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О ЕДИНСТВЕННОСТИ РЯДОВ ПО ЦЕНТРИРОВАННЫМ
Я-СИСТЕМАМ

Г. Г. ГЕВОРКЯН (Ереван)

Пусть (X, 2F, д) — вероятностное пространство и {^„}“=1 — последова
тельность п-алгебр, входящих в SF и обладающих свойствами

1) ^ с ^ е . - . с ^ е ... ,  Х ^ „ \
2) =  {X, 0 }  и каждая сг-алгебр порождена ровно п атомами А{п>,

Ajfi, ..., А ^ \ А ^ Г )А (/ ) =  0 ,  Í7±j и Ű Ар>=Х.
1 =  1

Ясно, что при вышеуказанных предположениях, совокупность атомов, 
образующих ^ „ + 1 , получается расщеплением одного из атомов А[п) на два 
атома.

Через обозначается минимальная ег-алгебра, содержащая все 2Fn,
и = 1, 2, ....

О пр еделени е 1. Система {<р„(х)}“=1 ортонормированных в пространстве 
(X, д) функций, называется //-системой, если для некоторой последователь
ности J%, удовлетворяющей условиям 1), 2), минимальная <7-алгебра отно
сительно которой измеримы все функции {ф;}"=1, совпадает с для всех 
п =  1 , 2, . . . .

Определение //-системы было введено в работе Gundy [4]. Из определения 
видно, что срг(х) =  1, xf_X, каждая функция <р„, п> 1  обращается в нуль вне 
некоторого атома А["~г) из п-алгербы и принимает постоянные значения 
(разных знаков) на каждом из двух атомов ег-алгебры полученных рас
щеплением атома A(in~1\

Из определения немедленно следует также, что

/ Vndli =  /  =  0, п >  1.
х  a j» -1)

В том частном случае; когда (X, 2F, д) совпадает с пространством Лебега на 

отрезке [0, 1) и J%„ порождается из атомов 0 (2") =  s ; сис

тема {<д„(х)}“=1 совпадает, с точностью до значений в двоично рациональных 
точках с известной системой Хаара {^„(х)}. В класс //-систем входят также сис
темы типа Хаара (см. [5]).

В работе [2] Ф. Г. А р у тю н я н о м  и А. А. Т алаляном  для рядов по сис
темам Хаара и Уолша был установлен аналог известной теоремы Валле-Пус- *

* Независимо аналогичный результат был получен К р и т ен ден ом  и Ш апиро [3].
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2 Г. Г. ГЕВОРКЯН,

сена о единственности тригонометрических рядов.* Для системы Хаара эта 
теорема формулируется следующим образом.

Т еор ем а А (Ф. Г. А р утю н ян , А. А. Т алалян). Пусть ряд
с о

( * )  2°пХ п(х ) ,п — 0

где {х„(х)} —  система Хаара, обладает свойствами:
а) некоторая последовательность {SN. (х)} частных сумм ряда (*  ) сходится 

к суммируемой функции f(x )  всюду на отрезке [0 , 1], кроме, быть может, 
счетного множества точек;

ß) для любой точки х0€[0, 1] l im — a"k - = 0, где и1< и 2< ...< и 4< . . .  суть
к~°° Хпк\хо)

все те номера п, для которых Х„к(х0) 9^0.
Тогда ряд (* )  является рядом Фурье функции f {x )  по системе Хаара, т.е.

1
ап =  f f(x)Xn(x)dx. 

о
В дальнейшем появилось много работ (см., например, [1], [8], [9]) в которых 

для системы Хаара получены разные обобщения и усиления теоремы А.
В настоящей работе вышеуказанная теорема распространяется на произ

вольные //-системы, рассмотренные в пространстве (X, 2F, р).
При этом для доказательства соответствующей теоремы приходится ввести 

некоторую модификацию понятия точки пространства (X , XF, р).

О пр еделени е 2. Скажем, что { =  {<5„}“=1 является точкой пространства 
(X, (относительно если <5XZ)<52з ... г><5„:э... и <5„ атом из
с-алгебры п = 1, 2 , . . . .

Заметим, что в последовательности {á„ }“_ 1 некоторые атомы могут пов
торяться, так как они не всегда расщепляются на две части.

Скажем, что точка £ =  {<5„} имеет меру нуль, если lim д(<5„)=0.Л-*- 00
Если {<?„(*)} T=i является Я-системой относительно последовательности 

(7-алгебр { # ”„} и £ =  {<5„}Г=1 — точка (относительно {J*„}) пространства (X , XF 
р), то значение принимаемое этой функцией на атоме д„, п = 1 ,2 ,. . . .

Если задан ряд akcpk(x), то значением Sn(í,) частичной суммы S„(x)=
k= 1

П Л
=  2  ak(Pk(x) в точке £, =  {<5„}“=1 считается величина S„(£)= 2  ak<Pk(ö-
k = l k = 1

В дальнейшем через б, обозначаются модифицированные точки простран
ства (X, 3F, р).

Имеет место следующая

Т ео р ем а  1. Пусть ряд

(1) 2 а п<Рп(х),
П =  1

где {(рп (х) }7= 1. H-система, обладает следующими свойствами:

Acta Maihematica Academiae Scieniiai'um Hungaricae 40, 1982



О ЕДИНСТВЕННОСТИ РЯДОВ ПО ЦЕНТРИРОВАННЫМ //-СИСТЕМАМ 3

А) некоторая фиксированная последовательность частичных сумм 
{SN.(x)} ряда (1) сходится во всех, кроме, быть может, счетного множества 
точках £ =  {<5„}, т. е. существует конечный предел .lim SN.(£) для всех £, =

:{<5п}Г=1 $А , где А не более чем счетное множество;
В) ряд (1) по мере сходится к интегрируемой функции fix );

где щ < л 2С) для любой точки £ имеет место lim — =0,
к~~<РпЛ0

суть все те номера п, для которых (рп(£)т±0. Тогда ряд  (1) является рядом  
Фурье функции f{x )  по системе {(р„(х) }“=1, т. е.

а „ =  f f (x ) (p n(x)dp. 
х

Легко видеть, что теорема 1 содержит в себе теорему А.

Д ок азател ьств о . При доказательстве мы в основном пользуемся схемой 
предложенной в работе [2]. Из условия В) следует, что f ix )  является ^ „ -и зм е 
римой, поэтому разложение функции f ix )  по системе {<р„(х)}“=1

(2) Z  сп(Рп(х)
П=1

сходится к f ix )  почти всюду и в метрике L fX , 2F, р) (см. [4], [6]), т. е.

(3) Hm ff„(x) =  / ix) п.в.на X  
и
(4) lim /  \onix ) - f {x ) \  dp =  0.

Пусть {^} те точки в которых ряд (1) расходится. Предполагая, что ряды
(1) и (2) не совпадают, найдем точку £, отличную от всех точек £k (к= 1 , 2, ...), 
где частные суммы SNti£,) ряда (1) расходятся. Тем самым придем к проти
воречию.

Введем некоторые обозначения. Через А р  и А Р  обозначим те атомы, на 
которых функции (pkix) принимает положительное и, соответственно, отрица
тельное значение. Через <рР„ и <рР„ (л =  1,2, ...) обозначим те функции из 
{<Рл(х)}Г=1> которые равны нулю, соответственно, вне атомов А Р  и А р .

Далее, через аР„ и ср„ ( /= 1 ,2 ;  л =  1,2, ...), обозначим коэффициенты 
функций q>P„, соответственно в рядах ( 1) и (2).

Пусть ряды (1) и (2) не совпадают и кх наименьший номер для которого 
апт± с„. Тогда на атоме Ар'1 (/̂  =  1 или 2), частные суммы Skf x )  и akl (х) рядов
(1) и (2) принимают отличные друг от друга постоянные значения (см., Опреде
ление 1).

Для доказательства теоремы нам достаточно доказать следующую лемму.

Л ем м а. Пусть £0 произвольная точка пространства X  (относительно 
{ ^ Я} “=1Д имеющая меру нуль и к0-произвольное натуральное число, для которого 
выполнено следующее условие

1* Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



4 Г. Г. ГЕВОРКЯН,

ос) на некотором атоме вида Atf0o) (i0=  1 или 2) частичные суммы з д  
и <Tkll(х) рядов ( 1) и (2) принимают отличные друг от друга постоянные значения.

Тогда для любого М > 0 и натурального N  можно определить число N j, 
принадлежащее последовательности {Nj}, натуральное число р и атом вида 

i =  1 или 2, которые обладают следующими свойствами:
1°) Nj > N ;
2°) A ^ czA ^ d  и атом А н е  содержат точку £0, т. е. если £0=  {<5„}“=1, 

то существует атом 5п , такое, что <5П ГЫ £Д =0 ;
3° частичная сумма S N (х) ряда (1) внутри атома А(‘р> постоянна и по аб

солютной величине больше М;
4° для числа р  и атома А(‘Р) выполнено условие а), в котором вместо /с0 

взято р.

Д о к а за тел ь ств о  л ем м ы . Сначала докажем существование числа к'0 
и атома вида , i'a= l  или 2, которые удовлетворяют условию а), где вместо

к0 взято к'0, причем А ^ а А ^  и 6,ü$A(j? \  В случае, когда Z^A™ , это утвер
ждение верно. Предположим, что £0€ ^ ‘0о) (т- е., если £0 =  {<5Я}Г=1> то сущест
вует атом <5„0, такой что, <5„0c /l£ 'o)). Из условия а) следует:

(5) S*„(x)-<T*0(x) =  d *  0 на атоме AftK  
Рассмотрим ряд

(6) d +  2  « ”л- 4оХ )<Р*0”л (*)•/1 =  1
Положим
(7) dn =  a^X-cg»), (п =  1, 2, ...).

Из точки ío —{̂ л}Г=1 выберем такую подпоследовательность {<5„к}, члены 
которой отличаются друг от друга и в эту подпоследовательность входят все 
отличные друг от друга атомы последовательности {<5„}“=1. Подпоследова
тельность {<5„к} бесконечна и Пт д(<5Лк) = 0 , так как мера точки £0 равна нулю.

Существует такой номер т ,, что 5„к, =  Ак°\
Далее, обозначим через Ак]]„ и Aj*]n, п =  1,2, . . . ,  те атомы, на которых 

функция (Рк‘? \(х) принимает, соответственно, положительные и отрицательные 
значения.

Из атомов А*к̂ „ и А^„  выберем последовательность атомов Ак^тк, 4 = 1  
или 2, А ^ к  з  А к^ 2з  ... з  А^ткз ... таких что

(8) ^ к  =  Ч - +„-

Рассмотрим также последовательность атомов А('к\„ где it И 4 , i» = 1 или 2.«О» тк
Возможны только два случая:

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



О ЕДИНСТВЕННОСТИ РЯДОВ ПО ЦЕНТРИРОВАННЫМ Я-СИСТЕМАМ 5

I. Частные суммы ряда (6) с номерами тк, к =  1 ,2 , . . . ,  обращаются в 
нуль на атомах Л^о)т , для всех к, т. е. (см. (7))

тк
(9) d +  2  dn(р^п =  0 на атоме Akf m для всех к.

II. Равенство (9) имеет место не для всех к = 1 ,2 ,  ....
Легко убедиться (по индукции), что когда имеет место первое утверждение,

то

( 10)

где оц и ßi, соответственно, те значения которые принимает функция <р*0°,т( 
на множествах д„,, и 8„,, . ,\<5„ , т. е.к + 1 к +1-1 N к  + I

(П ) < ° ' -'»)m(x) =  í ai На 8п 
" ' U  на Ч ч . - Л Ч ч ,-

Из определения 1 следует, что числа а,- и ßt удовлетворяют следующим усло
виям 
( 12)

2(13) a‘ß ( K - J + ß ‘ KSnkUi^ \ö „ k. j  =  1,

(14) aißi <  0.
Отсюда и из (10) следует

(15) dmk _ d f
a*

( l - < \  =
У ß i У У ß K ß k\ x

x[i + ] rt , .
v J  У У  М Ч ч , , )  Jp(<5,

d ß ( K )  м (Ч -+„-г) dn(ő„.)

\xkßk\ M(Äv + i) (̂^"k' + t-i) KAIM&V + k-i)

Используя (12) и (13), легко убедиться, что

(16)
at

dfi(ő„k.)
dß(S„k,).

Из f l6), а также из (7) и условия С) теоремы следует:

cf* о)
(17) lim =  —dß(S„ ,)-

к~°° ак

Докажем, что (17) противоречит тому, что ряд (2) сходится в метрике 1^. 
Без ограничения общности можно считать, что — с/д(<5Л|[, ) = 1. Тогда из (17)

Acía Mathematica Academiae Scientianim Hungaricae 40, 1982



6 Г. Г. ГЕВОРКЯН,

ФФ 1с*„, т. 1следует существование такого р  что для произвольного s > p ,

Легко видеть, что

(18) / I  dp >  f  2 Ck^mMi°}mk(X) d^ >  У  /  Z  “*<*/*
í„ ( <5- k=s í_ - *“=s

Из (12) и (13) находим а*

ное и q такое, что

(19)

Ж * - +к) M 4 '+I, J  ^К’,) _ 1

. Возьмем произволь-

; — . Тогда имеем:
лОЧ'+.-х) 2

I I  /  i * t d p  =
11и=и Hl  ̂ л fc=m

"k' + g

= ^ ( < w <á ( ж ж _ ж ж ) ) = 2 ^ - Л ж ; ^  _ ж ж > 1 =
1 1 » ( K - J  r 1
2 2 p(ő„k.+mj  4 •

Н о это противоречит тому, что ряд (2) сходится в метрике Lx. Таким образом, 
предположение, что имеет место случай 1, приводит к противоречию.

Итак, мы доказали, что существует число к'0 и атом вида , /' =  1 или 
2 , которые удовлетворяют условию а), где вместо к0 взято к'0, причем

(20)

(21)
Рассмотрим ряд

(22)

Л ф  М  £ tf л ( , « >Дк'л с  Лк(1 и Ак’о ,

Sk' (дс) -  ó v  (*) =  с *  0 на аУ .

_  I V  { ('о) \  (*о) /  \С ^~ 2  \ а к'„,т Ск'0,т ) сРк'0,т(,х )-гп = 1
. Оо)Пусть , в //-системе }JLX имеет номер <71; т.е.

(23) 9»gi(*) =  Фв1(х)

и Nj — наименьшее число из последовательности {1\^} такое, что

(24) Njl =  <7>.

Для данного 7 s у\ обозначим через ntj наибольшее натуральное число, для 
которого функция (рк?'mj(x) в системе {<?„(*)}в=1 имеет номер, не превосходя
щий числа N j.
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Из выборов функций и чисел ntj следует, что на атоме А('кУ выполня
ются равенства:

т] , , Nj
(25) S  , (pc) +  2  4 ? »  (х) =  2  ап<Рп(х), j  — к ,

0 т=1 0 0 п=1

(26)
т j ' , %/ ‘Х j

V 0 ( * ) +  2  Ск£т<Р%1т(Х) = 2  С„<Р„(х), j ^ k -/М = 1 /1 = 1

Отсюда, в силу (3), (21) и условия В) теоремы, вытекает:

[ т j  /  • /  г 1  г

С +  2  (« (£ ,  -  4 ; !  J  (■*) = °  ПО М еР е  н а  4 '?  •
ш = 1  J

Из (4) вытекает

(28> /  I (*) +  Д  4 ? т  “ / ( * )  | ^  =  0.

*0

Обозначим, для краткости,

(29) <*>,(*) =  <т*;(х) +  2  c f mc p f j x )  на d g » ,

(30) VJ(x) =  S b ( x ) + % a t o m9' * m(x) на dg».

Пусть М > 0  и натуральное JV — числа, фигурирующие в формулировке леммы. 
Возьмем /о такое, что

(31) h > k  и ^ .0 >  N.
Покажем, что неравенства

(32) \Ч ?,(х)\*М +\Ф ,(х)\, j ^ h  

,('ó)не могут выполняться всюду на атоме Ак? . В самом деле, из (28) следует, 
что функции ФДх) имеют равностепенно абсолютно непрерывные интегралы на

ff'Л
Ак? и если бы каждое из неравенств (32) выполнялось всюду на Ак? , то 
функции 4,j(x), ja?к  тоже имели бы равностепенно абсолютно непрерывные

(lf\
интегралы на Ак? . Тогда в силу теоремы Витали о переходе к пределу под 
знаком интеграла (см. [7])., мы имеем (см. (27) и (21))

(33) lim f  ( lP j(х) -  Фj (х) du =  0.
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8 Г. Г. ГЕВОРКЯН,

Ог)Но из (21) и из определения функций т (х) вытекает

(34) J dp =  сц (А ^ ) 7í 0, j  S Л ,

которое противоречит равенству (33).
Пусть j= jo  наименьшее число, для которого не выполнено неравенство 

(32), т. е. неравенство
(35) \ ¥ j ( x ) \^ M + p j ( x ) \ ,  j  ^ Jo

имеет место на некоторых атомах вида А^Рт, i,„ — 1 или 2, (см., Определение

1), представляющих атомы постоянства функций 4 4  т , /я<Шу.
Пусть т' — наибольшее число среди указанных чисел п к т } и атом А(к , 

im.= 1 или 2, один из атомов постоянства функции (р^.т, где выполнено нера
венство (35). Ясно, что на атоме Л ['г 2,, функции ФДх) и 4,J(x) постоянны. Если 

р  тот номер, для которого <рр(х)=<р^т- (х), то атом А^т ’ совпадает с атомом
^рр), где ip =  im'. Легко видеть, что найденные числа N j, р  и атом АРр) удовлет
воряют всем требованиям леммы.

Доказательство теоремы непосредственно следует из доказанной леммы. 
Прежде всего, отметим, что из условия В) следует, что точки расходимости 
£к ряда (1) имеют меру нуль. Последовательным применением леммы, в фор
мулировке которой вместо берутся точки £х, £*> •••» •••, можно определить
подпоследовательность Njk последовательности Nj и атомы АрРкк , к = 1 ,2 ,. . . ,  
ipk =  1 или 2, которые обладают следующими свойствами

(36) ik =  1 ,2 ,...) ,

(37) 4 ?  => 4 4 , 4 ркк4  с  4 4  (к =  1, 2, . . .) ,

(38) \SN (х ) \> К  на 4 Р4 .
Jk к

Последовательность {A PPkk }*=i является подпоследовательностью некоторой 
точки £ (однозначно определяющейся), в которой последовательность частич
ных сумм SN (х) расходится, чего не может быть так как п =  1, 2, ...
(см. (37)).

Тем самым теорема доказана.

Зам ечание 1. Из доказательства Теоремы 1 (см. доказательство леммы) 
видно, что верна следующая
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Т ео р ем а  2. Пусть ряд

(39) 2  ап<Рп(х), 
/1=1

где (гр„(х)}“=1 H-система, обладает следующими свойствами:
1) некоторая последовательность частичных сумм {SNj (х)} ряда  (39) 

сходится во всех точках;
2) ряд  (39) по мере сходится к интегрируемой функции /(х ).
Тогда ряд (39) является рядом Фурье функции / (х )  по системе {ip,(x))” i.

Заметим также, что в Теореме 2 на коеффициенты рядов никаких ограничений 
не налагаются. Для мартингалов Теорема 2 имеет следующую формулировку.

Т ео р ем а  3. Пусть {^„}“=1 последовательность о-алгебр удовлетворяющая 
условиям 1), 2) и {/„, #"„} мартингал относительно { # ”„}, которая обладает 
следующими свойствами:

1) некоторая подпоследовательность f„k во всех точках сходится (т. е. 
для любой точки {<5„}”=1 последовательность f nk(£)=f„k(ßnk) сходится к 
конечному пределу);

2) последовательность f n (х) по мере сходится к интегрируемой функ
ции f(x ).

Тогда f„= E nf  где Е„ оператор условного математического ожидания 
относительно (см. [6]).

Зам ечание 2. В формулировке Теоремы 1 условие С) на коэффициенты 
необходимо. В самом деле пусть £ =  {<5„}“=1, такая точка, что д(<5„)—0, я->-°°.... 
Возьмем {<5„к} подпоследовательность различных между собой атомов после
довательности {<)„} и {'/У(с}Г=1> те функции из системы {<р„}“= i ,  носители которых 
равны S„k, т. е.

fa* на дПк+1 
к U  «а <5„к\<5Лк+1'

Легко видеть, что ряд 2  Я /Л (х) во всех точках, за исключением Q, сходится
fc=i

к нулю, но не является рядом Фурье функции /(х )= 0 . Условие С) нарушено,

так как а*—=1. Приведенный пример ряда является аналогом примера 
" *(£)

Фабера, приведенного им для рядов Хаара [10].

Зам ечание 3. Существует //-система {<р*(х)}, ряд Фурье по которой не
которой интегрируемой SP^ -измеримой функции сходится во всех точках, но 
коэффициенты которого не удовлетворяют условию С). В самом деле, пусть 
У=[0, 1] с Лебеговой мерой и

<Рк(х) =
[ f i

-■f
2к

(2* +  1)(2*- 1+ 1)

(2* + 1)2* 
2 * -4 1

если

если

*€[0; 2 + 2*+1 )’
f i  1 1 11

* 4 2  +  2к+1 ’ 2 +  2к)
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когда к : -1, а (р±(х) =  \. Тогда У! (pÁx) во всех точках и в метрике LJ0, 1]

сходится. Следовательно, срк (х) является рядом Фурье некоторой
*=1

измеримой интегрируемой функции, но в «точке» { [ 4 4 ) L  условие С)
не выполнено. Приведенный пример показывает, что Теорема 2 не содержится 
в Теореме 1.

Зам ечание 4. Утверждение Теоремы 1 не будет верным, если заменить 
условие С), поставленное в каждой Модифицированной точке, таким же усло
вием поставленной в каждой обычной точке. Если рассмотреть систему Хаара, 
Хо0), ХоК п =  1 ,2 , . . . ,  1 ^ к ^ 2 п на полуоткрытом интервале (0,1],
считая значения этих функций в точках разрыва равными их левосторонним 
пределам, то она будет //-системой на (0, 1] и ряд

п — 1

будет удовлетворять условиям А), В) и условию С) в обычном смысле, но не 
будет рядом Фурье своей суммы.

В заключении выражаю благодарность профессору А. А. Талаляну, под 
руководством которого выполнена настоящая работа.
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ARTINIAN RINGS IN WHICH ONE SIDED IDEALS 
ARE QUASI-PROJECT1VE

By
D . A. HILL (Dublin—Salvador)

Introduction

For a ring Л, an Л-module M  is said to be quasi-injective in case the natural 
homomorphism HomR (M , M )-*HomR (K, M ) is epic for all submodules К  of M. 
Dually M  is said to be quasi-projective in case the natural homomorphism 
HomR (M, M ) —HomR (M, N ) is epic for all factor modules N  of M. Rings whose 
left ideals are quasi-injective have been studied by a number o f authors ([3], [5], [7]), 
and for suitable conditions on the ring a number of structure theorems have been 
obtained ([5], [7]). The main object of this paper is to investigate artinian rings whose 
left ideals are quasi-projective. These rings include artinian hereditary rings, but many 
examples exist which are not hereditary. (See Section 4.)

The first three sections are devoted to characterizing artinian rings whose left 
ideals are quasi-projective. The main theorem (Theorem 3.5) appears in Section 3. 
There, these rings are characterized in terms o f their primitive idempotents and two 
sided ideals i.e., given a basic set of primitive idempotents and the set of ideals of 
an artinian ring R, it is possible to determine if R has all left ideals quasi-projective 
by considering each left Л-module Jae where a is a positive integer, J  is the Jacobson 
radical and e is a primitive idempotent. It will be shown that Jxe must have a certain 
decomposition for rings with left ideals quasi-projective, and that with the addition 
of a suitable hypothesis, this decomposition completely determines such rings.

The final section is devoted to a number of examples to show that the conditions 
of the structure theorems in 3 are necessary and the best possible.

We shall use the following notation. The ring Л is associative with unity. The 
letter J  denotes the Jacobson radical and RM (M R) signifies that M  is a left (right) 
Л-module. The socle of a module M, which is the largest semi-simple submodule of M, 
will be denoted by S (M ). When Л is semi-local (i.e., R/J is artinian semi-simple), 
the semi-simple module M /JM , called the top of M, will be denoted by T(M ). Also 
the notation M (A) means © I M X where M „~M .

Preliminaries

A number o f  concepts will be needed in the development of the results which 
follow. We begin with the following

D e fin itio n . Let P  be a projective Л-module. Then P  is said to be hereditary in 
case every submodule of P  is projective.

Clearly any submodule o f a hereditary module is again hereditary. Also ob
serve that for a given set [Р^аал of hereditary modules, the direct sum © IP a is
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always hereditary ([6], Proposition 7, page 85). Although many rings with left (right) 
ideals quasi-projective are not hereditary, a common feature of many of these rings 
is that they possess a ‘large’ hereditary left ideal.

We also will need the following lemmas which allow us to simplify some of the 
proofs in much of the subsequent work. Recall that a module Q is said to be projec
tive relative to M  if for all factor modules N  of M  the natural homomorphism 
Homs (Q , M ) — Horn« (Q , N ) is epic. The class of modules to which Q is projective 
is closed under taking submodules, factors, and finite direct sums [8]. From this it 
is easily seen that M x ® M 2 is quasi-projective if and only if M t is projective relative 
to M j for i ,y =  1, 2.

1.1. Lemma. Let R be a ring. Suppose the module Re® Re lie  is quasi-projec
tive where e is a primitive idempotent and Ie is a left ideal. Then le= 0 .

Proof. By ([8], Proposition 1.2), Re/Ie is projective relative to Re. Thus the map 
Re^-Re/Ie splits. Since e is primitive, this forces I e = 0.

1.2. Lemma. Let R be a ring with every left ideal quasi-projective. Let f  be a pri
mitive idempotent and I  a left ideal such that IC \R f=0. Suppose f l t'-O. Then there 
exists a monomorphism (p: Rf-+I, given by right multiplication o f  an element x £ l.

Proof. Since /7 ^ 0 , there exists an x £ I  such that fx^ O . Let <p be the map 
given by right multiplication o f x. Then R f/K f^ lm (cp)Q I. As If] R f= 0 , 
R f/K f® R f  is isomorphic to a left ideal of R. Hence by 1.1, K f=  0. This shows that 
(p is monic.

2. The Loewy series decomposition

For a left R-module M, the Loewy series is the sequence o f left /^-modules 

М э Ж э  . . . э Л э . . . .

The к-th Loewy factor is the module J k~xMjJkM. One defines the Loewy series, 
for right modules in a similar way. The Loewy series will be used to obtain a decom
position for artinian rings whose left ideals are quasi-projective. In light of this, we 
make the following

D efinition. Let R be left artinian and e a primitive idempotent. Let

R e z iJ e zo ...zo J nezoD,

be the Loewy series for Re. For each a such 1 J*e may be decomposed into
к"

a direct sum o f indecomposables say J ae =  © 2  / isi. Then we may express the Loewy
im= l

series as,
к к

R eз  © 2  ••• => ® 2  0.
The above expression will be called a Loewy series decomposition for the module Re.

It will be shown that rings with every left ideal quasi-projective have a parti
cularly nice Loewy series decomposition for each o f their principal indecomposable 
projective modules. This Loewy series decomposition will be used to characterize
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left artinian rings with every left ideal quasi-projective in terms of the primitive idem- 
potents and two sided ideals of the ring.

R emark. Note that for each a > 0 , J xe has a unique decomposition using the 
Krull—Schmidt theorem for artinian rings.

Thus the Loewy series decomposition for each principal indecomposable pro
jective is unique up to isomorphism.

The remainder o f this section will be devoted to obtaining the Loewy series 
decomposition for each Re, where e is a primitive idempotent and R is an artinian 
ring with every left ideal quasi-projective.

2.1 Lemma. Let R be a left artinian ring with every left ideal quasi-projective. 
Let f b e  any primitive idempotent and L f  R f  a left ideal. Then L admits a decomposi
tion L = P (B K  such that:

(1) P  is projective and fP =  0.
(2) K = (R f llf  )(n) fo r  some two sided ideal I.

Here either P  or К  may be 0.

Proof. The left ideal L  is quasi-projective, so by ([4], Theorem 1.10),

L  s= (R eJ Ie j)^  ® ... ® ( R e J I e ^

where {е3}3=1 are a set o f primitive orthogonal idempotents and Ret J: Re3 when 
iytj, and /  is a 2-sided ideal in R. As R e ^ R f  for all j  with at most one possible 
exception, let P  =  ® I{R e jjIejf ni) where l ^ j ^ k  and R ej^ R j. Then there 
exists for each /, a left ideal isomorphic to Re3 © Re f i e  j , where R e ^ R f .  By 1.1 
I e j= 0. Hence Ps= ® S  (R ejfnj \  Now suppose fP?±0. Using 1.2 there is an iso
morphic copy of R f  contained in P Q  L  contradicting R left artinian. Thus / • P = 0, 
and L ^ P  or L =  P ® (R f/If)(n> depending on whether there exists Re3 =  RJ for 
some j ^ k .

2.2 Lemma. Let R be left artinian with every left ideal quasiprojective, and let P 
and f  be as in Lemma 2.1. Then P  is hereditary.

Proof. Consider K Q P .  Then

К  -  (R fJIfd  ("d®... ( H R f J I f J ^

where each f 3 is a primitive idempotent and /  is a two sided ideal. By 2.1 f K = 0 
which implies that each R f j ^ R f  (1 ^ jS m ).  Hence, there exists a left ideal iso
morphic to R f®  Rfj/Ifj. So by 1.1. I f j = 0 for each j .  This shows that К  is projec
tive, so P  is hereditary.

2.3 Lemma. Let R be left artinian with every left ideal quasi-projective. Let К  
be as in Lemma 2.1. Suppose K = (R f/I f fn) where n >  1 and f  a primitive idempotent, 
I a two sided ideal. Then

(1) f - J K — 0 i.e., J K  has no composition factor isomorphic to T(R f).
(2) J K  is hereditary.

Proof. Suppose that f-J K ^ O . Then f -J f /I f^  0. This induces a homomorphism 
of Л/in to  Jfllf. Hence there is a factor module of R f  N f J f j l f  Since К  is a direct 
sum of at least two copies o f R f/If  there is a submodule o f К  isomorphic to N ®  RfJIf
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Thus N  is projective relative to R f/I f  Using this and that T (N )~ T (R f), we have 
the following diagram,

N

R f / i f - *  T (R f) -* о

in which the map n can be extended to a map <p: N-*-Rf/If But ip is epic since 
/ / / / / i s  superfluous in R f/If  Thus R f/I f  is isomorphic to an epimorphic image of N. 
This contradicts R  being left artinian.

To prove (2), we need only note that as JK  is quasi-projective J K =  © LReJIex 
where each Rea j iR f .  Thus lea =  0 for each ex follows from 1.2. This shows that/Ä" 
is projective. The proof that JK  is hereditary is similar to the proof o f 2.2.

Lemma’s 2.1, 2.2, 2.3 provide the motivation for the following

Definition. We will say that a left artinian ring R has a Loewy series decomposition 
o f  type qp if the following conditions hold: For each primitive idempotent/, /* /=  
= K X@PX where Px is hereditary, and Kx^ (R f/Ixf f nJ> where /„ is some two sided 
ideal.

The Kx, Pa satisfy,
1. . . . n K n= 0  and JK a= K x+1® Q x+1,Q x+1czPx+1.
2. If K 1= (R f/I1ff" J , 1, then Kx= 0 , a > l .
3. If K ^ R f / f f  then for a > l  where Ка^ 0 ,  Кx^R f/Ixf .

2.4 Proposition. Let R be a left artinian ring with every left ideal quasi-projec
tive. Then R has a decomposition o f  type qp.

Proof. Let / b e  any primitive idempotent. Then by 2.1 and 2.2, Jxf = K x® P x 
where Kx^ {R f/Ixf ) (”J , Px is hereditary, and Ix is a two sided ideal. To show (1) 
we use induction to construct Kx+1 and Px+1 from K x and Px as follows: Let Jx+1f =  
—J ( K X © Px) = J K a ® JPX. By 2.1 and 2.2, JKX= K X+1® QX+1 where Qx+1 is heredi
tary and Kx+1=í(Rf/Ix+if)"**1 • Clearly Kx+1<zKx. N o w / í+1/= A ra+1© ö ÍI+10 / P ct. 
Let Px+1= Q x+i® JPx. Then Pa+1 is hereditary and Qx+1 is a direct summand 
of P*+i-

For statement (2), we note that it follows easily from 2.3. For (3) let К г =  
= R f /I i f= J f  Suppose Kx =  Rf/Ixj  and Kx+1^ (R f/Ix+1)(n°^ ) where nx+13=l. 
Then R f—K x^ 0  whence Jf-+JKX-»0. Now using that Z ///2/ h a s  one isomorphic 
copy of T (R f)  we have T(Kx+1)s£T(Rf). So nx+1= 1.

Remark. In the future the terminalogy /^subscript, PsubScript will be used to stand 
for the modules K x, Px when J xf = K x® Px whenever R has a decomposition of type 
qp and /  is a primitive idempotent.

A c ta  M a th e m a tic a  Ä c a d e m ia e  S c ie n t ia r u m  H u n g a r ica e  40, 1982



ARTTNIAN RINGS 15

3. Left artinian rings whose left ideals are quasi-projective

The Loewy series decomposition o f type qp will now be used to characterize 
the rings o f this section. An additional property must be satisfied by the above de
composition in order to completely determine the structure o f these rings. This is 
indicated by the following

3.1 Lemma. Let R be as in Lemma 2.1. Suppose J xf = K x®Pa where Kx~  
=  {R f jlf fn). Then for any indecomposable projective left ideal P, P =R e, e a primitive 
idempotent, such that PC\Ka =  0, we have e ■ Кх^ 0  i f  and only i f  there exists an iso
morphic copy o f  P  contained in Ka.

Proof. If e -K a ̂ 0 , then by 1.2 Kx contains a copy o f  Re whenever Re^kRf 
Otherwise 1.1 applies and Kx contains a copy of R f  a contradiction to R  artinian.

We now examine the left ideals of rings possessing a decomposition o f type qp.

3.2 Lemma. Let R be a left artinian ring with a decomposition of type qp. Then 
fo r  any left ideal L Q R f  f  a primitive idempotent, L =  M x © N, where N  is heredi
tary, and M a =  (RflIaf  )(n̂  where Mx is a direct summand o f  Ka and Jxf = K a(Q P„.

Proof. Since L ^ R f ,  there exists ax such that L ^ J xi f  L%J*i+1f  Since 
/ а 1 f —KXl® P Xl the restriction to L of the canonical projection o f Jxi f  onto Pai maps 
L  onto a submodule LXl o f  Pai. As PXl is hereditary, LXl is projective, hence I s  
— Lax® MXl where LXlQ P Xl, MXlQ K Xl.

Now we consider two cases:

Case 1: ах= 1 , K1= (R f/I1f  y ni \  n ^ l .  Consider the restriction to M x of the 
canonical projection и o f К г onto each o f the indecomposable summands I s z R f / f f  
of K x. If the restriction is epic for one o f the indecomposable direct summands 
I, M 1Q K 1 and /  quasi-projective imply that MX= I®  M 2 where M 2 g  K x. Now 
apply the same argument to M 2 as was done to M x in case one of the projections 
onto an indecomposable direct summand o f K x is epic when restricted to M 2. Since 
Kx is a finite direct sum o f indecomposable quasi-projective modules, continue the 
process until

Mx -  (RflIxffs)®Ms+1, s S  nx
and M S+1C K X has the property that for each n:Kx~*I, when restricted to Ms+1 
is not epic. This means that n(M s+1)Q J I  for all indecomposable I in the direct sum 
decomposition of Kx. Therefore,

Ms+1 Q JKx g  = J 2f
But by property 2 of the Loewy series decomposition of type qp, J if = P 2, P2 here
ditary. Hence M s+1 is hereditary. Setting N = M s+1(BLx, we have L ^ N ® M S 
where Ms^ (/? ///1/ ) (s). Thus the conditions of the lemma are satisfied.

Case 2: KXl̂ R f/IXlf  If MX1= K X1 there is nothing to prove. Otherwise 

м Х1 g JKX1 g p xt®Kxt =  J ^ f

where а2= а 1+ 1 . The projection n:J*tf^>-PXi maps Mai onto a hereditary submo
dule Lxt of Pxt. Hence M Xl^ L Xi® M Xi, M xtQ KXl. If K x%= 0, we are through.

Acta Mathematlca Academiae Sclenttarum Hungaricae 40, 19S2



16 D. A. HILL

Otherwise, property 3 of a Loewy series of type qp implies that KXî R f/IX2f. If 
К хг= М хг there is nothing more to prove. Otherwise, using that R is artinian, we can 
continue the process .v number o f  times until we obtain MXs such that M x is hereditary

’ *+l
or hereditary, M Xi+1^RfJIXttlf  Let N =  ® 2  К

Then L ^ N  or L = N ® M Xs+1. In either case the lemma is satisfied. This completes 
the proof.

3.3. Lemma. Suppose R has a decomposition o f  type qp and satisfies the conclusion 
o f  3.1. Then Kx is projective relative to P where P  is a projective left ideal such that 
K xf)P = 0 . Thus KX® P  is quasi-projective.

Proof. Clearly the last statement follows from the first and the remark before
1.1. Recall that Kx^ i(R fjIffn> where Kx is a direct summand o f  J * f  and/ is a pri

mitive idempotent. Now P =  ©  ^ jP, , where each et £ R  is a primitive
idempotent. We show that Kx is projective relative to P  by first showing that it is 
projective relative to each Pt . So let g  be a map g: Kx^ P ijKi, PJKi a factor module 
o f Pt, and n a map n: Px-*■PJKi which is epic. Now consider the module

H — {х^Рх: 7i(x)elm (g)}.
By 3.2,
( l )  и  =  h x® ... е я , _ !© (# ,)(s)

where H j= R fj,  1 = / = / — 1, f f i R  a primitive idempotent, and # (=Д е;//ег, Ht 
quasi-projective. In the following discussion set e ,= /(.

Let H = M X ® M 2 where M 2 is the direct sum o f all the indecomposable modules 
in (1) contained in the ker (n). Hence for each indecomposable module H jQ M x, K x 
has a composition factor isomorphic to T(Rfj). This implies that /)К хт̂ 0 for each 
H j M x. Clearly each Hj C\Kx= 0  for l ^ j s t — 1. Thus for each Hj g  M x, 
( l á / S í — 1) there is an isomorphic copy of Hj contained in K x since R satisfies the 
conclusion of 3.1. By the same argument, if Н ,^ М Х, Р,Г\Кх= 0  implies that Kx 
contains an isomorphic copy o f P t . These two statements imply that Kx is projective 
relative to M x. Thus it is possible to extend g  to M x (and hence to H ). So Kx is pro
jective relative to Rex for each /, and is therefore projective relative to P.

3.4 Lemma. Let R b e  a left artinian ring. Suppose R has a decomposition o f type
k

qp and satisfies the conclusion o f 3 . \ . I f \ = ^ Jei , where {<?,} is a set ofprimitive ortho
gonal idempotents, then for any left ideal L Q R , L is quasi-projective and

k
=  ® 2 (M Xi© N t) where Mx.® N t Q R ex and N{ is hereditary, M x. a direct summand 

o f  KXi, KXl as in 3.2.

Proof. We first show that any left ideal o f  the form L —L1el ® ...® L kek is 
quasi-projective where Lx, / =  1, ... ,  k, are left ideals.

By 3.2, £ ,е (= М а1® Я; where MXt =  (R ej Ief"*} and N, is hereditary. Thus 
L — @ IM Xi® N i . Using 3.3, M Xi is projective relative to Nj for all Since
M XtQRet , and RelC\Rej =  0 for yV i, 3.3 implies that MX{ is projective relative to 
Rej. Since Mx. is a direct sum o f  factor modules o f Rcj, MXi is projective relative to
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MXJ (& j) .  Now using the remark before 1.1 and the quasi-projectivity o f each 
M x. , it is easily seen that ® If-;«?,- =  ® LMX. ® Nt is quasi-projective.

We need only show that L = ® Z L iei for suitably chosen left ideals 
Lt, i =  l ,  As L g  ® LLet, and ® ZLe; is quasi-projective by the previous
remarks, Lex is projective relative to L by the remark before 1.1. Thus, the canonical 
epimorphism nx:L -*L ex given by right multiplication by ex splits. Hence 
L ^ L e x® L 2 where L 2Q L , and L2ex= 0 . Now there exists a canonical epimorphism 
n2 o f L2 onto L2e2. Using that £ 2 =  ® I L 2et quasi-projective, we can apply the same 
argument on L2 as on L. Thus L2 =  L2<?2® £ 3 where L3f L 2 and L3e2—0. By the 
application of this argument for at most к times, L  can be expressed as

L ~  Lex® L2e2© ■ • ■ ®Lkek®Lk+x

where L i^ L iei® L i+x, £ i+1g£,-, and L i+le ~ 0 .  Since L ^ L 2^ . . . ^ L k^ L k+x 
and Li+1e ~ 0, we have Lk+1et =  Q ( lS l^ A :). So Lk+X= 0. Therefore L=zLex® 
(BL2e2(B ,..(BLkek. By the remarks at the beginning of the proof, L  is quasi-projective,

Now the following theorem can be proved which completely characterizes the 
left artinian rings whose left ideals are quasi-projective.

3.5 Theorem. Let R be a left artinian ring. Then R has every left ideal quasi- 
projective i f  and only i f  R satisfies the following conditions:

(1) For each primitive idempotent f ,  R fh as a decomposition o f type qp.
(2) For each Kx such that Jxf = K x® N xQ R f  and indecomposable projective left 

ideal P, P = R e, e a primitive idempotent, such that РГ\КХ = 0, either e ■ K x =  0 or 
Kx contains an isomoprhic copy o f P.

Proof. => follows from 2.4 and 3.1. <= is a consequence of 3.4.

4. Examples

This section presents a number o f examples of rings which serve to illustrate 
the main features of the decomposition used to characterize rings with every left 
ideal quasi-projective. The first two examples show that such rings cannot be comple
tely characterized by their Loewy decomposition for each principal indecomposable 
module — we really need to know the two sided ideals o f the ring. The following 
notation will be used. The 2-sided ideal lR(M ) =  {x£ R : x M = 0} is the left annihilator 
of the module M. It is known that for left artinian rings M  is quasi-projective if  and 
only if  M  is projective over R/Ir(M ) [2].

1. Let F be a field and R the ring o f matrices of the form,

|oc A4 A3 A2| 
0 у 0 kx 
0 0 у Aj 
|0 0 0 y\

(Aj€F, i =  1, ..., 4, a, y£F)

2 Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



18 D . A. HILL

with primitive idempotents

ex =

11 1 |0 0 |
0 0 1

0 0  ’ " 2 = 1 '
1 0 | |0 1 |

Then Je2^ T (R e1)® T (R e1)® K  where К  is a uniserial left ideal with T (K ) =  
sí T(R e2), 5 ( ^ ) ^ 7 ’(i?e1). So the Loewy series decomposition for Re2 is

=  T(Re2)

T(R e2) 
T (R eJ

T{ReJ T(Rex)

However, the decomposition for Re2 is not of type qP. For R does not have every 
left ideal quasi-projective as the uniserial left ideal

К  =

|0 0 0 A2|
0  0  Ai

О
I 0 |

is not quasi-projective, since К  is not projective over R/Ir(K) =  R/K.
The next example gives a ring with every left ideal quasi-projective and with a 

Loewy series decomposition the same as the ring in 1.
2. Let F be a field and R the ring of matrices o f the form,

a A3 A2 1
У Ai 0

У
a A3 24

0 У
y \ .

with primitive idempotents

ex e* = 0
1

11
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It is easily checked that
|0 0 X 1

0 Ax 0
0 I

0 0 X
0 0 Хг

1 o |J

where К  is generated by the element

fÖ" 0 0 ~ \
0 1 0  

0
0 0 O' 

О 0  1
I 0|

Thus Je2^ T (R e1)® T (R e1)® K  where K = R x  is a uniserial module such T (K )ss  
~ T (R e2), S (K ) =  T(Re1).

So the Loewy series decomposition is of form,

T(Re2)

T(Re 2) 
T(R ed T iR e J T(Re i)

It is easily checked that К  is projective over R /l(K ) and in fact that every left ideal is 
quasi-projective.

3. This example gives a ring with every left ideal quasi-projective, with a Loewy 
series decomposition for a principle indecomposable Re2 such that Je2/J 2e2 has more 
than one copy o f T(Re2). Let К  be a field, and R the set of matrices of the form.

|a X3 Я2
У Ai 0

У
a Яз Л-5

0 У а4
y\)

(а, у£K, Л,€К, i =  1, 5).
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20 D. A. HILL: ARTINIAN RINGS

with primitive idempotents

0
0

1
0

0|

It is easily checked that R has every left ideal quasi-projective and that Je2 ~  T(R eJ  ® 
® К г® К 2 where K ^ K 2 and T {K f)^ T {R e2), S(Kf)^T(Re^).

So the Loewy series decomposition for Re2 is

T(Re2)

T(Re2)
T(Rei)

4. This example shows that condition (2) of 3.5 is necessary by exhibiting a ring 
with a Loewy series of type qp without having all left ideals quasi-projective.

Let S  be any local uniserial ring with a composition series of length 2, so that 
J S s íT (S ). Define R to be the matrix ring M„(S), n an integer such that л>1. 
Then for any primitive idempotent e£R, T(Re) =  S(Re). So it is easily seen that R 
has a Loewy series decomposition of type qp. But for /  any primitive idempotent 
suchthat R fil R e~0, wemusthave fJey^O. Thus condition 2 does not hold. Clearly 
R does not have every left ideal quasi-projective since Re@ T(Re) is not quasi- 
projective.

T(Re2)
T(R ed

T(Red
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NEW ESTIMATION FOR THE LEBESGUE FUNCTION 
OF LAGRANGE INTERPOLATION

,  B y
P. VÉRTESI (Budapest)

To Professor P. Erdős on his 70th birthday

1. Introduction

Let Z = { x k„}, n = l , 2 , k = l ,  2, ..., n, be any triangular matrix with

(1.1) - 1  =  ^  < •••<  xln =  1 (n =  1 ,2 ,. ..) .

Putting, sometimes omitting the superfluous notations,

(1.2) co(x) =  con(Z, x )  =  ] ] ( x - xk),
k=l

(1.3) U M  =  L ( Z , X )  =  ^ ± - Í  № =  1,2,........»)

are the corresponding fundamental polynomials of degree n — 1 o f the Lagrange in
terpolation. It is well known that the so called Lebesgue function and Lebesgue 
constant

(1.4) A„(x) =  A„(Z, x) =  2  |i*(*)|. К  =  K (Z ) =  max A„(x)
k= 1 -13X31

play a fundamental role in the study of the convergence and divergence properties 
of the Lagrange interpolatory polynomials. Here we quote two results which, in 
certain sense, generalize the previous statements o f G. Faber [1] and S. Bernstein [2]. 

In 1958, P. E rdős [4] proved as follows.

Theorem 1.1. Let e and A be any given positive numbers. Then, considering arbi
trary matrix Z, the measure o f  the set in x  (— oo) for which

(1.5) l n(x) ^  A if  n S  n0(A, e), 
is less than e.

The following result, proved recently by P. Erdős and P. Vértesi [11], gives 
the best possible order.

Theorem 1.2. Let c > 0  be any given number. Then for arbitrary matrix Z  there 
exist sets H„ =  H„(e, Z ), and ц= г](е), t]> 0  such that

(1.6) An(x:) >  »7 Inn i f  x € [—1, l]\A f„ and n ^  n0(e).

Here, as it comes from the proof, t]= ce3. A  natural question is whether this 
estimation can not be improved. Or more exactly: Prove the relation t] =  ce which, 
considering the Chebyshev nodes, would be the best possible order, (see E rdős
[4], especially Theorem 2).
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22 P. VÉRTESI

2. Results

2.1. In this part we answer the above problem in the following general form.

Theorem 2.1. There exists a positive constant c such that i f  £={£„} is any se
quence o f  positive numbers, then fo r  an arbitrary matrix Z , there exist sets Hn— 
=  Hn(s ,Z ) , fo r which
(2.1) l„(x) =*- ce„ In n

if  * € [ - 1, 1 Y \H n and n -  1, 2, ... .

2.2. Choosing en=A /(clnri), or e„ =  e, we get improvements of Theorems 
1.1 and 1.2, respectively.

2.3. Further, it is easy to gain the following

Corollary 2.2. I f  1, 1] are arbitrary measurable sets then, using the
above notations, fo r any Z,

(2.2) /  A„(x) dx  >  (|5„|- e n)cE„ In n i f  n =  1 ,2 .......
s.

The case Sn—S = [a , b] was treated by P. E rdős and J. Szabados [6].

2.4. Further remarkable results on 2„(x) including extremal problems can be 
found in the papers [3], [5], [8], [9] and [10].

3. Proof

If e„^(cln и)-1, then (2.1) obviously holds if x ^ x k„ (k =  1,2, ..., ri) because 
A„(x)>l whenever e.g., n ^ 6, if we exclude the nodes (see [12], Lemma IV for 

if, e.g. x k< x ^ l  then clearly l f x ) > \ ). So from  now on we shall sup
pose

(3.1) e„ =► —^—  and n 5  6.
c In n

3.1. In what follows let Jk„ =  [x*+1_„, xkn] (к =  0 ,1 , ..., n; n =  1, 2 ,...) .
If \Jkn\sd „ —n~1/6 we say that the interval is short; the others are the long ones.

3.2. First we settle the long intervals: As in our paper [7], Lemma 4.4 we can 
prove

Lemma 3.1. t ó  |Д„| ><5„ {к is fixed, O ^k^ri). Then for any (In n)- 2S j„ S l/4  
we can define the index t= t{k ,n )  and the set hknd J k„ so that \hkn\^4sn\Jkn\, more
over
(3.2) \l,„(x)\ ^  d fi i f  x £Jkn\ h kn and n is nx.

(щ is an absolute positive constant.)
Now if j„ = l/ln 2 n, we obtain (2.1) for the long intervals apart from the set Hln 

o f measure ё 8/1п2л.
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(3.3)

3.3. To settle the short intervals we introduce the following notations. 

Jk(4k) =  JkÁ qjJ  =  [**+1 +  &1Л1. xk- q k\Jk\],yk\4k)
t e  =

\(o„(zk)\ =  min |w„(x)|, к =  0, 1, и, *£Jfc(«k)

Л — ^ЛЯк) — J k n iq jJ  — Л\Л(<7*)> О S  к s  и, 

where 0 -= <yfe ̂  1 /2. Let zk= zk (qk) be defined by

(3.4)
finally, let
(3.5) |/„  Л1 =  max(|x(+1-x * |,  |x*+1-x ,|) ,  0 S í . k á n ,

(3.6) e ( / f, Л ) =  min (|xl+1-x * |,  |x*+1-x ,|) , 0 s i i ,  fc 

LEMMa 3.2. / /  1 ^ k , r ^ n ,  then

(3.7) |lt W I+ lÍH 1W I > j [” t ] |  , ] Л|, , , « S 6,4 |o w * )| \Jr, Jk\

i f  x £ J r(qr), Q(Jr, J k)^S„  and \1ГЫ5„.
The proof is similar to [7], 4.1.1. First we verify

(3.8) |/,(x)| =
co( x)

(o'(xs) ( x - x s) 

if s = k ,  A:+l and x£Jr(qr). Indeed,

\zr- x s\ _  \ z ,- x , \+ S „ -S n

|cn(x)| Izr Xs| .. ,  1 r 4|
co(zr)| l ' . f e ) | s 7 l « r r)|

‘ - i t “ 1' 2'\x -x , \  \zr—xs\ +  S„

which gives (3.8). So we can write if, e.g. r < k

M x)\ +  \lk+A x ) \^ \ [ \ lk(zr)\+\lk+i(xr)\] =

= 1 |fi)(zr)l
2 |cű(zt)|

1 |cu(zr)| 
“  2 |co(z*)|

z k X k + 1 

Zr-X k  + 1
a

ЯкШ
I / „  Л 1[lf*(z*)l+lf*+l(z*)l] (x€ Jfq,)),

which is (3.7), considering that 2^k|7t | =  |Jk| and [...]>  1 ([12], Lemma IV).

3.4. Using mutatis mutandis the notations of 3.3 we state

Lemma 3.3. Let Ik= [ok,b k], I s k s t ,  t= 2 , be any t intervals in [—1, 1] with

|/jt П /j-| =  0 (k  ̂  j ), |/*| =  ő (1 ^  к ^  t), 2  141 =  It- Let be fixed. Supposing
k = 1

that for certain integer 4 we have / i S 2R£, there exists the index s, l S s S f ,
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such that 

(3.9) F =
t 141 

I 4 I

/ ,  w/// fee called accumulation interval of {4 }*=i- 
Note that we do not require bk^ a k+1.
Let us remark that considering an arbitrary fixed interval [a, b] instead of 

[—1, 1], we obtain by analogous argument

(3.10)

The lemma and its proof correspond to [7], 4.1.3. and [11], 3.4.
Indeed, dropping the interval Ij containing the middle point of [ — 1, 1], and bisect

ing the same interval [ —1, l],we have (say) in [0, 1] a set of measure \Ij\)/2s
^ ( p —d)/2 consisting of certain Ik. Doing the same, after the /-th bisection we ob
tain that interval o f length 21 -' which contains certain Ik of aggregate measure

def
(5 ё2 _,_1^ —£ for l ^ l ^ p =  R — l.

Consider these intervals L*,L*,  (Fig. 1).
L*‘-‘p

L*
3

I-------------------
0 L3

L *
2

L *

L 3 L\
Fig. 1.

Obviously |Т,*|=2,“р(ё2<!;) contains at least 2l 1 sets Ik because

(3.11) 2  \1к\ш 2 '- '- * р  (1 S / S p ) .
к

4 СЧ
Let further Ll= L * \L * _ 1 (2^Ш р) (see Figure 1). If s  is an index for
which f . c L j ,  we can write

2 '  2к
,.CL,

14, 4
def

■ = b ,

where the dash means that we exclude / whenever q(Is, Lt)< £ . T o estimate B, let

(3.12) ^  141 =  <x,p, 1 s / s P.
к

4 c i .
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By (3.11) and construction we can write

(3.13) (1 S i s p ) ,
1 =  1

(3.14) |/„  /,| =S 21- '  if / ( с £ ,  (1 s l s j ) .

We shall use the relation

(3.15) a, S  2, - 2a1 (2 ^  l ^  p).
I -1 Í—2

(Indeed, by construction 2  « i= 2 2 aí> З ё / ё р ,  from where we
;=i i=i

get (3.15)). Now by (3.14), (3.12), (3.13), the Abel transformation, finally by (3.15) 
we obtain

5  ^  yu2p N' 2 - , a, ^  p2p I У 2 - , a , - 3  max 2 - , a,|( = 1 V( = l isis?  ^

2 - ' - 1 ( Д «i) +  2 - р J * , - 3  • 2- 2a J  S

ё  /i2p \ P£  2, - p - 2- 1- 1+ 2-p-2 — 3(2p+1g)-1j =  

as it was stated.

3.5. Now we decide qjkn for the short intervals. For this aim we define the 
index set K '  and the set D'„ by |/JrS(5„ if k £ K ', \Jkn\>8n if  k $ K ',D 'n=  (J Л»-

K i K k

If y k denotes the middle point o f Jk, let k£K náj£ {K '} \{ 0 ,  и}, further
ßk„ — max (у: xk+1^ y ^ y k and (2.1) does not hold for y}, 
ykn =  min {y: y k^ y ^ x k and (2.1) does not hold for _y}, 
dkn =  max [(xk- y k), (ßk- x k+1)],

(3.16) qk =  qJkn =  dk/\Ik\, kdKn.

Using that Яп(дг,)=1 ( l á / S n ) ,  we obtain that 1/2.
It is important to remark that (2.1) holds whenever x  is from  the interior of

Л Ы
For the remaining “bad” sets Jk we shall prove

(3.17) 2  1Л1 =  /*,. =  %  if П ^ щ .
k i K „  I

(n2 is an absolute constant.)
To prove (3.17) it is enough to consider those indices {«,},“  i =  N  f°r which 

p.ni==-BnJ3. We can use Lemma 3.3 for Dn= U J k, k£Kn, with p = p n, £ — S =  8n 
and 7?=[~log и1/7] if n£N  and n^n2 (shortly nZNJ. Denote by M k= M in 
the accumulation interval. Dropping M k, we apply Lemma 3.3 again for the remain
ing intervals of D„ with p = p .n — \M1\> p J 2  and the above £, 8 and R, supposing 
pn^  2R+1 if n£N1. We get the accumulation interval M2. At the г-th step (2S *S \pn)
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we drop M k, M 2, M;_! and apply Lemma 3.3 for the remaining intervals o f D„
i - l  __

with ц=ц„ — 2  IЩ  using the same £, Ö and R \ iJ/n denotes the first index for which
j=1

(3.18) 2  W  ^  but 2  lM*li=l Z > = 1 2
(n e N j.

Denoting by М фп+1, М фп+2, ..., М(Рл the further (i.e. not accumulation) intervals 
o f Dn, by (3.9) we get for n £N k

(3.19) ár  Iмг, мкI
H„\nn 3 /Í„lnn
----------------^ ----------- , 1 ^ r ^ w

112 2 2-112
if  £„^9 • 112/ln n. We shall see that l / c> 9  • 112, i.e. this condition can be satisfied 
(see (3.1)). (Here and later the dash indicates that we omit those indices к for which 
в(М г, Mk)^Q n).

3.6. By the definition (3.16) of qk we can choose points uin£M ln(qin/2) such 
that (2.1) does not hold (1 и£ЛГг).

If for a fixed n^Nk there exists an index t (1 St^(p„) such that

(3.20) A„(utn) — 2cfi„ Inn,
(where c> 0  will be determined later), by cen In n^).„(uin) we obtain (3.17) for this 
n. We shall verify (3.20) for arbitrary n£Nk with suitable t —t(n). Indeed, let us 
suppose that for a certain m £N l

(3.21) / m(«rm) <  2cym In m where urm£M rm(q J 2 ), 1 ^  r ^  cpm.

Then by (3.21) we have

(3.22) 2  \Mrm\ 4 . ( 0  <  2cfm In m where m ^N 1.
r= 1

On the other hand, for an arbitrary n^Nk we can write by (3.7), with zk corres
ponding to (3.4),

\ m  2 \ i k(ur) \ ^ ± \ M r\ 2 ' [ M u r)\ +  \ik+x(ur)W
k = 1 ^  к £ К я

I Im i
8 k=i \co(zk)\ IMr, M k

so by (3.18) and (3.19)

( l  =  f S  q>„),

2  |м г|яв(иг)
I  f t  \co(zr)\ \Mr\\Mk\ 
8 á l  á í  \co(zk)\ \M „M k\

1 Ч’п 4>n r

j Z  2 'ö r= lk=r L
|tu(z,)l
l<u(zt)|

1 *n _  IШ
8 r=l fc=i |Mr, Mfc|

+
|tQ(zt) l j ]Mr||Mfc|
|<u(zr)|J |Mr, Mk

к-l In n 
8 - 2 -2-112

2сц1 In n
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if c =  1 /(64-112) =  1/7168. This contradicts (3.22), i.e. (3.20) is true for any n£Nt 
with suitable t=t(ri). This proves (3.17).

3.7. Now we estimate \Hn\. If J0„ is short it should belong to Hn. The same should 
be done with Jnn. So by (3.1), 3.2 and (3.17), with n0=max (6, nx, n2)

\Hn\ == \Hln\+ iin +  2őn if n is n0,

which completes the proof if л ё л 0.

3.8. Obviously, we can suppose e„^2, и= 1 ,2 , .... Using this and /.„(x) a  1
we obtain the theorem with another c >  0 .

I am very indebted to G. Halász for his valuable suggestions.
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GENERALISED SMOOTH FUNCTIONS
By

T. K. DUTTA (Burdwan)

Introduction. Let /  be a real function defined in some neighbourhood o f the point 
x0 on the real line R, and let f ( x 0) =  aa. If there exist real numbers a2, a4, . . . ,a 2t 
depending on x0 but not on h such that

1 * h2'
у  { /(* o + h )+ f (x 0- h ) } =  2  - ф у  aar +  o(h2k),

then i 2k is called the summetric de la Vallée Poussin (d.l.V.P.) derivative o f /  at x0 
of order 2k and is denoted by D2kf ( x 0). (It follows from the definition that if D 2kf(x 0) 
exists, then D2'f (x 0) also exist for all r, O ^ rS k , where D °f(x0) is f ( x 0).) Similarly 
if there are numbers ßx, ß3, ..., ß^+ i depending on x 0 but not on h such that

1 к l,2r + l
у  <f(Xo +  h ) - f ( x 0- h ) }  =  2  (2 r+ 1 ), ßb+i +  oCh**1),

then ß 2k+i is called the symmetric d.l.V.P. derivative o f/ at x0 of order 2k + 1 and is 
denoted by D2k+1f ( x a).

Suppose that D 2m~2f (x 0) exists, m ^ l,  and write

ßm li Г1 m~1 h2' 1x0, h) =  y {fiX o+h )+f(X o- . h)} - 2  — D * f{x á J.

Then /  is said to be smooth at x0 of order 2m, [3] (or 2m-smooth) if 
lim h e ^ i f ;  x0,h ) =  0.ft—► 0

Smoothness o f order 2m +1 is defined similarly. It is clear from the definition 
that i f / i s  smooth o f order r then it is smooth of order r —2 and that smoothness of 
order 2 is the usual smoothness. It can be verified that Zygmund’s definition o f ge
neralised smoothness o f order r [9; II; p. 62] is equivalent to the present definition of 
smoothness of order r+ 1  (see [5]).

With the same assumption on / i f  there are numbers v„, vl5 v2, ..., vm depending 
on x0 but not on h such that

/(* „ + h ) =  2  77 vr+ о (hm),
г=о Г!

then vm is called the unsymmetric d.l.V.P. derivative (also called the Peano-derivative) 
of /  at x 0 o f order m and is denoted by / (m)(x0). It is clear from the above definition 
that if f m)(x0) exists then Dmf(x 0) also exists with equal value.
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30 Т. К . DUTTA

A function /  is said to satisfy the property Sit in an interval I if for every perfect 
set P d  there is a portion of P in which/ restricted to P  is continuous. The property 
3> will mean Darboux property and |E  | will denote the (Lebesgue) measure of the mea
surable set E .  It is known that the Peano derivative / (m) possesses the property 3 ,  
the mean value property, and the property that it becomes the ordinary derivative 
/ <m) whenever / (m) is bounded at least on one side [4, 7]. This fact will be used fre
quently.

It is known that a continuous (usual) smooth function on an interval /  is dif
ferentiable on a set which is of the power of the continuum in any subinterval of I 
and the derivative possesses Darboux property on the set of its existence [8]. In the 
present paper we have proved these results in our more general setting. Also some 
other interesting properties of generalized smooth functions are investigated.

Lemma 1 (Auerbach). I f  1Фп{х) is a series o f  continuous functions in [a, b] and 
Zan is a convergent series o f positive constant terms such that for each x€[a, b] there is 
a positive number N (x) with the property that |Ф„(х)| =a„ whenever n > N (x ) then 
there is a subinterval o f[a ,b ] where Z Фп (x) converges uniformly.

For the proof see [1].

Lemma 2. Let f  be continuous in (a, b) and let D 2k̂ 1f  к = 1 ,2 , ...,m , exist and 
be continuous in (a, b). Then the ordinary derivative ft-2"1- 1) exists and is continuous 
in (a, b).

P roof. If m =  1 the result follows from Corollary 2 of Theorem 4 of [2]. So we 
suppose that the result is true for m = n  and prove it for m = n + 1. The proof will 
then follow by induction. Since by hypothesis D 2k~1f ,  k =  1,2, . . . ,n + 1, exist and 
are continuous in (a, b) and since the result is true for m = n ,f (2n~v> exists and is 
continuous in {a, b). Let [a, ß ]a (a , b). For each x£(a, b) and each h with x±h £  
€(a, b), there is, by mean value theorem, a 9, O < 0 < 1 , such that

W  It №+л> -/(*-«>- i  (*>] -
/  i2" -  « (jc+ 9h) + f  ̂  - J) (x -  9h) -  2 /  <2л -  (x)

(9h)2

Hence, writing 1)2Ф{х) =  lim inf в2(Ф; x, h) etc., we have Л2/ (2"“1)(х )^ /)2п + 1/ ( х ) ^  
D 2/ <2"~i)(x) for all xffa , b). Since D2n+1f  is continuous in [a, ß], the function

JC t

/ (2л- 1)(х )— J  dt J  D2n+1f (u )  du

is linear in [a, ß] [9, I; p. 327] and hence f<-2n+1) =  D 2n+1f i n  (a, ß). Since [a, ß]cz{a, b) 
is arbitrary f <2n+1)(x )= D in + 1f  (x) for all x  in (a, b).

Lemma 3. Let f  be continuous in {a, b) and let D ^ f, k =  1,2, ..., m, exist and be 
continuous in (a, b). Then /<2m) exists and is continuous in {a, b).
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If m = 1 the result is true. For, if [a, ß]cz(a, b) then by [9 ,1; p. 327], the function

X  t

f ix )  f  d t f  D2f(u )d u
a a

is linear in [a, ß] and hence as above / (2)=Z>2/  in (a, b). Supposing the result to be 
true for m —n it can be proved as in Lemma 2, that it is also true for m = n + 1 
and the proof follows by induction.

Theorem 1. Let f  be continuous and D m~2f  exist in (a , b). I f f  is m-smooth in (a, b), 
then / (ш~2) exists and is continuous on a dense open set in (a, b).

Proof. We prove the theorem when m is even. Let m =2k. The theorem is 
obviously true for k =  1. Now suppose that the theorem is true for k =  r. We show 
that it is also true for k = r + 1. Let [a \ b']<z{a, b). Choose a sequence {h„} such 
that Lh„ is convergent and hB>/i„+1> 0 , o '—h„>a, b '+ h n< b  for all n. S in c e ,/is  
2 r+ 2  smooth it is 2r smooth. So, by our supposition there is an interval [c, d] c  
c (a ', b') such that / (2r_2) exists and continuous in [c, d]. Set 4/lr(x )= 0 2r(f-, x, h„), 
и = 1 ,2 , . . . .  Then 4/ lr is continuous in [c, d] for all n. S in ce /is 2r+2  smooth, we have 
for x£[c, d] lim h02r+2i f -, x, h) =  0. Therefore,

l i m i [ M / ; * ,  h )-D » f(x ) \  =  0 
i.e.,

lim L [4 > X ix )-D ^ f{x )\  =  0.n~oo Цп

So, there is a positive integer N(x) such that |3/2г(х )—D 2r/(x ) | <  h„ whenever 
n>~N(x). Therefore, for x £ [c ,d] and n >N (x)

\ n +x ( x ) - K ix ) \  á  \ К +Л х ) ^ П х ) \  +  \ П ( х ) - ^ П х ) \  <  hn+1+ h n <  2hn.

So, the series 2  n+i~ f'nO satisfies all the conditions o f Lemma 1 in [c, d\. So thereП — 1 oo
is a subinterval say (a", b") of [c, d] where 2! (^n+i~ converges uniformly and

П — 1

hence !Р2г+  2  C^f+i-  i-e- converges uniformly. So the limit functionП = 1
D2' f  is continuous in (a", b")(z{a', b'). Hence by Lemma 3 ,/ (2r) exists and is con
tinuous in (a", b"). Thus the theorem is true for k = r + 1. Hence by induction the 
theorem is true for all k.

Now ifm  be odd, say m = 2 k + l,  the proof is similar. For k = 1, it can be proved

by considering =  [/(x+ /i„ )—f i x —й„)] and using Lemmas 3 and 2. Then

supposing the theorem to be true for k = r ,  it can be shown, as above, by considering 
7/2r+1(x )= 0 2r+i ( / ;  x, hn) and using Lemmas 1 and 2 that the theorem is true for 
k = r + l .  The proof then follows by induction.
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Lemma 4. Let / (т_ 2) exist in (a, b) and let f  be smooth o f order m in (a. b) where 
mS2. I f  2 )  attains a local maximum or minimum at xa£(a, b) then f(m-i)(x0) 
exists and equals zero.

Proof. If m is odd then

m '  Г ( m —з ) / 2  u2k+i  l

A 0 - ( / ;  * 0 ,  Л) =  [ / ( * b + A ) - / ( * o - Ä ) - 2  kZ  j2kTWD2k+lnXo)\ =
m l  f  m - 2  Uk m - 2  ( _ J 1

=  2 / j m - i  [ / ( x ° +  ^ )  — Д  /(* )  (*o) —f ( x 0 — h) +  ^ 2  — / ( * ) ( x 0)J  =

-  ^ [ / ( * + Ч - Д  £ / „ ( * > ] +

and if m is even then,
m l  Г ( m  — 2 ) / 2  1, 2*  1

* « . ( / ;  *0, A) =  f f f h i  [ n x 0+ h ) + f ( x 0- h ) - 2  2  =

m' Г m - 2  Ijk m - 2  ( _ f x k  1
=  2 / ^ T  | / < л + A ) -  Д  J T / ( * ) (* • )  + / ( * 0 -  A) -  Д  O o )J  =

+ [ - * # / » « >) ] •
Thus in any case

m! Г m~~2 1
(1 )  hem( f ; x 0, h )=  2 ^ г п [ / ( хо+ А ) - Д  j y - / ( * ) ( * o ) J +

+ [ -  (/ ( х ° ~ й)~ M  * # / . « ) ] ■
Choose h (^ 0 )  such that x0±/z6(a, b). Then by the mean value property of the 
Peano derivative there are <5ls S2, 0 < á1< l,  0<<52<  1 such that

(2) 2 ^ 1  [/(XO +  / 0 - 2  =

m! Г hm~2 hm~2 „ 1
2A”- 1 [(m -2)! (̂m_2)(Xo+<5l,l)~  (m -2)!^ (m_2)̂ o)J =

=  W (^ =- 1-  [ / (m  -  2) (* 0  +  *1  A ) - / (m  -  2) O o )]
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and

(3)

Since / (m_2) attains a maximum or minimum at x0, from (2) and (3) both terms in the 
right of (1) are of the same sign for small \h\. Since/ is smooth o f  order m at x 0, 
from (1), it follows th at/(„ _!)(*()) exists and equals zero.

T heorem 2. Let f  be continuous and/ (ni_2) exist in (a, b) and let f  be smooth o f  
order m in {a, b). Then the set E  o f  points x  in (a, b) where f (m_ ^(x) exists and is 
finite, is o f  the power o f  the continuum in every subinterval o f  (a, b).

P roof. Let (a', b') be any subinterval of (a, b). We shall show that (a b ' ) D E  
is of the power of the continuum. By Theorem 1, there is a subinterval say [a, ß] o f  
(a', b') where/4"1-2) exists and is continuous. If / (m- 2) is linear in some closed interval 
[a, ß'], then f (m~1> exists everywhere in (a, ß') and the result follows. So
we suppose that / (m_2) is not linear in [a, ß'] for all ß', <x </?'</?. Let /Г, 
be fixed. Set

Then g (m- 2> is continuous in [a, ß']. Also g(n,~2)(x)=0=g^m~2>(ß'). Since / (m_2) 
is not linear in [a, /?'], g (m~2) is not constant in [a, ß']. Hence there is ££(а, ß') 
where g(m~2> attains a maximum or minimum. So by Lemma 4, g(m_ ^ (f)  exists and 
equals zero, i.e.,

Thus for each ß', oc< ß'< ß  there is <!;, such that (1) holds. But since
/ (m~2) js continuous and not linear in [a, ß'] for all ß ' ,x < ß '< ß  the set of values

-p {/(m -  2) (ß') —fim -  2)) (°0) is of the power o f the continuum as ß' varies over

(a, ß). Thus the set o f points £ in (a, ß) for which /<m_ i>©  exists is o f cardinality 
continuum. This proves the theorem.

From Theorems 1 and 2 we have

Theorem 3. Let f  be continuous and Dm~‘lf  exist in (a, b). I f  f i s  smooth o f order m 
in (a, b), then the set E  o f  points x  in (a, b) where / (m_1)(x) exists and is finite, is o f the 
power o f  the continuum in any subinterval o f  (a, b).

Lemma 5. Let f  be continuous in (a, b) and Dm~3f  exist and possess property

g O) =  f i x ) -  (m ^ 2) \ f m̂- 2>(“)•**“2

( 1) л . - « с о  =
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М and S  in (a, b). Also let D m~2f  do not attain a local maximum or minimum in (a, b). 
Then the ordinary derivative / (m-2) exists and is continuous and monotone in (a, b).

Proof. Let [a, yß]c .(a, b). Let О be the set of all point л: in [a, ß] such that there 
is a neighbourhood of x  (relative to [a, ß]) in which Dm~2f  is continuous. Clearly О 
is open (relative to [a, ß]) and hence the set P =[a , ß] — О is closed.

Now for any interval J a O  since D m~2f  is continuous and has no local maxi
mum or minimum in J, it is monotone in J  and since Dm~2f  possesses Darboux pro
perty, it is continuous and monotone in J (the closure of J ). Thus / (ш_2) is continuous 
and monotone in J for every interval JczO . This fact will be used in the following 
argument.

If <JC(a, yS) is an isolated point o f P, then there are ^ > 0 ,  <52> 0  such that 
({ —<51; { )U ({ , { + (52)c O and hence Dm~2f  is continuous in [{ — {] and in [it, { +<52] 
which shows that Dm~2f  is continuous in ( t~ S 1, c +  <52) and this is a contradiction 
since {(£0 . So, P has no isolated point in (a, ß). By similar argument it can be shown 
that if a (or ß ) belongs to P  then a (or ß) is not an isolated point of P. Thus P  is 
perfect.

If possible let P  be non-void. Since D m~2f  has the property PA in (a, b) there is a 
portion of P, say (p ,q )C \P  where D m~2f  restricted to P  is continuous. Let 
{ 6 (/>, q)C\P and let {{„} be any sequence such that t n~*£ as и—°°. We shall show 
that Dm- 2f l t n)^ D m- 2f { t )  as и - - .  If {„eP  for all n then Dm- 2f { t„ ) - D m~2f { t )  
as n-+°°. So we suppose that { 6 0  for all n. If { is an isolated point of P  from one 
side, say from the left, then there is <5 =-0 such that ( { —«5, ( ) c O  and so D m~2f  
is continuous at { from the left. Hence, if  {  is an isolated point of P  from one side 
and if {„-»-{ from that side then Dm~2f ( t n)-*Om_2/( { ) .  So we suppose that for 
each n there is a component interval (sn,t„ )c :0  suchthat and

Since D m~2f  is monotone in [.s„, i„], D m~2f(t„) lies in the closed interval with 
end points D m~2f( s n) and Dm~2f(t„) which tend to Dm_2/ ( { )  and so Dm_2/({„ )— 
-+Dm~2f ( t ) .  Therefore D m~2f  is continuous in (/;, q)C)P and hence continuous in 
(p , q). But this is a contradiction since (p, q) contains points o f P. So, P  is void. Hence 
[a, /?]cO. Therefore Dm~2f  is continuous in [a, ß] and since it has no local maximum 
or minimum in [a, ß] it is monotone in [a, ß]. Since [a, J?]c(a, b) is arbitrary, Dm~2f  
is continuous and monotone in (a, b). So by Lemma 2 or 3 , f (m~2) exists and is con
tinuous and monotone in (a, b).

Theorem 4. Let f  be continuous and / ( m_2) exist in (a , b). Also le t/ (m_ 2) possess 
the property 01 in (a, b) and let f  be smooth o f  order m in (a, b). Let E =  (x : x 6 (a, b), 
/<m-!)(*) exists}. I f  f m _!) (x) =  0 for all x £ E  then f m~2) is continuous and nondec
reasing in (a, b).

Proof. Let us first suppose that / (m _!)>() in E. Clearly / (m_2) does not attain 
a local maximum or minimum in (a, b). For, i f / ( ra_ 2) attains a local maximum or 
minimum in (a, b) at x06 (ö, b) then by Lemma 4, x 0£E  and /(m-i)(x o) =  0 a con
tradiction. Since /(m- 2) possesses Darboux property, by Lemma 5 , / (m_ 2) is conti
nuous and monotone in (a, b). If / (ш- 2) is nonincreasing in {a, b) then for any point 
x 0£E  and x0+ /i6(ö, b) there is, by mean value theorem, у, 1 such that

fm— IV Г m- 2  fok -j m _  1
fom-P- [/(*O +  / 0 - Z  ^;/(*)(*o)j =  — fo— lf(m-2)(x0+ y h ) - f m- 2)(x0)\ ё  0,
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and hence / (m_d (x0) s O which is a contradiction. Hence / (m_2) is non-decreasing 
and continuous in (a, b).

To complete the proof consider the function g  (x) = f (x  )+r. ■ x m~ where(m —1)!
e > 0  is arbitrary. Then g(m- 1)(x )= f(m_1)(x) +  e> 0  for all x£E. Since g  satisfies 
other hypotheses of the theorem, from the first part g (m~2) is non-decreasing and 
continuous in (a, b) and since £>0  is arbitrary, / (m_2) is continuous and non-dec
reasing in (a, b).

Theorem 5. Let f  be continuous and/ (m- 2) exist in (a , b). Also let f m_ 2) possess 
the property 01 and f  be smooth o f order m in (a, b). Let E = { x \  x£(a, b), f m~x)(x) 
exists}. Then f m~D has the property <2> on E.

Proof. Let a, ß, a-=/i be any two points in E  and let f m-tf<x)-<fm-D(ß). 
Let i)(a )< c</(,„_])(/?). We show that there is a point y€(a, ß) such that

fm -» (y ) =  c. Set £ ( * ) = / ( * ) - . j x 1”- 1. Then g („ - ,)W = /(M- i ) ( « ) - c < 0

and gim -viß ) = /(„-!>03)- c > 0.
If g(m- 2) attains a local maximum or minimum at some point y£(a, ß), then by 

Lemma 4, g(m_,)(y)= 0  i.e., /(m-p(y) =  c and so the theorem is proved. Thus if we 
prove that g(m~2) attains a local maximum or minimum in (a, ß) the proof will be 
complete.

If possible suppose that g,m_2) does not attain a local maximum or minimum in 
(a, ß). So by Lemma 5, g (m_2) is continuous and monotone in (a, ß) and by Darboux 
property of g(m- 2) it is continuous and monotone in [a, ß]. If g,m_2) is nondecreasing 
in [a, ß], by mean value theorem, there is <5, 0<<5<1 such that

(m — 1)! f . . .  m 2 hk 1 m — 1
[g(« +  ̂ ) ~ 2 o j j - g (*)(a)J =  —  [g(. - i ) ( *  +  í A ) - í ( . - i ) («)] ^ 0

and hence #(т_ ц (а )ё 0  which is a contradiction. If g(m_ 2) is nonincreasing in [a, ß] 
by similar argument g(m- 1)(|S)áO which is also a contradiction. Thus g(m- 2) must 
attain a local maximum or minimum in (a, ß). This completes the proof.

Theorem 6. Let f b e  continuous and / (ш_2) exist ги (a, b). Also let / (m_ 2) possess 
the property 01 and f  be smooth o f order m in {a, b). Let E = {x :  x(fa , b), f m-  i)W  
exists). Then for any k, 0 ^ k  =  m — 2 and for each x and x + h  in (a, b) there is x'£E  
between x  and x + h  such that

— Í m~2 hr~k 1
!  ± [ Ы х + К ) - £  = / (m- 1)M -

Proof. First we prove the theorem for k —m —2. We assume /i> 0 , the case 
/г<0 is similar. It is sufficient to suppose that f m- 2)(x+ h ) = f m_2)(x) and prove 
that there is x f ( x ,  x + h )H E  suchthat / (т_1)(х,)= 0 .

i f  Гы for all t£(x, x + h )f]E  then by Theorem 4 ,/ (m_2) is nondecreas
ing in (x, x +  h) and by Darboux property o f / (m_2), it is nondecreasing in [x, x+h]. 
Since f m-i)(x + h ) = f m_ 2)(x), f m~2) is constant in [x, x+ h ]  and hence / (m- i ) ( 0 = 0  
for all t£(x, x+h)C\E. Also if / (m_1)(I )^ 0  in (x, x + h )O E , by similar argument
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there is х '€ (х ,х+ Е )Г \Е  such that f m- 1)(x ')= 0 . Finally, if there are £, 
£(x, x+h)C)E  suchthat /(m- n ( 0 < 0  and Á m - i)(i/)> 0  then by Theorem 5, there is 
x'£(x , x+h)C\E  suchthat / (m_1)(x /) =  0. This completes the proof for k = m - 2. 

Let now O sÄ rS m -3. Set

Then

(1)

g (0 = / ( 0 -
(m — к — 1)! f  n_2 hr~k 1

{ / (* )(х + й )~  2  д /w W )
( i - x ) mj ^  
(m  — 1)!

m — 2 h r ~k
gm ( x + h ) -  2  (r k)j  g(r) (x) =  0.

Since g(,„_2) exists in (a, b) by mean value theorem there is x0, x < x 0< x + h  such 
that

m —3 hr~k hm~k~2
(2) g(ft)(* +  й)- Д  ( r - k j l  g(r)^  =  ( m - k - 2)! g(m“2)

So by (1) and (2) g(m- 2)(x0) - g (m_ 2) (x)=0. Therefore from the first part of the 
proof there is x', x < x '< x 0 such that g(m-i) (x ')= 0  i.e.,

(V - .- .1)! {/и(»+Ц-Д* =/c-«W -

This completes the proof.

T heorem 7. Lei f b e  continuous and Dm~2f  exist in {a, b), and f  be smooth o f order 
m in  (a ,b ). Also let E = {x : x£(a, b), f m̂ 1)(x) exLi.y} and |£ П / |< |/ |  for every 
interval Icz(a,b). Then f m-i) has i/ie property 3  on E.

P roof. By Theorem 3, ЕП1 has the power o f the continuum for every interval /. 
Let a, ß, be any two points in E  and let / (m_ i)(a )< /(m_i)(/i). Let / (m-i)(« )<
-= c < /(m_i)(/f). Suppose, if possible, that /(m- i >(х)^с for all x£(a, /OHL. We 
may clearly assume that c =  0. Let

E+ =  {x: x€(a ,ß)C\E, f (m- 1}(x) >  0}, L_ =  {x: x€(a ,ß)(lE , f (m- 1}(x) <  0}.

Then (a, ß)O E —E + UL_. Now by Theorem 1, let / <m_a) exist and be continuous in 
an open interval / с ( я ,  ß). Then, by Theorem 5 , / (m_ 1) has the property ^  on /PlL  
and hence either /f lL 'c £ '+ or iO E c z E - .  Let 1С \Е аЕ + . Then by Theorem 4, 
f t m — 2) js nondecreasing in I and hence exists almost everywhere in /. So
|.ЕП /| =  [/|, a contradiction. If lC \E c.E _ we would get a similar contradiction.

T heorem 8. L e i / h e  continuous and/ (m_2) ex/.vi in (a, b). Also let f  be smooth o f  
order m in (a ,b ) and let E — {x: x£(a, b), f m-\)(x ) exists} and |L T l/|< j/j for  
every interval Icz(a ,b). Then for any and for each x  and x + h  in
(a, b) there is x f E  between x  and x + h  such that

( m - k - 1)! Í ,  , , 4 m- 2 hr~k ,  . .1 .
fom-k-l \f(k)(x +  h) ' 2  /(o W j f(m — 1)(.X )■
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Proof. We assume 0, the case / i< 0  is similar. For k = m —2 as in Theorem 
6, it is sufficient to suppose that / (m- 2)(A +h )= /(m_ 2)(.x:) and prove that there is 
x'd(x, x+h)C \E  such that f (m- 1)(x ')= 0 . If / (m- i ) ( 0 ^ 0  for all t£(x, x+h)C \E  
then proceeding as in Theorem 7, we arrive at a contradiction. This proves the theorem 
for k =  m — 2. For О ^ ^ ш - З  the proof is similar to that of the second part of 
Theorem 6.

R emarks. If 2 then the existence o f / (m_2) implies the continuity of/  Hence 
if m > 2  the continuity condition in Theorems 2, 4, 5, 6 and 8 are superfluous. On the 
other hand, if m —2 then from Theorems 5 and 6 it follows that the condition 
|/П2?|-<|/| in Theorems 7 and 8 are redundant; this condition will be needed in 
this case if  the continuity o f / i s  replaced by the measurabilty [6]. Also if m —2, then 
the supposition that / (m_2) or D m~2/  exists is superfluous.

The author wishes to express his sincere gratitude to Dr. S. N. Mukhopadhyay 
for his kind help and suggestions in the preparation of the paper.
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SELECTIVE DIFFERENTIATION: 
REDEFINING SELECTIONS

By
R. J. O’MALLEY (Milwaukee)

The concept of selective differentiation was introduced and developed in [4]. 
Here we present selective differentiation from a different viewpoint or, rather, in a 
new framework. This framework takes some effort to erect but is profitable in terms 
of the results obtained. It originates from several very simple observations. First, 
any closed nondegenerate interval [a, b] can be considered as a point (a , b) in the 
upper half-plane H = {(x, y)\ x<y}. Second, most notions o f  a sequence o f intervals 
In — [аю bn] converging to a point x0 can be translated into an equivalent notion o f the 
sequence (a„, b„) in H  converging to the point (x0, x0) of the boundary D. For example, 
[an, b„] w-converges to x 0, using the definition in [5], if and only if (a„, bn) converges 
to (x0, x 0) inside some Stolz angle. Third, for any function f :  R-~R let G (x, y) =
_ / 0 J —Л л)  ̂ q . Then the study o f various differentiability properties o f /

can be accomplished through study o f the boundary behavior of G at D. See for 
example [2] or [1, pp. 68— 70]. These three facts form the foundation of the framework.

