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A RENEWAL THEOREM FOR A SEQUENCE 
OF DEPENDENT RANDOM VARIABLES

By
G. SANK ARANARAYANAN and V. BALAKRISHNAN  

(Annamalai Nagar)

Let {.v,} be a sequence of dependent random variables with E(x,)= /q, i = l ,  2 ,.. . .  
Let

n
S„ =  У X:, =  max S, and N„ =  max

• = 1  l^i^n 1^Шп

Let Fn(x), Hn(x) and Kn(x) be the distribution functions of S„, M„ and Nn, 
respectively. Assume that

(LI)
and
( 1.2)

H i + ••• +  (in a оhm ——£-=— ------— =  ц, 0 <  /í <  a >  О

Var(S„) =  Óin2* &), n — 2a =» <5 >  0,

with the requirement that Var — as л —°°. Under a very general assump
tion on the asymptotic behaviour of

(1.3) ßm(n) =  E 

as л — we have proved that

(1.4)

2  (x i~Pi) 
i—1

(*//*)<*+1)/i£ (*“)
Жа"РЛх)----- itt— ’

Here we have taken {a„} to be a positive sequence such that 

(1.5) an ~  nxL(n), n -*■

where L(n) is a non-negative slowly varying function and A is chosen such that 

2, an is divergent. It has been indicated that (1.4) is true when F„(x) is replaced
П = 1
by H„(x) or Kn(x). It has also been shown that many of the known results found 
in [1, 9] were special cases of this general theorem.

1. Introduction. Several authors [6, 8] have studied the asymptotic behaviour
CO oo

of 2 anFn(x) and 2  anHn(x ) when {*„} form a sequence of independent and
n=1 n=l

identically distributed random variables and {я„} a positive coefficient sequence

l Act a Mathematica Academiae Scientiarum Hungaricae 31,1978



2 G. SA N K A RANARAYANAN A ND V. BALAKRISHNAN

such that 2  an is divergent. Recently Sankaranarayanan and Suyambulingom [9]
П = 1

have studied the asymptotic behaviour of the above sums when {х,} form (i) a se
quence of dependent random variables with unit variance such that the correlation 
between x; and Xj is q, |g |< l ,  1V 7 , i, у= 1 ,2 , ... and (ii) a sequence of identically 
distributed random variables with unit variance so that the correlation between 
X; and Xj is iF-j, i, j = l ,  2, ..., 0 < e < l ,  {a„} being taken as in (1.5).
They have illustrated the above theorems when {xj follow the normal distribution 
as well as the type III distribution. For case (i), they have assumed (1.1) with a > l .

CO

Balakrishnan [1] has studied the asymptotic behaviour of the sums 2  anF„(x)
oo n — 1

and 2  яп7/,(х), when {x„} form a sequence of dependent random variables satisfy- 
11 =  1

ing the following conditions:
1 "

(1.6) lim — 2  E(X() =  Ц, 0 < f i  <o»,n—<*> n Í—1
and

(1.7) Var  ̂2  xij ~  А гп, n -*■ oo, A 2(a constant) >  0.

He has illustrated his results when {x„} is taken to be a sequence of normal variables 
satisfying the above conditions. In an unpublished research report, Balakrishnan 
has also studied their asymptotic behaviour when {x„} satisfy the conditions

1 B
Jim — 2  E (x.) =  M, « >  0, 0 <  ц <  » ,

2 Щ х 1-Ъ (х д ?  = о{п*-').
i= 1

In all these theorems in [1,9] it is assumed that

f  [1 — Hn(nax)\ dx  0, n -<•«>, i S  I 
/<

2  anFn(n*ß) 1.
B = 1

In the illustrations given in [1,9], (1.10) and (1.11) are automatically true. The main 
object of this paper is to  arrive at a very general renewal theorem for dependent 
random variables where even these conditions can be dropped. In addition to con

ditions (1.1), (1.2) and (1.5), here we assume that for at least one -
о

(1.12) ßm(n) =  0 (n m<a- á/2)), и -о о , 2а >  <5, <5 >  0.

The main theorem in this paper (see Section 3) establishes (1.4) and further asserts 
its validity even when F„(x) is replaced by //„(x) or Kn(x) so long as conditions

( 1. 10)

and

( 1.11)

( 1.8)

and

(1.9)

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



A RENEWAL THEOREM  FOR A SEQUENCE O F D EPEN D EN T RANDOM  VARIABLES 3

(1.1), (1.2), (1.5) and (1.12) are satisfied. The proof is deferred until we have 
proved six lemmas.

2. Some important lemmas. Lemma 1. Let {x;}, /= 1 ,2 ,_be a sequence o f
dependent random variables with E (x j= p t, i=  1 ,2 , . . . .  Assume that

(2.1) lim /h + /V t- -+ /A  0 <
tl“ p < a >  0

and
(2.2) Var(5„) =  0 (n 2x~ó), n — °°, 2a > V ©

with the requirement that Var as n -*■ <=°. I f  0 then

(2.3)
цпж

L„= f  e~sxF„(x) dx = nx e ~n*ßsfi un J s ^  0
ßn*

whene S„ -► 0 as n u n i f o r m l y  in 0.

Proof. Now

(2.4)

For e>0,

(2.5)

ß
c F„{nxx)dx.

P 4 - , >  e
nx

E (S„-n*py
и2“е2

Because of (2.1) and (2.2) the right hand side of (2.5) tends to zero as u —°°. Thus 
for all x< p, F„(n*x)-+ 0, as n-+°°. Therefore by using the dominated mean value 
theorem

p
(2.6) J  Fn(n*x) dx -*■ 0, n —

p
Also

Ц ß
(2.7) J  e~"’sx Fn(n*x) dx ^  e~"*ßs J  F„(nxx)dx.

ß p
Hence we can write

(2.8) f  e - n‘sxFn(n*x)dx=  e~n*ßsön,
p

where <5„—0 as и — °o, uniformly in s^O . This completes the proof.

Remark. Using the obvious inequality Kn(a)S  H„(x) si Fn(x) given in [7], (2.3) 
can be seen to be true with F„(x) replaced by Hn(x) or Kn(x).

Lemma 2. Subject to the assumptions (2.1) and (2.2) o f Lemma 1, i f  0«=/J</r,
then

(2.9) Kn= f  e - sx[ l - F n(x jidx  = nxe -" ^ sS'n

where <5'-*-0 as uniformly in sSO.

l* Acta Mathematica Acaclemiae Scientiarum Hungaricae 31,1978



4 G. SANKARANARAYANAN A N D  V. BALAKRISHNAN

Proof. N ow

( 2. 10)

^  e -n*ßs

Kn = f  e— [l -  Fn(x)} dx  e— *  f  [1 -F J x )}  dx ^
n*n

lfi+anr oo

/  [1 -F„(x))dx+  f  [1 - F n(x)]dx S
1 fi n*p+anr

oo

^  e~"’ßs[anr + J  [\ —Fn(x)]dx^ ^
nx fi+attr

á  e— *  [arf+ f  [1 -F „ (y  +  E(S„))] dy] =§
л* fi +  anr —E  (S n)

^  r r eЯ p-n*ßs +  Í  / _  [ l - F n(y + E(Sn))]rfy

For y > 0  

(2.11) 

Hence 

(2.12)

п* ц +anr —E ( S n)

(a — ö <  r -= a, a =► 0).

1 -F„(y +  E(Sn)) =  P[5n-E (5 „ )> y ] S & (n )

A- ^ ________ 1* ~ U * -r n* [na /r -t- a nr — E(5„)] J
Using (2.2) we get

(2 .1 3 ) “  0 
Therefore
(2.14) Кп = пГе-~»6'я,

where <5' — 0 as и — uniformly in s S 0.

R emark. (2.9) will be true when Fn(x) is replaced by H„(x) or Kn(x) i f  
1 +  S <  2a <  2.

Proof. Since 
(2.15)

(2.16)

Kn(x) Ш H„(x), 

j  e_“ [l —H „ (x)]dx^  J  e~sx[\ — K„(x)] dx  ^
n* ft

S e  "*ßs[anr + J  [1 — AT„(x)] dx] S
n*fi+anr

e— *[e»», +  /  [1-А -п(у + Е В Д ]г/у ] =s
л* д  4 - anr — E  (TV,,)

„“«-«■'»[-I—+ —L na_r n°
ß*(n)

[nV +  anr - E W ] (a — <5 < /■ < « , a >  0, a >  0),

A c fa  Mathematica Academiae Scientiarum Hungaricae 31, 1978



A RENEW AL THEOREM  F O R  A SEQUENCE O F  DEPENDENT R A N D O M  VARIABLES 5

where ß'2(n) is the variance of Nn. Using corollary A 3.1 and corollary A3 of Ser- 
fling [10, p. 1231] it follows from (2.2) that

(2.17) E(An) =  О {(log, 2n)n“}, & (n) = 0{(log22n)2n2“- a}.

Therefore (2.9) is valid when F„(x) is replaced by Hn(x) or Kn(x).

Lemma 3. Let {*;}, г = 1 ,2 , . . .  be a sequence of dependent random variables 
as defined in Lemma 1 satisfying (2.1). Let

where L(n) is a non-negative slowly varying function. I f  there exists at least one

(2.18)

and {a„} a positive sequence such that

(2.19) an ~  nxL(n), n — °°, 2 > - l ,

2 (2 + 0  .  . . .in >-----;—  fo r  which
о

(2 .20)

then
ßm(n)=  n - o o , 2a >-ö, 0 > 0

(2.21) z  d„Fn(n*ß) <oo, 0 <  ß <  p.
n= 1

Proof. If dn> 1, then

(2.22)

So, for d„> 1, 

(2.23)
Take dn = E (Sn)-ßn*. Using (2.1)
(2.24) d „ ~ (p -ß )n * , i t— .

Since for large values of n, (p—ß)nx>  1, we can use (2.23). Hence

(2.24)

(2.25)

Using (2.20)

(2.26)

Therefore for an m > 2 ( 2 + 1 )
Ö

(2.27)

2  m»i2 converges for our choice of m and is bounded by Theorem 281 [5, p. 247].

This completes the proof of Lemma 3.

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



6 G. SA NKARANARAYANAN A N D  V. BALAKRISHNAN

R emark. Since Kn(x )S H n(x )^ F n(x), (2.21) will be valid with Kn(x) or H„(x) 
in the place o f Fn(x).

Lemma 4. I f
(2.28) a „ ~ n xL(n), n — со, A =— 1, 

where L(n) is a non-negative slowly varying function, then

(2.29) J a „ e - nas~ - r í ^ Í l ) s - ( ;i+1)/otL (l/s ÍI), s -  0+, a >  0.

Tliis is a well known result stated in [9] and can be got from Corollary 1(a) 
in [12, p. 182] by a suitable substitution.

Lemma 5. Let {xj, i — 1,2, ... be a sequence o f dependent random variables 
with E(xj)=Pi, i = l , 2 , . . .  satisfying (2.1) and (2.2). Let

tin*
(2.30) Ln = f  e~sxFn(x)dx, s ^  0, 0 <  ß <  p

ßn*
and
(2.31) an ~  nxL(n), n — A >  —1,

where L(n) is a non-negative slowly varying function. Then 

()Us)^ + a + 1)/a
(2.32)

Proof. From (2.3)

(2.33)

2  a„L„ -  0, s -  0+.Д  1/s*) „ti

Д  =  2 апП*е n*ßsö„,
п = 1 п—1

where d„-»0 as n -*-«>, uniformly in s^O. Therefore, for a given e=-0, we can 
choose an integer n0 so large that |<5„|Se, for n ^ n 0. So

(2.34) 2 a nL„tS a„na\ön\e n*ßs + e 2  anri*e
n = 1 n= 1 n = 1

Hence using Lemma 4, 

(2.35)
ГАЙК« /„ vyA + a + l)/a ■»
U? J ? P LO/s-)

(/is)C+I+1)/ae j-
S  Iim sup------------xL(l/s*)—  ------№ ) " (А+1+1)/с,Д 1 /^ )  ä

Hence (2.32) follows.

.Acta Matfiematica Academiae Scieniiarum Hungaricae 31, 1978



A  RENEW AL THEOREM  F O R  A  SEQUENCE O F DEPENDENT R A N D O M  VARIABLES 7

Lemma 6. Under the assumptions o f Lemma 2

(2.36)
(/«)<*+ 0, + 9 / “

~ш ?г~ 2 a nKn ^  О
л = ]

as s — 0+,

where К„ is as defined in (2.9) and {a„} as in (2.19).

Proof. This can be proved in the same manner as Lemma 5.

3. Main theorem. Let ( x j ,  i=  1 ,2 ,... be a sequence o f  dependent random 
variables satisfying (2.1), (2.2) and (2.20) and {an} a positive sequence defined by 
(2.19). Then

(3.1)
oo

2  a„F n{x )
(x/pyx+1d*L(x*)

A+l x
Proof. Let

(3.2) 

where

(3.3) 

and

(3.4) 

Now

(3.5)

2  a n f »(*) =  T fx )  + T fx),
n — 1

Tfx)  =  2  anFn(x)U(x—nx ß)
n = l

T2(x) =  2 a . F e(x)[ l-U(x-ifß)\ .
П = 1

T1(x) = 2  anFn(x)U{x—ri‘ß) =
Л =  1

=  2  an U (x-n xp ) -  2  a„[U (x-nxn ) -F n(x)]U (x-n*ß),
Л = 1 Л = 1

where
fl, х ё О

^  U(X) = {о, х < 0 .
Let

оо

(3.7) 7\(s) = f  e~sxT1(x) dx.
о

Then we have

(3.8) Tfis) = s - i  2  an(F„— Kn),
л=1 n=1

where L„ and Kn are given by (2.3) and (2.9). Term by term  integration is valid 
because of monotone convergence. Using Lemmas 4, 5 and 6,

(3.9) ---------- f  e -a T ^ d x - l ,  as s -*■ 0+.
„ r ( i ± i ) z . d M »

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



8 G. SANKARANARAYANAN A N D  V. BALAKRISHNAN: A RENEW AL THEOREM  ...

Using Karamata’s Tauberian theorem in the form given in [3, p. 423]

(3.10) 

Again

(3.11) TÁx) = 2 a n F „ ( x ) [ l - U ( x - n * ß ) ] ^  Z a nFn{n*ß).

By Lemma 3, the right hand side of (3.11) is convergent and bounded. Hence

This completes the proof of the main theorem.

R emark. In the above theorem equation (3.1) will be valid with Fn(x) replaced 
by Hn(x) or Kn(x) i f  l + S < 2 a < 2 .

This follows easily from remarks under Lemmas 1, 2 and 3.

4. Acknowledgement. The second named author wishes to  express his deep 
sense of gratitude to Annamalai University for the financial help.
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AN ANALYSIS OF THE CLASS OF ORDINAL 
SOLUTIONS OF FERMAT’S EQUATION x”+ y  = zn

By
J. L. HICKMAN (Canberra)1

Throughout this note, ordinals will as a rule be denoted by lower case Greek 
letters, with “со” always being reserved for the first infinite ordinal. Lower case 
Latin letters will always denote finite ordinals (natural numbers); we include 0 
amongst the natural numbers.

In the second and third sections of this note we shall present only the results 
themselves, together with a certain amount of commentary. The proofs are omitted, 
since they are all based upon the comparison of corresponding terms in the binomial 
expansions of the two sides of the Diophantine equation being considered, and 
are almost wholly of a purely technical character.

Fact 1. beta, be a nonzero ordinal. There exists a unique number n, n >0, a 
unique strictly decreasing sequence {otßi<n o f  ordinals, and a unique sequence (c;);<„ of 
positive integers such that a=c<Ac0+  ...+coa"-ic„_1.

Pro o f . P. 323 of [3].
As is well-known, the above result dates back to Cantor, and the expression 

given for a we shall call the “Cantor normal form” of a. Let a be a nonzero ordinal, 
and suppose that a has the above Cantor normal form. Then we shall put l(a)=n, 
and сДа)=а; and ci(f)= ci for г'<л. We shall henceforth assume that whenever 
any of Hot), efa), c;(a) are used in the text, the ordinal a is nonzero.

Any ordinal of the form ß+1 will be called a “successor” ordinal; all other 
ordinals are known as limit ordinals.

Fact 2 (Bachmann). Let the ordinals a, ß, у be given, assume that ß  + a—a, 
and let the limit ordinal о such that y = o+ n for some n. For any ordinal 5, put td= 0 
i f  5 is a limit ordinal, and put id= 1 i f  S is a successor ordinal. Then (a+/?)r=  
=  av +  oe‘T0(n), where

(1) 0 (0) =  0 ;
(2) 0(1) = ß;

(3) 0(m) =  am-1/l+hj 

Proof. P. 53 of [1].

, fo r  m S 2 .

1 The work contained in this paper was done whilst the author was a Postdoctoral Fellow at 
the Australian National University.

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



10 J. L. H IC K M A N

We wish to present a slightly more general result than the preceding one, and 
clearly we may assume that a, ß, у are all nonzero. Since for any number m and 
any ordinal we have ma,?+”=ma^m',=coi mn, we may ignore the case
max {a, /?}<«.

Theorem. Let a, ß, у be nonzero ordinals with max {a, ß}=oj. Let £, £ be ordinals 
and m, n be numbers such that ß=co^+m and y=co£+n, and put ö = max {a,/?}.

Then we have the following.
(1) I f  ct + ß — ß, then (pL + ß)y= ßy.
(2) I f  ß + ot—a, then (a + ß)y is given by Bachmann's Theorem.
(3) I f  oc + ß ^ ß  and ß+ tx^ct, then

(a) I f  n — 0, then (oc + ß y = ö y;
(b) I f  n ^O , then

(i) I f  m=0, then (<x+ßy=5a*(ot.n + ßn)\
(ii) I f  m fO ,  then

(ot + ß)y = Sa' ^a" +  (co£)n + 1 ^  [a"_t +  (a>£)"“*]mj +  mj  .

Proof. It suffices of course to consider the case (3), and so we assume that 
e0(<x)=e0(ß). We put l(ß)=r, and deal firstly with the case in which £=0, that 
is, y=n. This case now splits into two subcases, the first being the one in which 
m = 0, and the second being the one in which mfO.

(A) Assume that m =0. Thus ß is limit and we have

ßn = 'f f  o f^ ( n- l)+el<p>ci(ß).
i— 0

This follows by inspection if r=  1, and from Bachmann’s theorem if /•> 1, for
r —1

in this latter case if we put i//= 2! <*>e‘(ß)Ci(ß)> then ß = coe°(ß) c0(ß) + \p and 
iß +  o f о(ß) c0 (ß) = o f «(ß> с0 (ß).

Since we do not know whether a is a limit ordinal or a successor ordinal, we 
cannot obtain a precise form for the expansion o f a”. Nevertheless, in both these 
cases we know from  Bachmann’s theorem (by the same trick as above) that a"=  
=  of°(c‘)nCo(a) + T for some ordinal x with т +  ше°<0,)" c0 (a) =  coe» " ca (a). Since 
en(ß)=e0(a), it follows that we have

a" +  ßn = cüeo(ß>n[co(ct) + cQ(ß)]+ coeo(í)('-1)+e<(í)ci0?},
i = l

where we are adopting the convention that for any sequence (0(),<р of ordinals,

^  0i=O if j> k .  
i  =  J

Now cc + ß is a limit ordinal, since /H sa limit ordinal. Moreover, since e0 (a) =  
= e0(ß), we have

ot+ß = ofo (ß> [c0 (a) +  c0 (/?)] +  ' Z o f M c  t(ß).
i =  l
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Using Bachmann’s theorem to compute the expansion of (a+ (i)", and then compar
ing this to the above expansion of an+ßn, we see that (a+ß)n=ccn+ßn. Since (= 0  
and hence с>ю?=1, we have obtained the desired result.

(B) Assume that 0. Then by Bachmann’s theorem and (A),

(a +  ß)n =  ([a +  cue] +  m)n =  (a +  ах;)" +  2  (a +  OJ0" ‘m

-  a" +  (a>с)" + |  2  la"- 1 +  (.0)0" '] m} + m.

This disposes of the case in which £=0, and we now look at the general case. 
Now да^(ос + /?)“с S  (<52)и? =  (5"c. Thus (а +  /?)ш? =  (5ш?, which proves our result 
for the case in which n= 0. Finally, when both £ and n are nonzero, we have 
(<а +  /1)ш?+п =  (а +  /?)сиС(а +  /?)" =  (5аг(а+/?)", and we now apply whichever of (A), (B) 
is applicable.

For convenience we list the various cases of (a.+ß)n with и ё2 .
(1) e0(a)=e0(ß) and ß is a limit ordinal:

(a+/?)” =  a"+ ß".

(2) e0(tx)=e0(ß) and ß is a successor ordinal:

(iх + ß)" =  а" +  <т” +  |  2  (an-l +  a"-i) m | +  m>

where ß= a+ m  with <т is a limit ordinal and m a positive number.
(3) £>qfa) =-<?0C/?) and ß is a limit ordinal:

( а +ß)"  =  ап +  а"_1^.

(4) ео(а)>ео0?) and ß is a successor ordinal:

(«+/?)" =  a" +

(5) e0(a)<e0(ß):
(а+РУ =  ß".

Our classification of the class of ordinal solutions of the equation xn+>’H=z" 
splits into cases corresponding to the five cases of the binomial expansion of (ot + ß)n 
just enunciated. As stated previously, the proofs are of a purely technical nature 
and are omitted. In each case we simply use the preceding theorems to obtain the 
Cantor normal forms of a" +  ß" and y", and equate the corresponding terms.

Case (5) being the simplest, we commence with that.

Result 1. Let a, ß be any nonzero ordinals with max {a, ß}^co and ct+ß=ß, 
and let n be any number with и ^ 2 . Then ß is the unique ordinal у such that ocn+ ßn = yn.
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The uniqueness assertion in the above result follows from the fact that if d, ф 
are any two nonzero ordinals and n is any positive number, then from 6п—фп we 
can deduce д=ф. This is not the case if n is replaced by a limit ordinal.

Cases (1) and (2) combine to give the following.
Result 2. Let x, ß be any nonzero ordinals with max {a, /?}Sco and e0(a) =  

= en(ß), and let n be any number with n?~.2.
(i) There exists an ordinal у such that an+ß" = y" i f  and only i f  ß is a limit 

ordinal.
(ii) I f  ß is a limit ordinal, then the ordinal у such that a"+ ß" =  у" is determined 

uniquely by the equation y —x+ß.

It is known (see p. 350 of [3]) that if a, ß are any sucessor ordinals with 
max {я, ß}So) and n is any number with и ё 2 , then we have a"+ ßn= ßn+ я" 
if and only if x=ß. I t  follows from Result 2 above that if я, ß are any limit ordinals 
with max {a, and e0(x)—e0(ß), and n is any positive number, then we 
have x"+ßn=ßn+x" if and only if x + ß = ß + x .  But this is true if and only if

2  coed*>ci(pi)= У, ojedß)ct(ß), where ;•=/(a) and s=l(ß).
i=l i=l

Clearly the alternatives given in the preceding paragraph are the only ones 
of interest in this matter. For if either e0(x )^e 0 (ß) or else exactly one of я, ß  is 
a limit ordinal and both я, ß are nonzero, then we cannot have a”+/?"=/?"+a" 
for any positive number n.

With regal'd to case (3), we find it easiest to give the classification result in 
two parts. The first part is required in the proof of the second.

R esult 3. Let я, ß be any ordinals such that ß is a nonzero limit ordinal and 
ß + x — x, and let n be any number with н ё 2. Put l(ß)=r. Then there exists an 
ordinal у such that x”+ ßn= yn i f  and only i f  e0(a)(и — 1) <  e0 (/?) (л — 1) +  er _ x (ß). 
I f  this is the case, then у is uniquely determined by the following equations:

( о  m = r -

(2) efd) = [e0( ß ) ( n - \ )  + ei(ß )] -e0(x ) ( n - l )  for  i <  r;

(3) Cj(<5) — cfß)  for i < r;

(4) у = x + ő.

In condition (2) above we are using the convention that if 0, ij/ are any two 
ordinals with вшф, then в — ф is the unique ordinal т such that 0 = ф+х.

Using Result 3, we can now characterize those ordinals ß for which such triples 
(я, ß, у) exist.

Result 4. Let ß be a nonzero limit ordinal, and let n be a number with 
There exist ordinals x, у such that ß + x = x and xn+ ßn = yn i f  and only i f  ß=co2ö 

for some nonzero ordinal S such that either 5 ё ш а or else 0 =  ain-2A for some 
ordinal X.

Our final classification, corresponding to case (4) of the binomial expansion, 
is the least satisfactory, owing to the complexity of the criteria concerned. We can, 
however, see no way of simplifying these criteria.
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Result 5. Let ß be a successor ordinal and n a number with n :~2. Put l(ß)=r. 
There exist ordinals a, у such that ß + a = a, and a" +  ß” = у" i f  and only i f  there 
is a positive number к such that the following 9 sets o f conditions are satisfied.

(1) r >  k(n—l).
(2) e0( ß ) (n - l )  + em(ß) = [e0(ß) + er_(k + 1)(ß)]j + e0(ß)[n ~ ( j  + I )j -\-eJk+m(ß) 

fo r  j  <  n — 1 and j k  + п к г — l .
(3)

e0m n - \ )  + em(ß) = [e0{ß) + er- {k+1)(ß)](j+\) + ec,{ß)[n-{j  + 2)\ + ejk + m_(r„1){ß) 

for  j < n  —1, m < r —1 and r — lS j f c + w < 2 ( r — 1).

(4) e0(ß)(n — \) + e,„_(,_!,(/?) =  [e0(ß)+er- (l+1)(ß)](j + l )+ e 0(ß)[n—(J + 2)] +
+ ejk + m-(r-l)(ß)

for  j<.n — 1, r — 1 ^ m < r  + k — 1 and r — l á j / c + m < 2 ( r — 1).

(5) e0( ß ) (n - l )  + em(ß) = [e0(ß) + er_(k + 1)(ß)](n — l) +  et(„_1)+m(ß) 

for  m < (r—1) —/c(n—1).

(6) cr_(fc+1)(jS) =  cr_x(/?) p for  some positive number p.

(7) c j ß )  = cJk+m(ß) for  j < n - l  and jfc +  m < r - 1.

(8) C», (ß) — Cjk + m-lr-l)(ß)
for  j < n  — 1, m < r—1 and r —lSj'fc +  w < 2 ( r—1).

(9) Cm(ß) = Ck(n-l) + m(ß) for  m < ( r - 1 ) - fc(tt -  1).
Assume that for some given positive numbers к and p  these conditions are 

satisfied. Then the leading u=nk  terms in the Cantor normal form of a are deter
mined as follows.

(10) em(cc) =  e0(/?) +  er_(k+m+ !,(/?) for  m<k.

(11) em(a) =  e,„_*(/?) for к m <  и.

(12) c0(a) =  p.

(13) Cjt(a) =  c0(ß)cr- t (ß).

(14) cm(a) =  cr_(k+m+1)(ß) for 0 <  m <  k.

(15) c,„(a) =  cm_k(ß) for m <  u.

Finally, у is uniquely determined as follows.

(16) /(<5) =  r - f c ( n - l ) .
(17) em(§) =  eu+m- k(ß) for m < r - f c ( n - 1).
(18) c,„(<5) =  cu+m- k(ß) for m < r - / c ( n - l ) .
(19) у = a +  <5.
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In conclusion we present some results concerning the case in which the finite 
exponent n is replaced by a transfinite ordinal ß.

Result 6. Let a, ß be any nonzero ordinals, and let ß be a nonzero limit ordinal.
(1) I f  afetu, then there exists an ordinal у such that â l -\-ßt̂  = ŷ l i f  and only 

i f  e0(a)/i<e0(/i)/i; in this case a "+
(2) I f  oc<cu, then there exists an ordinal у such that oc'i+/?'‘ =  y'‘ if  and only 

i f  f K w e 0(ß)fj; in this case also, ctfi+ /i''= ßß.

To see that the case a<co in Result 6 does in fact require separate attention, 
we need only put a — 2, ß —a>, and ß = e0, where s0 is the first epsilon number. 
Then e(l(a) = 0  and e0(ß)—l, and so e0(oi)ß-=:e0(ß)fi. However, a'1 + /i** =  
=ß+ß=ß2,  and since whilst < 5 " /.i2 for every д<ц, it is clear that
there is no ordinal у for which oc^+i5"=/?'*.

R esult 7. Let x, ß be any infinite ordinals, and let ß be an infinite successor 
ordinal. Put ß = a + n, where a is a limit ordinal and n is a (positive) number. Then 
there exists an ordinal у such that a" + ß>t = y,i i f  and only i f  one o f the following holds.

(1) e0(a)cr< e0(ß)a;

(2) e0(a)o = e0(ß)a and tx" + ß" = ö" fo r  some ordinal d.

In the first case, a"+ /?" = /?", and in the second, a'1 +  /?" =  5*.
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ON MODULES OVER RINGS OF TYPE (n, k)
By

G. J. HAUPTFLEISCH (Johannesburg) and F. LOONSTRA (Delft)

We denote the direct sum of n copies of a module M  by M". It is well-known
[4] that there exists a ring R  with the property that RnSiRn+k^ R n+2k^ ... for every 
pair (n, к) of positive integers. Following Leavitt, we call rings (modules) with 
this property, rings (modules) of type («, k) where n and к are minimal and write 
г (R) = (n, k).

Since this property is rather unusual, we can expect that i?-modules over rings 
R of type (n, k), will exhibit some unusual properties too. It is the purpose of this 
note to investigate the properties of such modules.

In the first place, we give a characterization of rings of type (и, к) in terms 
of their modules. Unless explicitly stated otherwise, all modules considered are 
unital left Л-modules where R is an associative ring and 1 OR. The signs ® and 
<g> denote direct sum and tensor product respectively (see e.g. [1] p. 82 and p. 218).

Theorem 1. The following statements are equivalent for a ring R:
(a) T (R) = (n,k).
(b) z(AI)=(n, k) for every R-module M.
(c) there exists a pair o f positive integers (n, к) such that for every R-module 

M, there exist an endomorphism a o f M" and a homomorphism ß:M" — M k such 
that the sequence

0—  0

is exact and n and к are minimal with respect to the existence o f such a pair a and ß.
(d) there exists a pair o f positive integers (n, k), an endomorphism a o f R" 

and a homomorphism ß : Rn Rk such that

0 —  Rn-?-R n- ^ R k—~ 0

is exact and n and к  are minimal with respect to the existence o f such a pair a and ß. 

Proof. (a)=»(b). R  may be considered as a right Я-module and thus 

M" a; R ® M n ^  (R®M)n Tx R ' ® M ^  Rn+k® M  Rn+2k® м  =*... ^  

ss (.R ® M ) n+k ^  ( R ® M ) n+2k 9í ...9í  M n+k =* M n+2k S i....

(b)=>(a). Trivial.
(a)=>(c). Since z(R) = (n, k), there exists an isomorphism <p: M" — M “+k. 

If i : M n-*Mn+k is the first n co-ordinates injection and n \ M n+k-^M k is the last 
к  co-ordinates projection, then we prove that a=(p~ki is the required endomorphism

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



16 G. J. HAUPTFLEISCH A ND F. LOONSTRA

of M" and ß = n<p the required homomorphism M" — M k. In the following dia
gram, the top row is exact:

0 —  M n- t ~ M n+k— - M k—  0

It is clear that a is a monomorphism and ß is an epimorphism, so we only have 
to prove that Im a =  Ker ß. In the first place, ß<x=n(p(p~1i=0  proving that 
Im aQ  Ker ß. If, conversely, m£Ker ß, then n{(pm) = 0 which means that q>m = 
—{in’, 0) for some Since am'=(p~1im'=m, we also have K erjS g lm a
proving that Im a =  Ker ß.

(c) =>-(d). Trivial.
(d) =>(a). Since Rk is free, the sequence splits and we have R"'=iR"+k, so т(Л) = 

= (n, к) since n and к  are minimal.
(A part of Theorem 1 was suggested by J. Heidema).

Corollary 1. A ring R has type (1,1) iff for every module RM, there exist 
a,/?€EndR (M) such that

0 —  —  0
is exact.

K aplansky asked in his book [3]: If G® G and H @ H  are isomorphic, are 
G and H  isomorphic? Jónsson [2] gave an example to show that for torsion-free 
indecomposable abelian groups, the answer is negative. However, we have

Corollary 2. I f  G and H  are modules over a ring R o f type (1, 1), G® G = 
= H ® H  implies G ^ H .

Corollary 3■ I f  M  is a module over a ring R o f type (1, 1) and M n = M m for 
д ё т ё 2 ,  we have

M n-k ^  м т~к, к  = 0 ,1 ,2 ,

If we mean by semi-simple ring a direct sum of simple rings, then we can prove

Corollary 4. The null-ring is the only semi-simple ring o f type (1, 1).

P roof. Suppose R  is a semi-simple ring of type (1, 1) and let /? = ® St where
a t

Sf is a simple ring for each i f  I. Every S t is an Л-module and therefore t(S() =  (1, 1). 
For arbitrary к i f  therefore, Sk = Sk(B Sk.

Since Sk is simple, we have Sk= 0.
Let the ring R have type («, k) and let M  be an arbitrary Л-module. Then, 

by Theorem 1, there exists an isomorphism (p:M" — M n+k. Let a.\Mn—M n and 
ß :M n — M k be homomorphisms as defined in Theorem 1. Then we prove

Theorem 2. Any R-module N  has both the projective and injective properties 
relative to the exact sequence

0 —
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Proof. Let y :N —M k be any homomorphism. For arbitrary x t N ,  (0, yx)(z 
£ M n® M k and there exists a unique y £ M n such that <py=(0, yx). If we define 

by the mapping jo-+y, then it is clear that <5 is a homomorphism such 
that ßö = y. On the other hand, let y ':M n->-N be an arbitrary homomorphism. 
Since every m £ M n has a unique representation m — (p~1(m1,m 2) with mL M " 
and m2d M k, we can define ö':M"-*N  by S'm = y'm 1. S' is a well-defined mapping 
and indeed a homomorphism such that д'л — у'.

We now turn our attention to the special class of rings R  with t(/?)=(1, 1). 
We can characterize these rings by

Theorem 3. The following statements are equivalent for a ring R:
(a) т(Л) =  (1, 1).
(b) i f  A and В are left R-modules and A is a direct summand o f B, then A ® В ss B.
(c) fo r  every splitting exact sequence o f R-modules

0—~A-d~B-?~C—~0,

there exist homomorphisms y .B ^ B  and ö:B—C such that the sequence

0 —  B -d ~ B -±  C— 0

is exact.

(d) fo r  every splitting exact sequence o f R-modules

0—- A ^ ~  B -^~C —-0,

there exist homomorphisms X:A—B and p,:B-<-B such that the sequence

0— A - ^ B - ^ - B  —  0
is exact.

P r o o f . (a)=>-(b). Let В ^ А ф С .  Since then also А ф А ф С ^ В ,  we have 
A ® В sí В. M oreover, А ф  С® Css В, from which it follows that В ф С ^ В .

(b)=>(a). Since R  is trivially a direct summand of R, we have R ®  R = R, so 
t(JQ = (l, 1).

(b)=>-(d). Let 0—- A В -£* C —-0 be any splitting exact sequence. Since
Bs±A®C,  it follows that there exists an isomorphism (р:В—АфВ.  In the follow
ing diagram, the top row is exact:

0 —  A d i ~ A ® B d X B  —  0
a q> M (p- 1 ß11
----- * в ------

where v1 is the first co-ordinate injection and n2 the second co-ordinate projection.
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If a =<р~1тг and ß —n2<p, then it is clear that

0  —  0

is exact.

(d)=>(a). Since 0 —- R ^ R —~0—*0 is splitting exact, we have

0 —- R —^R -^ -  R —-0

is exact for suitable a and ß. This sequence, however, splits since R is free, so 
R ^ R ® R .

(b)=>(c)=>(a) are proved similarly.

Let R  be a ring of type (1, 1). Then we have the following corollaries to The
orem 3:

Corollary 1. I f  A is any injective submodule o f an R-module B, then BszA"®B  
for  n = l ,  2, 3, ....

Corollary 2. I f  an R-module A has a projective epimorphic image B, then 
A ^ A ® B n, 77= 1 ,2 ,3 ,....

Corollary 3. Let A and В be R-modules. I f  A is isomorphic to a direct summand 
o f В and В is isomorphic to a direct summand o f A, then A = B.

Theorem 4. For a ring R  o f  type (1, 1), the following are equivalent:
(a) I f  A and В are R-modules, then A®  A = A®  В implies A=iB.
(b) I f  the exact sequence o f  R-modules 0 —̂ 4—5-^C-^O splits, then A s z B ^ C .
(c) I f  A ® 0  and В are R-modules and A is a direct summand o f B, then A = B.
(d) Any R-module M  has only the direct decompositions

M  M k; к = 1,2, 3 ,.. . .

Proof. (a)=*(b). Suppose the sequence

0 - ~ A - + B - + C - ~ 0

splits. Then B = A ® C  and by Theorem 3 A ® B ^ B ^ B ® B ,  so A ^ B .  Also by 
Theorem 3, B^ í B ® C  and from B ® B ^ B ® C  we have B ^ C .

(b) =>-(c). Let A be a direct summand of B, say B = A ®  C. Then the sequence

0 —- A d X B d X C — 0

with Tj the first co-ordinate injection and n2 the second co-ordinate projection is 
splitting exact, and hence A ^ B .

(c) =>(d). For any direct summand N  of M, we have 7V= M.
(d) =>(a). If A ®  A = A ®  B, then A = A ® B .  Since A has only the decomposi

tions A ^ A k, k  = 1 ,2 ,3 , . . . ,  we have B = Ak for some k, therefore B ^ A .
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POLYA’S THEOREM BY SCHNEIDER’S METHOD
By

M. WALDSCHMIDT (Paris)

Dedicated to Professor Th. Schneider on his 65th birthday

A well known theorem of G. Pólya states that 22 is the smallest transcendental 
entire function with integral values at all positive integral points z; more precisely, 
i f / i s  an entire function satisfying f(ri)0Z for all h£N, and

(1) lim sup Log l/lu <  Log 2,

(where | / | R =  sup |/(z)|), then /  is a polynomial.
Ul—я

We give here a new proof of this theorem, with a somewhat worse constant 
in place of Log 2, but which allows some further generalisations.

Notations. We denote by N, Z, Q, C the non-negative rational integers, the 
rational integers, the rational numbers and the complex numbers, respectively. 
When a is an algebraic number, we denote by j(a)=m ax {Log |<x|, Log d(a)} the 
size of a (see for instance [3], § 1.2). For 0, BR is the set {z£C; |z|^/?}. Finally,

when h£N and z£C, we define by

(z) z(z— l)...(z  — h + l)
UJ ~ h\

We shall use only the trivial bounds

i f )  2h+r and Í
\\h )\ \\ n) 1 \H  )

for \z \^R  and l ^ h ^ H .
The main result of this paper is the following.

Theorem 1. Let К  be a number field, and y0, yx two positive real numbers. Then 
there exists an effectively computable number C, depending only on y0, Vi and [K: Q], 
with the following property:

Let S  be a subset o f  Z, with Card Sf)BR^ y 0R for all sufficiently large R; 
let f  g be two entire functions satisfying

g(n) ^  0 and for  all n£S,
g(n)
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such that fo r all sufficiently large R,

max Log |  .—1 s í ^ -П }  S  у
n is n B R 6 l|g(n)| lg(n))J

and
max {Log |g|R; Log | / |R} S  R/C. 

Then f i g  is a rational function.

We obtain Polya’s theorem (with the constant Log 2 in (1) replaced by 1 /С) 
by setting

S =  N ; y0 = yx =  1; g =  l; K  = Q.

(When m£Z,  then s(wi) =  Log \m\). A computation1 of C  by the present method 
leads to C=283, and it is an interesting problem to obtain by this way the best
possible constant —1.44....Log 2

P roof o f  T heorem 1. Let k0 be an integer with k0=-2<5/y0, where <5=[AT:QJ, 
and let h0 be a real number with 2<5/A:0 <  /г0 -= y0 (for instance k0=[20/y0] +  l, h„= 
—(yJ7) + (S/k0)). Let A  be a sufficiently large integer; cls c2, c3 will denote positive 
constants which are effectively (and easily) computable in terms of y0, yít ö 
(and h0, k 0).

First step. We construct rational integers

aKk (0 =  h <  h0N; O s l c S  k0— 1),

o f absolute value less than exp (cx N), not all zero, such that the meromorphic function

satisfies
f (z) =  2  2  «м(;)(М

O S/i<ft0A  O s L < t0 V ( / V g ( z ) /

F(n) =  0 for  all n£SC]BN.

We have to solve a system of at most 2A+ 1 linear equations, with at least 
h0k0N  unknowns, and with coefficients in K\ for n f S П BN, the numbers

have a common denominator bounded by yik0A, and a size bounded by 
(h0+ l  + k 0y1)N. Hence Lemma 1.3.1 of [3] gives a non trivial solution ah k with 
Log max \аик\ < с ^ .h,k

Second step. For m £S ,  either F(m)— 0, or Log \F (m ) \^— c2\m\.

The denominator of F(m) is bounded by уккп\т\, and the size of F(m) is 
bounded by

Log [k0(h0N +  l)] +  c1A + (|m | +  A0A )Log2 +  y1fc0|m|.

1 Made by A. Escassut and M. Mignotte.
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The basic inequality
— 2ös((x) ^  Log |a| for all a dK,

(see [3], (1.2.3)) for \m \^N , and the first step for \m \sN , give the result.

Third step: induction. Define G(z)=(g(z))ko • F(z). Then, for all integers M ~sN,

(I)M: F(m) = 0 fo r  all m£SC\BM,
and
(II)m: Log jG|M <  —c3M, with c3 =  коУ1 +с2-

The first step proves (1)^, and (II)M=*(I)M is a consequence of the second step 
and of the hypothesis on the lower bound for \g(m)\. The property “(П)м for all M ” 
implies F = 0 , which means that f j g  is an algebraic function (and consequently 
a rational function, because f j g  is meromorphic in C). Now, to conclude the proof 
of Theorem 1, it is sufficient to prove (I)M=>(II)M+1.

Assume (I)M is true. Then, for R > M ,  we get from Schwarz lemma

Log |G|M + 1=  Log|G|s - y 0M Log R2+ (M + 1)2 
2 R ( M + 1) '

ICf. Lemma 6.2.1 of [3], where the inequality

R l —zzi
R f z - z f i

R l-RxQ
R2(Ri +  q) ’ M =Ri, в,

can be sharpened to2
R \ - z z j  _ R \+ R 1q \

R f z - z j )  =

We bound |G|* for R > M :

Log |G|r S  L o g P 0Ar+l)ko] +  c1A + /i0Ar[ l+ L o g ^ - ^ : + l j J  +  2feo^-- 

Choose R-=l0(M+l),  with l0 sufficiently large, say

Then

and we obtain

Уо-hp
3 Log /0 ^  max {c3; 2h0 + cx+ y0 -  К  Log h0}.

Vo Log
i?2 +  (M + l)2

2R(M+1)

Log |G|M+1 <  - { | ( Уо- й 0) Log M ,

which is < — c3M  when C is sufficiently large. This proves Theorem 1.

2 This was pointed out to me by J. Dufresnoy and H. L. Montgomery.
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It would be interesting to generalize Theorem 1 to more general sets S, for 
example to Sc=Z[i]; the corresponding generalisation of Polya’s theorem is due 
to F ukasawa and  G el’fond [2]: if /  is an entire function satisfying f(a + ib )£ Z[i], 
when a+ibd Z[z], and

( 2 )  H » >  L o g  | / | й  <  2 ~( l + e ’

then /  is a polynomial.
With the present method, we can deal only with a stronger hypothesis (where 

l//?2 is replaced by (Log R)/R2 in (2)), because we do not know interpolation poly

nomials in Z  [/] generalizing the polynomials j  in Z; this problem3 is connected
with those of the measure of irrationality (or transcendence) of en, and of the al
gebraic independence of и and en.

On the other hand, we can consider more general sets of algebraic numbers. 
Using the m ethod of proof o f Theorem 1, we get:

Theorem 2. Let К be a number field, ylt y2 positive real numbers, and 

‘P : [0, + °°) [0, +oo) a positive real valued function satisfying lim sup ■ - <  °°R-*-oo y]\)
for all As= 1. Then there exists a constant C=-0 with the following property: Let 
S  be a subset o f  К  with

Card S 0 B R a  <P(/?)
and

max s(a)=sV2LogÄct t О I 1

for all sufficiently large R. Let f ,  g be two entire functions, satisfying

g(a) 0 and

such that for all sufficiently large R,

m
g ( a )

е к for a

and

max
x i S n B R

1

Ш 1 ; ^  V i- M
Log/?’

max {Log \ f  |R; Log |g|R} ^  

Then f ig  is a rational function.

П Д )

CLog/?

We obtain as a corollary Gel’fond Schneider’s theorem on the transcendence 
of ab (choose: f(z )= a 1; g ( z ) = l ;  4/ (R)=R2; Scz {h+kb, h, kgZ}.)

The proof of Theorem 2 is essentially the same as that of Theorem 1; first 
we assume that the function R>-+ W (i?)/Log R  is non decreasing (otherwise we 
replace lP(/?) by (Log/?)- inf 'P (/?')/Log/?'); then we replace the polynomials

3 Concerning this problem, see a forthcoming paper by Douglas Hensley: “Polynomials with 
Gaussian integer values at Gaussian integers.”
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^ j by z h in the preceeding proof, and the parameters h0N, k 0 by [h04'(N)/Log N], 
k0 Log N], respectively.

Finally, we mention two possible generalisations of Theorems 1 and 2. Firstly 
Polya’s theorem has been generalized to functions of several variables by A. B a k er  
[1]; using the interpolation formulas in [1], it is easy to derive the corresponding 
generalisation of the present paper. Secondly, it is possible to replace the number 
field К  by the field of algebraic numbers, provided that we assume a growth con
dition on the function

(see [3], Exercise 2.2.f).
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SUR L’ALGÈBRE ASSOCIÉE À U N  CHAMP 
TENSORIEL D U  TYPE (1,2)

Par
L. NICOLESCU et M. MARTIN (Bucarest)

On étudie dans le § 1 l’algèbre associée à un champ tensoriel du type (1,2) 
sur une variété différentiable. Puis on met en évidence (§ 2) les champs et les courbes 
caractéristiques de cette algèbre. Dans le § 3 on présente une extension des variétés 
de Weyl.

Les variétés différentiables, les applications différentiables, les champs tens- 
oriels et les connexions linéaires qui interviennent par la suite sont supposés de 
la classe C°°.

Soit M  une variété différentiable réelle, à n dimensions. On note par 7F(M) 
l’anneau des fonctions réelles, différentiables, définies sur M  et par ,Fr-x(M)  le 
F(M )-module des champs de tenseurs du type (r, s) sur M.

Particulièrement, pour .Fh0(M) on emploie de même la notation (X(M).

§ 1. Algèbre associée à un champ tensoriel du type (1,2)

On considère un couple (M, D), où M  est une variété différentiable et D un 
champ tensoriel du type (1,2) sur M.

En employant l’indication de I. V a ism a n  [4], on constitue le module 9C (M ) 
comme une algèbre sur l’anneau (F{M).

Si on définit le produit de deux champs de vecteurs X  et Y  par la formule:

(1.1) XoY  =  D(X, Y),

les propriétés de distributivité de ce produit par rapport à la somme des champs 
des vecteurs et les autres conditions nécessaires sont immédiatement vérifiées.

D éfin itio n  1.1. L’algèbre définie par la formule (1.1) s’appelle l’algèbre associée 
à D et on note °и(М, D).

Pour établir certaines propriétés de l’algèbre D) on définit entièrement 
comme dans [4] le champ tensoriel K£7FltS(M), qu’on appelle la courbure associée 
à D, par la formule

(1.2) K(X, Y ) Z  = \ { D ( X ,  D(Y, Z) )-D(Y,  D(X, Z))} 

pour tout X, Y, ZÇ.3((M).
On peut observer, en tenant compte de (1.1), que l’algèbre °U(M, D) est com

mutative si et seulement si D est symétrique, D(X, Y)=D(Y,  X), (\/)X, Yc(X(M).
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En supposant cette propriété vérifiée, on a
( X o Y ) o Z - X o ( Y o Z ) + 4 K ( X , Z ) Y =  0, (V)2f, Y,Z£%(M),

ce que nous conduit au résultat suivant :
L'algèbre ÚU{M, D) est simultanément commutative et associative si et seule

ment si
D(X,  F) =  D(Y, X)  et K(X, Y )Z  = 0, (V)2f, Y, Zd3£(M \

De même on obtient aisément le résultat suivant :
L’algèbre Ll(M, D) est une algèbre de Lie si et seulement si les conditions 

D{X, Y)  =  —D{Y, X)  et K(X, Y)Z+K(Y,  Z )X+K(Z ,  X ) Y  = 0 

sont simultanément vérifiées pour (V)X,  Y, ZÇ_9C(M).

A p p l ic a t io n . Soit / £  et soit Nj  le champ tensoriel de Nijenhuis
associée à J  [1], [2], [7], donné par la formule

Nj(X, Y)  = [JX, J Y ] - J [ J X ,  Y ] -J [ X ,  J Y ] - [ X ,  Y], (y)X,  YÇ.X(M).

Le fait que Nj  est antisymétrique assure que aU{M, N fi  soit une algèbre anti
commutative. Il en résulte : Tous les éléments de Г algèbre ,JU ( M, N  fi sont des éléments 
nilpotents d'indice 2 .

§ 2. Champs caractéristiques de l’algèbre %(M, D)

D éfin itio n  2.1. Un champ X^.ŰU{M, D) s’appelle champ caractéristique de 
l’algèbre Lé(M, D) s’il existe une fonction /.ÇJF (M),  ainsi que

(2.1) Difii, X)  =  XX.

T héorème 2.1. Tous les éléments de l'algèbre JU(M, D) sont des champs ca
ractéristiques si et seulement s'il existe une 1 -forme со sur M, ainsi qu’on a :

(2.2) DIX, Y ) + D { Y ,X )  = co(X)Y + co(Y)X, ( \ / )X ,YçX(M ).

Pour la démonstration on utilisera le lemme suivant:

Lemme 2.1. Si S<zéT1’2(M) est un champ symétrique et que pour tout X, Y<^X(M ) 
le champ de vecteurs S(X, Y) se trouve dans le !F(M)-module engendré par X  et Y, 
alors il y a une \-forme со sur M  anisi que:

S(X,  Y)  = co(X)Y+co(Y)X.

D ém o n str a tio n . On note S ljk les composantes de S  dans un système de coordon
nées (x1, X2, . . . ,  a"). Il découle des hypothèses adoptées que Sjk= S kJ et S ‘Jk=0, 
si i$ {J, *}. On définit maintenant par contraction cok= S\k= S ki. Évidemment 
les œk sont les composantes d’une 1-forme со. Si l’on fixe deux champs X  et 7  de
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X { M )  qui ont les composantes X ‘, Y ‘ respectivement, on obtient localement:

s‘»x‘Y‘h  =  ^ x‘Ytw +s'‘-x‘Y'w? -  w À x‘
Par conséquent S ( X ,  Y ) — œ ( Y ) X + c o ( X )  Y.

D émonstration du Théorème 2.1. On suppose que l’algèbre ° U ( M ,  D )  possède 
tous les éléments caractéristiques.

On définit le champ symétrique S£&~1,2(M) par:
S ( X ,  Y )  =  D ( X ,  Y ) + D ( Y ,  X ) ,  ( V ) X ,  У £ £ Г ( М ) .

Pour X ,  Y Ç . 3 C ( M )  il existe 1, p ,  vÇ J^M ) ainsi que
D ( X , X )  =  À X,  D ( Y , Y )  =  p Y ,  D ( X + Y ,  X + Y )  =  \ { X + Y ) .

Alors
S ( X ,  Y )  =  D ( X + Y ,  X + Y ) - D ( X ,  X ) - D ( Y ,  Y )  =  ( y - X ) X + ( y - p ) Y ,

et nous nous plaçons dans les hypothèses du Lemme 2.1.
L’implication inverse s’obtient en prenant dans (2.2) X = Y ,  d’où D(X, X) = 

= a > ( X ) X .

R em arque 2.1. Il est facile de voir que pour un champ X  qui ne s’annule en 
aucun point de M ,  (2.1) est équivalent à

(2.3) D(X, X ) ® X  = X®D{X,  X).

Définition 2.2. Un champ caractéristique Xdty(M,D)  avec la propriété 
(V)p€M, XpxO, s’appelle champ de directions caractéristiques dans l’algèbre 
°и{М, D).

Nous appelons les trajectoires des champs de directions caractéristiques courbes 
caractéristiques de l’algèbre ^(M , D).

Si l’on note D)k les composantes de D dans un système de coordonnées 
(y 1, jc2, . . . ,  jc"), alors, en employant (2.3), on obtient le système différentiel d’équa
tions des courbes caractéristiques de l’algèbre <^(M ,D ).

dx^ dxs dxf
0 .

Interprétation géométrique des champs de directions caractéristiques 
de l’algèbre ôU  (M, D )

Si c:I-~M, c:I-»M (I, I Q R )  sont deux courbes sur M  qui ont un point com
mun c(t0)=c(ï0)=p  où t0 et ï0 sont des points intérieurs aux intervalles I  et 1 res
pective, on dira que c et c sont fortement-osculatrices au point p  si pour un sys
tème de coordonnées autour de p, (jc1, jc2, ..., x"), les constantes A, p, A, fl existent 
avec А/ЫО ainsi qu’ona, pour tout г —1 , 2 , ...,« ,

(0 i)
dc‘ j  de1

d f
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et

(02)
de‘ T? d2c‘ de1

+ P-J7 /„ dt dï* + P-JT
h dt

où Гоп a noté с '= х‘ос, с' = х 1ос.

Remarque 2.2. Il est évident que les constantes 2, I , p , ß  dépendent des para
mètres choisis sur c et c et du choix du système de coordonnées autour de p.

Il est aussi clair que la propriété des courbes c et c d’être fortement-osculatrice 
au point p  est géométrique, étant indépendente du choix des paramètres sur c et 
c et du système de coordonnées autour du p.

On considère de nouveau la paire (M ,D ) et on suppose que la variété
1 î

M  est dotée avec une connexion linéaire V. A l’aide de Z) et V on construit les 
connexions linéaires

1 1 -  1 1 V =  V +  - A  v  =  v - T z).

Relativement à la paire de connexion (V, V) on a le théorème suivant :

Théorème 2.2. Soit XÇJP(M) avec Хр^ 0 ,  (V) pdM. Les propriétés suivantes 
sont équivalentes :

1° X  est un champ de directions caractéristiques dans P algèbre aU (M, D) ;
2° pour tout p £ M  il existe ÀpÇ R et

D ( p ) ( X p , Xp) = ApXp ;

3° pour tout p£M ,  si c . I ^ M  et C ' A M  sont deux courbes sur M, la première 
V-autoparallèle, la deuxième V-autoparallèle à c(tlt) = c(ta) = p ,  il existe / ,  I f  R 
avec 0  et

alors les courbes sont fortement-osculatrices au point p  (on a noté c* la différentielle 
de Г application c).

D ém o nstra tio n . Évidement 1°=>-2°.
Pour établir que 2°=»3° on choisit un système de coordonnées (x1, x2, , xn)

qui contient le point p, c et c soient les courbes données.
On a

[dfié
- j f f . - -r jk(ci(t),

„ . чЧ dcJ dck

(2.4) d 2 p  _ -ns-\\dcJ dck

où Г)к, r ‘jk sont les composantes des connexions V et V.
Il est évident que les composantes de D sont D)k = — Г)к +  Г)к
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De même
d e *
H t

=  ixi d c ‘

H T
=  Ш

Les relations (2.4) considérées au point t0 et tn respectivement conduisent à

d 2c ‘

H t2

d’où l’on obtient

- r jk(P) l 2x i x i  =  0,
d 2 c i

П Н
-r‘jk(p)X2xixkp = 0,

1 d 2c i

l 2 d t 2
1 d 2c'

ou
2d2c‘

d t 2

Я2 d t2

I2

+ D‘Jk(p)XJpXt = 0

d 2c'

H F
- P l 2XpX ‘p.

d e ' pour obtenir (Oa).Il nous reste à remplacer, par exemple ÀXj, par

3°=>2°. Il est clair qu’il existe les courbes c et c qui vérifient les équations (2.4) 
aux conditions initiales

(2.5)
de*

c(t0) =  c(i„) = p  et d e 1
H T = XÎ-

La condition (0j) a lieu avec 2 =  1=1. Pour (02) on a

d 2c i d e ’ d 2c ‘ de'

H t 2 T " * t» =  ~ d F +  И~й  
h d t

c’est à dire qu’en tenant compte de (2.4) et de (2.5), on trouve que 

Г Ь Ш Щ + р Х *  =  ГЬ(р)Х}Х*+рХ*,
donc

D)k(p)XlXk =  ( p - ß ) X ‘ .

2°=> 1°. Il faut montrer que la fonction (p-»2p) : M —R  est en .‘F (M ).
La propriété étant locale, on choisit et une carte (x1, x2, ..., x") autour

de p, suffisamment petite telle qu’il existe i0 pour que la coordonnée X ‘° de X  ne 
s’annule pas. Pour tout point q de cette voisinage on a

_ D%(g)XÎX5 
9 X f  ’

c’est que (q~*2g) est différentiable.

Acta Mathematica Academiae Scientiarum Hungartcae 31,1978



32 L. NICOLESCU ET M . M A RTIN

§ 3. /-structures de Weyl

Soit {M, g) une variété de Riemann et soit g  la structure conforme engendrée 
par g, c’est à dire que g={exg\X(SF(M)}.

Soit une fonction qui ne s’annule pas en aucun point.

D é f i n i t i o n  3.1. Nous appelons /-structure de Weyl sur la variété conforme 
(M, g) une application : F:g-~&'°'1(M) qui vérifie

(3.1) fF(e*g)=fF(g)-dl ,

R emarque 3.1. Si gÇg, on a g —g et en supposant ensuite que g=eMg, on a : 

fF(e*g)  = fF (e x +ßg) = f F ( g ) - d ( 2  +p) = f F ( g ) - d ) .

pour tout
Grâce à la relation (3.1) une /-structure de Weyl est uniquement detérminée 

par 1-forme F (g).

D é f i n i t i o n  3.2. Soit œ une 1-forme sur M.  On dit qu’une connexion linéaire 
V sur M  est associée à со et est compatible avec la /-structure de Weyl F si pour 
tout champs X, Y, Zd!F(M) on a :

(3.2)

(Vx g)(Y,Z)+fF(g)(X)g(Y, Z )  + 2co(X)g(Y, Z ) +  m (7)g(Z , X)  + co(Z)g(X, Y)  =  0

P r o p o s i t i o n  3.1. Si V est une connexion associée à œ et est compatible avec 
la f-structure de Weyl F, alors pour tout gÇg a lieu la relation

(3.3)

{Vx g){Y,Z)+fF(g)(X)g{Y,Z)  + 2œ{X)g{Y,Z)  + œ(Y)g{Z, X)  + œ(Z)g(X,  Y)  =  0. 

D é m o n s t r a t i o n .  Soit g = e ßg. Il s’ensuit que

(V*e"g )(Y, Z  ) + f  F(e“ g)(X)eß g (Y, Z) = e*{(Vx g)(Y, Z)+fF(g)(X)g(Y, Z)}.

On constate sans peine que (3.3) représente en effet la relation (3.2) multipliée par eß.

P r o p o s i t i o n  3.2. Étant données:
— une variété de Riemann (M , g),
— une fonction f í í F i M )  qui ne s'annule pas en aucun point,
— une f-structure de Weyl F  sur M et,
— une \-forme œ sur M,

alors il existe une connexion linéaire unique sur M , symétrique, associée à œ et com
patible avec la f-structure de Weyl.

D é m o n s t r a t i o n .  Pour deux champs X, YÇ.2F(M) soit D(X, Y) le champ 
unique qui pour (V) ZÇâT(M) vérifie la relation

(3.4) 2g(D(X, Y), Z) =fF(g) (X)g(Y ,  Z )  +fF(g) (Y ) g(Z, X ) -

~/F(g)(Z)g(X ,  Y)X2aj(X)g(Y, Z )  + 2œ(Y)g(Z, X).
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Il est facile de voir que D est un champ de tenseurs symétrique du type (1,2), 
D(X, Y) = D(Y,  X).

Soit V=V+Z), où par V a noté la connexion de Lévi—Civita associée a g. 
Puisque la connexion V est sans torsion et D(X, Y) = D(Y, X), (V) X, Y£SC{M), 
on a
(3.5) Vx Y - W y X =  Vx Y - V yX + D ( X ,Y ) - D Ç Y ,X )  = [X,Y], 

donc la connexion V est symétrique. En tenant compte de l’identité

(3.6) (V*g)(y, Z) =  0, (V)Z, Y, Z & { M ),  
on a

(V*g) (Y ,Z )  =  X g ( Y , Z ) - g ( V x Y , Z ) - g ( Y ,  VXZ)  = X g ( Y , Z ) -  

- g & x Y ,  Z )  — g(Y, Vx Z ) - g ( D ( X ,  Y ) ,Z ) - g ( Y ,D ( X ,  Z))  =

=  - g ( D ( X ,  Y), Z ) - g ( Y ,  D(X, Z)).

En employant (3.4) an obtient

2<yxg)(r ,  Z)  + 2/F(g)(X)g(Y, Z)+4co(X)g(Y, Z)  + 2co(Y)g(Z, X) +
+ 2co(Z)g(X, Y)  = 0,

c’est justement la relation (3.2). L’existence de la connexion V est donc prouvée.
On suppose maintenant que V est une connexion linéaire symétrique qui 

satisfait à (3.2) et soit £>=V—V. Pour (V)X, YÇ^(M),  on a

D(X, Y)  -  VXY - V XY = (VyZ+[Z , YJ) - (V ,X +[X,  Y J) =  VyX -  VrX  = D(Y, X)  

c’est à dire D est symétrique. En tenant compte de (3.2) et de (3.6) nous avons: 
g{D(X, Y), Z)  + g(Y ,D(X,Z))  —fF(g)(X)g(Y,  Z )  + 2co(X)g(Y, Z) +

+  co(Y)g(Z,X)  + œ(Z)g(X ,Y) .

On écrit encore duex relations obtenues par substitution circulaires:

g(D(Y, Z), X) + g(Z, D(Y, X)) = /F (g )(7 )g (Z , X) + 2co(Y)g(Z, X)  +

+ (o(Z )g(X ,Y)+co(X)g(Y ,Z) 
et

g{D(Z, X), Y) + g{X, D(Z, Y)) =fF(g) (Z)g(X ,  Y) + 2œ(Z)g(X, Y) +

+ (o(X)g(Y,Z)+co(Y)g(Z, X).

Si l’on soustrait la dernière relation de la somme des deux autres et on emploie 
la symétrie de D, il en résulte précisément (3.4). L’unicité de V est ainsi prouvée.

R em arq ue  3.2. Puisque les relations (3.2) et (3.3) sont équivalentes et la con
nexions V est unique, elle ne dépend pas essentiellement de g (comme on croirait 
vu la démonstration), mais seulement de g.

Généralement, la connexion V dépend de / ,  œ et de F(g). Par exemple, pour 
F(g)—0=cu, elle coïncide avec la connexion de Lévi—Civita associée à g, et si /
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est la fonction constante 1 et <u=0 , on obtient la connexion compatible avec une 
structure de Weyl [3], [5], [6 ].

Dans ce dernier cas, la relations (3.1) devient F(exg)=F(g)—dk et la relation
(3.2) se réduit à Vx g + F (g )(Z )g = 0 . _

On considère une autre connexion V correspondante à un choix de / ,  c5 avec 
la conservation de F (g) et soit V comme plus haut, la connexion de Lévi—Civita 
associée à g.

T héorèm e 3.1. Les algèbres °U(M, V — V) et V—V) ont les mêmes
champs caractéristiques.

D é m o n st r a tio n . On note D = V —V et D =  V—V. Alors D vérifie la relation
(3.4) et D vérifie une relation analogue où /  et со sont remplacées par /  et œ.

On remarque que (3.4) s’écrit aussi sous la forme
g(Z, 2D(X, Y ) ~ f F { g ) ( X ) Y - f F ( g ) ( Y ) X — 2со(X)Y-2co(Y)X) =

=  - fF ( g H Z )g ( X ,  Y).

La relation analogue pour D est la suivante:

g{Z, 2D(X, Y )  —jF(g)(X)  Y —fF ( g ) ( Y ) X - 2 œ ( X )  Y - 2 œ ( Y ) X )  = - jF(g)(Z)g(X, Y).

En multipliant la première relation par / ,  la seconde par /  et en tenant compte 
du fait que les égalités ont lieu pour tout champs X, Y,Z^3C (M ), il en résulte que

f (2D(X,  Y) —f F ( g ) ( X ) Y ~ f F ( g ) ( Y ) X - 2œ(X)Y—2cù(Y)X)  =

=  /(2 D  (X, Y) —fF(g)(X)  Y - f F ( g X Y )  X - 2œÇY) X-2œÇY)X )  
ou
(3.7) / (D (X, Y ) - c o ( X ) Y -c o ( Y ) X )  = f (D (X ,  Y ) - œ ( X ) Y - œ ( Y ) X ) .

Posant dans (3.7) Y —X, on obtient

f (D (X ,  X ) - 2 œ ( X ) X )  = f (D (X ,  X ) - 2 œ ( X ) X ) ,  (V)X£<F(M)

d’où l’on tire facilement le résultat du Théorème 3.1.
En paiticulier, grâce à la Remarque 3.2 on peut supposer que V est la connexion 

correspondante à /= 1  et c5=0, et D vérifie alors la relation plus simple
2g(D(X, Y),  Z)  = F(g)(X)g{Y,  Z) +  F (g)(7 )g(Z , X)-F (g ) (Z )g (X ,  Y).

R emarque 3.3. Si l’on note la 1-forme F (g) par <p, alors la relation (3.2) s’écrit 
en coordonnées locales

gjk, i +f(Pi gjk + 2coi gjk+ coj gik+ cok gij = 0,
et la relation (3.4) devient

2 g , кЩ  =  f ( p i  g j k  + f ( P j g ik ~f<Pk g i j + 2 c Oi gj k+ 2  (o j  g ik,
Si l’on prend

V э —  =  —r k . -^~
Jïdx-i № •

Acta Mattiematica Academiae Scientiarum Hungaricae 31, 1978



SUR L’ALGÈBRE ASSOCIÉE À UN CHAM P TENSORIEL DU  T Y P E  (1, 2) 35

on a alors, pour les composantes Г)к de la connexion V,

кГк. =  —

ou —
J1 -Dk-

sont les composantes de la connexion de Lévi—Civita.
Ón trouve facilement l’expression des composantes Г'* en fonction de

У> Sijj Vif ®î

r ‘Jk = - -  - y  WjiJVk +  2  (ok) +  < H  (fcpj+2(0j)-fgJkgis <ps).
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1NF-HALBVERBÄNDE ALS SYNTAKTISCHE 
HALBGRUPPEN

Von
H. JÜRGENSEN (Darmstadt)

Die vorliegende Arbeit befaßt sich mit einer Charakterisierung von Sprachen 
durch ihre syntaktischen Halbgruppen bzw. syntaktischen Monoide, die in diesem 
Falle kommutativ und idempotent sind, also als inf-Halbverbände aufgefaßt werden 
können. Die Ergebnisse scheinen uns auch halbgruppentheoretisch interessant, 
weil sie die disjunktiven Teilmengen — im Sinne von Schein [4] -— von inf-Halb- 
verbänden charakterisieren.

V sei eine Halbruppe [ein Monoid] und X  ein nicht notwendig endliches Alpha
bet. Mit X* sei das freie Monoid über X  bezeichnet. £f(X, V) [ i f '(X, V)] sei die 
Klasse der Sprachen L ^ X X *  [ЬЯ.Х*] mit syntaktischer Halbgruppe 5(Z,) = V 
[syntaktischem Monoid M(L)= V]. Dabei sind S(L) und M(L)  gerade die Faktor
halbgruppen von XX*  bzw. X* nach der gröbsten Kongruenz, die L  saturiert; 
den zugehörigen kanonischen Surmorphismus bezeichnen wir als den syntaktischen 
Surmorphismus. Wir befassen uns mit der Aufgabe, die Klassen i f  (A, V) bzw. 
if '(A , V) für den Fall zu bestimmen, daß V ein inf-Halbverband ist. Eine derartige 
Charakterisierung einer Klasse if(A , V) bzw i f '  (X, V) läßt sich immer in zwei 
Schritten durchführen:

(1) Bestimmung eines Erzeugendensystems E von V und Angabe eines Homo
morphismus von X* auf V, der X  auf E  abbildet.

(2) Bestimmung sämtlicher disjunktiver Teilmengen von V, d.h- der Teilmengen 
von V, die nur durch die triviale Kongruenz saturiert werden. Genau diese Mengen 
sind die Bilder von Sprachen unter ihren syntaktischen Homomorphismen.

Wir behandeln Schritt (1) nur kurz. Zu (2) gelingt mit Satz 5 eine Charakterisierung 
sämtlicher disjunktiver Teilmengen beliebiger inf-Halbverbände. Unter einer recht 
schwachen Endlichkeitsbedingung, aus der noch nicht einmal die Längenendlich
keit nach unten folgt, läßt sich die Beschreibung wesentlich verschärfen, Satz 2. 
Falls V sogar endlich ist, erhält man aus diesem Satz einen einfachen Algorithmus 
zur Berechnung sämtlicher disjunktiver Teilmengen von V. Einige andere Aspekte 
dieses Problems werden von Zapletal in [5, 6] untersucht. Die von Lallement 
und M ilito in [3] angegebene Beschreibung der zu endlichen Halbverbänden von 
Gruppen gehörigen Sprachen ist eine Verallgemeinerung eines Spezialfalles von 
Satz 2.

Die sonst (vgl. [2]) notwendige Unterscheidung von syntaktischen Halbgruppen 
und syntaktischen Monoidén erweist sich für den vorliegenden Fall als unwesentlich, 
weil das Einselement eines kommutativen idempotenten Monoids immer adjungiert 
ist. Wir beschreiben daher nur die Klasse if(A , V). if '(A , V) erhält man dann 
in einfacher Weise mit Hilfe der Tatsache, daß die syntaktische Klasse des Eins-
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elements von M (L) für Lg i f '(А", V) gleich X* für eine (eventuell leere) Menge 
Xx^ X  ist.

Es seien nun V ein inf-Halbverband, X  eine Menge und Lgif(Af, V). Der 
syntaktische Surmorphismus oL: X X * —S(JL) läßt sich in ein Produkt von Sur- 
morphismen a x , fix-, J l folgendermaßen zerlegen:

X X * ---------- - X х«X

"l. =  ßx

V =  S(L)---- ------X v

Dabei sind: X a die von X  erzeugte freie abelsche Halbgruppe, X v der von X  erzeugte 
freie inf-Halbverband und <xx , fix die jeweiligen Fortsetzungen der identischen 
Abbildung von X. Durch diese Überlegung wird es möglich, das ursprüngliche 
Problem in drei Teilprobleme zu zerlegen:

(1) Beschreibung der (/?xaA-)-Klassen in XX*.
(2) Beschreibung sämtlicher Surmorphismen von X v auf V.
(3) Beschreibung der Familie 26(V) sämtlicher disjunktiver Teilmengen von V. 
Für LQ XX*  gilt nämlich L£2?(X, V) genau dann, wenn L = a * 1 /?x1 y_1 (M)

für ein M226(V) und einen Surmorphismus y : Xv V ist.
Die Lösung für (1) ist einfach: Es sei q 2 X v ; dann besitzt q eine bis auf die 

Reihenfolge der Faktoren eindeutige Darstellung q=qxq<i.-.qk mit qx2X  und 
qtX-qj für alle i, j  mit iXj. Sei Qq = {qx, q2, ..., qk}- Dann ist

^ ß x H q )  = П QtqiQt-
i —l

Um (2) zu lösen, genügt es, sämtliche Erzeugendensysteme E  von V mit |E| =  |T | 
anzugeben. Durch die identische Abbildung von E  wird dann ein Epimorphismus 
von E v (und wegen \X\ =  |£j auch von X v) auf V  definiert. Umgekehrt kann be
kanntlich jeder Epimorphismus von X v auf V dadurch erhalten werden, daß man 
X  mit einem Erzeugendensystem von V  identifiziert. Für den in sprachentheoretischem 
Zusammenhang letztlich nur relevanten endlichen Fall genügt die folgende Aussage 2

1. Bem erk ung . V  sei ein inf-Halbverband. Sei weiter

E(V)  := {sIsfEKAatCF1:* >  sAiVuCF1:« >  s -  и ^  t)}-

Für jedes Erzeugendensystem X  von V  gilt E ( V ) ^ X .  Falls V nach oben längenend
lich ist, und jedes Element von V nur endlich viele obere Nachbarn hat, ist E{V)  
ein Erzeugendensystem von V.

Die Lösung des Teilproblems (3) macht etwas größere Schwierigkeiten. Wir 
geben zuerst eine Charakterisierung von 26{V) für inf-Halbverbände an, die einer 
bestimmten, recht unübersichtlichen Bedingung (* )  genügen; danach zeigen wir, 
daß insbesondere nach unten längenendliche inf-Halbverbände die Eigenschaft 
(* )  haben.

1 Für eine Halbgruppe FT sei, wie üblich, H l = H , falls H ein  Monoid ist, und sonst H 1= H  0(1}  
mit 1д:=лс1=лг füralle x g H 1.
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2. Satz. V sei ein inf-Halbverband, der die folgende Eigenschaft hat:

(* )  x^V-.y y £ V : x  < у  (W €F: f -= у — i ^  x)V
V(3z£F: z S  у A z  jß x A (y  z'£V: z'  <  z — z' ^  zx )).

LQ V ist genau dann disjunktiv, wenn für alle x , y £ V  gilt: Falls x < y  ist und fü r  
alle z c y  folgt z ^ x ,  so ist x d L ^ y ^ L .

Beweis. (1) Sei L Q V ,  x, y£V,  x<y,  und es gelte z S x  für alle z< y  und 
ferner xdL-~-y£L. Für q£ V ist dann entweder qy=y, qx = x  oder qy=qx; in 
jedem Falle gilt qy£L-~-qx£L. x  und у  sind daher bezüglich L  sytaktisch äqui
valent. L  ist nicht disjunktiv.

(2) L Q V  habe die angegebene Eigenschaft. Es seien x, yd  V  mit x ^ y .  Wir 
zeigen, daß x  und у  bezüglich L  nicht äquivalent sind. Dazu können wir xdL*-+ 
*-*ydL voraussetzen (weil die Behauptung sonst trivial wäre). Wir überlegen zu
nächst, daß es genügt, die Aussage für x < y  (bzw. y< x) zu beweisen. Sei nämlich 
x^ßy^ßx,  also y ':= xy< x, y; falls nun x  und y ' nicht äquivalent sind, folgt mit 
x x = x ,  xy= y' auch, daß x  und у  nicht äquivalent sind. Sei also jetzt o.B.d.A. 
x~=y vorausgesetzt. Wegen x£L-M-ydL folgt, daß es ein mit gibt.
Dann existiert aber auch ein z gemäß (* ); für dieses gilt

zy = z£L  **■ zx$L.
Also sind x  und у  nicht äquivalent, q.e.d.

3. Satz. Jeder nach unten längenendliche inf-Halbverband hat die Eigenschaft ( * )'

Beweis. V  sei ein nach unten längenendlicher inf-Halbverband. Dann besitzt 
V ein Nullelement 0. Seien x , y £ V  und x<y .  Weiter setzen wir voraus, daß es 
ein t< y  mit t^ß x  gibt. Es ist die Existenz von z gemäß (*) zu zeigen. Da jede von 
у  nach jc absteigende Kette endlich ist, gibt es einen oberen Nachbarn y'  von x  
mit x < y '^ y .  Falls für alle t< y ' gilt t ^ x = y ' x ,  so ist mit z:—y ’ ein geeignetes 
Element gefunden. Andernfalls muß speziall auch für das Paar (x, y j  ein z gemäß 
(* )  gesucht werden; falls es existiert, so hat es offenbar auch die gewünschten Eigen
schaften für das Paar (x,y). Wir können also o.B.d.A. annehmen, daß x unterer 
Nachbar von у  ist. Sei nun b ^ y ,  b ^ x .  Da V nach unten längenendlich ist, können 
wir annehmen, daß bl unterer Nachbar von у  ist. Wir betrachten jetzt eine Folge

b0 — У =- bi >  b2 >  ... >- bt >  ... =- 0.
Dabei soll immer bt unterer Nachbar von &г_х und b,-jßx sein. Da V nach unten 
längenendlich ist, bricht jede solche Folge nach endlich vielen Gliedern — spätestens 
mit einem oberen Nachbarn von 0 — ab. Die Tatsache, daß die Folge etwa mit 
bi abbricht, besagt aber gerade, daß z ' S x  für alle unteren Nachbarn von bx gilt, 
also z 'sbiX;  wegen ist btx  unterer Nachbar von bt, und es gilt t s b tx
für alle z:=bt hat also die gewünschten Eigenschaften, q.e.d.

4. Korollar. V sei ein endlicher inf-Halbverband.
(1) Es ist M£@(V) genau dann, wenn fü r  alle x , y £ V  gilt: Falls x  einziger 

unterer Nachbar von у  ist, ist x  € M ^-y  (f M.
(2) Es gilt J£(X, V )^  0  genau dann, wenn |Т [^ |£ (К )[. Dabei ist E(V)  die 

Menge derjenigen Elemente von V, die in Vх genau einen oberen Nachbarn haben.

Acta Mathematica Academiae Scientiarum Hungaricae 31, 1978



40 H. JÜ R G EN SEN

Man beachte, daß diese Charakterisierung einen recht günstigen Algorithmus 
zur Bestimmung von £t?{X, V)  definiert. 2 ( V )  ist für endliche V  immer nicht leer.

Zum Abschluß befassen wir uns mit der Frage, ob in Satz 2 auf die Bedingung 
(* ) verzichtet werden kann. Ein einfaches Beispiel dafür, daß dies nicht ohne Än
derung der Charakterisierung von 2{V )  möglich ist, bildet etwa die Menge R der 
reellen Zahlen mit der Operation „min“. Offenbar erfüllt z. B. L — 0  die Forderungen 
von Satz 2, ist jedoch keineswegs disjunktiv. Man überlegt sich leicht, daß S>(R) 
gerade aus den Teilmengen L Q  R mit der Eigenschaft besteht, daß L  und R \Z , 
in R dicht sind. Dies gilt sogar für beliebige Ketten und ergibt im endlichen Falle 
gerade die Bedingung von Satz 2 an L. Falls V keine Kette ist, ist die Chrakteri- 
sierung von 3>(V) schwieriger, kommt aber im Prinzip ebenfalls mit einer Dicht
heitsforderung aus.

Zur Formulierung der Aussage vereinbaren wir etwas Notation und einen 
Hilfsbegriíf: V  sei ein inf-Halbverband. Absteigende Ketten von V schreiben wir 
als {zx}x(A; dabei ist A eine geeignete total geordnete Indexmenge und zx< z ß für 
/?<a. Eine solche Kette heiße „voll bezüglich x£ V“, falls sie den folgenden For
derungen genügt:

(a) Jede echte Verfeinerung von {zx}XÜA ist Verlängerung.
(b) z£V:(\ ja.£A:z  -r z j  — z S  x.
(c) 4cceA:zx $  x.

5. Satz. V sei ein inf-Halbverband. L Q V  ist genau dann disjunktiv, wenn für  
alle x y€ V mit x< y  gilt: Es gibt eine von у  absteigende bezüglich x  volle Kette, 
in der die Menge

Dx := {z\z£V: z £ L  — zx$L}
cofinal ist.

Beweis. (1) L  habe die angegebene Eigenschaft. Es seien x, y£V, x ^ y .  Wir 
wollen zeigen, daß x und у  nicht syntaktisch äquivalent sind. Wie im Beweis von 
Satz 2 können wir uns auf die Untersuchung des Falles x<>’ beschränken. {zx}x€A 
sei eine beliebige von у  absteigende Kette, in der Dx cofinal ist — nach Voraussetzung 
existiert eine solche Kette immer — ; es gibt also ein a £A mit zx£Dx; es folgt yzx =  
- - z , fL^ -x zx\ L .  x  und у  sind syntaktisch nicht äquivalent.

(2) L  sei disjunktiv und x,  y £ V  mit x < j .  Es gibt also ein z £ V  mit zx£L->-+ 
■‘-»zyfyL, also zx<zy und daher z v f x .  Eine beliebige von у  nach zy absteigende 
maximale Kette sei das Anfangsstück der zu konstruierenden von у  absteigenden 
bezüglich x vollen Kette. Für jedes Element t dieses Kettenstücks gilt offenbar 
r ^ x .  Sei nun za das letzte bisher konstruierte Kettenelement, also z f L - - x z x  ̂L. 
Wir unterscheiden zwei Fälle:

(a) Es gibt kein V mit y ' < z x, y' jßx.  Dann soll die Kette mit z* abbrechen.
(b) Es gibt ein у  £ V mit y '  <  zx, у'  ф x. Dann soll die Kette mit einer beliebigen 

maximalen Kette von zK nach y '  fortgesetzt werden. Für alle Elemente t dieses 
Teils gilt offenbar t^ßx. Da nun y'  und y ' x  syntaktisch nicht äquivalent sind, 
gibt es ein q m it qy'£L*->-qy'x$L; es folgt q y '^ y '^ y  und q y '^ x  (andernfalls 
wäre qy'x = qy'). Wir setzen die bisher konstruierte Kette mit einer beliebigen 
maximalen von y '  nach qy' absteigenden Kette fort. Dabei ist qy'£Dx.

Auf diese Weise gewinnt man eine von у  absteigende bezüglich x volle Kette, 
in der Dx cofinal ist. q.e.d.
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CLIMBING CERTAIN TYPES OF ROOTED TREES. II
By

A. MEIR and J. W. MOON (Edmonton)

§ 1. Introduction. Let T„ denote a tree with n nodes rooted at node r. (See 
[1] or [7] for definitions not given here.) Select an edge rs incident with node r and 
proceed along it to node s; then select another edge st incident with node л- and 
proceed along it to node t. Continue this process until an endnode и is reached 
(other than r if r is an endnode). Let c=c(T„) denote the number of edges in the 
path from r to u; we define c(Tx) to be zero. Our object here is to investigate the 
distribution of c(T„) for trees Tn in certain families F  of rooted trees under the 
assumptions that
(1.1) Tn is chosen at random from the trees with n nodes in F, and

(1.2) at each node q reached in Tn the next edge is chosen at random from the edges 
incident with q that lead away from the root.

In an earlier paper [6 ] we considered this problem for families F  of rooted 
trees whose generating function y(x) satisfies a functional relation of the type 
у = х Ф ( у ) .  We showed under rather mild conditions that if y(x) has radius of 
convergence q, then

Pr {с(Г„) =  1} -  /р2(1 —jp) 1“ 1

for each positive integer / as n — °°, where p = el У (в) l in particular, if fi(ri) denotes 
the expected value of c(T„) over all trees T„ in F, then p(ri)-~2/p— 1 as и -*•«>.

In this paper we consider the problem for some families F  of rooted trees whose 
generating function y(x) does not satisfy a functional relation of the type у=хФ(у).  
In this case the distribution of c(Tn) can be quite different from what it was in the 
earlier case. For example, if F denotes the family of recursive trees, then, as we 
shall show,

Р г{ с (Г „ ) - /} ~ 1 (In In и) ' - 1 

(1 —1)! Inn

for each positive integer l as n-*°°; in particular, ju(n)~ In Inn as n —».

§ 2. Preliminaries. For any given family F  of rooted trees let tn denote the 
number of trees T„ in F  with n nodes and let y„ equal t j n ! or t„ according as the 
nodes of trees in F  are or are not labelled. (We assume the trivial tree Tx is in F 
and that y x= 1.) Let t„im and yn<m be the corresponding numbers when only trees 
whose root node has degree m are counted. The generating functions

oo
7 =  f W =  2УпХ"n = 1
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and

У m ix) =  Z  Уп,тХ"
n = m-f 1

clearly satisfy the relation

У(х) =  2  У mix).
m = 0

If we remove the root r of a non-trivial rooted tree T„, along with all edges 
incident with r, we obtain a collection of rooted subtrees, or branches, Bt , B m, 
whose roots were originally joined to r. We assume that any non-trivial tree T„ 
in F  whose root node has degree m may be constructed by joining the roots of a 
collection of m smaller trees in F  to a new node r that serves as the root of the re
sulting tree. We further assume that there exists a recurrence relation for yn>m in 
terms of ylt ..., y„^1 when n=s2 and m i l .  Finally, we assume that there exists 
an operator i/m{£i(*)> defined for any m power series gx(x), ... ,g m(x),
such that the recurrence relation for y„>m can be expressed in terms of generating 
functions as

У mix) = dm {j’W , yix2), ..., y(xra)}- 
If, for notational convenience, we write this as

(2 . 1) У mix) =  Dm{y(x)},
then

(2 .2 ) y(x) =  X+ J 1
m = l

We remark that, more generally, if w(x, z) is any power series in the two variables 
x  and z, then we let

An M * , z)} =  d,„ {vv (x, z), w(x2, z2), ..., w(xm, zm)},

where the power series w(x, z), w(x2, z2), ..., w(xm, zm) are interpreted as functions 
of x  for fixed values of z.

If a particular tree Tn has branches Вл, ..., Bm with respect to its root r, then 
it follows from 0 .2 ) that

Pr{C(F„) -  /+ l}  =  i ( P r { c ( A )  =  0 + -  +  P r{c(5J =  /}) 

for Ш 0 . It is not difficult to see that this and (2 .1) imply that the generating function

Q, ix , z )=
/1 = 1 Tn

where the inner sum is over all trees Tn in F, satisfies the relation

(2.3) e , +i(*. Z) = x +  2  Dm{Qiix, Z1/m)}m = l
for Ш 0. Notice that Q0(x, z ) = x ( z —\)+y(x)  and that (2.3) reduces to (2.2) 
when z =  1 .
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For any given family F and each non-negative integer /, let p(n, l) denote the 
probability that c (Tn)=l  under assumptions (1.1) and (1.2); then p(n,0)  equals 
1 or 0 according as n=  1 or /г>1 and p(n, l) = 0 if l=n. In the remaining secti
ons we shall consider the generating functions

Plix) =  2  P(P, 0 УпХ" =  тг: (Qi(x, г))г=1n = l OZ

for certain families F  of rooted trees. We shall use the following result which is an 
immediate consequence of (2.3).

T heorem 1. I f  I s 0, then

Л +1 (*) =  2  f z {D m{Qi(x, z1/m)})z=!.m = l OZ
We remark that the following corollary was used to establish the main results 

in [6 ].

Corollary 1. I f  _у(х)=х+х 2  ФтУт(х ) for constant coefficients Фт, then
П = 1

for /SO.
P,(x) = v ( l - x / y ( x ) ) ‘

P roof. The hypothesis implies that

Hence,
Dm{Q:(x, z1/m)} =  АФт бГ(х, z'l").

Pl + 1(x) = xP,(x) 2  ФтУт~1(х) = P ,(x ).(l-x /y (x ))
m = l

for I s  0, by Theorem 1. The required result now follows by induction since 
P0(x)= x.

§ 3. Recursive trees. A tree T„ with n labelled nodes, rooted at node 1, is a 
recursive tree if n = 1 or if T„ can be constructed by successively joining the y'-th 
node to one of the first у— 1 nodes for 2 s j S n  (see, for example, [4], [5], or [8 ]). 
The branches of T„ with respect to the root node 1 are themselves recursive trees, 
or rather they would be if the nodes in each branch were relabelled according to 
the increasing size of the original labels. If F  denotes the family of recursive trees 
then it follows that tl>m equals 1 or 0  according as m = 0  or 0  and that

_  J _
K'm ~  ml

or that

У Hr hi л ^  I 2 j yai- y  am

tor n s 2  and m S l ,  where the sum is over all ли-compositions of n — 1. This implies 
fhat F  satisfies assumption (2.1) with

(3.1) Dm{y(x)} = - ^  f  y"( t )d t

n - 1
Ui , .... 6L âi • * * ta,

Acta Mathematica Academiae Scientiarum Hungaricae 31, 1978



46 A. M E IR  AND J. W . M OON

for m g 0. Furthermore, (2.2) and (3.1) imply that

(3-2> ' ' - f
or that

(3.3) у  =  — ln ( l—л) = 2
1 л

since y(0)=0. In particular, t„=(n— 1)! which is, of course, obvious from the 
definition of recursive trees.

Theorem 2. I f  F denotes the family o f recursive trees, then 

P,+i(*) =  Pl{x)‘ ( 1 — x) In 1 / ( 1  - x )
for  / ё 0 .

Proof. It follows from Theorem 1 and equation (3.1) that

for /ё0 . Hence 

(3.4) PÍ+ i(x) = P f x )  2  ym~4x)/m \ = Pi(x)(ey- l ) / y ;
m = 1

the required result now follows from (3.1) and (3.2).
We shall use the following result (see [2; p. 166]) to determine the asymptotic 

behaviour of p (n , /) for recursive trees.

Lemma 1. Let

№  = £  fn*?
n—0

denote a function such that

as x \ l ,  where аёО  and g(x) is such that g(cx)/g(x)-+1 as x —°° for all f ixed 
c>0. I f  / вё 0 for  иёО, then

as
Theorem 3 . I f  l is a fixed  positive integer, then

as

p(n,  0  ~
1 (In In и) 1- 1

(1 — 1)! írTTT
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Proof. We first observe that

P;W h r W (ln ln 1/ ( 1 ~ x)) '+1} =  xP,(x)l In 1/(1 - x ) ) ‘ 

for 1=0, by Theorem 2. The result that

(3.5) P,(x) ~  1  (lnln 1/(1 - X ))1

for /SO as x \\  now follows from L’Hopital’s Rule by induction on / since 
/>,J(x)=x.

Relation (3.4) and the fact that 1— x= e ~ y imply that

(3.6) ( l-* )P f (* )  -  ( l - é ’+ y é0y-* I ,,-i(x) + & + e - ’ - 2 ) y - ‘Pl- t (x)

for / s 2 .  The expressions in front of P,_i(jc) and P,_ 2 (x) have a non-negative 
expansion in powers of у  and hence in powers of x also. Consequently, the coeffici
ents of x" - 2  in

( l - x )P f ( x )  =  ( ! - * )  2  (n - l )p (n ,  l)x"~2 =
n =  l + 1

-  2  { (п -1 )р (п ,1 ) - (п -2 )р (п -1 ,1 )}х ,г- 2
n = l  +  l

are non-negative.
If we apply relation (3.5) to Pl_1(x) and P,_2 (x) in (3.6) and appeal to relation

(3.2), we find after some simplification that

(3.7) ( l-x )P f (x )  ~  ln l / ( l - x ) y -V ( l -* ) I n  1/(1- x )

as xfl for / s 2. We leave it as an exercise for the reader to show that relation
(3.7) also holds when /= 1  and that the coefficients in the expansion of (1 —x)P'{(л:) 
are non negative.

The functions

/(* ) = ( 1 - x ) P " ( x )  and g(x) =■ ■ 1 (ln ln x)i" 1/ln x

satisfy the hypothesis of Lemma 1 with a =  l for Ш 1. We may conclude, therefore, 
that

(n+\ )p(n + 2, /) ~ 1 n (ln lnn ) 1 - 1

( / - 1)! Ш

for / ^ 1  as n — °o, and this implies the required result.
Let p(ri) and X(ri) denote the expected value of c(Tn) and c(T„)(c{Tn) — 1) over 

the (и— 1)! recursive trees T„. We shall only outline the proof of the following 
result.

Theorem 4. /i(n )~ ln  In n and /(и)~(1п ln n)2, as n-+°°.
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Proof. It follows from Theorem 2 and relation (3.3) that the generating functions

M  (*) =  2 Ф ) у»хМ =  i i < W -  =  i ( i + i ) ^ i + i M
1 1 n 1 = 0

and

L(x)  = 2 Ф ) У п Х "  = 2 * ( n)^r =  2 Ч /+ Ш Л + i W  
1 1 " 1=0

satisfy the differential equations

(3.8) { \ - x ) y M ’ = x ( y + M )
and

( l - x ) y L '  = x (L +2M).

It can be shown, using these relations, that p(ri) and А (л) are non-decreasing func
tions of n and that

(1 —x )M ' (x )  ~  In In 1/(1 —x)
and

(1 - x ) L ' ( x )  ~  (In In 1/(1 - x ) f

as jefl. The required results then follow from Lemma 1.
If a2 (n) denotes the variance of c(T„) over the (и—1)! recursive trees T„ then 

it follows from Theorem 4 that о2(п)=о(ц-(п)). Hence Chebyshev’s inequality 
implies the following result.

Corollary 2. I f  e denotes any positive constant, then

Pr {(1 —e) In In n <  c(T„) -= (1 +e) In In n) — 1
as n-*-°°.

We remark that equation (3.8) implies the recurrence relation

p{n) = f l P » - l ) + l  , ny ф -а)
Á  a(a + 1)n — 1

for H&2 , and there is a similar relation for /.(«). Some selected values of p(n), 
calculated by Mrs. Mary Willard, are given in the following table.

n 2 3 4 5 10 15 25 50 100

v(ri) 1 1.5 1.75 1.896 2.208 2.340 2.480 2.640 2.776

Table 1

§4. Unlabelled rooted trees. The cycle-index Cm(.q, ..., sm) of the symmetric 
group of degree m is given by the formula

Cm(Sn •••> sm)
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where the sum is over all solutions in non-negative integers to the equation 
k 1+2k2+ ...+ m k m=m. If f ( x )  is any power series in the variable x, let

Z m{f{x)) = Cm( f ( x ) J ( x %  ...,/(*"))

for /и&1; we adopt the convention that Z 0 { / (x)} =  1. The expression Z m{g(u,v)} 
is similarly defined for functions g(u, v) of two variables. It is not difficult to show 
(see, e.g., [1; p. 52]) that

(4.1) 2  Z m{f(x)}tm =  exp
m= 0  fc=l

for any function / (x).
Let F  denote the family of unlabelled rooted trees in which the root has degree 

at most h and all remaining nodes have degree at most h + 1 , for some fixed positive 
integer h; in other words, each node of a tree in F  is incident with at most h edges 
that lead away from the root. We also admit the possibility that h = this corres
ponds to the usual case where there are no restrictions on the degrees of nodes 
of trees in F. The ordering of the branches of trees in F  is not taken into account 
and it follows readily from a theorem of Pólya [10] (see also [9] and [1; p. 53]) that

Ут(х) = x Zm{y(x)},
for admissible values of m, and

(4.2) y{x) = x  2  Z m{y(x)}.
m = 0

Thus the family F  satisfies assumption (2.1) with Dm{y(x)} equal to x Z m{y(x)} 
for admissible values of m and zero otherwise.

Theorem 5. I f  F denotes the family o f  unlabelled rooted trees in which each 
node is incident with at most h edges that lead away from the root, then

Pi+i(x) = x  2  P,(xJ) 2  Z k{y(x)}/(k+j)
j - 1 * = о

for

Proof. It follows from Theorem 1 that

P,+i(x) — x  2  ~jc~(,Zm{Ql(x, z1/m)})z=1.

It is a straightforward exercise to deduce from the definitions of Z m, Qt , and P{ that
i) 1 m

Z-{Zm{Qi(x, Z1/m) }) 1 =1  = —  2  № ) Z M_,M *)}
O Z  r tl  j = 1

for m s l .  Consequently,

Pt+iW  =  x 2  2  Pi(xj)Zm-j{y(x)} =  x 2  pi(xJ) 2  Zk{y(x)}/(k+j)
m =  1 m  j*= 1 j = 1 k = 0

as required.
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The form  of the expression for P fx )  suggests that there exist constants c, 
such that p in , /)-*-c, as n-+°°. It seems difficult, however, to evaluate the constants 
ct explicitly in general. We now proceed to the problem of determining the expected 
value ц(п) o f c(T„) over the trees Tn in F.

Theorem 6. I f

M{x) =
n = l

then

(4.3) M(x) = y - x  + x Z M ( x l )  " z  Zk{y (x)}l(k +j).
7 = 1 k = 0

Proof. It follows from Theorem 5 that

y - x  =  2  Л + i(x) = x  2  2  p i(xj) 2  Zk{y(x)}/{k+j).
1=0 7=11=0 k=0

Hence,

M(x) =  2 ( i+\)P,+1(x) = x 2  2 (i+ i)P , (x j) " z  z k{ y (x M k+ j )  =
1 =  0  7 =  1 1 = 0  k  =  0

= X 2  M (xJ) 2  Zk{y(x)}/ (k+j)+y-x,
j =1 k=0

as required.
The form  of the expression for M(x)  suggests that when h is2 there exist 

constants yh such that p(n)-*yh as и—о». We shall obtain estimates for yh for 
the cases h = 2 and h = °°.

§5. Asymptotic results when h = 2. We shall use the following special case 
of a general result of Ju n g e n  [3] (see also [10; p. 240]) in obtaining our asymptotic 
results.

Lemma 2. Suppose that

f ix )  = 2 fn X "
n =  0

has a non-zero finite radius o f  convergence q and that x=  q is the only singularity 
o f f i x )  on its circle o f convergence. I f  in some neighbourhood o f x = q

f i x )  = iß -x )~ 1,g(x) +  hix),
where g(x) and h(x) are regular functions, g(o)Z0,  and <xz0, —1 , —2 , ..., then

fn gle)
riot) в . и*-1

as n -* °°.
When h — 2, equations (4.2) and (4.3) become

(5.1) yix) = X  +  xy (x) + — x ( y 2 (x) +  у (jc2))
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and

(5.2) M(x) =  у{х )—х + х ^ \ + ^ у ( х ) ^ М ( х ) + ^ х М ( х г).

O tter [9] showed (using somewhat different notation) that (5.1) implies that there 
exists a constant rj — .4026... such that y(x)  is regular for |x |^r\, x ^ i j ’, he also 
showed that y(tl)=t]~1— 1 and that
(5.3) y(x) = ( t]-x)1/2r(x) + s(x)

in some neighbourhood of rj, where the functions r(x) and s(x) are regular. From 
this he deduced, using Jungen’s result, that the number t„ of trees T„ in F  when 
h = 2  satisfies the relation
(5.4) t ^ Z l ^ r j - n + i / 2 n- m

2 \n

as n —o°. We now use these results to obtain the following estimate of the limiting 
behaviour of fi(n) when h = 2 .

T heorem  7. There exists a constant y2, where 5.80<y2<5.82, such that 
Я («)^?2, as

P roof. It follows from (5.2) and Otter’s results mentioned above that M(x)  
is regular for \x\^r\, x^r j ,  and that

(5.5) M(x) = (г/ — x)1/2 r,(x) +  S!(x)
in some neighbourhood of rj for certain regular functions r1(x) and sx (x). If we 
differentiate both sides of equation (5.2) and appeal to relations (5.3) and (5.5), 
we find that

M'(x)  =  y'(x) | l  +  хЛ/(х)) | l  xy w |  +(»7 - x ) 1/2r2(x) +  s2 (x)

in some neighbourhood of r] for certain regular functions r2 (x) and s2(x). If we 
now substitute the expression for y'(x) obtained from (5.3) we find that

(5.6) M'(x)  =  —j  (t]-x)~ll2{r(rj)y2 + (ri-x)r3(x)} + s3(x)

in some neighbourhood of tj for certain regular functions r3(x) and s3(x), where

(5.7) y2 =  (l+ y » /M (i/)j [ l - r i - j t i y ( t i ) }  .

Equation (5.6) and Lemma 2 imply that

nt„ii(n) ~  ~ r(t,l y'2 >1- n + ll2( n - \ ) - 112 
2 \n

as hence, ii(n)-+y2 as n — <», in view of (5.4).
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Equations (5.2) and (5.7) and the fact that y(t})~t] 1 — 1 imply that

(5.8) y2 =  (4 —4^ —2>j2 +  ̂ 2M(>/2))(1 —

Since ;u (l)= 0 , /((2) =  1, and 1 < ^ ( и ) < и - 1  for и ё З , it follows that

(5.9) У(*12)->12 <  М (ч2) <  n2y'(t]2) -y ( r i2).

Otter [9; p. 598] has given estimates for y(t]2) and y'(rj2); these estimates and rela
tions (5.8) and  (5.9) imply, after some calculations, that 5 .80<y2<5.82.

§ 6. Asymptotic results when h =  oo, When h =  oo equations (4.2) and (4.3) 
become

(6.1) y(x) =  xexp  jjj y(x*)//c
fc=i

and
1

(6.2) M (x) =  y(x) — x  + x  J { M (x )+  M (x2)t + ...} exp {y(x)t+ y(x2)t2j2 + ...}d t,
о

upon appealing to identity (4.1). Before considering the asymptotic behaviour 
of ц(п) we recall some facts Otter [9] (see also [1; pp. 209—213]) established about 
the function y(x).

There exist constants r\ = .3383... and 6 =  2.6811... such that y(x) is regular 
for |x |S t/, x ^ r j;  furthermore,

(6.3) y(rj) =  t] exp 2  y(r]k)/k = 1,
it=i

and in some neighbourhood o f t]

(6.4) у (x) =  (>7-  x)1/2 r (x) +  s (x)

for certain regular functions r (x) and s(x) where r{r\) = — b. From  this Otter deduced 
that the num ber tn of trees T„ in F  when h =  °° satisfies the relation

(6.5) , ~  ^ — n - n + 1'2n - 312 

as к —

Theorem 8. There exists a constant y, where 3.95--у <4.05, such that ц(п) — у 
as n -*°°.

Proof. F or notational convenience let

/ ( x ,  t)  =  xexp  2 y ( xk) tkl^  and g(x, t) =  2 ^ ( x t) i 1“ 1'
k = l  fc = 2

Then equation (6.2) can be rewritten as

1 1

(6.6) M (x) =  { l - / / ( x ,  i)d t} ” 1-{y(x) —x +  f f ( x , t ) g ( x ,  t)dt}.
0 0
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The functions y(x2), y(x3), ... and M(x2), M (x:i), ... are clearly regular in the disk 
|x |< l^ .  If we differentiate both sides of equation (6 .6 ) and take relation (6.4) 
into consideration, we find that

(6.7) M'  (x) =  y ' (x) H(x) + (r\ — x ) 1/2 rx (x) +  Si (x)}

in some neighbourhood of x=r\, where rx (x) and sx (x) are regular functions and 
where

I 1

(6 .8 ) # (x ) = {l -  J f i x ,  í)íií}_ 1 { l+  f  tf(x, t)g(x, t ) d t }  +
0 0

1 1 1

+ {l -  f  f{x,  f)di}“ 2 { y (x )-x  + f  f ( x ,  t)g(x, t ) d t } - f  t f(x, t)dt.
0 0 0

If we substitute into (6.7) the expression for y'(x) obtained from (6.4), we 
find after some rearranging that

(6.9) M'(x ) =  у  ( q - x ) ~ 1/2{bH(ri) + ( q -x ) r 2(x)} + s2(x)

in some neighbourhood of q for certain regular functions r2 (x) and s2 (x). It now 
follows from (6.9) and Lemma 2 that

nß {n)tn + 1 ) - 1/2
2 \n

as n — this, together with (6.5), implies that n(n)—H(tj) as n -  °°.
Since /i( l)= 0 , /r(2)=1, and 1< /|(я )< л  — 1 for и ё 3, it follows that

x 2 <  M(x)  <  x y ' ( x )—y(x);
hence,

(6 .1 0 ) tq* <  g(q, t) <  t 2  {*1ку'(чк)-у(г1к)}-
k=2

Furthermore, it follows from the definition of f ( x , t) and equation (6.1) that

(6 .1 1 ) it exp {t+y(rf) t 2/2 } </(>?, f) -= rj exp {t+(ln q - 1- ! ) ! 2}.

