)=Homyg, (M,, M,) for each maximal ideal p of R. If f is a
regular element of Homy (M M ), f is injective.

Proor. Denote the image of fin Homg (M,, M,) by f We claim that f’
is regular for otherwise there exists a non-zero element g’ in Homg (M,, M},)
with g in Homg (M, M) such that f'g’=0. (fg)’=0, so there exists some s in
(R—p) such that s(f2)=0, f(sg)=0. Since f is regular, (sg)=0. Hence g’=0,
a contradiction. Moreover, Homg (M,, M ») is a matrix ring of finite order over
R, because M, is finitely generated "fat over R (Proposition 2.3). Thus f” is injective
for each p (Proposmon 2.1). Since IIR, for all maximal ideals of R is faithfully
flat over R (Proposition 2.4), fis also IHJCCUVC

We note that there exist finitely generated flat R-modules M such that

R,®@Hompg (M, M) Hompg, (M p), but M is not projective. For example,

let R be the ring ngen on p- 509 in [6], and M the R-module generated by
f(=(2,0)) in R. It is straightforward to verify that R,®g Homg (M, M)=
=Homg, (M,, M) for each maximal ideal p or R.

It has been known that some class of algebras have classical algebras of quo-
tients, which are central quotients of the algebras ([1], and [5]). For these algebras,
we can assume R is a total quotient ring and claim that each regular element of
the algebra is invertible. Next we discuss when the above Homg (M, M) has a
classical algebra of quotients.

THEOREM 3.2. Let A be an R-algebra finitely generated flat as an R-module with
R,®g Hompg (4, A)=Homg (A4,, A,) for each maximal p contained in Z(R). If

A, is its own classical algebra of quotients, then so is A.

PrOOF. Let x be a regular (non-zero-divisor) element of 4. We claim that the
image x” of x in 4, is regular in A4,. In fact, suppose y’ is a non-zero element in
A, such that x”y’=0, (xy)’=0. Then there exists an s in (R—p) such that s(xy)=0,
x(sy):O, so (sy)=0; and so »’=0 in 4,, a contradiction. By hypothesis on
A,, x" is invertible. On the other hand, the element x induces a left multiplication
map f, of Hompg (4, A) such that f,, is invertible in Homg, (4,, 4,) for each p.
Hence f, is a bijection in Hompg (4, 4) because IT R, for all maximal 1deals pof R
is faithfully flat over R (Proposition 2.4). This 1mp11es that there exists an y in 4
such that f,(y)=1, and so xy=1. Similarly, there exists a z in A4 such that zx=1,
so x is invertible in 4.

We observe that there exists a class of commutative rings R with the property
that (p),CZ(R,) whenever the maximal ideal pCZ(R). We call such an R a
Z-stable ring.
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Theorem 3.3. (1) All R of Krull-dimension 0 are Z-stable rings. (2) All noetherian
rings R are Z-stable rings.

Proof. (1) Let p be a maximal ideal of R contained in Z(R), and x an element
in p such that its image in Rp, x'*0. We then have an integer n> 1 such that
(x")B=0 since the Krull-dimension of R is 0. Thus x" is a zero divisor of Rp.

) Let p be a maximal ideal of R contained in Z(R). Since R is noetherian,
p is a maximal associated prime ideal of O; that is, p=the annihilator of x for some
element x. Ify is in p such that the image y' of y in Rpis not zero, then x must be
inp. Thus x'y'=0. Since p=the annihilator of x, x'*0. Thusy" is a zero divisor
of Rp.

Now a class of algebras over a Z-stable ring R can be shown to have classical
algebras of quotients, which are central quotients of the algebras.

Theorem 3.4. Let R be a Z-stable ring, M a finitely generated flat R-module
such that Rp®RHomR(M, M)"*z HomRp (Mp, Mp) for each maximal idea! p con-
tained in Z(R), then HomR(M, M) has a left and right classical algebra of quotients,
which are the central quotients of Homs (M, M).

Proof. As given in the remark before Theorem 3.2, R can be assumed to be
a total quotient ring. Let/be regular in HomR(M, M). The proof of Theorem 3.1
shows that the image /' of / in HomRy(Mp, Mp is also regular. Since R is a
Z-stable ring, Rp is its own total quotient ring. Then, by Proposition 2.3,f s in-
vertible since Mp is free over Rp. Hence f is surjective in Horn* (Mp,Mp) for
each p. By noting that R is its own total quotient ring, these p's are all maximal
ideals of R, so/is surjective in Horn* (M, M) by Proposition 3.4. Thus /is invertible
in Homs (M, M).

Corollary 3.5. Let R be a Z-stable ring, and A an R-algebrafinitely generated
flat as an R-module such that R,,Zr HomR(A, A) = HomRp (Ap, Ap) for each max-

imal ideal p contained in Z(R), then A has a left and right classical algebra of quotients,
which are the central quotients of A.

Proof. Theorem 3.4 implies that HomR(A, A) is its own classical algebra of
quotients if R is its own total quotient ring. In this case, since any regular element
X in A remains regular in HomR (A, A), where x is considered as a left multiplica-
tion map in HomR(A, A), x is invertible in HOmR(A, A). Hence x is invertible
in A as argued in Theorem 3.2.

Let M be an A-module, p a prime ideal of R. J. Lambek called the submodule
N p the ~-torsion of M where

Np= {x in Mjthere exists an r not in p with rx = O}

If Np=0, M is called *-torsion free [4]. Clearly, M-*Rp®r M s injective, so
Rp<&- HomR(M, M )”» HomR (Mp, Mp) if M is finitely generated over R (Pro-
position 2.2). Thus we have:

Corollary 3.6. Let R be a Z-stable ring, A an R-algebra finitely generated
flat and p-torsion free as an R-module for each maximal ideal p contained in Z(R).
Then A has a left and right classical algebra of quotients, which are the central quo-
tients of A.
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Now we give an application for the theorem of Brair in [1]. Recall that an
R-algebra A is separable if it is projective (left) over A <€RAQ where A° is the
opposite algebra of A ([3]).

Theorem 3.7. Let A be a separable R-algebra. Then A has a left and right classical
algebra of quotients, which are the central quotients of A considered as an algebra
over its centre C.

Proof. Since A is separable over R, it is central separable over its centre C
(an Azumaya C-algebra). Hence A is finitely generated and projective over C. Thus
the statement is immediate from the theorem in [1].

We conclude the paper with an example of a finitely generated fiat module
M over a commutative ring R such that:

(1) Ris a Z-stable ring;

(2 Rp8r HoOmR(M, HomRj (Mp, Mp) for all maximal ideals p con-
tained in Z(R); and

(3 M is not projective.

This means that our results provide a new class ofalgebras with classical algebras
of quotients, which are the central quotients of the algebras. The example is due
to W. Vasconcelos ([6], p. 509).

Let A be the ring without identity obtained by taking a non-finite direct sum
of copies of J/2J where J is the ring of integers, A=®2U (T/2/)a for a in some

a

index set / and defining addition and multiplication componentwise. Let R be the
ring obtained by adding the identity of J to A: R=J+A where addition is defined
componentwise and multiplication is given by (n, a)(n', a') =(nn',na'+n'a+aa’).
Let /=(2,0). Then M(=Rf) is a fiat R-module generated byf but not projective
(see [6]). Now let p be a maximal ideal contained in Z(R). Clearly, (J,0)cp, so/
is inp. Hence Mp=0. Thus HomRo(Mp, Mp)=0. Since HornR (M, M)*M (=Rf),
Rp HomR(M, M)=0. Thus (2) is satisfied. Again, since (J, 0)ap, there exists
a component, J/2J, not contained in p. Thus (p),,=0. This proves (1).

Finally, we observe that the above R is a Z-stable ring of Krull-dimension
1 although we have proved that all R of Krull-dimension 0 are Z-stable in
Theorem 3.3.
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IDEALS IN z(x,y]

By
P. G. TROTTER (Hobart)

1 Introduction

The ideals of Z[x], the ring of polynomials over the integers, have been enumerat-
ed by Kronecker and Hensel [1]. More recently Szekeres [4] determined a canon-
ical basis for any ideal of Z[x] and derived from the basis a set of integer invariants
that characterize the ideal. Rédei has compared the results of these authors in [2],
and has generalized them in [3] for ideals of /?[.v] where R is a commutative principal
ideal ring with prime decomposition.

The aim here is to generalize the approach of [4] to obtain a canonical basis
for any ideal of Z[X, y] and to characterize the ideal with a set of degree and integer
invariants. The invariants of the ideal are chosen in section 5 and are shown to
be restricted by certain inequalities between themselves; conversely any set of
degrees and integers satisfying the restrictions is a set of invariants of an ideal
in Z[x,y],

Szekeres has enumerated those ideals of Z[X, y] that contain an integer [5],
and the homogeneous ideals of K[X, Y, z] where A'is a field [6]. In these papers
a different method is used for determining ideal invariants; in particular, some
of the invariants of [6] are chosen as solutions of systems of algebraic, possibly
non-linear, equations.

It should be noted that, as with Redei’s generalization of [4], the results of
this paper can be modified to provide for ideals of R[x, y] where A is a principal
ideal domain. Furthermore the methods may be extended for ideals of
Z[x1, X2, ..., X,,]. However, because of the additional complication in these cases
we consider only ideals in Z[x, y].

The following notation is used throughout. Let

4= {(1,9)€zXZ; i,j SO0}U(-~, -~)
be a semigroup under componentwise addition with (—=, —°°) as its zero. Define
an order on z so that for (h, k), (i, ))EA then (i, j)>{h, k) if i+j>h+k or i+j=
=h+k and j>k. For &=(i, j)EA write Xx=xtyj£Z[x,y]; if a=(—°°, —)
let Xx=0. Call a the degree of Xa. For aEZ[x, y] let a(a) denote the coefficient

of the term of degree a of a and let aEA be largest so that a(d)xO. Call a the
degree of a. Then a—2 a(x)Xx.

For ocfzl and h£Z define aA=a+ (0, h) if a+(0,h)EA and hx=a+(h, 0) if
u+(h, 0)EA (addition is componentwise). We will consider the following subsets
of an ideal " of the subsemigroup A \(—°°, —) of zl:

n = (al; aer}; rr = {4r, aCT}; ~ = {V, a€lr}; (O F\(r xux)y;
V=(N~Xr.
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2. Degree sets of ideals

Let 2 be an ideal of Z[x, y]and let F={a;a £ 0\0}be a set of degrees. Clearly
I is a semigroup ideal of Z \( —<> -«). We will determine some properties of
the subsets ® and @ of I'.

Lemma 2.1.1f (h,k) and (p, g) are distinct elements of & then either h>p and
k<qg or h<p and k>q. Hence @ isfinite.

Proof. Note that ace if and only if asr and there exists no (r, s)4A, (r, )"
90, 0), so that ~x~“£r. Since {h—{h—p),k —{k—q)) and (p —{p—h).q—(q—k))
are in @ then the first statement follows. Letj be least so that (i, )£ & If (f, j)
?+(K,K)(:P then 0 so |®lé/+1

We therefore label the elements of ® by ctji={mj, ifi;j= 1 2, ..., |®|, so that
for |®|Mr>A:&1 then ih>ik and mh<mk. Note that any element of " is ex-
pressible in the form'™a/for some (h,k)EA, ayE ® Hence & is a set of generators
of the ideal T.

Lemma 2.2. BdV ifand only if B=(mj, iJ+fi for some j, 1=/<|®|. Further-
more, (mj, iJ+)=hukfor some (h,k)EA only if u=j or u=j+1

Proof. If RZV then there exists iu, a-€ ® and p,q>0 so that (mu+p, i)=
=RB=(mj, ij+ q). Then wu=-y. If u>-j+1 then iu=iJ+1 while S0
R=(mj+1, ij+1)+ (Mj-mj+1, iu-ij+fifEr 1. But R~4> so u=j+1 and R=
=(mj,iJHl). Conversely if (mj, ij+fi~ir 1 then there exists a,6® and p,q>0 so
that (mu+p, iu+q)=(mj, iJ+l). Then j+1 which is impossible. Clearly
(mj, j+D)Arir\Ir so (mj, iJ+1)(L4J. The second statement follows immediately.

We therefore label the elements of by Rj={mj,ij+fi; y=1,2, ..., |®|—L

3. Basis coefficients

Anideal of Z[x, y] isprimitive if its elements have no non-unit common divisor.
In the remainder of the paper 22 denotes a primitive ideal of Z[x, y] with degree
set rU (—*, —  The elements of the subsets ® and & of " will be labelled as
in section 2. In this section we describe some bases of 22 and from any such basis
we determine a set of basis coefficients that uniquely characterize the basis.

By Hilbert’s basis theorem there is a least degree TE" so that the polynomials
an~22 a~ x, generate 22. For each a£™ we may choose a polynomial ax222 of degree
ax=oc so that the leading coefficient afia) is the least positive element of the ideal
{6(a); 57 a} of Z. We call the set {ax;ocel'} an extended 2?-basis and the
subset {ax;a"T} a 2-basis. A &"-basis is unique if and only if ®= {i}. The follow-
ing is easily proved:

Lemma 3.1. If {afi is an extended 2?-basis then any a222 uniquely determines
RfiZ so that a—a%Rxax. Hence a 22-basis is a basis of 0.

For an extended .~-basis {afi we have for REi
(1a) a-ixx =B§aABzaB for a€ir
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and
Ib -jlv =
(Ib) a,,-1y [%aBM for aerk,

where ARX,BRXEZ. For convenience write AX—0 and BRx=0 if R$r. Also let
Ax—AXXBA=BXX Whenever they are defined Ax and Bx are positive integers.
ARx, BRx are called basis coefficients of {ax}.

For a£r 1N we get from (la, b)
)] Dxax-iy - E xa-ixx= [écaFBxaB

where CXDX=AX, CxEa=Bx, Fix=DxBX—ExAR and CX=(AX BX) is the highest
common factor of Axand Bx.
For a£ T 1we also have from (la, b) that

2 Ayx-\ay = 2 A(y-i}x\BRyOR.
a-ix-ixy vy yx-\ayy Rion (y-i} RyOi

Also a-ix-iyx= BAZAnﬂ—iy(—ix)AByaB. We can equate coefficients by Lemma 3.1
to get for a€m19

&)} AXiBRX B-i"ARz N (B-iy(-1MARy BRy).
Rhy«x

When /1=a we get

@ Ax-iBx= B-ixAx for afily

By comparing (2), (3) and (4) for oc™I'1it can be checked that

5 o T

5) Ax-iax-iy —B-ixa-ixx f§<ZG Rxald

where

& 2 B~y A(y-i)aiBRy) — FR(AX-i, B-id).

Rewriting equations (la, b) gives

(6a) ax= (a-ixx - rsZ«ZAp*afS)IAx for attr
and
(6b) ax= (ax-iy—&(XBpxap)le for ag£/\.

By using the corresponding equations for degrees less than a and giving precedence
to equations of form (6a) we get uniquely

@) dx = k2_1:kaik where n= [P, a*£ED, FKEQ[X, VY];

Q denotes the rational number field. Notice that the degree / kca.sa. In fact, since

precedence is given to (6a) in calculating (7) then fkaX=a if and only if K is greatest
so that d=palkg for some (p, q)dA.
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Theorem 3.2. An extended éA-basis {aa} is uniquely determined by its basis
coefficients.

Proof. Given the polynomials aXk saké ®, an extended .~-basis can be uniquely
determined from its basis coefficients by equations (la, b). We must therefore
show that the basis coefficients uniquely determine aXk akE ®. If \d =1, SPuniquely
gives a7k Recall equation (2) for x=RJ(4P Using relations (7) to substitute for
the terms of (2) (for each j) we get the equations

KZ={j,ka’k=° for 7=1,2,...,n-1, fj,keQ[xy].

By Lemma 2.2 and the comments following (7) we have
(8) fj:;k+uk™ Bj with equality if and only if k— or k=j+\.

Consider the linear equations over the quotient field Q(x, y) of Z[x,y]
9 k2:];j,|(2k= 0; j=12,..,n—L

We will prove the theorem by showing that there is only one subset of an extended
A-basis, with elements of degrees akE®, that satisfies (9). We know that {a7k; akEd}
satisfies (9). Let N={1,2, ..., n—1} and Nh={1,2, ..., h—L A+, ...,n} Let
n: N-+Nh be a bijection. Then by (8)

jENANAT 2y ¥n0) - i (f1.n0) b (1>) — 378l

Equality is achieved if n{j)=j for j<h and n(/)=/+1 for j=h. In fact equal-
ity is achieved only for this choice of n; for by (8), since n(h)Ah then n(h)*=h+ I,
so n(h+1)=h+2 and so on. Similarly n(—\)"b so n{j)=j for j<h. Hence
the determinant |(fj,Kk*n\ has degree

B (BIXW) = 2 (= ij+) - (me0), h(i)) = (mh-m , ikth),

by Lemma 2.2. Hence the polynomial \(fj,Kk*h\ is non-zero. Given some value
for zh the equations (9) are linearly independent over Q(x,y) and hence have a
unique solution. Since {aX xk£ @} satisfies (9) then any solution set of (9) is of
the form {faXc akE &} for fEQ (X, y). But the leading coefficients and degrees of
elements of an extended .i*-basis are uniquely determined by 3P, so {aXgox“d}
is the only solution of (9) of the required form.

Corollary 3.3. Let n=\®d\. Then mn—i1=0.

Proof. By Cramer’s rule {\(fj,Kkxh\; 1=/*=«}'=Q[x, y] is a solution set of (9).
By (la, b) any common divisor of {aaKk;xkE®P} in Q[x,y] is a common divisor of
the elements of 3P B? is primitive so we have fath=|(//,*)**n| for some f*Q[x,y]
and i1a/jalji. Then (ml+p,il+q)=(ml—mn,il—i1) where (p,q)=J. The result
follows.
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4. The canonical basis

In this section restrictions will be imposed on basis coefficients of extended
~-bases so that there is only one extended .~-basis with basis coefficients satisfying
the restrictions. The underlying &"-basis is the canonical basis of S

Suppose throughout this section that {aa\ and [bx} are extended Abases with
basis coefficients ARx, Bk and ARx, B respectively. Since ax(oi)=bx(a) then AX=A'
if a£X and BX=BX if oc Ty.

For some a£il" assume alR=bf for all /?<qa. Combining equations (la) for
the respective extended #-bases gives

4x(ax-b¥ =2 (4Ra-Aldal.

By Lemma 3.1 then A=ARx(mod AX. Conversely, using (la), we can construct
an extended &"-basis {af, cy; /?<a<y} with basis coefficients Ax and ARa+ kRxAx,
kRxEZ, for degree a. Similar statements apply to Bfxand By when a£T1. Let aZE<P
be the least degree in I'. We can now assume that {ax} has been chosen so that

(10a) 0NA RBx<Ax for a(:Ir\y/, or a=/1£€? wnllr
and
(10b) 0" Bx< Bx for a€rA(TUT), or a=RBuET, u<z

The case aB'B is distinguished for the sake of the next Theorem.

Notice that given the subset {ax, a€d} of an extended a"-basis then by (la, b)
there is exactly one extended .~-basis with basis coefficients satisfying the restric-
tions (10a, b). We must therefore restrict the choice of extended &*-basis polynomials
of degrees S£®.

By Lemma 3.1 it can be seen that

(11) b= ax.+ 2 kRjal for a7€<M,€Z.

B«Zj

Note, since az is least in ', that bXe=ax“. For convenience of notation let a*=
=ax—bx and write bx=axmod (aB;8 a*).

Lemma 4.1. Let {ax} and {bx} be extended &-bases satisfying restrictions (10a, b).
Then s*5T1ax \i], max/?} where

R <Ct

() u=L( 1% if a€ir\f or a=Ru T, né z and
(i) —((@-1)*1 if oeAXGrUy) or a=&€?, u”z.

Proof. Consider only case (i), case (ii) is similar. Let o=max/?* and £=

=max{?/, <& If (_19)*£[ then there is a non-zero R"Z so that b-ia=
= (a-i,,+ka-i,) mod (@’\f < ~1g). So by (la)

(12) b-iax = (a-ixx+RAnavymod(al; R < n).
b-iax= 2 ARdbR = (Axbx+ 2 ARxa® mod(al; Bidcr)
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by (la). Hence by (12)
Axbx= (a-ixx - 2 Atxaf)mod (al; B £).
So by (la)
Ax(bx-aX) = ( 2 (ARx-A'Rx)aR)mod(aR; B =sff).

By Lemma 3.1, AXx=ARx(mod AJ so by (10a) ARx=ARXx for

Notice that if rj"%rs* then ARx—A'®x for .<B, so by (12) and (la),

Axbx+A'aa,, = (Axax+(A,, + RA,)a,,) mod (aB; B < ).

Then by Lemma 3.1, Amx=(A4x+RA4 (mod AX). By (10a) there is a TEZ so that
(13) A'X+TAX= Adx+RAn and bx= (ax+Ta4 mod (aB; R < ).

In the remainder of the paper the following subsets of I will be considered.
Recall that a. is least in I, ®= {au; 1SkS |®|} and *P={Bu; ISu<\<P\}. Let

Bi = KMNYUrMIXD); nu< z}y;, B2= {aj€rx\(MxNXx); n s=z}
i = fmmExf\(F1NxM); u> z}; B = {U6"MAHXI); nS z}
= {BuE'P;u<z} and 1'F={R"P; n" z}.

Define KRx=1 ifa-1£®, R~1dT or -la£ P, ~IRET. Define KBRx=0 ifa_l€P,
R-1%C or -laed, Define inductively K(®)xi=KRxBRI/(KRxBR, Bx) if
aCBRxUIPxi and K\RB"a—KRXARI{KRXAR, AX) if a(ixBUX!P.

We will see that there is an extended .~-basis with basis coefficients so that

(14a) 0 —ARX < (KRxARB, A if a€xRUXTF,

(14b) 0 = Bix< (KRBR, BX) if a€RxU ¥x,

(15a) 0= Bx< (()Bx if a=muEl4d and -~Mer
and

(15b) 0N A< Apixd if a=a€dx and RB~her.

Theorem 4.2. There is exactly one extended 3P-basis with basis coefficients sat-
isfying the restrictions (10a, b), (14a, b) and (15a, b).

Proof. Suppose that the basis coefficients of the extended ,"-bases {aa} and
{éa} are restricted by (10a, b). We have seen that such bases exist and are uniquely
determined by their basis coefficients and their elements of degree avEd. We will
see that with (14a, b) and (15a, b) the elements of degree a,.€ ® can also be uniquely
determined. Some further information is required.

For atll, alE® let [a—aU6A be largest so that aut+[a—an{”™a. Let
a+=max {a*+[a—a, ]} We will prove by induction that s*”a+. Clearly a*=

= (—o00, —0=)sa+. Assume R*~R+ for all B<ct,BET. Since [R-asd]é[a—a]
and [a-1— —a,] then and ((a-1)*1é((a-1)+)1"a+. Like-
wise M(“U*)—a+ so by Lemma 4.1 a*”"a+.
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Choose uAz with the property that \u—2\ is least so that ap+a*fa,+a*

for all a,,£P. Let o.—*Bu 1 if u>z and a—(Xu=u if n<r. Assume a*"
-00). We will see that a+=a*+[a—a,]>/1+ for all RB<a. Assume

u>z; the proof is similar for n<z. By Lemma 2.2 we have [a—aK+a,<a if
H {n n—L1}. By the definition of u, if v=u—1 then a,+a*>a,+a*. Hence

a+=a*+[a—a,]>a*+[a—a,] for since au+a*+[a—a,]Sa* +a,+ [a—a,]S
ga*+a=a*+a,+[a-an]. Since a*+[S—a,]"a*+[a—a,]<a+ and [/?-a,]<
<[a-a,] then /i+<a+. Note also that if a=Bu_1 then [a-1— «] and

since [a—alJiTj then [a-1—ajl«[a—a,] so ((a_l)+)1-=a+.

The proof of the theorem can now be completed. Choose m=z as above and
suppose aX—bXi=Raymod (a0; d<y) for some REZ (see (11)). We will see that
there is an extended #-basis satisfying (10a, b) and satisfying (14a, b), (15a, b)
for x=hau"RBu 1 and B=hy (then Furthermore if {aj and {bj satisfy
these restrictions we will see that R=0. The process is similar if a6R1U i'l. Let
h—1 then R=1(~}a)*=ad*+[oi-<x]=u+>6+"6* for all <5<a. Hence as with
the derivation of (13) we get TAZ so that AR+ TrAx=Apx+RAR where by (10a),
0SARX Aa<Ax. We may choose {bj and hence R so that 0" A RBx<(AR, AJ=
=(KRxAR, AJ. Hence we can assume that the coefficients Al and AR of {bj and
{ax} respectively satisfy (14a). But then A'x=ARx and T1=RAR/Ax=RI1ABR/(AR, AJ
where R1=R(AB,AJ/AafZ. Depending on the choice of R, Rx may take any
integer value. So T1=RI1KiR(i¥Y and by (13) ax—bx= Txak mod (as;5<RB). Hence
the process may be repeated. For example, suppose /r>1 and assume A-iBi-ix)~
=A-iB(-iX) satisfies (14a), that ~IB=(~Ia)+ and that a-ix—b-\x=Th la-i§
mod (ar; <6< 1/0 where Th 1=Rh 1K and Rh 1can be any integer dependlng
on the choice of R; so that R=0 if and only if Ri=0. Since 1"la—a,]=

=[a—a,] then RB=a+ and as above there exists ThEZ so that ARx+ThAx=
=ARx+Th_1AR, and by (10a), 0"ARx, ARx<Ax. We may choose {6J and thus
R, and Rh_:. so that 0"A'Rx<(KRXAR, AJ. Therefore assume AfX and AfX satisfy
(14a). Then A=A and by (13) ax—bx= Thalmod (ar; <6gS) where Th=
=R K BXARIAX=RhKr{i) and Rh=Rh_1(KRxAR, AJ/AXtakes any integer value,
depending on Rh_1and hence on R. Rh=0 if and only if R=0.

Now suppose d=hiu=RBu 1 and R=hy. By (2) and the above, Dxax-iy—
-Exa-ixx= 2 £ 6 and Dxbx-iy-Exb-ixx= 2 + 2 Ftabs.  Since

RB—a+>5+8<5* forall (5<a and a+>((a-1)H1*((a-1)*)1then B=(a-ix-b-ijx>

>(ax-i—bx-i)y and B>ad-bs. So using (12) and comparing terms of degree
R gives FRx=FRx+Th_1AREx. By (2)

F*dx = AxBAx—BXxARX+Th_1ARBx.
But we have assumed ARx=AX so
FRx~ B ~ Fh-i-ABBJAX = Rh- IKBXARBJAX = RhKiB(ixfBx.

We can choose {bj and hence R and Rhso that 0sB'fx-"KiR(ix)Ba. So we can
assume BRx and BfX satisfy (15a). Then BRx—BRX so Rh=R=0.

The underlying #-basis of the extended .*-basis that satisfies (10a, b), (14a, b)
and (15a, b) is the canonical basis of SA
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5. Invariants

A set of invariants for the primitive ideal 3A will now be determined. The set
of invariants of 3A consists of a set of degrees and a set of non-negative integers
satisfying certain restrictions. It will be seen that any set of degrees and integers
satisfying the restrictions is the set of invariants of some primitive ideal in Z[x, y].

Let I be the degree set of ~\0. Recall the definitions and properties of the
following subsets. X = ocEl}; T1={ala£lr}; \rr={V;atl'}; o—
= {an—(Tn, 1ébl1én for u,neZ} where mu<mv and /,</,, for 1
and il=/w,,=0; 'E={Bu=(mu, a+1); I"u<«}. For < the least degree in T,

iQ = {4€rT\(FrAX); k> z}; fl2= M,0 UQj;
WR=i/X~nrU "), = {&€+?; u< z} and " - {RUE¥; n =1}

Let {sa} be the extended  basis with basis coefficients satisfying (10a, b),
(14a, b) and (15a, b) and let {ax;xSi} be the canonical basis. Let A=
=max {t, Bu; B,,£¥}. The set of invariants of 3A will contain

We will now choose integer invariants for degrees a£M\®, a"[.

Let Q, be the highest common factor of the set {ARy, BRy; 3~y Sa} and let
QXRXbe the highest common factor of {ARy,BRy; R "y<a}. Let ARyQxR =ARy,
B'RyQ*R*=BRv for y<a and let ARXQx=ARX, BRxQx=BRx.

For a”xI'x we have by (3) and (5) that AX-iB&x—B-ixAx=GRx. Let
c'eAQxr §2=gd* then B-TA'x=GRxRx. Let VX be the least positive
integer so that Ax-iS—B-ixT=GRBxVIx for some S, TEZ. By (2) and (4), Dx~
=Ax-i/(Ax-i, B-iX) and Ex=B-id(Ax-i, B-iX). Hence assume 0Si<O0r Let
Vx be the least common multiple of {VB&x;/'<«}, IX=RJVX and JRx=RJIVRx.
Since AX-iSJ&X—B-ixTJ=GRxRx then there is a unique HRx, 0"H Rx<A'JDx
so that (A™X—TJR)=HRxDx(mod Ax). Let IX=AXDX=B'JEX The set of in-
variants of & will contain {HRBx, Ix, Jx;/?<a}. Note that these are uniquely deter-
mined from 3Aand conversely, given ARy, By for B*y<x, and Qxthen with (10a)
we may derive ARx, B from these invariants. Further note that the highest com-
mon factor U of the invariants is 1; this follows since IX=A'JDX=B'JEX and
(DXEX=1 while for some WEZ, ARXx=TJIX+HRXDx+ WAX and BfX= SJIBx-(-
+ HRXEx+ WB'X so U divides {ARx, BRx; 3"a.}. But Jx divides Rx so U divides
(ARY/Qx, BRYQx; R*y*oc} and hence £7=1.

For a£I \(I 1N\1") choose for invariants HRX=AR where B<a, IX=AX
and JX=RX By convention let RiXi=Il. For ad/W “H iF) choose HX=BlX
where /?<a, IX=BX and Jx—Rx. For oKIRE choose as invariants Dx, Ex, HRx=
=AM and LRx—BRx where /l<a, IX=AX and JX=RX For a3'F1choose as in-
variants Dx, Ex, HXx=BRx and LRx=ARx where /?<a, IX=>BX and Jx—Rx. As
in the previous paragraph, in each of these cases the invariants are relatively prime.

Let Q=QX Note from the definition of Athat IXQ”" 1 if ASIP. This fol-
lows since lyQ~Ax or B, if A$(ITIU*P) and DXIXQ=AX EXIXQ=B, if
ACIiFj. We have by (la, b) the coefficient relations a-1H-1A= Axax(E) and
A9-1(A“XY= B, ax(&) if Ax and Bx respectively exist. Since (D,, EX)= 1 then in
these cases ax is generated in Z[x,y] by {ax;a<A} if and only if IXQ=1
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Summarizing, the invariants of 0* are elements of a set of degrees and of
a set of non-negative integers. The degree invariants are:

@) a,=(w,,/",) where u=lI,2, n, ii—mmMn=0 and for u>v then
mu<mv;

(i) A where ismax {(m,, i,*):
Let ' be the ideal of the semigroup d\ (— —°) generated by {a,, |smSk}
Let X ,I'r, Y, 14, and Rx be subsets as defined earlier in the section and

let <z be least in . The integer invariants are:

(iii) Q where Q>0;

(iv) J%for Asac/XUXT where Jx>0 and JiXe= 1,

(v) Ix for A*aGTiUXT where /,,>0 and if ASIT;

(vi) for Asa”rxUxT and a>/?€l where 0"H Bx<Ix ifa$ IPUXBUR],
OSHRM(KRXARQx, Q if abxBUXT and O"NH RXM(KRXBR/Qx, 1¥) if
a6RxUT]j. Also if a$!P then {Ix,Jx,HRX /?<a} is a set of relatively
prime numbers;

(vii) Dxand Exfor  >Fwhere Dxand Exare relatively prime positive integers
and Dx or Ex divides Ix if or 4'1 respectively;

(viii) L for a£4* and a>RdT where 0S LX< Ki{igIxEJDX if a=
=4€xXT, ~Mer and OsLAx<K(@@xIxDJEx if oi=abll'Pi, B~\r.
Also {Ix, Ix, HRx, LRx, B<at) is a set of relatively prime numbers.
The restrictions of (vi) and (viii) are derived from (10a, b), (144, b) and (15a, b).
It will now be shown that the basis coefficients of the ,"-basis [ax;asA}, which
contains the canonical basis, can be reconstructed from the ~-invariants. App-
roximate values for the basis coefficients will be calculated successively for degrees
in MxU,I". At the step for degree a the approximations for degree less than a will
be modified by a multiplier. At step Athe approximations become exactly the basis
coefficient required.

Let QBx=(BffaRy). Then QR—QRXQ The Ry will be calculated.

Let A"=IX and ARx=HRX if a6xBUBUXIf. Let B"=Ix and BXx—HIX
if adBxUR2UFx- For ocdi'F let B"—IXEJDX and BRx=LRx. For ad'Fi let
A"=IXDJE. and ABx=biix. Notice that from the derivation of the invariants
Ax=ARxQX.Q and BAX—BRXQxkQ.

Suppose a is least in iTj, then Ry=Jy for y<a. In the terminology used
in deriving the invariants, Afy=ARJ/QxRx=ARyQJRx and BRy=BRyQwRx for
)?8y<c(. So we can calculate, by (5),

GI¥X RSy A(y-i)x-i BRy.
Let Mk be the least positive integer so that Ax-iS—B-4T=G'xVIXx for some
S, TEZ and let Vx be the least common multiple of {VRx;3<a). We can com-
pute Dx=Ax-i/(Ax-i, B-iX), Ex=B'-iJ(A'x-i,B'-iXY) and JBx=JxVJIVRx. Define
AX=DXX B"=EXIXand A= (TJR&+ HRXDxX)(mod A") so that 0sA Rx<A" (see
(10a)). Let Bl satisfy
Ax-1B;x-B "'~ IXAT = GRXIXVX.

Notice that from the derivation of the invariants ARX=A"BxQxkQ and BRx=
=BRxQx>Q. Also note that RX=JXVX
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Now assume that A®y, Biy have been calculated for all degress y<a. We
have Ry=JyVy for y€I'land Ry=Jy otherwise. The process just described may
be repeated to calculate A% and BRx for R=zb and to determine Vx.

Thus the basis coefficients ARx=A"RxQxkQ and BRx=BRxQxXQ of the ~-basis
{ax,as A can be calculated from the invariants of P

Notice that the numbers KRx, ARQx and B/Qx that appear in the definition
of ~-invariants may be calculated from the invariants for degree less than a. Let
KRx=1 if ar6®, R-YTl or -ra6d, ~"El. Let KXx=0 if a'*®, R-LT or
_lat®d, ~I3*r. Continue inductively. For some agJbUi'F assume Kiy,A'iy and
Biy have been calculated (where they exist) for dsy <l Then ARIQx—ARQX
and BRIQx=B"BQRx. Define KiR"= K RxABRQRI(KRXARQRX, Af). Similarly for
«eRtIMP, define Kdii).1= KRxBBR QRY/ (KRBRQRX, B'f).

Theorem 5.1. A primitive ideal S of Z[x,y] uniquely determines a set of S
invariants. Conversely a set of degrees and integers whose elements satisfy the re-
strictions (i), (viii) is a set of SP-invariantsfor some primitive ideal SP of Z[x,y].

Proof. The first statement has been proved. Given the set of degrees and in-
tegers of the second statement we can determine numbers ARx, Bix for A*a"TiUiT
and oc”B”r as in the argument that followed the definition of ~-invariants.
Likewise ¥x,a£1'1, can be determined. Let ARa=A"BxQxkQ and BRx=BRxQxXQ
where QX is defined as above for Ry=Jy if y€(/\u1T")\T'1l and Ry=JyVy if
yEIr 1 These numbers satisfy the restrictions (10a, b), (14a, b) and (15a, b). Let
{dx; A”aEl'} be a set of unknowns so that

(lay d-ixx — 2 ARdR for a
PBa

and

1bY *_jy = for .

( d*-iy = 2 BRxdt a€lrk

From these equations, equations of form (2), (6a, b) and (7) may be obtained for
the unknowns. By their construction from the invariants, the numbers ARX B X
satisfy equations (3) and (4) for a€1 1. From the equations of form (2) for agf*

Dxdx-iy-E xd-ixx - 2 FRadB= 0
we obtain, using equations of form (7), the equations
(16) 2 M k=0 for j=1,2,...,n-1, fj kEQ[X, y].
k=1

As in the proof of Theorem 3.2 equations (16) are satisfied by a set
{2 k=\ 2 ..., n}*Z[x,y]. Any solution of (16) in Q[x,y] is of the form
{faXk; k=1, 2, ..., n) for some fEQ[x,y]. The equations (la, b)' can be solved
successively for increasing a to obtain solution set {a'; AMa£l}. Multiplying
through by a suitable factor /£ Q[x, >] we get uniquely a relatively prime solution
set {ax; AilaEl'} in Z[x, y] for equations (la, b)'. These polynomials clearly form
a "-basis for some primitive ideal SP in Z[x,y] with basis coefficients ARX, Bl sat-
isfying (10a, b), (14a, b) and (15a, b). Conversely, from the construction, it is clear
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that the set of degrees and integers with which the proof began are the ”~-in-
variants of SP.

In conclusion a comment should be made on the complexity of the invariants.
The only complication in determining a set of degrees and integers to satisfy
(i), ..., (viii) is in the calculation of the numbers K& AQx and BR/Qx that appear
in (vi) and (viii). The method of calculation is described in the comments preceding
Theorem 5.1. Although the method involves very elementary manipulations of
integers, the number of manipulations involved could be large (depending on the
distribution of @ and 4*in I'). Since we have a routine for successively choosing
integers to satisfy (iii), ..., (viii) (and hence to construct an ideal with these as in-
variants), the method described here is less complex than that described in [6]
for homogeneous ideals in K[x, y, z]. In [6] the invariants include “basis coefficients”
that must satisfy systems of algebraic, but not necessarily linear, equations.
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COSINE FAMILIES AND ABSTRACT
NONLINEAR SECOND ORDER DIFFERENTIAL
EQUATIONS
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C. C. TRAVIS and G. F. WEBB (Nashville)

I. Introduction

Our primary objective is to investigate the abstract semi-linear second order
initial value problem

(1.1) d2dt2w(t) = Aw{t)+f(t, w(t), d/dtw(t))
w(i,) = xEX, d/dtw{tQ = y$X.

In (1.1) X is a Banach space, w is a mapping from R to X, A is the (possibly un-
bounded) infinitesimal generator of a strongly continuous cosine family of linear
operators in X, and / is a nonlinear mapping from RXXXX to X. Our goal will
be to give a systematic and general treatment of (1.1) from the standpoint of ex-
istence, uniqueness, continuous dependence, and smoothness of solutions. The
pioneering work on (1.1) was done by I. Segal in [23] and our development follows
his approach. Our results extend those of [23] in several respects. First, we allow for
a more general linear term A, in that we assume A is the infinitesimal generator
of an arbitrary strongly continuous cosine family. Second, we analyze various
hypotheses on the nonlinear term /, some of which are more general than found
in [23]. Third, we distinguish between cases in which (1.1) can be converted to an
equivalent first order system of abstract equations and cases in which it is more
advantageous to study the second order equation directly.

As a second objective we will unify and simplify some ideas from the theory
of strongly continuous cosine families of linear operators in Banach spaces. The
most fundamental and extensive work on cosine families is that of H. Fattorini
in [5, 6]. Important additions to the theory have also been made by M. sova [24, 25],
G. DaPrato and E Giusti [3], J. Goldstein [9, ]_1.], and B. Nagy [20, 21] We
will state some of the main results from these papers and in certain cases give simpli-
fied proofs. We will also add some new results concerning inhomogeneous equa-
tions, and the equivalence of second order equations and first order systems. The
results we present for linear cosine families will be essential to our later treatment
of the nonlinear equation (1.1).
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Il. Strongly continuous cosine families of linear operators

A one parameter family C(t), tf R of bounded linear operators mapping the
Banach space X into itself is called a strongly continuous cosine family if and
only if

(21) C(s+i)+C(j-0 = 2C(s)C(t) for all s,tER;
22) C) =T,
(2.3) C{t)x is continuous in t on R for each fixed XEX.

If C(t), iER is a strongly continuous cosine family in X, then'S”t), i£R is the
one parameter family of operators in X defined by

t
(2.4 S(t)x—JC(s)xds, Xx£X, iER.
0

Proposition 2.1. Let C(t), tER be a strongly continuous cosine family in X.
The following are true:

(25) C(t)=C(—t) for all fER;

(2.6) C(s), S(s), C(t), and S(i) commute for all s,tf R;

(2.7) S(t)x is continuous in t on R for each fixed x£X;

(2.8) S(j+/)+S(j-f)=2S(y)C(i) for all s, tER;

(29) 5(s+i)=S(s)C(i)+5(i)C(i) for alls,te R;

(2.10) S(t)=-S(-t) for all teR;

(2.12) there exist constants /T~l and co™O such that \Cun)\"KeaM for all /6R;

t
2.12) IS()—S(f)] = K\fe“|9ds| for all tjeR.
t

Proof. (2.5) follows from (2.1); (2.6) follows from (2.1) and (2.4); (2.7) follows
from (2.4); (2.8) follows by integrating (2.1) with respect to s; (2.9) follows from
(2.8); (2.10) follows from (2.8); (2.11) is proved in [5], p. 90, lemma 5.5; and (2.12)
follows from (2.11).

The infinitesimal generator of a strongly continuous cosine family C(t), fER
is the operator A: X—X defined by

(2.13) Ax = d2dt2C(0)x

D(A) ={xCX: C(t)x is a twice continuously differentiable function of /}.
We shall also make use of the set
E={x\C(t)x is a once continuously differentiable function of t}
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Proposition 2.2. Let C(t), € R, be a strongly continuous cosine family in X
with infinitesimal generator A. The following are true:

(2.14) D(A) is dense in X and A is a closed operator in X;
(2.15) if xdX and r, sER, then z= j S(u)xduED(A) and Az=C(s)x —C(r)x;

(2.16) if xdX and r,sgR, then z= JSJrC(u) C(v)xdudveD(A) and Az=
= 2 1C(s+ )X —Cls—r)x); |

(2.17) if xfX., then S(t)x£E;

(2.18) if x£E, thenS(t)xED(A) and d/dtC(t)x=AS(t)x;

(2.19) if xED(A), then C(t)xED(A) and d2dt2C(t)x=AC(t)x=C(t)Ax;

(2.20) if x£E, thenlim/4S'(1)x=0;

(2.21) if xEE, thenS(t)xdD(A) and d2dt2S(t)x=AS(t)x;

(2.22) if xED(A), then S(t)xdD(A) and AS(t)x = S(t)Ax;

(2.23) C(t+s)—C(t—s) = 2AS(t)S(s) for all s, teR.

Proof. The proofs of all but (2.15)— (2.18) and (2.20) can be found in [5]. To
prove (2.15), notice that using (2.8) we have

C(t)z=J C()S(u)xdu —2_1J (S(u+t)x +S(u—t)x) du.
Thus
S s+t s—t
dfdtCft)z = 2-1J (C(u+t)x—C(u—t)x)du =2_1( / C{u)xdu— J C(u)xduy
r r+t r—t

d
o d2dt2C(t)z = 2-1(C(s+ i)x —C(r+ i)x+C (s —t)x—C(r —t)x),

d2dt2C(0)z = C(s)x —C(r)x.
(2.16) follows from (2.1), (2.5), and
C(t)z= Jr JSC(t)C(u)C(v)x dudv = JrJ52~1(C(t—{—u) +C(t—u))C(v)xdu dv =

=* -/(/ CuC(V)xdu+ J C(WC{v)xdudr] =2 1J J C(u)C(v)x du dv,

t — 0 t—s

d/dtC(t)z = 2.1f (C(t+s)-C(t-5))C (v)xdv =

=21 r 2~1(C(t-{-s +Vv)i-C(t-{-s —) —C(t —s-\-v) —C(t —s—V))xdv =
0]
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4_1(\] C(v)xdv + J C(v)xdv—thC(v)xdv— \] C{v)xdv) =

t-t-s—r

=4 t:IHC(v)xdv— \] C(v)xdvj,

t+s—r t—s—r
d2dt2C(t)z = 4~1(C(t+s+r)x—C(t+s—r)x —C(t—s+ r)x+C(t—s—r)x),
d2dt2C(0)z = 2~1(C(s + r)x —C(5s —r)x).
(2.17) follows from (2.1), (2.4), and

| r+t
C(r)S(t)x —f C(r)C(s)xds = 2~1f C(s)xds,
0 r-t
d/drC(r) S(t)x = 2~1(C(r +t)x—C(r —t)x).
To obtain (2.18) we notice from the previous line that
d2dr2C(r)S(t)x —2~1d/drC(r +t)x—dldrC(r —)x),
d2dr2C(0)S(t)x = d/dtC(t)x.

To prove (2.20) notice that x4 _E implies that d/dtC(t)x is a continuous function
of t and thus from (2.18),

limAS(H)x —Jim didtC(t)x = didtC{0)x.
Now, let
b= d/dtC(0)x = |igg Ch)x—x
But, we also have

d/dtC(0)x = lim Clhx—

Cl—hx- _
—h W - =-b.
Thus b=0 and the result follows.
It is natural to try to replace definition (2.13) of the infinitesimal generator
of a strongly continuous cosine family by the central difference approximation

~ C(-2t)x-2C{0)x + C(2t)x

ling -----=--=-=---- My--------mmmmn >
of the second derivative of C(t), tEX, at t=0. For arbitrary functions, it is well-
known that the central difference definition of the second derivative is not equivalent
to the classical definition. However, as the following proposition demonstrates,

these two definitions are equivalent for functions satisfying the cosine property
(2.1) (see [24], Proposition 2.18).

Proposition 2.3. Let C(t), tf R, be a strongly continuous cosine family in X
The operator A: X—X defined by

Ax = lim (C(2t)x—x)/2t2
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with domain those jctX for which this limit exists, is the infinitesimal generator of
the cosine family C(t), t( R

Proof. Suppose lim (C(2t)x—x)!2t2—y. We would like to show that
xfD(A) and lim (C(2t)x—x)/2t2=Ax. Define

x, = 10 J cs)crx dsar.
OO0

Then by (1.16), x,(D(A) and
Ax, = (C(2t)x —x)/2t2

The result now follows from the fact that A is closed and

t ot
lim t~2J fC(s)C(r)xds dr =x
00

e

for each x(X. Thus we have shown that A=A on the domain of A. Now suppose
that x(D(A) and Ax=y. Since for xEX, C(t)x-»x as r—0, given e>0 there
i?]a (5>0 such that O«w-=(5 implies \\C(u)Ax—Ax\\~<e. Thus if 0<]|2i|<<5,
then

21

\2t~2(C (2t)x-x)-y\ = ||2i-2(1; cl; (C"{u)x-Ax)duds\ s

1ms
a 2t~2\]26] \\C(u)Ax —Ax\\du ds<e,
0

and the proof is complete.

The motivation for the proof of the following proposition concerning the linear
inhomogeneous equation corresponding to (1.1) comes from semigroup theory
[13], p. 486:

Proposition 24. Let C(t), t( R be a strongly continuous cosine family in X
with infinitesimal generator A. If g: R—X is continuously differentiable, x(.D(A),
y (:E, and

t
w (/)N C(?)n:+5(/)y+(f) S(t—s)g(s)ds, r£R,
then w(t)( D(A)for t(R, wis twice continuously differentiable, and w satisfies
(2.24) d2dtaw(t) —Aw(t) +g(t), iER, w(0) = x, d/dtw(0) =y.

Conversely, if g: R—X is continuous, w{t)\ R —Xis twice continuously differentiable,
w{t)(D{A) for t( R, and w satisfies (2.24), then

t

w(0 = C(rx+ S,(03'+6 S(t—s)g(s)ds, t(R
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Proof. By virtue of (2.19) and (2.21), it suffices to show (2.24) for x=y=0.

First,
3

f tS(t—s)g(s) ds = ftS(t—s)(g(O) +f g'(u)du)ds =

- tS(t—s)g(O) ds+\] ft S(t—s)g'(u) dsdu =

O u

t t—u

= 6 iS(t—s)g(O) ds+of S(s)g'(u) ds du.

By (2.14) and (2.15)

f
0

AétS(t—s)g(s)ds = C(Og(O)-g(0)+6‘ t(C(t-u)—l)g'(u)du.
Then, (2.24) follows from

d/dtw(t) = 6tC(t—s) g(s) ds+S(0) g(t) = 5tC(s)g(t—s) ds,

d2dt2w(t) = f tC(s)g'(t—s) ds+C(t)g(0) = Aw(t) + g(t).
[¢]

To prove the converse statement, observe that
d/dsS(t—s)w'(s) = —C(i—s)w'(s) + 5(i —s)w"'(s),
d/dsC(t-s)w(s) = —S(t—s)™w(s) + C(/-s)vv'(s),
implies
t t

—S(t)w'(0) = —g C(t—s)w'(s) ds+gS(t —s)w"(s)ds,

w(t) —C(W(0) = —J ’t S(t—s)Aw(s)ds+ \]IC(t—s)W'(s) ds.
0 0

The conclusion follows by adding the two formulas.
The proof of the next proposition, of which we will have later use, can be
found in [5].

Proposition 2.5. Let C(t), t-R be a strongly continuous cosine family in X
satisfying |C(f)| =ATe"|(|, iER, and let A be the infinitesimal generator of C(t),
tc R. Thenfor Re 2>eo0,}? is in the resolvent set of A and

0))]
(2.25) Ax = J e-kiCft)xdt for  xEX,
0

®
AA2;/4);t = J e~hS(t)xdt for xEX.
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In [5], p. 95 it is established that if A is the infinitesimal generator of a strongly
continuous cosine family C(t), tdR, in X satisfying [|[C()Il SM «* 1] then a translate
of A has a square root; that is, if k"co, there exists an operator Bkin X such that
Bk=A—Nol. It is also shown that the domain of Bk is independent of the value
of k, and if kxn then zero is in the resolvent set of Bk. The following condition,
which we call condition (F), is of fundamental importance in the study of strongly
continuous cosine families:

Condition (F): If B2=A, where A is the infinitesimal generator of C(t), td R.
then S(t) maps X into D{B) for i£R, BS(t) is bounded in X for i£R, and BS(t)x
is continuous in t on R for each fixed XxEX.

In [5] it is also established that A is the infinitesimal generator of a strongly
continuous cosine family if and only if A=A—k2, k*co, is the infinitesimal
generator of a strongly continuous cosine family. Thus when dealing with the in-
finitesimal generator d of a strongly continuous cosine family, we can, without
loss of generality, assume that there exists an operator B in X such that B-=A
and that zero is in the resolvent set of B. In [22], Theorem 3, an example is given
of a strongly continuous cosine family that does not satisfy condition (F), even
after a suitable translation of the generator.

Some of the ideas in the proposition below originate in [5] and [10].

Proposition 2.6. Let A and B be linear operators from the Banach space X
to itself, let B commute with every bounded linear operator in X which commutes
with A, let zero be contained in the resolvent set of B, and let B2=A. Thefollowing
are equivalent:

(2.26) A is the infinitesimal generator of a strongly continuous cosine family C(t),
tER in X satisfying condition (F);

(2.27) B is the infinitesimal generator of a strongly continuous group T(t), (PR in X;

(2.28) & oJ, withdomain D(B)XD(B), is the infinitesimal generator of astrongly
continuous group U(t), td R in XxX;

2.29) ,sd= N §| with domain D(A)XD(B), is the infinitesimal generator of

a strongly continuous group V(t), tER in Y= [D(B)]XX, where [D(B)\ denotes
the Banach space D(B) with graph norm IM|B=||x|| + [li?X|[.

Proof. That (2.26) implies (2.27) is proved in [5], p. 97, Theorem 6.6., but
we give a more straightforward proof here. Define T(t)=C(t)+BS(t), tdR. By
virtue of the properties of C(t), S(t), and condition (F), it is easily shown that
T(t), tER is a strongly continuous group of bounded operators in X. It remains
to verify that B is the infinitesimal generator of T(t), td R

Let xdD(B) and observe

(2.30) t-ATAXx-x) = t-1C{t)x-x)+t-1BS(t)x =

t t t
= t~xAJ S(s)xds +t~1S(t)Bx = i-1 \] BS(s)Bx ds +t-1 \] C(s)Bxds,
0 0 0
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where we have used (2.14), (2.19), (2.22) and condition (F). The right-hand side
of (2.30) has a limit of Bx as t—®0, and so the infinitesimal generator of T(t), iER
and B agree on D{B). Now let x be in the domain of the infinitesimal generator
of 7X0,/6R and observe that

t

(2.31) t~1(T(t)x-x) = B ~-1f BS(s)xds +r lJtC(s)xds),
0 0

where we have used the closedness of B (which follows from the fact that B has
a nonempty resolvent set). The expression inside the parentheses of the right-hand
side of (2.31) has a limit of x as f->0, which means xfD(B), since B is closed.

We shall now demonstrate that (2.27) implies (2.28). For each i£R, define
C)=(T(t)+T(-t))/2, S(t)=B-LT(t)-T(-t))/2, and

(2.32) u() = E‘é&% &0

Obviously, U(t), tf R is a strongly continuous family of bounded operators in
XXX. A simple calculation shows the group property U(t) U(s)= U(t+s). It
remains to show that (S generates U(t),tdR. For XED(B), observe that
d/dtC(t)x=BS(t)Bx and d/dtS(t)x=C(t)x, and hence for [x, y]ED(B)XD(B)

(2.33) d/dtU(D)[x, y] = [BS(t)Bx+ C(t)By, C(t)Bx+BS(t)By].

Clearly, the right-hand side of (2.33) equals [By, Bx] when t equals zero, which
means -M agrees with the infinitesimal generator of U(t),tER on D(B)XD(B).
Now suppose that for [x, y] contained in the domain of the infinitesimal generator
of U(t), we have

(2.34) [ti, v] = lim t" 1[U(t) —I] [, y].
Then

(2.35) t-12(C (t)x-x) +t-1BS(t)y - u,
(2.36) t-LR5'(Nx)+r (C(0y-y) - V.

Replace t by —t in (2.35) and (2.36) and add the result to the equation from which
it was obtained, yielding

(2.37) t-A"BS"y) - u,
(2.38) t-"BSifyx) - w
It now follows from the closedness of B and the fact that l'igbt 1S(t)x=x for

all xEX, that x,yED{B) and Bx=v, By=u.
To demonstrate that (2.28) implies (2.29), we define for R, V(t):[D(B)]X
XX-[Z>GB)]XX by

(2.39)
V(t) is bounded in [D(5)] XX, since

[§~X?\1:xxx [D(S)IXX, [q J]: [D(R)]XX-XxX

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



COSINE FAMILIES 83

are both continuous. Obviously, V{t), ti R satisfies the group property and is strongly
continuous. Moreover, the infinitesimal generator of V(t), i£R is

B-101 O AJrB 01 _ O /1
0o 7WEqgn- Ao

with domain D(A)XD(B).

To demonstrate that (2.29) implies (2.26), define S(t)y=n1V(t)[0,y] and
C(t)y—2F(i)[0,y] for yEX, iER, where n”x,j] = x and n2[x,y\=y. Since
V(t), tE~&is a strongly continuous group in [D(O)]XX, S(t) and C(t) are bounded
and strongly continuous in X, S(t)KczD(B), and BS(t) is bounded and strongly
continuous in X. If x*D(B), then s/V(1)[0, x]= V(t)sY[O, x]. But sYV()[O0, x] =
= sY[S(t)x, C(t)x] =[C(t)x, AS(t)x] and  V(D)jtf[0, x]=V(t)[x, 0.  Thus
V(t)[x, 0]=[C(i)x, ,45(?)x] for xED(B). Since for jEX, V(1)[0, y]=[5(0y, C(t)y],
we have that

re(r) S(t)1

(2.40) V(O = "AS(t) C(t)\

It follows from F(0)=7, that C(0)=7 and 5(0)=0. Next observe that if x*"D(A)
and ifER, then

(2.41) Y-d/dtV(t)[x, 0] = s/[C(t)x, AS(t)x] = [45(i)x, AC(t)x],

where Y—d/dt denotes differentiation with respect to the norm of Y. Equation
(2.41) implies that

(2.42) [D{B)]—d/dtC(t)x = AS(t)x for x£D(A), Ii£R,

(2.43) X —d/dtAS(t)x = AC(t)x for x£D(A), tER.

At this point we would like to demonstrate that

(2.44) C(t)x = C(—t)x and AS(t)x =—AS(—t)x, tER, xED{A).

For xeD(A), let n(i) =[C(i)x, M5(t)x] and w(t)—C(-t)x,—AS(-t)x]. Using
(2.42) and (2.43), it is easily shown that both v and w satisfy the equation
Y —d/dtv(t)=sYv(t). Since n(0)=w(0), we can conclude from the uniqueness
of solutions to this problem that C(t)=C(—t) and A5(i)= —A5(—t) in D(A).
The group property V(t+s)=V(t)V(s), (2.40), and (2.44) now yield that (2.1)
holds on D(A). Since D(A) is dense, (2.1) holds in X. Finally, we prove that A is
the infinitesimal generator of C(t), tcR If XEX and Re Ais sufficiently large, then
a simple calculation shows that #2R(A; .a/)[0, X]=A7?(A2 A)x. Using (2.25) and
[4, p. 623, lemma 12] we have that the infinitesimal generator A of C(t), tf R sat-
isfies for Re Asufficiently large

ATP2A)X = Je kC(t)xdt —J e ATiF(n)[0, x]dt =mn2R(X, j/)[0, x].
0 0

But then AR(A2; A)=/.R(P; A) and so A=A, completing the proof.

Proposition 2.7. Assume the same hypothesis on A and B is in the previous pro-
position. A necessary and sufficient condition that A be the infinitesimal generator
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of a strongly continuous cosine family C(t), tfM in X satisfying condition (F) is that
there exist constants M >0 and tisO such that

(2.45) D(B) is dense in X\
(2.46) for real 2, 2>co, 22 is in the resolvent set o(A) of A;
(2.47) 2(22—A)-1 and B(X2— are strongly infinitely differentiable for 2>ca;

(2—ca)N+L

248 T

(d/dwW"tf-A)-1 WM for X> o and N—0,1,2,...;
co)r+l
N\

Proof. Suppose A is the infinitesimal generator of a strongly continuous cosine
family C(t), tER in X satisfying condition (F). Then by proposition 2.6,

J = ], with domain D(B)XD(B), is the infinitesimal generator of a strongly

continuous group U(t), iER in XXX satisfying ||[C/(n)||Xxx=ed'] t€ER, for
some M >0 and casO. It follows from the theory of groups of operators that
D(B) is dense in X, and that (X—M)-1 exists in XxX as a holomorphic function
of X for |2|>ca, and satisfies (d/dX)N(X—&S)~1=N\(—I)wm2—B)~N~1 However
an easy calculation shows that

(2.50) (2-87)-1= Spo 4 %‘ﬁjﬁ

Thus2(22—A) 1l1and B(X2—A) 1lare strongly infinitely differentiable and

(249 A (/dXNB(X2-A)~r A~ M for X> @ and N=0,1,2,

(2-M)-"-1=tjr-(d/d X )N(X-1%)-1=
CF(AIdX)NX(?2-A)~ t A . (d/d)nB(p _ A ri

(AAXNB(X2-A)~ 1 (AADINX(X2—A)~1

Since for [2|>ca, the infinitesimal generator M of the strongly continuous group
U(t), iER satisfies

LK-A)-*-*[x, y]lxxx —B 4, -B>)-*-1(M1+ M), N=0,1,....
We have that for N=0, 1, ...,
KX-dS)~N[ x, 0Jhxxx =

(-I\}o)" (AX)NX(2—A)~1x  + (ﬁl)N"Od/dX)NB(XZ—A)— = M{X\—(0)~N~1][x]|.

Thus (2.48) and (2.49) hold for real 2>ca.
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Now suppose that conditions (2.45—(2.49) are satisfied. Then the operator

with domain D(B)XD(B) is densely defined in XXX. It is easily shown that for
real A |A=co, the resolvent of 'Mexists and is given by (2.50). Conditions (2.48)
and (2.49) imply that for A>cu,

[[<2A-JT)-»-U* Y]IIXXXS

I anrs apo—n-x + O3 F @ognere—a)y-y +

A dreargip-a)-n U0 T (@rfars L 2-A)~1y

2M , 2M
(A_m)N+1 If]l.'l' (A—m f+1 I" I (2—(0)N+1 |f, N"XXX-

Thus (A with domain D(B)XD(B) is the infinitesimal generator of a strongly con-
tinuous group U(t), i€ER in XxX satisfying i|t/(i)||xxx=2Me" |t|, tER. The proof
now follows from the equivalence of (2.26) and (2.28).

If A is the infinitesimal generator of a strongly continuous cosine family in
X, then the set E is precisely the set of jEX for which the initial value problem

u"(t)=Au(t), u(0)=xeD(A), u'(0) =y,

has a twice continuously differentiable solution. Hence the exact determination
of this set is of great importance. It is shown in [5], Remark 6.11, that D (B)"E.
The following proposition demonstrates the close relationship between condition
(F) and the equality of these two sets.

Proposition 2.8. Let C(t), i£ER be a strongly continuous cosine family in X
with infinitesimal generator A and let B be an operator in X such that B commutes
with every bounded linear operator in X which commutes with A, zero is in the resolvent
set of B, and B-=A. A necessary and sufficient condition that D(B)=E is that
C(t), tcR satisfy condition (F).

Proof. Assume that C(t), ti R satisfies condition (F). By Proposition 2.6,
B is the infinitesimal generator of a strongly continuous group T(t), i*R in X and
C)=(T({t)+T(—))/2. Assume now that xEE. Then C(t)x is continuously
differentiable and hence (see [13], p. 486)

u(t)= gtT(t—s)C(s)x ds, i€R

is the unique continuously differentiable solution to the nonhomogeneous equation
u'(t) = Bu(t)+C(t)x, u(0)- 0.
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Thus u(t)ED(B), and since T(—t) leaves the D(B) invariant T(—t)u(t)c D(B). But
T(—t)u(t) =[tx+ J T(—2s)xds}/2,
0

which implies that xED(B), since J T(—2s)x dsED(B).
0

Now, assume that D(B)—E and we will demonstrate that the cosine family
satisfies condition (F). By (2.18), S(t): X"E=D(B). Since B is closed
and S(t) is bounded, BS(t) is a closed everywhere defined operator, and hence,
by the closed graph theorem, is bounded. It remains to show that BS(t)x is con-
tinuous in t for fixed xEX. But for xEE=D(B), d/dtC(t)x—AS(t)x=BS(t)Bx
is continuous in t. Thus BS(t)y is continuous in t for y in the range of B. Since B

has a bounded inverse, the range of B=X and the proof is complete.
We conclude this section with some simple examples of cosine families (see [24]).

Exampte 2.1. Let X be a Banach space and let A be a bounded linear operator
in X. Then C(t)—2! Aktik/(2k)\ is a strongly continuous cosine family. The
corresponding sine family is given by S(t)= "~ AktZH/(2lc+ 1)1. If X=R,

k=o
and ":R—R is defined by Ax=ax, then C(i)=cosh(iYa) and S(t)=
=sinh (yja)lib. If y4R—R is defined by Ax=—ax, then C(t)=cos (t"a) and
S(t) =sin (i/a)/j/a.

Example 2.2. Let X be the Banach space of bounded continuous functions
on R with supremum norm. Let T(t), tER be the group of translations on X, that
is, (T(t)x)(u)=x(u+t). Define C(t)=(T(t)+T(-t))/2. Then

(COX)(U) = (x(u+t)+x(u —1)2,

(S()Xx)(u) = (f C(s)xds|(u) = 2.1 J x(s)ds.

One easily sees that C(t), tER is a strongly continuous cosine family with infinites-
imal generator A given by Ax=x", D(A)={x€X: x"gX}. If B:X"X is defined
by Bx=x', D(B)= {xEX\ x'€X}, then B2—A, and it is easily seen that the strongly
continuous cosine family defined by (2.55) satisfies condition (F). Since (BS(t)x)(u) =
=(x(u+t) —x(u—t))/2, we note that for fED(A), g£EE= D(B),

w(x,0)di (CO)F+S1)g) (x) = 2-i{f(x +1)+F(x-t)) +2-i ;Hg(s)ds

gives the classical D’Alembert solution of the one-dimensional wave equation
d2dt2w(x, t) = d2dx2w(x, /), WX, 0) = f(x), d/dtw(x, 0) = g(x),
whose abstract formulation is
d2dt2w(t) = Aw(t), w(0) —/, djdw(Q) = g.
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1. Abstract nonlinear second order differential equations

We now treat the nonlinear equation (1.1). Henceforth, we suppose that A
is the infinitesimal generator of a strongly continuous cosine family C(t), tER
in X. We will seek a “mild” solution of (1.1), that is, a solution of the integral

equation
t

31 w() = C(t—tOx+S(t—tQy +f S(t—s)f(s,w(s),d/dsw(s))ds.
0

Equation (3.1) is more general than (1.1) by virtue of Proposition 2.4. We will in-
vestigate the existence of solutions to (3.1) under various hypotheses on the cosine
family C(t), t£ R, the nonlinear function/, and the initial values x and y.

Proposition 3.1. Let D be an open subset of RXXxX and let /: D -X be
continuous and satisfy

(32) Wt x,y)-f(tx, YN S LO(|Ix-x]I-HIy-j>[[),

for (t,x,y), (t,x,y)ED and some continuous real-valued function L. For each
(r0, x, y) f D such that xED(A) there exists tt>0 and a unique continuously differ-
entiable function w:(i0—il5 io+ t"-0X satisfying (3.1). Furthermore, if D=Rx
XXXX, then the solution w is defined on R.

Proof. Let (/,, X,y)ED with xfD(A), and let Jibe a neighbourhood of (t0,x, y)
such that NczD. Then there exists tA>0 such that

’ (o if then (t, C(t-tOx +S(t-tQy, S(t-tQAx+C(t-tQy)eN,
an
(ii) if v is a continuously differentiable function from (tQ—tx, i0+it) to X such
that (s, v(s), v'(s))EN for |s—tO\<tx, and
t

u(t)= C(t-tQx+S(t-tQy+ f S(t-s)f(s,v(s), v'(s))ds
k]
for \t—fetch, then u is continuously differentiable,

u'(t) = S(t-tQAx +C (t-tQy+ JtC(t—s)f(s,v(s),v'(s))ds,

and (t, u(t), u'(t))EN.

Observe that if D=RXXXX, we can choose N=D and f can be chosen
arbitrarily large. Define w0: (/0— ,t0+h)*X by wO(t)=C (t-tQx+ S(t-tOy,
and define wn: [0— 0+ m)—X by

t
wn(0 = C(t-tQx+S(t-tQy+ f S(t-s)f(s,w,,_1(s),w'n_I(s))ds,
0
for /i=1,2,.... There exists 0 such that if |/— 1""ie then

t t a4,
If S(t~s)f(s, wo(s), wi(s))i/s|| + ||/ C(i—s)/(s, wO(s), wi(s))ds|| s — .

to tn 1
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Thus, for |i—i0|<?i and

R = sup (I15(5)11, ||C(s)i]) ., sup.. L(s)
Is|s» | li-toISI!
we have that
M

mex {IMjft) —n0()|, 1K (0-4(011} L,
max{|[w2(0 -w 1(r)]l, [[wi(0-wi(OH}* \t~h\MR,

and, in general, for n—\, 2,

max {||w,,+1(i)-w n(Ol|, [|w;+1(0-w i(i)||} S \t-tOWRNM I~ /n I.
Then,
lim w,(i)= w(i) and lim w',(t) = v(t)
exist uniformly for |i—r0|<”~x, and w(t) is continuously differentiable, w'(t)=v(t),

and (t, w(t), w'(t))EN<zD.l To establish that w satisfies (3.1), use the estimate

t
Ww(t) —C (t-t0) x-S (t—tr)y-fS(t-s)f(s,w (s), w'(s))ds|| »

“Ak (0-w L, +10G) + 7?2 3 (Hw(s) —w,,(s)|| + Hw'(s)—w'n(s)]|) ds.
8]

Lastly, the uniqueness claim follows from the following proposition:

Proposition 3.2. Assume the hypothesis of Proposition 3.1. There exist con

stants M =M (tl) and y=y(t" such that if wand w satisfy (3.1)for |/—2| °°
with w{t))=x£D {A), w'(t0)=y, w(t0) =xeD (A), and w'(t")=y, (t0,x,y),
(t0, x,y)dD, then for [i—?0l*=

(3.3) llw(0—w (0 ll+ Iw'(0— (OH —

= M (\\x-x\\ + WA{x-x)\\ + \\y-y\\)eiu-,°\.

Proof. (3.3) follows from Gronwall’s Lemma and the estimates

Hw(0 —0(011 = Keto |r-i*1||x-x|| + K [i—tOle*|i_,ollIP—i'll +
1
+ K \Vt-tovl /e“"-s'L(s)(|lw(s)-w(s)|| + |[Jw "(0-«/(a)ll)*]
and
HW'(0- w'(0ll 3SK \t- to\emn IA (x - X)|| +Ke» [ly- y\W +
t

+ K \f e“T-8L(s)(]|w(s)- O(s)|| + Nw'(s)- O'(OII)*
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Proposition 3.3. Let the hypothesis of Proposition 31 hold, let (t0, x,y)£D
where xED(A) and ydE, and also suppose that:

(3.4) there exists an open neighbourhood N of (0, x, y) such that NczD, f is con-
tinuously Frechet differentiable from N to X, and there exists a constant R
such that if (t, v, w), (t, v, w)EN, then

max{[l/i(f, v, w) fi(t, v, W, [If 2, v, w)-f2(t, v, Wl|, [1/3(i, v, w)-f3(t, v, w}=
£R [w—iv(,

(where f , f 2 and f 3 denote the partial derivatives off with respect to its first,
second, and third places, respectively).

Then there exists t2ffi0, ij such that the solution w of (3.1) is twice continuously
differentiable on (tn~ t2, t0+ 12 and w satisfies (1.1) on (t0—t2, tO+1t2.

Proof. The method of proof for Proposition 3.1 can be used to show that
there exists t2£(0, t3 and a unique continuous function v:(t0—t2, t0+t)—X sat-

isfying
(3.5) v(t) =C (t-tQ(Ax+f(t0,x,y)) +AS(t-tQy +
+f C(t-s)(f1(s, w(s), w'(s))+/2(s, w(s), w'(s))w'(s)+f3(s, w(s), w'(s))v(s) ds.
ki

t
Define u(i)=j + J v(s)ds for |i—i0</2. We will show that u—w', which will

establish that w is a twice continuously differentiable function. The conclusion of
the proposition will then follow from Proposition 2.4. First, by taking the limit
of the difference quotient one shows that

d/dt J tC(t—s)f(s,w(s),u(s))ds =
0

= C(t-tOf(t0,x, f)+ ftC(t-s) d/dsf(s, w(s), u(s)) ds,
which implies ©
(3.6) f C(t-s)f(s,w(s),u(s))ds = f C(s-tQf(t0, x, y)ds +
0 i

+ JIJSC(S—t) dfdzfft, w(x), u(t))dx ds.
fo 0

Using (2.19), we obtain
t
(3.7) u(0 = y+f C(s-tQ(Ax+f(t0,x, y))ds+C (t-tQy+
t0

+f tf S( C(s-T w®, w(t)+/2t w(t), wx)w'(T)+AT, w(t), w(x))v(f))dx ds.
0
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From (3.6) and (3.7), we obtain
t
(3.8) u(t) —C(t—tQy + f C(s—tQAx ds+
K|

+J t(C(t—s)f(s, w(s)u(s))ds —J tf SC(s—x)d/de(T, w(t), u(r))drds +
to DD

+ f f (C (s-T)N(T, w(r), w ' (r))+ /2T, w(t), h/(t))w'(t)+ /3(t, wit))w'(j))v(T)dTds.
0 f0
Since for xED{A),

J' C(s—tQAx ds = S(t—0QAX,
f0

(3.8) yields that there exists a positive constant AT such that
t
[u()-w'(0ll trk £ [Im(s) —W'(S)|| ds.
0

which implies, by Gronwall’s lemma, that u(t)=w'(t) for t—Q<i2

Corollary 3.4. Let D be an open subset o/Rx X x X and let /:.£>->-X be a
twice continuously (Frechet) differentiable function on D. For each (10, x,y)f D
such that Xr_ D(A) and y£E, there exists tx>0 and a unique twice continuously
differentiable function w: (t0—tx, tn+ r)-“mX satisfying (1.1).

Proposition 3.5. Let D be an open subset of RxX, let f: D-X be continuous
and satisfy

(3.9) Fit, x) F{t, O\ s L(EWx—x\,

for (t, x), (t, X)ED and some continuous real-valuedfunction L. For each (t0, x)s D
andy EX, there exists tx>0 and a unique continuous function w: (t0—t1, tn+tx) --X
satisfying

t
(3.10) w(t) = C(t—tO)x +S(t—tQy+ j S {t —s)f{s, w(s))ds.
f0
Further, there exist constants M=M (t) and y=y(t) such that if (t0, x), (t0, x)fD,

y and j>€X, w satisfies (3.10) for \t—tO\<tx, w satisfies (3.10) for |i—0< G wifA
n andy replaced by x andy, respectively, then for |i—

(3.11) ||w(0 —HOH = 3F(|Ix—x]|+||y —yIDell- '»1

Finally, if 2= RXX, then the solution w is defined on all of R.

The proof of Proposition 3.5 is similar to the proof of Propositions 3.1 and
3.2, and hence will be omitted. We next present the analogue of Proposition 3.3
for equation (3.10). Notice that it is not necessary to assume that the Frechet deriv-
ative of / is locally Lipschitz.

Acta Mathematica Academiae Sclentiarum Hungaricae 32, 1978



COSINE FAMILIES a1

Proposition 3.6. Let D be an open subset 0/RxX and let/: Z—X be con-
tinuously (Frechet) differentiable on D. For each (t0, x)f D such that xf D(A) and
for each y£E, there exists a unique twice continuously differentiable function
w: (fo— fo+ fj)—X satisfying

(3.12) dadiaw(i) = Aw(O)+f(t, W), w(t)=x, d/dtw(t) =y,

for |i—ol-cii-

Proof. Since /is continuously Frechet differentiable, (3.9) is satisfied for some
open neighbourhood of (t,,,x), and hence, by Proposition 3.5, equation (3.10)
has a unique continuous solution w existing on \t—i0t=ii, for some positive t1.
Since xED(A), it is easily shown that w is continuously differentiable and satisfies

wW\t) = AS(t—igx\-C(t—to)y 4 f e (t—s)f(s, w(s))ds.
h

Thus, f(s, H(i)) is continuously differentiable for Is— so the conclusion
follows from Proposition 2.4.

We will now establish local existence of solutions to equation (3.12) under
the assumption that f is only continuous. The continuity of f however, is not
sufficient to assure local existence of solutions without further restrictions on the
cosine family C(t), tER. For our purposes it will suffice to assume that S(t) is
compact for each t£ R.

Proposition 3.7. Let S(t) be compact for each i£R, let D be an open subset
0/RXX, and let/: 79—X be continuous. For each (t0, X)<iD and j>€X, there exist
0 and a continuous function w :(/ —, to+ti)—X satisfying (3.10).

Proof. Let (/,, X)* D, yfx. Let K, o be constants as in (2.11) and (2.12/ and
let N ke_a neighbourhood of (t0,x)ED such that N is bounded, convex, NczD,
and f(N) is bounded in X. There exists />0 such that if nis a continuous func-
tion from [t0—Z,/ +/]—X satisfying (s,u(s))CN for \s—tO\Stl and if

V() = C(t—t0x +S(t—tQy+ \]tS(t—s)f(s,u(s))ds
0

for |i—ZISh, then (t,v(tj)EN. Let C be the subset of C([i0—/, fo-Kj; X) con-
sisting of all functions u from [/,,—I5 i0+ ij] to X such that (? u(t))EN. Consider
the transformation C:C—C defined by

(Gu)(t) = Ct—Ox +S(t—0Qy + J tS (t —s)f(s, u(s))ds.

ro

Obviously, G is continuous. To show that G is compact, we will show that if U
is a bounded set in C, then {(Gu)(t): uEU} is equicontinuous and precompact in
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X for each fixed tE[tO—tlt i0+ 4]- For U'U and t(~t1Mt< iMtO+td,
I(C?«)(0-(GM(P)I| = t
= |lc(r-iQx-C (f-rQx+S'('/-iQ~-S'(f-iQj>+/ S(t-s)f(s,u(s))ds-

ro

- ’JO S(i-s)f(s, u(s))<fo|| S||C (i-iQ"-C (i-i0x||+||5(i-iQj;-5(f-i0y| +

+ ||/ (S(t-s) —S(i—s))f(s, u(s))<fe|| + ||/tS(t—s)f(s, n(s)) dsi
0 t0

The equicontinuity now follows from the fact that C(t—t0Qx and S(t—Qy are
uniformly continuous on [?,—t1,t0+1t1], and from the fact that / bounded on N
and (2.12) imply

t t

FI/(S (t-s)-S (i—s))f(s, u(s))ds|| + ||/ S(t-s)f(s, u(s))ife|| S C\t—t\,

0 .
where the constant C does not depend on u. The precompactness of {G(u)(t): u*rU}
for fixed tE[t0—Z, / +/] follows from the fact that S(t) is uniformly continuous
from [ta—t1, 0+ +] to B(X, X) (see (2.12)) and a proof using the compactness of
S(t) which is similar to that found in [26], Lemma 2.5.

By Schauder’s fixed point theorem, G has a fixed point in C, and the proof

of the theorem is complete.

Proposition 3.8. Let the hypothesis of Proposition 3.5 or 3.7 hold, and in addi-
tion, letf map closed bounded sets in D into bounded sets in X. If (i0, X)E_D, x*D(A),
j+X, and w is a solution of (3.10) noncontinuable to the right on [t0,b), then either
b= +°°, or given any closed bounded set U in D, there exists a sequence tk"-b~
sﬁChI tfr:at (tk, w(tk)) $U. An analogous result holds for a solution noncontinuable to
the left.

Proof. Assume that Z><*° and the conclusion of the proposition is false.
Then there exists a closed bounded set V in D such that (t, w(t))dU for ti*t<b,
where For t~t~AfrD

Iw(®)-H>@D[ ~ [|IC(f-t9x-C (/-fOx|| + [[S(?-1Qy -5 (1-10"] +
+1 ;(S(t—s)—S(t—s))f(s, w(s))ds|| + L} ;S(t—s)f(s, w(s))ds]|.

r0 ro

Using (2.12) and the fact that / is bounded on U, we have
[lw(E)-w(D] ~ JIC(i-?20x-C (f-i0xi| + [|5(i-i0)y-5"(f-iQy]||+const
Then, t_UJJ(’Slw(r): n exists, which implies that

b
lim w'(t) = S{b—g)Ax+ C(b—tOQy+ JC(b —s)f(s,w(s))ds=q
*0
exists. Since (b,p)dU<”D, one can find a solution of the equation

V() = C(t—b)p+ S(t—b)q+ JtS(t—s)f(s,v(s))ds
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for b~t<t2 Extend w to [i0, t2 by defining w(t)=v(t) for b t<t2 Using
the identities (2.9) and (2.23) we have for b t<-t2,

w(i) = v(t) = C(t—b)(C(b—10x +S(b- Dy + f bS(b-s)f(s, w(s)) ds) +
f0
+S(t-b)(AS(b-tOx +C(b-tQy +J C(b-s)f(s,w(s))ds)+ JtS(t—s)f(s,v(s))ds =

- C(t-tOx+S(t-tQy +f tS(t-s)f(s,w(s))ds.
0

This contradicts the non-continuability assumption and the proof is complete.

Coroltary 3.9. Suppose that the hypothesis of Proposition 3.7 holds, D=RXX,
andf maps closed bounded sets in D into bounded sets in X If xED(A), yEX, and
w is a solution of (3.10) noncontinuable to the right on [t0,b), then either b=+°°
or t_I*i_[)n IW(OIl=". An analogous result holdsfor a solution of (3.10) noncontinuable

to the left.