A selection S  consists o f choosing a point from the interior of each nondegene
rate closed interval [a, b] and labeling the point P[a, b\. Within the above framework, 
it is clear that a selection S  is identifiable with a function s: H-»R  satisfying 
x -=j (x, y )< y .  Throughout this paper, we will use this equivalence. For example, 
the original definition o f selective derivative at x0 becomes:

D efinition 1. Let f .R - * R  be fixed and let s(x, j>) be a selection on H. Then f  is 
said to have a selective derivative at x0 i f  there is a number a such that

hv-lim
(*. J>)- (*0- V  s (x, y) — x0 =  a,

where hv-lim is the notation to represent that (x, y) approaches (x0, x 0) along
'(*o. x(p

the horizontal and vertical line segments in H, ending at (x0, x 0).
We will have numerous instances o f evaluating limits with different methods of 

approach to the point in question. In each case a prefix such as hv, hopefully self- 
explanatory, will be adjoined to the notation. Further, where no confusion will arise 
we will delete the (x, т)-*(х0,у 0).

Definition 2. For each fixed real number a a subset r o f  H  is called a right ap
proach set for a if every (x, у ) in r satisfies a ^ x  and (a, a) is the only limit point o f r 
in D. A left approach set / is defined similarly. When necessary we use the notation 
r(a) and 1(a) to show that / and r depend on a.
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Note that if  we consider the horizontal and vertical line segments at (x0, x 0) 
as left and right approach sets at x 0, then we may think of selective differentiation as 
depending jointly on the selection and the approach set. We explore this possibility.

Definition 3. Suppose that for each a i n Ä a  right and a left approach set, de
pendent on a, have been chosen. The collection C  o f these sets is said to have the in
tersection property if for each fixed a there is a (5>0 such that if  а —Ь<ах< а < а ъ <  
< a + <5 then /•(a1) f l/(a )  ^  0  an(i  r(a)C\l(a^) ^  0 .

Note that if for each a the right and left approach set consists o f a line in H  then 
the collection thus obtained would have the intersection property.

Our first theorem deals with our ability to change selections and is somewhat 
deceptively simple.

Theorem 1. Let s .H -* R  be any selection and let C  be any collection o f right and 
left approach sets with the intersection property. Then there is a new selection t such 
that for any function G : 7 ? \ {x0}-*.R and any x 0

« Ä Ä  G {s(x’ y)) -  “  G(l(x’ y ))’
where lr is the notation for approach to (x0, x0) along the r(x0)U /(x 0) in C. Further, 
fo r  the same t the relation

lr-lim sup G (s{x, y)) ^  hv-lim sup G(t(x, y))
exists.

Proof. Let (a, b) belong to H. If r(d )D l(b )—0 ,  let t(a, b)=s(a, b). If 
г(а)Г\1(Ь)т± 0 ,  let (c, d) be any point in this intersection. Then a<c< .v(c, d )< d < b .  
Let t(a ,b )= s (c ,d ) . This defines t.

It will now suffice to show that for any sequence h„—0, and G and x0
fixed we have

lr-lim inf G(s(x, y)) S  Hrrunf G (t(x0, x0+ h n)).

To see this, we note that there is an N  such that for n>N , x 0< x 0+/?„«= x0+(5(x0) 
so that г(хо)Г\1(хо+Ьп) ^ 0 .  Then t(x0, x0+hn)= s(cn, d„) where (c„, dn) belongs 
to 7-(x0)n /(x 0+ h n). So x0< c n-=i/n< x () +  /i„. This implies that (c„,d„) approaches 
(x0,x 0) through /(x 0)U r(x0) and

lim inf G (t(x0, x0+ h n)) =  lim inf G(s(c„, d j )  ^  lr-lim inf G(s(x, y)).
Л-+0О Л- + ~

Corollary 1. Let s and C  be as in Theorem 1. Let f:  R —R be such that

1г.и т Ш Л ф ф £ Ы , 0
s(x, y ) x0

fo r  each x 0. Then f  is increasing.

Proof. The one t selection defined in Theorem 1 applied repeatedly for each x0
and

G(s(x, y )) = / ( s (x , y ) ) - / ( x 0)
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gives

t ( x , y ) - x  о

In the terminology o f paper [4] this says that ,f '(x 0)> 0  for all x 0, and Theorem 1 of 
[4] yields the result.

Corollary 2. Let s and C  be as in Theorem 1. Let f:  R 
such that

lr-lim f ( s (x ,  y ) ) - f ( x 0) 
s(x, y ) - x о =  « W

R and g: R-*R be

for all x0. Then there is another selection t such that g  is the selective derivative o f  f  
relative to t.

P roof. This is clear from Theorem 1 and Definition 1. Here we must apply 
Theorem 1 and t for both lr-lim sup and lr-lim inf. It follows that g  will have all the 
properties of selective derivatives. These include being Baire class 2 [3] but not ne
cessarily Baire class 1 [4] and having the Denjoy-Clarkson property [6].

Corollary 3. Let s, C, f  and g be as in Corollary 2. Suppose in addition that f  
has a selective derivative relative to s, s f ', in the sense o f  Definition 1. Then 
{x: g (x )^ s f'(x )}  is countable.

P roof. This follows from Corollary 2 above and Theorem 9 of [4].
These three corollaries should suffice to illustrate that virtually all of the results 

of [4] have analogues in terms of collections of right and left approach sets with the 
intersection property. These ideas should dovetail nicely with the very interesting 
results in [3].

We now examine what improvements can be made if we require that /  has a 
selective derivative along more than just a right and left approach set. This will 
require that we place a more restrictive condition on our approach sets.

D efin itio n  4. Let 0 < a <  1 </? be two fixed numbers. Let C(a, ß) be the collec
tion o f left and right approach sets with the property that for each a, 1(a) is the line 
segment with slope a ending at (a, a) and r(a) is the line segment with slope ß  ending 
at (a, a).

Theorem 2. Let s:H -* R  be a selection and 0 < a <  1 be fixed. Suppose 
f :  R-»R and g: R-+R are such that

ahv/l-lim f( s (x ,  y ) ) - / ( x 0) 
s(x, y ) - x 0 =  g ( * o )

for all x0. Then g  is Baire Class 1.

P ro o f . It will suffice to show that for every a {x :g (x )^ a }  is a Gs set. Let a 
be fixed and let A =  {x: g (x )^ a }. Further, let m be any fixed integer. For every x0 
in A there is a 1 =-<5(x0)> 0  such that for all (x, y)  on / (x0) U /x (x0) U т (x0) U т (x0)
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within distance d of (x„, x0) we have

f { s (x , y j ) - f { x q) ^  Q 1_
s(x, y ) — x0 — m '

The set of points within d distance of (x0, x 0) on / (x0) U h (x0) U v (x0) U r (x0) consists 
of four line segments, labeled /l5 l2, 4  and /4 as we proceed from left to right. The 
endpoints o f these segments in H  have coordinates

Pi =
S

/ l + a 2 * o -
ad \

y i  +  a2 J ’
Pi =  (x0- S ,  x0),

Рз
,  .. i d  ßö \

=  ( x „ X,+ 6 ) ,  j.

We project these points onto D  to determine an interval I  dependant on x„ and <5 in 
the following way:

ad adProject px parallel to l2 to fx0—
I /1  +

, *0----, 1,
a* Kl +  a2)

Next we let

and

„ - , ( ad ad jProject p2 parallel to 4 to x „ + ------ , x „ + ------- ,v 1—a 1 —a /

Project p3 parallel to i4 to [x0- j^-j , x0- - ^ - ^ ,  

Project p„ parallel to L to (x„H—--  ̂ x,,H—  ̂ 1
l  h + ß 2 y i + ß 2)

с =  max (x  a0 x ___L _ \
l  ]/l +  a2 ß - l )

, . (  d ad Ja =  min x0+  .... , x0-\---------.
I i \ + ß 2 1—a J

Finally, let I(x0, S)=(c, d) and let G„= IJ l[x , G„ is open for every n,
XÍA \  n )

and AczGn. Let Bm=(~]G n. We claim that for every x0£Bm, g (x)fea  — 1jm.
n = 1

This is clear if x 0 belongs to A. Suppose x0 belongs to Bm\ A  and g(x0) < a  — i/m. 
Then there is a d(x0)> 0  such that if (x, y )  belongs to / (x0) U h (x0) U v (x0) U r(x 0) 
and is within d(x0) distance o f (x0, x 0) then

f ( s ( x ,  y ) ) - f ( x 0) ^  a __1_
■s(x, y ) - x 0 m '
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Since x„ belongs to Bm\ A  there exists x„ belonging to A such that x0 belongs to 

I |x„, —In and x„—x0. We may assume without loss of generality that x „ > x 0 
for every n. By the way /„ was defined, /(x„) intersects line y = x 0 at a point p„ which

c / \
is within distance — ■ " of (x„, x„). Further, the line r(x0) intersects the line x = x „

Yl
e  /  \

at q„ which is within distance — of (x„,x„). As и—+  °°, p n and qn—(x0, x 0).

Therefore, there is an N  such that for n> N , p„ and q„ are within distance <5(x0) of 
(x0, x 0), and these points lie on A(x0)U r(x0). Select one such n. Then:

and

i)

ii)

hi)

iv)

V)
Then ii) and iii) imply that

s(pn) <  x0 <  x„ <  s(q„),

f{s (P n ))-f(x n) ä  a __ 1_
s(pn)~ x n ~  m ’

f(s(q „ ))-f(.x n) s  a __ 1_
s(qn)~x„ ~  m

f{s (P n ))-f(x q) _ д __ 1_
s(pn) - x о m ’

f ( s (q n) ) - f ( x q) _ ; a __ 1_
s(qn)~ x  о m

f(s(q„))-f(s{p„)) ^ a __1_
s(q„)~s(pn) m

while iv) and v) imply that

f ( s (g „ ))- f{s (p n)) д __ 1_
s(q„)~s(pn) m '

This contradiction implies that / ( х ) ё а - 1 /ш  for all xdBmz>A. This implies that 

n  Bm= A , so that A is a Gs set.
m = 1

We end the paper by giving a demonstration of a situation where the hypothesis 
of Theorem 2 is satisfied.

Theorem 3. Let f :  R —R have an approximate derivative g  fo r all x. Then there is 
a selection t such that

for all x0.
2 t (x, y )  Xq =  g ( * o )
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Proof. F o r each x  in R  there is a measurable set P(x) having density 1 at x 
such that

P (x) — lim
y - x =  g 00 -

Let (a, b) be fixed and x t= a + i ( b —ä), i =  — 1, 0 ,1 ,2 . Set

Q . =  p (x t ) ^ ( a > b) i f  m ( P ( X i) r \ (a ,  b)) >  y ( h - a )

(a, b) otherwise.
2

Then P| 0 , and we pick a point from this intersection to be t(a, b). It is a
i= - 1

simple matter to check that for any jc0 and any sequence (x„, y„) approaching (x0, x0) 
along one o f the four lines there is an N  such that for all n >iV, / (.x„, y n) was chosen 
from P (x0)D(x„, y„). This completes the proof and the paper.

Acknowledgments. The author benefited from several discussions with Clifford 
Weil on this topic. Among other things, his suggestions caused a simplification in 
the proof o f Theorem 2, which is also patterned after a result of Preiss [7].
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ON THE PRODUCT OF TWO b R -SPACES AND  
THE CLASS © OF FROLÍK

By
J. L. BLASCO (Burjasot)

Introduction. All spaces considered here are Tychonoff. A subset В o f a space X  
is called bounded (in X )  if each continuous real-valued function on X  is bounded on 
B. We call a space X  a bR -space (resp. p R -space, kR -space) if a real-valued function 
on X  is continuous whenever its restriction to each bounded (resp. pseudocompact, 
compact) subset o f X  is continuous. Clearly kR -spaces and locally pseudocompact 
spaces are pR -spaces and therefore bR -spaces.

N oble [8] introduced the notion o f bR -space as an aid in studying conditions 
under which a projection on a product is z-closed. In [2] and [10] this notion has been 
used in order to give conditions under which 9 (X X Y )= 0 X X 6 Y ,  where OX is the 
topological completion o f X. In [1] the author gives several conditions sufficient to 
insure that a product o f two hÄ-spaces be a bK-space. The present paper is concerned 
with the following questions raised in [1]:

(1) Suppose that X  is locally pseudocompact and that Y  is a bR -space. Is 
X X Y  a bR -space?

(2) Is the product of two pseudocompact spaces a bR -space?
Following F ro lík  [4] let © betheclass of spaces A suchthatfor every pseudocom

pact space Y  the topological product X X  Y  is pseudocompact. We answer negatively 
the above questions by showing that if X  is a pseudocompact space which is not in ©, 
then there exists a pseudocompact space Z  such that X X Z  is not a bR -space. We apply 
our results to give the following characterization of the class ©: A pseudocompact 
space X  belongs to © if and only if the product X X  Y  is a p R -space whenever Y  is. 
From this result, it is natural to raise the question: Under what conditions on a space 
X  is the product X X  Y  a p R -space for every p R -space У? The class of all such spaces 
is characterized in the last section.

Notations and preliminaries. Throughout this paper we adopt the notation and 
terminology of [4] and [5]. ßX  denotes the Stone-Cech compactification o f X. A  zero- 
set is the set of zeros o f a real-valued continuous function. Z {X )  denotes the family of 
all zero-sets in X. N  is the discrete space of positive integers. Recall that a subset A 
of X  is regular closed in case A is the closure o f an open set. For later use, the follow
ing fundamental facts are needed.
(F .l) ([9], Proposition 2.3) A subset В o f a space X  is bounded if  and only if  for each 

locally finite family ÚU of mutually disjoint, non-empty open sets in X, only 
finitely many members of °U meet B.

(F.2) [6] A  space is pseudocompact if and only if every locally finite family o f its 
open subsets is finite.
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(F.3) ([4], Theorem 3.6) A space X  is in © if and only if  each infinite family of mutu
ally disjoint, non-empty open subsets of X  contains an infinite subfamily 
{U„:n=  1 ,2 , . . .}  which satisfies the following condition: For each filter 
3F of infinite subsets of N  we have

n  с 1 * ( и  Un) *  0 .FC& níF

The topological product of two bR-spaces. The following theorem is the main 
result.

T heorem 1. L et V be a non-empty regular closed set o f  a space X. l f V  is pseudo
compact and does not belong to then there is a pseudocompact subspace Z  o f ßN  
such that X X Z  is not a bR-space.

Proof. Since V  $ 93, according to F.3 there exists a sequence { U ' : n =  1 ,2 ,...}  
o f mutually disjoint, non-empty open subsets o f V  which satisfies (* ) , where (* )  
is the condition: If M  is any infinite subset of N , then

n  c i K ( u  u') =  0
F £ & ( M )  n £ F

for some filter #"(M ) of infinite subsets of M . Let Un= U ' 0 int F, /7= 1, 2, . . .-  
Since F = cl (int V ), {U„: /7= 1, 2, . ..}  is a sequence of non-empty open subsets of  
X  which satisfies ( * )  (with U„ instead of U').

For each infinite subset M  o f N , we choose a filter tF(M ) on M  such that

n  c iF ( u  un) = 0
F C F ( M )  n g F

and let °UM be an ultrafilter on N  containing 3F (M ). Consider the following subspace 
o f  ßN: Y=N (J {p (M )£ ß N —N: °llM converges to p(M ), M c N , M  infinite}. 
The space Y is pseudocompact. In fact, given any sequence {Ak: k —1 ,2 ,...}  of 
mutually disjoint, non-empty open subsets of Y, let M  be the set {nk£N: nk£NC)Ak, 
k =  1,2, ...}. By our assumption there is an ultrafilter on N  which converges to 
p (M )£ Y  and contains M. Consequently, p(M )^ c\iiNM  and therefore p(M )  is a 
cluster point o f {Ak: k =  l, 2, ...}. From F.2, Y  is pseudocompact.

Since X  is completely regular and U„ is open in X, we can choose zero-sets Z„ 
and Z' in Z (X )  such that intXZ „ ^ 0  and Z nc X —Z'nc:Un. The set V is pseudo
compact, so there is a point V such that each neighborhood o f a meets infinitely 
many of the sets Z„. Let <?(a) be the family o f all neighborhoods o f a. For each 
i?€c?(a) put T (E )=  {n^N\ E H Z nX <Z}- As the family {c\ßNT{E): E££(a)} has the 
finite intersection property, it follows that K =  П {c\ßNT(E): E^S(a)} is a non-empty 
compact subset o f ßN. Let // be a point of K. Let us see that q $ Y . Suppose there is a 
point p {M )£ Y  such that t)= p (M ). Since

nFCF(M) c1k ( U  U n) =  0
n £ F
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there exists a neighborhood E0 of a and F fiS '(M )  such that £0П( U £/) =  0 .
n€F0

On the other hand, p(M )£clßNT(E0), which is to say that T(E0)dai/M. Furthermore 
S' (M)<^aUM, therefore F0£ ^ M and consequently T(E0)ClF^X 0 .  From the de
finition of T(E0), for some n0é.F0 we have E0ПZ„0X 0 , which is a contradiction. 
Therefore t]$ Y —N.

Let us see that r]$N. Since a is a cluster point o f the sequence {Z„ :n —1,2, ...}
and each set U„ is open, we have that a $ Un for every n =  1 ,2 ,__  Thus, for each
n there exists E„£<S(a) suchthat n <{T(E„). Therefore n $K  for every n£N. So 
H Y .

Evidently, the space Z —YU{r]} is pseudocompact. In order to see that X X Z  
is not a bR -space, we need the following fact: I f  В is a bounded subset o f  X X Z , then 
the set {n£N: ВГ\(и„Х {п})Х  0 }  is finite. Suppose that В is a subset of X X Z  
meeting U„X{n} for every nZM 'czN, M ' infinite. Choose an infinite subset M  of 
M ' such that r]$c\ßN M. We can write M —{nk: k =  1,2, ...}, nk< n k+1. It will be 
seen that В is not bounded by showing that the family {U„kX {я*}: k =  1, 2 ,...} ,  
is discrete in X X Z . Let xd V and p (N 0)£ Y —N. Since

n <MU 0,Fi<*N ngp

there exists a neighborhood W  of x  and F ^ No such that

U Un)= 0.
»

Therefore W X{ZC\c\ßNF0) is a neighborhood of (x,p(N„)) meeting no set C/„X{n}. 
Now consider a point (x ,t]),x£X . Since r\ c\ßNM  and cl^NAf is dopen in ßN, 
it follows that X x ( z n c \ ßN(N —M ))  is a neighborhood of (x, rj) meeting no set 
U„kX {nk}. For the points (x ,p (N 0))£ (X —V )X (Y —N ) and (x, n )£ X X N  the 
conclusion holds clearly. From F.l the set В is not bounded in X X Z .

Finally, let us see that X X Z  is not a bR-space. For each и=1, 2, ... le t / ,  be a 
real-valued continuous function on X  such that f„(,Zn) = {  1} and f„(Z'„)= {0}. Now 
consider the function /  defined in X X Z  f(x , n)~f„(x), (x, n)£X X N  and vanishes 
otherwise. The fu n ction /is not continuous on X X Z  because (a, ij) is a cluster point 
of the sequence {Z„X{n}: n = 1,2, ...} and / i s  0 in (a, rf) and 1 on each set Z „x{n j. 
If В is any bounded subset of X X Z , then В meets at most finitely many sets U„x{n}. 
Consequently, the restriction o f f  to В  is continuous. This concludes the proof.

Corollary 2. I f  X  is a pseudocompact space which is not in 23, there exists a 
pseudocompact space Z  such that X X Z  is not a bR-space.

Corollary 3. Let X  be a locally pseudocompact space. I f  for every bR-space 
(resp. p R-space) Y  the product X X Y  is a bR-space (resp. pR-space), then each point 
o f X  has a neighborhood in 23.

Proof. Suppose that the point x £ X  has no neighborhood in 23, and let IF be a 
pseudocompact neighborhood of x. According to ([3], Proposition 4.2) the set

Acta Mathematica Academlae Scientiarum Hungaricae 40, 1982



48 J. L. BLASCO

F = cl(in t W) is a pseudocompact neighborhood of л:, which is a regular closed set. 
Since V (J 93, from Theorem 1 the conclusion follows.

/?Ä-spaces and the class SB. We use S  to denote the class of all spaces У  such 
that X X  Y  is a p R -space whenever Y is. <5* is the subset o f S , consisting of all pseudo
compact spaces in S . C * (X ) will denote the Banach space o f all bounded, real-valued, 
continuous functions over the space X, with the supremum-norm.

The following result is a consequence o f 3.10(h) in [5].

Lemma 4. Let g  be a function from  a p R-space X  into a (completely regular) 
space Y. I f  the restriction o f  g  to each pseudocompact subset o f  X  is continuous, then g 
is continuous on X.

Theorem 5. 93 =  S*.

P roof. From Corollary 2 we have S *c93 . Now let У£93 and let У be a pR- 
space. Suppose that /  is a real-valued function whose restriction to each pseudocom
pact subset of У Х У  is continuous. If S  is a pseudocompact subset of У, then X X  S 
is pseudocompact. Therefore f£ C * (X X S ).  Let ф be the function from У into 
C *(X )  defined <A(p)=/( • ,p ) p€Y . According to ([4], Theorem 2.2) the restriction 
of ф to S  is continuous and from Lemma 4, ф is continuous on У. Now it is easy 
to see th a t/is  continuous on УХУ. Thus У Х У  is a p R-space and X £ 3*. Therefore 
93 =  3*.

H u§ek [7] proved the following: If У  is not locally bounded, there are a paracom- 
pact sequential (hence a p R -space) У and a real-valued function /  which is not con
tinuous on УХ У but it is continuous on each compact subset of УХУ. Actually, 
the function/is continuous on each bounded subset o f X X  Y, as an easy check shows. 
Therefore every space belonging to S  is locally bounded.

Theorem 6. A space X  belongs to © i f  and only i f  each point o f  X  has a neighbor
hood in 93.

Proof. Necessity. From ([3], Proposition 4.2) a bounded regular closed subset 
(of a completely regular space) is pseudocompact. Then, from the former observation, 
every space o f the class S  is locally pseudocompact. The necessity now follows from 
Corollary 3.

Sufficiency. Suppose that each point x £ X  has a neighborhood K(x)693 and let 
У be a pR-space. By Theorem 5, V (x )X Y  is a /?R-space. L e t/b e  a real-valued func
tion whose restriction to each pseudocompact subset o f У  X У is continuous. Since /  
is continuous on each member of the family {int V (x )X Y :  х€У}, it follows that/  
is continuous on X X Y .  Therefore X X Y  is a p R-space and the proof is concluded.
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ON THE STABILITY OF SYSTEMS 
OF NEUTRAL TYPE

By
M. L. PEftA (Caracas)

1. Introduction

Liapunov’s second method for ordinary differential equations can be generalized 
to deal with systems of differential equations of neutral type without trouble using 
scalar functions. But, one of the problems o f practical nature is that to ensure the 
definite sign of the derivative V'(1) along all the solutions o f (1) for every initial func
tion, one must impose fairly strong conditions on the functional “g ”. R azumikhin 
noticed in [4] that it is unnecessary to study the sign of V'm  for every initial function. 
Indeed, if a solution o f (1) starts inside a ball and leaves it at a certain instant t, 
then |х (/+ л )|^  |x(f)| for every s£ [— r, 0]. Therefore, it is enough to consider ini
tial functions satisfying this last condition.

The purpose o f this work is to show that for a system of differential equations 
of neutral type, Razumikhin’s condition ensures only the stability of the solutions in 
the sense of Liapunov. In this respect we give an example showing that Razumikhin’s 
condition is not sufficient to guarantee the asymptotic stability of the solutions. Mo
reover, we show that substituting Razumikhin’s condition for Krasovskiy’s, asympto
tic stability holds under certain additional conditions.

2. Preliminaries

Here we consider a system of differential equations of neutral type

(1) xf{t) =  g(t, x„  xt0 =  (p; t0 ^ z

where g £ C 1[JX C X.C , Rn], cp Z C ^ C 1^  —r, 0], Ä"], g(t, 0, 0 )= 0  for every t£ J =  
[t, +  °o) ; x, , x,': [—/•, 0] — R" are functions defined by x,(.y)=x(/+.y), x t'(s )~  
= x ' (t + s ).

The solution o f (1) through (t0, cp) is denoted by x (t0, (p). Furthermore, the fol
lowing notations will be used: С ,= С ,[[—r, 0], Rn] is the space of functions with 
norm II • И,, i = 0 ,1 respectively and

M lo =  .max fo>(s)|, Mix =  max {||<p||0, ||<j>||0}.

D efinition 1. The zero solution o f (1) is uniformly stable in Ct (i= 0, 1), if 
for any e > 0  there exists á(s)> 0  such that for any í0^ t if  IM|j<<5, we have 
ll*<Oo, <Z>)lli<e for all t = t n. If in addition there exists a A > 0  such that M f < 0  
implies lim ||xt(/0> <P)lli=0, then we shall say that the trivial solution o f (1) is uni-f-*-oo
formly asymptotically stable in Cf (/= 0 , 1).
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D efinition 2. The zero solution o f the functional equation 

(2) Z ( t ) - g ( t ,  x „ z t) =  0

is said to be functionally stable, if for any s> 0 , I0= T there are <5X > 0  and <52> 0  
such that if ||ZJ|0< ^  and ||x(||0<<52 for every t ^ t 0, we get ||Zt[|0< s  for all 
t ^ t 0. If in addition Urn ||Z(|j0 =  0, then the trivial solution of (2) is said to be func
tionally asymptotically stable.

If V :R x R n-»R is a continuous function, then V(t, <p(0)), the derivative of V 
along the solutions of (1) is defined to be

V{t, q>(0j) =  hm j  [V ( t + h , x(t, (p )(t+ h ))-V (t,  <p(0))],

where x(I, q>) is the solution of (1) through (i, q>).

3. Results
Consider the equation

(3) x \t)  = f ( t , x (I), x ( t—r), x'(t -  r)),

in which /  is given by the following relation:

-X , if x2 * s y 2

- a ( t ) x - x - if xa exp Í2 f a(s)ds] ^  y 2
A +  2 t-n

{ l - a ( t ) ) ( y 2- x 2) а Щ  +  2 2) - ^ у 2- х 2)
f { t ,  x, y, z) = • { - * +  '

x (exp (2 J  a(s)ds} —l) [exp [2 J  a (s) ds} — lj  x
t — n t— n

t

if 0 <  x2 «= y 2 ■«= x2 exp (2 J  a (s) tisj,
t — n

where 0 < a ( i ) < l  for all t=  —r, a  is a continuous function such that

J  a i t ) d t  =  a <  +  °°.
0

We shall prove that there exists a positive definite continuously differentiable 
function V :R -* R +, suchthat

^(3)(*(0 ) =  * (0 . x ( t - r ) ,  x ' ( t - г))

is negative definite along the solutions of (3) that verify the Razumikhin’s condition 

(4) F ( x ( s ) ) á f ( x ( ( ) )  for every t ^  t0 and s S / ,

however the zero solution of (3) is not asymptotically stable in C0.
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In fact, if we set V (x)= x2, then

(5) F(1) = - 2 F [ x  (/)], 
if K [*(0 ] s K [ * ( / - r ) ] ;

(6) F(1) =  -  2a (!) V [x (/)] -  2a (О V [x (0] [1 +  F  [x' (* -  г)]] - 1,
t

if F [x(i)]exp (2 I  a (s) ds) ^  у  [x (t — r)];

(7) C= -гу1т+Ш=£ШП^к±Ш  ,

exp (2 J a  (s) ds) — 1
t —n

„ a(t)(l +  V [x 'ii—r)])-HF[jc(/—r)]-  F [*(*)])
Z  t »

exp (2 J  a (s) ds) — 1

t

if F [ x ( í ) ] S F [ x ( í - r ) ] s F [ x ( í ) ] e x p ( 2  f a ( s ) d s ) .
t - n

Therefore, from the properties o f the function a, we obtain dV (x(t))
dt

^ —2a(t)V (x(t)) for t ^  0. Setting w (t)= V [x(t)]  and integrating the last ine-
S

quality, we get w(s) ^  w(t) exp ( - 2  f  a(u)du ) for s<E[0, /]. Hence, if we put

s = t —r, then w ( t- r )  S  w(i)exp(2 f  a(s)ds) for all t ^  r. But this together
t —n

with (6) imply that w ' ( t ) = - 2 a (/)w(t) — — for all ( ä r ,  Since V

is positive definite, it follows that, w'(t) ^  -  4a(/)w(?) for all i ä r .  Finally, integ
rating the last inequality, we have

t

w(t) ё  w(r) exp ( - 4  J a ( s )  ds) S  w(r)e-4ct, t ^  r.
П

Consequently, the trivial solution o f (3) cannot be asymptotically stable in C„, 
since |x (i) |^ |x (r )| exp (— 4a)> 0 for all t^ r .

On the other hand, from (5) it is clear that the condition (4) holds, since if 
V ( x ( t - r ) ) ^ V ( x ( t ) ) ,  then V'm (x ( tj)= -2 V (x (t)) .

A similar example was published by Z. M ikolajska in [2], related to differen
tial equations with time lag.

Now, we give sufficient conditions for the asymptotic stability of the solution 
x = 0  of equation (1).

T heorem  1. Suppose a ,b ,w :R +-*R + are continuous, nondecreasing functions 
a(s),b (s), u>(s) positive fo r  0 a (0)=b(0)=w (0)=0. I f  there is a continuous func
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tion V: R X R n-*R + such that

a (|x|) ^  V (t, x) ^  b(|x|), t£ R, x£R n,

and there is a continuous nondecreasing function p ( s )> s  for  0 such that

V(t, <p(0)) S-w(|<j!>(0)|), i f  V ( t+ s ,  <p(s)) <  p (V (t, (p(0)), [— r, 0],

then the trivial solution o f  (1) is uniform-asymptotically stable in C0. If, in addition, 
the trivial solution o f  the functional equation (2) is functional-asymptotically stable, 
then the trivial solution o f  (1) is asymptotically stable in C i.

The proof o f the uniform asymptotic stability in C0 runs exactly as the proof 
o f  Theorem 7 in [1]. Now, from the uniform asymptotic stability in C„ of x = 0 , 
we get that for any г^ О  there exist <5(e!)>0 and A >0  such that ||ф!!о<<5 
implies ||x,(i„, <p)llo< £ i for all t ^ t 0, and further lim ||x((f0> <P)llo=0, if M lo ^ -
Therefore, by functional-asymptotic stability of the trivial solution o f (2), for any 
e > 0  we obtain that there is ^ ( e ^ O  suchthat ||x||0*=£, for all if Hipllo-̂
<<5x(8), and lim ||xt||0—0 .

The last result follows immediately setting ^a= £ i in Definition 2. Finally, if 
we choose s2=m ax (e, Si), the uniform asymptotic stability of the x —0 holds.

M isnik  and Nosov in [3] tried to prove a similar result, but they did not notice 
that Razumikhin’s condition is not sufficient for asymptotic stability.

A c k n o w l e d g m e n t . The author would like to thank Dr. M. Farkas for his 
comments and discussions.

References

1] R. D. Driver, Existence and stability o f solutions of a delay differential system, Arch. Rat. Mech. 
Anal., 10 (1962).

[2] Z. Mikolajska, Une remarque sur des notes de Razumikhin et Krasovsky sur la stabilité asymp-
totique, Ann. Polinici M ath., ХХП, (1969), 69—72.

[3] A. F. Misnik, V. R. Nosov, On the stability of difference-differential equations o f neutral type,
Sbom ik Nauchnij Rabot Aspirantov U. D. N., 1 pp. 43—55, (Moscow, 1968) (in Rus
sian).

[4] N. S. Razumikhin, On the stability o f systems with delay, Prikl. Math. Mech., 20 (1956), 500—
512, (in Russian).

(Received February 13, 1981)

D EPARTM ENT O F MATHEM ATICS 
ESCUELA DE FÍSIC A  Y  MATEM ÁTICAS 
FACULTAD D E CIEN CIA S 
UNIVERSIDAD C EN TR A L DE V EN EZU ELA  
CARACAS, V EN EZU ELA

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



Acta Math. Acad. Sei. Hungar.
40 (1—2), (1982), 55— 63.

DOUBLY ORDERED LINEAR RANK 
STATISTICS

By
B. GYIRES (Debrecen)

1. Introduction

Let N = m + n ,  where m and n are positive integers. Let the real numbers 
x x, ..., xN be pairwise different from each other. Let Rank xk and rank xk denote the 
rank of xk within the sequences x l t ..., xN, and x k, . . . ,x n, respectively. In other words, 
if the rearrangement according to size Z x < ...< zw of those numbers xk= z rk, and 
if the rearrangement according to size of the numbers x lb ...,x„ ,
xk= y ik, then we say that xk has rank rk and ik with respect to these orders, and we 
write Rank xk= r k, and rank xk—ik { k = \ ,  ..., m), respectively.

Denote by 1 1 ^  the set o f all (rl f ..., rm) chosen without repetition from the 
elements 1, ...,1V, and by Pm the set of all permutations o f the elements 1, . ..,m  
without repetition.

Let the distribution functions of the real random variables Xlf ..., XN be con
tinuous. Then P (X j= X k)= 0 ,j7± k .

Denote by {rl5 ..., rm} and [q, ..., /,„] the vectors with the components rlf  ..., rm 
and b ,  where .......0 i ,  •••, i j £ P m> respectively.

D efin itio n  1.2. The vector {rx, ..., rm} is said to be the outer-rank of the random 
variables Xk, . . . ,X m with respect to the random variables X u . . . ,X N, if

{RankХг, . .. ,  RankXm} =  {rl 5 . . . , r m{.

D efinition  1.1. The vector [i1; ..., im] is said to be the inner-rank of the random 
variables Yx, ..., Ym, if

[rankTl5 . . . ,  rankTJ =  [il 5 ..., i j .

Obviously, the random events {ri 5 ..., rm} and [ q , ..., im] are independent if 
the random variables Xk, ..., XN and Yl t ..., Ym are independent, i.e. in this case

P({ri, . . . , r m}, [il5 . . . , i j )  =  Р({гх, ...,» -и})/,([11,

By the help o f this formula we get the following theorem on the basis o f [3] 
(p. 369, Satz 10).

T heorem  1.1. Let the random variables Z 1= (X 1, Yk) , ..., Z m= (X m, Ym) and the 
random variables Xm+1, X N be given. I f  the random vector variables {Xk, ..., XN) 
and (Tx, ..., Ym) are independent and i f  the joint distribution functions o f the random 
variables Xlt  ..., XN and the random variables Yk, ..., Ym are symmetric functions o f
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their variables, and they are continuous in each o f  the variables, then

^ ( K ....... rm}, [ i i , . . . ,  i j )  = m!(n +  l ). . . (n +  m )’

( r í , - ,  r J O J W ,  0'i, •••, i j € P m

The conditions o f Theorem 1.1 will be satisfied if X l t ..., XN and if Ylt .... Ym 
are samples with continuous distribution functions, and these random variables are 
independent.

Let the matrices

( 1.1) Aj = U  =  1» m)

with real elements be given, and let A = A 1...A m be the m X m N  matrix with 
blocks (1.1).

On the basis o f Theorem 1.1 we give the following definition.

D efin itio n  1.3. The random variable is said to be a doubly ordered linear 
rank statistics generated by the matrix A if

( 1.2) f ( i a  =  « f t + - + « £ s j =
________ 1________
m!(n +  l ). . . (n +  m) ’

where (rx, ..., rm) and (il t ..., im) run over the sets and Pm, respectively.
Let the random vector variables Z 1= (X 1, Fx) , . . . ,Z m= (X m, Ym) and the ran

dom variables X m+i, ..., XN be given. Suppose that the random variables Xlt ..., XN, 
Tj, ..., Ym are independent with continuous distribution functions. Suppose that 
Xt , . . . ,X m and Xm+1, . . . ,X N are samples with distribution functions F(x) and G(x), 
respectively. Then the doubly ordered linear rank statistics X j£l defined by (1.2) 
give us the possibility to decide on the acceptance or the rejection of the joint hypo
thesis

a) the second components o f the random vector variables Zx, ..., Z m have a 
common distribution function;

b) F(x) =  G(x), x€i?x.
If all rows o f the matrix A are equal, then X fff  give us the possibility to take a 

decision on the acceptance or rejection of the hypothesis b).
Denote by V ^ ( t )  the characteristic function of the random variable X*f,l 

defined by (1.2).
The aim o f this paper is to investigate the characteristic function 4 '^ )„(t). 

Beside the Introduction the paper contains two sections. In Section 2 the characteristic 
function 'FjfiKt) will be approximated by the permanents o f simpler characteristic 
functions. On the basis of this approximation theorem we give an asymptotic formula 
for SP®(i). The theorems o f Section 3 are dealing with the construction o f doubly 
ordered linear rank statistics with given limit distribution. To do this it is necessary 
to extend te well-known Koksma’s inequality for arbitrary distributions.
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2. The characteristic function of the doubly 
ordered linear rank statistics

First of all we prove the following theorem.

T heorem  2.1. Let be the characteristic function o f the doubly ordered
linear rank statistics defined by (1.2). Let

and

(2.1)

Then

- / v  11 =  1

““jV O', k — l ,  . .., m)

< е ч о  =
* * Р ( 0 . . . ф Я Р ( 0 '

P ÍV  (0--<PÍnm(Ö.

N m_______ 1_
(n +  l ). . . (n +  m) m! Per Ф « (0 N m

(n +  l). . . (n +  m)

for  re/?!.

P r o o f . If M = (a Jk) is a square matrix of order n with complex numbers as its 
elements, then the permanent of M , denoted by Per M , is defined as follows:

Per M =  2 .
V*i»

where (i1, . . . , i m) runs over the full symmetric group. 
On the basis o f (1.2) we get that

т а о  = ------------ -------------  2
m ! (n + 1 )... (n + m) fri....Г>е >

1
„....=  ^ + i ) . „ (, +M) ■

Íe  lri .
it oj”)

.  e lrm

2  Per • •
(Г1,...,гт)€Я<̂ > it aке mri. _ £ тгт

Let B = B 1...Bm the m Xm N  matrix with blocks Вг, . , Bm, where the В} matrix 
is defined as follows. The elements of the /-th row are equal to one, while the remain
ing elements are equal to zero. Therefore the permanent of the m X m  submatrix 
M  of В is different from zero if and only if  M  has one column from each o f the matri
ces Bx, ..., Bm. The number of such submatrices of В is N m and the permanent of 
these is equal to one.
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Let

(2.2) МО =
eUa№ ...e Ua<í*

еи“Ш i t a < J>£ u a mN
O' =  1, m),

and let A(t) =  A1(t) ... Am(t) be the mXm* matrix with blocks (2.2). 
We have

(2.3) Per (A (t)B  *) =  N m Per <P(mN> (t),

where Ф„(/) is defined by (2.1). On the other hand, using the Cauchy-Binet expan
sion theorem,
(2.4) Per(A(i)B*) =  m\(n +  l) . ..(n + m )V W (t)+ H (t) ,

where H (t) is equal to the sum of the permanents o f those mXm submatrices of 
A (t), which have one and only one column from each o f the matrices (2 .2), but at 
least two columns have the same column index. The number of such matrices is equal 
to N m — (n + l)...(n + m ). Since the moduli o f  the elements o f these matrices are equal 
to one, the moduli of the permanents o f these matrices are less than or equal to m! 
Thus on the basis o f (2.3) and (2.4) we get the statement of Theorem 2.1.

By the help of Theorem 2.1 we obtain easily the following theorem.

Theorem 2.2. Let the sequence o f doubly ordered linear rank statistics
be given, where is generated by the m X m N  matrix A (N) =  A f )...A <f > with blocks

Aj"> =
a<{>(N )...a$(N )

a tf (N ) .. .a t t (N ) .
0  =  1 ,  . . . ,  m ) .

Then uniformly in t£ Rt we have

limП-*- oo
N m_______ 1_

(n +  l ) . . . (n  +  m) m!
Per =  0,

where T {f \ ( t )  is the characteristic function o f X f f f .

3. Doubly ordered linear rank statistics with given limit distribution

This section consists of two parts. In the first one we extend the well-known 
Koksma’s inequality for arbitrary distribution. In the second part we use this ine
quality to construct doubly ordered linear rank statistics with given limit distri
bution.

a) Let Щ а, b) be the set of the strictly monoton increasing continuous distri
bution functions F(x), for which a =  sup {x€ | F (x) =  0}, b =  inf {x€f?i|T(x) =  l}, 
where are real numbers.

Let the sequence
(3.1) c o = { x n}r=i> xne[a ,b )
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be given. For a positive integer N  and a subset E of [a, b) let the counting function 
A (E \ N ) be defined as the number of terms x„, l^ n ^ N ,  for which xn£E.

D efinition 3.1. Let F(x)£H(a, b). The sequence (3.1) is said to be F(x)- 
distributed, if for every pair oc, ß  of real numbers with a ^ a < ß ^ b  we have

lim - 1 A ([a, ß); N )  =  F(ß) -  F(a).

As we said we shall use the F(x)-distributed sequences in the second part of 
this chapter to construct doubly ordered linear rank statistics with given asymptotic. 
Therefore in this first part of this chapter we compile the necessary definitions and 
theorems, which will be used in the above mentioned constructions. Definition 3.1 
can be found in [2] (p. 54), but the following definitions and theorems only in the 
case o f uniformly distributed sequences. The proofs of the following theorems are 
almost the same as in the case of uniformly distributed sequences. Therefore we shall 
refer only to the corresponding pages o f the book [2].

D efinition 3.2. For a finite sequence л1э . . . ,x N of real numbers, x„£[a, b)

D A F ) =  D A x  i , - , x N\F) =  sup —  T([a, a); A ) -F (a )

is said to be the discrepancy of the given sequence with respect to F(x)€ H{a, b).

Theorem 3.1. Let x 1^ x 2 =  . . .= x N be N  numbers in [a, b). Then their discrepancy 
with respect to F(x)£Ff(a, b) is given by

D A E ) = max max
} - l ...... N

j _
N  ’ ) -

maxJ=1.... N
2 j- 1 

2 N  '

Proof. The proof is the same as in the case of uniformly distributed sequences 
([2], p. 91, Theorem 1.4), but it is necessary to use that F(x)£FI(a, b).

For a finite sequence jcl9 ..., xN o f real numbers, x„£[a,b), let

Z>í (F) =  D A * i, xn \F) =  sup
а^ск ß^b —  ̂ ([«,/J); N )-[F (P )-F (a )]

Lemma 3.1. The sequence (3.1) is F (x)-distributed i f  and only i f  fim D%(co\F)=0.

Proof. The proof is the same as in the case of uniformly distributed sequences 
([2], p. 89, Theorem 1.1) if we take into consideration that F(x)£H (a, b).

Lemma 3.2. The quantities DN(F) and D^(F) are related by the inequality

D A F )^ D * A F )^ 2 D A F ).

Proof. The proof is the same as in the case of uniformly distributed sequences 
([2], p. 91, Theorem 1.3).
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As an immediate consequence o f  Lemmata 1 and 2, we get the following the
o r e m .

Theorem 3.2. The sequence (3.1) is F(x)-distributed if and only if

Lemma 3.3. L et . . .S %  be given N  points in [a, b), and let g  be a function 
o f  bounded variation on [a, b]. Then with x0= a , x N+1= b, we have the identity

where F(x)£H(a, b).

Proof. (See [2], p. 143, Lemma 5.1.) Using integration by parts and Abel’s sum
mation formula, we get

because F{b)g{b) =  g{b), F (a)g(a) =  0.

In the following we prove an extension of the Koksma’s inequality ([2], p. 143, 
Theorem 5.1).

Theorem 3.3. Let F(x)£H (a, b). Let g be a function o f bounded variation V(g) 
on [a, b], and suppose we are given N  points х г , . . . ,x N on [a, b) with discrepancy 
D n(F). Then

Proof. W ithout loss of generality, we may assume that ■x1S . . . ^ x Jv. Thus, 
we can apply Lem m a 3.3. For fixed гг with 0 ^ ггSiV, because F(x)£H (a, b), we have

for xnS tS x a+1 by Theorem 3.1, and the desired inequality follows immediately.

jKm Av(co|F) =  0.

F ( 0 - - ^  S m a x | f W  — , F(x„ + 1) - ~ | )  5= DN(F)
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Corollary 3.1. Let F(x)£_ H(a, b). Let g  be a function o f  bounded variation 
V (g )> 0 on [a, b\, and suppose we are given the sequence (3.1). Then

-77 2  g W  =  /  g(t)dF (t)TV n=i f

holds i f  and only i f  the sequence (3.1) is F(x)-distributed.

Proof. Using Theorems 3.2 and 3.3, the statement follows immediately,
b) In this second part of the section we give a procedure to construct doubly 

ordered linear rank statistics with given limit distribution. To this construction we 
need some lemmata.

Lemma 3.4. I f f  is continuous function o f bounded variation V (f)  on [a, b], then
K(e“' ) s | / | F m  /€*1.

P roof. See Ш. Lemma 3.1.
Using Theorem 3.3 and Lemma 3.4, we get the following lemma.

Lemma 3.5. Let f  be a continuous function o f  bounded variation V (f)  on [a, b], 
and suppose we are given N  points x lf ■■■,xN in [a,b) with discrepancy DN(F ) with 
respect to the distribution function F(x)£H(a, b). I f

<Р(Л° (0  =  2  е“Яхп\1У 11=1
then

b

|< p W (0-/  ei{^ d F { x ) \  ^  \t\V (f)D n(F)

for t^R-L.

Lemma 3.6. Let f j  be a continuous function o f  bounded variation V (fj) on [a, b], 
and suppose we are given N  points x[J\  ..., x$fi in [a, b) with discrepancy {F f  
with respect to the distribution function Fj(x)£H(a, b), where Moreover
we define the matrices

<Pll(0...<Pim(O
(3.2) 

and

with the elements

(3.3) 

and

(3.4)

Фи(0  =

'<р8 Ч ‘) -< р№ ®

<p LV  ( 0 - - - < p L m ( 0 .
b

P j i Á O  =  f ei,fj(x) dFk(x) ( j , k =  1 ,  ..., m )

< е ч о  =

<Pjk (0  =  4  О. к =  l , ..., m),-/V n = l

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



62 В. GYIRES

respectively. Then

~ j  |Per #«> (0 -  Per Ф (0| ^  Ц- [ J  КС/})] [ J  ( / ,) ]

/o r

P roof. Let us introduce the notation

q>n(t)...<pij-i(t) (p if  (t)—<Pij(t) (p flh it) ...<p№ (0

.(pmlO) --<Pmj-l(t) <Pm?(t)-q>mJ(t) (pjff+ i(0-<Pmm (0 ,
O' =  1, ... ,  m),

then we can easily verify that

4  =  —г Perml

(3.5) [Per Ф<*> (0  -P e r  *„(/)] =  4 + - + 4 , -

Since the moduli o f  the characteristic functions (3.3) and (3.4) are less than or 
equal to one, on the basis of Lemma 3.5 we get

141 s  (m~ ,1)! 2  \< p if{t)-(pkj(t)\ == Н к с fj) i DW (Fk) 0  =  1, ... ,  m).til  I k — 1 ' l l  k — 1

Lftilizing this inequality in (3.5), we obtain the statement o f our lemma.
Using Lemma 3.6 we get the following theorem as a consequence of Theorem 2.1.

Theorem 3.4. Let f -  be a continuous function o f bounded variation V(fj) on [a, b\, 
and suppose we are given N  points , ..., x\fi in [a ,b ) with discrepancy D (f i  (F f  
with respect to the distribution function Fj(x)dH (a, b), where j = l ,  Let

(3.6) A?» =
f j ( x n . . . f j ( x P )

0  =  1 ,  . . . ,  m ) .

Let us denote by 'Fmf(t) the characteristic function o f the doubly ordered linear rank 
statistics X jfl generated by the matrix A = A iN\ . . A j f f  Then we get

(3.7) N m_______ 1_
(n +  l) . . . (n  +  m) ml Per Фт (0|

s Сн-вИГои-) J  год-дду и)] -1
for where the matrix <bm(t) is defined by (3.2).

Theorem 3.5. Let / •  be a continuous function o f bounded variation V (fj) on [a, b], 
and suppose we are given the sequence coj= }“=1, £ [a, b) with discrepancy
D (n \F j) o f  the points x{J), . . . ,  x ^  with respect to the distribution function Fj(x)d  
£H (a , b) for j — 1, . . . ,  m. Let V(J[) +  ... +  V (fm)> 0 .  Denote by F jfK t) the charac
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teristic function o f  the doubly ordered linear rank statistics generated by the 
matrix A^N> =  A[NK .. A ^ \  where A jN) is defined by (3.6). Then

Urn ¥ g l ( t )  =  —  Per Фт(1)

holds uniformly in any finite interval i£[—T, T] i f  and only i f  the sequence со j  is 
Fj(x)-distributed for j =  1, ...,m , where <£,„(/) is defined by (3.2).

P r o o f . Since
N m

lim -----гг— г------ г - 1,(n +  l) ...(n  +  m)

the right hand side o f (3.7) has the limit zero uniformly in any finite interval 
/€[— T, T] if and only if Um =  0 0  =  1 , . . . ,  m).Thus we get the state
ment o f our theorem using Theorem 3.2.

Denote by Y]k the random variable with characteristic function (3.3). Then 
Theorem 3.5 can be expressed in the following alternative.

Under the conditions of Theorem 3.5 the sequence of the random variables 
И ) » ” ! converges weakly to the mixture of the random variables Ylh + - + Y mtm,

0'i, ..., imK P m with weights if and only if, the sequence coj is Fj(x)-distributed 

for j —\,  ..., m. (The random variables YUl, , Ymim are independent.)
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REMARKS ON POSITIONAL GAMES. I
By

J. BECK (Budapest)

1. Introduction and results

We start with some terminology. A  hypergraph is a collection of sets. The sets 
in the hypergraph are called edges, and the elements of these edges are called vertices. 
We deal with finite hypergraphs only. | A \ denotes the number o f elements o f the set A.

Let p  and q be positive integers and Ж  be a hypergraph. A (p, q, Ж)-gаme is 
a game in which two players select previously unselected vertices of Ж . The first 
player selects p  vertices per move and the second player selects q vertices per move. 
The first player wins whenever he selects all the vertices o f some eddge o f Ж , other 
wise the second player wins. In the case p = q = l ,  Erdős and Selfridge [3] have 
found a sufficient condition for the second player’s win: If

2  2 -W  <  1/2,
Aejf

then the second player has a winning strategy for the (1, 1, Ж )-game.
This theorem is sharp in a strong sense, see [3]. Our first aim is to prove a gene

ralization of this result.

T heorem  1. I f

2  ( l  +  <7)-u l/ i’
1

" l + q *
then the second player has a winning strategy for the (p , q, Ж )^ате.

A weaker result was proved by Csirmaz [2].
Theorem 1 is also sharp in the following sense. For each p , q there are infinitely 

many hypergraphs Ж  such that in the formula above equality holds, and the first 
player wins the game (p, q, Ж ). The form o f the extremal graph is a tree o f height h 
in which every node has exactly q + \  immediate successors. Put q points in place of 
each node, and an edge of the extremal hypergraph is the union o f points along a full 
branch. Obviously this hypergraph has (1 + q )h~1 edges, every edge contains hp 
points, and is a win for the first player.

Secondly, we give a sufficient condition for the first player’s win.

Theorem 2. Let ь(Ж ) denote the number o f  vertices o f  Ж  and denote by d2^ )  
the maximum number o f  edges o f  Ж  containing two given vertices. I f

zAt*? p2q2(p+q)  3d2^ ) с(Ж ),

then the first player has a winning strategy for the (p, q, Ж )^ат е.
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Let W (R, r) be the family of all possible arithmetic progressions o f r terms in 
the interval {1,2, /?}. By a way o f  illustration of the two theorems abo\e consider
the (p, q, fV(R,r))~game, i.e., the first player wants an arithmetic progression of r 
terms. It is easy to see that i?2/4(/- —1) «= \W(R, r)l -= Since at most

arithmetic progressions of r terms can contain two given integers, we have

d2(W(R, r ) ) s  |^ j . By the application of Theorems 1 and 2 we obtain that if
/•<^1og R then the first, if r > c 2log R  then the second player has a winning stra
tegy for the (p , q, W (R , r))-game. Throughout this paper log stands for base e lo
garithms, and the constants Ci =  £t O , q) and e2= c 2(p, q) depend only on p and q.

Let us consider two further applications of Theorem 1. Chvátal and Erdős
[1] introduced the following graph-game. Two players, Maker and Breaker, with 
Breaker going first, play a game on a complete graph of n vertices. By T(n, b), we 
shall denote the game where on each move, Breaker claims b previously unclaimed 
edges and Maker claims one previously unclaimed edge. Maker wins if he claims all 
m e edges of some spanning tree of the complete graph o f n vertices; otherwise Breaker 
wins. Chvátal and E rdős [1] raised the question: What is the largest f(n ) such that 
Maker has a winning strategy for Г (п ,/(и ))?  They proved that

( 1) (4 +  e) log n
(1 +e)n  

logn

As a direct application of Theorem 1 we shall prove a slight improvement on 
the left-hand side of (1).

T heorem 3. -= / (n) for n >  n0(e).
logn

Following C hvátal and E rdős [1] we shall denote by H(n, b) the game which 
differs from T{n, b) in only one respect: Maker’s aim is to claim all the edges of some 
Hamiltonian cycle. What is the largest g(n) such that Maker has a winning strategy 
for H {n,g(ri) ) ‘? Chvátal and E rdős [1] proved that g(n)& l for all sufficiently 
large n. They suggested that g(n) — °° as In Part II o f this paper we shall
prove this conjecture in the following stronger form.

Theorem 4. g(n) >  n1,2~e fo r  n >  n^s).

2, Proof of Theorem 1

Given a hypergraph (S, disjoint subsets X  and Y of the vertex-set V^S) o f i?
denote (p(X, Y, <&) — 2 '  (1 + / 0 -|Л^*' where the summation I '  is extended over 

л
those AfJS for which A C \Y =  0 .  The parameter p > 0  will be fixed later.

Given z^ V fS ), let <p(X, Y, z) =  where the summation I"
A

is taken over those A^S  for which z£A  and A D Y =  0 .

Acta Mathematica Academlae Scientiarum Hungaricae 40, 1982



REMARKS ON POSITIONAL GAMES. I 67

We start with two observations:

(2) <p(X,Y U Ы ,  <S, y 2) S  (p (X , Y, 9 ,  y j ,

(3) cp(XU {*i}, Y, <$, x 2) S  (l+/i)cp(A', Y, g , Xz).

Now consider a play according to the rules. Let xf1}, . . . ,xfp) and yf1*, ...,у[я) 
denote the vertices chosen by the first and the second player at the i-th move, respec
tively. Let

Xt =  {xix), . . . ,  x{p), . . . ,  xi1*, . . . , x f p)},

Ъ =  М 1), . . . , уР , . . . , у!1), . . . , уП
Moreover, let

X,'j =  X tU {x fl\, Ytik =  r ,U  W & , .... у&г}-

Now we define the hypergraph Ж  t as follows: Throw away the edges o f Ж  blocked 
by some element o f Yi^1 and from the remaining edges subtract X t, i.e.

Ж1 =  {Л\ЛГ,: А ^Ж  and A H Y ^  =  0 } .

Let ф(Ж/) =  2  ( 1 + a0"|b|, that is ф{Ж1)  =  (р(Хи Y,^lf Ж).
Bíiet

The first player wins if and only if some of the Ж /s  contains the empty set. 
Since the cardinality o f the empty set is zero, in this case ф (Ж ,)^(1 + ц )°—1. It 
follows that if Iф (Ж ,)^1  for every i s l  then the second player wins.

Here is the second player’s winning strategy: at his i-th move he computes the 
values q>(Xi, Yl- ltk- 1, G, Y ) for each vertex y£ V(Ж )\(Х ,  U T"i_1>fc_1) and then picks 
yfk) for which the maximum is attained, l^ k ä q .

Let n = ( l+ q ) 1,p— 1. We claim that making this choice,

(4) Ф(Ж,+1) =5 ф(Жд

independently of the first player’s move. It we prove (4), we are ready. Indeed, by 
the hypothesis of the theorem

Ф (* д  =  2 ( i 2  ( i+ /r ) -u l+ p =  2  V + q )1- ° AUp)^ i
A iJ tr  A i J f  A iJ V

so ф (Ж 1)-^ф(Ж 1)<  1 for all 1Ш1 .
In order to show (4) observe that on his i-th move the second player subtracts

«
<P(Xt, ж ,УП

from ф(Ж{). After the ( i+ l)-s t move of the first player

(5) ф(Ж,+г) =  ф(Ж1) -  2  <P(Xi, У , Ж , у П + ц  2  <P(Xuj-1, Y„ Ж, хЦ\).
к = 1 jwm 1
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By (2), we have

(6) <p(Xb  Ж ,  Я ‘ +1>) S  <?(*,-, Y , . ^ ,  Ж ,  y [ k+1>), l ^ k ^ q - 1 .

On the other hand, using the maximum property o f y fk)

(7) l s k s j - l .  

Combining (6) and (7) we obtain

(8) < p{X„ Y , y f k+1) )  ё  ф(АГ„ Г , - ! , . - , ,  JT, yf*>),  l * k * q - l .

We get similarly
(9) ?>№, Г„ JT, Jcftt1») == jt, Ti(,)),

for each О ё /ё р  —1, and by (3)

(10) (p(Xi' j , Y i , j r , z ) ^ ( l + p ) ( p ( X IJ_1, Y i , j r , z ) ,

By repeated application of (8) we obtain

(11) ср{Хь  У , Jf ,  y P )  == y , - w _ „  J f , y P ) ,  1 s ; s ? .

By (10) and (9)

(12) <p{XU], Ylt ЛГ, x f it» )  == (1 + p )Jcp(Xi, Y/, JT, хЩ ») ^

3S( 1  + i i ) J< p( Xi , Y i - 1" _ 1, j r , y f ' > )
for each O ^ jS p  — 1.

Returning now to (5), by (11) and (12) we conclude

* ( * ; +1) s  Ф ( ^ ) - \ я - Д  p ( i + p ) J} c p ( X i ,  y ^ - i , * ,  y P )  =  ф ( * д ,

p -i
since q =  2  мО+мУ where g =  (l +^ )1/p—1. This completes the proof of (4), and 

j=о
thereby the proof o f Theorem 1.

3. Proof of Theorem 2

Let cp, x[j), y [k\  Xj, Yt be as in the proof of Theorem 1, and let X0= Y 0— 0 .  
Here is the strategy for the first player: at his ( i+ l) - s t  move (i^O) he computes 
the values (p(Xt, Yt, Ж , x) for each vertex x € V (J i? )\(X tU Yd  and for some 
p > 0  determined later, and then picks x $ x, x f c \  which are of the largest value.

Now let \jji={Xi, Yt, Ж).  We want to give a lower bound for the difference 
Фи-1 ~Фа which is equal to

(13) 2  { ( i + p r ^ x‘^ - ( i + p ) - ' A\ ^ } - 2 4 i + p ) - ^ x‘'
А:АПУ1 + 1= 0  A
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where the summation I*  is taken over those Ad Ж  for which АП Yi+1A 0  but 
А П Y(=  0 .  The first sum in (13) is

7 = 1 A

where the summation I** is taken over those А<£Ж for which А П Yi+1=  0  and 
\АП (Xi+j \X i ) \= j .  Now using the fact that (l+p .)J^ l + p j ,  we get

(14) f ä  2 w  2 * * d  + /г Г ]А̂ х‘] Yt+1, ж, */&).
7=1 A 7=1

Let
j r /  =  ЛПТ( =  0 ,  but ЛП(Г|+1\ Т {) pi 0 } .

Obviously, and

< 4 4 , Yl+ l, * ,  x{{\) =  cp(X„ Y„ Ж, x f f t ) -  2  ( I +Д)"14̂ ' 1 ^

^  < 4 4 , Yt, Ж, x t i \ ) - q  d ,(J f)( 1 + / i ) - 2.

Therefore, by (14)

(15) F  ^  /1 2  «>№- 4 ,  4 { )i) - m ^ ( ^ ) ^ ( i + ^ ) - 2-
7-1

q
On the other hand, the second sum in (13) does not exceed 2  < 4 4 , Yt , Ж, yf%),

i= i
thus, by (15)

* .+ ! - * !  ё  /1 2  4 ,  ■*; x f i \ )~  i  4 ,
7 = 1  1 = 0

By the choice of x f{ \ we have < 4 4 ,  Yh Ж, x fi\)  ^  < 4 4 ,  Yt, Ж, yf+\) for each 
l ä k ^ q .  It follows that

i  2  < 4 4 , 4 , ^ ,  x}{\)  S  2  ф ( 4 ,  4 ,  •*. y& i),p i= i i=i

so choosing p = q /p  we obtain

* « « -* «  ^ ( 4

By repeated application o f this lower bound we get the desired lower estimate for </<,-:

<4 s  •Ao-»'(—^ r )  ^2(Jf).
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Since i/r0=  2  (1 + aO ,л|? the hypothesis of the theorem implies ^ г> 0  for each
Aise

i^ v(J ^ )/(p + q ), that is, the first player cannot lose the play until this move. But 
there is no more move, so we are done.

4. Proof of Theorem 3

Let Kn denote a complete graph o f  n vertices. Let Ж„ denote the set of all com
plete tX (n —t), — l bipartite subgraphs o f Kn.

A  graph G Q K n contains a spanning tree of Kn if and only if  it is not represen
table as GiUGjj, where Gx and G2 are vertex-disjoint subgraphs o f K„. From this 
follows that Maker has a winning strategy for the game T(n, b) if and only if the 
second player has a winning strategy for the (b, 1, J^j-gamc.

We claim

(16) 2  2 ' ul/b =  "2 Í?) <  1/2
A ( J f n t = l  W

with b=L(log 2 —e)n/log n j  (L*J denotes the greatest integer not exceeding x) and 
и > л 0(е)-

Using the well-known fact [ ” j  — { ~ f \  we have

(17) 2  (  " )  2- *<— - 2  S  (  " )  2 - , ( " - ,)/b S 2  §  { - y  2 - (n- n/b} .

At first, if and п> щ (е) then

- -  (n -  n1/2)/L(log 2 -  e) n (log) -1J  s  (1 + e) log n/log 2,

and
PYL__ 2 -("-o/ь ^  e/J2 -(1+£)log"/10*2 =  en- í  S  1/9

for и=»и4(е). Therefore, if n > m ax (и2(г), и3(е)} then

(18) 2  f —  2 - <— * )4  <  2 9~* = 1/8.
í s r s n V í  L í  J  < = i

Secondly, if n1,2^ t^ n /2  then

(n — t)/b ^  n/2b s  (1+e) log n/(2 log 2),
and

_ 2 - ( " - ,)lb ^ - — - 2 -a+OiogWaioga =  e n -*/2  g  1 /9  1 „1/2 '
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for и>и4(е). Hence 

(19) nl/s f̂^n/2

By (17), (18) and (19) we obtain (16).
Applying Theorem 1 we get that the second player can force a win in the 

(b, 1, J^„)-gamc, and Theorem 3 follows.
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CHARACTERIZING AND CONSTRUCTING 
SPECIAL RADICALS

By
B. J. GARDNER (Hobart) and R. WIEGANDT (Budapest)

1. Introduction and preliminaries

The theory o f special radicals was developed in the fundamental papers [3] and
[4] o f Andrunakievic. Though major contributions to the theory have subsequently 
been made by Andrunakievic and R jabuhin [5], Heyman and Roos [10], Jaeger- 
mann and Sands [11], Leavitt and W atters [12], N icholson and W atters [13] and 
R jabuhin [16], no internal characterization of special radicals has up till now been 
given. For the semisimple classes o f special radicals, on the other hand, intrinsic 
characterization can be found in a recent paper [17] o f Rjabuhin and W iegandt.

The main purpose of the present paper is to characterize special radical classes 
by closure properties and to investigate the smallest special radical class containing 
a given class. In Section 2 we give characterizations of supemilpotent, special and 
special dual radicals, and also of their semisimple classes. Section 3 is devoted to the 
“lower special radical” construction, in the obvious sense. It is shown in this section, 
as an example, that the lower radical defined by a variety containing all zerorings is 
special. The results o f this section lead us to introduce the concept o f a saturated 
class, which is discussed in Section 4. This notion is utilized in the final two sections 
of the paper in which we obtain new descriptions o f the standard examples of special 
radicals.

Throughout the paper, all rings under consideration are associative. We note, 
however, that the results in Section 2 are valid for alternative rings. All classes o f  
rings considered are assumed to be closed under isomorphisms and to contain all one- 
element rings. The minor ambiguities occasionally resulting from the latter conven
tion should not cause any confusion. Classes will always be denoted by bold face 
capitals; Z will denote the class o f zerorings, О the class of one-element rings, P  
the class of prime rings, H the class o f semiprime rings, Q the class o f subdirectly 
irreducible prime rings, I the class o f simple rings with identity, В the Baer lower 
radical class. Ideals will be indicated by the symbol о . H(A) will denote the heart 
of a subdirectly irreducible ring A. I f  a ring A has a homomorphic image В in a class 
X, В will be called an X-factor o f A. X-ideals are defined analogously. A class X is 
hereditary if it closed under ideals and regular if it has the weaker property that every 
non-zero ideal of a ring in X has a non-zero X-factor. Finally, a class is essentially 
closed if  B£X  implies A eX  whenever В is an essential ideal o f  A. The essential 
closure o f a class is the smallest essentially closed class containing it.

We shall make use of the following propositions. The first is an easy conse
quence o f Andrunakievic’s Lemma.

Proposition 1. I f  С о  В -a A and B/C is semiprime, then C o  A.
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P roposition  2. (cf. [2], Proposition 1). I f  B<i A, then either В is an essential 
ideal o f A or ( 5 +  C)/C is an essential ideal o f  A/C, where C is an ideal o f A such that 
Д П С = 0  and C is maximal with respect to this property.

Radical and semisimple classes are meant in the sense o f Kuros and Amitsur. 
For details see [6], [8], [19], [20]. For a class M of rings, we define =  {A\A 
has no non-zero homomorphic images in M} and SAM =  {A\A has no non-zero 
ideals in M}. If M  is regular, then °UM is the upper radical class defined by M. If 
R is a radical class, the R-radical o f a ring A will be denoted by R(^).

Pro po sitio n  3 (cf. [7]). A radical class R is hereditary i f  and only if  the corres
ponding semisimple class SAR is essentially closed.

A hereditary radical class R is supernilpotent if  Z £ R . In view of [10] a weakly 
special class can be defined as an essentially closed hereditary class of semiprime rings. 
The upper radical o f a weakly special class is supernilpotent, and the semisimple 
class o f a supernilpotent radical is weakly special (cf. [16]). We say that a radical 
R has the intersection property relative to the class M if

R04) = П { /с Т |Л //€ М }

for every ring A. R is then, o f course, the upper radical defined by M. A weakly spe
cial class W of prime rings is called a special class, and its upper radical is 
called a special radical. Every special radical R is supernilpotent and has the inter
section property relative to PC\SfR (see [3]).

2. Radical and semisimple classes

In what follows, C will always denote a weakly special class, i.e. an essentially 
closed, hereditary class o f semiprime rings. Examples o f  such classes include H, 
P, Q, I and the semisimple class 6AR o f any supernilpotent radical R.

T heorem  1. A class R is a supernilpotent radical class with the intersection pro
perty relative to CCdAR if  and only i f  R is homomorphically closed and hereditary 
and satisfies

(R) If every non-zero C-factor o f a ring A has a non-zero R-ideal, then A <eR. 
Furthermore R is then the upper radical class defined by CD6AR.

P roof. Let R be a supernilpotent radical class with the intersection property 
relative to CCVAR. Then M =CPl5^R is a weakly special class in view o f Propo
sition 3. Let A be a ring of which every non-zero C-factor has a non-zero R-ideal. 
By the intersection property, A/R(A) is a subdirect product of M-rings Ся, АеЛ. 
Since each Cx is a C-factor o f A without R-ideals, we have Сл= 0  for each A, whence 
A =R (T )eR . Thus condition (Я) is satisfied. As well, R is obviously homomorphi
cally closed and hereditary.

Conversely, if  R is homomorphically closed and hereditary and satisfies (R), 
then if  every non-zero homomorphic image o f a ring A has a non-zero R-ideal, con
dition (R) implies that A eR . This (since R is homomorphically closed) means that 
R is a radical class. Since zerorings have no C-factors, R is supernilpotent. By Propo-
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sition 3, M = C fl^ R  is weakly special; moreover, R g I f  К  is a ring in <ШМ, 
then Щ ( К ) е Ш П Я .  Hence every non-zero C-factor o f  K/R(K) is not in M 
and consequently not in ITR. Thus every non-zero C-factor o f K/R(K) has a non
zero R-ideal, whence by (R) it follows that R/R(R)€R, i.e. R =R (R )eR . This 
proves that R=4kM.

The last assertion is straightforward.

Corollary 1. Let C =  H, P. Then Theorem 1 gives characterizations o f  super- 
nilpotent and special radicals, respectively.

Corollary 2. R is the upper radical class defined by a class of simple rings with 
identity if  and only if  R is homomorphically closed and hereditary and satisfies

(R,) I f  every 1-factor o f A is in R, then ^€R.

Proof. Put C = I  in Theorem 1.
Before applying Theorem 1 to the class Q, we reformulate Theorem 7 o f  A ndru- 

nakievic [3].
Let E denote the class o f simple prime rings.

Proposition 4. Let F be a subclass o f  E. Then

J2F= {^ 6Q |/f(^ )6F }

is the essential closure o f  F, and ÜF is a special class. Conversely, every special class 
M  o f  subdirectly irreducible rings has the form  JF where F=E(TM .

A special dual radical is the upper radical of a special class of subdirectly irre
ducible (prime) rings (for the terminology we refer to [3]).

Corollary 3. D is a special dual radical if  and only i f  D is homomorphically 
closed and hereditary and satisfies

(Rq) I f  H (K)£  D for every subdirectly irreducible prime factor К  o f  A, then 
Ae  D.

P roof. Put C =  Q in Theorem 1 and observe that a subdirectly irreducible 
ring has a non-zero D-ideal if  and only if  its heart is in D (since D is hereditary).

The next theorem characterizes the special dual radicals and generalizes 
Su l in s k i’s theorem [18] asserting that the upper radical o f  a class F of simple rings 
is hereditary and has the intersection property relative to F  if  and only if  each ring 
in F has an identity.

T heorem 2. Let M be a regular class o f  subdirectly irreducible prime rings. Then 
°UM is hereditary and has the intersection property relative to M  if  and only i f  M is a 
special class. I f  D is any special dual radical, then M ^ Q il^ D  is the only special 
class o f  subdirectly irreducible prime rings such that D =  ® M  and D has the inter
section property relative to M.

Proof. Assume that °UM is hereditary and has the intersection propety relative 
to M. Then since °llWl is hereditary, Q il-S ^ M  is essentially closed and hence a 
special class. If A eQ illT W M , but A (JM, then (T {1-=зА\А/1€М}=0 while 
П {1<зА \А /1€М }^ Н (А )^ 0 . We conclude that Q ПУФМ ̂  M  £  Q whence
M is special.
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The converse is straightforward.
If D is a special dual radical, then D =  t ( Q n ^ D )  and the reasoning used above 

shows that M = Q D ^ D  is the only special class o f subdirectly irreducible rings such 
that D =  4^M and D has the intersection property relative to M.

The next theorem is a companion piece to Theorem 1 inasmuch as it characteri
zes the semisimple classes of supernilpotent radicals with a specified intersection 
property.

Theorem 3. The following conditions are equivalent for a class S.
(i) S is the semisimple class o f  a supernilpotent radical which has the intersec

tion property relative to CHS.
(ii) S is an essentially closed and subdirectly closed class o f  rings satisfying

(S) I f  A i  S, then every non-zero ideal o f  A has a non-zero C-factor in S 
and the upper radical of  S has the intersection property relative to CHS.

(iii) S is an essentially closed, subdirectly closed, regular class o f  rings satisfying
(T) Every S -ring is a subdirect product o f  С Г) S-rings.

Proof. (i)=»(ii): Since S is the semisimple class of a hereditary radical, S is 
essentially closed as well as subdirectly closed. If O ^ i-a A tS ,  then I t S, so by the 
intersection property, /  is a subdirect product o f С П S-rings; in particular, /  has a 
non-zero CfTS-factor. Thus (S) is satisfied.

(ii) =>(iii): It follows readily from (S) that S is regular. Let A be an S-ring. Let 
T =  Cfis. Then aUT(A) has no non-zero T-factors, so (S) implies that ‘%T(A) =  0. 
Thus A is a subdirect product o f  T-rings and (T) has been established.

(iii) =>(i): By Corollary 2 o f [1], an essentially closed, subdirectly closed regular 
class S of rings is the semisimple class of the hereditary radical class aUS. Since C 
consists of semiprime rings, by condition (T), ÚUS is supernilpotent. Moreover, (T) 
also says that °US has the intersection property relative to CH S.

Corollary 4. Let C =H , P, Q or I. Then Theorem 3 gives, respectively, cha
racterizations o f the semisimple classes of supernilpontent, special and special dual 
radicals and the upper radicals defined by classes o f  simple rings with identity.

Let us note that for C =  P, the equivalence o f (i) and (iii) in Theorem 3 is Theo
rem 4 of [17].

R emark. All the results of this section are valid also for alternative rings.

3. Radical constructions

Again, let C be a weakly special class. Further, let К be a class o f rings such that
(i) if  I-aA  eK and I tC , then I tK  and

(ii) if  I < iA tK  and А/I tC ,  then A /ItK .
We define the class L = i? (C , K) as follows:

L =  {A jevery non-zero C-factor of A has a non-zero K-ideal}.

Theorem 4. L=JS?(C, K) is a supernilpotent radical class which contains К and 
has the intersection property relative to C fl^ L  and is the smallest such radical class.
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Proof. Clearly L is homomorphically closed. It follows readily from (ii) that
кдь.

We next show that L is hereditary. Let B e  A €L and let B /C  be a non-zero 
C-factor of B. Since C consists o f  semiprime rings, by Proposition 1 we have C e A  
and thus B /C e A /C .  If B/C  is an essential ideal o f  A/C, then A /C eC , as C is essen
tially closed. Since A/C  is in L, it has a non-zero К-ideal I/C. Since B/C  is an essen
tial ideal of A/C, we then have (B/C)C\(I/C) =  D /C t̂ O. Moreover, D /C eA /C e C ,  
so D/CeC. But D /C el/C C K , so by (i), D /C íK. If B/C is not an essential ideal 
o f A/C, then by Proposition 2 there is an ideal К  o f A such that В П K = C  and 
(B +  K )/K síB/C  is an essential ideal of A/К. Arguing as above, we see that (B + K )/K  
has a non-zero К-ideal. Hence B/C  does. Thus in either case, B /C  has a non-zero 
К-ideal. It follows that В is in L so the latter is hereditary.

We now establish condition (R) of Theorem 1 for L. Let A be a ring such that 
every non-zero C-factor of A has a non-zero L-ideal. Let В be such a factor, C a 
non-zero L-ideal. By definition o f L (since C is hereditary and thus C  is in С) C has 
a non-zero К-ideal D. Let D denote the ideal o f В generated by D. By Andrunakie- 
vic’s Lemma, D3Q D, and since D e  B eC, and C is a hereditary class of semiprime 
rings, D3^ 0. Since D3e B e C  and Dse D e K ,  (i) implies that D3f K. Thus В  
has a non-zero К-ideal (viz. D3). It follows that A is in L, i.e. (R) is satisfied.

Applying Theorem 1, we see that L is a supernilpotent radical with the inter
section property relative to CClSCL.

Finally, let J be any supernilpotent radical class such that К ̂  J and J has the 
intersection property relative to C C\£fl. Let A be a ring in L. Then every non-zero 
C-factor of A has a non-zero К-ideal, and so a non-zero J-ideal. Hence by Theorem 1, 
A is in J. Thus L g J .

R emark. In the case of alternative rings, the smallest supernilpotent radical L 
containing К and with the intersection property relative to СП&Ъ  can be obtained 
by a transfinite iteration of the construction defined above. It is unclear how many 
steps are necessary.

In the following proposition we note some examples of the situation just des
cribed.

Proposition 5.
(a) I f  CQK, then i f  (С, K) is the class o f all rings.
(b) If  СПК =  0 ,  then jSf(C, К )= «С .
(c) I f  Z g K , then i f  (H, K) is the lower radical class i f  К defined by K.
(d) íf(P , K) is the smallest special radical class containing K.

Proof, (a), (b) and (d) are straightforward. To prove (c), we note that i?K =  
g i f ( H ,  K), while if A f i f  (H, K) and В is a non-zero homomorphic image of A, 
then either В has a non-zero ideal in Z Q K , от В is in H, in which case again В has 
a non-zero К-ideal, whence it follows that A is in ifK .

The following result is stated by Osborn ([14], p. 309).

Proposition 6. I f  a non-zero ideal В o f a prime ring A satisfies a polynomial iden
tity f  then A also satisfies f .

Theorem 4 and Proposition 6 enable us to construct special classes from varie
ties. Before going into details, we recall some notation. If X and Y are classes of rings,
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then
XoY =  {A|there exists an 7«=з A with l£ X , A jlfY ) .

P ro po sitio n  7. Let У be a variety o f  rings. Then Z oV  is a variety and 

B o v  =  {л|л/в(л)еУ} -  Bo (ZoV).

Pr o o f . The first assertion is well known, and the first equality is clear since V  
is homomorphically closed. Clearly also B oV ^B o(Z oV ). If A is inBo(ZoV), 
then A has an ideal В in В and an ideal C  such that ВЯ=С, Cl В € Z and A /C =  
3i(A /B )/(C /B )e \. But then C is in B, so A is in BoV.

T h eorem  5. Let 3 be a special radical, V a variety. Then JoV is a special radi
cal; in fa c t

^ ( J U V )  =  jSP(P, (P D J )U V ) =  JoV.

Pr o o f . Let A be in if(J U V ). Then since JUV is hereditary and Z ^ J U V ,  
every non-zero homomorphic image o f A has a non-zero ideal in JUV. Let В be 
a prime homomorphic image of A. Then В  has a non-zero ideal C in JU V . If 
C<|V, then CeJ and С-=зЯ€Р, C eP D J . Thus J5f(JUy)gJ5f(P, (РГ)J)UV ).

If now D is a ring in̂  i f  (P,_(P П J) U V), then D =  D/3(D) is also in 
Jaf(P, (РП  J) U V). Since J(D )=0, D is a subdirect product of a set {£>я|АеЛ} 
of J-semisimple prime rings. But each D x is also in i f  (P, (P D J)U V ) so it has a 
non-zero ideal in (P П J) U V, and hence in V. Then Proposition 6 says that D x is 
in V. Thus D =  D/3(D), as a subdirect product of V-rings, is in V, and i f  (P, (P fl J)U  
U V )g jo V .

Since if(J U V ) is closed under extensions, we have JoV ̂  i f  (JUV ). This 
completes the proof.

C o ro lla ry  5. For any variety V, B oV  is a special radical; in fact 

if(Z U V ) =  i f ( P ,  V) =  BoV.

P r o o f . Clearly if (Z U V ) =  if(B U V ).

C o ro lla ry  6. Let У be a variety such that ZgjV. Then ifV  is special, and 
ifV = B o V .

It has previously been shown by the first author ([9], Theorem 3.6) that ifG„ =  
—BoG„ where G„ is the variety defined by the standard identity of degree n. Also 
P. N. Stewart has shown that UoG2 is a special radical where U is any special 
radical containing the generalized nil radical and G2 is the variety of commutative 
rings (private communication).

4. Saturated subclasses

We say that a subclass N of a weakly special class C is a saturated subclass of C 
if N satisfies conditions (i) and (ii) o f Section 3 and also

(iii) I f  every non-zero C-factor o f a ring A eC  has a non-zero N-ideal, then Л eN.
Condition (iii) is clearly equivalent to jSf(C, N )D C = N .
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Since N ^ C , N is hereditary by (i). We shall consider the class 
Jf(C , N)={z(|every C-factor o f  A is in N}='% '(C\N).

T heorem  6. Ж  (C, N)=JS? (C, N) for every saturated subclass N  o f  C.

P roof. Obviously j f  (C, N) g  JS?(C, N). Let A be in S£ (C, N), В a C-factor o f A. 
Then В is also in JSf (C, N), so every non-zero C-factor of В has a non-zero N-ideal. 
By (iii), В is in N and thus A is in Ж  (C, N).

A subclass M  of C will be called a cosaturated subclass if M is weakly special 
and satisfies the condition

(M) If Л£С and every non-zero ideal o f  A has a non-zero M -factor, then A€M .

Though (M) is dual to (iii), the notion o f a cosaturated subclass is not categori
cally dual to that o f a saturated subclass. Such classes, however, determine each 
other uniquely as we shall see in the next Theorem, which justifies the terminology.

T heorem 7. Let R  be a supernilpotent radical with the intersection property rela
tive to C H ^ R . Then R  contains a unique saturated subclass N  of  C such that 
R = X ( C ,  N ) (namely, N = C D R ) .  Also J>L determines a unique cosaturated subclass 
M o f C such that R  =  ̂ M  (namely, M =  С  П SLR). There is a bijective correspon
dence between the saturated subclasses N  and the cosaturated subclasses M o f C, 
given by

N h -СП  £ТЖ(С, N ); М ^ С П ^ М .

I f  N and M are corresponding classes, then Ж (С, N) =  ̂ M .

P roof. By Theorem 1 (R) it is clear that N  is a saturated subclass o f C. More
over, N is the largest saturated subclass of C contained in R. Let N x be another satu
rated subclass o f C such that R =Jf(C , Nj). If A is in N, then, since N Q R =  
= J f  (C, Nj), every C-factor o f A, and hence in particular A itself, is in Nx. Thus 
N ^ N 1; so N = Nx. On the other hand, R = J f(C , N), by a standard argument.

Clearly M =  С П SLR is weakly special. If A z C and every non-zero ideal of A 
has a non-zero M-factor, then A is in the semisimple class SLR and thus in M. 
Hence M is a cosaturated subclass of C, clearly the largest such contained in STR. 
Also, R = tM . Let M t be any cosaturated subclass of C for which R —aUM.1. If 
A í M then since M.<LSSR,fS S űdM-1, every non-zero ideal o f A has a non-zero R e
factor, and so by (M), A is in M x. Thus M X=M .

The other assertions are straightforward.

T heorem  8 . Let N  be a saturated subclass o f  C. Then R=JT(C, N) i f  and only if  
R is homomorphically closed and hereditary and satisfies the following conditions.

(N1) N=C(TR.
(N2) If every C-factor o f a ring A is in N, then A ?R.

P roof. By Theorems 1, 4, 6 and 7, J f(C , N) satisfies (N1) and (N2).
Conversely, if (N1) and (N2) are satisfied, then by Theorem 1, R is a supernil

potent radical with the intersection property relative to M1 =  Cfl^'R . Hence by 
Theorem 7, is the cosaturated subclass of C such that R = а//Ш1. The correspond
ing saturated subclass of C is N1 =  C n <̂ M1 =  C flR = N  by condition (N1). On the 
other hand, the cosaturated subclass of C corresponding to N is M = С  (Л£ТЖ (C, N)
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and since NX= N , Theorem 7 implies that M X=M . Therefore, again by Theorem 7, 
we have R =  =  °иш = Ж  (C, N).

We end this section with the consideration o f saturated and cosaturated classes 
associated with varieties and simple rings with identity.

Proposition 8. I f  U  £  I, then U  is a saturated subclass o f  P, Q and I; the corres
ponding cosaturated subclasses are P \U ,  Q \ U  and I \ U  respectively.

Proof. That U is a saturated subclass in each case follows readily from the ob
servation that if A is in U and A 2?sP, then A is a direct summand of В and thus 
A =  B. Let A=JS?(P, U ) = j f  (P, U). Clearly Р П ^ А ^ Р \ и .  Let A be a non-zero 
ring in P \U .  Then A (A )gP  and every prime factor of A (A) is in U. But A(A)<a 
<зКеР, so A(A) is prime, and thus A(A) is in U or A(A) =  0. But if A (A )eU , 
then as above, A = A (A )gU . Consequently A (A )= 0 , so that Р \и = Р П У А .

For Q and I, the proof is the same.
We next look at varieties.

Proposition 9. Let X be a variety. Then Р П Х  is a saturated subclass o f  Р / the 
corresponding cosaturated subclass is P \X .

Proof. By Theorem 5, BoX=J§f(ZUX) is a special radical. Hence by Theorem 7, 
the class РП (В оХ ) is a saturated subclass o f P. We shall show that Р П Х =  
=  РП (ВоХ). If A is in РП (В оХ ), then В(Л) =  0, so A iX .  Hence 
Р П (В о Х )д Р П Х . The reverse inclusion is obvious.

Again by Theorem 7, to complete the proof we have to show that P \ X  =  
=  Р П ^ (В оХ ). Clearly РП У ’(В о Х )д р \Х . Let A be in P \ X  and let B =  
=  (BoX)(/4). If B^O, then since B o X = if(Z U X ), В has a non-zero ideal in 
Z U X  (since the lower radical construction over a hereditary homomorphically closed 
class containing all zerorings terminates at the second step). Since B o A  eP, В  has 
an ideal C€X. From Proposition 6, it then follows that B, and then A, is in X, 
contradicting our specification of A. Thus B —0 and A is in РП<$^(ВоХ), so 
Р \Х = Р П ^ (В о Х ).

Proposition 10. Let X be a variety. Then Р П Х  is a cosaturated subclass o f  P.

Proof. Take A gP and 7 to be the unique smallest ideal of A such that AJIiX . 
If 7 ^ 0  then 0 ^ 7 //б Р П Х  implies J o  A and A /J tX  by Proposition 6. Thus 
7= 0  and A eX . That РП Х  is weakly special is straightforward using Proposition 6.

Thus for any variety X, РП Х is a “saturated-cosaturated” subclass of P. Any 
subclass o f I has the analogous property with respect to I.

5. Concrete radicals

Making use of Theorems 7 and 8, we easily obtain the following result, which we 
can use to describe a number of well known special radicals.

