ACTA
MATHEMATICA

ACADEMIAE SCIENTIARUM
HUNGARICAE

ADIUVANTIBUS

A.CSASZAR, P.ERDOS, L. FEJES TOTH, A. HAJNAL,
L. LEINDLER, A. RAPCSAK, L. REDEI,
B. SZ-NAGY, K. TANDORI

REDIGIT

G. ALEXITS

CORREDACTOR
J. SZABADOS

TOMUS XXX FASCICULI 1—2

AKADEMIAI KIADO, BUDAPEST
1977

ACTA MATH. HUNG.



ACTA MATHEMATICA

ACADEMIAE SCIENTIARUM HUNGARICAE

A MAGYAR TUDOMANYOS AKADEMIA IIl. OSZTALYANAK
MATEMATIKAI KOZLEMENYEI

SZERKESZTOSEG: 1053 BUDAPEST, REALTANODA U. 13—15.

KIADOHIVATAL: 1363 BUDAPEST, PF. 24.

Az Acta Mathematica angol, német, francia és orosz nyelven kozél értekezéseket a matema-
tika korébdl. Valtakoz6 terjedelm fuzetekben jelenik meg, tobb flizet alkot egy kétetet. A kozlésre
szant kéziratok a szerkeszt6ség, minden mas levelezés a kiadéhivatal cimére kildendé.

Megrendelhetd a belfold szaméara az Akadémiai Kadénal (1054 Budapest, Alkotmany
utca 21. Bankszamla 215-11488), a kulfold szdmara pedig a Kultira Konyv és Hirlap Kilke-
reskedelmi Vallalatnal (1011 Budapest, F6 utca 32. Bankszamla 218-10990), vagy annak kil-
foldi képviseleteinél és bizomanyosainal.



ACTA
MATHEMATICA

ACADEMIAE SCIENTIARUM
HUNGARICAE

ADIUVANTIBUS

A CSASZAR, P. ERDOS, L. FEJES TOTH, A. HAJNAL,
L. LEINDLER, A. RAPCSAK, L. REDEI
B. SZ.-NAGY, K: TANDORI

REDIGI1T

G. ALEXITS

CORREDACTOR
J. SZABADOS

TOMUS XXX

AKADEMIAI KIADO, BUDAPEST
1977

ACTA MATH. HUNG.



ACTA MATHEMATICA

ACADEMIAE SCIENTIARUM HUNGARICAE

A MAGYAR TUDOMANYOS AKADEMIA Ill. OSZTALYANAK
MATEMATIKAI KOZLEMENYEI

SZERKESZTOSEG: 1053 BUDAPEST, REALTANODA U. 13—15.

KIADOHIVATAL: 1363 BUDAPEST, PF. 24.

Az Acta Mathematica angol, német, francia és orosz nyelven kozol értekezéseket a matema-
tika koréb6l. Valtakoz6 terjedelm(i fiizetekben jelenik meg, tobb flzet alkot egy kotetet. A kozlésre
szant kéziratok a szerkeszt6ség, minden mas levelezés a kiadéhivatal cimére kiildendé.

Megrendelhetd a belfold szamara az Akadémiai Kiadénal (1054 Budapest, Alkotméany
utca 21. Bankszamla 215-11488), a kulféld szaméara pedig a Kultira Kilkereskedelmi Vallalat-
nal (1011 Budapest, F6 utca 32. Bankszamla 218-10990), vagy annak kulfoldi képviseleteinél
és bizomanyosainal.



INDEX

VOLUME XXX

Alexits, G. and Schipp, F., On the absolute convergence of certain function series.........c....... 333
Ayoub, Christine W., Conditions for a ring to be fiSSile ... 233
Bantegnie, R., Etalements cristallographiqUe.........cccociiiiiiiiiicce e 283
Blair, 1V., A remark on a paper of Fuchs and Szele.........c.coeeiiene. 239
Bosbach, B., Concerning joins of equational classes of Burnside groups 19

Esterle, J., Solutlon d’un Probleme d’Erdés, Gillman et Henriksen et application a | etude des

homomorphlsmes de *R(K)
Fawzy, T., Spline functions and the Cauchy problems.
Frankl, P., An intersection problem for finite sets
Freud, R., On certain types of conditions characterizing additive arithmetical functions.
Grande, Z Sur les suites transfinies
Halasz, G., Localizing the Lozinski—Harshiladze theorem on projections into the space of

v .

trigonometric POIYNOMIAIS ... 307
Harui, H., Decompositions of injective modules over non-noetherian rings........... 203
Hoischen, L., Wachstumseigenschaften und Konvergenzfaktoren fur verallgemeinerte Potenz-

reihenverfahren der LIMItIErUNG ... 197
Holland, A. S. B., Kathal, P. D. and Sahney, B. N.. A class of continuous functions and their

degree Of aPPrOXIMALION ..ot 227
Johnson, J. A., Maximal elements and completions of Noether lattices. 33
Kaiser, H. K., Uber kompatible Funktionen in universalen Algebren... 105

Katai, /., ON CONSECUTIVE PIiM ES . c.iiiiiiiiiieieiieiiiees et b bbb bbb sesasesesenas 163

Katai, /., On the sum of digits of primes 169
Kathal, P. D., Holland, A. S. B. and Sahney, B. N., A class of continuous functions and their
degree Of APPrOXIMAtION ...t 227
Kiss, E. W., On modular right ideals of a ring ...... . 303
Kro6, A., The continuity of best approximations ... . 175
Kro6, A., Differential properties of the operator of best approximation...........cccocoennnnnnne. 319
Longnecker, M. and Serfling, R. J., General moment and probability inequalities for the
MaXimuUM  PAFtIAl SUM ottt ettt 129
Lovasz, L., A homology theory for spanning trees of a graph......ccoceeeee. 241
Milman, M., Embedding of rearrangement invariant spaces in Lorentz spaces 253
Nguyen Xuan Ky, On application of the duality principle for the approximation by spline
FUNCLIONS 1N LP-SPACES  .eiiiiieieiiiiitceisiete ettt bbbkttt sttt 135
Podewski, K.-P. und Steffens, K., Uber Translationen und den Satz von Menger in unend-
lichen Graphen ... B 69
PreuB, W., Remark to the embedding of an operational calculus based on the transfor-
mation in a field of transformable 0Perators.......iiiii e 259
Ramachandra, K., On the frequency of Titchmarsh’s phenomenon for C(s). | . 7
Rice, M. D., A note on composition properties in uniform spaces........cccoceueee . 189
Rishel, W., Links and products in countably compact and M -spaces... . 15
Robinson, D. A., A special embedding of Bol 100pS iN GroUPS....ccoceiiiiiiininiieieriree e 95
Sahney, B. N.. Kathal, P. D. and Holland, A. S. B., A class of continuous functions and their
degree Of @PPrOXIMALION ..ottt 227

Sarkozy, A., Some remarks concerning irregularities of distribution of sequences of integers
in arithmetic Progressions. 1V ...
Schipp F. and Alexits. G., On the absolute convergence of certain function series




Schneider, The Birkhoff—Egervary—Konig theorem for matrices over lattice ordered
ADEHIAN  GEOUPS oot bbbt b b bbbt b bbbttt en s 91
Serfling, R. J. and Longnecker, M., General moment and probability inequalities for the
MaXiMUM PAFTIAL SUM ottt 129
Sitaraman, Y. and Swaminathan, V. Tauberian theorems for the family F(a,q) of summability
METNOAS s 45
Soler, F., /-2variétés & connexionaffine. ...,

Somorjai, G., On the density of quotients of lacunary polynomials ... 149
Steffens, K. und Podewski, K.-P., Uber Translationen und den Satz von Menger in unendlichen

GFAPNEIN ettt bbbt £ b b £k b £ bbb e b bR e e bt bbbttt b et enee 69
Subrahmanyam, P. and Suryanarayana, D., The maximal JHree divisor of m which is prime

B0 ML | 49
Suryanarayana, D. and Subrahmanyam, P., The maximal JHree divisor of m which is prime

B0 N b s 49
Swaminathan, V. and Sitaraman, Y., Tauberian theorems for the family F(a, q) of summability

METNOAS bbb 45
iSwiatak, H., Existence and regularity problems for nonlinear functional equations.. 21
Szabd, 1., On aclass of lattice-ordered SEMigroUPS......ccccereuririsiriririeiseess e .14
Szendrei, Agnes, On the torsion theories in affine categories. ... 351
Wade, W. R., Sets of uniqueness FOrHaar SEFTES. ... 265

77-1434 — Szegedi Nyomda — F. v.: Dob6 J6zsef



Actd Mathematica Academiae Scientiarum Hungaricae
Tomus 30 (1—2), (1977), 1—6.

f22VARIETES A CONNEXION AFFINE

Par
F. SOLER (Moncton)

1. Introduction. Roter [1] a prouvé pour les r2-variétés riemanniennes que le
tenseur de récurrence B est symétrique et ceci est basé sur les propriétés de symétrie
du tenseur de courbure.

Plusieurs auteurs (cf. [3], [5], [¢]) ont étudié les r2-variétés munies d’une métrique
et les propriétés de B sont bien connues.

Dans la présente mémoire, nous allons donner certaines propriétés du tenseur B
quand la connexion est affine, et donc toutes les symétries de R ne peuvent pas étre
employées, (voir aussi Soler [7]) et en particulier étudier un cas spécial de rz-variéte,
celui qui admet un champ /--vectoriel et qui a le tenseur S décomposable. On obtient
alors que la partie antisymétrique de B considérée comme un vecteur de J1(2*
estautorécurrent pour la dérivation induite par la connexion affine sur I’espace J1<2)*.

La restriction du champ /--vectoriel, d’étre parallele, nous permet d’obtenir
pour les r2-variétés a connexion affine I'annulation de la partie antisymétrique de B.

2. [2variétés affines. Soit V,, une variété différentiable & n dimensions.
Un ouvert de Vn est homéomorphe hRn. Soit J* (p) I'algébre des fonctions différen-
tiables de classe C1 en un voisinage de p et S'(Vn) Ialgébre des fonctions différen-
tiables sur Vn.

Un champ vectoriel c’est I’assignation d’un vecteur a chaque point de Vn.
Il est une dérivation de I’algebre éF(V,,). L’ensemble X de tous les champs vectoriels
sur V,,est un ~(KJ-module.

Un champ tensoriel de type (r,s),Xs, est isomorphe au produit tensoriel de
J-fois X et i-fois son dual. Il peut étre considéré comme une application s-linéaire de

s-fois

XX * . XXATO.

Donnée une connexion affine ", que nous supposons symétrique dans tout ce
qui suit, la différentiation covariante associée est une application bilinéaire V :XX
XX-+X représentée par (X, Y)-*WXY ou X, YCX. Elle est une dérivation sur
I’'algebre des champs tensoriels qui préserve le type et qui commute avec chaque
contraction.

Pour un champ tensoriel KC.Zs la dérivée covariante VK est une application
V:Ks—2J+1 et nous posons

(Vi) (XIt ..., V) = QWK) (X,.....Xs)

pour la premiére dérivée covariante et
(2-1) (V2* )~ XSt VEW) = [VAV AK AL, XS YY)
pour la deuxieme; étant Xlt ..., Xs, V, fVCX.

t Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



2 F. SOLER

Les champs tensoriels, torsion et courbure sont définis respectivement :
(2-2) TV, W)=\ VW -VwV-[V,W]
(2-3) R{V, W, Z) =j/(V2Z)(:IV:V)-V[ViW]Z
ou’ V, IV, ZCX(V,,) sont des champs vectoriels sur V,,et si est I'opérateur d’antisy-
métrisation.

Ruse [2] a défini une variété a tenseur de courbure récurrent, ou simplement
r-variété, par la condition

(2-4) (V,,R)(X, Y,Z) = R(X, Y, Z)A(V)

ou R est le tenseur de courbure et A est une 1-forme. Une variété est récurrente de
second ordre, ou simplement une rz-variété, si elle satisfait & la condition

(2-5) (V(V,, D), Y,Z) = R(X, Y,Z)B(V, W)

ou § et R?x0.
Cette notion a été introduite par A. Lichnerowicz [3]. Dans ce qui suit, nous
allons nous limiter aux r2-variétés avec connexion affine symétrique.

3 Cas spécial de r2variété affine. Dans chaque point pdVn, il y a un espa
vectoriel tangent Tp. Soit B —{Vj}, i—1, ...,n une base de Tp et /7= {0} i—
=1,...,n la base canoniquement associée a |’espace vectoriel dual T*.

On définit un champ tensoriel 5 par

(31 S(X,Y) =2 94R(X, Y, VJ).

Quand sur V, se trouve définie une métrique riemannienne le tenseur S est le
tenseur de Ricci.

Proposition 1. Si V,, est une r2-variété, c'est-a-dire

{VR)(X, Y, Z: V: W) —R(X, Y, Z) B(K W)
N
o (V2S)(Ar Y: V: W) = S(X, Y)B(V, W).

Démonstration. Elle découle de (2-5) et de la définition (3-1).
Supposons maintenant I’existence d’un champ r-vectoriel ZC3E c’est-a-dire

(3-2) WyL —Loc(V)

ou a est une 1-forme non nulle et V est un champ vectoriel arbitraire.
On sait (cf. [4]) que le commutateur des dérivées covariantes d’un champ vec-
toriel est donné par

(3-3) si<y*L)(:V:W) - R(W, V, L)-4 T(WYyL.
D’autre part la seconde dérivée de L, tenant compte de (3-2) est

(3-4) iy2L){:V:W) = JL(a(IC)a(K) + Va(K, W))

et par antisymétrisation de (3-4) on obtient

(3-5) st(Va2L)(:V:W) = LM(Va)(K: W).
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rm»-VARIETES K CONNEXION AFFINE 3

A partir de (3-3) et (3-5) on obtient la proposition suivante.

Proposition 2. Si L est un champ r-vectoriel et a est la I-forme de récurrence
alors

(3-6) R(W, V,L)-VTIWSVL = Ls/(Va)(V:W)
et en particulier si sdT=0 alors
(3-7) R(W, F, L) = Lsd(ya)(F:IF).
Supposons maintenant que le tenseur S défini dans (3-1) soit décomposable :
(3-8) S(X, Y) = p(X)y(Y).
Par Proposition 1 et (3-8), on a, apres antisymétrisation pa rapporta F et W,
(3-9) sd(VA(S)(X, Y: V: W) =p(X)y(Y)stB(V, W),
et d’autre part le calcul de la seconde dérivée du deuxiéme membre de (3-8) donne
(3-10) V2(p®y)(X, Y: F: W) = (V2/*)~: Fr Wa)y(Y) +
+(VP)(X: W)(VY)(Y: V)+(Vp)(X: F)Vy(y: IF)+ At(*)(V2y)(y: VmlO,
et par antisymétrisation:
(3-11)
MV 2(li<e ) (y, Y: F: W) = sd(VIp(X: V: W)y (Y)+p{X)s/(WIy(Y: F: IV),
et si on tient compte de (3-3) on a
(3-12) sti(W2p)(X: V2 W) = p(R(W, V, X))-(V TW,V)fi)(X)
(3-13) sI(V2y)(Y: V2 W) = y{R(W, V, Y))-(VTWWV)y)(Y).
On peut énoncer la proposition suivante.

Proposition 3. Pour toute r2-variété avec tenseur S décomposable se vérifie
la relation suivante:

(3-14) P(X)y(Y)sdB(V, W) = \p{R(W, V,y))-(V ror,Wi(y)ly(y) +
+pX)Y{RAV, V, ¥))-(YTOK V) (Y],

et en particidier si s/T=0
(3-15)  p(X)y(Y)sdB(V, W) = p(R(W, V, X))y(Y)+p(X)y(R(W, V, Y))

pour VX, VY, V, 1F£E.
Donnons maintenant dans I’équation (3-15) a X et a ¥ la valeur L. Nous allons
considérer deux cas:
a) P(L)=0 (ou y(L)=o).
Dans ce cas, a partir de (3-15) on obtient:
p(R{W, F,L)) = 0 (ou y(R(IV, V,L)) = 0).

b) /i(L)?2i0 et y(L)"0 surun ouvert ficFr
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Alors si on tient compte de la Proposition 2 (équation (3-7)), I’équation (3-15)
devient:
sdB(V,W) = 2sd(V<x)(V:W).

Le cas ou p(L) et y(L) s’annulent simultanément est trivial. Résumons ces résultats.

P roposition 4. Pour toute r2-variété avec tenseur S décomposable dans le produit
tensoriel S=p®y et sous la condition de I'existence d'un champ r-vectoriel L, une des
deux conditions est vraie localement:

i) Si p(L)=0 (respectivement y(L)—0) alors p(R(fV, V,L))=0 (respecti-
vement y(R(IV, V, L))=0).

i) Si p(L)?£0 et y(L)"0 alors lapartie antisymétrique du tenseur de réccurence
B vérifie sdB(V, W) =2sd(Va) (V: W) ou a est I-forme de récurrence du champ
r-vectoriel.

La premiére identité de Bianchi s’écrit:
&xyz\R(X, Y, Z) = OXIZ\T{T(X, Y), Z) + VXT(Y, 2)}

ou Sxrz\ indique permutation circulaire sur les indices X, Y, Z et sommation.
Quand la connexion affine est symétrique I'identité de Bianchi se réduit a

(3-16) Pxrz\R(X,Y,Z) =0
ou ce qui est équivalent:
(3-17) oXiz\a(R(X,Y,Z)) =0

ou a est une I-forme.
Si on tient compte de la Proposition 2, formule (3-7), on a:

(3-18) é?7XyZ\oc(L)jd(Voc)(V: W) —O.

D’autre part, & partir de la définition de S (équation (3-1)) et de la Proposition 2,
on a: S(X,L)=sd(Va) (X:L). Et puisque S est décomposable, nous avons
(3-19) sd(Va)(X: L) = p(X)y(L).

Si on remplace (3-19) dans (3-18) et on tient compte de I’antisymétrie de
sd(Va) on obtient:

(3-20)
a(L)sdva(v: W) = a(W)p(V)y(L)—a(V)p(IV)y(L) = [a(W)p(V)-a(V)p(W)]y(L).

A partir de (3-20), nous pouvons énoncer la proposition suivante:

Proposition 5. Si V,, est une r2-variété qui admet un champ r-vectoriel L tel que
a(b)7+0 et le tenseur S—p "y est décomposable, alors:

i) Si y(L)=0 ou p(L)=0=>sd(Va) (V: W)=0;
ii) Si y(L)XO et p(L)vO=>-sd(Va) =y.*pAy ou x=y(L)/a(L).

Corollaire. Si une variété différentielle vérifie
i) (VR) (X, Y, Z: V:W)=R(X, Y, Z)B(V, W),
i)(VL)(:V) =La(V) et a(L)"0,
iii) S=p®y et y(L)?t0,

alors sdS(X, Y)=sd(Va)(Y:W).
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r?-VARIETES A CONNEXION AFFINE 5

4. La partie antisymétrique du tenseur de récurrence. On sait que
SI(VAR(X, Y, Z: V:W) = H(X, Y,Z V,W)

ou A est le tenseur défini par Cartan [8]. Et puisque le commutateur de deux dériva-
tions est une dérivation [9], on a

4-1) si(V2si(VA(R)(X, Y,Z: V: W: P: Q) =
= [si(VAB(V, W: P: Q)+siB(V, W)siB(P, Q)IR(X, Y, Z)

et si on tient compte du fait que c’est une r2-variété et de la définition de H on doit
avoir

(4-2) si(VIsi(VAR)(X, Y, Z: V: W: P: Q) =
= 2siB(P, Q)H(X, Y, Z, V, W) =2siB(P, Q)B(V, W)R(X, Y, Z2).

Si on compare (4-1) et (4-2) on déduit:
JI(VA(cR)(K, W: P: Q) =siB(V, W)s4B(P, Q).

On peut considérer siB comme un vecteur de |’espace JI®* des 2-formes, sur
lequel on considere srf(V2 comme la dérivation induite par T sur J1{2*.

Proposition 6. La partie antisymétrique de B est autorécurrente pour la dérivation
induite par V sur I'espace J1(@)* des 2-formes.

Considérons maintenant le cas ou la partie antisymétrique siB s’annule.
Si on tient compte de ii) de la Proposition 4, on voit que sous la condition

H(L)?£0 et y(b)"0, siB=0 dans les quatre cas donnés dans la proposition sui-
vante :

Proposition 7. Pour les r2-variétés qui admettent un champ r-vectoriel L, soit
(VL) (: V)=Loc(V) avec ct(L)iO, et qui ont le tenseur S décomposable, la partie
antisymétrique du tenseur de récurrence s'annule si:

i) u=0<*L est parallele;

ii)a=d6 oo (K J;

iii) Va= 0, soit la 1-forme de récurrence est paralléle;

iv) siVa=0.

En particulier quand la 1-forme a est paralléle et le tenseur S se décompose
S=0i(g>y. Pour étre une r2-variété V2S(X, Y)=ot(X)Vp(Y:V:W) et puisqu’on
doit avoir V2S(X, Y)~B(V, W)ot(X)y(Y) aussi, on en tire pour un ouvert sur
Q(zV,, ou la 1-forme a n’est pas nulle, I'autre forme vérifie V2y(X:V:W)=
=b(v, OO VX,Vv,wex.
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ON THE FREQUENCY OF TITCHMARSH’S
PHENOMENON FOR Qj). Il

By
K. RAMACHANDRA (Bombay)

8 1. Introduction. In a previous paper with the same title [3], | showed that if we

fixany ¢ in | 1 and any function # xof X satisfying (log X)x A 1<AI&>0,
fixed) then, with every fixed s>0, there holds
(@) AsI%%Xt/ij |C(c+ii)| > Exp ((log H)1~c~¢

for all X>X0=X0(c, 3, s). In this note, which may be looked upon as an addendum
to [3], we are concerned with upper bounds for the left hand side of (I) under some
restrictions. More specifically let H be a function depending only on Y such that
#>(log F)a(5=-0, fixed) and (logH) (log ¥)'1 does not exceed (loglog F) 1
for F>20. Then | prove that for every fixed e>0,

sz) min max lE(c+ ii)|) < Expg(log#)l-c+8)

YsXsY+YeKXntsX+H

holds for all F> T0= YO(c, 3, €). Here and in whatfollows 0= 5/12.
Combining (1) and (2) we have the following

Theorem 1 Ty we have

©)] log log{rs min+ye (" w x+s |Cc+ /01)} ~ (1-c)loglog 4.

Corollary. If T c< 1 and H2=H2(X) satisfies

.. logA2 . on
lim inf log log X 0 and lim J[ng =0,
then
~ fibglog (y smax+tfJC(c-HOI)
(4) “)rp-"mf log log tf2 —l=

Remarks. The corollary includes Titchmarsh’s theorem as is easily seen by
taking A2=Exp (Jo'° ° ~ -). Titchmarsh’s Theorem referred to here is (see [5],
page 172)

limsup f I°el°g(IC(c+.'01+20) 1 g
) ( log log t )
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8 K. RAMACHANDRA

The corollary includes Titchmarsh’s Theorem and says something more than Titch-
marsh’s Theorem. The Theorem is also true when (loglog ¥)-1 is replaced by
any function of Y which tends to zero. But then the constant YOwill depend also
on the nature of this function. For other remarks see §4.

Because of (1) we need only prove the upper bound (1—c+e) loglogH for
the left side of (3). The method of proving this involves only familiar ideas. It is
interesting because it leads by combining it with the method of my paper [4] to the
following

Theorem 2. Let x(p) be complex numbers of absolute value 1 associated with

each prime p and suppose that thefunction F(s)=]1J (I —y,(p)p~9~Y(s=a+ it, er>1)
P

admits of an analytic continuation in (for some <5>0j with the following

properties. F{s) hasfinitely manypoles in this region andfor all t with |i|=-r, we have
[F(,y)<|i ¥ where A is a constant. Let NO(a, T) denote the number of zeros of F(s)
in [Im M~ T. Thenfor every constant e>0 we have

(6) log NO{(1-<5)/2, T) = log T+ 0{log T)*)

where the O-constant depends on e, S, x and A.

Remark. One may compare it with my earlier result [4] that for (1—0)/2"a-
7 log NO(a, T) = log T+0O”"log 7,)(1+€)(2- 2a)-])

where the O-constant depends on similar constants as before. But the results of [4]
dealt with Dirichlet series which need not have an Euler product.

82. Proof of Theorem 1. We have only to prove the upper bound (1—c+e)*
*log log H for every fixed positive e and all sufficiently large Y, for the left hand side
of (3). This is the object of this section.

Lemma 1. If and N(a, T) denotes the number of zeros of £(s) in

{<rga;0s/sr}, then (with 0= 5/12)
N(x, T+Te)-N (a, T) = 0(7'R1l-*+,H9- 63)“)

where e>0 is an arbitrarily small constant and the O-constant depends only on e and
not on a.

Proof. The lemma can be proved by the method of Montgomery (see [2]).
We say one or two words about the proof. Write P=T° and consider ¥/(s)=
=C(s)MP(s)—1 where MP(s)= <Pp(n)n~s. We have to use the result
n

T+P

c(j+ft) dt=0(Plt)
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due to Titchmarsh (see [5], page 123), the well-known result

P (1 \*
f MP[-+itj 1 = O(A+0

+P
valid for arbitrary TO, and finally the result j *(1L+1i7)|2=0 (P ") which is easily
T
deducible from well-known results.

Note that 5(1 —) (9—6a)-1<0 if a=--" and so by using the lemma above

there exists a region R1:{U"tsU+\0Y1 <r*a} in {Y/ "t Y+ Ye <r>a} (where
Yt= Ysi; is a small constant) which is free from the zeros of £(s). This is true

for every  which is sufficiently small. We fix one such €Xand also an a close to —.

In Rxthe functions log £(s) and G(s) =2 p~s (both obtained from analytic continua-
p

tions of the usual branch at s=3 first parallel to the t axis and then parallel to the
< axis) differ from a bounded quantity. Since in this region £(s)=0(t) it follows by
Borel—Caratheodory theorem (see [5], page 282) that in the region

R2\{a sr «+ 5* U+Y1M t A U+9Y])
we have log£(i)= 0(log t). Let now s be any point of the region
Ri:{a+2dl <« a+4”", U+2Yt" tS [/+8"7}.

We can obtain a short approximation to G(s). Thus:

(8) ~ f G(s+W)r(W)JwdW = 2ip-ptlp~9)
2711 RelF=2 P

with 7 = (log Y)A where A is a large constant depending upon Xand other constants.
Breaking off the limits of the integral at two suitable points and then moving the
line of integration to Re (IF) given by Re (W+s)=a+061 we are led to

IG (s)|«|2 e~plIT*1+ 1-
p

Next we break off the portion p>J2 of the series with a small error and so for s in
R3we have

©) G (S)l«l Z, (c-pIP~9\+1

From this by using an old well-known result on mean values (see [1], page 334),
we have

(10) 1 G(E\vdsrdt =Ci(Y1rId) 2
=
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where Q is a constant and a,, are defined by (G(W))k=2,ann~w (Re W s2). Since
trivially an*k k we have

(11) (] 16" dadtnUKCHWi+J*)

where C2is a constant. Remembering that /=(log Y)A we impose (log Y)3Ak™ Yx.
This is secured if k=0 ’U— . and we get
oglogyi

(12) @G (s)\*kd<jdt*(kC3kY1
where C3is a constant. From this it is immediate that if 10H”"Y X with 3

there exists a rectangle Rx:{<x+2dl-"o”"a.+4d1, VA" "L V+10//} where U+2Yx"
=V and V+10HLU V+ 8Yx such that

(13) £f\G{s)rdadt"H (ke 1,

where C4is a constant. Let now M denote the maximum of |log £(s)| on <r=a-(-3<51

subject to V+HMtrsV+9H. Then using |G(s)|2« f  \G(W)\ikda (da=ele-
I\VAS KL

ment of area) using (13) we are led to
(14) M XS H(kCHk ie. M <41 fL2

where C4is a constant. Of course, for the validity of (14), we should have k=

= =[ A oA i
O{/roglogTJ 10Hs Yx, 3. Let now k {Jog'log//) where D is a large
log A

tends to
logY >

constant. This satisfies the condition on k imposed already since

zero as Y tends to infinity. Thus we get
(15) M = 0((log A)V2+E), (e depends on D),

subject only to 104" Yx and 4 5 3.

If now A" (log ¥)r1 we can apply maximum modulus principle to the function
Gi(IF)=(log C(IF))c(W_22Bw_z(6> 0, suitably chosen) in the rectangle
Rb:{V+H" Im fVAV+9H, a+ 3&"Re W sl+ 6x} provided z lies on the segment
L1:{Rez=c, V+IH"Imz"V+KH) and deduce that

(16) Mx= 0((logHy-c+)

where Mxis the maximum of |[logE(z)| on Lxand eis an arbitrarily small positive
constant.
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This proves Theorem 1 completely. We now remark about the condition H
A(log Y)‘i. This is used only in the application of maximum modulus principle.

H H N AN N
By slight changes in the argument one can prove that, for 3*"HwWEXxp Uog log Y)s
17 r* L Kx°xJ1?2+H [C(ff+ if)l < Exp(Ce(log 1) 1/2+)

where C6is a constant depending on ¢ and e>0. From this one can deduce, by the
application of maximum modulus principle, that the right hand side in (17) can be
replaced by Exp (C6(log #)1 e+e). An alternative treatment will be sketched in 84.

83. Proof of Theorem 2. We shall briefly sketch the proof. Let <6=-0 and 0
be small constants. Then we will show by reductio ad absurdum that every rectangle

Fej<x="—S§, 7,Ar"7’+20rl), where 7\=Exp ((log 7)7), contains a zero of

F(s) for all T'=-10. This will prove the theorem since, for Dirichlet series of finite
order we know that N(a, T)—0(T log T) (see [6], page 310, 89. 621). We assume
that what we wish to prove is false. Then by Borel—Caratheodory theorem we have

in T7j<™-1.—2, T+ TMAT+W TN, where S2=S/2, the estimate logF(j) =
=0(log T). As in the proof of Theorem 1, we can prove that in a certain region
A8{(rU -+53, MN+72" K 1+19772} (where the t interval is contained in that

for R7and M2=Exp ([Qg0g"1]) estimate log F(s) —0((log T)2utr) holds

where the O-constant depends on 63>0, e>0 and rj. We apply maximum modulus
principle to the function <2(IF)= (log F{W))eiW~z"iQY~z (with a suitable choice

of Bi>0) in the rectangle Ra: &¥=Re y +7>VI+2T28Im W AV 1+ 18112

where z is restricted to the segment L2:|6=-"—&, Fj+3r2*i™ Vx+ 177']. Here

¢4 is a suitable positive constant depending on tj. We then get for the maximum
M2of F(z) for z on L2the estimate

(18) M2= O (Exp (log N<34>").

Also the same estimate holds if M2 is replaced by the maximum of [F(z)\
in R10:jff'Sy —S4, A+ 47~~+ 167 ,}. Thiscan becontradicted (by the method

of [4]) by considering a suitable lower bound for J\F(s)\2dt where L3is the
segment j<x=y—t5 with (H=-i- &, Vy+ST"t". Vy+15I3. (Note that we can

approximate to F(s), foréin 7 :jerA-~-—Sbh, Vy+5Tt At Vy+ 152 by “a short
Dirichlet polynomial”.) This completes the proof of Theorem 2.
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§ 4. Concluding remarks. Both in [3] and in this note it would, perhaps, be more
satisfying to consider the quantities

and

M=y, e AT

For these quantities one can prove by our method the following
Theorem 3. If 3 then

M3> Exp {C7(log Wi)l_c~"}
where G, is a positive constant depending only on ¢ 1j and e>0. Also if

H=H(Y)"*20 and (log H) (log ¥)*“1=(log log ¥)“1 then
Mt < Exp {C8(log H f~ c+c}

where C8is a constant depending only on ¢ 1) and e>0.

Remark. The quantity (loglog ¥)-1 can be replaced by any function of Y
which tends to zero as Y tends to infinity. But the constant C8 depends also on the
nature of this function.

To prove the first part of Theorem 3, only slight changes are necessary in the
arguments of [3]. To prove the second part some obvious changes are necessary in
the arguments of 82. We indicate only one of them and state it as

Lemma 2. Let the numbers an be defined by (2P ~w)k~ 2 amn~w>Re (IF)> 1
p

Thenfor any constant ¢>—,
2 (a,,n~02= 0((fcCY(2_2c+E)t)
n=1

where C9depends only on ¢ and e.

Proof. It is plain that 2 ann~1~s=0(Clo) where Cio depends only on e. It is
also plain that an® k k. So we have only to prove that

m*xmin ("iF-T-T >, 2cfei—) = 0((/cCu)(2—2ctE>)

where Cn depends only on ¢ and s. Now, for n>kk it is clear that /c*u- €c~1-8>=
=0(k(2~2+BK and so it suffices to prove that

max (a,,n~(2c~1-£5 —O0((KC Y 2~X+K)
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where Cn depends only on ¢ and e. This is clear from the fact that if t/>0, then

am~ds (ZP~dk and 2 P~d- 2 p-d+(\ogn)-dZ logp = 0(\ogny~d)
p\n p\n p~logn p\n
where the O-constant depends only on d.
In conclusion | wish to thank Professors N. Levinson and P. Tdran for their
interest in this work.
Added inproof (November 1, 1977). (a) R. Balasubramanian’s results on the

mean square of |E(-"-+ zf)| (to appear in Proc. London Math. Soc.) enables us to write

B = 1/3 instead of 5/12. (b) In Theorem 2 the error O((log Tf) can be replaced by
O(loglog T). These will appear in a forthcoming paper.
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LINKS AND PRODUCTS IN COUNTABLY COMPACT
AND M-SPACES

By
T.W. RISHEL (Ithaca)

1. Introduction. M and "-spaces

Suppose {An}is a sequence of subsets of a topological space X. Then, following
Makkouk [4], we can define Li A,,, the link of A,,, as the set of all points x£ X such
that every neighbourhood of a meets all but finitely many A,,.

An M-space is defined as follows: X is M if it has a normal sequence {£/.} of
open covers such that every point sequence {x,}, of the form x,,£St(x, U,)) for some
fixed x£X, has a cluster point. A point sequence of the form {x,,:x,,(;St(x, U,,) for
fixed x€Y} will be called an M-sequencefor x. Assume all spaces Hausdorff in this
paper.

Proposition 1. If X is an M-space, then Li St(x, U,,)=C(x) is countably con-
pact. Further, if {x,} is an M-sequencefor x, then {x,} UC(x) is countably compact.

Proof. If {x,} is a point sequence such that x,€C(x) for each n, then {x}
is an M-sequence for x, so {x}clusters in C(x). Thus C(x) is countably compact.
Similarly, if S—C(x)U{x,}, every point sequence in S clusters, so S is countably
compact.

Proposition 2. Among the topological spaces which are M-spaces are metric
spaces, pseudometric spaces and countably compact spaces.

Proof. See the literature.

The previous propositions make clear the relationship between M-spaces and
countably compact spaces. Similar results are obtainable concerning paracompact
spaces and sequential compact spaces.

Definition 1 A topological space X is a <Gspace if there exists a normal sequence
of open covers of X such that, for every xdX, every M-sequence about x is sequen-
tially compact. (See Ishii, Tsuda, Kuntugi [2]).

Proposition 3. I f X is a 4)-space, C(x) is sequentially compactfor every xdX.
Proposition 4. | f X is a paracompact M-space, C(x) is compact.

Proofs. Proposition 3 follows from the fact that every g-space is M. On the
other hand, if X is paracompact M, then C(x) is paracompact and countably com-
pact, hence compact.

Actually, the previous result holds as well for Lindel6f or metacompact spaces
(i.e., Lindel6f M-spaces or metacompact M-spaces have compact links), since
Lindel6f or metacompact plus countably compact equals compact.

Recall that not every M-space is paracompact, since [0, £2) is countably compact
but not paracompact.
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2. Products of M-spaces

Isiwata [3] has given an example of two .M-spaces whose product is not M.
This leads to the question: what additional hypotheses will yield products of M-
spaces which are M?

The next three results have been published previously; proofs are in the referenced
papers.

Proposition 5 (Ishii—Tsuda— Kunugi [2]). If X is a E-space and Y is M, then
XX'Y isM.

Proposition 6 (also [2]). Among M-spaces which are €-spaces arefirst countable,
locally compact and paracompact spaces.

Proposition 7 (Rishel [8]). Among the M-spaces which are €-spaces are sequential
spaces, k-spaces and weakly-k spaces.

The concepts of sequential and k-spaces are well known generalizations of
first countable and locally compact spaces, respectively, but weakly-k spaces are
less well known.

Definition 2. A topological space X is weakly-k if: a set F is closed in X if
.Fii C is finite for every C compact in X.

Proposition 8 ([8]). If X is an M-space, X is & iff X is weakly-k.
From Propositions 5 and 8 we get
Corollary 1. IfX and Y are M-spaces, XX Y is M ifeither X or Y is weakly-k.

In a recent paper, N. Noble [6] has defined a type of space we will call a c*-
space.

Definition 3. A is a c*-space if every infinite set in X meets some compact set
in an infinite set.

Proposition 9.1fX and Y are M-spaces and X is c*, then X xY is M.

Proof. Take Un, Vnnormal sequences of open covers of X and Y, respectively.
Then
wn= u,xv,,

is easily seen to form a normal sequence of open covers of XXY. So let {zn}=
— {(x;o¥D} be an M-sequence about z —(a,y)EXXY. Then {y,,} is an M-sequence
abouty in Y; Cl £} is a countably compact subset of {y,,}UC(y).

The point sequence {x,} has either finite or infinite cardinality. If {x.} is finite,
choose an xO0€{x,,} such that x0 appears infinitely often. Then {x0}xCl {=} is
countably compact; thus {(x0,yn} clusters inside LiSt(z, Wn). So X xY is an
M-space.

Now, if {x,} is infinite, a compact K exists in X such that KC\{x,}={x,(i)}
and ClI {x,(i)}xCl {y,} is countably compact (since the product of a countably
compact space with a compact space is countably compact). Further, {(x.(),y,,u))}
clusters in C(z). Thus, XX Y is an M-space.
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A similar proofis required for the following result; the proof is clear and will be
omitted.

Proposition 10. If X is ¢* and Y is countably compact, then X xY is countably
compact.

A logical question is that of the relationship between c*-spaces and weakly-k
spaces.

Proposition 11. Every countably compact k-space is c¢*, and every c*-space
is weakly-k.

Proof. The proof of the first assertion is in Noble’s paper. To show the latter,
assume FC\C is finite for every compact C in a c*-space X. Then F is finite; thus
it is closed. But this last says that X is weakly-k.

A similar space has been defined by Chiba [1].

Definition 4. X is a kO-space if every point sequence which accumulates in X
has a subsequence whose closure is contained in a compact set.

The proof of the next result is clear from a comparison of the definitions of M
and 'g-spaces.

Proposition 12 (Chiba). X isa -space iff X is M and kO.

Corollary 2. Weakly-k spaces and kO-spaces are equivalent in the class of all
M-spaces.

A further relationship between weakly-k and kO-spaces may also be derived by
use of a property studied separately by Arhangelskii and Rishel (see [7]).

Definition 5. A topological space X has countable tightness iff the following
holds:
for 1/c 1, if SOU isopenin Sforall countable sets SQX, then Uisopen in X.

Proposition 13. I X is a kO-space and has countable tightness, then X is weakly-k.
Further, every weakly-k space is k0.

Proof. To prove the first assertion, suppose .Fis nonclosed in X. Then a coun-
tably infinite set SQF exists such that CI SD(X—F)X 0. Choose a point sequence
{an:an£S}. Then there exists an {u,(0} such that K=CI {an(=} is compact and
infinite. But ATIF2 {a,(0}, so X is weakly-k.

The proof of the second assertion is clear and will be omitted.

As a final result on products we present the following relation between M-spaces
and countable compactness.

Proposition 14. Let X and Y be M-spaces. If, for every countably compact
space S in X, and every countably compact T in Y, SX T is countably compact, then
X XY isan M-space.

Proof. Let X and Y be M-spaces such that XX Y is not M. Then there exists
a point zEX XY and an M-sequence {z.} such that {z.} does not cluster inside C(z).
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Letting {zn}={(xn,yn} and z=(x,y); {x.}and {y.} are thus M-sequences
in X and Y, respectively. By Proposition 1, {x,}UC(jg=5 is countably compact,
asis {},JUC()=1 However, sxXT is not countably compact. Hence our con-
clusion.

References

[1] T. Chiba, On ~-spaces, Proc. Japan. Acad., 45 (1969), 453—456.

[2] T. Ishii, M. Tsuda, K. Kunugi, On the products of M-spaces I, Il, Proc. Japan. Acad., 44 (1968),
897—903.

[3] T. Isiwata, The product of M-spaces need not be an M-space, Proc. Japan. Acad., 45 (1969),
154—156.

[4] A. Makkouk, On metrizability of countably compact spaces, Acta Math. Acad. Sei. Hungar.,
25 (1974), 285—287.

[5] J. Nagata, Modern General Topology.

[6] N. Noble, Countably compact and pseudocompact products, Czech. Math J., 19 (1969), 390—
397.

[7] T. Rishel, A class of spaces determined by sequences with their cluster points, Port. Math., 31
(1972), 187—192.

[8] T. Rishel, On a subclass of M-spaces, Proc. Japan. Acad., 45 (1969), 544— 546.

(Received May 28, 1975)

CORNELL UNIVERSITY
ITHACA, N.Y. US.A.

Acta Mathematica Acaclemiae Scientiarum Hungaricae 30, 1977



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 30 (1—2), (1977), 19—20.

CONCERNING JOINS OF EQUATIONAL CLASSES
OF BURNSIDE GROUPS

By
B. BOSBACH (Kassel)

A group &=(G, -, 1) is called a Burnside group if it has an exponent m€N,
i.e. if it satisfies x™=1 for some meN=:{1,2,...}. Let K,, be the equational
class of all groups satisfying x™=1 where m=min (n|x"=1 in K,,,neN). We
denote by K,V K, the join of the equational classes K, and K, i.e. the smallest
equational class containing K, and K. Further we denote by K,X K, the class of all
products ©;X®, where 6,€K,, 6,€K,.

In [2]J. PLONKA proved that if p and g are mutually prime then K,V K,=K,X K,
and he posed the question whether the converse is true. In this paper we answer the
question of Plonka in a positive way by the following

THEOREM. If K,AK, contains one-element algebras only* and if K,V K,=K, XK,
then p and q are mutually prime.

ProOF. Let P and Q be arbitrary equational classes. It was shown in [1] that
there exists a polynomial xoyp such that xoy=x is satisfied in P and xoy=y
is satisfied in Q if P, Q have the following properties:

(i) PAQ contains one-element algebras only

(ii)) PVQ=PX Q0

(iii) Every algebra 2¢PV Q has a modular congruence-lattice.

So in our case there exists such a term since the assumption of modularity is satisfied
and we may assume

) X OP = XUk xteys

where all u,,v,(0=0c=s) are non-negative integers, because xoy is a term in
K,V K,. Define

2) U= > u..
1
It follows:
3) xol=x in K, xol=1 in K.

So we obtain (by 1, 2, 3):

=l in K, =% m K,

1 This fact is obvious if pr+gs=1, since we get for every group 6 € K, A K, the equation x=
=l =X B T e — ]
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from which results:
p\u—\\g\u =>pr = n—1f\gs = un (r, s£Z) =»qs—pr=1
Thus p and g are mutually prime.

Acknowledgement. The author wishes to acknowledge the initial influence
of J. Plonka in the origin of this paper and takes this opportunity, to express
appreciation for fruitful discussions during J. Plonka’s visit to Kassel as a visiting
professor of the G. H. K. from November 1974 till January 1975.
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EXISTENCE AND REGULARITY PROBLEMS
FOR NONLINEAR FUNCTIONAL EQUATIONS

By
H. OWIATAK (Montreal)

1. Introduction

The purpose of this paper is presenting the proofs of the results announced by
the author in [6] and [8] and applying them in the proofs of some simple regularity
criteria for locally integrable solutions f:Rn-»R of the equations

(1.1) |2:I aix>0 . 0 ) =F(X,NotW)> eme/(4(*))) + b(X, 1),

where x£R", tEQCIRT, 1 rMl, o @/ XI2—R", Aj:Rn-+R", ai:RnXC2->-R,
b:R"XQ->-R, F:Rn+s-»R.

The starting point is a general regularity criterion (see H. Swiatak [6] and [7])
which gives the conditions assuring that all the locally integrable solutions/ of (1.1)
are equal to C*° functions almost everywhere. Two lemmas, which will be used to
prove the main theorems of chapters 2 and 3, contain the results entirely independent
of this regularity criterion.

Criteria for the existence of solutions are not considered. It is shown only that,
under some general assumptions, the existence of locally integrable solutions / of
(1.1) implies the existence of continuous or C°° solutions.

2. Existence of continuous and C°° solutions
as a consequence of the existence of locally integrable solutions

Lemma 2.1. Suppose that

1° G;, b and &, are continuous with respect to x(R™ for every fixed t from an
open set (2czRr, i=1,...,k,

2° F is continuous in Rn+S,

3° are continuous in R", j=1, ...;s,

4°for every Lebesgue measurable set EczR™ suchthat p(E) =0 the sets

®;,_ *(£, t) = {x: 3y€7s such that d,(x, t) = >}

are measurable and p(®pl(E, t))=0, /=1,..., k,

5°for every Lebesgue measurable set E cR ™ suchthat p(E) =0 the sets 2jI(E)
are measurable and p(/.j(E))=0, j—1, ..., s.

Then every continuous function f, which is equal to a solution f of (1.1) almost
everywhere, is also a solution of this equation.
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Proof. Let us fix a point tEQ and a point x*£R" and let

K = {*: e(x, X*) < NJ.

- Aix = {*: xeKy,f(4>i(x, 1))+f(<Pi(x, N))}; i=1,.. K,
ane Bjv = {*: *6-K/(A4x)) =/(NAx)); j=1,...,5s
We shall prove that Aiy and Bjy are measurable and
(2.1) *(Aiv) = n(Kv) for i=1,.., K,
(2.2) Mfilv) = n(K) for j =1,.,s
To prove (2.1) let us define the sets
where Giy= {y: ye<Pi(Kv, 1), f(y) */}

PrK,, t) = {y:y = ®;(x, t), XEKY}
for /=1,..., k and

Pri?e, O = {*: 3yEGiv such that d,(x,/) = y}.

Since /(y)=/(y) almost everywhere in /?* and since the Lebesgue measure is
complete Giy are measurable sets and fi(Giy)=0 for i—I,...,k. Therefore 4°
implies that 4>fx(Giv, /) are measurable and /n(®44Giv, i))=0 for

Let
Qv= arnx ¢, 1(Giv,0; *=
Obviously /i(Civy=0 for i=I,...,k. Moreover,
(2.3) N;Y—AXC v and CivczKv; i=1,.., k.
The measurability of the sets Civ and implies the measurability of the sets Aily

and, by (2.3), ii(ANM)=fi(Ky)—n(Ciy)=n(Ky) for i=\,...,k. Thus (2.1) is proved.
The proof of (2.2) is similar: let

Hj, = {y:y0.j(K)JI(y) */(y)}
Xjl(HY) = (n:: 3yCHjy such that 1j(x) = y}

and

for j=1,...,s. Since /(y)=/(y) almost everywhere in R" and since the Lebesgue

measure is complete, Hjy are measurable sets and n(H»)=0 for j=1,...,s. There-
fore 5° implies /«(Ajl(#,,,))=0 for j=\,...,s.
Now we set

Djv = KyCUJ-\Hjy) (j = 1,....9

and notice that n(Djy)=0, Bjy=KWD J) and DjydKy for j=\,..., s. Hence
H(BY) =L(Ky) - Li(Djy) =LKy for j=1,...,s.
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Let
Av—Aiv(M... 0 Alyy.

Since AivczKy for i=\, ...,k and since (2.1) holds,
(2.4) L(Ay) = n(Kv).
With
By = {x: xEKy, F(x,f(/.1(x)),....,/(As(X))) = F(x,f(/.1(x)), ..../(A,(X)))
it follows
(2.5 Blyr\...DBYC:ByCzKy.

Since, moreover, BMzKy forj=1,..., s and (2.2) holds, Bu IN... MR svis a measurable
set and n(BIvC\...C)Bs)=n(KV). Now, (2.5) implies that NA'W(5 1yM...P159))=
=H(KY -u(Bull...B y)=0. Since, by (2.5, KB & KW(B UM...MB3J and
since the Lebesgue measure is complete, KM B Visa measurable set and /i(AT§% B y) = 0.
Since BydKy we have Bv—Ky\(Ky\By) and measurability of the sets Kv and
Ky\Bv implies the measurability of Bv. Therefore, the equality /i(RIvIT... MBs)=

—u(Ky) and (2.5) imply
(2.6) L (By) = u(Ky).

Now, let us define
W=AWBYV, v=1,2....

Since AyCzKy and Bvc K > (2.4) and (2.6) imply
2.7 KK) = KKy)l v=12,....

It follows from (2.7) that none of the sets Vvcan be empty.

Let {xy} be an arbitrary sequence such that xy€ Ky for v=I, 2, .... It follows
from the definitions of the sets W, Avand Bvthat every such a sequence {w} conver-
ges to x*. Moreover,

I(®;(xy, 0) =/(®;(x¥,0) 0=1 k v=12,.)
with t fixed at the beginning of the proof, and
-F(*v,/(2i(xV), ..../(As(XV)) = F(X,,/(AL(xV)),..../(A(XV))

for v=1,2.......
At the points (xy, t) (1.1) can be written as

izl ai(e=>0/(P{(xy, 0) = F(xy,f(X104)), ..., f(As(xy))+b(xv, /)e

Since Xy-+x* when v—°°, assumptions 1° 2° 3° and the continuity of the function
limply

2 at(x\ 0/(d<(x\ 0) = F(x*/J(ALX®)), ...J (Xt(x*¥)j) +b (x\ t).
i=i
This finishes the proof because x* and t were arbitrary fixed points.
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Theorem 2.1. Suppose that

1° afand b are C°°functions with respect to xER" for everyfixed t from an open
set Q<zRr, i=\,...,k,

2°3G16Cm and b£Cm in R"XQ, i=1,...,k,

3° the mappings x*-*-y=®,(x, t) are diffeomorphisms in R" for every fixed
tEQ, i=1 ...,k

4° @, and D~1:(y, t)>*x, where, in view of 3°, x is determined unlquely by the
condition y —®{(x,t), arefunctions of the class Cmin R"Xfi, i=I,... Kk,

5° F is continuous in Rn+S,

6° Xj are continuous in Rn, j —1, ..., s,

1° there exists an a£R suchthat ®’(x, a)=x for i=lI,... Kk,

8°for every Lebesgue measurable set EczR™ such that p(E) =0 the sets

O(LE, t) = {x: 3yEE such that ®;(x, t) = y}
are measurable and p(®"1(E, t))=0, *=1, ...,k
9°for every Lebesgue measurable set EczR" such that /i(£)=0 the sets kjI{E)

are measurable and p(?f1(E))=0, j= .S,
10° there exists an r-tuple g (\qj” m) such that the equation

(2.8)

where the left-hand side is obtained by formal differentiation of the left-hand side of
(1.1) and by setting t—=<x is of constant strength, hypoelliptic at an x0.

Then every locally integrable solutionf of(1.1) is equal to a solution o f the class C*°
almost everywhere.

Proof. Assumptions 1° —7°, 10° and the assumptions of Theorem 1 of [6]
(see also [7, Theorem 5.1]) coincide. Therefore every locally integrable solution/ of
(1.1) is equal to a function of the class C” almost everywhere. Denote such a function
by /m
Y Assumptions 5°, 6°, 8°, 9° and the assumptions 2° —5° of Lemma 2.1 coincide.
Assumptions 1° and 3° imply that also assumption 1° of Lemma 2.1 is satisfied.
Since the function / is a continuous function which is equal to a solution/ of (1.1)
almost everywhere, it is also a solution of this equation. But /EC” and in this way
we have proved that the existence of locally integrable solutions of (1.1) implies the
existence of solutions in C*.

Remark 2.1. Similar results were obtained by the author in [4, Lemma 2, Theo-
rem 4] in a special case, namely, ®;(x, t)=x+cpi(t) and F(x, ulf ..., u9=0.

3. Regularity of locally integrable solutions

Lemma 3.1. Suppose that r*n and
1° aith, and &, are continuous in an open set QczRr for every fixed Xx£R",

, .m k9
2° there exists an zfQ such that ®,(x,a)=x in R" for i=I,...,k

K
and * G(x,a)x0 inR",
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3° H(x, t) =x in a neighbourhood of @@
4°for anyfixed point xER" there exists a neighbourhood Ux of this point such
thatfor every measurable set E thefollowing condition is satisfied:

{Ec Ux,pn(E) = 0} =>bl EdX) = 0 for i=2,..Kk),
whbprp
E*,,x={t: (Pi(x,t)EE}.

Then every solution ofof (1.1) has to be continuous if it is equal to a continuousfunction
almost everywhere.

Proof. Let/be a solution of (1.1) and let/ be a continuous function such that
f(x) =f(x) almost everywhere. Denote by Z the set of points at which the functions
/ and / may not be equal. We shall prove that Z=0.

To prove this it is enough to show that for every fixed point x*£R" there exists
a sequence of points /v€£2, rv—a suchthat

(3.1) [(PIx*, e =/(P,(x*, O) for i=2,..., K
In fact, (1.1) then implies the equation

afix*, t,)f(x*) + 2afix*, O4®L**, /) = F(x*F(Afix®), ....F(As(x®)) + b(x*, r)
i=2

and, in view ofthe continuity of the functions ah b and qzassumed in 1°, one obtains
afix*, oi)f(x*) + I2_2 ai(x*=>«/(<Mm(**, «)) = F(jSJiXfix*)), ...,f(Afix*))) + b(x*, a).

K
Since on the basis of 2°, ®1(x*, x)=x* and i2_2ai(x">“)’\0* it follows that

= F(x*f(?.fix*)), ..., f(Afix*))) + b(x*,x)-afix*, x)f(x*)
I2:2afix*>a)
On the other hand, setting x=x*9t=oc into (1.1) yields
f(x* = Fjx MjAfx*)), ...,f(As(x*))) + b(x*, fi-afix*, a)/(**)
Z2afix* )
and therefore f(x*) =f(x*).
Now, we shall prove that there exists a sequence {/,,} satisfying condition (3.1).
Suppose that x*€Z. Let V*be an open neighbourhood of x* determined by
3°and 4° and consider a decreasing sequence of open sets

...cKvtlc fvc...cflcF*
such that

K=
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It is easy to see that

and Zv= F,,MNZ for v=1,2,..

Denote C\=F\Z
...c@AHIc U, c...c Ui

and that /i, (2= /i, (Fvl1Z)=0; consequently
Mnto = MNFYZ) = [i,,(FAZ Yy = ~(FWF vnZ\) = >0

for v=1,2, ...
We are going to prove that the sets

ov iczi’év,a>i,x*>
where
CW * = {F d(x* t)€UV}
are not empty and that aggv for v=1,2,....

In fact,
3.2) ov —iEE‘y,GJ,.p.C*—]l;é"y.GJ,,x*\2y,¢,,x*) = 1:I'IZ Py,dJ,,x*,\‘_:rzlr y.<D,.x/*).
where
N#>> = {: *(* 0EFV, 2¥hx*= {r: d,(x¥ t)€Z\}.
Since ZydVydV* and since *,(Z9y=0 for v=1, 2,..., condition 4° implies
;o v=l,2, ... Hence

that nr(Zy*hx*)=0 for i=2,...,k;
(3.3) KM (y 2y,x*) =0 1,2,...
The sets Fvd x* are open since the sets Fvare open and since the functions (pt

K

are continuous. Therefore also the sets p| FMARG (v=1,2,...) are open. They are
i=2

Fvi(®*. This implies
2

for v =

K

non-void since, in view of 3°, af _I'I
Jr(n™, @, x*) 0 for v=12,..
and therefore the

(3.4)
By (3.2), (3.3) and (3.4) we have nr(Qy)>0 for v=1,2,..
it

sets Ov cannot be empty.
Since the sets T P»®,** are open in Rr and since ywr[ Q Z\FEp<¢ =0,

follows that
M C _:|_|2r| .q),,,*\&/lszzy,Ol,J/ —0V.

/!

But a6 N K.®.X* and therefore ocEQv.
and the fact that nr(Qy)*~0 for v=1,2,

i=2
The fact that azQyfor v=I,2,
imply the existence of the sequence {tvy such that tv€Qy and i,—a. This finishes
the proofsince at the points of the sets Qvcondition (3.1) is satisfied.
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Theorem 3.1. Suppose that r”n, and

1°a(s C°° and bEC°° with respect to xfR"™ for everyfixed tfrom an open set
QczRr, i=1, ..., k,

2°afCmand b£Cm in RnXQ, Kk,

3° the mappings x-"y=® 1(x, t) are dufeomorphlsm for every fixed t£Q,
/=1,

4o <D, and @orl: (y, t)>-*x (x determined by the condition y= ®,(x, tj) are
functions of the class Cmin RnXQ, i=1,...,k,

5° F is continuous in Rn+S,

6° /.j are continuous in R", j= 1, ..., s,

7° there exists an ctfQ such that (pfix, t) =x in R" for tfrom an open neigh-

bourhood ofa, @,(x,a)=x in Rnfor i=2, ..., Kk and 2 a>(x a)”"0 'nE'>

s°for anyfixed point x£ R" there exists a nelghbourhood Ux of this point such
thatfor every measurable set E the following condition is satisfied:

{Ec:nx¥pn(E) = 0}=>{pr(E@'y = 0 for i= 2,...,k},

ed,x = {f- t)eE},
9° there exists an r-tuple g (\q\)*m) such that the equation

where

Df |2, a:(¢ OF(*t(x, 0)r=a= o,

with the left-hand side obtained by formal differentiation of the left-hand side o /(1.1)
at /=a, isof constant strength, hypoelliptic at an xO0.

Then every locally integrable solution f of equation (1.1) has to be afunction of
class C°°.

Proof. Assumptions 1°—7° and 9° guarantee that the assumptions of Theorem
1 of [¢] are satisfied. Therefore every locally integrable solution/ of (1.1) is equal
to a function of the class C°° almost everywhere.

Assumptions 2°, 4°, 7° and s° allow one to apply Lemma 3.1 and this finishes
the proof.

Remark 3.1. A similar theorem was proved in [4] in a special case when ®[x, t) =
=x+<Pj(0 (/= 1, ..., k), F(x, ul, .., w)=0 and if a differential equation obtained
by formal differentiation of (1.1) with respect to t is either elliptic or hypoelliptic
at i=a. (Hypoellipticity refers only to the case afx, t)=aft), i=1I,...,k.)

4. Simple regularity and existence criteria

The results of this chapter exemplify the applications of Theorems 2.1 and 3.1. The
regularity criteria presented here concern a special class of equations (1.1), namely,

(4.1) i2:I ai(x, O fixAfO +cpft)) = F{x,f{{xAD, ...,f(xAj) + b(x, t)

where xXERn, t"QaR' (or t€dcR), Ai(t)=[Aieat)] (i=1, ....k) and Aj=
—[Ajgo\ (/'=1, ...,s) are n-dimensional matrices.

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



28 H. SWIATAK

Theorem 4.1. Suppose that
1° a-and b are C°°functions with respect to xER" for everyfixed tfrom an open

set QcRr, i=1,...,k,

2°aiECm and bE£Cm in RnXQ, i=\,... Kk,

3° the functions Aiea:Q-»R (i=1,k; q,a=1 ri) are functions of the
class Cmin Q and the matrices Ai(t)=[Aiea(l)] are invertible for every fixed tfQ,
i1,

4° thefunctions (p”"Q"R" s> <PM(Q)) are functions of the class
Cmin Q,

5° the matrices Aj=[AJed] (+=1,...,5; B,a=1 , ri) are invertible,

6° there exists an such that Ai(d)=I, where | is the n-dimensional unit

matrix, and qt(a)=o for i=1, K,
7° Fis continuous in Rn+S,
8° there exists an r-tuple g (\g\)*m) such that the equation

4.2) D? ,I'_IzzI ai(x>0/(*115(0 + <50 _ = 0,

where the left-hand side is obtained by formal differentiation of the left-hand side of
(4.1) andby setting t—a, is of constant strength, hypoelliptic at an xO0.

Then every locally integrable solutionf of(4.1) is equal to a solution ofthe class C°°
almost everywhere.

Proof. For every fixed tEQ the mappings

x>+y=xAi(t)+(pi(t); i=1,...,k
and
Y—* = yArl(t)-(pi(t)Arl(t); i=1 , k
where A f1(t) is the inverse of Aft), are linear mappings of Rn onto Rn. Therefore
4.3 Ne TYE, 0) = |det [Arel(t)I\n(E)
with

OME, t) = {*: x = b-g>i(t)\Ar\t), yEE}

for every measurable set EczR"™ and i—1, ..., k. Equalities (4.3) guarantee that
assumption s° of Theorem 2.1 is satisfied.
Similarly, the mappings

A Xi-*y = xAj\ j =1,...;s
and
A/l y>+x =yAjl, 7 =1,.,5
are linear mappings of R" onto R™ and
(4.4) g(A7 1(™))= |detHci]|p(£)

for every measurable set E<zRn and j—I,...,s. Equalities (4.4) imply that assump-
tion 9° of Theorem 2.1 is satisfied.
Assumptions 1°, 2°, 5° and 10° are the same as in Theorem 2.1.
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Assumptions 3° and 4° guarantee that the mappings

d,: (X, t)~y = <Fi(x t) = xAi(t)+<Pi(t)
and
eorL (¥,0'—* = orx(y, t) = yAr'iO-vMAr'Ct),

where Apl(t) isthe inverse of Aft), are functions of the class Cmin R" i.e. assump-
tion 4° of Theorem 2.1 is satisfied.
Assumption 3° of Theorem 2.1 is automatically satisfied since the mappings

Xi-*-y = ©,(x, t) = xA,()+g>t(t); i=1, K

are diffeomorphisms in R" for every fixed tcQ as linear mappings of Rnonto R".
Similarly, assumption ¢° of Theorem 2.1 is satisfied since 1j :x—/1j (j—1, ..., S)
are continuous in Rnas linear mappings.
This completes the proof.

Theorem 4.2. Suppose that assumptions 1°—7° of Theorem 4.1 are satisfied with
Q- J'I where A is an open interval in R, and, moreover,
°afx, a)>0 for all xER™, i=1,...,k,
9° for everyflxed XE£Rn the vectors vfx) —xA'fa) +(pi(a) (i=1,..., k) span R™
Then every locally integrable solutionf of(4.1) is equal to a solution ofthe class C*°
almost everywhere.

Proof. It suffices to prove that s° and 9° imply that assumption s° of Theorem
4.1 is satisfied. It will be shown that the equation

(451 AL ZMix, O/(xJT;(0 + <A@0)] _ =

is elliptic.
The principal part of (4.5) has the form

i2_ afx, a)[(xA'i () + ¢-ra)) mgrad,]2/(x).

The corresponding quadratic form

Pfx, 0 :|2_|ai(x,a)[Mi(ﬂ)+v'i(a))-£]z: 2 =0
= 1-1
since, by s°, afx, a)>0 for all xERn, /=1, k. Of necessity P2(x, {)>0 for
since P2(x, £)=0 for a certain XxER and for a certain ,E£ERN, together
with s°, imply
vi(x)-i =0 for i=1,..,K

which means that £ is orthogonal to every vector vfx). Such a conclusion contra-
dicts assumption s° and this finishes the proof of the ellipticity of (4.5).

Applying Lemma 2.1 and repeating the considerations of the first part of the
proof of Theorem 4.1 one obtains the following simple criterion for the existence of
the continuous solutions/ of (4.1):
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Theorem 4.3. Suppose that
1° ¢; and b are continuous with respect to x£Rn for every fixed t from an open

set QczR', i=1, K,

2° F is continuous in RS,

3° the matrices Aft)=[Aiea(t)] (i=I, and A~[Aied (./=1,...,9)
are invertible.

Then every continuousfunction f, which is equal to a solution f of (4.1) almost
everywhere, is also a solution of this equation.

Theorem 4.4. Suppose that assumptions 1°—7° of Theorem 4.1 are satisfied
with m=4, Q—AczR, afx, t)=pi>0 and Aft) =1 for i=\,... k.

| f there exists an a£4 such that

1°<P@=o0 for i=1,..., k,

2°@ and o' /=(1,..., k; 9 =<H1)(x) span the space Rn,
3¥22~'r049"-0 =0forall UR",
i—

then every locally integrable solution f of (4.1) is equal to a solution of the class C°°
almost everywhere and every continuous solution of this equation is a C°° function.

Proof. In view of Theorem 4.1 it suffices to show that a differential equation of
the form (4.2) is of constant strength, hypoelliptic at an x0. Since, in this case,
afx, t)y=pi for i= 1, ...k, the equations of the form (4.2) are linear partial diffe-
rential equations with constant coefficients. Therefore it suffices to show that one
of them is hypoelliptic. Differentiating (4.1) formally with respect to t and setting
next t—a one obtains

ACZIhI(*+ <)) = 2 hil<A sgradys+ 3(¢ myrad) 2 +

+ 4(0)- ~grad)(<p; »grad) + (/4) «grad)]/(x) = o.

The proof of the hypoellipticity of the last equation can he found in [5 Theorem 7]
which deals with the equations

(4.6) 2 hif{x+ (pft)) =f{x).
1=1
Theorem 4.5. Suppose that (p~C2 in an open interval A<”R and that there
exists an such that gf(a)=0 and <p-(a)*0 for /=1, I f equation (4.6),
K
where » Pi=\ and for /=1, is satisfied by all the polynomials
1=
K
P- X - 2_ PjIXjXI.
ijll

then every locally integrable solution f:R n-+R of (4.6) is equal to a solution of the
class C°° almost everywhere and every continuous solution of this equation isa C*“
function.
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The proof can be done by showing that

4.7) A (4 Hifi*+ F(0))(e= o

is an elliptic differential equation and by applying Theorem 4.1. The detailed proof
of the ellipticity of (4.7) can be found in [7, Theorem 6.3].

Remark 4.1. Stronger results concerning (4.6) with (pi(t)=ait (i=\,...,k)
were obtained in [1] and [2].
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M AXIMAL ELEMENTS AND COMPLETIONS
OF NOETHER LATTICES

By
J. A. JOHNSON (Houston)

§ 1. Introduction

This paper deals with completions of Noetherian lattice modules, completions
of Noether lattices, and maximal elements in the completion of a Noether lattice.
The basic concepts are given in §2. Let /1 be a Noether lattice, let a be an element of
I such that the a-adic pseudometric on J1 is a metric, and let J1* be the a-adic com-
pletion of A. In §3 we determine various relations concerning the maximal elements
of A and the maximal elements of A*. We show (Corollary 3.2) that a”
S A{mes A\m is maximal} and establish a one-to-one correspondence between
maximal elements of A and those of A* (Theorem 3.5). In §84—6 we consider the
particular case where £ is a Noetherian /1-module, [a, /] is finite dimensional, and
£2* is the a-adic completion of (2. We establish in 84 several relations between the
various metrics on £2* In particular we show that the aA-*adic pseudometric and
the a-adic pseudometric on Q* are metrics and they are equal to the extended metric
on £2* Completions of intervals of £2are investigated in 85 and in s6 we prove that
£2 can be embedded in £2* as a sublattice.

§ 2. Notation and preliminary remarks

A multiplicative lattice is a complete lattice on which there is defined a commu-
tative, associative, join distributive multiplication such that the unit element of the
lattice is a multiplicative identity. Let A be a multiplicative lattice and let B be a
a complete lattice. We will denote elements of A by a, b, ¢, ..., with the exception
that the null element and unit element of A will be denote by 0 and I, respectively.
Elements of i2 will be denoted by A, B, C, ..., with the exception that the null
element and unit element of £ will be denoted by 0 and M, respectively. Recall that
£2is said to be an Jl-module if there is a multiplication between elements of /1 and £,
denoted by aA for ain A and A in £2 which satisfies:

() (@b)A = a(bA); (i) (Va,)(V B,) = V aaBB- (ii)) IA = A; and (iv) O/1 = O;

for all a, ax,b in /1 and for all A, BRin £

Let £2be an J1-module. For a, bin A and for A, Bin (2, (i) a:b denotes the largest
cin A such that cb”a; (ii) A .B denotes the largest cin A such that cBwA. An ele-
ment A in £2is said to be meet principal in case (bA(B\A))A=bAt\B, for all b in
N and for all B in £2; A is said to be join principal in case hV(B:A)=(bA\f B):A,
for all b in A and for all B in Q; and, A is said to be principal in case A is both
meet and join principal. If each element of £ is the join (finite or infinite) of prin-
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cipal elements, £2 is called principally generated. £ is said to be Noetherian if £
satisfies the ascending chain condition, is modular, and is principally generated.
If A is a Noetherian JI-module, A is called a Noether lattice. For other general
properties and definitions concerning Noetherian lattice modules, the reader is
referred to the references. Examples of Noether lattices and Noetherian lattice
modules can be found in [1], [2], [3] and [s].

Let A be a multiplicative lattice and let £2 be a Noetherian J1-module. For a in
A and A in £2 let T(a,A) be the collection of all sequences <5;> i—1, 2, ..., of ele-
ments of 2 satisfying

(2.1) ablwBA"BAWlaBA”

for all integers /é1. For (Cf) and (Bf) in T(a,A), define

(2.2) (C-)~ (Bj) ifand onlyif Cf~ Bt, forall i~ 1
(2.3) <Cny<fl> = (QVA))

(2.9) (Ci)A(Bi) = (CjA-Bj).

It is easily verified that T(a, A) is a complete, modular lattice under the relation
= with the resulting join and meet being given by (2.3) and (2.4) respectively. This

lattice will be denoted by B (a, A).
We will require the following result. The reader is referred to [5, Theorem 3.2,

p. 190] for a proof.

Theorem 2.1. Let A be a multiplicative lattice, let Q be a Noetherian A-module,
let a be an element of Q, and let (2?f), i=1, 2, ..., be an element R(a, A). Then
there exists a natural number n such that Bm+=a'Bm, for all integers m”~n andfor
all integers r'éo.

Let A be a multiplicative lattice, let £2be an J1-module, and let a be an element
of /1. For each A and B in £, define

(2.5) da(A,B) =2-7-B>

where O(A, B) =sup {"\AVanM =B Va"M}. It is easily seen that dais a pseudometric
and it is called the a-adic pseudometric on £ (cf. [¢], §3). A necessary and sufficient
condition for dato be a metric on £ is given by the following result (see [¢], Theorem
3.10, p. 352, for a proof).