Proposition 3.10. Suppose the hypothesis of Proposition 2.6 holds and that
condition (F) is satisfied. Let D be an open subset of RX[fI(8)]XX and let/: D—X
be continuous and satisfy

(3.13) mt,x,y)-Kt,x,y)WAL m \x-x\\B+\\y-y\\)

for (t, x,y), (t, x,y)eD and some continuous real-valued function L. For each
(t0, x, y)ED, there exists ~>0 and a unique continuously differentiable function
w: (?0~h, i0+ti)—X satisfying (3.1). Furthermore, if fI=RX[6(A)]XX, then
the solution w is defined on R.

Proot. We shall make use of the equivalence (2.26) and (2.29) of Proposition
2.6. If we define f=[R(A)]XX and F(t, [x, y])=[0, f(t, x,y)] for each {t,x,y)ED
then F: R X f-f. It follows from the continuity of f that Fis continuous. Further-
more, it is uniformly continuous on finite intervals in its first variable, and Lipschitz
continuous in its second variable. The methods of Proposition 3.1 or [23], Theorem 1,
can now be used to establish that for each (t0,x,y)ED there exists #>0 and a
unique continuous function W: (t0—t1, tOE") —Y satisfying

(3.14) V() = V (t-tO[x, y]+ ftV(t —5)F(s, W(s))ds,
0

where V(t), i£R, is the strongly continuous group appearing in (2.29). To establish

the claim of this Proposition, we let n1[x,y] = x and n2[x,y] = v, and define w(t) =
=7 W(t) for Ui(to—t1, fO+fi). Then

w(t)= C (t-tOx +S (t-tQy+ f tS(t-s)f(s,w(s), T2W(s))ds,
0

d/dtw(t) —BS(t—tQBx+C(t—tQy +J C(r—s)/(s, w(s), n2W(s))ds = n2lV(t).
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Proposition 3.11. Let the hypothesis of Proposition 3.10 hold. There exist con-
stants M=M (t) and y—y(?i) such that if w and w satisfy (3.1) for |f—
with  w(tQ=x, w'(tn=y, w(t0=x, w'(t0=y, (0,x,y), (t0,x,y)ED, then for

(3.15) Iw(l)- 1(0lB+ Iw'(0- wWN\ A M (||x-x]||B+ |ly-;pl])e”|,-'0|.
The proof is similar to that of Proposition 3.2 and will be omitted.

Proposition 3.12. Suppose the hypothesis of Proposition 2.6 holds and that
condition (F) is satisfied. Let D be an open subset of RX[U(R))XX, andf: D-+X
be twice continuously (Frechet) differentiable on D. For each (t0, x,y)ED such that
xED(B) and ydD(B), there exists t1>0 and a unique twice continuously differenti-
able function w: {t0—t1, io+ rj)—X satisfying (1.1).

The method of proof is similar to that found in [24], Proposition 2.3, and we
omit the details.

Proposition 3.13. Let the hypothesis of Proposition 3.10 hold, and in addition,
let f be uniformly continuous and bounded on bounded sets in D. If (10, x, y)ED
and w is a solution of (3.1) noncontinuable to the right on [i,,, b), then either b= + °°
or given any closed bounded set U in D, there exists asequence tk*b~ suchthat
(tk, w(tk), w'{tk)) » U. An analogous result holds for a solution noncontinuable to
the left.

Proof. Assume and that the conclusion of the proposition is false.
Then there exists a closed bounded set V in D such that (t, w\t),w’(t))EU for
t1~t-=b, where fiSL”b. For t~t*t+h-"b

\Bw(t +h) —2a(CH = \C(t+h—t0Q B x—C (t—tQBx\\ +
4+h
+IBS(t+h- 0Yy- BS(t- Yyl+ W BS(t+h- s)/(s, w(s), W (s)) ds\| +
ki

t

+ L/ BS(t-s)[f(s +h, w(s), w'(s))-/(s, w(s), W(s)] *|| +
D

+ 1 /tBS(t—s)[f(s +h, w(s+ h), w'(s+h))-f(s +h, w(s), w'(s))] ds||,
‘9
W' (t+h)-w'()\\  \BS(t+h -tQB x-B S (t-tQBx\\ +

+WC(t+h-t0y-C (t-tOy\+\\j C(t+h-s)f(s, w(s), wi(s))rfs|| +
9

1
+ | 1f C(t-s)[f(s +h, w(s), w'(s))-/(s, w(s), w'(s))] ds|| +

+||f tC (t-s)f(s +h, w(s+h), w'(s+h))-f(s +h, w(s), w(s))] <a||.
0

Since F is bounded on bounded sets in D, there exists a constant K such that
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[1/(s, wis), w(B))||SK for 5€[?0»") (since 5—5, w(5), ¥ (5)) is continuous for
5£[i0, 0] and (5, w(5), w'(5))£ U for 5C[/,b)). Also, I"IO1 is bounded uniformly
in finite intervals of t by virtue of the Principle of Uniform Boundedness. For
tl<t<t+h<b, define

H(t, h) = \C{t+h-tQB x-C {t-tQBX\\ + \BS{t+h—t"y —22S(i-/0.y] +
+\\BS(t+h-tQBx—B5(i-rQBx]|| + [C(/+ h -9y —C (t-iQy]|| +

to+h
43 (IBS(t-\~h—s)| + \C(t-\r h—s)[)i"6?s +

ro
t

+ 1 (JAS(f-s)[+|C(i-s)DII/(s + ft, w(s), w'(s))-/(s, w(s), W(s)) ds.
Using the strong continuity of C(t) and BS(t), the uniform boundedness of |55'(i)J
and |C(0| on finite intervals, and the uniform continuity of/ on bounded sets,
we see that lim H(t, h)y=0 uniformly for t*"t~t+ h”~b. Define

y=( sup [225(s)|+ sup [C(s))( sup Z.(s))
tors”hb t0*s™b t0-~s™b
where L is as in (3.13) and we see that for O<i<i+/i-=¢,
ABw(t+h) - Bw(CH+ Iw'(t+h) - w(OIl S
t
A H(®E, h)+y i (\BW(S+ h)— Bwv(s)|| + |w'(s+ i) —w'(s)]|)i/s.
*o
Using Gronwall’s lemma, we obtain
\\Bw (t+h)-Bw(t)\\ +\Ww'(t+h)-w'(t)\\ ~ H(t, n)e«*"y
Then,
tIl{)n Bw(=r and t7Iig] w(t)= q
exist. For tl<t<t+h<b
[lw(i+ /i)-w(OH ||IC(i+h-iQx:-C (i-i0x||+||S(i+fi-iQy-5(i0-OTIl +
+ L /(S (t+h —8)—S(t—s))f(S, w(s), wi(s)) dsj +
ki)
t+h
+ 1/ S(t+h—=S)f(S, w(s), w (s)) Oijl.

t

Using (2.12) and the fact that /is bounded on U, we have
[lw(/+h)-w(0ll & ||C(t+fe-iQx-C (i-10x|| +||S(i+fi-to)y-5(i-roy)ll+
+ constant times h.

Then, tl_l_l’é‘l w(t) ~ p exists, and since B is closedp”D(B). But then (b,p, q)*UaD

and by Proposition 3.10, w can be continued to the right of b as in the proof of
Proposition 3.8. This contradicts the noncontinuability assumption on w, complet-
ing the proof.
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GRAPHS WITH MAXIMAL NUMBER OF ADJACENT
PAIRS OF EDGES

By
R. AHLSWEDE! (Bielefeld) and G. O. H. KATONA? (Budapest)

1. Introduction and statement of the results

Let GY denote an undirected graph (without loops and multiple edges) with
n vertices and N edges. P(GY) shall count the number of pairs of different edges
which have a common vertex and finally f(n, N) is defined by

(.1 f(n, N) = max p(Gy),

where the maximum is taken over all possible graphs GY.

In information theory the problem came up to determine f(n, N) for certain
hypergraphs. We give here a solution for graphs and for bipartite graphs. As Vera
T. S6s kindly informed us, this problem has been solved by MosHE KAtz [1] for
tfice™ Ns.

In order to state our results we need the concepts of a quasi-complete graph
and of a quasi-star. Suppose the vertices of the graph are denoted by 1,2, ..., n.
We define the quasi-complete graph CY with N edges in the following way: i and
Jj are connected for i, j=a (i#j) and a+1 is connected with 1,2, ..., b, where
a and b are determined by the unique representation

(1.2) N=@+h0§hm

A quasi-star SY with N edges is defined as follows: use the unique representation

(1.3) (Q—N=G%d,0§d<c

and connect the first n—c—1 vertices with every other, connect the vertex n—c
with the first n—d vertices.
(3)-~

It is easy to see that S, is the complement graph of CJ if we change
the order of the vertices. We use the abbreviations

N
(14) com=p(N) 02 =p(s2).
Let G}, denote an aritrary bipartite graph with N edges and /+m vertices, where

[ vertices are coloured red and m pink.

1 Research of this author was supported by the Deutsche Forschungsgemeinschaft.
2 This work was done while the author visited the Institute of Mathematical Statistics, Universi-
ty of Gottingen.
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Theorem 1. Suppose Isd/u, N=qm +r, Then maxp (Gfm) is assumed
for the graph in which q red vertices are all connected with all the pink ones and one
more red vertex is connected with r pink ones.

Theorem 2. / (n, N)=max [C(n, N), S(n, jV)].
Theorem 3.

Sin, N)
fin, N) =

in, N
CinN) - o tG)t7 - wo -
Moreover, there are infinitely many n’s for which /(«, N)=S(n, N) for all

and fin,N)=Cin,N) for all On the other hand there are

infinitely many «’s for which this is not true. (For further details see Lemma 8.)
We give two different proofs of Theorem 2. The first is more elegant and is
based on Theorem 1
The second proof is more elaborate, however, it uses techniques which we
also use in the proof of Theorem 3, and it is worthwhile knowing that both Theorems
can be proved by the same approach. The first proof might be more suited for
generalizations of Theorem 2.

2. Proof of Theorem 1

The present proof and also the first proof of Theorem 2 are formulated in
terms of vertex-vertex incidence matrices.

For the bipartite graph G*mwith / red and m pink vertices and with N edges
the matrix JiG"n) is defined by

Jicr.J =iaijTA::in
if the i-th red and y-th pink vertices are connected in G"m
otherwise.

where

2.1

If J*mis an iXm O0—Ll-matrix with N I’s q(J*n) denotes

2 2 1,
where rl5...,rt and, slt are the numbers of I’s in the rows and columns,
respectively. Since
(2.2) q(H{GZn) = 2p(GlInm) + 2N,

for our purposes it suffices to maximize the quadratic form g(J*n). We need

Lemma 1 max gift! n) is assumedfor a matrix with the property: if atJ=1 and
ii, j'~j, then aVvj.=1
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Proof. Suppose J* m maximizes and its rows and columns are ordered such
that /y~r2é.../y and sl*s2=--.=sm. Suppose that there are entries atj—1
ao-=0for /-=/ (or arj=0 for ;'<;). By exchanging this 1and 0, g(J,Nr) changes by

-s5. + (s;-1)2+ (5. + 1)2-s~= 2+2(sr -sj) > 0,
a contradiction and the lemma is proved.

Proof of Theorem 1. We prove it by induction on n=Il+m. If [+m=2
the statement is trivial. Suppose that /+m >2 and also that J*mhas the properties
described in Lemma 1 We can also assume that rl*s1, because otherwise we
can exchange the role of rows and columns without changing the total number
of rows and columns, because rl<sl*m, and we can have I’s only in the first
r2 columns. (We write 0’s in the undefined places.)

Notice that we have now I’s only in the submatrix J* determined by the first
rl columns and first  rows, and by Lemma 1 the first row of this submatrix con-
tains only 1’s. Denoting by /E1£11 the (ny—)X/y-matrix, which is derived form
J* by omitting its first row, we can establish the recursion formula

m I fl

(2-3) = I2:|s?+ |2:I r?:_glst+ gl rl =

=0i(si-D)2+2r)+2(2st-1)+rt =q*Z'Dri)+2N-ri+rl

This means that if we want to maximize q(JI'n) with fixed rland ¢y then we have
to maximize q(JEz[]r). Here sx—1+/y</+m and we can use the induction hy-
pothesis. Since cy— < r1? max is assumed for a matrix in which the
1;irst mh—l rows are full with I’s and in the wth row the first r entries are
’s, where

(2.9 N—ry = (u)iy+iy 0S h<y.

All the other entries are 0’s.

We have thus proved that it is sufficient to consider the matrices J* m which
have I’s in the first /y places of the first n rows and in the first v places in the
(u+1)-th row, where nllr*T and N=url+v, O gtxy. Denote these matrices
by J(N, /y). We have only to prove that

(2.5 9(/W iy + 1)) £ 9(/(tf,iy)).
For this we use the equation
(2.6) q(J(N, jy)) = Ui+ i*+Diu+ 1 + ily—v)u2

We distinguish two cases:
1 Case v™u. Then

N —u(y+2)+o—u, 0*v—u<r
and by (2.6)

2.7 q((N, ly+1)) = m(?y+ D2+ U—m2+ (F—)(u + N2+ (ly—F+ m+ u2
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An elementary calculation yields
q(I{N, rt+ 1))—q(J(N, rt)) = 2rlu-2vu.
Since r”™v this proves (2.5) in the first case.

2. Case v<u. Then N—u—L)"1+ 1)+(d— 1), where OSs- m+ " + |«
</i+ 1 follows from «Sfj and u<m We can again use (2.6) and get

2.8) ~(/(W.~A+D) = (M-i)(/-14-D)2+ (t)-u+rl+ )2+ (r-u+rl+l)u2+
+(u—)(u—)2
Again by an elementary calculation
g@((N, rt+1))~q(I(N, rX) = 2riv-2uv,

which is non-negative because r”u. We thus have proved (2.5) in both cases
and q(J(N,rj)) is maximal if we choose ri=m. The Theorem is proved.

3. First proof of Theorem 2
Denote the vertex-vertex incidence matrix of G% by

I(<£) = K)/=
where
1 ifiandj are connected

0 otherwise.

The nXu-matrix 1(G%) is symmetric, has 2N I’s and 0’s in the diagonal. Also every
0—1-matrix 1* is the incidence matrix of a graph G f Define

(3.1) QN = _glcl
where ct counts the number of I’s in the r~th row or r-th column. Clearly,

3.2) Q(KGN) = 2p{I(GN)+2N

and it suffices to maximize the expression in (3.1). Again we need an auxiliary
result

Lemma 2. max Q(1,,) is assumedfor a matrix with the property: if =1 and
i'Si,/S),i'V/, then aVj=1

Proof. Let the rows and columns of an optimal /,v be numbered by 1,2, ..., n
suchthat c!~c2=...=c,. Now suppose that atj=1, i-<j, but aVl=0 for I</.
By exchanging this 1 and 0 (also symmetrically the corresponding term) we get

¢ =cr+l, ¢*—ct—1 ¢ -c, for tXi,i,
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and

2 C*2—jt ct =2Xt—2c+2 > o,
»1 =
because c¢/Sq. This contradiction proves the lemma.

We begin now the proof of Theorem 2. Suppose /* has the form described
in Lemma 2. Denote the largest index i satisfying om_r=1 by w=w{/Ww. Then

\aw+i,w=awWl =0, au=o, for w+ISi,j.

(33) [W-1 for 17 jaw with iAj.

In the class of matrices /v maximizing B (/*), let the minimal and maximal value
of iv(/*) be denoted by wx and w2, respectively. We distinguish two cases:

1 Case iw=y . Cut the matrix lj?, with w2=w(l*), after the i2-th row

and w2-th column. It is separated now into four submatrices A, B, C and D. Here
A is a weXiv2 matrix with 0’s only in the diagonal. B and C are v X(n—w2 and
(n—w2) Xw2 matrices (symmetrical images of each other), respectively, D is a
0-matrix.

Consider the expression

M 9 w2 w2 7
(34) 0(0 =2 &?2=" (j—w2—))2+22"Ci(Wji-1)-N (we-1)2+ 2 ?=
i=] i=1 i=1 i=1

i=w2+ |
=2 I’(Ci—(Wz—I))2+ 2 | cf + 2 IV(we—1) — we (w2—1) 2
i= i=w2+

£ and C are incidence matrices of bipartite graphs and

(3.5 qB)=q(C) =1 | (g-(iv2-1))2+ 2 . cf.
i= i=w2-

To maximize B (/,N for fixed w2 means therefore simply to maximize q(B). Since
ivzS n—w2 it follows from Theorem 1 that the first column of B contains as many
I’s as the number of I’s in B permits. This leads to a contradiction if the first
column is full, because aV&¥2H=1 contradicts the definition of i2 It follows
that B contains I’s only in the first column and that this number is smaller than w2.

C is symmetrical to B. The matrix /*, which consists of A, B, C and D is the
incidence matrix of a quasi-complete graph.

2. Case tw«=y. In this case also w ~y. Cut now the matrix I* with

M= w(/*) after the first wx—1 rows and wx—1 columns. We obtain four matrices:
A,B, Cand D. A is a (Wwx—1)X(n>x—1) matrix with 0’s only in the diagonal. B is
a (Wj—1)X(n—iv!+1) matrix, C is the symmetrical image of B. D is a 0-matrix
since ((MBWH=0. We can use (3.4) with wx—1 instead of 2. Then Q{l,,) can be
maximized by maximizing q(B). Since wx—1<u—iVj-1 by Theorem 1, q{B)
is maximal if we choose B full with I’s in the first rows. However, by definition of
ws eW 13WE |, that is, the first element of the last row of B is 1. It follows that
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the first w,—2 rows of B are full with 1’s, because otherwise we could find a B
(and IY) which maximizes Q(I¥) and has w()<w;.

Thus we have found an optimal matrix which has 1’s in the first w, —2 rows
and columns everywhere except the diagonal, furthermore it has 1’s at the beginn-
ing of the (w; —1)-th row and column. The other entries are 0. This is the incidence
matrix of a quasi-star graph. Case 1 and 2 yield

f(n, N) = max (C(n, N), S(n, N)).

Notice that the proof gives also an interesting property of S(n, N):

(3.6) S(+1,N)=S{n,N) if n=4 and N= %('21)
To see this it suffices to check that w(S,{V)<’%. Suppose the contrary, then

N=ww—D+2(n+1—w)(w—2) =—w*+Q2n+5)w—4(n+1) =

1 )(3n—7 —1
n-f?: a1y = (n+ )‘(t n—17) >n(n2 )'

z—("’;l]2+(2n+5)

This contradiction for n=4 establishes (3.6).

4. Comparison of C(n, N) and S'(n, N), the proof of Theorem 3

At the first moment one might think that it should be easy to compare C(n, N)

and S(n, N) for given n and N. However, the functions are given only in an implicit
. y : : 1

way by number-theoretical-combinatorial expressions. Also around N = (’21]

they are very close to each other. Of course it is quite easy to make the comparison

if N<<% (;) or N>>% (;], but we would like to consider values of N around

—= as well. We shall need several lemmas, which we now state and prove.

LemmA 3.
a) S(n, N) = c(n, (;]—N)—n(n;l]—-4N+2nN

b) S(n, N)—C(n, N) = c[n, (g]—N]—S[n, (’21] -N].

PrOOF. Since the quasi-star with N edges and the quasi-complete graph with

[g)—N edges are complementary to each other (if we change the order of the
vertices), it suffices to prove the statements for any pair of complementary graphs.

If we denote by ¢y, ..., ¢, the valencies of the first graph, then > ¢;=2N, 2 (;‘}
i=1 i=1
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is the number of adjacencies and is the corresponding number
for the complement graph. Now

i(" 2 1) ={]i(«ci-l)(n-ci-2)=

=i gonrezone- L 2 n+2icit2 1+4 2 ti-cd =

CA2Ne -|InM AW +»+i(jj=(( G+n(T21)+4Ff-2nM

b) follows easily from a).

After we know now that one of the functions can be expressed in terms of
the other one, we express now C(n, N) as partial sum of an infinite sequence. Define
Bu by

4.1) Bij=i+j, 0=j =1
The k-th element of the sequence 300, B10, B20, 321, R2i, ... is denoted by ak.
N
emma 4. N)= 2 S

L C(n,N) k:lok

Proof. We proceed by induction on N. The statement clearly holds for N=1.
Use the expansion

N=fy+b, O0s=6<a.

It is easy to see that aN=Ra-i,b-im Recall that the quasi-complete graph with

N edges is composed out of a complete graph of a vertices and an additional
(a+1)-st vertex, which is connected with the first b vertices.

Suppose that 6+ I<a, then the quasi-complete graph with N+ 1= +1

(0s6 + I<a) has one more edge from the (a+I)-st vertex. The number of new
adjacencies is a—1+6. This is, indeed, equal to the new term dN+1=Ra Ib. If

6+ 1=a, then the quasi-complete graph with W + 120" *) edges is simply a

complete graph with a+ 1 vertices. The number of new adjacencies is 2a—2=
—Ra-i.a-1 which again equals xN+1. The proof is complete.

Lemma 5 a) C(n, N)sS(n, N) is equivalent to
4.2 I(2=l(<){<+*(«)-k+1)’\ N(2n-4).

b) If C(n, N)” S(n, N) for some n("4), then it is also true
for n+1, N. K 2K2U
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Proof. By Lemma 3a), C(un, no= S(n, N) is equivalent to

4.2) C(h, N)+n¢ 2 J)— (2)— —N(@2n—9).
Since
(4.3) i':z1 j% . Bj= n\("2~ I/)
we get from Lemma 4
(2)-* N
(21N ("(2)-v) =] i, - # oy x4
and that (4.1) is equivalent to
(4.4) 2 (a*+ a(»)-*+i) s (V(2n-4).

Obviously b) follows from (3.6) and the fact that C(/i+1 N)=C(n, N) for

We give now a proof which uses only results of the present section. It is far
more complicated than the above argument, but it also shows how the new tech-
niques work, which we need later anyhow.

It is clear from a) that it suffices to prove the inequality

2N (<’*+\99./+iw+1) N N(2n-2)

or equivalently that
N
(4.5) 2 ~ (@("+])-u+1 —a(2)-k+i) —

We prove it first for some special N’s. Suppose

({x} is the smallest integer &x). Then

n-2 i 1-2 i

N — i 1\
Zeagk = 2,2, 80 52 2,80, -2 2 B} =0y e

and
n—1 [
2, a\(@])—*ﬂ i |+1 2, B|J+ _2. Blj -2 01 Blj _20 Bij+,-=nz_| Bt =

= (n+1){R)-(1 +2)['2 1) + (21-n + 1)l +(21-r,+\)2.
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Therefore the left hand side of (4.5) is

(»+DB)-(/+2)(+)+(21-.+D(I+i) -. (- )+ 1 (- DI
which equals

21ltl— = 2N.
We proved that in the case

exact equality holds in (4.5).
We shall now verify that the difference of the sides (right-left) of (4.5) is an
increasing function of N in the interval

(4.6)
and it is decreasing in
(4.7 m-m-GM 'l
In the last interval (4.6) the last terms of the left hand side of (4.5) are
a("th)—ar+io= A ("1 -(CTD-jv
and
a(S)-iv+i = Bi-r» » 2)—2) ¢

Thus for N + 1, the new terms are

A(n8D-(,2)“NV1 AT M212-AH)—H9)*
Their difference is

f+(" 2 (71 T~ 1-H+21-2+iV—2) + (2) =n-21+3.

The right hand side of (4.5) is increased by 2, so the change of the difference of
the sides is 2/——1, which is non-negative by the supposition jg/. Similarly
if we are in the interval (4.7), the last terms in (4.5) are

a(nzd-M A -k -n+n2) (2D (N M M—(2) (2)
and

“(S)-"1= I-1-W+(5)-(i) *
Thus going to N +1, the new terms are
Bi-i,i-N+(",%D)-(1%)+1 ancr ~21-2/-nr+(5-¢ -
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Their difference is

i-1+i-W+(",+D-("+D+1-/+2-1+if-g) +(y =»-1+2.

The change of the difference of the sides of (4.5) is I—, non-positive because of
LUn. This proves the statement of our lemma, if

that is
0 = 2n2—2n——N2—2n = n2—4n,

which is true for n”4. The lemma is proved. 1fn) n
In particular we know that if C(n, N)*S(n, N) holds for —

then it is also true for u+ 1. However, in order to prove Theorem 3 by induction

on n we have to prove the inequality for A g—\ -. Also in some

tdutlj

casés it is trueup to to co%s\ldezr tf/mse Gases as well. This

is done in 3 more lemmas. The last one, Lemma 8, gives the complete solution.
Instead of C(n, N)AS(n, N) we shall use a further modified version of (4.1).
Since

@D
2 Xk=p

the left hand side of (4.1) is equal to
nn21l -

Introducing the notation r=— —& we obtain from (4.1) necessarily

TO
(4.8) 2 k= r(2n—4),

where r is not necessarily an integer, but there are always 2r terms on the left
hand side.
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One more form of (4.8) is

4.9) —r@= 27—4.
Let e und / be defined by
(4.10) t (")=(H)+! (0=/<e>

(It is easy to see that this is unique).
Lemma 6. Suppose /<-y (in (4.10)) if 2e+2f*2n—1 Then C(n, N)*S(n, N)

holds when r= Nse+ f—1

Proor. Case A: f> =+ 1 We want to prove (4.8). The sequence of numbers,

we are investigating (when/ is an integer) is (starting from left to right and from
the middle going backward in the next row).

re—2,..., 2/—5, 2/—4,...,2e—4 e-1,e + f-2
("} [2/-2 ... e+] \2e,...,2f, 2f-1,. ., e\ 2e-2,e+f-1,
by | gl ¥

._____»___ ________ — ——
-e+ 2f-2 2e—2f+1 2f - e e-f
If/ is not an integer, the only difference is, that on the right hand side one number,
e+ f——stands instead of e+ f—2 and e+ f—L1

Observe that in one interval in table (4.11) the sum of the numbers standing
under each other is constant. The sums are

(4.12) e+2/—4,..., 2e+2/-4,..,e+2/-2,..., 2e+2/-3,....
-e +2/-2 2e-2/+1 -e +2f e-f
Subcase 1. Prove the statement for r=-j e~f ~sng (4.8) we have

to prove that the sum of the last 2r terms in (4.11) is not smaller than r(2n—4).
The sum of the last 2r terms of (4.11) is exactly the sum of the last r terms in (4.12).
Since r*e—+, they are constant. It is enough to prove that

(4.13) 26+2/-3 "2n-4.
Later we need the inequality
(4.14) 2e+2/-4 =2n-4

as well, thus we make the calculations here together. From the definition (4.10)
of e and / we have

(4.15) n(n-1) = 2e2-2e +4/.
Suppose, the converse of (4.13) ((4.14)) is true:

n>e+/+y (n>e+/).
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Substituting into (4.15) we obtain

2e2-2e +4/> (e+/+y) (e+/—y)

(2e2-2e+4/> (e+f)(e+f-1)).
Reordering it:

(4.16) e2-2e-/(2e+/-4)+-"->0 (e2-e-/(2e+/-5)> Q).

If er2 then 2e+/—4 (if eg3 then 2e+f—5) is non negative, f(2e+f—4)
(/(2e+/—5)) is an increasing function of /, so (4.16) remains true if we use the

inequality /& — (supposition of our lemma):

e 1
e2—2e—2({2e+ 2—4 + —__I _J>

(e2—e——]c 6+—5 —%+ 3e > 0)

However, these inequalities do not hold when eé2 (e”6). If nw3 then eé2,
thus (4.13) is proved for sé63. The inequality (4.14) is proved only for ew®6,
thatis s € 9. For the values it is easy to check in Table 1that the supposi-

tion f2€ °f the lemma is not satisfied for «=3,4,6, 7 and for the remaining
values /7=5, 8,9 (4.14) holds.

n i5 fp e / n |2(.5l) e /
3 15 2 0,5 23 126,5 i6 6,5
4 3 3 0 24 138 17 2
5 5 3 2 25 150 17 14
6 75 4 15 26 162,5 18 9,5
7 10,5 5 0,5 27 175,5 19 4,5
8 14 5 4 28 189 19 18
9 18 6 3 29 203 20 13
10 22,5 7 15 30 2175 21 7,5
n 27,5 7 6,5 31 2325 22 15
12 33 8 5 32 248 22 17
13 39 9 3 33 264 23 1
14 455 10 0,5 34 280,5 24 4,5
15 52,5 10 75 35 2975 24 21,5
16 60 n 5 36 315 25 15
17 68 12 2 37 333 26 8
18 76,5 12 10,5 38 3515 27 0,5
19 85,5 13 75 39 370,5 27 19,5
20 95 14 4 40 390 28 12
21 105 15 0 41 410 29 4
22 1155 15 10,5 42 430,5 29 24,5
Table 1
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Subcase 2: Prove the statement for e-/<rs/. The second interval in (4.12)
contains the value e+2/—2. If e+2/—2"2n—4, we do not have to prove any-

thing. Otherwise the average — ak(see (4.9)) decreases when we use larger values
ofr. So, it is sufficient to prove (4.8) for r—. The left hand side of (4.8) is
(—e+2f) (e+2f=2)+(e ) (2e+ 2/—3) = en»+2/*-e-/.

(4.8) is equivalent to
e2+2p—e—F N (2n—4).

Using e2—e="J—2f we obtain

)+ 2 2- 3/™M1(2n - 4)
and this is equivalent to

This inequality always holds, because / is a half of an integer, it cannot satisfy
n—1 , n
— A2 .

Subcase 3:/<r”2e—+1. The new term (see (4.12)) in this interval is 2e +

+2/—4. We have proved (4.14), thus the average —” a k is increasing in this in-
terval, consequently (4.9) and (4.8) hold. r

Subcase 4: 2e—+1<r”~e+/—L If the new term e+2f—4 is s2n—4, we
are done. In the contrary case the average is decreasing, so it is sufficient to prove
it for r=e+f—Il. The statement means that the average of o s for the 4 intervals
is S2n—4 (see (4.9)). We have proved it for 2 intervals, so it is sufficient to prove
the same for the two new intervals:

(-e+2/—2)(e+2/—48)+(2e + 2/—4)(2e—2/+1) s (e-1) (2 n —4).

This is equivalent to

(4.18) 3e2-2/"2n(e-1).
Since /<e, we can prove (4.18) with 3e instead of X:
(4.29) e é 2n.
We know n(n—I)=2e2—2e+2f and using again /<e we have
(4.20) n(n-1) < 2e2+2e.
2n
Suppose (4.19) does not hold: , and substitute into (4.20):
n’(n-l)<@2+ﬂ], or n-21<0,
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which is a contradiction for «£21. For smaller «’s it is easy to check from Table
1 that (4.19) holds for «=3,4,6,79, 10, 12, 13, 20. For «=5,8 and 11
(4.19) is not true, but (4.18) holds. Case A is proved.

Case B: If 1, then (4.11) and (4.12) have a slightly different form:
ile-2, .,,,2e-4] e -\,e + f-2
(") [|2e,..,e+2/—=2,..., 2/, 2/—, ..., ] 2e—2,..., e+/—],
(4.129 2e+2/—4, ..., e+2/-2,..., 2e+2/-3,....
e—1 —e+2/ e+

So, in this case we consider only 3 intervals. The first two are exactly like in Case A
The length of the third is different, but we did not use it. The lemma is proved.

Lemma 7. Suppose /< — (in (4.10)). If 2e+2/s2«—1, then C(n,N)S
A S(n,N) AoWs when

=1 (")-**

T/- 2e+2f*2n —1, then C(n,N)~S(n, N) holds when
Y R I Re+f-3 (/< 2
mind < e-13 A x Voerv1 g2)

and the opposite inequality holds when 0</e=/. T7fre inequality C(n, N)sS(n, N)
changes its direction only once in this interval.

Proof. Case A: /s2. The sequence of numbers, we are investigating now,
have the following form:
.., @+2f—7, ..., 2e—6le =2,..., e+2f—=3, ..., 2e—4|e—1,..., e+f=2
2e,..,, e+2/—1 e+2f =2, ....e|] 2e—2, ...,.e+2f —1, e-t-2f2,...,e4~f—1
e 2/42 i 1 A
Observe that in one interval in table (4.21) the sum of the numbers standing under
each other is constant. The sums are

(4.22) 3e+2f—7, ..., 2e+2/-4,.., 3e+2/-5, .., 2e+2/-3,....
g+ 2l VA gt GET A2y e €67 Kf20 :
e-2/+2 2/-1 e—2f /
Subcase 1. If 2e+2/—3w2n—4, then (4.8) holds for 0<r”/, otherwise
it does not hold. This proves the lemma for the first interval.

Subcase 2. Consider now the interval fcr*e - If 2e+2/—3£2«—4 is
true, 3e+2/—5£2«—4 is also true whenever e£2 (that is, «S3). Then (4.8)
holds. If 2e+2f—3<2«—4 holds, then first we prove that (4.8) holds for r=e—f
We have to prove

(e- 2f) (Be+2f- 5)+f(2e+2 - 3) £ (e-/) (2«- 4),

(21,
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that is,
(4.23) 3e2—2f2—2ef—e+3f " 2n(e—4).

We use e2=12j+e—2/:

3(2)- 22- 26+ 2e- Y- 2n(e-/)e
By the suppositions 2e+2f*2n—2, so it is enough to prove this last inequality
after substituting —f(2e+2f) by —£(2n—2):

3 (")- 2n/+ 2f+ 2e—3/ 2n(e-/)
or

3Nj+2e—+S 2ne.
Since /<=e, we can write

(4.24) 3 N +ea?2ne.
We prove it in an indirect way. Suppose the contrary, i.e.

3

(4.25) 2n-1

and use "NJ—R2~e+2fre2—e.  As the right hand side of this inequality is in-
creasing in e, it follows

~() .

an— (2n—

31n

by (4.25). Reordering it, we obtain 0>n2—13n+4. This is a contradiction for
n"13. For smaller n’s: (4.26) holds (see Table 1) when n=5,6,s,9, 10,11,12.
For n=3,4,7 (4.24) is not true, but (4.23) is true.

Subcase 2a. If —<e—, we have to prove that the inequality (4.8) changes

e . n . . n
its direction earlier than e—, at —. It is enough to prove that it holds for /e=—.
In other words: A 2

(3 -1) (3e+2/-5)+f(2e+2/- 3) fe (2n- 4)|
has to be proved, or equivalently
(4.26) 3ne+2nf—2ef+4f" 2n2+ n.
It is sufficient to prove 3ne*2n2+n (we omitted a positive number, as nfe), or
(4.27) 3er2n+1
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We verify it in an indirect way. Suppose —-—, and substitute into the
inequality
n2—n —2e2—2e+4f < 2e2+2e —2e(e +\),

A2n+\ 2«+4

n2—n 2 1 3~

or equivalently n2—29n—8<0 which is a contradiction if né€30. For smaller
n's: (4.27) holds (see Table 1) when n=4,7, 10, 13, 14, 16, 17, 19, 20, 21, 22,
23,24,25,26,27,28,29. The remaining n's do not belong to this case

K , f - €)

Subcase 3: e—<rse+/—L If 2e+2f-472n—4, the averages do not
decrease in this interval, and we are done. If 2e+2/—4<2n—4, it is enough to
investigate r=e+f—1, the average will be the smallest here. We have to prove
that the sum in the last 3 small intervals is *.{e+f—1) (2u—4). The 3d interval
gives

(2/-1)(2e +2/-4) - Adef+4f2—2e—10/+4.

Adding to the sum of the 2 previous ones (see (4.23)):

3e2+ 2f2+ 2ef—7e—3f+4 N (e+f—I)(2n —4)
or equivalently

(4.28) 3e2—3e N 2en—2n+f(2n—=2f—2e—I).
It is easy to see, that
f2n—=2/—=2e—1)=j 2f2n-2f-2e-1)*j(2u~~r!) -

n2 e2 1 n
~2+T +T ~ne~1
Substitute it into (4.28)

be2—be &? den—4n+n2+ e2+~4— 2ne—+e

or equivalently

—n2+ 5e2—2en—7e + 5n —’Z N0,

Use e2="2j+e—2/

(4.29) 3n2—4en—4e +5n—20/— " 0.
Since 2/<e:
(4.30) 3n2—4en —l4e + 5n—- = 0.
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From =e2—e+2f we obtain
1+ 1
2 2
Substitute it into
(4.30) (3-2(/2)r-(7/2-3)n-7-la0.

This holds for ns42. An ugly compution shows, that for 3s«s41, 576, either
(4.29) holds or /s —, that is, not our case. For n=6 (4.28) holds.

Subcase 4: e+f—Il<r"2e—+ 1 |If

(4.31) 3e+2/-7 s2n-4,

then the new terms do not decrease the average —2 «* Use the assumptionf= 2
of Case A: 1

(4.32) 3e+ls2n

This is weaker than (4.29), which was proved for ns2l and was checked for
n=3,4,6,719 10, 12, 13 ..., 20. For n=58 and 11 (4.32) holds.

Case B: 0</<2. (4.21) and (4.22) have a slightly modified form

I..le—3,..., 2e—6| e—2,..., e+2f—4, e+2f—3—4|e—1, ....e+f—2
(4:210 nge 2T e+2] P A 202, e 2/ ev2f 2, e\l
e—2 2/-1 e-2f f
(4.220 3e+2/-7,..,29+2/-4,..., 3e+2/-5, ..., 2e+2/-3,....

e-2 2/-1 e-2/ /

The only change that the 4th interval is shorter, but we did not use its length. The
cases n=3 and 7 can be done by an easy computation.

Case C: f=0.

f....2e—8 e—3,..., 2e—7, 2e—§| e—2,..., 2e—4|
42>  {j2e, 2e—1 2e—2, 26—3, 2e—4 , & 2c—2, 263, ....e—1
e-3 1 e-1

(4.220 ¥e—, .., 4e—8,..., 3e—5H,....

We prove that all these numbers are s2n —4. It is enough to prove that 3e—7's

s2n—4, that is 3e—3s2n. We prove it in an indirect way. Suppose
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and use n(n—I1)=2e(e—1):
2n+3 2n

n(n—1) «2 3 3

or equivalently n—21<0. This is a contradiction if n”21. There is only one
case, when n<21 and /=0 (see Table 1), namely when n=4. It is easy to check,
that the statement holds for n=4.

Lemma 8. ¥-/é& — in (4.10), t/ren

(4.33) Cn, M=S(n, vy for 0
and
(4.34) C(n, TV)i=,S(n,/V) lor

2e+2f~A2n--1, then (4.33) and (4.34) hold, again. If /<

"on- there is an R such that /~/{smin |y, e~ j, and
Cin, Yy S S(n, vy for 0*..*7(2)_*
C(n,TV)S S(n, TV Jor 1(:;)-*«*«t G)
Cin, & S(n, ™ A tG

C(n, ¥ys:S(n, V) /or L (
Proof. We use induction over n. For n—3 the statements are true. Let n>3.

Suppose the statement is true for n—JL, we want to prove it for n. According to
the induction hypothesis C(n—\,N)*S(n,N) if

(4.35)

By Lemma 5
(4.36) C(n, VS S(n, V)

follows under the condition (4.35). From Lemma 6 we know that (4.36) holds when

(4.37)
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where
eri—l ¢ 7
(4.38) 27 get+1 if 2
(2e+/—3 if 0"N/<2
and A=0 if —

/S R mint-, e-/j if

If we are able to prove that

(4.39) 55) 71 bR
(see (4.35) and (4.37)), then (4.36) holds under the condition

R.

(4.39) is equivalent to
(4.40) n—l=z

Case A: —"/. Then z=e+f—1 Assume the opposite of (4.40) holds:
n—l>e+/—1 or n>e+f Substitute it into the equality n(n—I)=2e2—2e+4f:

(e+f)(e+f—I) -= 2e2—2e+ 4/,
which is equivalent to
(4.41) e2-/2-2e/-e+5/> 0.

If f+2e —570 (if eS2), then

2 5Se

f(f+2e-5)7j(f+2e-5)Aj[j+ 2e-5] = 2 =

(4.41) results in —e2+6e>0. This is a contradiction if e”6, that is, if «s9. For
e
smaller n’s either —>/ or (4.40) holds.

Case B: 2 . We have to prove n—1é2e—+1 or 2n”3e+4. Use
n—1 = ('e2—e+2/" e
2n = 3n 3 +4,
12 )7

which holds for nLLIO.
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Case C: 07/-=2. We have to prove n—\"2e+f—3 or

(4.42) n=£2e-2.

Use 11 =2 5 This holds for «S9. For n=4,6 and 7 (n=5
Y2 Y2

and 8 do not belong to this case) (4.42) holds. The lemma is proved. Lemma 8
completely proves our Theorem 3.

5. The second proof of Theorem 2

We use the results of Section 3, in particular Lemma 8, and its methods and
notation. First we have to prove another inequality:

Lemma 9. C(n, N+n)—C(n, AO~A2N +[2) if

H.

Proof. We start with the case ~ = ~ j [[myj —1=»j- Then the statement holds

with equality. The difference C(n, N+n)-C(n, N) is the sum of the following
terms (see Lemma 4):

B1-1,05mmm R1-1,1-1> RI,0f eee »BI,n-1-1
(here we used 17n and nll21+1). The sum of these terms is
21-2 nl n+ l—I
SGaiv gt (@t Ne ) m

The desired equality is proved. Now we prove that the function
(5.2) C(n,W+n)-C(n,iV)-2iV-[2
is increasing in the interval

(2) — = [2142/+] —n
and it is decreasing in

1+2/+1- » ~
(2) m (n— m
This proves the statement, since (5.1) is 0 for N=72] and If
im< [2J+2/+1 —n,
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then the difference C(n, N+n)—C(n, N) is the sum of the terms

eee’ R1-1,1-1" 71,0 RBI,n-1-1+ N -(£)"
Here

0N n—1+ TV— (because of /< n, = TVj
and

n-/-1+TV - (2) </e
If we change tvto Tv+1, a new term comes in: n I+N/iy and /(1 N (i) wil
be omitted. The change is
n—+N- I +1—N- =n—TL1l

However, in (5.1) 27v changes to 2(tv+1). So, the total change is «——1"0,
and the function (5.1) is increasing. On the other hand, if

then the difference C(n, N+n) —C(n, N) is the sum of the terms

BI-1.N-Rf)” eee> R 1-1,1-1"R1,0° RlI> R1+1,0° A<+ 1n+ 2140T-(]) °
where

-1 Sn=2/=2+TV— < /+1
(using Tv< (2 ”7j andns2/+1, if=—1, bhl is the last term). Changing v

into TV+1, the sum changes with
Bi+i,n-2i-\+N-~~Bi-i,N-B82 = ti—21 + \,

and (5.1) changes with n—21—I~o0. The function is decreasing in this interval.
The lemma is proved.

Lemma 10.

(5.2) fin, M= max(/(n—L,, N),f(n-1, T™¥n + D)+ ("™ *) + 2(TV-n+ 1))

if —m =T 2 7. (Otherwise only the defined term is considered on the right
hand side.)

Proof. Consider an optimal graph. There are two possibilities: a) either each
vertex is contained in at least one edge b) or not.

In case b) our graph must be optimal also for n—L1 vertices, so / (n, Tv)=
=f(n—L, N). In Case a) there is an edge containing the last vertex, thus by
Lemma 1, the first vertex is connected with every vertex. Consequently, at the
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first point there are (” 2 ~) aclhcencies- The remaining TV—n+ | edges have one

adjacency at their both ends with edges going to the first vertex. This is 2(TV—n+ I).
What remained is the number of adjacencies among edges not containing the first
vertex. They must form an optimal configuration on n—1 points. Thus in case
a) the number of adjacencies is

[(n-1,TV-n+1)+i"2 1+ 20— +1).
The lemma is proved.

Proof of Theorem 3. We prove that f(n, N)—C(n, V) or S(n, j by induc-
tion on n. The exact result is given by Lemma 8. This is true for n=2, 3. Suppose
it is also true for n—1 (with any TV) and let us prove it for n.

Case A. Suppose f(n —1,TV) and /(n —L, TV—n+1) are both assumed for
quasi-complete graphs. Since TVM{2), also TV—h+Is(”2 )

Subcase 1. If additionally

N T+ L

then we can use Lemma 9:
C(n—1L, y—C(n—1, TV-n+1) a; (M2 LU+2(TV-n + ).

That is the first term under the max in (5.2) is s than the other one. Consequently
/ (n, N) is assumed for the quasi-complete graph.

n—1

Subcase 2: N-——n+1- ~22~ In this case we shall prove that C(n—1,

T™n+1)SS(n—1, TVn+1). Indeed, it follows from Lemma 8, when

that is always for 4. 1t means that in Subcase 2,f(n—1, TV—n+1) is assumed
by the quasi-star and it belongs to the next case.

Case B: Suppose f(n—I,N) is assumed for the quasi-complete graph and
/(n —1, T+ ) for the quasi-star. It is easy to see that

S(n—, TV—n+ 1) + fn 2 j+2(TV—n+ 1) = S(n, TV

In (5.2) we have max (C(n—1, TV), S(n,m)), we obtain always either a quasi-star
or a quasi-complete graph.
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Case C:/(a —L, TV) is assumed strictly for the quasi-star andf (n—I, N—n+1)
strictly for the quasi-complete graph. It means that

(53) C(n _lv M < S(« _11 M
and
(5.4 C(n-1,TV-n+1)> S(n-1,TV-n+1).
By Lemma 8 (5.3) results in
1f/i-1)  n—1
(55) Vo4
and (5.4) results in
(5.6) S VAV

But (5.5) and (5.6) contradict each other.

Case D: f(n—1, TV) is assumed strictly for the quasi-star and/(« —1, TV~ + 1)
(not necessarily strictly) also for the quasi-star. We have again (5.3) and (5.5). We
shall prove that in (5.2) the second term under the maximum is larger, that is,
S(n—1, N)*S(n, TV). Rewrite this inequality using Lemma 3:

c(n— "J-Tv)—(n—d ("22) —4TV+2(n—=!)TVs

- C("(2) =) —n (72X -* N+2nN’
or

S(VH (V) «

By Lemma 10 this holds when

or

However, this follows from (1.2) when

holds, that is always if «S4. The theorem is finally proved.
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6. Open questions

1 Some strange number-theoretical combinatorial questions arise. What is
the relative density of the numbers n for which R=0 (see Lemma 8)? What is

the distribution of — ?

2. We started to think about the next problem. N dilferent

3-types are given on an wu-set. What is the maximal number of pairs of 3-tuples
having 2 elements in common. By easy symmetry-arguments it is enough to con-

sider the case We conjecture that in this interval the maximum

is assumed for a quasi-complete 3-graph, or a quasi-3-star on some mSn ele-
ments. Recently Vera T. S6s and M. Simonovits have some results in connection
with this problem.
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THE ISOMORPHISMS OF THE CATEGORY
OF UNIFORM SPACES AND RELATED CATEGORIES

By
E. MAKALI, Jr. (Budapest)

In this paper we determine the isomorphisms of the categories of uniform
spaces, proximity spaces and all full embeddings of the categories of several classes
of topological spaces (corresponding to usual separation axioms) into themselves.
In the lemmas we investigate the relation of the forgetful functors to concrete
categories and to functors between concrete categories, in a general setting. To
finish we mention several unsolved problems.

Uniform and proximity spaces are not assumed to be separated. Unif denotes
the category of uniform spaces, HUnif denotes that of separated uniform spaces.

Theorem. Every isomorphism i of Unif onto itself is of the following form: for
each uniform space X there is an isomorphism ix :X-*i(X), andfor each mapf:X-*Y
the following diagram commutes:

X-t—Y

H{X)-"i(Y)
(i.e. i is naturally isomorphic to the identity functor).

Before the proof we recall the definitions of the concepts to be used later and
remind some facts about them. Let @ be a morphism in a category. If cp-.A"-B,
we write A=D(cp), B=R(g>). <pis called a constant map (cf. [3], 14.1.1) if, for every
object X, \YpHoT (X, D(yp))\S L ¢pis called an extremal monomorphism (cf. [3],
7.1.1) if @ is a monomorphism, and @=de, e is an epimorphism imply e is an
isomorphism, tp is called a pure epimorphism (cf. [1], p. 7) if @ is an epimorphism,
and (=m% m is a monomorphism imply / is an epimorphism. <pis called a co-
pTe monomorphism (cf. [1], p. 7) if g is a monomorphism, and <p=dwe, € is a pure
epimorphism imply e is an isomorphism. In Unif the first of these concepts coincides
with constant maps in the usual sense (cf. [3], 14.1.3), in HUnif the following con-
cepts coincide with closed embeddings (by [3], 15.2.3), onto maps (cf. [1], p. 7)
and embeddings (cf. [1], p. 7), respectively. For separated uniform spaces p denotes
precompact reflection ([2], 11); this corresponds to the generated proximity in a one-
to-one way. A separated uniform space X is called proxima/ly fine (cf. e.g. [9], pp.
141—142) if for each separated uniform space Y the function-sets HoT (X, Y)
and Horn (pX, pY) coincide. Every metric uniform space is proximally fine, and
every proximally fine separated uniform space X has the finest uniformity on the
underlying set whose precompact reflection is pX (cf. [2], II. 38 and the remark
following it).
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First we relate the constant maps in a concrete category to the maps constant
in set-theoretic sense, and to the points of the underlying sets.

Lemma L Let & be a concrete category, withforgetfulfunctor F into the category
of sets. Let

(1) for yC6'ii” the maps in ¢ to C separate the points of FC in the following sense:
VcreM"FC, corm2 3C'6'N°, 3(Pitp2- C'-*C, 3cfFC', (Hpd(c')=cl,
M (chH=c2.

Then Ftp is constant in set-theoretic sense iff @ is a constant map in 6. (In this
case VF(<p) denotes the constant value of Fp (if D(Ftp)*0).)

Let besides (1) hold
(2) VCE€# dcf FC 3C'~M, 3tp: C'-*C, FRp is constant on FC' and has value c.

Thenfor each Cff vFis ontofrom the class of constant maps tp with R(tp) = C,
u(Ftp)~C).

Let (1) hold. If tpi, (p2are constant maps in €, D(Fcpd), D(Ftp2d” 0, and KA
= then vF(tpi)=vHtpd. Let be the smallest equivalence relation on the
class of the above tp-s containing the above pairs (tpt, tpd. Let

(3) Vfitp = vF(tp2d = <Pi~<P2-

Then vF is one-to-one from the classes of ~ -equivalence of the above maps with
R(tp)=C to the points of the set FC.

Proof is evident.

Corollary. Let % be a concrete category, with forgetful functor F. If
\jC(f€ VCEFC 3tp: C-C, Ftp is constant and has value c, then the statements of
the lemma are valid(and ¢~ g2 iff R(pD)=R((pd and 3(/: R((pD—R((pD, &
is a constant map, 3dr,d2, P = dol, F2= | especially any such gqxis of the
form duor).

Now we investigate the relation of the functors between concrete categories
to the forgetful functors.

Lemma 2. Let €, 3 be concrete categories with forgetful functors F, G into
the category of sets, both satisfying (1), F satisfying (2) and (3). Let further

(4) C€tf, FC”0, |HoTt(C,C)|=1=>-3C€, CVC, Homn(C\C)*0V
V|Hom (C, C")|>1, and similarly for 35 G.

Let H be afunctor from @ to 3s, which satisfies

(5) {|Hom(C, C)|>1V3C, £« CffC, [HoT (C, C)* 0 V|Hom (C, C")\>
>1]}=>{|HoTt (HC, HC)|>1V3-D'€®, DffHC, [Horn (D\HC)T£0 V
VIHoT (HC, D')\> 1} (e.g. H is an embedding) and
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(6) <pis a map in @, Hep is not a constant map in 3=>3ij/x, h2 in W, 2)(t/q) = ZX(i/id),
(H(p)(HhD) 3(H<p) (Hp2 (or at least cpdx3(pch?) m

Then there exists a natural transformation {Ac}cc« from F to GH.
If beside the above conditions (3) holds for 3, G and

(7) H is one-to-one from the ~ -equivalence classes in 'if with fixed range to those
in 3,

then also hc is one-to-one from FC to GHC.
If beside the above conditions alternatively (2) holds for 3, G and

(8) H is onto from the ~ -equivalence classes in T with fixed range C to those in
3 with range HC
and

(9) the inverse implication in (5) holds,
then hc is onto from FC to GHC.

Proof. (4) uniquely determines that Cd*# and D£3 for which FC—0 and
GD=<z> (if there are such objects). By (4) and (5) no Csatisfies FC"O0,
GHC—O0. If FC=0, hc is defined in the unique way.

Let now CE<§ FC, GHC” 0. Then by (1), (2), (3) the points of FC corre-
spond to the ~-equivalence classes for € with range C. A ~ -equivalence class
for 'if is mapped by H into a ~ -equivalence class for 3. In fact by (6) gis constant =
=> Hep is constant, and according to the above said D(Ftp)” 0 =>D(GH<p)” 0,
and (pl=(p2d=>Hcpl—(H(pA(Hdp). By Lemma 1 for 9x,qRin 3, qx~ P> (CpX) =
=v@(d. Hence by the mapping of the ~ -equivalence classes, for each C£”* H
induces a map hc:FC—GHC (explicitly hcli;f (3] =vG(Hep)).

We assert that for any (p:Cx-*C2 in 'if the following diagram commutes:

Ftp

fcl—— FC2

GH<p

GHCX— =~ GHC2

In fact, for FCX=0 this is evident. If however FCX3 0, then also the other
sets in the diagram are non-void. Let now c\3FC\, c2f FC2, (Ftp)(ct)=c2. Then
by (2) 3(px, (2in €, Hpt, Fop2are constant and have values cx, ¢2. By (3), (ppl~ep2.
Hence, by what has been said above, Hcpx and Hep2 are constant in 3, and
(HP)(HP)—H(P2. Thus by Lemma 1 VG[(HPYHPH]—GH(PI, ie. (*)
IGHeP)[VG(H(pD)]=vc (H(pd. By definition we have hC(c)=vG(H(p), hcfc 2=
=vGHpP). Hence (*) can be rewritten as (GH(p)[hCl(cD]=hcfc2), ie-
(GH(P)[NCI(cD\=h(F(p)(cD]. Since cxf FCX was arbitrary, this proves that
{hc}ci'i is a natural transformation.

Let now beside the above conditions (3) for 3, G and (7) hold. If gx, g2 are
in d, R((p) =R((p2, (x~(p2, then (7) assures Hepx~Hep2 and (3) for 3, G assures
vG(Hepp vG(Hep?). Thus hc is one-to-one.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1973



124 E. MAKAI, JR.

Let now beside the above conditions (2) for 3, Gand (s), (9) hold. Let FC=o .
Then by (99 GHC—O0, so hc is onto. Let FC?+0, so also GHC"0. Let
dEGHC. Then (2) for 3, G assures 3« in 3, vG(»=d. Further (8) assures sijj
in € H\I/~(p. Thus hc is onto.

Corollary. Let 45 3) be concrete categories with forgetful functors F, G. Let
VCf/F ¥cs FC 3 <p:C—C, F(cp) is constant, and has value ¢, and similarlyfor 3.
Let CtV, \FC\=1=>3C'€V, CVC, [HoT (C', C)*0o V|Hom(C, C)|>1] and
similarly for 3. Let H be a functor from 3? to 3, satisfying {3 C'C%, C'"C,
[Hom(C', C)’\OV|Hom(C,C'?|>I]}*=>{3T>'€", D'xHC, [Horn (£, HC)* 0o V
V|Hom {HC, D)\ =-1]}, and let H be one-to-one, onto from the constant maps
C -C for any'C€~" to the constant maps HC-*#HC (e.g. H is afull embedding,
and {3D f3, D'XHC, [Horn (D', HC)”* 0 V|Hom (HC, D")|>1]}=> there is an
HC', Cinstead of D' with the same properties). Then F and GH are naturally
isomorphic.

Lemma 2 is a generalisation of the statement at the beginning of the proof
of the Theorem in [5].

Proof of the Theorem. By Lemma 2, Corollary we have for any As Unif
a one-to-one onto map ix from the underlying set of X to that of i(X). For objects
X and maps ¢ denote by X' and <J the corresponding objects and maps in the
category of sets. Also by Lemma 2, Corollary for any map /:A —Y in Unif the
following diagram commutes:

xrr
I(Xyr~i(Y)'

X is a two-point discrete space iff \X'\—2, and [|Y'|=2, Y non-isomorphic to
A=»Hom (¥, A)|=2]. Hence A is a two-point discrete space iff i(X) is. Let {0, 1}
denote the two-point discrete space.

For any A3 Unif define the following relation on X': for x1,x2€X’
X1~ xxD {x 1=x 2V [xIXx2, 3f: X X, f'(x )=x2, f'(x)=x1, (XEX'x?*x1,x2=
=>f'(x)=Xx), N -a1)=bl, "g2:A-{0, I}, » -1(1)=bl]}. Thus

is carried over by ix to ~j(X). Evidently x1~xx2 x 1,x2 are not separated
by the uniformity of X. Hence i maps the subcategory HUnif onto itself, iso-
morphically.

i preserves extremal monomorphisms in HUnif, hence/ is a closed embedding
iff iif) is. For A3HUnif {f'(Y'"), f: Y—X is an extremal monomorphism in
HUnif} equals the system of all closed sets of X. Hence the map ix induces a homeo-
morphism of the topologies of X and i(X).

Compact T2 spaces have unique uniformities. Hence if A3HUnif is compact
(which holds iff r(A) is compact), ix induces an isomorphism ix of A to r(A).

For A3HUnif the uniformity weakly generated by all maps from A to compact
T2spaces of density s \X'\ is pX. Hence ix induces an isomorphism ofpX to pi(A).
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HUnif is proximally fine, i.e. VFEHUnif [HoT (X, Y)]'=[Horn (pX,pY)\
iff VI<EHUnIf [Horn (i(X), r(IN))]'= [How (/iCA), /2r(K))]r, ie. VI<EHUnif
[Hom(/(V), Y)]'=[Horn (pi(X), pYy\', which holds iff i(X) is proximally fine.
Further in this case the uniformity of X is the finest one on X' whose precompact
reflection is pX. Hence in this case r* induces an isomorphism ix of X to i(X).

Especially for metric uniform spaces X, ix induces an isomorphism ix of X
to i(X). Since i preserves products, for any product X of metric uniform spaces
ix induces an isomorphism ix of X to i(X).

i preserves copure monomorphisms in HUnif, hence/ is an embeddin iff i(f)
is. Every Xd HUnif can be embedded into a product of metric uniform spaces Y.
Then i(X) is embedded in i(Y), and ix induces an isomorphism ix of X to i(X).

Now we show that for any JFAUnif, ix induces an isomorphism ix of X to
r(V). Denote r0: Unif—HUnif the TO-reflection functor. We have (rOX)'=X"/~X.
Since (ix Xix)(~x)= ix induces a one-to-one onto map jx of (r0OX')' onto
(rai(X))\ and for every f:X-*Y in Unif the following diagram commutes:

(roxXy (ray)'
jx | 13y

(OIX)Y A A 5 (r0i(Y)y

Hence by the result already proved for HUnif we have that each jx induces an
isomorphism of rOX to r0i(X). Thus also ix induces an isomorphism ix of X to

i(X). Qed.

Remark. A related matter is the monadicity of the underlying set functor for
categories of algebras with any fixed type and for the category of compact T2 spaces
(cf. [6], VI and also [10]). It might be of interest to construct reasonable forgetful
functors for abstractly given categories  of algebras of given types (possibly ones
by which these categories actually become categories of algebras of some types).
A possibility is given by C—Hom(C,,, C) where COis a free algebra on one
generator, provided can be recovered from  cf. [7], 32.21,22 (this is done
in a special case at the beginning of the proof of the Theorem in [5]). Also for a
concrete category  of algebras of fixed type, with forgetful functor F, it might
be interesting to determine those isomorphisms i of  onto itself, for which Fi=F.
Of course it would suffice to consider free algebras and the operations on the
generators.

Using only parts of the proof we obtain the following

Corollary of the proof. Every isomorphism of the category ofproximity spaces,
separated proximity spaces or separated uniform spaces onto itself is of the form
given in the theorem.

Remarks. 1 It would be desirable to develop the proof of the theorem to a
characterisation of the categories in the theorem and the corollary, in the spirit
of the characterisations of the category of all topological spaces in [11], Example
4 and [12].
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2. Presumably the statements of the theorem and the corollary hold for any
full embedding instead of an isomorphism. (These statements for the separated
and for the general case are equivalent.)

A free ultraspace ([8], p. 540) is a topological space X, for which DczXaRD,
|A'\Dj =1 for some discrete space D. A topological space is Sx if its TO-reflection
is 7). Utilizing Lemma 2, Corollary and [8], Proposition 6 and Lemmas 5 and 6
(where in fact isomorphic representations of the given category of topological
spaces by more general categories are investigated; however the representation is
supposed to have the same underlying sets and the same functions as maps) and
in the second case constructing TO-reflections by maps into free ultraspaces in
stead of {0, 1} we obtain the following

Proposition. Every full embedding e of any category of topological spaces con-
taining all Tx spaces or of any category of S1-spaces containing all free ultraspaces
into the category of all topological spaces is of the form given in the theorem (i.e.
e is naturally isomorphic to the inclusion functor).

Utilizing Lemma 2, Corollary, [4], Theorem 4.5 (asserting that for any topolog-
ical space F whose underlying set is [0,1], if Horn ([0, 1], [0, I]) = Hom (F, F)
holds, then F=[0, 1], and the fact that any Tychonoff topology (these are not
assumed to be TO on a given set is determined by its continuous maps to [0, 1],
(and noting Horn ([0,1], X)= 0-e>X=0) we obtain the following

Proposition. Every full embedding e of any category € of Tychonoff spaces
which contains [0, 1] into the category of all Tychonoff spaces is of the form given
in the theorem.

Remark. The same can be said about the class R'$ of topological spaces,
whose Tgreflections are «f-regular (i.e. homeomorphic to subspaces of products
of spaces from S, cf. [3], 17.1), where S is any class of topological spaces (no separa-
tion axiom imposed), and any category <€ with R'S\  where each E”"S
is R'*-special (i.e. FER'S, f one-to-one, onto from the underlying set of E to that
of F, Horn (E, E)=f~1Horn (F, F)f imply /is a homeomorphism, cf. [4], p. 25).
Cf. also [8], proof of Proposition 5.

Remark. Proceeding on the lines of [8] one may ask whether the full embeddings
of Unif into the category with objects {X, W, where %c:2XxX, or (X, p), where p
is a cover of X (f is a map (X %)-»(X2,%) or (X1, pfH)-»(X2,p2 if
(/X 1)-1~2¢c ~i or f~lil.czlli) are given by the entourages or by the comple-
ments of the entourages, and by the uniform covers, respectively. If only pa22x
then another full embedding is given by \fU, dlcz2x, LUis a uniform cover on U di}.
Also if p is one of the two above mentioned families, {2*\*, Wdp} gives a full
embedding as well. Is there no other full embedding? One can ask the same ques-
tions for proximity spaces. Alternatively one can ask, whether all full embeddings
of the category of proximity spaces into the categories with objects (X, C), Y cz
c{(F, W), V, WczX} and with maps / for which or fT czi?,
are given by farness of el(F, W), s2(V, IV) — where (ex, €2 is a one-to-one map
defined by a formula containing unions and complements (e.g. et(V,
s2A(K W)=(V\W ) U(IU\F)) — or by nearness of Vand W, respectively. Analog-
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ously one may ask the full embeddings of Unif into the category of (X, p)-s, with
maps / characterised by //txc:/t2. One such embedding is given by the family of
all non-vanishing systems (i.e. systems {/)2}c2x, for which for each uniform cover
TV nSt(/4a, 0, cf. [2], p. 86). Is this the only one (for non-empty spaces)?

Remark added in proof (August 8, 1978). L. Marki has drawn my attention to
the fact that the question of determining all isomorphisms of a given category on-
to itself was considered also in the algebra. [14], Ch. 1, Exercises determine all iso-
morphisms of the categories of sets, small categories, partially ordered sets, abelian
groups, groups (although in this case | do not see how he disposed about the ’op-
posite group” functor), while [15] and [16] determine those of the categories of se-
migroups and 7?-algebras, commutative or not necessarily commutative, and with 1
oi not necessarily whith 1 (where R is a commutative integral domain with 1), res-
pectively. Related matter cf. in [1] too, (Introduction, § 5) about representation of
categories by quasiprimitive or primitive classes of algebras and about the diversity
of these representations. The case of primitive classes cf. [13] too.

For the last question of the paper another full embedding is given in [17] by
the family of all systems consisting of non-empty sets and containing arbitrarily
small sets (i.e. systems {Ax}c Ix, for which for each uniform cover w3Aa, 3IVEw,
AxUW). At this question it is natural to restrict ourselves to such p-s, for which
ss?={Aa}£p imply Ax" 0 - Namely otherwise p —p'LIp", where u'= {c/, 0 -sffp},
p"={n/, 0 £sdEp} and p' ahd p" give embeddings of Unif into this category; con-
versely if p' and p" give embeddings, and one of these is full, the p gives a full em-
bedding. Also we can suppose 0 $p.
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1. This paper is the third one in a series, the first two papers of which contain
five theorems on the distribution of summands in partitions of n (see [1], [2]). We
shall give a practical summary of these results in Section 3.

In what follows we are dealing with the statistical properties of the dimensions
of the irreducible representations (over the complex field) of S,, the symmetric
group on n letters. It is well-known that the number of pairwise non-equivalent
irreducible representations of S, is equal to the conjugacy class-number of S, and
it is p(n), the number of partitions of n. Let I'y, I's, ..., I',(, be the pairwise non-
equivalent irreducible representations of S, and let us denote by yx, the character
of I'y and by E the unit class of S,.

The irreducible representations of S, are closely connected with the partitions
of n by a theorem of FROBENIUS and SCHUR (see [3]). According to this theorem, the-
re is an appropriate one-to-one correspondence between the irreducible representati-
ons of S, and the partitions of » in the following way.

Let

n =AI+A2++AM
Mh=i=..=,=1

(1.1) : {

be a generic partition of n. Then for the corresponding irreducible representation I'

H (A'u_)'v+v*ﬂ)
(1.2) dim r" = XH(E) = n! 1§p<v's_nm

TG, +m—p)!
p=1

In this paper we prove the following

THEOREM V1. There are explicitly calculable positive constants ¢ and n, such

1
that for n=>n, and at least for (1 —71-) p(n) IT’s the inequality

(1.3) Ilog x,,(E)—log(l/n_!)+An! < c-n"®logtn
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holds with the constant A defined by

Ylogy
14 A dy +
a4 exp00-1 y
+|/1> 0 S 1 dx dy
log
1 1—exp (—x—y)
1
y+log l-exp(—x)
for which
(1.5) 0.02.

g
(See also Lemma 8.)

For other observations about the irreducible characters of Snwe refer to [1].

2. In order to estimate the dimensions given by (1.2), we need relatively precise
results about the value distribution of the summands in (1.1), at least for the
“middle” summands and for “almost all” partitions of n. We shall use the corollary
of Theorem Il (see [I]). This asserts that if the number of summands &J1 in (1.1)
is denoted by Si(n,n,A) then we have for

(2.1) Nlog« ™ AN o7 Yn\o% n—3j/nloglog n
the uniform estimation
(2.2) + 0g
1—exp 1—9%_
Yon
apart from
(2.3) cp(n)n~5/ilogn

exceptional I'Ts at most.

Throughout this paper c stands for explicitly calculable positive constants
not necessarily the same in different occurrences. The O and o-signs refer to
and the O-constants are explicitly calculable.

For the range (2.1) we shall need also the stronger form of the corollary of
Theorem | (see [1]) which follows immediately from Lemmas IV and V of [1]. This
asserts for the /Ts in (2.1) the uniform estimation

@24)  S{n,n,A)"} ~n\op,--- b +0 Hilogn
1—exp nA L exp nA
16nJ bn

for all but cp(n)n*54logn 77’s at most
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Owing to the relations

(25) Sj(n, N, A)S p
and
(2.6) Si(n, M, A+~ p -1

we can prove similar results for the A,s. Namely, we assert the
Lemma 1. For n>c, if a=a(n) is restricted by

_ 1 logn
@0 3 =a '2—|og'?ag'h'"6
then for
(2.8 - {og"n- a—= j/nloglogn =/j (y integer)
the relation
— /6 1

(2.9 A, =(1+0(n-1/4log0t2)+2n)) — /nlog

"exp(-?LU

Ao/ds uniformly in f with the exception of cp(n)n~&4log u partitions of n at most.
For the proof of this lemma we mention that owing to (2.7) the relation

(2.10) ulogHa — log n <(«+!)—+ loglogn

= ann log n—3in loglogn—1

holds for a>c. Thus we can apply (2.2) for these expressions, with the exception
of cp(n)n~&log n n ’s at most, as follows.

SAn,n 6 n (]]— 1+ 0 lo L
M ok 9 l-eper<a+y)
) Y6
> tl_loaﬁ)l_l Yn\og (logat+l n) a~ ynloglogn + 1

for n>c. This gives that

m n , . 6 \In
X"".oglogn+l~ N 10ga+1«'

Further,

si(n,n,(« +i)tf tiiogiog») - ("+o (i"r)) v 3"losi-iog-<««>»"

x4 A 108(L+ [Vi~rr]
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for n>c. This gives that

J\/IB -
(2.12) A75 » I <(«+ )W "logl°g"-
LT la*nj

(2.11) and (2.12) yield that for pCL (p integer) the relation

(233) K- (*“+1)T ~ loglogn
holds uniformly in /, for all but cp(n)n %4logn partitions of n at most.

Taking into consideration (2.10) we can apply (2.4) for N=A, and A—A,+ 1.
With the abbreviation

(2.19)
we get (using (2.5) and (2.6)) the inequalities
P LUSi(n, M, AQ) —

Y6 r 1 ;0 V'nlogn
n el-exp(-x0A ! exp (xOAn)- i

pf H-S™n, 1, A+l) >

and

un. |fnloéz X X O 1)) C]lf‘E'X'p'(XSO(A,,+ 1)-1
_ l-exp(-x0)
= /n|°9'11'3'63<"5¥_>_((_)x3 exp(x0A,)-1 )
Ynlogn 1
- 4 exp (x0A,)-1 1—exp(—x0A)
1 1/ Ynlogn

exp (x0A)—1L  f exp(x0A,,)-I
Owing to (2.13) and (2.10) we have

1 n Yn\o%n
exp (x0A)- 1 ' Cf exp(x0A)-1

thus we get the relation

'nlogn

(2.15) P= S 1O TRy ™©  exp(x0A,)-I

-exp
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which holds uniformly in Ix with the exception of cp(n)n~&ilog n M’s at most. In

order to invert this relation we investigate the quotient

1/ jnlogn
voexp (XpAm—1  def
1 M

fnlog 1-exp(-n:0A)
for the 2,’s in (2.13).

First let

(SHII A" @@+ |13

Then

M-y Eﬁfex!)% 31 XD (<A) A CYI™ G exp (<J1) -

iSc If/ ; exp ((a+ 1) log log n) =cn~14log(@2)+1n.
n

Next let
(6 W
nlog*~-nn1°~ ~ ra(=ry-
Then
logn
c- cn Ldlog@R+1n.
19 yo18

Thus we got from (2.15)
p= £I+0(n~ll4log<a/2)+1n),)F j/inlogz------- -

Finally, owing to (2.7) having

(2.16) n dlog<f2>+1n ~ log 2n,
we got the relation

Y6,
(2.17) A= ImIog 1 explx0i(1+0(n_1/4log@2)+ n)}

which holds uniformly in Ix apart from cp(ri)n~s/i logn /7°s at most.
Moreover, using (2.16), we have in Ix

/in~3/4log<s/2>t1n = 0(log_1n),
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therefore,
1—exp {—xOn (1 + O(n- 1/4log*“2 +1n))}
log I-ex p (-x 0ju)
1—exp{0(pn~3*log(“/2+1 W)} O(pn ~34189€T2}A) 1
= log(1+ exp (x0p ) - | )= 1001 exp X1/ ~

= log A1+0 (n~14exp (—x0uy) log(¥/2)+1n) 1—ex)r§(2p qu))l

We investigate the factor

XOfl
£Lb
1-exp ( Xq9
For
16 lff—"ﬂ _ 2_ :f1r( 21
n log“n VT Xq
we have
_ XOliexp(x0fi) .
= exp(x0)—1 Lexp(x0/i) H5e2
and for
\l/x_:) 2M8 vn<n = a)™n loglog n
0 7
we get

x0n o
S l-exp(-2) CW = caloglogn Lclogn.

These estimations give with (2.17) and (2.16) that

_ ¥6 [-.  1—exp{—xQu(l +0(n-1/4logd2)+1n))}
A=y Mo gy T 09T I exp (X0

= Ynlo .
“n 9T exp(—x0u)

= — Yn\Iog ————————————————— + O(n~14log(“f2)+2n) exp (H(O/I)J

7i ( -exp(-Xo
= (L+ (- w log<"*m)~  log

holds uniformly in ILapart from cp(s)n~54logn ff’s at most. This proves Lemma 1
In order to make a later estimation easier we mention the

Lemma 2. For n>c, if a=cc(n) is restricted by

_ .1 logn
(2.18) 3=&= 4 Joglog s
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then for

life ¥n def .
(2.19) AFU=TIAS L 2a—n—)’nloglogn [, in integer)
the relation

- 16 1
(2.20) = (14-0(n-1/4loga+2n))— («log

" 1—exp' —°°
16«

holds uniformly in /2 with the exception of cp(n)n~5/i log n partitions of n at most.

Lemma 2 is an immediate consequence of Lemma 1 Namely, for the a’s in
(2.18) 2a satisfies (2.7) and Lemma 1 yields (2.20) owing to 4(a)c:/1(2a).

3. Though the applications require good error terms for different choices of
a=a(u), we mention the following consequence of Lemma 1 (by maximal a) which
is interesting in itself too and can be considered a natural and practical summary
of our results in Part | (cf. [1], Theorem II).

Coroltary 1. With the restriction

31) log6 S i SO
the relation
(32) &= (1l+obl )

holds uniformly with the exception of cp(n)n~5*log n partitions of n at most.

For the sake of completeness we give a practical summary of our results in
Part Il (cf. [2], Theorem V). Following the way of Lemma 1 but using also Theo-
rems V and IV (see [2]) one can get easily for the complementary ranges of (3.1) the

Corollary 2.

a) If co(ri)/°° arbitrarily slowly and
(3.3) . I"log n—5¥xdog logun ~ p = ] I%log« —Ynco(n)

then the relation

holdsfor almost all partitions of n, i.e. with the exception of o(p(n)) fl’s at most.
b) If B{n)/ o arbitrarily slowly and

(3.5) Bin) = ji —log6«
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then the relation

(3.6) A Anlogn—— flogp +0{"*n log")

holds for almost all partitions of n.
c) If co(ri)/°° arbitrarily slowly and

(3.7) 1 ~C
then the relation
N
(3.8) 2?1 fn\og n+0(Yn co(n))

holds for almost all partitions of n.

4, We shall need upper estimations for ~and m (see (1.1)) with the exception of
0(p(n)) exp (—clogn) I'fs at most. (Theorem IV gave it for T=1(M) with an
exceptional set of measure O(p (n)) exp (—eo(n1)) by the condition co(n)=o(logn).)

Now we assert the

Lemma 3. If B=R(n) is restricted by

fn

(4.1)

2/6 logn 2
then the relations
(4.2) A (1+2R)Mn\ogn
and
(4.3) m A~ (1+2R) - yfilogn
hold with the exception of O(p(n)en I1’s at most.

Owing to the associate partitions it is enough to prove (4.2). In order to
estimate the number of the exceptional s, let

(1 +2B)~in\og nj+ 1.

The number of # ’swith f =j, F~j*n- 1 is at most p(n—). Hence, the number
of the exceptional M’s is

P(n~j)+1= 1+2 P(0-

j =F =1}

Using the partition formula

P = (140(1)) exp |/|
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of Hardy and Ramanujan (see [4]) we get

m-F n-f 1 (7nA
H- 2 p(O-c+c2 ;ex (V6 LIJI,

sc+c /M lepZaw\dx s,
1 =0

scH—;I'f'/I_F—:ep(ll’\-yn-FHJ.
Owing to (4.1) we have
n-F+1E -
thus
C+ -J=- c m— exp W-F+1) N
‘n-F+1 (j/6 J

- ep(m)\;n "'— e><|0{—)/6(>’H- yn- F+1)3s

[@+28) fnlogn

n
a cp(n) yTiexp Y6 yweyuF+l - o@mn=B.

Q.e.d.

Choosing =2 in Lemma 3 we get the
Lemma 4. The inequalities
4.4 A= 5-j~- |/lilogn
and

Y6 /-
(4.5) m = 551 ynlogn

hold with the exception of O(p(n)n 2 FTs at most.
5. The simple observations
m m—l7, iw :
I'Ih" M A +v-g)=ffA,I. ﬁ "f - /P_l '|'n|—p)l
15/i<vsm j=1 /1=1 iy J

and

1
v A+ 1 1 (for /i< v)
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give for Xn(E) (see (1.2)) the alternative representations

n! ., A,—Av-{-v—p
(51) Xn(E) /21.\1| Aimt: 1S 1K IH_IS A,+ V-/i

n! |
A AP - I"fi%\/‘mlogl

A+ v-jU
Using Stirling’s formula we get

n!
log

{m m m 1 ™
i? A,,Iog/—\,,-,zle"'ﬂ T2 1°gA (t+ T2 IogZ7r+19 (ﬂ. a.)}

=nlogn+0(logn)—2 A.,log A, +0(mlogXJ+Qim).
gn+0(logn) 2 )

Now, Lemma 4 gives that apart from O(p{n)n~2 ff’s at most we have

a.,a7~ 8 ,= expjﬂ log Il - A'|09A'+O(fa|092n)| =

= exp|d Nlog n+ ﬁ:' K log fa - I-I%—lK log A, +0(y «log2u)[ =

= faiexpid-n—2 K log2~---o0 ([/7ilog2«)} =
[z n¥Ei \n J

= Jfn\exp +log-"L-jn—a A , 1 o g O() «log2n)J.
This relation gives with (5.1) the fundamental
Lemma 5. With the notation (1.1) we have

(5.2) Xn(E) = I/~ texpfiy + log-~)n—2 K [0o§f=~
(Az

\ 6> n=1 f6n

ioq- -+0(falog?
rivdm 9, A, +0(falog2n
K+v-p

with the exception of O(p(n)n 2 fl's at most.
6. Next we are going to investigate the sum
m m

6.3 HL Y
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Let oc=oc(n) be restricted by
(6.2) 3a.a J2 Ioéqggn -6.
Then from Lemma 1 we get

1
(6.3) 6, f- 1 —c M 0g-mmmemmmmv y A—

n y,\
V*"loglog"] 1—exp i— il a-n—\ nlog log |])

AN ocin exp I_izféﬁ a— l«loglogn = cymlog~“n
(6.4): apartfrom cp{ri)n H4log« fl's at most.

Owing to (6.3) and Lemma 4 we get trivial estimates for two part sums of
(6.1) beside (6.4), as follows.

2 Arlog"ZE = 0(m)0(ymiog~*n)0(logn) = 0(nlog2 an),
W Y6
a— V6loglog m
p integer

ft A"Iog\—?’ —0(1 «log &)O(ADO(logn) = 0(n log2-*n).
n

log- *«
p integer

Hence, with the notations of Lemma 1, we have beside (6.2) and (6.4)

« 1jl
(6.5) A logh:i= 2
n=i yon  Hai
p integer

72
A,log”+0(nlog2“n).
n

Hereafter, summations over p refer to integer values of p. We have to inves-
tigate the sum

2 K'»s ék
fen yon
Using again the abbreviation

Lemma 1 gives for p~f beside (6.2) and (6.4)

181 =104 +0<»-,"*°s,w I»)I°sr*"5T "~)} =

log Iog—jl—_e’;( /F; — )2(68 + <A(~14log<l/Z>+2n).
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From this (using again Lemma 1) we get

1
lo w%l A]O 1°8 2 , - \ogik* =
II€JJK e 974 oxpt xoM) u€/! X0 09! "

16
=JO+0t.-"MogW ..))— W»l°ta- H . p '°8°gi., >K >| +
+0(n34log@2+2n). (2 _Xu"n.)
pE/i
Here

Y6 1
N 2= R
0(n_1/4log<<'9l2)+2n)Hih 1 y«log 1-exp ( x0/0 log log 1-exp (-x 00

A
= 0(n_1/4log("D)+21) I—%h 0(ABf log v O(n~1/4log(a?2) +2n)l =

= O(n_14log(+2n) H2iII 0(A,,)O(logn) = 0(n3,i log(a/2)+3n).