Theorem 9. For a class U o f rings, the following conditions are equivalent.
(1) U is a supernilpotent radical with the intersection property relative to C f l^ U .
(2) U =JF(C, N) where N =  C D U  is a saturated subclass of C.
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(3) U  is homomorphically closed and hereditary, and N = C D U  is a saturated 
subclass o f  C such that if  every non-zero C-factor o f a ring A is in N, then A is in U.

C orollary  7. In the notation o f Theorem 9,
(1) U = B  if  C = P  and N = 0 .
(2) U  is the Levitzki (locally nilpotent) radical i f  C = P  and N =  {Л £Р|Л is 

locally nilpotent},
(3) U is the nil radical if  C =  P and N =  {AdP\A is nil},
(4) U is the Jacobson radical i f  C = P  and N =  {AdP\A is quasi-regular},
(5) U  is the Brown-McCoy radical i f  C = P  or Q and N =  {/l€CJT is G-regular),
(6) U  is Thierrins corpoidal radical if  either

(a) C =  P or Q and N =  {Л €С|Л has no homomorphic image which is a field} or
(b) C =  I and N = {z i€ l|z l is not a field},

(7) U  is the Behrens radical i f  C =  P or Q and N.= {AdC\A has no homo
morphic image with non-zero idempotents},

(8) U is the generalized nil radical i f  C =  P and N =  {AdP\every non-zero ho
momorphic image o f A has a zero divisor},

(9) U is the antisimple radical i f  C =  P and N =  {AdP\A has no (non-zero) 
subdirectly irreducible prime factors}.

Pr o o f . (1), (2), (3) and (4) follow readily from Theorem 9.
(5) Since the Brown-McCoy radical G satisfies

g  =  w s r g  =  w (p n tr G )  g  ^ (Q n ^ G ) g  ш  =  g ,

it has the intersection property relative to POS^G and Q V\SPG. Thus Theorem 9 
is applicable. The same applies to (6).

(7) Propes [15] has shown that the Behrens radical T is the class of rings A, 
every homomorphic image of which contains no non-zero idempotents. Since T is 
a special radical, we have

T =  ЩУТ =  ®(РГЮ Т) g  ^ (Q f l^ T )  =  T.

Theorem 9 now yields the required assertion.
(8) The generalized nil radical is the upper radical defined by the class o f rings 

without zero-divisors.
(9) The antisimple radical A is aUQ. РП A is the saturated subclass o f P corres

ponding to the cosaturated subclass Р П ^ А . Clearly P f]A =  [AeP\A  has no non
zero Q-factors}. Now Theorem 9 characterizes the special radical J = J f(P , РПА) 
with the intersection property relative to PÍMTJ. By Theorems 4 and 6 we have 
J g  A. Let A beinA be and let В be a non-zero P-factor o f A. We have -SePfl A. Thus 
A eJf(P , P D A )= J . We conclude that A = J = X (P , P flA ).
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6. The structure of special radical rings

Let W be any special class, R = W .  By Theorem 6, N = P flR  is a saturated 
subclass of P and Л = Ж (Р , N). In this last section we shall discuss the structure of 
R-rings in terms o f  N and B. Using the fact that a semiprime ring has a minimal 
prime ideal one can easily prove the following.

T heorem 10. Let A be a ring, 5=Л /В (Л ). Then A еЖ (Р, N) i f  and only if  
B /J gN for every minimal prime ideal J  o f B. In addition, i f  A €Jf (P, N), there is a 
chain

B Z D J 1 r > J 2 Z D . . . ^ > J ß Z ) . . . Z ) 0

o f  ideals of В such that Jß+1 is a minimal prime ideal o f  Jß and Jß/Jß+i€N , for each 
ordinal ß.

When N g  I, we can obtain a slightly better description of the rings in (L, N) 
j f ( Q ,  N) and Ж  (I, N). For brevity, we do this only for Ж (Р, I).

C orollary  8 . А еЖ (P, I) i f  and only if  B = A jP {A ) is Brown-McCoy semi
simple and every prime factor o f В  is in I.

C orollary  9 . А £ У Ж (P, I) i f  and only if  A is a subdirect product o f rings in
P \ I .
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TENSOR PRODUCT OF MODULES 
OVER DEDEKIND DOMAINS

By
S. M. YAHYA (Liverpool—Dhahran)

1. Introduction

In this paper we study the structural properties of the tensor product of two 
modules over Dedeking domains. We not only generalize some results known for 
tensor products o f abelian groups (see [1]), but also obtain some new ones. The 
main step in this direction is to generalize Fuchs’s p-basic subgroup (see [1]). An 
attempt in this direction was first made by Y o u su fza i who introduced P-basic sub- 
modules in [7], but he did not prove the existence o f a P-basic submodule in every 
module over a Dedekind domain. This we achieve in Section 2. In Section 3 we use 
P-basic submodules in the discussion of tensor products. In particular, we prove that 
if  Вг, B2 are P-basic submodules of modules M lt M 2 over a Dedekind domain, then 
B1<g>B2 is isomoprhic to a P-basic submodule of

Let TV be a submodule of a module M  over a Dedekind domain R, and P  a 
prime ideal of R. Then we define TV to be P-pure in M  if NP\PmM = P mN  for all 
positive integers m, and call TV pure in M  if TV is P-pure in M  for all prime ideals P  
of R. For modules over Dedekind domains this definition of purity is equivalent to 
all other well-known definitions of purity (see [1], [3], [4], [5], [6]). We also call a 
module M  P-divisible if P M = M .

Throughout this paper R denotes a Dedekind domain and К  its field of frac
tions, P  a prime ideal of R, M  an P-module, and M , the torsion submodule of M. 
M  is called a P-module, if the order (i.e. the annihilator of each element of M ) is a 
power of P. Also we call an P-module simply a module.

2. P-basic submodules

In this section we show that every module M  contains a P-basic submodule and 
that any two P-basic submodule of M  are isomorphic. We recall that a submodule В 
of M  is a P-basic submodule if the following conditions hold:

(i) В is a direct sum of cyclic P-modules and/or cyclic modules o f order 0.
(ii) В is P-pure in M.

(iii) M /В is P-divisible.
First, a definition and a couple of lemmas.

D efinition  2.1. An element x £ M  is of height m at P  if x d P mM \ P m+1 M, 
and x  is of infinite height at P  if x £ P mM  for all positive integers m.

L emma 2.2. Let P and x^M , where M  is a torsion-free module, then the 
height o f  kx at P is the sum o f heights at P  o f  к and x.
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P ro o f . The result is trivial if X or л: is o f infinite height. Suppose now that X and *  
are of heights m and n respectively and XxdPkM, where k > m + n .  Let I = {g :  
gdR , px£P kM ). Clearly /  is an ideal o f R and /j2P *_n. Hence I = P r, r^ m ,  for 
A $Pm+1. Thus Prx Q P kM , rS m . Since M  can be embedded in a vector space 
over K, we can multiply both the sides by P _1, whence it follows that x £ P k~rM. 
But k —r> n ,  which contradicts the fact that x  is of height n.

Lemma 2.3. Let M  be a torsion-free module. Then M /P M = P mM /P m+1M, 
where m is any positive integer.

P ro o f . Let A(EP\P2, then ).m£P m\ P m+1. Define 0: M /P M ^ P mM /P m+lM  
by setting в (х + Р М )—Хтх + Р т+1М. It is clear that 0 is a homomorphism. If 
в (х + Р М ) = 0, then Xmx £ P m+1M, and so xdP M  by Lemma 2.2. Hence 0 is 
injective. Suppose now that y  +  P m+1M  is an element o f PmM /Pm+1M . Since 
Pm =  RXm +  P m+1, it follows that P mM = X mM + P m+1M , and so y = X mx + z  
for some x £ M  and z(iP m+1M. Hence y + P m+1M = X mx + P m+1M = 6 (x + P M ). 
Hence 0 is surjective, and so it is an isomorphism.

Theorem 2.4. Let M  be a torsion-free module. Then M  contains a P-basic sub- 
module, and any two P-basic submodules o f  M  are isomorphic.

P r o o f . Let {a;: i£ I}  be a basis o f  the vector space M l PM  over the field R/P. 
Lift it to a set [bp i£I}  in M, and let В be the submodule o f M  generated by the set 
{b j: i£I}. We claim that В is a P-basic submodule o f M. Since P (M /B )=  
—(P M +B )/B =M /B , it follows that M /В  is P-divisible. Now let У. X-.b— O, where

JiJ
X f  R and /  is a finite subset of I. Hence ZXja — 0, and so each X fP .  We prove 
by induction that each Xj£P" for all positive integers n, and so each X— 0. Suppose 
that each X f P m, m ^ l .  Since Pm=R X m+ P m+L, X dP/P2, we can write Xj=  
—p.jXm+Vj for some g j£ R  and Vj£Pm+1. Hence the relation ZXjbj= 0 implies 
that Z(pjXmb j+ V jb j)= 0, whence it follows that ZpJ(<Xmbj +  Pm+1M ) =  0. But 
{Xmb i+ P m+1M }  is a basis o f the vector space PmM /Pm+1M  over R/P  by Lemma
2.3. Hence g f P ,  so Xj£Pm+1. Thus each X f P n for all positive integers и. Hence 
{bp. /£ /}  is P-independent. We finally prove that В is P-pure in M. Let x£B(~)PmM, 
then x =  2! hjbj for some finite subset J 1 of /, where ZX jbfP "1 M. We shall show 

J 1
that each Xj£Pm, and so x(:PmB. We first note that if Z X jbfP M , then ZXjüj—0, 
and so each Xj£P. The proof can then be completed by induction as above. Hence
В is a P-basic submodule o f M. Moreover, it can be shown that if B =  ®  Rbt is a

«er
P-basic submodule o f M , then {bt+ P M : i£ I}  is a basis of the vector space P/PM  
over R/P. Hence any two P-basic submodules of M  are isomorphic.

R em ark  2.5. If M  is a P-module, then M  can be regarded as a module over the 
local ring RP, which is a discrete valuation ring. Hence M  contains a basic submodule 
and any two basic submodules of M  are isomorphic by [Lemma 21; 4].

Theorem 2.6. Any module M  contains a P-basic submodule and any two P-basic 
submodules o f M  are isomorphic.

P r o o f . Let P x be a P-basic submodule of the torsion-free module M /M , (see 
Theorem 2.4). The exact sequence 0 induces the exact se-
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quence 0-~M t—M 1-+B1-*0, where М 1= ц ~ 1(В1). The latter sequence splits, for 
B1 is free. Hence M 1= M ,@ B 2, where Вг= В у. L e t t  be the P-component o f M t, 
and let B3 be a basic submodule of A. We claim that B = B 3@B2 is a P-basic sub- 
module o f M . First, we show that В is P-pure in M. Since B3 is pure in A and A is 
pure in M t, it follows that B, is pure in M t. Hence B =B 3@ B2 is certainly P-pure in 
M 1 =  M ,® B 2. Als o_MJMt =  By is P-pure in M /M ,, so Мг is ̂ P-pure in M, for Mt is 
pure in M . Hence В is P-pure in M.J4ext, we prove that M/B_ is P-divisible. Consider 
the exact sequence 0 —M 1/B-»MIB-»MIM1-+0. Since M 1/B=£Mt/Ba=iA/B3® M t/A, 
it is P-divisible, for A/Ba and M,/A are both P-divisible. Also М /М г , being 
isomorphic to MIM,/B1 is P-divisible, for Bx is a P-basic submodule o f M !M t. 
Hence M /Б  is also P-divisible. Thus В is a P-basic submodule o f M . Also it 
follows from Theorem 2.4 and Remark 2.5 that any two P-basic submodules o f M  
are isomorphic.

D e fin itio n  2.7. We call the number o f summands of a P-basic submodule of a 
module M  the P-rank o f  M.

3. Tensor product

First, we state some results, which can be easily verified.
(i) If M  is a P-module and N  a Q-module, where P, Q are distinct prime ideals 

of R, then M ® N —0.
(ii) If M , N  are two cyclic P-modules o f orders Pm and P" respectively, then 

M ® N  is a cyclic P-module o f order Pr, where r=min (m, ri).
(iii) If M  is a P-module and N  is P-divisible, then M ® N = 0.
(iv) If M , N  are two P-modules, then M(g>NsiBl ®B2, where By, B2 are basic 

submodules o f M , N  respectively. Hence M ^ N  is a direct sum o f cyclic P-modules.
(v) The tensor product o f two torsion modules is a direct sum of cyclic modu

les, being the direct sum of the tensor products of the corresponding P-components.
(vi) The tensor product of two torsion-free modules is again torsion-free.
(vii) A module is flat if and only if it is torsion-free.

T heorem  3 .1 . Let В be a P-basic module o f  a module M  and let N  be a P-module 
then M ® N ^ B ® N .

P roof. The P-pure exact sequence 0 -~ B ^ M —M /B ^ 0  gives rise to the exact 
sequence

0 -  B ® N  -  M ® N  -  (M /B)® N  -  0.

Since M /В is P-divisible (M /В )® N =  0, whence the result follows.

C o ro llary  3 .2 . I f  M  is a torsion-free module and N is a P-module, then M ®  N  
is isomorphic to a direct sum o f  copies o f N.

R emark 3 .3 . The above corollary gives the structure of the tensor product o f a  
torsion-free module and a torsion module, for a torsion module is a direct sum of 
its P-components.
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T heorem  3.4. Let be a pure exact sequence, and let N  be
a torsion module. Then the exact sequence

(3.5) 0 M '® N  - *  M ® N  -*■ M " ® N  — 0 
splits.

Proof. It is enough to prove the theorem, taking N  to be a P-module. Let В 
be a P-basic submodule of M". Consider the pure exact sequence 0-+M '-+M 1-<-B-*0, 
where M1=p.~1(B). The sequence splits, for В is pure-projective (see [Theorem 3;
3]). This gives rise to the splitting sequence

(3.6) 0 M '® N  +  M ^ N  B ® N  * 0 .

Since M " ® N ^ B ® N  by Theorem 3.1, the sequences (3.5) and (3.6) are isomorphic 
by 5-lemma. Hence the sequences (3.5) splits.

Corollary 3.7. Let be a P-pure exact sequence and N
a P-module. Then the exact sequence 0 —M ' ® N ^ M ® N -+ M "® N -+ 0  splits.

Corollary 3.8. Let 0-+M'-+M-»M"->-0 be a P-pure exact sequence, and let 
B',B,B" be P-basic submodules o f M ', M , M", respectively. Then B ~B ' ф B".

Proof. This follows from Theorem 3.1 and Corollary 3.7.

Corollary 3.9. Let 0 -+ M '-+M-+M"-+0 be a pure exact sequence and let N  
be any module, and let В', В, B" be P-basic submodules o f M ' ® N ,M ® N , M "® N , 
respectively. Then B =B ' ®B".

Proof. Note that the sequence 0 — M '® N  — M ® N  -* M "® N  -* 0 is also 
pure exact (see [2] or [6]).

Corollary 3.10. Let M , N  be any modules, then

[M ® N )t =  (N /N t) ® (M/M,) ® Nt .

Proof. Since (M ® N )/(M t® N + M ® N t)^ (M /M ,)® (N /N t) is torsion-free, 
it follows that (M ,® N + M ® N ,)= (M ® N ),. The result then follows from Theo
rem 3.4.

R em ark  3.11. From (iv), (v), Corollary 3.2 and Corollary 3.10 the structure of 
(M ® N )t is completely determined.

L emma 3.12. Let be a P-pure exact sequence and let N  be
a torsion-free module, then the exact sequence 0-+N ® M '-+N ® M -»N ® M "-»0  
is also P-pure exact.

Proof. Let A be any arbitrary P-module. Tensoring the given sequence by A  we 
get the exact sequence

0 -  A ® M '  -  A ® M  -  A ® M "  -  0, 

which gives rise to the exact sequence

0 -  N ® (A ® M ')  -  N ® (A ® M ) N ® (A ® M " ) -»0.
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Hence the isomorphic sequence

0 ~ A ® ( N ® M ' )  - ~ A ® ( N ® M )  - + A ® ( N ® M " )  - 0  

is also exact. This implies that the sequence

0 -  N ® M ' -  N ® M  -  N® M "  -  0
is P-pure exact.

T heorem  3.13. Let 0-»M'-<-M->-M"-*0 be a P-pure exact sequence, and let 
N  be any module such that its torsion submodule is a P-module. Then the sequence

0 -  N ® M ' -  N ® M  -  N® M "  -  0
is P-pure exact.

P ro o f . Let us express N  as the direct limit of the family {Nx: l£ A }  o f its finitely 
generated submodules. The sequences 0^>-Nx® M '-»N x® M -»N x®M "-~0  are 
P-pure exact by Corollary 3.7 and Lemma 3.12, for Nx is a direct sum o f a P-module 
and a torsion-free module. Taking the direct limit of this direct system o f P-pure 
exact sequences we get the result.

T heorem  3.14. Let M x, M 2 be two modules such that the torsion submodule o f one 
o f them is a P-module, and let Bx, B2 be P-basic submodules o f  My, M2, respectively. 
Then Bx® В2 is a P-basic submodule o f  My®M2.

P ro o f . Let the torsion submodule o f My be a P-module. The sequences

0 -*■ By®B2 -*■ My®B2 —*■ (M1/B1)® B 2 —► 0,

0 — Мг®В2 — MX® M 2 -* My®(M2/B2) -+ 0

are P-pure exact by Theorem 3.13. Hence By®B2 is P-pure in My®M2. Also we 
have the exact sequence

Since

MX®B2 My®M2 My®M2 q
By®B2 * Bx®B2 MX®B2

My® В2 
By® В 2 (MyjBy)®B2, m̂ b:  -  M i

are both P-divisible, it follows that is also P-divisible. Clearly By®B2
-01 -&2

is a direct sum of cyclic P-modules and/or cyclic modules o f order 0, so it is a P-basic 
submodule o f My ® M 2.

Finally, we strengthen our theorem and prove that if By, B2 are P-basic sub- 
modules of any two modules My, M2 respectively, then BX®B2 is isomorphic to a 
P-basic submodule of M X® M 2.

First, a definition and a couple o f lemmas.
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D efinition  3.15. The P'-component of a module M  is the direct sum of all the 
ß-components o f M , where ß  is a prime ideal o f R different from P. We can also 
define a P'-module and a P'-torsion-free module in an obvious way.

N otation  3.16. In the rest o f this section we shall denote the / ’'-component of 
M  by M ' and M IM ' by M".

Lemma 3.17. Let Mx, M 2 be two modules. Then

(M x® M f  э= M i ® M i ® M[ ® M" ® M" ® M f  

and (M1 ® M 2)" =  M'i ® M'i.

P roof. Since M'x, M'2 are pure submodules o f M x, M 2 respectively, we have the 
following exact commutative diagram:

0 0 0 
1 1 1

0 -  M i <g)M i -  M i ® M 2 -  M i ® M f -  0 
1 1 1  

o -  m x ® м '2 -  мх ®м2 -  м х ® M i  -  о
i I I

0 -  M" ® M i  -  M" (S)Mt -~ M" ® M i  -  0 
1 1 1 
0 0 0

From the above diagram we can easily show that М х® М 2/(М'х® М 2 +  М1®М'2)ш 
=  M'I(g)M'I. Since (M'x® M 2+ M x®M'2) is a P'-module and M 'i®M 'i is P'-tor- 
sion-free, it follows that (M'X® M 2 +  M 1®M'2) =  (M 1® M 2)' and (Мх® М 2)"з* 
=  M'i® M'i. Since M'x, M'2 are torsion modules the first row and the first column of 
the above diagram split by Theorem 3.4. Hence

M i® M 2 +  M x® M i  =s M i ® M i © M i  ® M i  ® M i ® M i.

Lemma 3.18. A P-basic submodule o f M  is isomorphic to a P-basic submodule 
° f  M  ".

P roof. Let В be a P-basic submodule of M. Then (M '+ B )/M ' =  BjM' C\B=B, 
for М ' П Р  =  0. We claim that (M '+ B )/M ' is a P-basic submodule of M". Since

M "/(M ' +  B )/M ' =  M /(M ' +  B) s= MIBI(M' +  B)/B,

it follows that M " /(M '+ B )/M ’ is P-divisible for M /В is P-divisible. Now 
(M ' + B )/B síM ' is P-pure in M /В, for M ' is P-divisible, and В is P-pure in M, 
so (M '+ B ) is P-pure in M. Hence (M '+ B )/M ' is P-pure in M /M ' =  M".

T heorem  3.19. Let Bx, B2 be P-basic submodules o f any two modules M x, M 2 
respectively. Then BX® B 2 is isomorphic to a P-basic submodule o f  M X® M 2.

P roof. Let B, Bx, B2 be P-basic submodules of Mx ® M 2, M'i, M'i respecti
vely. By the above lemma В is isomorphic to a P-basic submodule o f (Mx® M 2)’ sí
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(by Lemma 3.17). But a P-basic submodule o f M'{ ®M'2 is isomor
phic to B1® B 2 by Theorem 3.14. Since Bx =  В± and B2~ B 2 by Lemma 3.18, 
the result follows.

Corollary 3.20. The P-rank o f Mx ® M 2 is the product o f  the P-ranks o f  M x 
and M 2.
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SOME ADDITIONAL RESULTS ON THE STRONG 
APPROXIMATION OF ORTHOGONAL SERIES

By
L. LEINDLER (Szeged), member of the academy

Introduction

Let {<?„(*)} be an orthonormal system on the finite interval (a, b). We consider 
the orthogonal series

(1) 2  c„<p„(x) with 2л=0 л=0

By the Riesz-Fischer theorem the series (1) converges in L? to a square-integrable 
function f(x ). Let us denote the partial sums of the series (1) by j„(x).

One of the first results in connection with the strong approximation o f orthogonal 
series is due to G. Su n o u c h i  [8] who generalized an ordinary approximation theorem 
of the author [1] as follows:

T heorem  A. I f  0 -= y < l and

(2)
Л = 1

then
í 1 " I17'’

(3) = o x(n -*)

holds almost everywhere (a.e.) in (a ,b ) fo r any a > 0  and 0< p < y  x.

This result was generalized into several directions. For example the partial 
sums sv(x) in (3) were replaced by j tv(x) or sßv(x), where {&v} and {//„} denote an 
increasing and a “mixed” sequence of natural numbers, respectively. There are such 
generalizations where the partial sums are replaced by (C, )S)-means of negative ß, 
or the (C, a)-summation method is exchanged by another one (see [2], [3], [5]).

Very recently in [5] we proved

T heorem B. Suppose that y > 0 , and p S 2 , that a m a x  ^ , уj

or i f  p —2 then a s l ;  moreover that (2) holds. 
Then

(4)
r j n -|1/p

c„(/, a, p, К ); x ) ' - =  1-ТГ 2  = °x(n~y)1Лп v*»0 у

holds a.e. in (a, b) for any (not necessarily monotone) sequence {pv} o f distinct positive 
integers.

From the results o f [6] and [7] we can unify the following
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T heorem С. Suppose that у > 0 , 0 < py <  ß and that (2) holds. Moreover i f
(i) ß ^ 2  or ß > 2  but at least either y <  1 or p S 2 ,

_ 2
2 y +  1 ------

(ii) p = 2  and 2  cnn p< ° ° ,
n = l

then
( 1 " l 1/p

(5) /г„(/, ß; p, {kv}; x):=  Д  (v + l) i_ 1k v(* ) - /(* ) ! '’} =  ox(n~y)

holds a.e. in (a, b) fo r  any increasing sequence {&„}.

Later on we shall use the following consequence o f Theorem B.

P roposition A. Suppose that у > 0 ,  0 < p < y -1 and p = 2 ,  that ß > p  max | y , yj

or i f  p  =  2 then ß ~ l ,  moreover that (2) holds.
Then

(6) K ( f  ß, p, W ;  *) =  ox(n~v)
holds a.e. in (a, b) fo r  any sequence {/tv} o f distinct positive integers.

Comparing the restrictions on the parameters in the previous results the assump
tions

(7) a >  and ß  >  у  (tf у <  y ]

seem to be artificial. Analysing the proof of (4) it turns out that the conditions (7) 
spring from the fact that (4) was first proved for a =  1, and from this result it can be

extended just to a = - y . But a more careful investigation shows that without the

restriction a > y  we cannot prove (4), indeed, but the assumption / ^ y  is super

fluous and we can omit it. This will be proved in Theorem 1.

If we assume that a = y  then the approximation-order in (4) will increase with 
1 1

the factor (log n)p 2 ( p ^ 2); and if  a < y  then we require a sharper condition

instead of (2) in order to have (4), see Theorem 2.
Comparing the assumptions o f Theorem В and C we see that the restriction 

p y <  1 appears only in connection with the means C „ ( f a , ...). This has raised the 
next question: Can we omit the restriction p y<  1 among the assumptions o f Theorem 
В i f  a >  1? As the example to be given soon shows the answer fo r  this question is 
negative, generally. Moreover the assumption yp< 1 is required not just for the so- 
called extra strong approximation, i.e. if the sequence {gv} in the means given under
(4) is mixed, but for the simplest case gv =  v, too. Namely if e.g. a > y p a  1 and 
f ( x ) ^ s 0(x) a.e. then
(8 ) npy C p (f, a, p, {v}; x)  ё  Kn’i- 'n * -1 |s0( * ) - / ( jc) | V

* K, K i, K2, ... denote positive constants not necessarily the same at each occurrence.
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whence it can be seen that (4) does not hold, and not only for a mixed sequence 
{/iy}, but neither for the sequence of the natural numbers.

We would like to call the attention, once more, to the fact that in the case of the 
means hn(f ,  ß, ...) with /?>1 the condition yp<- 1 is not required to the estimation
(5) for the strong and very strong approximation, i.e. if the sequence {kv} in (5) is 
either the sequence of the natural numbers (kv =  v) or an arbitrary increasing subse
quence o f the natural numbers. But we mention that it can also be proved — not so 
easily as in (8) for the means C„(/, a, ...) — that the proof o f (6) also requires the 
assumption p y <  1 for /?>1 and an arbitrary mixed sequence {/*„}.

These remarks and the results show that the means hn(f,  ß, ...) and Cn(f, a, ...)

in connection with the extra strong approximation behave similarly only if a, ß  => у ,

but if a, ß = y  then the means h„(f,ß,  ...) are more effective than the means

C„( f  a, ...)  are. Moreover this phenomenon appears also for a, ß > \  if we consider 
the strong and very strong approximation (compare Theorem 3 and Theorem C).

Continuing the investigation of similarity of the means C„(/, a, ...) and 
/г„ (/,/?, ...) for a, ß ^1  we shall show that if the investigations are confined just 
for the very strong approximation then the assumption p = 2  can be omitted among 
the conditions of Theorem В and the remaining assumptions imply that

(9) C„( / , a, p, {kv} ; x) =  ox(n~y)

holds a.e. in (a, b) for any increasing sequence {&„}, which is the perfect analogue of 
(5) for a ^ l  (see Theorem 3).

Our next problem is also connected by the restriction p = 2 ,  but for a, /?=-l. 
We do believe that the assumption p = 2  can be omitted without more change, but 
we are not able to prove this. In order to have the order ox(n~y) we have to claim a 
more powerful condition instead of (2). Such extensions are given by Theorem 4, 5 
and 6.

Finally we investigate the approximation order of the strong means in the limit 
cases y p = a ~ ß ^ l  and show that the approximation order does not exceed Ox(n~y) 
a.e., but for /?<2 and a < l  we can ensure this order only under conditions claiming

a little more than (2) with У= ~~ does. Namely if we claimed only (2) then the order

of approximation in the case p y = a = ß ^ 2  would be only ox(n-),(log ri)p 2). 
More precisely we prove the following theorems:

T h eorem  1. Suppose that ß, y>0 , O ^ p ^ l and p y<ß^-^ - ,  moreover that (2) 

holds. Then (6) holds a.e. in (a, b) for any sequence {pv} o f distinct positive integers. 

We mention that this theorem is a significant strengthening o f Theorem 2 o f [4].

Th eorem  2. Suppose that a, y > 0 ,0 < /? ^ 2  and p y < T h e n  (2) and 

a = y  imply
l l

(10) C„(/, a, p, Ю ; x) =  ox(n-°(logn)" 2);
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furthermore and

(11)
oo 20t

2 c * n y- '  +
n = 1

<  oo

ensure that (4) holds a.e. in (a, b) fo r  any sequence {pv} o f distinct positive integers.

T heorem 3. I f  у =>0 and then the condition (2) implies that (9)
holds a.e. in (a, b) for any increasing sequence {&„} o f  natural numbers.

Theorem 3 is a remarkable generalization o f Theorem A given in [5].

Theorem 4. I f  y > 0 ,/? s 2  and /r /< m in  (a, 1) then

( 12) 2 < n  
1 = 1

2y + l — 2
P <  oo

implies (9) a.e. in (a, b) for any increasing sequence {&„} o f the natural numbers.

Theorem 5. I f  y > 0 ,/> s2  and p y < min (/?, 1) then (12) implies (6) a.e. in (a, b) 
fo r  any sequence {/rv} o f distinct positive integers.

Theorem 6. Suppose that y > 0 ,/? s 2  an J  that />y<min (a , 1). Then either 
a s i  and (12) or a-= 1 and {\Y) imply that {4) holds a.e. in {a, b) fo r  any sequence {pv} 
o f  distinct positive integers.

Theorem 7. Te/ 0 < a S  1 and p >  0. Then each о /  rhe following pairs o f condition:

(13)

(14)

(15)

imply that

(16)

oo P__. (  oo
a < f s l  and Z " 2 \ Z d \

2 n = l \k = n /

- i  -
OO / OO \P/2

Z л = 1 Vfc = /1 /

a

c „ ( /  a, p. Ы ;  x) =  o*(n p)

ho/tfo a.e. in (a, b) /or any sequence {/iv} of distinct positive integers. 
I f  p = 2  and

(17) 2 n d
Л =  1

then we also have that (16) holds fo r any 0< a S l .
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Theorem 8. Suppose that and p >  0. Then
\ p/2

(18)

(19)

imply that

(20)

P S  2 am/ 2  í  j?  c*)
n =  l  \k= n  /

~ 2 —- —+ 1
p =  2 and 2  cl n p ,+  < 0 °n = l

fc„(/, ß, p , W ;  *) =  o ,(n  p)
AoMy a.e. in (a, А) /от awy sequence {/iv} о /  distinct positive integers.

We mention that (20) generalizes the statement (15) o f [7] in the case /? s l ;  
and the case p = 2 ,  but only for increasing {&„}, is also treated in [7].

§ 1. Lemmas

In order to prove these theorems we require some lemmas.

Lemma 1 ([7], Lemma 3). Let x > 0  and {!„} be an arbitrary sequence o f  positive 
numbers. Assuming that the condition

( i i )  2 * n Í 2 cú  <o°
л =  1 I  k = n )

implies a ’’certain property 7’=T({y„(x)})” o f the partial sums sn(x) o f  (1) fo r any 
orthonormal system, then (1.1) implies that the partial sums skn(x) o / ( l )  also have the 
same proparty T  for any increasing sequence {k„} i.e. i f

(1.1)=* Г ({*„(*)}) then (1.1) => r({s*„(x)})

for any increasing sequence {/c„}.

Lemma 2 ([2], Lemma 5). Let {!„} be a monotone sequence o f positive numbers 
such that

Then the condition

implies that

Á2n =  KX 2m.

2

S2»(x)-  f ( x )  = Ox (2 2" )
holds a.e. in (a, b).

Lemma 3 ([7], Lemma 1). I f  0 < p , q = 2  then
\P/Q

Л 2л-1 Y  4
2 u l*v ( * ) - / ( * )  IеJ dx ^ K n " * E £ ,
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where
í “  11/2

En = \  2  cú .U=n + 1 )

Lemma 4. Suppose that 0 < y < l /2  and (2) holds. Then for any sequence {pv} 
o f  distinct positive integers and the sequence {mv} defined by mv =  2m i f  2mS /iv< 2m+1 
we have that

f  { 2  (v +  l )2y_1Iŝ v( x ) - 5„v(x ) |4  dx S  К  2  Сп”2у-

The statement of Lemma 4 can be found in the proof of Lemma 3 in [5], implicitly 
(see (1.7)).

Lemma 5. Suppose that ß , y^ 0 ,0 < p ^ 2 ,p y -= :ß ^ -~ -  and that (2) holds. Then

Л / py n \ 1/р12 „

holds for any sequence {/iv} o f distinct positive integers and {mv} defined in Lemma 4. 

P roof. First we show that

(1.3)
nyrSUP TTTTy (v+l)'J-1|sMv( x ) - smv(x)\p

0 ^n<oo \Tl~T~ 1) v=0

{oo Л P /2

2 ’ ( v + l ) 2)’- 1^ v ( A : ) - s mv( x ) |2|  .
v=0 )

If p =  2 then (1.3) is an obvious consequence of the following elementary inequality

ЛУ

(n +  r f
(v +  1 / - 1 =S (v + 1)2’’- 1 (v n).

2 2If p<- 2 then we use the Holder inequality with — and -----  and obtain in view of
P  2 - p

ß > p y  that

J ( v + l / - i | s ( x ) - s mv( x ) |^v = 0
f  n 1 ( П K Х I P (1 2v) 11 p2 ( v + i) 2-p 2-" 2 slv = 0 J lv=0 J

I n Pt2
S  К  2 ( V + 1 ) 2> -1M * ) - S mv( x ) | 4  (n +  i y - ” ,lv=0 J

whence (1.3) obviously follows.
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Finally, by (1.3) and Lemma 4, we get (1.2).

Lemma 6. Suppose that a, y > 0 , 0 < p S 2  and ру-^аШ-—. Then (2) and a

imply that

(1.4) /  { sup ( ” — 2 ’^ n = ik v (* )-smv(*)lp) } dx s  a: 5  cn«2y;
д l 0 ^ n < o o  \  V =  0  /  j  /1 =  1

/1 =  2

2a
2y------ + 1

P

furthermore a<p /2 and

(1.5)

imply that

Л ( п РУ n
sup 2 '^=i|sMVW -Sm vW lp \ d x ^ K 2 c 2nn

0SI1<~ V A n v = 0 / 1  л = 1

Ao/ifo /o r  any sequence {p.v} and {mv} determined in Lemma 4.

P roof. The assumptions imply that y d /2. First we show that if a—
p _

nPVПпр и
(1.7) SUP ” -----  2M *:J|s,Iv(x)-Sm v(x)|P

0 ^/i<oo A n v =  0
f “ -Ip/2

K \  ^ ( v + i ^ - x w - ^ w r f  •lv=0 *

If p = 2  then this follows on account of a ^ l  and />y<a. 
If /?<2 then we use the Holder inequality and obtain that

( 1.8) Z ^ “-J K v (* ) -Smv(*)|P =5W  Jmv V 

\Pl2 .
- {vi ( v+ 1)iy" 1lsi*vW-^vWla} { 1 ( ( у+ 1 )2<1"ад^ :1 ) 2- р}1

Since 2 y < l, a =  -^ and /;y<a we have that

Z ( v + i ) 2-p(1 ад(Л‘=})2- р 8~p Z ( y+ i ) 2- p '* "" +v=0 »=0

+ * n ^ (1“2y) 2  K : J ) i r 7 s i : n ' b 1+1^ r(1' 2y,+1+
v=n/2

2C«-1) n/2 -(I-2V)

-(1- 2У) 0 - 2/) , 2

+ATn2_p lo g n S A ^ n 2 p log n ^  K2n 2 p

whence, by (1.8), (1.7) obviously follows.
(1.7) and Lemma 4 prove (1.4).

-(«  -РУ) logn,
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Next we prove (1.6). In order to prove (1.6) we first verify the following inequality

npy "
(1-9) sup —  2 '^ i= v |sMvW - s mvW lp ^

O ^ n - c o o  S i n  V =  0

f -  X -JL l Ip/2
^ ^ l 2 ’(V+ 1)' '  P |̂s v̂W -Sm vW |2| •lv=0 J

If /7 =  2 then (1.9) follows by the following facts:

м2у (v +  l ) 2y
py =  2 y < a < i ,  /<:, —  g  (ушп).

In the case p <  2 we use again the Hölder inequality which gives that

( 1. 10) 2  '4«-ÍK,v( x ) - ‘V ,(x)|p S

í Í  (v+ lf “ p |s,v(x)-smv(x)|42 {Í((v + ir -pM“:í)2- p}1
lv = 0 J lv = 0 J

2 -» P_
2

By /?у<а<-^-<1 we have that

( 1 . 11)
n 2 2

2 ( y + i f r * ^ ~ P , ) =§
v=0

2 (а-l) „ 2  2

v=0
2(а — 1) 2 2—----+s—-  (a-py) +1 -5ГГ̂ (а-РУ)2—p 2—p .2-p

} =

K1{ n ^ +*-py^ U n ^ * - py)}  -  K2n ^ ° - Py\
This and (1.10) painly verify (1.9). 
To prove (1.6) we show that

b 2a
2y---+ 1

(1.12) /  { 2  (v +  !)2̂  P^ ^ v(x )-S mv(x)|2}dx == К  2  cl n
Z  lv = 0 n = l

An elementary calculation shows that

2(v + l)47 p) f \sllv( x ) - s mv(x)\2dx  =  ^(v + l)*̂  P̂ 22  <S =
n = m + l

=  2  2  (v + D 2(
<*) /*v 00 

2  cl —  к  2 ( ! * ■ (
a\ 12">+ . 

y~ >  2  cűm = 0 2m ^/iv<2m + l n = m v + 1 m — 0 \V = 1 n = 2m +1 /

Кг 2  2 mW y- r )  + 1) J "  c2 á  K2 2  cln
2 а

2y-j+l

n = 2m + l

which proves (1.12). Furthermore (1.10), (1.11) and (1.12) imply (1.6) plainly, and so 
the proof is completed.
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§ 2. Proof of the theorems

P roof of T heorem  1. By (2) Lemma 2 gives tha

(2 .1 )  I ( * ) - / ( * )  I =  °x(2~my)
holds a.e. Hence, using the notation mv—2m if 2m̂ /iv< 2 m+1, we obtain that

(2.2) hp(f, ß, p, {/iv}; x) Ш K-^-  J ( v  + 1 / - 1 (|s„v(x)- smv(x) |p+ |smy(x )~ /(x ) jp).
П  V = 0

Now let N„(m) denote the number of p v lying in the interval [2m, 2m+1) and 
vS/i. It is obvious that

(2.3) jV„(m) ^  min (n +  1, 2m) and 2  Nn(m) =  n +  1.
m  =  0

If 2,_1< и ^ 2 ' then, by (2.1), (2.3) and 0<у/?< /?ё1, we have that 

(2-4) A  2  ( v + l / - 1|sMv( x ) - / ( x ) |p S  ±  2  N n(mY ° x (2"myp) Snp v=0 np rn=0

S - U z  2 m 4 ( 2 - m v p ) +  J  | И о х ( 2 — » o }lm— 0 m =  í+1 J o, («-")•

This shows that if we can prove that

(2.5) A  2  (V +  1/-I|s„v(x)-Smv(*)r =  Ox(n~yp)
rl v=0

also holds a.e. then by (2 .2) the statement (6) is also proved.
So the rest of the proof is to verify (2.5). This can be proved by Lemma 5. First 

we divide the series (1) into two series as follows. For any fixed positive e we choose x 
such that

(2.6)

Now let

(2.7) 

and

(2.8)

2  c2nn2y <  e3.n=x
oo f c„ for n ^  X

2  a»<Pn(x)
n=0

with a„ = io for n >  X ,

oo rO for n S  X,
2  bncpn(x)

n=0
with bn = lc„ for tl >  X.

Denote sn{a\ x) and s„(b; x) the и-th partial sums of the series (2.7) and (2.8), respec
tively.

By the definitions it is clear that s„(x)=sn(a; x)+j„(b; x).
Since the number of the coefficients ап^ 0 is finite and p y ^ ß  we can apply 

Lemma 5 for the series (2.7) and a parameter /  instead of у which satisfies the con-
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ditions y'>y  and py'<ß.  Then we obtain that

. í í í . ( ö r r i ? , l o ( v + 1 ) ' ' ,|s ' - (''- *ж )

is finite a.e., whence
npy n

(2.9) "(n +  l ?  Ж  ^ +  ^  ~1 ^  ^  “  Smv ̂  ip =  °x w
holds a.e.

On the other hand Lemma 5 applying to (2.8), by (2.6), gives that

/ l a . ( ö í w .4 <v+1),“ |!- (í’; x)- s~ №'*>'r) ) i x - ™ -

This gives that

meas |jc |l im s u p ^ -^ -^ j  Z ( v + l ) í,- 1|sílv(b; x ) - s mv(b; x)|p] >  ej =§ Ke.

whence, by (2.9), the statement (2.5) follows a.e. 
As we have stated this completes the proof.

Proof o f  T heo rem  2 . The proof is similar to that of Theorem 1 and we shall use 
the notations given there. Here we have that

(2.10) C„(/, a, p, {p,}; x) == Z  ^;=i(lsRv(*)“ s»*(*)l'+ |smv( x ) - / ( x ) |p).
Л „  V = 0

The second sum in (2.10) can be estimated by (2.1), (2.3) and a ^ l  as fol
lows

(2 .11) Í 4 £ ! M * ) - / ( * ) I ' ^ 4  2  N n W o x{2 - ^ p) á
A „  v=0 П m = 0

sS 4 - {  i  2“ оя( 2 — » )  +  2 п*оЛ2 - myp)} =  ox(n~”),П lm = 0 m=/ +1 >

and so we only have to prove that

(2.12) 4  ÍMn:}|s„v(x )-smv(x)|p =  ох(в -,р0о8и)т ' 1).
A „  v=0

The proof o f  (2.12) follows the same line as that of (2.5), the only difference is 
that we use Lemma 6 (more precisely (1.4)) instead of Lemma 5, therefore we omit 
the details.

The statement (10) ensues from (2.10), (2.11) and (2.12) obviously.

Next we prove (4) under the assumptions a < a n d  (11). Then Lemma 2, by (11), 

gives the following estimation

|i2-n (x)-/(x )| =  0x(2 т (У~ р + 2))
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instead of (2.1), but this is sharper on account of a < y  than (2.1) is, so we can use

the estimation (2.1) during the proof. Consequently (2.11) holds. In order to prove 
(4) it is sufficient to verify that

(2.13) 2  ^ : J | s /lv( * ) - s mv(x)|p =  ox(n-yp)

also holds a.e. in (я, b). But (2.13) follows from (1.6) repeating the same considera
tions as we have made in the proof of (2.5).

Summing up our estimations we obtain (4).
Thus the proof is complete.

P roof of T heorem  3. First of all it is clear that if p ^ 2  then the condition 
p y < a ( S l )  implies that 1/2; thus we can apply Theorem A and obtain the 
estimation (3), whence, by Lemma 1, (9) follows. If 2 then in view o f Theorem 
В we have only to prove (9) for such parameters a to be varying in the interval

а =  у -  But then the parameter у is also less than 1/2, so we can conclude to (9)

as before, and this ends the proof.

P roof of T heorem  4. We prove (9) by means of Theorem 3 and Theorem B. 
Namely we show that if a S l ,  moreover

(2.14) a ' =  — (a —1) +  1 and y' =  y + 4 - — —
P 2 p

then the assumptions o f Theorem 3 with p '= 2 and a', y' instead of p, a and у are 
satisfied. Indeed, it is clear by a S l  and p = 2  that 0 < a ' s l ,  and by py<ct

„ , „ , 2 2 , 2
2y =2y +  l -----<  — а +  1 -------=  a ,

P P P
moreover on account of (12)

2 c W y' =  2 c l n y+1~ p
n=1 n=l

If а > 1  then the assumptions o f Theorem В are satisfied with p ’—2 and
2

, / given under (2.14). Namely by 1 2 /  =  2y +  l — — < 1 , and а '> 1  plainly. 

Next we use the following well-known inequality

(2.15) 2  an =  [ 2 a>.) for r -  1 and an ^  0 ;

and the following properties of the binomial-coefficients

(2.16) 0 <  Knx S  А* Ш Кгпх for а > - 1 .
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These estimations ensure that
в (  n —

2 4 £ ; M * ) - / ( * ) I P ^  M * ) - / ( * ) l 2 ^v=0 \v=0 /

^  k [ 2  А ^ К ( х ) - Я х ) \ * f .
\v = 0 '

It
1 ( " V/2

(2.17) C„(f  a, p, {/cv}; *) ^  К  [ Д  v1 I* ,(x )- / ( * )  l2J ^

( 1 * \ 1/2
-  Kin*"" h f  Л A ‘ - ^ x ) “ / ( x ) | 2 J  •

Now either Theorem 3 or Theorem В gives that C „(/, a.', 2, {kv}; х ) —ох(п~у')г 
and thus by (2.17)

a' a

C „ ( / ,  a> P> {fev}; *) =  0 *(и 2 p 7) =  ox(n- y)

holds a.e. in (a, b) in accordance with our statement.

P roof of Theorem 5. The proof runs similarly to that of Theorem 4, but now we
2

shall use the results o f Theorem 1 and Proposition A with p '= 2, ß ' = —(ß — l ) + l  

and y'=y+^:-----—. An easy calculation shows that /? ' , /> 0 ,  and if /1 =  1 then2 p

2y'=2y +  l ——< ß ' ^ l ,  and for yS =-1, by p y<  1, 2/ d < / ? .
P

So we have verified that with these parameters ß', у' and p '—2 the assumptions re
quired to the estimation (6) are satisfied, thus we have the following estimation

Hence we obtain that

(2. 18) * . ( / ,  ß', 2, Ы ;  x) =  ox(n~y)

a.e. in (a, b). Consequently, using inequalities (2.15) and (2.18), we obtain that

2 (v+iy'-1|s„v(*)-/(*)lp ^v«=0 ( n 2 v p/2
2(v+l)^(/'_1)|siIvW-/WI2 ^
v = 0 /

— Khp( f  ß \  2, {pVv}; x)n
yJL 
P 2 ox(nß- yp)

holds a.e., whence (6) obviously follows.
We have completed our proof.

P roof of T heo rem  6. Now Theorem 2 and Theorem В give the kernel of the 
proof. If a' and y' have the same meaning as in (2.14) and p '—2, then an elementary 
calculation shows that for a d  the assumptions o f Theorem 2 are fulfilled; and if 
a s l  then the conditions of Theorem В hold with the parameters a', /  and p' . Thus
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we always have the estimation C „(/, a', 2, {gv}; x) =  ox(n~r ). On the other hand 
by (2.17)

a ' a

c „ ( f ,  a, p; {k,}: x) s= Kn2 p C „(/, a', 2, {gv}; x).

These estimations together prove the statement o f Theorem 6.

P roof of T heorem  7. First we prove that if p S 2 then (13), (14) and (15) imply
(16). It is clear that if we can show that

(2.19) 2 V  ■= 2  =  0 ,(1 )v = 0

then (16) follows.
Denote

[At l i  for v ^  n,
I « + =  { 0 for v > n .

Using this notation and the Holder inequality we obtain that

(2.20) 2 an 4 x ) =  2  2  М=Я+М * )-/(* )Гm=0 2m S/i <2m + I

*  2 (  2  l^vW -/W I2)p/2( 2  (Hi=i]+)5r?)m = 0 2"1S/iv«:2”t + l '2mSpv<2>" + l

For ос=1 an elementary calculation gives that for any n

2 - 4

(2.21)
2m («-ib  2

2  a^ := a +), - F ^  a - 2  v ^  =  p2™̂  Ц < 2m +1 v=1

If (13) holds then P%P^ K  and so by (2.20) and (2.21)

со /  2m + l  \P /2

(2.22) Z * ’p(x) =  2  \ 2  l% (*)-/(*)l* =  2p(*)-m=0 \ k  — 2m )

Next we show that under the condition (13) the series Гр(х) converges a.e. in 
(a, b). Namely, by Lemma 3 and (13), the integral o f Tp(x) is finite, since

oo °  /2 m + l  —1 \ P / *  oo 00 _f__ i

2 /  2  |s* (x )- /(x )|2 =s К  2  2 * E£m ts К  Z n * ~  ES,
m=0 ~ V*= 2™ > m = 0 n=l

and thus the Beppo Levi theorem ensures the convergence of the series I p (x) a.e. 
This and (2.22) imply (2.19).

Under assumption (14) P^p^ K m ,  and then (2.20) and (2.21) give that

oo /2 ш + 1—1 \P /2  Л - —
2 : ’P( x ) ^  2 \  2  |s* (x )- /(x )|2 m ” 2 =  2 p(x)-m = 0 V k=2m /
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If we integrate term by term the last series we obtain by (14) and Lemma 3, that

f  2 l ( x) dx  — K  2  2 p E$mtn 2 =  К 2  n 2 1 (log n f  2 E* <v _  n __1

and hence we can get (2.19) as before.

If (15) holds then P%"^K  2m(*"T)

i  =  / {  2  Г
/  l m = 0  \  fc =  2m /  J

But Lemma 3 and (15) imply that

and thus we have to show that

p /2

i ^ k  2  2mxEgm 2  п' - ' е ;m=0 л=1

and this gives the way to conclude to (2.19).
Finally we prove the implication (17)=>(16), or what is the same we prove that 

(2.19) follows from (17).
By (2.15) and (2.16) we obtain that

(2.23) 2 l 'P(*) ^  í  2  ( A t t ) '  |s,vW - / ( x )|2) 2 ==\v = 0 /

^ k [ z  ^ i-n 1!^vW - / ( x ) |2] 2 =  K {2*: -4x ) ) \

2
where a = — (a—1) +  1.

P
It is clear that 0 < a ' s l  and thus by (17) with a =  a' and p = 2  the conditions 

under (13) are satisfied, therefore 2 n ' 2(x) = Ox(l)  a.e. in (a, h). This and (2.23) 
prove the implication (17) =>(16) obviously.

Thus Theorem 7 is proved.

P roof of T heorem  8. In order to prove (20) we show that

(2.24) 2 M * )  =  2 ( v+ 1 ) M v ( * ) - / ( jc) | '  =  0 ,(1 )  a.e.v = 0

In view of ß S  1 and (18), in the case p  =  2 (2.24) can be proved easily, namely if we 
integrate the series Zß’p(x) term by term then

o
/  2 Лрй л § 2 ( у+ 1 / - Ч ^  2 ( v+ i / - ' £ v2 < - ,д v = 0 v = 0

and thus Beppo Levi theorem proves (2.24).
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If p  < 2  then first we use the Holder’s inequality as follows 

ь «, ь
J  Z ß'p(x)dx= Z i y + i y - 1 /  K ( x ) - f ( * W d x s
i  v = ° a

oo Ь
^  К  2  (v + 1 y - ' i f  M * ) - / ( * ) l*  d x f *  ^v = 0 V

^  к  Z ( v + i ) ,i- 1^ v  =  K  2 ( v + D ', - 1^vpv=0 v=0

and this also implices (2.24) and (20).
2If 2 then first we define ß' by ß' =  (ß — 1)—+ 1. Then by (2.15) we have ob

viously that

(2.25) 2 ß'p (*) s  ( 2  ( v + i) w -1)7 1*,. ( * ) - / ( * ) #  ^

s  ( 2 ( v + i r - 1K vW - / ( x ) | 2̂  -  ( Z ß'-2( x ) f .

The assumptions and p = 2  imply that 0 < /J 'S l and thus the con
ditions given in (18) with ß' and p ' = 2 are satisfied, whence 2 ß ’Z(x) —Ox( 1) 
holds a.e. in (a, b) and this, by (2.25), proves (2.24) for p s 2 ,  too. The proof is com
plete.
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SOME EXAMPLES OF SUPERNILPOTENT 
NON-SPECIAL RADICALS

By
К. I. BEIDAR* (Ordzhonikidze) and K. SALAVOVÁ (Bratislava)

For a given associative ring A, we will denote by A any nonzero homomorphic 
image o f A, and write 7«=a A when 7 is a nonzero ideal o f A. For a given class M 
we have as usual the dual definitions 1/М={Л/а11 A (J M} and {Л/if /< Л
then l i  M}. Denote К(Л)= П {7/7<з Л, Л//€ AR} for a given radical class R and 
a ring A. For the basic notions and results o f the radical theory we refer to [2] and [10].

The first example o f supernilpotent non-special radical was given by J. M. 
Rjabuhin [7]. Later several authors were interested in problems of construction 
“sufficiently many” supernilpotent non-special radicals which satisfy some additional 
requirement. For example L. C. A. Van L eeuw en  and T. L. Jenkins [4] have given 
countably many supernilpotent non-special radicals such that their semisimple 
classes contain all fields and J. M. R jabuhin (see [8] or [2] p. 252, Theorem 5) has 
shown that every supernilpotent radical different from lower nil radical is the union 
of supernilpotent non-special radicals.

F. Szá sz  posed the following problem ([10], Problem 17): is it possible to cons
truct a countable infinite set of supernilpotent non-special radical classes R1( R2, ..., 
R„, ... suchthat SRm П SR„ =  {0} for m ^ n l  Note that F. S zá sz  [9] has constructed 
a countable infinite set o f special radical classes Rls R2, ..., R„, ... such that SRmH 
n S R „ = {0} for n^m .

In the present note we give an affirmate answer for this question o f F. Szász.
Let К  be a subset o f a ring Л. We denote AnnA K =  {aeA /aK =0=K a} .  A  class 

M of rings is called a weakly special class of rings if it satisfies the following three 
conditions:

(a) Every ring in the class M is a semiprime ring.
(b) Every nonzero ideal of a ring in M is itself a ring in M.
(c) If 7 is a ring in the class M, 7 is an ideal of a ring Л and AnnA 7 = 0  then 

AtEM (see [10] p. 67, or [2] p. 171).
A radical class R is called supernilpotent if it is hereditary and contains all nil- 

potent rings.

T heorem 1 (see [10] p. 67, or [2] p. 172). The radical class R is supernilpotent iff 
SR is a weakly special class. IfM. is a weakly special class and R=C/M then R04) =  
=  f){7/7 is an ideal o f  the ring A and Л/7еМ} for all rings A.

* This paper was done while the first author was a visitor at Slovak Technical University, 
Bratislava, Czechoslovakia.
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T heorem 2 (see [10] p. 72 or [2] p. 232). A supernilpotent radical class R is spe
cial iff every R-semisimple nonzero ring has an R-semisimple nonzero prime homo
morphic image.

C orollary 3. A supernilpotent radical class R is not special iff there exists an 
R-semisimple nonzero ring every homomorphic prime image of which is not R-semi
simple.

Let A be a ring and St„(T) be the standard identity of degree n (see [3], p. 328). 
Denote ü?(T) =  min (n /St^T ) is an identity of the ring A}. Let N„ be the class of 
all rings such that:

(i) Every ring in the class N„ is a semiprime ring.
(ii) If A 6N„ and I о  A then d(I)=n.

(iii) If Л €N„ and / о  A then the ring /  is not a prime ring.

L emma 4 (see [6] Theorem A or [5] Corollary 1). Let A be a prime ring, and let 
C(A) be the centre o f  the ring A. I f  St„(T) is a polynomial identity o f  the ring A, then 
С (А )^ 0 .

L emma 5. Let A be a semiprime ring, /< a  A, A nn^  1=0 and d(I)=n.  Then 
d( A )= n .

P roof. 1) Suppose that A is a prime ring and St2„ (X) is a polynomial identity 
o f  the ring I. We shall show that St2„(T) is a polynomial identity o f the ring A. 
Indeed, by Lemma 4, С(Г)?±0. Let > S = C (/)\{0 } . If  s, t i S  and a i A ,  then t a i l  
and

t ( s a —as) — tsa — (ta)s — tsa—s(ta) =  tsa — tsa — 0 .

But a prime ring has no nonzero central zero-divisors. Hence sa = a s  for all s i S ,  
a i A  and SQ C(A).  Let S _1A be a ring of fractions. It is clear that A Q S ~ 1A. 
Further, let S f  1at i S ~ 1A, where s t i S ,  a, iA for all i = l ,  2 , . . . ,  2n. Then

St^C î 1д1> ■■■ > szn a2n) =  ( s f  - s l )  1St2„(s1a1, ..., s^a^n) — 0

because ^ а ,€ / for all /= 1 , 2, ... ,  2л. Hence Sta^T) is an identity for rings S -1A 
and A.

2) Let R be the lower radical class generated by the class o f all nilpotent rings. 
It is well-known that R is a hereditary radical class. Further, let £P= {P<\A/P  is 
a prime ideal}, &>1 =  { P i 0 >/ P l £ l }  and L =  П {P /P i^f j .  It is well-known, that

R ( 4 ) =  П Л  R ( /)  =  R (z f )n /=  ( П Р ) П /=  LCU.
Pi» рс»г

Since A is a semiprime ring, R ( / l )= R ( /)—0. Hence L f l /= 0 .  But Ann^/=0. 
Therefore L =  0. We have d(I) =  n. Hence St2„(T) is a polynomial identity of the 
ring I. Let P i& x,  Ä=A/P ,  1 =  I /IDP.  It is clear that I<\A  and St2n(Z) is_a poly
nomial identity o f  the ring I. By (1) St2„(T) is an identity o f the ring A. Since 
П { P /P i0 >1} = L = O ,  the ring A is a subdirect product of rings which satisfy the poly
nomial identity St2„ (T). Hence St2„(T) is a polynomial identity o f the ring A and 
d(A)^n.  On the other hand d(A )^ d (I )= n .  Thus d(A)=n.
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T heorem  6 . The class N„ satisfies the following conditions:
1) The class N„ is nonzero for all n =  1,2,3, . . . .
2) The class N„ is a weakly special class.
3) The radical class R„ =  UNn determined by the weakly special class N„ is a 

supernilpotent non-special radical class.
4) I f  and A^O then d(A)=n.
5) SRm П 5'R„ for all m^n.

P ro o f . 1) Let В  be a Boolean ring without ideals with two elements (such rings 
were used by Rjabuhin in the construction o f a supernilpotent non-special radical 
(see [7]) and A =  M n(B) is the ring o f n Xn matrices over B. Since В is a commutative 
ring, d(A )=n  (see [1]). Clearly, A is a semiprime ring. Let I be an ideal of the ring A. 
Then I = M n(L), where L is an ideal of B. Thus d(I )=d(M„(L))—n. I f / i s  a prime 
ring, then L is also a prime ring. Since В is a Boolean ring without ideals with 
two elements L = 0 and 7=0. Remark that N „^{0} because A eN„.

2) Clearly, the class N„ has the property (a) from the definition of the weakly 
special class. Let /  be a nozero ideal o f the ring A and ^eN„. We shall show that 
7eN„. Let L be a nonzero ideal o f the ring /  and let L be an ideal o f the ring A gene
rated by L. It fojlows that U Q L  (see [10] p. 35). Since 4  eN„, A is a semiprime 
ring and so L3?±0, d ( I ) = n = d ( L 3). Consider the inclusion L3Q L Q I .  It 
follows that n = d ( L 3) ^ d ( L ) ^ d ( I ) = n  and the condition (ii) is satisfied.

If L  is a prime ring then so is L3. But L3 is an ideal of the ring A and this cont
radicts A eN„. Hence condition (iii) is satisfied and /€  N„. Therefore condition 
(b)is also satisfied for the class N„.

Let /  be a nonzero ideal of the ring A, AnnA 1 = 0  and /€N„. We shall prove 
that Л €N„ and condition (c) holds. Clearly, A is a semiprime ring. So condition (i) 
holds. Let L <\A . Since /€N„, d(I )= n  and d(LC\I)=n.  By Lemma 5, d(A)=n.  
We have L P I Q L ^ A .  Hence n = d { L C \ l ) = d ( L ) ^ d ( A ) = n  and d(L)=n.  Thus
(ii) holds.

If L  is a prime ring then so is L(~)I. But L P I  is an ideal o f the ring /  and 
7eN„. Therefore LPi 1=0,  L I = 0 and L Q A n n AI=Q.  This contradicts L^O.  
Hence the ring A satisfies condition (iii) and TeN„. Then N„ is a weakly special 
class becasue conditions (a), (b), (c) hold.

3) Let A be the ring which was constructed in step 1 o f our proof. We have 
proved that TsN„. Hence /4e5R„. If P is a prime ideal of the ring A, then P =  
= M n(L), where L  is a prime ideal o f the ring B. Clearly, A / P = M n(B/L) and B/L 
is a two element field. Therefore А/P  is a simple ring. If A / P íS R n, then А/P  is a 
subdirect product o f rings from the class N„. Then A/Pz  N„, because А/P  is a simple 
ring. But the class N„ has no prime rings. This is a contradiction. Hence A/P<{ SR„. 
By Corollary 3, R is not a special radical class.

4) Let A be a ring and A £ 5R„. By Theorem 1, A is a subdirect product of 
rings from the class N„. Hence d{A)=n.

5) It is clear now that 5Rmn  5'R„= {0}, m?±n.

Acknowledgment. We thank the referee for his valuable remarks.
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Introduction

In 1952, A. Rényi raised the following question: Let fdC[a,  b] (a, bd~R, a<b)  
be strictly positive, further let

a = *o,« <  *i,« <■■■< Хщп),п = b

be a system of partitions of the interval [a, b] into К  (rí) subintervals, with the property

lim max (x; Xj_i „) =  0 .П-*- oo i *

Introducing the quantities

*l , n
J  x f( x )d x

sUn =  -----------  (i =  1, 2, . . . ,K(n) ,  n =  1, 2, ...)

j  f ( x ) d x
Xl - l , n

the question is whether these numbers si n ( /= 1 ,2 , K(n)\ и= 1 ,2 , . . . )  uniquely
determine the function /  up to a constant factor.

This question was partially solved by I. V incze  [1], who proved that the answer 
is affirmative in the case /  is differentiable in [a, b\.

In the present paper we give a positive answer for a special class o f partitions 
and arbitrary / .  On the other hand, a counterexample will be given which shows that 
the answer is in general negative.

Results

T h eo rem . Let

a =  x0,n '' x l,n < • • • <  ̂ X(n),n —  b
be a system o f  partitions o f the finite interval [a, b], with the following properties:

A) lim max (х,1П-х ,-_1>n) = 0,Л-+- oo I
B) Xit„ is an element o f the set {x0>n+1, x1>n+1, xK(n+1)>n+1} fo r  all N,

0Ш^К(п) ,  and in all open intervals (xiy„, x i+1>„) we have at most one element o f
{x 0,b+ 1> ^l.n+l* x K(n + l),n + l}-

C) * ( ! ) = ! .
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Then the values

S:

If л
J  x f ( x ) d x
-1» n___________

f f ( x )  dx

i =  1, K(n), n =  1, 2,

uniquely determine the strictly positive function f(iC[a, b\ with the additional assum
ption

1 =  /  /(* )  dx-

P roof. For the proof, it is enough to show that the values siy„ uniquely determine 
the integrals

*i,i
H Un =  f  f { x )  dx  ( I s i s  K{n), n =  1, 2 ,...) .

*1- 1,n
This can be proved by induction for n. For n =  1,

*i,i b
Hi, i =  f  f { x ) d x =  f f ( x ) d x =  1.

*0,1 я
In the inductional step we distinguish two cases.

Core I. X i-i,ll+ i= *i-i,B and f ° r some ^—j=K(ri ) .  Then
^í, B+l H  j,n .

Сада II. Xi- ly„+1= X j - i>n and x i+lj„+1= x Jjn for some l ^ j ^ K ( n ) .  In this 
case we have the following equations:

t f i>n+i  +  t f i + i ,„ +1 — H j y„,

Due to the elementary fact J;,„+i^ ii+ i,„ + i this linear system uniquely determines 
the values # 1>n+1 and # i+lj„+1, hence the theorem is proved.

Counterexample. There exists a continuous non-constant function / >  0 defined 
on the interval [0, 1] and a partition o f  the interval satisfying Rényi's requirements such 
that for all intervals (x;_1(n,x i>n),

*l,n
J  x f {x ) d x

Si,n =  ------------- =  4 ( x i-u .+ xi»> (! -  г' -  В Д .  « =  1» 2, ...)
f  f { x ) d x  

*1- 1.»
i.e. f  has the same mass centers on the intervals o f  the system as the constant function

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



ON A PROBLEM OF A. RÉNYI 115

Proof. Let the numbers x ly„ be defined in the following way:

- n  - 1 1 _  9 99 _
*0>1 ’ X l> 1 _ 1 00’ X 2 1 - T ö5 *8 1 _ 1(Г,Х4-1 -  Ж ’ *6-1

For n>l ,  0^ i S5  ,
X i n  =  X ( i

10 :

Й —
if i =  0(mod 5),

X i n  =  x

X i ,

r n  + т ^ ' ( л:Г( 1 — ) if i =  1 (mod 5),
[t J’ " - 1 1 0 0 1  |т +1 1’п - 1 It J- " 11

г п  +  ттг(*Р 1 —Xrn ) if  i =  2(m od5),

Xi,n =  Xri-i +-7k {xtí  1 —лгг i 1 ) if  i =  3 (mod 5),Ы "-1 101 [т+1],п_1 ItJ"-1'

99
Xi,„ =  xri-| +-Г7Г7Г ixr • 1 - X p i  1 if 1 =  4 (mod 5).

We shall construct positive step functions hl t h2, ... such that

1 p A
J  xhn( x ) d x

(0 -------------=f h„(x)dx
Xi - 1, К

for all 1 ^ K ^ n ,  0< i ^ 5 K.

(ii) All hn are constants on the intervals (хг_1>п, лг4>в) for 0«=is5".

(iü) lim l s max_i |/i„(лт4>„—0) —A„ (лг̂ ,,+ 0) | =  0.

(iv) n fim^ max \hn(x) -  hm(x)| =  0.

(v) h„(0) =  10, h„(l) =  11 for all n€ N.

(vi) h„(x) s  1 for all n£N, x€[0, 1].

(i)—(vi) imply (using well-known results of the classical analysis) that h„ converges
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uniformly to a function / ,  which has the desired properties.

10

10.5 +

h1(x) =  10.5

1 0 .5 -

11

495
8010

495
8010

if jc€ 

if

if x£ 

if x£ 

if

[°> ж ]

Í J _  _L1
U 0 0 ’ 10  J

í -  - 1W 0  ’ i o J
f_9_ _99
1 10 ’ 10(

Í—  ll1 100 ’ J

i(x) =■<

10 if *£[0, *i,„+i]
11 if x£(xS"_\ *я+1>
Cl if

c2 if *€(**-!,„+1,
C3 if *€(*i-i,n+i>
Cl if * € (* .- i,n+i,
C5 if *€(X j-i,„+i,

where
2 1

C i =  у  h n ( X i - i , n + i + t y + j  K i x t - i . n + i - t y ,

2 1
c5 =  у  K ( x Un+1- 0 ) + j  /in(xi>n+1+0),

495
c2 =  h„Oi>n+i ) -  щ у  (ci -  cs).

с« =  h (Xi, п + 1 ) + щ у  ( C i - c 6),

c3 =  ^и(л«,и + 1)+ '^ '(^п (л:>-2.п + 1 +  0) —cx) +  ■^-(hn(xf + 2,I) + 1 —0) —c5).

It is easy to show that all hn satisfy (ii).
(i) follows from (ii) and

Xi ,K Xi , K Xi , K  X i , K
f  x h , ( x ) d x =  f  xhl+1(x)dx, f  h , { x ) d x =  f  hl+1(x)dx

1- 1, К

for all Шк,  which can be checked easily.
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Also, an elementary computation shows that

(1 ) l^i^5" + l —1iS w + i-i №n+ i( x i,n+ i  0) +1 (*>,n+ i+ o ) l  —

9
\K(.Xi ,n-0)-hn(xUn+0)\.

This clearly implies (iii). (v) is straightforward.
The following relations can be derived by means o f the definitions o f clt  c2, c3, 

Ci, cs , h„, hn+1.

By (1), this implies (iv), and also (vi). Being /(0 )  =  10, and /(1 )= 1 1 , /  cannot be 
constant. Q.E.D.

In consequence of the result by Vincze we have the following.

Corollary. The function given in the counterexample is non-differentiable on an 
everywhere dense set in [0, 1].

It is still an open question whether /  is non-diiferentiable almost everywhere in 
[0, 1].

Acknowledgement. The author wishes to thank Professor I. Vincze the constant 
encouragement and valuable remarks during the preparation o f this paper.

(the last formula follows from (2) and (3)). 
According to the definition of hn+1,

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



118 Á. P. BOSZNAY: ON A PROBLEM OF A. RÉNYI

References

[1] I. Vincze, Determination o f distributions by means of their conditional expectations (in Hunga
rian), MTA III. Oszt. Közi. 4 (1954), 513—523.

(Received March 30,1981)

TE C H N IC A L  UNIVERSITY 
D E PA R T M E N T  OF M ATHEM ATICS 
B U DA PEST, M ŰEGYETEM  R K P. 3—9. Н-Ш1

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



Acta Math. Acad. Sei. Hungar. 
40 (1—2), (1982), 119— 123.

ON COMMON TERMS OF LINEAR RECURRENCES
By

P. KISS (Eger)

Let G={G„}”=0 be a linear recurrence defined by rational integer constants 
/с(>1), G0, G1, ..., С*-!, A x, A2, ..., Ak and by the recursion

G„ =  A1G„-1+ A 2G„_2+ . . . + A kGn_k (n ^  fc).

We suppose that not all the G/s are zero and AkA 0. Denote the distinct roots of 
the characteristic polynomial

g(x) =  xk—A1xk- 1 — . . . —Ak- 1x —Ak

by a=oc1, a2, a„, where a; has multiplicity mt. We suppose that 1 and
|а |> |а г| for /= 2 ,3 , и. It is known that

G„ =  аа"+Ра(п )а 2 + ...+ Р в(п)а2

for и SO, where Рг(и) is a polynomial o f degree at most 1; furthermore a and 
the coefficients of Р,-(л) are algebraic numbers from the field Q(al5 a2, a„). In
the following we assume a  ̂ 0 .

Let H =  {//„}“=0 be another linear recurrence with the characteristic polynomial 

A(x) =  xr—B1xr- 1—... — Br- 1x —Br
and with explicit form

Hn =  bßn+ F 2(n)ßZ+.. .  +  Fv(n)ß1,

where ß = ß k, ß2, ..., ßv are the distinct roots o f h(x). We suppose that v > l ,  bAO  
and \ß\>\ßi\  for / = 2,3,

Let Px, р г , . . . ,ps be rational primes and denote the set of rational integers which 
have only these primes as prime factors by S.

In [6], with K. Győry and A. Schinzel we showed that if G is Lucas or Lehmer 
sequence ( k = 2), then
(1) Gxt S

holds only for finitely many sequences G and for finitely many integers x. K. G yőry [5] 
improved this result giving explicit upper bound for x  and for the constants o f the 
sequences which satisfy (1). J. H. Loxton and A. J. van der Poorten [8] proved that 
if И&2 and G is a non-degenerate sequence (i.e. neither at nor ajaj  are roots of  
unity for / , / =  1, 2, . . . ,  и and iA j )  then the set of integers x  satifying (1) has density 
zero.

The diophantine equation
(2) Gx =  wyq
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was also studied by several authors. O. W yler [15] and J. H. E. C o h n  [4] proved that 
if  G is the Fibonacci sequence, vv= 1 or 2 and q = 2, then (2) has only a finite number 
o f integer solutions x,y.  T. N. S h o r e y  and C. L. Stew ar t  [14] showed that if G 
is a non-degenerate recurrence, у  >  1 and q >  1, then (2) implies the inequality 
q < C ,  where C  is an effectively computable constant in terms of w and the parameters 
o f the sequence G.  They proved that x  and у  are also bounded for second order re
currences. A. P e t h ő  [11, 12] proved similar results for second order recurrences 
supposing (A1, A 2)= 1  and furthermore he gave an upper bound for w, too.
If G is the Fibonacci sequence, A . P ethő  [13] gave all the solutions o f the equations 
Gx=pya and Gx= p 2y 3, where p  is a prime with some restrictions.

M. M ig n o t t e  [9,10] studied the common terms of two sequences. He proved 
that if a and ß  are multiplicatively independent, then the equation

(3) Gx =  Hy

has only finitely many integer solutions x, y.  He showed that if (3) has infinitely many 
solutions then a and ß are multiplicatively dependent and the set o f solutions is the 
union of a finite set and a finite number o f arithmetical progressions.

If the sequence H  is equivalent to G then (3) has the form

(4) GX =  G,.

Denote the number of solutions o f (4) with fixed x  and Gx—t by m(t).  The maxi
mum value o f  m(t)  is called the multiplicity o f sequence G. For non-degenerate 
second order sequences К. K. K u b o t a  [7] prowed that m (t )^ 4 .  F. B eukers [3] 
improved this result by showing m ( i ) + m ( - i ) s 3 ,  with finitely many exceptions. 

The purpose of this paper is to study the generalizations of relations (1), (2) and
(4) . We prove the following theorems and consequences.

T heorem  1. Let < 7 = {G’„}“=0 be a linear recurrence with |a| =  |a1|> | a i| fo r  
7=2 ,3 , . . . ,  u. Suppose that G ^ a é  for i > n 0, where n0 is a constant integer. Let S  
be the set o f  integers which can be written in the form + p l1...pes% where p lf ...,p„ 
are fixed prim es and efSO (1 = 1 ,2 , . . . ,  j). I f  GX£ S  then x < « l5 where щ is an 
explicitly computable number depending only on the set S, the parameters o f the se
quence G and on n0.

T h eorem  2. Let G and H  be linear recurrences with conditions |a| =  la j  >  |a ;| 
and |/?| =  |/?1|> |/?J| ( 7 = 2 ,3 , . . . ,  и and /= 2 ,  3, ..., v) and let S  be the set defined in 
Theorem 1. Suppose that G ^aoc', Hj 7i bßj and s1aot,?*s2bßJ fo r  i , j > n 0 and for  
any integer s1, s 2€S. I f

(5) Si Gx =  s2 H y

with , s2(z S , then max (x, y ) < n 2, where n2 is an explicitly computable number 
depending only on the set S, the parameters o f  sequences G and H  and on n0.

C o r o l l a r y  1. Let G and S  be defined as in Theorem 1. Suppose that a ‘$ S  for  
any integer i. I f  s\Gx= s 2Gy with slr s2£ S  and x ^ y ,  then max(x, y)-=n3, where 
n3 is an explicitly computable number depending only on the set S , the parameters o f  
sequence G and on n0.
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C orollary 2. Let G be a linear recurrence defined as in Theorem 1. Then the mul
tiplicity o f the sequence G is finite.

We note that the theorems do not hold generally without conditions. For exam
ple, let G be a second order recurrence defined by parameters G0— 1, Gt =3,  Ax= 5 
and A2= —6. In this case a =  a1 =  3, a2= 2  and Gn =  3" for пёО. Thus if 3£ S  
and s1Gx= s 2Hy has a solution then it has infinitely many solutions.

For the proofs o f theorems we need a result due to A. Baker.

L em m a . Let
Л =  Vo+Vi lo g o)1 +  lo g a>„,

where the y’s and cal's denote algebraic numbers (co^O or 1). We assume that not 
all the y's are 0, and that the logarithms mean their principal values. Suppose that cot and 
у I have heights at most M t (= 4 ) and В  (= 4), respectively, and that the field К  ge
nerated by the cal's and y's over the rational numbers has degree at most d. I f  Л^О then

\A\ >  (BQ)-CQlo*n'
where

Q — log Mx • log M 2 • . . .  -logAfn, Q' -- fi/logM„ 

and C =  (16 nd)200".

I f  yo= 0  and  y i, ...,y„ are rational integers then |Л |>  В _СШовП'.

(See A. B aker  [1] or A. B ak er  and C. L. St e w a r t  [2].)
Theorem 1 follows from Theorem 2 since we can choose a sequence H  such that 

the assumptions of Theorem 2 are satisfied but 1 is contained in Я  as a term. Thus we 
have to prove only Theorem 2.

P roof of T heorem  2. Without loss of generality we may assume that 
and ($!, s2)=  1 if equation (5) holds for some integers x, y , and s2. In what follows 
Cj, c2, . . . ,щ , п 5, ... denote positive numbers which are explicitly computable and 
depend only on the set S' and the parameters of sequences G and Я.

Since

(6) Gx =  aax [ l +  P2(x) ( ^ )  + . . .  +  Pu(x) ( ^ - )  ],

|af/a |< l  (/= 2 , 3, ..., u) and |a |>l ,

(7) \GX\ <

In a similar manner we get

( 8 )  \H , \  <  e ci 2 y

for p >  0. If (5) holds for integers x, y , Sx , s2 then by s\, s.fiS  we have |sx| =  

П p\‘ (e'i SO ) and |s2| =  f [ p?< (e, SO), therefore pb\G  and р*‘\Ну, by (7)
i = 1 i = l

and (8), imply the inequalities 0 á c , <  , C|* - <  c3x  and 0 s e [  <  -~СгУ <  c .y
log Pi log Pi
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for / =  1,2, s. Using (6), equation (5) can be written in the form

(9)

where, by the inequalities

Si a or 
Safi,

=  ( l + e 1) - 1,

|а(/а |< 1  ( / = 2 , 3 ,  . .. ,u ),

2  p i(x)> = 2

for x > n 4. We may assume that Ну^ 0  since Gx?±0 for x  large enough, further 
Ej^O by the conditions o f the theorem. Thus by (9) we get

(10) [log Ы - l o g  [s2|+ lo g  |a |+*log  |a| —log \Hy\\ =  \Л\ =  log II+ ê  <  e~c>x

and 0< |Л |  for X> и 5. We shall use Baker’s result detailed in the Lemma. Now 
log \s1\ = e [ \o g p 1 +  . . .+e'„\ogps and log |.r2|=<?ilog/?1 +  . . .+<’s logps, where е ^ с 3х 
and e -< c4y, thus in our case n ^ s + 3  (since (.r1, i 2) = l ) ,  T /)<c7 (t'72=4 and 
/< « ) , M n—\Hy\ =  \bßy( l + £ 2) \ <ec*y (for y > 0 ), i /g c 9, Q ^ c 10y  and Q '^ cn . By 
the Lemma we have

(11) \Л\ >  B 'ci*y >  (C13x)~ci*y >  е~сг,у'овх

since B < c 13x  by the condition x = y .  Comparing inequalities (10) and (11), we get

( 12) У
x

logx

for x > n &.
If y = 0  then M „=\H0\ and so Q =  cle. This implies the inequality | / l |> e _ci7log*. 

But this contradicts (10) if x > n e.
Equation (5) can be written in the form

(13)

too, where

s^ a*  1+ e2 
s2bßy l+ £ i  ’

= <  e ci8y

for y > щ.  We may suppose that у  if x > n s, by (12). Using the assumption 
x ^ y  and the conditions of the theorem, (13) implies the inequality

(14) lo g |s j |- lo g |s2| +  log + x I o g |a |—у log \ß\

=  \Л'\ =  [log [ 1T e2 | log 11T Ej I [ ^  2 (|e1| +  |e2|) <  e c™y

for x > n 9, furthermore \Л'\>0. We again use the Lemma. In this case n S j + 3 ,  
B~<c20x, M t< c 21 (&4 and /= 1 ,  2, ..., и), d S c 22 and £21og ß '< c 23, so

(15) \Л'\ >  (c20x) cm >  e c25logx.
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But (14) and (15) imply у < с 2вlo g *  which contradicts (12) if  x > ttw , thus Theo
rem 2 is true with n2=m ax (и„, n4, n5, ..., nu ).

In the proof of Theorem 2 we did not use the restriction G ^ H  therefore Co
rollary 1 is true since the sequences G and H = G  satisfy the conditions. Corollary 2 
is also true as an obvious consequence o f Corollary 1.
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TEMPERED GENERALIZED FUNCTIONS AND 
THEIR FOURIER TRANSFORMS

By
Á. SZÁZ (Debrecen)

0. Introduction. This paper forms a continuation of our study o f quotient multi
pliers and generalized functions [12]—[22]. However, the reader is assumed to be well 
acquainted only with the first section of [13], where the multiplier extension o f ad
missible vector modules was described to have a general algebraic framework for an 
abstract theory of generalized functions.

The paper [13] needs some corrigendum. In Definition 1.1, we forgot to stress 
that őS^{0}. Definition 1.6 contains two misprints, however the reader can easily 
correct them. The addition in Ш(л/, ŐS), according to our original notation [12], 
should be denoted by a boldface plus. Moreover, we meantime observed that our 
construction of the multiplier extensions of admissible vector modules greatly re
sembles that of quotient modules defined by Gabriel topologies [7].

In the present paper, we are mainly concerned with the multiplier extension 
lW l(if)= iO l(if, i f )  of the convolution algebra i f  of rapidly decreasing functions 
and its Fourier transform. However, as some helpful tools, the multiplier extensions 
Щ @ ), Щ & , i f ) ,  Щ ® , Ф), Ф) and Ш(Я, 8), where Ф stands for either Фс
or Фм [3], are also used.

In Section 1, we study the non-zero divisor subsets [13] of the above admissible 
convolution vector modules of test functions. For example, we show that a subset 
D  of i f  is not a divisor of zero in i f  if and only if the set

Z(D ) =  П р€1Р:ф (0 =  0}
4>ÍD

has empty interior in Rk.
In Section 2, using a reasonable concept of identification of generalized functions, 

we show that
5Ш(0) =  9 t(0 , i f )  с  Ш(2>, i f )  c: G (^ )  с

and
Ml (ß , Ф) c  931 { if ,  Ф) and m (£ f, Фс) = SJl { if ,  Фм),

where Q (if )  denotes the classical quotient algebra of i f .
In Section 3, identifying Schwartz distributions as convolutors (convolution 

operators), we prove that

2 '  c m  {@ ,8), i f ' t z  9Я ( i f ,  Фм), 6 £ c 9 И (^), Г с Ю 1 (§ )

such that the corresponding distributions are the only total (resp. continuous) ele
ments of the corresponding multiplier extensions.
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In Section 4, we define the Fourier transform of Ш (9) as a natural extension 
o f the classical Fourier transform o f 9  such that it turns out to be an algebraic and 
topological isomorphism of 9J1 ( 9 )  onto 9Ji (,9е), where 9  denotes 9  as a function 
algebra, and the multiplier extensions 401(9) and 401(9) are considered to be equip
ped with the locally convex topologies described in [19]. After embedding some 
distributions into 401(9), we can show that the Fourier transform of 401(9) also 
extends a larger restriction o f the distributional one, and we have ( 9 '  П 401(9))" =  
9 '  n  401(9), and (401(9) П 401(9, 0М)Г < =  S  and (401(9) П 4)1(9, <9M) ) ~ c = .<  
where s i  denotes the subspace o f S  consisting of all analytic functions.

Finally, we indicate that using the Fourier transform of 401(9), it is also possible 
to define the Fourier transforms o f the multiplier extensions 400(9, (3M) and 401(2, S) 
(and also the Mikusinski operator field 40i(SR), where SR denotes the convolution 
algebra of functions in S  with supports in various right-sided orthants [10]) in a na
tural way within the framework o f our theory.

1. Test functions. The spaces 9 ) c z 9  a  <5c c.Q M( z S  o f infinitely differentiable 
functions from R* into C are the most important test function spaces for Schwartz 
distributions [3], [23].

Under convolution

( / *  g) ( x )  =  [ f ( x  - y ) g  O ) dmk (y ),
Rk

where dmk(y)= (2n )~ kl2dy, they become, as called in [13], admissible vector modules.
For instance, 9  and 9  are admissible algebras, <9C and 0M are admissible 9 -  

vector modules, and S  is an admissible ^-vector module.
Before considering their multiplier extensions, it is suitable to study their non

zero divisor subsets. For this, we need the Fourier transform

/ ( 0 =  /  f ( y ) e ~ ity dmk(y)

which is a topological vector space isomorphism of 9  onto 9  such that ( f * g Y  — 
= fg  for all f , g i 9  [6].

D efinition 1.1. For D c .9 ,  define

Z ( D ) =  П {í€R‘ :<ÍK0 =  0}.
<PZD

Theorem 1.2. Let D a 9 .  Then D is not a divisor o f  zero in 9  i f  and only i f  
Z (D )°=  0 .

Proof. Suppose first that D  is not a divisor of zero in 9 .  To prove that 
Z (D )°=  0 , assume to the contrary that there exists an open set 0  9  UczRk such 
that U a Z (D ).  Then, since S c ^  and 9 —9 ,  there exists 0 9 f £ 9  such that 
supp f a l l .  Thus, we have (f* (p Y  = f g = 0, and hence f* (p  — 0 for all (p£D, 
a contradiction.

Now suppose that Z (D )°— 0 . To prove that D  is not a divisor of zero in 9 ,  
assume that f £ 9  such that f * ( p = 0 for all cp£D. Then, we have f g —(f* (p Y  = 0
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for all (pdD. Hence, since Z (D )°—0  and /  is continuous, we can infer that / =  0, 
which implies / = 0.

C o ro llary  1.3. The admissible 2 - vector module i f  has no proper divisors o f  zero.

P roof. If 0 ?±(р£2, then ф is a non-zero analytic function on Rfc [6, 7.22 Theo
rem] which may have only isolated zeros, and thus by Theorem 1.2, (p is not a divi
sor of zero in i f .

T heorem  1.4. Let D a i f .  Then D is not a divisor o f zero in 0C i f  and only i f  D  
is not a divisor o f  zero in <SM.

P roof. T o prove the nontrivial part, suppose that D is not a divisor of zero in 
<SC. Let /£б>м such that f* (p  — 0 for all cpiD. Then, we also have (f* a )* c p ~  
= ( f* (p )* o = 0  for all cp£D and o d 2 .  Hence, since f*a^(Sc for all о £ 2  [3, 
Proposition 4.11.7], by the assumption, we can infer that f * a = 0 for all a ^ 2 ,  
and this implies / = 0.

T heorem  1.5. Let D c y ,  and suppose that D is not a divisor o f zero in (SM. 
Then Z (D )=  0 .

P roof. Let tCR*, and define the function e, on Rk by e, (x )= exp itx. Then 
e,d(9M, and thus by the assumption, there exists <p£Z> suchthat et *(p?± 0. Hence, 
since ег*(р — ф(1)е,, it follows that 0(t)^ O . This shows that t$Z (D ).