Theorem 2.2. Let £2be an J1-module and let a be an element of A. Then the a-adic
pseudometric on £2 is a metric if and onyl if C= fILI(C\/ a"M), for each C in £2

If Tis a Noether lattice, £2is a Noetherian J1-module, and a is an element of /1
such that the a-adic pseudometric is a metric on £, then the a-adic completion,
£2*, of £2can be constructed and £2* is itself an J1-module. We refer the reader to
[, 81—8&] for details concerning this construction. Of course A is always a J1-module,
so what we have said also applies to /1. If the a-adic pseudometric on /1 is also a met-
ric, then £*is in a natural manner an A*-module.
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Recall ([¢], Definition 4.7, p. 354), that a Cauchy sequence (B) of elements of
Q is regular in case

(2.6) Bty alM = Ri+1Va‘'M,
for all integers iS1, and completely regular in case
2.7 B, = Bi+l\Ja'M

for all integers /S 1. The elements of £2* are equivalence classes of Cauchy sequences
and each B in Q* has a uniquely determined completely regular representative
(cf. [¢], Theorem 4.14, p. 356). If B is an element of Q* with completely regular rep-
resentative (Bf), the contraction of B to A, denoted BIJ1, is the element I‘C'H B,,

of A and is uniquely determined by B (see [¢], 87). For A in Q, AQ* is the element
of U* determined by the constant Cauchy sequence (Bt), where Bt—A, i=1,2, ...,
and is called the extension of A to Q* (see [¢], §5). The following facts are known
concerning these two concepts (see [¢], Proposition 7.2 and Proposition 7.4, p. 364):

(2.8) For each A in A, A=ANT*MJ.
(29) For each Bin J1*, (BMN)N*"B.

Remark 2.3. Let Abe a Noether lattice, let Q be a Noetherian J1-module, let a be
an element of A such that the a-adic pseudometrics on Q and A are metrics, let Q* and
A* be the a-adic completions of Q and A respectively (thus Q* is an A-module and
A*-module), let b be an alementof A and let B be anelementof Q*. Then bA* «B=bB.

Proof. Suppose (4), /—1,2,..., is the completely regular representative
of B. Then, by [s, Definition 6.5] the sequence (bBt) is a representative of bB.
Hence, the sequence {bBi\JaiM), i=1,2,..., isarepresentative of bB ([s], Corollary
4.6, p. 354). Since (bfai), /=1,2,..., is the completely regular representative
of bA* ([¢], Remark 5.2, p. 356), it follows that ((bda”Bi), i=1,2,..., isa repre-
sentative of bA*-B ([s], Proposition 5.14, p. 360), and so {(b\la")Bi\lalM), i=
=1 2, ..., is also a representative of bA* *B. Since

(bdai)Bi\JaiM = bBid"M,

for all integers /& 1, the proofis complete.

§ 3. Maximal elements

In this section we establish several relations between maximal elements in a lattice
and maximal elements in its completion which will be required in the sequel. For a mul-
tiplicative lattice A, we define Max (J1) to be the set of all maximal elements of A.

Lemma 3.1. Let a be an element of a multiplicative lattice A such that the a-adic
pseudometric on A is a metric and let ¢ be an element of A. If c\Ja=I, then c=I.
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Proof. If c\Ja=I, then cVfl"=/, for each integer uSi, and thus
by Theorem 2.2
c —th(cVa”) =/

as claimed.

Corollary 3.2. Let a be an element of a multiplicative lattice A such that the
a-adic pseudometric on A is a metric. Then alll/A Max (J1).

Proof. Ifp is an element of Max (/1), then p~ 1 sothat pMa”l by Lemma 3.1
and thus a”p. It follows that aSA Max(/1).

Corollary 3.3. Let J1 be a Noether lattice, let Q be a Noetherian J1-module and
let a be an element of A. If the a-adic pseudometric on A is a metric, then the a-adic
pseudometric on 12 is a metric.

Proof. This follows from Corollary 3.2 above and Corollary 3.4, p. 193, of [5].

Lemma 3.4. Let A be a Noether lattice, let a be an element of A such that the
a-adic pseudometric on A is a metric, let A* be the a-adic completion of A, let ¢ be an
element of A*, and let (cf) be the completely regular representative of c. If cMA*,
then c,<7, for each integer /Si.

Proof. Suppose there exists an integer / such that Cj=/. Then cx=1 since
(c,) is decreasing. Since (c,> is the completely regular representative of c, it follows
that
I =4 = cnVa,
for each integer nsl, and thus by Lemma 3.1, cn=1, for all integers ns 1. Hence
c—IA* which completes the proof.

Theorem 3.5. Let A be a Noether lattice, let a be an element of A such that the
a-adic pseudometric on A is a metric, let A* be the a-adic completion of A. Then

(3.1) foreach min Max (J1), mA* isin Max (J1*);
(3.2) for each b in Max (J1*), there exists an m in Max(J1) such that b—mA¥*.

Proof. Let m be an element of Max (J1). Since m”™l, we have mA*"A*.
Let b be an element of A* such that T/T*wb<1/1* and let (iA;) be the completely
regular representative of b. Since the completely regular representative of mA*
is (TVa’), i=1,2,..., we have, for each integer /si,

m=mVa's h-</

by Corollary 3.2, Lemma 3.4, and [s, Remark 5.2. p. 356, and Proposition 5.9, p. 358].
It follows that m=Dbiy for each integer /si. Thus mA*=b and so mA* isa maxi-
mal element of A* which establishes (3.1).

Let b be an element of Max (A*) and let (b-) be the completely regular represen-
tative of b. Since b”IA*, we have bx<I| (Lemma 3.4). Hence, there is an m in
Max (JT) such that bx-“m. Consequently, since (bt) is decreasing, b”m, for all
integers /si, and thus

bwThn*< |

so that b=mA*, which completes the proof.
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Corollary 3.6. Let J1 be a Noether lattice, let a be an element of A such that
the a-adic pseudometric on A is a metric, and let A* be the a-adic completion of A.
Then

(3.3) (AMax ()/T* ra AMax (J%)
(3.4) (MMax (J1%)) 1= AMax (/).

Proof. Let b be an element of Max (A*). Then there exists an m in Max (/1)
suchthat T/1*=b. Since AMax (J1)é/n, we have

(MMax()N*sr TN* = b

by [s, Corollary 5.11, p. 359] and (3.3) follows.
Let m be an element of Max (/1). Then

(AMax (J1)) A* =s AMax (JT*) » mA*
so that

AMax (/1) = (AMax (M)N*MN s (AMax (1*)MNJ1T - TA*N1 = m
by [s, Proposition 7.2, p. 364]. Thus
AMax (/) S (AMax (JT*)N N S AMax (J1)
which establishes (3.4) and completes the proof.

Lemma 3.7. Let J1 be a Noether lattice, let a be an element of A such that the
a-adic pseudometric on A is a metric and [a, 7] isfinite dimensional, let A* be the
a-adic completion of A, and let ¢ be an element of A*. Ifthere is an integer n€O such
that a'A*Sc, then (cM)N*=c.

Proof. Let the sequence (c,) be the completely regular representative of ¢ and
assume such an n exists. Then

a'sS a"Va*S ct, for all integers i,

by [s, Remark 5.2, p. 356, and Proposition 5.9, p. 358]. Since [a, 7] is finite dimensio-
nal, so is [a", 7] ([7], Corollary 2.5). Hence, since (cf) is decreasing, there exists an
integer k=0 such that

ct=ck—/NCj = (cr\J1), for all integersi S k.
It follows that c=(cf)A)A* as claimed.

Corollary 3.8. Let A be a Noether lattice, let a be an element of A such that the
a-adic pseudometricon A isa metric and [a /] isfinite dimensional, and let A* be the
a-adic completion of A. Then

(3.5) (OMax(J1))N*= AMax(/1*),
Proof. It follows from (3.3), (3.4), and Lemma 3.7 that
(AMax())N*= ((AMax(1*))N1)N* = AMax (J1*)
which completes the proof.
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8§ 4. Metrics

IfA and B are elements of a lattice K with J1S R, the interval {Din K\ A" D S B)
is a sublattice of K which we denote by [A, B].

Remark 4.1. Let A be a multiplicative lattice, let U be an J1-module, let A and B
be elements of Q with ALLB, and let b be an element of A such that bD"A, for all
D in [A B]. Foreachc,din [b, 1] let cod=cd\Jb. For each Cin [A B] ande in
[b,1], let eoC=eC\JA. With these definitions [b, I] is a multiplicative lattice and
[A, B] isan [b, I]-module (cf. [¢], Remarks 2.8 and 2.9, p. 350). If Q is a Noetherian
A-module, then [A, B] is a Noetherian [b, I]-module.

Throughout the remainder of this section A is a Noether lattice, Q is a Noet-
herian J1-module, a is an element of A such that [a I] is finite dimensional and the
a-adic pseudometric on O is a metric, and Q* is the a-adic completion of Iz.

In this section we establish some relations concerning various metrics on 12*
We will need the following result. The reader is referred to [7, Theorem 3.1] for
a proof.

Theorem 4.2. If (Bf /=1,2, ..., is a sequence of elements of Q such that,
given apositive integer n, Bi+1*BiM anM, for all integers i*n, then (B)/ is Cauchy.

Theorem 4.3. Thefollowing two statements are equivalent.
(4.1) Qisa complete A-module with respect to the a-adic metric on Q.

(4.2) For any decreasing sequence (Ef /=1, 2, .., ofelements of Q andfor any
positive integer n, Ei*(f\E j)\lanM, for all sufficiently large integers i.

Proof. Suppose Q is a complete J/1-module with respect to the a-adic metric
and (Ei) is a decreasing sequence of elements of Q. Since (£)) is decreasing, (£))
is Cauchy (Theorem 4.2), and hence there is a C in £such that C as [—+ °°.
It follows that, for each positive integer n, CMa"M=EtManM, for sufficiently large
integers /. Hence, for each integer As 1,

C= A(CManM) A (EhMa"M)- Eh
by Theorem 2.2, so that C s/P]E h. Hence, given any positive integer n,

Ei s$SEiManM = CManM (LIH ERManM,

for all sufficiently large integers /, and so (4.1) implies (4.2).

Assume (4.2) and let (Cf) be a Cauchy sequence of elements of Q. We may
assume without loss of generality that (Ci) is a completely regular Cauchy sequence
(cf. [s], Lemma 4.11 and 4.12, p. 355). We shall show C~fiCj as !-»=. Assume
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4>0. Let m be the least positive integer n such that 2"-=(5. Since (Cf) is completely
regular, (Cj) is decreasing, so that by (4.2),

CA (A CJ)VanM,
for large integers i, and hence :
CjvamM = (A amM,
J

for large integers i. It follows that da(Ci9 AC+)"2_m<<5, for all large integers /,
and so Ci~"\Cj as /-»+ @ in the a-adic metric which completes the proof.

For the Jremainder of this section we also assume that the a-adic pseudometric
on J1is a metric and /1* is the a-adic completion of JI1. The reader is referred to
Theorem 4.8 of [7] for a proof of the following Theorem.

Theorem 4.4. JT* is a Noether lattice and Q* is a Noetherian A*-module.

Since as J1, aA* is in J1*, and since Q* is an J1*-module, the a/1* -adic pseudo-
metric on Q* is defined. This pseudometric is in fact a metric.

Lemma 4.5. The aA*-adic pseudometric on Q* is a metric.
Proof. From Corollary 3.2 and (3.3) of Corollary 3.6 we have
a1* 3=(g Max (J1))/1*é AMax (J1%).

Hence, the aJl*-adic pseudometric on Q* is a metric by Theorem 4.4
and [5, Corollary 3. 4, p. 193] as claimed.

Since the a-adic pseudometric on £2* (considered as an J1-module) and the
aA*-adic pseudometric on Q* (considered as an A*-module) always are the same
(cf. [s], Remark 7.10) we obtain the following result as a corollary.

Corollary 4.6. The a-adic pseudometric on Q* is a metric.

Corollary 4.7. Let A and B be elements of Q such that A*B. Then, the map
D-»DA* of the Noetherian A-module [A, B] with the a-adic metric to the A-module
[AQ*, BQ*] with the a-adic metric is an isometry.

Proof. For each D and E in [A, B], it is easily verified that, for each integer
n~o,
DQ*\Jano{BQ*) = EQ*Va" 0(BQ*)
if and only if
DVa"oB = Ed anoB,

which shows the map is an isometry.

Lemma 4.8. Let A be an elementof Q* and let (A{), i=1, 2, ..., be a representative
of A. Then AtQ*-*A as i-»+ °° in the a-adic metric on Q*.

Proof. Let 5 be a positive real number. Choose k to be the least positive integer
h such that 2~h<5. Since <J1;) is Cauchy, there is an integer 0 such that

At\JakM = Ajd akM,
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for all integers i,j*n. The sequence {Aj\/akM), j —1,2, ..., is a representative of
AV/(akM)Q* and, for each i, the constant sequence {At\JakM ),j=\, 2, .... is
a representative of AiQ*\/(akM)Q* ([s], (5.8), p. 357). Consequently, for each
integer i&n, we have

AIQ*M ak(MQ*) = AiQ*\/(akM)Q* = AM(akM)Q* = AMak(MQ™).

It follows that dm(AiQ*, A)"2~k-<S, for all integers i*n. Hence AtQ*-+A
as i—t+ oo is the a-adic metric.

Recall (see [¢], 85) that the extended metric, d*, on Q* is defined as follows.
Let A and B be elements of Q* with representatives (A{ and (Bt), respectively, then

da(A B)= Jimda(At, A)

The metrics daand d* are related as follows.
Lemma 4.9. Let A and B be elements of Q*. Then da(A, B)—da(A, B).

Proof. Let (Af) and (Bt) be representatives of A and B, respectively. From
Lemma 4.8 we have that AtQ**A and B(i*-"B in the a-adic metric. Hence,

da(A, B) = Jimda(At, 1) = Jim da(AtQ*, BtQ*) = d,,(A, B),

by Corollary 4.7, which completes the proof.

Corollary 4.10. The metrics d*, da, and d,n*are equal on Q*.

8§ 5. Interval completions

In this section we examine completions of intervals. Throughout this section
N is a Noether lattice, Q is a Noetherian J1-module, a is an element of A such that
[a, T\ is finite dimensional and the a-adic pseudometrics on A and Q are metrics,
A* is the a-adic completion of /1, and Q* is the a-adic completion of Q. See Theorem
4.1 of [7] for a proof of the following theorem which we will need shortly.

Theorem 5.1. Let B and C be elements of Q*. Let the sequences (Bt) and (Cf) be
the completely regular representatives of B and C, respectively. Then the sequence
(B(ACj) is Cauchy and is a representative of BAC.

We will require the following two technical lemmas.

Lemma 5.2. For each A and B in 12 with A”B, the set [A, B]JQ* is dense in the
A-module [AQ*, BQ*] with the a-adic metric.

Proof. Let C be an element of [AQ*, BQ*] and let (Cf), i=I, 2, ..., be the
completely regular representative of C (considered as an element of Q with the
a-adic metric). Since

AssAd4a‘'M "C ttaB4a'M

by [s, Remark 5.2, p. 356 and Proposition 5.9, p. 358] it follows that JIEC./1-6&!7?,
and so C{AB isin [A, B] ,for each i. Furthermore, (QAjB) is Cauchy (Theorem 4.2)
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and is a representative of C by Theorem 51 and [, Corollary 4.6, p. 354]. Thus
{C,AB)Q*-*C as i-*00 in the a-adic metric (Lemma 4.8).
Lete>0 be a real number and set k=inf {u]2-n<r}. The sequence

<@*Y(MC2*)AB{2*), i'=1,2, ..., satisfies the condition of Theorem 21 (see
Theorem 4.4), so there exists an n>0 such that
(5.1) an+k(MQ*)ABQ* = ak(a"(MQ*)ABQ¥*)
by Remark 2.3. Also, since (CiAB)Q* —C there exists an A>0 suchthat
(5.2) (CiAB)Q*Van+k(MQ*)= CVan+k(MQ¥*)
for all integers i"N. Hence, for each i*N,
C\/ako(BQ*) =

= CVak[an(MQ*) ABQ*]Va*(BQ*) = C V[ak+"(MQ*)ABQ*]Vak(BQ*) =
= (BQ*A[CVak+"(MQ*)])Vak(BQ*) = (**A[(C;A.R)i2*Va‘ +n(Mfi*)])Va‘ CBi2¥) =
= (CiAB)Q*\/[ak+n(MQ*)ABQ*]Vak(BQ*) =
= (CiAB)Q*Vak[a"(MQ*)ABQ*]Vak(BQ*) = (C,AB)Q*dako(BQ*)

by (5.1) and (5.2). Hence, for i£iV, da((CiAB)Q*, C)*"2~*<e which completes
the proof.

Lemma 5.3. For each A and B in Q with A”B, the Jl-module [AQ¥*, BQ*]
is complete with respect to the a-adic metric.

Proof. [aJ1*, | A*] is finite dimensional since [a, 7] is finite dimensional and
[a 1]"[aA*, | A*] under b-~bA* (Lemma 3.7). We will use Theorem 4.3 to show
[AQ*,BQ*] is complete. Thus, let (C;) be a decreasing sequence in [AQ*, BQ*]
and let j be a positive integer. Consider the sequence ((aA*y(MQ*)A(BQ¥*)),
i=1, 2, .... By Theorem 2.1 there exists an n>0 so that

(5.3) aJ+n(MQ*)ABQ* = aj (an(MQ*)ABQ¥*)

by Remark 2.3. Since Q* is a complete A*-module with the aA*-adic metric and since
(C,) is decreasing, we have an integer 7V>0 for which

(5.4) Ci~ (4 CmV aJ+n(MQ*), for all iaJV

by Remark 2.3. It follows that
C, = BQ*AC, =8 BQ*J'I((LrI,nCn)Vaj+n(MQ*)) =

= (A C)V(aJ+'(MQ*)ABQ*) = (4 Cm\/aJ(an(MQ*)ABQ*) *
A (A CMVal(BQ*) = (A CmVaj 0(BQ*),

for each integer i*N, by (5.3) and (5.4). Hence the Jl-module [AQ*, BQ*] is
complete in the a-adic metric by Theorem 4.3 and the proof is complete.

Acta Mathematica Academiae Scientiarum Hungaricae 20, 1977



42 J. A. JOHNSON

The uniqueness of the completion (up to isomorphism) together with Corollary
4.7, Lemmas 5.2 and 5.3 yields the following

Theorem 5.4 For each A and B in £ with ALLIB, the A-rnodule [A£2*, B£2T with
the a-adic metric is the a-adic completion of the Noetherian J/1-module [A, B].

8§ 6. Embeddings

Throughout this section A is Noether lattice, £ is a Noetherian J1-module,
a is an element of A such that the a-adic pseudometric on £ is a metric and [a, I]
is finite dimensional. We will show that the map A —A£2* is a meet-homomorphism
and hence £2 can be embedded in its completion. We begin with a technical lemma.

Lemmas.l. Let A be an element of £2and let B be a principal element of £ Then
for each positive integer k, there exists an integer n”~k such that

(6.1) {AMa"M):{BM anrM) * {A:B)Mak
(6.2) {AManM)t\{BManM ) * {At\B)MakM.

Proof. Let b O be an integer. Since the sequence (({AValM):B)MakK),
i=1,2, ..., is decreasing and [ak,I] is finite dimensional ([7], Corollary 2.5), there

is an integer n”~k such that
{AManM)N\B)M akB = [({AManM):B)M ak]B =
= ,?\ [{AMa‘M):B)Mak] B * LII, [{AMakB)Ma‘M] = AMakB

by Theorem 2.2. It follows that

{AMa"M):{BManM) S ({AMarM): B)Mak"{AM akB): B = {A: B)M ak
and

GManM)t\{BMarnM ) = a"MM ({AMa"M ) AB) ssanMM ({AM akB)AB) ={At\B)Makw
which establishes (¢ .1) and (s .2).
Theorem 6.2 For each A and B in £2,
{AAB)Q* = AQ*ABQ*.

Proof. There exists, since £2is Noetherian, principal elements B}, B2, ..., Bn
in £ such that R=A1V---MBnM{AAB). Our proof is by induction on n. Suppose
then B=BXM{AAB). Since /OV(AAB) is a principal element in the Noetherian
N-module [AAB, M], it follows from (6.2) that, for each integer k” 1, there is an
integer nSfc such that

{AManoM)A (BIM{AAB)ManoM) & AA(B1M{A/B))MakoM

which implies
{AManM)A{BIManM ) ={AAB)M akM

and so A£2*AB£2*"AAB)E2* by Theorem 51 and [s, Proposition 5.10, p. 359].
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Assume now that B=B1\/...\/[Bk+1\/(AAB) and put P=A\JBk+l. Then
AAB=AA(PAB),PAB=Bk+ly(AA(PAB)), and B=Bxy...y Bky(PAB). From
the induction hypothesis we have (PAB)Q*=PQ*ABQ*. The case n=1 applied
to A and PAB yields

(AAB)Q* = (AA(PABj)C2* = AQ*A(PAB)Q*.
Th
" (AAB)Q* = AQ*A(PQ*ABQ*) = AQ*ABQ*

which completes the induction and the proof.

The map A-+AQA is a join-homomorphism by definition [6, Definition 5.4,
p. 357] and is known to be injective [6, Proposition 5.3, p. 356]. These two facts
combined with the theorem above immediately yield the following corollary.

Corollary 6.3 The map A-+AQ¥* is a lattice isomorphism from (2 onto £2Q*.

If we further assume that the a-adic pseudometric on A is a metric we obtain
a similar result for residuation.

Corollary 6.4. Foreach A and B in Q, (A :B)A*=AQ*:BQ*.

Proof. If B is principal, then (A:B)A**"AQ*:BQ* by (6.1) and the fact that
the sequence ((AV/a'M):(BV/a*M)), i=1,2,..., is a representative of AQ*:BQ™* [7, The-
orem 4.4]. Since (A:B)BisA, we have {A\B)A* mBQ*=((A:B)B)Q*tiAQ* and con-
sequently (A:B)A*"AQ*:BQ*.

In the general case there are principal elements BX ..., Bk in Q such that 6 —
=BXJ...VBk. Using Theorem 6.2 (and a simple induction argument) we obtain

{A:B)A* = {A\{BfJ...Y BR)T* = (A:BDMI*A.. . A(A:BRI* =
= AQ(BQYy ... YBKrY) = A2*BY*

which completes the proof.
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TAUBERIAN THEOREMS FOR THE FAMILY
F{a,q) OF SUMMABILITY METHODS

By
Y. SITARAMAN and V. SWAMINATHAN (Kariavattora)

The family F(a, q) of summability methods was introduced by Meir [2]. The
summability matrix (cpk) belongs to F(a, q) if it satisfies the following conditions:
p is a discrete or continuous parameter; a is a positive constant; q is a positive
increasing function which tends to °° asp tends to °°; for every fixed 8, 1/2<<5<2/3

(i)
as p-*°° uniformly in k for \k—q\*qd;
00 2  kegk= O(e-*) (p- oo,
\k-g\>qe
where tj is some positive number independent of p; and
(hi) ok SO.
The aim of this note is to prove the following
Theorem 1. If sn-*s(F(a, gq)) and
liminf(s,,-sm SO
when
n—m
m n>m, 0,
m
then sn-*s.

We need the following lemmas.

Lemmma 1 (cf. [3], Theorem 9). Suppose that

c,(x)so, CN(X)-=o as 2 cn(x) =1, T(x) = 2 cn(pc)sn,
tp(u) is positive and differentiable with positive bounded derivative, g>(u)-+°° as
u-+°° and
L dt
d(n)= j ,
0= epiry

M
2 O](X) —0 if M. 00, X —oo, CD(X) —q)(M) ~*m 00;

2 Ch()()[q)(r)—m(ﬂ/\)] 0 |f N+. oo, X — 00, P (N I')—q)(X) — oo.
n=N
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Suppose also that if s(t)—s,, for n*t<n+1, then
liminf[s(i)—s(u)] S o when u t> un, t—u = o[(p(u)].
Then s, is bounded.

Lemma 2. If s,,—0{n12), then summability F{a, q) is equivalent to summability
(e, ).
Proof. We prove the implication F(a, g->~(e, a). Suppose that 5=0. If sn—
-*0(F(a,q)), then
2 cpns,, = 0(1)
that is,

cpA 0D

G- T \ndi>g6
q—=°),

or
2 i+ 22 =o0o() (?2-*“p

say. Statement (ii) together with the hypothesis s,,=o(n12 imply that 2r=0(1)
as g-*°°. The second and third terms of 2 i are equal to

a™i 09m - 1

o (/ e_zdzj and O {f
[0] 0

respectively, and both tend to zero as g”-°°. Thus the first term in 2 i=00) as
9 -*-°°, that is,

2 e~ahVgsah = 0(q12) (q- ~).

This is similar to equation (9.10.9) in Theorem 151 of [1]. Following the argument
on the same lines as in [1], we finally have

(n\m -
j Je~aZogs(q+t)dt o (q—"°),

thatis, 5,-»0 (g, @). Our arguments are plainly reversible.

Proofof Theorem L Write gq>(u)=2]f sothat ®{n)=]mi—1 If 0" q —\M =
=p, then M ~q—pYq; and if Q*YN—)/g=v, then N”*q+v”"q. We have

M
2 cpn™ 0 (g-* °0)
0

since by (ii)
2 cn=o(l) (q—»)
and in (
-g(n-0)2
2 s q
g-qo*n"g-n\q q-q6*n"g-pVq
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the last two terms are 0(gq~112, while the first is O [ f e aw*dw], which is small
"
for large p. Further

gN cpn[4>(n)-4>(N)] = gNW n-fN)gn qg~112 gN (n~N)cm=

$S9'12 2 in-g)cpn

nsq+v/q

It can be seen as above that this sum also tends to zero as v, g*°°. Thus the condi-
tions of Lemma 1 are satisfied and s,, is bounded.
Suppose that £,-»-0 (F(a, g)). By Lemma 2

o —a(t—q)2

g~1”J r q st)dt-+o {g °°
0

or

J o]~ 252 28Y sad— v —f

To complete the proof we use Wiener’s theorems with g(t)—e-iat2 (cf. [1], The-
orem 241).
The following result can be obtained using Theorem B of [4].

Theorem 2. The conditions

F@) =2, cpA =0(1) (q- °o)
g & s3=olhd (n- o)
together imply

0sc s, = osc F(q).
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IS PRIME TOn. |

By
D. SURYANARAYANA and P. SUBRAHMANYAM (Waltair)

1. Introduction. Let k be a fixed integer LL2. A positive integer m is called
k-free, if it is not divisible by the k-th power of any prime. Let Ok denote the set of
all k-free integers. It is clear that the integer 1£Qk and if m—pTpp™...p'L is the
canonical representation of m> 1, then m(Qk ifandonlyif a,<k for /=1,2, ..., 1.
Let gk(m) be the characteristic function of the set Qk, that is, gk(m)= 1or 0 according
as mEQk or m$Qk. A divisor d>0 of the positive integer m is called a k-free
divisor of wmif dEQk. Let n be a fixed positive integer and let yk(m;n) denote the
maximal k-free divisor of m which is prime to n. In other words, yk(m; i) denotes
the greatest among the k-free divisors d of m such that (d,u)=1. Let yk(m) and
6k(m) denote the maximal k-free divisor of m and the maximal odd /c-free divisor of
m, respectively. It is clear that yk(m; I)=yk(m) and yk(m; 2)—5k(m). Further, if
p is a given prime, then yk(m;p) will be the maximal k-free divisor of m which is not
divisible byp. In particular, when k=2, y2(m; n) =y(m; n), the maximal square-free
divisor of m which is prime to n. Also, y2(m)=y(m\ I)=y(m), the maximal square-
free divisor (or the core) of m and 62(m)=y(m; 2)=5(m), the maximal odd square-
free divisor of m.

In this paper we establish asymptotic formulae for 'I"|]_|I:k $k(m) P(,n) and

u)=1

(m,
2y k(m;n) with uniform O-estimates for the error terms (see 84), where <p(n)
mAX

is the Euler totient function. Also, we improve the O-estimates of the error terms on

the assumption of the Riemann hypothesis. As particular cases of these asymptotic

formulae, we deduce asymptotic formulae for £ yk(m), J ok(m) and _ yk(m;p),
mAx m"x m"x

where p is a given prime. We also discuss the case k—2 and make some remarks
about the earlier work (if any) on the orders of the error terms at the end of each of
these asymptotic formulae. In fact, the orders of the error terms obtained in this
paper are improved ones over those existing in the literature.

In §2 we prepare the necessary background and in 8 we prove some lemmas
which are needed in establishing the asymptotic formulae of §4.

2. Preliminaries. Let p{n) denote the M®&bius function. Then it is known
(cf. [s], the proof of Lemma 2) that

(2.2) gk(m) = dkZ(j:mrl'(d)-
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Let do(n) denote the Dedekind ~-function (cf. [5], p. 123 or [3]) and Jk(n) denote
the Jordan totient function (cf. [5], p. 147 or [1]). The functions (pin), ¢p(n) and
Jk(n) have the following arithmetical forms:

(2.2) (Pifi) = 2 ®)n = ”prln[“"4P)'
(2.3) (M= g pAd)b bt
(2.4) N()= @ghld)ok=nxn g

. . A . .
Remark 2.1. It is clear that cp(ri)Sn, ¢ (n)*n and ) OG\% since

(cf. [s], Theorem 280), where £(k) is the Riemann zeta function defined by £(£)=

m=X M
Let Hk(n) be the arithmetical function defined by Hk(1)= 1 and

(2.5) HW =, »J7(I-F ,(p+i)) for ,>1.

Let a*(ri) denote the sum of the i-th powers of the square-free divisors of n
and let 6(ri) denote the number of the square-free divisors of n. It is clearthat  (n)=
=B(n)= where w(n) is the number of distinct prime factors of n>1, m(l)=o.

Throughout the paper x denotes a real variable and e denotes a preassigned
positive real number. All the O-estimates that appear in this paper are independent
of x and n, but might depend on e. We describe this situation by mentioning the
word “uniformly” at the end of each asymptotic formula.

We need the following:

Lemma 2.1 (cf. [11], Lemma 3.6, s=k). For x"3 and nél,

P-im™) nk n (a-i+An)6(x)
m*x  mk C(k)Jk(n) I Xt_1

(m,n)=1
uniformly, where S(x) is defined by
jexr%{—A logsssx (loglogx)_1/5} for x =3
or

(2.6

(2.7)

A being apositive constant.

Remark 2.2. If h is a positive constant, then it is clear that <5(x)logA=
= 0(exp {A" logs/sx(log log x)_1/5}), where A" is a positive constant (0<A'<A).
So, we may replace (5(x) logA appearing in any O-term by <5(x).
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Lemma 2.2 (cf. [11], Lemma 5.3, s=k). If the Riemann hypothesis is true, then
for jes3 and né 1,

(2'8 J,
(m,n)=1
uniformly, where oj(x) is defined by
p {A logx(log log x)-1} for xS3,
(2.9) .
for o<x-=3;

A being apositive constant.

Remark 2.3. Sometimes it is convenient to replace crii+t(n) or erli/2+£(n)
appearing in any O-term by 0(n) or T(n). Clearly, otl+e(n)” ctlarz+£a)" 0(n) ™ T(n),
where 1(5) is the number of all divisors of n.

Lemma 2.3. For nsi,

- A»(T) Uk)Jk(n)*k
(2.10 V/(m)Jk(m) HK(n)
1

(m,n)=

where ak is the constant given by

(2- 11) ak —
?~1P+0O
the product being extended over all primes p.

Proof. The series is absolutely convergent, since

=of—)
\J/(m)Jk(my V' +v
by Remark 2.1, and the general term of the series is a multiplicative function of m,
so that the series can be expanded into an infinite product of Euler type (cf. [9],
Theorem 286). Hence we have by (2.3) and (2.4),

| L N N

m=i 4/(m)Jk(m) '/l + 1)p\l-p K

o, AHm)Ik(m) ] (p+1p\l-p K
-W - W i ET -2 1012 s [ - ¥ i koy \ - -
pin Pin pin pin

s - Jk(n)tj(k)

H k{n)

by (2.11) and (2.5). Hence (2.10) follows.
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Lemma 2.4. For x~2 and «S 1,

u2(T) C(K)IK(n)ok
21 ) 0 (2)

] (m,n)=1
uniformly.

Proof. We have by Remark 2.1,

[iz(m) —
,-c -°(m>2_x KL =0 ¢k - o U -
) (mn)=1 (mn)=1
Since
u2(T) fiz(m)
(TL)LE(l P (T)A(T) =( ?_II \j/(m)JIk(m)~ , m)zll i/(m)Jk(m)’

Lemma 2.4 follows by Lemma 2.3.
Lemma 2.5. Lor xé3 pguia? rasl,

at/it (71 LHE()<5(t)|
msx Fr(m)mk ” HAn) I Ttav 1 )

(m,m)=1

uniformly, where $(a) is given by (2.7).

(2.13)

Proof. Since

By m ) ma(d)

(cf. [9], Lemma 3), we have

Km) ~ Km) 2~ Kd) »~ Kdb)Kd)
x o(T)TK* ™ L ' den o(d) o&x b (d)d 6
(mn=1 (m,n)=1 (d6,n) —
y  K(d)fi(6) ju2(d) Kégi
ax . d{d)dkok ax o(d)dk ffx_ 6k
(?g,r}ﬂ @ (<fn)=1 @ d-d_
Q=1 (6.dio=1

Now, using Lemma 2.1, we obtain

X
0* 1+¢(dn)é (g

] L Nm) K(d)  dklik
@) 2 )T T dx o@ddk m j k(dn)
(m,n)=I (d,n)=I
(T
+0 g-l+e(«) 'y “4 ?)

Tﬁ@ﬁm (daz)ql anT{gzd)' . SRR d(d)d
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By (2.7), it is clear that xr<§(T) is monotonically increasing for every £>0, so that
by Remarks 2.1 and 2.3, we have

<£i+.W)s(-j) B _ xeS(x) r(d)

d)d A
(dgan)g .0 Xe w% a1

(@)= in d2

=0(@pA#"r)="(an)
since r()=0(e (cf. [¢], Theorem 315). Hence the O-term in (2.14) is
. By Lemma 2.4 and Remark 2.1, the first term on the right
hand side of (2.14) is

u* [C(c)N("M . M1 «X an{MN a*nt o0 ( o «("K*))

C(lo)N(«)1  #*(«) UvlJ A*(n) uv Ak(m) | X*1 J!
Hence Lemma 2.5 follows.

Lemma 2.6. If the Riemann hypothesis is true, thenfor i& 3 and nSl,

p(m) akn

@15 B(TITK 1 WF)

+ 0 (o tli2+e(n)x112 k(o(x))
(m,n)=1
uniformly, where w(x) is given by (2.9).

Proof. Following the same argument adopted in the proof of Lemma 2.5 and
making use of Lemma 2.2 instead of Lemma 2.1, and observing that co(x) is monoto-
nically increasing, we get Lemma 2.6. We have only to replace <rti+e(n)o(x) in
Lemma 2.5 by 0*-y2+An)x~ 112(o(x).

3. Auxiliary results. In this section we prove some lemmas concerning the
Euler ~-function which are needed in our present discussion. We first prove

Lemma 3.1. For x*3 and pé 1,

X2
3.1) <£,()= 2 <p(m) = +0(x/.(x/n))

mn~x nTVvVY)

uniformly, where I(x) is defined by

flogzis x(log log xyas for x ™ 3,
(3:2) . A
= {1l for O 3

Proof. For any prime p such that (p, n)= 1and any positive integer a, we have

pe(x)= ‘m%m"x g>(rnnf)= (}Té?i’i (p(Tnpg + ”“IE@QX <p(mnpa).
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We have for (p, m)=\, ¢(mnpx) =<p(mri)cp(pX) and for p\m,

<p(mnpX = mnpx M (I—M = mnpx = ™hp?e = px<p(m).
g\mnpx '’ Q' g\mn ' Q' 17
Hence

®np*(x) = (pipl) <p(mn) =

<] +
mn%*"x p(nm) + px rm2 <X
pfm p\m

= <p(p*){mpZXAX <p(mn)- X(p(m n) =

m‘pza"x (p(mn)} + pzm,gaA

pim plm

= (PP 2 <P+ (e(p(pY) 2 <plm) =

p\m

= p(P*)on(yr+P*1 2 (tnp),

tnp~x/p*
so that we have
(3:3) op*{x) = <p(pne,,{~

Putting a= 1 in (3.3), we get
(3.4) ®,P(x) = cp(p)P..[

X

Now, substituting X—, —, X rin (3.4) for x,
P P- Pc~I

simplifying we get

\Y

(3.5 ®p(x) = (p(e)®n(y)+ 2 PP)N[dT) +pP{"\ = <plp) 20¢- (" T)
since

o'ril = 2 V(mnp)= 2 (pimnp) = o for — < g,
> mp® P

pc pc+l

cbei'8=1 "
Substituting — for x in (3.5), we get

(3.6)
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Now, from (3.3) and (3.6), we have
3.7) ®.-(x) = +p-'<p(p?

(")

since ®n(*m-a)=8B f°r r—c-
It is known (cf. [13], Satz 1, p. 144) that

@8) OY)- 7 m =50
where A(X) is given by (3.2).

55

G.[-pTATF

We prove (3.1) by induction on n. From (3.8), it is clear that (3.1) is true for

n=1 Let us assume that (3.1) is true for 1, 2, ..., n-1, where n>1 and prove
it for n.
Since n> 1, there is a prime p such that p\n. Let n=Np*, where (p,N) =1,
clearly — Hence by our induction assumption we have
3x2
(3.9

py(x) =nlll w0 +° "~ xIin)*

where the O-estimate is uniform in x and N.
Now, by (3.7) and (3.9), we have

24/{N) pa
X2 . P)Yy 1 0i<PP) N X) ~1j
w@ft(N) p* N1 p»+° ( P *auu Nl pT

since A(X) is monotonically increasing. Hence

vW xi{w) 1
]
n2Al/(N) p2z* 1 o1
p2 p
3x2 1 3x2

A O {XK®))Z* ¢ w +° (x1W)

where the O-estimate is uniform in x, N and p. Since n=Npx, we have

an) = - ;c;(zn)“ 0(xk(x)),

where the O-estimate is uniform in x and n. Thus Lemma 3.1 is proved.
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Remark 3.1. O. Holder [7] and S. S. Pir1ai [9] independently obtained asymp-
totic formula for the sum 2 cp(mn) with error term 0(x log .v). However, it is

not clear whether their O-estimate for the error term is independent of x and n. Sub-
sequently, E. Conen (cf. [4], Lemma 3.2) established an asymptotic formula for the
sum 2  <Bim>n)> which when s-1 reduces to the formula for 2 (imn) with

mn~x mn”x
error term 2 ix I°gx)p> the O-estimate being uniform in x and n. The formula
mn”~x
we obtained in (3.1) above gives not only a uniform, but also a better O-estimate
for the error term. Also, our method of approach is entirely different from theirs.

Lemma 3.2. For x*3, n”l and hS 1 suchthat n,n)=1,
3 i
(3.10) 2 .>(Tn) = , m O(0(u)x?fx/n)),
Tn-"x A u/(nwn)
(T, n)=1
where the O-estimate is uniform in x, n and u.

Proof. We have by Lemma 3.1,

2 (p(mn)— 2 2 hid) = 2 hid) 2 <Pibdn) -
(ri]ntul)l\;(l mrtAx dr’j;\rl\lw d\u 6dn”x

- M*e»**«-zH U w +0Ne))}-

Since (, ri)=1, we have (d,n)—I for dw. Hence
JL W +°(xXTén =
(m,u)=1
Y2 1

Hence Lemma 3.2 follows.
Lemma 3.3 (cf. [12], Lemma 2.3). For x£3 and 1,

(3.11) 2 him)(Pim) = O(<*_1+e(u)x2S(x)),
(mr?u)il
where the O-estimate is uniform in x and n and 8(x) is given by (2.7).
Lemma 3.4. For xS3 and neé 1,
(3.12) Ffx, n) = 2 pim)(p{m)mk~1= 0(cr* 1+e(u)xk+1S(x)),
m X
(m,u)=1

where the O-estimate is uniform in x and u.

Proof. This follows by Lemma 3.3 and partial summation.
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Lemma 3.5 (cf. [12], Lemma 2.13). If the Riemann hypothesis is true, then for
xs3 and MSu,

(3.13) n%"x h(m)(p(m) = 0O(cr*_lI2+fu ) x s,2a>(x)),
(m,u)=1
where the O-estimate is uniform in x and n and w(a) is given by (2.9).
Lemma 3.6. | f the Riemann hypothesis is true, thenfor xs3 and mS 1,
(3.14) Ffx, u) = rr21"x p{ni)(p{m)mk- 1= O(erl.«/2+u ) x k+11200(x)),
(mth=1
where the O-estimate is uniform in x and u.
Proof. This follows by Lemma 3.5 and partial summation.

Lemma 3.7. For xs3, «si and nS 1 suchthat (« n)—1,

(3.15) Fn{x,u)= _I%_U(p{T)(p{Tn)TKﬂ:0(at1+fnu)(p(n)xk+1S(x)),

where the O-estimate is uniform in x, n and u.

Proof. For any prime p such that (p, um)=1 and for any positive integer a,
we have

Frp«(x, u)= n%AX p(m)(p(mnp*)mk- 1= n%AX p(m)(p(mnp*)mk 2+

(Muh=1 (m’,%:l
+ 2 -
2, p(T)<p(TIpY Tk-1
(myu)=1
(P. m)=X

Since (p(mnpY)=pa<p(m) for p\m and <p(mnpx) =cp(mn)<p(px) for (p, m)=I,
we have

Fp«(x, u) = mZAX p(m)pa(p(mn)mk k+ 2 p(m)<p(pd<p(mn)mk 1 =

(m,u)=1 (m,
p\m (p, 1
= px 2 - p(rri)(p(mn)mk~k (p(px){ 2 il(m)(p(mn)mk~1— 2 p(T)cp(Tn)Tk~1} =

(m, u)—lI (m,u)=1 (m,u)=1
p\m p\m

= Hp)Fo.(x, n) + (p*-<p(p*)) 2 p(pO<P(Pin)/ -V »1 =
(pt,u)=1
= (PRFN(U) +px- 1pk-L 2 p(RIP(IPAP(th- 1=

(pt, u)=1
(nP)=1

= <P(PYP/IX, n)-/'>(p') 2 P (0<p{tn)tk~I.
‘sxip
(I,up)=1
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Hence

(3.16) Fnp, (x, u) —@(pR Fn(x, u)- pk-1(p{EXFn ,pu).

We prove (3.15) by induction on n. From (3.12), it is clear that (3.15) is true

for n=\. Let us assume that (3.15) is true for 1,2, —1, where
prove it for n.

1 and

Since u>-1, there is a prime p such that p\n. Let n—Npx, where (p,N)—1

Clearly "N "n —I. Hence by our induction assumption, we have
(3.17) Frn(x, vy = 0 (0 I 1+H(Nu)<p(N)x*+1S(x)),

where the O-estimate is uniform in x, N and u.
Now, by (3.16) and (3.17),

(3.18) FNp, (a, u) = ¢>paF (X, u)~pk~1L(p(pX)FN(y .n/q =

= O((PI=d, +,(Nu)<p(N)xk+15 (x)) + 0”pk~I(p(py at 1+t (Nup)(N)  +<57)j =

= 0{atl+c{Nu)(p (Np*)xk+16 (*)) + O Kr* 1+e(TNJUTPY  + % A - . xk+4 ()] .

By (2.7), it is clear that xE&() is monotonically increasing for every e>0,

we have

s g-i+AP) X+ 'X'aix) 0-*1+e(p)

- p«- p2~* X*+105(X) =

= =N [I+-2rr]-x* +1<5(X)S -~rr-x*+14(x), p being ® 2.

Hence by (3.18), we have

FsAx, u) = o (xl1+H(iVti)(1 + -~ T) <pNe )x*+1<H*)) =

O(<T*L+e(Kup*) (p(Mp*)xk+4(x)),
where the O-estimate is uniform in x, N,p and u. Since n=Np*, we have
F,.(x, ) = 0{(jtL+c(nu)(p(n)xk+1 6(x)).

Thus Lemma 3.6 is proved.
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Lemma 3.8. |f the Riemann hypothesis is true, thenfor x==3, n=1 and wll1
suchthat (n, m)=1,

(3.19) F,(x,u)= rr%"x u(nr)(p(Tn)Tk~1= C<g*1/2+e(nu)<p(n)x*+i1/2m(x)),

(m,u)=1

where the O-estimate is uniform in x, n and u.

Proof. Following the same argument adopted in the proof of Lemma 3.7 and
making use of (3.14) instead of (3.12) to verify (3.19) for n=1, and observing that
to(x) is monotonically increasing and making use of induction on n, we get Lemma 3.8.
We have only to replace o* x+t(nu)d(x) in Lemma 3.7 by 0* lj2+e(nu)x~1/2cc()).

4. Main results. First we prove the following:

Theorem 4.1. For xé3 and u=sl,

4.1) 2 x fe(m)fl>(m) = *£)HN  x*+0(e(n)x"KO(x)) +0{e\n)xL,x/n))
(mm=1

uniformly, where Hk(n), <5(X), A(x) and ak are given by (2.5), (2.7), (3.2) and (2.11),
respectively.

Proof. We have by (2.1),

2 Akm)<pm) - 2. Fm), 2 Kd)= 2 n(d)(p(dks) -
M M ke (d(dé,(i)él

2 ii{d)<p{dS)dk~\

_ (d. 8(20(8( =1

where the summation is taken over all ordered pairs (d, 6) such that dkS~x and
(d,n)=(5,n)=1.

Let z=xllk and qg(x) be a function of x such that 0<e = g(x)<I, which will
be suitably chosen later. If dkS”~x, then both d*-Qz and d>Q~k cannot simul-
taneously hold, so that we have

4.2 2 9 - 2 Kd)<pdkd) + 2 K d)<p(dko) -
(4.2) X (m) (M) dkix )<p(dko) wér )<p(dkd)
(m.n)=2 @n=6H)=1 @n=Gn=1
2 h(d)(p(dkS) = S1+S2-S 3, say.
@dn =1
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We have by Lemma 3.2,

si= 2 B(d) 2 (= 2 P@A)(_ .« +OBMxaxm)} -
((dzl,ﬁ?)z=1 (g,%le &j.r%:I [71 Y (it ft) }
") e AL +oTxtin) A Aam N

_ + 0(e(?i)zk+1le1(x/n)) + 0 (B 2(n)xJ1(x1m))
since

2 S 2 1=ez”2+0(0(n))
d @h ;
(cf. [2], Lemma 3.4). Hence by Lemma 2.5 and Remark 2.3,

*m = ° ( Y3+ +0((P(,)xiw»)) =

= 2@ tHAM+ (0 (FHIBLY<)) + O(0(n) = +1<4*)) + O(02(n)*2 (X/i,)).

We have by Lemma 3.7 and Remark 2.3,

(a.4) S2= s p(d)cp(dks)= 2 ) 2 P(d)p(do)dk-1=
S Sho-k
se: n=l js
@HEn=1 (Ch) J(dn)él
fcH &
=o 2 9@n)<pb) y-J $
<M=1 @an=l
Since <B(x) is monotonically decreasing and ¥ 2 » gz, we have $ (D.

Also, we have

(4.5) 6(m) = 1%Lkz(m) —0(*log¥*)

rr%"x
(mn=1

(cf. [¢], Theorem 320), so that by partial summation,

46
(46) dn=!

Hence by (4.4) and (4.6), we have

4.7 S2= 0\0(n)zk+1QL~kd(Qz)log I I I
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Again, by Lemma 3.7 and Remark 2.3,

(4.8) 3= 2 nd)pde) = 2 2 /i(d)(p(ds)dk 1=
d"Qz o0Q~k drQz
dre~k (<5n)=1 (d,n)=1
d n=(d, n=1
=0(_2 e@©n)(p(6)(Q2)k"0(Qz)) =0(e(n)zk+1Qk+1S(Q) 2 YL -
g8k e

By (4.5) and partial summation, we have

(4.9 (?%?)%1(0(6)6: O((e-K21cé (e-K) = O If_-M OQJB-) .

Hence by (4.8) and (4.9), we have

(4.10) S3— 0 |0(n)z*+1e1- *<5(Rz)log
Hence by (4.2), (4.3), (4.7) and (4.10), we have
(4.11) 2, 9K(M)<p(T) =

X
(m,n)=1
Jcknk+1x2

n2b(mHK() @ 10(MZ*Hel-fcHez)iog(-)J + 0 (~ -z I+1eA() +

+ 0(62(n)xh(x/n)).
Now, we choose
(4.12) a=a(x) = Haiz)yue

and write
(4.13) f(x) = logss (xV»){loglog (nr2*)y-vs = ly-| U3V -log2k)~"\
where U—\ogx and F=log log x.
(4.14) For F~2log2fc, thatis, logxs4fc2 xSexp(4k2,
we have

F _1sS (Fog 2k)~15~ U-1
and therefore

(4.15) — k~3/iU3BV~15" f(x) S k~3,iU35V~115
(4.16) We assume without loss of generality that the constant A in S(x) of (2.7) is
less than 1.

By (4.12), (2.7) and (4.13),

(4.17) B=expl-y/(x)J.
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By (4.14), we have k a3n 3/5Y 1 / 5 . Hence by (4.15), (4.16) and (4.17) and the

above,
a S exp{—Ak~a5U3/sV~1& LLexp{—fc s/si7s/sF _1/5} & exp
so that e=x~1/2&k Hence

(4.18) I o g —log (V") = O(logx) and Rz~x12k

Since <&(x) is monotonically decreasing, S(Rz)"6(xV2K)=Rk, by (4.12) and so,
by (4.15) and (4.17), we have

(4.19) Q~kS(Qz) StB S. expj— fos/sClals F - /5.

By (3.2), we have 2(x)=logzix (log log x)s/s=0(log a). Hence by (4.18) and
(4.19) , the first and second O-terms of (4.11) are both

0 (o(Wzrt1iexp{-y fc-"C/ "F-"Jlogx] = 0(B(n)x1+L'k0(x)),

by Remark 2.2. Hence Theorem 4.1 follows.
Coroltary 411 (n=1). For x*~3 and k"2,

o .
(4.20) 3, ftm)s 6= 2 0 (X KHTKS().
Corollary 4.1.2 (n=1, k= 2) For x"3,
(4.21) 2 MW)<p(m) = " £ - +0(x?"30(x)),

where a is the constant given by

(4 22)

Remark 4.1. Formula (4.21) has been established by E. Cohen (cf. [2], Corollary
5.1.2) with error term 0 (x 3.

Corollary 4.1.3 (k—2) For x~3 and n”lI,

(4-23) 2x RAT)(p{T™) =" 1w -w " + 0(B(N)XxID(x)) +0O(02(n)xLLx/m)).
(T,n):l
uniformly.
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Theorem 4.2. | f the Riemann hypothesis is true, thenfor xé3 and n”*lI,

4.24) o <(m)<p(m) = nr((%{‘ Hk{n) x2+ 0 (0 (nN)x1 +2X+1Mm (a)) + O(02(n)xA(X/;t)
(m,n)=1
uniformly, where <u(x) is given by (2.9).
Proof. Following the same procedure adopted in the proof of Theorem 4.1 and

making use of Lemmas 2.6 and 3.8 instead of Lemmas 2.5 and 3.7, we get the fol-
lowing instead of (4.11):

(4.25) 2, dk{m)(p{m) =
(mn)=1
= a2 H jjrx2+° (6(«) +2ea/2-" (M) log (-i]j + O(o (N)z*+ip2 (X)) +
+ O (B2{ri) XA (x/n)).
Now, choosing @=1z-1,2k+1, We see that O0<p<lI, 6<z, so that Iog\iq— <

<logz and zk+12QL2-k= zk+1Q= X1+2,2k+1.
Since co(x) is monotonically increasing, we have

<a(pz)log®— = co(z) log z = O(co(xlIk) log x) = O(co(x)),
by (2.9). Also,
A(X) = log2/sx(loglogxysizs = O (logx) = O(0j(x)).

Hence the first and second O-terms of (4.25) are both O(0(n)x1+2/2k+1(0{Xx)).
Hence Theorem 4.2 follows.
Corollary 421 (n=1). Ifthe Riemann hypothesis is true, thenfor x&3 and

2
4.26 2 (k(m)9 ——4—+ O (x1+3/2t+1 .
(4.26) 2 (k(m)9 (m) ——4—+ O (x1+32:+100(x))
Corollary 4.2.2 (n=1, k=2). Ifthe Riemann hypothesis is true, thenfor x~3,
(4.27) 2 n)cp(m) = —2—+ O(x7/5to(x)),
mAx £

where a is given by (4.22).
Remark 4.2. Formula (4.27) has been established by the first author (cf. [9],
Theorem 5) with error term 0 (X 7/5tf).

Corollary 4.2.3 (k=2). Ifthe Riemann hypothesis is true, thenfor xS3 and
4—,

(428) . m2(m)(p (M) = a2~ (m)Ar(H) + 0 (°(")*7B0 (*)) + ° (°2(") xx (*/u))
(mh)=l
uniformly.
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Theorem 4.3. For a3 and «S 1,
(429) JjAm ; n = + 0(B(n)x"k5(x))+0(B\n)x1(x/n)loga)

uniformly, where a) and 2(a) are given by (2.7) and (3.2), respectively.

Proof. We have

ykm-ny= 2 9= 2 9= 2 %9 -

d\yk(m;n) d\m dS=m
diQk (d,n)=1
(d,n)=1

Hence by Theorem 4.1, we have

(4.30) 2 WT>)— 2 dkdy9dy = 2 2 4kd)9(d) =
g, e gl

-r bl N (T)'Y B«(TC ™ (T))+0H )T-*(4))} -

= Oh ”> °

By (2.7), it is clear that ad5a) is monotonically increasing for every £>0, so that
1+10k-t . 1+Vk-e

pdm) I Vim) = mdclnd ™ (af Am) - > 2 ()
- altliEa) 2 g = O [XIHK5(X)).

Hence the first O-term in (4.30) is 0(B(n)x1+1,k0(x)), so that by (4.30), we have
431 2Yk(T;n) =
(4:31) 2YK(T3n)

Qknk+ 1X2
2p(m Hkmy 0 ( b"n)H*(n) ) + 0K XI+U/k6~ +° (°2  XAH{" n)l10g X*

By (2.5) and (2.4), we have
Hk(n) >nklJ (I —4) = Jk(n),
pnv P>
so that by Remark 2.1, the first O-term in (4.31) is 0{x) =0 (0(n)a+lIk5(a)).
Hence Theorem 4.3 follows.
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Corollary 43.1 (n=1). For xé3 and fcs2,
(4.32) 2 ykim) =~ +0 (x"S(x)),
m”x

where <k is given by (2.11).
Corollary 432 (n=2). For ys3 and k"2,

(4.33) JA(*) = @r2x-in D+ Q1™ (*))-

Corollary 4.3.3 (n=p). Ifp isagivenprime, thenfor x~3 and k-2,

434> P): 2(/+‘?_'_|) + o Jt“ "BW)'

Corollary 4.3.4 (k=2). For xS3 and nsl,

(4.35) N 7(w; «) = 2q(m)H,(n) + o (O(")xsl2sW) + 0(62(ri)xk(x/ri) logx)

uniformly, where a is given by (4.22).
Corollary 435 (k=2, n=1). For xa3,
(yy2
(4.36) Z Y(T) = -"-+0(x3206(x)).
Remark 4.3. Formula (4.36) has been established by E. Conhen (cf. [2], Theorem
5.2) with error term 0(x32).

Corollary 4.3.6 (k:2, HZZ). For x£3,
4.37 %"V 0(x36
(4.37) G UT) = L+ 0(x36(x)).
Theorem 4.4. | f the Riemann hypothesis is true, thefor nré3 and nSl,
(4.38) A y*(1; n)= 2dp\n)Hk{n) + O(B(n)x'+2* ' (x)) + O (O2(n)x=(x/n) log x)

uniformly, where co(x) and k(x) are given by (2.9) and (3.2), respectively.

Proof. Following the same procedure adopted in the proof of Theorem 4.3
and making use of Theorem 4.2 instead of Theorem 4.1, we get Theorem 4.4.

Corollary 4.4.1 (/i=1). If the Riemann hypothesis is true, then for xé&3
and k” 2,

(4.39) Z YNT) = -"1 +0(x1+22k+co(x)).
m~x A
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Corollary 4.42 m=2). If the Riemann hypothesis is true, then for n:S3
and Kw?2,

(4.40) 2J W »>-= + ° (XIH+2/2k+Ich (*))e

Corollary 4.43 (n=p). If the Riemann hypothesis is true, then for x&3
and &Sz,

(4.41) N yk(r; p) = 1+ °(xl+mk+1c M)

where p is a given prime.
Corollary 4.4.4 (k=2). If the Riemann hypothesis is true, then for ar~3
and néq,
lyn3y:
4.42) 2 y(jn; n) =2/ (mH2(n)+° A N x1+2rk+1b6l (*)) + O (02(n)xk(x/n) logx)
uniformly, where a is given by (4.22).
Corollary 445 (k=2, n=1). Ifthe Riemann hypothesis is true, thenfor pacé3,

[yy2
4.43 Y(T) =-TZ-+0 (x» .
(4.43) 2 ¥(T) (x*c0(x))
Remark 4.4. Formula (4.43) has been established by the first author (cf. [10],

Theorem 4) with error term 0 (jc7/5+€).
Corollary 4.4.6 (k=2, n—2). Ifthe Riemann hypothesis is true, thenfor x&3,

AN
(4.44) ]%_u<5(m) = —— + 0(x7.5w(x)).
Theorem 4.5. For x*3 and un~1,

(445) £  ft(m)y(m) 6aknk+1x .
. ' n2(p(n)HK(n)+ 0(B(M)x1K6(*)) + O (O2(m) A(x/n))
(m, ri)=I
uniformly.
Proof. This follows by Theorem 4.1 and partial summation.
Theorem 4.6. |f the Riemann hypothesis is true, thenfor xS3 and n” 1,
(4.46) 2 dk(m)<P(m) )
(vr\Pr?)X:I m n*Hn)Hk(n)+0(mxVIk+1SiX)) + ° (02n)A*/"))
uniformly.
Proof. This follows by Theorem 4.2 and partial summation.
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Theorem 4.7. For jcs3 and se 1,

4-47) 12 MM M = d(nHkK(@m +0(8(n)x"0(x)) +0(8\n)L,x1n) log x)
uniformly.

Proof. This follows by Theorem 4.3 and partial summation.
Theorem 4.8. |f the Riemann hypothesis is true, thenfor x & 3 and «Si,

(4.48) m?Sx VtO{\r/f' n = y/\I'I)fIK[I'I)+ 0(0 («)M+1<»W)+ 0(s\n)LLx/n) log x)
uniformly.

Proof. This follows by Theorem 4.4 and partial summation.
In conclusion, we would like to remark that asymptotic formulae for

yk(m; n)
' and
X n* m  nt
(m,n)=1

will be established in a separate paper.
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UBER TRANSLATIONEN UND DEN SATZ
V ON M ENGER IN UNENDLICHEN GRAPHEN

Von
K.-P. PODEWSK1 und K. STEFFENS (Hannover)

Terminologie und Notation

Ist E eine Menge und RQ EXE eine antireflexive, antisymmetrische Relation,
so heiBt G=(E, R) ein gerichteter Graph. E heil3t die Eckenmenge von (E, R) und
R heilt die Menge der gerichteten Kanten aus (E, R). Eine Folge (a2)i<kSe> von
Ecken aus E heift Kantenzug, falls fur jedes i mit i+l«=/c gilt: (ab ai+i)OR oder
(ai+l, ad£R. Ist (ai)i<kSco ein Kantenzug und k=co, so heilt (ai)i<k ein unend-
licher Kantenzug', ist k~=t0, so heilit (a;)i<)t endlicher Kantenzug. Eine Folge
b=(adi<kso heil3t Bahn, falls die Ecken a; paarweise verscheiden sind und fur jedes
i mit r+1 <k gilt: (at, ai+DER. an heillit die Anfangsecke der Bahn (ai)i<k*al.
Ist (a)(<* eine endliche Bahn, so heit ak-k die Endecke der Bahn (ai)i<k. Bei
Gelegenheit fassen wir eine Ecke als einelementige Bahn auf; in diesem Sinne ver-
stehen wir eine Menge von Ecken als eine Menge von Bahnen. Sei L eine Menge
von Bahnen. Anf (L) bezeichne die Menge der Anfangsecken von Bahnen aus L
und End (L) bezeichne die Menge der Endecken von Bahnen aus L. A und B seien
Teilmengen der Eckenmenge. E. Es heillt b eine Bahn aus A, falls die Anfangsecke
von b die einzige Ecke von h aus A ist. Es heilt Beine Bahn von A nach B, falls B
eine Bahn aus A ist und die Endecke von Bdie einzige Ecke von Baus B ist. Ist L
eine Menge von paarweise eckendisjunkten Bahnen aus A, so heit L eine Ver-
bindung von A, falls Anf(L)=A ist. Ist L eine Verbindung von A und ist jede Bahn
aus L unendlich, so heilRt L eine Ferverbindung von A. Sagen wir, dal L eine Ver-
bindung ist, so meinen wir, dall L eine Verbindung von Anf (L) ist. Ist L eine Ver-
bindung von A, so ist ein Menger'scher Kantenzug bzgl. L eine Folge {a)i<k
(O<kSco) von Ecken mit folgenden Eigenschaften:

1. (G;,G4i+1)€R oder (ai+l,a,)ER.

2. Esist (ai+l,a;)*R genau dann, wenn ah ai+l auf einer Bahn aus L liegen.

3. Liegt &; auf einer Bahn Baus L, so liegt ai* 1oder ai+l auf B

4. Ist a,=a3 mit iX j, so liegt at auf einer Bahn aus L, und es ist ai+1Vaj+1.
Die folgende Skizze mdge den Begriff des Menger’schen Kantenzuges illustrieren.
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Ist b=(ai)i<k*w eine Bahn, so sei V(B)={aR-"k}. Ist L eine Menge von Bahnen,
so sei V(L)=[J{V(B)\bdL}. Eine Ecke a liegt auf einer Bahn b, falls ad V(B).
Ist b=(ai)i<kSol eine Bahn und sind a, bd V(B), so liegt a vor b bzgl. b, falls Indizes
i, existieren mit i<j, a=a, und b=aj. Sind (ai)i<k, (sy)y<rSra zwei
Kantenziige, ist 0 eine naturliche Zahl und ist ak_k=b,,, so sei

(M™M)i<k (Pj)j<mm
der Kantenzug (c,)I<sSlo mit c,=a, fur /<£ und ct=b(,_K+L fir k*l<s=

=(k+r)—L1 Es sein T,S zwei Verbindungen mit E(I)M F(5)EAnT (S)fl
HEnNd(r). Dann sei

T~S = {?~3[?€7; sdS, End(i) = Anf(s)}U
U {tdT [End (I) €Anf (S)} U{ss S|Anf(s) (End (T)}

Menger’sche Kantenzlige

Ist (E, R) ein gerichteter Graph und A eine abzdhlbare Teilmenge von E, so
werden wir in dieser Arbeit ein notwendiges und hinreichendes Kriterium fir die
Existenz einer Fernverbindung von A angeben. Zum Beweis bendtigen wir einige
Lemmata.

Lemma 1 (Klebelemma). Sei L eine Verbindung von A und seien M=(aj)i<kS(i,
N=(bj)J1Sa> Menger'sehe Kantenziige bzgl. L. Angenommen, es existiert eine Bahn
BdL, undes existieren Indizes i0, jO mit ah, aio+1, bjo, bJo+1dV(B) und (aio+laig=
= (bjo+1, bJy. Dann existieren natirliche Zahlen r, s mit 0=r<k und 1 derart daf3

i i (ai)i<r (Bj)sSj<IS®
ein Menger'scher Kantenzug ist.

Beweis. Es sei Mo=(apisic und NO=(bj)j(iSj<l. Tritt einer der folgenden
Falle ein, so verkiirzen wir den Kantenzug MO*N 0.

1 Fall: Es existieren Ecken, die sowohl auf Mo als auch auf NO liegen und die
auf keiner Bahn aus L Vorkommen.

Sei H die Menge dieser Ecken und sei as=b, die erste Ecke aus H, die man
tber Mo erreicht. Dann ist
(blxY<:
ein Kantenzug, der keine Ecke aus H enthalt.

2. Fall: M0Ound NObesitzen eine Kante gemeinsam, die auf einer Bahn aus L
liegt.

Sei K die Menge dieser Kanten und sei (as+,, as) = (bt+L, bt) die erste Kante
aus K, die man uber MOerreicht. Dann gehe man zu dem Kantenzug

(®i)isl  (bj)[ j<I

tber.

Trifft auf M f'N O weder Fall 1 noch Fall 2 zu, so ist Mf'No bereits der
gesuchte Menger’sche Kantenzug. Anderenfalls wird Mf'No nach Fallunterschei-
dung verkurzt.
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DerINITION. Ist L eine Verbindung von A4, so sei E;, gleich A vereinigt mit der
Menge aller Ecken ecE, zu denen keine Verbindung K von AU {e} existiert mit
End (K)SEnd (L). Also ist eine Ecke e nicht aus E; genau dann, wenn e¢ A und
eine Verbindung K von AU {e} existiert mit End (K)SEnd (L).

LEMMA 2. Ist L eine Verbindung von A und ist e€E;, so ist jeder Menger’sche
Kantenzug von e aus bzgl. L endlich.

BEWEIS. Angenommen, es gibt von e aus einen unendlichen Menger’schen
Kantenzug M bzgl. L. Nach Bd 3. des Menger’schen Kantenzuges ist e¢ 4. Wir
definieren iiber einen Algorithmus eine Verbindung K von AU {e} mit End (K)&
CEnd (L). Alsoist e¢ E,. Widerspruch!

1. Schritt. a) Von jeder Ecke a€A laufe entlang der dort beginnenden Bahn
beL bis ggfs. zur ersten Ecke b,, auf der M die Bahn verldBt; sei b,6L™.

b) Von der Ecke e laufe entlang M bis_ggfs. zur ersten Ecke beV(L), von
dort laufe entlang der Bahn beL mit beV(b) bis zur ggfs. ersten Ecke b,, auf der
M die Bahn b verlaBt; sei b,€L™V.

(n—+ 1)-ter Schritt. a) Von jeder Ecke a€ L™ laufe entlang M bis ggfs. zur ersten
Ecke c,€V(L); sei c,e M.

b) Von jeder Ecke ae M™ laufe entlang der Bahn bcL mit ac ¥V (b) bis
ggfs. zur ersten Ecke b,, auf der M diese Bahn verlaBt (eventuell b,=a),
sei b€ L"),

Sei K die Menge der nach dieser Vorschrift gewonnenen Kantenziige. Es ist
Anf (K)=AU {e}. Wir beweisen induktiv, daB jeder Kantenzug aus K eine Bahn ist
und daB je zwei verschiedene Bahnen aus K kreuzungsfrei sind.

Im ersten Schritt werden nur Bahnen konstruiert. Die im Schritt 1a) konstruierten
Bahnen sind kreuzungsfrei. — Laufe entsprechend Schritt 1b) von der Ecke e entlang
M bis zur ersten Ecke b€ V(L). Es sei b  diejenige Bahn aus L mit_b¢ V(b). Laufe
weiter entlang M (also ldngs der Bahn b entgegen der Richtung b) bis zur ersten
Ecke ¢, auf der M die Bahn b verlaBt. Ist a die Anfangsecke von b, so liegt b,
(Schritt 1a) vor ¢ bzgl. b. Also sind die im ersten Schritt konstruierten Bahnen
kreuzungsfrei. Wir setzen daher voraus, daBl die Kantenziige, die man im »-ten
Schritt erhalt, kreuzungsfreie Bahnen sind.

a) Im Teil a) des (n+1)-ten Schrittes werden nur Bahnen durchlaufen, die
auf keiner Bahn aus L liegen. Je zwei verschiedene Bahnen dieser Art sind nach
der Bd. 4. eines Menger’schen Kantenzuges kreuzungsfrei. Es bleibt also nur noch
zu zeigen, daB die Eigenschaft eine Bahn zu sein, im (n+ 1)-ten Schritt, Teil a),
nicht zerstort wird. Sei M’ ein Teil von M, der im (n+ 1)-ten Schritt, Teil a), durch-
laufen wurde und der eine Bahn b aus L in der Ecke c,€V(b) kreuzt. Da M ein
Menger scher Kantenzug ist, lauft M auf b entgegen der Rlchtung von b und verliBt
b an einer Ecke, die vor ¢, bzgl. b liegt. Also kann nach Konstruktion ¢, nicht auf
solchen Bahnen liegen, d1e durch die ersten n-Schritte konstruiert wurden Es wird
daher die Eigenschaft, eine Bahn zu sein, im (n+ 1)-ten Schritt, Teil a), nicht zerstort.

b) Im Teil b) des (n+1)-ten Schrittes werden nur Bahnen durchlaufen, die
auf einer Bahn aus L liegen. Aus den Eigenschaften eines Menger’schen Kantenzuges
folgt, daB die Eigenschaft, eine Bahn zu sein, im (n+ 1)-ten Schritt, Teil b) nicht
zerstort wird. Wir beweisen nun die Kreuzungsfrelhelt der Bahnen. Sei b eine Bahn
aus L, die im n-ten Schritt iiber M erreicht wird. Man betrachte alle Ecken auf b,
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die in hochtens ni-vielen Schritten Gber M erreicht werden. Sei bx die erste Ecke auf B
dieser Art und sei b2 die zweite Ecke auf B mit dieser Eigenschaft. Dann existiert
nach Bd. 2), 4) eines Menger’sehen Kantenzuges eine Ecke c, flr die folgendes gilt:

1. bl liegt vor c bzgl. B oder bx=c

2. ¢ liegt vor'b2bzgl. B

3. M verlaRt Ban der Ecke c.
Alle Ecken, die auf der Bahn B zwischen blund c liegen, kommen auf den Bahnen,
die in den ersten «-Schritten konstruiert werden, nicht vor. Aufgrund dieser Uber-
legung sind die Bahnen, die im («+ I)-ten Schritt, Teil b), konstruiert werden,
kreuzungsfrei.

Lemma 3. Sei L eine Verbindung von A. Ist e£ V(L), so daf jeder Menger'sehe
Kantenzug von e aus bzg. L endlich ist, so ist e£EL.