Introducing the notations

(6.7) /(0 = "7£ Y<<|Ogl—
and

(6.8 F(@)= 2 m
we have beside (6.2) and (6.4)

2 ABlog —”%A F(a)+ 0 (n 3/i log@2)+3n)
ybn

endy AR08 g o oy (0

niii
ie. (by (6.5))
(6.9) 2 x lo %‘M = F(a) + 0(n34log (@2 +3n) +0(n log2-“n).
et
16 ﬂ,rq°e1_ ex% (-2).
(6.10) Y I__I
T Y999 1_exp (—exp (1)’
h- 22 ydag
(6.11) (N —[L, 1D,
ts= a— y«loglog n
For t>0
_ 1 ) exp(-1)__
/40 = exp (x00 —1 log 1

log 1—exp(—*,,0
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and we have obviously

(6.12) /(i) >0 if and only if 0< t< t0,
(6.13) f'(t) >0 if and only if t> ij(> t0> 0)
and

(6.14) 0</(/2 S c(«log2”h,

(6.15) -cfn <0

Using Euler—Maclaurin’s formula and (6.10)—(6.15) it is easy to see that

F@ = 2f(R)= f f(t) dt+0(]fn log2n).
t.
Substituting

1
Y= log 1-exp (- x0t)

we get
s Ic'gl_-exp(»log-“n)
(6.16) m = f e_x}SK/}?‘Ll dy + 0 (/« log2«).
log 1—og-*n
But
191 _jog-*n , 1081-log~%n I «\
I d d
I el . ) Toeeyna¥
2log- *n l
J log—dy S. clogl-1«
and
0 / Ylogy dy [ Ylogy I——e—)—(—g—(—_—yz—rdy

exp (y)—1 2 oSlogN

IoQI-exp(-Iog»en) (>aloglogn)

sc J' y(y—Dexp(—y)dy » clog2-“«,

faloglogn

thus we get from (6.16)
(6.17) F@=1"1/"~)-1 dy+0(rtlog2'“n).

Finally (6.17) and (6.9) give that the relation

I eXp7x)- 1 dy+0(n3ilog(l/2+3 «) + 0(n|log2-« «)

holds beside (6.2) and (6.4).
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Choosing

(6.18) 1 log«

"6 log logun
the condition (6.2) is fulfilled for n=»c and
0(«3/4log<d2>+3n)+0(n log2-*n) = 0(«56log3n).
Thus we have proved the
Lemma 6. The relation

,6/19> i vos7rik =1" M t ~ +0,"Wlog’")
AoAls apart from cp(n)n~s,i logn TTs at most.
7. Now we are going to investigate the more intricate sum

(7.1) 5(1) ™' L 2 log-
K+ V-p
in a similar way. We have obviously
m—1 m—h
7.2 =
(72 =121 &1 1007 g
h+d

Hereafter, summations over h or d refer to their integer values. Empty sums
are to be considered zero.

Let a=ot(«) be restricted by

. 1 log«
36 an -

(7.3) 4 log log« 3.
Thus both Lemmas 1 and 2 will be applicable in Ix and 12, resp. In order to
reduce the investigation to the case A ddf (h+d£12 we have to estimate the con-
tribution of the “outer” terms.

Let first
7.4 2 log- 1
74 [ELISdST-A 0, A
d<————|—ynlog—*n K+d
Owing to
(75) oh+i_ A 1
Yy X+d - Fh+l - A+1

using also Lemma 4 we get
Sx= 0(m)O0(in\og~Kkn) log (Aj-t-1) = 0(n log2-1 n)
apart from O(p(ri)n~2 J1’s at most.
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Next let
(7.6) S2= 2 log-

e e onean Yymag-anam o A3

Using again (7.5) and Lemma 4 we get
S2= 0(V7ilog_1n)0(m)log(Al+ 1) = 0{n log2-1 n)

apart from tO(p(ri)n 2 M’s at most.

Now le

(7.7) ! log-
'}g"rTOQ-“n“hﬂm —1a >6&f"lloglogn«i"m—h 11 Qh++g

. g -

Owing to d>a—?l«log logn we have
U cf«log-“«
['e T loglog nj

by Lemma 1
(7.8): apartfrom cp(«)n-5/4logn 1J's at most.

Thus we have

h+«d ,h _1
(79) h-fd d 2
for «>c¢ and
id
0< log- log Id- d
_ “hHd 1 4 -
1
h +d d

Hence, using again Lemma 4

~3 = O(m) m4 = 0(w)o(/«iog-all) 2

a

= O(«log2-“«)

a-— ymglogn<d" | S-LG)"ﬁloglogn«l"m

beside (7.8).
Defining Aj=0 for y>«i we investigate

(7.10) S«= 2 loi-
a—y—l >/n_log log n-cft"m —1 l-

Owing to A>a/—fl V«loglog« we have

h —cYnlog *n

143
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by Lemma 1 beside (7.8), further from

0= Al
T d+d A+
we get
0 log !
1 hied
AMog”Ml+n-j <Y = -i-0(Vni°g zn),
therefore,

S4=0(m)0(y7ilog-“w) 2 ~ = 0(nlos2~xn).
tzh «

From the estimations of the sums Slt S2, S3, S4 we get the fundamental
relation

(7.11) S= h2|I! %e/! l0S------ 1-—-—- +0(n log2-®x)

beside (7.3) and (7.8). Here,
(7.12) fi,d, h-\-d£12

follows from /r, d*A and we can use (2.20) beside (7.3) and (7.8).
We shall apply (2.20) for u—h and p=h+d. (h, d(E/i). Thus we have

(7.13) AMO+CHn-*og**2»
where
(7.14) r=Lhog ?

- exp(" LW

(beside (7.3) and (7.8)).
Hereafter we use the restriction

« 1 logn 2
(7.15) 3=aA 8 log log n
which is stronger than (7.3).
Thus for h, df Il we get

N
1- :f::j (uftr | —ARHA) (A pF) O
- I i+ -
'Ogl_ A+ 9 d+ A—xXd
A+d

= log(1+7 0(n dlog3+2n)™ H'(1+1i+d")) =
= log M+ 0 (n~Y4logl+2n)j = ~ -0 (n - Ydlogl+2n) = -~-0(nL/4og*+3n)

Acia Mathematica Academiae Scientiarum Hungaricae 32, 1978
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owing to (7.15), and (for n=x»c)
K+d = Oi—n Fwloglogn, "&+ = 0(log*+1n)
(from /z+ <752—n n\og~*n and d/\-’r\{ /«Iog""«% and

A -0 (n-14log*+2n) = 0(log-4n).
Thus we have
a1t 91 24d T HeNGeii O] ed
K+d KTd
+ h2eti§éi! —E{O (n14ioga+3n).
Here,

2 2 -r =0(afnloglog«)O(log n) = O(¥Ynlog2n)

he/r dei! a

and we get from (7.11) the relation

(7.16) 5= 2 %glog ————— y*— + 0O (n3lilogx+t5n)+0(n log2_alj)
he/t <€, 1 “An+d

K+d
beside (7.15) and (7.8).

8. In order to substitute the sums in (7.16) by integrals let us investigate the
sum

K+d

for fixed h Z | (The O-constants will be independent of h too.)
Let

8.1) fh(d) = log-—---
1
K+d

It follows from (7.14) that fh(d) is positive and monotonically decreasing in d.
Thus we have

(8-2) 2fn(d)= f 1 h(y)dy + O(fn(d0)
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I/6
where d0=— WVnlog-1n. Using also (7.13) we get (beside (7.15) and (7.8))

0 Slog— A =log(l+f )=
K+d0
further,
*%/!LU 0) = »Zenl\«o =0 \ZIV = O(~log-n) = 0(n3/4loga+5n).

Thus we get from (7.16) and (8.2) the relation

1 .
(8.3) *%y! g . %er dy +0(n3,i loga+5n) + 0(n log2-*«)

beside (7.15) and (7.8).
Next we investigate the sum

2 log------ Ar—
€0 "1 2%+y

for fixed j€/i. (The O-constants will be independent of y too.)
Let

gy(h) = log------ - _

Using (7.13)—(7.14) and Lemma 4 we get (beside (7.15) and (7.8)) for h,y"Ix

8.4) 0-c g (h) 8log-—-- = Iog(l+42/=- 7 =\o (fn log«),
yJ Yy Yy
. K+y
further for x, y£Ji
d 1 -1 - 1
dxg X$—rry+Y m (n(x+y) ! op |
lexpi vto ) M
therefore, ;
2 1 2
(8.5) dx 8y{ ) Yy [nx) ° Yy X
expbl -
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Using Euler—Maclaurin’s formula and (8.4)—(8.5) it is easy to see that

= f gyxx)dx+ 0 (fnlogn)~-.

Owing to (8.3) and y

Jo{in\ogn) j-dy = 0(fﬂ|092n) = 0(n3/4loga+5n)
we have proved the relation

(8.6) S= \] J log------ S dxdy + O(n3/4log“+5n) + 0(nlog2 _‘“n)

i.e. (by trivial substitutions)

aloglogn aloglogn

(8.7) mixdy +

_Iog 1—exp(—x—y)

*
log~an log-atl

I
y+ IOg'1—exp (—x)
+ O(n34log“+5n) + O(n log2-“ri)
beside (7.15) and (7.8).
9. Next we extend the integrals in (8.7). For x,y>0 let

1
(9.1) f(x,y) = log- 1
log
1 l-exp(—x-y)
o 1
y+log 1—exp (—X)
Owing to
fix,y)< logm 1 1
log
1 1—exp (—x —y)

1
Y100 1 exp(-x-y)
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the following inequalities hold obviously for x,y>0.

9.2) 0</(»,,)-log(l+1 logT— | — T,
9.3) 0 <fix, y)< — l—exp(—x—y)
(9.4) 0</(X, ¥) < 7|o@,-1_eXpH().

Using (9.4) and the substitution

_ 1
u= log 1—exp (—X)
we get
log_aH i f<
o< f fix,y)dxs m fv exp(n)—ldus
R rT TR
_|.0
—ai f MeEXp( lf'-)-rd ur sy uexp(—u’)du"ilogl—'*m
37&|Og|OQA-AP| “) aloglogn Yy
and
, |08r—'ﬂog7an
0< [ fix,y)dx » — J du =
aloglogn y) EXp (M)_l
_J_i.loe _______ i g L _
y og a 'y log-1In.
Since

aloglogn I
Oogl ™M 4 — CHiogl “n)0(log(log*+1n) = 0(log2_*n)
I,Og'fal'l y
we get from (8.7) the relation
aloglogn
(9.5) S=—n J [Jf(x, y)dx} dy+QOin3,ilogx+5n) +0in log2-2«)
0

log-“n

beside (9.1), (7.15) and (7.8).

Using (9.3) and
"
2" exP Ia—l

exp (u)—1 exp (m
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we get similarly

0</}(*, y1(?dxd1 fexp@x -y) dx
e " 4 Ly
7 1 log 1—exp (=) dx = I ] axp ) —C " —§P (—=
Consequently,
o< |/ y)dx)dy » 4 f —exp(-y)dy
aloglog« 0 alog log«

a log |ogn_arogjognexlO (—y) dy = clog-ati.

Finally, using (9.2) and (for arbitrary integer Ké 3 and for w>0)

w.
K exp i-") -1 ..
9.7) 1 _exp(_w) SHeXPW) expw)- -~ « P ()
we get
0</ fix, y> B/ log(l+1log,.exp(7 -J =
= /log (I+d1°8j- dyp(-x)) dx =
108 1-exp(-y) vt 10g I-exp(-)i) J
exp (u)—1
M(y) W q
-1 1epw) " =108(1+7))
where
(98) M(y) = |ég(il+—|09 ;j_:_;_xp(_y)_z .
But from (9.7) and (9.8)
M(y)
xp (M (y))
\O
exp (y "°8 1—exp(—))
1fK

7|®(1+7)) “KTK) e
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Thus we have (for Ks3)
10g~*H log- *« /I n \2IK

0< ¢ (foof(x, yydxdy< £ [WN-] dy=
0 0 0 vyY

= ——log-*n)1(i/K) s 3K2(log 1n)log2" ns 3Aflog- *n)exp

I-T
(from (7.15)). Choosing

K—[logn]+1 S 3 (for n=¢)
we get

log-*n 00
0 <3 [ff(x,y)dx)dyrclog2~in,
0 0

In view of (9.5) we have proved the relation

n 00 00

(9.9) 5=« .(]) Ef(x,y)dxdy +0(n3,ilog*+lin) +0(n\og2-*n)
n-...

beside (9.1), (7.15) and (7.8).
Choosing
1 logs
a 8 loglogn

(7.15) s fulfilled for n>c and we have
0(tidfilog*5n)+0(n log2-1«) = 0(n7/8log4n).
Thus we have proved the
Lemma 7. With the notations of (7.1) and (9.1) the relation

(9.10) S(T1) =—nf f f(x,y)dxdy-\-0{nv*\og2n)
o0

n

holds apart from cp(n)n~bjilogn n's at most.
10. In view of Lemmas 5 6, 7 and (for n>c)
cp(n)n~6*logn< p(n)

we have proved Theorem VI apart from the estimation (1.5).
Let

(10.3 J A~ f !log 1 edx dy.

1- _Iog 1—exp (—x —y)

1
V+ log 1—exp (—x)
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We have proved the relation (1.3) with the constant A defined by (1.4). Thus
we have

10.2 N = iog-~"+A /
(10.2) 2 gtfﬂ "9 yexﬁf

and we have to prove the inequality
A M-z 0.02.

)gy Jv |-

To determine the integral
Ylog Y
é exp(y)-I

we shall need two well-known relations.
Let y denote Euler’s constant. Then we have for x=»-0

dy

r(x) r 1—x1 ,
(10.3) r(x) +y=f ~ T T dt>
in particular,
(10.4) r'e) = (1-y)r(2) = 1-y.

Next, we have for Re s=~I|

(10.5)
consequently,
(10.6) mr(sy=f~ L & u

Applying (10.6) with s=2 and using (10.4) we get

(10.7) Jre)?;'zgffl dy = C@r'@+(r(2) =
2 Vv
and we have
A =8 f ~logy K 1
(10.8 ="2p - 22 %T+—11 lM-log Ye-')}
Using (10.1) it is easy to see that
IogI exp(lx y)
10. + - ) o .
(10.9) J~f flog ! o ©XP 0)-6%P (%) dxdy
1—exp (—X)

Easy calculations][show the validity of the following assertions.
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Let for x,y>0

1
log 1—exp (—x —Y)

r=m

w (]1)-exp(-r) ’
(10.10 & l—exp(—)
s= log exp (y) —exp(—x)

1—exp(—x)
Then r,j=-0. Let for r,s>0

(10.11) adet, l-exp (-sn{l- exp(-9)}

9- log—1l-cxp(—s)— -u
1
(10.12) HY, 8)= 100 1 exp (—sr){L—exp (—9)} *
Then T
™= (or,
w01 ((r. )

[y = Hr, s)

establishes a one-to-one correspondence between the open quarter-planes {r, ,y>0}
and {x, y=-0}. Further cp(r,s) and ¢(r, s) have continuous partial derivatives and

dop dop
dr ds
q TP (=) 1—exp (—sr) 1—exp (—sr)(1 —exp(—s)}
dr ds
Thus we have (from (10.9))
(10.14)

r 1 ! N
J= d’7 d’7 logf1+1)s-exR (=835 on) " Taxp (ar) Hiaxp(=sfpddsd”

From (10.14) one can get easily

(10.15) J= 2 [/ log@-fr) (/ seexp (—vsr){1-(1 —exp(—s))I-1}ds] dr =
=20 1 . 0

© V-2

=2 kz_ 6"Iog @+ (/°s -exp (—s(vr+ ) (I —exp (—s))kdsj dr.
v=2 K—0
We remark that here

(10.16) [ log(l+r)(/s-exp(—s(vr+ 1))(1—exp(—s))fads]dr & O.
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It follows from (10.15) that

_ log(l+r) _
(10.17) I= Vio B0 1o vt/ 0J (vr+ Z+1)2 an\ =

y Vif 4ffc)  ylogv—og(l+1)1
\é 2 vi,éoudl ; v-(z+i) j

and from (10.16) that here

(uns)

7 =0 11 v-(/+1)
Continuing (10.17),

y vy l[f ffcfr IVbgv-1°g (1+1)]

éo VIr+2 V V—(Z+1)
V llogy | v 1/logy logy-1Qg.2)
v=2-v v- 1 v=3 V lv-1 v-2 ]
N yljlogw 2(logv—og2) logv—og3
v=4 Viv—1 v—2 v—3
. . -log(/+1)
K|=3 v=|t+a Vot i = v—(i+1)

° | A 4  (I41log2- 52'°s3)" : 1 vx»(v-i)'1% (v-3)

if y if y{k)( [Vlogv~ |Og("+l)1
A V=2 V[EoYIT °  T-(Z+1) -

Thus we get from (10.8) the
Lemma 8. For the constant A in Theorem VI we have

1019) A=~"14(w110g2- 521093 Ffy- -1t log—)+

logv
16 Zppv—i)(v—2)v—3) " s visray 1 &L L DO oy MUY
11. It follows from Lemma 8 and (10.18) that

<" 4=.A (_L(141l0og2_5210g3 ) -~ (,-~+1 IQy™)}.
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Using (11.1) and y=0.577 215664 9... further "6-= 1.644 934 066 8... we get

112 A v 002,

Thus Theorem VI is completely proved.
12. We mentioned the very risky conjecture (2.3) in [1] that the relation

In{E) = Y"lexp(-Tn+/11Mwlog2n+/121/«logn+0(V'nloglog n))

holds with suitable constants Al and /12 for almost all U’s. This relation would
be near the best possible since P. Erdés proved (oral communication) that the
relation

1°8*»<£)-8«+0(|EY ,

cannot be true for almost all partitions of n. We sketch his proof here.

From the estimations in Section 11 of [2] it is easy to see that for arbitrary
fixed positive constant ¢ there exists a positive constant ¢' such that for c'p(n) parti-
tions of n at least the inequality

(12.9 SAn,n,\)~cfn

holds, i.e. these partitions of n contain 1as summand [c/n]-times at least. Omitting

of the I’s and increasing Axto JT+ [c)/a] in the partitions in question we get
c'p(n) “new” partitions of n at least with the property

(12.2) Aj-J.stctfi].

Now, let us suppose that there exist a function g(«) and a positive constant c0
such that the relation

(12.3) llogZn(£)-g(«)|ScOijL-

holds for almost all partitions of n. Choosing

(12.4) c=20fa,
the relations (12.2), (12.3) and
(12.5) Aj-t-m ~ 5f7ilog«  (and m > 2)

hold simultaneously for (c'—o(l))p(n) partitions of n at least. For each partition
M from these ones we construct a partition M" by

ai= Ai_ [t ], ai = a3, ..., a; = al.
(Here the inequality A”Aj holds owing to (12.2).) It is easy to see that — for
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W

xwie) _(,_ ) il It AL« 1

Xn(E) XE-Xi+ 1)y (ALA,+v-1)(A2-A,4-v-2)J"

il A+m—=2+r)’
Using (12.2) and (12.5) we get

Xn(E) 1 forl 1.
Xa(E) —2fc4 Ir=il A—2k+m-—2+r) ~

A L |1J|+le_ | flt o

m 2fc+H  -40lognJ
Consequently, for n>n0 we have the inequalities

o Xn'(E) N _
g Xn(E) ~ 10logh Uog2nJ 100 logm Ologn ’
i.e. (by (12.3))

log Xn (E) * g(n) + SCOIOgn .

Therefore, for (c'~o(l))p(n) partitions /7' of n at least the inequality

log Xw (E) —g(n) si 3COIOgn

holds in contradiction with the relation (12.3) of type “almost all”.
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AN EXTREMAL PROBLEM FOR 3-GRAPHS

By
P. FRANKL (Budapest)

1 Introduction. Let X be a finite set of cardinality n. Let k, I, i be integers,
i<k<n, 172. Let 3F be a family of ~-subsets of X such that there are no | members
Fi, ..., Ftof  which form a 4-system having a kernel of cardinality i, i.e. F1C\F2=
=F,f)Fs for 1 and |FINFA—. Letfin, |, i, k) denote the maximum
possible cardinality of SF. This function was introduced by Duke and Erdds. In
this terminology the Erdss—K0—Rado theorem (see [3]) states that for n”2k

fin, 2,0, k)= [i. A recent result of the present author (see [4]) can be restated
as f(n,2, LAa=" 2~ fr ~—4, n>n0Kk). Duke and Erdss [2] proved

fin, I, 1, k)<c(k, /)~ 2" where c(k, I) is a constant depending on k and / only.

In the case k=3 they observed f(n, I, 1, 3)=/(/—1)(n—21) for odd values of /,
and f{n, I, 1, 3)s(/-1)2(«-2(/-1)) if / is even. This latter estimation can be

improved to fin, I, 1, 3)s/A/—"-j(n—2/+1). To prove this or the lower bound

for odd values of / let us make the following construction. Let Y be a subset of X,
and let & be an ordinary 2-graph on Y, which has maximal degree less than /, and
contains at most /—1 independent edges. Let us define »# ={EUX\E is an edge
of H, xEX—F}. It is not hard to see that 3  satisfies the assumptions. In the case
of even values of / we can take ¥ to be a graph on 2/—1 vertices and with degree-
sequence /—1,/—1, ...,/—1,1—2. For odd values of I, let <8 be the disjoint union
of two copies of the complete graph on / vertices. Duke and Erdds conjectured that
fin, 3, 1, 3)= 6(s—6)+ 2. The aim of this paper is to prove the following

Theorem.

(1) fin, I, 1,3)<j /(/-V)«
andfor «a 54
(2 fin, 3, L,3)= 6(n—6)+2

2. The proof of the results. Let us define the following family of pairs °f sets.
3i={E> x)\xEX, DezX, \D\=2, (D UXx)", there are at least 2/—1 different
members of 3F containing D}. Let be the family of those members of  which
cannot be obtained as & union of the form D{Jx, where (D, X)E(A. It is clear
from the definitions that the following inequality holds:

(3) 3R s \9\ +\3F

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



158 P. FRANKL

Let us define further for any element x of X:
XK= {F-x\xt&, Ft?*}, <X= {D\(D, x}e<2>}.

Then both of these families are ordinary 2-graphs. Let us state some properties
of them.

Lemma 1. Neither §Xnor <8 contains more than /—1 independent edges. The
maximum degree of 8Xis at most 2(/-1), and that of ¥* is at most /—L

Proof. The first statement is evident. To prove the second let y be a vertex
of & of maximal degree, let zIt z2, ...,z, be the vertices which are adjacent to it.

If s”"21—1 then we should have ({x\y}, zt)(iQ} for contradicting
{x,y,z"SF*. Let nowy be a vertex of maximal degree in 4X, and let zx, z2, z,
be the vertices which are adjacent to y. Suppose that tsl. As for i=lI, ...,/

({y,z;}x)€S>, and | (J{y,z,})-{y,z}=/—1 we can assign an /-element set

to each of the z;’s such that this set is disjoint to j {y,zfj, and for any element
=1

y; of it {y, zf,yjc”. Consequently, using the _ariage principle, we can find
elements x1,x2,...,x, suchthat {y,z,xj€" for /=1,2,...,/, and these sets
form a d-system with kernel {y}. This contradiction completes the proof of the
lemma.

Corollary 1.

1) if I is odd

For a proof cf. Sauer [5], and Abbott—Hanson—Sauer [1], respectively.
Now from (3), (4), and (5) we can deduce

\C\*-\Q\ +\PX\ = \J 2 W+2

X £ X X € X J
proving ().
Now we restrict ourselves to the case 1=3. First we give an improvement of
Lemma 1for this case.

Lemma 2. Let Dx D2 D3E&xUyx for some xfX. Then these sets do not
form a A-system with empty kernel, moreover, if at least two of them belong to ¥Yx
then they cannot form a A-system with kernel of cardinality 1 either.

Proof. The first statement follows trivially from the assumptions of the theo-
rem and (Q(Ux)£ 3F for i=1, 2, 3. To prove the second part of the lemma, suppose
that D2 D3E&x. Then there are at least five different elements of X, say xx X2, ...
..., XS, such that (D2UXj£CF for /=1,2,...,5. Hence it is possible to choose
one of them which is not an element of xUD3. Let x' be this element, and let us
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set F1=D1Ujg F2=D2Ux'. as D.fS'x there are at least five different elements
of X, say z1,...,zs such that for /=1, 5 (@Q3U H e nce atleast one
of them, say zx, is not an element of the 4-set (Ft UF2—D1IMDj). Setting F3=D3U
Uzj we come to a contradiction as the three sets F,, F3, F3form a A-system with
kernel of cardinality 1, establishing the statement of the lemma.

Now we use Lemma 2 to prove the following

Lemma 3. For any XEX either &x is empty and £Xis the union of two disjoint
triangles or we have

(6)

Proof. We distinguish several cases according to the cardinality of §X

Case (a): \&\=6. By Lemma 1 8x is a 2-graph of maximum degree at most
2. Hence it is the disjoint union of circles and paths. As it contains at most two
independent edges in this case the only possibility is that it is the disjoint union of
two triangles. Then Lemma 2 implies %=<z>.

Case (b): |#'|=5. Now we have two possibilities for 6x\ either it is a five-
circle or the disjoint union of a triangle and a 2-path. In any case Lemma 2 yields
I"xI—1) implying (6).

Case (c): |#£)=4. There are two possibilities again: either %x is the disjoint
union of a triangle and an edge or of two 2-paths. In the first case Lemma 2 implies
that the edges of 1Xdo not meet the triangle and consequently they have pairwise
non-empty intersection. Hence by Lemma 1 j&I”*4. In the second case a similar
argument yields |[*J”2. Anyway (6) follows.

Case (d): \&\=3. Now we have three possibilities: either Bx is a triangle or
a 3-path or the disjoint union of a 2-path and an edge. In the first case the edges
of §Xare disjoint to the triangle and consequently they have pairwise non-empty
intersection, yielding |*x|*4. In the second case Lemma 2 implies that every edge
of &Xis disjoint to the central edge of the 3-path, whence again by Lemma 2 they
have pairwise non-empty intersection. So by Lemma 1 |*x|é 4. in the third case
Lemma 2 implies that any edge of <&is either the edge connecting the two endpoints
of the 2-path or it intersects the independent edge of &. As (D, x)$@ for D”"&x,
the maximum degree in 4XU4X is at most 4, yielding \IS\sl. In all three cases
(6) follows.

Case (e): |*'|s2. In this case (6) follows at once from 10= (2 )

As by Corollary 1 |*'|&7 is impossible the lemma is proved.
Now we turn to the proof of the theorem. Let Y be the set of those elements
of X for which is not the union of two triangles. Then (3) and Lemma 3 yield

2
\3F\s6n— |Y|. Assuming that ~is of maximum cardinality we deduce |¥|*53.

So for n=54 there exists at least one element of X, say x, such that %x is the disjoint
union of two triangles, say yry3 and y4y3y3. We assert that =Q for
i=1,2,..., 6.
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Suppose that it fails for example for /=3 and let E be an edge of The
definition of F* implies that EC] {yr,y2}=0 eLetusset F3=E{Jy3. As ({yl5yZ}, *)
and ({y2, ¥3}, x) belong to S>we can proceed in the “usual” way, and find Fx, F2CF
such that Ft, F2, F3form a d-system with kernel {y3}, a contradiction, proving
Oyt=0 . A similar argument yields that for /=1,2, ..,,6 |*3SI| with equality
holding if and only if ~'3 consists of the edge opposite to yt in the corresponding
triangle. However, if this triangle belongs to F then it is counted three times in (2).
So we can deduce

\M —2+ 2 Ne \+ W
*— ..y8
yielding \F\s6(n-6)+2 with equality holding only if Y= [ylx ..., y6} But then
forevery x'CX—Y, is the disjoint union oftwo triangles on the set Y. However if

these triangles would not coincide with yry2y3, YWw% then we could find three
2-element subsets of Y, forming a d-system with a 1-element kernel such that each
of the sets is contained in at least 5 different members of F, leading to a contradic-
tion, as so many times before. Hence it follows that the only system — up to iso-
morphism — for which equality holds in (2) is:

{DUX\D\ = 2, x$Dc {y!y2¥s}, *€("-{yas,ys,ye})n

U{DUX||2)| = 2, x$D ¢ {y*.ys,y8} x£(X- {yL;y2 y3}}

Remark. For «=12 let A be the union of the two 6-element subsets Xx, X2,
and let us define XX={H<"XMN\H\=b)0{Hc:X2\H\=1}. Then XX does not con-
tain any d-system of cardinality 3 and with kernel of cardinality 1 As WK\ =40,
the theorem certainly does not hold for «=12 which proves that the assumption

54 cannot be omitted. But it can certainly be replaced by a weaker assumption.
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ON A PROBLEM OF D. NEWMAN

By
D. PETZ (Budapest)

It is a well-known fact that every continuous function on /=[0, 1] can be
uniformly approximated by polynomials of a fixed function /EC(f) if and only
if/ is strictly monotone. The class of strictly monotone functions is fairly small
in the space C(I) so it can be said that in most cases the polynomials of one given
function from C(I) do not form a dense set in C(l). As Vera T. So6s informed me,
on a joint seminar of Hungarian and American mathematicians held in Budapest,
August 1975, Donald Newman raised the question what about taking more than
one basic functions and approximating the functions in C(lI) by their polynomials.
He conjectured that picking three basic functions their polynomials were every-
where dense in most cases.

The aim of this paper is to give one possible topological formulation for New-
man’s conjecture and to prove it.

Let Sndenote the set of those «-tuples of functions from C(/)" whose polyno-
mials are everywhere dense in C(I). With this notation we can state the following

Theorem. If n'S 2 then Snis nowhere dense in C(/)'!landif n*3 then C(I)A' S n
is everywhere dense and offirst category (i.e. the union of a countable family of no-
where dense sets).

We say that an «-tuple of functions (/j, ...,/,,) is separate if for each pair
of points , tx, t2£1, there is a k with fk(t,)¥ifk(td. Geometrically this means
that the curve produced by the «-tuple in R" does not intersect itself. Due to Stone—
Weierstrass theorem the set of all separate «-tuples is just Sn.

The «-tuple of functions (/j, ...,/,,) is said to be simple provided that fk
(I~k=n) is piecewise linear and not constant on any subinterval. The range of a
simple «-tuple is a polygonal line without any line segment parallel to some co-
ordinate hyperplane. Conversely, such polygonal lines can be observed in this way.
Denote by Pnthe set of all simple «-tuples of continuous functions. Then

1 P"is everywhere dense in C(I)n.

2. C(DN'S n is everywhere dense in C(/)n.

3. For pEN et

ip={(/i....[»)IiC(N)": Bil5t2(il, \h~h\ —~ >fk(h) = fk(h)’ 1—e —¥}

Then Fpis closed in C(/)n.

4. P3C\S3 is everywhere dense in C(/)s.

Taking (/1,/2,/3KPs and e>0 we choose the numbers 0=ao<«l<...
...<«,=1 so that \fk(tf)-fk(tf)\<e for ?i, a;] (1;éké3, l=aii=«). We
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can make a {glf g2,g3eP3 such that (gi, g2 gditei-i, at]) does not intersect
itself and the curve (gi, g2>£3)([s0> ai-i)) and itis inthe sphere {xER3:dist (x, Q)<
<2e} where Qi=(gl,gi,g3(ad (Isi*n). Thus we have (&, g2 g3€P3IIS3
and \gk—fcl-=4e (1"k"3). According to Statement 1the proof is complete.

5 C(/)3'S 3 is of first category in C(/)".

It is clear that C(1)3 S 3= U {F3: pkN}. Since F3is closed and C(/)3F®z>
Z2S30P 3 is everywhere dense, F3is nowhere dense. So C(1)3 S 3 is the union of
a countable family of nowhere dense sets.

6. If a simple pair of functions (/i,/2 produces a polygonal line having a
point of selfintersection different from its endpoints then (/1,/1K int (CfTAX-S2.

7. S'2is nowhere dense in C(/)2

This is obtained from Statements 2 and 6.

Now we prove the main theorem. If n=2 then by virtue of Statement 7, S2
is nowhere dense and since S1XC(l)aS2 S1is nowhere dense. If n=3 then
according to Statement 6, C(1)3'S 3 is of first category. It is obvious that for
n>3, C(NA'S n<NC(HA'S IxC (1)n~3 and for this reason C(/)"\S" is of first
category, too. C(F)' S n was stated to be everywhere dense in Statement 2.

Thus the theorem is proved.
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ON THE SZASZ—MIRAK IAN OPERATOR

By
T. HERMANN (Budapest)

1. Let S,, be the Szasz—Mirakian operator, i.e.

S n[/ X *] = 92__5 {\ﬁpmk(x)
where
Pn,k(xf =e (M)k

The operator
k+ 1

SnU; x]= 2n f f(t)dtepnk(x)

has been introduced by P. L. Butzer [1]. It is known [4] that if /<EC[O, °°) and
f(x) =0(xaX) then

Jim Sn[/; x]=f(x) (Os;i<»)
and if fEL[O, °9 then [1]
HHS \S;[f]-f\Li=0.

We can consider these operators as analogues of the Bernstein and Kantorovitch
polynomials B,, and B* resp. on the interval [0, °°). It is known [6], [2] that

\Bnlf] - f\\,"K co\f; -L-) (fec]O, 1))
and

N8, [f-AL* " Kpa(/; (fO/[0,1], 00>p ™ i)

L
ijLp
where the norms are the usual norms in C[0, 1] and LpJ[0, 1] resp. and Kc, Kp are
absolute constants.

As a matter of course, the question arises whether similar inequalities hold
for the operators Snand S*:

(1 WS f]-f\\eAKco[f;-~
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where /¢ C[0, =) has a finite modulus of continuity co(f; ), and

@ 0S*[/]-mes ;3 (/€£]o, «));

f:-L
V \n))L
or rather what can we state about the rapidity of the convergence? We try to answer
these questions in the following sections.

2. Denote by COthe following class of continuous functions on [0, c«):1

Co= {/€CJO0, °°)|sup \f(x+S)—F(x)\ <+oo0 forany 6> O}.
Then /€C0 has modulus of continuity co(/; 6) on [0, °°) and
©) sup LB/ C 00

A

for all n. This is obvious from the following example. Let fm(x) =(m—x)+ where
m is any natural number. Then co(fm;§)=06 and using the Stirling-formula we
obtain

\Sn[fr] -fJc£ S,,[fm; ) = Sn[fm;m] =
il K)(nm)k  _nmm ™ (nm)k WEL (nm)k\
k=o( nl k! | k=0 ki ko k\ )
—me (nm)m m
(nm)! 2nn

Hence

lim \Sn[fm]-fm\\c

©,, ..
(/mi id
from where (3) follows.
In contrast to this fact we have

Theorem 1 Let O(X): ----- —_. Then
I +\'x
supm ih L m S1
JECO s
»
(/5 In)
for all n.
Proof. EV|dent|y
) 2,PnAX) =1 2 vp» kW = 2" AF - X)jPJIx) = —=

1 This class of functions is not compact, i.e. <5*0 does not necessarily imply o (/; <§-*0.
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Hence
S,.[F xI-FOOV = T pu.k(x) -1(x)]

= ’gzoPn,k(x}\(%’t]-)-f(x) S fgzoprp*(x)}o V; A v

Because cu(/; <SMML+[ADw(/; H so

1’5)[/, x]—f(x)|S 2 VvnAx)pl+1/n -~--xllcui/; =
*=0 [I " I; v

= o [f\-]=\\Vi+Yn 2
f771

k=0 n J

From the Cauchy—Schwarz inequality

o J 7]

oun o (KM= F
Hence

\s,.[f; x1-m\ = ai/; -LI(+ ]/x).
Q.e.d.

Remark. Let e(:c)sO any monotone increasing function tending to infinity.
Then for the weight function

«--<*): l(?i' .
we have
/z%)ol w n-n<> _ 4 o0
Wifr: -
e Sy
for all n.

Proof. We prove more than what we stated. We give a function h£CO0 suchthat

sup e*(*)(S..[fc; *]-M*))|
for all n. Let
0 if 0;=*6& 2m
_ox-2m if 2m" *ss3.2¢-1
KO = om—x if 3-2m-1S x 72 md
0 if 2mHN X< @
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and let h(x)~ » hm(x). Obviously co(h;5)=6 so h6CQ0. For the sake of brevity
m=1
we use the notation y—2m then

\e4Sn[h]-h\\ s Q*(y)\Snlh;y]-h(y)\ = Q*(y)Sn[h; y],

and
\k
*okok ke, ﬁy\{ﬂs.?—iﬁf- 2 )
_ (ny)"y  (ny)ny32
“EY oy .
(-4)

Applying again the Stirling-formula we obtain the existence of a constant c, >0
so that

If y=2m is large enough then there exists a ¢2>0 so that

S.h; ylrherl 4 .
But

lim Q*(y)\S,,[h\ y]-h(y)\ & lime(y)
m~=° y~= 1+ vy

because e(y) is not bounded. Q.e.d.

3. Now let us consider the space L[0, °°). We prove that the situation is similar
to the continuous case. Here the norm is the usual L[O, ») norm.

Lemma 1. If
if t~s

if toms
L--
HSM-/J1 -y 7

then

Proof. It is known [5] that jjSf —1, thus

i*[/j -/<lins \s:[fs-fj\Lns:[fj-fjL+uK-fj -

Theref —oufSi—reriL+ s, [rsA—1LH .
ererore
[HOTe]-/Ji-»W j-/JbS 2lfn-fJ L=2|SI-s]
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For this reason we may assume without loss of generality that nes is an integer.
Then we obtain o

IS*W -fs\e=F 2 enoon T fs(t)dt-fs(x) dx =

0 k=° k/n
nooe° n ns—I
=/ 2 eak-tsoo Ox= 12 Pnk)dx+ j 2 Pnk(x)dx =
k=0 o k=rs s” k=s

/ Fon ]-5_1 143 S

2 PnAx)dx+ 2 I Pnkix) dx— I pnk(x)dx\ =
0 *="* 0

J im— ; 5ns—1

= 0f kZZnSPn,k(x)dx +\f\C:20 " f 2 Pnk(x)dx\

m—l 1 *
92 p», uW*+£,H J" :z)ﬁ 2 Pnkx)dx =
Here we have utilized that
2PnAy=1 and fe . =- (k—0,1..).
k=0 0 K: n
With a short computation we get:
© ~ ~ le-nx
(MX) ~ (nx)'T y (ns)l
2/ <= 2nsy—r| Izo /! Jo HH N
(ns)k e~ rs\ N (ns)¢ (ns)'
w fc=n25+| (fe—ns) v " on L ka K= ns-f-1 * (ns)!’
l.e. we obtain with the help of the Stirling formula
( \ns
IITW s]-/31 = 2s “)— ’/)K
(ns) F m-
Q.ed.
Corollary.
Sup [ﬂ 11 _ i ;

/EL(0 F a

In contrast to this phenomenon, as in the continuous case, the following theorem
holds.
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Theorem 2. (i) Let q(x)=—— . Then
1+ fx

\\(s;if]-
el RN

(i) If 0SE(™)/oo and o= (x) - then
I + yx

sup  \(S*fDe*
fenad (. 11
' Fn)L

l.e. the weight function obtained is, in a certain sense, the best possible.
Proof. Firstwe prove (i). Let gEL[O, °°) be differentiable and g' integrable, then

9(x) = 9(0)+c/’ fx(t)g'(t)dt
where fx(t) is the same as in Lemma 1 Thus

s*[g; x]-9(x) =£ 9" (Y [Sifx(t); x1-fx(H)] dt)
Therefore
H(s?[g; x1-g(x))eW ilLs (/) lg" (O M I(s;[/,(0; x]-fx(t))e ()\\Ldt.
Let us consider now
Rnt) jis*0/*(o; x]-fx())gx)\ .

If we can show that i?,(()=0i—t] independently of t then (i) can be proved as
follows: \\n)

Let fn(x)=f /jx+~Lj dt. Obviously ¥, {x)=\n |[/(x+~Lj-/(x)j ae., and

(0 TD T s e [f-frl8WL+\\(s; [fa-F,,) QWL+ \\(fn-F)QW\L

LI 21 ) e
But

11TV (WA (5 4R) << TT | (54 I e =

= . N A TEe
6<»;\/, ?'n)'u'dt CO{f, flﬁ)L'
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On the other hand, according to the above considerations
KIiw -M S J\f'(t)\Rnt)dt =0 f\f(t+ +)-f(t) dt
0 b I A in'!
i @ 11)

and from this already (i) follows.
Consider then Rn(t). Except the points x =t we have fx(t)+f(x) =1 every-
where, therefore

SO

K(D) = £ e(0\S*[1t; x]-Ftpohx.

According to Lemma 1, Rn(f)<cA) = So if t*"2 then RJt)=~|/=. Assume
now that t>2 By the definition of g(x) (cf. the proof of Lemma 1)
e " (nx)*
N R R 0 1+yjeLS( *! el
The function e "™ ()4 aftains ‘its maximum at x—A, and in and

rA 1 . _ i i n . ™n
I—, °°] it is monotone increasing and decreasing, resp. By applying the proof of
Lemma 1again, we obtain

2~\ +ft

As for /,, we get
L ek, (k o
. 2 Tr~dx —hi+hi-
h=4 +./*i+& £, bl
Evidently (as t=*2):

2 ANK o+ W Y “Y E(C-°WI -

By using Lemma 1 once more

hi— T e 2 UM = =2
£ A
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Now we turn to the proof of (ii). Let

K(t) = 1KwW J--f,)e*\\L
and let t>1. Then by the considerations used before,
K(0=f e*(x) Z Pnk(x)dx=f s(x= e~ rXZ’\ r dx
( t ( )iLst 09 t (YX [(I

~X (nxf
m® /t+Vxi~ Kkl

n

being e(i) monotone increasing. Obviously

f e"* (VIX)k' _b 13 ;
Lol+riif, W 1+ 5/ fc!

For the last integral we obtain

2 |_A
u 2t
m
2i
(ntyk g2t T (2nt)k aorf
M ‘i::O(nI LRV R
Here
n oM nrel
o, = «—{(«/+') ( )- -n,2 \(/VI i —e 1l ("+1> t+ 2 'I(Iz
| fco «e fco K J
'l((_l.>_ C‘l (”+)) I_I_IlT( 4 ! ) > m 1 " k Qll‘

By omitting the last two terms we obtain

J I'I=cSr’\’\j j—y =
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Therefore
M e(o

O,,*(0ée(0

where ¢5=0.
1+)21 \n

Thus
\(SZf-fi)oM\L

c5s (t),

and here B(t) tends to infinity as t—°= Q.e.d.
Remark. It is an open question whether the relations
\Sn[f)4\\c K e(f)co[f- —\pg (/€C[0, °°) and bounded)
v \n
and

\\s; [f]-FALS KAMco (/; -L)  (/EL[o, -))

hold where Kc(f) and K ff) are constants depending only on /.
4. In this section we give a VVoronovskaya-type theorem for S*:
Theorem 3. 11 /6 C&0, °°) and f(x)-0 (x7x) (x - a>0) rherc

*1-1(*)) =y (*I'(*))" (0Sx<+o00).

To prove this theorem we need the following

Lemma 2. Let /EC[0, °°) and f{x)= 0 {xxx) (X—=>a>0) then

7 l'\lg’ri)/n
2 PU\N fof(ydt= 0 (e-yn (y>0)
*n
where y depends on f, x and 5.
P roof of the Lemma.
2 = 1 + 2 =s|+s2.

--x"0  x-->d
n n

n 1

As /EC[O, °0) so there exists m = m (r.x. € such that

VOIS m if «S x—
Hence

s2"M 2 PnAx)
k
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According to a theorem of Hardy [3, p. 200]
Sa= 0(e-V) (71>0)

because
-0 < A
x-0 Iogx_6 Q
As fix) =0 (xxx), we get
(k+1)In / /11 VW1)mn
o~ 2 pLk()n f te*dt) = Pnk(x){—" -) y
—IGfO
Let us introduce the notation
ffe+ n a(fc+ 1)/n

ak = Pn,k(x){— — )

Then by ?>x +d we get

kel kKl N
e y e* I i1 1Y¢I'8§+1'i

7
nk- 1

\ia/n
D 7T - B g}.%_

< o ¥ =<
(oan— . <
X+2
if wis large enough. Hence
1
SI = O( 2 at)= 0 Pn,n(x+S) W X = O(pﬂ,BVI+4)(Ep))-
k>n(x +6)
A+y
So by the above mentioned theorem of Hardy
3. =0 (e_yzE).
Q.e.d.
Proof of Theorem 3. By the Taylor formula
fit)-fix) =ie~x)f'(x) + ix) + nif, « x

where for arbitrary >0, A>0 there exists <5>0 suchthat
5) \riif, «. X)\» & if B—x|s § xSA.
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With an easy computation we obtain:

© SIKtxX); X =3, and  S,*[(%)2 ] = 1 +
SO

+ 2 Pek(x
We have to prove that lim Rn=0.

R* —(n 2 +n|k2‘ )— I+Rn2

i
------ X I7<5 X ><5
n n

It follows from (5) and (6)
(k+X)/B

= =-4 kl"

By assumption, the order of the function in square brackets is 0(i") and according
to our Lemma 2

=0(e~N

for certain y*-0. Thus lim \R,,\"ex, but s was arbitrarily chosen so lim Rn=0.

Q.e.d.
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ON POLYNOMIALS WITH INTEGER COEFFICIENTS
AND GIVEN DISCRIMINANT. V
P-ADIC GENERALIZATIONS

By
K. GYORY (Debrecen)

Dedicated with deepest respect to the memory of my teacher Professor P. Tdran

1 Introduction

In this paper we continue our investigations on polynomials of given discrimi-
nant and give p-adic generalizations of some of our results obtained in [5], [6], [7].
[8] and [9].

Let L be an algebraic number field of degree «si with ring of integers ZL.
Denote by hL and D, the class number and the absolute value of the discriminant
of L, respectively. If /€ ZL[X] and f*(x)=f(x +a) with an a£ZL, then for their
discriminants D (f)=D (f*) holds. Such polynomials/,/* £ Z L[X] will be called ZL-
equivalent.

As a generalization of some results obtained in [5], [6] and [7] we have proved
in [9] that for any monic polynomial fEZ L[x] of degree /cs3 with discriminant
D (f) =69"0, \NL/Q(S)\"d, there is a polynomial /* Zl-equivalent to/ such thatl

) 171 < [Tpga-  exp {(5nkF°"K3((d D if2(logdDL)E (1~}

Consequently, there are only finitely many pairwise ZL non-equivalent monic poly-
nomials f(Z L[x\ with given degree and given discriminant S*O and such a system
of polynomials is effectively determinable. In the special case L=Q this was first
proved in [5].

In this section we investigate the monic polynomials with integer coefficients
in L whose discriminants are divisible only by finitely many fixed prime ideals of L.

Let pj, ..., ps be distinct prime ideals of L lying above rational primes not
exceeding P(w?2). Throughout this paper, S will denote the multiplicative semigroup
of all the integers of L which are not divisible by any prime ideal different from
pls ..., ps. S obviously contains the group UL of units of L.

Theorem 1. Let L, S be as above and let § be a non-zero integer in L with
\NLIQ{6)\=d (d”*J). If /EZL[X] is a monic polynomial with degree 3 and dis-
criminant D (f)ZSS, then it is ZL-equivalent to apolynomial of theform gk* (ri~1x),
where q£S, f*Z ZL[X] and

@) jl4 < exp{q[c2s+ )cX(D1dLKPsH2)32(5dnlog DLA/>)"+1) G T34

1As usual, |F| denates the maximum of the absolute values of the conjugates of the coeffici-
ents of a polynomial F(x) with algebraic coefficients.
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with effectively computable positive constants ¢3=k(k—I)(k—2), cl=cl(n,k),
c2=c2(n, k) and a positive absolute constant c*.-

The proof of Theorem 1 easily implies that our theorem is true for k—2 with

(20 171 < exp{cl3s2DedP4An+1>(log DLAP)3" 2}

instead of (2). In what follows we shall state all the consequences only for k * 3,
but in view of (2') they remain obviously valid for k=2 too with other estimates.
Put p~r=(nt) for As will be shown in the proof, j may be chosen
in the form with suitable UL and non-negative rational integers
wit ..., ws.
All results of this paper remain valid for s=0 (when S—UL), thus they can
be regarded as generalizations of some of our theorems obtained in the case x=0
(see [5], [6], [7], [9]). However, in case s=0 Part IV contains slightly sharper esti-
mates with explicit constants c.

Corollary 1. Let L, S, s be as in Theorem 1 and let f(x)=xk+a"XxK~y-\-...
.. +akEZL[X] with degree k3. Suppose that for afixed i, 2Si*k, ai=0ixi
with non-zero 8t, affZL, where \NLIQ®6i)\"di, ar has at most t distinct prime
idealfactors with norms =Pt, Pt=2, andf <i)(x) has at least two distinct zeros. |f
D (f)*3S and N((D (f), aj))si A/;, N/,~3, then there exists a unit s in L such
that the polynomial f*(x)=ek(e~1x) satisfies

(3) \T\ < exp {c4(c5(s+ t+ 1))c*<2 +13s,(Pr(log J))** log (dj M;)(log logd fif
*((2)|d1kP (s+2)")32(5stn log D1 d)2)G(S34),
where ¢3=k(k —I)(k—2), ¢4 and c5 are effectively computable positive constants

depending only on n and Kk and c¢* denotes the absolute constant occurring in Theo-
rem 1

It is easy to verify that the conditions concerning i and f (k~Fare necessary.

In proving our theorems we employ some recent estimates for linear forms
in the logarithms of algebraic numbers [2], [17], [18]. | would like to thank Professors
A. Baker, A J. van der Poorten and R. Tijdeman for kindly permitting me to make
use of preprints of their papers [3], [19] and [18].

In Section 2 we give some applications of Theorem land Corollary 1to algebraic
numbers. Further applications will be given in Part VI and in a joint paper with
Z. Z. Papp [10].

2. Applications to algebraic integers

Before stating our theorems on algebraic integers, we establish our notation
and recall some standard definitions.

We denote by |a] the maximum of the absolute values of the conjugates of

2 As we shall see, c*=max {c2*, c4*} with the effectively computable positive absolute con-
stants c¢2*, cT which occur in Theorems A and B.

Added in proof (August 9, 1978). Replacing Theorems A and B by Theorem 3 of [18] and
Theorem 4 of [17], we can get, throughout this paper, slightly better estimates and we may choose
c* —30.
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an algebraic number o. For an algebraic number o of degree k=2 over L,
Dy, (@) and Ny ,)(2), or, more briefly, D(x) and N(x) will denote the relative
discriminant and the relative norm of « with respect to the extension L(a)/L. If o
is an integer and its minimal polynomial over L is f¢Z,[x], then we have D(x)=
=D(f), N@==+f(0), [f|=Qla])* and |x|=k]f].

We say that the algebraic integers o and o are Zj-equivalent if a—a*cZ;.
In this case their minimal polynomials over L are also Z,-equivalent. Consequently,
Theorem 1 and Corollary 1 easily imply Theorems 2 and 3.

THEOREM 2. Let L, S, 6 be as in Theorem 1 and let o be an algebraic integer
with degree k=3 and discriminant D(x)€6S over L. Then o is Z,-equivalent to an
integer of the form no*, where n€S and o* is an algebraic integer satisfying

(4) —|0(—*| =k exp {cl [02(S+ l)c*((DLdI/k P(s+1)n)3/2(55kn log DLdP)n+1)c3]sc3+4}
with the constants cy,=k(k—1)(k—2), ¢y, ¢, and c* occurring in Theorem 1.

If in Theorem 2 we restrict ourselves to the integers « of a fixed algebraic num-
ber field K of degree k=3 over L, then, writing Dyg=|Dgq|, from (51) we get
for o* that

@)
Jo*| < exp {ceDY2 PP s [c;(s+1)°" (log P)*(DY* (log D,)")**]*** * log d (log log d)?}

with the above ¢; and ¢* and with effectively computable c¢g, c;=0 which depend
only on n and k.

In the special case s=0 we have obiained in [9] a slightly sharper estimate for
|o*| with explicit constants c.

An easy corollary of Theorem 2 is that up to the obvious multiplications by
elements of S and the translations by integers of L, there are only finitely many
algebraic integers with given degree k and discriminant D(x)€4S over L and they
can be effectively determined. We note that this result can be deduced, in an ineffec-
tive form, from an ineffective theorem of B. J. BIRCH and J. R. MERRIMAN [4] on
binary forms and from the finiteness of the number of solutions of the generalized
Thue—Mabhler equation ([16], [12], [13]).

Consider now Theorem 2 in the special case when L=Q.

COROLLARY 2. Let d be a non-zero rational integer and let p,, ..., ps be rational
primes not exceeding P. Let o be an algebraic integer of degree k=3 with discrimi-
nant D(o)=dp{*...pY%. Then o is Z-equivalent to an integer of the form pyt...p¥sa*,
where o is an algebraic integer such that

®) Jo*[ < exp {es[eo(s+1)°* ((|d[* P +1)*/2 (5% log 2 |d| P)?)ce]ees +4}

with cy=k(k—1)(k—2) and effectively computable positive constants cg, cq depending
only on k.

Since the proofs of the present paper were completed, a very recent paper [23] of
L. A. TRELINA appeared, in which she proves two interesting theorems similar to the
special cases |[d|=|N|=1 of our Corollaries 2 and 3. The estimates in [23] are weaker
than (5) and (7) in the case |d|=|N|=1, but the exponents of s are explicitly deter-
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mined. In [21] the proofs depend on a theorem of S. V. Kortov [13] on the gen-
eralized Thue—Mahler equation (see also S. V. Kotov and V. G. SPRINDZUK [12]).
An immediate consequence of Corollary 1 is the following

THEOREM 3. Let L, S, 6 be as in Theorem 1 and let o be an algebraic integer
with degree k=3 and discriminant D(o)€0S over L. Suppose that the relative norm
N(a) of o over L is of the form N(x)=39-a, where |Np,,($)|=N and o has at most
t distinct prime ideal factors in L withnorms =Q, Q=2. If N((D(x), 6))=M, NM =3,
then there exists a unit ¢ in L such that

(6) oe| < kexp{es(cs(s+1+1)) <" s+ (Q" (log Q))** log NM (loglog NM)? -
! ((Did”k PG+2) n)3/2 (5sku log D, d)zn)ca (sc3+4)}
with the constants ca=k(k—1)(k—2), ¢4, ¢5 and ¢* occurring in Corollary 1.
In the special case L=Q Theorem 3 yields

COROLLARY 3. Let d, N be given non-zero rational integers and let p,, ..., ps,
41> ..., 4y be fixed rational primes with max {p;}=P and max{q;}=0,0=2. Let
i Jj

o be an algebraic integer of degree k=3 such that
D(®) =dp*...ps* and N(x) = Ngi*...q}"

with non-negative rational integers uy, ..., us, vy, ..., v,. If |(D(®), g5*...q%)| =M,
M =3, then

(1) | < exp{ei(er (s+14 1)) *+(Q(log Q) log | NM | (log log| NM)2 -
£ ((|d|l/sz+ 2)3/2(5sk 10g2 Id’)2)ca(sc3+4)}’

where cy=k(k—1)(k—2) and c,o, c,; are effectively computable positive constants
depending only on k.

We note that in our theorems and their corollaries s=nn(P)=cnP/log P and
t=nn(Q)=cnQf/log Q@ hold with an effectively computable positive absolute
constant c.

The special case t=0 of Theorem 3 is of particular interest.

COROLLARY 4. Let L, S, 6 be defined as in Theorem 1 and let o be an algebraic
integer with degree k=3 and discriminant D(x)€6S over L. Suppose that
INQ ()/Q(®)|=N, N=3. Then there exists a unit ¢ in L such that

@®) loe] <
< exp{ci(cs(s+1))**** log N(log log N)*((D} d*/* PG+ m)3/2(55 1og D, d))eases+ )

with the constants cs=k(k—1)(k—2), ¢;5 and ¢* occurring in Theorem 3 and with an
effectively computable cy=ci(n, k).

In virtue of s=cnP/iog P, Corollary 4 implies

COROLLARY 5. Let ¢ be an algebraic unit with degree k=3 and discriminant
D(g) over L and suppose that D(g) has s distinct prime ideal factors in L. There is a
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unit € in L such that the greatest N(p) of the norms of the prime ideals p dividing
D(p) satisfies ¢

s*log N(p) > ¢ log log |oe]
and

N(p) > c15(log log [e| log log log [gé]) /2

provided that |Q_r,|>c14 Jor any unit neL, where ¢y, c;3>0 and c,, are effectively
computable constants depending only on k, n and Dy .

If ¢ lies in a fixed extension K of L with relative degree k=3, we can derive
from (4") sharper estimates for s2log N(p) and N(p) with constants ¢;,, ¢;; and
¢4 depending on &, n, D; and Dy.

In particular, if ¢ is a unit of degree k=3 over Q, and D(p) has s distinct
prime factors the maximum of which is P, then by Corollary 5 we have

s?log P > c¢;5log log o]
and

P > cy(loglog [o| log loglog [o)2

provided that [o|>c,,, where cy;, 16, Cy; denote effectively computable positive
constants depending only on k. In view of |D(g)|=(2|o))**~? this allows us to
get some information about the arithmetical structure of those rational integers
which are discriminants of algebraic units.

COROLLARY 6. Let D be a rational integer with s distinct prime factors and
greatest prime factor P. If there exists an algebraic unit with degree k=3 and dis-
criminant D (over Q), then

s?log P > cgloglog | D|

provided that |D|=c,y, where c,g, c1y are effectively computable positive constants
which depend only on k.

In the general case Corollary 5 provides a similar consequence.

Consider again a number field L with the above parameters. Take an extension
K/L of degree k=3. If «€Zg is a primitive element of K/L, then the principal
ideal generated by Dy, (x) may be written in the form

(Dg/(0) = F#2(2) - Dy,

with a suitable non-zero integral ideal .#(x) of L. #(x)=J,.(x) is called the index
of a with respect to K/L.

Suppose now that the relative discriminant Dy, is principal and that A, is
odd. Then K/L has a relative integral basis (see e.g. [15]) and .#,, () is also principal,
say JK/L(oz)=(IK/L(oc)) with some IK/L(“)EZL'

Under the above assumptions the theorems and corollaries of this section can
be stated for indices of algebraic integers in place of their discriminants. For example,
an immediate consequence of Theorem 2 and (4”) is the following
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CorROLLARY 7. Let L, S, 8, K be as above, and let o be an integer in K with
Ix )L (0)€6S. Then o is Zy-equivalent to a number of the form no*, where nc S and o*
is an algebraic integer satisfying

|| < exp {4ce DY? P23 [c;(s+1)°* (log P)*(DY** (log Dg)")=]res+* -
-log dN(Dy,,)(loglog d N(Dx,.))*}
with the constants cy=k(k—1)(k—2), cg, ¢; and ¢* occurring in (4).

By using Theorem 2 and (4”) one can easily generalize Corollary 7 to any K/L.

3. Auxiliary results

Throughout this section M denotes an algebraic number field of degree m
with r; real and 2r, complex conjugate fields. Let D), denote the absolute value
of the discriminant of M, R,, its regulator and #/,, its class number.

The proofs of our theorems depend on the following powerful results of A. BAKER
[2] and A. J. VAN DER POORTEN [17].

Let o, ..., be non-zero elements in M with heights at most A4, ..., 4,
(all A4;=3), resp. Write

Q =logAd,...logA4,_,, Q=Q'logA,.

Further denote by b,, ..., b, rational integers with absolute values at most B (=2),
and write for brevity A=of1...af'—1.

THEOREM A (A. BAKER [2]). If A#0, then
|[4| > exp {—(cfIm)3'Qlog Q' log B},
where c¢1 and c; are effectively computable positive absolute constants.

In fact this theorem is stated in [2] for linear forms in the logarithms of algebraic
numbers, but it is easy to see that Theorem A is a consequence of Baker’s theorem
(see e.g. [19]).

We remark that in [2] the constants corresponding to ¢; and ¢; are explicitly
determined. Recently, these constants have been further diminished by A. J. VAN DER
PooRTEN and J. H. LoxTon [18].

Let p be a prime ideal in M lying above a prime p.
THEOREM B (A. J. VAN DER POORTEN [17]). If ord, A<, then

p2m
logp

ord, 4 < (¢c3 Im)eit Q (log B)?,

where c3 and c; are effectively computable positive absolute constants.

As usual, for an né€M we denote by nV, ..., »"Y the real conjugates of g
and by n@*V, . yC1+r2) the complex conjugates of pr+rz+d) i+ res-
pectively. Put r=r;+r,—1.
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In the proof of Theorem 1 we need the following two lemmas.

LemMA C. Suppose r=1. There exist independent units n,, ..., n, in M such that

1 max (1, logm) < €y Ry

J

and the elements of the inverse matrix of the matrix (log |n$"|), 1=i, j=r, do not
exceed cyy in absolute value, where ¢,y and cy denote effectively computable positive
constants depending only on m.

This important result follows from the work [20] of C. L. SIEGEL (see
H. M. StARK [21]).
We note that by a well known theorem of E. LANDAU [14]

(€)) Ryhy < o DY (log Dy)"~' (m=2)

holds with an effectively computable constant ¢,, which depends only on m. An
explicit form for c¢,, is given in SIEGEL [20].

Let #,,...,n, be units in M with the property given in Lemma C and denote
by U the multiplicative group generated by them. If r=0, let U={1}. Using a
well known argument (see BAKER [1]), from Lemma C one can easily deduce the
following

LemMA D. If 0 is a non-zero integer in M, then there exists an n<€ U such that
0] < | NagjQ(O)[/m - g czoRm

with the above constant ¢, (€so=1 if r=0).

4. Proof of Theorem 1

fx) = (x—0)...(x—0),

where o, ..., are distinct algebraic integers. By assumption

& O = (_IT_ =)= @pp...pr

si<j=

Put

holds with non-negative rational integers u,, ..., u,. Write w,=h v;+r;, 0=r;<h,
and plr=(m;) with m;€Z; for i=1,...,s. Then we have

(1) I (a;—o)®=ed'nir...nle

i=i<j=k

with a unit ¢ and an integer ¢’ of L such that (6")=(0)pi*...p7 and [Np,,(0")|=
=dp*.-1V By Lemma D we may suppose that

(12) max ([,)) < exp{cs(Ry+hylog P)}
and hi
(13) |0”] < exp{cy3(R.+1ogd+shy log P)},
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where ¢y, like ¢s4, Co5, ... , denote effectively computable positive constants depend-
ing only on » and k.

Choose any three from o, ..., . Suppose, for convenience, that these are
oy, oy and ay. Let M=L(x;, oy, 3). Then m=[M: Q]=nk(k—1)(k—2). Denote
by 9B,,..., 8B, all the distinct prime ideals of M lying above p;...p;. Obviously
t=ms/n. Applying the unique factorization theorem to (10), we get

(14) (@—a) =0,B7. B+, 1=i<j=3,

where . I %|(d) and the Uj; are non-negative integers. Put U,;;=hyu;+1y;,
where ;zimiisé:t’he class number of M/Q and O0=r;<hy for I=1,...,t. Write
By =(p;). Then (14) implies

(15) a;—oy = €01 ... B, 1=i<j=3,

where ¢;; are units in M and (J;;)=D0;;B]...Bj~.. In view of Lemma D we may
suppose

(16) max ([B]) < exp {caa(Ry +ha log P)}
and
an \ X (13;]) < exp{ess(Ry +log d+1thy log P)},

R, being the regylator of M/Q.

Put a=_ Imin_u and uw;=uw;—a for 1=i<j=3 and /=1, ...,¢. Sup-

pose, for convenience, that U= max u/;;=ujs; and ug;;=0. Denote by r the
1si<j=3

free rank of the group of units in M. If r=0, let 5, ..., 5, be units with the property

given in Lemma C. By Lemma D we may write

E21/831 = EnMIMPL.. . MPrYY,  EgofEn; = E3MM%...0000R,
where v,j;, ..., 0,;; are rational integers and [es;|, |e3s| are bounded above by
exp {cosRy}. Put e5=1 and 06j;=¢j;-0;, 1=i<j=3. Then max [07,] also

2 |
satisfies (17) with a constant c,; in place of c¢,5. Consequently we have

(18) aj_“i = a?ji’ =i <j = 3,
where
(19) 0 = ey fit...B% and y; = Ojmiri...qien Bl Bl
for 1=i<j=3 and v;,=0 for each 1=/=t. From
(20) (o —oty) + (o3 —atx) = (a3 —0y)
it follows that
21 Y21t V32 = Va1
whence
(22) Ad=lB_j. 08 .
Va1 Va1
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We are going to derive an upper bound for H=max (U, V), where K=1ax (|n//).
We have ' JM

(23) ordSIA £ hMU - (hM+ mlogd).
Further we obtain from (19) and (22) the equality
A= ;‘\31 oo fff*1-""*1—10
Let us apply now Theorem B with ©x. Since
Q< RM(RM+ hMlog Py(RM+\ogd +thMlog P) = 7\
by (16), (17) and Lemma C, we get by Theorem B that

(24) ordBUT < (029(I‘+1))’\('+'+1)—Iozn .TiQogHy.
(23) and (24) imply
(25)

p2m
U< e(al(t+1))c*  7\RMTM+hMlog P)' (RM+log d+ thMlog P) (log H)2=T2

where ct denotes the effectively computable absolute constant occurring in Theo-
rem B.
We shall prove

(26) H < cAcHt+1)Y*1P21(log P)(RM+ hMlog P I 2log2(RM+ hMlog P) -
elogd(log log d)2= T3,

where c*=max (c2, c\) with the effectively computable positive absolute constant
4 appearing in Theorem A. If VAU, we obtain immediately (26) from (25). Con-
sequently we may suppose that U<V—H. Suppose, for convenience, that V=\v12\
(19) implies

'm log \riia)\+ ... + vi2L log )] = log |yif)|—log \6&a)\ - 2I Pin log \Bia)\
for any conjugate with a=1, ..., r, where the conjugates are ordered in the usual

manner. Suppose that the right sides attain their maximum in absolute value for
a=J, By Lemma C we get

(27) Ksi cM{] log Nel11 + llog \6"\\+2P m Ilog |Nel|}-
Thus from (16), (17), (25) and (27) it follows that

llog Ne |I > ¢3BV -¢ 3eT2{RM+hMlog P}
But we have

log M&/Q(y2I = Iog!?\/n/Q(<53)|+2| Pin log|*MQQ?)| S c3thMT2log P.
Hence we obtain for some 1
logNel S -c¢ 3V+c3IT2{RM+hM\og P}
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with suitable ¢38, ¢39>0. Further it is easy to see that
-log b4?5 ~ c40log |y3l| € cdlr 2{/?M+ /iMlog P}
which implies
log B - log N - ¢ 3eV+c42T2{RM+hMlogP}.

31

We may suppose

(28) CA2T2{RM+hMlogP) < 2 V,

because otherwise we get immediately (26). Consequently

(29) log |N(st < H.
Applying now Theorem A to

we obtain
(30) log [N@1* -~ (~(r+12'~logiA M + ftMlog P) log H

with the constant c2 appearing in Theorem A From (29) and (30) we get again (26).
Thus, using (16), (17), (26) and Lemma C, from (19) we obtain

(31) log Wi\ < c45(t+\)(RM+hMlog P)T3= T4
forany 1S/cyS3.
Using throughout this paper the splitting field M=L(<x4, ..., &) of/ instead

of M=L(a4, a2, a3, we should obtain an estimate for |/*| in which RM, hMand
m (“nkl) occur. Since we want to deduce Theorem 2 from Theorem 1, we shall

derive an upper bound for |/*| with other parameters. For this reason we need
the following notation. Let M ~L {af) with degree w;=[A/:Q] for

Denote by DM.and DMthe absolute values of the discriminants of M{and M respec-
tively. Put D=maxDM and let D=2 if L(ax, ..., a)=Q. Then we have (see

H. M. Stark [22])

(32)

Thus (9) and (32) imply

(33) Ma< cd6i2'Cycdi(s+ 1) c*(logP)AG3241ogT))nNEF5C33ogd(loglogd)a= T5

where ¢3=k{k~\)(k —2).
If 3, we obtain in a similar manner that for any 3-cj"k

a2- ad= <y2ij, a}— a2= cjyj2, ccj-ad= a}yn
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holds, aJ,y21j,yj2,yn being integers in LL n1, a2, a}) with the property y2l, [y-2}, Wn \<
<exp {c"Tg}. Since cry21=<Tjy21J, we get

= <N

for j=2,....,k with yn=yay'ijyzij if ,/>3. This implies aj—ai=oyji for any
1= ‘where Y—Yu—yn for is2 Since —X;, Y2, y2i are integers

and |y2lj, Miil<exP {rasTr), there are rational integers 0" a/éa, such that
Bil- -Rt,yji=Qji are also integers and

(34) lin| < exp[ci9(s+1) Tg(log P) D@2 (k 2 (log D)rk(*-iH*-2)- ij

for any 17icj”~k. Further, with the notation er=a,—ai("0), £31=6! we have
(35 <4 a;=elBI1.Bt'Qji, 1S i<js k

Thus we may write (11) in the form

(36) e8'1ch...1& = (*INo:m ni L QY

Let 1r~l*s be a fixed subscript. Let © denote an arbitrary prime ideal divid-
ing (W) in G=L(al, ..., yK, ordjjar=e, does not depend on the choice of ©.
© divides only one of Bt, ..., Bt, say ©[(/?,). Let d, be the greatest rational integer
for which

37 in{vte, + ord®S' —ord® ( __ JJ, vie,} S k(k—1)d,et
(37) min{vte,+ or —or (1S|«l;j]8fcg e} ( )d,e
holds for any ©|(n;). Since (36) implies

(38) k(k-1)bqOrdisiq= tie,+ ordBY -orda( J] &%),

hence dt*"0. By definition of dl there is a ©|(n) such that
(39) k(k—I)(d,+1)e,> min{i;;e;-l-ord® S—ord®( JJ @, ve}.
But (34) and (13) imply for each ©|(ni)

rd®( 7/ g%)< colog T6

and
ord®(5'< cBllog T6.

Therefore from (37) and (39) we get

(40) 0™ vlel—k{k—1)c(,er< c52logr6

and this together with (37) and (38) give

(41) 0~ bgord®#,-~, < ca3logreé.

(40) and (41) are obviously valid for each I, and for every prime ideal ©|(sr).
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Choose now ¢ so that p...pb=nd. .. 7% ¢ holds. By (41) ¢ is an integer in
the above number field M. There is a unit &M and an integer ¢’ such that
é=¢,¢ and

(42) |-§_’|- < exp {cz(s+1) log Plog Tg}.
In (36) ¢ can be written in the form e=n,n5*~V, where , and #, are units in L and
(3) Im] < exp {cs5 Re}.

Finally from (36) we obtain that

(e182m5 P *-D = ’115'{']_71 nY'_k(k_l)d'} (f')_k(k_l){ 17 Q?i}_la

1=i<j=k

whence, by virtue of (43), (13), (12), (40), (42) and (34), for e;=¢&n; ' we get
[ea] < exp {cs6(s+1) (R +hy log P) log Tg).

This yields with x;;=¢,& 0

(44) o —o; = & B3t Brreji = nam... ndeae;

for any l1=i<j=k. Writing »;=0, o;+...+a,=a; and x;;+...+x;=—39;, from

(44) it follows that
(45) ko = ay+n,nft... nds Y,

for i=1, ..., k, where a,€Z; and

(46) [9:] < exp{esr(s+ (R +h log P)log Te) = Tr, i =1,.., k.

From (45) we get
47 Nemdt... 99, =—a, (modk)

for i=1,...,k. If (k,n;...mty)=1, then there is an a,€Z; such that
(48) 9, =a, (mod k)

for every i, 1=i=k. Suppose now that, say, =, ..., 7w, [=s, are not relatively
prime to k. Consider the ideal decomposition (k)=2U;-A, in G=L(x, ..., )
such that (,, n;...71)=1 and A, is divisible exactly by those prime ideals which
lie above 7,...w. If for some 1=j=/ and c;=>0, dj=czs holds, then we may
take 9/=n%9; in place of §; for each i, 1=i=k, where |9]| is bounded above
by T7*¢. In this case we can eliminate n; from (47). Thus we may assume that in
(47) dj>cq for anyj, 1=j=I, and for a suitable c4>0. Choose now cg and d],
J=1, ..., I, with the properties d =cg, nd, . ¥ =1=0 (mod Ay)and =1 (mod A,).
For 9/=9;n%1...a% we obtain by (47) that

¥ =ag=azt (mod A,
and

=0=azt (MmodWA,, i=1,..,k,
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with an a3€ZL. From this we get, similarly to (48)
3j =a31 (mod A
for i=1,..., k with a3TdZL.
There exists an integral basis 1, w2,...,co, in L for which max(|a)f])<
Ac6ID2- ~ 2 holds (see e.g. [6]). Representing a3x in such a basis, it is easy to see
that there is an a4f Zt congruent to a3t (mod A) such that |(4|<cfiz)™2 1)/2.

Write 9[=ai+kyi for i=lI,..., k, dj—dj=wj for j=1, I and d—Ww for
_/>[. Then vy, are integers for any i and
(49) m?x(|y-|) < Tf*3,

Finally, from (45) it follows that for any i
(50) a, = a+ti27n?L..n?"yi

with an integer a and a unit i20of L.
Take now the polynomial

()= I (X-vd&dx)-

Putting "asap...a*«=»;, {] belongs obviously to 5 and X) is ZL-equivalent
to /. Further we have
(51) Iri< <

< exp {cBERP2B[cHB(s+ Y*(log py (DIA2(logD)N@sc*+4log d (log log d) 2}

by (49), (46), (34) and (33).

In order to prove (2) it suffices now to estimate D from above by P, D,, d, n, K
and s.

If D=DI, that is Mi=L(xi))=L for each I*j'*A, then (2) immediately
follows from (51).

Suppose now that D=DV. for some Mi=L(xi)"L. Denote by f 6ZL[X]
that irreducible monic polynomial for which f (a,)=0. Then f\f over Z£. The
relative discriminant DMJL lies above DMJ/L((i) and by (10)

(52) (V- W ) = (D(fi)){D(f)) - 0)pi*..p**
Further for any j N(pj)=py holds with a rational prime pj. Thus we get
(53) D = DMt= N I/Q(DMILDIm* 1i\DIN1/Q(6) fi Pj’uj-

7=1

For an arbitrary p=Pj, consider the prime ideal decomposition (p)= ®fL..S*r
in Mi with N("Bi)=pf’, 1=1, Denote by the highest power of p in
DM and by Rv*i(Sm,iqg)the highest power of 33 in the different @UIIQ for 1=1, ..., r.
By a theorem of K. Hensel [11] (see also W. Narkiewicz [15]) we have

w,("m/o) = e, + Vv8,(e,)-I.
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Therefore we get

\R[ND: 2| fiv»,(Bu,iQ) S [Mt:Q]-I '|'2i 1/%,(e,)) ~ n k—1+2i7/v>>,(e,).
But

M,:
2711 v®(ei) [I oQg]:j' 2 1o8e; = (nfc)2logp,
consequently /s /s 2

P2~ AMIpl fg el Y- pt e
Combining this with (53) we obtain that
D S DkdPs(nk- 1)es(nk)\
Now (51) implies (2) and our theorem is proved.

5. Proof of Corollary 1

By Theorem 1/ may be written in the form f(x)=tik*(ti~1(x +a)) with r/£S,
atZLf*£ZL[X] and |/*|<T 8, where 8denotes the upper bound given in Theo-

rem 1 for |/*|. Further, putting p?=(7&) for 1=1, we may assume that
ri=Eitil..n™* with a suitable unit e of L and non-negative rational integers

LL, =y ws and

(54) max(|7r,[) < exp {ce7(RL+ hLlog P)} = T9.
We have

(55) 5« =a, = »(U-'a).
Let OIf ..., O; denote the roots of f Hk~iXx). Then
(56) max(|0[) < c63/*| < cBI8

J

holds. By hypothesis/*<*—} has at least two distinct roots. Suppose, for convenience,

that 8”2 Oj="9j, y=I, ...,/, and 6= {*-ja are integers and from (55) we
obtain that

(57) <5d = (b —tid'"ib —rjOz) njb-tidj).
Put M=L(91, 02. From (57) we get that
(58) (b-rie'j) = bjz3i0...0*, 7= 1,2,

i

-1
where bj denote ideals in M dividing 4 and 3315...,93,. are all the distinct

prime ideals in M lying above a;. Clearly we have rSti(i—21) and N(bj)*cAdql u
for 7=1,2. Further jVM333SP|(i_1) for each m=)\,
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Write umj=hMvnj+km) with 0Skml<hM and &W=(Rn) for any m,j, where
hM denotes the class number of M/Q. From (58) it follows that

(59) b—en”l. Tiss6j= E j ...R8wJZj, j = 1,2,
with (T))=bJ23J5..93Jr for 7=1,2. We may suppose that

(60) TaJX(|T;|) < exp [cn {RM+ log dt+thMlog M} = T10
and
(61) rnax(|*m)< exp {c’ARM+ hMlogF,)} = Tu,

RMbeing the regulator of M/Q.
In M

(T*.A*5~-pr~ 1 (Pif), A)
holds for 7=1, 2. Therefore, if ©r|a( for some m and /, then
(62) min {vmj, w} < cBlog Mi, 7= 1,2
Consequently, this allows us to write

Ttj1... 71701 -0",) = nsd ... nIsG and B[Y... Rudt} = BILJ... Rwd O,

where wif vm. are non-negative rational integers such that nfl..n”* and R"K.-Rf
are relatively prime for j —1, 2 and by (54), (56), (59), (60), (61) and (62)

log [«l< c#log Tg+ cs log Mtlog T9
and

log\ j\ < cllogr 10+ c771log Mi log Tn
holds for 7=1, 2.
From (59) it follows now that

A Lo (7= () -BIN..R W<I2- (b ).RILL.. RVia,.

Since this equation is of the same type in w[, vnj as (21), we can apply the argu-
ment used in the proof of Theorem 1to give an upper bound for w{, ..., w,, v[j, ..., Vij

and \sj/e\, 7=1,2, and consequently for \n"x..n"s)\ and \ax\, where al=e la.
After calculating these bounds, we get for the polynomial

f(x) = (n?"..n?29kC (Ne ...n7 T 1(x+al)
that f(x)=E~K(ex) and
log [7T-= cB(cA(s+ i + i))c* <X+ (P> (log Pf) f log dtMi (loglogd, M if.
+{(DId1kP st2>")32(5¢nlog D1 d fr)c3(SC3+4)
with c3=k(k —I)(k-2). This completes the proof of Corollary 1
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ON THE INTEGRAL OF THE LEBESGUE FUNCTION
OF INTERPOLATION

By
P. ERDOS, member of the Academy and J. SZABADOS (Budapest)

Let
Q) -1 S *1, < x2n 1

be the nodes of interpolation (shortly xk=xkt,,);

= (t=1.. < (*)=
the corresponding fundamental polynomials, and
(@ b) = arps%bkzzl WSl if -1 "a<bsS 1.

The quantity .- 1, 1) called Lebesgue constant plays an important role in the
theory of Lagrange interpolation; as G. Faber [1] showed 1

) A, (-1, )==Cliogn
for an arbitrary system of nodes (1). Moreover, S. Bernstein [2] proved that
(3) A,(a b) Aczlogn —1S a<b”

for all systems (1) again.

In this paper we prove a more general result from which (3) will follow as a
corollary.

Theorem. For an arbitrary system of nodes (1) and subinterval [a 6]i=[ —1, 1]
we have

b n
4 f 2 wW9Idx~ c3b~a)logn (n" nAa, b)).
a k=i
In the special case a——I, b= 1, this result has been announced in [3] (with

an indication of a possible method of proof). Our proof is simpler and follows a
different pattern.

Proof. According the growth rate of A,(a, b) we distinguish two cases.