If we apply estimates Otter (see [1; p. 213]) has given for »7 and 2  ЧкУ' 0lk) in
k= 2

inequalities (6 .1 0 ) and (6 .1 1 ) and then substitute the resulting estimates for g(rj,t)  
and f ( q , t )  in equation (6 .8 ), we eventually find that 3.95<//(>/)<4.05, as re
quired.

§ 7. Acnowledgement. The preparation o f this paper was assisted by grants 
from the National Research Council of Canada.
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A CONVERSE TO A CENTRAL LIMIT THEOREM
OF B. GYIRES

By
D. B. WOLFSON (Montreal)*

Introduction

B. G yires [2] obtained a generalization of the sufficiency half of the Lindeberg— 
Feller central limit theorem when he obtained a result for sums of a sequence of 
random variables defined on a Markov chain. His methods, essentially the same 
as those used by K eilson and W ishart [3] some years later, involve using certain 
properties of the principal eigenvalue of the Fourier—Stieltjes transform of the 
semi-Markov matrix. Wolfson [6 ] obtained a somewhat weaker version of Gyires’ 
result by following a different approach. In this paper, under certain restrictions, 
both necessary and sufficient conditions are given for convergence to the Normal 
Law, thus in a sense complementing Gyires’ result.

1. Let {(/„, V,), /z& 0} be a two-dimensional stochastic process that satisfies 
the following conditions:

(1.1) {/Л,л ё 0 }  is an ergodic homogeneous m-state (m< =°) Markov chain with 
positive initial distribution and positive transition matrix Р={Р^}.

(1 .2 ) JT0 =  0  a.s.
(1.3) P[J„ = j ,  Xn ^  x\X0, J0, ..., =

=  P[Jn =j> Xn — *1 Л - J  a.s. =  P j ^ j n H j ^ i x )  a.s.,
oo

where nHJn i(x) is a distribution function, with J  xdkHi(x) = 0  for all / =  1 , . . . ,  m

and all k s l .  We shall call {(/„, X„), л^О} a non-homogeneous J —X  process 
(c.f. B. G yires [2]).

The probability on the left hand side of equation (1.3) depends on n as well 
as on j  and x.

П
Define the random variable vk(n)= 2  h  j> where

j=i

Í1 if Jj = k 
IkJ =  jo if J j ^ k .

That is, vk(n) is the number of times the Markov chain {/„, лёО ) enters the state

* This work is supported by N RC  Grant A 9261.
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к in n steps. The assumption of ergodicity implies that

(1.4) lim P[v!(n) >  oq, v2 (n) >  a2, ..., vm(n) >  am] =  1 for all 0 <  sq si +  °°7|-*-oo
and that lim P[J„=j] exists and is equal to 7r;> 0 , say.

Using the notation of B. G yires [2], define

„2 _  у  у  Djaik 
" Á Á D 1 + ...+D m’

where of* =  J  x 2 dk Ht (x).

We introduce further the following notation:

A =
k =  l

and make the assumptions
m

(1.5) Л,(>.)/Л — ct >  0 as n -o o  with c{ =  Í.
1 =  1

( 1 .6 ) л /j-s,, -  1 for j ,  к  =  1 , 2 , . . . ,  m 
and

n
(1.7) the convolution product J J * kHi(s„x)-+Gi(x), non-degenerate, as u — °o,

*=i
for each i= l ,  2 , ..., m.

Throughout we define

s„= 2 Xj.
j=1

2. The following is the main result.

Theorem 2.1. In order that

and

(2.1)

*
—=  Í  dt as n -► °°
f h z - t

max P 0  as n -*■ °° for every e >  0

it is necessary and sufficient that

(2.2)
1 " 

sn <t=l
/  x2dFk(x) -*■ 0 as n

l*l=-£S„

where Pk(x) =
у  DikHi(x)

ы а + . . . + a ;
Proof. Sufficiency: T h a t condition (2.2) implies convergence to the normal 

distribution, is an immediate o f a theorem due to Gyires [2]. We shall, however,
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by using a different approach and our stronger assumptions, establish condition
(2.1) in addition to convergence to the normal distribution. Write

m v,(n)
sn = 2  2  tu,

1=1 J= 1

where the £y’s are independent and £y is the j tb sojourn time in state i. (Cf. 
Serfozo [5].)

Here, however, and £ik have possibly different distributions because the 
J —X  process is not homogeneous. It is obvious that £y is independent of v;(n) 
for each i, j=  1, 2, Consequently, because vr(n), vm(n) are asymptotically
independent

limP =  hm P t n +  ■■■ +£.lvi(n) Cml ~b •••~b Cmvm (n)
Sn 5„

=  iQ n* iQ n*  ■■■*mQ n(x )>
where

iQn(x) =  P

Now condition (1.6) implies that

ÎI "b * ' * “b £ivi (n) s  X

c2 k
2  f  x 2dkHi(x) -  1 as n — o° for each i =  1 , . . . ,  m.

Consequently, because of condition (2.2) the following two results are valid:

(2.3) 4 ' 2  f  *2 dkHi(x) — 0 as n —°° for each i = 1 ,..., m
S" fc=1

and

(2.4) 4" 2  f  x2dkHi(x)-+l  as n — °° for each i =  1, ..., m.
n 1 = 1 ix|^ejrt

We now make use of Theorem 3 p. 101, G nedenko and K olmogorov (1] 
to conclude that

(2.5) max Pis j -шп
and

(2.6) P 

Consider

1 "
-  2  tu = x
Sn 7 =  1

2  max P
j = l  l S j S n

0  as n — °° for each i =  1 , . . . ,  m 

I *
- =  f  e~ ' a/2 di as n — °°.
/ 2 ^ - 1

=  i] =

P [ /7_i =  i]

max P Xj >  8
m

=  У, max P Xj >  г
l ^ j - S n s„ i =  l  l ^ j 'S n sn

tjк U,j)
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where 1 ^ k ( i ,  . / )= /— I is a random variable. Thus

max P Xj e s  у  max P Cik(i.j) >  гl^j^n s„ i = j 1 Sn

because of (2.5). That is, condition (2.1) holds.
Further, because of the independence of v;(n) and for each i and j  a simple 

argument (c. f. R ényi [4] in the special i.i.d. case), that makes use of (1.5), (1.6) 
and (1.7) shows that

Therefore,

iQn(x) —  f  e - ^ i d t .
Г. "'-'l — oo

lim P Г s„—  ^ x =  lim P
И-*-о° К Л-*-оо L sn

4 =  /  e - ^ d t ,
Í2n j L

which completes the sufficiency half of the theorem.

Necessity: Conversely, let conditions (2.1) and (2.3) hold. As before, (i.e. using
(1.5), (1.6) and (1.7))

lim P =  *’т  lQn *  2ßn * *mQn(x) =  C ^ G g * . . . * ^ * )

where Gi{x)=Gi{cix). Since each <?, is non-degenerate, we have by Cramér’s 
well known characterization theorem that

Ф(х) =GX* . . . * ő m(x)

implies that each G; is a normal distribution function with mean filt say and variance 
c\. Hence each G) is normal with mean and variance 1.

Next we show that condition (2.1) implies that

(2.7)
Consider

lim max P Zu >  eTl-*-oo l^j^Tl Sn .

max PlSj'SVjin)
J u . .
A , 00

■
sn X,e - • max P >  e Jj ! =  ilkjain .î Vi (n) Sn

1
ä  max —

l ^ j ^ n  О
p Sn Xj

A. oo Sn
E for some ő >  0 ,

using (1.1) and the ergodicity of the Markov chain. (1.5), (1.6) and condition (2.1) 
then lead us to conclude (2.7), because vi(n)-<-o° as л —°°. Moreover it is ob
vious that

lim max P \ ^ iJ г
Л — ° o  l ^ j ^ n  L  Sn

=  0 .
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Thus the array j— ——j  is, for each fixed i, uniformly asymptotically negligible,

- L  f  e - '^ d t
У 2л- I

p  I 2  C lV
;=1 $n

and

Var 1 as n

Again, Theorem 3 p. 101, G nedenko  and K olmogorov [1], enables us to  
conclude that

J r  2  f  x2dkHt( x ) ^  0c t_1 . " as n — °oSCA ■ *n * = 1 |x|=-£S„
for each Therefore,

i  2  f  x 4 F k( x ) ^  0 as n — °o.
" & = 1

This completes the proof.

Corollary. Let (1.1), (1.2), (1.3) and (1.5) be satisfied and suppose that

J  x2dkHt(x )=  J  x2dkH j(x) for all i , j  = 1, 2 , ...» m.

Then Theorem 2.1 is valid.

In the special case for which {/„, л^О} has only one state, the random variables 
{Xn} become independent, and Theorem 2.1 reduces to the classical Lindeberg— 
Feller theorem.
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A cta  M a th em a tica  Acaaem iae Scien tiarum  H ungaricae  
Tomus 31 (1 — 2 )  (1 9 7 8 ), p p . 6 1 — 73.

ÜBER DIE STRUKTUR LINEAR KOMPAKTER RINGE
Von

PHAM NGOC A N H  (Budapest)

§ 1. Einleitung

ln der Theorie der assoziativen topologischen Ringe spielen die linear topologi
schen Ringe eine zentrale Rolle. Mit seiner Hilfe und mit Hilfe bestimmter topologi
schen Voraussetzungen, insbesondere der linearen Kompaktheit, bewies Leptin 
die im gewissen Sinne weitestgehende Verallgemeinerung des Satzes von Wedder- 
burn und Artin. Wir weisen hier darauf hin, daß die lineare Kompaktheit offenbar 
eine natürliche Veiallgemeinerung der Minimalbedingung für Linksideale ist. 
Der Satz von Wedderburn und Artin behandelt den einen Extremfall eines artin- 
schen Ringes, d. h. eines Ringes mit Minimalbedingung für Linksideale; nämlich 
den Fall, daß das Jacobson-Radikal des Ringes gleich dem Nullideal ist. Der an
dere Extremfall, daß nämlich der Ring ein artinscher Radikalring ist, ist von Szele 
betrachtet worden. In [4] wurde eine Beschreibung der artinschen Ringe gegeben, 
deren Radikal selbst wieder ein artinscher Ring ist.

Hiernach ergibt sich natürlich die Frage, ob eine ähnliche Verallgemeinerung 
unter bestimmten topologischen Voraussetzungen auch hier zu erreichen ist. Dabei 
untersuch W iegandt [10] den Fall, daß der Ring ein im engeren Sinne linear kom
pakter Radikalring oder ein inverser Limes von artinschen Radikalringen ist. Wroi- 
ger  [9] bejahte dies für den Fall, daß der Ring und sein Radikal als Ring im engeren 
Sinne linear kompakt im Sinne von Zelinsky sind, d. h. es existiert ein Basisfilter 
aus Idealen. In diesem Artikel wollen wir ähnliche Ergebnisse für die lineare Kom
paktheit im Sinne von Leptin beweisen, d. h. wir zeigen, daß die von Widiger erreich
ten Ergebnisse auch dann gültig bleiben, wenn wir nicht voraussetzen, daß ein 
aus Idealen bestehendes Basisfilter existiert. Der Preis dafür ist die Bedingung, daß 
ein sogenanntes vollständiges System idempotenter Elemente mit der Eigenschaft 
(V) existieren möge. Um vieviel schwächer als die im engeren Sinne lineare Kom
paktheit nach Zelinsky diese Bedingung ist, zeigt unser Hauptsatz. Im ersten Teil 
der Arbeit geben wir außerdem einen anderen, sehr einfachen Beweis für das Er
gebnis von Widiger mit Hilfe des inversen Limes.

§ 2. Vorbereitungen

Wir stellen kurz die benutzten Bezeichnungen zusammen.

C(pk) zyklische Gruppe der Ordnung pk, falls к eine natürliche Zahl ist, für k  = °о 
die prüfersche p-Gruppe (d. h. p ist dann stets Primzahl).

R„ Ring aller nXn  Matrizen mit Elementen aus dem Ring R.
£ A V komplette direkte Summe der Av.
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2 ® A V diskrete direkte Summe der A v. 
ф  gruppen- oder modultheoretische direkte Zerlegung.
1П ringtheoretische direkte Zerlegung.
A + additive Gruppe von A.

Da der Querstrich zur Bezeichnung von Faktorringen dient, wird zur Bezeich
nung des topologischen Abschlußes einer Menge A eines topologischen Raumes 
das Symbol Cl (A) (closure) benutzt.

Unter einem Ring verstehen wir stets einen assoziativen Ring. Das Radikal 
eines Ringes wird immer das jacobsonsche Radikal bedeuten. Stimmt ein Ring 
R mit seinem Radikal überein, dann sagen wir, daß R ein Radikalring ist. Bezüglich 
der Grundbegriffe verweisen wir auf die Lehrbücher der Algebra. Unter einem 
R-Modul verstehen wir immer einen Linksmodul über R.

Zu unseren Untersuchungen brauchen wir einige Vorbereitungen. Die folgende 
Behauptung stammt von A. G. Kurosch:

(I) Eine abelsche Gruppe genügt dann und nur dann der Minimalbedingung 
für Untergruppen, wenn sie zur direkten Summe endlich vieler Gruppen vom Typ 
C{p\) (O^fc^oo) isomorph ist.

Für den Beweis weisen wir auf F uchs [2], Seite 65 hin.
In dieser Arbeit wird vorausgesetzt, daß die topologischen Räume stets haus- 

dorffsch (oder separiert) sind.
Nach Leptin bezeichnen wir als Filter ein System von Teilmengen eines 

topologischen Raumes mit der Eigenschaft, daß zu Fß, ein Fk mit F; Q Fß П Fv 
existiert. Ein Basisfilter eines Moduls ist ein Filter, dessen Elemente ein Fundamen
talsystem für die Umgebungen des neutralen Elementes des Moduls bilden.

Grundlegend ist für unsere Untersuchungen der Begriff des inversen Limes. 
Für seine Definition verweisen wir auf das Buch von Grätzer [3].

Sei M  ein topologischer Modul mit Basisfilter aus Untermoduln UJoi^A) 
und bezeichne den natürlichen Epimorphismus von M  auf Ma = M/Ux. Ist 
UaQUß, so ist л) =  rißn~ 1 ein natürlicher Homomorphismus von Mx auf M ß. 
Bekanntlich bildet Q={M x,n xß} ein inverses System. Zelinsky hat die folgenden 
Behauptungen bewiesen.

(II) ([12], Theorem 3) Die Komplettierung M  von M  ist zu hm {Rß, n^} 
im algebraischen und topologischen Sinne isomorph.

(III) ([12], Lemma 3) Ein inverser Limes von Radikalringen ist wieder ein 
Radikalring.

Das inverse System Q = {M ß, nxß) ist die direkte Summe der inversen Systeme 
Qk={M ßX, Q*ßX}, falls Мя = JV M aX für jedes oc gilt, und oxßi die Beschränkung von

A
n*ß auf MaX ist. Wir bezeichnen mit Q =  Qk den Fall, daß £2 die direkte Summe 
der inversen Systeme Q; ist.

(IV) ([12], Theorem 1) Es gilt fim = ß A im algebraischen und 
topologischen Sinne.

Wir nennen einen topologischen R-Modul M  linear topologisch, wenn er 
einen Basisfilter aus Untermoduln besitzt. Ein linear topologischer R-Modul M  
ist linear kompakt (kurz: l.k.) genannt, wenn jeder Filter {aß + Nß} von Rest
klassen nach abgeschlossenen Untermoduln Nu einen nicht leeren Durchschnitt 
hat: П FF  0 .  Nach Leptin heißt ein linear kompakter R-Modul M  im engeren
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Sinne linear kompakt (kurz: i.e.S.k.l.), wenn jeder stetige ^-Homomorphismus 
von M  in einen linear topologischen Ä-Modul offen ist.

Ein Ring R  heißt linear kompakt bzw. im engeren Sinne linear kompakt, wenn 
er als R-modul l.k. bzw. i.e.S.l.k. ist.

Nun legen wir einige Aussagen über l.k. und i.e.S.l.k. Modul dar.
(V) ([11], Prop. 1) Die komplette direkte Summe l.k. 7?-Moduln ist ein l.k. 

Л-Modul.
(VI) ([11], Prop. 2) Ist cp ein stetiger ^-Homomorphismus des Л-Moduls M  

in einen linear topologischen Л-Modul M ', so ist mit M  auch <p(M) l.k.; cp(M) 
ist dann in M ' abgeschlossen.

(VII) ([11], Prop. 3) Ist M  ein l.k.-Modul und N  ein abgeschlossener Unter
modul von M, so ist N  l.k..

Von (VII) gilt auch die Umkehrung
(VIII) ([11], Prop. 9) Ist M  ein linear topologischer Л-Modul, N  ein ab

geschlossener Untermodul von M, so ist mit N  und M /N  auch M  l.k..
(IX) ([11], Prop. 10) Ein inverser Limes l.k. Л-Moduln ist l.k.
Daß die lineare Kompaktheit eine Verallgemeinerung der Minimalbedingung 

ist, besagt
(X) ([11], Prop. 5) Ist M  ein linear topologischer Л-Modul mit Minimalbedin

gung für abgeschlossene Untermoduln, so ist M  l.k.
(XI) ([7], Satz 4) Die i.e.S.l.k. Л-Moduln M  sind unter den l.k. Л-Moduln 

durch die folgenden vier äquivalenten Eigenschaften gekennzeichnet:
(i) Jeder stetige Л-Homomorphismus von M  ist offen.

(ii) In den Faktormoduln nach offenen Untermoduln gilt die Minimal
bedingung.

(iii) Jeder offene Untermodul von M  hat minimale Obermoduln.
(iv) M  ist inverser Limes von artinschen Moduln.
(XII) ([7], Satz 5) Abgeschlossene Untermoduln, stetig homomorphe Bilder, 

komplette direkte Summe i.e.S.l.k. Moduln sind i.e.S.l.k.
Eine l.k. abelsche Gruppe ist eine l.k. Modul über dem diskreten Ring der 

ganzen Zahlen. Daß eine l.k. abelsche Gruppe stets i.e.S.l.k. ist, besagt
(XIII) ([6 ], (2.6)) Eine diskrete l.k. abelsche Gruppe genügt der Minimal

bedingung für Untergruppen.
Ist К  ein diskreter Körper und M  ein unitärer К-Modul, so gilt analog zu 

(XIII)
(XIV) ([5], S. 78) Ist der К-Modul M  diskret, so ist M  genau dann l.k., wenn 

M  endliche Dimension über К  hat.
(XV) ([7], Satz 8 ) Das Radikal eines l.k. Ringes ist abgeschlossen.
L eptin  [7] hat den Begriff der Nilpotenz für topologische Ringe folgendermaßen 

verallgemeinert. Sei A ein ein- oder zweiseitiges Ideal in dem topologischen Ring 
R. Die absteigenden Ketten von Unteridealen Ац, A sind durch die Formeln

A-, =  А A = Аl

f„ + 1 =  Cl (А„А) A =C1 (A A)/i+i it it

П A,
/ id

A =  П A
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falls A Limeszahl ist, definiert. Offenbar existiert eine Ordnungszahl c, mit A/l = A^ 
und A = A für alle W ir setzen

Д ?

A . ~  A i.  A  —- A .* 4 * £

Die Ideale /f+ und A sind abgeschlossene Ideale von R  und genügen den 
Gleichungen

CI (A+A) =  A* und CI (А А) = A.

Das Ideal A heißt transfinit r-nilpotent, v/enn At =0 ist, und transfinit nil
potent, falls A —0  ist.

Da A in A^ enthalten ist, ist ein transfinit r-nilpotentes Ideal stets transfinit 
nilpotent.

(XVI) ([7], Satz 9) Das Radikal eines i.e.S.l.k. Ringes ist transfinit r-nilpotent.
Im Ring aller linearen Transformationen eines Vektorraumes über einem

Schief körper kann man bekanntlich eine Topologie, die sogenannte endlich Topo
logie, einführen, indem man als Basisfilter die folgenden Linksideale nimmt: Für 
beliebige endlich viele щ , ..., uk aus dem Vektorraum sei F(u1, ..., uk) die Menge 
aller linearen Transformationen, die uly ..., uk in die Null abbilden. Mit dieser 
Topologie ist der Ring aller linearen Transformationen (der volle Endomorphis
menring) offenbar ein linear topologischer Ring. Wenn im folgenden vom vollen 
Endomorphismenring eines Vektorraumes über einem Schiefkörper die Rede ist, 
so ist der Ring mit der endlichen Topologie gemeint.

Ein topologischer Ring heißt topologisch einfach, wenn er radikalfrei ist und 
er außer den beiden trivialen Idealen keine weiteren abgeschlossenen Ideale enthält.

(XVII) ([7], Satz 12) Ein topologisch einfacher l.k. Ring ist voller Endomorphis
menring eines Vektorraumes über Schiefkörper und umgekehrt.

(XVIII) ([7], Satz 13) Die halbeinfachen l.k. Ringe sind genau die kompletten 
direkten Summen voller Endomorphismenringe von Vektorräumen über Schief
köpern.

Genauso wie im Falle der artinschen Ringe spielen bei den Untersuchungen 
bezüglich der l.k. Ringe idempotente Elemente eine wichtige Rolle. Man versucht 
deshalb, idempotente Elemente des Faktorringes nach dem Radikal zu idempotenten 
Elementen von R  anzuheben. D aß dies möglich ist, besagt

(XIX) ([8 ], (4.1)) Sei M  ein transfinit nilpotentes Ideal des l.k. Ringes R. In 
jeder idempotenten Restklasse ё von R modulo M  liegt ein idempotentes Element 
e£R .

(XX) ([8 ], (3.14)) Ist R ein i.e.S.l.k. Ring m it dem Radikal /  und e ein idem
potentes Element aus R, so sind auch eRe i.e.S.l.k. und eie sein Radikal.

(XXI) Es seien R  ein i.e.S.l.k. Ring und I  sein Radikal. R /I= R =
д £ Г

wobei die e;iRep topologisch einfache direkte Summanden sind, e= У, efl ist das 
_  дег

Einselement von R. Dann gibt es ein summierbares System orthogonaler idem- 
potenter Vertreter {e„} von {ё,,}, e von ё, so daß

-e =  e-e^ — efl \/ц£Г, elt-ev = 0  V/u ^  v
gilt.
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Ein derartiges System solcher orthogonaler idempotenter Elemente heißt voll
ständig.

Für den Beweis verweisen wir auf W idiger [9], Hilfssätze 1, 2 und 3 und Satz 1.
(XXII) Ist ein l.k. Ring topologisch einfach, so ist er als komplette direkte 

Summe von miteinander operatorisomorphen minimalen Linksidealen darstellbar.
Für den Beweis verweisen wir au f Leptin [8], (1.2).
(XXIII) ([7], Satz 14) Ist R ein l.k. Ring mit dem Radikal I  und A ein abge

schlossenes zweiseitiges Ideal aus R, so ist A D I das Radikal von A und (I+A)/A  das 
Radikal von R/A.

Sei R  ein vollständiger linear topologischer Ring, U der Filter aller offenen 
Linksideale und /  eine Indexmenge beliebiger Mächtigkeit. Ein System {xß, ц£1} 
von Elementen xß£R  heißt summierbar, wenn jedes UdU  fast alle xM enthält. Die 
Restklassen 2  bilden dann einen Cauchyfilter C, der wegen der Voll-

и
ständigkeit von R gegen ein Element x konvergiert. Wir setzen

x =  lim C =  2  xn •
Die folgenden Aussagen sind so einfach, daß wir auf die Beweise verzichten 

(vgl. auch [1]).
(XXIV) ([8 ], (3.1)) Sind {xM,/i€ /}  und {y^, /i£/} summierbar, so ist es auch 

{х,.+У*, p£l}, und es gilt 2 х и + 2 У ц = 2 (хц+У?)-
(XXV) ([8 ], (3.2)) Ist {x„, /x£/} summierbar und {»,,/!€ /}  ein System von 

beliebigen Elementen y ^ R ,  so ist auch {умхм, /i£/} summierbar.
(XXVI) ([8 ], (3.3)) Ist {x„,/i£/}xM£R summierbar und /  eine stetige additive 

Abbildung von R  in einen vollständigen linear topologischen Ring R', so ist 
{/(x^), u£/} in R' summierbar und es gilt

Д 2 Ч )  =  2 f ( x2
Folgerung:
(XXVII) ([8 ], (3.4)) Ist {xM,/i€ /}  in R summierbar, so sind für jedes z£R  

Jie Systeme {zx^} und {x^z} summierbar und es gilt

z 2 Xfi 2  zxn> ( 2  хц)^ 2 хц2-

§ 3. Neuer Beweis für die Ergebnisse von Widiger

Ein Ring heißt streng artinsch, wenn seine additive Gruppe bezüglich ihrer 
Untergruppen der Minimalbedingung genügt.

Analog nennen wir einen topologischen Ring R  streng l.k., wenn er einen 
Basisfilter aus Linksidealen besitzt und jeder Filter von Restklassen nach abge
schlossenen Untergruppen von R + einen nicht leeren Durchschnitt hat (d.h. R + 
ist eine l.k. Gruppe).

Dieser Begriff wird eine sehr wichtige Rolle in den folgenden Paragraphen 
spielen. Mit seiner Hilfe charakterisieren wir die Struktur bestimmter i.e.S.l.k. 
Ringe.

Wir bemerken hier, daß unsere Definition eine natürliche Verallgemeinerung 
der Definition von Widiger ist, welche die Existenz eines aus Idealen bestehenden 
Basisfilters fordert.
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Nach Kertész und Widiger [4] gilt der folgende Satz

(K — W) ([4], Satz 3) Jeder artinsche Ring R mit artinschem Radikal ist die ring
theoretische direkte Summe endlich vieler voller Matrizenringe über unendlichen 
Schiefkörpern und eines streng artin sehen Ringes R*:

R =

Diese Darstellung ist eindeutig bis auf Isomorphie.

Für linear kompakte Ringe gilt der folgende Satz von Widiger

(W) ([9], Satz 5) Jeder i.e.S.l.k. Ring R mit einer Basis aus Idealen und i.e.S.l.k. 
Radikal besitzt eine ringtheoretische direkte Darstellung

R = Z  sl?\±\R*,
wobei die S <ß> unendliche diskrete Schiefkörper sind und R* ein streng linear kom
pakter Ring mit einer Basis aus Idealen.

Diese Darstellung ist eindeutig bis auf einen stetigen Isomorphismus.

Für diesen Satz gab W idiger in [9] einen direkten Beweis. Im folgenden geben 
wir dafür noch einen Beweis, mit Hilfe der Ergebnisse von Kertész und Widiger, 
durch inverse Limesbildung.

Beweis. Es sei U — {£/а, а€Г} ein Basisfilter von Idealen in R. Es gilt also 
7?=Iim wobei R7~R jU a ein artinscher Ring ist. Nach (XXIII) ist
4  =  ( /+  Ux)/Ux = 1/(10 U7)  das Radikal von Rx, wobei I  das Radikal von R ist. 
Wegen der im engeren Sinne linearen Kompaktheit von I  ist auch 4  ein artinscher 
Ring. Nach (K —W) läßt R, eine ringtheoretische direkte Zerlegung zu:

К  = s& 1 h . № (£>1±!*: -  A f f R l

Wegen der Einfachheit der unendlichen Ringe (k = l, ..., х£Г)  ist
leicht zu sehen, daß {Ax, х£Г} ein inverses System bildet. Daß {R*, af F}  ebenfalls 
ein inverses System ist, ist klar. Das daß inverse System {R*, а£Г} is offensichtlich 
die direkte Summe der obigen inversen Systeme. Nach (IV) haben wir also

R = jlm {*,} =  Um {/fJ+]Um {ä £}-

Es sei Л*=Ц т {R*}- Dann ist R* streng linear kompakt mit einem Basisfilter 
aus Idealen. Wegen (III) ist lim {Aa} ein l.k. halbeinfacher Ring mit einer Basis 
aus Idealen. Nach (XVIII) gilt

lim И Л  =  Z  Bvv£/
wobei die Bv volle Endomorphismenringe von Vektorräumen über Schiefkörpern 
Sv sind. Die Topologie von Br ist die endliche. Nun soll By einen Basisfilter aus 
Idealen besitzen. Da By topologisch einfach ist, folgt, daß die Topologie die diskrete 
sein muß. Aus der Einfachheit der By folgt dann ebenfalls, daß der zugehörige 
Vektorraum endliche Dimension über S v hat, d. h. die Bv sind volle Matrizenringe
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über Schief körpern. Es ist leicht zu sehen, daß Sv für ein bestimmtes (/, a) mit 
übereinstimmt.

Aus diesem Beweis und der Eindeutigkeit von (K —W) folgt sofort die Ein
deutigkeit von (W).

Damit ist der Satz in allen Teilen bewiesen.

§ 4. Streng linear kompakte Ringe

In diesem Paragraphen wollen wir die streng linear kompakten Ringe charak
terisieren. Aus der Definition der linearen Kompaktheit und der im engeren Sinne 
linearen Kompaktheit folgen unmittelbar die folgenden Behaputungen.

Satz 1. Der Ring R ist streng linear kompakt genau dann, wenn er inverser 
Limes von streng artinschen R-Moduln ist.

Der Beweis ergibt sich aus (II), (XI) und (XIII).

(4.1) Jeder streng linear kompakte Ring ist gleichzeitig i.e.S.l.k.

W iegandt hat in [10] bewiesen, daß jeder transfinit /-nil potente i.e.S.l.k. Ring, 
also jeder i.e.S.l.k. Radikalring, der inverse Limes von streng artinschen P-Moduln 
ist. Folglich gilt

(4.2) Jeder i.e.S.l.k. Radikalring ist streng linear kompakt.

Man kann für die streng l.k. Ringe mit Methoden von W iegandt [10] die fol
gende Verallgemeinerung eines Satzes aus [10] zeigen. Für die Terminologie ver
weisen wir auf [1 0 ].

S a t z  2  ( V g l .  [ 1 0 ] ,  S a t z  6 ) .  Sei R  ein streng linear kompakter Ring, und bezeichne 
A das maximale teilbare Ideal des Ringes R. Ferner sei

C = {x£R ,x R  g  A)

der Kern von R. C ist ein streng linear kompakter Ring und ein abgeschlossenes Ideal 
mit CR2=0. Der Fakt orring C/A ist ein Zeroring und zugleich ein inverser Limes 
endlicher Zeroringe. Das Bild B= R /C  ist als inverser Limes endlicher Ringe 
darstellbar.

Bezeichne R einen linear topologischen Ring und seien C sein Kern und В das 
Bild von R. Ist in der durch R induzierten Topologie C ein streng linear kompakter 
Ring und В der inverse Limes endlicher Ringe, dann ist R ein streng linear kompak
ter Ring.

Der Beweis ist zu dem in [10] völlig analog, man braucht sogar die Nilpotenz 
nicht zu betrachten.

Ein Ring heißt primär, wenn er ein Einselement besitzt und der Faktorring 
nach seinem Radikal ein voller Endomorphismenring eines Vektorraumes über 
einem Schiefkörper ist.

Satz 3. Ist R  ein primärer s.l.k. Ring mit dem s.l.k. Radikal IA(0), so ist 
R streng linear kompakt.
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Beweis. Das Radikal 7 ist wegen (4.2) streng linear kompakt. Wenn P?e(0) 
ist, so betrachten wir R/C1 ( /2). R/Cl ( /2) ist ein primärer i.e.S.l.k. Ring. Das Radikal 
von R /CI (72) ist wegen (XXIII) 7/Cl (72). CI ( /2) ist abgeschlossen in R, also auch 
in 7, folglich ist 7/Cl (72) ein i.e.S.l.k. Ring. Es gilt natürlich CI (I2) ^ I ,  da sonst 
7=  (0) ist, im Widerspruch zur Voraussetzung, weil 7 transfinit r-nilpotent ist.

Wenn wir zeigen, daß RjCI (72) streng linear kompakt ist, so folgt, da auch 
CI (72)Q 7 streng l.k. ist, dasselbe für R. Wegen (7/Cl (72))2 =(0) genügt es, sich 
auf den Fall mit 72 =(0) zu beschränken.

Wegen (XXII) ist R = R /7  die komplette direkte Summe von miteinanader 
operatorisomorphen minimalen Linksidealen Rx. Wir beweisen, daß Rx für jedes 
oc streng l.k. ist.

Dazu wählen wir ein beliebiges, aber festes Element a €7, a^O. Wir bilden 
den R-Modul Rx durch die Abbildung cp in den R-Modul 7 ab:

(p:Rx -+I, ep(x) =xa, x dR x, x £ R

wenn x  ein Vertreter der Restklasse x ist. Wegen P —(0) ist diese Abbildung von 
der Wahl von x  unabhängig, cp ist offensichtlich ein stetiger R-Homomorphismus. 
Weil Rx minimal ist, ist cp entweder injektiv oder trivial. Das letztere würde bedeuten, 
daß a'ű= 0 für alle x £ R  mit x £ R x ist. Gibt es keinen Index a für den xa^O  für 
einige x € R  mit x € R a ist, so ist ra—0 für alle r£R; R  hat aber nach Voraussetzung 
ein Einselement, was ein _Widerspruch ist. Also gibt es einen Index ß, für den cp 
injektiv ist. Folglich sind Rß, also auch alle Rx (а£Г) streng linear kompakt.

Damit haben wir den Beweis diese Satzes erbracht.

Satz 4. Ein Endomorphismenring R eines Vektorraumes V  über einem Schief
körper К  ist genau dann streng linear kompakt, wenn R endlich ist d.h. К  endlich 
und V von endlicher Dimension sind.

Beweis. Die Voraussetzung ist offensichtlich hinreichend. V hat eine Basis 
{et, i£T}. e'j bezeichne jenen Endomorphismus von V, für den <?/(<?J)= e i, e{(ep) —0 
für jedes p V j  ist.

Es ist bekannt, daß Re\ ein minimales Linksideal von R ist. Es sei weiterhin 
für jedes Paar (i, j )  E{ das von e{ erzeugte R-Untermodul von R. E{ ist natürlich 
operatorisomorph mit K. Weiter gilt

(* )  Rej=  2  El.
rer

Weil R streng l.k. ist, so ist dies auch Rej. Wegen (* ) können Г nur endlich und 
V  von endlicher Dimension sein. Folglich ist Ej,  also auch К  streng l.k., d.h. К 
genügt der Minimalbedingung für Untergruppen. Dann muß aber der Schiefkörper 
К  endlich sein.

Damit ist der Satz bewiesen.

Satz 5. Es sei R ein i.e.S.l.k. Ring mit dem s.l.k. Radikal I. R / I= R  = 
— 2  ёцRelt (die eßRefi sind topologisch einfache Ringe). Ist e^Re^ unendlich, so 

rer 
gilt

eßReß ss e^Re^(eßxeß — ёрхё„) und eßI  — 0 .
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Beweis. Nach (XX) sind sowohl e^Re^ als auch eßIefi i.e. S.l.k. Ringe. Wegen 
eß Reß = (e„ Reß)/(eß Ieß) (im algebraischen Sinne) und (XXI) ist eß Reß primär. Gemäß 
(XX) ist e^Ie^ das Radikal von eß Reß. Da /s .l.k . ist, ist eß Ieß auch s.l.k. I s t i , / f ^  

(0), so ergibt sich aus Satz 3 daß eßReß streng linear kompakt ist. Nach Satz 4 ist 
dann endlich, was ein Widerspruch ist. Folglich gilt eß Ieß — (0). Da die
Abbildung eßxeß-+ ёмхём stetig und eßReß i.e.S.l.k. ist, gilt die Isomorphie auch 
im topologischen Sinne. Folglich ist Rß=eßReß = ̂ R xß, wobei die Rß die minimalen 
Linksideale von Rß sind.

Für jedes beliebige, aber feste Element a£l, a ^O  bildet die Abbildung 

<p:R*-»I, q>(x) = xa, x£R*ß

den R^-Modul Rß in den R^-Modul I  ab. Es zeigt sich, daß <p ein stetiger /^-Homo
morphismus ist. Weil Rß minimal ist, so ist <p entweder trivial oder injektiv. Das 
letztere ist unmöglich, da R* nicht s.l.k. ist. Also ist eflReßI=ellI =  0.

§ 5. Das Hauptergebnis

Es sei L im folgenden die Klasse aller i.e.S.l.k. Ringe mit s.l.k. Radikal, 
für die es ein vollständiges System orthogonaler idempotenter Elemente {eß} mit 
der folgenden Eigenschaft gibt:

(W) Ist für einen Index p ёмЛём unendlich, wo die eßReß, wie oben, die topo
logisch einfachen Komponenten von R/I  sind, so ist Ieß = 0.

Jetzt formulieren wir das Hauptresultat:

Satz 6. (I) Ein Ring R ist genau dann ein L-Ring, wenn R eine ringtheoretische 
direkte Darstellung
(1) r  =  2  Щ Я *

wer

besitzt, wobei die Rß unendlich und topologisch einfach, d.h. volle Endomorphismenringe 
von entweder Vektorräumen über unendlichen Schiefkörpern oder Vektorräumen 
unendlicher Dimension über endlichen Körpern sind, und R* ein streng l.k. Ring ist. 

(II) Die Darstellung (1) ist eindeutig im folgenden Sinne: ist auch

R =  2 K № * 'H’tr

eine Darstellung, wobei die /?'. unendlich und topologisch einfach sind und R* streng
l.k. ist, so gibt es eine eineindeutige Abbildung der Indexmenge Г auf Г'(p -*-//) 
mit Rß =  Rß. und es gilt R* =  R*.

Beweis. Besitzt R die Darstellung (1), dann ist R i.e.S.l.k. da jeder Summand 
derart ist. Das Radikal I  von R liegt in R* und ist nach (XV) abgeschlossen in R, 
also auch in R*, somit selbst streng linear kompakt, insbesondere i.e.S.l.k. Wegen 
der Darstellung (1) ist es klar, daß es ein vollständiges System orthogonaler idem
potenter Elemente mit der Eigenschaft (W) gibt. Folglich ist die Voraussetzung 
hinreichend.
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Es sei jetzt R ein L-Ring, /  sein Radikal. Nach (XVIII) und (XXI) ist R il  die 
komplette direkte Summe von topologisch einfachen Ringen,

R /J = R — 2 , ёцИё„,
Hír*

und e— 2  ?ß ist das Einselement von R.
HiT*

Nach der Voraussetzung hat R ein vollständiges System orthogonaler idem- 
potenter Elemente {eß, ßC-Г*} mit der Eigenschaft (V). Wir bezeichnen mit Г  die 
Menge aller Indizes ц, für die eßReß unendlich ist. Es sei dann Г'—Г \Г * .

Es sei В das vollständige Urbild von 2  eßReß beim natürlichen Homomorphis-
Hir  _ __

mus von R  auf R'. В ist offenbar abgeschlossen. Da /  streng l.k. und die eß Reß für 
alle ц£Г '  endlich sind, ist В streng l.k. .

Ist ц£Г,  so gilt eßReß =  eßReß und eßJ=Ieß—0 nach Satz 5 und der Vor
aussetzung. Wir zeigen jetzt, daß für jedes /х£Г eß Re ß ein Ideal von R  ist. Seien 
nämlich x, у  beliebige Elemente von R. Es gilt dann eßxeßy = eßxyeß, weil eß im 
Zentrum von R liegt. Das besagt aber eßxe„y—eßxyeß(LI. Wegen eßI — 0 folgt 
einerseits

ен хен У =  eHx yeß<ießReß.

Andererseits
leß=0

gilt yeßx i ß = eßyxeß, woraus yeßxeß — eßyxeßf j  

yeßxeß = eßyxeß£eßReß

und wegen

folgt. Also ist eßReß ein Ideal von R für jedes ц£Г.
Wir beweisen noch, daß eßReß - B —BeßReß =0 für alle ц £ Г  ist. Es sei nämlich 

x£R,  y £ B  beliebig. Es gilt dann eßxeßy = y e ßxeß=0, was bedeutet, daß eßxeßy, 
yeßxeß in /  sind. Wegen eßI=Ieß = 0 sind eß xeß y=yeß xeß = 0, also ist

eß Reß • В = В- eßReß = 0.

Bezeichne A* das von allen eß Reß (/< £ Г) erzeugte zweiseitige Ideal von R. Da 
für alle '■ eßeß. =  eß-eß = 0 ist, ist A* die ringtheoretische diskrete direkte Summe 
aller eßReß (ц£Г):

A * =  2 ° e ßRell.
Hír

Es sei A der topologische Abschluß von A* in R. Da {eß, ß£F*} summierbar 
ist, ist auch {eß, ц€Г} summierbar. e* bezeichne die Summe von {eß, ц£Г}е* — 
— 2  ен- Wegen (XXVII) haben wir

HÍT
e*eß = eße* = eß Чц£Г  und e*I = Je* = 0.

e*Re* ist trivialerweise i.e.S.l.k. mit dem Radikal e*Ie*. Wegen e*I=Ie* = 0 ist 
e*Re* halbeinfach. Da e*eß~ e ße*=eß für alle gilt, enthält e*Re* alle eßReß 
mit ц£Г. e*Re* ist natürlich abgeschlossen in R, also gilt A ^ e *  Re*. Andererseits 
ist e*Re*QA wegen e*= 2  еи> was bedeutet, daß A= e* Re* gilt. Aber es gilt

Hi r
offensichtlich e*Re*= 2  ен ^ ен > was zeigb daß A mit 2  ен^ен isomorph ist.

Hír Hír
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Der Satz wird bewiesen sein, wenn wir zeigen, daß

R = A\±\B
gilt.

A und В sind natürlich Ideale von R. Wegen A*B = BA* = 0 folgt A B =  BA=0  
aus der Stetigkeit der Multiplikation.

Für ein beliebiges x £ R  gilt

x  =  e*xe*+(x—e*xe*),

wobei e*xe*£A ist und x —e*xe* offensichtlich in В  liegt.
Die Isomorphie ist topologisch. Es sei nämlich Ux bzw. U2 eine beliebige Um

gebung von 0 in A  bzw. B. Es ist klar, daß U ^ U D  A und U2= U ' D B  mit ge
wissen Umgebungen U, U' in R sind. Deshalb genügt es, sich auf den Fall Ux= 
= U0DA, U2 = U0C\B (U0Q UDU')  z u  beschränken. Wählen wir dann dia Um
gebungen W, V, , V>, so daß die folgenden Bedingungen

e*Vie* Q U 0, V2 — e*V2e* g  U0, W Q V 1D V2 

gelten. Für ein beliebiges Element w t  W  haben wir

e*we*ee*V1e*D\ AQ U0D A =  Uj
und

w-e*we*e(V2-e * V 2e*)DB Q U0D B  = U2

Folglich gilt w = e* we* +(w — e*we*)t и г + U2 für alle wtW.
Der Beweis von (II) ist zu dem von (III) des Satzes 5 in [9] völlig analog, deshalb 

verzichten wir auf den Beweis.
Der Beweis des Satzes ist damit erbracht.
Nun geben wir ein Beispiel, das in wesentlichen von Widiger stammt und 

die Notwendigkeit der Bedingung (W) zeigt. Es sei К  ein beliebiger Körper und 
n eine beliebige unendliche Mächtigkeit. Es sei B* die Menge aller n X n  Matrizen 
über K. Der Zeroring В über B* ist ein topologischer Ring mit der Tychonoffschen 
Topologie. Da К  endlich ist, ist В ein kompakter, linear topologischear Ring, also 
auch ein i.e.S.l.k. Ring. Es sei weiterhin A der Endomorphismenring eines Vektor
raumes vom Rang n über К  mit endlicher Topologie. Also ist A der Ring aller nX« 
Matrizen, die in jeder Zeilen nur endlich viele von Null verschiedene Elemente 
haben. Wir setzen R = A ® B  und machen R zu einem Ring durch die folgende 
Multiplikation: Für a£A, b£B  sei bat  В durch die gewöhnliche Matrizenmulti
plikation (diese Produkte kann man bilden) und ab=0.

Es zeigt sich unmittelbar, daß die Addition und die Multiplikation stetig sind. 
R ist natürlich i.e.S.l.k. mit seinem Radikal В als Ring auch i.e.S.l.k. Bezeichne 
e die identische Matrix von A. Natürlich gilt Be —В und dies erklärt, warum es 
für R keine Zerlegung (1) gibt.
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§ 6. Folgerungen

Satz 7. Die Ringe, deren sämtliche abgeschlossenen Ideale L-Ringe sind, sind 
die im Hauptsatz genannten Ringe.

Zum Beweis qraucht man nur zu erwähnen, daß jedes abgeschlossene Ideal 
eines Ringes im Hauptsatz wieder die Darstellung (1) hat.

Satz 8. Ein inverser Limes von L,-Ringen ist wieder ein L-Ring.

Der Beweis ist zu dem von (K —W) in §3 völlig analog, deshalb übergehen 
wir ihn.

Satz 9. Die Ringe, deren sämtliche abgeschlossenen Linksideale L-Ringe sind, 
sind die Ringe des Haupsatzes, für die jeder Endomorphismenring R^ ein unendlicher 
Schiefkörper ist.

Beweis. Daß die Voraussetzung hinreichend ist, sieht man leicht ein.
Umgekehrt zeigen wir, daß es in der Darstellung (1) keine Endomorphismen

ringe der Vektorräume unendlicher Dimension über endlichen Körpern gibt. Es 
sei nämlich R ein Endomorphismenring eines Vektorraumes V unendlicher Di
mension über dem endlichen Körper K. Es sei weiter {e„} seine Basis. Bezeichne 
e{ jenen Endomorphismus von V, für den e{ (ej) = et ist und für den e{ (ep) =  0 
für jedes j ^ p  sind. Re] ist ein abgeschlossenes Linksideal von R, das also als Ring 
l.k. sein müßte. Es sei weiterhin für jedes Paar (i, j )  Ej  der von ej erzeugte V-Unter
modul von R. E j  ist natürlich isomorph mit K. Weiter ist

A = 2 E j
j* ‘

ein Linksideal von Re] ist. A ist offenbar ein Zeroring und da Re] diskret ist, ist A 
streng l.k. Folglich ist A endlich. Andererseits ist die Mächtigkeit von A unend
lich, was ein Widerspruch ist.

Analog können wir zeigen, daß alle anderen Endomorphismenringe unend
liche Schief körper sind.

Aus diesem Satz und Satz 8  bzw. Satz 9 in [9] folgt

Satz 10. Die Ringe, deren sämtliche abgeschlossenen Unterringe L-Ringe sind, 
sind die Ringe des obigen Satzes, bei denen sämtliche Schiefkörper absolut algeb
raische Körper mit Primcharakteristik sind.

Satz 11. Die L-Ringe mit der Eigenschaft, daji jeder Filter von Restklassen 
nach Unterringen einen nicht leeren Durchschnitt hat, sind die Ringe des obigen Satzes, 
bei denen sämtliche Schiefkörper absolut algebraische Körper mit Primcharakteristik 
und mit Minimalbedingung für Unterkörper sind.

Als weitere Folgerungen betrachten wir folgende zwei Fälle:
(i) Ist die Topologie in R diskret, so ist R ein linksartinscher Ring mit links- 

artinschem Radikal /. Aber jeder nilpotente artinsche Ring genügt der Minimal
bedingung für Untergruppen, also ist 1 auch ein rechtsartinscher Ring. R /I ist natür
lich rechtsartinsch. Folglich ist R ein rechtsartinscher Ring mit rechtsartinschem 
Radikal. Dies besagt wegen Satz 5, daß es in R  ein vollständiges System ortho-
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gonaler idempotenter Elemente mit der Eigenschaft (W) gibt. So erhalten wir in 
diesem Fall nach Satz 6  die Ergebnisse von Kertész und Widiger.

(ii) Gibt es in R  ein Basisfilter aus Idealen, so ist, wie man leicht einsieht, R 
als R-Rechtsmodul i.e.S.l.k. Wegen der streng linearen Kompaktheit von I  ist er 
als /-Rechtsmodul i.e.S.l.k. Nach Satz 5 ist R ein L-Ring d.h. wir haben in diesem 
Fall die Ergebnisse von Widiger.
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A NOTE TO THE CONTINUOUS DERIVATION
OF FIELDS

By
A. BLEYER (Budapest) and W. PREUSS (Wismar)

Introduction

Let J t  be the operator field of M ikuisnski [8 ]. In [6 ] the linear operator trans
formations on J t  are defined to be linear maps of J t  into Jt.

An other operator field Üt, which is isomorphic to the field (under the point- 
wise operations) of all functions f ( z )  meromorphic in some right half-planes of 
the complex plane, is constructed in [10]. The operator transformations on 21 are 
defined analogously [11]. In 21 every operator a can be written formally in the form 
a=f(s ) ,  where f ( z )  (depending on a£ 21) is meromorphic in a certain right half
plane of the complex plane and s is the differential operator in 21 (and also in J t) .

If Q  is the subfield of J t, which consists of all operators represented by con
volution quotients of Laplace transformable functions, then Q c ^ T l2 I  [10].

A particular linear operator transformation of J t  and 21 is the algebraic deriva
tion, which can be comprehended as the formal derivation of an operator a = f ( s ) 
belonging to J t  or 21 with respect to s.

In J t  the algebraic derivation is continuous in the sense of [6 ]. But there are 
also other derivations of J t  and 21. From the standpoint of differential algebra 
(see [7]) a derivation of J t  (or 21) is defined to be a linear operator transformation 
У  which fulfils the condition
( 1) ST (ab) =  Ъ2Г(а)^аЗГ(Ь) 

for all a, b belonging to J t  (or 21). Then we have also

(10 ^ « ]  = Ь ^ £ а * т  (1_Н л („ п ь ^ 0у

In [4] it is proved that every derivative У  of J t, which is continuous in the sense 
of [6 ], has the form
(2) ST =  c3 ,

where c(i J i  is an operator depending on 2Г and (3) is the algebraic derivation of Jt.
It is possible to define the linear sequentially continuous operator transforma

tions as follows [1 , 1 0 , 1 1 ]:
An operator transformation 2Г of J t  (or 21) is called sequentially continuous 

if a„ — a implies 3~(an)-» ST (a). The symbol — denotes any type of convergence 
in J t  (or 21), for example the I- or II-type convergence in J t  [8 ] (or the convergence 
in 21 introduced in [1 0 ]).

In the present note we will prove a theorem on the continuous derivations 
(in a certain sense) of suitable fields, such that we get all sequentially continuous 
derivations of J t  (or 21) also in the form (2) as a special case.
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Assumptions to the general theorem

(3) Assume that &  is any field containing the field of the complex numbers and 
that ->- is the symbol for any convergence in 3F which is so that the operations 
in are sequentially continuous operations, and that the limit of a sequence 
is unique.

Suppose that S> is a derivation of $F having the following properties:
(4) S'(a) =  0 if a is a complex number;

(5) there exists an element s in 3F with 2#(s)= 1;

(6 ) 2  is sequentially continuous.

Moreover we require

(7) there is a subalgebra s i  of J» such that the set of all rational terms

a„+a1 .s+ ...+a„s"'•(s) =  - — — x —  (a„ ßj are complex numbers)

is dense in s i  and s i  is dense in SF with respect to —.
Then we have the following

Theorem. Let (3F, 3>) be the differential field with the properties (3)—(7). A deriva
tion AT o f AF which satisfies (4) — that means У (a)=0 i f  a is a complex number 
— is sequentially continuous i f  and only i f  it has the form ST = c3>, where c is an 
element o f 3F depending on 3F.

Proof. It is easy to see that 3~=cQ), c£J5", is a sequentially continuous deriva
tion of SF.

Now let S '  be any sequentially conti) ! us derivation of 3F which fulfils (4). 
Assume that s^S? is the element of property t-о. We obtain by (1) and (5) for n=  1 ,2 ,...

ST(sn) =  nsn~1.i~(s) = cSH{sn)

with c = S ( s ) d S ' . If r(s) is a rational term in s (property (7)) then

(8 ) ^ (r(s ))  =  c®(r(s))

since formula (T) also holds in SF.
Now let a be any element of si. (7) implies that there is a sequence (rn(s)) 

of rational terms in s with rn(s) -►«. 2Г is a sequentially continuous derivation, 
therefore we get SF(rn(s))^-T(a).  On the other hand by virtue of (6 ) and (8 ), 
.T(r„ (.v))= c&(rn(sf)—cS>(a). Therefore we obtain

(9) 3T(a) = c2(a)
for all a£si.

Let b be any element of Because s i  is dense in SF we can find a sequence 
(an)c is i  with a„-<-b. Therefore by the continuity of ST, .T{an) — .T(b) and as 
a consequence of (9), У(а„) = с!3(ап)-*с2)(Ь) holds with H~(b)—d& (b) for all 
b^SF. The proof is complete.
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Examples

(i) Let &  be the operator field 21 provided with the following convergence 
( —) [10]: A sequence (a„) a  2Í converges to a 6  21 if there are quotients a„ =  
=h„(s)/gn(s) and a=h(s)/g(s)  (in this case s is the differential operator in 21) 
such that the functions h„(z), gn(z), h(z), g(z) are holomorphic in a fixed right half
plane A of the complex z-plane and the sequences (hn(z)) and (g„(z)) uniformly 
converge to h(z) and g(z) on every compact subdomain of A, respectively.

If is the algebraic derivation of 21 and ,r/ = 21 then all suppositions of our 
theorem are performed [1 0 , 1 1 ].

(ii) Suppose that 2F=M  is the convolution quotient field of {̂ 6 is the set 
of all continuous functions on [0, «=)). J i  is the Mikusinski’s operator field [8 ]. 
The operator field is provided with the Il-type convergence. In this case the supposi
tions of our theorem are again satisfied, therefore all sequentially continuouos 
derivations of ^(fulfilling (4)) have also the form (2) if s d = J l  and is the al
gebraic derivation of J i  [1, 6 , 8 ].

We should prove that property (7) holds for JI. Now we shall approximate 
every (р£Я> by rational terms in s. Let /„=[0, и] (n~\ ,  2 ,...)  a  sequence of inter
vals. In I„ the function (p can be uniformly approximated by polynomials p"c(t) 
for That means we can estimate as follows:

( 1 0 ) \pl(i)-<p(t)\ -*= -i-

for all i£/„ and k ^ k B(n), where k0(n) depends only on n. Suppose that 
p n(t)=pi0(n)(t) (n=l ,  2, ...). Let I  be any compact interval in [0, °°) and assume 
that £>0. We can find a natural number n0 such that I  a  [0, «„] and 1 < e  • n0. 
In this case for all n~nB

(И) Ip„(0~<p(0I =  !Рл„(в) Ф(01 en n 0

whenever t£lcz ln. This proves that p„(t)-»(p(t) almost unifromly on [0, »). 
Since every polynomial pn(t) can be represented by a rational term r„(s) in the

differential operator 5 and every operator x  from Л  has the form where a, b

are in one could approximate a and b by polynomialsp„(t) and q„{t), respectively. 
Hence (7) is fulfilled.

(iii) Assume that Л = Л  (as in (ii)) and now Л  is provided with the I-type 
convergence. Let ST be a sequentially continuous derivation. We prove that is 
a Il-type sequentially continuous derivation, too. Let x„ be a sequence in J i  con
verging to x  £_Л with respect to the Il-type convergence. Then

( 12)
л _  f K )  _  Ь„У(а„) — a„J(bn) _  a ,

Ы -  qn

and by the assumption a„ tends to a and b„ converges to b in the topology of <€. 
(More precisely, an and bn can be chosen for this purpose.) But J{a„) -*-T(a),
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and b; -* Ir with respect to the I-type convergence. Therefore ST (x„) 
tends to some operator

(13)

in J t  with respect to the II-type convergence. By virtue of (ii) we obtain that every 
I-type sequentially continuous derivation1 o f .Jt has the form £T =  aJ).

R em ark  1. In [4], F én y e s  proved that every continuous derivation (in the 
sense of G esztelyi [6 ]) has this form. His result follows from (iii) since every con
tinuous linear operator transformation (a derivation satisfying (4) is obviously 
linear) is sequentially continuous too [6 ].

R emark  2. In the example (iii) we cannot use our theorem directly since the 
rational terms in 5  are not dense in .it. with respect to the I-type convergence. In 
order to prove this fact we will follow N o r r is  [9] by defining a finite number a

f
for each a^O  in J t, as the unique real number a such that a = — e~*s, where

g
f  and g belong to (вй. This number a is independent of the particular representation

Уof a which is chosen, and if a = — , where y, x ^ J t  then a (a)= a(y ) — a(x). The

number ot(a) is called the support number of a. The second fact we need is that 
any rational term r„(s) has zero support number. This is obvious since r„(.v) =  
=p„(s)/qn(s), where p„(s) and qn(s) are polynomials in s, and therefore а(г„(л)) =  
=  a(p„(s)) — a(^n(i))=0. In [2] (see also [3]) it is proved the following

Lemma. I f  an- ^ a ^ J i ,  a j O ,  then lim  a(a„)^cf.(a).

In our case let a=eXsf l g  ( f  gf/6a, 0 --/.). Hence by the lemma we should 
have 0~  — Я (under the supposition rn( s ) ~ ^ a )  which leads obviously to a contra
diction.

R emark  3. If J t0 stands for the subalgebra of all operators of the form plq  
where q ^ 0 is the set of all functions defined on [0 , °°), which are continuous 
and do not vanish identically in any neighbourhood of the origin) then we could 
prove the same result for J t0 and S> as in the Theorem by using the same arguments 
as in the proof of that. We would observe that ^  is dense in ([3], [5]) and 
2>:Jt0-^Jtü. But J t0 is an integral domain and its quotient field is Jt. From 
a derivation can be extended into J t  uniquely. The continuity of the extension is 
trivial. We should note that this remark cannot be handled in all cases since a deriva
tion of J t  is not necessarily a derivation of J t0 into J t0.

1 We assume JT(a)==0 if a is a complex number.
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ON AN INTERPOLATION PROCESS OF 
S. N. BERNSTEIN

By
A. K. VARMA (Gainesville)

Introduction. S. N. B ernstein  [1] considered the following interpolation pro
cess based on the zeros of Tchebycheff polynomials of the first kind. (For the sake 
of brevity let us fix n and denote xkn by xk, lkn(x) by lk(x) etc.) It is given by

( 1.1)

where
Л„[/, x] = 2 f ( xk)<Pk(x)

k=l

X k =  COS
(2/c — 1) л: 

2  n к = 1 ,2 ,..., n, T„(x) — cos nO, cos в = x,

_ 3 l 1(x) + l2(x) _ , . л  /,,-iW  + 3/n(x)
Ф1\х) A 7 rnW  Л 7

»,(*) = fc =  2 ,3 , . . . .n —1,

( - .» ‘ .■(‘ - » у в д  k  ......
n X — Xk

Concerning Rn[f, x] he proved the following

T heorem 1. Let f ( x )  be an arbitrary continuous function in [ — 1, +1], then 
R„[f, x] converges uniformly to f  (x) on [—1, +1].

Recently we [5] proved the following

T heorem 2. Let f ( x )  be an arbitrary continuous function in [ — 1, +1]. Then 
there exists a positive constant c independent o f n, x, and f  such that

( 1.2) |ЯП[/, * ] - / (* ) I c CO / т 3

where oj(S) is the modulus o f continuity o f f

It is natural to raise the following question. Suppose we change the nodes 
of interpolation to the zeros of Tchebycheff polynomials of the second kind:

(1.3) Unix) =
sin (n+  1 ) 0  

sin 0 X =  cos в,
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and ask for what class of functions the interpolation process of S. N. Bernstein 
with respect to the nodes (1.3) converge uniformly to / ?  The above question is 
of some interest since for many well known interpolation processes (this includes 
Lagrange as well as Hermite—Fejér interpolation, see G. Szegő [4]) convergence 
behaviour is very poor with respect to the nodes (1.3) especially near 1 or —1 . The 
situation is not improved for the Lagrange interpolation on these nodes even in 
problems of mean convergence. E. F eldheim [2] proved that for the same abscissas 
it is not true that

lim f  \ f(x)- LnU ) ! 2 dx = 0 .

In fact the superior limit of the integrals in question may be -f <=° if / (jc) is a pro
perly chosen continuous function.

2. Statement of the main theorem. Let us denote

( 2. 1)

and

(2 .2)

where

(2.3)

(2.4)

(2.5)

(2 .6)

Л„[/, * ]=  2 f 0 k ) m k(x),
k = 1

Д. [/> * ]=  2 Я {к)р к(х),
k =  l

tk =  cos вк, 0k kn 
n+ 1 k = 1 , 2 , ..., n,

Hk(x):
(_ l)* +i( l  _ f2) Ua(x)

n + 1 X - t ,
, к =  1, 2 , . . . ,  n,

.. , „ 4 _  l ^ M  + HÁx) ... _  n„-i(x) + Ъцп(х)
V*̂/ A ’ \X) A )

mk(x) = Vk - iW  +  2  Цк (x) + nk+i (x) , к = 2, 3 , .. .,  n - 1 ,

(2.7)

Л (* ) = ml (x) + — m2(x)

л и )  =  - j ( m k(x) + mk + t U)), к = 2,3, ..., n - 2,

Л - iU )  =  ~2 т »- 1U ), Л U ) =  m nU).

We now prove the following

Theorem 3. Let f ( x )  be an arbitrary continuous function on [ — 1, +1] and o>(d) 
its modulus o f continuity. Then there exist positive constants сг and c2 independent 
o f  n, x  and f  such that

(2-9) И Л /, * ] - /U ) l  =  cl a>
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and

(2. 10) IB„[f, x ] - f ( x )I S  c2 V I - * 2 1 , i i V
to -------------1 +  CO —. и ) [n2JJ

(3.1)

(3.2)

(3.3)

(3.4)

3. Proof of the theorem. The proof of Theorem 3 is based on the following 

Lem m a  3.1. The following estimates are valid in — l ^ x ^ + 1 :

2 K (* ) l  =  c3, 2  l-P*(*)l ^  c4,
k=1 k=l

2  |x-f*l|m*(^)| ^  £i
k = 1 П

2k = 1
sin 0 — 01

2k = 1
snr

2

0 - 0 k

1Л(*)1 ^ :

The proof of this lemma is given in Section 4. It is easy to see that

(3.5) 2  mk(x) = 2  p k(x) =  1.k=l k=1
From (2.1) and (3.5) we have

(3.6) A„If, X] - f ( x )  = 2  l f(h) - f ( x )]  mk (x).
k = 1

On using well known properties of modulus of continuity of /  we obtain

(3.7. \f(tk) - f (x) \  =. m ( f ; |дг—/*|) — со / ; n \ x - t k s  (n \ x - t k\+ l ) c o \ f

On using (3.6), (3.7), (3.1) and (3.2) we have

И„[/, x}-f(x)\  — m I / , 7ц| +  1 ) |т к(х)| ё  (c3 +  c5)o) / ,

This proves (2.9). To prove (2.10) we need the following inequality due to  
O. Kis and P. V értesi [6]:

e - o k(3.8) |/(cos0)—f(cosOk)\ =2 2n sm - +  i ю / ;
) / \ - х г

+

+ 2 {„sin l J i }  + ! ] « ( / ;  W)

From (2.2) and (3.5) we obtain

Вn[f, x ] - f ( x )  =  2  [f(tk)-f(.x)\Pk(x).
k=1
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By using (3.8), (3.1), (3.3) and (3.4) we obtain

I W . * ] - / ( * ) | s ( c 4 +  2ce)a> / ;
[T - +

+  ( 2 c 7 +  c 4) g > / ;

This proves (2.1) as well.

4. Proof of Lemma 3.1. Since 1 — if =  1 — x 2+ x2 —1\ it follows from (2.4) that

(4.1) fh(x) =  ( -1  r +\ l - x * ) U n(x) (
(n+1) (* - / ,)

But it is easy to verify that (x=cos 0)
(n+1)

2sin0 . 0 + 0 , 0 — 0, . , _
— —  =  cot 9 + cot 2 , fe =  l , 2 , ..., n.

Hence

(4.2) цк{х) = (—1)* sin (n T  1)0 
2(n +  l)

„ 0+ 0 , , . 0 - 0 ,cot — +  co t---—— + (-1)*+Ч*+Ь)Ц .(*)
n + 1

On using (4.2) and (2.6) we obtain for k  = 2, 3, ..., n — 1

(4.3) mk(x) = (— l)k-1 sin(n +  l)0 f 0 +  0,-
2 (n + l) cot- L — 2 cot 0 + 0,

0 + 0 ,+x 0 -0 ,-1  „ 0 - 0 ,+  c o t---- Ь +  c o t---------_  2 cot — — ■ +  cot

2

+

2 2

(-1)* </„(*)
n+1

2 -----  2

[cos 0, _! — 2 cos 0 ,+ cos 0,+1].

• +

+

(4.4) 
and

(4.5)

fo r a =

On using the trigonometric formula

c o sd ,-!—2cos 0 ,+ co s0 ,+1 =  —4cos0,sin22 (n + l) ’ 

2 sin2 h cot acot(a +  n) —2 c o ta + c o t(a  —h) =  —— ---- ----—---- —
sm(a — n)sin(a+fc)

0 ± 0 , . ,—— and n = 2 (n + 1) , we can rewrite (4.3) for k=2,  3 ,..., и — 1:

(4.6) m,(x) =

+

(-1 ) ‘ 1 sina 2(й+Т) sin («+1)0

n +  1

cot 0 + 0,

• 0 +  0 ,- j  . 0 + 0, + xSin--- -=—!L Sin - ----

cot-0-0,
. 0 - 0 , - !  . 0 -0 ,+  !Sin-----!- Sin----------

4(—1)*~J cos 0, sin2
+ -

2 (n + 1) Un(x)

n +  1

Acta Mathematica Acadcmiae Sciential'um Hungaricae 31, 1978



ON AN  INTERPOLATION PRO CESS OF S. N. BERNSTEIN 85

On using (4.4) and

cos 0*—2 cos 0*+1+cos 0*+2 =  —4 cos 9k+1 sin2

we obtain
T

(4.7) cose*-.* — 3 cos 0*4-2 cos 0*+i —cos0* + 2 = - 8 s in  

Similarly, on using (4.5) and

2(n + l)

(2k + 1) 7Г______  С1П .-----------
2(и+1) 2(n + 1) ‘

2 sin2 h cot (a 4- A) 
sin a sin (a +  A)(4.8)

we obtain

(4.9)

cot (a +  2A) — 2 cot (a +  A) +  cot a =

cot (a — A) — 3 cot a -)- 3 cot (a 4- A) — cot (a +  2A) —

2 sin2 A cos a cos (a +  A)
sin a sin (a 4-A) [sin (a —A) sin (a+  2 A)

sin2 A [sin (2a 4- 2A) + sin 2A + sin 2A — sin 2a] 
sin a sin (a— A) sin (a +  A) sin (a +  2A)

2 sin3 A [cos (2a +  A) 4- 2 cos A] 
sin a sin (a — A) sin (a +  A) sin (a +  2A)

On using (4.9) for a = 0± 0* , ,——— and A =  ± 2(n +  l)
we obtain

(4.10) c o t * ± ^ - 3 c o t ^ 4 - 3 c o t ^ - c o t ^ ± l

2 “ п*2(ЯТТ> | “ s (8 + 9 > + 2friTi)) +  2
cos 2(л+1).

and

(4.11)

. 04*0* . 04*0* — 1 . 04-0* + * • 04~0* + чSin j-=- sin — ^ sin — -—  sin----- ----

0-0*_! - 0-0* „ 0-01 + 1 , 0 0jk + 2co t---- -^-2- — 3 cot +  3 c o t---- - i i i - - c o t ----

2 ™ , 2(ЯТ1)[СИ(<,“ ‘’* ~ 2 (^ Й ))  +  2
cos

2(и+1)
. 0 -0 * -!  . 0—0* . 0-0* + ! . 0 -0*  + 2 sin---- sin sm — ~  sin-----
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On using (4.6), (4.10), (4.11) and (4.7) we obtain (k= 2, 3, ..., n —2)

S i - l f - i s i n 3-
(4.12) mk(x) + mk + 1(x) =

(2k+ 1) л
2 (л + 1) 2(и+1)- sin u n{x)

n+  1 ■+

(— l)*-1 sin3-
+  -

2(n+1) sin (и+  1)0

И+1

COS 0 +  0fc + 2(« + 1) +  2 cos n
2 (л  +  1)

cos ( 9 - 9‘ -2(ЯТТ)) +  2с“ 2(л+1)
‘+* . 0 + 0j
I I  sm —

j = k—1 ^
k+2 . 0 - 0 ;  П  sin——-l

j = k —l  £

(4.13) miW  = 301 (x)++>(*)

C/„(x) sin2 0j 3 (1 + x )  sin2 0t —cos2 0X |б  sin2 ^ - + ^ - i i j j

4(n +  l ) ( x - i1) ( ; t - r 2)

The following results are needed for the proof of our Lemma 3.1.

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

|t/„(x)| =i и +  l, - l S x S  +  l,

sm
2(л+1) "  2 (л + 1 )’

0 +  0k sin — —1 ■ 0 -0 *  sm — — J L

\x—h
. 0 + 0fc . e - e ksin — sm — —=- 2 2

П — 1 
2

l
. 0 -0 * _ i . 0—0*+xsm -----* sin----- _

csn‘,

1
k = 2 . 0 - 0 1 - 1  . 0 - 0 1  +  1 . 0 - 0 1  +  2 s in -----^ - ^ - s i n -----+ l i sin2 2 2 

!0*(x) — 2, - l ^ x = s  +  l.

—  Сяп3,

On using (4.6)—(4.20), Lemma (3.1) follows at once.
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ON SET SYSTEMS HAVING PARADOXICAL 
COVERING PROPERTIES
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P. ERDŐS (Budapest), member of the Academy, A. HAJNAL (Budapest), 

corresponding member o f the Academy and E. C. MILNER (Calgary)

1. R2-phenomena. Our set theoretic notation will be standard with one ex
ception. Since this paper is largely concerned with powers of ordinals, the symbol 
c* will always denote ordinal exponentiation for ordinals c, tj. Thus, in particular, 
if /?Sa, then со"* is an ordinal <cua+1. When we use cardinal exponentiation 
we shall either say so or, if there is no danger of confusion, we write 2K/> or (despite 
the fact that cox and Ra otherwise denote the same object). We shall assume the 
reader is familiar with the special symbols as defined e.g. in [6] to denote ordinary 
partition relations, polarized partition relations and square bracket relations.

We begin our discussion by recalling a theorem of M ilner  and R a d o  [13] 
which asserts that, for any cardinal x^co,

(1.1) É-M**)i<» if
This implies that £(<э<+) is the union of to “small” sets An (n «= со), where we mean 
small in the sense that the order type tp An< xn (ж ю ). Four our present purposes 
it is usually more convenient to consider another sequence B=(B„:n<co) defined 
by Bn = A0U.. .UAn (ж сп). The sets Bn are still “small” , i.e. tp Вп< х п (ж ш ), 
and they have an additional property, which we call the co-covering property, that 
the union of any со of these sets is the whole set £. For brevity we shall say that 
a sequence 2?=(2?и:ж а> ) of subsets of £ is a paradoxical decomposition of 
£ if it has the two properties (i) tp B„<xn ( ж to) and (ii) the co-covering pro
perty. The existence of such a paradoxical decomposition (which is only interesting 
for x "^{ -< x +) implies the polarized partition relation

(1.2) (® ) +  (JL ? П  for

and also the square bracket relation

(1.3) for < ^ * +-

In our paper [7] we investigated the following problem: Let //<co2 and let 
A — (Aa:a<x> be a sequence of subsets of t] of length x=co or cox such that 
each set Ax has order type tp Ax<o.  Under what conditions can we then assert 
that there is a subsequence (AXv: v < £ ? )  of length q  whose union has a “large” 
complement in ц, say tp (i?\U  {AXv: v < e} )^ r?  This amounts to an investigation
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of the polarized partition relation

<■•<> ( ; ) - ( i ? r
for /7< o)2 and y. = co or a>t .

In [7] we gave a complete discussion for (1.4) in the case when rj is a power 
of со, (although even for this case there remain unresolved questions if the “ 1” 
in (1.4) is replaced by a larger finite ordinal). Now in combinatorial set theory 
most theorems like these have higher cardinal analogues which are usually obtained 
by replacing each cardinal by its successor. However, when writing [7] we realized 
that an investigation of (1.4) for the “next higher case”, i.e. for rj<co3 and x=co1 
or co2, leads to entirely different results and problems which we refer to as “ K2- 
phenomena”. The main reason why we could not simply extend the results of [7] 
is that one of the principal tools we used there was the Milner—Rado paradoxical 
decomposition (1.1) or rather its square bracket analogue (1.3),

£ H* [«и"]к0, -= n0 for £ <  «0 2- 
N ow the “higher cardinal” analogue of this is

(1-5) É - f  [«о“ 1]а,,a, for i  <  a>3,

and this is not true (e.g. it is false if  we assume 2lti =  a i>). We summarize here the 
^..-phenomena as it relates to the relation (1.5). For <f 2 we do get the ex
pected result, i.e.
(1.6) { +  K ‘]sllSe for 

However, we also have the following.

(1.7) (a) I f  2Ki= X a, then there is some <?-=«o3 such that

(b) It is consistent that

2Sl =  K3 and с, 4-
X A ;;

holds for all £<co3.

(1.8) Both the relations

< ö ?4 -[ö f1ß lf»0 and ft)“8 -  K 1]«,.«,

are true in different models o f  set theory. (The relation -> holds, e.g. in the 
constructible universe L, and — holds e.g. if Chang’s conjecture is true.)

These “ X2-phenomena” enter into almost all the results and problems considered 
in this paper, and so it is not possible to give an entirely naive presentation. Al
though we discovered most of these results as early as 1967, the presentation we 
give here will rely upon more recent work done by others. In particular we will 
use the methods worked out in the paper by G a l v in  and H ajn a l  [9], and we shall 
give references to other results later.
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The remainder of this section will be devoted to a detailed description of the 
^ 2 -phenomena as it relates to the relation

for у<(У3. For the sake of clarity this will be done rather slowly and somewhat 
redundantly.

Clearly P(y) is equivalent to the assertion: whenever A = (Ax:a<co1) is 
a sequence o f  subsets o f  such that tp then A does not have the
(o-covering property, i.e. there is such that U {Ax:a^D}^co^. On the
other hand, in order to establish the negation

^ p(y): ( 3 ) 4 4 -  ?) *
we have to show that there is some sequence A = (Ax:a<co1) of subsets of o f  
such that (i) tp A^co™1 (a<  coj) and (ii) A has the co-covering property. We shall 
say briefly that the sequence A establishes ~\ P{y) if (i) and (ii) hold.

Before we state and prove our first relevant result, it is convenient to introduce 
some special notation. If x  is an infinite cardinal and 0< y  < x + we choose a fixed 
sequence S y= (S f. v<p.) of subsets of xy having the following properties:
(1.9) xy = \J {Sy:v <  /r};

(1.10) -S'or <  £ / < . . . <  S y-z...,

where Y  means that all the elements of the set X  precede all the elements of 
Y  in the ordering of x y;

(1.11) (a) if y =  <5 + l, then p = x and tp SI — xs (v <  x ) ;

(b) if у is a limit ordinal, then /i=cf(y) and tp S y= xy*, where 
(yv: v-=/i) is a fixed increasing sequence of ordinals with limit y.

We call this sequence S y the standard decomposition of x y (although it depends 
upon the choicce of the yv in (1.11) (b)).

T heorem  1.1. ~i P(y) holds for у <co2, l-e-

о - 12) for

R em ark . The following proof can easily be adapted to prove the more general 
result Theorem 2.1.

Proof. We prove the result by induction on y. For у ^ (о г it is obvious that 
—IjP(y) holds. Now assume that ffl1S y « u 2 and distinguish the three cases
(i)y=<5 +  l, (ii)cf(y)=co and (iii) cf (y)=co1.

In the first two cases there is no difficulty in carrying out the inductive step. 
We give the details here, but in later proofs where a similar type of argument is 
needed we shall omit the trivial details and simply instruct the reader “to take cross
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sections” . The main idea of the proof of this theorem is in establishing the inductive 
step for case (iii).

Let S y—(S l:v< n )  be the standard decomposition for ©J. By the induc
tion hypothesis for each v< fi there is a sequence A'’= (A x:oc<co1) of subsets 
of SI which establishes ~\P(yv), where tp S l= (o ^ .

Case 1. In  this case /r= © 2 and the sets SI (v<©2) are order isomorphic 
i.e. yv=<5 (v-=©2). Therefore, for each oc^co1 we can assume that the sets A'x are 
also order isomorphic for v-=©2. Now put A*—U {Л*: v<© 2} (а<©!). For 
each oc<©x, there is / (a)«=©x such that tp A ^ m { <a> (v <©.,), and therefore 
tp Ax^ to { (x) ̂ c o “1- Therefore A = (A x:okco1) establishes ~iP(y) since each A v 
has the ©-covering property for SJ (v<©2).

Case 2. In this case ц=со. Again we define Ax= U {A%: v-c/i}. Then A — 
= (Ax:tx-<u)1) has the ©-covering property and moreover

tp Ax = 2  OP Л*: v <  ©} <  ©21 (a <  ©0, 
since tp AZ^cog1 (v<©; a<© i).

Case 3. In  this case fi=co1. For each v~=©1; let ÄV=(Ä '’:/;-=©) be a 
paradoxical decomposition of SI as described after (1.1). Then B v has the ©-covering 
property (for S() and tp Z?*<©2 («-=©). Also, for each v <  ©,, let Фу denote 
any one-to-one function from v into ©. Now put

Ax = U {Avx:v j } u U { i J i(, ) :» <  v <  ©j}
for x< © j. We show that A = (A x:ct<a)1) establishes ~iP(y).

If v s o k ö j , there is some /(v , a)-=©x such that tp ^ < © { (v>°'). Also, 
there is /(и)< сол such tha t / ( v ,  ot)</(a) for all vsía. Therefore,

tp Ax -A ©^<a) • a +  ©2 • ©j a>2 1 (a *= ©i).

All that remains is to verify that A has the ©-covering property. Let D£[©J“. We 
must show that

A(D) = U { i , : a ( í }  =  ©I-
For v-=©j, let D(v)—{a60 :a< v} . Then either Z)(v) or D \D (v )  is infinite. If 
D(v) is infinite then

A (D )^ U { B iv(a):a€£)(v)} =  S;,

since Bv has the ©-covering property. Also, if D \D (v ) is infinite, then

A(D) з  U K :a€£> \Z )(v )}  =  S*

since Av also has the ©-covering property. Thus, in either case A (D) э SI for each 
v<©i. It follows that A(D)=a>Z.

The inductive step used in the above proof breaks down completely if cf (y) =  w2. 
The trouble is that, unlike case (i), the sequences A v — (Ax:a^co1) (v<©2) ob
tained from the induction assumption are no longer identical copies of each other.

Our next aim is to say something rather more precise about the order types 
of the sets A x of a sequence A = (Ax:oc^co1) which establishes the negative 
relation ~i P(y). But in order to state our results we must first recall some defini
tions from [9] concerning the rank of an ordinal function (at least in a generality 
sufficient for our present purposes).
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We denote by Stat (« t) the set of all the stationary subsets of oo1. Let A£ Stat (щ). 
Then we define a partial order on COlco1, the set of all functions from cuj into 
co1, by the rule

/ < x g « -  {<*€*: /(а )  ё  g(a)H  Stat (cox).
It is easily seen that is well founded, and because of this we can define the rank 
function, !| • IIx, by

ll/llx =  sup{||g||x+ 1 :g < x /} -

We shall write || • || instead of || • ||И1 and <  instead of <Ml. We need the following 
easy consequences of this definition (see [9], p. 495).

(1.13) { i p  <  со!)(II/II* =S p <=> {u £ X :f  (a) == ^ S t a t  (« J).

(1.14) ||/|lx =  <=> {ocC_X:f(a) a}€Stat (coj).
We need also the following simple fact:

(1.15) If A^Stat (coj), and {ct£X:g(ct) =/(<*)+ 1}$ Stat(c»i), then ||g|]x =  ll/llx+  1-

P roof. Let h < x g . Then h 1-^ x h = > h 1 ^ x f i  and so ||/?||x —ll / l lx-  Thus 
l lf l lx S ||/ ||x+ l .  But /< x g  and so ||/ ||х + 1 ^ Ы 1 х -

Next we define a special sequence of functions Лу£“icox for y-=<y2 by transfinite 
recursion on y. For each limit ordinal y<co, we fix a strictly increasing sequence 
(yv:v < ^ )  of length /c=cf(y) having limit y. We agree that this is the same 
sequence as that associated with the standard decomposition for co| appearing 
in (1.1 l)(b). Now define hy by:

h0 =  0; hy+1 = hy+ l;

hy(a) — sup{/i./n(a): n <  со} if cf(y) =  co;
hy(a) =  sup {hyv{a ): v <  a} if cf (у) =  (ог.

The function hy defined in the case cf (y) =  cot is called the diagonal supremum 
of the hyv (v<cOx). Note that, if Stat (coj), if hy is the supremum or the di
agonal supremum of certain hVv, and if g ^ x hy, then g<y/*yv0 for some v0<cf(y) 
and FgStat (« J. This fact ensures that hy\ X  is “the y-th function on X "  for any 
Xii Stat ((«!), i.e.
(1.16) ||hv||x =  y for у <  <u2 and A ^S ta t^ !).

As a corollary of this we have, for у <ю 2, AC Stat (wj) and ,

(1.17) H/Их =  {oc€A:/(a) S  (a)} € Stat (coj);
also,
(1.18) hy < x hd for у <  S <  co2.

We make one final remark. For a limit ordinal у (со<у<ш2) the above sequence 
(yv:v<cf(y)) can be chosen so that m ^y0< y ,< .... This ensures that

(1.19) hy{а) ё  со (0< <*<<»!; со á у < cû ).
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We shall also make use of another, stronger partial ordering on 
defined by

/ «  g  <=>• l{<* -= / ( a )  S  g (a )} |

aiw1 >« ,

i.e. g eventually exceeds f .  Again, it is easily seen that «  is wellfounded and f«g=>  
=>f^xg for any XgStat (cuj). The functions h., (y-<<u2) defined above are also 
increasing in this stronger sense, i.e.

(1.20) h0 «  h± « . . . «  hy « . . . .

We can associate with any sequence A = (A a:oc^co1) of sets of ordinal numbers, 
an ordinal function f A defined by

f A(a) =  min{d: tp + a <  coö2).

Note that, if +  0 ,  then f A(a) =  cra + 1 for some ordinal ал. Also, if A establishes 
~iP(y) for some y, then / л £ычи1. The next theorem shows that, if A establishes 
- 1 P(y) for some large y, then the associated function f A is also large in some sense.

T heorem  1.2. Let y<co3. I f  A = (A x:a<co1) is a sequence o f subsets o f  col 
such that \ \ fA\\ ~=y, then A does not have the cot covering property.

Proof. We prove this by induction on y. I t is trivial for y = 0 since, by (1.13), 
the hypothesis implies that Ax= 0  for a stationary set of a ’s. Now assume y>0.

Case 1. у is a limit ordinal. We can assume that the sets Ax are non-empty 
for all but countably many a, and so / vl(a)=g(a) + 1 for all but a countable number 
of a. Therefore, by (1.15), \ \ fA\\ =  ||gll +1 and hence | | / /<|| ^ y '< y . By the in
duction hypothesis А' = (АхГ\со1':<х<со1) does not have the co1-covering pro
perty and hence neither does A.

Case 2. у =  <5 +  1. Let (<SJ:v-=ct)s) be the standard decomposition for co£. 
As in Case \ , f A(d)=g(a) + 1 for all but countably many a’s and || f A\\ =  ||g|| +1 ^<5 +1, 
so ||g ||s5 . Now for each a there is v(a)< co2 such that

tp (/lan.S7) <  <uf(a) for v(a) <  v <  cu2.

There is v0<a>2 such that v(a)<  v0 for all a~=oj1. Consider the sequence A' = 
=  (/4afl5J0: a-^Wj). Clearly1 / л « £  and so \ \ fA'\\ S||g]| ^<5. Therefore, by the 
induction hypothesis A' does not have the a>j -covering property and hence neither 
does A.

C orollary 1.3.

holds for у <  co1.

Proof. If A —(Ax:a-^oo1) is any sequence of subsets of a>l such that tp A x<a>l, 
then f A(a)^hy(oi) = y (a<<Ui). Hence | | / А||ё ||А у||= у  and so A does not have 
the w,-covering property.

1 Naturally, A «  A  means |{a :/x (a )> /2( a ) } |s s 0.
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C orollary  1.4. I f  | | / | |  -=<n2 for all then

P ro o f . Let A = (A x:o«(o1) be a sequence of subsets of to“2 such that 
tp A ^ c o f 1. Then f A£a>1co1 and so | | / /1||-=y for some y<co2. It follows that 
11/л Н< 7> where А' = (АхПсо1:ос~=:со1). By the theorem A' does not have the (re
covering property and so neither does A.

It is easily seen that Theorem 1.2 is best possible for y-=co2 since there is a 
system A r=(A%:oc-<co1) which establishes ~iP(y) and is such that f A{a )S  
=hy+i(a) (a«=cUj) and hence by (1.16) and (1.17), \ \fA\\Sy + 1. This result can 
be proved by exactly the same induction argument that we used to prove Theorem 
1.1; we only have to make sure that the Ax chosen in the various places have order 
types less than си2у"(“)+1 and this ensures that the A x defined there have order types 
less than co2v(ct+1>. We omit the details since this result is also a Corollary of the 
following more general result Theorem 1.5.

We make one preliminary remark. We say that a function g d <0lco1 establishes 
the negative relation —iP(y),

if there is an A = (Ax:a-^co1) which establishes it and is such that f A(oi)Sg(<x) 
for all a<cüj. Now if g establishes ~iP(y) and g ^ h ,  then the function hx defined 
by /i1(a)=max {h(a), со} also establishes ~iP(y). For suppose A = (A:okco1) 
establishes n  P(y) and / x(«)sg(oi) (a^tOj). Then there is ай<о:>1 so that f A(a) 
^ /i(a) (a0=a<W]). Let (B„: и -= to) be a paradoxical decomposition of o f  and 
consider the system A' = (Ax:oc^co1) defined by

where ф is any one-to-one map from a0 into to. Clearly A' establishes ~iP(y) and 
f A' (a)s/ij(a) (a-=01!). Thus hx also establishes ~iP(y). It follows from this that, 
if g ,h ^ ai(ox, g establishes P(y), g<zh and h(a)^a> (a-=co,), then h also es
tablishes ~]P(y).

Theorem 1.5. Let y-=co3 and suppose that ( f a:o ^ y )  is a strongly increasing
sequence o f infinite-valued functions, i.e. f„(a)Sto (er S  у; oc«»i) and / о « / , « __
Then f y+ 1 establishes ~I P(y).

Proof. This is trivial for y —0. We now assume that y>0 and use induction 
on y.

Let (S f. v-=/i) be the standard decomposition for o f, where tp Sl = a>fi 
(v</t). Then yv-=y (v</i) and so by the induction hypothesis there is a system 
A v = (A^:okco1) of subsets of S ' which has the to-covering property and is such that

Ax for a„ S  a <  COl) 
Ди«) for a -= a0,

tp A vx <  co2v'’(<')+1 (a <  ßjj; v <  fi).
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Case 1. y=á-t-l. In this case j í= « 2 and yv—ő (v < « 2). Put Ax= 
=  U (Ax: v<co2) (а< « x). Then A = (A x:a<co1) has clearly the «-covering pro
perty. Moreover,

tp Ax S  (a <  CO]).

Therefore f s+ 2 establishes ~iP(y) and f 0+ 2 ^ f y+ l. Therefore by the remark 
preceding the theorem / y-f 1 also establishes nP(y).

Case 2. cf (y)= «. In this case /i =  cu and yv/ y .  Again put Aa= U {Ax: v<«} 
(а < « х). Then A = (Ax:occco1) has the «-covering property and

tp Ax « f (a),

where g (a) = su p (/yv (a) +1) (a<«j). Hence g+1 establishes “ i P(y) and therefore
v<o

f y+ \ also establishes —i P(y) since g<£/y.
Case 3. cf ()>)=«!. In this case / i= « ,  and yv/ y .  Let Bv= (B '„: ж « )  be 

a paradoxical decomposition for S ' (v-^coA, and for each v < « x let tj/v be a one- 
to-one map from v-f-1 into « . Put

0(a) =  min ({a} U {p <  a : f 1e is f y (a)}) (a <  «,),
and define

Tv =  SUp {/? ■< СО]. 0(ß) Ä v} (v -c «j).
Now define

Ax =  U {Ai(a): v <  0(a)}и  U : 0(a) S  v s  « J .

First we observe that for v-=«x there are only countably many ordinals /?< «x 
which satisfy 0(^)Sv. Otherwise, there would be ordinals ß0 (a< « x) so that 
0(A,) =  0ssv<Д)< & < . . .< /? „ < ...< « !•  But this implies that f ye{ße)= fyißa) for 
a <  CO], a contradiction against the hypothesis f yg<scfy. I t follows that there are 
only countably many /? < « х for which Q (ß)Sv  and so tvccO] (v< « x). Moreover, 
if a < « !  and 0 (a )S v < « 1; then Tv;sa. Thus \j/Xv(a) is defined and the above 
definition for Ax is meaningful.

Now we have

tp 4 ^ 2  {«2Vv(l)+1: v <  0 («)} + « “ CO]} (a <  CO]), 
and since / ;,v(a)<f y(a) for v<0(a), it follows that

tp Ax - «£<«> +1 (a -■ «j).

To complete the proof in this case it is enough to verify that A(D )=  U [Ax : 
a £ D }ziS l whenever v-=«x and D€.[coAw- Let Dx=  (a£Z): v<0(a)}. If Dy is 
infinite, then 5(D)z> U {Al(oc):a£D]}— S} since A v has the «-covering pro
perty. On the other hand, if Ox is finite, S(D)^> U {B£v(x):oc£D\D]} = S* since 
Bv has the «-covering property.

Case 4. cf y = « 2. In this case fi= со., and yv/ y .  Now for each v < « 2 there 
is ßv *<«! such that

/,„('a) <  f  .(a) (ßv ^  a <  « x).

Also, there is /1<«х such that ßv=ß  for K2 different values of v < « 2. Now put
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S* = U {S l:ßv=ß}, A*=U{A'x:ßv=ß} (a-=ft>i). Then A*-(A*:a< co1> clearly has 
the co-covering property for S*. Moreover, tp S*=co| and

tp A* =* 2 '{<y2Vv(ci)+1: ßv = ß\ =  ®2W,
where g(a)s:;/y(a) (ß^oc^coj). Thus g + 1  establishes ~iP(y) and hence so does 
Л  +  1 since g

Corollary 1.6. For y<cu2 the function hy+ 1 establishes ~iP(y).

Proof. For y-<co1 this is obvious since hy=y. For у^сог the result follows 
from the theorem and the observation that Аю<кЛм+1« : ... <szhy is a strongly increasing 
sequence o f length у and the values hy(a) are all infinite for a<cOj and co ^ v  by
(1.19).

Corollary 1.7. I f  there is a function hd iaico1 so that Av<scA for all v<ct)2, then

Proof. This follows from the theorem and the fact that 

h0 <sc hx <sc...<s: hy <k ...<k h (y <  co2).

The results of this section concerning the K2 -phenomena for the relation

are summarized in the following theorem.

Theorem 1.8. (a) ~ iP(y) holds for  y < w 2.
(b) I f  у <cu3 and there is a strongly increasing sequence ( f a:o S y) o f  length 

y +  1 in “küj {i.e. /о <<■■•<</,)> then ~lP(y).
(c) I f  2Nl =  ̂ 2 > then there is some у ~=co3 such that P(y) is true.
(d) It is consistent that 2Sl> 8 2 ar]d  ~iP(y) for all у <m 3.
(e) P ( o j2)  fails in L  and P ( í ü 2)  holds i f  Chang's conjecture is true.

Proof, (a) and (b) are respectively Theorems 1.1 and 1.5. The first part of
(e) follows from Corollary 1.7 since, by a theorem of Baumgartner [1] in L  there 
is an h£aico1 such that hv<sch for all v<co2. The second part of (e) follows from 
Corollary 1.4 and a result of Baumgartner [2] and Benda [4] which tells us that 
Chang’s conjecture implies | | / | | < cű2 for all f^ .ai(0 1. (d) follows from Theorem 1.5 
and a theorem of Laver [11] (and Baumgartner [2]) which says that it is consistent 
with ZFC  and 2Sl>K 2 that whenever F c ffllűj1; |F | =  N2 then there is some 
g€CJ1co1 which eventually majorizes every f£ F ,  i.e. /<cg for all /€ F .

To see (c) let us remark that by Lemma 3 of [9] ||a>i|| < (2Sl)+, where is 
the constant function <аг . Hence by the hypothesis of (с), II Я1 =llcoill for
all f ^ <aico1 and then by Theorem 1.2, P{f) is true.

We do not know if the converse of Theorem 1.5 is true, i.e. i f  y<co3 and ~i P(y) 
holds, does it follow that there is a strongly increasing sequence o f functions f„  6  
(it s 7 ) o f length 7  +  1? However, as the next theorem shows, we can prove that 
under the stated hypothesis there is a weakly increasing sequence of length y +  1 .
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Theorem 1.9. I f  у<ю 3 and ~iP(y), then there are functions f !Jd_aioj1 (ersiy) 
such that / o < / i < . . .< / / '

This is an immediate consequence of Theorem 1.2 and the following theorem 
on the rank function which has an independent interest.

Theorem 1.10. Let f £ cnw l , || /Ц = y  <<n3. Then there are functions f a€.mi(o1 
(cr~y) such that /,< /-= ; ...~=fy, and moreover,

( 1 .2 1 ) Л  (a) =  o)“/<a>/(a ) (a <  ffl,).
Proof. For any function £ £ Ш1а)1; let g denote the function сошЯ. The result 

is true for у=си2 by (1.17) and (1.18) since Av < / < / • /  for v<  y. We now prove 
the theorem by transfinite induction on y. Assume еа2< у < ю 3 and that the result 
holds for all smaller ordinals. We distinguish the two cases (1) у =5 + 1, (2) у is 
a limit ordinal.

Before giving the induction details we make a remark about the choice of f y 
in (1.21). We use two elementary facts about ordinal exponentiation

(a) £ «= Í7 =»■ öjí «= co\

(b) q ■ Ü3wt => Q2 <  со“4.

Property (b) actually characterizes ordinals of the form ю“4, and it is precisely 
this which allows our induction proof to work. To see (b), suppose е<ш га4. If 
£= 0 , then 0 -=co and o2<cn. If  £>0, then is a limit ordinal and so о <  o f  
for some ст<со^. Then в2 $ м ,,'2 <(а“! by (a).

Case 1. y =  <5 +  l. There is / ' < /  suchthat || f '\\ =S. Now the result follows 
immediately from the induction hypothesis since / '  • / '< / • /

Case 2. у a limit ordinal. Let cf(y)=/i. By assumption ц=со, щ  or oj2. 
Let (yv:v</i) be the fixed increasing sequence of ordinals with limit у mentioned 
in (1 .1 1 ) (b), and let (v< / j) be functions such that / „ < /  and | | / v||= y ,
(v<g). By the induction hypothesis, there are f u n c t i o n s ( < r < y v) such that

fo < / iv <••■</» -/v (o' <  Vv)-
Let A={(cr, v):tr<yv Д v-=ju}. Then the order type of A  under the usual anti- 

lexicographic ordering, < 0, is tp  А (< 0) =  У- Thus it is sufficient to define func
tions/^,,,) for (cr, v)€A so that and

(1  -2 2 ) (er, v) < 0 (<*', v') =>/(„,v) </<„>■)•
For any ordinals tj, there is an order preserving map from (ordered 

by < 0) onto the ordinal
We now define /(CT,v)€Mlcui for (a, v)c A by

,  /<?/(«),/(«)(/„” (a), M°0) if (/;(a ), hv(a))e/(a)X/(a),
/(" ’)(a) “  | 0 , otherwise.

Note that
/(„,,)(«) =  <Plw,fw(/»(a), M a))

holds for all but a non-stationary set of a’s, since / J < / v • /„< /„  • / v< /  and Л „</
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Thus /(„ .„ )< /• /  for (ff, v)£N. Also, if (<r, v), (a', v')£N  and (cr, v^o lcr ', v'), then 
either (i) v< v ' or (ii) v=v ' and e< o ', and hence

(/Д а), Av(a)) < 0(/Д а), К Щ

holds for all but a non-stationary set of a’s. Thus </(,■,,-')■
We remark that, analogously to the rank functions ||*|| defined before (1.13), 

we could also define a rank function ||| • ||| corresponding to the partial well-ordering 
<sc. This rank function has not, however, been so thoroughly investigated as the 
ordinary rank function || • ||. The reason for this is that the ideal of the non-stationary 
sets is normal and this accounts for many of the pleasant properties of || • [|. But 
the ideal of the countable sets is not normal, and we cannot expect ||| • ||| to behave 
so well. In particular the functions hy do not have the nice properties (1.17), (1.18) 
for this new rank.

It is clear that | | | / | | | s | | / | |  since g«h=>g<h, we and remark that we could 
improve Theorem 1.2 slightly by replacing | | / | |  by |||/ | | |.  However, this would not 
help to solve the problem mentioned before Theorem 1.9 since it is not known 
(in ZF C ) whether | | | / | | |  =  cu2 and / £ “4«! implies the existence of a strongly in
creasing sequence of functions /„ б “1«! (o = co2) of length eo2.

2. Some extensions of the results of the previous section. General lemmas. In
§ 3 and § 4 we are going to give discussions of the relations

(2. 1)

and

(2.2)

for <5, r<ft)3 and (o1. The restriction to the case o<a>1 is not entirely necessary, 
but an analysis for the case a^co1 will inevitably be complicated by the same kind 
of -phenomena that we encountered in § 1 in connection with the case o = co1, 
t= 0 . In fact most of the results in § 1 find natural extensions to higher order types 
and we begin this section with a brief indication of these.

The following is an easy extension of Theorem 1.1.

T heorem 2.1. I f  <j < go3, cf (a)= co1 and y<cu2 t/геи

P ro o f . We prove this only for the case y=0. The general result follows by 
induction on у just as in the proof of Theorem 1.1. Let (Sv: v ^ a ^ )  be the standard 
decomposition of co2 as described in § 1. For v<a)1? let (B„: и <  oj) be a paradoxical 
decomposition of Sv and let <pv be a one-to-one map from r into со. Now consider 
the system (Aa:a<coj) of subsets of ш2, where

AX = U {Sv: v =  a}и  U {Д ^(а): a <  v <  ajj}. 

This system clearly establishes Theorem 2.1. for y=0.
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There is a sharpening of this last theorem which is analogous to Theorem 1.5.

Theorem 2.2. Let a <  to;i, cf (cr)= а)г, and let (<rv: v <  coi) be a closed, cofinal, 
strictly increasing sequence in a. Let у -~cos and suppose that is a strongly
increasing sequence o f  functions in <01co1 o f length у +1. Then there is a system A = 
= (Ax:a<co1) o f  a>1 subsets o f cog+y having the co-covering property and such that

tp Ax <  Ü)’« 4 V<“)+1 (a <  ojj).

Proof. The case y= 0  follows from the last proof, for, by the definition of Ax 
above, we have

tp Ax s  c<4*+m>i <  tü2*+1 =  cü2*+/“(oi)+1.

Now an induction argument similar to that used to prove Theorem 1.5 works here 
as well.

Theorem 1.2 has a similar generalization.

Theorem 2.3. Let wS t< o>3, у<со3, f £ 'aico1. I f  | | / | | ^ y  and A = (Ax:a<co1) 
is a sequence o f  subsets o f col+y such that

tp Aa - co4+f<a) (ос <  Ох), 
then there is D d fco^ ' such that

(2.3) tp (cu2+y\U { z ltt: a€^}) =  tw|.

Proof. For y= 0  this is obvious since /  (a)=0  for all but a non-stationary 
set of a’s and hence there is an uncountable set Dczcol such that tp Aa<co\ (a€Z>), 
for some fixed и<са. This implies (2.3). The general result follows by an induction 
argument similar to that used to prove Theorem 1.2.

These results enable us to state generalizations of Theorem 1.8. Thus, from 
Theorem 2.2 it follows that

holds in L  if <t< w3 and cf <s—cox. Whereas, from Theorem 2.3 we see that Chang’s 
conjecture implies that

(2.5) соЛ
col)

1,1

holds for all г< ш 3. It is interesting to note that (2.5) and 2lt0= x 1 implies a strong 
negation of (2.4) with <r=ca1, namely

(2 .6) Í 0)1) [ 1 со V
{cog1 cog*}

For suppose that (2.6) is false. Then there is a sequence A = (Ax:oc<co1) of subsets 
of cog* such that tp Ax<cog1 (a<cu,) and such that

1р(со!?2\ и { Л а: a£Z)}) <  cog*
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holds for all DCfaiJ“ In view of the hypothesis 2Xo =  K1, it follows from this that 
there is some x <co2 such that

tp (coS?2\ U  {Ax: a€D}) <  ct>!

also holds for all 7)£[cűi]". But this contradicts (2.5). Hence (2.6) is consistent (with 
Chang’s conjecture and say G. С. H.). However, we do know that the stronger 
relation

is false assuming 2Sl= tf2 (see Theorem 3.1 (a)).
We need the following corollary of Theorem 2.3.

Corollary 2.4. I f  (о ё т < й )3 and then

( 1 toi)1.
U H t»sj

We now describe a general method to obtain polarized partition relations. 
First we introduce a new partition relation.

By definition, (2.7) means that the following statement is true: I f f  is a partial function 
from £Xrj into x then EITHER there is X0X Y 0c:^Xri such that tp X 0= ^Q, 
tp Y0=rj0 and JSf0X To is disjoint from ű ( / j ,  the domain o f f ,  OR there is Tj X Тгс  
a D ( f )  such that tp X 1 — £1, tp Yl = rj1 and | / " ( T 1X{v})|<A for all v£ Tx.

A more general symbol than (2.7) can be defined but we do not bother to do 
this since (2.7) is sufficiently general for most of our present purposes.

We now give two lemmas establishing connections between polarized partition 
relations and the new relation (2.7).

$ Lemma 2.5. Suppose x is an infinite cardinal and

(2 .8)

Let S v (v o j)  be ordinals such that £ v< x + and let S =  ̂ { S V: v</?}. Let 
(9 denote the set o f all ordinals o f the form  (p' = jfj,{<pv: v*=i;}, where cpv^ E v and

a) <pv X S v => <pv <  xa (v <  r\),

b) tp{v <  r\\ cpv = S v} <  i/o-
Let í> =  sup {(p' + 1 :(p'£&} and 1, =  sup {£v: v€ T } + 1: Tc»j/\tp Y<t]f{. Then

(2.9)

Proof. By the hypothesis (2.8) there is a partial function /  from c,Xr] into 
a> such that
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(i) ({a}X У0)П ,О (/)Х  0  whenever <*€<!; and Y0czr], tp F0 =  f;0, and
(ii) whenever TjC ^ X i/, tp Z 1 =  iJ1, tp Y1=t]1, then there is some v£ Y 

such that either Аг1Х {у}ф £)(/) or \ f" (X xX  {v})| =  co.
Let (S v:v<t]) be a decomposition of 3  such that tp SV= 3 V (v<i/) and 

< .... Let = be a paradoxical decomposition of Sv such
that tp for и<со. Now consider the subsets Axa E  (a< £) given by

A* =  U{5V: (a, v)<t£>(/)}U U{ß/c«,v): (a, v)6Z>(/)}.