P roblems 1.6 . (i) Is the converse of Theorem 1.5 also true? (Our conjecture is 
that this is the case, and we think that an analogue of [6, 9.3. Theorem] can be used 
to prove it.) (ii) Do D a 2  and Z(D) =  0  imply that D  is not a divisor o f  
zero in SI

2. Identification of generalized functions. After some natural identifications, for 
the duals of test function spaces we have S' a  <9'u a  ®'c a  i f '  a  2 ' .  For the 
multiplier extensions of the admissible convolution vector modules o f test functions 
there are no such straightforward inclusions. However, we still have the following 
obvious theorems.

T heorem  2.1. The mapping defined on Ш (2) by F—F, where F denotes the ma
ximal extension o f  F in the 2-vector module i f  [13, Definition 1.4], is an algebra iso
morphism o f 401(2) onto 44(2, i f )  which also preserves 2  functions.

P roof. This is quite obvious by Corollary 1.3. (Note that by [13, Definition 1.14], 
we have 2 a 4 0 l(2 )  and 2 a l l (2 , if) .)

D efin itio n  2.2. Let S  be the family of all elements of i f  which are not divisors 
of zero in i f ,  and define

Q (^ )  =  {FCäKOSOiüflTS *  0 1 -

Note that LI ( i f  ) consists of all elements F o f Ш (И) which can be written in the form 
F=F((p)/<p [13. Definition 1.19], and thus Q (if )  may be viewed as the classical quo
tient algebra o f i f .
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Theorem 23 . The mapping defined on Ш{3), if) by F-*F, where F denotes the 
maximal extension o f F in if , is a vector space isomorphism o f  SOI (0 , if ) into Q(if) 
such that F * Ф =Р *Ф for all F£9Ji(0, if) and Ф£91(0, if). Moreover, this 
mapping also preserves i f  functions.

Proof. This is also quite obvious by Corollary 1.3.

Theorem 2.4. Let G stand for either Gc or GM. Then the mapping defined on 
9)1(0, (9) by F-+F, where F denotes the maximal extension o f  F in the if-vector module 
G, is a vector space isomorphism o f  9)1(0, G) into Ш(И, (9) which takes 91(0, G) into 
9 l(if,G ) such that F * Ф =  Р *Ф  for all F(E 9)1(0, G) and Ф£91(0, G). Moreover, 
this mapping also preserves G functions.

Proof. Obvious.

T heo rem  2.5. The mapping defined on 9J1 ( i f ,  Gc) by F —F, where F denotes the 
maximal extension o f F in the if-vector module GM, is a vector space isomorphism o f  
dJl(ff, Gc) onto 9R{if, GM) which takes 9 l{ if ,  Gc) onto 91(0’, GM) such that Р *Ф  =  
= Р * Ф  fo r all F i9R {.f, Gc) and Ф 691(0’, &c). Moreover, this mapping also pre
serves Gc functions.

P r o o f . This is quite obvious by Theorem 1.4. (To prove that the above mapping 
is onto 9R{Sf, GM), note that if F£9R{if, GM), then F{(p * ф) =  F(<p)* ij/£Gc for all 
(piD F and f i i f ,  and thus the domain D Fu of F0=F C ]{ifX G c) is not a divisor of 
zero in GM since DF* ifc z D Po. Consequently, /-’об 9)1(0, Gc) and F0—F.)

R emark 2.6. By the above theorems, we may write

9)1(0) =  91(0, if) с  9K(0, if) c  Q (0 ) с  9)1(0),
and

9R (0 , в) с  9Л { if , G) and 91 (0 , G) =  9? { i f ,  G), 

where G=GC or GM\ and 9)1(0, Gc) =  9>t(0, GM) and 91 { if ,  Gc) — 91 { i f ,  GM).

Example 2.7. We have 91(0, £f)f3Jl{9, if).
To see this, pick C M /60 such that / 6 0 .  Then /£9(1(0 , if ), but since 

{ f  * cp)~ = fg £ 3 > \{0 }, and hence / * < p € 0 \ 0  for all 0 ̂ <p£0, we have /(f  91(0, if ).
Problems 2.8. Are the other inclusions in Remark 2.6 also proper?

Remark 2.9. The importance of the embeddings made complete in Remark 2.6 
lies in that they show that it is sufficient to consider only the multiplier extensions 
9>t(0), 9>l(0, GM) and 9)1(0, S).

The investigation o f the relationship o f the above multiplier extensions needs 
a general concept of identification of generalized functions, and also the solution of 
Problems 1.6.

The following definition seems to be quite natural. For /= 1 ,2 , let 
c 0 ,c :< f  be appropriate subspaces of S' such that under convolution 0 ; forms an 
.^/-vector module. The generalized functions F f9 )l{sf;, 0 f) (/= 1 ,2 ) are to be 
identified if  the domain o f Fx П T2 is not a divisor of zero in both 0S1 and 0 2- (Note
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that in this case we have F = F 1lTF2€9Jl(.s/ifW 2, á^D á^), F1= F 1 and F2 =  F2 
where the bars denote the corresponding maximal extensions.)

However, we do not know whether or not this definition may lead to confusions 
or contradictions. In spite of this, it seems reasonable to use the notations Ш(И)П 
Г \Щ У ,0 м), Щ У )Г )Щ 2 ,£ ) ,  Щ У ,О м) П etc. in the above sense. 
As an illustration, the obvious inclusion 91(2, S) c. f f l( if )  П 9R (if, QM) can 
be mentioned.

3. Embedding of distributions. For embedding of 2 '  into 9Л(2, S), in [12] and 
[21], we have proved the following theorem which has its origin in [8].

T heorem  3.1. For A d 2 ', let FA be the function defined on 2  by FA(q>) =  A*(p. 
Then the mapping defined on 2 '  by A-*F a is a vector space isomorphism o f  2 '  into 
Ш (2, S) which takes 2 '  onto Hom3 ( 2 ,  S) and S' onto Homs (2 ,  2 )  such that 
FAl*M= F At*F A, for all A f 2 '  and A2£S'. Moreover, this mapping also preserves 
S functions.

For embedding o f i f '  into 9Sl(if, 0M), we can prove here a similar theorem.

T heorem  3.2. For Ad if ' ,  let FA be the function defined on ST by FA((p)=A  * <p. 
Then the mapping defined on i f '  by A~*Fa is a vector space isomrphism o f  i f '  into 
9R(if, 0M) which takes i f ’ onto Homy  ( i f ,  QM) and Oq onto Homy ( if ,  i f )  such that 
FAl*A2= F Al* FAa for all A f i i f '  and A2d&^. Moreover, this mapping also preserves 
&M functions.

P r o o f . The only part which needs proof is that the above mapping takes i f '  
onto Homy  ( i f ,  GM) and G'c onto Hom^ ( i f ,  if) . We shall prove only the latter asser
tion, since the proof o f the former one is similar, but simpler.

If A£Oc , then by [3, Theorem 4.11.3 and Proposition 4.11.5], FA(<p)~ =  
=  (A*(p)~ =  0ÄGif ,  and hence FA((p)d i f  for all (p d if, which shows that 
FAd Hom^ ( i f ,  if) .  (For another proof, one may turn to [22, Theorem 30.1].)

Now suppose that Fd Homy ( i f ,  i f ) ,  and define the functional A on i f  by 
A(cp)=F((p)( 0). Then Ad if ' ,  since by the closed graph theorem F is  a continuons 
mapping o f i f  into i f  [22]. Furthermore, a similar computation as in the proof of 
[12, Theorem 3.5] shows that F(cp)= A*cp =  FA((p) for all (pdif- Thus, it remains 
only to show that AdG’c • We have фЛ — (A*<p)~= F ( (p fd if  for all (pdif. 
Hence, choosing (pnd i f  suchthat 0 „ ( í ) = 1 if we can infer that AdS.
Thus, by [3, Proposition 4.11.5], we also have ÄG0M. Hence, by [3, Theorem 
4.11.3], it is clear that Ad@c-

R emark 3.3. Since by [3, Proposition 4.11.7], A*(pd@c for all A d if '  and 
(pdif, one may replace GM by 0C in the above theorem. However, the space 6M 
seems to be more convenient for all purposes.

R em ark  3.4. By Theorems 3.1 and 3.2, we may write 2 'а Ш ( 2 ,  S) and 
if 'cz9 )\(if , (PM). After these embeddings, we also have S 'а Ш (2 )  and G c d iil( if) .  
Moreover, it is noteworthy that the corresponding distributions are the only total 
(resp. continuous) elements of the corresponding multiplier extensions.

R em ark  3.5. The above embeddings o f distributions are also consistent with the 
identification of generalized functions considered in Remark 2.9.
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Namely, if Л -^Q)' and A ^ fif' such that the domain D f a  пел of FAlC\FÁ2 
is not a divisor o f  zero in S, then we have

(Л1*(р — Л2*(р)*ф =  (Л1* ф —Л2*ф)(р =  (FÄl (ф) -  ЕЛг (ф)) ж q> =  0

for all (p£3> and ij/d.S>F. nr,, , and hence A1*cp — A2*q) for all (pd@, which 
• 1 2 implies that Лг =  A2.

P roblems 3.6. In the sense o f Remark 2.9, we may ask: Are the inclusions 

9 ' < = @ ' П Ж ( 9 ,0 м) с & '  and c  ST  П Щ 9 )  c  ST 

where i f ’ is now considered as a subspace of 9)1 ( i f , 0M), proper?

4. Fourier transforms. Though 9 ” = i f ,  we still need the notation i f  to indicate 
that i f  is considered as an algebra under pointwise multiplication. Since the Fourier 
transform of i f  is an isomorphism o f the convolution algebra i f  onto the function 
algebra i f ,  it seems quite natural to have

D efinition  4.1. For F d9)\(if), the function F  defined on DF by F (0)=F ((py  
is called the Fourier transform o f F.

T heorem  4.2. The mapping defined on 9)1(9) by F-*F is the unique algebra iso
morphism o f  9)1 ( i f ) onto 901(9) which extends the classical Fourier transform o f if.

Proof. Everything stated here is clear. However, for a better understanding o f  
Definition 4.1, we show the uniqueness of the Fourier transform o f 9)1(9). For this, 
suppose that F -*F  is a mapping o f 901 ( if )  into 901(9) such that / = /  and (F * /) '  =  
—P f  for all F d90l(9) and fd .9 .  If Fd90l(9), then using [13, Proposition 1.16], 
we have

Р(ф) = F(<p)~ =  F(q>)' = (F * ф ) '= Р ф = Р ф

and hence F(tp)—F(0) for all <pf_DF. Since DF is not a divisor o f zero in if, this 
implies that P—F.

To show that the Fourier transform of 9R(if) also extends some larger restric
tion of distributional one, we have to consider some tempered distributions to be 
embedded in 9)1(9).

T heorem  4.3. Let J f  be the fam ily o f all distributions A f i f '  fo r  which the set 
ÉA, where Ел =  {с р £ 9 : <pAd9), is not a divisor o f  zero in GM\ and for A£oV, let 
M  A be the function defined on EA by M A(<p) =  q>A. Then J f  is a subspace of if ' such 
that (9MczJr, and the mapping defined on J f  by Л — M A is a vector space isomor
phism of J f  into 9)1(9) which takes QM onto Hom^ ( i f ,  i f  ) such that M fA= M fM A 
fo r all f£GM and  Ad Ж

P roof. It is clear that M A(ср)ф =  <pMл(ф) for all q>, ipdEA. Moreover, if 
(q > ,f)d ifX if  such that fo = (p M A(a) for all a d E A, then we have fcr=(r((pA), 
and hence f  * о = (Л  * ф) * o, i.e., ( / — Я * ф )* а = 0  for all odE A. Hence, since 
Л *ф £0м , and ЁА is not a divisor o f zero in (9M, we can infer that / — Я *ф = 0, 
i.e., f= (p A = M A(cp). This shows that MAd90l(9) for all AdJf.
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If Лх, А2£ Ж  such that M Al= M Ai, then we have (pAx =  (pA2, and hence 
Ях*ф=Я2*ф for all <p£E= Eax—EAí. Hence, since É is not a divisor of zero in 
Фм , using a similar argument as in Remark 3.5, we can infer that Ä1*(p =  Ä2*(p for 
all (p £ 9 . This implies that Я1 — Я2, i.e., AX =  A2. Thus, we have shown that the 
mapping Л-+М А is injective.

The above arguments clarify the definition o f Jf, and the remaining part mayЛ  Л
now be omitted. (To prove that the mapping Л -*М л takes &M onto Hom^ { 9 ,  i f )  
use Theorem 3.2.)

R em ark  4.4. By Theorem 4.3, Ж  can be embedded in 93i(^), and after this 
embedding, we may write 9 '  С\Ш (9) instead o f Jf.

T heorem  4.5. The Fourier transform о]'Ш (9) extends the distributional Fourier 
transform o f 9 '  Г\Ш (9), where 9 '  is considered as a subspace o f  Ш (9, GM), and 
moreover, we have

( 9 '  n m (9 ) )  =  9 '  n 93Ц 9).

P ro o f . Suppose that А £ 9 'и Ш (9 ) .  Then, by Remarks 3.4 and 2.9, A £ 9 '  
such that Da =  {(p £ 9 : A * tp £ 9 )  is not a divisor of zero in <PM, and A is identified 
with the element FA of Ш (9) defined on D A by FA((p)=A*cp. By Definition 4.1, 
we have Ёл(ф )=(А  *ср)~ =ф Я  for all (p£DA. Hence, since D A is also not a divi
sor o f zero in it is clear that Л£Ж. Moreover, since DA is not a divisor o f zero 
in 9 ,  we also have ЁЛ= М -j .

To prove the converse inclusion, suppose now that Л £ 9 'Г \Ш (9 ).  Then 
A £ 9 '  such that Ёл is not a divisor of zero in &M, and A is identified with the element 
M A o f Ш (9). Since (9 ' f = 9 ' ,  there exists A у  9 '  suchthat A0= A . Moreover, 
since (Л0*(р)~ —фЯ0=ф А  =  М л {ф) for all (р£(Ёлу  and (ЁЛУ  is also not a 
divisor of zero in 0M, it is clear that ЛЬ̂ 9 'Г \Ш (9 ).

To show that the Fourier transforms o f some elements o f  931 (9 )  are analytic 
functions, we have to consider £  to be embedded in 931(9).

T heorem  4.6. For f£ £ , let M f  be the function defined on E f — {(p £ 9 : f ( p £ 9 )  
by M f{(p)—f(p. Then the mapping defined on £  by f~*Mf is a vector space isomor
phism o f  £  into 931 (9 )  such that M fg= M f M g fo r  all f  g<z£.

Pr o o f . Simple computation. (Note that 3>aEf  for all fd<§.)

R emark  4.7. By this theorem, we may consider 8  to be embedded in 93l(^). 
Note that this embedding is also consistent with the former ones. (Recall that 9  
was embedded in 9Jl(9) in [13, Definition 1.12], and ßM was embedded in 931 (9 )  
together with Ж  in Remark 4.4.)

T heorem  4.8. We have (Ш (9)П Ш (9 , 0M))~ cz£.

P roof. Let Р £Ш (9)Г \Ш (9, 0M). Then, by Remark 2.9, Fd4Bl(9) suchthat 
D f is not a divisor of zero in GM. Thus, by Theorem 1.5, Z (D F) =  0 , i.e., for each 
i€ R \  there exists <pfiDF such that ф,(1)^0. Define the function /  on R* by
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f ( t)= F ((p ,y  Then, since Р(ф)ф,=^фР(ф,) =  <pF((p,)~ , we have Р(ф) =
= /ф  for all (p£DF. Hence, it is clear that F = / 6S.

Theorem 4.9. Let s tf= s /(R k) be the space o f all analytic functions from  R4 
into C. Then

(Ш{У) П ЩЗ, &м)У <=

Proof. Let &M)- In the sense of Remark 2.9, this means that
F€äH(^) such that there exists G £9t(^, @m) such that D fhg is not a divisor of 
zero in 0M. Moreover, since G £9 l(^ , 0M), G _1(£?) is not a divisor of zero in 0M 
[13. Definition 1.6]. Thus, is also not a divisor of zero in @M.
On the other hand, it is clear that F((p)=G(q>)£@ for all q>£D.

By [13, Proposition 1.16], we have F{(py —Р{ф)~Рф  for all (p^DF. Moreover, 
since we also have F 4̂SR{6F, <9M), Theorem 4.8 shows that F^S.

Let j 6R4. Then, by Theorem 1.5, there exists <pdD such that фО)=^0. Since 
ф is continuous, there exists an open neighbourhood V of.? such that 0 for all 
t£V . Thus, we have F(t) =  F(q>y (0/Ф (0 for all t£V. Hence, since ф and F(cpy 
are analytic functions on R4, it is clear that F  is analytic in V.

Finally, to study the continuity properties o f the Fourier transform of 
we have to consider some topologies on and The most natural topo
logies for the multiplier extensions of admissible locally convex vector modules seem 
to be the locally convex inductive limit topologies described in [19]. (See also [15, 
Remark 3.9].) Therefore, in the following, we shall consider 931(5 )̂ and Ш(£Т) to 
be equipped with those locally convex topologies.

Theorem 4.10. The Fourier transform o f  9J! (SF) is also a topological isomor
phism o f Ш (У) onto Щ(1Т).

Proof. By a well-known property of locally convex inductive limit topologies 
[3, Proposition 2.12.1], it is enough to show that for any net (Fv) in Ш(£Т) and any 
F€SR(^), the conditions /•'€ lim^ Fv and Felim &Fv, where Нтда and lim^

are the Mikusinski-type convergences [15] in and 9Л=9Л(^), respecti
vely, are equivalent. However, this is quite obvious, since for any ф£У, we have 
F(cp) =  \imFv((p) in У  if and only if F(ф) =  F(cp)~ = lim  Fv(q>)~ = И т /„ (ф ) in У, and 
moreover, since for any D czSf, D  is not a divisor of zero in У  if and only if D  is 
not a divisor o f zero in У.

R emark 4.11. A similar argument as above shows that this theorem also remains 
valid if we consider Ш(У) and Ш (У) to be equipped with either the Tx-topologies 
described in [15], or the Hausdorff topologies described in [20]. However, these to
pologies seem now to be very unnatural.

For the distributional Fourier transform, we have  ̂ =  V [6, p. 177]. To have 
this identity also in the present theory, we have to define the Fourier transform of 
Ш (У) too. The transform V for Ш (У) or Ш (У) is considered to be defined accord
ing to Section 2 of [16].
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D efinition 4.12. For F 0.Jl(é’), the function /defin ed  on DF by F(0) =  F(q>y 
is called the Fourier transform of F.

Theorem 4.13. The mapping defined on Ш(У) by F-*F  is an algebraic and topo
logical isomorphism o f  Ш(.У) onto Ш(.Т’) which extends the distributional Fourier 
transform o f  5р,П9Л(5р). Moreover, we have ( / ) “ = /  fo r all F t93i(£8)иШ(,У).

P roof. If then a simple computation shows that РаШ(88). More
over, we have

( F f  (<p) =  (РУ((ФУ) =  (Н(ФУ)У =  (ПФ)У =  ПФУ =  н<р)

for all cpt£)F, which shows that ( / ) * = / ,  i.e. F = (F )~ ~ l where A -1 denotes 
the inverse of the Fourier transform of SR(^). Hence, the properties o f the Fourier 
transform of M(S^) can easily be derived.

R emark 4.14. Since 8 сШ (У ), by considering the Fourier transform of 
931 (IT) restricted to 8, we get a Fourier transform for 8. In particular, by Theorem 
4.13, we have f*<p =  (fip) and hence also f(tp )t£8  for all (p ttf .

Using the above Fourier transform o f 8, it is also possible to define the Fourier 
transforms of the multiplier extensions 931(5 ,̂ &M) and 9Ji(^, 8) (and also the Miku- 
sinski operator field 93t(<?R), where SR is the convolution algebra of functions in 8  
with supports in various right-sided orthants R \ =  {a:£ R*: within the
framework o f our theory. However, this may only be the subject o f same forth
coming papers.

Moreover, we also plan to show that our Fourier transforms are also compatible 
with a slight modification o f the one given by Ehrenpreis [2]. Note that, using [2], 
we can also consider Я ' Г)Ш(1Т). (For some ideas in this respect, see Theorems 4.3 
and 4.6.)

For all these purposes, it seems convenient to use that, after some natural iden
tifications, we also have 931(y)=93l(^f) and dR(.!f)=3Jl(St), where St denotes 
3> as a convolution algebra and St denotes §  as a function algebra.
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DISTRIBUTION OF THE VALUES OF w 
IN SHORT INTERVALS

By
G. J. BABU* (Tucson—Calcutta)

Introduction. Let co(m) denote the number of prime factors of m, 1 ^ b (n )^ n  
be a sequence of integers and let

as provided b(ri)^ T tf  for some T >  1 and 0 < a S l .  Similar results for
general additive arithmetic functions are also proved in [1]. In this connection P. 
Erdős raised the following question. How small can one let b(n) to be, so that (1) still 
holds? We have the following result in this direction.

Theorem. Let 1 S a (« )^ (lo g  log n)112 be a sequence o f  real numbers tending to 
infinity. Then (1) holds i f  b(n)^na(n)(loglog',l~l/*.

N otations. Let Q denote the set of all primes and for any set E  of integers let

We require the following lemma (for a proof see [1]).

Lemma (Lemma 1 of [1]). Let Sp(m )=  1 —— or ~ ~  according as p\m or not. 

Let {ap} be a sequence o f  real numbers and let r, k ^ s  be integers. Then

where I '  denotes the sum over all integers m£(r, r+y] and I"  denotes the sum over 
all primes p < k .

Proof of the theorem. To avoid repetitions o f arguments o f [1] and [2], we give 
only the main steps of the proof. Let k = k „ = l  +[(h(n))1/4] and for any t =  \ ,

* Part o f this work was done while the author was visiting the Mathematical Institute o f the 
Hungarian Academy of Sciences, Budapest, in November 1980.

In [1], it is shown that

v"(£ ) =  T77Ä card i E  П ("» n + b  (">]}•

Г (1 " а р0р(т)У s  (2s +  8fc2) r l <
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let cot(m)= 2  1- For (n, n+b(n)\,
p|m, p-=í

(2) |а>(т)-<вк(1и)| S  2  1 ^  l+ ( ( lo g 2n)/log/c)«
р | т , к < р ^ 2 л  ü y l í )

and
(3) 0 S  log log 2n — log log m ^  log log 2n — log log и — О 

as и-*-«>. Since

2  — — log log n — log log к +  о (1) <sc log log log n,
k-<p^n P

by (2) and (3) it is enough to prove

(4) vn\m:cok( m ) - 2! ^  ^  x [ 2 - r̂) } -  #(*)•I p^k P \p<k P ) J

Now let r=/-„ =  exp ((log n)(log log rí) 1/2). Clearly

(5) ( Z - ) ( Z - )  1V p s r  p ) \ршк p )

as и—°°. 

(6)

So by the lemma, it follows that for every e> 0 ,
1/2

v„{m:Lr(m)-co*(m)+ 2  \  i "  0l I r<p^k P \p^k p )  J

as n-+ oo. In view of (5) and (6) it is enough to show that, as w — «>, 

(7) Fn(x) =  v„{m:a>r(m) - 2  4  ^  * (  2  4") } -  ФМ -I p<r P  \p<r PS J

To prove (7), we introduce a sequence { ip: p € Q }  of independent random variables 
with

Put

( 8)

( n  1 ( 1) 1
P \ L =  1----- =  — and P L  = -----=  1

( 2\p^r

\ p p )  p \ 
1 ) - 1/2

— 2  íp- It follows thatP ) psr

p P> P

C„ converges weakly to Ф.

We shall now show that the distribution o f does not differ much from F„. 
By a proof similar to the proof of lemma 3.1 of [2], we have for any integer / ё 1

(9) Е Ю - ——  2b{n) n<m̂ /t+b(n)
2 V  

-  b(n)

and by lemma 3.2 of [2] we have
(10) № ) l  ^ t \ e \
Since r*Jb(ri)-+0 as for any f S l ,  (7) follows from (8), (9), (10) above and
Theorem 11.2 of [2]. This completes the proof.
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R em arks. If c(m)—°°, then, except possibly for o(b(n)) integers 
(n, n+b(n)\, we have \co(m) — log log m |<c(/n)(log log m)1/2. In particular, 

by taking b (n) = exp {log n) (log log log «/log log n)1/2} we have

\co(m) —loglog m\ <  (loglog log m)(log log m)1/2

for all but o(b(n)) many mf_ (n, n+b{n)].
As in [1] and [2], by going over to the Brownian motion we obtain, as n-+ °°,

that

b(n)
card |/ i  <  m ^  n +  b (n): max (co,(m) — log log /) <  x(log log m)1/2J

dy.

As a consequence, in particular, it follows that

I max (a), (m) — log log 0 1 <  (log log log m) (log log m)112

for all but o(b(n))  many integers (и, n +  b(nf\.
One can show that many results of [1] still hold for general arithmetic functions, 

when the restriction b{n )^ T if  is weakened to b(n)^Tna("\ where а(и)—0 at 
an appropriate rate.

Some open problems. In this connection P. Erdős and I. Z. Rúzsa raised the 
following questions.

(a) What is the largest value o f a(n) such that, if b(n)~<a(n) for all n, then (1) 
fails to hold?

(b) Does (1) hold if b(n)=nV°*logn)-1,2l
The author wishes to thank P. Erdős and I. Z. Rúzsa for many valuable dis

cussions.
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A HIERARCHY OF REGULAR OPEN SETS OF THE
CANTOR SPACE

By
E. W. MADISON* (Milwaukee)

The present paper is a revised version of my unpublished paper entitled “The 
Boolean algebra of recursively regular open sets of the Cantor space.” In this paper 
we endeavor to present a few new results together with neater constructions and cor
rections to old proofs.

The main concepts o f  this paper were defined in [1] where our preoccupation 
was with the concept o f “constructive Boolean algebraic extensions” of the atomless 
Boolean algebra, say 38 a. For convenience we viewed 38a as the clopen sets of the 
Cantor space, say C . For the clopen sets the Boolean operations Л , V and _L are 
taken as the ordinary intersection, union and complement. For an extension 38 of 38a 
consisting of regular open sets of (E, the operations Л , V  and _L are taken as inter
section, interior of the closure of union and complement o f closure.

In the present paper we study various subclasses of open sets of (£ whose elements 
can be “constructed” in a sense that is made precise using recursion theory. Just as 
the concept of constructive extension o f 38a depends on the computability of 38a 
“constructive open sets” depend on a fixed indexing cp o f  38a arising from the compu
tability o f 38a. Although 38a has infinitely many indices (uncountably many, even), 
any two presentations o f 38„ corresponding to different indices are recursively iso
morphic.

Basic concepts

Let U be an open set o f (£. To express that U is regular open we write U TT =  U 
(i.e., if a clopen set G Q U ~  then already OQU). Of course, it is well-known that 
any open set of (£ is some countable union of elements o f 38a. With an admissible 
indexing cp of 38a presumed fixed we have a fixed enumeration (P0, ..., ...
of the clopen sets of (£ (where Q0=  0  and $!=(£). An open set U  is r.e. open 
(relative to (p) in case there is a recursive function /  such that U =  (J 0 f(n). U is

П d CD
recursive open (relative to cp) in case U  and Ux are both r.e. open. U is recursively 
regular open (relative to cp) in case there exist recursive functions /  and g  such that 
( / = (  ( J  0 S (e))XJ- and C/X= ( U  (i.e., U and Ux are suprema o f  recur-

n£co n€co
sive sequences of clopen sets).

* The author thanks G. Nelson for many stimulating conversations about the constructions 
in this paper.
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Throughout this paper, when we use the terms r.e. open, recursive open, and 
recursively regular open we shall omit the phrase “relative to <p" with the clear un
derstanding that a set U which is r.e. open (rel. to (p) may in fact not be r.e. open 
relative to some admissible indexing ф. However, when we give a procedure for 
constructing an r.e. open set U  (relative to (p) this same procedure will produce an 
r.e. open set V  relative to ф. Our approach will be to construct open sets U which 
are, say, r.e. open relative to (p rather than choosing an open set U  having some a 
priori existence and worrying about whether or not U  is r.e. open relative to some cp.

The following figure indicates those subclasses o f regular open sets which in
terest us. Their relative “sizes” are indicated in a tree diagram. The inclusions indi
cated in Figure 1 are more or less obvious:

(1) g  (2) g  (3) g  (4) g  (5) g  (7) g  (9),

(4) g  (6) g  (8) g  (9) and (5 )g (8 ) .

F ig . 1

The main results o f this paper determine that all inclusions except (2) g  (3) are pro
per. Some of the proper inclusions are immediate consequences o f results established 
in [1]. For example, Theorem 7 in [1] proved the existence of recursive regular open
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sets Ua and Ub such that (UaUUb)±± is not r.e. open (but Ua П Ub is r.e. open). 
By letting U =U aC \U b, we establish that (3 )c(4 ). By letting U =(U aU С/ь)± ± , 
we establish that (4)c(5) and (6) c ( 8). For (l)c (2 ), choose U = U a.

Before proving other proper inclusions, it is instructive to give a nicer proof of 
Theorem 7 in [1]. In the proof of Lemma 1 below, we introduce a simpler version of 
the construction given in the proof of Theorem 7 in [1]. The key to the simplicity is 
that there is no need to worry about “regularity” o f sets being constructed. Regularity 
is obtained by using Lemma 2 (splitting lemma) below.

L emma 1. There are disjoint r.e. open sets V and W such that V is recursive open 
and not regular while W is regular and not recursive open such that

(i) Vх =  W, and
(ii) Vх x is recursively regular open and not r.e. open.

L emma 2 (Splitting Lemma). Every recursive open set can be split (nontrivially) 
into two disjoint sets which are both recursive open and regular.

Proof of LEMMa 2. This lemma is just Theorem 16 (iii) o f [1].

Proposition 3 (Theorem 7 in [1]). There exist two sets Ua and Ub such that both 
are recursive open and regular and (U jJ  Uh)xx  is not r.e. open.

P roof. Use Lemma 1 to build V and W. Then use Lemma 2 to split V into Ua 
and Ub.

Before beginning the crucial part of the argument (i.e., the proof of Lemma 1), 
we recall the function a(<?) from [1]. Let {é>J(e)}ef(1) be as in [1]. In  particular,

(i) a(<?) is a. recursive function,
(ii) the Ф a (e)*s are pairwise disjoint,

(iii) ( U  0*(e))c G  and ( U  0 .( .) )-= G ,ев со e в со
(iv) for any e, either 0 ec  (J  Фх(к) or ( (J  Фх(е))'с.Фе,

k ^ e  k ^ e
(v) B d ( 1J Фх(е)) (i-е., boundary of (J Фх(е)) is just a single point, say x a.

ев  со е в  со
(Otherwise, we can determine an Фе which denies (iv).)

(̂0) 4rtn

F ig . 2

Proof of LEMMa 1. Let j : coXco-*co be the pairing function which enumerates 
the pairs in the order (0,0), (1,0), (0,1), (2,0), (1,1), (0,2), .... At stage t= j(e , s), 
we use V(,) and W (t) to denote clopen sets which will “approximate” V and W, 
respectively. We shall define recursive functions a(t) and b(t) such that

v  = U У (, ) =  U ff.w
t  в со t e <0

and
W =  U ^ (,)= U <w

t в CO te<0
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Assume that F (,-1) and IF(,_1) have already been constructed. Let t= j(e ,s ) .  
In the enumeration of <p0(ri), ... ,  (pe(ri) , ... corresponding to a universal Turing 
machine, compute each of (p,{0), (pe( 1), ..., (pe(s) for j - f  1-steps.

Case 1. Gaie)Q  U {0,, (n): n ^ j + l  and (pe(n)\ within i + 1  steps}. Set a (t) = 0 
and b(t)=ßj(C)j=C)x(e)-V V -» ) .

Case 2. Otherwise. Define A (t) ,  the index o f the clopen set “attacked” at stage 
t by A (t)= iik (6 k^G «(„ and ((e>k- V ( , ~1)) * 0  and (V t'^ t)(A (t')?£ /e)), set 
a(O = ^ (0^ d)jC :< P A(t)- V ( , - 1>) and b(l)= 0 .

This completes the construction.
Easy arguments give rise to the following consequences:
(1) V C \W = ® .
(2) If Oen V = 0  or <SeC \W = 0  then б еЯ  (J

k^e
(3) A (t) is one-to-one on its domain.
(4) For any given e, either Ga(e)= V ~  and Qa(e)%V, or Oa(e)Q W  or 0 а(е)Ш 

<^VUtV. Moreover, if Gx(e)Q fV ~  then already 0x(e)Q W .

Claim (i). V ± =  W.
Clearly, W ^ V 1 . Suppose that the inclusion is proper. Then there is a clopen 

set <Pe such that 0 eQ F x and Qe%W. Thus, (РеПКх х = 0 ; whence GeD V = 0 .  
Therefore <9eQ  (J Qa(k) by (2). So, for some k, 0 eC]Gx(k)^ W .  Now, suppose that

k^e
Case 1 holds at stage t= j (k ,s ) ,  for some s£w . Then — But  

=  F (<-1). Hence Gx(k)f]GeQ W ; a contradiction follows.

Claim (ii). F xx  is not r.e. open.
Suppose, on the contrary, that Fxx =  |J  QVe(„), for some e. So, F x x -  =  

= ( U  <■>)“ ■ Thus, F_=(U < W -  Thus, Gkg v -  iff <p*g(u 0 * .(»>)" iffn£(D n£(o n£co
ßüQ U Ю’ by regularity. It suffices to refute this equivalence.

n £ a)
Case 1. 0 a(e)ü  U («) • Let s  be the least such natural number such that

n £ Ű)
ff,(e)£ U  {®V e(n)'- n ^ s + 1 and (pe(n)\ in at most (j+ 1) steps}. By compactness, s

exists. Let t= j(e ,s ) .  The minimality o f s  and an easy induction imply that 
Ga(e)—V(,)9  ̂0 .  Hence, 0  ?±(9x(e)% V~. Above equivalence is refuted by using 
VX(e) for Qk.

Case 2. At stage t= j ( e ,s ) ,  Case 1 does not hold. Suppose that 0Х(е)% V~. 
Then, the nonempty open set (Ga(e)—V) contains a clopen set Gm. Hence there is a 
number t such that A (t)= m .  Hence GmDVp^ 0 .  This contradicts the fact that 
0mi ( 0 , ( e ) - r - ) .  Thus,

Note that F x x z>F, since F  is r.e. open and Fxx is not. Hence, unlike W , V 
is not regular. But F  is recursive open, since F  and VJ= W  are both r.e. open. 
Clearly W  is regular, since “ _L ” applied to any open set yields a regular open 
set. But W  is not recursive open, since W 1- =  Vх x is not r.e. open.

Moreover, F xx is recursively regular open, since V ± =  W 11 and both V 
and W are r.e. open.
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C o ro llary  4 . There exists a recursively regular open set U such that U is not r.e. 
open and U1 is r.e. open.

P ro o f . Choose V o f Lemma 1. Let U = V ±J-.
We can give a slight modification of the above construction to produce a result 

which is related to Corollary 4.

T heorem  5 . There exists a recursively regular open set V such that neither V nor 
V 1 is r.e. open.

The construction. Let the sequence {Oa(e)}ec<o be as in the proof of Lemma 1. 
Now construct Wx and W2 in a stepwise fashion. At stage t= j( e ,  s), И7}0 and 
will be clopen sets which “approximate” W x and fV2, respectively. As before, we 
want to define recursive functions a (t) and b (t)  in such a way that Wx=  |J  fV(f) =

Г £ CO

=  U  0.(0 and W2=  U W?>= U  <V>-t£(Ú i  £ со i  £ со

Consider stage t= j{e ,s ) .

Case 1. 0 X (/) =  U {®Vj(ny n = í + 1 and <ps(ri)I within ,s + 1 steps}, where 
e = 2 f + l  or e —2f.

For e = 2 f + 1 set a(J )= pJ{C)] Q(9aiif)A(Gj - W i , -'l)^  0 » ;  set b (t)= H j[0 j=

For e = 2 f ,  set b ( t ) = p j( ß jQ ß a(f)A(C>j-Wi, - 1̂ 0 ) ) ;  set a ( t)= /i j [ß j=  
=  (0« (Л~  (о)]-

Case 2. (n): n S i + l  and (ps{ri)\ within j + 1 steps}, where
e = 2/ + l  or e= 2 f.

Define A (t), the index o f the clopen set “attacked” at stage t, by

A {t) =  *  0 .

For e = 2 / + l ,  set a ( i) = ^ [ 0  and b{t) =  0.
For e = 2 f,  set h(f) = / ^ [ 0  И0;С<Рл(()] and a ( t)= 0.

This ends the construction. Intuitively, as ®a(j) arises each time we alternate back 
and forth putting pieces of it into W x and W2 until such time as it is decided that 
&a(f) is to be contained in Wx(JW2. If this decision is not reached then undoubtedly 

intersects both (ÍV í—W j) and (fV2 —lV2).
Easy consequences of the construction are:
(0) The functions a(t) and b(t) are recursive and A (t)  is partial recursive.
(1) w 1n w 2= 0 .
(2) <P„r\fV1= 0  or 0 en W 2=  0  implies U

k^e
Claim: W i = W 2 X. (Hence J V n = W i\ )  Clearly, W ^ Q t V i .
Suppose that the inclusion is proper. Then W i c W i .  Otherwise, we are done. 

So fV i± czWa and Also, W i^ c z W »  and fV2 X~(ZfV i, lest we
are done. Thus, W Í D W Í ^ 0 .  Let 6m^ W iD W » .  Then dmDW 1 =  0 , 
®m^W2=: 0 .  Hence, by (2), 0 mg  |J <Sx(k). For some / ё т ,  б а(ЛГ\ФтА 0 .  Let

k̂ m
0 d= ß a(/)n o m. Now ßt Q ß e(/) and 0 * - ( И г"1>П » ? " ч)?й 0 ,  for t. Thus at 
some stage t= j ( 2 f + \ ,  s) or t= j(2 f ,s ) ,  0d is “attacked”. A contradiction follows.
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Another consequence is:
(3) < W )n ^ iXJ- g ^ i  iff Also, 0 a(f )f)W 1r* 0  and

0 « (/)0 '^ 8 ^ 0 .  for a ll/. Moreover, since easily JC odff'fillfj.

Claim: W i is not r.e. open. (Hence W %x is not r.e. open.) As before, suppose 
W i x =  U  i.e., ffT  =  ( U  • Then, by regularity,

n £ (O CO

( * )  0* S  iff 0* g  U  < Wn £ CO

By choosing (Pk appropriately, we refute this equivalence.

Case 1. $ * ( /)£ (  U 0fl>/(n>)*tidco
Since IFf, we refute (* )  under this case by choosing 6к =  0а(к).

Case 2. <Pa(/)S ( U  0^c»))-п£ co
Consider the open set S  =  Q*(j)— W i;  S=0„(f)CMV2 = O a^r\W Í"L. Whence, 

S Q W i \

Subcase 2a. S C ^ T . Then S .^ O W i Q fV t. In fact, 0 a m ^ W if}W 2. This 
implies 0a(/)E  U  0?/(„), a contradiction.п£ш

Subcase 2b. Choose <Pt such that OkQ S  and IfV In particular,
0 t =  0a(/)- Also 0* í ( U  0 </>/ Oi))> lest h he attacked at some stages t =  j(2 f , s)

n£co
and t '= j ( 2 f + \ ,  s). A contradiction follows.

The proof is completely symmetric in W 1 and W2 \ hence, we can show similarly 
that W 2 ± is not r.e. open.

Referring again to Figure 1, we have as a consequence of Theorem 5 that 
(7) 3  (5) and (9) 3  (8). Of course, by cardinality considerations, we already knew 
that (9) 3 (8), but the present proof avoids a cardinality argument.

The following theorem yields the remaining proper conclusions: (4) <3 (6),
(5 )c(8) and (7 )c(9). Of course, (7)c(9) is known by cardinality considerations.

T heorem  6 . There exists an r.e. open and regular set U such that U is not recursi
vely regular open.

We first give remarks. Let {da(e)}eCo> be as before. If Aczco then U =  U  0a(e)e£A
is regular open. Easily, if A is finite then U  is clopen. Otherwise, U~ — U\J {x0}, 
which follows from the relationship between 0e and 0^e)- It suffices to show that, 
if  <Peg t / -  then <Se<gU.

If @eQ U ~  then either x 0d(9e or x o$ 0 e. If x0$(9e then already OeQ U. 
Suppose that x 0£@e. Then by definition o f a(e), ( (J <9аМу ^ Ф е. 1° particular,

fc<e
0 .u > § 0 . .  for j^ e .  Hence, &eC\U± 7^ 0 . Therefore, <9е<=и , a contradiction.

Also, if A  is a recursive subset of со then U is recursive open. This, of course, 
gives us a simple way to construct recursive open and regular sets which are not
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clopen. For example, if S  denotes odd integers then U =  (J 0 a(el is recursive open
e € S

and regular, but not clopen.

Proof of Theorem 6. Let К  be the complete set. Let U =  \J  0a(e). Then, from
евК

the above remarks, U is r.e. open and regular. It suffices to show that U is not recur
sively regular open. Since £ /= (  IJ ®hu))x ± , we must show that there is no recursive

jC<a
function g  such that U-1 —(Q 0eoo)x x . Suppose the contrary. For any edco,

n
either 0aU)^ U  or &a(e) =  U1-. Thus for some j ,  either |J  0 h(J) or 0 а(е)П

;'s>
r\&g(s)^ 0 .  Whichever happens first determines whether e£ K  or e£K', a contra
diction.

Corollary 7. I f  A Q со is a sei such that neither A nor A' is r.e. then U =  IJ 0« („>
ев A

is regular open and neither U nor Ux is r.e. open. Also, U is not recursively regular 
open.

Proof. Assume otherwise. Then there exists recursive functions/ and g  such that

U/,M = ( u y u and ( U A w )  = (y <W )X±-ев А евсо ев  А евсо
Thus,

(U<W)X = ( U < W X and ( U A ( . ) ) X =  ( U  <W )Xев А евсо е в  А '■Сл'
i.e.,

ев A евсо ев<о

( U в.«)- = ( U »/(.))" and ( (J <P.W) -  = ( у  0 ,w)-
ев А евсо ев А евсо

Choose edco. By regularity, either 0 a(e)g  IJ  or 0„(e)E  U  0g(*)- Then,
квсо квсо

alternately checking

®a(e) = 0/(0) U 0f W  U...U 0fis) and 0x(e) £ Qgm U <DgW U...U 0g(o> 
we determine whether or not e£A  or edA', a contradiction.
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POSITIVE DEFINITE GENERALIZED MEASURES 
ON THE DYADIC FIELD

By
K. YONEDA (Osaka)

1. Introduction. In 1974, L. A rgabrig ht  and J. G. de  L a m a d r id  [1] defined
a generalized Fourier transform o f a measure on a locally compact abelian group 
and extended Bochner’s theorem on Fourier transforms of positive definite func
tions.

In this paper, we consider a generalized Fourier transform on a special locally 
compact abelian group called the dyadic field. The dyadic field was introduced by
N. J. Fine [2]. He defined the Fourier transform o f an integrable function and dis
cussed some of its properties. On the dyadic field we can define a generalized measure 
called dyadic measure or quasi-measure (see [3]) and its generalized Fourier transform. 
Bochner’s theorem is extended on the dyadic field.

2. Dyadic field, dyadic measure and its Walsh—Fourier transform. The dyadic 
field is the set o f all 0, 1 sequences, x = ( . . . ,x ;, ...) such that .lim x t=0,  in which
the group operation 4- is addition such that

(..., x ,, . . . )" f ( . . . ,h ,  •••) (*■■» ■•■)
where z^Xj+y,- (mod 2) and the group operation • is a product such that

(..., Xf, . . . ) • ( . . . ,  y,-, ...) (•*., •>.)

where zk=  2  x, y.-(mod 2).
i+j=k

Let A be a function which maps the dyadic field onto [0, °°) such that

A(x) =  2  xJ2".П — — oo

A does not have a single valued inverse on the dyadic rationals. When x = ( .. . ,  x „ , ...). 
it is convenient to write x=A (x) if lim x„^ 1 and x=A (x)~ if lim x „ = 1; forП 00

0, £
example (..., 0 ,1 , 0, ...)= 1  and (..., 0 ,1 ,1 , . . . ) = 1 _ . When x  is a dyadic ratio
nal, x _ is called the conjugate dyadyc rational o f x. It is easy to see that (l/2n) -  =  
=  l /2 " - l - . Therefore it is natural to write (l/2")— =  1—/2". Moreover we have 
{(P + 1)/2")— =  (p 4-1 _)/2".

We introduce an order <  in the dyadic field. When A(x)<A(y), we write x < y  
and when x is a dyadic rational, we write x~-=x. [y, x] is the set o f all z  such that 
x á z á y  and (x, y)  is the set of all z  such that x< z-= y . Then [0, °°) is the dyadic 
field and [0, 1 “] is the dyadic group. Especially, for each n= 0 , ± 1 , ± 2 , ... and
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р = О, 1, 1=[р/2", ((р + 1 )/2В) - ] is called a dyadic interval of rank n and I„(x)
is the dyadic interval o f rank n which contains x.

Let m be a set function which is defined on the family of dyadic intervals, m is 
called a dyadic measure or a quasi-measure on the dyadic field, if it satisfies

m{[pl2", ((p+ 1)/2") —]) =  m([2p/2"+\ ((2р +  1)/2"+1)- ] )+

+  m ([(2p + 1)/2"+1, ((2p + 2 )ß ”+/ "])

for each и=0, ± 1 , ± 2 , ... and /7 =  0, 1, .... If a dyadic measure m satisfies 

sup J ” \ ™([p/2n, ((/>+1)/2")“])| < » ,

then m is a measure on the dyadic field. When / i s  an integrable function, a set func
tion mf  defined by

f  f ( x ) d x  =  mf (I),
I

where dx  is the Haar measure and I  is a dyadic interval, is a dyadic measure. When 
m (/)S  0 for each dyadic interval I, m is called a positive dyadic measure, and if

2  2  а;а7т ( / л(х ,+ х у)) °
»=1

for arbitrary real numbers ax, a2, aN and arbitrary elements x1? x 2, xN, m 
is called a positive definite dyadic measure.

Two dyadic measures m1 and m2 are said to be identical if and only if  m1(I) =  
= m 2(I) for each dyadic interval I.

Let и^(Х) be the Walsh function defined by

w,(*) =  ( - i ) - £ ^

where x = ( .. . ,  xt , ...) and j = ( . . . ,  y Jt ...).
N. J. F i n e  [2] defined the Walsh— Fourier transform of an integrable function

/  as

f i x )  =  f f ( y )w y(x)dy.
0

f(x )  is a continuous function on the dyadic field. Therefore we can define a dyadic 
measure mf such that

mf(I )  =  f  f (y )d y .
I

We can easily prove that
(2")- (2»)-

ntf([pl2", ( 0 + 1)/2")-]) =  1/2" f  f ( y ) w y(p/2") dy =  1/2" f  wy(p/2”)m f (dy).
о о

m / is a dyadic measure and we shall write n if= m f. When m is a dyadic measure 
and / i s  constant on each closed interval [zh z[~+1] where is a dyadic rational, it is
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convenient to write
n — 1
2  /0()m([z;, zf+i]) = f  f(y) m (dy). ■=1 ,

Therefore when m is a dyadic measure, we can give the Walsh—Fourier transform 
of m by the following dyadic measure m :

(2")-
w (Ip/2”, (O + 1)/2") -]) =  1/2" /  w, 0/2") m (dy)

and generally
( 2" ) ~

=  1/2" /  wy(x)m (dy).

Any dyadic measure m has its Walsh Fourier transform m and the relation m =m  
holds.

3. Positive definite dyadic mesures. Bochner’s theorem is extended for dyadic 
measures as follows:

T heorem  1. m is a positive dyadic measure i f  and only i f  m is a positive definite 
dyadic measure.

P ro o f . For any аг , aN, x l f ..., xN and sufficiently large n,

2  2  aiaj™ (ln(x t4-Xj)) = 2 2  öiay 1/2" /  wy(Xi +  Xj)m(dy) =  
i = lj'=l i=iy=l о

=  1/2" /  2  2  aiajw y(xt)wy(xf i m (dy) =  1/2" f  Í 2  ^iW^x,)) m (dy).
о 1=1У=1 o Vi=i /

If m is a positive dyadic measure, then m is a positive definite dyadic measure. 
Conversely, for a sub-dyadic interval /, of [0,2"~], let h(y) be the characteristic

function o f U  (/c2" + 1)- There exist х г , . . . ,xN and a1, . . . ,a N satisfying
k=0

N
2  fliW„(y) =  h(y). 
i = 1

Therefore if m is a positive definite dyadic measure, then we get

(2")- I2")'/ N \ 2
l/2"m(/) =  1 /2 " /  [h (y)fm (dy) =  í/2nJ  Z  aiwx ,0 ) m(dy) =

0 0 M=1 '

=  1/2" 2  2  aiaj f  wy(xd wy(xj)m (dy) = 2  2  aiaj m {ln(xi +  Xj)) =  0. i= lj = l о i=l j= l

Hence we have m (I)^ 0 .
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Theorem 2. I f  a positive dyadic measure m satisfies m([ 0, °°))< then there is 
a continuous function f ix )  such that m = m f and

oo

( * )  f ix )  =  f  wy(x)m(dy).
О

Proof. For each *€[2N, (2JV+1) - ], we have

(2л)-
2"m(ln (x)) =  f  Wj, (x) m (d y ) =

0

2N + n — l 2N + n — l
=  2  Am{[k/2", ((k + l) l2 N)-])w k/2N(x) =  2  Am([k/2N,( (k + l) /2 N)-])wk(x/2N)

fc= 0  k = 0

where
Лт([*с/2", ((k + l)/2 N)~]) =

=  m([2k/2N+1, ((2k+ l)l2N+1) - ] ) -m ( [ (2 k + l) /2 N+1, ((2k+2)/2N+1)~]).

The last series is absolutely convergent by the hypothesis. Let / b e  the limit function 
o f this series. It is continuous on each dyadic interval [2*, 2W+1] for N =  0, ± 1 , ±2 , ... 
and evidently

m (I) =  f  f ix )  dx =  mf i l )

for each dyadic interval I and (*).

Corollary. I f  a positive dyadic measure m satisfies m([0, and

2 \A m ([k /2 N, Ц к + 1)/2")-])|2 <~>
fc=0

fo r  each N =  0, ± 1 , ± 2 , ..., then there exists afunction f  such that f^ L ( f lN, (2'v+1) - ]) 
fo r  N =  0, ± 1 , ± 2 , ... and m =  n if. Moreover we have

(2л)-
lim f  w J x )m id y )—f i x )  a.e.
" о

For a dyadic measure m, set

A*x m {ln{x)) =  m (/n+1(x ) ) -m ( /„ ( x ) \ /n+1(x)).

Theorem 3. m is a dyadic measure which satisfies т ( / ) ё 0  fo r each dyadic inter
val which does not contain 0, i f  and only i f  m satisfies

. 2  Д aiajA*Xi±Xjm(Inixt + X j))  S  0

fo r  any al t aN, x lt  xN and sufficiently large n.
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Proof. At first we have

(2" + 0- (2"+»)-
A*m(In(x)) =  1/2"*1 f Wy(x)m (dy)~  1/2"^ f wy(x +  (,i/2n+1))m (dy) =

(2n + i> - (2" + l ) -

=  1/2"+1 f  wy(x ) ( l—wy(l/2n+1))m (dy) =  1/2" /  wy(x)m(dy).
0 2"

Therefore the following formula gives Theorem 3:

2  2 a iaj A*x i. m (ln(xl +  X j ) )  =  1/2" f  [ 2  ^ у(х,)) m (dy) ё  0,
•=1.1=1 ' J 2" '•=! '

At last we give two examples of positive dyadic measures and their Walsh- 
Fourier transforms:

(i) If f ( x ) = 1 for x€[0, l - ] and = 0  for xC[l, =■=), then we have mf = m f .
(ii) If m (/)=  1 for a sufficiently small dyadic interval 7 satisfying /D Z ^  0  

and m ( /)= 0 for 7 satisfying 7 H Z =  0  where Z =  { 0 , 1 , then we have th — m.
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GENERALIZED SLLN UNDER WEAK 
MULTIPLICATIVE DEPENDENCE RESTRICTIONS

By
M. T. LONGNECKER (College Station)

1. Introduction. For random variables Xlt X2, ... and constants аг , a2, put
П

Sn=  2  ak^k- The main result of this paper is a strong law of large numbers for {S',,} 
1

with respect to a sequence of constants {b„}, where the dependence restrictions on 
the sequence {Xj} will be of the weak multiplicative type. A rate of convergence will 
be provided for the strong law. These results will broaden the theorems found in 
M óricz [3].

2. Dependence restrictions and previous results. The term “weak multiplicative” 
refers to any form of restriction on the product moments E {X jlXj2...X jv} o f order v. 
Three different but related conditions were formulated in Longnecker and Serfling
[2]. They will be stated in this section for completeness. The first two conditions are 
orthogonality related dependence restrictions.

D efinition. A sequence o f random variables {X;} satisfies Condition A with 
respect to an even integer v, a sequence of constants {a}}, and a symmetric function g  
of v —1 arguments if

(2.1a) IE {Xh Xj t ...X jv}\ =s g ( h - j i , j 3- b ,  - , L - h - - d a h ah ...a jv

for all l á f t c . and if

(2.1b) 2  2  ••• 2  gO’i .  - J v - a . f c )  <°°-
4=1 A-1 Á.-1-1

D efinition. A sequence of random variables {Xj} satisfies Condition В with 
respect to an even integer v, a sequence o f constants {a,}, and a symmetric function 
g  of v/2 arguments if

(2.2a) \Е{Х^...Х^}\ S  g (j*2 —j i , j i  —ja> ••■>./»~jy- i)aji• • • ayv

for all 1 Sy1< . . .< y v, and if

(2.2b) 2  2 — 2  8Ü1, •••.Á /2-i, k) <=».
k=lj\=l У»/,-!“ !

A third dependence restriction which is related to Gaussian time series is

D efinition. A sequence of random variables {Xj} satisfies Condition C with 
respect to an even integer v, constants {а7}, a function f ( j ) ,  and a function g  of
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v/2—1 arguments if

(2.3a)
\E{Xh . . .X jv)| — m in{ / U i - j i ) , f U v ~ j y - 1)} g ( h ~ k , h ~ U , . . . , j y- j v- 1)aJl...au ,

for all 1йЛ < . . .< / у, if

(2.3b) 2  f ( j )  < o °.Í—1
and if

j — a
v/2-1 ~ j t j’i J‘i j 1

(2.3c) 2  2  2 . -  2  2  ... _ 2  gO i,
(=i j,=i I,= i Jl-1~1 Jl + 1~ 1 j'v/2-l-1

A discussion o f the interrelationship of the above three dependence restrictions 
with other well-known dependence restrictions is contained in Longnecker and 
Serfling [2].

A general maximal inequality is derived in Longnecker and Serfling [1]. 
It is directly applicable to the partial sum of random variables satisfying either 
Condition A, Condition B, or Condition C.

Theorem 2.1. Let the sequence {X j} satisfy, fo r  an even integer v=»2, either 
Condition A, Condition B, or Condition C, and b j= E ({X ]})<  °° (all j ) .  Then for all 
positive X,

(2.4)
v/2

X~\

where Cv is a constant depending on only v.
The above inequality will be used to extend the following result of M óricz [3],

T heorem 2.2. Let v be an even integer, v s 4 . Let {Xj} be a system o f random 
variables for which
(2.5) E { X ] } s K ^ ~  0 = 1 , 2 , . . . )
and
(2.6) =  2  (E{Xh . . . X j j y

1
Let {ak} be a sequence o f  numbers such that

,1/2

(2.7)

Then the relation
<- = ( Í “í) as n

(2.8) {кP lim |S „ I

A  (log A„)1/v (log log Anf 1+e>/v;r- =  0 =  1

holds true for any positive e.
In particular, with probability 1 we have

(2.9) 2  A  =  o{n1/2(logn)1/v(loglogn)(1+e)/v}, as n —
*=i
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By letting the moment restriction v tend to infinity, the following strengthening 
of (2.8) is obtained.

Corollary 2.1. Suppose that a system {Xfi o f  random variables satisfies
(2.5) and (2.6) for infinitely many even integers v. Then, under condition (2.7) the 
relation

(2. 10) P ISJ
An(}og AnY

=  1

holds true for any positive e.
Móricz also establishes rates of convergence for the strong laws given in (2.8) 

and (2.10).
Results similar to Theorem 2.2 and Corollary 2.1 will be derived in the next 

section for sequences o f random variables satisfying any of the conditions A, B, or C. 
Móricz’ results will be extended by relaxing two of his conditions. First, the uniform

П
boundedness of the vth moments will be removed by requiring 2  blak-~°°, where

«[=i
bk= E { X k}. Also, with

g ( h , •••»Jv-i) — sup \E{XjXi+j l . . .Xi+Д+...+jv-i}l>
it is seen that

2 2 ■■■ 2 g*Ui,-Jv-2,k)̂ \\Bvr.k=-iji=i ;v. 2=1
Thus, the generalized strong law for sequences satisfying Condition A will be appli
cable to a larger class of sequences (A',} then covered by Móricz’ result.

3. Generalized strong law. The main result of this paper is the following general
ized strong law for sequences of random variables satisfying one of the three types 
of weak multiplicative dependence restrictions given in Section 2. A  rate o f con
vergence for the strong law will be provided which is of the same order as obtained 
in M óricz [3]. The method of proof in the following results are similar in nature to 
the proofs in Móricz [3].

Theorem 3.1. Let the sequence {TJ satisfy, for an even integer v > 2 , either 
Condition A, Condition B, or Condition C, and bk= E { X k} < ° °  (all k). Let {ak} be a 
sequence o f  constants such that

(3.1)

Then the relation

(3.2) P ___________ ______________
^ n(l°g ^n)1/V(l°g log A„)(1 + c)/v

=  1

holds true for any e> 0 .

Proof. Let M(ri)= max IS1*! and

B ( n )  =  ^ ( lo g ^ ) 1/v( lo g lo g ^ (1+,)/v (n =  1, 2, ...).
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Then by Theorem 2.1,

(3.3) P[M(n)  =£Я(п)] =§

Since as и
integers {пк} such that

(3.4) < - i  == ek

( l o g A l ) ( l o g l o g A y + ‘ ("

there exists a non-decreasing sequence of positive

< <  ( f c = l ,2 ....... Л  =  0).
Expressions (3.3) and (3.4) yield

(3.5) I w P[M{nk) ^  B(nk)] =S
__________Cv
(log ^nk)(log log Tnt)1 + £ ~

“  CvÁ  k( \ogk?+‘ < 0 °’
(where I (k) is the summation over distinct nk s).

Therefore, the Borel—Cantelli Lemma implies that the inequality

(3.6) M(nk) <  B(nk)

holds with probability one for sufficiently large k.
By similar arguments it is seen that

(3.7) M ( n k- l ) ^ B ( n k- l )

holds with probability one for sufficiently large k.
Suppose n„SK <nH1 then B(n)^B(nk) and |S,n|sM „ k+1_1. Thus with pro

bability one, for sufficiently large к

оч 1*5лI 4 /nfctl_1 ___ B(nk+1— 1)
 ̂ ' ’ B{n) -  B(nk) -  B(nk) ■

But, B(nk+1 — l)/B(nk) is bounded by Dei  for sufficiently large k. Thus,

(3.9) m |  =  0 ( A nl o g A i r \ l o g \ o g A i r ^ ]  =  1,

for all e>0. Since e is an arbitrary positive number, (3.9) implies (3.2).
The following stronger result is obtained by restricting the sequence of random 

variables to those satisfying the dependence restrictions for an infinite number of 
even integers.

Corollary 3.1. Let the sequence o f random variables {T*} satisfy the conditions 
o f  Theorem 3.1 fo r  an infinite number o f even integers v. Then, fo r all e> 0 ,

(3.10) P[\SK\ =  o(An(logA%'J] =  1.

The next theorem will provide the rate of convergence in the strong law of 
Theorem 3.1.

Theorem 3.2. Let {Xk} be a sequence o f random variables which satisfies the con
ditions of Theorem 3.1 for an even integer v >2 . Let {afc} be a sequence o f  constants
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( " 'l172
in =  (k2 a l b l } - °°, as n -*■ °°,

satisfying

(3.11) 

and
(3.12) a\b l <  (1 - e ~ ' )A l  (for ail n S  n0). 

Then, for any choice o f  a and ß  satisfying

(3.13) 0 <  <  av —1,

(3.14) P sup. №.
„ fi A2n(l o g A * y -ß I**" Ak(logAlY 1

Proof. Conditions (3.11) and (3.12) imply the existence o f a strictly increasing 
sequence of positive integers {n7} such that

(3.15) A l pi + 1 (for all j  suffciently large).

For each n define the integer у0=у0(и) by

(3.16)
By Theorem 2.1 and (3.15),

n tk njo+1.

P sup
Uin

I Sk
■kmn A k  (log A l ) a

— 2  P I maxJ j = j 0
\Sk

d k(log At)* ■]-

^  2  CvAn; ( l o g  A2nj) - ^ A lJ+1 ^  CViX( \ o g A i y - * \
J—j0

where Cv a is suitably defined constant involving just v and a. Hence

A  AK  log A K ?-*  P Ak(logAk)x 

Thus, since av—ß —1>0, we have the above series converges.

№ I С У ______—--------J -  AlQogÄST-'
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MINIMAX THEOREMS FOR UPPER 
SEMICONTINUOUS FUNCTIONS

By
V. KOMORNIK (Budapest)

1. The various generalizations o f von Neumann’s classical minimax theorem
[1] constitute an important chapter o f the modern analysis. In the economic applica
tions it might have some interest to prove minimax theorems for vector-valued 
functions, e.g. for functions mapping into R", endowed with the lexicographic order. 
As the first theorem o f this paper shows, without any further conditions Neumann’s 
result does not remain true for such functions.

In a recent publication [5], C.-W. H a generalized Neumann’s minimax theorem 
(see also in [3]) for upper semicontinuous functions. Our second theorem establishes 
a slightly more general form of this result, which contains also Theorem 1 in [4]. 
Our proof is based on the considerations, developed by I. Joó in [2] and [3]; thus we 
can eliminate the application of Brouwer’s fixed point theorem, essentially used in 
[5]. Theorem 2 is formulated for functions mapping into a linearly ordered space. 
Thus we obtain a positive answer for the minimax problem of vector-valued functions.

The third theorem o f this paper asserts that in case if one of the underlying spaces 
is a convex subset o f some topological vector space, the continuity conditions of 
Theorem 2 can be weakened.

The author is grateful to I. Joó for proposing the minimax problem o f vector
valued functions.

2. T heorem 1. There exists a continuous function f:  [0, 1]X[ —1, 1] — 
— 1, 1]X[ —1,1] such that

(1*) the subfunctions f ( - , y ) are concave for any fixed y £ [ — 1, 1],
( ly) the subfunctions f (x ,  •) are convex for any fixed  x € [0 ,1]; 

nevertheless
(2) max min/  (x, y) =  (0, — 1 ) ^  (0, 0) =  min max f ( x ,  у )

x у  у  X

([ — 1 ,1]X[ — 1, 1] is equipped with the lexicographic order).

Proof. Consider the continuous function
/ :  [0, 1] X [— 1, 1] -  [ - 1 ,  1]X[—1,1], f ( x , y )  =  (xy, - y ) .

It is easy to see that

From these relations we obtain (2) at once.
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To prove (1*) and (P ), we have to show that

/ ( * * i + ( l ~ 0 x2, y )  ^  t f(xu  y ) +  ( l - t ) f ( x 2, y)

for any x l5 x 2g[0, 1], y € [—1,1], *€[0,1], and

f ( x ,  tyi +  (1 -  t )y2) ^  t f  {x, y j  +  (1 -  t ) f  {x, у a)

for any xr£[0, 1], y i ,y 2€[ — 1, 1], /€[0, 1]. But these conditions are obviously satis
fied; moreover, we have not only inequality but also equality in both cases:

( iX iy -K l-O ^ T , ~ y )  =  t (*iУ, - y ) + ( X - i ) ( x t y, - y )
and

(xty1+ x ( i - t ) y 2, ~ t y 1- ( . l - t ) y 2) =  t(xy!, - y i )  +  ( l-* ) (x y 2, - T ü)- 

The theorem is proved.

3. We recall that by an interval space (see [4]) we mean a topological space X  
endowed with a mapping [ •, • ]: X X X -* {connected subsets of X}  such that x 1, x2€ 
£[xi, x2] =  [x2, X]] for all X!,x%£X.  A subset К  o f an interval space is convex if 
for every х г , х 2£ К  we have [x1? x2] c ä '. Any convex subset of a real topological 
vector space is an interval space with its natural interval structure.

A linearly ordered space (see [6]) is called complete if every subset has a least 
upper bound. Such spaces are the extended real line R, the extended euclidean и-space 
R" or any compact (in the euclidean topology) subset o f R" with respect to the lexi
cographic order.

Let X  be an interval space and Z  a complete linearly ordered space. A function 
/ :  X —Z  is called quasiconvex (resp. quasiconcave) if  the sets

{x€X: f ( x )  S  z}  (resp. {x£X: f { x )  & z})

are convex for all z£Z . Furtherm ore,/is called upper semicontinuous if  all the sets

{x€X: f { x )  S  z), z£Z,
are closed in X.

If X  is compact and / : X —Z  is upper semicontinuous, then there exists an x0€X  
suchthat / ( x 0)= su p  f (x) .  Given a family ( / ) ie/ o f upper semicontinuous functions

xCX
from X  into Z , the map in f /  is also upper semicontinuous. These statements are 
proved in the same way as in case Z = R .

Theorem 2 . Let X  be a compact interval space, Y  an arbitrary interval space, Z  
a complete linearly ordered space and f : X X Y  -*-Z an upper semicontinuous function 
such that

(3X) the subfunctions / ( - , y )  are quasiconcave on X  for any fixed  y€ Y,
(3y) the subfunctions f (x ,  •) are quasiconvex on Y for any fixed x£X.

Then
(4) max inff  (x, y ) — inf max/ (x, y).

Proof. The expressions in (4) make sense by the two statements mentioned just 
before this theorem. Being the relation m a x in f/(x ,y )s in fm a x /(x , y) obvious,

X  у  у  X
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it is enough to show that the family of sets

{ Ч у ) =  { x eX : f (x ,  у) ё  inf ma x /(x , у)}:>»€Г} 

has a non-empty intersection.
For any y£ Y, the set K (y )  is convex by (3X) and non-empty by the definition of

in fm a x /(x ,y ) = z * .  Moreover, K(y)  is compact because X  is compact and / i s
у *

upper semicontinuous.
It follows from (3y) that for any y ±, y 2£ Y  and y d [ y i , y 2], K (y )cz K(y1) Ö K ( y 2). 

Finally, if lim x f= x , lim y t—y  and х £ К { у {) for all /£ /, then x£K(y).  Indeed,
we have f { x t , y ^ z *  for all i f j  and П т (хь у;)= (х ,у).  Hence, by the upper
semicontinuity o f / ,  f ( x , y ) ^ z * ,  i.e. x£K(y) .

On the basis of these properties, our theorem follows from the fixed point theo
rem of I. Joó [2], which can be proved by simple tools (the present formulation is due 
to L. L. Stachó  [4]):

Let X, Y  be interval spaces and K( •) a mapping of Y into the family of compact 
convex subsets of X, such that

(i) K { y ) ^ 0  for all y £ Y ,
(ii) К ^ с К ^ у ^ и Ч у ъ )  whenever j € [ j i , y 2] and y ^ y & Y ,

(iii) x£ K (y )  whenever ^ =  lim y;, x = lim  X; and xif K ( y i) for all /€ /.
Then we have

П K ( y ) * 0 .  
y€T

4. T heorem 3. Let X  be a compact interval space, Y a convex subset o f  some real 
topological vector space, Z  a complete linearly ordered space and f:  X X Y - * Z  a 
function, having the properties

(5*) the subfunctions f ( - , y )  are quasiconcave on X  and upper semicontinuous on 
X  for all fixed y£  Y,

(5 /  the subfunctions / ( x ,  •) are quasiconvex on Y and upper semicontinuous on 
any interval o f  Y for all fixed x£X.
Then

max inff ( x , y )  =  inf max/ (x, y).

R em ark . As Theorem 2 in [4] shows, this assertion is true if  we require in (5y) 
lower semicontinuity instead o f upper semicontinuity.

P roof. It suffices again to prove that the family of sets

JS"= {K (y )  =  {x€X :f(x , y ) a  infm axf(x, y )}:y £ Y }

has a non-empty intersection. Being the elements of SF compact (because o f (5*) 
and the compactness of X),  it suffices to show that S' has the finite intersection pro
perty. The definition of infm ax f ( x , y ) = z *  ensures that K ( y ) ^  0  for all y f  Y.

П
Assume now that П К(.Уд ^  0  for every choice o f y l 9 y n£Y9 but
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и + 1
П К (у*) =  0  for some у*, . . . ,  y t +1e.Y. То complete the proof, we show that

i =  l
Я +  1

this is impossible. Set K*(y)  =  П K(y*)C\K(y)  for all y£Y ,  then
( =  3

(6) к * ( у Г ) Г к * ( у Я =  0 .

It follows from the inductive hypothesis and (5*) that

(7) K * ( y )  is non-empty, convex and compact for all y€T.

(5y) implies that

(8) K*(y)  c  Ä'*(y1)UÄ'*(^2) whenever y x, y 2£Y  and ye [yx, y 2l  

Furthermore,

(9) either K * ( y ) c K * ( y t )  or K*(y)  c  K*(y*)  for any y € [ y í , y f t

Indeed, if there were points x l5 x 2 such that x td K  * (y)C\K*(y f  ) (*=1,2) for some 
y€[y*, yt],  then —  using (6), (7) and (8) — the connected set [xx, x 2] could be repre
sented as the union of two closed, non-empty and disjoint subsets:

Ú [x i ,X 2 ]n ^ O )n x * (y f ) ,
i = 1

which is impossible.
For brevity, we write henceforth [yx, y 2) = ( y 2,yi]  instead of [.Vi, УгГхЬ'г}- 

It follows from (6)—(9) that the sets

{? €Ы, yt\ :K*(y)czK*(.yt)} , i = 1 ,2

are disjoint convex sets and their union is [y t , y t ] -  Therefore there exists a point 
yoe [y t ,y t ]  such that

(10) K * ( y ) c K * ( y t )  for all уф Г .У о ) ,  > =  1 ,2 .
Suppose
(11) K *(y 0) c  K*(y*)

(the case К*(у0)сК*(у%)  is similar). Then П K*(y) 7 ± 0 .  Indeed, being
yíbi.yt])

the sets K*(y) compact, it is enough to show that for any y xe (y0, y 2], y 2e (ya, y t ]  ■ 
К*(ух)с:К*(у2). But this is true: the application of (8), (11), (10) and (6) gives

K \ y i) с  (К*(у0) и К * ( У2))ПК*(у$)  с  ( K * (y t)U К*(У2))П К *(yt) =

=  (К* Ы )  n  к*  (yt)) и ( К * ( У2)ПК*  (y2*)) =  0 U K * (yd  =  K*{y2).

Choosing an arbitrary x0€ П K*(y),  we have by definition f ( x 0, y ) ^ z *  for
у <Цу 2 . ус)

Acta Mathematica Academiae Scxentiarum Hungaricae 40, 1982



MINIMAX THEOREMS FOR UPPER SEMICONTINUOUS FUNCTIONS 163

all yd[y t ,yo) \  and taking the limit y-* y0, we obtain by (5y)

(12) f ( x 0, y 0) Ш z*.

On the other handi x0dK*(y%), (6) and (11) imply х0^К *(у 0) i.e. f ( x 0, y 0)<z* ,  
contradicting (12). This contradiction proves the theorem.
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/7-NILPOTENCE a n d  f a c t o r  g r o u p s  o f  
/̂ -s u b g r o u p s

By
K. CORRÁDI and P. HERMANN (Budapest)

Let G be a finite group and P  a Sylow p-subgroup of G. Our aim is to get state
ments o f the following type: “If P  belongs to a certain class of finite p-groups and 
Na(P)  is p-nilpotent then so is G itself.”

If P  is chosen to be abelian we have the classical result of Burnside. The asser
tion is true also for regular P  as a corollary to Wielandt’s theorem (see [1]). At last 
we mention the case when P  is of maximal class and it is not isomorphic to Z p 2 Z p 
(the wreath product o f two cyclic groups of order p). The fact, that for odd p it pre
sents a true statement easily follows from any of the results in [6].

One can see that in all cases listed above no factor group of P  is isomorphic to 
Zp 2 Zp (as for the last case consult [4], p. 372).

E x a m p l e . For any prime p let q be a prime dividing (pp—l)/(p — 1) and V =  
=  {vx\ctdF} an elementary abelian group of order pp indexed by the elements of 
F = G F (p p) such that vx -vß= v x+ß (a, ß£F).  For a fixed element у of multiplicative 
order q in F we denote by g  that automorphism of V  for which vex= v xy holds. We 
may define an other automorphism A o f V by v x = v x p . Let G be the semidirect pro
duct of V  and (g, h) then h~1gh=gp, ( V, h ) = N 0((V, A)) is a Sylowp-subgroup of G. 
G is not p-nilpotent, as (g) is its nonnormal Sylow ^-subgroup. Denoting by 
{a, ap, ap2, ..., api" 1} =  {als a2, ..., ap} a normal basis in F, {V, A)= X  ((vXl))(h) 
is isomorphic to Z p 2 Z p. 1- isp

L em m a . Let P  be the semidirect product o f an elementary abelian p-group V by 
a cyclic p-group (A). Then either the class o f P is at most p —1 or P / N = Z p 2 Z p 
for a suitable normal subgroup N.

P r o o f . According to the Jordan-form of b, V =  X  Vi w ith F j =  X  (aj, f) 
and imimk lsjsn,

b ^ a j ' i b  = I aj.i ‘ aj+i,i> 
I aj.i ,

if j  <  nt 

if j  ~  Hi-

The class o f P  is max {и(|1 шШк},  as all the Vr s are (A)-invariant and abelian. 
Assume that n = n ^ p .  Let N = ( a p+11, ..., an 1) X V 2X . . . X V k(bp) then P / N ^
—Zp 2 Zp.

D e f in it io n . Let K ^ H ^ G .  К  is called strongly closed in H  with respect to G, 
if for any element g£G,  К вПН^К .

Th eo rem . Let G be a finite group, p  a prime, Pd Sylp(G). Suppose P  contains a
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subgroup T, strongly closed in P  with respect to G and T  does not possess any factor 
group isomorphic to Z p 2 Z p. I f  N G(T) is p-nilpotent and

(1) p > 2 , or
(2) p —2 and either G is 2-solvable (i.e. solvable) or G does not involve S4 ( the
symmetric group on 4 letters);

then G is p-nilpotent.

R emark . Taking the special case T = P ,  for p > 2  the theorem is o f the desired 
type outlined in the introduction, and it generalizes (for odd primes) all the statements 
listed there. We will deal with some applications o f this theorem in a forthcoming 
paper.

P roof. Suppose the theorem were false, and let G be a minimal counterexample. 
All the conditions remain valid in G1=G/0P,(G). In fact, for any element g£G 
there exists an element h in 0P, (G) such that Тв П P  • 0P, (G)—ТЯПРН= (T eh' 1П P f =  

hence T-  0P, (G)/0P, (G) is strongly closed in P - 0 p, (G)/0P, (G) with respect to 
Gl  Clearly NGl( T - 0p, (G)/0p, ( G ) ) = N g{ T -0p, (G))/0p, (G)=N g(T) • 0P, (G)/0P, (G) 
is p-nilpotent, thus 0P,(G )=1 by the minimality o f G. Using the theorems of 
T h om pso n  [3] and that of G l a u b e r m a n  [5] we can deduce that 0p(G )> 1. Let R be 
a minimal normal p-subgroup o f G. All the conditions of the theorem remain valid 
in G/R,  thus G/R is p-nilpotent, hence R^<P(G) and R is the unique minimal nor
mal p-subgroup. Let M  be a maximal subgroup in G with R^ßM then G = R - M  
and R f ] M = l ,  as R is (elementary) abelian. P = P C \ G —PC \RM = R(PC\M) — 
= R - P x  where Px =PC \M  is a Sylowp-subgroup o f M  and M = G / R  is p-nil- 
potent.

Let K=Op, ( M )  and 1 XQ(LSy\q (K). Suppose that QXK.  We may assume by 
M = K - N M(Q) that P1?bNm(Q), so P x - Q ^ M  and P Q = R - P X- Q ^ G  yields 
P ^ N g(Q). Repeating this for all primes dividing the order fo К  we should get 
P ^ N g(K) and so K*oG,  a contradiction to 0P,(G ) =  1; thus Q —K.  Let ß 0<ß>  
Q 0 be a characteristic subgroup o f ß  then Q0- R < i G  by Q0-R/R char Q R / R < i 
o G /tf , so P  Q0= P i - R  Qo^G,  P S N G(Q0), 0 e = 0 p, (G )= l, so 6  is elementary 
abelian.

Let L = C g(R) and ß ^ L C lß  then Q ^ M .  As R ^ C a(Qx), ö i^ 0 ,(G )= l ,  
so L is a p-group. Suppose that and R s C G(LC\M)  gives
LClM-aG,  hence L C \M =  1 by {LC \M)C\R=\  and the uniqueness o f R. Thus 
C a ( R ) = L = L r ) P = L r ) R - P 1= R ( L n P 1) = R ( L n M )  =  R. As Z ( P ) ^ C a(R)=R,  
for any gfM  0P(G )= 0p(G)9s C e (Z (P)e), so 0p( G ) ^ C G((Z(P)<>\gf_G))=CG(R) =  R. 
It simply implies that CG( ß ) = ß .

Г < ? , thus Т П Я >1. If ft (EG, then (ГП Я)Л= Т АП Я =(Г АП Л П Я ^ Г П Я , 
hence m /?-=aG , and so T ^ R  by the minimality of R. T = T C ] P = T f ] R -  Px =  
R(TC)Pi)>R  by the conditions, so T ■ Q =R (( TC \P 1)Q)  is not p-nilpotent, conse
quently T Q —G by the minimality of G, thus T = P .

R is an irreducible M-module, so by Clifford’s theorem there is a decomposition 
R = R 1XR2X . . . X R ,  with Q ^ N G(R,), R$=R1(j>) for all i and y£Px,  and for any 
I Rt is the direct product of minimal (9-invariant subgroups which are ß-isomorphic; 
therefore Ö/CQ(R,) is cyclic ( i = l ,  2 , . . . ,  t). Suppose t > l .  Let S  be maximal 
among those normal subgroups o f P  with a corresponding_factor group of the type 
P —U-Px such that U — X  î-> G f= Ui(b) for any Ь£Р1г where the action o f

1 =SiSS

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



p-NILPOTENCE AND FACTOR GROUPS OF p-SUBGROUPS 167

Pi is nontrivial and transitive on the index-set and С/П =  1. Assume thatJi/,1 >p  
for some л Let 1 ... • j s€ß i(Z (P )D i7 ) then X (y;)< iP  and P / ^ j )

remains o f the same type, thus |C/i| = ... =  \Us\—p.  Clearly N = { y d P 1\Uy, — Ui 
(i—1,2, ..., s)}=Cpl(U ) < i P  and produces a factor group of the same type, so 
N =  1. Let 1 Xzd Q 1(Z (P 1)) then z  induces a fixpoint-free permutation on the index- 
set, so it may be assumed that U = V 1X . . . X V e with V■= X  ^O-Dp+J ar)d

l S j j f p
zdN(Vi)  for all i. Obviously F;(z)siZ pP Zp\ if e = l ,  then P1= C J>1((z» =  <z) 
and P ^ Z p Z Z p ,  a contradiction, thus e > l .  Denoting by W{ the derived group of 
F,(z), \Vt: W \ = p  and X  ^ < з Р .  Its factor group is of the same type, too. We

1^Ше
get by this contradiction 1=1, hence Q = QICq(R) — QICq(Rí) is cyclic. Thus 
P1= M / Q = N g(Q)/Cg(Q) is also cyclic, and P satisfies the conditions o f the lemma. 
It follows immediately that p X l X q ,  so we can conclude by the H a l l — H ig m a n  
Theorem В [2] that the class of P is at least p, which yields the final contradiction by 
our lemma.
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SECTIONWISE PROPERTIES AND MEASURABILITY 
OF FUNCTIONS OF TWO VARIABLES

By
M. LACZKOVICH AND GY. PETRUSKA (Budapest)

1. Let S' and 'S be function classes on [0,1]. We denote by S'YJS the class of 
functions /  defined on Q =[0,1]X [0, 1] with the property and P ^ S '  for
every x, y£[0, 1], that is, all the horizontal sections p ( x ) = f ( x , y )  belong to S' and 
all the vertical sections f x(y )= f ( x ,  y) belong to <3.

In this paper first we summarize the measurability properties of S'Y.'S where S' 
and run through the following classes defined on [0,1]:

C  — C[0, 1] =  { / ; /  is continuous), 
s i  =  { / ; /  is approximately continuous), 
bxA — { /;  | / |  =  1 and /  is a derivative),
A =  { / ; /  is a derivative),
3>SSX =  { / ; / i s  Darboux Baire 1),
38 the a’th class of Baire, a = l ,2 ,  ... .

We also use the notation 38„ for the Baire classes of functions defined on Q. J l  
denotes the class of Lebesgue measurable functions on Q.

The following chart makes it easy to look through the measurability results. *

c sé bxA A 9)2&x 38x ^2
c 38x 38x 3»x ^2 ^2 2̂
s i ^2 ^2 2̂ *

bxA ^2 ^2 ^2 2̂ *

A J t J l J l *

938x * * *

38x * *

382 *

* indicates that the corresponding classes S'YJS contain non-measurable 
functions.

The reader should realize that our classes are listed in increasing order apart 
from the independent classes s i  and bxA . It is obvious that a measurability property 
of P Y V  also holds for whenever S^'aS' ,  D'aH.

The known results:
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(i) C X C cá?! and, in general, C X ^ „ c J I+1 is a piece o f classic due to Lebes- 
gue ([7], §27, V. Theoreme 2, p. 285).

(ii) C X b 1A c d # 1 must be known. We could not find a reference and hence a 
simple proof is provided as follows. Let f^CXb^A  and put

F(x, y )  =  f  f (x,  t) dt ((*, j ) € ß ) .
0

It is immediate by Lebesque’s convergence theorem that the sections Fy are conti
nuous. On the other hand, the sections Fx are uniformly Lipschitz 1 functions and 
these imply the continuity o f F on Q. Hence

/ ( * ,  У) =  lim n y + ^ - F { x ,  y ) |
is Baire 1 on Q.

2
(iii) If f ^ C X s i ,  then — arctg/£CXi>id and hence /6^?,. (We used

n
here the fact that bounded approximately continuous functions are derivatives, [1]
p. 21.)

(iv) C X ^ 1 c C X M i C C X ^ i C J 2 and C x ^ ac f 3

follows by (i) and hence the assertions in the first row are verified.
(v) j / X / c f 2 was proved by R. O. D avies [2]. siX iS ^ äS ^  is proved in [9] 

and  this implies everything in the second row apart from *.
(vi) If 2*»=Ki then there exists a non-measurable function in s i x  3S2. A con

struction can be found in [3], Theorem 11 and [4], Théoréme 3. The authors o f these 
papers claim only the Lebesgue measurability o f the sections f x, but their construc
tions actually give Baire 2 functions. We do not know whether the continuum hypo
thesis is necessary for s iX 0 $2 <tsH.

(vii) b1A x b l A (z & 2 is due to Z. G rande ([6], Théoréme 3). The stronger asser
tion hjdXá?i C J 2 is contained in [9].

(viii) All the stars in the last column follow from (vi). In fact, if /€  (í / X J 2) ~ síí 
2

then — arctg /6(h id Xá?2) ~ J i< z ....c .{ß 2X2ü^)—J t. All these relations rely upon n
2*0=8,.

(ix) A x id ^ a J i  was proved by M. Laczkovich in [8]. We do not know whether 
or not stronger measurability properties (e.g. A x A c z & 4) hold in the fourth row.

(x) 2й&1Х&НЯ)1(£ Л  is a theorem of J. S. L ipinski [10]. This implies all the 
remaining stars in the chart. We remark that the first result in this topic is a theorem 
o f  Sierpinski stating J 1, X c£ J i  ([11], p. 147). It is remarkable that Lipinski’s 
counterexample is sectionwise approximately continuous with at most one excep
tional point for each section. The sharp contrast between this fact and r f X j / c J 2 
shows that the two dimensional measurability very delicately depends on those of the 
sections.

(xi) As we mentioned above, it is not known whether in the fourth row we have 
sharp results. On the other hand all the positive results in the first three rows are 
sharp. séXsá<t& \ was proved by D avies ([2], Theorem 2). He constructed a bound
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ed function, thus he also proved л /х Ь кА and ЬХАХЬ±А c t^ t. Hence the 
second and the third row cannot be improved.

(xii) C X ^ ^ i C t ^ i  was shown by Z. G r a n d e  ([5], Théoréme 3). The only gap 
remained to fill up is to show С Х А  с£3$1. In the next section o f our paper we are 
going to prove this relation.

2. Our result is stated in the following

T heorem . There exists a function f (x ,  y)  defined on the unit square Q such that 
the section f y is continuous for every j€[0 , 1], the section f x is a derivative fo r  every 
x€[0, 1] and f  does not belong to the first class o f Baire.

P r o o f . We represent out function / as a sum f —g + h  where g  and h satisfy the 
following properties.