11In what follows, Ci, c2, ... will denote absolute positive constants.
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Case 1: k,,(a,b)*n3 Then let b] r?e such that 2,a b)=k |4(Y,)|s
=1
say XKy, cX;+1l. On the interval [x; xi+1], 2 14(X)I is identical with a polyno-
|

k=
mial of degree less than n, and this polynomial attains its absolute maximum on
[a, b] also at y,,. But then by Markov’s inequality, the absolute value of this polyno-

1S Cona . o . _
mial is 3 in the interval [y, » Vs 4/j2| Hence

Jhw*)I-\n* if xg[a DIN[yB -~ , Yn+~-A\

1 .b—a b—a
f <2|=i \Ik(x)\dx~—n au2
which is even more than we need.

Case 2: /,,,(a, b)<n3 Then, as we shall see from the following lemma, the
intervals [xk, xk+I\f[a, b] cannot be “too long”.

Lemma. We have

(5) P50 (xk+1-x K~ 25 ]ogl\/rl] a’b) (n”ns(ab))

for an arbitrary system of nodes (1).

By a slightly more complicated argument, we could replace xk by arc cos xk
in this lemma, and then (5) would be a generalization of Theorem IV from [4].
However, the given formulation will be sufficient for our purposes.

Proof of the Lemma. ASsume the contrary; then there exists a subinterval
[c,, dilc [a, b] of length

which does not contain any of the nodes xk, k—\, 2,..., n.2 Let
_ 3c,+2dn s 2c,,+ 3d,,

m= -—-——— . -5»=-—s5—

and zk, k—\, ... ,n, the roots of the Chebyshev polynomial T,,(x) of degree n.
The polynomial
Pn(x) = . X-2
() Zkl[y,,.<§]( K

is of degree less than n. Let xo€[y,,, §] be a point such that \T,,(x)\ attains its local

log Xn(a, b) . . .
2We may assume that 25---=-----=------- <b-a; otherwise there is nothing to prove.
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maximum at x0. Such a point exists because by the Bernstein’s result (3)

logX
0.-7n= @5": =509 r’{(a’b) - -z K (n £ u4(a, b))

holds. Thus we obtain for xd[ —1, I]\[c,,, dr]
Tn(x) TJx)

P.CU =" R (x-zK = [n(*o)(
2dly,,6,)

Tn(x<% M x —zb

MPR(x0\* "\p,,(x()\-Z ~ \Pnx<)\,,a b) 11 (n~ n5(a, b)).

Mb,,, 6,] z
Hence, by the Lagrange interpolation formula
: 1123:| b (¥*)M 4(* ol < \Pn(xQ\>-Ja, b) 1”{%:5 14(*o)1 ~ 1p,U0)JA,(a, b)~01,
i.e. A,@a b)<l, a contradiction. The lemma is proved.

Returning to the proof of our theorem, (5) implies that in case X,(a b)<n3
we have

(6) max (xk+1-x K tS 75 o (n ™ n3(a, b)).

amxk-=xk +
Let
@™)xt< xiHl<...< b)

be all the nodes lying in the interval [a, b], then
X a Xj-*b as n

(othehrwise even |/ra)| or |/,(b)] would increase at least as a geometric progression).
Further

O
/k2=£.14(1)1dx’\ [%q { f 14000 dX §:Zy ?ti I}ln{l4a)1+ 14+i00D d*

Wi gl K (14001414400 dx+J (4,001 K-+00DDG-
Let Axk—xk+1—xk and
y = -167\)-(r(x-xn)+xk i—m—k~j D,
ZIXm
then using the inequality

400+ 4+100"1 (xk™y ™ x k+)
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(cf. [5, Lemma IV]) we get

co(x)

PN+ = L cer 6

Qi(x) Axk co(x) Axk
Oi(y) 4("+1-x1J {LW+1k#Ty)}" co(y) 4 (xk+1-x m)

[xm+ ~ 7N x s X ngq Aﬁm;.

Thus

R Qi) . Axk
I QKON +\k+1(x)\}d x f coly) X a(xt+1-z

AXK+1-Xm) A, OO(Y)

Similarly, by changing the roles of k and m, x and vy,

A,
xk+1 A Xk i)
f \L(X)\ +\L +1(x)\}dxS ma J d
xk { ( ) ( ) } 4\xk+l—Xm>A+Aj< a>(X) y

Hence and from (7)

(& grkZ:1\|k( )\dX>]l 4- Ij 'l Ax I a>(x) N co(y) dy

& rﬁ i k =T 0k + 1 CO(y) CO(X)

In order to estimate the inner sum, let

, I 75logwu 75Io n, n, .
ftm — —gu X m A 9 —(tH |) (t—o,1, sn

where
=\ (b-a)n
1150 log nJ
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Then by (6), 1tmcz[a, b], and each /t mcontains at least one of the nodes xk. Hence

2 Ak "2 02 Xk
k=mxk+1 Xm t=0 xkE£It, +1 Xn ~ :?075(t+\)|09n\]"mAXk'

n Mij 7 1 1
75log«,fi t *k€ 2‘"1 +2mAXk:|'2_1:S-I/—\Ian (n'$n6(ab)).

Thus (8) yields

f kM Idx" "t - 2 athAxm-*4fi~I°Sn (n—ni(a, h)).
a @ﬁXT’l‘?
Q.E.D.
The best constants in (2) and (3) are (roughly speaking) 2/4. Apparently, our
c3in (4) is far from being best possible, and our method does not seem to be applic-
able to finding of the largest c3.
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Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 32 (3—4), (1978). 197—204.

PERIODIZITATSVERHALTEN BOOLE’SCHER
DIFFERENZENGLEICHUNGEN

Von
H. KROGER (Kiel)

8 1 Einleitung

Ausgangspunkt ist folgendes System (f€R, /=0, wobei R die Menge der reellen
Zahlen bedeutet):

q(t) Verarbeitungs -
y(t) Vorschrift v
A

Verzdgerung A

Abb. 1

welches sich als Differenzengleichung schreiben IaRt:
a(t) fur tS 0 vorgegeben,
y(t):= h(t) fur Osi<-f vorgegeben,
yt+A)V(a (t),y() fur tSso

Die Verarbeitungsvorschrift V ist verzogerungsfrei. Die Art der Verarbeitungs-
vorschrift V sowie die Wertebereiche der Funktionen a(t) und y(t) mussen selbst-
verstandlich miteinander vertraglich sein. Der Fall, daR V nicht nur Gber a(t) und
y(t) sondern zusatzlich direkt von t abhéngt, soll hier nicht behandelt werden.
Die Fragestellung lautet nun: Wann gibt es Zahlen i0sO und $>0 derart, dall fir
iSTO y(t+d) = y(t) gilt? Was kann man Uber tOund 6 aussagen?

In Abb. 1 spielt a(t) offenbar die Rolle einer Storfunktion, es handelt sich
gewissermalRen um eine inhomogene Differenzengleichung. Falls a(t) periodisch
ist, es also ein T gibt, so dal a(t+i)=a(t) gilt, kann man obige inhomogene
Differenzengleichung in folgendes homogene Differenzengleichungssystem

a(t)y fur 0=1i< T vorgegeben,
) fuar 0S t< A vorgegeben,
a(t+eo:= Va@(t),y(0) far iS 0 mit Vafa(t),y()):= a(t),
y(t+A):=W(a(),y()) fir tS O
uberfuhren, dem die Skizze in Abb. 2 entspricht.
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198 H. KROGER

Damit liegt es nahe, homogene Differenzengleichungssysteme (mit n Diffe-
renzengleichungen, n£ N, nfe2, wobei N die Menge der natirlichen Zahlen bedeutet)
zu untersuchen. In dieser Arbeit sollen alle in den Differenzengleichungen auf-
tretenden Funktionen endliche Wertebereiche besitzen und zwar soll stets {O, L)
— die Menge der Boole’schen Wahrheitswerte wahr (L) und falsch (O) — als
Wertebereich gelten. Die Einschrankung auf endliche Wertebereiche ist wesentlich.

Abb. 2

Die zusatzliche Einschrankung auf den Wertebereich {O, L) erlaubt, bekannte
Eigenschaften Boole’scher Funktionen auszunutzen. Damit bietet sich eine gewisse
Beziehung zur Theorie der Schaltwerke an. Diese Untersuchungen sollen jedoch
Uberwiegend aus der Sicht der Differenzengleichungen durchgefiihrt werden, denn
fir von {O,L) verschiedene endliche Wertebereiche kann man die allgemeine
Periodizitatsaussage von Satz 1 leicht Ubertragen. Eine weitergehende Spezialisie-
rung wird naturlich sehr stark von dem ausgewahlten Wertebereich gepragt.

§ 2 Systeme im rationalen Fall

Unter einem homogenen Boole’schen Differenzengleichungssystem verstehe
man folgendes:

Fir Is/gn (nEN, né?2) seien positive reelle Zahlen At und Funktionen
hft) mit Werten aus {0,L} flr sowie ni-stellige Boolesche Funktionen
Ft gegeben und es gelte

Ti(0:= hft) fur 04i< 4,
yi(t+Ai):= Fi(yi(t), ~.,y,,(0) fur iS o.
Abb. 2 gibt fur n=2 einen Spezialfall an.

satz 1. Sind in einem homogenen Booleschen Differenzengleichungssystem die
Verhéltnisse AXA2, ..., A,,_1:An alle rational, sogilt mit t)(i): = (yi(i), ...,yn(t))T:
Es gibt reelle Zahlen i,—0 und <5>0 so, daf i)(t+S) = p(t) fur t~tO.

Beweis. Offenbar gibt es ein maximales A und 2;6N derart, dal A
gilt, A kann als Elementarldnge des Systems bezeichnet werden. Sei

Amm:= max (Ar, ..., A, 2mx= max (A, ..., 2,).
Fur festes t' mit O t'*A sei furyENU{0} t)j(t"):= t)(f+j-A). Fir zTNU{0} sei
Si(t):= (hi(O” hi+i(0> e’ hi+"m,-i(0)
das z-te Stammstiick zu t'.
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Wegen der Endlichkeit der Wertemenge {O, L) der Ft gibt es nur endlich
viele verschieden besetzte Stammstiicke, namlich hochstens 2m mit m:= n <Arex
Da das i-te Stammstick das (z'+l)-te Stammstiick eindeutig bestimmt, gibt es fiir
jedes t' mit Ost'<A ganze Zahlen kOund k' mit Oék0<2T, I"k'?2m so, dal
fr i7k0Si+'(t") = Folglich gilt mit i0:= 2meA™max {{d:0"i'-=A] cA+A
und k\=kgV{r:\*r"2n}, 5:=k-A die Aussage t)(i+<§= t)(/) fur t" t0.

Man beachte, dall es sich bei obigen Angaben um Abschatzungen fiir das
gesamte Boole’sche Differenzengleichungssystem — nicht nur fiir einzelne Kom-
ponenten — handelt, dal auflerdem keine speziellen Eigenschaften der Funktionen
Ft oder der /1,(0 ausgenutzt wurden. Die Bedeutung des Satzes liegt nicht in seiner
quantitativen sondern in seiner qualitativen Aussage. Eine Verallgemeinerung fir
von {O, L) verschiedene aber ebenfalls endliche Wertebereiche liegt nahe.

Besonders (bersichtliche Verhéltnisse findet man, wenn die Funktionen Ft
nur Z-stellige Funktionen der Argumente yx(/),  yt(t) sind, also der Fall

yiit+Ai) := Ffoiif), ...,yt(0).

Es handelt sich um ein gestaffeltes System (gewissermaflen in Dreiecksgestalt),
das man nicht simultan 16sen mufl sondern zeilenweise lésen kann. Dies legt es
nahe, folgenden Gleichungstyp zu untersuchen.

8 3 Die allgemeine Gleichung im rationalen Fall

Die Differenzengleichung von Abb. 1 laRt sich offenbar als Spezialfall des
Typs

a;(i) fur i&0 und vorgegeben,
y(t):=h(t) fir O vorgegeben,
(*) y(t+A): = V(@l(p), ...,an(t),y(t)) fir

ansehen. Aber im Fall Boolescher Funktionen reduziert sich (*) zu

y{t+A):= (y()\g (0) V(-1y ()J1/(0),

wobei g und f durch V und ax, eindeutig bestimmt sind, oder anders for-
muliert
: fg(0 falls y(t) =L,
yif+A ) |y(;> falls y(t) =0.

Nun sollen Boole’sche Differenzengleichungen dieses Typs untersucht werden,
bei denen zusétzlich f(t) und g(t) fir zsO eine gemeinsame Periode x>0 haben
und das Verhdltnis z:A rational ist. Es gibt also minimale p, gEN mit p sA=q *x.
Zunachst soll eine Klassifizierung der Argumente tsO eingefuhrt werden.

D efinition. Man erklére:

1) t' hat die Eigenschaft 1: genau dann, wenn y(t'+p *A)=y(t"),

2) t' hat die Eigenschaft A : genau dann, wenn es mindestens eine ganze Zahl j
mit gibt mit f(t'+j-A)=g(t'+j‘A).
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Die Eigenschaft 1 vererbt sich, d.h., wenn t' die Eigenschaft 1 hat, so hat auch
t'+i-p-A die Eigenschaft 1, /ENU{0}.

Beweis durch vollstandige Induktion. Es gelte fur festes t' und iEN

Y(fl = y(t'+p+A) =...=t y(t' +i-p-A),
dann ist zu zeigen:
y(t') = y(t'+(i+1)-p-A).

Wegen p-A~q-x gilt fir /6 NU {0} auch
f(t'+] «A) =f(t' +iepeA+jeA), g(t'+]jA) =g(t'+ispA+j-A).

Demnach geht die Berechnungsfolge von y(t' +i-p- A) bis y(t'-\-(i+X) *p *A) aus
derf \Ilon y(t") bis y(t' +p ¢A) durch Parallelverschiebung um i-p- A hervor und
es folgt

y(t'+p-A) =y(i'+ (i+1)- p-A).

Wegen p*A=qex kann man bei der Definition der Eigenschaft A auf die
Bedingung j<p verzichten. Die Eigenschaft A bedeutet offenbar, dafl eine Berech-
nungsfolge von y(t') bis y(t'+p mA) sowohl im Fall y(t') —L als auch im Fall
y(t") =0 dasselbe Endstiick hat, das im Extremfall nur aus y(t'+p-A) besteht. Da
die Eigenschaft A allein von den Funktionen f(t) und g(t) geprégt wird, ist wieder
wegen p-A=q-x auch die Eigenschaft A erblich, d.h., wenn t' die Eigenschaft A
hat, so hat t'+i-p-A ebenfalls die Eigenschaft A. Hat t' die Eigenschaft A, so
gilt dann fir i'EN auch y(t'+peA) = y(t'+ iep *A).

Als Gegenstiick zu A betrachte man die Eigenschaft B, die fur t' genau dann
gelten soll, wenn die Eigenschaft A fiir t' nicht gilt, d.h. genau dann, wenn fir
alle 76 NU {0}

f(t'+j-A) » g(t'+j-A)

gilt. Ebenso wie A ist auch die Eigenschaft B erblich in dem Sinne, da mit t' auch
t'+i-p- A (iEN) die Eigenschaft B hat. Wenn t' die Eigenschaft B hat und y(t') =
=WE{0, L) fur i'EN die Werte y(t'+i*A)= {O, L} impliziert, so impliziert
y(t)=~W fur iEN die Werte y(t'+i*A)=-1Wt, die Berechnungsfolge wird
negiert.

Hat nun t' die Eigenschaft B und nicht die Eigenschaft 1, so gilt zunéchst
y(tY)= ~~\y(t'+p «A), wegen der Eigenschaft B muB dann aber fiir iEN

y(t'+(2-i=l) spcA)—-iy(t'), y(t'+2-i-p-A) =y(t)
gelten.

Offenbar wird das Periodizitatsverhalten der Losung y(t) der allgemeinen
Boole’schen Differenzengleichung im rationalen Fall durch die Eigenschaften der
Argumente im Intervall 0 festgelegt. Im generellen Fall ist y(t) fir
t"p-A entweder konstant oder y(t) hat fur t=speA eine kleinste Periode d und
dann gilt fiir ein geeignetes rEN 2ep+A = 0 +r. Je nach den Eigenschaften der Ar-
gumente im Intervall 0"t<p- A kann y(t) sogar fir rsO periodisch sein oder fiir
die kleinste Periode 0 bei geeignetem rEN sogar p-A = 0 er gelten.
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8§ 4 Klasseneinteilung 2-stelliger Verknipfungen

Wahlt man in 83 die Funktionen /(?) und g(t) geeignet, so geht der dort be-
handelte Gleichungstyp (ber in den Typ
a(t) far (SO vorgegeben,
y(t) ;= h(t) fir 0s t< A vorgegeben,
y(t+A) = (y(thga(t)) far /=0,
g£R:= AiUA0UAa,
AX = { A ,V ,R2:={=74},
Re:={, V,4-, —}

Dabei sei A=und, V=oder, ~i=non,
X—y ~ixVy, X yI=y X, x I\y ~i (x/\y),
xdy = -i(xVy), x->y:=~(x V), x4-y:=y-Fx
X=y = (XAy)V(nx/1ny)), X=Yy: =i (X=Yy).
Jeder Operation ordne man eine Operation g und g mit

X8y 1= XE>(~iy) und Xxj?y := ~ 1((“ iX)By)
zu. Damit erhélt man folgende Tabelle.

g n \Y - N \Y 4- - = 2
g -K - \% n - 4 % n & =
BE - 4 n Y 4 - n Y = &
g \Y n — v n - 4- =

Offenbar gilt s—a=pa, a=4a

Sei nun z/) mit Periode t>0 fir i*O fest vorgegeben, ebenso A und h(t)
fir 07t<A. Die Losungsfunktion der zugehorigen Differenzengleichung vom
Typ (B) werde mit y(h; g; a) bezeichnet. Dann gilt, wie man der Tabelle entnimmt,

y{h\g; a) = y(h; § na) =ny(nh; g;a) =ny(nh;g; na).

Sofern man an a(t) und h(t) kein speziellen Bedingungen stellt, kann man den
Gleichungstyp (B) auf die Falle £5€{A =, =} reduzieren, flir jede der Klassen
Ri, R2, R3 genigt es, wenn man das Problem fiir den entsprechenden Représen-
tanten losen kann. Fir die Klasse {=, "} gilt etwa

Satz 2. Gegeben sei eine Differenzengleichung vom Typ (B) mit £>e{=, ~},
r>0 sei die kleinste Periode von a(t). Wenn es i0=0 und &>0 so gibt, dal’ fur
tSt0 y(t+06) = y(t) gilt, dann gibt es AEN so, dal 5 = A«t.

Beweis. Sei t'~t0. Der Funktionsverlauf von y(t) im Intervall t'At<t'+S
ist mit dem im Intervall t'+d6"t<t'+2 +0 identisch. Entsprechendes gilt fur
y(t+A). Aus der Wertetafel von = erkennt man sofort, dall in (x=y)=z der
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Wert von x durch die Werte von y und z eindeutig bestimmt ist. Daher gilt fiir
t~t0 sofort a(t+d)=a(t), aber auch a(t+x)=a(t). Da T als kleinste Periode
von a(t) angegeben war, folgt die Behauptung.

Wenn T: A rational ist, ist die Existenz von tOund 6 fur Satz 2 durch 83 gesichert.
Fir die Klasse Rzerhélt man

Satz 3. Gegeben sei eine Dijferenzengleichung vom Typ (B) mit gqfRi=
={nV, -f} Sei x:A rational, also p-A—g-x flir geeignete p,q£N. Dann
gibt es 6>0, AEN und tO=p *A so, dal fir i=1t0 ¥(14-p) = y(t) gilt, wobei 6 fol-
gende Eigenschaft hat: As$= A.

Beweis. Es genlgt, fir £—J/1 zu zeigen, daB fur tst0 y(t+A) = y(t) qilt.
Fir g=/1 erkennt man y(t) = O = y{t+A) = O. Sei nun t'~tOund y(t')=L.
Angenommen y{t'+A)=0, dann gilt aber als Widerspruch

L =y(t') =y(t'+2-p-A) = y(t' +A+(2-p—I)-A) =0

Als offene Frage bleibt, ob es fir die Klasse R3dahnliche Aussagen wie Satz 2
oder Satz 3 gibt.

§ 5 Weiterfiihrende Beispiele

Bereits bei Differenzengleichungen vom Typ (B) aus 84 mit periodischer Stor-
funktion a(t) stoRt man auf erhebliche Schwierigkeiten, wenn das Verhéltnis x:A
irrational ist. Wegen Satz 2 durfte der Fall e€{=, ~ } noch am ubersichtlichsten
sein.

Beispiel 1. Sei g==, A=2, x=12.
fL fur 03i< ]
o(i):=(0 fur 13 i<i2,
a{t+x)\=a() fur "0,
y(@:=L fir 0Si<2,
y(t+A):=(y(t) = a(t)) fir t&0.
Man sieht, dall y(t) Sprungstellen fir t = 1+A- fT+2-g wobei AE{O}UN, /rEN,
und fur i=A- Y2+2-L, wobei A /iEN, hat.

Besitzt y(t) auf dem Intervall b t<b +2 genau a Sprungstellen, so besitzt
y(t) auf dem Intervall b+2”t<b+4 mindestens <r+2 Sprungstellen (6&0). Es
kann also kein t0und kein <5>0 mit y(t+S)=y(t) fir t*t0 geben.

Beispiel 2. Sei Q==, A=1 x=12.

[O fir Ogi<lI,
a™ :=[L fur I~r</2,
a{t+x):=aft)y fur t~ 0,
y(t) ;=L fir 0s i< ]
y{t+A) = (y(i) = a(t)) fiur t~ 0.
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Die Sprungstellen von y{t) sind auBer t—1 nur noch r= As 1 fir AEN.
Daher gilt fir rw0 mit &=2*/2 y(t) = y(t+S).

Beispiel 3. Sei q==, A=I, t=/2.

at+mn:=a() fir (é 0,
y(t):=L fur 0=i< ]
y{t+A) = (>() = aft)) fir i&0.

Als Sprungstellen von y(t) ermittelt man t —A wobei A” 2, 26N, t— 1
wobei  N. Es gibt kein t080 und kein 6"O derart, dal fir tStO eine Bezie-
hung y(t+06)=y(t) gelten wirde. Nach Satz 2 muBte % namlich ein Vielfaches
von /2 sein. Ist aber A'€N und A'7l, so gibt es kein vEN derart, dall A+ ve/2
wieder eine Sprungstelle ist.

Bislang wurden die Differenzengleichungen als exaktes mathematisches Modell
behandelt. Man kann sich jedoch auch eine technische Realisierung fir Abb. 1
vorstellen, wobei folgendes Problem auftaucht: Aus Tréagheitsgriinden bendtigt
der technische Apparat eine gewisse Zeit, um vom Funktionswert O auf den Funk-
tionswert L umzuschalten und umgekehrt. Man kann wéhrend der Tragheitspause
als Funktionswert entweder einen Undefinierten Wert einsetzen — was im mathe-
matischen Modell den Ubergang zu einer 3-wertigen Wertemenge oder Logik
erfordert — oder man behalt den alten Funktionswert solange bei, bis sich der
neue Funktionswert durchgesetzt hat, auch das erfordert eine Modifikation des
mathematischen Modells. Hier soll an einem Beispiel noch gezeigt werden, wie
man in Beispiel 3 bei konsequenter Impulsunterdriickung doch noch zu einer
periodischen ,,L6sung* gelangt.

Beispiel 4. Die Ergebnisfunktion y (1, aus Beispiel 3 habe einen O-lmpuls
bezw. L-Impuls mit den Randpunkten g, ., wobei /2—g<1-= <t2. Zu j>()
konstruiere man eine neue Funktion y () so:

y(t):= y() fur O

y() :=~iy(t) fur ijSi<i§

y(t+A):= (y(t) = a(t)) fur tS t2—A mit A —1
a(0 wie in Beispiel 3,

Sei
falls h€EN, t2ffN,

falls g$N, t2€N-
Offenbar gilt nun
y(t) = const  fir 1
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und
J y(i+l) wenn y(ti)=0

K+0 \_jj(/+1) wenn y()=L

Der verschluckte Impuls kommt in diesem Beispiel also bei y(t) in negierter oder
nicht-negierter Form wieder mit den Randpunkten tx:—t'-\-tx—1 und t2:=
=tU+t2—1

Wiederholt man diesen Prozel? stets, wenn der Impuls negiert oder nicht-
negiert wieder auftritt, so erhdlt man dabei eine Funktion y(t) und es gilt fir

iSI mit S:=t"—1y (t+S) =y (t). Man beachte, dal % ein Vielfaches von J/T ist.
Es bleibt als offene interessante Frage: Wie reagieren andere Beispiele auf
einen derartigen Impuls-UnterdriickungsprozeR3?

Quellenangaben. Zu diesen Untersuchungen wurde der Verfasser 1970/71 von
Prof. Dr. P. Deussen angeregt. Die Resultate wurden zunachst im Bericht Nr.
7107 der Abteilung Mathematik der TU Miinchen gesammelt. Fir die benutzten
Beweismittel sei auf die allgemeine mathematische Literatur verwiesen, besonders
auf die Gebiete Verbandstheorie, Boole’sche Algebren, Schaltwerktheorie und
Automatentheorie.

(Eingegangen am 5. Mai 1976.)
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A LOG LOG LAW FOR ABEL’S SUM

By
R. VASUDEVA (Mysore)

1. Introduction

Let {T,,un= 1} be a sequence of independent random variables (r.v). Write

Sn= 2 Th= 2 (1-k/nyxk and 21 = 2 Al kA~*XK,
k=1 k=1 k=1

where 0 and

s = (TEROHR-D). (P )

For the sequence {Xn} with E(Xn=0, E(XI)=1 and \Xnm\*M, where M/is a
- _ . i 2n JS—i a
known positive number, G oposhkin [6] proved that limsup Tnbm log logn} " =1

. I 2n I-1'2
almost surely and Ilrle_segp YM1—277+1—Iog IogﬂJ} =1 almost surely. In [1] Basu
has established the above results under the weaker conditions (i) E(Xk=0 and

E(XI)=1 when the Xks are identically distributed and (ii) E(XK=0, E(X%)=1
and t2_iE(X%+d)k~iI+O,2)< °° when otherwise.

The motive of this paper is to obtain iterated logarithm laws for Tn and 2n
under the following two assumptions on X,,: (i) the X,,’s are identically distributed
and independent r.v.’s and (ii) for properly selected sequence {B,} of positive con-
stants, the sequence {SJB,,} converges weakly to a non-normal stable r.v. Our proof
rests on the method of G oposhkin [6].

2. Notations and preliminaries
For a real number n let [u] stand for the greatest integer =u, let e>0 and
C, Cj,C2(0 ) stand for absolute constants whose values are not the same at each
occurence. G(-, a,®, 0, C), a€(0,2), /?€[—L 1], C>0 stands for the stable

distribution function to which {SJBn} converges weakly and L(x) stands for a func-
tion slowly varying at °°. Denote (log log n)-1,

(sign'T,) and (sign2n) by 9n,Un and V,,
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respectively. The terms “infinitely often” and “almost surely” are abbreviated
as 1.0. and a.s., respectively.

We recall two well known results which are useful in proving the main theorem
of this paper.

When the Xn’s are independent and identically distributed r.v.’s with

lim P(SJBNnSr) = GO, a B, 0, C)

then for any x>0 (see, for example [4])
P(Xx -x) ~CO-Z0) and P(Xx&Xx) ~ CX-“L(X)

whenever  |/?|<1, C2x~xL(x) when R=\ and P(Xx* —x)~
~ CIx~xL(x) when /?=—1 Further, when B= +1 the other tail can have any
rate but of o(x~*L(x)).
Another result is of Beuerman [2] which states that the assumptions (i) and
(iiy imply
fim P(TJB,, » x) = G(x; a,B,0,"-j-)

whenever a5*1. The arguments used in [2] establish the result for a=1 also under
assumptions (i) and (ii).

3. Results

The main theorems of this paper are presented in this section. A few lemmas
are proved first, which are needed in establishing the theorems. In the first three
lemmas the sequence (yn) stands for a sequence of positive numbers with y,,—°°
as un-*-»,

Lemma 3.1. If
lim P(S,./Bn—x) = G(x; &, 8,0, C)
then
(1) Cry;b+» =P(TnSrynBn * Cy“@"'c
when /?€(--1, 1] and
2 Ciy-(‘+¢) P(T,, lW-ynBn = C2y"(le)

when /?£[—1 1).

Proof. We give the proof of inequality (1). The proof of (2) is omitted as it
could be obtained on similar fines.
Define
Ai={(l-i/nyXi~(I+e)ynBn}
and

A=f 2 (@-j/nyXj *eyu\, i=172,
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Proceeding on the lines of H eyde [7] One gets

P(T,,s ynB)" 2 P(d.) ip(Dt)- 2 w ) =

j—1 ' j=1 '
Since : :
limP(TJBna x) = G(X; a, B, 0,

y~1B~1T,,A 0 (in probability) as n— Hence given a $=-0 with 1—2<50
we can choose an integer Nt such that for all n*Nx and for all 7=1,2, ...,n
P(DY~ 1-25. Also

2 P(A)) 2 P(W, s ynBn S Cxny~xB~X(y,,Bn~ C2ny-<*-‘>B-*L(Br).
7=1 7=1

Since nB~xL(B,,)-+C as (see Ferrer [4]) we can find an integer N2 such
that for all n~"N2 72_ P(Aj)—d- As a consequence
=i

(3) P(Tn*ynBn™(1-6) _2_5’(At).
But "

ryit

n [nl2] 1
4 2 PWs 2 WL S 277.10 '=[y] Qy-@HBR,-*1(SI » CB(i+£).
(3) and (4) together imply that
P(TnS y,B,) » CUF<-+<>
To prove the right half of the inequality define the r.v.’s Xkn as

X K* if |(1-k/nyXK"ZnBn
" \o otherwise,
where Zn=yn, 1/2<r<l, and write

=2 (I-W M n
1=1
Denote by En, Fnand Gnthe events

En—{(1—k/n)pXk~ (1—z)ynBn for at least one k" n}.
F, = (1 —k/n)pXkK\~ Z,Bn for at least two k's, K" n}

and
Gn= {\Tm\~ synBn}.
Then
<5) P(Tn” ynB,) =i P(EnN+ P(F,,) + P(Gn).
It is easy to observe that for some e>0
(6) P(En =SnP(XxS (1- e)ynBn) S Cn“(—>
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and
) P(Fn A {nP(\X\ A ZnBRY = C1Z2“2* ) N CZ-(«-e
By Tchebycheff’s inequality

P(7;.1 " ey,,B,)

where
NTL)Y =2 (1 -jiny2pE(XIm+ 2 (1-j/n)p(l-k/nyE (XJJIE (XKJ.
J=1 J,kjg—ql(
From Fernier [4], page 544,
14], pag / \(2—a)P+c
BA.p) =S J Z t* +cBy-*>L(Bn
and hence
8) P i e X0 61 Y(EE)

Easy calculations show that the second term of E(T%) is

AN(Td~W £ (K D)e

s(n,p) co
Majorising FOA" 1) by P{\X1\"x)dx when a-=I and by( f) P{XI\"*x ) d x
0 e(np

when a>l, where B(n,p)—(n—k)~pnpZnBn, and applying Theorem 1in Ferter
[4], page 273, one can obtain the inequality

Eild -KInYE{\Xk /1,
©) © eylel Cymm~g if a 1

When a=1, the Xn’s are essentially symmetric r.v.’s and hence the second term
of E(T94) is exactly zero. Hence from (8), (9) and the above argument

(10) P(Gr) LW (Ci+CAy--c>

The proof of the lemma is complete, once (6), (7) and (10) are substituted
in (5).

Lemma 3.2. Cly-(‘#&"P(|71"y,, B Cry;<—\

Since slight modification in the proof of Lemma 3.1 establishes the above ine-
quality the details are omitted.

Lemma 3.3.
lim P(\S,,\ S ynBn)
@ NP(\Xr\'S ynBn)
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For proof see Heyde [7], when oc”l. The arguments given in [7] work in
the case of a=1 also as the r.v. Xn’s reduce to symmetric r.v.’s.

Lemma 3.4. For every €>0
P(|S,| ~tf,,(logn)(@B> i.0.) = 0.
Proof. Define the sequence nr=2', r= 1,2,... and the events
nen) = {1$1 flog n)(1xc«},
B(r)={ sup [8iis B,r(log nn(+E)a}.
and
C(r) - {S.r+y ~yfi,r(log«r)(d-~}.

Observe that
(11) (A, i.0.) ¢ (Bri.o.).

We aim at establishing that for all r~ro (ro is a positive integer)
(12) P(BR "N 2P(CH).

From Lemma 3.21, page 45 [1], (12) holds if we prove that for all nin nr*n<nr+l
and for all r~r0

<) i>(|S,.rtl—S,| si-A ,r(lognn<#)*) s 1/2.

Since

p{|S,.r+I-S r si-5,, r(logn)(I+H)} * p{\snr+1- m S ¢ B nr+1_n(lognn)(1+£)*}

from Lemma 3.2 we can find integers N and R such that for all nr+l-nSN and
for all r*R (13) holds. When nr+l-n"N, as there will be only a finite number
of terms in s, r+1—s,, we can always find an ro such that (13) holds for all r~ro
and consequently (12) is valid.

Now

2 pen= 2 p@nN+2 i P(Ch.
r=1 r=1 r=r0+1

From Lemma 3.3 one can show that P(CRH~Cr_(1+) for all r~r0. Hence
@
2 P(Br)<°°. By a reference to the Borel—Cantelli lemma and (11), the proof

is complete.

Theorem 3A. If
nllm p(sienXx) = G(x, a R 0, C)

with /?€(—L, 1] then
(14) P (limsup U, =eld = 1

Acta Mathematica Academiae Scientiarum Hungaricae 3, 1978



210 R. VASUDEVA

and
(15) P Qhrﬂ%yp v, = ella) =1
Proof. TO establish (14) it is sufficient if we prove that
(16) P(Tn£ B,(log)(1-W* i.0) - 1
and
17 P(Tn£ 5,,(log«)<l#Va i.0.) = 0.
Define
Ns=5° Ws= Zi+|(1-k/N$/xk
and
Zs= M\I-k/N syXk, s=1.2, ...
T k=L ¥
Then TNs=Ws+Zs. Hence (16) is obtained by proving
(18) P(WS” 2BNs(logN p-*'* i.0) =1
and
(19) P(ZS” - B Ni(log i.o.) = 0.
P(WSE 2BNa(log iV))(L i) = p\T"'-N-' £ 2 L N '‘0o0gNp-*f\.
( (log V)M = p {&NS-NS-1 \HT,—iVs—I*) 9np '
Since NS T as i>00 °° T is immediate and hence

Ns—Ns_1 dns- ns-i

P(WSE 2BNs(log M)(L')le) £ Pir*..*.., £ CBNt_Na I (log M(I-£)f) £
£ C(logIV)-(1'_¥9)

Since Ws, s=1,2, ... are independent r.v.’s an appeal to the Borel—Cantelli
lemma vyields (18).
Next notice that
ZsBA(\ogNJ-(@-t)Ix-~0 as s+~.

Hence by Lemma 3.2 there exists a d>0 such that
P(ZS"-B Ns(log Ng~éld =C rB ~B * (log gy-a-eH*-*)/* s ¢ 25~(1+¢).

Again by Borel—Cantelli lemma (19) is established. We now proceed to claim (17)
and thereby complete the proof for (14).
Let {ns} stand for the integer sequence [0s], s=1,2, ..., 0=-1 Then from

Lemma 31
P(Trs> Z2s(logno<l+EH) A Cs-<i+*>
and hence P(T,,s>B,,s(log«9(1+E)/a i.0.)=0. For any n in n,.,5 u<ii write
T,=T*"HT.-T".
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To establish (17) it is enough if we prove that

(20) p[t,"sJ Bn(lognY” La) =o0
and
(21 Bn(log n)(1+£)* i.0.) = 0.

(20) is easily obtained from Lemma 3.1 and the Borel—Cantelli lemma.
To establish (21) we define

Rs= sup | J  1(log n)- (1+E)A,
o - (HE)
) "..iSSu>P««, t:r].2 -+l (I-fc/u)pzJ 1(log n)
and . -
iy sIff kP ( "
Rig = sup 11“ «] 4 (1=~

Proceeding as in [6] one gets

/?u)=g sup  [PS®5“1(log/i) !+ e
' ns ' ns_1*n<ns

where

sh= 2 xk

From Lemma 3.4 it is easy to conclude that

2°|A-1(logn)-<+)“ 51 as.
Also from the inequality

the right side of which can be made as small as desired by making 9 tend to 1, one
can easily show that

(22) Rv —1/4 as.
Again from [6]

o mc\ kgl Wns-i)JIx k

where
_ Pp(p-D...(p-j+1)
j!
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Clearly
p(\Twns* X ks I o g =
= N3 2 XI-fe/ns-i)~t ~ Bn i(Iogn,-i)(1+t)/<'3) A C(s—1)~(1+£12).
Hence
(22) 2 Wns-i)jxk *«/.xO0g"-i) (+E)*t§ 1 as.
Ife=1
Further since (i) nt—r?{i- ~ 1—(-51' which can be made as small as desired by

taking B near 1and (ii) .’:1|C/|<°°, (22) implies that R(2)S1/4 a.s. Hence Rs™ 1/2

a.s. and (23) is establijsﬁed. Thus the proof of (14) is complete.
(15) is established below. From the fact that

[UA-p=(lI-k/nY+0Qin-)

one gets 2n =Tn+0(n~\)S,,. Lemma 3.4 implies that 0(n_1) Se as. (15
is equivalent to

(23) P(2ps Bn(log i.0) = {j
Take £>0. Then

P(zZP= 5n(logn)(tE* i.0.) P(Tns R,,(logn)(I+)/*-£ i.0.) S
S P(Tn3rfi,(logn)(1+£/2)1 i.0.) = 0,
the last step following from (17). Similarly proceeding with e<0, (23) is obtained.

if £ 0
if £<0.

Theorem 3.2. If
im P(SJBnS x) = G(x, a B, 0, C)

I
M1-*-00

with /2£[—1, 1) then

(24) P(liminfUn——eld) = 1
and
(25) P(liminfvn=—elX) = 1

Since minor modifications in the arguments of Theorem 3.1 establish (24) and
(25) , the details of the proof are omitted.

Remark. Notice that when |/?|< 1, the above theorems give both limit superior
and limit inferior of the functions U, and V,,. But when B=\ (R——I), only the
limit superior (limit inferior) is given. When the common distribution of the se-
quence {Xn}is G(., a, 1, 0, C) with x 1, Mijnheer [8] has shown that for a known
constant C

(26) P glim_gonfSnmlla(Ioglog n)(1-a)/ct = g) =1
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Since 2~pSini=Tn*:Sn, from (26) we can find constants Cx and C2 (Ct< C2
such that
P(Tns Q nlx(loglogn)-<-x)ix i.0.)=0
and
P(T,," C2n1x(loglog i.0)=1
which imply that
P(T,, WnYa(logn)ci.o.) = 1
and
P(Tn= nl(log n)~ci.0.) = 0

and the two together are equivalent to
/’(liminfU,= 1) = 1

Now P(Iiﬁ]éng,,:I):I can be obtained as an easy consequence.

The following example shows that 1 ceases to be the limit inferior of Un(V,,)
for distributions which are in the domain of attraction of (?(e, a, 1,0, C), a<lI.

Example. Let {Xn} be a sequence of independent r.v.’s with the common distri-
bution F given by
F(—x) = x-ll(log x)_1/3
and 1—F(x)=x~x for xée and 2/3<ad. Then
nIi_ra P(SJnlix Sx) = G(x; a, 1,0, C).

Taking yn=(log n)2(1+e)f& an(i proceeding as in Lemma 3.4 by giving the value
r—3J4 in establishing the right half of the inequality, one gets

P(TnS -n W¥*(logn)+E/3) QOogn)-~
P(TnS -n 1/41logn)21-£/3*) ~ C2(log n)-(1-€).

and

Repeating the proof that one would give for Theorem 3.2,
(27 P(Tn3=-n M(log n)2(1- £/3 i.0.) = 1
is easily seen.
A slight modification in establishing the other part, which is indicated below,
gives
(28) P(T,, sa - n Ya(log ,)2(i+<0/3« i.0.) = 0.
The modification is only in proving
plrn-T I _1” -~ n 'A\o%nyb+»1B i.0.) = 0.
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Define
R,— inf (Tn-T,._ n (logn)-2(1+)/3,
A)=  inf [ 2. (I—fc/n/A't)n—"Oogn) 2(1+e)fsx
" -IS»-=n VV*=n, j+1
and
Z'd-k/n. "y X,
R= inf © N - Ua(loge) 2d-+€)/3"
and the r.v.’s
(x* if Xk~0
*H o0 otherwise.
Notice that
ljtzzi ' n_1/1(log n)18
converges weakly to a stable r.v. with the same a and with s=-1. Applying
Lemma 3.4 one gets
2 -A-(log n)2(1+#)/3*  a.s.
Therefore _
*=”.2—1+l(1-k/nka . Iy k1 -
nl/e0og M2(1+)/3* = nid(log N)2(1+Y3 4
e ¢ 4 8s
Repeating the lines of proof of Theorem 3.2, R{2)S — a.s. is easily seen and

consequently P(Tn—T,t 2 (1 o g n)21+)/3*i.0.)=0 is established.
(27) and (28) together imply that

P(liminfUn=—e23) = 1

Now
P (Iiminf\/,,z —e23)=1

can be easily claimed. Thus we conjecture that the liminf of U,,(V,) depends on
the rate of convergence of F(—x)/(I —F(x)) to zero as x—
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encouragement. Also, thanks are due to the referee whose comments helped a lot
in the preparation of this paper.
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ON PROPERTIES OF PEANO DERIVATES

By
P. S. CHAKRABARTI (Raniganj)

1 Introduction. Let / be a real function defined in some neighbourhood of
the point x,,. If there are numbers al;a2, ...,ar depending on x, but not on h
such that

where lim ap denotes the approximate limit [12, p. 218], then aris called the approxi-
mate Peano derivative of / at x0of order r and is denoted by fra(x0 [2, 4, 9].
From the definition it follows that if /r,a(xQ exists, then J1,a(xQ also exists for
1Sk™r. We shall write /(x0=/0,a(x0=a0.

Let /ra(xQ exist for a fixed r. Let

fr+i,a(xo) and fr+i,a(xo) are called the approximate upper and lower Peano deriv-
ates of f at x0of order r+1, respectively, where lim sup ap and lim infap denote
the approximate upper and lower limits, respectively [12, p. 218], while Jr+1(x0
and fr+y (x0 are called the upper and lower Peano derivates of / at x0 of order
r+1, respectively. The definitions of the right hand upper and the approximate
right hand upper Peano derivates / r+i(x0, froexa(xQ are obtained from /r+i(x0
and fr+i>a(x0, respectively, by restricting h to be positive. The definitions of the
other Peano derivates f~+1(xa), Jr+i,a(x0), LXi (4 LXi<«(* [I+iW, L+i,a(x<3
are similar. When all the four derivates /r+i,,,(x0, fr~-28(x0, /r+i>(xQ an
LX I,,,(X0) are equal, the common value is said to be the approximate Peano deriv-
ative (possibly infinite) of / at xOof order r + 1 Ifin the above definition the approxi-
mate limit is replaced by the ordinary limit at every stage, then we get the defini-
tion of the Peano derivative /r+1 [11].

It is known that a finite approximate Peano derivative belongs to Baire class
1 [4] and it satisfies Darboux property, mean value property, boundedness pro-
perty, Zahorski’s property and the Denjoy property [9]. It is also known that
an ordinary (finite) Peano derivative enjoys Zahorski’s property ,///3 [13] and that
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if the approximate derivates are bounded at least on one side then they are the
corresponding Dini derivates [6, 5, 7]. These results are extended for the approximate
Peano derivates.

2. Terminology and notations. Let / have an approximate Peano derivative
of order n—1 at each point in the closed interval [a, b], Then / is said to have the
mean value property M* with respect to //,, in [a b], Owk”n —I, if for each x
and x+h in [ab] there is x' between x and x +h such that

(r—tw =i 1

A=AP 95 yr.l =/t¢0
If / has the property M* with respect to then we shall write f€EM f(//«).
Set

Mn(J:.a) = :Do M*(J+3).

The mean value property with respect to other derivates, viz., f*a, f~a, f~a,//,
in >In ar>d fn are similarly defined. The class of Darboux functions will be
denoted by 3).

3. Theorem L ///,-i,«(ns2) exists in [a b] and if any of /,%,
/+, 1, ,ff and jf is bounded at least on one side in [a, b], then / (*_1) exists and
the Peano derivates off are equal to the corresponding approximate Peano derivates
off in [a b\

Proof. We shall prove that if /+, be bounded at least on one side, then
/,% =//. Other cases are similar.

Let us first suppose that ffais bounded below. We may suppose ffa=0.
Then by Theorem 3 of [9],/,,_Tais non-decreasing and continuous in [a b\ and
since [9 exists in [a, b]. If possible let £ be such that

Kr=/+«) </, %(£) = K.
We may suppose that 0=~—f(f) =...—fn_ff). Choose 0-ze<— -—  Since
Kl<K—2e, there is a sequence {A} such that Ay—0+ as v—"° and

1) flgi<n)! K-2e forall w

We may suppose AK1. Let us fix v. Then by mean value theorem, there is tv,
0<% Y suchthat
1K)
K/n' '|n'l-|'9.
Since/,, ! is non-decreasing and/,,-i(0) —0,/,,_!/,,) » 0i.e./(/iy) s 0. Also from (1)
HK) < K—Ze - K—e

K/n\
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Hence n!'f(hvy) < K(K—e) i.e.

Let 1=[0N,] and 7>=[{B" f* 4 So, from (1)

m(I1v) = fovi(k) 12"

@ m(y U A-e)) Y ET -

Since /mo(0)= A" there is N such that the set E=\}>;: —K>— e;;t>o[
satisfies xrin'. )
m(~n/y N (K-L, - for
®) mJy)  \K —e)
Since /,,_! is non-decreasing in [0, A] and /,,-jXO"O, /,, 1s0 in [0, Aj.

Hence /,,_ais non-decreasing in [0, hv]. Since /,,_2(0)=0,/,,_2"0 in [0, A]. Con-
tinuing this argument, / is non-decreasing in [0, /1]

Let xely. Then f(x) f(hyr K~8X" ie ~K AK -e So ECI/,=0.
Hence from (2) n\ Xs/n\
mETIN m@AY-m (1Y) w(ly)
m(Jv) m (/v) m (/v)

This is true for all v. But this contradicts (3) and the result follows.
Next, let /,% be bounded above. We may suppose /,,AS0. As above,/(n1)

exists and is non-increasing. Suppose 0 = £ =/(£) £) If possible, let »
be such that K, =/,,+(") </,,%(£) = K. Choose O0<e< ~ " . Since K"K e,
there is a sequence {/;,} such that hv*0+ as and 0<A\k1 and
@) IAV) K —2e for all

m/n!

Now, since K70, f (h)<0 and so '* ) 0. Also from (4) nif(hv) < h"(K—B i.e.

K-E
n\f(Ay) S ft
a-e ’
Hence
Let
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Then from (4)

i aiy) =, K
(%) ra(/1) ju/(iny yh»

Since ffa(0)=K, there is TVsuch that the set

-e;X : 0}
satisfies

(6) w(ETVY for all VaTV.
ra(f)

Since /+,s0, /,_Ta is non-increasing and since /,-i,a(0)=0, /,, &0 in
/,, and as in the first case, /is non-increasing in Jv. So, if x€/vthen

X" (K —e)

n\
ie /,(,*) a /f—e. So £TI/,, = 0. Hence from (5)

x"/n\
mEC\Y  m()—m@y @y
m (JV) ra(7v) ra(Ty)

which contradicts (6) and the result follows.

fix) S/(AY

4. Let /,,_imaexist and let
0,,(f; x0, h)y = <€h(f; x0, h)-<Pn(f; x0, - h)
where ®is as defined in Section 1 Then if huﬂd"(f; x0,A=0, / is called smooth

of order n at xa (see [15, Il, p. 62] and [10]). It is clear that if /is smooth of order
n at x0, then /,+(x0Q =/,,~ (xQ and similarly if lim ap xa,h)=0 (which may

n-o0+
be called the approximate smoothness o f/of order n), then_//a(x0)=/,,7a(x0. So,
the following results, where we assume // =f~ or /,%=//,, will remain valid
if these conditions are replaced by the smoothness or approximate smoothness
of / of order n, respectively. We note that if jfa=J~a or // =/, then the
common value is/naor/,,, respectively.

Theorem 2. Let/n_Ta (n"2) ex«/ and let f~a=Jfa (resp. J~=J+). Ifina
(resp.jj is of Baire class 1, then ,, (resp. JNE&>.

Proof. We prove for Jna; the proof for/, is similar. Set g=/, .1 and let a, B3,
a<jS, be any two real numbers such that g(a)<0<g(R). Suppose if possible
that there is no ££(a, B) such that g(c,)=0. Let

E= {x xe[ot,R]; g(x)> 0}, F= {x x€[a, B\ g(x) < 0).
Then £Uf=[a,j5],
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Let Q be any non-degenerate component of E. Then Q is an interval. Let
c=infQ, d=sup Q. Then by a known result [9]/,,_I a is hon-decreasing in (c, d)
and since fni,ais non-decreasing and continuous in [c, d]. Hence by
mean value theorem [9], if c<c+h<d, there is h', 0 such that

b, Ghy=~{/(c+A)-I(c)-...-~~j-1, _1xc)} =

= |{/,-1,a(c+ O -/r-1,,(c)}"0.

So /,%(c)a0. Similarly f-a(d)*0 ie. g(c)=t0, g(d)*0. Since g(c)*0”g(d),
g(c)>0 and g(d)>0. So, eg(9, d&~Q Thus every non-degenerate component of
E is a closed interval. Similarly every non-degenerate component of F is a closed
interval.

Let {Q} and {/?} be the collections of all non-degenerate components of E and
F, respectively, and let {S}={Q}UJ {/{?}. Then two distinct elements of S are dis-
joint. Set P=J[a, /]—US° where S° denotes the interior of S and where the
union extends over all S in {S}. Then P is perfect and g/P has no point of continuity
in P, which contradicts the fact that g is in Baire class 1

Theorem 3. Under the hypothesis of Theorem 2 /£ Mn(Jna) (resp. fEM ,,(/,.)).
Proof. Let <x<®. Set
fn-UB)-fn-Ua) (*-«)"

G(0=/(0-"""" ¢, i

Then,
c t\_r in m-4a/0 /n-la@) it N
n-l,aVv) —Jn-l,a\4 R-oL

and

an(O :L,a(t)"'fn_l’a(B)B_f_n;’a(<X)

Now /n_ijo0is a Darboux function of Baire class 1and hence Gn_1<a'3> [1]. There-
fore if G,,,(0=tO for tfjee, ) then G,,_liJ would be nondecreasing in (5, ) and
by the property Gn Ita"S>, G,,_lja would be non-decreasing in [a, /7] and since
G,,-i,a(*0=Gn-ita(f), G,, la would be constant in [a, §] which is a contradiction
to the fact that Gna(t)>0 in (a, B). TTius there is %6(a, B) such that Gna(t)"0.
Similarly there is i26(a, ) such that Grea(t2=0. Since G tafS> there is i0G(a, R)
suchthat Gna(iQ=0. That is,

(D fn-1,a(R)-fn-1,a(!'*) = (B-<X)Jn,a(to)-
Next let

fk,a(R) fk,a(x) e I»-l«(*) (t—a)"
GO =10 — iR-a)n-K (n-k)\ !
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Then
(R-Qn—=1

Gka(B)-Gk,M - --"~n_lc_ly Gnxa(a)= 0

and so by mean value property there is t*ia, ) such that
Gb- i.00i)—G,,_i,a(a) —0.
Now as above we assert that there are r26(a, G) and t3£(a, fY such that
G,a(G —0 and GX(i3" 0
and since Gna£Q) there is f,€(a, G) such that Greg(i0) = 0 i.e.

) \_LAB)-I'I,a(«)---- Yo oMl

In>aW E—a)n~K(n —k)\
completing the proof.

5. We recall that a set EEM 2 if and only if E is an Fa and every one sided
neighbourhood of each point of E intersects £ in a set of positive measure and
1e~2 if and only if for every a and B, the sets {x:f(x)>a} and {x:/(x)</?}
belong to the class M2[14].

Theorem 4. Let
0) /B-1,a exist,
(||§ /BYa—/B% (resp f,,-=f,, D,
(iii) fna (resp. f,,) belongs to Baire class 1, and
(iv) Jna (resp. ],,) be finite except on a countable set.
Then /,,,a '(resp. fj £EM2.

Proof. Since fna is in Baire class 1, for each a the sets Ex—{x:jna(x)<-a}
and Ex—{x:f,, a(x)>a} are Fa sets. Let ££Ea and <5>0 be arbitrary. Then if
w([£, £,+0]C\Ea)=0, the function /,_i,a(x)—ax would be non-decreasing in
[E, £+6] and hence fna(E)=a which is a contradiction, since £€EX So
T(\E, t+5]C\Efi=0. Similarly if m([iE—§ then it is of positive
measure. Thus ExdM2. It can similarly be shown that ExdM 2.

Corolttary. Under the hypothesis of Theorem 4,/ na (resp. f,,) possesses Denjoy
property [3], that is, for any two reals a, 3, a<B, the set (x:a</rea (resp. fj<RB}
is either void or is of positive measure.

Proof. Let /,,,,~0 ae. in an interval /. Then/, | ais non-decreasing in /
and hence /& 0 in |. So/,,>ahas the property that if f,,id=0 a.e. in an interval,
then /naé0 everywhere in that interval. Similarly if J,,<s=0 a.e. in an interval,
then f,,,asO everywhere in that interval. So by a result of [g], possesses Denjoy

property.
6. Theorem 5. Let fk Ta(a=2) exist in an interval [a b]. If Jk,a—cC in [a, b]
where c¢sO isfixed, then for each j, 1=y'=L, there is a partition of [a,b\ say
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a~tj'0<tj'l~z.~=:jmU)=b such that m(j)*2J and for each i,
one of the following assertions hold for every x in

1(j): fx-ja(x) f K D™ Jjxi-t ,_J) and fk-j,a(tj.i-1) ~ Jj

2(j): fk-j.a(x)-fk-j,Mj.i) = -j~j.t-x1) and fk-jfa(tj'i) £y [,
) Tek-j,a(x)-fk-j,a(tj.i-1) and fk-j.a0j.i-1) ~ 1
4(J): fk-j.aw -fk-j.aitj.i) =jM ,i-x 8 and fk-j.aitj.i) = J] j.i-

Proof. We shall use the argument of Weil [13] with essential modifications.

We first prove the theorem for the special case when c¢=0 and then con-
sider the general case. Let 7=1. Then since J1,a=0, fk_la is non-decreasing in
[a, b] and by the Darboux property offk~\,a,f k-\.ais continuous in [a, b}. So there
is a point t£[a, b] such that

1) U, 0)1 S I-i(®)l> for xE[a, b].

If fk-i,a is constant in [a b\, we take t=a and if fk-\,a(@) =0, then clearly 1(1)
holds for the partition a=th0" tltl=b and if /1 -2e<0, then 2(1) holds. So we
assume that /1 I is non-constant. If t=a, then since J1 _Z1xa is non-decreasing
in [a,b], fk-i,a(x)-fk-i,a(a)*0. Also A-i,00)*0. For if A_i,o(@)<0, then
by (1), J1-1,0 would be constant. Hence for the partition a=tho<tltl—b, 1(1)
holds. If t—b then by the monotonicity of /1 -i« /i-i,« W -/t_iia(i)*0, and
as above J1-1,0(")—0 In this case also the partition is a=tk O<-thl—b and 2(1)
holds.

Finally, if tE(a,b), then N1-1,0(0=0. So the partition is a=t10<tl I=
= /<t12=Z). By the monotonicity of/1-i,> x in [f10 h,i] implies that fk-i,a(x)—
—fk-i,a(ti,1)=0 and so 2(1) is satisfied for any x in [r1>0 0] and x in [ilfl, rli2]
implies that

fk-1,a(x)~fk-l,a(tl,1) —0

and so 1(1) holds for any x in ilj2]. Thus the theorem is true for y'=1. Let us
suppose that the theorem is true for j=p and prove that it is also true for
j=p+1 where ISp<k. So we assume that there is a partition a=tpO<tpl<...

.-<tAmp)=b such that m(p)*2p and for each /=1, 2, m(p) one of the
relations I(p), 2(p), 3(p) and 4(p) holds for any x in [|p>|_b tpf[. We shall show
that each interval [tpi_1, tps] can be divided into atmost two subintervals on each
of which one of the relations I(p+1), 2(p+ 1), 3(p+1) and 4(p+ 1) holds for
each x in it.

Let 1"i"m(p) and let 1(p) hold for any x in [tos-k, tpf\. Since
A-p,«0p,i-1)=0, fk-pa(x)~0 for all X in [tPi_;. tpJ. Hence JZ1_(ptl)’0is non-
decreasing and continuous in tRt], So there is a point t in fp] such
that 1A-(p+i),a(0l = IA-(P+i),oWI for x in [ip.i-i, ipil- As in the case for y=I,
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we may assume that /*_(p+l)>a is non-constant. If t=tp,i-1, then since J1-(P+),4
is non-decreasing and continuous in [tp-i-i, tp,] for each x in [tps_i, tRji],
fk —P+!),«mm fk—P+l),a(lp,i-1) —* and fk-(pH)a(.tp,i-l) —
then renaming the interval [iPji_i, tp] as [tp+1)i_i, tp+lji], 1(p + 1) holds for any
X in [tp+i,i_i, tp+,i] and in this case this interval remains undivided. If t=tpi then
also by the above argument for each x in [ipi_I5 tp3] we have
A - (P+i),«W-/);-(P+i),«(Ipi) —0 and /fe-(p+i),a(ip;) = 0

then 2(p+1) is satisfied for all x in

[tp+Li~Is P+lj] tRi—35%/]
Finally, assume that t€(iPl;-i, tRii). Then /*_(p+l)ia(0 = 0. Divide the subinterval
[*P1-1>1Rji] into two subintervals [/p>_15t] and [t, fi]. Now since fk- (p+l),a is
non-decreasing in [tpi_i, tpi\, for each x in [tpj_i, /]

fk—P+l),a(0 fk—p+H),a(x) —0
and so 2(p+ 1) holds for all x in [tpj_Is t] = [tp+i j-i, tpi] and for each x in
[* tp,i\

fk-(p H),a(x)~tk-(p H),a(t) = 0
and hence I(p + 1) is satisfied for all x

[ty 'p.C1 [*P+1,is tp+1, i+13°

If 2(p), 3(p) or 4(p) holds for x€[tRji_i, tpt], then it can be proved by similar
arguments that one of I(p+1), 2(p+1), 3(p+ 1) and 4(p+ 1) also holds for all

X >0 [iP+i,i-i! tP+i;], [=i=m ﬁ p+1). Hence the theorem is also true for j=p + 1-
Thus the proof for the special case when c¢=0 is completed by induction on j.
For the general case, let cé&0. Set g(x)= f(x)——. Then gk lo exists

in [a,b\ and gka—fk,a~c—0. So by the special case applied to g, for each j,
there is a partition of [a, b]

a~t,o Il 0.Mi) —b
such that m(y")=2J and for each i, 1*i~“m(j) one of the following assertions
hold for any x in [tj*-i,

i(): fk-j,a(x)-fk -j,a(t,i-i) = Jj (I~ tj,;-1) and /*_ *(7Lr_1)i?
2(0): fk-j,a()-fk-j,a(ti,d =-j|( )  and fkj,a(tj,i) =jjti
3(j): fk-j,a(x)-fk-j,a(tj,i-d = --y,(xi~tj,i-i) and i)s y Jti_x

4(j): fk-j,a(x)-fk-j,a(tj,i) = Ji (tj,i~xJ) and fk-j,a(tjti) S ~ tji,
completing the proof.
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7. In what follows, by the convergence of a sequence of closed intervals
{[a., f& ]} to a point x, we mean x" tj [an, fg] and I![m an~x= n',if” fe,

Lemma L Let gfgl(0) (/cs2) exist, g(0)=glia(0)=...=gft la(0)=0 and
Sk,a(0)>0. Let {/,=[a, /2]} fee a sequence of closed intervals with positive end-
points converging to 0 such thatfor every n, x£/,, implies gtu(x)=0. Then

1 m(ln)
IJLOOd{O 1)
Proof. Let gta(0)>£>0 and

£={m &(<0)-¢e < < ofta(0) + e}.

Then 0 is a point of density of the set E. Let 1 be a fixed positive integer. We shall
show that

" "% - ka0

Since gka(x)” 0 for all xdl,,, gt_la(x) is non-increasing on /, and hence gt_1(J
is continuous on /,,.

Let A=EM1N If A is empty, then
T(EML,,) _ 25
K guo) '

If A is non-empty, let x2=sup/4. Since gk la is continuous on /,, so is
g(x)/(xn'k\) on /,. Therefore

@ ?(l(/:(?, = g*e(0)-e > 0.
Let
_fUoOH1
S A= Uic,a(0)+£

We shall show that Aa[xk, xJ- If xISan, then Acz[xk,xJ. Let xt>a,,.
Since gka*0 in gt_ljo exists and sO in /,. Now, applying Theorem 5 in the
interval [a,, x4 for the function —g we see that there is a partition =

.<im=x2 such that for every x6[tj_i, fi] one of the following inequalities holds

1(%): g0 +g(ti-) SO and -g(i,_i) SO
2(k): -gW +gft) = o and -gtoso
4k): -gW +gfc-i)s o and ~g _ <°
4(k): -g(*) +g(A) ==0 and -g(tj) sO.
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Let £€[a,,, Xj. Then £ will lie in some subinterval, say [tjo IS rfd], of the parti-
tion. Now g(x2=0 and so from 2(k)

g(*z)= gi'm-1) = g(L-Z) g (ti = g(£).

So from (2) and (3)

oE) _ 99(]3 GO

na-* - fenohbil IS 8%-(0)+t-
Hence £$E and consequently £3/1. Thus A(z[xk,x2]. Since EM1n=A,
2e

* AN

] _ . 2e
m(EP\J,,) si x2—x, = x2- 8;\3-(0) _p_!e 2 —Xz mg*’a(0)+ e 70 g*,a@

s L - 2 ’
: g*.a(0)
i.e
m(EC\IL,,) » 2
bn g*.«(0) *

Thus (1) is true. Also, since 0 is a point of density of E, we have

@ nl',rﬁ) T(El'lb[nO, br) _ 1
Now from (1)

an”~ m(Ef][0, an]) T(EM[oO, fej) T(EML,,) T(EMJO, fej) 2e

K K b, bn A h, g=>00) *

Hence from (4)
. . 2e
ls-limsup ™ limjpf, ~ 1-
Bn A" bn g*a(0) ’

Since £>0 is arbitrary, lim” =1
So, lim b\ a' =0.
rr—m b,,

Theorem 6. Let /* _la (&&2) exist, let rra-ra and letsk abe in Baire class 1.
Suppose that jk a is finite except on a countable set. For any two reals a, i3, a”R3,
let

E(ct, B) = {x: a </*,a(x) < R).

If E(ct, fi) contains a point x0 where /*,a(x0 exists, then E{a, B) has the following
property:

For every sequence {/,} of closed intervals converging to X, with
m[E(a, B)DIn =0
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for every n, we have

M 40,1y = °
where d(xO0, /,,) = inf {|x0-~ | :y€/,}-
Proof. We may assume
0z 0 =/(*0) =fi,a(x0) = -=[t-i.«(*0)-

Now by Corollary of Theorem 4, m[E(ot,/?("/,]=0 implies E(a,8)CMn=0 for
every n. Thus *£/,, implies either Jka(x)*f or Jka(x)”a. Since by Theorem 2,
fkt,,has Darboux property, either fkya(t)~R for all t£l,, or /ta(f)*a for all tEIn.
Let N be the set of all positive integers. Let
Nk= {n: n£N; /,, has positive end-points and ?£/,, implies Jkil(t)=R},
N2={n: nEN; /,, has positive end-point and /£/,, implies /*,,(/)=<p
N3={u: nEN; /,, has negative end-points and i£/,, implies /k&f)=/i},
Nt={n: In has negative end-points and tfj,, implies Jka(t)"ot}.
Now, the function

gW =B jf-/(*)

is such that g(0)=gla(0)=...=gk lja(0)=0<gi>a(0) and for the intervals
n~Nx, gka(t)*0 for r£/n. Hence by Lemma 1

L] m(lr) =0
W~ d(0, 1)

*nx

Considering g(x)=f(x) —d¢—,
9(x) = -(-1)K(-x) and g(*) = (-1)K(-x)-ctn

for the sets N2,N3 and V4 respectively, one gets

lim 0, i=234

red(0, /)

m(ln _
M g0, ) " O

Corollary. Let fkea exist and be finite. Then fksa has the following property:

For every open interval (a, fi), for every x satisfying a</*,,(*)</? and for
every sequence {/,,} o f closed intervals converging to x with T [/nM{x:«<fla(x)</?}]=0
we have

and hence

TMUn) B
e )
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The class of all functions which satisfy the property offk a stated in the above
corollary is called by Zahorski [14] the class . Therefore, the above corollary
asserts that a finite fleg*Ji3.

| express my sincere gratitude to Dr. S. N. Mukhopadhyay, Reader, Depart-
_merrl]t_ of I\/Il(athematics, University of Burdwan, for his guidance and inspiration
in this work.
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TOPOLOGISCHE NULLTEILER UND ENDLICH
ERZEUGTE IDEALE IN GEWISSEN ALGEBREN
HOLOMORPHER FUNKTIONEN

Von
M. von RENTELN (Giessen)

1. Einleitung und Problemstellung

Die bekanntesten Beispiele von normierten Algebren von Funktionen, die
in der offenen Einheitskreisscheibe D={z: jz|<I} holomorph sind, bilden die
Algebren He°—{f:D-*C\f holomorph und beschrankt} und die Disc-Algebra
A(D) ={f:D—C\f stetig auf D und holomorph in D) jeweils unter der Norm
I/l =sup {\f(z)\:zED). Beides sind komplexe Banachalgebren und daher lassen
sich viele Resultate mit Hilfe der Gelfandtheorie herleiten. Wir wollen in der vor-
liegenden Arbeit gewisse normierte Algebren in D holomorpher Funktionen unter-
suchen, die im allgemeinen weder vollstandig noch komplex sind. Wahrend einige
Untersuchungen zu reellen Banachalgebren dieser Art vorliegen (vgl. Arring [1]),
scheinen nicht vollstandige normierte Algebren tber Kérpern K mit KaC und
KAR nicht untersucht zu sein.

Eines der ungeldsten Probleme in der Banachalgebra H°° und der Disc-Algebra
A (£>) ist die,analytische' Charakterisierung der endlich erzeugten Ideale /= (/(, ...,/,,).
Zur Untersuchung hat sich ein weiteres Ideal

(C ist eine von/ abhédngige Konstante) als zweckmalig erwiesen. 1Q W ist klar
In H°® wurde anfangs vermutet, daB 1= W bei jeder Wahl der Funktionen
fi, gilt (vgl. Birter [2], S. 347, Nr. 12). Fiir beide Algebren ist dies jedoch
falsch. Ebenso ist, im Gegensatz zur Algebra aller im Einheitskreis holomorphen
Funktionen, nicht jedes ldeal I=(fi, ...,/,,) ein Hauptideal.

Das Ziel unserer Arbeit ist, flr gewisse Algebren im Einheitskreis holomorpher
Funktionen endlich erzeugte lIdeale | anzugeben und zu charakterisieren, fir die
/= W qilt und die Hauptideale sind. Ein Spezialfall dieses Problems, namlich
1=W und /=(1), wurde fiir die Algebren H°° und A (D) untersucht und die Lésung
im komplizierteren Fall A=H°° st das bekannte Corona-Theorem von L.
Carteson (Siehe etwa [3], S. 202) in der folgenden algebraischen Formulierung:

Corona-Theorem. ISt (5(A) die Gruppe der invertierbaren Elemente der Al-
gebra A, so gilt: WG (A) A0 <=>/=W und I ist das triviale Hauptideal (1).

I=W folgt hier schon aus /=(1), wegen der ins Auge gefaliten Verall-
gemeinerung wahlen wir trotzdem obige Formulierung. Der Satz ist auch fir
A=A(D) gultig und mittels Gelfandtheorie unschwierig zu beweisen, er wird
daher auch als ,kleines’ Corona-Theorem bezeichnet. Das Hauptergebnis unserer
Arbeit ist eine Verallgemeinerung des kleinen Corona-Theorems in zweierlei Hin-
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sicht, zum einen werden allgemeinere Algebren A Uber einem Korper K~ C von
im Einheitskreis holomorphen Funktionen betrachtet, zum andern wird ©(A)
durch eine geeignete groRere Menge ersetzt. Es stellt sich heraus, daB fiir die ge-
suchte Charakterisierung diese geeignete Menge gerade das Komplement der topolo-
gischen Nullteiler der Algebra A ist.

2. Vorbemerkungen

In diesem Abschnitt méchten wir einige Definitionen, Bemerkungen und eine
Proposition bringen.

D efinition. Unter einem imagindren Zahlkdrper K verstehen wir einen Unter-
korper von C, der mindestens eine nichtreelle Zahl y enthélt mit |y|(K.

Beispiet. FUr jedes mEN\{l,2} ist Q(e2i/m) ein imaginarer Zahlkdrper.
Speziell fir m=4 erhalten wir den Gaulschen Zahlkorper Q-NQ.

Definition. A Sei eine kommutative normierte Algebra ber dem Kérper K.
Ein Element fEA heit topologischer Nullteiler von A, falls eine Folge (g,,)~ von
Elementen g,,£A existiert mit Jjgn|= 1 fir jedes «EN und fgn-»0 fir n-+°°.

Bezeichungen. Fir die Algebra A bezeichne © (A) die Menge der in A invertier-
baren Elemente und TNT(A) die Menge der topologischen Nullteiler von A. Fer-
nerhin setzen wir TNTQA)=A\TNT(A). K][z] bezeichnet wie Ublich die Menge
der K-Polynome, d. h. die Koeffizienten der Polynome sind aus dem Korper K.

K(z) sei die Menge aller ganzen Funktionen JF a,z" mit a,€K.
n=0

Definition. FUr einen imagindren Zahlkorper K ist
AK(D) = |I€EA(5): I(2) = J a,2", unC}.

Bemerkungen. 1. Unter der Sup-Norm ist AK(D) eine normierte Algebra
uber dem Korper K und nur im Fall K=C vollstandig.

2. Wie man leicht (unter Beachtung von QczK und K dicht in C) nachrechnet,
exisitiert zu jedem fEA(D) ein gfAb[A(D)], so daR fg£AK(D). Daraus folgt ins-
besondere, dall ein Element / genau dann in Ak(D) invertierbar ist, wenn es keine
Nullstelle (in D) hat.

Proposition. A sei eine die K-Polynome enthaltende Unteralgebra von Ak(D)
undf(LA. Dann gilt: f ist ein topologischer Nullteiler von A genau dann, wennf eine
Nullstelle a auf dem Rand dD besitzt.

Beweis. Sei /ETNT(A). Dann gibt es eine Funktionenfolge (g,)f mit €1,
lo.l=1, so daB g,/-»O fir n->-°0. Nach dem Maximumprinzip existiert eine
Punktfolge (z,,)r mit zn£dD, so daB |g,(z,,)|=1 fir jedes nEN gilt. Angenommen
[ ware nullstellenfrei auf dD, d. h. |/(z)|Sc> auf dD fir ein $>0, so folgt ins-
besondere |/(z,,)|s<5. Dies impliziert |(g,,/)(z,,)| das ist aber ein Widerspruch
zu lgni\\ —0.
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Nun habe umgekehrt fEA eine Nullstelle c£dD. Wir missen zeigen, daf zu
jedem s>0 ein n=u(e)6N und A existieren, so daB ||g,./||<e und ||gj =1
gilt. Sei £>0 vorgegeben. Da/ stetig und /(a)=0 ist, so existiert eine Umgebung
Ud(a)={z: \z-a\"*S}nD, inder |/(z)|<e ist. Wir bilden die reelle Achse R durch

eine lineare Transformation L(z)=aZ--- auf die Einheitskreislinie ab. Da die

Einheitskreislinie auBer den Punkten —1 und +1 noch einen weiteren Punkt
(ndmlich yAW\) aus K enthélt, kann man die Koeffizienten a, b, ¢, d sogar aus dem
Koérper K wahlen. Da QcK und Q dicht in R, so liegt L(Q) dicht in dD.
AuBerdem gilt wegen der Wahl der Koeffizienten 1(Q)cK. Daher gibt es ein

BEUB(a)r\dD mit REK. Wir setzen fR(z)=-"-(1+Rz). Dann gilt fB(LA wegen
B=~eK. \fB\=\, fR(/0=1, |/fl(z)|<] fir jedes zE6\{R}. Insbesondere exis-
tiert (~>0 mit \ig(z)\»\v —9, in D\U 6(0). Wir waéhlen nun n so groB, daf

11110 gilt- Mit gn{z)=fg(z) folgt ||gj =1 und
. ( /()] £ in Us(a)
W(9))(@)] = £ in D\Us().

Fur jedes z6D gilt also |(g,./)(z)[<£, d.h. ||g,/]I<E.

3. Das Hauptergebnis

Definition. Wir sagen, dafl eine Unteralgebra A von A"(D) die schwache
Teilereigenschaft besitzt, wenn sie folgende Bedingung erfullt: Zu jeder Untermenge
U einer endlichen Menge M= {zx, ...,znj mit |z;|< 1 flr jedes re6{l,
gibt es ein fEA, welches genau in den z; einfache Nullstellen hat (sonst keine Null-
stellen) und Teiler einer jeden Funktion g£A ist, die in zx,...,zm verschwindet.

Bemerkungen. 1. AK(D) besitzt fiir jeden imaginaren Zahlkérper K die schwache
Teilereigenschaft. Im Fall der Disc-Algebra nimmt man fiir / am einfachsten das
Polynom f(z)=(z—z)...(z—zm. Im Fall A=AK({D) wahlt man /(z)=
=(z—z)...(z—zmMg(z) mit gf(?)[A (E>)], so daBfd A (vgl. Bemerkung 2 von oben).

2. Im Spezialfall U=0 besagt die Bedingung, daR jedes nullstellenfreie
Element in A invertierbar ist.

Fir endlich viele Funktionen , ...,/,, der Unteralgebra A von Ay (D) bezeichnet
1=1(1j, ...,/,,) das von den /j, ...,/,, (algebraisch) erzeugte Ideal und das Ideal
W= W (fy, ...,/,,) besteht aus allen Funktionen f*A, die in D einer Abschatzung

I/(z)| —C an /;(2)! mit einer von f abhéngigen Konstanten C geniigen.
i=1

Theorem. A sei eine die K-Polynome enthaltende Unteralgebra von Aa(D) mit
der schwachen Teilereigenschaft. Dann gilt:

WFITNTc04) 20 =/ =W und | ist Hauptideal.
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Existiert dartber hinaus zujedemfZ A mitf (zg=0 fiir ein zOEdD ein s H°°\A,
so dal fcpEA, so gilt sogar

W) TNTQT) s 0 </ = W und | ist Hauptideal.

Bemerkung. Im Fall_K=C gibt es viele bekannte, die Polynome enthaltende,
Unteralgebren von Ak(D), welche die schwache Teilereigenschaft erfullen, wie
z. B. A() (Korenblyum [6]), A°° (Taylor and Williams [7]), A+ (Kahane [5],
Kap. XlI), A(D)C\~L\px(dD) (0<a~1) und weitere Algebren (siehe z. B. Faivy-
sevskii [4]).

Korottar. In jeder Algebra A=Ak(D) qilt:
WnTNTc(d) 7i0 </ —W und | ist Hauptideal.

Beweis. K[z]c 4 (&) ist klar. Wie weiter oben bemerkt erfullt AK(D) die
schwache Teilereigenschaft. Wir haben nur noch zu zeigen, dafl Ak(D) auch die
Voraussetzung des zweiten Teils des Satzes erfillt. Sei also fEA, f(zQ- 0 fir ein
z0£dD. Wie eine leichte Rechnung zeigt, existiert /j£© [,4(5)], so daR cp(z)—

g eine Entwicklung op(2) = 7 cnz" mit c,EK hat. Offensichtlich

Z Zql n=0
gilt cpEH°°\A(D), da @ eine singulare Stelle an zo besitzt. Wegen /(z0Q=0 st
aber fcp£AK(D).

Beweis des Satzes. ZUM Beweis des ersten Teiles nehmen wir an, dal w ein
Element / enthalt, welches kein topologischer Nullteiler (in A) ist. Aus der Pro-
position folgt, dafl /keine Nullstelle auf dem Rand dD hat. Also haben die Erzeu-
ger”, ...,/, des Ideals / nur endlich viele gemeinsame Nullstellen, von denen keine
auf dem Rand liegt. Da A die schwache Teilerehgenschaft besitzt, zeigt man leicht,

daB auch ein GEA existiert mit/ A und 2 \(f/G)(z)\*6 mit einem <50,
Da inshesondere f/GdA (D) so gibt es naciﬁI dem Corona-Theorem fiir A(D)
Funktionen G,£/1(D) mit 1=2 GRf/G). Da K dicht in C und wegen K[z]QA
ist A dicht in A(D), d. h. es gibt Funktionen hAA mit

WGI-KW < emeeee
22 K(fi/G) |
fur jedes /£{1, ..., n). Daraus folgt )

1- ‘2_| hff/G) = 1-2 ht(f,/G) = _2_n|{G,-h|V| J1G)
NZWi-hMfilGW AN,
E! N A
Dies impliziert, daBR die Funktion h_t2 Chi(f/G)dA invertierbar ist. Wir erhalten
=i

G—f_:lSif mit giznhéiA, d. h. (G)Q(fy, ...,/,,)=/, unter Beachtung von
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f,/GEA, d.h. (f)S(G) fir jedes i€{l,...,n} folgt I=(G), d.h. I ist ein
Hauptideal.
Es bleibt noch zu zeigen I=W. IS W ist klar. Sei also fe W, d.h. |f(z)|=

=C Z | fi(z)|]. Da A die schwache Teilereigenschaft besitzt, ist G auch ein Teiler

von f d h. fe(G)=1.

Zum Beweis des zweiten Teils ist nur noch zu zeigen, dafl aus WNTNT(4)= &
folgt I==W oder I ist kein Hauptideal. Sei also WNTNT¢(4)=¢g. Ist I kein
Hauptideal, so sind wir fertig. Ist aber 7 ein Hauptideal, d. h. I=(d) fiir ein d€ 4,
so miissen wir zeigen 7 W. Nach Voraussetzung besteht W nur aus topologischen
Nullteilern, insbesondere mufl nach der Proposition déIc W eine Nullstelle z,
auf dem Rand 0 D haben. Nach Voraussetzung gibt es zu d eine Funktion @€ H*\ 4,
so daBl dpcA. Daraus folgt dpc W, aber dpé¢l, d.h. I=W.

Zusatz bei der Korrektur (24. November 1978.) Inzwischen hat mir Herr
K. H. Indlekofer einen anderen Beweis der Proposition mitgeteilt, der die Eigen-
schaft |p|€K (bei der Definition des imagindren Zahlkorpers) nicht benétigt.
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N-COMPACTNESS AND CONTINUOUS
FUNCTION SPACES

By
W. GOVAERTS1 (Ghent)

1. Introduction and motivation. For all notions from universal algebra we refer
to G. Gratzer [12]. In particular, our use of the term “structure” agrees with p.
223—224 in that work. A denotes a Hausdorff space provided with a family of
continuous finitary everywhere defined operations and a family of finitary relations
with A-compact graph sets. For each topological space X the set C(X, E) of all
continuous functions from X into E is provided with pointwisely defined operations
and relations so that it is regarded as a structure of type T(5).

A character is a homomorphism from C(X, E) into E. In particular, each
point xn((X determines a character Mxo by AXa/)=/(x0 for all/6 C(X, E). Such
characters are called evaluations.

In our study of C(X, E) we make use of the pioneering work of S. M rewka
([7], [16]) who introduced the fundamental notions of A-complete regularity and
fA-compactness (see also [17]).