By (i) it follows that tp A x£& (x<<;) and hence tp Ax<  Ф (a<c). Now let 
ХгС1 ^, B (zS  with tpAr1 =  ̂ 1 and t p ß ^ T .  Put f 1 =  { v < )):5 n S s? í0} . Then 
tp Y ^ r h ,  by the definition of IP. Hence, by (ii), there is v€ Х  such that either 
ZjX{v}ф D ( f)  or |/"(A r1X{v})|— со. Since B v has the co-covering property for 
Sv, this implies that in either case S vc  U {Ax:a^Xy} and hence ВП  и{Л а:а£ X j}^  0 .

( 2. 10)

that x is an infinite car

F U Í 1 [‘Ч  ГW U o’ L'1l\iO, <cof/

holds. Let 3 V {v<ri) be ordinals such that coS 3v< x + ( k / j )  and let 3  = 
— 2  {k5v: v h}- Let IP= min v£ T}: F c i;, tp Y=t]l}. Then

( 2. 11)

holds.
G ) - U ho

P roof. Let (Ax: a < £ )  be a system of subsets of E  such that tp Ах-<хыг}0 ( а < £ ) .
Let (Sv: v-=i/) be a decomposition of 3  with tp Sv= x s» (v<f|) and S0< Sy< __
Define a partial function /  from £Xi/ into со having domain

D (f)  =  {(a, v): tp (Ax П S v) <  x“}
and such that

/(a , v) =  min {«: tp^.fl-S 'v) <  *"}
for (a, v )eD (f).

By (2.10), and by the fact that tp Ах< хюг]0 (a< ^) it follows that there are 
Xy<z.£, and YyCZt] such that tp X l = £1, tp Y1 = rj1, and X1X Y 1czD (f)  and 
|/" (A r1X{v})|<co for all v€Ti.

For each v£ Yy, the set U {ЛаП S’viaCJLj} has order type less than x“ and hence 
has order type xs*. Put B=  U {Sv: v£ T } \U  {A^ot^Xy}. 

Then tp B ^ T  and ВГ\АХ = 0 for oc£Xy. This establishes (2.11).

3. Discussion of the relation (2.1). The aim of this chapter is to give a discussion 
of the relation

(3.1) < 1  ( 1 < I1’1
o4) l®2 (ül)

for q, t < c o 3  and a 0 3 y . We are going to give a complete discussion under the 
assumptions 2Хо =  ^ 1 , 2К1 = 82.

Our main positive result is
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a) ( S ) ^ ( i S )  f° r and " - т -  "3

b) (c<A+y) -  (co!?+y wi) f or r < £ °3. т+уёгсо +  y and у <  cux

c) (a>^+5’) "* (co5’+1 + v a^) / ог "  +1 = T <  “ з. cf (ail) =  co2 and у <  со.

Proof, a) is a trivial consequence of the fact that the union of cox sets of type 
<coa has type <co!|.

b) is a restatement of Corollary 2.4 if cô t. If t<co then т +  уёсо +  у im

plies y =  co +  y and hence the statement is true by the special case

-~ («?+T« ? )  of CoroHary 2.4.
We prove c) by induction on y. In case y=0 let (S v: v <  co2) be the standard 

decomposition of co| and assume that A  xc: co l ,  t p A x < c o 2 +1  for a < c o 1 .
Now for each a < o j 1 there are n(a)<co and v (a) <  co2 such that

tp (Aa П Sr) <  (ol(x) for v(a) <  v <  co2.

There is a ^GtcoJ®1 such that n  (a) -  n  for c c £ D ,  where n  is some fixed integer, 
and then it is easily seen that

tp(co2\ U { A x : a £ D } )  = col .

We now prove c) by induction on y<co. Assume the statement is true for y. 
Let (.Sv:v<co2) be a standard decomposition of co2+y+l; and assume A x a c o l + y + 1 , 
tp Ла-=со"+1+у+1 (а-=;«!). Then for each а <  there is v(a) such that tp ( A x f )  Sy)<
<co“ +1+y for v(a)<v<co2. Choose v so that tp ( A XC\ Sv)<£u^+1+y for all а < с о г . 
By the induction hypothesis there is a ö€[coi]rai such that

tp(Sv\ { ^ a: a6D}) ^  (o'.

Now our aim is to show that the rather simple positive results of the last theorem 
are best possible.

T h e o r e m  3 .2 .  A s s u m e  t < cos .

(3.2) I f  2N =  a n d  cf (т) =  со t h e n

H  ,  f  1 « i f 1
(coy (co!?+ 1 coy •

(Oh) ( 1 « i f 1
(coy^co^coj coy •

(3.4) I f  2si =  K2 a n d  cf (col) — co2 t h e n
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(3.3) I f  cf (т) =  сог then

(«*) ( 1 coA1-1
(coy ^  (co“ +14-1 coy '
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Proof of (3.2). Let (S„:n^co) be the standard decomposition of ю| and let 
tp  (n<«)). We apply Lemma 2.5 with $ = co1, t]=w, t]0= 1, £1=a>1, th = a>.
With this choice of the parameters the Ф of the lemma is co% + 1, while 4' = a)\. 
Hence, by the lemma, we only have to prove that 2!,0 =  K1 implies

(35) (2 )-( i  [ » L  J " -
We prove this relation under the weaker hypothesis: There is a sequence o f functions 
x£ ao) (a<cui) having the property that for any g £ 0>(o, there is ß«x>x such that 
{ncco:g(n)Sfx(n)} is finite fo r  all <x>/? (i.e. there is an (%-scale).

Assuming the f x (a<ajj) satisfy the above, we now define a function /:w jX  
Xo)-*a> by
(3.6) / (a , v) = / a(v).

Let 2>€[£oJai, N £ [<х>]и and suppose that f" (D X {n } )  is finite for all n£N. Then 
there are integers g(n) (n<co) such that / a(u)<g(n) for all a^D  and n£N, a con
tradiction. Thus {v<cu: \ f" (D X  {v})|< cd} must be finite.

Proof of (3.3). The idea of the proof is very similar to that used in the proof 
o f Lemma 2.5, and suggests how that lemma can be generalized. We did not bother 
to  state the generalization since this is the only instance where the stronger statement 
would be needed.

First we prove:

(3.7) There is a function f:o)1Xco1-*o) such that for all A, [ojJ “1 there is v f В 
with |/"((A \v)X {v})|=a>.

Incidentally, we remark that (3.7) implies the relation

K E .ca .
which does not seem to have been noted previously.

To see (3.7) choose a sequence of functions f x:<x-*a> for a.< co1 in such a way 
that, for all /J-coc-^Wj, fp (v )x fx(v) for all but finitely many v. Now put

f/«(v) for V < a < C ü 1;
/(a , v) -  I о otherwise.

Let now and put 7’={v<cu1: |{ /( a , v ):a€T \v+ l} |< co} . We want
to verify that B \ T X 0  for ÄCfcoJ“1 and this follows if we show that |T’|^ct>. 
Assume Then there are Tfi[T]ai and such that

! { / » :  a € ^ \v + l} | <  n for v£T'.

Let v0< . . . < . . . < a 0< ...< a „  be ordinals such that vk£ T ' for k<co and 
0Ci£A for iSn.  Then there are iA jSn  such that f Xi(vk) = f aj(vk) for 
infinitely many k, a contradiction.

To finish the proof of (3.3) let {,Sy\\x(o^)  be a standard decomposition of 
<u|. For v<ca, let (Bfi.n^co) be a paradoxical decomposition of Sv for v<  ojk. 
For let A x=  U{Ä/te,v): v<a}, where /  satisfies (3.7).
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It follows, just as in the proof of Lemma 2.5, that (AxroKcOj) establishes the 
negative relation (3.3).

Proof of (3.4). Let <Sj,:v<w2) be the standard decomposition of co2, where 
tp Sv=mfv for v<cu2. We apply Lemma 2.5 with £=co2, t]=co2, ij0=1, <Üi=ß>i> 
ri1=a>2. Then Ф and 'V of the lemma are respectively cu2+1+ l  and w\.

Hence by the lemma it is sufficient to prove that 2iU =  K2 implies

(3.8) И  , f i  и  у 1
( í/Io j  (  1 F + j  £0, - ( jf /

This is a trivial corollary of the fact ([6], Theorem 17A) that 2*h =  K2 implies

(3.9) H  [« ii11
(0)2J l®2.L

We need the following extension of Theorem 3.2.

Theorem 3.3. Assume т<ю 3, у <  <%. 
(a) I f  2So =  Ki and cf (t) = cu then

(3.10) f  " ,  )  (  1 cuxy - i

la>I+yJ lö>"+y+ l ©U ‘
(b) I f  c f ( T )  = ai1 and у >0  then

(3.11) ( ©i ) . ( 1 « Л «
U r n  1«?+1+1 col) ■

(c) I f  2Kl =  X2 and ci(a>2)=co2 then

(3,12) (a>§)+1+1’+ l  col) •
Proof. We prove all these statements by induction on y<ca1. Since there 

are notable differences it will be convenient to give the proofs separately.

Proof of (3.10). For y=0 this is (3.2). Assume y>0. In the case у=(5 +  1 
we can take identical cross sections. Now assume cf(y)=co. Let be
the standard decomposition of cu2+v, tp S„=a>l+y". Let A n= (Ax:oc<co1/  establish

шА1’1
colj in S„ for n <  a>.

Let (B f.k^cd )  be a paradoxical decomposition of Sn for «<® . Let / :  cOjXco—со 
satisfy (3.6). For accdj put Ax = U {Л£:жси}и {Bnf ^ ny.n<(o}. Clearly 
tp (AXD (U { 5 , : i s n ) ) < < +'  for n< to, and hence tp Ax^co2 +y (а<ш х). Assume 
DZlaJT1. Then, by the choice of the A",

tp (5 „ \и  {Ax: a£D}) <  co\ 

for all n <  a). Also, by the choice of the B” and f

U {В}(Х'П)\ а £ А  и <  со}
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covers an end section of a>l+y. It follows that

tp (a>|+y\ U  {Ax: <x£D}) <  co|.
Proof o f (3.11). Let (S y:v<a>^) be a standard decomposition of coT2+y. In 

case y = 1 take identical cross sections of systems establishing (3.3). In case y =  
=<5 + l > l  take identical cross sections of the inductive systems. In case cf (у) = со 
take cross sections. It is easy to check that this system satisfies all the requirements. 
(In case cf (y)= cu we need the fact that cf (x)=co1>~(o.)

Proof o f (3.12). For у= 0  this is 3.4. For cf(y)=co take cross sections. Now 
suppose that у=(5+1 and let (S v: v<co2> be a standard decomposition of ta |+y.

Let d v=(+*:a<<u2) be identical copies esatblishing [jt+ « ]+ -(0)e>+i+í_|_ j
on Sv for v<<u2. Let (В*:гксо) be a paradoxical decomposition S v for v<co2. 
Let /:ю 2Хш2-*-си establish (3.8). For a<<u2 let

A  = U {Al- v -= ffliJU U W i,,,): v <  co2}.

For each v< w 2, 4 af |U { 5 (1:/i<v}sffl2,+ u s , (v +  l), and hence tp + а^со“ +1+,5+1 
for a<co2. Now, by the choice of B* and /  the union of every col Aa covers an 
endsection of a>\+a. By the choice of the A x the union of every сог Aa omits a set 
of type less than ш2 from each S v (v<co2). Since cf (co2)= w 2 it follows that

tp (cu^+y\ U { ^ a:a£D}) <  a>l
for all jD€[mi]rai.

We claim that, assuming 2So =  K1, 2Sl= tf2, Theorems 3.1—3.3 provide a 
complete discussion of (3.1). We may of course assume that a ,z ^ Q .  In case o^co
(3.1) is true by Theorem 3.1 a) and b). So we only have to investigate the relation

(3.13) fOlV’1
col)

for г y < m1 and co + l+ y  = e- if т ё с о the statement is true by Theorem 
3.1 b). Hence we may assume x > c o . q  can uniquely be written as q = t  + q ' .  If 
c f ( t) = co or c f(r) =  cn1, then (3.13) holds iff l+y^£> '. If c f (со2) =  ю2, then
(3.13) holds iff y ^ g '.  These follow from Theorems 3.1 and 3.3 and the elementary 
fact that {/<y<=>-(5 +  £/<<5 +  y for any ö. To conclude this chapter we give some 
results about possible improvements of our theorems.

An easy iteration gives the following improvement of Theorem 3.1 c):

I f  cu +  1 ^ t< cu3, cf(cu2) =  a>2 , Ocy-scUi, and n<co, then

In particular,

(<u£+2) "*■ (cu2+2 m ^ t ]  for n ^co .

We omit the proof of this, but it is intriguing to note that this cannot be im
proved by replacing n by со.
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T heorem 3 .4.
( CO,) ( 1 он V 1
(ю2 + 2j ^  (cu2+1+  1 cof+1coj

is consistent with G.C.H. (e.g. holds in L).

Proof. We apply Lemma 2.5 with x=cu2, €=(ol3 rj=a>2, i/0 =  1, h —co,
S  = cog + 2, Ev = co%+1 for v«=ai2. It is easy to check that Ф —co|> + 1 +  l , ’f' —ю2' + 1ш. 
Hence we only have to establish the consistency of

This follows from the following statement:

(3.16) There is a function f:a>1X(o2-*(o such that for all AZ[w  J “1, there
is a v£B so that f"(A x{v})= co .

This has been proved to be consistent with G.C.H. by Pr ik r y  [14]. Later Jen sen  
[10] showed using morasses that Prikry’s result (3.16) holds in L.

Finally we are going to prove that (3.3) of Theorem 3.2 is best possible.

T heorem  3.5. Assume т <cu3, cf (t)=co1; cot . Then

In order to prove this we need a lemma on set mappings which is similar to 
a theorem of E r d ő s  and S peck er  [15].

L emma 3.6. Let and let f:m l ^P{a>1) be a set mapping onjo1 such that
tp / (x)<(; for all x ^ cúĵ . Then there are X, F^fcoJ“1 such that f  (X) П Y= 0 ,  where 
Y denotes the closure o f Y in a>1.

P roof. We will assume that the lemma is false and obtain a contradiction. 
For 1/, Fcfflj, let S(U, V) = {x£ U :f(x )C \V = 0 }. Suppose A, B ^ c o ^  

and that
(3.17) |5(Л, Г)I =  Xi whenever Y  с  В and 0 <  |F | ^  K0.

Choose х„£А,у0вВ  so that f ( x 0)< {y0}. Now let 0<v<co1 and_suppose that 
we have already chosen x ^ A ,  уц£В for / i< v  so that /(JSTV)Q FV—0 ,  where 
X v= {xll:p<v} and Yy={yß:p.<.v}. By (3.17) there is xv£ S (A , YV) \ X V. Choose 
yv£B  so that FvU/(ArvU {xv})< { jv}. Then, contrary to our assumption, the lemma 
is satisfied with Ar={.vv: v<mj} and Y= {yv : v-coij,}. It follows that, whenever 
A, jBGfcui]“1, then there are x(A ,B )£A  and Y (A ,B )a B  such that 0 < |Y(A, 5 ) | s  
— Ко and

f (x )C \Y (A ,B )? ± 0  for all x £ A  suchthat x  ё  x(A).

We now define ordinals av<co1 for vccoj by transfinite induction as follows. 
Let v-coij and suppose that we have already defined for /i<v. Let ßv— 
=  sup {a^/K v}, Bv= {q:ßy^Q ^o j^ . Let Yv = Y(BV, Bv), x y=x(Bv, Bv) and
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choose ocy^cú! so that FVU (xv}U /(xv)<  {av}. This defines Yv and av for all v< íüj 
so that and

f (x ) r \Y lt? £ 0  fo r n ^ v  and av ^  x  <  c^.

It follows from this that t p / ( a ,* ) ^ ,  and this is the desired contradiction.

Proof of Theorem 3.5. Let (Sy-.v^co^ be the standard decomposition of co|, 
and let (/4a:oc-=cOj) be a system of subsets o f co\ such that tp T a<oj“  ̂ (actUj).

For a c a j j ,  let / ( a )  =  {v<aj1: tp (АХП 5v)Scu"}. Then tp/(a)<<^ (ac® ]). 
Therefore, by Lemma 3.6 we can assume that

tp (Ax П Sv) <  со® for a, v <  (Oj.

There is no loss of generality if we assume that Aa^  0  (a<ß)j) and then for 
a, v-=a>i there is an integer n(a, v) such that

(3.18) ^  tp (А ,П Sv) <  co2<“-v>+1.

Now for oc« d1 there are a (a) <  £ and x(a)<co“ suchthat tp ^ 2 =  co^o'(a) + 
-f t(a). Hence, there are ordinals /i* (<xS<r(a)) such that , g (a) =
=  {/i* ra^o^a)} is closed in cox and

tp (ЛаП U{Sv: A  S  v <  |i“+1}) =  coi? for a -= ст(а),

tp (-4а П U {Sv : /**(«) ^  V <  COj}) =  т(а).
Since tp g (a )s £ , it follows from Lemma 3.6 that there are D, E'gfwj]“1 such that
g ( D )  П £  =  0 .

Suppose that for some a£Z> the set {n (a, v): v £ £} is unbounded. Then there 
are v(€ is such that Vq-^Vj ^ . . .  and n(a, v0)< n (a , Vj)<__ Therefore, by (3.18),

tp (Ax П U {Sv-i: i <  w}) =  <»?

and hence v =  sup {гг:1<со}£я(а). This contradicts the fact that g ( a ) f l£ = 0 .  
It follows that, for each a £D  there is n (a) < о  such that л(а, v)-=/?(a) for all 
v£E. There is such that n(oi)=n for all <x^D1 and hence tp (S\. П (J
\J{Ax:ot£Z>j})< a)5 (v£E). It follows that tp (wIXUH^ocCTM^oJa-

4. A discussion of (2.2). In this section we discuss what happens when the term 
(x>1 on the right-hand side of (3.1) is replaced by со, i.e. we are going to investigate 
relations of the form

for q, t< co3 and <j ^ co1. We have already indicated in §2 the need to restrict 
our attention to the case сг-^а»!. For this case we shall give a complete analysis 
of (4.1) under the assumption 2s» =  k1. The main part of this section and the next 
is devoted to proving the positive relations stated in Theorem 4.1. The negative 
relations given in Theorem 4.6 are much simpler to prove.
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Theorem 4.1. Assume 2N« = ^ 1. Let g^ co1, Q ^co ^+ y , where i  <a>;! and 
y<tol . Then

с4-2) f ä M £ T  if к- ы and i=o’

(4'3) ( S ) - ( i S ) 11 V cf(É) = ta or ««.

(4'4) (4 ) ^ (co?+7 J  V «>0-
Remarks. 1. We do not know if the 1 on the right-hand sides of (4.3) and (4.4) 

can be replaced by со.
2. The relations (4.3), (4.4) show that the situation here is significantly different 

from the case of (2.1) (at least under the assumptions 2Ho =  Kt and 2Nl =  &._,)• By 
Theorem 3.1 the relation

(шЛ ( l  coA
(fflSj (col col)

holds for y ^ c o + 1, but it is false for y —w+2. In fact, by Theorem 3.3, we even 
have the stronger negative relation that (assuming 2Sl =  K2)

f <o2 ) ( 1 1
H +1J (o>2+1+ l  ö | +1J

holds for all <5<co3.
Our proofs of (4.2)—(4.4) are quite complicated, and we need several lemmas. 

The main idea is most clearly seen in the proof of (4.2). The reduction lemma (Lemma 
4.3) enables us to faithfully represent a system of “small” subsets of col (^co“1) 
by a system of “small” subsets of a countable set of type coy. Using this we easily 
reduce (4.2) to a known theorem for countable ordinals due to Baumgartner 
and H ajnal [3] that

(4-5) ( ä )  -  (к <  со; у <  cox).

The same ideas are needed to prove (4.3) and (4.4) but we need generalizations 
of (4.5) (Theorem 4.2) and the reduction lemma (Lemma 4.3).

We first introduce some special notation. Let 1 Sn<co and let £=(£<>, ..., £„-i) 
be a sequence of indecomposable ordinals of length n. Put П ©  =  ̂ 0Х . . .Xc„_i, 
the cartesian product. If и>1, we write £ to denote the sequence (£<>, ..., s„-2) 
obtained by deleting the last term. Also, for X a Il(Q  we denote by X  the projection 
of X  into n ( i) .  For and L c f i ® ,  define ; r = j m ( £ o X ... X f„_2X{«})
and !< “> =  X “.

We now generalize the concept of a full-sized subset of an ordinal, i.e. we shall 
define a relation XdF(Q  for subsets of П  (^) by induction on the length of q = 
=(Co, ..., C„_i). For n=  1, XdF(Q  if and only if X  is a subset of £„ such that 
t p X = £ 0. Now assume that w>l and that F(q) has been defined for sequences 
of indecomposable ordinals of length n — 1. Then XdFfe) if and only if Х а П (^)  
and tp {u€^_1: ^ “» € F ( |)} = ^ _ 1.
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We now define the polarized partition relation

(4.6)

for a sequence i;=(£0, ..., of indecomposable ordinals as follows. The rela
tion (4.6) means that whenever /:co1Xl;-*-A: then there are / ^ [ tu j “ and a full-sized 
set X € F(t,) such that D x X  is homogeneous for f .  In the case « =  1 this definition 
agrees with the normal polarized partition relation.

In order to prove (4.3) and (4.4) we need (4.7), a generalization of (4.5), and
(4.8), a consequence of (4.5).

Theorem 4.2. (a) Let l ^ n ,  k-^co and let ^ =  (£0, ..., ^„_j) be a sequence o f  
\ndecomposable denumerable ordinals. Then

14.7)
(b) I f  y<(D1} then

(4.8)

We postpone the proof of Theorem 4.2 until the next section and proceed 
with a statement and proof of the representation lemma (Lemma 4.3) and its ge
neralization (Lemma 4.4).

Lemma 4.3. (Reduction lemma.) Let y<m1 and let (Аа:окео1') be a sequence 
o f subsets o f  a>l such that tp Then there is a countable set Xcw 'í such
that tp X = io y and tp (АП X)-=:coy for all a<cut .

Pro o f. We will prove a slightly stronger statement. Let ßa=m in {q \ tp Ла<со!|} 
(actUj). Then there is Xczcol such that tpX=(Oy and

(3.4) tp (АаГ) X )  <  to6» (a <  a»!).

The proof is by induction on y. For y = 0 the statement is trivial. Now let 
0<y<a>i and assume the result is true for smaller ordinals. We can assume that 
A ax  0  (a-^oij) and hence that Qa =  ß ' +  L We distinguish the two cases (1) y = 
—  <5 + 1 and (2) cf (y) =  co.

Case 1. Let (S v: v-=co2) be the standard decomposition of щ .  Then tp Sv — 
—(O2 (v<ce2). Now for each a<tUj there is va<co2 suchthat tp (АаП Sv)<co£“ 
for уя<у-=се2. Choose a set Dcza>2 such that tp D = a> and such that va< v  
for all a-ccOi and v£Z>. By the induction hypothesis, for each v£D  there is a set 
X vci Sv such that tp X v=cos and tp (Aa П T v)<coe( (x^co1; v£D). Put X — 
=  U {Xv: v£D}. Then tp X=coy and (3.4) holds.

Case 2. Let (S„:n<ffl) be the standard decomposition of w\. We can assume 
that tp £ „ = tag"+1 (я <cu), where (у„:ж си) is an increasing sequence of ordinals 
with limit y. Let (Snv: v<co2) be the standard decomposition of Sn. Then tp S„v= 
=си£"(жа>; v<co2). For each а.-^оз1 there is va< tu2 suchthat tp (Ал П Snv)<co$* 
for all ж с е  and va<v<ce2. Choose v*<tn2 so that va<v* for all а < tUj. 
By the induction hypothesis there are sets I , c 5 „ v, (ж си) such that tp X„=coy-
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(n<a>) and tp (ТаПХи)<£0 «« (о к щ ;  n<co). Put X =  U {Хп:гка>}. Then tp X -  
=a>y and tp (А„Г\Х)Ш(ое’.^ с о й- (a -=01,).

We now prove the generalized reduction lemma as follows.

Lemma 4.4. Let 1 S n < w , £=(<?0, ••• > £„-i), where £i=xp, yi-^co1 and x;6 
6 {oi, cu2} for i<n. Suppose {Ap.a-^co^} is a sequence o f subsets o f  П(^) such that 
no Ax is full-sized in П(Е>). Then there is a sequence X=(X0, ..., X„_1) such that 
X idxjt, tp Xi = coy‘ (i<n) and no set Aa П Л (X) is full-sized in П  (X).

Proof. For /7 — 1 the statement is either trivial (if x0=co) or follows from 
Lemma 4.3 (if x0 = co2). We now assume that n > l  and use induction.

For each a<co1, put =  {и € £в _ j :T^u) € F (f)}. Then by the assumption
that Ax<{ F(t,), it follows that tp Therefore, by Lemma 4.3, there is Ar„_1c:
<Z(Jn_1 suchthat tp X„_1=coy"-i and tp (B7 П JLn_1)<6ű,’»-i for all a<ct)1.

Now consider the system of sets (A ^'.a-cco^ u£Da), where Dx = 
=  {м^Тл_1:̂ 4‘и) $ F(|)}. By the induction hypothesis it follows that there are sets 

for г<л —1 such that tp T;=cu'. (г<л —1) and such that

А У  П Л(Х)$ F(X) (a^cop . и c_DJ,

where Х = (Х 0, . . . , Х я- д  and X = (X0, ..., Xn_2).
To complete the proof we have to show that for each a<(ox the set АхГ\П(Х) 

is not full-sized, i.e. we have to verify that the set

Ca =  {и£Хп- г: А У  ПЯ(Х)€Т(Х)}

has order type less than Now, if u£Cx, then u^X n_1\ D tt and so A^u)eF(t,).
Thus CxczBxC\Xn_x and so has type less than coy»-1.

We now use the reduction lemmas to obtain “higher” analogues of (4.7) and
(4.8). The special case n = 1, x0—u>2 of Theorem 4.5 (a) gives (4.2).

T heorem  4.5. Assume 2sV = k1.

(a) I f  1 — H, со, ^ =  (£0, • ••, ?<;€{«, m2) for i<n, then

(4.9)
(b) I f  у < 1 Uj, then

(4.10)

Proof, (a) Assume this is false. Then there is a function / :  oj1 X  П (%) 
disproves (4.9).

For each ■£>£[coj“ and j< k ,  put

-k which

A ( D , j )  =  { х £ П & ) :  f " ( D x { x } )  =  { ) } }

Since /  disproves (4.9) it follows that the sets A(D, j ) are not full-sized in Л(£). 
By the hypothesis 2so =  Ki there are at most K, sets A (D, j ) and hence by Lemma 
4.4 there is a sequence X = (X 0, ..., Хп_г) such that T ,c x |s  tp  Х( = соу 1 (i~=n)
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and A(D, j ) ( l I I ( X ) is not full-sized in Я(Х) for D£[coJ “ and j< k. It follows that 
/iffljX d(X ) disproves

where ii=(cov»,..., coyn-i), and this contradicts Theorem 4.2(a).
(b) The proof is essentially the same as the proof o f (a). Assume that there 

is a partial function /  from co1Xoj'i into со which disproves (4.10). For each D £ [mj® 
let A (D )= { $ ^ c o l: (D x { t} )n D ( f)= 0 }  and B (D )= {^ c o l:D X {Q c zD (f) /\  
f \ \ f" { D X  {£})|<a)}. By the assumption on f  A(D) and B{D) have order type 

for Dd [oh r -  Therefore, by Lemma 4.3, there is a set Xczcol such that 
tp X~coy and A (D )O X  and B(D)C\X both have type for each D ftfflJ“.
Thus flcO xX X  disproves

contrary to Theorem 4.2(b).
We now prove the main result.

Proof of Theorem 4.1. As we already remarked, (4.2) is a special case of Theo
rem 4.5(a).

Also, (4.4) follows immediately from (4.10) and Lemma 2.6 (apply the lemma 
with x =  a>2, £=со1г £1=со, >/=iJo=»/i =  4  and a v = Q — у (v<cu£)).

It remains to prove (4.3). Let x = c f (£). Then x=co or co2. Let (rv: v< x) be 
a strictly increasing sequence of ordinals with limit co^. Then tv+ u/ co1£, (v<x) 
also. Thus we may write co%=;cogl { + y {col**” :v-=:x}) • col- Put £0=ю£, £j =  x, 
£2 = cog, {j, Q .  Let < 0 denote the antilexicographic ordering of П(%).
Now there are pairwise disjoint sets -S((JiV>e) ((/r, v, 0)€Я(<;)) such that

(± , n  Ш  =  U {5(^v>e): (Ц, v, е)£П(£,)}, tp5(M>v>e) =  © S
(4Л1) for (ji, v, 0) < „ ( 4  v', 00-

Suppose (A^iaccoj) is a sequence of subsets of co| such that tp Aa<co\ 
(окюх). In order to prove (4.3) we have to show that there are Я£[®1]ш and Ccrco§ 
such that tp C=cug and d , n c = 0  for all adD.

For a c ß jj ,  let B„ = {(/i, v, 0)£П(Л):АаГ\ S^^ ,e)X  0 } . Clearly, for fixed 
v< x  and 0-c<j)\,

tp {fc <  co2 : (ß, v, 0)СЯ3} s  tp <  Щ (a <  aij),

and so the sets Bx (a<a>i) are not full-sized in Я(£). By Theorem 4.5(a) (for k —2) 
it follows that there are -D€[coi]M and й с Я ©  such that Я is full-sized and 
ВаГ \В = 0  for all а£Я . Put C= U{-SV .̂v.ebO  ̂v, 0)£B}. Then, by (4.11) and 
the fact that В is full-sized in Я (!;), we see that tp C=co%. Moreover, by the defini
tion of Bx, we have Ах П С = 0  for all a £D.

We conclude this chapter by showing that the positive results of Theorem 4.1 
are best possible.

Theorem 4.6. Let t < g j 3 ,  c f (r )= a i1, 0 <y<ct>i. Then

(4.12) 1 4 )  (  I CO
\(ol) "  1 col
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and

(4.13) (®Г') ^  (® r y+ l C»1)
P ro o f . It is easy to  see that (4.12) follows from Lemma 2.5 and the relation

(4.14) ( 5 M M S L - T
(Apply Lemma 2.5 with =a>, ri—t]1=(o1, t]0= l, S v—co| v (v<ai1), where
xw/ x .  An easy computation shows that S= 4'= (ol and Ф=ш“ со1+1). Now 
in order to prove (4.14) consider the function f - .щ Х щ —<u given by / ( a ,  v) =  
= /a(v) where the f a are pairwise almost disjoint functions in Ю1са. Now for A ffa jJ0* 
and B£[coJ “1, there is v0C_B such that f a(v0)7if x (vo) whenever a, a ' are distinct 
elements of A. Thus f " ( A X  {v?}) is infinite. This proves (4.14) and hence (4.12).

To prove (4.13) use induction on y. If у=(5 +  1 take identical cross sections 
of the inductive systems establishing the negative relation for ojI+>. If c f(y )—со 
take cross sections.

We remark that if we assume the transversal hypothesis, THico,): there are 
ш, almost disjoint functions in Ю1со (which is known to be true in L  and false if Chang’s 
conjecture holds), then the argument used above yields the following stronger 
statements:

(4лб) S)1,1 if cf(T)=cdi’

(4-17) (ß>!+y) ^  (<x»|>+y+ 1 Cî ) lf c f^  = <°1> 0 <  У <  ail.

Finally, we note that in the case r<co3, cf (т)=ш1 there is a gap between the 
positive result (assuming 2s°= 8 i)

given by (4.4) and the negative result given by (4.12). This gap is easy to fill as the 
following theorem shows. Although this does not follow from Lemma 2.6, the 
proof is similar.

Theorem 4.7. I f  t < w 3, cf(x)=cti1, and <5<co1, then

< |  ( 1  <5 V 1
col )  "*■ l ® ? « !  col )  ■

P roof. Let (S v: v<<Di) be the standard decomposition of o f  and let 
(d a:a-=co1) be a system of subsets of <x>l such that tp For each a<cu1
there are v(a)<cu1 and n(a)<cu such that tp (АаЙ S'v)<cu2(°t) for v (a) <  v <  со, . 
Now there is D a w ,  such that tp D=5 and n(a)=n for all a £D. Clearly 
tp (ш 1 \и { ^ а:ае£)}}=®2-
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5. Proof of Theorem 4.2. As we have already mentioned, both statements of 
Theorem 4.2 are generalizations o f (4.4) which is a result of Baumgartner and 
H ajnal [3], and both can be proved with the methods used there. Since [3] appeared 
F. G alvin [8] developed an elementary method to obtain the results of [3] and 
after we obtained Theorem 4.2 he kindly informed us that his method can be used 
to prove this theorem as well. However, we decided to give our original proof since 
it can be explained in less space.

As in [3] both statements will be proved first under the assumption that M ASi 
holds (for Martin’s axiom see e.g. [12]). Then we exhibit partial orders which are 
well-founded iff the corresponding statements are false. This will show that if the 
statements are true in the standard model of Solovay and Tennenbaum yielding 
the consistency of МАщ, then they are true in the ground model i.e. they are true 
in ZFC.

First we describe the partial orders.
a) Let ^=(cuyi:i<n), 0 < y i< a ;1 (/<«) and let /:<ихХ Л  (!;)-»-£ be given.

Let 9  be a one-to-one mapping o f со onto /7(1;). For and 7<я we write
cp(m, i) to denote the 7-th coordinate of cp(m)f_Il (f). Let P  be the set of all pairs 
of sequences ((ey: /< /) , (u,-: /-=/)), where 7<<y, the cy are different ordinals 
<(»! for y<7, Uj = (Uj' 0, ..., uJtn_1)e n (^ )  for y'<7,

uj,i <  ur,i iff <P(J> 0  <  4>U\ 0  for j < j '  <  /,

and such that /  is homogeneous on {а;.у'</}Х{u,:y'</}. The partial order is 
defined on P by the rule that ((a': _/</'), (uj: у-=/')) is an extension of 
((ay:./< /), (u, : /< / ) )  iff (aj :_/</') is an extension of (af . j ^ l )  and (uj:j< /')  
is an extension of (uy :_/</).

b) Let y<o»i and let /  be a partial function from co1Xcoy into со. Let (p be 
a one-to-one mapping from со onto coy. Let P  consist of all pairs ((a,-:y<«),

where 7<co, the oy are different ordinals <cox for у <7, Uj<oP, и ^ и у 
iff cp(j)<cp(j') for y<y'<7, and such that either ({а;: у < /} х  {и,-:/< /}) П Л ( / )  =  0 
holds or {oC j:j< l}x{u j:j< l}czD (f)  and f ( a r ,u j)= f(a r ,u j) for y<y', y"</. 
The extension is defined as in case a).

We leave the reader to check that these partial orders have the desired pro
perties and proceed to derive the statements (4.7) and (4.8) from M A8l.

P roof of (4.7) from M A ^. Let !;=(£,•:/<«) be given, where f  = cjr‘, yi^co1 
for 7< л< й).

For A c  Л (£,) we denote by X  the projection of X  into _ x. A subset YczX  
will be called a section of X  (in 77(1;)) if A= U {Xu:u£ S} and S is a section of A*.

Instead of (4.7) we are going to  prove the following stronger statement.

(5.1) Assume f:coxXIHS)-»k, where k<tu. Then there are a full-sized subset 
A c  Л (<;), increasing sections A0 с  Ax c ... o f X  (in Л  (1;)), and functions 
m\cox-*co, j:co1 -*k such that (i) X — U {А;:7<ю} and (ii) /"({<*}X 
X (A \A m („>)) = { j  (a)} (i.e. {a} X ( X \ X m (e)) is homogeneous for f  in 
the colour у (a)).

We prove (5.1) by induction on n, the length of 1;. For n=  1 this is just Lemma 
3 of [3]. Now assume 1.
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Since /  may be considered as a map from (co1X ^ „ - i)x n ( i)  into k, and since 
has cardinality col5 it follows from the induction hypothesis that there 

are sets Y, Yt (/<co) and functions and j 1:o)1Xf_n- l ^ k  such
that У is a full-sized subset of П (£), the У; are sections of У (in П (%)), У0с  У3 c ..., 
y = U { y ;:/<cu} and
(5.2) / ' ( W x ( y \ f Bl(M))X M )= { Á (« ,«)} 
holds for all a-cco* and и^Ь,п- г.

Applying the induction hypothesis once more for the function j 1:a)1X€n- 1-*k, 
it follows also that there are sets Z, Z( (z<co) and functions w2:co, ->-co and 
j:a>1-^k such that Z  is a full-sized subset of (i.e. has type £„-г), the Z, are 
sections of Z, Z0c:Z 1c . . . ,  Z =  U{Z;:/<co} and

(5.3) А (а, и) =  Да) for a <  (Oi and M £Z \Z m2(a).
Put (px(u)=m1(a, u) for аса»! and n€Z. By a lemma of K. Kunén (see e.g.

[3]), M ASl implies that there is a function q>:Z-*a> such that

(5.4) (px(u)<(p(u) for all but finitely many u d Z  

holds for each okg^ .
Let X  be the full-sized subset of П(§) such that X —Z  and X m = У\У^(„) 

(m£Z). Let Xi be the section of X  determined by Z; (/<co). By (5.4) there is 
/я.-coj — co such that m (a)S/n2(a) (a<cOi) and such that (pa (u) <  (p (u) for all 
u £ Z \ Z mU) (а<соа). Now for accoj and M 6Z \Z m(a>, we have У \У ,Ра(и) 3  
=5 Y \ Y 9W = X w  and hence, by (5.2) and (5.3),

Г ({а}Х *<“)Х {«}) -  {A(a, «)} =  {Да)},

/" ({ a } X (Z \Z mW)) =  0(a)}.

P roof of (4.8) from  M A ^ .  Let now /  be a partial function from a>1X coy into 
со. By MA$i we know that

This is a theorem of [3] and in fact is a corollary of (4.7) just proved. Therefore, 
we may assume that D (f)= co1X(oy. We can also assume that y>0. Let 
{х„:я<со}=со7 be a one-to-one enumeration of со7. We define a sequence 
{у„:я<со} of elements of m1 and a sequence { У„: жсо} of subsets of co1 by in
duction on ж  со as follows. Y0=co1. Assume that я<со and that Yn£[(o1]a,i 
and yj ( /< n ) have already been defined. Choose a subset Z„(j[y„]<01 such that 
Z„ X {.v,,} is homogeneous for / .  Let y„ be an arbitrary element of Z„ and Уя+1 =  
— Zn\ { y n}. Let X!={y„:n<co} and B1 = coy. If xn£Blf then / " ( d 1x K } )  =  
= / Ч{Тг:г= л}Х {*„}) is clearly finite. This proves (4.8).

Note that in both (4.7) and (4.8) the со on the right-hand sides can be replaced 
by any a<col5 but we do not need this.

6. The case of sets. The first aim of this chapter is to prove an analogue 
of Theorem 1.1 for the case of sets. This will show that the critical number for 
which the “ K2-phenomena” appears in this case is cOi+2 instead of co1.
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Theorem 6.1. I f  ySco2, then

( 6. 1)

Proof. We use induction on y. The statement is clearly true for y^coj +  1. 
We now assume co1+ l< ySa> 2 and that the statement is true for all <5-=y. Let 
x = c f (cog) and let (S v: v <  x) be a standard decomposition of col, tp S’v=cogv, 
(v<x). By the induction hypothesis we can choose a system of subsets 
(AZiokcoo) of Sv (v<x) such that tp А£-<со21+2 and Svc U { ^ : a f f l )  for 
Ьб[ш2]ы. We now distinguish the three cases 1 x=co2, (2) x=co, (3) x=a>1.

Case 1. Since уv< co2 for v <  co2, by Theorem 1.1, we can find sets B^ciS'' 
(/?<co,) establishing

We choose a one-to-one mapping cpv of v into col for v<o)2. Now for a «=to,,, 
let 4 = U K :v < a ) U U K ,( , ) : « < v } .  Clearly, t p Ax<cog1+z for a<co2. Let 
DC[ct>2]ra, v<co2. Put D0= {cc^D: v<a}, D1= {a£D :a<v}. Since either D0 or D, 
is infinite, either [J {<x(LD9:A'‘a)  or U {a6T>x: j5 'v(c[)} covers S Y. Thus U {Ax:a£D} 
covers S v in any case. It follows that cogc: U {Aa:x£D}. Hence the system 
(Ax:<x< cd2) establishes (6.1).

For cases 2, 3 take cross sections.
The partition relation just established shows the same “ K2-phenomena” as 

the relation — • We do not go into details, but we will show the

following equivalence:

The implication from the left is implicitly contained in the proof of Theorem 6.1, 
and the reverse implication is an easy corollary of the following iemma. We leave 
it to the reader to derive (6.2) from the lemma which we prove in detail since this 
will be needed for other purposes.

Lemma 6.2. Assume 0<co3 and that cf (co2) is either со or a>2. Let (Ax:oc<co2)  
be a sequence o f subsets o f  cof such that tp A acco21+1 for  a< co2. Then there exist 
Xczco2, y-^coi and D€[co,]®‘ such that tp X=ood2 and tp AaC\X<col for all ot£D.

P ro o f. Let x=cf(cof) and let ( S v: v o í )  be a standard decomposition of 
co2. We distinguish the two cases (1) x=co, (2) x —co2.

Case 1. We may assume that tp Sn = coln+1 for ж с о  =  х. Let (Snie:g<co2) 
be a standard decomposition of Sn for и ecu. Let a<co2. Using the fact that 
tp A . <co®1+1, for each ж  со there are ß(ix,n)<co1 and q (а, л)<со2 such that 
tp (АХГ\ S„ Q)<coß<-°‘’n'> for £>(a, л )< е< со2. Put ß(a) =  sup {/I(a, и):жсо} and 
£>(a)= sup {e(a, и):/г<со}. Then ß (a)< cox and o(a)<co2 for a<co2. Clearly there 
are 0 £ [и г]И1, у< cox and cr<co2 such that

ß(a)+ l =  у and p(a) <  cr for a£D.

Let X — U {S„i(,:n<co}. Then X, у and D satisfy the requirements of the lemma.
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Case 2. For each а <m 2 there are ß (a) < ajj and g (a) < a>2 such that 
tp (,S'vГЫ,I)<coji(a, for e (a )< v<£o2= x. There are D£[co2]Ml, y^coj and <r<cn2 
such that /?(<*)+l= y  and g(a)<cr for a£T>. Put Ar=U{S'v:<r^v-=:cu2}. Then 
Л', у and D satisfy the requirements.

We now try to investigate the analogue of (3.1) for the case of x2-sets, i.e. we 
consider the relation

for q ,  т<сп3 and y<co1+2.
First we give an extension of the positive result Theorem 3.1. 

Theorem 6.2. Assume т<сo3, т +  у^со +  у, and yccOj +  2. Then

Note that for y<ctii Theorem 3.1(b) yields a stronger result. For у =  or cuj +  1 
this can be considered as a generalization of c) of Theorem 3.1 as well, since, 1 +  у =  у 
holds in this case. In case y=co1 Theorem 6.2 is trivial since among a 2 sets of 
type ecu!?1 there are with type -=g>2 for some S ^ w 1. Assume now that 
d aCft)5+" l+1 and tp y4a<co“1+1 for <x<w2. Then, by Lemma 6.2, there are Xcz 
ссп2+И1+1, f lc f o j“1 and y^co1 such that

tp X  =  ю|+<“1+1, and tp Ax Г) X  < col

for a£D. Hence our claim follows from Theorem 3.1(b).
One could conjecture that, at least assuming 2s»—^  and 2si = k2, Theorem

6.2 gives the best possible positive result. However, we were not able to prove 
this. We now discuss the problem by considering separately the different possible 
values of cf ( t ) .  In case cf(r) =  oi1 we already noted ((4.16) and (4.17)) that if 
TH(a>i) holds, then

(6.4) (Sĵ fcûtth+l S]1 for  T <  co3, cf (t) =  CÜJ
and

+ ( < lj+ i  S )  fo r(6.5) Ury) T <  co3, cf (t) := oij, 0 <  у aij

We are going to prove the following extension of this.

Theorem 6.4. Assume ТЯ(а)1). I f  т< ю 3, c f (t)= w1 and 0<у<а>1+2, then

Ctí)1' 1
Oil) '

Proof. In view of (6.5) we only have to prove this for y=co1 and y=cu1 +  l. 
Suppose y=cox. Let (Sv: v^cuj) be a standard decomposition of co|+0,1 such that 
tp S'v=<y“1+V for v-soij. For each v<co1 choose sets A''c Sv (a<cu2) establishing
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For each v <  CO] choose a paradoxical decomposition (B?t: n < со) of ,S"V. By TH(cox) 
there are co2 almost disjoint functions f x\cox-*co (a<co2). Now for a <co2 put

-4« =  U { ^ :  v <  Oj], A" = U {J5/a(v): v <  Wl},
Aa=A'xU A ". Clearly tp Д,<со“Ч-1. The union of countably many A'a omits 
a set of type <co2 from each Sr ( « ш ,) .  The union of countably many A" covers 
an end section of col+c°l . It follows that

tp (a)l+<ai\ U  {Ax:olZD}) <  a>\
for all £>£[co2]“.

For the case у=озг + \, take identical cross sections of the systems obtained 
for y^cü!.

We now make some remarks about these results.
First of all, it is not worth continuing the induction of the last theorem beyond 

y = o j!+ l. For, by combining the methods used to prove Theorems 6.1 and 6.2, 
we can easily prove:

I f  TH(tox) holds, т <  co3, cf ( t ) = c o j  and y=eu2, then

( 6 .6) ' ) í  1
col+y) (C0!?1 + 2

со)1-1 
col) '

Our second remark is that it would be sufficient for our present purposes if 
we could prove (6.4) with со replaced by cox. We do not know if TH(cox) is really 
needed for this weaker relation. This leads to the following question.

P roblem  1. Assuming GCH, does the relation

hold?

The relation (6.4) should be compared with the positive relation

.  ( 1
col) (col?«!

г у - 1
col)

given by Theorem 4.7 ( t < co3 , cf ( t ) — co1 and Ŝ coj). This shows that the term 
col1 со I +1 in (6.4) cannot be decreased. Now (6.4) (obtained from TH(cof) implies 
the weaker relation

(6.7) 1
со“ cot +  1

С О Л 1' 1

colj

which should be compared with (3.3) of Theorem 3.2, the corresponding result 
for &i sets. We already saw that (3.3) is best possible (Theorem 3.5) and we now 
show that (6.7) is also best possible, i.e.

(6-8) (S ) ^ (co“co! S )  if т < “3’ cf(T) = Wl'
Proof. Let (S'y:v<co1) be a standard decomposition of col- We may assume 

that tp Sv^cog for v<cox. Assume Axaco\ (a<co2) and tp Ax<cogco1. Then
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for each a < w, there are g (a)< co1 and л (а )« о  such that tp
for о(а)<у<Ш т There are -06[ю2]Ю1> n<co, песо, suchthat n(cc)=n and g (a) =  g
for adD. Clearly tp (cu |\U  {A^.a^D}) — col.

This concludes our discussion of (6.3) in case cf (r) =  cu1 and we know, assuming 
TH(aJi), that our results are best possible.

In case cf (ojI) =  oj, we already know, by (3.12) of Theorem 3.3, that 2si =K2 
implies

(6 9 )  ( c u U ' )  *  ( m “ +1 + 7+ l  c o l)
holds for y-=cüi.

Again this can be generalized as follows.
T heorem  6.5. Assume 2*h =  K2. I f  x<co3 and cf (т )= cu2, then (6.9) holds 

for у < 0 ^  +  2.
Pr o o f . To see this in case y=cox just take cross sections. This works since 

cf(co|)=o>2. F°r У= « 1  +  1 we obtain it from the statement with y=co1 using 
the partition relation (3.8). We omit the details.

This shows that our positive result Theorem 6.2 is again best possible for the 
case cf (со|) =  ш2, at least assuming 2si =  tf2- Unfortunately, we do not know if 
the same is true in the case cf (r)=cn. Our main unsolved problem is the following.

P roblem  2. Assume 2i*o =  X1. Is the relation

true for some y,co + 2 ^ y S c O ‘2?

All our methods for constructing counter examples break down. We do know 
that (3.2) does not remain true for sets for t> ® , cf (t) = co. The following partial 
result shows why we insist that уёсо +  2 in Problem 2.

T heorem  6 .6. Assume 2!io=^1. I f  ш < т « % ,  c f ( t) = co and £ < < u 2, then

P r o o f . Let { S „ : n < c o > be a standard decomposition of ю \ .  We may assume 
that tp S’„=co|n+1 and yn=a> for л < м . Let (S„ye:q< oj2) be a standard decom
position of S„ for n<cu. Assume A rccal, tp Ax<co2 +1 • £ for a<cu2.

Assume now, that £^a< co2. For each л<ю there is g(ct, n)<cc suchthat 
tp (Л„ПS„,e(*,„>)<tag*+1. Put e(a)=sup {p(a, и):л<а>}. Since {о:<(и1: ^ а < ю 2, 
cf is a stationary subset of co2 it follows that there are D 6 [ш2]Из and g<co2
suchthat q(oc) = q for all a £D. Using 2s« =  k1 it follows that there are D'£[D\at 
and a sequence (pn:ra<cu) such that g (a, n)= g„ for a £D'. Considering 
U {5„>0n: w<co} has type col this shows that it is sufficient to prove only that

holds.
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To see this consider again the S„ and S„te as defined in the first part of the proof 
and assume now that Aaccol, tp A x<w$+1 for a-=co2.

There are g(a)-=co2 and k(oc, п)<ю  such that

tp (^аП 5п>й) -*= <у2(г’п) for q(a) <  g <co2.

Using once again that 2so= ^1, we see that there are D£[ft>2]"2 and k„<w (ж со) 
such that k(oc,n) — kn for a£D. Let D'^[D]a>1 be arbitrary and let q = 
=  sup {q(oc):oc£D'}. Then tp (^(C!n S 'n>s)<cö|" for £<е'-=ш 2, п<ш  and x£D'. 
Hence tp (S„\U {;4 it:a£.D})&ctJ2 for и<ю and the result follows.

We conclude this chapter by analyzing the analogue of (4.1) for tf2 sets, i.e. 
the relation

(6. 10)

for cr, r-=ct>3 and y<a>1 +  2.
In view of Theorems 6.3 and 6.4, a discussion for (6.10) will be completed by 

the following analogue of (4.3).

Theorem 6.7. Assume 28o = ^ 1. У/ ' t < со,, c f  (co2) =to or co2, 3^co1, у == t  + <5 and 
y< w 1 +  2, then

Proof. It is clearly sufficient to prove this for у = 0 ^ + 1 .  Assume Ax<zcol+i, 
tp Ла<а>21+1 for a-=co2. Now cf (co2+<5) is either со or co2 since cicajj. Hence, 
by the Lemma 6.2, there are Xcza>l+S, y0<(o2 and .DCfcoJ“1 such that tp X-=a>l+a 
and tp (^ ,П 1 )< й )?  for all а £D. Hence the statement follows from

which is (4.3) of Theorem 4.1.

7. Pointwise-finite systems. A system (Ax:cc<x) of subsets of S  is said to be 
pointwise-finite if each point of the underlying set 5  is a member of only a finite 
number of the Ax (а о с ) . In this chapter we investigate analogues of some of our 
earlier results for pointwise-finite systems. This amounts to an investigation of 
relations of the form

(7.1) ( 0  c o l1,1 
1 col)

for q, cr, т<а»з and x=o>, co1 or coz . While this leads to several quite interesting 
new problems we shall not discuss this in the same detail as we did for the case 
when the pointwise-finite condition is left out. The results we prove below give 
the analogues for (7.1) in the cases x=co, co1 and w2 which correspond respectively 
to the negative relations of (1.2), Theorem 1.1 and Theorem 6.1.

The following theorem is related to our earlier result ([7], Theorem 8) and so 
is the method of proof, but we believe it is worth giving the details.
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Theorem 7.1. Assume 2No= . Let у <  cu2, t s t u 2. Then

(7.2) (cut (  1 , CU CU Y’
U d  ^  U “ v  1 a # 1]

(7.3)
(cu,t (  1 CO CO t 1 ,1

h J ^ U ? iV  1 to?1]
and

(7.4) ( CU2 1  (  1 CU CU

(mjJ (cu?1+2v 1 cu?1+2

We need the following lemma which was also used in [7] (Lemma 5). For the 
convenience of the reader we give the short proof.

Lemma 7.2. Let (Tn:n<co) be a sequence o f denumerable subsets o f  со. Then 
there is a pointwise-finitc sequence (Ck :k^co) o f finite subsets o f  со such that

(7.5) Ck с  к 
and
(7.6) cu \U  {Ct :L€ Tn} is finite for all n <  со.

Proof. We can assume that the sets T„ are pairwise disjoint (since we can replace 
them by infinite disjoint subsets). Let t„ denote the least member of T„ and let 
T' = T „ \{ tn}. We define the Ck (k<co) as follows. If к d c o \  U {7),':« <  со} put 
Ck= 0 .  If kd  U {7’,':«<w } then there are unique integers m{k)-<k and n(k) 
such that k d T '(k), m (k)dTn(k) and i $ Tn(k) for m (&)</<£. In this case put Ck= 
=  [m (k), k). It is easy to verify that the Ck are pointwise-finite and that (7.5) and
(7.6) hold.

Proof of (7.2). We prove slightly more. We show that there is a pointwise- 
finite system {Ak:k<co) of subsets of col which establishes (7.2) and satisfies the 
stronger condition that
(7.7) tp Ak <  cu2 for fc <  со.

The proof is by induction on y. For y =  0 the result is trivial. Now assume 
that y>0.

Let (S v: v< cf (cu£)) be a standard decomposition of coy2. By the induction 
hypothesis, for each v< cf (col) there is a pointwise-finite sequence (Ak:k~cco) 
of subsets of Sv establishing the corresponding result for tp (Sv). We now distinguish 
the cases (1) cf(cu£)=cu or cu2 and (2) cf (coQ=co1.

Case 1. Take cross sections in the natural way, i.e. put A o= 0  and Ak+1 — 
=  U {A%: v< cf (cu£)}. (Note that, in the case cf (coy2)=co2 we have that у is a successor 
and for each к the co2 sets Ak ( v « b 2)  all have the same type.)

Case 2. By the hypothesis 2S» = ^ 1 we can assume that [<o]°= (Г,.: v-scOj}. 
Let Fv= {7),:/z<v} for v<cuj.

For each v-^co*, let (C* :fc«=co) be a pointwise-finite system of finite subsets 
of со satisfying the requirements of Lemma 7.2 for the countable system Fv of de-
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numerable subsets of со. Also, let (Bk:k<co) be a disjoint paradoxical decomposi
tion of Sv (v<ojj) such that tp  0*;<со| and S v=  U {B'k:k<co} (see (1.1)). Now put

A k = U {ß(v: i£ C k} for к <  со and v <  co1.

We know that tp  Д?-<ео£ since Ckczk. Moreover, (Ak :k<co) is pointwise-finite 
since (Ck:k<a>) is and the sets BJ are pairwise disjoint. Finally, by (7.6) of the 
lemma, we also know that
(7.8) tp (S v\ u { Ä v: keT })  <  со? 
for any T£FV.

Now put A k — U{Ak: v<cox}, A k — ö {Ä k : v c t o j  and Ak = AkJ A k for k<  со. 
Clearly (Ak:k~=:co') is pointwise-finite and tp A fc<cn|.

Suppose .DC[со]“. Then D = T ß for some ц « о к and hence D£ Fv for /i<v<fflj. 
Therefore, by (7.8) and the fidefinition of Ak, we have

tp (5 v\ U { ^ a: cc£D}) <  со? for /i < v < ü)j .
Further, by the inductive property of the A£, we also have that

Av =  tp iS 'v X U ^ :  oc£D}) <  со?1
for any v <  cox. Combining these we see that

tp (cog \U {4 ,: a ££>}) ^  £  {Av: v ^  /1}+со?сох <  cog1.

Proof of (7.3). Again the proof is by induction on у <  co2. For y=0 the 
result is trivial. Also, the induction step in the cases when у is a successor ordinal 
or an co-limit is very easy — simply take identical cross sections or cross sections. 
The main difficulty in the induction is for the case cf (y)=cox which we now con
sider in detail.

Let (Sy-.v^coj) be a standard decomposition of col and let (А^-.жсох) be 
a pointwise-finite system of subsets of Sv for v^coj which establishes the result 
in Sv, i.e. for v-coij we have

(7.9) tp  A l <  со?1 (a <  cox),

(7.10) tp (S v\ U { ^ :  aeD}) <  cat1 for all D^[co^°.

Let o ^v -cco i. By (7.2) just proved, there is a pointwise-finite system 
(Á f.a c v )  of K0 subsets of S v such that

(7.11) tp ÄI <  со?,

(7.12) tp (S A U  {A* :«€£>})< со?1 for all Z>€[v]m.

By the hypothesis 2х» we may write [co1]“ =  {7’(I:/c<co1}. For v<cox 
define Ту={Гд:/с<:у, Гдсг}.

Again, let cu^vccoj. We define another pointwise-finite system (Tav:a <  v) 
of K0 subsets of Sv as follows. By Lemma 7.2 there is a pointwise-finite system 
(C2V: a <  v) of X0 finite subsets o f v such that

(7.13) v \U  {Cf.<x£D} is finite fo r  all D £FV.
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Let (B£:a < v ) be S0 disjoint subsets of <Sj, such that Sv=  U {B£:ot<v) and 
tp  Such sets exist by the ordinary paradox (1.1). Now define

Д? =  и{Д?:<х€СЛ (a <  v).

Clearly the system ( ^ V:a < v ) is point wise-finite since (C J:a< v ) is and the B\ 
(а< ш 1) are pairwise disjoint. Moreover, since A* is the union of a finite number 
of sets of type -=co2 , we have

(7.14) tp Ä£ <  ct>2 (a <  v <  coj).

For the same reason we also know by (7.13) that

(7.15) tp(Sv\ U { Ä v: « € £ } )<  ш? for D{FV.
Now define sets Axc.col for ct.<cor by putting Aa= A 'U A " ,  where 

A' = U{A%: v< a}U U {i,': со ^  v <  ta1( а <  v},

A" — U {Ä£: a  S  v <  w „ а <  v).

By (7.9), (7.11) and (7.14) we easily see that t p A ^ c o “1 (a-coj1). Also the system 
(Aa:y. <  eUi) is a pointwise-finite since the sets Sv are pairwise disjoint and the 
{A%:ix<(d1), (A*:oc< co1) and (Ä*;a<®i) are pointwise-finite. To complete the 
proof we must verify that
(7.18) tp (ü )g \U {4 ,: a<EZ>}) <  cop* 
holds for any Z)£[(%]“.

Suppose D £ [coj“ and v <  coj. Either D \ v  is infinite or coSv<cot and ű f lv  
is infinite. In either case, by the definition of A'a, we have that

(7.19) tp ( S , \ U K :  <*€£>}) <  соp

by (7.10) or by (7.12). Also Z>=7j, for some /k c ü j. Let v0 =  sup ({/i}U 7),). 
Then for v0<  v<co1 we have D fF v and hence

(7.20) tp (5V\ U  {A": a£Z>}) <  co% (v0 <  v <  coj)

by (7.15) (7.18) easily follows from (7.19) and (7.20).

Proof of (7.4). Again this is trivial for т< ю 1+2 and we use induction on r. 
For the case when r is an со or oj1 limit there is no problem, we simply take cross 
sections. We have only to prove the induction step for the case when cf (со%)=со2, 
г äco2.

As usual, let (Sv: v<tu2) be a standard decomposition for w\. By the induction 
hypothesis there is a pointwise-finite system (A*:okco2) of subsets of Sv such that

tpA^-^a> 2 l+2 for а <  co2, v< co2,

(7.21) tp (5 V\ U  {Avx: a£D}) <  ш“1+2 for £>€[ю2]ю and v <  cu2.

By (7.3) already proved, for co1^ v ^ c o 2 ^there is a pointwise-finite system 
(A£:a< v) of Si subsets of S Y such that tp Д ? « » " 1 (a<v),

(7.22) tp(Sv\ U { / i j :  a£Z)}) <  ctig1 for all fi£[v]B.
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Now put Ax= U {Avx: v < a} U U { 4 , :®i =  v-=coa, a-=v} (a<c%). Clearly the 
system (Ах:ж с о 2) is pointwise finite and tp Ax^co21 + 2 («-=(%).

Suppose D£ [со2]ы. Put v0=sup (cujU-D). Then for v0-=v<ai2 we have 
T>F[v]ra and so by (7.22)

tpiS'vX U {Aa: a££>}) -= cog1 (v0 <  v <  Шг).
It follows from this and (7.21) that

tpCcoJXU^*: a£Z>}) <  co$1+2.

Thus (Ax:okco2) establishes (7.4).
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ON DIFFERENCE SETS OF SEQUENCES 
OF INTEGERS. I

By
A. SÁRKÖZY (Budapest)

1. A set of integers «1< и 2< ... will be called an «af-set if its difference set 
does not contain the square of a positive integer; in other words, if ux—uy= z2 
(where x, y, z  are integers) implies that x= y , z = 0. Let A(x)  denote the greatest 
number of integers that can be selected from 1, 2, x  to form an ,.s/-set and let 
us write

a(x)
A(x)

L. Lovász conjectured that 

(1) a(x) =  o(l)

(oral communication). The aim of this paper is to prove the following sharper 
form of (1):

T heorem .

( 2) a (x) = О Г (log log *)2/3l 
{ (log x)1/3 J ■

(We remark that (1) has been proved independently also by H. Fürstenberg; 
his proof is unpublished yet.)

To prove this theorem, we are going to use that version of the Hardy-Littlewood 
method which has been elaborated by K. F. Roth in [2] and [3].

Theroughout this paper, we use the following notations:
We denote the distance of the real number x from the nearest integer by ||jc||, 

i.e. ||x ||=m in (x—[x], [x] +  l —x}. We write e(oi)=e2nix where a is real. La, L x, ..., 
X0, Xx, ... denote absolute constants. If a , b  are real numbers and b >0, then we define

the symbol min by

(3) =  a.

Finally, if |g(xj, x2, ..., x„)|^/(X i.X a, ...,x„) then we write 

g(x1; x2, ..., x„) =  0 ( /(х п  x2, ..., x„)).

2. Following Roth’s method, we are going to deduce a functional inequality 
for the function a(x).
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Let N  be a large integer and let us write M =  [(/V]. Let

1/Ä] M
F(a) =  2  e(z2a) = 2  e(z2cc).

2 =  1 Z =  1

Let Mj, m2, иA(N) be a maximal sJ-set selected from 1,2, , N  and let

A (N)
=  2  « (" .“)■JC = 1

We are going to investigate the integral
1

(4) E =  f  \F(a)\2T(d)dat.
0

Obviously,
1

(5) E =  J  F(oi)F(—oi)T(x) da =
0

1 A(N) A(N) M у
= f  2  e(uya) 2  e(— uxa) 2  e{z2a)da. =  *“ 2 1 = 00 y = l x = l  2 = 1 liy — ux + z2 = 0

since ulf u2, ..., uA(n) is an s/-set.
On the other hand, we shall estimate this integral by using the Hardy—Little- 

wood method. For this purpose, we need some estimates for the functions T(oi) 
and F(d).

3. In this section, we estimate the function T(oi).

Lemma 1. I f  a, b are integers such that a ^ b , and ß is an arbitrary real number then

2  e ( k ß )k=a
S  m in \b — a + 1, 1

Ш

(For ||>3|| =0, the right hand side is defined by (3).) 

Proof. Obviously,

2 e(kß) ^  2 1 ^ Ь - а  +  1
k=a

for all a, b, ß  (where a^b).  
Furthermore, for ||/?|| ^ 0,

2 e m  --
k=a

2
-  \e(—ß/2) — e(ß/2)\ 

which proves Lemma 1.

\ \ - e ( fb -a  + \)ß)\ ____ 2 _
\ l-e (ß )\  ~ \ l - e (ß ) \  -

_1__ __ 1 _ 1
Is in é l -  sin Tüllen =  2

— •n\\ß\\

1
Ш
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Lemma 2. Let p, q be integers and a, у real numbers such that q > \ ,  (p, q)= \ and

Then

1
■л •

q - l
2  m in \q,

jc =  0
_ ! _ J
Ir+«*l I 8 q log q.

This lemma is identical to Theorem 44 in [1], p. 26.

Lemma 3. Let p, q be integers and а, у, P real numbers such that q ~ l ,  (p, q) = 1, 
P ^  1 and

(6)

Then

(7)

1

2  min IP, — ^ <  8P+Sq\ogq.*=o \ ||y + C£7c|| J
Proof. For q = l ,  (7) holds trivially (by P s l ) .

For q>  1, the left hand side of (7) can be rewritten in the following way:

(8) “2 min \p, |j— — гг} =*=o l ||y +  az||J

2  min \ P,
O^x^q-1
lly +  ax  II < -  

<7

1
||y +  ooc|| +  2  mintP,O^x^g-l 

l ly+ax II Q

; +  ax

2 P+ 2  T X — n ~ P 2 1 +  2  m in \q,O^x^q—1 ||y-t-a*|| O^x^?—1 O^x^q—11 1 1
l l y + a x  II < — I l y + a x | | ^ —

<i q q

p  2  1 +  2 min \q, ——-— -].
O S i S i - l  x =  0 I | |y + a x | |J

1

1 1
Пу +  а х | |< — II y +  axH

q q

llv +  «*|

lly +  ax II < -
q

(9)
We are going to show that

2  1 =  8.

1II у +  axil ■<—
q

Let us assume indirectly that the left hand side of this inequality is ^9 . This in
direct assumption implies the existence of integers x lt x2, x3, x t , x 5 such that

( 1 0 ) Ily +  ooCiH <  — (for i =  5)
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and which all lie either in the interval |o ,  4- - - j  or in j7  ^ , q — l j ;  in either case

( 11) 0  - =  [ x ;  —  X j |  <  —  ( f o r  1 S i ^ j <  5 ) .

By (10), there exist integers y t and real numbers 0f such that

( 12)

and

Q
y + axi = y i + -^ (for i =  l , 5) 

— 1 <  0( <  1 (for i =  1, 5).

Using the matchbox principle, we obtain the existence of indices p, v such that 
l S / i < v ^ 5  and

(13) |0 „ -0 vI < t -

Writing i —p  and v in (12), respectively, and subtracting the equalities obtained 
in this way, we obtain that

« (xll- x v) =  y ll- y v+
Hence

(14) ||a(xM- x v; —0V 1
q 2q

(by (13)).
On the other hand, we obtain with respect to (6) and (11) that

||a (x „ -x v)|| = (x„ -  xv) +  [a — (x„ -  xv)

p(xlt- x v) a P 1 1 q 1
q q

*̂U *̂V о л "лд q q2 2 2q

in contradiction with (14), which proves (9).
(8), (9) and Lemma 2 yield (7) and Lemma 3 is proved.

Lemma 4. Let N, p, q be integers and a a real number such that N ^ l ,  q ^  1, 
{p, <?)=! and

a -----s 1

Then

(15) |Г(а)| =

(where M  — [ /Ж ]).

Q\ 4 2 '

M
2 > ( k 2 a)

fc=i 7 + (M i°g 0)1/2+ (q lo£ q)1'2)

Acta Mathsmailca Academiac Scientiarum Hungartcae 31, 19?S



O N  D IFFEREN CE SETS O F SEQUENCES O F INTEGERS. I 129

Proof.
M M

|Г(а)|2 -  Г (а )Г (-а )  =  2  =
X= ly = l

M  M  M - l  m in { M ,M -« }
=  2  2  e ( ( x - y ) ( x  + y)d) =  2  2  e(u(u+2y)cc)rs

x=ly= l tí=l—M y = m ax { l —и, 1}

M - l min (M , M — и} M - l min{M, M —u)

S  2 2  e(u{u + 2y)a) =  2 2  e(2uyct)
u = l —M у = max {1—u, 1} u — l —M y —max (1—w, 1}

To estimate the inner sum, we apply Lemma 1 with ß=2m, a= m ax  {1— и, 1}, 
6 =  min {M, M —u). Then obviously,

b — a =  min {M, M —u} — max {1 —u, 1} S  M — 1,

thus Lemma 1 yields that

|r(“) P s . J > in{<M- 1)+1- w )  =
1 M - l

— 2  min{2M,
u=l-M Ц2ма||

1 2M~2 í 1 1
2  min \2M, - —г  S

l IMI Jv=2-2M

I [(4M-4)/?] 2 -2 M + 0 + 1 )« -!

j —0 t> =  2 —2 M+jq
min 12M, -7^ -r i.

I IMI J

The inner sum can be estimated by using Lemma 3 with у = (2 — 2M  +  jq) a, P= 2M. 
We obtain that

(16)
]  [ ( 4 M  — 4 ) / « ]

\ Т Щ 2 ^ -  2  ( 1 6 M + 8 9 lo g 9) =
2  j = о

J  ( [ 4M 4 ] + 1) (16M + 8q log q) <  [—  +  l) (SM+4q log q)

For q=  1,

while for q ^ 2  

Hence

M 232 +  8 M +  \6M \ogq + 4q log q.

w  „  M  M 2 M  S  M -— = -----
q q

M  <  M  log 4 =  2M  log 2 S  2M  log q.

M 2M  s -----+  2Mlog q.
q
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Thus we obtain from (16) that

|Г(а)|2<  32 —  +  8Í—  + 2M\og<Á + \6 M \o g q  + 4q\ogq =
Я '  Я '

M 2 ( M-  )=  40 —— +  32M log q+4q  log q <  49 ^- +  M lo g <7 + <7 log<7 j  .

With respect to the inequality

(a2+ b2+c2)112 ^  a + b + c  (where a, b, c ^  0), 

this yields (15) which proves Lemma 4.

Lemma 5. Let N, p, q be integers and a a real number such that (p, q)= 1,

(17)

(18) 
and

(19)

Then

Ns=3,

1 S  q ё  7V1/2/log IV

а -----< 1
,2 '

|Г(а)| <  21 ( ^ )  .

Proof. Applying Lemma 4, we obtain with respect to (17) and (18) that 

m«)l < l [ ^ + { M \ o Eqyl2Hq\ogqyl2] S

— 7 ( ( ^ )  + A 1/4( lo g ? )1/2 +  (<7log?)l/2j <

((Г+ 7Vl/4(logA )1/2 +  (A1/2logiV)1/2 =

Lemma 6. Let N, p, q be integers and a., ß real numbers such that

(20)

(21)

(22)

N2=9,

(p, я) =  i,

1 ё ? ё  \N,

(23)
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and

(24)

Then

(25)

Proof. Let

Q =  f - 4 1  +  1.
U w

Then obviously,

Q " w v
(26)

hence

(27)

By (24),

(28) 

Thus 

(29)

1
Ш

fN .

Q [q\ß\\ + l ~ q \ß \+ ] /N " q \ ß \ + q\ß\ g \ß \’q \ ß \ q \ ß \  r n  q \ ß I

(30)

(31)
and

By Dirichlet’s theorem, there exist integers r, s such that

(r, s) =  1,

i ^ s s e

(32)

(31) and (32) imply that also

a —

a —

sQ

1

holds. Thus we may apply Lemma 4 with — in place of — . We obtain that
s Я

(33) |Г(а)| <  7 +  W  log s)1/2 +  (s logs)1/2j s

~  7 (О +  Arl/4(1° g s)1/2+ (slo8 s)1/2

To deduce (25) from this inequality, we have to estimate s in terms of q \ß\ and N, 
respectively.
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By (29) and (31),

(34) s ^ Q

hence with respect to (20) and (24),
q \ ß \

2 2 „ NS  -rrrr S  2

Thus (33) implies that
q \ ß \  -  \ß\

v l / 2

log N N.

(35) |Г(а)| <= 7 

We are going to show that

(36)

Let us assume indirectly that

(37)

((t ) + (дг1/4+sl/2) (log лг)1/2) ■

q s

P_ =  r_ 
q s

By q ^ l ,  J S l ,  (21) and (30), this implies also q=s. Thus in view of (23), 
and (32)

р__Л a ——
ra -----

q s \\q  ) ( s ) q s

V
=  1 0 1 - a - -  ----- 77 =  °

qQ sQ

in contradiction with (37), which proves (36). 
(36) implies that

(38) £ _ _ L
q s

\ps~qr\ :>r J_
_  qsqs

On the other hand, with respect to (22), (23), (24), (26) and (32), 

(39) f  p ) [ r ) p r= ----- a +  a -----S a — + a -----
\ q  ) \ s ) q s

rа -----
s=  101 +

(38) and (39) yield that

Thus by (24),

(40)

1

—  S  | 0 | + ^ -qs 2s q

s
1

2? |0| }/N.
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In view of (20), (34) and (40), we obtain from (35) that

inoDI <  7 ( ( y ) 1/2+ 2S1/2(logiV)1/2) =  7^*(logiVy/«(5^ ^ + 2 )  <

<7s1/2(logiV)l/2(l +2) =  21sl/2(log 7V)1/2 <  21 i - ^ U  (log iV)1/2 <  30
w ip p  q\p\ ’

and Lemma 6 is proved.

Lemma 7. Let N, p, q be integers, R, Q, a. real numbers such that 1, (p, q) =  1,

(41) 1 ^ R ^ q ^ Q ,

(42) Ö ^  N
and

(43) 

Then

(44)
lNYri

|г ( а ) |< 7 Ы  + i4 ( ß iog ^ ) i/2-

P roof. (41) and (43) im ply also

Thus with respect to (41) and (42), Lemma 4 yields that

174«) I <  7 ( ^  +  (jV1'2log<?)1'2+(«7l o g # /2)

-  7 ( ( f )  + (ß  logJV)1/2 +  (2  log iV)l/2j
which proves (44).

4. In this section, we estimate the function F{u) by using Roth’s method. 
Lemmas 8 and 9 follow trivially from the definitions of the functions A(x) 

and a(x).

Lemma 8. I f  x, у are positive integers such that x ^ y  then A (x )^A  {y).

Lemma 9. For any positive integer x,

— S  я (л:) =  1.

For any integer b and positive integers q, x, let A(byg)(x) denote the greatest 
number of integers that can be selected from b+q, b+2q, ..., b+xq  to form an 
.«/-set.
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L emma 10. For any integer b and positive integers q, x,

A m 2)(*) =  Л 00-
Proof. This follows trivially from the fact that the numbers b + uxq2, b + u2q2, 

. . . ,b + u kq2 form an л/ s e t  if and only if also the numbers щ , u2, ..., uk do.

L emma 11. For any positive integers x  and y, we have

(45) A (x  + y) ^  A(x) + A(y),

(46) A(xy) S  xA  (y),
(47) a(xy) S  a(y),

(48) a(x) ~  ^l+-^-jo(y).

P roof. Applying Lemma 10 with b=y, q=  1, we obtain that the greatest 
number of integers that can be selected from y+ 1 , y + 2 , ..., y + x  to form an s / s e t  
is ^A (x ) .  (45) follows easily from this fact.

(46) is a consequence of (45).
(47) can be obtained from (46) by dividing by xy.
Finally, by Lemma 8 and (46),

A(X) а  Л ( ( [ f ]  +  l ) , j  -  ( [ f ] + 1 )  -<00 a  ( f  +

Dividing by x, we obtain (48).

Lemma 12. Let q, t, N  be positive integers, p  integer, a, ß real numbers such that

(49)
Let

so that i f  (p, q) =  1
Fj

then

,50) A ( « ) = f (' ) J , 0 *) q = '
(o  fo r  q>  1

Then
(51) |F(a) —Fi(a)| =S (a ( t ) -a (N ))N + 2 a (t) tq 2(l +n\ß\ N) =  H(t, N, q, ß).

P roof. We are going to show at first that

(52) F(a) =  :4- 2 ” 2 2 e(ixuk) + e(a(t)tq2).
Í=1 7 = 1 j ^ u k < j+ tq 2 

uk = s (mod q2)

Let us investigate the coefficient of e(<xuk) on the right hand side.
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If tq2^ u k^ N  then we account e(auk) exactly tq2 times, namely for the follow
ing values of j :

j  = uk- t q 2+ 1, uk- t q 2 + 2, ..., uk.
Thus the coefficient of e(txuk) is

v - T - i

in this case (and its coefficient is the same on the left hand side).
If

(53) 1 S « t <  tq 2
then we account е(ошк) on the right of (52) for j  — 1, 2, uk, thus its coefficient is

(0 ^ ) u k-—9 <  tq*■—L  = 1 v ’ k tq2 n tq2

on the right and 1 on the left of (52). The numbers uk satisfying (53) form an ,.</-set 
thus in view of (46) in Lemma 11, their number is

S  A(tq2) s  A (t)q2 =  a(t)tq2.

These facts yield that, in fact, the error term in (52) is 6(a(t)tq2).
The term e(auk) in the inner sum in (52) can be rewritten in the following way:

e(ccuk) =  e [ ( ^ + ^ ) м*| =  е ( ~ )  =

=  e И  e(ßj)e(ß(uk- j ) )  =  e e(ßj)(l + 0(2* \ß(uk-j) \))  =
VI// '  7 '

=  e И  e(ßj) + 9(2n\ß(uk- j ) \ )  = e M  e(ßj) + Q(2n \ß\tq2)
' Ч ' ' Ч '

since \ик—j\~^tq2 in the inner sum, and

|e (y )- l | =  \e(y/2)-e(-y/2)\ =  |2 sin тгу| ^  2 |я у | =  2тг|у| 

for any real number y.
Thus the inner sum in (52) can be estimated in the following way:

(54) 2  e(auk) =  2  [e { ^ ] e (ß j )  + 0(2n\ß\tq2)} =
j^uk<j+tq2 j^uk-<j+tq2 V * 4 ' )
wk = s ( m o d < ? 2 )  wk = $ ( m o d g 2 )

=  \ e ( ^ ) e (ß j )+ 0 ( 2 n \ß \ tq 2)} 2  1
l  '  4  ' )  JSuk-zJ + tq*

uk = s{  m o d  q2)

Let us define the integer v by

v <  j  S. v + q2, v = s (mod#2).
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Then by Lemma 10,
2  1 ^ A (v,gl)( t ) ^  A(t) = a(t)t.

jSuk-eJ+lg‘
uk=s(modq2)

Thus if we define D{j, t, q, s) by

2  1 =  a ( t ) t - D ( j , t ,  q,s)
j^uk^ j  + tq2 
uk = s (mod q2)

then D ( j , t , q , s ) ^ 0. Putting this into (54):

2  e(«uk) =  \ e i — ) e(ßj) + 0(2n\ß\tq2) \ ( a ( t ) t - D ( j ,  t, q, sj) =
j^uk^ j  + tq2 V V 4 '  )
Mk = j(mod q2)

= e [ ^ ) e ( ß j ) ( a ( t ) t - D U ,  t, q, *» +  0(2я\ß\a(t)t2q2).

Thus (52) yields that

(55) F(a) — 2  2 { e ( ^ )  e(ß j) (a ( t) t-D (j ,  t, q, s)) + 9(2n\ß\a(t) t2q2)\ +
tq s~i ; = 1 1  v q > I

+ e(a(t)tq*) = 2  e № ) } [ 2  e m ) - ^  2  2  e [ ^ \e (ß j )D ( j ,U  q,s)q fs=i \ q / ) \ j = 1 /  iq 5= 1  j=i \ q ■>

+ 0 { ^ ' q 2'N-2n\ß\a(t) t2q2} +  0  ( « ( 0  tq2) =

=  2  2  Л ” ) e(ßj)D{j, t, q, s) + e(2n\ß\Na(t)tq2) + e(a(t)tqi).iq j=i j = 1 V q )
Putting here ot — ß = p = 0, we obtain that

A(N) = a ( t ) - N 2  2 D (h t, q, s) + 6(a(t)tq2).
Щ 5= 1  j=l

Hence

(56) 2  2 ű (/> и <7> s) -  a (0  ’ N — A(N)  +  a (/)tq2 =
= (a(t) — a{N))N+a(t)tq2.

With respect to (56), (55) yields that

l^ (a )-^ i(a )l =  A  2  2 D U,t, q, s) + 2n \ß\Na(t)tq2 +a(t)tq2 ^  
iq  5 = 1  j = l

S  (a(t) — a (N ))N + a (t) tq 2+2n \ß\Na(t)tq2 + a(t)tq2 =

= ( a ( t ) -a (N ) )  + 2a(t)tq2(l+Tt\ß\N)
which proves Lemma 12.

Acta Mailiematica Acaclemiae Scientiarum Hungaricae 31, 1078



ON  D IFFER EN C E SETS O F SEQUENCES OF INTEGERS. I 137

5. In this section, we are going to deduce a functional inequality for the function 
a(x), by investigating the integral E  defined in Section 2. This inequality will contain 
four parameters: t, N, R, Q whose values will be fixed later.

Lemma 13. Let t, N  be positive integers, R, Q real numbers such that

(57) N  e8,

(58) t/N,

(59) 1 R  ä  N 112/ log N,

(60)
Then
(61) a2(t)N 3/2 <  1260ű(í )(ű(i) —a(7V))./V3/2loglog N+

+  12 600 a2 (i) tN  (log N)1'2Q ~1/2 +

+ 1 20(a (t) -  a (TV))2 {7N3,2R312 log N+  201V2(log N )ll2Q~1,2R} +

+ 26000a2( í) /2{37V_1/2(Iog N )3 R11,2 + 2N2(\og N y ,2Q~3l2R3} +

+  140 a (t) {N3l2R~1/2 +  2 jV01/2(log 7V)1/2}.

P roof. Let us write

G(a) =  a(t) 2  eO )-
j = i

Then
1 1 1  

E =  f  \F(a)\2T(a) da = f  \G(a)\2T(a)da+ f  (\F(a)\2-\G(a)\2)T(a) da 
0 0 0

where E= 0  by (5). Hence

(62) f  |G(a)|2r(a )  da = -  f  (|F(a)|2-G(oe)|2) T (a) da.
0 0

Here

(63) f  \G(a)\2T(a)da =  f  ja(?) 2  e 0'a)) (a (0  Д  ^(-fea)) ( 2  Ф 2а)) da =

1
=  a2(t) f  2  e ( ( j - k  + z2)a)da = a2(t) 2  1-

о 1 S j , k s N  j - k  +  z a = 0
lSzS^N 1 — j= fe =; V

x -m z - s f N
If

(64)

(65)

N1 S z 2 ^  — — 1, z >  0,

, . N  ,
1 — 7 — f 1
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then the numbers j ,  k = j+ z2, z  satisfy the conditions

j  — k + z2 =  0, 1 S. j, к S  N, l á z i  Yn
since

/Щ  ^  í n  _ Y n  j N  j N  
-  2 -  2 4 -  4

* - l + z * * ( í + l )  +  ( £ - l ) - «

By (57), the number of the positive integers z  satisfying (64) is at least

[/Я - Ш] -
ГЛП N  .while (65) holds for I—j + l > — in tegers/ Thus (63) yields that

/ !  l/л ?  at 1
|G(a)|2r (a )d a  =  a2(i) 2  1 >  «2( 0 ~ 4  =  i f  *2«JV 3/2.

0 4  2  8
l S j . k S N
l S z s f N

To complete the proof of (61), we have to give an upper estimate for the right 
hand side of (62).

For q= l,  2, [Q] and p = 0 , 1 ,..., q —1, let

/  =  [ L __ L  JL +  J _ )
U  PQ' q qQ)

and let S denote the set of those real numbers a for which

— L <  a <  1 _  J_
Q Q

Ip.q for 1 S  q R, O ^ p ^ q - l ,  (p,q) = l.
holds and
(67)
Then

(68) | / ( |F ( a ) |2- |G ( a)P )r(a )d a | =
0

1 -1  IQ +1 IQ

= | f  ( |F (a )P -[G (a)|2) r ( a )d a | S  /  ||F (a)|2- |G (a)|2||T(a)| da + 
- 1 10  - 1  IQ

m
+  2  2  r | |F ( a ) M G ( a) |2||r (a ) |d a  +

q=2 l^ p^ q—1 J (p.q)=1 'p’i
+  J ” ||F(a)|2— |G(a)|2| |T(a)| da =  Ег + Ег+Ег. 

s

Let us estimate the term Ex a t first.
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For any complex numbers u, v, we have

(69) ||u|2-|t> |2| =  |ий—in5| =  |(м — v)ü + v(ü —ü)| S

^  |и—t>||ö| +  [t)||ü—ü| =  |m — u|( |u| +  |i>|) =  \u—ю|(|(и — t?) +  u| +  M) S
ё  |и — o |(|u—c|+2|i>|) =  \u—v\2+2\u—v\\v\.

Furthermore, applying Lemma 12 with p = 0, q=\,ac = ß, we have (a) =  G(a)
there, thus we obtain that
(70) |F (a)-G (a)|= S tf(f, Я, l,a).
(69) and (70) yield that

+ 1/0
(71) Et = f  ||JF(a)|2- |G (a ) |2||7’(a)|rfa

- I /O
+ 1/0 + 1/0

*5 /  lF(a) —G(a)|2|7Xa)| dcc+2 f  |F (a)-G (a)| |G(«)||r(a)[ doc s
-l/o -l/Q

+ 1/0 + 1/0
=S f  H 2(t, N, 1, a ) |r (a ) | doc + 2 f  # ( /, N, 1, a)|G(a)| |J(a)| doc = E; + 2E". 

- l /о -I/O
E[ will be estimated simultaneously with fs2; here we estimate only E'-[.

The function |G(a)| can be estimated by using Lemma 1. Furthermore, for 
|a |^ lo g  N/N, we use the trivial inequality

(72) |Г(а) =
M

2
M

s  2 1 =  M  ^  N 1/2,
Z = 1

while for logN/N<\oc\^l/Q (< l/2/N ,  by (60)), we apply Lemma 6. In this 
way, we obtain that

(73) Ei' <  f  { (а (0 -а (А г))Л ^ + 2 а(0 ф  +  я - -^ -я '|1 -а (Г )Я -Я 1/2^а +

+  /  { (а(/)-а (Я ))Я + 2а(0< (1  +  т г ) |а |^ } - а ( 0 ^ - 7 - ^ 1/2^а +
l/JV-=|*|SlogJV/IV ^ l a l

/ 1 / |ла AT\l/2
{(a(i) -  a (N))N+ 2a(t) t( l+  n) |a| Я} • a(t)—  ■ 30 - f r -  doc <

logN 7JV «= |a |S l/Q  '  ' a ' '

-= ^  {a(t)(a(t) -  a(N))N312+ 2a2(t) t-5-  N 3/2} +

+ y a ( t ) ( a ( t ) - a ( N ) ) N 3'2 f  -^-dcc + 2 . ^ i ^ L . a 2( t ) t - 5 - N 3l2 +
^  l/JV<|«|Slogif/Arla l I*

+  15a (0 (a (0 -« (A r))iV(logiV)i/2 /  j - L ^ a +
logJV/W-=|alSl/Q 1*1

+  30a2 (t) t • 5iV(log iV)1/2 f  j-Ldoc.
lo g lV / lV ^ |« |S l /0  'a '
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Here

/
1

da — 2 log log N,

and
logA//Â <|a|̂ l/Ö 1

l /N < ! a |^ lo g N /N  1
+  CO .

i a - 2 f  -г
log N/N “

(log TV) 1/2 _- A  N  V
l N ) (log TV/

1/2

I  j j p ^ * 2 / - ;L.da = 2.2(i),'' =
logJV/jV-c|«lsl/öl“ I 0 a

Thus with respect to (57), (60) and a ( t)^a (N )  (by (47) and (58)),
(74) E" <  2 a ( t) (a ( t ) -a (N ))N 3l2 + 2 0 a \ t) tN 1/2 +

+ a (t)(a(t)~ a (N ))N 3/2 log log N + 10a2(t)tN1/2 log N+
+  60a(t)(a (?) -  a (TV)) N 3'2+ 600a2 (t) tN(log N)1'2 Q ~1/2 <

<  63a (/) (a (r) — a (/V)) 7V3/2 log log TV+ 30a2 (i) riV1/2 log TV j  1 +  20 } S

== 63a (r) (a (t) -  a (7V))7V3/2 log log TV+ 630 a2(t) tTV(log N )1,2Q~l12.

Now we are going to estimate E[+ E%.
If 2^ q ^ Q ,  l ^ p ^ q —l then a£lpq implies that

„ „ 1 1 1 1 1
a  “  q qQ ~  q 2q 2q'

Thus for 2 ^ q ^ Q ,  l= P = q —l and (p, q)= \,  Lemmas 1 and 12 (where Fl (a) =  
in this case) and the trivial inequality (72) yield that

f  \\F(a)\2- \G (a)\2\ \T (a ) \d a ^  /  \F(a)\2\T{a)\da + f  \G(a)\2\T(a)\ da S
Ip,q Ip,q Ip,q

^  f  |T(a)|2 \ T{a)\da+ f  a2( t ) y  (2q)2N 1/2da =
'p,<
=  f  \F{a)\2\ T { a ) \ d a + ~ 2 a 2(t)q2N 1'2 ^

L  2qQ
^  /  H 2{t,N, q ,ß ) \T \£  + ß)\dß+a2(t)N i '2.

Qll/2 ‘

1/2  1

Hence

(75)

- 1/40

+ 110
e ;+ E 2^  f  H 2(t, TV, 1, a) |7 \a)| da + 

-I/O

+ 2  2  \ f 9Q H 2( t , N , q , ß ) \ T [ 2 + ß)\dß + a 4 t )N il2} ^
q=2 I S p S j - l  1-1%Q I '  q '\ >

(p.q) = l
Щ +]!qQ I ( V \|

^ 2  2  f  H 2( t ,N ,q ,ß ) \T \E -  + ß\\dß + a2( t)R 2N 112.
„= i o s p s ?~ l  _ í /eo  W  7

( p , 9) = i
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To estimate Ту—+ ß \ , we use Lemmas 5 and 6 for \ß\^log N/Naná log N /N < \ß \s

^1  /qQ, respectively. We obtain with respect to (57), (59) and (60) that (for q ^ R ,  
( p ,q )= i)

/  H \ t ,  N, q, ß ) \T \P- + ß \\dß  <
- l i e  I >\

+
logN /N -= |p |sl/«e

. /ЛК 1/2
f  {2{a{t)-a{N))2N 2+ \6 a 2{t)t2q \ \ + n 2ß2N 2)}2\ -  dß +

IPISlog iV/W

f  {2(a(t)-a (N ))2N 2+ l6 a 2(t)t2q \ l + n 2ß2N 2) \ 3 o ( ^ £ - ) ll~ dß <
cil-iW  J U l ^ l  J

< 2 ^ | ^ { 2 (а(0 - а ( ^ ) ) 2ЛГ2 + 1 6 а 2 (0 ^ ? 4 ( 1 +  я2 ^ ^ Л Г 8] | 2 1  +

+  60 (a (i) — a (TV))2 N2 (log iV)1/2 9 _ 1/2 /  |/?|-1/2d)S +
io g iv /iv -= ip is i / ie

+ f  480a2(O í2í 4-H ^2Ar2- í ^ f ^ ) 1/
lo g N /N -= |ß |S l/ iö  '  '

84 (a (f) -  a(A0)27V3/2 log N- q~1/2 +  32 • log N - N - 1/2a2( t) t2q7'2 - l l -  log2 N -21 +

X/9Ö
+  1 2 0 (a(/) — a (TV))2 N 2 (log iV) 1/2<7 ~ 1/2 f  ß~ll2dß +

0

V q Q

+  10560a2( í) í 2̂ 7/2iV2(logiV)1/2 f  ß3'2dß =
0

=  84(a(/)-a(A^))2jV3/2logiV- ^ “ 1/2 +  7392a2( i) i2^ - 1/2(logN f q ll2 +

+  1 2 0 (a(/) —n(iV))2 7V2 (logiV)1/20 ~ 1/2 • 2 (^0 _1/2+

since

+  \0560a2(t)t2q1,2N 2 (log N)1/2 • - i  {qQ)~512 =

= (a(i) — а (N))2 {84iV3/2 log N- q - 1'2+ 240N2(logN)ll2Q~ll2q - 1}+

+ a2( t ) t2 {7392N~112 (log N )3q7l2 + 4224N2 (log N)1,2Q -5/2q} 

( x + j ) 2 ^  2л;2+2у2
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for any real numbers x, y. Thus (75) yields with respect to (57) and (59) that 

(76)
1*1 9 - 1 ,

E{ + Et < 2  2  {(я(f) — я(Л0)2(84TV3/2 log TV• #~1/2 +  2407V2 (log 7V)1/2Q~ll2q~1)-\-
9=1 P—0

+ a2( t) t2(7392N-1/2(logN)3q7/2+4224N2(logN)1/2Q - 5,2q)} + a2(t)R 2N ll2<

[Я] ,
<  2  {(«(0  -  a(A0)2(84jV3/2 log TV-q112 +  2407V2 (log 7V)1/2ß “ 1/2) +

q= 1

+  a 2( t ) /2(73927V_1/2 (log 7V)V/2 + 42247V2 (log tf)1/2ß ~ s/V )}  +
+ a 2(i )(7V1/2/log 7V)27V1/2 ^

=s (a ( t) -  a (TV))2 {847V3/2Rw  log 7V+ 2407V2 (log 7V)1/2ß -1/2 R} +

+ u2( i ) /2{73927V~1/2(log TV)3 F n/2 +  42247V2 (log N )1/2Q - &I2R3} + ^ -  a2(/)7V3/2.64
Finally, in order to estimate E3, we use Lemma 7. Namely, if a £ S  then there 

exist integers p, q such that

1 — <7 — ß> 0 S p S ? - l ,  (jP, ?) =  1
and

by (67), 9  satisfies also R<q. Thus (41) and (43) in Lemma 7 hold (and also (42) 
holds by (60)). Hence, Lemma 7 yields that

(7V)1/2sup |r(« )| ^  7 -  + 1 4 (ß  log 7V)1/2.
XÍS \Rs

Thus we obtain applying Parseval’s formula that 

(77) E3 = / | |Я а ) | 2- |(7 (а )|2| |Г ( а ) |^ а ^
s

^  sup | 7 » | ( /  |F(a)|2da +  /  |G(a)|2da) <
a€S s s

1 1
<  {7N1,2R ~ 1/2 +  14ß1/2(log 7V)1/2} ( J  |F(a)|2 da+ f  |G(a)|2<fa) =

0 0
=  {7N1,2R~1,2+14 g 1/2 (log 7V)1/2} (Л (TV) +  a2 (/) TV) =

=  {7N1/2R~112 + 14 ß 1/2 (log TV)1/2}(a (TV)TV+ a2(t)N) S  

^  {7N1,2R~1/2+ 14ß1/2(log7V)1/2}(a(t)TV+a(t)TV) =
=  a (t){l4N3'2R - lf2 + 2SNQ112 (log TV)1'2} 

by Lemma 9 and since a (N )^a ( t)  by (47) in Lemma 11 and (58).
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Collecting the results (62), (66), (68), (71), (74), (76) and (77) together, we 
obtain that

I 1
-  a2(t)N 3/2 <  f  \G(<x)\2T (a )d o t^ E 1 + E2 + E3 ^
8 о

(Ei +  2E")+ E2 + Es = 2E" + (EÍ +E2) + E3 <

< 1 2 6  a (t) (a ( t ) - a  (TV)) TV3/2 log log TV+1 260a2(t) f TV( log TV)1/2 ß  ~1/2 +

+  (a (0  -  a (TV))2 {84TV3/2 T?3/2 log TV+ 240TV2 (log TV)1/2 ß  - 1'2 7?} +
+  a2( t) i2{7392TV-1/2(IogTV)3Än/2 +  4224TV2(logTV)1/2ß - s'2JR3}+

+  i -  a2(ir)TV3/2 +  a (f){14N3/2R~1/2 +  28TVß1/2 (log TV)1/2}. 64

Subtracting a2(t)N 312 and then multiplying by 64 (НгГ-(Г-£-*
we obtain that

a2(i)TV3/2 <  1260a (/) (a (i) — a (TV))3/2 log log TV+12600a2 (f) Г TV (log TV)1/2ß -1/2 + 

+  120(a ( t ) - a  (N))2{1N3I2R312 log TV+ 20 N 2 (log N)1'2Q - ll2R} +

+  26000a2 (f) i2{3TV~1/2 (log TV)37?11/2 +  2TV2 (log TV)1/2ß - 5/2.R3} +

+  140a (t){N3l2R~1/2+2NQ112 (log TV)1' 2} 

which proves Lemma 13.

6. In this section, we are going to simplify the functional inequality given 
in Lemma 13. It can be shown that we obtain the best possible estimate for a(jc) 
in the case when the order of magnitude of the product QR  is TV/log TV; thus we 
choose

Furthermore, we put

Then

1
log TV'

s
TV
Q '

R  log TV'

The inequalities (59) and (60) can be rewritten in form

TV1'2
1 =2

(78)

log TV log TV’

log TV ^  s á  TV1'2
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and

(79)

2ДД/2 <  11 
s

N
log N ’

■N112: log N,

respectively. (79) implies (78) thus it suffices to assume that (79) holds. 
Finally, if we divide (61) by N sl2 then we obtain that

a2(t) <  1260a(t)(a(t) — a (TV)) log log TV+12600a2 (i) /■ ~1 s1/2 (log TV)1/2 +

+  120 (a (t) -  a (N))2{7s312 (log TV)~1/2 +  20s3/2 (log TV) ~1/2}+

+  26000a2 (/) r _ 2 {3s11/2 (logTV)~5/2 +  2s11/2 (log Л0“ 5/2} +
+  140a (i) (s ~1/2 (log TV)1/2 +  2s ~1/2 (log Л̂ )1/2} <

<  1260a (t) (a (t) — a(N)) log log TV+

+  130000a2(/) { r -xs1/2 (log iV)1/2 +  r - 2s11/2 (log Л/)~5/2}+
+  3240(a (i) -  a (vV))2.s3/2(log Л0“ 1/2 +  420a ( /)s -1/2 (log TV)1/2.

Thus we have proved the following

Lemma 14. Let t, TV, r be positive integers, s a real number such that

(80) TV ^  e8,

(81) TV = tr,

(82) log J V S s < - ^  N 1/2.

Then
(83) a2(t) -= 1260a(i)(a(i) — a (TV)) log log TV+

+  130000 a2 (<) {r - 1 s1/2 (log Л/)1/2 +  r  - 2 s11/2 (log TV) ~ 5/2} +

+  3240 (a ( t ) - a  (TV))2 s3/2 (log TV)"1/2 +  420a (t) s~1/2 (log TV)1/2.

7. In this section, we are going to complete the proof of our theorem by showing 
that the functional inequality given in Lemma 14 implies (2).

Let us put

q>{x) = (log log x)2/3 
(log x)1/3

for x ^ 3 . Furthermore, for L = 3 ,4 , ..., let us define the sequence 31(L) = {b1, b2, ...} 
by the following recursion: let bx—L, and for k —1 , 2 , . . . ,  let

bk+1 = bk [4 • 1022(<p(bt))_ 11/2 (log bk)3/2].

Obviously, (<p(x))_1->- +  °° as x-+ + °°. Thus there exists a real number X 0
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such that (<p(x))-1> l  for x ^ X 0. Let us put / 4 = max {X0, 3}. Then we obtain 
(by straight induction) that for L ^ L X,

(84) ^S±L =  [4 • 1022(<p(b* ) ) ~ u / 2  (log b*)3/2] >  [4 • 1022 • 1 • 1] =  4 • 1022 >  1.
Ok

Hence
(85) L — bk <  b2 -= b3 < . . .  (for L = L^).

We are going to show (by straight induction, using Lemma 14) that if L is 
large enough then for k  —1 , 2 , ...,

(86) a(bk) Ш -^ д -(р (Ь к).

For k=  1, the right hand side of (8 6 ) is

1
H Q

•ффк) =
<P(Q

•4>{bi) =
1

<P(Q • Ф {Q = 1

thus in this case, (8 6 ) holds trivially by Lemma 9.
Let us suppose now that (8 6 ) holds for some positive integer k. We have to 

show that this implies also

(87) a(bk + l) 5 \p(L) <РФк + 1Ь 
Let us suppose indirectly that

(8 8 ) a(bk+1) >  (p{~L)

By the construction of the sequence 33(Q,

(89) bk/bk+1.
Hence,
(90) a (bk) S  a(bk+1) 

by (47) in Lemma 11.
We are going to show that for sufficiently large L, Lemma 14 is applicable 

with t —bk, N=bk+1,

r = N/t = bk+1/bk = [4 • 1022(<p(b* ) ) ~ l l / 2  (log ht)3/2], 

s = 5 • 10e(a(b*))~2log bk+1 =  5 • 10e(a(i))~2 logiV.

Then by (85),
(91) N > t s = L  (for L & L J .

Thus (80) holds for L^m ax {e8, Lj}.
(81) holds by the definitions of N, t ,r  and 33 (L).
By Lemma 9,

s =  5 • 10e(a(b4) ) - 2  log N  ^  5 • 10° log N  >  log N.
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Finally, we have to prove that

s < 4 ? N 1/2.2
With respect to (84), (88) and (89),

(92) s =  5 • 106(a(bfr))~2log bk+1 ^

3S 5-106(a(h t+1))_2logb* + 1 ^ 5 - 1 0 6^ ^ y ( p ( h t+1)j logЬк+1Ш

(log N f 135 • 106(<p(bt+1))~2loght+1 =  5 .10e(<?>(^))-2logiV = 5 • 106

for L Ш Lx & Xu. Thus it suffices to  show that
(log logiV)4/3

5 • 106 (log N f 13 
(log log N)i/3 2 * “ '

But this holds trivially for large N, i.e. for L ^ L 2 (in view of (91)).
Thus Lemma 14 is applicable and it yields that (83) holds. To deduce a con

tradiction from (83), we have to estimate r and a(t) — a(N) (in terms of a(t) and N). 
Obviously,

N  bk
(93) J k + 1

= [4 • 1022(ф (Ьл))—11/2 (log b*)s/2] =

=  [4 • 1022 ((jo (/ )) “ 11/2 (log /)3/2]  =  [ 4 .102f ^ r j  11/2(Iog 0 3/2](log /)1/3

=  f / | -  1Q22 (logQ10/3 1 ^ . 1 Q M  (lOgQ10/3 L (log log 0U/3J (log log /)u(log log 0 11/3
and with respect to (84), 

(94) r =  j  =  [4 .  IQ«. I
(loglog/)11/3J 2 •  1022 •

(log/)10/3
(log log /)11/3

In view of (91), (93) and (94) imply that for L ^ L 3,

(for L ^  L2).

(95) (0 < )  log r =  log N —log / =

=  ^ • lo g lo g / + 0 (l)-log (4 - lO22) +  0 log log log /j <  

<  4 log log / (for L  ^  L 3)
hence for L ^ L 4,

(96) log / >  log N —4 log log / >  log A1—4 log logIV >

>  у  log N  (for L  s  L4)
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and for

(97) log log t >  log log Tv) =  log log TV— log 2 >  ~  log log TV (for L S  Ls). 