(1) e gy is continuous for every y€[0, 1];
(2) g the function

if у  pi x 
if y  =  x

is a derivative for every x£[0, 1];

(3).
{ 1 if x =  sk (ic =  1, 2, ...),

0 otherwise;

where is a suitable sequence everywhere dense in [0, 1];
(1)л hy is continuous for every y£[0, 1];
(2)h If x€[0, 1] — {-5*}Г=1 then the section hx is a derivative. Furthermore, the 

function
Г hSk(y)  if y ^ s k 
l 1 if у  =  sk

is a derivative for every k =  1 ,2, ...;

(3)й h(x, x) =  0 for every x€ [0 ,1].
def

Having these properties above, the function / =  g + h  obviously has the required 
continuous and derivative sections, respectively. Since

if x =  sk (fc =  1 ,2 ,...) ,  
otherwise

and {i*}r=i is everywhere dense in [0, 1 ] , /  cannot be a Baire 1 function.
Let the rational numbers of (0,1) be enumerated in a sequence {гй}Г= i • Let 

s1= r 1, 51= m in (j1, 1— Yj) and let P1 be a nowhere dense perfect set in (Tj—<51?

íj +  áj) such that the points and J i± — are all density points of Рг for every 

. Suppose the points .q, ..., .уй_! and the nowhere dense perfect sets
°i
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P i, ..., Pk- 1 have been defined such that si^Pi ( i=  1 ,2 ,. .. ,  k —\). Now we choose 
a point

skm  l ) -  ‘и л
i = l

such that and put

Sk =  dist (s*, *U {0,1}).

Let Pk be a nowhere dense perfect subset of (sk—Sk, .у*+<5*) such that the points sk 

and are density points of Pk. Thus we have defined the sequences

K }r=i and {А}Г=1 by induction.

Lemma 1. Let  P c ( 0,1) be measurable, a £ P  be a density point o f P  and let 
O o j S e S l  be given. Then there exists a function g  defined on Q such that

(i) 0 =§ g si 1;

{ 1 i f  x  =  a,
0 otherwise;

(iii) g(x,  y) =  0 i f  x = a ,  y ^ a  or |jc—a |^ e  or \ y—a\^e or y$P ;
(iv) gx is approximately continuous for every x€[0, 1], xy^a:
(v) gy is continuous for every y€[0, 1];

г
(vi) f  gx dy  S  rj\x — a\ for every хе[0, 1].

0
Proof. Consider the set

D =  {О, У)', \ x - a \  ^  e, \ y - a \  rá |x - e |} .

Let

X(x, y )  =

if
if

Fig. 1

(x, y ) i D ,
(x, y )  =  (a, a),
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Then 0 ^ х = 1 , X is continuous except in (a, a) and y(x , a) is continuous in [0,1]. 
Applying a lemma o f Z ahorski ([12], Lemme 12, p. 29, or [1], p. 28) it is easy to find 
an approximately continuous function p(y )  defined on [0, 1] such that O ^ p ^ l ,

def
p { a ) = 1 and p ( y ) = 0  for y<iP. We put g ( x , y ) =  x(x,y)p(y).  The easy verifica
tion o f (i)—(vi) is left to the reader.

Apply Lemma 1 with P = P k, a = s k, 1Р= Тг an<* let At and gk denoteК к
со

the corresponding domain and function (k =  1 ,2, ...). We put g =  2  gk. Obser-
*=i

ve that, for every y £ [0 ,1], gk= 0  apart from at most one exceptional k and 
hence the definition of g  makes sense. We have to verify (1)9, (l)g and (3)g. ( l)g and
(3)g are obvious from the definition. In order to prove (2)g first we observe

(4) O SgS  1 and that
(5) gx is approximately continuous everywhere except at the point y = x ,  for 

every x€[0, 1].
Indeed, if y ^ x  that is the point (x, y)  is off the diagonal then, there is a 

neighbourhood o f (x, y) which meets only a finite number of the rectangles

and hence, by Lemma 1 (iii) and (iv), gx is approximately continuous at y. Let 
x£[0, 1] be fixed and put

G ( y ) =  f  g(x, t )dt  (y€[0, 1]).

By (4) and (5), we have G'{y) — gx (y) for every у  ^  x. It is enough to prove

(6) lim
p-*

G(y)
y - x

= 0 .

Suppose first x€[0, 1] — {.г*}Г=1 and let A be fixed. Choose <5 so small that \ y —x|<<5 

implies ({x} X  [x, у]) П  ^ U Dkj =  0  . Observe that ({x} X  [x, у]) П Dk ^  0  implies 

|x —jk| s 2 | x —y| { k =  1 ,2 ,...) . Hence, by Beppo Levi’s theorem, we have

G(y)  =  /  g ( x , t ) d t =  J  f  gk(x, t ) d t  = 2 ' f  gk(x>t)dtrs
X  k ~ 1 X  X

^ X  f  8k(x, i)dttá 2'^z\x-sk\ -  kJp+1 \x-y\ = °(I*-JÍ)

where in 2Í' the summation is extended to the indices k  with ({x} X  [x, у]) П  Dk ^  0 .  
This proves (6). The same estimation holds for x —Sj as well since, by Lemma 1 
(iii), g j ( S j , y ) = 0 if y ^ S j .

Now we turn to the construction of h.
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Lemma 2. Let M  be a measurable set in [0,1] such that 

(7) Я(МП( 1—<5, 1)) >  0 for every 6 =*■ 0.

Then there exists a function u: 0  —R such that
(i) ux is bounded and approximately continuous for every x€[0, 1];

(ii) uy is continuous for every y€[0, 1];
tin) u(x, y) =  0 i f  x = 0  or y  =  0 or y =  1 or y $ M ;

(iv) f « , d y =  j1 i f  X = '
i  10 i f  x  1;

(v) I J  uxdy  J ^  1 fo r every x, i£[0, 1].
о

P ro o f . By our assumption (7) we can find a sequence of density points of M
0 < yi < y2 , J'n-l-O.

Let H  denote the set of density points of M  and let V be an F„ set,

A(F) =  2 (t f)  =  A(M).

Then we can apply Zahorski’s lemma and obtain an approximately continuous 
function O S p ^ l which separates the sets ([0, 1] — K)U {0, 1} and {ук}Г=1  

both closed in the density topology. That is

p(yk) = 1 (k = 1,2,...), p(y) = 0 (y€([0, 1] —F)U{0, 1}).
We define

q(y) = —r—— p(y)f p{t) dt  
0

and observe that
1

(8) f q ( y ) d y >  0 05 > 0 )
1-d

and
1f q(y)dy  =  l.

0
We put

X  __  1

<*(*)= /  - j— qiOdt,  ß ix)  =  f ( t - x )  q( t )d t  ( O á x S l ) .

By (8) we have /?(x)>0 (x < l) . Define

u(0, у)  =  0, u ( l , y ) = q ( y )
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and

u(x, y)  =  ■

«(*)
ß(x)

x - y
1 - У

( j - x ) q ( y )  if 0 < x < ) i S l ,  

q{y) if 0 s j » S x < 1 ,

Now we have to verify properties (i) — (v). (i) follows immediately from the approxi
mate continuity o f q. (ii) and (iii) are easy by the definitions, (iv) follows by direct 
calculations. The estimation under (v) is trivial for x = 0  and x = l .  If 0 < x < l  
then the integrand ux has one and only one change of sign at y = x  where it turns 
from positive to negative. Hence

I / ux dy\ S  ! / ux dy\ =  j  q(y) dy  ^  f  q (y )d y iS  f q ( y ) d y =  1.
0 0 0 * У  0 о

L emma 3 . Let T  denote the rectangle [a—d,a-\-d]Y.[b,b-\-S\, let P<z[b,b+S\  
be a measurable subset such that b + S  is a left hand side density point o f  P  and let a po
sitive number c be given. Then there exists a function cp:T— R such that

(i) cp(x,y) = 0 i f  (x, y) is a boundary point o f  T or
(ii) (px is a bounded approximately continuous function for every x£[a — S, a + S \ ;

(iii) (py is continuous for every y€[b, b+5]',

i f  x  =  a,
i f  0 <  |jc—a I 5s (5;

for every (x, t)£T.

P ro o f . Let и denote the function constructed in Lemma 2 with M =  
— {.VI d y + b ^ P ) .  We define the function щ by

_ Г и(*+1, y )  if (x, j)€[-l, 0]X[0,1],
y  ~  I «(1 - x , y )  if (x, j)€ [0 ,1 ]X [0 ,1]

(p (x, y) —cux if (x, y X  T.

Properties (i)—(v) follow immediately from Lemma 2. 
N ow  consider the rectangles

and
Tk.„ =

П ,п =

[ s* и ( и  +  1) ,Sk+  n ( n - t - l ) ] X [ S't + n +  l ’ S k + n ]

[Sk~  n ( n + 1) , s *+  n ( n + i ) ] x Is* " ’ s*~7T+t ] 

(fe =  1, 2, ...; n - 2 , 3 ,  ...).
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Since

Ü (TUm\JT'hm),
j=  1 m = 2

there exists a natural number nk>~r- such that
1

(9) Tk,„ n T j,m =  Tk,nDT'j,m =  n , „ n r y,m = 0

if n ^ n k, j < k  and
For a fixed pair {k, n) we apply Lemma 3 for each o f the rectangles Tkt„, Tkt„

with с=фЬту  Р='Р*П[5*+7ПП' *‘+ ^ l or р = л п | 1* 4 ’ 1‘ - 7 п У
and obtain the functions (pk „ and il/ki„, respectively. We put

h(x, y)  =
Рк,п(х,У) if
ФкАх>У) if
0 otherwise.

(x, y ) eT ki„ 
(x, у)£Т1„

(k =  1, 2,
(fc =  1, 2,

n S  nk), 
n =  nk),

By Lemma 3 (i), the definition of h is unambiguous. We have to prove (1)л, (2)h 

and (3)h. (3)h is obvious. If y $  |J  A  then hy= 0  by Lemma 3 (i). If y£ P k
k = 1

then h(x ,y ) can take non-zero values only in one of the rectangles Tk<n, T'k m and 
hence hy is continuous by Lemma 3 (i) and (iii) and hence (1)A follows.

In order to prove (2)h we observe that for every x€[0, 1] the section hx is locally 
bounded and approximately continuous everywhere except at the point y = x .  
Indeed, if x ^ y  then the point (x, y) has a neighbourhood meeting only a finite 
number (at most two) of the rectangles Tk n and T ’k n. Thus we can refer to Lemma 
3 (i) and (ii).

Let now x„£[0, 1] — {^}Г=1 he fixed and let

if у  =  x 0, 

if x0 <  у  ^  1,

if 0 ^  у  <  x0.

We prove that H  is a primitive of hXo. H ' ( y ) = h Xo(y) is obvious for y ^ x 0 by the 
remark above. We have to prove

(1 0 )  lim ~  0  ( =  M * o ) ) -
У x  0 У -Xq

If (x0,y H  u U №,.uri,n) then tf(y ) =  0 by Lemma 3 (iv). Suppose
k = 1 n=nk

(П ) У > Х 0, (х0,у )€ А ,л
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(n ^ n k). Then

Щ у) = — J К  (0  dt =  f (pk Oo , t ) d t

and thus, by Lemma 3 (v),
n + l

\Щ у ) \  s
l

On the other hand, (11) implies 

1

n(n +  l)

S i  — n(n +  l)
X0 Ä sk + 1

from which y - x 0^ - 1

n (n + 1)  

1 1

s i  +  '

if и ё 2 . Therefore

1
n

Щу) _2
nn +  l n ( n + l ) ~  2{n +  l) y —x о

y —x0 implies и—°°, proving (10). (The proof is similar for y < x 0.)
Now let x0= s k and put

l
H ( y ) = -  f h(sk, t ) d t ,  1.

У

Since hSk is locally bounded and approximately continuous if y > s k, we have
1 1

H'(y)=hSk(y) (st < y ^  1). Furthermore, if  and n > n k, then

s‘+7
H ( y )  =  ~  f h ( S i , t ) d t  =  —  2  f ( P k , j ( s k , t ) d t +  f <pk t „ ( s k ,  t ) d tу j-au 1 1

ífc+7+T *>‘+7ЙТ
n 1 y 1 1 / 1 4

=  —  2 - ^ r . ---TT+ f <Pk n ( s k> 0  d t  =  --------------------------h 0\— ---------—  I
j S ^ J  0  +  1) J 1 ' n +  l  "k Kn(n +  l ) J

n + l

using Lemma 3 (iv) and (v). 
This implies

and

lim H(y)  --------
y - \ + °  n k

Я О О + -
lim ------------- —y ~ sk +0 у  sk =  1.

That is, if we define H(sk) = ------, then we have H'+ (sk) = l .  Similarly, if  we define
n k

Щ у )  =  f  h(sk, t) d t — ( 0 = = y < s fc),
0 nk
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then we have again

Thus we have verified (2)h and hence the proof o f our theorem is complete.
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SOME THEOREMS ON UNICITY 
OF MULTIVARIATE /^-APPROXIMATION

By
A. KROÓ (Budapest)

Introduction

Let X  be a normed linear space and consider a finite dimensional subspace 
U a X .  We say that p(z U is a best approximation of x £ X  if \\x— p\\ = in f {||x—q\\: 
q£U}.  Since U  is finite dimensional each x £ X  possesses a best approximation; 
moreover, if  the norm in X  is strictly convex, this best approximation is unique. 
But a number of important norms (Chebyshev norm, Lj-norm) are not strictly con
vex, therefore the study of uniqueness of best approximation in these cases needs 
deeper considerations.

In the present note we shall study the unicity of Lx -approximation. Let AkzRm 
be a compact convex set in the real Euclidian space Rm (m S 1) having nonempty 
interior. Consider the space Х = С г(К) o f real valued continuous functions on К  
with norm | | / | |=  J\f\dfim. ( / m denotes the Lebesgue measure on K.) Let Un be an 

к
и-dimensional subspace of Ct (K). U„ is called a unicity subspace o f C1 (K)  if each 
f ^ C ^ K )  possesses a unique best approximation out of Un. Furthermore, we say that 
Un is a Haar subspace if zero is the only function in U„ vanishing more than n — 1 
times on K.

The classical theorem of Jackson and Krein (see [11], p. 236) states that if m —1 
and K = I —[0, 1] then any Haar subspace of Сг{К)  is a unicity subspace. Some ge
neralizations of this result for complex and vector valued functions can be found in
[5] and [6].

We shall study the unicity of -approximation of functions o f more than one 
variable. By a wellknown result of M a ir h u ber  [8 ] there are no Haar subspaces of 
dimension greater than 1 in Сг(К),  when m > l .  This fact is an essential difficulty 
in the extension of the theory o f Chebyshev approximation to functions of several 
variables, because the Haar property is a necessary and sufficient condition for the 
uniqueness o f Chebyshev approximation. On the other hand it is known that diffe
rent families o f spline functions are unicity subspaces of Cx(/)  where I =  [0,1], 
m = \  (see [1], [3], [12]). Thus it turnes out that in contrast to Chebyshev approxi
mation, the Haar property does not characterize the unicity subspaces of С^{К). 
This fact gives a hope that in spite of the absence of Haar subspaces in C^K),  when 
m > l ,  there may exist unicity subspaces in Сг(К).

In the present note we shall give several results on uniqueness of best Lx -appro
ximation of continuous functions o f more than one variable.

In the first section we consider continuous functions of m variables and prove 
the unicity o f Li-approximation by linear functions. We also give a general uniqueness 
theorem for separating functions.
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In the second section we study functions o f two variables. The main result of 
this section is the uniqueness theorem for Lx -approximation by algebraic polynomials 
which are linear in one variable and of arbitrary degree with respect to the other 
variable.

§•1

Let G a C f i K )  be a linear subspace of C X{K)  and let UczG  be a finite dimensional 
subspace of G. Then U is called a unicity subspace of G if each f d G  possesses a uni
que best approximation out o f U. In what follows we shall denote by pm(A) the 
Lebesgue measure of A c R m (m ^ l). The subspace U<^C1 (K)  is called a Z m 
subspace if for any p £ U \ { 0 } ,  pm(Z(p))=0 ,  where Z ( p ) = { x £ K : p ( x ) = 0}.

The following lemma gives a sufficient condition for a Zm subspace to be a uni
city subspace.

Lemma 1. Let  m € N  and let G be a linear subspace o f  C fiK ). Moreover, assume 
that U is a finite dimensional Z m subspace o f  G, which is not a unicity subspace o f  G. 
Then there exist f f G  and p € £ /\{ 0 }  such that Z { f ) c z Z (p )  and

(1) f  q sgn f d p m =  0
к

for  any q(LU.

Proof. Since U is not a unicity subspace o f G, some f* L G  possesses two distinct 
best approximations Pi,p%(:U. Then {p1 + p 2) ß £ U is also a best approximation. 
Therefore

2 / 1 /*- (Pi+Pa)/2| dpm =  f  \ r - Pl\dpm+  f  \ f * - Pi\dpm.
К к к

This yields
(2) 2 \ f * - ( p i  +  p2)/2\ =  \ f * - Pl\ +  \ f * - P z \

/im-a.e. on AT. By continuity o f the functions involved, (2) holds for any interior point of 
K.  GutA  ̂is convex and compact, hence К  is equal to the closure of its interior. Thus, 
finally, we obtain that (2) holds for any x£K.  Set / = / *  — ( p i + p 2)/2, P=P \~P i-  
Then /€ G ,p £ i / \ { 0 }  and (2) implies that Z ( f ) a Z ( p ) .  Moreover by definition of 
/ ,  0 is a best approximation o f / .  Then by a wellknown characterization theorem for 
best Aj-approximation (see [11], p. 46)

(3) I /  q s g n f d p J f  \q\dpm
K \ Z ( f )  Z  ( / )

for any q£U.  But using that Z( f )< zZ(p )  and U is a Zm subspace we have 
/rm(Z (/) )= 0 . Thus (1) follows immediately from (3). The lemma is proved.

Let Lm+1 be the subspace of linear functions on K,  i.e. Lm+1= { f d C i (K):
m

/ (* )= /( * ! ,  * 2, 2  aix i+ a m+1, ű;€R, l ^ i ^ m + l ) .  Evidently, Lm+1 isi = l
an m + 1 dimensional Z m subspace of C\ (K ).

T heorem  1. Let К  be a  compact convex subset o f  R m with nonempty interior 
(m ^l). Then Lm+1 is a unicity subspace o f  C f K ) .
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P roof. Assume the contrary. Then by Lemma 1 there exist f £ C f K )  and 
p €£m + i\{0} such that Z( f )< zZ{p )  and (1) holds for any q £ L m+1. Set S [=  
— {x£Rm: ( — l) / (x )> 0 } ,  K — K H Si  (/=  1, 2). It can be easily shown that S t 
is convex, thus K t is also convex (/= 1 ,2 ). Since Z(f ) ( zZ(p ) ,  f  does not vanish 
on the convex set K t . Therefore/has constant sign on Ku i.e. s g n /=  уt on K t (|y,-| =  1, 
/ = 1 , 2 ) .  If y 1= y 2, then sgn f ~ y x /i,„-a.e. on K,  a contradiction to (1). On the 
other hand, if y i = — y2, then setting p = y 2p  we obtain that sgn p = s g n /  pm-a.e. 
on K.  This again contradicts (1). The theorem is proved.

Set now m > l ;  /= [0 ,1 ] , K —Im= { x = ( x 1, x 2, . . . , x m)€Rm: x t€ I , l ^ i ^ m } .  
For a given /£ C 1( / m) we put

(4) f* ( X i ) =  f  sgn /(x l5 dx1...dxi- 1dxi+1...dxm (1 S i S r a ) .
J m -1

Lemma 2. I f  /€ C 1( /m) ( т ё  1) and for given x'£I

(5) pm- i{(* i, . . . , x m) £ / m- 1: / ( x 1, . . . . X f . ! , /  xi+1, . . . , x j  =  0} =  0 

then f *  is continuous at x’ (1 S /S m ).

Proof. For arbitrary e > 0  we set BE=  {(xl5 ..., хг_15 x i+1, ..., x f ) £ l m~1: 
| / ( x l5 ..., х;_!, х', x i+1, ..., xm)|^ e}. It follows from (5) that

(6) P m - 1 № ) - 0  (e — 0).

S in ce /is  continuous on Im, \ f ( x ) —f(x*) \Se  for any x, x* £ /m suchthat q(x , x*)^  
Ш0(е). ( e ( . , .) denotes the Euclidean distance.) Therefore we have for |й|ё<5(е)

\ f * ( x ' ) - f * ( x '+ h ) \  =§ f  |sgn/(Xi, . . . , x i- 1,x ' ,x l+1, . . . , x j -
Im-1

-S gn /(X !, . . . , x i_1, x '  +h, x i+1, ..., x J lí/X j... i/Xi-ji/Xi+i... dxm =

=  f  +  f  =  Г ^  2pm. f B e).

This and (6) imply the statement of the lemma.
Now we shall consider the special case o f functions separating the variables.

m
Set С ?(/т) = { Д С 1( / т) : / ( х ) = / ( х 1, . . . ,xm) =  2 М хд). This is the subspace of

i=i
separating functions in C1( /m). Let M„iczCl (I) be и;-dimensional Haar subspaces 
of Cx(/), /ij — 1 (1 Ш^т).  We assume thateach M ni contains the constant functions.m m
Set M n =  { 2 4 i ( x i)- lS /S m } . Then M N is an /V= 2 nt—m + \  dimensio-

i = l  i = l
nal subspace of C í ( / m).

Lemma 3. M N is a Z m subspace o f  C l{ lm).
m

P roof. Assume the contrary. Then for some q(xt , ..., xm)=  2  <1 í(Xí)€Mn\ { 0},
i = i

pm(Z(q))>0. Since q£MN\ { 0} there exists lS /'S m  such that is not a constant
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function. Let x be the characteristic function of Z{q).  Then

(7) Vm{Z(qj) =  f x d g m =
J m  J m - 1 /

X dxfj c/jCj... dxj-x dxj+1... dxn

For a given (xx, х} - г , xJ+1, . . . , x j £ l m \  x ( x l 5 x y_ l 5 x , xJ+1, ..., xm) = l
m

if and only if qj(x)= — 7i(*i)- Using that qj£Mnj is not a constant function
i*j

we obtain that the latter relation holds for at most ríj — 1 values of x. Hence 
j x d x j —0 for any (xl5 Xj-k, xJ+1, xm) d l m~1. This evidently contradicts
I
(7) . The lemma is proved.

C o ro lla ry  1. I f  q £ M N is not a constant function, then fo r  any a€R, y m{x £ I m: 
q(x)=a}= 0 .

The following property of Haar subspaces will play an important role in the 
present paper. Its proof can be obtained from a more general result proved in [7], 
p. 41.

L em m a 4. Let U„ be an n-dimensional Haar subspace o f  C f l ) .  Then for any choice 
o f points 0 = f 0< í 1< t 2c . . . < < t < í k+1= l  (&=« — !) and signs yt (M =  l,  O ^ i^ k )  
there exists a q£ U „ \{0 }  suchthat sgn q(x )=yt for (ОшШк).

The subspace M N defined above is a natural “Haar type” subspace of separating 
functions. It turnes out that MN satisfies the unicity property.

T heorem  2 . M N is a unicity subspace o f  C í ( / m).

P r o o f . Assume the contrary. By Lemma 3 M N is a Z m subspace, hence we may 
apply Lemma 1 for G = C * ( I m) and U = M N. Thus for some f€C*(Im) and 
p £ M N\ { 0} we have Z(f )< zZ(p )  and f  q sgn/ dpm= 0  for any q£MN. By this

im

and definition (4) we have

(8 )  j  qtf *  dxt =  0

m
for any q £ M  ( lS iS m ) .  Since p £ M N\ { 0}, p (x lt  xm) =  2  pfx, ),  where

i =  1
PtfMni ( l S / S m ) .  We shall consider two cases.

Case 1: for some 1 ^ k ,  j ~ n i ,  k ^ j ,  pj  and pk are not constant functions.
m

Then 2! P i  is not a constant function and applying Corollary 1 (for smaller dimen-
i = 1

sion) we easily obtain that

..., xm) £ I m- 1:p(x1, . . . , x j - 1, x ' , x j+1, . . . ,x m) =  0} =  0 

for any x'£I.  Since Z ( f ) a Z ( p )  this implies that 

dm-l i f e .  ■:,Xj- 1, xj+1, . . . ,x m) € / m- 1: /(x 1, . . . , x j - 1, x ' , x j+1, . . . , x m) =  0} =  0

for any x'£ I. Thus by Lemma 2 , / j 1 is continuous on /. Moreover it follows from (8)
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that f *  has at least tij zeros 0 < х 1< х 2< - . . < х Иу<1 inside/. (Otherwiseby Lemma4 
for some <7*£Mnj\ { 0}, sgn 4* = sgn f *  /q -а.е. on I, a contradiction to (8).) There-

m
fore using that f ( x k, x m)= 2  f ( x d  we have

<=i
(9)

0  = / / ( * * )  = f  sgn/C*!, xs, xJ+1, . . . ,x m) dx! ... d x j .1dxj+1... dxm =
J m  — 1

m
=  j“m - i{ (* i .  X j - ! , X J+ 1 , . . . ,  x j t l ” - 1: 2 i ( x t)i=1 

i*j

~Pm- l{(*l> • ■ ■ , X j - 1 , X j + 1 ,  . . . ,  хт)£1т- 1: £ / ( х , )  < - /} (* ,) } ,
i*j

where j = l ,  2 , . . . .  rij. Set f J(x1, . . . , X j - 1, x J+1, . . . ,  

It is easy to see that the equation

m
Xm)= 2 i ( x , ) ti=1 

i*j
J j t c u r ')■

Pm-i{x£lm~1:fj(x) >  a} =  nm- i {xe im- 1:Jj(x) <  a}

has at most one solution a = a 0, where

(10) min f:(x) =  üq ~  max f ,(x) .

Therefore by (9) we obtain

(11) f j ( x s) = —a0, s = i ,2 ,. . . ,r i j .

Furthermore (10) implies that there exists x*£lm~1 such that f j(x* )—a0, i.e.
m

2 / ( x T ) = ao, where x *£I  iVy). Hence and by (11)i = 1 
•i*j

f { x t ,  . . . .  x*_! , Xs , xj+1,  . . . ,  x*) =  0 ( l á s s  rij).

Since Z ( / ) c Z ( p )  we get
m

o  =  p{xt,  , X * _ i ,  X „  X*+ 1 , . . . ,  X * )  =  2  Pl(x*)+Pj(xt) ( 1  r i j ) .

i * j

This relations and the Haar property yield that pj is a constant function, but this 
contradicts our assumption.

Case!:  at most one o f the p r  s is not a constant function. Then p (x l t  ..., xm)=  
= P(xk)£4/„k\ {0} ( l s f c s m ) .  Let O ^ x i  < . . .  < x r' =  1 be the all zeros of p, 
r S n k—1. Since Z (f )c z Z (p ) ,  f  does not vanish on the rectangles

Bj =  {(*1, . . . ,  xm) € I m:0 <  xt <  1; x) <  xk <  x}+1, 1 5  i S  m, i ^  fc},

where y = 0 , 1 , . . . ,  r; x'0= 0 ,  x'r+1= l .  (If x j = 0  or x' =  l ,  then the first or, respecti
vely, the last rectangle is empty.) Therefore sgnf = y } for x£Bj  (|yj| =  1, O^j^r) .

Acta Maihematica Academiae Scientiarum Hungaricae 40, 1982



184 A. KROÓ

By Lemma 4 there exists a q€ M nf \ { 0} such that sgn q(x)= уj while x ' < x < x ' +1 
(O^/'Sr). Setting q*(xlf xm) =  q(xk)£MN\ { 0 }  we obtain sg n /= sg n  q* gm-a.e.
on I m, i.e. f  q* sgnf d y m>0.  We again arrived at a contradiction.

The proof o f Theorem 2 is complete.

Let P„ denote the set of algebraic polynomials on /  of degree at most n. For a
m

given п=(п!, n2, . . . ,nm)£Z1  we set P * = { ^ p „ f(xt): pnf P ni, Then

by Theorem 2 we immediately obtain the following

C orollary  2. P? is a unicity subspace o f

Remark. The Chebyshev approximation o f separating functions was studied 
by D. Newman and H. Shapiro [9]. They proved that a best Chebyshev approxima
tion of a continuous separating function of two variables can be given by the sum of 
Chebyshev approximants of its component functions. Later in [4] it was shown 
that this is the unique best Chebyshev approximation of a separating function. In 
connection with Theorem 2 a natural question arises: is the best L r-approximation 
o f a continuous separating function equal to the sum of the best L x -approximants 
o f its component functions? The following example shows that in general the answer 
is no.

Example. Set m = 2  and consider the function / (xx, x2) = f x(xx) + f 2(x2)^C*(/a), 
where

/ М / 2О 2)  =  x 2~ 2 ’ * z€ [0 , 1].

It can be easily verified that 0 is the best Ьг -approximation of both f  and / 2 on 1 by 
constant functions. Assume that the best Lx-approximation of f ( x 1, x 2) by constants 
is also zero. Since p2( Z ( f ) ) —0,

i.e.
(12)

f  s g n /O j ,  x2) dxx dx2 =  0,

dXi — 0,

where /J'(x1) =  J  sgn / (xx, x 2) dx2. It can be derived by simple calculations that
I

f * ( xi )=2f i (x1). But this contradicts (12).

§•2

In this section we shall study the Li-approximation of functions of two vari
ables. Thus we set m —2 and consider the space С г(1г), where /= [0 ,  1]. Theorem 1 
in the previous section states that the subspace of linear polynomials L3=  
=  {a x +b y +c :  a, b, c£R} is a unicity subspace o f C f P ) .  This is another illustration
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of the fact that the Haar property is not necessary for the uniqueness of best Lx- 
approximation. A theorem o f this type can not hold for Chebyshev approximation.
L. C ollatz  [2] investigated the unicity of restricted Chebyshev approximation pro
blem on the plane. He verified the uniqueness of Chebyshev approximation o f dif
ferentiable functions by linear algebraic polynomials o f two variables. But later 
T. J. R ivlin  and H. S. Sh a pir o  [10] proved that linearity of the approximating poly
nomials is essential in this case. They showed that if the approximating algebraic 
polynomials are quadratic with respect to at least one of the variables, then there 
exists an infinitely differentiable function possessing more than one best Chebyshev 
approximation.

In this section it will be shown that linear polynomials are not the only unicity 
subspaces of C1 (P).  In particular, we shall verify the uniqueness of Lx -approxima
tion when the approximating polynomials are linear with respect to only one o f the 
variables.

Let k, n€N, k S n  and let Uk and U* be Haar subspaces o f C1(I) of dimension 
к and n, respectively. Moreover, we assume that UkiczU*.  Consider an arbitrary 
continuous strictly increasing function cp on I  and set

Un+k =  {q(x, =  <p(y)qk(x) +  pn(x):qk£ Ujt, p„€ U *}.

This is an n+ ^-dimensional subspace of С г (P).

R em a rk . If Uk — U*, then Un+k=TJ2n can be considered as the tensor product of 
U* and the linear span o f 1 and <p^The linear span of 1 and <p is a 2-dimensional 
Haar subspace, hence in this case U2n is a product of two Haar subspaces.

T heorem  3. Un+k is a unicity subspace o f  C f P ) .

P ro o f . First o f all we shall verify that Ün+k is a Z2 subspace. Take an arbitrary 
q(x,y)  =  (p(y)qk(a) + p n(x)€ l/„ + * \{0}. Let us prove that p 2( Z ( q ) ) = 0. Set E(x) =  
=  {(x ,y )£P:  x  =  x, y £ I }  (x d l )  and let x;€ / ( 1 = i = j) be the all common zeros of 
qk and p„, s S n —1. Then evidently E(xi)c:Z(q).  Further, if x^Xj  for each 

and E(x)C\Z(q)j* 0  then qk can not vanish at x. Therefore in this case 
E(x)C\Z(q)  consists of a single point { x = x ;  y= (p ~1( —pn(x)jqk(5c))}, where (p-1 
denotes the inverse function o f q>. Thus ^1(£'(3c)flZ(^))=0 for almost all x£l ,  
hence p 2(Z(q))—0. This implies that Un+k is a Z 2 subspace.

Assume now that the statement of the theorem is false. Then by Lemma 1 there 
exist f e C f P )  and q*(x,y) =  (p(y)q*k(x) + p * (x)£ i/„+)£\ { 0 }  such that Z(f )czZ(q*)  
and
(13) f  q sgn f d p 2 =  f  d x ( f  q sgn/dy) =  0

П  I I
for any q£Un+k.

We shall consider several cases.

Case 1: qk is the zero function. Then q*(x,y)=p*(x),  where p*£ C/*\{0}.
Г

Therefore Z(q*)= \J E(xt), where O ^ X i C . - . c ^ S l  are the all zeros o f p*,
i=i

r S n - 1 .  Since Z(f)czZ(q*) ,  f  does not vanish on the rectangles
0 < y < l } .  Thus sg n /= y j on Bt, where |уг| =  1 ( l S i S r + l , x „ = 0 , x r+1= l ) .
Since r ^ n — 1 by Lemma 4 there exists a p„€.U *\{0} such that sgn pn= y t while
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X i - ^ x - ^ X i  ( l s / á r + l ) .  Thus considering pn as an element o f Un+k we have
sgn /= sgnp „  on Bt ( 1 ё / ё г + 1 ) ,  i.e. J p n sgn f d p 2>0.  This contradicts (13).

/*

Case 2: q t £ U £ \ { 0 } ,  < p [ ^ q t ( x ) + p t ( x) is the zero function. Then q*(x ,y)=

=?*(*){<?>00-<р(у)}- Thus Z(^*)= ( .U -£(xf) jU  jx€ /; у =  у }, where O s ix ^  

< x 2< . . . < x sS l  are the all zeros o f qk, s ^ k  — l.  Set

A, =  |x (_ i <  x  <  x,;
I l  , ( l = S i = » s + l ;  x0 — 0; xs+1 =  l).

Bi =  {^ i-i - z x - < x t; у  <  У <  Íj

Since Z(f )c:Z(q*) ,  f  preserves sign on each A t and Bh Hence

(14)
on
on

A,
Bt,

where |yf| =  |e,| =  l ,  l S i ^ j + 1 .  Furthermore (13) implies that

(15) f  Pn(x)f*(x)  dx =  0 (p„e u n%
I

where f t  (x) =  J  sgn f(x,  y)dy.  From (14) we easily derive that f t ( x) = y (y ( +  e;) =  /?,
I

for Х (_ !< х < х 4 ( lS i 'S i+ 1 ) .  Evidently ßt equals 1, — 1 or 0 ( l ^ i ^ j + l ) .  Since 
s ^ k —l, Lemma 4 implies that there exists a qk£ t /^ \{0 )  suchthat f t q k =  0 p 1-a.e. 
on I. But qk£ U kczUt,  hence it follows from (15) that f t 4 k ~ 0 ^i-a.e. on I, i.e. 
/ * = 0 /^-a.e. on /. Thus ßt= 0  and therefore уг=  — e{ for each I s / S j + 1. Using 
again Lemma 4, consider a polynomial ^ € и £ \ { 0 }  such that sgn %=e; for

Afi. 1< x < r j ( l ^ / g s + l ) .  Furthermore, set q(x, y) =  <p(y)qk (x) — r/^yj 4 k (x) —

=  <1к(х){<Р(У)-  (P ( j ) } e  U„+k\ { 0 } .  Then

Í (1 )1  f-8< on Ai гуг on Ai
8Вп 5 ( ^ у )  =  88п %(х)88п (< р (у )-Фу |  =  |  ej on д  =  (£; on Bi

This and (14) imply that j'q  sgn f d p 2> 0. Thus we again obtained a contradiction
i*

to (13).

Case 3: C/?\{0}, <p[y)q t (x) + p *(x )€ t/* \{0}. Let 0 S x i< x ; < . . .< x r' S l

be the all common zeros of q t  and p t, r ^ k — 1. As it was shown above if x^x<  for 
each l S / S r ,  then E(x)f]Z(q*)  contains at most one point. Since Z(f)czZ(q*) ,  
E(x)C\Z(J)  also contains at most one point in this case. Thus applying Lemma 2 
we obtain that f t ( x )  is continuous while х'г_ !< х < х (  ( l s / ^ r + l ;  Xo=0; x '+1=  1). 
Furthermore (15) and Lemma 4 imply that / *  has at least n —r distinct zeros on
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Г +  1
Q =  \J (x'i_1, x  ■). (Otherwise f*  changes sign at at most n — 1 points and this, in

i = l
view o f Lemma 4, contradicts (15).) Let xit 1 ^ i = n —r, be any distinct zero of 
/ *  on Q. Since x £ Q ,  xt is not a common zero of qk and p*, hence E (x f) contains 
at most one zero of / .  On the other hand E(xi) should contain a zero o f / ,  because 
otherwise /í(3c;) equals 1 or —1. Thus E (xi)C\Z(f) =  {x = x p  y = y (}, where, as it 
was shown above,
(16) pi =  (p ^ i-P n ix d /q ^ x d ) ,  1 si i == n - r .

Moreover /  must change sign on 2?(х,), hence sgn f ( x i, y ) = ß i while 0 < y < y ; 
and sgnf (X i ,y )=  —ßi while 1 (|/?г| =  1; l S / S n - r). Thus

0 =/i*(3Ci) =  / sgn/(3c,-, y )  dy =  ßiP i-ßA  1~ Ä ) =  1).

Therefore we obtain у;= у  ( l s i s n - r ) .  From this and (16) we easily derive

(17) <p ( y )  qt(xd+pZ(xd = o, I s i s  n - r .

Furthermore qk(x ■) =  p*(x-)= 0  (1 ^ Ш г) ,  where x ^ X j  for all / and /  This to

gether with (17) imply that the polynomial cp qk(x)+Pn(.x)€ £ C \{0 }  bas n

distinct zeros on I. Thus we arrived at a contradiction to the Haar property.
The proof of the theorem is complete.
Consider the set of algebraic polynomials on P  o f degree m with respect to x  

and к  with respect to у

p m,k =  \ z  2  а(., ^ У ‘':а;,г€к} (fc, m €Z+).U  = 0r=0 J

It can be easily seen that P0tk and Pm>0 are unicity subspaces of CX(P).  This can be 
proved by the arguments used in Case 1 of the Theorem 3. (Note that P0k= P k, 
Pm n= P m.) Moreover from Theorem 3 we can derive the following

Corollary 3. Pml and Plk  are unicity subspaces o f  CX{P).

The question whether Pm k is a unicity subspace o f CX(P) if k, m& 2, remains 
open. We have a feeling that the answer to this question is affirmative. Even the 
attempts to settle the case when к (or m) equals 2 were unsuccessful. We are able to 
prove only a weaker result. Set

{Pm(x)+qa(y), where pmi P m, q2£p 2}.

Then we have the following

Theorem 4. For any N, P*>2 is a unicity subspace o f  CX(P).

Proof. Evidently P*i2 is a Z2 subspace. If the statement of the theorem is false, 
then by Lemma 1 there exist an f € C x(P )  and p*(x, y) = / ’„ W + í Í ( j ) ? 2\ {0}
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such that Z ( /)c Z (p * )  and

(18) f p ( x ,  у )  sgn f (x ,  7 ) d yd x  =  0 ( p e p i é 

in particular
(19) f  Pm (x)fl (x) dx =  0 (pme P J ,

I

where f * ( x ) = f  sgn f ( x ,  y)dy.
1

If deg g2 < 2 , then p* can be written in the form p * (x ,y )= a 1y + p m(x) (pm£Pm). 
In this case we can arrive at a contradiction analogously as in the proof of Theorem 3. 
Therefore we may assume, that deg q t= 2 .  Then the solution of the equation 
p*(x,  y) =  0 is given by two curves

where pm£Pm, y 0£R, Г  =  {x£l: pm(x)^;0}. Since Z (f)czZ (p*) ,  f  can vanish only 
on yx and y2.

Case 1: pm is a constant function. Then / can change sign only on the line seg
ments and { x € / ; y = y 2}, where y t = y 0+ \ p m, у 2=Уй- ^ Р т and
Ti.TäiR- Hence one o f the polynomials ß, e ( y - y x), 0 ( y - y 2), ö ( y —y 1) ( y - y 2)e 
£ P *y2 (/?, e, 0, <5 =  ± 1 )  has the same sign as/ ju2-a.e. on P .  But this contradicts (18).

Case 2: pm is not a constant function. It follows from (20), that for any x£/» 
E(x) contains at most two zeros of/ .  Thus by Lemma 2 f *  is continuous on 1. More
over, it is easy to see that for any x € /,/i* (x ) can take only one of the following
values: ±1-, ± ( l - 2 y 0- 2 ] / p m(x))- + ( l - 2 y 0+ 2  Урт (х)); ± ( l - 4  \'pm(x)). Since
Й D io о ллпН -ont fnn o tm n  rvKtom th a t  ^ V» о c 0 + m net ^ ni 7Prne лп Tpm£Pm is not a constant function we obtain that f *  has at most 3m zeros on /. 
Furthermore, by continuity of f*  and (19) we have that f *  has at least m + 1 zeros on I.

Let 0 < Х !< х 2<  . . .< x t< l  be the all zeros o f p'm inside /, k S m —1. Then pm 
is strictly monotone on each interval [x j-^ x J  ( lS i 'S k + 1 ,  x„=0, xfc+1= l) .  Let 
us prove t h a t / /  is also monotone on [дс{_х, x j ,  lS i 'S k + 1 .  Assume, e.g., that 
pm is increasing on [jc£_ x, jcJ. (The case when pm is decreasing on this interval can be 
considered analogously.) If pm(xf) = 0, then the curves yx and y2 do not intersect 
the rectangle A i= { x i- i < x ^ x i; 0 -=у<1}. Hence in this case / *  is a constant 
( — 1 or 1) on [Xi_l5 x j  i.e. it is monotone on this interval. Thus we may assume that 
Pm(x i)>0. Then pm> 0 for x*_1< x < x i, where x i_1S xf_1< x i and xf_x=  
= x i_1 if pm (Xj _ x) — 0 and pm(x*_1) = 0  if рт(хг_х)< 0 . Since pm is positive and 
increasing for x * _ i< x < x (, уг is strictly increasing, y2 is strictly decreasing and 
yx> y 2 on this interval. Set y;(x)=m ax {0, min {1, уг(х)}}, г'=0, 1. Clearly, yx (y2) 
is continuous and increasing (decreasing) and 0 ^ у2= у 1 ̂  1 for х * _ !< х < х г. 
Furthermore,/can vanish only on yx and y2. The curves yl and y2 divide the rectangle 
}х* _ !< х < х г; 1} to three connected parts:

(20)

Bi =  {xf-i <  x  <  x,; yx(x) <  у  <  1};
B2 =  {xf_i <  x  <  x,; ya(x) <  У <  Уг(х)}; 
B3 =  {x*_i <  x  <  x f; 0 <  у  <  y2(x)}.
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(Some o f these regions may be empty.) Since/ does not vanish on Bt, f  preserves 
sign there, i.e. sgn f —ßi on B{ (|/J;| =  1; 1 ^ /S 3 ). Therefore we have for x*_x<  
-< х < х г

Since yx (y2) is increasing (decreasing) for х,*_г< х < х ; this implies that f *  is mono
tone on this interval. If xf_1= x i_1, then we are ready. On the other hand if X;_x<  

then pm< 0  for xi- 1< x < x f _ 1. Therefore the curves yx and y2 do not 
intersect the rectangle 1} and hence f i ( x ) = Z  for any х (_х<
■<=x~=:x*_1, (|£| =  1). This and the continuity of f *  imply that f *  is monotone for 
x j_ 1< x < x J ( l S / s A : - l - l ) .  Furthermore, it was shown above that f *  has at least m +  1 
zeros on I. Since k + l ^ m ,  there exists an interval [,Xj_x, х7] ( \ ^ j = k  +  \)  conta
ining at least two distinct zeros of f * .  But f *  is monotone on [xv_x, xj\, hence f *  
vanishes on this nondegenerate interval. This is a contradiction, since we have 
proved above that f *  has at most 3m zeros on I. The theorem is proved.
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ßlr if ßl — ß% — Дз>
ß l{ i  — 2y2(x)), if ßi — ß2 — ~  ß:il
ßl (1 -  ■2?! (x) +  2y2 (x)), if ßt =  -  ß 2 =  ß3;
А ( 1 - 2 у х(х)), if ß1 = - ß 2 = - ß 3.
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ON A PROBLEM OF TÚRÁN ABOUT 
THE OPTIMAL (0,2)-INTERPOLATION

J. S. HWANG (Taipei)

1. Introduction. The “optimal (0,2)-interpolation” has been systematically inves
tigated by P. Túrán with J. Surányi [6] and J. Balázs [1, 2, 3]. Let {x,-}, j — 1 ,2, ... ,  n 
be a sequence of n points satisfying
(1) 1 ^ x x >  x2 £  —1.
Suppose the points (1) are such that for arbitrarily prescribed numbers y,-, z,-, 

j =  1,2, ..., n, there is a unique polynomial Я 2„_1(х) of degree ё 2 и  —1 so that

(2) n 2n_1{xJ) =  y j  and n ,2n- 1(xj) =  Zj, j  =  1, 2, ..., n.

We then can associate to each function / ( x )  which is continuous on [— 1, 1], a unique 
polynomial R„(x;f) of degree S i n — 1 so that

(3) Rn(xj-,f) = f ( X j )  and R " ( X j \ f )  =  Zj, j  =  1, 2, ..., n.

In order to write (3) into one equality, we may use the following fundamental 
functions rj(x) and Sj(x) o f first and second kind, respectively, with degree ё2 и  — 1,

(4)

~__oIIS*. k = J  ., . and r'j(xk) =  0,

(5) =  {Ó; 1 = {  and
к * 1 ,

Sj(xk) =  0,

With the help of (4) and (5), we can write (3) as

(6) R„(x; / )  =  2  f ( xj) rj  (x)+  2  zj Sj (x).
j = 1 j = 1

Surányi and Túrán called a sequence {xj} with the property (1) a (0,2)-interpo- 
lation sequence if for any prescribed numbers y j ,  Zj, there is a unique polynomial 
П-2п-i(x) satisfying (2). In [6, Problem 9], Túrán asks: is it true for a ^ ß  that the 
zeros of all Jacobi polynomial P<“’w(x) is a (0,2)-interpolation sequence? Recently 
we have answered this question in the negative sense [4].

In the same paper [6, Problem 8], Túrán asks: whether there exists n points 
with the property (1) for which all fundamental functions Sj(x) of second kind exist, 
but not all fundamental functions гДх) o f first kind? In this paper, we shall answer 
this question in the affirmative sense as follows.

Theorem 1. For n = 4, there are four points {х7}, /= 1 ,2 ,  3 ,4 , satisfying (1) 
such that all Sj(x) exist, but not all rj{x).
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1 9 2 J. S. HWANG

The proof of the above Theorem 1 depends mainly on the suitable representa
tions of those fundamental functions which are interesting in themselves.

2. Representation of Sj(x). We set

(7) Pj(x) =  (x - x 1) . . . ( x - x j - 1) ( x - x j+1) . . . ( x - x „) =

=  ( ( x - x j)+ (x J- x 1)).. .  ((x -  X j ) + ( Xj  -  X j  _ !>) ((x -  X j ) +

+  ( X j  -  X j +1)) ... ( ( x  -  Xj )  +  ( Xj  -  a:„)) =

= ( x - X j y - 1 +  C 1 ( x - x j y , - 2 +  . . .  +  C n _ 2 ( x - X j )  +  C n _ 1 .

Then by virtue o f equation (5), s'- (л:) can be written as

(8) sj(x) =  P j ( x ) { a 0 ( x - X j ) n - 2 + a 1 ( x - X j ) n - 3 + . . . + a n _ 3 ( x - x J)  +  cin - 2} =
=  a0Pj(x)(x-Xj)n- 2+ a 1Pj(x)(x-Xj)n- 3+ . . .  +  an- 3P j (x -X j )+ a n- 2Pj(x).

Integrating both sides of (8) twice from Xj to л:, and adding two more parameters 
and a „ ,  we obtain

(9) Sj(x)=a0Qj'0(x) +  a1Qj'1( x ) + . . .+ a n- 2Qj'n- 2(x) +  an_1(x-Xj)  + a„,
where

Q j A x ) = f f  Pj ( t ) ( t -Xj )n-(k+2)dtdy,  к =  0, 1, . . . , n - 2 .
X] X]

Hence

*,(*) =  /  /  {(t—Xj)2n~(k+3) +  C1( t—xJ)2n~<-k+i)+.... +  Cn- i ( t —Xj)n~(k + 2)} d td y  =
X j  X j

n i y - X j ) * - * " *  C l ( y - X j Y n - ( k + 3 > C ^ j y - X j T - ^ ]
J  X 2n —(k +  2) +  2n —(fc +  3) + " n -(fc  +  l) /  y

( x  -  X j )2"- <к + 1) Ci(x- x j ) 2" “ <k +2)
~  (2n -  (k +1)) (2n -  (k +  2)) +  (2n -  (k +  2)) (2n -  (k +  3)) +  " '

Cn_1( x - x J)"-k 
(n — k)(n— (fc+1))

Since Sj(Xj) =  0 and Qj<k(xj) =  0 for к — 0, 1, . . . ,  n — 2, j = l , 2 ,  . .. ,  n, it follows 
that a n =  0. Combining with (5), (7), (8), and (9), we have

(10)
s'j{Xj) = u 0* 0 + а х-0  +  + an-2’ Cn- i  +0Я-1-0 = 1
s,(*i) = a o Q j A x i )  + a i Q j . i ( X i )  + - + a „ - 2Q j , n - 2( x 1)  + a n - 1 ( x 1 - x J)  = 0

i Sj(Xj-i) =  aoQj,o(.Xj-i)+a1Qj t l (X j-{)+  . . .+ a n- 2Qj'„-2(X j- i )+ a n- 1(Xj-1—Xj) =  0 
Sj(xJ+1) =  aoQj,o(Xj+1) +  a 1Qj'1(Xj+1) +  ... +  an_2Qj'n- 2(Xj+1) +  an̂ 1(xJ+1—Xj) =  0

S j ( x „) —  a o Q j , o ( x n)  + a i Q j , i ( x n)  + - -  +  a n - 2 Q j , n - 2 ( x n)  + a n _ 1 ( x „ - x j )  =  0.
Acta Mathematica Academiae Scientiarum Hvngaricae 40, 1982



OPTIMAL (0,2)-INTERPOLATION 193

Let Áj be the determinant of the coefficients of (10) with respect to 
a0, alt ... ,  a„_i, we then have

(11) Aj =  ( - l ) - 1Cn. 1

Q j ,  o ( x i )  Q j , i ( x i )

Q j ,  о ( x j  - 1) Q j ,  1 ( x j  - 1. 
Q j , o ( x j + i )  Q j , i ( x j + i .

Q j ,  oW  Q j , i ( x n)

Qj,n-s(,X l) (Xl-Xj)

/■—N 1£
CO

é

( X j ^ - X j )

Qj,n-ÁX j + 1) (Xj + 1- X j )

Qj,n — z(.x n) (X n - X j )

where Cn_1= P y(xJ)^0.
It is clear that the system (a0, al t ..., an_1) has a unique solution if and only 

if Aj^O. In such a case, the function Sj(x) can be formulated as

( 12)

Q j ,  »W Q j ,  i ( x )  - Q j . n - Á x ) ( x - X j )

Q j ,  o ( x i ) Q j , i ( x i )  ■■ - Q j , n - i i x \ ) ( X l - X j )

Q j , o ( x j - i ) Q j , i ( x j - i ) - - - Q j , n - t  (x j  -1) ( X j - i  —  X j )

Q j . o  ( x j +i) Q j ,  1 ( x j +1) • • • Q j ,  n —2 (,x j +1) (xJ + 1 - X j )

Q j ,  oW Q j . i i x n )  - Q j , .-sW ( X „ - X j )

This yields the following

Theorem 2. The fundamental functions S j ( x )  o f  second kind can be represented 
by (12) provided Aj^O, where Aj and Qj,k(x) are defined by (11) and (9), respectively.

3. Representation of rfix). According to (4) and (7), r'-{x) can be written as

(13) r'j(x) =  Pj(x)(x-Xj){b0(x-Xj)n- 3+b1(x-Xj)n- i + ... + b„_4(x -x j )+ bn_3} =

=  b0P j (x ) ( x -x J)n- 2+ b 1Pj (л) ( x - X j ) " - 3 + . . .

■•■ +  bn- i Pj(x)(x-Xj)2+ b n- 3Pj(x)(x-Xj).

Integrating both sides of (13) twice from Xj to x, and adding two more parameters 
b„_ 2 and bn_1, we obtain

(14) гДх) =  b0Qjt0(x )+b1Qj'1( x ) + . . .+ b n- 3Qj'„-a(x)+bn- 2( x - X j ) + b n- 1, 

where Qjtk(x) are the same as that of (9).
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194 J. S. HWANG

By virtue of (4) and (14), we have the following simultaneous equations:

(15)

rj(xj)  =
bo*0 ■ 0 + . . .+ b „ _ 3'0  + b n- 2 ‘0 +b„_i =  1
rj(x  j) =
b0 Qj,o(xi) + b 1Qj:1(x1) + . . .  + b n_3ßy>B_3(x1) + b n̂ 2(x1~Xj)  +b„_! = 0

0 (x y_j) =
boQj,o(Xj-i)+biQ j, i (X j- i )+  ■■■ +  bn- 3Qj,„-3(Xj-i) + b n- 2(X j-1- X j ) + b n- 1 =  0 
rj(xJ+1) =
b 0ß y, o ( ^ + i)  +  b i Ö ; , i ( ^ + i ) + - -  + b n - 3 ß ; , » - 3 ( ^ + i )  +  b « - 2 ( ^ + 1 - ^ ) + b n- i  =  0 

f j W  =
b0Qj,0(Xn) + b 1QJ/l(xn) + . . . + b „ - 8ß ;, , - , W  +Ь „-2(хп- ^ . )  + b „-i =  0. 

Let Vj be the determinant of the coefficients o f (15), we then have

Qj, o(*i) Qj,i(.x i) ■•ß.;,n-sC*i) (Xi -X j )

Qj . f ix j - i ) Qj,i(Xj-i)- ■Qj,n-Axj - 1) ( x j - x -X j )

Q j.o(Xj+i) Qj,i(.Xj+1) •■ Qj,n-AXj + \) 1+

Qj. o W Qj.i W  • ■Qj.n-Axn) (x„-Xj)

Clearly the system (b0, b 1, . ..,b „ _ 2) has a unique solution if and only if V,-^0 
by which r;i (x) can be represented as

Qj, o W Qj, i W - ß y . . . -Ax) (X-Xj ) 1

ß ;,o (* i) ß , , i ( * i ) ■ • Qj,n ( * 1-X j ) 1

Qj, о (.Xj—i) Qj,i(.Xj-i), ■ ,Qj,„.- s ( * / - l )

*11
£

1

Qj,o(xj+i ) Qj , i (Xj +i ) -Qj , n- s (* /+ l) (xJ + 1-Xj ) 1

Qj,o(xn) Qj,  i W ■ ■ Qj.n - s W (x„-Xj) 1

This gives the following

Theorem 3. The fundamental functions rj(x) of first kind can be represented by
(17) provided V,- ^0, where V,- and QjJc(x) are defined by (16) and (9), respectively.

As a consequence of Theorems 2 and 3, i.e. (11) and (16), we find that Aj^O  
if and only if Vj 0. This yields the following existence relation between Sj(x) 
and rj(x).
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OPTIMAL (0,2)-INTERPOLATION 195

Corollary. For each j , the function Sj(x) exists uniquely i f  and only i f  r j(x) does.

4. Proof of Theorem 1. For simplicity let x4=0. We are going to find the solu
tions of x2, x3, and x4 such that all Sj(x) exist and in particular, (x) exists infinitely 
many while r f  x) does not exist.

According to (5), (7), (8), (9), (10), and (15), we can easily obtain

( 18)

(19)

where

S l f e )  =  « o ß l , o ( * 2 )  +  a i S l , l ( * 2 ) - ö l , 2 ( X 2 ) / X 2 X 3 * 4  +  a 3 * 2  =  0  

Si(x3) =  a о Qi, о (x3) +  я i ö i , i (x3) -  ö  i , 2 (*з)/х2 x3 x4 +  a 3 x3 =  0 
Si(x4) =  űoÖi,o(x4) +  Ui0 i,i (x4) —ß 1>2(x4)/x2 x3x4 +  a3x4 =  0

r f x 2) =  b0QU0(x2) +  b1Q1>1(x2) +  b2x2+ l  =  0
r4(x3) =  boßi,o(x3) +  f> iöi,i(x3) +  b2x3+ l  =  0

+ i(x 4) =  b0Qli0(xi) + b 1Q1'1( x J + b 2xi + l  =  0

S i ,o(x) =  x7/42 — (x2 +  x3 +  x 4) x6/30 +  (x2 x 3 +  x3 x4+ x4 x 2) x 5/20 — x2 x3 x4 x 4/ 12 

ő i, 1 (x) =  x6/30 — (x2+ x3 +  x4) x5/20+ (x2 x3+ x3 x4+ x4 x2) x 4/ 12—x2 x3 x4 x3/  6 

ö i, 2 (x) =  x5/20- ( x 2 +  x3 +  x4)x4/12 +  (x2x3 +  x3x4+ x 4x2)x 3/6 —x2x3x4x2/2.

We set
,20) 6 i ,0(^2) _  ő i . i f a )    ö i ,  2(x2) _  Хг   ^

01,о(хз) ö i,i(x 3) ő  1,2 (x3) x3
If we can find а solution х2, х 3, and х4 which satisfies (20) then the determinant o f the 
coefficients of (18) and (19) will be zero. This means that the solutions o f a0, аг, 
and as exist infinitely many while that of b0, bt , and b2 do not exist. It follows that 
s f x )  exists infinitely many and r f x )  does not exist.

Substitute (20) into (18) and observe that x 2x3(x2—x3)^ 0 , we obtain

(21) x3((l +  0 (2 + í)  ( 1 + 2i))—x4(5 (1 — 3f+ i2)) =  10/(1+  0

(22) x3((l +  /)4+ 2 /2) —x4((l. +  /)(2—/)( i  — 2/)) =  5/(1 +  / +  /-)

(23) x3 (4 (1 +  /5) +18 / (1 +  / +  /2 +  Z3)) — x 4 (7 (1 — / — /2 — /3 +  4 /4)) =

=  21/ ( 1+  /)(1 +  /2).

Solving (21) and (22) for x3 and x4 in terms of /, we get

(24) x 3(/) =  N3(t)/D(t) and x 4(/) =  N f f / D f ) ,

where W3(/) =  5 / ( l - A t - 13/2- 4 / 3+ /4), W4(/) =  5/2( l + / ) ( 1 - 7 / - / 2) and
T>(/)=1 —3/ —2 /2 —46/3 —/4 —3/5+ / 6.

Substitute (24) into (23) and observe that / ( l  +  /)+ 0 , we have

(25) F(f) =  l - 1 8 /+ 2 1 9 /2+146/3 +  962/4 +  391/5-4 2 5 /6-2 2 3 /7 +  21/8 =  0.

It is easy to see that the function F(t) has two real roots tx and /2 such that 1 <  /x <  2 
and 1 0 < /2<11. Substituting t1 or /2 into (24), we can see the solutions of the sys-

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



196 J. S. HWANG: OPTIMAL (0,2)-INTERPOLATION

sem (x4(í), x 2(t), x 3(t), x4(í))= (0 , tx3(t), x3(t), x 4(/)) exist. These solutions do not 
tatisty the condition (1) and therefore we have to shrink them. To do this, we let

From (19), we can see that Qi,k(xj) are homogeneous, where k = 0 ,1 ,2 , and 
y = 2 , 3. Let Q*,k(x) be the polynomials induced from Qltk(x) by replacing x2, x 3, 
and x4 by x2, x3, and x*. Then by virtue of (20), we have

This shows that the system {x,} can be replaced by the system {cxj}. Therefore by 
choosing c < l/m a x  (Ixjl), y = 2 , 3, 4, we obtain a system {cxj} o f four points such 
that j4(x) exists infinitely many, but rk{x) does not exist.

Now, for this system {cxj}, if  needed c can be chosen so that the determinants o f  
the coefficients o f  s2(x), s3(x), and x4(x) are all different from zero. By virtue o f  
Corollary, we find that all Sj(x) and гДх) exist uniquely, where y = 2 ,3, 4. This 
completes the proof of Theorem 1.
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ON NON-AVERAGING SETS OF INTEGERS
H. L. ABBOTT (Edmonton)

§ 1. Introduction. A set S  of integers is said to be non-averaging if the arith
metic mean of two or more members of S' is not in S. If A is a set o f integers, we 
denote by ||yf|| the size of a largest non-averaging subset of A. The study of non
averaging sets was initiated by Straus [5] who proved that if /(n ) =  || { 1 , 2 , ,  и}|| 
then, for some positive constant c and all sufficiently large n, /(и ) >exp (cjTog и). 
Later, Erdős and Straus [3] proved that /(и )< с и 2/3 and conjectured 
that /(« )< ex p  (cf log n). This conjecture was shown to be false by the author [1] 
who showed that

(1) f(n )  >  cn1/10.

Put g(n)=m in IIA II where the minimum is taken over all sets of integers A of 
size n. Erdős asked whether there exists a constant /?>0 suchthat g(ri)>nß. Some 
partial results in this direction were obtained in [2]. For example, it was shown that

if P  denotes the set of the first n primes then ||P|| > n ß for any . It was also

shown that for any almost all sets A of size n satisfy \\A\\>~nß.

In the present work we answer Erdős’ question in the affirmative by proving 
the following result:

T heorem 1. For any ß g{n)>nß for all sufficiently large n.

We shall, in our proof of the theorem, make heavy use of methods developed 
in the paper of K omlós, Sulyok and Szemerédi [4] whose principal result we now 
formulate. Let

I
(в) Z aijxj = z ° , i =  1, 2, ..., m

j =г
be a system of equations with integer coefficients. Suppose that for each i, Z ai}~  0 
so that the solutions of (q) are translation invariant. Let

(
a =  max У  |aJ.l^i^m J

Denote by f e(ri) the size of a largest subset of {1, 2, . . . ,  n) which does not contain 
any solution of (ß) in integers x1, (It is understood, of course, that

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



198 H. L. ABBOTT

X i= x 2= ... —x, is not considered as a solution.) Denote by ge(n) the largest integer 
such that every set of n integers contains a subset of size ge(n) which does not con
tain a solution of (q). It is proved in [4] that

(2) ge(n) ^  -g^r/e(«).

It is clear that our problem on non-averaging sets can be essentially formulated 
in this context since g(n) is the largest integer such that every set A of n integers 
contains a subset of size g(n) which does not contain a solution to any of the equations

(3) x1+ x 2+ . . . + x l =  lxl+1, l =  2, 3, g(n —1)

in distinct integers хг , x 2, . . . ,  xi+1. However, (3) differs from (q) in that the number 
of variables, and hence the size of a, grows with n, and thus (2) loses its significance. 
Professor Erdős suggested to the author that, nevertheless, the arguments used in
(4) , suitably adapted, may yield some information about g(n). We have carried 
out this suggestion and have found that the methods o f [4] together with the tech
niques used in [2] lead to a proof of Theorem 1.

We modify the problem as follows. Let H  be an integer, depending on n, to be 
specified later. Let A be a set of integers and denote by \\A\\H the size of a largest 
subset o f A not containing a solution o f any of the equations

(4) хг +  х2+ . . .+ x ,  =  lxl+1, / =  2 ,3 , . . . ,  H

in distinct integers хг , x 2, . . . ,  xl+1. Let gH(«) =  min \\A\\H where the minimum is 
taken over all sets A o f size n. Then, clearly,

(5) g(n) ё  max min { H + 1, gH(n)}.
H

Thus it will suffice to work with g H(n) and subsequently show that a suitable choice 
for H  will yield the theorem.

We formulate in § 2 a number o f lemmas. The first five of these are adaptations 
of similar results established in [4]. We do not present proofs of these lemmas here 
since the arguments, although differing in detail from those in [4], do not involve any 
new ideas. The sixth lemma is a special case of a result proved in [2]. In § 3 we give 
the proof of the theorem.

§ 2 . Some lemmas. Lemma 1. Let A =  {a1, a2, . . . ,  a,,} be a set o f  positive 
integers and suppose there exists a positive integer q such that at can be written as 
ai= hiq + r i where \ г - \< ф Н .  Then, i f  R =  {/у, . . . ,  rn}, |И||Н£ || Д||н .

Lemma 2. Given integers 0 <  <  a2 < .  • • <  an, an is 3<2Я)", there exists a number
q<a„ such that ai =  kiq +  ri where \rt\<ql2H and rtArj unless i= j .  Further
more IIax, a 2, . . . , öJ h S||/-i , . . . , r n\\H.

Lemma 3. Given a set o f  n integers ... < a n and a prime q ^ 2 H  which
does not divide any o f  the numbers qt or at — aj then there exists an integer t, I s t ^ q — 1,
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ON NON-AVERAGING SETS OF INETGERS 199

such that for тЩп/2Н] o f  the numbers at we have tat= h iq + r i ,  0 ^ -r^ q jH  and 
r ^ r j  i f  i Aj. Furthermore, i f  the distinct remainders are denoted by b1, b 2, 
we have \\ак, а 2, ..., h ,  . . . , b J H.

Lemma 4. Let 0 < а 1< а 2< ---< а п =  и'15 4 > 1 . Then there exist ...-=
^ b m̂ 2n(logri)2/H suchthat  иё[и/4Я ] and \\at , a2, . . . ,  а„\\в ЩЪу, b2, . . . ,  bm\\H.

Lemma 5. Let 0 < a 1< a 2< Then there exist integers 0
2иа Г n 1

< b mS — \og2an where m =  [2j j \  and Iki, a2, ... ,  a J HS ||£ i ,b 2, bm\\H.

L emma 6 . Let B, s and N  be positive integers satisfying ( H, B )=  1, s=A H i(B — 1 )2, 
A =.S4—1. 77геи í/гегс exists a partition o f  { 1 ,2 ,. . . ,  N} into s sets Ax, A2, ■■■, As 
such that for each l, 2 S  /s= / / ,  and each i, 1 s i ^ s ,  no l members o f  A have arithmetic 
mean in A t .

§ 3. Proof of Theorem 1. Let A =  {ax, a2, ... ,  a,,}, O ^ a ^ a ^ . . . < a „ ,  be a set of 
n integers. By Lemma 2, we may suppose that an̂ 2>(2H)". By Lemma 5, there exist 
integers 0 < b 1< b 2< . . . < b m, m=[n/2H],  suchthat bm̂ 2n2 log2 а„<22л+2 and such 
that \\а2, a2, ... ,  a„\\H^\\bx, b2, ... ,  bm\\H. By Lemma 5, there exist integers

3/г2 ,0 :<V : ck, к =  \— ]12НУ such that ck^2m 2 log2 bm log2 n. If we choose H
H < и1/3 we find that ck^ k 3. By Lemma 4, there exist integers 0<г/1<с/2< ...-=Я г,

t k I к
f f j y  dr — 6j j  0 og k)2 and such that ||cx, c2, ... ,  cJ h^ H ,  d2, ... ,  dr\\H. One

finds that the numbers d2, d 2, . . . , d r are in the interval Choose

В in Lemma 6 to be the least prime exceeding (3n(log и2)/2Я )1/4 + 1 and let N = B i — 1. 
Then the numbers d2, d2, . . . ,  dr lie in the interval [1, JV], Our eventual choice for Я  
will be such that H < B  and hence that (Я, B )=  1. One o f the sets Alt A2, . . . ,  As

obtained via Lemma 6 contains a subset В o f at least j of the numbers d2, d 2, . . . , d r, 

so that МП// ^  ||j5||h —["” ]• Choose H =  | y n 1/13/(log n)2/13J. One then finds, after

some routine calculations, that |^ - |^ Я + 1 . The desired conclusion now follows 

from (5). Actually, we have proved the slightly stronger result that g(n) >  

>  ~  n1/13/(log n)2/13 if n is sufficiently large.
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3K2-DECOMPOSITION o f  a  g r a p h

A. BIALOSTOCKI and Y. RODITTY (Tel-Aviv)

1. Introduction

Graphs in this paper are finite, have no multiple edges and loops.

D ef in it io n  1. A graph G —G {V ,E )  is said to have an Я -decomposition if it 
is the union of edge-disjoint isomorphic copies of the graph H.

Necessary and sufficient conditions for Я -decomposition have been determined 
mostly for the complete graph Kn, see [1, 2], but also for complete bipartite [2] and 
complete multipartite graphs [2, 5]. However only for particular graphs Я . Recently 
Y. Caro and J. Schönheim considered Я -decomposition o f a general graph where 
Я  is 2K 2 or P2 (two-bars or a path of length 2). This problem was completely solved 
[3, 4]. This paper determines the graph G which have 3/^-decomposition. It is proved 
that the necessary conditions are also sufficient excluding a list of 26 graphs.

2. Preliminary results

The following two conditions for G = G (V , E) to have a 3/^-decomposition 
are obviously necessary:

(1) E(G) =  3k,

(2) deg (v )^ k ,  for all v£V(G).

By a simple computation one could easily see that (1) and (2) imply |F |& 6.
In the course of this paper we shall deal with the sufficiency problem.

D e fin itio n  2. If Я is a subset of vertices of the graph G (V ,E ) then deg^D) 
will denote the degree o f v in the graph induced by HU {?;}.

D e fin itio n  3. Let G ~ G (V , E) satisfy (1) and (2) for a certain k. Denote 
V i=  { v \v £ V ( G ) ,  deg (v) =  k}, and its cardinality by a.

D e fin itio n  4. Let G = G (V , E) be a graph and Я  a subgraph of G. Denote 
by G \ H  the graph whose set o f vertices is the same as that o f G and its set o f  edges 
is the set E (G )\E (H ).

D e fin itio n  5. Let G =G {V , E) satisfy (1) and (2) for a certain k. Define 
X — 2  degK, (v), Y — 2  degK\v, (v), where Vx is as in Definition 3.
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Theorem 1. Let G ~ G (V , E) satisfy (1) and (2) for k. Then,

(a) X  ^  2(ot —3)fc

(b) a S  6, /or all к

(c) a S 3 ,  /or all к ^  7.

Proof. Summing degrees in G implies

(3) X + Y = < x k .

Counting edges implies

(4) ^ + У ^ 3 к ,  

or
(4') 2r+2F ^6/c.

Subtracting (4) from (3) implies (a). Subtracting (3) from (4') implies

(5) Y  =S (6 — a)k.

Since Y is a non-negative integer, a ^ 6  for all k, and (b) is proved. By definition 
of X ,

(6) X  a (a—1).

Substituting (5) and (6) in (3) we obtain:

(7) (6 —a)k +  a(a —1) Lr a.k,

or

(70 a2 — a — 2otk +  6k is 0.

(8) Substituting a =  6 in (70 implies к sí 5.

(9) Substituting a =  5 in (70 implies к =  5,

(10) Substituting a =  4 in (70 implies f c s  6.

Hence k==7 implies a ^ 3 . Thus (c) is proved.

3. Main theorem

Definition 6. Ex (k) will denote the set of graphs satisfying (1) and (2) for k, 
but having no 3//-decomposition.

Definition 7. Ex (k) will denote the set o f graphs which satisfy (1) and (2) for 
k + 1 and whose edges are the disjoint union of 3K2 and some element of Ex (k).
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D efinition 8. Exx (4) will denote the set of graphs which satisfy (1) and (2) 
for £ = 4  and contain K5 as a subgraph.

Theorem 2. (a) For k —2 and £ > 3 , Ex (£ + l) c E x  (£),
(b) Ex (4)с  ШГ(3) U Exx(4).

Proof. Let G =G (F , £ )£ E x  (£+1). By Theorem 1 (b), О ^ а ё б . We shall 
deal with the various cases o f a.

Case 1. a = 6 . Theorem 1 (a) and (4') imply X = 6k  and F = F X. Moreover 
G Q K 6. We shall introduce here the only graphs which satisfy (1) and (2) for various 
values of £ + 1 . For k + 1= 3  we obtain the following two graphs:

For £ + 1 = 4  we obtain the following graph:

and for £ + 1 = 5  we obtain K 6.
One can easily see that none of the listed graphs belongs to Ex (3), Ex (4), Ex (5), 

respectively. Hence, the case a = 6  is settled.

Case 2. a =  5. Let V1= {v1, v 2, v 3,v i , v 5}. We shall deal with the various cases 
of к + 1 .

3X5
Let £ + 1 = 3 .  Since ■ ■ is not an integer, we may assume without loss of

generality that there is an edge (vx,x )  where Fx and x(£Fx. By Theorem 1 (a) 
there are at least six edges in the graph induced by Fx. Since degvt (i'x)= 2  there are 
at least four edges in the graph induced by FjXl^i} and one can find there 2K 2. 
Adding the edge (vt , x) to 2K 2 we have found 3K2 as a subgraph o f  G. Consider now 
the graph G \ 3 K 2 which has six edges and the degree of its vertices does not exceed 2. 
Since G £ E x (£ + l) , G \3 K 2£Ex(k). Hence G£Ex(£).

Let £ + 1 = 4 .  If T = 0  then K &<zG and we are through. Otherwise, we apply 
the same arguments as for £ + 1 = 3 .  Without loss of generality, there is an edge 
(Wj, x ) , x $ V 1. By Theorem 1 (a) there are at least 8 edges in the graph induced by Vx. 
Since degpi (г-^ёЗ, there are at least 5 edges in the graph induced by F iX l^ } . 
One can see that G contains 3K 2 obtained by taking (г ,̂ x) and 2K 2 from the graph
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induced by G \ 3 K 2 has 9 edges and the degree o f its vertices does not
exceed 3. Since G£Ex (/c + 1), G\3K«£Ex (k). Hence G£Ex (k).

Let к +  1—5. By Theorem 1 (a), X ^ 2 0 .  Hence the graph induced by Vx is 
K 5. Take ю4€ Vy then there exists x ^ V 1 such that {г \ , x) is an edge of G. Now  
taking (»n x) and (y2, v3) and (vt , v6) we certainly obtain 3K2. G \ 3 K 2 has 12 edges 
and the degree o f each vertex does not exceed 4. Since G£Ex ( k + 1), G \3 K 2£Ex (к ). 
Hence, G€Ex(&).

By (9), k + 1< 6 . Thus Case 2 is settled.

Case 3. oc=4. Let Vx=  {v1, v 2,v 3,v i }. Following (10), obviously we have 
3 s k  +  l s 6 .  Then, the graph induced by Vx has 3, 4, 5 or 6 edges [Theorem 1 (a)], 
and it is one o f the following:

If k + 1 = 6  the only possible graph is H1.
If k + 1 = 5  the possible graphs are and H2.
If k + 1 = 4  the possible graphs are Hr, H z , H3, and Я 4.
In any o f the above cases we choose {(®ls x), (v2, y), (y3, v4)}, where x, yi+V1, 

to be the set o f edges of 3K 2. An easy computation shows that such a choice is 
always possible.

If k + \ —3 the possible graphs are H3, H 2, H3, Я4, / / 5, He or ff7.
If the graph induced by Vr is # 4, H2 or H 3 we choose {(г>4, v2), (v3, vt), (x, y)}, 

where x, у  $ Vx, to be the set o f edges of 3K 2.
If the graph induced by V± is Hi , H&, / / 6 or / / 7 we choose {(w4, x), (v2, у ), (y3, г>4)} 

where x, у  $ Vx, to be the set o f  edges of 3K 2. Again, such a choice is always pos
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sible. Since G'GEx (/c + 1 ) then G \ 3 K 2£Ex (k). Hence G <£Ex (/<). Thus the case 
a = 4  is settled.

Case 4. a^ 3 . In order to prove this case, we shall prove the following state
ment :

Let G — G {V,E) be a graph satisfying (1) and (2) for  к +  1^3. Then we can 
find 3K2 in G. Moreover, i f  there exist a ,b£V(G ) suchthat deg (а )ёЗ  or deg (b) =  3 
then a, beV(3K2).

P r o o f . The only graph that does not contain 2K-, are K 3 and a star. But K 3 
and a star do not satisfy (1) and (2) for any k. Hence our graph contains 2K 2. If 
there are a,b£V(G ) such that deg (a) S 3  or deg (b )s3  then there exist vertices 
x , y ^ a , b  such that (x, a), (y, b)£E(G). In any case we shall take 2K 2 as (x,a) 
and (y, b). Let z l t ...,  z„ (пш2) be the vertices left in G. If there is any edge (z;, zj), 
we are through. Otherwise all the vertices z t , iV l ,  . . . ,n  are adjacent only to 
{a ,b ,x ,y } .  Let G2= G 2(V2, Ej) be a graph such that V2= { a , b , x , y }  and 
Ea= {(s ,  t)^.G\s, t^V2, (s, t )^ (x ,  a),(y , b)}. Denote ß = \E (G 2)\. Then obviously 
0 ^ ß ^ 4 .  Denote by у (a) and y(b) the degrees of a and b in G2, respectively. Then 
OSy(a), y (b )S 2. If there exist edges (z,, a), (zm, x) for z ,^ am [or (zt , b), (zm,y)  
where zj ̂ z m] then we shall choose the set of edges of 3K2 to be {(z,, a), (zm, x), (b, y)} 
[or {(z,, b), (zm, y ), (a, x)}]. Otherwise, without loss of generality the possible G \ G 2 
graphs are:

Then, in cases A and В either the vertex a or the vertex b has degree at 

least ^  ^ ~  +V where у is either у (a) or y(b). Hence if G satisfies (2) then

3 (k + 1 )— whi ch implies k + l ^ ß —2y. Using the definitions of ß

and у one can easily see that the last inequality implies k + 1 < 3  which is impossible. 
Thus, n oneof these graphs satisfy (2) which contradicts our demands in the statement. 
In the cases C and D we have fc+1 ^  deg(a) ё  3 (k + l)  — 3 —ß + y  where y = y (a )  and

R — v4- 3
G satisfying (2). The last inequality implies 2 (/c+ l) S  ß + 3  — y, or k +  1 .

Again using definitions of ß  and у we obtain that k + \ < 3 . Thus, these graphs do 
not satisfy (2).

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



2 0 6 A. BIALSTOCKI AND Y. RODITTY

We note that in case \V (G)| =  6 we can also have that G \ G 2 is of the form

Calculations for a  or b as above show that k + 1 < 3 . Hence our statement is proved 
in all cases.

Now, returning to the case a 2=3, the statement guarantees the existence of 
3K2 in our graph. In order to complete the proof o f the theorem, we have to point 
out, in each case o f  a, which edges to choose for 3K 2.

For a = 0  the statement ensures us that there exist 3K2 in G. For a = l  again 
we have 3K2 in G, but since there is a vertex t1 such that deg (b )= 3  we choose the 
3K2 such that V(3K2).

For a = 2 , there exist and t2 vertices in G such that d eg (b )s3 , and 
d eg(t2)s 3 .  We take 3K2 such that у , 12£V (3K 2). If GTEx(7c+1) then 
G \ 3 K 2£Ex (k), implying G€Ex (k) and we are through if a = 0 , 1, or 2.

Let a= 3 . A s before we define V1 =  {гу, v2, гу}. We shall deal with the two 
cases X = 0 and J s l .  In the former case there exist x, y, z£ V (G )\F j , x X y X z .  
We choose the set o f  edges of 3K 2 to be {(by, x), (v2,y),  (v3, z)}. Hence we can find 
3K 2 such that FjCF(3A'2). If X ^ l  we shall take an edge, say (ty , v2), and an edge 
(v3, t) [t exists since deg (f3)=i3]. From deg (гу)ёЗ, / = 1 , 2 , 3  and |E(G)|S9 it is 
easy to see that there must be vertices u, w£ V ( G ) \ V t U {/} such that (u, w)£E(G). 
Then we shall choose the set of edges o f 3K2 to be {(гу, гу), (vs, /) , (м, w)}. Thus case 4 
is proved and the proof of the theorem is complete.

Using Definition 6 above, it is easy to see that E x ( l ) = 0 .  In addition, if 
G£Ex(2) then either C3 or C5 are subgraphs o f G. Hence by checking we obtain:

Proposition 1. Ex (2) =  {2A"3, C b(JK2, K3\JK 2U P 2, K3U 3K2, KSUP3}. 

Using Theorem 2 and Proposition 1 we obtain:

Proposition 2. Ex (3) consists o f  the following graphs:

о
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Using Theorem 2 and Proposition 2 we obtain: 

Proposition 3. Ex (4) consists o f  the following graphs:

Using Theorem 2 and Proporsition 3 we obtain:

Proposition 4. Ex (5) =  0 .

Theorem 3 (Main Theorem). Let G = G (V , E) be a graph such that G is none 
o f  the listed graphs in Propositions 1, 2, 3. Then (1) and (2) are necessary and sufficient 
for  G to have 3K,2-decomposition.

P roof. The necessity is obvious. By Theorem 2 and Proposition 4 it follows 
that Ex (/c)= 0  for all k ^ 5 .  Hence (1) and (2) are sufficient.
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ON ORBIT SPACES OF COMPACT GROUP ACTIONS
SATYA DEO and P. PALANICHAMY (Jammu)

1. Introduction. If a compact group G acts continuously on a given topological 
space X  then many local as well as global properties of X  are known to pass on to 
the orbit space [4]. The quotient map v: X ^ X /G  is a special case of a continuous 
closed as well as open surjection / :  X-~ Y  in which inverse image of each y£  Y 
is a compact space i.e., /  is an open proper map. Therefore, any topological or al
gebraic topological property which is preserved by such a map /  will obviously be 
passed on to the orbit space X/G  from the space X. For example, topological prop
erties like paracompactness, normality, local compactness, local connectedness 
etc. are passed on to the orbit space X/G  from X. Observe that the orbit 
map v: X-»X/G  is closed simply because the group G is compact and therefore if 
the group is non-compact, none of the above mentioned properties may be passed 
on from X  to the orbit space X/G. Contrary to this, even if the group G is assumed 
to be compact the algebraic topological properties may not be passed on from the 
space X  to the orbit space X/G. As a matter o f fact, some reasonable restrictions have 
to be imposed not only on the group G but also on the transformation group (G, X) 
for the validity of such results. For example suppose, X  is o f  finite cohomological 
dimension over K —Z, Zp or Q and G is a compact Lie group acting continuously 
on X  with finitely many orbit types. Then X  is acyclic over К  implies the orbit space 
XIG are also acyclic over К  [10]. Under similar conditions if  X  is locally compact 
separable metric and AR (resp. ANR) then so is the orbit space X/G. These are some 
of the deep results which are especially true for the actions o f compact Lie groups. 
The objective o f this paper is to study the cohomology eigenvalues of a given equi- 
variant map. Suppose X  is a G-space and / :  X-+X  is an equivariant map. Let 
/ :  X /G ^X /G  be the induced self map of the orbit space. If H * ( X ,K ) denotes the 
Alexander— Spanier cohomology with compact supports then for any field K, 
f * : H*(X, К ) —H*(X, К ) and / * :  H*(X/G, (X/G, К ) are two opera
tors. With this notation our main result is.

T heorem  1 . Let X be  a locally compact space and G be a compact finite dimensional 
group acting continuously on X. I f  f :  X-*X is an equivariant map, then any eigen 
value o f  / * :  H*(X/G, K0)^ H *(X /G , K0) is also an eigen value o f  / * :  H*(X, K0) ~  
H* (X, K0) where K0 is a field o f  characteristic zero and Й* denotes the reduced groups.

The first result of above kind was proved by Skjelbred [12] when the group G 
is a compact Lie group and the space X  is a paracompact Hausdorff space. Skjel- 
bred’s result is a far reaching generalization o f Oliver’s proof o f the Conner conjec
ture [10]. The above result of ours is interesting for two reasons. First of all, in the
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theory of topological transformation groups the class of locally compact spaces is 
not only as good as that o f paracompact spaces but is also an independent class
[9]. Secondly, for such a class o f  spaces the result is proved not only for compact 
Lie groups but also for any finite dimensional compact group —  a more general 
situation. The final section is devoted to the comparison o f the orbit map for a 
compact group and a general open proper map.

The authors are thankful to the referee for his kind suggestions which improved 
the exposition o f this paper.

2. Preliminaries. The functor H* ( . ,  K0) stands for the sheaf cohomology functor 
of the constant sheaf K0 with compact supports. Here K0 is a field of characteristic 
zero. Since the compact subsets o f a locally compact space X  form a paracompac- 
tifying family of supports, the groups H* (X, K 0) are isomorphic to the Alexander—  
Spanier cohomology groups. Since the cohomological dimension is a local property 
dimK0 (X) with respect to H * is the same as with respect to H * . Unless otherwise 
staled, our space X  is assumed to be of finite cohomologic al dimension over the ground 
ring under consideration. We also recall that if a compact group G acts on a space 
X  and N  is a closed normal subgroup of G then G/N  acts on X/N  in an obvious 
manner and it is easily checked that if G acts on X  with finitely many orbit types 
then so does G/N  on X/N.

Suppose X  is a G-space. Then the set M (G, X)  of all equivariant maps from X  
to itself is a monoid and this monoid acts on H*(X, K0) or H* (X, K0) on the right 
as follows: For a£H * (X ,K 0) and f£M (G , X ),  let a /= /* (a ). Similarly i f/ is the 
self map on X/G induced b y /th en  M(G, X)  also acts on H*(X/G, K 0) or H*(X/G, K 0) 
as follows: For a£H*(X/G, K 0) and f£ M { G ,X )  let o /= /* (a ) .  As a matter of 
fact if /  is any monoid and there is a homomorphism from /  to M (G ,X )  then 
both H*{X, K 0) as well as H*(X/G, K0) can be regarded as /  -modules in an obvious 
way. Suppose M  is a /-m o d u le . Then by a simple subquotient of M  we mean a 
simple /-m o d u le  isomorphic to M 2/M1 where M x and M 2 are /-submodules o f M.

3. A more general form of the main theorem. First of all we show that Theorem 1 
is a special case of the following.

T heorem  3.1. Let X  be a locally compact G-space of finite cohomological dimen
sion over K 0 where G is a finite dimensional compact group acting continuously on X  
and ß  be a monoid o f  equivariant self maps o f  X. Then every simple subquotient o f  
the ß-module H*(X/G, K 0) is a simple subquotient o f  the ß-module H*(X, K n).