A is said to be sufficiently complicated iff each character C(X, A4)—% is an
evaluation whenever X is A-compact. Essentially, our aim is to investigate which
systems 4 are sufficiently complicated. This problem has already received a con-
siderable attention in literature, as well in the general setting ([4], [6], [17]) as for
specific structures A ([19], [14], [18]). Its importance may be seen from the following
arguments:

1. For each topological space X there exists an f-compact space Y and a con-
tinuous mapping h from X onto a dense subset of Y such that the mapping H from
C(F, A1) into C(X, f), obtained by setting H(f)=foh is one-to-one and onto;
H is an isomorphism for all operations that are pointwisely definable from con-
tinuous operations in A and preserves in both senses all relations whose graphs
are f-compact sets (this includes all relations with closed graphs; in some cases,
e.g. dA=N, all relations have A-compact graphs).

2. If 4 is sufficiently complicated, each character K\C(X, E)-*E preserves
all continuous operations and relations with A-compact graphs, even those not
belonging to the structure A. This holds true when X is an arbitrary topological
space.

3. If 4 is sufficiently complicated and X, Y are general topological spaces,
then each homomorphism H from C(X, E) into C(Y, E) also preserves all other
continuous operations in A and all relations with A-compact graphs; if in addition

1The author was supported by the Belgian ’Nationaal Fonds voor Wetenschappelijk Onder-
zoek”. The paper is part of a doctoral dissertation at the University of Ghent.
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X, Y are both F-compact, there exists a (unique) continuous function h:Y-*X
suchthat H (f)=foh for all fEC(X,E).

4. If E is sufficiently complicated, two F-compact spaces X, Y are homeo-
morphic iff the structures C(X, E) and C(Y, E) are isomorphic. For some specific
structures E, this basic “determination theorem” implies many others of the same
type (e.g. two metric spaces are homeomorphic whenever their rings of continuous
real-valued functions are isomorphic; cf. also the nice small paper of M. Hen-
rikben [13])

We treat the problem in as general a way as possible. In section 2 we obtain
a categorical characterization of F-compactness that generalizes some results con-
cerning inverse limits. Section 3 gives applications to the question of representing
characters. In section 4 we collect known and original examples.

2. F-compact spaces as inputs of diagrams. For all categorical notions not ex-
plained in the text we refer to Ch. 11l of the work of Z. semadeni [19]. In the sequel
Topo denotes the category of topological TO-spaces and continuous functions.
We also need some full subcategories of Top0, namely

Top2 (objects are all Hausdorff spaces)

TFP£ (finite products of E)

TCFP£ (closed subsets of finite products of E)
TCP£ (F-compact spaces)

TCRE (F-completely regular spaces).

For specific structures F there exist characterizations of F-compact spaces
as inverse limits of certain inverse systems (see [5], [21]): however, in general it
is more appropriate to use the notion of the input of a diagram in a category
(see [19]). Indeed, for some purposes inverse limits are not suitable.

If S>is a small category and F:  TopO (or Top2 is a diagram, then the
input of I is easily seen to be the object 1={kE D%JaOF(O):I'IBZ(K)=F(6)oI‘IB](K)

for each *-morphism 6:D1-*DZ}, together with the projections Mgs from / into
r(D). Hence | is a subset of the product of all F(F>); if each I (D) is F-compact,
I will be F-compact too (the empty set is F-compact for each F).

Proposition 1 Let FETop2, 2fETCP£. There is a diagram T:3>"Top2 with
F(F)ETCFP£for all D£3° and there are morphisms (ab)(sOfrom X into T(D)
so that (X, (cDDiaa) is the input of I'. Furthermore, we may require

(@) the input is an inverse limit

(b) for all fEC(X,E) there exist a DE3>° and /0EC(I"(2)), E) such that
f=fo°oD.

Proof. We set S>°=rngn where Dn=C(X,En. If /EF,,, g(LDm, the set

(/, g) ofall ~-morphisms from / into g is the set of all continuous k from Cl£n(/(F))
into Cl£Emg(2Q) such that kof=g. Let I:A>—Top2 be determined by F(/) =
= C1£«(/(Z)) whenever /££>, and by T'(k)=k if K is a *-morphism. We also
set af =f Now the condition (b) trivially holds and it is easily seen that (aT)/€90
is compatible with F.

Let FETop2, (/?/)/csOa family that is compatible with . We fix yO£Y and
show that there is a point x(LX such that / (x)=Rf (yQ for all/£F,. If not, we
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introduce X'=X\J{x0 where For all fEC(X, E) we define fe:X'-*E
by fe=f in all points of X and fe(xQ=Rf(y0. We provide X' with the weak
topology induced by all/ e(/EC(T, E)). Then X' is an F-completely regular space
containing X as a subspace.

We recall from [7] that an E-compact space X is never dense in a proper in-
completely regular extension X' such that each continuous f:X-*E may be con-
tinuously extended to the whole of X'; so in our situation we arrive to a contradic-
tion by showing that X is dense in X'.

Let /1, /,6C(W, E) be given, together with open neighbourhoods
Gl,...,G n of Bfl(y0, Bfn(ya) respectively. Let / be the function (/1, ..../,,)
from X into E". Then Bf (yQ€C1 (/(X)); for all i—1, ...,n we have in addition
niORf (yO=Rfi(yQ=fB(y0. This implies that (GiX... XG,,) C\f(X)" 0.

Hence we may find a point x£X such that / (x)f G\X... XG,, which means
/(x)6C; for all i=\,...,n, a contradiction.

We conclude that there is a unique function assigning to each ydY
a point x£X such that j8/00=/(£00) for all fEC(X,E), i.e. Bf =foi; for each
fAD 1. Furthermore, Qis continuous since each composition fo£(fEC (X, E)) is
continuous.

It remains to show that Rf=f°£ whenever f(LD,, with n>1. For i£{1, ...,n}
we set f=ntof, so //D ,. Then niolkf=Rf =fio®=niofo”; consequently

f=M.

Finally, each morphism set (/, g) in 3>contains at most one point, so that
<2 may be partially ordered by setting f*g whenever (/ g) is nonempty; then
S is trivially directed downward, which means that the input may be viewed as
an inverse limit.

Corollary 1 In the case E=Z, spaces of TCFP£ are just finite or countable
discrete spaces, so that we find the main result of [5] as a particular case. Further-
more, it is well known ([8], 8.2 p. 115) that all separable metric spaces are realcom-
pact. Proposition 1 thus implies that realcompact spaces are just homeomorphs
of inverse limits of separable metric spaces; this agrees with [21]. As another aplica-
tion, compact Hausdorff spaces are just inverse limits of finite-dimensional Euclidean
compacta; while zerodimensional compact Hausdorff spaces are inverse limits of
finite discrete spaces. The latter result implies dually that each Boolean algebra
is a direct limit of finite Boolean algebras.

We recall from [11] that a Hausdorff space E is an sj-space iff for each closed
subset F of each finite product Enof E and x€EAF there are /, gZC(En E) such
that/ and g agree on F but differ in x.

Proposition 2. Let E be an ss-space, XcTCPy. There is a diagram I Top2
with r(Z))GTFPEfor all DE@O and a family (an)n(eo of morphisms from X into
r(D) such that (X, (0DDcs) is an input of I'. Furthermore we may require that for
each fEC (X,E) there is a DcQi§andf0dC(T(D),E) with f=f0ooD.

Proof. Again set S>°= (j Dn where Dn=C(X, En). If /€£>,, gf,.Dm, <,g)

n=1
is defined as the set of all kZC(E", En) such that kof=g. The functor T : Top2
is determined by T (f) =En if/ED,, and by T(k)=k whenever K isa ~-morphism.
Also, <f=f for each fAS>°.
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The rest of the proof is analogous to that of proposition 1, except for one thing.
If {Y,{Bf)fi3 0 is compatible with I and if > £Y we need show that Rf(y0Q€
€C1EX(f(X)). Suppose this does not hold; then there is m&I (in fact m=1) and
continuous ¢ th:En-*ET such that g dhagree on C\Eif(X)) but differ in Bf(y0.
Set I—é=_cpo/=cbo/. Then Bh= (pol’f =hcBRf, whence (pdr(y0Q)=P{P/(Y0)), a
contradiction.

Remarks. One may wonder whether for each Top2 and XETCP/1 there
is a diagram [:©—Top2 such that each r(D) is a finite product of A and X is
an input of I'. This does not hold; indeed we know from [10], 3.1 that there exists
a Hausdorff space AOfor which there are AO-compact spaces that are not AG-max-
imal. The negative result now follows from proposition 3, all notions about J1-
maximal spaces being found in [10]:

Proposition 3. Let A be a TO-space, ':©—Top2 a diagram with r(D) a finite
product of A for each DE3>°. If X is an input of I, together with a family of
morphisms (aDD(s«, then X is A-maximal.

Proof. Set P= D.g:,}f,r(D), (s—ttD and O—I(0)onBL for each ©-morph-

ism d:DI-~D2. Then P is /1-maximal (see [10] 2.5.2)), each 5 or b6 is a continuous
function into an ~-completely regular space and

X = {p£P:(Pii(p) = da(p) for each ©-morphism b}.

To show that X is J1-maximal, let X' be the J1-maximal extension of X. It follows
from [10] 2.6 that the identity function on X may be extended to a functionfEC (X', P).
Then ¢®of and dhoop agree on X for each 5, so they agree on the whole of X'; this
implies f(X"')<~X. The identity on X' now agrees with/ on X, so it agrees every-
where and we obtain X'=X, i.e. X is JlI-maximal.

3. Reduction theorems. Let CF£ be the category whose objects are all structures
C(X,E) and whose morphisms are structure morphisms in the sense of [12] p. 224.

Let ef be the contravariant functor from Top2into CFEsuch that EE(X)—C(X, E)
for each object X and [“E((p)](f)=foq> for each continuous (p:X-»Y and
fEC(Y,E). It may be seen without difficulty that @E is faithful on TCRf, i.e
whenever (p, PEC(X, Y) with X, FETCRBand &e(P)=%e{®), then p=d

We say that a space 2fETopa has the "-evaluation property if each character
C(X, E)-*E is an evaluation. If X0= {x0} is a singleton space in Top2, this is
equivalent to saying that for each morphism ¢:C(X, E)—C(X0, E) there is a
morphism (p:X0—X such that &E((p)=c.

Proposition 4. Let :©—Top2 be a diagram; suppose that each r(D) belongs
to TCR,; and has the E-evaluationproperty. Let (X, (aDDi3<¥be the input of I". Suppose
that two structure morphisms dx, p2:C(X, E)*-E are equal whenever cx(/) ="2!/)
for each fAC (X, E) thatfilters through a oD. Then X has the E-evaluation property.

Proof. For convenience we replace (iEbe a '-sign, thus writing X' instead
of C(X,E) and oo instead of VE(<p). Let X0={x0} and suppose ¢:X'—Xg is a
structure morphism; we are looking for a (p:X0-*X such that cp'=d.
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For D~QsO set ¢0=cpoo'0; there is a gD such that ¢D=fiD. To show that
(Pd)a€s ° is compatible with ', we compute for each ~-morphism $

(I (<5) o (pDi)' = EDlor(S)' = pBlolM(5Y = ¢oa'Blol (ff =
= o{r(0)oally = goab = pB = RL,

whence T(6)o(pD indeed equals gD\

Since X is an input of [ there exists a (p:X0"X such that (pD=cDo(p for
all DE@)°. We conclude that ¢B = g#odD= p°aD for all DE@°; this implies
that (p and ¢ are structure homomorphisms from C(X,E) into X'0 that agree in
each function which filters through a aD; hence they are equal by the hypothesis
ad hoc.

We now proceed to the main result of this section, the second part of which
is a generalization of [11] 4.2.

Proposition 5. (a) If each closed subset of each finite product of E has the
E-evaluation property, then E is sufficiently complicated.

(b) 1f eachfinite product of E has the E-evaluation property, and if E is an ss-
space, then E is sufficiently complicated.

Proofs, (a) follows from propositions 1 and 4 while (b) is a consequence of
2 and 4.

Lemma 1. Let be a subbase for E, X a closed subset of En (n finite).
H:C(X, E)*E arbitrary. Then H is an evaluation iff (a) holds:

(@) For each finite family fx, ... ,fmdC(X, E) and each family G1,
such that HiffiZGi for all i, there is an xEX with f (X)6G;for all i.

Proof. The requirement is obviously necessary. Now suppose that it holds;
we may assume that Y contains all open sets. Set xO0=(H(n), ..., H(w&)) where
T, denotes the itb projection of En Whenever x0eG1X...XGn with for all
i, there exists an x€X such that % (x)€C; for all i. So x0 belongs to the closure
of X, i.e. to X itself.

Now letfEC (X,E) be arbitrary. If H(f)X=f(x), we may choose open dis-
joint GOand Gn+l containing f(x 0) and H(f) respectively. By continuity offi there
are GX, ..., GnEEf such that x0£G1X..XG,, and f(G1X...XG,,)&G0. Then
H{nfiEGi for all i and H (f)ZGn+L Suppose x£X is such that ,(x)$C; for all
i and / (X)EG,,+i. Then f(x)£G0C\Gn+l, a contradiction.

Proposition 6. Let IE be a subbasefor E. Thefollowing conditions are equivalent:

(i) E is sufficiently complicated.

(ii) Each closed subset of each finite product of E has the E-evaluation property.

(iii) Condition (a) of lemma 1 holdsfor each E-compact space X and each charac-
ter H.

(iv) Condition (a) of lemma 1 holdsfor each closed subset X of eachfinite pro-
duct of E and each character H.

Furthermore, in (ii) and (iv) we may consider only thefinite products of E them-
selves whenever E is an ss-space.
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Proof. The implications (i)=>(iii) and (iii)=>(iv) are obvious. Lemma 1 shows.
(iv)=>(ii). Finally, proposition 5 implies (i)=>(i).

Coroltary 2. E is sufficiently complicated whenever for each A-compact
space X, each character H and functions /X, ...,/mEC(X, A) there exists an x£X
such that for all (cf. [6]).

A remarkable result concerning topological rings may be deduced from this
corollary; since it is known from [4] we state it without proof:

Proposition 7. Let E be a Hausdorjf topological ring, provided with ring opera-
tions +, —, x and all constant unary operations and suppose that the following
conditions hold:

(@ Whenever H (f) =0 for a character H:C(X,E)-»E with fEC(X,E) and
X E-compact, one may find x£X such that fix) =0.

(b) There is a continuous function x—x* in E such that xx*+yy*=0 only
when x—y=0.

Then E is sufficiently complicated.

4. Sufficiently complicated structures. In this section we treat old and new ex-
amples of sufficiently complicated structures:

1 The real numbers, provided with their usual topology, ring operations
and the constant mapping from R onto 1 ([14]).

2. The two-point discrete lattice {0, 1} with lattice operations and constant
unary mappings (in this case the class of structures C(X, E) is just the class of
Boolean algebras, as follows from a classical representation theorem of M. H.
Stone).

3. The ring Z of integer numbers, provided with a discrete topology, ring
operations and constant unary operation onto 1 (see [4]).

4. Field of complex numbers with usual topology, ring operations and con-
stant unary operations (cf. [4]) (analogous result for the quaternions).

5. Subfield of the real numbers with relative topology, ring operations and
constant unary operation onto 1 (particular case: rational numbers); cf. [4].

6. Any field with a discrete topology, when provided with ring operations
and all constant unary operations ([4]).

7. The interval [0, 1], provided with usual topology, binary operation (X, y)-+
—x-y and unary operation x—1—x (see [9]).

8 The ring of integer real quaternions, provided with a discrete topology,
ring operations and constant unary mappings onto i, j (where i, j, K are the imagin-
ary units).

Proof of this example 8. Let X be A-compact, H:C(X, A)-»A a character.
Then by hypothesis H(i)=i and H(j)—, so that HQ\)=H(—ie/)=
= —H(i) *H (i)=—i2=1 and H(k)=H(i*j)=i-j=k. If x=a+ib+jc+kd with
a,b,c,d real, then x—ixi—4xj—kxk=Aa. So ffC(X, A) is real-valued iff
[ - ifi-jfj- kfk=4/; in that case H (f)-iH (f)i-jH (f)j-kH (f)k=4H (f),
whence H (f) is real-valued.

Let H' be the restriction of H to C(X,Z). Then H'{C(X, Z))QZ and we
conclude from example 3 that there is a point xOEX such that A(/)=/(x,,) for
all fEC(X,Z). Now let / be arbitrary. Then there are f, ..., fffiC(X, Z) such
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that /=/1+/2i+fa +fik and we obtain H(f)=H{)+H(fi+H(f3j+
+H (fi)k=1f(x0.

9. Field with a Krull valuation, not having characteristic 2, when provided
with the valuation topology, ring operations and all constant unary mappings.

Proofofthis (asfar as we know unpublished) example. We verify the conditions
of proposition 7. First remark that in such fields inversion is continuous; so con-
dition (a) clearly holds. Furthermore, the existence of a *-function follows from
[15] p. 178

10. Chain, provided with order topology, lattice operations and all constant
unary operations. This provides a suitable example whenever the chain is zero-
dimensional or when it is connected and separable (see [1], [2], [3]).

11. Let R+={r6R:rS0} be provided with usual topology, addition, multiplic-
ation and all constant unary operations.

We make use of corollary 2. Let H:C(X, R+)—R+ be a homomorphism and
H(fi)—t for i=I,...,n. Set gi=f?+r?-2fri. Then ¢gfC(X.R+) and
gi+ 2/jTj=fi +rf whence H(gi)=0. So also H(gi+...+gnN=Q, from which we
deduce the existence of a point Xx0EX with gi(xQ= g n(xQ=0; then f (x0=
—rt=H(f() for all i

12, Let Z+={z£Z:zsO} be provided with a discrete topology, addition,
multiplication and all constant unary operations. The proof is analogous to the
preceding. If this time H (f) =0, there is a point xi_X with /(x)=0 since other-
wise / could be written as / —+g, whence H(f)= 1+ H(g)=I-

13. Let £ be a commutative n-group (see [20]) that is totally ordered so that
ex+ ..+ej+..+entel+ .. .+e)+ ... +en whenever Cj*e). Let E be provided
with the order topology, binary operations + and V and all constant unary oper-
ations. We verify condition (iii) of proposition 6, taking if=iffJ where
*|=fl - °°5a[: a£E} and Sf3= {Ja, +<x{\ a"E). LetX be Z'-compact, H\C(X,E)-*E
a character, f, ....,fmEC(X, E), #(/D =r; and rfG{ with G fif for I4i'Sm.

First suppose (7r=] —°°, for all i. If condition (a) in lemma 1 does
not hold, we can find for each xEX a number ixi (1, ..., m) such that f x(x)"eix.
We set gi=/iVvr. so that H(gi)=ri and gix(x)"eix. Choose kS 1 so that
1+k(n—)Sm, then there are al?...,am all Si such that al+ ..+an¥
= 1+/c(n—1). We set g=2i aisi and r= i2 xiri- For 1=j=m define €)=
= 2 aisji where sn=rt if j~i and su= . Then r<e) for all j; so also r<e'
if e'=inf{ef ..., eént.

We now have g(x)"e'ix*e" for all x; consequently r—2 a;r>= 2 aiH(g;) =
—EI(20<4g)—H(s)—H(e) e'>r, a contradiction.

Flnally, the general case may easily be reduced to this particular situation.
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PACKING OF SPHERES IN SPACES OF CONSTANT
CURVATURE

By
K. BOROCZKY (Budapest)

§ |. Introduction

The various investigations concerning packings of spheres reach back to
Lagrange [10] and Gauss [9] whose results implicitly involve the solution of the
problem of densest lattice packing of circles and spheres, respectively. The pro-
blem of densest packing of equal circles in the Euclidean plane, without any re-
striction on the regularity of the arrangement, was solved by Thue [17]. The densest
packing of equal spheres in the nu-dimensional Euclidean space is not known for

VIl
Né3. Blichfeld [1] gave the upper bound —-— 2~n2 for the density of equal

spheres in the wn-dimensional Euclidean space, which was subsequently improved
by Rankin [12] and Rogers [14]. Let d, denote the density of n+ | equal spheres
mutually touching one another with respect to the simplex spanned by the centres
of the spheres. Rogers [14] proved that dnis an upper bound for the density of
any packing of equal spheres in the n-dimensional Euclidean space. For large values
of n, sidernikov [15] gave a better bound than d,,. Sidelnikov’s bound was receently
imprOVEd by Levenstein [11]

The analogous problem on the surface of a sphere was raised by Tammes [16].
For the density of packing equal circles on the sphere, L. Fejes Toth [6] gave an
upper bound which is exact in some cases. L. Fejes Toth [7], [8] and Coxeter [4]
extended the investigations to spherical and hiperbolic u-spaces. We shall call a
spherical, Euclidean or hyperbolic space a space of constant curvature. Without
loss of generality we shall assume that the curvature of the space is 1, 0 and —1,
respectively.

In an wn-dimensional space of constant curvature let dn(r) be the density of
n+ 1 spheres of radius r mutually touching one another with respect to the simplex
spanned by the centres of the spheres. Fejes Toth [7] and Coxeter [4] conjectured
that in an n-dimensional space of constant curvature the density of packing spheres
of radius r cannot exceed dn(r). In Euclidean spaces this conjecture has been con-
firmed by the above mentioned result of Rogers [14]. The two-dimensional spherical
case was formerly settled by Fejes Toth [6]. As to the hyperbolic space, | observed
(see [3]) that here no reasonable notion of density concerning the entire space can
be defined. Thus in the hyperbolic space the formulation of the above conjecture
needs a correction.

The main result of our paper is the following

Theorem |. In an n-dimensional space of constant curvature, consider a packing
of spheres of radius r. In spherical space suppose that r<n/4. Then the density of
each sphere in its D—V cell cannot exceed the density of n+\ spheres of radius r
mutually touching one another with respect to the simplex spanned by their centres.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



244 K. BOROCZKY

The Dirichlet—Voronoi cell, or in short the D—V cell associated with a sphere
of a packing consists of those points of the space which lie nearer to the centre
of this sphere than to the centre of any other sphere of the packing.

Some years ago | proved the special case of this theorem when n=3 (see
BoRoczKY—F 1orian [2]). In spherical spaces the problem of densest packing of
equal spheres of radii greater than or equal to s/4 was previously settled by several
authors (see e.g. Rankin [13]).

8 2. Orthoschemes and 0-simplices

In an «-dimensional space of constant curvature a simplex AOAL...Anis called
an orthoscheme if for 0</<« the r~dimensional subspace Aa... A, is totally ortho-
gonal to the (n—/)-dimensional subspace Ai...A,, with the additional condition
thai in spherical space AOAt-<n/2 (0<fs«) (Fig. 1). Two subspaces are totally
orthogonal if together they span the whole space and any two lines from each of
them are perpendicular. In what follows we shall write the vertices of an ortho-
scheme always in accordance with the above definition. Note that by the symmetry
of the definition also the opposite order A,,...A0 can be used.

Fig. 1 Fig. 2

Remark 1. We shall consider a point and a line segment as a 0- and I-dimensional
orthoscheme, respectively.

Remark 2. The edges AOAX AtA2, A n-1An of the orthoscheme AOAL...A,,
are pair-wise perpendicular, and conversely, the fact that in a simplex AO...A,, these
edges are mutually perpendicular implies that the simplex is an orthoscheme (Fig. 2).

Remark 3. |f the point B runs along the polygonal line AOA1...Anfrom AO to
A,, then the distance AOB increases and the distance A,,B decreases.

Remark 4. The convex hull of mSn vertices of an n-dimensional orthoscheme
forms an (m-X)-dimensional orthoscheme which is a cell of the original orthoscheme.

Remark 5. An n-dimensional orthoscheme can be constructed also in thefollowing
way: Let AO...Ai be an i-dimensional orthoscheme with 0< /<« and consider the
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(n-i)-dimensional subspace through At totally orthogo-
nal to the subspace AO... At. Let A{...Anbean (n—i)-
dimensional orthoscheme in this subspace. Then
AlA, ... A, is an n-dimensional orthoscheme which is
the convex hull of A0...Ai and A;...An.

Lemma L1 In an n-dimensional space of constant
curvature the simplex AOAL...A,, is an orthoscheme if
and only iffor any i, 0</<n, the orthogonalproject-
ion of AO onto the (n—i)-dimensional subspace
ALA, is A

An analogous statement holds for the point A,

2 , Fig. 3
and the i-dimensional subspace AQ...At. 0

Fig. 4

It is obvious that any orthoscheme fulfils the conditions of the lemma. Suppose
that for the simplex AOAL...Anthe vertex At is identical with the orthogonal pro-
jection of A0 onto the (n—z)-dimensional subspace Ai...An for any 0</<4qa. If
0< j™i then the line AOAj is orthogonal to the (n—j)-dimensional subspace
Aj...Ai...Anthus it is orthogonal also to the subspace A;...A,, (Fig. 3). It follows
that the /-dimensional subspace AO...Ai spanned by the linearly independent
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directions AOA1L, ...,AQAi is totally orthogonal to the (n—z)-dimensional subspace
Ai...A,,, i.e. AO...A,, is an orthoscheme.

In an n-dimensional space of constant curvature let S10/1---/1 be an ortho-
scheme. Consider an interior point Bt of the edge Ai_lAi (0O<isn). Disect the
orthoscheme AOAL...A,, by the (n—)-dimensional hyperplane A,,...Ai*2BiAi+L..An
into the simplices SI=A0...Ai- 1BiAi+1l...A,, and S‘=A0...Ai_2BiAi..A,, (Fig. 4).
Here we use the natural convention that S1=A0...A-1B1Al1...An—B1A1...A,, and
S,,=A0...An- 1B,,An+1...A,,=A0...A,,-1Bn. Accordingly A0...A_1 and An+l..An
will denote the empty set. The simplices of type Stand S‘( 0 obtained
by disecting an orthoscheme in two simplices in the above described way will be
called O-simplices.

Remark 6. Any orthoscheme is an O-simplex. The O-simplices B1A1...A,, and
AOALl..A,"B,, are orthoschemes (Fig. 5).

fig-5

Remark 7. The O-simplices Sl and S,, i+l are of the same type. This can be
seen immediately by writing the vertices of the orthoscheme AOAL...A,, in the con-
verse order A,,A,, 1...AQ.

Lemma 2. Any O-simplex which is not an orthoscheme can be obtainedfrom two
different orthoschemes: The O-simplex AO0...Ai_1BiAi+1...A,, obtained by disecting
the orthoscheme AO...A,, can be obtained also by disecting an orthoscheme
AQ...Ai_lAiAi+L.. Anfor which AoAMA"BAApAR

By Remarks 6 and 7, it suffices to consider only O-simplices of type S(=
=A0...Ai"BiAi+1...A,, (0<z<«). Since in the right triangle BiAiAi+lthe angle
at Bt is acute, we have <$Ai_1BiAi+1-=nl2 (Fig. 6). Let At be the foot of the
perpendicular drawn from the point to the line Ai+1Bi. Then we have A, A(=
<y405r<AQ0'r. Since AOQ...Ai_1BiAi+1...A,, is one of the simplices obtained by
disecting the simplex AO0...Ai_1AiAi+1..A,, into two simplices by the hyperplane
AO0...Ai- BiAi+l...A,,, it suffices to show that the simplex AO...Ai_lAiAi+L..A,,
is an orthoscheme (Fig. 7).
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Ai_1AiAi+l is a right triangle lying in the plane Ai_1AiAi+1. Since Ai_1Ai...A,,
is an (n—i+ I)-dimensional orthoscheme, the plane Ai_1AiAi+l and the (n—i—1)-
dimensional subspace Ai+1...A,, are totally orthogonal in the subspace Ai_1Ai...A,,.
It follows, by Remark 5, that the convex hull Ai_1AiAi+1...An of the orthoschemes
Ai_1AiAi+L and Ai+1...A,, is an orthoscheme.

Fig. 6 Fig. 7

The orthoschemes Ai_1AiAi+l...Anand Ai_lAi...A,, lie in the same subspace
which is in un-space totally orthogonal to the subspace of the (i—)-dimensional
oithoscheme Aq‘.A”x. Thus referring again to Remark 5, we see that AO..
.JAi_1AIAI+LLA,, is an orthoscheme.

In what follows the points At and J1;=4; belonging to the O-simplex
Si=A0...Ai_1BiAi+1...A,, will play a distinguished role. We shall call these points
lower and upper orthopoints of the vertex 22, respectively. We shall use the symbol
AO...Ai_1BiAi+1...A,, with 0<r'<un also for orthoschemes. By convention the
lower and upper orthopoints of a vertex of an orthoscheme are identical with the
corresponding vertex: Ai=Bi—/1,.

Remark 8. If A0...Ai,,1BOAI+1...A,, is an O-simplex and the point C runs along
the polygonal line AO...Ai_1BiAi+1...A,, from AOto A, then the distance AOC in-
creases and the distance A,,C decreases.

By Remark 3 the statement is true if AO...Ai_1BiAi+l...Anis an orthoscheme.
In the opposite case by Lemma 2, the polygonal line AQ...Ai_1BiAi+1..A,, can
be split into two polygonal lines Au...Ai_1Bi and BiAi+1...A,,, the first belonging
to the orthoscheme AQAr ...An, the second to the orthoscheme AO...Ai_1AiAi+1..A,,.
Thus the monotonicity of the distances AaC and A,.C follows again from Remark 3.

It is natural to call the vertices AQand A,, extreme vertices of the O-simplex
AO0...Ai_1BiAi+l...An.

Remark 9. If Aa... Ai_1BiAiH ... Anis an O-simplex and the point C runs along
the polygonal line AO...Ai_1BiAi+1l...Anfrom AOto An then the distance AjC de-
creases till C reaches Aj and increases afterwards (0O<y<wu, jAi).
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The polygonal line AO...Ai_1BiAi+1...A,, can be split into two polygonal
lines AO... Aj and A}... A,, determining two O-simplices with the common extreme
vertex Aj. Hence our statement follows from Remark 8.

Lemma 3. In an n-dimensional space of constant curvature let AO... Ai-iBiAi+1...
LA, and AO...Ai_1CiAi+1...A,, be two O-simplices. If O<r'<s then the planes
Ai_1BiAi+l and Ai_1CiAi+l are identical. For i=0 the lines BiiAland COAIl and
for i=n the lines An-1B,, and A,,"1C, are identical.

The cases when /=0 or i—n are trivial. Suppose that and let
Ag...Ai_iBiAi+l...A,, be an O-simplex which is not an orthoscheme. Then this
simplex is a part of an orthoscheme AOQ...At...An such that Bt is an inner point
of the edge Ai_1Ai. Then the planes Al _1BiAi+l and Ai_l1AiAi+l are identical.
It follows immediately that we can restrict ourselves to the case when both O-
simplices are orthoschemes.

Let AO...Ai_1AiAi+1l...An and AO0...Ai_1AiAi+1..A,, be two orthoschemes.
Then the (n—i+ I)-dimensional subspaces Ai_lAiAi+1...Anand Ai_lAiAi+l...An
are identical because both of them are totally orthogonal to the (r—)-dimensional
subspace AO...Ai*1 (Fig. 8). Since Ai_lAiAi+1..A,, and Ai_lA-Ai+l..A,, are
orthoschemes lying in the same (n—i+l)-dimensional subspace, the (n—i—1)-
dimensional subspace Ai+1..A,, is totally orthogonal both to Ai_lAiAi+l and
Ai_1AiAi+1l. This means that these two planes are identical.

Lemma 4. Let AO...Ai-1BiAi+1...Anbe an n-dimensional O-simplex (O”iSn).
Let C and D be points of the edges Ai_1Bi and BtAi+1 respectively. Then the (n—21)-
dimensional subspaces Ag... A"2CAiH ... Anand A,,... Ai_1DAi+t... An intersect the
O-simplex AO...Ai"1BiAi+1...A,, in the (M—1)-dimensional O-simplices AO...
..Ai_2CAi+l...An and Ag.-. AMBAM .- A,,, respectively (Fig. 9).
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By Remark 7 it suffices to prove that the (u—)-dimensional subspace
A,,...Ai_2CAi+1..A,, intersects the O-simplex AO...Ai_1BiAi+1...Anin the (n—1)-
dimensional O-simplex AOQ...Ai_2CAi+l...A,,. Let At be the upper orthopoint of
the vertex Bt. If i=n then An—Bn and AO0...Ai_1BiAi+1...A,,=A0...A,, 1B,
is an orthoscheme (Fig. 10). The (n—2)-dimensional subspace AO... A,, 2is totally
orthogonal to the plane A,, 2A,, 1A, and therefore it is totally orthogonal to the
segment An_2C in the (m—1(-dimensional subspace AO0...A,,-2C. Hence Remark 5
implies that AO...A,,"2C is an (n—I)-dimensional orthoscheme.

The case when i=1 can be settled in a similar way as the case i—. The seg-
ment CA2is totally orthogonal to the (u—2)-dimensional subspace of the ortho-
scheme A2..A,, in the (n—1(-dimensional subspace CA2...A,, and therefore, by
Remark 5, CA2..A,, is an (n—I(-dimensional orthoscheme (Fig. 10).

Fig. 10

The Lemma is obvious also in the cases when 1<r<u and C=Ai_1 or
C=At. Now the intersections under consideration are the (n—)-dimensional
orthoschemes AOQ...Ai_lAi+L...Anand A ...Ai_2Aj...A,,, respectively.

Consider now the case when 1< r<n and Cisan inner point ofthe edge Ai*iAi.
Let Al be the lower orthopoint ofthe
vertex C ofthe O-simplex

Ag..A CA;+1.. An

(Fig. 11).

The cell AO...Ai_2AiAi+1...An of
the orthoscheme AO0...Ai_1AiAi+L1. A,
is an (u—)-dimensional orthoscheme
which is bisected by the (n—2)-dimen-
sional subspace AO...Ar-2CA1+L..An
into two (h—)-dimensional O-simpli-
ces. From these two (M—"-dimen-
sional O-simplices the simplex AO...
...Ai_2CAi+1..A,, is nothing else but
the intersection of the n-dimensional
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O-simplex AO0...Ai_1BiAi+1...A,, and the (n—)-dimensional subspace AO...
.. Aj_2CAi+1... A,,.
This completes the proof of Lemma 4.

Lemma 5. Let AO...Ai_1BiAl+1..A,, be an n-climensional O-simplex. For
0< rs « let C be a point on the edge Ai*1Bi andfor 0%i<n let D be apoint on
the edge BiAi+l . Let the points C and D move on the edges At*xBt and BiAi+1, resp.
so that the distances AOC and AOD increase. Then the distances between A, and the
upper and lower orthopoint of the vertex C of the (n—X)-dimensional O-simplex
A,,...Ai_2CAi+l... Anas well as between A0 and the upper and lower orthopoint of
the vertex D of the (n-1)-dimensional O-simplex AOQ...Ai_1DAi+2...An increase.

Let Cxand C2be two points on the edge Ai_1Bi such that AOCI<AO0C2. In
view of Remark 3 we have Ai_1Cl<Ai_1C2.

We saw in the proof of Lemma 4 that if i= 1 or i=n then the (n—"-dimen-
sional simplex AO...Ai_2CAi+1..A,, is an orthoscheme, thus in this cases the
lemma is trivial (Fig. 10).

Consider now the case when 1<r<u. Let A( be the upper orthopoint of the
vertex R; of the O-simplex A0...Ai_2BiAi+l...A,,. Let Au be the lower orthopoint
of the vertex Cj of the (n—I)-dimensional O-simplex A0...Ai_2CJAi+1...An(/=1, 2)
(Fig. 12). Ai_1AilAi+l and Ai_1Ai2Ai+l are right triangles lying in the plane
Ai_1AiAi+l with the common hypotenuse Ai_l1Ai+l. Therefore it follows by the
construction of the points Au (/=1,2) and the assumption Ai_ICl<Ai_1C2<
<Ai_1Ai that Ai_1AncAi_1Ai2. Observe that is the foot of the perpendicular
drawn from the point AOto the plane Ai_1AiAi+1. Therefore the inequality A;*Ail=
<Ai_iAi2 implies that AOAa<AOAi2.
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This proves the lemma for the lower orthopoint of the vertex C of
AO0...Ai_.,CAi+1...An. The remaining three statements of the lemma can be proved
in a similar way. We leave the details to the interested reader.

Lemma 6. Let AO...Ai_1BilAi+1...An and AO...Ai-1Bi2Ai+1...A,, be two
O-simplices lying on the same side of the hyperplane AO...Ai_1Ai+l...An(0<i<n).
Suppose thatfor the lower orthopoints
Au and for the upper orthopoints Au
of the vertices Bu, j= 1,2, we have
AAN"AcA. and  ApAurApAN-

Then thesegments Ai*1Bi2 and BaAi+l
intersect one another in inner points.

In view of Lemma 3 the points
A[-F? Au.i, Au, AR, Al, Afd5Ba, BI2
lie in the same plane. Further, by the
assumptions of the lemma, the points
Aa, Ai2, An, Ai2, Ba, 0,2 lie on the
same side of the line Ai_lAi+l (Fig.
13). Since the foot of the perpendicular
drawn from the point AOto this plane
is A{_I5 the inequalities AOAa-<AaAi2
and ACAn<AQARImply that Ai_1Aii<
<jM-iA: and Al_1Ail<Ai_1lAi2
Since_  Ai_lAilAi+i,  Ai_lAi2Ai+I,
A-i-MiNi+E and  Ai_JAI2AT+HL  are
right triangles with the same hypote-
nuse, these last two inequalities are equivalent with the following ones:

<Ai_1Ai+1Bil = $Ai- 1Ai+1AIl < <I4,i-iAt+iAj2 = <IAi_1Ai+1Bi2,
</4,+i Ai*1BIl = FAi+XAi-x An > <ZAi+1Ai- 1AR2 =<|Ai+1Ai_1Bi2

It follows that the sides Ai_1Bi2 and BaAi+l of the triangles Ai_1Bi2Ai+1 and
Ai-iBnAi+l intersect one another in inner points.

8§ 3. Densities of spheres with respect to O-simplices

The density of an n-dimensional sphere S with respect to a body T is defined
by d(T, S)=sc\t

n-dimensional volume with the same symbol.

Let T=AO0...A,, be an orthoscheme and S a sphere which does not intersect
the hyperplane Al...A,,. Our aim is to give an upper bound for the density of S
with respect to T in terms of lower bounds of the distances AOA1? ..., AOAn. One
of the main ideas of the proof is to consider the “density” of an u-dimensional
sphere S with respect to a fc-dimensional simplex T—P0...Pk for k<n. We con-
sider the ~-dimensional simplex T as a degenerated w-dimensional simplex

. Here and in what follows we denote a convex body and its
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PO...PkPk+1... Pnwith Pk+l—...=Pn=Pk and define the limiting density d(T, Pk, S)
b
Y d(T,Pk,S) = lim d(PO...PkPk+1...P,,,S).
k<ifh

Let Pk+1, ...,Pktm (m~n —k) be points tending to the point Pk such that
the convex hull K of the points PO, Pk+m is a convex polytope. It is obvious
that we have d(T, Pk, S)=lim d(K, S).

Using this we easily obtain the following alternative definition of the limiting
density d(T,Pk, S):

() Rotate the simplex T about the subspace PO...Pk-1 of the «-dimensional
space, obtaining a body B. Then we have d(T, Pk, S)=d(B, S) (Fig. 14).

Fig. 14

The following lemma is a simple consequence of the definition of the limiting
density (Fig. 15):

Lemma 7. In an n-dimensional space of constant curvature let T=
=AO0...Ai*1BiAi+1...A,, be an O-simplex of volume V and S a sphere with centre
A0 which does not intersect the hyperplane Al...Ai 1BiAi+1l...An. Let C and D
be the points of the segments Ai_1Bi (1<i”n) and BiAi+l (0<«'<«), respectively,
such that the simplices A0...Ai_1CAi+1...A,, and AO...Ai_1DAi+1...A,, have volume
w ( 0 Writing  f(v) =d(A0...Ai_1CAi+L..A,,, C,S) and g(v)=
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=d(A0...Ai_1DAi+1...ABD,S) we have

d{T,S)=y f f(v)dv=y f g(v)adv.
vV 0 v O

Lemma 8. Let T=AO...Ai_1BiAi+l...Ak be a k-dimensional O-simplex in an
n-dimensional space of constant curvature with 2sk<n and S a sphere centred
at Aonot intersecting the subspace ALl...Ak. Let V be the volume of the body obtained
by rotating Tabout the (k-\)-dimensionalsubspace An...Ai_1Ai+Ll...Ak. For I<isk
let C be the point of the edge Ai_1Bi for which the volume of the body obtained by
rotating AO...Ai_1CAi+1...Ak about the subspace AO...Ai_1Ai+1...Ak is equal to v
(0safs=V). For 0<r< /1 let D be the point of the edge BtAi+Lfor which the volume
of the body obtained by rotating AO.. A", DAt...Ak about the subspace
AO...Ai_l1Ai+L.. Ak is equal to v (OscsF). Writing f (v)=d(A0...Ai_2CAi+l...
...Ak, C, S) and g(v)=d(A0...Ai_1DAi+2...Ak,D,S) we have

I v I v
d{T,Bi,S)=— f /0) dv= —f g(v)dv.
V 0

*0

The proof of the lemmais obvious if we use definition (i) of the limiting den-
sity (Fig. 16).

In the following lemma it will be convenient to use the symbol d(PO...P,,, Pt, S)
(Osis/i) to denote the density d(PO...P,,, S).

Lemma 9. If T1=A0...Ai_1BilAi+1...Ak and T2=A0...Ai_1Bi2Ai+1...Ak are
two k-dimensional O-simplices (I1"k”~n, 0<i”k) such that for the lower ortho-
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points Au and for the upper orthopoints Au of the vertices BtJ, j= 1,2, we have
AoAN-<AoAi2 and AoAn<AoAi2, and S is an n-dimensional sphere centred at
Ao which does not intersect the subspaces Ai...Ai_iBilAi+:i...Ak and A,...
...Ai-1BRAi+1...Ak then

d(T\, B1, S) = d(T2, Bi2 S).

The proof follows by induction on k. The lemma is obvious for k=1 We
suppose that it is true for k<m and prove it for k=m.

Fig. 16

Let P and Q be points of the segments BaAi+l ( 0 and A”yBy,
(1 resp. For m—n let v=v(P) denote the volume of AO...Ai_1PAi+1...Am
and let w=w(Q) denote the volume of A0...Al_1QAi+1...Am If let i>(P)
and w(Q) be the volumes of the bodies obtained by rotating A0...Ai_1PAi+1l...Am
and AOQ...Ai_iQAi+1...Am about the subspace AO...Ai-1Ai+1...Am, respectively.
Write

f(v) = d(A0...At- 1PAi+2...Am, P, S)
and
g(w) = d(AO...Ai_2QAi+1...AmQ, S).

If the point P moves on the segment Ai+1Ba from Ai+l in the direction of
Ba then by Remark 8 the distance AOP decreases. Hence it follows by Lemma 5
that the distance of AO from both the upper and lower orthopoints of P of the
(m—I)-dimensional O-simplex AOQ...Ai_1PAi+2...Am, decreases. Therefore, by the
induction hypothesis f(v)=d(A0...Ai_1PAi+2...Am,P,S) is an increasing func-
tion of v. In a similar way we see that g(w) is a decreasing function of w.

We may assume without loss of generality that Tx and T2 lie in a common
m-dimensional subspace on the same side of the subspace AO0...Ai_ 1Ai+1...Am.
If then by Lemma 6 the segments Ti_IB,2 and BaAi+l intersect one
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another in a point C (Fig. 17). First consider the case when Then by
Lemmas 7 and 8 we have

d(AO...Ai- 1BIIAi+1...AmBil,S) = ARy J f(v)dv,

Y wBn)
d(A0...Ai_1Bi2Ai+1...AmBiaS) = -*r* f g(w)dw
and
i 1Mo 1 w(e)
d(AO...Ai_ICAI+1..AmC,S) =~y f f(v)dv= f  g(w)dw.

Since f(v) is an increasing and g(w) a decreasing function, we have
d(AO... Ai_1BilAi+1... AmBu, S) £ d(AO... AL XxCA1+L.. AmC,S) =
—d(AO0... Ai- 1Bi2Ai+1... Am Bi2, S).
If i=1 then the inequalites
d(AOCA2... Am,C,S) = d(AOBL... Am,Bn, S)
can be seen in the same way. Now the relation
d(AOB12... Am,BX2 S) » d(AOCAa... AmC,S)

does not follow in the above way but it is an obvious consequence of definition (i)
of the limiting density (or the definition of the density if m=ri) (Fig. 18).

Bi2

Finally if i=m then Txand T2are orthoschemes and the point Bn (=Am
lies on the edge Ai*1Bi2. Now we have

1 it
d(AO...Ai..1Bil, Ba, S) = fg{w)dw £

- Wls?i—z); | s(w)dw = d(A0...At. 1Bi2,B i2,S).
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This completes the proof of Lemma 9.

Lemma 10. In an n-dimensional space of constant curvature let T=AO0At..
and T=AOAX... A, be two orthoschemes and S a sphere centred at AO which does
not intersect the hyperplanes AxAr...Anand_Al1A2..A,,. Suppose that AOQAI” A OAi

for i=1, ...,«. Thenwehave d(T, S)sd(T, S), andequality holds only if AOAr=
= AOAi for aII i's.
If AOAi=AOAi for i=1,2, ...,n, then T and T are congruent and we have

d(T, S)=d(T, S). If T and T are not congruent then consider the least index i
for which AOAi>AOQ0A_, and construct the orthoscheme T'=A0...Ai_lAiAi+1...A,,
for which AOA-~AOAi. By Lemma 9 we have d(T, S)<d(T', S). Repeating
this process until we obtain an orthoscheme congruent to T, the density increases
in each step. Thus we have indeed d(T, S)d(T, S).

Lemma 11. In an n-dimensional space of constant curvature let T=AO0Al... Ak
be a k-dimensional and T=AOAX..A, an n-dimensional orthoscheme. Let S be
a sphere centred at A0 which does not intersect the subspaces Al...Ak and Al...An.
Suppose that AgA“A dAi for i=1, ..,1c—1 and AWAKWAOA,,. Then we have
d(T, Ak, S)*d (T, S).

We choose a sequence of «-dimensional orthoscheme OJ=AO0AIl...AkBi+1...Ba
suchthat AOB{>AO0Ai for i=k+\, ...,n and !im B{=Ak (i=fc+1,....«). Then

we have, on the one hand, by Lemma 10 d(Oj, S)d(T, S) (j=1,2,...), and
on the otherhand by the definition ofthe limiting density d(T, Ak, S) = I|m d(Oj, S).
This proves the lemma.

8 4. Further auxiliary results

In an n-dimensional space of constant curvature let h,,(r) denote the distance
of the centre of a regular simplex of edgelength 2r from the vertices of the simplex-
In a 2-dimensional subspace let h(r) denote the distance of the centre of a square
of sidelenght 2r from its vertices. Note that in an «-dimensional space of constant
curvature the distance of the centre of a regular crosspolytope of sidelength 2r
from its vertices is also h(r), since two pairs of opposite vertices of the crosspolytope
form a square.

Let a be the angle spanned by a sphere S with centre O at a point A outside
of S. In spherical space let OA be less than Tr/2. Then a is a strictly decreasing
function of OA. A sphere of radius r spans a wright angle at the distance h(r) and
the obtuse angle 2 arc cos L/« at the distance hn(r). Thus we have

r=hx(r) < hz(r) <...< A, <...< h(n).

Lemma 12. In an n-dimensional space of constant curvature the distance of the
radical subspace of k+1 (2°k~n) disjoint spheres of radius r from the centres
of the spheres is greater than or equal to hk(r), and equality holds if and only if the
spheres mutually touch one another.

Let U be the subspace spanned by the centres of the spheres and P the inter-
section of V and the radical subspace of the spheres. Let S be the ~-dimensional
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unit sphere centred at P and lying in U. It is well known that the minimal spherical
distance between k + 1 points lying on the surface of a /c-dimensional sphere is
at most 2arc cos /k with equality if and only if the points form the vertices of
a regular simplex. Thus among the projections of the centres of the spheres from
P onto S there is a pair with spherical distance at most 2 arc cos 1lk. It follows
that these spheres span an angle at P less than 2 arc cos I/k. In view of the above
considerations this means that the distance of the centres of the spheres from P
is at least hk(r). The case of the equality is obvious.

Lemma 13. If O, Ok, ..., On#2 are points in an m-dimensional space of constant

curvature such that <0 L4300 n/2 for z=1,...,.w+1| then
min < OIOO, ™ nil.
Isi.igm | J

We may assume that
min < 000 —nil,
ISi,j'sm +2 J
for otherwise the lemma is trivial. On the other hand, a theorem of Davenport
and Hajos [5] says that
min <0,00, ~ n/2,

1IN0, jS T+ 2

and the condition of equality is that <30k00t=n for some indices k and /. If
one of the indices k and /, say k, is equal to m+2then <OrOO,"q/2 for any
i, ISiSm+1. If, on the other hand, 1=8/, k"m +I, then we have for any point
O; with I1Sz'*m+1, zVk, <0;00*.+<0,00,=4. Hence we have

min {<0,00t, <OiOO/} S n/2,
which completes the proof of the lemma.

Lemma 14. In an n-dimensional space of constant curvature let Sj, ..., Sk+2
(O<k<zz) be spheres of radius r centred at Ox, ..., Ok+2. Suppose that the radical
subspace of the spheres Sk, ..., Sk+l exists. Let H be the orthogonal projection of
the point Ox on the radical subspace of Sj, ..., Sk+1. If the radical hyperplane of
the spheres Sk and Sk+2 intersects the segment Ox//, then OxH”h(r).

The points 0j, 02, ..., Ok+2 lie in a (k+ I)-dimensional subspace Uk+1 which
contains also the point H. Let S{ be the intersection of the sphere 5; with the
subspace Uk+l (i=l, 2, ..., k+2). Let S' be the (k+ I)-dimensional sphere in
the subspace Uk+L with centre H and radius 01H. The points O, ...,O k+l lie
on the boundary of S'. Since the radical hyperplane of S, and Sk+2 intersects the
segment OxH, we have Ok+2H O XH, showing that the sphere S' contains also
the point Ok+2. Let Uk be the k-dimensional subspace spanned by the points
Oj, ..., OkH. Preserving the original notations, we translate the sphere Sk+2 in
Uk+1 perpendicularly to the subspace Uk until its centre will lie on the boundary
of S'. Since by this process the distance of Ok+2 from any point of Uk increases,
Sk+r in its new position will not intersect any of the spheres S{, ..., Sk+1.

Now the points O, ..., Ok+2 lie on the boundary of one of the hemispheres
of S' bounded by the subspace Uk. Therefore, by Lemma 13 there are two indices,
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say i and j (\=i, jSk +2), such that <0,110 Since the spheres S{ and
Sj are disjoint, the angle spanned by these spheres at H is at most n/2. Thus we
have indeed 01IH=0iH"h(r).

§ 5. Proof of Theorem 1

In an n-dimensional space of constant curvature, consider a packing of spheres
of radius r. We may assume that this packing is saturated. In this case the D —V
cells of the spheres are convex polytopes. Let S be one of the spheres of the packing,
O its centre and Z the D—V cell associated with S. Any (n—k)-dimensional cell
of the polytope Z lies in the radical subspace of k+1 spheres of the packing, one
of which is S. Thus, by Lemma 12 the distance of an (n—k)-dimensional cell of
Z from O is at least hk(r).

Let S be the open sphere of radius h,,(r) concentric with S. We show that any
cell of Z which intersects S contains the orthogonal projection of O onto the sub-
space of the cell.

Fig. 19

Let Z,,_t be an (n—L)-dimensional cell of Z ( O which does not con-
tain the orthogonal projection H of O onto the subspace of Z,,_fc Let the subspace
spanned by Z,, * be the radical subspace of the spheres S, Slt..., Sk of the packing.
There is an (n—k —I)-dimensional cell Z,,_ ¥ 1 of Z,,_t the subspace of which se-
parated H from Zn_k (in the subspace of Z,,_*). There is a sphere Sk+l of the pack-
ings such that the subspace spanned by Z,,_k 1 is the radical subspace of the
spheres S, Sk, ..., Sk, Sk+1 (Fig. 19). The point H and the cell Z are separated
by the radical hyperplane of the spheres S and Sk+1. Thus this hyperplane inter-
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sects the segment OH, and it follows by Lemma 14 that OH”h(r). Since we have
A, (r<A(r), this means that Z, * does not intersect S.

We shall show that the density of S in Zf)S and a fortiori in Z, is less than
or equal to the density dn(r) of n+ 1 spheres of radius r mutually touching one
another with respect to the simplex spanned by their centres. To see this we de-
compose the body Z(TS into smaller bodies and show that the density of S with
respect to each of the smaller bodies is at most d,,(r). To describe this decomposi-
tion it is convenient to introduce a notation: If AQ, ..., A; are points and X is a
pointset, we write A0...AiX to denote the convex hull of the set formed by adjoin-
ing the points A0,  J1/ to the set X. We denote the boundary of S by SO.

The decomposition of Z S follows in n steps which we define by induction:
We write A0=0 and in the first step we divide ZDS into the body A0(ZDS0
and into the bodies A()(Zl-1DS), where Zn 1runs over the (n—I)-dimensional
cells of Z (Fig. 20). Now suppose that in the ith step (1ér'<mu) we have decom-
posed ZDS into bodies of type A0...Aj (Z,,AjDSO for j=0, 1, Z,=Z,
and into bodies of type AO...Ai*1(Z,,_iDS), where Zk is a ~-dimensional cell
of Z and A, is the orthogonal projection of the point O=AO0 onto an (n—¥)-
dimensional cell of Z which contains Ai+L..AjZn-j and AlH...AiN1Z,,Mi, respect-
ively. Consider one of the bodies of type AO...Ai*l(Zn_iDS) and denote by At
the orthogonal projection of A0 onto the subspace of the cell Z,, t. We have seen
that if the set Z,,_ fnS is not empty then it contains the point At. In the i step
we divide each body of type AO...Ai_1(Z,, iDS) into the body AO... Ai(Z,,_iDS0
and into the bodies of the form AO0...Ai(Zn_i_1DS), where Z,_i_1 runs over
all (n—i—I)-dimensional cells of Z,,_f (Fig. 21). By Lemma 12 all vertices® of Z
lie outside of S, which means that the sets of the form /lo.../l,,_1(Z(inS) are
empty. Thus the process ends at the nth step. As a result, we have decomposed
ZDS into bodies of the form AO0...Aj(Z,,_jDSQ for j=0, —1, where Zk
is a /r-dimensional cell of Z and At is the orthogonal projection of the point O=A0
onto an (n—)-dimensional cell of Z which contains Al+1...AjZ,, j. The bodies
Aq*“*An~i (ZiPISQ are orthoschemes.

Fig. 20 Fig. 21
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We continue to show that the density of S with respect to each of the bodies
AO0...Aj(Zn_jCiSg is at most dn(r) (y=0, ...,«—1). Consider «+ 1 spheres of
radius r mutually touching one another and let T be the regular simplex spanned
by the centres of the spheres. T can be divided into («+ 1)! congruent orthoschemes.
One of these orthoschemes, say AOA1...An, is obtained by taklng 10to be a vertex
of T, and when /1, ..., Ai | have been chosem taklng to be the centroid of
one of the /-dimensional celis of T that contains AOQ, AL, . ﬂ . X. If S" is the sphere
of radius r centred at JI10 then we have

d,(r) = d(A0A1...An,S").

Consider the body AO0...AJ(Zn jriS@ and let Aj+1 be an arbitrary point of
Z,, yMns0. Observe that

d(AO... Aj(Z,,_jS0, 5) =md(A0... Aj+1, AJ+L, S).

We have, by Lemma 12, JIOM;A/rr(r) for £=1,..., / and AOAj+1=h,,(r). On
the other hand, we have, by definition, A01r=/r;(» for /=1, ...,«. Using the
fact that hi(r)<hn(r) for i=I, ..., n—I, we get, by Lemma 11,

d,,(r) = d(A0AO...A,,,S") Ld(AO...AJ+1, Aj+1,S) = d(A0...Aj{Zn_jOGO, S).
This completes the proof of Theorem 1

8 6. Remarks

In a packing of equal spheres of radius r the density of a sphere in its D—V
cell attains the bound dn(r) only if the D—V cell can be decomposed into ortho-
schemes congruent with A0...An (JIO/],=/a(r)). This means that the D—V cell
is a regular u-dimensional polytope {a, 3, ...,3} whose /-dimensional cells are at
a distance /r,,_r(r) from the centre of the sphere. Consequently if the density of
each sphere with respect to its D—V cell is equal to dn(r) then the spheres are in-
spheres of a regular tessellation {a, 3, ...,3}. These tessellations are {3,3, ...,3}
and {4, 3, ..., 3} in the «-dimensional spherical space, {5, 3, 3} in the three-dimen-
sional spherical space and {5, 3, 3, 3} in the four-dimensional hyperbolic space.
The cell-inspheres of all these tessellations form a densest packing.

In an «-dimensional hyperbolic space let S be horosphere and T a body con-
tained in S. Since the volume of S is infinite the density of T with respect to 5
cannot be defined in the usual way. But this density can be defined as a limiting
value as follows: Let E be the boundary of S. It is known that the hyperbolic metric
in E is equivalent to the («—)-dimensional Euclidean metric. Let A be a subset
of E and C(A) the point-set union of the axes of S having a point in common with
A. Let O be an arbitrary point of E and Sn_r(R) a sphere of radius R centred at
O. Now we define the (upper) density of T with respect to 5 by the value

C(SM(R))OT m

Using the fact that E can be considered as an («—)-dimensional Euclidean space,
it is easily seen that this value does not depend on the choice of the point O.
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In the hyperbolic space we can consider, besides packings of spheres, packings
of horospheres. In this case we have to extend the investigations of §2 and §3 to
asymptotic simplices with one ideal vertex AO. All the definitions and proofs can
be transferred without any change to this case. Thus we have the following

Theorem 4. In the n-dimensional hyperbolic space, consider a packing of horo-
spheres. Then the density of each horosphere with respect to its D —V cell cannot be
greater than the density of n+ 1 horospheres mutually touching one another with
respect to the asymptotic simplex spanned by the centres of the horospheres.

The bound of Theorem 4 is exact for the horospheres inscribed in the cells
of the three-dimensional regular tessellation {6, 3, 3}.
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SUR LES GROUPES QUASI-*-PURS-PROJECTIFES

Par
K. BENABDALLAH et R. BRADLEY (Montréal)l

Les questions de quasi-projectivité et de quasi-injectivité relatives regoivent
présentement beaucoup d’attention de la part des chercheurs dans ce domaine.
Par exemple dans [1] les groupes quasi-purs-injectifs sans torsion de rang fini sont
complétement caractérisés (voir également [2]). Dans [3] nous avons caractérisés
les groupes quasi-purs-projectifs torsions.

Dans ce travail, nous établissons une caractérisation compléte des groupes
quasi-"-purs-projectifs. Quelques uns des résultats démontrés dépendent, en tout
ou en partie de I’hypothese généralisée du continu. Ces théorémes seront marqués
d’un astérisque. Les notations utilisées sont de [4] et tous les groupes considérés
sont abéliens. De plus, si H est un sous-groupe d’un groupe G, vH désignera tou-
jours I’épimorphisme canonique de G sur G/H.

1. Definition et propriétés élémentaires

Un groupe G est dit quasi-p-pur-projectif si pour tout sous-groupe />-pur H
de G et pour tout homomorphisme f:G-*G/H, il existe un endomorphisme @
de G tel que vH-(p—f. On notera quasi-p-pur-projectif par q-p3 dans ce qui suit.

Il est évident que dans le cas ou G est un ~-groupe, G est q-p3si et seulement
si G est quasi-pur-projectif. Nous avons précédemment caractérisé les /~-groupes
quasi-purs-projectifs dans [3]: ce sont soit des sommes directes de groupes cycli-
ques, soit des sommes d’un groupe divisible et d’un groupe borné (en supposant
vraie I’hypothése généralisée du continu). Il est alors logique de se demander si
un groupe g-p3 quelconque ne posséde pas une structure similaire.

On démontre aisement que:

Proposition 1.1. Un groupe torsion G est g-p3si et seulement si Gg est q+p3
pour tout premier g.

Proposition 1.2. Tout facteur direct d'un groupe g-p3 est également g-p3

Comme tout ~-groupe est p-divisible, par la proposition 11 et par la discussion
qui précéde, on obtient:

Théoreme* 1.3. Un groupe torsion G est q-p3si et seulement si Gq est quasi-

projectifpour tout premier q distinct de p et Gp est soit somme directe d'un groupe
divisible et d'un groupe borné, soit somme directe de groupes cycliques.

1 Ce travail a bénéficié du fond C.R.S.N.G.C. n° A5591.
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Théoreme 1.4. Soit G un groupe p-réduit gepiet soit B un sous-groupe p-basique
de G. Alors card End (G/B)"card End B.

Preuve. Soit (p-.G/B-*G/B. Alors il existe un endomorphisme B de G tel que
vB-9=<p-vB. Déplus 9(B)"B. Soit /: End (G/B) —End B I’application définie
par f(tp) =9\B=B

Si B=Bt, 9=61 car G est p-réduit. Donc VvB'Q9 =vB-9x, <pevB=(x*VvB et
¥—(xm Par conséquent / est injective et card End (G/B)” card End B.

Il est facile de démontrer que :

Théoreme 1.5. Si G est q-p3 et si H est un sous-groupe p-pur totalement in-
variant de G alors G/H est également g-p3

2. Les groupes g-p3sans torsion

Nous nous restreignons d’abord aux groupes ¢ ep 3 sans torsion. La preuve des
lemmes suivants ne présente aucune difficulté.

Lemme 2.1. Si L est un groupe libre de rang infini, alors il existe un sous-groupe
F de L tel que L/F soit divisible sans torsion de méme rang que L.

Lemme 2.2. Si B est un sous-groupe p-basique d'un groupe G quelconque, alors
nB est aussi un sous-groupe p-basique de G et ce pour tout entier n premier avec p.

Etudions d’abord le cas p-réduit.

Théoreme 2.3. Si G est sans torsion p-réduit q-p3 et s'il existe un sous-groupe
B p-basique dans G et de rang un, alors G=Z.

Preuve. Soit m tel que (m,p)=1, m non puissance de premier, alors il existe
un endomorphisme idempotent @ de G/mB tel que cp”0, 1

G étant g-p3 il existe un endomorphisme 9 de G tel que vnmBe9=@e-vimB.
Alors (92-9)(G)"mB et (02-0)(R)SmfiSRszZ d’ou (92-9)\B=n\B. Donc
02—0=n car G est p-réduit. (Ici, n désigne un nombre naturel.)

Si n=0, 02=0, (MO, 1 d'ou G=G®G2 ou GMO, G2*0. Soient Bt et
B2 des sous-groupes p-basiques de Gx et G2 respectivement. AlorsBXA0, B2"0,
g"in@Bo ce qui contredit que B=2Z. Alors n*0, G=nG=(9-—9)(G)"B=Z
ot G=Z

Théoreme 2.4. Si G est sans torsion p-réduit g-p3 et s'il existe un sous-groupe
p-basique de rangfini B de G, alors G est libre de méme rang que B.

Preuve. On démontre ce résultat par induction sur k, le rang de B. Le cas
k=1 suit du théoréeme précédent. On suppose le théoréme vrai pour k<n. Suppo-
sons alors que k=n.

Par le procédé utilisé dans la preuve du théoréme 2.3, il existe un endomorphisme
8 de Gdtel que (02—9)(G)"B, 070, 1. Comme B est libre, ker(02—0) est facteur

irect de G.

Si ker(02—0)=Q 02—0 est un monomorphisme tel que (02—9)(G)"B libre

et donc G est libre. Sinon, on peut écrire G="Gx®G2 ol Gm Q Gm Q En effet,
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si ker(02-0) =G, G=0(G)®ker B et si ker (02- B)p G, G=Kker (62-9)®K, K"O.
Alors, si Bl et B. sont des sous-groupes p-basiques de Gt et G2 respectivement
Br®B2"B et donc rang Bt<n, rang U2-=n.

Par I’hypothése d’induction, Gx et G2 sont libres d’ou G est libre. Donc G est
p-basique dans G d’ou Gs=B.

Théoreme* 2.5. Si G est sans torsion p-réduit gep? et si B est un sous-groupe
p-basique de G, alors B et G sont de méme rang.

Preuve. Si le rang de B est fini, le théoréme précédent nous donne le résultat.
Supposons donc que le rang de B soit infini.

Supposons a=rang5 <rang G=R. Par le lemme 2.1, il existe un sous-groupe
B' de B tel que B/B'*¢p Q. On vérifie facilement que B' est un sous-groupe p-

basique de G. Donc cardaEnd (G/E?) = card End B’ par le théoréme 14.

Comme G/B'=B/B'®K/B" pour un certain K, on a que card End (G/i?") =
Scard Hom (G/B', B/B'). Mais rO(B")+r0(G/Bj=r0(G)=R, rOo(BY)=a d’ou
r0(G/B")=R. Donc card Horn (G/B', B/B')=scard (JJ Q)= 2*.

B
Donc a<y9<2i”~card End B'=2* ce qui contredit I’hypothése généralisée
du continu. Par conséquent, B et G sont de méme rang.

Théoreme* 2.6. Si G est sans torsion p-réduit, alors G est q-p8si et seulement
si G est libre.

Preuve. On suppose d’abord que G est g+p3 Soit B un sous-groupe /*-basique
de G. Par le théoreme précédent, le rang de B et celui de G sont identiques. Si le
rang de B est fini, G est libre. On suppose donc que le rang de B est a infini.

Il existe, par le lemme 2.1, un sous-groupe B' de B tel que B/B'" ®Q

G/B' = B/B'®R/B'. On définit alors / :G—G/B' par Iinclusion canonique de G
dans son enveloppe divisible isomorphe a B/B'"G/B".
Comme / est un homomorphisme et qu’il existe un endomorphisme (p de

G tel que vDmp=/, (p est également injectif et <p(G)"B libre. Donc G est libre.
L’autre implication est triviale.

Le théoréme suivant nous permet de ramener I’étude des groupes qep3 sans
torsion aux sommes directes de p-divisibles q-p3 et de ~-réduits g-p3

Théoreme* 2.7. Si G est sans torsion ¢ p3 alors G est somme directe d'un groupe
p-divisible et d'un groupe p-réduit.

Preuve. Soit H le sous-groupe p-divisible maximal de G. Alors H est pur
totalement invariant dans G et donc G/H est g-p3p-réduit par le théoréme 1.5.

Alors G/H est libre, G=H®K ou K=G/H libre et H p-divisible.

On se restreint maintenant au cas p-divisible. On note par Qp le sous-groupe
de Q formé des fractions avec dénominateur puissance dep. On vérifie facilement que :

Lemme 2.8. Un groupe p-divisible réduit G est g-p3si et seulement si il est quasi-
projectif comme Qp-module.

Il suffira donc de caractériser les Qp-modules quasi-projectifs.
Par une preuve analogue a celle du théoréeme 14, on a que:
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Lemme 2.9. Si A est un anneau quelcongue, si G est un A-module quasi-projectif
et si B est un sous-module de G, alors card Hom4 (G/B, G/B) S card HoTn (G, G).

On obtient alors:

Théoreme 2.10. Si G est un @ p-module sans torsion, alors G est quasi-projectifsi
et seulement si G est libre sur o p.

Preuve. Supposons d’abord G quasi-projectif. Soit B un sous-module libre
maximal inclus dans G. Si le rang de G est fini GIB est torsion tel que
card HomQP (G/B, G/B)Scard Homo? (G, G)*"KO0. Donc G/B est fini et nG”B
d’ou G nG est libre.

Si le rang de G est infini, il existe B' sous-Qp-module de B tel que
= ® Q. Alors G/B'=B/B'®R/B'. On définit alors f: G—G/B" comme I’in-

r(G)
elusion de G dans son enveloppe divisible B/B'*GIB".

Comme G est quasi-projectif, il existe un endomorphisme <p de G tel que
W’'C— Donc @ est injectif, G=(p(G)"B libre. Par conséquent G est libre.
L’implication inverse est évidente.

On sait donc que si G est sans torsion q-p3 il peut s’écrire comme somme
directe de copies de Qp et de copies de Z. Le lemme suivant nous permet de dire
plus.

Lemme 2.11. Si G=K®L ou K=Qp et L =2, alors G riest pas g-p*.

Preuve. ON suppose au contraire que G est qp3 Soit g un nombre premier
différent de p et soit H=K®qL. Alors H est p-pur dans G et G/H=(l) ou
£=<. Soit XxEK tel que x(X)=(°°0,0,0,..), lordre des nombres premiers
étant p,pr,p

On def|n|t alors 0 (X)®L—G/H par f(L)=0,f(x) =1 On prolonge O
a /: GMG/ff de la fagon suivante: si kCK quelconque il existe un unique entier
naturel n et un unique entier a premier avec p tel que p"k=ax. De méme, il existe
dans G/H un unique élément g tel que png=al. On définit alors f(k)=g. f est
évidemment un homomorphisme bien défini.

Comme G est g-p3 il existe un endomorphisme (p de G tel que vH-cp=f.
Alors <p(X)+H=1ri0. Mais K est totalement invariant dans G et donc <p(xX)€
£KMH dou (p(x)+H=0 ce qui est une contradiction. Donc G n’est pas q-p3

On en déduit la caractérisation suivante:

Théoreme* 2.12. Un groupe sans torsion G est g-p3si et seulement si G est
soit libre, soit somme directe de copies de q p.

Corollaire* 213. Si G est sans torsion q-p3 alors G est g-réduit pour tout
premier q différent de p.

Il est & remarquer qu’on peut démontrer ce résultat indépendamment de
I’lhypothese généralisée du continu. Nous pouvons maintenant établir:

Théoreme 2.14. Si G est mixte g-p3 alors Gq est nul pour tout premier q diffé-
rent de p.

Preuve. SUPPOSONS au contraire que Ggest non nul pour un nombre premier
q distinct de p. Si Ggn’est pas quasi-projectif, ou bien il existe x et y non nuis dans
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Ggtels que G=(X)®(y)©M, O(x) =gs<q‘=0(y), ou bien il existe un facteur
direct de G, isomorphe a Z(g°°). De toute facon, ceci contredit le théoreme 1.3.

Donc Ggest borné et G=Gg®K avec Kg—0. Soit H=Gg®gK. Si gK=K,
KAG/Gq est M-divisible et donc G/T est M-divisible gq-p3sans torsion d’ou G=T
ce qui contredit le fait que G soit mixte.

Donc gK”K et HAG. Evidemment H est p-pur dans G. Soit x un élément
non nul de Gqtel que (X)® L= Gg. Soit /: G-»G/H défini par f(x)=y+H, un
élément non nul quelconque de G/H, et f(L®K)=0.

Comme G est g +p3 il existe un endomorphisme (pde G tel que vHe@=1f d’ou
<PpX)+H=y+H?i0. Mais (p(X)EGg*H d’ou (p(x)+H=0 ce qui est une con-
tradiction.

Donc Gg est nul pour tout g premier distinct de p.

Théoreme 2.15. Un  -module G est quasi-projectif si et seulement si soit
G Ae/\é@ Z(rt), soit GseQ".
g

Preuve. Si G est torsion, G= @ Gq ou Gq est quasi-projectif comme

Q"-module. Mais alors Gg est quasi-projectif comme groupe abélien. Donc
Gs 9\ (®Z(q")). Si G estsans torsion, G*® Q P par le théoréeme 2.10. Si G est

mixte, Gp=0 pour tout premier g*p. Comme Gp=0, G est sans torsion ce
qui est une contradiction.

3. Les groupes q *p3mixtes et la cas general

On se restreint d’abord au cas mixte p-réduit.

Théoreme* 3.1. Si G est mixte p-réduit g ep3alors Gpest somme direct de groupes
cycliques.

Preuve. Comme G est p-réduit, Gq est nul pour tout premier q différent de
p. Alors G/Gp est qmp3 sans torsion. Si G/Gp est libre G= Gp®G/Gp et donc G
est somme directe de groupes cycliques.

Si G/Gp est p-divisible, soit B un sous-groupe p-basique de Gp. Alors B est
p-basique dans G. Le groupe B ne peut étre borné. Sans perte de généralité, on peut
supposer que rang B=rang final B et rang Gp=rang final Gp et rang B infini.

Supposons que rang £ =a</?=rang Gp. Alors rang GpPB=R et GJB est
divisible d’ou <x-=j5<2”=card End (Gp/A)"card End (G/B)"card End B=2a ce
qui contredit I’hypothése généralisée du continu.

Donc, rang 5=rang Gp. |l existe un sous-groupe pur B' de B tel que B/B'
soit divisible et rang (B/B") =rang final B = rang R =rang Gp. On peut alors définir
f0:Gp-*-B/B' comme I’inclusion canonique de Gp dans son enveloppe divisible.
On prolonge /o a f.G-"G/B"' par injectivité de BjB'.

Comme G est gep3 il existe un endomorphisme @ de G tel que VB e<p=f.
Alors fA\G p est injectif d’ou cp\Gp est injectif. Donc Gp*(p(Gp”"B.

Théoreme 3.2. Si G est q w3, si B est un sous-groupe p-pur de G avec pGB=0
et si G/B=H/B®K/B, alors paG=paH®p(K.
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Preuve. Soit /la projection canonique de G/B sur HIB. Alors / 2=/. Comme
G est q+p3 il existe un endomorphisme (p de G tel que vBe(p=fmB. Alors
@@R—(P)(G)"B d’ou (§2—(p)(paiG)"ploB=0. _

Par conséquent, si = (p\ptoC, h=p2 Donc paG=h(pCG)®ker . Mais
h{paC)=(p(pCC)"pCGH, ker p”pOK et paKMNpoH=piB=0. Donc pwG=
=pcH®pOK.

Théoreme* 3.3. Si G est p-réduit mixte q-p3, alors G est sans élément de p-
hauteur infinie.

Preuve. Comme T est somme directe de groupes cycliques, par le théoréme
3.1, pal=0. Comme T est pur dans G, TC\pwG= 0. Supposons paC?+0.

Soit H un p"C-haut contenant T. Alors H est p-pur dans G. Si T est borné,
T est facteur direct de G et le théoréme 2.6 compléte la preuve. On suppose donc
que T n’est pas borné.

Soit B un sous-groupe pur de T tel que TIB soit divisible. Alors H/B=T/B®
®R/B, H/RAT/B et R est pur dans H et donc p-pur dans G.

Il existe alors h un élément non nul de H[p] tel que (h)CIR=0. Soit x un élé-
ment non nul de paG. On voit facilement que ({r+A)+i)NA=1 d’ou
((x+h)+R)/Rr\H/R =0. Soit K/R un H/R-haut contenant ((x+h)+R)/R. Alors
G/R=H/R®K/R.

Par le théoréme précédent, paG=paH®ploK. Comme 0=HC\p'aG=pwH,
ptoG=pOK. Donc x£K, x+h£K, hdKC\H=R ce qui est une contradiction.
Doncp“G=0.

Théoreme 3.4. Si G= GP(&L ou Gp est une somme directe de groupes cycliques
et L est libre, alors G est g-p2

Preuve. Soit H un sous-groupe p-pur de G. Alors H=HP®K o0 K est libre
car H est somme directe de groupes cycliques. Il est clair que (Gp+H)/H=(G/H)p.

Donc (G/H)p=(Gp+H)/Hi=Gp/(GpnH) =Gp/Hp. Soit 0 I'isomorphisme de
(G/H)p a GpHp. Soit f:G-+G/H un homomorphisme quelconque. On définit
f'-Gp"GJHp par J=6-1\,,.

Comme Hp est pur dans Gp, il existe un endomorphisme <x de G tel que
vHp-(pi=f. On a alors que v,,*qx= /1H. De plus, comme L est projectif, il existe
un homomorphisme ¢2:L->G tel que vH-g2=f\L. Soit (p=(El®cp2. Alors
vHecp—f. Donc G est qp3.

Théoreme* 3.5. Si G estp-réduit mixte, alors G est q-p3si et seulement si G est
somme directe de groupes cycliques.

Preuve. Evidemment, Gg=0 pour tout g premier différent de p. Alors G/Gp
est g ep3sans torsion. Si G/Gpest libre, G=GP®G/GP et donc G est somme directe
de groupes cycliques.

Supposons donc que G/Gp soit p-divisible. Alors C/Cp=%<2i(b* ou

ZNeo) = (~,0,0, ...) Tordre des nombres premiers étant p,Pi,p%, .... Donc, si

Xi0=pJXu, on aura que ({Xulifl, jeN}) +Gp=G.
On définit I’homomorphisme f:G —G/Gp comme suit: fixons K£1 et soit g
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un élément quelconque de G. Alors g =2 aijXij+t ou afj€Z, tET, atj=0 sauf

pour un nombre fini de couple (i, j). Alors f (g)—2 akjXkj+im
On vérifie d’abord que / est bien défini. JSi g=2bijXiJ+t" alors

g= 2 a|JX|J—2 buXw. Par indépendance linéaire, 2 akj"kj~2 bkXkJ. Mais
j j
XkJ pn~j Xk,, SIJ n d’ou

j ak]x2}=jgoak]Pn—J*L, ZJ th"j=jg0kapn—jx2n

pour un n. Comme G/Gp est sans torsion, 2 aijn~J—_20 bkjpn~J,
j=o i=

n n n
2 aen e 2 DI, 2 dPRR= 2 B
j= 3=0 3=0 3=0

et donc / (g) est uniquement détermine.
Comme / est évidemment un homomorphisme, il existe un endomorphisme

< de G tel que vGp-<p=f Mais alors <p(XQ)=Xkl, <p(EXK)=Xk0, <p(pXQ~

~XKOEGP, p n(p(pXk)) = pnXko, (p(p"+1Xko)=pnXko. Par le théoreme 3.3, hp(prXk) =S

fini car pnXk, est non nul. Donc hp((p(pnHLXK)) hp(pnHXK)~S +1  ce qui est

une contradiction. Donc 1=0, G=GP ce qui contredit le fait que G soit mixte.
On établit maintenant un résultat technique utile.

Lemme 3.6. Si G=A®B®C ou A est un p-groupe divisible, B un p-groupe
borné, C soit un groupe libre, soit une somme directe de copies de Qpetsi H est un sous-
groupe p-pur de G, alors H=AI®BI®C1l, G=A2®B2®C2 ou A2=A, 52=[
C2rC, Ak=A2 Bk*B2. Si Cr©QP Cr=C2

Preuve. Il est évident que Hpest pur dans A®B. Alors HP=A1®B1 ou Ak*A
et Bk est borné. Donc B1MA=0 d’ou GP=A®B=A2®B2 ou A=A2, Bk"B2

Si de plus, C est p-divisible, on aura que si pnB=0, pnG=A® C. Comme Hp
est facteur direct de H, H=A1®B1®Ci ou CI est sans torsion, pnH=A1®p"C1,
avec pnC1MA=0. Soit C2un /1-haut contenant pnC1. Alors pnC1 est sous-groupe
p-pur de C2et pnG=A®C2 Par conséquent Cx=p"C, p-divisible, Cl=pnCl,
Cj=C2.

Théoreme 3.7. Si G=A®B®C ou A est un p-groupe divisible, B un p-groupe
borné et C un groupe libre ou une somme directe de copies de Qp, alors G est q-p3.

Preuve. Soit H un sous-groupe p-pur de G et soit f : G—G/H un homomor-
phisme quelcongque. Nous considérons d’abord le cas ou C est libre. Par le lemme
précédent, sans perte de généralit¢ H=/1n®BI®Q ou A=Ay®A2, B=Bl@B2
Alors  (G/H)p=((A®B) +H)/HssA©B/(A®B)MH) =A®B/A,® B"A 2®B2.

Notons par 6 I'isomorphisme 9: (G/H)p"A 2®B2. Soit <x: A®B->-A2®B2
défini par (pl=6-F\(A®B). Il existe q2\C=G tel que vH-(p2=f par la projec-
tivité¢ de C. Si (p= (px®(p2, alors vH-cp=f et donc G est qep3
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Supposons maintenant que C soit /»-divisible. Par le lemme 3.6, H=A1(B
®BI®C1 ou, sans perte de généralité, A=AI®A2 s=Bres2, QE&C. Alors
G/H3*A2®B2®C/C1=S. Soient w: S-*Az®Bs, n2:S-C/Cj et 0: G/tf-S les
homomorphismes canoniques.