(86), (88), (91), (95), (96) and (97) yield that for L ^ L 6,

<p(t)

a(t)

(log r)1/3 ((log log /)2/3 (log log TV)2/3)
(log log t)213 l (log r)1/3 (log TV)1/3 J

(log t)113 1( (log log TV)2/3

(• j  log log Tvj
|2/3 Ii (log t)1/3

= 2a (t) 

2 a(t)

(log N )us )

2 (log 0 1/3 jy)2/3 (log ̂ ) 1/3—(log O113 =
( )  (log log TV)2/3 U 8 g ’ (log 0 1/3 (log 7V)1/3

_______________ log TV—logt_______________
(log jV)1/3((log TV)2/3+(log TVlog i)1/3+(log t)2/3)

4 log logt 8 _/i4 log log TV8
(logTV)1/3 • 3 (logt)2/3 ^  3 a(t) ( 1 'l2/3

(log Л01/3 [-J logTV)

6a (0 log log TV
log TV

By (88), (90), (91), (92), (94), (96) and (98), (83) implies that for L ^ L 7, 

a2( í ) <  1260a (?) ■ 6a (t) lQf  l0^;V • log log TV+log TV

+ 130000„-(,){2-. Ю - ^ , ; Г Ф - 1» ( l o X w ' - Г

+

(log log .-V)4/3.

f2 -1 10-22 (logl° g?)U/t  i5 . 10s (l0gjV)5/3~)11/2. (log 7V)-5/4  +  Г (log í)10/3 J Г U (loglogTvH  U° g7VJ Г

(log i)10/3

)u

(log 0 10/3 

3g lc 
log

(loglogiV)4''3

+  324о[ба(г)1°1ёо1° у / ] (5 • 106(a(i))-2 logTV)3/2(log TV)“ 1/2 +

7560 (log log TV)2
+ 420a(/)(5 • 10e(a(/))_2log TV)“1/2 (logTV)1/2

(log log TV)11/3

log TV a 2( 0  +

130- 103a2(0 io- \ м / з

j  !°g N )

■ 3 .1 Q3 (lQg ^ ) 4/3._ +  
(log log N )2'3
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+  2 - 2 . 1 0 - 4 4 (log log N )22/3 • 51/2 • 5s • 1033 (log AQ20/3 
(log log N )22'3

+  4 • 103 • 36 • a2(t) a °f0g ^ ' ^  ’ 1251/2 • 109(a (t))~3 log N+  

+ (212 • 22 • 102/500 • 22 • 102 • 25)1/2a2(0  <

4  a2(í) +  a2(t) Í 130 • 10-16 • 27'3 • 3 • (1°8-1о* У  +  130 • IO"8 • 2~2 • 27 • 3 • 5s} +  
10 l (log Л02 J

+  >44 ■ 10- • 1 2 4 - ( 0 •  s f » W  

<  1^ e 2(0 + e * (0  { j^  +  3 9 0 .10~3}+ 2  •10l5a2(t)cp3(L) +  i - a 2(í) <

<  ^ a 2(0  +  a2( 0  ( j^  + j ) + y  a2( 0 + y  a2(í) =  2a2(i)

provided that

2-1015<p3(L) < y ,  <p(L) <  10-16/3

but this holds for Z.=L8.
Thus for large L, the indirect assumption (88) leads to the contradiction a1 (t) <  

< a 2(i) which proves (86).
Finally, if x  is a positive integer satisfying x ^ b k—L, then there exists a positive 

integer к  such that bk^ x < b k + 1. By (48) in Lemma 11, (86) implies that

(99) a(x) " - 2 -------
-  <p(L) <P(bk)  =£

л 1 (log log hfc)2/3 ,, 1 (log log x)2̂3
'<p{L)‘ ( lo g bk)113 -  "<p{L) " (logh*)1/3 '

With respect to (96),

log bk >  ^ lo g  bk+1^ ~ \ o g x .

Thus we obtain from (99) that

( 100)
. 2 (log log x)2/3 4 (loglogx)2/3

a{x) -  W )  ’ П  log V/3 “  Н Ц  ' (log x f ’3
(for x  L)

which completes the proof of our theorem.
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We remark that L  can be chosen as the least positive integer L  satisfying 
£ s { e 8, Ly, L2, , Lg). All the constants L x, L2, ..., La are explicitly computable
thus also the constants in (100) are explicitly computable.

8. In Part II of this series, we will give a lower estimate for a(x).
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ON ADDITIVE FUNCTIONS WHICH ARE MONOTONE
ON A „RARE” SET

By
R. FREUD (Budapest)

1. Throughout this paper /  g and h denote additive arithmetical functions, 
A is a subsequence of the natural numbers, formed of the elements a1< a 2< a 3< . . . ,  
and t(n) is a non-decreasing function tending to infinity.

Erdős has proved in [2], that if / i s  monotone, then /= c *  lo g n. Birch [1] 
and K átai [3] have shown that the same holds if /  is monotone on a set having 
upper density 1. Many other papers have also dealt with similar types of charac
terization of the log n function (see e.g. [4]—[8]).

Recently I asked the following question:
How “rare” can we choose a suitable set A so, that if

(1) /  is monotone on A, 
then we still have
(2) / = c * l o g n ?

I have proved the following (see Theorem l/II):
To any ak with lim inf at =  l we can construct an A, for which

(3)
holds, and (1) implies (2).

I conjectured that with lim inf ak >  1 this is already impossible. E rdős has 
verified this by the following counterexample:

If lim inf - ak D >  1, i.e. with a suitable d>  1 we have ak ■d for all

k, then /= lo g n + g  is still monotone on A, if g is bounded; |g(n)|- logűf since

f ( a k+1) - f ( a k) = log^ ±  + g(ak+1) - g ( a k) >  log d  + g(ak+1) ~  g(ak).
a k

(Later A. S chinzel  informed me that independently Z. N o w ack i has also proved 
the same as E rdős — his result is unpublished.)

Erdős asked, whether his counterexample is the only possible type of “irregular
ity” , i.e. is it true that if the ak are “not too large” , then we can find an A, for which
(3) holds, and (1) implies
(4) /  =  c-log n+g, where g is bounded.

In what follows we answer the question of Erdős (Theorem 2/II) and also 
give some generalizations. Several questions still remain open.
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2. First we restate the original problem:

Theorem 1. I. Assume that (1) implies (2). Then lim inf Uk+l- =  1.
@k

II. To any ak with lim inf x)t=  1 we can construct an A, for which (3) holds 
and (1) implies (2).

P ro o f. We gave the proof of I in the introduction, and so now deal only with II.

By assumption, to every и we can find an i„ with otin

(5) in+1^ i„  + 2 for all n.
We define now A :

H — . We may assume n

_  \n ■ v„ for i = i„ 
a‘ +  for i = i„ + 1,

where (vn, n - ( n+l ) ) =\ ,  — thus (3) holds for k=i„ — , and the v„ and all the 
other at are defined so that (3) should be valid for all k.

By (1) we have /( (и  +  1)-ип) ^ / ( и . vn), i.e. / ( л  +  1 )ё/(л ), and so using the 
classical result of Erdős [2] we conclude (2).

Next we examine the characterization of the functions f —c-\ogn+ g  where 
g is bounded :

Theorem 2. I. Assume that (1) implies (4). Then lim inf °к + х < ° ° .
®k

II. To any ak with lim inf <хл< ° °  we can construct an A, for which (3) holds 
and (1) implies (4).

P roof. I. Indirectly, assume

>  e* (<»*>.
ak

Put / — log n + h, where h(2s) = t(2s), and h(ps) = 0 for all the other prime powers 
P s . Then 0 ^ h ( n ) ^ t ( n )  for all n .

Obviously (4) cannot hold, but (1) is valid:

/(űfc+i)-/(a*) S  l o g - ^ i l - A  (ak) >  t (ak) —h (ak) =  u. ak
II. By the assumption we can find an L and natural numbers /1< /2< /3< ... 

with at j ^ L .  Again, we may assume (5).
Let p and q be two primes, p > 2 L  and q>p2. We define A in the following 

way:
n-v„ for i = l 3 n - 2
(n + l ) -vn-p for i = 1 to +

(n +  l)-u„ for i = l 3 n - l
n-u„-p for i = 'зи -1+  1
pn+1-tn for i = hn
Vn-K-d for i = hn + 1 >

where (v„, p • n ■ (n+l))=^(un, p  • n • (n+l))=(t„, pq)= \.
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Now (3) holds for k = ij ,  j =  1,2, .... If we choose vn,u n, tn and the other at 
large enough, then (3) is valid for all k.

Assume now (1).
Case (i): p  f n • (n +1). Using

f ( (n  + l ) -v n- p ) ^ f ( n - v n) and +
we obtain

- f (p ) =§/(n +  l ) - / ( n )  S /(p ) .
Case (ii): p\n, n= ps • r, (r,p)— 1. Using /((л + 1 ) • v„-p)^f(n  • vn) we obtain 

— as before —
f ( n + \ ) - f ( n ) ^ - f ( p ) .

The other inequality: f ( n  • un-p) S f ( ( n  +1) • u„) now implies f ( n - p ) ^ f ( n  + 1). 
Here f ( n - p ) = f ( p s+1) - f  (ps)+f(n), and so

f ( n +  1)—/  (и) —f ( p S + 1)—f ( p S)-
But f ( p s+1-ts) ^ f ( p s-ts-q), i.e. f ( p s+1) - f ( p s) ^ f (q ) ,  and hence f ( n + 1 )-  

- f ( n ) S f ( q ) .

Case (iii): р |и+1. Similarly to Case (ii) we obtain 
- f ( q )  ^ f ( n + X ) - f ( n ) ^ f ( p ) .

Thus we have proved that /  (и + 1)—/ (n) is bounded. By a famous theorem of W ir
sing [7] we conclude (4).

Generalizing the problem we now prove

Theorem 3. Assume that (1) implies

(6) /  =  c • log n +g, where g(n) = o (t(n)).
Then

(7) liminf - Ц —  -  0.v '  ak • e't“*)

Remark. We obtain Theorem 2/1 as a corollary of Theorem 3. The proof is 
similar to that of Theorem 2/1.

Assume indirectly that

ak
if к is large enough (D >0), i.e.

(8) ü * ± i>
ak

for all к with a suitable d > 0. Put / —log n + h, where A(2s) =  • I(2s) if t (2s)>

> — 2 -logt/, and A(ps)= 0  for all the other prime powers ps. Obviously O ^ h (n )^
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Now (6) does not hold, but (1) is valid:

f ( ak+1) - f ( a k) *  log£ ± ± L -h (a k) t(ak) + lo g d -h (a k) >  0.

Concerning Theorem 3 we cannot prove anything in the opposite direction.

3. We examine now the situation for completely additive functions. From 
now on f  g and h are completely additive.

Theorem 4. I. Assume that (1) implies (2). Then lim inf j ; j.e. putting
ak+i =  (akYk, we have lim inf ck= \ .  ük

II. To any v.k with lim inf ak =  1 we can construct an A for which

(9)
holds, and (1) implies (2).

log ak

Proof. I. Indirectly, assume th a t ak+1 >(ak)1 + D with D >0, if к  is large enough. 
Then ak+l>(ak)1+d with a suitable d > 0 for all k. Put f= \o g n  + h where h{2) — 
-  d • log 2, and h(p)= 0 for the other primes p. Obviously 0^/;(«) = d- log n. 

Then

f ( a k + 1) - f ( a k) == l o g - ^ - ~h(ak) >  d - logak~h(ak) ё  0,
ak

thus (1) holds, bu t (2) is false, of course.
II. By the assumption, to every 1 we can find an i„ with

log (n +1) 
log n

Again assuming (5), we define A  in the following way:

(nK" for i = i„
(n +  l)Kn for i = i „+ l  ( , ?>l )

so (9) is valid for k=i„, and if  we choose Kn and the other at large enough, then
(9) holds for all k.

By (1).
/(п *ч )^ / ( ( „  +  !)«„), i.e. /(*)== Ди + 1),

and we infer (2) using the theorem of Erdős. 

Theorem 5. I. Assume that (1) implies

( 10)

Then lim inf log «о
log a*

f (n )  = 0  (log n).

:oo, i.e. putting ak + 1 — (ak)ck, we have lim inf ck ■

II. To any cck with lim infafc< °°  we can construct an A for  which (9) holds, 
and (1) implies (10).
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Proof. I. Indirectly, assume °k+1 Put /= lo g  n+h, where h(p) =

=  i(p)*logp for all primes p. Then (10) is clearly false.
On the other hand we have 0 ^h (n )^ t (n )  • log n, and so we obtain (1) in 

the usual way.
II. By assumption, we can find an L  and natural numbers г'х <  / 2 <  < ...  with 

We may assume (5).
Let p be a prime, p >  2 -e L. We take

nKn for i =  i2ll_1 
{ (n + l)-p [2-,og,,]}K" for i = i2„-i+ l  

”  (n +  l) r " for i = i2„
{n • pt2'Iogn]}7k for i =  i2n + 1

(n >  1).

Now (9) holds for k= ij t j = 3, 4, ... and if we take Kn, T„ and the other ai large 
enough, then (9) holds for all k.

Assuming (1) we have

/(n K") ^ /({ (n  +  1) • р[2' |08п]}А-.) and /((n  +  l)T") S f ( { n  • p[2 Iog"]}rn)

and so
\f(n4-1 )-/(« ) | ^  [2• logn]-/(p) <  C-logn.

Using a very recent result of W irsing [8 ], we obtain (10). 
For the general case we have

Theorem 6. Assume that (1) implies

(1 1 ) f (n )  = o(t(n)),

where u(n) = t(n) is non-decreasing and tends to infinity.
log n

Then (7) holds.

R emark. Theorem 5/1 is a corollary of Theorem 6.

Proof. We argue indirectly. Then we may assume (8 ).
Put /= lo g n + /i , where h (p )= ^ -u (p ) - lo g p  = ~ - t(p ) ,  if t(p)=~— 2-\ogd, 

and h(p) = 0 for the other primes p. Clearly, (11) is false, while using

0  ^  h{ri) ^ y - u ( n ) - lo g n  = \ - t { n )  

we obtain (1) in the usual way.
In the opposite direction we can prove only a considerably weaker result. 

Theorem 7. We can construct an A for which

(12) afc + 1> 4 ° glogl°ga* 
holds, and (1) implies
(13) /(« ) =  О (log3 n).
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R e m a r k . The “converse” of Theorem 6 for this case would be 

f in )  =  о (log n • log log log n).

We sketch the proof. Put

f nK" for i =  2 n — 1

Ui =  l((n + 1) • 2 S-.)K„ for i =  2 n ^

To guarantee (12) we take the minimal possible K„ and s„, successively. Hence

(14) ^ +i ~ 4 og,ogl084  
and a simple calculation shows that (14) implies

(15) a,=  0(. 2‘‘).
Returning to (12), we require

or
(nKnyo Slogtog(nK*) ((n + 1) . 2s»)A'n, 

2 Sn ^  n logloglog(r.Kn)

or
s„ % log n • log log log (M o

using (15) we obtain s„  =  О (log2 ri) or

(16) / ( 2 4  =  О (log2 ,0-
Assume now (1). Then

/(( '> + !) • 2 s") ^ / in), 
i.e.
(17) / ( n + l ) - / ( n ) S - / ( 2 4
From (16) and (17) we can easily deduce (13).
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ANALYTIC FUNCTIONS OF PRESPECTRAL 
OPERATORS
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1. Introduction

Analytic functions of unbounded spectral operators were studied first by B a d e  
in [1], then investigated further in [4; XVIII. 2]. Palmer [11] defined the integral 
of a Borel measurable complex function with respect to a (7-countabiy additive 
spectral measure, and the notion of (unbounded) scalar type operators of class G. 
The definition and the proof of the uniqueness of the resolution of the identity 
(in class G) of closed prespectral operators were given by the author [8], the latter 
one extending an important result due to D o w so n  [3] in the bounded case.

The purpose of this paper is to generalize results in [4; XVIII. 2] to the case 
of unbounded prespectral operators. This will be achieved by using the E*G topol
ogy, introduced by Palmer [11], for the definition of the operator f (T ) .  Given 
a prespectral operator T  and a suitable holomorphic function / ,  we first define 
f ( T ) in terms of a fixed resolution of the identity E  of class G for T, then prove 
that /  (T ) is independent of E  (which is unique, as a rule, only in class G, cf. F ix m a n  
[5; pp. 1035—6 ]). We show that a scalar type operator of class G in Palmer’s sense 
is prespectral of class G, and if it is also prespectral of class Gx, then it is also scalar 
of class Gj. If T  is spectral, then for the definition of / (T) we can use the X* as 
well as the norm topology of X, and f ( T ) * = f  (T*). After proving that a closed 
prespectral operator is also E* G-closed, we give a characterization of prespectral 
operators, extending a result due to N el [10].

The proofs of several results are straightforward generalizations of respective 
proofs in [4; XVIII. 2], by virtue of earlier results in the theory of prespectral opera
tors. These proofs will be omitted and only the respective results will be indicated. 2

2. Terminology and notations

Suppose X  is a complex Banach space with norm | . | and adjoint space X*. 
If T  is a closed linear operator with domain D(T)<zX into X,  then r(T) denotes 
its resolvent set, s (T ) its spectrum, and se(T) its extended spectrum, i.e. se(T)= s(T)  
if T  belongs to B(X),  the Banach algebra of bounded linear operators from X  into 
X, and i e(7’)=s'(7’)U{=°} otherwise. The graph of T  is denoted by G(T), and 
the space of bounded linear operators from X  into another Banach space Y  by 
B(X, Y). If Z  is a subspace of X, then Z° denotes the annihilator of Z  in X*, i.e. 
Z°= {x*£X*; x*(z) = 0 for each z£Z}, and T \Z  denotes the restriction of T  to 
D{T)C\Z. The complex plane is denoted by C, the er-field of its Borel subsets by 
B, and if b£B, then h, b° and bc denote its closure, interior and C \b ,  respectively. 
The domain of a complex function /  is denoted by dom (/) , and “f  is holomorphic”
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or, equivalently, “ /  is analytic” will imply that /  is single-valued, but not that 
dom ( / )  is connected.

A linear manifold GczX* is said to be total if, for any x£X, x* x = 0  for all 
x* in G implies x= 0. If G is total, a spectral measure of class G in B(X) with domain 
(S , Z) is a homomorphic mapping E  from a Boolean algebra Z  of subsets of a set 
S  into a uniformly bounded Boolean algebra of projections in B(X), for which 
E ( S ) —I  and x * E ( • )x  is countably additive for each (x*, x) in GXX. We will 
omit (S , Z) if it is identical with (С, B), and B(X)  if no misunderstanding can arise. 
The subspace E(e)X  will sometimes be denoted by Xe.

A  prespectral operator T  of class G is a closed linear operator from D ( T ) c X  
into X  for which there exists a spectral measure E of class G such that

1) if bdB  is bounded, then D(T)z) E(b)X,
2) for each eCB, we have E(e) TrzTE(e),
3) for each e(LB, s(T\E(e)X)(ze.

The spectral measure E  is called a resolution of the identity (of class G) for T. The 
operator T  is called prespectral if it is prespectral of some class G. Note that the 
adjoint of E{e) will be denoted by E*(e), and the restriction of E to a subspace 
Y= E(e)X  by E\Y.

Now we fix a spectral measure E  of class G in B(X) with domain (S, Z ) where 
Z  is a ff-field, and recall some definitions and results due to Palmer [11; pp. 407— 
408]. The set of all operators in B(X)  which commute with each E(e), e£Z ,  will 
be denoted by E c. The E*G  topology of X  is the weak topology determined on 
X  by the total set of all finite linear combinations of functionals of the form T*y*, 
where T £ E C and y*£G. Note that the E*G  topology is not stronger than the X* 
topology of X, but not weaker than the G topology of X. The net {xa} converges 
to x in the E*G  topology, in notation

E*G —lim x a = x,a
if and only if y* Txa-~y* Tx  for every T £ E C and y*£G. Hence if T£EC, then T 
is a continuous operator in the E*G  topology. A net {Ta} converges to T  in the 
E*G operator topology of B(X)  if and only if Tax-*Tx  in the E*G topology 
for each x£X.  The spectral measure E  is countably additive not only in the G but 
also in the E*G operator topology.

3. The operational calculus

Lemma 1. Suppose E is a spectral measure o f  class G which is defined on a o- 
field Z  o f  subsets o f  a set S, and that the family Z 0a Z  contains the union o f  every 
finite collection o f  its elements as well as each e £ Z  for which ecfc  for some b y Z a. 
Let Q0 be a linear operator with domain (£>„) — |J  E(b)X  and such that b £ Z 0

b £ Z 0
implies E(b)QaczQf)E(b) and Q0E(b)£Ec. Suppose there is an increasing sequence 

{bn} in Zg for which 7>„j — and define

D(Q) =  {x€3f; E *G — lim Q0E (bn)x  =  y(x) exists],
П-*-оо

Qx =  y(x) for  xiD(Q).
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Then D(Q0) is E*G-dense in X, and the linear operator Q is the minimal E* G-closed 
extension o f  Q0. Hence Q is closed in the norm topology o f  X  and is independent o f  the 
choice o f  the sequence {b„}.

P r o o f . Since x = E * G — lim E(bn)x  for every xdX , D(Q0) is E* G'-dense in
П oo

X. If ydL>(Q0), then Q0E(bn)y=E(bn)Q 0y  by assumption, hence Q z d  Q„. The 
operator Q is clearly linear, and for each b£Z0 and x£_X we have QE{b)x= 
= Q0E(b)x.

If zdD(Q) and b£Z, then

E*G — lim Q0E(b„)E(b)z =  E *G — lim E(b)Q0E(bn)z = E(b)Qz
П-*-оо Л с о

exists, since Q0E(bn)d E c and E(b) is E* 6 '-continuous. Hence E(b)QczQE{b). 
Suppose now that the net {xa} is part of D(Q) and that

E* G—lim xa — x, E*G — lim Qxa = y.a a

By our preceding remarks we then obtain for each n

QoE(b„)x = E * G -l im  Q0E(bn)x a = E* G -l im  E(b„)Qxa = E(bn)y.a a
From this we conclude that

E * G -  lim QoE(bn)x  =  E * G -  lim E(bn)y  = у
Л-р-оо n -*■ <x>

exists, hence Qx=y  and Q is £* G-closed, thus closed in the norm topology of X. 
Finally, xdD{Q) implies

E*G— lim E(b„)x = x  and E*G— lim Q0E(bn)x  = Qx,П—*~ 00 П 00

hence (x, Qx) belongs to the closure of G (Q0) with respect to the product of the 
E* G topologies. Thus the proof is complete.

The set of all operators in B(X) which commute with each operator in Ec 
will be denoted by E cc. Since the set H={E(e); e£Z} is abelian, we have Я с  
c .E ccczEc, hence every operator in E cc is £'*G-continuous. Thus we have the 
following

C o ro lla ry . I f  T d E cc, then under the conditions o f  Lemma 1 we have Q T zd TQ. 
P ro o f . If x£D(Q), then

E*G - l im  Q0E(bn)Tx = E *G — lim TQ0E{bn) x  =  TQx
П-+00 П-+00

exists by the preceding remarks. Hence QTx=TQx.
Now we will define certain holomorphic functions of (possibly unbounded) 

prespectral operators of class G, and thus extend Definition 8  of [4; XVIII. 2]. 
If T  is a prespectral operator of class G, then it has a unique resolution of the identity 
E of class G, by [8 ; Theorem 1]. We will say that the complex function /  belongs 
to the class A (T) if /  is holomorphic on an open subset U of the complex plane 
C for which E (s (T ) \U )= 0 .  If b is a bounded Borel set such that E d  U, then 
T\E{b)XdB(Xb) and s(T\E(b)X)cz U, by [8 ; Lemma 1]. The Dunford—Taylor
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operational calculus then defines f (T \E (b)X ).  As in [4; pp. 2232—3] it can be 
shown that the linear operator

Q0x = f{ T \E { b ) X ) x  for xdEQj)X  

is well-defined on (J E{b)X, where
fc£Z0

Z 0 =  [b bounded Borel set; EcU}.

[8 ; Lemma 2] implies that E{s{T)) = I, hence the condition E (s (T ) \U )  = 0 
is equivalent to E(U )= I.  Consequently, there is an increasing sequence {b„}(zZn

such that E  ̂(J К j  =  I, and we can give

D efinition 1. Under the preceding conditions the operator f ( T )  is defined by 

D ( f ( T )) =  E * G -U m f(T \E (b n)X )E (b n)x  = y(x) exists},

f ( T ) x  = y(x)  for x£D (f(T )) .

Lemma 2. The operator f  (T) is linear and is the minimal E* G-closed extension 
o f  Q0, hence closed in the norm topology o f  X, and D ( f  (Tj) is E*G-dense in X.

Proof. It is an application of Lemma 1, where Z= B ,  and Z„ is defined above. 
Indeed, if x fD (Q 0), then x= E (c)x  for some c £ Z 0, hence Q„x—f ( T \ X c)x. Here 
T\XC belongs to B (X C)  and is prespectral with a resolution of the identity E\XC=F, 
by [8 ; Lemma 1]. Hence F commutes with / (T\XC)  and for each b £ Z 0,

E(b)Q0x  = F (b ) f (T \X c)x  = f { T \X c)F (b )x  = Q0E(b)x.

Further, Q0E (b )x = f(T \X b)E (b )x  for each x€X,  thus QaE(b)£B(X). If 
e€Z, then

Q0E(b)E(e)x = f ( T \ X b)E (e )E (b )x  -  E (e ) f  (T \X b)E(b)x = E(e)Q0E{b)x, 

hence Q0E(b)£Ec, and Lemma 1 yields the assertions.

Remark. Observe that Definition 1, Lemma 2 and the preceding discussion 
make essential use of the fact that the operator T  is prespectral with a resolution 
of the identity E  (of class G). On the other hand, it is known that T  can also have 
a resolution of the identity ExX E  (of class GX̂ G )  (see [5; pp. 1035—6]). Now 
we show that the operator f ( T )  is independent of the resolution of the identity 
for T, i.e. with obvious notations we have

Lemma 3. I f  T  is prespectral o f  classes G and G, with resolutions o f  the identity 
E  and Ex, respectively, then A(T; E) = A(T\ £\). Further, i f  the complex function f  
is in this class, then f  (T; E ) = f  (T; £,).

Proof. If h is a closed set in C, then [8; Lemma 2] implies that E(h)X=  
= Ex(h)X. If f  is holomorphic on an open set V  such that E(UC)= 0, then 
EX(UC) = 0 and conversely, hence A(T; E )= A (T ;  Ex), and in what follows this 
class will be denoted by A (T). Further, by Lemma 2, for the definitions of f ( T :  E)
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and / (T ; Efi we may choose a common sequence bn of compact sets with the follow-
CO

ing properties: bn(zb°n+1 (n = 1 ,2 ,...)  and \J bn=U. Then the subspaces
П = 1

Xn=E(bn) X  and E1(bn) X  coincide (и= 1 ,2 , ...), and we have 

f ( T ;  E)x  = E*G— \im f (T \X n)E(b„)x, f ( T ; E,)x  = E*G1 — Н т / ( Л  

if the respective limits exist. By [8 ; Lemma 3], for every positive integer к 

Е Ж )  =  Е(Ь°к+1) Е Ж )  = Е{Ь1+1) Е Ж ) Е { Ь к + 1) = Efibk) E  (bk+1).

Hence, for x£ D (f(T ',  E))

Е Ж Ж Т -,  E )x  = E1{bk)E (bk+1)E * G -U m f(T \X n)E(bn) x  =
Л-*-оо

=  E1(bk)E*G — lim (£(Ьк + 1) |^ )/(Л З Г „)£ (6 л)х.
И-*-«»

Since £|Z„ is a resolution of the identity for T\X„, E\X„ commutes with f(T\X„), 
thus we have

Ei(bk) f ( T ; £ )x  =  ,E:1 (bk)/(7 ’ |A'fc+1)^(fofc+1)^.

Similarly, Д  l^ic+i commutes with /(TIA^+j), hence

Ei(bk)f(T ;  E )x  = f(T \X k+1)E1(bk)E(bk + 1)x  = /{Т\Хк) Е Ж ) * -
But then

f(T; E,)x  =  Е*Ск- М т К Т \Х к) Е Ж ) х  =  E*Gk — lim Efibk)f(.T; E )x  = f ( T ; £ )x
k-*-oo k-*- oo

exists, for Л  is countably additive in the Д* Gr operator topology. Thus / (Г ;  £ ) с  
a f ( T ;  Ег), and by symmetry we obtain the converse relation.

R emark. By virtue of this result, in what follows we shall use a fixed resolution 
of the identity for T  and retain the notation f ( T )  of Definition 1.

The next result is a partial extension of [4; XVIII. 2.9].

Theorem 1. Suppose T is prespectral with resolution of the identity E o f  class 
G and f£ A (T ) .

(i) I f e i B ,  then E{e)f(T)c.f{T)E{e).
(ii) I f  e£ В, then f ( T \ X e)= f(T ) \X e. I f  in addition, e£Z0, then f(T )\Xe£B(Xe).

(iii) I f  N  denotes the set o f  the zeros o f  f  and E(N)=0, then h ~ y £ A ( T )  

and f ( T ) ~ 1 = h(T).
(iv) I f  f ( z )  = z, then f ( T )  is the minimal E*G-closed extension o f  T.
(v) I f  T£B(X) and f  is holomorphic in a neighbourhood o f  s(T), then Defini

tion 1 coincides with [4; VII. 3. 9]. I f  T  is arbitrary but f  is holomorphic in a neigh
bourhood o f  se(T), then f  (T)cB(X).

Further, i f  also g£A(T), then
(vi) D ( f (T )+ g (T ) )= D { ( f+ g )(T ) )n D ) f (T ) )  and f ( T )  + g (T )^ ( f+ g ) (T ) .

(vii) D {f(T )g (T ))  = D((fg)(T))nD(g(T)) and / (T )g ( r ) c ( /g ) (T ) .
(viii) I f  c^O is a complex number, then (с/)(Г ) =  с/(Г).
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Proof. Most of the proofs of [4; XVIII. 2.9] extend with the only change that 
limits in the norm topology have to be replaced by limits in the E*G topology of X. 
We give here the proofs of (ii), (iv) and (v), which differ m ost from their counterparts.

(ii) The case e£Z„ can be proved as in [4; p. 2234]. Suppose now that e£ B, 
then T\Xe is prespectral with resolution of the identity F = E  \Xe of class Ge= 
= {g+X%; g€<j}, by [8 ; Lemma 1]. First we show that a net {xa} in Xe converges 
to x  in the F*Ge topology if and only if it converges to x  in the E*G topology. 

Indeed, suppose that F*Ge — \im xa = x, g£G and K £ E C, then ge= g + X ^ G e
and Ke= K \X e£Fc, thus limgKxa =  limgeKexa=gKx. Conversely, if E*G —

a a _
— limxa =  ;c, then also x £ X e. For each K £F c the operator K=KE(e) belongs

a
to E c and if ge=g + X°£G e, then geKx„=gKxa-*gKx=geKx, which proves 
the assertion.

Now if dom ( / ) = £ / ,  then E(U) = I  implies F{U) = 1, hence f £ A (T \X e). 

If {c„} is an increasing sequence of compact sets such that U cn= U and
n = 1

x £ D ( f ( T \X e)), then x £ X e and

f ( T \ X e) x  =  F*Ge- \ i m f ( T \ F ( c n)X e)F (c n)x  =
П —► 0 0

-  E*G -  \ im f(T \E (cne)X)E(c„)x = E *G — limf (T \E ( c n)X)E(cn)x  = f ( T ) x ,
П-+-оо П —*■ oo

hence f ( T \ X e) c f ( T ) \ X e.
Conversely, if x £ D ( f ( T ) ) D X e, then

f ( T ) x  = E*G— l im f(T \E (cne)X)E(cn) x  = F*Ge— \im f(T \F (cn)Xe)F (cn)x,
П-*-оо n-p-oo

hence f ( T ) \ X ec f ( T \ X e).
(iv) If Z>„={z6 C; |z |sn } , then f  (T )x = E * G — lim TE(bn)x if and only if/!-*- со

this limit exists. Since y  = E*G — lim E(bn)y  for every у  in X  and f ( T )  is E*G-
П-*-оо

closed, the statement follows.
(v) The first statement can be proved as in [4; p. 2236] for spectral operators. 

For similar reasons, when proving the second one, we may assume that s (T )a K r 
and Xr_2 c d o m ( / ) =  U, where Kr= {z£C \  |2r|= r}, and we will show that 
D ( f  (T)) = X.

Indeed, if {c„} is an increasing sequence of compact sets such that (J cn = Kr,
n = 1

and we introduce the notation

у  = / ( “ ) / -  2 ^  $  f ( z ) ( z - T ) - ' d z ,
“  |z | =  r - l

then f (T \E ( c n)X )= V \E (cn) X  (cf. [4; p. 2237]) and V £ E C. Hence 

E * G - lim f ( T \ E ( c n)X)E(c„)x  =  E*G- lim E(cn)Vx = Vx
П —*■ oo

exists for each x£X, thus f ( T )  belongs to B(X).
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Corollary. Suppose T is prespectral with resolution o f  the identity E  o f  class 
G and f g £ A ( T ) .  Then

(1) U{T)+g{T)]c = (f+ g ) (T ),

(2) [f{T)g{T)\c = {fg){T),

where the subscript c denotes closure in the E*G topology.

Proof. (1) By Lemma 2 and (vi) of Theorem 1, [ / (T)+g(T)]ca { f Jt-g)(T). 
If {c„} is an increasing sequence of compact sets with union dom ( / )  П dom (g), then

E * G -l im E (c„ )x = x  and E(cn)x e D ( f (T )+ g (T ) )  (и = 1 ,2 , ...)

for each x in X. For x£D ((f+ g)(T))  (i) of Theorem 1 implies

( f(T)+g(T))E(c„)x  =  ( f+ g)(T )E (cn)x  = E  (c„)(f+g)(T)x,

which converges to ( f+ g ) (T )x  in the E*G topology if и-<-оо, hence x £ D ( [ f  (T) + 
+g(T)]c). The proof of (2) is similar.

The definition of a possibly unbounded scalar operator of class G has been given 
by Palmer ([11; Definition 5.6]). Now we give

D efinition 2. If T  is prespectral with resolution of the identity E  of class G, 
we define

S(E)x  =  E*G — lim
П-+ со f  zE(dz)x

|s|Sn
if and only if the above limit exists. The scalar operator S(E)  of class G is called 
the scalar part of T, corresponding to E.

Theorem 2. (i) I f  T  is prespectral with resolutions o f  the identity E and £.\ o f  classes 
G and Gx, respectively, then S(E) = S(Ed.

(ii) I f  T  is a scalar operator with a resolution o f  the identity E  o f  class G, then 
T is prespectral with a resolution o f  the identity E, hence E is unique in class G. I f  T 
is also prespectral o f  class Gl , then T  is scalar o f  class Gl3 too.

R emark. In case (i) S —S(E ) will be called the scalar part of T.

Proof of Theorem 2. (i) Put bn = {z^C; \z\^n), then the subspace Xn = 
=E(bn) X  equals E1(bn) X, and T\Xn is prespectral with resolutions of the identity 
E\Xn and Ег \Xn. By [3; Theorem 2], T\X„ has a unique Jordan decomposition, 
hence for each x„ £ Xn

f  zE{dz)xn = f  zE1(dz)xn.
bn ьп

By the proof of Lemma 3, for every positive integer k, E1(bk)= E1(bk)E(bk+1). 
If x£D(S(E)), then

E1(bk) S ( E ) x  = E f b k)E(bk+1) E * G -  lim f  zE(dz)x =
П —► oo J

bn

= E^b/t) J" zE(dz)x = E1(bk) J  zEt(dz)x  =  J z E 1(dz)x.
bk + l bk +1 bk
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Hence
S(Ey)x = E* Gx — lim f  zEt (dz) x  = S (E )x

k-*oo J
к

exists, thus S (E )cS (E y)  and, by symmetry, we have S(E) = S(Ey).
(ii) T  is prespectral with a resolution of the identity E  in virtue of [11; Lemmas 

5.4, (1)—(3) and 5.7, (1)]. E is unique in class G by [8 ; Theorem 1]. The last statement 
follows from (i).

L emma 4. I f  T  is scalar with resolution of the identity E o f  class G and f£ A (T ) ,  
then the operators f (T ) ,  given by Definition 1, and T ( f ) ,  defined in [11; pp. 408— 
409], coincide.

Proof. See [4; XVIII. 2.16], replacing strong limits by limits in the E*G 
topology.

L emma 5. I f  T  is prespectral with resolution o f  the identity E  o f  class G and e 
is an open subset o f  C, then л,(7 ’) П е с 5 (7 ’|£'(е)^Г)с5'(7 ’)Пё. Further, i f  P is a pro
jection operator such that P T a T P ,  then s(T) zts(T\PX).

Proof. See [4; XVIII. 2.19—20].

Theorem 3. Let T  be prespectral with resolution o f  the identity E  o f  class G. 
Suppose f  is holomorphic on the open set U, where the union o f  U and some finite 
subset {Ру,, py, . . . ,pk) o f  the extended complex plane contains a neighbourhood of 
sc(T). Assume that E({p$) = 0 fo r  each finite pt and that f  is meromorphic at each 
pr (/' =  0 ,1, ...,/c). Then f ( T )  is prespectral with resolution o f  the identity Ef  (e) = 
= E{ f - 4 e ) )  o f  class G, and s( f(T ))= f(s(T )) .

P ro o f. See [4; XVIII. 2.21] as well as Lemmas 1 and 2 in [8 ]. Notice that the 
connectedness of U, assumed in [4], can be dispensed with. It is used only in proving 
that 0£f(s(T))  implies 0ds(f(Tj). However, defining the set Z  to be any {z} for 
which /(z )  =  0 and z£s(T), the rest of the proof remains valid. Observe that if 
T  is also prespectral with resolution of the identity EyA-E of class Gy A G, then 
Ey({pi})=Q for each finite p t, hence the assertions remain true for the pair 
(Ey, Gy), too.

Theorem 4. (i) I f  T  is prespectral with resolution o f  the identity E  o f  class G, 
then T  is E* G-closed. Hence, i f  f  (z) = z, then f ( T )  = T. If, in addition, r(T) is 
nonvoid and P{z) = a0+axz + ... + anzn, then the definitions o f  P(T) by [4; VII. 9.6] 
and Definition 1 coincide, and P(T) is prespectral o f  class G.

(ii) A closed operator T  with nonvoid r(T) is prespectral o f  class G i f  and only 
i f  for  one (hence fo r  all) z£r(T), ( z— T ) - 1  is prespectral of class G with resolution 
o f  the identity Ez such that £'z({0}) =  0.

P roof, (i) First we show that T  can not have a proper extension V which is 
also prespectral with resolution of the identity E. Assume the contrary, and choose 
a Borel set h such that h ^ C  and pick z£(h)c. Then the operators z —T\E(h)Xcz 
c z — V\E(h)X are both 1—1 and map onto E(h)X, hence they are equal. Thus 
T\E(h)X= V\E(h)X  and, by choosing a Borel set e such that e ^ C  and (ec)?±C, 
we obtain T=V, a contradiction, f  (T) is prespectral with resolution of the identity 
E  by Theorem 3, hence Theorem 1 (iv) yields the first two statements.
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Now we prove that if r(T) is nonvoid, then the polynomial P (T )—a0+a1T + ... 
...+anTn, defined by [4; VII. 9.6] is is*G-closed. This we do along the lines of 
the proof of [4; VII. 9.7], using the same notations. Suppose that the generalized 
sequence {*„} belongs to D(T"), E*G — lim xa=x  and E*G — lim P (T )x a=y.
If a £r(T), then A = (T —oi)~1£Ec follows from Theorem 1 (i), hence A" is E*G- 
continuous and (T— a)"=(An)~1 is £*G"-closed. Since p(A) is E *G-continuous and 
P(T)w = (T —a)np(A)w for w£D(Tn), we obtain p(A )x£D (T n). Hence (see [4; p. 
603]), x £ D (T n) and P (T )x= y ,  as claimed.

Using now Corollary to Theorem 1, it can be shown by induction that the 
two definitions of P(T) coincide. P(T) is prespectral of class G, by Theorem 3.

(ii) See [4; XVIII. 2.23].
T heorem  5-A. Suppose that T and f  satisfy the conditions o f  Theorem 3, 

dom ( / )  =  Uf is connected, and the function g is holomorphic on the open set Ue 
for which Ef (Ug)=E Then /;(z)= g(/(z)) belongs to A{T), and h ( T ) = g ( f  (T)).

Pro o f . It is a suitable modification of that of [4; XVIII. 2.24]. Since dom (h) — 
= f~ 1(Ug), we have h£A (T)  and h(T) is £'*G-closed. Put qx= {/(°°)} if/ is analytic 
at infinity and qx = 0  otherwise, and define q2 to be Gg\ q 1. We will prove 
g ( f  (T))\Ef  (cji)X=h(T)\Ef (q:)X  or, equivalently by Theorems 1 (ii) and 3,

If we exclude the trivial case / ( z ) = / ( ° ° ) = c  on JJf , then the connectedness of Uf  
implies that the set f ~ 1(q1)P\s(T) is finite, hence T \E ( f~ 1(q1))X  belongs to 
B (E ( f~ 1(q1))X). Excluding again the trivial case Ef (q^)—0, we have
s ( f (T \E f {q1)X))=q1 and g is holomorphic at c, thus [4; VII. 3. 12] yields (* ) 
for / = 1 .

With the notation Y = E ( f~ 1(q2j)X, the operator V = T \Y  is prespectral 
with resolution of the identity F = E \Y  of class H = {g+  Y°; g£G}, and a re
solution of the identity of / ( F )  is Ff (e) = F ( f~ 1(e)). Since Ef (q2)=I,  we may 
assume Ug=q2, i.e. that if /  is analytic at infinity, it does not assume the value 
/ ( - )  on f ~ \ U g).

Suppose {c*} is an increasing sequence of compact sets with union Ug, and 
en= /-i(c* ). Despite the claim on [4; p. 2250], e„ need not be closed in the topology 
of C, but only in the relative topology of dom ( /) .  However, /  (<=°) Í  c* does imply 
that cn=e„r\s(V) (и=1, 2, ...) is compact in the topology of C, further F(c„) =

=  Ff (c*), and cn is an increasing sequence of subsets of dom (h) for which F =

by Theorem 1 (ii) and [4; VII. 3.12]. Since Ff  (e) — F ( f  /e ) )  for each Borel set 
e, we have F cczFf, hence the F / H  topology is not weaker than the F* H  topo

(* ) g { f { T \ E ( m q f ) X ) )  =  h (:T \ E ( f - \ q t))X ) (i = 1, 2).

=  Ff (Ug)=I. Hence for y £ D ( g ( f  (F))) we have

g{f(V))y  = Ff* H -  lim g{KV)\Ff (cl)Y)Ff {c:)y -
П-*-оо

= FfH—lim g ( / (V\F(c„)Y)F(c„)y = F/H—lim h(V\F(c„)Y)F(c„)y,
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logy. Thus
8 (f(V))y = F * H -  lim h{V\F(cK)Y)F(cn)y  =  h(V)y,

П-*- oo

hence g(f(V))<zh(V).
For each

F } H -  lim F(cn)y  =  Ff* H -  lim Ff (c*n) y  = y.
f t—*"00 П-*~ 00

If x£D(h(V)), then Ff (c*)x belongs to D ( g ( f  (E))) by Theorem 1 (ii), further 

g (n V ))F f ( O x  = h (y )F (cn) x  = F(cn)h (V )x  

by Theorem 1 (i). Hence

Ff # —Jim g ( f(V ))F f (c*) x  = h (V)x

and, since g ( f ( V ) )  is F7#-closed, x 6 D (g (/(F )) ) . Thus g ( / ( F ) )  =  /i(T), and 
the proof is complete.

Lemma 6 . I f  T is prespectral with resolution o f  the identity E  o f  class G, then 
5 (Г )=П {ё; £(<?)=/}.

Proof. See [4; XVIII. 2.25] and [8 ; Lemma 2].

Lemma 7. I f  T  is prespectral with nonvoid resolvent set and f  is holomorphic 
on se(T), then the operators f ( T ) ,  given by Definition 1 and the Dunford—Taylor 
calculus (see, e.g. [4; VII. 9.3]), coincide.

Pro o f. See [4; XVIII. 2.26]. Note that the proof needs Theorem 5-A.

Theorem  5-B. The assertions o f  Theorem 5-A hold even i f  d o m  ( / )  is not con
nected.

Proof. We may and will assume that dom ( / )  consists of a finite number of 
components. Retaining the notations of Theorem 5-A, observe that we have to 
prove only (* )  for i= l .  To avoid trivial cases, assume that / is analytic at in
finity, f ( z )  is identically c = /(° ° )  on some but not all components of Uf , and 
that E ( f ~ 1(q1) )^0 .  Since Uf  contains se(T) minus a finite number of finite poles 
of / ,  we have U/ 3 sc(7 ’) n / ~ 1 (<7i). On the other hand, j(7 ’|JE,( / _1 (^1))Ar)c: 
czs(T)C\f~1(q1) by Lemma 5, hence f  is holomorphic in a neighbourhood of 
se(V), where V  denotes T\E( f ~ 1(q1))X. Since r(V) is nonvoid, Lemma 7 yields 
that f ( V )  is given by [4; VII. 9.3]. Further, s ( f ( V ) )  = q1 and E fiqJ^O  imply 
that g is holomorphic at c, hence g ( f  (V)) = h(V), by [4; VII. 9.5] and Lemma 7.

Suppose now that under the conditions of Theorem 3, in addition, r(T) is 
nonvoid. Then /  is meromorphic on a neighbourhood of se(T) and, by Theorem 1
(iii), Pi is not an eigenvalue of T  for each finite pole p{ of f .  For such functions 
of an arbitrary closed operator with nonvoid resolvent set G ind ler  [6] defined 
an operational calculus, which was further investigated in [9]. Now we prove

T heorem  6 . If, under the conditions o f  Theorem 3, r(T) is nonvoid, then the 
operators f  (T) andfa(T), defined by Definition 1 and [6 ; p. 33], respectively, coincide.
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Proof. First we recall the definition of the operator / 0(Г). Let /  have the poles 
Pq—°°, Pi у ••• ,Pk on se(T) with orders я;ёО  (7 = 0 ,1 ,..., к), respectively. Define

к
the polynomial P(z)= [J (pi—z)nt, put m = n1 + ... +nk, n = m + n 0 and suppose

i = l
ber(T). Define (with the usual conventions) the function F(b; z ) = f  (z)P(z)(b—z)~", 
then it is holomorphic in z on se(T), hence the Dunford—Taylor calculus defines 
F(b; T)£B(X). By assumption, P(T)~^ exists, and the operator f 0(T) is defined by 
f 0(T) = F(b; T){b—T)nP(T)~l. It was shown in [9; Theorem 1] that f 0(T) is 
independent of the choice of bdr(T).

Now put h(b; z )—P(z){b — z)~n, then h is holomorphic on se(T), and Lemma 
7 yields that h(b; T) = P (T)(b—T)~". If r(b; z)=h(b; z ) ~ \  then r(b; T) = 
=(b—T)nP(T)~1, by Theorem 1 (iii). Since f (z )= r(b ;z)F (b ;z ) ,  we obtain 

f (T )= r (b ;  T)F(b; T), by Theorem 1 (vii) and Lemma 7. But we have f 0(T) = 
=(b — T)nP(T)~1F(b; T), by [9; Theorem 2], thus f ( T ) = f 0(T).

Suppose now that Г is a possibly unbounded spectral operator with resolution 
of the identity E. Then T  is prespectral with resolution of the identity E  of class 
G for each total subspace G of X*, hence if Г  is prespectral with resolution of the 
identity Ex of some class G, then Et =E. If f £ A ( T )  and T  is regarded as prespectral, 
then f ( T )  is given by Definition 1, whereas if T  is regarded as spectral, then the 
corresponding operator is defined in [4; XVIII. 2.8] and will be denoted here by 
fs(T).

Lemma 8 . I f  T  is spectral, then f  (T)=fs(T).

Proof. In virtue of Lemma 3, we may regard T  as prespectral of class X*, 
hence if {c„} is an increasing sequence of compact sets with union t/= dom  ( / ) ,  then

f ( T ) x  =  X * - \ i m f ( T \ E ( c n)X )E (c n)x, f s(T )x  = \ im f(T \E (c n)X)E (cn)x

in the norm topology, if and only if these limits exist. Hence f s(T )cz f  (T). On the 
other hand, if x£D (f(T )) ,  then f  (T\E{cn)X)E{cn)x=E{cn) f  (T)x ,  by Theorem 1 
(i) and (ii). But then

f , (T) x  =  lim E ( c J f ( T ) x  = f ( T ) x
П-*- oo

exists, hence f s(T )= f(T ).
It was shown in [8 ; Theorem 2] that if T is a possibly unbounded spectral opera

tor with resolution of the identity E, then T* is prespectral with resolution of 
the identity E* of class X. Now we prove

Theorem 7. I f  T  is spectral and f£A (T ),  then f(T*)=f(T)*.

Proof. Suppose c is a compact subset of the complex plane and E(c)X  is denoted 
by X c. For each х*£Е*(с)X* let Kx* denote x*\Xc, then XT is a bounded linear 
operator from E*(c)X* into X*  with norm S 1. If Kx*=0, then for x€X, x*x=  
= E*(e)x*x=x*E(c)x = Kx*E(c)x=0, hence К  is 1—1. If x*€X*,  then x* has 
a bounded extension x*£X*, and for each x £ X c we have E*(c)x*x=x*E(c)x=  
=x*x, hence KE*(c)x*=x*, thus К  is onto. Consequently, К  has the inverse 
К ~г which belongs to B(X*, E*(c)X*).
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For each x £ X c, x*£X*  we have

x*(T\Xc)x  = K~1x*Tx  =  Т*К~гх*х =

= (T*\E*(c)X*)K~1x*x  =  K(T*\E*(c)X*)K~1x*x,

hence (T\Xc)* = K(T*\E*(с)X * ) , where both restrictions are bounded opera
tors. If c c  l/= dom  ( / ) ,  then

f { z ) ( z - ( T \ X cT ) - '  =  Kf(z)(z  — fT*\E*(c)X*))~1K ~1

for С/\л,((7’|А"е) *). Since К  is bounded, we obtain

f ( T \ X cy  = f ( ( T \X c)*) = Kf(T*\E*(c)X*)K~1.

Suppose now that {c„} is an increasing sequence of compact sets with union 
U and x*£D(f(T*)),  then for each x £ X  and n — °°

f(T*\E*(cn)X*)E*(cn)x* x -» f(T * )x * x .

On the other hand, for x d D ( f ( T ) )

f(T*\E*(cn)X*)E*(cn)x*x  = E*(cn)f(T*\E*(cn)X*)E*(cn)x*x =
= K - 1f (T \E (c n)X)*K„E*(c„)x*E{cn) x  =

= f (T \E (c n)X)*KnE*(Cn)x*E(cn)x  = KnE*(c„)x*f (T \E  (сп)Х) E (c jx  =
= E \c„ )x* f{T \E {cn)X )E {cn)x  = x+f(T\E(c„)X)E(cn) x  -  x* f(T )x

as n — °°, where Kn denotes the operator К  in the case c=c„. But then x*£D(f(T)*)  
and f (T )*x*= f(T*)x* ,  hence f(T*)czf(T )* .

Since £ '* ( u  c„| is the identity in A"*, we have (E*)* X — lim E*(c„)x* =  x*
for each x* in X*, where every E*(cn)x* is in D{ f(T*)). Further, E(cn) f ( T ) a  
czf(T)E(cn) implies E*(c„)f(T)*cz(f(T)E(cn))*cz(E(Cn)f(T))*=f(T)*E*(cn),
by [7; III. 5.25—26]. Hence for x*£D (f(T )*)  and n co f(T*)E*(c„)x*= 
=f(T)*E*(cn)x*=E*(cn) f(T )* x*  converges in the (E*)*X topology to f(T)*x*.  
This implies x*£D(f(T*)),  thus f (T * )= f(T )* .

4. A characterization of prespectral operators

The following theorem extends a result due to N el [10] to the prespectral case.

Theorem 8. The operator T  is prespectral with resolution o f  the identity E  o f  class 
G i f  and only i f  it is the minimal E* G-closed extension o f  an operator o f  the form 
S+N, where S  is scalar with resolution o f  the identity E, D(N)=  U {E(h)X; b 
bounded Borel set), each N\E(b) X  is quasinilpotent in B(E(b)X), and 

i f  e is a Borel set, с$ё, bn = {zdC; \z\ ~и}, xf_X, then the sequence

(* ) ( c - T \E ( b ne)X)~l E (bne)x = 2 N k f  (c — z)~k~1E (dz)x  (n = 1 ,2 ,...)
* = » bn e

converges to some у (x) 6 X  in the E*G-topology.
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P roof. 1° If T  is the minimal E* G’-closed extension, then D(T) d D (N ) .  F or  
each bounded Borel set b, by assumption E(b)NE(b) = NE(b). Hence, if x£D(N)  
and e is a Borel set, then E(e)NE(e)x — NE(e)x, which implies E(e) NaNE(e). 
If xdD(T), then for some generalized sequence {x j in D(N)  we have E*G —
— limxa = x  and E*G —lim (S + N )x a=Tx,  hencea a

E * G -\ im E (e )x a = E(e)x  and E*G- l im  (S+ N ) E  (e) xa = E(e)Tx,
a a

thus E(e)TaTE(e).

For each n = \, 2, ..., S\E(b„e)X is a bounded scalar prespectral operator 
with a resolution of the identity E\E(bne)X  and the quasinilpotent N\E(b„e)X 
commutes with E\E(b„e)X. By [3; Theorem 5], T\E(bne)X  is prespectral, hence 
c£r(T\E(bne)X), and (* )  is true by [4; XV. 5.2] (valid in the prespectral case, too).

Now we show that c£r(T\E(e)X). If (c—T\E(e)X)x=0, then 
(c— T\E(bne)X)E(bn)x  — 0, hence E(bn) x = 0 for n = l ,  2, ..., thus c—
— T\E(e)X  is 1—1. Since the subspace E(e)X  is £*G-closed, T\E(e)X is also E*G- 
closed. If x£E(e)X  and xn=(c— T\E(b„e)X)~1E(bne)x, then E*G~  lim x n=y(x)
by assumption, and

E * G -  lim (c -T \E (e )X )x n = E*G - lim E (bn)x  = x.
П-*-оо n-*-oo

Thus the range of c— T\E{e)X  is E(e)X, and T  is prespectral with a resolution 
of the identity E.

2° If T  is prespectral, let S  be its scalar part and N x = T x — Sx  for 
U {E(b)X; b bounded Borel set}. For x£D(N)  and e Borel set we have

E(e)Nx = E ( e ) ( T - S ) x  = (T - S ) E { e ) x  =  NE(e)x,

hence N  leaves each E(e)X  invariant. Since T\E(b)X  is bounded and T\E(b)X=  
= S\E(b)X+N\E(b)X  is its Jordan decomposition, N \E(b)X is quasinilpotent 
for each bounded Borel set b, by [2; 3.5 Theorem], If с^ё, then (c— T\E{e)X}~^ 
belongs to B(E{e)X) and commutes with E\E(e)X, hence

E* G — lim (c — T \ E ( b ^ X X 1 E(bne)x =
П-*- со 4 7

=  E * G -  lim E(b„) ( c -T \E (e )X )~ 1E(e)x = ( c - T \ E ( e ) X ) - 1E(e)x,

for each x£X .  With the notation of Lemma 2, for the function / (z )= z  the operator 
Q0 is S + N  and, by Lemma 2 and Theorem 4, T  is the minimal L*G-closed exten
sion of S+ N .

C o r o l l a r y . I f  S  is scalar with resolution of the identity E  of class G, further 
P dE c and P\E(b)X is quasinilpotent for every bounded Borel set b, then T= S+ P  
is prespectral with a resolution of the identity E.

Proof. If N  denotes the restriction of P to Xn= U {E(b)X; b bounded Borel 
set}, e is a Borel set, c(] ё, b„ = {z£C; \z\ +n), x£X,  then we show that

E*G — lim 21 N k f  (c — z)~k~1E (dz)x  = 2  Pk f  (c — z)~k~1E(dz)x.  
" - ” * = 0  bfe * = о j
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The operator V=f  (c—z)~1E(dz) belongs to E c and, according to the proof of
e

[4; XVIII. 2.28], M = P V  is quasinilpotent, and we have to prove that

E*G — lim 2  M kVE{bn)x  = J  M kVx. 
о *=o

Given e>0, x*£G  and K dE c, we have

x*K 2 M kV{E(b„)x-x)
k  =  r

|^*||7V||K|sup \E(bn) x - x \  2  \M k\
n k —r

if r is large enough, for M  is quasinilpotent. Further, KM k VZEc implies for n 
sufficiently large

г— 1
2  x * К М к V (E (bn) x —x)

£
2 ’

which proves the limit relation. Finally, since P is F* (7-con tinuous and S  is F* en
closed, T  is the minimal £* G-closed extension of S+ N ,  thus the proof is complete.

The next result is a generalization of [4; XVIII. 2.29]. However, we have to 
assume N(LEC rather than N  commutes merely with S  (cf. [2; 6.3] and [3; Theo
rem 5]).

T heorem  9 . Suppose T = S + N , where S is scalar with resolution o f  the identity 
E  o f class G and N £ E C is quasinilpotent. Let d > 0 and f  be holomorphic in the open 
set Uf={z£C;  dist (z; s(T))<d}, except possibly for a finite set o f  poles P — 
=  O i, . . . ,p k) for which E (P )—0.

(i) I f f  is bounded on Uf, then f  (T)dB(X) is prespectral and

f ( T ) =  2 ^ r  f n nKz)E(dz),
"=° n - sen

the series converging in the uniform operator topology o f  B(X).
(Ü) I f  i im /iz )  =  oo? then f ( T )  is prespectral.
In both cases a resolution o f  the identity (o f  class G) for f ( T )  is Er(e) =  

= E ( f ~ 1(e)), further s ( f (T j)= f(s (T )) .

P roof. In both cases Ef ( e ) f ( T ) a f  (T)Ef (e) by Theorem 1 (i), and f(s(T))(Z 
c s ( / ( 7 ’)) can be proved as in Theorem 3.

(i) We can show as in [4; XVIII. 2.29] that the series converges in the uniform 
operator topology of B(X), and that

f ( T ) x  =  E*G — lim E(em) 2 ^ 7  f  f m (z)E(dz)x
m~~ n=o n\ J T)

for each x£X ,  if {em} is an increasing sequence of compact sets with union Uf . 
Hence f  (T)dB(X). To prove that s(f(T )\E f (e)X)cze for every Borel set e, it 
suffices to show that s(f{Tj)<^f(s(Tj), if T  and /  satisfy the conditions of (i). 
Further, it is clearly sufficient to verify that 0 $f{s(T)) implies/ (T)~1f_B(X).
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Thus we may assume that [ / ( z ) |^ r > 0  for z£s(T),  whereas |/(z ) |
1on Uf. We claim that g(z)=—-r- is bounded on some set U(q)—{z£C ; 

J \ z)
dist(z, i(7'))-=^} with <7 =~0 . Supposing the contrary, there would exist two sequences: 
{.sfc}c:,s(7") and jz ,} cC  such that lim (zk—sk)=0 and lim / (z^^O. On the

k -*- 00 k-*oo
other hand, if 0< d*< d  and Qk denotes {z; |z —sk\=d*}, then by Cauchy’s formula

r ____ №
J  ( 7.—l/(z*)-/(s*)| = z k ~ s k

2ni ( z - z k) { z - s k) dz

for A: large enough. But this would imply lim f ( s k)=0, a contradiction.
k —00

Since g is bounded on some U(q), f  (T)~1=g(T) belongs to B(X) by what 
has been established above.

(ii) If e is a bounded Borel set then, by the limit condition, f ~ 1 (<?) is bounded, 
further / = W l í ( r ) < z ü > .  Hence Ef ( e ) X = E ( f - 1(e )r]s(T ))X cD (f(T )) ,  by 
Theorem 1 (ii). Similarly to the previous case, we will show that |/(z)| s r > 0  for

z£s(T)  implies that g ( z )= y ^ у is bounded on some U(q). In our case l̂im / (zk) =  0

would imply that { z k } is bounded, hence some subsequence of it converges to some 
limit z0. But then znds(T), hence 0 =  | / ( z 0) |s r > 0 ,  a contradiction. Thus we 
have proved s ( f (T ))= f(s (T j)  and s ( f  (T)\Ef {e)X)c:e for each Borel set e, 
and the proof is complete.
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PACKING OF CONGRUENT SPHERES IN A STRIP
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J. MOLNÁR (Budapest)

Dedicated to  A. F l o r ia n  on his fiftieth birthday

In a joint paper A. S. N o w ic k  and S. R. M ader  [11] gave an account of some 
experiments for simulation of alloy thin films. A film has thin structure when its 
molecules (in the experiments non-overlapping hard-spheres) have a common 
point with the “substrate” on which they lie. In the case when the substrate was 
smooth (flat sheet) and the thin film was supposed to consist of congruent non
overlapping spheres the densest packing of spheres obtained in experiments was 
perfect, i.e. each sphere of the packing touches its six neighbours (Fig. 1). A similar 
result was obtained for congruent non-overlapping spheres when the substrate 
was of “crystalline” structure.1

Fig. l  Fig. 2

In our paper we give an answer for the densest packing of spheres in the case 
in which the substrate onto the system of spheres lie, has a rather complicated 
structure. 2

In order to formulate our result we introduce the notion of the density of a non
overlapping system of unit spheres with respect to a strip in which the spheres lie.

1 To simulate a ’’crystalline” substrate N o w ic k  and M a d e r  [11] prepared a grooved periodic 
layer as follows. A  set of non-overlapping congruent balls was arranged into a perfect array and ce
mented to the substrate. Since the grooves thus produced were too deep to permit spheres in experi
ments to roll over them to form a second layer, the tops of the balls in this cemented layer were ma
chined down (Fig. 2).

2 Communication made in the Mathematical Institute (Budapest) in April 1967. The result 
was cited by H o r v á t h  and M o l n á r  [7] and by H o r v á t h  [4], [5], [6].
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Let {5J be a system of non-overlapping unit spheres lying in a strip a(t) of 
thickness t, i.e. the strip is bounded by two parallel planes at a distance t apart. 
The density d  of {St] with respect to the strip o(t) is defined by

da = lim
R - + 0 0

2C(R)f)sl
С(Л)П<7(0’

where C(R) denotes a cylinder3 of radius R  with its axis perpendicular to t at an 
arbitrary point О of o(t). It is easy to show that d does not depend on the choice of O.

Let us consider a system of non-overlapping unit spheres lying in a strip cr (r) 
of thickness t ^ 2 +  ]/2, so that the spheres form two layers and in each layer the 
centres of the spheres constitute a rectangular net with the sides a= 2 and b= 
=2^4 t —t 2— 1 (Fig. 3) and let us denote the density of such a sphere-system with 
respect to o(t)  by 8(t).

c)
Fig. 3

Our main result is the following

T heorem . The density o f  a system o f  non-overlapping unit spheres in a strip 
of thickness t ^ 2 + \ 2  is S ő ( t) .

Equality can be attained, for all values t ^ 2  + } 2.

3 We denote a domain and its measure (area or volume) with the same symbol.
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Definitions, lemmas

Let {5;} be a system of non-overlapping unit spheres lying in the strip a(t) 
of thickness t. Without loss of generality we may suppose that to the system {.Sj} 
no further unit spheres can be added, i.e. the system of spheres is saturated. Ob
viously the centres of {S'J lie in a strip of thickness 7 — 2 , bounded by two planes 
П1 and П 2. Projecting the system {S,} into П1 we get a circlesystem {Cj} of unit 
circles with the centre-system {O,}.

We define the density of {Cj} in the plane П1 by

d9 =  lim 2  к  ( m e ,
K(R) '

where K(R) denotes a circle of radius R centred in a fixed arbitrary point of /7,. 
Since

C(R)f]<r(t)
lim „

r~~ 31
4 Z K ( R ) r \Q

K (R )
where K(R) denotes the intersection of the cylindre C(R) of radius R (perpendicular

4
to 77,) with /7 ,, we get d3= — d2, i.e. the densities of {5,} and of its projection 

{C,} are proportional. Therefore to prove our theorem it is enough to prove that

the density of {Cj} is ő(í) 4
4  31

First of all we give the meaning of ö(t).

Let C j,C 2 ,C 3 be three unit circles of centres Ox, 0 2, 0 3, respectively and 
ax, a2, a3 the corresponding angles of the triangle A = 0 10 20 3. The density of 
the circles C j, C2, C3 with respect to A is defined by

Z n̂c, _ z*jCi _ j l
A 2nA ~  2A ’

According to this definition <5*(/) is the density of three unit circles Cj, C2, C3 
with respect to the isosceles triangle 0 10 20 3 of sides 0 X0 2= 2 , 0 20 3 = 0 30 1 = 
= ^ 4 t - t 2 .

In the proof of our theorem a prominent role will be assigned to the tessellation 
L* which, in general, is a modified tessellation of the well known L-tessellation 
of Voronoi-Delaunay. 5

We now introduce the tessellation L*.
We consider a system {(?,} of points in the plane having the following pro

perties: 1) OjOj^a  (i, y =  l , 2 , ..., i?íj) and 2 ) no point of the plane at distance 
Q^a  can be added to the system {O,}. Such a point-system {Of} will be called 
briefly a saturated point system.

4 See H o r v á t h - M o l n á r  [7].
s See D e l a u n a y  [1].
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Associating with a point the set Dt of all points P lying nearer to Oi than 
to any other point Oy, more precisely, d{P, Oi)^d(P, Oj), i ^ j  where d(P, Ot) 
denotes the distance of P  from <9, , we obtain a convex polygon Dt (Dirichlet-cell, 
Yoronoi-polygon) . 6 It is known that the convex polygons Z>; constitute an L D- 
tessellation (Dirichlet-tessellation, Dirichlet—Voronoi-tessellation (Fig. 4)).

Fig. 4

By replacing each edge of L D separating the neighbouring faces Db Dx by the 
segment 0 , 0 j  we obtain the “dual” tessellation, the /-tessellation (Voronoi— 
Delaunay-tessellation) 7 (Fig. 5). The /.-tessellation has the property, that the circum- 
centre К of a face is a vertex of a Dirichlet-cell. Obviously the faces of L are also 
convex polygons.

Let us consider a polygon inscribed in a circle of centre V (Fig. 6 ). We call 
a side 0 , 0 2 of this polygon a separating side if the straight-line 0 10 2 separates 
the polygon from V. In such a case we call the broken line Ox V 0 2 the bridge o f  the 
polygon and the segments О, V and 0 2 V the components of the bridge.

It is easy to see that in an /.-tessellation any separating side can be replaced 
by only one bridge.

6 See D i r i c h l e t  [2] and V o r o n o i  [13].
7 For a direct construction of the /-tessellation see for instance D e l a u n a y  [1].
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Lemma 1 . Let us consider an L-tessellation o f  a saturated system of points. I f  we 
replace each separating side o f  the faces o f  L  by its corresponding bridge, we obtain 
a tessellation.

Fig. 5

Proof. Let {Of} and {V} be the vertex system of the L-tessellation and of 
its “dual” Ld-tessellation corresponding to the saturated point-system {Of}, resp. 
Replace every separating side of the faces of L by the corresponding bridge (Fig. 7, 
for instance Ox0 2 by Ox V 02).

To prove our lemma it is sufficient to prove, that 1) the components of the 
bridges do not intersect one another, 2 ) no bridge can intersect a non-replaced 
side of L.

To prove 1) we start with the obvious remark, that the circle of centre V and 
of radius О V  does not contain in its interior another vertex Ot of L. Let О V and 
О* V* be components of two bridges. The perpendicular to OO* at the midpoint 
of OO* divides the plane into two halfplanes H, H*. A simple consequence of our 
remark is that V* $ H  and V $ #* , hence О V and О* V* do not intersect each 
other. OV  and 0*V*  have a common point iff V= V*.

To prove 2 we consider an arbitrary bridge Ox V02 of the face F of L  and we 
investigate the relation of this bridge with respect to the non-replaced sides of L. 
Since Ox V 02 exists, the straight line 0 X0 2 divides the plane into two halfplanes 
H  and H v containing F  and V, resp. (Fig. 8 ). Denote by C  the circle of centre V 
and radius Ox V. Let us consider now the neighbouring face F* of F, having with
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F  the common side 0 L0 2, i.e. the straight line 0 X0 2 separates F* from F. Since 
F* is a face of L, F* is convex and obviously all its vertices different from Ox and 
О2 lie on a circle C* having the radius OxV* greater than Ox V. In the case when

F* contains the bridge 0 XV02, the bridge does not intersect the sides of L. If F* 
does not contain the bridge Ox V 0 2 then it must have a side Of Of, which intersects

Acta Mattiematica Acactemiae Scientiarum Hungaricae 31, 1978



PA CK IN G  O F CO NGRUENT SPHERES IN  A STRIP 179

the bridge (Fig. 9) . 8 9 In this case 0*0% is a separating side of F*, i.e. 0% V * 0 \  
is a bridge, that is the side 0 \  0 \  is a replaced side of L.

What can we say about the “measure” of the covering of the bridge Ox V 0 2 
by F*1 From the fact that the system {O,} is saturated, it is easy to see, that at 
least one of the angles VO, 0 2, V 0 ,0 ,  will be partly covered by one of the angles

<  0%О,О2, < 0 \ 0 , 0 ,  with measure > a = a rc  sin •£—. Hence in the new bridge
2  Q

0 \ V * 0 \  the angle VO*,0% and VO%0\ which must be covered is smaller at least 
by a than VO, 0 2 and V02 O , , resp. Continuing in the same way, in a finite number 
of steps, the original bridge O, VO, will be covered by the annexed faces {F*}, 
i.e. there is no non-replaced side of L  which intersects 0 , V02 ■

The following two simple remarks will be valuable in the proof of our theorem. 
In an //-tessellation 1) VV* is perpendicular to 0 , 0 , ,  2) V * 0 ,> V 0 ,  and
V *02> V 0 2 (Fig. 8 ).

Lemma 2 .10 Denote by OTPk a right-angled triangle ^ < 0 7 7 >=-^-j of hypotenuse 

OPk and by c a circle o f  centre O. I f  OPx<OP2<OP3, then

sjP.OPz) s(PxOP2)
P\OP3 <  P,OP2 ’

where s(PiOPj) denotes a sector o f  the circle c o f  <1 P,OPj.

P roof. Denote by C a circle of radius OP2 centred at О and by S(PiOPj) a sector 
of C of <zPiOPj (Fig. 10). Obviously

s(P2OP3) s(P2OP3) »(ЛОР,) з(Л О Л )
P2OP3 ^  S(P2OP3) S(P,OP2) ^  P,OP2 •

8 This part o f the proof differs form our proof in [11].
9 One of , OJ may be the same as O, or Ог.

10 See M o l n á r  [8], [9], [10], [11].
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Therefore

siPiOPJ _  s(PjOP2) +  s (P2OP3) s(P1OP2)P 1OP2+ P2OP3 s(PkOP2)
P\OP3 РгОР2+ Р 2ОР3 <  /> ,0/)! РгОР2 + РгОР3 РгОР2

Lemma 3 . Let OTkP be a right-angled triangle o f  hypotenuse OP and let c be 
a circle o f  centre O. I f  <1 T, <J T2 OP then

s{TkOP) s{T2OP)
TkOP <  T2OP '

Proof. Let Q be the intersection of the segments OTx and T2P (Fig. 11). Ob
viously

s(TkOP) s(QOP)
TkOP ^  QOP '

According to Lemma 2, we obtain

s(TkOP) s(T2OP)
TkOP ^  T2OP '

Proof of the theorem

To prove our theorem we shall consider the //-tessellation corresponding 
to the centre system {OJ of the circles {Cj. We shall show, that in each face of 
L* the density of the unit circles is ^3*(t).

Of course we can restrict ourselves to a saturated (CJ circle system having 
the value q o f saturation ^ 2 . Let L* be the corresponding tessellation of {O,} derived 
from L  (Fig. 7). Obviously L* is the same as the L* tessellation of {C;}. We dist
inguish two types of faces of L *: 1) face F, which is a polygon having only non- 
replaced sides, i.e. F = 0 10 2. . . 0 k, 2) face F*, containing at least one bridge,
i.e. F* = O1V1O2. . .0 k, resp. F* = 0 1V10 2.. .V k. _____

If the thickness of the strip is t, then 0 {0 ^ \ ^ ~ t 2. Let us consider four
unit circles, whose centres form a square of side iMi — t 2 (Fig. 11). We denote the

half of its diagonal by

Type 1. Let V be the corresponding centre radical of the face F. We denote 
by Pi the perpendicular straight line at Ot to П1.

a) If VOx^to, then F is  of course an acute triangle A — 0 X0 20 3. If S2 does 
not touch S3 we rotate the sphere S2 around p 1 towards S3 till it touches S3. During 
the rotation V 0 1 and V 02 decreases and so does also the area of the triangle A, 
thus the circle density in A increases. Therefore it is sufficient to discuss the case 
when A is an acute triangle and S2 touches S3. If does not touch one of S2, S3 
we rotate the sphere Sj around p2 towards S:t till Sr touches S3. During this rota
tion A decreases also and the circle density in A increases. A remains an acute triangle. 
By the same way, rotating Sk about p3 towards S2 we obtain a A in which the circle

A c ta  M a tt ie m a tic ä  A c a d e m ia e  S c ie n t ia r u m  H u n g a ricc ie  31, 1 9 7 s
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density is smaller than that in the original triangle. What is the minimal value of 
A ? According to our preceding result we know, that in this case the corresponding 
Sk, S 2, S3 must touch one another, that is, the centres of these sphere lying in the 
strip of thickness t — 2 form an equilateral triangle A0 of side 2. A is the projection 
of A0 into lJlf i.e. A =A0 cos <p, where q> is the angle of the planes of A and d 0.u 
Obviously, <p has maximal value if A0 has two vertices in IIX and one in 772, resp. 
vice-versa. In these cases A is minimal, and the corresponding maximal circle density 
is just S*(t).

b) If VOi^to  we decompose the face F=Ol 0 2...Ok in the triangles 
A i= 0 1VOa, A2 = 0 2 V03, ..., Ak=Ok VO-i and we consider the density of the 
unit circles in these triangles. According to our Lemmas 2 and 3, the circle density in

such a d ; takes its maximal value ^  ^  if OjOi+1 = I /4 i—t 2 and VOi—tg. But

------------< 5 * (f)  =  --- --------------- .
4i—i* 2 ]/4f— Г2— 1

Type 2. Let V* be the centre radical corresponding to F*. The existence of 
a bridge implies V* Ox^ t 3. Indeed, if there is a bridge Ox V02, then around V 
we may consider at least four circles at the same distance from V having their centre 
distances OtO j ^ — f2, because in the domain of the angle <X Ox V 02~~n there 
is at least one circle C of {CJ, thus also in the domain Пл — < Ox V 0 2 we may con
sider at least one circle C* of  centre O* (Fig. 12) having the same centre radical V 
and the property, that O *0,^] /4 t—t 2 ( i=  1, 2 ,.. . ,  k). Thus VOx> t0, but 
V * 0 1^ V 0 1, hence V 'O ^ tg .

We decompose F * = 0 1V1Oa...Ok and F*—Ot V1Oi ...Vk into triangles 
A1 = 0 1V1V* = 0 3V1V*, ...Ak=Ok V * 0 lf and A1 = 0 1V1V* = 0 1V1V \  ... Ak = 
= Ok V*Vk = 0 1V*Vk, resp. 11

11 The plane of A is t f , .
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According to our Lemmas 2 and 3, the circle density in these triangles At is
7t

-c—— ' This density value is smaller than <5*(/). Thus the density of circles in
a face of L* of type 2 is smaller than <5*(/).

We finish the proof of our theorem by stressing the fact that the circle density 
S* (t) may be attained by circle systems giving tessellation having faces of type 1 , 
case a). Our illustrations of Fig. 3 show that this upper bound and the corresponding 
upper bound <5(t) for sphere systems can be attained for all value of t ( 2 ^ t^ 2 +  ( 2 ).

R em arks. 1) For every 2 < t < 2  +  /2 , there are infinitely many packings of 
unit spheres having the same density 8(t) (Fig. 13).12

Fig. 13

2) The L*-tessellation can be introduced essentially in the same way, as in 
our paper, for some incongruent circle systems. 13

3) In the case 2 + /2 , there are conjectures14 which seem to give precise 
upper bounds for all values of t concerning the packing density of unit spheres 
lying in a strip of thickness t.

12 The projection o f the centres of the unit spheres lying in the strip are the vertices and the 
circumcentres of faces o f the tessellation. Compare the first tessellation of Fig. 13 and Fig. 3b.

The tessellations of Fig. 13 are composed of infinite strips of two types (Fig. 14a, b). If in the 
construction of the tessellation we use only stripes of the same type, we obtain the first tessellation 
of Fig. 13. If we consider alternatively stripes of both types, we obtain the second tessellation o f Fig. 
13. Fig. 15 illustrates a tessellation having another structure as the tessellations of Fig. 13.

13 Communication made in the Mathematical Institute (Budapest) in February 1977.
14 See H o r v á t h — M o l n á r  [7].
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LACUNARY INTERPOLATION BY SPLINES. I
By

A. K. VARMA (Gainesville)

D e d ica ted  to P rofessor I. J. Schoenberg

1. Introduction. Recently A hlberg , N ilso n  [1] and I. J. S ch o enberg  [6 ] has 
initiated the study of the so called g-splines in connection with the problem of lacun- 
ary interpolation by splines. The purpose of g splines is to generalize the interpola
tion problem first considered by G. D. B irk ho ff  [3]. In this problem the data are 
values of the function and of its derivatives but without Hermite’s condition that 
only consecutive derivatives be used at each node.

Motivated by the beautiful results of I. J. Schoenberg on g splines A. M eir 
and A. Sharma [4] have obtained error bounds for lacunary (0, 2) interpolation 
of certain functions by deficient quintic splines of the class (datas being pre
scribed at equidistant nodes). It turns out that in the case of Meir—Sharma inter- 
polant the convergence is of order one less than that which is possible through 
best approximation by quintic C3 splines. Moreover, by now it is know that Meir— 
Sharma interpolant is less stable than many local piecewise quintic approximants, 
such as quintic spline interpolants of continuity class C 4[0, 1] (see [9]).

The object of this paper is to obtain deficient quintic splines which still inter
polate Birkhoff data (analogous to Meir and Sharma) but where the convergence 
is of the same order as that of best approximation by quintic C 2 splines. We now 
state our main results.

Let n=2m + l, x,=-^— , z'=0,2 , . . . ,  2m. We shall denote by Sj.4 the class 
2m

of quintic splines S(x) on [0, 1] having the following two properties:

i) S (xK C 2 [0 , 1],
ii) S(x) is quintic in [x2i, x2(+2], i= 0 , ..., m —1.

T heorem  1. Let n — 2m + l, х{=-^—, i —0,2, ...,2 m , t2i = x2i +  \  h, i=2m j

= 0 , ........ m — 1, 2 h = -^ . Given arbitrary numbers f  (x0), /  (x2), f  (x2m) ;

f ( t o), f i h h  •••» / ( Í 2 (m-1));/"(*<>)> — , / " ( i 2(m-i));/'(*o), /'(Asm) there exists
a unique 5„(x)£C 2 [0, 1] such that

( 1. 1)
Sn(x2i) = / ( x 2f), i =  0 ,1 , . . . ,  m, 

f e )  =  f ( t 2i), S:(t2i) = f" ( t2i), i = 0 , 1 , . . . ,  m —1 , 
S'tt(x0) = f '( x  o), S'„(x2m) = f \ x 2m).
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T heorem  2. Let / 6 С 2 [0, 1] and let Sn(x) be the unique quintic spline satisfying 
the conditions o f  Theorem 1. Then (n — 2m+Y)

(1.2) |S<'>(x)- /( ') ( * ) I S  89пР-*со2 p = О, 1 , 2.

Here co2 (<5) is the usual modulus o f  continuity o f  f" (x ) .

Theorem 2 gives us error estimates of Ц /^^х) —5,<,')(x)|| for r = 0 ,1,2 under 
the assumption that / £ С 2 [0, 1]. It is natural to ask about the error estimate 
||/<r>(x)-S<r>(x)|| if fd  Cl[0, 1 ] for 1=3 or 4. The following theorem is in this 
direction.

T heorem  3. Let fa  C 4 [0, 1] and let S„(x) be the unique quintic spline satisfying 
the conditions o f Theorem 1. Then

(1.3) |S ^ )(x )- /(« (x ) | =  103т”- 4со, +  p  =  0, 1, 2

where cu4( •) denotes the modulus o f  continuity o f  / (iv).

Theorem 3 may be compared with corresponding theorem of Meir and 
Sharma [4].

2. Preliminaries. If P(x) is a quintic on [0, 1] then we have

(2.1) P{x) = Р (0 )Л (х ) +  р ( у ) л ( х ) + / >(1) '4 2 (х) +  Р /(0).б0 (х) +

+ P'(l)B2(x)+P" ( j )  Ci(x),
where

(2.2) Cj(x) =  - |[3 x 5 - 7 x 4 +  5x3 - x 2] =  | - x 2 ( x - l ) 2(3 x -  1),

(2.3) B2(x) =  I  [27x5-5 1  x4+ 29x3- 5x2] =  л.2(х~ -9 (3х~  ^ (9x"~5) p
О  О

(2.4) 5 0 (x) = - 3 x 4 + 7 x 3 - 5 x 2+ x  =  x ( x - l ) 2( l -3 x ) ,

,  4 — 297xs+ 609x4—359x3+ 63x2(2.5) A 2(x) = ------------------—------------------ =

=  * 2( 3 x - l ) [ l - ^ ( x : - l ) - f | ( x - l ) 2] ,

О ]  0 1

(2.6) At (x) =  —  [9x5-1 7 x 4 +  7x3 +  x2] =  ^ - x 2 ( x - l ) 2 (l+ 9x ),
l o  16

(2.7) A0( x ) = - 2 7 x 6+48x4-1 3 x 3- 9 x 2 + l =  ( x - 1 ) 2 (1 -3 x ) ( l+  5x+9x2).
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For later references we note that

(2 .8)

A'K О  =

9
4 ’ C f  (0)  =

135 
4 ’

C{iv>(0) :=  - 1 8 9 , r'üv) í_!
C1 { 3 ; )  -  - 54‘

9
2 ’ СГ<1) =

189 
4 ’ c í iv)( i ) =  216,

c ‘ ( í
1 27 
1 ”  4 ’

5
4 ’

< ( 0) =
87 
4 ’

в у ч  о) =  - 1 5 3 , 5< iv>
r )  =  - 18'

23  
2  ’ 5 Г (1 )  =

285  
4 ’ A iv)U ) =  252, * (x

I 27 
1 ~ ~  4 ’

- 10, C ( 0 ) - 42, Bt40) =  - 7 2 , A iv) (1 r )  -  - 72 ’

- 4 , .ső '(i)  - - 3 0 , в^Ч  1) =  - 7 2 ,
* ( x

) =  18,

63
8 ’ Аг( 0) =

1077
8 , А ^ ( 0 )

1827 
2 ’ r )  -

165 
4 ’ ^ Г ( 1) =

2679
8 , A iv)0 ) =  - 1 3 1 4 ,

I 369
1 ~ 8 ’

81 
8 ’ A?( 0 ) =

1701
8 ’

A í iy4 0 )
4131

2 •■‘ H í г) -  ~ 243-

405  
4  ’ 4 Г 0 )  =

7047
8 ’

А ? у>(1) =  3402,
^ ( x

1 1377  
1 ~ 8

- 1 8 , aő(0) = - 7 8 , A iv)(0) =  1152, A iv) r )  - 72-

- 6 0 , A ~ ( i )  = - 5 4 6 , A iv)( О =  - 2 0 8 8 , < (x ) =  126.

For / € C 2 [0, 1] we have

(2 .9 )

f(x2i+2) =  f(x2i) + 2 hf \x2i) + 2h2f  "(r] i, 8 j), 
Я * м  _ 2) =  f(x2i) -  2 hf Xx2i) + 2 h*f "(th, «),

/(*«) = f ( x , d + j ¥ X x 20 + j  И2/ " ( щ12!),

2) = / f e ) - 4  h r (x 2i)+ jh * f''(ru ,2i),

fXx2i+2) = f ' ( x 2i) + 2hf"(T,b,2i l
f'(x2i. 2)= f'(x2i)-2hf"(r,et2i),
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where
X2i 4l,2i ":r X2i + 2 i X2i-2 42, 2i ' '  * 2 0  ^ 2i *=- *Í8,2i <  2̂i I

^2i — 2 <  l?4,2i "<: X 2i !  X 2i ^  ^5,21 ^ 2 1  + 2 ! X 2 i - 2  ^  ^ 6 ,2 i  <  - %  •

3. Proof of Theorem 1. Here we need to prove that there exists a unique 
S (x) € S<*1 satisfying the requirements of Theorem 1. For this purpose we try to 
express S(x) in the following form. For 2 ih ^x ^ (2 i+ 2 )h , i= 0 ,1, m — 1, we 
have

(3.1) S .M  = / Ы Л о [ ^ ) + П х а М { ^ ) + / Ы А 1 ( ^ ) +

+ 2 1 , s; Ы  в ,  + 2 1 , s; (*„+,) в ,  ( -  + и в г ы с ,  [ ф ф ]  ■

On using (2.1) and putting

(3.2) S '(0) = / '(0 ) , S„'(l) = /'(1 ) ,
it is easy to see that Sn(x) as given by (3.1) indeed satisfies (1.1) and is quintic in 
[x2i,X2i+2] for ;'=0, 1, — 1. We still need to decide whether it is possible
to determine S '(x 2i) ( i= l ,  2, m — 1) uniquely. For this purpose we use the 
fact that Sn (x) £ C 2 [0, 1] and therefore the conditions

(3.3) 5Л х2;+) -  S"{x,2i- ) ,  i  =  1 ,2 ,..., m - 1 

must hold. On using (3.1) and (2.8) we obtain

(3.4) 4Ä*s;(xM+) =  - 1 8 /(x 2i) + ^ / ( x 2i+2) + ^ / ( t 2i) -

- 2 0  h s ; (x 2i) h S ' (x2i+2) —9h2f  "(t2i),

and

(3.5) 4 h*S:(x2i~ )  =  - 6 0 / ( x 2i_2) - ^ / ( x , )  +  ̂ / ( t 2i. 2) -

-  8 h s ;  (x2i _ 2) + 23 hS; (x2i) + 1  h2f  "(t2i_2).

Therefore (3.3)—(3.5) gives immediately

5 93
(3.6) — hS' (x2í+2) +  43/i5„' (x2i) — 8hS' (x2l_2) =  T / ( x 2i) +

+  y / ( x 2i + 2) +  60/(x2i _ 2) +  y / ( r 2i) -  ̂ . / ( f 2i_2) -  9h*f"(t2i) - 1  m "(t2 i-2 )  

for i =  l, 2 , ,  m — 1 .
But (3.6) is a strictly a tridiagonal dominant system. As is well known this 

system of equations has a unique solution. Thus S '(x 2i), i =  l, 2, . . . ,  m — 1 can 
be obtained uniquely by the system (3.6). Thus Theorem 1 is proved.
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(4.1) 
then

(4.2)

4. Estimates. The proof of Theorem 2 is based on the following 

L emma 4.1. Let / € C 2 [0, 1], we set

M 2k= . max \S '(x2i) - f ' ( x 2i)\
1 = 1,2, m —1

. .  138M 2k = — — со. * 65 m

where (0 2<S) is the modulus o f  continuity o f f" (x ).

Pro o f . From (3.6) and (2.9) it follows that

~2 \Sn(x 2k+2) ~ f  (x 2k + 2)] + 43 [S„(x2fc) —/  (a2j.)] — 8 [5„(xzk_2) —/  (х2к_2)] —

= [ ^ / " 0 h ,2* )+ п о п щ ^ + ^ г ы - д о п г , ^ ) -

-5/"(»/5,2*)- W"(r,e,2k) - 9 f " ( t2k) -  18/"(t2k_2)]/l.
The result follows on using the properties of modulus of continuity and 2m h  =  1. 

Lemma 4.2. Let / € С 2[0, 1] then

(4.3) is;'(*2i+:

(4.4) 

and

(4.5)

i s ; u 2i- ) i  ^

102
/i ai2

244
~/T 0)2

70
* “4

Ш-
where co2(S) is the modulus o f continuity o f f" (x ).

Pro o f . From (2.8), (2.9) and (3.1) we have

(4.6) 8  h3s;'(x2i+) =  -  78/ (Xm) — f  C%+2) + —5—/  (hd  +

87+ 84/15; (x2i) +  T  hS;(x2i+2) + \35h*f"(t2i) =

Í 1077 189 1
=  T - f " ( ’h,2i) + - T f"(ri3,2i)+ 135/''(i2i) +  87/''(i,5,2l.)j/i2 +

87
+ 84/1 [S„'(x2i) - f ( x 2i)]+ —  h (5n'(x2i+2) - / ' ( x 2i+2)], 8

8 h*S':(x2i- )  = -  5 4 6 / ( t 2;_ 2) - ^ / ( x 2;) + ™ / ( t 2i_ 2) -

9 OC
-6 0 /i5 ;(x 2i_2) +  —  A5;(x2i)+  189/i2/" (r2i_2).
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(4 .7 ) 8 h3s:\x2i-)  =  h4-l092f"(r,2'2i) + 7S3f"(tli'2i)+l20f"(rl6,2i) +

+ 189/" (»„-Л-бОЛ [«S* (x2i-  2) - f ' ( x 2i _ 2)] +  Л [S,,'(x2l. ) - / ' (*«)]•

(4.8) 16Л4 *S'̂ IV> (/2i) =  72/(x2i) -I-17 l / ( x 2í+2) — 243/ (f 2i) —

- 1 44hS„' (x2j) -  36hS' (x2i+2) -  216h2f" ( t2i) =

=  /i2 [342/"(íj,, 2i) — 54/ " ( í/8> 2I) —72/"(í/8>2() —216/"(/2,)] -

-1 4 4 [S„'(x2í) - / '(* « )]  - 3 6 h [5 ;(x2i+2) - / ' ( * 2i+2)].

The proof o f (4.3), (4.4) and (4.5) follows from (4.6), (4.7) and (4.8), respectively. 
Here one needs to use Lemma 4.1 and the properties of modulus of continuity 
of /"(x).

5. Proof of Theorem 2. Since O S i^ l ,  we have

(5.1) A o iO + A ^ O + A ^ t)  =  1, 

and from (3.1) it follows that for xMS x S i 24+2

(5.2)

S''(x) = f " ( x 2k)A0 + f \ x 2k+2) A2 + r ( t » U г +

+ 2 hs;\x2k +)В0 ( ^ ^ ] + 2 hS:\X2k+2-)  B2 ( £ = ^ - )  +  4 /1̂ iv> Ц2к)Ск ■

On using (5.1) and (5.2) we have

(5.3) s:(x) - /" (x )  = ( /" (x 2,) - /" (x ) )  A0 +

+  ( Г ( ^  + 2) - / " ( х ) ) Л 2 ( ^ ) + ( Г ( ^ ) - Г ( х ) ) Л ( ^ 2 ^ )  +

+  2hS„"' (x2fe +) 5 0 ( ^ ^ - )  + 2hS"' (x2k + 2- ) B 2 ( ^ j ^ )  +

+  4 h^ {t2k)c \ ^ ] .

From (2.2)—(2.7) itt follows that for O s t ^ l

[ | C , ( 0 l * k ( i ) | = | L ,  1 8 , ( 0 1 * 1 ,  1 8 . ( 0 1 * 1
(5 .4 ) ( I 4 'I

| и о( О н | ,  14,(0 | s 3 .
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On using (5.4), Lemma 4.1, Lemma 4.2 and (5.2) we obtain

\S :(x )-f" (x )\ s  caflh) +  3oj.2(2 fc)+ у  oh (2h) +

1 102 7h 244 Tfi 70
+ 2hu ^ ^ ( 2 h )  + — — (o2(2h) + 4 h ^ ^ c o 2(2h) S  8901,(2/!).

This proves (1.2) for p= 2.p= 0, 1 follows on the lines of [8]. This proves Theorem 2. 

6 . The following lemmas will be needed for the proof of Theorem 3.
L emma 6.1. Let / 6  C 4[0, 1] then i f  we denote

=  . max \ f '(x 2l) -  S '  (x2i)\,
then we have

where m4 (•) is the modulus o f  continuity o f / <iv> (x). Moreover,

\s:'(x2i+)-f'"(x2i)\ ^ 35 /io )4 ( 1 ) ,  |5 Г ( х г, - ) - / ~ ( * * ) |  == 82/utíj ( 1 ) ,

l ^ iv)(x 2í + ) - / ( iv) (x 2i)| s  7 8 cu4 ( 1 ) ,  |5,̂ ,v)( x 2i —) —/ (,v>(x2i)| s  165co4 ( i ) ,

\s: '(t2i) - r ( t 2i)\ Ш 13h c o ^ ) ,  |SB(v)(i2i)i ^  y m 4 ( i ) .

The proof of this lemma can be given on the lines of Lemmas 4.1 and 4.2 so 
we omit the details.

P roof of T heorem  3. Let x 2i< x S r ii+2. On using (3.1) and (5.1) we obtain 

Sn (*) - Г ( х )  = { s :  (x2i +) (x)) A0 ( * £ l J +

+ {s :(x 2i+2- ) - f '" ( x ) ) A 2 ^ ^ 1 ^ + ( s : ( t . 2i) - f" '(x ) )A l ( ^ 2 Г ~ )  +

+ 2h sy\x2i + )  B0 ( ^ F ^ )  +  2hSW(x2i+2-) B.2 ( - ^ l )  +  4h*sp ( /2i)C 4 .

On using (5.4), Lemma (6.1) and

s :\x 2i+)-f'"(x) =  s :  (x2i +) - r  (x2i) + r  (x9j  - r  (x),
\ r ( x 2t) - r ( x ) \  ^  2 ft||/<iv)||

we obtain

where we set Q— max ! / (1V) (x)|.
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On using the usual device
X •

*2 i

we obtain the estimate for ||S"(x)—/"(x ) ||. This proves (1.3) for p = 2. For p= 0 , 1 
the proof is similar. This completes the proof of Theorem 3 as well.

For (0, 2) interpolation by algebraic polynomials we refer to [2]. P. T ú r á n  
has remarked that (0 , 2 ) interpolation polynomials can be applied to obtain approx
imate solutions of the differential equation y"(x)+ p(x)y(x)—0. We will return 
to this question elsewhere.

The author is very grateful to Prof. A. Meir for stimulating discussion con
cerning lacunary splines.
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LACUNARY INTERPOLATION BY SPLINES. II
(0, 4) AND (0, 1, 3) CASES 

By
A. K. VARMA

In recent years there has been renewed interest and progress on Hermite— 
Birkhoff interpolation. The original source for this activity is a work by G. D. 
B ir k h o ff  in 1906 [3], with a notable contribution by G. Pó lya  in 1931. Motivated 
by these results, P. T ú r á n  [2] had initiated the study of “lacunary” interpolation 
on specially chosen abscissas and had shown its relevance to problems of con
vergence and approximation.

In 1973 Meir and Sharma [4] have shown that for arbitrary lacunary data 
{ki}i=o> {y'i}ni=о there exist unique (up to the boundary conditions) quintic splines
5„(x)fC 3 [0, 1] with joints at

И т г Ь ' -

-  0= 0,1,2 such that S,
■ Е ) = л -

Moreover, if the given data y{, y" are the values and second derivatives,

respectively, of a function /  satisfying certain smoothness conditions, then 
IIS*r)(x) —/ <r)(x)ll— 0 as n— oo for every г, Ош г^З. It turns out that in the case 
of Meir—Sharma interpolant the convergence is of order one less than which is 
possible through quintic C 3 splines. Moreover, by now it is known that the 
Meir—Sharma interpolant is less stable than many local piecewise quintic approx- 
imants, such as quintic spline interpolants of continuity class C 4 [0, 1] (see [9]). 
In order to obtain more stable interpolation processes satisfying Birkhoff data 
and where the convergence is of the same order as that of the best approximation 
by quintic splines we proposed [1 1] the following:

Let n=2m + l, xf= - ^ , / = 0,2, ...,2m . We shall denote by the class

of quintic splines S„(x) on [0, 1] having the following two properties:

(1 .1) i) 5„(x)€C 2 [0, 1]
ii) S„(x) is quintic in [x2i, x2i+2], /= 0 , ..., m —\.

Theorem A (A. K. Varma). Let n=2m-\-1, xt= ~ ,  /= 0 ,  2, ..., 2m, t2i = 
2  I 2m

— x2i +  - j  h, i=0, 1, ..., m — 1, 2h=— . Given arbitrary numbers / ( x 0) , / ( x 2), ...,

f  (X2m); T(lo)> ••• > f  (*2(т-1))’ f  (io)> f  Ui)>■••>/ Uitm-l))i f  (Xo)> f  (X2m)
there exists a unique 5„(x)c C 2 [0, 1] such that

Sn(x2i) =  / ( x 2i), i =  0 ,1 ,..., m,
Sn(t2i) — f  (t2i), Sn (t2i) = f  (t2i), i =  0 ,1 ,. . . ,  m — 1,

Sb(*o) = /'(xo ), S '(x 2m) = f '( x 2 J .
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T heorem  В. L et / 6 С 2[0, 1] and let Sn(x) be the unique quintic spline satisfying 
the conditions o f Theorem A. Then

№ > (* )-/(» (* )И  á  ( i ) ,  р = о, 1 , 2 .

Неге ю2( •) is the usual modulus o f continuity o f  f"{x). In the case /€ С 4 [0, 1] we 
have

IIS2r t (je)-/<«(*)|U  ^  103m '-4cd4( ^ )  +  8 m "-4 ||/<4>|U, p = 0 ,1 ,2 ,3 ,

where cu4( •) denotes the modulus o f continuity o f  / (iv>, and fo r  p = 3, norm is 
replaced by piecewise norm.

The object of this paper is to generalize the above results in the following 
directions.

T heorem  1. Let n=2m  + l, 

=  0 ,1 ,. . . ,  m — 1, 2mh =  1. Given

i

arbitrary

2
i = 0 , 1 , . . . ,  n — 1 t2i=x2i+— h, i —

numbers f ( t 0), f ( t t)...... / ( i 2 (m-i));

/ (iy)( a  / (iv)(i2), • • • , / (iv,( '2 (m -i))./4 *o),/, (*2m) there exists a unique S„ (x) £ C 2 [0, 1] 
smc/z that

S n (*2f) =  /(*2i), i =  0 ,1 , . . . ,  m ,
(1.2) S„(t2i) = / ( f 2i), S<*> (t2i) =  /<w>(i2i), i = 0 ,1 , . . . , m - 1,

S'(x0) =  / '( *  o), S '( x 2m) = f '{ x ,m).
T heorem 2. Let / € С 4 [0, 1] and let Sn(x) be the unique quintic spline satisfying 

the conditions o f  Theorem 1. Then (n — 2m+  1)

(1.3) iS<'>(jc)-/<»(x)||. ^  2m p~i coi +4m p_4| | / (4)||«,, p = 0,1,2,3.

i 2
T heorem 3. Let n=2m + l, x,=-^—, /= 0 , 2, ..., и —1, t2i= x2i+— h, i =

= 0 , 1, . . . . /и —1, 2mh = l. Given arbitrary numbers f ( x 0), f ' ( x 2) , ..., / (x2m) ;
/ ( r 0) , / ( r 2), . . . , / ( / 2(m_1)); f \ t 0) , f ' ( t 2) , . . . , / ' (*«„_„); r { h ) , r ’{t2), . . . , r ( í 2,m-i,); 
f ' ( x 0) , f ' ( x 2m) there exists a unique Qn{x)£C2[0, 1] shcA that

(1.4)
6 „(*2,) = f ( x 2i), i = 0 , 1 , . . . ,  m,
Q (np4t2i) = f iPKt2i), i =  0 ,1 ,. . . ,  m —1, p =  0 ,1 ,3 , 
ön(*o) = f \ x 0), Q'„(x2m) = f '( x  2m),

Q„(x) is a polynomial o f  degree six in [x2i, x 2i+2], i= 0 , 1 , ..., m—1 .
Theorem 4. Let /£ С 4 [0, 1] and let Q„ (x) be the unique spline (of degree six 

in each piece) satisfying the conditions o f Theorem 3. Then (n = 2m + 1)

(1.5) ||0<p,( * ) - / (p)« ! l~  ^  250п7р- 4ш4(1 )  +  4 т р- 4 | ] / ( ^ |и ,  p =  0,1, 2,3.
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The proof of Theorems 1 and 2 is given in Part A, and that of Theorems 3 
and 4 is sketched in Part B. The results of (0, 4) interpolation will be applied in 
a next paper to the important differential equation

y(iv) = f(x ,y ) .
We will follow for this purpose a recent paper of I. J. Schoenberg  [12]. 