Beweis. Angenommen, e$EL. Dann existiert eine Verbindung K von AU {e}
mit End (K)"End (L). Nach Definition von EL ist e\A. Wir definieren rekursiv
einen unendlichen Menger’schen Kantenzug bzgl. L mit der Anfangsecke e. Sei
(xi)i<tsca diejenige Bahn aus L mit e€V((xt)t<tS(@). Es sei e—x,,. Dann existiert
eine groRte Zahl k<n mit xk liegt auf einer Bahn aus K. Sei a~x,, i fir isn—k
und sei i0=n—k. Es sei MO~(agw ™ Angenommen, M ‘={aj)isin ist bereits
definiert, und ain liegt auf einer Bahn B=(yi)i<mSm"aus K und auf einer Bahn c=

—(xdi<rsu> aus und ain_1 liegt entweder auf B oder auf c.
1. Fall: liegt auf c. Sei yk=ain. Dann existiert eine kleinste Zahl k mit
1 derart, daR yk auf einer Bahn aus L liegt. Denn nach Voraussetzung ist

jeder Menger’sche Kantenzug von e aus bzgl. L endlich und nach Annahme ist
End (K)gEnd (L). Sei ainti=yl+ fir i*k—1, sei intl=i,,+(k—I) und sei
M»+i= (0|)isi,,+1-
2. Fall: a,,_ i liegt auf B. Sei x1=ain. Dann existiert eine grofite Zahl k mit
1 derart, dall xk auf einer Bahn aus K liegt. Sei ain+i=x1 t fir is|—k, sei
*»H=".+0-") und sei M*+l=(aj)istntl. Essei M e= UrﬁmM*'

Behauptung. M eist ein Menger’scher Kantenzug bzgl. L.

Nach Konstruktion sind die Bdn. (1), (2) und (3) erfullt. Um die Bd. (4) zu
beweisen, nehmen wir an, dal’ Indizes i, j existieren mit i*j, a—aj und ai+l=aJ+1l.
Seien die Indizes i0, jO minimal gewahlt bzgl. dieser Eigenschaft. Angenommen,
r,=0. Dann miRte, wegen j*O, in die Ecke e=a0 eine Bahn aus K hineingehen,
d.h. es existiert eine Bahn BEK mit e£V(B) und e ist keine Anfangsecke von B.
Dies ist aber nicht mdglich, da genau eine Bahn B's K existiert, deren Anfangsecke e ist.
Also ist i0”O”jo- Wir werden nun beweisen, dal® fir alle i,jEco gilt: Ist ai+l—
—aj+1l und ist ai+2—aJ+2, soist at= uj. Hieraus ergibt sich fir i=i0—1, j=j0—1
sofort ein Widerspruch zur Minimalitét von /,,und jO. Wir beweisen also die folgende
Behauptung.

Behauptung. Fr alle i,jd(o gilt: Ist ai+l=aJ+l und ist atVaj, so ist ai+2"
Naj+2.

Essei (ain, ..., aintl] derjenige Teil des Kantenzuges Me, der von aiml bis
Un+1 l8uft, und es sei [aintl, ..., ain) derjenige Teil von Me, der von ain+1 bis
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zur Ecke aintl lauft. Dann existieren Zahlen imEto mit ai+1£(ain, ainH]
und aj+le(aim,

1 Fall: Es existiert eine Bahn cdL, so daB [a/nH, ait), [aim+l, aim
Teilbahnen von c sind.

2. Fall: Es mxistiert eine Bahn B”K, so daB (ain, ..., aint]], (aim ..., a,m]
Teilbahnen von Dsind.

Da die Elemente ain, aim aus V(c) bzw. aus V(B) sind, muB mit ai+l—
—alJ+l auch sein. Also ist fiir diese Falle die Behauptung bewiesen.

3. Fall: [aimt], ..., ain) ist Teilbahn einer Bahn c£L und (ain, a in+\ st
Teilbahn einer Bahn BdK.

Nach Konstruktion von M st (in+1 die einzige Ecke aus (ain, ..., aintl], die
zugleich auf c liegt. Andererseits liegt ai+1=aj+1 aufc, also ist ai+l—ain+l Sei b
die Ecke, in der Bdie Bahn c verlaRt. Es liegt ai+1 vor b bzgl. ¢, oder es ist ai+1=Db,
da Bund c in gleicher Richtung laufen, solange sie einen Kantenzug gemeinsam ver-
folgen. Es liegt aj+1 vor aimbzgl. c. In aimtrifft eine Bahn B'£K auf c. B' und B
durfen sich nicht in aimschneiden, denn B und B' sind kreuzungsfreie Bahnen, falls
sie verschieden sind. Ist B gleich B', so kénnen sie sich ohnehin nicht in einer Ecke
kreuzen. Nach Wahl von aim#l liegt b vor am+1 bzgl ¢ oder ist b=aim+l Wegen
aj+i=ai+i€(aim ..., amt] muB b=aimtl=ai+l=aj+1=aiii+l sein. Nach Wahl von
ai+2 und aJ+2 liegt dann ai+2 auf der Bahn ¢, aj+2 auf der Bahn B, und es ist
(ai+2, ai+)£R und (aJ+l, aH+2)£R. Da Mehrfachkanten nicht zugelassen sind,

ist ai+2Maj+2°
Translationen

Definition. Eine Verbindung T von A heilit Translation, falls V(T)QET ist,

Beispiel.

Fig. 1

Es ist E—{\, ..., 9}; die Kantenmenge ist durch Striche gekennzeichnet, jede
Kante ist von unten nach oben gerichtet. Es sei M'={(1, s), (s, 9}, und esist ET—E.
Sind A, B zwei Teilmengen von E und ist SQE, so trennt S die Mengen A
und B, falls jede Bahn von A nach B eine Ecke aus S enthélt. Sind L, K zwei Mengen
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von Bahnen und istjede Bahn aus L ein Anfangsstick einer Bahn aus K, so schreiben
wir LK.

Definition. Sind L, K Translationen von A, so liege L vor K (in Zeichen: L"K)
genau dann, wenn End (L) die Mengen A und End (K) trennt und L"K st

Lemma 4. Ist A eine S-Kette von Translationen von A, so ist n{ eine Translation
von A.

Beweis. Sei I'=uf. Angenommen, T ist keine Translation. Dann existiert
eine Ecke e aus V(T)\A und eine Verbindung N von AU{e} mit End (N)Q
QEnd(r). Da e£V(T) ist, existiert eine Verbindung KEA mit e£V(K).

Behauptung. Jede endliche Bahn aus N enthdlt eine Ecke aus End (K).

Sei B eine endliche Bahn aus N. Dann ist End (b)QEnd (I'). Also existiert
eine Verbindung ECA mit K~L wund End (b)QEnd (L). Es trennt End (K)
die Menge End (L) von A. Wegen ef V{K) trennt End (K) sogar die Mengen
A{J{e} und End (L). Also enthélt h eine Ecke aus End (K). Damit ist die Behaup-
tung bewiesen.

Es sei N* die Menge der Anfangsstiicke von Bahnen aus N bis zur ersten Ecke
aus End (K). Es ist N* eine Verbindung von A{J{e} mit End (N*)QEnd (K).
Dies ist ein Widerspruch dazu, daR K eine Translation ist.

Definition. Ist L eine Verbindung von A, BA®E und SzL, so sei b\B das
langste Anfangsstiick der Bahn B, das nur Ecken aus B enthdlt. Es sei

1 \b = {B\B\Bell.

Lemma 5. Ist L eine Verbindung von A, so ist L\E I eine Translation.

Beweis. Sei T=L\El. Wir wollen V(T)QET beweisen. Es sei e£V(T).
Nach Lemma 3 geniigt es, zu beweisen, daRR jeder Menger’sche Kantenzug von e
aus bzgl. T endlich ist. Wegen e£V(T) und T—L\E1 ist e£EL und folglich ist
nach Lemma 2 jeder Menger’sche Kantenzug von e aus bzgl. L endlich. Also genugt
es zu zeigen, daB jeder Menger’sche Kantenzug bzgl. T von e aus ein Menger’scher
Kantenzug bzgl. L ist. Sei {ai)i<kSv>ein Menger’scher Kantenzug bzgl. T mit a0=e.
Wiederum geniigt es zu zeigen, daR jede Ecke ah die auf einer Bahn aus L
liegt, bereits aus EL ist. Dann liegt a; auf einer Bahn BfL und ist at"EL, so ist
nach dem Klebelemma und nach Lemma 3jede Ecke aus V(B) die vor a; liegt bzgl.
B auch aus EL. Angenommen, es existiert eine Ecke at aus V(L), die nicht aus EL
ist. Sei aiodie erste bzgl. (@)i<k*mdieser Ecken. Dann ist (a,)i<io ein Menger’scher
Kantenzug bzgl. L. Nach Lemma 3 existiert von aioaus ein unendlicher Menger’scher
Kantenzug bzgl. L. Nach Lemma 1 existiert ein unendlicher Menger’scher Kantenzug
von al=e aus bzgl. L. Dies steht im Widerspruch zu Lemma 2.

Lemma 6. Sei T eine Translation und sei L eine Verbindung von A2 Anf(T).
Trennt End (T) die Mengen Anf(T) und End (L), so existiert eine Verbindung
K von Amit TAK und End (K)” End (L).

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



UBER TRANSLATIONEN UND DEN SATZ VON MENGER IN UNENDLICHEN GRAPHEN 75

Bewess. Da End (7) die Mengen Anf(7) und End (L) trennt, liegt auf jeder
endlichen Bahn bc€L mit Anf (E)gAn§ (T) eine Ecke aus End (7). Ist b€L,
so sei f(b) dasjenige Anfangsstiick von b, das von der Anfangsecke von b bis zur
ersten Ecke aus End (T) liuft. £(b) kann nach Definition eine unendliche Bahn
aus L sein. Sei 0 3

N = {f(b)|be LAAnf (b) S Anf(T)}.

Dann ist N eine Verbindung von Anf (7) mit End (N)SEnd (7). Da T eine Trans-
lation ist, ist End (N)=End (7). Daher muB fiir jede Bahn b€L mit Anf(b)S
S ANAnf (T) gelten: V(b)NEnd (T)=g, d.h. f(b)=b.

Behauptung 1. Ist beL mit Anf (b)S A\Anf(T), so ist V(H)NV(T)=g.

Angenommen, es existiert eine Bahn beL mit Anf (E)%A\Anf (T), und es
existiert eine Bahn €T mit V(b)NV([@H=P. Sei ecV(b)NV(i) und 1 das
Endstiick von b, das mit der Ecke e beginnt. Es ist e¢ Anf (7) und NU {I} eine
Verbindung von Anf (T)U {e}. Also ist 7" keine Translation. Widerspruch!

Es sei

K* = {¢|3ae N(@@ " teL)}U{beL|Anf(b) S A\Anf(T)}.

Es ist Anf (K*)=(4\Anf (7))UEnd (7).
Behauptung 2. V(K*)N\V(T)=End (7).

_ Angenommen, es existiert eine Ecke ecEN\End (7), es existiert eine Bahn
kcK* und eine Bahn i€7T mit ecV (k) V(7). Sei b die erste Ecke e bzgl. # mit
ecV(k)NV(i). Nach Behauptung 1 ist genau die Anfangsecke der Bahn k aus
End (7). Sei I die Bahn von b aus lings der Bahn k. Dann liegt auf I keine Ecke
aus End (7). Sei3 die Bahn von Anf (i) ldngs i bis zur Ecke b. Wegen b ¢ End (7))
existiert auf 3 keine Ecke aus End (7). Also ist #=3"1 eine Bahn mit V(#)N
NEnd(T)=g. Da nach Voraussetzung End(7) die Mengen Anf(7) und End(L)
trennt, muB 7 unendlich sein. Es ist N U {I} eine Verbindung. Zum Beweis dieser
Tatsache brauchen wir nur zu zeigen, daBl b¢ V(N) ist. Angenommen, b€ V(N).
Sei ¢ diejenige Bahn aus L, die k als Endstiick enthilt. Dann ist b€V (¢). Ist Anf(k)=
={a}, so liegt wegen bcV(N) die Ecke b vor a bzgl. ¢, oder es ist b=a. Andererseits
liegt @ vor b bzgl. ¢ da b¢ End (T) ist. Widerspruch! Folglich ist NU {I} eine
Verbindung von AU {b} mit 564 und End (NU{I})SEnd (7). Also ist 7 keine
Translation. Widerspruch!

Aus Behauptung 1. und 2. folgt, daB 7"~ K* eine Verbindung von A ist mit
End (T”K*)SEnd (L).

DEFINITION. Sei L eine Verbindung von A. Es sei E(L) die Menge der Ecken
ecE, zu denen eine unendliche Bahn (b;);., existiert mit e=b, und Vi=0
(b;¢ V(L)). Es sei R(L) die Menge aller Kanten (4, b))¢ R mit a, b€ E(L) und
b¢ V(L). Dann sei G(L)=(E(L), R(L)). Ist acA4 und (a, €)€R, so sei L(a, e)=
={{(0, b)}|be A\ {a}} U{(0, @), (1, b)} eine Verbindung von A. Es sei

G(a, e) = G(L(a, o).

LEMMA 7. Sei L eine Verbindung. Ist b eine Bahn in G mit End (b))S E (L), die

hochstens die Anfangsecke mit einer Ecke aus V(L) gemein hat, so verlduft b ganz
in G(L).
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Lemma s. ISt Teine Translation, so trennt End (T)DE(T) die Mengen Anf (7")
und E{T) in G.

Beweis. Angenommen, es existiert eine Ecke e£E(T) und eine Bahn Baus
Anf (T) nach e, die keine Ecke aus End (T) enthdlt. Da edE(T) ist, existiert
eine unendliche Bahn ¢ in G von e ausgehend mit der Eigenschaft, da hdchstens
die Anfangsecke von c eine Ecke aus T ist. Laufe von e aus die Bahn S zuriick bis
zum ersten Schnittpunkt b mit einer Bahn 3 aus T. Wie im Beweis zum Klebelemma
zeigt man die Existenz einer unendlichen Bahn 1von b aus, die als Ecke aus V(T)
nur die Ecke b enthélt. Esist b(l End (I"), weil auf der Bahn Bkeine Ecke aus End (T)
liegt. Wegen b$End (T) existiert ein unmittelbarer Nachfolger d von b bzgl. 3.
Sei 3r die Bahn von Anf (3) bis b langs 3 und 32 die Bahn von d langs 3. Es ist

1 = (T-{3})6{3rl 32

eine Verbindung von Anf(7)U {<} mit End (L)EEnd (I') und &"Anf(r).
Folglich ist I" keine Translation. Widerspruch!

Wir hghen damit bewiesen, dal End (T) die Mengen Anf(T) und £'(7)
trennt. Sei Deine Bahn von Anf(T) bis E{T\ und a die letzte Ecke aus V(B)P!
MEnd (T) bzgl. B. Ist k die Bahn von alangs B, so ist nach Lemma 7 B eine Bahn
in (7(7"). Insbesondere ist a£E(T). Also trennt sogar End (7)nii(7°) die Mengen
Anf(T) und E(T).

Lemma 9. Sei T eine Translation in G und sei L eine Translation in G(T) mit
Anf (L)UEnd (7). Dannist TAL eine Translation in G.

Beweis. Sei K=T"L. Angenommen, K ist keine Translation in G. Dann
existiert eine Ecke af V(K) mit Anf(T) und es existiert eine Verbindung N
von Anf(7)U{a} mit End(TV)gEnd (K)=End (E)U(End (F)\Anf (L)). Nach
Lemma s trennt End (7°) in G die Mengen Anf(T) und End (L)U(End (T)—
—Anf(L)), also agch Anf”) und End (N). Ist BdN, so sei f{B) dasjenige
Anfangsstiick von L0, das von der Anfangsecke von Dbis zur ersten Ecke aus End (T)
lauft. Sei

N* = {f(B)\BEN, Anf(s) g Anf(N}.

Wie im Beweis zu Lemma s zeigt man, da End (W*)=End (T) ist. Es sei
K* = {c\3aeN*(a~££N} U {c€7V|ij<EHd}-

Wie im Beweis zu Lemma s zeigt man, dall T~K* eine Verbindung von Anf(7)U
u{a} ist mit End(7”KHgEnd(V)gEnd(£)U(End(7)\Anf(L)). Es sei
R*= {c€K*|Anf(c)gAnf (L)}U {c€7V|aE V(c)}. Dann ist R* eine Verbindung von
Anf (L)U {a} mit End (R*)QEnd (L)QE(T). Da T~K* eine Verbindung ist
und wegen End (R*)QE(T) ist nach Lemma 7 R* eine Verbindung von Anf(L)U
U{a}inG(T). Angenommen, af V(T). Nach Lemma s ist a*End(T). Wegen
End (T)=End (N*) existiert eine Bahn B{.N mit a£V(B) und Anf (bjgAnf(T).
Wegen o”AnfiT) steht dies im Widerspruch dazu, dal N eine Verbindung von
Anf(7)U N ist. Also ist a$V(T). Daher ist aeV(L). Wegen Anf(L)QEnd (T)
ist aCAnf(L). Folglich ist a$EL in G(T) und somit ist L keine Translation in
G(T). Widerspruch!
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Lokal-verbindbar

D efinition. Eine Menge AQE heil’t lokal-verbindbar, falls zu jeder Verbindung
L von A und zu jeder Ecke asEnd (L) eine Verbindung K von A existiert mit
End C/QgEnd (L)\{a).

Lemma 10. Sei AQE. Dann sindfolgende Aussagen aquivalent:

(1) A ist lokal-verbindbar.

(2) Zu jeder Translation T von A und zu jeder Ecke as End (T) existiert eine
Verbindung K mit K und a liegt auf einer unendlichen Bahn aus K.

(3) Firjede Translation T von A ist End (T)QE(T).

(4) Zu jeder Translation T von A und zu jeder Ecke End (T) existiert eine
Verbindung K von A mit End (A)"End (TjXfa}.

Beweis. (4)=>(2). Sei T eine Translation von A und agEnd (T). Nach (4)
existiert eine Verbindung L von A mit End (L)QEnd (T)\{a}. Natirlich trennt
End (") die Mengen Anf(T) und End (L). Nach Lemma s existiert eine Verbin-
dung Kvon A mit TA"K und End (K)gEnd (L)*End (I")\{n}>End (T) trennt
die Mengen Anf () und End (K). Sei fir B>K die Bahn f(B) das Anfangs-
stick von B bis zur ersten Ecke aus End (T). Dann ist K*={f(b)\SzK} eine

Verbindung von Anf (") mit End End (T). Da I" eine Translation ist, muf}
End (A™)= End (T) sein. Also liegt a auf einer unendlichen Bahn aus K.
)] =>(3). Sei T eine Translation von A und asEnd (T). Nach (2) existiert eine

Verbindung K von A mit T—K und a liegt auf einer unendlichen Bahn B aus K.
Sei c die Bahn von a langs b. Dannist V(c)nV(T)={a}. Also ist adE(T).
(3) =>(4) Trivial.
(1)=>(4). Trivial.
(2) =>(1). Sei L eine Verbindung von A und afEnd (L). Ist a”E”, so existiert
eine Verbindung N von AU {a} mit End (iV)8End (L). Es ist K={5€iVja$ V(B)}
eine Verbindung von A mit End (A")gEnd (L)\{a}. Betrachten wir daher den
Fall afEL. Sei T=L\EI.

Behauptung. a£V(T). Ist afA™ so ist aEV(T). Sei a$A, sei BAL mit
ai V(B) und sei ceine Ecke vor abzgl. b. Nach dem Klebelemma istjeder Menger’sche
Kantenzug von c aus bzgl. L endlich. Nach Lemma 3ist cEEL. Also ist V(B\ELD.
Damit ist die Behauptung bewiesen.

Da wir Bedingung (4) voraussetzen und (4) aquivalent zu (2) ist, existiert eine
unendliche Bahn 3 mit der Anfangsecke a und V(3)C\V(T)= {a}.

1. Fall: V(3)C\V(L)={a). Ist bCL mit aeV(b), soist K=(L\{b})U {B~3}
eine Verbindung von A mit End (K<TEnd (E)\{a}.

2. Fall: {a}*V(3)r\V(L). Sei c die erste Schnittecke von 3 mit einer Bahn
aus L. Da c keine Ecke aus EL ist, existiert nach Lemma 3 von c aus ein unendlicher
Menger’scher Kantenzug M bzgl. L. Angenommen, M hat mit einer Bahn aus I
eine gemeinsame Ecke s, so dal® die in M folgende Ecke ebenfalls aus T ist. Dann
ist s£EI. Andererseits ist das Endstiick von M mit der Anfangsecke i ein unendlicher
Menger’scher Kantenzug bzgl. L. Nach Lemma 2 ist s$EI. Widerspruch! Also
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hat M hochstens mit End (I') Ecken gemeinsam. Die Ecke a liegt nicht auf M.
Ist (a) die Bahn, die aus der Ecke a besteht, so sei

N = {B\3leT(t-BEL)}\{(a)}.

Auf Grund der obigen Uberlegung ist M ein Menger’scher Kantenzug bzgl. N.
Es ist a$Anf(N). Wie im Beweis zu Lemma 2 definiert man eine Verbindung K*
von Anf(V)U {a}= End (T) mit End (K*)£jEnd (X)\{a}. Dann ist

K ={t\tET unendlich}U{I*£|i£l, £<EK*, End© = Anf(£)}
eine Verbindung von A mit End (K)=End (K*)ijjEnd (£)\{a}.

Lemma 11. Sei G—(E,R) ein gerichteter Graph, AQE, AQE(A) und sei
El =A flrjede Verbindung L von A. Essei e£E\A, af A und (a, e)(R. Dann ist
04\{a})U {e} inG(a,e) lokal-verbindbar.

Beweis. Sei T eine Translation von (T\{a})U {e} in G(a, e) und sei b£End (T).

Zu zeigen: Es gibt eine Verbindung K in G(a, e) von 04\{a})U {e} mit
End (K)iEnd (M)\{i).

Wir setzen R =L(a, e)*T. Es ist R eine Verbindung von A mit End (R) =
= End (T). Nach Voraussetzung ist AQE(A) und A ist die einzige Translation
von A in G. Nach Lemma 10 (3) ist A lokal-verbindbar in G. Nach Definition von
lokal-verbindbar existiert zu R eine Verbindung N von A mit End(7V)"End(T)\{6}.
Wegen En=A ist e$ EN. Also existiert eine Verbindung K* von AO {e} mit
End(K*)IEnd(iV)iiEnd(7)\{&}. Sei BadK* mit a6Anf(5,). Essei

K = k*\{Ba}
Behauptung. K ist eine Verbindung von (T\{a}) U{c} in G(a,e).

Wir sind fertig, wenn wir beweisen, dalR von jeder Ecke, die auf einer endlichen
Bahn aus K liegt, ein unendlicher Weg in G(a, €) ausgeht. Sei $£K eine endliche
Bahn und c€F(5). Es ist End (5)QEnd (T)QG(a, €). Also ist die Endecke von
B die Anfangsecke einer unendlichen Bahn in G(a, €). Analog zum Beweis des
Klebelemmas existiert in G(a, ) eine unendliche Bahn mit der Anfangsecke c.
Es ist End (K)*"End (T)\{b}.

Lemma 12. Sei T eine S-maximale Translation. Dann gilt in dem Graphen G(T):
Es ist £L=Anf (L) fur jede Verbindung L mit Anf(L)c End (T).

Beweis. Angenommen, in G(T) existiert eine Verbindung L mit Anf(L)"£L
und Anf(L)gEnd (I).

Behauptung. (E1 M V(L))\Anf(L)AO.

Sei eEELNA nf (L). Ist e£ V(L), so ist die Behauptung bewiesen. Nehmen
wir daher e$ V(L) an. Wegen e&E(T) existiert in G(T) eine unendliche Bahn B
von e aus mit {V{T)C\V(B))\{e}=0. Angenommen, V{)C\V(L)=0. Dann
ist {BH\JL eine Verbindung in G(T) mit End ({5}U£)£End (L). Also ist e$EL.
Widerspruch!
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Daher ist V(B)NV(L)#@. Es sei a die erste Ecke auf b, die auf einer Bahn
aus L liegt. Wegen Anf(L)SEnd (T) ist a¢Anf(L). Angenommen, ad¢E,.
Dann existiert in G(7') eine Verbindung N von Anf (L)U {a} mit End (N)SEnd(L).
Sei d¢ N mit acAnf (d) und sei ¢ die Bahn ldngs b von der Ecke e bis zur Ecke a.
Wie im Beweis zum Klebelemma erhdlt man aus den Bahnen d,¢ in G(T) eine
Bahn k von e aus mit End (k)=End (d). Sei N*=(N\{d})U{k}. Dannistin G(T) N*
eine Verbindung von Anf(L)U{e} mit End (N*)=End (N)SEnd (L). Also ist
e¢ E;. Widerspruch! Also ist a€(E,NV(L))\Anf (L).

Es sei K=L}E,. Aus obiger Behauptung folgt, daB V(K)=Anf(L) ist.
Nach Lemma 5 ist K eine Translation von Anf (L) in G(T). T~ K ist nach Lemma 9
eine Translation in G. Nach Lemma 8 trennt End (7) die Mengen Anf(7) und
E(T) in G. Also trennt End (T) die Mengen Anf(7) und End (7™ K). Daher
ist T=(T"K) und T#(TTK). Also ist T nicht =-maximal. Widerspruch!

KOROLLAR 13. Ist T eine =-maximale Translation in G und ist ASEnd (T)N
NE(T), so ist A lokal-verbindbar in G(T).

Beweis. Da die Translation 7" maximal ist, ist nach Lemma 12 4 die einzige
Translation von 4 in G(7T). Die Behauptung folgt nun unmittelbar aus Lemma 10 (3).

SATz 14. Ist G=(E, R) ein gerichteter Graph und A eine abzdihlbare Teilmenge
von E, so besitzt A genau dann eine Fernverbindung, wenn A lokal-verbindbar ist.

BEwEIs. Besitzt 4 eine Fernverbindung, so ist 4 lokal-verbindbar. Um. die
Umkehrung zu beweisen, nehmen wir an, daB 4 lokal-verbindbar ist. Sei das Element
a*c A fest gewihlt. Es sei (i, k,)nc, €ine Aufzihlung aller Paare von natiirlichen
Zahlen, wobei i,=n sein soll. Wir definieren rekursiv eine Folge (G,),c,, VON
Graphen, eine Folge (X,),, von Verbindungen von A4 und eine Folge
((@n,kcw)neo von Folgen von Elementen aus E mit den folgenden Eigenschaften:

1. Ky=A4 und K, S K,,,.

2. G,,, ist ein Teilgraph von G,=(E,, R,).

3. End (K,)SE,.

4. End (K,) ist lokal-verbindbar in G,.

5. (@n, ko ist eine Aufzihlung von End (K,)U {a*}.

6. Ist (a, b)ER,, soist b¢V(K,) fir n>0.

Sei Gy=G, Ky=A und (@y)c,, €ine Aufzihlung von 4. Seien G,, K, und
(a,, e Mit obigen sechs Eigenschaften bereits definiert. Sei 7, eine =-maximale
Translation von End (X,) in G,. Nach Bedingung (6)ist L,=K, T, eine Verbindung
von A.

1. Fall: a; , ¢End(L,). Dann sei G,;,=G,(T,), K,:1=L, und (@,:1,)kc0
eine Aufzahlung von End (X,;,)U{a*}.

2. Fall: a; , €End(L,). Also ist g; , €End(7,). Da nach Bedingung 4)
End (K,) lokal-verbindbar in G, ist, mu nach Lemma 10 (3) End(7,)SE,(T,)
in G, sein. Nach Lemma 12 gilt in G,(7,): Fiir jede Verbindung L von End (7,)
ist E;=End(T,). Sei ecE,(T,)\End(7T,) mit (g_,e)ER,(T,). Sei K, =
=L, {(a; x, €} und G,.,=G,(T,) (a1, €). Es sei (@,+1,1)rc €ine Aufzihlung
von End (X,,,)U{a*}. Nach Lemma 11 gilt Bedingung 4). Nach Definition sind die
Bedingungen 1), 2), 3), 5) und 6) erfiillt.
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Sei K= (J Kn. Aufgrund von Bedingung 1) und 2)ist Keine Verbindung von A.
nf£co

Ist a£End (AT), so existiert eine naturliche Zahl n mit as End(K,,). Es existiert
ein kf£a) mit a=an/l, und es existiert eine Zahl m£(o mit n=im und k=km.
Nach Konstruktion ist a=alTyT$ End(Km+D) und daher ist ai End (K). Wider-
spruch! Der folgende Satz ist eine Verallgemeinerung des Bernsteinschen Aquiva-
lenzsatzes auf Fernverbindungen.

Satz 15. Sei G=(E, R) ein Graph, AQE undseien L, N Fernverbindungen mit
Anf(L)QA und MMQANf(N). Dann existiert eine Fernverbindung K mit Anf (K) = A,
so daBjede Bahn aus L unendlich viele Ecken mit Bahnen aus K gemeinsam hat.

Beweis. Es sei E*= V(L) U V(N) und es sei (a, b)ER* genau dann, wenn eine
Bahn B=(ai)i<(0£(L[jN) und ein Index /c<cu existiert mit a—ak und b=ak+1.
Der Teilgraph (E*, R*) von (E, R) besitzt nur abzdhlbare Zusammenhangskompo-
nenten. O.B.d.A. sei (E*,R*) zusammenhdngend. Dann ist A abzahlbar. Da eine
Fernverbindung N mit " Anf(V) existiert, ist A lokal-verbindbar in (E*, R*).
Die Konstruktion von K erfolgt in (E*, R*) wie in Satz 14, nur mufl man im 2. Fall
folgendes zuséatzlich beachten: Liegt ainkn aufeiner Bahn Baus L und ist der unmit-
telbare Nachfolger d von ainikn bzgl. Baus E,,(T,,) in Gn, dann sei e=d gesetzt
(d.h. man wahle d aus). Sonst aber seien Gn, Kn, Ln und (a,.x)ec0c wie in Satz 14
ausgewahilt.

Um einzusehen, dall die Konstruktion von K zum Ziele fihrt, sei (s,)flJ eine
unendliche Bahn aus L. Angenommen, es gibt eine gréfite Zahl jfa> mit bj£ V(K).
Dann ist (bj)imj eine unendliche Bahn in jedem Graphen G,, die keine Bahn aus
L,, schneidet. Es existiert eine naturliche Zahl n derart, dal T, eine ~-maximale
Translation von End (Kn) in G,, ist, mit bjEV(Tn) und L*"K"Tn-

1 Fall: bj$ End (). Dann ist Tnkeine Translation in G,,.

2. Fall: bj*End (Tr). Aufgrund der Maximalitdt von Tn geht durch die Ecke
bj eine Bahn c aus N, so dal} der unmittelbare Nachfolger von bj bzgl. ¢ verschieden
von bJ+l ist. Nach Fall 1gilt fr jede Zahl k~n: IstbjEV(TK), so ist e FEnd (TK).
Nach Fall 2 gilt fir jede Zahl k>n\ Ist bjEV(TK), so ist Z£End (Tyn Anf(Tk).
Also mul? nach Konstruktion von K die Ecke bJ+1 aus V(K) sein.

Beide Félle fiihren zu einem Widerspruch. Daher existiert keine gréfite Zahl
ifcu mit bjE V(K).

Verbindungen mit einer Menge

Neben den Fernverbindungen von einer Menge A kann man auch Verbindungen
von A mit einer Menge B betrachten.

Definition. Eine Verbindung L heiflt Verbindung in Richtung B, wenn V(L)C\
MRTJTENd (L) ist. Eine Verbindung L heilt Verbindung mit B, wenn V(L)C\B=
= End (L) ist.

Wie man aus der Definition ersieht, kann eine Verbindung mit B auch unend-
liche Bahnen enthalten. Dies ist unschén, doch wissen wir nicht, ob die folgenden
Sétze und Lemmata bewiesen werden kdnnen, ohne unendliche Bahnen zuzulassen.
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Definition. Sei G—(E, R) ein gerichteter Graph und seien A, BAAE. A heifit
lokal mit B verbindbar, wenn es zu jeder Verbindung L von A in Richtung B und zu
jedem a£End (L) eine Verbindung K von A in Richtung B gibt mit End (K)\BQ
gEnd (L)\(BO {a}).

Wir wollen beweisen, dal’ fiir abzahlbare Graphen eine Verbindung von A mit B
existiert, falls A mit B lokal-verbindbar ist. Hierzu definieren wir einen Graphen
G\B={E\B, R\B) wie folgt: Ist b£B, so sei

B, = {ebni\n£(o, i€{o, 1 }}

eine Menge von paarweise verschiedenen, ,neuen“ Ecken (nicht aus E) mit der
einzigen Ausnahme: eb0O=b=em . Weiter sei

EbIDEBt = 0
fur verschiedene Ecken bx, b2 aus B. Es sei

E\B = EUB@‘,]BEb’

R\B = (R\{(b, aHR|beR})U{(€>,.,..-, eb(m+L)i)\bEB, nfto, i€{0, 13}.

Hierdurch sei der Graph G\B=(E\B, R\B) definiert. Wie unmittelbar aus der Defi-
nition von G\B folgt, ist A genau dann mit B lokal verbindbar in G, wenn A in G\B
lokal verbindbar ist, und in G existiert eine Verbindung A mit B genau dann, wenn
in G\B eine Fernverbindung von A existiert. Also ergibt sich aus Satz 14:

Korottar 16. Ist G=(E, R) ein gerichteter Graph, ist BAE und ist A eine
abzahlbare Teilmenge von E, so besitzt A genau dann eine Verbindung mit B, wenn A
lokal mit B verbindbar ist.

Ganz entsprechend 14Rt sich auch Satz 15 (bertragen. Ein &hnliches Resultat
wurde in [1] bewiesen.

Korottar 17. Sei G=(E, R) ein gerichteter Graph, seien A. BA”E und seien
L, N Verbindungen mit B fiir die gilt: Anf(N)=A, Anf(L)QA und End (L)—B.
Dann gibt es eine Verbindung K von A mit B, so da End (K)=B ist.

Beweis. Sei £* = II{(<™p)A(6e.B} und sei A*=A"{(<?%,)n e ¢B). Dann
gibt es nach Satz 15 eine Fernverbindung K* von A in G\B mit der Eigenschaft,
daR jede Bahn aus L* unendlich viele Ecken mit Bahnen aus K* gemeinsam hat.
Daher ist K—K*\E eine Verbindung von A mit B und End(K)=R.

Der folgende Satz ist eine Verallgemeinerung des Satz von Menger fur endliche
Graphen.

Satz 18. Sei G=(E, R) ein gerichteter Graph, seien A, B Teilmengen von E und
sei A abzahlbar. Dann existiert eine A und B trennende Eckenmenge S und eine Ver-
bindung L mit Bfolgenden Eigenschaften:

1. Anf (L)QA.

2. An jeder Bahn aus L liegt genau eine Ecke aus S.

3. Jede Ecke aus S liegt aufeiner Bahn aus L.
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Beweis. Sei T eine s-maximale Translation von A in G\B. Dann ist nach Kon-
struktion von G\B die Translation T eine Verbindung von A in Richtung B in G.
Sei S=End (T)C\(E\B) (T). Da BQ(E\B) (T) ist, trennt S, nach Lemma s, die
Eckenmenge A und B in G\B und nach Konstruktion von G\B dann auch in G.
Bleibt noch die Verbindung L zu konstruieren. Da T ~-maximal in G\B ist, ist
nach Korollar 13 die Menge S lokal verbindbar in (GJ2?) (T). Da nach Vorausset-
zung A und damit auch End ()M (£']0) (T)—S abz&hlbar ist, existiert nach Satz 14
eine Fernverbindung K von 5 in G\B. Sei K'=K\E und K" die Menge aller Bahnen
aus K', deren Anfangsecke aus S ist. Es sei T' die Menge aller endlichen Bahnen aus
T, deren Endecken aus S sind. Dann haben L—K " T "' und S die gewiinschten
Eigenschaften.

P. Erd6s fragt: Ist es wahr, daB zu jedem Graphen (E, K) und zu je zwei dis-
junkten Teilmengen A, B von E eine A und B trennende Eckenmenge SQ E existiert
und eine Menge 2B von paarweise disjunkten Wegen von A nach B existiert, so daR
jede Ecke s<dS aufeinem Weg aus 2B liegt und jeder Weg aus SB genau ein Element
aus S enthalt.

Alle in dieser Arbeit beschriebenen Ergebnisse lassen sich auch auf ungerichtete
Graphen {bertragen, indem man fur jede ungerichtete Kante

die Figur

einsetzt.

Satz 18 zeigt, dal die Frage von Erd6s positiv beantwortet ist fiir abzéhlbare Graphen
ohne unendliche Wege.

Definition. ISt G=(E, R) ein gerichteter Graph, sind A, B Teilmengen von E
und ist b=(ei)i<k eine Bahn von A nach B, so sei ](B)—K die Lange der Bahn B.
B ist ein kiirzester Weg von A nach B, falls

AB) —min {13)\3 ist Weg von A nach B und Anf(3) = Anf(B)}

ist.

Korollar 19. Sei G=(E,R) ein gerichteter Graph, seien A,B Teilmengen
von E und sei A abzéhlbar. Dann existiert eine Eckenmenge S und eine Verbindung L
mitfolgenden Eigenschaften:

1 Anf(L)QA und L ist eine Verbindung von kiirzesten Bahnen von A nach B.

2. Aufjeder kiirzesten Bahn von A nach B liegt eine Ecke aus S.

3. Aufjeder Bahn aus L liegt genau eine Ecke aus S.

4. Jede Ecke aus S liegt aufeiner Bahn aus L.
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Beweis. Sei E* die Menge aller Ecken aus E, die auf einer kiirzesten Bahn von
A nach B liegen und sei R* die Menge aller Kanten aus R, die auf einer kiirzesten
Bahn von A nach B liegen. Dann ist jede kiirzeste Bahn von A nach B in (E*, R*)
eine kirzeste Bahn in (E, R) und umgekehrt. Mehr noch: Jede Bahn von A nach B
ist kirzeste Bahn in (E*, R*). Die Behauptung folgt aus Satz 18.

Injektive Auswahlfunktionen

Ist R eine Relation, so sei Vb(R) der Vorbereich von R und Nb(R) der Nach-
bereich von R. Eine antireflexive, antisymmetrische Relation R hei3t bipartiter
Graph, falls Vb(R)fINb(R)=0o ist. Ist F=(F(i)\ifl) eine Familie mit /I
MUF(i)=0, so sei Rr={(, x)[xdE(/)} der zu F gehorende bipartite Graph,

i
Ist F=(F(i)\i£l) eine Familie, so heilt jedes Element/ aus dem Cartesischen
Produkt >I‘é]\/F(i) Auswahlfunktion bzgl. F. Eine Abbildung / heilt partielle Aus-

wahlfunktion bzgl. F—(F(i)\idl), falls eine Teilmenge J von | existiert, so dal /
eine Auswahlfunktion bzgl. der Beschrdénkung F\J von F auf J ist. Durch den
Ubergang von einer Familie F zu dem zugehdrigen bipartiten Graphen RF folgt aus
Korollar 16 unmittelbar unser Ergebnis aus [3].

Korottar 20. Sei F=(F(i)\ifl) eine Familie und sei die Menge | abz&hlbar.
Dann sindfolgende Aussagen aquivalent:

1. F besitzt eine injektive Auswahlfunktion.

2. Zu jeder partiellen injektiven Auswahlfunktion g bzgl. F und zu jedem Element
i£1 existiert einepartielle injektive Auswahlfunktionfbzgl. Fmit Vb (/) —Vb(g)U{i}.

D efinition. Zwei Familien Fi=(F1(/)|/€/1), F2=(F2>i\i€_12 besitzen eine
gemeinsame Transversale T genau dann, wenn injektive Auswahlfunktionen fy
bzgl. Fy undf2bzgl. F2existieren mit Nb(/j)= F=Nb (/2.

Satz 21. Seien F1=(F1(i)\if£l), F2=(F2(i)\i£l2 zwei Familien und seien die
Mengen /,, /2 abz&hlbar. Dann sindfolgende Bedingungen &quivalent:

1. Fyund eine Subfamilie von F2 besitzen eine gemeinsame Transversale.

2. Fir alle partiellen injektiven Auswahlfunktionen gy bzw. g2von Fy bzw. F2
fur alle Elemente i£\b(Fy) undflr alle Elemente aENb(F,) gibt es partielle injek-
tive Auswahlfunktionenfy bzw. f2von Fy bzw. F2mitfolgender Eingenschaft:

Vb (/) = Vb(g)U{i}

Nb (/))\N'b (/2 g (Nb (gi)\Nb (g2))\{u).

Beweis. Man sieht unmittelbar ein, daR Bedingung 2) notwendig fiir Bedingung

1) ist. Bleibt zu zeigen, dal sie auch hinreichend ist. O.B.d.A. seien die Mengen

ly,1z, *L€J\/_ Fy(i)U*g F»(i) paarweise disjunkt. Wir definieren einen tripartiten
i >

und

Graphen wie folgt: Sei .

F= AU/2U(%JA *j (OUi€l/J2 F2(i))
die Eckenmenge und

R = {(i, \)\EFyY(i)}J {(x, i)\xeF2(i)}
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die Kantenmenge des Graphen G=(E, R). Aus der Bedingung 2) folgt, dal f mit
12 lokal-verbindbar in G ist. Also existiert nach Korollar 16 eine Verbindung L von
/x mit /2. Hieraus folgt Bedingung 1). Aus der Konstruktion des Graphen G im
Beweis zu Satz 21 und aus Korollar 17 ergibt sich als Korollar folgender bekannter
Satz [2]; Seite 178.

Korollar 22. Es seien Fx, F2 zwei Familien. Dann sind folgende Aussagen
aquivalent:

1) F, und F2 besitzen eine gemeinsame Transversale.

2) Fl besitzt eine gemeinsame Transversale mit einer Subfamilie von F2 und F2
besitzt eine gemeinsame Transversale mit einer Subfamilie von Ft.
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SUR LES SUITES TRANSFINIES

Par
Z. GRANDE (Elblag)

Les suites transfinies de nombres réels et de fonctions réelles ont été introduites
par SiERPitfski dans sa note [12] et puis examininées dans les travaux [4]—[9] et [11].
Désignons par 12 le premier nombre ordinal non-dénombrable. On dit qu’une
suite transfinie de nombres réels ai, est convergente vers un nombre réel
G(Jima{=0) lorsqu’il existe pour tout nombre £>0 un nombre ordinal a<R

tel que |04—o|< & pour tout nombre ordinal £>a (£<12). Soit X un espace métri-
que, séparable. Désignons par R I’ensemble des nombres réels. On dit qu’une suite
transfinie de fonctions ffX"-R, £<&, est convergente vers une fonction/ lorsque,
quel que soit un point xEX, \\T*(x)=/(x). On sait que si toutes les fonctions

sont continues (de premiére classe de Baire) [semi-continues supérieurement] {ont les
graphes fermés}, alors la fonction /| ’est aussi ([11]). Des autres classes de fonctions
ont été examinées de la méme fagcon ([5]—[9]). Dans la note [6] Lipinski a méme
démontré une condition nécessaire et suffisante pour qu’une fonction/ soit la limite
d’une suite transfinie de fonctions de certaine classe. En particulier, en utilisant
I’lhypothese du continu et cette condition Lipinski a démontré que chaque fonction
fIR-*R de premiére classe de Baire est la limite d’une suite transfinie de fonctions
approximativement continues.

Le théoreme 1 de cette communication implique comme ses corollaires que les
classes des fonctions continues presque partout relativement a certaine mesure, des
fonctions ponctuellement discontinues, des fonctions possédant la propriété (K) et
les classes G,{X) (i=I, 2, ..., 5) introduites par nous dans l’article [2] sont fermées
relativement a la convergence des suites transfinies, c’est-a-dire les limites des suites
transfinies de fonctions de ces classes appartiennent également a ces classes. Les
théorémes 2 et 3 de cette communication montrent que les classes des fonctions
de propriété (G) et les fonctions step-like introduites par Peek dans sa note [10]
ont la méme propriété. Les fonctions de propriété (K) et les fonctions de propriété
(G) ont été introduites dans le travail [3] (la propriété (K) d’une fonction réelle d’une
variable réelle a été définie dans la note [1]) et ont joué un rdle important dans cer-
taines conditions suffisantes pour la mesurabilité des fonctions de deux variables.
Enfin les théoremes 4 et 5 montrent que la classe des fonctions approximativement
continues et continues presque partout relativement a certaine mesure sur l’espace
X et la classe des fonctions dérivées continues presque partout relativement a la
méme mesure sont fermées relativement a la convergence des suites transfinies et le
théoréme 6 montre que la classe des fonctions de premiére classe de Baire, ayant la
propriété de Darboux et continues presque partout relativement a la mesure de
Lebesgue sur l'intervalle (—1, 1) n’est pas de cette nature. Dans le théoréme 6 on
admet I’hypothése du continu.
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Théoreme 1. Soient A et B deux ensembles de |’espace X tels que 0 XAczB.

Soit une fonction f:X-*R la limite d’une suite transfinie de fonctions fi:X—R,

Si lafonction réduite partielle /B n’est continue en aucun point de | ’ensemble

A, alors il existe un nombre ordinal a< i2 tel que lafonction réduite partielle fJB
est aussi discontinue en tout point de A.

Deémonstration. Soit {Un} une suite des ensembles ouverts d’une base de I’espace
X qui coupent I’ensemble A. Posons

a. = ose/.

Comme la fonction réduite fIB n’est continue en aucun point de I’ensemble A, tous
les nombres an sont donc positifs. Dans tout ensemble 1/nM\B fixons deux points
X" et xbtels que |/(*7) —H(x2>|>a,,/2. Il existe pour tout pointx? (/= 1,2etn=1,2,...),
un nombre ordinal <x(i,ri)<G tel que fi(x")=f(x1) pour tout nombre ordinal
£>a(/, ri) (£<12). L’ensemble des nombres a(r,s) (/=1,2 et a=1, 2, ...) étant
dénombrable, il existe donc un nombre ordinal a qui est plus grand que tous
les nombres a(/,q) (/=1 2eta=1,2,..). Remarquons que la fonction fx est
telle que /(*") =/*(*?) pour tout point X- (/=1,2 et a=1, 2, ...). Fixons un point
xCA. Désignons par a l’oscillation de la fonction réduitef/B au point x. Comme la
fonction restreinte fi B n’est pas continue au point x, le nombre a est donc positif.
Soit {U,k} une partielle de la suite {£/,} telle que le diamétre d(U,K<l/lc, Uk2)

3 Uk (k=1,2,...) et {x}=K|_| Uk. Remarquons que lim ak—a. Dans la
-1

suite désignons par bk I’oscillation de la fonction réduite fJB sur I’ensemble UkG
fIfi (k= 1,2,...). On vérifie facilement que bkéanl2 pour k=1,2,.... Il en
résulte que l'oscillation de la fonction réduite fJB au point x n’est pas plus petite
que a/2=»0. La fonction réduite fJB n’est pas donc continue au point x, d’ou
notre assertion.

Corollaire 1. La limite d’une suite transfinie de fonctions ponctuellement dis-
continues est également ponctuellement discontinue.

Supposons dans la suite que dans I’espace X soit définie une mesure borelienne p.

Corollaire 2. La limite d'une suite transfinie defonctions définies sur |’espace X
et continues presque partout relativement a la mesure p est de la méme nature.

Deéfinition 1 ([3]). On dit qu’une fonction f:X—R possede la propriété (K)
lorsqu’elle est ponctuellement discontinue sur tout ensemble fermé D el ayant la
propriété de Denjoy (c’est-a-dire tel que, quel que soit un ensemble ouvert UczX,
si t/rUM 0, alors ji(Cn.D>0).

Corollaire 3. La limite d’une suite transfinie defonctions définies sur I’espace X
et possédant la propriété (K) est aussi de propriété (K).

Remarque. Il résulte du théoréeme 1 que les classes de fonctions GfX)
(/I=1,2, ..., 5) définies dans la note [2] sont également fermées relativement a la
convergence des suites transfinies.

Supposons dans la suite qu’il existe un couple (F, =>), ou F soit une famille
dénombrable d’ensembles de mesure p positive et finie et = désigne une relation de
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convergence des suites d’ensembles de la famille F vers les points xCT, définie de
maniere que les deux conditions suivantes soient satisfaites:

(1) Il existe pour tout point x£X une suite d’ensembles {U,,}cF telle que
U,=>x.

(2) Toute sous-suite infinie d’une suite {U,;} convergente vers un point xCT
converge également vers ce point.

On dit qu’un point xkx est un point de densité d’un ensemble ~-mesurable
A c X relativement au couple (F, =) lorsque, quelle que soit la suite {{/,,} d’en-
sembles de la famille F convergente au sens =>vers le point x, on a I’égalité

3) lim B(U..)A)(i(U,) = 1

Definition 2 ([3]). On dit qu’une fonction f:X-»R posséde la propriété (G)
relativement a la famille F lorsque, quels que soien un nombre e>0 et un ensemble
AcX de mesure p positive, il existe un ensemble UC.F tel que p(UC\A)>0 et
ose fAE sur I'ensemble des points de densité (relativement au couple (F, =>)) de
I’'ensemble Uf\A appartenant a cet ensemble.

Théoreme 2. La limite d'une suite transfinie de fonctions définie sur I'espace X et
possedant la propriété (G) relativement a lafamille F est de la méme propriété.

Démonstration. Supposons, par contre, qu’il existe une suite transfinie de
fonctions fi.X—R, £-=0, possédant la propriété (G) relativement a la famille F
qui est convergente vers une fonction/ qui ne possede pas de la propriété (G) relative-
ment a cette famille. Il existe donc un ensemble A p-mesurable, de mesure p positive
et un nombre e=-0 tels que, quel que soit un ensemble UC.F, p(AM1/)—0 ou
ose />£ sur I'ensemble des points de densité (relativement au couple (F, =>)) de
I’ensemble UC\A appartenant a cet ensemble. Soit {Un} une suite des ensembles de
la famille F pour lesquels p(UnC\A)>0. Dans tout ensemble U, OA fixons deux
points xJ et Xl qui sont des points de densité (relativement au couple (F, =>)) de
(ensemble UBC\A et tels que |/(X")—Hx!j)|>e. On peut voir, de la méme fagon
comme dans la démonstration du théoreme 1, qu’il existe un nombre ordinal a<@,
tel que /*(*?)-/(*?) pour tout point x? (i=I, 2 et n=1, 2,...). Remarquons, en
outre, que la fonctionf ane possede pas de la propriété (G) relativement a la famille F,
comme ose fi>-e sur I'ensemble des points de densité (relativement au couple
(F, =) de I’ensemble A AU appartenant a cet ensemble, quel que soit I’ensemble
t/CF tel que p(AlM £/)>0. Cela contredit le fait que la fonction f x possede la pro-
priété (G) relativement a la famille F.

Definition 3 ([10]). Une fonction f.X"R est dite step-like lorsqu’il existe
pour tout ensemble A X 0 un ensemble ouvert UczX tel que UDAX O et la
fonction réduite fiA M U est constante.

Théoréme 3. La limite d'une suite transfinie de fonctions step-like sur I'espace X
est du méme type.

D émonstration. SUpposons, par contre, qu’il existe une suite transfinie de
fonctions step-like fi :X-*R, £<I12, convergente vers une fonction f \X-*R qui ne
soit pas step-like. Il existe donc un ensemble non-vide AczX tel que la fonction
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réduite f/Af]JU n’est pas constante pour tout ensemble ouvert UaX tel que
UC\A 970. Soit {£,} une suite des ensembles ouverts de certaine base de I’espace X
qui coupent I’ensemble A. 11 existe donc pour tout indice n deux points xi et xg
appartenant a I’ensemble AC\Un et tels que /(xi)?i/(xS). Soit a<i2 un nombre
ordinal tel que /a(x;)=/(x-) pour tout point x? (i=1, 2etn=\, 2,...). Remarquons
que, quel que soit I’ensemble ouvert UczX, si UC\A” 0, alors la fonction réduite
fJA MU n’est pas constante, ce qui entraine la contradiction, comme la fonction
f aest step-like.

Pour formuler le théoréme 4, appelons une fonction f:X—R approximative-
ment continue au point x relativement au couple (F, =>) lorsque, quel que soit le
nombre a, le point x est, relativement a ce couple, un point de densité de celui des
ensembles {tCX\f(t)*-a) et {tCX\f(t)*a) qui contient ce point.

Théoreme 4. Supposons que la mesure p soit compléte. La limite d'une suite trans-
finie de fonctions définies sur I'espace X, approximativement continues relativement
au couple (F, =>) et continues presque partout relativement a la mesure p a la méme
propriété.

Démonstration. Supposons qu’une suite transfinie de fonctions fi-.X—R,
£-=i2, et une fonction f :X->-R satisfassent a I’hypothése de notre théoréme. Fixons
un point xOEX. Soit {x,}*=1 une suite dense dans I’espace X. Désignons par a<[R
un nombre ordinal tel que fjx i)=f(xi) pour tout point xf (/=0, 1,...). Les
fonctions/ etf,, étant continues presque partout relativement a la mesure p et la
suite {x,}*=0 étant dense dans I’espace X, I’ensemble

A = {teX;fx(t)"f(0}

est donc /(-mesurable et de /(-mesure zéro. Fixons un nombre a et supposons que
f(x0>a. La fonction 7" étant approximativement continue au point x0 relativement
au couple (F,=m et /a(xQ=/(x0>06, x0 est donc un point de densité (relativement
au couple (F, =)) de l'ensemble {tEX;fx(t)>a} et, par conséquent, comme
p(A)=0, il est également un point de densité (relativement a ce couple) de I’ensemble
{/€X; f(1)>a}, d’ou notre théoreme.

Une fonction f:X-+R qui est intégrable relativement a la mesure p sur tout
ensemble de la famille Fest dite fonction dérivée relative au couple (F, =») lorsqu’on
a I’égalité

4) jim (/7 £()dp)/p(U,,) =T (x)

pour tout point X£X et pour toutes les suites {/7,.}=>x.

Théoreme 5. La limite d'une suite transfinie de fonctions dérivées relative au
couple (F, =>), continues presque partout relativement a la mesure p est aussi la dérivée
continue presque partout.

D émonstration. Supposons qu’une suite transfinie de fonctions ff:X—R,
Z<£2, etune fonction f:X-*R satisfassent a I’hypothése de notre théoréme. Fixons
un point x0CX Soit {x,}*=1 une suite dense dans I’espace X. Désignons par a<R
un nombre ordinal tel que /,,(xj)=/(*;) pour tout point %, (i=0, 1, ..). Remar-
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quons que I’ensemble

est /t-mesurable et de ~-mesure zéro. On a donc, pour tout ensemble UgF,

ff(t)dp,
U \
et, par conséquent,

I(*0)=1/,(*0) = lim ( fffit)dp)/p(Un) = lim ( ff(t) dp)/p(CJ,,)
Un vn

pour toutes les suites {£,}=*(>> ce qui termine la démonstration du théoréme 5.
Le Professeur Lipinski m’a fait savoir la proposition suivante :

Théoreme 6. Admettons I'hypothése du continu. Soit /: (0, 1)-*R une fonction
de premiére classe de Baire, continue presque partout relativement a la mesure de
Lebesgue. Alorsf est la limite d'une suite transfinie de fonctions de premiére classe
de Baire, continues presque partout relativement a la mesure de Lebesgue et ayant
la propriété de Darboux.

Démonstration. D’aprés le théoréme 2 du travail [6] il suffit de démontrer
que, quel que soit I’ensemble dénombrable Aa <0, 1), il existe une fonction /i: (0, 1)—
-+R de premiére classe de Baire, continue presque partout, ayant la propriété de
Darboux et telle que f(x)=f(x) pour tout xCA. Fixons un ensemble dénombrable
Ac(0, 1). Soit Ba(0, 1) un ensemble du type Fa, bilatéralement c-dense en soi,
de mesure de Lebesgue zéro et tel que B zuA. Il existe un homéomorphisme h:(0, 1) —

1) tel que m(h(B))= 1(m{h(B)) désigne la mesure de Lebesgue de I'ensemble
h(B)). Posons g(x)=f(h(x)) pour x€<0, 1). Soit Cc(0, 1) un ensemble du
type Gode mesure de Lebesgue zéro tel que Ba C. Il existe une fonction k :<0, I)-*R
approximativement continue et continue en tout point de continuité de la fonction
réduite g/C et telle que k(x)=g(x) pour tout point xCC. (Dans le travail [14] est
démontré que si Cc[0, 1] est un ensemble de mesure 0, du type GOet si g est une
fonction de premiéere classe de Baire sur [0, 1], alors il existe une fonction k approxi-
mativement continue sur [0, 1] telle que g(x) = &(x) pour xCC. Mais il résulte de
la démonstration de ce théoréme que k peut étre continue en chaque point de con-
tinuité de la fonction réduite g/C.) Par conséquent la fonction f1(x)—k(h~1(x))
satisfait aux conditions exigées pour x£(0, 1).
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1. Introduction. A lattice ordered abelian (additive) group (or abelian /-group)

is an abelian group G which is also a lattice, and where the infimum and the group
operation are related by

(1) inf {a+c, b+c} —inf(a, b}+c,

for a, b, c€G, cf. Ciifford [4], Birknotf [1], [3a, Ch. XIV], [3b, Ch. XIII], Fuchs
[s, Ch. V]. If the order of G is full (linear), then G is called a fully ordered abelian
group (abelian o-group) and we write min {a, b} in place of inf {a, b}. If Gis an
abelian /-group we shall denote by Gm the additive group of nXn matrices with
elements in G. A matrix A£Gr" will be called a generalized doubly stochastic matrix
(g.d.s. matrix) if

() fly™ o, i,j=1,..n,

n n
3 Z aijj= Z ak. .k=1,..,n
() = ]| 1:11 1

(i. e. all row and column sums are equal). Observe that the 0 matrix in Gmis g.d.s.
We denote by Snthe symmetric group on (1, ..., n}. If o(Sn and z(G, the matrix
P..(e) is defined by

le if j = o(i),
4 Po(R)ij = j o, otherwise.

If erO, we call P,,{e) a generalized permutation (g.p.) matrix. We shall prove:

Theorem. Let G be a lattice ordered abelian group. Every generalized doubly
stochastic matrix with elements in G is the sum of generalized permutation matrices.

In the case that G= z, the integers, this theorem is due to Kesnig, 1916 [9, Theo-
rem F], seealso Kesnig [10, p. 239, Theorem B], M irsky [15, p. 186, Theorem 11.1.5].
For G=R, the real numbers, the theorem isdue to Birknhoff 1946 [2], see also M ar-
cus— Minc [13, p. 97, Theorem 1.7], M irsky [15, p. 192, Theorem 11. 3.1] and M irsky
[14], where many other references to Birkhoff’s theorem and its proofs may be
found. It should also be noted that in 1931 Egervary [5 Theorem Il] proved a result
for integral matrices which is more general than Kénig’s theorem. He observed
that by continuity considerations his theorem may be shown to hold for real matrices.
Thus in this way one obtains a result which contains Birkhoff’s theorem.

* This research has been partly supported by NSF Grant MPS 73-08618 A02.
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To obtain a result which contains both Birkhoff’s theorem and Kd&nig’s theorem
it is enough to prove our Theorem in the case that G is an abelian o-group. Though
a proof of this case is essentially the same as the proof of Birkhoff’s theorem given
in Marcus—Minc [13, pp. 97, 98], we have not found the result formulated for
abelian o-groups, or in such a manner to contain both the case G=R and G=Z.
(Birkhoff [3a, p. 266, Ex. 4] remarks that the theorem is valid for matrices with
elements in a fully ordered field, which is close.)

To extend the theorem to abelian /-groups we use an embedding result due to
Crifford [4, Theorem 2] who remarks that this theorem is a combination of Theorems
4 and 11 of Lorenzen [11], which, however, do not deal with /-groups explicitly.
The Clifford—Lorenzen theorem states: Let G be an abelian /-group. Then there
exists a family G(r), xET, of abelian o-groups, and an isomorphism g-*(g(r))ter
of G into the direct product (G(t))I6T such that for a,b£EG and c=inf {a, 5}
we have c(t)=min {a(x), b(f)}. For this theorem, see Birknhoff [3b, p. 309, Theorem
22] and for a generalization, Lorenzen [12, Theorem 13]. Following §ik [18], and
Ribenboim [16] we call a family of G(r), X£T, together with an isomorphism with
the above property, a realization of G. (An example of an abelian /-group which is
not the direct sum or direct product of o-groups is given in Sik [17].) With the above
remarks the proof of our theorem is very straightforward.

2. Proofs. If a isa permutation in S,,, and A6 Gm then we define the diagonal
Dato be the set {ak<I(>, ..., ane<n)}. Part (a) of the proof of the Lemma below requires
the Frobenius—Konig Theorem, see Frobenius [7], Konig [10, p. 240, Theorem E],
Marcus—Minc [13, p. 97, 1.7.1], Mirsky [15, p. 189, Cor. 11.2.6]: Ifevery diagonal
of AEGm has a zero element, then A contains a zero submatrix of order
pX(n+1—p), for some p, 1*p<n.

Lemma. Let G be a lattice ordered abelian group and let A £ Gmbe a generalized
doubly stochastic matrix. I f inf Da=0, for every, o£S,,, then A —0.

Proof, (a) First assume that G is an abelian o-group. Since min Do=0, for
every cr£Sn, every diagonal of A has a 0 member. Hence, by Frobenius—Kdnig, A
has a 0 submatrix of order rx (n+1—r), for some r, I*"r<«. Without loss of

generality, we may assume that o7 =0, /=1, ..., r, j=r, ..., n. Let
n n
2 tiij s JF anj, i 1,..., n.
j=1 j'=i
Then
rs = i|=ljgl aij = i% Ijgl aij :J=21 %:I au = (r-1)s,
whence s=o. Butthen o7 =0, i,j—I,...,n, and so A=0.

(b) Now suppose that G is an arbitrary abelian /-group. By the Clifford—Loren-
zen theorem there exists a realization G-+(G(z))reT, where the G(t) are abelian
o-groups. We put A(x)=(alj(xj)€G (xyn, and for o£Sn we denote by Da(r) the
diagonal {o™idCy, ..., ana(n{x)} of A(x). Then, for each X£T,

TTAAT) = (infdj/t) = o,
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whence by Part (a) of this proof /1(1)=0, since A(r) isa g.d.s. matrix in G(x)"".
It follows that A=0.

Proof of the Theorem. We use induction on the number k of a£Sn with
infz>,=-0. If k=0, then by the Lemma, A=0 and the result holds. So suppose
that k>0, and the result holds for matrices A" with fewer than k diagonals with
non-zero infimum. Let 0£Sn be such that i/=inf ,>0, and put A =A —Pa(d).
Then A' is g.d.s., and for every n£S,,, infZJ'smfD,, Also infZ>'=inf Da—d—o0,
where D', n£S,,, denotes the diagonal of A" corresponding to n. Hence A' has
fewer than k diagonals with positive infimum, and by inductive assumption, A’
is the sum of g.p. matrices. It follows that A=A'+Pa(d) is also a sum of g.p.
matrices. The theorem is proved.

3. If G=R, then it is well known that every g.d.s. matrix can be expressed
as the sum of at most (n2—2n+2) g.p. matrices Pa{ra), with e,,=>0, Farahat—M irsky
[6] cf. Mirsky [14], Marcus—Minc [13, pp. 94— 100], and (incidentally) this bound
is best possible. We give an example of an abelian /-group G and a g.d.s. matrix
AEG"", which has a unique representation A £ pJ'I eo) ar|d £,=o, forall n\ permu-

tations er. We put G=2Zm, where m=n/, the dlrect sum of n\ copies of the integers
Z, and we index the copies of Z by Sn. Thus the elements of G are the ul tuples

(a(M)t€s,,- )
e next define A£Gm by

n, if = t(0,
aJ X (o, otherwise.

Then A is a g.d.s. matrix for clearly aiy=0, i,j=1,...,n and, for each TESn

J;ialzl(‘lj:jzzl aM - 1
If, a, zESn, let A= 2 P*(B) Then

eff(r) —infD,,(r) = inf {«I»(1) (v), ..., ,aN)()} =0, if a

and it follows that
e, (N =1, ea(z) =o, if a*t.

We now write out our example in full, for the case that n=3 and the permutations
in Snare arranged in order

1,23), (132, (2 13), (2313 12, G 2 1,
where (/,j, k) is the permutation a for which <r(l) =i, a(2)=j, <r(3)—k. Then A is
/(1,1,0,0,0,0) (0,0,1,1,0,0) (0,0,0,0,1,1))
(0,0,1,0,1,0) (1,0,0,0,0,1) (0,1,0,1,0,0)

1(0,0,0,1,0,1) (0,1,0,0,1,0) (1,0,1,0,0,0)/.
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A SPECIAL. EIVBEDDING OF BOL LOCPS
IN GROUPS

By
D. A. ROBINSON (Atlanta)

8§ 1. Introduction

A loop (G, ¢) is a Bol loop provided that the (right) Bol identity

@ ((x-y)-2)-y = x-((y-2)-y)

holds for all x,y,zdG. Since their initial appearance in the algebra-geometry
considerations of G. Bo1 [2], such loops (especially the di-associative onesl) have
been the object of several algebraic studies. To trace the development of such inves-
tigations one may consult [3; Chapter I1], [15], [4; Chapters VII and VI1I1], [5], [11],
[171, [2], [12], [23], [28], [10], [26], [7], [s], [9], and [s]. Although this chronological
list is long, it does not provide an exhaustive survey of the available literature on Bol
loops. However, it is hoped that these references when supplemented with those
papers cited in their bibliographies will provide any interested reader with a reason-
ably complete compilation of what is currently known about this specialized class
of loops.

In this paper a general construction for Bol loops is presented — a construction
which, in a sense, demonstrates that all Bol loops can be realized by the introduction
of an appropriate binary operation on a judiciously selected subset of a group.
In short, a Bol loop is specially embeddable (see §3) in a group. This special embedding
is then examined (see 84) relative to isotopes, subloops, and homomorphic images.
Finally, a universal embedding (see §5) is obtained for finite Bol loops.

§ 2. Preliminary information
Let (G, *) be a loop. For each fixed x£G the translation maps R(x) and L(x)
are defined by j/?(x)=>'-x and yL{x)=x-y for all yEG. Since a loop is neces-
sarily a quasigroup, R(x) and L(x) are one-to-one maps of G onto G and, hence,

the inverse maps R(x)~x and L(x)-1 exist. It follows easily from (1) that a loop
(G, *) is a Bol loop if and only if

@ L(x-y)R(y) = L(Y)R(Y)L(x)

for all x, y £G.

1 Note that Moufang loops are precisely those Bol loops which are di-associative.
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It is known (see [17; Theorem 2.2]) that a Bol loop (G, ) is power-associative
and, more generally, satisfies the right power-alternative law

3 X-(ym-yn = x-ym+"

for all x, y£G and all integers m and n. In particular, the right and left inverses of
each element in such a loop must coincide and

(4) BA"1= Rix-J
for all xEG where x~1denotes the common right and left inverses of x. Since Bol

loops need not satisfy the left inverse property, a similar result for L{x) does not
exist.

§ 3. A special embedding

Let (G, ) be a group whose identity element is denoted by e. Now let H be
a non-empty subset of G. If

(A) H generates (G, *),

(B) for each y£H there is an automorphism B[y] of (G,e) such that
(y~1-2)B[y]~1eH whenever z£H,

(C) O[e]=I, the identity map on G,
then xoy is defined by

(5) xoy =y-xs[y]
for all x,yEH.

Theorem 3.1. Under the above assumptions, (H, o) is a Bol loop if and only if
(D) xoy£H for all x,yEH,

(E) O[(yoz)oy]=e[y]O[z]O[y] for ally, zEH.
Proof. It is immediate from (5) that

() ((xoy)oz)oy = xo((y 0z)oy)
for all x,y, zEH if and only if
(") *0[(yoz)oy] = x0[y]0[z]O[y]

for all x,y,zEH . But then, since H generates the group (G, ¢) and each G[u], uf H,
is an automorphism of (G, ¢), it follows from (7) that

(70 XG[(y 0z) oy] = x8 [y]G[Z]0[y]

for all XEG and all y, zE#. Thus, (s) holds for all x, y, zEH if and only if (E) is
satisfied.

If (4, 0) is a Bol loop, it is clear now that (D) and (E) are both satisfied.

In order to establish the sufficiency of Theorem 3.1 assume that (A), (B), (C),
(D), and (E) hold. If a£H and e is the identity element of the group (G, *), it follows
from (B) that e=eG[a]~1={a~1a)0[a]~:1€4. That is, e is a member of H. But
then, employing (C) and the fact that every automorphism of (G, ¢) fixes e, one sees
that xoe=-ee*xO[e]=esx=x and eox=x-eB[x]—x *e=x for all xEH. Thus,
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e is the identity element for (4, 0). Also, for y, zdH, one sees from (B) and (5)
that (y_1-z)o[y]"1(ff and that (y~1‘z)6[y]~loy=y'(y~1'z)0[y]~ie[y]=z.
Furthermore, for x, y, zEH, it is observed that xoy—z implies that y-x9[y]=z
which, in turn, implies that x=(y~1-z)0[y]~1. Thus, fory, zEH, there is a unique
x£4 so that xoy=z. (It is now evident that (A, o) satisfies the right cancellation
law) For x£H, let x be that unique element in A such that xox=e. For x,
y,zEH, assume that xoy—xoz. It follows then that xo((xoy)ox)=xo0((x0z)ox).
But, since (s) holds for all x, y, z£H, one obtains now that ((xox)oy)ox=
= ((x ox) 0z) ox. Thus, yox—zox and, by right cancellation for (A, 0), it follows
that y —z. Thus, (4, o) satisfies the left cancellation law. Now,for x, zEH, it follows
from (D) that xo(rox)£A. Then thereisa unique ydH sothat yox=x0(zox).
Using this and (s), one sees that xo((xoy)o”)=((xox)oy)o”*=(eoy)o”=
="ox=x0(zox). From xo((xoj)ox)=x0(zox) and the cancellation laws for
(4, o) one sees that xoy=z. So, for x,zdH, there is a unique yd.H so that
xoy=z. Consequently, (1, 0) is a Bol loop and Theorem 3.1 is proved.

Definition 3.1. A non-empty subset A of a set G is called a special subset of
a group (G, ¢) whenever conditions (A), (B), (C), (D), and (E) hold.

In view of Theorem 3.1, special subsets of groups give rise to Bol loops. It will
be seen in Theorem 3.2 that all Bol loops can be obtained in this manner.

Definition 3.2. A Bol loop (K,*) is specially embeddable in (or specially embedded
into) a group (G, *) means that there is a special subset A of (G, ¢) (see Definition 3.1)
so that (K, *) and (4, o) are isomorphic.

Lemma 3.1. Let (K, ¢) be a Bol loop and let G, be that subgroup of the symmetric
group on the set K which is generated by all L(x) for all xdK. If GX( is that sub-
group of the symmetric group on K which is generated by all L(x) and R(x) for all
x£K, then G) is a normal subgroup of G?e.

Proof. Since G, is obviously a subgroup of the group Gx,e, normality is the
only issue. Forall x,ydK it follows from (2) that R(y)L(x)R(y)~1=L{y)~iL(x-y).
That is R(y)L(xX)R(y)~1 is a member of G, for all x,ydK. Replacingy by y~I
and using (4), one obtains R(y)~IL(X)R(y) =L(y~D~1L(x y~DdGx for all
X,ydK. Taking inverses, one also deduces that R(y)L(x)_1R(y)_1£GN and
R{y)~Ib(x)"1R(y)dG>forall x,yd.K. Thisinformation combined with the obvious
fact that L(y)~1L(x)xlL(y)dGi and L(y)L(x)£lL(y)~1dGx for all x, ydK
indicates that G, is normal in GXe.