On définit ox:A®B-*A2®B2 par (pr=8-f\(A®B), <2:C-+A2®B2 par
42=rc16 /|C'. De plus, il existe (p3: C-»C tel que VCl-¢3=n26-f\C. On définit
$= <Pi®((p2+ (Pi). On vérifie facilement que vKecp=f Donc G est q-p3

Théoreme 3.8. Si G—A®B ouU A est unp-groupe réduit et B contient Qpou Z (/»*)
et si G est qep3 alors A est borné.

Preuve. Sinon, il existe un sous-groupe pur Ax de A tel que Z(>).
Soit HA*A~B. Alors GIH=7j(p°°). Soit x un élément non nul de Qpou Z (p°°)
inclus dans B. Soit /,,: «x)—G/H défini par fO(x)=g+H®0. On prolonge/0 a
f:G —G/H par linjectivité de GIH.

Comme G est g-p3 il existe un endomorphisme (p de Gtel que vHep=/ d’ou
VHe(p(x)=f(x)=g+H®O0. Mais (p(x)€B car B contient le sous-groupe /»-divisible
maximal de G. Donc (p(x)EH et v, *<p(X)=0 ce qui est une contradiction. Donc
A doit étre borné.

Le résultat suivant généralise le théoréme 2.7.

Théoreme* 3.9. Si G est q-p3, alors G=A®B ou A est p-divisible et B
p-réduit.

Preuve. On écrit d’abord G=D®R ou R est réduit et G "®Z(/»") car
Z (9°°) et Q ne sont pas qm3 Soit M le sous-groupe /»-divisible maximal de R. Alors
MC\Rp=0. De plus R/M est /»-réduit q-p3. Par le théoréme 3.1, R/M=(R/M)p®
®S/M ou S/M est libre et (R/M)p=(Rp®M)/M=Rp est somme directe de
groupes cycliques.

Alors R=S®RP, S=M®L ou L liore G=D®M®L®Rp. Si on pose
A=D®M et B=L®Rp on obtient le résultat.

Nous sommes maintenant en mesure d’établir la caractérisation compléte
des groupes quasi-/»-purs-projectifs:

Théoreme* 3.10. Un groupe G est q-p3si et seulement si G est d'une des cing
formes suivantes:

(1) G=D®B®L

2) G=D®B®S

(3) G=A®L

4) G=A®(®C9
aqrp

5) <=D®B®[0 Cg
q*p
ou D est un p-groupe divisible, B est un p-groupe borné, L est libre, S est somme di-
recte de copies de Qp, A est un p-groupe somme directe de groupes cycliques et Cq
est un g-groupe quasi-projectif.
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Preuve. Si Gest d’une des cing formes précédentes, G est 9 sp3par les théorémes
1.3, 3.4 et 3.7. Ce résultat est d’ailleurs indépendant de I’hypothese généralisée
du continu.

Supposons maintenant que G est g-p3 Par le théoréme précédent, G=N@M
ou A est p-divisible et B p-réduit. Alors, par les théorémes 1.3, 2.12, 2.14 et 3.1,
G=2)®(®Ce®A®L ou G=D®S®A®L selon que N soit torsion ou non,

ou A, D, Cqg, L, S ont la signification donnée dans I’énoncé.
Si ® Cs4”0, alors £=0 et G est de la forme (4) ou (5) selon que D—0 ou

non. Si @ Cg=0, G=D®S®A®L. Si Z)=0, S=0 alors G est de la forme (3).

Si SVO, alors A=B borné et L=0 donc Gest de la forme (2). Si 5=0, D”0,
A=B borné et Gest de la forme (1).

On remarque ici que plusieurs résultats obtenus en utilisant I’hypothese gé-
néralisée du continu peuvent également étre démontré indépendamment comme
le corollaire 2.13 et le théoreme 3.3 par exemple.

La totalité des résultats restent également valides si on suppose que pour tout
groupe g-p3 on peut trouver un sous-groupe p-basique B tel G tel que rp(B)=
=r,,(G) et rO(B)=r0(G).
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THE EXISTENCE PROBLEM FOR COLOUR
CRITICAL LINEAR HYPERGRAPHS

By
H. L. ABBOTT and A. C. LIU (Edmonton)

1 Introduction

One of the most extensively studied concepts of ordinary graph theory is that
of chromatic number. We remind the reader that a 2-graph is said to have chro-
matic number r if r is the least positive integer for which there exists some way
of colouring the vertices of the graph in r colours so that no edge joins vertices
of the same colour. This notion generalizes in a natural way to hypergraphs.

A hypergraph is an ordered pair (V, F) where Kis a finite non-empty set and
F\% a non-empty collection of subsets of V. We shall always assume that V= UF,
so that we may speak of the hypergraph F rather than (V, F). The elements of
UtF are called the vertices of F while the elements of F are called the edges of F .

A hypergraph F is said to be uniform if for all FAF, |F|=n for some in-
teger né2. Then F is called an n-graph. An s-graph ,F is said to be linear if
JFETIF'Isl for all F, F'"F, FfF', and is said to be regular of degree t if all
its vertices belong to exactly t edges for some integer t.

An a-graph ,F is said to be r-colourable if there exists a function o U(F—
—{1, r) such that \(p(F\=2 for all F(.F. We call @ an r-colouring of F .
F is r-chromatic if it is r-colourable but not (r—)-colourable and we then call
r the chromatic number of F. F is r-critical if it is r-chromatic and all its proper
subgraphs are (r—)-colourable. F is critical if it is r-critical for some r.

Critical 2-graphs were first investigated by Dirac and subsequently by many
other authors (see for example [9] and references given there). It is a simple matter
to verify that the only 3-critical 2-graphs are the circuits of odd length. It was hoped
at one time that a characterization of the 4-critical 2-graphs would be useful in
tackling the celebrated Four Colour Problem. However, no such characterization
has been found and, in fact, recent results (see, for example, Simonovits [11] and
Toft [12]) indicate that the 4-critical 2-graphs may be quite complicated and that
perhaps no simple characterization is possible.

By an (in, n, r)-graph we shall mean an r-critical s-graph on m vertices. There
are two questions which arise:

(A) Given integers s and r, for which integers m do (m, n, r)-graphs exist?

(B) Given integers s and r, for which integers m do linear (m, n, r)-graphs

exist?

For 2-graphs, and here the two problems coincide, (M, 2, 3)-graphs exist only
when mS3 is odd. This is just a restatement of the fact that the only 3-critical
2-graphs are the odd circuits. For rw 4, Dirac [4] proved that (m, 2, r)-graphs
exist only when m=r or m”r+2,

For a3, let

M(n, r) = (n—L)(i— 1)+1.
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It is easy to verify that the graph whose edges are the n-element subsets of a set
of M(n, r) elements is /--critical. Recently, it has been shown that (m, «, r)-graphs
exist for all m~M(n, r). This was done by Abbott and Hanson [3] for the case
r—3 and by Toft [13] for r*4. Since (m, «, /-)-graphs do not exist for m<M/(«, /s),
problem (A) has been solved completely.

The constructions of Toft, Abbott and Hanson do not yield linear «-graphs,
so that their work sheds no light on problem (B). A priori, it is not obvious whether
linear (m, n, /-)-graphs exist for any value of m.

The question seems to have been first raised by Gallai. Erdss and Hajnal [5]
mention the problem and point out that the Steiner triple system on 7 points is an
example of a linear (7, 3, 3)-graph, but give no other examples.

Proofs of the existence of linear (m,«, z-)-graphs for each pair of integers n
and r, «a3, r*3, and some integer m, were given by several authors at about
the same time. A simple proof based on Ramsey’s Theorem was given by Abbott
[1] for the case r=3, and his proof easily generalizes to r=r4. Other proofs were
given by Erdés and Hajnal [6], Lovasz [8] and Hales and Jewett [7]. In all these
papers, the «-graphs constructed are not necessarily critical, but since any /--chro-
matic «-graph contains an /--critical subgraph, there is no problem.

The papers of Lovasz, Erdos and Hajnal referred to above also establish the
existence of arbitrarily la ge integers m for which linear (m, n, rj-graphs exist. A
simple proof of this is given by Abbott [2], in the case r—3, which we shall
generalize into one of our Constructions in §2.

Our main result is the following

Theorem 1. For nll3 and 3, there exists a least integer M*(n, r) such that
for m~ M=*(n, /), a linear (m, n, r)-graph exists.

The determination of the numbers M *(«,/¢) seems to be very difficult, and
we have succeeded in determining only one value. We state this as

Theorem 2. M*(3,3)=0.

Even the next non-trivial values, M *(3, 4) and M *(4, 3), seemto be out of reach.
The main difficulty lies in finding actual examples of linear (m,«, r)-graphs. Wo
have been able to obtain the following bounds:

Theorem 3. M *(4, 3)~ 124.

Theorem 4. M*(3, 4)~1399.
However, we have no reason to believe that these are sharp.

§ 2. Main result

In this section, we establish the existence of linear (m, n, r)-graphs for
sufficiently large integers m. We first describe two constructions of such graphs.

Construction 1 Let «s3 and /*&3. Let | be an integer such that a linear
(/, «, r)-graph ¥ exists. For Isz's/, let mi bean integer such thata linear (/u;, «, r+ 1)-
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graph F t exists. Then there exists a linear (m, n, r+ I)-graph where m=I1+m1+ ...

Proof. Let uU's—{a1, a,}, vt=U Fi and let the F’s be pairwise disjoint.
Let F be a fixed edge of F { and vt a fixed vertex of Ft. Let n be a vertex which is
not in any of the F’s. Let Ki=(Fi—{e;})U{e}

Let F be the u-graph consisting of all the edges of F t, I*iM], with Ft re-
placed by K{, together with the edges of S with a; replaced by vit so that F contains
a subgraph isomorphic to S .

It is easily verified that F is linear and that \UF\=m. We need to show that
F is (r+l)-critical. We do this in two steps.

Step 1: F is not r-colourable. Suppose F has an r-colouring d¢. Then ¢ is also
an /--colouring of F i—{Fi} for each  Isi'~/. Clearly we must have ¢ (n)"d (V).
Thus ¢ is an (r—)-colouring of the u-graph obtained from '8 by replacing at by
V(. This is a contradiction since S is r-chromatic.

Step 2: all subgraphs of F are r-colourable. We need only consider the sub-
graphs of the form F —{F} for FEF. We consider three cases:

(i) F={vh,...,vil} where G={ah, ..., Since Sis /--critical, $—{G}
has an (r—I)-colouring t)s. Let d¢r be an /--colouring of F t—{F4 such that
®dNuw)="»(a). Define p:0F-~{\, ..., r} by:

It is easily verified that ¢ is an r-colouring of F —{F).

(i) F=Kj for some j, I*jsl. Since S is r-critical, S has an r-colouring
<6 such that €®(aj) (pg(x) for any xE@, xT+a}. Let ¢l be an r-colouring of
Fi—{F} such that dl(p)=(9(@). Define ¢:Ur-={1, ..., r} by:

(iii) FE£Fj—{Fj} for some /, 1Sy~ /. Since dis /--critical, § has an r-colouring
(pg such that (pg(a,)# cpg(x) forany  OS, xFUj. For iFj let d( be an r-colour-
ing of F i—{Fi} such that Pt(vi)=(9(at). Let ¢ be an r-colouring of Fj—{F}
such that dy{vj)=0>g(@j). Define ¢-.OF*{, 2, ..., r} by:

It is easily verified that ¢ is an r-colouring of F —{F}.

Construction 1*. Lei n~3 and w+ 1)/2~/~u. For 1~ /=5, let mtbe an in-
teger such that a linear (mt, n, 3)-graph F texists. Then there exists a linear (m, n, 3)-
graph where m=I1+ml+..+mt.

Proof. Let Vi=UFi and let the F’s be pairwise disjoint. Let Ft be a fixed
edge of F tand v{, v- be fixed vertices of Ft. Let v be a vertex which is not in any
of the F’s. Let Kt=(F,—{ehU{u}. Let F be the u-graph consisting of all the
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edges of with Ft replaced by K{, together with an extra edge con-
taining vt, and any n— elements of {«/|1~i~/}. The proof that d? is
a linear (m, «, 3)-graph follows closely that of Construction 1, and is omitted.

Construction 2. Let n*3 andlet k=2 or 3. Let | be an integer for which
there exists a linear (I, k, 3Ygraph 7 which is regular of degree k. For Isi”™I, let m;
be an integer for which a linear (nti, n, 3)-graph m¥ exists. Then there exists a linear
(T,n, 3¥graph where m=ml+

Proof. Let U”= {al5 ..., a}. We note first that the number of edges of *S
is / and that, by the Konig—Hall Theorem, one may label the edges Gj, ..., G,
so that ajdGj. Let Q=(cpl) be an /X/ matrix, whose entries are ordered pairs of
integers, defined as follows:
_JoJ) if afGj
rJ  {(,0) otherwise.

Call (0, 0) a zero element and the other entries non-zero elements.

Let Vi—U3F and let the V’s be pairwise disjoint. Let Ft be a fixed edge
of 3FH and let //, be a fixed (k—I)-subset of Ft. Let £t be a mapping from Ftinto the
i-th row of Q which maps Ft—//, onto the diagonal element (i,i) and maps Ht
one-one onto the other k—1 non-zero elements of the row. The mappings & induce
a mapping £ from pyj ..U Ft onto the non-zero elements of Q. Let

Kj = {x€TjU... UF,: £(x) is in the y-th column of Q}.

Clearly each Kj is an «-set. Let F be the «-graph consisting of all the edges of 'FX
with Fi replaced by Kt.

It is easily verified that F is linear and that |U#j=m. We need to show
that F is 3-critical. We do this in two steps.

Step 1: F is not 2-colourable. Suppose F has a 2-colouring ¢. Then ¢ is also
a 2-colouring of F i—{/y}. Since F ; is 3-critical, |[*(T7)|= 1 Define —
—{1,2} by: lg(aj) = dbdp,) for 1*j~1. Since S is 3-chromatic, there exists G,dS
suchthat \@&(C)\= 1 It follows that \p(K)\=1 This is a contradiction.

Step 2: all subgraphs of F are 2-colourable. We need only consider the sub-
graphs of the form F —{F} for FdF. We consider two cases:

(i) F=Kt for some t, I"t~1. Since S is 3-critical, S —{Gt} has a 2-colouring
®'. Let /i be a 2-colouring of F t—{Ft} such that UPE)=q'(@E). Clearly the
mappings ¢l induce a 2-colouring of F —{F).

(i) FdFt—{Ft}for some t,1"t"1. We have a 2-colouring ¢, of F t—{F}. We
treat separately the cases k=2 and k=3

(@ k=2. In this case, H,={b}. for some b. We have a 2-colouring ¢$ of
*S—{Gt} such that ¢~(C,)= o,(b), and a 2-colouring iy of Ft—{F;}, iFt, such
that tAIGA)—*Aary Clearly the mappings dilinduce a 2-colouring of F —{F}.

(b) k=s. In this case, H,={b,c} for some b and c. If ¢,(b)=d,(c), the argu-
ment is exactly the same as in case (a). If o,(b)*d,(c), we may assume that
®,(b),(x) for some xdF,—H,. Let £(c) belong to the h-th column of Q. Then the
argument of case (a) applies with G, replaced by Gh.
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We now prove our main result. We shall need two lemmas, the first one having
been mentioned in 8 1 The proofs are not difficult and will not be presented.

Lemma L For ns 3 and rs 3, alinear (m, n, r)-graph existsfor some integer m.

Lemma 2. Let S be a set of integers such that S contains a and a+ 1for some
integer a andfor some integer ks2, at+...+ak£ES whenever ar, ...,akES. Then S
contains all integers greater than or equal to a(ak—a+1).

Theorem 2.1. For ns3 and r"3, there exists a least integer M*(n, r) such
that for m~=sM*(n, r), a linear (m, n, rfgraph exists.

Proof. We use induction on r. We first establish the existence of M*(n, 3)
for fixed n. Let G be the set of integers m for which linear (m, n, 3)-graphs exist.
We need to show that S contains all sufficiently large integers. We consider two
cases:

(i) n is odd. By Lemma 1, there exists an integer m£S. Now an odd circuit
of length n is a regular linear (n, 2, 3)-graph of degree 2. By Construction 2, ak+ ...
..+antS if al, ..., a,,dS. Thus mnfS. By Construction 1* we have mn+ I£S.
By Lemma 2, S contains all sufficiently large integers.

(i) n is even. By Lemma 1, there exists an integer m£S. From the (7, 3, 3)-graph
we can obtain by Construction 1*a linear (22, 3, 3)-graph which is regular of degree
3. By Construction 2, ak+ ... +ai2dS if al, ..., a2(zS. Thus 22m6S. In Construc-
tion 1* take I=n, m1=22m and mt=m for z>1 It follows that m(n+2\) +\£S.
Now an odd circuit of length 21 +n is a regular linear (21 +n, 2, 3)-graph of degree
2. By Construction 2, m(n+21)ZS. By Lemma 2, S contains all sufficiently large
integers.

Suppose 3 and that M*(n, r) exists. By Lemma 1, there is an integer m0
for which there exists a linear (m0,n,r+ I)-graph. By Construction 1, there exists
a linear (MOM™*(n, r) + I, n, r+ I)-graph. Let

@) m ~ mo(mO+1)M*(n,r)
and write
2 m= gmO+b, 1~ b wO.
From (1) and (2), it follows easily that
3) q & mOM*(n, r).

Let
4) t=g—b—O)M*(n, 1)
so that by (3) and (4),
) t"M *(n,r).

By the induction hypothesis, (5) and the fact that ftsi, there exists a linear
(t+b—I,n, /-(-graph. In Construction 1, take

N (mi=...=m =m0

\mt+i —smm= 1l +5-i = mnM*(n, r)+ 1.
Now by (2), (4) and (6), I+m1+...+mt+b 1=m so that, by Construction 1, a linear
(m, n, r+ 1(-graph exists. This completes the proof.
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8 3. Some special constructions

In this section, we determine the value of M*(3, 3) and give upper bounds
for M*(4, 3) and M*(3, 4). We first describe two other constructions of linear
(m, n, r)-graphs.

Construction 3. Let n*3 and let n—2"bln*—3n+3. For Isz's/, let
mi be an integer such that a linear (mt, n, 3)-graph #7 exists. Then there exists a linear
(m,n, 3)-graph where m=n+ Tr+... +mt.

Proof. Let F;= U  and let the F’s be pairwise disjoint. Let Fi={a{, ..., a.}
be a fixed edge of S;i. Let vy, ..., vnbe vertices which are not in any of the F’s.

Let S' be the w-graph con5|st|ng of the following edges:

(1) all edges in S'i—{Fi}, I"inMl;

(2) the edges ={wx a{, ..., a;}, 1Si"l;

(3) the edge H1={vi, ..., v,.};

(4) the edges Hj, 2sj~n, satisfying the following conditions:

a) tf,.c (jj F)utfi;

b) alSHj;

c) HDHj = {a} r|

d) each of a\, a[ appears exactly once in (J Hj\
J=2

| n
e) each vertex of _|.]I (Gt—{xj}) appears at most once in _|J2 Hj.
1= ]=

The choice of | ensures that these conditions can be met.

It is easily verified that S' is linear and that \V2S"\=m. We need to show that
S' is 3-critical. We do this in two steps.

Step 1: S' is not 2-colourable. Suppose S' has a 2-colouring . Then ¢ is also
a 2-colouring of  t—{F} for each i, 1"i~l. We may suppose that ¢(b\)=1 By
considering the edge GIt we conclude that d¢(ol)=2. It follows that #i(F)=1
also for 2si's/. By considering the edges //,-, we conclude that ¢yol)=2 for
27j~n. It follows that \p(HD\= 1 This is a contradiction.

Step 2: all subgraphs of S' are 2-colourable. We need only consider the sub-
graphs of the form S'—{F} for FAS'. We consider six cases:
() P=A1. Let (i; be a 2-colouring of #7—{F;} such that iii(Fi)= 1 Define
tfr:u~-{1,2} by:
_ T"i(x) if xeVi
Dx) = if xeHr.

It is easily verified that ¢ is a 2-colouring of S' —{/}.
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(i) F—H, for some j, 27jSn. Let &, be a 2-colouring of  —{F} such
that <MFj)=I. Define i/uUJ5—{1,2} by:

AW If XEFTF
AW = 1 if X=V
2 if —{U}

Itis (ieasily verified that ¢ is a 2-colouring of —{F}.
ii) F=GX Let dr be a 2-colouring of {P¢ such that \YI(FD)=I. For
26r'é/, let plbe a 2-colouring of {FJ such that ¥i(Fi)=2. Define ¢p:0"-*

-{1,2} by
<A if *€F;
k®= 1 if X—M
2 if x€#iI-{tfi}.
It is easily verified that ¢ is a 2-colouring of —{
(iv) F=G, for some t, 24i~/. Let a{€//- Let &, be a 2-colouring of

JT—{F} such that iN(F=1. For iVi, let ¢l be a 2-colouring of —{F;}
such that iA(Fi)=2. Define :UJ5—1, 2} by:

'MD if xEKf
AN = 2 if X=

1 if Xert-gviy.

It is easily verified that ¢ is a 2-colouring of {F}.

V) FAr~i—{Fj}. Let p! be a 2-colouring of 'FX—{F} such that ¢l(@@})= 1
For 27i™l, let dplbe a 2-colouring of  —{Ff} such that i(Fi)=2. Define
t/uu J5—{1, 2} by:

i- if XEF
iAx)= 1 if x=w
2 if x €~k
It is easily verified that ¢ is a 2-colouring of J*—{F}.
(vi) FArr,—{Ft} for some t, 2~t~l. Let a[EH]. Let ¢, be a 2-colouring

of £F—{F) such that ¢,(a)=1. For iVt, let bl be a 2-colouring of J5—{F}
such that ¥i(Fi}=2. Define ijuvu J*—{1, 2} by:
<Ai(*) if x€Ff
iAx) = 2 if X=\
1 if x€#!—).
It is easily verified that ¢ is a 2-colouring of —{F}.

Construction 4. Let rs2 and let | be an integer such that a linear (I, 3, r)-
graph 'S exists. For Isi~ /, let mt be an integer such that a linear (m;, 3, r+ 2)-
graph 3F exists. Then there exists a linear (m, 3, r+2)-graph where m=3+
+Tr+...+mt.
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Proof. Let Ur—{xI5 «x:;. Let L*=US't and let the V’s be pairwise
disjoint. Let F;={a[, a|, a3} be a fixed edge of Let vt, v2, v3be vertices which
are not in any of the F’s.

Let S' be the //-graph consisting of the following edges:

(1) all edges of S'i—{Fi}, Isisl;

(2) the edges G[= {H9a\, 4}, 1Sisl;

(3) the edges G2= {a{, v2,a3}, Isisl;

(4) the edges G " {af af,v3}, Isis|;

(5) the edge {vLv2,v3};

(6) all edges of ¥, with x; replaced by a{.

It is easily verified that Sr is linear and that |UJ7\=m. We need to show that S'
is (r+2)-critical. We do this in two steps.

Step 1: S' is not (r+1)-colourable. Suppose S' has an (r+l)-colouring /.
Then ¢ is also an (r+ I)-colouring of Sri—{Fi} for each i, 1SiSI. Since Snri is
(r+2)-critical, |MF)|]=1 Now opr, 2, f)[=2, and by considering the
edges G[,G| and G3, we conclude that \i/j({a[\M*i*"I})\ Sr—L This is a con-
tradiction as s r-critical.

Step 2: all subgraphs of S* are (r+1)'colourable. We need Only to consider
the subgraphs of the form S'—{F} for FEJF We consider four cases:

0) F={vl, v2,v3. Let (p&be an r-colouring of *%& Let if be an (r-H)-colouring
ofs-i—{F,} such that via1 =poxy. Define o =UI*—{1, ..., r+ 1} by
bl/ fx ) |f xeVi

OO Yl i x —it 2, V3,

It is easily verified that ¢ is an (r+ 1(-colouring of Sr—{F}.
(i) F=G{, {or G{tor some j, Isjsl. We may assume that F=G{. Since

A is r-critical, ™ has an r-colouring ¢ such that < (xj) + (&(x) for any x€ U”,
x?xXj. Letplbean (r+l)-colouring of Si—{Fi} suchthat i//;(F;)=si«(x;). Define
h-.n#?-*~, ., r-f-1} by

di(x) if XEVi

hX) = evixp if X=T,
r+1 if X=v2,v3.

It is easily verified that ¢ is an (r-t-1)-colouring of s r —{F}.
(iii) F={41,4% &3} wnere G—(Xi,xn. Xi,{F# Since " is /[--critical,
—{G} has an (r—)-colouring $. Let f be an (r+l)-colouring of —{F}
suchthat l(P;)=9(X). Define ¢ :0& '{l, r+\} by

wox) If xev\

CIXX): rooif X=\«&

r+1 if X=v2\3

It is easily verified that ¢ is an (r+l)-colouring of Sr—{F).

(iv) FES') —{Fj}tor some j, 1sjs 1. Since S is r-critical, s has an /--colouring
(g such that (pv (xj)F<Pv(x) for all xfiJS, x+Xy. For /+/, let ¢plbe an (r+1)-
colouring of S'i—{F;} such that i//;(F)—<p»(x,). Let dj be an (r+ I)-colouring
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of * § —{F). Without loss of generality we may suppose that (pj(a{)"<Pj(a£). Define
*:U~r-{1,2,....,r+1} by
li(x) if x££Vt

d(x) = (P if *= @&
r+ 1 if x—v2 or V3.

Theorem 2. M *(3, 3)=9,

Prooft. It is not difficult to verify that linear (8, 3, 3)-graphs do not exist. The
Steiner triple system on 7 points is a (7, 3, 3)-graph and linear (9, 3, 3) and (11,3, 3)-
graphs are shown in Fig. 1 By Construction 3, with n=3 and taking /=1, we
can obtain a linear (m+ 3, 3, 3)-graph from a linear (m, 3, 3)-graph. The Theorem
follows immediately.

A(11,3,3)-graph

Fig. |

It is easy to show that linear (m, 3, 3)-graphs do not exist for m g6. The exis-
tence problem in the case n=r=3 is thus solved completely. There exists a linear
(m, 3, 3)-graph if and only if m=7 or m~ 9

Theorem 3. M*(4, 3)5'24

Proof. We have verified that there exist block designs with parameters
(25, 50, 8, 4, 1) and (28, 63, 9, 4, 1) which contain a linear (25, 4, 3)-graph and a
linear (28, 4, 3)-graph, respectively. Using these as building blocks and applying
Constructions 1, 1*, 2 and 3, we obtain linear (m, 4, 3)-graphs for 124SmS 149,
a block of 26 consecutive integers. By Construction 1* with n=4 and taking
1=2, m1=m and m2=25, we can obtain a linear (m+ 26, 4, 3)-graph from a linear
(m, 4, 3)-graph. The Theorem follows immediately.

Theorem 4. M*(3, 4)” 1399.

Proof. There exists a 4-chromatic linear 3-graph on 31 vertices [10] and we
have verified that it contains a linear (31, 3, 4)-graph. Using it as a building block
and applying Constructions 1 and 4, we obtain linear (m, 3, 4)-graphs for 1399s
SmS 1463, a block of 65 consecutive integers. By Construction 4, with r=2
and taking 1=3 and m2=m3=31, we can obtain a linear (m+65, 3, 4)-graph
from a linear (m, 3,4)-graph. The Theorem follows immediately.

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



282 H. L. ABBOTT AND A. C. LIU: COLOUR CRITICAL LINEAR HYPERGRAPHS

References

[1] H. L. Abbott, An application of Ramsey’s Theorem to a problem of Erdos and Hajnal,
Can. Math. Bull.. 8 (1965), 515—517.

[2] H. L. Abbott, On property B of family of sets, Can. Math. Bull., 18 (1975), 133— 135.

[3] H. L. Abbott and D. Hanson, On a combinatorial problem of Erdés, Can. Math. Bull., 12
(1969) , 823—829.

[4] G. A. Dirac, A property of 4-chromatic graphs and some remarks on critical graphs, J. London
Math. Soc., 27(1952), 85—92.

[5] P. Erdés and A. Hajnal, On a property of families of sets, Acta Math. Acad. Sei. Hungar.,
12 (1961), 87—123.

[6] P. Erdss and A. Hajnal, Chromatic numbers of graphs and set systems, Acta Math. Acad.
Sei. Hungar., 17 (1966), 61—99.

[7]1 A. W. Hales and R. |. Jewett, Regularity and positional games, Trans. Am. Math. Soc., 106
(1963), 222—229,

[8] L. Lovasz, On chromatic numbers of finite set systems, Acta Math. Acad. Sei. Hungar., 19
(1968), 59—67.

[9] O. o re, The Four Color Problem, Acad. Press (1967).

[10] A. Rosa, Steiner triple systems and their chromatic number, Acta Univ. Comen. Math., 24
(1970) , 159—174.

[11] M. Simonovits, On color-critical graphs, Stud. Sei. Math. Hungar., 7 (1972), 67—81.

[12] B. Toft, Two theorems on critical 4-chromatic graphs, Stud. Sei. Math. Hungar., 7 (1972),
83—89.

[13] B. Toft, On color-critical hypergraphs, Infinite and Finite Sets, ed. Hajnal et al., North-Holland
Publ. Co. (1975), 1445—1457.

(Received August 3, 1976)

UNIVERSITY OF ALBERTA
EDMONTON, ALBERTA, CANADA

Acta Mathematica Academiae Scientiarum Hungarlcae 3, 1978



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 32 (3—1), (1978), 283—285.

MAPPINGS ON METRIC SPACES
By

B. FISHER (Leicester)

A contraction mapping of a metric space (X, g) into itself is a mapping T
such that
a(Tx, Ty) N ca(x.y).

for all x,y in X, where 0”"c< 1
In a paper by R. Kannan [1], he considers a mapping T of a metric space
(X, g into itself such that

a(TX, Ty) «{e (X, TX)+ a(y, 7»},

for all x, y in X, where . We will call such a mapping a Kannan mapping.
We now prove the following theorem:

Theorem L1 Let T be a contraction mapping of the metric space (X, g) into itself.
Then Tn is a Kannan mapping for some positive integer n.

Proof. Suppose
Q{TX,Ty) S ¢ q(x, y)

for all x,y in X, where 0Sc<Il. Then

Q(Trnx, Try) & cnQ{x,y) * c"{eCc, Trx)+ Q(Tnx, Try) +e(Try, y)}
and so

Q(MnX, T"y) -~ {eix, Trx)+Q(y, Tny)}

for all x,y in X.
Since c¢d, we can find an n such that cn< 1/3 and then

It follows that for such an n, Tnis a Kannan mapping. This completes the proof
of the theorem.

One may now ask the following question. If T is a Kannan mapping of the
metric space (X, 4) into itself, must Tnbe a contraction mapping for some positive
integer nl

The answer to this question is in the negative, as can be seen from the following
example.
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Let X be the set of real numbers x, with —2<x<2. Define a metric g on X by

A(X, y) = \x-y\.
Define a mapping I of | into itself by

_i~x/4 K!-
X { x/4, 1< |m< 2
Then
a(Tx, Ty) S -j(IxI+ 1y, e(X, TX)+g(y, Ty) S-[(Ix]|+ lyl).
Thus

Q(Tx, Ty) Y {g(x, Tx)+ a(y, Ty)},

for all x,y in X and so I' is a Kannan mapping.
However it is obvious that T" is discontinuous at the point je=1 for
n=12,... and so cannot be a contraction mapping, which is always continuous.
We can however prove the following theorem.

Theorem 2. Let T be a Kannan mapping of the metric space (X, g into itself
and suppose that

@ g(x, TX) + a(y, Ty) = hg(x.y)

for all x,y in X, where h>0. Then Tnis a contraction mapping for some positive
integer n.

Proof. Suppose first of all that X is complete and that
a(Tx, Ty) S k{o(x, TX) +g(y, 7»}
for all x,y in X, where 07fc<l1/2. Then

g(Tmx, TnHlx) < kigITAx, Tnx) +g{Trx, T"+IX)}
and so

e(Tnx, T"+lx) » eiT'-'x, T"X) s [y-"] 0(x, Tx).

Thus
g{Tmx, Tn+rx) N a(Tnx, TnHlX)+ ... + (7°n+" - Ix, T"+HX) S K,,9(X, TX)
where

It follows that {Tnx} is a Cauchy sequence and in fact converges to a unique point
z, see [1], with the property that Tz=z. On letting r tend to infinity we see that

o(Tnx, z) = k,,g(x, Tx).
Q(Try,z) £ kna(y, Ty)
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and so

e(Trx, Try g (T ™, 2)+9g(z,Try)" K, .{g(x, TX)+g(y,Ty)} s hkne(x,y)

for all x,y in X, on using inequality (1). Since k{\ —A) 1< 1, we can choose an
n such that hk,,< 1. For this n, Tnis a contraction mapping, completing the proof
of the theorem when X is complete.

If X is not complete we note that

Q(Mx,TY)S QK Tx) +Qx, y)+ a(y, Ty) ~ (h+\)e{x.y),

on using inequality (1). This implies that T is uniformly continuous and so T, the
completion of T, is a Kannan mapping on X, the completion of X and

ex, TX)+g(y, ry) & hg(x, v,

for all x,y in X. It follows from what we have just proved that T" is a contraction
mapping on X for some n and so for this n, T" is a contraction mapping on X,
completing the proof of the theorem.
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ON A RECURRENT FINSLER MANIFOLD WITH
A CONCIRCULAR VECTOR FIELD

By
R. B. MISRAL (Turin), F. M. MEHER (Balangir) and N. KISHORE (Allahabad)

Concircular transformation in Riemannian manifolds was introduced and
studied in detail by K. Y ano in a series of papers [4]. For non-Riemannian manifolds
of recurrent curvature K. Takano [3] studied affine motions generated by dilferent
forms of concircular vector fields. M. Okumura [5] continued the study of con-
circular vector fields in various types of Riemannian manifolds. R. S. Sinha [13],
R. B. Misra and F. M. Mener [1], [6], [8] to [11] extended the theory of concircular
vector fields to Finsler manifolds. In the paper at hand we discuss various forms
of concircular vector fields and study the recurrent Finsler manifolds admitting
one of them. Notation employed in the paper is based on [1], [6] tOo [12].

1. Introduction

Let Fnbe an u-dimensional Finsler manifold of class at least C5 endowed with
a metric tensor gtJ2 satisfying the requisite conditions [2]. The connection para-
meters of Berwald are the functions

GKAAjG[  (dj = didxd),

and are positively homogeneous of degree zero in the directional arguments.
Because of homogeneous properties these functions satisfy

(L.1) a) Okxj= G|, b) GkxJ=D0,

where GIh= djGkh form a tensor field symmetric in all its lower indices. The
Berwald’s covariant derivative of a vector X for these connection parameters is
given by

(1.2) ®KX 1= akX *-(a]-X)GI+XJI G)k, (k- d/dx*).

In particular, the covariant derivative vanishes for the vector field x‘.

10n leave from the University of Allahabad, Allahabad (India) expresses his gratitude to the
Italian National Research Council for offering a Visiting Professorship to him at the Turin Uni-
versity, Turin (Italy).

2 Unless stated otherwise all the entities are considered as functions of line-element (a:', x ).
The indices I,j,k , ... assume positive integral values 1,2
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The operators of partial and covariant differentiation commute according to

(1.3) (A "K-38kg}X 1= GkhX \
and
(1.4) 25ndaX1= H)khXh-H%dhX \ 3

where the functions Hjkh are skew-symmetric in j, Kk and constitute a tensor, H,
called the curvature tensor of Berwald. The functions H)k are connected with the
curvature tensor by

(L5) a) Hjkxh=H}k, b) Hjkh=dhHk.

These tensors when transvected with xk or contracted in their indices also give
rise to the following relations

(1.6) a) Hjkxk= W), b) H)x}=0,

a) Hikh — i «n, b) wik— w«, C) Hiki— 2mpkfl,

@7 d) HKxh=Hk, e Hk=dhHk, f) H\= U—YH.

2. A recurrent manifold and concircular vector field

If there exists a non-null covariant vector field A so that the curvature tensor
satisfies

(2.1) dfilH jkh = AH Jkh,

the manifold is then called recurrent, and is denoted by HR —F,, [7]. It is seen that
an HR—F,, also admits

(2.2 AMH ok = At

and analogous identities satisfied by the entities defined in (1.6) and (1.7).
We consider an infinitesimal point transformation

(23) XS = x'+ ev',

where e is an infinitesimal constant and v¢ (independent of the directional argu-
ments) are components of a contravariant vector. As indicated by K. Takano
[3—V] there exist various possibilities for the vector field v*:

a) %Y/ =0,
b) = ¢6j, c being a non-zero constant,
(2.4) ¢) 19V = e(x,x)5), g"o0,
d) MV —(Pj(x, x)v’, (nj being a non-null vector-field,
e) JV = Qx x)Sj+ @ (x, x)v\

3 Square brackets denote the skew-symmetric part with respect to the indices enclosed therein.
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<H being a non-null vector field satisfying
(2.5) 29na =0,
(2.4) f) vl = q(x, x) 6) - (pj(x, x) v\  <pj being any non-null vector.

Correspondingly, the vector field v* is called a contravector field, concurrent vector
field, special concircular vector field, recurrent vector field, concircular vector
field and torse-forming vector field respectively. The forms (2.4b) and (2.4c) of
the vector field generating an affine motion in bi-recurrent Finsler manifolds and
projectively symmetric Finsler manifolds have been studied in [8] and [11] respect-
ively. Also the form (2.4c) generating a projective motion has been studied in [10].
The form (2.4d) generating an affine motion in symmetric and recurrent Finsler
manifolds has been studied in [6] and [9] respectively. In the present paper we discuss
the form (2.4e) and study a recurrent manifold admitting an infinitesimal trans-
formation (2.3) of the type (2.4e). Such a manifold will be called a recurrent Finsler
manifold admitting a concircular vector field and will be denoted by CHR—Fn.

3. CHR—F,,

In this section we consider a recurrent Finsler manifold admitting an infinite-
simal transformation generated by a concircular vector field v¢ of the type (2.4e).
Differentiating (2.4e) covariantly with respect to xk and simplifying by means of
(2.4e) itself we derive

(3.1) @k@jV* = G + QOk(pj + FkIVi,
where we have put
3.2 a x=e@kq b (Xj= "k +xH.

For (2.5), it may be easily seen that the skew-symmetric part of (3.1), in view of
the commutation formula (1.4), yields

(3.3) Hjkwh = 2a0 (a(p]- pn).

Contracting it with respect to i and j, and using (1.7a) we obtain
Hkhvh = (n-1)(ecpk-e K.

Substituting from this relation in (3.3), we get

(3.4) H)kivh = SijHknvh

As the contracted curvature tensor is also recurrent in HR—F,,, the covariant
differentiation of (3.4) with respect to x1, for (2.1), (2.4e), and (3.4) itself, yields

(3-5)
for a proper special concircular case, i.e. when neither 4 nor cpj are zero.
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When contracted with respect to i and /, this relation reduces to

Hm -

which, in consequence of (1.7c), implies vanishing of H)ki:

(3.6) H)ki = o.
We, therefore, have the

Theorem 3.1. In a CHR—F, (n>2) the contracted curvature tensor Hkj is
necessarily symmetric.

As a consequence of this theorem we may have an analogue of (1.7d):
(3.7 Hhich = Hk.
Also, transvection of (3.5) with xI, for (1.5a) and (1.7d), determines

(3.8) Hik= -~ - 0uHwu

Employing the relations (3.6), (3.7) and (3.8) it is not difficult to see that the WeyPs
projective tensor [Z]

Wl = H j-—i H*r+ —Z— {nHU+~ HrIMh
vanishes in CHR —F,,. Accordingly, the Weyl’s projective curvature tensor

Wil = b Wis
too, vanishes there. This establishes the
Corollary 3.1. CHR—F, u>2) is projectively flat.

In the remaining part of this section we deduce a relation between the Berwald’s
tensor field H)k and the recurrence vector field 2, in CHR—F,,. Forming the co-
variant differentiation of (3.8) with respect to x| and using the recurrence property
of Hk we get

%lIH)k =

From this relation we obtain two more equations by cyclic interchange of the
indices /, j, K and adding the equations so obtained with it we get
(39 =0,

where we have used the Bianchi identity a?[(H ]=0. Contracting (3.9) with respect
to i andj, we get
(3.10) XHk-XkHI = 0,
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for 1>2. The last relation establishes the fact that Ilkis symmetric in /, k. Thus,
it seems that there may exist a scalar function P(x, X) so that

(3.11a) Hk — P2k.

As Hk is positively homogeneous of degree 1 and Ik is independent of x“s, P is
homogeneous of degree 1 in x“s. Transvecting (3.11a) with xk we get

Hkxk = P?2kxk

From (1.6a), (1.7b) and (1.7f) we notice that Hkxk=(n—I)H. Therefore, the above
relation determines

(3.12) P = (n—I)(H/X),

where A= Xkxk is a scalar function supposed to be non-vanishing. From (3.11a)
and (3.12) we, therefore, have

(3.11b) Hk = (n—I)(H/X)Xk.
Substituting from (3.11b) in (3.8) we obtain the desired relation
(3.13) H)k = (2H/X)0[jXa .

4. Concircular vector field v' and the function q

Applying the commutation formula (1.3) for the concircular vector field v
satisfying (2.4e) we derive

4. (dj ) Sk+ (dj (vl = G)kwh

Taking its skew-symmetric part with respect to j, and k, we have
4.2) 1dijQOfo+Iv'hijCptf = 0.

Transvecting it by vk we get

(4.3) vi{djQ+ 2d[j(pkivk} - (v kdke)dj = 0,

which, on contraction with respect to i and j, yields
(I-n)(aidi0) + 2d[i* JAtE= 0.
The second term being zero this equation simplifies to

4.4 v'diQ —0.

Consequently, (4.3) reduces to

(4.5) djQ+ 2dugpnk = Q

for arbitrary a’s. On the other hand, the contraction of (4.2) for i and K yields
(4.6) (n-NdjQ + 2du (Pn\k = 0.

Comparing the last two relations we, thus, obtain

4.7 dQ=20
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for an F, (9>2). Also, from (4.2) and (4.7) there follows the identity

(4.8) 2bu(pk] = 0.
Therefore, we have the
Theorem 4.1.1f the manifold F,, (#>2), admits a concircular vector field v'

of the type (2.4e) the scalar function g is necessarily a point function and the vector
field (F satisfies (4.8).
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A NINE-FOLD PACKING

By
W. J. BLUNDON (St. John’s)

Let dk represent the density of closest k-fold packing of equal circles in the
plane when the centres of the circles are at the points of a lattice /1. It is well known

that d”*nRfb, this result being essentially due to Lagrange. Heppes [4] proved
that djkd1=1 for k=2,3,4 and Biundon [1] found the values of d5and de.

Biundon [2] pointed out an inequality in the Heppes paper which leads readily
to an estimate for dk and later [3] he gave a sharper estimate,

) djkd1” f(x/k),
where c—Jk8] and 0="(6 —YT0")0.21828..., and where

I(x) = (1 —x2/(! —4x2)'/2

The values of dk for k=1, 2, 6 are all given by equality in (1). Further,
(1) gives the best known estimates for dk for small k=1.
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In particular, (1) gives r/g/9/cjS 1.01298.... The purpose of this paper is to
give an improved estimate for d9. We prove the following

Theorem. d9’9dlf\%‘?/7~= 1.04990..., and the corresponding lattice is that
generated by the points P(2/5, 0) and B|l/5,

Proof. Let circles of unit radius be centred at the points of A. By symmetry,
it is sufficient to prove that no point in the open rectangle with vertices at

O yP, P+y Q, — is covered by more than nine circles of /1. The

only circles having points in common with this rectangle are those centred at the
twelve lattice points —2P+Q, —P+Q, Q,P+Q, 2P+Q, —2P, —, O, P, IP,
-Q.,P-Q.
Siane \P+2Q\=2, no point of the rectangle can be common to the circles
centred at P+Q and —Q. Similar considerations apply to the pair 2P+Q, —2P
and also to the pair P—Q and —2P+Q. It follows that no point of the rectangle
and hence no point of the plane can be covered by more than nine circles.

The estimate for d9follows at once from the fact that the determinant of A

is 2 \21 and the determinant of the lattice giving best single packing for circles

of unit radius is 2/3.
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THE STRUCTURE OF CRITICAL RAMSEY GRAPHS

By
J. NESETRIL and V. RODL (Prague)

The structure of minimal Ramsey graphs

Al graphs in this paper are finite and undirected. Let G=(V, E), G'=(V', E').
A one-to-one mapping f:V-*V' is said to be an embedding iff (n:,y)EEo0
<>(/(x), f (y))zE'. We say that the graph G'is a Ramsey graph for G if for every
partition E'=EfJEz there exists an embedding f.G-"G’ such that f(E)aEi
for an jE{l, 2}. We abbreviate this by G y G'. The negation of this statement is

denoted by G-y G'. Given a graph G, it is an interesting question to characterize
all finite graphs G' for which Gy  G'. This seems to be very difficult. Presently
it is evident that the structure of all graphs G', which are Ramsey graphs for G,

is very complex. In this paper we shall go in this direction using the notion of
critical Ramsey graph. bl f©

Definition. A graph G'is a vertex-critical Ramsey graph for G iff G-y G,
and G-y G" for every vertex deleted subgraph G" of G. A graph G'is a critical
Ramsey graph for G iff G-y G', and G-y G" for every proper subgraph
G" of G' (i.e. E(G")%E(G').

Obviously, every critical Ramsey graph for G is a vertex critical Ramsey graph.

The following was conjectured in [6].

Conjecture 1 For a graph G, the following three statemens are equivalent:

1) G has an infinite number of nonisomorphic vertex-critical Ramsey graphs

2) G-y G

3) G contains at least two edges.

The problem of finding minimal Ramsey graphs was raised by the authors
earlier (see [2]).

The statements 1)=>2), 1)=>3) and 2)-e>3) are obvious. In this paper we shall
prove 3)=»1) for “most frequent graphs” (in the sense specified below). For critical
Ramsey graphs the situation seems to be more difficult. It may happen that G-y G
and G can have only a finite number of critical Ramsey graphs (an example is
provided by K disjoint edges or a star with odd number of edges, see [1]). Neverthe-
less, we give two constructions of critical Ramsey graphs which correspond to
the following theorems:

Theorem 1. Let the chromatic number ;((G) of G be s3. Then G has infinite
number of critical Ramsey graphs.

Theorem 2. Let G be 2.5-connected graph. Then G has an infinite number of
critical Ramsey graphs.
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(A graph is 2.5-connected if it is 2-connected and the removal of any two
points joined by an edge does not disconnect the graph; e.g. every cycle is 2.5-
connected.) In fact (in both theorems), we prove more as specified below (e.g. if
G does not contain a triangle then there are infinitely many critical Ramsey graphs
and there is an infinite number of triangle-free critical Ramsey graphs).

The paper is divided into two parts A, B, according to the two constructions.
Part C contains concluding remarks and further results in the direction of the main
conjecture. However, we did not achieve the full solution.

Let us finally remark that some special case of the main problem was handled
by BURR, ERDGs and LovAsz [1] who proved that there exists an infinite number
of minimal Ramsey graphs for every complete graph. They used a different tech-
nique (“‘signal senders”).

A. Nonbipartite graphs

Theorem 1 will be proved in two steps. First we prove

LemMA 1. Let K, k=3 be a complete graph, acN. Then there exists a graph
G such that
L) —=+ 4,

2) y(H)=2k—1 for every subgraph H of G with at most a vertices.

Proor. Put (1,k)={l1,2,...,k}. Define G recursively as follows. Let G,
be the isolated edge denoted by [z,, z;]. Let G,=(X;, E)), [<2k—1 be defined,
put |X;|=L,. Let (Y;,.#) be a set-system such that

1) Mes,=|M|=L,,

2) X(Yl"//l)>2a

3) (Y), #,;) does not contain cycles of length =2a (such a set-system exists
by [3] or [4] for every positive integer a).

Let G,,, be defined as follows: For every M&c.#, let 1: M —~X, be a fixed
bijection. Define G,y y;=(X41, Ejx1) by Xi=Y,U{z)}, [z, x]€E,, for every
x€Y;, where z; is a new vertex and [x, y]€E, .1, X, y€Y, iff {x, y}S Mc.#,, and
[tm(x), ty(P)I€E,. Put G=(X, E)=Go_,=(Xox_1, Esx_,). Note, that for any pair
X, y€ Y, there is at most one Me.#, for which {x, y}S M because (Y, .#,) con-
tains no 2-cycles. As a consequence, every subgraph of G,., spanned by M¢c.Z,
is isomorphic to Gj.

Claim 1: K, —~G.

Let E=E'UE?2 Considering edges [zo_3,X], X€ Yo o=Xox_1—{Zox_s}
we have an induced partition Y3 _,U Y2 _, of the set Y, _, defined by x€Yj, .,
< [zop—9, X]€EE. As yx(Yox—g, Mor_2)>2, there exists My, _o€ Mo _, such that
My, S Yi_, for i=1 or 2. However, the graph G, _, restricted to the set M, _,
is isomorphic to Gy_p. Let @y _s:Xop_3—>My_, be an isomorphism. Find
Qo —2(Zor—3) € My, o and repeate the above procedure. Consequently, we find a set
{0.(z,); r€{0, 2k—2)}S X such that [,(z,), ¢s(z)]S E(s) for r<s where
i(s)€{l, 2}. Hence (by the Dirichlet principle) K,——G.

Claim 2: y(H)=! for every subgraph H of G, with at most a vertices.

Proof is by induction on [/ (/=2 is clear). It suffices to prove
Y(HNG —{z_D=I-1. If N={N:NeM,, NNV(H)% P} then H=NU Gy

€N
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where GNis the subgraph of G, spanned by N. y(Gfi)=I—1 by the induction hypo-
thesis (Gv= y(H)*—I follows from this using the fact that does not
contain cycles (which can be deduced from condition 3).

Corollary. For Kk, kw 3 there exists an infinite number of critical Ramsey
graphs.

Proof. It suffices to observe that if Kk—* G then y(G)>2k —1 (k*3). Con-
sequently, if Kk-j+ F, \V(F)\=a and if we take G which has properties of Lemma 1

then every minimal Ramsey graph contained in G has at least a + 1>|F(F)l ver-
tices. This procedure may be repeated.

Now we prove Theorem 1. We prove a stronger theorem (stated below as The-
orem 3) which makes use of the following notion:

Definition. A class  of graphs is said to be ideal if G€"=>GX#£E" for
any graph H. Aclass of graphs is said to be Ramsey if for every G*/S there exists
a Ramsey graph H”/S with G——H. A class #of graphs is said to have orderings

if for every Gtfid there exists such that for every ordering gj of V(G) and
of V(H) there exists a monotone embedding fi.G"-H. This fact is denoted
by G— -tf.

We prove the following theorem which implies Theorem 1:

Theorem 3. Let Y be an ideal class of graphs which is Ramsey and which has
orderings. Then for every graph Gf/d, y(G)=kS3 there exists an infinite number
of Ramsey graphs Hk,H 2, ... such that for every i£N.

Proof. Let Gd&, y(G)=k>2 be fixed. Let Hk, H2, ..., Hn be minimal Ramsey
graphs where |F("D|*|F(ifd|s...g|F(//,,)]. Let F be a graph which satisfies:

1 a) Kk—+F,

2. a) /(/1)<2k—1 for every subgraph H of F with at most \V(Hfi\ vertices.
(The existence of such a graph follows by Lemma 1)

Let c0:G—\,k] be a fixed colouring. Let s be any ordering of G such that
c0: (K(G), k] is a monotone mapping. Let (G', =) be an ordered graph
(i.e. a graph the vertex set of which is ordered by S) which satisfies:

1 b) Gfi<$,

2. b) (G, rs)_*(G', 3a) where r=2\ I=\E(F)\ and (G, =4)-(G', =5) means
that for every partition E(G")—EI{JE2[J...UEr there exists /C[1,r] and mono-
tone embedding /:(G, S)—G', &) such that f(E(G))QEi.

The existence of (G S) follows from the fact that <S is Ramsey which has
orderings: Let G »G* and G*—y~ G'. Take any ordering S of V(G"). One may
check that then (G, S)—> (G',*). Put H'+1—G'XF6”" where X means the

direct product. (GXG' for G=(F, E), G'=(V',E') means V(GXG")= VXV',
E(GXG') = {[(xx), (y.,y)]; (x Y)dE, (*',//)€£'}).

We prove G—u*H'+x. This follows by a standard argument using the categorial

properties of the direct product: Let c:E(G'XF)->-(1,2) be a partition. Assume
that F(G') and V(F) are ordered sets (by =). Define the induced colouring
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d:E(G")"2EF by
d(X./]) (% D = o, %), (DI for x <y, X' <y

By I.b) there exists an embedding f:G-»G"' suchthat f(E(G)) belongs to one of
the parts of the partition induced by d. But this means that for every edge
[(*, x), 0", jOL [*"/]€/(Em(<?)) the colour c([(X,X), (y'.y)]) depends on [x,V]
only. Now we use l.a) and the fact if f:G-+G' is an embedding, g:G-»Kk is a
homomorphism and h.Kk-*F' then (hog)Xf is an embedding.

Let Hn+l be a critical Ramsey graph contained in H'+1. Then !4,+1|>|4,,|
by Property 2,a). This proves the theorem.

Remark. Examples of ideal classes which are Ramsey and have orderings:
Class of all graphs [5].

Class of all graphs without triangles [7].

Class of all graphs without Kk [8].

Class of all graphs without short odd cycles [9].

This implies Theorem 1

B. Bipartite graphs

For bipartite graphs we shall use another construction:

Theorem. Let G be a 2.5-connected graph, |£(G)|>1. Then G has an infinite
number of critical Ramsey graphs.

Proof. Let G H, H be critical Ramsey. We shall construct a critical
Ramsey graph H* suchthat |A*|=-|A|. Letus fix e£E(H), H=(W, F), e= {x, y}
and put H'=(W, F{e})=(W, F"). We have G-"i-H’ and consequently, there

exists a partition £m(#)=.EjU.E2 suchthat GdBR(fV, £;). But from G— and
from the 2-connectivity of G follows that
(*) {z; {x, z}e£;} a1 for i=12

Put {z; {x, z}£F'}=V"', \W\—r. Let (X,Ji) be an /--uniform set system with
X(X, M)>2 which does not contain cycles of length S\W\ (-=2 by (*)). To
continue the main construction, assume the following:

1) Ji={Mp, /E/}.

2) Let Hj=(Wj, F)), jfil be disjoint copies of H'=(W, F°).

3) Let z~*Zj, zdW be an isomorphism

4) Put v;={zj,zev'}.

5) Let £j:M]—Vj be a bijection.

Let ~ be the equivalence on the set 1J WjUX generated by the set

Urn, £j(m)); meMj, jel}- For xBx[JUwj Iet]efx] denote the equivalence class
of ~ containing x. Put tfv=(fEv, EV) where Wv={[Z]; z£X\J U Wfiil {3} and
x*(| {[z];zEX\I(IWj},

Fv ={[W, M], [c;H; £]M]6F 'TU{[x, >& y€ X).
We prove G---+ H J. Let Fv=FkU F be a partition. The restriction of this parti-

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



THE STRUCTURE OF CRITICAL RAMSEY GRAPHS 299

tion to the set {[x*,y];yEX) induces a partition X=Xr0X2 and consequently
there exists M ~Ji such that {[[m], jc*], Let e:A'--Ay be an
isomorphism which satisfies e(x)=x*, c(V')=Mj. Then there exists G=H" such
that e(E(G))Q Ft (as every partition FJUF2 of E(H") which does not contain
H satisfies (*)).

Let H* =(V*, F*) be a critical Ramsey graph for G contained in ffv. Then
X*£V* (as G is 2-connected, (X, Ji) does not contain cycles of length s|G|) and
G Hy=>G"Hj (as G is 2-edge connected and (X, JI) does not contain short
cycles).

From this follows that every subgraph H of # v, |A |~ |A| fails to satisfy
G—4 (by the construction of A ).

C. Concluding remarks

1) One can prove further partial results for the solution of the original
problem.

Theorem. FOr everyfinite forest T which contains a path of length 3 there exists
an infinite number of critical Ramsey graphs.

Proof. Let 1 be a critical Ramsey graph for T. We shall construct a graph
H' suchthat T——H" and no subgraph of H with ~ |V(H)\ vertices is a Ramsey
graph for T. Let \V(H)\=r, \V(T)\=a. Let H'=(V',E') be a graph without
cycles of length Sr and with w/{H)>di. Then H' has the following properties:

Let E(H")=E1UE2 then either y (V', £j)>a or %(V', E9>a. In both cases
the graph (V', £)) does not contain cycles of length =\T\ and contains a subgraph
Ilv,y(Hv)>a with each of its vertices of degree =-a (e.g. we may take a colour
critical subgraph of (VEf). The rest of the statement follows by the fact that
every Ramsey graph for a forest T which contains a path of length S3 necessarily
contains a cycle.

2) The structure of critical Ramsey graphs could be investigated further.
Namely the following could be questioned: Given F and G, does there exist an
infinite number of Ramsey critical graphs for F which contain G? This is surely
false, as if F — »G then there exists at most one such a graph (namely G itself — in
the case that G is a Ramsey critical graph).

Conjecture 2. Let F, Gbe graphs, F—WG, F—+ F. Then there exists an infinite
family of vertex critical Ramsey graphs for F which contain G.

3) If we consider partition of vertex-set of graphs (instead of edge-set of
graphs) the analogons of both Conjectures 1 and 2 are true. The analégon of Con-
jecture 1 follows by an easy application of the methods used in [6], and that of

Conjecture 2 will be proved in a forthcoming paper by V. Miiller, J. Nesetril and
V. Rédl.

4) We could also define the following notion: a graph A is a cocritical Ramsey
graph for G if

) G- "H,
i) H H; V()= VH)==G H".
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Of course, for every graph there exists a cocritical Ramsey graph. However, the
situation seems to be a bit different as indicated by the following: If G=Kk then

there exists exactly one cocritical Ramsey graph for G.
5) More generally, one can define an / *Ramsey critical graph for G as a graph

H which satisfies
) G— H, i) G-fg-H' for H' H.

Here G H (as defined in [5]) means that for every partition of the induced sub-

graphs of H isomorphic to / into two classes there exists an induced subgraph of
Flisomorphic to G all whose induced subgraphs isomorphic to F belong to one class.

Most important is the case when F is a complete or discrete graph. One can
easily derive the notion of a Ramsey cocritical graph from the /-Ramsey critical
graph (using complementation and / —2-element discrete graph).

6) All the above questions may be asked also for weak-Ramsey graphs:
A graph G' is a weak Ramsey graph for G if for every partition E(G') =E1{JE2
there exists (V,E)*G such that VAV(G'") and ££/,- for i£[l,2] (this is the
basic concept of the generalized Ramsey theory see [0]). All the above theorems
are valid for weak Ramsey graphs as well if we replace 2.5 connectivity by 3-con-
nectivity. This generalizes some results due to S. A. Burr, P. Erd6s, R. J. Faudree

and R. A. Shelp.
As this is a straightforward translation of the above theorems and proofs,

we do not state it explicitly.
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o HEKOTOPbIX CBOIZICTBAX OBOBLUIEHHbLIX PELLUEHWIA
KBASNJTMHEVHbBIX BbIPOXXAAKLLNXCH
MAPABOJTMHECKUX YPABHEHWNI

P. KEPLWWHEP (byganewT)

BBeepneHne

0.1. Mol 6yaem paccmaTpuBaTb 3afady Kolwuv 1 nepByto KpaeByio 3afgady Ass
ypaBHeHWs!

0.1) n, = [a(0 bpxx- [b(/, x, n)\x-c (t, X, n).

YcnoBus, KoTopble Mbl Hanaraem Ha yHKuuu, oGpasytowme ypaBHeHue (0.1),
chopmynmpoBaHbl B N.1.1.1. 3TN ycnoBus BbINOMHEHbI, Hanpumep, A1 MOAeNb-
HOr0 ypaBHEHUS

(0.2) n, = (U)xx—b ¢ (U*)x—cuy,

rge u>1, Afel, v>0, c&O 1 b£(—=3 °°) NOCTOSAHHbIE.
B cnyuyae 3agaum Kowwn ypaBHeHue (0.1) paccmaTpuBaeTca B

R = {(/,*):0< t x GR1}
C Ha4Ya/lbHbIM YC/I0BUEM

(0.3) n(0, X) = no(x).

B cnyyae nepBoii KpaeBoi 3agaum Mbl 6yaeM paccmaTtpuBaTthb ypaBHeHue (0.1)
B R++—R+ M {x >0} ¢ HayaNbHbIM W rPaHNYHbLIM YCNOBUAMMU WU YCIOBUEM COrfa-
coBaHUA
n(0, x) = un0(x),

(04) u(t, 0) = «i(i),
Uo(0) = «10).

YpaBHeHue (0.1) aBnseTca napabonmyeckum npu u>0 1 BbIPOXAETCHA B ypaBHEHUeE
nepsoro nopsgka npu n=0. ¥YpasHeHns suga (0.1) onucbiBaloT npouecc uabTpa-
UMK XMLKOCTU U rasa, a TakxXe Mpouecc Ternsonepegayn B cpefe ¢ TenjonpoBoa-
HOCTbIO, 3aBUCSLLEN OT TemnepaTypbl. YPaBHEeHUS TaKoro BUAA BO3ZHUKAKT TaKXe
B TeOpUM MOrpaHWYHOro C/0S, B TEOPUU HEHbIOTOHOBCKUX >XUAKOCTEW W B Mar-
HUTHON rnapogMHamuke. B CBA3M C 3TUM YaCTHbIE PeLUeHUS Pas/IMUHbIX YPaBHeEHWIA
Buga (0.1) cTpounucb B LesIOM psfe NpUKIagHbIX paboT. YKaxem, Hanpumep, pa-
60TbI [3]—6], [11], [21], [23], [24] v [33].

B cTaTbe [26] O. A. OneliHnkK, A. C. KanawHukoB n Yxoy HIi-n1MHb
paccmoTpenu 3agady Kowwu, nepeyo 1 BTOPYH KpaeBble 3ajayn AN ypaBHeHNS

(0.5) u, = [cp(n)]xx.

MpK COOTBETCTBYIOLMX MPEArosioXKeHNsIX 0THOCUTENIbHO AaHHbIX B [26] AOKasaHbl
TEOPeMbl CYLeCTBOBAHUSI U eAUHCTBEHHOCTU HeoTPULATe/bHOr0 HemnpepbIBHOIO
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0600LLEHHOr0 pPeLUEHNsl, OrPaHNMYeHHOr0 BMeCTe C 00O0OLIEHHON MPON3BOAHON
[p(n)\X. YcTaHOBNEHO, YTO B TO4YKax, rae OOOOLLEHHOE peLleHWe MONOXKUTENBHO,
OHO yaoBneTBopsieT ypaBHeHuto (0.5) B 06bI4HOM CMbIcne. B Toukax, rae 0606LueH-
HOe peLLeHre 06paLLaeTcsi B Hy/lb, OHO MOXET ObITb HEraLKMM.

OfHo3HauyHas 06006LLeHHas paspewMocTb 3a4aun Kowwu ans ypasHeHus (0.2)
C MAagwumy uneHamm pokasaHa A. C. KanawHWKoBbIM [17]. 3TOT BOMNpOC
n3yyasics Takxke B ctatbe [9] FmnguHrom un MeneTbe.

OnddepeHumanbHble CBOWCTBA 0006LUEHHbIX peLleHnin ypaBHeHW Buaa (0.1)
n (0.2) nccnepgosanuce . I'. ApoHcoHom [1], C. H. KpyxkoBbim [18], A. C.
KanawHunkosbiM [14].

B pa6ote E. C. CabuHunHo [29] 6bina AoKazaHa Teopema CyLLECTBOBaHUS
N efUHCTBEHHOCTU 0606LLEHHOrO pelleHns 3afaunm Koww and ypaBHeHWs ©,—
=Acp{1) npu npegnonoxenun, 4to (PEC2+x

B pa6oTtax FO. H. bnaroseuieHckoro [2], O. A. OnelHuK [24l v . M.
daTeesoli [30] paccMaTpuMBa/ICb BOMPOCHI CYLLECTBOBAHWS U eAMHCTBEHHOCTM
peLeHns 3agaun Kowwm 1 KpaeBbIX 3afay «B MasioM» A/19 YPaBHEHUS

(0.6) n= 2 X,u)wXi§+ 2 bit, x,u)ux.+cft, x,u)+H{tx)

ij=1

P
npu ycnosun 2 au0, X 1) ZjS0, VFERp.
=1

B pa6ote M. WN. dpeiignmHa [31] ykasaHbl YCNnoBus, O6ecreunBaroLLme
CYLLECTBOBaHME W eAMHCTBEHHOCTb K/IACCMYECKOro pelleHus 3ajadn Kowwu ans
ypaBHeHus (0.6) «B Lienom». 3aMeTum, 4To B paboTax [2] v [31] npuMeHsOTCA BEpOAT-
HOCTHbIE METO/bI.

A. N. BonbnepT n C. N. Xyases [7] uayyatoT 3agady Kowwm ans ypas-

HeHWs
ut = [a(t, x, u)uxdx—b(t, x, u)\x-c(t, x, n),

rae a(t, X, n) SO, npu ycnosuax Ha OyHKUMK @, U ¢, KOTOPbIE B Cyyae ypaBHeHUs
(0.2) o3HavatoT, uto A S3 (Unn 4=2), Is2 (unm k—1) n vSi. B atoii paboTe fatoT-
CA Takke HEKOTOpble 0606LLEeHNS Ha MHOTOMEpPHBIRA CryYail.

K aTomy >xe Kpyry BonpocoB oTHocuTcs pabota C. H. Kpyxkosa [19)].

B BbileHa3BaHHbIX paboTax MOXHO HalTW U cBefeHMs 0 Apyrux pabotax no
aToin Teme. CM. Takxe ctatbto HO. A. Ay6uHckoro [10] u kHury X.—/1. Nn-
oHca [22].

0.2. HekoTopble XapakTepHble YepTbl, CBOWCTBEHHbIE NINLLbL BbIPOXAAOLLUMCS
YPaBHEHUAM, NOABAAKOTCA YXKe B C/lyYae camoro npocToro (M Hanbonee 13y4eHHOro)
ypaBHeHus Buga (0.1)

(0.7 w=udxx, o> 1

B pa6ote [3] . . bapeH6naTT, paccmatpmBas 3agady Kowwu gna atoro
YPaBHEHUA MpU =2 1
{axx npu x>0 (>0 1<a<?2

0 npm x S o,
06Hapy>Xun, 4to nNpu t>0 y NPOM3BOAHON X BO3HUKAKOT TOYKM pa3pbiBa. O606Las
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ato, A.C. KanawHwukos B [12] gokasan, Hanpumep, 4to ecnn 4”2, ndx)=0 Ha
oTpeske [a, b, a<b n nQ(x)”~ 0, To npn r>0 Bceraa HakayTCs TOUKM paspbiBa yHK-
ummn ux. CneposatenbHo, 3agada Kowwu gna ypasHeHusi (0.7), Boo6Lie rosops,
K/acCMYecKoro pelleHns He umeeT. OG6OOLLEHHOE peLleHVe onpefensieTcs uepes
06bl4HOE (B TakKMX PaCCMOTPEHUSAX) MHTErpasbHOe TOXAECTBO (CM. onpeaeneHms
111 n 142).

0.3. [pyroe BaXXHOe OT/IMYME OT HEBBLIPOXAEHHOMO CAyYas Takxxe OblIo Brep-
Bble OTKPbLITO A4/15 ypaBHeHUs (0.7): 3TO HaMuMe «KOHEUYHOM CKOPOCTU pacnpocTpa-
HeHWs BO3MyLLeHWiA». B pa6oTe [11] A. B. 3enbgosuya nA. C. KomnaHeliya
Ob110 YCTAHOBNEHO, YTO NpU HeKoTopbIX UQ(X)" 0, pewteHre u(t, X) UHUTHO NO X
(Bna paBHOMEPHO Mapabo/IMYECKNX YPABHEHWI 3TO HE Tak).

Mpumep (cm. [11] n [28]). MycTb

ag=[ M . tp +n, , a
Torga thyHKUmMs

Ut X)— 200 [1- w r P W<1(0
0 npm WS 2(0

ABNAETCS 0006LEHHBbIM peLleHemM ypaBHeHust (0.7), yAOBNETBOPSOWNM Hadaslb-
HOMY YCNOBUIO

1

10, X) AQ) x| < 2(0)

X~ AQ).
Mo noBogy «KOHEYHOCTM CKOPOCTW PacnpoOCTPaHeHWs BO3MYLLEHUIA» CM. Takxke
paboTbl [4], [6] v [26]. B cTaTbe [26] AOKa3aHO B YaCTHOCTW, YTO A5 KOHEYHOCTU

CKOPOCTW pacnpocTpaHeHUs BO3MYLLEHWA ans ypasHeHust (0.5) A03TaTOYHbIM SIB-
NSeTCa ycnosue

(0.8) J " du < o

Ons ypaBHeHus (0.7) aTo 3kBMBaneHTHO ycnosuto U>1. Kak gokasan A. C. Ka-
nawHmnkos B [13], ycnosue (0.8) sBAseTca M HEO6XOAMMbIM: KakoBa Obl HW Oblnia
thyHkuma u0?a0, COOTBETCTBYHOLEEe 0606LEHHOE peLleHre NONOXKUTENBHO BCloay
npu t> 0, ecnn nuterpan B (0.8) pacxoguTcs.

Ho, Kak 6b110 NokasaHo B [12], X0Ta TensoBble BO3MYLLEHWA U pacnpoCTpaHs-
IOTCA C KOHEYHOI CKOPOCTHIO, OHW MPOHUKAKOT KaK YroAHO faneko: 419 KaxX40M TOUKN
Xy cyLecTBYeT Takoe /X, uto u(t, XX >0 npu t'*ty, ecnm Tonsko 1o™0.

0.4. Hannuve Mnaflinx YneHOB B YPaBHEHUN MOXET BbI3BaTb TPETUI BaXKHbIN
3hhekT, KOTOpbIA BnepBble Obln 06HapyxeH /1. K. MapTuHcoHom un K. b.
MaBnoBbIM [23]. ITOT 3(hheKT COCTOUT B NOKaIU3AL MU BO3MYLLEHWIA: MOXKET C/y-
4MTCS, YTO AaxKe 3a BECKOHEUHbI MPOMEXYTOK BPeMeHU Tenso NPOHUKAET B cpedy
NUWb Ha KOHEYHOEe PacCTOsHWe, T.e. CYLLECTBYET TaKoe 0, uto u(t, x)=0 npw
x| » L ans Bcex t>0.
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Mpumep (cp. [23], [28]). PaccmoTpum crefytollyto 3agady

(09) |_]_|': («")**—'yM npn X6(_ 00), t>Q
\K[1

(0.10) n@,x) =j o npy |x a K -\

rge

[2a(a+1)]- UC+)
|

HenocpefCcTBEHHO NpoBepseTcs, YTO 0600LeHHbIM pelleHvem 3agadn (0.9), (0.10)
ABNAETCA PYHKLNA

K

01w = (OO ~K22201E e pe T -1
npu
rge
1—e—ft—p—H(m)
00=1  ypu

(EamHcTBEHHOCTL cnedyeT u3 Teopembl 1.2.1.) N3 (0.11) BMAHO, YTO MONOXKEHME
(hpoHTa (T.e. NMHUK, rae u(t, X) obpalwaeTcs B Hy/b) ONpefenseTcs ypaBHEHWEM

r 1_ e-y(x-1)0 1/0%+1)
[1+ y(m-1) |

13 KOTOPOro B CBOK OuYepedb CrefyeT, YTo B [aHHOM C/yyae Tenao NpPoHMKaeT B
Cpefly Ha paccTosHue

x(t) =+K~1

r 1 -|1/(A+1)
L = upi*r«i= linh woi = I11+h™ 1)
Ycnosus nokanmsauum BoamyLleHunia B 3agade (0.2), (0.3) npy Npon3BoAbHOA QUHAT-

HOl HayanbHOW (yHKUMKM M3yyanucb B [15]. AHanornyHble BOMPOChI BbIN pacc-
MOTpeHbI 418 NepBoii kpaesoli 3agaun (0.2), (0.4) B [16].

0.5. [Ansa ypaBHeHus

(0.12) H = (U)XX-C-uvV
C Ha4yaNbHbIM YC0BUEM
(0.13) M(0, x) = un0(x),

roe o>1, 0<\K], ¢>0, w(x) — pMHUTHAA HenpepbiBHAA (YHKLWS, U3ydaics Mo-
CTaBNeHHbIn . V. BapeH6NaTTOM BOMPOC O HarpaBfeHUW [BUDKEHUS TPaHULLbI
HocuTenst 0606LLEHHONO peLleHus. Bblio YCTaHOB/IEHO, YTO 3TOT HOCUTENlb MOXET
CHayvana paclumpsaTbes, a NoToM cyxatbes (cM. [17]).

Mpumep. Myctb H+V—2n
no(x) = K~ Na] YMD(i2—~%2L1~) npn [id=/un M(xX)=0 npu |it| £ I,
rae a>0 »n 1>0 npousBonbHbIE Yncna. MOXHO NpPoBepuTb, YTO 0606LLEHHOE pe-
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LweHue 3agaun (0.12), (0.13) [aeTcs popmysioin

A+ 1), M1tUC-1) le(g-1)4a2+ 4n2/2
m(/, )—[ t+(B 1)aj " 1402 (n—1)a)2/(nH4) X
10-X)

Tam, rge Be/MuMHa B PUIrypHbIX CKOOKax HeoTpuuaTesnbHa, U u(t, x) —O BHe 3TOro
MHOXeCTBa.
_21fa

AHanun3 3Toro peLleHnsa nokasbIBaeT, YTo B Ciyyae a«=al= —-(—])2 npu Bo3-
i-1
pacTaHuu t HocuTenb u(t, X) cHavana paclumpseTcs, a 3aTeM cyXaetcs. B cnyuae
a”a0HocuTenb u(t, X) cyxxaertcs.

0.6. HacTosaa paboTa MOCBsiLLeHa U3YyYeHN0 060OLLEHHBIX PELLEHNid 3aday
(0.2), (0.3) 1 (0.1), (0.4). OHa cOCTOMT W3 ABYX NaB.

B nepsoM naparpade nepsoii rnasbl NPy NPeAnonoXeHNsX, BbIMONHAIOLLMXCS,
Hanpumep, B cnyyae ypasHeHus (0.2), AOKa3aHbl TEOPEMbI CYLLECTBOBaHUA AN 3TUX
3afau.

0O606LeHHbIe pewweHmns 3agad (0.1), (0.3) n (0.1), (0.4) cTposTcsa Kak npegensbl
K/TaCCUYECKMX PELLIEHNIA KpaeBbIX 3afay C MOMOKNUTEIbHBIMW HaYa/lbHbIMU W TPaHny-
HbIMW PYHKUMSIMA B pacLUMPSIOLLMXCS 061acTaX.

B onpeaeneHve 0606LEHHOr0 peLleHns BKKOYEHO TpeboBaHMe ero renbaepo-
BOCTW. [efbAepoBOCTb MO X [AO0Ka3biBAaeTCA MeTOLOM BCMOMOraTesbHbIX (PYHKLWIA
C. H. bepHuwrTeiiHa. CornacHo pa6oTam [18] u [8] n3 aToro cneayeT renbAepoOBOCTb U
no t.

B cnyyae nepBoii KpaeBoil 3afaun OLEHKY HOpMbI [Fenbjepa yaaeTca nonyumTsb
TakMM MyTem Auwb B 06nacTu Buga X >5>0. a4 Toro, 4Tobbl JoKasaTh refibje-
POBOCTb 060OLLEHHOIO peLleHnst B6An3n X —0O, Mbl yCTaHaB/MBaeM, 4To TaM arn-
NPOKCUMUPYHOLLIME Ero K/TACCUYECKIME PeLLieHns PABHOMEPHO OTAENEHbI OT HyNS.

Bo BTOpoM naparpadge nepBoii rMaBbl PaCCMOTPEHbI BOMPOCHI €4NHCTBEHHOCTM
0606LeHHOro peweHus 3agay (0.1), (0.3) n (0.1), (0.4).

B TpeTbeM naparpacie NnepBoii rnasbl JOKa3aHbl TEOPEMbI CPaBHEHMS ANs 0606-
LUEHHBIX peLUeHuiA. TN TeopeMbl CUCTEMATUYECKM MPUMEHSIOTCA BO BTOPOWA rnase,
HO UMEIOT M CaMOCTOSTE/bHbIA UHTEpEC.

UeTBepTbIli naparpad MnocBsileH MHOroMepHOMY cnydato. OKasblBaeTCs, 4TO
NpYMEHEHHbLIM B NEPBOM Maparpage MeToLO0M CyLLeCTBOBaHWE 0600LLEHHbIX peLLe-
HWiA 3aga4n Kolum 1 nepBoid KpaeBol 3afaumn ans ypasHeHus (0.1) MOXHO A0OKa3aTb
npy HEKOTOPOM YCNOBUM BNN30CTU A K eguHuLe. [lokas3aTebCTBa e TeopeM eAnHC-
TBEHHOCTW W CPaBHEHMUS AOCNOBHO NEPEHOCATCS Ha MHOTOMEPHBIWA CTyYail.

B nepsom maparpage BTOpPO rnaBbl pACCMOTPEH BOMPOC O SI0Ka/IM3aLnm BO3-
MyLeHniA ans 3agaum Kowwm (0.1), (0.3).

Bo BTOpoM naparpace BTOPOiA FnaBbl M3y4aroTcs aHa/0MMyHble BOMPOCH! ANs
nepBsoii Kpaesoi 3agaun (0.1), (0.4).

PesynbTaTbl BTOPOW FNaBbl WMKOCTPUPYIOTCA Ha NPUMEpPe MOJENIbHOro ypas-
HeHus (0.2).

ABTOp npuHOCKT rny6okyto 6narogapHoctb A. C. KanalHWKOBY 3a NOCTOSH-
HbI UHTEpeC K paboTe W LeHHbIE COBETHI.
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I. TEOPEMbIl CYWECTBOBAHNA, EJMUHCTBEHHOCTW U CPABHEHNA
81.1. TeopeMmbl CyLLeCTBOBaHMUSA

1.1.1. OcHoBHble 0603HaYEHNSI, NPEANONOXKEHNS 1 ONPeaeneHus.

R+ = {(rx): xERL}, RZ+=RZ2MN{x 0}
Mel 6ysemM paccMmaTpmBath B RZ2unu B R2+ ypasHeHue
@ n, = [a)u»]xx-[b(t, x, ux-c(t, X, n).

MpegnonaraeTcs BbIMOMHEHNE CEAYHOLMX YCOBUIA.
I. 1 — KOHCTaHTa, A1
Il. a(i)€C2 npn Osicoo M 0<a”a(r)=5<°° anga scex rc[0, *°], raeiin 3

KOHCTaHTbI.
1. ®dyHkumn b(t, X, ) n c(t, X, 1) onpefeneHbl U HENPEPbIBHbI A5 3HAYEHWIA
n”0; npu atom b(i, x,0)=c(/, x, 0)=0, a gnd H>0 M BCcex paccMaTpmBaeMbixX

I X cnpaBeanuBbl cooTHOLLEeHMA b{t, X, n)6C3 c(t, X, N)EC2 ox +c(/, x, ) &
€0 unc(t, x, n) "0.

IV. CyulectByeT Takoe uncno /7€ (a—1L, 4), 4to npu (G, M), \iM>0, n npn
BCEX paccMaTpuBaeMbIX t, X OpraHWueHbl CeayoLWwme BeIMYnHbI:

»28+t1-a Pb(t,x, n) B+9 ad2b(t, X u) ., udb(t,x, n
anpgx’ an2 il

d2b(t, x, n) ,Zs_éjdb(t, X, W)
ax2 ax

u»-i‘dt,x,u), u2Bk+-o gcN’'X’ , . ac(l,x, n
»-1'( ) Ach 1) uas/A(OX )

MOSICHAM CMBICA 3TUX YC/IOBUIA B CllyYae MOAE/IbHOTO YPaBHEHMS:
a(t)y = 1, b(t,x,m = boug QT ™) = cOuv; Co fel0—const.