Preliminaries. If P{x) is a quintic on [0, 1] then we have

(2.1) P(x) = P (0M o(x) +  p ( y )  ^ ( x H P C D ^ W  + P'COfßoW-b

+  P '(1 )£2(x)4-P<ív>(j ) c 1(jc),

where

(2.2) Cx(x) =  ^ [ - 3 x 5 +7x 4 - 5 x 3 + x 2] =  - ^ ( l - x ) 2(3 x - l) ,

(2.3)

(2.4) B0(x) =

Вг(х) = + =  í f c l l )  (3x -l)« ,

— 9x5-f-15x4—x3 —7x2 +  2x — x (x —l)2(3x — l)(2 +  3x)

(2.5) A 2 ( x )  =

( 2.6)

2 2 

-  63x5 4-105x4 -  37x3 +  3x2 -  x2 (3x - 1 )  (21 x2 -  28x +  3)
8 8

(2.7) A0(x)

Q 1 О I
(x) =  v-[3x 5 - 5 x 4 + x 3 + x 2] =  — x2( x - l ) 2 (3x+l),

О О

— 45x5 +  75x4— 1 lx 3 —21x2 +  2 - ( x -  l)2(3 x -  l)(15x2+  10x + 2)

For later references we note that

Q "(0 ) -
1

~ 2 4  ’ С Г ( 0 )
5
8 ’ C íiv)(0) = 1  С'" Р  

2 ’ C l 12г К -

C i'(D  =
1

1 2 ’
С Г ( l )

7
~  8  ’

C{i¥)( l )  = - 4 ,

в ' т  --
1
2 ’ в ' т

21
~  2  ’ ß | iv,(0 ) = - 9 0 ,  ВТ ( j

Bl{\) --= 10, ЙГ( 1)
111

~  2  ’ ß^iv)( l )  = 180,

B'ú(0) == —7, в т =  —3, «Г О 0 ) = 180, ВТ{\-) =  27,

B'ó(l) --= - 10, в ; \ \ ) =  - 9 3 , ßiiv)(l) = - 3 6 0 ,
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л т 3
~  4  ’

A'm 111 
4  ’

^ iv)(0 ) =  315, 4 f ( i )

лк  l ) =  - 2 7 , A7( 1)
741

“  Г ’ ^ iv)(l) =  630 ,

< A m
81

"  4  ’ Л 7(0 )
243

_  4  ’
2f l ÍV>(0 ) “ - 1215. 4 Г ( 4 )

Ai( 1) =  81, 4Г(1)
2 6 7 3  

4  ’ АГ( 1) =  2430,

^Ó'(O) =  - 2 1 , 4Г(0) =  — 33, Ар\0) =  900 , A " ( j )

440(1) =  - 5 4 , Л Л 1) =  - 4 8 3 , А ^ \  1) =  - 1 8 0 0 .
For / € С 4 [0, 1] we have

/ (* 2i+2) =  / (* « )  + 2 h f(x 2i) + 2 h T ( x 2i) +  4  h3f'" (x 2i) + ~  fc4/ (i¥)0 h.«),

X 2i "e :  ^7 l, 2i ' < ; *2i +  2 5

/(* «  - 2) =  / W  - 2 Ä/'(*«) +  2 h T ( x J ~  h3r ( x si) + J  й4/<»>Oh.2i),

x 2i-2 »?2,2i ^  *2i5

/ ( Í 2 < )  =  / ( * « )  +  - §  * / ' ( * « )  +  - §  Л 2Г ( * и ) + ^ -  й ,Г ’( * м ) + ^ з  ^ / (iv> (V 3.2 ,),

X 2i <  »?3,2i *2i>

/ ( Í 2 . - 2 )  = / < * * > - 4  * / ' ( * « > + - § -  а зг ( ^ + ^ -  / i4/ <iv)( ^ 4 i2i),

2̂i — 2 4̂,2i ^  -*2i5

/ '  (*2i+2) =  / '  f e i ) + 2  А /'" (*2i) + 2А2Г  (**) +  4  ЙЗ/<iv) (»/5,2,),

■*2i 'e: 5̂,21 <  *2i+2 *

Г  (X2, -  2) = f ' ( x 2i) -  2ЙГ (x2i) + 2h2f "  (x2i) -  4 h3/ (iv) (»76,2,),

X2i — 2 »7б, 2i ^  ^ 21-

PART A

3. Proof of Theorem 1. The proof of Theorem 1 depends on the following 
representation of Sn(x). For 2 ih S x^ (2 i+ 2 )h , i= 0, 1, ..., m — 1, we have

(3.1) S M  = f( x2i)A0 ( ^ f ) + / U 2l + 2 ) , 2 ( ^ ) +/( , ,- )А  (£ ^ )  +

+  2 hs;(x2i)Bu ( ^ 4 ^ )  +  2Й 5; ( x 2i+2) B2 +  16h 4/ ( " ) (t2i) Q  ( ^ 4 ^ ) .
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On using (2.1) and 

(3.2)
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s ; ( 0) = / ' (  o ) ,  s' ( о  = / ' ( i ) ,

we note that S„(x) as given above satisfies (1.1) and is quintic in [x2i, x2i+2] for 
i=0, 1, ..., m —1. We need to decide whether it is possible to determine S„'(x2i) 
for /= 1 ,2 , — 1 uniquely. For this purpose we use the fact that 5„(х)бС2 [0, 1]
and therefore

(3.3) S„' (x2i +) =  Sn'(x2i- ) ,  i =  1 ,2 ,. . . ,  m - 1  

must hold. Thus on using (3.1), (3.3) and (2.8) we obtain

(3.4) hS^(x2i+J  + 34hS '(x2i)h -2 0 h S '(x 2i- 2) =

■5 0  1

=  6 f ( x 2i) + ̂ f ( x 2i + 2) + —  / ( i 2i) +  54/(x2i_2) —

- 8 1 / ( t2i- 2) + |  /i4/ (iv)(i2i) +  4  fc4/ (iv,( '2i- 2)-

But (3.4) is a strictly tridiagonal dominant system. Thus S '( x 2i), /=1, 2, ..., 
m — 1 can be obtained uniquely by the system (3.4). This proves Theorem 1.

4. Estimates. For the proof of Theorem 2 we need the following

Lemma 1. Let us denote

m 2í = \f'(x2i) - s ; ( x 2i)\,
then

(4.1) max M 2i -i /i3 oj4 Í—),

where öi4(- )  is the modulus o f continuity o f  / (,v) (x).

P r o o f . From (3.4) and (2.9) it follows that

2 0  h [s; (x2i _2) - / '  (x2i _ 2)] -  34/i [s; (*2i) - / '  (*2i)i -  h [s; (x2i+2) - r  (x2i+2)] =

=  [ - y / (iv) fo l. 2i) -  j f (iv) O/s.üf) ~  36f(">(r,2i 2i) +

+ Щ / (iv) (m, 2i) -  - | / (iv) (hi) -  У / <iv) (hi - 2)+

+  y / (iT )( ^ 6>2i)  +  { / ( iv ) (»?5>2i) ]  Й4 =  ( ^ ) ,  [0ol S  1 .

Now, on using the properties of diagonal dominance, (4.1) follows imme
diately.
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Lemma 2. Let /£ С 4 [0, 1] then

(4.2) \S : \x 2i+ ) - r  (*«,)l ^  16hcot ( 1 ) ,

(4 .3 ) \S : \x 2i- ) - r \ x 2l)\ S  66ha>4 ( 1 ) ,

(4-4) \S"'(t2i) - r ( t u) I == 32йш4 ( 1 ) ,

where a>4( •) is the modulus o f  continuity o f  / (iv).

Proof. From (2.8), (2.9) and (3.1) we have

8 h3 S'"(x2i+) = 33f(x2i) - ~ / ( x 2i+2) +

-  6hS; (x2i) +  21 hS ' (x2i+2)~  10 fc4/< iv>(t2i).
Hence

8h3{S:(x2i+ ) - r ( x 2i)) =  ( -  у  / < iv) O h . 2 i ) + у  / (iv) (»/3, i i )  -

-  10 / (iT)(/2i) +  28/(iY)(?/52i)j  h ^ 6 h [ s ; (x2i) - Г (x2i)] + 2\h [S '(*M+J - / ' (x2i + 2)] =  

=  у  a4®« (y ) 0 i + 2 1 h [ s ; (x2i+2) - / ' ( * „ + -  6 ft[s;(x 2i) - / ' (a2í)], |0 a| == l.

Now, on using Lemma 1, (4.2) follows.
The proofs of (4.3) and (4.4) are similar and so we omit the details. We mention 

only that

%h3 S'" (x2i—) — —483/(x2i . 741 , .  . , 2673 , ,  .
a)--- j~ f ( x  2i) +  —7—f ( t 2i- d  -

-186  hS; ( ^ Y  +111 h S ' (x2i) - 1 4h4/ (iv) (/2i_2),

and

8  h*S:(x2i- )  = m f ( x 2d - ^ - f ( x 2i+2) - ~ f ( t 2i)+

+ 54 as;  (x2i) +  9 hS;(x2i+2) +  2hif <"<> (t2i). 

Lemma 3. Let / € С 4[0, 1] then we have

(4.5) \S™ (x2i + )-/< *’>(*„)I =s 136co4 ( 1 ) ,

(4.6) |S<iv) (x2i - )  -/<"> (x2i - )  I ^  283co4 ( 1 ) ,  

where co4(-)  is the modulus o f  continuity o f  / (iT).
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P roof. From (2.8), (2.9) and (3.1) we have

16S<iv>(*2i+) =  900/ (x2i) -  1215/ (?2i) +  315 / (x2i+2) +

+360h s;  (jc2;) - 1  so hs;  (x2i+*)+56h4/ (iv) (/«).
Therefore

16[S<iv>(x2i+ ) - / ( " ) (x 2i)]h4 =
=  [ - 10/<") (i/s, 2i) +  210/C*) (ifc 2i) -  240/(iv) (1,3,2i) -  16/(” ) (x2i) +

+ 56/<iv> (i2j)] h4 — 180/i [S;(x2l+2) - / ' ( x 2i+2)] + 360/1 [ ^ ( a2í) - / ' ( x2í)].
On using Lemma 1, the definition of modulus of continuity, (4.5) follows. The 
proof of (4.6) is similar and we omit the details. We mention only

164S<iv)(*2i—) -  -  1 800/(x2i _ 2) -  630/(x2j) +  2430/(t2;_ 2) -
-  720h s ;  (x2i_,)+360hs; (x2i) -  64/i4/<-> (t2i _ 2).

5. Proof of Theorem 2. Since O ^ t ^ l ,  we have

(5.1) Л ( 0 + Л ( 0 + Л ( 0  s  l.
Let x2i< x < x 2 i+ 2  then on using (5.1) and (3.1) we obtain

(5.2) S :(x ) - f '" (x )  =

-  ( № «  + ) - Г ( х ) ) Л 0( l ^ L ) + i s : (x2i+2- ) - П х))А2( ^ 2 l ) +

+ ( s ; w - r w ) ^  (-£ ^ L) +  2h5<iv)(x2i+ )5 0 ( - ^ - )  +

+ 2 hS<iT)(x2i+2 - ) 2i2 ( - ^ 2L) =  Л + / 2+ /з  +  / 4+ / 5.
Since

/" 'M  = /'4 * 2 i)  +  (X -* 2 i)/(iV)077,2;) (*2i <  V l.ii <  *2i + 2),
from (2.5)—(2.7) it follows that |Л0 (х ) |^ 1 , (x)| =  2, |Л2 (х)|^1 . Therefore

Л =  ( 5 Г ( * и + ) - Г ( Ф о ( - ^ )  =

=  (ST(X2i + ) - r ( * 2 i ) "  (* ~ ^2 ,)/(iT)(1/7.2i))Л

Hence, on using (4.2), |x —x2i|s2A and Q = |l / (lv)ll =  max |/< iv>(x)| we obtain

( 5 . 3 )  | Л 1  S  

Similarly,

(5.4) |/2| s  6 6 /icu4 Ш  + 2h£2,
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and

(5.5) + jh l2 .

Since |Ä0 ( x ) |^ y ,  jÄ,(x)|^-j^- (0 5 x ^ 1 ) , on using Lemma 3 we obtain

h  =  2h S ^ ( x 2i+)B0 { ■ ^ L) = 2 h (S<iv> (x2i +) - ß iv>(x2i) + f ^ ( x 2i)) B0 ( ^ ^ - )  ■ 

Hence

(5.6) |/4| ^  2h (l36m4( ^ )  +  fí) j  ^  39hco4 { ^ \ + j h Q .

Similarly

(5.7)

Therefore by (5.2)—(5.7) we obtain

l |S f (* ) - r '(* ) l l~  =  223ha>i ( 1 )  +ShQ.

This proves (1.3) for p=3. The proof of (1.3) for p= 0, 1,2 follows imme
diately on the lines of [8 ].

PART В

6 . The following results are needed for the proof of Theorems 3 and 4. 
If P(x) is a polynomial of degree six on [0, 1], then we have

(6.1) P(x) =  Р (0 К (х )  +  /> ( у )  u 1( x ) + P(1)U2 (v) + A(0)üo(x) +

+ P ' (-I) e1 (x) +  P '( lH ( * ) + JP"' ( I )  Wl(x),

where

(6.2)
. . 9xe — 24x:5 + 22x4 — 8 *3+ хгWi(x) = -----------------5----------------

x 2 (3x—1)2(1 — x ) 2 

8

(6.3) »„(*) =  9x5-24x* + 22x3- 8 x 2 + x  =  x ( l - x ) 2(3 x -1 )2,

(6.4) Vl(x) = ^ [ 2 7 x 6-6 0 x 5+38x4- 4 x 3- x 2] =  ^ [ jc2 (3jc-1)(1 - x)2 (9v +  1)], 
16 16
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(6.5) V2(x) 8 1 x6 - 1 80x5 + 1 38x4 -  44л:3 +  5x2 (x -1 )  (9x -  5) x2 (3x- 1  ) 2

16 16

(6 .6 ) u0(x) =  81x6-144x5+15x4 +  80x3-3 3 x 2+ l  =  ( З х - 1)2(1 - x ) 2(9x2 +  9x + 1),

81 81
(6.7) ux(x) = — [-9 x 6 + 12x5+10x*-20x3 + 7x2] = 4~[x2( l - x ) 2 ( 7 - 6 x - 9 x 2)],

16 16
(6.8)

u2(x) = -  567л:6 +  1332л:5-  1050л:4 +  340л:3-39л:2 х2 (3 х -  1)2(63лс2— 106л:+  39)
16

We also need

v<(0 ) =  < ( 0 ) = - 6 ,

v'ó(0) = - 1 6 ,  v?(0) =132,

97 81
« 3 )  = — • »T(0 ) =  - y >

•í(0 ) = | ,  »Г(0 ) = - Ц ,

t+(0) = -6 6 ,  м 3 )  =480,

«?*» =  ¥ •  „ f (о) = ~ ~

(6'9) W o ) = ~ ,  « Л 0 ) = у ,

wi'(l) =  1 , 
eff(l) =  8 ,

< ( 1) =  15, 
«С0) =  96,

135

wíiv)(0 ) =  6 6 , 

n<iv)(0) = -5 7 6 , 

níiv>(0) =  1539, 

i4 iv)(0 ) =207, 

u t \ 0 )  =  360, 

uí iv)(0) =  1215,

w|iv>(0) = -1575 ,

wíiv)(l)  =  1 1 1 , 
^ iv)d )  =  504, 

11583
v'Kl) =  - Ц р ,  v l \ l )  =891,

29
« £ ( 1 )  = ~ ,  v2(l) =  1 2 3 ,

uó'(l) =  144, < (1 )  =  1920,

Mi(l) = - 8 1 ,  мГ(1) = -1 2 1 5 , mÍ*’)(1) =  -

2
1359

16

( I )  -  ~ 9-

(t ) -  - 216'4 iT)

»?•> (4) -  -

t ö ~
i4iv)

1377
2

8 J_
2  ’

«í " > ( 4 ) .

“ И т Ь

2160,

3645
2 

675 
2 :

f í iv)(l) =

«4,v)(i) =

u0° v)(l) =  12240, 
15795 

2
8685u£(l) = - 6 3 ,  мГ(1) = -7 0 5 , u |iv>(l) = -

7. Proof of Theorem 3. We need to prove that there exists a unique Qn(x )^ S ^ ,t 
satisfying the requirement of Theorem 3. Let 2iASx^(2/+2)A, /=0 , 1, 1
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and we aim to express
_ , . , ,  . ( x —2ih\  , ,  4 ( x —2 ih \  . ( x —2ih)

Qn( x)  = f ( x 2i)u0 [ 2h J + / ( x 2i+2)t/21— — J + /(* 2i)Mi [ 2h J +
+  2й^ ( х21> 0 ( • ^ 2 ^ ) + 2 й/ ' ( / 2() г1 +  2hQ'n(x2i+ -Ju2 (£ ^ )  +

+ 8 й3Г 0 и)ю1 (~~2 ^ ~ ) ’

On using ö n (0 )= /'(0 ), ß n ( l ) = / '( l ) ,  and the fact that ß„(x)€C 2 [0, 1] we obtain 
QZ(x2i+)= Q "(x2i- ) ,  i= l ,2 ,  , m  1. Therefore

16hQ„(x2i- 2) +  61 hQ„(x2i) — Q„(x2i+2) =

=  — 3 / (x2i)+ ( 2̂i)—^ - /  (^2i+2) — 14 4 / (x2i _ 2) + 8 l / ( f M _ 2)—

- Ц; h f  V 2i) -1 3 5  h f '  (t2i _ 2) +  2h3f" ' (t2i) -  W f ”« »  _

But (6.11) is a strictly tridiagonal dominant system and therefore <2'(x2i), 
i = l ,  2, ..., m —1 can be obtained uniquely. This in turn implies that Q„(x) can 
be determined uniquely satisfying the conditions of Theorem 3.

8 . Estimates. The proof of Theorem 4 depends on the following

Lemma 3. Let / € С 4[0, 1] and we set

N 2i =  \ f ( x 2i)-Q '„(x2i)\
then

, , max N2i S
1=1,2, m —1 175 4 ImJ

Also

\Q7(x2i+ ) - f" '( x 2i)\ == 96h m 4 [ l ) , \Qn'(x2i- ) - f m(x2i)\ ^  286Am4 ( l ) ,

lßiiv)(* « + )- /< iT)(*2i)l ^  180ш4 (1 ) , lßi,Y)(*2l- ) - / < iY>(*2i)l ^  848ш4( ^ ) ,

№ y)( t2 i) -ß iyHt2i)\ ^  65m4( l ) ;, |ß<iv>(t2i) | s  2 7 0 /I- 2m4 ( l ) .

The proof o f this lemma is on the lines of Lemmas 1 and 2. The proof of The
orem 4 is similar to that of Theorem 2. Here one uses Lemma 3. So we omit the 
details. Other relevant papers are [1], [6 ], [7], and [10].
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ON CENTRAL LIMIT THEOREMS 
FOR MARTINGALE TRIANGULAR ARRAYS

By
P. GAENSSLER, J. STROBEL and W. STUTE (Bochum)

It is the aim of the present paper to give a most straightforward elementary 
and selfcontained presentation of some results on central limit theorems for mar
tingale triangular arrays which cover the main theorems of В. M. Brown and A. 
Dvoretzky as well as the Lindeberg—Lévy theorem for martingales proved by 
Billingsley and based on the work of Lévy. Our survey relies on the paper of В. M. 
Brown which leads to Theorem 2 as the main result of the present paper from which 
the others will be derived in a rather direct way (including a random central limit 
theorem for martingales).

1. Introduction

Let (x„ii)isk3 Jc„,neN be a triangular array (ТА) of integrable random variables 
defined on a common probability space (p-space) (12, s i, P) and let (&'Пк)ошшк„,пе.г* 
be a given array of sub-er-fields of s i  such that x„k is &nk -measurable and ^nk is 
monotone increasing in к  for every n. Then (x„k) is called a martingale triangular 
array (MTA) if E(xnft|.#r„i/c_1)= 0  almost surely (a.s.) for k = \ ,2 ,  . . . , k n and

К
every n(N . Putting Sn= ^  we want to find conditions on a MTA (xnk) which

*=i
imply that jV(0 , 1), i.e. m

л

lim P(S„ ^  A) =  (2л) - 1/2 f  e - xtl2dx for all 26R.n-*- oo J

If not specified otherwise it is assumed that the random variables x„k have finite 
second moments. As we know from the work of Dvoretzky ([7], [8]) the following 
so called Conditioned Lindeberg Condition (CLC) plays an essential role:

k„
(CLC) ^ E ( x ^ / ( |x „ t | >  e ) |i?„>ll_i)-i r 0 as n - °° for every £ >  0.

(Here 1( •) denotes the indicator function of the set within the parenthesis and 
-p- stands for convergence in P-measure.)

Compared with the classical Lindeberg Condition (LC)

*n
(LC) £  E(x^/(|x„*| >  c)) — 0 as n for every e >  0,
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(CLC) is obviously weaker than (LC), since for g„k=0

2 E ( f t* )  =  2  4 E ( g nk\^n,k-i)) = E ( 2 E ( b l ^ a - i ) ) - 0

implies that 2  E(g„k\-^n,k-i)-p~Q- Here and in the following we usually drop 
the summation indices if the summation (or maximization) is understood with 
respect to convergence means always convergence as и —

That (CLC) is in general strictly weaker than (LC) can be seen from the follow
ing simple example:

Let (Í2, sd, P)=([0, 1], ^T1[0, 1], A) (A=Lebesgue measure on [0,1]) and 
consider Cxnk)iSfcSn,„gN defined by

=  КЛХ), x 21 = x 22 = I(A2) , x nl = xn2 = ...=  xnn = I(An)

with =  n £N; putting ^ nk=a({xnl, xn2, , xnk}), l ^ k ^ n ,  n£N, and

^ rno=^rm> we obtain 2  E (*^/(|*„k|> e ) \^„,k- i ) = 2 1 ( A n)= nI(An) - r 0 for 
every e>0, i.e. (CLC) is satisfied but (LC) is not, because

2  4 ^ nkI(\Xnk\ >  e)) =  Z  E (f(A„)) = nA(A„) =  1 (0 <  в c  1).

Note that in the present example, the following condition (C) occuring in the next 
theorem is not fulfilled:

(C ) 2  Е (* Ы  * ; .* - ! )  t L

This theorem gives a characterization of (CLC) stated without proof. The proof 
can be carried through by standard techniques (using e.g. P ratt’s Lemma (cf. 
[10])); for some of the details the reader is referred to Brown [4] and Scott [11].

T heorem  1. If, for а ТА (xnk), E ^ 2  x*kj — 1 as n—°°, then the following asser

tions (i)—(iv) are equivalent:
(i) (*„J fulfils (C) and (CLC)

(ii) (xnk) fulfils (C) and (LC)
(iii) (x„k) fulfils (C) and (CUC)
(iv) (xnk) fulfils (C) and (UC),

where (CUC) states that for any continuous nonnegative function U(x) of bounded 
variation on [0, °°), for which U{0)= 0  and Í7(x)—const (>0) as x-*-°°,

k2  E ^x2nkU I&n,k-  , j -p> 0  as n oo for every £ >  0 ,

and where (UC) stands in the same relation to (CUC) as (LC) does with respect 
to (CLC).
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2. The main results of Brown and Dvoretzky

T heorem  2 (cf. B r o w n  [4], Theorem 2). Let (xnk) be a MTA fo r  which (i) o f  
Theorem 1 holds, i.e.

kn
(a) n and

k = 1

(b) 2  >  e)\^n .k-i)-p* 0  as n - ° °  fo r  every e >  0 .
k=1

Then Sn= 2 x nk^ - N ( 0 ,  1).
*=i

The proof of Theorem 2 together with some auxiliary results will be given in 
Section 5. We want to point out here the idea: Let

oik =  K(xlk\K ,k -i) , Vnk = 2  ah, 1 S k S k n, and Vl =  Vn\ n, ne N.
i  — 1

kn
Choose any constant c > l ,  put znk= xnkI(V^k =  c) and T„= 2  znk- Then one 
can show that k=1

A) Sn — Tn -p* 0 a.s. n ->

B) =  0 a.s. for к = 1 ,..., fc„ and every n,

i.e. (z„fc) is also a (MTA);

C) 2 E ( z y ( [ z J > # „ lt- i ) T 0  for every e  > 0,
k= 1

i.e. (znfc) fulfils also (CLC);

D) Wl := 2  E C z ^ l J ^ i )  -p* 1 as n — ,
t=i

i.e. (znjt) fulfils also (C);

E) P({lFn2 s  c}) =  1 for every n£N and

F) E I~ 2  z2*) ^  1 as n - 00.

Hence it suffices to show that

(1) T „ = 2 ^ — N  (0 , 1 ),
k = 1

where (znít) is a MTA fulfilling E), F) and condition (i) of Theorem 1. Furthermore, 
according to F) one can use the equivalences stated in Theorem 1, especially 
“(i)<=>-(iv)” , in order to verify the conditions (a) and (b) of Lemma 2 below (see 
Section 5).
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The next result is up to a slight modification (concerning the choice of .^„,k-i) 
identical with the main theorem 2.2 o f D voretzky  [8 ]. But as pointed out in Sec
tion 3 of [8 ] there is no loss of generality in assuming the following conditions
(a)—(c), which were in fact used by Dvoretzky in proving his theorem.

T h eorem  3 (D v o r e tz k y  [8 ], Theorem 2.2). Let (xnk) be a ТА fulfilling 
К

(a) 2 E (r „ , ! ^ b l ) T 0  as n - ° ° ,
k = 1

(b) l { E ( 4 k| *r. . * - , ) - ( E ( * J a s  n — ,
k = l  

kn

(c) 2 Е {хпк1(\Хпк\ >  e)\^n,k-i)-p~° as n -~°° f ° r  every £ >  0 .k = l

Then Sn= 2 x ^ m 0,1).
*=i

The proof of this theorem will be established using Theorem 2. To this extent 
the following auxiliary result is needed which is an immediate consequence of Lemma 
3.3 of D vo r e tz k y  [8], p. 521.

P ro po sitio n  1. Let x  be a square integrable random variable on some p-space 
(Í2, sd, P), ÍF a sub-o-field o f sd and /г= E (x |S' ) ; then for every e> 0
(3) 4E(x2/( |x | >  £)\3?) s  E ( ( x - /0 2 - / ( |x - / i |  >  2e)|^).

P roof o f P ro po sitio n  1. For every Ff,F~ we have x2/(F )C if2 (fí, sd, P), 
E(xI(F)\& r)= pI(F) and therefore it follows from (3.10), p. 521 in [8 ] (with x/(F) 
instead of X )  that

4E(x2/(|x] >  e)I(F)) E ( ( x - p ) 4 ( \ x - p \  >  2s)I(F)),
hence

4E [E (x 2/(|x | >  e)\& )l(F )]  S  E [E ((x - /i) 2/ ( |x - / d  >  2e)\P )l{F j\ 
for every F (IJ*, which implies (3).

Proof o f  T heorem  3. Let ynk=x„k- p nk with р пк =  Е(х „к \ ^ пЛ_ 1) ; then ( y j  
is a MTA for which (i) of Theorem 1 holds, since

(a') i " E ( ^ ! ^ I,t _1) =  ! { Е 0 & |^ п,* - ! ) - /& } - F l  as и —
k = 1 * =  1

according to (b), and

<ь') O s  2 4 y 2n * H \ y nk) > t ) \ F n, k- i )  =
k = 1

=  Д  Щ (хлк- р пк)г1(\хпк- р пк\ >  £)]&„,к-т) ё  4 Д  Е |x ^ / ( | x j  >  y j |

by (3), which implies by (c) that (ynk) fulfils also (CLC).
*„

Hence by Theorem 2, Tn= 2  Упк~ ^  N(0, 1) from which the assertion of
t=i

Theorem 3 follows according to (a) which means that Sn—Tn^ ~ 0  as n—°°.
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3. The Lindeberg—Lévy theorem for martingales

Let (**)*<; N be a sequence of integrable random variables defined on a  common 
p-space (fí, s i,  P) and (.^"Д^и(о) an increasing sequence of sub-n-fields of s i  
such that xk is ^-m easurable for each k £ N. (xk) is called a martingale difference 
sequence (MDS) if

E(xk\ ^ k-j)  =  0  a.s. for every N.
(xk) is a MDS iff E(xfe |xl5 , xk_f)=0  a.s. which is in turn equivalent to
( S„= ^ x k\ being a martingale. We remark also that, in the case of square

4 = 1  2 n € N

integrable x*’s, (xk) is a MDS iff E(xk+1 <po(x1, ..., xk))= 0  for any cp with 
х*+1 ^ 0 (х1 > • ••» xk) é ^ i ( í i ,  s i,  P), which implies that in this case the xk’s are 
pairwise uncorrelated; hence for a MDS (xk) of (jointly) normally distributed random 
variables the xk are necessarily independent. On the other hand it is well known 
that (S„) forms a martingale, i.e. (x„) is a MDS if the xk’s are independent and 
centred at expectations.

Now, given some norming constants 0 < ^ ,  n£N, put xnk=s~1xk, l ^ k ^ n  
and ■ir„k=-i'k, 0 ~ k ^ n ;  then (x„k) is a MTA and therefore the results of Section 
2 carry over to MDS (xk). As to the analógon of Theorem 1 one obtains for se

quences (xk) with s~2E I (which is trivially fulfilled if 0<  ,2” Е(х*)< °°
V 4 = l  > 4 = 1П

and if we put s%= ^  E (xf)) that the assertions (i) —(iv) (with s “ 1 xk instead of
4  =  1

xnk) are equivalent.
From Theorem 2 we obtain

Theorem 4. Let (xk) be a M DS and 0 < s ^ ,« € N ,  such that

(a) s„-2 2 E ( 4 | ^ 4 - i ) - r l  as n — °°. and
4  =  1

(b) s~2 £ E ( x U ( \x k\ >  e s J J v ^ - p - O  for every e >  0.
k = l

Then S„=s~1 2  xk-^~N(0, 1).
4  =  1

We want to show that the Lindeberg—Lévy—Theorem for martingales proved 
by Billingsley [2] can be easily derived from Theorem 4. To this extent we need 
the following proposition:

Proposition 2. Let (x*)*€N be a sequence o f random variables on some p-space 
(ß , sJ, P) and assume that (xk) is stationary (strict sense). Then E ( / ( x t) |J r(l_1), 
k£N, is again stationary (strict sense) for any f  with f  (xk)£JT1(Q, s i ,  P), where 
(&’k) is a suitably chosen increasing sequence o f sub-a-fields o f  s i  such that xk is lFk- 
measurable for each k £ N.

Proof. In order to prove Proposition 2, we assume a particular representation 
of the stochastic sequence (xk) (which causes no loss of generality with respect
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to later applications), namely that Q is the coordinate space of all sequences cu=
= ( .......... a)_lt cj0, ci)1, .........) of real numbers co£, i£Z, that the x£’s are the
coordinate variables of Q, that sé  is the <r-field o f events generated by the x£’s, 
and that P is the probability induced on (Q, sá) by the finite dimensional distribu
tions of the x£’s (where the ш-set is assigned the pro
bability P({x£j.+Ä€2?y:y=l, и}) with N chosen so large that ij+ h£N,

If T  is the measure preserving and bijective shift transformation from Q into 
itself, defined by (Г((п))£—co£+1, Z, then xi= x i_ 1 o T  for every i~Z.  Now, let 
S'i be the c-field generated by {x^: — j= i}-  Then 7'(F£_1)6 # ^ _ 2 for any 

and therefore we obtain (using that T  is measure preserving)

f  E ( f ( Xi) \^ i- i)  dP = f  / ( x £) dP =  /  f i x ^ o T )  dP =
Fi - i  Fi - 1 Ft - i

= f  f ( x i- 1) d P =  f  E ( / ( x i_1) |^ £_2) d P =  f  E i f i x ^ l ^ o T d P
n F,-l )  Г (Е ,.,) Fi_1

for every F£_1 $Jr£_1; furthermore E ( / ( x £_1) |J r£_ 2)°7 ' is -measurable and 
therefore E ( /( x £) |# '£_1) = E ( / (x £_1) |^ . 2)оГ a.s., i.e. (E (/(x £) | J ^ ) ) ^  is a 
stationary stochastic sequence.

T heorem  5 (Lindeberg—Lévy). Let (xk) be a stationary (strict sense), ergodic 
M D S on some p-space (Q, sé, P) with E (xf)= l. Then

Sn = n " 1/2 Z x k^ ~ N ( 0 , 1).
/t=i

P ro o f . Without loss of generality we can assume the particular representation 
of the stochastic sequence (xk) as in Proposition 2. Letting again be the ff-field 
generated by {x^: —° o w e  remark that E (x£|^ j_ 1)= 0  a.s. for all i£ Z, 
hence (xk) may be thought of as a MDS with respect to iFk, N. By Proposi
tion 2 and Birkhoff’s ergodic theorem we obtain

n
(a) n_1 2  E(x2 | J^_j)  — 1 a.s. as n — °°, and

L =  1

(b) n - 1 2  E(xjfc/(|Xfc| >  £/i1/2) |^ i _ 1) — 0  a.s. as n — °° for every e >  0 .
fc=i

To prove (b), let N £N  be fixed and note that for n = N

« - 1 2  E (x l/( |x t | >  ел1/2)\drk_1) n~l 2  E(x2 /( |x fc| >  eArl/2) |J 5't _1) -
k= 1 f c = l

-  E(xf /(lx,! >  eiV1/2))

a.s. as n — °o; further E(xf/(|x1|=>eiV1/2)) —0 as TV—°°, hence (b) must hold. But 
in view of (a) and (b) the assertion of Theorem 5 is an immediate consequence 
of Theorem 4.

Acta Mathematica Acaüemiae Scientlarum Hungarlcae 31, I97S



O N  CENTRAL LIM IT THEOREM S 211

4. A random central limit theorem for martingales

T heorem  6. Let (xk) be a M D S and suppose that (v„) is a sequence o f stopping 
rules fulfilling the following conditions:

there exist two sequences (k n) and (s„) o f positive real numbers such that

(a) P({v„ =- kn}) — 0 as n

(b) s ~ 2 2  Hk =  1 as nfc = 1

(c) S~ 2 >  esII) |£ rt _1) - r -0 for every e > 0 .
k =  1

Then SVn:=s~l Z x k^ N ( 0, 1).
k = 1

Proof. For each n£N  and all N  with 1 ^ k ^ k n put

kn
X nk =  S ~ 1l ( k  Ä  vn)xk and Tn = 2 x nk.

k =  1

Since by assumption { k ^ v n} ^ k_1, kdfS, it follows from (b) and (c) that (xnk) 
is a MTA fulfilling (i) of Theorem 1, whence by Theorem 2 Tn- - N ( 0 , 1) as и—=». 
Thus to prove the assertion of Theorem 6 , it suffices to show that T„ — SVn - j r  0 as 

But

T „ -S Vn = s - 1 \  2  I(k  =  vn)x k-  2  ^  v„)xJ ,
U=i fc=i J

whence by (a)
P ({ r„ -5 Vn̂ 0 } ) ^ P ( v n > lc n) ^ 0  as

It should be noted that Theorem 6  reduces to Theorem 4 by putting k„=n and
Vv.=n, i.e. — =  1. On the other hand it would be natural to ask if one could derive n

similar results for sequences (v„) which behave sufficiently regular as n-~°o. As
v

may be seen from [1] and [6 ] there is a positive answer fo r ,all (v„) fulfilling —-p* 1. 
In particular one obtains the following

T heorem  7 (cf. C sörgő  [6 ], Theorem 6 ). Let (x k) be a M D S and suppose that 
(v„) is a sequence o f stopping rules fulfilling

(e) Е ( х | |^ _ ! )  =  1 fo r  all k d N

(f) n~l 2 Ъ{х\Ц\хк\ >  for all e >  0 .
k =  1
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Then

Sv„ — n ~ 1 / 2  Z x k^ N ( 0 , 1).
4 =  1

Proof. We shall apply Theorem 6  with k„=2n and s„=n1/2. Indeed, condi
tions (a) and (c) immediately follow from (d) and (f), respectively. To prove (b), 
apply (e) to obtain

2 л 2 n
И-1 2  W  ^  =  n“1 Z  J(k  ^  v„) =  n-^inffv,,, 2n}-p-.l.

4 = 1  4 = 1

The proof o f Theorem 7 is complete.

5. Proof of Theorem 2

In order to prove Theorem 2 along the idea indicated in Section 2 we need 
the following auxiliary results.

Proposition 3. Let (xnk) be a ТА fulfilling (CLC). Then m ax E (x2nk I 0
as n-+°c>. n

Proof. (CLC)=>max E (x ^ /( |x nt|> £ ) \^„,k- i ) - f  0 and 

т а х Е ( х ^ |^ пД_!) =  max (Е(д&/(|х„*| г ) \^ П:к_1)) + Е (х2пк l(\xnk\ >  ==

^  £ 2 +  m ax E (x ^ /(|x nt| >  e)\^„tk_1); 

since £ >  0  is arbitrary the assertion follows.

Lemma 1. Let Q, M  and N  be functions defined by

Then
(i)

(Ü)

(iii)

е ( а = ) (<’« - ' - « + - И / т {‘ if Ü * 0 ,  Í6 R ,

0  if £ =  0

M ( 0  =  m i n ( | , 2 ) ,  £6R + , N (0  =  e - * - l  +  l;, U R.

|1 — 0 (<?)l =  1 for every £ 6 R, 
|ß (£)|sA f(|£ |) /o r  em-y £€R, and 

\ N ( £ ) \ ^ ?  for every £<ER + .

Proof. Obvious.

Lemma 2. Let ( x „ ) „ € n  and (y„)„e n be two sequences o f random variables on some 
p-space (Q, sd, P) with y„ (со) ̂ 0 /o r all со and n ^N. Let / (t) ée a characteristic
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function such that for an arbitrary but fixed  i0€R we have f ( t o) ^ 0  and

(a) Hm E(y„_1  exp (it0 x„) - 1) =  0 ,

(b) nl im E (b - 1 - ( / ( i o) ) -1|) =  0.

Then lim E (exp (it0 x„)) = /  (i0).
We remark that Lemma 2 holds true even if the y„’s depend on t0.

Proof of Lemma 2. We have

|E(exp (it0 x„))—f  (t0)| =  IE(exp(it0 xn) —f  (t0))\ S

|E(exp{ i fx n) - f { t ^ y - 1 exp(ii0 x„))| +  ^ ( / ( g y “ 1 exp (it0 x„) - f ( t 0))\

=  E ( |l - / ( to )y - 1 i) +  | / ( g |  • |E ( y e x p (it0 x„) —1)| S

S  E ( | ( / ( g ) - 1 - y - 1|) +  |E (y -1 exp(it0 xn) - l ) [
since | / ( g |  =  1 , from which the assertion follows according to the assumptions 
(a) and (b).

Proof of Theorem 2. In addition to the notations already introduced when
к

sketching the idea of the proof in Section 2, let Tnk= Z z ni,
1 =  1

<k =  Е(гЫ W„i =  i.e. fK!„ =  Wn\
i = 1

Proof o f  A). First we will prove that 

( +  ) lim p f  П {xnk = z„j) =  1 .

To this extent note that for every n£N

1 S  P  (Д  {xnk = x nkI(VZk ^  с)}) =  P ( n  {*rt[l -  m k ^  c)} = 0}) s

^  P ( ^ á c } )  =  1-P({F„2- 1  >  c —1}) S  1 -P ({ |F 2 - 1 |  >  c -1 } ) -  1

according to assumption (a) of Theorem 2, which implies (+).
Now, for any N and <5>0 arbitrary, we have

0  ^  P({|5n-T „ | >  <5}) =  P ( { | 2  (xnk- z nk)\ >  5}) ^  P ( { 2  (X n k -zJ  *  0 }) =

=  i - p ({2 ( * * - * - )  =  o } ) s  i - p ( n ^ = u )  - o  by (+ ) .

Proof o f  B). Since F„\ is, by definition, -measurable we obtain

E C zJ jr .* -!)  =  I (K \  == c )E (x J ^ „ ik. 1) = 0 for b €N .
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Proof o f  C). Since, for l ^ k ^ k n, n i N, \гпк\Ш\хпк\, i.e. C) follows
from (CLC) for (xnk).

Proof o f  D). For any n£N and <5>0 arbitrary, we have

0 P({\Wn2—l I >  25}) ^  Y ( { \W f-V 2\ >  <5}) +  P({|K2- 11 >  Ő}).

According to (a) it remains to show that lim P({\W2— V2\>~ S})=0. This is
n —  CO

achieved in the same way as in the proof of A) showing first that

lim  P i n  {«& =  * } )  =  !•\k= 1 /

Proof o f  E). P({W„2 == с}) = P ( { 2 ” E (z\k\ ^ к_г) s  c}) =

=  P ( { 2  E (x 2kI(V 2k S  £)\ЗГ„,к-г) sí c}) =  P ( { ^  olkI (V l  S  c) ^  c}) =

= r \ { 2 =  c^  = '■

Proof o f  F). We have 2  * ( & ) = 2  E(E(zn2J # „ jt_1))=E(tF„2), hence F) 
follows from D) and E).

As indicated in Section 2 it remains to verify the conditions (a) and (b) of Lemma 

2 {applied with /(Г ) =  е~’г/2, xn=T„ and y„ =  exp{— Г2 i.e. we must show
that

(a') lim E
П -*- oo

(b') lim E
fl-*-oo

for all Z€R, and 

=  0  for all t£R.

Proof o f  (a'). For t —0 (a') is obviously true; hence let i£R, t^O , be arbitrary 
but fixed. For 1 ^ k ^ k n, n£N, let

Упк = exp ( i t f U . j + y  FIF j] {exp (z/znt) -e x p  { --^  t2 x2*jj 

(where 7;0 = z n0 =0). Then

( * )  2 Упк =  2  {exp [itTnk + ~  F I F j j - e x p  [itT„3k_1+ j t 2W„2k_1 j j  =

=  exp ( i t r n+ l í 2fFn2) - 1 ,

i.e. the integrand occurring in (a') equals the sum of the ynk. Using the notations
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of Lemma 1 we have

Упк =  exp ( h T ^ - i  +  y  t2 W j] [exp(iizn* ) - J V ^ f 2T ^ j - l  + у / 2т^ 1  =  

exp [itT„ t k _ 1 + ̂ - t2W jj [l + itznk - j  t 2 z%k + j  t2 zlkQ(tznk) - N ^ ~  i 2r 2*} -  

-  1 +  y  t2 rb ] -  exp X

X: [ ^ „ * - у  t2 z2* +  t2 z2kQ(tz„k) +  у  /2T2fe-  TV ^  í 2 t2*)].

Therefore, by Lemma 1, for 1 s k ^ k n, n£N, we have a.s.

m y j ^ n , k - d \ =

=  exp г2 ИЦ)I • |e  ( I  r2 z2* ß (ft*)| ,)  -  N  ( y  i 2т2*)| ^

— e x p ^ y í2 c j - |E ^ |y í 2 2 2kö (íznt) J ^ jt_1j +  | i V ^ i 2T2t | J  ^

- exp (т ^с) ’ [е (т ,22"*м ^ '̂,* '̂ п̂’*"1) + ¥ г4т"*] -

— у  l2 exp ( y  i2c j  • jE (z2*M(|rz„fc|) 13?„,k-i)+j t2 4 k • maxt2*J . 

Hence, according to (* ), we obtain for every n£N

E (e x p (i/rn +  i - t 2 ^ 2) - l )  =  |E ( ^ y nt)| =  \E (2 E (y nk\&n,k-i))\ ^

— Щ 2  |Е(уВк1̂ 1,к-1)|) —

4 1* exp ( 1  Tc) • [E E(z2*M (|izJ) | ^ я>, _ , ) ) + ! i 8 E((max t2*) • 2  *b)]

2 E
'
4k M \z„k\

1

1
+ —/2cE (m a x i)

И
Now, by F), (znji) fulfils the assumption of Theorem 1 and M  is a 17-function of 
the type described in (CUC) and (UC), respectively, of Theorem 1. Hence, by the
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equivalence of (i) to (iv) taking it follows from C) and D) that

lim У  EЛ-*-оо

'
A M k J ]

l
i*i и

Further, C) implies that max E(z2k | Jr„>/t_1)=m ax t 2fc -p- 0 by Proposition 3 
and therefore, by the a.s. boundedness of т а х т ^ ,  we obtain lim E(max т2к) = 0 .

Л -»-оо

This proves (a').

Proof o f  (b')- It follows from  D) that for any i£R exp ^  t2 W„2j —  exp í - i -  f2j 

and, by E) exp ^ ; 2 й^2|ё е х р  a.s., hence exp t2 W fj  converges in

sf,  P) to exp [ y  ?2| ,  which proves (b'). The proof of Theorem 2 is con
cluded.
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ON COHOMOLOGY OF SIMPLE SHEAVES
By

S. DEO (Fayetteville—Allahabad)

Introduction. Let 0  be the category of all topological pairs and 0t the category 
of all Л-mod ules, Л is a ring with identity. Given an object (X, 0 ) ,  0  an empty 
set, in J  we regard M to be the category of all simple sheaves of Л-modules on X  
as a subcategory of the category of all sheaves of Л-modules on X. Similarly, let 
'if denote the subcategory of J  with only one morphism Ix . It can be observed 
[8 , Theorems 5.2.2, 5.2.3 on page 207 and 5.11 on page 231] that if we take a para- 
compactifying family tp of supports on X, then Lech cohomology of sheaves in the 
category of all sheaves on X  is a cohomology theory in the sense of Cartan. Further
more, if the coefficient category of all sheaves is restricted to 0 1  then it is possible 
to extend the Cech cohomology of sheaves in 0t with ©=cld — the set of all closed 
sets of X  to the usual Cech cohomology [5] in the sense of Eilenberg—Steenrod. 
Likewise, the usual cohomology of sheaves on X  with supports in any family is 
a cohomology theory in the sense of Cartan and it has been proved by Bredon  [1], 
though not explicitly mentioned, that if the category of all sheaves is restricted to 
0 t then it is possible to extend the cohomology of sheaves in 0 t to a cohomology 
theory on 0  in the sense of Eilenberg—Steenrod. The purpose of this paper is to 
give an alternative development of this last cohomology theory analogous to 
Alexander—Spanier cohomology and then to compare it with other cohomology 
theories. A noteworthy feature of this treatment will be that it is completely inde
pendent of sheaf theoretic concepts. We have called the resulting cohomology 
as G-cohomology for, the basic definition from which our development proceeds 
is due to Godement.

There is a natural homomorphism from Alexander—Spanier cohomology to 
G-cohomology which we prove to be isomorphism on the full subcategory of para- 
compact Hausdorff pairs. Our proof of this result is based on the tautness pro
perties of the two cohomology theories. This result yields the well known results, 
viz., Vietoris—Begle theorem, tautness property, continuity property and strong 
excision theorem for G-cohomology also.

Preliminaries. Let К  be an Л-module where Л is a ring with identity and X  be 
any topological space. For p=0, let us denote by M P(X, K)  the module of all 
functions or.Xp+1-*K with obvious operations. Define for every p^O  a Л-homo
morphism 8 :M P(X, K )-*M P+1 (X, K) as usual by

Then we get a cochain complex (M*, ö) which is easily seen to be acyclic in positive 
dimensions. The following concept is due to R. G odement [8, page 249].

(<5а)(х0, . . . ,  x p+1) = 2  (— 1)*а(лг
0 ^ 1 ^  p-i-1
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Definition 1.1. An element x £ M p(X, K)  will be called G-locally zero if for 
every <jr-tuple (x0 , . . . , x g), q= 0 , 1, 1, of X  there is a neighbourhood
U(x0 .......xq) of xq in X  such that if x1£ U(x0), ..., xp€ U(x0, ..., xp_J,  then
a(x0, ..., xp) = 0 .

Notice that in order for u £ M p(X, К ) to be G-locally zero it is necessary that 
it must vanish on the diagonal of X p + 1  and hence z£M°(X ,  K)  is G-locally zero 
if  and only if  a= 0 . From now onward, for a £ M p(X, K)  the abbreviation

“x(x0> ..., xp) =  0 on i/(x0) , U(x0,
will mean that for q= 0 , 1 , . . . , p —1 , U(x0, ..., xq) are the neighbourhoods of 
x q in X  such that if xx£ U(x0), ..., xp€ £/(x0, ..., хр_!) then a(x„, ..., xp)= 0 . It 
is easily seen that the set of all G-locally zero functions form a submodule of M P(X, K) 
which we denote by M £(X ,K ) .  Now we prove the following

Lemma 1.2. I f  a t M 0p( X ,K )  then да£Мр+1 (Х, K). 

Proof. Suppose

<x(x0, . . . , x p) =  0 on U(x0) , ..., U(x0, . . . ,x p_j).
For q = 0 , \ , . . . , p  choose lV(x0, ..., xq) as follows: lV(x0)=  U(x0),

„ „  . í U ( x j  П U(Xq) Г)[/(х0, Xj) if x ^ U i x 0)
If (x0, xd =  I . .[arbitrary otherwise

W(x0 , x 1 , x 2)
jt/C x^xO n i/(x 0 ,x 2) r u / ( x 0 ,x i )n  U(x0 ,x 1 , x 2) if x 2 £U(x„ .x j  
[arbitrary otherwise

... ,  generally,
!F(x0, ..., xq) =

fn{ t/(x0, . . . ,x , ,  . . . ,x 4), i =  0 ,1 , . . . ,  q}C\U(x0, . . . ,x f) if x qel/(x0, ...,x q_1) 
[arbitrary otherwise.

Then examination of each term shows that

(<5a)(x„, . . . ,x p+1) =  0 on W(x0), . . . ,W ( x 0, . . . ,x p). Q.E.D.

As a consequence, if we define M P(X, K ) = M P(X, K)/Mg(X, K) for p^O,  
we get a cochain complex

M*:  0 -  M ° ( X , K ) - . . . -  M p(X,K )  -  M p+1 (X, К ) - . . .

which we will refer to as G-cochain complex.
Now let us recall that a function a £ M p (X, K)  is locally zero in the sense of 

Spanier if it vanishes on a neighbourhood U of the diagonal o f X p + 1  which is 
equivalent to saying that there is an open covering {{7} of X  such that whenever 
x„, ..., xp£U  for some U in {£/}, a(x0, ..., xp)= 0 . We will need the following

Proposition 1.3. A function y.~Mp(X, K) which is locally zero in the sense 
o f  Spanier is also G-locally zero.
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Proof. Let {[/,} be an open covering of X  such that whenever x0, xp£ U: 
for some i, a (x0, xp) —0. For any g-tuple, q=0, 1 ,... , p —l, choose Q (x0) = Ui 
for some i such that x0 6 Uz and then for 0 = 1 , 1 choose

ÍC7; if x 0 , . . . , x q- 1 £ U i 
(x0, ■■■, xq) | ar|,jtrary otherwise.

Then obviously

a(x0, •••,xp) =  0 on Щ х0), ...,W (x0, . . . , xp- j) .  Q.E.D.
Converse of the above Proposition is, however, not true as the following ex

ample shows.
Exa m ple  1.4. Let X = R  and K = Z . For each x ^ X  define 

J(x —1/2, x+ 1/2) if |jc| 5̂  1/n
{(x— l/2 n, x + l / 2 n) if |x| =  1 /n.

Now define a: X x X - * K  as follows:

Í0  if Xj € L(x0)
=  otherwise.

Then by construction itself, a is G-locally zero. It is not locally zero in the sense 
of Spanier, since for every open covering {t/J of X  and for every containing 
0£X, we can always find a positive n such that 1 jn £ Ut but the interval 
(n— l/2 n, n + l / 2 n) is properly contained in t/f, i.e., a(l/n, x ^ ^ O  for some x ^ t / j  
which means a j Ut X UtXO.

The proof of the following is left to the reader.

Proposition 1.5. Let be an arbitrary open covering o f the space X. I f
adM p(X, К ) is G-locally zero on Ut for each i, then я is G-locally zero on X.

G-cohomology theory and the axioms. Let a £ M P(Y, K)  and f : X - + Y  be a map, 
not necessarily continuous. Then /induces a Л-homomorphism f * : M p(Y,K)-~  
— M P(X, K)  defined by

(/*a)(x„ , . . . ,x p) =  a ( /(x 0), ...,/(x„)).

Now suppose /  is continuous and ct£M0p(Y, K), then

a(y„, . . . , y p) = 0 on U(y0) , ..., U(y0, . . . , y p- 1).

If for every 0 -tuple (x0, ..., xq), q—0 , 1 , . . . , p — 1 we define

W ( x 0, . . . ,x q) = f ~ ' ( U { f ( x o), . . . , / (x 9))),
we find that

(/*a)(x0, . . . ,x p) =  0  on IF(xo), ...,lF (x 0, ....Xp-j).
Hence for every p ^ 0 , f *  induces a Л-homomorphism from M P(Y, К ) — M P(X, K) 
which we still denote by f * .  Precisely speaking, we must put a suffix p  on / *  to 
indicate the correct dimension for each p  but we shall take it understood in all 
situations, from now onward and likewise with <5*. The homomorphism
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f * :  M P(Y, K ) -*M P(X, К)  for every p=0  is a cochain map, i.e., the diagram 

. . . -  M P~1 (Y, K)-^-~ M P(Y, K)  —~ M P+1 (Y, K)  - . . .

/ # j / * |  / *
Mp~l ( X , K ) —- M p( X , K ) A  M p+1 ( X ,K ) - . . .

is commutative. For every p sO , f *  induces the homomorphism f * : H p( Y , K ) ^  
—H P(X, K). Now Jet (X, A) be a pair. The inclusion map i: A -*AJjnduces an 
epimorphism i * : M*(X, K)-~M*(A,  K) of cochain complexes. Let M*(X, A ; K) 
denote the ker i* . Then the following short sequence of cochain complexes is exact.

0 — M*(X, A ; K ) —~M*(X,  K)  —* M*(A,K)  -  0.

This gives the following long exact sequence of cohomology

... -  H p{X, K ) ~ H p(A, К)  —  HP+1 ( X ,A  ; K)  -£■ HP+1 (X, K) - . . . .

Now suppose f:{X, A)-~(Y, B) is a continuous map of pairs. Then the com
mutativity of the following diagram of cochain complexes and their maps is im
mediate

.# .#
0 -  M * ( Y ,B \ K ) ^ — M*(Y,K)-!— M*(B,K)  -  0

t/m VI A*)

0 -  M * ( X ,A ; K ) ^ — M * ( X ,K ) —~M*(A,K)  -  0.

This, in turn, yields a commutative diagram

. . . -  H P(Y, K)-?~ H P(B, H P+1 (Y, B; K ) ^ ~  H P+1 (Y, K)  - . . .

V/xy VIA)* f * v/xy

... -  H p(X, K ) ~ H P(A, K ) ~  H P+1 (X, A; K ) ^ ~  H P+1 (X, K)

of long exact cohomology sequences. Now if we denote the cohomology groups 
H * ( X ,A ; K )  of the pair (X, A) obtained above by GH*(X,  A; K), then 
{GH*(X, A; K), <5*, /* }  all defined above are the constituents of our G-cohomology 
theory.

From our discussion above it is easily seen that the identity axiom, the com
position axiom, the commutativity axiom and the dimension axiom hold for our 
G-cohomology. It only remains to prove the homotopy axiom and the excision 
axiom. We shall come to the homotopy axiom in the next section.

In order to prove the excision axiom we proceed as follows: Let M P(X, A) 
denote the Я-module of those functions from X p + 1  to К  which are G-locally zero 
on A. Then for every p sO  the sequence

0 -  M p(X,  A) -  M p(X) -  M p(A) -  0

is exact and M g ( X ) c M p(X, A). Hence a direct description o f M P(X, A) reads

Acta Mathematica Academiae Scientiarum Hungaricae 31, 1978



ON COHOM OLOGY OF SIM PLE SHEAVES 221

as: This is the Л-module of all those functions from X P+1̂ K  which are G-locally 
zero on A modulo the Л-module Mfi (X, K).

Now the excision axiom follows from the following

P roposition  2 .1 . Let (X, A) be a pair and U an arbitrary subset o f X  which 
has an open neighbourhood W in X  such that ITc Int A. Then the inclusion map 
k : ( X —U, A — G)-*- (X, A) induces an isomorphism

k*: aH * ( X ,A ,K ) - ~  gH * ( X - U , A ~ U ) .

P roof. By what we said above, the rows of the commutative diagram

0 -  M * ( X ) ----- .  M * (X ,A ) --------------M*(X, A) -  0

|**

0 -  M f ( X - U )  -  M * ( X - U , A - U ) - ^ M * ( X - U , A - U )  -  0

of cochain complexes are exact where we have suppressed the coefficient modules. 
To prove our assertion, it suffices to show that Xk* is an epimorphism and that 
к* - 1 (M0* ( X -  U))c  M0* (X). For any psO , let a € M p (X -  U, A —U) and let

ot(x0, . . . ,x p) =  0 on £/(х0)П (Л — U) , ..., G(x0 , . . . , хр_ 1)П(Л — U).

Define a ' by
[a(x0, . . . ,x p) if x f X - W  Vi 

othcrwise

and for V^-tuple (x0, ..., xq), q= 0,l, . . . , p —l, in A choose

_  (U(x0 , . . . , x q) if x0 £ A - U ,  х^Щх0) , . . . ,x q£U(x0, . . . , x q- J
X° ’ ’ ” ’Xq {arbitrary otherwise.

Then,
a'(x0, . . . ,x p) =  0 on W(x 0)r)A, . . . ,W (x 0, . . . , x p- j ) f )A.

Hence a T M p( I ,  A). Now we assert that к* a ' — a £ M0P (X— U). Since a is G-locally 
zero on Int A we have neighbourhoods U(x0 , ..., xq), q=0, . . . , p —l, all of them 
contained in Int A such that

a(x0, . . . ,x p) =  0  on t/(x0) , ..., G(x0, ....X p-j).
Now for every <?-tuple (x0, . . . ,x e), <7 = 0 , 1, . . . , p —1, choose 

G(Xq̂ ... , xq)
W (x0, . . . ,x q) =

t/(x0, . . . , x q) if x0£ ln tA ,^Xi€G(x0) , ..., x , € G ( x 0 ,  . . . ,x q- 1) 
X - W  if x0, . . . , xqe x - w  
arbitrary otherwise.

Then on^ fV(x0), ..., W(x0, ..., xp_i), we have either x0, ..., xp£ Int A or x„, ..., 
xp£ X —W. In any case

(/c * a '-a )(x 0, . . . ,x p) =  (cc'/X~U)(x0, ..., xp) - a ( x 0, . . . ,x p) =  0.

Hence Xk*x'=Xa, i.e., Xk* is an epimorphism. On the other hand if a £ M p(X, A)
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such that к* а ̂ М 01’ (X— U), then a is G-locally zero on A as well as X — U and hence 
a is G-locally zero on Int A and X —W. Since these two open subsets of X  form 
an open covering of X, a is G-locally zero on X  by Proposition 1.5. Q.E.D.

We shall prove in the following section that the G-cohomology groups of 
any pair with coefficients in a Ä-module К  are isomorphic to the sheaf theoretic 
cohomology of the constant sheaf К  on the given pair. In view of this we remark 
that a stronger form of the excision property holds for G-cohomology (cf [3]).

Let us note the following whose proof follows in a straightforward manner.

P ro po sitio n  2.2. For any pair (X, A), GH"(X, A; K) is isomorphic to the module 
o f  all those locally constant functions from X  to К  which vanish on A.

P ro po sitio n  2.3. Let X  be a topological space in which every quasi-component 
is open and Ac: X. Then GH°(X, A; K) is isomorphic to the R-module o f all functions 
from the set o f  those quasi-components o f X  to К  which do not intersect A.

C o ro llary  2.4. A non empty space X  is connected i f  and only i f  GH°(X; К)  ^ K.

Comparison of G-cohomology with other cohomology theories. First of all let us
indicate the proof of the following

T heorem  3.1. For any given pair (X, A), there is an isomorphism between G- 
cohomology groups GH*(X, A, K)  and Bredorís sheaf theoretic relative cohomology 
groups H*(X, A; K) o f the constant sheaf К  o f  R-modules on X. Moreover, this 
isomorphism is natural in K.

Proof. Consider the cochain complex o f sections with supports in cld of the 
second canonical resolution o f Godement as described in B r e d o n  [1, pp. 28—30]. 
We observe that for the constant sheaf К  of /^-modules on X  this cochain complex 
is precisely what we have called G-cochain complex and that his boundary operator 
reduces to ours because of the arbitrary choice of the serration S ( f ( x 0, . . . , x p)) 
continuous in a neighbourhood of xp which we can very well choose to be with 
the constant value f ( x 0, . . . , x p)£K.  With this observation our contention follows 
from what has been demonstrated as an application immediately following the 
proof of his Theorem 12.10. Q.E.D.

Now let С * (X, K) denote the Alexander—Spanier cochain complex of the 
space X. By Proposition 1.3^ C,f (X, K ) c M * ( X ,  K) and therefore we have a 
cochain map q* :C*(X, K ) ^ M * ( X ,  K) which is easily seen to be natural, i.e., 
for a continuous map f \ X - * Y  the diagram

C * ( Y , K ) - ^ M * ( Y , K )

/* I # |/*
C * ( X , K ) - ^ M * ( X ,  К )

o f cochain complexes and their maps is commutative. This shows that for a pair 
(X, A) we have a natural cochain map q *x , a ) '■ C*(X, A ; K)-+M*(X,_A; K). Con
sequently, there is an induced natural homomorphism ő *x , a ) : H*(X, A \ K)-*- 
->-GH*(X, A; K ) of graded modules. It follows from five lemma that if (X, A) is
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a pair which is paracompact Hausdorff then Q*(X, A) is isomorphism iff Qx is iso
morphism for every paracompact Hausdorff space X. Now we proceed to the proof 
of this. The proof of the following Proposition is left to the reader.

Proposition 3.2. Let {Vi}iiI be a family o f  mutually disjoint open sets o f X. 
Then there is an isomorphism

gH'QJ {Vi}, K)  ~  n o H p(Vi,K)
i i

for every pisO and for every R-module K.

Proposition 3.3. Let X  be any topological space. Then any point subspace x 
o f X  is taut with respect to G-cohomology.

Proof. Since zero-dimensional cocycles of X  are locally constant functions 
from X  to K, {x} is clearly taut with respect to zero-dimensional G-cohomology. 
It is, therefore, sufficient to show that if a + Mg(X, K), p = l, is a cocycle then there 
exists a neighbourhood t/(x) of x  in X  and a cochain xx+MS~1 (X, K)  such that 
<5ax—a is G-locally zero on U(x). Now let us define xx by

ax(Xi, . . . , x p) = a(x, xl5  . . . , x p).
Then it is easily seen that

őax(x!, . . . ,x p+1) =  <x(xx, . . . , x p+1)-Scc(x ,xx, . . . ,x p+1).

Since <5a is G-locally zero on X, there are neighbourhoods U(x), U(x, x j ,  ..., 
U(x ,xx, . . . ,x p) such that

Scc(x,x1, . . . ,x p+1) =  0 on U{x), U(x, X!),..., U(x,xx, . . . , x p).

But this implies that

(<5ax —а)(хх, . . . ,x p) =  0 on U(x), U(x, xx) , ..., U(x,xx, . . . ,x p),

i.e., dxx —ct is G-locally zero on U(x). Q.E.D.

The following theorem is due to E. Michael, which we shall use in the proof 
of our main theorem later on.

Theorem 3.4 [11, Theorem 5.5]. Let X  be a topological space and 0  be a pro
perty o f  topological spaces. Suppose X  is paracompact and

(i) X  has 0* locally,
(ii) a subspace A o f X  has 0  implies each closed subspace o f A has 0 ,

(iii) i f  a subspace A is the union o f  two closed subspaces Ax, A 2 in A and 
A = In t ^ U l n t  A 2 where interiors are taken in A and i f  Ax and A 2 have 0  then A 
also has SP,

(iv) i f  A is the union o f disjoint collection o f open subsets {Л,} in A, all o f  which 
have 0  then A has 0 .

Then X  itself has the property 0 .

Now we prove our main theorem whose technique was suggested by a paper 
of La w s o n  [10].
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T heorem  3.5. On the full subcategory o f paracompact Hausdorff pairs (X , A) 
the natural homomorphism Q*x , a ) '■ H P(X, A ; K)->-GH p(X, A ; K) is an isomorphism 
for each 0 .

P r o o f . A s remarked earlier, it suffices to prove that Qx is an isomorphism for 
every paracompact Hausdorff space X. The proof is by induction on p. For p = 0, 
Qx is the identity map. Hence we can assume that Qx is an isomorphism for all para
compact Hausdorff spaces and for all n-<p, where p > 0.

Now, let a£Hp(X ,K )  and suppose that qx (ci)= 0(zgH p(X, K). We intend 
to show that a=0. Define

sd=  {AaX\a /A  =  0£ H P(A, K)}.

Now for any point-sub-space x, q* is obviously an isomorphism and hence 
<?* (a)/x= q* (a/x) = 0 , implies a/x—0 \j x(^X. Because the points are taut subspaces 
with respect to H*, there is a neighbourhood U(x) such that a/U(x)=0 and con
dition (i) of the preceding theorem is satisfied. Condition (ii) is immediate since 
if A £sd  and A' is a subset of A, not necessarily closed, then alA '—(a./A)/A'=0. 
For (iii), notice that if A x, A2(^sd and A x, A 2 are closed in A XUA 2 such that AXUA2= 
=  Int ^IjUInt A 2 with interiors taken in A 1 UA2, then the Mayer—Vietoris exact 
sequence, being a consequence of exactness and excision axioms, applies, i.e., the 
diagram

-  H p~1 (A1)® H p- 1 (A2) Нр- ' ( А ХГ]А2) ^  HP(AX) ® H P(A2) -
1 1 1  I

~ GHp- \ A 1) ® GH, ~1(A2) ^ GH p- 4 A i r)A2) - t GHp(A1U A 2) ^ GH'’(A1) ® GH‘>(A2)-+

is commutative. The left hand vertical maps are isomorphisms by induction hy
pothesis. Since QA1 jA 2 (a/ ^ i ^ A 2) = Qx (oc)/Ai U A 2 = 0, and F (a/AfJ A2) =
=(a/A1, <x / A 2 ) = 0 ,  a diagram chase implies that a/AfJA2=0. The condition (iv) 
is evidently satisfied. Hence by Michael’s Theorem Xf_sd and q x  is a mono
morphism.

To show that is also an epimorphism, let a £GH P(X, K). Define 
J / '  -  {A czX\*IA<íq *a(R*(A, *))}.

Since GH p(x)=Hp(x) = 0 for Vp=-0, we have by Proposition 3.3 a neighbourhood 
U(x) such that <x/U(x)—0. Hence x/U(x) ^ q̂ (x)(Hp(U(x), K)) and condition (i) 
is satisfied. Commutativity of the diagram

Hp( A , K ) ^ GH p(A ,K )  
i* I i*

Hp(A', K ) ^ aH p(A ' ,K)

for any subspace A' o f A yields (ii). For (iii), let Ax and A2 be as before, then again 
we have the commutative diagram

-  Hp~1(A1f)A^) -£-* HP(AX(JA )̂ E p( A № H p(AJ —  í f ' Í A f U * )  -
I I  1 1

-  GHp-i(Ai n A 2)-?~GHp{A1UA2) ^ - eHp(A1)(BGH p(A2) ^ GHp{Ai n A 2) -
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of Mayer—Vietoris exact sequences. Now ci/A1 £ qAi (Hp(A, K)), a/A2(i qA2 (Hp(A, K)) 
and extreme left vertical map is isomorphism by inductive hypothesis. Also the 
extreme right vertical map is monomorphism as we have already proved. Hence 
by a diagram chase we find that и/ А г0  A2£ qAi UA2 (Hp ( A ^  A 2)) and (iii) is satisfied. 
Finally (iv) is true by Proposition 3.2. Hence by Michael’s Theorem X £ s l ' 
and this shows that o t is an epimorphism, which completes the proof of the 
theorem. Q.E.D.

Now we derive some immediate important consequences of the above theorem. 
First we have

C orollary  3.6 (Homotopy Axiom for G-cohomology). G-cohomology satisfies 
the homotopy axiom on the category o f paracompact Hausdorjf pairs.

P r o o f . Let П:(Х, A) X / — (X, A) denote the canonical projection, where (X, A) 
is a paracompact Hausdorff pair. As is well known, homotopy axiom is equivalent 
to the fact that П*:аН*(Х, A; K) — GH*((X, A)Xl ,  K) is an isomorphism. There
fore, by five lemma, it suffices to prove_it when А = Ф. But this follows because 
X X I  is paracompact, П*:Н*(Х, K)-+H*{XXI, K)  is an isomorphism and the 
diagram

H*(X,K ) —-  H *(X X I ,K )
6x I I e*xxi

GH * ( X , K ) - ^ GH *(XXI ,K )
is commutative with both vertical maps as isomorphism. Q.E.D.

C orollary  3.7 (Tautness Property). Let A be a closed subset o f a paracompact 
Hausdorff space X. Then A is a taut subspace o f X  with respect to G-cohomology 
theory.

P r o o f . Let {TV} denote the family of all paracompact neighbourhoods of A 
in X. This family, being cofinal in the set {£/} of all neighbourhoods of A in X, 
we have for Vp^O and every P-module K,

Ищ GH P(U, K)  =  hm gH p(N, K)  =  fim HP{N, K)  =  fim HP(U, К ) =
=  HP(A, K)  — gH p(A, K)

since A  is taut with respect to Alexander—Spanier cohomology. Q.E.D.
For Alexander—Spanier cohomology, amore general result is known viz., 

every retract of an arbitrary topological space is taut (cf. [4]). It is not known if 
the same holds for G-cohomology.

Now the proof of the following theorems follow from the corresponding theo
rems of Alexander—Spanier cohomology without any change.

C orollary  3.8 (Strong Excision Theorem). Let (X , A) and (У, B) be two para
compact Hausdorff pairs and f : (X,  A)-»(Y, B) be a closed continuous map such 
that f  induces a 1 — 1 map from X —A onto Y —B. Then for every 0 and every 
R-module K, f * : GHp(Y, B, K ) ^ GH P(X, A, К ) is an isomorphism.

C orollary  3.9 (Continuity Property). Let {(Xj, Afi} be a family o f  compact 
Hausdorff pairs in some space X, directed downward by inclusion and let (X , A) =
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=(C]Xj, OAj). Then the inclusion ij'.(X, A)-»(X j, Aj) induce an isomorphism 
{ij}: ! i a Gf í p(Xj,  Aj ,  K) -  GH ”(X, A, К ) 

for every рШ 0 and every R-module K.
Weak continuity property, being equivalent to continuity property also holds 

for G-cohomology.
C orollary 3.10 (Vietoris—Begle Theorem). Let X, X ' be paracompact Hausdorff 

spaces and f:X->-X' be a continuous closed surjection. Suppose there is an n > 0  
such that GH p( f  ~1 (x), K)=Q fo r  every x £ X  and for every p<n. Then 
f  *: GH P(X \  K)-+GH P(X, K) is an isomorphism for every p< n  and monomorphism 
for p= n. Q.E.D.

Up to this writing, we have not been able to prove the homotopy axiom for 
arbitrary pairs (X, A) for G-cohomology, which is known to be true because of 
the corresponding sheaf theoretic result of Bredon [1]. The method of acyclic models 
analogous to Alexander—Spanier cohomology is disappointing as it stands. Also 
we do not know whether or not there is a space for which the G-cohomology is 
not isomorphic to the Alexander—Spanier cohomology. In dimension zero and 
one they are certainly isomorphic as shown by G rothendieck ([9] page 176). For 
higher dimensions Grothendieck’s counter example given there utilizes a non
constant sheaf as the coefficient sheaf.

The author is thankful to Professor John W. Keesee for many valuable suggestions during 
the preparation of this paper.
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INVERSE SYSTEMS AND THE TRANSLATION 
EQUATION ON TOPOLOGICAL SPACES

By
C. T. NG (Waterloo)

1. Introduction

Let X, Y  be sets and let (a„)u€y be a system of permutations on X  indexed 
by elements in Y. Let the inverse permutation of each a„ be denoted by a “ 1 and 
let f : X X Y X Y - » X  be defined by / (x ,  u, v)—oc„(a~1(x)) for all x£X, u ,v£Y .  
The m apping/so induced by a satisfies the translation equation / ( / (x, u, v), v, w) =  
= f (x ,u ,w )  for all x^X ,  u ,v ,w£Y .  This functional equation has been treated 
by J. A czél [1] and since then many results have been obtained.

Let us consider the flow of particles in a closed chamber. Let the various po
sitions in the chamber be realized as points in R3; and hence the chamber can be 
treated as a given subset X  of R s. If F(x, u, v) measures the position vector a t time 
instance v of the particle whose position vector was x at an earlier instance u, then 
F  satisfies the translation equation F(F(x, u, v), v, w) = F(x, u, w) for all x Z X ^ R 3, 
u , v , w £ Y  with u S v S w .  Here, Y  is the time interval within which observation 
is made. Thus, in this sense, it is interesting to study the translation equation when 
the parameters are restricted.

In this note we study systems of homeomorphisms on topological spaces, 
their inverse systems, and the connection between such systems and the translation 
equation.

2. Systems of homeomorphisms on a topological space and their inverses

The following topological result will be needed for our main theorem in 
Section 3.

P ro po sitio n  2 .1 . Let X  be a locally compact Hausdorff and locally connected 
topological space, and let Y  be a topological space. Let h : X X Y - * X  be a continuous 
mapping such that for each y£  Y, the mapping x —/z(x, y) is a homeomorphism on 
X. Then the inverse system h~1:X X  Y ^ X  defined by h~1 ( x , y ) = x '  iff h(x' ,y)  = x 
for all x £ X  and y £ Y  is also continuous on X X  Y.

P roof. Let x0£ X  and y0€ Y  be arbitrarily given and let U be any given compact 
neighbourhood of x'0 =h~ 1 (x0, y0). We will show the existence of a neighbourhood 
of (x0 ,y 0) which is mapped into U under h~x and thus establish the continuity of 
h~x at (x0 ,y 0)-

Since x —h{x, y0) is a homeomorphism, the image V= h(U ,y0) of U under 
it is a compact neighbourhood of x 0 =h(x'0, y0). The boundary dV  (possibly void) 
of V  and {x0} are disjoint compact sets in the Hausdorff space X. Hence there exist
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a neighbourhood Wx of dV  and a neighbourhood W2 of x0 such that fV1 f )W 2= 0 . 
Since X  is locally connected, we may assume that W2 is connected.

For each s£dU, h(s, y 0)£h(dU, y 0)=dh(U, y0)= dV  and so Wx is a neigh
bourhood of h(s, y0). Since A is (jointly) continuous, there exist open neighbourhoods 
Ns and Ms of s and y 0 respectively such that A(NsX Ms)Q Wx. The family {Ns}s iau 
is an open cover of the compact set dU  and thus there exists a finite subfamily {7Vs}sa  
which covers dU. Now let M x — П {Ms \s£I} which is then a neighbourhood of 
y0. Furthermore h(dU,Mx) Q W x.

Since W2 is a neighbourhood of x 0 =h(x'0, y0) and A is continuous, there 
exists a neighbourhood M 2 of y n such that A (x'0, M 2) £  W2.

Now М = М ХГ\М2 is a neighbourhood of y 0 with h(dU, M )g  Wx and 
h(x'0 , M ) ^ W 2.

For each m £M ,  we have h(dU, m ) Q W x; and since WXD W2=: 0  we have 
h(dU, т)П W2= 0 . Now h(U, m)C\ W2 is closed in W2 as h(U,m)  is compact 
and thus closed in X. Since dh(U, m)C\ W2 = h(dU, tri)C\ W2 =  0 , h{U,m)C\W 2 = 
=  (int A (L, nij) П W2 is also open in W2. As h(x'0, m)ch(U, m)C\fV2, the set 
h(U, m)C\ W2 is also non-empty. Since W2 is connected, we get h(U, m)f]W 2 = W 2 

andso h ( U , m ) ^ W 2. Thus h~1 (W2, m)QU.  As m£Mis  arbitrary, h~1 (W2,
£  U. Since W2X M  is a neighbourhood of (xn, y0), this proves the continuity of 
A- 1  at (x0 ,y 0). As (x0 ,y 0) is arbitrary, A- 1  is continuous on X X Y .

The following examples will serve to show that neither the local connectedness 
nor the local compactness of X  can be omitted from the hypotheses on X  in Pro
position 2 .1 .

E xam ple 2.2. Let N = { 1 ,2 ,3 ,...}  be the set of all natural numbers. Let 
Z ={l/n |n€N }U N U {0} and Y=  {l/n|n€N}U {0} be subspaces of the reals under 
the usual topology. The space X  is locally compact Hausdorff but not locally con
nected at the origin 0. Let the mapping h:XXY->-X  be defined by

h(x, 1 /n) =

x
l/(m + l)  
1/0 »+  1) 
x — 1

if 1 /n ^ x S n  or r  =  0  

if 0  «= x =  1/m <  1/n 
if x  =  n +  1 

if n + 1  <  x
and A(x, 0 )= x  for all x£X.  It is not difficult to verify that for each fixed y£  Y, 
the mapping x-*-A(x, y) is a homeomorphism on X. Furthermore, A is jointly 
continuous on X X  Y.

The inverse system h~1 :X X Y-+ X  is however not continuous at (0, 0)£XX Y.

E xam ple 2.3. Let JF=C0 [0, 1] be the linear space of all continuous real-valued 
functions defined on the interval [0, 1] vanishing at the origin 0. Let X  be considered 
under the topology induced by the usual absolute norm

l/l  =  sup | / ( 0 |.
»€[0,1]

The space X  is locally connected Hausdorff but not locally compact (cf. Theorem
9.2 in [2]).

Let y={l/w |n€N}U{0} be considered as a topological subspace of the reals 
under the usual topology.
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Let {q>„ \nc__N) be a sequence of continuous functions on [0, 1] defined by

Vn(t) =
1

l/(n +  l) +  n2( / - l / ( n  +  l))
l/(n +  l)

if 1 In S. t
if l/(n + 1 ) =  t S  1/n 
if ö g / á  l/(n + l)

for each n£N.
We now consider the mapping h : X X Y - * X  defined by

(h(f, 1/n) =  <pj
Ш  0 ) = /

for all f a x ,  n fN .  Here <pnf  is the pointwise product of <pn and f .  Since for each 
fixed (pn, the mapping /-*-<?„/ is a nonsingular linear operator on X = C 0 [0 , 1], 
and thus for each y£ Y, the mapping / —А(/, у) is a homeomorphism on X.

The mapping A is continuous on X X Y .  In fact it is sufficient to show that A 
is continuous at ( / 0, 0)$ArX Y  for any given f 0 £X. For this purpose, let e> 0  be 
arbitrarily given. Since / 0 is continuous and / o(0)=0, there exists a sufficiently 
large integer mdN  such that

|/o(OI <  e/3 for all t<E[0 , 1/m].

Then for any f £ X  with \ f —f 0 \<e/3 and for any n ^ m ,  we have

\h(f, l /n ) -A ( / 0 ,0)| =  \ ( p j - f 0\ = sup |<pn( f ) / ( 0 - /o ( 0 l  =
/€10,1]

— sup ( sup \<p„(t)f(t)-fo(t)\, sup |<p„(t)/(0 -/o(OI) =
f € [0, l/и] Г€[1/Л,1]

— sup( sup 1/ ( 0 1 +  l/o(OI> sup | / ( 0 - / O(0 l) =
/ € [0,1/n] /€[1/и,1]

— sup( sup | / ( 0 |  F sup |/o(t)l, e/3)=S sup |/( f ) |+ s /3  ==
/  € [0 ,1/m] /€ [0 ,l /m ]  /€ [ 0 , l /m ]

^  sup | / ( 0 - /o ( O I +  sup |/o(Ol+«/3 <  е /З + е /З + 8/З =  e.
/€[0,1/т] /€(<>,1/m]

This proves the continuity of A.
The inverse system / r h i X f - I  is not continuous on XXY.  It is sufficient 

to show that /г- 1  is not continuous at ( 0 ,0 ) í I X f .  For this purpose, we choose 
a sequence of functions {/„} such that {/„} converges to Oj in X  and that 
/„ ( l /n + l)  =  l /n + l  for all né.N. Obviously such a sequence of functions exists 
in C0 [0, 1]. On the other hand, we have the inequality

\ h~4 fn, 1/n) —fc-40,0)| =  I* -1/,! =  sup \ fn(t)l<Pn(t)\ ^ /„ (1 /« + 1 )/ф„(1/п +  1) =  1
/ € [ 0 , ц

for all n£N,  and thus A- 1  is not continuous at (0,0).
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3. Representation theorems for the translation equation

T heorem 3.1. Let X  be a locally compact Hausdorjf and locally connected 
topological space, and let Y be a topological space on which a closed total transitive 
relation R Q Y X Y  is defined. Then the following statements concerning f  are equiv
alent.

(A) / :  X ' / R  — X  is a continuous solution o f  the restricted translation equation

(3.2) f ( f ( x , u , v ) , v , w ) = f ( x , u , w )

for  all x f X ,  (u, v), (v, w)f_R. Furthermore for each (и, v) 6  R, the mapping x -*-/(x, u, v) 
is a homeomorphism on X.

(B) There exists a continuous mapping g : X X Y - * X  such that for each ud Y  
the mapping x —g(x, u) is a homeomorphism on X , and g represents f  through the 
identity
(3.3) f ( x ,  u, v) = g(g_1(*, u), v)

for  all xdX,  (и, v)£R. Here, g~ 1 -.X X Y - + X  is the inverse system o f g defined by 
the equivalence g~ 1 (x ,u)—x'  i ff  g(.x',u)—x.

Furthermore, for any given w0€ Y, there is a unique representative g for f  which 
fulfils the additional initial condition

(3.4) g(x, u0) = x
for all xdX.

P roof. Let /  be a mapping satisfying the descriptions in (A). Let u0d Y  be ar
bitrarily fixed for the rest of the discussion.

Let g : X X Y - ~ X  be defined by

(3.5)
g(x,u)  = f ( x , u 0 ,u)  if (u0 , u ) d R ; and g(x, u) =  x ' 
where x '  is the unique member of X  such that 
/ (x ',  u, u0) =  x if (u , u 0)dR■

The above definition of g is valid, and is clear in view of the following ob
servation. If we put u=v=w  in the translation equation (3.2), we get 
/ ( / ( * ,  u, u), u, u )= f(x ,  u, u) and so

(3.6) f ( x , u , u )  = x  for all x d X ,  u£Y.

Since the relation R  is total for any u f Y  we have either (u0, u)dR  or (u, u0)£R.  
Thus the mapping g in (3.5) has always a value for any x£X, udY.  On the other 
hand, if (m0, u) and (u, u0) are both in R, then from the translation equation and
(3.6) we get f ( f ( x ,  Uq, u), u, u0) - f ( x ,  щ, щ)=х. In this case x ' = f ( x ,  щ, и) and 
thus g(x, u) is well-defined.

Since for each (u,v)£R, the mapping x —f ( x ,  u, v) is a homeomorphism 
on X;  thus for each u d Y  it is clear that x-*g(x, u) is a homeomorphism on X.

To show that g is continuous on X X Y ,  we decompose Y  into the union of 
two sets T i= {m€ T |(n0, u)dR} and Y2 ={udY\(u, u0)dR}. Now Y^ and Y2 are 
closed subsets of Y  as R  is closed in YX Y, and Y =Y 1 UY2 as 2? is total. Thus
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it is sufficient to show that the restrictions of g to X X  Yt and X X  Y2 are continuous. 
Since on Z X f i ,  g(x, u)=f(x,  u0, u) and so gbfxyj is continuous. The restriction 
of g on XX Y2 is the inverse of the continuous mapping (x, u)-*f(x, u, u0) in its 
first variable and therefore is continuous by Theorem 2.1.

We now proceed to show that /  is represented by g through (3.3). Let x£X,  
(и, v)£R  be given arbitrarily. There are three cases to be considered.

Case 1. Suppose that (v, u0)dR.  In this case we get from the translation equation 
f ( f ( x ,  u, v), v, u0) = f ( x ,  и, u0) and so f ( x ,  u, v )= g( f (x ,  u, u0), v)=g(g~ 1 (x, u), v) 
as asserted in (3.3).

Case 2. Suppose that (u, u0) f R  and (u0 ,v)£R.  In this case we get from the 
translation equation f ( x , u , v ) = f ( f ( x , u , u 0) ,u 0 ,v)=g(g~ 1 (x,u) ,v)  as asserted 
in (3.3).

Case 3. Suppose that (m0, u)£R.  In this case we let у  be the point such that 
f ( y , u 0 , u ) —x. From the translation equation we get f ( x , u , v ) =  
= f ( f ( y , U o , u ) , u , v ) = f ( y , u 0 , v )= g ( y , v ) = g ( g - 1 (x,u),v)  and again (3.3) is 
satisfied.

Since to each (и, v)£R at least one of the above three cases occurs, this 
proves (3.3).

Conversely, let g be a mapping satisfying the descriptions in (B) and let /  be 
defined by g through (3.3). Then g _ 1  is also continuous on X X  Y  by Theorem 2.1. 
Thus the continuity of /  on X X  R  follows from that of g and of g -1. The mappings 
x -* f ( x ,u ,v )  are homeomorphisms on X  as g induces homeomorphisms in its 
first variable. The mapping/satisfies the translation equation as / ( / ( x ,  u, v), v, w)= 
=g(g~ 1 (g{g~4 x, и), v), v), w )=g(g~ 1 (x, и), w)=f(x ,  u, w).

Thus the equivalence of (A) and (B) is established. Furthermore, the mapping 
g defined by (3.5) satisfies the initial condition (3.4) because of (3.6). If g : X X  Г— X  
represents / a s  described in (B) and fulfils the initial condition (3.4), then we have 
g (g_ 1 (x, и), r )= g (g _ 1 (x, n), i>) for all x £ X  and (u,v)£R. If we put u=u 0 we 
get g(x, v)=g(x, v) for all x t X  and all v with (i/0, v)£ R, thus the restriction of 
g to J X  {h |(m„, m) 6 ä } is equal to that of g. Similarly g and g are equal on 
X X  {u\{u, и0)£Я}, and so g=g. This establishes the uniqueness of g when the 
initial condition (3.4) is imposed.

C orollary 3.7. Let X  be a set and let Y be a set on which a total transitive rela
tion R  )= Y x Y  is defined. Then the following statements concerning f  are equivalent.

(A) f : X X R - * X  satisfies the restricted translation equation / ( / ( x ,  u, v), v, w) =  
= /(x , n, w) for all xf_X, (и, v), (v, w)£R, and that for each (u, v)c_ R, x->-/(x, u, v) 
is a permutation on X.

(B) There exists a mapping g : X X Y - » X  such that for each « t  F, x —g(x, u) 
is a permutation on X  and g represents f  through the identity f  (x, u, v) =  
= g (g _ 1 (x, u), v) fo r  all x<=X, (m, v ) £ R .

Furthermore, fo r  any given w0£ Y, there exists a unique representative g for f  
which fulfils the additional initial condition g(x, w0) =  x for all x£X.

P r o o f . We can provide X  with the discrete topology and X  is then locally 
compact Hausdorff and locally connected. We can also provide Y  with the discrete 
topology under which all relations are closed in YX Y .  Under these topologies 
all the continuity postulates are redundant, and thus Theorem 3.1 includes this 
non-topological result as a special case.
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R em ark  3.8. Each solution /  of the restricted translation equation in Theorem 
3.1 can be extended uniquely to a continuous mapping / : Г х 7 Х Г - * 1  which 
is a solution of the unrestricted translation equation / ( / (x, u, v), v, w)—f { x ,  u, w) 
for all x£X,  u, v£Y.  In fact, this is done by extending (3 .3 ) to /  (x, u, v) = 
=g(g~ 1 (x,u),v) for all x£X,  u ,v£Y .

Since we can take R  to be the full Y X Y ,  Theorem 3.1 includes the unrestricted 
translation equation as a special case.
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COUNTING FINITE POSETS
By

J. NEGGERS (University)

Suppose N — {1,2, ...} is the collection of natural numbers and suppose 
P is the collection of finite posets. Among the various gradings v:P-~N on P, 
the most natural one is probably the grading v(X)=\X\,  where |X| denotes the 
number of vertices of X. The function tr(n) =  |v- 1(/i)|, where the latter quantity 
denotes the cardinality of the set v_1 (n), is a function of some interest and a con
siderable literature exists concerning the determination of the function a. In this 
paper we are not so much interested in the precise values of a as in its relation to 
functions of a similar type. Indeed, if L = P, we let <j (L) be the following power 
series:

ct(L) =  2  anZn, where a n — |v_1(n)П ZL|.
Л =  1

We shall refer to a{L) as the counting series o f  L. If o(P)=a,  i.e., o(P) — <r~oo
=  2  o{n)z", and if L is suitably defined, then although neither a nor a(L)  may

П = 1
be explicitly known, it is often possible to find meaningful and interesting relations 
between a and a(L). In particular, we may be able to solve the following

Problem . Given L ^ P ,  find the coefficients a x, a %, . . .  such that:

<r(X) =  a1 o + a 2 (7 2 + ....
To give only some examples, we can solve this problem for the collection of 

posets which are not connected, for the posets which are not ordinal sums of other 
posets, and for a host of other subsets L of P.

Most of the techniques for counting posets developed in this paper have ready 
applications to a great variety of other counting problems, where in general we 
deal with a grading v: A— N  such that |v- 1 (n)| is finite and with a suitably defined 
subset of K.

Thus, e.g., as a trivial example, the technique which allows us to write down 
the “number of connected posets” , i.e., the counting series of the set of connected 
posets described in terms of a, is precisely the same technique which allows us to 
determine the counting series of the irreducible polynomials over a finite field in 
terms of the counting series of all monic polynomials over the same field. Here, 
if the field has q elements, and if К  is the set of all monic polynomials of degree 
— l, we let v(p(x)) denote the degree of p(x), with a corresponding counting series 
pz+p 2 z2+ ... +p,z, + . . . . An explicit solution is possible here because the counting 
series of all monic polynomials is known.
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Our usual subsets L  of P  are of the following type. Suppose X  is a poset labeled 
in some way, say by numbering the vertices {xa, , x„}, where |ЛГ| =и. If Ax, ..., A n 
are arbitrary posets, then by X ( A 1, ..., A„) we denote the poset obtained by replac
ing Xi in X  by the poset At , with the additional condition that if Xj , then for 

cij-Aj, we have ö,<  a} . Thus, e.g., X(A,  ..., A) is the lexicographic product 
of X  and A. A poset X(Ax, ..., A„) is a substitution (into X). By L = C(X) we denote 
the collection of all substitutions into X.

Thus, if X = l ,  the one point poset, then C(1)=P.  If X —2, the poset consist
ing of two loose points (or the diagonal relation), then C(2) is the collection of 
posets which are not connected. If X = \ @ \  —C2, is the ordinal sum of the one 
point poset with itself, then C(C2) is the collection of all posets which are ordinal 
sums. If X £ C(C2) we shall call the poset X  flat. For many types of posets X,  if 
L=C(X),  we can describe the coefficients ax, a2, ... such that o(L)=a 1 (7 +a2 o -+ ... 
recursively, i.e., we can determine polynomials gx(xj,), gz(x i , x z)> ..., gk(x1, ..., xk), ... 
independently o f  a and o(L)  such that a1 =g 1 (a( 1)), a2 =g 2 (a(l), <r(2)), ..., ak = 
=gk(o(l), ..., a(k)), etc. Sometimes we can do even better as we shall show below. 
As far as we are concerned in this paper, if we can give a solution of the type just 
described we will usually consider such a solution as being essentially sufficient. 
For numerical work illustrating a point or two we shall normally use known values 
for the first several coefficients of a. As a whole we avoid rather carefully the problem 
of determining a directly, since that would not help us with the solutions of the 
problems of the type described above.

For use in examples we determine the counting series of the set L, where L 
is the collection of posets of height one, the collection of posets of height к — 1 
such that all maximal chains have length к — 1 , and by summation, the counting 
series of the collection of all posets consisting of sums of posets whose components 
all have the property that the lengths of maximal chains are equal to the height 
of the poset, where the height is the length of the longest maximal chain. The ar
gument involves cycle indices and (0 , l)-boxes defined in a different way from the 
usual incidence matrices. The type of argument used cSn probably be generalized 
to other classes of posets, such as the posets X  such that the interval between two 
vertices is a poset such that all maximal chains have the same length. If A is a poset 
such that all maximal chains have length equal to the height, then we shall call 
the poset X  regular.

If we remove the one point poset from consideration, then we can in principle 
list the posets, 2, C2, 1®2, 2© 1, C3, 1 +  C2, .... Having listed the posets in this 
manner, we can sieve out those posets which are not substitutions as follows: remove 
all posets in C(2) other than 2 from the list, remove all posets in C(C2) other than 
C2 from the list, .... If at each stage we keep the first poset we encounter after the 
crossing out process and assuming that if |2 f |< |F |, then X  appears before Y  in 
the list, then we will end up with the collection of pure posets, i.e., posets X  which 
can only be obtained as substitutions by substitutions X(l ,  ..., \)=X.  The collec
tion of pure posets in infinite and for each « 5 4, there is a pure poset X  such that

\X\=n. Indeed, the posets W -  /  (long W’s) are all pure posets as well as

an enormous variety of others. It turns out that if X  and Y  are distinct pure posets, 
then C (X) П С (У )= 0 , so that we do in fact generate a partition of P in this manner.
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Unfortunately it seems that the occurrence of pure posets is a matter which is hardly 
predictable, and although for every pure poset X  we encounter we may be able 
to relate the counting series of C(X) to a, we cannot generalize away from the 
particular to say that there are so many pure posets X  with such and such a counting
series o-(C(A)).

The apparent irregularity in the occurrence of pure posets and associated 
problems in describing the counting series, certainly does not encourage one to 
seek to determine a along these lines. It may also be an indication why the problem 
of determining a itself is at least quite difficult.

Several other classes of posets which occur rather naturally are the following. 
Those posets X  such that if \X\ — n, then a(C(X)) = on. Those posets X  such that 
if \X\=n then о(С(Х)) = о”+ап+1 ап + 1  + ...+a„+kon+k. Those posets X  such that 
if \X\ = n, then g ( C ( X ) )  =  g " — an+1 on+1 +an+2 on+2.. . , on + i s 0 . We shall call 
these posets simple, short and alternating respectively. One proves easily that all

chains are alternating. Similarly posets / А  " /  (long W’s with an even number

of vertices) are all simple. Other than simple posets we do not possess any examples 
of short posets. The poset 1 + C2 is not an alternating poset, i.e., <x(C(l +  C2)) does 
not have an alternating expression in terms of a. We give a characterization of 
simple posets.

The counting series for subsets L  of P  have obvious measure-like properties. 
Thus, if {Lx, L2, ■■■, Lk, ...} is an infinite collection of mutually disjoint subsets 
of P, and if t„ = <j (LxJ  ...ÚL„) = о (Lx)+... + о (L„), then the sequence { t 1 ; t 2 ,  ...} 
is convergent in the power series ring with respect to the topology induced

by the order ideals (Z), (Z 2), .... Thus i =  lim t„ is defined, i.e., У о (Lt) =  т is well
П-со i= l

defined. It is clear that G(L1 UL 2)=a(L 1)+G{L2) —G{Li n L 2) and that every subset 
L  of P  has a counting series.

Other authors have discussed similar counting functions. Thus, e.g., B u t l e r  

and M a r k o v s k y  [4] discuss the function P(n, k), where P{n, k) denotes the number 
of posets X  containing n vertices and к pairs (xt, Xj) with x ^ X j .  To our knowledge 
the particular approach to counting posets used here has not been discussed before. 
As a type of generating function the notion of a counting series is of course not 
particularly new to combinatorics in general. Due to the nature of the material 
we thought it better to let the discussion run continuously with frequent breaks 
into sections rather than end up with a thousand or so lemmas, propositions and 
theorems.

Some general rational functions. If C[[Z]] denotes the power series ring over 

the complex numbers, then we let g —  x i z ‘ and x=  ^  w j zJ  be two arbitrary
■=i J=1relements of order =  1, i.e., elements of the ideal (z) of C[[z]]. Let x1 r£0. If  we 

consider the expression

T =  A1G + A 2G2+... + Allak+ . . . ,

then we can compute the rational functions Ax, A2, ..., Ak, ... recursively. Indeed,
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we express the coefficient of zm in ak by writing

ii + ... + ii=m 2Hl + -  + ßm=k 
"1 + 2  цг + ... + тцт = т

Next, we have wí =A 1 Gltl= A 1 x 1, whence A 1 = w j x i . Suppose that At , ..., An _ 1 

have already been computed. Then, wn= A 1 G„1 +A 2 Gn i 2  + ... + An_1 Gni„_l + 
+ A nG„t„, whence since Gnn=x" ,  it follows that:

A„ =  (w„ — А г G„'1 —A 2 Gn i 2  —... — A n ^ 1 G„'„^1)/x%.

Since G„t 1 = x „ , and since A j = A j ( x l t ..., Xj\wx, w,), for l = / '^ я  — 1, it 
follows that A n = An(x1, ..., x n\wx, ..., wn) is a rational function in the variables 
{*1 > ...,x„, щ , . . . ,  w„}.

As we shall frequently be interested in re-expressing one power series in terms 
o f another, the functions An(x!, ..., xjwj^, . . . ,  wn) become quite important. We 
should note that we can write the functions A„ in the form

(B + 1)
P„(Xi, . . . .  x j w i , Wn)/xl 2 ,

where Pn(xt , . . . ,  x„\wt , ..., wn) is a polynomial in the variables {x1( ..., x„, 
w1 } . . . ,wn} with integral coefficients.

Many properties of P„(x1, x„|w1, ..., wn) can be extracted by simply taking
different pairs o f  series a and т where the coefficients Alt ..., Ak, ... can be com
puted directly.

Thus, e.g., rather trivially, if  wt= x; for all /, then x —a, and hence Al =l ,  
A 2 =A 3 —...= 0 , whence for n ^ 2 ,  we have Pn(xl , . . . , x n|x x, ..., x„)=0. We 
shall see other examples as we get on.

A class of posets counted. Posets of height 1. The usual obstacle in counting 
classes of posets somehow involves transitivity. As this example shows, in the case 
that transitivity is absent, one can actually give a successful count. A poset X  has 
height h if there is a path x ^ x ^  . . .< x ft+1 in X  and if there is no path x1< x 2< ... 
. . .< x Ä+2 in X. In particular, if X  has height 0, then X consists of loose points (with 
the diagonal relation). If \X\=n,  then we shall denote X  by n. The sum of posets 
X  and Y  is as usual the disjoint union of X  and Y. For example, if X=m , Y=n,  
then X+ Y = m + n .

If we have an  mXn  (0, l)-matrix, then we associate with it a poset of height 
a t most 1 and with m+n vertices by considering the rows as minimal elements 
and the columns as maximal elements. The poset associated with such a matrix 
M  is obtained by introducing the relation x - ^ y j  if Mtj = 1, where (x l5  . . . ,x m} 
and {ylt ...,y„}  are the minimal and maximal elements respectively. The matrix

1 0  1 
0  1 0  
1 0  0 .

has associated with it the poset , for example.

Consider the transformation group SmX.Sn, which operates on an mX n  matrix 
M —(Mij) as follows: if n f  Sm, q>€Sn, then (n, cp)M=N,  where Ntj = MK{i)<p<j). 
The cycle index o f  this transformation group is written P(SmX S n).
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For example, P(S3X  ^2)= у ^  (Xi +  3xix2 +4;x| + 2xj+2xe). The different mat
rices are thus obtained by colouring the entries 0  or 1 , i.e., we obtain a family 
of numbers [m, ri]=P(SmXS„; 2, ..., 2). Thus, e.g., [3,2] =  13.

We let g(a)= 2  [w, n]= [l, a —1] +  [2, a - 2 ]  +  ... +  [ a -  1, 1].
m-fn = a

Now, except for some errors which we can recover, we have accounted for 
the height 1 posets. A regular height one poset is a poset such that no minimal 
element is also a maximal element. Let 0 o(a) denote the number of regular height 
one posets X such that \X\=a.

If У is a regular height one poset with a —l elements, then У+ l  is a height 
one poset with one element which has been counted once as a minimal element 
and once as a maximal element. Thus, У+ l  has been counted twice. Thus, the 
contribution to Q(a) of posets of this type is 2o0(a — 1). Thus we find that for a s 2:

в(а) = е0(а) + 2д0(а -1 )+ . . .+ (а -1 )во (2 )  + (а -1 ) .

The term a —1 arises from the fact that in our sum g{a)= 2  tw , «] we have
m+n = a

precisely a — 1 zero matrices corresponding to the case of a loose points.
From this relation it follows easily th a t:

Qo(a + 2 ) =  e(a +  2 ) - 2 e (a + l)+ p (a ) .
Since q0 (2)=], q0 (3)=2, we have obtained a formula for 0 o(n) for all n S2.

Finally, if <х2 (и) denotes the number of height one graphs X  such that \X\=n,  
then it follows almost immediately th a t:

ff2 0 0  =  e o ( « ) + e o ( « - i ) + - - -  +  e<>(2),
whence

cr2(n-f 1) =  e(n +  l ) - p ( n ) - l .

Thus one computes q(2)=2, q(3) =  6 , e (4) =15, q(5) =  36, ... whence <t2 (2) =  1, 
o-2(3) =  3, а 2 (4)=8, ff2 (5)=20—  Similarly, since o{n+\)-o (n )=Q 0 (n+\) ,  we have 
É?o(3) =  2, ßo(4) —5, 0o(5) =  12....

In general, to determine [m, n] we need a formula for P(SmX  S„). Such formulas 
are standard. We have for Ti£Sm of cycle type Р 1(*)2 ^ м .. .т ^ (* )  and (p£S„ of 
cycle type 1А(«,1 2лг(,»,).../1лп(«’>, a contribution to P(SmX S n) described by the product
П  x[k’li-]XkWXl^ )- Now the number of distinct permutations in Sm of type 
*,/
Hi2As . . .к хь is ml/l*i...k*«Á1l...Ak l=h(m; X , лк), so that our final formula 
for P (S mXS„) becomes

P(SmX S ri) =
mi n]  Л1+2Д2+...+4Дк=ш

h(m; A j,..., 2 k)h(n; ц1 г Ц
i,j

Hence for [m, ri\ we obtain the formula: 

1 _[m,  n] =
mini  ДХ+2Д2+... + U fc=mД1 + 2д2 + ... + 1д, = л
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We evaluate e.g., [2, 4] =22, [3, 3] =  36, [1, 5]=6a

<?(6 ) =  92, <t2 (6 ) =  55, q0 (6 ) = 35.

For later use we record the beginning terms of the two counting series:

(X2 =  z2 +  3z3 +  8 z4 + 20z5 +  55z8 +  ... 

q0 =  z2 +  2z3 +  5z4 +12zB-f-35z6 -t-__

Similarly, if we let t2 denote the counting series of the posets of height at most 
one, then since the counting series of the posets of height 0  is z+ z 2 +z3+ ... we 
have:

r 2 =  z +  2z2 +  4z3 +  9z4 +  21z5 +  56z6+ ....

Another class of posets counted. Regular posets of height к  >2. We consider 
cycle indexes P(SmiX S mtX . . . X S mk) operating on ^-tuples (ik, ..., ik), where 

as a direct product. We colour the elements of the boxes m1 X ...X m lfc 
with colours 0  or 1 , where the fact that (ik, ..., ik) has colour 1 denotes the pre
sence of a maximal path of length k  — \, xljil< x 2,i2<  in the poset X
whose elements xJ:ij are distributed over various levels. Thus, e.g., if A is the poset 
with Hasse diagram:

then we can assign X  two boxes, viz., {(x1>l5 x2il, хзд), (х1Д, x2_2, хзл)} ar>d 
{(х1Д, x 2,i> x 3 , i ) >  ( x i , i ,  x 2 j 1 ,  x 3 j 2 ) }  with corresponding “maximal path of length 2 ”  

colourings {1,0} and {1,0}. Thus, we cannot distinguish between X  and 1 +  C3, 
where Ck is the chain of length к — 1. If we agree to always select the interpretation 
X = Y + l ,  where У is a regular poset of height k, then the function

Qk(a) = 2  [m1; m2, ..., mk]
m1 + m 2 + ... + mk =a

with [m1, m2, rnk\= P (S miX S mtX . . . X S mk; 2 , . . . ,  2) will allow us to determine 
the number Qki0 (a) of regular posets X  of height k —1 such that |T| = a  explicitly.

If X = Y + l ,  where Y is itself regular of height k, then X  has been counted 
as many times as it is possible to write an ordered partition of / into к  non-negative

summands. This number is and thus we obtain the formula:

where the last term arises from the fact that there are as many zero matrices as 
there are partitions of a into к  positive summands. Starting with 6 *f0(£) =  l, we 
can solve for the quantities вк,о(а) und thus the counting series gk,o— 
= zk-\-дк,о{к + \)г к + 3 + ...-\-Qk,o{ä)za + ... is also determined.

Thus, e.g., [1, 1, 2] = 3 ,  e3 (4) =  9, ез(4) =  ез,о(4) +  З е3,о(3) +  3, whence e3,0 (4) =  3. 
The posets are 2® 1® 1, 1©2©1 and 1 © 1 ® 2.
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If we want to count the collection of all posets X  whose components are regular 
of arbitrary height, then we observe that we can decompose X  uniquely in the form 
X = X k+ ... + Xm, where Xt has height kt and k ^ k j .  Thus for this type of poset 
we have a contribution ofeli0, gkmi0, so that the counting series in question can 
be written:

oo oo oo

2 Qi,o + 2 e i , o Q j , o +  2 Q i ,oQ j ,oQ k ,o  +
i = 1 i = l ,  i<  j  i =  l ,  i<  j< k

• • • +  2  Qi.oQjt .o  ■■■ +  —

This counting series is defined since we obtain convergence in the order topology 
because of the fact that Qk,0 (l) = 0  if /<  k.

If we restrict the heights to certain subsets S of N, we obtain counting series:

Ti 2  Qi, o"b 2

Thus, e.g., if S={1, 2}, rs=Qh 0  + 8 2 ,0 + 8 1 ,0 8 2 ,0 =^2 -
By considering counting series tSi —tS2, where i 2 =  ‘s'i5 we can also handle 

cases where certain heights may occur in the components but not by themselves. 
Thus, T{lj2}—t{1} = i?2,o +  i?i, 0 6 2 ,0 = a 2 is the counting series for the collection of 
posets of height one.