To see how Theorem 1 follows from Theorem 3.1 let us consider the monoid 
/  =  {1 , / , / 2, •••} o f equivariant self-maps of X  generated by/ .  Now if a£A
is an eigenvalue of /* :  H*{X/G, K0)-~H*(X/G, K 0) then there is a one/imensional 
subspace, say K(x) of H*(X/G, K 0) generated by an eigenvector x  o f/* .  This sub
space is clearly invariant under f  and so it is a /-m odule. Clearly it is a simple sub
quotient o f H*(X/G, K 0). Hence by Theorem 3.1, there exists /-submodules, M x 
and M  o f H *(X ,K 0) such that M /M 1—K 0(x). This means there is a vector 
xfiH *(X , K„) such that K0(x') is invariant under / ,  i.e., invariant under f* .  Now  
let g: K 0(x)-*K0(x') be a /-isom orphism  then f*(x)=ccx  means g ( / +(x))=g(a(x)) =  
=  ccg(x). But since g is a /-isom orphism  g /* = f * g  and we have f* (g (x ))= a (g (x ))  
i.e .,/* |A 0(x,) is multiplication by a. Hence a is an eigenvalue o f /*  also.
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4. Proof of theorem 3.1. For convenience the proof o f Theorem 3.1 will be 
completed in four steps depending upon the nature of the group G. The four cases 
are as follows:

(i) when G is compact totally disconnected;
(ii) when G — S 1 the circle group acting semifreely;

(iii) when G is connected simple and Lie
(iv) when G is any compact finite dimensional group — the general case.

General case. First of all we show that the general case follows from (i), (ii) 
and (iii). As a matter of fact (i) implies that the theorem is true for any finite group G. 
Now we remark that if IV is a closed normal subgroup of a compact group G such 
that Theorem 3.1 is true for N  as well as G/N  then the theorem is true for G itself. 
Next, suppose G is a compact Lie group and G0 is the component of identity. Then 
G/G0 is finite and therefore the theorem will be true for G if it is proved for any com
pact connected Lie group. Further, if G is abelian then it is a torus, say T" and by 
our remark it suffices to prove the theorem for S 1. Now because there are only finite 
number of isotropy subgroups, we can assume that there is a finite group N  o f S 1 
which contains all of the isotropy subgroups. Since S 1/ N ~ S 1 acts semifreely 
on X  the theorem is true for A1/A  by (ii) and therefore by our remark the theorem 
is true for S 1. On the other hand, if G is non-abelian then the theorem follows by 
induction on dim G, our remark and (iii). Thus the theorem is proved for any com
pact Lie group G. Finally, suppose G is any compact finite dimensional group acting 
continuously on a locally compact space X. Then there exists a compact totally dis
connected normal subgroup H  of G such that G/H  is a Lie group [9]. Therefore, the 
proof of the theorem at once follows from (i) and our remark.

Proof when G is compact totally disconnected. It is a standard fact that when G 
is compact totally disconnected then given any neighbourhood o f the identity e o f G, 
there exists a closed normal subgroup G; of G contained in the neighbourhood such 
that G/Gi is a finite group. Since the intersection of all open neighbourhoods o f e 
is {e} we find that intersection o f all such closed normal subgroups G, of G is also 
{e}. If G idG j  we let ntj: G/G;—G/G, be the homomorphism induced by identity 
map of G. Then we have an inverse system of finite groups G/G; and homomorphisms 
TCjj whose inverse limit is the group G with nt as the canonical map. Similarly, we 
have an inverse system of locally compact spaces XjGi with bonding maps fp .  X/Gt->- 
-+K/Gj if GjCGj- whose inverse limit is the space X  with obvious orbit maps 
X ^X /G f  as the canonical maps. In fact, it is easily seen that these two inverse sys
tems give rise to an inverse system of transformation groups (G/G;, X/Gt) with 
obvious bonding equivariant maps whose inverse limit is the transformation group 
(G, X). Now, if we consider the orbit spaces we find an inverse system in which the 
induced bonding maps are homeomorphisms so are the canonical maps A /G ^  
—(A/G;)/(G/G;) making various triangles commutative, which shows that XjG m 
Fs(im (X/GDKGIGD. If we apply any cohomology functor Hp to this inverse system 
with inverse limit X/G  then we find that

(i) HP(X/G) ~  lim HfiX/GdKGIGd).

If Hp stands for Alexander—Spanier cohomology and Kn is a field of characte
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ristic zero then we know that there is a canonical isomorphism induced by orbit 
map

Щ ((Х/О Ж С/в,Х  K0) «  [Щ (Х /0 „  к а)Г ° , ,

where [Hpc(X/Gi, K 0)]G/Gi means the fixed point set of the group G/Gt; the action 
o f the group G/Gf on the group Щ  (X/Gi, K0) is the one induced by the action of 
the group GIG, on the space X/Gi. But one can verify that

(ii) hm [Щ  (X/Gi, K0)]G/G> ~  [Щ  (X, Kn)]G.

Then, by combining (i) and (ii) we get

(hi) Щ  (X/G, K0) ^  [Щ  (X, Ka)]G.

Also, observe that

(iv) [НЦХ, K0) f  c  H p (X, K0).

Then, by (iii) and (iv) we have the following

P roposition 4.1. Let X  be a locally compact space and G be a compact totally 
disconnected group acting continuously on X. Let ß  be a monoid of equivariant self- 
maps of X. Then every simple subquotient o f  the ß -module H*(X/G, K0) is a simple 
subquotient o f  the ß-module H* (X, K0).

Proof o f  Theorem 3.1 when G = S 1. Let X G be the Borel space of the G-action. 
Then in the fiber bundle X-*XG^ B G, XG is the total space and BG is the classifying 
space of the principal G-bundle. For further details we refer to [1, 5, 11]. Because 
G is acting with finite number o f orbit types, by our remark, we can assume that G 
is acting semifreely. First let us see the following.

Pro po sitio n  4.2. Let G be a compact Lie group acting semifreely on a locally 
compact space X  with fixed point set F. Then there is a long exact Mayer— Vietoris 
sequence o f  the form

—  H?(X/G) -  H p(F )® H p(XG) -  H p(FG) ^ . . . .

Also, when F is nonempty, there is a reduced Mayer—Vietoris sequence

... —  H*(X/G) -  H*(F)(BH*(Xg) -  H*(Fg) . . . .

Proof. Consider the following commutative diagram

. . . h : ( x g , f g) -  h : ( x c) - h *(f g) - ^ . . .
!** j** I я*

... —  H*(X/G, F) -  H*(X/G) -  H*(F) ...

and note that n: Xa -+X/G induces isomorphism n*: H*(X/G, F) — H *(Xa , F0) 
because the action is semifree and the supports are in the family of all compact 
subsets of X. Now the Mayer—Vietoris sequence as well as the reduced Mayer— 
Vietoris sequence can be deduced from above diagram by the standard arguments 
o f generalized homology-cohomology theories.
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Now we prove

Lemma 4.3. Let G =  S'1 be acting semifreely on X  with nonempty fixed point 
set F. Let /  be a monoid o f  equivariant self-maps o f X. Then every simple subquotient 
o f any o f  the three / - modules H* (XG, K 0), H*(FG, K0) and H*(F, K0) is a subquo
tient o f  the /-m odule H* (X, K0).

P roof. Every simple subquotient o f the ./-modules H*(F, K0) and H *(F a, K0) 
is a subquotient of H *(XG,K 0) follows from H*(FG, K 0)=H *(F , K0)® H * (B G, K0) 
and the restriction homomorphism H *(XG, K0)-*H *(FG, K0) is onto in high 
degrees.

The fibre bundle X —XG-+Ba gives a spectral sequence converging to 
Й *(Ха , K 0) with b’i = ( BG, H*(X, K 0)). Hence every simple subquotient of 
the /-m od u le H*(XG,K 0) is a simple subquotient of the /-m odule ft* (X , K0).

Corollary 4.4. I f  F X 0  then Theorem 3.1 holds fo r  G = S 1.

Proof. The reduced Mayer—Vietoris sequence shows that every simple subquo
tient of H*(XjG, K0) is a subquotient of H*(FG, K0) 0 Й * (XG, KD)© H*(F, K0). 
By Lemma 4.3, it is a subquotient of the /-m odule H* (X, K0).

Corollary 4.5. I f  F = 0  then Theorem 3.1 holds when G =  S 1.

Proof. When F = 0 ,  G =  S l is acting freely and there is an isomorphism 
H*(X/G, K a) % H*(XG, K 0). The spectral sequence o f the fibering X G-+BG with 
£ i  =  K*ei.(ß G, Я * (М о )) ,  E lf= H “(CP°°)0 Hc(X, K0) for G =  S' converges to 
H*(X/G, K 0). Now to complete the proof it is enough to show that every simple 
subquotient of the /"-module E J K 0 (where is the field of coefficients)
is a subquotient of H * (X ,K 0). Clearly for r s l ,  b>0, every simple subquotient of 
Eab is a subquotient of Hb(X ,K 0). Hence, for r=2, every simple subquotient of 
dr(Er) is a subquotient of H+ (X ,K 0)=  Hhc(X, K0). For a > c , c=  the cohomo-

i>=-0
logy dimension of X  over K0, E ^ = 0 . It follows that for a > c ,  each simple sub
quotient o f E f  is a subquotient of / / /  (X, Kn). E f  and E° + 20 as /-m od u les are 
isomorphic for a > 0 and so the last statement is valid for 0. It remains only 
the module E™/K0 wich is contained in H fiX , KQ) and the proof is complete.

Proof o f  theorem 3.1 when G is connected, simple and Lie. In this case we shall 
use the fact [12] that for such a group G there is a compact G-space Z  which has the 
property that if H is any closed subgroup o f G then the orbit map Z —Z/Я  induces an 
isomorphism H* (Z/H ,Z ) % H* (Z,Z). Furthermore, Z  is a compact G —C W complex, 
by a result o f Matumoto [8 ] and G has no fixed points in Z .  The G —C W  structure 
on Z  defines a finite cell complex structure on Z/G  [7]. For each cell c of Z /G , choose 
x £ Z  such that G(x) is in the interior o f c, and also set Gc =  Gx. The cellular system 
(Gc) will be used in the Borel construction. Let X  and Z  be two G-spaces and let 
X X Z  be a G-space with diagonal action. Then prp. (Z X X )/G -*Z /G , 
pr2: (ZX X )/G -»X /G  are projections o f orbit spaces. The fiber for p r} is X/Gz 
and the fiber for pr2 is Z/G x for x £ X  and z£Z. Now apply the Leray spectral 
sequence to the proper mappings pr2 and p 2 of the following commutative diagram 
(the vertical arrows are induced by n where n: Z -+ S 1 is a projection map on the
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second factor and Ŝ'1=[0, l]/{0, 1}):

Z/Gx -  (Z X X )IG  XIG

!” Í1
S 1 -  S 1X (X IG )-^* X /G.

Since n induces cohomology ismorphisms of the fibers, we have H * (S 1) <g> H* (X/G) «  
% H *((ZXX)/G) for any coefficient ring. Now it is clear that this is an isomorphism 
o f /-m odules. For the mapping p rx: (ZX X )IG -*Z /G  we obtain a spectral sequence 
defined by the skeleton filtration of the cell complex Z/G  with 
£ ’i =  '̂ ’c*1i(Z/G, H *(X /G C)) and converging to H *((Z X X )/G )ъ II*(S 1)®  H*C(X/G). 
For reduced cohomology, the spectral sequence Ё  with E1= (é*cll(Z/G, H*(X/GC, K0) 
converges to H * (S 1)<S>H*(X/G, K0). This is a spectral sequence of ./-modules. 
A  simple subquotient of the ./-m odule H*(X/G, K n) must be a simple subquotient 
o f Ёг and hence o f some H*(X/GC, K 0). For each c, GC<G  and Z  is without fixed 
points and hence by induction on dimG it follows that Theorem 3.1 is valid for 
actions of Gc. Flence each simple subquotient o f Й * (X/Gc, K0) is a subquotient 
o f Й *(Х ,К 0) and this completes the proof of Theorem 3.1 for the case when G is 
connected simple.

5. Open proper map and orbit map. As pointed out in the introduction the orbit 
map v: X-+X/G by a compact group is a continuous closed as well as open sur
jection such that the inverse image o f  each point is compact. In other words the orbit 
map v is an open proper map. The converse can not be obviously true. A general 
question which can be asked is the following: What are those topological properties 
o f  X  which are passed on to the orbit space X/G but are not in general, preserved by 
an open proper map f :  X-+Y.

We do not know the answer to this question. However, the very fact that the 
inverse image o f each point in the case of the orbit map v: X-+X/G  is not only a 
homogeneous space but also a coset space makes us believe that there should be a 
number of topological properties which should be preserved by the orbit map and 
not by an open proper map. Here we wish to point out that if X  is completely regular 
and f :  X-+Y  is an open proper map then so is Y  [6]. Therefore, if  X  is completely 
regular and G is compact then the orbit space X/G is also completely regular. But the 
proof of the latter fact given by Palais [1] using Haar integral is comparatively 
extremely elegant.

Recall that a space X  is said to be functionally Hausdorff if given any two points 
x, y £ X  there exists a continuous real valued function / :  A —R such that f(x ) =  0 
and /0 0 = 1 .  Using Haar integral o f the compact group we prove the following.

Theorem 5.1. Let X  be a functionally Hausdorff (completely Hausdorff) space 
and G be a compact group acting continuously on X. Then the orbit space X/G is also 
functionally Hausdorff.

Proof. Suppose G(x) and G (y )  are two distinct orbits of X  representing two 
distinct points o f the orbit space X\G. Fix a point x nfG {x) and for all y£G (y) 
find a continuous function f y : X ^-I  suchthat f y(x0) —0 and f(V y)> 3 /4  for each 
point of a neighbourhood Vy o f  y .  Select a finite number o f neighbourhoods. 
Vyi, ... ,  Vyn which cover the compact orbit G(y). Then the function / :  T-*R de-
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fined by /= su p  { /yi, is such that / (x0) =  0 and /(G (y ))> 3 /4 . Now vary
ing x€G (x) we can find a function /:Z -*-R  such that /(G (x ))<  1 /4 and 
/(G (y ))> 3 /4 . Now define a function F: Ä"—R such that F(x) =  J f(gx )dg . Then

G
F is continuous and constant on orbits of X. Therefore F  induces a continuous 
function F: X/G — R such that

F(G(x)) =  J f (g x )d g  <  f  f(g y ) dу  =  F(G(yj).
G G

Now it is easy to verify that X/G is functionally Hausdorff.
We do not know whether or not functionally Hausdorff is preserved by an open 

proper map.
There is another crucial difference between the orbit map by a compact group 

and an open proper map. We observe that, in general, the restriction of a closed map 
to any subset A of X, unless of course A itself is closed, is not closed and therefore 
under a proper map hereditary properties like complete normality may not be pre
served. But, if A is an invariant subset of X  then v: A-+A/G  is a closed-open sur
jection and therefore we have the following

Theorem 5.2. Suppose P  is a topological property which is invariant under a closed 
or open continuous surjection. I f  G is a compact group acting continuously on a space 
X  such that each subspace o f  X  has P  then each subspace o f  the orbit space X/G also 
has P.
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ON SUMS OF LEBESGUE FUNCTION TYPE
P. VÉRTESI (Budapest—Edmonton)*

1. Introduction

1.1. Let X = { x kn}, и = 1, 2, 1 ^ k ^ n ,  be a triangular matrix where

(1.1) - 1  Sä Xnn <  < . . . <  Xln S  1 (/2 =  1 ,2 , . . . ) .

If, sometimes omitting the superfluous notation

(1.2) a>(x) =  c o „ ( X ,x ) = ] J ( x - x k) (n =  1 ,2 ,. . .)
k = l

then

(1.3) lk(x) =  lkn(X, x) =  ■ (k =  1,2, ..., n)
CO (xk) ( x - x k)

are the corresponding fundamental functions o f the Lagrange interpolation. The 
definitions of the Lebesgue constant and Lebesgue function are

(1.4) An(x) =  A„(X, x) =  ]J  \lk(x)l, l„ =  /.„(X) =  max A„(x),*=i -1**S1

respectively. As it is well known, they play a fundamental role in the study of the 
convergence and divergence behaviour of the Lagrange interpolation.

Here we quote three results which, in certain sense, generalize previous statements 
of G. Faber [1] and S. Bernstein [2].

In 1958, P. Erdős [3] proved as follows:

T heorem  1.1. Let s and A be any positive numbers Then, considering an arbitrary 
matrix X, the measure o f the set in x  (— ° ° < x <  °°) fo r which

(1.5) A„(x) ^  A if  / i S  n0(A, e) 

is less than e.

The following result, proved recently by P. Erdos and P. Vértesi [4], states more.

Theorem 1.2. Let г > 0  be any given number. Then for an arbitrary matrix X  
there exist sets Н„ =  Н„(в, X ) o f  measure and r) =  r]{a),r\> 0 such that

(1.6) An(x) > / /Inn i f  x € [— 1, 1 ] \# „  and n S  /20(e).

* The author was supported by funds from the National Sciences and Engineering Research 
Council o f Canada.

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



218 P. VÉRTESI

In a very recent paper [5] I proved that rj=cE. More precisely

T heorem  1.3 . There exists a positive constant c such that i f  £ = {e„ }  is any 
sequence o f  positive numbers then for an arbitrary matrix X, there exist sets 
//„= //„(£ , X ) o f measure = s n for which

(1 .7 )  A„(x) >  ce„ I n n i f  x 6 [  — 1, 1 ] \ Я „  and n — 1 , 2 , . . . .

As it is easy to see the order o f (1.7) is the best possible (take the Chebyshev 
nodes cos [{2k— 1)л:(2и)-1], k =  1, 2, . . . ,  n).

1.2. Let us consider now the fundamental functions of Hermite—Fejér inter
polation having the form

(1 .8 )  Ъкп(Х, x) =  (x - x k) ll{X , x) (к =  1, 2 , . . . ,  n).

In their paper [6], P. Erdős and P. Túrán proved the following deep result. 

T heorem  1.4. By whatever choice o f  the matrix X  we have the inequality

(1.9) _max 1 Í  \\)kn {X, x)| (In n -  ck In In n).

Here and later on c, ck, c2, ... denote positive numerical constants. In the same 
paper they conjectured:

“ Probably also the inequality

(1.10) /  { 2  IЪкп(Х, * )|}dx >  c2^ -U=i J n

holds or ev en the inequality

( l - l l )  Z \b k n {X ,x ) \> c 3^

in [—1, 1] with the exception o f a set with measure tending to zero with l/n ...” 
(see [6], p. 224).

1.3. In this paper I am going to give a result which generalizes Theorem 1.3, 
moreover proves (1.11), actually with the best possible order. I will investigate the 
complex and trigonometric cases, too.

2. Results

2.1. Let us denote by H„s(x) =  Hns(X, x) the uniquely determined Hermite 
interpolatory polynomial of degree ^ n s — 1 with

(2.1) Hj,‘>(xkn) =  dkni (1 — к ~  n, O s i S s - 1 ) .

Here {í4„,-} are fixed real numbers, s is a given positive integer. This polynomial
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Hns(x) =  2  É dknilkni{X, X)
i = 0 fc = 1

can be written as follows

( 2.2)

where the fundamental polynomials lkni o f  degree exactly ns — 1 fulfill the conditions

10 if j  i, O S i S s  —1, l á / S n ,
(2.3) ,f 1 S / S | !

It is easy to see that by (1.3)

(2.4) h - iW  =
( x - x t f - ' lU x )

(1 n).k , n , s - l K ~ J  (s —1)!

2.2. Using this motivation we investigate the behaviour of

(2.5) A„(s)(x) =  A„(j)(3f, x) =  £  |x -x * |s-1 |^(*)l (n =  1, 2, ...)
k = 1

for a fixed positive integer s. If j = l ,  л„(1)(л) =  /„ (x) is the Lebesgue function 

(see 1.6); for s —2 we obtain that (2) (x) =  2  №*лС*)1 (see (1.8)).
k = 1

The first statement is

Theorem 2.1. I f  is a fixed integer, there exists a constant c= c(s)> ()
such that i f  £={£„} is any sequence o f  positive numbers then for arbitrary matrix X, 
there exist sets Hn — H „(e,X ,s) o f measure =£„ such that

( 2 . 6 )  2 „ ( s ) ( x )  > C £ * ^ -  

i f  x€ [— 1, 1]\Я „ and n =  1 ,2 ,. . . .

2.3. a) Considering the Chebyshev nodes it is easy to see that the order of
(2.6) is the best possible.

2.3. b) If s = 2 and £„ =  »?(«= 1,2, ...) we obtain the answer for (1.11). Generally 
it is easy to gain the following result.

Corollary 2.2. I f  P „ ^ [ —1,1] are arbitrary measurable sets then, using the 
above notations, for any X

(2.7) f X n(s X x )d x ^ ( \P n\ - s n) c e ^  i f  n =  1 ,2 ,....
p„

The case P„—P = [a , b] and s =  1 was treated by P. Erdős and J. Szabados [7]. 
If s = 2 and e„=ri, we obtain (1.10).

2.4. Let us see now the corresponding theorem for the complex case. Let 
Z = { z kn =  exp(iOkn)}9 k =  1 ,2, ..., w, и = 1 ,2 , ... with

(2.8) 0 =  0ln <  02n @nn <  ^71, 71 :=  1 , 2, ...
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be a triangular matrix on the unit circle line r = { z ;  z=exp (iff), O^0-=27r}. Let

(2.9) lk(z) =  L(Z ,  z) =  П  , к =  1, 2 ,....  n
j z ^ k  Z j n

be the fundamental polynomials o f  the corresponding Lagrange interpolation. 
Using the previous motivation we investigate

(2.10) A„(s)(z) =  A„(s)(Z, z) =  J 1 |z - z il|*-1|/i(z)|, n =  1, 2, ...
it=i

for a fixed positive integer j.
For s =  1 S. Y. Alper [9] proved that for any matrix Z

(2.11) n s  n0
8 fn

where A„= max A„ (1) (Z, z). A far-reaching generalization is the following

Theorem 2.3. I f  s S  1 й  a fixed  integer, there exists a certain constant 
c1 =  c1(j)> 0  such that i f  £={en} is any sequence o f  positive number then for an 
arbitrary matrix Z , there exist sets H n =  Hn(e, Z , s)czT  o f measure Se„ suchthat

(2.12) A„(s)(z) >  i f  г £ Г \Н п and n =  1 ,2 , . . . .

Considering the nodes zkn= e x p (ilkn/ri) we can say that the order of (2.12) 
is the best possible.

2.4. Finally let us see the trigonometric case. By (2.8) for the matrix 
& =  {6kn}, k = \ ,  2, n; и = 1 ,2, . . . ,  we define the functions

(2.13) Ш  =  kn(&, в)
sin 0 -0 ;

П ----- 2----7Г.
J* k sin

к =  1, 2, ..., n

(which are the fundamental trigonometric interpolatory polynomials of degree 
(n —1)/2 whenever n is odd). Let

(2.14) A„(s)(0) =  A„(6>, 0 ) =  2
k = 1

e - e ksin- \ n m ,  n =  i ,2 ,

W e state

T heorem 2.4. I f  s ^  1 is a fixed  integer, there exists a certain constant 
such that i f  e= {en} is any sequence o f  positive numbers then for arbi

trary matrix 0  there exist sets Hn =  H„(e, 0 ,s ) Q [  0 ,2  л) of measure suchthat

(2.14) A„(s)(0) Inn
Cle" ^

i f  0£[O, 2n)\H „ and n — 1,2, —
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If Qkn=2kn/n, k —0, 1, . . . ,  n — 1, we obtain that the order is the best possible. 

Remark. If n and s are odd, then

1(0) =  (2 sin 11Лв) (1 3  fc S  n)

are trigonometric polynomials of degree (ns—1)/2 having analogous properties to 
those o f (2.4).

3. Proofs

3.1. Proof of teorem 2.1. We shall use many ideas from [4], [5], and [8]. In 

what follows let Jkn — [xl+1 „, xki„] (к =  0 ,1, ..., n; n =  1, 2, ...) with x 0= l  and
defxn+1= — 1. If \Jk\^ 8 n — n~,/R we say that the interval is short; the others are 

the long ones.

3.2. First we settle the long intervals. As in our paper [8], Lemma 4.4., we can 
prove

Lemma 3.1. Let \Jk„\>őn for a certain к (0 <& <я). Then for any (In n)~2^ sn^  
=  1/4 we can define the index t= t ( k ,n ) and the set hknc J kn so that \hkn\ =4.v„ \Jkn\, 
moreover
(3.1) I/,„(*)I £  3f" i f  x £Jk„ \h kn and n = zn x.

Here щ is an absolute constant, i f  x£Jk„ \h kn then m in (|x—xÄ|, \x—xk+1\)^  
— sn\Jkn\-

Now let sn— 1/ln2 n. If Jkn is long then for x£Jk„ \h kn,

*,(»)(*) ^  |x - x ,p - 1|/,(x)|* ё  ( s M ' - ' y r n  >  in* и,

i.e. (2.6) is true. So we obtain that the estimation (2.6) is true for the long intervals 
not considering a set Hln of measure ё  8/ln2 n.

3.3. To settle the short intervals we introduce the following notations:

\ Jk(qk) =  Л л(?(Лп)) =  [xk+i +  qk\Jk\, xk- q k\Jk\],
|j |j =  Jk(qk) — dkn(q(Jkn)) =  dk\ J k(qk), 0 i t S / i ,

where 0 ^  1 /2. Let zk= z k(qk) be defined by

(3.3) \con(zk)\ =  min K (x ) |,  k =  0 ,1 , ..., n,
X̂ Jk Wfc)

finally let

(3.4) \ J i , J k \ =  m ax(|x(+1-x * |, |jc4+1- x,|), 0 == i, к n,

(3.5) e(Ji, Jk) =  min (|jcj+1—х»|, |х*+1- ^ | ) ,  0 S i . t S n .

We state (see [5], Lemma 3.2)
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Lemma 3.2. I f  \ ^ k , r S . n  and qk> 0  then

(3.6) |Z*(x)| +  |Z*+i(x)| 2 -4 s
o>n(zr)
co„(zk)

s IЛ
\ J r t d \

r , n s  6

i f  x£Jr(qr), Q(Jr,J k)S ő n and \Jr\^ 8 n, where we used the notation Lkn(s)(x) = 
= i t  O )= (x -  x j - 1 l£(x).

First we remark that

(3.7)

Indeed, by definition

1IЦ  (x)| & у  IЦ  (zr) I if x<E Jr (qr), i =  к, к +1.

|L;(x)|

Considering that |oi(x)|& |oi(zr)| and 

zr- x t

o>(x) Zr-X;
m(zr) X — Xi \Lt{zr)\.

x  — x  I
Zr — Xi\+Ő„ — Ő„ Ä . _  Őn _

“  2d„ ' ’

we obtain (3.7). So

|£4(*)| +  |I*+1(x ) |S T r [|I1(2;)|+ |L í+1(zr)|]

1 co(zr) s

2 <y(z*)

1 m (zr) S

“ 2 <»(**)

__ 4i 0 1  (zr) S

-  2 <»(Zfc)

|i*0*)l
xk- z k
zr- x k +  |ifc + l (Zt)l x k + 1 11

z r ~ x k + 1 lJ

\xk - zk\s
\ Z r ~ x k\

I Ik (zk) I + \x k + l  z k\

\zr~ x k+1

1ЛГ
I r ' Jk

[\lk(zk)\+\lsk-Ázk)l

from where we obtain (3.6) rising that [...]> 2  s because of lk(x) +  lk+1(x)>- 
>1 (xeJk(qk)).

3.4. Now we define q(Jk„) for the short intervals. For this aim let us determine 
the index set K '  and the set D'n by \Jkn\S ő n if k £ K \ J k„\><5n if к ftК ',

def
i n — U Лп- If >’t denotes the middle point of Jk, let k£K„ =  K f \ { 0, n), further

kZK’n
ßkn =  max {y: and (2.6) does not hold for y},

ykn =  min {у: yk ^  у  S  xk and (2.6) does not hold for y}, 

dkn =  max (xk- y k, ßk- x k+1),

(3.8) qk =  q(Jk„) =  dk/\Jk\.

Let us remark that (2.6) holds whenever x belongs to the interior o f Jk(qk).
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d k Jk (Qk>

+
xk+1

Pk4 - ■4—
У к

*к

xk

Supposing that

(3.9) 1008e„ =» ------  and n S  6,In n

we get that qk> 0 (because / .„ ( i) (x j= 0  if j s 2 and /„(1)(х*) =  1, l^ k ^ n ) .  
By (3.9) we intend to estimate the measure of the “bad” set (J | / fe„| (i.e. where

кЦКп
(2.6) does not hold). Let us denote this measure by v„. Omitting those short intervals

_ v
for which we shall prove for the remaining ones

(ЗЛО) 2  |J J  =  ^  - y  if n ^ n 2.kiKn 2

K 4 n
Obviously 3v„/4S/i„Svn so if (3.10) holds, then

(3.11) 2  1 Л 1 ^ 4 « л if n s n 2.ktKn з
3.5. Denoting by (p„ the number o f the terms in (3.10), we can reorder the corre

sponding intervals J k such that for the reordered intervals M k

(3.12) 2 '
\м к n„ In n I t s  г^ ф „ , n£N k

k= r  IM r , M k I -  224

if £„> 1008/1n n which we supposed. Here i{/„ is defined by

(3.13) V l  but 2 | M « I > ^  (n6iVi),(=1 l  i=1 2

Nx is a suitable sequence; the dash indicates that we omit those indices к for which 
g(M r, M k)< ö n (see [5] 3.4 and 3.5, especially (3.19)).

3.6. By the definition of qk we can choose points uin£M in(qinj2) for which
(2.6) does not hold (1 ^ t^ (p n, n^NJ.

If for a fixed n^Nk there exists an index t (I s  t =  <pn) such that

(3.14) ^ (s )(w j ==
2s c[is„ Inn

(where c > 0 will be determined later), by css„In n/ns~1^2„(s)(utn) we obtain (3.10) 
for this n. We prove (3.14) fo r arbitrary n£Nk with suitable t= t(n ).
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Indeed, let us suppose that for a certain Nk

9s ciis In tn
(3.15) Xm(s)(u,m) < — —  where 4rm(iMrm(qrm/2),

Then
2sciis+1 In m

(3.16) Z  i M j / U s H O ^ -----Л п ----  where miiV].r=i m
On the other hand, for arbitrary n^Nx we can write by (3.6) with zk corre

sponding to (3.3)

|Mr| ±  \Lk(ur)\ S  U m r\ 2 '  [\Lk(ur) \+ \L k+1(ur)\] =k =  1 ^  k£Kn

\MT\ <f>n co(zr) S Ш us-l 4>„
r-n -V/ co(zr)

4S+1 Zjk = 1 ®(zk) |Mr,M i| 16s л5- 1 k^l <w(zk)
|Mr||M,

using that v„^/r„. So by (3.12) and (3.13) 

(3.17) 2  \ щ  К (*)(«Л >  T ~ z r  2  2 '
r— 1 IO fl r=l k=116sn;

/ С 1 Ь  Щ \ ^ г )
16s/г5-1 r=l k = r LI CO(zt)

*- |Mfc|

|М „ М * |’ 

co(zr) Is |Mr| |M,| _
co(zt) I IMr, Mt |

+ a>(zit) I 1 |Mf| 
co(zr) I J  |M„

IlMi

^ г 1 у  i r? i y", |Mj| ^ + 1 l n n
16sns~̂  r=i rl* é  |Mr,M i| 2 -224-16sns- 1

Mil -  

2 sc/4+1 In n n eN k

if  c=(448 • 32s) -1 . This contradicts (3.16) i.e. (3.14) is true for any n^Nk with 
suitable t=t(n). So we proved (3.10) and (3.11).

3.7. To estimate |#„| we write by (3.7), (3.2) and (3.11)
2

|tf„| =s |tfln| + y  e„ +  2<5„ Ä En if л s= n0 =  max (6, пг , n2)

where 2Sn stands for the measure o f /„  and /„  whenever they are short.

3.8. Now let
1008

(3.18) 0 <  £„ < In n
def

Let #*„=#„=£„ [2 (л+ 1 )]-1 , 0 « l á n ,  and let us omit the set #„ =  U  Л
k = 0

of measure £„. If x € [ - l ,  1 ]\Я „  and x£[xJ+1, xj\ (J = \,  2, . . . ,  л — 1), by (3.18) 
we can write

A„(s)(x) >  | x - x J-|s- 1|/ ) ( x ) |+ |x - x ;+1|s- 1|/5+1(x)| ^

г 1 2 ^ ) Г [' '!» | + В « М | 1 г 4 & “ £| ^ -  ‘f ” E6'
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If e.g. |./0|> 0  and x£J0(qn), we use that |/Д х)|>1. So the proof is complete 
whenever и ё и 0.

Now let n á n 0. Using the same qn and H„ as above we can write by Xn(x)—1 
(n = l ,2 ,  ...) and 0<£„^2

*■(*)(*) =  |х -ж *|, - 1|/*(ж)|* S  [2^,+ ! ) ]
ei In n I

2(n+l)J ns ns_1 2n0[2(n0+l)]s_1ln«0
if U n S n 0, x€[ — 1, 1]\Я „; from where we obtain the theorem with perhaps 
another constant c.

3.9. P roof o f  teorem  2.3. Not only the theorem but also the proof is analogous 
to the real case. Let now

(3.19) Jkn =  [0kn, 0k+1 „], (к =  0, 1, ..., n; n =  1, 2 , . . .)  with 0„ =  0„+i =  0. 

Again, if \Jk\-^6„ =  и-1/в we say that Jk is short; the others are the long ones.

3.10. First we state

L emma 3.3. Let \Jkn\>5„ fo r  a certain к (0 < k < n ). Then for any (1пи)_2ё  
=.?„ =  1/4 we can define the index t =  t(k ,n ) and the set hk„ c J kn so that \hkn\^  

\Jkn\, moreover

(3.20) \lln(eie)\ ^  ЗУ" i f  d£Jkn\ h kn and n & nk.

Here щ is an absolute constant; i f  9(zJkn/ h kn, then min (]0 —0J*, |0 0|t+ll*) — \ Jkn I ■ 
Here and later |a|*=m in (|a|, 2n — |a|), 0 ё |а |^ 2 л .

This lemma can be proved by the method o f [10], 4.3.
If j„ = l/ln 2n, the argument is similar to 3.2. We obtain that (2.12) holds for 

the long intervals not considering the sets Hln o f measure ё8я /1и2 n.

3.11. Let

(3.21) co M  =  П  sin ^ , c„ *  0.
k= 1 2.

Then

(3.22) ltn(e‘°) =  exp [i(n - 1 )  - ^ ] -------- ^  g _ g  > 0 ^  0 S  2я.
2 со'(вк) s in —

(see e.g. [10], (4.5)). Now using mutatis mutandis the notations (3.2), we state by

(3.23) |wn(4 )| =  min |w„(0)|, к =  0, 1 ,...,  n, 
and
(3.24) | / ;,Л | =  т а х ( |0 ,+1-0* |* , |0,+1- 0 (|*), 0 ^  i, к S  n,

(3.25) g i f ,  Л ) =  min (|0i+1-0*|*, |0*+1—0 .П  0 S i ,  к á  n, 
as follows.
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2 2 6 P. VÉRTESI

L emma 3.4. I f  \ S k , r ^ n  and qk> 0  then

(3.25) \Lk(é e)\ +  \Lk+í(ew)\ 

whenever

1 <On(ír)
(0„(ík)

1Л
1Л.Л1 ’

П ^  По,2 (4тг);

ö € /r(<?r), е ( Л, Л) =<5 „  and \Jr\ ^  <5„, 

where we used the notation Lkn (s) (z) =  Lk (z) = (z —zk)s ~1 lk (z).

Indeed, using the argument of [5], Lemma 3.2, we can write

(3.26) |L,(ei9)| & -i- \Ь,(е1Щ  if t =  k, fc+1; 9£Jr(qr) and n ё  n0.

(Indeed, |L,(eie)|
co(9)
соЮ

■ ír - в ,  sin-------

. в —в, sin--- ----
\Ь,(е^')\, where

sin

sin

í r - 9 t
2

\e -e ,\
2

sin

sin

\ír-e,\*
2

I 0-0,1*
2

(\ír-9,\* , <5„ 8.)
sin l—

2 sin - +

if n ^ n 0, from where we get (3.26).)

The remaining parts are analogous to 3.3, considering that \lk(eie)\ +  |4 +i(eifl)| ̂  1 
if 9dJk (see [10], Lemma 4.2.1).

3.12. The remaining parts are analogous to 3.4—3.8. We mention that instead 
o f (3.12) we obtain цп In и(224я)-1 on the right hand-side. We omit further details.

3.13. P r o o f  o f  t h e o r e m  2.4. The proof is based on the relation

hn(&,9) (a(9)

2ffl' ( y s i n ^

where co(9) is defined by (3.2). The remaining parts are analogous to the complex 
case. We omit the details.
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ON AN IMPROVED RATE OF CONVERGENCE 
TO NORMALITY FOR SUMS OF DEPENDENT RANDOM  

VARIABLES WITH APPLICATIONS 
TO STOCHASTIC APPROXIMATION

H. G. MUKERJEE (Chapel Hill)

1. Introduction

The error term in the central limit theorem for sums o f martingale differences has 
been considered by Basu [1], Erickson, Quine and Weber [3], and Heyde and Brown 
[4] In each case the only moment assumptions were that the sum of the conditional 
variances converges to 1 (or some other constant >0) in probability, almost surely 
or in Lk, and that the sum of the absolute (2+<5)-order moments converges for 
some <5 >0. In each case the error rate, when specialized to i.i.d. random variables 
with third moments, becomes 0 (n _1/8) [Although this rate is only 0(n~1/12) according 
to Theorem 2 of Basu [1] a minor change in the choice of the upper limit o f  the inte
gral near the end of the proof makes it 0 (n ~ 1/s)]. Of course, because of the methods 
used, this specialization to the i.i.d. case only amounts to the assumption o f  identical 
and almost surely constant conditional second and third absolute moments of the 
martingale differences. The aim of this paper is to investigate by how much (if any) 
the rate of convergence can be improved by assuming what Dvoretzky [2] calls 
“near constancy” assumption about the conditionnal variances. Theorem (2.1) shows 
that even under the weakest assumptions (see [3]) an improved rate can be found 
implicitly as an easy consequence of Lemma 3.2 of Dvoretzky [2]. However, it is 
not obvious how to use the theorem to get a better convergence rate than that ob
tainable by using Theorem 2.3 of [3]. We illustrate this with some applications to 
stochastic approximation. It is shown that a convergence rate of 0 (n _1/4) can be 
obtained in some cases including the case o f i.i.d. random variables with third mo
ments. We have contented ourselves with order of magnitude calculations only since 
it is almost impossible to give one single expression which is the best (or nearly so) 
explicit bound in all cases.

2. Notation and results

Our procedure and assumptions are similar to those o f Erickson et al [3] who 
have considered the problem under the weakest assumptions.

Lqt X —{Xnk, k =  1, . . . ,n;  n—1,2, ...} be an array o f random variables. Put
к

Snk=  2 ^ j ,  Sn =  Snn. Let F = {F nk, k = 0 ,  l , . . . , n ;  n = l , 2 ,  ...} be an array of 
j —г

tr-fields, where Fn0 is the trivial cr-field. Assume Xnk is Fnk measurable and F„k a  k+1. 
Define the conditional expectation operators E„k( - )= E (-  \ Fnk) and write

цпк =  E„tk^ X nk, a2nk =  E ^ .x X S t- i jb ,  s2„k =  Д a\ =  s2nn, у2п? г =

=  ЕпЛ-х\Х„к — nnk\i+s
for <5>0.
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Let N  be a N (0, 1) random variable. Let A (X , Y) denote the Kolmogorov 
(supnorm) distance between the distribution functions of the random variables 
X  and Y.

Throughout we use C, with or without subscripts, as generic positive constants, 
independent of “time variables” k, n, etc. Thus we may have 2C ^ C .  Equalities 
(inequalities) among random variables are almost sure equalities (inequalities).

(2.1) T heo rem . Given (X, F ) above, i f  pnk—0 fo r  all n, k, then for  <5£(0, 1] 
and T > 0

T

d(S„, í O s C j  f  Z  t2E [ e -^ /2Hl- ŝ A0y2n+5] d t+ C 2T ~ 1 +
о *=i

+ C3{ E K - i r i'*+ZiE[yljt»I(s*nk > l)]}W+*>.

R emarks. One minimizes the right hand side with respect to T  to obtain the 
best convergence rate. The possible improvement to Theorem 2.3 o f [3] comes from 
the usage of the exponential expressions in the first term and of the indicator func
tions in the last. Majorizing all these expressions by 1 yields Theorem 2.3 of [3].

P r o o f  o f  t h e o r e m  (2.1). We first state and prove a lemma which gives an im
proved bound for the difference o f the characteristic functions o f S„ and N.

L emma. I f  the assumption o \ =  1 is added to the conditions o f  Theorem (2.1)
then

|£ е;«п_ е -<»/2| s  Cí2 2 £ [ e - (* ,/2)(i - sífc))&+í]
k= 1

fo r  all real t.

P r o o f  o f  l e m m a . Let Ynl, . . . ,  Ynn be completely independent standard normal 
random variables and independent o f Fnn. Let Z„k= S n3k- 1+ R n k+1 for l^ k ^ n ,

n
where Rnk=  Z  °n jYnj and Sn0= R „ >n+1=0. Then

j=k

S n k  —  Z  ( Z n k  + Y nk) ~  Z  ( Z „ k  +  a „k Y„k)-
k = 1 k = 1

Using Lemma 3.2 o f Dvoretzky [2]

EnkeitRn,k+ 1 =  e ~ (,3/2) Z  <■ =  e - ( ' ,/2)(1- ^ > ,
J=k + 1

which is Е„д _х measurable. Thus

\Eeitsn - e - t2/*\ =
ic =1

Z  E {eits*. * - 1 e - (,2/2) E„t k _ a (e"*»« -  eu°»« M }
k = l

3=5 Cí2 Z  E [ e - «
k = 1

the proof of the last step being the same as in [3].
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The rest of the proof Theorem (2.1) is identical to that of Theorem (2.3) of [3] 
with the following two modified estimates:

1) Defining T„ =  max {O ^k^n: 4 á l } , ^ = 5 ^ tn and N„ as a standard normal 
random variable independent of all other random variables, we use the lemma above 
and Esseen’s theorem (see e.g. Loéve [6], p. 285) to get

d(5„,tn+ ( l — N) S  Q  /  d t + C .T ^  ==
о « = 1  J

T
S  Cj f  t2 i  ^[e-C'V^d-^Ao^+i] d t + c 2T~1 

0 »=1
П

for all T > 0. (Our S„ r is the same as £  Wnk in [3].) It should be clear from the
’ ” /t=i

proof of our lemma that the additional term t 2E( 1—a2)1+a/2 in the integrand used 
in [3] is not necessary.

2) We use £[(1 — a.%)1+s,2I(?n <  n )]s  ^jE [yH aI{s2k =* 1)] instead o f the corr-
it=i

esponding bound in [3] without the indicator functions.
It should be pointed out that there are several minor mistakes and misprints 

in the proof of Theorem 2.3 in [3]. The assumption <т̂ = 1 should be added to the 
first part of the proof; different symbols should be used for the (almost surely) 
bounded random variable |0| and its bound; in the string of inequalities (3.6) al
though the third term is less than or equal to the first, it is not necessarily less than 
or equal to the second; the exponent 1 +  1/20 should be read as 1 +0/2.

3. Applications

A large and interesting area of application of Theorem (2.1) is where {Zk} 
is a martingale difference sequence adapted to the ^-fields {Fnk= F k} where Fk 
is the c-field generated by {Z l f ..., Z k}, {bnk} is a fixed or an adaptive sequence, and 
Xnk=bnkZ k. Thus S„ represents a weighted average of the Z k s with possibly random 
adaptive weights. The area of stochastic approximation offers a large variety of 
such cases. It is an active with a vast literature. To illustrate how Theorem (2.1) 
can be used we consider a Robbins—Monro process for which asymptotic normality 
has been proven, among others, by Sacks [7]. One should consult this reference for 
the proofs of results cited.

Robbins—Monro process. Suppose Fx is a distribution function for each real x  with 
mean m(x) which is finite, variance c 2(x) and absolute (2+0)-order central moment 
y2+s(x) for 0>O. The Robbins—Monro procedure finds the root of the regression 
function m (-)  sequentially by unbiased sampling from {F*} at appropriate (known) 
x’s. Assume

(3.1) m (x )= x  — 0, —

(3.2) a2(x)^cr2 and y2+ (x )Sy2+i for all x  with finite cr2 and y2+i for some 
<56(0, 1],
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(3.3) <т2(- )  and y2+á( •) are Boréi measurable functions with <5 as in (3.2), and
(3.4) <т2(х) =  сг2(0)[1 + 0 ( |; t —ö)“1)] as x  —0 for some d£(0,2], and <r2(0)>O.

Let Xk= 9  and define recursively Xn+1= X n—a„Y„, и>  1, where a„=a/n 
for some a >1/2 , and the conditional distribution function of Y„ given 
{X i, . . . ,  Xn; Yk, . . . ,  F n -J  is FXn. For this procedure it is known [7] that under 
assumptions (3.1)—(3.4)
(3.5) Xn-»0 a.s.,
(3.6) E(Xn—Q)i = 0 ( n ~ v), and

(3.7) in(X„+k — 0 )—N(0, a2<r2(6)l(2a— 1)) in distribution.

For notational simplicity we assume 0 = 0  and o2(0)= (2a— l)/a2. Thus the 
variance of the limiting distribution in (3.7) is 1.

Define e—a —1/2.

(3.8) T heorem. Under the assumptions (3.1)—(ЗА) with <5 =  1 and d = 2

0 (n ~ c'2) i f  e <  1/2,
0((n /log  n)_1/4) i f  e =  1/2, and
0 ( n - 1/4) i f  e >1/ 2 .

(ii) Under the additional assumption cr2(x) =  <x2(0) for all x  and e =  1 /2

0) A { f i i x u+X, N )  =

A ( f i X n+1, N) =  0 (n

R emarks. 1) Sacks [7] proved asymptotic normality of \пХ п+1 under the assump
tion (among others) <72(x)-*-<x2(0 )> 0  as x —0. We have needed (3.4) to get a rate 
of convergence.

2) By starting the process at 0 and assuming strict linearity of m ( • )  we have 
removed the bias term in f  nXn+1 due to the initial bias and non-linearity, respectively
[7] . This way we have isolated that part of the convergence rate problem which is 
in the realm of Theorem (2.1). We have also assumed <5 =  1 in (3.2) and d = 2 in
(3.4) in order to reduce the number o f parameters (one has to consider the conver
gence rates in more than 33 subsets o f the e—ő —d  parameter space in general) and 
for ease of comparisons.

Using our methods it is possible to compute the convergence rates for a more 
general process where one may consider ш( •) to be quasi-linear with some finite 
positive derivative a at 0, arbitrary <56(0, 1] and d£(0,2], X1 to be a random variable 
with finite second moment, an= A J n я for some l /2 < l iä  1 and An an adaptive 
random variable converging almost surely to l /а where a=m '(0) (see e.g. Venter
[8] ), etc. However, the computations are exceedingly long and tedious.

P roof of T heorem (3.8). For /c s  1 define Z k= Y k—m(Xk) = Y k — Xk. Then 
the {Z k} form a martingale difference sequence adapted to {Fnk= Fk= a (Z ,. ..., Z k)}.

n
Iterating Xn+1 =  X „ -a n(X„ +  Z n) we have 1 Л+1= Д ^ ,  where

ßnk— П  (1 - a j )  for 0 S k < n  and ßm= l .  If we identify n1/2akß„kZ k with Xnk
j=k+1

and o (Z 1, Z k) with Fnk then Theorem (2.1) applies to this (X, F) with <5 =  1.
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We note that

2 £ [ e - (, /2)(1- s"'‘)A0}^] =s 2  E (y3nk) +
k = 1 к-сп—Уп

+  2  _ £ [ y „ V ( ü > ( W ) ] +  2  Е<У3пк).
к < л —/ л  к ^ п ~ У п

(For other problems instead of in  some other o(n) — term may be appropriate.) 
Using this in Theorem (2.1) we have

(3.9)

(El)

(E2)

(E3)

(E4)
(E5)

(E6)

A (in X n+1, N )S
T

Ci 2  _ {  i2e - (,’/2)tl- (*/n)‘]£ (A )d t+
к-̂ п—Уп 0

с гт3 2 . ^ [ Д / ( ^ > ( В Д г)] +
к-сп—Уп

С3т* 2  Е(Упк) +
ksn—уй

C5{ E \o l- \ \w y i* +
Г " l1/4

с \ к2 Е [у 1 Л * 1 к >  1)]} ,

where we have used \a+b\r^ \a \r+\b\r for r á  1 to separate the last two terms. 
We will estimate the expressions (El)—(E6) for various ranges of the parameter e. 

From the description o f the process and assumption (3.2)
<k =  n a tß W ( X k) =  nalßlko\<S)[\ +  0{X ?j\

and ylk^ n 3/2al\ßnk\3y3. (Here О (Xk) is a random variable such that О (Xk)/Xk is almost 
surely bounded uniformly in к on {Хкт±0}. Sequences of the form 0 (k ~ p) in “time 
variables” are always meant to be 0 (k ~ p) as k-+°° uniformly in all other “time 
variables”.) Using the well-known estimate ßnk—(k/ri)“[l +  О (k -1)] (as can be seen 
by logarithmic expansion o f ßnk) and (3.6) we have

&  =  и 1  a)ßljo4Xj) = n-* £a*j*-tll+°U-')\a*im+0(Xf)] =

=  ( к / п Г [ 1 + 0 ( к - ^ ) ]  +  п - ^  2 j *1" 1 № ( j ~ 1) + О { X f j \ ;
7 =  1

(3.10) Е\$2пк-(к /п Г \  = ( k / n ^ O i k y ^ W  + n -*  é r - ' O Ü - 1) =
j =1

(3.11) П 4

0 ( n - 2£) if e <  1/2,
0 (n  4 o g k ) if e =  l/2,
0((k/n)2ck *) if £ =» 1/2;

(к/пУ) == Р{Упк- ( к /п Г \ > (fc/n)£[l-(fc/n)']} ̂  
S  £ |s 2fc- (k /n )2£|/(/c/n)c[l-( /c /n )£],
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and

(3.12) y3nk =S Cn3,2k3 (k/n)3a =C n~ 3ek3e - 3,2.

In (E2)—E(4) we will choose Г ё я 1/4 for all values of e. Thus, using (3.12) 
and Т ^и1/4,

„1/4

(El) tkC n~3t 2  fe3£-3/2 f  =
k^n-\n 0

„ l /4 [ l - ( f c /n ) e ] l /2

=  C n -3B 2  fc3£- 3/2[l-( /c /n )'] -3/2 f  z2e~z2/2dz
k<n—̂n 0

1-1  Уп
rsCn~3'2 2  (k/n)3c- 3/2[ i - ( k /n Y ] - 3,i =  0 { n - 112 f  x3c- 3/2( l - x e)~3l2dx) =

к<п~Уп 1 In

1/2 1-lj/n
0 [п - 1'2 f  x 3c~3'2 dx) +  o { n - 1'2 f  (1 — jce)~ 3/2 í/лг) .

1 In 1/2

The first term in the expression above is

0 ( n - 3£) if E <  1/6,
0 ( n _1/2 log n) if e =  l/6,
0 (n ~ 1/2) if 6 >  1/6.

By substituting y = l  — xe in the second term it is easily seen to be 0(n~lji). Thus

(3.13) (£1) =  0 ( л - (3£Л1/4>).

From (3.10) and (3.12)

2  E [y3nkl(s2nk >  (k/nY)] == Cn~3t 2  _ k3e~3/2E \s2k-(k /n )2e\/(klnY[l ~(/c/n)£].
к<п~Уп к<п~У n

Using (3.11) and making integral comparisons as before we have

(3.14) 2  _E[y3kl(s2k ^ (k /n Y )]
к<п~Уп

0 ( n -1/2-2£log n) if e <  1/4, 
0 ( n ~ 1logn) if e =  l/4, 
О (и“1) if e >1/4.

We have not used more refined estimates for e > l / 4  because (E2) will be dominated 
by other expressions in this range of e as we shall see.

From (3.12)

(3.15)
2  E(y3k) == C n -3c 2  _ k 3*-312 SE C n -3cVn [(n - ^ ) - 3£- 3/2V«3£- 3/2] =  0 ( n - 4).

к<п— Уп кШп— Уп

Since {Xk: 1 does not have a simple probability structure it is difficult
to bound Ü11<72 — 113/2 by anything o(E\o2n—\\). However, <r2 is uniformly bounded
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by assumption (3.2). Hence

(3.16) E \ a l - \ \ ^ ^ C E \ a l - \ \

whose bounds are given by (3.10) with k = n .

Í 4 \ í ( i > i ) ] ^  2  £ [y ^ /( s ^ > i) ]+  2  Е Ш -
*_1 к^п-Уп ksn-fn

Thus (E6) is majorized by min {(E2)+(E3)+(E4)} and hence (E6) can be dropped
for order o f magnitude calculations.

Now choose

T =
n'l*
(и/log n)1/4
nr/4

if 8 <  1/2,
if 8 =  1/2,
if 8 >  1/2.

Part (i) o f the theorem now follows from (3.9) and (3.13)—(3.16). If e == 1/2 (a— 1) 
then ak= l /k ,  ßnk =  k/n, and X nk= Z k/Yn, l^ k ^ n .  If, in addition, ег2(л:) =  сг2(0) 
for all x  then slk =  k/n, l^ k ^ n .  Thus

A{}ftXa+1, N ) ^ C k 2  J  t * e - w w - W E ( y l k) d t + C 2T* 2  _£(й) + С3Г-1
— y'n 0 k ^ n  — y'n

for all T > 0  from Theorem (2.1). Part (ii) of Theorem (3.8) now follows from (3.13) 
and (3.15) by choosing T = n 1,i.

R em a rk s. (1) From part (ii) o f Theorem (3.8) we get a convergence rate of 
0 (n -1/4) for the i.i.d. case with third moments.

(2) If instead o f just moment assumptions we assume that the Z k s become 
“almost i.i.d.” much better convergence rates can be obtained. If we add the as
sumptions (a) e= l / 2 ,  (b) Fx-*Fy weakly as x-*y  for all real y, and

(c) J  IF j1^ )  — Fo 1(u)\2du —0 ( \x \2) as x —0, where E“1(«)=sup {/: Fx( t )= u ) ,

to the conditions o f part (i) of Theorem (3.8), then from a slight modification of 
Kersting’s [5] proof o f his Theorem 1 it follows that

V^Xn+1+ n - ^  2 Vk =  0 (п ~ 1/г) a.s.,
k = 1

where {Vk} is an i.i.d. sequence, independent of F„„, with distribution function F0 
on some common probability space. From Berry—Essen theorem

л (n -1/2 2  K ,  w) =  o(n~1/2).

From a well-known relation between Lévy and Kolmogorov distances between 
random variables when one of them is a normal (see e.g. equation (3.5) in [3]) it 
then follows that А(УпХп+1, N) =  0 (n ~ 1/2).
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LAGUERRE TYPE POLYNOMIALS UNDER AN  
INDEFINITE INNER PRODUCT

A. MINGARELLI (Ottawa) and A. M. KRALL (University Park)

Introduction. Recently [2] it was shown that the Laguerre-type polynomials

satisfy a fourth order differential equation

e~xly  =  e~xXny, n =  0, 1, . . . ,
where

e~xly =  {x2 e~x y")"—((]2R +2\x+2)e~x y')'
and

X„ =  (2R +  2)n +  n(n — i),

and are orthogonal with respect to the Stieltjes measure ф given by

Ф(х) =
0, 
R + 1 

R — e~

— oo< x  <  0 

0 S  x  <  °°,

when 0. Further it was shown that f  rn(x)idф =  (R +  n + \)(R  +  п); that
o-

the set {r„}“=0 spans the Hilbert space H  generated by ф, and that in H I  gives 
rise to a self-adjoint differential operator.

The purpose of this article is to note that when 0, but is not a negative integer, 
then ф generates an indefinite inner product space К  which is a Pontrjagin space [1], 
the polynomials {r„}“=0 sPan K, and, again, / gives rise to a self-adjoint operator 
A m K .

While the extension may seem superficially easy, the subtleties of indefinite 
inner product spaces assure that it is not. For instance, when R  is a negative number 
—n, then the polynomial r„ is o f degree и—1, and the space К  becomes a degenerate 
indefinite inner product space. Exactly the right path must be followed in order for 
everything to work.

The polynomials. We assume that for some integer N ^ 0 , —(7V+l)<R-= —N. 
With R so constrained we then note that r„ is a polynomial exactly of degree n and
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that the formulas e~xlrn= e~ xX„r„,
oo

(r„, rn) =  f  rn(x)1 2 dip =  (R +  n +  \)(R  +  n) 
о

still hold [2]. Since (R + n + l )=-0 when n ^ N , and (/?+«)=-0 when n S N + 1, 
we find that

>  0 if j  ~  0, N - 1,
(rj, fj)  <  °  if j = N ,

>  0 if j  — N + l ,  ... .

Let К  be the indefinite inner product space generated by ( • , • ) .  Then К  
admits a Hilbert majorant given by

I f  gl =  -j^ j-/(°)g (°)+  /  f(x )g (x )e ~ x dx.

According to [1; p. 89] K = K + 0 .K 0© K~, where K + is a positive definite subspace, 
K °  is neutral and K ~  is negative definite. By using the Fourier— Stieltjes transform
[2] it is possible to show that K °=  {0}. Further, if R + =  span {r„\ r„>>0},
and Ä~=span {r„: (rn, /•„)<()}, the same argument shows that the orthocom
plement of R + © R~  is {0} and so  K = R + ® R~.

T h e o r e m  1. The indefinite inner product space K, generated by ( - , • ) ,  is 
a Pontrjagin space spanned by {r„}“=0, K = R + ® R ~ . The subspace R~ is one dimen
sional.

f =  2  c„rn, where c„ =  ( f  rn)/(rn, rn).
n = 0

C o r o l l a r y . I f  f i s  in K, then f =  2  c-,r„, where c„ -  ( f  rn)l(r„, rn).
n =  0

The differential operator. W hile the differential expression e~ xl is formally self- 
adjoint, the boundary value problem

e~xly =  Xe~xy, — 2Ry\G) =  l y {  0),

which is required to show symmetry in Green’s formula, involves a Я-dependent 
boundary condition. As a result a slightly different formulation is convient in order 
to fully exhibit the role played by 0.

We denote by Ж  the indefinite inner product space 1?(0, oo; e~x)XC, where for 
F =(f(x )Jo)T and G =  (g(x),g-0) T in Ж ,

(F, G)#  =  j f(x )g (x )e~ x dx +  (l/R )f0g0. 
о

It is evident that К  and Ж  are isomorphic. The operator A is defined as follows: 
Let D a denote those elements Y = (y(x ), y 0)T in Ж  satisfying:

1. у is in Z.2(0, e~x).
2. y', y", y"' exist and are absolutely continuous.
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L40, - ) .

Í ly  1 - 1 Í ly 1
w )  (0)7 '\-2R y'(Q ))

4. y 0= y  (0).

We then define A by setting

Green’s formula establishes that A is symmetric. An argument similar to that 
in [2] shows

Theorem 2. A is self-adjoint in Ж .

Theorem 3. The spectrum of A is real and discrete. It consists only o f  eigen
values crp(A)={A„}“=0.

Here the argument is similar to that found in [3] and is omitted.

Theorem 4. Let R„=(r„, R)T, n—0, 1, .... For all F in Ж, F =  C„R„,
n =  0

where Cn =  (F, _/?л)^/(Я +  п +  1)(Я4-и)- For all Y in D A, A Y  =  2  ^nC nRn, where
n =  0 oo

C„ =  (Y, Rlt)jr/(R +  n +  \)(R  +  n). Further Y  is in D A i f  and only i f  2  u22^C„|2<
/1 =  0
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A NOTE ON A PAPER OF AYOUB
S. FEIGELSTOCK (Ramat-Gan)

Let R be a ring, R + the additive group of R, and R, the torsion part o f R. If 
Rt is a ring direct summand of R, then R is said to be a fissible ring. A result of 
Ayoub [1, Corollary to Theorem 7], may be restated as follows:

Proposition. Let G —T ® D , Т а  torsion group which is not reduced, and D  
a divisible torsion free group. Then there exists an associative ring R, with R + =  G, 
such that R is not fissible.

The purpose of this is to generalize the above Proposition by replacing D  with 
an arbitrary torsion free group, and to prove the converse o f the Proposition.

Theorem 1. Let G =  T@ H , Т а  torsion group which is not reduced, and H x 0, 
a torsion free group. Then there exists a ring R with R + =  G such that R is not fissible.

Proof. There exists a prime p  such that T = Z (p f i@  A. Clearly there exists 
a non-zero homomorphism / :  H®H->-Z(p°°). Let gi= c i+ a i+ h i , c fZ (p °°), 
afiA , hfihl, i—1,2. Define g w g 2= f(h 1® h2). This multiplication induces a ring 
structure R on G. Since R3= 0, R is clearly associative. Suppose that R =  R, ® S  
is a ring direct sum. Then 0 a R2 =  S 2Q R,, and so .S'2f] R,XQ, a contradiction.

Theorem 2. Let G — T @ D , Т а  torsion group, D a torsion free divisible group. 
The following are equivalent:

1) Every ring R with R += G  is fissible.
2) Every associative ring R with R + = G  is fissible.
3) T is reduced.

Proof. Clearly 1)=>2), and the implication 2)=>3) is the contrapositive of the 
above Proposition.

3)=>T). Let G =  T ® D , T  a reduced torsion group, D  a divisible torsion free 
group. Let R be a ring with R + =  G. Clearly T  is an ideal in R. Let a£T, aAO, 
and let x£D . There exists y£D  suchthat x = \  a\y. Hence a x = a (\a \y)= (\a \a )y= 0 , 
and similarly x a = 0. Therefore T D = D T = 0 .  To show that R is fissible, it suffices 
to prove that D‘l(L D . The map g: D X D —G defined by ц[(а, b )]= a -b  is bilinear. 
Hence there exists a homomorphism / :  D ® D ^-G  satisfying f(a ® b ) =  a -b  for 
all a, b£D. Therefore D 2=f(D<ZD) is a homomorphic image of a divisible group, 
and hence divisible. Since T  is reduced, D 2(f D .

The converse of Theorem 2 is not true.
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E xa m ple . Let T be a /̂-reduced /;-group, p  a fixed prime and let Я be a /i-divi- sible torsion free group which is not divisible, e.g., the subgroup of the rationals
generated by j-^ ;n  =  1,2, ...j. For any ring R with R + =  T@ H , clearly (1) Т 2Я=Т.

The map: T® H->-R+ from the cartesian product of T  and Я into R + defined by 
[{x,y)]—x -y ,  the product on the right being multiplication in R, is bilinear and so factors through T ® H . However it is readily seen that T ® H =0 and so (2) 777 = 0, and similarly (3) H T =0. The same argument applied to Я®Я yields that Я2 is contained in <р(Я®Я), <p£Hom (77®77, R +). Let nT be the natural projection of R+ onto T. Since H ®Я is /̂-divisible, nTcp(H®H) is ̂-divisible. Since T  is p- reduced, this implies that nTcp(H®Я) = 0 which in turn yields that nT(H 2)= 0 , i.e., (4) Я2 QH. Clearly (1)—(4) imply that R  is a ring direct sum R =  H ® T , and so every ring with additive group Т©Я is fissible.

Q uestio n . Let G be a mixed group satisfying p(G/Gt)^ G /G t for every prime 
p , O',= the torsion part of G. Must there exist a non-fissible (associative) ring R with R+=G?
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CHARACTERIZATION OF QUASIDEVIATION MEANS

In the theory of means the concept of quasiarithmetic means plays important 
role (see Hardy—Littlewood—Pólya [9]). In 1930, Kolmogorov [10] raised the follow
ing question: How can quasiarithmetic means be characterized? The answer was 
given independently by Kolmogorov [10], Nagumo [12] and de Finetti [8]. (See 
Theorem 4.0.)

During the development of the theory of means, a number o f papers dealt with 
different generalizations of the quasiarithmetic means. One of the most important 
generalizations was given by Daróczy [4], who defined the deviation functions and 
deviation means. There are numerous papers (e.g. Daróczy [4,5], Losonczi [11], Páles 
[13], Daróczy—Páles [6, 7]) investigating inequalities and equations concerning these 
mean values.

In this paper we generalize the concepts o f deviation functions and deviation 
means by defining quasideviation functions and quasideviation means. It turns out 
that the results obtained for deviation means by Daróczy [4, 5], Páles [13] and Daró
czy— Páles [6, 7] remain valid for quasideviation means too.

The aim of the present paper is the investigation of the question similar to Kol
mogorov’s one: How can quasideviation means be characterized?

To answer this question we need some new concepts which have not been defined. 
These are the strongly intern mean, the infinitesimal mean and the inequality o f  bi
symmetry (see Definitions 1.2, 1.4 and 1.6, respectively). In addition to these defini
tions, in § 1 we also list some known concepts which will be used later. § 2 deals 
with the definition o f quasideviation functions, discrete and weighted quasideviation 
means.

The §§ 3 and 4 contain the main results o f the paper. In § 3 a characterization 
theorem is given for the weighted quasideviation means. Using this result in § 4 
we characterize the discrete quasideviation means.

The author is very grateful to Z. Daróczy, L. Losonczi and Á. Száz for their 
useful advices and suggestions.

Let R, R+ , Q, Z and N denote the set of real numbers, positive real numbers, 
rational numbers, integer numbers and natural numbers, respectively.

For x = (x t , . . . ,  xn)€R" let

ZS. PÁLES (Debrecen)

§ 1. Discrete and weighted symmetric means
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It is easy to see that 

if x1 =  . . .= x n and
<*> =  {*1}

(x) — I min x,, max xT
N '  J 1 S i S n  ‘ l S i S n  ‘L

otherwise.
If x —(xl 5 x„)£R" and у = ( у г , . . . ,  7m)€Rm then let (x, y) mean 

(n +  m)-tuple (xj, x„, y l5 . . . ,y m)€R n + m. Let 3>(I)=  (J  /"  where 7 ^ R
n = 1

an arbitrary interval.

the

is

D efin itio n  1.1. The function M : 3>(I)-~I is said to be a discrete symmetric 
mean on the interval I, if  it has the following two properties:

a) M  is intern, i.e.
(1.1) M (x)£(x) 

for all x£3>(I).
b) M  is symmetric, i.e. for all n£N

(1.2) M n =  M

is a symmetric function.
The class of discrete symmetric means on I is denoted by J l( l) .

D efin itio n  1.2. A discrete symmetric mean M £ J t(I )  is said to be strongly 
intern if for every x X) . . . ,  x„d3>(l) n£N we have

(1.3) M (xl5 ..., x„)€(M (x1), ..., M (x„)>.

D efin itio n  1.3. We say that the discrete mean is associative if the
identity

(1.4) M {xx, x„) =  M (M (xt), ..., M(x1), ..., M (x„), ..., M (x„))
h К

holds for all x x£ l k', , x n£ l k", k x, . . . , k n, n£N.

R emark. Using the intern property, it is obvious that every associative mean 
is strongly intern.

D efinition 1.4. Let and

(1.5) Qkx,y(M ) =  max |M(x, ..., x, y, ..., y)
l k — l l-l k-l + 1

for x, y £ l ,  n€N. The mean M  is said to be infinitesimal if for all x, y f j

(1.6) lim Qk,y(M)  =  0.

Let A =  (R + U {0})2\ ( 0 ,  0) and i>(7) =  P x A .

D efinition 1.5. The function M: 3> ( / ) —/  is called weighted symmetric mean 
on 1 if it has the following properties:
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a) M  is symmetric, i.e.

(1.7) M(x, у; X, fl) =  Й (у ,  x; p, X)

for all a:, y£I, (X, p)(LA.
b) M  is reflexive, i.e.

(1.8) M{x,  x', X, fl) =  x

for x£IflX, p)£A.
c) M  is intern, i.e.

(1.9) x =  M(x,  у;  1, 0) <  M(x,  у; X, fl) <  M(x,  y; 0 ,1 ) — у

if X, p £ R + .
d) M  is nullhomogeneous in the weights, i.e.

(1.10) Й(х,  у; tX, tfl) =  Й{х,  у; X, fl) 

for all x ,y£I,  (X, p)£A,  i£R + .
The class of weighted symmetric means on /  is denoted by JHJ).

D efinition  1.6. Let Й^Л{1) .  We say that M  satisfies the inequality o f bi
symmetry if

(i.H )
min {Й(х,  у; Xx, Xy), Й(и, v, X„, Xv)} ^  max {Й(х,  u; Xx, Xu), Й ( у ,  v; Xy, Xv)} 

for all x , y ,u , v £ l ,  Xx, Xy, Xu, Xv(lR + .

D efinition  1.7. The mean Й £ .М (I) is said to be bisymmetric if it satisfies 
the equation of bisymmetry i.e.

(1.12) Й ( Й ( х ,  у;  Xx, Xy), Й{и,  v; Xu, XD); Xx+Xy, Xu+Xv) =

-  Й ( М ( х ,  u; Xx, Xu), Й ( у ,  v] Xy, Xv)\ Xx+Xu, Xy+Xv)

for all x , y ,u , v£ I ,  Xx, Xy, Xu, A„€R+ .

R em a r k . It is easy to see that if Й  fulfils the equation of bisymmetry then Й  
also satisfies the inequality of bisymmetry.

D efinition  1.8. We say that (I) is regular if for x, y d j ,  x < y  the
function

(1.13) Х ^ Й ( х , у ; Х , 1 - Х ) ,  2€[0, 1]

is continuous and strictly monoton decreasing.

D efinition  1.9. Let M£Jt (I)  and M^.M(I).  The means M, M  are said to 
be associated if

(1.14) Mjx,  ..., x, y,  ..., у) = Й (х ,  у;  к, I)
к I

for all x, y£I, к, f l  N.
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§ 2. Quasideviations and quasideviation means

D efinition  2.1. Let Z^R be an interval. The function ZLZ2—R is said to be a 
quasideviation on 1 if 

(E l) for all x, t£I

(2.1) sgn E (x, t) =  sgn ( x - t ) ,

(E2) the function

(2.2) t ^ E { x , t ) ,  t€Z

is continuous for all x£Z,
(E3) the function

(2.3) P ^ ( 0 = - f ^ ,  tZ]x,y[

is strictly monotone decreasing for x , y £ I ,  x < y .
The class of quasideviations on I is denoted by S'(I).
R em ark . The concept o f deviation has been introduced by Daróczy [4]. The 

function Z?:Z2—R is called a deviation if it has the properties (El), (E2) and 
(E3)* The function (2.2) is strictly decreasing for x£L  

It can be easily shown that every deviation is a quasideviation, but not conversely.
The following result is needed to explain the concept o f discrete quasideviation 

mean.

T heorem  2.1. Let E£S(I),  n£N, x l5 ...,x„£Z. Define for t£I the function
e by

(2.4) e { f ) =  2 E { Xl,t).
i=  1

Then there exists a value t0£I  such that

(2.5) sgn e(t) =  sgn (t„ — t) 
for  t £ l  and
(2.6) t0€(x i ,  . . . , 0 -

P roof. Without loss of generality we can assume that x1^ . . . ^ x n. If xx=x„,  
then t0= x 1—x„ and (2.5) follows from (El). Thus we may assume that Xj<x„. 

Using (El) it is easy to see that

(2.7) е(хг) =  eQmin^X;) >  0, e(x„) =  e(max x;) <  0.

By (E2) e is a continuous function, hence there exists a value i0€]x1,x„[ =  
=  (x i, ..., x„> such that e(i0) =  0. Thus (2.6) is satisfied. To prove (2.5) let 
be an arbitrary element of Z. If then the inequality c ( /)> 0  (which is equiva
lent to (2.5)) follows from (El). Otherwise we may assume that

(2.8) Xj, S . . . ^  xk <  í á r U I  =á...=í x, s í 0 <  x l+1 з=...з=х„.

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



CHARACTERIZATION OF QUASIDEVIATION MEANS 24 7

Let I á i S k  and l + l ^ j ^ n .  By (E3) the function

E ix jjJ ) , j  
E(x t , t) ’

is strictly monotone increasing, hence

E{xj, t) ^  E(xj ,  t0)
E(x„ t) ^  E(xi,  t0)

because х г< Г < /0< х у.. Rearranging the above inequality we get 

(2.9) E(xi ,  t0)E(xj ,  t) <  E ( x j , t0)E(Xi, t).

Using (El) it can also be verified that (2.9) is valid if and l + l ^ j ^ n .
Adding the inequalities obtained and applying the equation e(r0)= 0  we have

Z E (xh t0) 2  E (xj, t) <  2  E (xj, t0) 2  E(x„ t) =
i = 1 •* —* 1 ■* ' 1 1 —4j  =  l + 1 j  = l + l

l
2

i = 1

Thus

(2 . 10)

=  2  E ( x t ,  t 0)  2  E ( x j ,  t )  =  ( -  2  E ( x t ,  f0) )  2  E ( x j ,  t ) .
i = i + i  j —1 \  i = 1 /  y = i

2  E(xi, t0) 2  E (xj, 0 < o.
i= l  1=1

By (El) and (2.8) 2  E (x{, i0)< 0  thus by (2.10) we get e ( t ) > 0.
i = l

When i0< i  it can analogously be seen that e ( i)< 0 . This completes the proof.

R em a r k . The analogue o f Theorem 2.1 for deviations was proved by Daróczy [4].

D e f in it io n  2.2. Let Ed$(I )  and x = ( x l5 . . . ,x n) £ l n<z3>(I). The unique solu
tion t = t 0 o f  the equation

( 2.11) 2 E (.x i, t) =  0i= 1

is called the quasideviation mean of x generated by E and is denoted by 5Ш£(х).
By Theorem 2.1 this definition is correct and ®i£ is a discrete symmetric mean on I.

Theorem 2.2. Let E£S(1),  x ,y f j ,  and (/, ц)£А. Further let

(2.12) e(t)  =  XE(x, t) +  nE(y, t), t£I.

Then there exists a tQ£I  such that

(2.13) sgne(/) =  sgn(f0—0  

fo r  t£I. I f  X7±y, X, ц > 0  then

(2.14) min {x, y) <  t0 <  max {x, y}.
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Proof. If x = y  or 2 =  0 or p — 0  then (2.13) follows from (E l). Thus (by sym
metry reasons) we may assume that x < y ,  2 >  0 and p >  0. By (E3) the function 

defined in (2.3) is strictly monotone decreasing and maps the interval ]x,y[

onto R+ . Thus there exists a unique value t0f \ x , y [  such that p (f l ( t 0) = — i.e.
И

e(to)=0.  If t ~ x  and y  =  t then the inequalities c ( /)  > 0  and c ( i ) < 0  follow from 
(E l), respectively. If t£]x, y[ then by (E3)

(2.15) sgn (p if j (0 --^ -)  =  sgn —

From (2.15) we obtain (2.13).

R em ark . Theorem 2.2 and Definition 2.3 below for deviations have been 
formed by Daróczy— Páles [6].

Definition 2.3. Let x , y £ I  and (2, p)(zA. The unique solution t = t 0
o f the equation
(2.16) XE(x, t) +  pE(y,  ?) =  0

is called the weighted symmetric quasideviation mean o f  x , у  with weights 2, p gen
erated by E  and is denoted by ШЕ(х ,у \  X, p).

R em ark . If Е£$(1)  then the means 9Jic and 9Jf£ are associated.

Denote by £2(7) the set of real valued functions which are continuous and strictly 
monotone increasing on I. Let further .^(7) be the class of positive real valued func
tions on 7. If (p£ £2(7),/€ ^ (7 )  then the function

(2.17) E{x, t) =  Ev f {x, t) =f{x)( (p{x)- (p{ t ) )  (x, t(z7)

is a deviation and also a quasideviation on 7.
For this deviation (2.17) the unique solutions o f (2.11) and (2.16) have the form

(2.18) t0 =  д а ,да / (х) =  M lp f (x) =  <p 1 ( . 2 /(*,■)<?>(*.•)/. 2 7 '(* /) )

and

(2.19) t0 =  m Ev f (x, у; X, p) =  S i v ' f i x ,  у; X, p) =  cp ^( Xf(x)<p(x)ypf(y)<p(y)\ 
Xf(x)+pf(y) )

respectively. (cp_1 denotes the inverse function of (p.)
The means and defined by (2.18) and (2.19) will be called discrete 

and weighted quasiarithmetic mean with weightfunction, respectively (see Bajrak- 
tarevic [3] and Aczél—Daróczy [2]).

If f ( x ) = p  is a positive constant in (2.18) and (2.19), we obtain the well-known 
quasiarithmetic means. The theory o f these mean values can be found in the book 
o f Hardy—Littlewood— Pólya [9].
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§ 3. Properties and characterization of weighted quasideviation means

The weighted quasiarithmetic means are characterized by the following theorem.

T heorem 3.0. Let 7E1R be an interval. A weighted symmetric mean on I is 
quasiarithmetic i f  and only i f  it is regular and fulfils the equation o f bisymmetry.

The proof of Theorem 3.0 can be found in the book of Aczél [1].
The most important results of this section are summarized in the following

Characterization Theorem 1. Let /C  R be an open interval. A weighted 
symmetric mean on I is generated by a quasideviation i f  and only i f  it is regular and 
satisfies the inequality o f bisymmetry.

First we show the necessity o f the conditions.

Theorem 3.1. Let /k R  be an interval and let Then the mean 9J1£
is regular.

Proof. Let x, yGJ, x < y  be fixed values, and let

(3.1) f x.y(t)
E (y ,  t) ___

E{y, t) — E(x, t)

for t£[x, у]. By (El) and (E2), f x y: [x, у ] -*[0, 1 j is a continuous function, 
fx ,y(x )= l, f Xty(y)= 0 and by the notation (2.3) we may write

/*,„( 0
1

E(x, t)
E{y, t)

1

for t f \x ,y[ .  Using (E3) we obtain that f xy  is strictly monotone decreasing. This 
implies that f x<y is invertible and its inverse is continuous and strictly monotone 
decreasing, too. To prove the regularity of 9K£ it is enough to show that for 2€[0, 1] 
the equation
(3.2) / - 1(Я) =  9Л£(х ,у ; 2, 1 - 2 )
holds.

Let bt=9Jl£(x ,y ; 2, 1 - 2 ) ,  for 2C[0, 1] then /.E(x, tA) +  ( l  — X)E{y, tfi =  0 
hence f x,y( t f )=L  Thus f f \ { l )  =  tx =  ШЕ(х, у;  2, 1 -2 ) .

R em ark . Theorem 3.1 was proved by Daróczy—Páles [6 ] for weighted deviation 
means.

Theorem 3.2. Let I Q R be an interval and let E(LS(I). Then the mean 9Jt£ 
satisfies the inequality o f  bisymmetry.

P ro o f . Suppose on the contrary that,

(3.3) min (a>t£(x, y ;  2*, l.y), "ME(u, v; 2„, 2„)} >

>  max {9Л£(х, и; ?.x, 2„), 3Ji£(y, v, Xy, 2P)}
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for some values x , y, u, v£I, Ax, Ay, Xu , ЯР£Н+ . Then we can find a t£ l  such that

(3.4) 9Л£(х, у; Xx, Xy) >  t, ШЕ(и, v; Au, Xv) >  t, 
and
(3.5) ®t£(x, u; Xx, Xu) <  t, WlE(y, v; Xy, Xv) <  t.

Using Theorem 2.2 we obtain from (3.4) that

AxE(x, t)+XyE(y,  t) >  0, XuE(u, t )+XvE(y, t) >  0.
Hence
(3.6) AxE(x, t )+AyE{y,  t)+AuE(u, t )+XeE(y, t) >  0.

Starting with (3.5) we obtain, in a similar way, the inequality reversed to (3.6). 
This contradiction proves our theorem.

Theorems 3.1 and 3.2 show that the conditions in our Characterization Theo
rem 1 are necessary. To prove the sufficiency part we construct a suitable quasidevia
tion. Our construction consist o f  two steps.

Theorem 3.3. Let I f  R be an interval and let be a regular weighted
mean satisfying the inequality o f  bisymmetry. Then the function pxy . ] x , y [—-R+ 
where x, yd  I, x < y , defined by

(3.7) t =  Й ( х , у \  p Xty{ t ) , \ ) ,  t£]xy[  

is strictly decreasing, continuous and satisfies the relations

(3.8) lim p x,y(t) =  oo) lim px y (t) =  0.

If  x , y , u , v £ l ,  x , v < t < u , y ,  then

(3.9) Px,y(t)Pv,u(l) =  Px,u(t)Pv,y(t)-
Proof. If x , y £ I  and x < y  then by the regularity and nullhomogeneity of 

Й  the function Ху-*Й(х , у;  Я, 1), 7fR  + is continuous and strictly monotone 
decreasing. Thus its inverse p x<y defined by (3.7), also has these properties.

From the relations

lim Й{х,  у;  Я, 1) =  lim Й \ х ,  у; -Л -r ,  t t t I =  HmM(x, У, Р, 1 - /0  =  *
Я-^оо Á - + 0 0  \  / +  1 л  “Г  1 /  А* — 1

and
Н тМ (х, у;  Я, 1) =  Й (х ,  у; 0, 1) =  у,

(3.8) follows.
Now we prove (3.9). Let e > 0  and let

Then we have 
(3.10)

Px,y(. 0» ŷ 1 Та, Xu
Px,y(t)
Px.uiO’

Xv =  (1 + e) Pv,y(t).

Й(х ,  у; Xx, Xy) =  Й(х ,  у;  px,y(t), 1+e) =

x, У, Px,y(t)
1 + e ’ lj  >  Й { х ,  у; Px,y{t), 1) =  t-
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Further

(3.11) M(x,  и; Xx, Xu) =  m ( x ,  u; px,y(t), Рх'Уф ) =  u> Р хЛ /)> 1) =  U 

and

(3.12) M(y,  v; Xy, Xv) =  M(y, »; 1+ e , (l+ £ )p BjJ1(0) =  &(v, y; p v>y(t), 1) =  t.

Using the inequality of bisymmetry (1.11), we get from (3.10), (3.11) and (3.12) that

(3.13) M (u ,v ;A u,Av) ^ t

(3.14) m [v, и; (1 +s)p v,У0 ) , ^ Ш  ^  t =  M(v, и; pVtU(t), 1).

Since the function A—l\f(y, и; X, 1), A£R+ is strictly monotone decreasing, it follows 
from (3.14) that

( l+e)pv,y(t )px,u(t) ^  _ , л 
_ /Л — Pv,u\r)*
Px,y\0

Letting e—0 we get
(3.15) Px.yiOPv.uO) =  Pu,y(/)Px,u(t)-

Exchanging the roles of и and у  in the above proof, we obtain (3.15) with re
versed inequality sign. Thus (3.9) is fulfilled.

Theorem 3.4. Let  /U R  be an open interval and let be a regular
mean satisfying the inequality o f  bisymmetry. Then there exists a quasideviation 
E^S(I) such that
(3.16) M  =  9Л£ .

P roof. Let p xy  be the function defined by (3.7) where x , y d l ,  x < y .
The basic idea of our proof is to construct a quasideviation /?£<?(/) such that

(3.17) pXty{t)E(x, t )+E(y ,  0  =  0
holds for x, y£I ,  x<t«=y.

Let űu a ^ I ,  a ^ A - ^ a i  be fixed values, 7X =  { í£ / | í  =  A), / 2 =  {t£I\ t  S  A),

and choose Ci€] -  °° 0[, and c2€]0, °°[ such that

(3.18) А .ьодЙ К +  c2 =  0.
Let

-Pay.x (OCl, t <  X

Fi (x, 0  = o,
А ь и (0  -

U . Zl(0  15

t — X 

t >  x (z

for (x, i ) £ /X /1- If zi^Ii  then by (3.9)

Раг.хг (0
p*.*(0  Cl

_ Pai,z'i(0
~  p ^ ( ö Cl‘
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Therefore the definition of Ex is correct. (At the definition o f  Ex it is essential that /  
is open: for every t£Ix there exists a zxe i x with zx>t . )

The choice o f cx implies that, for (x, t ) € l X l x, sgn Ex(x, t) =  sgn (x—i). Hence 
Ex has the property (El). Now we show that the function

(3.19) t — Ex(x, t), t£Ix

is continuous for each x f j ,  i.e. Ex has property (E2), too.
Let (x, t0) d I X l x and apply Theorem 3.3. If t0< x  then

lim Ex(x, t) =  lim Ex{x, t) =  lim ~ p ailX(t)cx =  ~ P ai,x(h)cx =  Ex(x, tu).
A Á  A S & X

Thus (3.19) is continuous at the point t0£l ,  /„<x.
If t0= x  and x X A  then

lim Ex(x, t) =  lim Ex(x, t) =  lim ~ p ai,x(t)cx =  0 =  Ex(x, t0).
A t  A h x  As,ix

If t0—x  and zx> x ,  zxe i  then

lim Ex(x, t) Pai.si(l)lim Ex(x, t) — lim ------ 7— cx
x<t<z1 ' 1

0 =  Ex(x, t0).

Hence (3.19) is continuous at the point t0€7, t0=x.  
Finally if t0> x ,  zx> t 0 and zxe l x then

lim Ex(x, t) =  lim Ex(x, t) =
t~*tn i_"fo

lim Ра"гШ сл =
A^t^z. i(0

Pai,zi(L)

Thus (3.19) is also continuous at tu£I, if  t0> x .
It can be seen that (3.17) remains valid for х-=г<у, x, y£J, t(zJ 1 if we write 

Ex instead of E. For (x, t ) e l X l 2 let

E2(x , t)

P z tA 0 ( 
Pz2,a<> ((1 

=  <(0>
1

Рх.аЛ 0

t <  x  (z2£I,  z 2 <  t) 

t =  x

t >  x.

It can analogously be seen that the definition o f E2 is correct and E2 has the properties 
(El) and (E2), and (3.17) remains valid for x < /< y ,  x , y £ l ,  t£I if we write E2 
instead of E.