HeTpyaHO NpoBepuTb, YTO BCE CHOPMYNMPOBAHHBIE BbILLE YC/IOBMSA BbIMOMHAKOTCA
npu c0*0, V>0, A™ 1um no6om b0 ecnn

wax (g-1, < B =g

[na ypaBHeHus (1) 6yaeT paccmatpmBaTbest NM60 3adava Kowwu B R2 ¢ Havanb-
HbIM YC/IOBUEM
2 a(0, x) = uo(x), x€R\

nnbo nepsast Kpaesas 3agaya B R ++ ¢ ycnosmamu
nO,x) = HOX), x & O
u(t, O = mao,
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3pecb UQX)EQ — HenpepbIBHas OrpaHNYeHHas (yHKUWSA, NPUYEM CyLLeCTBYeT
orpaHnyeHHas 0606LleHHas Npon3BoaHast ax ' TAe B TO e, 4TO W BbiLLE.

B cnyuae nepBoii KpaeBOW 3aaun AOMOMHWUTENbHO MPeAnonaraeTcs creayto-

1° v(0)=H1(0)>0,

2° ®yHKuma ux(t) orpaHuWyeHa v CTPOro MosIOXKUTENbHA NPU OrpaHNYeHHbIX t
N VMeeT 0600LLeHHY0 Npon3BoAHYt0 dujdt orpaHMYeHHY MpU OrpaHNYeHHbIX t.

Myctb A — 3aMkHyTas nogo6nacte R+ M R++, BOOOLLE roBOpS, HeOrpaHu-
YeHHas; B YaCTHOCTU, MOXET ObITb A =R+ nnm n =R++.

Lee

OnpepgeneHne 1.1.1. HeoTpuuatensHas B A dyHkuma u(t, X), yLOBNETBOPSIO-
Wasa ycnosuo Menbaepa U OrpaHUYeHHas npu orpaHUYeHHbIX t HasbiBaeTcs 0606-
LEeHHbIM peLleHnem ypaBHeHus (1) B A, ecnm ans u(t, X) BbINOMHAETCA MHTErpasibHOE
TOXAECTBO

4 I(u,f- t0, ij; x,,, Xi) = f (uf, +a(t)u*fxx+b(t,x, u)fx-
1

*1 fl tx
—c(t, jo u)f) dxdt—J uf dx |—J*a(t)uffxdt | =0,
*0 0 0 0

KaKoBbl Obl HW OblIWM yMcna x0<xls Takue, yto A=[*CO]X[x0,xjcn, wu
thyHkuma f(t, x)dCl;l (4), paBHas Hyno npu X=X0 N X=XX

Onpegenedne 1.1.2. O606ueHHbIM peweHrem 3agaun Kowwn (1), (2) Hasbl-
BAeTCA OrpaHuyeHHas QyHKums u(t,x) aBnaowanca 06006LLEHHbIM peLleHneM ypas-
HeHus (1) B R+ 1 y40BNeTBOPAOLWAN YCI0ButO (2).

OnpepeneHune 1.1.3. O606LLEHHbIM PeLEHMEM MEPBOI KpaeBoil 3agaun (1),
(3) HasbiBaeTca hyHKUMA M(T, X) SBNAOLLAACA 0606LLEHHbIM pPELUEHNEM YPaBHEHUS
(1) b R¥+h ygosneTBopstowas ycnosuam (3).

1.1.2. Teopema cyllecTBoBaHuA And 3agaunm Kowwm. Teopema 1.1.1. TycTb
BbINOMHEHbI ycnosusi nyHkTa 1.1.1. Torga 0606LieHHOe pelleHve 3agadun Kowm (1),
(2) cywecTByeT. B Tex BHyTpeHHMX Toukax R+, rge u(t, X) >0, dyHkumsa u(t, x)
YA0BNETBOPAET ypaBHeHUIO (1) B 0ObIYHOM CMbICHE.

[JokasaTtenbcTBO. [1a NocTpoeHus 0606LLeHHOro peweHus 3agadu (1), (2)
Mbl GyeM CnefoBaTh CXeMe, NPUMEHsIBLLEHCS B paboTe [26].

MycTb rg,(x), n=1, 2, ... — nocnefoBaTeflbHOCTb OrPaHUUYEHHbIX, MONOXUTESb-
HbIX, GECKOHEYHO AuddepeHLMpyeMbIX (YHKLUA, KOTOpas, MOHOTOHHO Y6biBas,
PaBHOMEPHO CXOAUTCH MpU <= K (yHKUMM VAX) =u(j(X) HA KaXJOM KOHEYHOM
oTpe3ke; f — 10 xe, yTo M B N.1.1.1.

MpeanonoXxum eLlg, yto

sup \dvOn(x)/dx\ < °° n Mnp(x) = supvom(O =M gns  |x| =n.
n,x T.£
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O603HaUMM Yepe3 V—V,,(t, X) peLleHne CreaytoLLei 3adaun:

©
(m i Vx + ANIAT)Y-B v Ace (L, X v
BB, = (0, n)X{[x| < wu},
Ip(0, x) = v0Q,(x)
© b(B*)|M == M.

3 Teopumn HeBbIpOXKAAOWMXCA Mapabo/IMUecKnX YpaBHEHUI KM3BECTHO (cm. [20]),
yTO pelleHmne 3agaum (5), (6) cywecTBYeT U e4UMHCTBEHHO ANS Kaxaoro n. 3 npuH-
uMna mMakcumyma cnefyet, 4to M~vnSvm+1>0 Bcrogy B Qn (u=1,2, ...), M —
TO Xe, UTO B (6); AICHO, YTO OHO He 3aBUCUT OT M. [03TOMY B KaxXXa0i1 Touke (t, X)6R+
cyLlecTByeT Ijj*ngo un(t, x)=u(t, x), rae un(t, x)=V\IR(t, X). Mbl nokaxem, 4To u(t, X)

ABNAETCSH 0006LUeHHbIM pelleHrem 3agaum (1), (2). OueBuaHO, UTO (yHKLUUA U(t, X)
HeoTpuLaTenbHa, orpaHuyeHa U yA0BNEeTBOPSET UHTErpaibHOMY TOXAECTBY (4).

[Jokaxem, uto u(t, x) yposnetsopsieT B RE ycnosuio enbgepa. O603HaUUM
Yepe3 Pn npaAMoyrofibH1K

{2.x): 0Sfin, |x| Sfi-1, n-m2}

Mbl nokaxem, 4To B P,, yHKUMS U,,(t, X) yaoBneTBopseT ycnosuto Menbgepa ¢ no-
KasaTefieM MU KOHCTaHTOM, He 3aBUCALLMMM OT .
MbI ncnonbdyem metog C. H. BepHiuTeitHa B jopme ApoHcoHa [1].

Monoxum vn=f(wn), rae/(w) -M vr(4—w). Torga 0 <w,S 1 OueBngHo, 41O
Ha oTpeske [0,1] ana yHKUMM f(W) BbINOMHAKOTCA COOTHOLLEHNS

) 33 3 4
PyHKUMa w=w,,(t, X) ygosnetsopseTr B Q,, ypaBHEHUIO
(8) n, = ua@© f (- |VBW+(i|/tO-U/ZF+ L i/yc—‘-m/«) o]

(W P w+ R -Bi?pch
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MpoantiepeHumpyem ypaBHeHue (8) no X:

©) cua(o/(-yM,* - na™E -L f'fb - 1-Miyyxwxx+

+ 2mxwof * - - DR[TF+ E £ +

wsf ili~1~ 28),8 m- (n_an_I_B)-f'Z-l’--Zp_BI_B/"/]}-

d2b (t,x,pif)+d2b{t,x,pif 1. . &

o du dx du? ] f (I-IRF'w X) wx

(d2b(t, x, T 1) 1 (1 g/g dbo(t, x,fliR)) f (B~

| dxdu BJ J x+ dx2 YP !

+db{t,x,f],fS) 10db(t,x,pIB (fR-~"R) 1_
du XX+ P dx |7 TW

o Aot X fIIR) W=D de(t, x, IR

o r o WeBe(t X FIB\L— -3 We

O603HaunM yepe3 £= £,(*) rnagkyto cpesarollyo (yHKLUMIO CO Cneayrowmmm
coiictBamu: £=0 B OKpecTHoCTM npambiX |X|=n; £=1 npu |x| LLh—1, 0ss”=31,
Id=Mr, INd M 2_rge Mxu M2He 3aBUCAT OT W

PaccmoTpum B Q,, (yHkumio z(t, X)=C,2(x)w%. Ecnn maxz pgocturaerca npu
i=0, TO B TOUKe MakCMMyMa Z BbINOSHEHO HepaBeHCTBO z = [(/")'vimkT =M 3, rae
M30T n He 3aBucuT. IpeanonoXumM Tenepb, YTo max z gocturaetcs B Qn. Torga
B TOUKE MakKCMMyMa (hyHKUMK Z(t, X) BbINOMHAKOTCA COOTHOLLEHNS

zx—0 n zt-na(t)f* Dizxx~d.
MopcTaBnaa ctofa ABHOe BblpaxeHue ana z(t, X), nonydaem

0°) T2WXWXX = - tXWR,
()
2wx(Wix-fia (t) f~A/Bwxoo) N pa(t) fA)IBaw2+ N w RHAC2WXWXX+ CQWAX).
BennunHy, cTosiLLyt0 B neBoi YacTu (11), Bbipa3uM W3 ypaBHEHWS, MO/yYato-
LLLerocst YMHOXeHuem 06enx vacTeld (9) Ha t?2wx. 3aTem BO3HMKLLEE HEPABEHCTBO YM-

HOXUM Ha yOi+i-rt/~ Tlocne HEKOTOPOI NeperpynnupoBKM YNEHOB MOMYYEHHOIO
HepaBeHCTBa Mbl MPUXOAMM K OCHOBHOMY HepaBeHCTBY (apryMeHTbl Yy PYHKUUIA @, b
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1 c He nuwem; Besge a(t)—a, b(t, x,flIR)=b, c(t, x,fllR)=c):

(12) /m£2[-|£/1|' P-b-PbT1P) WA

S HaCxF 2wx+" M - fy ywl + 2Ha@2y R
paf2(CxW2+ CCXXwl4-p 2wxxwx) -

N AL YRR I v dab i f(B+2-p)ie ff s (28 +1 R [RWXVK +
ldudxJ Wx+du2 BJ J x+duld

d2b nfwW-»M d2b F(28 +1-ii)/Bw 2. 3b fm +i-R)/f
X

+dx*B /' Wx+3xdu fp i4

e )

BennumHa, cTosAWas B KBagpaTHbIX CKOGKax neBoit yactu (12), B cuny BbiGopa
B n/ (cm. (7)) 60nble PUKCMPOBAHHOIO MONOXUTENBHOIO YKCHa.

cnonb3ys ans npeobpasoBaHns npaBoii yacTu (12) n paBeHcTBO (10) U NpUHK-
mas Bo BHMMaHue cBoicTea 11 n IV n. 1.1.1, Mmbl 13 (12) NOAYy4YMM HEPABEHCTBO

(13) Ci K |+ c2wk+ c3K |3,

13 KOTOPOro, B CBOK OYepesb, BbiTeKaeT HepaBeHCTBO |wx|=Ct B P,,.
OTctofia HeMe/leHHO CnefyeT OrpaHMYeHHOCTh |ax|, @ U3 3Toro cnegyet, yTo

yHKUMA U,,(t, X) yA0BNEeTOBPSET ycnosuto enbaepa B P,, C nokasarenem min

N KOHCTaHTOW, He 3aBumcsLleit oT n. Kak nokasan C. H. KpyxkoB [18], n3 atoro
cnegyet, 4to un(t, X) yaoBneTBopseT ycnosuo Menbgepa v no t. dyHkuma u(t, x)
06nafgaeT 3TUMK XXe CBOMCTBaMMW. 10 MOCTPoeHUo u(t, X) YAOBNETBOPSET Hayaslb-
HOMY ycnoBuo (2) u, CnefoBaTefibHO, ABNAETCS 0600LEHHbIM peLleHueM 3ajauu

0), (2.

) %ﬁm [l0Ka3aTenbCTBa MOCNEAHEro YTBEPKAEHUS TEOpPeMbl PacCMOTPUM BHYT-
PEHHIO ans R+ Touky (r°, x°) Takyto, uto u(t°, x°)>0. Torga uld(t, x) 5Ea==() B
HEKOTOPOM 3aMKHYTOM OKpecTHoCTM Q Touku (t°, X°). CnegoBatenbHO V,(t, X) Lidc
(n=1,2,...) B Q. Moatomy ypaBHeHne (5) ABNAETCS PaBHOMEPHO OTHOCWUTESILHO N
napabonunyeckum B Q. B cuny oueHok A. dpuamaHa (cm. [32]), nocnepoBatesb-
HocTb {r,} KomnakTHa B C}X{Q). OTctoga BbiTekaeT, 4To yHKums u(t, x) B Q
YA0BNEeTBOPAET ypaBHEHNO (1) B 06bIYHOM CMbicrie. Teopema [oKasaHa.

1.1.3. Teopema CcylLLeCTBOBaHMA AN MepBOi Kpaesoi 3agaun. Teopema 1.1.2.

MycTb BbINOAHeHbl ycnoBusa nyHkTa 1.1.1. Torga 0606LeHHOe peLleHne u(t, X) nepsoit
KpaeBoit 3agaum (1), (3) cywecTByeT. B Tex BHYTpeHHUX Toukax R+ +, rae u(t, x) >0,
thyHKums u(t, X) yaoBneTBOPSeT ypaBHeHMO (1) B 06bIYHOM CMbICTE.

Joka3aTe/lbCTBO B OCHOBHOM aHa/IOTMYHO MyHKTY 1.1.2. JloCTatO4yHO Mo-
CTPOUTbL 0606LeHHOE pelleHre 3agaun (1), (3) B R++C\{t"T) ana npousBonbHOIO
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TQ (0, °°). ®yHKUMK V,(t, X) onpefenMm Kak pelleHusi ypaBHeHus (5) B Q+—Q, MM
M{x~0} N{tér} c ycnosusmu

wn(0,x) = von(x)
(14) »n\x=n = M
vn(t, 0) = Mn(t).
3gecb vin{t), n=\, 2, ... — nocneaoBaTeNbHOCTb MOMOXNUTENbHbIX GECKOHEYHO ANd)-

thepeHUMpyeMbIX (DYHKUWIA, MOHOTOHHO YObiBas cxoaswmxca K ¢yHkumm u((t).
PaBHOMEPHYIO MO N OrpaHWYeHHOCTb MPOM3BOAHBLIX WX yAaeTca Tenepb 40OKasaTb
b B npsmoyronbHMkax suga Pno={(i, Xx):0"M T, 0<& *x-<n—1} (V<5>0).
OTcrofja BbITEKAeT, 4TO (yHKUmMA u(t, x):nlim X) YAOB/ETBOPSET YCI0BUIO

lenbaepa Ha BCSAKOM MHOXecTBe Buga R+ +{x >0}.
MokaxxeM Tenepb, YTO B JOCTATOMHO Y3KOW Mosioce, MPUMbIKAKOLWEl K NpsMoi
x=0 peweHns vit, x) 3agaun (5), (14) paBHOMEPHO MO N OTrPaHUYEHbI OT HY/A.

Nemma 1.1.1. TycTb BbINOMHEHbI ycnosua nyHkTa 1.1.1. Torga CywecTBylT
Takue NoNo>KUTENbHbIE NOCTOAHHBIE L U I, He 3aBUCALLMe OT N, 4To npu (t, X)EPN=
={(? x):0M"T, O~X"l) umeeT MecTo Uu,(t X)"e.

[OokasatenbctBo. o npegnonoxeHuto M(r)*Er >0 npu O st*T un nx) =
npu 0Sx~(515 >0, no HenpepbIBHOCTM (yHKUMM MQAX). PaccMoTpum B

obnactm D={(t, x):0<r<I', x>0, v—I —x(r+ 1)>0} dyHkumo y=y(t, x)=ova,
rae T, 0 U (0 — Bbl OMPaeMbIe HUXE MOMOXKNTE/bHbLIE MOCTOSAHHBIE.

Mpexpae Bcero, BbibepeM 0 1 T Takum obpasom (@=a(), TAT0), 4TOObl Mbl UMENN
y(0, x)<m(0, xX) 1 y(t, 0)-=m(?, 0).

Torga y =wn Ha napabonuyeckoi rpaHuue obnactu -DIN L+ (a= 1,2, ...). Ecin
Mbl MOK&XEM, UTO NPY HEKOTOPLIX @, T U 00

(15) < =-y, +[aOyT*~[b(tx, y)Ix- c(t,x,y) > 0

B 06nacTu D, TO 13 TeopemMbl cpaBHeHus A. ®puamaHa [32] 6yaeT cnefosatb, YTO
y(t, x)*unt, x) B OlNg+ OTcioga npefenbHbIM MNEPEXOAOM MOAyYUM  YTBep-
XAeHne nemmbl. Haxogmm:

ify = (tcoxvl 1+ a(t)jUco(cop— I)(t+ T)2o0,IvCli 2—
db(t, X, y) . db(t, x, y) ‘
dx 0(0ft+x) Lc(i, X y).
MycTtb _dl . Tak Kak X >0 B D, Mbl nmeem

& > "oop2 |ao),q(a),q—1)<r/\2—"2'*"‘i db(t, x, y)
—oco(T+1) db(td’ %Y) ci-®@oi-i)_e2-»iic(i>jes)] = -*[2i_

W3 ycnosuid 111 n.1.1.1. cnemyeT, YTo ANs OFPaHUYEHHOCTU A 2, M- T JocTarou-
HbIM YCNOBWEM SBNSETCA BbLINOMHEHWE CMEAYIOLMX HEPABEHCTB (COOTBETCTBEHHO):
ai(2B—p )" 2 —cop, a>(R+1—p) & 1—eo(p—1), co(2B—p )" 2 —cop.
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Bce OHW 3KBMBaNEHTHbI HepaBeHCTBY COR™l. Bbl6op @ M3 HEpPaBEHCTB — = R

BO3MOXEH, TaK Kak NTak, cywecTBYIOT NONOXUTENbHbIE KOHCTaHThl Q, C2
n C3He 3aBuUcCAWME OT T, Takme, 4To Xy >p“'l 2(CLr2—C2r—C3. OTcroga BUAHO,
4TO 3a CYET BO3MOXHOIO YBefMYeHs r&T0 MOXHO A0CTUYL TOro, 4To6bl ObLIO
Xy>0 B D. J/lemma foKa3aHa.

CornacHo nemme, ypaBHeHue (5) paBHOMEPHO Mo N napaéonuyHo B?,. B cuny
M3BECTHLIX OLEHOK M3 TEOPUW HEBLIPOXAEHHbIX MapabonnyecKnx YpaBHEHWIA (CM.,
Hanp., [20]) oTctoga cnegyeT, 4To (yHKUMs u(t, X) YAOBNETBOPSAET yCNOBUIO [enb-
fgepaBP,,a 3HauuT, necrogy B R++T[t"N T}

BbinonHeHne nHTerpanbHoro toxaectea (4) n Kpaesbix ycnosuii (3) ana u(t, x)
BbITeKaeT 13 nocTpoeHus. Teopema 1.1.3 fgoKasaHa.

§ 1.2. TeopeMbl eINHCTBEHHOCTU

1.2.1. Teopema egvHCTBEHHOCTU and 3agaun Kowu. Teopema 121, O606-
LLieHHOe peLueHmne 3agayun Kowm (1), (2) eaMHCTBEHHO.

[JokasaTtenbcTB0o. BosbMeM npoussonbHoe T6(0, co). Myctb u{t,x) 0606-
LeHHoe pelwleHre 3agaumn (1), (2) B R+ N {t"T}, nocTtpoeHHoe B n. 1.1.2. Hanom-
HUM, 4TO Uuft, X)= Hﬂ% un(t, x), rge ¢yHkumm un(t, X) >0 ya0BNETBOPSIOT YypaB-

HeHuto (1) npu |x|<u, t</?, a cnepoBaTenbHO, W ToXAecTBy (4), ecim < T
Myctb v(t, X) — Apyroe 0606LLeHHOE peLleHWe 3TOW e 3agadn. lokaxeMm,

yto u(t, x) =v(t, x) B R2 C\{t"T}. lMoactaBum B TOXAECTBO (4) BMECTO W CHavyana
1,,a 3aTeM v, BbIYTEM 13 MEPBOr0 paBeHCTBa BTOPOoe. Mofyunm

(16) [ (f, +Arfxx+BJx-CJ)(un-v)dxdt-
4
-/ f(un-v)dx I - / a(t)fx(ui-if)di | =0,
0 N D 0
roe

f} db(t, x, O+ (1 —G

A, = pa(t) f} [Bun+(\-9)ur-Ye, Bn=1 ~—""""7T" " ‘oo ) o)

B cuny npeanonoxXeHunic oTHocuTenbHO (yHKumid a(t) m b(t, x, 1) 1 cBoiACTB
un(t, X), AoKasaHHbIX B npegplaywiem naparpade, GyHkumm A,,(t, X) 1 B,(t X)
YL0B/IETBOPSAOT YCN0BUIO ["efbiepa N0 060MM aprymeHTam, npuyem

A, Y pa(t) %ng 1=/n,>0, n=1,2,
Mpeanonoxum, 4to K" v; Toraa Haingetca Kpyr Ec Rd, B KOTOPOM Pa3HOCTb U—V
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coxpaHsieT 3Hak. B Toxgectse (16) nonoxum io=0, tx=T, x0= —R u xr—R. Tpeg-

NOMOXMM, 4TO yncna Tu R HacTonbko Benuku, uto Ec Lik~1rge L= [, /] X[QT].
Myctb (yHkums g(t, Xx)CCO' TakoBa, 4To g(u—Vv)>0 BHYyTpU E n suppg==~£.
0O603Haunm yepe3s {CRk(t,x)} nmocnegoBaTenbHOCTb MOMOXKUTENbHbLIX FALKNX

(hyHKUMWIA, paBHOMEPHO cxogsLLytoca K Cn(t, X) npyu K—<B uunuHape LI K
PaccmoTpuMm nepByto Kpaesyto 3agady B LLK ansa dyHkumm f(t, x) = fRUE, X):

i &of = ft+ Anfxx+ B Jx-C R =g(t, x),

{} li=e=/l|*|=a= 0.
W3BecTHO [32], uTo 3agava (17) MMeeT eanHCTBEHHOE peweHnef Rk ans noboro
k= 1,2, .... Ham noHanobsaTcs HekoTopble oueHkn ansf Rk

Nemma 1.2.1. CyuleCTBYHOT NONO>KUTE/bHbIE MOCTOAHHbIE @ U M, He 3aBucd-
wue oT R, N 1 K Takve, 4To Ansd/ B L| K BbINOMHEHO HEPaBEHCTBO

\i(t,X)\ & M exp [—a(l+ x93,

[JokazaTtenbcTBOo. Paccmotpum diyHkumio zRt, X)=M T~\T —r)exp[—a(l +
+*2)12, n nonoxum wl==+f+z1 OueBngHO, 4TO0 HAED Npn x=—R 1 X=R, u
wx=0 npu t=T. B cuay npuHumna MakCcumymMa Aa [0Ka3aTenbCTBa JSieMMbl L0cC-
TaTOYHO MoOKa3aTtb, YTO B LLK npu HekoTopbiX M 1 a. Vimeem

[« I (FIXA 1 ocx

v (ML A2+ (14X QI2HT T AD L (LHKDL2"
-CKwk- "~ =zxg+zl[n,(a+ad+[4, la-"|.

Mbl MOXEM npeanonoXnTb, He Hapywas o6uHocTh, 4To \g(t, X)|<— MT~Xs

cexp[—(1 +x212 npn HekoTopom M. Tak Kak hyHKumn A,,n B,,paBHOMEPHO OrpaHu-
YeHbl, TO 13 HepaBeHCTBa (18) BUAHO, YTO MOXHO BblOpaTb a>0 HaCTO/bKO Ma/eHb-
KUM, 4T06bI 66110 B0Mxc 0 B LLK Jlemma 1.2.1. gokasaHa.

Nemma 1.22. CywecTByeT NONo>KMTeNbHOE uncno B=R(n), 3aBucsLiee oT N,
HO He 3aBuCALLEe OT R U K, Takoe, YTO

ar(e 0 S MB{\+(/? —1)9V2exp 1— (1 + (P—1)2/]

d x
rge € M To >Ke, YTO U B iemme 1.2.1.
[ okasaTenbcTBO. Bocnonb3dyemcsi MeTOAOM, MNMPUMEHSIBLUEMCAI B CTaTbe
[27]. Nycte B={\ +(R—12J12 Res-2. Beegem ¢yHKUM0 z2—M expi—%B\ m

*exp[RB(x—R)] 1 nonoxmm w2= + f+2z2. \
Vimeem

wh=r=Mexp(-yn], WACA 1= +/|x=a-i+-" exp —B—RB".
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Ycnosne Wlc=k-i S wZ*=k BbINOMHEHO, ecnn (cM. nemmy 1.2.1) exp|—yRj +

+exp(—BB)”"l. Tak kak B>~1, To goctatoyHo B3aTb B=Ri, rae B, >0 onpege-
nsieTcsa paBeHCTBOM e-/Ji= | —e~af2; oueBnaHO, Rx He 3aBMCMT OT R, N v K. Oanee,
BLUHKL K-lumeem J2>2=z2ARB24-B3B- CRK) Sz 2@{ri)(R- 1fR2- (n)RR-

RK> rpe agin) n yi(n) nonoxutenbHble yncna. Mockonbky CRK paBHOMEPHO No
R v K orpaHnyeHbl, TO MOXHO Bbi6paTb $2(n) Tak, 4To6bI Npu 8 =R~,(N) BbINOMHANOCL
HepaBeHCTBO jSon2=-0B8 LIK L K~r. Bo3bmem /1= (1) = max (b R2). N3 gokasaHHOro

BbilLE CMeAyeT, YTO

-—8
aw?2 S 0, uyto gaer K =8 MRBe 2 .
,D.X .D.X x =R
Ons x=—R pokasatenbCTBO aHanornyHo. Slemma 1.2.2 fokasaHa.
BepHemcs K ToxaecTBy (16). Ha ocHoBaHum nemm 1.2.1 v 1.2.2 13 Hero cne-

JyeT, uTo
f glun—v)dxdtS Mx f \Cn-C RKe-«1-b2htdxdt +
E

R _tp
+ M2 J \n{0,x) —u0(x)\e~IxxEdx + M aR{n)Be” 2 .
-R

YcTpemnsas 34ecb K 6ECKOHEYHOCTM CHavania K, 3aTeM R 1, HakoHel, N, Mpuxoaum

K HepaBeHCTBY
J'g(u—v)dxdt a 0.
E

3TO NPOTUBOPEYUUT MONOXKMTENBHOCTU MOAMHTErpanbHOM  (YHKUMM BHYTpU E.
Takum o6pasom, u=v Bclogdy npu t* T, aBBUAY NPOM3BOMLHOCTU T —BClody B R+.

Teopema foKa3aHa.

1.2.2. Teopema eVHCTBEHHOCTY 415 NEpBOM Kpaeson 3afjaun. Teopema 122
OG6006LLEHHOE peLLeHVe NepBoin kpaesoi 3ataun (1), (3) eauHCTBEHHO.

[ okKa3aTenbCTBO aHaNOrMYHO J0Ka3aTeNbCTBY Npefplaylleit Teopembl. OT-
NYme CoCTOMT B TOM, UYTO B KayecTBe {ur} 6epeTca nocnefoBaTesibHOCTb, MOCTPO-

eHHaa B n.1.1.3, x0=0, xx=R.
BmecTo 3agaum (17) paccmatpuBaeTca 3agada

ilNf=T =/bx=0=/1*=R= 0.

§ 1.3. Teopembl CpaBHeHMs

B atom naparpade 6yaeT AokasaHa TeopemMa O MOHOTOHHOW 3aBMCUMOCTU
0606LLEeHHOr0 pelleHnst ypaBHeHns (1) 0T HaYanbHbIX JaHHbIX, & TakKe HEKOTOpble
Opyrve YTBEPXAEHWS, WrpaloLline BaXHYH po/ib B WCCNEA0BaHUM CBOWCTB 00006-
LLEHHbIX PELLEHNIA.
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1.3.1. Myctb V 3aMKHyTas nogo6nacts B R2 unm B R++,

Onpegenenune 1.3.1. HeoTpuuatenbHas B V dyHKums v(t, X), yA0BNETBOPSIO-
Was ycnosuio enbfepa M OrpaHUYeHHas NpyY orpaHWYeHHbIX t HasblBaeTcs 06006-
LLEHHbIM cyneppeLleHnemM ypaBHeHus (1) B V, ecnm ansa v(t, X) BbINOMHSAETCA Hepa-
BeHCTBO I(y,f; tO, tx; X0, XxnwO, KakoBbl 6bl HW 6blAM ymcna t0< 2 Xx0< XX, TaKue,
yto L=[xn, x j X[?0, A]lc K n HeoTpuuatenbHaa ¢yHkuma f(t, x)*C};x (Ll), pas-
Has Hyfo Npy Xx=xan x=xx. 3gecb I(v,f; t0, tx; X0, Xj) onpegensiercs cornacHo (4).

3ameuaHune 1.3.1. Myctb dyHKuma v(t,x)"0, yaosnersopatowas B V ycno-
BUIO [eflbJiepa 1 orpaHWYeHHas Npu orpaHUYeHHbIX t ABNSETCS rN1afKol BHE KOHeu-
HOro Yncna HenpepbIBHbLIX KPUBbLIX BUAA X=£(?) ¥ YLOBMETBOPSET TaM HepPaBeHCTBY
JTV,O, rge

(19) & y=-y, +[a@yIx-[b(t, x, y)Ix- c(? X, y).

MycTb, KPOMe TOro, NpPoM3BoaHas HenpepbiBHa Npy X =£(t). Torga ¢ NOMoLLbo

WHTErpypoBaHna No 4acTsM Nerko ybegmtbes, 4to V{t, x) ABNseTca 0606LWeHHbIM
cyneppeLueHem ypasHeHus (1) B V.

Teopema 1.3.1. MNycTb u(t, X) — 0606LIeHHOe pewweTe 3agaun Koww (1), (2),
a y(t, x) — 0606LeHHOe cyneppeLleHre ypasHeHns (1) B R+. Mpeanono>kum, 4To
no(x) =y(0, x) ana XCRL Torga u(t, x) ~y(t, x) Bctogy B R+.

Joka3zaTenbcTtBOo. [lpeanonoxum npotuBHoe. Torga, Tak Kak u(t,x) u
y{t, X) HenpepbluHbl, cywecTByeT Kpyr £cR 2N {i~T}, B KOTOPOM M>Y, K Tem
6onee w,>y, are (m,) NnocTpoeHHaa B n. 1.1.2 nocnegoBaTeNnbHOCTD.

Tak Kak u, ABNSeTcs U 0606LLEHHbIM pelleHneM ypaBHeHWst (1), Mbl UMeem

K, h; x0,xD-1(un,f; t0,tx, x*x4"0,
TO eCTb
(20) f (ft+Anf xx+Bnf x—Cnf) (y —u,,) dx dt S
|

S f f(y-u,,)dx I +f a(t)fx(yR—egHdt \ .
0 0 0 0

AHaNornyHo ToMy, Kak 370 6blf0 cenaHo B [oKa3aTenbCTBe Teopembl 1.2.1, Mbl
noctpoum nocnepoBatenbHocTb {CRik(t, X)} C Hy>HbIMK cBoiicTBamu, rae R>0
BbIGMpaeTcs Tak e, kak Tam. lMonaras B (20) t0=0, tx=T, =L K Mbl npuxoamm
K HepaBeHCTBY
(21) [(1,(?, x)+Anf xx+Bnf x-C RK)(y-u,,) dxdt S

Ll|*

S fR/(O, X)[un(0, x)-y (0, X)]dx+ f f(Cn—CRK(y- u,,)dxdt+
—R L *

+ f a(t)fx(y"~ud)dt I.
¢ (Ofx(y ) s
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Myctb g(t,X) — npousBonbHasA rnagkas MUHUTHas (yHKUMSA, SUPPO=£ K
g(t, x)<0 B E, af(t, x)=fRk(t, Xx)— peLueHue 3agaum
\ft+ AJxx+B,,fx-CRI =g B LK,
{" \f(T ,x)=f\IxI=R=0.
OHO CyLLeCTBYET W eAMHCTBEHHO AN N6bIX K, N, R. M3 npuHUmMna makcumyma

cnegyet, 4uto /& 0. Mogctaeum yHKumio /=f Rk B HepaBeHCTBO (21), paccykaas
nofo6HO TOMY, Kak 3TO 6blf0 cAenaHo B KOHLE foKa3aTeNlbeTBa TeopeMbl 1.2.1, Mbl

nonyyaem HepaseHCcTBO J g(y—u)dx dt SO, 1 npuxoaum K NpoTuBopeynto. Teopema
[lOKa3aHa. e
1.3.2. TlycTb i — HeoTpuLaTenbHoe yncno. Beegem MHOXECTBO
K={6x): Ogi«», s= X< °}

Teopema 132 TycTb u(t, X) 0606LeHHOe pelleHne, a V(t, X) 0606LLieHHOe
cyneppeLueHune ypasHeHus (1) B Vs. Mpegnono>kum, 4To no(x) S.v(0, x) npu
nut, s)*v((t,s)npm 0~ i< “. Torga u(t, x)"v(t, X) Bclogy B Vs.

JokasaTtenbLcTBO. PaccyXaaem aHasiorMyHo npeaplayliemy nyHkty. Ho Bme-
CTO peLleHmMs 3agaun (22) Mbl NOACTABNSEM B HEPABEHCTBO (21) peLLeHme cneayoLLel
3ajauu:
[f,+AJxx+BJIx-CRK=g B [ = [0, TIX[s, A,

INl=r - o, I n =/nu=* =y,
rge R>s HacTo/ibKo Benuko, yYto Eall, .
3 npuHumna makcumyma cnegyet, uto /60 B L, u g; =0. AHaJIOrN4yHO

TOMY, KaK 6b1/10 nofy4yeHo (21), Mbl NPUXOANM K HEPABEHCTBY

J g(v—u,) dx dt S Jﬂf (0, x)[m,(0, x) —v(0, x)] dx +

+ ff(Cn-CRKY(v-undxd t—fT a(t)fx(t,s)[vli(t,s)-uz(t,s)]dt+
ml

0
T

+ [ afx RIVEE R)—ue(, R dt

N [,0Ka3aTeNbCTBO TEOPEMbI MOXHO 3aBepLUNTb, Kak B n. 1.3.1.

1.3.3. O603Haunm 4Yepe3 H o6nacTb, 3afaHHYH) HepaBEHCTBaMM

A (0<x <2(0> re G n £2 HenpepbiBHble yHKUMK. Yepe3 gH 0603Ha4Mm ee napa-
60MMYECKYIO rpaHuLy.

Teopema. 133 MycTb u(t, x) — 0606LeHHOe pelueHve 3agaun (1), (2), a
z(t, x) CC’X (H\gH) N C(H), npnuem u=zz Ha gH, a B H\gH BbINONHEHbI HepaBeH-
cTsa z(t, x) =0 n ZEz>0. Torga u(t, x)*z(t, x) sctogy B H.

[OokaszatenbctBo. £Tun=08 H\gH 1 h,>z Ha gH. Mo Teopeme cpaBHeHNS
n3 [32] cnegyet, uto un>z B H. CnegoBaTenbHo U= lim un*z.
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8§ 1.4. HekoTopble 0606LLEHNA HA MHOFOMEPHbIV Cryyar
I. 4.1. lNycTb Rp — A-MepHoe eBKNNA0BO MPOCTPAHCTBO,
x = (x5 ,xp€Rp, X' = (X2, ....xp).
Rptl = {(t,x): 0a t< xERp} Rftl= RM+LN{xxs O}

Mebl 6ynem paccmatpuBaTh B R2 +1 nnam RA ypaBHeHUe

(23) n, = I2=l[a;(0v|"],,,,—i=2I thi(i, x, Wlx -c(t, x, n).

MpeanonaraeTcs BbINOMHEHWE CREAYIOLLMX YCNOBUIA.
I. 0=-1 — KOHCTaHTa.
Il. a;())EC2npn 0"7-=°° n i=|I, O<a”ii.(r)~a<0o ans Beex 76(0,°°),
1=1, ..., p, TOe @ U 5 KOHCTaHTHI.
1. dyHKUMKM bi(t, x, 1) 1 c(t, X, 1) onpeaeneHbl N HENPePbIBHbI ANS 3HAYEHNIA
0; npn atom hi(t, x, 0)=c(/, x,0)=0, a ans n>0 M BCex paccmaTpuBaeMbIX
t, X cnpaBefMBbl COOTHOLUEHUS:

bi(t, x,n)EC3 c(t,x, M)EC2 c(t,x,n) S O,

%) Lo x. WS 0

=i fai
V. CylLecTByeT Takoe 4ncno —1, o), uto npn ME(0, M), VM>0 n npu
BCEX pacCMaTpmBaeMbIX t, X OrpaHuYeHbl Crefytolye BesiMUmHbI
U2/|+l u,a2b’\ * «) U X,n)
QudXi Gt

.B+1- Wb, (t, X, 1) _.ae-uffibiit, x, n) |
n & 5 U (%@(K

u2R~ f>hi(tr X— U2>-pC(t,X,U), n2+1- p—

oxi du

W LUaCax’y O *= i,

3TN yCNoBWS BbINOJIHEHbI, HaNpUMep, B C/yvyae MHOTOMEPHOrO MOJENbHOro
ypasHeHus: ar(/)=1, b"t, x,u)=biQuA, c(t, x, u)=cOuv npn ycnosusix c0sO, v>0,

2;Si 1 mobbix bto, ecim Tax|g —L ~ ftiO 1 cO— KOHCTaHTBI.
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[nsa ypaBHeHus (2.3) paccmoTpum nnbo 3agayvy Koww B R'(+l ¢ HayanbHbIM
yCNnoBuem
(24) n(O x) = M(x), X6Rp,

NnnM60 Nepeytlo KpaeBylo 3agayvy B RN+ C yCNoBUSMM

iu(0, x) = no(x), x6Rpfl Hx~ O}

(25)

| m(i, O, <) = M, X), ~Q
3gecb HY(x)sO — HenpepbiBHasA OrpaHWyeHHas QYHKUMA, MPUYEeM CYLLECTBYHOT
OrpaHuMyeHHble 0606LeHHbIe Npou3BoaHble aMYa(X)/Nx.- (i=1, roe B — 10

)€, YTO U BbILLE.

B cnyyae nepBoil KpaeBoW 3afayn JOMOMHUTENBHO MPEAMonaraeTcs Cregyo-
Lwee:

1° CyuiecTtBytoT Takue x>0 n 0, yto M(x)Selnpm O Ax/ c)N

2° ®yHKuma MAr, X ) HenpepbiBHA, OrpaHUYeHa M CTPOro MOMOXKWTEbHa Npu
OrpaHuYeHHbIX t, MmeeT 00006LLeHHbIe Npou3BogHble dujdt, dur/dxt (i=2, ..../?),
OrpaHUYeHHble MPU OrpaHNYeHHbIX t

3° BbinonHsetca ycnosue cornacoBaHus /A0, x') = M0, x'). Myctb A 3aMk-
HyTas nogo6nact RV-luam RMV.

OnpepgeneHune 14.1. HeotpuuatenbHas B A dyHkums m(i, X), Y40BNETBOPS-
toLLLas ycnosuto Mefbfiepa v orpaHUYeHHas npy orpaHMYeHHbIX t, HasbiBaeTcsa 06006-
LEeHHbIM peLleHnemM ypaBHeHus (23) B H, ecim Ans u(t, X) BbINOMHSAETCA MHTErpasib-
HOe TOX[eCTBO

I(n,/; to, x\ B) = J\

f,b+ 2 o.,(o«w »,+ 2 bi(t, x>u)fx~c{t, X,M)/)\ dxdt-
i= i=i

u .
\% i

1] p r
—Jufdx\—2 f f ai@)ulixicos (v, X)dsdt = 0,
n t, i=110 an

KakoBbl 6b1 HY 6bIM ymncna t0<tlu orpaHuueHHas obnactb [ ezRp Takwme, uto L=
—\t0, iJX BcH, n duyHkums/(?, x)eCA (L), paBHas Hyno Ha [t0, (JXcil.

O606LLeHHbIe pelleHna 3agad (23), (24) v (23), (25) onpefenstoTcA Tak e,
Kak B n.111

1.4.2. Teopema CyLleCTBOBaHMA

Teopema 1.4.1. IycTb BbINOMHEHbI ycnosua nyHkTa 1.4.1. Torga, ecnv
I+J-y-jQi-BHRB-n+V,

TO 0006LLeHHbIE peLlenns 3agad (23), (24) n (23), (25) cylecTByIOT.

JokazatenbcTB0O. O606LIEHHOE peLleHMe CTPOUTCA TaK ke, Kak B n.1.1.2.
[okasbiBas renbAepoBOCTb 060O6LLEHHOrO PELLEHNs, Mbl MPUXOAMM K aHanorus-
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Homy (12) HepaBeHCTBY

B-R -1-8) ,,2 2p-\-B —
@6 2 P2 ( BBy A2y g et =

2 ANCK 2Mk+ 2 No [286—F ' fwiiwl +
k=1 ik=1 P

2 2patez2l7 772+ 5 )IWJ\/\F,-vvk—%( Inei/VwaJ+ Kwwi+*WwwJ-

i, fe= 1 i,

oy M2V\A 1j_ f(2R+I —|‘)||3WiWk+ _/\i_ij_l\f'WVV]+
i.ui  Lonox,,

+A f A 41 v RWikwk+ A2BF QW 7 Mk V\/k+5(fb(j— fAHA /M,
xtdu'

f(3B-n)/B Q. .
NOL7 M wot+HE-/<2i41-AH -+

+ cRfW+i-rtIR mj w2,

rae it=-2..™  O603HauMM Yepe3 2 j Y-blii YneH HepaBeHCTBa (26) Tak,

o M ook
4TOObl OHO UMENO BUA

NE+N2+N3 = A g+ N sheeetN]0-

Nmeem Zi+2.+2. 7 "glzKZ F2°k< =2n
n

2 0—Fik=1 P Kby 02N T Mo =21+ X2
rae e>0 — nro6oe uncno. Janee, C

NA+Z5IN - § 2Ne QX 2W+4 | ™ i i —Lpwa S o,
1=1 e i=1 p

ecnu 0 dukeupyem (5£(0, 1) Tak, 4TOObLI ObINO

s 12)07-/H-1).
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Nmveem

(1—<5)"2-252 = (l_<5)2K2(p—B)(E-2~P +OS'2k2:1akwi-

IViZ"—JI‘—J'Z£_21 Y
ecm

a(R~ B)(R~P+]
£22(1—0) & épfggn—l) )

Beuay (27), HepaBeHCTBa [/11 € COBMECTHbl, MO3TOMY, TaK Xe Kak B M. 1.2.1, Mbl
NPUXo4u¥M K HepaBeHCTBY

2 wiac12 K|+c22 wi+c32 KI3

1 [0Ka3aTe/bCTBO TEOPEMbl MOXHO 3aKOHUMTb TaK e, Kak B . 1.2.1.

143. TeopeMbl eJUHCTBEHHOCTU W CPaBHEHUS B MHOFOMEpPHOM Ciydae (op-
MynupytoTca aHanornyHo §8 1.2 n 1.3 1 40Ka3blBAKOTCA AOC/NOBHO TaK, Kak TaMm.

Ipu ceblikax Ha 3TU YTBEPXAEHNS Mbl OyieM CCbl1aTbCH HA COOTBETCTBYHOLLME
yTBEPXKAEHNA U3 88 1.2 n 1.3,

Il. KAYECTBEHHOE WCCNEAOBAHWE OBOBLEHHbLIX PELLEHNM

B aT0ii rnaBe Mbl GyfieM CUMATATb, YTO BbIMO/IHEHbI YCMOBUS, NPY KOTOPbIX A0-
Ka3aHbl TEOPEMbI CYLLECTBOBaHUS, EANHCTBEHHOCTM U CPaBHEHWS rNnaBbl |.

§ 2.1. Jlokanmsaumsi Bo3MyLLEHUIA B 3aaade KoLum

bynem npegnonaratb, 4To yHKUMa MI(X) mHuTHaA: MO(x)=0 npu |x| S/; nycTb,
Kpome Toro, m)(0)>0.

OnpepeneHne 2.1.1. bygem rosoputb, 4To B 3agaye (23), (24) npoucxoguT
NoKanusauus BO3MYLLEHMIA clpaBa MO XK, €CAM CyLIecTByeT Takoe uucno k>0,
yTo u(t, x)=0 npu xkblkans scex t*O, rae u(t, x) — 06006LLEHHOE peLLeHne 3aaaqn
Koww (23), (24). B npoTMBHOM cnyyae Mbl 6yaeM roBopuTb 06 OTCYTCTBUM NOKann-
3alMun BO3MYLLEHWIA crpasa no XK.

AHanorMyHo onpegensieTcs n0Kanusaums BO3MYLLEHWIA cfeBa N0 XK U ee OT-
CYTCTBME.

Ecnm no XK NpoMcxoauT noKanusauus v cnpasa M cfieBa, TO Mbl ByaeM roso-
pyUTb O ABYCTOPOHHEW NOKann3auum BO3MYLLEHWIA MO XK.

BBegem 0603HaueHve

dbj(t, x, y)1

2 -
(28 <ym y+2 am(y tet 5 |

-c(t, X, y).

Acta Mathematica Academiae Scientiarum Hungaricae 32, 1978



O HEKOTOPbIX CBOWCTBAX MAPABOJINYECKNX YPABHEHWIA 321

Pe3ynbTaTbl 3TOl rnaBbl GYAyT WANKOCTPMPOBATLCA HA NPUMeEPe OAHOMEPHOTO
MOZENbHOIO YpaBHeHMs!

(29) n, = (Uixx—b0O(ux)x—cOu",

rae NOCTOSIHHbIE, BXOASLIME B ypaBHEHMe, YAOBMETBOPSIOT ycnosumam p=>\, Xuwl,
V>0, c0>; b0 — npou3BO/bLHOE.

Teopema 2.1.1. TlycTb, Kpome ycnoBuil nyHkTa 1.4.1, BbINONHAOTCA Chefyto-
LLyie NPeANONOXKEHNA: CYLLECTBYIOT NONOXKUTeE/bHbIE MOCTOAHHbIE 10 CL C2u
fc< 1, Takue, yTo npn 040, M2“], rae M=sup u(t, X), CnpaBeAMBbl HepaBeHCTBA

1° 0" ~ Cks2l°>cLlx,0),
2° nn6o Sbk(tlc:mx’ b) a 0o, /mbo gb" AMX’ 08 C201Mm/, x, 0),

£dbi(t,x,u) 4 dbit, x, 0)
3° nubo Y. & o, nwnbo
i=i OXi £1  oxr

Torga no XK NPOMCXOANT NOKa/M3aLyisi BO3MYLLEHWIA CrpaBa.

kc(t, x, B).

[JokasaTtenbcTBO. PaccmoTtpum B o6nactn Vk={(t, x): 0 0<xfe<ee,
XERp} BCOMOraTefibHyt0 yHKUMIO r+(t, X) =v+(xK):

VHO® M npm 0< xk< L

npu Xt L,
rae Z >21 — u1cno, KOTopoe Mbl Bbibepem noxe. OueBngHo, uto v+(0, X) =Em(X),
r +X(t=0feMXc0. Mokaxem, 4To <0 npn 0<x4<T.

=N
Monoxum L—>¥' Viveem

_aw Q-1 @0 |\ vppun o, P dbk(t, x, MA®) .
(B0 &ve= T TS M2 TR MAGE 1

4, db.jt, x, M%)

A dxi —e(t, x, MAQ).

3 ycnoBuii TEOpeMbl CreayeT, yTo

&v+ o, x, MA<)[ J A +Jilj+k-1],

rae KOHCTaHTbl Mx n M2 oT L He 3aBMCAT. [103TOMY Mbl MOXeM BblbpaTb L >21
Takum 60/bWnM, 4TO6bl NpU 0<Xt<Z, BbINOMHANOCL HepaBeHCTBO E£Tv+<0. Tak
Kak £2v+=0 npu xksL wu npoussogHas (rh)X HenpepbiBHa, TO MO 3aMeyvaHuto
131, v+(t, X) aBnseTcs 0600LIEHHLIM cyrneppelleHeM ypasHeHus (23) B VK .
Mo Teopeme 1.3.2 monyyaem, 4To u(t, X)Sr+ (t, X) Bctogy B VK , oTKyga cnegyet
YTBEPXAEHNE AOKA3bIBAEMON TEOPEMbI.
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3ameuaHue 2.1.1. Kak yxXe oTmevanoch, Ana ypaBHeHus (29) Bce ycCnoBums
nyHkta 1.1.1 (1 n.1.4.1) BbINOMHEHbI. YCNnoBus Teopembl 2.1.1 3KBMBANEHTHbI Ce-

LYIOLWNM: CyLLeCTBYeT Takoe, yto npu 0€[O, M2&}

a) 0“-v-2es C 1,
6) nm6o 60=0, nm6o ex~v~1(OwC2.

2
OTcloga BMAHO, 4YTO B KayecTBe m B cyyae b0S O MOXHO B3fiTb —---- v B C/lyyae

b0>0—uncno max ,Y—  TpW ycnosuu, 4To n2>v. Teopemy 2.1.1B

3TOM C/lyyae MOXHO CthopMynMpoBaTh Tak: NycTb v<min(®, 2), bQ— nto6oe; Torga
Mo X NPOUCXOAMT /IOKaNu3auus BO3MYLLEHWIA Cnpasa.

Teopema 2.1.2. MNycTb, KpoMe ycnoBuii NnyHkTa 1.4.1, BbINONHATCSA Cneayto-
LLyie NPeanonoXKeHUsa: CyLEeCTBYIOT MONOXKUTENbHbIE MOCTOAHHbIE co™-p*1, Cr, C2
1 K <1Takue, yTOo npu 0E[O, M2b] cnpasesBbl HepaBeHCTBa

le 0"~ CreZadg, x, 0),

Qg nmobo dbk(t,x,u) =0, mmb6o delg(t,x,Q) 0 =c 2el/ac(t, x, 0),

du ' du
. A Ldbi(t x, n) 5 y dbj(t, x, 0) ,
3° nmbo AR 0, J/mbo 2 dxt ke(t, x, Q).

Torga no Xk npoucxoauT noKanmsaumst BO3MYLLEHWIA Criesa.

JokasatenbctBo. Paccmotpum Bobnactu Vi ={(/, x): 0<=>, —
XER p} BCNoMoraTenbHy0 (QyHKLMIO

M 1 -
V-(t, ) = - npu L <i, <0
0 npu XxXK”" _ b,
rge umcno L>21 6ygeT BbibpaHO HMXKe.
OueBugHo, uyto u_(0, x)*n0(x), v_ [Xk=0= Mxk=i « MokaxeM, 4TO npu
L+x
— 0. Monoxunm A—L K Vimeem
_ cop(ojp-hak(t) 2.y e cop dbk(t,x,MAa) M{w 1

(31) &v_ v mA'/M Lo du

L MA%) -C(t, X, MA-).

3 ycnosuii TeopeMbl CnegyeT, UYTo
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rae nocTosiHHble M1u M2 0T L He 3aBucAT. To3ToMy Mbl MOXKeM BblbpaTb L >21
Tak, 4Tobbl 6blN0 npn —L <x4<0. Mocne 3TOro AoKasaTeNnbCTBO 3aBeEp-
LUAeTCa TaK e, Kak B Mpefplaylueli Teopeme.

3amevaHue 2.1.2. Ansa mofenbHOro ypasHeHus (29) Teopema 2.1.2 opMynu-
pyeTcs Tak: nycTb v<min(”®, &), B0— nto60oe; Toraa no X NponcXoamT NoKanusauus
BO3MYLLIEHWIA cneBa. MpuHMMas BO BHMMaHWe 3amMeyaHue 2.1.1, Mbl MOXeM cgop-
MYNMpOoBaTh CreaytoLee yTeepxaeHue: nyctb v<min(/i, #), B0— no6oe. Torga no
X MPONCXOAWT ABYCTOPOHHSA IOKAIN3aLIMS BO3MYLLEHWIA.

Teopema 2.1.3. MycTb, kpome ycnoswii nyHkTa 1.4.1, BbINONHATCS Cneayto-
LuMe MPEANoOXKEHNA: CYLLECTBYIOT MONOXKUTE/bHbIE MOCTOAHHbIE cOo>p~1 u C,
Takue, yTOo npu O0E[O, MI"} cnpasegmBbl HepaBeHCTBA

0 dbk(t, x, »)
du

2° 0" S C9l+l/a

0 mu un=>0,
dbk{t, x, B)
il

3 pdbjit,x,n) a0
i=i dxi ~
Torga no XK MPOUCXOAUT foKamM3auus BOMYLLEHWIA cripasa.

[Joka3zaTenbcTBO. B0O3bMeM Ty e 06/1aCTb U Ty Xe (PYHKLUMIO, YTO U B AOKa-
3arenbcTee Teopembl 2.1.1. Vimeem u3 (30):
»  _ COpMA®-1 dbk(t,x, MA)\( M, )
Ave e~ L—l du INErE
M ONsATb MOXKEM BblbpaThb L >21 Takum 06pa3oM, 4Tobbl 66110 JTv+<0 npu 0<xk<L.
J0Ka3aTenbCTBO 3aBEPLUAETCA TaK e, Kak B Teopeme 2.1.1.

3ameyaHune 2.1.3. [ns mogensHoOro ypasHeHusi (29) ycnosusi Teopembl 2.1.3
9KBMBA/IEHTHbI CNELYIOLMM: CYLLECTBYIOT NOCTOSHHbIE cO>p~1u C >0 Takue, 4TO
npy O[O, M21]

a) b0< O,

6) O"-*-1“4 c.
OTcrofia BUAHO, YTO ecim p>2, TO MOXHO MOMOXUTb Cs:/)TH\" n Teopemy cop-

MynMpoBaTb Tak: MycTb A<pg, 60<0 a A>0 — nwob6oe. Torga No X npoucxoauTt
NOKanm3aums BO3MYLLEHWIA CripaBsa.

OTtmeTum, uto npu BO>0 n min(/i, V)>/.= 1no x cnpaBa HeT foKaam3auun
BO3MYLLEHW (cm. [17]).

Teopema 2.1.4. IMycTb, KpoMe ycnoBuii u. 1.4.1 BbINONHAKOTCSA CneaytoLme npea-
MOMOXKEHNA: CYLEeCTBYHOT MOMOXKUTE/bHbIE NMOCTOAHHbIE CO>p~1 1 C, Takue, 4To
npn B6[0, M21d cnpasefmBbl HepaBeHCTBA

o dbk(t, x, n)

m 0 nmpm un> 0,
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bbk(t, x, B)
du

g P AbIt X W) o g

1= fa;

2° 0" =£ Cel+lUT

Toraa no Xk NpoUCXOAUT NOKaNM3aLus BO3MYLLEHWIA cesa.

[JokasaTenbCcTBO. PaccMOTpuM Ty Xe 06n1acTb M Ty Xe BCMOMOraTenbHyHo
HKUMIO, YTO U B AOKa3aTeNbCTBe TeopeMbl 2.1.2. Umeem um3 (31):
YHKL| a

_ copMAQ_1dbk(t, x, MAM) { m x

Sh_ =" du \L —I

M Mbl OMSATb MOXKEM 3aBEpLUUTbL A0Ka3aTeNbCTBO TEOPEMbl TaK e Kak 3TO 6blno
cAenaHo B NpeapblayLyx TeopemMax.

3ameyaHue 2.1.4. B cnyyae MogenbHOro ypasHeHus (29) teopema 2.1.4 rna-
cuT: nyctb BO>0 wu Torga No X NPOMCXOAMT NOKanuM3aums BO3MYLLEHUI
Cne.a.

Kak HeTpyaHo nposepuTb, Npu 0<0 u Tw (g, v)=-A=l umeeT mecTo oTCyTC-
TBUE NI0KaM3aLuy BO3MYLLEHWI cneBa no X. (ATOT Cyyail CBOAMTCA K PACCMOTPEH-
Homy B [17] 3aMeHO X Ha —X.)

Teopema 2.1.5. Mpegnono>kum, 4To, KpoMe ycnosuin n. 1.4.1, BbINOMHEHbI Cle-

JytoLme:
1° cyllecTByOT yncna ANp Takue, 4To

dbt(:cc,mx, A Cxyx npu vyelo, 1, i=\,...,p,
Zog.in moé\oro 1=\, ..., p BbINOMHAETCA o HEepaBeHC TBO @i(t%—’—y'—)g 0,
60 HEpPaBEHCTBO dbi(t, x.y) Cy\ y£[0, 1],

3X,
3° cyulecTsyeT uucno v/Ap Takoe, 4TO c(t, X, y)*C yvnpu y£[0,1], rge CL
C2u C3nono>kuTesbHble NOCTOSAHHbIE.
Torga nokanusaums BO3MYLLEHWIA OTCYTCTBYeT M0 BCEM Harpas/eHWAM.

[JokasaTenbcTBO. be3 orpaHuyeHus O6LLHOCTM Mbl MOXEM CUMTATb, YTO
W =£>0 npu |x|27c>, (5>0. Monoxum H={(t, x):0<?<°°,v=q—
—I|x|2In_v(In (i+ 1) >0}, rae nofoXuTesibHble MOCTOSAHHbIE T>eXp(e), a < 1 M y< 1
OyayT BblGpaHbl HKe. PaccMOTpUM B 3TO 061aCTN (hYHKLMIO

y(/,x) = (/+71) Uil Din 4" @+ D{?—x|21n y(In (i+1t))]U" D.

Monoxum gnsa cokpalleHmns 3anmen =—11 -, 0=t+T1; Torga y{t, x) = 0~win~oOif.
a
Ecnu Mbl BbibepeM T M3 HepaBeHCTBa T In T Se_1/0> 3aTemM 0 U3 HepaBeHCTBa

(32) Q< g1n 1(InT),
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TO Mbl O4YeBMAHbIM 06pa3omM Oydem mMMmeTb: Y(t, X)Su(t, X) Ha napabonuueckoi
rpaHule H, Tak Kak y (r, x)=0 Ha 60koBol rpaHule H. CnefoBaTensbHO, eCiy Mbl
Jokaxem, 4to S'y >0 B H, TO Hawa Teopema 6yfeT [okKa3aHa BBUAY TeOpembl
1.33. Nmeem

(33) Yy = wO-w 11n-n0rutto 0-a* 11n-n- 10r* -
- 2, YCOoB U Rs@I0 1Y 1 (in 0)r A2 L

+ Iélmm)oo/T(oo/T—l)o— 1n~1g101n-27 (In 0 ) id ~ 2x2-
- % 1 2ai(t)coixe~(dlIn“~ 0In~y(In6 )~ “1+

+ 2,00 X KO0 IN- 10 INn-» (INB)Var1e2X - 2, ) -c(t, X, y).

=1 aJ
OTMeTMM 04eBMAHble COOTHOWeHWA: 2X;& —1—xf, v<q< 1, x2In~(In0)-=gd,
= _—m—lcol—1—a0Mwp—2=g—1

Nmeem n3 (33):
(34) SSy > £ I4ai(t)cﬂﬁ(con-l)e-°>-1\n-,°-1e\n-24|ne)v,& xp-
1=

- 2'y®0““ _1In**-101n-J- 1(In 0)rio_1X-+HO0_“ 11n_to0Ma—

1=1
- 2, 23(?)i0p0-w_11n_*_101n >(In0)v*—2 dbi{t, x,y)
1= ‘.

i=l  du
-7 dbt(t, x, y) Gi0_toln_ra01ln_>(In 0)r*“~1—2 dbt(t, x, )
=1 du i=1 dxt

—(t, X, y) = Ix+12+ ...+ 1»

w 0-toln-ta0r;to- 1-

Nmeem
[1+ /2= 2'xfcn0-*“-1In"*“"101n-2(1n0)ru+ 1[4a;(Ocog-y 1n»-ron0)].
i=1

dukcnpyem y<1 v Bblbepem tSTj TaK, 4To6bl 6bino 4écofi = In“L+y(InT). Lanee,
[3+/4+...+ /880 -@ 11n-<Drifw-2aprogln-10 -

-2Cita izzLi@ﬂotA&w&msv@idJ)@-_@ iZ:PII n-“w<-1)0 - C 3In-*(» 1)0].

HanomHum, yto 2rrg>1 n y*a=~1. [103TOMy Mbl MOXXEM Bbl6paThb T Takum
06pa3omM, 4Tob6bl 66110 /3+ ...+/8>0 B H. ECnn Mbl CHavana BbIGEpeM T U3 Hepa-
BeHCTBa T~ TaXx (exp(e), e o rl; 72, 3atem >0 m3 (32), TO U3 HepaBeHCTBa (34)
6ygeT cneposatb, 4to 3?y> 0 B H. Teopema gokasaHa.

3ameyaHue 2.1.5. B cnyyae MofenbHOro ypasHeHus (29) Teopemy 2.1.5
MOXHO ChopMynMpoBaTh Tak: NycTb 4 *mm(A, V); Torga no X oTCyTCTBYET SI0Ka/Iu-
3aumsa BO3MYLLEHUIA Kak CeBa, Tak U crnpasa.
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3ameyaHus 2.1.1—2.1.5 nokasblBalT, YTO ANA MOAENbHOr0 YypaBHeHus (29)
npu N060M COOTHOLLEHWUM MEXAY Yucnamu p, X v v 1 npu 11060M baMbl MOXEM
CKasaTb, MMeeT /In MeCTO JIOKann3aumnsa BO3MYLLEHWIA (CneBa UK cnpasa) UN OHa
OTCYTCTBYET.

§ 2.2. Jlokanusaumsa BO3MYLLEHWI B NepBOil KpaeBol 3ajadve

B aTom naparpade mMbl 6ygem npegnonaratb, 4to MYX)=0 npu X j*/>0.

OnpepeneHne 22.1. bygem rosopuTb, 4TO B 3agade (23), (25) nponcxogut
NOKanm3aLms BO3MYLLEHWIA MO X T, K cyLlecTByeT Takoe umcio Ir>0, uto u(t, x)=0
npwu ansBeex t=20un x'CR7“Y rge u(t, X) — 0606LLEHHOE peLLeHe 3a4a4m
(23), (25). B npoTMBHOM C/ly4yae Mbl Oyfem roBopuTb 06 OTCYTCTBUM NTOKaM3aLUm
BO3MYLLEHWIA MO XT.

Teopema 2.2.1. MycTb yHKUMA Wr, X') OrpaHUYeHa, 1 NycTb, KPOME YCNOBWiA
/2.1.4.1, BbINOMHEHBI CnefyoLLve yCNoBMS (Mbl MPeANonaraeM, Y4To L U1 L OrpaHuyeHbl
€[HO KOHCTaHTON M):CylleCTBYIOT MONOXKNTENbHbIE KOHCTaHThl t0>a-1, Cl,
C2u k< \ Takve, 4yTo npn GE[O, M 2 LlicnpaBefMBbl HepaBeHCTBA

1° 0" =s Cxe2°>c(t, X, B),

2° M6o ,qbr(;,ux, “no 6o @Xﬁ&x’ ®)B s c2el/ac(t, X, B),

dbi(t, x, 1) —0

3 g.m no6oro i=1 mmp BbLINOAHAETCA /MO0 HepaBEHCTBO dxi ,

MBO HepaBeHCTBO

dbi(t,x,e
((in ) T) C(t, X, B).

Torga no Xr NPOUCXOAUT NOKaNM3aLns BO3MYLLEHNIA.

JokasatenbcTBO. Paccmotpum B obnactm G={(i, x):0<i<°0, 0<x1<°°,
X, 6Rp' 1} BcnomoraTensHyro (hyHKUMIO

vitx)= Mo

0 npn  xx—L,

npm 0< xl-cL

rae T>2/—uncno, Kotopoe 6yaeT BbibpaHO Huke. OueBnaHo, 4To V(0, X) =M)(X) 1
v(t, 0, X')SMi(i, . MoaTomy, Kak B Teopeme 2.1.1, AOCTAaTOYHO MOKa3aTb, 4TO
JaftxO npu 0 X[< L, rge onpegensieTca cornacHo (28). Haxogum, nonaras

a_ L~XL
L-T
Zv =cop(rop-Va11)M, A g ab* x, MO T
(35) &(-ﬁ) ) y At X )L_IMAa

_ 1 dbt(t,x"MA«) _c(/> wa)
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3 ycnosuit Teopembl 1 13 (35) BbITEKAET, YTO
c(t,x,MAa)~ LI "+ L I+k 1],

rge nocTosiHHble M, 1 M2 He 3aBucAT OT L. M0o3aTomMy Mbl MOXeM BblbpaTh L >21
HacToNbKO 60/MbLLIMM, 4TOBbI Npu 0<xr<b, 6b110 iIftxO. Teopema fokasaHa.

3amevaHue 2.2.1. B cnyyae MogenbHOro ypasHeHus (29) Teopema 2.2.1 yTBepx-
faeT cnegytowee: ecnn yHKUma ufl?) orpaHudeHa n v<min(/i, 9), To npu nto6OM
B0 nponcxoanT nokanmsaums BO3MYLLEHNIA.

Teopema 2.2.2. MycTb yHKums w (!, x') orpaHuyeHa. MycTb, KPOMe YCNOBWiA
n. 1.4.1, BLINOMHEHBI CNeaylowye: CyWwecTBYIOT MOCTOAHHbIE n C>0 Takue,
yTo npu O£[O, M2 Ulcnpaseamebl COOTHOLLIEHWS
o gbr(t, X, 1)
an
2° 0"~ COLl+2w

0 nmpu wn>0,

dbi(t, x, 0)
an

3° nmbo  bt(t, x, 1) = b, n), nmbo db*(8>§ u " i =

Toraa no X1 NpoucxoauT NOKanM3aLmus BO3MYLLEHNIA.

JokaszaTenbcTB0. CpaBHMM 0606LLEHHOE peLleHre 3agaun (23), (25) ¢ PyHK-
umein v{t,x) B obnactm G (cM. AoKa3aTenbCTBO Teopembl 2.2.1). W3 (35) cnepyer,
yTo

MA db”t, x, MAa) |
STv L. du M C,J) npu

rae M, ot L He 3aBucuT. CnefoBatenbHO, Mbl MOXEM Bbl6paTh L >21 TaK, 4ToObI
BbINONHANOCL HepaBeHCTBO £?v<0 npu 0<Xj<L. Teopema AokKasaHa.

3ameyaHue 2.2.2. Ans mogenbHoi 3agaun (29), (3) Teopemy 2.2.2 MOXHO
chopmynupoBaTb Tak: NycTb blf}/) orpaHudeHa, 6,,<0 n/ <u. Toraa B 3agadve (29),
(3) npomucxoanT noKanm3aLns BO3MYLLEHUIA.

Teopema 2.2.3. TycTb, Kpome ycnosuit n. 14.1 BbINONHEHbI CReaytoLe Mpea-
MONMO>KEHUA:

1° iL(F,* ") £ ¢ 1(F+ 1) - 1i,- D),

2° m6o db,\t’”x’ ) 0, /6o CcyllecTByeT 4uCNO >p, Takoe, uTO
dbx(t, X, :
X(AMX N Z QA1 Pu TeE, 1

3° cywecTByeT uucno vAp, Takoer yTo c(t, X,y)S cayv npny £[0, 1],
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4e nmbo bi(t, x, u)=bhi(t, n), nm6o —O 0nga Bcex 1=1 roe

CL} C21n C3 nono>KnTeNbHble NOCTOSHHbIE. TOrAa NoKaM3aums BO3MYLLEHUA no X\
OTCYTCTBYeT.

[JokasaTenbcTBO. PaccmoTpum B 06nactu
G={(@l,x):0<t w=g— 1ny(@nr+T7)>m0, x'gR"-1}
BCMOMOraTenbHy0 (OyHKUMIO
z(t, x) = (/+7)-U(g~Din-1/("_1)(?>+ 1)[p —xx1ny In (M-1))]U(z_ 1)

re nonoXunTesbHbIe NOCTOAAHHbIE T>exp (€) =10, g< 11 y< 1 6yayT BblOpaHbl HIXE.
Ecnv Mbl MONOXWM co= (a—1)-1 U 0=t+ T, TO z NPUMET 6onee NPOCTON BUMA:
z{t, X)=B~toln~t06wa. CHa4ana mbl BbibepeM T=TX W g+qgx< 1 TaK, 4YTO0bGbl MbI
NUMENN Ha rpaHuue G HepaBeHCTBA ux{t, x )2z (t, x ) U mo(t)” z(0, x). ITo, OYe-
BMAHO, BO3MOXXHO.

Mokaxkem, YTO MpU NOAX0AALLEM Bbl6Ope NapameTpoB B G BbIMOMHAETCA Hepa-
BEHCTBO jz> 0. NMmeem

Siz = coB~,a 1bl-109yurcoB-a- 1\n-°1 lew®-
—ycHO-“_11n o, 101In-7-1 (In O)w*_1Ix1+

+iou(ou-1)al(00_comln-<'01n-2y(In0)w"" - 2+
+ 10 B-®In-*“ BlIn-y(InB)w*- 1-

4, dbjjt, x, 2)
i=i dxi —°
3ametum, uTo 72£0,/650 1 /3> —pyco6-'Ww-11n_eT 101n_1(In0)w"_1=/31, Tak Kak
jCi-<BIn?(In0) B G. Moatomy JSfz> /1+ /31+ 74+ [5+/7. imeeM (HanoMHWM, 4TO
coiJ.=w+1):
(36) /a+/3+/5=Q0- In- 0lIn-2/(In0)w*"-2\ umal(?)- yyIn-1(In0)-
dbx(t, x, 2)
du
(37) O+/, =o0-«-11n-“owMiJ-0“+1In“ow-“c(r, X,2)\.

O603Haumm yepe3 EAET) BennunHy B KBaApaTHbIX CKObBKax B (36) (COOTBETCTBEHHO
B (37)). /3 ycnoBuii Teopemsbl CreayeT, yuTo

(t.x, 2) —IX+ 12+ ...+ /7.

o In o Iny(Ino)

2"i 2=ycoa-bl2-1(Ino)-c 20-«“yu-gI n " 0lny(In0).
Myctb y<2-, Tak Kak TO CYLIECTBYeT TakOe YMC/0 T2, YTO Mpu I +T2 Mbl
nmeem Ej>0. Hanee, Tak Kak 1 " vin w< L.

202 —wWw—C20-“(y-o In-“"-1»0w"“ <~ ) ar co-C3In-“1-» Q.
[oaTomy CyLLecTBYeT UMC/O T3 Takoe, YTo Npu T & T3 Mbl UMeeMm E2>0.
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CHavana BblGepem T M3 HepaBeHcTBa rinTax(r0,71572 13, notom q>0

N3 HepaBeHCTBa T). Mpn Taknx 3HauYeHnax 1, yn o.  >0B G.
BosbMmem npownssonbHoe M6 (0, °°). Kak nokasaHo B n. 1.1.3 (cm. Takxke n. 1.4.2),
thyHKums u(t,x) B M {t=T\ MoXeT 6bITb NOCTPOEHA KaK Ini_rp un(t, x), rae w, —

peLleHns ypaBHeHUa (23) B pacLumpstomxcs obnactax Q+ W3 nocTpoeHus cne-
[yeT, 4To m,>-z Ha napabonunyeckoid rpaHuue GM{? T]. Tak kak £z >0, TO no
TeopeMe cpaBHeHus u3 [32] nonyyaem, uto un(t,x)*z(t,x) B Gf) {ta T]. Mepexoas
K npegeny npu u->°°, BBUAY NPOM3BONALHOCTM T nmonyyaem, 4yto u(t, X) #z(t, X)
Bctogy B Kp)l, oTKyada cnefyeT yTBEPXAEHWNE TeOPEMbI.

3ameyvaHue 2.2.3. Ans mogenbHoro ypasHeHus (29) npu Mi(r)~C 1(/-bl)_1/("“ &
C>0, Teopema 2.2.3 rnacut: ecim vin g </., a umcno b0— nro6oe, To NoKanusa-

LM BO3MYLLEHWIA OTCYTCTBYET; ecn Z,—  TO [if OTCYTCTBUA /IOKaM3aLnm BO3-
MYLLEHWNIA AOCTATOYHO, YTOObI 6bITO ANT.
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ON THE CONTINUITY OF BEST APPROXIMATIONS
IN THE SPACE OF INTEGRABLE FUNCTIONS

By
A. KROO (Budapest)

Introduction and preliminary results

In the last fifteen years the problems of unicity, strong unicity and continuity
of best approximations have been widely investigated. In this paper we shall present
several results of this type.

Let M,, be a finite-dimensional subspace of a real Banach space X. Then for
each x fX there exists an element of best approximation to x in Mn. In what follows
pn(x) denotes one of the best approximations to x from Mnand E,,(x) the measure
of best approximation.

It is known (see [1]) that if p,,(X) is the unique best approximation to x then
it is continuous at the point x, i.e. for any sequence {xm}cZ such that
[IX—xj| —© we have

sup IPr(x) Pn(xml-0.

If for a given xEA”the best approximation is unique we define the modulus
of continuity of the operator of best approximation at the point x by

*I(X, e)x = sup Pnoy P> £>0

X1EX, HX-xplISE

and the modulus of strong unicity of the operator of best approximation at the
point x by
R2(*.e)x= sup  [Ip.(x)-yll, e>0.
Ux—y\\ls En O+e

Then evidently R1(x, e)x and R2(x, ex monotonously tend to zero as e~+0. It

can be also easily proved [2] that for any XEX with unique best approximation
p,,(x) and e>0

@ £ SSRj(x,£)x 0 = 12)
and
(2) R1(x, e)x » R2(x,2¢e)X.

The orders of Rt(x, e)x and R2(x, e)x where 6—+ 0 are always connected
with the specific properties of the space considered and determining of them is,
as a role, based on use of the criterion of best approximation in the given space.

As far as | know, the first result in this direction was obtained by G. F reud [3].
He proved the following
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Theorem A (G. Freud, 1958). If X=C|[a, b], M,,czC[a, b] is a Cebysev system
on [a,b], then for any fdC[a,b] and £>0

3) e Rfif, 8c  Cfif, M,)e.

Here and in what follows Cr(...) denote constants depending only on quantities
specified in the brackets, while C, denote absolute constants.
D. Newman and H. Shapiro [4] proved the more general

Theorem B (D. Newman, H. Shapiro, 1963). If X=C(K), MnaC(K) is
a Cebysev system on K, where K is a compact set, then for any fEC(K) and £>0

4 sS R 2(f,e)cSC 2(f,M ns.

Hence under the conditions of Theorem B Rx(f e)c~ R2(f,E)c~s for any
fEC(K) and £>0.
The first result for the space Lp[—1, 1] is due to R. Holmes and B. Kripke [5].

Theorem C. If X=Lp\—1, 1], ps2, Mnc.Lp[—1, 1] isfinite-dimensional, then
for any f€L p[—1, 1] and £=-0

£= Rfif, e)lp= C3(/, M Je.

(Actually they proved a somewhat stronger result.)
In general, in the space Lp[—1, 1], Rxand R2are not equivalent. For examp-
le, for p=2 we evidently have Rv(f, 8)*=8 for any /(jT2but R2(f, e)ia~£12 for

any /6 Ta-
II. O. Biornestar [6] studied the case 1"/?<2. He proved the following

theorems.
Theorem D. If fELp[—1,1], 1</k 2 and (/) 1 then for any £>0
Rfif, e)lp™ Q(p)Epha
and in general, this estimation cannot be improved.

Theorem D'. If X=L[—1, 1],/€C[—4, I],ft(/)sO , M ,,cC [-1,1] isa Cebysev
system on [—1,1], then for 0&e~C5(/, M,,)

Rfif, e)Lsn R2(f, 20)1 s=S-j(C 6(f, Mr)

or K
Sv/IR) = f (e-cof (t))dt, oof () = sup  \f(x¥)~f(xfi

G212

and in general, RI(/, e)L is of no smaller order.

where

Here and in what follows we use the notation
f~4y) = min {x: f(x) = y).

Theorem D gives uniform estimation for Rx when En(f)S 1. Hence in the
case 1 <2 the modulus of continuity and uniform modulus of continuity of
the operator of best approximation on the set {En{f)”~\} are equal. In [7] and
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[8] the uniform modulus of continuity of the operator of best approximation in
the space of continuous real-valued functions was studied. In this case the uniform
moduli on certain sets of functions can be determined but their orders are less
than e, i.e. less than the order of the local modulus of continuity of the operator
of best approximation.

Theorem D' gives a local estimation for Rtand R2in the space L[—1, 1]. It
turned out that this theorem can be generalized in such a way that the constants
C5(/, M,,) and C6(/, Mn) do not depend on/but only on af or, in other words,
the uniform modulus of continuity of the operator of best approximation on the
class 1 1]:p,,(/) =0, wf(<B)St>(<5)} equals to the local modulus
which is determined in Theorem D'. This is the main result of the present paper.

At first we give a modification of a known criterion for the best approximation
in L, then the main theorem will be proved. We shall also determine a class of
“trivial” functions for which R ff, e)£,~i?2(/, e)L~£ and at last some corollaries
for algebraic and trigonometric cases will be obtained.

We shall use the notations

e = & [/(x)|, /€C[—1,1];
1

llgllt=" Ag(x)\dx, gEL[—L, 1]

Characterization of the best approximation in the space L[—1, 1]

Let M, be any finite-dimensional subspace of L[—1, 1]. Then fdL[—1,1]
is said to be orthogonal to M,,, writtenf_LMn, if and only if |/Hz,=||/—<7Jz for
all gnEM,,, i.e. 0 is a best approximation of f from Mn. From the general theory
of approximation in L[—1,1] we know two criteria of orthogonality.

Criterion | (Rice [9]). f£M,, if and only iffor any qn6Mn

1
®) I f gnsignfdx\  f \g,,\dx
-1 Z(f)
where Z (f)= {x£[-1 1]:/(x) =0}
criterion Il (snapiro [10]).fi M, if and only if there is afunction qon Z (/)
such that |9=1 andfor any gnEMn
1

(6) J gnsignfdx+ fcpgndx= 0.
-1 Z(f>
If /i(Z(/))=0 then Criteria |1 and Il imply
1

f gnsign/dx = 0
-1
for any q,fM,,.
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Assume now that M,, is a Cebysev system of continuous functions on [—1, 1],
f£.Mnand ti(Z(/))>0. Then the function @ in Criterion Il can be determined
a.e. on Z (/) and we have the following modification of Criterion II.

Theorem 1. LetfEL[—1, 1] and M,, be a Cebysev system of continuous func-
tions on [—1, 1]. Thenf LMnin L-norm if and only if there is afunction (p on Z (f)
such that \gd=\ andfor any gndMn (6) holds.

Moreover, if g(Z(/))>0 then ‘W=0Qn(f) on Z(f) where

I
f <7,sign/dx|

n(f) - sup ~T————
U (D - el / kI dx

o Z(f)
for some @ satisfying (6).

lProof. (5) implies that o~qgn(f)y~ \. If £2,(/)=0 then (7) implies that
J gnsignf dx=0 for any gnEMn thus we may assume that cp=0 in this case.

—1
Let Qn(f) be positive. For some gnEMn, ||gjc=1
1
8) f thsignfdx = Qn(f) f \gnldx
-1

Z(f)

holds. Let us prove that if for some g*£M,,, g~ qgn, (8) holds then sign g*=
=sign g,, a.e. on Z(/). (We may assume of course that \g*,\\c~L) Indeed, in this
case using (7) we obtain

Qn(f) f\dn\dx+Qn(f) J\g*\dx=J(q,,+q*)signfdx”
-1

Z(f) Z{f)
s QJf) fgn+qlidx» Q,,(H f m +k*pdx
Z(f) 40)
hence sign =signg* a.e. on Z(/).
For any gnEM ndefine
\dn, *€[-1, 1N\Z(/);
1 Qn(f)dn, xez(f).
Thus we obtain a finite-dimensional subspace M*czL[—1,1] and (5), (7) and

(9) imply thatf_L M*. Hence by Criterion Il there is a function g on Z (/) such
that \<p*\l and for any q*EM*

f <*sign/dx+ fgq*cp*dx =0
-1 Z(f)
holds, i.e. for any gndMn
1
(10) / g,sign/dx+Qn(f) fqg ncp*dx = 0.
-1 zcn
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Then using (8) and this relation we obtain
- f (Pogndx= f \qg,\dx

Z(f) Z(f)

hence cp~=—sign a.e. on Z (/) and setting <»=0Qn(f)g>* in (10) we obtain the
statement of the theorem.