Flat posets. The series a(C(Cm)) and related series. Suppose now that we consider 
the general situation, i.e., the collection of all posets P  with associated counting 
series a. We let F  be the counting series of the collection of flat posets. If X  is any 
poset whatsoever, then X  has a unique decomposition X = A 1 ®.. .@Ak, where 
k S l ,  and where the posets At are fiat. To see this, one uses a reduction on \X\ 
and the observation that either X  is flat or X =B® C ,  where \B\< \X\ and 
|C |< |X |. This yields decompositions of the type X —Ax® ...® A k. Given two 
such decompositions X = A 1 ®.. .@Ak= B l ®.. .®Bi,  we have Ai=(AiP\Bi)@ ... 
...®(Л,ПВ(), and thus since Ax is flat, A ^ B i ,  whence A k=Bk, , A k= Bk, 
l —k.

It follows almost immediately that <t (C(C2))=F<j , and thus that a —<r(C(c2)) =  
— o —Fo=F,  i.e., (1 — F)(j=F,  whence a = F ( l —F)~1= F + F 2 + F3+ . . . .  Hence 
a(C(C2)) =  (T -F = F 2 +  F 3 +  F 4 +  .... Now, F=<t( 1 +<7 ) - 1 =  <t-<t2 +  <t3- . . . =

=  2  (— 1)1 +V", whence also <т(С(С2))=сг—F= j? (— l )" ^ .
л= 1  n= 2

For the coefficients of <r(C(Cm)) we note that the coefficient of a" in Fk equals 

(—l)ft+n jj , since 1S the number of ordered partitions of и as a sum
of к  positive integers. In particular, if we solve

° ( c ( c j )  =  2  I 2 ( - 1>»‘“ (г:!))--.
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where since

we have as final solution

" ( C ( c j ) =  i ( - D " + ” Lnr ^ ) < 7 " .

Thus, incidentally, it is clear from the formula for tr(C(Cm)), that the chains 
Cm are alternating for m S 2.

If we let oc(m;ri) denote the coefficient of z” in a(C(Cm)), then it follows that 
since <x(l) =  l,

Pn( 1 , ^ ( 2 ), •••,  <r(n)|0 , . . . , 0 ,  a(m, m ), . . . ,  a(m, n)) =  ( -  l)"+m .

The same trick works for any class of posets L  such that l£L ,  and such that if 
A,B£L,  then A ® B f L  as well. Thus, suppose that L  is the class of all regular posets 
of arbitrary height. The counting series for this class of posets is explicitly determined, 
and if <j (L) denotes this counting series, then

о Щ  =  2  Qk,o-t=i
Notice that L  is not closed under addition. If we let F(L) be the “flat series” for L, 
then it follows immediately that F (L)= o(L )—o(L)2+o(L)3—... as before. Since 
A ® B £ L  if and only if A £ L  and B£L  quite obviously, it follows that if X £ L  is 
flat relative to L, then it is flat. Hence we also have an explicit determination of 
the counting series for the class of flat regular posets, viz., F(L).

Suppose that Fk(L) denotes the counting series for the collection of flat regular

posets of height precisely k —1. Thus F(L)=  j?  and F1(L)=gu0=z +
k= 1

+ z 2+ .. . ,  since any poset of height 0 is obviously flat and of the form X=n. To 
extract the counting series Fk(L), we note that by considering decompositions 
X = A k@... © A,, A t flat, and X  regular of height k, we deduce readily the relations

Qk,о =  Fk{L) +  -f* - 1  (L)Qi,oF ■■■ + F1(L)ßk_10,
whence Fk(L) can be computed recursively since the counting series gk 0 are already 
determined.

Thus, e.g., F2 (L)= e2,о -  e l  0=2zi + 8 z5 + 30z6—  Note the absence of three point 
flat posets of height one. The two regular flat posets of height one with four vertices
are 2 C2 and the poset J \ f  .

Of course, this model with associated formulas works in a variety of other 
contexts where we are dealing with “linear arrangements”. We may either prescribe 
the corresponding “flat series” to determine the counting series or vice versa.

As an example, suppose that we consider the following situation. Drawing 
from infinite collections of balls of colours 1 , ..., к  respectively, we are to put ar
bitrary number of balls in urns numbered 1, ..., n, ... respectively. We are to have
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the urns 1 , ,  и— 1 non-empty if urn n is non-empty and we want to describe the 
total number of arrangements, disregarding empty urns. If К  is the collection of 
all such arrangements and if X  denotes an element of K, we let v(X) denote the 
total number of balls used up in constructing the arrangement. We call a one urn 
arrangement flat. If we let F(n) denote the total number of one urn arrangements
X  such that v(X)  =  n, then it follows quite easily that F(n) — J ^ _  j j, and thus

F= n + k -
k - l is the flat series for this problem. Now if a is the counting

series for K, o(n) = |v_1 (n)|, o=  o(ri)zn, then o = F + F2 + F 3+ ... as before.
/1 =  1

Then pattern of formulas is now precisely that developed above.
Suppose К  is the collection of finite vectors (a1, . . . , a m), a;=0. Let 

v(al 5  ..., am)= a1+ ...+ a m. Then |v- 1 (n)|=2 " - 1  is the number of ways to order 
partition n into non-negative summands. Thus, we have a counting series a=

= ^  2n~1zn. If we suppose there to be a flatness concept, then we compute the
n — 1

flat series F = a —<x2 -t-ff3 —<t4 +  .... It follows readily that F = z + z 2+z3+ ... and 
thus for each positive integer n there should be precisely one flat partition X  such 
that v(X)=n.

If we define (a,, ..., am)® (b1, . . . ,b l)=(a1, . . . ,am,bx, ..., b,), then it follows 
immediately that (%, ..., am)= (a^ ® . . .® (am) uniquely, and the notion of flatness 
is given by the condition that X  is flat if and only if Z=(v(Ar)).

Thus, if we are given (К , v) and the counting series a explicitly, then we can 
test for the possibility of talking about “flat” objects in A' by computing a — a2 + 
+ a3—...=F. Should F  have positive integral coefficients, then we ought to be 
able to talk about “flatness” . Suppose that we let К  be the collection of monic 
polynomials of degree 1 over a finite field with q elements. If v(p(x)) denotes the

degree of p(x), then (К , v) has a counting series 2  (Я2)"- I t  follows that if
n=l

F = a — a2+a3- ..., then F —qz, so that the “flat” objects turn out to be the monic 
polynomials of degree one. The corresponding ordinal sum is defined by 
(Pi, . . . ,p s)®(hi ,  . . . ,A J = (p 1, ...,л )-1 -x*(hu  . . . , h j ,  where p lt ... ,p „ h 1, . . . ,h m 
are monic polynomials. It follows immediately that every monic polynomial has 
a unique decomposition (p2)® (p 2) ® ...® (ps)=(pi ,  ...,p s)= P i+ xp2+ ...+ x s- 1ps.

Connected posets. The series a(C(n)) and related series. In this situation C(n) 
is the collection of posets having at least n components. In particular C(2) is the 
collection of disconnected posets. Since we shall determine <r(C(2)) in this section, 
it follows that we also determine £ = o —<r(C(2)), the counting series of the collec
tion of connected posets. Thus, since this collection contains 1 and since it is closed 
under ordinal sum, we have an associated flat series F(£)=£ — £ 2 + £ 3 — { 4 +  —  

This will be the counting series for those connected posets which are not the 
ordinal sum of connected posets. Since A ® В  is connected for arbitrary posets 
A and B, it does not follow that these posets are themselves flat. Thus, e.g., 2® 1 
is not the ordinal sum of connected posets.

One problem which arises immediately in constructing a(C(2)), is that because
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of the commutativity of addition we do not have a simple functional equation 
involving a and <jf as we did for a and F. To solve in the particular situation we 
are dealing with in at least such a way that computations can be performed re
cursively, we have to use quite a different approach.

Thus, let N  be the set of positive integers as usual. Now we define products 
N kX N k-~N as follows:

(ei , . . . , e k)-(n1, . . . ,nk) =  eknk+ . . .+eknk
and

Oh.......ek)X(nlt . . . ,nk) =
where

Thus n(e> is also equal to the number of ordered partitions o f n — 1 into e + 1 non
negative integers.

If f : N —N  is any function whatsoever, we define

O i, X/Oii, =  (ei, •••,et) x ( / ( n 1), . . . , / ( n t)).
Thus, e.g., if is defined by: c;(n) is the number o f connected posets X
such that \X\=n,  then if пк> пг> ...> пк,

(ek, •■•,ek)Xz(n1, =  Z in c 'd ...

is the number of posets X  such that \X\=eknk + ...+ eknk, and such that X  has 
ek + ...+ ek components, of which precisely es components have vertices.

That this is so follows from the fact that if  we have £(n)=m  connected posets 
with n vertices, then to count all posets with e components each of which has n 
vertices we have distinct contributions:

(1) all components isomorphic, ( T ) ( V ) .
(2) two distinct types, j 4 , where the multiplier ^  agrees with

the fact that these distinct types can be represented in e — 1 distinct proportions, 
viz., 1 of the first, e—1 o f the second, etc.;

(3) к distinct types, where the multiplier (^  —l) ^  P ^ ise ly  the
number of ordered partitions o f e into к  positive integers, each such partition cor
responding to a distinct distribution of these к  types.

We shall call a vector n in N k cascading if n=(nL, .. . ,  nk) with пг>п2> ... 
... >nk. A bipartition of m is a pair (e, n)£NkX N k for some к  such that Я is cascad
ing and such that e-n=m.

Thus, if we consider the sum over all bipartitions of m, 2  eX(n, then this
ё-Н=т

number is a{m), the number o f posets X  such that \X\=m.  In other words, our 
“ functional equation” involving о and £ is the following:

a = 2 (  2  eX^n)zm.m=1 e-n=m
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For arbitrary functions f : N —N, let us denote by C f: N — N  the function 
(C f)(m )=  2  eXj-n. We want to invert this expression, i.e., we want to find

ё‘Н=т
polynomials gm(xk, , x m) for all m, such that f (m )= g m{Cf(l), . . . ,  Cf(m)). 
Since C /( l) = /( l ) ,  it suffices to take gx(x1)= x 1. Suppose now that gfc(x1; ..., xt) 
has been defined for k< m .

Now, Cf(m)= 2  e X fn  = lX f m+  eX/fi, where the sum 2 *  runs
ё-п = т ё-Л = т

over all bipartitions e -n = m  with e x ( l) , whence nx(m ).
Hence,

C/(m) = f(m )+  2 *  éX /fi
ё-Я=т

and
/(m ) =  C f(m )— 2 *  eX/fi.

ё-Н=т

For polynomials Ф (хх, . . . ,x m), we let ( ^ ^ ’y ’ be defined as usual, i.e., 

(Ф (х1, . . . , х т)) =  1_ф(jCij . . , ,x m) - l ) ... (Ф(Х1> . . . , x j  +  l - y ) .

Thus also,

« X , ....... ..............................

Now f (n ^ = g n.(C f(  1), . . . ,Cf(rti)) has been defined for щ >m1 and thus 
SXf n = gni(C /( 1),.... С/(пг))^>... g J C /( l ) ,  . . . ,С /Ы )Ю . 

If we let
=  gni(xi, . . . ,x ni)<ed... g^ixj, ...,x „ fc) ( 4  

then it follows readily that:
gm( x i , . . . ,x m) =  xm-  2 *  e® n

ё-п — т
is the desired polynomial.

We notice that gm(xx, . . . ,x m) is independent of the function /  and that the 
polynomials g1 (xx), g2 (xi, x2), ... etc., can be computed directly.

Of course, if we define Cf:N->-N by C f(m )= gm( f ( l ) ,  .. . , / (« ) ) , then 
C C f= f  and CCf=f, so that in particular, regarding a and £ as functions from 
N  to N, we have

i  = 2  £(т)гл = 2  •••»or(m))zm.
m=1 m=l

Thus, if we want to solve g=a1a+ a2(T2+ ..., then:

ak = Ak(<r( 1), ...,<r(fc)|É(l),.... {(fc)) =  Л 0 . ff(2), ..., ?(fe)) =
=  Л(1» * ( 2 ) , cr(fc)|gi(cr(l)),..., gjt(<r(l),. . . ,  O-(fc))),

i.e., the coefficients ak are polynomials in <x(l), ..., a(k) which can be computed 
independently of a. Using the existing relations, we may also express ak as a poly-
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nomial in £ (1), ..., £ (к ). Not knowing a, this is as close as we can come to a complete 
solution of the problem as we stated it originally.

Before coming to examples it is necessary to list several of the polynomials 
gm(*i, ..., xM). We have:

gl(*l) =  *1 , g2 =  x e-x { 2), g3 =  x 3 - g 2x1 - x 1(3),

gi =  *4 ~  g a * ! - g 2xi2) -  g£P ~x{4),

g5 =  x5-  g4x4-  g^2)xk-  g3x{2> - g3g2-  g2xj3) -x } 3),

ge =  xt - g 6X i-  g4g2~ g P  - g|8) -  g4xi2) - g3x}3) -  g |2)x 2- g 2xi4) -  g3g2g i~ x ie>,

g, = x7-  g6Xj -  g5g2-  g4g3 -  g,x{2) -  gig2g1- g 4x p  -  g |2) Xi -  g3g |2) -

-  g3g2^12) -  gz3) *i -  g |2) *i3) -  g3*i<4) -  g2̂ i<5)- ^ i 7)-

It would be useful to find simpler expressions and ways of computing the poly
nomials gm(x1; ..., x m) more rapidly for values m >7.

If  we use the known values <r(l) =  l, a(2) = 2, c(3) =  5, ct(4)=16, cr(5)=63, 
<r(6 ) =  318, <r(7)=2045, then we can compute for £, (1) — 1, c (2) =  1, £(3)=3,
^ ( 4 )  =10, £(5) =  44, ^ (6)=238, £(7)=1650. Expanding a into a2, a3, <r4, a3, a6, a1, 
we determine

f  =  cr —u2+2<T3 —4<r4+ Hu5 —31fT6 +  54(T7 —...
and

<r(C(2)) =  u2 —2<73 +  4ff4 -ll<75 +  31er6-54<77+ ...

so that 2 appears to be an alternating poset as well. To prove 2 is indeed alternating 
one needs to study А к(х1г , xk .. . ,g k(x1, ..., xkj) along with information
about the growth o f a(n) with n. I t  does not look impossible to prove this, but 
it would be messy at least.

If  we “know” <r(C(2)), then we should also be able to extract a out again 
since in seeing all disconnected posets we also see the connected posets.

Suppose that S„— {a„, a„+1, ...} is any sequence of complex numbers whatso
ever. We define

к
Fk(Sn>х г, . . . , x k) =  2 a„+j Gn+k n+j,

i=о

where the polynomials Gn+k<n+j are as defined above.
Thus again, Fk(Sn; x k, x k) can be computed systematically. Suppose that

0 = 2  a (k)zk is any power series such that o-(l) is real and positive, and that
* = 1

т =  2 X(k)zk is a power series with i{n) real and positive. Suppose furthermore
k=n

th a t T=a„(f+an+1(Tn+1 + .... Then -t(ri)=a1a (l)n, so that a (l) = ̂ -z(n)jan is the 
unique principal nlb root of т (ri)/an. If we expand, it follows that

x(n + k) = nana (l)n~1<j(k+l)+Fk(Sn; <r(l), ...,u(k)),
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so that we obtain for <j(k + \) the formula:

cr(fc +  l) : T(n + lc)-F k(S„; <t( 1), ...,a (kj)  
n a „ a - (  l ) " " 1

Of course, this arithmetic is contained in the genera! situation described above, 
except that we need to shift indices some.

Given the counting series t 2 = z - h 2 z 2 + 4 z 3 + 9 z 4 - | - 2 1 z 5 4 - 5 6 z 6  4-... of the posets 
of height at most one, which has been determined explicitly above, we note that 
its associated connected series can also be computed explicitly. The first several 
terms are given by ^ ( t 2) = z + z 2  +  2 z 3 + 4 z 4  +  1 0 z 5 + 2 7 z 6  +  .... Obviously, if we 
consider the connected posets of height at most one containing at least two vertices, 
then these are of height exactly one, and so the counting series for the connected 
posets of height one we obtain £ ( t ) 2 — z .

If we let К  be the collection of monic polynomials over a finite field with q

elements graded by degree, then we have an associated counting series o = 2  Q"z"-
n = l

It is clear that since v(p1 (x)p(x)) =  v(p1 (x)) +  v(p2(x)), the components of p(x) 
are its irreducible factors. Thus, gm(q, q1, ..., </") is the number of monic irreducible 
polynomials of degree m over a field with q elements. For a field with two elements 
the counting series begins 2 z + z 2+ 2 z 3H-3z4+ 6 z 5 +  I0z6-(-17z7 +  . . . . Given a system 
(K, v) with a counting series given, one can always determine a connectedness series 
£(<r) by using the defining relations t;(<j)(m)=gm(<r(l), ..., <т(/и)). As above, one 
can then test and see whether a notion of connectedness makes sense. The minimal 
criterion we use is that £ (a) should itself have integral coefficients. Of course this 
does not specify what the notion might be in the particular context at hand.

For example, if К  is the set of finite vectors (alt ..., am), a* SO, with counting 
series <T=z+2 z2-t-4 z3+ . . . + 2 n-1z', - f . . .  We compute the connectedness series 
S, (a)= z + z2+ 2z3 4- 3z4+ 6z5+ 9z6 + .. . .  The series does not exclude a connectedness 
concept apparently, although it is not clear what it should be.

If К  is the collection of square matrices over a field with q elements, then we 
operate on nXn  matrices by the group Sn, <p(Mtj)  =  (f)>,,(J). The cycle index
is written P(Sn). We let v(M )—n if M  is an n X n  matrix. Given matrices A and

B, we let A + B  be the matrix direct sum |̂ q . It follows that with respect to the
operation of the symmetry group, A + B = B + A , and v(A+B)=v(A) + v(B). The 

counting series is given by a — -  ,? )z" , with an associated connected
n = 1

series

« * ) =  2 g n{p (s1) , . . . , P ( s j ) Z”
n = l

This will be the counting series for those matrices which cannot be written as a 
direct sum.

The variety of situations to which this case applies is again enormous. The 
most frequent application seems to be that of extracting the connectedness series 
from the counting series, with the counting series known somehow.

A  eta Mathematica Academiae Scientiarum Hungaricae 31, 1978



246 J. N EG G ER S

* Since every poset in C(C2) is connecíed, we can compute the counting series 
for the flat and connected posets by taking £ — er(C(C2)). From F= a — a2+a3 —
— u4+ ... one determines the first several terms of F, with F —z + z 2+ 2z3 +7z4 +  
+ 3 lz5+ 1 84z6 + 1383z7, and <r(C(C2))= z 2 +  3 z3 +  9 z4 +  32z5 + 1 34z6 +  662z7 + .. . .  
From $ =  z+ z 2 +  3z3+  10z4 + 44z5 +  238z6 +  1050z7 + ... we then obtain £ —
— u(C(C2))= z + z 4+12z5+104z6+988z7+ .... Of course this is the counting series 
for L = P \ ( C ( 2) UC(C2)), so that according to our sieve mechanism there is pre

cisely one pure poset with four vertices. This is easily seen to be the poset .

To compute cr(C(m)), we can use the functional equation

a(C(m)) = 2 , ( 2  еХ ^п)гк,
k  — m e-n = k

\\ё\̂ т
where \\е\=ек+ ... + et if e—(ek, ..., et). Other relations can then be deduced.

Order products and flat posets revisited. Although we have already determined 
the relationships between a(C(Cm)) and a, it seems worthwhile to look at it again 
from the point of view of products P kX P k-*P of the type just discussed.

Let us denote by (ek, ..., ек)А(пг, ..., nk) the quantity

(eii ...,e*)A(ni,

Thus (ek, ..., ..., nk) is a term in the expansion of (n1+ ... +nk) 11 г|.
For any function f:N -*N , we let

(Cj, . . . ,e k)A f (nl t . . . ,n k) =  (el5  . . . ,e k)A ( / ( n j ,  . . . J ( n k)).

Now, if X  is any poset such that \X \= m , then writing X = A k® ... ® At , |Тг|= и ь 
we have щ + ...+ nl=m , and using the bipartition notation, we have (ex, ..., ek) •
• (nh , , nik)=m  for a cascading vector (nh , ..., и^)((и15 ..., nk) without loss of 
generality).

Let F(n) be the number of flat posets with n vertices as usual. If (ek, ..., ek)-
• (n1, ..., nk)=m, then consider the F(nt) flat posets with щ vertices. Since we 
may arrange these in any way among themselves, we obtain Т(и,)е< possibilities 
for arranging et flat posets with щ vertices. Mixing these arrangements into a single

arrangement can be done in Í ^  ) ways. Thus the total number of possible

posets constructed in this way is F in ^ ^ ...
Thus we obtain a functional equation:

a =

I

zm
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For arbitrary functions f:N -» N , let

H f(m )=  2
<? • й = m

To invert we need to find a set of polynomials Gm(xl5  . . . ,  xm) such that f(m )=

Let G1(x1)= x1 and for ё=(ех, ..., ek), n=(nx, ... , nk) let

ёЛп = Gni(xx, ..., xni)ei ..• G„k(xx, . . . , х„к)с* ^ ^  l|e|  eJ .
Let

Gm(Xj, .. . ,x m) =  xm-  2 *  М й,
ё'Н=т

where 2 *  denotes the exclusion of ё — (1), n=(m). Again the polynomials 
Gm(x,, ..., xm) can be computed systematically.

Now, if we consider i r=  2  (— l)1+ncrB, then
П =  1

ak =  ( - 1  )1+k =  A M IX - ^ ( f c ) |F ( l ) , ... ,F (k )) =

= Ak(o(l),...,<j(k)\G1(o (l)) ,...,G k(o{l),...,o {k j)) = Vk(o (l),...,c j(k j),

so that Vk(a{\), ..., (&)) +  ( —1)*=0 for all k.
If we let

Ft (xi, . . . ,x k) =  Ak(xy, ...,x* |G i(x j, ...,G k(x j, . . . ,x k)),

then either we are dealing with a set of identities Vk(хг, ..., xk)+( — l)k=0, or 
we can compute the values a (1),..., a(k) recursively. Since quite obviously we 
cannot do the latter based on flatness considerations alone, it must be true that 
we are dealing with a set of identities. Without going into any details, a little comput
ing with A x, A2,A 3,A 4 and Gx, G2, G3, G4 shows that Vk(xx, ..., xt) +  ( —1)*=0 
for fc= l, 2, 3, 4.

The partition property of pure posets. If X  is not flat or no t connected we assign 
X  to C(2)UC(C2), with C(2)DC(C2)=  0 . Suppose X  is flat and connected. Given 
x iX ,  consider the family of all pure connected subsets containing x. Order by 
set inclusion. Since the union of chains in the family is again in the family, there 
are maximal connected pure posets containing x. Let Vx be such a poset. If 
Vx П 0 , then Vx U Vy is connected. Also, if it is not pure, then VXU Vy = 
— Y(A1,A 2, ...) with |F |s 2 .  Suppose x € ^ i ,  y€A 2. Now since Vx is pure and 
connected, VX^ A 1. Similarly, VyQ A 2 whence VXD Vy = 0 .  But then since 
Vx UVy= A 1, |F | =  1, a contradiction. Hence Vx U Vy is pure, and thus Vx is uniquely 
determined and the sets Vx partition X. If Vx , ßiVy and a <  ß, then since Vx UVy 
is not pure, Vx UVy = Y(A1, A 2, ..., A„) and VX^ A 2 implies we have an ordinal 
sum Ax® A 2 whence also Vx ® V y appears. Thus, X = X 1(V (x1), ..., V(xm)). Repeat 
this process with Xx to obtain X 2 etc., until it stabilizes at X„. Thus at this stage 
x£X„ implies Vx—X„. Thus X„ is certainly pure. Also, X= X „(A x, ..., A„), where 
if x£ A x, VXQ A X, VVxQ A x and so forth.

Suppose that X — Y(BX, ..., B,) where Y  is pure. If x £ B x, then VXQ B X, 
and thus X x= Y (B \, ..., Bj). Thus, repeating this process we find X„=Y(Bx, ..., Bf).
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Since X„ is pure, Xn—Y  and = = Hence, if X x and Х2 are pure
connected flat posets, then С (Х У)П С (Х2) =  0 . It follows that if Xl and X2 are 
any pure posets, then the same is true. Therefore the sets C(X) partition P.

Looking for pure posets. If we happen to know something about <r(n), then 
this can be helpful in determining the number o f pure posets with n vertices as 
we have already seen once. We can use what counting information we have to some 
advantage along these lines a t least. Thus, e.g., £ —er(C(C2)) =  z-rz4-r 12z5 -(-__

Now <г(с(ЛрЛ°е '1 quite obviously, so that for five point posets not yet

in C(2)UC(C2), J V  generates a total of 8 . Hence we conclude there are

precisely 4 pure posets containing 5 elements. We can in fact use the counting 
series to determine that there are precisely 2  pure posets which are regular, 
and then by use of r 2 we determine that these must be of height one. It is now ea

sy to see that W  and «ДД, are these two pure posets. The other two are not

regular, and other than looking for them we know of no method which will 
allow us to locate these. Looking and finding we observe that they are:

И  andM
We can construct the counting series for these pure posets relatively easily. Thus, 

let 2<T= 2  <r(rt)z2" and <p=— (<т2 —2<r). As we shall show below,
n=i 2

e(C( W »  = e(C(M,)) = e(v<r + ,«■*♦(2a f )

while

в(с< И » = e<c ( £ x | » = T5

(since these posets are simple). Hence in particular we can give a count of the six 
point pure posets.

We proceed as follows:

т((р<7 2 + 2<г-<р+(2а-)2) =  z6+ 6 z6 +  ...

o-5 =  z5+ 1 0 z6 -f- ...
<T4 =  z4+ 8  z5 +  44z8-(-...

^(CXCj)) =  z2+ 3z3+  9z4 +  32z5+134z6 +  ...

cr(C(2)) — z2+ 2 z3+  6 z4 + 19z5+ 80z® + __

Hence the six point posets accounted for by substitution already, have a counting 
series: z2 + 5z3 + 1 6z4 -f 63z5 +  290z® + .. . .

Thus, there are 28 pure posets X  such that |AT| = 6 . This already quite a collec
tion, which includes again individuals whose existence we cannot predict. For
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the posets whose components are regular, we have a counting series for the entire 
population. Now, under these circumstances we may be in a better position to 
attack the problem of describing the pure posets.

Some counting series c(C(X)). In this section we consider a variety of posets and 
construct the counting series (t(C(X)). As in the previous situation, every such 
counting series represents a combinatorial pattern and one can give a variety of 
applications to other problems.

X = l@ n. In this case we note that the branching in the poset 1ф и  prevents 
the identification of the posets substituted into 1 and those substituted into n. Thus, 
we have a relation a(C (l® n))= a  • a(C(n)). E.g., if one wants to determine the 
number of posets X  in C (l® 2) such that \X \—1, we find that this number equals 
516 — 2 (184) +4(65) —11 (12) 4-31= 307.

X = nl ®n2® ... © nk. In this case if no one point posets occur adjacent to each 
other, then it follows that

<r(C(Z)) =  ff(C(n1))...ff(C(na))...ff(C(nit)).

If we have subsequences 1 © ... ф 1 of length /, then in the product above one replaces 
the term a1 by a(C(C,)).

Thus, e.g., if X = 2®  1 © 1 ©2© 1, then a(C(X)) is described by the formula: 

а(С(Х)) = сг(С(2)У-а{С(С2))-'т.

On the other hand, if У= 1 ©2© 1 © 2®  1, then
<т(С(У)) =  <т(С(2 ) ) 2 • <т3.

If we expand, we find the first several terms of X  to be
u (C( У)) =  <r7 -  5n8 + 1 7<r9 -  55a-10 + 1 67a11 - . . . .

X =  l+ C 2. In this case, to compute a(C(X)), we note that if we substitute 
flat posets into 1, then no duplication is possible. In the situation that we substitute 
non-flat graphs into 1, we might as well be dealing with Y=C2+C2 ■ Thus our 
initial equation is:

< 7 (0 0  +  0 ) )  =  F .< t ( C ( Q ) )  +  < 7(C (2C 2)).

Now, to compute <t(C(2C2)), we use <j (C(C2)) as our connected series and we com
pute <t(C(2C2)) using the fact that we have precisely two components according 
to the formula

<j (C(2C2)) =  г =  2  ^(m)zm,
with

r(m) =  2  eX fii
e-n = m, ||e | =  2

and where f:N -» N  is given by f  (n)=a (C(C2)) (n).
Now, <t (C(C2))= z2 +  3z3 + 9z4 +  32z5 + 134z6 + ...  whence we find that

r = z 4 +  3z5 +  15ze +  59z7 + __
On the other hand

F .< 7 (C (C 2))  =  F 3+ F 4+ . . . =  < r(C (C 3)) =  <73-2 < 7 4+3<7s - . . . =

=  z3 +  4z4+14z5 +  54ze +  300z7+
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so that the first several terms in the expansion of cr(C(l +  C2)) are given by:

er(C(l +  C2)) =  z3 +  5z4+  17zs+69z6 +  359z7+ ....

We also have т =  с4 —5 ct6 + 2 1 <76 —52a1 + ..., whence our expansion for er(C(l + C2)) 
in terms of a begins :

^(C U  + Ca)) =  u 3 —a 4 —2(76+17ct6 —47<T7+ . . . .

Hence, C (l +  C2) is not an alternating set.
On the basis of examples available one is tempted to conjecture the following:

(1) If  X  is a regular poset with \X\ — n, then

a (C Q 0 ) =  (Tn + an+1(r"'¥1+ ... + an+kan+k+ ...,
where for all integers k ^ 0 ,a n+2k^ 0  and ал+а+1 ёО .

(2) If  X  is a poset such that \X\=-n and such that

<r(C(X)) = on+ an + 1on+1+ ... with an+1 =* 0,

then an+k7* 0  for all integers k ^ l ,  and the sequence ^  (l/a„+fc) converges.
* = o

X  is a long W. If  t =  2  z(m )zm, we let nx = ^  x{rri)znm, i.e., we replace
m — 1 m = 1

the variable z in x by the variable z". We let <p denote the series <p =-^ (o2—2o).

Thus q> can be regarded as the counting series of the collection of all unordered 
pairs of posets {A, B) with A ^ B .  The series q> is the counting series analogue

of the combinatorial coefficient j. Suppose that W{k) is the pure poset ( k s 4)
W  V

For k=2u  we have only one type and for k = 2 u + l  we have a long W and 
its opposite, a long M. As they obviously generate the same counting series we 
do not need to worry about distinguishing between these here.

We find that o(C(W(2u)))= ct2u for u^2 . Roughly speaking this is so since 
W(2u) fails to have a centre. Each vertex has a unique position and no overlap 
is possible because of the position o f every vertex on a poset И/ (3) =  1®2. For 
JF(2 u + l)  we have a centre, i.e., a fixed point under all automorphisms, with every 
other vertex in an orbit of two elements on either side of the centre.

From the centre we have a contribution a. If  we move one step away from the 
centre we obtain two vertices such that if different posets are substituted, then all 
other positions become distinct whence this case yields a contribution ц> • ff2<u-1), 
since we do not care whether A appears to the right and В appears to the left of 
the centre or vice versa. On the other hand, if the two posets substituted are alike, 
then we have a new “centre” 1F(3) with a contribution o2o for the centre. Repeating 
this process by moving on to the next pair of vertices we determine:

ff(C( W (2u +  l))) =  ff(<pff2<“-1> +  2ff(pa2<“-2)+ . . .  +  (2u)“-1<p +  (2(x)u).
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Incidentally, concerning the height one pure posets, we have the following 
equivalent problem. Given that no philosopher is a disciple of another philosopher 
and that no disciple is a philosopher and in addition that no two philosophers 
have the same set of disciples nor do two disciples have the same set of masters, 
compute the number of possible arrangements of disciples and philosophers dis
tinguishing neither among philosophers nor among disciples. It is clear that if К 
is the collection of these arrangements and if v(X) is the sum of philosophers and 
disciples in the arrangement, then the counting series of (К , v) is the same as the 
counting series of the collection of posets of height one which are sums of pure 
posets. If ф is this counting series, then from ф+ (z+ z2+ ...) we may determine 
a connected series ^(ф + (г+ г2+ ...)). The counting series £(Ф +(г+г2+ ...))—z 
would then be the counting series for the collection of pure posets of height one 
other than C2.

X  is a symmetric poset. Suppose that X  is a poset with an axis of symmetry 
consisting of a chain of к vertices fixed under all automorphisms. Suppose that 
to this chain are attached t posets A in such a way that the automorphisms of X  
have orbits containing t elements or 1 element, with every vertex in A having an 
orbit of t elements which intersects each copy of A precisely once. Thus, e.g., if 
X  is as follows:

then we have an axis of symmetry containing the vertex v only, and three copies 
of the leaf A.

Let e-ir = t be a bipartition of t, i.e.,

where n is a cascading vector.
Let a(S-n) be the series describing the distribution of ex+ ... + ef  different 

posets Ylt where we have щ  copies of Ylf ..., Yei, n2 copies of Yei+1, ,

To compute this series, we first determine the series corresponding to the situa
tion where we consider a partition of t, щ + ...+tii = t, taking order into account 
and where we want / different posets to be distributed with n1 copies of Y1, n2 copies 
of Y2, etc.

If  г (n1, . . . ,n ^  is this series, we use a recursion formula

Here the latter formula follows from the fact that in multiplying т(и15 ..., лг,_x) 
and nia  we have to subtract out all cases where the poset У, is equal to one of the 
posets Tl5  ...,T ,_ 1.

Finally, allowing for interchange between Ylt ..., Yei, between Fei+1, Yei+et, 
etc., we have a(e • n) = l/e1\ ...ef \z(e ‘ it). We shall denote the quantity 1/eJ ...ey! 
by 1/e! so that our final formula becomes <т(ё • n)= l/elz(e • й).

epji-K ..+СуПу =  t, (el5 ..., ef ) = ё and ( щ , ..., nf ) — fi,

t (« i) =  П1<Ь tC«!, . . . , n ;) =  r(n 1? . . . ,  2  T(ni>
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Thus, e.g., if t= 2, then we have two bipartitions (1) (2) and (2) (1) with 

u((1 )(2 ) )= t((1)(2 )) =  2<7 and а ((2 ) ( 1) ) = |  т((2 ) ( 1 )), and r((2 ) ( l ) )= r( l ,  1) =

— — 2<r =  o'2 — 2ct, so that <t((2 ) ( 1)) — <p.
Now, fix a bipartition e-fi = t. Then, to each arrangement counted by a (e ■ n) 

we have a corresponding splitting o f X  into e1 posets with nx leaves, e, posets with 
n2 leaves and so on, where each poset with rij leaves has the same axis of symmetry 
and one of the vertices replaced by a fixed poset.

If  from now on we disregard this poset entirely and denote the remainder of 
the leaf by A*, then we proceed in precisely the same way as before to obtain a 
recursion formula. W hat counts besides к  and t is the number \A\=oc. If we write 
a (k, t, a) for a(C (X)), then we have

<r(C(X)) =  <r(k, t, a) = 2'■h = t
Я) if-(к, И;, ос- 1  у

Tkei

with a(k, 1 , a) =  cr*+k and <r(fc, t, 1 ) =  ( 2  ’ n))<*k-
e-n = t

For example if X  is the poset in the illustration, then (t(C(X)) = g ( 1,  3, 3). 
The bipartitions o f (3) are (3)(1), (1, 1)(2, 1) and (1)(3) with <r((3)(l)) =

=  -^-0 3 - 3 2 <7 -ff +  2 3 <7), <r((l, 1)(2, 1)) =  2< т-п -3(т, and <r((l)(3)) =  3<x.

Thus, we obtain a reduction

<7(1,3,3) =  -Í-(ct3 +  32(T • (7 +  23ct)<t( 1, 1, 2)3/<72 +  (2<7 • <7 —3cr)<7(l, 2 ,2 )сг(1, l,2)/<r +

+  3ct -<т(1, 3, 2),
with

<r(l, 1,2) =  <73, cr(l, 2,2) =  -^O ^ +  G«7)2«7)

and

cr(l, 3, 2) =  — (<73 -  32 (7 • a +  23 a) <r4 +  (2er • a -  3a) (<74 +  2a ■ a2) +
0  2

+  3(7-<7 — 32U • <7 +  23<7) +  (2<7

Hence we obtain a formula for a ( C ( X ) )  which in principle gives us all the necessary 
relations.

Notice that

ct(C(1 ® 0) =  <7(1, t, 1) =  ( 2 a(e ■ n))a = a
e-n — t

so that
cr(C (0) =  2 <r(e-n)

e-H=t
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which can be computed according to the recursion formulas above. If а (ё-п )=
—2  <r(2 *n)szs, then:

v ( c ( t ) )  =  2 (  2  f f (« -» )s) z s =  2 {  2  <?x$я ) z s,
s = t  e-ii = t s —t e-n=s,  l |e |S /

whence
2  <r(e-fi)s = 2  ё х 4 й.

е-й = г e-n=s,  lle l^ f

Without attempting to describe all possibilities, it is clear that using this counting 
method, if X  is a combination of leaves A and leaves В such that C(A) П C(B) — 0 ,  
then the counting series become suitable products. Thus e.g., if X  is as pictured 
below:

then o (C (X j)= o(l, 3, 3)ff(l, 2, 4)/<r.
n

X  is a sum or ordinal sum o f posets. If X =  2  mkXk, where C(TQ П C (X f - 0 ,
k = 1

then we determine o(C(X)) from

a(C (X)) =  a(C(m 1X1))a(C(m2X2))...o{C (m kXk)).

This is quite clear since we cannot duplicate any poset obtained by substituting 
into mfXi from any other poset mjXj.

If X = l + A, where A is connected, then

<т(С(1 +A)) -  (o-o(C (A ))o(C (A )) + <r(C(2A))).

The count arises from the fact that if we substitute into 1 from C(A), then we might 
as well replace 1 by A. We do not obtain any other overlap since A is connected. 

If X —A + B, where C (A )^C (B ), and В is connected, then

<r{C{A + B)) = {o(C{A))-o(C{B)))o{C{B)) + a{C(2B)).

Indeed, if A~=l, then A must itself be connected. Now, if we use a substitution 
into A such that the resulting poset falls into C(B), then we replace A by B. Again, 
there is no other overlap than that accounted for in o(C(2B)) since В is connected. 

Thus, e.g.,

<r(C(C2 +  C3)) =  (u(C(C 2))—и(С(С3))М С(Сз)) +  п(С(2Сз)) =

-  F 2(T3+  ...) +  (7(C(2C3)) =  <7(C(C5)) +  <7(C(2C3)).

If X = A ® k , Y= I® B , where A has at least two maxima and В has at least two 
minima, then

<т(С(ХФУ)) -  o(C(A))o{C(B))<j(C{Ck+l)).

Here we let o-(C(C0))=c-(C(0)) =  1 and А ф 0 = 0 ® А = А .
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Simple posets. Besides pure posets, we mentioned simple, short and alternating 
posets in the introduction. We begin by observing that simple posets are quite 
plentiful. Thus, e.g., among the simple posets one finds besides 1, W(2u) for u ^ 2  
and the irregular pure posets with five vertices given above.

If X — 2! Xi and if A' is simple then the Xt themselves have to be simple and

C(Xf) П C(Xj) =  0  if /V /  Indeed, if О Д )П С (1 ;) ^ 0 ,  then in <T, \X\=m , 
the poset in this intersection will be counted at least twice, and thus we will have 
to adjust the count by subtracting a higher power of a. In short, X  will not be simple.

If X =  A ® к  and if X  is simple, while A has at least two maxima, then A is 
simple and к —0 or к — 1. Conversely, if A is simple and к —0 or k = 1, then 
X  is also simple.

If X = Y (A 1, ..., A„), where one of the At is not simple, then X  cannot be 
simple since we can obtain duplications in At and transfer these duplications to 
X  by substitutions. Thus, if X  is simple then all At are simple. Now the fact that 
X  is simple does not imply Y  is simple, since there are clearly disconnected simple 
posets.

If X  is a poset with an automorphism group of order > 1 , then some vertex 
of X  is not left fixed by the automorphism group. If a moves x L to x2, then it follows 
that X(A, 1, ..., l)=Af(l, A, 1, ..., 1), and thus we obtain duplication, whence 
X  cannot be simple.

Now there are posets which are not simple whose automorphism group has 
order 1, so that this condition is necessary but not sufficient. We shall next identify 
simple posets.

If X  is simple, then X  is of type 1 if X = A $) 1, and X  is of type 2 if X = l  ® A. 
If У is a poset, then a spot on Y  is any pair of vertices (xt , Xj) with Xj immediately 
above Xt which can be obtained as a substitution C2 into vertex of a poset Y' with 
one less vertex than Y. If X =  Y(A L, ..., A„), with the At simple, then we shall 
in addition require that if (x,, Xj) is a spot on Y, then we do not have AL of type 
1 and Aj of type 2. Under these circumstances X  will be without spots.

Next suppose that Y  has an orbit (xx, ..., xm) under the automorphism group 
of Y  such that if this orbit were fixed, then Y  would be fixed. If  the automorphism 
group of Y  has order 1 already, we may take any orbit (x,). To fix I  we require 
that Ax -+-... + A m be simple. Thus, C(Ai)C\C(Aj) = 0  if iVy. After having done 
this we may choose the other posets Am+1, ..., A„ so as to leave X  without spots. 
We select the orbit (xl5  . . . ,x m) to be of smallest length among the orbits which 
fix Y. If no such single orbit exists, such as maybe the case in ordinal sums for ex
ample, we select a collection of orbits (x*, ..., xm), (xm+1, ..., x m+k), ... which fixes 
Y  and such that the sum of the lengths is minimal among all collections of orbits 
which fix Y. Again, on each orbit (x,, ..., xi+s) we take At + ... + Ti+S to be simple, 
and then fill in the other simple posets At so as to satisfy the requirement that X  
be without spots.

It follows that under these circumstances X = Y (A t , ..., A J  is indeed simple. 
Indeed, X  has an automorphism group of order 1 and it is without spots. The fact 
that X  has automorphism group of order 1 follows from the fact that automorphisms 
map ordinal sums to ordinal sums, and thus since the A{ are simple and the require
ment about spots is satisfied, corresponding to any pair (x;, x j  with Xj immediately

Acta Matliematica Academiae Scientiarum Hungaricae 31, 1978



C O U N T IN G  FINITE POSETS 255

above x, we have at worst a situation £ г ф 1 ® l?y, with 1 belonging to either At 
or Aj and with at least two maximal elements and two minimal elements present 
on either side of 1. This requires that the image under the automorphism has the 
same form, whence because of the structure of B, and we must map to 
5/ ® 1 ф  В '. But this implies that on Y  we have an underlying map x,—x\ and 
Xj-+-x'j, i.e., every automorphism of X  induces an automorphism of Y. Now in 
the construction of X  we arranged matters so that this underlying automorphism 
of Y  could only be the identity map and thus our assertion about X  is true.

We claim that if A" is any poset such that its automorphism group has order 
1 and such that it is without spots, X  is in fact simple. To see this we observe that 
if X (A lt ..., AJ = X(B l , ..., Bn), then since X  is without spots we cannot have 
automorphisms which locally look like Л;ф  Äy. Indeed, for this to be
the case we would have Ai®AJ= Bi® B j= D l ®Di ® D3, with the resulting freedom 
of D2 to move up or down indicating that we are in fact on a spot.

Indeed, for a non-spot the corresponding part of the poset looks like the 
illustration below:

at least one edge coming in from or going out to another vertex. The extra edge 
would prevent the type of slippage indicated in the situation just discussed.

Next, since this type of automorphism cannot occur, we note that if x( is a 
minimal vertex of Y, then AL itself is moved by the automorphism between 
X(A lt ..., A„) and X(Bx, ..., Bn) to a copy of itself which is also “minimal” . Suppose 
that у  is a minimal vertex of Alt then its image is in some Bh . If  the image of A l 
is not precisely Bh , then it sticks out into some fi,2. If we select xx to be minimal 
in a maximal chain of Y, say xx< . . . < xk, then Tx® ...®  Ak is moved over to a cor
responding chain Btl® Д-2® ...® B it. Since a maximal element of Ak is also moved 
to a maximal element of X, we find that Bi{® ...® B ic is itself a maximal chain and 
thus t= k . Now if Ax sticks out into Bit, then A L is an ordinal sum, Ax—ОфЕ. 
Since the edges going out of x x are transferred into Bh , it follows that Btl is directly 
below Bh with no other connections. But this implies (xfl, x,,) is a spot, a possibility 
which was excluded. Thus Ax=Bh . Of course if we continue the argument, assuming 
that Ai = Btl for /<  j ,  then each time selecting minimal elements in maximal chains 
of the remainder of the poset, we prove in precisely the same fashion that Aj — B 
as well, and thus if we let cp-. X —Y  be given by xy—xtj, then the result is an auto
morphism of X. Now, since this is the identity map, we have j = ij and Aj = Bj. 
Thus X  is indeed simple.

Thus, e.g., if F= 1® 1® 2, then we fix Y  by taking the orbit 2 to consist of 
fV(4) and 1. If we select the other two simple sets to be 1 and IV(4) so as to satisfy 
the condition on spots, then Af=l® JV(4)®(l +  IT(4)) is a simple poset.

Since pure posets are in any case without spots, it follows that a pure poset 
is simple if and only if it has an automorphism group of order 1 .

Let us define d (X )—d if the smallest number of elements needed to fix X  is 
d. Thus, e.g., 0(W{2k + \j)=2  for ArSl.
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Suppose that we let ф be the counting series of all simple posets and ф* the 
counting series of all simple posets A such that A has a t least two maximal and 
two minimal vertices. Then clearly ф= 2  + ф* + 2гф* + г2ф*.

The counting series for simple posets constructed by substituting into C2 is 
2гф*+г2ф*+ф*2 by an easy argument. If  we write ф* = (ф—z)/(l+z)2, then we 
can re-express the counting function on C2 by writing it in the form:

{z ( 2  +  z) (1  +  z) 2 + (ф -  z)} ^  .

If we let eon — (e1, ..., ек)о(п1г ..., nk) be defined by

eon = with eo f n =  (e1;..., ek)o ( f (n 1) , ...,f(n k))

for / :  N-»N, then the counting function for simple posets with exactly к  connected 
components фк is defined by:

Фк= 2
ё ‘Л = к

and thus

Ф =  Ф1+Ф2+ -  =  2 (  2  ёоФ1ГгУk = 1 i-n=k
It follows that we can define polynomials hm(x1, . . . ,  xm) such that ф1(т) = 

= кт(ф(1), ..., ф(т)). Indeed, ä2 (x1) = x1 and

hm + l ( Xl> ••• 5 x m + l) =  Xm + 1 ~  2  e o n ,
e-n = m + 1

where

Thus the counting series for simple posets obtained by substituting into 2 is 
ф - ф 1 = ф2 + ф3 +  ....

Finally, for other pure posets, if \X\=n, and if ö(X)= d, then if we look 
at any substitution into X  which results in a simple poset, then we find at least d 
distinct posets in the substitution, and furthermore, no more than d distinct ones 
are needed, since placing these strategically fixes X. Thus the counting series for 
this situation will at least have a factor with the other factor constructed
along the lines of the computations for S(C(X)). Thus, e.g., if X = W (2k + l), 
к ^ 2 , then 6(X )= 2  and it is easy to see that the counting series is given by
±ф*-1(ф*-2ф).

Alternating posets. Since simple posets are trivially alternating, and since chains 
Ck, k s  1 are alternating of infinite length, the population of this class is rather 
large. It is also true that if X  and Y  are alternating and О Д П С (У ) =  0 , then 
X + Y  is alternating. This is so since if o(C(X)) = <rn — an+1on+1+ ..., u(C(F)) =  
= am—bm+1c7m + 1  +  ..., then o(C(X+ Y))—g(C (X ))-o(C(Y)), which is again al
ternating. Also if A and В are alternating and if in A ® В  there is no spot which 
arises “between” A and B, then g(C(AO  B))=(t(C(A)) • a(C(B)). Spots may
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lead to trouble since the fact that the product of two series is alternating does not 
imply that the factors themselves are alternating. At the moment we do not have 
any good criteria which identify alternating posets other than the observations 
made.

Control over counting. Prescription of pure posets. We shall call L  an ideal of P 
if given X £L , \X\=n, A lt . . . ,A n£L, Х (А г, . . . ,A n)£L. If we list the elements of 
L ,X 1,X 2,..-  with Xi appearing before X} if |A;|< \Xj\, then we may proceed 
in the same way as before to construct subsets C(Xj), C (X2), .... If we cross out 
those elements in C(Xj) except Xk and if we go down the list we may find an element 
A,- 4 C (Xd. Continuing this process we will generate a collection of posets which 
we can consider as the collection of pure posets for L. If 1 t l ,  then we do not use 
it as a pure poset.

If 1, 2 and C2 are in L, then L  is closed under addition and ordinal sum. Other 
examples of ideals include the finite lattices since substituting lattices into the vertices 
of a lattice yields a lattice. Indeed, if X =  У(Аг, ..., A J  and if a, bdX, then a, b£At 
yields aAb, adb, in At. If a£At, b£Aj, then adb  is the m inimal element of Ak, 
where у К у ,= у к. Similarly a Kb is the maximal element o f Ak where у;Луу=>у.

If we are able to determine the pure posets X  of L  as well as their counting 
series er(C(X)) expressed in terms of the counting series a(L) of L, then we can 
determine a(L) explicitly by using the same recursion techniques we have used 
above.

We consider an example. Suppose that L  contains 1 and is generated by the 
pure posets 2, C2, IV(4) and IV(5). If we let a(L)=cr, we define the flat series F=  
=  <72 — <73 +  t74... and the connected series Z = 2  C («)zn, where £(«) =  
=g„(cr(l), ..., a(n)). Furthermore a(C(W(4))) = ai and o(C(lV(5j)) =

= <j((po2 + 2aq) + (2(t)2) with ср = -^(а2—2а). By direct computation we find <r(l)= l,

u (2) =  2, <r(3) =  5, (7(4)= 16.
Thus we start the series for the various pure posets to obtain:

<r(C(C2)) =  z2 +  3z3 +  9z4 +  32z5+ ... ;  a(C( 2)) =  z2 + 2 z 3 +  6z4+19z5+ ...; 
a(C{W(4))) =  z4 + 8 z5+ .. . ;  (j(C(lF(5))) =  z5+ .. .  .

Hence <7(5)=60. Using this as the next step we can then compute the coefficients 
in these four series, which are in order 128, 77, 44 and 6 , whence <7(6)=255. The 
problem of course lies in the work involved in evaluating several of the expressions 
we need, especially the polynomials where a(m) —
—gm(c7 (1), ..., o-(w)) is the coefficient of Z m in <7 (C(2 )). Although we are not pre
cisely in position to give a formula for the counting series a given enough time, 
money and a fast computer we are in business.
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ZUR BIRKHOFF-INTERPOLATION GANZER 
FUNKTIONEN

Von
H. LINDEN, F. PITTNAUER und H. WYRWICH (Duisburg)

1. Aufgabenstellung

Es seien zwei unendliche, streng monoton steigende Folgen nichtnegativer 
ganzer Zahlen

P i >  P 2 1  Рз»  > 9 i >  4z-> <7з> •••

gegeben sowie drei unendliche Folgen komplexer Zahlen

und
A l  -^2 » ^3> ••• > "

z0,Z i,Z z ,... mit z„7±z0 für n =  l , 2 , 3, ... .

Dann wollen wir uns fragen, ob es ganze Funktionen /  gibt, welche die Interpolations
bedingungen
(1) f ^ ( z 0) = An, / ( 0 ( z„) =  ßn (« =  1 ,2 ,3 ,...)
erfüllen.

In Analogie zu ähnlichen Interpolationsaufgaben für Polynome statt für ganze 
Funktionen, wollen wir (1) eine „Birkhoff’sehe“ Interpolationsaufgabe nennen 
(vgl. etwa Schoenberg [28], Lorentz— Z eller [17]).

In der von uns angegebenen Form wurde Aufgabe (1) offenbar zuerst von 
V ermes untersucht. Sein Vorgehen wie auch seine Ergebnisse sind jedoch von un
seren wesentlich verschieden (vgl. [29—31], insbesondere [29], S. 115, Theorem 2 
und [30], S. 77, Theorem 4). Ähnliches gilt für die Arbeiten von C ombes (vgl. [3—11]), 
auf die uns dankenswerter Weise Prof. Dr. H. Schmidt (Würzburg) hinwies.

Weitere verwandte Aufgabenstellungen wurden in der Literatur von einer Reihe 
von Autoren behandelt. So ordnet sich unsere Aufgabe für gewisse Parameterwerte 
der von G ontcharoff (vgl. [12], S. 58, Theorem VIII b) behandelten Aufgabe

(2) / « ( z j  =  Bm (m =  0 ,1 ,2 ,...) 
unter.

Weiter reduziert sie sich für den Fall, daß die Folge der Knoten z„ aus endlich 
vielen, sich periodisch wiederholenden Punkten besteht auf eine von Pólya [22] 
und Vermes (vgl. [30], S. 79, Theorem 6 ) für gewisse regelmäßig gebaute Folgen 
von Werten pn und q„ behandelte Aufgabe.

Schließlich stellt Aufgabe (1) für den Fall, daß

(3) z„ =  z„ + 1  (n =  1 ,2 ,3 ,...)
gilt, eine sog. Lidstone’sche Interpolationsaufgabe dar, welche von einer Reihe 
von Autoren behandelt worden ist (vgl. etwa W hittaker [32 — 33], V ermes [29—30], 
Linden— P ittnauer [16]).
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Freilich ist Aufgabe (1) wesentlich verschieden von der sog. Hermite’schen 
Interpolationsaufgabe, die P ó l y a  [21] u.a. untersucht haben. Dies hat seinen Grund 
insbesondere darin, daß wir im Punkte z0 unendlich viele Bedingungen verlangen. 
Dabei ist man natürlich in der Wahl der Parameter längst nicht frei. So hat einmal 
P ó l y a  (vgl. [22], S. 138—139) einfache Beispiele dafür gegeben, daß (1) bei unge
schickter Wahl der Parameter unlösbar ist und zum anderen kann man einem Satz 
von C a t h e r i n e  R é n y i  [25] entnehmen, daß dies sogar für einen großen Teil der 
Birkhoif’schen Interpolationsaufgaben für ganze Funktionen gilt. Schließlich hängt 
im Rahmen der noch verbleibenden Möglichkeiten das Erkennen zulässiger Parameter 
auch wesentlich von der verwendeten Lösungsmethode ab.

Während die genannten Arbeiten meist funktionentheoretisch vorgehen, ziehen 
wir analog zu L i n d e n — P i t t n a u e r  [16] und P i t t n a u e r  [20] die Methode der 
Perron’schen Summengleichungen zur Lösung von (1) heran. Diese Methode ist 
von großer Einfachheit (vgl. P e r r o n  [19] und P a a s c h e  [18]) und liefert als Ergebnis 
unter gewissen Zusatzbedingungen eine sogar eindeutig bestimmte ganze Funktion 

f  als Lösung von (1). Darüber hinaus erhalten wir neben einer Verallgemeinerung 
eines Ergebnisses von Pólya wie auch von Vermes Aussagen über die Wachstums
ordnung q und den Typ a  von f  sowie über eine gewisse Minimaleigenschaft, welche 
/  besitzt.

Schließlich läßt sich unsere Methode noch auf einige allgemeinere lineare 
Interpolationsaufgaben anwenden.

2. Das Lösungsverfahren mittels Perron'scher Summengleichungen

Um überhaupt eine Lösung von (1) in Gestalt einer ganzen Funktion zu er
möglichen, verlangen wir natürlich zunächst, daß

ist. Weiter definieren wir eine Hilfsfunktion h durch

(5) h (z)  := 2 ^ f - ( z - zo)p“-
P/-

Wegen (4) erkennt man, daß h eine ganze Funktion von z ist. Bilden wir nun die 
Größen
(6 ) cn:= B a-h<*J(zJ (n =  1 ,2 ,3 ,...), 

so wird im folgenden die Bedingung
n

(7) 0 <  c : =  lim ]/]cJ «= °°
n-+oo

eine wichtige Rolle spielen. Sie besagt, daß die Funktion f —h die Wachstumsordnung 
q = \ hat, falls (3) gilt. Schließlich rechnet man unter Verwendung der 
Minkowski’schen Ungleichung und der Cauchy’schen Integralformeln nach, daß 
in (4) die zweite Grenzwertbeziehung eine Folge von (7) ist.
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Wir ziehen nun zur Untersuchung unserer Aufgabe die Taylor’schen Reihen

(8) 2
k = 0

(Z„-go)*
k\ ./fr+ tífoо) -

für « =  1 ,2 ,3 ,.. .  heran und ersetzen, falls k+ qn=pm mit einem geeigenten Wert 
m ist, den Wert / (fc+O (z 0) durch den Wert Am gemäß (1). Dies Verfahren führt 
auf ein lineares Gleichungssystem für die restlichen Ableitungen / (t+«n) (z0) mit 
k+ qn9^pm. Im allgemeinen sind jedoch diese Ableitungen sehr unregelmäßig 
verteilt, so daß die Lösung des Systems offenbar sehr schwierig wird.

Um uns von diesen Schwierigkeiten frei zu machen, wollen wir weiter verlangen, 
daß unsere Folgen von Werten pn und qn die folgende Zusatzbedingung erfüllen 
(vgl. dazu L in d e n— P it t n a u e r  [16]):

(9)

Es gibt eine unendliche Folge ganzer Zahlen rm (m =  1,2, 3 ,...)  mit
a) Zu jedem q„ gibt es genau ein rn mit qn ^ r n < qn + 1,
b) {Pn\n = 1 } П К ,1™ £ l } =  0 ,
c) {Pn\n =  1}U {rm\m fe i} “  {k\k = q j .

Existiert eine solche und dann stets eindeutig bestimmte Folge von Werten rm, 
so wollen wir sie als die den Folgen von Werten pn und q„ zugeordnete „repro
duzierende“ Folge bezeichnen.

Der Name erklärt sich dadurch, daß man unter Verwendung von (8 ) und (9) 
das Gleichungssystem (1) in das folgende relativ einfache und mit (1) äquivalente 
System überführen kann:

( 10) j g  ( z n ~ z o)r"'l' t‘ 4n

д= 0  (r„+tl- q ny.
. /< W ( z 0) = cn

für « =  1, 2, 3, ... mit den gemäß (6 ) festgelegten Werten c„. Setzen wir nun für 
« =  1, 2, 3, ...; /i=0, 1, 2, ...

(1 1 ) xn+ll:= f^ n +y (z0) und «лд :=-^7 —

so läßt sich auf unser Gleichungssystem (10) in vielen Fällen der folgende Satz 
von Perron—Paasche über sog. Perron’sche Summengleichungen anwenden, den 
wir der Arbeit von Pa a sc h e  (vgl. [18], S. 25—29, Satz 7— 10) entnehmen. ,

Sa t z  (Perron—Paasche). Die Koeffizienten der Summengleichung
oo

(1 2 ) 2  я„д •*„+„ =  cn (n =  1 ,2 ,3 ,...)
ß = 0

mögen eine Zerlegung anil=aß+bnfL («=  1, 2, 3, ...; /i= 0 , 1 ,2 ,...)  der folgenden 
Art gestatten:

a) Es ist а„0^ 0  fü r  « = 1 , 2 , 3 ........
b) Es gilt

und \bnJ sb „ -Q ~ ß mit einem Wert Q > c und mit lim b„=0.
П-*- oo
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c) Die „charakteristische“ Funktion

F (z) =  i a . - z "
M=o

й  für \z\ = c analytisch und verschwindet dort an genau A: =  0  игс/zf notwendig 
voneinander verschiedenen Stellen.

Dann besitzt (12)nach willkürlicher Vorgabe der к Anfangswerte x N+1,x N+2, ■■■, 
. . . , x N+k (wobei N  ein genügend hoher Index sein soll) genau eine Lösung von Werten 
xlt x2, x3, ... mit

(13) Пш f \ x j  = c.n-+ OO

Darüber hinaus gibt es keine Lösung, für die der Grenzwert in (13) kleiner als c ausfällt.

3. Einige spezielle Lösungsbedingungen

Wir wenden uns nun der Angabe spezieller lösbarer Aufgaben der Gestalt (1) 
zu. Dabei wollen wir der Kürze halber zwei Folgen von Werten p„ und q„ „zulässig“ 
nennen, wenn sie die wichtige, wenn auch hier lediglich technisch bedingte, Eigen
schaft (9) haben. Gilt noch zusätzlich r„=qn für « = 1 ,2 ,3 , . . . ,  so wollen wir 
sie „komplementär“ nennen.

Wir beweisen nun

Satz 1. Es seien zwei komplementäre Folgen von Werten p„ und q„ (n — 1, 2, 3, . . . )  
gegeben. Ferner gelte (4) und (7) sowie eine der Bedingungen (14), (15) oder (16):

(14) Es gilt lim zn = z0.
П - + 0 0

(15) Es gilt sup \z„\ ä  D < ° o  und lim (qn+ß — qn) =  °° für jedes p s  1.
ПВО B- ° °

(16) Es gilt \z„- z0\ё ^  (n =  1,2,3, ...) und lim (q„+tl- q n) = °° für jedes
£  П - + 0 0

/ iS l .
Dann besitzt Aufgabe (1) genau eine ganze Funktion f  als Lösung mit der „Mini

maleigenschaft ‘ ‘

(17) Пт V | / (r»»(̂ 0)| =  c.
П - * - о °

Bew eis. Wir zeigen die Existenz von / mit Hilfe des Satzes von Perron— Paasche 
unter Verwendung der Substitution (11).

a) Gilt Bedingung (14), so folgt zunächst

a0 = an0= l  (n =  1 ,2 ,3 ,...)
und

а = lim а -  0 (p = 1,2, 3, ...).И—► oo
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Damit ist aber Voraussetzung a) erfüllt und wir erhalten

Jim =  0.

Somit können wir in (10) alle Werte c„ zulassen, welche (7) genügen. Weiter ergibt 
sich b„o=0, bnfl—antl (n, ц = 1 ,2 ,3 ,...)  und damit gilt auch Voraussetzung b), 
wenn wir etwa

bn — M-\z„ — + und о, 0 <  Л/ <  oo

wählen. Dann hat aber gemäß Voraussetzung c) die charakteristische Funktion 
F(z) =  1 genau k —0 Nullstellen für |z jsc  und unser Satz liefert unmittelbar 
die Behauptung.

ß) Gilt Bedingung (15), so erhält man ebenfalls a0 =a„0= l  und a„=0 
(и, f i= l, 2, 3, ...) und kann damit wie in Beweisteil a) weiterschließen. 

y) Gilt schließlich Bedingung (16), so erhält man zunächst wieder

ao =  ano — 1 (n =  1,2 ,3 ,...).

Beachtet man nun, daß qn+ll—q„^n  für ц=0, 1, 2, ... ist, so erhält man für 
/ i= l ,2 ,  3, ...

■ I _  \z„ -z0\9* + »-4» ^  Ä
(Чп+ц-ЧпУ- ~  (q„+ll- q nV-

(qn+u~qл)! ^ 2  Tt(qn+II- q n)

mit einer geeigneten Konstanten 0 nach der Stirling’schen Formel. W ir erhalten 
also ß„=0 für /i =  l, 2, 3, ... und können wie unter Beweisteil a) weiterschließen.

Es sei noch bemerkt, daß Satz 1 mit Bedingung (15) ein Ergebnis von V ermes 
(vgl. [29], S. 115, Theorem 2) in verschiedener Hinsicht verallgemeinert. So benötigt 
etwa Vermes anstatt der Bedingung (15) die einschneidendere, daß \z„—z0\ = l 
(n= 1, 2, 3, ...) und daß die Folgen der Werte A„ und B„ beschränkt bleiben.

Schließlich weisen wir noch darauf hin, daß in unserem Satz Bedingung (16) 
noch etwas abgeschwächt werden kann zu

(18) \ z n - z 0 \ si [a„• |/27г(<7„ + 1 —<7„)j

mit vorgegebenen Werten a„>0 (n = l , 2, 3, ...). Hier hängt dann freilich die 
Anzahl der Lösungen /  gemäß dem Satz von Perron—Paasche von der Anzahl 
der Nullstellen der charakteristischen Funktion 19

(19) F ( z ) = 2  < V Z" mit « o = lM= 0
im Kreis \z\Sc  ab.

Schließlich weisen wir darauf hin, daß die Lösungsbedingungen unseres Satzes 
von ganz anderer Natur sind, als die von G ontcharoff für Aufgabe (2) angegebenen 
(vgl. [12], S. 58, Theorem VIII b).

Acta. Mathematica Academiae Scientiarum Hungaricae 31, 1978



264 H. LINDEN, F . PIT T N A U E R  U ND H . W YRW ICH

Satz 2. Es seien zwei zulässige Folgen von Werten p„ und qn gegeben, welche 
der folgenden Bedingung genügen.

(20) Mit einer ganzen Zahl k S l  gilt

r« =  /•„„ +  к • ( n - n 0) fü r  n S  n0,

4n = +  fü r  n ^ n x.
Ferner gelte neben (4) und (7) die Beziehung

(21) l imz„ — z ^ z 0.
П-*- oo

Dann besitzt Aufgabe (1) entweder so viele linear unabhängige und (17) genügende 
ganze Funktionen f  als Lösung wie die charakteristische Funktion

( 22) F(z) = ” ( г - 2 0) ^ +|
Д  (kg+ 1)1

z"

mit l=(rn̂ —q„.)—k(n0—nf) Nullstellen in der komplexen Zahlenebene besitzt, 
oder, falls F keine Nullstellen besitzt, eine eindeutig bestimmte und (17) genügende 
ganze Funktion f  als Lösung.

Beweis. Zunächst überlegt m an sich, daß (20) mit der Bedingung 

(23) 0 =S lim (r„ + - q n) = eM <  =°
71-*-oo

mit e^—kg+ l, /ShO für jedes gS O  äquivalent ist. Damit folgt dann leicht die 
Behauptung.

Zur Untersuchung der Nullstellen der charakteristischen Funktion in (22) 
kann man von der Darstellung von F  als verallgemeinerte Mittag—Leffler’sche 
Funktion

F(z) =  ( z - z0)1 • Fkil+1[ ( z - z n)k • z]

ausgehen (vgl. dazu etwa Bateman—Erdélyi—Magnus—Oberhettinger— 
T ricomi [1], S. 210).

Satz 2 stellt eine Verallgemeinerung eines Ergebnisses von Pólya [22] dar und 
für z„=z (n—\, 2, 3, ...) eine Verallgemeinerung eines Ergebnisses von Linden—  
P ittnauer [16].

4. Folgerungen aus den Lösungsbedingungen

Unsere Sätze erlauben uns, Folgerungen über die Wachstumsordnung e ( f )  
und den Typ o( f  ) der Lösungen /  zu ziehen. Zunächst erhalten wir aus den be
kannten Formeln, welche die Wachstumsordnung und den Typ einer ganzen Funk
tion durch die Koeffizienten ihrer Taylorreihe ausdrücken (vgl. etwa Bieberbach 
[2], S. 238), unmittelbar die Werte q(K) und o(h) für die in (5) definierte ganze Funk
tion h. Damit ergibt sich dann die folgende Aussage.

K orollar 3. Ist f  eine Lösung von Aufgabe (4) gemäß einem unserer Sätze, 
so ist

e ( f )  = max [1 , e(h)]
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und
Í <r(h), falls Q( f ) >  1 ,

^  * ~  \ max [o(h), a ( f-h )] , falls q(J) =  1 .

Dabei gilt mit dem in (7) definierten Wert c

(24) a ( f —h) — cr, fa lls  a. := Um — existiert
rn

und falls dieser Grenzwert nicht existiert,

f lim - 1
Q  Ln-*-oo r„J falls c >  1 ,

(25) 0  ^  a ( f - h )  == ■1 , falls c =  1 ,
c[ü“ t]L Ln-*-oo falls c <  1 .

Der Beweis dieser auf (17) beruhenden Aussage ist elementar und soll hier 
übergangen werden. Die Herleitung der Abschätzung (25) erfordert freilich sorg
fältige Überlegungen bei der Handhabung der auftretenden Grenzwerte. Dabei 
sei noch daraufhingewiesen, daß sich r„^n (n= 1, 2, 3, ...) aus (9) ergibt.

Schließlich wollen wir uns noch fragen, wie Folgen ganzer Zahlen pn, qn und rn 
beschaffen sein müssen, damit sie Bedingung (9) erfüllen. Bei der Beantwortung 
dieser Frage werden Folgen ganzer Zahlen sn (n = l, 2, 3, ...) mit der Eigenschaft

(26) 0 ^ s „ < s n+1; lim (s„ —n) =  °°
H-*-oo

eine Rolle spielen. Es gibt nämlich
Lemma 4. Genügen die Folgen ganzer Zahlen p„, qn und rn ( n = l ,  2, 3, ...) der 

Bedingung (9), so besitzt jede dieser Folgen die Eigenschaft (26).

B ew eis . Zunächst gilt p„— pn_xS l  und wegen (9) gilt sogar p„— p„_1^ 2  
für unendlich viele Werte von n. Damit erhalten wir aber

n
Pn-Pl =  ^ ( P v - P v - l )  S f ! + y ( n ) ,v = 2

wobei lim y(n) = <» ist. Hieraus folgt aber die Behauptung für die Folge der pn.
n-*-co

Ähnlich zeigt man den Rest der Behauptung.
L em m a 5. Es sei eine Folge ganzer Zahlen pn (n = 1, 2, 3, ...) mit der Eigenschaft 

(26) gegeben sowie eine ganze Zahl <7i S 0 . Dann gibt es genau eine Folge ganzer 
Zahlen r„ (я = 1 ,2 , 3, ...) mit der Eigenschaft (26), welche die Bedingung (9b) und 
(9c) erfüllt. Ferner gibt es dazu abzahlbar viele voneinander verschiedene Folgen 
ganzer Zahlen qn (и =  1, 2, 3, ...) mit der Eigenschaft (26), welche die Bedingung 
(9a) erfüllen.

B ew eis. Zunächst zeigt man leicht die Existenz und eindeutige Bestimmtheit 
der Folge der ganzen Zahlen r„ unter den Bedingungen (9b), (9c) und (26). Damit 
kann man dann eine Folge ganzer Zahlen qn mit

4n — rn <- Яи + 1 — rn + 1 <  Qn + 2
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angeben, so daß jedem r„ genau ein q„ zugeordnet ist. Es folgt 

lim (q„-n ) a  lim ([r„_3L —(n — 1)]— 1) =
n-*-oo  n - ^ o o

Da die Folge der r„ die Eigenschaft (26) hat, kann man für unendlich viele Werte 
n den Wert q„ mindestens auf zwei verschiedene Arten festlegen. Damit folgt aber 
die Behauptung.

Unsere letzte Aussage zeigt, daß man auf einfache Weise sehr bequem Folgen 
konstruieren kann, welche die für unsere Lösungsmethode wichtige Eigenschaft 
(9) besitzen und daß es offensichtlich sehr viele Folgen dieser Art gibt.

5. Bemerkungen

In Analogie zur Polynominterpolation (vgl. etwa S choenberg  [22]) läßt sich 
auch unserer Aufgabe (1) eine sog. Inzidenzmatrix

E  ( ^ r s ) r ,s  =  0 ,1,2, ...
zuordnen, indem man

{1 , falls / (s)(zr) gemäß (1) vorgeschrieben ist,
0 , sonst

setzt. Damit ist dann gemäß (9) und Lemma 4 die Inzidenzmatrix unserer Aufgabe 
(1) eine spaltenfinite obere Dreiecksmatrix. Wegen der Bedingungen im Punkte 
z0 ist sie jedoch nicht zeilenfinit. Insgesamt handelt es sich um eine lediglich „dünn“ 
besetzte Matrix. Im Hinblick auf den bereits erwähnten Satz von Cath erine  R ényi 
[25] (vgl. dazu auch P ólya [23], S. 432) über die Anzahl der Fabry’schen Lücken
punkte ganzer Funktionen darf man vermuten, daß Interpolationsaufgaben für 
ganze Funktionen, deren Inzidenzmatrizen viele Einsen enthalten, nur schwer zu 
behandeln sein werden.

Betrachten wir weiter in Analogie zur Polynominterpolation die auf P ólya 
zurückgehenden Größen

m ( s ) : = Z e rs; M(s) := j?  m(a) (s = 0 , 1 , 2 ,...),
r=  0 <7 =  0

so erhalten wir für Aufgabe (1) die Bedingungen 

(27) m(s) ^  2; M ( s ) s 2 s  + 2,

während sich für die Gontcharoff’sche Aufgabe (2) m (s)=  1; M (s)= s+  1 ergibt.
In diesem Zusammenhang, sei noch auf die von W h itta k er  [32] eingeführte 

Größe W (s)= M (s—1) hingewiesen, die im Falle von Lidstone’schen Interpolations
aufgabe bei der Formulierung von Eindeutigkeitsbedingungen eine Rolle spielt.

Abschließend sei noch bemerkt, daß sich mit unserer Methode auch allgemeinere 
lineare Interpolationsaufgaben für ganze Funktionen behandeln lassen, wie etwa
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/ <p"4%> = An + 2  d„x-/(i"J (z0),X = 1

2  d* • / (9n)(zv) =  B„ (n =  1 , 2 ,3 ,...) .
V =  1

Es ist nicht schwer, mit dem Satz von Perron—Paasche auch hier Aussagen über 
die Existenz von Lösungen unter geeigneten Zusatzbedingungen zu gewinnen. Ein 
einfacher Spezialfall dieser Aufgabe wurde von L ind en— P it t n a u e r  [16] untersucht. 
Den vermutlich ersten Hinweis auf Aufgaben dieser Art findet man bei 
P o ritzk y  [24].
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REMARKS ON OPERATOR TRANSFORMATIONS 
OF A FIELD OF TRANSFORMABLE OPERATORS

By
W. PREUSS (Wismar)

1. Introduction

Let V0 be the convolution algebra of all functions <p, which are defined on 
[О, со) and whose Laplace transforms q>(z) are absolute convergent. We denote 
by Ó the quotient field of It is well known that Q is a subfield of the Miku- 
sifiski operator field Ji. In the Ditkin—Berg-model of J l  (see [3, 7]) every operator 
can be represented by a sequence of certain meromorphic functions. In [12] an 
operator field U is constructed, which contains also Q and which is algebraically 
isomorphic to the field 93? of all functions /  (z) that are meromorphic in some right 
half-planes d =  {z:Re(z)><r}, where a depends on /(z )  and the operations in 
93? are defined pointwise. That means, in the function theoretic model of the operator 
field 21 every operator can be represented by a single meromorphic function. There
fore the function theoretic model of 21 is not so difficult of access as the function 
theoretic model of JÍ. Moreover, the operator field 21 is containing operators 
which appear as solutions of simple s-differential equations and which do not belong 
to J i \  for example the operators exp [s2] and exp [as] for complex a [14].

In the present note the operator transformations of the operator field 21 will 
be investigated.

2. The operator field 21

Let §> be the subalgebra of 93?, which consists of all functions h(z) that are 
holomorphic in some right half-planes A. Suppose that (hn(z)) is a sequence in 
§  and ä (z ) £ § .  By definition, lim h„(z)=h(z), if there exists a right half plane 
A such that h(z), h„(z) (и= 1 ,2 , ...) are holomorphic in A and if the sequence 
(hn(z)) converges to h(z) uniformly on every compact subdomain of A.

Assume always that every element of G is represented by a convolution quotient 
<р1ф (<p, ф 0), because in J (  other representations are also possible. We
call a sequence a fundamental sequence if there are functions h{z),
g(z)d%>; g^O , such that lim ip„(z)=h(z) and lim ij/n(z)=g(z). It is easy to see 
that the function

2 [ < p M ^ h ( z ) / g ( z )

belongs to 93?. Two fundamental sequences (<р„/ф„) and (>7J q„) are equivalent if 
£[<Pj>l/ n\= £[rlJínl in the sense of 93?. The equivalence classes determined by this 
equivalence relation are called operators. Let 21 be the set of all operators. An oper
ator a € 2 1  represented by a fundamental sequence (<р„№„) will be denoted by a=  
=  ((р„/ф„). Two operators are equal if the representatives are equivalent. Let a
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be a complex number and let а=((рп/ф„) and b —{r\J£„} belong to 31. We define

a +  b = <(<?„ * £„ +  »/„ * Ф„ЖФ„ * Q) ; 

afi =  (((рп*ч„Ж'1'п*£п))', 
a.a =  ((a <рп)/фп),

where * is the symbol for the convolution product in i?0. 31 is a field under these
operations and the mapping
(2 .1) 2[а]^2[<рп/ф„]

is an algebraic isomorphism of 31 onto 9Л. The function £[a]€ä*t will be called the 
generalized Laplace transform of the operator я €31, because if a €31 is a function 
а—срЖ^0c:3I (the exact notation for <p in 31 is ((ср*ф)/ф) with any ф^О, but 
we use also the symbol cp in 3t) then 2[a\=(p(z) is the classical Laplace transform 
of (p. The differential operator

t

s =  ((p/<p(_1>>, <p<_1) =  f  cp(u)du, (p ^  0 ,
0

has the Laplace transform £ [s]= z , i.e. we can write a = f(s ) , if £[a]=/(z)€99L 
The convergence in 3Í is defined as follows:

A sequence (a„)c3I converges to a€3f if there exist quotients £[a„] =  
= h„(z)/gn(z) and Q[a\=h(z)/g(z) in 9Л(/гп, gn, h, g € § ; g„, g^O ) such that 
lim h„(z)=h(z) and lim g„(z)=g(z). Then we write 3l-lim an=a.

This convergence is compatible with the field structure of 3Í.

3. Operator transformations

An operator transformation T  is a linear mapping of a subset 3 í(T )c3 t in 
31 (for the operator transformations of Л  see [4, 9]). The operations in the set 
of all operator transformations are the usual operations. Operator transformations 
T  having the property
(3.1) T(ab) =  T(a)b  =  aT{b) 
for all a, b£*$l(T) will be called multipliers. If T  fulfils

(3.2) T(ab) = T (a )T (b )

(a, й€31(Г)) then T  is an endomorphism, and if T  has the property

(3.3) T(ab) = T(a)b + aT(b)

for all а, б€31(Г) then T  will be called a derivation. Г is a continuous operator 
transformation if from 3t-lim an = a it follows 3i-lim T(an) = T(a) (a„, a -31(7”)).

Suppose that 3t(7’)=3l. If  T  is a multiplier then we have T(an)=anT( 1) 
and T(a)= aT(l) (1 is the unit operator in 31) such that from 3i-lim an—a it follows 
3I-lim T(a„) =  T(a), because the convergence is compatible with the field structure 
of 31. That means that all multipliers on 31 are continuous operator transformations. 
It is evident (see (3.1)) that every multiplier on 31 is commutative with the differential
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operator s and with all shift operators exp [as], a real. We can prove the following 
characterization of the multipliers:

Theorem 1. The multipliers on 31 are the only continuous operator transformations 
on 31 which are commutative with the differential operator s and with all shift operators 
exp [as], a real.

P ro o f , (i) Let T  be any continuous operator transformation on 31 which is 
commutative with s, i.e. sT(b)=T(s)b  for all b£31. Suppose that „• Then 
we have <p(z)P§  and it is well known that there are sequences (p„(z)) of polynomials 
in z with lim p„(z)= ф(z) (see [1]). Therefore 31-lim p„(s) = <p in 31. For any operator 
b£ 31 we have

31-lim pn{s)T{b) = <pT(b)
and

31-lim p„(s)T(b) = 31-lim T(pn(s))b — T(ip)b.

On the other hand, we have a unique limit such that

(3.4) 4>T(b) — T((p)b.

Let a be any operator of 31. We can find a sequence ((pn) d ^ 0 with 3t-lim cpn=a, 
because T>ti is dense in 31 [13]. Therefore from (3.4) it follows

aT(b) =  31-lim (pn T (b) =  31-lim T((pn)b = T(a)b.

Hence aT(b)=T(a)b  for all operators a, b£ 31, i.e. Г is a multiplier on 31. 
(ii) Suppose that Г is a continuous operator transformation on 31 with

T (exp [as]) b = exp [as] T (b)

for all b£31. Now if 1/1 6 ^ 0  fulfils |*A(i) | <exp [at] for a certain real a and 0 
then there exists a right half-plane d =  {z:Re(z)>y=-l} such that the Laplace 
integral of the function ô =  s_ 1  ip is uniformly convergent in A (see [2]). Hence 
we can find a sequence i„€[0 , =°) (n = l ,  2 , ...) with

(3.5)
00

J  exp [— zt](p{t)dt
2 n

for all z 6 A. On the other hand, ц> is a continuous function, thus there exist sequences 
(i/f„) of step functions with the properties

(3.6) l<A„(i)-<p(OI <  for i€[0,r„]
and
(3.7) i/in(i) =  0  for f$[0 , fB].

From (3.5), (3.6), (3.7) we have

l<?„00-</>(z)| f  exp[— zi](i/i„ ( 0  —<p(0 ) dt— f  exp [-zt]q>{t)dt
0 tn n
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for all z£d, i.e. lim i^„(z)=^(z). Therefore we obtain also Sl-lim or
2l-lim sij/n=il/. It is easy to see that sip„ (и=1, 2, ...) is a finite linear combination 
of shift operators, whence we get

21-lim T(s\p^)b =  Т(ф)Ь
and

21-lim T(s\j/„)b = 21-lim s\l/nT (b )  =  il*T(b)
for all b €21. Hence
(3.8) Т(ф)Ь = *Т(Ь)

for all (>€21. Now let a€2l be any operator and (<p„)c# 0 a sequence with 
21-lim (p„—a. From [13] it follows that we can find a sequence (<pn) such that all 
functions <p„ satisfy exponential estimations, i.e. (3.8) holds for all cp„. We get

21-lim T  (ф„) Ъ — T  (a) b
and

2 1 -lim T (<p„) b =  21-lim (pnT (b) =  a T (b)

for all (>€31. Therefore T  fulfils T(a)b=aT(b) for all а, A€2l i.e. Г is a multiplier. 
This completes the proof.

It is easy to see that the following representation theorem is valid.

Theorem 2. I f  T  is any multiplier on 21 then there exists an operator a € 21 with 
T(b) = ab for all b £ 21.

With a— J ( l )  the proof is trivial.
Now we will consider the endomorphisms. The first possibility to construct 

endomorphisms on 21  is given by

T h e o r e m  3. Let T0 be any endomorphism on 2I(7 ’0) = ' £ 0 having the following 
property:

with lim (pn(z) = h(z), iim (Tb(<pn))(z)=h(z) also holds ((p„^0 for all n; h, 
h= 0 iff A s 0).

In this case by definition Т(а) = (Т 0((р„)/Т()(ф„)), а = ((рп/фп)£'Щ, T0 is extendable 
to an endomorphism T  on 21.

P roof. Let a = ((pjxp„)^21 be any operator. Then there exist functions h, g € $  
(g^O ) with lim ijpn{z)=h and lim *A„(z)=g. Hence

£[T(u)] =  Q lT M lT M n )]  =

.e. T(ű)í 21. If we start with an other representative of the operator a then
we have lim En(z) = h1, lim fj„(z)=gi, lim (T fc n))(z) = h1 and lim (7’0 (t?„))(z)=g1 
(h1,g 1, h1, g2€§). It is easy to see that

]\m((pn*t]n- i n*\linfiz) = A g i-h jg  =  0 , 

because £ [a\= h/g= h1/g1. Hence our supposition implies

lim (Г0 (<pn *ф„)) (z) = 0 .
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Because T0 is an endomorphism on we get

lim (T0((p„))(z) lim (T0(t]„))(z) =  lim (7o(cn))(z) lim (Ти(ф„))(г)

or h/g—fixlgx, i.e. the definition of T  is unique. It is easy to see that T  is linear 
and fulfils property (3.2). Hence Г  is an endomorphism on 91. In the case 
a=(p£(tfо we have a=q>=(((p* ф)/ф), ф ^О , and

Г(ф) -  (Т0(я>*ф)/Т0т  =  (Т0{ ( р ) * Т Ш Т Ш  =  <Г„(9)*ч/ч> = г 0 (<р)€^о

(/?=  Т0(ф)). This completes the proof.
We consider an other possibility in order to get endomorphisms. Bleyer [5] 

constructed endomorphisms for Mikusinski operators by certain substitutions in 
the Ditkin—Berg-model of JK (see [3, 7]). This principle can be transferred to the 
operator field 31. In this case it will be a little simpler, because we can om it certain 
conditions.

Let co(z) be any function having the following property:

{There exist a real number a and a right half-plane A„ depending on a 
such that co(z) is holomorphic in Aa and fulfils the estimation 
R e(oj(z) )> ct for all z£A„.

Now we consider the set 2l„ of all operators a ~ f{ s )cf l l  having Laplace transforms 
/ (z), which are meromorphic in A =  {z:Re(z)xr}. It is easy to see that 21 is a sub
field of 31. We will prove the following

Theorem 4. Suppose that the Laplace transform a>(z) o f  the operator w(s)£2l 
has property (3.9). I f  a —f{ s )  belongs to 21CT then Tlú(a) =  f(co(s)) defines an endo
morphism with 21 (T a) =  2 tn.

P r o o f . If a = /(s )€ 3 l„  then /(z )£® t is meromorphic in A =  {z: Re (z)>a}. 
The Mittag—Leffler and Weierstrass theorems imply that there exist functions 
h (z), g (z) £ §> (g?£ 0) with / (z) = h(z)/g(z). From our supposition for co(z) it follows 
that h(co(z)) and g(oj(z)) are holomorphic in A„ (see [1]). Therefore f  (со(z))= 
=  h (m(z))/g(ca(z)) is meromorphic in A„ , i.e. Ta(a)=f((x>(s)) belongs to 31. Because 
in tik we have introduced the pointwise operations, it is easy to see that T co is linear 
and fulfils (3.2). Hence T'° is an endomorphism with 31(ГШ)=31„.

R emark. If the function co(z) fulfils (3.9) for a у with y x r  then Г и can be 
extended to an endomorphism of a field 2I? (with 2tCT cr 2L) in 81.

Lemma 1. Let T  be any endomorphism with 21 (7")=31. Suppose that (an)c 2 l 
is any sequence with ( £ [ a j c §  and lim S[o„]=fi[a], where a€3l. I f  we have also 
lim fi[7'(ű„)] =  fi[7’(a)] then T  is a continuous endomorphism on 91.

Proof. Let (b„)c2I be any sequence with 2I-lim b„=b€2I. Then there are 
quotients il[bn} = hn(z)lgn(z) and £[b] =  /?(z)/g(z) in 'M (h„, gn, h, gt$>; g„, g = 0 ) 
such that lim A„(z)=A(z) and lim g„(z)=g(z). On the other hand, from  (3.2) 
it follows

T(bn) =  T (h n(s))/T(g„(s))
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and
T(b) =  T(h(s))/T(g(s)),

i.e. by our supposition we get 21-1 im T(bn)= T(b).
Now we can prove

Theorem 5. Let a0 be any fixed  real number. I f  the function co(z) fulfils property
(3.9) for every real number c with <t =  <t0 then TVJ{a) =  f(o)(s)), where a= f{s)cMi, 
defines a continuous endomorphism T ‘° on 21.

Proof. It is easy to see that T a is an endomorphism on 21. Now let (a„)c2I 
be any sequence with £ [a„ ]c§  and lim 2[a„]=A(z). That means that there exists 
a right half-plane d =  {z:Re(z)=-crS<70} such that all 2 [a„] =  h„ (z) and Ii(z) are 
holomorphic in A and the sequence (Л„(г)) converges to h (z) uniformly on every 
compact subdomain of A. For every compact subdomain of A and every e> 0  
we can find an n0 such that |/;„(z) — h(z)\<e for all « 5 л, and all z belonging to 
this compact subdomain. By our supposition the function co(z) cannot be constant. 
Hence the function co(z) maps every compact subdomain of Aa in a compact sub- 
domain of A (see [1]). That means that in every compact subdomain of A„ we get 
\hn(co(zj) — h(co(z))\~=z£ for sufficiently large numbers n, i.e. Inn 2 [Т“ (я„)] =  
=  £?[7’“ (A(í ))]. By Lemma 1, the proof is complete.

We consider two examples:
Suppose that co(s)—s — a, where a is any complex number. Then we get the 

well known endomorphism Tia =  Tx having the property Tficp) = {e*'<p(t)} for 
all q>Cf€0.

If we set co(s)=s/k, where k > 0, then we obtain Ta =  Uk with Uk((p) — 
= {kcp(kt)} for cp б^о-

The endomorphisms Tx and Uk can be constructed also by using Theorem 3. 
From  Theorem 5 it follows that Ta and Uk are continuous endomorphisms on 21.

Theorems 4 and 5 imply

Corollary 1. I f  the functions cot (/= 1 ,2 ) fu lfil condition (3.9) with the real 
numbers <т; ( /= 1 ,2 )  then T‘:Ji+ “ 2 /5  an endomorphism on 2I„1+ff2.

Corollary 2. I f  the supposition o f  Theorem 5 is fulfilled for one o f the functions 
a>i in Corollary 1, then Tc>i+ is a continuous endomorphism on 21.

s lFor example, if  co(s)=— + — к s -a, where к, 0  and a is a complex number,

then T 0> is a continuous endomorphism on 21, because 0 ^ ( 5) = — fulfils the supposi
tion of Theorem 5. v

Now we consider the derivations of 21.

L e m m a  2. Let T  be any derivation o f  21. Assume that (a„)cz2l is any sequence 
with (£[aj) c §  and lim £[u„] =  //(z). I f  in this case we get also lim 2[T(an)] =  
=  £[Т (/г(•$•))] then T  is a continuous derivation o f  21.

The proof follows from the definition of the convergence in 21 and from the 
well known formula

T{ajb) =  (b T (a )-a T (b )) /b 2 (a , b£ 21).
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An example of a derivation is the algebraic derivation D defined by

D{a) = (({-t(Pn(0}*'l'n- (p n*{-t'l'n(0})l(}l'n*'l'n)))> a =  (<р„/фп)
(see [13]). It is easy to prove that

ü[D(ä)] = ~ 2 [a ] , i.e. = a = f(s).

It is well known that from lim//„(z)=/i(z) in §  it follows Iim h„(z) = ̂  h(z),

i.e. D fulfils the supposition of Lemma 2. Hence D is a continuous derivation of 
SI. If the operator a is a function a=q>(ff>0 then we have also D(<p)= { — Hp(t)} 
in SI. From the definition of the differential isomorphism (see [10]) and the formula

1' [D ( a ) ] ii [a] we obtaindz

Theorem 6. The mapping (2.1) is a differential isomorphism o f the differential 

field  91 (with the derivation D) onto the differential field Ш ^with the derivation .

Therefore we get
Corollary 3. The operator field  91 with the derivation D is a differential field 

o f characteristic zero, and the field o f the constants is the closed algebraic field o f the 
complex numbers.

This corollary is important for the solution of linear s-differential equations 
in 91 (see [14]).

Other derivations of 91 are given by

Theorem 7. Let T be any multiplier on 91. Then DT =  TD is also a continuous 
derivation o f  91.

It is easy to see that DT is a continuous operator transformation on 91, because 
T  and D are continuous. On the other hand, from (3.1) and (3.3) it follows

DT(ab) = T(bD(a) + aD(bj) = bTD(a) + aTD(b) = bDT(a) + aDT(b), 

i.e. DT is a derivation of 91.

Remark. If Г  is a multiplier on 91 then D T  is also a continuous operator 
transformation on 91, but from DT(ab)=bDT(a)+aTD(b) we obtain that D T  
is a derivation only under the condition TD=DT. However, in this case Г is deter
mined by a number operator (see Theorem 2).

It is well known [8] that every continuous derivation on the Mikusinski operator- 
field J i  has the form cD, where D is also the algebraic derivation of c ~ J t  is 
any operator and the continuity is in the sense of G esztelyi [9]. In [6] an analogous 
more general theorem is proved for certain differential fields. From this general 
theorem it follows that also all sequential continuous derivations of J l  (in the sense 
of the I- and II-type convergence of Mikusinski) have the form cD. A second special 
case from [6 ] is
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C orollary  4. Every continuous derivation T  o f  21 has the form DT.

For the multiplication of special operator transformations we have the following 
formulas (in analogy to  J():

(3.10) DTa =  TaD; DUk = j U kD; UkTa = TakUk and UkTaD = kDUkTa.

The inversion of the algebraic derivative D in 91 (and J t)  is not always possible. 
On the other hand, if the function o j ( z )  in Theorem 5 is such that the inverse function 
fulfils also the supposition of Theorem 5, then (T40) - 1 is also an endomorphism 
on ül (for example T ~ Y— T .a and Uk 1 =  U1/k).

In analogy to [4] we obtain in the sense of the continuity of ül the following

T heorem  8. The endomorphisms T = U k Ta are the only continuous endomorphisms 
(t^O) on ül having the property TD = kD T  with k>-0 (fo r  k=  1 we get T = T X).

P r o o f . It is easy to see that UkTa is a continuous endomorphism for every 
complex number a and k > 0, thus the statement follows from (3.10).

Now let T  be any continuous endomorphism on Ül with TD(a)—kDT(a) 
where a €ül is any operator. We prove that T= Uk Ta. The proof can be performed 
differently from the adequate proof in [4]. If we have 7V 0  (0 is the endomorphism 
determined by the zero operator) then kD T(s) = TD(s)=  T(l) =  1 or
d \ z

— P [ r ( i ) ) = — such that we obtain £ [T ( j)]= ——a, where a is any complex 

constant. That means

T(s) = j -  a.

Now let r(s) be any rational term in the differential operator s. It is easy to prove 
that

T(r(s)) =  r{T(s)) = r ( j - a ]  =  UkTa(r(s)).

On the other hand, the field of all rational terms of s is dense in ül [13] and a con
vergent sequence in ÜI has a unique limit. Therefore the continuity of T  and Uk Ta 
yields T = U kTa.
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ÜBER BESCHRÄNKTE ORTHONORMIERTE SYSTEME
Von

К. TANDORI (Szeged), Mitglied der Akademie 

Herrn Professor Béla Szökefalvi-Nagy zum 65. Geburtstag gewidmet

1. Es sei gegeben, und wir bezeichnen mit Q(K) die Klasse der
othonormierten Funktionensysteme <p = {<■/>„ (x))j° im Intervall (0, 1), für die

W Á x ) \^ K  (*€(0 , 1); n = 1 , 2 ,...)

erfüllt ist. (i2(°=) ist die Klasse aller orthonormierten Systeme in (0, 1).)
Für eine reelle Zahlenfolge a=  {а„}Г setzen wir:

1

| |a ;K | |=  sup f f  sup (a,(pt(x) + ...  +  ajtpj(x))2 dx}1/2.
(p£Q(K) Iq oo

Es sei
M (K )= { a :  ||a; K\\ <  -}.

Man kann leicht einsehen, daß die Funktion || • ;K || die Eigenschaften einer 
Norm besitzt und M (K ) mit der Norm || • ; K|| ein Banachraum ist.

Für eine Folge a und für beliebige Indizes l ^ N ^ M  setzen wir:

a (N ,M ) =  {0, . . . ,a N, 0,...},

a(N, °°) =  {0, ...,0 , aN, aN+1, ...}.
Auf Grund der Definition von || • ; K|| für jede Folge a und für jede Zahl I s i s »  
sind die Beziehungen

Í "  ü 2
{ 2 ^ 1 }  =  ||a; K||,

\\a(N, M ); K|| ^  ||a; K\\ (1 ^  ^  M  ^
||a(IV ,=o);K ||fe||fl(A r+l,oo);jf|| (N  = 1 ,2 ,...),
lim ||а(А ,М );К || =  ||a (A ,~ );K |l (N  = 1 ,2 , . . . )

offensichtlich, weiterhin gilt

II«; HI ^  IIа ; K J ^  ||а ;К 2|| == ||a; Hl (1 ^  K, <  K2 <  »).
In der Arbeit [4] haben wir den folgenden Satz bewiesen:

Satz A. Ist adM(°°), dann konvergiert die Reihe 1

(1) Í X  <?„(*)
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für jedes System (p£Q(<=°) in (0, 1) fa s t überall. Ist aber a \  M (^), dann gibt es ein 
System  ф€£2(°°), fü r  welches (1) in (0, 1) fast überall divergiert.

Das Analogon dieser Behauptung ist im Falle 1 ^  noch hicht bewiesen. 
Nur die folgende Behauptung konnten wir zeigen [5]:

Satz B. Es  sei l < Ä < o o  gegeben. Ist lim |[a(iV, °° ); K\\ =0, dann konvergiert
N-*■00

die Reihe (1) fü r  jedes System <p£Q(K) in (0, 1) fast überall. Ist aber 
lim ||a(A, ” ); A|| ^ 0 ,  dann gibt es ein System <p£Q(K), für welches die Reihe

N -~  00
(1) in (0 , 1) fast überall divergiert.

In dieser Arbeit werden wir zuerst das Analogon des Satzes В im Falle K=  1 
zeigen.

Satz I. Ist lim \\a(N, ==>); 1 ||= 0 , dann konvergiert die Reihe (1) für jedes
N -*- 00

System (p£Q(l) in (0, 1) fast überall. Ist aber lim ||a(A, =°); 1|| И0, dann gibt
N-*■00

es ein System <p£Q(l),für welches die Reihe (1) in (0, 1) fast überall divergiert.

2. Zum Beweis brauchen wir einige Hilfssätze.

H ilfssatz I. Es sei eine gegebene Zahl, а = {а„}Г sine Folge und
N  eine natürliche Zahl. Dann gibt es ein im Intervall (0, 1) orthonormieries System 
von Treppenfunktionen фх(х),..., фм(х) mit

\фп(х)\ S  К  (x£ (0 ,1); n -  1 , N)
und

f  m ax \a ^ i(x )+ ...+ а ]ф]{х)\г dx >  ^r\\a(\, N )\ К\\*.

Hilfssatz I ist im  Falle °° in [6 ] bewiesen, und die Behauptung ist im
Falle K=  1 offensichtlich.

H ilfssatz II. Es sei 1 ^ A < ° °  eine gegebene Zahl, я = {я „ }Г  eine Folge und 
N  eine natürliche Zahl mit

| |a ( l ,A ) ; t f | |2 i=128A2 j ? a 2.
/1 =  1

Dann gibt es ein orthogonales System von Treppenfunktionen фг(х), ...,ф ц(х) mit 
folgenden Eigenschaften. Es gelten

\фп(х)\ =  1 (x€(0 , 1); n =

m&x \ a ^ f x )  + ... + а уф j(x)\ = Ца(1, N); A|| (*€£),

wobei E(Q  (0, 1)) eine einfache Menge1 ist, fü r  die

mes (£) Ш 1 / 1 0

besteht. 1

1 D. h. E  ist die Vereinigung endlich vieler Intervalle.
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B eweis des H ilfssatzes II. Wir brauchen eine Idee von B. S. K a sin  [1] (s. noch 
[7]). Ohne Beschränkung der Allgemeinheit können wir ||a(l, N ); ÄT|| =2 vorausset
zen. Durch Anwendung des Hilfssatzes I bekommen wir ein orthonormiertes System 
der Treppenfunktionen ^ (x ) , ...,ij/N(x) mit

(2) I M I  (x€(0 ,1); n =  1 ,..., N ),
1 _  1

/ ,  max |aji/ii(x) +  . . .+ a  -^ (x ) |2 d x >  T ||a(l, A); AT||2.

Es sei Ix, ..., Ie eine Einteilung des Intervalls (0, 1) in disjunkte Teilintervalle derart, 
daß jede Funktion ф„(х) in jedem Intervall lr konstant ist. Den Wert der Funktion

1 max (x)|

im Intervall lr bezeichnen wir mit wr. Nach (2) gilt

(3) 4 =  ||a ( l ,  N); K\\* %  wr2 m es(/r) =- U a ( l ,  N); K\\2 =  2.
r=1 ^

Es seien 1 . . .< r x-^Q diejenige Indizes, für die wr^ l  ist, die Indizes
r ( l ^ r á g ) ,  die von rt , ..., rx verschieden sind, bezeichnen wir der Reihe nach 
mit Sy, ..., sg_*. Aus (3) folgt

(4) 4 = 2  w2 mes ( / J  >  1.
1

Es seien Jk —(ak,b k) (k= d i s j u n k t e  Intervalle in (0, ä) mit mes (Jk) =  
=  w2k mes (/rt), weiterhin seien Jk —(ak,b k) (k=  1, ..., q—x) disjunkte Intervalle

in (a ,a+ b ) (b= 2  mes (/s. ) j mit mes (/*")=mes ( / , ) (lc= 1, ..., q—x). Offen-
V k =  l  >

sichtlich gilt b ^ l ,  wirsetzen

ф„(х) =
\ ß r ^ r ( K k- a Sk)+ a ŝ  (xe J k ; к =  1 , ..., q- л), 

- J - f t . ( b* “ra> ( K - ark) + (x€Jk; k = l , . . . ,x)
(n =  1, ..., N),

wobei Ir=(ar, br), und sei

=  'l'n((a + b)x)/K  (n =  1 ,..., N).

Offensichtlich bilden die Treppenfunktionen i/ i * ( x )  im Intervall (0, 1) ein ortho
gonales System, es gilt

(5) I M I  ^  1 (x€(0 ,1); n =  1 ,..., N).

Es sei E  die Bildmenge des Intervalls (0, a) durch die lineare Transformation 
y=x/(a+b). Aus (4) ergibt sich

( 6 ) mes (£) ^  1/5.
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Weiterhin, auf Grund der Definition der Funktionen t/i*(x), gilt

(?) lgm axw |« i^ f(* )+  — +  e ^ * (* ) | =  " jf  = Jk  i|a(1, N ^

Es sei Jx, eine Einteilung des Intervalls (0, 1) in paarweise disjunkte Inter
valle derart, daß jede Funktion ф* (x) in jedem Intervall Js konstant ist, und E  die 
Vereinigung einiger Js ist. Den Wert von ф* (x) im Intervall J5 bezeichnen wir mit 
ß,(n). Für jeder Indizes i  ( lS i^ f f )  sei (x)}* eine Folge von stochastisch 
unabhängigen Treppenfunktionen, für die

1

/  Xs(n)(*) dx = 0 (n =  1 ,..., N )
0

gilt, und jede Funktion xi"Hx) den Wertbereich {1 — ßin\  — 1 — £>jn)} besitzt. 2 Wir 
setzen

(Л; x) (n =  1, •••, N; s = 1, ..., er),
0  sonst,

wobei Js—(cs, ds) ist. Aus (5) folgt

( 8)
Es sei

|xjn)(J s;x j | 2 (n =  1 ,..., N; s =  1 ,..., er).

Фп(х) = Ф*(х)+ 2 х*п)( Л ; x) (n =  l , . . . ,  n ).

Man kann leicht einsehen, daß die Treppenfunktionen фп(х) (и= 1, ..., N) in (0, 1) 
ein orthogonales System bilden, weiterhin gilt

l<M*)l =  1 (x £ (0 ,1); n =  1, ..., N).

Es sei Js £  Ё. Aus (7) erhalten wir

(9) mes •i j x € / s : ma:l ISiSj

{х € Л : maxISIS/

— m esix€.A : max
l  1 S Í S / S

2  апфп(х)

mes-
IN 2  “n Фп(х)

2  a*xl!Л)( Л ;  * )

— w  ,|e(i , JV); ^ ч } —

— 2 ]^l|ö (l, N);

£ ^ 1И 1 ,А ) ;* ||} .