Theorem 3.2. If(K, ¢) is a Bol loop, then (K, ¢) is specially embeddable in a group.

Proof. Define G, and GXe as in the preceding lemma. Let H —{L(x)| all xdK)
and let G=G;. Foreach L(x)EH, define O[L(x)] by
Yd[L(x)] = R(x)YR(x)-1

for all YdGx<e. Each O[L(x)] is an inner automorphism of the group GXQ For
each L(x)dH, let O[L(x)\ be the restriction of O[L(x)] to G. Clearly A generates
the group G and, in view of Lemma 3.1, each O[L(x)] is an automorphism of G.
From (2) it follows that

(e) L(x-y) = LR(YIL(X)R(y)~1
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for all x, yEK. Setting x=y 1 in (8) and rewriting, one sees that
) L(y)-i = R(y)b(y~NR(y~D

for all ytK. So {L(y)-'L(z)}e[L(y)]-"=R(yy'L(y)-'L(z)R(y)=L(z-y-")iH
for all yEK. Also YQ[L(e)\=Y for all YdG. Therefore, conditions (A), (B), and
(C) hold.

Now define <pby xcp=L(x) for all xEK. Then @ is a one-to-one map of K
onto H. In view of (s) one sees that xcp oy<p=L(x) oL(y)~L{y){L(x)O[L{y)\)=
=L(Y)R(Y)L(X)R(Y)~1=L(x *y) =(x-y)g> for all x, yEK. Hence, is an isomor-
phism of (K, ¢) onto (H, 0). Thus, (H,0) is also a Bol loop and so, by Theorem 3.1,
conditions (D) and (E) hold. Consequently, (&' +) is specially embedded into the
group G and the proof is complete.

It should be pointed out that there is nothing unique about the group into which
a Bol loop can be specially embedded. For instance, let p be any odd prime and let
the Bol loop (K, *) be the cyclic group of order/? —L Trivially, (K, ®) can be specially
embedded into itself by choosing 6[x]=/, the identity automorphism of (AT*),
for all xdK. But now let G be the cyclic group of orderp, let a be any one ofits p —1
generators, and let H={a°,al, ..., ap~r). Clearly H generates G. For each afG,
define B[a] by

aj0[a']l = aO+VvJ

for y=0, 1, 1 Then each 0[aq is an automorphism of G. In fact, the auto-
morphism group A(G) of G is cyclic of order p —1and consists of O[a], /=0, 1, ...
..,/?7—2. Then @ is a one-to-one map of H onto A(G) where a‘(p=s[a‘q] for
i=0, 1,...,/2—2. One should observe that (o' oaj)p=(aJea'9[al])(p= (aj+G+O‘)<p
Note also that one has j+ (j+ I)i*p —1(mod/?) whenever i and j are
integers such that O&/é/?—2 and OsjSp —2. Then it follows that {a' oal)p=
—e[adtMJ+D) - =ai(p’aj (p for all a‘,aJEH and so gis an isomorphism of (H, o)
onto A(G). Then (H, o) is a cyclic group of order/? —L Thus, (K, ) can, in addition
to being specially embedded into itself, be also specially embedded into the cyclic
group of order /2.

8§ 4. Isotopes, subloops, and homomorphic images

The special embedding of § 3 is now examined relative to isotopes, subloops, and
homomorphic images.

A general discussion of isotopy theory is found in [4; Chapter IlI] and a dis-
cussion of isotopy theory for Bol loops is found in [17; Section 3]. Only one result
(see [17; Lemma 3.4]) need be mentioned explicitly here. Namely,

Lemma 4.1. Let (G, *) be a Bol loop. Each loop isotopic to (G, *) is isomorphic
to a principal isotope (G, 0) of (G, ¢) where x oy =xR(f) eyL (f)~ 1for all x,yE£G
and some f£ G.

Theorem 4.1. Ifa Bol loop (K,*) is specially embeddable in a group (G, ¢), then
each loop isotopic to (K,*) is also specially embeddable in (G, ).
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Proof. Let A be a special subset of (G, ¢) such that (4, o) and (K, *) are isomor-
phic. Let /€# and let L=HO[f]. For each x£L, define O[x] by

(10) d[x] = e[f]-'e[x9[f]~"ofl

Since xO[f]~1of(iH for all x~L, itis clear that O[x] is an automorphism of (G, ¢)
for each x(LL. Justas “ o” is defined for A (see (5)), define “(g)” for L by

= yxd[y]

for all x,yEL. Now let (A, ®) be that principal isotope of (A, 0) where
is defined by
X®y = xRoiftoyLoif)-1

for all x,ydH. (Here RO(f) and LO(f) denote the translation maps for (4, o)
defined by xRO(f)=xof and xLO(f)= fox forall x£ H.)

It will now be established that O[/] is an isomorphism of (4, ®) onto (L, <P
First, however, note the following: Letf (~r>denote the inverse of/in the Bol loop
(A, o) and let e denote the identity element of the group (G, ¢). Then e is also
the identity element of (A, o) and e=/(_1>0/=/./<_1>0[/]. So/(-1)=/_10[/]-1.
Also it follows from condition (E) that

o[(/o/<1)o/] = 6[/]o[/(-D]o /1

So O[/(1]=0[/]_1. Thus, for use below, note that

n) /<-y = r i9[f]~1],

(12) =ot/]-1-

Adapting (9) to the present situation, one also sees that

(13) W )-1= Ao ()" (/(-B)?o((- B.

Now, for all x,yEH, one obtains
(*©f)orin =W [Jo A t/)-T«l] =

= {(xo/)oyNlo(/) To(/C-1))/10(/(-1))}0[/] ~ (by (13))
={C°N LUy °nN) °I-DRol] =
= {{((icof) o/c-D) o(y o/)} o/(-1)}0[/] (since (A, o) is a Bol loop)
= {(JCo>d))°/<1)}0[/] (by (4) applied to the Bol loop (A, 0))
= {/(2) «(/«J01/] *xB [y of]) 9[R _DT}O[/] -
= {0 [/]-9-(/"o L1170 [/ D)o [/]-1}0 [/T  (by (22) and (12))
=7 -1 9 «>'0[/] *x9[y of] (since O[/] is an automorphism)
=yO[/1-xB[y of].
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But also, for all x,y£H, one obtains

xe[f]®y9[f] = yOIfl-(xO[1)OLyOIfl] =
yBT *x9[f]9[f]~19[y of] (by (10) and (5))
yB[/1-xB[yon

Hence, (x@y)9[f]=x9[f]®y9[f] for all x,yEG. This, along with the fact that
9[f] is a one-to-one map of A onto L, indicates that O[f] is, indeed, an isomorphism
of (4, ®) onto (L, o ).

Since (L, o ) is isomorphic to the principal isotope (H, ®) of (A, o), it
follows that (L, o ) is also a Bol loop2 and, since L generates (G, ¢), we conclude
that L is a special subset of (G, ¢). Buteach loop isotopic to (#, o) is isomorphic
to a principal isotope of the form (A, ®) for some /6 A (see Lemma 4.1) and so
the proof of Theorem 4.1 is complete.

Theorem 4.2. 1f a Bol loop (K, *) is specially embeddable in a group (G, ),
then each mbloop of (K, *) is specially embeddable in a subgroup of (G, °).

Proof. Let_H be a special subset of (G, ¢) so that (4, o) and (K, *) are iso-
morphic. Let 4 be any subloop of (A, 0) and let G be the subgroup of (G, )
generated by A. For each xEH (and, consequently, for each xfH) there corres-
ponds an automorphism B[x] of (G, ¢) so that conditions (A), (B), (C), (D),
and (E) ar esatisfied. For y,zEH note that

(Y-1 *2)o[yi_10y = 2

From this one deduces that (y~* *z)0[f~IfFl for all y, zEH. Consequently, to
prove that A is a special subsjst of G it suffices to show that G9[x]=G for each x£H.

Let x be an element of 4. Then, since A is a subloop of (A, 0), it follows that
yoxEH_ for ali_y£H. Also, in view of(5), one notes that y9[x]=x~1e(y ox) for
all yEH. But{ generates Gso y9[x]JEG forall yeA. Also it follows that y-10[x]=
= (y03)-1 for all yEH since O[x] is an automorphism of (G, ) Soy f10[x] =
= (yO[x])_1€G for all y£4A. Hence, it is now evident that y+19JX]JEG for all
yEH. Furthermore, if z£G, then z=fp 'Y£...yn where the y;£A and ef=1I
or —1 and so_ z9[x]—y\19[x] *yI"9[x]...fm9[x]._ But it has just been shown that
each yf<O[x]J€G and so z9[x]EG for all zEG. Thus, it follows that G9[x]QG
for all xZR.

Now for xEH, let be the inverse of x in the Bol loop (A, o)~ Recall
see (12)) that O[jd_1,]=0[jc]~1. But, if_x£H, it foljows" that m(_ 1> A. This
information yields GO[xj_1= GO[a(“1)]*G. Hence, GQGI9[x] whenever x£H.
Finally it follows that GO[x]=G for all xEH and the proof of Theorem 4.2 is
complete.

Theorem4.3. Let H be aspecial subset ofagroup (G, )¢ Ifaisahomomorphism
of the group (G, *) onto the group Get with kernel K such that

(@) x—y whenever x, y*H and xot=yct,

(b) K9[y1"K for all yEH,
then the Bol loop (H, o) is specially embeddable in Cet.

2 Every loop isotopic to a Bol loop is a Bol loop (see [17; Section 3]).
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Proof. By (a) the restriction of a to H is a one-to-one map of 4 onto HAa.
Now, for yEA, define O[ya] by

(xa)0[ya] = (xO[y])a
for all x£G.

First it is necessary to show that each O[ya], yEH, is a well-defined map of
Ga into Ga. For this purpose, suppose that xa=za for x,zEG. Then z=x-k
for some kEK and

(za)Blya] - (zo [yDa = ((x-k)0[yD)a = (xo [y] +/ [y])a = (xo [y])a-(/co [y])a =
= (xO[yDa (since kO[y]€K by (b))

= (xa)o [ya].
Hence, B[ya] is well-defined for each y£4.
Now, for x, zZEG and y€4, note that

(xa+za)0[ya] = ((x-z)a)B[yod = ((x*2)B[y])a =
= (xo [yl+zO[yl)a = (xo [yha<(zo [y])a = (xa)B[yx] *(za)0[ya].

Thus, for each y£H, it follows that O[ya] is a homomorphism of the group Ga
into itself.

Also for xEG and yEH observe that ((xO[y]*1)a)O[ya] = (xO[y]_10[y])a= xa.
Thus, O[ya] maps Ga onto Ga. For x,yEH define xacya=yae(xaB[ya]) and
note that

(xoy)a = (yxo[yla = ya-(xo[yl)a =
= ya *(xa)o [ya] = xadya.

Thus, (4, o) and (Ha,b) are isomorphic Bol loops.

The preceding information, combined with the fact that Ha generates Ga,
implies that Ha is a special subset of Ga. Hence, (H, o) is specially embeddable
in Ga and Theorem 4.3 is established.

85. A universal embedding of finite Bol loops

Theorem 5.1.A finite Bol loop of order n+ 1 is specially embeddable in the free
group on n generators.

PROOF.Let (K, ) be a Bol loop of order n+l and let K—{a0, alt ..., a,)
with a0 denoting the identity element of (K, ¢). Now let G be the free group on n
free generators x1; X2, ..., X,, and let xo be the identity element of G. Now let H —
= {X0,Xj, ....X,,}. Clearly H generates G. Define a binary operation “0” on 4
by requiring that x;oXj=xk if and only if o;eaj=ak for all ij, k=0,1, ...,n.
Then (4, o) is a Bol loop isomorphic to (K, e).

For each fixed integer j, Os/Sn, define the map ny by xinJ=xioxJ for
i'=0, 1, ..., n. Since (A, o) is a Bol loop, Uj is a permutation of A. It will now be
essential to establish that, for each Xj£H, there exists an automorphism o [xf
of the group G with the property that

(14) xte[xj] = x j1eXiyj
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for all xtdH. Once such automorphisms are available then xioXj=xJ-xie[x]j]
for all Xj, XjdH, it will follow that A is a special subset of G, and it will be evident
that (K, ) is specially embeddable in G.

Let O[grd—/, the identity map, and note that (14) is satisfied for all x,¢ 4 and
j=0. Now for p,q=1 2, n, with p~q, there exist automorphisms Ppg,V p,
and W of G such that

Ppa-xp- x g, xg-»xp, xk*x k for k”*p,q,
V,,:xp—X-1, xk- xk for « Tip,
w pg-xq—xpxq, xk-*xk for k~q.

(See [14; p. 111]) For XjEH, yVO, of order m in (4, 0), let xjx=XjTtj, xj2=
—Xj,nj, =>xjm_1=xQ Since Uj is a permutation on the set

H-{Xj,xh,...,xJn 1,

there exists an automorphism 0- of G (expressible as a finite product of automor-
phisms of G of type Pp) such that XjOj-xh, xhe]=xJi, ..., xJm3Bj=xIm t,
Xjm2g—Xj, and yOj=ykj for all yEH—{Xj, xh, xjm_1). Then Oy followed
by n—: applications of automorphisms of type Wjg, g”j, and one application
of Vj vyields an automorphism O[xj\ of G which satisfies (14). In view of the above
remarks, the proof of Theorem 5.1 is complete.

It will now be shown (see Theorem 5.2) that the embedding effected in Theorem
5.1 is, in a sense, universal (see Definition 5.1). It is convenient, however, to first
present a partial converse to Theorem 4.3.

Lemma 5.1. Let H be a special subset ofa group (G, ¢) and let a be a homomor-
phism with kernel K of (G, *) onto agroup Get. If Pla is a special subset of Gt and if
the restriction ofa to H is a homomorphism of the Bol loop (H, o) onto the Bol loop

(Hy, o), then KQ[y1 ¢ K for all yEH.

Proof. For all x,yEH, observe (in view of the hypotheses) that yy+xO[j] 1=
= CmexO[y])y= (xoy)y=yy *(xx)0[yy). Consequently, (xO[>])a= (xa)0[yy] for all
X,YEH and, since A generates G, it follows that

(15) (z0[yl)y = (2)d[yy\

for all and all yEH. From (15) with z£K it follows that (zO[y])y = (zy)0[yx] =
= (ey)s[ya]=eoc for all ydH where e is the identity element of (G, ¢)» Hence,
KO[y\QK for all yEH and the proof is complete.

Definition 5.1. A Bol loop (K, *) is universally embeddable in a group (G, °)
means that the following two conditions hold:

(c) (K, *) is specially embeddable in (G, °).

(d) If (K, *) is specially embeddable in a group (G, ¢), then there isa homomor-
phism a of (G, *) onto (G ¢) such that conditions (a) and (b) of Theorem 4.3 hold.

Theorem 5.2. Afinite Bol loop oforder n+ 1 is universally embeddable in thefree
group on n generators.
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Proof. Let (K, *) be a Bol loop of order n+ 1and let (G, ¢) be the free group
on n free generators. In view of Theorem 5.1, it is clear that condition (c) of Defi-
nition 5.1 holds.

Now assume that™ (K, *)_is specially embeddable in a group (G, ¢). Then there
if a special subset 4 of (G, ¢) so that (4, o) and (K, *) are isomorphic. Let
H={a0,al, ...,a,} with a0 denoting the identity element of the Bol loop (H, 0).
Let xi1,x2, be free generators for the free group (G, ¢). Now let
H={x0,x1, ....X,,} where xo is the identity element of (G, ¢). Define “0” on 4
by requiring that xfoXj=xt ifand only if aioaj=ak for i,j, k=0, 1,..., n. Then,
just as in the proof of Theorem 5.1, it follows that A is a special subset of (G, °).
Since (G, ) is generated by ax, a2, ..., an, there is a homomorphism a of (G, )
onto (G, ¢) so that xia=ai for i=0, 1,..., n. Furthermore, the restriction of a to
A is an isomorphism of (4, o) onto (A, o). Thus, by Lemma 5.1, condition (b)
of Theorem 4.3 holds. Obviously, condition (a) of Theorem 4.3 holds and the proof
is complete.
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UBER KOMPATIBLE FUNKTIONEN
IN UNIVERSALEN ALGEBREN
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H. K. KAISER (Wien)

1. Einleitung

In seinem Buch (ber universale Algebra stellte G. Gratzer [3] folgendes Prob-
lem: Man beschreibe alle Algebren 21 einer vorgegebenen Klasse, fiir die alle kom-
patiblen Funktionen Polynomfunktionen sind. Eine Funktion auf 21 mit Werten in
21 heilit dabei kompatibel, wenn sie mit samtlichen Kongruenzrelationen auf 21
vertraglich ist.

In [12] fuhrte R. Wirte den Begriff der zu einer universalen Algebra gehdrenden
Kongruenzklassengeometrie ein. In seinen Untersuchungen des so hergestellten
Zusammenhanges zwischen Geometrie und Algebra spielen die kompatiblen Funk-
tionen eine wesentliche Rolle. Es ist also von Interesse, jene Algebren zu kennen,
fir die alle kompatiblen Funktionen ,algebraisch beschreibbar” sind. Dies ist z.B.
der Fall, wenn alle kompatiblen Funktionen Polynomfunktionen sind. Daher
nannte H. Werner [11] Algebren mit dieser Eigenschaft ,,affin vollstandig“.

Affin vollstdndige Algebren stellen auch eine natirrliche Verallgemeinerung
polynomvollstandiger Algebren dar (das sind Algebren 21, fiir die jede Funktion
auf 21 mit Werten in 21 eine Polynomfunktion ist). Polynomvollstdndige Algebren
sind ndmlich einfach, und somit ist jede Funktion kompatibel.

Das Problem von G. Grétzer ist bis jetzt nur in wenigen Fallen fur Klassen,
die auch nichteinfache Algebren enthalten, geldst, so z.B. fiir endliche Boolesche
Algebren (G. Gratzer [2]), fUr triviale Algebren, fur Vektorrdume (H. Werner [11]),
fur endlich erzeugbare abelsche Gruppen (W. N 6bauer [10]). Weitere Untersuchun-
gen Uber kompatible Funktionen und Beispiele affin vollstdndiger Algebren finden
sich in K. Baker—A. Pixley [1], T. K. Hu [4], A. Iskander [5], H. Lausch—W.
N 6bauer [8], W. N 6bauer [9].

In dieser Arbeit werden kompatible Funktionen auf direkten Produkten von
Algebren studiert, sowie fiir eine Klasse von endlichen Algebren charakterisiert.
Unter anderem wird ein kurzer Beweis fir die affine VVollstandigkeit der endlichen
Booleschen Algebren angegeben, sowie das Problem von Gratzer fir die Klasse
der symmetrischen Gruppen geldst. Begriffe, die in dieser Arbeit wohl verwendet,
aber nicht definiert werden, findet man in H. Lausch—W. N 6bauer [7].

2. Grundlagen

Sei 21=(A, I2) eine universale Algebra und K eine positive ganze Zahl. Auf
der Menge Fk(A) aller k-stelligen Funktionen Gber A erklaren wir die Operationen
von 21 punktweise. Die so erhaltene Algebra Fi(21)=(Ff(A), Q) heilt die volle
k-stellige Funktionenalgebra tber 2L Die von den Projektionen @& (i=1I, ...,k)
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und den konstanten Funktionen erzeugte Teilalgebra von Fk(¥!) nennen wir die
Algebra der /c-stelligen Polynomfunktionen {iber 5t und bezeichnen sie mit Pk(9l).
Eine Algebra 21 heiflt k-polynomvolistdndig, wenn gilt Pt (21)= Fk(2t) und kurz
polynomvollstandig, wenn 2t k-polynomvollstandig fiir alle positiven ganzen Zahlen
k ist.

Polynomvolistdndige Algebren sind stets einfach (siehe H. Lausch—W.
N obauer [7]). Daher definiert man: Eine Funktion fEFk(21) heilit kompatibel,
wenn fur jede Kongruenzrelation = auf 21 gilt: Aus at=bt, i=1,...,k, folgt
/(®j, ..., a=1(bk, ..., b). Bezeichnet Ck(A) die Menge aller kompatiblen Funk-
tionen von /j.(21), so bildet (Ck(A), fl) eine Teilalgebra von F*(2t). Da die
konstanten Funktionen und die Kk Projektionen auf jeder Algebra 2t kompatibel
sind, gilt Pt(2t)ciQ(2t). Eine Algebra 2t heil3t k-affin vollstandig, wenn Pk(L, =
= Ct(2i) gilt. 2t heilit affin vollstandig, wenn 21 k-affin vollstandig fiir alle positiven
ganzen Zahlen k ist.

Polynomvolistdndige Algebren mit hdchstens abzdhlbarem Operationensystem
sind stets endlich (siehe H. Lausch—W. N osbauer [7]). Um das Hindernis der
Endlichkeit auszuschalten, erkldrt man: Eine k-stellige lokale Polynomfunktion
uber 2t ist ein Element fEF k(2t) mit der Eigenschaft, daR firjede endliche Teilmenge
NaAk eine Polynomfunktion g€Pfc(2l) existiert, sodal gilt: fAN=g\N. Die
Menge aller k-stelligen lokalen Polynomfunktionen bildet klarerweise eine Teil-
algebra von 77(21) und wird mit Lk(21) bezeichnet. Eine Algebra 2i heiRt k-lokal
polynomvollstdndig, wenn gilt Zt (21) = Fi2t) und kurz lokal polynomvollsténdig,
wenn 2t k-lokalpolynomvolistdndig fur alle positiven ganzen Zahlen k ist. Lokal
polynomvollstdndige Algebren sind stets einfach.

Gilt Lt(21)= Q(21), so nennen wir 21 k-lokal-affin vollstdndig und kurz lokal-
affin vollstdndig, wenn 2t k-lokal-affin vollstdndig fiir alle positiven ganzen Zahlen
k ist.

Unmittelbar aus diesen Definitionen folgt:

Lemma. Ist 21 eine endliche Algebra, so ist 2t genau dann k-polynomvollstéandig
(k-affin vollstandig), wenn 21 k-lokal polynomvolistandig (k-lokal-affin vollstandig)
ist. Ist 21 eine einfache Algebra, so ist 2t genau dann k-affin vollstandig (k-lokal-affin
vollstandig), wenn 21 k-polynomvollstandig (k-lokal polynomvolisténdig) ist.

Ist 21 k-affin vollstdndig, so ist 2t auch «-affin vollstandig flr jedes n~k (siehe
W. N sbauer [10]). Es ist noch ein offenes Problem, ob — wie im Falle der Polynom-
vollstdndigkeit — aus der 2-affinen Vollstandigkeit von 2t die affine Vollstandigkeit
folgt. In dieser Arbeit wird dieses Problem nur in einigen Spezialfallen geldst.

Lemma. Die Klasse aller lokal-affin vollstandigen Algebren umfaflt die Klasse
aller affin vollstandigen Algebren echt.

Beweis. Jeder unendliche einfache Ring mit nichttrivialer Multiplikation ist
zwar lokal-affin vollstédndig, aber nicht affin vollstédndig.

Bezeichne Cf(2t) den Kongruenzverband von 2t und seien 6h /=1,
Teilmengen von Cf(2t) mit (J 0;= (E(2D).
i=1
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Lemma. Sei Tt die Menge aller /6 /4 OH), die mit allen Kongruenzrelationen aus
n
di vertraglich sind (7—1, ...,«), soist C*(21)—N Tt.
I=1

Beweis. Folgt sofort aus der Definition der kompatiblen Funktion.

Satz. Eine Funktion f£ F k(41) ist genau dann kompatibel, wennflir die Funktionen

farFk-ALL - (afA), definiert durch: o XK_D="1xi, ..., 6,) qilt:
A)fafiCk-i (W) fur alle afA.
(2 Fur alle (bk, ..., bk-D)£Ak~1 und (i, alle A2 gibt esjeweils eine endliche

Folge von Elementen fH(bk, ..., bk_X =20, zk, ..., z,,=fg(bk, ..., bk_B und eine
Folge von einstelligen Polynomfunktionen pt, t=0, ...,n —1, sodaBR gilt: z,=
—P,(ai), zt+1=pt(aj) oder z,=p,(aB, zt+l=pt(af

Beweis. Folgt unmittelbar aus den Eigenschaften der Kongruenzrelationen
auf 21 und einem Satz von A. Malcev (siehe E. T. Schmidt [13]).

3. Kompatible Funktionen in L-Algebren

D efinition. Unter einer L-Algebra verstehen wir eine Algebra 21= (A, +,/, 0)
mit zwei bindren Operationen + (Addition) und / (Rechtssubtraktion), und einer
nullaren Operation 0, die folgende Gesetze fir alle a, b f A erfillt:

1. (b/a)+a=b

2. (b-\-d)la—b

3. (ala)=0

4. a+0=0+a=a.

Definition. Unter einer normalen L-Unteralgebra 91 von 21 verstehen wir eine
L-Unteralgebra von 21, die folgende Eigenschaften fir alle a, bfA und neN
besitzt:

(1) Un+a)+b)/(a+b)eN

(2) (a+(n+Dh))/(a+b)eN

(3) ((n+a)/b)I(a/b)eN

(4) a/(n+d)EN.

In [s] wurde gezeigt, daR eine umkehrbar eindeutige Beziehung zwischen den
Kongruenzrelationen einer L-Algebra 21 und ihren normalen L-Unteralgebren
besteht. Dabei kdnnen wir eine Nebenklassenzerlegung analog zur Gruppentheorie
durchfiihren. Wie eine einfache Rechnung zeigt, gilt:

Lemma. Sei 2t eine L-Algebra, 91 eine normale L-Unteralgebra von 2t. Dann ist
die Kongruenzklasse [a] modulo N(af£A) gegeben durch: [a]= A +a= {n+a\nEN}.

Sei 2t eine endliche L-Algebra und 91 eine nichttriviale normale L-Unteralgebra,
die minimal ist. Bezeichne AN(2t) die Menge aller Funktionen /€ /7(21), die mitallen
jenen Kongruenzrelationen vertr &glich sind, die durch normale L-Unteralgebren,
die 91 umfassen, induziert werden. Sei {au ar} ein volles Vertretersystem fir
die Nebenklassen von 2t nach 91. Den Vertreter der Nebenklasse N+a bezeichnen

wir mit N+a.
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Satz. Ist fEAN(3I), dann besitztf eine Darstellung der Form:

Umgekehrt ist jede Funktion /ELj(21), die so eine Darstellung besitzt aus AN(il).
Beweis. Sei ffiAN(4i), dann gibt es ein WECK(2i/9t) mit f(ah, ..., ak=
=)+ W(N+ah,  N+aik mit n(il....IEN. Es ist

ceey ARTBBLK)  B(ilt. . . i>ees) A k) F f ese> ffik)

mit gU....iIK\6Lj(9t).

Sei nun umgekehrt fEFk(21) und die Bedingung des Satzes erfullt. Sei i
normale L-Unteralgebra verschieden von {0} und 31, mit 9tc9Jt. Dann ergibt eine
kurze Rechnung die Behauptung, wenn man benutzt, daB w6Q(21/9t) und daf
9JI/91 normale L-Unteralgebra von 21/91 ist.

Folgerung. Sei 21 eine endliche L-Algebra und seien 91u..., 9ts ihre nichttrivi-
alen minimalen normalen L-Unteralgebren, so ist f genau dann kompatibel, wenn
fEANI2D)far alle i=1,..., s.

Beweis. Folgt aus obigem Satz und dem letzten Lemma des vorigen Paragra-
phen.

Folgerung. Besitzt die endliche L-Algebra 2i genau eine nichttriviale minimale
normale L-Unteralgebra 9t und bezeichnet {al, ..., ar) ein volles Vertretersystem fiir
die Nebenklassen von 21 nach 9t, dann ist eine Funktion f s Fk(21) genau dann kom-
patibel, wenn sie eine Darstellung derfolgenden Form besitzt:

Beweis. Ist 9t einzige nichttriviale minimale normale L-Unteralgebra, so ist
N*(31)=C*(21).

Satz. Sei 21 eine endliche Gruppe, die genau einen nichttrivialen minimalen
Normalteiler besitzt, der von der Ordnung ungleich 2 ist. Dann ist 2t genau dann k-affin
vollstéandig, wenn 9t k-polynomvollstandig ist und 2t/9t k-affin vollstandig ist.

Beweis. Da |9t|*2, 21 endlich und 9 t/c-polynomvolistédndig, ist jede Funktion
von der endlichen Menge Ak in N eine Polynomfunktion (siehe [¢], Seite 163). Sei
{gk, ...,gr} ein volles Vertretersystem fir die Nebenklassen von 21 nach 9t. Wir
betrachten die Funktionen f:A k-»N, definiert durch figiffi, ..., giknk=nj1
(t=1,...,k). Die/, sind also Polynomfunktionen. Wir bilden gt=£,f (£, bezeichne
die Me Projektion). Dann ist g,(ghnl, ..., giknk=git. Durch g, und die konstanten
Funktionen kdnnen wir also alle jene Funktionen von Lj.(2t) erzeugen, die auf
jedem k-Tupel von Nehenkiassen von 9t konstant sind und kompatibel sind (da
21/91 k-affin vollstandig ist). Wir definieren nun Funktionen h(n....iky.Ak--N durch:

wenn  (xk, ..., xK) = (ghfh, gid’k
sonst.
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Da 9t A>polynomvollstandig und \LLL~2, sind auch diese Funktionen Polynom-
funktionen auf 9t. Durch geeignete Produktbildung der h(tl....ik) und der g, kann
man nach obiger Folgerung jede kompatible Funktion durch Polynomfunktionen
darstellen, was wir zeigen wollten.

Forgerung. Bilden die Normalteiler einer endlichen Gruppe 91 eine Kette:
9to= {0}cOtic...c9ts_1c9ts=9t, und ist 9t/9li-1 fur i=1,...,s k-polynom-
vollstandig, so ist 91 k-affin vollstandig, wenn 9ti/9ti_1" 2 fir i=\, —1

Beweis. Wir fihren obige Konstruktion schrittweise durch.

Bemerkung. Flr Gruppen 9t, die den Voraussetzungen der obigen Folgerung
genugen, folgt aus der 2-affinen Vollstandigkeit die affine Vollstdndigkeit von ot
(nach den bekannten Satzen aus der Theorie der polynomvolistdndigen Algebren).
Ist zusétzlich auch |[9t/9ts_j|?i2, so folgt schon aus der 1-affinen Volstandigkeit
von 9t die affine Vollstdndigkeit (folgt aus einem Satz von J. Stupecki [14]).

4. Affine Vollstandigkeit der symmetrischen Gruppen

Satz. Die symmetrischen Gruppen <3, sind l-affin vollstandig genau fir n " 3,4

Beweis. Wir verwenden Satz aus vorigem Paragraphen, also gilt unser Satz
fir s,, wes, unter Benlitzung des Satzes aus dem vorigen Paragraphen und der
Tatsache, dal 9t, fir n*5 und <39I, 1-polynomvollstdndig sind.

Fur n=3,4 besitzt ®, abelsche Gruppen der Ordnung groRer 2 als nichttriviale
minimale Normalteiler. Diese sind bekanntlich nicht 1-polynomvollstdndig. S-
ist 1-polynomvollstandig, fiir ®xist die Aussage trivial.

Satz. Die symmetrischen Gruppen <& mit 1 sind nicht 2-affin vollstandig
und damit nicht affin vollstéandig.

Beweis. Wir definieren /: Sjj—®,, durch

wenn 9, und x$91,,.

{Wenn x69l1,, oder x,y<9L,

Diese Funktion ist mit allen Kongruenzrelationen auf <§,vertréglich, also kompatibel,
/ist aber keine Polynomfunktion, denn angenommen/wére Polynomfunktion, d.h.

f(x,y) = auVufliz2/«021.../ne(r+1)1,

Sei s die Gesamtanzahl der Transpositionen in der Zerlegung von ou, ..., 6(r+1)X
in Transpositionen, t die Summe der Exponenten der Potenzen von X, z die Summe
der Exponenten der Potenzen von y. Sind x,y gerade Permutationen, so ist
f(x, y)=x, d.h. gerade, also muB s gerade sein. Sind x ungerade (gerade) und
y gerade (ungerade), so mussen z und t gerade sein. Sind x und y ungerade
Permutationen, so ist f(x, y)=x, d.h. ungerade, also mifBte mindestens eine der
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drei Zahlen s,t,z ungerade sein. Widerspruch. Somit haben wir das Problem
der Bestimmung aller affin vollstdndigen symmetrischen Gruppen geldst:

Die symmetrische Gruppe ®xist affin vollstandig.

Die symmetrischen GruppenS2, S,,(n£5) sind 1-affin vollstandig, aber nicht
k-affin vollstandig fur k> 1.

Die symmetrischen Gruppen S3, S4 sind fir kein k Baffin vollstandig.

5. Kompatible Funktionen auf direkten Produkten

Lemma. Sei eine Algebra 91 direktes Produkt der Algebren 9lj, ...»9In und
/€ Ck(9l). Dann gibt es eindeutig bestimmte f 6Ck(91,), i=1...... n, mit:

f({a\,... al),.... (al,.... vj)) = (n (a@\,..., afi, ....f,(al,..., a*)).
Beweis. Folgtdurch wiederholte Anwendung von Lemma 4 aus W. N sbauer [10].

Satz. Seien 9l;, i=1, n, k-polinomvollstandige L-Algebren mit [91,"2.
Dann ist 91=  X... X9, k-affin vollstandig.

Beweis. Wir verwenden obiges Lemma. Jede der Funktionen /f€CKk(9I,) kann
man, da die 91, polynomvollstandige /.-Algebren der Ordnung ungleich 2 sind, zu
Polynomfunktionen aus A(9l) fortsetzen mit:

f((a\, ..., al),...(aj,..., a))) = (M ai, oft,0,..., 0))+ ...+ (0,..., 0,/n(ud,..., aj)),

wo die/fCPt(9l).
Bemerkung. Flr L-Algebren, die obigem Satz geniigen, folgt aus der 1-affinen
Vollstandigkeit die affine Vollstandigkeit.

Folgerung. Das direkte Produkt von endlich vielen endlichen, einfachen, nicht-
abelschen Gruppen ist affin vollstdndig. Das direkte Produkt von endlich vielen ein-
fachen, endlichen Ringen mit nichttrivialer Multiplikation ist affin vollstdndig (also
ist inshesondersjeder halbeinfache Ring affin vollstandig).

Beweis. Folgt sofort aus den bekannten S&tzen der Theorie der polynomvoll-
standigen Algebren und aus den Ergebnissen von [s].

Satz. Jede endliche Boolesche Algebra ist affin vollstandig.

Beweis. Jede endliche Boolesche Algebra 91 ist direktes Produkt von Booleschen
Algebren S der Ordnung 2. Sei etwa 91=$". Unter Beniitzung obigen Lemmas
und analog zum Beweis obigen Satzes folgt die Behauptung, daja © polynomvoll-
standig ist.
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SOLUTION D'UN PROBLEME D'ERDOS,
GILLM AN ET HENRIKSEN ET APPLICATION
A L'ETUDE DES HOMOMORPHISMES DE V(K)

Par
J. ESTERLE (Talence)

8§ 1 — Introduction

La motivation essentielle de ce travail est I'6tude d’un probléme classique
d’Analyse Fonctionnelle, généralement attribué a 1. Kaplansky: Soit K un compact
infini. Existe-t-il un homomorphisme discontinu de €(K) dans une algébre normée?
(voir [1], [6], [20], [19], [27] et [28]). A. M. Sinclair a récemment montré dans [28]
que pour qu’un tel homomorphisme existe il faut et il suffit qu’il existe un idéal
premier non maximal | de 8{K) tel que I’algébre quotient K)/l posséde une
structure d’algébre normée (ce résultat a été retrouvé indépendamment par l'auteur
dans [10] par une méthode basée sur une extension de la premiere partie de [1]).

D’autre part B. E. Johnson a montré, entre autres résultats, dans [16], que
si I’on admet I’hypothése du continu le probleme est équivalent pour tout compact
infini a I’existence d’une norme d’algebre sur I’algébre des éléments bornés d’un
corps ordonné maximal de type r]i ayant la puissance du continu. Dans le présent
article, qui est indépendant de [19], on retrouve et on précise ce résultat de Johnson.
On construit un corps ordonné maximal IF™ de type ayant la puissance du continu
et on montre que s’il existe un homomorphisme discontinu de A?(K) alors I'algebre
des éléments bornés de posseéde une structure d’algébre normée réelle, et ceci
indépendamment de I’hypothése du continu. La condition devient suffisante pour
tout compact infini si I'on admet I’hypothése du continu (théoréeme 4—2). Ces
résultats améliorent ceux de Johnson méme si I’on admet I’hypothése du continu
car le corps est construit de maniére purement formelle et on connait avec
précision sa structure. On montre en outre au théoréeme 5—3 que si I’algébre des
éléments infinitésimaux de possede une structure d’algebre normée elle possede
une structure d’algebre normée topologiquement simple.

Tout cetravail est basé sur les considérations algébriques des §2 et 3 qui semblent
présenter un certain intérét en elles mémes: on montre notamment (corollaire 2—4)
que si on suppose 2sk= xa (a désignant un ordinal possédant un prédécesseur R)
il existe des corps ordonnés maximaux de type 1}, et de cardinal 2*p qui ne sont pas
isomorphes, ce qui résout un vieux probléme d’ERDOs, Gitiman €t Henriksen
(voir [9], probleme 5—4; je dois dire qu’aprés avoir soumis la premiére version de cet
article j’ai recu une lettre de L. Gillman me signalant que son éléve N. Bloch avait
obtenu un résultat analogue dans sa these a I’Université de Rochester et qu’il avait
mentionné ce fait dans sa conférence au Prague Topological Symposium de 1966,
mais les travaux de N. Bloch n’ont jamais été publiés).

En fait on s’appuie ici sur deux théories fort anciennes, celle des ensembles
totalement ordonnés de type  de Hausdorsf (cf. [18]) et celle des groupes et des
«corps de séries formelles» de Hann (cf. [17]). L utilisation des techniques de Hahn
permet d’étendre aux groupes et corps totalement ordonnés les résultats obtenus
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pour les ensembles totalement ordonnés par Hausdorfif, puis par Sierpinski et Gittman
([26] et [13]) ce qui ne semblait pas avoir été fait systématiquement jusqu’ici. On
connait en effet les résultats suivants pour les ensembles totalement ordonnés de
type =X, a désignant pour simplifier un ordinal possédant un prédécesseur 3 (la
définition des ensembles ordonnés de type rjx est rappelée au début du 82):
I) Il existe des ensembles totalement ordonnés de type et de cardinal 2%e.

1)) En particulier, il existe un ensemble totalement ordonné de type i et
de cardinal 2%» qui est réunion d’une famille d’ensembles totalement ordon-
nés dont toute partie posséde un sous-ensemble coinitial et cofinal de cardinal
inférieur a K*,

I11) Tout ensemble totalement ordonné de type  contient une copie de tout
ensemble totalement ordonné de cardinal X«e

IV) Tout ensemble totalement ordonné de type t/a contient une copie de Sa
(en particulier tout intervalle de Sw>contient une copie de SaJ.

V) Les ensembles totalement ordonnés de type et de cardinal sont iso-
morphes (mais il n’en existe que si Ua=2*R).
V1) Si 2ih>>K{], il existe des ensembles totalement ordonnés de type rx et de

cardinal 2*8 non isomorphes.

Erdé6s, Gillman €t Henriksen ONt prouvé pour les corps ordonnés maximaux
dans [9] I'analogue de Il et V et le probleme 5.4 de [9] solulerait une question
analogue a VI. Je pensais que le probléme de I'existence de corps ordonnés
maximaux de type tJx était toujours ouvert pour a>1 (les corps hyper-réels donnent
des exemples «naturels» de corps ordonnés maximaux de type t]t, voir [15]) mais
L. Gillman m’a indiqué dans sa lettre que ce probléme avait été résolu en 1962 par
N. Arring dans [3] (N. Alling utilise également les groupes et corps de Hahn, et on
trouve dans [3] un énoncé voisin du lemme 2.1 ; Alling avait établi dans [2] I'analogue
de I, 11 et V pour les groupes abéliens totalement ordonnés).

| et Il sont établis au théoreme 2.3, VI au corollaire 2.4, 1V au théoréme 3.2
(et en un certain sens au théoréme 2.6). Vet 111 sont donnés au théoréme 3.2 et a la
remarque 3.5 sous la forme améliorée établie récemment pour a=1 par B. E
Johnson dans [19] (cette amélioration figure également parmi les travaux non publiés
de N. J. Bloch mentionnés par L. Girtitman dans [14]). Certains résultats sont indirec-
tement liés au célébre «théoréme d’immersion » des groupes totalement ordonnés de
Hahn (voir la remarque 3—6).

Je dois remercier F. J. Rayner qui m’a aidé dans un domaine qui m*était fort
peu familier et m’a suggéré d’utiliser les groupes et les « corps de séries formelles »
de Hahn, ainsi que L. Gillman qui m’a signalé I’existence de la thése non publiée
de N. J. Bloch et m’a indiqué les références [2] et [3].

§ 2 — Solution d’un probléeme d’Erdos, Gillman et Henriksen

Pour tout ordinal a on notera  I’aleph d’indice a et coal’ordinal initial d’indice
a (voir par exemple [6], ch. IlI, & 6, ex. 10). Conformément a [18], on dira qu’un
ensemble totalement ordonné T est de type rx si et seulement si pour couple (A, B)
de parties de T vérifiant A>B, card card Ng, il existe trois éléments
Ci,c2,c3 de T tels que I’'on ait: cI>A>c2>B>c3 (la notation A>B signifie
que 'on a: a>b pour tout aCA et tout bCB). Pour tout ordinal C&a)a on notera
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Sc I’'ensemble des suites transfinies {xs}e<0>adont tous les termes sont égaux a 0 ou
1 et dont I’ensemble des rangs des termes égaux a 1 admet un plus grand élément
inférieur a  On munit S, de I'ordre lexicographique. St est totalement ordonné,
pour £,<cox toute partie de S¢ possede un sous-ensemble coinitial et cofinal de
cardinal < N, Si est Dedekind-complet si ¢ a un prédécesseur, est de type ijr
et card (SE)=2sk si a a un prédécesseur 8 (voir [15], ch. 13, [13] et [26]).

Si F est un corps totalement ordonné, on notera XX(F) I’extension algébrique
totalement ordonnée maximale de F (voir [4]). XX(F) est un corps totalement ordonné
maximal (voir [7], ch. 6, & 2, déf. 4).

Pour tout ensemble totalement ordonné T on notera ¥ (T, R) (resp. BfiT, Rj)
I’espace vectoriel des fonctions de T dans R a support bien ordonné (resp. a support
bien ordonné de cardinal < K& muni de son ordre total naturel: un élément x"O
de Y (T, R) est positif si et seulement si il prend une valeur positive sur le plus
petit terme de son support (voir [11], ch. IV). Pour tout xC/S{T, R) on notera
Ord (x) l'ordinal isomorphe au support de x. Pour tout groupe abélien totalement
ordonné G on notera éF(G, R) le «corps des séries formelles a coefficients réels
ayant G pour groupe d'exposants» (voir [11], ch. VIII). Tout élément xy*O de
3F(G,R) scrit «formellement»: x= '<Od(x)AAa< (AMR—{0}) ou I’ensemble

i<Or
Oi);<ord(*) est une partie bien ordonnée de G que I’on appellera le support de x.
Si a a un prédécesseur, on pose de méme que plus haut:

PfiG, R) = {XG"XG, R): card [Supp (X)] < Ka}
Soit x'=_ A AjXal un autre élément de &(G,R). Le produit xx's’écrit:

j<Ord (X)
s v<Ord (xx") a|+aj av\/\dxqj-

Hahn a prouvé (dés 1907!) dans [17] que &{G, R) et éFfiG, R) sont bien des corps
(voir [22] pour des généralisations au cas non commutatif. A. G 1eyza1 a utilisé des
méthodes analogues dans [12] pour construire ses «corps réels transfinis»). # (G, R)
et éFfiG, R) sont respectivement isomorphes en tant qu’espaces vectoriels réels a
|G, R) et 'fiG, R) et on les munit de I’ordre induit par ces isomorphismes. Pour
tout ordinal £, on pose Cr=" (", R), ¥i=S'{G" R) et pour tout ordinal a pos-
sédant un prédécesseur, on pose :

G<E =w% (sa,,R), *£>= (Gg,R).

On va tout d’abord établir un lemme (on trouvera un résultat analogue dans [3],
mais la démonstration donnée ici diiiére sensiblement de celle de N. Alling).

Lemme 2.1. — Soit T un ensemble totalement ordonné et soit a un ordinal possédant
un prédécesseur. Si T est de type na, (T, R) est de type ij7.

Soit £ un ordinal et soit XE&TFiT, R). Si Ord(x)é<i il existe un iso-
morphisme unique de £ sur un segment B de Supp (x). On note alors @fix) I%élé-
ment de &fiT, R) coincidant avec x sur B et nul hors de B. Si Ord (X)«<=¢, on pose:
bfix)=x. On voit aisément que I’'on a les propriétés suivantes:

a) 4/fix)"il/fiy) si x"y

b) x>y si Yfix)>il/fiy)
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C) PMX)=(y)<=>hs(x) = pB(Y) pour tout si £ est un ordinal limite

A)P([P((X)]= P (x) pour XE<YJIT, R) et £<<*;S ro~

Pour tout élément & de T on note 1B I’6lément de 9JT, R) égal 1en B et nul
hors de {/?}. Pour xCJSJT, G)—{0}, on note cpjx) le plus petit terme du support
de x et dx(x) la valeur de st en cpjx). Pour toute partie A non vide de YJT, R),
on note A+ I’ensemble des éléments positifs de A. Si A+ est vide il est trivial de
majorer A. Si A+ est non vide, il est cofinal dans A. Si card (A)< on a:
card et il existe ju€T tel que: wu<cpx(x) xCy4+). On a:
x(L «g)>iRjx) (xEA+) d’ou: leuy>A. De méme —A est majorée et A est minorée.
Soit maintenant B une autre partie non videde YJT, R) de cardinal < vérifiant :
A>B. Si A estnon vide et si (X(A)<(pJB+), il existe u”T vérifiant: ox(A)<
</i<g)l(5+) et on a: dx(x)>1 u>dx{y) (xEA, ydB+) d’ou d’aprés a): A>
>1 ‘B>B. Si (pJA)C\g>JB+) contient un élément (unique) y, posons:

Al = inf  SJx); A= sup  dx(x).
*£«>fl(y)n.4 xe<pi 1(y)N9+

ensembles  uf1(ADM(pri(y)na ou oOf1(ADM<pli(y)M 4 disons 5rLAIMN
M?>r1(z)NN, est vide si x(A)>hx{B). Si kxey majore B+, soit u>y. Ona: A~
>kx-y+1-n*"B. Sinon posons: D= {y£B+:y>kxey}. Pour ydD on a: dgx(y)=
=kx-y et (pjy—kxy)=>y. Soit ULET tel que y<RB<(pjy—kxy) (yED). On
a:  gX[KxeY+ 1e (y*T)), d’ou: A>AXey+ 1-u”B. On voit de méme
que si  x(A)>~p1(B) et si B+ est vide, il existe cCI3x(J, R) tel que A>0B.

Supposons maintenant que ¢x(A)I\px(B) possede un (unique) élément.
Comme @ n’a pas de prédécesseur, [0, coJ ne possede aucune partie cofinale de

cardinal il existe 0<co@ vérifiant: 0>0rd (x) (XxCAUB) et on a: ¢B8(A)>
>iJe(B). Soit 6Xle plus petit ordinal possédant cette propriété. On a: 1<01<coa.
Pour soit G;I’'unique élément de *(A)]p”(B). Onapour £ £:7/(ch=C>

Si OXest un ordinal limite I'un au moins des deux ensembles p G"\cAHMA et
n ®(L(cOr\B, disons (P&) drYc/iMA, est vide. Soit ¢ un élément de YJT, R)
c0x

vérifiant: i//Jc)= C¢(C<0X. Pour tout élément x de A il existe £<0! tel que I'on
ait: il/Jx)>Cc¢ d’ou, d’aprés b): x>c; posons: D= {yEB; y>c}. Si 2 est vide,
soit g un élément de T majorant strictement le support de ¢. On a: A>c+ 1le/>B.
Si D est non vide, il est cofinal dans B et pour yED, (pjy—C) majore (J Supp (cj

qui est de cardinal Soit yET wvérifiant: () Suppc® < y < {cpjy—o)}.gc.

On a: ley> y—c(yED) et: c+\ -y > B. D’autre part pour C<O0X on a yjc+
+ ley)=yJc)=C dou A>c+\'y>B. Si 9X posséde un prédécesseur a les
ensembles non vides Ox=d¢~1(ca)l)A et D2=ijj~'(cjflfi sont respectivement
coinitiaux et cofinaux dans A et B. Pour XxEDx et yED2 on a: x(x—ca=
Nejx)~ca, dx{y-ca) =@el(y)~ca soit: gx{x-ca)>¢px{y-ca. Comme on a vu
plus haut, il existe alors dGJSJT, R) vérifiant x —ca>d>y—cJIxEDL1y£D 2 d’ou:
A>c,,+d>B et le lemme est démontré.
On a également le:
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Lemme 2.2. — Soit T un ensemble totalement ordonné et soit a un ordinal possédant
un prédécesseur. Si toute partie de T posséde un sous-ensemble coinitial et cofinal de
cardinal < X, ilen est de méme de toute partie de ¥ (T, R).

Notons que si T vérifie les hypothéses du lemme, toute partie bien ordonnée
de T est de cardinal < Xa (toute partie cofinale de [0, ma] a pour cardinal xa
et que I’'on a donc: Y{T, R)=9JT, R). Soit A une partie non vide de Y({T, R).
SiA+M 0 etsi cpi(A+) n’a pas de plus petit élément, soit D une partie coinitiale de
(Pi(A+) de cardinal <Xsa et pour tout yED soit xy un élément de <pfl(y)M/+.
On a: card [{joy}ve>=X* et est cofinal dans A. Si g=JA+) a un plus
petit élément d, si A+ est non vide et si §/JA) n’a pas de plus grand
élément, Oi[(prl(d)C\A+] n’a pas de plus grand élément et posséde une partie
dénombrable cofinale E. Pour tout élément Ade E soit x; un élément de t/“ 1)/. «d] N
f)A +. L’ensemble dénombrable {xA&,i€E est cofinal dans A + et donc dans A. Une
vérification analogue montre que A possede une partie cofinale de cardinal < X
si A+est vide et si x(A) n’a pas de plus grand élément.

Supposons maintenant que x(A) a un plus grand élément et que A n’a pas de
plus grand élément. Dans ce cas ¢ *A) n’a pas de plus grand élément (on a : hcx(x) =
=x pour tout x). Soit O le plus petit ordinal ” cex tel que }B(A) n’ait pas de plus
grand élément. Ona : 0>1. Si £<0, ¢4(A) a un plus grand €lément c4 et on a:

= dc(cfi i Si 0= 04-l, posons: B=gp~1(cqdT\A et D'= {x —ca}XID.
D est non vide et cofinal dans A. On a: ¢B(x)—ca= (p1l(x—ca) (xCD) et ijsfiD’)
n’a pas de plus grand élément. Par conséquent D’ posséde une partie cofinale M
de cardinal < xa et I’ensemble {y+c,,}yCM est cofinal dans A.

Si 0 est un ordinal limite, soit £-=0. Si ci+l—c" soit x un élément
de V'f+i(cs+i)rivd. On aurait ¢"™+1l(x) =c...=c*=¢p”(x), dou: x=gfix)=ci.
X serait donc unique et d’aprés b) serait le plus grand élément de A, cas que nous
avons écarté. On adonc: ci+i~cfi*<9), d’ou: Ord (cfi=¢ (£<0). Par conséquent

I’ensemble bien ordonné (J Supp (cd est isomorphe a [0, O[ et comme il a une
()

partie cofinale de cardinal <Xa, on a: 0<é&v Pour £<0, soit x{ un élément
de ¢"*1(c M)A, L’ensemble n ®IT(ch nn est vide (ps(A) aurait sinon un

plus grand élément) et pour x£A il existe ¢<0 vérifiant d((x)<c=gp(x"), ce qui
montre que {x*}?<fl est cofinal dans A et achéve la démonstration (si D est une partie
cofinale de - A, —D est une partie coinitiale de A). On a alors le théoréme suivant:

Théoreme 2.3. — Soit d un ordinal possédant un prédécesseur R.

a)#£) est un corps ordonné maximal ainsi que pour tout ordinal £LLI(ox.

b) Pour toute partie de » (resp. Gfi posséde un sous-ensemble coinitial
et cofinal de cardinal inférieur a Xa et toute partie de S'fifi (resp. Gfifi posséde un
sous-ensemble coinitial et cofinal de cardinal inférieur ou égal a Xa.

c) eEfif (resp. Gfifi est de type f]xet on a:

card [*m«] = card [GE] = 2*# = U "(resp.Gfi] = u Ge).
Gfil est de type fx (lemme 2.1) et également (il est isomorphe pour I’ordre a
NJGTifi R)). D’apres le lemme 2.2 et la propriété des ensembles rappelée plus

haut, toute partie de Gi="(5'?,R) posséde un sous-ensemble coinitial et cofinal de
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cardinal si £<coa et il en est de méme pour toute partie de pour £<a>a
est isomorphe en tant qu’espace vectoriel ordonné a t#(G-, R)). On a d’autre
part: = MEN(CW, «)=#,,, et ceci achéve
de démontrer b) (cva<Cost+l!).
Soit maintenant A une partie de de cardinal et pour tout élément
X de A, soit A(x) un ordinal tel que: xC.SXxy. On a card {A(X)F<A<
et il existe v<wa vérifiant: d'ou: G "= 9 a(Saii, R)=£%a"ls{,R) =
= 11 G¢ et de méme: 0 Il est facile de voir que si card (7)=2i»

on a: card [A(I, J?)]=2" d’o0: card (G")=2*p, card ON*)=2s0 (on a:
card SQ=2*R). Enfin pour tout groupe totalement ordonné G I’ensemble des parties
bien ordonnées (resp. I’ensemble des parties bien ordonnées de cardinal inférieur a
B2 de G) vérifie les cing conditions du théoreme 2 de [22] et si G est divisible les
corps S' (G, C) et S'a(G, C) (dont les définitions sont analogues a celles de S'(G, R)
et S'JG, R)) sont algébriquement clos, ce qui entraine que S'(G, R) et Sra(G, R))
sont des corps ordonnés maximaux. Gomme on a: S' = S'XG%E, R) et Sri=
=Sir(G,, R), ceci achéve la démonstration du théoreme.

On en déduit le corollaire suivant, qui répond a une des questions soulevées par
Erdds, Gillman et Henriksen dans le probleme 5.4 de [9]:

Corollaire 2.4. — Soit a un ordinal possédant un prédécesseur . Si 2*3 est
strictement supérieur a &a, il existe des corps ordonnés maximaux de type nx et de
cardinal 28*qui ne sont pas isomorphes.

Posons: E=[0, cuetl[X5'@ De méme que dans [15], 13 K on voit que T,
muni de I’ordre lexicographique, est un ensemble totalement ordonné de type
et on a: card (T) =2M. Il est facile de définir un isomorphisme d’ensemble ordonné
de T sur une partie de S ' R), RL. De méme que plus haut on voit que
S'a(Sa(T, R), R) est un corps ordonné maximal de type maet de cardinal 2B qui
n’est pas isomorphe a S'*R puisque T ne posséde aucune partie cofinale de cardinal
< Ka+l et ceci établit le corollaire. En particulier si on n’assume pas I’hypothése
du continu il existe des corps ordonnés maximaux de type % équipotents a R et non
isomorphes ce qui répond également a une question du probléeme 5.4 de [9].

Pour tout ordinal non-limite a, on pose:

Bw = {x£09/3nZN: |x] < ne1}, BK@= {x& gftnSN: x| < Un}

On a le lemme suivant:

Lemme 2.5. — Pour tout idéal premier J de Bbh, on a: Baa=*\Be jJ\&bJ.

Tout élément Xde S8 s%crit: x= Y XiXa.

i<Ord (x)

Si xXO, soit V(x) le plus petit exposant intervenant dans I’écriture de x.
L’application x —u(x) est la valuation de Vordre sur S'GR (voir [25], ch. D) et BO#
est l'anneau de valuation correspondant (5= {xC"@):n(x)é0}; BIG=
= {xC_.S'J'f:v(x)"0}). L’application H-»v(H) est un isomorphisme de I’ensemble
(totalement ordonné par inclusion) des idéaux de BK& sur I’'ensemble des parties D
de (e ~j1+u {0} vérifiant: aED, b*a=rbED. Posons: V(H)= {xC[G<E)]+u
u {0}:x$v(H)}. Pour que A soit premier il faut et il suffit que V(H) soit une partie
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de [Gi¥]+U {0} stable par addition. Soit 7 un idéal premier. Pour tout élément
x— 2 hX*lde?7 posons

i<Ord (x)
w = 2 g« g,(x)= 2 axa-
i«:0rdor) i-=0rd (x)
a,EV(l) afCv(l)

f, et gi sont linéaires et on a: f,(x)+g,(x) =x(xd B\I; 7M/,(Bm) = {0}; Kerf,=1;

gl(B0OJ=1, fj of, =fj; glogl=gl; soit x'= Zd( ) un autre élément de BCH
Ord(x"
Posons:
I(x,x) - j}i<0rd(x)*
jeOrd (x)

L(7) étant stable par addition, on a: T (x, x")[1 K7)—[_/}(x),//(x")] et il résulte
immédiatement de la définition du produit dans que I'on a: //(x) flI(x") =
=/}(xx"); il existe un isomorphisme d’algébre ordonnée 0, de BQ | sur fj(B@
vérifiant: fi =eloQl (Q, désignant I'application canonique de B” sur BmJl) et
I'application x —(0f*[}}(X)], 9/(x)) donne I’isomorphisme voulu de Ti*sur

On dira que deux idéaux premiers 7et J{le J, I"J) de B@isont successifs si et
seulement si tout idéal premier contenant strictement 7 contient J. On a le:

Théoréme 2. 6. — Soit @ un ordinal non limite, soit | un idéal premier de BLdet
J un autre idéal premier le contenant strictement. Si | et J ne sont pas successifs,
Vagebre quotient J/Iposséde une sous-algebre isomorphe a Bax.

Posons: fi=1i(/)ilf(7). D est stable par addition et si aCT), bC.D (a-=u),
on a: [, filQD. Soit gx I'application de [GE*)]+ (S”, 7)) dans Sce* définie au

début de la démonstration du lemme 2—1 Soit aED, mEN, nGCN; on a:—;{,‘
HH _ __ A | | PR —
)(J) \W(J) est stable par addition] et p £V(1) {m fI.J d’ou: p C7) et de

méme: HECIED. Si on a: g {a) = (p1{d) et si d appartient a [§ I".g)]+ il existe r,r'dQ +

tels que: ra-“b-"r'a et d appartient a D. On a donc: <pfl1[<Pi(7))]n[G")]+=D;
il est facile de voir que pour que | et J soient successifs il faut et il suffit que (pfD]
soit réduit a un point. Dans le cas contraire soient B1et 82 deux points distincts de
<Pi(D) (/?i</?2- L’intervalle ouvert ]R1, R est un ensemble totalement ordonné
de type //,, et il existe un morphisme d’ordre injectif t de Sutt dans ]R8It R.,[ ([26] th. 4).
Pour aC G%, notons T(a) l'unique élément de G'fj vérifiant: T(a)ot=a,
Supp (T{a))Qt{S@. L’application T est un morphisme injectif de groupe ordonné
de Gsl dans lui-méme et on a: [T{G")]+=T(G")QD. Pour tout élément x=
= 02d( )"ix “ de Baa, posons: W(x)— 2 heXTa) si x*O, et W(0)=0.

i<Ord(x *
W est évidemment un morphisme injectif d’algébre ordonnée de Bbhdans lui-méme
et si xEB'ai on a: T{aBED=v{I)RW{l) (/<Ordx) si x?"0. et 0/ étant les
applications définies plus haut on a donc: W(B~J~ffJ) d’ou (en identifiant //7
avec Qi{J))". 0f1H(R,,]~7/7. Comme OplolV est un morphisme injectif d’algébre
ordonnée, ceci établit le théoréme.
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§ 3 — Injection de dans un corps ordonné maximal de type

On a le lemme suivant:

Lemme 3.1. — Soit a un ordinal et soit F un corps ordonné maximal dont toute
partie posséde un sous-ensemble coinitial de cardinal < . Tout homomorphisme
injectif grespectant I’ordre d’un sous-corps H de F dans un corps ordonné maximal L
de type iJ7 admet un prolongement a F. En particulier L contient une copie de F.

Soit H' un sous-corps de F contenant Fl tel que @ soit prolongeable a H'.
D "aprés un théoreme bien connu &’Artin et Schreier (voir [4]) @ est prolongeable a
Pi(H') que nous identifions a sa copie dans F. S’il existe un élément x de F n’ap-
partenant pas a Pi(H'), posons:

A={y"H"):y >x} B={yallHY.y < x}

A et B possedent respectivement une partie coinitiale A' et une partie cofinale B'
de cardinal Soit ¢ un élément de L vérifiant: cp(A")>cxp(B'). Comme x
n’appartient pas a PAfH') et que le corps PA(IF) (x) engendré par RYH') et x
est une extension ordonnée de SA(H'), x est transcendant sur Pi(H'). De méme
¢ est transcendant sur cp[Pi(H')\ et Pi(H") (x) et cp[Pi(H)\ (c) s’identifient algé-
briqguement au corps des fractions rationnelles a une indéterminée a coefficients dans
Pi(H') et (p[Pi,(H'j\ ce qui permet de prolonger canoniquement @ par un isomor-
phisme algébrique de Pi(H")(x) sur @8 (H'j] (c) tel que <p(x)=c. @ est un
isomorphisme d’ensemble ordonné de Pi(H") U {x} sur cp[Pt(H'j\U {cj et il résulte
du lemme 13.12 de [15] que @est un isomorphisme de corps ordonné de Pi(H') (x)
sur cp[PA(H)\ (c). La premiére assertion résulte alors d’une application standard du
lemme de Zorn, et la seconde s’en déduit (prendre H= {0}). En particulier tout
corps ordonné maximal de type  contient une copie de R.

On va maintenant établir le théoreme suivant, qui achéve d’éclaircir (sauf en
ce qui concerne les corps hyper-réels) les questions soulevées dans le probleme 5.4
de [9].

Théoreme 3.2. — Soit @un ordinal possédant un prédécesseur B, soit 3F un corps
totalement ordonné maximal de type rjx, soit R} une copie de R dans F et soient (xj, x2
un couple d *éléments positifs infiniment petits de Ffij et (yby.fi un couple d’éléments
positifs infiniment petits de PF vérifiant pour tout NC N, x"=-x2; >>%e

i) Il existe un morphisme injectif (p de Fjfijj dans F tel que @[FQ=RX,
<P(Xi)=yi, (p(x3=y2. . X .

ii) Si Ka= 2., etsi card F =73r onpeut choisir g defagon & obtenir un isomor-
phisme.

On munit F d’un bon ordre. F scrit: F = (*)4C> o étant un ordinal con-
venable. Soit B le plus petit ordinal <coa tel que xx et x2appartiennent a F e\ xx
est transcendant sur F 0, yxest transcendant sur Rt et en appliquant le lemme 13.12
de [15] de méme que plus haut, on peut définir un isomorphisme de corps ordonné @
de F fixj) sur Rfiyfi tel que cp(FO=R1, cp(xh=yl que I’on prolonge par un
isomorphisme de PA\FO(xj\ sur F [Rfyfi] grace au théoréme d’Artin et Schreier
déja cité. Soit v la valuation de I’ordre sur FjfJ. La restriction de na F fixfi est
de rang let il en est de méme de la restriction de v a ~[F fixfi] (cf. [25], ch. F,
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prop. 1). Pour tout élément positif a de & [*o(xi)\ il existe alors nfN vérifiant:
x&xi>x2. On aune propriété analogue pour af[Ri(>1)] etyZ2et ceci permet d’ap-

pliquer a nouveau le lemme 13.12 de [15] pour prolonger pa (xn)] (x2 de
facon a avoir ¢>(x2=y 2. Comme S7({est un corps ordonné maximal, on peut prolon-
ger ensuite (pa S'g (lemme 3.1). On va prolonger pa = U &t par récurrence

transfinie. Soit yC[0, wa. Supposons qu’on ait construit pour tout €[0, y[ un
prolongement g* de ga S7” dont la restriction a S7* coincide avec ¢p* pour £<<I;.
Posons: Sy —(J S"A ¢y est défini de maniére naturelle sur S'y qui est un corps

i=v

ordonné maximal. Si TH2Fy, posons, pour siS%, si ST :As—{uiS7y:u>s},
Bs={ui”y :u”s}; Dy.tyiS7:(p[B t<(p[A*"}\ D= Q Ds. Le théoreme 2.4 b)

sC&y
et le fait que S7 est de type  entrainent que Ds n’est jamais vide. Soit 6 le plus petit
ordinal <coa tel que td appartienne a D et soit aun élément du complémentaire de
S'y dans S'y vérifiant: tsf Ds. Toujours d’aprés le lemme 13.12 de [15] on peut
prolonger (pt a S'y (s) par un morphisme de corps ordonné ou t6est I'image de aet on
étend ce prolongement a grace au lemme 3.1. Ceci permet de définir " pour tout
et établiti) (ona ST )= U * d-

Supposons maintenant que lI'on a: $x=2*}, card S7=7R On peut prendre:

co=0)a. Soit et soit (p le morphisme de S?* dans S7 construit ci-dessus.
Supposons que I’on ait: {t*"*<aQcp[3F"]. Comme [0, cca] n’a aucune partie cofinale
de cardinal il existe pii[0, cuj vérifiant: (0 désignant

I’ordinal introduit plus haut). Si teicp[SHl], posons: U={zi<p[S7l]:z>te}; V=
= {zE<p[SHl]:z<te}. Soity le plus petit ordinal < o1* tel qu’il existe siS7y vérifiant:
U>cp(s)> V (un tel ordinal existe car U et V possedent respectivement des parties
coinitiales et cofinales de cardinal < K, et (p[S'"] estdetype rjJ. On a évidemment:
sirS% et, As, Bs, Ds et D étant définis comme plus haut, on voit que cp~x(U) est
coinitial dansJset ¢> 1(F) cofinal dans Bs, d’ou: teiD s. On a aussi: <P[™M =
C<p[S™]. En outre on a: y>0 et il résulte alors de la définition de @ que I'on a:
te= (p{s). Comme ce raisonnement est valable pour q= o (prendre simplement /;> o)
on a: (p[S7"]=S7 et ceci achéve la démonstration.

Remarque 3.3. — Dans I’%6noncé du théoreme 3.2, on peut pour tout ¢< ax
remplacer S?let R1par S7" et une copie de S7*dans S'. D "autre part on peut imposer
a (p des conditions plus strictes que (p(xD)=y1l et (p(xx=y2.

Remarque 3.4. — Si E est un espace vectoriel totalement ordonné (sur Q ou R)
et si F est un espace vectoriel totalement ordonné (sur le méme corps) et de codimen-
sion 1 dans E, I'ordre de F est entierement déterminé par I’ordre de EU {x} ou
X F, xi E. On peut alors reprendre la méthode utilisée au théoreme 3.2 pour
prouver que tout espace vectoriel réel G de type f]x contient une copie de et
que I’on a un isomorphisme si xa=2"=card (G) (résultat analogue pour les groupes
divisibles).

Remarque 3.5. — Soit F un corps totalement ordonné de cardinal s "~a. Si F
contient une copie Rx de R soit (x”<0> un bon ordre du complémentaire de Rj
dans F (resp. un bon ordre du complémentaire de Q dans R si R ne contient aucune
copie de R) & désignant un ordinal convenable =wx; pour 0”co soit Fg le corps
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engendré par RiU{xJi<0 (resp. le corps engendré par Q{J{x?}<0). Il est alors
facile de construire par récurrence transfinie une application croissante 1 de [0, oo
dans [0, eJi et une famille (©00<to de morphismes injectifs de Fe dans (O telles
que la restriction de gga /> coincide avec §a. pour 0'<0 et que I'on ait le cas
échéant: (E(R)="'0. On définit ainsi un homomorphisme injectif @ de F dans
J20  vérifiant: <p(R)= o n déduit alors de la premiere assertion du théoréme
3—2 qu’il existe pour tout corps totalement ordonné maximal de type rfa et pour
toute copie R, de R dans 3F un homomorphisme injectif de F dans J5'appliquant
R1sur T2 On retrouve en particulier la résultat de la remarque 13—O0 de [15] et
I’'amélioration qu’en donne Johnson dans [19] par une méthode directe qui évite le
recours aux bases de transcendance. On a des résultats analogues pour les groupes et
les espaces vectoriels réels totalement ordonnés.

Remarque 3.6. — a) Soit G un groupe totalement ordonné. On peut plonger G
dans un groupe divisible G' de méme cardinal ([11] ch. IV, 85, lemme A). Soit @
I’ordinal tel que N*= Card G. Si a a un prédécesseur B on peut d’aprés la remarque
précédente immerger G’ (en tant que groupe ordonné) dans G £\ Le classique
«théoréme d’immersion» de Hahn montre que I’on peut injecter G dans le groupe
&(T,R), T désignant le «squelette» de G, c’esta dire I’ensemble des classes archimé-
diennes de G muni de I’ordre induit par G (voir [17] pour la démonstration originale
de Hann et par exemple [11], [16] et [24] pour des démonstrations plus récentes et
des références détaillées sur ce sujet). Le résultat de la remarque 3—5 présente donc
des analogies avec le «théoréme d’immersion» classique mais ne peut s’en déduire
directement et vice-versa: supposons 2x0= . Pour ¢<aq lethéoréme d’immersion
classique associe Gs a lui-méme alors que la remarque 3—5 associe G.)* a G*. Par
contre la remarque 3—5 associe G*I* a lui-méme alors que le théoréme d’immersion
classique associe Gmia G $.

b) Soit F un corps totalement ordonné commutatif. L. Fuchs indique dans
[11], ch. VIII, 85 que I’on peut immerger F dans le corps !'F{G, R) ou G désigne le
groupe (noté additivement) des classes archimédiennes de F pour le produit. (Ce
résultat était déja annoncé par A. G leyzal dans [12]. La seule démonstration écrite
que j’en connaisse est celle donnée par F. J. Rayner dans [23]). On voit de méme
que plus haut que ce «théoreme d’immersion» des corps donne selon les cas des
résultats plus fins ou moins fins que ceux obtenus grace a la remarque 3—5.