Let finally

E(x, t) -
p i( x ,  t), 
[E2(x, 0,

t =  A, 
t -< A, x, t e l .

We prove that £  is a quasideviation on 1. (El) is obviously satisfied. To prove 
(E2) we have to verify the equation

(3.20) Ex(x, A) =  E2(x , A), x£I.
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But (3.20) directly follows from (3.18) and (3.9). To prove (E3) we have to notice 
that (3.17) is satisfied for x < i< y ,  x , y £ l .  Rearranging (3.17) we obtain

Px,y( 0  =  -  , x < t < y ,  x , y £ I .

Using the properties of p xy  we can see that (E3) is satisfied.
Finally we prove (3.16). It is sufficient to show that

(3.21) XE(x, 71/(x, у; X, p )) +pE (y ,  M(x, у; X, р)) =  0

for all x,y£J,  (Х,р)£А.
If А=0 or /i= 0  or x = y  then (3.21) is obvious. Suppose that A >0, /i=»0 

and x < y  (the case x > y  is similar). Then using (3.7) and (3.17) we have

E(y,  M{x, у; X, p)) =  - p Xti( M ( x ,  у;  X, p))E(x, M(x,  у; X, p)) =

=  - Px.y |л / (х ,у ;  , ljj.E (x, M ( x , y ; X, p)) = - ~ E ( x ,  M(x ,y ;  X, p)).

Thus the proof is complete.

§ 4. Properties and characterization of discrete quasideviation means

The discrete quasiarithmetic means were characterized by Kolmogorov [10]:

Theorem 4.0. Let IQ  R be an interval. The mean M ^ J t ( I )  is quasiarithmetic 
i f  and only i f  M  is associative and, for n£ N, M n is a continuous and strictly monoton 
increasing function o f its variables.

The following theorem contains our most important result on characterization 
of discrete quasideviation means.

Characterization T heorem 2. Let R be an open interval. A discrete sym
metric mean on I is generated by a quasideviation i f  and only i f  it is strongly intern 
and infinitesimal.

First we show that the conditions are necessary.

T heorem 4.1. Let IQ  R be an interval, and let E£<a(I). Then the mean is 
infinitesimal.

P roof. Let x, y£I.  If x = y  then QkXiy(ME) = 0  and (1.6) is obviously satis
fied. Thus without loss of generality we may assume that x < j \  Let f Xyy be the func
tion defined in (3.1). In the proof of Theorem 3.1 we have shown that f x y is inver
tible, continuous and strictly decreasing. Let

(4.1) ajxJ h )  =  sup |/,:J(A1) - / - J ( A i)|, /i> 0 .
Î l- ^l—̂
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f ~ \  is uniformly continuous on [0, 1] hence

(4.2) limcox>J,(h) =  0.

Let О^Шк, k > 0 be integer numbers. Using (3.2) and the fact that and Ю1Е 
are associated we get

ШЕ(Х, . . . ,Х, у,  . . . , y) =  Ш1Е(х, у ; l, к - 1) = ШЕ (х, у; 1 ,  1 - 1 )  = f ~ )  ( ^ ) .
I к — 1

Then
&x,y(ßXE) =  m ax jm E(x, ..., х , у, ..., у) - ЯИЕ(х, ..., х , у, у)| =

/ А: —I Z-1 fc-Z+1

=  maxl^I^k =

Hence by (4.2) we obtain (1.6).

Theorem 4.2. Let / ^ R  be an interval and let E£d(I).  Then the mean 5ШЕ 
is strongly intern.

Proof. Let x ; =  (xa , ..., x ik) £ I k i , i =  1, ..., n ; fcl5 ..., fc„6N, and let 

t =  min 9JtE(x;), s — max 9Jíf(x.).
l s i s n  i s i a n  v

We have to show that

(4.3) ШЕ(х!, ..., x„)£<9JI£(Xi), •••, ®ijs(^n)> =  (t, s).
Using Theorem 2.1 we have

k,
(4.4) 2 Е(хц,  t) =  0, i =  1, .... n.

j = 1
Thus

(4.5) 2  2  E(XiJ, t) =? 0.

Applying Theorem 2.1 again we get

(4.6) t  ^  9Ле (х!, ..., xn).

In a similar way we can also obtain the inquality

(4.7) 3R£ (x i, .... *n) ^  s.

If t = s  then (4.6) and (4.7) prove (4.3). If t ^ s  then we show that (4.6) and (4.7) 
hold with strict inequality sign. Suppose, on the contrary, that (4.6) holds with 
equality sign. Then (4.5) and (4.4) also hold with this sign. Thus 9Л£(Х()=? for 
i = l ,  ... ,  и. Hence t= s .  This means that (4.3) is valid.

Theorems 4.1 and 4.2 show that the conditions of Characterization Theorem 2 
are necessary. Now we prove the sufficiency. Our proof consists of two steps.
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T heorem 4.3. Let IQ R  be an interval and let be an infinitesimal
and strongly intern discrete mean. Then there exists a weighted mean asso
ciated to M  which is regular and satisfies the inequality o f bisymmetry.

P roof. Let
(4.8) Aq =  {(A,/i)€4|A/(A+/0€Q}.
Let further x, у  (LI, x-<y be fixed values.

For (A, fi)£zIq , A/=/iL, (k, /€N U  (0}, k +  l>0)  let

(4.9) тХ'У(А, fi) =  M(x, ..., x, у, ..., у ).
к I

The value тх<у(А, fi) does not depend on the choice of the integers к, l because M  
is strongly intern. It is obvious from (4.9) that mxy  is a nullhomogeneous and intern 
function, i.e.
(4.10) тХ'У(А, fi) =  mXiy(tA, tfi) 

for (A, h)£Aq , i€ R + , and

(4.11) x  <  mXiy(A, fi) <  у,

if (A, fi)eAQ, А, ц > 0.
Let us consider the function

(4.12) А ~ т Х'У(А, 1-A ), Л€[0, 1]DQ.

We need the following propositions:

Proposition A. The function (4.12) is strictly monotone decreasing on [0, 1] П  Q.

Proposition B. The function (4.12) is uniformly continuous on [0, 1]HQ.

P roof of P ro po sitio n  A. Let A1 ? A2, € Q  and O ^ A ^ A ^ l .  If Ax= 0  or 
A2 =  1 then

mx y (A1, 1 -A i) >  rnXty(A2, 1 - A 2)

obviously follows from (4.11). Hence we may assume that Let

A, =  ^ ,  l „ k £  N

for /= 1 ,2 . Now Aj <  A2 means that

(4.13) /1fcg <Z 2fc1.

Applying (4.9), (4.13) and the strongly intern property of M  we have 

тХ'У(А2, 1 - А 2) =  M(x, . . . ,x,  y,  . . . , y )  =  min {M(x, . . . ,x,  y , ..., y), y, ..., y }  <
'i'i »1*1 >гк1- ' 1кг

<  M(x,  ..., x, y , ..., у) =  mx y(Ax, 1 —Ax).
*1*2
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P r o o f  o f  P r o p o s i t i o n  B. Let

cu, ,(*) = sup
|Д,-Д8|ЯЙ Л„Да€[0, l]OQ

I mx,ytti,  1 - Я 0 ( A 2 , 1  — A2)|

for h >  0. We have to show that

(4.14) lim a , „(ft) =  0.A—0 '

Let ft£[0, 1] be fixed and Ai=[-^-j. Further let Al5 Ag£[0, l]flQ , 

Ax <  Я2 <  Ai +  Л, /х =  [fcij] and

_J[feA J + l, if A, <  1, 
h ~ \ k ,  if A2 =  1.

It is clear that 

By Proposition A we have

" L .j i-p  1 - t ) -  n,*>»(A1’ 1 -А Л
(4-i5) ■ ;

1 — и**,* (А2» 1 ~' A2).

Further kX2^ k k l +kh^kX1+ \ ,  that is [/cA2]S[AiA1] +  1. Thus

(4.16) 0 S Z,-/a á [fcAJ + 1—[fcAJ S 2.
Applying (4.15) and (4.16) we obtain

Consequently

(4.17)

N , , , ( A i ,  l - A O - w i ^ y í A j ,  1 — A2)| ^

1 fii fii i_ ii) | _
х’уЦ ’ к )  х’Л к ’ к )  I

|М(х, . ..,х , у, ..., у) — М (х, ..., х, у, .... у )| ^  2 й кХ'У{М).
к-1г

Н .cox,y(h) Ä 2ß;,y (Л/)

for ft£]0, 1]. Since М is infinitesimal, (4.17) gives (4.14).
Let us continue the proof o f Theorem 4.3.
Using Propositions A and B, it can be seen that there exists a continuous and 

strictly monotone decreasing extension of the function (4.12). Thus we can define 
a function mx,y'- d —R having the following properties:
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a) т*'У is an extension of mx y , i.e.

(4.18) m* ,(Я, ц) =  ..., x, y, y )

if (?.,h)£Aq , U =n k.

b) т*'У is nullhomogeneous, i.e.

(4.19) m* ,(A, ц) =  т*'У(й, i/i) 
for (А, /i)€zl, Í6R+.

c) т*'У is intern, i.e.
(4.20) x <  m t, У(Л, ц) <  у  
for A, /i=»0.

d) т*уУ is regular, i.e. the function

(4.21) A -m * ,(A , 1 —A), A6[0, 1]

is strictly monotone decreasing and continuous on [0, 1]. 
Now we define the function M : ^ ( / ) —R by

(4.22) M(x, у; А, /r) =
K . f i k  /0, X <  y,
X, x =  y,
Wy, X (/b X >  у

(x, y€ /, (Я, /i)€d).

Using (4.19), (4.20), (4.21) and (4.22) we can verify that M  is a weighted regular 
symmetric mean. By (4.18) it is obvious that M  and M  are associated. We have to 
show that M  satisfies the inequality o f bisymmetry.

Let x , y ,u , v £ I ,  l x , ?.y , Я„, A„€R+ . By the regularity of M, it is sufficient to 
show that (1.11) holds for rational values of Xx, Xy, Яи, A„.

Suppose that

Яд: к
к ’ к (lx, ly, lu, к£N ).

М  is strongly intern therefore

min {M(x,  ..., х, у, ..., у), М(и,  ..., и, v, ..., и)}

^  М(х,  ..., х, у, ..., у, и,  . . . ,  и,  V,  . . . ,  V)

— шах {М (х, ..., х, и, ..., и), М ( у , ..., у, v, ..., f)}.v т у ^
L ‘и L

М  and М are associated, thus

(4.23) min {íGT(x, у; lx, ly), Й{и,  v ; /„)} tS

ё  max {M(x, и; 1х, /„), М(у, и; 1У, /„)}.

Using the nullhomogeneity of M for the value we get (1.11) from (4.23).
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T heorem  4.4. Let IQ  R be an open interval and let M £J / (I )  be an infinitesi
mal and strongly intern mean. Then there exists a quasideviation E fS(J )  such that 
M  is generated by E, i.e. М = Ш Е.

P roof. Using Theorems 4.3 and 3.4 we can see that there exists a quasidevia
tion ££<?(/) such that M  and are associated. 9ЛЕ and sJJi£ are also associated, 
thus
(4.24) M(x,  ..., x, y,  ..., у ) =  9Л£(х, ..., x, y,  ..., y)

к l к I

for all x , y £ I  and k, /£N U  {0}, /c +  /> 0 . We are going to show that

(4.25) M{x)  =  3»£(x) 
for x€®(7), too.

Let x £ l n, n£N, x = (x l5 ...,x „ ). Without loss o f generality we may assume 
that X jS .-.S x ,,, x ^ x , , .

Let t0=S)fE(x). Instead of (4.25) we show that

(4.26) sgn =  sgn (t - M ( x ))

for íG /\{ í0}. We prove (4.26) in the case t< t0. In the case the proof is
similar.

Let /Эг-=?0. If (SXj then (4.26) is obvious. Suppose that x x< t. Then there 
exist integers 1 ^ k ^ l S n  suchthat

(4.27) xk = . . .  xk <  t =  x* + 1 — • ■ • — X| t0 <  x( + 1 ■ — x„.

We need the following

P ro po sitio n  C. There exist integers ux, ..., un such that

(4.28) sgn щ =  sgn E(xt, t0), i =  1, ..., n,

(4.29) 2  Щ =  0,i = l
and
(4.30) UjE(Xi, t) — UiE(Xj, t) >  0

for all (/,./)€ {1, /}X { /+ 1, . . . ,  n).

Pro o f . For i — 1, let Ajm\  m =  1,2, ... be a sequence o f rational numbers
such that
(4.31) 2/m> = 0  if x, =  t0, (m =  1 ,2 ,...) ,

(4.32) lim A[m) =  E(Xi, t0), ( i =  1, .... n),
m - * o o

and

(4.33) 2 M m) = 0 ,  (m =  1 ,2 , ...).
i=1
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As we have seen in the proof of Theorem 2.1, it follows from (4.27) that

E(xh t)E(Xj, t0) >  E(xt, tg)E(Xj, t)

for ( i j ) € { l ,  . . . ,  /}X {/ +1 , n).
By (4.31) and (4.32) we can choose an index m0 such that,

(4.34) E(xt, /)-ЯГ° E(Xj, t) >  0 

for (i,/)€ {1 , . . . ,  / } Х { / + 1 , n), and

(4.35) sgn A)m°) =  sgn E{xh t0) 
for 1 =  1, ... ,  n.

Since 2fmo), ... ,  Âmo) are rational numbers, there exist a natural number u* 

and integers щ,  such that A;(mo) =  ^ .

Using (4.34), (4.35) and (4.33) we see that щ, . . . ,un satisfy (4.28), (4.29) and 
(4.30). Thus Proposition C is proved.

Let us continue the proof of Theorem 4.4. Applying Theorem 2.1 and (4.30) 
we obtain

t < aw £(xt, . . . ,  X j ,  X j ,  . . . , X j ) .

uj ~ui
Using (4.24) we have
(4.36) t <  M (x;, ..., x t , Xj , ..., Xj)

for (/,У)€{1, ... ,  /}X {/+ 1 ,
Since M  is strongly intern we have

t <  mm M (xj, ..., Xj, xj ,  ..., xj) ^
l + l S J S n  ^  ^

— Xi ,  . . . ,  X j ,  . . . ,  X j ,  . . . )  =  M(xl f . . . ,  x„) =  M{x).
U, + ,+ -Uj-l/,-...-«,

(Here we used the equality (4.24) in the form м,+1 +  ...+ м „=  — щ —u2—... — щ.) 
Thus (4.26) is proved.
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ON RADICALS OF SEMIGROUP RINGS
E. R. PUCZYLOWSKI (Warsaw)

In [4] Krempa studied radicals o f semigroup rings. Among others, for any 
semigroup P  with unity and a radical S  he defined the class PS  o f rings by R í  PS  
iff the semigroup ring P[P] is in S. This notion was introduced earlier by Ortiz [6] 
for associative rings and by Gardner [2] for associative rings and the infinite cyclic 
semigroup P. In the above quoted papers it was proved that the class PS  is radical 
and many properties o f it were investigated. Some generalizations were made in [3].

In [4] Krempa proved (Corollary 1) that for any radical S  and any ring R, 
(,S'(I?[/,])n/?)[P]£S'(i?[P]) and he called S’ to be P-normal if for any ring R , 
(5(Р [Р ])П Р )[Р ] =  5'(Р[Р]). In particular, for any radical S  and any ring R, 
(PSX R)QS (R[P))f ]R .  If (А(Р[Р])ПР)[Р] is an S  ideal of P[P] then (PS)(R) =  
=  S’(P [P ])n P . Krempa asked ([4], p. 61) if there exists a semigroup P  such that 
for some radical S  in the class of all rings and some ring R, (PS)(R)?± S  (R[P])C\ R. 
In this paper we answer this question affirmatively by showing that the infinite cyclic 
semigroup (Section 1) and non-trivial finite groups (Section 2) have this property. 
Actually, it seems to be probable that all non-trivial semigroups have this property. 
We obtain a partial result in this direction (Corollary 1) by showing that for any 
non-trivial semigroup P  there exists a radical S  which is not P-normal. The situation 
is quite different with radicals in the class of all associative algebras over a field F. 
It is known [5] that for some F there exist non-trivial semigroups P  such that any 
radical S' of this class is P-normal, so for any P-algebra A, S(A[P])C\AiPS.  In 
Section 3 we show that for some F there exist semigroups P  such that S(A\P])f\  
D A í P S  for all A and S  although not all radicals are P-normal.

At first, let us remark that using Tangeman—Kreiling construction [7] of the 
lower radical we obtain immediately

P ro po sipion  1. Let S  be a radical in the class sd o f all associative rings and let 
S be the lower radical in the class o f  all rings determined by S. Then S C \ s /= S .

Proposition 1 shows that to answer Krempa's cited question it suffices to con
sider associative rings and radicals in the class o f al associative rings only. So, unless 
stated otherwise, in the sequel all rings will be associative and all radicals will be in 
the class o f all associative rings.

For undefined terms and used facts of radicals we refer to [8].

1. If P  is the infinite cyclic semigroup with unity then for any ring R, P[P] 
is isomorphic to the polynomial ring P[x] of indeterminate x. In that case for any 
radical S  we will write Рл S  instead o f PS.  Before constructing a radical S  and a 
ring R such that Px £■(/?) S'(Р[х])П Р we prove two lemmas.
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Lemma 1. Let К  be a field and S the locally finite radical in the class o f K-algebras 
(i.e. A € S  iff any finitely generated subalgebra o f A is finite dimensional). Then for  
any К-algebra R, £(А [х])=А (А )[х], where L (R ) is the locally nilpotent radical o f  R.

Proof. The inclusion L(/?)[a] ^ 5 '( í ?[x]) issues from the fact that any finitely 
generated nilpotent А-algebra is finite dimensional. Now since any subalgebra of 
an 5-algebra is in S, by [1], N(A[x])=/[X) for some ideal /  of R. By the foregoing 
/ 2  A(A). We will prove that / i s  locally nilpotent. If not then 1 contains a subalgebra 
В generated by elements r1, , rk which is not nilpotent. Thus for any natural num
ber n there exists 0 A an£Bn. But then anxn are lineary independent elements o f the 
subalgebra C  o f /[л] generated by В and r1x, . .. ,  rkx. O f course the subalgebra C  is 
finitely generated and infinite dimensional. This contradiction proves that IQL(R) .

Lemma 2 . I f  A is a simple ring without non-zero central elements then no ideal 
o f  A [a] contains non-zero central elements.

Proof. Let /  be a non-zero ideal of A [х]. For m —0, 1, ... define

Jm =  {a £ A \a x m +  am + 1x m+1+  ... + a kxk£ J  for some am+1, ..., akeA}.

O f course Jm are ideals in A, so for any m, Jm= 0 or J,„~A.  Let a=a nxn +  . . . + a kxk 
be a central element of /  with anA 0. If b = b nxn +  ... + b rx'£J  then ab = b a  and, 
inconsequence, anb„ =  bnan. This and the fact that J„ — A implies that a,, is a central 
element of A. This contradiction proves the lemma.

Now let К  be the field o f p  elements for some prime p  and let A be a simple 
locally finite /'-algebra without non-zero central elements (for example the algebra 
of infinite matrices with finite number of non-zero entries from K). Let A* be the 
natural extension of A to a K-algebra with unity such that А*/Аж К  and let /  be 
the ideal of A*[x] generated by A and xp—x. Then we have

Theorem 1. I f  S  is the lower radical determined by I then (P1S)(A*)AA = 
=  S(A*[x])DA*.

Proof. T o prove that (P1S)(A*)AA  it suffices to show that 5,(^ [л])=0. 
If S(A [x]) AO then A[x] contains a non-zero accessible subring R which is a homo
morphic image of /  by a homomorphism f .  Since A [x] is a semiprime ring, for any 
natural number n, Rn A 0. But for some n, R" is an ideal o f A[x], Since (xp — x)n 
is a central element of T  and f ( T )  — Rn, f ( ( x p — x)n) =  0. This shows that R is a 
homomorphic image of I/((xp—x)"A*[x]). But I/((xp—x)nA*[x]) is a locally 
finite /-algebra, so the locally finite radical of A[x] is not zero. Thus Lemma 1 
implies that A is locally nilpotent. Since A is simple, A 2 =  0. This contradicts the 
assumption that A does not contain non-zero central elements.

Now we will prove that S(A*[x])(~)A* =  A. Clearly S(A*[x])P.A*f)ir\A* =  A, 
so, since A * /A ^ K ,  it is enough to prove that К  í  S. If ÁT S  then A is a homomor
phic image o f /  by a homomorphism / :  I-*K.  Since A  is a ring with unity and 
/  is an ideal o f A*[x], we can extend /  to a homomorphism / :  A*\x]-~K. Now 
f ( x p—x) =(f (x ) )p—f ( x ) = 0 .  Also f ( A ) = 0 as A does not contain non-trivial sub
rings and A is a simple ring which is not isomorphic with A. Hence / ( / ) = / ( / )  =  0 
as /  is generated by A and x p—x. This contradiction ends the proof.
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2. L em m a 3. Let G A  1 be a group such that for any gf_G, g2= i ,  Z  the ring 
o f integers and 2Z  the ring o f even integers. I f  S is the lower radical determined by 
the ideal I ofZ[G] generated by 2Z and {1—-g|g€G} then

a) S(Z[G])(1Z=2Z;

b) S((2Z)[G])=0.

P ro o f . Certainly S(Z[G])C)Zf>2Z.  If S(Z[G])DZ a 2Z  then S ( Z [ G ] ) n z = Z  
so Z fG JíS '. Thus Z 2= Z /2 Z € S .  This means that Z 2 is a homomorphic image of 
I  by a homomorphism f : 1 - -Z 2. Since Z 2 is a ring with unity and I is an ideal of 
Z [G ], we can extend /  to a homomorphism / :  Z [G ]—Z 2. But then / (1 —g) = () 
for any g£G,  so K e r / g / ^ ^  ö;gi|<2;£ 2 Z , gfiG,  ^  я; =  0}. In particular Z 2 
is a homomorphic image o f (2Z)[G]/J;~2Z. This contradiction shows a).

If S((2Z)[G])A-0 then (2Z)[G] contains a non-zero accessible subring A which 
is a homomorphic image o f /  by a homomorphism / :  I-»A.  Let us observe that 
/ (2 )  + / (2) = /(4 )  = / (2)/(2) and ( / ( 1 - g ) ) 2= / ( ( l - g ) 2) = / ( 2 ( l - g ) ) = 2 / ( l - g )  for 
gdG.  T hu s/(2) and/(1  —g) are elements o f  (2Z)[G] which satisfy the equality x 2 =  2x. 
If a = 2 a l +  2  (2a„)g€(2Z)[G] and a- =  2a then, since g2 — 1 for g£G,  we obtain

1 G
af+  2  al — ai ■ Thus ag =  0 for gA  1 and aG2Z. Hence A Q 2Z. This is impossible 

as A is a non-zero accessible subring o f (2Z)[G],

C o ro lla ry  1. For any semigroup P  A 1 there exists a radical which is not 
P-normal.

P roof. Let К  be the field of three elements and S  the upper radical determined 
by K. If S  is P-normal then 5(РГ[Р])=0. In particular K[P]  is a subdirect sum of 
copies of K,  so any element of K[P] satisfies the equality xs—x=0 .  Thus P  is a 
group such that p 2=  1 for p f P .  Now the rest follows from Lemma 3.

LEMMa 4. Let A =x K \ [x ] \ ,  where К [[x]] is the power series ring over a prime 
finite field К  o f indeterminate x. Let S  be the lower radical determined by 
{A, A*®KFx, . ,  A*®KFn) where Ft are finite simple K-algebras with unity non
isomorphic with K. Then

a) K $ S ;

b) A ® KFt §. S  for i =  1, ... ,  n.

P roof. If K d S  then Pi is a homomorphic image o f A or A*®KFt for some 
l ^ i ^ n .  The first case is impossible as any proper homomorphic image o f A is a 
nilpotent ring. If / :  A*<g)KFi-»K is a homomorphism then, since FiA K , f ( F i) =  0. 
Thus f — 0 and the second case is impossible too. This proves a).

Now if S(A(S>KFi)A0 then A ® K Ft contains a non-zero accessible subring 
R which is a homomorphic image of A or A*®KFj for some I S j S n .  But A ® KFt 
is isomorphic to a subring o f xPf[[.v]], so A ®K Ft does not contain non-zero idem- 
potents. This eliminates the second possibility. Since Ft is a ring of matrices over a 
finite field F, the ring A ® KFt is semiprime. Thus if R is a homomorphic image of 
A then R'~A  as any proper homomorphic image of A is nilpotent. But R is an 
accessible subring of A* ® K P;. Thus for some rn, Rm is an ideal of A* ® K Ft . Clearly
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RmxzAm and RmA0.  This is impossible if Ft is non-commutative as then Rm is 
non-commutative. If Ft is commutative then Rm is an Ft -algebra and Am, as it is 
easy to check, is not one. This contradiction ends the proof.

T heorem  2. For any finite group G A 1 there exist a radical S  and a ring R 
suchthat (GS)(R)^S(R[G})r\R.

P ro o f . If for any g£G, g2= 1 then the result follows from Lemma 3. So we 
can assume that G contains an element o f order n > 2 . Since any arithmetical pro
gression kn +  r of integers with n ,r  relatively prime contains infinitely many primes, 
there exists a prime p  greater than the order of G such that n does not divide p - 1. 
Let К  be the field o f p  elements. Then K[G] is a semiprime finite dimensional K-  
algebra, so K[G] =  RX® . . .®Rk, where Rt are simple A'-algebras with unity. By the 
choice o f p  it follows that some R{ are not isomorphic to K. But some of them are, 
as К  is, a homomorphic image of K[G],  Now if S  and A are those of Lemma 4 then 
S(A*[G])DA=A  and S(A[G])^A[G],  so (GS)(A*)^S(A*[G])f]A.

3. Let Z 2 be the field of two elements and C2 the cyclic group o f order 2. Then 
not all radicals in the class of all Z 2-algebras are C 2-normal. For example Z2[C2] 
is neither Jacobson radical nor semiprimitive. But we have

Pro po sitio n  2 . For any radical S  in the class o f  all Z 2-algebras and any Z ..  
algebra A, (C2S)(A) =  S ( A [C2])П A .

P r o o f . If C2= { l ,g }  then for any Z2-algebra A, со (A [C2]) will denote the 
ideal {a\ +bg\a, bdA}.  Of course (ai(Z[C2]))2= 0  and co(A[C2]) is the kernel of the 
natural homomorphism n: A [C2] -+A sending a\ + b g  on a +  b. Now if for some Z 2- 
algebra A, S (A [С2] )^ 0  and S(A  [С2])ПЛ =  0 then any zero Z 2-algebra is in N. 
Indeed, let 7r(N(Z[C2])) =  /. Then /  is an ideal of A and (p(S(A[C2]))(fa>((A/I)[C2\), 
where cp is the natural homomorphism o f A[C.,] onto (AjI)[C2]. So if cp (S(A [Co])) ̂ 0 
then S(A  [C2]) can be homomorphically mapped onto the zero Z2-algebra Z2 on the 
additive group of Z 2. This implies that any zero Z2-algebra is in N. If cp(S(A [C2]))= 0  
then N(Z[C2] ) ^ /[C 2]. But for every a + b g £ S (A [C 2]), (a +  b) +  (a+b)g =  
(a + b g ) ( l+ g ) £ S ( A [ C 2]), so cu(/[C2])gN (T [C 2]). Thus N(T[C2]) =  /[C 2], a con
tradiction.

Now let В be a Z 2-algebra and let C = S ( B [ C 2] ) Г В. Then C[C2]£N (B [C 2]). 
If C[C2] =  N(N[C2]) then the result follows. So, let C[C2]T  N(N[C2]). Then 
N((N/C)[C2])^ 0  and N((N/C)[C2])n(N /C ) =  0. Hence, by the preceding paragraph, 
any zero Z 2-algebra is in N. If I~n(S(B[C.f )) ,  where n is the natural homomor
phism of B[C2] onto B, then C f l b S  and by foregoing oj(/[C,])(|N. But 
/[C 2]/cu(/[C2])rí/ ,  s o  7[C2]€N. This shows that C[C2] =  /[C2] í N and ends the 
proof.
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ON NASH EQUILIBRIUM. I
D. T. LUC (Budapest)

The notion of “Nash equilibrium” (see [1]) was developed and generalized in 
different directions (see [4], [5]). The purpose of this paper is to present one general
ization of this concept which is connected with optimality over cones. The existence 
of equilibrium will be established and Arrow—Debreu’s model will be discussed 
with its help.

1. Notations and definitions

Let us consider a multiobjective model consisting of n subsystems denoted 
by , ... ,  . Each is given by the set of its possible actions Z ; and the multi
valued mapping (pi restricting the domain of actions, from the product 
Z = Z xX ... XZ„ intoZ;. Denote S  the set of states of this model, i.e. S  consists 
of all points z = ( z l , . . . , z n) £ Z  with Zi€<pt(z) ( /= 1 , ...,  ri). Let ut be an objective 
function of defined on Z  with values in a Euclidean space R"'t.

D efin itio n  1. Suppose that M  is a closed convex cone in Rm, К  is a subset of 
S  and / is a function from S  into Rm. A state z £ K  is called to be M-optimal o f К  
if there is no z '£K  so that f  (z') Xf {z )  and / ( z j - / ( z ) ( ¥ .  We write zQMO( f  \K). 
Suppose Ml5 are closed convex cones containing no lines in RmK . . . ,  Rm",
respectively.

D efinition  2. A state z £ S  is called to be a Nash-M equilibrium of the model 
if z  belongs to M iO(ui\Si{z'j) for all /=  1, ... ,  n, where

Si(z) =  {z =  (zi,  . .. ,  z 'jeZ: z'j =  Zj, ,/VT and z-^cp^z)}.

R em ark . If M i =  Rnl1 is the non-negative orthant in Rm‘ then -optimality 
is Pareto optimality and Nash-M equilibrium is Nash-Pareto equilibrium defined 
in [2]. In particular, if тс= \  for all г =  1, ... , n  and M {—{x^R,  x £ 0 } , then 
we have the well-known Nash-equilibrium (see [1]). The results in this paper generalize 
those in [2] and of course they generalize the theorems of § 17 and § 18 in [1].

2. Existence of equilibria

Before proving the existence of equilibrium of the model, we recall that a func
tion f  is called to be M-concave if

/(A x + ( 1 - A ) y ) -A /( x ) - (  1 -X ) f {y )£ M
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2 6 8 D. T. LUC

for all A£[0, 1]. Here we suppose that S  is a subset in a locally convex space. The 
lower semi-continuity and upper semi-continuity of multi-valued mappings can be 
found in [3].

Lemma 1. For a closed convex cone M  containing no lines, there is p £ M  so 
that (j>, x) >- 0 for every x  ^  0, x£M .

P roof. We prove the lemma by induction on dim M  (by definition, dim M  is 
the dimension o f the smallest space containing M). The assertion is trivial for 
dim Af =  0. Suppose the lemma is proved for M  with dim M  We have to 
show it for M  with dim M = m .  The convex cone M  contains no lines, hence there 
is a hyperplane H — {x:{x, b) =  0 for some fixed b£M\  which separates M  and 
( - M ) .  If (x,  b ) > 0  for every x=x(), x £ M  then the proof is finished. Otherwise 
М П Н  is a closed convex cone with 0< d im  М П Я < т . By induction there is 
q£MP\H so that ( q , y ) > 0  for every yZ O ,  y£MC\H.  We claim that there 
exists a positive A such that ( l b + q ,  x )> 0  for every xZ-0, x£M.  It is sufficient 
to prove that the latter inequality holds for x £ M  and ||x|| =  1. Suppose the opposite: 
for A—1,2, ... there are xx, x 2, ... in M  with ||х;|| =  1, and

(1) (ib +  q , x , ) ^  0.

In view o f the compactness o f  the set K = { x £ M ,  ||xii =  l}  we may assume that 
{Xi} converges to x0£M. If x 06 H one can find some positive e so that (q, x0)> e .  

Hence, for sufficiently large N

(2) {q, *i> > у  > 1 =  N -

This contradicts (1) because o f  (b, x,-)sO. In the other case x 0 £ H, i.e. {b, x0) x 5  

for some positive <5. Consequently (b, x;) >  - -  if i is larger thansome integer N'. 

The function ( q, •) is bounded below on K,  therefore

(3) (ib +  q, x t) =  i(b, xt)+ (q ,  x t) >  i y  +  min (q, x)  >  0

for i sufficiently large. (3) contradicts (1), which completes the proof.

Lemma 2. I f  z*£K satisfies (p ,/ ( z * ) ) s ( p , / ( z ) )  fo r  each zdK,  where p  is 
defined as in Lemma 1, then z* is M-optimal on K.

P r o o f . If z* were not M-optimal on K, we would find some y(zK such that 
f ( y ) ^ f ( z * )  and f ( y ) —f( z* ) £ M .  Hence ( p , / ( y ) —/( z * ) ) > 0 that contradicts 
the condition of Lemma 2.

T h eo rem  1. Suppose that the model satisfies the following conditions:

i) Z x, ■ ■ ■, Z n are non-empty convex compacta in a locally convex space;
ii) ux, ... ,u„ are continuous functions, щ is Mi-concave on zj; i=  1 , . . . ,  n, 

respectively;
iii) q>±, ...,(/>„ are Hausdorff continuous and the image o f any point is a non

empty convex compactum.

Acta Mathematica Academiae Scientiarum Hungaricae 40, 1982



ON NASH EQUILIBRIUM. I 2 6 9

Then the model possesses Nash-M equilibrium.

Proof. First we note that by Lemma 1, there are p1£M 1, .. . ,p„£Mn with the 
property in Lemma 1. Let й; be a composition of pt and n;, i.e. ni(z) =  [/;icMi'|(z) =  
= (p ;, w;(z)) from Z into R. Define a multivalued mapping F from Z  into itself 
by F(z) =  F , ( z ) x . . . X f , ( 4  where

•Pi(г) =  {z'<ESi(z), Ui(z') =  max[ü,(y)|y€5'i(z)]}.

Suppose that there exists z*£Z such that z* is a fixed point o f F, i.e. z*£F(z*). 
Observe that z* is Nash-M equilibrium. Indeed, z* satisfies

u;(z*) =  max [йг(у)|уб5,(г*)] (i =  1, ..., n),

i.e. by Lemma 2, z* belongs to M íO(mí|S'í(z*)) for every i. By definition z* is Nash-M  
equilibrium.

To finish the proof we have to show that F has a fixed point on Z. In view of 
KyFan’s Fixed Point Theorem (see (3]) it suffices to show

a) F(z) is nonempty convex for every z£Z;
b) F is upper semi-continuous from the convex compact Z  into itself.

This is equivalent to showing that I) satisfies a) and b) for each i. For a), by 
assumption on cpt we see that St(z) is nonempty convex, so is F;(z). Let z1 and z2 
be two points in F;(z) and A be a number in [0, 1]. By the М ,-concavity 
of u(, ui(Xz1 +  ( l —l ) z 2) — lu i(z1) —( l —X)ui(z2)£Mi , hence (j>t , ui(Xz1 +  (1 — 2)z2)) — 
— (pi, /i.wi(z1) +  (l — A)Uj(z2)~ 0.  It follows

üí(Az1+ ( l - A ) z 2) ^  Aüi(z1)+ (1 -A )ü i(z2) =  max [й((у)|у€^(г)],

hence ^ + ( 1  —A)z2GF,(z). The convexity of F;(z) is proved. For b), suppose 
the contrary that there are a sequence {zk}, zk£ Z  converging to z°€Z and a 
sequence {y*}, y k 6 F; (zk) so that

(4) g(y*, F; (z0)) s  £0 for some positive e0.

Without loss o f generality we may assume that {yk} converges to y°. The mapping 
<pi is continuous (lower and upper semi-continuous) therefore y°f  S) (z°). From (4) 
we have g(y°, F; (z0)) ̂  £0 or

(5) max [и,- (y) |y€ St (z0)] -  щ (y°) ег

for some positive £x. By the continuity of <p£, the compactness o f S  and the continuity 
of i7; we have

(6) max [ut (y) [y € (z0)] -  max [m, (y) |y€ S, (z*1)] <  j  «i
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for к larger than some integer N. The convergence of {yk} to y° and (6) yield 

(7) max [й; O ) St(z0)] -  ut 0 ° )  =  max [rí, (y) \yt  S, (z0)] -  max [ö, (y) |y€ St (zk)] +

+  max [й, (у) I y e  Si ( zk) ] =  j £ i +  \щ ( / )  -  w; (y°) | <  j

for к sufficiently large. (7) contradicts (5) which shows the upper semicontinuity 
of Ft. The theorem is proved.

3. Arrow—Debreu’s model

We first describe the generalized Arrow—Debreu’s model. Suppose that our 
economy has / kinds of commodities and there are m agents, n consumers and a 
price system. These agents have their sets of production possibilities Xx, . . . ,  Xm 
in Rl, where every х £ Х { characterizes a production process, for which positive 
coordinates correspond to product-output and negative ones to product-expediture. 
For the i-th consumer there is a utility function f  defined on Rl+ with values in R"‘. 
Assume that a closed convex cone M ;, containing no lines is given in R"‘. A  price 
system is a set o f vectors p£R'+ . We shall deal with the normed price

p í p  =  \ p  = ( p \  . . . , р ‘) е # +, k2 p k =  i}.

A balance relation of production with consumption is characterized by the multi
valued mapping

в :  g  =  W1X ...X A rmX (JRi+)nX P - Ä n
satisfying

i) If j t P(* i)=0 then 0(?)ilÄ"+^0 , where q = ( x , y , p ) £ Q .
i = l

ii) If x = ( x lt  . . . , x m), xt€ X t , y = ( y lt . . . , y n), y j£Rl+ and p£P,  q = ( x , y , p ) £ Q
n n

then for any z£0 (q ) ,  2  zk =  2  P(xd where z =  (z1, zn)£Rn and
k=1 i=l

p(Xi) =  2  Pkxh x i =  (xj, x!)CR‘. 
k = l

D efinitions. A state q = ( x i ,  . . . ,  xm, y l5 p)£Q  is called to be equi
librium iff

m n
0 2 * i =  2 y j >

1 = 1  7 = 1

ii) т а х [р (х 4)|хг6А ]̂ =  p{>c.) (i =  1, ..., m),

iii) y j£M jO (f j \ { y j£ R l+ : p (y j )  =£ ZJ for some (z1, ..., z")C0(g)}).
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R e m a r k . In particular, if 0  is single-valued, 0 = ( 0 j ; . . . ,  0„) with
m m

0  =  21 aijP(xj) where ai;&0, J£ay = l ,  /,• has its values in R1 and M j = R \
i=i 7=1

then above-described model gives Arrow— Debreu’s model in the classical sense 
(see [1]).

T h eorem  2 . Suppose that the model satisfies the following conditions:

i) Xt is convex compact containing 0.
ii) f j  is continuous, Mj-concave.

iii) 0  is continuous with a convex image o f  every point.

Then the model possesses its equilibrium.

P ro o f . We shall reduce this model to the one described in Section 2. First note 
that a state equilibrium must verify hypothesis i) in Definition 3. Therefore we can 
regard that the domain o f change of у  is not R \ , but it is Y, consisting o f  yd  Rl+ 
with у s y  where у  =  (у1, ..., у1),

Ук =  2  шах [х-|х(€2ч] (fc =  1, •••> 0-i = l
Let us consider the following multiobjective model with n + m + 1  subsystems: 
The sets o f actions are

Z t =  Xt (i =  1, ..., m), Zm+j =  Y  (y =  1.......n), Zm+n+1 =  P.

The mappings restricting the domain of actions are:

(pi(z) =  Xi (i =  l ,  z =  (*!, . . . ,xm, y lt  ..., y„,p);

(Pm+j{f)={ydY\p{y)-^ti  for some (t1, ... ,t")£&(z)} in the case PrjQ{z)C\{ydY-. 
p(y) =  O } ^ 0  where P r j 0 ( z ) stands for the projection o f 0 (z )  on /-coordinate, 
(pm+j(.z)={ydY:p(y)=0}  otherwise 0  =  1, ..., n), ^m+„+i(z )= F . The objective func
tions are:

Mj(z) =  Pix,) from Z into R1, i =  1, ...» m, 

um+J(z) =  f j ( y j) from Z  into R"j, j  = 1, ..., n,

«т+п+i OO =  P { 2  У ] ~ 2  хд  from z  into Rl-j i
In order to apply Theorem 1 we have to show that conditions i), ii) and iii) in this 
theorem are satisfied. For, щ , . . . , и т and um+n+1 are concave (or Л+-concave), 
um+j is M,-concave on zm+j= y j , j =  1 , .. .,  n (by assumption on j)). It is clear that 
<p1; . . . ,(pm and (pm+„+1 satisfy hypothesis o f Theorem 1.

For (pm+j (J— 1, —,m )  we have to show that <pm+J{z) is non-empty convex 
compact for every z d Z  and <pm+j is continuous. The continuity of <pm+J follows 
from 0  and p. Now we verify the convexity o f (pm +Á2)- It is sufficient to verify it 
inthecaseP/'j0(z)n{j€T:p(>') =  O }7í0, otherwise it is trivial. Let у  and y'  be two 
elements of <pm+J{z). For all Я£[0, 1], l y + ( \  —X)y'd Y as Y  is convex. By definition, 
there are / and t' in 0 (z ) such that p{y)  is smaller than tj (the у-component o f t) and
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272 D. T. LUC: ON NASH EQUILIBRIUM. I

p(y') is smaller that t'J. Hence p(Á.y +  {\ — X)y') =  Xp{y) +  {\ — X)p(y') =  l t s+ { \  — X)t'J\  
Take f=At +  ( l  —A)i'£<9(z), then p { / y  +  (\ —k)y')  is smaller than V. This shows 
that Ay +  (1 — X)y'd(pm+J(z). Obviously <pm+](z) is non-empty. Its compactness fol
lows from the compactness o f Y and continuity o f (pm+j. Using Theorem 1 we 
obtain Nash-Af equilibrium z =  (x1, . .. ,  x m, y l t  . . . ,  y„, p) satisfying conditions ii) 
and iii) in Definition 3. Moreover, ОбА) follows p (x ;)S 0. Thus 0(z)C\R"+ ^  0 .  
Forconditioni), suppose the contrary that there are r kinds of commodities кг , . . . ,  kr 
such that

(8) 2 y kj‘ - Z  2 у) ~ 2 А  (s =  l , . . . , r ; k € { l , . . . , l } \ { k 1, . . . , k r}).

Since um+n + 1 maximizes p ( 2  Уj~~2  *>)> we have

(9) 2 , P ks=  1 and Pk =  0 for fe€{l, . .. l } \ { k lt kr}.5 =  1

From the assumption on 0  we have 2 ^ —2  P(*i) hence

(10) 2  P ( y j ) s  2  Р Ш -

(8) and (9) imply

(И) 2  P(yj)  >  2P(Xi)-
j  i

The contradiction between (10) and (11) shows that 2  M — 2 Y j -  Theorem 2 is 
proved.
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ABSOLUTE CONVERGENCE OF FOURIER SERIES 
OF FUNCTIONS OF лВУ<« AND <pABV
M. SCHRAMM (Clinton) and D . WATERMAN (Syracuse)

1. Let /  be a real valued function defined on an interval /  o f R1. For 
I „ = [ a „ , b ^ d ,  set /(/„) = f ( b n) —f(a„). The intervals и = 1 ,2 , ... shall be as
sumed to be nonoverlapping. If Л =  {2„} is a nondecreasing sequence of positive real 
numbers such that ^>Ч/Я„= we say that /  is of Л-bounded variation (/1BV) if, 
for every {/„},

This is equivalent to requiring that the sums be uniformly bounded (see [4]). We 
shall suppose that /= [0 , 2ri\.

If (p is a nonnegative convex function defined for 0 S x <  °° such that <p(x)/x-*0 
as x-*0, cp is said to have property A2 (or to “be A ”) if there is a constant d(dS2)  
so that cp(2x)Sd(p(x) for all xäO . If <p is A2, we say th a t /is  o f tpA-bounded varia
tion Op/tBV) if, for every {/„},

(О 2>(I/OOI)A.<~-
When (p{x)=xp, p >  1, this class is called /iB V (i,). For p ^ l ,  the integral modulus 
of continuity o f order p  of /  is

(Opifl <5) =  «ip ( / \ f { x + t ) - f ( x ) \ pdx]Vp,

where /  has been extended periodically to R1.
M. Shiba [2] has shown the following

T heorem . I f  /£T B V (P), 1 1 <», and

Í ^ K +(2_P)S(/; Tr/n))1- p/27n1- 1/2s < °o ,
71 =  1

where l / r + l / s = l ,  then the Fourier series o f f  converges absolutely.

We note that there is a misprint in the theorem as it is stated in [2].
In this paper we first improve this theorem by refining the method o f Shiba 

and then prove a similar result for functions in the class tp;1BV. The result for ф/lBV, 
Theorem 2, is more general in that it is more widely applicable, but unfortunately 
it does not contain Theorem 1 as a special case. We have encountered this phenome
non previously (see [1], Theorem 1).
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274 M. SCHRAMM AND D. WATERMAN

We will make use of the following
n

Lemma. I f  сг ё  ca £  • ■ • £ c„ > 0 , ^  ck — 1, and a ^ a . ^ . . .  =an, then

(2) (1/n) 2 ak = 2  Ck a k .
k = 1 * = 1

We now state our results.

T h e o r e m  1. I f  Д / 1BV(P), 1 ^/?<2r, 1 °°, and

» r 1/2r2 ’ 2  1 /4 1 (ojp+(2_p)s( /;  n / n ) f - pl2rln112 <  oo,
n =  l  U = 1  /

where l /r+  1/j =  1, i/ien í/ге Fourier series o f f  converges absolutely.
When r = l ,  i= ° ° ,  we take соте(/; л/я)=со(/; л/я), the ordinary modulus of 

continuity o f/ .
П

Since n/X„^ ^  1 /4 , Theorem 1 is an improvement on the theorem of Shiba.
k  =  1

In fact it is possible that zz/A„ =  o | 1 /A kj ,  for example, we have the functions of 

harmonic bounded variation (HBV), for which A„=zz, so that n/Xn =  1 and 

2  l/4 ~ lo g /7 .
) t= 1

The case p =  1, r=  1, .s= °° has been given by S. Wang [3].

T h e o r e m  2. I f  <p is Л2, Д  rp/lBV, lS /? < 2 r , 1 and

<Р~г Í(Д  1/4 ) «pV(2-p)S( / ;  zr/n)|j j n 1,Z <  oo,

where \ jr +1 /.r =  1, z/zen the Fourier series o f f  converges absolutely.
In what follows we shall use C to denote constants, which are not necessarily 

the same at each occurrence.

2. P r o o f  o f  t h e  L e m m a . Apply summation by parts to the difference o f the 
two sides of (2) to obtain

2 ( c* -l/n )a *  =  2  K - « t + i ) Í 2 ( í' r l / » ) ) s 0
k = l  k =  1 \ i  =  1 /

к
since 2  ( c i ~  l/« ) =  0 and at —а4+1&0 for f c = l , ..., и— 1.

>=i
3. P r o o f  o f  T h e o r e m  1. Suppose that r >  1, and note that 2 = ( (2 —/Д +/?)/.у+  

+/?/r. W eset Ik(x) =  [ x + ( k —l ) n / N , x  + kn/N],  and obtain by Holder’s inequality
2я 2я 2я

/  | / ( 4 ( x ) ) |2d x ^ ( /  |/(4 W )|< 2-rts+^ x ) 1/l( /  |/(Д (х ))|М х )1/г Si 
0 0 0

2тг
^ i2 V r( /  |/(4 (* )) |M x )1/r,
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where QN=(co(2- p)s+p(f-, n/Nj)2r~p. Thus
JV ín 2ir N

2  ( /  | / ( A ( * ) ) |2 d*)r =  ßjv f 2  \f(h(x))\" dx.
fc—1 о 0 ^ = 1

If kj=kj (x) ,  j = l ,  . . . ,  N,  denotes a rearrangement o f k = l , . . . , N ,  such that 
{ | / ( / t,(*)]j} is nondecreasing, then, by the lemma, the above is not greater than

( * / к2  IM*) J  Д  ! / ( 4 / a) ) I % ^ x s  CO* ( iV /Í  I/Д*) (КГ> (/)) '’,

where (V^p>(f) )p is the supremum of sums of the form (1) with <p(x)=xp. By

hypothesis, V(/^ (/)< < » , so the above is not greater than CQn ^N/ ^ l A c j . I f  an

and b„ are the Fourier cosine and sine coefficients of /  respectively and o2—a2+h2, 
by Parseval’s relation,

— f \ f ( x + h ) —f ( x  — h)\2d x ^ 4  2  6ns n̂2nh.
n s  n=1

Thus

4  2  ^ sin 2(mr/2;v)) CQnN/  2  I ß t ,  2  e2nsm2(rm/2N) ^  C ü A  2  1Д*) ' ,
Vn = l /  k= 1 n=l \k= 1 )

and since n/N^sin (nn/2N) for n = l ,  2, . . . ,  N,

(3) 2 ^ q1 ^ c n 2q M ' [ 2 v A  .п=1 \k = 1 /
N

Let \J/N=  2  nen, then

Фн ^  N 112 ( i  n2e2) ' ^  C N ^ Q T  ( i  1 /4)
— 1/2 r

Now

2en= 2 ФпЩп - ! / ( « + 1)) + n̂/n s  2 Фп/п2+Ф̂  ̂=
n =  1 “

N-l
2w = l

N — l

2
n=l

N - 1 Г n \ 1/2r / V  \ 1/2r
S C 2  n~1,2Q]jir 2  1 A t +  CNll2Q]i2r 2  1 /4  =  0(1) as Afn=l \fe = i /  U = 1 /

and the theorem is proved.
For the case r=  1, s =  =», simply note that

| / ( 4 (* » [2 =  \ f ( x + ( k - l ) n / N ) - f ( x + k n / N ) \ 2- p\ f ( l k(x))\p

S со (A n/N)2~p\ f ( l k(x))\p
and proceed as above.
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4. P roof of T h eorem  2. Since multiplying /  by a positive constant alters cop(f; S) 

by the same constant, and <p is A2, we may assume that | / ( x ) | f o r  all x. As 

above, we obtain, for 1,
2  к  2k  2k

f  \ f ( rk( x ) f d x  == Q]jr ( f  \ f ( l k( x ) f d x ] 1/r^ Q ] l ' ( f  \ f { l k{x) )\dx]Vr,
0 0 0 

and n r 2n
{ 2 n2Q2J N 2) CQn J \ f ( l k(x))\dx.
Vn=l /  о

Since <p(2x)Sd(p(x), we have (p (ax)  ̂  j  log2 0 <p(x), so
/  N ч О  2ж

( I ß n ^ Z ^ e t / N 2) j  sä d'°**™«cp[(l/2n) f  |/ (4 (x ) ) | dx) =

2я 2л
=  C Q '^ c p U lß n )  f  \ f{Ik(x))\dx) =  CQ^l+'og2 d QN cp^(l/2n) f  \ f { l k(x))\dx),

0 0
2 k

and by Jensen’s inequality this is not greater than CQN f  <K |/(4(*))|) dx. Since
0

the left side of the above inequality is independent o f k, on averaging both sides 
we obtain

<p [ ( и2 oil a 2) j =  c q n ( f  2 г <p ( | / ( 4  0 ) ) |) /4  dx) 1 ^ 2 1 /4  =

S  CQNv 9A f )  1 2 1 /4  ^  c q J  2 1 /4 ,

where V9Á( f )  is the supremum of sums of the form (1). We have obtained

2 n * Q l ^ C N 2\cp W.iN)
and the proof, along with the case r = l ,  s=°° ,  is completed as in the proof of 
Theorem 1, beginning at (3).
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ТЕОРЕМЫ О РАВНОСХОДИМОСТИ
Ш. А. ИСМАТУЛЛАЕВ (Ташкент), И. ЙО (Будапешт)

Цель настоящей работы состоит в доказательстве нескольких теорем 
типа равносходимости, которые дополняют результаты главы IX книги Г. Сеге
[4]. Исследование проводится методом В. А. Ильина (см. например [1], [2]), 
путем надлежащего развития идей работы [3]. Перейдем к точной формули
ровке результатов.

Пусть G = (a ,b )  — конечный или бесконечный интервал, К —[а',Ъ'] — 
произвольный, но фиксированный (конечный) отрезок в интервале G, 
0<<50<o(dK ,dG ) фиксированное число (здесь о(дК, ()С)-расстояние между 
границами отрезка К  и интервала G), q£Ljoc(G), т.е. q{x) интегрируема с 
квадратом в смысле Лебега на любом компакте интервала G.

Рассмотрим призвольное неотрицательное самосопряженное расширение 
оператора L u= —u"+qu типа Шредингера с точечным спектром (хотя это ус
ловие в действительности излишне, наша первая теорема справедлива также 
в случае общего самосопряженного расширения). Обозначим через [U„(x) } 
полную ортонормированную систему собственных функций этого расширения, 
а через {/„{-соответствующую систему неотрицательных собственных значений, 
у которой наличие точек сгущения не исключается.

Для любой функции f (x )£ L 2(G) составим частичную сумму

(Можно показать, что эта сумма абсолютно сходится при фиксированных 
х£ G и fi >0; таким образом, результат не зависит от порядка слагаемых.)

Частичные суммы (1) будут сравниваться с модифицированными преоб
разованием Фурье той же самой функции f(x ):

1. Основным результатом этого пункта является следующая теорема, 
обобщающая теоремы 9.1.2, 9.1.5 и 9.1.6 книги Г. Сегё [4].

Т еор ем а  1. При сделанных выше предположениях, имеет место оценка

( 1) *„(/>*) = 2  Сf U n) U n(x), (fl > 0)

(2)

( 3 ) Sß(/, x )~ o ß( f  x) = o(l), (fl -  °°)
равномерно относительно x£K.
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Д о к а за тел ь ств о . Будем исходить из равенства (34) работы [3]: при любых 
фиксированных х£К  и д > 0  в метрике L2(G) по переменной у  имеет место 
равенство

(4) Sd0v d( \ x - y \ , f i ) -  2  и n(x)U„(у) = \  2  Un(x)Un(y )~

-  2  Un(x)Un(y )S } [ I $ T - m - ^  2  s S o [ f  hn(x, t) dí\ U„(y),n = l '  " л n = l V  t J

1 sin/íí
где

(5 )

(6)

г*(*,аО = л t
0,

при 0 = t ő 

при t =- (5,

sin /íí
7fc ;(<5) =  7  /

(7) й .(* . 0  =  г т г  /  9 ( № ( O s i n ( l * - É l - 02 FA„ *-í

2 r°
(8) S jg C i»  =  т г  /  g(<5) <̂5.

Ö0 i’/2

В работе [1] В. А. Ильин доказал, что при предположениях теоремы 1 
имеет место оценка

(9) __2 \и„0с)\**С (хек, д > 0 ) ;
\yxn-n \s i

далее, интегрируя по частям, легко доказать оценку

(Ю) I s y 'f c W H  -  1 + ^ у |, . </■ >  о. Я . «  °)-

Используя эти оценки, можно доказать, что ряды, находящиеся в правой 
части (4), сходятся абсолютно при любых фиксированных х£К, д > 0 , y£G. 
Например, для второй («главной») суммы это доказывается следующим обра
зом (применяя неравенство Коши-Буняковского «по пачкам» и оценки (9) и
(10)):

2  \Un(x)Un(y )S So[ I > m  —П= 1 ' п

^  2 (  2  \ип( * П Ч  2
*=i к^ут S* + l ksYTnSk+l

I и  fv)l2)1/2— С̂ °-> =s с
1 n W U  l +  |^ - f c |2
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Умножая обе части (4) на f ( y )  и почленно интегрируя по у  на G (это за
конно в силу теоремы Беппо-Леви [5]), получим

ь
(11) f L S HV , i \ x - y \ , l i ) -  2  Un(x)Un(y)]f(y)dy =

= 4- 2  ия(х) /  UB{ y ) f ( y ) d y -  2 U a(x)SH[ I ' m  f  Un(y)f (y )  d y —
Z « n = 1 Г " «

-  4  i  5Í0 [ /  К  (x, t) dt] /  c/B0 0 /0 0  dj.

Так как при выполнении условий теоремы

№ = о  =  {( 2  | / Ц . О О / ( т Н Т Т - о ^ ’

то, используя неравенство Коши—Буняковского «по пачкам», оценки (9) и
(10), для «главный суммы» правой части равенства (11) получим оценку

2 (  2
kS^Y^k+k

|t/„(*)l2)1/2( 2
>.nSk+1

I /  Un( y ) f ( y ) d y \ Ya
c  (So)

l +  \ f i - k \2 o ( i ) ;

Ц -+ o°.

Первая сумма правой части (11) оценивается тривиально, а третяя сумма 
оценивается так же как аналогичная сумма из работы [3] (стр. 1183—1184). 

Таким образом, доказана следующая оценка:
ьJ S M l x - y l  d ) f ( y )d y - f f ll(f, х) =  о(1), ц -  о», х^К.а

Для завершения доказательства теоремы 1 достаточно доказать оценку 

ь ьJ S ,9Vt ( \x -y \,  d ) f ( y ) d y -  f  Vio(\x —y\, n )f(y) d y  =  o(l), ц -  =», x£K.a a

Для этого выпишем явный вид функции у\, fi):

v»S\x ~ y \’ d),

(12) ^ K , ( |* - H / i ) = ' { 2 ( í 0- | x - y | )
<5<>

Vi0( \x - y \ ,  ц),

p,

I I <5»при \ x - y \ ^ Y

при -j- =  \ х - у \  ё  (5„ 

при \х - у \  >  60.
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Воспользовавшись (12), будем иметь

/  [SÍ0Vs( \x -y \ ,  i i ) - V io( \x -y \ ,  n)]f(y)dy =
а
_  Xf Ő°<3q- 2 1 x - j | sinf i ( x - y )  г, чd +

n J. Ö0 X — y
*+ir

1 ,  S0- 2 \ x - y \ s m ß ( x - y )
* Д

Интегралы в правой части последнего равенства в силу теремы Римана— 
Лебега стремятся к нулю при д — <=° (х£К). Теорема 1 доказана.

2.  В этом пункте рассмотрим вопрос об оценке близости частичных сумм 
разложений по системе функций Якоби и тригонометрической системе. 
При этом, как и выше, будем следовать методу работы [3].

Пусть <7 =  (0, п); при вещественных a ,ß ~— 1 обозначим

9 (х) =  ?<«•«(*) =
j - ß ’

. . о X . „X4 sin*1 — 4 cos2 j
. Г, =  Я!-'» =  ( » + ^ 4 ± 1 ) ‘

C<“'«  =  (2n +  oi +  ß  +  l)
Г (и + а +1) Г (и + ß +1)
Г (п +  Í) Г (п +  сс +  ß +  í) ’

/ 2 / \ ß"Ь 2
Un(x) =  U^-ß)(x) =  C ^’ß> (sin y j  (cos y j  Pjß- w(cos x);

Здесь i><*-«(x) обозначает полином Якоби степени и с нормировкой

- С Г ) -
Отметим, что

/  |С/„(х)|2 dx =  1,
О

р(а,/»(1) =

и при и— С а̂,,,)= 0 (1 )~ л .
В работе [3] для частного случая а=/? =  0 доказано, что для абсолютно 

непрерывной на (0, л) функции / (х) (класс таким функций обозначим через 
Wß (0, л)) имеет место оценка

£„(/> х )- oß( f  х) =  О ( y j , (д — 1) 

равномерно относительно х из компакта К.
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Здесь докажем эту оценку при произвольных а >  — 1 и /?> — 1. Именно, 
справедлива следующая

Т еор ем а  2. Пусть а, ß >  —1, /бИ^ДО, к). Тогда,равномерно относительно 
х из компакта К, имеет место оценка

(13) Sß ( /, х) -  о? ’« ( / ,  х) =  О ( 1 ) ,  (д §= 1); 
где

Х)=  2  (/- и ^ ) и ^ \ х ) .

Зам ечание. Из результатов работы [3] следует, что оценка в этой теореме 
неулучшаема.

Доказательство соотношения (13) проводится по схеме доказательства 
теоремы 1, которая, как уже отмечалось, является развитием метода работы 
[3]. При этом существенную роль играет следующая

Л ем м а 1. Если / 6 ЩЧ®, я), то при а, ß >  =  l имеет место оценка

(14) /  f {x )  ü j* «  (х) dx =  О f i ) , H l ) .
о \П /

Д ок азател ьств о  Л ем м ы  1. Представим интеграл из (14) в следующем
виде

я я/ 2 я

/  =  /  +  /  f(x)U<r-i>\x)dx =  I1+ I 2.
О 0 я/2

Так как оценка интегралов Д и Д проводится аналогично, то ограничимся 
оценкой Д .

Интегруруя по частям, получим
я/2

/  m u f t i t )  dt
о

-  [/(О  /  u i r ' W d é ] ,
t

^  я/2 я/2

2 +  /  Л 0 ( /  ^ » ( в ) ^ ) л .
О о

Отсюда видно, что для получения требуемой оценки для Д , 
доказать неравенство

(15)

достаточно

где С не зависит от t. Для этой цели нам нужно следующее представление 
для U (nx,ß){e), которое следует из формулы (8.21.17) книги Г. Сеге [4] (стр. 205):

( 1 6 ) ДН>(0) =  С<а- ß>N~x /  (” + f +1) у О Д  (N0) +п !

+
^вО (п Д, при сп я/2

1
вх+20 (п “ 2), при 0 < 0 < с п -1,
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где Jx(x) — функция Бесселя первого рода порядка а, С — фиксированное поло- 
т а+/?+1

жительное число, N =n-\-----^— •

Интегрирование обеих частей равенства (16), с учетом оценок для 
и Г(и +  а+ 1), даст

я/2 я/2 /■ 1 \
(17) /  U<*■«(в) dO =  0 ( \ ) f n  f  fÖJa(N6) ctö +  O [—J .

Теперь исследуем интеграл в правой части последнего равенства. Для этого 
нам нужны следующие оценки функции Бесселя (см. [4], стр. 30, формулы
(1.71.10) и (1.71.8)):

Л 00 z -»- +  0, а 1,

(170 [cos(z" t - t ) ( 1+f ) +

где űi, Ь0, Ьг —  некоторые постоянные, зависящие лишь от а. Итак
я /2  лЛ ?/2 ö KN/  2

(18) {  ув  JX(N6) de =  N - 3/2 f  ]TzJx( z ) d z = N - 2l3{ f +  f  i z j a(z)dz} =

ő nN/2 / \ / \
=  0 (N ~ 3/2) J  z1,2+x dz +  0 (N ~ 3/2) { f  cos [ z —^  —-^-J[l+-^|j</z +

0
nN/2

+ / *(-т-т)(М)*+/
Здесь для третьего интеграла правой части использована оценка

s i n t ö - o ) ^ c (<5i), (0 «= 5г ё  S2, -  °o <  er <  °o);

остальные интегралы оцениваются тривиально.
Подставив оценку (18) в равенство (17), получим неравенство (15), что, 

как отмечалось выше, приводит к утверждению леммы.
Обозначим через 77“ (0, л) (1 О с а  S i )  класс функций введенный

на странице 47 книги Г. X. Харди и В. В. Рогозинского [7].
Теперь установим для функций из класса Я “(0, л) теорему аналогичную 

теореме 2.
Т ео р ем а  3. Пусть а, ß >  =  \ и функция f(x)CHg(0, л); а у д о в л е т 

воряет условию
Л

дчЯ+1/2, 0 + 1/2
sin у J  [cos — J | / ( 0 )  I de <  °°.
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Тогда имеет место соотношение

(20) « ( / ,  X)  -  а , ( /  х) =  О ( ^ )  (д ё  1),

(где ( /  х) обозначает р-частичную сумму ряда фуръе (по косинусам) функ
ции / )  равномерно по х  на каждом компакте интервала (0, п). Оценка является

точной по порядку в том смысле, что О нельзя заменить на о

Д о к а за тел ь ств о . Будем исходить из равенства (11). При этом также, 
как в теореме 2, ограничимся оценкой коэффициента Фурье

Я

(21) f  f (x )U ^  О (x)dx;
о

потому что остальная часть доказательства проводится по той же схеме, 
которая использовалась при доказательстве теоремы 1.

Также как в лемме 1 ограничимся оценкой интеграла
я / 2 1/л я /2

/  f( t)U f> ßK i ) d t=  f  +  Г f ( t ) U ^ \ i ) d t  =  A1+ A i .
Ü 0 1/п

Обращаясь ко второй части формулы (16), находим (используя (17))
1/п _ 1/л

А х =  0 (1 ) /п  f  У в Ja(N0)f(e) d0 +  O(na+1/2) f  /(0)0*+2</0 =

1/п 1/л
= 0 (1 )/п  /  01/2(Лг0)011/(0)| dd+0(n~312) =  0(1) /  |/(0)I dO+0(n~3/2). 

о о

Отсюда, используя для оценки последнего интеграла неравенство Коши— 

Буняковского, получим ^l1=O Í-^=|.

Для оценивания А2 используем первую часть (16) и следующую асимпто
тическую формулу для бесселевых функций, которая является грубой формой 
соотношения (17):

■,*w = / ! co5 ( ' - т - т ) + о Ш -

a ,  =  ° ( y T , ) J

Имеем

(2 2 )

я /2  у я /2  ,  ч

r o ^ m i d o ^ o i D f  /(0)соs[NQ ~ - ^ \ d e +
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Здесь была использована теорема о порядке коэффициентов Фурье по триго
нометрической системе для функций из класса H “ (0, л) (см. [7], стр. 47, теорема 
36), а также теорема Бонне [5].

Далее, применяя к последнему интегралу в равенстве (22) неравенство

Коши—Буняковского, получим А 2 =  0

Лемма доказана.

4. Пусть на интервале G = (0 , л) заданы операторы L u = —u"+q(x)u 
и Lu =  — u"+q(x)u, с потенциалами q (х) и q(x), удовлетворяющими условию: 
q(x), q(x)C lJ (G) при некотором р >  1.

Обозначим через {(J„(x)} и {0 „ (х)} полные ортонормированные системы 
собственных функций операторов L  и L соответственно (мы предполагаем, что 
потенциалы q и q допускают существование таких систем), а через {Я„} и {!„} 
— соответсвующие системы неотрицательных собственных значений.

Для функции f£H y(G), 0 < ж  1 обозначим через <jß( f  х) и ди( f  х) р-ые 
частичные суммы разложений, отвечающих системам [Un(х)} и {0„(х)} соот
ветственно.

Т еор ем а  4. При сделанных выше соглашениях, для любой функции f£ H “(G), 
0 < а < 1  имеет место точная по порядку оценка

a„(J, х) =  (ß s  1),

равномерная по х  на любом компакте интервала G.

Эта теорема усиливает результат Н. Лажетича [9]. Её доказательство ос
новано на следующих фактах (а именно: на неравенстве (24)).

Пусть f(x)£H ?(G ), 1, тогда, воспользовавшись теоремой Бонне
[5] и теоремой 36 книги [7] (стр. 47), будем иметь

п  Л

(23) J  / ( x)eiXx dx =  J  f{x )  cos ([Я] -f (Я})х dx+
o о

+ » / f ix )  sin ([Я] +  {Я})X dx — О ( 1+^ | -я) ( -  °° <  Я <  °°).

Из (23), в силу односторонней формулы Э. Ч. Титчмарша [8] (см. стр. 26) для 
и п{х):

Unix) =  Uni0) cos U n x + ^ Y = -sin  f í « x +

+ - L /  qiQU.iQsinYXnix-QdZ,
кЯ„ 0

и оценок (см. [10])

|С/„(х)| == с, |С/'(х)| si с \Х п, (0 =  х =  л), _ 2  1 =  с ip  =  1),
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вытекает неравенство

(24) { 2  \ f f ( x ) U „ ( x ) d x f 2 ^  -- Ст = - ,  п =  1 ,2 ,. .. .
1/я„-м|й1 о (1 +  УЯи)

Зам ечан ие. Теорема 4 позволяет высказать предложение о справедли
вости оценки (20) для каждой функции /  из класса H?(G), 0 <  1.
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THE ASYMPTOTIC BEHAVIOUR OF THE 
EIGENFUNCTIONS OF HIGHER ORDER 

OF THE SCHRÖDINGER OPERATOR
V. KOMORNIK (Budapest)

In the spectral theory of non-selfadjoint differential operators several properties 
of the eigenfunctions have been investigated (see [2], [3], [4], [5]). In [2] and [3] V. A. 
Il’in gave a necessary and sufficient condition to settle whether a given system of 
eigenfunctions of arbitrary order form a basis or not. The authors of [4] and [5] 
proved that — in case of the Schrödinger operator —  the proportion of the different 
Lp norms of such a function is essentially the same as for the exponential functions. 
The aim of this paper is to examine the asymptotic behavior of the eigenfunctions 
of arbitrary order o f the Schrödinger operator. Our result — which extends an old 
theorem of G. D . Birkhoff — shows the connection between the eigenfunctions of 
higher order and the exponential functions from another point of view.

Let G =  [0, 1], qf__V(G) an arbitrary complex function and consider the formal 
differential operator

Lu =  —u"+qu.

As usual, a function ut : G-*-C, ut^ 0  (z = 0 ,1 ,. . .)  is said to be an eigenfunc
tion of order i (of the operator L) with the eigenvalue AgC, if ut is absolute con
tinuous on G together with its derivative and if for almost all x€G,

(1) -и Д х ) +  ?(х)нДх) =  /Hi(x )-H i_1(x);

here ui_1= 0 for z= 0  and нг_! is an eigenfunction of order z —1, with the eigen
value Я for / s i .

Introducing the notation

Tt =  jz€C : R e z g O , |z| >  max j l ,  (4/ +  4) J |^(x)| z/x}},
G

the main result of this paper is the following:

T heorem . There exist functions и;j-: G xT;-»C (/= 0 , 1, . . . , / = 1 ,2 )  such that

(i) for any fixed  i, j  and q, и , Д  • ,  q): G-+C is an eigenfunction o f  order i with 
the eigenvalue —q2;

(ii) for any fixed  i , j  and x, и,Дх, •): 7 )—C is holomorphic in intT) and con
tinuous in Ту,

(iii) for any i= 0 ,  uniformly in x£G

Unix, q) =  ехр (ех)[хг+ 0 (1 /е )], Dxuu (x, q) =  q exp(gx)[х‘+ 0 (1 /Д ],

Ui 2 (x, q) =  exp ( -  qx) [хг+ О ( l /о)], £>! ui2 (x, в) =  ~ в  exp ( -  qx) [xf+ О (1/e)], 
if

I
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It follows easily from these properties the existence of constants C(k), 0
such that for any fixed k, the functions и^( •, q), i —0, 1, . . . , k , j =  1,2, form a 
basis in the linear space o f the eigenfunctions of order S k  with the eigenvalue — q2
if |e|>C(Ä:).

C o r o l l a r y . For any fixed k^O  and e > 0  there exists a constant C '(k , e) 
such that fo r  \g \> C '(k , e) all the eigenfunctions uk o f  order к with the eigenvalue 
— Q2, have the form

к

щ{х) =  2  An fa (x )  exp (qx) +  Aa f 2(x) exp ( - вх), 
i = o

where the numbers Atj are constants, the functions f j  are continuous and for all 
i = 0, 1, . . . , k , j =  1,2.

sup {|хг—f j (x ) \:  0 ^  x  1} <  e.

R e m a r k . The case i= 0  of the theorem is well-known [1], even for the case 
of an arbitrary linear differenctial operator. In a forthcoming publication we shall 
extend, the results of this paper to the case of an arbitrary linear differential opera
tor, too.

The theorem will follow from several lemmas.

L em m a  1. Let uk be an eigenfunction o f  order /сёО with the eigenvalue X =  — 
and put uk~ i=  Xuk — Luk. Then for all x£G,

(2) U M  =  ( ^  +  ̂ > ) e x p ( c, )  +  ( i i f > - ! f ) ) e x p ( - I, ,)  +

+  [ ,( ,)« .( /)+  A.
0 b?

P r o o f . We have by (!)

/  S hei* ~ t ) [q(t)uk(t)+ u k. 1(t)]d t =
У Q

=  f  ± e t£ = t> iU t( , ) d , +  f  s h ‘ ( x - » dl .
o’ в  oJ в

Integrating by parts the second integral on the right side twice, we obtain (2).

C o r o lla r y . I fu k- 1 is an arbitrary eigenfunction o f  order k — I s  — 1 ( n _ ! = 0 )  
with the eigenvalue X— — g2 ̂  0 and ak, bk are arbitrary complex numbers, then there 
exists a unique eigenfunction uk o f  order к with this same eigenvalue such that uk- k =  
Xuk — Luk and for all xdG,

(3) uk(x) =  ak exp (ßx) +  bk exp ( -  qx) +  f  s Q x— -[q(t)uk(t) +  uk_ ft) ]  dt.
о S

Indeed, this follows from the existence theorem of linear differential equations.
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One can easily show by induction tha t there exist polynomials Pj, Qj o f degree 
j  (_/— 0 ,1 , . . . )  such that for any /= 0  and i(ER,

' Ъ h
/  sh ( t - t j )  f ... f  sh (TL — T0) exp ( t0) d t0 .. .  d tk = PJ+1 (t) exp (/) +  0 , (i) exp ( - /). 
a o o

We shall also use the notations Д  =  1, Q - i= 0 .

L em m a  2 . Given a n y  com plex  num bers a k, b k, k  — 0 , 1, i  and Q9*0, there  
e x is ts  a  u n ique eigenfunction  ut o f  order i w ith  the e igen va lu e  A—— ß2 su ch  that 
—  in trodu cin g  the fu n c tio n s  uk_ 1 =  /.uk — L u k, k = i , i — l , . . . , l ,  f o r  an y 0 = ik  =  i 
a n d  f o r  a ll  x £ G ,

к
(4) uk(x) = 2  e~2Jak-j[Pj(Qx) exp (qx) + Qj. 1(qx) exp (-ßx )] +

7 = 0
к

+  2  0~2Jbk- j[P j ( - ex) exp ( -  qx)+Qj _j ( -  qx) exp (ßx)] +
J-o

к x xj xi
+  2  /  Sh q (x - X j) J  ... f  s h  Q( x1- x 0) q ( x 0) u k- j ( x 0) d x 0 ...  d x j .

J- ° 0 0 0

P ro o f . Let us define и0,щ ,  ..., иt recursively so as to satisfy (3) (n_1=0). 
Then, by the repeated application of (3) we obtain for any O sfcS i and x £ G ,

Щ (x)  =  ak exp (qx) +  b k exp ( -  qx) +
к x X .  x2

+ 2  Q-Jak- j  J  s h ß (x  — Xj) /  ■■■ f  sh ß(x2—Xj) exp (ßxx) d x k ... d x s +
J=1 о o o

к x xj  x*
+  2  Q~JW-j  f  sh в ( х -X j)  f  ... f  sh q(x2 — x1) exp (— qxl) dxk ... dxj + 

j =1 0 0 0
fe x  X  . Х г

+  2  Q~j ~ x f  sh Q(x Xj) f  ... f  sh q(x j—x0) q (x0) uk _ j (x0) dx0 ... d x j .
J=° 0 0 0

In view of the definition o f the polynomials Pj, Qj, hence (4) follows after the sub
stitution tj — QXj.

L emma 3 . F or any f i x e d  / ё 0, the n u m bers ak, b k, k = 0 ,  . . . ,  i, can b e  chosen  
uniquely so  th a t the f ir s t tw o  su m s on the righ t s id e  o f  (4)/от k  = i  redu ce to  x ‘ exp (qx). 
M o reo ver, in  th is  case

(5) ak = AkQ,~2k Ьк = Вкд‘- 2к k = 0 , 1, ..., i, 

w h ere  the n u m bers A k, B k d o  not d epen d  on Q.

P roof. W e must choose the numbers a k , bk so as to satisfy the identity
i

x 1*exp (<?x) =  2  Q~2J“i-j[pj(ex)ex p  (ßx) +  ß j- i(ß x )  exp (-ßx)] +
J = 0

i
+ 2  e~2jb i - j [P j( -  QX) exp ( -  qx) + QJ- 1(— qx) exp (ox)].
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Let us write the polynomials P j, Qj in explicit form:

Pj{t) =  2  Pjktk, Pjj a  Qj(t) =  2  4jktk,
k= 0 k= 0

then the required identity takes the following form:

X1'exp (ex) =  2 ” X* exp (qx) \ 2  ai-jPjkek~2J +  2  h - J4 j - i A - Q ) k~ii
k = О Ii=k j=k+ 1

+  2 ^  exp ( - e x )  [ 2  ai-jqj- i ,kek~2J+ 2  bi-jPjk(-Q)k~2J
k = 0 kj=k + l j = fe

This is equivalent to the following system of linear equations:

+

2  a;-jPjkQk- 2J +  2  bi - j q j - l A - e ) k~2J =  <5,4:j —k j=k+1

2  ai- JqJ- 1,kek~2J+ 2  bi- jPjÁ-Q)k~21 = o,j=k+1 j —k
k = 0 , 1 , i. Considering these equations for k = i;

aoPuQ~' =  1. boPa(— в)~ ‘ =  0,
we obtain (р ц ^ 0 \)

a0 =  Pu 1q‘ =  Аов‘, bQ — 0 =  0 - ef.

Suppose now that a0,b 0, am, bm are determined uniquely from the equations 
with k = i , i —\ , . . . , i —m (m< i) and

=  A e i_ ьк =  в кв‘~2к, к =  0, m,

where the numbers Ak, Bk are independent of q. Then the equations for k = i —m — 1 
can be written in the following form:

i
@m + l P i  — m — l , i  — m — lQ 1"  + 1  2  +j = i —m

+  2  Bi- jq j- i ,i -m - i(—Q)~m~1 — o,j = i  — m

2 Ai-jqj-i,i-m-ie~m~1+ 2 Bi-jPj +j  = i — m j  = i — m

+  b m + l P i - m - l , i - m - Á - Q ) m + 1~ ‘ =  0 .

Hence am+1, bm+l are determined uniquely and
n  _  A n i - 2m - i  и —  R  n i - 2 m - 2  
um + 1 —  л т  + 1к > °m + 1 ~  -°m + lfc? >

where the numbers Am+1, Bm+1 do not depend on g. Continuing this procedure, 
we obtain the statement of the lemma.
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Let us now define for any i s 0 the function нг= и а : GXT;-*C so that for 
any QdTi let the subfunction un ( - , g )  be equal to the eigenfunction described 
in Lemmas 2 and 3. Introducing the functions

uk_1: G X T t -*C,  uk„1 = - g 2uk+D n uk- q u k, 1 ^  к ^  i,

we have by (4) and (5) for any 0 S k S i ,  x£G  and g(zTt ,

(6) uk(x, g) =  2  ei~2k+Jx J[AkJ exp (gx)+BkJ exp ( -  gx)\ +
7 = 0

к X xj x 1
+  2  g~J_1 f  sh g (x -X j)  / • • • /  sh q (x 1- x 0)q(x0)uk- j (x0,Q)dx()...d X j,

J-° 0 0 0

where the numbers Akj, Bkj (0S /S k S / )  do not depend on g and Aij= ö iJ, B iJ =  0, 
0 s / 'S i .  Taking the derivative of both sides, we obtain

(7) Dxuk{x, g) — 2  gi~2k+J+1x J[AkJ exp (gx )~ BkJ exp ( -  £*)] +
j =о

+  2  ei~2k+ij x J- 1[AkJ exp (gx) +  Bkj exp ( -  gx)] +

к x xj xi
+  2  g~J [  ch g (x -X j)  f  ... f  shQ(x1- x 0)q(x0)uk- J(x0,g )d x 0 ...d X j.

J=° 0 0 0

Let us now introduce the following notations:

Ук(х, g) = дк- ‘е х р ( - о х ) и к(х, g),

Zk(x, g) =  gk- i~1e x p ( - g x ) D 1uk(x, g),

fk(x,  Q) = 2  QJ~kx J[Akj + Bkj exp ( - 2gx)\,
j = 0

gk(x, g) =  2  gj ~k~1[gxi + jx J- 1][Akj +  Bk je x p ( -2 g x ) l
j =0

FkAx, t, g) =

Gk]ix, t, g)

0 if t =  X.
X  Xr r - l - e x p ( - 2 g {x -X j))  1 - e x p ( - 2 g ( x 1- t ) )  q{t)

J . . . J  ------------- 2 ------------- 2---------------- —  dx1 ... dxj

if t <  x,

0 if t s  x,
r  í 2 l+ e x p ( - 2 g (x -x j) )  l - e x p ( - 2 e ( x 1- 0 )  qif) , ,

/ - /  -----------------2---------------- -----------------------2--------------------- — d x , . . . d Xj
if t <  X,
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then the above system of integral equations (6)— (7) can be written in the following 
form:

( 8)

y k (x , e) =fk(x,  e)+ Z  f  F k j (x , t , g)yk- j ( t ,  e)dt,
J—° 0

к 1
zk(x, в )  =  gk(x, e)+ Z  f  Gkj(x, t, Q)yk-j( t ,  q) dt,j=0 ft

Now we prove that the function u-t has the properties (i)—(iii) in the theorem, 
required from ua . (i) follows at once by the construction of ut. (ii) and (iii) follow by 
the following proposition, which can be applied to the system (8) with

r =  2i +  2, C, =  2  ( l  +  i){\Akj\ +  \BkJ\), C2 =  f  \q(x)\dx.
OSjSk^i ft

(We do not prove this proposition because a slightly weaker form o f it can be found 
in [2], p. 44, and the same proof works in our case, too.)

Lemma 4. Consider the system  o f  integral equations

Г r
Ук(х, q) — f k(x, в)+ Z  J  Fkj{x, t, q) у j (t, 0) dt, fc =  1 ..........r,

J= 1  G

where G is a bounded interval, T  is a subset o f  the complex plane and the measurable 
functions f k : G X T -* C , FkJ: GXC’X T-+ C have the following properties:

a) There exists a constant C x such that fo r all k, x£G and qZT, \fk(x, Q)\^Ck;
b) For all k , j  and Q<zT, Fk](■, ■, q)£ L 1(GXG);
c) There exists a constant C2 such that fo r all k ,j ,  x£G and QdT,

f  IFkj(x, t, o)\dt ^  C2 lei"1;
G

d) For all k , j  and x, yd G , the functions f k(x, •) and FkJ(x ,y , •) are con
tinuous in T  and holomorphic in int T.

Then for any fixed  q£ T '= { q£T : |g>| =  2 rC 2} the above system has a unique bounded, 
measurable solution. Moreover,

e) For any к and x(LG, y k(x, •) is continuous in T' and holomorphic in int T',
f) For any к , xdG and Q fT ',

IУк(х, e)~fk(x,  q)\ S  2rC1Ca|e |_1.

The construction of the functions ui2 is analogous to the above construction 
of the functions un and the theorem is proved.

The Corollary is an obvious consequence o f the theorem.
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ON SZÉP’S DECOMPOSITIONS OF 
IDEMPOTENT-GENERATED SEMIGROUPS

B. PIOCHI (Siena)*

Introduction

In [5], Szép proved that every semigroup S, without nonzero annihilators, 
has the following disjoint decompositions:

(1) s  =  U  SI,
t = 0

50 =  { a £ S |a S c  S, 3x£S : x ^  0 and ax  =  0},

51 =  {a£S |aS  =  S, 3 x £ S : x  0 and ax =  0},

52 =  (a iSX ISoU SjjlaS  c  S, 3x4, x 2fS :  x4 ^  x2 and axx =  ax2j,

53 =  {a € S \ ( S 0 U S4) j a S =  S, 3 x 4, x2£S: xx ^  x2 and axx =  ax2},

54 =  { a £ S \ U  S ,/a S c  s } ,

5 5 =  { a £ S \ U  Sf/a S  =  s } ,

(2) S =  U  Ti,
i =  0

T0 — {a£S |S a  c  S, 3y£S : у  ^  0 and ya — 0},

Tj =  {a£S |S a  =  S, 3y£S : у  ^  0 and ya =  0},

T2 =  {a iS X iroU rjjlS a  c  S, 3 yx, y 2£S: y x ^  y 2 and y xa =  y 2a},

T3 =  { a £ S \ ( r oU7'1)|Sa =  S, 3 y x, y 2£S: y x ^  y 2 and y xa =  y 2a},

Г4 =  { a £ S \ U  TJSa c  s } ,

T 5=  { a 6 S \ U o TJSa =  s } .

It is easy to see that the components S; and Tt ( / = 0 , , 5) are semigroups, and 

* This work was performed in the sphere of G.N.S.A.G.A. of C.N.R.
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many relations hold among them. The following ones will be useful for us (see 
bibliography for the proof):

S i C l S j  =  0 ,  Ti r\T] =  0  (i * j ) ,  S 5 S t g  S , ;  S . S ,  £  S ,  (0 s i s  5)

TtTb g  Г,; Г5Г; g  Tt (0 á i S  5), З Д  g  50; 7 \Г 0 g  T0.

From now on, decomposition (1) will be named left decomposition of S ,  or D L ( S ) ,  
and decomposition (2) will be named right decomposition of S ,  or D K ( S ) .

In the present paper, idempotent-generated semigroups are studied, using such 
decompositions. Hereafter we suppose that S' is a semigroup, without nonzero anni- 
hilators. This is not a restriction, since every semigroup can be reduced to that case.

Besides, all our theorems can be transformed into their dual theorems, changing 
right operations into left operations, every subsemigroup S; into corresponding Tt, 
and so on (and, o f course, vice versa).

In § 1, a characterization will be given for idempotent-generated semigroups, 
using decomposition D L ( S ) .

In § 2, idempotent semigroups will be studied, in the same way.
In § 3, som e properties will be given for subsemigroups, appearing in decom

positions D l(S )  and D r(S ), particularly when S  is idempotent-generated.
Finally, in § 4, a characterization will be given for idempotent-generated semi

groups U ,  which can be extended to an idempotent-generated semigroup S ,  such 
that U  is a particular subsemigroup of S .