2 Im Falle £Ín) =  1 soll man /<n)(*) =  0 setzen.
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Nach (8 ) ergibt sich durch Anwendung der Kolmogoroffschen Ungleichung

mesl\x<iJs: max 2  an Х*(В)(Л; *) ё  -j^ r ||a (l, N ); £ ||]  ^l i = i s i s / (  n= i 4Ä  J

— nies (У5) 16£2 2 a*n f  Ы"Чх)У-dx/\\a(\, N); ЛГЦ2
n = l 0

N
S  mes(7s) 64£2 2  <Ы\ M b  Ю \ *ll2 S  mes (/J/2 .

Daraus und aus (7), (9) ergibt sich: im Falle Jsg  £ ist

(1 0 ) mes 

Es sei

max
I  l a i s j - m N

Í a J n{x)I ё  ||ű (i, TV); АГ||| ё  mes(./s)/2.

£  =  И max
s .J .Q E  I  I S i S j S l

2;*пФ.(*) =  j x  1M b  N V, *  и}-

E  ist eine einfache Menge und nach (6 ), (10) sind alle Erforderungen des Hilfssatzes 
II erfüllt.

3. Beweis des Satzes I. Es sei lim ||a(jV, «>); 1|| ^ 0 . Ist 2 an= °°> dann
“  n = l

ist die Rademachersche Reihe 2  anrn(x) in (0,1) fast überall divergent, und 
K (x )} r€ ß ( l) .

oo

Also können wir 2 ön< 0 0  annehmen. Dann kann man aber eine Indexfolge
n = l

...< n k< ... mit folgenden Eigenschaften angeben:

I M ” * +  b  nk) ; K II >  в >  0 (к =  1 ,2 , . . . ) ,

+ S  128£2 " f a l  (fc=  1 , 2 ,...) .
n=nk+ 1

Durch Anwendung des Hilfssatzes II kann man mit bekannter Methode (s. [4]) 
ein orthonormiertes System v> = {<p„(x) } ” 6  fl(l) derart angeben, daß die Reihe
(1) in (0 , 1) fast überall divergiert.

Es sei nun lim ||a(iV, =»=); 1||=0. Dann kann man mit einer in [4] angewandter
N-+oo

Methode zeigen, daß die Reihe (1) für jedes System <p££2(l) in (0, 1) fas überall 
konvergiert.

4. Wir zeigen noch den folgenden Satz.

Satz II. Es sei 1 < i < »  gegeben. Die Relation lim ||ü(JV, °°); 1 ||=0 ist mit
N - +  oo

lim ||e(JV, “ ); K\\ =0  äquivalent.N-+oo
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Da für jede Folge a ||a; K\\ S ||a ; 11| (1<AT) gilt, die Implikation

lim ||a(A, oo); K\\ = 0  =>• lim ||cr(A'', <=°); 1 || =  0
N  — oo ЛГ—  oo

ist offensichtlich.

Nehmen wir lim ||а(А, °°); К || =̂ 0 an. Ist У,а1=^>, dann divergiert die
N~°° „ = i

Rademachersche Reihe 2  a„rn(x) in (0,1) fast überall. Da { r n ( x ) } “  6  ß (l)  gilt,
n — 1

folgt aus dem Sazt I lim ||a(iV, oo); 1||^0.N-+oo

Nehmen wir also 2  an< 00 an. Dann gibt es aber eine natürliche Zahl JV0
n=l

derart, daß im Falle N0^ N  für genügend große natürliche Zahl M

||a(iV, M)',K\\ =  128ЛГ2 2  a\
n = N

gilt. Auf Grund des Hilfssatzes II ergibt sich für genügend große natürliche Zahl M

||a(W, M); 1| | 2 S  ||a(W, M); ЛГ||2/640 /^  (A0 ^  N  <  M ),
woraus

| | a ( A ,  ~ ) ;  1 | |*  S  | |e (A T ,  ~ ) ;  K | | 2/ 6 4 0 K 2 ( N 0 ^  N )

folgt, und so gilt
lim ||a (A ,~ ) ;l | | ^  0 .

/V-»- OO

5. Für eine Zahl sei M *(K ) die Klasse der der Folgen a, für welche
die Reihe (1) beijedem  System q>£Q(K) in (0, 1) fast überall konvergiert. Da

ß ( i )  g  « ( / q  g  q ( k 2) g  ß ( ~ )  ( i  <  к г <  к г <  «=)
gilt, ist

m *( l )  i  m ^ K j)  g  m *(k 2) 2  м*(оо) (1 <  Kt <  к 2 <  oo).

Aus dem Satz II folgt:
Satz III. Im Falle l s K < o o  gilt = 1).

6 . In der Arbeit [3] haben wir M*(°o)=M(oo) gezeigt. Ob M *(K )= M (K )
im Falle 1 besteht, ist noch ein offenes Problem. Ein anderes Problem
ist, ob M*(oo) =  M *(l) gilt.

7. Wir werden noch gewisse Folgerungen des Satzes III erwähnen.
Es sei a= {an}~ eine Folge mit |a„|S |a„+1| (n = l, 2, ...) und

2  а2 log2 n =  oo.
W = 1

In der Arbeit [5] haben wir gezeigt, daß für jede Zahl l<AT<oo ein System 
{<p„(x)}f £ß (K ) derart existiert, daß die Reihe (1) in (0, 1) fast überall divergiert. 
Also gehört diese Folge a nicht zu der Klasse M *(K ), und auf Grund des Satzes 
III ist a $ M * (  1), so folgt aus dem Satz I, daß
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im Falle |ű j s |ű n + 1| (n = l, 2 ,...), 2  al l°g2 n = oo ein System <pf(2(l) derart
n = l

existiert, daß die Reihe (1) in (0, 1) fa st überall divergiert.

Aus diesem Behauptung mit bekannter Methode (s. [3]) folgt:

Es sei {2„}“  eine monoton nichtabnehmende Folge von positiven Zahlen mit

“  log2 n
n = l

Dann gibt es ein System <p— {(р„(х)}Г€ Í2(1), derart, daß

lim -j- 1<р1(х)+ ...+ (рл(х)1 = со

in (0 , 1) fast überall gilt.

Diese Behauptung ist im Falle <p€i2(°°) bekannt (s. [3]). Eine schwächere 
Behauptung haben wir schon vorher gezeigt [2].
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SIMULTANEOUS APPROXIMATION 
BY INTERPOLATING POLYNOMIALS

By
P. VÉRTESI (Budapest)

1. Introduction

On the interval [ — 1,1], we construct linear polynomial operators An( f ;  x) 
of degree S2n(l +c) which interpolate/ and/ '  at the Chebyshev nodes (supposing 
/ '  is continuous), moreover, provide the Teliakovski—Gopengauz estimation.

2. Preliminary results

2.1. On the interval [—1, 1], let us consider the uniquely determined Hermite— 
Fejér interpolating polynomials of degree S2n — 1 for the Chebyshev roots

2k— 1
(2 .1) xk'„ - cos =  cos 2я - n (k  =  1 , 2 , n =  1 , 2 ,...), 

i.e., supposing f '4 C  (i.e. f  is continuous on [—1,1]), let

further H * {f\  x) uniformly tends to /(x ) . As for the rate o f the convergence, one 
can choose the functions f x and / 2 such that f x , f i  6  Lip a (0 <  a <  1) and

П П
( 2.2) H n ( f  ; X )  =  Z f ( X k , n ) h k , n ( x ) +  2 f ' ( x k , r , ) b k , n ( x ) ,

(2.3)

(2.4)

where (with

(2.5) Kn(x) = Vk , n ( x )  ll„(x), bk.n(x) = ( x - X k i „ )  ll,n(x).

As L. Fejér [1] proved

(2.6) #»*(/; xkJ  = / ( x t,„), я ; * ( / ;  xkfn) = fX x k,n),

(2.7)

(2.8)

(see e.g. [5]).

ЕЕ £ ч я в*(Л; 0)-Л(0)] > 1,Я-— ~ In n

Effi nx+1[H* ( /2; 1 ) - / 2 (1 )]> 1 .
П-+-00
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2.2. In his paper [2], I. E. G opengauz  constructed linear polynomial operators 
G x )  of degree for each fixed г ё 0, such that for / (Г)€С

(2.9) |/ (0 (x )-G ®  ( / ;  x)| =  0 (1 )  со ( / « ;  (i =  0 ,1 ,.... r)

if  x€[— 1, 1] and иё4г-^5. (Here, as usual, co(g;t) stands for the modulus of 
continuity of g€C .) Of course the estimation (2.9) is better than (2.7) (or (2.8)) 
bu t we cannot state the in te rp o la to r properties (2.6) for the operator Gnr.

3. New results

3.1. Now we strive for construction of linear polynomial operators having 
the features (2.6) and (2.9).

First let s= i( /! )g n  and n -O (s ) .  Denote

(3 .1) min | \ n- 3 i>s| =  \9k,„ -9 jhtt\ (fc =  1 , 2 , . . . ,  n).l^ims
(Whenever there exist two such S j ,  we can choose any.) It may occur that 9jklS — 
= 9 ^ +liJ= . . .= S Ä+I(S, but / is uniformly bounded if s — °o. Supposing 

/ <Г)€С ( г ё 1 ) ,  define for я ё и 0

(3.2)

and

(3.3)

‘■'W “  K ! 0 0 «in*+- *  XTk,n

x K . W + [(2 ,+ 2 ) ^ - ( r + 3 ) i ^ ] & , . W }

A . . w  = &..(*>■

We consider the linear polynomial operators

(3.4) An{ f;  X )  =  G „M ; * ) +  2  xk,n)]Fk,„(x) +
k=1

+ 2  [ f '( x k,„ ) - G U f  l x k,n)]DkJ x ) .k=l
We shall prove

Theorem 3.1. For every fix e d  c > 0 and г ё  1 we can define the linear poly
nomial operators A n( f \  x) such that

(a) deg An( f ; x )  2n(l +  c) (n ё  n0),
(b) An(f;  x ki„) =/(**,„), A '( f ;  xki„) = /'(** ,„ ) (k =  1 ,2 ,. . . ,  n; n ё  n0),

(c) |Л(,)( /;  * ) - / (,)(*)l =  o ( i )  ( - ^ ^ ) r 'со ( / « ;
(i =  0 , 1 , ..., г; n ё  n0)

supposing / (,>€C.
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3.2. Proof. 3.21. Sometimes omitting the superfluous notations we obtain 
by (3.2) and (3.3) that

deg A„ S  (r +  3)(s— l)+ 2r+ 2+ 2n — 1 == 2n(l +  c)

if s- Г2 ис—/4 - 2 1  

L r+ 3 V
This proves (a). To go further, we can easily verify the formulae

( F k ( X j  „ ) =  d k •; F k ( x ,  „) =  0
(3.5) * J’ ':Jn , (r J' _ ,  (к — 1 , 2 , . . . ,  n; j  =  0 , 1 , . . . ,  и + 1).

W k ( x j , n)  —  0 ,  F>k(Xj '„)  — d kj .

Here and later x0 „=cos 0=  1 and x„+li„=cos n=  — l. Using (3.5) we get (b). 

3.22. If

(3.6) 
we state

min \3 -3 i>n\ = | S - 3 , ( ti =  1 ,2 ,...)

Lemma 3.1. Supposing n ^ n 0, we have

(3.7) /л ,,(**,■) =  « >  0 ,

(3.8)

3.22.1. Indeed, \3K„—3JktS\^n /2s  from where (3.7) can be obtained. To prove
(3.8) we write

\hk,s(x)\ = Ts(x) sin 9j
3-— 3: . 3~\~ 3j

s  • sm — sm —2 ~

0 ( 1)
|5—3k+ 3k—3 j 

s  ■ sm !-------L__*-----J
- 3 , \  ° ( | i - f c | ) -

9 -f S
sin Зг =. sin 3k +  sin 32 = 2 sin 1 8 ( 0  S  32 = я).

Here we used 

(3.9)

3.23. Now we prove 

Lemma 3.2. We have

( з л о )  K ( / ;  * ) - / ( * ) ! ! =  o ( i )
yu ^x*  i f

+ 3 i ® / (,);
y i - x 2 1

+ —2\ («S7J0).

3.23.1. We may suppose 3 ^ 3 k (k=0, 1, ..., тг + 1). For the remaining 3’s 
we shall estimate the parts of (3.4). First let sin 5 S c  • /г-1, when (sin 3 +n~1)n~1 — 
=  0(тг- 1  sin 3). We write

(3.11) 2  [ f'(x k)-G 'n(Xk)]Dk(x)
k = 1

2 + 2  = 2 (1)+ 2 (2)-
|d —dk|>C1l»"1 Id —
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Here, by (2.9), (2.5), (3.7), (3.8) we obtain
у г — 1

(3.12) 2 ' "  =

í  sin 9 _
Isin 9k)X-

sin 9t

n‘ sin &+!)k I 9 —9*sin-

sin 9 V ( sin 9 \ _  ( sin 9* ,1 ( sin 9 'T+a 1
B ű d  |7 = * r * -

Let e.g. 0 < Э ^ 7г/2 . Then
vr+2-lVfl. f s i n 3 'j r+2- ‘ 1 Л/1Ч " f O r+2“ ' 1

»-од-" ls in 9 * ) | í—fe|,+4 v ' 1=0,1* " ! \ k )  \t—k\r+i
kjét

= Z  +  Z  + Z  ]  =  0 (i)-/-°,1 i fc>2f t , Ä
fc<—  

2
—̂ k^2t

Similar estimation holds for 7r/2 < 9 < 7r. If |9—Э*| -и - 1  we obtain by
I4.n(*)l =  0 ( l )  and that

T ( 2 )  =  у (й) f s i n A Y " 1 f s i n A )  f  sin9 ) 2r+2 sin2 9 * r2 (x) _

"  v n ) I n  / Isin 9ц/ n2 |x—x*|

cLet sin 9 < —. Then from the first part of (3.12) we get as above 

from whereby sin

Í1 4̂** / 1 4  и ein .Q. _L 1 /  ein .Q

4  » 4
n sin 9* +1 ( sin 9 V

\ t - k \ r+i Uin 9*)

If |9 — t hen by sin 9 =  0  (sin 9*) we get

2 «  = о ( 1) ( 1 ) 'ш (1 ) .
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I.e., we have

2fc= 1
[ f '( x k)-G 'n(xk)]Dk(x)

The estimation o f the term

n
2

k= 1
U (xk)~ G n(xt)] i '+3(x) s in ™  a 

lrj+3(xk) sin2r+2 9t *w

can be reduced to (3.11) if we use

n n \ \ - x l

2  . Л1.п  . S+í- sin2 ■ 2  * =  0 ( 1) sin —
. |£sin - ^М  = 0 (1 ) |х - х , |  ( f c # 0 -n • sin

Finally, if we apply

(2г +  2 ) ^ ^ - ( г +3)-^4^4 =  0 ( 1 ) ( ^ 4 т + ----- ------) :sin2 Sk lj(xk) vsin2^  xk- x k+1)

=  ° ( 1) Í ^ T q- +  ̂ V )  = ° М г )  (fc52i/)(sin2 y4 smőfc/ fsiny^)

for the remaining part, then this can be estimated as (3.11). So we proved (3.10). 

3.24. Now we state the following

Lemma 3.3. Let rSO. I f f ^ f C  and for the polynomials p„ ( / ;  x) o f degree ^ n

(3.14) | / ( x ) - A ( / ;  *)| =  0 (1) on [ - M l
and

(3 .15 ) r f ° ( / ;  + 1 )  = / (fc)( ±  1) (fc =  0 , 1 , r ) ,  j

then for  |x |S  l we have

(3.16) | / < * > ( x ) (/;* )! =  o ( i )  Ц / (г); % ^ )  (fc =  o, l , ..., r).

3.24.1. Indeed, by (3.14) we can state using [3, Theorem 1]

(3.17) ____ _

\ m x ) - p ! , k4 f ; x ) \  =  0 (1) ( ^ ^ + 1 )Г +  (к = 0 , 1 , г)
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in [—1, 1], moreover, again by (3.14) we have, applying [4; Lemma 1, Remark 2]

(3.18) Ir5,+1) (/;* )! =  0 ( i ) -
a> / (г); Í E Z . + 1

I 1 -  x- 1
----------- \---2П Пы

(k l ^  i).

Now using (3.15), (3.17) and (3.18) we can prove (3.16) as in [2].

3.25. To finish our proof we remark that by (2.9) and (3.2)—(3.4)

(3.19) ± 1 ) = / (*>(±l) (к = 0 ,1 ,..., r),

i.e., by (3.10), (3.19) and Lemma 3.3 we get (c).

3.3. Let f (r) € C for r SO. Using the above notations, form the linear polynomial 
operators

(3.20) B„(f; x) =  Gn>r( f;  x)+  2  [/(** ,„)- G„,r(f;  л* ,„)]^ ,п(х)
k = l

for п ё и 0. By the above used arguments we can prove

T h e o r e m  3 . 2 .  For every fixed  c > 0  and r^O  one can define the linear poly
nomial operators В „ ( fix )  such that

(a) deg B„ ( / ;  x) ^  2n (1 +  c) (n ^  n0),

(ß) B „ (f;xkt„) =/(**,„); B'„(f;xkin) = G'„tr( f;  x kt„) (k = 1 ,2 , . . . ,  и; n Ш u0),

(?) IB<‘)(f; x ) - / ( ‘>(x)l =  0(1) ( - ^ ^ ) r ’со ( / « ;  ^ T ~ )  O' =  0» 1, r ;n  S  n0) 

supposing /C>€C.

3.4. Let
1 2 n

(3.21) V „ (fix )  = -  2  sk( fi ,x )
ft k=n+l

where sk( f ;  cos 5) is the A:-th partial sum of the Fourier series of /(cos 9). Using 
de la Vallée Poussin’s results we have for the polynomial V„ of degree =2n

(3.22) \\f(x )-V „ (fi  *)|| =  0 (\)E „ (f)

where E „ (f)  is the best approximation on [—1,1] of / b y  polynomials of degree 
S n  and ||g(x)||=  max |g(x)|. If by

Bk,n(x) = hk. S k )  
f (xkt„)

ftk,„ (x )- ljk,s(xk,„)
ĵk*s(Xk,n)

:,»W] K k (x )  =  l jU x )
ĵk> S (^k,n)

%k,n(x)
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we define for f '£ C

(3.23) C„(/; x) = V„(f; x)+  Z  [ /(* * )-W ;  x*)] Fk{x) +
k = l

+ Z [ f ' ( x k) - V n'(f- ,x k)]Dk(x)
k=1

then we can prove as above
Theorem 3.3. For every fixed c > 0  we can define the linear polynomial ope

rators Cn( f ; x )  such that

(i) deg C„(f ; x) ^  2n(l +c) (n == n0),

(ii) C„(/; xkt„) = / ( x t>„); C '( f  ; xk,n) = f \ x kJ  (fc =  1, 2 ,.... n; n == n0),

(Ш) ИС„(/; x )-/(x ) || =  0 (1) (n ^  n0),
supposing f '£ C .

I f / € C  then using

/ . ( / ; * )  -  W ; * ) +  i[/(**)-r,,(x*)]F*(x)
fc=i

we can state

T heorem  3.4. For eoerj yixerf c > 0  we сои define the linear polynomial ope
rators Jn( f ; x )  (n=n0) for which

(1) deg /„ ( / ;  x) S  2 n(l +c),

(2) •/„(/;**,„) = / ( x M); /„'(/; *k. J  =  W ; * fc«) (fc =  1,2, .. . ,n),

О) Ш /;* ) - / ( * ) И  = o ( i ) F „ ( / ) ,
supposing fZC .

3.5. Finally we show another application of Lemma 3.3. In his paper [6 ], R. B. 
Saxena  constructed a polynomial /!„ (/; x) of degree 4и+2 such that for f f C

(3.24) A ( / ; c o s  ^ - ) - / ( c o s j j ^ - )  (fc =  0 ,1 ,. . . ,  n +  1),

(3.25) |/ (х ) -Л „ ( / ;х ) | =  0 ( l ) a > [ / ; ^ S  +  l J .

Later T. V. R o d in a  [7] and R. B. Saxena [8] proved that the estimation (3.25) 
can be replaced by

(3.26) | / ( х ) - Л „ ( / ;х ) |  =  O (l)o) ( / ;  .

Now using (3.24) and (3.25), we immediately obtain (3.26) by Lemma 3.3.
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AUTOMORPHISM GROUP AND CATEGORY 
OF COSPECTRAL GRAPHS

By
L. BABAI (Budapest)

0. Introduction. The spectrum of the adjacency matrix of a graph is known to 
reflect several combinatorial properties of the graph (see e.g. [3, 4, 7, 9, 11, 17, 18, 
19, 21, 23, 24, 28]). There are, however, large families of pairwise non-isomorphic 
graphs known which have the same spectrum (cospectral graphs) [see e.g. 10, 29,1]. 
Such families of graphs are of special interest because they tell us what cannot be 
decided upon spectral information alone. Our present aim is to exhibit new families 
of such graphs.

There is a close relationship between the automorphism group Aut A' o f a graph 
X  and its spectrum. (Let us refer in this respect to the excellent monograph [3] by 
N .  L. B i g g s . )

Some aspects of this relationship are briefly treated in Section 1. Our main 
purpose is, however, to emphasize the opposite: in certain cases, it is very little 
what the spectrum may tell us about the automorphism group. Arbitrary groups can 
be prescribed to be isomorphic to the automorphism groups of graphs belonging 
to a cospectral family. This statement can be even generalized to endomorphism 
monoids (Corollary 5.7 at the end of the paper). (For the definitions see Section 2.) 
The next step is to generalize this result to categories of graphs. The finite categories 
Ж  which are isomorphic to a category consisting of a fam ily o f cospectral graphs, 
are characterized in Corollary 5.6. The obvious necessary condition that Ж  be 
isomorphic to some category of finite sets of equal size, and of some mappings 
between them, turns out to be sufficient.

The main result of the paper (Theorem 5.2) asserts that any category s£ of 
finite algebraic systems of a given finite type, is isomorphic to a full subcategory 
of the category of finite graphs such that the graphs corresponding to algebraic 
systems having common underlying set are cospectral.

All the results mentioned are corollaries of this theorem. Let us point out that 
the prerequisites needed to prove the main result are essentially deeper than those 
required for the proof of Corollary 5.7 (cospectral graphs with given endomorphism 
monoids). Our proof is based on investigations of concrete categories ( A .  P u l t r  

[26]), mainly through a result in [2] (Theorem 2.2).

1. Relationship of spectrum and automorphism group. As well known to any 
quantum chemist, symmetries impose strong restrictions on the spectrum o f a graph 
(or molecule, see e.g. [31]). The direct relationship most often used is qualitative: 
The automorphism group of a graph may cause coincidences (called degeneracies) 
among the eigenvalues. This fact is expressed by the following proposition:
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Pro po sitio n  1.1. Let the multiplicities o f  the eigenvalues o f  the graph X  be 
k 1, . . . , k s (& !+... +A:s=« =  |F(Ar)|). Then Aut X  is isomorphic to a subgroup o f

0 (k f)® ...® 0 (k s)

where 0 (t)  denotes the t-dimensional (real) orthogonal group.

Our formulation of Proposition 1.1 is indirect from the chemist’s point of 
view: generally, he might well know the automorphism group o f his molecule, and 
wants to deduce spectral information from this. We are interested in implications 
to the other way.

Proof. The permutation matrices, corresponding to Aut X, commute with 
the adjacency matrix A of X. Hence the corresponding orthogonal transformations 
of the «-dimensional real Euclidean space keep the eigensubspaces of A invariant.

Corollary 1.2 (Mowshowttz [22], Petersdorf—Sachs [24]). I f  k 1 = ... 
. . .= k n—1 then Aut X ^ Z " .

Proof. 0 ( 1 ) b*Z2, the cyclic group of order 2.

Corollary 1.3. I f  maxfc(s 2 ,  then Aut A" is isomorphic to a subgroup o f  a 
direct sum o f dihedral groups. I f  max 3, then Aut X  is isomorphic to a subgroup 
o f  a direct sum o f  dihedral groups and o f copies o f  S4 and A5.

Proof. The finite subgroups of 0(2) are cyclic and dihedral groups. Those 
o f 0(3) are the subgroups of the symmetry groups of the regular prisms (Za® fl() 
and of the Platonic solids (tetrahedron: S4; octahedron: Z 2 ® S 4; icosahedron 
Z 2® A5, cf. [8 , Ch. 15.5]).

Some care has to be taken in the case of digraphs. A relevant reference here 
is [33], though we do not use it below.

Let J m(A) denote the m X m  Jordan matrix with A’s in the diagonal and l ’s 
immediately below those in the diagonal. The canonical form of a matrix is a direct 
(block-diagonal) sum of such matrices.

Proposition 1.4. Let the canonical form o f the adjacency matrix A o f the digraph 
X  be a direct sum o f  Jordan matrices, 3mj(Ay) taken kj times ( / =  1, ..., s). (Thus

s
k jm j= n = \V (X )I. The pairs (nij, Ay) are different for different j ’s, but there 

may be coincidences among the L fs). Then Aut X  is isomorphic to a subgroup o f

c/C/c,)®...® U(ks)

where U(t) denotes the t-dimensional unitary group.

Proof. We prove the statement for any complex matrix A and any finite group 
G of matrices commuting with A. The matrices are identified with linear trans
formations acting on Cn, the «-dimensional complex space.

We shall apply Maschke’s theorem stating that, given W ^ V ^ C "  subspaces, 
invariant under G, there is a G-invariant subspace Wl such that V—W ®W l [30, 
Ch. 1.3].
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Another observation we shall often refer to: the subspaces Ker(A  —AI)f and 
Im (A —AI)‘ are invariant under G for any A and t.

First we note, that, if plt ..., /i, are the distinct eigenvalues of A (thus l~s), then

C" =  Z  ® К е г(А -^ 1 )п.
i=l

The summands here are invariant under both A and G, whence it suffices to prove 
the statement for Аг—...=AS. Let B = A —AjI. Now we have B"=0. Let m j>

Clearly, dim Ker 8 = ^ + . . . +Ars. Let V j = Ker В П Im B ^j ( j = l ,  s )  and 
Fs+1= K er В. Clearly, Ker B =  > Fi={0}, and dim Vj=
= k1+ ...+ k j_ 1 (./=1, ...» s+1). Let Vj+1=Vj@ W j for some G-invariant sub
space Wj ( j=  1, ..., s). Hence, we have a decomposition of Ker В to G-invariant 
subspaces Ker B =  ... ® Ws where dim W j= kj. By restriction to Ker B, 
we obtain a homomorphism

q>: G -  GL{W1)@...®GL(WS).

As any finite subgroup of GL{t, C) is similar to some subgroup of U(t), [30, Ch. 
1.3], the proof will be complete if we show that q> is an injection.

Assume that some matrix D£G belongs to Ker cp. Hence, the restriction of 
D to Ker В is the identity. We show by induction on t that the restriction of D to 
KerB ' is also the identity. For if x 6  Ker B! then Bx^Ker B ' 1, hence, by the in
duction hypothesis, DBx=Bx. Since В and D commute, we infer B(D x—x)=0, 
thus у = Ъ х —x£K er В. So, Dry = y  by assumption for any r, hence

Drx =  Dr_1y +  D '"'8y-|-...+>’ +  x =  ry+ x.

As Dr is the identity for some r ^  1, we conclude that y= 0, D x= x , as stated.
We have arrived at the conclusion that D acts as the identity on KerB"=C", 

thus I Ker <p\ = l. The proof of Proposition 1.4 is complete.
A matrix is non-derogatory, if its characteristic and minimum polynomials 

coincide. This is equivalent to the assumption that Ax, ...,AS of Proposition 1.4 
are pairwise different.

C-Y. Chao [5] proved that the automorphism group of a digraph is necessarily 
abelian, provided all eigenvalues of X  are different (thus k 1= ...= k n=m1=... 
...= m n = 1). This observation was generalized by A. M owshowitz [23] to non- 
derogatory adjacency matrices. We have a more general sufficient condition for 
Aut X  to be abelian:

Corollary 1.5. I f  any Jordan matrix occurs at most once in the canonical form 
o f the adjacency matrix o f a digraph X  then Aut X  is abelian.

Proof. In terms of Proposition 1.4 our condition is equivalently formulated 
as k± = ...= k n= 1. U(\) being abelian, our statement follows from Proposition 1.4.

In order to obtain qualitative information about the eigenvalues generally, 
ad hoc ideas are needed. In the case of vertex-transitive automorphism groups, 
an explicit formula can be obtained, in terms of irreducible group characters [2 0 , 1]. 
Such a formula was used by the author to obtain large families of pairwise non
isomorphic cospectral Cayley graphs of the dihedral group Dp, p large prime [1].
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2. Categories. We assume that the reader is familiar with the first ten pages 
of some textbook on categories.

Let us recall some definitions.
Let 7  and 7  be undirected graphs, and (p: V (X )— V(Y) a mapping, cp is a 

homomorphism, if {cpx,, <px2}£E (Y ) whenever {x1; x2}6£(7). The category Gra 
has the graphs as objects, and their homomorphisms as morphisms. For any category 
Ж , Н о т  (X, Y) consists of the morphisms from I  to  У (X, 76 Ob Ж). A monoid 
is a semigroup with unity. End .7=  Horn (X, X) is a monoid under composition. 
The automorphism group Aut X  consists of the invertible elements of End X.

By a 2-colouring of the graph X  we mean any function / :  K(7) —(1, 2}. (This 
is, in general, not a good colouring in the usual sense.) The category Gra(Col(2)) 
has the pairs (7, / )  for its objects, where 7  is a graph and f  is a 2-colouring 
of 7 . Morphisms in Gra (Col(2)) are defined as to preserve the colours:

(p belongs to Horn ( (7 ,/ ) ,  (7, g)) if and only if q> 6 Horn (7, 7 ) and /(x )  =  
=g(.4>(x)) for any x t  V(X).

A pair (Ж, □ )  is a concrete category, if Ж  is a category and D : X —Sets 
is a faithful functor (associating underlying sets and mappings with objects and 
morphisms, resp.). All categories Ж  appearing in this paper can be endowed with 
a forgetful functor □  in a natural way such that (Ж , □ )  be a concrete category.

A fu ll algebraic category has algebraic systems of a given type for its objects 
(thus sets endowed with a given number of relations and operations of fixed aryties), 
and their homomorphisms for morphisms. Both Gra and Gra (Col (2)) are categories 
of this kind. (A graph is a (symmetric, irreflexive) binary relation on a set. A 2- 
colouring is a special kind of 2  unary relations.)

A fu ll embedding of a category Ж  into a category i f  is a functor Ф:Ж — i f  
such that Ф (7 )= Ф (7 ) implies 7 = 7  for any objects 7 , 7  of Ж  and 
Ф: Н о т ж(7, 7 )—Hom^ (Ф(7), Ф(7)) is a bijection (7, 7 6 O b(Ж)). In such a 
case, clearly, End 7ss End (Ф (7)).

The fundamental result of the theory of full embeddings developed by A. 
P u l t r  and Z. H e d r l in  is the following:

T heorem  2.1 (H e d r l in — P u l t r  [15, 16]). Every full algebraic category has 
a fu ll embedding into Gra.

Let henceforth G: Gra (Col (2))-»Gra denote the functor which forgets the 
colouring.

Improvements on Theorem 2.1, obtained by A. P u l t r  [26, 27) were used by 
the author to derive the following result.

Theorem 2.2 [2, Theorem 4.5]. Every full algebraic category sd has a full 
embedding Ф into Gra (Col (2)) such that, for any objects A„ A2 o f sd, D A 1= O A 2 
implies СФ(А1) = СФ(А2). Moreover, the graphs СФ(А) do not contain any triangles 
(Л 6  Ob sd).

In other words, the graph structure of Ф(А) depends on the underlying set 
О  A only. Only the colouring of Ф(А) is influenced by the algebraic structure of 
A 6  Ob sd.

R em ark  2.3. We shall make use of the finite version of Theorem 2.2. For sd 
a full algebraic category of finite type (finitely many finitary operations and rela

Acta Mathematica Academiae Scientiarum Hungaricae 31,1978



AUTOM ORPHISM  G R O U P A N D  CATEGORY 299

tions), let ,c/ 0 denote the category of finite objects of sé (as a full subcategory). 
Similarly, Jet Gra0 and Gra0(Col (2)) denote the corresponding categories, con
sisting of finite objects. Theorem 2.2 remains valid with sd and Gra(Col (2)) replaced 
by sd0 and Gra0 (Col (2)), resp. ([2, Remark 4.6]).

A category Ж  is discrete, if Мог Ж  consists of the identity morphisms only. 
The objects of Ж  are then called mutually rigid. A is a rigid object, if End X — {idx}- 

An important tool for constructing graphs with prescribed endomorphism 
monoids are the rigid graphs. Rigid graphs have been constructed in several papers 
[32, 16, 6 , etc.] (cf. Lemma 4.1). Using the above terminology, a family Glt . . . ,  G„ 
of graphs is called mutually rigid, if the Gj’s are rigid, and for i ̂ j, there is no 
homomorphism G;—G j.

We shall make use of the following handy lemma, due to four students of 
Z. Hedrlin and A. Pultr:

Lemma 2.4 (Chvátal—H ell—Kucera—N esetril [6]). Given any positive 
integer n there is a family o f mutually rigid finite connected graphs G1; ..., G„ such that

(i) each vertex o f  G; is contained in some Kn + 2  subgraph;
(ii) i f  f :  G, — G is a homomorphism, then the image o f  G; has no outpoints.

( i= l ,  ■•.,«).
(Km denotes the complete graph having m vertices.)

3. The characteristic polynomial of a graph. The basic idea of this section is due 
to A. J. S c h w e n k  [29].

П
Let f (G ;  X) =f  (G) =  as),n~s denote the characteristic polynomial of G, and

s= о
let c(G), A: (G), r(G) be the number of cycles, components, and vertices of G, resp. 
In a mutation graph, each component is either a cycle or K2 (cf. Harary [12]). We 
shall make use of the following result of H. Sachs:

Theorem 3.1 (Sachs [28]). For s ^ l ,  as= 2  (—1)*(я)2с(я) where Gs denotes
HiCs

the set o f s-point mutation subgraphs o f  G.

By the natural convention Go= { 0 } , Theorem 3.1 holds for i= 0  as well. 
A simple transformation on Theorem 3.1 yields

Corollary 3.2. / ( G ;  Х)=кл2!<р(.Н; A) where the summation extends over 
all mutation subgraphs H  o f G, and

<p(H; 2 ) =  (—1)*<н)2 с<яи ~ 1’(н).

The advantage of tp is its multiplicativity: for any disjoint graphs I f  and H2 
(having no vertex in common),

<?(#! и Я 2;Л) =  <р (Я1;А)<р(Я2;2).

This and Corollary 3.2 in turn imply the following lemma (stated by Schwenk 
for the case of trees only).

The coalescence of two rooted graphs is formed by taking their disjoint union 
and then identifying the roots.
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Lemma 3.3 (Schwenk [29]). The characteristic polynomial o f the coalescence 
X  of two rooted graphs W  and R is given by

f ( X )  = fQ V )f(R  -  r  ) + f(W -  w )f(R )  -  k f(W -  w )f(R  - r )

(w and r are the respective roots.)

4. A rigid graph having isomorphic one-point-deleted subgraphs. The corollary 
to the following lemma provides the link between the two theories.

Lemma 4.1. There is a finite connected rigid graph R and two vertices rl3 r2 o f R 
such that R  — rx=iR — r2.

Fig. I. The graph R„

Proof. The graph R0 in Figure 1 was found by H a r a r y  and Palmer [14], 
as an example where the vertex rL is not mapped to r2 by any automorphism of 
R„, but R —rx~  R0~ r2. We see that the same holds for the digraph Rx and the 
vertex-coloured graph R2 in Figure 2.

Fig. 2. The digraph and the colour-graph R.
( •  =red , ® =  blue, О =  yellow; the other vertices have no colours)

(By homomorphisms we mean colour preserving ones. Colourless vertices may 
be mapped onto coloured ones.)

We observe that the colour-graph R2 is rigid. For let ф denote an endomorphism 
o f R2. The only triangle in R2 having 3 blue vertices is bxb2b% hence this set is mapped 
onto itself. The position of the yellow vertices forces that \jjbi=bi+t for some t 
(indices are added mod 3) (the blue triangle is rotated). Any triangle in R2 must
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be mapped onto a triangle. bx and b2 belong to triangles, but b3 does not. Con
sequently, i= 0  (mod 3), the Ь-’s are fixed under ф. Then clearly so are the c;’s 
and a;’s (as the unique neighbours of bt having the corresponding colour). Now, 
the rest o f the vertices cannot be moved either, thus i/x is the identity, as asserted.

Let now G1,G i , G3 be the graphs from Lemma 2.4, setting n = 3 there. Let 
gj denote an arbitrary vertex of Gj. Take the disjoint union of the graphs R 2 and 
Gji (i, y = l ,  2, 3) where G]x, Gj2, Gj3 are 3 copies of Gj, with the corresponding 
vertices gJt. Define the graph R by identifying glf, g2i and g3i with at, bt and cf, 
resp. (Hence, R has 3 (| F(G\) | + )V(G2) | +  j F(G3)|) +  5 vertices.) We consider the 
obtained connected graph R  to be colourless. Clearly, R —r1S iR—r2.

We assert that R  is rigid. For, let q> 6  End R. By 2.4 (i) and (ii), Gjt is mapped 
into some GJltl. By the mutual rigidity of G\, G2, G3, we have j \= j  and this mapp
ing is the unique isomorphism of Gjt onto GJh. It follows that each coloured 
vertex of R 2 is mapped into a vertex of R2 having the same colour. The colourless 
vertices of R 2 are also mapped into R2 since only members of V(R2) have neighbours 
of 2 different colours. We conclude that the restriction (p\V(R2) is a colour-pre
serving endomorphism of R 2, thus the identity. By the above, this implies that 
(p itself is the identity.

Co ro llary  4.2. Let W  be an arbitrary graph, w£ V( W), and R, rl3 r2 as in 
Lemma 4.1. Let Xj denote the coalescence o f W, rooted at w, with R, rooted at r} 
(y = l,2 ) . Then Xx and X 2 are cospectral.

This follows immediately from Lemma 3.3 and the fact that R —r1^ R —r2.

5. The main result. For {Ж, □ ) a concrete category, let Жй denote the full sub
category of Ж, consisting of the finite objects A of X  (i.e. those having finite 
underlying sets ЩТ).

D efin itio n  5.1. A functor Ф:Ж0-~ Gra0 will be called cospectral, if the spectrum 
of Ф(А) depends on the underlying set □ A only. (A £ОЬЖ0.) In other words, 
O A 1= [ jA 2 imply that Ф(АХ) and Ф(А2) have the same spectrum.

T heorem  5.2. Let sd be a full algebraic category o f  finite type. Then sd3 has 
a cospectral fu ll embedding into Gra0.

Pro o f . I. Let Gra' denote the category of triangle-free graphs. By Theorem
2.2 (and 2.3) it suffices to construct a full embedding Ф: Graó (Col (2))-*Gra0 
such that the spectrum of the graph Ф(Х, f )  depends on the graph X  only, but 
not on its colouring / .  ((X , / ) €  Ob (Graó (Col (2)).)

II. Let R, r3 and r2 be as in Lemma 4.1. Let the size of the largest complete 
subgraph in R  be n and the diameter of R be d. (и, d ^2 .)

Let Gj and G2 be two members of the family of mutually rigid graphs satisfying 
2.4 (i), (ii) (with this rí), and gt an arbitrary vertex of G; ( i= l ,  2).

Let now I  be a triangle-free graph, and /  a 2-colouring V (X )^  {1, 2}. Set 
V= V(X). We construct the graph У=Ф(Х, f )  as follows:

Let

V(Y) =  FÍG ^U FÍG ^U FX ÍÍO , 1 ,..., 2d}UF(Ä))
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(these sets are assumed to be disjoint);

E(X) = ^ (G O U E ÍG ^ U ^ C A O X ÍO D U írx ^ C ^ U ^ , (»,0)}: t>€F}U 

U{{g2 ,(r,2<i)}: a€F}U

U {{(t?, i),(v, i +  1)}: v£V, 0 ^  i ^ 2 d - l} U { { (v ,d ) ,(v ,r j)} :  v£V, f(v )  — j}-

(For e= {a, b) £E(R) we employ the symbol (v, e) to denote {(r, a), (v,b)}. This 
explains the meaning of V x E (R ), and similarly, of E (X )X  {0}.) Informally, Y  
contains Gx, G2, X, further \ V\ disjoint copies of R and j VI disjoint paths of length 
2d+2  connecting gx to g2. The neighbours of gx on these paths induce the subgraph 
X. The halving points of these paths are connected to a copy of R each, by a single

Fig. 3. The colour-graph (X , f )  and the graph <p(X,f)
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edge. The other end point of this edge is either r1 or r2 of this copy of R, according 
to the /-colour of the corresponding vertex v£V.

To complete the definition of the functor Ф: Graó (Col (2))—G ra0, let 
Ф 6  Horn ((JT1; fi), (X2, /,)). We extend cp in a natural way to a homomorphism 
Ф(<р):Ф (Хг, Л) -  Ф (Х2, / 2) by setting

Ф((р)(х) = х  if xdVÍGJUViGoJ,
and

Ф(<р)(г, a) =  ((pv, a) if v £ V (X 1),a t{0 ,...,2 d }U V (R ).

As / 2  = /((;) (v£V (XJ), we see that Ф(ф) is a homomorphism, indeed.
III. The graphs Ф(Х, f j  and Ф(Х, / 2) have the same spectrum. To see this, 

it suffices to consider the case whin / 1  (v) =f 2 (v) for each v £ V  expect for one vertex 
v0; and f j(v 0)= j ( j=  1 , 2 ).

Now the graphs Ф(Х, f j  and Ф(Х, / 2) (which have the same vertex set) differ 
in one edge only: in Ф(Х, fj), the vertex (v0, d) is adjacent to (v0, rj) and not to 
(v0, r3^j). Whence, an application of Corollary 4.2 proves the cospectrality.

IY. In order to prove that Ф is a full embedding, let r\ £ Horn (Ф(Хг , f j ,  Ф(Х2 , / 2)). 
As any Kn + 2  is mapped onto some Kn+2, by our choice o f Glt G2 we obtain that 
4  maps the set V(Gj) U V(G2) into itself. Now, the mutual rigidity of Glt G2 imphes 
that ri(x)=x for any x(E V(G1)U V(G2). As rj does not increase distances, it follows 
that there is a mapping <p:V1-*V2 ( V j= V (X j)) such that

= (cpv,i) (ь£Уг, i = 0 ,...,2 d ).

It follows that ф 6  Н о т  (Х1г X2).
Now the copy of R, attached to (v, d) (let us denote it by RJ  is mapped into 

the neighbourhood of radius d+1 of ((pv, d). This neighbourhood has, obviously, 
a homomorphism onto R v („>. Hence, by the rigidity of R we obtain

rj(v, a) =  (<pv, a) (v € V, a € V (R)).

Let vdVx, fi(v)= j, f 2(cpv)=m. As (v, d) is adjacent to (v,rj) in Ф(Х1г f j  
and ((pv, d)=tj(v, d) is not adjacent to ((pv, r3_m) in Ф(Х2, / 2), we infer that j ^ —m 
hence j —m :f1(v)=f2((pv). Hence <p€Hom ((Xlt / ) ,  (X2, />)), and г\ = Ф(ф). This 
proves that Ф is a full embedding, completing the proof o f the theorem.

R em ark  5.3. The full embedding Ф: Gra'(Col (2))-<-Gra constructed in 
the proof is both a pseudorealization and a strong embedding in the sense of 
P u l t r  [26, 27].

A strong embedding Ф:.я/->-á? (si, 3d concrete categories) is a full embedding 
such that the set ПФ(А) and the mapping □  Ф(<р) depend only on the set EM 
and on the mapping □  <p, resp. (A£Ob,si, (p^Mor si).

Problem 5.4. Does there exist a strong embedding Ф: j3f0 -<-Gra0 which is co- 
spectral in the sense o f Definition 5.1, fo r  any category s i  o f  universal algebras of 
finite type?

We note, that this is not the case if s i  is an algebraic category involving rela
tions (not only operations) since if the identity mapping is a homomorphism of 
two cospectral graphs then it is an isomorphism. (The number of edges can be
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recognized from the spectrum: it is a half times A?, the trace of the square of 
the adjacency matrix.) (Cf. the second remark on [27, p. 79].)

We derive some corollaries o f Theorem 5.2. The concrete category (Ж, □ )  
is said to satisfy the uniqueness condition, if for any isomorphism (p £ Н о т  (X, У), 
0<p = idax implies X —Y. (In other words, any two objects on the same under
lying set, for which the identity is an isomorphism, are identical.) Clearly, any 
algebraic category satisfies the uniqueness condition.

A concrete category (Ж, □ )  is finite, if both Ob Ж  and each □  A (Af^Ob Ж)  
are finite sets.

C orollary 5.5. Let (Ж, □ )  be a finite concrete category satisfying the uni
queness condition. Then (Ж, □ )  has a cospectral^ embedding into the category o f  
finite graphs.

P roof. A realization Ф:(Ж,  □  )-*(.£?, □ ) is a full embedding such that 
□  Ф(А)— □ A, □  Ф(<р) — □<p for any А£ОЪ Ж, cp£ Мог Ж. P u l t r  [26, Lemma 3.6] 
asserts, for the case of finite categories, that any finite concrete category satisfying 
the uniqueness condition has a realization into some algebraic category sé of finite 
type. An application of this and subsequently of Theorem 5.2 proves Corollary 5.5.

A category Ж  is finite, if М ог Ж  is a finite set.

C orollary 5.6. For a finite category Ж , the following are equivalent:
(a) Any morphism having a left inverse is an isomorphism.
(b) There is an integer n and a faithful functor [ J : Ж Sets suchthat \п А \= п  

fo r  every TgOb Ж.
(c) There is a fu ll embedding Ф:Ж~* Gra0 such that all graphs Ф(А) (TgOb Ж)  

have the same spectrum.

P roof, (a) is obviously a necessary condition o f (b) and (b) a necessary con
dition of (c). We prove their sufficiency.

I. First we prove that (a) implies (b). There exists a faithful functor d :  J f —Sets 
such that □ XA is a finite set for all А£ОЪ Ж. (The covariant Horn functor, for ins
tance.) Let u=m ax {Idk^lr^COb Ж}+1.  We may identify the set OiA with an 
initial interval of the set {1, thus ПгА = {1, ..., mA) where mÁ=\UiA\.
Clearly, if A and В  are isomorphic objects then mA=mB.

Let us define the functor □  : Ж  Sets by

ПА =  (1, ...,f!} (АеОЪЖ);

and for any А, В£ОЪЖ,  <p£Hom (A, В), and l ^ p ^ n ,  let

□ (<P)(p) =
P i (<p)(p),

P,
n,

if p ^  mA; 
if p >  mA and 
if p >  mA and

(p is an isomorphism; 
cp is not an isomorphism.

As mA<n, we have p= m A if and only if □ {<p){p)=mB. In order to prove that 
□  is a functor, we only have to consider the image of p>mA under □  (ф(р) where 
^ H o m ( ő ,C ) .  The equality □  (ф(р) (p) =  □ (fi) ( □  (cp) (p)) follows in view of the 
fact that фср is an isomorphism (if and) only if both (p and ф are isomorphisms; 
this latter being a straightforward consequence o f (a).
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II. Now we prove that (b) implies (c). It suffices to consider the case when 
distinct objects of Ж  are not isomorphic. Moreover we may assume not only 
|CM| =  |D-ff| but also □ А —ПВ  for each A, BdOb Ж. Under these assumptions, 
an application of Corollary 5.5 completes the proof.

Corollary 5.7. Given a family o f (not necessarily different) finite monoids, 
M lt there exist pairwise non-isomorphic finite graphs X lt . . . , Xk, all having
the same spectrum, such that

End X j t =Mj  ( j = l ,

Proof. We define a finite category Ж  as follows. Let Ob Ж = {1, . . . ,  k}\ 
Horn (i, i )=Mii  and Horn (i, y) =  0  for i^j .  This category satisfies 5.6 (a). 
For, let cp be a morphism (p£Mt . Then tps= (p‘ for some s> t. If  <p has a left in
verse then we infer 1 —id whence (ps _ i _ 1  is the inverse of cp.

An application of 5.6 (a) => (c) completes the proof.
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ON BASKAKOV-TYPE OPERATORS
By

T. HERM ANN (Budapest)

1. In 1957, V. A. B askako v  [1] defined a new type of operators in the follow
ing way:

Let the functions <Pi(x), cp2(x), ... possess the following properties on an in
terval [0,7?] (7?>0):

(a) (pn is analytic on the interval [0, 7?] including the endpoints,
(b) <Pn(0) =  1,
(c) cpn is completely monotone, i.e. ( ~ l ) k(p(nk) (x) ^ 0  if k —0, 1 , ... and 

x€[0, R],
(d) there exists a positive integer m(n) not depending on k, such that

~<Pnk) О) =  n(p£(- y  (x) [1 + a tjB(x)] (k =  1, 2 ,...) 
where ak>„(x) converges to zero uniformly in к when и — «>,

(e) lim
n - t - o o

n
m(n) 1 .

Let the operators L„ (n = l, 2, ...) be defined by

Ln{ f\x ) 2 (~x)k<Pnk)(x ) f ( k )  
k\  J { t i ) '

There are well-known special cases of the Baskakov-type operators mentioned 
below:

(A) <p„(x) =  (l — x)n. Then we get the Bernstein polynomials

(B) tpn(x)=e~nx. Then we get the operators of Szász and Mirakian

(C) фл(х )= (Ц -х )_". Then we get the operators of Baskakov
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These cases are included in the customary assumption that m(n)—n+c, y.ky„(x) = 
=  <*„(*) and ock'„(x) = an ([1], [9], [10]).

R emark. If а*_„(х) (к=0, 1, ...) are independent of к i.e. aki„(x)=a.„(x) 
then according to (d)

(1) ~<Pn(x) = rupm(n){x)[ l+a„(x)]

(2) -  <Pn(x) =  п(р'т(л) (x) [1 +  a„ (x)]
when к — 1 and 2 . '

We get from (1) and (2) that oc'(x)=0 i.e. a„(x) is independent of x; 
«n(x)=oc„.

Remark. If akt„(x) (k=0, 1, ...) are independent of x, 
on the one hand

from which we get
<Pn(x) = -  ncpm(n) (x) [1 +  a1>n] 

(pik4x) = -  n(pSin)4x)[ 1 + a 1>n],

i.e. «k,n(x)=ocky„ then

and on the other hand, according to (d)

<Pnk) (x) = -  (x) [1 +  <**,„].

Comparing the last two formulas we get aki„ = an.

2. In this section we investigate the possible variations of

m(n) =  п+ф{п).

We deal only with the case when ф(п) is monotone.

Theorem 1. I f  О ^ф  is monotone and nondecreasing, then for sufficiently large 
n's ф(п) is a constant.

Proof. Let n0= n, nk+1=m(nk) (k= 0, 1, ...). By a repeated application of
(d) we get

<PÍ,k)(x) = ( ~ l ) k<Pnk(x) П  Н [1 +  а*-г,П1(х)]}.
» = 0

According to (b)

<Р»Ч0) =  ( - 1 ) *  f t  {П;[1i= 0
where aiyn—y.i:„(0).

In (a) we required cp„ to be analytic in 0, so there exists a <5„>0 such that

<Pn(x) - 2  ( - x ) k — ----------T i----------------- , \x \  S  <5„.
* = 0
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By the Cauchy—Hadamard theorem

lim*-oo

к - 1

П  {«,[•+«*-
i = 0

kl

ilk

Using (d) we get that for an arbitrary e> 0 there exists an m such that ati„|<£ 
when n > m . For these n ’s we get

lim

it—x
П  И.
i—0

Let

and

k\

Ck,n =

1 Ik

1

It —1
П

0 „(l+£)

1 Ik

kl

c(n) = Jim ck n.k-oo

Obviously, to any 0 there exists a k0= k0(ri,n) such that ску„^с(п) + г] if 
k > k 0.

Thus

ck- i ,ni = ( — ckk,„j ^  )  • ( с ( " ) + ч ) ‘ /( ‘ " 1) ( k > k 0).

Clearly
c(«i) =  Em ct>ni c(n)+t].

But 0 being arbitrary, we get c(ri)^c(n^). Similarly c(n,)— c()h+i) 0 = 0 , 1, ...) 
i.e. the sequence {с(«;)}П=о is bounded; let e.g.

c(nf) S M n (i =  0 , 1 , ...).

ф is non-decreasing and integer-valued, hence it is enough to prove that ф is bounded. 
First of all we prove

n; ^ n  +  i^(n) (i =  0 , 1 , . . .)

by induction. When i= 0, this is evident. Assume that it is true for i= k. Then 

nk+1 =  m (nk) =  пк+ф(пк) & п+кф(п)+ф((п+кф(п)) ш 

^  п + кф(п) + ф(п) = п+(к+1)ф(п) 

being ф non-decreasing. Hence

к- l
П

к i =  0

=  ~ к Г

к- l
n IJ  (п + 1ф(п))

i = 1
ki

(к—1)1пф (n)
kT

Л- 1 пф(п)‘fc- 1
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That is
( к \ Ык- г)

Ф ( п )  =  [ — Ckn, k j  = С к - ! , П1.

Consequently ф(п)^с(щ ). Similarly we can get

•Ил,) ^  c(ni+1) M n (i =  0, 1,...).

Thus ф(п1)^М „ . Now we distinguish two cases. First let ф be zero for all n. In 
this case our theorem is evidently true. Secondly, assume that there exists an n 
so that ф(п)>0. The sequence {«;},“  0 tends to infinity for any я0 >й. Hence 
our relation i c a n  hold only if ф is bounded. Q.e.d.

R emark. It is worth to observe from the proof that to the sequence {<?„,},“ <) 
there exists a <5„>0 so that all the functions <pn. are analytic in the disc {z||z|s<5„}.

C orollary. I f  m (n)= n+ c then there exists a <5>0 such that all the functions 
<pn are analytic on the disc {z ||z |S < 5 } .

R emark. If ф is strictly decreasing then <pn is a polynomial of degree at most n.

3. F. Schurer  [10] and R . K . S. R athore [9] proved that i f  /  is continuous 
in  the neighbourhood o f  x 0 an d  f(x )= 0 (x * )  where a > 0  is arbitrary but 
fix ed ,th en

lim Ln( f ; x 0) —f ( x 0),
П-*-оо

where L„ is a Baskakov-type operator.
One can prove that (see e.g. [6 ], [3]) in the case of the Baskakov operator the 

growth condition on /  (x) can be replaced by

(3) / ( x )  = 0 (e “*) (a >  0)

and this condition is the best possible ([5]). Thus, in the general case, the weakest 
possible condition is (3). The next result shows that this condition is sufficient for 
the convergence of a wider class of operators, too.

T heorem 2. I f  m (n)= n+ c  (сёО), (3) holds, and f  is continuous then

(4) lim  L n( f;  x) =  f ( x )  (x ё  0).
П—+ OO

Proof. Let f a(x)=exx. It is known [5] that with our assumptions it suffices 
to prove (4) only for f x. As we have already seen, <p„ is analytic on a disc
{z I |z|<<5}. Thus

Ln( f a; x ) =  2 ! c^ n ( - x )k(Pnk)(x) ^ (-xe* in)kcp{nk>(x) _ 
k = 0 i [L! k = 0  k \

°° Ф W)
=  2  ' "г,- -- [x x (1 ga/n)]fc =  </)n[x(l - e a/n)].

k =  0
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Consequently, it is enough to examine the convergence of <p„(x( 1 - e “/n)). Let

then e„= О
We must distinguish two cases; the first one is when c=0. Then 

<Pn(x)= П (1 +
k = 0  K  • i  =  0

SO

% ( x ( l  - e - / » ) )  =  i  ( o t x ( 1 t g " ) ) '  Я  ( 1
k = l К! i=0

Let e„=sup |a,-„!• According to (d), !im s„=0. Thus, for sufficiently large i f  я
i ’

e« ( i+e„)(i-£n) =  j  fryU +  eJO -e,,)]*  ^  <рл[х(1 — e“/")] =  
fc=0 kl

This implies

<  [g:y( l+  dn)(l + £J] _
-  *=o kl

lim <pn [x(l — ea/n)] =  e*x.Л-+-00

The second case is when o O ,  Then

<P„(x) =  2 ^ - г т -  П  [(n+ic)(l +  a*_i;n+ic)].
k = 0 1 = 0

Let now en= sup \ocifj\. It is easy to verify that if £n= 0  then

<?„(*) =  (1  +cx)-"/c.
Using this we obtain

4>n(x( l~ e a,n) )=  2fc = ‘

^  2
k = 0

Similarly

ax(l +  e„)(l+ £n)

Ш

“ ( cxa(l +  Qn) Y  ffp (c  + i ) * 1 

ol n ) kl

kl
ax(l +  e„)(l+£„)

1 - a x ( l+ (?„)(!-£„)

( 7 )

(7 )
-n/c

-njc
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and therefore
lim Ln(/«; л:) =  lim tp„(x( 1 - е х/п)) = e*x = f jx ) .П-+00 n—oo

Q.e.d.

4. W. F eller [4] and D. St a n c u  [11] introduced the following so-called summa
tion type operators.

Let F x ( t )  be the common distribution of the independent random variables
n

Xx, X 2, ... with expectation x and variance a2. Let Fn = « - 1  ^  %k and denote
4  =  1

the distribution of Y„ by Fnx(t). Then we call

M n [ f ; x ]  =  f m d , F a > x ( t )

an operator of summation type. Feller and Stancu proved that

lim M n[ f  ; x] —/{x )
TI-*-**»

for every bounded and continuous function. It is known that the operators (A),
(5), (C) are operators of summation type as well. In the following we specify all 
the operators of Baskakov-type and summation-type at the same time.

The values / ^ - j  (k= 0, 1, ...) determine M n[ f  ] completely, so

M n [ f  - , x ] =  2 7 ( ~ )  P „ , k ( x ) .

4 = 0  \ П /
Here

Pn.k(x) =  p  2  x i =  k)\n i=1 /

where P  is the probability measure. The variables X ly X2, ... are independent, so 
pn k is a convolution, that is

(5) Pn,k(x)= 2  P k l ( x ) . . . p k n ( x )

Л|_ + ...+kn=k

where pk(x)—pltk( x ) S 0  and the relations

2  Pk(x) = 1 ,  2  kpk(x) =  x
4 = 0  4= 0

are fulfilled. On the other hand

P n , k ( x )  = kl (к = 0 , 1 , ...)

so p„,0(x)=(pn(x). But from (5) p„,0(x)=pő(x), and hence q>n(x)=q>l(x). 
Writing <p in place of <pk in (d) we obtain (with k = l)

— ti(pn~1(x)(p'(x) = n<pm<">(x)[l + a 1>n(x)] 
i.e.
(6 ) W  =  - [ I  +«!,„(*)].
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Using again the notation ф(п)—т{п)—п, we get

p(x)-<1+*<">V(x) =  - [ 1  + a 1>n(x)].
Consequently

(7 ) q>(Xynn+«-#(■) =  1 + g i-»(*)
l + a l,n + l W

In (7) the right hand side tends to 1 if и—«> so we get

lim [ф(п + 1)—ф(п)] =  0 .
П-*-оо

By definition, the values of ф are integers so ф(п)=с if«  is large enough. Putting 
ф(п)=с in (6 ) it follows that

<Z>-(c+1)(x) •<?'(*) — — 1
Hence we get

<p~<-c+1)(x)(p'(x) =  — 1
when и— By (b), <p(0) = 1 so by considering c as a parameter, q> is uniquely 
determined.

We distinguish three cases.
(i) c=0. Then (p(x)=e~x. In this case M„ is the Szász—Mirakian operator.

(ii) c>0. Then (p(x)= (\+ cx)~llc. Here c=  1 gives the Kn operator of Bas
kakov. In the general case

Mn[f( t)-x ]  = Kn/c [ /  (^ r ) ;c x |.

(iii) c<0. With the notation d=  — c, <p(x)=(l — dx)1,d. If d=  1 then we get 
back the Bernstein polynomials Bn. If d divides n then

Mn[f( t);x ]  = Bnld[ f { j ) ; d x \ ,

but if и is not divisible by d then we do not get positive operators.
Hence we obtain the following
T h e o r e m  3. I f  M„ is an operator o f Baskakov-type and summation-type as well 

then M„ is one o f  the types (i), (ii) or (iii) mentioned above.

5. In order to obtain a new approximation process for integrable functions, 
K a n t o r o v i t c h  applied the following idea ([7], p. 30). Instead of the Bernstein 
polynomial of /  he studied the derivative of the Bernstein polynomial of

F(x)=  f  f ( t ) d t .  
о

The reason for this was that the derivatives of the Bernstein polynomials tend 
to the derivative of the function. It is well-known [8 ] that the Baskakov-type operators 
have this property. So we introduce the operator

L*n[ f-x \  = - ^ L n[F;x]

where Ln is any Baskakov-type operator. Using the previous notations, we state our
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T heorem  4. I f

lim x* <pi,k) (л:) =  0  (п =  1 , 2 , . . . ;  к = 0 , 1 , . . .)X-+R
where R > 0  is a fixed value, then

(О H IÍI =  1

(ii) lim \\L*f—f\\ =  О ( f ‘ L[0,R))П-* oo

where the norm is the usual norm in L[0, /?].

(If then let / ( x ) = 0  for x> R ).

P ro o f . First we prove (i). We have

,7 - L v V m W M  ki n oo / __v \k  (i+ D /n
=  ^  2 — - ■g L—  f  f M d t  =  - £ ± 1g - 9 w ( x )  f  т л .

Hence by (c)
k/n

IIW)II =  J (~*)* ..<* +
(k + l)/n

S  k! <PÍk+1)(x) J  f{ t )d t dx  =1

(*+l) /n

ss 2  /  1/(01* *(-i) /ь _ n .  ̂ Уk/n

k/n

( - x ) k<pf+1> (x) 
kl dx.

Using the assumption of the theorem, with integration by parts we obtain

- JR ( - х ) к(р'пк+1> (x) , л ( - x ) k_
/с! dx = - f

(к — 1)!
у— - dx = ... =  — J  <p'„(x) с/х =  1 .

Consequently
(fc + l)/n

I I W ) I I  s  2  /  1 /(0 1  *  =  /  | / ( 0 I  d t  =  ll/ ц .  *=° */„ <)
So ||I£ ||S l .  Let / e(x )= ű_1 xe(x) where a= r/n  ( r= l ,  2, ...) and

Obviously | | / J  =  1. But

j  1 if x  S  a 
fo if x S  a.

an—1 №+!)/»

U nco il = 2  /  C 4 x
* = ° k/il

1 ,

hence ||Z.*|| =  1 .
To prove (ii) it is necessary and sufficient to prove the statement only for 

the characteristic functions of intervals with end-points 0  and a —r/n (r= 1,2, ...). 
Let Xa(x)= l-X a(x). Being

R
J  L*n[Xa,x]dx
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we get

But

so

Ла,„ = \\Ха-Ц Ш \\ = J  L*n[/a;x]dx+  j  L*[y„;x]dx =
0 a

= f  L*[xa;x]d x+  j  L*[/a' , x ] d x -  f  L*[xa;x]d x  =
0 0 0

= / LtlXa,x]dx+  J  (1  - L*[/a; x]) dx =
0 0

=  2  / L*n[xa;x]dx  = - ^  f  2  ^ r - r i k+14 x )d x .
У n 0 */"*“ k]

_  J  (-хУ(р^к + 1)(х) dx
k\ - [ iM=o

( - х )‘д>^ ( a ) 1"

/! Jo
_  1 4 , ( - аУ(рпЧ<1) _  j ;  (-а)'ф <°(а)

i = o  I ! z = * + i /!

2  ^  ~ ( -а У ^ Н а )  2 ^  ........ N(-a)><*>(a)
Aa,n = — 2  2  ------ J r ----- =  — 2  (k ~an )-и k / n s a l  = k + l l - n  k / n S a k\

where

( - a f ( P n k) ( a )  
k\

= 2Ln((x — a)+; a)

(x -a )+
JO if x  ^  a 
lx—a if x ä  a

is a continuous function of polynomial order. For such functions / ,  Ln( f;  x)-»/(x) 
(see Section 3), so

Ln ((x -fl)+ ;a )  -* ( х - а ) +|я=я =  0

WKf-fW -  0.
Q.e.d.

Remarks. 1. If L„ is the Bernstein polynomial or the Szász or Baskakov operator 
then the condition of Theorem 3 is fulfilled with R = 1 or i?=°° respectively.

2. The case of the Szász-operator was studied by P. L. B u t z e r  [2].
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KEGELSCHNITTE AUF DER METRISCHEN EBENE
Von

E. MOLNÁR (Budapest)

Herrn Professor Ferenc Kárteszi zum 70-sten Geburtstag gewidmet

In dieser Arbeit werden die Kegelschnitte auf der metrischen Ebene im Sinne 
von F. Ba c h m a n n  [1], bzw. auf ihrer projektiv-metrischen Einbettungsebene 
spiegelungsgeometrisch definiert. Diese Definition liefert die im klassischen eukli
dischen Fall wohl bekannten Brennpunkteigenschaften in einheitlicher Fassung. 
Auf Grund der Definition 4.1 kann man auch die projektiven Eigenschaften der 
Kegelschnitte einfach herleiten. Die synthetische Behandlung beruht auf dem verall
gemeinerten Dreispiegelungssatz, der auf der projektiv-metrischen Einbettungsebene 
gültig ist. Wir heben die Vielheit der verschiedenen Kegelschnitte der hyperbolischen 
Ebene besonders hervor, wo gewisse Kegelschnitte drei Brennpunktpaare haben 
können, und wo ein Kegelschnitt gewisse zu den Brennpunkteigenschaften dualen 
Asymptotenkennzeichnungen haben kann. Die Arbeit ist in Verbindung mit unseren 
Arbeiten [2], [3], [4], wo das Thema mit klassischen raumgeometrischen Methoden 
behandelt ist, und mit der Arbeit [5], der man auch die Beziehungen zu dem In
versionsbegriff entnehmen kann. Dort weisen wir auf die weitere Literatur des 
Themas hin.

In Sektionen 1 und 2 werden die Definitionen, die zitierten Sätze zusammenge
faßt und motiviert. Die Hauptresultate der Arbeit sind die Sätze 3.2, 4.2, 4.4, 5.1, 
6.2, 6.3. In Sektion 7 bekommen wir eine Übersicht der möglichen Kegelschnitte.

1. Metrische Gruppenebene und ihre projektiv-metrische Einbettungsebene

Unter einer metrischen Gruppenebene — S, P) verstehen wir die fol
gende, axiomatisch definierte Struktur (B a c h m a n n  [1] §.3):

G r u n d  An n a h m e . Sei G(S) eine involutorisch erzeugte Gruppe, das Erzeugenden
system S sei invariant in G.

a|ß bezeichnet, daß die Elemente a, ß, aß von G involutorisch sind. Zur Ab
kürzung benutzen wir Ausdrücke, in denen je zwei Elemente zueinander in Strich
relation stehen, wenn sich zwischen ihnen wenigstens ein | befindet, a fß  bezeichnet 
die Verneinung von a\ß.

Sei P die Menge aller involutorischen Produkte a1 a2 aus dem Komplex SS 
(also ö j , a2£S).

Wir können eine geometrische Struktur J f= J ( (G ,  S, P) so definieren: Die 
Elemente von S werden mit a ,b ,c , ... bezeichnet und Geraden genannt; die Elemente 
von P werden mit А, В, C ,... bezeichnet und heißen Punkte. Zwei Geraden a und 
b von J t  sind zueinander senkrecht, wenn a\b gilt; einen Punkt A und eine Gerade
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b nennen wir inzident, wenn A\b gilt; ein Punkt A und eine Gerade a sind zueinander 
polar, wenn A = a  in G besteht (ein solcher Punkt braucht nicht zu existieren); 
d  ist die vierte Spiegelungsgerade zu a, b, c, wenn d=abc ist.

Wir nehmen an, daß die folgenden Axiome gelten.

A. 1. Zu А, В gibt es stets ein c mit A, B\c.
A. 2 .A us A ,B \c ,d  folgt A = B  oder c=d.
A. 3. Aus a, b, c\E folgt abc£S.
A. 4. Aus a, b, c\e folgt abedS.
A. D. Es gibt g, h , j  derart, daß g\h und weder j\g  noch j\g h  gültig sind.

Da das Erzeugendensystem S nach der Grundannahme invariant ist, wird S 
bei Transformation mit einem Element у von G—y:x—xy: =  y_1xy — auf sich 
abgebildet. Bei der Transformation mit у geht auch jedes involutorische Produkt 
aus SS in ein involutorisches Produkt aus SS über. Also ist

y: x  — x y :=  y- 1 xy; X  — X y := y~l Xy

eine eineindeutige Abbildung der Menge der Geraden und der Menge der Punkte 
von Jt je auf sich. Bei dieser Abbildung у bleiben die Strichrelation und auch die 
von ihr definierten geometrischen Relationen erhalten; wir nennen у auch eine 
Bewegung von J i .  Im Falle y — c handelt es sich um Geradenspiegelung (an der 
Gerade c), im Falle y= C  um Punktspiegelung (an dem Punkt C).

Die Bewegungen der Gruppenebene J i  bilden eine Gruppe G', welche von 
dem System S ' der Geradenspiegelungen erzeugt wird. Ordnet man dem Element 
у aus G die Bewegung у der Gruppenebene zu, so ist diese Zuordnung eine homo- 
morphe Abbildung von G(S) auf G'(S')- Aus dem Axiomensystem folgt, daß diese 
Zuordnung sogar eine isomorphe Abbildung ist. Dieser Satz hat die Zusammen
stellung des Axiomensystems motiviert.

Eine andere Motivation ist die Beweisbarkeit des von Hjelmslev stammenden 
Satzes 1.1, der die Hauptrolle in der Erforschung der Struktur Ж  spielt.

S a t z  1.1. Sind a Ac und X  gegeben, und inzidiert X  nicht sowohl mit a als mit 
c, so gibt es genau eine Gerade b, wofür b \X  und abcfS  gelten.

Dieser Satz beruht auf den folgenden Behauptungen:

S a t z  1.2. Die Gleichung A d 'C = d  gilt genau dann, wenn ein x mit x\A , d', C 
existiert.

S a t z  1.3. Aus je  vier der Gleichungen aa'=A, cc' — C, a'bc'=d', Ad' C=d, 
abc=d folgt die fünfte.

Die Figur 1 zeigt die geometrische Konfiguration ([1], §. 3).
Sind die Geraden aA b  gegeben, so kann man die Geradenmenge

J(a b ):— {y€S: abyGS}

bilden, die Geradenbüschel oder kürzlich Büschel heißt.

S a t z  1.4 (Transitivitätssatz). Ist aAb, und gelten abc, abdfS, so gilt auch 
acddS.
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Dieser Satz garantiert, daß ein Büschel von seinen beliebigen zwei Geraden 
eindeutig bestimmt ist.

Gilt a,b\X, so heißt J ( X ) : = J(ab) ein eigentliches Büschel. Im Falle a, b \x  
nennt man das Büschel . f  (x): = . f  (ab) ein Lotbüschel. Der Satz 1.1 besagt auch 
die Behauptung: Durch einen beliebigen Punkt, der von dem zufälligen Träger eines 
Büschels verschieden ist, läuft genau eine Gerade des Büschel.

Ein Geradenbüschel J  (Xĵ  x2) heißt auch ein Idealpunkt X, das eigentliche 
Büschel . f ( A ) ~ : A ist eigentlicher Idealpunkt.

Ist a fS , so wird die Idealpunktmenge

a:= i(a):= {,f ( a x ): x£S  und x  ^  a) 

eigentliche Idealgerade genannt; es bestehen die folgenden Äquivalenzen

Aja <=> .y(A)£i(a) <=> a<£^(A).

Zum allgemeinen Begriff der Idealgerade gelangen wir mit Hilfe der Hjelmslev- 
schen Halbdrehungstheorie.

Sei eine Drehung r\:=uv mit den Bedingungen u, i>|0, uXv, u \v  auf der Ebene 
Л  gegeben. Die von p bestimmte Halbdrehung um den Aufpunkt 0 ordnet einer 
beliebigen Geraden x  (mit x^O) eine Gerade x* nach den Folgenden: Ist x |0 , 
so sei x*:=xuv. Ist xfO, so bestimmen wir zuerst das Lot x ':= (0 , x) und den 
Punkt X := x 'x . Dann bestimmen wir x '* := x'uv  und — nach den Gleichungen 
xuv= xx 'x '*—Xx'*  — das Lot x*:=(X, x'*); ferner sei X *:= x'*x* . p~1 = vu 
bestimmt die zu (*) gespiegelte Halbdrehung Q .

Auf Grund der Sätze 1.1—3 kann man beweisen ([1] § 6 ), daß die Äquivalenz 
y\A<=yy*\A* für eine beliebige Halbdrehung (*) um den Äufpunkt 0 und für belie
bige y, A besteht (Fig. 2).

Aus den Sätzen 1.1—4 folgen die Sätze 1.5—9 ([1] § 6 ).

Satz 1.5. Die Halbdrehung (*) um 0 ist eine büscheltreue Abbildung.
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Satz 1.6. Ist J(ab)=  : J ( X )  eigentlich, so ist auch J  (a ' b * )= J  (X*) eigentlich; 
sogar zu d \X *  gibt es ein c\X, daß c* = d  gilt.

Satz 1.7. Zu beliebigem Büschel Y gibt es genau ein Büschel X, so daß X* =  Y gilt.

Satz 1.8. Die Halbdrehungen um 0 sind kommutativ: .x*° = x°*.
Satz 1.9. Ist A kein Lotbüschel J (a )  mit a |0, so gibt es eine Halbdrehung (°) 

um 0, für die A° eigentliches Büschel ist.

Die Menge x von Idealpunkten heißt Idealgerade, wenn es eine Halbdrehung 
(°) um 0 und eine Gerade a gibt, so daß

x°:= {Y°: Ygx und a£Y °}= i(a )

eine eigentliche Idealgerade ist. Ferner nennen wir auch die aus Lotbüscheln be
stehende Menge

0 :=  i(0):=  {S(y):  y|0}
Idealgerade.

Die Idealpunkte und Idealgeraden mit der definierten Inzidenzrelation bilden 
die Idealebene ЗРЛ, die eine Pappos—Fanosche projektive Ebene ist, also gilt das

Hauptsatz 1.1. A uf der Idealebene 8PJI inzidieren zwei (ideale) Punkte genau 
mit einer (idealen) Geraden. Zwei Geraden haben genau einen Punkt gemein. Es 
gibt vier Punkte, von denen je  drei nicht mit einer Geraden inzidieren. Liegen die 
Ecken eines Sechsecks abwechselnd auf zwei Geraden und sind niemals zwei zyklisch 
benachbarte Punkte mit einem der vier übrigen Punkte kollinear, so liegen die Schnitt
punkte der Gegenseiten auf einer Geraden (Papposscher Satz). Die Diagonalpunkte 
eines vollständigen Vierecks sind niemals kollinear (Fano-Axiom). ([1], §. 6 ).

Aus dem Papposschen Satz folgen zwei Sätze:

Satz 1.10. Der Begriff der Idealgeraden, also auch der Begriff der Idealebene 
ist vom Aufpunkt der Halbdrehungen unabhängig.

Satz 1.11. A u f Idealebene ЗАЛ ist der Satz von Desargues gültig: Sind zwei 
entsprechende vollständige Dreiecke in bezug auf einen Punkt perspektiv, so sind 
sie auch in bezug auf eine Gerade perspektiv. (Satz von Hessenberg.)

Satz 1.12. Die Spiegelung der Gruppenebene J Í  an einer Geraden c induziert 
in der Idealebene ЗАЛ die involutorische Homologie mit der eigentlichen Idealgeraden 
z(c) als Achse und mit , /  (c) als Zentrum.

Der Orthogonalitätsbegriff bezüglich J Í  induziert auf der Idealebene ЗАЛ 
eine projektive Polarität, deren Art von zusätzlichen Axiomen über Л  abhängig ist.

Die elliptische Ebene Л  (А. P) kennzeichnet das

Axiom P. Es gibt а, b, c mit abc=\.

Dann ist Л  (А. P) selbst eine projektive Ebene: Л  (А. P)=ЗАЛ.
Die metrisch-euklidische Ebene kennzeichnet das

Axiom R. Es gibt a ,b ,c ,d  mit a ,b \c ,d  und aZb, cZ d .
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Eine große Bedeutung hat das

A x i o m  V. Zu zwei Geraden a, b gibt es stets einen Punkt C mit a, b\C oder eine 
Gerade c mit a ,b \c (a ,b  heißt verbindbar mit einem Punkt C oder mit einer 
Geraden c.)

Ist A. V für J i  nicht gültig, besteht also

A xiom ~ V . Es gibt a ,b  welche unverbindbar sind; 
so kommt dem Axiom H eine spezielle Rolle zu :

A x i o m  H. Gilt a, b, c\X  und sind a, g und b, g und c, g unverbindbar, so ist a —b 
oder a = c oder b — c.

J t  (A. R, A. V) heißt euklidische Ebene, J t  (А. ~  V, A. H) heißt hyperbolische 
Ebene, J l  (A. ~  R, A. ~  P, A. V) heißt halbelliptische Ebene, jedoch kommen auch 
weitere Strukture vor.

Der allgemeine Begriff des Polare-Pol-Paars wird vom Satz 1.13 unterstützt 
(Fig. 3, [1], §. 6 ).

Satz 1.13. Seien (*) und Q  gespiegelte Halbdrehungen um 0. Aus a* = b folgt 
J ( b \ = J ( a ) ,  also S ( a %  = J(a).

Eine Idealgerade x und ein Idealpunkt X heißen ein Polare-Pol-Paar, wenn 
es eine Halbdrehung (*) (und die dazu gespiegelte (*)) um 0 und eine Gerade a 
gibt, so daß x* = i(a), . f  (a)* =  X ist. Ferner soll 0: =  / (0), 0: = J (0 )  auch ein 
Polare-Pol-Paar heißen.

Auf Grund der Halbdrehungstheorie haben wir die folgenden

H auptsatz 1.2. Es gelte das Axiom auf der Ebene Л .  Jede Idealgerade 
hat genau einen Pol, jeder Idealpunkt hat genau eine Polare. Sind x, X und y, Y 
Polare-Pol-Paare, so ist X£y mit Yf_x äquivalent. Die Polare-Pol-Verbindung ist 
eine projektive Polarität der Idealebene ŰfiJI (A. ~  R), die mit dieser „absoluten“ 
Polarität eine ordinäre (nichteuklidische) projektiv-metrische Ebene ist.

Fig. 3
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H auptsatz 1.3. Gilt Axiom R auf der Ebene Л ,  so bildet die Gesamtheit aller 
Lotbüschel eine ,,unendlichferne“ Idealgerade . Die Abbildung . f ( x )—.f(y )  mit 
x \y  ist eine projektiv elliptische Involution auf der unendlichfernen Idealgeraden g „ . 
Die Idealebene ЗАЛ  (A. R) mit dieser „absoluten“  Involution, die eine singuläre 
projektive Polarität ist, heißt singuläre (euklidische) projektiv-metrische Ebene.

Die harmonischen Homologien mit nicht inzidenten Paaren von Polare und 
Pol als Achse und Zentrum nennen wir erzeugende Spiegelungen, die die Menge 
3f bilden. Die Spiegelungskompositionen bilden die Bewegungsgruppe ''S{ff ) der 
projektiv-metrischen Idealebene ЗАЛ. Da und deswegen Gfz(S  im Sinne der
Einbettung gelten, gilt das

H auptsatz 1.4. Die Gruppe G (S), welche dem Axiomensystem von J l (G, S, P) 
genügt, ist als Untergruppe der Bewegungsgruppe der projektiv-metrischer Idealebene 
darstellbar.

Diese Hauptsätze öffnen einen Zugang zum Studium der Modelle der Struktur 
Л ( G, S), wo noch viele interessanten Probleme offen stehen ([1], Supplement).

Wir könnten das Thema auch ohne projektive Einbettung behandeln, aber 
dann wäre die Arbeit langwieriger und unübersichtlich.

2. Verallgemeinerter Dreispiegelungssatz auf der Einbettungsebene

Im weiteren betrachten wir die metrische Ebene M , die in ihre projektiv
metrische Idealebene ЗАЛ eingebettet ist. Die (idealen) Geraden von ЗАЛ bezeichnen 
a,b , ..., z, die (idealen) Punkte von ЗАЛ bezeichnen A ,B , ..., Z. Wir gebrauchen 
auch untere Indizes. Die polare Verbindung wird durch die Beziehung aufeinander 
der Buchtsaben und Indizes hervorgehoben: der Pol von ax ist Ax usw. Die har
monische Homologie mit nicht inzidenten Achse a und Zentrum A können wir 
auf der nichteuklidischen (ordinären) ЗАЛ sowohl die Geradenspiegelung a als 
auch die Punktspiegelung A nennen. Auf der euklidischen (singulären) ЗАЛ sprechen 
wir über die Geradenspiegelung a, wenn die Achse a von der unendlichfernen Geraden 
g„ verschieden ist; dann liegt ihr Pol A als Zentrum auf gm.

Sind a und b Geradenspiegelungen und gilt a l B  d. h i l f  — wir nennen dann 
a, b senkrecht — so ist ab=ba eine harmonische Homologie, deren Zentrum der 
Schnittpunkt [a, b \= :X  und deren Achse die Verbindungsgerade der Polen 
(A, B )= :x  sind. Dann heißt ab—ba= :X  die Punktspiegelung X.

Auf der euklidischen ЗАМ ist g ^  die gemeinsame Achse der Punktspiegelungen, 
g«, heißt auch Grenzgerade, deren Punkte die Grenzpunkte sind.

Wenn eine Polare auf der nichteuklidischen ЗАЛ  mit ihrem Pol inzident ist, 
so sprechen wir auch über eine Grenzgerade bzw. einen Grenzpunkt. Wenn es Grenz
elemente gibt, so bilden sie einen absoluten Linienkegelschnitt bzw. Punktkegel
schnitt, und wir nennen dann ЗАЛ hyperbolisch. (Im Text heben wir, wenn es 
wesentlich ist, die Grenzelemente mit „+“ hervor.) Einen Punkt nennt man äußeren 
Punkt, wenn er mit zwei Grenzgeraden inzidiert. Ein Punkt heißt innerer Punkt, 
wenn er mit keiner Grenzgeraden inzidiert. Die Punkte von M , d. h. die eigentlichen 
Punkte von ЗАЛ sind nur mit eigentlichen Geraden inzident, also sind sie innere 
Punkte. Doch sind die inneren Punkte nicht unbedingt eigentlich. Die Figuren
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3 ( x )  g »  3 ( y )

Fig. 4
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4— 5 stellen die möglichen Verhältnisse in dem euklidischen bzw. hyperbolischen 
Fall dar.

Auf der elliptischen S?Jt gibt es kein Grenzelement, hier existieren nur innere 
Punkte, die nicht unbedingt eigentlich sind (wenn J i  halbelliptisch war).

Auf der Ebene SPJt gelten die folgenden Sätze, die wir ebenfalls ohne Beweise 
mitteilen.

Satz 2.1. 1st ad!? eine Spiegelung und ist ß eine Bewegung aus (S, so ist auch 
all: = ß~1aß££f eine Spiegelung, deren Achse das bei ß entstammende Bild von a ist.

a) Seien a, b keine Grenzgeraden. Dann besteht die Äquivalenz

a ± b  und a ,b l  X о  ab = ba = X.

b) Ist a keine Grenzgerade, doch b~ eine Grenzgerade mit dem Pol B+, so be
stehen die Äquivalenzen

def
a ± b + <=>a I B + о  (b+)a = b+ (B+)a = B +.

Satz 2.2 (Verallgemeinerter Dreispiegelungssatz), a) Sind aAb und c keine 
Grenzgeraden und gilt a ,b lX ,  so besteht с 1 XoabcdSk, ferner ist abc=:d  I X.

b) Sind a ^ b  mit a . b l X  keine Grenzgeraden, aber c+ mit dem Pol C+ eine 
Grenzgerade, so gelten

c+ I X o  (c+)ab = c + o  (C +y b = C+.

c) Ist a keine Grenzgerade, aber b+?±c+ mit den Polen B + bzw. C + Grenz
geraden, für die b+, c+ I X  gilt, so bestehen

a l  X  о  (Ъ+У =  c+ о  (B +)tt = C+.

Die Beweise beruhen auf der Theorie der projektiven Involutionen der Geraden 
au f der Ebene SPJl, also benutzt man — nicht trivialerweise — den Papposschen Satz 
und das Fano-Axiom. Die Schwierigkeiten des Beweises treten in dem Fall auf, 
daß mindenstens eine Spiegelungsgerade nicht eigentlich ist, oder keine Polare 
eines eigentlichen Punktes ist. Es wäre interessant, den Satz 2.2 auf Grund der 
Elalbdrehungstheorie unmittelbar zu beweisen. Das bezieht auch auf den Beweis 
des Sehnenviereckssatzes 3.2.

3. Zyklen auf der Einbettungsebene

D efinition  3.1. Sei ein beliebiger Punkt A  auf der Ebene З Р Л  gegeben, ferner 
sei A0 ein Punkt so, daß die Gerade (A, A0) keine Grenzgerade sei. Die Punkte 
des Zykels (в(А , A 0) bekommen wir so, daß wir den Punkt A 0 an den Geraden 
durch A spiegeln. Gehört ein Grenzgerade zu A, so wird ihr Pol auch zum Zykel 
<ё(.А, A0) gerechnet (Fig. 6 ). Der Punkt A ist der Mittelpunkt von Z>(A, A0).

Nach der Anzahl der Grenzgeraden durch A  können wir über E-Zykel, P-Zykel 
bzw. H-Zykel sprechen. Der E-Zykel kann auch Kreis genannt werden (Fig. 6 .a). 
D er P-Zykel auf der hyperbolischen Ebene SPJI heißt Parazykel. Auf der eukli
dischen 2PJ( ist der P-Zykel eine mit dem Punkt °° erweiterte Gerade, wo die 
Punkte von goo in sich vereinigt (Fig. 6 .b). Der H-Zykel auf der hyperbolischen
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& Л  heißt Hyperzykel (Fig. 6 .c). Der Zykel ^(A , A0) kann in eine doppelt gerechnete 
Gerade entarten, wenn der Punkt A 0 mit der Polaren a des Mittelpunktes A in- 
zidiert, ja es gibt zwei Geradenspiegelungen durch A die den Punkt A 0 in den be
trachteten Punkt von a überführen. Die Menge Ж  der Grenzpunkte der hyper
bolischen & Л  heißt auch der Grenzzykel, dazu gelangen wir, wenn A 0 ein Grenz
punkt ist; der Mittelpunkt A kann beliebig aber nicht mit a0 inzident sein.

Ist A —A 0, so besteht ^(A , A0) aus einem Punkt, dieser Zykel heißt entarteter 
Zykel. Auf der euklidischen 2PJI sei auch °° ein entarteter Zykel.

Mit Hilfe des Satzes 2.2 beweisen wir, daß ein beliebiger Punkt A l des Zykels 
<£(А,А0) in der Definition 3.1 die Rolle von A0 spielen kann, wenn (A ,A j) keine 
Grenzgerade ist.

Satz 3.1. Ist A1£<&(A, A0) und ist (A, A J  keine Grenzgerade, so ist t?(A, A0) =  
=  V(A,Aj).

B e w e i s .  Bezeichne a0k= a k0 die Spiegelungsgerade durch den Mittelpunkt 
A, für die Ak:=A$0k, Ak£(d(A, A n) gelten. Speziell sei A1: = A“01. Ferner sei 
akk:= (A ,A k), also seien a00:=(A, A0) und a11:= (A ,A 1). Dann bestehen

Ak =  =  Al11“™*0’' und a10amaok = a n a10a0* = : alk I А

nach Satz 2.2, also gilt А к£(ё(А, А0)=*Ак^ ( А ,  A ^ . Aus den vorigen Gleichungen 
folgen noch

«o* =  aMa01alk = a01an alk und Ak = A p 0“01“1* =  A l01“11“1*,

a ;
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b) c)

also gilt auch A k£<£(A, A1)=>Ak£<£(A, A0). Inzwischen haben wir auch Satz 2.1 
angewandt:

: a l l  a i o a o o a o i  =  a n -

Wenn eine Grenzgerade mit A inzidiert, so gehört ihr Grenzpunkt sowohl 
zu ^(A , A0) als auch zu c6(A , Aj).
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Jetzt folgt ein wesentlicher Konfigurationssatz, der auf dem Desarguesschen 
Satz (Satz 1.11) beruht.

Satz 3.2 (Sehnenviereckssatz (Fig. 7)). Nehmen wir an, daß eine der nach
stehenden Bedingungen (i)—(iv) für die Punkte A1=^A2, BX̂ B 2 eines Zykels 
(S(X12, Ax), fü r  die Gerade xx, a12, x2, b12 durch den Mittelpunkt Xl2 und für die 
mit den entsprechenden Zykelpunkten inzidenten Geraden au , Ьц, a 22, b22 auf der 
Ebene SAM gilt:

(i) ( Figur 7.a)

b12 =  x l ai2x 2‘, A1 X x2, A j x u ,  Яц I Axi

{bu, Bx} =  {flu , {^225 A2} = {яц, Ai}ait, {b22, B2} — [a22, A2}x*i

(ii) (Figur 7.b, d)

b̂ 2 = Xo — (x^)“*12*1; A i ^  X12, Ai^fXi2] a n lA i i

{Ьц , ßi} =  {Яц, Ах}х1, {a22» A2} =  (Яц, ^l}°18> { ^ 2 2 1  B2 } =  {x -̂, Xf } ;

(iii) (Figur 7.c)

bii — (,Ui2)Xl, Xj =  x2; A i 9̂  Xx2, Яц 1 Ai',

{ b ll,Ä i}=  {Яц, J J 1', {a2 2 i A2 } =  {a l+!i ^ 1г}> {b22i В?} — {^12 5 В ц}’,

(iv) (Figur 7.e)

x 2 =  (xty™, bi2 =  a12; A x ^  X i2, A ifx12; Яц I Aii

{Ьц. Bi } =  К , Xi }, {n22, A2} — {яц, Ai}“™, {b22, B2 } =  {x í, X 2 }.

a) Die Geraden au , a 12, a22 haben einen Punkt A gemein, die Geraden Ьц, bi2, b22 
haben einen Punkt В gemein.

b) Seien tx.= (Ai, x x, BJ die Gerade, die mit Ax, Bx inzidiert und zu x x senk
recht ist und ebenso t2:= (A 2, x 2, B2)\ ferner sei deren Schnittpunkt 7’: =  [/1, t2]. 
Dann liegen А, В, T auf einer Geraden.

B e w e is , a) Wir brauchen uns nur mit dem Fall (i) zu beschäftigen, sonst gilt 
ja die Behauptung a) offenbar. Es gelten die Gleichungen

Ű  —  / 7 a 12  h  -----  U x l a l 2 x 2. —  h b  1 222 —  “ 11 9 “ 22 —  “ Ц  —  “ 11

und daraus folgt die Behauptung.
b) Erstens nehmen^wir A i^ B ijä n . Wir können auch А, В ( tx, t2 voraussetzen. 
Im Falle (i) seien A:= [t2, a12], B: = [t2, bi2\. Dann gehen die Geraden (Ä, Ax) — 

=  f212 und (B,Bi) = t212 bei der Spiegelung xx ineinander über, da (/f12)*l =  
=  t22“ltXl = t2lt gilt. Das bedeutet, daß die Dreiecke AÄAX und BBBL in bezug 
auf die Gerade xx perspektiv sind. Sind A jfB ± A ^ B ,  so folgt die Behauptung 
aus dem Satz von Desargues (Satz 1.11). Ist Ä = B, d. h. aL2=bv,= x1a12x 2, x2 = x “ 12 
(Satz 3.1), so gilt die Behauptung wegen í2 = íí 13 und A ,B l a u . Der Fall A = B 
trifft ein, wenn Ax = Bi und A2= B2 sind.
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Im Falle (ii) nehmen wir erstens an, daß der Zykelmittelpunkt X12 ein äußerer 
ist (Fig. 7.b). Der vorige Beweis gilt auch jetzt, aber hier sind B = B2, (B2 , Bx) = 
=  № ,  AJT»XK

Zweitens nehmen wir an, daß X£  ein Grenzpunkt ist (Fig. 7.d), ferner nehmen 
wir indirekt an, daß die Geraden J^4, B) und Bx) einander in einem von
T  und A verschiedenen Punkte T schneiden. Die Gerade (T, A2) schneidet den 
Zykel i?(JFia, Aj) in inem zweiten Punkt ß 2, der von A2 zufällig nicht verschieden 
ist: В2:=А1г, wo Зс21 X12 und x 2 J_ (T, A2) sind. ß 3 ist kein Grenzpunkt mehr. 
Dann inzidiert aber der Schnittpunkt ß  von bu  und B22:—af | mit der Geraden 
(А , В, T ) nicht, was ein Widerspruch zur Behauptung im Falle (i) ist.

In den Fällen (iii) und (iv) gelten die Behauptungen offensichtlich (Fig. 7.c, e).
Die Möglichkeit Al =B1 bereitet nur im Falle (ii) eine gewisse Schwierigkeit. 

Dann führen wir mit der bereits beschriebenen indirekten Methode einen von Bx 
verschiedenen Zykelpunkt ein, und bekommen einen Widerspruch zu einer der 
vorigen Behauptungen (eventuell mit Indextausch 1-—2).

4. Brennpunkte eines Kegelschnittes

D efinition  4 .1 . Auf der Ebene SPJÍ betrachten wir die Punkte А, В und die 
Gerade xx. Wir nehmen an, daß A, B \x x ist, x t keine Grenzgerade und A XlX B  
sind. Sei der Schnittpunkt der Geraden au :=(A, BXl) und bu :=(B, A Xl) 
auf hier sind au  und bu  die Leitradien zu x x und Xn . Die Gerade xx ist so ge
geben, daß weder an  noch bu  Grenzgerade sei (Fig. 8 ).
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Wir definieren zu jedem Punkt X lt der Geraden хг eine Gerade x;, Leitradien 
an und bu einen Punkt Xu mit Hilfe der Geraden au : — (Xu , А) und bu : = 
—(XU,B );  die so definierten Geraden xt, bzw. Punkten X u bilden den Linien
kegelschnitt l(x1, А, B), bzw. den Punktkegelschnitt p{xx, А, B). Die Gesamtheit 
von / und p  wird Kegelschnitt genannt.

a) Sind au und bu keine Grenzgeraden (Fig. 8 ), so definiert die Gleichung 
x1:=alix1bli die Gerade x;. au:= a“}- und bü: = b\\l sind die Leitradien, und 
es sei Xti: = [ati, bu] der Schnittpunkt von an und bn.

b) Sind, zum Beispiel, alt keine Grenzgerade aber b^ eine Grenzgerade (Fig. 
9 a), so seien x t+ :=b$  =  :Ь$ , ац:=аЧ\‘, Х а: = [а„Ь?,].

c) Sind aíi=bu  zusammenfallende Grenzgeraden mit den Polen A^ = B£ ,
so seien x t  := at,=  = :a$ = :b?t , X $  :=A},= ВЦ (Fig. 9.b).

Wir nehmen an: die Gerade sei so gegeben, daß der Fall nicht vorkomme, 
in dem аЦ,ЬЦ Grenzgeraden sind und аЦ^ЬЦ gilt.

Die Punkte A und В heißen die Brennpunkte des Kegelschnittes.
Man sieht, daß ein Zykel (Definition 3.1) als ein Punktkegelschnitt mit 

zusammenfallenden Brennpunkten aufgefaßt werden kann.
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Fig. 9

Satz 4.1. Die Gerade xf des Linienkegelschnittes /(xx, A, B) inzidiert mit dem 
entsprechenden Punkt XH des Punktkegelschnittes p(x1,A , B). Es gelten die folgenden 
Behauptungen:

a) aft = bu .
b) Sind au , bu keine Grenzgeraden, so gilt а(‘ = bn.

B e w e i s , a) dfc=(A, Bxj Xl=(Ax\  B) = b11.
b) ax{= afpXlbl‘= axl bli= bbl‘= bti.

Daraus folgt, daß sich die Geraden a11, x 1,b 11 im Punkt X u , aih xis bu in Zu
schneidern

Ist хг+ eine Grenzgerade, so folgt X H 1 x;+ aus der Definition 4.1.
Jetzt zeigen wir, daß die Rolle der Geraden xx in Definition 4.1 nicht aus

gezeichnet ist. Die Verallgemeinerung des Gegenpaarungssatzes von H e s s e n b e r g  

([1], §. 4, 8  und §. 5, 6 ) führt dazu, daß der Linienkegelschnitt ein projektives 
Gebilde ist.

Satz 4.2. Es seien x 2 keine Grenzgerade und x2dl(x1, А , В). Dann gelten die 
folgenden Behauptungen:

a) /(x l5  А, B) = l(x2, А, В); p (x1; А, B )—p (x 2, А, B).
b) Unter den Geraden, die mit dem Brennpunkt A inzident sind, ist die Abbildung 

аи —а21 (im Sinne von Definition 4.1) eineindeutig und projektiv. Die gleiche Be
hauptung ist fü r  die zum Brennpunkt В gehörige Abbildung bu -*b2i gültig (Fig. 10).

c) Die Abbildung Z 1;—X 2i der Geraden xx=  [Xxl, X 12, ..., Xu , ...} a u f die 
Gerade x 2—{X21, X22, ..., X 2i, ...} ist projektiv. Der Linienkegelschnitt /(xx, А, В) 
ist das Gebilde der projektiven Punktreihen xx und x2.
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Fig. 10

B eweis, a) In Satz 4.1 haben wir gezeigt, daß die Gleichungen axxal2=a2xa22, 
x 1 x b . Xi @ 12 x 2—b , x  2ci22 л о =  b22, ЬцЬ^ 2 = ^2i ̂ 22 gelten. Nehmen wir an,
daß xt^l(x2, А, ß )  ist. Wir werden beweisen, daß auch х ^ 1 (х г, А, ß) ist. Die 
Umkehrung wird trivial sein.

(i) Sei x i:= a2ix2b2i mit a2i I A  und b2i 1 ß, ferner führen wir die Geraden 
au := au a12a2i und b:u =bn b12b2i ein. Hier gelten au I A und bu I В nach Satz 
2.2.a. Dann ist х^Ьц -(ä2j ü i2a 11) .v2{bsibi2b2i) =  u2l(üi2x^h^2)b2i -o2ix2b2i — .v(-. Aus 
Satz 2.2.a folgt, daß die Geraden xx, alh bu, x ; mit einem einzigen Punkt Xu in- 
zidieren, was zuerst zu beweisen war.

Andererseits gilt alia11au = (a2ia12au)an (al l a12a2i)=a2ia22a2i=au und ebenso 
gilt bubixbxi=b2ib22b2i=bü\ also bekommen wir denselben Punkt X u und dieselben 
Leitradien au, bu ob aus x2 oder aus x1£l(x2, А , B) definiert.

(ii) Sei z.B. x f  =b£; mit den Bedingungen x f  =(Ь&)х*а*‘, a2i I A, b£t \ B  
(Satz2.2.b). Ferner führen wir die Geraden au := an a12a2i und Ь£:=Ь£=х? = :b£ 
m it ai; I A, bú I В  ein.

( Ы У ^ и  — ( b 2i ) t ft21 &ll) *1 (« ll °12 a 2 |) =  [ b 2i )  X2 fl2i =  X ?

zeigt nach Satz 2.2.b, daß die Geraden x,, au , x ;+ =b2i mit einem einzigen Punkt 
X u inzidieren. Ebenso wie im Falle (i) folgt aa= au a1Lau =a2ia22a2i, woraus sich 
die Behauptung ergibt.

(iii) Sei Xj+ =b2i =a2i (Fig. 9. b). Aus der Definition 4.1 folgt x f  =а£=Ьц = 
= a£= bfi, also ist Xi'l= X i+ der Pol von хг+.

b) Im vorigen Beweis der Behauptung a) haben wir gezeigt, daß die Abbildung 
üii—ö2i durch die Gleichungen

ai;an ai2 =  «гг bzw. (ай ) “ ! 1“ 12 =  a2i =
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gegeben ist. Die erste Gleichung kann in die Form an (йцa u au ) a12= a 2i geschrieben 
werden; daraus können wir entnehmen, daß die Abbildung a u - » a 2i die Komposi
tion der Spiegelung x - * x aw . = a 11x a 11 und der Gegenpaarung y - * a n y a 12 ist. 
Beide Abbildungen sind im Büschel durch A erklärt und auf die zufälligen Grenzge
raden so erstreckt, daß eine Grenzgerade durch A sowohl bei der Spiegelung als 
auch bei der Gegenpaarung in die andere Grenzgerade durch A  übergehe, wo diese 
letztere mit der ersten zusammenfallen kann. Die Spiegelung ist offenbar eine pro
jektive Abbildung. Der folgende Satz zeigt, daß auch die Gegenpaarung projektiv 
ist. Also ist die Komposition eine projektive Abbildung.

c) Diese Behauptung folgt aus der vorigen.

S a t z  4.3 (Verallgemeinerung des Gegenpaarungssatzes von Hessenberg). Seien 
die Geraden и und v durch den Punkt A so gegeben, daß u, v keine Grenzgeraden sind. 
Für x l  A sei y: = uxv, wenn x  keine Grenzgerade ist, und sei y +  : =  (x+)“ =  (x+)1’, 
wenn x + eine Grenzgerade ist. Die so definierte Gegenpaarung x-~y des Büschels 
A ist eine projektive Involution.

Der Beweis zeigt, daß der Satz als eine Beziehung zwischen denjenigen Kegel
schnitten interpretiert werden kann, welche den Brennpunkt A und zwei Linien 
xx und x2 gemein haben (Fig. 11).

Sei P2 ein innerer Punkt, der weder mit aik:—u noch mit a12:=v inzidiert. 
Seien die Geraden a2i:=(P2, A), alk:=ua2iv, die Punkte Pk I alk, X 121 v(P1, X12̂ Ä )  
und die Geraden x1: — (P1 > X k2), x2:=(P2,X 12) so festgesetzt, daß xk und x2 
verschieden, ferner keine Grenzgeraden sind. Außerdem bestehe A Xi{b12:—x1a12x2.

Mit einem beliebigen Punkt X u  auf и betrachten wir die Geraden хр.=(Р2, X ik) 
und xk: = (P1,X ik), die Schnittpunkte x j und X 2k:—[x2,x k], ferner
die Geraden au :=(A, X ki) und a2k: = (A, X 2k).

Wir sollen zeigen, daß die Gegenpaarung die Geraden x : —au und y : = a 2k 

einander zuordnet. Dann bekommen wir unter den Büscheln А, P2, Рг, A die Pers- 
pektivitäten

A (au) ^  P2 (x,.) Л  (x j  A (a2k)

mit den Achsen xx ,u ,x 2. Diese Perspektivitätskette beweist, daß die Gegenpaarung 
projektiv ist. Zugleich ist klar, daß sie involutorisch ist.

(i) Erstens beweisen wir, daß x l5  x2, x;, x k Elemente eines Linienkegel
schnittes l ( x 2 ,  А, B) sind. Seine Brennpunkte sind A und der Schnittpunkt B: = 
= [ b 1 2 , b 2b  wo b 12: = x k a 1 2 x 2 und b 2 i : = x 2 a 2 i X i  sind (Satz2.2.a).