8 4 — Application a I’etude des homomorphismes de %(K)

Dans ce paragraphe K désigne un compact infini et 4R(K) I’algébre des fonc-
tions continues de K dans R. Pour tout élément/ de ™ R(K) on pose: Z (/)=/-1(0).
c0 désigne I’algébre des suites réelles convergeant vers 0. On a le lemme suivant:

Lemme 4.1. — Soit | un idéal premier de €R{K). Si | n'est pas maximal I'algébre
quotient <R(K)/l possede une sous-algebre isomorphe a Ban.

Soit L I'unique idéal maximal de ¢ R(K) contenant /, soit €O I’élément de K
définissant L et soit O I’'ensemble des éléments g de @R(K) tels que Z (g) soit un
voisinage de 0. On va construire un morphisme non trivial de cOdans Z,// (en utilisant
une méthode voisine de celle du 83 de [19]). D’aprés [15], 4/ on a I’inclusion:
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QlyL etil existe /6L, que I'on peut choisir SO ([15], th. 5—5) n’appartenant
pas a |. Pour tout >0, I'’ensemble/-1Q—e, + e[) est un voisinage de tOsur lequel /
n’est pas identiquement nulle, et on peut trouver une suite (t,) d’é¢léments de K véri-
fiant: 1) (ndN); /(0 —0 (n—o0°). Soit M le plus grand élément de
f(K) et soient (/) et (sn) deux suites de réels positifs vérifiant: et pour

1:/0n-1)>~>1,>/(0O - POSOnS: U= L"Jl/"ijSm +l.'amD, V= U|/ _1Q%n, I'rr-iD-
m— m=

Ona: (/lUV=K-Z(f); K—Z(f) estun espace localement compact dénombrable
a I’infini qui est donc normal ([8], ch. IX, 84, ex. 6) et il existe deux fonctions continues
a et B de K—Z{f) dans R+ vérifiant: 0Sa(i)*l, 0~/?(i)SI (tEK—Z{f)),
d+R—I, Supp ocQU, Supp RQV. En prolongeant a-fet -f par 0 sur Z(/) on
obtient deux éléments de £R(K) etona: /= a<+/+ ¢/ L’une au moins des fonctions
ae/ et B/ disons a+, n’appartient pas a /. Soient (/,,) et (/') deux suites réelles
vérifiant:/(r2m D> /m>r2m (wjS1); s2m>1,, > f(t2mH) (TLW1). 1l existe une fonc-
tion continue y de K—Z (f) dans vérifiant: 0Sy(t) =1 (tCK—Z(f)); supp yQ

g D; Pour tout élément x=(xm de
m=1 m=1
c0, soit ~(x) la fonction de K dans R définie da la fagon suivante:

PEOM =0 si sezcnv U T, 4.8 wrnvii v oo

= xmey(0 si [€]/;, /.

IP(x) est ainsi bien définie sur K, appartient a R(K) et on a: y'(cO"L;
W est linéaire et pour tout couple (x,y) d’¢léments de cOon voit que 4J(x) *4*(y) —

-Y'Cxy) sannule sur Z (/)u[ U /""HLWi. m])] d’ou:

[*P(X) ' R(y)-Y{xy)]»a/= 0 et: 4 (x)-4,(y)-¥(xy)el.

Soit Qj I'application canonique de 4#R{K) sur GR(K)Il. O,°'P est un morphisme
d’algébre de cO dans Ljl. Posons: J= Ker (Q{o4J). J est un idéal premier de c0
(L/1) est integre) et il existe un morphisme d’algebre injectif 00de c¢JJ dans Ljl
vérifiant: 000QJ=Qlo¥. Posons: zm=f(t2m~i) (mEN) et z=(zn). On a:
1P(z)éa*/sO d'ou: 4'(z)$/ ([15], th. 5—5), z$J et J est strictement inclus dans cO.

Il est alors bien connu que I’on a la situation suivante (#(JV) désignant I’algébre
de toutes les suites réelles et RN désignant le compactifié de Stone—Céch de N):
il existe un point t de RN—N tel que, H désignant I'ensemble {/CI?(1V):tCZ(/)}
on ait:cOMHQ J; Hestun idéal maximal de (N) et 3F=« (N)/H est un corps hyper-
réel ([15], ch. 13). 3F estdonc un corps ordonné maximal de type rj, dont I’'anneau de
valuation (pour la valuation de I'ordre) s’indentifie a cJH s’identifie a un
idéal premier de /“/# (et le corps des fractions de cJH, muni de son ordre naturel,
s’identifie & 3F) de méme que JIH etona: cJJ” cJE/j/H. En outre cJH ne posséde
aucun ensemble cofinal dénombrable ([15], th. 14—16, b)) et on peut trouver deux
éléments positifs yx et y2 de cJH vérifiant pour tout nf_N: yi=~y2 et: y2$J/H.
Soient Xj et x2 deux éléments positifs de Bai vérifiant également xj>x2 (nEN).
D’apres le théoréeme 3—2 il existe un morphisme d’algébre injectif pde SF*> dans
J5' vérifiant: <>()=y1, cp(xd=y2; (p~I(cIJH) et cp~1(J/H) sont des idéaux
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premiers de B,H et on a: x1$(p~1(J/H), x2*cp~1(J/H), xIMp~LcUH), x26
Cp 1(c//); cpnid/H) et <p~1(cOH) ne sont donc pas consécutifs; d’aprés le
théoreme 2—6 il existe alors un morphisme d’algébre ordonnée injectif 0, de B'n
dans (p~1(cOH)/(p~1(J/H). On déduit de I’existence de ql’existence d’un morphisme
injectif d’algébre ordonnée 02 de (p~1(cJH)/(p~1(J/H) dans ¢JJ (cQJI” cIJH/JjH)
et 0000200, est un morphisme injectif d’algébre ordonnée de B[n dans L//. 11
suffit alors d’«adjoindre 1’unité» pour obtenir une injection de Bai dans VR(K)/I
ce qui établit le lemme.
On a alors le:

Théoreme 4.2. — Soit K un compact infini. SU existe un homomorphisme discontinu
de €R(K), l'algébre B,sposseéde une structure d'algebre normée. Réciproquement si
on assume I'hypothése du continu et si Bai posséde une structure d'algébre normée, il
existe un homomorphisme discontinu de 4R(K) (et tout idéal premier non maximal
de 'du(K) est noyau d'un homomorphisme discontinu si K est séparable).

Améliorant les résultats de [5] Sinclair a prouvé dans [28] que si GBR(K) posséde
un homomorphisme discontinu il existe un idéal premier non maximal / tel que
(AJ/Z soit normable (voir également [10]) et la premiere assertion se déduit
immédiatement du lemme 4.1. Démontrons maintenant la seconde assertion. Tout
d’abord si K est séparable (et infini) soit (tn),liN une suite partout dense dans K.
L application/-» {/(?,,)}niN est une injection de dR(K) dans /* et on a: card dR(K) =
= card (/°°)= card (R). Soit | un idéal premier non maximal de *dR(K) (il en existe
toujours d’aprés [15], 4J et 4K). Soit S' son corps des fractions et soit B, I’anneau
de valuation de  pour la valuation de I’ordre. Si on assume I’hypothése du continu
on a: Card (J**Card (M(Aj/rMMCard (M,(AN)=card (/?)="! et d’aprés la
remarque 3.5 il existe un morphisme injectif d’algebre ordonnée tp de PF dans J3]J*.
On a: <(B,)Q Ban d’ou a fortiori: (p(VR(K)//)@Bctet / est noyau d’un homomor-
phisme (nécessairement discontinu) de €R(K) si Bai est normable.

Soit maintenant K un compact quelconque et soit (tpniN une suite d’éléments
distincts de K. Posons: Ki= {tnjniN. Soit/un idéal premier non maximal de *dR(Ki),
L I'unique idéal maximal le contenant et x I’¢lément de Kx définissant L. L’ application
fA-fAKx, que nous noterons (p est comme bhien connu une surjection de
sur ~(ATj); cp~l(L) est évidemment I'idéal maximal de €ER(K) défini par T et
(p~r{1) est un idéal premier de @R(K) qui est strictement inclus dans (p~1(L)
(op est surjective). Soit QT I’application canonique de @R(Kx) sur W JI11- On a:
Ker [Qrop]=(p 1(I) etil existe un isomorphisme 0de dR(K)/(p 1(1) sur ©R(Kdjl.
Ceci acheve la démonstration (Kxest séparable!).

Remarque 4.3. — On peut montrer que pour lever I’hypothése du continu dans
le théroéme 4.2 il suffirait de prouver que toute partie de y?R(K)/l posséde un sous-
ensemble cofinal de cardinal si K est séparable (/ désignant un idéal premier non
maximal). Ceci renvoie au probleme de I'isomorphisme des corps hyper-réels ayant
la puissance du continu (derniére question du probléeme 5—4 de [9]). J’ignore si
cela est vrai.
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8§ 5— Semi-normes sur BKQ

Bai est I’anneau de valuation de pour la valuation de I’ordre et par con-
séquent tout idéal premier de Bai est absolument convexe. Il suffit alors de reprendre
la méthode utilisée au 86 de [10] pour établir le:

Théoréme 5.1. — Pour toute semi-nonne vectorielle q sur Bon, I'ensemble des
idéaux g-fermés est bien ordonné pour l'inclusion. Pour toute semi-norme d'algebre
q sur Bcll tout idéal g-fermé est premier.

Il serait hautement surprenant que B,n (et par conséquent Bcn) posséde une
structure d’algébre de Banach, mais je ne sais pas prouver que c’est faux. On a dans
ce domaine le (maigre) résultat suivant:

Corollaire 5.2. — Si Bmpossede une structure d'algébre de Banach, il s'agit
d'une structure d'algébre de Banach (radicale) topologiquement simple.

Ben est évidemment une algébre radicale. Si elle possede une structure d’algébre
de Banach soit | un idéal fermé de Bbl (/u {0}). / est premier dans BW et par con-
séquent dans B(H Si "B 'ai, soita un élément de B'ai n’appartenant pas a I. L’ap-
plication x-»0i’X, que nous noterons &, est évidemment un endomorphisme injectif

de I qui est continu. D’autre part on a, pour tout Xx£1l et tout nEN: et

est un élément infiniment petit de gy appartient & BOI et par conséquent
a | ce qui prouve que @ est en fait un isomorphisme de | sur lui-méme. Soitp la

norme considerée sur Bm. Posons: p(a) = sup —; Onapourtout n£Nr:[p(a”)]ym
X.

P\x)

1 . . . .
p(6c 1) ce qui est absurde et le corollaire est démontre. On peut
montrer de méme_qu il nexiste aucun idéal premier de Bmi distinct de B'ai et possédant
une structure d’algébre de Banach (utiliser le théoréme du graphe fermé).

On a enfin le théoreme suivant, qui compléte le théoreme 4.2

Théoréme 5.3. — Si Bai posseéde une structure d'algébre normée, B04 posséde
une structure d'algébre normée topologiquement simple.

Il est clair que pour tout idéal premier J de Bai il existe un idéal premier L A {0}
strictement inclus dans J et d’apres le théoreme 2—6 il existe un morphisme injectif
(o de Bmi dans /(/~//{0}!). En outre si on construit (p comme au 82 on voit que
tout x£B'ai vérifiant: Supp (X)Sk (J  Supp (y) appartient a (p(B'¥). Soit p

P (Bi,)

une semi-norme vectorielle sur B‘miy;Ksupposons que pour toute sous-algébre A de
BGLisomorphe a B0 il existe un idéal JAA {0} de A qui n’est pas p-partout dense

dans A. Quitte a réduire Jn on peut le supposer premier tnljl (JAf ne Peut étre

réduit a {0} car sinon A + posséderait une partie dénombrable coinitiale|. On pourrait
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alors construire par récurrence deux suites (A,,) et (J,,) de sous-algébres de Bai vérifiant
pour tout n (la notation Dpdésignant la /*-adhérence d’une partie D de BQll): A1=B">;
A,,est isomorphe a Bai; J,, est un idéal premier de A, " {0}, AHHIQJn; Ang
() XEA,, si Supp (X)E (%nSupp(y). On pourrait alors construire une suite

(x,,) d’éléments de BHQtelle qﬁe I’on ait pour tout n:xnCA,,; x,,$Jp d’ou a fortiori;
xni Ap. Pour tout n on associe a A,, et J,, I'application fJn de A,, dans lui méme
définie de la méme fagon que dans la démonstration du lemme 2.5. On a alors:
xn-fjn(x,,)e,, d’ol fjn(x,)eA,, fin(x,,)iAp+l Posons: yn=fjjx,,). Pour tout

y€Supp(y,,) et pour tout <5$Supp (yn+i) on a évidemment: y<0 et IJ Supp (¥,,)

est une partie bien ordonnée de [G"]+.s désignant de méme qu au §2 de [10]
I’espace vectoriel de toutes les suites réelles et Smle sous-espace de S formé des suites
dont tous les termes de rang *m —\ sont nuis, on associe a tout élément X=(A) de

S I’élément Y (X)deB'ai défini de la fagon suivante: P (X) (2)=0 si ai IJ Supp (Y,»);

'P(X) (d)=X,,y,,(@) si aCSupp (y,,) (J*)]* étant identifié comme |nd|que au début
du 82 a un sous espace de I’espace des fonctions de j dans R a support bien
ordonné). West bien définie sur S et c’est évidemment un morphisme injectif d’espace
vectoriel ordonné de S dans BCH D ’autre part si X=(f,) appartient a Smon a:

Supp IP(1)™ 1) Supp(>>,) d’ou: 4 (MCAmM; em désignant pour tout m la suite

dont le nf terme est égal a 1et dont tous les autres termes sont nuison a: 4'(em=ym.
Posons g=po4/. On voit alors que pour tout m I’espace Smne serait pas inclus
dans la ~-adhérence de <mtl et ceci est impossible d’apres le lemme 2.4 de [10]. Par
conséquent il existe une sous-algébre A de BLlisomorphe a Blltelle que tout idéal
distinct de {0} de A soit /i-dense dans A. Soit p une norme d’algébre sur A, A une
sous-algébre de Bad associée a p comme ci-dessus et g un morphisme injectif de Bai
sur A\ po<p définit sur BW une structure d’algébre normée topologiquement simple,
ce qui démontre le théoreme.

Added in proof (November 1, 1977). Aprés avoir soumis cet article j’ai montré
dans [31] et [32] que I’algébre de convolution Z-*(0, 1) possede des sous-algébres
isomorphes a la «complexifiée» cai de BOH Compte-tenu du théoreme 4—2 ceci
permet d’obtenir moyennant I’hypothése du continu des homomorphismes discontinus
de A(K). Dales a également construit dans [29] des homomorphismes discontinus
de WK) par des méthodes trés différentes (on trouvera un résumé succinct de nos
deux constructions dans [30]). D’autre part R. Solovay nous a fait savoir q’uil
a montré que tout homomorphisme de %>K) est continu pour certains modeles
de théorie des ensembles (incluant I’axiome du choix) dans lesquels I’nypothése du
continu est fausse.
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GENERAL. MOVENT AND PRCBABILITY
INEQUALITIES FOR THE MAXIMUM PARTIAL SUM

By
M. LONGNECKER and R. J. SERFLING (Tallahassee)l

1. Introduction. For random varilglbles XX, ..., X,,, not necessarily independent
or identically distributed, put Sn=]1£Xi (S0=0) and XIn—jmax \Sk\ The main
result of this paper establishes effective bounds on E(M*) in terms of assumed
bounds on E _j ka, for v>0. The functions defining the bounds are required to

i
satisfy certain mild structural constraints. The only dependence restrictions are
those, if any, implied by the assumed bounds.

A secondary result provides an analogous maximal inequality involving exceed-

ance probabilities P{M,&A} and P instead of moments. For the

majority of applications, this secondary form of maximal inequality suffices. Two
exceptional situations are mentioned in Section 3.

2. Some general maximal inequalities. As a preliminary, we define for each
pair v>0 and y> 1 a constant Av>r First, given v, we introduce the function

(2.1 VW =71 (B) *-<;#HM 1 () x-"\ x> o,

where h is an integer defined to be v—1 if v is an integer and [v] otherwise, and
e=v—h. This function will play a role later. For the present, we note that wv(x) 10

as so that, since 1 is assumed, there exists a minimum value B=Bvy
satisfying

(2.2) 2+B-1+wAB)"2>.

Define

(2.3) ny'y= 2yBvy.

In obtaining AMV from (2.2), the identity
1+x 1+ wv(x) = (1 + je_IN), (1 +x~eh)

is useful. However, in most applications, what is important is not the actual value
of AMy but rather the feature that it is a universal constant depending only on v
and y and not upon properties of any random variables under consideration.

1 Research supported by the Army, Navy and Air Force under Office of Naval Research
Contract No. N00014-76-C-0608.
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Theorem 1. Let X1,...,X n be arbitrary random variables. Suppose that for
constants v>0 and y> 1,

(2.4) E w@(ij)Y (all 1Sisjs w),

where g satisfies either

(2.5 g(i,j)+g(j+1, k) Sg(i,k) (@l 1SiSjSkSn)
or

(2.6) g(i,hlg(l, n) & (j-i+1)/n (all 1SiSj S n).
Then

2.7 £E(m;)5N0 ,[?(M)I,

wAere is given by (2.3).

The choice of g may depend on the Xfs and typically does. The example
g(Uj)=c ZIJ where of is the variance of Xk, and c¢ is some constant, satisfies
(2.5) and arises in many applications. Varieties of such g functions are discussed
in [8] and [5], and, for the important case of g (i,j) of the form Z] uk, in [1].

Theorem 1 is an immediate consequence of the foIIowingI two lemmas. The
first reduces the problem to the case of g(i,j) of the form ZJ uk> and the second
establishes the theorem for this special case. I

Lemma 1 (Reduction). Let the nonnegative function g(i,j) satisfy either (2.5)

or (2.6). Then there exist nonnegative constants uk, such that
2.8a =

(2.82) g(l. M= 72

and

(2.8b) g(i,j)= kZ:i uk-

Proof. For the case (2.5), take t/j=g(l, 1) and uk=g(\, k)-g(\, k—1),
2sk”n. For the case (2.6), take uk=g(\,ri)jn, 1"k"n.
The first case of this result was originally noted and discussed in [5].

Lemma 2 (Special case). Let XKk, ..., X,, be arbitrary random variables. Suppose
thatfor constants v>0 and y>1 and nonnegative constants uil,...,u,,,

(2.9) - @l 1~ inj~ .
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Then
(2.10)

where AV is given by (2.3).

Proof. The theorem holds trivally for the case n=\. Make the induction
hypothesis that the theorem has been established for all integers n satisfying 1*n<N.
Let us show that the theorem follows also for n=N. Following the approach of [7],
we deal with MN by partitioning the Xt’s into two sets, (X1 Xm and
{Xm+l, ..., Xy}. Inchoosing m, we depart from [7] and incorporate a device from [1].
Put u=ul+ ... +uN and define m to be the smallest integer such that %uLLur+ ...+um.
Then

(2.11) I<l+ 4+, 20« and umtl+...+uN”iu.
Define
Li = M,n-i = gpjax_q\Sk\
L2= ARERy |Sr Sj.

For I"n”~/n-1, we have |5nv*M~_1=Lj’. For m”~n”~N, we have, recalling
the representation v—h+e given with (2.1),

BJ>S (|5h+L2va (|5mietILI)(SM+£2 = 1SI+LL+K,

K:ﬂ B) Lj+ 44-4 [ (5)Lm4Jti+t.

M AL T+ LI+\SJ+K.
By (2.9), (2.11) and the induction hypothesis,

and

where

It follows that

E(LL) S 2~*Abru* (1= 1,2) and £|SJvSIiF.
Similarly, with the use of Holder’s inequality, we obtain for 0, 0 and r+i=v,

\yriv ( N V s/V

E\SJL\ 8 (EA\SMJNELir" 2 uk a*.]'ﬁU 2«
k=1 =m+l )

SiulA’ly(iuysy = [2-M v, ]sIViF.

Hence
E(K) sa 2~yAVtyuywy(2~yA \y).
Thus
(2.12) E(MS) si AyUy2 -y[2+2yA -+ W (2-yA\p)]
By (2.2) and the definition of AMY, (2.12) implies

s AV,

completing the proof.
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Let us briefly compare Theorem 1 (or Lemma 2) with previous results in the
literature. Under the conditions of Lemma 2, and allowing y=1, but restricting
to vsl, Birlingsley ([1], p. 102) gives

(2.13) E(Mf) ~ (log24riy[1 u,]".

In the case y>1 Lemma 2 improves (2.13) by replacing the factor (log24n)v by
a constant not depending on n. (The case y=1 is not subject to such an improvement,
as is well-known.) In a similar vein, under the conditions of Lemma 2, for vs 2 and
y=iv (thus also allowing y= 1), Serfling ([7], p. 1228) gives

(2.14) E{Mf) s (log22nMg(l, n)Y"\

Theorem 1 improves (2.14) in the same fashion that Lemma 2 improves (2.13).
Indeed, such an improvement was given by Theorem B of [7], but only under severe
restrictions on g and for a less suitable type of constant replacing the log factor.
The removal of the log factor is highly significant in connection with asymptotic
applications of maximal inequalities.

In typical asymptotic applications (some exceptions are discussed in Section
3) of maximal inequalities, it suffices to have bounds on the exceedance probabilities
P{M,,~X}, 7>0, rather than on the moments E(Mf). But then one may start
with mere probability inequalities for the partial sums, rather than the stronger mo-
ment inequalities (2.4). A fundamental result of this form, pertaining to the case

- J
g(i.j)= 2 uk> has been developed by Billingsley ([1], p. 94). His theorem, in con-
I

junction with Lemma 1, yields a generalization analogous to Theorem 1. Instead of
the constant 4, however, the constant used is

(2.15) Cwy = 2L+ [2-1/(w1>—2-v/(v+15]-v-1}

Theorem 2. Let Xly..., X,, be arbitrary random variables. Suppose that for
constants v>0 and y> 1, andfor all positive A

(2.16) P ”\Q_l'ix k =X\'s X v[g(/,y)]* {all 1—i—j —n),

where g satisfies either (2.5) or (2.6). Thenfor all positive 2,
(2.17) P{Mn X) 3= CuyA-vig(l, n)p,

where C\y is given by (2.15).
(The case corresponding to (2.5) has been noted in [5].) A competitor to (2.17)
follows immediately from Theorem 1. Namely,

Corollary 1. Assume the conditions of Theorem 1. Then for all positive X
(2.18) P{Mn" X) s zfv*A-vig(l, n)Y,
where AWV is given by (2.3).

For asymptotic applications, (2.17) and (2.18) carry the same force. However,
in the non-asymptotic case, the constant /1Y is evidently better than Cwy; for
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example, for v=4 and y=2, we have J14,2=401 whereas C4j2= 880,352. In fact,
even (2.14) can yield a competitive result for n sufficiently small.

Condition (2.4), which implies (2.16), is very broad in scope. Its most efficaceous
form pertains to the case y=£v, with v>2. Such results are developed and applied
in [1], [4], [6], [7] and [8], under weak dependence restrictions on X1, ..., Xn. Appli-
cations include tightness criteria apropos to weak convergence in metric spaces,
laws of large numbers, the law of iterated logarithm, and the almost sure convergence
of infinite series.

3. Further applications. Here we mention two applications in which a bound
on E(Mn) is needed and may not be pre-empted by implied bounds on P{M,,
One such situation arises in the theory of optimal stopping (see [3]), wherein an
important condition relative to the existence of an optimal stopping rule is that

3.2) ii{SnL/I\[? |SB/an} < °°

hold for a certain increasing sequence of positive constants {an}. As noted in [3],
it suffices for (3.1) to show that

(3.2) limit] max (% Ak < °°

n-oo

A second situation arises in the theory of stochastic approximation (see [2]),
in connection with the question of almost sure convergence of certain multidimen-
sional Robbins—Monroe procedures.
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ON APPLICATION OF THE DUALITY PRINCIPLE
FOR THE APPROXIMATION BY SPLINE FUNCTIONS
IN Lp-spaceEs

By

NGUYEN XUAN KY (Ha noi—Budapest)

1 Let J,, = {0=xo<x1<...<Xx,=1} be a partition of the unit interval with

the norm

Q) on = max (Xi-Xi-O-

Let us denote by 5(0, A,) the set of step functions defined on [0, 1] which have
jumps at the points x; (i=0, n). Let S(I, A, (/—L, 2, ...) be the set of functions
JEC]O, 1], restriction of which to (x(,xi+l) is a polynomial of degree at most /.

We consider the approximation of functions /(x) defined on [0, ] by the class
S(k, A,) in Lp-norm

Wp = £ / \f(x)\pdx}Hlp, 1
0

For /ELP (1 °°), and k~0, 1.... let

(2) « (1), =, inf I/—sip*

We know, that every /6L p (I"p<°°) can be approximated by functions of the
class S(k, A,,), thatis

3 Eft(/)p- 0 (W\-*0); k=0,1,...
(see [2)).

In the present paper we investigate the degree of the best approximation in
terms of the r,h modulus of continuity (smoothness), in other words we state a Jack-
son-type theorem. The proof of this theorem will be based on the duality principle.

2. Let L be a normed linear space, and let L* be the conjugate (dual) space of L,

that is L* is the space of linear continuous functionals defined on L. Let G be an arbit-
rary linear subspace of L, and

G+ —{gfL*: gOO = 0,y€G}.
For an arbitrary xEL, we have (see [4])

yiglef\\x-y\\L = fnax g(x).
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In our case by the theorem of F. Riesz we have (see [3])

4 A »_ A
B I/Ié:)ﬁell."SI' 9(1; PO (y)dx
where
(5) Sx(k, A,,,p) = {g€L,,: f s(x)g(x)dx =0 if sES(k, A, ~ +-1=ljj

First of all let us prove the following

Lemma 2.1. For any ogf Sx(k, An,p), 1 k=0, 1,... we have
(6) fg (t)ydths ~/pllgll4 (x£[0, 1]
Proof. Let
Il Osafsix
(7
and suppose X;< XX (+1 (xit xi+1£An). Let
N 04iSii
W0X0= 10 x(< 11,
1 04aisS X

t i
®l.x(0 = X:;(i+l Xt< t =X+l
0 xi+l< /"™ L

It is clear that sOtX(t)£S(0, A,,) and shx(t)ES(k, A,) (k—1,2,...). Furthermore
we have

(8) M,O-*n,(Ql,s el wo, 11, =0 0.
Now, for g£Sx (k, An,p) we have by (7), (8) and (5)

1 /g(tydt = 1V r,(0g(0*| = I/ [rx«)-*h,At)]g(t)dt\ ~

s 117(0-",*(Olipligll,™ eypligi4
(where jk=0 if &=0, jk—\ if &SI), which was to be proved. (6) is an analogue
of the Bohr’s inequality (see [1]).

Lemma 2.2. Let fcs0, m ™| Dbe given integers satisfying k+\"m. [ffisthem
times iterated integralfunction of f im)*L It then

9) E$(f)p” Q~'Unti (1
and
(10) < +1)(/)P~ enlpEZ+-mif)i (1" P<-).

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



APPROXIMATION BY SPLINE FUNCTIONS IN Lv-SPACES 137
Proof. For g£S*(k, An,p) let
G{x)= (;rg(t)dt ([0, I».
Since g(t) is orthogonal to the function ~(/)=1 we have
(12) G(0) = G(I) = 0.

If/is an integral function of f'AL " then we obtain by (11) and (6)

/noB(0*| A~ \m \+ \f G)f'(t) dt\ =
0 0

Therefore using (4) we have
A(ND)p ML, Emgxjl«(0/(0*|s el"U'Hi
Hill, Sl 0
which proves the case m=1 of (9).
For an arbitrary e>0, let ss(t)ES(k, An) be a function satisfying
[[I'-*,||iS (I + e)E £ (f\.

t
s*(0 = 6 sc(u)du.

Let

It is clear, that s*(t)£S(k + 1, An). Thus by the just proved case m=1 of(9)wehave
EIH\Nf)p=EIMU -st) SeW '-sJi é eilpd +e)" (/%
Since e>0 is arbitrary, we obtain

E( +4f)PAe 1pE 7 (f\.

Thus the case m=1 of (10) is proved.

It is easy to see that the case 1 of (10) follows from the case m=1 by
induction. Finally, the case 1 of (9) is a consequence of (10) and the case m —\
of (9). This completes the proof of Lemma 2.2.

3. Let /€£, (1S/koo). Denote Ahf(x) the r-th forward difference of /
with step h, that is

AJ(x) = 2 (-1T'IO))F(x+M (1S o).

Define

<, R(/. Sfay = w&qnmwmmepm

r>
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Theorem 3.1. Let kwO, rs| be given integers satisfying k+\*r andfELp
(1 °°). Then we have

(12) E<E(f)p” crasiP(f,

where

Proof. By virtue of Theorem 2.5 of [2], there is a function f*£Lp[0, 1+r]
suchthat f*{x)—{x) x£[0, 1] and

(14) (ar,pitxi Qo i+r] —AU,p(/> Haili 5= 0

with a constant C depending only on r.
We introduce the following function:

(15) (%) =

= (-ly-»n-"{/}, 40 (-1y--"(M)r[x+"(rl+...+/n] dtx...dtr,
h = \Awv>, *€[0, 1].
It is clear, that
fhr(x)-f(x) =

=h-{/ We-1r IO -1y -agp)fr [x+t(tae .+ 1\ dt
from which
(16) webr-fwp A ( O r h \ Or+]
follows. Furthermore using the formula

A'DFXX) = [{f}rfa x + t1+... + tr)dtl...dtrYr)
0

we obtain

[E>(*) = (-1T 1:- 2(-ir-> (j) (y) JIVI/*(jc).
Therefore
an H/ApAh-iG)(y)' A rwiipS

Finally, using (9), (16), (17) we have

E$>(N,S If-U P+EE(fp [I1+4 (') (y)]oonp(l, $*),
which, by (14), proves the theorem.
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Theorem 3.2. Let k™m be natural numbers. Iff is an m times iterated
integral function f lhfL1, then we havefor every I*r"k+ 2 —m

Enl (/)p- elpe>r,i(/(m>8!) (1S p< ).
Proof. This theorem is a consequence of the inequality (10) and Theorem 3.1.
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ON A CLASS OF LATTICE-ORDERED
SEMIGROUPS

By
1. SZABO (Budapest)

8 1. Introduction

In his paper [3], A. E. Laemme1 has shown that some classes of lattice-ordered
semigroups can be applied to the mathematical theory of codes and finite-state
transducers. In Laemmel’s paper, the set S of all join-irreducible elements of a lattice-
ordered semigroup T is supposed to be a subsemigroup of T, and it plays an impor-
tant role in the whole paper. In [4], O. Steinferd mentioned that this semigroup S
is a generalized Brandt semigroup. (See our Proposition 2.1.)

In [4] it is proved that there exists a matrix representation for generalized Brandt
semigroups, which is similar to the Rees matrix representation of completely 0-simple
semigroups. (See [4] Theorem 4.1 and [2] Theorem 3.5.) Hence the semigroup S
mentioned above also has a matrix representation. (See Corollary 2.2.)

The main purpose of this paper is to prove a matrix representation, similar to
Corollary 2.2, of the lattice-ordered semigroup T used by A. E. Laemme1 [3]. We shall
show that there exists a suitable lattice-ordered subsemigroup U of T such that T is
isomorphic to a lattice-ordered matrix semigroup over U.

§ 2. Preliminaries

Let (I'; », O J1, V) be a lattice-ordered semigroup with the following pro-
perties :

(1) 0 is the least element of the lattice (T; /1, V);

(2) 0 is the zero element of the semigroup (I"; °);

(3) (T; N, V) is a distributive lattice.
(See postulates 1—6, 9—11 of Laemmen [3].)

T will always denote a lattice-ordered (L 0.) semigroup with the properties
. @), 3.

An element a of a lattice L is said to be join-reducible if there exist elements
ax, a2in L such that

(2.1) a= (alt a2*=d).

If an element a has no decomposition of the form (2.1), it is calledjoin-irreducible.

A semigroup H with zero is called zero-cancellative if it has the following pro-
perty: if a, b, c are elements of H such that ac=bc?+0 or ca—cbh”0, then a=b.

Henceforth let S denote the set of all join-irreducible elements of the 1 0. semi-
group T. We assume that S is a zero-cancellative subsemigroup of T. (See postulate
12 of Laemmel [3].)
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Postulate 14 of Laemmer [3]: For each element a of S there exist elements
e,f of S such that ae=a and fa=a.

Postulate 15 of Laemmer [3]: For all pairs of non-zero idempotents et, in S
there exist elements @u, €® in S such that

(2.2) = Queldyl

For convenience, ®acan be defined as equal to e{.

A generalized Brandt semigroup is a semigroup H with zero satisfying the fol-
lowing conditions:

(@) A is zero-cancellative;

(R) for each element a of A there exist elements e,/of A such that ae=a and
fa—a;

(y) if e{and e3 are idempotents of A then eieJ=ejei;

(O) for all pairs et, e} of non-zero idempotents of A there exist elements qtJ, qj,
in A such that

(2.3) gijgji = et and qjiqij = eJ.
(See O. Steinfeld [4], where the following proposition is also taken from.)

Proposition 2.1. Consider the zero-cancellative subsemigroup S of all join-
irreducible elements of the lattice-ordered semigroup T. I f S satisfies postulates 14 and
15 of Laemmen [3], then S is a generalized Brandt semigroup.

Let A be asemigroup with zero and with identity elemente. Let M°(H; I, /1; P)
denote the Rees matrix semigroup over { with the sandwich matrix P=(pxi)
aen,w ,Puen).

Let B be a semigroup with zero and / , /2be left ideals of B. By a left translation
of /j into /2we mean a mapping @ of / into /2such that x(p£12, s(x(p)—(sx)g> (for
all x£f and s£B).

We say that the left ideals [, /2of B are left similar if there exists a one-to-one
left translation <pof Ixonto /2.

Dually we define the right similarity of right ideals.

By a special similarly decomposable semigroup we mean a semigroup B with
0 having the properties

@ B= U Bei= E]_eiB (= £> etej = 0 for i74j; i,jEI);
1

(b) for arbitrary i,j£1, Be, and Bej are left similar;

(c) there exists at least one idempotent ek(k£l) such that the semigroup
ekBek is O-cancellative.

Proposition 2.1 above and Theorem 5.1 of O. Steinfeld [4] imply

Corollary 2.2. Suppose that the join-irreducible elements of the l.o. semigroup
T form a zero-cancellative subsemigroup S of T. If S satisfies postulates 14 and 15 oj
Laemmel [3], then S is isomorphic with a Rees /X / matrix semigroup
Me°(elSel; 1, /; A), where elSel (O"ex”el; e/S) is zero-cancellative.
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§ 3. Preparations for the main theorem

In 883—4 we shall prove a matrix representation of the l.o. semigroup T, similar
to Corollary 2.2. (See Theorem 4.1.)

Postulate 8 of Laemmel [3]: Every non-empty subset of T has a minimal
element.

An element xt is redundant in a join if

*IVXjjV—Vx,, = XiVx2V...Vxi_IVxi+lV...VxB.

If no element is redundant in a join, the join is called irredundant.
A theorem of G. Birkhoff [1], p. 142 implies now

Proposition 3.1. Let S be the zero-cancellative subsemigroup o falljoin-irreducible
elements of the l.o. semigroup T. If T satisfies postulate 8 of Laemmel [3], then each
element of T has one and only one representation as an irredundant join ofsome
elements of S.

Let el be a non-zero idempotent element of S. Let (LS V denote the inter-
section of all V-subsemilattices of T containing elSel, that is, (elSejfi* is the
V-subsemilattice of T generated by elSel. Evidently, every element a of (e}Sej)y

has the form a~ V a, (aJEelSel;j=I,...,ri).

If S satisfies postulates 14 and 15then, in view of Corollary 2.2 and Theorem 5.1
of [4], the subsemigroup S of all join-irreducible elements of T can be written in the

f S=UetS=|J Set=U U et$ej (e,e,=0 if iVy)-
orm_ ide i|d e idjde$ej (e,e if ivy)
First we prove

Theorem 3.2. Let S be the zero-cancellative subsemigroup of all join-irreducible
elements of the l.o. semigroup T. If T satisfies postulate 8 and S satisfies postulates
14 and 15 of Laemmel [3], then (el5elv is a sublattice and a subsemigroup of T.

Remark. This means that (elSely is a l.o. subsemigroup of T.
To the proof we need

Proposition 3.3. Consider any two elements a, b of

=T YaSeT iy oS

Assume aZeiSej, bEekSet (i,j, k, IEl). If i~k or j*l, then al\b—O0; if i=k

and j=1, then aAb— \‘/13m> where sm6e{Se} (m=1,..., ri).
m=
Prga-of of Proposition 3.3. Since a/\b£T, from Proposition 3.1 it follows
al\b=V GCESS; m=1, ...,n). If a~e”, bfekS; i,kEIl; ik, then, since
m=1

a= a\/ (aAb)~a\J | V jm| for eachy in/, jVi, we have O:eJa:eJavlm\_/lejsm\:

= V ejsm, therefore sm8ejS (jfj, i"j, m=\, ..., n), thatis, smetS (m=1, ...,n).

771=1
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Similarly, b=b"\J(af\b) implies smfekS (m= ). Since ekSC\etS=0 if
k™i, therefore im0 (m=1,...,n), whence aAb=0.
Similarly, if a£Sej and b£S|§I, O, /€/;y X/), then a/\b=0.

If a,b”eiSej, then af\b= \Jlsm, where sm6etSej (m =\,...ri).
M=

Proof of Theorem 3.2. By definition, (c15elv is a V-semilattice. Consider any
m n

two elements a, b£(elSel])'/. Since a= V b=\J bj (afelSel; i=I, ..., m
L

J=1
and bjZelSel;j= 1,..., ri), by Proposition 3.3 we gejt
\' /' n \ m n
Va)r VM = v V (aMjK"Sen.
(=1 ' Vv=1 7 i=1j=I
elSel is a subsemigroup of the semigroup 5, therefore
\' /' n \ m n
(\“/ 4 V bj] = Va’rjt*Sey.
i=1 Y Vvij=i 1=1]1=1

By Corollary 2.2 Ss* M “e”ep, /,/; d) holds. Let ~ =1f?((elSedV;/, /; N)
denote the set of all /X /-matrices over (eLSA)v having only a finite number of

non-zero entries. Consider any two elements A=(aiJ),B=(bij) (fly, Aelv;
ija) of 4. We define the following three binary operatoins on M\

(3.2) AVB = (ayVbij);

(3.2 ANB = (liyAfey);

(3.3) AoB = (\I{ aikbkj).

Since (elSel)y is a l.o. semigroup, from Theorem 3.2 we get the following

Corollary 34. A =R((elSedy\/,/; M) is a lattice-ordered semigroup with
respect to the operations (3.1), (3.2), (3.3).

8 4. The main theorem

Theorem 4.1. Consider the zero-cancellative subsemigroup S ofalljoin-irreducible
elements of the lattice-ordered semigroup T. If T satisfies postulate 8 and S satisfies
postulates 14 and 15 dL aemmel [3], then there exists an isomorphic mapping ® of the
l. 0. semigroup T onto the l.o. matrix semigroup M.

For the proof we need the following

Lemma 4.2. If AAIMfjer Sefifi;/, I; /1), then the matrix A has one and only one
representation as ajoin of Rees /X / matrices over the semigroup elSel.

Proof of Lemma 4.2. Consider the matrix A£a2. By definition, A has finitely
many non-zero entries ttJ (itJ6(elSelf ;i,y€/)e Let Ttj denote the /X / Rees
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matrix (fy)y over {e"5eXv. Then, evidently, A can be uniquely written in the
form A:ﬁ\réteTij~ﬁr\1'/te(t'j)ij' where the tu are all the non-zero entries of A.

On the other hand, since ty€(elSelv, by Proposition 3.1 the element ttJ
can be uniquely written in the form
n(i,)

tu= V 4"
where
n(/,f) . .
Hence TtJ= kyl K ’J> where AKi£M°(elSel;l, I; A), therefore the matrix
A has one and only_one representation as ajoin of Rees matrices over the semigroup

elSel, thatis, A=V V
finte =1

Proof of Theorem 4.1. From Corollary 2.2 it follows S= M°(elSel;l,/; A).
Let g be an isomorphic mapping of the semigroup S onto the matrix semigroup
Me(elSel;/, /; A).

By Proposition 3.1 every element t of T can be uniquely written in the form

(4.1) t=V.,s (SIi€S).
i=1

We define a mapping ® of T into LUas follows:

(4.2) i\=/I 0tV) (esn).

In view of Theorem 3.1, if tES, then &&=
Now we show that the mapping @ defined by 4.2 is one-to-one.

m
From Lemma 4.2 we get that if BC/?((clSe])v;/, /; A), then B=V By
(BJEMO(elSe1; 1, 1; A); j=1,...,m). Let X' be a mapping of M into T suclﬁtlhat

(4.3) BW = V (Bj<P-1) = V §j = u£T.
1=1 1=1
From (4.3) and (4.2) we get

BY)D = (v (B;?"))d=[V Jy)d=ud =

=Vw = Vv @By»1?)= VvBy=B

Similarly, we get I®1P=I, therefore W is the inverse mapping of &.

Therefore @ is a one-to-one mapping of the l.o. semigroup T onto the l.o.
matrix semigroup 3$=R((elSedv;I, I; A).

Now we show that ®isa homomorphism with respect to the operations V and o.
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Consider any two elements tx 1, of T. By Proposition 3.1 the elements tx, t2

can be written in the form: tx= V si> h~ si (StES;i=1,
:n+1

Then from Corollary 3.4 we get
[fIV/J* = szl S))V(J V 5 ,)]q) = R)él S’:!] ¢ = i\:/lst<p:
= |_\_[I (si<.>)J “ [j:\n/+l (SJ<P)J = HO\1 D\
T30 3 (e T = LY m_}{+, (MNe= v, v sl =

n m
¥ Y [0 CIP =1V Gi)lo gy, Cyd)] = b®ord.

We have to prove that ®is a homomorphism also with respect to the operation
N. For this end we need the following

Lemma 4.3.1f a,b£S, then a®dAbd=(aAb)P.

Proof. From the proof of Theorem 5.1 of [4] it follows that for each pair of
indices /,_/£/ there exist elements qu, qn, X gn suchthat giiqu=ei,gnalj=ej
and quqi\=qijgfl.=ex, furthermore if a("etSej then ad=acp~(gnagn)ij is an
isomorphic mapping of S onto M°(elSel;/, /; A).

If aZeiSej, bdekSet and iVk or j*l, then af\b=0. (See Proposition 3.3.)
Hence (aAb)®=0 and a®=(gliaqjdij, bP=" W)kl (iVfc or yV/) imply
ad®Ab®=0. Therefore (aAb)d=ad®Abd. m

If a,bfeiSej, then by Proposition 3.3 aAb:n\llzls,nE(eiSeJ)v and ad=
=(quagd)ij, bd="ubqjlij and

L e (=

m=1 om=l
= [du (¢ vrmijiyi) = (qu(aAb)gn)ij.

We shall show that quiaAb)gjl=qliagiXAgq*bg”.
a) We know that S is a zero-cancellative semigroup, so if gac”0, then
c<d (c, dEelSel implies qgixc"qixd (because gnc=qnd?+Q implies c=d).
Similarly, c<d implies qi\Caxj<gqixdgx} (if qgilcqlJ9 0).
R) aAbllla implies qli(aAb)gjl”~qliagjl and aAb”b imply qu(aAb)gn”
—qubaqji, therefore
tfiilO Ab)?,! S qiianiAququl.
(n \
v sml gn ql}= v (gnqusmgjiqij)= v sm=
m=1 m=1 m=1

=aAb.
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S) Assume glt(aAb)gji<quagn A ;bgjl, then
aKb = gnqu(aAb)gXgx < n
= gaquagn qijAgaqubagn q3 = aKb.
This is a contradiction, therefore

quidKb) gn = giiagn KgnbgjX
Hence

a®Kb® = (quagjJijHqubqjJij = {g”~agq”Kg”™bq”j = (r1anbranro-= (anb)o.
Now we can finish the proof of Theorem 4.1:

fxK th = @Lh\_/:ls)a\ijz\n/+I SN =1V V. (5N5) =

Li=ij=n+1

n T
= V V KslA®)D] V V BO/13,9] = V V [Sj’\ASjiP]:
*=lj=n+I

- i=lj=n+1 i=lj=n

_V L_ S}-cbv]l = AON1?20.

I am thankful for the help given by Prof. O. Steinfeld during the preparation
of this work.
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ON THE DENSITY OF QUOTIENTS OF LACUNARY
POLYNOMIALS
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Let 1-—x=nm2<.. and l=mil<m2<... be two sequences of real numbers
tending to +oo. Let [0, °0] be the compactified positive half-line; CJ[0, 1] and
C [0, o] denote the spaces of complex-valued continuous functions on the corres-
ponding intervals, supplied with supremum norm.

We proved in [1]

Theorem 1. The set of the quotients
2 ajx"
@))] Ux) = Lii-------
2 bjX"j
1=

(s arbitrary integer, aj,bj arbitrary complex constants) isdense in C[0, 1] considering
only the h(x)’s bounded in [0, 1].

(In fact we stated this result for real-valued functions but the proof works in the
general case too. Also we can restrict the bfs to be positive real.)
Now we shall prove

Theorem 2. Assume thatfor an integer jO {nj}J>jo and {mj}J>j0 are disjoint
sets and their union (as a monotone increasing sequence) has Hadamard gaps. Then
the set of quotients

2 aixmj
() (%)= * T

(s, Oj, bj arbitrary) is not dense in C[O0, 1].
Lemma 1. Let O0<pl*p2<... be a sequence of real numbers satisfying the con-
dition
(3) Pk+i/Pk » 4> 1 (fe= 1,2,...).
Then for each large enough integer r

2 akgke w ' - .
4 \ZI%iklzsé = q ydy7BZk=|kI.
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holds, where s and the complex aks are arbitrary; gk is defined by
(5) gk = gk(r) = (fe=1,2,...).

Proof of Lemma 1. We have by integrations by parts

(6) O/ 6 Py? dy - g (P: o).

(5) and (6) yield

@ = 1 qke~Pogk e~peyyrdy = lepkp"j”l
Pk+Pk-

(k, k' arbitrary). In particular

8) ckn=1 (fc=1,2,.)

is valid.

It follows from (3) and elementary considerations that

2UPkPK' _ 2ig'K~k'

k, k' arbitrary).
Pk+Pk- ~ 1+?22%'-*1 ( y)

©

Applying Jensen’s inequality with respect to the function ml€¢—d we obtain

1+qk~k _ fleiv s

il

= Em

7), (9) and (10) yield

(7). 9) and (10) yie DI

() ck,k NO (k, K" arbitrary).
We show that the assumption

2 Uu+iJ “ 5

implies (4). This will complete the proof of Lemma 1. We have by (7) and (8)

13) , 2 yrdy=2\aki+ 2 - (akak+akak)ckik.
= A ‘Ag

kck

Here \akak + akak\ts\ak\2+\ak\2, thus

(14) 2 . Oke(akak +akakM = 2 bl 22 ckk

I"k< k'"s
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holds. We obtain from (11) and (12) that ck and so

(15 Noe = 1.2....»).

(4) follows from (13), (14) and (15).

Proof of Theorem 2. Let A>0 be an arbitrary fixed number outside the set
{ntj— We state that

2 aje m

(16) Maxg A =1 s e

2 bje-

J=1
cannot be true if e is small enough. Theorem 2 follows from this statement and the
change of variable x—e~y. The sequences {n}‘=x and {Ty}=1un {«y+A}“=i
have Hadamard gaps, therefore we can choose an r satisfying the statement of
Lemma 1 with both of these sequences. Suppose that (16) and the normalizing
assumption

, 2 bjen ydy=1
0’) 0 1 j-€ 17 ydy
are true. It follows from (16) and (17) that
(18) /o2 2 aje~my Y'dy S €2
0o J=

We have by (17), (5) and the second inequality in (4)

1 Ib I2r!
(19)
(18), (5) and the first inequality in (4) yield
\bj\*r\
(20 hij+ixy*1° *2

It is obvious by O~*n”rij (j=1,2,...) that

r2n VL 1 212N L
K APV YAy

We obtain from (19), (20) and (21)

1 (2r+22)'4

(22) 3-1 2«8 J £

which proves Theorem 2.
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Remark. Originally we could prove Theorem 2 only for sequences with Hada-
mard gaps large enough. G. Haldsz has suggested to use weight functions in the L2
method. Also he has noticed that the L 1 method works too if we replace Lemma 1by

a theorem of Zygmund (see [2], p. 194).
P. Taran [3] raised the following question. Let g(y) be a fixed real function

for O . Do the quotients

2 ale-njVv+aw
(23) O
_2_1h;e-r]' A +5W)
(dj, bj complex constants) form a dense setin C[0, °°]? J. Korevaar [4] investigated
the corresponding problem in the case of the polynomial approximation.
We define for each A/>0 the set

(24) t> 0,4 90)0CQ ap,

Theorem 3. Suppose that for any y>0 there exists an M=My such that ¥Ym
is dense in the interval [0,y]. Then the set offunctions h(y) in (23) is dense in
C[O0, »].

Proof. We make a modification of the argument in [1] and do not detail each
step here. Let /€EC[0, °°] and e>0 be arbitrary. We choose ji>0 so that

(25) +0gy>yi implies \f(y)-f(01l< e
The integer s and the nodes ¥Yx"Yr" mmm>s—0 can be chosen so that with M=Myji
(26) yYrYm  (2~q —s-1),
and
(27) VO’)-/IGOI< £(1-e-1Um) (y41N ¥YS yq, 1™ g™ s-1).
Lemma 2. For suitably chosen integers 1=ji<jz< and complex numbers
1—d, c2, ..., cj_!
2L K) ckek(y)
(28) m - 'S (S ys +o009g=1.2,...,5-1)
k2=10<eK(Y)
holds, where
ek(y) = as fcs 5 ).
We introduce the notations
2 f(yk)ckek(y)
K(y):Pq(y) ------------------ (1S9SS-1).
Qq(y) k2:10kek(y)
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For g=s—1 (28) yields
mné%oo /O 0-/is-i(y)| < £

Here h(y)=hs-x(y) is a quotient considered in (23), thus Lemma 2 implies the
theorem.

Proof of Lemma 2. We shall define cl,j1,¢2,j2,...,cs-1,js-1 successively
so that for gq=I, 2, ..., s—1 the relations (28),

(29) Qa(y) 9*0 (0 <y «=+»)
and

(30) I/(VL>-fc,(Li+L>I<e(l-e-UM
will be valid.

In the case g=1, c”O yields (29), furthermore (25), (27) and hl(y)=1(y)
yield (28) and (30).

Let us suppose that \*gq<s, and ck,jk (k=1, 2, ... g—I) have been already
defined so that (28), (29), (30)are true with g—I in place of g. We put cg=Qg- 1(yq)
and choose an njq large enough. Then (28), (29) and (30) will be valid for g too.

Namely, suppose that 6 (0<<5<yqg—yq+i) is fixed. Then \eg(y)\ can be made
small for y”*yqg+06 by choosing an nJy large enough. Thus the induction hypothesis
will imply (29) and (28) for y~yqg+d. ‘\eq(y)\ can be made large for y=yq—38
so that (29) will be true here. Moreover (27) will imply (28) for yg+l1*"ySyqg—5
and (30).

It remains to prove that there exists a $depending on/ and hg-x such that
(28) and (29) are true for yE[yg—3H yq+S] independently of the choice ofjq.

Proposition. There isa <5]>0 with the property
(31) li+e-*(0-y)+i(e(y)-i0) >+
(x arbitrary real number, \yg—y\*S1J).

Proof. We may assume 8l<e~1M and by (24), (26)

lg(y)-g(yel < M\y-yq (\y-yq. <)

Thus the left side of (31) is greater than 1 when and (31) holds

2M\y—yq\
in this case. In the opposite case

1—e-x@-3v|] 1 > 1—e"i/Mt A

is true for 8Xsufficiently small, therefore (31) holds again.
Now we choose a 82, 0<62<d1 with the following properties:

(32) St (\y-yqsai)
(33) P-i(y)-Qei(y)T(ya e(l1—+eAa]JI\/D (\y-yars 8J.
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By the induction hypothesis cq=Qqg- 1(yg~ 0 so (32) is possible because of
the continuity of Qg-X (33) follows from (30) applied with g—1 in place of g
and from the continuity of the function considered.

The Proposition applied with x=n]q implies

(34) \I +eq(y)\ > <"+1— (\y-ya\rS 02.
We have by (32) and (34)

@) U Qriy)rean) s ey)a-1n- WO -y

(b-y«l & £9),
therefore QJy)”~ 0 for \y—yq\*62. According to the definitions

Pa-1(y)-Qq-I(y)f(yo

h(y)-/(v)= Pg~1" ~ ~ 1 N = s 2
q(\X/ j qg Q4(y) Qa(y)
hence by (33) and (35) we obtain
(36) \ha(y)-f(yg\ < (\y~yq\” S2.

The existence of the required O follows from (36) and from the continuity of/
at yg. Thus Lemma 2 is proved.

Remark. The assumption in Theorem 3 does not imply the continuity of g.
If g is continuous then Theorem 3 concerns the uniform approximation of con-
tinuous functions along the complex curve {z:z=y+ig(y), 0*y< + °°} by quo-
tients of the form

Z aev
j=1

I bje-V

j=i
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SOME REMARKS CONCERNING IRREGULARITIES
OF DISTRIBUTION OF SEQUENCES OF INTEGERS
IN ARITHMETIC PROGRESSIONS. IV

By
A. SARKOZY (Budapest)

1 Throughout this paper, we shall use the notation e(a)=erbh where a is real.

Furthermore, we shall write f(N)<ztg{N) if there exists an absolute constant c
suchthat |/((V)|=c|g(Ar)| for N=1,2,....
In [4], K. F. Roth proved the following theorem:

Theorem 1 (K. F. Roth [4]). Let N be a natural number and let Jf be a set of
distinct natural numbers not exceeding N. Let us write

=N-1 2 1

andfor every natural numbers m, g, let

Yq(m)— A ~4 A I)Z
o Ih'ﬁm%q) Hw(@@
Then, for all natural numbers Q,
<*) q2:1l+ 1mgl \/t(m)+Qq:2l V,(N)» 1(1-h)Q2N.
This theorem implies
Corotiary 1 (K. F. Roth). Let N, Q be natural numbers for which Q”*Yn.

For any sequence Jf(c {1, 2, ...}), there exist positive integers g, n(*N) and integer
h such that qg=Q and

2 | /\2/\ 1-4 /\2/\
@ n:lh{r]m'da) nzh(pmé\l

(In fact, (1) says that (2) holds on average.)
Choosing Q=\_Yn\, we obtain

Corotlary 2 (K. F. Rotnh [4]). For all natural numbers N and sequences Jf,
there exist natural numbers g, n(sN) and integer h such that 1~ ¢S N and

nzlé\@&yq)

]4»|r||l riN 1
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K. F. Roth, S. L. G. Choi, M. N. Huxley, H. L. Montgomery and A. Sarkdzy
have extended these results in various directions. In particular, K. F. Roth proved
the following

Theorem 2 (K. F. Roth [5]). Let K be a positive integer and suppose that the
integer N satisfies

3) N > (10/)7.

Thenfor every set slt s2, ..., SN of N real numbers, there exist integers n, g, satisfying

(4) ldana n+(k—1)qg S. N,
such that

K—1
(5) i2:0 sn+ig 10 kN-1

(For further details and other references, see [6], [7] and [8].)

The aim of this paper is to elaborate the “modulo p analogue” of this theorem
(i.e. a lower estimate of type (5) for periodic sequences with period length p) and
to show that in this way, we may obtain a lower estimate for character sums. For
this purpose, we need a slightly modified and more precise form of Theorem 2.

2. In this section, we shall prove the following

Theorem 3. Let N be apositive integer, Q apositive integer satisfying

(6) RE§2.

Let sx,s2, ..., SN be aset of N complex numbers. Let

and st—0 for i=0,-1,—2,... and i=N+1 N+2, .... For every integer n and
positive integers q, k, let
D{n, q,k) = s,,+sn+t+S'+ig+ ...+s,,+k- 1q.
Then
N

@) 5 2  \D{n, q Rj)R

9=1n=1-(Q1-1)q

Corollary 3. Having the assumptions and notations in Theorem 3, there exist
an integer n and a positive integer g such that

(8) 1~ g"Q
and ’

o PC.QuEA[] (N T w-
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Corollary 4. If e>0, N>NO(e) is apositive integer and M, s2, SN is a set
of N complex numbers then there exist integers n, g such that 1S g S tjN and

(Note that, by (3), Theorem 2 would give an estimate of this type only with
N 1,u instead of N1/4 on the right hand side.)

Proof of Theorem 3. Let us write

F(8) = QZ e(jB)

and
\ 4o
S(a) = F%z 15,,e(noi): 2 s,e{nd)
—00
(note that
(10) 5,=0 for n<1 or n>N).

Following Roth’s method, we start out from the integral

1
E= f 2 \F(ga)S(a)\2da

9=1

As Roth showed (see (11) in [4]),

2l \F(ga)\2~ {nl R ,%2

«=

Thus Parseval’s formula yields that
= AR = i
(11) E (; |S(a)|%gl \F(qd)\2da i EI)) f/ |S(a)|2da \Gn q\) 3 Isj2

On the other hand, again by Parseval’s formula (and with respect to (10)),

Bi-1 N
(12) E=1f 2 \F(qd)S(a)\Zda —2 f 2 e(jgx) 2 sne(nx) dr=
0o 91 94 7=0 n=1

Q [ RFEQO11DPOrm®i-1 \
= 2 f 2 2" ) e{ma) da=

9=1 0" m—1 Vi=1 )

Q } Y+(0x1)9

2f 2 F>m-(Q*\)g, q,QVe{ma) da=

9=10 m=1
Q A+IQj-I)? Q N
2 21 \E(tn-(Ql-1)q, q,Qi))2 =2 2 \D{n,q,QR)\2
m= q

=In=1-(R,—l)e

9=1

(11) and (12) yield (7).
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Proof of Corollary 3. Let us write

D= nwiQ  \D(n, q, 6i)|.
1~6j—Hg"n"N
Then for the left hand side of (7) we have

(13)

92__1m:|_801_|)9\D(n,q,Qd\M*D>9:2111:l_«2?!_1)9 1=2>20( "V +(Bi-1)?) =
= (Ne+(gx-i)g(g2rl)) sM 0N+ iy -i)-" -) ==Ak(ny-"-].
Combining (7) with (13), we obtain that
(4, B (W+A )B (! B1)!J |s|.

It follows from (14) that there exist n, q satisfying (8) and (9) which proves Corol-
lary 3.

Corollary 4 can be obtained from Corollary 3 by choosing Q=\_Iiv].
3. The modulo p analogue of Theorem 3 is the following:

Theorem 4. Let p be any odd prime number and ..., t_2, f_1910,tlt t2, ... an
infinite periodic sequence of complex numbers with period length p, i.e.

(15) tu=tv for n=v (modp).
For every integer n and positive integers g, k, let

F(U, q,/@ tn4'tn+q~\~tn+2q4‘ ‘bn+(k—l)q .
Then

Corollary 5. Having the assumptions and notations in Theorem 4, there exist
an integer n and a positive integer g such that 1~ gqS p—1 and

Proof of Theorem 4. Let M be a large integer, and let us apply Theorem 3
with N-Mp, Q=p-\, §= h,s2- t2,...,sN=sMp=tMp. (Then (6) holds tri-
vially.) We obtain that
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Obviously,

D(n, g, k) = E(n, q,k) for 1S nS n+(k-\)g ~ Mp,

and by (15),
E(n, g,K)= E(m, g, k) for n = m (modp).

Finally, if we put

T= max
1=1,2...p

then
\E(ji, q, ©)| = &, + t,+q+tnhg+ ... +tnHk DNS kT

159

and in the same way, \D(n, q, /c)) KT for every integer nand positive integers g, k.

Thus the left hand side of (17) can be estimated in the following way:

p—i M p

(18) 2. 2 3 \D\n,q,
“Clr Pyl
P-1 »—1\2 P~IM2. 29 P-1
=2 2 + 2 2 \D\n,q, +
SIS
P-1
+ 2 gj D\n,q,2-2

o=1 p—3
4 n=Mp-!-— q+1I

p—3
p-i o /In—1\a p=i M>-4r9, po1
2 -V- ITYy2z2 2 \D|£n +
4=1 A=1- P 34 * 4=1 n=1
P-1 :
+ l I I I ]2
(=1 n—Mp———E————<—9+1
p —3
Mp-"— g
2W » A

N

S 2 p-PP2T*+ 2 2 \E\n, g, - iq + 2 P-P-P2T2=
g=L 9=1 n=1 | I a=l

5% 2 e P opsT2

= + =

9=1 m=0 =1l mp=+n. g P

AN p-i ' +2psT2
= 2, 24 2)E\N.0, +2p5r2—M92 2\E\r|ﬂ> +2p
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The right hand side of (17):

19) Z\t,np+mi

\'n ) m=i VTl n=0 m=1

- M, )‘v&o n2=1\tml2- M

(with respect to (15)).
By (18) and (19), (17) implies that

Let us divide by M\

U 2-
This holds for M arbitrarily large which implies (16).
Proof of Corollary 5. Let us write
E -~ W@Xp
I"q p—
Then for the left hand side of (16) we get
p-i p I« n—1)» p—1 p
(20) 2 =2 2f£!'=pp-i)P.
(16) and (20) yield that
p(p-I)E"I"] ftmi\
Hence v =
which proves Corollary 5.
4. As A. Reényi remarked in [2], a lower estimate for character sums can be ob-

tained by applying Parseval’s formula for the Fourier expansion

. A : . .

s\}? r12=i7 l\lﬂI sin27mx for 7 (_jy = +j

00" 204792 YW osonnx for z(-1)= -1
U ,ti n

I"anD

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



DISTRIBUTION OF SEQUENCES OF INTEGERS IN ARITHMETIC PROGRESSIONS. IV 161

where D is a fundamental discriminant, %a character modulo D different from the
.. RVD L. .
principal character %9, and a0= --—--- ﬁ--L(I,x) (see [1]). Reényi formulated this

estimate in the following way:
Theorem 5 (A. Rényi [2]; see also U. V. Linnik [3]).

D
i 12 Is I;nsafx|| nZ:]_X(n)
However, it seems that in this way, we may obtain only a slightly worse constant

in place of j/y”~ « Namely, the correct form of this estimate seems to be

Theorem 5'.

<> N AL

We are going to show that in the most interesting case when p is a prime number,
Corollary 5 yields a better estimate (better constant) for sums of type |x"%"y xfn)\

than the one in Theorem 5'.

Theorem 6. Let p be any odd prime number, %any character modulo p. Then
there exists an integer x for which

(22) 2 X(n) n

Proof of Theorem 6. Let us apply Corollary 5 with tm—i{m) (where
/«=0, £1, +2, ...). We obtain that there exist an integer n and a positive integer
g such that

(23)
and

P ila
24 i . = — 7)1
(24) Linog )| =120 xtatka) = Z DO

(23) implies that (q,p)=1 Thus there exists an integer ¢* for which
qg* = 1 (mod/?).
Obviously, this integer q satisfies also (g*,p) =1, thus Ix(<*)|= 1. Hence

VvV -1 VvV -1
(25) Z, x(n+kq) = X@) Z. X(n+kq)
k=1 k=0
v -1 VvV -1
Z_ x(ng*+kqo*) = Z_ x(ng*+k) = z X(m)
0 k=0 m=x

where x=ng*.
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Furthermore,

(26) 2 Zmr= 21 P -i.

(24), (25) and (26) yield (22).

We note that H. L. Montgomery and R. C. Vaughan have proved the following
theorem:

For any positive integer N, there exists a prime number p such that N<p”3N
and for any integers x, v,

ishaypn < VP
where denotes the Legendre symbol and c is an absolute constant. (Montgo-

mery’s oral communication.)

Thus Theorem 5' is best possible in the sense that the factor
nPDII pa

can not be replaced by a large constant. (Consequently, also Theorem 4 is the best

possible except at most the value of the constant factor on the right hand side.)

Thus it is worth to determine the greatest constant ¢ for whichmax| 2 %(u)|>
XY xSnty

>(c—s) ip holds for p>p,,(e) and each character modulo p. Theorem 5' yields this

estimate with ¢c=—t= while Theorem 6 improves on this constant: it implies that

also c- =1L =| can be chosen.
Y 12]

References

[11 R. E A. C. Paley, A theorem on characters, J. London Math. Soc., 7 (1932), 28—32.

[2] A. Rényi, On some new applications of the method Academician I. M. Vinogradov, Doklady
Akad. Nauk SSSR, 56 (1947), 675—678 (in Russian).

[3] U. V. Linnik and A. Rényi, On certain hypotheses in the theory of Dirichlet characters, Iz-
vestiya Akad. Nauk SSSR Ser. Math., 11 (1947), 539—546 (in Russian).

[4] K. F. Roth, Remark concerning integer sequences, Acta Arithmetica, 9 (1964), 257—260.

[5] K. F. Roth, Irregularities of sequences relative to arithmetic progressions, I, Math. Ann., 169

(1967), 1—25.
[6] ,[7] [8] A. Sarkézy, Some remarks concerning irregularities of distribution of sequences of
integers in arithmetic progressions, I—I11, Topics in Number Theory, Coll. Math.

Soc. J. Bolyai 13 (1974), 287—303 Studia Set. Math. Hung., to appear and Periodica
Math. Hungar., to appear.

(Received October 21, 1976)

MATHEMATICAL INSTITUTE
OF THE HUNGARIAN ACADEMY OF SCIENCES
1053 BUDAPEST, REALTANODA U. 13---15.

Acta Mathematlca Academiae Scientiarum Hungaricae 30, 1977



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 30 (1—2), (1977), 163—167.

ON CONSECUTIVE PRIVES

By
I. KATAI (Budapest)

1. Let
11 S(n) = 2(n-p)~\
(L.1) () = 2(n-p)
where p runs over the prime numbers. Erdés and D e Bruijn [5] proved the following
inequalities:
CIN~ 2 S\n)”c2N,
nSN
CIN/logN ~ 2 S(p) =c2N/logN,
p*-N
CIN/logN™ 2 S2(p)”~c2N/logN,
PN

where clt c2 are suitable constants. An easy computation yields:
2 S(N) = N+O0(N/log N).
n~N

Assuming the validity of the density hypothesis in the form

(1.2) N{T, T) < ¢cTW -v log2T

when 1/27aS\, '=-0, | have proved the following inequalities:

1.3 2 )2= 0(A- (logA)“1elog log A)2,

(1.3) Ry ) (A-(logA) glogA)2

(1.4) q%N |S(?)-1] = O(N-(logN) . (log log Nf/%

(1.5) 2 (S(<7) -1)2= 0(A.(logA)-32-(loglogA)),
geN

where in the sum g runs over the primes. (See [1], [2], [3].) Now we prove the following
Theorem 1. For every integer A:Si we have
(1.6) 2 Sk(n)=0(N),
n"*N
1.7) 2 Sk(g) = O(N/logN).
g*N

Hence, providing (1.2) we can deduce stronger inequalities, namely the following
assertion.
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Theorem 2. Assuming (1.2), for every integer k™2 we have

(1.8) 2,/ 18(M)-11* = O(N-(\ogN)~1+%
(1.9 N 15(9)-1%- O(Ar.(logW)-*+9),

e being an arbitrary positive constant.
We note that for k=2 (1.9) is better than (1.5).
2. Deduction of Theorem 2 from Theorem 1. Let A~ 1. Then we have

SiVk- [ Ak~* - Jilf= AN
n%N \s(n)-i\k-TAk S(n)=28A+I (S(n) l)2+S(n)>2A+I [s(n)-i| «N1+ 2.

If /is an integer ~1, then
2 N A-12(5(»r,
nSN
and by (1.6)
29 —A 1eN eck+l,
ckH being a constant that depends on k +1. From (1.3) we have

2 1< cN-(log N)~ke(loglogN)2
Now choose A so that Al+k = logN. For a suitable large / "say />—1 we have

A -1« (logN)~1+'2 Ak« (logNYZ2

and we get (1.8).
The proof of (1.9) is almost the same, but we start with the inequality

2\5(q)-NKAA k-1- 2 \S(q)-I\+A -12(S(q))k+H.
gSN S(g)sA +1

3. Proof of Theorem 1. We need some results on prime ~-tuples which was
achieved by Selberg’s sieve method.

Lemma 1 Let g be a natural number, ab bt (i=I, ..., g) be integers satisfying

3.1 E=J]ai 2 (arbs-asbn” 0.

=1 I”rcshg

Let g(p) denote the number of solutions of

Q:JliUin +bi) = 0(modp),

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



ON CONSECUTIVE PRIMES 165

and suppose that Q(p) «p for allp.Letx>\ be realnumber,and N(x;al,b1, ,..,ag,be)
denote the number of n in the interval [I,x], for which all a{n+b{ are primes for
i=\,...,g. Then

(3.2) N(x; au bt, ..., ag, bg) é
log log 3ret+ log log 3\E
log 3e
where the constant implied by the O-term depends at most on g.

Lemma 2. Suppose the conditions of the previous lemma; in addition, suppose that

3.3 0*b r...ba*o,
and e(p) < p -\ if p{b0. Let lev, and P(x',alrbl} ae, bg denote the number
ofprimes p in the interval [1, x], for which all &p +bt (j=1, ..., g) are primes. Then
(3.4) P(x; aL,;br, a pg,bgs

- 22e+1(g+|)\DI;|2(I _?;W ) ‘Z%A P 2 J\ P X

-3+1
X
2«pli0

where the constant implied by the O-symbol depends at most on g.

For the proof of these Lemmas, see [4].
We take 1=(/1;...,/,). Let N(x; 1) denote the number of the integers n in
[1, x] for which n—/; (/=1, ..., /*) are primes. From Lemma 1 we have

i eO»)-nji.
( p-l)ill'pi3 1

1
uniformly for \-~rSk, 1 (j=1, ...,r). Similarly, if P(x; 1) denotes the
number of the primes p in [l,x] for which p—; (i=I, ..., r) are primes, then
(3.6) P(x; D*cB(1)x-(logx)~"-\
5(i)=_ 4 r+1 n { bO=I1...1r
2<pfi»0 V P 21/\ P)  “Zxyp0 P 270\ p)

uniformly for 1*/.gx, /=1, r=1,...,k. We have

2 s k(n)= 2 2 (n-pj)-1"...-(n-pk-1=

nA™x pv ...,pk<x n>max(pl, ..., pk)

Wwx; 1
21+ 2r=s (1L.11) Yl— Kr
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where in the sum w5 \r are positive integers, (/Is ..., /) denotes an /--tuple of
distinct numbers satisfying Is/j<x. Similarly wé have

ft

- P{X\ »
2 sk@= 2 Vit G vt (fj,2 IV-1>"
Now we prove that
@3.7) yoNGED - o0
and that
(3.8) y (%5
and this will give Theorem 1immediately.
Let £4!) denote for 1—(/1; /,) the product
EN= n O-np
The p-th factor in (3.5) is
(. e(P)-1) 1+i(p,1).
I p1 v p) b1

Observing that 1~£>(p)~r, and that g(p)=r, unless uje>q) we have

— if e(p)<r,
\h(p,D\ si
jz if e(p) =r>

b being a suitable positive constant. Let / (d, ) be a multiplicative function defined
for square-free integers by the relation

> if P\D{V),

f(P, 1) =
.9 b it b,

Then we have

noOLrs 2 Kd, Y,
and consequently

MOAT 2 Ne I}{ 2/0U)}.
I(hba)l)zl I} {olo(l)

Acta Mathematica Academiae Sclentlarum Hungarlcae 30, 1977



ON CONSECUTIVE PRIMES 167

Evidently f(d,1)Ad 1eb'Hi> if d\D() and =d 2°d> if (d,/)(!))=1, where

co(d) is the number of prime factors of d. Since Co(i/)«lO!]O?Ojd the first sum is
bounded by
|| (#) 1

[i=i h2
and so

A(D<< 2f(S, 2.