§1-

Let S  be an idempotent-generated semigroup, and let E  be a set of idempotent 
generators for S . In this section we will suppose that E is minimal, i.e. for every sub
set E'czE, E ' is not a set of generator of S. A t last, let I be the set of all idempotent 
elements of S.

Lemma 1.1. I f  b£S and b S  =  S, then b £ I  and b is a left unit o f S. So b may 
appear only as the last term in every decomposition o f elements o f S in idempotent 
elements.

Proof. Let b = e l e2...e„: b S = S \  ete£E, i = l ,  n. Then, eY is a left unit 
o f S, since e1b =  b. So, if b' — e2...en, we get b = e 1b'=b'. In the same way, one 
can prove that b = e n, so that b is idempotent, and (since bS =  S), b is a left unit 
for S. Then, if  b appears in an irreducible decomposition by idempotents of an ele
ments of S, it must be the last term. Q. e. d.

Theorem  1 .2 . Sb is rectangular1, and every element o f S 5 is idempotent and a left 
unit for S. Conversely, every left unit belongs to S 5.

P roof. If b is a left unit o f  S , we get b S = S ,  and certainly b (lS xlJ S'3. S о b£S s . 
Conversely, Lemma 1.1 implies that for every b^Ss, b is a left unit for S. At 
last, if a, b £ S s , we get aba =  b a = a ,  and S& is rectangular. Q. e. d.

1 A semigroup is called rectangular when it is a rectangular band; a semigroup is idempotent 
when it is a band.
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Theorem 1.3. S l = S3=<St, so that S has no magnifying element.

P roof. If b S = S ,  then b is a left unit o f S, and therefore it belongs to S 5. 
Q.e.d.

Theorem 1.4. I f  S0 A Q then at least one generator o f S  is in S 0.

Proof. Let b £S 0. Then there is x^O  such that b x = 0 . Let b = e 1e2 ... en 
(elt  . . . ,  en£E). If (e2...e„)xA0, we get S0. Otherwise let b' =  e2 ... en; b '£S0. 
In such a way, one proves that one of the following cases holds: there exists 
i: (ei+1... en)x A 0 , or enx = 0 .  In the first case, е £ 5 0; in the second case en£ S 0. 
Q. e. d.

Lemma 1.5. Let b ~ e x ... e„ (ег , ..., e„£E). I f  one o f the following conditions 
holds, then b ( iS fJ S 2:

i) en£S0l ) S 2,
ii) c„_1€S,0U5'a and [end S 5.

P roof. If e„£S0, then there exists x^O: e„x=0; then b x = (e x ... e„_1)e „ x = 0. 
The same holds if  e„-1£S0 and e„£Ss .

If e„dS2 or en- 1€S 2 and enf_S& then, in a similar way, b £ S —S 0 yields 
b £ S 2. Q. e. d.

Lemma 1.6. I f  b€S4, then the following properties hold:

i) c„6S4U S 6,
ii) i f  endS b, then e„_1£ S i .

P roof. It is a simple corollary of the former lemma.

T heorem 1.7. S t = 0 .

P roof. Suppose Si A:0 ,  and let b = e 1e2 ... c„£S4. Lemma 1.6 implies that 
f B̂ 4U Ss .

If en$ S5 then there exists at least one lement x of S  such that e„xAx; so 
that bx = (ex ... e„)x=e1 ... enx = e x ... enenx = b (e nx). Then b $ S 0 implies b £ S 2. 
Since bdSi we get that en£ S s .

In the same way as above, it can be shown that e4 ... £,n_1(;1S'0U S '2 ; but S0S3Q S a 
and S 2S5Q S 2; this yields that fc£.S0U S2 and 5 4—0 .  Q. e. d.

T heorem 1.8. S = 5 0U S2 is an idempotent-generated subsemigroup o f S.

Proof. It is well-known (see [3]) that S is a subsemigroup; let us prove that it 
is idempotent-generated.

Let 7 be the set of idempotent elements of S. For every x£S , we have 
x = e 1e2 ... ene, e4, and e^IÖS^ (by Lemma 1.1). If e£ S 5, (ene)(ene)==
= e n(een)e = e ne„e= ene, i.e. e„e is idempotent. Besides, ene£SS5Q S  and so e„e£I. 
Q. e. d.

Now, we can prove the following theorem:

Theorem 1.9. A semigroup S  is idempotent-generated i f  and only i f  it has the 
following left decomposition, DL(S ):
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1) S i — S 3 — S 4— 0  ;
2) S 5 M rectangular and its elements are the left units o f  S ;
3) S =  S 0U S 2 is idempotent-generated.

P ro o f . From the former theorems we get that the condition is necessary.
Conversely, as every element in S5 is idempotent, it follows immediately that 

the condition is sufficient. Q. e. d.

T heorem  1.10. S0=S „.

P ro o f . If x £S 0 then x S a S ;  _so that x(fS 5 and there exists y —0, 
y€S: x y = 0. This yields x£So and S0£ S 0._

Conversely, let x£S„ (Q S ), x^O . If xS =  S, x  would be idempotent, a left 
unit for S, and for every y^ O : x y = 0, it would be y € S 5; so that 0 = 0 x = (x y )x =  
—x (y x )—x 2—x, and x = 0 .

We get x S c S  for every x £ S 0. Now, suppose that for every y£ S , y^O : 
x y = 0, у  belongs to_ S5. Then x2= (x y )x = 0  so there exists у  (= x ) , y£ S , 
y^O , xy  — 0. So x £ S 0. Q. e. d.

The following corollary follows immediately:

C o ro lla ry  1.11. I f  S is an idempotent-generated semigroup, then S 2= S 2U S 5.

C o ro lla ry  1.12. Let S  be an idempotent-generated semigroup. Using the nota
tions S = S 1, S5=  SI, (S‘) =  Si+1, (S£) =  Sb+1, we get the following succession:

S — S4JSI

S1 =  S2USf

S‘ =  Si+1U S |+1

where the following properties hold:

a) subsemigroups Sk are idempotent-generated; subsemigroups Sk are rectangu
lar and their elements are the left units o f  S*“1;

b) i f  k ^ j  then s'£S{, s"£Sj or s"£Sk implies s's" = s" ;
c) i f  k > j  then SkS ( Q S l  SkS lQ S k.

P ro o f . Assertion a) is a corollary o f Theorem 1.9.
Assertion b) follows immediately from Theorem 1.2, since SkQ SJ, if j= k .
Assertion c) can be proved by induction on k. Without any loss of generality, 

we may suppose j — 1, writing S, instead o f S1, and S5 instead of S\.
It follows immediately that S 5S&= S 5_ and S S 5Q S . Now, suppose that we 

have proved that SkS t Q S k and SkS5Q S k, if k ^ l .
Let t(LSk+1 and s é S 5. As Sk+1Q S k, we get tsdSk. But, if y £ S k, (ts )y=  

— t( s y ) = ty = y  and Is is a left unit for Sk; so that_S'5+1-S'5Ji<S5+1.
Again, let teS k+1 and s£ S 5‘, since Sk+1Q S k, tseS k and tsSk= tS kQ S k- 

Sk+1S 5Q S k+1. Q. e. d.
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Corollary 1.12 implies

C orollary  1.13. An idempotent-generated semigroup has one o f the following 
four types o f  decomposition:

i) S  =  ((((...) U S\) U S'f) U S§) U S j , with infinitely many rectangular subsemi
groups; then S is idempotent and S0=  0  ;

ii) S = S '( J ((((...) U 2>|) U S|)U2>g), with infinitely many rectangular subsemi
groups, and an idempotent-generated one, S ' =  S0(JS2, without any left identity;

iii) S = {(((fiiU ...) U Sf) U *Sf) U Si,), with n rectangular subsemigroups; then 
S is idempotent and S 0 =  0  ;

iv) S =  ((((Sm U 5™)...) U £ |) U 5?) U S \ , with m rectangular subsemigroups and 
an idempotent-generated one, Sm =  S0U S2 , without any left identity.

Decompositions i) and iii) correspond to idempotent semigroups. In the following 
we will see that idempotent (and even rectangular) semigroups may have different 
decompositions from the above ones.

§ 2 .

Now, let us consider Green’s relation i f  on the semigroup S, defined in the 
well-known manner: for every a,b^.S, aSTb iff S 1a =  S 1b (5,1 =  .SU {1}), i.e. 
iff there exist x  and у  in S 1 such that b = x a  and a = yb . I f  a£S, we call La its 
if-class of equivalence in S.

T heorem  2.1. I f  S  is an idempotent-generated semigroup, then a^S, implies 
that LaQ Si ( /= 0 ,2 , 5).

P ro o f. Let a£S0 and b£S, with a£?b. Then there exists x£S: b = x a  and 
if yA-0, ay =  0, then b y = x a y —0 and bdS 0.

In the same way, by the symmetric property of i f ,  we get the proof for S 2 
and S5. Q. e. d.

C o ro llary  2.2. I f  the semigroup S  is idempotent-generated, then fo r  every a 
in Sr, we have La= {d ).

P roof. Suppose that el , e 2f S 5, ел ~Ае2. Then there exists x£S: e±—xe2 if 
exd£e2. But by Lemma 1.1, <?Lf  can appear only as the last element in any decom
position of elements of S.

If e1= x e 2 =  (ea , . . . ,  ein)e2, ex would not appear, even as the last element, and 
so it could not belong to any set of generators of S, in contradiction to Theorem 1.2 
Q. e. d.

Now, we want to study Szép’s decompositions of an idempotent semigroup. 
Let us prove the following lemma:

L emma 2.3. The Green's ^-classes o f  an idempotent semigroup S are rectangular 
subsemigroups o f  S. A similar property holds for 01-classes, etc.

Proof. If a ,b £ S , aS?b, then S 1(ab)—S 1a b = (S 1a )b = (S 1b )b = S 1b and 
ab IT b IT a. Then La is a subsemigroup of S. Besides, since aSTb, there exists x d S \ a =  
—xb. Then, a b a = xbbxb= xbxb= xb= a , and La is rectangular. Q. e. d.

A cta  M a th em a tica  A cadem iae S c ie n tia ru m  H ungaricae  40, 1982



3 0 0 В. PIOCHI

Theorem 2.4. A semigroup S  is idempotent i f  and only i f  it has the following 
decomposition DL(S ):

1) St =  St = S t = 0 ;
2) S& is rectangular, and its elements are the left units o f S;
3) St=  U  L a ( i= 0 ,2 )  and every class La is a rectangular subsemigroup o f S.

aiSt

Proof. Such a semigroup is idempotent, since it is the union of rectangular 
semigroups.

Conversely, if  S  is idempotent, Lemma 2.3 and Theorem 1.9 imply the theorem. 
Q. e. d.

Corollary 2.5. I f  S  is a rectangular semigroup and S A 0 ,  then S = S 2 or 
S  =  S5.

Proof. If S' is rectangular, not trivial, then 0 $ S  (in fact, otherwise, for 
every x£S, х  =  х0л: =  х0=0). So S = S 2U S5. Suppose that S &̂ 0  and e£Ss . 
For every x ,y £ S  we can say xy =  (ex)(ey)=(exe)y =  ey= y . It implies that S = S 5, 
if S5A 0 .

Anyhow, since S  is isomorphic to the cartesian product / X / ,  with the opera
tion 0'i, .A) (z2 » ./2) =  (h , ./2), it is easy to show that the case S = S 5 corresponds 
to |/| =  1, and the case S = S 2 corresponds to | / |> 1 .  Q. e. d.

§3.

Hereafter, we will suppose that S  does not contain any unit element. We state 
the dual of Theorem 1.9.

Theorem 3.1. A semigroup S  is idempotent-generated if  and only i f  it has a decom
position Dr(S )  with the following properties:

1) T1 =  Ts =  Ti = 0 ' ,
2) T5 is rectangular, and every element o fT 5 is a right unit fo r S ;
3) S =  T0U T 2 is an idempotent-generated subsemigroup o f S.

Now, we want to study some properties o f subsemigroups S t , Tt ( /— 0 , . . . ,  5) 
in the general case, or particularly for idempotent-generated semigroups.

Theorem 3.2. I f  S is idempotent-generated, T5X 0  implies S 6~ 0 ,  and Ss A 0  
implies Tb—0 .

Proof. Suppose that there exist e f T b and e2£S 5. Then, e2e1= e 1 (since e2 
is a left unit for S ), e2ex= e 2 (since ex is a right for S), and so ex =  e2, and T5—S& =  
=  {̂ i}> where ex is a unit element for S\ and we have excluded this case. Q. e. d.

Anyway, both T5 and S 5 can be empty.

Example 3.3. Consider the semigroup S = { (a ,b ,)  a2= a , b2= b , (ab)2= b a }=  
=  {a, b, ab, ba} where ba =  0.
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We get S0= {b , ab, ba), S2- { a ) ,  T0—{a, ab,ba), T2= { b )  and S5= T s= 0 .  
Q. e. d.

C o ro llary  3.4. I f  S is an idempotent-generated semigroup, then S b T2 
implies S = T 0; dually, T5 Щ S 2 implies S = S 0.

P ro o f . It is enough to prove that if Sb% T 2, then S Q T 0.
If S5% T2, then there exists edS 5, e $ T 2] so that e£T0 (by the former lemma) 

and so there exists xdS : x^O , and xe= 0 . Then for every yd S , xy =  x(ey) =  
= (x c )y = 0 y = 0  and yd T 0. Q. e. d.

T heorem  3.5. For every semigroup S, T0?±{0} iff {0}.

P ro o f . By the dual property, we have only to prove that Т0^ { 0} implies 
that S 0 ̂  {0}. But this is trivial, since for every xd. T0 there exists y d S ,y^ Q : yx  =  0 
and if x^O then y€S’0. Q. e. d.

Recall the following definitions:

C(a, x) =  {y£S: ax =  ay}, D(a, x) =  {y£S: xa =  ya},
C(x) =  П c (a, x) =  {y£S: ya £ S , ax -  ay), 

aes

D(x) =  f)  D(a, x) =  (y iS 1: VadS, xa — ya}.
aes

T heorem  3.6. For every semigroup S, i f  a d S 2 and x d S 0, then C(a, x )Q S 0 
(dually, i f  adT2, xdT 0, then D(a, x )Q T 0).

P ro o f . If ad S 2, then there exist xl5 x 2d S 2, x1^ x 2: ax1= a x 2. If Xi€<So, 
then there exists у dS, y ^ 0 : хху = 0 . Then x 2y = 0 ;  in fact, if x 2y ^ 0  we get 
a(x2y )= (a x a)y = (a x 1)y = a (x 1y )= 0  and adS0. Since adS2, this yields x 2d S 0. 
Q. e. d.

C o ro llary  3.7. Let S be an idempotent-generated semigroup and let e belong 
to S b. Then:

i) iS'5T T,, implies D(e, x )Q T 0; SrQ T2 implies that i f  D{e, x)% T0, then 
D (e ,x )Q T 2-, '

ii) i f  x  is idempotent, then D(e, x) is a semigroup.

P r o o f , i) The first part of assertion i) follows from Corollary 3.4.
For the second part, if S5% T0, edS 5 then S 5?± 0 ,  T&=  0  and, by Theorem 

3.6. D (e ,x )Q T 2, since there exists ydD (e, x): у  $ T0.
ii) Let x  be idempotent and t±, t2d D (e ,x ); since x e = tl e = t 2e, one can say 

x e = x 2e = x (ex )e = (x e )(x e )= (t1e)(t2e )= t1(et2) e = t 1t2e and I) t2dD(e, x). Q. e. d.

C o ro llary  3.8. I f  S is idempotent-generated, then x dS 5 implies that C (a ,x )  
is a subsemigroup fo r  every adS; dually xdT 5 implies that D (a, x) is a subsemigroup 
for every adS.

P ro o f . Let t1, t 2dC (a ,x ), i.e. ax= a/j, a x = a t2. Then a(t1tf)—(atf)t2=  
= (a x )t2= a (x t2) —at2—ax and tl t2dC(a, x). Q. e. d.
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Theorem 3.9. I f  S is a semigroup and x  is idempotent then
i) D(x) is a subsemigroup and for every y£D (x), D (y )= D  (x) ;

ii) every element of D (x) has index = 2 , and period =  1;
iii) i f  e£D (x), e idempotent, then e&tx.

Proof, i) Let tx, t2£D(x), and adS, (t1 t2) a = t1(t2a )= x ( t2a )= x {x a )= x 2a = x a  
and t1t2£D(x). If y£D (x), then y a —xa for every adS, and so D (x )= D (y).

ii) If td.D{x), then ta = x a  for every adS . Since tdS, t'2 =  t t= x t.  But suppose 
t" -1= x t;  we get tn= ttn~1= t ( x t ) = x ( x t ) = x 2t= x t .  Therefore: x t = t 2= t 3= . . .  — tn, 
и ё  2.

iii) from assertion ii), we get x e= e2—e. But e x = x x —x  and this yields 
e@lx. Q. e. d.

Theorem 3.10. I f  S is an idempotent-generated semigroup then
i) i f  e is idempotent, then D (e) is an idempotent subsemigroup;

ii) if  xd SI ( i=  0 ,2 ,5 ), then D (x) S t, fo r  every x;
iii) i f  e is idempotent, edT t ( i—0 ,2 ,5 ), then D{e)Q  7);
iv) for every xdT &, D (x )=  {x};
v) for every x d S 5, D(x) =  S ß.

Proof, i) Let e be idempotent; if S'(e)={e}, the assertion is trivial. Suppose 
that there exists x ^ e : x£D (e), x = e 1...e„ (ei , . .., endE). Then for every adS, 
e a = x a = e 1...e„a=xe„a=eena and eendD(e). But een= e(een) =  (een)(ee„) =  (ee„) 
and een is idempotent. But ee„=xe„=e1...e„en= x  and so x  is idempotent.

ii) Suppose xgSo. There exists y d S ,y ^ 0 :  xy =  0; if tdD (x) then ty = x y  =  0 
and so td S 0. If xd S 5 then x a = a  for every adS. This yields that every tdD (x) 
must be a left unit for S, and conversely, every left unit for S  must belong to D(x). 
Therefore if xd Sr>, D (x)= S5. This proves assertions ii) and v).

iii) By assertion i) and by the former theorem, every element e'dD{e) has 
the property е'Зйе when e is idempotent. But for every x d T { ( /= 0 ,2 ,5 ) , we get 
RxQ Ti, by the dual property o f Lemma 2.1.

iv) Suppose edTb and ydD (e). Then y e = e e = e .  But ed.T& implies y e = y  
and so y —e. Q. e. d.

Remark that the dual theorems of 3.9 and 3.10 hold, for C(x).

§4.

By using some properties which have been shown in Section 3, in this part 
we want to characterize some particular idempotent-generated semigroups. Namely, 
we want to give an answer to the following question: if S  is an idempotent-generated 
semigroup, which conditions are necessary and sufficient to get an extension H  of S  
such that H  is an idempotent-generated semigroup, and S is isomorphic 
to я ( = я 0и я 2)?

As an answer, we shall prove the following theorem:

T heorem  4.1. Let S be an idempotent-generated semigroup, and let I  be the set 
o f  idempotents o f  S. Let T be a semigroup such that every element in it is a left unit 
fo r  T.
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The following conditions are equivalent:

a) i) There exists cp: 7—I (cp+ id .): cp(e)e'—ee', \/e ,e '£ I.
ii) Let Ф{1) be the set o f  such applications from I to itself; there exists an homo

morphism а: Г — Ф(7) which is not trivial.
b) i) There exists cp': S-+S (cp' +  id.): cp' (x)y—xy, \/x ,y £ S .
ii) Let Ф(£) be the set o f such applications from S to itself; there exists an homo

morphism а.': Т-*Ф(Б), which is not trivial.
c) There exists an idempotent-generated semigroup H, such that H0U H 2 — S 

and H&̂ T .

Proof. a)=>b). Consider Ф(7) with the composition operator (<Pio<p2)(e)=  
It is easy to show that Ф (7) is a semigroup (e.g. срхоср2£Ф(1), in fact 

4>z{<PÁe))e'=  (Pi (e) e '= ее').
Since a is a nontrivial homomorphism, there exists in Ф(7) a subsemigroup 

such that every element in it is a left unit and such that it has at least one element 
cp^id.

Let (p': S-+S  be an application such that for every х = е гe2...en£S , cp'(x)= 
= e l ...en_1cp(en). Then for every x£ S  and for every e£J,

q>'{x)e =  =  е ^ . е ^ & е  =  xe;

and for every x ,y £ S ,

(p'(x)y =  cp'(x)e[...e'm =  xe’i...e'm=  xy.

Therefore there exists cp': S —S(cp'+id.): cp'(x)y=xy, \/x ,y £ S .
Let Ф (5) be the semigroup of all these applications cp': S -»S  which can be 

obtained as above from the elements of a (T), and let a': T -* Ф(Б) be the following 
application: V tdT , a'(t)=cp,: S^-S  such that for every x = e 1...e„, cp,(x)= 
= e 1...e„_1(a(t)(en)).

Since a is an homomorphism, a' is an homomorphism, too. In fact:

9V»,(*) =  «1 — en-i{a-{tih)(en)) =  e1 ... e„_1{(ct.(t^a.(t^){e^) =

=  ei ••• e , - i (» W (« W W )) .
((Рч°(Р,г)(х) =  cptfcptl(xj) =  cp,fe1 ... - ! (а(Л)(<?„))) =

=  «1 ••• e«-i (a (i*) (a (О  (<?„)))•

Therefore, <ptl4 t =q>tl0<Ptt* and (Т^г)=а- ' f-i)- Since there exists a 
nontrivial a, we can guarantee that there exists a nontrivial a' such that every element 
in x'(T) is a left unit for cc'(T).

b)=>c). Consider now H = S {J T  and define the following operation +  on 77:

1) a ,b £ S  a +  b =  abdS,

2) a ,b £ T  a +  b =  ab =  b£T,

3) a£T, b£S  a +  b —

4) a£S, b£.T a +  b =  cpb(a)£S.
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(Я, + ) is a semigroup. In fact, the associative property holds in it. The proof 
is trivial in almost all cases except the following ones:

i) adS, bdS , cd T , a +  {b+ c) =  a(pc(b), (a +  b) +  c — (pc{ab), and if b = e 1...en, 
we get (pc{ab) =  <рс(ае1...еп) =  ael ...e„_1<pc(en) =  acpc(b).

ii) adS, b d T , cdS, a +  (b +  c) — a +  c =  ac, (a +  b) +  c =  (рь(а)с =  ac.

iii) adS, bd T, c£T, a +  (b +  c) =  \l/bc(a) =  (pc(a), (a +  b) +  c =

=  <Pc(<Pb(aj) =  <Рь0(Р Л а )  =  <РъАа) =  <Pc(«)-
If T° is the isomorphic image o f T  in Я, the elements in T° are left units for H  

(by 2) and 3)). So T°<gH5.
If, for an h dH , h + x = x , 'ix d H  then h d S ° —H —T° is impossible. In fact, 

h +  t=(p ,(h ),V tdT  and h +  t = t  cannot hold. So T ° ^ H 5 and T ^ T ° —H5, and 
S ^ S ° = H - T ° = H 0ÖH 2=H .

c)=>a). From now on, we will identify Я  and S, and Я5 and T. Call I и the set 
o f idempotent elements of Я.

If /£Я 6, let <pt be the application q>,: In —H, VedIn , (p ,(e)=e+ t. Then 
Фг(т)€/я. In fact 2 (e + t)= (e  +  t)  +  ( e + t)= e  +  ( t+ e )  +  t= e + e  +  t= e + t .  Besides 
(e+ t)d H , by Theorem 1.8.

If it were cpt(e )= e  for every edln , then t would be a right unit for Я  and 
this would be in contrast to Lemma 1.1. Therefore <р,(е)^е for at least one edJn 
and (p,^id. cpt(e)e' =  (e + t)  +  e '= e  +  ( t+ e ')= e  +  e' for every e, e'dJjj. The appli
cation а: Я5—Ф (/д), suchthat x(t) =  <pt, Mtd.H&, is a not trivial homomorphism. 
In fact,

a(ii +  t2)(e) =  q>,1+H{e) =  e +  fo +  r j ,

(a ( / J a  (Гг)) (e) =  a ( / J í e  +  tJ  =  (e +  / J  +  /2 =  e +  (h  +  /2).
Q. e. d.

R emark . Condition a) ii) implies some restrictions about the type of applica
tion of a) i). In fact it will be necessary that <p is idempotent, and that it is a left unit 
o f Ф(1). This makes much minor the number of chances, as it is shown by the following 
example:

Example 4.2. Let 5 =  {(a, b), a2=a, b2—b, aba=a, b a b = b }= {a ,b , ab, ba} 
and let T = { (u ,v ) ,  u2=u, v2 =  v, uv=v, v u = u }= {u ,v ) .

Condition a) i) of Theorem 4.1 is satisfied by every application which can be 
obtained by using one or more o f the following correspondences, and by taking 
the other elements as fixed points: a ab, b ba, ab — a, ba — b.

But by condition a) ii) we must only refer to the subsemigroup of Ф(/) which 
contains only the following two applications from I  to itself:

a —■ ab

<Pi
b -+ b 

ab  -*■ ab 
ba -*■ b

a — a

4>2
b ba 

ab -* a 
ba — ba.
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So, we get the following possible extensions oí S by T:

H' =  {a, b, ab, ba, u, v ; /(pu =  tpk -  tpv}

H" =  {a, b, ab, ba, u, v; /cpu =  tp2 =  tpv}

H"' =  {a, b, ab, ba, u, v; l<pu =  срг, (pv =  <p2}

H"" =  {a, b, ab, ba, u, v; /tpu =  tp2, tpv =  tp^.

Remark that in the former example S = S 2 and therefore S b=  0 .
So to get that a semigroup S  can be extended, S&y- 0  is not necessary. But 

such a condition is sufficient, as it is shown by the following theorem:

T heorem  4.3. I f  the idempotent-generated semigroup S  has a non empty subsemi
group S5, then condition a) i) o f Theorem 4.1 is always satisfied.

P roof. Let kd S 5, and suppose that к is not a unit for S. So there must exist 
ed.1: ект^е. Then ek= ekk , and we have ekdD (k, e)\ so for every td S  we get 
{ek)t= e{k t) =  et, and we may say <pk{e)= ek . Q. e. d.

Now consider the following equivalence relation on the elements of I : We l5 e2dl, 
ег ~ е 2 iff D (e1)= D (e2). By Theorem 3.10, we get

C o ro llary  4.4. For every idempotent-generated semigroup S

a) S 5 is an equivalence class for ~  ;
b) all classes o f elements in T5 are singletons;
c) every class is included in one and only one o f the subsemigroups St (i — 0 ,2 ,5 )  

and TI ( i=  0, 2, 5).

Finally, it can be easily proved that

C o ro llary  4.5. An idempotent-generated semigroup S  satisfies condition a )i)  
o f Theorem 4.1 i f  and only i f  there exists at least one class in / / ~  which is different 
from a singleton.
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SOME RESULTS ON RECORD VALUES 
FROM THE EXPONENTIAL AND WEIBULL LAW

A. C. DALLAS (Athens)

1. Introduction

Let X x , X г, ... be independent and identically distributed random variables 
with a common continuous distribution function F(x). Define the record times 
Д « ) (n = l)  by L (0) =  1 and L(n)=m in (y: X j > X L(n_ iy}  (n > l). Set Y n = X L(n) 
( я ё 0) and call Yn (n ̂ O) the sequence o f upper records. Because F(x) is continuous 
we note that both L(n) and Y„ (nSO) are well defined.

The joint probability element o f T0, ..., Ys is given by

( 1 . 1) d G (y0, =  dF (y0) ... dF(ys) 
Р(Уо) ■■■ P(ys-i) ’

Уо < •••<  Js,

where p {x )= \  — F(x). Integrating out y 0, . . . , y s- i  we get the probability element 
of Ys (г ё 0), which is given by

(1-2) dGs(ys) =  (s O -^ -lo g  p(ys))s dF(ys).

In an analogous way we can define the sequence o f  lower records. If u = t(x )  
is a strictly increasing function then it can be easily shown that t(Y„) (nS  0) is a 
sequence of upper records resulting from a series o f i.i.d. random variables each 
with distribution function Т(г~1(н)). If t(x) is strictly decreasing then t(Y„) (я ё О) 
is a sequence of lower records from р ((_1(м)). Therefore we limit ourselves to the 
case o f upper records calling them simply records.

Basic in the study of records is the function R (x)=  — log (1 — T(jc)). This 
function has the property of transforming records from any continuous strictly 
increasing distribution F(x) to records from the exponential distribution E(0, 1), 
where

_  Í1—exp (— b (x —a)) if x  =  u, 0 
if

In this note we indicate that using this property some results on records can be 
obtained in a similar way to that introduced for the study of order statistics by A. 
Rényi [1]. The results are of similar nature to those given by G. Hajós and A. Rényi. 
[2]. Next, we give a characterization of the Weibull law, related to the results obtained
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2. The exponential law

Let F0, Fx, ... be record values generated by a strictly increasing distribution 
function F(x). We may confine ourselves to the case F (x)—E(0,1). Then the joint 
density of F0, . . . ,  Ys is given by

( 2 .1 )  f ( y 0, ...,ys) =  е х р С - у Д  0 < y o < . . . < y s .

Considering now the case where Yk= c k, . . . ,  Ys= c s are fixed, we
can easily see that the conditional density of the remaining variables is given by

(2.2) ЯУо,—,У к-\\Ск> •••» О  =  fc!/4, 0
That is they have the same distribution as the order statistics of a random sample 
o f size к from the uniform distribution on the interval (0, ck).

In a similar way, when Y0= c 0, . . . ,  Yk—ck ( O s k ^ s —1) are fixed, we get

(2.3) ДУк+i, •••> ..., ck) =  exp { - ( y s- c k)}

where ck< y k+1< ... < y 5. Comparing (2.3) with (2.1) we deduce that the conditional 
distribution of the remaining s — k  records is the same as the unconditional one of 
the first s —k  records from E(ck, 1).

Since (2.2) and (2.3) depend only on ck, the previous statements hold also true 
when only Yk= c k (1 ^ k ^ s — 1) is fixed. Using analogous arguments one can prove 
that the sets o f variables (F„, . . . ,  Yk-f)  and (Yk+1, . . . ,  Fs) are conditionally inde
pendent when Yk =  ck (1 ^ k ^ s — 1) is fixed. That is the sequence F; ( / s 0) forms 
a Markov chain. In the case o f an arbitrary continuous distribution F{x), using 
arguments similar to the ones given in § 1 of [1], one can prove that F; (гшО) forms 
a Markov chain.

Now we state the following theorem.

T heorem 2.1. Let F0, Yl , ... be record values from  E( 0,1). Then YJ Yk, where 
0 ^ < k, has the same distribution as that o f  the ( z + l) si order statistic o f  a random 
sample of size к from  the uniform distribution on the interval (0, 1). Also Y j  Yk and Yk 
are independent. In addition, the random variables ( Y ^ d Y f  ( l i / s r )  are i.i.d. 
each having as distribution, the uniform one on the interval (0, 1).

The proof o f the above theorem follows exactly the same steps as the proof of 
corresponding statements for order statistics that is given in Section 6 of [2]. Therefore 
we omit it here. A direct but rather complicated proof of the above theorem was 
given by M. L. Aggarwal and A. Nagabushanam in [3]. Corresponding statements 
for E(a, b) can be made, provided that some obvious modifications are made.

3. The Weibull law

A random variable X  with probability density function given by

exp(— kxy) if x  >  0, Я >  0, y > 0
otherwise

is said to have the Weibull law with parameters Я and y.

(3.1) m
fyx5'-1*
10
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Consider now the records Y0, Yk, . . . ,  Yk generated by the distribution (3.1). 
Making the appropriate substitutions and transformations in (1.1) we conclude that 
Y J Y 1, Y J Y 2, . .., Yk~i/Yk and Yk are mutually independent. From this we deduce 
that YJYk and Yk, where 0 S /< fc, are independent. We will prove below that, 
under some distributional assumptions, this is a characteristic property o f the Wei- 
bull law.

Assume that the records Yt and Yk, Y t< Y k are generated by a continuous 
distribution function F{x). Before giving the characterization we establish some prop
erties of F(x) which follow as immediate consequences o f the independence of 
Y jY k and Yk.

P r o p o s i t i o n  3.1. The independence o f  Yi/Yk and Yk implies either F (0 )= 0  
(JfisO) or F (0)=1 (ZsO ).

P r o o f . Suppose P (A <  0 )> 0  and P { X >  0)>0, that is X  takes both negative 
and positive values with positive probability. Then Yk^ 0  implies YJYk> 0. Now 
if Yk> 0 then YJYk can take both negative and positive values. But this is a contra
diction to the assumption o f independence. Hence the proof of the proposition.

This proposition suggests the examination of two separate cases. So we consider 
first the case ХшО.

P r o p o s i t i o n  3.2. Assume F(x) is continuous, F (0)=0 and Yt/Yk is independent 
o f  Yk. Then 0 ^ x 1< x 2 implies F(x1)-cF (x2)-

P r o o f . Let xk< x 2 and F(x1)= F (x2)< 1 . Denote by b the smallest point 
o f  increase of F(x) such that x2= P  Then F(b)=F(x2). Suppose now Yk—ck 
with ck>b.  Using the Markov property o f record values, the conditional probability 
element of Yt when Yk =  ck, is given by the expression

k\ [ logpCri)]' f  locP(c*)]k 11 dF(yJ
i \ ( k - i - l ) \ [ - l o g p ( c k)]k l  ё р(у,)1 p ( y t) ’

v.'here 0 = у < с к. Therefore the conditional distribution F,(x) o f Yi/Yk given 
is given by

k\
i ! (fc — i — 1)!

[lo g p C ^ l'l 1 d log p (y t)
Llog p ( c k) J 1- logp(ct)J log p ( c k)

with 0 ^ x -= l. Next we transform the integral on the right hand side introducing 
the variable t =  log /? (y,-)/log p  (ck) to find

logp(cfcx)/Iogp(ck) , , ,

(3.2) Ft(x) =  f  (fc — г) I . I z‘( l — z)k~i ~1 dz.
о ' 11

From the above expression we conclude that F;(xjck) =  F\(x2jck) =  F fb /ck) and 
that b/ck is a point of increase of F;(x). Now as F(x) is continuous we can find 
another point of increase o f  F(x), say h, such that ck-^h and x f c ^ b /h .  Assume 
now Yk=h. Then, as the conditional distribution Ffx) remains the same because 
of the assumed independence, we have that b/h is a point o f increase of F;(x). This 
is a contradiction. Hence F (x1)< F (x 2). This proves the proposition.

Now we state and prove the characterization theorem.
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T h e o r e m  3.1. Let T ;<  Yk with 0 ^ i < к be the corresponding i-th and k-th 
records from a continuous distribution F(x) with F(0) =  0. Then the independence o f  
Yi/Yk and Yk implies that X  is distributed according to the Weibull law (3.1).

P r o o f . Proposition 3.2 suggests that the support of F(x) must be of the form 
[0, a) where 0 < a ^ o o . From (3.2) and the assumption of independence we have 
that p(x) must satisfy the functional equation

(3.3) log p(ckx) =  A (x) log p(ck), 0 < c t S a ,  0 <  x  <  1.

Ifw eset A(  1)=1 then (3.3)holds for 0 < x S l .  Setting x=exp  ( —y), ck=exp ( —yk) 
and a (x )= lo g p (e~ x) we are led to the equation

This is a Cauchy type functional equation and its solution is a(y )= B  exp (Oy), 
y ^ lo g a -1, B < 0. Hence p (x )= e x p  (Bx~°), O ^x ^ ű, F < 0 . A s p(x) must be 
decreasing and continuous we must have 0<O and a =  +  This implies that X  
has the Weibull law (3.1) with X = —B and y = — в. This concludes the proof of 
theorem.

Suppose now X^O. The analysis can be carried out in a similar fashion. 
As in Proposition 3.2 we can prove that X  is not bounded from below and that 

implies F (xj)< F ( x2). Therefore the support of X  is o f  the form ( -  oo, a]. 
The conditional distribution o f YJYk when Yk—ck is given by

The independence leads to the equation log p (ckx ) = В (x) lo g p (ct), x > \ ,  ck< a  
and the general solution is given by p(y)=exp  (ßyx) with y < 0 ,  A<0, /?>0 where 
a = 0  because o f continuity. This is a Weibull type distribution on the negative axis.

Instead o f the assumption o f  independence, we may impose the stronger assump
tion that YJYk given Yk has the same distribution as the / + 1 order statistics o f a 
random sample o f size к  from the uniform distribution on (0, 1). Then after some 
calculation we can show that this distribution is E (0, b). Note also that using strictly 
monotonous transforms and the remarks given in the introduction, several distribu
tions can be characterized. For this purpose we may use the independence of suit
able functions o f records, upper or lower ones, which result when the transforms 
are applied on YtjYk and Yk.

The monotone failure rate distributions, increasing failure rate ( IFR)  and decreasing 
failure rate (DFR),  play an important role in reliability studies. A  result connected 
with these distributions is quoted and proven as a corollary o f  Theorem 3.1.

C o r o l l a r y  3.1. Let F(0) =  0 and F(y) be IFR (DFR) and continuous. Then the 
independence o f  YJYk and Yk implies that Yi!Yk is stochastically greater (smaller) 
than the ( /+  l) si order statistic o f  a random sample o f  size к from the uniform distribu
tion on [0, 1].

P r o o f . A s F(y) is IFR (DFR), then — log p (y) is convex (concave), for any 
у  in {y : F ( y )  <  1, y ^ 0 }  (see e.g. Theorem 4.1 on page 25 o f [4]). Then for any 
0 < x < l  and any ck> 0, we get, logp(ckx)/\ogp(ck) ^ x ( ^ x )  as logp (0 )= 0

а(У+Ук) =  b (y )a (y k), 0 ^  y, lo g a ^ -c y * .
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and — log/i(x) is convex (concave). Then from (3.2) we have

F'M  a

This proves the corollary, as the integral is the distribution function o f the ( i+ l ) “ 
order statistic.

4. Remarks

It is easy to see that Yk/Ym and Y„/Yr, where 0 are independent 
when F ( x )  is the Weibull distribution. Now consider the Pareto distribution whose

. v i a  V -1
density is given by / ( x ) = — I—J , 0 0<p.  Let H0,H X, ... be a sequence

of records from this distribution. Then a direct computation shows that H0, 
HJH1, .. . ,  HS_JHS are independent. This implies that the independence of any 
pair Y J Y m and Y JY r where 0 does not lead to a characterization 
of the Weibull or Pareto distribution.

Analogous remarks can be made for the dilferences between records. One can 
easily show that Yx— F0, ... ,  7 S— are independent and that Yi—Yi_1 has an 
exponential distribution when Y0, Yx, ... come from E(a, b). Consider now a random 
variable with distribution function 1 —exp ( —exp x), — Then using the
definitions, after some calculations, we can see that the differences Yi — Yi_ 1 (1 ^ i^ s )  
are independent. The conclusion is that the independence of Ym — Yk and Yr—Y„ 
where does not lead to a characterization of E(a, b).

Both these results can be contrasted with the case of the order statistics, where 
the independence of the previously mentioned quotients, correspondingly differences, 
characterizes the Pareto distribution, correspondingly E(a, b). These results have 
been proved by H. J. Rossberg [5].

Aknowledgement. The author wishes to express his thanks to Dr. Pál Bártfai, 
whose remarks and suggestions led to the improvement of an earlier draft of this 
paper.
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ÜBER EIN INTERPOLATIONSVERFAHREN 
VON S. N. BERNSTEIN

R. GÜNTTNER (Osnabrück)

Einleitung und Ergebnisse

Gegeben seien die Knoten tv=T+viz/n, v = l ,  2, 3, . . . ,  2n, und

( 1) s„m ) =
2 n

2  d»(t-ti)g(ti)

sei das trigonometrische Interpolationspolynom der Ordnung n der 2TC-periodischen 
Funktion g. Hierbei ist

1 / 1 1  n_1 1 
(2) dn(t) =  —  sin nictg v  =  v ~  +  —' 2  cos j i  +  —  cos nt.2 n 2 2 n n j=i 2 n

Für г wird häufig t =  0 oder r = — n/(2n) gewählt, doch ist für Fehlerabschätzungen 
die Wahl von т unerheblich, da sie als eine Translation von g  und 5„[g] interpre
tiert werden kann.

Eine Verallgemeinerung von (1) sind die Ausdrücke

vgl. Kis [5, (7)]. Sie lassen sich auch durch Sn darstellen, so gilt zum Beispiel Nio — S“ 
mit t =  —n/(2n),

s „ M (0  =  i ( s . [ * l ( » ~ )  +  4 ,M (< + ^ ))

mit r= 0 , und

Sn2[g](t) =  j  ( 5 . [ g ] ( i - ^ )  +  2 S . [ g ] ( / )  +  S . [ g ] ( i + ^ ) )
mit t = —n/(2n). Ausdrücke dieser Art wurden zuerst von S. N. Bernstein [1] 
untersucht. Sie lassen sich auch schreiben in der Form

(4)
S „ J g ](0  =  2  g f — к ungerade, i = l  V n )

2" (2 í — 1 1
S„k [g] (0 =  . 2  g [ 2n 71 j Si W' k 8erade>
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mit

(5) - t Í Í Í W ' -
2i +  2j —к  

2 n
2 i+ 2 j—k — í  

2n

к, ungerade 

к, gerade

vgl. Kis [5, Lemma 1].
Wie üblich sei mit Нш die Klasse der Funktionen bezeichnet, deren Stetig

keitsmodul nicht größer als ein vorgegebener Stetigkeitsmodul со ist. In [8] beweist 
Kis u. a. die Abschätzung

(6) |5„fc[g ](i)-g (0 l ^  +  со konkav.

Hierbei wurde von Kis [6] gezeigt, daß C„2= 5/4, Cnl =   ̂1 +  +  О (1 /и2), Cnl ё  (1 +  — j

für n = \ ,  3, 5, —
In dieser Arbeit sollen Fehlerabschätzungen für die Funktionenklasse LipM! 

bewiesen werden, also für alle g  mit \g(x)—g (y ) \^ .M \x —y\. Für k = 0 ist bereits 
bekannt [3]

Mu.
|S„[g](0-g(0l ^ l ‘S«ll-2n~,

wobei flSJ die Norm des Interpolationsoperators S„ bezeichnet. Asymptotische 
Ausdrücke hierfür sind in [4] angegeben. Die bestmögliche Approximation durch 
trigonometrische Polynome и-ten Grades ist gegeben durch

„ , . Mn T .
E Á g ) - W T \ y  g€L ipM l-

Wir betrachten nun für k ^ l  Fehlerabschätzungen der Form

(7) l'S'nfc [g] (0  g (01 — c"k~2̂ ~’ g€LipMl.

Die Abschätzung (6) liefert mit w(ö)=M ö

(8) cni — +  > и =  1, 3, 5, ..., c„2 — ~2 ’ n =  1, 2, 3, ....

Als Hauptziel dieser Arbeit soll gezeigt werden, daß c„k am kleinsten ist für k =  1. 
Herbei sei stets k<2n,  falls nicht anders vermerkt. Die Abschätzung in (8) für 
cnl läßt sich wesentlich verbessern. Zunächst zeigen wir für n —1 ,2 ,3 ,. . .

Satz 1.
2vC n >  __2v —  2 2 у cn, 2u-l V =  1, 2, 3.......
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Die auf der rechten Seite der Abschätzung stehenden Größen sind als Funktion 
von v streng monoton wachsend, wie man etwa durch vollständige Induktion be
weisen kann. Wir erhalten somit

K o r o l l a r  1.
3

c„k — "2 > к — 3, 4, 5, —

Für k =  1 und k = 2 liefert Satz 1 mit v = l  nur c„2 =  1 und ел1ё 1 .  Wir 
zeigen daher als nächstes

Sa t z  2 .

сл2> 1 , 3 6 - ^ .

Am schwierigsten is der Fall к — 1, denn hier ist eine möglichst genaue Ab
schätzung von cnl nach oben und nach unten sinnvoll. Wir beweisen

Sa t z  3 .

3 1
c„i =  c+r„ mit c =  1,1696... und - - ^  <  rn <  .

Als Folgerung erhält man zunächst für n > 2

K o r o l l a r  2. cnfc> c nl, к —2 , 3 , 4 , . .. .
Dieses Korollar ist auch richtig für n = 2, denn hierfür errechnet man leicht 

durch Diskussion der Beweise für diesen konkreten Fall 022=* 1,29, aber 
c21=  1,1914__  Für /1=  1 ergibt sich dagegen c12= c lx= l .

Beweis der Sätze 1 und 2

Es gilt =  ̂ г Д [ j  )g (fc + 2 n 2 jn\, vgl. [5,(1)], und damit

Mn 1 (kl I к
~ ~ 2 n " F  Д 1  j )  \ 2 ~ J

Es ist leicht, für к-=2и eine Funktion g£LipMl zu finden, für die in dieser Unglei
chungskette das Gleichheitszeichen gilt. Die rechts erhaltene Summe wertet man 
durch Fallunterscheidung к gerade bzw. к  ungerade aus, wie dies bereits in [5] 
beim Beweis von (22) bzw. (24) durchgeführt wurde. Damit ist Satz 1 bewiesen.
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Zum Beweis von Satz 2 gehen wir aus von der Darstellung (4). Durch partielle 
Summation ergibt sich zunächst

+(8 (- £ ) ■-81w)' ,м+ (* Ш-81wb 1w •+■

^ | ( г ( ^ " ) “ 8 ( т ^ Ч Ь <,)-
Hierbei wurde wie bei Kis [6] für bebliebiges к  zur Abkürzung eingeführt

( 1 0 )  < X | ( 0 =  É  S j ( t ) ,  1 - n S i s O ;  a  f t )  =  У S j ( t ) ,  1 S i S n .
j=X-n j = i

Von großer Bedeutung sind die beiden folgenden Lemmata, vgl. [5, Lemmata 3—6], 
[6, Lemma 2]

71

Lemma 1. Sei . Wenn 2n = k, dann ist s A f S 0, - и < ( ё й .  Wenn2 n
2 n > k , dann gilt fü r  к gerade

( - 1 )  2Sj(i) =  0, —n <  i ^  , st(t) Ш 0, - T < i S 2 ’

fü r  к ungerade gilt

i k 1 ,
( - 1 ) + 2 + S((0 s  0, y < i á n ,

i + —
( - 1 )  2 s;( 0 ^ 0 ,  - n < i s k + 1  fc+1

2 ’  2 

fc -1

S  i ^  n,

Si(t) s  0, == i ^

Der Beweis in [5] kann wesentlich vereinfacht werden. Sei z.B. 2n>k  und к 
gerade. Wie bei Kis geht man aus von (5) und (2)

2» W ) =  f  1  ( ■ ) Bin n (r  ■- 2, + \ k n)  Ctg ( i  -  2, + \ f  , )  =

=  —т- Sin i

Es bleibt nur das Vorzeichen der letzten Summe zu bestimmen. Für — —k/2 
ist z. B. das Argument von / ( x )= c tg x  aus dem Intervall (0, л). Die betreffende 
Summe kann nun aber als к-te Differenz von / mit der Schrittweite h=nj{2n) inter-
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pretiert werden,

Л khf(x)  =  Д  ( -  i y  ̂ . ' j f ix  +  kh - jh ) ,  x  =  ~ -  2i+4 n 1 n-

Hat nun f (k) festes Vorzeichen, so gilt bekanntlich sgn A lf(x )  =  s g n f (k)(x). In 
vorliegendem Falle gilt s g n /(k)= (—l)fc. Letzteres läßt sich z. B. beweisen, indem 
man die Beziehung / ' =  — 1—/ 2 nach der Produktregel differenziert, womit man

f (k+14x)  =  -  J  ( k )fV > (x V * ~ 4 x )  (k >  0),

erhält, und hiermit vollständige Induktion anwendet.

Lemma 1 benutzt Kis [6] zum Beweis von

L e m m a  2. In Lemma 1 kann st ersetzt werden durch at.

Zum weiteren Beweis von Satz 2 wählen wir nun in (9) als g{t), O ^ t^ n ,  eine 
Funktion g  mit g(0)=Mn/(2ri) und

( 2 i — 1 \  _  (Мл/п, i =  1 ,3 ,5 , . . .
*4 2n П) \2Мл/п, i =  2 ,4 ,6 , . . . ,

dazwischen sei g  linear. Mit g ( —t)=g(t)  ist g  auf [ — n, n] definiert. Aus (9) und 
Lemma 2 ergibt sich

(11) s rt[g ](0 )-g (0 ) =  ~  ( l  + 2  _ i n h (0 ) |j  .
iV0,i

Wie in [6, (42)] gezeigt und wegen o‘0+cr1=  1 gilt

2  M O l = 1 - C h ic o s  t ) - U - i y + 4 n(cost) 
i—i —n Z 4 4

Z,(cos t) =  — ( ~ l ) i+1 n
. 2 i— 1 К  2 i— 1 \

sm 2 n ncos nt / Jcos t — cos - ..tcJ .

Damit errechnet sich

/,(cos0) =  - c o s  i )  =  L t g 7Г
4n~

£
71 ’

. 1 7Г l ( .  Л \  1 71 1
(—1ГЧ.(смО) =  j j / l i  + « * s - )  = 7ГИп 4^ -  iÄ

Somit folgt schließlich

M0,1

Dies eingesetzt in (11) ergibt die Aussage von Satz 2.
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Beweis von Satz 3

Zunächst ist es nützlich zu zeigen, daß

(12) rn( t)=  sup |5Bl[g ](/)-g (0 l
в e LípM 1

nur für 0^t^n /(2 r i)  diskutiert werdßen muß, denn es gilt 
Lemma 3.

rn(0 = t€ [* * ]■

r„(Ö = r»[t+ ~ ) ’ v = ± 1 , ± 2 , ....

Beweis. Daß das Supremum in (12) existiert für 0 s t^ n /(2 n )  folgt aus den 
Rechnungen zu Lemma 4. Es ist

r„(-  0  =  sup |Snl[ / ] ( —* ) - / ( —01-
/  € L ipM 1

Sei g(t)=f(  — t), tdR. Es gilt g€L ipMl genau dann, wenn /6 L ip Ml;  durchläuft 
/ alle Funktionen von LipMl, dann auch g und umgekehrt. Da s nl[ f K - t ) = s nl[ g W  
ist die erste Beziehung bewiesen. Analog folgt die zweite Aussage mit g(t)—f{t+vnln) 
und Snl[f](t+vn/ri )=Snl[gKt).

Für die folgenden Beweise werde zur Abkürzung gesetzt

s (0  =

wobei die at wie in (10) definiert sind. Wir beweisen nun 

Lemma 4. |5 Bl[ g ] ( r ) - g (0 N  ( l  +■£

Beweis. Wir gehen aus von

(13) ±  5,(0 =  l,1 = l —n

vgl. [6, (24)]. Dies kann auch aus (5) mit Hilfe von

2  dn( t~ td  =  11 =  1 — n

gefolgert werden. Damit ist wegen (4)

SaM(0-g(0 = ,_ iB (g(-^-)-g(o)*i(0.
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Durch partielle Summation ergibt sich mit (10)

(14) s nl[g] ( t ) - g ( 0  =  7c))o-f ( 0 + (g(0) -g(0)<ro( 0 +

+  (s ( i ) - s « ) )< T ,W + 1|  (* ( - ^ ) - г  "))«,(<).

Für g€LipMl folgt hieraus

Mit n ( П \as) z  wt( t ) \ + M t \ a M + M \ ^ - t  1̂ (01.П í=1—n \П )
Ы 0 , 1

Zur weiteren Auswertung beachte man zunächst, daß aus (10) und (13) folgt 
(T0(i) +  ö'1( t ) = l .  Daher gilt

0o(O =  y + e(0, Ci (0  =  у ~ £(0-

Wie in Lemma 2 angegeben, ist in dem zu Grunde liegenden Intervall a0( 0 —0, 
cr1(/)^ 0 . In [6, (62)] wurde gezeigt

Hiermit folgt nun unmittelbar

k i(0 | =  j -

(16) 2  ki(OI =  2  k i(O I-M O I =  e(0-
i=l— n i=l—n
Ы 0,1 i?í0

Auf ähnliche Weise zeigt man

M * o (O I+ (£ -f)k i(O I  =  ^ + £( ф ' “ ) .

Hiermit und mit (16) läßt sich nun (15) umformen zu der in Lemma 4 angegebenen 
Form.

Aus Lemma 3 und Lemma 4 kann nun gefolgert werden 

(17) cn l^  1 + ^  SUP (nis(O).

In anderer Richtung gilt

L emma 5 .

n ungerade,

n gerade.
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B ew eis. Für k = l  ergibt sich in Lemma 2 speziel <ro( i)^ 0 , <71(/)^ 0  und

(18) sgn o-j(r) =  (—1),+1, —n < / s  — 1, 2 =  i =  и.

Für jedes feste t'd[0, n/(2n)\, n ungerade, betrachten wir folgende Funktion у :

' ( I )
Мл----  fur ( =  0, — 2, — 4, ...п
2 Мл für i =  —1, —3, —5, ...

1Я rs— я <  — ^  0, 
n

—2r'j für i =  1, 3, 5, ...

■ ( f ) = für i =  2, 4, 6, ...

_ l7Z 
0  <  —  =  Я .

n

Im übrigen soll у linear verlaufen. Man prüft leicht nach, daß y€LipMl und

i + l — n <  i S  - 1,

уШ-á^ ) *■<«*
У (0) -  У (О = MF, у (!) -  у (О =м[^-1'У

Dies eingesetzt in (14) ergibt auf Grund von (18)

snl[y№ -y(0  = ^ . i  ki(OI+MF|<T0(O|+MÍ^-F)|<71(O|.
i^O.l

Die weiteren Umformungen wie bei (15) ergeben

Afu Г 4 1
Snl[y](0-V(0 = -2^ [ 1+ - nfe(f)\ ■

Für t', 0Si'^rc/(2n), wähle man denjenigen Wert, für den der Ausdruck nt ■ e(t)  
maximal wird. Damit ist Lemma 5 für n ungerade bewiesen.

Für n gerade sei у wie oben mit Ausnahme von у (л). Hierfür wählen wir у (я) =

Hiermit ist у 2я-репой15сЬ und y£LipMl. Es gilt aber

[ у ( я ) - у ( ^ р я ) ] о - в( 0  =  \~~~—Л/2/'] |<7„ (О  I •
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Nach weiterer Rechnung ergibt sich hiermit

SalvKO-ViO = ^[l+^nt'e(t)~nt'\<rn(0\\.

Beachtet man so erhält man

. . . .  1 Г ( t я 1) ( t л ' l l  nt cos nt
^■(»i= cos"'1“ °It + 4»J+ 1т _ ет1 • 71 П*

Hieraus errechnet sich mit der Substitution n t= z 9 0^ i^n /(2n),

womit Lemma 5 vollständig bewiesen ist.

L emma 6 .

^  sup (nte(O) =  0,1696 ... +r*, |r*| <  ^  (n >  2).
л os,al;

B ew eis. Wir gehen aus von <r0(I )= l/2 + e (r )  und der Darstellung von <r0 
in [6, S. 187], woraus folgt

e(,) =

Aus der Potenzreihendarstellung des Sinus sin x =  £  a„xv ergibt sich somit nach
V =  1

einigen Umformungen

(.9) но = i « . ( f

Die Summe in eckigen Klammern kann als Mittelpunktformel bezüglich 
f v(x )= x v ctg x  mit der Schrittweite h=n/n  interpretiert werden. Zunächst sei der 
Fall n gerade betrachtet. Es ist

2" inW n ( 2 j - l  )v ( 2 j - l  1 2”
(20) ^ 7  «J « g  ( - j j -  *J =  ^  /  /.<*> äx +

Für die Mittelpunktformel ist bekannt [2, S. 43]

dx SUP \f"(x)\.a^x^b
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Hier gilt

Im Falle n gerade ist a = 0, b =  n/2 und h=n/n  zu setzen. Im Falle n ungerade er
halten wir a = 0, b=n/2  — n/(2n). Wir korrigieren in (20) daher mit dem Term

Im Falle v = l  wurde berücksichtigt, daß /k o n k a v  ist und die Mittelpunktformel 
daher einen größeren Wert liefert als das Integral. Die Integrale in (20) sind für 
kleine v leicht auszuwerten, für große v beachte man die einfache Abschätzung 
ctgjc< l/x . D ie erhaltenen Werte sind in (19) einzusetzen. Nach Substitution von 
n t= z  und sorgfältiger Auswertung der entstandenen Ausdrücke erhält man das 
in Lemma 6 zitierte Resultat.

Aus (17), Lemma 5 und Lemma 6 folgt nun die Aussage von Satz 3.
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BORSUK’S THEOREM AND THE NUMBER OF 
FACETS OF CENTRALLY SYMMETRIC POLYTOPES

I. BÁRÁNY (Budapest) and L. LOVÁSZ (Szeged), corresponding member of the Academy

Let C"={x€R": |л)| =  1 /=  1, ... ,  и} be the и-dimensional cube and A be a 
(/-dimensional subspace of R" having no point in common with the ( n - d —l)- 
dimensional faces of C". We want to find a lower bound on the number of vertices 
of the polytope ADC". More generally, given an и-dimensional centrally symmetric 
polytope К  (whose center is at the origin) and a (/-dimensional subspace /IcR ", 
find lower bound on the number of vertices o f АПК.  We are going to prove two 
theorems concerning this question. These theorems have several interesting corol
laries, for instance the following “lower bound”-type one. Every (/-dimensional, 
centrally symmetric simplicial polytope has at least 2d facets. (In fact this theorem 
is equivalent to our main result when K = C n.)

This question was motivated by the following problem o f Erdős [2]. Given 
a1? . . . ,  an£Rd vectors of at most unit length, at least how many o f the 2" vectors

У  Eidi (e,- =  +1 or — 1) lie in the ball }'d Bd, where Bd is the euclidean unit ball of 
i t i _£
Rd. Erdos conjectured that this number is at least c(d)2"n 2 for some positive 
constant c(d) depending only on d. This conjecture has been proved very recently 
by J. Beck [1]. In this paper we do not contribute to this problem because our results

In the proofs we shall need Borsuk’s theorem on antipodal maps. A continuous 
map (p: Sn-+ Rm is said to be antipodal if (p(—x )——(p(x) for every x £ S".

Borsuk’s theorem. I f  m < n , then there is no antipodal map <p: S"-*■ Sm-

This theorem is equivalent to the following.
I f  (p: Á"—R" is an antipodal map, then there exists an x £ S n with <p (x) =  0. 
We shall prove the following extension o f Borsuk’s theorem.
I f  tp: Sn-+Sm is antipodal, then the n-dimensional measure o f  (p(Sn) is not 

less than the (n-dimensional) measure of Sn.

Let К  be a convex polytope in R". The support of x£K  is defined as the mini
mal face of К  containing x. A face is understood to be closed. If x  lies in dK, the 
boundary of K, then t (x )= t(x ,  К ) denotes the set of outer normals o f unit length 
to К  at x. It is clear that ( ( x j c V ' 1 is nonempty. The set t(x) consists of one point

1. Introduction

would imply only that the number in question is at least 2"~d

2, Notation and results
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if the boundary of К  is smooth at x. The «/-dimensional outer angle o f К 
at x («/= 1, 2, , ri) is defined as

ccd(x, K) V i  (/(*)) 
V rC S “- 1) ’

where /.i _1 is the («/— l)-dimensional Lebesgue measure in R" and S'*-1 is supposed 
to be isometrically imbedded into R". Obviously,

10, if the support of x  is more than (n — «/(-dimensional, 
d ’ l°°, if the support of x  is less than (n — «/(-dimensional.

Let sd (d> denote the set of «/-dimensional subspaces o f R". We shall consider 
sections o f type А П К  where К cR" is a centrally symmetric и-dimensional poly
tope (with center at the origin) and A^s4(d). A section А П К  is called regular 
if A has no point in common with the (n—d — l)-dimensional faces of K.

Theorem 1. Let К  be a centrally symmetric, n-dimensionalpolytope and ACsdld)' 
Then
( 1) 2

x  € vert (Л ПК)
<xd(x, К) fe 1

where vert (АПК) is the set o f  vertices o f  АПК. 

Corollary 1. I f  А П К  is a regular section, then

I vert (Л ПЛ")| is —Jpr, 
u-d\K)

where a(J(A') =  max {y.d(x, K ): the support o f  x  is (n-d)-dimensional}.

Corollary 2. Any regular, d-dimensional section o f  C" has at least 2d vertices.

Corollary 3. Any d-dimensional, centrally symmetric, simplicial polylope has 
at least 2d facets.

Corollary 4. [cf. Erdős, Beck], I f  a1, . . . ,  an£Bd, then at least 2"~‘,Д ^ |  vec-
n _

tors out o f  the 2" vectors я,«/; (г;=  +  I or —1) lie in the ball \ d B d.

Let Ste(."-d) — y£(n- d)(K)  be the set of all (n — «/)-dimensional faces of K. To 
present our next theorem we define a map (p: Sn~d-+s kel„_,( К  to be special if

(i) q> is antipodal
(ii) for each L € if ("_d) either L(Z(p(Sn~d) or int Ln<p(Sn~d)=  0 .

Here int L  denotes the relative interior o f the face L.
We mention that some projections n: Rn—A (where A £ jd ("~d+1>) induce 

a special map cpn: Sn~d-*s kel„_d К in a natural way. Suppose that n is a projec
tion such that the image o f every L£L?("~d + 1) is (n — d +  1 (-dimensional. Then n, 
restricted to К  is one-to-one on every face L£JT(n~d+r>. On the other hand, n(K) 
is a convex polytope whose boundary is the “same” as S n~d, and к has an inverse
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on this boundary. Denoting this inverse by (pn we have the induced special map 
<Pn: Sn- d^ s  kel„_d K.

Our next theorem gives a lower bound on the number of vertices of a regular 
section o f К  through the following discrete linear program.

(2)

minimize 

subject to

2  x(L)

x(L) =  0 or 1 i f  L), 
x(L) =  x ( - L )  (,M L),

У x{L) ^  2 (\/<p special).Li&Th-d)
L(Z(p(Sn - d )

Denote the minimum o f this problem by M. In other words, M  is the minimum size 
of a centrally symmetric set of ( n - d )-faces of К  meeting all special images o f S n~d.

T heorem  2. Every regular section o f  a centrally symmetric n-dimensional poly
tope К has at least M  vertices.

Corollaries 2, 3 and 4 follow from this theorem as well. Moreover we can 
sharpen Corollary 2 (and, similarly Corollary 3):

C o ro lla ry  2'. Any regular d-dimensional section o f  Cn has at least 2d vertices. 
Equality holds i f  and only i f  the section is a d-dimensional parallelepiped.

Further we have

Corollary 5. Every d-dimensional regular section o f  the d-dimensional octa

hedron has exactly 2 j  j vertices.

Corollary 6. Every 2-dimensional regular section o f  the dodecahedron (icosa
hedron) has at least 6 (resp. 10) vertices.

The proof of Theorem 1 will be based on the following extension of Borsuk’s 
theorem.

Theorem 3. I f  cp: S k-*S" is an antipodal map, then Xk(<p(Sk))^2k(Sk). Here 
kk is the k-dimensional Lebesgue measure (both in R,I+1 and R"+1) normalized so 
that 2k(Sk) equals the k-dimensional mesaure o f  any copy o f  Sk isometrically imbedded 
into Sk.

Let us mention two open problems: The first one arises from an attempt to 
find an alternative proof o f Theorem 3. Let К  a  R" be a symmetric convex polytope 
and (p: vert -K-*-Rm — {0} such that for every vertex v, if ъ\, . . . , v r are the neighbours 
of v then there exist coefficients / l5 . . . ,  zr> 0  such that

cp (v) =  /л <р ( v j  +  ...+Xr(p(yr).

Then we conjecture that cp (vert K) lies in an n-dimensional subspace of Rm. This 
conjecture would imply Theorem 3.

To present the second problem write f k{P) for the number of L-dimensional 
faces of the polytope P. Suppose P is symmetric, simple and d-dimensional with
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2n facets. The lower bound theorem would say that f { P )  is not less than a function 
o f  d, n and k. An obvious guess for that function is

/ 0 ( P ) s 2 4 2 ( n - d ) ( d - l ) ,

f k( P ) ^ 2 á- k [fy  +  2 ( n - d ) ( k d+ 1 )  for U U d - 1 .

This is supported by a kind communication o f P. McMullen [4]. If the guess is 
correct, the minimal polytopes would be obtained from the cube by successive centrally 
symmetric truncations of vertices.

3. Proofs

P roof o f  T heorem  1. Let us choose an e > 0  such that if L  is a face of К  and 
A C \L =  0 ,  then AC](L+f.B")= 0 . Such an e exists because each face of К  is 
compact.

Put now K c= K + eB" and let S d_1 be the unit sphere of the subspace A. The

map n: AC\dK-*Sd~1 defined by л(у) =  -—- is one-to-one and antipodal. We
\ \y \\

define a map q>:Sd~1-+Sn~1 by (p(z) — t(n~1(z), K )̂. Since Kz is smooth at every 
point of its boundary, cp is well defined, continuous and antipodal. Theorem 3 then 
implies

^  A a - rM S " -1)) -  Ъ -г^ А П д К ',  Кг))•
Claim, t (А ПdKe, KC)Q  U /(int L, K),  where the union is taken over all faces 

L  of К  with Ь Г \ А ^ 0 .
Suppose z £ t ( y , K c) for some у£АГ\дКе. Then y = x + e z  where x£()K and 

z£/(x , K), as one can check easily. Write L for the support of x  (in K),  then x £ int L 
and /(int L, K ).  All we have to show is that L H A A 0 .  Suppose that LC\A= 0 ,  
then by the choice of e, A C\(L+eBn)=  0 ,  too. But y(LA and y —x + ez^L +  eB", 
a contradiction.

From this we have
^ ( ^ - ^ ^ ( / ( Л П Э ^ / О ) ^  2  ^ - i ( / ( in t  L,Kj).

L(~)Ap̂ 0
Clearly Ad_1 (/(int L, K j )= 0  if  dim L > n —d. Suppose А П К  a regular section, 
then Ы 1А —0  for every face L  with dim L ^ n —d. Thus

, „  ^  ^ ( / ( i n t L ,  K)) ^  ,  r4
ь п £ 0 la -Á S * -1) “tg^(n-d)

because / ( in tL ,K )  coincides with t (x ,K )  for every x £ in tL  and LC\A=  0  for 
some L € £ fin~d) if and only if  A H L  is a vertex of A f]K .

Finally, if  А ПК  is not a regular section, then some member o f the left hand 
side of (1) equals +°°.

Corollary 1 is an immediate consequence.

Proof o f  C orollary  2. It is easy to see that ocd(x ,C n) —2~d if the support 
of x  is (л—J)-dimensional. Using Corollary 1 this fact implies the result.
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Proof of Corollary 3. It is easy to check and actually well known [3] that 
every (/-dimensional, centrally symmetric and simple polytope is a regular section 
of C" for some n. So Corollary 2 says that every (/-dimensional, centrally symmetric 
and simple polytope has at least 2d vertices. Dualizing this statement we get 
Corollary 3.

Here we mention that Corollary 2 does not hold for non-regular sections. 
This follows from the fact that every (/-dimensional, symmetric polytope with 2n 
facets is a section o f C". For instance, the (/-dimensional octahedron is a (non- 
regular) section o f C2d_1 and it has only 2d vertices.

Proof of Corollary 4. We may clearly suppose that the vectors al f ... ,  a„£Bd 
are in general position, say their entries are algebraically independent over the 
rationals. Put

A =  | x€R: 2 xtai =

Р = А П С п is a regular section because the points аг , ...,a„ are in general position. 
By Corollary 2, |vert P \^ 2 n~d. To each vertex x° of P  there corresponds a sign

S  í d .  This is a simple2 ЕЛ1
sequence ex, . . . ,  e„ such that £,=x® if |x°| =  l and 

geometric fact the proof of which is left to the reader. On the other hand any sign 

sequence can correspond to at most j  vertices o f P. (One can slightly improve 

this bound, but it would not influence the order o f magnitude. It is easy to construct 

an example where a sign sequence corresponds to ^  ̂ ' j  vertices o f P.) This shows

that at least "̂ d/ [  j j  vectors out o f the 2" vectors 2  ei°i (ef=  ± 1 )  lie in the ball 

У d B 1.

Proof of T heorem 2. Suppose that A ^ s id and that the section A O K  is 
regular. For L ^ i£ (n~d) put

fl if A H L  # 0 ,
ХЛ Ц  | q otherwise.

Clearly, 2  х л {Ь)=\уеЛАС\К\.  We show x A(L) satisfies the conditions
Lei?**-«!)

of the discrete linear program (2). All we have to check is the condition

(3)
LG<p(S"-<) 
Liie («-*>

xAL) s  2

for each special map <p: Sn~d-+s kel„_d K. Now let (p be a special map, then, for 
LQ(p(Sn~d) x A(L )=  1 iff LDAp^ 0 .  So (3) holds iff Af)(p(Sn~d) consists o f at 
least two pints. Consider the orthogonal complement, A 1 , of A and let n: Rn— A 1- 
be the orthogonal projection. Since <p is antipodal, AC](p(S"~d) contains two 
points iff Обяо(p(Sn~d). But nocp: Sn~d-*A± (siR"~d), so by Borsuk’s theorem 
there exists a z k s n~d with no(p{z)=0.
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Corollary 2 follows from Theorem 2 as well. In order to see this take the spe
cial map cp: S"~d—skel„_dC" which is induced by some projection and consider 
the set of special maps {goq>: gdG }  where G is the group generated by the reflec
tions of C". Clearly L^=go(p(Sn~d) for exactly 2”~d+1 elements g£G  (for each 
fixed Т£.5?(Л_‘Ь) and |G|=2". So summing up the inequalities

2  x a{L)
 ̂= 0 °<p(Sn~d)

for every g£G  we get 2  x r (T )= 2 d. This implies M ^ 2 d. The same method
L

gives Corollary 2' as well. Indeed, if the set {L££iAn~d)\ LC \AA  0 }  contains two 
faces, L± and L 2 that are not parallel, then one can find a special map cp (induced by 
same projection) so that both L2Q(p(Sn~d). Consequently

2  xa(L)LQ<p(Sn~d)
4 > 2 .

This implies M >  2d.
To see that Corollary 5 holds we use the method of proof of Theorem 2. The 

(n—fi?+l)-dimensional subspace xh =  . . . = x i d l = 0  (1 s / 1< i d_1Sn) intersects the 
octahedron

On =  {x£R": 2  l*fl S  l}

in an (n—£/+l)-dimensional octahedron 0"~d+}d-i  whose boundary is clearly 
the image o f a special map cp: Sn~d-*s kel„_d On. Since the section A f]O n is 
regular and Ol~d+}d l  lies in a subspace,

2  x a ( L )  = 2.Le<p(S"-d)

Summing up these equalities for each such (p we get

|vert A D O n\ =  2  x A L ) =  2 [ d l l ) ,Li Vм

because every L £ Z (n~d> lies on the boundary of exactly one octahedron 0?~d+}d l .
We mention that Corollary 1 does not imply Corollary 5 (for n ^ 4  and d —2 

for instance). And in general, Theorem 2 seems to be stronger than Theorem 1. 
Corollary 6 can be proven using a suitable set of special maps.

Proof of Theorem 3. We can suppose that n s k .  We are going to use the 
following formula which is a consequence of the Fubini theorem. If X ^ S "  is 
Xk measurable, then
(4) 2k( X ) =  f \ X H A \ d g

where g  is the invariant measure on the set sd of all (n +  l —k) -dimensional sub
spaces of Rn+1, normalized suitably. Applying this formula to X=<p(Sk),

h(<p(Sk)) =  J  \(p(Sk)C\A\dg f 2 d g ,
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because |<p(S*)n^(|s2 for every Adsé  as we have seen in the proof of Theorem 2. 
Let (p0: Á*—Á" be an isometric imbedding o f S k into S". Then |<p0(5”*)П 4̂1—2 
for /i-almost every Ad jé. Applying (4) again with X=tp0(Sk)

PoOS*)) =  /  2 dll,
and this proves the theorem.

Acknowledgement. We are indebted to A. Schrijver and Z. Szabó for the sti
mulating discussions on the topics of this paper.
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APPROXIMATION BY BERNSTEIN TYPE 
RATIONAL FUNCTIONS. II

CATHERINE BALÁZS and J. SZABADOS (Budapest)

In [1], the first of us introduced and considered some approximation properties 
of the Bernstein type discrete linear operator

Rn(f ,x )
1

(1 + anx)n
(a„x)k.

Among others, it was proved that iff  (x) is continuous in [0, °°), |/ (x)| =  О (exx) (x °°) 
with some a. then in any interval [0, A] (A >  0) the estimate

(1) An ( f  x) =  I f {x )  -  R„ ( /, x)| c0 oj2A (n - 1'3) (0 x =5 A)

holds for sufficiently large rís provided a„ =  n~1/3, b„=n2/3. Here c0 depends only 
on A and at, and a>2A(.)  is the modulus o f continuity of f ( x )  on the interval [0, 2А]. 
As it was noted in [1], the convergence of R „ ( fx )  holds under the more general 
conditions a„=bjn-+  0, bn-*°° (n-«-°°) as well.

The aim of the present paper is to improve the estimate (1) by an appropriate 
choice o f an and bn in the case when / (x) satisfies some more restrictive conditions. 
Furthermore we shall show that these results can be applied to approximate certain 
improper integrals by quadrature sums of positive coefficients based on finite number 
of equidistant nodes.

First we assume that f (x )  is uniformly continuous in [0, °°); then the modulus 
of continuity (Df(.) of f (x )  exists on the entire positive half-axis.

T heorem  1. I f  f (x )  is uniformly continuous in [0, °°) and

(2) a. =  n > -\  bn =  nß ( 0 <  0=5 2/3) 
then

(3) d „ ( / ,x ) á 2 ( l  +  x ^ « ) m / [ | / ^ ]  ( 0 S x < 4

This estimate has several advantages compared to (1). First of all, An(f ,  0 )= 0 , 
i.e. (3) reflects the interpolation property R„{f, 0 )= /(0 ) of the operator Rn(f ,  x): 
even the rate of convergence of R „ { f x ) to f ( x )  when x —0 (n fixed) can be seen 
from (3). Also, (3) is a weighted estimate. From the proof o f (1), one can easily see 
that a weighted estimate o f the form

(4) An( f x ) ^ c 1(\ +  x2)w f (n 1/3) (0 s  x <  =°)

also holds whenever/(x) is uniformly continuous in [0, + °°). However, from (3)
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we can see that by choosing ß  close to 0 we can get a weight arbitrarily close to 
0 ( x )  even in case Lip 1. The price we pay for this is that the order of convergence 
becomes worse. But if we put >5= 2 /3  in (3) (this is the original case), the estimate 
will be

An( / x )  s i 2(1 + х 3/2)со1 (\гх/п1'3)

which, in general, is better than (4). 
If we put f ( x ) = x  then

An(x ,x ) = anx 2
1 +  anx  '

Setting a„=nß~l , x = n 1~ß we get An(x ,^-K ) =  ~ ^ - l > while (3) yields

-L-g.„ и- г
An(x, n 1- i ) s 2 ( l + n i(1- « ) - ^ 7 r s  4П1-*.

I.e., in a sense, (3) is the best possible estimate. (This, of course, does not exclude 
the possibility o f  improving e.g. the weight in (3) while obtaining a weaker order 
o f  convergence. What we mean by “best possible estimate” is that there does not 
exist an estimate in which both the weight and the order of convergence would be 
better than (3).)

P roof o f T heorem  1. Using the property +А)ю/ (<5) of the modulus
o f  continuity and Schwarz’ inequality we get

An{ f  x)  si ( 1 + в . * ) - Д  \ f (x)- f(k /bn)\ (a„x)k si (1 +  a„x)~n-

• 2 o ) ( \ x - k / b n\) Í”) (anx)k S  ( i + a nx ) -”(of (Yx/nß) 2 ((l +  \ x - k / b n\ fnPfx)-
k=0 V'V k=0

’ (к) (a"x}k =  (1 +  anx ) -ncof (fx/n^) | ( l  +  a„x )" + (V /x  Д  \ x - k j b n\ •

• (fc) («л*)*}з= o)f  {Уф»)  j l  +  (1 +a„x)~n Ynß/x  | /  Д  '

• j /  Д  (* -  k/bn)2 ^ j  (a„ x)k j .

On using (2) and (2.4) from [1] we obtain

- “ ' ( |Э Д {1+( т т ^ + 1 )Ь
2 - 3 /?

, _____ Г —1__  Iß-!  r 2(l-/?) Л

x f e l -
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Here the function

<p(x) =

2-3ß

1 + nß- 1:

attains its maximum at 2 —3/5
-Ч  =  — n 1 and

Thus

4>(.x o) =

2 — 3/1

2 -3 /?
/9

ß 2-3ß

i - | í i - |»
-------- 2 (Г Г » --------" ' S 2 " ■

d „ (/, x) s  C0f(y x /nß){2 + 2xi(1 ß)}

which completes the proof o f Theorem 1.
Now let us see what more can we say if we assume something more about the 

function to be approximated. Let C[0, °°] denote the set o f functions continuous 
on [0, с») and having a finite limit at +  °°. The quantity

Qf (A) =  sup |/ (x 1) - / ( x 1)|
A^x.^x.

which will be called “modulus at infinity” , will play an important role in approxi
mation properties of these functions. Evidently, lim /(x )  exists and is finite if  and
only if fim Qf (A )= 0.

Theorem 2. I f  /(x )£C [0 , °°] then 

(5) jsu p ^  An( f  x ) =  míJyüf {A) +  A1~í>

provided an and b„ are defined by (2).

P r o o f . We may assume that / (x )  is not identically constant; otherwise the 
statement is trivial. Choosing

0-1

we have
A =  03r(n~ßlt)2(i n  — °° (n -► °°)

—-— ( Л \ ẑJL ________
i2/ (A) + A1- ß(of ^ 2J si Qf (A) +  2A1- ßcof (n -ß/2) = Qf (A) +  2]/cof (n~^2) -  0

(и — °o).

i.e. the right hand side of (5) tends to zero as n—°°. Therefore in what follows we 
suppose that

( 6 )
1 iZP 
1 210 S  A =  — n
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namely otherwise

Qf (Ä )+ A x~ß (Of \ ^ 2) -  сзП1- р (n -  °°).

By the definition of the modulus at infinity,

(7) l / ( * ) - / ( ~ ) l^ ß / C 4 )  ( х й Л ) .
By Theorem 1

A„(/, x) S  4А*~*(Df  ( ^ )  (0 x  ^  Л2).

Let now x ^ A 2. Since is linear and it reproduces constants,

M f  x) S  |Д х )-/(о о ) | +  |Яп( / ( ~ ) - / ,  x)\ S  

á  Qf  (A2) + 1R„( / ( - ) - / ,  x)\ (x A2).
Here, using (7),

* „ ( / ( - ) - / ,  x) S  (1 +«„x)-" i  | / ( ~ ) - / ( W | ( j ' ) ( a IIx)t ё

S  (l +  anx ) - nÍ2- sup \f(t)\  ^  í n )(a„x)k +  Qf (A) j p  ( ” )(a„x)4 ^
I  o=sf^oo k = o  V ac/  к = [ л ь п] + 1 V / с /  J

- 2г4ь" [ - г п г т )  SUP m \ + Q f ( 4 )  ( x ^ A 2).V 1 "t-UnX/  Ô t ôo
The function

\p(x) — хль"(1+a„x)~"

attains its maximum in [0, » )  at xx—- — -— , and by (6), x 1S l A S A 2. Thus1 ЛЙд
|Д(х) is monotone decreasing in [A2, °°) and hence

(  1 -=r *\3Abn j' 1 + e .  r , ( Л 2 - 1 ) а „ У
U + a „ x J  ~ Л  \. 1 +  Л 2я„ J Л  l 1 +  Л 2а„ I

g  exp{ -  | g exp{ - ( l ^ —1  —2^ l o g b „ j  :S e~ V* (x ^  A 2),

since by (6) A 2an^ l .  Collecting these estimates we obtain (5). Q.e.d.
When соf  and Qf  are specialized, we can get more explicit estimates from (5). 

E.g. if
S2f (A) ^ A ~ a (a >  0), cof (h) h* (0 <  a <  1) 

then by an appropriate choice o f A we obtain

sup A„(J, х)зэÔ X̂ o

_ n 2(/fl+.+ i+ i). if o <  a+oc ^  3, ß =

c6n 3<a+“+3> if а +  а ё З ,  ß =  2/3. 
If a —°° then the latter estimate is getting close to 0(n~x/3).

j a + a+1  
]/а +  а +  1 +  1
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One may think that the role of Qf  in Theorem 2 is superfluous, (of  alone would 
determine the order of convergence. This is not the case as it can be seen from the 
following

Theorem 3. I f  /(x )€ C [0 , °°] and / ( x )  is monotone in [0, °°) then

sup An( f  x ) & n f (nx- f)

again with the choice (2).

P ro o f . We have by the monotonicity

sup An( f  x) ^  \ f { ° ° ) -R n( f  °°)| =  | / ( “ ) - / ( n 1- 0 l  =  f l/i« 1-"),OSj S"«
Q.e.d.

In other words, even if / ( x )  has very good structural properties in [0, » ) ,  the 
uniform convergence of Rn( f , x ) to f (x )  when n-+°° can be arbitrarily slow if so 
is the convergence of f ( x )  to /(° ° )  when x  —

The next result gives the necessary and sufficient condition for the uniform 
convergence of Rn(f, x) in [0, «=).

Theorem 4. We have
(8) lim sup An( f ,x )  =  0n̂ °° Ô X̂ oo

i f  and only i f  /(x)£C [0, °°],

P roof. The sufficiency o f /(x)€C [0, oo] has been proved at the beginning of 
the proof of Theorem 2. Let us prove the necessity. If (8) holds then f(x )  is contin
uous at every point x£[0, °o) being the uniform limit of continuous functions in a 
compact neighborhood of this point. / (x) is also bounded on [0, ■») since if we had 
a sequence О ^ х ^ Х г ё . . .  such that lim / ( x m)= °°, say, then by assumption form-*-oo
any fixed n

Rn(f x j  —f ( x m) — sup An( f  x) (m =  1, 2, ...), 

i.e. lim R„(f,  xm)= °o  which would contradictm-*- oo
(9) Rn( f  - )  = f ( n 1~ß) (n =  1, 2, ...).

S ince/(x) is uniformly bounded, there exists a sequence of integers 1 л2< ...
such that
(10) d =  lim f (n }~ ß)

exists and finite. We shall prove that lim f ( x ) —d. Let 6 > 0  be arbitrary. By (10), 
there exists an i0= i 0(e) such that

\ f (n } -ß) - d \  <  e if i — i0.

Also, by assumption, there exists an i'1= i 1(e )S /0 such that

sup A„i ( / ,  x) <  e.
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By the continuity of R„t ( / ,  x), there exists a B =  B(e) such that 

IR niif  x ) - R ni(f, o°)| <  e if x s f i .  

Collecting these estimates and using (9) we get

\ f (x ) -d \  ^  I f ( x ) - R ni( f  x)\ +  \Rni(f, x ) - R ni( f  ~ ) \ + \ f ( n \ - ß) - d \  -  3e

provided x  ^  B. Q.e.d.

Remarks. One may try to prove the sufficiency part o f Theorem 4 by using 
a general theorem of B. D. Boyanov and V. M. Veselinov [2] which states that if  a 
sequence of positive linear operators converges uniformly on [0, °°] for 1, e~x and 
e~2x then it converges uniformly for all continuous functions on [0, °o ] which have 
a finite limit at + °° . However, our direct approach is very simple and it would 
require a tedious computation to check the convergence for the test functions (pos
sibly by the same method we used for general functions). By applying a trans- 

Xformation x - ——  of [0, °°] to [0,1] and using the Korovkin theorem one can1+ x

easily see that the test functions mentioned above can be replaced by 1, 1
1 + x  ’

and
1 This gives another possibility to prove the sufficiency part.(1+x)2

Finally, as an application to Theorem 2, we give a quadrature formula with 
positive coefficients based on finitely many equidistant nodes which approximate 
certain improper integrals.

Theorem 5. Let e> 0  be arbitrary and assume that

(H )
Then with (2) we have

g(x) = / ( x ) ( l+ x ) 1+£eC [0, -]■

(12) I/ f ( x ) d x - kZ A knf ( k /b n)I +  c(e) m f { f l 9( i )  +  / - " ffl9( A |

where

Akn =  (1 +  k/bnY + E{ k ) a kn f  (1 + x)1+«(i +űiiJC)» (/c =  1’ 2’ - » ”)•

Proof. Applying Theorem 2 to (11) we get

I g (x) -  R„ (g, x) I +  c(e) jn f  |f í9 (A) +  A 1”■p cog ( ^ l ) J  (0 +  x +  oo).

Dividing by ( l + x ) 1+£, integrating from 0 to + ° °  and using (1) we get (12). Q.e.d.
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As for the order o f convergence in (12), the same remarks apply as to Theorem 2. 
For practical purposes the case e = l  is the most suitable; the corresponding coeffi
cients

can be easily computed.

R em a rk . There are several possibilities in computing improper integrals by 
quadrature sums based on equidistant nodes. One o f them is to cut down a proper

infinite part of [0, °°) and form a simple Riemann-sum of the type — 2 f ( k / N )
A k=o

on the remaining interval [0, M/N).  However, to determine this crucial cutting point 
M/ N  we need some apriori knowledge on the structural properties of the function 
/ (л:), which is not the case with our method described above.

We mention that with obvious modifications, all the above results remain true 
under the slightly more general conditions a„=bjn-+  0, (/!-*-«>). However,
even in this case one can get a reasonable error estimate only when l/n < ű „ S l/n 1/3, 
and (2) essentially covers all these cases.

[1] Katalin Balázs, Approximation by Bernstein type rational functions, Acta Math. Acad. Sei.
Hungar., 26 (1975), 123— 134.

[2] B. D . Boyanov and V. M. Veselinov, A note on the approximation o f functions in an infinite
interval by linear positive operators, Bull. Soc. Math. Roumanie, 14 [62] (1970) 
9—13.
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