Da P2 ein innerer Punkt is, kann x; niemals Grenzgerade sein, das vereinfacht 
die Diskussion.

Sei xk keine Grenzgerade (Fig. ll.a , b ohne Strich). Aus den Gleichungen

Ьki ’ b i2 X i a i2x 2, b 2i x 2a 21x k ,

a kl  :=  a k ia i2a 219 b k 1 •= x ka klx k

folgt (Satz 2.2.a)

bkibi2b21 = xkakiai2a21x1 = хкак1х к = bkl, also bki, bkl I B.
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Sei xk Grenzgerade (Fig. ll.b  mit Strich). Dann haben wir

biti ■= XÍ  = Ы ) а«‘х‘, bi2 := xiOi2x2, b21 :=  x 2an x 1,
(Ю

akl := akiai2a21, b£i := x i  =
woraus

(*>«)*“ 6 ,1  =  (x i ) “ * , * « “ * * 1 =  =  x i  =  b i  =  b i ,

also x i  =bki =bkl I В folgt (Satz 2.2.a).
Da A Xl\b 12 gilt, so existieren bn :=(B, AXl) und au :=(A, BXl) eindeutig 

und besteht ax{=bl l .
(ii) Wenn an  und bxl keine Grenzgeraden sind (Fig. 11 .a), so können wir die 

Methode im Beweis von Satz 4.2.a anwenden. ац:—аХ1а12а21 und bxi:= bxxbx2b2i 
sind keine Grenzgeraden, ferner gilt alix 1bli=xi.

Sei xk keine Grenzgerade (Fig. ll.a). Aus den Gleichungen

(2)

folgt

Sei x£

(20
folgt

Í bki := xkakixb ba = Xiaixx x, b12 := x xa12x 2, 
la/t2 := akiaiiaizi bk2:=  bkibab12

X k a k 2 X 2  ~  X k a k i a i l a l 2 X 2  =  Ьк1 Ь п Ь 1 2  =  Ь к 2 . 

eine Grenzgerade. Aus den Gleichungen

(b i  := x i  = (x i)ak>x‘, ba -  XiOaX!, b12 := x xa12x2, 
W  := akiaa a12, bi2 := x i  =  (bi)b>i*n

( x i ) a « * x 2 = (x i)akiana4 x2 = (b i)b*b>* = x i  = bi2.

Nach Satz 2.2 bekommen wir in beiden Fällen, daß au I Xu , aik I X2k und 
a2k=uau v gelten, was zu beweisen war.

(iii) Nehmen wir an, daß axl, b i  Grenzgeraden sind (Fig. ll.b). Für die Grenz
geraden ai2:=(ai)°'* und bi2:= (bi)hv- gilt

(aÍ ) x- = (a£)aii*lb 12 =  Oíi)*1*12 =  (b i)b4 =  b22.
Nach Satz 2.2.c gilt

(au)x‘ =  O Í \)aii**bn = (ai2)x*b*< -  (Ь Ц ^  = Ы ,

und es folgen a i : = « u 1 Xu und b i:= b n l Xu .
Sei xk—akixibki keine Grenzgerade (Fig. ll.b  ohne Strich). Ebenso folgen 

aik: =  a i  I X2k und bik:=b221 X2k aus dem vorigen Gedankengang.
Sei xk Grenzgerade (Fig. l l .b mit Strich). Da x t keine Grenzgerade ist, so 

kann wegen (Г) nur xk =b22 bestehen. Also inzidieren a2k:= a i  und b2k:= b22 
mit X2k, darum gilt

(ai ) u =  (ou)v — a2k, was zu beweisen war.
B e m e r k u n g . Der letzte Fall im vorigen Beweis zeigt, wie ein entarteter Linien

kegelschnitt in Definition 4.1 auftreten kann, wenn wir ein Beschränkung dort 
weglassen.

Acta Mathematica Academiae Scientiarum Hungaricae 31, 1978



336 E. M OLNÁR

Satz  4.4 (Äquivalenz der Brennpunktpaare). Betrachten wir ein Vierseit aus 
den Grenzgeraden h+, h i , h£, h£ bestehend und die Schnittpunkte A: = [hi,h£], 
В : =  [h.j , /г4+], w o  man zum Beispiel im Falle h± =h£ den Grenzpunkt A + : = H f  = 

nimmt. In der Definition des Kegelschnittes können zwei beliebige Gegenecken 
des Brennpunktvierseits die Rollen der Brennpunkte А, В übernehmen: Wenn 
С : =  [Л3+, h£ ] und D : =  [Л4+ , I fi] sind, so gelten l(xlt A, B) = l(x1, C, D) und 
P(x i ,  А, ß )= p (x1, C, D) (Fig. 9).

B e w e i s .  Für Хи I  х г seien die Verbindungsgeraden mit А, В, C, D respektive 
alt, bu , cu , du . Speziell für Xn  seien diese Verbindungsgeraden an , bn , cn , dn .

(1) Wenn x i:=alix 1bli keine Grenzgerade ist, so sind weder cu noch dlt Grenz
geraden. Es gilt (hi )üliCl<bli = (h£)Clibli = (h£)bu =  h£ ; daraus folgt aliclibli=du 
nach Satz 2.2.a. Also besteht

CuXidu = C uxfia .iC .fifi = cli(x1alicli)bli =

= cli(clialix 1)b li =  auX lbu = x t.

Speziell gilt a11c11b11 = d11, ferner nach Satz 4.1 folgt auch cu x1 </11 =  x1. Für Xu 
ergeben sich аа с,;й|г=«/;; und ciix idii= xi mit Hilfe der vorigen Methode. Das 
entspricht der Behauptung des Satzes.

(2) Wenn Xi eine Grenzgerade ist, zum Beispiel x + = h f, so haben wir die 
Fälle (i)—(iii) zu untersuchen. Wir sollen die Gleichung

\Pii» bu] . Хц Хц . [сц, df J
beweisen.

(i) Wenn h t  und h£ ?±hZ gelten, so sind au , cu keine Grenzgeraden, 
doch besteht bii=du =h£  (Fig. 9.a).

Dann sind aH= au an au , cit= си с̂ С ц , Xu= [ан,К ) ,Х ц = [cfj, А /] gültig (Satz 
4 . 1 ) .  Nach Satz 2.2 ergibt sich X u =  Хц, d. h. (h f )a‘,c“ = ä4+, wie folgt:

(h^)ancii =  (hi y aua>iaii)(cu ciici<) =  (Â ‘)(en*ibn*i»uHcu*i<,ii*xcu) =

=  A i(xi cií) =  (h^ )^n  ciiaii^n txi cTi) =

=  (h£)cnaiidn.<.XiCii) =  (й+)вц«,ц(*1«ц) =  (h+)<hi(*i<Ti) — (h£)xicu = /) + .

(ii) Wenn hi =hi aber h£ von ihnen verschieden ist, so ist cu keine Grenz
gerade (Fig. 6 .c, 9.b): Сц^С цСц Сц .

Jetzt sollen wir beweisen, daß си I X i , d. h. (h£)c,l=h£ gültig ist. Nach 
Satz 2.2 folgt

(h i)cuca.cu = (h i)cu(xidn xJ cii = ( h i ) (c-“xödii(xi cu) — (h i)dn(* i cii) =  ( /i4+)xi c'ii =  hi .

(iii) Ist h£ = h f =h£  (Fig. 9.c), so folgt X i  —X ,f aus der Definition 4.1. 
Der Kegelschnitt auf Fig. 9.a hat 3 äquivalente Brennpunktpaare, die Я-Zykeln

auf Fig. 6 .c haben 2 Brennpunktpaare usw.
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5. Leitzyklen eines Kegelschnittes

D efinition 5.1. Zum Kegelschnitt l(xx, А, В), p(xx, A, B) betrachte man die 
Leitradien alx=(A, X lx) und bxx=(B, Xxl). Wir wählen einen Punkt Ax auf an  
aus, dann liegt B^. — A*1 auf bxx (Satz 4.1). Die Zyklen # (А , A x) und В, Вх) mit 
den Mittelpunkten A bzw. В sind die Leitzyklen des Kegelschnittes.

Fig. 8  zeigt, daß ein Kegelschnitt, von Ax abhängig, viele Leitzykelpaare haben 
kann. Zum Beispiel entartet im Falle AX = A der Zykel %?(А, A x) in den Brennpunkt 
A. Ist Ax ein Grenzpunkt, so fallen beide Leitzyklen mit dem Grenzzykel der Ebene 
zusammen, zu diesem wichtigen Spezialfall kehren wir in Sektion 6  zurück. Jetzt 
stellen wir ins rechte Licht der Sinn und das Ziel der bisherigen Definitionen und 
Sätze durch dem Satz 5.1, der eine Folgerung des Sehnenviereckssatzes 3.2 ist.

Satz 5.1 (Inversion zwischen den Leitzyklen eines Kegelschnittes). Betrachten 
wir den Kegelschnitt l(xx, А, В), p (xx, А, B) mit den Leitzyklen ^ (A , Ax), ^ (B , Bx). 
Nach Definition 4.1, Definition 3.1 sei x fi l(x x, А, B) mit Leitradien aVl und hu , auf 
den A fú 'iA , A x) bzw. B f é (  В, Bx) die entsprechenden Leitzykelpunkte sind. Ferner 
sei /;: =  (At, x t , Bf) die zu x t senkrechte, mit At, Bt inzidente Gerade. Die Gera
denmenge {?;} bildet ein Büschel T, wo der Punkt T mit der Kegelschnittachse 
s: = (A. B) inzidiert, oder mit A —B zusammenfällt.

Der Beweis ist nach Satz 3.2 offenbar (Fig. 8 , 7). Wir heben nur den Fall 
hervor, daß x i:—alix1bli (Definition4.1),

=  {űm ^ i} íu) =  {an ? ^ i} Xl) {h(j, B f  =  {bn , Bx}»u

gelten (Definition 3.1, Satz 4.1). Dann liegen die Punkte A x, A t, Bh Bx auf einem 
Zykel mit dem Mittelpunkt X xi. Nach Satz 3.2 schneiden sich die Geraden 
tx: = (Ax, xx, Bx) und ti:=(Ai, X{, Bt) entweder in einem Punkt T  der Geraden 
(А, B) oder es gilt A = P=T.

Die übrigen Fälle kann man wie im Beweis von Satz 3.2 (Fig. 7) behandeln.

Bemerkung. Die Definition der Inversion auf der metrischen Ebene zeigt 
die enge Verbindung zwischen dem Büschelsatz (Satz 5.1 in [5]) und dem vorigen 
Satz 5.1.

6. Asymptoten eines Kegelschnittes auf der hyperbolischen Ebene

D efinition 6.1. Zum Kegelschnitt l(xx, А, В), p(xx, А, B) betrachte man die 
ZU X j ,  gehörenden Leitradien axx = (A, jTu ) und bxx= (B, X xx) (Fig. 12). Nehmen 
wir an, daß die Gerade axx zwei Grenzpunkte E f ,  Gx hat (also die Einbettungs
ebene hyperbolisch ist), ferner X lx kein Grenzpunkt ist (Satz 4.2). Seien Fx : =  ( E f  )Xl 
und H f  :=(Gx )Xl, uxl:= (E f, x x, F f)  und vu := (G jt,xx, H f )  eingeführt.

a) Ist Х1—ацХхЬх1 in Definition 4.1 eine Gerade von l(xx, А, B), so seien
E f  := {E f)“u, G t:= (G ?y» , { F f , Hf } :  = { F f , H f } \  wobei {E f,G ? }* ' =
=  {F;+, H f)  gilt, ferner die Geraden uu: — ( Ef ,  x t, Ff ) ,  vH: = (Gf ,  x t, H f )  definiert.

b) Ist x;+ = b f  =b f  und ist axi keine Grenzgerade (Definition 4.1), so seien 
{Ef ,  Gf}:  = {Ef ,  G?}°», {Ff ,  Hf } :  = { Xf ,  X f ) ,  uH: = ( E f ,  x f ,  Ff ) ,  vu: = 
— ( Gf , x f , Hf ) .
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Fig. 12

с) 1st х?:= а£= Ь £  eine Grenzgerade, so seien E f  =  F f  =  G+ =  H f  = X f  
und И;Т=Г|| := х (+.

Aus Satz 5.1 wissen wir, daß sich die Geraden der Menge im Punkt U, die 
Geraden der Menge {ri;} im Punkt V auf der Achse s:= (A , B) schneiden oder 
U = V —A ~ B  besteht. Die Punkte U und V sind die Asymptotenpole des Kegel
schnittes, ihre Polaren и bzw. v sind die Asymptoten. Die Geraden uü und vu sind 
die Asymptotenradien zu xh Xu . E f  F f  G f H f  ist das Leitviereck zu xt, Xit.

Satz  6.1. Für die auf der Achse s liegenden Brennpunkte А, В  und Asymptotenpole 
U, V eines Kegelschnittes können die folgenden Fälle (i)—(iv) auftreten:

(i) А, В, U, V sind keine Grenzpunkte, und es gilt U=AVB. Die Punkte 
sind alle verschieden, oder fallen alle zusammen (Fig. 12).

(ii) Zum Beispiel ist B+ =  V + ein Grenzpunkt, doch sind A und U keine Grenz
punkte (Fig. 13. b, c).

(iii) Zum Beispiel sind A + = U + und B + = V + zwei Grenzpunkte (Fig. 6 .c 
mit C +, D + statt A +,B +).

(iv) A~ = B~  =  (/+ — V + ist ein Grenzpunkt (Fig. 6 .b).
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Beweis. Betrachten wir das Leitviereck E f F f G f  H f  und die mögliche Achse 
s, für die Xi j f  j  gilt (Satz 4.2.a).

(i) Die Achse л ist mit keiner Ecke von E f  F f  G? H f  inzident. Die Spiegel
ungskomposition AVB  ist nach Satz2.2.a eine Spiegelung an einem Punkt auf s, 
welche Spiegelung die Grenzpunkte von «n  vertauscht:

( E f ) AVB = (Gt)VB = (H f )B = F f .

Darum gilt AVB=U,  ja  и1г schneidet in U die Achse s. Ein Zusammenfallen ist 
nur bei E f  — H f ,  F f  =  G± möglich. Dann gilt A = B = U = V ,  der Kegelschnitt 
ist ein Zykel (Fig. 6 ), s ist nicht eindeutig.

(ii) s inzidiert mit einer Ecke von E f  F f  Gf  H f , z. B. mit H f . Dann gilt 
B+ = V+= H f .

(iii) s ist z. B. £j+ H f , ferner bestehen £j+ ^ H f  und F f ^ G f .
(iv) s inzidiert z.B. mit E f = H f ,  ferner besteht auch F f  = Gf .  Da xu 

in Definition 6 .1 kein Grenzpunkt ist, so hat man keinen weiteren Fall für s und
E f F f G f H f .

Jetzt haben wir weitere Möglichkeiten zum Angeben eines Kegelschnittes, wir 
sollen erst das Analogon der Figur 12 aus gewissen Angaben herstellen. Die logische 
Symmetrie zwischen den Brennpunkten und Asymptotenpolen wird durch den 
folgenden Satz hervorgehoben.

Satz 6.2. Für die Punkte А, B, U, V auf der Geraden s sei eine der Bedingungen 
(i)—(ii) erfüllt:

(i) Für verschiedene Punkte gilt U = A VB;
(ii) Zum Beispiel ist B + =  V+ ein Grenzpunkt, doch sind A ^ U  keine Grenz

punkte mehr.
Es gibt genau einen Kegelschnitt mit den Brennpunkten А, В und den Asymp

totenpolen U, V (Fig. 12, 13).

Beweis. Der Grenzpunkt E f  sei so gewählt, daß E f  \ s , a , u  gelte. Dann legen 
wir an : =  £j+G^ durch A, u „ \= E f F f  durch V, bu : = F f  H f  durch B, vu : = 
:=G ?H f  durch V, ferner sei Xn := [au , 6 U] und sei x1 := (G n , Vu ). Aus Satz 5.1 
folgt, daß der Kegelschnitt l(xl f A,B),  p (x1, A, B) die Asymptotenpole U, V hat.

Wir können eine zu Definition 4.1 duale Definition des Kegelschnittes mit Hilfe 
der Asymptoten geben (Fig. 12).

Definition 6.2. Auf der Ebene 3PJt betrachten wir die Geraden u, v und den 
Punkt X u . Wir nehmen an, daß u ,v f X lx ist, X n  kein Grenzpunkt ist, und vFuXl1 
gilt. Sei X] die Verbindungsgerade der Schnittpunkte Gu : =  [w, vXl1] und Vu : =  
: = [v, z/*11] durch Xxl; hier sind Un  und Vu  der Asymptotenpunkte zu X n  und xx. 
Der Punkt X xx sei so ^e^eben, duJß weder (7л noch Vu  Grenzpunkt sei.

Wir definieren zu jeder Geraden y u durch X u einen Punkt Xu, Asymptoten
punkte UH, Vit, eine Gerade x, mit Hilfe der Schnittpunkte Uu : = [u, y lt], Vu : = 
: = [v, ylf] ; die so bekommenen Punkte X u bzw. Geraden x t bilden den Punktkegel
schnitt p (Xn ,u ,v )  bzw. den Linienkegelschnitt I(XU, u, v). Die Gesamtheit von 
p  und / wird Kegelschnitt genannt.
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a) Sind Uu und Vu keine Grenzpunkte (Fig. 12), so definiert Хи:= ии Хи Уи 
den Punkt Xa. Uu: = Unu und Vu : =  V£l sind die entsprechenden Asymptoten
punkte. Es sei Xi:—(UU, Vu) die Verbindungsgerade von Uu und Fit-.

b) Sind z. B. Uu kein Grenzpunkt aber VJ  ein Grenzpunkt, so seien X f  : = 
: = V+ = Vjt, Uu: = Uixu, xt:=(Uu, Vf).

c) Sind U f  — Vu zusammenfallende Grenzpunkte mit den Polaren ufi =  Vu , 
so seien X& : = U f  = VJ = : U f  = Vtf , x f . = «Й S •

Der Punkt * i i  sei so gegeben, daß der Fall nicht vorkomme, in dem U f И Vit 
verschiedene Grenzpunkte sind.

Die Geraden и und v heißen die Asymptoten des Kegelschnittes.
Auf der hyperbolischen Einbettungsebene können wir auch mit spiegelungs

geometrischer Methode die Verbindung zwischen Definition 4.1 und Definition
6 . 2  beschreiben.

Satz 6.3. Nehmen wir an, daß die Asymptotenpunkte ü/u  und Fu  in Definition 6.2 
von p(Xn , и, v), / (Xn , u, v) äußere Punkte sind. Dann existieren die Brennpunkte А, В  
auf der Achse s:=(U,V),  für  die p(Xn , u, v)=p(x1, А, B) und l(Xu , u, v) = 
=  /(x l5  А, В) im Sinne von Definition 4.1 gelten.

Beweis. Zuerst bemerken wir, daß Definition 6.2 die Mengep  und / selbständig de
finiert, ja man kann die zu dem Sektion 4 dualen Sätze ebenso beweisen. Doch 
kann man sagen: die Polaren der Punkte von р (Х 1г, и, v) bilden einen Linienkegel
schnitt l(xn , U, V) (Fig. 13), die Pole der Geraden von l(Xn , u, v) bilden einen 
Punktkegelschnitt p(xu , U, V) mit den Brennpunkten U und V, wo U, V die Pole 
von и bzw. v sind. Die zu xu  und Xx gehörenden Leitradien von l(xn , U, V) sind 
uu  und vn , d. h. die Polaren von Un  bzw. Vn . Nach der Annahme haben un  und 
тц  je zwei Grenzpunkte E f , F f  und G£, H f  . Die Geraden au := (£ x+ , ),
bu : = { F f , H f  ) durch Xu  schneiden aus der Achse s:=(U, V) die Asymptoten
pole А, В von /(xu , U, V), p (xu , U, V) heraus (Satz 5.1 und Satz 4.2.a).

Umgekehrt, geht man von den Brennpunkten А, В und der Geraden x 1 aus, 
so haben /(xl5  А , В), р(хг, А, В) die Asymptotenpole U, V.

Nach Satz 6.2 bestimmen А, B, U, V den Kegelschnitt {/(х15 А, B) ,p(x1, А, В)} = 
= {1(Хг i ,u,v) , p (X11,u,v)}  und den zu ihm polaren Kegelschnitt
{p{X1,a,b), l(X1, a, b)}= {p(xu , U, V), l(xu , U, V)}. Im vorigen Gedankengang 
haben wir die Fälle A = B = U = V  und A + = U + t±B+ = V + ausgeschlossen, in 
diesen Fällen ist der Kegelschnitt ein Zykel und die Behauptung einfacher bewiesen 
werden kann.

Wir heben aus dem vorigen Beweis die Definition der polaren Verbindung zwi
schen den Kegelschnitten auf der hyperbolischen Einbettungseben hervor.

Definition 6.3. Zu dem Kegelschnitt /, p (x x, Xn ,  A, B, u, v) mit den Brenn
punkten А, В und Asymptoten u, v (Definition 4.1, Definition 6.1) betrachte man die 
polaren Elemente. So bekommen wir den zum vorigen polaren Kegelschnitt 
l, p  (хц , Zi, U, V, a, b) mit den Brennpunkten U, V und Asymptoten a, b 
(Fig. 9.b, 13).

Die Sätze 4.4, 6.1—3 erleichtern die ökonomische Klassifikation der Kegelschnitte 
auf der hyperbolischen Einbettungsebene.
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7. Klassifikation der Kegelschnitte

Nach Definition 4.1 kann man die Kegelschnitte auf der projektiven Einbettungs
ebene 3PJÍ einheitlich erklären. Ohne Einbettung wäre das Analogon von Definition 
4.1 sehr kompliziert und unübersichtlich. Ferner könnte man die Kegelschnittklassifi
kation auf der metrischen Ebene J Í  aus der folgenden Klassifikation auf SPJt entneh
men, wenn man die mögliche Modelle für jM in SAJÍ aufzählen könnte. Doch ist dieses 
Problem noch nicht gelöst.

Bei der Klassifikation der Kegelschnitte auf 3PM weisen wir auf unsere Vor
stellung über SPM (in Sektionen 1 und 2, Fig. 4, 5) hin.

Klassifikation von 1,р(хг ,А , В )  nach Definition 4.1.

ELLIPTISCHE EBENE
1. Kreis. Das ist ein Zykel, also ist A = B .
2. Ellipse. A ^B .

EUKLIDISCHE EBENE
1. Kreis. Der ist ein Zykel, also ist A = B  kein Grenzpunkt.
2. Ellipse. A ^ B  sind keine Grenzpunkte, p  hat keinen Grenzpunkt.
3. Hyperbel. A ^ B  sind keine Grenzpunkte, p hat zwei Grenzpunkte (Fig. 8 ).
4. Parabel. A ist kein Grenzpunkt, B + ist Grenzpunkt.

HYPERBOLISCHE EBENE
1. Kreis. A = B  ist ein innerer Punkt (Fig. 6 .a).
Jede der Geraden und an  kann zwei oder keine Grenzpunkte haben. So 

hat man vier Varianten, die sich im klassischen Fall auf zwei reduzieren.
2. Hyperzykel. A = B  ist ein äußerer Punkt (Fig. 6 .c). Wir haben auch jetzt 

vier Varianten, die sich im klassischen Fall auf drei reduzieren.
3. Parazykel. A += B + ist ein Grenzpunkt (Fig. 6 .b). Wir haben zwei Mög

lichkeiten, da an zwei Grenzpunkte hat.
4. Ellipse. А 9^3 sind innere Punkte (Fig. 12, 13.a). Zwei Möglichkeiten, 

wenn au  keinen Grenzpunkt hat, kommen im klassischen Fall nicht vor. Hat ou  
zwei Grenzpunkte, so existieren das Leitviereck zu x 1 und die Asymptotenpole 
U, V (Definition 6 .1). Abhängig von U, V, х г haben wir logisch 6  Möglichkeiten, die sich 
im klassischen Fall auf drei reduzieren.

5. Hyperbel. A ^ B  sind äußere Punkte, das Brennpunktvierseit ist nicht 
entartet (Fig. 9.a). Im klassischen Fall haben wir stets ein solches Brennpunktpaar, 
das heißt А, B, für das die au zwei Grenzpunkte haben. Dann existieren die Asymp
totenpole U, V für die wir zwei Möglichkeiten haben: Fig. 9.a, Polargebilde zu 
Fig. 12.

6 . Halbellipse oder Halbhyperbel. A  ist innerer Punkt, В ist äußerer Punkt 
(Fig. 10). Im klassischen Fall hat au  stets zwei Grenzpunkte, von U, V ist der eine 
innerer, der andere äußerer Punkt.

7. Elliptische Parabel. A ist ein innerer Punkt, В + ist Grenzpunkt (Fig. 13.b, c). 
bu  hat stets zwei Grenzpunkte, U und V +=B+ existieren. Im klassischen Fall 
haben wir drei Möglichkeiten von U und x 1 abhängig.

8 . Hyperbolische Parabel. A ist eine äußerer, В + ist ein Grenzpunkt, s: = (A, B +) 
keine Grenzgerade (Fig. 9.b, zu Fig. 13.c polares Gebilde). bu  hat stets zwei Grenz
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punkte, U und V + — B + existieren. Im klassischen Fall haben wir drei Möglich
keiten von U und xx abhängig.

9. Oskulierende Parabel. A  ist ein äußerer Punkt, B + ist ein Grenzpunkt, 
s: = (A, B +)= b + (Fig. 9.c). U ist ein äußerer Punkt, V += B  + .

In der klassischen hyperbolischen Ebene haben wir endlich zwanzigerlei Kegel
schnitte, wie auch die Analytische Behandlung zeigt [6 ], [7], [8 ], [9]. Unsere spiegel
ungsgeometrische Behandlung ermöglichte diese Klassifikation, wir haben auf die 
Probleme der feineren Klassifikation hingewiesen.
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A MODULE-THEORETIC CHARACTERISATION 
OF RINGS WITH UNITY

By
E. W. KISS (Budapest)

1. Introduction. If R is an (associative) ring and G is an i?-module then Gn 
denotes the maximal trivial submodule o f  G, which is defined by the following formula: 
G0 = {g€G:g/?=0}. The next characterisation of rings with unity is well-known 
(K ertész [1], Theorem 4.2):

Theorem 1. A ring R has a unit element i f  and only i f  every R-module G is the 
direct sum o f its maximal trivial submodule and o f  the module GR.

F. Szász [2] introduced the following notion: A ring R has Property E2 (in 
other words R is an E2-ring) if for every i?-module G, G0 is a direct summand in G. 
It is obvious by Theorem 1 that all rings with unity have Property E2. Kertész 
([1], Problem 1) asked:

Probrem. Has every E2 ring a unity?

F. Szász has written two papers on this problem. In [2] he gives conditions 
for a ring to have a unit element, and in [3] he describes some properties of those 
Brown—McCoy radical-rings which are also E2-rings. But the problem of Kertész 
has remained open. The aim of our paper is to solve this problem. We shall prove

Theorem 2. Every E.z-ring has a unit element.

2. Adopted notions and results. Firstly, we shall need some definitions and 
theorems from the theory of abelian groups.

An abelian group is named free if it is a direct sum of infinite cyclic groups. 
(By direct sum we mean discrete direct sum.) It is well-known that every abelian 
group is the homomorphic image of a suitable free abelian group.

Theorem 3. Every subgroup o f a free abelian group is free (Fuchs [4], Theorem
12. 1) .

Secondly, we shall use a result of F. Szász:
Theorem 4. A homomorphic image o f an E2-ring is also an E,-ring (F. Szász 

[2], Satz 2.3 (1)).

At last we quote a result of F. Szász; we shall prove it in a stronger form. Let 
us call an element a of a ring R a left multiplier, if there exists an integer n such that 
we have ar=nr for any r from R, and either a # 0 or n^O.

Theorem 5. I f  an Ez -ring R has a non-zero left multiplier, then R has a unity 
(F. Szász [2], Satz 3.4 (1)).
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(In his paper the phrase “Linksmultiplikator” means “non-zero left multi
plier” .)

3. Some preliminary lemmas. In this part we prove some results which are 
independent of the theory of E2 -rings, but we shall need them to prove our main 
theorem (Theorem 2).

Lemma 1. Let R  be an arbitrary ring, A and В ideals in R such that the factorrings 
RjA and R/B have unit elements. Then Rj(A П B) also has a unit element.

Proof. Let us choose an element e from the residue class of the unit element 
of the ring R/A. Then for every r from R we have r —re^A  and r — er^A. The element 
/  is defined in a similar way with respect to B. Let ex denote the element e + f —ef. 
We show that the class of ex in R/(Af]B)  is a unit element of this ring. Indeed, 
r — exr=(r—er) — [(/r)  — e(fr)]€A,  and r — e1r = (r—fr)  — e(r—fr)dB,  since В is 
an ideal. The relation г —ге1£ А П В  can be shown analogously.

Let л denote an arbitrary set of prime numbers, n' will denote the set of all 
primes which are not included in л. We say that an integer n is a n-number, if all 
prime factors of n are in л. Let Q* be the ring of those rational numbers which 
can be written in the form ajn, where a is an integer, and n is a 7t-number. The ring 
of all integers and rational numbers will be denoted by Z and Q, respectively.

Lemma 2. I f  then the additive group o f  Q* is not a free abelian group.

Proof. Q f  is not isomorphic to Z +, because 1 in Z+ cannot be divided by 
any of the prime numbers. Hence, it is enough to show that every direct decom
position of our group is trivial. Assume we have a non-trivial decomposition Q„ = 
= A(BB, let ajn and bjrn be non-zero elements from A and B, respectively. Then — 
since in an abelian group we can multiply by integers — the element abmn is a com
mon element of A  and B, so it is 0 which is a contradiction.

Now we shall prove an imbedding theorem. By the order of an element from 
a ring we always mean its additive order. Clearly, if a set of primes % is given, then 
those elements of a ring R which are of л-number order form an ideal, which is 
named the n-component o f R, and if we factorise by this ideal, then there are no 
л-elements in the factorring.

An algebra over a (commutative) ring J  is called unital if J  has a unit element 1, 
which acts identically on the algebra.

Lemma 3. Suppose that a ring R and a set n are given such that the order o f any 
element o f R is either infinite or a n'-number. Then R can be imbedded into a unital 
algebra over Q„.

Proof. We mention the following: if r, sf_R. and л is a л-number, then rn=sn 
implies r=s. Now let us consider the ordered pairs (r, n), where л is a л-number, 
and r£R. Let 5  denote also an element of R,  let k£  Z, and m a л-number. We say 
that the pairs ( j, л) and (r, m) are equal, if we have rn—sm. We define the follow 
ing operations:

(s, n) +  (r, m) =  (sm + rn, mn),
(s, n) • (r, m) — (sr, mn),
(s, n) • kjm =  (sk, mn).
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We must show that this equality is an equivalence relation, these operations 
are well-defined, and we have got a unital algebra. The proofs are simple computa
tions using our observation above, so they are left to the reader. Finally, the pairs 
of the form (s, 1 ) — which are, of course, different — give a subring in our algebra
isomorphic to R.

4. Proof of Theorem 2. Now, as we have promised above, we prove the following:

Lemma 4. I f  an E2-ring has a left multiplier, then it has a unity.

P roof. Let R  be an E2-ring with a left multiplier a:as= ns for any s in R. 
We consider the customary extension of R  with unit element, and denote it by 
R*. Its unit element is denoted by 1, and we consider Z as a subring of R*. The 
elements of R* have a unique decomposition of the form r+m, r£R,  Z. Of course,
R * is an i?-module, so we have R* = B@C,  where B= {r£R* :rR=0}, and C  is 
a suitable submodule. В is not zero, because a —n is a non-zero element in it.

Let 1 =b + c, b c B. c~C. Multiplying by an arbitrary s~R  from the right we 
have s=cs, and so i?gC , because C is a submodule. If c = t+ m ,  t£R, m £ Z, 
then b = l — c — —1 + \ — m. Since B + and C+ are also groups, bm£B  and e ( l - m ) íC ,  
and this implies bmdBDC,  because b m - c ( \ —m ) = - t £ R Q C .  But 2?ПС=0, 
so 0 = bm=  — tm + m { \ — m). So we have m = 0 or m= 1, and tm=0.

If m=  1, then t —tm=0, and c=0 +1 =  1. But now for arbitrary k £ Z 
and s£R, RQ  C and l =  c€C imply s+k£C,  and we have B = 0, which is a con
tradiction.

So we have got m = 0. In this case b = \ — t, and b is in B, so by the definition 
of B, t is a left unit element in R. If  .v, и are arbitrary in R, then ts—s implies (ut—u)s=  
=  0. This is true for every s, hence ut—u is in B. Then R Q C  implies ut—uCBPi 
П С =0. This implies ut—u = 0, so t is a unit element.

Lemma 5. Let R be an E2-ring and p a prime number such that R  has no elements 
o f p-power order. Then R has a left multiplier.

Pr o o f . Let n —{p) and J = Q a. By Lemma 3 we can imbed R  into a unital 
algebra S  over J. We may suppose that R generates S, because otherwise we may 
consider the subalgebra generated by R  instead of S. So every element of S  can 
be written in the form r(l/n), where r is in R, and я is a power o f p. Now we define 
an i?-module on the abelian group G= F © S + ; here F denotes a suitable free 
abelian group such that there exists an ep^morphism <p from F  to J +. We define 
the operation as follows:

( f+ s)r  = 0+[r(fcp) + sr] ( f£ F ,  s € 5 ,  r£R).

The reader can easily prove that in this way we have got an i?-module. It is 
evident that the kernel of cp — we shall denote it by К  — is contained in G0. We 
prove that K?±G0. Assume K = G 0, then, since R  is an £ 2-ring, there exists a sub- 
module H  such that G=K(&H. If  we consider G as an abelian group, then it is 
the direct sum of the abelian groups К  and H. We show that F=K®(HC\F ). 
Indeed, K f)H =0,  so it is enough to prove that F is  generated by К  and HOF.  If  /  is 
in F, then f = k  + h, since G is generated by К  and H. But K Q F ,  so hdFClH. 
We proved that F=K®(Hr\F).  Theorem 3 shows that Н П F  is a free abelian
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group. By the homomorphism theorem, /+  is isomorphic to HOF,  and this con
tradicts Lemma 2. So K ^ G 0. KQGe implies the existence of a g£G0\ K .  Let 
g=f+s ,  f€ F ,  s£S ,  then g ~ K  means that either ftp or s does not equal zero. Let 
f<p—klm and s=r/n (k£Z, r£R,  m and n are jr-numbers). g£Ga means that for 
any и from R, u(fcp)+su = 0; hence (rm)u = u( — kn). If rm is not a left multiplier, 
then rm=0 and kn=0. But R  has no 7r-elements, so r= 0 ; hence s=0. и is also 
a 7r-number; hence it is not zero, and this implies that к equals 0, and we have fip — 
= 0 = 5 , a contradiction.

Proof o f T heorem 2. Let R  be an E2-ring, p  and q distinct prime numbers. 
If  we factorise by the p-component of R then we get a new ring R'. It is also an 
i'a-ring, by Theorem 4. Applying Lemmas 4 and 5 we see that R ' has a unit element. 
A similar argument shows that factorising by the ^-component, the factorring R" 
has also a unity. But the intersection of the p- and ^-components is zero, hence 
the proof is complete by Lemma 1.
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MATRICES WITH RESTRICTED ELEMENTS, 
ROW SUMS AND COLUMN SUMS

B y

ÉVA KOMÁROMI (Budapest)

I. Introduction

In this paper we obtain necessary and sufficient conditions for the existence 
of a real matrix with prescribed lower and upper bounds for the row sums, column 
sums and the elements of the matrix.

Theorems o f  this character were proved by E rdős and M in g  [1] (see Corollary 1), 
and later by K y  F a n  [2] (see Corollary 2). The proof in [1] is carried out by a nice 
ad hoc induction argument and that in [2 ] by means of a theorem of alternatives.

Our main aim is to show that the treatment of this type o f problems belongs, 
in a natural way, to network theory, which also offers ways to discuss the question 
of integral solutions. Accordingly, we shall prove the following theorem.

Theorem. Let a ^ b i ,  Cj = d j, ( j = l ,  2, ..., m; j —\ ,2 ,  . . . ,n) be 2m +
+ 2n + 2mn real numbers. There exists a real m X n  matrix {x;j} such that

П
ai =  2 x ij =  2>i, i £ l =  {1 ,2 ,. . . , m }

I m
cj =  2 xtj — dj 1 = 1

j f i J  =  {1,2, . . . ,n)

ru Ä X.. й  s.., i € I, j ^J

i f  and only i f  the following conditions are satisfied:

c j ) ^  2 ( 2  
i €  Г' j  í  J '

2  ( d j -  2  rij) ^  2  (o t-
j t r  Ш "  i  € / '

for each / ' с / ,  / " с / ,  J'czJ, J"<zJ, where Г Щ "= 1, Г Г \ 1 " = 0 ,  J ' U J " = J ,  
J ' C\J"= 0  ■ I f  at , bt, Cj, dj, ri}, stj are integers and the system o f inequalities (1) 
has a solution at all, then it has an integral solution as well.

In the heart of network theory there stand three theorems: Ford and Fulkerson’s 
max flow-min cut theorem, Gale’s theorem on demands and supplies, and Hoffmann’s 
circulation theorem (see [3]). The result of the present paper could be more directly 
proven by Hoffmann’s theorem. But since Gale’s theorem seems to be better known, 
our proof will be based on the latter.

My grateful acknowledgement is due to Dr. I. Danes for calling my attention 
to this problem and suggesting its connection with network theory.
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П. The proof of the theorem

First let us recall Gale’s theorem on demands and supplies:

Let us be given a network defined by the set o f  nodes /= {  1, 2, ...и} and the set 
o f  arcs (i, j )  (i € /. j -J ) ,  with the capacities k u ^ 0  o f arcs and the intensities gt 
o f  nodes. Then there exists a flow {хи} fulfilling

n n
2  X u -  2  xa = St, i t  I

j =i j =г
0  á X y í k y ,  i e l ,  j £ I

i f  and only i f  the conditions

2  Si = 2  S i=  2  2  ku
i g /  i € / '  i S / ' j ' S / - / '

are satisfied fo r  each set Т а  I. When the values gi, k i}{i^J ,jcJ )  are integers and there 
exists a flow {x;j} in the network at all, then there exists an integral flow as well.

After this let us give the proof of the theorem. Denote:

zij = x i j - rij, <€/, j € J

z 0 i =  2 x i j ~ a i>
HJ

zjo = 2 x ij-Cj, j e J ;itr
Pij t jj, i£I, j  £ J
P<n =  b i - a i ,  i £ l  

Pjo ^ j Cj, j J
pkl =  0  otherwise;

Si 2  zij zoi ■ 2 rij, i I
j d J  j e J

Sj =  -  2  zij + ZJ0 =  2  rij -Cj ,  j  € /
iS /  i S /

S o  2  z oi 2  z j o  2  Cj  2  cti •
i £ I  j i J  j C J  i i l

Obviously the problem of existence of a solution to the system of inequalities (1) 
is equivalent to that of a flow in the network defined by the set of nodes .A= {0 }U 
U /U J, the set of arcs L =  [(k, l)\kfjV, l(zN), the capacities pkl(k£N, l£N)  and 
the intensities gk (kfN) .  In other words (1) has a solution {xfj} if and only if there 
exists an (m + «  +  l)X  (m+n + 1) real matrix {zkl} such that

(2)
' 2  zk i - 2  zik =  Sk, k£NICN i s  N

0 =  zklS p kl, (k,l)£L.
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By Gale’s theorem the necessary and sufficient condition for the existence of such 
a matrix {zkl} is that both

(О 2  gk = оkaN
and

(ii) 2  S k^  2  2  PkikíA' kaA'iaN-A'

are satisfied for each set A'czN  of nodes. Also, when the intensities gk (k£N)  
and the capacities pkl (k£N, l£N)  are integers and there exists a flow in the net
work at all, then there exists a flow of integer values as well.

Let us apply the conditions (i) and (ii) to the problem (1):

(i) 2  Sk = 2  Si+ 2  gj+8о =k£N i £ /  j i J

= 2 2  2 гц+ 2  2 ri j -  2 cj + 2 2 ъ  = о.
i £ /  i i l j Z J  j £ J  i £ l  j £ J  j £ J  i £ I

(ii) Let I ’UJ'  and / " U J " be arbitrary partitionings of /U / .  We distinguish 
two cases:

Case 1: A ' ^ I ' U J '  and A " = I " U J " U  {Q}. Then

2  gk -  2 g i +  2  g j =  2  2  Pi,-+ 2  Pjo = 2  2  pa,
k £ A ’ i £ I '  j £ J '  i £ l '  j £ J ’ j  £ J '  k £ A '  l a A ”

2ai~ 2 2 ru+ 2 2 rij- 2 cj = 2 2 sij- 2 2 ru+ 2 dj- 2 g >
i £ I '  i £ I ' j £ J  j a r  i € I ' i £ J ’ i a l ' j a J ’  j a J '  j a r

2  2  ri j -  2  dj = 2  2  t v - 2  ai-
j i J ' i i r  j a r  i £ l '  j £ J ” i £ V

Case 2: A'=r\JJ'\J{Q>} and A"=I"[JJ".  Then

2  gk= 2  gt+ 2  g j+gо =  2  2  Pij+ 2  Pot = 2  2  Ры, 
к а л '  i a r  j a r  i a i ' j a r  i a r  k a A ' i a A ’

2  2 rij+ 2  2 ri j -  2  cj+ 2 cj ~tar jaJ jar  tat jar jaj

^ 2 2  Si j-  2  2  rij+ 2  bt -  2  tarjai’ tar j a r  iar tar

2  2  ru— 2  bi =  2  2  Si j -  2  cj-ja r  tar tar tar j a r  jaJ*
We see that Gale’s result gives our statement and this proves the theorem.

Ш. The construction of a solution

The constructive proof of Ford and Fulkerson’s max flow-min cut theorem 
offers a method to obtain a solution to the problem (1).

Let us extend the domain of the function {zkl} as follows. Complete the set 
N  with the nodes t and t '  (named source and sink): N ' = N U  (i}U {t'} and the 
set L = N X N  with the arcs (t,k)  and (k, t') ( k € N ) : L '= L U  {iXiV}U {NXt'}.
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Let the new capacities be defined as follows:

Jg* if gk >  0  

fa  if gk S  0
k£N;

ЧкС —
if g* =  0  

if gk >  0
H N ;

<Jki = Pki, (k , l )€L.

Then the following problem is to be solved by means of the max flow-min cut al
gorithm: maximize v subject to

0 if к t
(3) 2  Zkl~  2  Zlk — ■V if к = t

UN' IÍN'
— V if к = t

0  — zk, = Яки (k , i ) e L .

Clearly, restricting any solution {zkl} of (3) to the arcs of L  gives a solution to (2) 
and each solution to (2) can be obtained in this way. This involves a solution 
x ij = z ij + rij (/£/, j Z J )  to the problem (1) as well. If a;, bt, Cj, dj, rtJ, stJ are integers, 
then the process ends in an integral solution.

IV. Corollaries

In both Erdős’ and Mine’s and Ky Fan’s above mentioned results m=n;  
at, bt , Cj, dj, ги , Sij are non-negative numbers. In their cases rtj= 0 and = «>, 
when ijíj, is also assumed and hence the conditions of our theorem are trivially 
fulfilled for most of the pairs o f sets / ' ,  J '  except for the ones which are selected 
here:

In the case

(a)/'= 7 , 1 " = 0 ,  J '=J,  J " = 0  the condition is:

2 d j ^  2 a t.
J = 1 i = l

Similarly in the other cases:

03) / ' с / ,  I " e il, J '=J ,  J " =  0  :

2  ru = 2  bi, 2  (ri>—fli) =  2  dj ~  2  ai-
i € i * i e r  i e r  j = 1  i= 1

(?) / ' = 0 ,  / " = / ,  J ' = 0 ,  J " = J :

n
2  b;
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(.8) 7 '= 0 ,  I" = I , J'czJ, J " a J :

2  rjj -  2  dj, 2  (rj j ~ cj) =  2 bi~  2  ci>
j € J '  j ZJ '  j € J '  i = 1 j = 1

(£) 7 '= { i} ,  Г = / - { / } ,  7 ' = / - { / } ,  7 '= { i } :
n n n n
2 h j -  2 r j j  =  c i + b i ~ s i i - r u , 2 d j -  2 r j j  =  “ i + d i - S a - r H.

3=1 3=1 3=1 3=1

Corollary 1 (Erdős and Mine’s theorem). A matrix {xfj} satisfying

2 xij = ai , i = 
3 = 1

2  xu =  dj, j  =  1 , n 
1 =  1

xij ^  0 , i , j  = l , . . . , n  

ХН = ГН, i = l , . . . , n

(where at , dj, ru are non-negative numbers, i, j=  1 , . . . ,  ri) exists if  and only if
n n

2 a i =  2 dj’ ru -  min dt), i =  l , ..., n, 
i= i  3=1

2  ( a j ~ r j j )  =  m ?x ( a i + d i — 2 r i j ) .

3=1

C o r o l l a r y  2 (Ky Fan’s theorem). л( matrix {xfj} satisfying

— 2  x ij — bi ’ 
3=1

i =  1 , ..., n,

=  2  =  dj, 
i= l

j  = 1 , •••, n,

©AllH =  1 ,..., n,

r ii 35 X;i 3= s if, i =  1 , ..., n

(where at , b,, Cj, dj, rH, su are non-negative numbers, at=bt, Cj^dj ,  ГцШ 
^m in  (at , Cj, su) (i, j — 1 , rí) exists i f  and only i f

2 a i = 2 d j ,  2 cj = 2 b i > *̂ii — m in(b,, dj), i = l , . . . , n ,
i = l  j =  1  j  =  1 1 = 1

n
2  (bj - r j j )  ^  m ax{bi +  c, - ru- s„), 2  (dj ~ f j j ) =  max(d;+ a(-  ru- sti).

3=1 j  =  1
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Here we can make an additional remark, namely, the following statement is 
valid.

P ro po sitio n . I f  in any o f the last two inequalities equality holds for some ix 
or i2, i.e.:

n
2  (Pj rjjl bh + Ch rhh siiii 
i= 1 

or
n

2  fjj) " b ^ ii:-z
1= 1

then all the off-diagonal elements o f  the matrix must be 0 , except

x hj and xJh or x izJ and xj k , j = l , . . . , n .

I f  the two equalities simultaneously hold, then all the off-diagonal elements are 0, 
except x ilk and xhh i f  h ^ i 2-

P roof.

2  2  (xjj+ 2  xjk) ® 2  rj j+  2  2  ж* = 2  2  x Jit ^
jV i'i  j V ^  j ^ h  k ^ j  j * i x

= ch - shh+ 2  rjj
1*4

has to be satisfied, and since equality holds:

2  2  x ik =  2  xjh-j*h k^J jVij

2  d j  =  2  ( x j j +  2 x k j )  =  2  r j j +  2  2 x k j  =  2  r u +  2  x h j  =jV* 2 jVi2 k^j j^u jjái^kjéj j*u
— î2Í2 ~̂ 2 ' rjj

2

has to be satisfied, and since equality holds:

2  2  xkj 2  x i%j •1*4 k*j j*i,
This result for the case of ru=sa(i=  1, ..., n) is due to P. E rdős and H. Mmc [1].
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ON DIFFERENCE SETS OF SEQUENCES OF 
INTEGERS. Ill

By
A. SÁRKÖZY (Budapest)

1. Let 38 be a set of positive integers 6 L< 6 2< __ A set of positive integers
ux< u2<.... will be called an д/s e t  relative to 38 if its difference set does not con
tain an element of 38; in other words, if

(1) ux - u y = Ьг

is not solvable in positive integers x, y, z.
L. Lovász conjectured that if их< ... is an s i -set relative to the set of 

the squares of the positive integers (i.e. ux — uy = z2 is not solvable in positive 
integers x, y, z) then
(2 ) 2  1 =  o(x)

lit̂ X

must hold. In Part I of this series (see [10]), I proved this conjecture in the following 
sharper form: if п1<м2<  ... is an s i -set relative to the set o f the squares then

( 3 ) 2 =  О (log log v)-/3|, 
X (log x ) 1/3 J

I proved this theorem by adapting that version of the Hardy—Littlewood method 
which has been elaborated by K. F. R o th  in [4] and [5], in order to prove that if a 
set of positive integers does not contain an arithmetic progression of
three terms, then (2 ) must hold, more exactly,

(4) 2  1 = о | т — £----)•u~Éx (log log X)

(In Part II of this series, I gave a lower estimate for

max 2  1

where the maximum is taken for those sets и2< ... which form an s i  s e t  relative 
to the set l 2, 2 2, ..., и2, ; see [1 1].)

In the case of the arithmetic progressions of three terms, we may use the follow
ing simple fact:

(i) A set a  + qU i ,  a + qu 2 ,  ..., a + qu ,  (where a  is an integer and t, q ,  u1; u 2 ,  . . . ,  u,  

are positive integers) does not contain an arithmetic progression of three terms if 
and only if also the set u x ,  u 2 ,  ..., u,  has this property.
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This fact plays a role of basic importance in the proof of (4). In the proof of
(3), I could replace this assertion by the following one:

(ii) A set a + q2u1, a + q2u2, . . . ,  a + q2u, (where a is an integer and t, q, ux, 
u2, . . . ,u t are positive integers) is an л / -set relative to the set of the squares if and 
only if also the set has this property.

(Note that here we have q2 in place of q.)
Starting out from (3), one might like to show that (2) must hold also for sequ

ences which form an j/-set relative to certain other fixed set
> e.g. relative to

(5) b, = ik 

(where k s 3 is a fixed integer and / = 1 , 2 , . . .) ,

(6 ) bi = / ( / )

(wher f(x) is a fixed polynomial with integral coefficients and / = 1 , 2 ,...)  and

(7) b = Pi

(where pt denotes the /,h prime number and / = 1 , 2 , ...), respectively.
The case (5) can be treated in the same way as the special case к =2; namely, 

the analogue of (ii) holds also in the general case k s 2  with qk in place of q2. Thus 
it can be shown by the method used in [1 0] that if the set м1-=п2< ...  forms an 
sJ-sel relative to the set (5) (also in case /c =  3) then (2) must hold.

On the other hand, in cases (6 ) and (7), simple counter examples can be given. 
Namely, let / (x )= x 2+ l  and ux=6,  u2= 12, ..., щ =  6 /, .... Then (2) does not hold, 
however, 3 \ux —uy and 6\ux —uy thus ux — uy^ b z—z2+ 1 and ux—uy^ b z=p:, 
(for 1 á y < x , z = l , 2 ,...).

P. Erdős raised the conjecture that if

(8 ) bt =  i2— 1 

(i.e. / ( x ) = x 2— 1 in (6 )) respectively

(9) bi =  pi- 1

(for / = 1 , 2 , . . . ) ,  and Mx< n 2< . . .  forms an ,s/-set relative to the set bx<b2< ..., 
then (2 ) must hold.

In both cases the difficulty is that an analogue of (i) or (ii) does not exist; thus 
we have to modify Roth’s method. We shall be able to avoid this difficulty by using 
estimates for exponential sums of the form

( 1 0 ) 2  е(Ь; ° 0Ъ^х
Q\bi

where q is small in terms of x. (Throughout this paper, we use the notation e2nia — 
— e(a) where a is real.)
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Since the cases (8 ) and (9) can be investigated analogously, we are going to 
discuss only the case (9). The remaining part of this paper will be devoted to the 
discussion of this case, i.e. the solvability of the equation

( П ) ux- u  y =  p . - 1 .

Consequently, we shall write briefly ‘W -set” instead of “л/ s e t  relative to the set 
P i - 1, />2-1. —,Pi~  1. • ••”•

For x = l ,2 ,  ..., let A(x) denote the greatest number of integers that can 
be selected from 1 , 2 , . . . , x  to form an л/ s e t  and let us write

We shall prove the following
T heorem .

( 12)
. . ( (log log log x f  (log log log log x)

° (x) = 0 1----------- -----------------------

Throughout this paper, we use the following notations:
We denote the distance of the real number x from the nearest integer by ||x||, 

i.e. ||xf|=min {x—[x], [x] +  l — x}. If a, b are real numbers and b> 0  then we

define the symbol min by

(13)

C, cx, c2, ..., M0, M x, ... will denote (positive) absolute constants. We shall 
use also Vinogradov’s notation: if / and g are two functions such that g= 0  and 
there exists an absolute constant C satisfying \ f \ ^ C g  then we write f « g .

2. In this section, we estimate exponential sums of the form

and
(14)

5(a) =  Sw(a) =  2  (log/>)e((p-l)a)
p^N

( P- 1
P(<*) = = 2  GogP)e i^ —  a )  .

9
q\p- l

(Here and in what follows, we shall leave the indices if this cannot cause confusion.)

L emma 1. Let и be an arbitrary positive real number, M  a positive integer fo r  which 
M-*- l—oo, and b,q ,m  integers satisfying

(15) 1 ^  fe <  (log M )u 
and
(16) 1 == q <  (log M)u.
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Then there exists an absolute constant cx>0 such that

Mq
(17)

Q
q \ p - l

log p =
+ 0 (M e~ ĉ ,ogM) for  ( m q + l ,b )  = l

4>(bq) ___
0(M e~ ĉ iogM) for  (m # + 1, b) >  1

P — 1-------=  m (mod fc)Я

(where cx and the implicite constant in the error term may depend on и but not on 
b, q, m).

P ro o f . The conditions q\p— 1 and - —  =m (mod b) can be rewritten in theq
equivalent form

(18) p = m q + \  (mod bq).

Thus for (mq+1, bq) = \, i.e. ( m q + \ , b ) = \ t we have to show that

2  log/» = —
p^Mq+ 1 VyuQ)

p = m q —1 (mod bq)

but this is a consequence of the prime number theorem of the arithmetic prog
ressions of small (<=(logT/)r) modulus (see e.g. [3], pp. 136 and 144).

For (mq+l ,bq)> \ ,  i.e. ( m q + l ,b ) > l ,  (18) implies that (mq+1, b)\p. Hence, 
(mq+  1, b) is a prime number and p  — (mq-1-1, b). Thus in this case, the left hand 
side o f (17) consists of the single term

log p — log (mq+  1, b) ^  log b <  log (log Л/)“ =  и log log M  — o{Me~cJ 'ogM)

which completes the proof of Lemma 1.

Lemma 2. Let и be an arbitrary positive real number, M  a positive integer for  
which Л/ -» + =■=, and a,b,q integers satisfying (15), (16) and (a, b) = 1. Let us 
define the integer mb q for (b, q) = 1 by

(19) mb,qq + 1 =  0 (mod b) and 0 ^ m byqs b —l.
Then there exists an absolute constant c2>0 such that

(2°) Р (т )  = Р" ..( |)  =

=  <p(bq) f ° r (b> d) = 1

0 { M e ~ ĉ ]ogM) fo r  (b, g) >  1

(where c2 and the implicite constant in the error term may depend on и but not on 
a, b, q).
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Proof. By (15) and Lemma 1,

Here

(22)

<21> р (т) = Ч т К - > 2  (“>г'’)е(£ Г " 9  =м
Яq\p-l

=  2  e ( m ± )  2  logP
m = 0 V D' p - 1

P —1

яq\p-l 
= m (mod b)

=  2  4 * 4 )  - y r - T + 0  f  2  A f e ~ C l l / l o g M |o s m f f t - l  V b )  (p(bq) \m^ 0  )
(m$+l,b) = l

Mg
<P(bq) о

(mq-rl.b)—l
2  e \ m % \ + 0  ({log M)u M e-'JW*)  =rn^b-i V D)

Mq
<P(bq)

2  е { т ^ \ + 0 ( М е ~ е̂ /ь*Щ.
O^m^b-1 V Ь /

(mg + l,b)=l

(m$ + l, b)=l
2  4 « | )  =  S 1 e ( « | )  2  д (< 00$m §b-l  ̂ ' ?w = 0 ' d|(m<j+l, b)

=  2  MO 2  е (,ит ) -d|b O^m^b-1 V О J
d|mg + l

Let m0 denote the least non-negative integer m for which d\mq + 1 holds. Then 

(23) m0q+ 1 =  0 (mod d),

and d|w g+ 1 holds if and only if

(m q+ 1) — (m0q + 1) =  (m — m0)q  =  0  (mod d).

(d, q) = 1 .

(24)

By (23),

(25)
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(24) and (25) imply that d\mq+l  holds if and only if m —m0= 0 (modi/). Thus 
with respect to {a,b)—l, the inner sum in (2 2 ) is

2  e {m t )  = 2  e f ( m 0 +jd) =
O ^ m ^ b - 1  V D )  j  = о V D 1

d\mq+l

for b\da i.e. b\d 

« U . 4 ) ------ i l ---- =  0  for bid.

1 ^  Ч ' Т

Hence, the inner sum in (22) is different from 0 only if b\d; but by d\b, this implies 
that b=d, and by (25), also (b, q) — 1 must hold. Thus we obtain from (22) that

20^тШЬ-1 
(mq+1, b) = 1

i m i ) -

pQ>) 2O^nr^b 
b\mq + l

0  for (b, q)

1 е ('” т ) =  ^ ь^ ' т е {т° т ) =  ^ (&)е (ш° у )  for ( M )  =  i,

where m0 satisfies (23), i.e. дао? + 1 = 0  (mod/»); hence, m0 = mb q. Putting this 
into (21), we obtain (20) and the proof of Lemma 2 is complete.

Lemma 3. Let и be an arbitrary positive real number, M  a positive integer for  
which M-* + °o, a ,b ,q  integers satisfying (15), (16) and (a,b)=  1, finally, ß any 
real number. Then

(26) Р {т  + Р) = Р “ Л т  + Р) =

/í(/»)eímM y j  2  e(nß) + 0{(M\ß\  + l )Me~c°JloeM) for  {b, q) = 1 

0 ((М|уЗ| +  1)М е-с̂ ^ м )  /o r  (b, q)=~l

where mb<q is defined ( for (b, q) = l) by (19).
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P roof. Applying Lemma 2, we obtain by partial summation that 

(27) + 2  O o g r i « ( ^ - ( y  +  / ! ) ) -
iM

я
q \ p - l

” , - i . J <logp,' ( !T - - T ) H L r e) =
( P -  1

-SM 4
q\p-l

=  1  ( ! )  (e(fi/?)-e((n +  l)/?)) +  / V e (!)]e ((M +  1)/J).

For lS n S f A f ,

M t)í- U  (,osp>e(
p — 1 a  

q b )!
Я

Я\р-1

= 2  log ( ín +  1) =  n log (ín  +1) <  1 M  log ((log M)u\ M-\-1) =  0 (}  M log M)
k — 1

and

^ - ^ ( Í > ) e ( m fc>í! ) j  ^ n q  <  l'M (logM )“

(with respect to (16)).
For (16) implies that

1 S ? <  (log M )u <  (log n2)“ = 2“ (log n)“ <  (log n)2“

(if M  is sufficiently large depending on u) thus Lemma 2 can be applied with 2u 
and n in place of и and M, respectively.

Summarizing, we obtain from (27) (using Lemma 2) that for (b, q) — l

+Ш т е ^ ) е{(-м+М +

+ { .I  k >  (•£} - щ ф K « 'l) )  W "»-«((»+o/o)+

+К* (t ) -
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[\м] __ __
+ 2  0 ( Í M l o g M +  \rM(logM)u)\e(nß)—e((n + l)ß)\ +

П =  1

М ___  ___
+  2  O(ne~ĉ ,0gr,)\e(nß) — e((n+l)ß)\ + O(Me~ĉ ,ogM) =

п=[Ум] + 1
а ( а \ м  [\м] ___

=  ju(b)e[wbiiy J  2 e ( ”ß)+ 2  0 ( М е ~с̂ ,0*м |^|)+

м  ___  ___
+  2  0 ( M e ~ ĉ ,ogM \ß\) + 0 ( M e ~ eJ lo*M) =

п=\ум]+1

■ p(b)e (w„,9 y )  2^ e(nß)+0((M\ß\  + l )M e~cJ l0*M)
4>(bq) 

while for (b, g )>  1 ,

PM,q( j  + ß) =  [T  p n,q( j ) ( e ( n ß ) - e { { n +  l)ß)) +

+ 2  P , J ^ ) ( e ( n ß ) - e ( ( » + l ) ß ) )  + PMJ ^ ) e ( ( M + l ) ß )  =
n=[fA/]+l \ ° J

I m
=  2  0 { \ M  log M ) \e(nß) — e((n + \)ß)\ +

П = 1
M __

+ 2  O (ne~ĉ loen)\e(nß) — e((n + 1)/?)| + 0 ( M e ~ ê loeM) =
n^lYM+i

[fÄJ] ___  M ___
=  2  0 ( M e ~ ' ^ ° gM\ß\)+ 2  0 { M e - ĉ ogM \ß\) +

n = 1 n=[fÄ/] + l

+ 0 ( M e - ^ ^ ü )  = 0((M\ß\  + l)
since

\e(nß)-e((n+\)ß) \  = \ l —e(ß)\ = \e(-ß/2) -e(ß/2) \  = 2 \smnß\ S  2n\ß\ 

and the proof of Lemma 3 is complete.

Lemma 4. I f  a, b are integers such that a ^ b , and ß is an arbitrary real number
then

2 e ( k ß )
к—a

(For \\ß\\ =0, the right hand side is defined by (13).) 

This lemma is identical to Lemma 1 in [10].
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L emma 5. Let и be an arbitrary positive real number. There exist constants M0, 
c3> 0 (which may depend on u) such that i f  M > M 0, furthermore, a, b, q are in
tegers satisfying (15), (16) and (a, b)= 1, finally, ß is a real number satisfying

(28)
e c3 Y  lo g  M

M  ’
then

L Mq
for \ ß \ * ±

(29) (a  A (a A “cp(b)(p(q)
pM,q(T +p)\ <  ’

q VII

[(p(b)(p(q)\ß\

Proof. We are going to apply Lemma 3.
For (b, q)=\ ,  the main term in (26) in Lemma 3 can be estimated in the follow

ing way, by using Lemma 4 (and with respect to (28)):

cp(bq) mm

g(b)e\mb,qj j 2e(nß)\  S

[M’ щ } s

q>(bq)

in{ " ' 2 P i b
Mq

cp(b)(p(q) mm 1

<p(b)(p(q)

4

for lß| — IPI M

l2(p(b)(p(q) \ß\ f0r M ~ m '

Thus Lemma 3 yields that

PM,q( j  + ß)\ <  0((M\ß\  4- \)Me~ĉ XosM) +

Mq
(p(b)q>(q)

4

for

2(p(b)q>(q)\ß\ for L a l f f l .

To obtain (29) from this inequality, it suffices to show that here the first term on 
the right (the О (...) term) is less than the second term. The first term is the greatest 
and the second is the least if  |ß| is the possibly greatest, i.e. \ß\ =ес*^°еM\M . Then 
the first term is

(30) 0{(ес̂ Уо sM+ 1) Ме~сгУ1оеМ) =  0 ( М ^ ~ с̂ 1оеМ)

while the second term is (with respect to (16) and for large M ) 

qM  M M ____ >  7tfe- 2c3flogAf
2(p{b)(p(q)eĉ losM 2beĉ logM 2 (log M)uecfilosM 

For c3= c j  4 and M > M f u ) ,  the latter is greater than (30) and Lemma 5 is proved.
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Lemma 6. I f  X, Y  are real numbers, a, b integers and a a real number such that 
Y = b = X / Y ,  l s y g J I/4, (a,b)= 1 and

b2
then

|Sx(<*)l =  I 2  (log/>)e((p-l)a)| =  | 2  (logp)e(pa)j«  A T " 1/2 (log X)17.
p^X p^X

This is essentially a consequence of Theorems 1 and 3 of Vinogradov in [12], 
Chapter IX; see also M ontgomery [1], Chapter 16, and Montgomery—Vaughan 
[2], Lemma 3.1.

Lemma 7. I f  M (> 0 ), q, a, b are integers and a. is a real number satisfying

(31) 1 «  q ^  logM  
and
(32) ( a ,b ) =  1, 
furthermore, writing
(33) Q = M ( lo g M )-4\  
also
(34) 
and

(35)

hold then for large M,

(36)

Proof.

(37)

2 (log M )i0 Ш b Ш Q

a
bQ

l - P ( a ) l  =  | i V « ( a ) l  «  

\Р м ,9(<*)\ ■■

M
(log M ) 2

2  (i°gp)e(cp—1) ~ | |
„  v 9)\~^M Q

q\p- l

=  | 2  ( l o g p ) e ( ( p - l ) - | ) { - i - ^  e ( ( p - l ) ^ ) } j  =! p^qM+l V 4 j=0  V

=  |  2  2  ( iogp)e[ (p -1 ) ^ ) 1  =q j = о  p^qM+i v  q JI

-  L  z  V «  ( ^ ) l  > I  "z l w  ( ^ ) l  •q о  s q JI q j = о | V q )\
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oc 4- j
Let us write y = ------ . By Dirichlet’s theorem, there exist integers A, В  such

that
(38) (A, В) = 1 ,
(39)
and

1 =  jS S  2qQ

(40)

by (39) and (40), also

(41)
holds.

A I 1
* В j 2BqQ ’

A 1 
У В  ^  В-

We are going to show that these conditions imply that

(42) B ^ ~ b .

Let us assume indirectly that

(43) В Ш ^ Ь .

By (35), у can be written in the form

a 6X
(4 4 ) *+1 b + b Q +J a + bj ( 0 1

q q bq bqQ
where 10  ̂<1. Let us define the integer U and the positive integer V by

(45) a + bj U 
bq ~  V ’

(46) (U,V)  = l.
By (32), (a +  bj, b)= 1, thus
(47) (a + bj, b q ) S  q.
(45), (46) and (47) imply that

(48) b r S V ^ b q .

By (40), у can be written in the form

(49)
where |0 2 | < 1 .

(44) and (49) yield that

7 =  U  +
0 ,

В 2 BqQ

U dt A 
У ~  V + bqQ ~  B +

02

2  BqQ'
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hence, with respect to (34) and (48), 

U A I 10,(50) +
|0 2 1 1

+  ;V В -  bqQ 2BqQ bqQ 2BqQ

1 1 1 1

bqQ 2Bqb bqQ 2BV '

On the other hand, we obtain from (38), (43), (46) and (48) that

thus

(51)

(50) and (51) yield that
1

j U _ A
\ v  В 

1

U ^ A _  
V ^  B ’

\UB-VA\
VB

1 1

_1_
VB-

VB bqQ 2BV ’ 2VB bqQ ’

hence, with respect to (34), (43) and (48),

, „ VB 1 Д 1 1 b ,
bqQ Z q Q b ~  qQ 2 ß

Thus the indirect assumption (43) leads to a contradiction, which proves Í42).
Let us write X = q M + 1, T=(log Л/)40. Then for large M,

(52) 1 =  Y  =  (log A/ ) 40 <  (ЛГ+1) 1/4 =5 X 11*, 

furthermore, by (34) and (42),

(53)

finally, by (33) and (39),

(54) В 2qQ = 2qM (log A/ ) ~ 41 S  2(qM+  l)(log A/ ) " 41 <

<  ( q M + 1)(log M ) - 40 = X/Y.

In view of (38), (41), (52), (53) and (54), Lemma 6  can be applied with qM+1,  
(log A/)40, A, В  and у in place of X, Y, a, b and a. With respect to (31), we obtain 
that

(log M )40 = Y,

I^Af+lOOl — V + 1  (— ) «  (qM+  l)((log Af)40)~1/2(log ( q M + 1) ) 17 S

=  ((log M ) M +  1)(log M ) - 20{log((log M ) M + 1) } 17 < 

«  (log A /)XÍ(log Af)_20(log Af) 17 =  Af(log A /)"2.
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Putting this into (37), we obtain that

which completes the proof of Lemma 7.

Lemma 8 . There exists an absolute constant c4 (>0) such that for « S 3 ,

(55) 
and
(56)

<p(n) >  c4—j— ;----- .«log log«

This lemma is well-known; see e.g. [3], p. 24.

Lemma 9. Let q, M  be positive integers, R a real number such that

q S  log M  

3 R == log M.

Let SR M denote the set o f those real numbers я for which O ^ a ^ l  holds and there 
do not exist integers a, b such that

(57)
(58) 
and

(59)

(a, b) = 1 , 

1 b <  R

a
а~ Т

R

Then for a f  SR M and large M,

(60) 1Л*.,(“)1«

J__________
M  log log R '

qM  log log R 
<p(q) R

Proof. Let us define Q by (33). By Dirichlet’s theorem, for all «€ .9Л Л/, there 
exist integers A, В such that
(61) ( A ,B ) =  1,
(62) 1 ^  В Q 
and

1

B Q ’
(63) A

“~ B

If 2 (log M ) 40 * B, then Lemma 7 can be applied, with A and В in place of a 
and b, respectively. We obtain that

<«> T W -
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By (56), the right hand side of (60) can be estimated in the following way: 

(65) q M  log lo§ R - M  lQg lQg R Ä M  log log log M  M
<p(q) R R log M (log М)г

for sufficiently large M. (64) and (65) yield (60).
If

(6 6 ) В <  2 (log Af) 40

and M  is large then we may apply Lemma 5 with a = A, b = B, ß = oc-— and
В

и —41. Namely, fo r large M, (15) and (16) hold by (55) and (6 6 ). Furthermore, by
(63),

101 = a — <
1 1

В BQ ~  Q
(log M)il 

M

which implies (28) for sufficiently large M. Thus, in fact, all the assumptions in 
Lemma 5 hold. Applying Lemma 5, we obtain that for large M,

(67) l*W «)l

2  for |0 |==JL
q>(B)(p{q) M

cp(B)l(q)\ß\ f° r

1The right hand side is maximal for |0 | s — . Thus for R ^ B ,  we obtain by apply
ing Lemma 8  th a t

I TV,, («) I
2  Mq log log В Mq  log log R qM

q>(B)(p(q) В < p ( q ) R q>(q)

(with respect to R ^ 3 ) .
Finally, if B e  R then oc£SRJVf implies that

(68) 101 =
_A_\ a  _1_ R 

Л В ~ M  log log R

which yields also |0 [ > — since it can be shown easily that

R
1log log R

for Ä S 3. Thus we obtain from  (67) and (6 8 ) that

9 ^ 9  1 9|T V ,» I 4>{B)(p{q) |0! <p(q) |0| (p(q)

which completes the proof of Lemma 9.

■M log log R 
R
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3. For arbitrary positive integers M, q, let

(69) u1q ,u2q, . . . , u Tq

be a maximal sd-set selected from q,2q, Mq, and let

(70) F(a) = FM (a) =  2  e («*<*)■
it=i

In this section, we estimate this function FM>q(a).
For an integer b and positive integers m,x,  let A tbjm)(x) denote the greatest 

number of integers that can be selected from b+m, b+2m, ..., b+ x m  to form an 
sd-set (so that A(0il)(x)=A(x)).

L emma 10. For any integers b, d and positive integers m, x, we have

A(b,m)(X) — ri(d,m)(X)-
P roof. This follows trivially from the fact that the numbers b +щ т , b+u2m, 

. . . , b  + ukm form an jtf-set if and only if also the numbers d+ukm, d+u2m, , 
d+ukm do.

By Lemma 10, we may simplify the notation A (bim)(x) in the following way: 
let us write Am(x) instead of A (bim>(x), i.e. let

Furthermore, let
A m(X) = A ib,m)(x) (for b =  0, ±1 , ± 2 ,...) .

am(x)
Am(x) 

x ’

so that A(x)=A1(x) and a1(x)=a(x);  moreover, T=Aq(M)  in (69) and (70), 
thus

л,(ло
(71) F(a) =  P m, ,(a) =  2  e(uka).

k = l

Lemmas 11 and 12 follow trivially from the definitions of the functions Am(x) 
and am(x), respectively.

L emma 11. I f  m, x and у are positive integers such that x = y  then A m( x ) ^ A m(y). 

L emma 12. For arbitrary positive integers m and x, we have am (x) =  1.

L emma 13. For arbitrary positive integers m, x  and y, we have

(72) Ат(х + У) ^  Am(x) + Am(y),

(73) Am(xy) S  xAm(y),

(74) am(xy) ^  a j y ) ,

(75) am( x ) ^ ( l + ^ - ) u m(y).

A cta  M athematica Academiae Sclentiarum Hungaricae 31,1978



370 A. SÁRKÖZY

P roof. By Lemma 10, the greatest number of integers that can be selected 
from m, 2m, ..., xm and (x +  1 )m, (x + 2)m, ..., (x+y)m  to form an jaf-set, is Am(x) 
and Am(y), respectively; thus the greatest number of integers that can be selected 
from m, 2m, ..., xm, (x-H)»z, (x +  2)m, ..., (x+y)m  to form an jaf-set, is ^ A m(x) + 
+ A m(y) which proves (72).

(73) is a consequence o f (72).
Dividing (73) by xy, we obtain (74).
Finally, by Lemma 11 and (73),

AJx)  -  Am ( ( [ y ]  +  l )  у) S  ( [ j ]  +  l )  Am(y) ^

s ( y + l ) ^ m(y) =  (x +  y ) ^ ^ .

Dividing by x, we obtain (75).

L emma 14. Let q, b, t, M  be positive integers, a an integer, a, ß real numbers 
such that

(76)

Let

F*(?l) =  F^qipt) 

so that i f  (a, b)= 1 then

« ~ T  = ß.

ab9(0

(77)

_  u bq

M

, Н т ) М еф 4

aq{t) Z  e(ßJ) f ° r b = l
7=i

0  for b >  1 (where (a, b) =  1).
Then there exists an absolute constant c5 such that

(78) \FM,q{a)-FM,q(a)\ S  (abq( t ) - a q{M)M) + c5(\ß\Mabq(t) + aq(t))tb.
Pr o o f . We are going to show at first that

(79)
M

^M,4 0 ) =  -7 Z  2
ID s = i  j = 1 j 2

j+tb
uk = s  (mod b)

e(txuk) + O (aq(t) tb).

Let us investigate the coefficient of e(ocuk) on the right hand side.
If tb ^ u k^ M  then we account e(auk) exactly tb times, namely for the following 

values of j :
j  = uk — tb + 1 , uk—tb + 2, ..., uk.

Thus the coefficient of e(auk) is

in this case (and its coefficient iŝ  the same on the left hand side).
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If
(80) 1 ^  uk <  tb

then we account e(catk) on the right of (79) for j=  1, 2, uk, thus its coefficient is

( O S )  „ , . ± < , » . ±  =  1

on the right and 1 on the left of (79). For the numbers uk satisfying (80), the numbers 
ukq form an si-set selected from q, 2q, ..., tbq thus in view of (73) in Lemma 13, 
their number is

Aq(tb) =  Aq(t)b = ag(t)tb.

These facts yield that, in fact, the error term in (79) is 0 (aq{t)tb).
The term e(auk) in the inner sum in (79) can be rewritten in the following way:

е(сшк) = e +  =  e ( - y ^  e(ßuk) =

= « ( y )  e (ßj)e(ß(uk- j ) )  = e [ y ]  e(ßj)(l + 0(\ß(uk- j) \)]  =

= e ( y )  e(ßj) + 0(\ß(uk- j ) \ )  =  e \ ^ e ( ß j )  + 0(\ß\tb)

since \uk—j \< tb  in the inner sum, and

|e (y )- l | =  |e (y /2 )-e (-y /2 ) | =  |2 sin тгу| та 2|лу| =  2я|у| 
for any real number y.

Thus the inner sum in (79) can be estimated in the following way:

(81) 2  e(auk) = 2  {e [ 4 ] e ( ß j )  + 0(\ß\ib)) =
j^uk<j+tb j^uk<j+tb \ '  О / /
ak = s (mod b) uk = s (m od b)

=  \e { ^ )e (ß j)+ 0 ( \ß \ tb ) )  2 1.\  \ o J ) j^uk^j+tb
uk = s (mod b)

Let us define the integer v by

v = s (mod b).

Then for the numbers uk satisfying j ^ u k< j+ tb  and uk=s (mod b), the numbers 
ukq form an s i -set selected from vq+bq, vq + 2bq„ ..., vq + tbq. Thus by Lemma 10,

2  1 — A ( Vqibq)( t )  — A bq( t )  =  a bq( t ) t .
j ^ U k < j  + tb 
ик=Щ  mod b)

Hence, defining D ( j , t , b , s ) by

2j^uk<j+tb 
uk = s  (m od b)

1 =  abq( t ) t —D(j, t, b, s),
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we have D ( j , t , q , s ) s 0. Putting this into (81):

2  e (aM*) =  4 ^ 1  e ( ß J )  +  0 ( \ ß \ { Ь ) ( a b q (t))t — D ( j , t ,  b ,  s ) )  =
j + t b  v  ̂ /

uk = s(m odb)

= e [ y ]  e(ßj)(abq(t) t -  D(j, t, o, s)) + 0(\ß\abq(t)t2b).

Thus (79) yields that

(82) FMq(cc) =  4  2  . 2 \ e ( x -) e(ßj)(abq( t ) t - D ( j ,  t, b, s))+0(\ß\abq(t)t*b)}

+ °W ')'6) = ^ ( i 4 f ) ) ( J H -
1 b M ( a s \

~ л Ж & е ( т г т ш  г’ Ь’ $ ) +

+  0 [ т ь ‘ ь ' м  ‘ 1̂ 1 яц ( О '® б ) + 0 ( в , ( О * Ь )  =

+

1 ь м (a s \
=  2  Z e ( y J  e(ßj)D(j,  f, h, s) 4-0((|/?|Maft4( i ) + a 4(0)ib).

Putting here a = ß=a=0,  we obtain that
I b M

aq{M )M  =  Aq(M) = abq( t ) M ~ — £  j ? D ( j ,  t, b, s )+ 0 (a q(t)tb),W S = 1 J=1
hence

1 fr M
j r  2  2 ° 0 .  b, s) <  (ab?( / ) - a 9(M ))M + c6a?(Ofb.ft/ ,y = l  j = l

Thus (82) yields that
l*’M » - i & , 4(a)l <gl d M

<  77- 2  2 D U . L b, s)+c7(\ß\ Mabq(t)+aq(t))tb <

<  ((яь4 (0  -  a, (M)) M +  ce a, (t) ib) +  c7 ( |Д| Mafc(1 (i) +  a„ (0 ) th <

<  («ь4(0  -  a e(Л/)) M + c8( |)81 M abq(t) +  aq(t)) tb 
which proves Lemma 14.

4. (12) will be deduced from  a lower estimate for
fa* (0  =  imwi abq(t)

in terms of aq(M)  where t= o {M )  and however, t is relatively large,
R  is small in terms of M.
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L emma 15. Let t, M, q be positive integers, R a real number such that

(83) t\M,

(84) q S  log M,

(85) 3 ^  log M.

Then there exist absolute constants c9, c10 such that for sufficiently large M,
(86) (a?(M))2 c9{(a*(i) —а9(Л/))2/? log /? +

t 2 R=
+ a*(t)(a*(t)-a t {M))+(a*(t))2 ( ^ l o g  R- M 2 (log log R)2 +

+  a f t )  Je-G»/iogM +  loglog ^ j |

P r o o f .  We are going to use a modification of that version of the Hardy— 
Littlewood method which has been elaborated by K .  F. R o t h  in [4] and [5].

P(a), F(a) and F*(a) will denote the functions defined by (14), (71) and (77). 
(Werecall that ux, u2, . . . ,  uAq(M) in (71) denote integers such that uxq, u2q, ..., uAq (M) q 
form a maximal stf-set selected from q,2q, Mq.) Then

I
(87) f  F(*x) F(—a) P(a) dot =

0

^ ( M )  ( p - l  \
2  e(—uxd) Z  (log p)e \¥—— a I da =  

*=1 V q ’ч«lp-i

=  2  log P =
Х , У , Р

U y - u x + ^ — l = 0  “y * q

namely,
p — 1 -Mj, ux -\- — 0

q
or in equivalent form,

uxq ~ u yq = p - l

is not solvable, since the numbers uxq,u2q, ..., uAq(M)q form an si-set. 
Let us write

(88)

then by (85), 

(89)
for large M.

c l  R  .
M  log log R ’

_____* * * _____и цM  M log log log M  V 4)
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By (87), 

hence,

(90)

i -б
f  \F(a)\2P(a) da = — f  \F(a)\2P(a) da,

-б -г <5

+  Ö 1 - 6

J  \F(a)\2P(a) da =  J  \F(a)\2P(a) da
-г

i -г
J  \F(a)\2P(a)da  si j  |F(«)|*|/»(a)| da. 

- 6  + 6

We are going to give a lower estimate for the left hand side and an upper es
timate for the right hand side.

In order to estimate P(a) for ja |s5 , we apply Lemma 3 with u = \,  a —0, 
b = 1 ((16) holds by (84)). Then mb q=0 in Lemma 3, thus we obtain with respect 
to (89) that there exists an absolute constant c10 such that for large M  and |a|^<5,

\P(a)---- j — 2  e(na)\ =  О ((MŐ +  1) Ме~с̂ ^ )  =
I <PK4) n = i  j

=  o í ------—  ^ — e - c 2y i ° g A / )  ^  f r f e - c10i i o g M '

UogloglogM  )

Thus we obtain applying Parseval’s formula that

(91) f  \F{d)\2P{a) da =
I-г

j  | f ( “,|S ' ^ 5 T ( , I e<"" )) * + _ /  i « ( n « ) ) * |  *

f  \F(a)\2i 2  e (n a ) \d a \-  f  \F(a)\2'P{a)-----j —  У, e(na)\da
Í  '4=1 ' I ! <P\4) n=i

г г /  M  \  j + 6 _____
f  \F(a)\2\ 2  e(na)\da\— f  \F(a)\2Me~c™^°sMda >
Í '-"=1 ' ! - i

q
<Р(Я) - г

q
<р(я) I 

_  q
<p(q)

q
<p(q)

^  <?

+d ( M \  I ___  1
J |P(a)|2 ( ^  e(na)Ji/ai—Afe_ciiJio&M J  \F(a)\2da =

f  № ) l 2( 2  e (»<*)} da
-6 v"=i J

<p(q)
j  I (̂oe)121 2^ e(na)j da

— aq(M ) М 2е~с1»У1о̂ м ä  

— a*(t)M2e~c ioflogM
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since

(92) aq( M ) ^ a q( t ) s a * ( t )

by (74), (83) and the definition of the function a*(t).
For any complex numbers u, v, we have

I|uI2— |i f |  =  |MÜ-t?t5| =  |(u- e) ü+ f(ü — ü)| ä

^  |м —и||м|+|»||м — v\ = |м —ü|(|tí| +  |t)|) =

= |м — u|(|(u — p) + »|+ |u|) — |и-г|(|м —n| + 2|u|) =

=  |u —u|2 +  2|m- u||i;|.
Thus

\ i s ( M \  I
(93) /  (|F(a)|2- |^ * (« ) l2) 2 Ф « )  М* S

\ - i  v»=i ’  I

/  ||F(a)|2 — |F*(a)|2 2  e(na)
-Ö

da

^  f  (|F(a) —F*(a)|2 + 2|F(a) —F*(a)| |F*(a)|) 2  е ( ш )n = l
da.

For a=0, b= 1, Lemma 14 yields with respect to (92) that

|F (a )-F * (a) | (aq( t ) - a q(M ))M + c6{\a\Maq(t) + aq(t))t S

^  (a * ( t ) -a q(M ))M +c,(\a \M +\)a*(t)t  S

t(a*(t)-aq(M ))M + cn a*(t)t  for |a| S  l /M  
~~ [(a+ (i) — aq(M ))M + c12 \a\a*(t)tM for 1 / A f s |a |^ £ .

Thus using also Lemma 4, we obtain from (93) (with respect to (88), (89), (92) and 
the inequality

(94) (А + В ) * ^ 2 А 2 + 2В2
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where A, В are arbitrary real numbers) that

(95)
( M )

f  (1Я«)12- |^ * (а )1 2) M*
-ö v>=1 7

«  /  { ((a * (O -a e(M ))M + a * (r)0 2 +
| a | S l / M

+  ( (ű * ( í) -a 4( M ) ) M + a 4 0 0 a",(O M } ^ íía  +

+  /  { ((u * (O -a4(M ))M + [a |a*(0 iM )2 +

+  ((a*(í) —a4(M ))M + |a |a*(í)/M )a*(r) - ^ |  -щ- с/а <s=

« ( a * ( í ) - a 4(M ))2M2 + (a*(0)2í2 +  a * (0 ( a * (0 - a í (M'))M2 +  (ű*(0)2íM +

+  {(a *(t) — aq (М))2М 2 +  (а * (t))2tM  } f  X d x  +
1/ATsMSÍ la l

+ (a*{t))2t2 M 2 f  |a| d<x+a*(t)(a*(t) — aq(M ))M  f  r - ^ d a «
1/ M s M s d  l/A Í*|a|Sá

«  (a*(t) — aq(M))2M 2+(a*(t))2tM + a*(t)(a*(t) — aq(M)) i\f2 +

+  {(a * (f) -  aq (M  ))2 M 2+(ű*(í))2fM}logM54- 

+(a*(t))2t2M 2ó2 + a*(t){a*{t) — aq(M ))M 2«

< c  ( a  * ( f )  -  a 4 ( Л / ) ) 2 M 2 +  ( a  * ( O ) 2 1Л / +  a  * ( r )  ( a  * ( t )  -  a 4 ( M ) )  M 2 - f

R 2+ { { a \ t ) ~ a t {M))2M 2+ { a \ t ) ) 2tM }\ogR  + { a \ t ) ) 2t2- ^ — ^ ,  

«  (a*(i) — a4(M))2M2 log if +  (a*(/))2 (/M  log Ä (log log i?)2

<SC

+

+  а * (0 (я * (0 -я ,(М г))7ИЛ

By Lemma 4 and Parseval’s formula, we have

+a ( M \  
f  \F*(<x)\2 \ 2  e(n<x)\d<x =

-» '•»=i ’
( M \ гГа ( M Л

=  f  |F*(a)|2|^ e ( n a ) J d a -  f  \F*(a)\2[ ^ e ( n x ) j  da

1/2 1 1
* ( « , » . „ 2  1 -2  / ( ‘■ .« » ■ • j - r j r * .1 ̂ x,y,z^M 

x—y+z=Q +Ő
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Here for large M,

2  lE [ff1=SjK,ytz=áM L ^ J

M 2
5

x—y+z= 0

since and y = x  + z satisfy the conditions l i x ,y , z S M ,

x —y + z = 0. Thus with respect to (85) and (92),

(96) j  IF*(a)|2^2 'e(T O )ji/a>

— о

=  Ы 0 ) гм 2( | - { ( ^ ^ ) ) >  ^ ( в,(0 )» л я  s ^ K ( i i f ) ) w .

(91), (95) and (96) yield that
+s

(97)

ч>(я)

j f  |F(a)|2P(a) da >
I-Ó

J  | . F ( a ) | 2  ̂^ e(na)j J a j  —  a*{t)M2e~ĉ XotM s

ф(?)

/  i ^ ( a ) l2( ^  e(«a)] ß?oc | —

/  (|fr(a)|2— |ir*(a)j2) Í ^  е(иа)1 da\-

- a * ( t ) M 2e~ĉ ^  >  (ачЩ ))2- М ‘

-  Сг3^ { ( а Ч 0 - а 9(М)УМЧоё К + (аЧ0У (tM log R + t 2 (logJog ^

<p(q) 
+»

R 2
+

+ a*(t)(a*(t)~ai,(M ))M 2 + a*{t)M2e - c™V]ozM}.
Now we are going to give an upper estimate for the right hand side of (90). 
If a, b are integers such that 1, l= b= 7?  and (a,b)= 1 then let

us denote the interval

h r ä - 7 + i J —

a 1 R a 1 
+  - — 1log.b M  log log R ’ b M  log log

by 1а,ь (s° Ihat /0>i =  [—(5 +<5]) and define the set SR M in the same way as in Lemma
9. Then obviously,

0 ,1 - Ő ] c {  U ( U U J U S * ,«2 l^a^b-1(a,b)=1

13 Acta Mathematica Academiae Scientiarum Hungaricae 31, 1973



378 A. SÁRKÖZY

thus

(98) /  |F (« )|* |P («)|rfaS

[«I
=  2  2  Ea.b + Es-

b = 2 IS aS b l 
(a, b)=l

For x£I„ib, we use Lemma 14 to estimate |F (a)|, while |P(a)| can be estimated

by applying Lemma 5 with u=2, x = ~ + ß ,  since (15) and (16) hold by (84), (85)b
and b ^ R ,  and also (28) holds for large M  by \ß \^ ö  and (89). Applying these 
lemmas, we obtain with respect to (92) that if a c 4 ,6 (where 1<&S7?) then

|F(a)| ^ ( a bq( t ) - a q(M ))M + c t (\ß\Mab'( t )+ a t O))tb ё

S  (a*(t)-a9{M ))M + e t (\ß\M +l)a*(t)tb  S

(a * ( t ) - a q(M ))M + 2c5a*(t)tb for \ß\ =5 -L

(a*Q )~at (M ))M + 2ci\ß \M a*«)tb  for \ß\ >  -L  

and (29) hold. Thus in view of (85), (88), (89) and (94),

;Ит+4 №+/,)Ь+
\  f  И т + ? ) | ' К т + / ’) | # *

M-m- s

«  5  {(a*(0-a4(M)YM^Ha*(t)Y^b^}^^-j dß +

+ i f  {(a*(t) — aq(M))2 M 2 + \ß\2Mi(a*(t))2 t2b2} <s

<<{{a 4 t ) - a q^ ) y M 4 ( a 4 t ) Y t ^ } ^ ^ +

cp{b)(p{q) {(а *(.t)—aq(Mj)2 М 2 f  ± d ß  + M*(a*(t))4*b* f  \ß\dß}<<

M *\ß\^Ö T1M 3

^ ^ { ( а Ч О - а ш( М ) У ^ + ( а * ( 0 р ‘Ь* +
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+ (a * ( t ) -a q(M))*M* log Mő + M2(a*(t))212b2ő2} «

{(вЧ 0 - в , ( ^ ) ) 8̂ 1 о 8 я + ( в * ( 0 ) * г ^ ( | - ^ ) } ,
<P(b)<p(q)

hence
[«1 [Я] a

(99) 2  Z  Е°.ь«  Z  Z  ( J  ( v
b =  2 l ^ a ^ b - l  Ь = 2 1 ^ а Ш Ь - 1  ф ( Ь ) ф ( д )

(о, b) = l (a, b) = l

+

log log - 

{(a*(0—a,(M ))2Af4og/?-

<p(q) |(e* ( /) - aq{M )YM 2R log R+(a*(t))2
R5

r}-(log log R)2 \

Finally, to estimate Es , we use Lemma 9 and Parseval’s formula: 

(100) Es = f  \F(y.)\2\P(y.)\ch^ sup |P(«)| f  \F(<x)\2da.«

qM  log log R 
(p{q) R Я a*(t)M 2

<£>(?)
log log R 

R

(with respect to (92)).
(90), (97), (98), (99) and (100) yield that

1 q

+

ш Ш (а?(М))2М2_С13Ш {(а*( 0 _ а ’ (л/))2М ЧоёЛ +

(a*(t))2 (fAi log /? +  ta7 ,o- f j g 2) +a*(t)(a*(t)-aq(M ))M 2

<sc
<p(q)

or in equivalent form,

(log log R)‘- 

+  a * ( i )  A / 2 e _ c io, / | o g M } «  

j -  {(a*( t) - aq(Af ))* M 2 R log R +  (a * (t ))212

+

R5
(log log R)2 +

+ _ 2 _ 0. ( , )Л/> |<,е1о8Я
<p(q) R

(a„(M))2 « (<a * ( t ) -a 9(M))2 R log R +

+

+ a*(0  |e _cioflosM + Rj

(with respect to (92)) which completes the proof of Lemma 15.
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5. In this section, we will complete the proof of our theorem by showing that 
Lemma 15 implies (12).

C will denote a large enough (but fixed) constant and x will be an arbitrary 
integer which is sufficiently large in terms of C.

Let us write
z  _  П  log log X  1 

L 6 log log log xJ
and define the positive integer N  by

( 101) 
and 
( 102) 

so that

For x— + °°,

(103)

hence

[(loglogx)5]2|7V 

IV ^  x  <  7V+[(log log x)5]2,

i idog l o g ^ r ] 1(108 loeJ1)‘lz-

1 log log X
X. ------ ■- ■ ■

6 log log log x ’

log [(log log x)5]2 =  Z log [(log log x)5] ~

~  5Z log log log X 5- 1 log log X  

6 log log log X log log log X —

=  log log X
thus for large x,
(104) [(log log X ) 5]2  <  glog log jc _  ]0g X- 

(102) and (104) imply that for large x,

(105) x ^  TV >  x — log x.

Let us define the positive integers t 0 , t 1}  . . . ,  t z ~ i ,  t z  in the following way: 
for k = 0, 1, . . . ,  Z ,  let

-  N  
1k ~  [(log log x)5]2-* ’

so that tz =N. (In fact, these numbers are positive integers by (101).) Furthermore, 
(104) and (105) imply that for large x,

N(106) x  s  N -  tz >  tz -x > •••>  h  >  t0 =

x — logx  _  X 

logx  logx

[(log log x)6]2 

- 1  ( > l /x).
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For a ? 3, let us define the function f (u )  by

, ,  4 _  log и log log и 
](U )~  u2

and for k = 0 , 1, ..., Z — 1, let

Rk =  ( / (C))1/2( / ( k  +  C))-1 log log ( / (fc +  C))_1.

Finally, we define the positive integers q0,q l5 ■ ■■, qZ- k, qz by the following 
backward recursion:

Let qz = 1. If gz , qz-i, ■■■, Qk+i have been defined (where O s fc s Z — 1) 
then let qk denote a positive integer for which

(107) Qk+l\qk 
and

(108) 1
qk+i

hold and aqk(tk) is maximal; i.e. using the notations of Lemma 15 (with tk, qk+1 
and Rk in place of t, q and R, respectively), let us define qk by (107), (108) and

(109) aik{tk) =  a * ( t ) -  г maxfc abqk+1(tk).

We are going to show by straight induction that if C  is large enough and x 
is sufficiently large in terms of C then for k=0, l, , Z,

( П О )  j f f i -

For k = 0, (110) can be written in the form aqo(t0) ^  1 but this holds trivially 
by Lemma 12 (independently of C).

Now let us suppose that (110) holds for some positive integer k, satisfying 
O ^ k ^ Z —1. We have to show that this implies that also

Oqk + 1Uk + l)
holds.

Let us assume indirectly that

(H D «ft+I(f»+i)

Д к  +  1 +  C )  
/ ( C )

/  ( f c + 1 +  C )  
/ ( C )

We are going to deduce a contradiction from this indirect assumption by using 
Lemma 15. For this purpose, we need some estimates for the function f ( u )  and 
the parameters Z  and Rk.

Obviously, for large u, the function / (u) is decreasing and 

(112) lim f ( u ) =  0.
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Furthermore, if г/^-Н=-= and —— l thenv

(H 3) f ( u ) ~ f ( v )  (for U -* +  oo, ii- — l j .

For n-* +  oo,

(114) log (/(u ))-1 ~  log и2 =  2 logu (for it — + “=) 
and
(115) log log (/(it))-1 ~  log log it (for it - f » ) .

By Lagrange’s mean value theorem, for « S 3, there exists a real number v such 
that

f ( u ) —f (u  + l) — - f ' ( v )  and l i S t S u  +  l,
Thus for it— +  oo, we obtain with respect to (113) that

(116) / ( „ ) - / ( „ +  1 ) = - / '( « ; )  =  ^ g b ^ - t + ^ b g r U l o g t o g r )  ^
fi3

(log v) (log log V)

(103) implies that

■ , / ( » )  , / ( « )  f f n r  , V2 ------~  2 -------  (tor и -► И- °°).
V и

(117)
and

log Z  ~  log log log x

log log Z ~  log log log log x

(for x— +  °°). Thus with respect to (103) and (113), we have

log Z log log Z(118) / ( Z  + C) ~ / ( Z )  = Z 2

36 (log log log x)3(log log log log x)
(log log x)2

Finally, if C  is large enough and k = 0, 1, Z —1 then with respect to (115),
(119) Rk = ( /(C ))1/2(/(fc+ C ))-1 log log ( f ( k + C ))-1 

(k + C)2
( f(C ))112 log (k + C) log log (k + C)

]inJ k + c r

2 log log (k + C) =

=  2 ( /(C ))1
and

(120)

log (k + C)

1
R k  >  ( / ( C ) ) 1 /2 ( / ( / c  +  O )  ■- 1 • у  log log (к +  C)

-  — ( /(C ))1/a —
2 U l log(fc +  C) ‘
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Furthermore, by (112) and since/(и ) is decreasing for large u, we have also

Rk <  ( f ( k  + C))~1 log log ( f ( k  + C))~1
and

Rk s  (/(fc +  C ))^(/(fc  +  С ))"1 log log (/(fc +  С))“1 =

=  (/(fc+C ))~1/2 log log ( f  (к + С))~г

for large enough C. Hence, in view of (112), (114) and (115), we obtain for large 
C and A:=0, 1, Z — 1 that

(121) l lo g ( fc  + C )< lo g /? ,< 3 1 o g (/c  +  C) 

and

(122) ~  loglog(fc + C) <= log log«* < 2 log log (к + C).

We are ready to show that if C is large enough and x is sufficiently large (in 
terms of C) then Lemma 15 can be applied with tk, tk+1, qk+1 and Rk in place of 
t, M, q and R. In fact, (83) holds obviously by the definition of the numbers 
t0, tu  ..., tz . Also, «  =  3 holds trivially for large C by (121). Furthermore,

4 k + 1  —  4 z  П 4j =  П 4j s  n  R j ,
i = k + 1 4 j + 1 j = k + i  q j + 1 7 = 0

thus to prove that both (84) and (85) hold, it suffices to show that

or in equivalent form,

(123)

By (106),

(124)

П  RJ s lo g  tk+1(=  log M)
7 = 0

Z - l

2  logÄy =  log log
1 = 0

log log t*+1>  log log / x  >  log log X

for large x. On the other hand, by (103), (117) and (121), we have 

(125) S ' l o g  « , < 3  S ’" log (7 +  О  < 3 Z  log (Z +  C )<
7=o 7=o

*  « l o g Z  - = 5 - { lolTog°0g^IOSl0g'° 8 J  =  l l0gl08J'

for large C and x. (124) and (125) yield (123). Thus in fact, Lemma 15 can be applied; 
we obtain that (86) holds. To deduce a contradiction from (86), we have to estimate 
aq{M) and a * ( t) -a q(M).
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(126)

and

(127)

Using the notations of Lemma 15, (110) and (111) can be rewritten in the form

f ( k  +  Q
a* (0  —

aj M )

/ ( O

/(*  +  l +  C)
/ ( C )  •

By (74) in Lemma 13, t= tk/tk+1= M  implies that

(128) 0 == a9k+1(tk) - a qh+1(tk+1) = aq( t ) - a q(M )  tS a*{t)-aq(M).

With respect to (113), (126), (127) and (128) imply for large C that

1
(129) a * ( t ) ^ a q{ M ) > ^ a 4 t ) .

Furthermore, (126) and (127) yield with respect to (113), (116) and (129) that for 
large C,

(130) f ( k  + C ) / ( * + l  +  C) 3 /(fc +  C)
/ ( C ) / (C )  /(C ) k + C

4  f ( k + l  +  C ) 
k + C  / (C ) k  +  C

a A M )  ts
k  +  C

a*(t).

By (118), (127) and (129), we have

(131) Д * (0  — a q ( M )
/ (* + 1  + 0

/(C )
f (Z + C )

/(C )

35 (log log log x)3 (log log log log x) 
/(C )  (log log x )2

for large x, while in view of (106),

(132) g-CioVW M = ß-Ciofioe'k + i Ä e-C ioflogr0

Ü  c- Cl.y,™ 0 ( Oos J°g ]°g  л')3 d°g log log log *)
l (log log x f

for X-*■ +  «>. (131) and (132) yield that for fixed C and large x,

(133) e-c10yi^M < /(C )a * (r ) .
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Finally, by (113), (120), (122), (127) and (129), we have

(134)
log log R 

R
2 log log (fc + C)

y ( / ( C ) ) 1/2
(.k+ C Y  

log (к 4- C)

=  4 (/(C ))_1/2/ (k+C)  =  4 ( /(C ))1/2f(kf ^c C) ) <

< 5(/(C))1/2 / ( 'kf(cfC) "  5( / ( С))1/2аДМ) = 5(/(C ))1/2a*(0
for large C.

With respect to (119), (121), (122), (128), (129), (130), (133) and (134), (86) 
yields that

( t  'H '  * c * { ( T E T c '“•<'>)’ ■■ 2 <f ( c » a  ‘ 3 + c >+

+ »*<'> ■ T T c  “ *<'>+ <“ ' ( '» ! ( p i l b n ' 3 log(fe+ C) +

+ _____ 1_f , ( / ( C )).« № + C>‘ ___1________I +
+  [(loglog*)»]' log(fe+C) J ^ loglog№  +  c ) J!

+ e*(0(/(C )a*(0  + 5(/(C )^e*(r))}.
Dividing by (a*(f))2 and with respect to (103), (112) and (117), we obtain that if 
C is large enough and x is sufficiently large depending on C  then

T - 9fe- W c >>‘' ! + ^  + ' - l S i W ' 3Io* ( 2 + c ) +

+ Ca (loglo'g x r  • 24 / ( C ) n Z + C)30 +  c9/(C ) +  5c0( /(C ))1/2 <

^  30 + 30 +
___ 7c9___
(log log x)5 logZ +

216c9(/(C ))5/2 
(log log x)10

7 1 0  J____L
z  + 30 +

2  8c9

15 +  (log log x)5 (log log logx) + 216c9(/(C ))5/2 П  log log x V° 
(log log x)10 15 log log log x)

2 1 2iec9(/(C ))5/2 1 2 1 1  1
< 15+ 3 0 +  510 * (log log log x)10 15 ' 30 ' 30 5

Thus in fact, the indirect assumption (111) leads to a contradiction which proves 
that (110) holds for к —0, 1,
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Applying (110) with k = Z , we obtain with respect to (118) that

(135) aqz{tz) =  аЛ Ю  = a(N ) =§ f ( f g y - <

37 (log log log x)3 (log log log log A-)
^  /(C ) (log log л)2

provided that x is sufficiently large.
Finally, (135) yields by (75) in Lemma 13 and (105) that

a(x) ^  ( l

which completes the proof o f o u r theorem.

6. In [6]— [9], K. F. Roth generalized the method developed in [4] and [5], 
in order to investigate the solvability of systems of equations o f the form

Z a-uu xJ =  0 (i =  1 , 2 , ... ,//)
j=  1 v

where the num bers oty are integers satisfying J? ау =0 , and is anj=1
arbitrary “dense”  set of positive integers.

By using that extension o f Roth’s method which has been elaborated in this 
paper, one may investigate also the solvability of systems of equations of the more 
genera] form

2aijuxj = 2 ßikK? (i = l, 2, ...,g)
j = 1 k  =  1

where the num bers ay and ßik are integers jagain, 2  оси = o j ,  Ki < ii2< . . .  is an

arbitrary “dense” set of positive integers and the sets b{k>< ... (where k=
=  1, are fixed sets of positive integers.

74 (log log log x)3 (log log log log x) 
„(JV) S  l a m  < 7 ^ ---------------- (S iT o g -^ i---------------
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