<500
Now we have
2 Ui-KT1
(Iv *loeeeMh 6<xr o Z)(1)=0(mod<5)
Let denote the last sum on the right. From the condition D(I) = 0 (mod 8) it
follows that there exist coprime integers 8tJ (i*j, i,j=1, r), sothat 6= _L\J_ duj,
i

and lt—j=0 (mod 8itj). The number of solutions of 8=n8W is majorizeJd by
V (Ot (e being an arbitrary small positive constant.) Consequently

2.«-"-0o0g*y,
and

é’ P <K(logx F
0....g i—* (logx)

By this we proved (3.7), and so the first inequality of Theorem 1 The proof of the

second inequality of it is almost the same and so we omit it.
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ON THE SUM OF DIGITS OF PRIMES

By
I. KATAI (Budapest)

1. Introduction

Let <>>1 be a fixed integer. Then any positive integer n can be expressed in
the form

(1.1) n= 2 aA*%

(1-2) a(«)= 2 8’( t.
1=
In [1] | proved, assuming the validity of the density hypothesis — in the
form: T)«772(1~'t) log2T — for the Riemann zeta function that
(1.3)

O I(P) 42 logqg+ ° ((loglogx)¥3”’

where in 2 we sum over the primes.
I. Shiokova [2] proved this relation without any unsolved hypothesis, even with
an improved remainder term, namely that

i L
1.4 =91 +
(1.4) pgx<'(p)_ 2 logg 0
E. Heppner [4] has proved the following assertion. Let Si be a set of the natural

numbers and B(x) denote the number of its elements in the interval [1, X]. Assuming
that

(logB(x))/logx “m1 (x - °°),
the relation 2

X
loglogx+log B(x)
<1-5) 1+0 log x
nest

holds. For the primes this gives the same remainder term as stated in (1.4).
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For the set of primes we shall prove the stronger inequality

K

(1.6 xe(logx)*2-1 (k =1,2,...).

*<*>-mE&r '° SX

This inequality seems to be optimal. In a paper written jointly by J. Mogyoreédi [3]
we proved that

a(p)-M, [n =€zllegz, f2= 921 100p)
A, p 2 logq' p 12 log q)

has a limit distribution, namely the Gaussian law, if the density hypothesis is true.
On this assumption by the same method we can prove that

x_1e(logx)1-%2 2 Ck (e=1,2,...)
where
Ck= -L f WXke~**"*dx,
\2n

the Ath absolute moment of the standard normal distribution.

2. Proof

Let for the sake of brevity U='" i0gg ’ /(*)=K*l°g x> and introduce the

notations

(2.0 Ak(x) = pg‘x \X(p)-Kx)\K,
(2.2 Bk(x) = 2 l«(»)-Kx)\k
Let £0>fi>ee>£,-i be completely independent random variables with the dis-
tribution
P(Sj =0 =~ (/= 0,1,..., 9-1; 3=10,1,..., /1-1).
(—1 az—1

Let M=?~.—, B2 = 1.— be the mean value and the variance of respectively.
Then, with the notation

V d 0 - I*-I*M
we have

f\AkdP * = Wwke~*rrdx (B -*«),
A Y24 i
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which is a form of the central limit theorem. Furthermore
W ) =(D fiff \6JdP,

whence the inequality

(2.3) Bk(x) <s: x (logx)ki2

immediately follows.
Let Nk(x) denote the number of those primes p=x, for which p+k is prime.

Lemma 1. We have
X
log2x pik' P’
where ¢ is an absolute constant and p in the product runs over the prime divisors of k.

Nk(x)

For the proof see [5].
Lemma 2. For arbitrary real (or complex) ak, .... ar the inequality

holds (KI+ -+ KI)* = r-14(flil* + —+ b

This is a special case of the well-known Holder-inequality.

Lemma 3. Let n(Xx, k, I) be the number ofprimes p ~x in the arithmetical prog-
ression p =1 (mod k). We have

X
n{x, k,I)<c (0(K) 0g X

uniformly for k<~fx, (I, k)=1 (See [5].)
It is obvious that it is enough to prove (1.6) for the subsequence x —x,,=qn—1
only. Let x=x,,, F/=[logx]. We define S(p, H) as

«(p)-WN(P)+ <xX(P+1)+~-+*(P+H))-
Since
[2(p)-Z(X) =\0(p, H\A—FTTT 2

therefore by Lemma 2, applying it twice, we get

2k-i
5 (P)-1 (M 25 LR I (4 1 o V<X PHI)-100N

) k1 H
2k=1\6(p,H)\k+ 5 J -+ 2 [aip+])- AP
So we have

(24) T>WS2*-1(2 1+ 9T M A«)»
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where
(2.5) 2i= 2 B, A)\ 2r =2 2 Hp+j)-i(x)t
PS i PSxj=0

First we estimate 2r- Let e(n) denote the number of primes in the interval [n—H, ri\.
Then the sum

C= 2e2n)
is equal to the number of the solution of

P.-P.=j»~ji, Pi,P.=*k,h =0 ,1 H.
By Lemma 1we have

(2.6) C Najhg+ ShNUt-«'<*)* * e
Furthermore _
n">%+H Hn)-1(,x)\k-e(n)"{B 2(x+H))'I*-C"i\
and so by (2.3) and (2.6) we get
2 2 <k x*(logx)t/2.

Now we estimate 2 i- Let vbe an integer chosen so that H3k*q v* x /2. We observe
that for a prime p ~x satisfying the relation p=/(mod <Y, 0</<gv—A we have
ce(p)-x(p+j) =a(0-a(/+])

for every j=0, 1, ..., A, consequently 6(p, H) = 5(1, A). So we get

: - N \A (i + * = + -
2 i r12:0 1A x,g\i)-\6 (i,H)\k I:nglpsl(m%d?v)\ (p,lO\k=2n+28

Observing that a(/w)<sdogm, and consequnetly &(p, H)<sdogx, by Lemma 3
we deduce that

2 b« logx f-1« -2 -.
<p(q>( :

logx
Here we used that <p(qy) =qv~'@(q)»qv (q is fixed). Similarly we get

\% X

<p(qv) log x ‘2¢c,

where
qv-1-H
2¢c = f:O I*(/, H)\k-

Since
W, O\ = |::1(0-((9\M+-r7i7+X'1I'jgI \<*0+j)-Kq%
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by the Holder-inequality (Lemma 2) we get

\S(L H)\K« KO-zCiOP+i jgi Hit])-Kquk

and so
« Bk(g),

l a<c *0°g ql,)k/”« -«(logx f12- 1

Collecting our inequalities we get (1.6).
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THE CONTINUITY OF BEST APPROXIMATIONS

By
A. KROO (Budapest)

Introduction

Let X be a Banach space, M a subspace so that for any x£ X there existsp(x)£EM
such that
i *_1° = _P(* =
ylm [*-3°1 = 1|x-P(*)Il = E(x).

In what follows under p(x)EM we shall mean the best approximations to Xx£X
from M, under E(x) the measure of best approximation.

It is known (see [1]), that if p(x) is the unique best approximation to x, and the
subspace M is approximatively compact with respect to x, i.e. for any sequence
{v,,}EM such that

HXx-jJ-*£(*) (n

the sequence {y,,} is compact, then the best approximation p(x) is continuous at the
point x, i.e. for any sequence {x,,}czX such that |[|x-x,|]-*0 (n-*°°), we have

sup W\p(x)-p(xi\ - 0 (n-°°).
n*)
Let F be the set of elements of X, for which the best approximation is unique:

F = {Xx£ X: p(x) is unique}
and take any N F.

In the first part of this paper we shall define those properties of the set N, which
guarantee the uniform continuity of the best approximation on N.

Furthermore if x£F, it is interesting to estimate the size of \\p(x)—p (x N\
if the distance between x and xxis known, or the size of ||p(x)—> for y(M if we
know the measure of ||x—y|[—E{x). These are the so-called correctness problems
of best approximation.

For the case when X is the space of real valued continuous functions on [a, b],
M is a Chebysev system on [a b\, G. Freud [2] proved thatforany x£X the operator
of best approximation satisfies a Lipschitz condition at x i.e. for any xxf.X\

W (x) ~ p (xiWe N C(X, M)\\x-x"c

where the constant C(x, M) depends only on x and M.

In the second part of this note we shall deal with those sets NQX on which
the operator of best approximation satisfies a uniform Lipschitz condition.

We shall discuss this question in details for the space of real valued continuous
functions.

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



176 A. KROO

81.
Take NQF, e>0, x£X, and introduce the following sets:

Y(x) = {p(EM: [[x-.p(X)Il = £(x)},
Y*(x) — {yEM: there exists x X, such that yCY(xj) and |[x—"l " e).

Define

RXN, e) = sup su Ip(x)-Vylj
XN, e) Xtﬁymr()x)lp( )-yli

then the condition of uniform continuity of the operator p{x) on N is equivalent
to the condition
RXN,e)- 0 (e- 0).

Let us introduce another characteristics of the operator of best approximation:

; Y2(x) = {ytM: [Ix-y|| sE(x)+e}
an
R2(N, e) =sup sup Ip(X)- vy|.

x€tfyer*(x)

Here we are again interested in those properties of N which imply
R2(N,e)—0 (e —0).

From these definitions we can obtain some simple relations:

(1) R ~"ti"R ziN , 2e)
) RiW 2re  (i=12)
(3) R,(N, £I) £R,(N, e*) 0 = 1,2)

for any O-"ejL"ea-

Let us prove e.g. inequality (1).

If Y}(x), then there exists xt£X such that y£Y(xx) and |[x—xj”e.
Using the inequality

(4) |E(x)-BA|" Wx—x]
we obtain
Ix vy Hx-xJ+BXi-yll 3=8+ £(Xj) 2e+ E(x).

This means that T/(x)= F2(x), which implies (1). We omit the proof of the ine-
qualities (2) and (3) because they are even more trivial.
Let now

Fi= {xEF: p{x) is continuous at x},

F2={xdF: M is approximatively compact with respect to x}.
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Then from Singer’s theorem [1] mentioned already in the introduction we
obtain:
F2g Fxg F

Let N be a subset of X. We shall call N approximatively dense in Ftif NQFt
and for any sequence {Xx,}£iV there exists a sequence {y,,}dM such that the sequence
{xn—y,,} is compact in Ft (i=1, 2).

Theorem 1 Let >0 and N approximatively dense in Ft. Then Rt(N, e) monoto-
nously converges to 0 as s—0 (7=1,2).

Proof. We shall prove the theorem only in the case i=2 because in case /=1
the proof is rather similar and even easier than in the case i=2.

Solet i—2. Assume that R2(N,e) does not converge to zero as s-*-0. Then
we can find a positive constant Q such that for any >0

(5) R%(N, e) > Q.
(Here we used that R2(N, e) is an increasing function of e.)

Let a,)0. Then by (5) we can construct two sequences {x,}ciV and {y,,}rzM
which satisfy the inequalities

(6) A E{xp+an
and
(7 Mxn-yn\>Q.

Being N approximatively dense in Fz we can find a sequence {y,}crM such
that the sequence {xn—yn} has a point of accumulation in F2and without loss of
generality we may assume

(8 Xn-yn.- XoeFz2 (M- oc);

moreover NQF2QFX Hence p(xn) is a unique best approximation to xnand this
implies that xn—y,, has a unique best approximation p(x,,)—,, (n=1,2,...).

Then by (8) and continuity of the operator of best approximation at x0£F2Q F1
we have

©) («-")

where p(x0Q is the unique best approximation to xn.
Now using (6) we have

II*o-P(*o)ll ~ S |IXO-(xByn|+ |xn-yJ
+E(xn+an=3
A 1ko-(M,,-y ) HIMo—(M—H+\X0- p (XO|| + Ip(x0) - (p (X,,)-y 1| + a,, =
= 1o~ PColl +2|[x0—x,,—y.)ll + [Ip Q- (p(xn) +a,,
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hence using (8) and (9) we have

[Fo-p(*o)ll = lim UMo-CYs-y/! S |*0-p(*o)ll>
i.e.
(10) dim [1x0-(y..-i.)Il = [*0-p(*o)Il = E(x0.

By the approximative compactness of M with respect to x0{F2, we obtain
that the sequence {yn—y,,} is compact and without loss of generality we may assume

(11) Yn~¥n-+YofM (n-00).
Combining this with (10) we obtain
%0 Fdl = £(*0).
But p(x0 is the unique best approximation to x0, i.e.
(12) Yo = p(x0).

On the other hand, using (7) we obtain
lIp(*0)-Foll = 1I50- (p(*,.)-Y. )l - HP(*0- (p(*,,)- Fll »
s Wy, -pIE- Hy0* (Yr-idll - HP(*0- (p(*.)-y.)ll s
£ Q- Ily0- Cr»- n)!- IIP(*0)- (p(*n-F,)le
But this inequality, combined with (9) and (11), implies
llp(*0) —Foil = O > 0.
This contradicts (12); hence R2(N ,e)-»0 as e-»0.

Example 1. It was mentioned that F2*F 1, therefore the assumptions of
Theorem 1 for i=1 are more general than for i=2. So it may be expected that
R1(N,s)-+0 in some cases when R2(N, e)u»0. Let us give an example, when

R1(N,e)-*0 as e-*-0 while P2(TV, £)=«=.
n

Let X —L 2~ {f(x:f(x) is 2*-periodic real valued function and J \f(x)\2dx< «}
0

21t J

with norm WEDOW = [j\F{x)\2dx'f-
(0]

M = |_2’(lifcosA:x+fe,tsin/cx), ak, bt€Rj, where nf£Z+

N =\f(x)EL2 f(x) — £ (dkcos kx+bksinkx), ak,bkEHO.
| ft=B+1 J
If elements of the space L2 are approximated by trigometric polynomials then
the operator of best approximation is a linear operator of norm 1. Therefore in
this case for any s>0
RK(N, B S Ri(L2,e) " e
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On the other hand, for any k>0 we can find fkEN such that ||./j||=fc. For
any e>0, qdM, gXO0, take gke=-~"1]i2ke. Then

Un-r.n = = YKY LW *"k+e = UWN+e = £(/*)+e,

hence gkted F@(J1)- Therefore R2(N, e)||[<7¥|= )2Ae for any k>-0 and it means
that R2(N, e)=°° for any £>0.

If we know that RfN, s) (or R2(N, e)) converges to zero and know the order
of this convergence we can measure the distance between p(x) and p (xr) (or
between p(x) and y, yEM) by the known value of |x—xj (or |[x—y\—£(X)),
independently from x and x1 (XEN, x1£X). Such problems were solved for some
subsets in C[0, 1 (real valued), see [3], [4], and in £p][0, 1], 1 The following
examples show that the operator of best approximation is uniformly continuous
on some subsets of £[0, 1] and CJ0, 1] (complex valued) so in these spaces it is
also interesting to determine the order of Rk(N, s) and R2(N, s) as E—O

Example 2. Let«£Z+,0<aS|, X =£]0, I1=jfix) real valued: j |/(x)]dx< °°}
0

1

with norm |[/(X)||x,= f \f(x)\dx, M =Pn the set of algebraic polynomials of degree
(0]
at most n,

N= {/iC[0, 1]:<»(/, (5)"") where ®(f,S) = sup [|/(xD-/(x2)|.
*—e38
Then for any ffN the best approximation is unique and what is more M is finite-
dimensional; hence NQF2. Now we shall prove that R2(N,s)*-0 as £->-0. (Then

from (1) we obtain R-i(N, e)—0.)
Let fEN and fix) =/(x)-/(0).

WU A 2))/1lb = 2/ |[/(x)]dx ™ 2 sup [/(x)] =2{/(0)+cu(/, 1)} ~ 2,
0
and using an inequality proved in [5] we obtain
sup Ip (f x)] 3=C(n N|ILS 2C(n),
*6[&] b (f )] WIOl (n)
where the constant C(ri) depnds only on n. Further by Markov’s inequality

*gtjd)l] \p'(f, X)| & an*#slt]({)l] Ip(/, X)| S 4n2C(n)=C1(n).
Hence
®(F (/). §=to(p(f), 6) Cx(i)5S Q 02)0*

and we get for fd N
(13) 0)(f-p(f), 6) S C2(n)yd*.
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On the other hand, f —p {f) must have at least one zero in [0, 1] and this implies
sup_] \f(x)—p (f x)\*C 2(n). Combining this with (13) we obtain that for any
xeto.1

{/fc}eN> the sequence {fk—p (fK)} is uniformly bounded and the sequence of
its modulus of continuity is bounded by the same modulus of continuity. So by the
Arzela’s theorem we obtain that {fk—p (fK} has a point of accumulation/,, and
it is evident that f 0(zF2. This means that N is approximatively dense in F2(so in Fr
also) and by Theorem 1 we may conclude that RfN, e and R2(N,e converge
to zero as £—0.

Example 3. Let WEZ+, 0<a”l, X={f= (p+ig: (p,gEC[0, 1]}, with the norm
/= *Sl#é)l F(p(x)2+g(x)2 M —{,,+ /7, }, where rn and t,, are algebraic polynomials
e

of degree at most n.
N = {fiX: f = q+ig, cofep, S) * 0x co(g, 6) S G

In this case for any f£X the best approximation p(f) is unique, M is finite-
dimensional so F2=X.
For the sequence {/&:1V we construct the sequence {fk—q,,(f}, where

gn(fk)EM and gn(fk) interpolates fk{x) at the points Xf:?’ (i=0, 1 , n)
and using the ideas of Example 2 we obtain that Rk(N, €) and R2(N, €) converge
to zero as £—0.

82.

Let us discuss now the characteristics of those sets NQ X on which the operator
of best approximation satisfies a uniform Lipschitz condition i.e. RfN, e)LLUCe.,
where the constant C depends only on N. All estimates of this section can be analo-
gously applied to R2(N, e).

Let us give two definitions. We call the set N fX a cone if for any xEN and
000, x-xfN holds. For the set SQ X we define T(S) as the smallest cone con-
taining S, so

T(S) = {XEX\ there exists a> 0 such that actGS}.

At first we prove two lemmas.

Lemma 1. Let e>0. IfN isa cone and there exists £0>0 for which //(e0, N) <
< 0° then Rfe, N) = Ce where the constant C depends only on N.

Proof. Take any £x>0 and prove that if /2,(£,, n< °° then RN, £x9< °°.
Assume the contrary, ie. Rk(N, £0<°°, Rj(N, £9="°. Then exist sequences
{xk}iN, {4)67, suchthat ||x— and for some p(xKE Y(xK), p(xX\)£Y (x]):

1) lpCf)-PEl > «
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Let xk:£—_xk£N, because of N is a cone, xI:EI—_xkEX. Then |[x4—x*||€£0
i

and £|_'p(Xk)i Y (xK), £Ifp(xk)fi Y (xK). Hence, using (14) we obtain:
5 k = E-Ib(")-P(4)II = \p(xK-p(xDW S RK(N, eQ < “ o

But the left hand side of this inequality can be made as large as we like and the
right hand side is independent of k. This is a contradiction which implies that

Let £1;e2>0, and let Rk(TV,sQ< °° for some so>0. Then as it was proved
Ri(N,eA< 00? RAN, 83< 0. Let SkiO, then we can choose sequences {xt}£TV,
{XK}£X with the following properties: \Wwk—xk\\"s1 and for some p(xKE£Y (xK),
P (x\)f Y(xI),

(15) bl xK-p(x1)\ sSRAN'Bd-S,.
Let xk="-xk, XI=%-xl then xkEN, Xx\EX, |x*-x£|=re2, — p(xK£
61 £l £l
£Y (xK), Ep(xl)eY(xI), hence
BP(xK--P(xI) —
BP(--P (xI) —RAN, £)
and combining this inequality with (15) we obtain
"RAN,B,)-dQ"RAN ,eA
But Sk converges to zero as 0]

.. RK(N £) =RAN, &)

or
Ri(N,eO , R1(N,e?
£l e2
It is evident that analogously we can obtain the opposite inequality, hence
RAX 6l) RAN, €2
for any 8u £2=-0. This means that . = C, aconstant. Q.E.D.

Lemma 2. Let NQX and RAN, e)=Ce, then RYT(N), e)s Ce.
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Proof. Take any XG"T(N) and xtGX such that [3c—xj”e. Then there
exists a>0 such that xxGN, further |lax—odcjsocs. By assumption of the
lemma, for any p(ax)fY(ax) and p(axf)G Y(xx") we have
(16) U (ax) —p (oiM) Il = Cae.

Take any p(X)EY(x) and p(x,)€Y(xi), then xp(X)G Y(ax) and ap(Xj)G
€Y(ocxj) and by (15) we obtain

IbOO-p(xill = llap(™)~ap()ll =~ Cae = ...
This implies RY(T(N), e)"Ce, Q.E.D.
From Lemmas 1 and 2 obviously follows

Theorem 2. Let e>0, NQX. Then RL(N,s ) Ce if and only if for some
e0>0, RfTIiN), f)<«=.

Proof. If RA"TfN), sQ<o° for some so>0 then by Lemma 1 (using that
T(N) is a cone) we obtain R"TiN), e)= Ca. But N<LT(N), hence RfN, €)=
AR YT(N),e)=Cs.

On the other hand, if RfN,v)~Cs then by Lemma 2 Rt(T(N), v)tGCd
and in particular R(T{N), eQ-=°° for any e0>0, Q.E.D.

Let us consider now some cones in the space of real valued functions continuous
on an interval. At first settle the periodic case.

Let CO[O, 24] the space of 27t-periodic real valued functions with norm ||/|| =
=sup|/(*)], «6Z+,rCN, Gx[0,27c]= {/(x)6C0[0,27t],/(r>iCO0[0,27r]}, Tn the set
of trigonometric polynomials of degree at most n.

Theorem 3. Let nf£Z+,r6N,/GCo[0, 2n:]\7,. Then for any f f CO[0, 2n]
we have
WPn(A-PalLN ~ C(n, DLW, ~ ) A"\\f-flu
Proof. Take /EC0[0, 27i]\7, and define f —P,,(f)—f analogously for j\G
ec0[0,2n] let A=p,,(J1-N. Then pn(f) =0, pn(fi)=Pn(f)~Pn(fi) and
(17)  Wf-Pn(fd\\ ~ 10-n11 +EnUi) S EN(f) +20/-n11 = 1AL+ 2H /-/J.

For f(x) there exists a system of 2n+ 2 points o SX2,H2< 2
such that

(18) /(*) = Y(-1YWII 0 =1L 2,.., 2n+2)
where y=+1. For m£Z+, T~2n + 1 define

W) = n(x-Xxi+K), (i=12,..,2n+2—m).

(17) and (18) imply
y(-D)i+1P,, (/i,xi) ™ 2 ||/-17]
hence (see [4])

M+ 1 22 1 1, .
(19) ILp,,(/D1INC L(n)max\ Z 2 tt- tv 11/-111
11=1 ®1,2n\Xi) i=2 W2, 2n{Xi))
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Without loss of generality we may assume that

2n+1 1 2n+ 2 |

=1 dli2, Q) - A of2izn() m

183

Let at first r<2n and for some 1sis 2h+ 1—r consider the system of points
Xj<xi+l<...<xi+r. Then by /6CAO, 2n] we get from the Lagrange interpolation

formula

1) f(xkH)  _ <>(&)
(20) ko Gr(xk+ rl

where X;<f£;<xr+. Then from (18) we obtain

- 1 RIG
(21) *=oK>r(xx+)|  rH|/||

hence
r+1  j/<
(xr+,-x? ~ HJ|/]|
or
Wr(aum)Hu r M{ 1"
(22) Xeri xi- ((r+1)"-) E||y,(,)||3 - Fi{II/ r)llﬂ ’

In [6] it is proved that
2+1 1

izl a4 o REE i+ 25Y(x )
=

where number of terms in 2 is finite and depends on nand r; ak=+ 1, and [x#, xif]3

3[xr, xi+r]. Then combining (19), (21) and (22) we have for r<2n

] /(i
23 =
(23) llp«(/MIl = CIY(n, 1) Wt i(zn' "
iG]
WMV
= C3(n, r)( i W-7ill-
Let now r~2n, then by setting i=1, r=2/i we obtain from (21)
o J N J /@)

O K.2M*) JoK AW I “ @n) =
By Kolmogorov’s inequality (see [7]) when r"2n, we have

WWIL's CM )|[/]](- 20, |[/1T Ir.
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Combining this inequality with (19) and (24) we obtain

WF-2010.20

WP(AN 7 ¢ 5(n, 1)- i Nl =

= Csm || L

and using (23) we get this inequality for any N with the constant C6(n, /¢)=
=max {C3, C5}
On the other hand, pn(fo=pn(f)-p,,(fO, wn=11/-Pn(Hll =
f (N=PA (f)-f(n- So we have

(25) Wn-Pow\ Scer ~ r r A

In [8] it was proved that if /€CJ[0, 2n] and the polynomial tnfT,, satisfies the
inequality

_ l/—-Il » AER{f)
with some A>0, then
(26) HAW-tFl—(1+ y ) {Lm3)+A)En{fr)
where
(27) Lnr(f) = 4 In(p+1)+0(1)

with p=mm¢(n, r). Using (26) and (27) with tn=pn(f) we obtain
@R OO0~ Qn, ne..((y)
and combining this with (25) we obtain Theorem 3.

Remark. Theorem 3 characterizes the periodic functions and it is evident
that even in the case when continuous functions are approximated by algebraic
polynomials, this theorem is not true (£',(/(r)) can be zero while En(f)”"O0).

Application. By Favard’s inequality for periodic functions we have

im() —  En{f{)

where 1 71. Let K>nr and define the cone (which is not empty) by
Nk = {fECT[0, 2«]:£.(/«) S KEn(f)}.
Then using Theorem 3 we obtain
Ri(Nk,e) = C(n, r, K)e.

Let /0€CJ[0,2n]\rn. Then En(fQ”~0 and denote CO= LIIEJ'O(EC;\)-' In the space
Co[0, 2n] define the following norm, for g€Cj[0, 21]:

181= ligic+ lig)lic
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Let 0<A<1 and
mn/o) = { nec» 2Tr]:6/,-/iiil» m m

Now, if then
En, (1) ¢ Ef(fO)'\\f'fO\\C& EL(1C)-H 1-Toll € ET(fQ'm fo, -

= (I-A)£,,(/0,
£.,(/<) S En(oW)+Il/oW- [ (Nlic” £, (/1) + lo(r)+ /MIi ~ En(f*) +1En(f0),

hence
En(Rr3 ~ En(IN)+T /0) Co A _ CO+A
W ) ~ (I-A)E, (/0 1-A M 1-A 1—A

By this inequality and Theorem 3 we obtain

4M Afo), e = C(n, 1, A COr,
further by Lemma 2
N(TCMClo)), e)sC(n, r, A COr.

Now we shall prove a theorem about cones in the space CJ[O0, 1], i.e. in the
space of continuous real valued functions with supremum norm. We shall approxi-
mate the elements of this space by polynomials of a Chebysev system {p}*=0 defined
on [0, 1]. Furthermore if N is a cone in CJ[0, 1] we define N~ {/€/ir:||/|| = 1}
Then we have

Theorem 4. Let N be a cone in CJ[0, 1] satisfying the following conditions:

(i) N is compact,

Onf £..(/) = 5,>

Then RfN, e) = Ce where the constant C depends only on the cone N and the
Chebysev system {<&*}=0-

Proof. Let fEN,f?£0 and pn(f) be the polynomial of best approximation
to f with respect to the system {g}=0. Then by assumption (ii), [|/—p.. ()] =
—En(f)>0. Forf we can find a system of n+2 points 0"x0<x1c...<xn+xa |

and a system of n+ 2 positive real numbers t0=-0, ..., i,,#1> 0 such that
(28) f(xd~Pn(f>~i)=y (-1)IE,(J)
2j(-iyti<PkXi)=0 (k=0,1,..n)
(29) M+ 1
2 A=

where y=+1. Let /XEC[0, 1] and ||/—X|Se, then

(30) W-Pn(M\ A e+ACA) A [.CN+2
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In [9] it is proved that if the polynomial q,, satisfies |f —gn\SEn(f) +e and
{*}?«> {i;};io satisfy (28) and (29) then

(31) P,,if, *;)-2,,(*,)1sS (izomin ) $~re (i=0,l..n+1.
So using (30) we can set gn—p,,ifY in (31), hence

(32) Prif, X))-P,,(/i,*;)] 2 (minpi)~2le.
Solving the system (29) we have

t= ) (=01 ..n+l)

L
%0

where At is the following determinant:
R0 <Po(*) mm<Po(xi-d  ‘PoCN+l) e 9>0(*n+)
9iw  <PX) .« <Pi(*-i)  <PI¢i+) = CPI(xH)
A,
<PHW  <Pn-I(*l) » ®n-iiXi-i) (Pn-liXi+0 e« 9n(Xn+1)
<o) 9NiXi) . e <PniXi-l)  <PNHD) eee <POOH])
(i:O,l ,n+|).

i A,, then from (32; we obtain
0,1,....n+l

n+l
o 2 As c
(33) IP,,if, Xd-PAII, +)I » 22~—8S iAZ\ui

|
where Cx=2 sup__2° Aj depends only on the Chebysev system i<piy== Qe

om Hi= .

By the Lagrange interpolation formula we have
(34)

Pn’\J)~P’h€I)\ . Z;b {Pnifi Xf) Pnifli U(/%(o> o> Xf—, Xi+X eee, X1, 30)}

i n+l
where
<Po0) ... 90(x,_i) ft(% i)-?2o0W <o)

<PlOD ... <Pi(Xi_i) fPI(Ni+l)  <+(+) (Pxix)

U(xo, ..., Xi-X xi+l, ..., xn, x)
<Pnixoy - <PAXi-1) <Pn(xi+l) ... (n(x) m(x)

Being U (x0... xi~1, xi+1, ... xn,x) uniformly bounded, we have from (33)
and (34)

e
35 )
(35) WPn(f)-Pn(fd\ » C2 yi 4y

where the constant C2depends only on {(ptit=o-
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Let f=-L-£N, then En(J)=1, P, (f)=~Q: and from (28) we obtain
AN hn\J)

(36) I(*i)-P Af, X) =y(-1)*.
Further by condition (ii) we have En(f) & <5,]|/|| for any/€7V, or

(37) [[/||[=S"™E.

From this inequality we obtain o
(38) i =1
forffN , therefore

(39) WPr(f)\ A 20y11

Condition (i) and Arzela’s theorem imply that

(40) (P, 9 S 0705

for any <pEN, where oo(<p, § is the modulus of continuity of pand LLK<5) is some
fixed modulus of continuity. So (40) and (38) yield

(41) w(, 6)s ilyaa)

o

On the other hand, in a finite-dimensional space any bounded set is compact,
therefore using again Arzela’s theorem and inequality (39) we get

(42) co(p,(f), 9" L)
where T 25 is another fixed modulus of continuity which depends only on §,
and {(p”o-
Tben from (36), (41) and (42) we have
(43) 2 = I{f(x,)-p, (f, *,-)}-{/(xi+t)-p,, (/, xIHD}H =

A AFCXD)-F(xiHN +\pn(f, X;)-pn(f, Xi+D\ -30)(f, xi+1-X ;) + cupn(/), XI+1~X)) =
~oe>i(*ifi X))+ - (x X.) g CO*xi+1-Xj)
where without loss of generality we may assume that co*(6) is s convex modulus
of continuity. Then from (43) we obtain
Xi+i~Xi 5 (co*) X2)=C3> 0,

where the constant Cs depends only on the cone N and {g(}'=0. Then using the
Chebysev property of the system {?>/}'=0 it is easy to see that

/1(BC4>0 (i = 0,1....n+1),
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188 A. KROO: THE CONTINUITY OF BEST APPROXIMATIONS

where the constant C4 depends only on N and {}'=0- From (35) we obtain that

\\Pn(f)~Pn(fi)\\ * o .
hence and by Lemma 1 Rt(N, e)=C3s. Q.E.D.

Added in proof (September 28,1977.) The author has learned that M. S. Henry
and D. Schmidt published a result (with an entirely different method of proof),
which is essentially the same as Theorem 4 above (Continuity theorems for the
product approximation operator, in: Theory of Approximation with Applications,
Academic Press (New York, 1976), Theorem 3, p. 31).
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COMPOSITION PROPERTIES IN UNIFORM SPACES

By

M. D. RICE (Fairfax)

In this paper we describe the algebraic operators derived from the inversion-
closed and regular ring properties in terms of the metric-fine and measurable opera-
tors, respectively. In discussing the above relationships, the generalized and separable
composition properties are also introduced. These concepts have roughly the same
relationship to the sub-M-fine and locally sub-M-fine operators, respectively, as
each of the above algebraic operators has to its respective uniform operator. This
analogy is formalized by Theorems 2.3 and 2.4, which characterize the algebraic
operators in terms of the least upper bound operation U, the real-valued operator c,
and the respective uniform operators mentioned above. These results show (cf. 2.7)
that the countable, separable, and generalized composition properties coincide for
spaces generated by uniform real-valued functions and that the separable composition
property is equivalent to the countable composition property and the real extension
(RE) property for spaces with a basis of finite dimensional uniform covers. The
analogy previously mentioned is further strengthened by Theorem 2.8, which shows
that the sub-inversion-closed spaces are precisely the spaces closed under generalized
composition. Finally, in Theorem 2.9 we show that the finite dimensional operator
/ is an isomorphism from the full subcategory of respectively, locally sub-M-fine
spaces with a basis of point-finite uniform covers, sub-M-fine, or metric-fine spaces
onto the full subcategory of spaces with a basis of finite dimensional uniform covers
which are (i) closed under separable composition, generalized composition, or
inversion, respectively, and (ii) are locally sub-M-fine in the following restricted
sense: each cover two-dimensionally uniform on each member of some one-
dimensional Euclidean uniform cover is a uniform cover.

1. Preliminaries

Throughout this paper we will refer to [R]x_4 for notation, basic definitions,
and results pertaining to the locally sub-M-fine, sub-M-fine, metric-fine (M-fine),
and measurable operators. These are denoted by mO, m1, m, and m¥, respectively.
(We note that the notation m*= M isused in [Fr]2and m”~=b (for separable spaces)
is used in [H]2, while m has the same meaning in all cases.) The reader is referred
to [Fr]4—= and [H]1 3 for further information on the metric-fine and measurable
operators.

We will also need the following definitions in the context of the vector lattice
of all uniformly continuous real-valued functions C(uX) on a separated uniform
space uX. C(uX) is closed under inversion if fAC(uX), never vanishing, implies
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1/ftC (uX), closed under countable composition if /j,/2, members of C(uX)

and R*o—L R continuous imply g (f1,f2, ...)EC(uX), and a regular ring if for each
fEC (uX) there exists h"C(uX) suchthat f 2h ~f For a detailed discussion of the
countable composition and inversion properties, the reader is referred to [CI],
[HIJ], and [19, and for the inversion and regular ring properties to [H]1 4. To each
uniformity n on X and algebraic property mentioned above, one may associate
a smallest uniformity containing u, denoted by ui, me, and mreg, respectively, which
has the appropriate algebraic property. The existence of these uniformities follows
from the fact that in each case, the associated class of uniform spaces is closed under
uniform sums and quotients (see [H]3.

Finally, we use the following notation. For each uniformity u on the set X,
cu is the uniformity generated by C(uX), eu (resp. pu) is the uniformity with basis
of countable (resp. finite) mcovers, and fu is the uniformity with the basis of finite
dimensional m-covers. Given uniformities mand v on the set X, ufi has the basis of
covers of the form {Ksfl t/;s}, where {Vs} v and {Us}du, for each s. u/v need not
be a uniformity ([P]); it is a uniformity if vX has a basis of point finite uniform
covers ([I]1L; 7.5). We say that uX is locally fine if u=u/u. Given any uniformity
n on the set X, there exists a smallest locally fine uniformity Amcontaining m ([GI]).
If uX is separable (u=eu), then TOu—rru=Xu (essentially by [R]x, 2.2) and in
general each locally fine space is sub-M-fine (essentially [GI], 4.2), so for each uni-
formity m, TUCAM.

2. Main results

The first result summarizes the special descriptions of the algebraic operators
on separable spaces

Theorem 2.1. Let uX be separable.

(i) 1fuX has a basis offinite dimensional uniform covers, w=cmu.
(i) 1f uX is generated by C(uX), then mx= cAu.
(Ui) »reg="™*M,

The assumption in (i) guarantees that u=fuczfmu. Since muX is a separable
RE space ([Gl], 4.12), it follows from ([CI], 3.4) that cmu=fmu. From ([H]L 4.1)
there exists a separable metric-fine uniformity ¢ o n i such that c(m)=ce, so we
obtain mc(ui)=me(ui)=mui=mu since utc mu, and mc(u,)=mcv=mev=\.
This establishes that cmu—cvau;. Since uacmu and C(muX) is closed under
inversion, it follows that upzcmu.

In case (ii), we have m= cmcc(mcc); heNCe c(meo) = mec SiNCE mec iS the smallest
uniformity containing u with the countable composition property. For the same
reason uccrcAwv. From ([H]1; 4.1) there exists a separable locally fine uniformity v
on X such that ucc=cv; hence Au=A(no)= Acr= t (the last equality coming from
[G1], 4.8—4.9), so we obtain chu=cv—uQC

For case (iii), first note that cm”u=m”u since mfu has a basis of countable
partitions ([H]2, 4.1), while Megcm”M since C(m”uX) is a regular ring. The proof
of part (i), using ([H]1; 4.1) with m replaced by m*, shows that OT#!iCHreg and
completes the proof.
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Lemma 2.2. Let v be a separable locallyfine uniformity and let n be any uniformity
which satisfies euczv. Then e(uUv)—v.

It is dear that vcze(uUv). Conversely, assume the countable cover {17} belongs
to mUk. Then there exists a member of u, {t/J, and a countable member of v, {Vm},
such that {C,MMLm}< {Bn). Define Sma={J {Us: UsLWnczBn} for each pair
m,n and let Sfm= {Sn®l: nEN}. Clearly {Us}<£fm, so euczv implies SfmE v,
m=1,2,...; hence vX locally fine implies {VmC\Sm ,}'v/v=v. The latter cover
refines {Bn}, so the proof is complete.

Theorem 2.3. For each uniform space uX,
(i) ®=wnUemu, and
(ii) uieg=uUm”eu.

The proofs of (i) and (ii) are essentially the same (based on 2.1), so we will
establish only (i) in detail. By 2.1 (i), (cut=emeu=-emeu. By ([R]I5 4.4), meu=
=emu, SO0 cmeu=cmuczui. From 2.2, one has e(uUemu)cc (mUemu)=emu,
so cmu=c(udcmu); hence C(uUcmu)X has the inversion property, so utzuU emu.
Since mMii=em¥u ([R],, 4.6) and m~cu—m~”eu, the proof of 2.3 (ii) is analogous
to the above.

We remark that a characterization of the countable composition operator
analogous to the ones found in 2.3 has not been found. The following is a weak
result in this direction.

Theorem 2.4. For each uniform space uX,

(i) m= e ifand only if cu=cXcu.

(if) 1fuX is an RE space, then uac=uUc/.cu.

Part (i) is easily established using 2.1 (ii) and the definition of the countable
composition property. To establish (ii), first note that (cu)cc=cXcu, so in general
one has uUc/.cuaucc. To establish the converse inclusion, we show that if uX
is an RE space, then c(u'JcXcu) = c/.cu. Using the proof technique of Lemma 2.2,
let {B,,} be a Euclidean member of uUc/.cu, and choose {t/Jfu, {Vnj£cXcu,
such that {Usn Fm}< {B,}. Define ¥1, m=1,2,... as in 22. Now SX'JVm
is a finite dimensional uniform cover of Vm, so by ([1]1; 4.22) there exists a countable
finite dimensional sJm6u such that sdjVm=fLnjVm Then {VmC\A:A £sFni}
is a member of efu/cXcu that refines {#,}. By ([CI], 3.4), efu=cu since uX is an
RE space; hence {B,,}*cu/c?xuc:Xcu, so {Bn}fc/,cu, which completes the proof.
Therefore C(u\JcXcu)X has the countable composition property, so ucc<zuUcXcu.

Theorem 2.3 shows that the inversion-closed (resp. regular ring) property is

a very strong composition property: for each uniformly continuous function X — M
to a metric space M and continuous (resp. Borel measurable) real-valued function
on M, g of isuniformly continuous. This observation suggests a number of questions
of the form: which operators correspond to composition properties such as those
mentioned above, when we restrict consideration to the family of complete metric
spaces, separable metric spaces, or complete separable metric spaces? One easily
answers the question for separable metric spaces (or for R —{o}) — the composition
property is still the inversion-closed (resp. regular ring) property. One also notes
that the composition property obtained from the class of complete separable metric
spaces, whose uniform structure is generated by uniformly continuous real-valued
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functions, is still countable composition (for each such metric space is a closed
uniform subspace of a countable product of real lines). The following result treats
the remaining two cases for complete metric spaces.

Theorem 2.5. For each uniform space uX, the smallest uniformity containing
n which has the composition property associated with the family of complete metric
(resp. complete separable metric) spaces is nUcmxu (resp. nUcmQu).

For convenience, call the composition property derived from the family of
complete metric (resp. complete separable metric) space the generalized (resp. sepa-
rable) composition property and denote the corresponding uniformity associated
with u by Mg (resp. n&). Also, recall that mx (resp. mQ is the sub-M-fine (resp. locally
sub-M-fine) operator defined in [R]x(resp. [R]2).

We will first show that ugc—uUcmxu. Using 2.2 and the proof
techniqgue of 2.3, one shows that cmxu=c(uUcmxu); since C(mxuX) has
the generalized composition property, it follows that ugcczuUcmxu. Now assume
that {Vn)6cmxu is a countable star-bounded cover. From ([R]x, 3.4) there exists

a uniformly continuous mapping uX-t- M onto a metric space M and an open
cover 9 of the completion of M, M, such that / -1(0)< {F,}. Clearly one may
assume that @={On}, where f ~I(On)cz Vn. Now {OnC\M}=4/ s a star-bounded
cover of M, belonging to ct/M (a the fine uniformity on M), so by ([1]I5 4.21) there
exists an isomorphic extension {Z,} of W over ..» . Hence (Int Z,} is a countable

star-bounded open cover of M, so by ([Cl], 3.4), {ZJ}fcoc. Let M-d~Rn be a conti-
nuous function to Euclidean u-space such that g_15i’(e)<{Z,} for some e>0.
By definition gof£C(ugeX, R") and (?0/)-1Y(e)<{¥,.}; hence {F,}Engc, which
completes the proof.

The proof of the other case is essentially the one given above, with mx replaced
by mO0, except for the following modification. In the previous notation, if {V,)E.cmOQu,
then {V,,}tcmxeu (for by [R]2, proof of Theorem 1, emOun= mneu=mxeu). Hence

there exists a uniformly continuous onto mapping euX —*M satisfying the conditions
of the above proof with the image M separable. The preceding proof now establishes
that {Vn}€usc and completes the proof of 2.5.

Corollary 2.6. (i) For each uniform space uX, ugc=usc ifand only if mxu=moOQu.
(i) For each RE space uX, usc=ucc if and only if ).eu—).cu.

The proof techniques of (i) and (ii) are similar, so we will only indicate the
proof of (i). If wgc=wsc, then 2.2 and 2.5 imply that cmxu=cmOu (see proof of 2.5).
Since emOu and emxu are separable locally fine uniformities, ([H]x, 4.2) implies
that ).cmOu=emOun=).cmxu=emxu. Now from ([R]t, 43) Txu=w/eTxn and from
([R]2 Theorem 1) mOu=u/emOu, so we obtain mOu=mxu.

Corollary 2.7. (i) IfuX is an inverse limit offine spaces, then ns= ucc.

(i) If uX is an RE space with a basis offinite dimensional uniform covers, then
usc ucc.

(iii) If uX is an RE space with a basis of countable star-finite uniform covers,
then usc=ucc.

Part (i) follows from the fact that the property leu=).cu (equivalently euczXcu)
is preserved by inverse limits and ev.=)xa for a fine uniformity a ([H]r, 4.2). Part
(ii) follows from the equation efu=cu, which is valid for RE spaces ([CI], 3.4).
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Part (iii) follows from ([GI], 4.9), where euczcu/cu is established for spaces with
a basis of countable star-finite uniform covers.

The reader should be aware that a space may have the countable composition
property but not have the separable composition property. Let M be the hedgehog
constructed by identifying a countably infinite number of unit intervals at zero,
with the usual metric . M is a complete one-dimensional separable metric space
having each uniformly continuous real-valued function bounded, so gM has the
countable composition property. Since g contains ¢cm0g=cx (by 2.5) and conti-
nuous real-valued functions on M need not be bounded, it follows that gsc+ go=q.

The preceding space also supplies a counter-example to the conjecture that
countable composition is a hereditary property. For each n=1,2,..., let /,=
=[1/2,1/2+1jn2 be the designated subset of the nthspine of M and let 5= U/,,. Define
S-"~R by f(x)=nx if at/,; then/is uniformly continuous, butf 2is not uniformly
continuous, so C(qgS) is not closed under finite composition. We note that the
separable composition property is hereditary (see the proof of the following theorem)
and implies the RE property; this is also the case for the generalized composition
property. In view of 2.7 (ii) it is a reasonable conjecture that the separable composi-
tion property is equivalent to the countable composition property and the [PR]
property. Recently it has been brought to the author’s attention that J. Pelant has
constructed an example of a locally sub-M-fine space which is not sub-M-fine;
hence by 2.6 the generalized and separable composition properties do not coincide.

Theorem 2.8. The uniform spaces which have the generalized composition property
are precisely the subspaces of the inversion-closed spaces.

We will first show that the generalized composition property is hereditary.
Suppose X has this property and AczX. Consider the following diagram, where
/ is uniformly continuous, M is a complete metric space, and g is continuous.

aJLm -?-r

‘1

X
By ([I1i, 3.15) we may uniformly embed (in a necessarily closed manner) M in an
injective metric space M: M —-M. By ([1]I5 3.8) M is complete, so there exists a uni-
formly continuous function X —~M such that hoi=eof. The Tietze Extension

Theorem implies the existence of a continuous function M -*-R such that k oe=g.
so we obtain the following diagram:

aMmx-r

QN VI

By assumption on X, koh is uniformly continuous, so kohoi=(koe)of—gof
is also uniformly continuous, which completes the proof.

Now assume that uX has the generalized composition property and embed it
as a uniform subspace of an injective uniform space vY. From ([R]x, 3.2) mlv=my,
while from 2.3 (i) v~vUcmv. Then vJX=v/XU(cmv)jX=uU (cmlv)/X=nUcmxu=
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—u (by 2.5) since the operator mx preserves subspaces and sub-M-fine spaces are
RE spaces ([GI], 4.12). Hence uX is a uniform subspace of vtY, which completes
the proof.

Note. In connection with 2.8, we note that one may characterize those sub-
spaces of an inversion-closed space which are also inversion-closed: A c | inherits
the inversion property if and only if A is completely separated (by a uniformly con-
tinuous real-valued function) from each disjoint uniform zero set. The proof of this
fact is essentially found in [H]s (a direct proof was also supplied by the referee).

Theorem 2.9. Thefinite dimensional operatorf is a categorical isomorphismfrom
the full subcategory of, respectively, locally sub-M-fine spaces with bases of point
finite uniform covers, sub-M-fine, or M-fine spaces onto thefull subcategory of spaces
with a basis offinite dimensional uniform covers which are

(i) closed under separable composition, generalized composition, or inversion,
respectively, and

(ii) are locally sub-M-fine in the following restricted sense: if {Cn3} is a one-dimen-
sional Euclidean uniform cover and %/Cm is a two-dimensional uniform cover for
each m, then °Uis a uniform cover.

Before proving 2.9 we comment that our result is modeled on the work done
by A. W. Hager (in particular [H]I5 4.2), which established the real-valued operator
c as a categorical isomorphism from the full subcategory of separable locally fine
(resp. separable metric-fine) spaces onto the full subcategory of spaces generated
by uniformly continuous real-valued functions which have the countable composition
(resp. inversion) property. Based on the work in [R]4, the content of 2.9 is the charac-
terization of the image categories by properties (i) and (ii).

It is clear that the image categories satisfy properties (i) and (ii). Assuming that
uX satisfies condition (ii) we will show that the separable composition property
implies fu=fmOu. By ([l],, 4.25) each member of fm (Qu may be refined by one of

n

the form _(J1 where each if is uniformly discrete with respect to moOu.
i

For each i, define B ~ U{V£if}; then [Bfcpm”u, so by 2.5 [Bffpu. By (]ljls
4.22) we may choose a one-dimensional mOu-uniform cover if' such that Af/Bi=if
(since if isuniformly discrete, it is a uniform cover of Bt, so this is possible). If we can
show that each if'£u, then T'= {21 Vv: VPif', j=1,2,..., n}£u/pu=u (by [I]x,
5.3 or an easy argument), which would conclude the proof.

By ([R]2, Theorem 1) mOu=u/mOeu and ([GI], 4.8 and proof of 4.9) show that
each separable locally fine uniformity v satisfies vczpv/cv, so we obtain mQOeu=
=emOQuczpmOu/cmOu. Once again by 2.5, cmOu=cu, so we now have mOucz
dufipu/cu). By a straightforward argument u/(pu/cu)—(u/pu)/cu—ulcu, so each
if' is a one-dimensional member of m/cm. Suppose that [Up. i<i} is a one-dimen-

sional member of m/cm. Choose {An}Pcu and (C"}6u, n=1,2,..., such that

{N,,0C"}<{{/,}. Inductively define uJ™, where 3B$=(C": AnMC/c[/(},...,

Dh= U#/1, where AnC\CfczUt, C"CUNI}" for n=1,2,—
>

Define 3,,={D?: t}, n=1,2,.... Since {C"}<:3?,, 3npu, while from the

construction each S)n/An is a one-dimensional cover; hence by ([Ifi, 4.22) there
exists a two-dimensional uniform cover Sn such that <%¥n,={,/a,- Finally,
{AnME: EE$n, n= 1, 2, ..}<{£/,}, so in short hand notation {t/(}£2—dim m/cm.
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By fITli, 4.25) cmc(1—dim cu)/pu, so we obtain yf'E(2—dim w/| —dim cu)/pu.
Thus by assumption (ii), if' £u/pu=u.

We have now established that u=fmOu if uX is a member of the image category;
hence by ([R]4, 2.3), m(Qu=mO0(fm,,u) has a basis of point-finite uniform covers,
so the operator/ is onto (with respect to objects). Furthermore, / is one-to-one
(with resp. to objects), for if fu=fv, where u, v are locally sub-M-fine uniformities
with a basis of point-finite uniform covers, then by ([R]4, 1.3) mOfu=u=m Ofv=v.
The reasoning used in the previous statements also shows that/is full and faithful,
hence it is a categorical isomorphism.

Using results from [R]4the proofs of the other two cases are analogous to the
previous proof.
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WVACHS TUNMBEIGENSCHARTEN
UND KONVERGENZFAKTOREN
FUR VERALL GEIVEINERTE
POTENZREIHENVERFAHREN DER LIMITIERUNG

Von
L. HOISCHEN (GieRen)

Zu gegebenen komplexen Zahlen p,, (n=0, 1, 2, ...) und reellen Zahlen /,
n=0, 1,2, ...) mit 0=n0<nl<A2< ... bilden wir Limitierungsverfahren V{p,,A,,},
die das Abelverfahren sowie das Boreiverfahren verallgemeinern und in folgender
Weise definiert sind:

Die Dirichletsche Reihe P (x)= anxx* sei konvergent fur alle xg[O0, q)

mit Ferner gelte P(x)" Q fur a”“x<o mit einer Konstanten a<(?.
Wir nennen eine komplexwertige Folge {s}dann V{p,,, 2,.}-limitierbar zum Wert c,

wenn 2P nsnx* fur alle xE[0, 0) konvergiert mit
n=0

. 1
xl-'éT-]o P(xJ &B”S”XK ¢

Diese Verfahren werden im Falle 1,,=n mitunter auch als Valironsche Ver-
fahren bezeichnet [2; S.223], und wir erhalten fir pn=1, A,,=n, o=I das Abelver-

fahren sowie fir p,,=—, |,,=n, g= co das Boreiverfahren.

Zur Summation unendlicher Reihen betrachten wir in Verallgemeinerung des
Abelverfahrens noch eine weitere Klasse von Limitierungsverfahren A {f.}, wobei
zu gegebenen reellen Zahlen 4, (=0, 1,2, ...) mit 0=/0<Al<n2< ... die Reihe

2 an durch das Verfahren A {/,} summierbar zum Wert c heiflt, falls nZ_OanxX"

far alle xf[0, 1) konvergiert mit
lim Ya, =c

Fiur A,=n wurde beziiglich der Wirkfelder der Verfahren V{pn,n) in [1]
und [6] die Frage untersucht, wie stark V{p,,, n}-limitierbare Folgen {?.} wachsen
kénnen, mit dem (kurz zusammengefalRten) Ergebnis, dall es keine eigentliche
Wachstumsbeschrénkung flr diese s,, gibt, sondern dall eine Einschrankung der

GroRenordnung zuléssiger s,, lediglich durch den Konvergenzradius von nz:Oan"

bedingt ist.

Zunéchst zeigen wir in dieser Arbeit, daR die Ergebnisse aus [1] und [6] sowohl
im Falle 4,=n wesentlich verschérft als auch fir nichtganzzahlige /,, verallgemeinert
werden konnen. Das wichtigste Hilfsmittel dazu sind Ergebnisse des Verfassers

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



198 L. HOISCHEN

uber die asymptotische Approximation stetiger Funktionen durch Dirichletsche
Reihen.

Wir betrachten neben der oben definierten Limitierung noch zuséatzlich die
Geschwindigkeit, mit der die Folgen {i,} durch ein Verfahren V{pn,/,} limitiert
werden kdnnen und bezeichnen zu einer auf [0, g) positiven und stetigen Funktion
h mit C§]die Klasse aller Folgen {v,} mit

1 0« .
F\%_ 2 _PnS,xxn=0(h(xj) (x- 0-0).
Wir beweisen

Satz 1. Es sei ein Verfahren V{pn, A} gegeben mit pn?0 (n=0, 1,2, ...) und
>
0=20 A j —c (W—c0), An+tl-As<>0, 2 "AE =°-  Ferner seien Ly

n=1 )

(z= 1, 2, 3, ...) natlrliche Zahlen mit
(0 2 1-=°°" ni+i>ni-

Dann gibt eszujeder auf [0, 0) positiven, stetigen Funktion h und zu beliebig gegebenen
komplexen Zahlen w,, (n—1, 2, 3, ...) mit

2 Lm[p,.w,,| A A J-

) Jmip.w.[1AA 35
eine Folge ' so, daRfur alle /=1,2, 3, ... gilt
(3) sni = wnr

Es sei darauf hingewiesen, dafl die Bedingung (1) aus Satz 1 im Falle kn=n
bereits erfiillt ist, wenn ni+1>nt+ 1 gilt. Fir die Verfahren A{An} erhalten wir
einen entsprechenden Satz, wobei C”J) zu einer auf [0, 1) stetigen Funktion h die
Klasse aller A{2,,}-summierbaren Reihen *a nmit

2 anx*n= 0{h(x)) (x —1-0)
n=0
bezeichne.

Satz 2. Es sei ein Verfahren A {#,} gegeben mit Zahlen Xn, die die Voraussetzun-
gen von Satz 1 erfillen. Ferner seien w, (z=1,2,3, ...) natirliche Zahlen mit der
Eigenschaft (1). Dann gibt es zu jeder auf [0, 1) positiven, stetigen Funktion h und
zu beliebig gegebenen komplexen Zahlen wn (n=1, 2, 3, ...) mit

H—%’ W, | YA'S 1

eine Reihe ff anEC " so, dalfur alle i=1,2,3, ... gilt

Als Anwendung von Satz 1 und Satz 2 lassen sich die Konvergenzfaktoren
der Verfahren V{pn,A,} und A{An} genau charakterisieren. Dabei nennen wir
die Zahlen a, (n=0, 1,2, ..) Konvergenzfaktoren der Verfahren V{pn,?2,} bzw.
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der Verfahren A {?,}, falls fur alle V{p,,, A, }-limitierbaren Folgen {?} bzw.
far alle A {f.}summierbaren Reihen " an stets die Reihe 2 ans,, bzw. die Reihe
2 <nan konvergiert.

Im Falle 4,,=n wurde in [6] der folgende Satz bewiesen, wobei C"0) die Klassg
aller Folgen {s} bezeichne, die V{p,,, ri)-limitierbar zum Wert 0 sind.

Satz 3. Fir das Verfahren V{p,,,n} sel pn" 0 (n 0,1,2,...), und es gelte

. To—x L
.J,l_rp_o P(x% —0 im Falle K bzw. I|m P( ) im Falle o= « mit einer
reellen Konstanten 3. Ist dann die Folge {sus,} furJede Folge {?}6 C"0> beschrankt,
so gilt
KI~ R\pn\rn (n=0,1,2,...)

mit Konstanten R<°°, reg.

Bezuglich der Klasse A{/in} wurde in [5] im Falle 4,=u, d.h. speziell fir das
Abelverfahren A der folgende Satz bewiesen.

Satz 4. Ist die Reihe " <na, konvergentfir alle A-summierbaren Reihen 2 a,,

so gilt
KI —Rrn (n =0,1,2,...)

mit Konstanten r<1

Zur Verschéarfung und Verallgemeinerung von Satz 3 beweisen wir

Satz 5. Es sei ein Verfahren V{pn, 4} gegeben, wobei pnv0 (n=0,1,2,...)
und 0-A0AldA2<...<q4,,—0 Wm—"0), HAHL—HA,*?>0, * A == gelte.

n=i

Ferner sei h eine auf [0, g) positive und stetige Funktion. Ist die Folge {a,v,} fur alle
{snt£C " beschrankt, dann gilt
4) e A R\p,,\mn (n =0, 1,2, ..)
mit Konstanten R< ooy Ve<Q

Entsprechend ergibt sich fur die Klasse A{A} als Verscharfung von Satz 4 der
folgende

Satz 6. Fur das Verfahren A{A} gelte 0= A<AIAX ...<A,,—*° (LN"0o0)
mit $B+1—H,,8#>0 wmn(/ 2 1o Ferner sei h eine auf [0, 1) positive und stetige
Funktion. Ist die Folge {w, an)fur alle Reihen £ a,£ beschrénkt, dann gilt

\n*Rrxn (n=0,1,2,...)
mit Konstanten R< °°, r< 1
Zum Beweis von Satz 1und Satz 2 benutzen wir als Hilfsmittel
© JSatz 7. Es sei 0=A0HAAK...<A,,-*-°° (n-+°°) mit A+1—HA,*"#>0 und
2:1/\;';,: °- Dann gibt es zu jeder auf[0, 0) (0<B —°°) stetigen Funktion f und zu
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jeder auf [0, g positiven, stetigen Funktion h einefiir alle xfJO, g) absolut konvergente
Dirichletsche Reihe Y, anx*n so, daR gilt

fix)- 2 anxx” h(x) (x€[0, e"-

Satz 7 wurde fir g< °° in [3; S.17] und fur den Fall g—« in [4] bewiesen.

Beweis zu Satz 1. ZU gegebenen Zahlen wnmit der Eigenschaft (2) setzen wir
fix) = 2 PmmXy-
1=

Diese Reihe konvergiert dann wegen (2) fur alle xG[0, g) absolut, da die Bedingung
K+i~"n~q>0 die Abschatzung k,,"kn mit positivem k impliziert.
Nach Satz 7 kénnen wir bei Beachtung von (1) eine absolut konvergente Dirich-

letsche Reihe der Gestalt g(x)= ¥ a,,xx* so wéhlen, dal}
0
©) fix)-g(x) = 0{P{x)h{x))
fir x —q—0 ist. Die Folge {i,,} mit
wt in="ei=123..)

N in nti=123 ..)
Pn

erfullt offensichtlich (3), und es gilt {s,,}fCi,H) nach (5), womit Satz 1 bewiesen ist.

Beweis zu Satz 5. Gilt (4) unter den Voraussetzungen von Satz 5 nicht, dann

kénnen wir zu beliebigen Zahlen rt (i—1,2,3,...) mit o und r,—p (r-*-°°)
natirliche Zahlen w so bestimmen, daR

(6) kJ S lpni\rfn,

far /=1, 2, 3, ... ist. Hierbei kénnen wir die n, so schnell wachsend wéhlen, dal

die Bedingung (1) erfullt ist. Wir setzen

n=n;;i=123,..)
(7 = \Pn\rf"

0 inTnt; i= 12, 3,..).
Diese Zahlen w,, erfiillen die Bedingung (2), da A,mkn mit einem t>0 ist. Daher

gibt es nach Satz 1eine Folge {5,}£C# mit sn=wn (n=w\ i=1,2,3,...), und
wir erhalten aus (6) und (7)

SUp k S, S SUp \pnirf, WI = SUp Ni = oo,
n i i

was der in Satz 5 vorausgesetzten Beschranktheit von {«,i,.} widerspricht. Damit
ist Satz 5 bewiesen.
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Die Beweise zu den Sétzen 2 und 6 verlaufen ganz analog zu den Beweisen von
Satz 1und Satz 5.

Es sei noch darauf hingewiesen, dal} sich mit Hilfe von Satz 7 ganz entsprechende
Sétze flr die absolute Limitierung dieser Verfahren herleiten lassen.
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DECOMPOSITIONS OF INJECTIVE M ODULES
OVER NON-NOETHERIAN RIN G S
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About the decompositions of injective modules, E. M at1is [9], R. B. Warfield,
Jr [14] and I. Beck [2] have given many interesting results. Among others, E. M at1is
has completely determined in [9] the structure of an indecomposable injective module
and the indecomposable decomposition of an injective module over a noetherian
ring. Moreover, E. Mattis [9], J. Fore [5] and R. B. Warfietd, Jr [14] proved that
if the indecomposable decomposition of an injective module exists, then it is uniquely
determined up to an isomorphism. In this paper, we are mainly interested in some
full subcategories of the category of unitary modules over a non-noetherian com-
mutative ring with unity such that every injective module in those categories is
decomposable into a direct sum of indecomposable injective modules.

Let A4 be a commutative ring with unity, Spec (R) the set of all prime ideals
in R and let F(R) be the set of all prime ideals P in R such that the localization RP
of R by P is noetherian.12Let P be an element of F(R). We shall denote by G(P) the
generalization of P, i.e., the set of all prime ideals Q of R such that Q*P. A non-
empty subset of F(R) is said to be of open type if for any P in X we have G(P)QX.
Let 901 be the category of unitary R-modules and let A be a subset of F(R) of open
type. We shall denote by 91'[X] the full subcategory of 9l consisting of M in 9t
such that MP (=M<S>rRp)—0 for every P in X. 91[A] stands for the full subcate-
gory of Q1 consisting of M m 91 such that HomR(A, M)=0 for every N in Y¥[X].
We shall say that R satisfies the condition H[X] if for any proper ideal A of R such
that

A= T (NsPNs),

we have that Ass (R/A)C\X™ 0 .f

If 4 is a noetherian ring, A satisfies the condition FI[X] for any XQ F(R)
of open type. In particular, R satisfies the condition //[Spec (7?)].

In 81, we first study the structures of injective modules in 91 [X] when R satisfies
the condition H[X], and we shall also give a condition for f to satisfy the condition
H[X}.

1 For any multiplicatively closed set C in a commutative ring R, we shall denote by Rc
the ring of quotients of R with respect to C and for each prime ideal P of R, we shall use RP
instead of R(r-p> (this is called the localization of R by P).

2 For any Jl-module M, we shall denote by Ass (M) the set of all prime ideals P in R
such that there is an x(-M with AnnR(x)=F, or equivalently, there is a monomorphism of the
quotient module R/P of R by P into M.
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Let /1 be a commutative ring with unity and X a subset of F(R) of open type.
Let us consider the following conditions for 9t[AT].3

() Every injective /I-module in 91[A] is decomposable into a direct sum of
indecomposable injective JI-modules in 91JAT] and every indecomposable injective
N-module in 91[Af] is isomorphic to the injective hull of R/P for some P in X.

(1) Let (Msa}nen be any family of injective J1-modules in 91[X]. Then, A%I‘I®MX

is injective as an J1-module.
In 82, we shall investigate a pair of a ring R and a subset X of F(R) of open
type such that the conditions (I) and (1I) hold in 91[X].

1. The basic properties

Throughout this paper, we assume that a ring is commutative and has a unit,
a module is unitary and assume that F(R) is not empty for any ring R considered
in this paper. Let R be a ring and M an JI-module. Then, it is well known that there
exists a minimal injective Jl-module containing M and it is an essential extension
of M. Thisis uniquely determined by M up to isomorphisms, and is called the injective
hull of M (denoted by ER(M]) (see [4], [7], [13] for details).

Let /1 be a ring and A'a subset of F(R) of open type. Then it is easy to see that
Ot[Af] contains a non-zero J1-module. Moreover, if an J1-module M belongs to
OI[Af], then every submodule of M belongs to 91[A"]. In this section, let us denote
by X an arbitrary subset of F(R) of open type.

Proposition 1.1. Let R be a ring and M an R-module. Then M belongs to 91[X]
if and only if Er (M) belongs to 91[Z], Therefore, if ME£9I[A], every essential
extension of M is also in 91[A"].

Proof. If ER(M) belongs to 91[X], then its submodule M belongs to 91[X].
Conversely, assume that M belongs to 91[X]. For any submodule M 'O of ER(M),
M'T\M~0. Furthermore, if N£91'?], every submodule of N belongs to 9I'TA]j.
Thus any non-zero submodule of ER(M) does not belong to 91'[X], and so ER(M)
belongs to 91[A].

Lemma 11 (Lemma 1.2 in [1] or Corollary 1 of Proposition 3 in [6]). Let R be
aring and C a multiplicatively closed set in R. Thenfor any Rc-module M, M is injective
as an R-module if and only if M is injective as an Rc-module, where Rc is the ring
of quotients of R with respect to C.

Proposition 1.2. Let R be a ring, P an element in F(R) and let {E>)"n be any
copies of injective R-modules of theform E; =Er(R/P) for each), in J1. Then/Z? ©f;
en

is injective as an R-module.

Proof. By Lemma 2 of [4], Er(R/P)=* ERp(RPPRP) as both an Jl-module
and an Jip-module. On the other hand, RPis a noetherian ring and hence/ezn® E X

3 The conditions (1) and (I1) hold in 9t[X] for every subset X of F(R) of open type when
R is a noetherian ring.

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



INJECTIVE MODULES 205

is injective as an Rp-module. Thus, by Lemma 1.1 3 @E; is injective as an R-
Acd
module.

LEMMA 1.2. Let R be a ring satisfying the condition H[X] and M a non-zero
R-module belonging to M[X]. Then Ass (M)NX#= &.

PRrROOF. Let O0=x be an element of M. Let Annz(x)=A4. Then, it is easily
seen that
A= () (AR,NR).
PecX
P24
Since R satisfies the condition H[X], Ass (R/A)NX#J. As RIA~RxCM, we
have Ass (R/4)=Ass (Rx)SAss (M). Thus Ass (M)NX#J.

THEOREM 1.1. Let R be a ring. Then, the following conditions are equivalent.

(1) R satisfies the condition H[ X].

(2) Any non-zero injective R-module belonging to M[X] contains an indecompo-
sable injective R-module isomorphic to Eg(R/P) for some P€X.

PRrROOF. (1)—(2). Let M be a non-zero injective R-module in M[X]. Then, by
Lemma 1.2 there exists an element P in X such that M2 M’=~ R/P. Since M is
injective, M 2 Ex(M")= Ex(R/P), which is an indecomposable injective R-module
by Theorem 2.4 of [9]. Hence M contains an indecomposable injective R-module
isomorphic to Egx(R/P), P€X.

(2)>(1). Let A be any proper ideal in R such that

A= ) (AR:NR).
PeX
P24

Then, it is easy to see that R/A€N[X] and by Proposition 1.1 Ex(R/A)eN[X].
Thus, by the assumption, Ex(R/A4) contains a submodule E’isomorphicto Eg(R/P)
for some PcX. Thus, as Ass (R/A)=Ass (Eg(R/A)), we have that Ass(R/4)=
=Ass (Eg(R/A)) 2 Ass (E’)=Ass (Ex (R/P))> P, and so, Ass (R/A)NX#=Q.

PROPOSITION 1.3.% Let R be a ring with the condition H[ X]. Then, any injective
R-module belonging to M[X] is the injective hull of a direct sum of indecomposable
injective R-modules in N[ X], each of which is isomorphic to Ex (R/P) for some P in X.

ProoF. Let M be any injective R-module belonging to M[X] and {E,},c, the
set of all submodules of M which are indecomposable injective R-modules. Now,
set K={LCQ| 3 E, is a direct sum}. Then, by Theorem 1.1, K is not empty if M

aEN

is not zero. By Zorn’s Lemma, there exists a maximal element L, in K with respect
to the order by the canonical inclusion. Then, we infer that M=Ez(M,), where
M,= 3 ®E,. For,if Ex(My) & M, then Ey(M,)isa proper direct summand of M,

a€L
that is, M =Er(My)®M’ and M’ is a non-zero injective R-module belonging to
9 [X]. Thus by Theorem 1.1, M’ contains an indecomposable injective R-module,
and this contradicts the maximality of L,. Hence M=Eg(M,).

4 This follows also from Theorem 3 of [14] using Theorem 1.1.
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LemMMA 1.3. Let P be a prime ideal in a ring R. Then, for any element r in R—P,
T,: Ex(R/P)—~ERr(R/P) defined by T,(x)=rx for x in Egx(R/P) is an automorphism
of Exr(R/P).

Proor. Since 7,: R/P—R/P is a monomorphism and Eg(R/P) is an essential
extension of R/P, T, is monomorphic. On the other hand, Ex(R/P)is an indecom-
posable injective R-module by Theorem 2.4 of [9], and so 7, is an automorphism.

LeMMA 1.4. Let P and P’ be prime ideals in a ring R such that PSP’. Then, we
can regard Eg(R/P) as an Rp.-module and it is an indecomposable injective Rp.-
module.