Remark. In what follows we shall always consider @ satisfying Theorem 1.

The main theorem

Let Mn (n€N) be an u-dimensional Cebysev system of continuous functions
on [—1,1] containing the constant functions, p,,(f)£.Mnand En( f) be the polynom-
ial and the measure of best approximation to /EC[—1, 1] in L-norm, respectively.
Further let =S~j(t) where co/(t) and Smf(t) are defined in Theorem D'
and cut>) a uniform modulus of continuity.

Then we have

Theorem 2. For any /€C[—1, 1], af (6)*co(6), fxtM n, e>0
(11) Ri(/, ent Si R, 2¢)1 si C7(co, M,,)/raE)
and in general R ff e)L is of no smaller order.

Some lemmas

For gn(LMn and O<c< 1 define the set
K(@,,, 0 = {XE[-I, 1]: 1?»(*)| = n\LL\c}-

Lemma 1. For any gneM,,, gn” 0, 0< £< 1, [—1, INAi(®,,, £) consists of at most n
disjoint intervals. Moreover, there exists a positive function F*(£) such that

(12) p(K(an,0) ~ Fri(?)
holds where F* depends only on Mn and monotonously tends to zero as {—+0.

Proof. The first statement follows from the fact that M,, contains the constant
functions. Let us prove (12). For any system of points -1S x 1<x2<,,.<x,, S|
consider the determinant

Un{xi, X2, ...,x,,) = {(I(xi)}yJ}X;::,m;
where {<P](X)¥"=l is a basis in Mn, and define the function

Fn(d)= , inf , NP1, F2, 000 * ), d>0.

A0
Xj+i—XiN 4, i=1,2, —1
Then F,,(d)>0 if d>0, F,,(d) monotonously tends to zero as if—+0 and Fn(d)
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depends only on Mn. Set u(K(an, c))=d, then if d>0 we can find a system of
points {tif=1"K{gn, ¢) such that

ti+i-tj IS (./= 1,2,.., n-1),

and by Lagrange interpolatory formula

. 1
N - J—
IkJc C8(M,,),.:{TJ§1.>.<." \gn(ti)\ - J — sg C8(MnLL,,11c EM

ie. Fn(d)"Cs(M,)q, whence d"F*(if), where

If ®=0 then (12) is evident. Q.E.D.
Lemma 2. For any g,,€M,,
(13) Wyl c”rC L {M n\an\s .
Proof. The lemma follows from the equivalence of norms in Rn

Let/€C[—1,1] be orthogonal to M,,. Then by Theorem 1 there is a function
(p on Z (/) such that relations (6) hold. We shall say that /EC[—, 1], f£+ M n'is
“trivial” if and only if /r(Z(/))>0 and B, (/)< 1

By Theorem 1 if / is trivial then |@=06,(/)<I.

Lemma 3. Let f be a trivial function. Then for any gn6M,,
(14) /- qJL' wm S U-(1-QAf))h{Z(f)) \gnlc

where Frk ("“p (Z (f))/2
Proof. Using relation (6) we obtain

(15) \\f-qr\\i (/-0 sign (f-q.,)dx- ffsignfdx =

f (f-q,){sign(/- ?,)-sign/} dx+ /|g.|[d*+ /

[—1.,11\Z (/) z () z ()

—2 | |-<Bmldx+ [[]|?J + <P6”dx 5=0-£«(/)) y"|9,|dx.
z (/) Z (1)
0

Let €0>0 satisfy F*(£Q<ti(Z(fj)/2. Then (15) and (12) imply

/- - Iix » [1'QAf)] IMc-

Q.E.D.
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Coroltary. Letf be a trivial function. Then for any £>-0
Rid, e)L R,(f, 2s)1 CI)J, M,,)s.

Let /EC[—L, 1],/j_M,, and assume that o satisfies (6). Define the following
sets:

PIif, 4n) = {x6[-I, 1]:/ ~ 0, sign/ = sign qn};
Pr(f,qn = {xe[-1,1] / ~ o, sign/ = sign gn};
Pi(/,dn) - {*€[-1, 4 f =0, sign e = sign gnf\

Pi(fg)= g1, Nt =0 signp =-signal;
where gqnEMn.

Lemma 4. Let/ec[—1,1]./i_mM ,, satisfy at least one of the following inequal-
ities:

1
<16) 4CIMB
(where C9(M,,) is defined by (13)// or
(17) Qn(f) > 4
Then /or any gndMn, gn260

. 1
<18) q{PI (/1 411))+ (TV(/1 <71)) = 4Cg(|\/|,,) o
Proof. By (6) for any gnEMn

(19) f bl- f kn\+

pli<2)  pll)  2V)
Therefore, if (16) holds, we get

W9nh= f I+ [ k»l+ /bl =
pfl«)  P{(fi.) z<

=2 | P L {2<20Y S 21l e (P (/, 2,) + li(Z())}

rr(.<2,) z .CO

= 2C3M,)[c i {/i(PL(/, g,))+4CaM )}

1
(7)) = acom,) -
Assume now that / satisfies (17). Then by (19)

I k+B,()) 1 k)= [ 12,048,() [/ knl

pf(l.2,) P (l.«,) Pf(l«,) p2(/.9,)
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for any q,,EM,,. Thus

Eol-21 J \g\M+ f \gii-2 foo\Un -2 J inl
1Pi (f, 2,) ) P2(/,8,) z Pi(f.9,,)

S4{ /| [iB+B, (/) I [i,|}s
ff (m?,) p2(.e)
A ACOMITKTIt{li(Pr(/; )+ (P2(/, <)}

and this proves (18). Q.E.D.

Lemma 5. For any uniform modulus of continuity co(t), Im(t) is also a uniform
modulus of continuity.
Proof. It is evident that
’ 210
Smit) —J  {t—w(x)}dx
0

is a positive increasing continuous function which converges to zero as i->-+0.
Let us prove now, that for any m>0, t2>0

(20) Soj(h+ A) > ~(?i) + 5t,(?2.
Assume that tfAt2. Then co 1(tl+ td&co 1(i)Scu_1(id and

“ _1(<l+<2) 0>_1(i2)

Sath+t)= | (fj+/2-a»(v))dx = f {l+t2~m(x)}dx+
0 0

co-Hii)
T f (tl+t2—co(x))dx+ f  (t1+t2—co(x))dx =

S*HIY to - Hij)

fﬁ_l@ <19 219
= (t2—co(x))dx+ J co(x)dx+ T (tx—<u(x)) dx+
0 0 0
o - 1(f1) -H tj) (0~1(t1+ t2)
+ [ (tl-co(x))dx+ f t2dx+ f  (tl+t2-a>(x))dx > Sa(td+Sa(f),
0>~1(i2) <0~ 1(t2) to* Hii)

hence (20) is proved. Lurthermore, because of 7(0(t) = iS“1(i) we have

AAb +A) < Na(b)+/10(?%)

for any ?i>0, t2>0. Being /u(0 also a positive increasing continuous function
converging to zero as t—+0, this means that la(t) is a uniform modulus of con-
tinuity, so the lemma is proved.
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The proof of the upper estimation in Theorem 2

By (2), it is enough to prove the upper estimation for R2(f, e -
Let fiC [—1, 1], co(f, 6)*co(6), fl_Mn,e>0 and take qnEMn, q,,”0 such that

(1) —  —Il/IL+6-

Obviously, we have to prove the upper estimation only for 0<e<Cn ((o, Mj)
because if e="11(co,Mn then (21) implies

noiLr Wk-gnh+Wth ~ 2\A\L+e S 4||/|jc+e” 4co2)+ e~ ClXo, Mne,

hence we obtained an inequality stronger than (11).

Assume now that (17) and (16) do not hold. Then by Lemma 3 and (21)
£= CB(Mj)\\gnlL and we again obtained a stronger inequality. So we may assume
that 0<e<Cu (&>, M,,) (this constant will be determined later) and / satisfies
at least one of the conditions of Lemma 4. Hence (18) holds for any gnEM,,, gn* O.
Further by (15) and (21)

(22) £s2 f \f-qndx+ f {\gn+opgidx

0</-=<7,, Z (f)
holds. Set ” such that

(23) 48uCe(M,)
Then by (12) we have

(24) MK{gn, 1)) < 48nCe(Mn) =
Further

K*{qﬂ |) - [-1, ITVF(2,,, a = _L_J1 (ei,m
where 1"k”*n and -
(25) ytagn(x) > ai9jc (*€(ar,bj, i=12 ...,k

where yt=signgn on (af,bj (i=1,2,..., k).
Let us prove now that there exists an interval (a-, bj), 1=j=k on which one
of the following cases occur:

Case A: Z(f)C\(o~bj)» 0 and

(26) \i(FJ) = L{x6(aj, bjnz(/): sign p=yj}S
Case B: Z (/) N(aj,bj)~ 0 and
27) fi(Ff) = fi{xE(aj, bj)\Z (f): sign/=yj} S 32nCaMn)"
Assume the contrary. Then on each of the intervals (a;, bj, i=1,2 , K we have

the following situation: Z (f) M@{,bj=0, or Z(f)N(at,bj” 0 but

(28) MF‘]" 32nC9(M,,)
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and

But k~n, therefore we can construct a polynomial gnEM,, such that sign gn=
=sign/ on (a:, bi) if Z(f)C\(ai,bi)=0 and signg,,=-yt on (af, b)) if Z(/)D
M(a;,bi) 0 (i'=1,2, ,Kk). Then (24), (28) and (29) imply

n (/,93) S ~ (% , 0) +

+M32nCY(M,) - 48COMn) + 16CIM,)  12CHM,)

and this contradicts (18). Hence for some 1sjsk one of the Cases A or B occurs
on (aj, bj).
Assume at first that (26) holds. Then (22) and (24) imply

e= f {(Wh\+<P<In}dx S f{\gn+cpontdx S
z(f) }

- /A1 dx - 96nCY(MJ =

i.e. we obtained an inequality stronger than (11).
Assume now that Case B occurs on (Uj,bj) and jj=1 (the case y,-=—1
can be settled similarly). Then there is a point x1£(aj, bj) such that /(x X=0.

Case B': there is a point x2£(0,- bj) such that f (x2 =" \W\gn\c- Without loss

of generality we may assume that x1<x2 and Il for x£(xx, xa hence
and by (25) 0 for x€(xI5x2. Therefore (22) implies
(30) e=2 f \f-gndx”™ fignf)dx”

0=/—=‘?,6 D,

ol {INiJc-® (x)}ax = Sa(f]|f,][c).

Set ~J{di (2) then becciiise o* O0<e< Cn(@) (30) implies
3D ° IlkJcS/Mie).

Case B":f(x)"*\\qgjc on (a},bj). Then by (25) f(x)<qgn(x) for xE(aj,bj).
Let Pn(f) = {x€(aj, bj):sign/= 1} then by (27)

<32) d=«p-" s m €é€m

holds. Further P,,(f)—J(aj,bj) (where the number of intervals in the union
[

is finite or countable), d="I{bj—al) and we can define a continuous function
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/ (X) on the interval (etj, cij+d) which consists of pieces of the function/ (x) when
x£(a), bj). Hence / (aj)—0 and sup \f(xD)—(x2\*co(t), then (22) yields

x1,x2i(a,,a]+d)
I*i—*sl-
(33) £EA J \f-qHdxS f (gn-f)dx~
0==<, P.(/)
b'j aj+d
=2 f {Ugn\\c-fdx= f {Ugnic-f}dx.
14 a
Moreover, if oii/)s |||#Jc then analogously as in Case H we obtain (31). If
-r-|[ijrjcMia(Gf)<E Iknllc we obtain an estimate twice as large as in (31) and at
I%lst if (a(d)<|—\\qn\\c then (33) implies

“j+d E

£= 3 {Mdn\c-(o(x-aj)}dx A dj\\qnic-
G|

Using (32) we obtain again an inequality stronger than needed. This together with
(31) completes the proof of the upper estimation in Theorem 2.

The counter-example of Theorem 2

Let us give now an example which shows that in general the upper estimation
for R1(f, e)L is exact. We shall use the method of B. 0. Bjsrnestal [6].

Let io(d), 0"5 LR be a uniform modulus of continuity and {q}=l a basis
in Mn. By a theorem of H obby and Rice [11], there exist points —1=X0<X1-CX2-<eee
o <X, < X,,+!=1 such that

*i+H
(34) 2 (1)) <Pjxdx=0 0 =12,..,n).

t=—n
Consider the function
(-1)ro (x-x3), Xgjx;, A+2Y+j;

1(*) = i=01..,n
(-1)rco(xr+1-x), xg[-‘£*I+1,xi+];

By (34), f+t M n. For <550 small enough define the function
_ K-1)r8  xé[xr, xi+m~1(<5)|U[xi+1—0-1"), xi+l];

) ’fix), XE[X;+® HAXi+i-cn-1M)] (! y

<!
W—gd\b—2(n+ 1) /  {S5—eo(x)}dx = 2(n+ 1)5L45.
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Further \gt\"6 for any x€[—1,1]; hence sign”-yj =sign/ ae. on [-1, 1].

Because of fxtMn, p{Z(f))—0 we obtain that gs—=-tMn. Thus setting

S=la(e) we obtain .
W—QW)—Z(M e, ga~"-iM,i

i.e. the lower estimation in Theorem 2.

Remark. As we see from the proof, the order of Rj(f, e)L ( /=1,2) depends
on the behaviour of the function f —pn(f) at the neighbourhood of its zeros. That
is why further improvement of differential properties of the function / does not
improve the order of Rj{f, e)L (j= 1,2).

For example, replacing f(x) by f(x) :]4_/i (x—xK in the counter-example

we easily obtain
CB(Mnel?
where f (X) is even analytic.

Corollary 1 For any /€ Lipa, O<a” 1,/ LMnand e>0
RHJ,s)LS R2(f, 2e)t ~ Cl6(a,
and there is a function g£Lip a, gxMn such that
Ri(g, Ht S Cl7(a, M,,)E,/(I+1).
Proof. Indeed, if co(c)= &*

ra'l (Ve | oo

= = e i a +!
5.(0 = J {t—w{x)}dx yf a+1f(«+|)/«_ a+l(« Vi<
hence

al(a+1)
"dfert)_

H « -M

Q.E.D.

This corollary gives an exact uniform estimation for i?i(/, s)L and R2(f, €)1
for functions of Lip a orthogonal to M,,. With a slight modification of Theorem 1
we can omit the condition of orthogonality of the function / to Mn.

The unit sphere of a finite dimensional space is compact, therefore for any
gnEM,,, I Jlc= 1, co(6)*c6(Mn, 6) holds where ci>(M,<5) is a fixed modulus of
continuity depending only on M,,.

Further setting f*(x)=f(x)—(0) for /€ C[—1,1], &f (6)"co(6) we have

cofPn(f\S) = a)(Pn(M, S) & WNM\cHMR, 8) S CAMA\\pn(f*)\L(5(Mn, &) S
A 2COMAWF\L((Mn, O S 4Ce(M,,)m(2)«(M,,, § = Cl8eo, M,,)a(Mn, 5)

hence putting
0*((5) = max {ca(<s), co(Mn,0)}

Ada Mathematica Academiae Scientiarum Hungaricae 32, 1978



ON THE CONTINUITY OF BEST APPROXIMATIONS 343

we obtain
<*>{/-Pn(f)' S) = Ca8(0, Mn)(0\0).
Using this inequality we obtain
Corollary 2. For any fEC[—1, 1], wf(d)*0j(6) and e>0
(> g1 —"2(/> 2e)» = C190i, Mn)10He).

The criterion of the local Lip 1 property

By Theorem 2, in general the best possible order of Rj(f, s)L0'=1, 2) is el2
But at the same time Lemma 3 shows that if is a “trivial” function then

(> ey1 —"2(1> 2e)Lsi CI0(/, m..)e.

It turns out that the condition of triviality of the function / —p,,(/) is not only
sufficient but it is necessary also. )
First of all we shall prove that for any/£C[—1, 1], R ff, 1~ RAL €)1 holds.

Theorem 3. Let /EC[—L,1], £50 and let gnEMn satisfy \f—gnllL=
=E,,(f) +e Then there is afunction fEL [—1, 1 such that \\f— ||L= Cf)e
andfl-gntMn.

Proof. Set J=f-p,, (), 0,,=0,,-p,.(f), then p,, ()=0 and \\f-qnmL"
= IN+ £ Thus (15) implies

(35) E= H/—jflx—W1Ir=2 J \J—gndx+ (f_){\q,,\+(pqn}dx
z{

where by Theorem 1, \@=0n(J), 0O*Qn(J)SI.
Consider now two cases.

Case A: Qn(f)= 1 Then set

G, iIf 0</Si, or <?,==/<();
Ji \gn\(p+agn, if 1 =0,
j otherwise.
Then a.e. on [—1, ]]
0, if 0~=Jr&n or 0;
sign (/'-<?,,) «w if [=0;
sign/  otherwise.
Hence setting <«=sign/ on {0</s?, or ~s/<0} we have

1 1
f g*sign (fi—q,,)dx+ f cp*g¥dx = f g*signfdx+ f (pg*dx =0

-1 Z(h-qj 1 z@J)
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for any g*£EM,,. This means that J1—q,, LMn. On the other hand, from (35) we
have

I Jiw= [ I/-«Jdx+ f\\gn\(p+q,,\dx"e,
2(T)

and setting A=h+p,,(f) we obtain that fx-gmt.Mn and ||/-/il|b=
= =1iW—e-
Case B: 0”RB,(/)<l. Then (35) implies
(36) - {1-Qnid)} f Wdx+2 J \fqhdx.
Z(J) p—
Let
G, iIf 0~fAgn or «,S/SO;
otherwise.
Then
4y Jo, if o~rfrqn or gn™Jlts O
sign (1 4n) —j sjgnj  otherwise.
Hence evidently fx—qgn_LMn. Further (36) implies

LEf-Til = f \<In~J\dx= f\gndx+ £ \qg,,-f\dxs

Z(T 1<«
e,-=/s0 M PN O

6 +~ =C(f
- 1-Qnif) 2 s

z(a?nd setting again 1 =JX+P,,(f) we obtain fx-gn_L Mn, U/~AHL= CXf)e.
.E.D.

Corollary. For any /£ C[—1, 1] a«i/ e>0
A(/,<1S AC/-2e)t ~ A (/, 2C20(/)e)t.

Proof. The proof follows immediately from (1) and Theorem 3.

Now we shall obtain the necessary and sufficient condition for the local Lip 1
property.

Theorem 4. Let /6C[—1, 1]. Then
(37) Rj(ABL—Ca(f, Mne 0 = 1,2)
for any £>0 if and only if f—pn(f) is trivial.

Proof. If f —pn(f) is trivial then (37) follows from the Corollary of Lemma 3.
Assume now that for a given /EC[—L, 1] and arbitrary c¢>0, (37) holds with
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j= 1 or 2. The Corollary of Theorem 3 implies that without loss of generality
we may assume

(38) R2(J, W1 = R-Af, s)1 S C2(f, M,,)E
for any £=-0, where J=f—>(/)m

Further for any q,,EM,,,qn"a0
1
(39) o< ||1/-2i-wmn~ 2/ /-2, |dx+ [k |d x -/ gnsignJdx.
0 ) Z(J) -

Assume now that / is “nontrivial”. Then n(zZ(f))—0 or 6,(/)=I. |If
/i(Z())=0 then (39) implies that
o< =230 =2 1]-2,)dx
0=,

for any gneMn,qn” 0.
On]fhe other hand, if /i(Z(/))>0 then R, (/)=T Thus for some ¢gnEM,,,
\blc=

1
fg,,ugnfdx= f \gndx.
-1 z2(7)
Hence and from (39)
(40) O< |[/-«JL-|{/]li=2 [ |l-e,|dx.
0*=/<4,,

So we may conclude that for some gnEM,,, ||gjc =15(40) holds.Then evidently,
forany a>0 and A>0

(4) A* «=1IM-«QJL-1Hif/IIL =2 f  \Kj-*gn\dx.
Xo'KJ<o
For a given A">0, is a positive monotonously increasing function of

00>0 and ,4Kia=—+0 as a--+0; Jlka+ + °° as a-~+ °°. Further for O<al<a2
we have

0< AKX-A el = j (Kf-cc2gndx+ f @gn-Kj) dx-
x29,,"Kf~zo 0<r7<ij}n

- f (Kf-~gqjdx- f (@lg,,-Kf)dx =
AAQNKj<o 0<Ar 0N

— \] (y1~a2q,,dx+ \] (Kj-o0i2y,,)dx+ f (@2-algndx+
ctigr<Kj<o a2gKfralg=0 O<Kf<algn

" I @ - Al)dxs 4(02-a))
o<axgM'K j <a2qn
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Hence AKt is a continuous function of a. Let Km>0 (m—1,2, ...), +
as m o and take any e0>0. Then using the properties of the function AKix we
can choose a positive sequence am(m=1,2, ...) such that

(42) AKmum=fo (m= 1,2,...).

(38) implies that
(43) *2{KJ, e)L3=C2A(/, Mne (m= 12 ..)
for any £>0. Hence by (41), (42) and (43)

<mig, \L S C2(f, M,)e0 (m= 1,2, ..)
thus

(44) 0< < CXf,Mn (m=1,2,.).
On the other hand, combining (41), (42) and (44) we obtain

0< 0= AKriXn= 2 f \Kmf-ccng,,\dxS

S 2<xJg,\Lp{xe[-l, 1]: 0 < Am' < amgn or amgn< Am'< 0}

S CH/, Mnp{xd[-1/1]: 0< I/l < CAK ™n))-
But

so we obtained a contradiction. Therefore / must be “trivial”. Q.E.D.

This theorem shows that there is a class of “trivial” functions for which

2~e in spite of the fact that, in general, ri(e) and r2(fiy do not exceed elf2

Now we shall be interested in those “nontrivial” functions for which the order of

R2(e) (i.e. Rx(s) also) is less than el/2 As it was already mentioned, the order of

Rj(f,e)L (/=1,2) depends on the behaviour of the function ) near its

zeros, and it is natural to expect that if \f—pn(f)\ is of order tl+v, y>0 near its
zeros then we obtain better orders for Rj(f,e)L (j= 1,2).

Theorem 5. Let g(t), t>0 he a positive function monotonously converging to
zero as t—+0, and assume that g2(t) is concave. Then there exists a function
/6C[—L, 1 such that for any 0<e<C3

Proof. First of all remark that concavity of g2(t) implies that g(f) = cae! t
hence
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Set <p()=— — and define
(-1Y<?(*-*,), xe\xt, *i+*t+1];
I(*) = Pxotx i=01..n)
(-ly<p(xi+1-x), ¢ 2°+1Xi

where {X4}'Jo are as in the counter-example. ) ) .
Then with the methods of the proof of Theorem 2 it can be easily verified that

(45) Rj (/. &)L~ [El Y E-p e 1

where denotes the inverse function. Further the concavity of g2implies that
@ is a convex function, therefore

(46) semmm—m = dx - f {£-?2>M3}*é«?>'1(4
On the other hand, the relation (p(t)= can be transformed in the follow-
ing way: r

HO---f- - i’(8(0):|_|_|| — e (>0) *

Combining this inequality with (45) and (46) we obtain the statement of
the theorem.

Algebraic case. Let Mn—Pn be the set of algebraic polynomials of order at
most n—L Evidently w(Pn, <5)*C6(5)<5 hence by Corollary 2 we have

Theorem 2a. If M,,=P,, thenfor any /EC[—], 1], oof (6)*co(6) and e>0
R ff, e)Lsi R2(f, 2s)1 si CZi(n, co)/e)
and this estimate cannot be improved.
Corollary la. Lei M,,=Pn, 0<«SI|. Thenforany 0<r<C 281, o

sup Rj(f, eyr ~ fierr+1) (= 1, 2)
/6 Lip X

where the constants involved depend only on n and a.
Trigonometric case. For approximation of periodic functions by trigonometric
polynomials we have a theorem analogous to Theorem 2a. But for periodic func-

tions the boundedness of / (r),rsi implies that ojf () C2(r)S, and therefore
we can modify Corollary la.
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Set WrLipa= {f\f periodic, tyo->(<5)s<5“}. Then we have the following
Corollary Ib. In the periodic case

P«/(a+1) ji4a r Q

sup R 1 it rg1 Y= 12).

/€ wTLipa

Let us show that there is no analogous theorem in the algebraic case. Indeed,
Prtlc IF"™*1= {/: |/<"+15c ™ 1},
but Pn+l is a cone so by a theorem from [2]
Ai(2 41 )i oo,
/hﬁll\j_p\nﬂAl(" i.«)i3 « or

On the other hand, by the Remark made after the proof of Theorem 2
RAJ, e)L Ec15(M nfil2
where j {x)~ fj (x—xK ie. jEPn+L Hence

sup RAfe)L= sup TA(@n+l,£)t =00.
fin"*1 9,H", H
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HERMITE—FEJER TYPE INTERPOLATIONS. |

By
P. VERTESI (Budapest)

1. Introduction

1.1. We prove theorems of convergence and divergence type for the Hermite—
Fejér and quasi-Hermite—Fejér interpolations based on the Jacobi-roots. Equi-
convergence of certain Hermite—Fejér and quasi-Hermite—Fejér processes will
be established, too. These statements partially solve a problem raised by P. Taran
([12], Problem XXVI).

1.2. Let us denote by

(LD (-1 =)\» <V i.<-<Jii(=1) («=1.2,.)

n distinct points in [—1, 1] and letf (x) be a continuous function in the same interval.
It will be denoted by /£C.
Then, setting

(12 = ¢,,(x-xlt,)(x-x2,,)...(x-x, (c, N 0)
and
€3 (k—12 ..,n),

the uniquely determined Hermite—Fejér interpolatory polynomials of degree
A2n—1 are

(1.4) #L0 X) = k2_"I(x knhkn(x) (n= 12,.)
or )
n
(15) -
Here
(16) Knx) =W,,()InX) (k=12 ...,n),
-7
(18) £%,,(*) = (x-xKJl,,(x) (= 12, ..,n)

the values {Bk,} are arbitrarily prescribed.
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It is well known that 2 hk,n(x)= 1 moreover,
k=1

iHn(f; ** ) = Hn(f- xkt,) =/(**,,,) (fc= 1,2, ..,ri),
;xkd =0, #,,(/; xk,,) = Bkn (t=1,2,..., 1)

(see, e.g. G. Szegs, [1], 14.1).

1.3. Let us consider for arbitrary fixed complex a and 18 the n-th Jacobi-pol
nomial P(x-R)(x) defined by

(1.20) pAR)(X) = m},—%éﬂ'&}(” +x+B+1)...(n + <xH3+k)'

e(a+fc+l)...(a+n) [~2~] (a BEC)

(see [1], (4.21.2) and (4.22 (1); yEC means that y is complex, if y is real we write
V£R).

)If a, " —1 then the distinct roots (k=1,2, ...,ri) of P*«R)(x) are in
[—1,1] (see 2.2), so they can serve as fundamental points of the processes Hnor
H,. For —sa, /?<0 one can prove that the polynomials Hn(f;x) converge
uniformly to f(x)EC over [—1, 1] (see, e.g9., G. Granwatd [2]). Further results
can be found in [1], 14.6.

As for the rate of convergence we have

(1.11) H.<«m«(/; *)-/(*)! =

isin9

' (X6[-L+E, I B -

where y=max (a, —0.5), x=co0s 9 (0==977r), e>0, oo(f; t) is the modulus of

continuity of / (x) and stands for the process Hn based on the roots of

H<P>(x). Similar estimation is valid in [—L, 1—€] if y stands for max (3, —0.5).
In a closed [aé]c(—L, 1) we have

(L12) A< *)-/()] =0 (1)Lycoifi Sy - (€[« b] a B> - 1)
(see P. Veértesi, [8] and [9]).

1.4, The notion of the quasi-Hermite—Fejér interpolatory polynomials v
introduced by P. szasz [3]. Supposing that xI n=1, —A wn=12,..) he
considered the polynomials Qn(f; x) and Qn(f\ x) of degree ~2n—3 for which
B,(I;x)=1 (n"2) and

IQn(f; xkJ = Qn(f; xk,,)=/(**,,,) ({T=12,...,n),
[On(f;xkn =0, Qn(f;xk,)=RBkn ({c=1,2,.., n).
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It can be established that the uniquely determined Qnand Qnhave the form

(1.14) £2,(0; %) = 2§ (xknyrkn(0),

(1.15) Onif', x) = Q,,(J; xX)+ z Bk, *sk,n(x),
where with oe»,,(x)=c,,’g=J2 (x—xkt,)

1+X . 1—x
g ~ 2wi() S0 Eogl)  oco1(1) QN
(116) k()= }-T - L) (=230

&nix) = 1+ it~ £ - TTT "t l(*—Xk.n) (fe=23,..., n -1,

LA- xk,n °An\x k,n)
(1.17) skt,, ) = 1 * (x-xknlInXx) (k=2,3,...,n—1).
A xkn

1.5. If the fundamental points x2n, x3,, ...,xn_ljn are the roots of PfcP(x)
(@, /17> —1) we write Qix,B)(f; x).

The following result was proved by P. Szasz [3], [13] and J. Santha [14]. If
Od«, /?<l then the polynomials Qf,B)(f',x) converge uniformly to /(x)€C over
[—1, 1] (for a.=R=0 see E. Egervary, P. Taran [4 and T. M. Mi1is, A. K.
Varma [15]).

D. L. Berman [12] proved that for any fixed X£[-1, 1] QpX)(f\ x)-+f(x)
(n~°°) if /EC and a ™ —0.5; the convergence is uniform for each [a, fe]lc(—L, D).

A uniform convergence theorem for a=/?=—0.5 was proved by L. P.
Povchun and A. A. Privalov in [5].

The rapidity of convergence was established for a=s=0.5 by R. B. Saxena
and K. K. Mathur [6]. They proved that

(118110 505, X)|=0()4 [eo(f; M)+e>(/; ~ f D] *€[-1,1].

As we mentioned, the aim of our paper is to prove convergence theorems
both for Hp'B>and Q&R\ investigating those values of a and B which were not
considered above (Parts 2 and 3). We investigate the rapidity of the convergence,
too. Further we prove a certain equiconvergence theorem for Hp'f) and qO+1p+d
(Part 3.7).

2. The H p ) -process for a, /?s —1
2.1. In this part we prove theorems for the Hermite—Fejér interpolation in-

cluding the values a= —1 and B=— These results will be used in the investiga-
tions of the quasi-Hermite—Fejér interpolation, too.
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2.2. First of all remark that xfyR)€[—L, 1] (k=1,2, ..., ri) whenever a, 5= —1
and n”2. This is a well-known fact if a, /?>—1 (see, e.g., [1]) and comes from

the formula
2nP A (x) = (n+B)(x~\)P"P(x)

(see [1], (4.22.2)) if min (a, B)=—L
We often use the fundamental relations

(2.1) PI*f41) = (nna) (<*0C),
(2.2) [**(*) = (-iW «4-x) («€C),
(2.3) N Pix-px)] = ~(n+a+B +\)pE\re+l)(x) (a€C).

2.3. We now prove
Theorem 2.1. Let a,B=—1 Then for any fEC we have

(24) W )N =014 oy, M x"a> 1),

[A<-L« (15 x)-/(*)]
=0 [w j>(/;  x+(o(f; 3L it
(2.5) A 10Tf. isinr . i2|cos
0w, ft. isinrie<nis %8 g
L i2
0(1) | Ir_{/e—, ISIH& !+«(/>I |C$8|33
/lere e, c=c(BR)>0 are fixed, c=max (/?, —0.5).

Similar formulae are true for [A,<d_1)(/; X)—HX)| (=—1).

2.4, Coroltary 21. If —”a, /?<0 then H f'*fif; x) uniformly tends to
f (x) in [—L,1], whenever f£ C.

Indeed, for min (g, B)>— 1 we obtain Corollary 2.1, eg. by (1.11). If
min (a, 8)= —1 we can apply (2.5) and (2.6) (see [9], (2.2)).
Using (2.5) we get

Corollary 2.2. Supposing O”3”en-2, we have
(2.6) |A,,(-L«(/; *)-1(*)1- O(l)co(/; sin29).

Considering that by the Teliakovski—Gopengauz estimation we can state that for

1 Here and later c, cIT c2, ... denote fixed positive constants, not necessarily the same in differ-
ent formulae.
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certain Pn(f; x)
2.7 \m -P n(f; x\=0(1)0(/; (*€[-1,1]),
(2.6) is better than (2.7) if x is “very close” to 1

Another finer consequence of the estimation (2.5) is

Corollary 2.3. We havefor/£ Lip 6 (0<<5*1) and Osisin 3”cn~r

r6>(1)32(92n2In'n+ 1) if 5=1

(2.8) th,( I *)-1(*)1={o(N92AMNYNE M+I] { 0<5«1
Let us remark that by (4.4) and (4.5) we get the well-known formula

29 Qe (=) 1 C 2T 1y oo+

O 1)) HCD i+ (0 92 1H(x+D] 1(X).

2.5. In many cases the estimations (1.11), (1.12) and (2.4)—(2.5) are the best
possible. For proving this fact denote C(co)={f(x); fEC and co(f; t)*a(f)m(t))
where co(t) is a modulus of continuity. (If a(f)siM, we write CM(co) instead of
C(co).) We state

Theorem 2.2. Let a, §=—1, moreover I_i_rrg (o(t)t~1="°°. Then

a) for any fixed x*£(—1,1) one can choose a sequence {«} and /r€C(w)
such that

HA™H fT, X*)-/i(X*) s 2 l(((—M 4 O = «1. «2, on);

b) supposing /or anyfixed sequence {z,=cos",} one can choose
a sequence {nt} and/26C(c0) &TA that
A1 (/2 z,,)-f2zn) & (£, )4 G jirI-~+ttdisin22)  (n=nx, n2, ..)

(cx is a positive fixed number)',
c) supposing Oviy-(, $c2a-1 moreover —I<R, RO, for anyfixed sequence
{zn=cos €} one can choose a sequence {n} and fi'zC(oj) such that

ﬂ&*'p)(/sa 2’1)_/3(2’1) " (V| = «1.«2, m)

(c2 is a fixed positive number).

2.5.1, Remark that for co(t)—t the expressions a>(...) must be replaced by
«,,«(...) where e,,>0 and s,\0 arbitrarily slowly (see [10]). Statements analogous
to b) and c¢) can be proved for H)R'X) in the corresponding intervals.

2.6. If a®» —1, >0, by Theorem 2.2 one can easily prove that for a suitable
/£ C, Il,,<afi) (/; —1) does not tend to / (—1). The result can be extended for a> —1
and B=0 (see, e.g., [1] (4.6(4)).
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Further, it is easy to see that for a suitable g(x) 7,0, _1)(£; 1) does not tend
to g(l). Indeed, by (4.4) and (4.5) for a=0, R=—1

t>i(*) = | - "1L (x—*0), »*(*) = -g_;rz (k=23,..., ri),

vn(x) = [+ Aro~. (x+ ]J,
from where with g1(x)= 1—x
tfif0,_1)(g, O = g(x,,)hn(\) > MO > 0s*g(l) =0 (n S nO.
Similar result holds for A, 1°0)(/; x). lLe., we get

Corollary 2.3. If aB8” —1 and max(a, B)=0 then for a suitable
fEC lim|tf<*“w(/; x)-/(x)||>0. (Here, as wusual, |lg|[&M= maxjg(x)|; if

[a, A= [—1,1] we write ||g].)

3. The Q£fa/?)-process for a, /?> —1

First of all we prove some theorems on the order of convergence.
3.1. Theorem 3.1. Supposing a, /?>—1 we have thefollowing relations

@.1) fo n (i )=/ =0 (I)[J> (/i-~)nsns -nw]
if x£[a, blc(-1, 1),

(8.2) Bi-"« (/3 )-1(*) = 0(1){a [to(/; ~ ) +

(r [i2|cos3]|lI . co(/; sin2#) 9 -2a+ll c n
+8Bl/:~ ~JJ1 + (V+1 +- 1~ \ If pr*x*x*-"
and &6 = max (—90.5, a—1).
By (3.2) one can obtain the following

Corollary 3.1. We have

(3.3) 1 =-1(*)1=0(1){1 [eo(/; ™~ -) +w(/; 91)]11 +
£-2a+11 c
+ H}IV - =5=JL£ o O=a”" 05
(3.4) B “»(/; x)-t(x)l - 0(L){1 [©(; i i) +

( i2|cos,9n n #-2+4
+ &

V' on2 ) T 2+l and  a—05.
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3.2. Now we investigate the interval [0, cn X. We state
Theorem 3.2. Supposing a, B> —1 we have

(3.5) | x)-fOO\ = 0(1) [(n9)21 ai(/;  z2-s+

922 jW-i
+w (/; sin'29) + i if
moreover
(3.6) ie<0)(/; *)-/(*)! = 0(1) [(zz9)2i Q(/; -N+0j(/; sin29)]

if 0s5s cn-1.
3.3. Using (3.1)—(3.5) and the analogous formulae for [e, n] we obtain

Corollary 3.2. IffdC then {Qf R)(fl x)} uniformly tends to f (x)
a) in [a <A1, 1) if a /?>—0.5;

b) in [—1,1] if Osot, /?7<1;

c) in [-1, 1] z/ |a], |y5]-=0.5;

d) in [, 1] if a=/?=—05.

(For the statement d) see [5].)
Remark that by (3.1)—(3.6) we obtain formulae similar to (2.4) and (1.11).
Here is an example.

Corollary 3.3. We have

Ne BFix)-f(x)\ =0 (1)2co[F;A% it [able(—L1) a/?50;

re. [ isin9 .. i2cos
se n AT oy

if 0"9* n—e and
(jee (3.1) aizzi (3.2)).

3.4. We mention the following estimations of Teliakovski—Gopengauz type
for the whole interval [—L, 1] if oc=/?=0.5 (see [6] and (1.18)).

Theorem 3.3. We have for —sx |

@7 nieses)(n x)-FO)\ = o(i) jsin2(zi—1)9 2 [®(/; iSi: gz

+ W

where yj is the nearest node to x. By (3.7) we get
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Corollary 3.4. We havefor -ISTSi

i'sin3)

lg0.5.0.5) (/; x)-f(x)\ = 0(1) jsin20i—1)3 2 [«(/; J+
+.(/;n0 M )]l +w(;M) ).
3.5. Now we prove that the order of our estimations in many cases is the best

possible.
If, eg., in 31) 2 w\”* fi=0(\)(n~1~2a+n~1~2) then we say that the
sum is negligible. Similar definitions hold for (3.2)—(3.4).

Theorem 3.4. Suppose a, B>— 1, lim co(t)t~1=°° and e, \0 arbitrarily slowly.

Then
a) for any fixed x*£[—1, 1] one can choose a sequence {w} and a function
f (x)c C(co) such that

QEN(fl x*)-fi(x*) s i® (4)» +e. [*W +2W ] (N= n1r 02, ..);

b) supposing cAn~LU A*n—e (c\ is fixed), for any fixed x*=cos3* one
can choose a sequence {«} and a function f 2(x£C(<x>) such that

in23*)  (3*)'A:
Qi?” (/*; **)_/.(**) s e, |r?n(;,l*n)2‘+1) ( n;>|_1+]:1] (n = nx, n2, )

if the sum in the corresponding upper estimation is negligible (see (3.2)—(3.4));
c) there exists a sequence {zn—cos £,} with £n~wn_1, the sequence {1} and
f 3(X)EC(co) such that

0i“W/a; zn)-13(z,,) & J'coir)i2 4" .4,y (M=nxn2.) if a5
i=1 yn) nes

d) supposing 0s£,~c2n 1 (c2 isfixed), for anyfixed sequence {z,,—€o0s <}
one can choose a sequence {1} and a function /4(x) 6C(co) such that

Qnap\fi', zn-h(zZn) § 1»(3.“_ +

a 2 i
+m(sin20 +en--*2/-2,— (n= nl5n2 ..),

excluding the cases a=1 and a=f=0. If oc=R=0, the last term must be replaced
by enQr
3.5.1. Remarks analogous to 2.5.1 are valid.

3.6. By Theorem 3.4 we can state the following
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Corollary 3.5. One can choose functions fEC such that the corresponding
X)} does not tend uniformly to f (x)

a) in [a ftlc(—L, 1) if min (oc/?)< —0.5;

b) in [—1,1] if max(a,/?)sl.

Indeed, we get a) by Theorem 3.4 a). To obtain b), consider that for the func-
tion h(x)—\—x with 2z,,=1 +y2 we get

Qn,0)h;zn S h(-Dr,,,(z,) ~ n2n 2= 1

from where Qil0)(h; zn) does not tend to h(z,,)~n~2 If a=10</isil we get
by (4.25) and (4.27)

LIfj 7.2 L3 ,4 42

Q?-R)(h; z,)s 2 U AT

finally for oc=I, — we obtain

k2=I KAz\~n &

i.e. b) is true for a—I,8 "1 (or /?=I,a”l). Considering Theorem 3.4 c) we
obtain the desired result.

3.5. Now we prove an equiconvergence theorem.

Theorem 35. If «/?==—1 then we have for arbitrary modulus of continuity

P ea%&) WQI?HIB+L)(f; x)-f(x) 1
fiCS:Bﬁﬁ | | X)-fF(x)\\

3.8. Finally we mention the case a=/?= —L One can consider m£~1, 1)
k=1, 2, n; n=1,2, ...) as fundamental points of the process Q(~1,~1= More-
over, it is easy to prove the statement of Theorem 3.4 a) for a=f8——L1

The cases min (a, /?)=—1 can be treated similarly. We omit the details.

4. Proofs

4.1. First of all we mention some relations used later.

e b e o
0(9 " 2n D) if S =9= 5 aBER,
(4.1) IPA«(x)] =\0(nx) if 0ssSsi—, a,RdR,
0(n92 if 0=&=— oc=-1,ReR.
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Here the first two relations are from [1], (7.32.5). To prove the third one we can
use [1], (4.22.2). (1.7.1(1) and (1.71.10). (Indeed, if J,,(z) stands for the Bessel
function of the first kind of order a, we have

cos 9) :0(1)’—’Q J-k(n9) = 0(1) Af1(«3)  O(1)H232

uniformly for 9=0(n~I), which is the desired estimation.)
(We suppose where j[X) is the first positive root of J7(z))
It is important to remark (4.1) is the best possible in the following sense. Let

zs=cosi;s and 2<fs=3s,,+3s+li,,M Then we have

PiFR)(zd\ ~ is * 21 2 if @= aBa:-1

(4'2) 1P<-»(j9| ~ v if 2n9 =j}*\ aBRs-1,
JPMLw™)l ~ n32 'f 2u9= N1

(see the arguments of [1], 7.32(3) and (2.3)).

Denote xKk!,,=x*r?)=cos Then, sometimes omitting the superfluous
notations,
— = x+1—9k™~=— (k=0,1,..., n; 3"5" 3t+1; x, 2= —1),
where x0= 1, xn+1= —1. If, e.g., a= —1 then Xx,—X!=l. Indeed, consider that

P @7 3X(x) satisfy the differential equation

4.3) (I—=x9y" +[R—x—x+R +2)x]y'+n(n+ix+B+1)y =0 (a REC).

([1], (4.21) and 4.2.2). Now by the argument used by G. Freud, A. Sharma [7], p.
297 we obtain the desired relation. Another useful relation is

(4.4) ix»(x) = 1- Lxl X_X) (L1 xk<1; aRa-1),
)= 0D +n2x—xx) (xx=1;, a=-1,j?2~_1i).
The first relation can be obtained by (1.7) and (4.3); further by (2.1)—(2.3)
(4.5)
i@« () (n+ <*+B){..-2) p"(«/N(1) W+ «+w (n_2)

(<z,’3€Q

which can be applied for v1(x.
If we use [1], Theorem 8.9.1, and 2.2 we can obtain

(4.6) \Pna\x "\ ~ k-*~32n*+ (0"9k"n-e; afA=7?-1).
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We shall use the relations

@7 \f(x)-f(xK\=0(1) [w + |cos 9])],

where i=\k—\ if k*j and i—l if k=] (Xj,,is the nearest root to x; see [9],
(210));

4.8) sin ~S-3~x (k*j)).

4.2. Proof of Theorem 2.1. 4.2.1. By JE/Zde)=1 we have
k=1

(4'9) \H(f;x)-f(x)\sk{=2j+ VX - kgaiu<x B) +>< - x kgt'(a ) +xk-x“2i(x B) ).

SO -F(MKON = {2 +2 +2 -+ 20F(X)-F(xRI OO\

If we apply the methods used in [8] and the relations obtained above we get for
x€[a,6]c(—L D

(4.10) \k(O\ = 0()1-2 1T KEIUIL, & B E£—,
(4.12) 3y = on s 2.0 aB=-l,
(4.12) roe = 0(1)« 23— |2=i i anBRS-I.

By (4.11) and (4.12) ﬁl + i.e. we proved (2.4).

N ir)’
4.2.2. For the whole interval we use

[tf,(/; *)-I(*)'=o0(i)(2+ 2+ 2 4+ 2 )IAF)-I(*F)1iE*(*)1 =
k=) & -£
k*j
| =(2+ 2+ 2+ 2) \f{(x)-/(**)IM*)]
an

4n3> IM>1=°(1) (1_,n4 ~ )3_ay
By these formulae, as in [9], we obtain as follows.
42.2.1. If 0sSé&a"1 then we have

(4.14) IA%(*)| = 0(1)edr 3 if [ENUNI, a=—1 )Ss-I,
(4.15) 2-"=C>()04n-2+) 2 '~ 41 if a=-1, 0£-1I.
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By |/T*(X)]=0 (1) and elementary estimations we get
(4.16) [/(x)-I()M*) = 0(L)w(l-x) >Ff *=-\, Bm-I,
co(1—x) —a»(l —x2 = co(sin23) if Os sin9~ 3S cu-1.

Using these relations we get the first part of (2.5).
42.2.2. If c«-1s9S7r—£ we have the estimations

4.17) A5G| = 0(l)iay-1 if kell and 29€> $, a,0s=-I,
(4.18) \kGO\ =0 (1) i1 if fc€lUIll;  <x,j8fe-l,
(4.19) ’I‘V...: 0(|)9-*-1ir*-3_=2|1M+1 if a,0n-1

(see the corresponding parts in [9]; y=max(a, §, —0.5)).
For the remaining part of%I (i.e.,when 29(t<3) using (4.4) we get |r*(x)|= 0(1)

if x*——1+e, k3*1, a= —1 (see further (4.24)). Further, by (4.1) and (4.6) we
obtain |JAX)| |/(x) —(1)|=0(l)e> (sin29)(n9) 1. So the corresponding part of
[9] can be estimated as follows:

4.20 = ] PA i A ' A
( ) pce DO (L) g pw i rsinio) T4 R

K*
By (4.13—(4.20) further using that
Sin9en~B~32 IR+ o (1)sin9-n YUnu

= 0(l)w(sin29)(n9)-1

@a=—1, jSs-I).

and (0(sin29)(n3)_1~ *ZEJi co(U~fy sin9-u Y(7—A 2 (c«=l) we get the second
part of (2.5).
4.2.2.3. To prove the third one, first we investigate the difference

05 D x)-/(x)] in 083s n-e (@> 1)
By (4.4)

(4.21) ALY (W <))

from where |iT:<_D(x)[=0(1) if x~sl-e.
By (4.21) and the methods used in [9] we get (2.6) considering (2.2), too. (See
the corresponding parts in [9]; the restriction a>— 1 will be applied at Ilj b.)

4.3. Proof of Theorem 2.2. First we prove b)

4.3.1. We wish to apply the following statement which is a special case of [10],
Theorem 3.1.
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Theorem 4.1. Iffor the sequence of linear operators T,,(f; X) and the functions
0,.(X) (n=\,2, ...) we have

@) g,,(x)cC(m);
@) T,(gn;zn"ciln(z,,) for certain {z,}c[-I, 1 (definition of An(z,.)) ;

B* f(x) =Q 2 emdAn.(x)EC{bI) for certain {n} and {&,} (0<c,,sl, enH"e,,);

(C*) c5Ak(zJ > 2 eni\Trk(gn-zj\ + 2 eni\g, @R\ (fc = 12,...) with c3< o4
i~k

i=fc+1

then there exists an /EC(t0) sndj that
TM-, Zn)-f(zn) > e,An(z,) (M= nl5n2 ..).

Let {z,=cos£,} be a sequence such that 0< <K< cxmin (2 y/T). By
2 p=pn()=o(n) and wn=xp—p2n~2 define g,(x) as follows:

gn(l) = CO(I-ZH),
(4.22) 0.(*) =) (") if 2 «ksip,(co),
gn(zn) =0, K) = g,,(X*) =0 (Xb§ W,,).
In the intervals formed by 1, z,, wn, xk (k=2, ...,p) and —lletg,,(x) be linear.

Obviously  aj(g,,; t)*cco(q,,, t; [1—=z,,; I])=c<u(i) if O7MNitMl—z,. (Here
co,,(gn; t: [a, b\) is the co(g,,;t) restricted to [a,b]) l.e.

<al) 9,,(X)EC(<wW).
Further we mention that by (4.22)
(4.23) gM,,) =0 if NSs(n).

By (1.7) and (4.5) ul(X)=l—22|x—x4| i.e., *(zJsO.S if c4is small enough.
Then by (2.1) and (2.3) Al(z,,)~l. Further, using

(4.24) W) = 1+ TR (= 2,0, n—)

we get ut(z,)>0,ulz,)~l (2"k"p,,(w)).
Using this, (4.22), (4.2) and (4.6) we get

ni~1R4gn>z,) sc 3[et(sin2o + 2 M) ~

~ [(«U4 to (i) pr+"(sin2ij]
So by A,(zB=[...] we obtain
<32) #,,(—]]E)(g,,; Z,) = <\/_11(Z11) (n _n(»

Acta Mathematica Academiae Scientiarum Hungaricae 2, 1973



362 P. VERTESI

Now we prove with Q>0
(6*) ?2(x)~Q I2=lgnt(x)fX(m) (ni+1> d(n,)).

Indeed, if 1—z,JH-=tsl—n. then we get

w(/; 0= GZlg?i(g»,; 0=q \=l1+. 2 .. m

i=+1
By (4.22) and tgrpoco(t)t~1_ <
2 (o(gni; 0 = ct.2 <> g ot 1z 2cen(t)
i=1 i=l 1—2nj
if {n;} is lacunary enough. Further with 1
w2y (@ni; O's i=%+l ®(gni; i-wn) cm(l-w, 2V = w(o

if {«} is lacunary such that (1 —#D" <7, w(l —wn#)s~ca(l —w,,). le., we
proved (B*).

By (4.22) we get [g..(x)|"e,, where I|m a—0. Using this and (4.23) we get
for a certain {1}

(cl 2.1 HnSgni\ 21+ 2, Igni(", Bl =

= (2 |~,nk(rak)]) ( 2 6n,) < U n k(Znk).
le., by (al), (a2), (B*), (C*) and en=\ we get for f (x)=caf (X)EC(a>)
(4.25) P z,)-1(z,,) > Afz) (0= nx na ...)

(see Theorem 4.1). To complete our proof, we decide the index pn((0).
First suppose a>(i)=0(i°), e.g. /a+iSco(i)Scta where O<a<l,<5s0 is
arbitrarily small, t is small enough. We have by a simple computation

if A is small enough, i.e. one can choose p,(0>)=[nl-"]. For co(t)"O(t¥ let
pn(co)=[(/«], finally if co(f)=i<>j4j where HmPp(y)="°°, %t p,(®)=
= [u(lnn)-1/2]. Using (4.25) we get our assertion.
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4.3.2. We sketch the proof of the remaining formulae. To get a) one can choose
a sequence {ur} such that k>,n-**1~u 1(n=nl,n2 ..) (see, e.g. [1], Theorem
8.9.1). For this subsequence we define g,,(x) as follows:

‘gn(x*) = gn(xk) =0 if k

g,k = if s=j-Pn(o>)" k< j
gn(w,,) = g,,(xk =0 if xk~wn=xs+pnn-\
By (4.4) one can see that vk(x*)>0, vk(x*)~ 1 whenever g,,(xk) * 0 (M1=uln2, ..).
The remaining parts are similar to 4.3.1.
4.3.3. We prove c¢) for :n= —1. If :n~n —i, one can argue similarly. Let
gn(x) (n=ux,n2, ..) define by
0., (I) =0,
gn(xk) = © N+—)signhk(-1) if s=n-p,, ™ k*n,
p»Ww,) = g,,(xk = 0 if xkLlwn= xs+(n-p,,)2n~2
By (4.4) vk(—1)~1 and sign vk(—1)=sign (—8) if gn(xk?+0. The further parts
are similar to 4.3.1.

4.4. Proof of Theorem 3.1. 4.4.1. First we state the following simple but im-
portant relations:

(4.26) sinS|P<« 81*+1X(jc)| ~ |P<'-«(jg| if a,j36R, LU n
sin 9 |p(i+1A+1)(x)| ~ if a>- 1 RtR-, 9=~ A -+ £-

where

J.

considering only the real roots of Pn(x)’s (see [1], 6.72). Indeed, by the arguments
of [1], 7.32 (3) and (2.3) we get

(4.27) |P<«-«(*)| ~ a-*-U2«“U2 if LU q, a;i8€R

from where by (4.1) we obtain the first relation. The second one can be proved
by (2.1) and [1], 6.21 (1). Further, denoting the roots of PEXr'p+)(x) (a,/?:>—2)
by YKfi--P+l)=cos 4k*n-23+1) we get, using (1.16) and (4.3),

@+B+2yk—R +a

(4.28) 28+ M+1)(*) = i - 1yt (x~yR (k=23,.,n-)
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from where
(4.29) gknXfH>x)> min(—, B) if -1 s alJsO, k=2,3,un—1

(see [1], 14.5(1) and [3]).

4.4.2. If —<a,/l and [a 6]c(—1,1) we have by (1.16) and the method
applied in 4.21 that

X)-FOON = 2 [HyR-KNIrk(x) = 0(1)F2 oo+ -~ +-™ ]
which proves (3.1).
4.4.3. Now we prove (3.2). By (1.16) we obtain
(4.30)

BEHLPH) (/%) /(%) = y (v, f(y[  bWBPXK-"44x)  V
krz f -k }ISintkp £3 1 +1>(yk) (x - AN

A MW+ (D) _IW]

FUED-I00 1 - - X =A

First let 9€ . One can choose the sequence {z,=cos £,} such that J9—¢,| "
5CN“1 moreover £,£/,. Then by (4.26), (4.28) and former arguments we have
in cn~I"9sn —E

(4.31) A=-0)|a n(\zn-xK) (a,F':‘)g(XS(;;)_ Ny d(R)+

cu(sin29) a-2'-1!
+ (N9)2'+t3+ un2**3J°’

where P,u,B)(xK) = sinfkP 7. Lfi+1)(yK if min (a, /7)< —L
If we use the argument of 4.2.2.2 considering that now —2<a, B we get (3.2)
substituting a and 8 by a+ 1 and /1+1, respectively.

Secondly suppose 9%/,,. Then we can choose 9* such that and |9*—9|é
Sen“l Using
(4.32) sin 9|/ Y™*)(9)| = 0(1) sin9* |py_V'N(")] (O0=£9 i)

we get the previous estimation. This completes the proof of formula (3.2).

4.5. Proof of Theorem 3.2. We have to use (4.30), (4.13), (4.28) and the corres-
ponding estimations.
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4.6. Proof of Theorem 3.3. For the sum in (4.30) we obtain

n-l 1—xyk sin2(n—1)9
1—cos (9+ ik sin2(n—1)9
°v k2:2 -/ (n-1)2 4sin2 sin2 9+ 4K

0(1) sin2(n- 1)92; \AYR-Mx)\-~*y+co(/; k- jvi)]

(2" means that k"j).
The remaining parts can be incorporated into the above terms.

47. Proof of Theorem 3.4. 4.7.1. For a) first we suppose

4.33) mex(_IL_, 15)=o0<i)|«,yi.

Now, using (4.30), (4.28) and the argument of 4.3.2 we obtain a).
If (4.33) is not valid then let, e.g. ocb By (4.28) we can state with a certain
K=K(<x, B)

(4.34) signgk(x) = ¢ if x€[ah], 1"ksKn (nS n0.
By s=max (b+E, y1bl) let
fg,,() = @

ig,0-s) =gnW =0 if x=1 s (né n0.

By 24(x*)= u-2a-1 and f(x) = I2=leri8ni(x) we get the desired result for a certain
{nj (see Theorem 4.1). The case 00>? can be treated similarly.
4.7.2. To prove b) let
Ign() = sign gk(.r*)mo(yk-x*) if 1S k §j-1,
l9..(**) = gn(yk = 0 if k~"j
and linear in the subintervals. For suitable {«}
Q<-n (ga; **) S c[0)(sin29*)(n9*) 2 1+ (9*%)-2'+1n-2p-1] = A,,(x*)

(n= W n2 ..).
With f(x) —Q i2_| ew 8 nmfc\0) we obtain b) by usual argument.
4.7.3. At c) first suppose that for certain {en} the sum is negligible. By (4.28)
we can state with a certain K1=K1(a, ) and z, (1—z,,~n-2), sign gkz,,)=¢ if

Km~Ak~n —1 (nSnQ. The remaining part is similar to 4.6.1. If the sum is not
negligible we can apply (4.26), (4.28) and the ideas 4.3.3.
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4.7.4. The statement d) can be proved by the previous arguments.
4.8. Proof of Theorem 35. 4.8.1. First let —lIsa, /?s0. Define

/7<*> if /W =/00)

KX;X0)~[2f(xQ-f(x) if f(x) </(*,))
fix- x,) =fix-, xQ-fix0.

and

(See Figure 1)

If f"CX|w) then f£C lia>) and J"Cxia>), too. Further by (4.29) Hd,(x)£0
ik=\, 2 ..., ri), so

W@, X)-fix)i=1Q M ™ if; z)=
= QHELHTI-; r); z,)-/(z.; z,) = O<I+u+1)(/ (' ; z.); Z)-(zM; z,) =
= QFRH)(fi“; r); z)  B<«tl*+1(a,(.; Z.); Z),
where <u(t; z,)=o(|t—=z,). l.e. we obtained
U, IBNHAFD; *)-I () =

= sup g(*+Lo+o(fi(.x); ~ tf(at!.A+D(a).
xSI-1.1]
By (1.16) it is easy to see that with \y\"\—er~r
o <t,/M+1)(0(. . y). y)=00) sup  Qix+LR+r>((0i-\ X); X),
g:] ra
so one can choose the sequence p,,=cos\I/n such that for arbitrary fixed c>o
cn—= ili,= T—cm, moreover,

i O(AI_ I)(Co(rpn)v
By (1.16) we obtain

(4-35) QiF+LB+r>(coie; p.); p.) = 1 '®(Ln-PnL)A(P»).
where by (4.1) and (4.2) we can suppose
(4.36) PRl +1)bl1 - " -a-3kn-12 (P, 0).

The corresponding estimation holds for pnS 0.
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4.8.2/Now we prove
Lemma 4.1. We have for —I~a, B"O
(4.37) IE@EHOHC ; P) ~ 2 1<(lyt-p,,Dre@.
k=2

Denote
2 =2 + 2|+_g —h+h+h-

fc=1 fc=2 k=

First we suppose a, R >— 1
a) If cn~1"cpm*n/2 we get

h- o 5132 (- A % fa+5""2
=d b4 k=s (/1 -11) hz/'+6'2 -
OiA-L Y] <a(|n-p,,|) 23  co(sin2w;) f
n =2 [fc+j'|2|fe-j'|2 n2 (#)2+1 J4

w(sin2y>) * n co(sin2iA)
nn - g (#, r+3 2
(see, e.g., (4.30)).
b) By similar computation we have for n/2-*.¢p,,Sn—cn-1 that /,sc 33

(If y'<4 the argument will be trivial.)
Now we investigate the remaining part,
a) Let cn-1SiA,A7r/2. We obtain
nj 1 W] fP+3 , 21

a725—1r§<,0(1n—n1) B ( .
ni1~|n_A |+ 4 ,20+4 fc2l -

A <, L2a+4 (1 + 1N
q]_l , /Cz:‘+3
1 ,2a+3 1%=i- fk-(f-j.’fkklk —jTr+ l2=1/02a+1+ l] _
b) If ;r/2siA,, = rt—c/i-1, by similar estimations /rSc4/2.
Remarking that similar arguments hold for the remaining a’s and /i’s, we

obtain (4.36).
48.3. By (4.3.6), (43.7) and (43.1)

Rn~ O<«+ii+«(a,(; p.); pn) ~ 5 ®AN“ Al) [i>'(“« (") (M-1in]

zart ATZ-1

AN g '
,2/1+3 ~ 73-

5, ®(F*-N)Alaw(z»)+0>:) =

= 0(1) giipy @ (/; Q) —HaW m\iﬁ{] _

= O(l)/ §u8 INe » (f;x)-/(*)||SO (I)S,
for a certain {z,=cos",} where [<A—£H—0(n_1).
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4.8.4. By the corresponding arguments we get Sn=0(l)Rn which gives our
theorem for -1S a, R"O.

4.8.5. When a”/J and a>0 we prove a statement interesting in itself.
Lemma 4.2. If — a>0 we have for arbitrary co(t)

R(f+U'P+1)(co) ~ Sf'Vfco) ~ nX

To prove this, first we investigate Sn. We prove that Sn=0(n2). Indeed, we
have for fACfro) by the previous arguments

No » (/; *)-A*)11 - p.)-1(p.)l =
r g w(|x-x2) k2 , k2B+1))
u=1 22 + n3+2)\
Here
[n/2]
[...]SC! *2-i (K2x+IN~2-2+ kK B+HIN~2B~2 ~ 1
and _
/113 2 n\ Joecth ,
oo0| —— N .
[eee] 02!12:1+k:|_%£]+|+fc:22j+|/1F?a+2“’ LJill. |+ @~C3,
so we have

Ne » (/; *)-/(idll = 0(1)[|P<~»(p,)112= 0(n29y if o, ~ u-I.

Further we get by ffx)=co(zh—x) (xsz,) and /3(X)=0 (x>z,), Wwith
{z,, = COSE,,,

because for the difference

;2\ n
2Co\-A i2n 17 2 A~ x-n 2
i=1 Vh i =
n (12\_ no2<x+ |
, « b ljxtl>c 2 —— ~ nx

=1 Ve« ) i=I n2

So we proved S,,~n2 By similar arguments we obtain Rn~n2x too. This
completes the proof of (3.8).
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A THEOREM ON RELATIVE UNIVERSAL SPACES
WITH GIVEN WEIGHT AND DIMENSION

By
V. V. FILIPPOV (Moscow) and L. URY (Budapest)

Introduction

Let 5 be any class of topological spaces. In this paper let n€{0,1, ..} or
n=o0° and let z*a>0 be any cardinal. Here o0 denotes the first infinite cardinal,
“dim” is the usual covering dimension. Let be such that dim F~n, the weight
of F(=wF)Sz, i:F-*X a closed embedding, i.e. an embedding such that i(F)
is closed in X.

D efinition. (X, F, i) is called an (F, £, n) universal embedding space with
respect to 5 iff:

0] dimX”n, wX”z,

(ii) for every YC5 and for every closed embedding x from F into Y such that
dim Y=tn, wY”z there is an embedding y:¥Y—X for which the diagram

commutes, ie. t—yox. If n—°° we simply write (F, z) instead of (F, z, ®°).

Denote by Alland (£ the class of metrizable and the class of compact T., topo-
logical spaces, resp. Let us suppose, that 5=9)1 or C. If X and Y are homeo-
morphic we shall write Xm Y. |X| denotes the cardinality of X. Cardinals are
identified with the initial ordinals.

Main theorems

We can summarize our results as follows:

Theorem C. For every F, n and z there is an (F, z, n)-universal embedding space
with respect to 5-

This theorem is obviously a consequence of the following two theorems:

Theorem A. For every F and z there is an (F, z)-universal embedding space
with respect to 3-

Theorem B. If there is an (F, z)-universal embedding space with respect to g,
then for every n there is an (F, z, n)-universal embedding space too.
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Proof of theorem A

() Metric case. Let F be a metrizable space with weight Sz. Then there
is a base B of F such that B= i[_;II Bt, where the B?s are discrete, disjoint families
and For every VEB let fv:F-*[0, 1] defined by

where ¢ is any fixed metric on F inducing its topology. For VEBt and
k=1,2,... let us define a function tn-F~[0, 1] such that

tvk(x) — 2kH v (x)-

Let M1={(V,K)\VEB,KEN}, let M2 be any set such that minm2=o0,
IM2=T, and let M=M1(jM2. For mCM2 take tm=0.

Finally let i.F-*Rz be given by i(x)= {fm(x):m£M}, where Rr is the r-
dimensional generalized Hilbert-space. Let L= {xZRAym£M2 xm=0} and take
X(F, 2)=RA(L\i(F)).

The map i is an embedding (see [11] p. 127) and clearly i(F) is a closed sub-
space of X(F, t).

Let x:F-*Y be an embedding such that wYsz, x(F) is closed in Y. We

may suppose, that F is a closed subspace of Y. Let C= \J Ct be a base for Y

such that |C|St and the Cj’s are disjoint and discrete. Slnce Y is collectionwise
normal, there is an open discrete family {G(V)\ VEBi} such that G(V)s>V. Let
Gk(V)=G(V)C\ U ifthereisa £/£Q containing V, and let Gk(V) =G(V) otherwise.
Applying Tietze’s theorem for every VEB, k—1,2, ... there is a continuous
function h\k such that hvk: ~ “*a0 I> hyki—F v mhyk (ext Gk(V))=0.
For VEBi take

tvk - ~yk+T - hvk-

Obviously the family {ty£ ((0, 1])| VEBt, k= 1,2,...} is o-discrete, and con-
tains a subfamily being base at the point p in the space v for every pEF. Let
c* ={u\utc, uc\F=0}. For E/C* let gu:F-[0, 1 be given by gu(y)=
=min {Qt(y, Y\u ), 1}, Where is any metric on v, inducing the topology of
v. Let tu(y)=2~igu(y) if udcicic=. Since |C*|*t there is an injection
<r:.C*—M2. Take (,=0 for memaa(c*) and let tJY=tu for vec~. Let
y:vy~rz be given by y(y)={tm(y):mEM}. y is an embedding. Since for every
y $ F there is a us ¢ *such that thus ify ¢F then y (y)sL. Hence y:v —
-*x(F,z) and clearly yox=i.

(i) Compact case. Let B be an open base for F such that \B\Sz. Let
Mi = {U, V,co\U id V; U, VEB, @S z any ordinal}.
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For m=(JJ, V,(0)EM1llet /mF—/ be a continuous function such that f(F\U) =0
and f(V)= 1 (/=[0, 1], and F is a compact T2 space so it is normal.) Let M2
be any set such that M1M\M2=0, \M2-+« and take M=MfIJM 2. For mEM2
let fm=0. Finally let i:F-*IMUM2" | z be given by i(x)={fm(x)\mEM}.

Since {f,,}ntM separates the points and the closed sets, i is an embedding.
F is compact, hence i(F) is a closed set in Ix

Let x:F-*Y be a closed embedding. We may suppose that F is a closed sub-
space of Y. Let C={GdH[St be an open base for Y. For m=(U, V, co)EM1 let
Un=G0 if GQOL«U, otherwise let Um=Y. Let gm:Y\Um-+l be given by
gm(x) = 0. fmand gmare compatible and thus by Tietze’s theorem there isa tm Y-*X
such that tm\F=fm, tJY\U J =0. Let

C*= ((6j H\G z¢ H; GC\F= o ; G HEC}.

Since |C*|St, we may suppose that C*cIM2l_ Take t,=0 for m"MAC'*,
and let tm:Y-*I be given by tm(Y\G)=0, tm(H)=1 if mEC*.

Now let y:Y-»IMIUMR be defined by y(y)= {tm(y):mE£M}.

Since {/,,}n(M separates the points and the closed sets, y is an embedding, and
clearly yo%-= 1.

Two lemmas

Let {Xffa(l be an almost disjoint family of normal spaces, i.e. XxPiXfi=F
if aXB, and for every afl F h a closed subspace of Xa. F is called the kernel of
this family. Let X°= (J Xa and let px:Xa->X0 be the natural injection. Let the

ni
topology of X° be induced by {/?aja€/.
The following statements are evident:
(1) Uis open (closed) in X° iff for every aE£lp~1(U)=XA1U is open (closed)
in XXx.
(2) px is an embedding, Xx is closed in X°.
(3) v:F<fX° is an embedding.

Lemma L1 Let | f, H2, H be closed subspaces of a normal space Y- H1IMH2=0;
Ul,U 2 open sets in H, UiZzDHMHt (/=1,2) and [flUD2=0. Then there are
two open sets V1, V2in Yfor which Vt.q Ht, L\({=12) and Yi1Ny2=0.

Proof. FOr r=1,2, UtUHt is open in Z=HxUIFUH therefore there are
two_open sets Sj, S2 in Y such that SIC\Z=UiUHi. Since JUjUffJD
M(U2UH2 =0, there are open sets Gj, G2 in Y such that GjaLjU//, and
GlTG2=0. Take Vt=G;MS) (/=1,2). It is evident that LjzdHt, VinH=Ui
and V1(1v2=0. Q.E.D.

(4) X° is normal if the Xfs are normal spaces.

In order to prove this let Ax and A2 be disjoint closed subspaces of X°. Let
Ft=FnAi (i=1, 2). F is normal, hence there are Lj, U2 such that FtczG;j,
VANC/2=0 and the Cj’s are open in F. Applying Lemma 1 for the sets X"CIAXx,
XxMA2, F, UL, U2 let S[X)=Vi (/=1,2,aC/). It is clear, that if Gf= (J SIg
then the Gj’s are open in X°, G1DG2=0 and (/=1,2). ail

Lemma 2. Iffor every oct/, dim X~Xn then dim X°==n.
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Proof. Let A be any closed subset of X° and let f:A”~-S” be any continuous
map. The map/i=/LnF may be extended to a continuous map /2:F—S", since
AC\F is closed in Fand dim FSn (see [11], p. 270, Theorem 14).f, and / are
compatible, and thus there is a continuous map/iTUF—Sn in such a way that
fia= +  Applying Tietze’s theorem there_is a closed neighbourhood of AOF
denoted by U, and a continuous mapf: U —S" such that /|xJf=/.

Consider the maps /3=/U"nF: Since XaC\U is closed in XX,
and dim there is a continuous mapgx:Xx-+Sn such that gxix,no—f«x-
It is evident, that ¢ - Ug-a:A0—S™ is continuous and gi\a= + Thus dimA°”~n.
Q.E.D.

Proof of Theorem B

Let {Xx}xil be an almost disjoint family of normal spaces with the kernel F
satisfying the conditions:

(@ wXa™r, dim for afl.

(b) {Xx}xfl is complete in the following sense: For any space Z with wZ"r,
dim Zsgn and for any closed embedding k:F—Z there exists an a£7 and a
homeomorphism ij/: Xx-*Z such that the diagram

F cz Xx

\*\ /[k
z
commutes. Obviously, there exists such a family.
Let Xabe the same as in the Lemmas. For every oc£/ let gx be an embedding
such that the diagramm
F c Xx

\*\//9*

X(F, ©)

commutes, where X(F, ) with the map i is an (F, r)-universal embedding space
with respect to g. Let the map/°:A°—A(F, ©) be given by f°(x) =g2v) if X£Xx.
Obviously f° is well defined, f°\F=i and it is continuous.

(i) The metric case. Applying the factorization theorem (see [11], p. 388) for
[°:A°—X(F, r) there are continuous maps ¢:X°—l, h:I1—=X(F,r) in such
a way, that dim zZSdim X°*n and wE*WX(F, ©Si. Furthermore X(F,x)
is metrizable hence Zf£alt. Let T=g\F. The map g is topological on Xx since
f=hog is topological on Xx. Thus | with i is an (F, t, n)-universal embedding
space with respect to 91if only | is a closed embedding. This proves the following

Lemma 3. Let X, Y, Z be Hausdorffspaces and let /: X — Y, g: Y-~Z be conti-
nuous maps. |If gof\AX—Z is a closed embedding, then so is f, too.

Proof, f is obviously an embedding. Suppose thatf (A) is not closed in F,
and let yE/(A)\/(A). Then g(y)fgf(X)cgf(X)=gf(X) and therefore there
exists ay ff(X) suchthat giyjrgiy). Let Gand be disjoint neighbourhoods
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of y and y1, resp. Then g(Gr\f(X)) and g{Gtr\f(Xj) are open and disjoint in
gf(X). Thus there exists a T open in Z such that TC\gf(X)=g(G1C\f(X)).

Since g(y)€T there is an open set G'tzG such that y*G' and g(G")<zT.
Then g(G'r\f(Xj)ng(G1f\f(X))* 0, while the sets g(GC\f(X)), g(GxC\f(X))
are disjoint. This is a contradiction, and thus f(X) is closed in Y.

(ii) The compact case. In the compact case let X' = $X°, and let/ ' be any extension
of /°. Applying the factorization theorem (see [11], p. 304) for f':X'-*X{F,x)
there are continuous maps g:X'~*X, h:Z-»X(F,x) such that f'=hog. Similarly
to the metric case let f=g|F. It is evident that ris a closed embedding. The map
g is topological on Xy since f'=hog is topological on Xy. Thus | with 7 is an
(F, T, n)-universal embedding space with respect to (i. Q.E.D.
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ON A SATURATION PROBLEM

By
|G. SOMORIAT) (Budapest)1

Let f(x)(_cp[o, 1], a>0 a real number, and consider the positive linear
operators w s fop

” X
M) A(> %) 20 Gaxst n= 12,0,

*
2o (%5
Especially, when a is a natural number, (1) is a rational function of degree
at most nat. In the latter case, these operators were discovered and investigated
by J. Balazs, and later by J. Szabados [2], who also raised the saturation problem
(see [1]). In what follows, we give a complete description of the order and class
of saturation when a>2. The case 0<a”2 remains open. | -|| will always denote

the supremum norm in the interval [0, 1], and the “0”, “O” notations refer
to n-*<o,

Theorem. |f 0t>2 is an arbitrary real number thenfor the operator (1) we have
the following statements:

() IL.,(/)-/]|=0(1/n) iff/= const,
(i) Wn(f)—f\ —0(I/n) i f fup L

The direct part of these statements is easily seen. Namely, if /= const, then
L,,(f x)=f(x). On the other hand, if/ 6Lip 1 then we get from (1)

a—1

n *
PIOR ‘{x---ﬁ 2 4x—
la

oV T 1 2 4
For the proof of the converse statements we need several lemmas.
Lemma 1.1f a>2 then there exists a Q= Q(a)€(0, 1/2) such that for all

n=12, .. x—" dn implies

I/-A,COll »

2 24

(Of course, (2) holds with a—1 replaced by a, too.)

1 Editorial remark. This paper has been completed by J. Szabados after the premature death
of the author on January 15, 1978.
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Proof. The left hand side of (2) is not greater than

(2n)-1+2 2 |7|J* W (a)n*-\

7=1 v

thus it suffices to choose q such that cfy)ga-1-=0i/20. Q.E.D.
Now let

3 Mi(x) = limsup “X)'()'f{x) 0= MiX) s + )
for any fECJO, 1].
Lemma 2 (i) Mf (x)=0 iff f (x)= const

(i) Mf= sup iff /CLip L

Proof, (i) and /€ Lip 1=>Mf < °° is well-known. Thus suppose that + =o,
and let OsXiCXa”l be arbitrary. We shall prove that
4 [/(*2-1(*1)I = Mf (x2-xf).

Let e=-0 be arbitrary. To each x€[xx, xJ, there exists a <5(x)=-0 such that

) \M(X)-f(Y)\ = (MF+2)\x-y\ if ye/(x) = [x-<5(x), x+ <5(X)]M[0, 1]

(see (3)). By the Heine—Borel theorem, from the infirgite covering ’V\§<Jx I (X)
of the interval [xI5x2, we can select a finite covering (J /(y,) 3 [xx X2, ‘such that

each point of [xt x2] belongs to at most two /(>%)’s. I=Llet zt be a common point
of I(yt) and I(yi+) (i=I, 2, m—1). Then by (5)

/M ~fM | S \f(XI)-f(yi)\+ Tiyf)-f(zj)\ +\f(zj)~f(y,)\ + ...
seot+ \f(ym)- f (XI\(M f +E)(x2- Xj).
But s>0 was arbitrary and the proof of (4) is complete.
Lemma 3. If a>2 and/€[0, 1] then

fipsup M TA/) il 4 - -

We note that Lemmas 2 and 3 clearly imply the Theorem.

Proof of Lemma 3. We may assume that Mf >0, otherwise there is nothing
to prove. Let xaS[0, 1] be an arbitrary but fixed point such that M/ (xQ=-0. If
Mf (x0)< .. then by (3) there exists a d0O>0 such that
fix)-fixo

x-x0

On the other hand, when MfixQ="°°, (6) clearly holds with d0O=1

) A OMFixQ  if  xE[x0-<fO, xO+ dn [0, 1
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Evidently, there exists a sequence {xt}=l such that

AN xkn xo (fe= »2,..), }im x€= x0
and
S —Mf{xQ if Mf(x0Q <.
f(xK)-f(x0 —
<8 )a(.xé e f(x")-f(x0 i Mf (x0=00 (Ic 1,2,...).

|x "-x 0is|x lc-x 0]

Thus in both cases
f(x")-f(x0 f(xR-f(x0 .
N -An S4 Xb-X,, it

Now if Xqis irrational then for all fc=I, 2, ... there exist positive integers
4, mtt such that

Xs-x Q= |x'-xQS <4 (k=12 ..)

9)

4 2|x0—xt .
(10 X0 where in,

m,. Qtnk T2, ¢

(This in an elementary number-theoretic result.) Then by (7) there exist integers
nk which are multiples of mk and

(m

Evidently, fli[n mk= ", otherwise by (7) and (10) the irrational number x0 could

be approximated arbitrarily close by rational numbers Ijmkwith bounded denomina-
tor, which is impossible. But then (10) and (11) imply (with the notation IKmk=
=hkink, 4 an integer)

h\
(12 nk
This and (11) yield
B
X,- - .
(13) 8k , 35 fnk (feSfco)

Now if x0is rational, then all the relations (10)—(13) which we will make use in
the sequel, trivially hold.
We have by (9) and (11)—(13)

[(**)-1 f(x(‘_)_f{—] \+ \f(xn) - F(x K\ x0- |
nid, . k-,
R ! J
XK 1 bk nk Xk
f(x0-f(xK Xk 13 f(xR-f(xO .. o« .
* x0- x k - 2 xk-x 0 L %ké I Ak,
nk
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Thus using (1) and (2) we get

/w -/N
(14) \LK(F, **)-/(**)I
Xt-—
nk
1
Yy i ad
1*0_Eix(\ _d) X k ___ﬁk Xk_-_ﬁl-(
I
2 e+ / f —
Now if
I(x9 - /"
f(xK-f(x0
(15) o xk-x0
then (9), (2) and (13) imply
B

o HXR-F(XO\[ 8
e e A Y S IPTIR R DU

Q f(xK-f(x0 ~
10nk  xk-xn (k = kt S k0.

On the other hand, when (15) does not hold then by (11) and (12)

\xk- x O\+ ™ - x

i ~ - _ nk .
\f(xK) - F{Fj\A~\F(x K-f(xO\ KXol = 1/ (* )-/(X0)
and thus
/(*,,)—/MT»/ S IH \f(xk) - f(x O\
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Therefore, similarly as in (14),

\LK(f, xO-f(xOI i? /«'4KV' A
“nk T nkl
\nk) 1 r H(x0)l{ AMa

; T |
nk o I"_K ]l*0m]>d0 Ho- InIZ(

F(xK-F(x0 3 f(xK-f(x9)
xk-xn  00I=) s e Xkexn

nk

This and (14) imply
WM E go [T ke r2&.
Hence and from (8)
limsup [IL,(/) -/ In] is Mf (x0.
But x0 was arbitrary and thus Lemma 3 is proved.

(Received January 16, 1978)
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