ProoF. By Lemma 1.3, for each element r in R—P’T,: Ex(R/P)—~Exr(R/P)
is an automorphism and hence Ex(R/P) can be regarded as an Rp-module. More-
over, by Lemma 1.1 ER (R/P) is injective as an Rp-module and the indecomposablity
of ER (R/P) as an Rp.-module follows from that of Ex(R/P) as an R-module.

s Let R be a ring satisfying the condition H[X] and M an injective R-module
belonging to [ X]. Then by Theorem 1.1 Ass (M)= @ if M0 and by Proposition
1.3, M can be expressed as follows:

(a) M= ER( 2!;®Ea)9

where each of E,(x€Q) is isomorphic to Ei(R/P,) for some prime P, in X; let us
call such an expression of M, simply, an expression of M. For each Pin Ass (M),
let us set

M(P) = Eg( Z'EBE) MIP]=Ex(_ 3 @M(P))
P-—P P%’AQSSISM)

We shall then call M(P) the P-component of M and M[P] the local component of
M at P, with respect to the expression (a) of M.®
By Proposition 1.2,
M(P)= 2 ®E,

a€ER
P,=P

and it is a direct summand of M. By Lemma 1.4,

M= 3 eM®P)
P’ € Ass(M)
PSP

can be regarded as an Rp-module and for each «€Q, E,, which appears in M’,
is injective as an Rp-module. Thus M’ is injective as an Rp-module because Rp
is a noetherian ring. Therefore, by Lemma 1.1, M’ is injective as an R-module,
that is,
M[Pl= 3 @eMP)= 2 &FE,.
P’ ¢ Ass(M) acQ
PCcP P,CP

5 For convenience, let us set M(P)=0 and MJ[P]=0 when PEX—Ass(M) and
G(P)NAss (M)= &, respectively.
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By Corollary 4.2 of [14] or by Theorem 6 of [4], the P-components of M with respect
to any two expressions of M are isomorphic and the local components of M at P
with respect to any two expressions of M are isomorphic. From these facts, we
yield the following proposition.

PROPOSITION 1.4. Let R be a ring satisfying the condition H[ X] and M an injective
R-module belonging to W[ X]. Then we obtain the followings:

(1) For each element P in Ass (M), the P-component of M and the local compo-
nent of M at P, with respect to an expression of M, can be written as direct sums of
indecomposable injective R-modules belonging to N[ X].

(2) For each element P in Ass (M), the P-components of M with respect to any
two expressions of M are isomorphic and the local components of M at P with respect
to any two expressions of M are isomorphic.

(3) Let M(P’)(P’€Ass (M)) be the P’-components of M with respect to an
expression of M. We then obtain

M=E( 3 aM®)).

P’ ¢ Ass(M)

Let R be a ring with the condition H[ X] and M an injective R-module belonging

to N[X]. For an element P in X, let us set {M,},, be the set of all submodules of M

each of which is isomorphic to Ez(R/P’) for some P’ in X which is contained in P

and set V={L|LgQ, > M, is a direct sum}. By Zorn’s Lemma, there is a maximal
a€Ll

element L, in ¥V with respect to the order by the canonical inclusion. Then, let us call
M= 3 &M, a local component of M at P. By Lemma 1.4 and by Lemma 1.1,

a€L,
M’ is injgctive as an R-module. Furthermore, it is easy to see that G(P)(NAss (M")=
=, where M=M'®&M"”. Since M” is injective as an R-module and belongs to
N[X], by Proposition 1.3, M” can be expressed as

M’ = Ex( 3 ®F,),
i€A
where E; (1€ A) are indecomposable injective R-modules belonging to M[X]. Thus
M=(3 &@M)OE(S dE,)
acL, i€d

is an expression of M and the local component M[P] of M at P with respect to this
expression of M is equal to M’. Thus, by Proposition 1.4 any two local components
of M at P are isomorphic (from now on, we also denote by M[P] a local component
of M at P). From these facts, we yield the following proposition.

PROPOSITION 1.5. Let R be a ring satisfying the condition H[X]| and M an injective
R-module in N[X). Then

(1) for each element P in Ass (M), a local component of M at P is a direct
summand of M and it can be expressed as a direct sum of indecomposable injective
R-modules each of which is isomorphic to Eg(R/P’) for some P’€X which is contained
in P, and

(2) any two local components of M at P are isomorphic.
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Proposition 1.6. Let R be a ring. Then, 91[X] is closed under the localization
in X.

Proof. Let M be any J1-module in 91[X] and assume that the localization MP
of M by P does not belong to 91[X] for some P in X. Then there exists at least one
N-submodule N*O in MP which belongs to 91'[Af]. This implies that NP.=0
for all P' in X. In particular, NP=0 and this is impossible because N is a non-zero
subset of an RP-module MP. Therefore, MP also belongs to 91[X] for all PdX.

Remark. In general, 91[A] is not closed under the localization in F(R).

Proposition 1.7. Let R be a ring and P an element in Spec (/1). Then thefol-
lowing statements are equivalent.

(1) RPis a noetherian ring.

(2) Let {£sa}a€n be any copies of Er(R/P). Then, ®EKk is also injective as an

is injective as an R-module.

Proof. (1)—(2) follows from Proposition 1.2 and (2)—(3) is trivial. Let us
show (3)-*-(I). Assume that RPis not a noetherian ring. Then there exists an ideal
A in RPsuch that A—(alt a2, a3, ...) and aj<£(al, a2, ..., aj-j) for all 1 Let
f be an RP-homomorphism of (al, a2, ..., aj) into £; defined by /|(ap=T( (= the
canonical image of 1in (Rp/PRp)QEi) and f(aj}=0 for all ;<i (this is well
defined because {al, ar, ..., ai_i)3rai fER P implies rEPRP), and let gt be an
RP-homomorphism of RP into £; which is an extension of f and set 1;(1)=x;
for all 1. Let/ be a mapping of A into E— £ defined by

Then, it is easy to see that/ can be regarded as an RP-homomorphism of A into
£ because a;x,:O for all /</ and | 2 ria\xj=r\ A Xj. But, by construction,

j=1Vi=j / Vi=|
/ can not be extended to an JIP-homomorphism of RPinto £. Thus, £ is not injective
as an J/1-module by Lemma 1.1. This contradicts the hypothesis. The proof is com-

plete. 1

Remark. Let J1 be a ring, X a subset of £(J1) of open type and let P be a prime
ideal of /1. Then, by Proposition 1.7, ©f, (Ex=Er(R/P) and Q: any index set),

being injective, implies that RP is noetherian, that is, P"F(R). Hence, for decom-
positions of injective J1-modules into indecomposable injective Jl-modules of the
form Er(R/P") (P'E Spec (J1)), it is natural to restrict our observation to injective
N-modules belonging to 91[X], setting up with /1 satisfying the condition H[X] by
Theorem 1.1.
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2. Some conditions for the decomposablity

Let R be a ring and X a non-empty subset of F(R). The we denote by X the
set of all elements P in F(R) such that P is contained in some element in X, i.e.,
X= U G(P), and let us call it the open closure of X. If X={Px, P2, ..., R}, we
PtX

denote X by [RIs P2, ..., Pn]. Let PObe an element in a subset X of F(R). Then, we
call POa maximal element in X in case if R2R0 for P~X, then P=PO0. Now, if X
is a finite set, X contains only a finite number of maximal elements in X and any
element of X is contained in some maximal element in X. A subset A of F(R) is said
to be offinite type if there exists a finite subset X0in F{R) such that X=XO0.

Theorem 2.1. Let R be a ring satisfying the condition FI[X] for a subset X of
F(R) and M_an injective R-module belonging to 9t[Z]. Then, if Ass (M) is contained in
a subset ofX being offinite type, M can be expressed as a direct sum o f indecomposable
injective R-modules belonging to 91[Z] each of which is isomorphic to Er(R/P) for
some P in X.

Proof. Let ¥ be a subset of X of finite type such that Yjj Ass (M) and let
{Pi, P2, ..., P,,) be the set of all maximal elements in Y. Then, by Proposition 1.5
a local component M[Pj\ of M at Pr is injective as an R-module and it can be written
as a direct sum of indecomposable injective R-modules each of which is isomorphic
to Er(R/P) for some P in X Now, set M=M[PIQ®M1. Then, Mxis an injective
R-module and belongs to 91[ZJ). Moreover, Ass (Afj is contained in the open closure
[P2, P3, ..., R] of {P2,P3 .., P,}. Thus, by Proposition 1.5 a local component
Mi [P of Mxat P2is injective as an R-module and we yield that

M = M[Pi]®Mi[PA®M2.
Continuing as above, finally we obtain that
M = M[PA®MIi[PA®...(BMni[P,,}

and M;[Ri+1] can be expressed as a direct sum of indecomposable injective R-modules
belonging to 91[ZT] each of which is isomorphic to Er(R/P) for some P in X.
The proof is complete.

Corollary 1. Let R be a ring satisfying the condition H[F(Rj\, M an injective
R-module belonging to 9t[R(R)] and suppose that Ass (M) is offinite type. Then,
M can be expressed as a direct sum of indecomposable injective R-modules in 91[F(R)]
each of which is isomorphic to ER(R/P) for some P in F(R).

Corollary 2. Let R be a ring with the condition H[F(R)] and M an injective
R-module belonging to 9I[F(R)]. Suppose that Ass (M) satisfies the maximal condi-
tion and has only afinite number of maximal elements in Ass(M). Then, M is decom-
posable into a direct sum of indecomposable injective R-modules in 9I[F(R)], each of
which is isomorphic to one ofthe Er(R/P), PE€_F(R).

Proof. Since Ass (M) satisfies the maximal condition, each element of Ass (M)
is contained in some maximal element in Ass (M). Thus, Ass (M) is of finite type
and hence we have the result by Theorem 2.1.
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Lemma 2.1. Let R be a ring and X a subset of F(R) of finite type. Let
{Pi, P2, ..., Ps} be the set of all maximal elements in X, and set C=R —{J Pt,

i
A ={rER\cr = Qfor some c in C}. Then, (1) every R-modulefn 9I[X] can be regarded
as an R/A-module, and (2) any injective R-module in 91[X] can be regarded as an
Rc-module.

Proof. (1) Let M be an arbitrary fA-module in 9I[X], c an arbitrary element in C,
and let Tc: M—M be an A-homomorphism defined by Tc(x)=cx for xdM.
Then, (Ker (IMQ)P(=0 for all i. This means Ker (Tg=0. Therefore, it is easily
seen that M can be regarded as an A/d-module.

2 Let E be any injective A-module in 91[X]. In order to prove (2), it is sufficient
to show that Tc: E—E defined by Tc(x)=cx is an automorphism./, being mono-
morphic, was obtained in the proof of (1). Let x be any elementin E. Since T ': R/A —
—R/A defined by T'{y)—cy is_a monomorphism, for the homomorphism / of
R/A into E defined by /(T)=x (T=the canonical image of | in R/A), there exists
a homomorphism g of R/A into E such that f=gT"'. Set g(l)=z. Then x=/(l) =
—g{T'c(\))=g(c\)=cz and this implies that Tcis an automorphism.

Proposition 2.1. Let R be a ring and X a subset of F(R) offinite type. Then we
yield thefollowings:

(1) A satisfies the condition LLLX].

(2) Every injective R-module in 91[X] is decomposable into a direct sum of inde-
composable injective R-modulesbelonging to 91[X] each of which is isomorphic to
Er(R/P)for some element P in X.

Proof. As X is of finite type, there is only a finite number {Pi, P2, ..., A}
of maximal elements P, in X such that any element of X is contained in some P,.
Now, set C=R —U #;. Then, C is a multiplicatively closed set in 4 and Rc is a ring

i
with just maximal ideals P1RC, P2RC, ..., PSRC. Since (Rc)p,rc—RP is a noet-
herian ring by the assumption for all i, by (E 1.2) of Appendix of [10], Rc is a noet-
herian ring.

Let M be an injective A-module in 91[X]. Then, by Lemma 2.1 M can be regarded
as an Rc-module and by Lemma 1.1, M is injective as an Rc-module. Since Rc is
a noetherian ring by the above remark, M contains a submodule E which is an inde-
composable injective H-module and isomorphic to ERc(Rc/P’) for some prime
idealP'n~c. Now, set P=P'C\R. Then, by the same way as in the proof of Lemma
2 of [5], ERc(Rc/P")"zEr (R/P) as an A-module and as an Ac-module. Furthermore,
since RPis a localization of a noetherian ring Rc, Rp is noetherian, and hence P
belongs to F(R). Thus, M contains an indecomposable injective A-modulejsomorphic
to Er(R/P), PE£X and by Theorem 11, A satisfies the condition #[X], Thus we
yield (1), and (2) follows from Theorem 2.1.

Theorem 2.2. Let R be a ring and X a subset of F(R) offinite type. Then, for
anyfamily (M apweo ofinjective R-modules in 91[X], # ®Mxis injective as an R-module

and belongs to 91[X].

Proof. Let {Px, P2, ..,_4,} be the set of all maximal elements in X. Then, since
A satisfies the condition H[X] by Proposition 2.1, by the same way as in the proof
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of Theorem 2.1, we have the followings for each a
K =wma]®mal]>4®...® mwm [P,

where Ma[PJ and /1/;[P(+1] are local components of M,, and Mai at Px and P(+1,

respectively, and Mx=Ma[PA®Mn and Mti=Mai[P;+]J ® Mal+r, for i—

=12,...,n—L Now, since RP and RP. are noetherian rings, 2ﬂ®MX[P"\ and
stg

%ﬂ@Mxi[PH]] are injective as an RPA-module and as an RAi-module, respectively.
a

Thus by Lemma 11, 2 and 2 ®J/,[P,+J are injective as an A-module.
Hence we obtain that

(2028Y)® (2® «N1[")©-O (ZOw»-iW)

is injective as an A-module. Furthermore, it is easily seen that this is isomorphic to
’;ﬂ@ (MB[PI®...0 M g|_1[44]). Thus 2€$(q@ M a is injective as an A-module.
a a

Remark. Let 4 bearing and X a subset of F(R) offinite type. Using then Propo-
sition 2.1, A satisfies the condition H[X], Thus by Theorem 2.1 and Theorem 2.2 the
conditions (1) and (Il) described in the introduction, hold in 91[X].

Lemma 2.2. Let A be an ideal in a ring R andf an R-homomorphism of A into
Er(A/4) (P £ Spec (4)), and assume that A Q 0~x(0), where a\ R-~RPis the canonical
homomorphism. Thenfis trivial.

Proof. Let a be any element in A. Since af<t-1(0), there is an element r in
R —P such that ra=0. On the other hand, by Lemma 1.3, Tr: Er(R/P)-~Er (R/P)
defined by Tr(x)=rx for x in Er(R/P) is an automorphism. Thus rf(a)=f(ra) —
—£(0)=0 and this implies that/is trivial.

Theorem 2.3. Let R be a ring, X a non-empty subset of F(R) and assume that R
satisfies the condition H[X], Then, if the set {PCX\APP9"0} is a finite set for any
proper ideal A in R, we yield thefollowingfacts:

(1) Every injective R-module belonging to 91[X] is decomposable into a direct
sum of indecomposable injective R-modules belonging to 91[X] each of which is iso-
morphic to ER(R/P)for some P in X.

(2) Let be any family of injective R-modules belonging to 9t[X], Then,
2fI is injective as an R-module and belongs to 9t[X],
ag

Proof. (1) Let M be any injective A-module belonging to 91[X] and M(P)
(Pd Ass (M)) the A-components of M with respect to an expression of M. Then by
Proposition 1.4, M can be expressed as

m=er{_ 2 _euwp)).

PEAsS(M)
Thus it is sufficient to show that 2 ®M(P) is injective as an A-module. Let us
P& Ass(M)
show this. Let A be any ideal of A4,/an A-homomorphism of Ainto 2  ®M(P)

P£ Ass (Af)
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and let P' be any element in X such that ARP —0. Then the canonical projection

of/(A) into M(P") is zero by Lemma 2.2. Thusf(A)Q 2 ©Af(Pj), where Pfis an
i=i

n

element in X such that ARPi?+0 for /=1,2, Since . . is injective
i=i
n
as an J1-module,/ can be extended to an J1-homomorphism of R into _2I O©AI(P().
1=

Therefore, 2  ©M(P) is injective as an J1-module.
P£Ass (M)
(2 By (1), for each «fR, Ma= 2 ®MXP)=2®M * (P), where Ma(P)
— P €Ass(Ala) PiX
(PdX) are the l-components of M awith respect to an expression of Mx. Moreover,

for each P in X, <2k(=:«®Ma(P) is injective as an J1-module. For, since MX(P) is injective
as an RP-module and since RP is a noetherian ring, a%:O®MAP) is injective as an
Np-module. Thus, by Lemma 1.1, 2 ®Ma(P) is injective as an Jl-module.
By the fact in the proof of (1), we ha?/eenthat 2 ©(2 ©Afe(P)) is injective as

XiX atR
an J1-module. Furthermore, it is easily seen that %FI@Aj is isomorphic to 2©
a pzx
h(2 0A/a(P)). Thus 2 is injective as an J1-module.
aed a6l

Lemma 2.3. Let R be aring, P aprime ideal of R, A an ideal of R and letf be an
R-homomorphism of A into Er (R/P). Then,fis trivial when Ker (/)9= /1

Proof. Take an element r in Ker (/) —P. Then, Tr: Er(R/P)-*Er(R/P)
defined by TT(x)—rx for xin Er (R/P) isan automorphism by Lemma 1.3. For any
elementain A, rf(a)=f(ra)=af(r)—0, and this means that/is trivial.

Theorem 2.4. Let R be a domain and X a subset of F(R) of open type. Suppose
that X satisfies the maximal condition and every non-zero ideal in R is contained in
only afinite number of maximal elements in X. Then, we yield the following facts:

(1) N satisfies the condition H[X],

(2) For any injective R-module M belonging to 9t[X],

M PsAzss(M)®LU'P)’
where M(P) (Pc Ass (M)) are the P-components of M with respect to an expression
of M. In this case, M is a direct sum of its P-components (Pc Ass (M)) with respect
to any expression of M.

(3) Any injective R-module belonging to 91[if] can be written as a direct sum of
indecomposable injective R-modules in 91[if] each of which is isomorphic to Er (R/P)
for some P in X.

(4) Let {Ma}ain be anyfamily of injective R-modules belonging to 91[if]. Then,
2 is injective as an R-module.
affl

Proof. (1) Let A be a non-zero proper ideal of /1 such that A= fj (ARpDR).
PiX

By the assumption, there is a finite subset if' of if consisting of all P which are
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maximal and contain A. It is easy to see that 91[Z'] £ 9t[Z], Since R satisfies the
condition H[X'] by Proposition 2.1 and A_Pf'll' (ARPC\R), we have that 07?i
i
tiZ'HAss (R/A)*XT1Ass (R/A), and this shows that R satisfies the condition H[X].
(20 By (1) and Proposition 1.4, M can be expressed as

m =er( 2
P €Ass (M)
Thus, it is sufficient to show that 2  ®M(P) is injective as an P-module. Let
PE€Ass(M)
0 be any ideal in R and/ any Jl-homomorphism of B into 2 ®M(P).

P €Ass(M)
Now, we have that

p€AZSS(M)®m (p) = m (0)®(P£A\5278w)®M(P))-
J

LetpObe the canonical projection of M(0)®( 2 ®M(P)) onto 2  ®M(P).
ECQSS(M) Egpe;tsg(Af)
Since 2  ®M(P) is a torsion P-module, Ker (f) =A is not zero when pof”0.
P£Ass (M)

If Pof—O, /CS)CM(0O). Assume that p0/~0, i.e, A=Ker(/)?"0. Then, by
the hypothesis, there is only a finite number of maximal elements (P1; P2, ..., P,,)
in X containing A. Let P be any element in X such that P%. Rt for all /. Then, by
Lemma 2.3 the projection of (piuf ) (B) to M(P) is zero. Therefore, we have that

pof(B) Q M[PJ®M1[PA®...0M,_1[PJ,

where M;[Pi+1] is a local component of Mt at Pi+l and Mi=Mi[Pi+]]®M i+l
(M0=M) for /=0, 1, ..., n—1 (this decomposition is aquired by the same way as
in the proof of Theorem 2.1). By Proposition 1.5, M[PI®MI1[PA®...®M,,_ 1[P,]
is injective as an P-module. Thus,/ can be extended to an P-homomorphism of R

into M[PI®M]1[P"®...OAf,_1[P,,]g 2 ®M(P) because M(0) is contained
EC Ass (A/)

in M[Pj]. Hence 2  ®M(P) is injective as an P-module. Furthermore, by
ECAss(M)

Proposition 1.4 for each element P in Ass (M) the P-components of M with respect

to any two expressions of M are isomorphic. Therefore, M — 2 ©M(P) implies
PE Ass(M)
that M is a direct sum of the P-components (Pc Ass (M)) of M with respect to any
expression of M.
(3) Let M be any injective P-module belonging to 91[A] and M=ER(2 ©P;)
ACN
an expression of M. Let M(P) (PCAss (M)) be the P-components of M with

respect to this expression of M. Then by (1) M= 2 ®M(P) and by Proposition

EC Ass (M
14, foreach P in Ass (M), M(P) can be expressed as gi éirect sum ofindecomposable
injective P-modules in 91[Z] each of which is isomorphic to PA(P/P") for some P’
in X. Thus we infer the result.
(4) By (1), we have the following isomorphisms:

2® mx= 2 ®m x(P))~
aced aC4 EC Ass (Afe)
= 2@ (R@ mxP) = 20 (2@ mank
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where for each oc£S2, MJP) (P~X) are the P-components of Mx with respect to
an expression of M7. Since 2 ®M X belongs to 91[A], by Proposition 1.1, M' =

aen

=Er{2 ©Me) also belongs to 91[A], Thus by (2), M' can be expressed as

aen

m'= 2®@m\p)= 2® (2@ K (P))
PiX PiX a£s)

because Ass (M')=Ass (2 ®Mf), where M'(P) (P£X) are the P-components
agn
of M' with respect to the expression M'=ER(2 ®( 2 ©M,(P))). Thus

atR P dAss(Ma)
2 ®Ma is injective as an P-module.
«en
Let Ubea Krull domain and put X= {P£ Spec (R)\ the height of PS I}. Then,

X is of open type. I. Beck investigated in [2] the structures and the decomposabilities
of injective modules in 91[X], and completely determined these. We can yield his
results as the corollary of Theorem 2.4 because R and X satisfy the conditions of
Theorem 2.4.

Corollary. Let Rbe a Krull domain and A= {P” Spec(R)\the height of Psl}.
Then we have the followingfacts:

(1) R satisfies the condition H[X\.

(2) Any injective R-module belonging to 91[A] contains an indecomposable injec-
tive R-module which belongs to 91[X] and every indecomposable injective R-module in
91[X] is isomorphic to Er(R/P) for some P£X.

(3) Any injective R-module in 91[A] can be expressed as a direct sum of indecom-
posable injective R-modules in 91[X] each of which is isomorphic to Er (R/P) for some
P in X.

(4) Let {My}yir be any family of injective R-modules in 91[A], Then, }J/é5r®My

is also injective as an R-module and belongs to 91[A].

Lemma 2.4. Let Pxand P2be prime ideals in a ring R such that Pr®P2. Then,
for any non-zero element x in ER(R/Pj) there is a non-trivial R-homomorphismf of
Er(R/P) into Er(R/P2 such that f(x)"0.

Proof. Set g(x) =1, where | is the canonical image of 1in R/P2- Then, g is
well defined as an P-homomorphism of Rx into Er(R/P2 because AnnR(X)®
QP2. Since Er(R/P2 is injective as an P-module, there is an P-homomorphism
/o f EniR/Px) into Er(R/P2 suchthat f —g on Rx and f(x)"0.

Theorem 2.5. Let Rbe aring, X a subset of F(R) of open type and assume that
R satisfies the condition H[A] and that X satisfies the maximal condition. Let M be an
injective R-module belonging to 91[A], S the set of all maximal elements in Ass (M)
and let M(P) (P£X) be the P-components of M with respect to an expression of M.
Then, thefollowing statements are equivalent:

1) M= 2 ®M(P).

P d Ass (M)

In this case, M is a direct sum of the P-components (P£ Ass (M)) of M with respect
to any expression of M.
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(2 2 ©M(P) isinjective as an R-module.
Pgs

(3) M is decomposable into a direct sum of indecomposable injective R-modules
belonging to 91[X] each ofwhich is isomorphic to Er (R/P) for some P in X.
(4) 2 ©Er(R/P) isinjective as an R-module.
PiS

(5) Let be any family of injective R-modules My belonging to 91[X]
such that Ass(MJ”S. Then Zf_ is injective as an R-module.
agn
Proof. (1)—(2). Since 2 is a direct summand of 2  ®M(P),
PgAss(M)

itis |nject|ve as an J1- module

(2) -*~(4). It is easily seen that 2 ®M(P) contains a submodule which is iso-
PiS

morphlcto 2 ®Er(R/P) and is a direct summand. This implies that 2
Pis

is injective as an N-module.
(D-*-(3). Since, by Proposition 1.4, M(P) can be written as a direct sum of
indecomposable injective J1-modules each of which is isomorphic to Er(R/P")

for some P' in X for all P in Ass (M), 2 ®M(P) can be expressed as the
PgAss(M)
required form and this is equal to M.

(3) —(1). Let M= 2 ©fa> where E, {).gJ1) are indecomposable injective
nen

N-modules each of which is isomorphic to Er(R/P') for some P' in X. Then, by
Proposition 1.4, M is a direct sum of the J1-components (J1* Ass (M)) of M with

respect to this expression of M and for each P in Ass (M) the J1-component of M with

respect to this expression of M, is isomorphic to M(P). Thus M= 2 ®M(P).

PgAss(Af)
(4)->-(2). If S is a finite set, then by Corollary 1 of Theorem 2.1, (4) implies
(3 and so (4) implies (1). Now, assume that S is an infinite set. Let S={Py}yir
and {M[Pyl}yir the set of all the local components of M at Py (yEI') with respect
to an expression of M, and let
M'— 2@MI[P.j

v«r

be the (external) direct sum of (M[/IY}7€l. Then, it is easy to see that M is iso-
morphic to a submodule of M', which is a direct summand. Therefore, in order to
prove the injectivity of M, it is sufficient to show the injectivity of M '. Let us show
the injectivity of M . Now, assume that there are an ideal A in J1 and an J1-homo-
morphism/: A—2 ®MI[P.j\ suchthat

f(A) i 2 1®M[PY]

y :finite
(let us regard, canonically, M[Py] as a submodule of 2 ®M[J1,]). Then, there exists

an infinite set {ft, ws> yB>eee} consisting of in %Euch that p.,.f(A) 20, where
pYt M'—MJ[Pyi] is the canonical projection for /=1,2, 3, .... For each Z there
exists a submodule Nyi in M[Py], isomorphic to ER(R/Pyi), PyiQPyi such that
qyip.Hf(A)?+Q, where qyi: M[Py]-+Nyi is a canonical projection. By Lemma 2.4,
there is an J1-homomorphism hyt: Nyt-+ER(R/Pn) such that hyigytpyif(A)"0.
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For any element a in A, hytgfpytf(a)=0 for almost all i. Hence we have that

2 hyiaytPytf :A - Z®ER(RIPY, 2@ ER(RIPY) g Z®E r(RIP)
| | |

is an A-homomorphism, but this homomorphism can not be extended to R because

its image is not contained in a direct sum of any finite number of ER(R/Py) by

the construction. This contradicts the injectivity of PZS®Er(R/P)' Thus f (A) is
i

contained in a direct sum of some finite number of M [P,f That is, M' is injective
as an H-module.

(5)-<-(4) is immediate.

(4)—5) may be proved by the same way as in the proof of (4)—l) and we
omit it.

Corollary. Let R be a ring and X a non-empty subset of E(R). Assume that
X satisfies the maximal condition and that R satisfies the condition LLLX]. Then the
following statements are equivalent.

(1) For any injective R-module M belonging to 91[A], M can be expressed as
a direct sum of the P-components M (P) (P£ Ass (M) with respect to any expression
of M.

(2) Every injective R-module belonging to 91[A] is decomposable into a direct
sum of indecomposable injective R-modules in 91[X] each of which is isomorphic to
Er (R/P)for some P in X. _

(3) Let M be any injective R-module belonging to 91[A] and M(P) (P£ Ass(M))
the P-components of M with respect to an expression of M. Then, 2 ®M(P) is

ptj
injective as an R-module, where J is the set of all maximal elements in X belonging to
Ass (M).
(4) 2 ®Er(R/P) is injective as an R-module, where S is the set of all maximal

pzs

elements in X.
(5) Let be any family of injective R-modules belonging to 9LIA]. Then,
2 is also injective as an R-module.

Proof. (I)**(2)"-(3) follow from Theorem 2.5 and (4)—(5) follows Theorem 2.5.
(4)-*(3). Since

2@ er(rip) = (2® er(r/p))® 2 ®er(r/p)),

pes Pz pis-j

2 ®Er(R/P) is injective as an A-module. Thus by Theorem 2.5, 2 ®M(P) is
?nljjective as an i?-module. "
(3)-*(4). As PZ ®Er(R/P) belongs to 9I[A], by Proposition 1.1, £8$2®
IS es

©Er(RjPj) also belongs to 91[A]. Thus, by the hypothesis, ERﬂazg5®ER(Rij)

can be expressed as a direct sum of its components with respect to this expression.
On the other hand, Ass(_>2€(s® Aqa(R/P)) 's equal to S. Thus, 2 ®Er(R/P) is
i

o i pcCs
injective as an ~-module.
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Remarks. 1. Let R be a ring and X a subset of F(R) of open type. Assume that
R satisfies the condition H[X] and that X satisfies the maximal condition. Then,
when 2 ®Er(R/P) isinjective as an R-module, the conditions (1) and (Il) described
Pis
in the introduction hold in 91[A], where S is the set of all maximal elements in X
2. We give here, without the proof, an example of a ring R wich does not satisfy
the condition H[F(R)\.

Let R_]]lK’ be a direct product of fields Kt, i=1,2,3,.... Then, F(R)=
= Spec (R) and R does not satisfy the condition H[F(R)].

Acknowledgement. The author would like to express his deep gratitude to Prof.
Y. Nakai for his advices and encouragements.
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SPLINE FUNCTIONS AND THE CAUCHY PROBLEMS. IV
ON THE STABILITY OF THE METHOD
By

T. FAWZY (Cairo)

Introduction

In the recent papers [2] and [3] we have introduced a method for approximating
the solutign of the non-linear ordinary diiferential equations y'=f(x,y) and y"=
:f(x,y, 5, with the initial conditions y(xQ=y0, and y(x0=yO0» Y'M-Yo»
respectively.

In this paper we are going to prove the stability of the method of approximating
the solution of the first and the second order differential equations, with initial
conditions, presented in [2] and [3], respectively. This paper is also considered to be
an extension of the previous papers [2] and [3].

1. Stability of the method for the first order differential equation

The method for approximating the solution of the Cauchy problem in the
non-linear first order differential equation was described, in details, in [3].
A change in one of the calculated values from ykto zk will lead us to solve

Zme1= Zm 3 f(t, z*(0) dt

instead of (2.1.5) in [3]. Subtracting (2.1.5) of [3], from this and setting

B = \Zk~Al>
we get
Entl = HEn+cehem= (1 +ceh)m~kB = csk
where c is a constant, independent of h and m—k, k+\, —1, or
£, (1+ceh)n~kek”™ ec(b~ahk = cek

which is a bounded multiple of the introduced error sk and is independent of h.
Also, for g—0, 1, ..., 1,

j& +1)I - I/w (*m,zj-/<*>(*m,y j|
applying the Lipschitz condition, it becomes
A L\zm-ym S Lec*b “h k Té c7ek

which is also a bounded multiple of the introduced error ek.
Hence, we have proved
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Theorem 1.1. I fany ofthe calculated values yk is changed to zk, then the inequality
= cBet

holds for all m=k+1,...,n and all t=0, 1, ..., r+1 where ek=\zk—yk\ is the
introduced error.

Theorem 1.2. | f any ofthe calculated values yk is changed to zk, and consequently,
the splinefunction approximating the solution of (1.1) in [3], and constructed in theorem
3.1 in[3],is also changedfrom S{x) to six'), thenfor any xf[xm, xm+l], m=k, k+1, ...

n—\, the inequality
sm(x)-s mx)  cllgk

holds, where ek= \zk—yk\ is the introduced error.

Proof. Consider the interval [xm xm+l] where m=k, fc+1, ...,n—1. Then,
analogously to the spline function SA(X) introduced in theorem 3.1 in [3], the new
spline function, due to the variation from ykto zk, will be

r+1 =U) r+2

(1.1) smx) = Z =fr (x-xny+ Z b)(x—xmp+r+l

and satisfying the conditions, as of (3.1.4) in [3],

0-2) 4° (*mti) = 4+1ixmt]) = 4+1. 4-1(*%,) = =>
where m—k, k+1, ..., n—2. le. forall m=k,k+1, ...,.n—1
r+1- :’.‘IQ+O r+2 NN ;
— ¥ hl+ 7 il ' (miNp+r+i-f
il jZ,—JO P=1 "] p+T ")

which could be obtained by the combination of (1.1) and (1.2).
The system of equations corresponding to (3.1.5) in [3] will be

(1.3) 2 '"{P+t+1)brh?-1= G{n
where t=0,1, ..., r+1 and

1 ( r+1-/ -0 +4 y
(1-5) Gl(n) = 2

and corresponding to (3.1.7) in [3], we get

(16) 1 E-;L»GS->.
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Now, from equations (1.1) and (3.1.3) in [3], we get
r+1 ~0)
*). N = 2 ~(x-xmj+
M*)-<Sm(*)I 2 Jf mj

r+ r+1 y0)
+ z bBm(x-xny +Hr+l- z L5r (x-xny - z c(m\x xnmy+'H
p=1
r«1 170%__TjO)j
=7 1t + 2 [bem) —afr)|Vip+,+1.
7=0 A i
Now, (1.6) and (3.1.7) in [3], imply

- 1 r+1 r+1 :
Ib(m)_a(m) IIp- 2 cPG(m)- 2 cptrtn) JNT R c pt\Gim>-F"\

and from (1.5) and (3.1.5) in [3], we have
AL hI-yM 1+ 727 WO

.
4
= 7=0 Im

|G<*o Fo = Miz<;)+i_
i 7=0 J!

« I

<o s v AT Ty ()

Applying theorem 1.1, it becomes
'm+l-< hd\
= JN JZT Csh+ 2 csekjrj - c9fpl

and so, we get
I{,()_a(m|'s _J_ 2 1c9cptekh‘~r-2

n t=0

and thus, from theorem 1.1, and the above inequality, we get
r+1 j r+2 Ir+1
sm(x)-Sm(7c) S Z cSek2~ + ?I fiptr+l jj-fgo”CQCptekhI~r~2:
r+1 foj r+2r+1
2:0 E+ Cgﬂp=2| /=20 <+/r'é Qp~
which is a bounded multiple of the introduced error Hence the proposition.

Theorem 1.3. Under the assumptions of theorem 1.2, i/re inequality

\stn (x)-SH\x)\ 3= cixt

holdsfor all t=0, 1, ..., r+1 an/f m=fc, fc+lI, n—L

Proof. Following the same procedure as in theorem 1.2, it is easy to prove this

theorem.
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Constusion. AS it has been shown in the above theorems, any variation in the
calculated values is a bounded multiple of the introduced error sk. Hence the method
is stable.

2. Stability of the method for the second order differential equation

The method for approximating the solution of the Cauchy problem in the
non-linear second order differential equation was described, in details, in [2].

A change in any of the calculated values from yk to zk will impose a change in
the calculated value of the first derivative at x=x4+1 from yk+l to zZk+1. In general
we assume that the change occured simultaneously in both of yk and zk. This leads
us to solve

xm+1
2.9 /m+ = zm+z'nh+ f f f(u,z*m{u),zI*{u))dudt
and

Xn+1
(2.2 zml —zm o f(t, z*(t), z**'(0) dt

instead of (2.1.11) in [2], and (2.1.12) in [2], respectively. Subtracting (2.1) from
(2.1.11) of [2], (2.2) from (2.1.12) of [2] and denoting sm=\zm-y m and En=\z'm-y'J
it is easy to get

(2.3 emt+l= fm(1+ cZBh2 + cZhem
which could be obtained in the same manner as shown in lemma 2.2.3 in [2], and
(2.4) sm+1" £m(1+ ¢ 25h) + c2ehem,

which is obtained in the same manner as shown in lemma 2.2.1 of [2]. We proceed
to prove the stability and we begin with:

Lemma 2.1. The inequality

Em+1 — c27£fc+ c28er0
is truefor all m=k, k+\, ..., n—1, where,
ero= max (ek, sk+1, ..., sn), k~*r0” m.
Proof. Starting with (2.4), the principle of the successive substitution implies
Bl A En(1 +Cas/)) 4 cbhsm,
Bm(1+c25h)
4 -i(l +c25h)2

£fm-I(H-C257)2 + ceetie., _1(1 + 25/,

Em-2(i +Ci5hf + czenem_2(1+ C 2511)2,

£5+i(l + £5f)m 11 £I(1+C26)m *+1+ c2efie*(l + c25")m k
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and it is easy to get

C+i = k(I + c25h)m- kHl+c26h 2 £V + cibh)m-~j
i=k

m—k

A ei(l + cBli)m*+1+ c2efi maxe, 2 (I + ¢cBh)1LU
J i=0

(b-fl)V (I+cH/)"->+1-1 ~
n ) T @0 cish

4 s'edab(b-0) + £5fo(ecds- a)_ 1) sc 175 + c 218 (
C25
where

er,= max (e*, sk+1, ..., ej, K™ O=m.
Hence the proposition.
Lemma 2.2. The inequality
em+1” fro(l + c2%h) + cAief
is truefor all m=k, k+\, ..., n—1, where,
ert = max(sk,Ek+1,...,eJ, k~*r0"m.
Proof. From lemma 2.1. we get

Em — £27£*  C28Er*
where
fr. = max (efg ek+l, ..., £,, 1), S ri® m-1

and since £r*S£ro, we get
Em — C27£*+ C28ho-

using the above inequality in 2.3, we get
Em+1 = £m (I1+ £23%2) + C24h(c27&(+ C28£r0) =2
N fro(l+ e23h2) + c2ih (c2Z7ek+ c28E,,,) A ero(l + ¢22h) + cDhek.
Hence the proposition.
Theorem 2.1. The inequality
Em+| — c31£*+ c32£*
is truefor all m=k, k+\, n—1

Proof. We have from Lemma 2.2,

Em+1 = £r0( 1+ £297)+ £3074
where

eo= max (e5, £*+!,..., £m), K rO0O=£m.
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The same procedure, as of Lemma 2.2, when repeated, but the interval [xm, x m+1]
is replaced by the interval [ro_x, xro], implies

ero=a eri(H -c2eh) + C3ohei

where
en = max (ek, ek+1, ...,sr0 J, k~*rk” r, -1

Going on and repeating these procedures, but only with intervals exchanged,
we get
en — £r2(1 + c8h) + cMhek
where
B = max (efg ek+1, ..., eri 1) ~ er3(1+c29fc)+ c30AE* K~ r2 rx-1,
where
er3= max (ek, ek+1, ..., 3 i), k" r 3" r2- 1,

and at the end we get the inequality

erj = ers+1(1+ ¢ 2%h) + c30hek,
where

£r,+i = max (e*) = £k, >s+1 = fe-
By rearranging the above inequalities, the principle of successive substitution
implies
emt+1 =£r, (I +c2h) +c30ek,
BO(!+ Q9%  Té eri(l+ ¢ 29h)2 + c30/jE£(I+c29h),

erx(l + c2#h)2 S £ra(l+ c 29ft)3 + ¢ 30/1e”(1 +c2%h)2,

£r, (1+ s+l = elt(1+ c29V)s+2+ c30hSfe(l+c29h)-s+1
and obviously we get

emil A ef(l + c29h)s+2+ cH K 2 (1 +ch)j »
J=o0

A ec¥b-e ~VE'(ecHo-a)—1) ~ GlEk+ Gri&
c29
Hence the proposition.

Theorem 2.2. The inequality
em+| — C33£k+ C34£k
is truefor all m=k, &+1, ..., n—1.

Proof. From lemma 2.1 we have

Em+ | — £278fc"d £28Er0°
where
£ro — max (ek, sN+i, ee*, [ ]
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Theorem 2.1 implies

. £r0 — C3IA + C32£/i-
Hence, we obviously get

em+| — C27£i:+ C28(c3lf£lc+ c32£k) — C33f£k+ C34£kse
Thus the proof is complete.
Definition 2.2. Let
P b2 viordl
where

4 9H2) = fw (XR¥izZm+1> ~m+1)
and gq=0, 1, r.

Theorem 2.3. The inequality
"mtP = £35fk+ Cefle
is truefor all m=k, k+\, n—1 andall #=0,1,..., r.
Proof. By definition 2.1 and equation (2.1.13-b) in [2], we have
421i2) = Y (Q(*m+i> zmi, z ;+1) - / (Q)AMHL Yy mH, y A +D)].
Applying the Lipschitz condition (2.1.2) of [2], it becomes
— +  PmHll+I"m+l - YT+ID
Using theorems 2.1 and 2.2, we get
e<?i2) = K(c3ltk+ c4) + JT(c3xk+ c3Hek) ~ cHEF+ c3eef.

Hence the proposition.
Theorems 2.1, 2.2 and 2.3 imply

(2.5) No-yNe\ ="h+¢c38k 3
which holds for all m=k+1, ..., n and all /=0, 1,..., r+2.

Theorem 2.4. I fany ofthe calculated values yk is changed to zk and ykis changed to
Zk, and, consequently, the spline function approximating the solution of (1.1) in [2],
and constructed in theorem 3.1 in [2], is also changedfrom Sd(x) to sA(v:), thenfor any
X €[xm, xm+l], m=Kk, n—I, the inequality

IsOD-SrnH *)! = CiOEk+ C41Ek C42
holdsfor all t=0, 1, ..., r+2, where Bkand skare the introduced errors.

Proof. Following the same procedure as of theorems 1.2 and 1.3 of Part I,
it is easy to prove this theorem.

Conclusion. Theorems 2.1, 2.2, 2.3 and 2.4 ensure the stability of the method,
since any variation in any of the calculated values is a bounded multiple of the
introduced errors sk and sk.

Acknowledgement. The author wishes to thank Professor Janos Balazs for many
helpful and stimulating discussions concerning this work.
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A  CLASS OF CONTINUOUS FUNCTIONS
AND THEIR DEGREE OF APPROXIMATION

By
P. D. KATHAL* (Mandla), A. S. B. HOLLAND and B. N. SAHNEY (Calgary)

1. Introduction. The problem of approximation of continuous functions by
trigonometric polynomials has been discussed by Altexits [1]. Goel and Sahney [5]
have unified the above result. In this paper a wider class of functions and a more
general method of approximation has been considered, which generalises the above
results. This also answers one of the questions raised by Holland, Sahney and
Tzimbalario [3].

oo

1.1. Aseries £ cn with the sequence of partial sums {j,.} is said to be summable
n=0

to s by a regular triangular matrix method (/1), defined by Hardy [2], such that
Nngr0 forall tSn and /Ink—0, lon, also 2 Ank~1 as n—e Write
K

n
m= 2 Ank*k-~s as n -«=.

We call tnthe (zI)-means of 2 cn
n=0

1.2. Letf(x) be periodic with period lit, and integrable in the sense of Lebesgue.
The Fourier series associated withf(x) is given by

7

1
(1-2.1) f(x) ~ -x-a0+ 2 (ancos nx+ bnsin nx).
" n=1

2. Let C*[0,2tr] denote the class of all continuous functions on [0,21], periodic
and of period 2n. Following Lorentz [4] we define the degree of approximation of
f(x) by trigonometric polynomials as

ESf) = W(*)—T, (¥ = Max\f(x)—T4(x)\
where Tn(x) is a trigonometric polynomial of degree n.
2.1. The following results are known.

Theorem A [5]. The degree of approximation of a periodicfunctionf with period
2n and belonging to the class Lip a, 0<a$S 1, is given by

(2.U) MaxJ/W-rWI=0{A i~ }

* This research in part is supported by the N. R. C. research grant A—4049, while the first
author was visiting Calgary.
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where T,,(x) are the (N, p,,)-means of its Fourier series (1.2.1) provided the sequence
{p,.} is positive and non-increasing.

Theorem B [3]. If co(?) is the modulus of continuity of /EC*[0,2Tr], then the
degree ofapproximation o ff by the Norlund means ofthe Fourier seriesforfis given by

_ ) _ o fji_ + Pka>(LL
2.12) E = gy \(D-Tnov = 1 -5

where T,, are the (N, p,,)-means.
The following theorem is proved here.

Theorem. | f co(t) is the modulus of continuity of /6 C*[0,2n], then the degree of
approximation by the triangular matrix-means of the Fourier series off is given by:

(2.U) B M «N )-i.W I = o [ | 4A"»" N )}
where tnare the (A)-means, such that
(214) D,k= 2<r-

r=0

(2.1.5) Also, we define the sequence A,,i(u) in terms of {Ank}, so that JIrx,) is
monotonic decreasing for all mé&0, i.e. A,ilU=
3. We shall need the following lemmas.

Lemma 1. | f the sequence {A,,ik} is defined as in (2.1.5) then
o(l/m)y» M kz—l e (Ufc)
for M an arbitrary constant, not the same at each occurrence.

Proof. Consider

V D,,,kco{\'k)

k2=1 —co(l/n) kz_

=l 11k 4-).
= «(M«) k2=| 'IA(KAI‘DK) =0)(l/n) /g:II'II'I,K>

by (2.1.5). By regularity of the method of summation the latter is Moo(l/ri),
where M is some positive constant.
Consequently we get,

»Ne)sH ir T A

which proves the lemma.
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Lemma 2. If the sequence {Ank} is defined as in (2.1.5) then

" N,,sin (fc+ 1/2)u An am)
k=\ sin (m2) It

where ¢ is a constant, not the same at each occurrence, and F"M’\<5<H.

Proof. Choose integral part of (1/n) and suppose that

.U VU
We observe that msmT = for 0<m<7r, consequently for m>0 and TLUn

we have

Z J1,Ks'n (fc+1/2)u
k=1

sinwn/2
sin n/2 kZ:,A”'k sin (k+1/2)u + k_%HA,, ksin (fc+1/2)u
1 i - .
sin u/2 ké|A"'k\SIn(I(_|-|/2)U\-|_Arm *Z:OSIn (k+1/2)w

(by monotonic decreasing property of JIreT)

Dnm . , [1/2(1—os(h+1)m} _ A,m T/,
sina/2 (sin m2)2 sin m2 4- m (sin m2)2
A, crn,m _  Ai(l/u)y 1 cAn(l./a) Al (l/u) 1 CA<,(l/u) _ oDn.d/H)

sinu/2 m(sinm2)2  sinm2 + m(sinm2)2 sinM/2 + sin (m2)
which proves the Lemma.

4. Proof of the Theorem. We see, [6], that the nh partial sum of the Fourier
series is given by

1
S,(X) = 'I; ao+k_ZI (akcos kx + bksin kx) =

1 /r,, \ sin(n+1/2)i
=271/ N +«+/(*-

Thus we have,
*»(*)-1(*)" [ {/(*+0+/(*- 0- 2/(X)} i n,, k— §o+ Z2)fdr.
If we write

S y/l(*+0+-j/(*-0-/w
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we get cp{t) a>(t) and then

. .w(0 A .
/W -, W |S | /J 'sini/2 féo nksin (fc+1/2)/ dt+

4, Aksm(k+1/2)t

*1 fait) | g sin /2

dt - Ix+12 (say).

Now
AN

1 s/n i n
U oA 20 tsin(ferli2)/Avo(l) = ofii)

50 O2 Hon=

/
0
= O [W)(1/r>/" dt] = O[0)(L/«)] = O i

(by Lemma 1). Moreover

- sin(fc+l/2)t _ hL N
h =+ 4,1 fl0 |21 sinz 450 \U/]; b - D (lindt

(by Lemma 2). Changing the variable, we get
EG>(I/M)AI,(B)U (-1/udu ca(/M)du =
=0l A n « ]

Combining the estimates of f and /2we have

On,*0>(1/fe) j
£"So™ JAW _inWl="°
which proves the theorem.
5. The following corollaries can be derived from the theorem.

Corollary 1. The degree of approximation of /EC*[0,27t] and belonging to
Lipa, 0<a”l, by the triangular matrix means (J1) of its Fourier series, is given by:

where tn(x) are the matrix means and the sequence {J/in} is the same as defined in the
theorem.
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Proof. From (2.1.3)

Ee - -0¢ ,

which completes the proof.

Corollary 2. If A k= . in the theorem, then
n
J "PjM m
E,—O "~ .
P,A K
and we have Theorem B.
Proof.
t co(l/k)
En” O\ =0 2 '
K=l K
co(l/k)
-0 —o09J_ Y Pka>(1/fc)

k=1 K [Pn £ K

Remark. An independent proof of Corollary 1 can be developed along the
same lines as the theorem.
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CONDITIONS FOR A RING TO BE FISSILE

By

CHRISTINE W. AYOUB (University Park)

If the maximal torsion ideal of a ring A is a ring-theoretic summand of A then
A is called fissile. If the ring A has minimum condition on principal right ideals then
its additive group A+ is the direct sum of a reduced torsion group and a divisible
group. In this note we investigate under what conditions a ring with this additive
structure is fissile (German: spaltbar). We obtain that if A has minimum condition
on principal right ideals then A is fissile. This answers the question posed by Dinh
Van Huynh in two recent papers ([1] and [2]) and by F. Szasz [8] in his Problem 74
(raised in 1968), and generalizes the theorem of F. Szasz that an Artinian ring is
fissile (cf. [7]).*

The following symbols and terminology will be used here:

Min-FT? ring: ring with minimum condition on principal right ideals.

Max-PR ring: ring with maximum condition on principal right ideals.

J<iA:J is an ideal of the ring A.

H~G.H isa subgroup of the group G

A :ring-theoretic isomorphism.

+ :group-theoretic direct sum.

® :ring-theoretic direct sum.

A +: the additive group of the ring A.

M mN: set of all products mn, for m <M, n:N.

T={a£A\na=0 for some positive integer u} is the torsion ideal of the ring
A (or the torsion subgroup of the group A+).

Theorem 1 (F. Szasz [6]). Let A be a Min-FF ring. Then its additive group
A+=B+ D, where B is a reduced torsion groJRand D is a divisible group.

A proof of this theorem is given in [6] p. 424.

Definition. The ring A is fissile if, and only if, for some J<iA, A=J®T,
where T is the torsion ideal of A.

Theorem 2. Let Abe a ring and assume A+=3 + D, where B isa reduced torsion
group and D is divisible. Then:
(1) D<iA and B-D =D-B=0.

* Editorial remark. Independently from the author, Dinh Van Huynh also has proved (May
1976) that every Min PS-ring is fissile. See Bull. Acad. Polon. Sei. Classe 111 (1976).
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(2) If T is the torsion subgroup of D, then the torsion subgroup of A*, T,=B+T.

(3) D|T~A|T,.

(4) For J=A*, D=TaJ if, and only if, A=T,®J. Thus, in particular, A is
fissile if, and only if, D is fissile.

Proor. (1) Since D is the maximal divisible subgroup of A+, it is fully invariant
and hence D<1 4.

Let deD, beB and suppose b has order n. Then d=nd, for some d,€D;
hence db=(nd,)b=d,(nb)=0 and similarly bd=0.

(2) Since B is a torsion group, B= T,= the torsion subgroup of 4. Thus 7,=
=B+(DNT,) butclearly DT, is the torsion subgroup of D.

(3) Consider the mapping

T+d - Ty+d (deD)
from NT to A/T,. Note that
T,+d,=T,+dy, (dy,dr€D) <= dy—dy€T, = d—dpcT,ND=T &
o T+d,=T+d,.

Thus the mapping is well-defined and injective. Since A*=B+D=B+T+D=
=T,+D, it is also surjective. It is clear that it preserves sums and products and
hence it is an isomorphism.

(4) Suppose D=T@®J so that J<D and 7(J=0. Then A*=B+{D=
=B+ T+J=T4+J, since T,=B+T. T, is the torsion ideal of 4 and J (as an
ideal of D) is a ring.

Now J=D|T and hence J is divisible. Since 7, is a torsion group T,-J=
=J.T,=0. Thus A=T,68J.

Assume conversely A=T,&®J. Then A*=B+ T+ J and T+ J is the maximal
divisible subgroup of A4*. Thus D*=T+4J but T<sD and J<D so that D=T@J.

This theorem allows us to consider only the case where 4 is a divisible ring.
In this case At =T+ F, where T is a torsion divisible group (and hence the sum of
groups of type p=) and F is a torsion-free divisible group (and hence a sum of groups
isomorphic to the rational numbers). We have: 7<14 and TA=AT=0 and the
question reduces to when can F be chosen so that it is closed under multiplication.

THEOREM 3. Let A be a divisible ring and T its torsion ideal. Then A is fissile if,
and only if A2\ T=0.

PROOF. Assume A is fissile so that for some ideal J, 4=T@J. Clearly J>2S42.
On the other hand, suppose ;€4 (i=1,2); writing a;=t;+j; with #€T and
Jji€J (for i=1,2) we have aja,=j,j, since AT=TA=0. Thus A2SJ? and so
A2=J2. Hence A2NT=J2NTSJNT=0 so that A2 T=0.

Conversely suppose A2\ T=0 so that T+ A2=T+ 4% Since T+ A*is a divi-
sible subgroup of A*, for some C=A4"*

At =(T+A4)+C=T+(42+C), (42+C)(4%2+C) S 44 = 42 S A2+ C
and
T(A2+C) = (42+C)T = 0.

Therefore A2+ C<tA so that A=T3(4*+C) and A4 is fissile.
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Theorem 4. Let A”be aring and T an ideal such that AT=TA=0. Assume that
for &EA=A/T, a£5A. Then A=-T@A2

Proof. For afA, there are elements ef£A, tE£T such that a=ae+1t. Hence
A=A2+T. Since and AXIiA it is sufficient to show that A2C\T—O0.
If x is an element of A2,

n
x = 2 afao where a-,a™A, 1SiSn
i=1
Calling n the length of this representation for x, we prove by induction on n that if x
has a representation of length nand x£T, then x=0.

Note first that if a', aEA, there is an element e£A with a‘'a—a'ae. This
is the case since a=ae+t with tET and therefore, a'a=a'ae+a't=a'ae since
AT=0.

Thus if XET has a representation of length 1, x=a'lal. Choosing er so that
dlalcx=0, we have 0=xel=a[alel=a[al and hence x=0.

Sprose now that if x£T has a representation of length <u, x=0. Let
x= 2*r<k€T. Then if e is chosen so that dnane=a'nan,

1=

n n—1
= = laie ~ +3' .
0= xe |Z=1a iaie i=21 af«(e+a'an
n-1
Subtracting we get x= i2_I a'i(ai~aie) and hence x has a representation of

length n—1. This implies x=0 and the proof is complete.

Corollary. If A is a divisible ring and T its torsion ideal, then A —A/T is
torsion-free and divisible and if 4£4A, A=T®A2

Remark. Theorem 4 is a generalization of the following

Theorem of Kertész ([4], Satz). Let T be an ideal of the ring A and assume
A+=T++ B for some subgroup B. If TB=BT—0 and if A has a right identity
mod T then T is a ring-theoretic direct summand of A.

Theorem 5. Let R be a torsion-free divisible ring. IfR is a Min-PR or a Max-PR
ring, thenfor rER, rfrR.

Remark. F. Hansen [3] has proved this result for divisible right Noetherian
rings and has shown that, in fact, this implies that such rings have a right identity.

Proof. For rER, let (r)={ir+rx\i£Z, xER} denote the principal right ideal
generated by r.

Assuming that R satisfies Min-PR, we deduce from (r)S(2r)S...S(2"rn)"
S ... that for some n, (2nr)=(2n+1r)—2nr=i(2n+1lr)+(2n+1lr)x for somei£Z, xdR=*
thereisa k?+0 inZ and a yfR with kr—ry. Since R is divisible, y=kz for some
Zz£R. Hence kr=krz=>r~rz since R is torsion-free. Thus if R is a Min-PR ring,
the theorem is true.

Now assume R is a Max-PR ring. Note that if rER, r=2"rn uniquely for each
natural number n, since R is torsion-free, divisible. Then (/ly)Q(r2Q ..4=(rQ...
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and so (mM=(rn+l) for somén. Therefore, m+l=irn+r,,x whichimplies r=2ir+2rx.
From this we deduce (as above) that r"rR.
Summarizing these results we obtain:

Theorem 6. Let Abe aring and assume A+=B + D, where B is a reduced torsion
group, and D a divisible group. Assume that if aEA =A/Tn, then 4£8A, where TA
is the torsion ideal of A. Then A= T/I® D2 and D2 is the unique ring-theoretic com-
plement of TA.

Proof. By Theorem 2 (3) A/TaD/T, where T is the torsion ideal of D. Then
D—T+F and TA=AT=0 so that by Theorem 4, D=T®D2. We show next
that if D—T@J, then J-D 2. But J2=D2 (as shown above) so that D2=J2QJ
and this implies that J—D2.

Finally by Theorem 2 (4), A= TA®D2 and A~Ta®J=>J—D2 again by Theo-
rem 2 (4) and the uniqueness of the ring-theoretic complement of T in D.

Corollary 1. Let A be a Min-PR ring. Then A—Ta®D2, where TA is the
torsion ideal of A and D the maximal divisible ideal. D2 is the unique ring-theoretic
complement of A.

Corollary 2. Let A be a Max-Pi? ring. If A+=B+D, where B is a reduced
torsion group and D is divisible, then A =Ta®D2, where TAis the torsion ideal of A.
D2 is the unique ring-theoretic complement of A.

We now show that if G is a mixed additive (abelian) group which is divisible,
then there is a ring on G which is not fissile.

Lemma (Everett). Let G be an additive (abelian) group and assume G=F+ T,
where F is a ring (under + and ). Assume (,) is a balanced mapfrom FXF to T,
ie. (al,aleT for a“lGa”F andfor au a[, a2, d2£F,

Q) (ar+a'i, a2>= (au a2 + (a'v a2
(9) (a2, a2+ a2 = (altad + (a2 a2
(i) (i, a2a% — (f1 <a21 ar)-

Moreover, in G we define * by
(@al+th*(a2+t2) = al-a2-h(al,a? for at,a2eF and tu i2EF.
Then G isaring under + and *.

Proof. The result follows from Everett’s fundamental theorem on ring extensions
(cf., e.g., [B] p. 188). It is also easily verified directly; (i) and (ii) guarantee that the
distributive laws hold and (iii) gives the associative law.

Theorem 7. Let G be a divisible additive (abelian) and mixed group. Then there
is a ring A on G which is notfissile.

Proof. First let H=Q-\-T, where Q is the additive group of rational numbers,
and F(xO) is a divisible torsion group; and let f® 0 be a homomorphism from
Q to T; one exists since we can map Q—QjZ and then map QjZ onto a (non-zero)
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primary component of T. For a, b£Q define (a, b)=f(ab), where ab denotes the
(ordinary) product of the rational numbers a and b. It is easily verified that ( , )
satisfies (i), (ii) and (iii) of the Lemma. Thus (by the Lemma) there is a ring C with
C+—H and multiplication * defined by (at+ tr)* (a2+ t2=(at, ad =f{axa?d for
al,a2"F, tu tA"T. If (MfEIm(/), let f(a)—t, where adQ; then a*\=(a, 1)=
=f(a)—TiQ Thus (bla* 1EC2MT. By Theorem 3, C is not fissile.

Now let G=F+T, where FVO is a divisible, torsion-free group and 7V 0
is a divisible torsion group. Then G=F1+H, where Fxis divisible and torsion-free
and 4 is as defined above. Construct a ring Hlon F1(e.g. we can take Axto be a field),
construct a ring C on H as above. Let A be the ring on G given by A=A 1®C. Since
C2IN\TaQ A2 T~0 and again by Theorem 3, A is not fissile.

Corollary. If G—B+ D, where B is a reduced torsion group and D is a divisible
mixed group, then there is a ring on G which is notfissile.

Proof. Let R be a ring on B and S a ring on D which is not fissile (one exists
by the theorem). Then by Theorem 2, A—R® S is a ring on G which is not fissile.
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A REMARK ON A PAPER OF FUCHS AND SZELE

By
W. D. BLAIR (Dekalb)

Fuchs and Szete [1] have determined those associative rings which enjoy the
property that every subring has a multiplicative identity. Their result is an application
of the Artin-Wedderburn structure theory and a commutativity theorem of Jacobson.
In this note we extend their work to alternative rings. Our result depends on a recent
associativity theorem of siater [3] analogous to a commutativity theorem of
Herstein [2].

Theorem (Herstein). I1f R is an associative ring with centre Z such thatfor every
dcR there exists apolynomial Pd{t) with integer coefficients such that d2Pd(d)—d£Z,
then R is commutative.

If u, v, wER, R an alternative ring, then we call the element (u, v, w)= (uw)w—
—u(vw) the associator of u, vand w.

Theorem (Slater). Suppose R is an alternative ring, and for each associator
d—(u, v,w)£R there exists a polynomial Pd(t) with integer coefficients such that
d=d2Pd(d). Then R is associative.

We turn now to our extension of the theorem of Fuchs and Szele.

Theorem. Every subring of an alternative ring R has a right identity if and only
ifR is afinite direct sum of (commutative and associative) fields offinite characteristic
each o f which is algebraic over itsprime subfield.

Proof. Assume every subring of the alternative ring R has a right identity.
Let xr£i?; we show that there exists a polynomial Px(t) with integer coefficients

suchthat x2Px(x)=x. Let S=j 2 aix\nfZ+ . Clearly S is an associative

n
subring of R and thus by hypothesis there exists a right identity for S, say es= 21 ai xi-
i=1
n
Then xes=x, and if we set Px(t)=  ait'"
i=1
For each associator d=(u, v,w)£R there exists a polynomial Pd(t) such that
d=d2Pd(d) and Slater’s theorem implies that R is associative. At this point we
could apply the result of Fuchs and Szele to finish; however we take a somewhat
different route by next applying Herstein’s theorem to see that R is commutative.
Any ideal of R is of the form Re for some idempotent e, since it has an identity
as a subring. Thus if 1is the identity of R, R=Re®R(1—e) and R is completely

reducible and hence a finite direct sum of fields F1} ..., F,,. No Ftis of characteristic

1 we have x2Px(x)—x.
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zero for then it would contain the even integers. Applying the first paragraph again
shows that every element of Ft is algebraic over its prime field.
The converse follows as in Fuchs and Szele.
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A . HOMOLOGY THEORY FOR SPANNING TREES
OF A GRAPH

By
L. LOVASZ (Szeged)

1. Results. The following conjecture has been formulated and partially solved
by A. Frank [2]:

Theorem 1. Given a k-connected graph G, k points vi, ..., VkEV(G), and K
positive integers nx, ...,nk such that w+ ... +nk=\V{G)\, there exists a partition
{V1, ..., V& of V(G) such that vf Vi; \Vi\=ni and each Vt spans a connected
subgraph.

A very closely related conjecture has been made by S. Maurer. A. Frank [2]
proved the above statement for the case k=2 and also when nx, ..., nk-x*3. His
proof also provides an efficient algorithm to find this partition. K. Mirriken proved
the case k=3 and a generalization to infinite graphs (private correspondence).
Theorem 1 has been proved, independently of the author, by E. Gysry. His proof
uses more elementary methods [3].

The case k—2 also follows from an unpublished lemma of A. J. Bondy and
the author:

Theorem 2. Given a 2-connected graph G on n points, with a specified point a.
Call two spanning trees of G neighbouring if they have a common subtree with n—1
points, including a. Then any two spanning trees of G can be connected by a chain of
spanning trees, in which any two consecutive members are neighbouring.

This theorem is a strengthening of a well-known theorem of Whitney. It was
used to show the following

Theorem 3. (A. J. Bondy, L. Lovasz, unpublished). If G is a 2-connected, non-
bipartite graph on 2n vertices then V(G) can be partitioned into two n-element classes
such that the edges connecting these classes form a connected spanning subgraph. In
other words, there is a spanning tree T such that the two colour-classes in the (unique)
2-colouration of F have both n elements.

Theorem 2 above gives the idea that to attack the general problem formulated
in Theorem 1, one might try to generalize its contents to /c-connected graphs. In
order to do so we introduce a few notions.

Let G be a digraph and a6 V(G). Assume there are spanning arborescences of
G rooted at a (since all arborescences considered will be rooted at a, we shall not say
this explicitly in the sequel). Set m=\E(G)\. Then each spanning arborescence
of G can be regarded as a vertex of the m-dimensional hypercube. It will cause no
confusion if we denote a spanning arborescence and its representing point by the
same letter.
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We define certain convex cells on this set of vertices. Take an arborescence
AczG, and let V(G)—V(A)= {xr, ..., xr}. Assume that each point xtcan be reached
on at least two edges from A, and take, for each xit a set NX of at least two edges
connecting A to xt. Denote by C(A; NX, N X) the convex hull of all spanning
arborescences which arise from A by adding one line of each Nx.. The set of these
arborescences can be written formally as

{43IXAX .. XiVIr

and therefore, C(A;NXl, NX) isthe cartesian product of r simplices of dimension
|AX|—L, ..., [iVX{|—L, respectively. This also implies that the faces of these convex
cells are of the same form.

The 1-dimensional skeleton of the arborescence complex is the graph whose
vertices are the spanning arborescences, two of them being adjacent iff they are
“neighbouring” in the sense of Theorem 2. The 2-dimensional cells of XK are of two
kinds: triangles spanned by three spanning arborescences containing a common
(n—)-point arborescence, and parallelograms, whose vertices are obtained as follows:
we take an (n—2)-point arborescence A and two edges connecting it to each of
the remaining two points, and select one of the two edges at each of these two
points in all possible ways.

Also, if C=C(A, NXI, ..., NX) and C'=C(A',NVi, ..» Nyp) are two of these
convex cells then so is their intersection, if non-empty. Since each point of C must
have 1for each edge of A and similarly, each point of C' must have 1for each edge
of A', it follows that each point co£CIC' must have 1 for each coordinate of
AUA'. Hence AUA' must be an arborescence. Let V(G)—V(AUA')={z1,...,z,}.
For each zt, at least one edge of G with head in z; must occur in & with positive
weight. This edge belongs then to N'i=NzIC\N'zi. Without loss of generality we
may assume therefore that

O ...,eg>1, \Wigth=..=\n"\ =1
Denote by A" the arborescence AUA'ON"g+IU ... UN"t, and set
C"= C(A"; N" ..., N").

Then it is easy to see that
c(ic'=c".

This proves that the collection of all convex cells of the form C(A;NX, ..., NX)
form a cellular complex X (see e.g. Arexandroff— Hopf [1]). We call XX the arbo-
rescence complex of G (relative to a).
We shall set
TC)=A if C=C(A; NXI,...,NX).

We shall use the following notations: bI(>K) denotes the group of /--dimensional
chains of the complex >X, HI(’K) is the /--dimensional reduced homology group.
~ denotes homology of chains.

If Cis a convex polytop then [C] denotes its combinatorial hull, i.e. the cellular
complex formed by its faces. K\ is the body of the complex XK.

Also recall one definition from graph theory: a set X of points is said to separate
point b from point a if a, b$ X and every directed path from a to b meets X.

Now we are able to formulate the main result of this paper:
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Theorem 4. Let G be a digraph, a£ V(G) and assume that nopoint can be separa-
tedfrom a by less than k points (fc=2). Then the arborescence complex>X of G relative
to a satisfies H°(K) =,..—Hk~2(>K)=0.

We shall give a separate, elementary proof of the fact that #°(jf)=0 (this is
essentially Theorem 2). Also, instead of H1(>)K)=0 we prove the following, some-
what stronger result:

Theorem 5. Thefundamental group of XK iso.

It is hoped that the proofs in these two low-dimensional cases will provide
motivation for the rather technical proof of Theorem 4. For similar reasons we
shall sketch the proof of Theorem 1in case k=3 separately.

From Theorem 4 we shall deduce a digraph analogue of Theorem 1:

Theorem 6. Let G be a digraph, vit VKE V(G) and assume thatfor each point
x"vK......vk, there are k openly disjointpaths connecting v1,...,vk to x. Let, further-
more, K positive integers nx, ..., nk be given whose sum is \V(G)\. Then G contains K
vertex-disjoint arborescences Alt ..., Ak, such that At is rooted at v, and [F(T;)|

In fact, Theorem 5 implies Theorem 1: one just has to replace each unoriented
edge by two, oppositely directed oriented edges. So we shall only deal with the proof
of Theorem 5. Note that a similar trick would enable us to deduce Theorem 2 from
Theorem 4, case k= 2.

2. Proof of the connectivity of XX. Let B, B' be two spanning arborescences
ofthe graph G; we are going to prove that there is a chain of spanning arborescences,
which starts with B and ends with B' and in which any two consecutive members
have an (n—I)-point common arborescence. Let A denote the largest common
arborescence of B and B'; we use induction of \V(G)—V(A)\. If A hasnor n—1
points the assertion is trivial, so suppose A has at most n—2 points.

Let e=(u,v) and e'=(u',v') be edges of B and B’, respectively, such that
u, U'£V(A) but v, vfi V(A). We distinguish two cases.

Case 1. vXv'. In this case A+e+e' isan arborescence, which can be comple-
ted to a spanning arborescence B". Now by the induction hypothesis B and B",
as well as B" and B', can be connected by chains of arborescences, which together
yield a chain connecting B to B' as desired.

Case 2. v=v'. Since by hypothesis there is at least one more point outside A
and also by the hypothesis of the theorem this cannot be separated from the root
by v, there must be an edge f=(x,y) with x£ V(A) and y£V(G)—V(A)—{v}.
Consider the arborescences A+e+f and A+e'+f These can be completed to get
two spanning arborescences Bxand B2. Then by the induction hypothesis we find
chains of arborescences connecting B to B1to B2to B ', which completes the proof.

3. Proof of Theorem 5. 1° Let (BO,BZL ...,BP—B0) be a sequence of spanning
arborescences, such that 2r_xand Bt are equal or adjacent in XX for all i=I, ...,p.
We are going to prove that there exists a cellular complex homomorphic to the 2-cell,
bounded by a p-gon (X0, Xk, ...,XP—X0), and with 3- and 4-lateral 2-dimensional
cells, and a mapping of it into .if such that Xtis mapped onto Bt and cell onto cell.
If this is the case we say shortly that the cycle (BO, ..., Bp) is contractible.

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



244 L. LOVASzZ

Let A denote the largest arborescence which is contained in all By, we use
induction on \V(G)—V(A)\. If this number is 0, 1 or 2, the assertion is trivial.

2° Note that there is no common edge of B0, ..., Bp except those in A. Assume
e is such an edge. Let us consider the path P in BQconnectinga to e and let/be the
edge of P leaving A. Then if e is contained in all Bt, the whole path P must be
contained in all Bt. But then A+ f is a larger common sub-arborescence than A.

3° Suppose now that there is an edge e—(x,y)EE(B( (1"LU p) such that
X,  V(A) andy can be reached from A on an edge e'=(z,y) (z£ ¥(A)). Replace
e by e' in each Btwhich contains e. Let BO,B[,..., Bp denote the resulting sequence.
It is straightforward to see that B[_1and B[ are adjacent or equal for all i. Using
induction e.g. on the sum of distances from a of all points and in all Bt, we may
assume the cycle (BO, B[, ..., Bp) is contractible.

We may assume e.g. e$B0. Consider all pairs i”*j ofindices such that e{Bi_1,
eCBt, e£Bi+l, ..., e£Bj, e$BJ+1l. As in 2° it follows that there is an edge f con-
necting A to V(G)—V(A), which is contained in Bt, Bi+l, Bj. Then A+f
is a common subtree of the members of the cycle (Bt,Bi+1, B j, Bj,B[, BY)
and therefore this cycle is contractible by induction. This implies that the cycle
(BO, ..., Bp) is contractible (see Fig. 1).

4° So we may assume that if v is any point accessible from A on an edge then
all Bi contain an edge connecting 4 to s (of course, different Bt may contain
different edges of this type). Note that the connectivity assumption implies that
there are at least three such points v.

Let e=(u, v) be any edge with u£V(A), t/ V(A). Replace the (unique) edge
of Bi entering v by e, to get a spanning arborescence B\. Then trivially Bi_1and B-
are adjacent vertices in >X. Moreover, the cycle (Bf B[, ..., Bp) is contractible,
since its members contain the common arborescence A +e.

Let At be the largest common arborescence in Bt and B{. Let Cit0=B,, Cifl, ...
..., Ctn=Bi be a chain of spanning arborescences, such that and Cit] are
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adjacent for all I1Sy~r,, and AtQCitl. Then the cycle (Cuo, CX3, ..., Cr|,
C,_ix_1, ..., C;_li0, Cix0 is contractible, since its members contain the common
arborescence Aif]Ai-1, which is clearly still larger than A. But this proves that
(BO, ..., Bp is contractible (Fig. 2).

4. Proof of Theorem 4. Let A be a (not necessarily spanning) arborescence
rooted at a. Denote by >XAthe subcomplex of X spanned by those vertices of ~(span-
ning arborescences) which contain A. We prove by induction on d=\V(G)—V(A)\
and m that the m-dimensional homology group of XA is 0 for m=0, k—2. For
d—0 and d—I the complexes in consideration consist of a single point and a single
cell, respectively, so the assertion is true. So suppose rfe2.

Let M be the set of vertices accessible from A on an edge. For each x"M, let
ex be one of these edges.

Let B be any spanning arborescence containing A. For each x£M, if the edge
of B entering x does not start from A, replace it by ex. Denote by co(B) the resulting
arborescence. It is easy to see that

B >>co(B)

is an affine mapping of the n-dimensional space (it is simply the addition of all coor-
dinates corresponding to edges entering x from a point outside A to the coordinate
ex, and then annulating these coordinates, for all xEM). Also a&maps cells of >KA
onto cells of Xn. Thus we can define a homomorphism o f:U (OKn)-*U (Kn) for
all r by

(Cn if to does not degenerate on C,
n m
We need a otherwise.
Lemma. Let

a: VKAl - VDKA\
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be a continuous map which is affine on the cells. Define
<: U (XA - U{XA,
as usual, by
C, ifais not degenerate on C,

«(CO 0, otherwise.

Then there exist homomorphisms

B U m - UKNXA
for all r=m —1 such that
(1) R is a deformation, i.e.

Br 16rxr+ 6r+18rxr = xr—arxr (r S m—1);

(2) if C is a cell such that both r(Cr) and T(a(Cr)) contain an arborescence
A'lAA then so does each cell of RrC ;

(3) ifboth C and oc(Cr) arefaces ofa cell Cqthen each cell in BrC is aface of Cq.
In particular, BrCr=0 if X(C)"Cr (rSm-1).

Proof of the Lemma. FOr 0 we set B'—Q Suppose Rr~1is defined, we
define Rr.

We consider first a cell C . Set

dr= Cr—arCr—Rr~16rC, b'-1 drCr.
Then

b'dr = br~1—ar~1br~1—6rf3r~1br~1
Since Rr~x fulfills (1) by the induction hypothesis, it follows that this equals to
Br~2Sr~1br~1= Rr~20r~16rCr = o.
Thus dris a cycle. We are going to define BrCras an (r+I)-chain with
Or+1RrCr = dr\

then (1) will be satisfied for C . Such a chain RrCrexists since Hr(XA) =0 by assump-
tion.

To take care of (2) and (3) we need only to add a few remarks. Suppose both
Crand a(Cr) are contained in a cell Cqg Then, trivially, there is a unique minimal
Cqwith this property. By the induction hypothesis, also

Rr~16rc reLr([cd),
and hence

Cr-a.rCr- r- 16rCreL r(JC«]).

Since [Cq] is homologically trivial, the chain BrCr can be chosen from Z/+1([C®)).
I'f we do so, condition (3) above will be satisfied.

Secondly, assume that both T(C) and r(a(C)) contain some arborescence
A'MA . There is a uniqgue maximal arborescence A' with this property.

If C and oc(C) have both been contained in some cell Cqthen the minimal Cq
with this property must belong to X A.. Then, however, we have already guaranteed
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that
Acrebr+1([C9) g Lr+1Ne )-

So in this case (2) is automatically satisfied.
If this is not the case then, since we already know that HI(>KJ/1)=0, the chain
BrCr can be chosen from bI+l(KA). This completes the proof of the Lemma.
Now we consider any chain bTEbT(Kn) with émbm=0. Set

= |Z:f'C r
where the C™" are cells. Let qrbe the map Brbelongingto n—a in the Lemma. Also let

df = Cjn—oomCIn—(pm~16mC™.

Then bmd™= 0 follows as in the proof of the Lemma. We show d™is, in fact, a
boundary.
We distinguish two cases:

Case 1. i(C{n=A. Then m is the identity map on C-" and hence, d{"=0 by
(3) in the Lemma.

Case 2. T(C[")zaA. Let z be any point of T(Cr) accessible from A on an edge
(w, 2)€x(Cj). Then the edge (w, z) is not altered by a@and hence, A'=A+(w, 2)
is contained in both ¢(Cf) and T(w(C/"). But then each cell in (pm~1SmC[n is
contained in , by property (3) in Lemma 2. Then, however, all cells of d™" are
contained in >XA.. By the induction hypothesis on A, we know Hm(Kn,)=0 and
hence, d” is a boundary in XA, ; therefore it is a boundary in >KA..

So df ~ 0, and

N
0~ 21 aid? = bm-a>mbm-(pm- 16mbm= bm-0)mbm
whence combm~ bm So it suffices to prove that combm~ 0.

Note that each spanning tree of the form co(B) necessarily contains at least one
edge ey entering y from A, for each yEM. (Recall that M is the set of points acces-
sible from A on an edge.) So if this edge ey is unique, &mbmis an m-chain in XXA+ey
and comdm~0 follows by the induction hypothesis.

So suppose that there are at least two edges connecting A to y for each ydM.

If M=V(G)—V(A) then all spanning trees of the form co(B) belong to the
same cell

C(A; Sy:yEM)

where Sy is the set of edges connecting A to y. Thus combm~0 follows from the
fact that each convex cell is homologically trivial. Thus we may suppose that

"V (G)—V(A). Since M separates a from any point of V(G)—V(A)—M, this im-
plies \M\"k.

We consider a map a as follows. We select a point xEM, and consider an edge
ex entering x from A. Given any spanning arborescence B, replace its (unique)
edge entering x by the edge ex. Denote by o(B) the resulting arborescence. Again,
this mapping is affine when spanning arborescences are considered as points of the

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



248 L. LOVASZ

m-dimensional space and maps cells onto cells. Let ar be defined similarly as of
and denote by ' the deformation map RB' constructed in the Lemma when a=a. Let

tombm= ZNI gjc?>
where the Cf are cells. Then a
ff = Cf—amCf—¢r~1a1Cf
satisfies 6nff = 0. We show that ff ~ 0. Trivially
W(X(CfH)\ & W(GN—m & \V(G\—k +2 =£ \A\+2,

whence there are at least two edgesf, f leaving A which are common in all vertices
of Cf”. We may assume ffe x. But then both Cf and o(Cf) are cells of XA+
By property (2) of ¢, this implies that f f is a chain in XA+, and so ff~ 0 follows
by the induction hypothesis.
Thus
0 ~ 2fT = oTbT-a TOTbT- T- 1oTOOTHT = combm- 0 moombm
=1

Now amecombm is a chain in >XA+ex. Thus
bm~ combm~ amoombm~ O.
This completes the proof of Theorem 4.

5. The proof of Theorem 6 in the cases ké3. Case k=2. Take a new point
a and connect it to and v2. Let Bt be a spanning arborescence of the resulting
graph G', rooted at a and not containing the edge (a, r,). Consider a chain of span-
ning arborescences, linking B+ and B, as constructed in Section 2. Consider the
number of points of these arborescences on the branch over (a, vj). This number
changes by at most 1 at a time, and for Br it is O while for B2it is n. So there is a span-
ning arborescence for which it is nl. Deleting a we obtain the pair of spanning
arborescences, rooted at vi and v2as desired.

Case k= 3 (sketch). Take a new point a and connect it to vl,v2v3. For each
spanning arborescence B denote by xt(B) the number of points on the branch over
(&, Vj), and let x(B) = (x1(5), x2(B)).

Let H be the triangle {(x,y)\x"O, y&0, x+y”~n}. Dissect each 4-lateral
2-dimensional cell of ff into two triangles, to get a 2-dimensional simplical complex
ff. Then it is easily seen that x maps the vertices of a triangle of XX onto vertices of
some empty lattice triangle. Extend x affinely over all simplices of XX g

Let now Bi be a spanning arborescence (rooted at a) such that every point
is above (a, vB. Let Bx—Cr, ClI, Ckl-B 2 be a chain of spanning arborescences
in G'—(a,vd; let us define the chains B2=D1, D2, ..., Dki=B3, B3=Ek, E3, ...
-,E ki=Br analogously. The images of these chains by x give continuous curves
connecting Bx to B2to B3 to Bx, which remain on the corresponding side of H.

Therefore if we span a surface on the cycle in XX (which is possible by Theorem 5),
the image of this surface covers the interior of H, in particular it contains the point
(n1, w). But the construction of the mapping x is such that if (nx, w) is the image
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of something, it is necessarily the image of a vertex. This vertex is a spanning arbores-
cence, from which we obtain the desired arhorescences rooted at vx, v2and v3 by
deleting a.

6. Proof of Theorem 6, Take a new point a and join itto vx, , vk by edges.
It is clear that no point of the resulting digraph G can be separated from a by less
than Apoints. Let X be the arborescence complex of G relativeto a, and X" its (k—1)-
dimensional skeleton. Subdividing each cell of XX into simplices whose vertices are
also vertices of XX, we get a simplicial complex >X.

For each spanning arborescence B, let w{B) denote the number of vertices
accessible from a on the edge {a, v(. We want to show that there is a spanning
arborescence B such that

(1) mi(B) — n- (i=1,..., n).

Once such a spanning arborescence is found we are done since then the k com-
ponents of B—a are k disjoint arborescences rooted at vit ..., vk and having the
desired cardinalities.

Suppose indirectly no spanning arborescence satisfying (1) exists. Then for
each spanning arborescence B there is an index i{B), 1"i(B )"k such that

) > U(B).

Let xlt...,xk be k affinely independent points in the (k—I)-dimensional
space. Denote by s-their convex hull and set ®@=[S], Define

£(B) = Xi®)

and extend this to a simplicial map of X into Sf. This induces then homomorphisms
£FNbIOK)-*M(9) for eachr.

We claim £%-1=0. It suffices to show that no simplex of XK can be mapped onto
S. Suppose indirectly (Blt ..., Bk) were a simplex in XX with £(B,)=Xi (/=1 ..., k).
Then (BIt ..., BK) iscontainedina (k—l)-dimensional cell Ck~1= C(A, Nyi, ..., Nyr)
of XK. Let A, be the branch of A above vt (7=1, ..., k) and denote by at the number
of edges in Nyi\J... UNyr, ending in At. Thus

* r
_ o i2:1<31|:f:l|ny:k+r—l.
But £(Bi)=Xt implies
w< 7,(B,) & \Ai\+ai
and hence

K K

2 ai—1:1 + =(n-1)-(n —-1)+ft= k+r,

a contradiction. So ~ _1=0.
Let Crbe a face of S, say

C = convex hull of (xio, ..., xin).
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Denote by Xc*the subcomplex of XK spanned by those vertices B in which each
edge leaving a is one of (a, vio), ..., (a vi), and let Xcr be obtained from >XQ by
the same subdivision as Xis obtained from > Then > is the arborescence complex
of the (r+l)-connected graph G+(a,vig+...+(a,vir), and therefore it satisfies

H°(OKQ) =...= Hr~r(Ka) = 0

by Theorem 4. Thus also

H\WKcen=...= H"-\>kcr) = 0.

Let us define a homomorphism

rf: Lr(SP) - b'(K) (r=k-1)
such that
6rrf = fr~16r

and for each face C of S, rfC ~br(>K@). We do this by induction on r. For r<0
let rf=0. Suppose 1nr~1 is defined. Then for any face C of S,

b'~1= rf-'d'C"
is defined. Observe that

S'-ib'-i = &r- 1tir- 16rCr = ri'~2sr~16rcr = 0.

Also br- 1" n - x(KQ). Since Hr~1(Ka)=0, there is a chain in brQkKQ) with bound-
ary 1l-1; let this chain be rfCr. Itis easy to check that this defines a homomorphism
with the desired property.

Now take the composition map «fif. We prove by induction on r that this
is the identity map. This clearly holds for r*O. Since by the definition of rf,

rfC'ZL'Wcr)

for each r-face Cr—convex hull of (xio, xir), it follows that each vertex of
any cell in rfCris a spanning arborescence containing no edge leaving a different
from (a, vio), ..., (& vir). Hence by the definition of rf,

rfrfC' = pCr
with some integer p. Now

p5rCr=48'rfrfC' = rf-26rrfCr= p-'rf-'SrC"' = orCr

by the induction hypothesis. Hence p—1, i.e. ~*~”id is proved.
In particular =id, which contradicts £*1=0. This completes the
proof of Theorem 5.

7. We conclude with the much more elementary proof of Theorem 2. Let G be
a non-bipartite 2-connected graph on n vertices, (x0, x2) an odd circuit in G
and T a spanning arborescence of G—x0 containing the path (x1; ..., x2)- Set
T=T+ (x0,xf), T"=T+(x0,x2%).

By Theorem 1, there exists a sequence

TO- T,Tu ... TN=T"
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of spanning trees, such that Tt and Ti+l have a common subtree with n—1 points
containing x0. Let us 2-colour each Tt with red and blue such that x0is red. Let
/(/) be the number of red points. Then

1/ (0-/(i+1)[s=1
I(IV) = 2n+ 1-/(0).

Hencef(i) must take the value n somewhere for O”*iSiV, which proves the assertion.

and

Acknowledgement. My sincere thanks are due to S. Maurer and P. Komjath
for pointing out an error in a previous version of this paper and other valuable
remarks.
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ENVBEDDING OF REARRANGEIVENT INVARIANT
SPACES IN LORENTZ SPACES

By

M. MILMAN (Canberra)

1. Introdnction. Let JL(O, 1), Y(0, 1) be function spaces of measurable func-
tions. Let f€Y, and consider a>(/*, t) “the modulus of continuity” of/* with
respect to the norm of Y. (See Definition 3.1 below.) We consider the following
problem: under what conditions on a¥(f*,t) can we assert that fEX?

The results we obtain extend and simplify previous works by Ur’janov [8],
Leindler [4], Storozenko [7]- The crucial part of our work is contained in §3,
where we refine estimates by Uljanov and Storozenko; then we prove our main
results in §4 using Hardy type inequalities.

2. Preliminaries. In this paper we consider function spaces X of Lebesgue
measurable functions on [0, 1] such that HUx —I/*lIx> where f* denotes the non-
increasing rearrangement off. These spaces are usually referred to as rearrangement
invariant spaces (r.i. spaces) or symmetric spaces. The fundamental function asso-
ciated with a r.i. space is defined by «PxiOHIjfto.ollx. and it is easily seen that X
can be renormed in such a way that qx is a concave function.

The Lorentz spaces associated with a r.i. space are defined by

NNX) = {/EM(O0, 1):|/JU.(*) = {/ [/HOCPx«)]1**}

for 0<a”l. We shall also consider the Marcinkiewicz spaces M (X) defined by
M (X) = {feM (p,I):\\f\\M m = {/**(0<Px(0}<~}
7 o
where f f*(s)ds.

We shall assume that

We refer the reader to [5] for more information concerning r.i. spaces, and [6]
for a detailed study of Aa(X) spaces.

3. Estimates of generalized modules of continuity. In this section we obtain
estimates of f*(t) in terms of the module of continuity ocox(f*,t), defined for
ar.i.norm | W. Although similar results hold if we replace cox (f*, t) by ocox (f t),
we do not consider this type of results in the present paper. In fact, as it has been
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pointed out recently by Johansson and Wik [2], ap(f*, t) ccop(f, t) always holds
for 1 00. (This result is based on work by Garsia and Rodemich (cf. [2] for the
precise references).)

Inequalities of a similar type to the ones we obtain in this section have been
proved by U 1’janov [8], Leindler [4] and Storozenko [7] (cf. also [2]). These
results are, however, restricted to op(f, t) modules of continuity.

Definition 3.1. Let fAL 1, and define, for O*Asl,
Ahf(x) = U(x+h)-f(x)]x(,i-H(x)-
Given a r.i. norm, we put cox (f t)= sup \Ahf\\x, for O ~tSI.

0S)1S(
Lemma 3.2. Let fEX, then

1
(px{\Bn)
Proof. Let n£2, then
WA/ P\ = ||(/* A ZZa—in) Ix —11(/*-/i/«)Z(0,i/2»)b —
S [fF*(/2n)—*(1/n)](px(1/2ri).
Therefore (3.1) follows, since cox (f, 1/n) £ ||d1B*||x.
Lemma 3.3. Let fEX, then

3.1 wit>*(/*, 1) = /*(1/2n)—*(1/n), n£ 2

r (2~ ) - su X(t) )T +*"W 2jUh’ n= 172" --

Proof. By (3.1),

Hence,

Now, since /*(?) =— p -||/||x and 9x(0 * 1\ , we get

(8.2)

f w s W\f—r TT O "x ﬂz]pf - fon o tIlx-
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but
1 f.* N -n T Ax (fyt)dt

fOX
' 2k) - ZJ Vx(t t
- ) (1)

which combined with (3.2), yields

(1) - 1 " Leox(Mdt_
TR T8k e+
(T)
/% (r,o* 1I I I
~ +43(

as required.
Corollary 34. Let O s 1/2, [Jen
(33) f*(S)=£8f ax(J*, t)dt 1
I w . ' (4

We shall also need the following result which is of independent interest.

Lemma 3.5. Let X be a separable r.i. space, and let fEX, then
(3.4) <%(/*. 1) S [IA|Ix_x [II*X(o1)lIx
where H (f) (/)= f f(s) ds.

Proof. Let |/1|0: c-Xe, with \E\=r, then f*=cx«>r)- We shall compute
(dA*)**. We consider several cases: (I) r—h>0, 1-A>r; (II) r—h>Q, 1—h<r;

(ny r—h<o0, 1— (YY) r—A<0, 1—Ax<r. It is easy to verify that in all
cases we have (dA*)**(i)=-if(/*X(o;ii)) (). For example consider (I), then

Un/*(0L = cZ(+,.n(O0
(Mt/*)*(0 = c/CAQ,
(d,/*)**0 = A; 0/ (dfz‘*)(s)dss-jl-cx(()r)(s)z@(s)ds S H(F*X (0.h)(1)’

The other cases are treated similarly and we omit the details. Therefore, if /=c%E,
we have

so that

~ #(1%,,))(0,  IMWAIXS [[(TTAHTLIX A TR S

and (3.4) follows in this case. Let f= 2 ciXei>then we can find simple functions
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f, 1™i*n, such that eachf takes one value, and moreover f* = _2,|ft- Hence,
1=

*  —
Af* = 2 Aft,

(A,n*4t) ~ _gI(Aft)*4t) ¢ 2B A 0.*)(0 A tf(/*W O

and (3.4) follows in this case as well. Finally let f£X be arbitrary, and let {/j},” x
be a sequence of simple functions such that [|/* —#Hx-*-0, then

WAF*\X A 2\ r-ft\\x+W\Aft\\x, i= 1, ...
and (3.4) follows. The Lemma is established.

4. In this section, we obtain sufficient conditions for embedding of r.i. spaces
in terms of our generalized modulus of continuity.

The results in this section extend works by U 1’janov [8] and Storozenko [7].
(See also Leindter [3].)

We start with the following

Theorem 4.1. Let fEY and
r corif*, ») du _ 0 0Sis 1/2.

Joyy) w <Px(t)
Then fEM (X).

Proof. We compute ||/||MOr):
1 (X) - O§¥§/Z {<PX(0/*(O}+I/25<?JPSI g )f*(t)} =/i+/2

To estimate Ix we use (3.3) to obtain

IXN ce + SUP _fo*(0ll/Ir> a+ Call/lir-

<Px(®) / or(M Ui oostn

su
osist2 |
The estimate for /2is even simpler:

/2= su f f*(u)x@Ot(u)du 3=
I/2:§%’\I 1 o (WxOH(W)

S sup {M L j/ii
<Pr(0} - wnK=« calimi

and the result follows.

Remark 4.2. Observe that by Lemma 3.5, we have
Laor (1%, u) du _ o

! Y(u) wu <Pr(t)

whenever Y satisfies the conditions of Lemma 3.5.

0=131/2
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We now extend this result for the Jla(X) scale.

Theorem 4.3. Let /€ Y, 0</?~1, and
1P

(4.1) <Px(t)

Then fiA,, (X).

! <Pr(0

Prooft.
Hil#E<X > — “/-/(0,112)11Ao x)+ 1" r12,1)1170 (X) — h + h-

As usual, the estimate of /2 is much easier to derive, and we obtain h —ci\\f\\x-

Now, "
cenm ] <MBepah

joY(f*u) du
(Y(u)

so using Hardy’s inequality, we get
l/p 1.1P

jyiTVu) <Px() — ! *Cll/lys fi+C.i/lly.

r{u)
Collecting these inequalities, the theorem follows.

Remark 4.4. A similar result, where Y=LP, X=Lqg was obtained by Storo-
zenko [7]. His result can be obtained from Theorem 4.5. In fact, let Y=LP and
X=D, B:F' then (4.1) becomes

1

floo®(f*, z) la dz
co$(f* t)t-qpd th~,

=f
d ¥ Z 7 7,
which is Storozenko’s condition.
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REMARK TO THE EMBEDDING OF AN
OPERATIONAL CALCULUS BASED ON THE
"-TRANSFORMATION IN A FIELD
OF TRANSFORMABLE OPERATORS

By
W. PREUR (Wismar)

1. Introduction

Let JI be the operator field of Mikusinski [5] and Q the sub-field of Jt, which
consists of all operators represented by convolution quotients cp/th, where @ ¢
(p"O) are continuous complex-valued functions in whose Laplace
transforms tp(z), d(r) are absolute convergent (see [4]). The operators (p/c£EQ.
have generalized Laplace transforms £?[(p/d]=d(r)1d(r) (<p(r)/dp(r) is a pointwise
quotient), which are meromorphic in some right half-planes of the complex plane.

We denote by 9Ji the family of all functions f(z) that are meromorphic in some
right half-planes A= {z: Re (z)>cr} (< depends on/(z)). We define the equality
and the pointwise operations in 9} as usual. Then is a field.

Obviously the operators (p/ECL have generalized Laplace transforms i ?[(p/ch]
in JR. But there are functions in Bl which are not generalized Laplace transforms of
operators (p/da& (for example f(z)=exz if a is a complex number). Therefore in
[6] an operator field2lis constructed, which is algebraically isomorphic to the field 3L

In the present note an operational calculus based on the iri9-transformation

(see [3]) and the ultradistributions having compact supports (see [8]) will be embedded
in the operator field 91.

2. The operator field 91

Let § be the subalgebra of i, which consists of all functions h(z) that are holo-
morphic in some right half-planes A. Suppose that (hn(z)) is a sequence in § and
A(z)E§. By definition, limh,,(z)=h(z), if there exists a right half-plane A such
that h(z), hn@z) (n=1,2,..) are holomorphic in A and if the sequence (A,(2)
converges to h(z) uniformly on every compact subdomain of A.

We call a sequence (<p,/i/r,)c:d a fundamental sequence if there are functions
h(z), g(z) (g”0) suchthat limtp,(z2)=h(z) and limi}Jn(z)=g(z) in §. It is
easy to see that the function

fifa/W "*(*)/*(*)
belongs to 91 Two fundamental sequences (cp/cor) and (0JCn) are equivalent if
E[PIWn]=£[dnI(n\ in the sense of WL The equivalence classes determined by this
equivalence relation are called operators. Let 91 be the set of all operators. An operator
A represented by a fundamental sequence ((pr/cb) will be denoted by A=((pads).

Two operators are equal if their representatives are equivalent. Let A =((p,/,)
and belong to 91. We define

A+B = <, *tn+n* ®KPn*U) 1 AB = (((p,,* *PKOI* C)>,
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where * is the symbol for the well known convolution product of functions <jo(0j
Osr<oo.

Theorem 1. Under these operations 91 is afield and the mapping 2[A]=A{z):=
=2 [(pdhrh is an algebraic isomorphism of91 onto 5L

(For the proof see [6].)

The subfield Q c¢ J is a subfield of 91 too. The operators <ppp£& are the only
operators in 91 which have representatives (q/h,,), where (—p and ,,=h are
independent of n. In this case we write (cp/d)) or (p/cp. If (pE& is a function then
we write @ in 91 too, and we obtain 2[(p]—ip(z). Therefore the function 2[A]=
=N1(r)£901 will be called the (generalized) Laplace transform of the operator A£9L

t

The differential operator s—((p/(pi~2) = J g>{u)du; (p?60) has the
0

Laplace transform £[j]=z. For that reason we write formally A=f(s) if A£9l
has the Laplace transform T(z)=/(z)C®i.

There exist operators in 91 which are not in Jt. For example, e* £91 for all
complex a, but J1 ifais not a real number. It is well known that the operator
e"(a real) is a shift operator for the functions <p(t). In the case when a is a complex
number we are allowed to explain the operator exs to be a shift operator on a certain
ring of holomorphic functions (see Section 3).

The convergence in 91 is defined as follows:

A sequence (/,,(s))c9t converges to /(S)£9I if there exists quotients /,,(z)
=hn(z)/gn(z) and f(z)=h(z)/g(z) (,, 9., h,gE%; gn,g " 0) suchthat limA,,(2)
=h(z) and limgn{z)=g(z).

In this sense of convergence the operator exs (a complex) has the representation

Remark. It is possible to embed in 91 also all functions <p(f), —oo<r<oo05
having two-sided Laplace transforms, which are absolute convergent in some right
half-planes A. This means that the operational calculus 91 is a certain two-sided
operational calculus too. For example, the operator es2691 can be identified with

the function — —e~'r/4, —°o0<r<oo.
2f 1

3. The operator field 91 and an operational calculus based
on the ~~'-transformation
Let © be the subalgebra of § consisting of all entire functions g(z), which fulfil
exponential estimations |g(z)|<ceel|z] for all z, where ¢ and a are positive constants

depending on g(z). By use ofthe map £ in Theorem 1 © is isomorphic to a subalgebra
B of the operator field 91. Hence every operator g(.s)693 has a representation

(3.1) g(s) = okt sk (at =g (“>(0)),
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where the series converges in the sense of 9L We denote by G (i) the quotient field
of iR in 9L
Let ip* be the class of all series

3.2 F(w) =

(32) W=,
which have a radius of convergence (g depends on F). Every series of the
form (3.2) defines a function which is holomorphic for all |w|s°°}.

Moreover F(°°)=0 follows. We define the equality and the pointwise addition in “fi*
as usual, and as multiplication we use the complex convolution ([3], p. 399)

(3.3) Fi(w)oFQAw) :=— ¢ FLVv)F2w-v)dv,

I»l=¢
where wi=¢j+ G and M#—g2 (gk is the radius of convergence of Fk(w)
(k=1,2)).

The jSf-transformation
®)

" (S)[g]:(g e~zwg(z) dz,

where g(z)€© and we have to integrate along a straight line, whose polar angle is
3 (0" 3< 2n), from 0 to °°, and the inversion

JS?(»)-1[F]= _L @ e:wF(w)dw,

Vnl
where F(w»)€i* has the radius of convergence gand " g, define a bijection of
it* onto © ([3], p. 375). Suppose that Fk(w) > then it follows from

([3], p. 399) that
m7[gigd = F1(w) oF2(w).
We summarize these facts (in other form in [3]) as a

Corollary. The -transformation defines an algebraic isomorphism of iR*
onto ©.

(Therefore iR* is an integral domain under the convolution o.)
By use of Theorem 1 and the Corollary we obtain

Theorem 2. The mapping A-+ [E[T]], A£iR, defines an algebraic
isomorphism of iR* onto iR.

This isomorphsim can be extended to an isomorphism of the quotient field
G* (iR)* of iR* onto G (iB):

[Q ()M /* - ~(9[9M]1/1"<9[U[BIIEG*()3),

where A, BEiR and the symbol // denotes the inverse operation of the convolution
(3.3) . Therefore we identify C*(if*) with G(iR). If F(w) belongs to iR* then we write
{F(w)} or F or g(s) (in the case F(w)= [9(2)]) as element of 9. Moreover we
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have for Fi, F2€i and all complex a, B
XFx+ BFc, = {ccFl(w)+BF2(w)} and FtF, = {/I(w)o/r2(w>}
Suppose that g(.v)C:&' has representation (3.1), then we obtain

g(s) = {j?a*/wk+1].

Now we consider some operators belonging to Q(if3). Obviously, all rational oper-
ators r(s) belong to QOP). For example, the zero operator 0= ((p/dp) {=0, p" 0),
the unit operator 1=(db/cp) and the differential operator s belong to iR, whereas
the integral operator s_16Q(iR) does not belong to iR. By use of the -trans-
formation we obtain 0= {0}, 1= (1/w) and s= {l/wZ}. If F= {F(w)}gi then the
differential theorem is given by skF= {()4FkXw)} (k=1,2,...), and skF belongs
to iR for all Fdif. On the other hand, s-1F is an element of i only if 80=0 in (3.2).

Finally, we consider the operators €“ £21, where a is any complex number.
It is easy to see that e“ £i for all complex a and e* = {l/(w—a)}. Let F= (F(w)}
be an arbitrary element of i?. By use of the -transformation or the convolution

exsF —| ------ oF(w)i, it follows
v—a J

exs{F(w)} = {F(w—a)}.

Hence we obtain

Theorem 3. Let a be an arbitrary complex number, then the operator e*s£ill
is a shift operatorfor thefunctions {F(w)}€iR.

Remark. This is one possibility of the interpretation of the operators elS€9I.
Another possibility to explain the operators e* to be shift operators for complex
arguments can be given by use of such functions (p{t)£f& which are holomorphic
in a strip containing the t-axis, where these functions fulfil certain conditions. We
omit the details. Another operator algebra, which contains the operators els for
complex atoo, is constructed in [1].

It is well known that & contains especially the distributions (in the sense of
L.Schwartz) having compact supports. Every such a distribution d has a representation

(see [2])
(3.4) d= 215I<(Pk,

where the functions gk (k—0, 1, ..., m) are continuous for all real t and have
compact supports. Every function gk is an element of 91 and has a Laplace transform
£[<p] which is a finite two-sided Laplace integral [7]. It is easy to show that £[<p] is
a function in ©. Therefore from (3.4) it follows that every Schwartz-distribution
with a compact support belongs to iR.
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4. Remark to ultradistributions and operators

In connection with the Fourier transformation of the Schwartz-distributions
of exponential type we obtain the linear space of the ultradistributions. Let %c
be the linear subspace of the ultradistributions having compact supports [8]. Every
element ®€%c has a representation

®= £ abgS
o™

where the coefficients ak fulfil the condition lim \k\ |aff< «= The derivative S{=

(k=0, 1, ...) of the delta-ultradistribution $is determined uniquely by the class of
functions

fa<t.(O = (-1) K127 7T +P (0.

where p(Q is an arbitrary polynomial in f. The convolution of two elements
®= 2 akaf> and f' of dicis defined by
k=0

b*T = ZobWto,
k=0

where the ®(K) are the derivatives of 4 in the sense of the ultradistributions. Under
this convolution is an integral domain. From [8] it follows that 4t and © are
isomorphic algebras, where the isomorphism is defined by

(4.1) g0(z) = fe~*M O dt.
dc,,

dCnis the boundary of a domain of the form
C,={f:]lm (01 ~ n> 0(ifRe (0 ™ 0); [fISn (ifRe (0O 0)}

and /(0 is a representative of ®duc. Therefore we are allowed to explain the
operators g(s)G"B to be ultradistributions having compact supports. By use of (4.1)
we get

sk 69 (k=0,1,.) and (a complex),

where 0xis the shifted $in |, which is determined by the representative

1
N.CO = - onjz —q) *P(O-
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SETS OF UNIQUENESS FOR HAAR SERIES*

By
W. R. WADE (Knoxville)

8§ 1. Introduction

Let Xo’ Xu e represent the Haar functions (see [1], [6] or [12] for the standard
definition). A set is*[0, 1] is called a set of uniqueness for Haar series if the only
sequence a0, alt ... of real numbers which satisfy

)] lim 2 akXk(x) = 0 for x€[0, 1]\£
k=0

is the sequence

2 ak=0 for k=0,1»_

It is known that E=0 is the only set of uniqueness for Haar series [7; p. 626].
Hence any further study of sets of uniqueness must be carried out for some restricted
class of Haar series. Since Haar functions are defined in terms of square roots of
powers of 2, we introduce the following restriction:

Let p be a finite real number. A Haar series T(x)~ I(Z_Oaka(x) satisfies con-
dition G(p) if
3) ak= o([/c](p-1¥2 as fc- ~,

where [k] represents the largest power of 2 in k; i.e., [k]=2" ifand only if 2"s
2n+1. We shall call a set EQ[O, 1] a G(p) U-setifthe only sequence a0,alt...
of real numbers satisfying (1) and (3) is the sequence (2).

Let p>qg. Then every Haar series which satisfies condition G(q) also satisfies
condition G(p). Hence every G(p) U-set is a G(q) U-set. In particular, E=0 is
always a G(p) U-set. On the other hand, since the examples of McLaughtin and
Price [7] satisfy condition G(p) for each 2 we conclude that the empty set is
the only G(p) U-set when p>2.

G(2) U-sets have also been characterized. Indeed, in [8] it is shown that a Borel
set isa G(2) U-set if and only if it is countable.

The only other known result about G(p) [/-sets is also due to M ushegjan [8].
He has constructed a perfect G(0) U-set of measure zero.

A brief outline of the remainder of this paper follows.

In section 2 we recall that Walsh functions and Haar functions are linear com-
binations of each other, and use that fact to move the formal product theory of Walsh
functions over to Haar functions. This is especially interesting since the product of
two Haar functions is not, in general, a Haar function.

* This research was supported in part by a University of Tennessee faculty grant.
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In section 3 we show that a closed set is a G(p) U-set if and only if it is a G(p)
Cl*-set (Theorem 1). This result is a consequence of the first integral of Haar series
as itstrigonometric analogue is a consequence of the second integral of trigonometric
series.

The lemmas of section 4 begin to display the power of condition G(p) when
p =2 and the peculiarities of the Haar functions themselves. It is especially interest-
ing to note that localization for Haar series introduces discontinuous limits unlike
Rajchman’s theory of localization for trigonometric series. This forced us to introduce
G(p) U+-sets (see Lemma 4.1 and the definition that follows) and dyadic step func-
tions.

The main results of this paper are found in sections 5 and 6. Concerning the
size of G(p) U-sets we show that each G(p) U-set has measure zero when p>0
(Theorem 2), but that for each p< 0 there are G(p) U-sets with positive measure
(Theorem 4). Concerning combinations of G(p) U-sets we show that the union of
a sequence of closed G(p) C-setsisa G(p) U-setwhen p >0 (Theorem 3). Theorem 3
is also true in case psO if we require that union to have Lebesgue measure zero.
The proofis the same. However, by the Weierstrass M-test any Haar series satisfying
condition G(p) for some p< 0 converges uniformly. Hence when p< 0, any set of
measure zero is a G{p) U-set. The extension of Theorem 3 is of interest, then, only
when p =0.

We close this section by pointing out that although the study of G(p) {/-sets is
interesting in its own right, our study has been guided by a larger design. Indeed,
it is most likely that the theory of (3(0) [/-sets closely parallels that of sets of uniqueness
for trigonometric series. Hence a characterization of G(0) {/-sets, say in terms of
certain arithmetic properties of the sets, would represent a major breakthrough for
that same problem on the trigonometric series. And characterizing the necessarily
less complicated G(p) 17-sets for p >0 seems like a good first approximation.

§ 2. The Walsh functions

Let o0, i/q, ... represent the Walsh functions as enumerated by R.E.A.C.
Payley (see [1], [3], [4] or [5]). Both the Haar functions and the Walsh functions
form a complete orthonormal system in the Hilbert space £ 20, 1].

But these functions are more closely related than that. Indeed, except at points
of discontinuity, each Walsh function ¢kis a linear combination of the Haar functions

Xikb /w +i. e Xua-i IM; P- 62]. Specifically,
4) ®O(x) = Xo(x) = 1 (*€(0, 1»

and ifkis a positive integer then
5 (0K = [k ~]J222 * kJXj
X S X

for jcE[0, 1]\Z) where D represents the dyadic rationale and the ek= +1 form
a symmetric matrix [gkj] which has orthogonal rows. The special properties of the
matrix [efg] allow us to express each Haar function as the same linear combination
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of Walsh functions (see [2] or [2]):

I
(6) Py = [ 2.2, hi''™)
for x£[0, 1\2). :
The upshot of all this is that 2"th partial sums of Haar series and 2"th partial

sums of Walsh series are essentially the same. Specifically, given a Haar series T=
—2 akJd.k there is an associated Walsh series T*=2akdk such that

(7 T$.(x) = 7><X)= 2 aklk(x) for x€[0, J\D
k=0
and n=0, 1, indeed we need only set oj=a0 and
=2
8 at = [K]~'/*.2 _ ekjaj> k=12, ..
®) [k] 9 Ekjaj

and apply equation (6). Conversely, given a Walsh series S =2 Axkdx there is an
associated Haar series S*=2 Atdx such that

9 Sffix) = S2(x) = 2  AKPK(X

©) ) (X) = 2, )

for x£[0, 1]\e> and n=0, 1, indeed we need only set A*=A,, and
21n-1

(10) At = [k]~]:|2_2,vI tkjAj, k=1,2,...
J:

and apply equation (5).

Again, by the special properties of the matrix [etJ] equation (8) ((respectively (10))
holds with the roles of ak and a* (respectively Ak and A*) reversed. In particular,
a series is the zero series if and only if its associated series is the zero series. We shall
use this fact in the proof of Theorem 4.

We now match up growth conditions for associated series.

A Walsh series 3—2 Akdx satisfies condition F(p) (—oo<p<oo) if

(12) k2—2'A| =0(2p) as n-mo.

Arutunjan and Taratjan [2] have shown that if S is a Walsh series whose coeffi-
cients tend to zero then its associated Haar series satisfies condition G(2). Our
first lemma shows that this conclusion is valid even if S only satisfies condition F(l).

Lemma 2.1. Letp be afinite real number. Ifa Haar series satisfies condition G(p)
then its associated Walsh series satisfies condition F(p + 1). On the other hand, if
a Walsh series satisfies condition F(p) then its associated Haar series satisfies condi-
tion (7(p+lI).

Proof. Let ak satisfy (3) and at be defined by (8). Then
lejfl S [k]-112Ik] emax{|e7|:[fc] Bj < 2[K]} = [JV2+0([ky~D2) = of[K]p,i)
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by (3). In particular, since 2nwk<2m+l implies [K] —2n,

22 \ &Y= 270(2p) = o(2<p+i)n).

On the other hand, if Ak satisfies (11) and Ak is defined by (10) then Schwarz,
inequality yields

@QW-1 W
WL = [f V2[fue A (o([felp)12 - o([K]pl2)
= )

as was to be shown.
Let/be Lebesgue integrable over [0, 1]. A Haar series T—2 akYn is the Haar
Fourier series of/ if
I
(12) ak= f f(x)xk(x)dx, k =0,1,...
0

and a Walsh series S= 2 K is the Walsh Fourier series of/if

1
Ak = f f(x)ij/k(x)dx, fc=0, 1,....
0

Lemma 2.2. Lei /6 L1[0, 1]. If T is the Haar Fourier series off then its associated
Walsh series is the Walsh Fourier series off Conversely, if S is the Walsh Fourier
series off then its associated Haar series is the Haar Fourier series o ff.

Proof. By symmetry we consider only the first statement. Write T =2 akXk
and let ak be defined by (8). Then by (12) and (5)

21-1 2M-1 1
at=[k]~12 2 4iai= [fc]-12 2 ek f f(x)Xi(x)dx =
i=M i=M 0

= [K]~112f f(x) 2 EiXi(x)dx = f f)\/K(x)dx.
0 ‘=M 0

In particular, T* is the Walsh Fourier series off.
A set 2?¢[0,1] is a G(2) U*-set if any Haar series satisfying condition G(2)
which also satisfies
rI}imoTJx) =/(x), x€[0,/E,

for some fEL}[O, 1], is the Haar Fourier series of/.

Since the Haar Fourier series of any integrable function/ satisfies condition
G(2) [2; p- 1395] we define a G(p) U*-set as follows. A set EQ [0, 1] isa G(p) U*-set
if given a Haar series T satisfying condition G(p) and a function/ whose Haar
Fourier series satisfies condition G(p) then

lim Tngx) = fix), x£[0,1]\L
implies that T is the Haar Fourier series off
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Arutunjan and Talaljan [2] have shown that any countable set is a G(2)
£/*-set. The following slightly stronger result is a consequence of theorem 1in [12].

Lemma 2.3. Let p=2, T be a Haar Fourier series satisfying condition G(p) and
Z be some countable subset of[0, 1]. Suppose there is an integrablefunctionf such that

nI_im T2'(x) —f(x) ae. x£[0,]]
and
lim sup [F2(c)] for x$[0, 1\Z.
Then T is the Haar Fourier series off

We close this section by combining associated Walsh series and the formal
product of Walsh series to obtain a pseudoformal product theory for Haar series
(see Lemma 2.4).

N
Reviewing the Walsh theory, given a Walsh polynomial A= 2 <h and
i=0
a Walsh series S= 2 their formal product is the Walsh series
1=0
AoS = 2 (2 Gkrirk\ PA*
( )0 izoilzo I J )

where i* K is that integer defined by illuk(x) =\j/i(x) dx(x).
Sneider has shown [8; p. 287] that
JO3lj < 2M and @2M?4ak <(q+1)2M
{imply g2M*j*k < (gq+1)2M

where g, M ,j and k are integers. He has also shown that if the coefficients Ak of the
Walsh series S tend to zero as k—»0 then

(14) g {(A0S),,(x)-A(X) *S,.(x)} = 0

uniformly for xf[0, 1]. Furthermore, the series AoS also has coefficients which
tend to zero.

N 00

Lemma 2.4. Let p= Iz_oci}ﬂ be a Haar polynomial and T:iégo aiA be a Haar

series satisfying condition G(p) for some p S 0. Then there is a Haar series poT
satisfying condition G(2) such that

(15) lim {(pol)2(xQ - p(xQ +I'n(x0} = 0

for each dyadic irrational xO0£[0, 1].

Proof. Let p* and T* be the associated Walsh series of p and T respectively.
Note that p* is therefore a Walsh polynomial. To apply (14) to p* and T* we must
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first verify that the coefficients at of T* tend to zero as

\at\"[k]-v* ngl bl = [Kl120([k]*~"2 = o([K]p2) = o(l) as Kk —
J:
by (8) and (3) since p"O.
Hence by (14),

(16) Hmo{("of*),,(x)-"Wr*W}:O
uniformly for x€[0, 1]. Also p*oT* satisfies condition F(I) since its coefficients
tend to zero. Hence by Lemma 2.1, (p*oT*)* satisfies condition G(2). We complete

the proof by letting poT=(fi*oT*)*. Indeed (15) holds for x0$D by (9) and (16).
We shall see in section 6 that Lemma 2.4 is false when p> 0.

8 3. The first integral of Haar series

In this section we shall show that a closed set isa G(p) t/-set if and only if it
is a G(p) £/*-set. The preliminary lemmas deal with the first integral of Haar series.
By a,=o0c,,(x) and R,,=Rn(x) we shall mean

1= p2~nsix< (p+1)2-" =R,,;
also a'(x)=a,,(x) if x*D and x,,(X)=a,,(X) —2~n otherwise.
Given a Haar series T=" akxk we define its first integral by
(17) L(T; x) = liggy f T2.(t)dt
whenever this limit exists.
The following two lemmas appeared in [12].

Lemma 3.1. IfT is any Haar series and n any nonnegative integer then L(T\ a,,(x))
and L(T: Bn(xj) existand arefinitefor x£[0, 1]. Furthermore,

(18) 2-"TV.(x) = L(T; B,(x))-L(T; a.(x)
for each x£[0, 1].

Lemma 3.2. Let T be a Haar series satisfying condition G(p) for some p S 2.
Supposefurther that L(T; xQ exists and isfinite. Then

flri'm L(T; a'(xQ) = L{T\ x0
and
nllln L(T; len(x@) = L(T; xO.
The following result was the main theorem in [5].

Lemma 3.3. Let a<b be real numbers and G be a real valued function defined
on (a,b)MND, where

(19) D = {x:x is adyadic rational).
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Suppose further that G satisfies three conditions:
(i) limsup G(a'(x)) s G(x) for xG(a, b)DD,

(i) lim inf[G(/In(x)) —G(an(x))] * 0 for xG(a,b),
(iii) lim 2"[G(/1,1(x) —G(a,,(x))] ~ 0 for all but countably many xG(a, b).

Then G is monotone decreasing in (a, b)f]D.

We combine these three lemmas to show that by adding a constant to the right
hand side of (17) we can bring the limit sign inside.

Lemma 3.4. Let T be a Haar series which satisfies condition G(p) for some pLL2.
Suppose that 1 and that

(20) lim T2 (x)=f(x)

for all but countably may xGfa, b), where fG_D [0, 1].
Then there is a constant Cx such that

(21) L(T;x)-fmdt=C1
0

at every point xffa, b) where L(T; x)<°=. In particular, (21) holds for each xG.
G(a, b)C\D.

Proof. We follow [5; p. 352] by setting T (x)= \] f(t)dt, fixing £>0 and

«
the Vitali-Caratheodory Theorem [9; p. 75] to select absolutely continuous functions
applying (EEand iffe on [0,1] such that

|(PE(X)-T (X)| < &, WNfle(x)-F(x)\ < £ nr€[0, 1

and the derivates of (pfx) (respectively Ex)) are less than (respectively greater
than) /(x) whenever fix)" —°° (respectively + )

Foreach x£(a, b)DD set Ge(x)=(Ee(x)—L(T;x) and Hc(x) =L(T; x) —de(x).
By Lemmas 31 and 3.2, GEand Hc satisfy hypothesis (i) and (ii) of Lemma 3.3.
By (18), (20) and the choices of tpeand the functions Gsand HE satisfy hypothesis
(iii) of Lemma 3.3. By that lemma then, GEand HE are monotone decreasing on
(a,b)DD. Letting £—°° we conclude that F(x)—L(T; x) and L(T; x)—F(x)
are monotone decreasing on (a, b)f)D, hence constant there; i.e., (21) holds for
each xG(a,b)r\D. Finally, if x0G(a, b) and L(T; xQ< then Lemma 3.2 and the
continuity of F show (21) holds for x0also.

N. J. Fine [4; p. 403] proved that the first integral of the Walsh Fourier series
of a function /€br[0, 1] and J f(t)dt differed by a constant throughout [0, 1].
0

Using Lemma 2.2 and (7) we have the same result for Haar Fourier series:
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Lemma 3.5. Let f(zLI[O, 1] and T[f] represent the Haar Fourier series o ff
Then there is a constant C2such that

X

L{T[fV, x)- f f{t) dt = C2 for all x€[0,1].
0

Before showing that the class of closed G(p) U-sets coincides with the class of
closed G(p) U*-sets we cite one more known result [14]. An alternate proof of this
fact is provided by Lemma 5.1 of this paper.

Lemma 3.6. Let p=2, E be a closed G(p) U-set and Z be any countable set.
Then EUZ isa G(p) U-set.

Theorem 1. Let p=2 and E be a closed set. Then E is a G(p) U-set if and only
if E isa G(p) U*-set.

Proof. Clearly, every G(p) U*-set is a G(p) U-set.

On the other hand, let/ be a function whose Haar Fourier series T [f] satisfies
condition G(p) and suppose that T(x) is a Haar series satisfying condition G(p)
which converges tof(x) for each x outside the closed G(p) U-set E. Then by Lemma
34

L(T; x)—J f(t)dt = C1 for x€/MN£E>

0

where / is any subinterval of [0, 1]\£. By Lemma 3.5,
L(T[f];x)- ff(t)dt = C2 for xelOD.
0

Subtracting these two equations we have
(22) L(T—T[f]', x) —C1—C2 for x£IC]D.

Combining (22) and (18) we conclude that the 2"th partial sums of the Haar series
T—T[f] converge to zero throughout the interval /. Since E is closed and /cr[0, 1]\F
was arbitrary we conclude that

lim (T—T[f)2*(x) = 0 for x<€[0, 1]\£.

n-+00

But the 2"th partial sums of any Haar series converge at a dyadic irrational xO0 if
and only if the nth partial sums of that Haar series converge at x0. Hence

(23) lim (F—[/1),(x) =0 for x€[0, 1\EUZ).
Now T and T [f] satisfy condition G(p); hence so does T—T[f]. By Lemma 3.6

and hypothesis, E\JD is a G(p) U-set. Hence (23) implies that T—TI[f] is the
zero series; i.e., T= T[f] isthe Haar Fourier series of/.
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8 4. Special properties of Haar functions

If E is a set let E* represent its topological closure.
Recall that if k=2n+p where 2"=[k] then the Haar function yk is identically

+ }2" on the open interval

(24) A{\, k) = (p/2", (2p+1)2n+D)

and identically —\ 2" on the open interval

(25) A2, k) = ((2p + 1)/27+1, (p+1)/2»).
Furthermore, the support of ykis precisely A*(l, K)\JA*{2, k).

Lemma 4.1. Let T = ff akyk be a Haar series satisfying condition G{p) for some
p€(—», “) and J be an open subinterval of [0, 1] with dyadic rational end points.
Then there is a Haar series x which also satisfies condition G (p) and a step function g
whose jumps occur only at dyadic rationals such that

(26) X,(X) = 0 for *€[0,1]\/*
and n=1, 2, ..., and
(27) l]{%[Tn{x)-xn(xj\= g(x) for x£J.

Proof. Since the end points for J are dyadic rationals, we can choose N so
large that kN implies the support of ykis a subset of J* or disjoint from J. Let
nk=N be the smallest such integer and choose a sequence /rl<un2< by insisting
that

(28) A(\,nk{JA(2,nkcz for k=1,2, ...
Then set

?2(*)= k2=1arKX,,l'Ix) for VvF[O, 1]

By (28), T satisfies (26). Since each Haar function is a step function whose jumps
occur only at dyadic rationals, so is g(x)= Tni(x). This choice for g surely satis-
fies (27).

Notice that even in the case T converges to zero in Lemma 4.1, the limit of x
may in general be discontinuous at a finite number of points. For this reason we shall
introduce G(p) £/*-sets.

A dyadic step function is a step function whose jumps occur at diadic rationals.
A set EM[0, 1] isa G(p) -set if any Haar series T satisfying condition G(p)
which also satisfies

Limo T,,) =f(x), Xx£[0,1]\F

for some dyadic step functionf must be the Haar Fourier series of/.
Clearly any G(p) £/7-set is a G(p) U-set. A consequence of the following obser-
vation is that each G{p) U*-setis a G(p) L't-set. In particular, Theorem 1 shows
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us that any closed G(p) 17-set is also a G(p) Uf-set. (This fact can also be obtained
from Lemma 5.1.)

Lemma 4.2. Iff is a dyadic step function then its Haar Fourier series satisfies
condition G(p) for every p£(—0°}°°).

Proof. Since/ is a step function with jumps at dyadic rationals, there is an
integer N so large that kN implies/ is constant on 4(1, /c)U4(2, k). Hence
all Haar Fourier coefficients of order than N are zero:

1
f f{x)xk(x) dx = const. f yk(x)dx =0
if KMN.
The following lemma appeared in [2].

Lemma 4.3. Let KObe a positive integer, i0=1 or 2 and T be a Haar series satis-
fying condition G(p) for some />=2 such that

H’%T”(a) =0
for all but countably many x£A (r0, KQ. Supposefurther that

Tjfo+iw ~ 0 forany x£A(i0, KQ

Then given any n06[0, 1], 0 and any positive integer M we canfind a pair
o f natural numbers n andp and an interval A(ip,p) oftheform (24) or (25) such that
n>M\ A*(ip, p)czA(i0, KO]

(29) x0(iA*(ip;p);

(30) lt,(x)| > A for xEA(ip,p);
and

(31) Tp+l(a) 9* 0 for any XEA(ip, p).

We close this section with another indication of the power condition G(p)
wields when 2.

Lemma 4.4. Let T=" akyk be a Haar series satisfying condition G{p) for some
p”2 and A(/0,NO, A(il, NK, ... be a sequence of intervals of theform (24) or (25)
such that

(32) W)= 2[W*J k=1,2,..

Suppose further that k=1 or 2, i{Aik for k= 1,2,... and that A(i0, NO,
A (if TVj), ...forms a nested sequence o f intervals.
Then TNI+k(x) =0 for x£A (ik, Nk} and k=1,2, ... implies

(33) TNO+I(x) = 0 for XxEA(iO,N 0.

Proof. Suppose (33) does not hold. Since for each k"N 0, yk is constant on
A (i0, NO we are supposing that there is a nonzero constant d such that

(34) TNo+l(x) = d for xE£A(iO,N O.
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By (32) and the hypothesis concerning nestedness, we then have

TNK+L(X) = d+ 2 aNiXnj(x)

for x£A(ik, NK). In particular, if TN+l is zero on A(i[, Nx) then zNIxNI= —d

on A(r), jM). Since is constant on A(ij, Nj)UA(i{, NK we conclude that
MAIXiVIloo = \d\.

Proceeding by induction we have

(35 H«*XirJu = 2*-1]il|

for k=1, 2,

Let mObe that integer determined by

lifodU = 2V *.
Then

(36) WxsJU = = [AThe
for k=1, 2....... Combining (35) and (36),
K*LW -12 = \d\2~"°

for k=1, 2, .... Since T satisfies condition G(p) for p=2 it must then be the case
that d—0. This together with (34) establishes (33).

8 5. The union of closed G(p) U-sets

We have noted that if p>2 then G(p) U-sets are empty and if p=2 then
Borel G(p) U-sets are countable. In particular, if p S 2 then the countable union of
closed G(p) U-sets is a G(p) U-set and the measure of a G(p) i7-set is zero. In this
section we extend these results to 0. The second result is trivial.

Theorem 2. Let /» 0. Then every G(p) U-set has measure zero.

Proof. We shall show that any set E with positive measure is not a G(p) U-set.
Indeed, let PczE be a perfect set such that m(P)>0 and let T be the Haar
Fourier series of the characteristic function of P\ i.e., T=  aky1 where

<= Xk(x)dx, fo=0,1......

Then a0=m(P)>0 shows us that T is not the zero series. Since

I/ xk(x)y dxvS mA(L, k) UA (2, k))-[k]~ = [k]~~
p
it is clear that T satisfies condition G(p) for any />>0.
Finally, since Haar Fourier series converge at points of continuity [1; p. 472]
it is clear that T converges to zero in every interval contiguous to P. In particular,
T converges to zero off E.
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N ote. By using Lemma 4.2 and the above procedure one can show that no G(p)
U-set can contain an interval regardless of how large negatively p gets.

To obtain the result about the union of closed G(p) U-sets we must first obtain
three preliminary results. The first one is a special case of the general result.

Lemma 5.1. Let p=2, E be a closed G(p) U-set and Z be any countable set of
points. Then EUZ isa Glp) U”-set.

Proof. Let T(x)= (x) be a Haar series satisfying condition G(p) which
converges to a dyadic step function f(x) for each x€[0, 1]\(EUZ). Let T[f] =

ckXk represent the Haar Fourier series of /. We must show that ak=ck for
k=0, 1, .... Since E is a G(p) U-set and T=T—T[f] is a Haar series satisfying
condition G(p), it suffices to show that T converges to zero off E. We shall actually
show that x is identically zero off E.

Suppose that 1 is not identically zero off E. Then there is a zo£[0, J\E" and
an integer N such that z0i supp Xn but aN” cN. If we choose NO=N to be the
least such integer then xNa+l(x)~0 for any xfA (/,, NO, where =1 or 2

Suppose for the moment that there is an interval A(if NDc.A(i0, NQ disjoint
from E such that

(37) tnl+H(x) 0 forany x£A(if ND.

Let zx,z2, ... be an enumeration of the set ZU/7 where I is the set of disconti-
nuities of/Since A(if NI)C\E=0 T converges to/ in A(if N f\Zz. T[f] con-
verges to f at every point of continuity, hence in A(if ND\n. Thus x satisfies
all the hypotheses of Lemma 4.3. Applying that lemma countably many times we

choose sequences ... and kx, k2, ... of integers such that
A(i> k) a A(if NI), 1=1.2,..,

(38) zfA*(ji,k,)), 1=1,2,...,

(39) A*(j,,k,)c AU .~i-f, 1=23,..

and

(40) IT,.,(x)|>/ for xeA(jt, K)

and 1=1,2, Now by (39) there is at least one point wocommon to all the intervals
A(ji, kt). Yet this will lead us to a contradiction. Indeed, by (38) wfzOIT and
thus t(wQ =0 does converge. On the other hand, wo satisfies (40) for each /"1
so T(wQ does not converge.

It suffices, then, to show (37) holds for some interval A(if Nf) disjoint from E.
We shall accomplish this by constructing a sequence of intervals satisfying the
hypotheses of Lemma 4.4.

Indeed, set h=1i0 and Nt=NO. Suppose that intervals A(ix, Nx),  A(ik, NK)
and A(if Nj), ..., A(if N have been chosen so that f ~im, [IVJ=2[YmJ,
ZOEA*(if Nm) for m=1, ..., k, and so that the second sequence is nested. Choose
Nk+l so that A (ifNK=A*(I,Nk+1)(JA*(2,Nk+l); clearly [Yi+]=2[YJ. Now
z0<=A(ik, NK solet 4'+1=1 if zOEA*(I,Nk+)~A*(2,Nkx)) and let ik+l=2 if
Z0EA* (2, Nk+D).
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Continuing in this manner we can generate a nested sequence of intervals
A(i'l, V), A0, N2, ... such that

(41) 0= 10 AdhNK.
=1

Since zoc[0, IjXC and E is closed we use (41) to find a large kO so that A (/*,,, M0
is disjoint from E. It thus suffices to show that (37) holds for some L ~k 0. However,
if (37) failed to hold for any L kO then by applying Lemma 4.4 kO—: times we
would eventually conclude that tNot1(x)= 0 for x£A(i0, NO. Since this contradicts
the choice of NOour proof is complete.

Lemmab5.2.Let —oo<p< oozEbeaclosed G(p) U-set, T be a Haar series satisfying
condition G(p) andfbe a dyadic stepfunction. Supposefurther that I is an open interval
such that

H’[PDT”(X) =f(x) for x£I\E.

Then T converges tof at all butfinitely many points of I.

Proof. If 2 then E is empty and the result follows immediately.

Otherwise, let / —(a, B)*=I be an open interval with dyadic rational end points.
By Lemma 4.1 there is a dyadic step function g and a Haar series i satisfying condi-
tion G(p) such that

f(x)—g(x) for x£J\E
o for zc€fo, J\/*.

Hence r converges to a dyadic step function except on E\J {a, B}. But by Lemma 5.1,
EU {a R} isa G(p)  -set. Hence T is the Haar Fourier series of the right hand side
of (42). In particular, T converges to f —g at every point of continuity in J. Since
the discontinuities of/ and g are finite in number, we complete the proof by applying
(27) and recalling that JQ | was arbitrary.

2) lim 1.9 =

Lemma 5.3. Let p=2,1 be an open interval and EQ 1 be a closed G(p) U-set.
Suppose that T is a Haar series satisfying condition G(p) such that

(i Ilrﬁks(gp \Tn(x)\ < = for x£I\E
and

(i) |L'i[_QOTn(x) — (x) ae x|
wheref is a dyadic step function. Then T converges tof at all butfinitely many points
in .

Proof. Let Jx=1 be an open interval disjoint from E and /g /j be an open
interval with dyadic rational end points. Apply Lemma 4.1 to choose a dyadic step
function g and a Haar series T satisfying condition G(p) such that (26) and (27) hold.
Let N represent the discontinuity points of/ and g.

Combining (27), hypothesis (i) and the fact that JfJE= o we see that

“er_SoHp lt,(a)] <°° for x<zJ.

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



278 W. R. WADE

This fact together with hypothesis (ii) and (26) allow us to apply Lemma 2.3 to t.
Hence r must converge to f —g on J\n. Since JQJXQ | were arbitrary subject
to the condition JIOE= o we apply (27) to conclude that

J]%FB(X):/(X) for x(zI\NEDT.

By Lemma 51 £1)A is a G(p) Cit-set hence G(p) U-set. Since I is finite hence
closed, Eljn isa closed G(p) U-set. The proofis completed by applying Lemma 5.2
EUII, T and/.

Theorem 3. Let 0"p”2 and £j, E2, ... be a sequence of closed G(p) U-sets.
Suppose further that in the case p=0 each Et has Lebesgue measure zero. Then
00

U Et isa G(p) U-set.

Proof. It suffices to show (J Et is a G(p) W-set. Let T(x) be a Haar series
satisfying condltlon G(p) WhICh converges to a dyadic step function fix) at each

point jc€[O, 1]\%J_I Ei- By Theorem 2 or hypothesis, T (0OE{=0 so
(43) Hmo Tn(x) =fix) a.e. xe[0, 1].

Let &={x: limsup |T,,(X)|= <3} By (43) and Lemma 2.3 it suffices to ahow

that N is at most countable. By Lemma 3 of [14] N is either at most countable or N
is of the second category on itself. We shall complete this proof by showing N cannot
be of the second category on itself. It is a standard argument [16; p. 350].

Indeed, suppose that N is of the second category on itself and uncountable.
Then by defining N— NDEi we conclude that there is an open interval J and an
index i0 such that Niol1J is dense in NDJ and that NDJ is infinite. NC]J=
=EiaC\NC\J=Eior\J since Eiois closed.

We may assume the end points of J are not in Eia and thus that £)/ is
a closed G(p) U-set contained in J. Furthermore, if x$EioC\J then x(tNDJ so
the partial sums of T are bounded in J\E ioC\J. Hence by Lemma 5.3 T converges
to/ at all but finitely many points of J. In particular, NDJ is finite. Since this
statement contradicts the choice of J we have shown that N must be countable.

We close this section by noting that in the case O0<p”2, Lemma 5.3 is true
whenf is any function continuous except at a finite number of points. Since we do
not need this larger class of functions, we leave verification to the reader.

86. U(e)-sets

We have seen that the Lebesgue measure of a G(p) U-set is zero if
and that any set of measure zero is a G(p) U-set when —o0°<p<0. In this section
we shall show that for any 0 there is a G(p) U-set whose measure is
“arbitrarily” close to 1. We begin by reformulating the problem using the C/(e)-set
terminology of Zygmund [16].
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Let e: ~rjk-*0 be a sequence of real numbers. A set Ecz[0, 1]
a U(a)-set for Haar series if the only Haar series akxk converging to zero
outside E whose coefficients satisfy
(44) \ak[kf*\*4k, k =0,1,...
is the zero series. Clearly if T satisfies condition G(p) for some /><0 it will satisfy
(44) for some choice of e:rj0, Ax,.... We need to show, then, that givenany sequence
e there is a U(e)-set with measure “arbitrarily” close to 1.

Theorem 4. Let e: 0 be a sequence of real numbers and <5=0.
Then there is a U(e)-set E* such that m(E')> 1—5.

Proof. Select positive integers such that mn-~°° and
(45) 2emi]h-»0 as n —%o

Let (x)= x—[[*]] where [[ ]] denotes the greatest integer function, and define
the set EnQ [0, 1]

En= (x: x£[0,]] and (2"x) " 2_2m%}.
Then m(£,)> 1—=2~21" and since m,,-
|LLrg)m(En) —1

Hence we can choose an integer nx such that m(Eni)> 1—&2 and a real number
p such that

(1—59

;=i
Let Fx—Eni and continue, generating a sequence «x<u2< ... of integers such that

wNe+i) —(1—P~") T (EL
where

Enk.

k=1

If we let E'= f) En then the choice of p implies m(E"')> 1 —<& It suffices to show
1=1

that E' is a U(e)-set.
Suppose, then, that T =2 akXk is a Haar series satisfying (44) such that

(46) rIP'IQoT”{X) = 0 for each Xx£[0, 1]\£".

We need to show that the associated Walsh series T* of the Haar series T is the
ZEero Series.

To simplify what follows set pt=2< and gi=221". Also set

n if Pi*€[0, qr]
‘X lo otherwise.
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It is known [10; p. 869] that A-is a Walsh polynomial:

(47) Af(*) = {qd-"Z

J=0

Let A~ represent its associated Haar polynomial. Since T satisfies condition (7(0)
we apply Lemma 2.4 to choose a Haar series T satisfying condition (7(2) such that

(48) h% (t, W —5?(x)F'n(x)} = 0
for each dyadic irrational a. By (46) and (48),
(49) lim t,(id = 0 for x£[0, 1]\£'1LU

(see (19)). On the other hand, if XEE' then X£E m which by the construction indi-
cated above means that p,*€[0, ¢']; i.e., A(x)=0. Combining this fact with
(48) we conclude

(50) limt,(x) =0 for x£E"\D.

By (49), (50) and Lemma 2.3 we conclude that T is the zero series. What remains to
be seen, then, is that T=0 implies T*=0.

By the proof of Lemma 2.4, 1=(A ol*)* so we already have XoT* =0. Using
(8), (47) and the definition of the Walsh formal product we conclude that for each
pair of nonnegative integers rand j,

(51) 0= qr]&itZ:?J,kPi.

We pause to write down three facts.
By the definitions of pibg, and (45) we have

(52) Ll.rg gfr, =0.

By (s), (44) and the monotonicity of fD, ih, ... we have
(53) \af\*"r]Pgl2 for |~ p;
when /=1, 2,

Finally, if Is&cift then pt” kpt<qtpt. In particular, if for each fixed j we
choose i so large that pt>j we have by (13) that

(54) pi=j *kpt< qf if 1
We now complete the proof by solving (51) for a) = a~o and using these facts:
o-1 ,

aj*kPi I2P'\at\ = IfiPi9i,2 =
=Pi

by (53) and (54) for i sufficiently large. Letting i °° for each fixedj we have by (52)
that a*=0. Sincey was arbitrary we have T* =0 as was to be shown.
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We close the paper by noting that the restriction p SO was crucial to Lemma 2.4.
Indeed, if Lemma 2.4. held for any pc>0 then the proof of Theorem 4 would estab-
lish the existence of a G(pJ2) U-set with positive measure. This is impossible by
Theorem 2.
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ETALEMENTS CRISTALLOGRAPHIQUES

Par
R. BANTEGNIE (Besangon)

0. Introduction

Si dans Rz nous considérons I’animal carré T composé de cing carrés et formant
la lettre T (Fig. 1) ou I'animal triangulaire K heptagone équilatéral composé de
cing triangles équilatéraux (Fig. 2), on voit que ni " ni ATne peuvent paver réguliére-

Fig. 1 Fig. 2

ment le plan. Les ligures 3 et 4 montrent que les densités régulieres d’empilements

sont t](T)"5J6 et t)(K)"5/6 et on peut prouver qu’on a égalité dans les inégalités
précédentes.

Par contre si I’on considére des pavements éventuels de Rz par des transformés
de T (ou K) a l'aide d’un groupe cristallographique d’isométries les figures 5 et s

Fig. 3 Fig. 4

montrent que ces pavements existent. Le but de ce papier est de systématiser en partie
la situation précédente.

Pour ce, au § 1, on considére les notions d’étalements cristallographiques et
semi-cristallographiques de R" et leurs propriétés immédiates. Au § 2 on définit les
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animaux strictement cristallographiques et au § 3 on envisage le cas particulier du
plan. On a alors a considérer les /c-iamonds, les fc-iominos et les /c-hexes. Nous
avons étudié systématiquement les A:-iamonds pour IcSl, les fc-iominos pour /c- s
et les Ar-hexes pour k5. Nous nous contentons ici d’indiquer quelques résultats”

1. Etalements cristallographiques et semi-cristallographiques

Soit dans R" le groupe E(n) des isométries affines, 7X«)aiR"§le groupe des
translations, 0(n) le groupe orthogonal: on a T(n)<iE(ri), O(ri)=E(ri)/T(ri) et
E(n) est produit semi-direct de T (ri) et de O(ri).

Un groupe Za E(n) est dit cristallographique si

(i) il admet comme sous-groupe distingué un réseau G de translations

(i) il ny a pas de translations dans Z autres que celles de G

(iii) <5'=Z/G estfini.

On dit alors que S' et G engendrent Z. Dans la suite 1 est toujours un groupe
cristallographique, S' peut étre considéré comme un sous-groupe fini de O(r)
et a™Z peut s’écrire de fagon unique sous la forme t étant une translation
et <xk '.

On dit que S el est un systeme complet représentant S' si quel que soit
71'C S’ il existe un et un seul tel que s=s'. Dans la suite, S représente tou-
jours un tel systtme. Tout odZ peut s’écrire de fagon unique sous la forme o=tes
avec L S, g<zG, tg étant la translation associée a g. L’ordre/ de S' s’appelle aussi
I'indice de Z et on pose dens Z=f dens G=f/d(G) (d(G) déterminant positif de
G, dens G, resp. dens Z densité de G, resp. T). Pour les groupes cristallographiques
on pourra consulter J. A. Woif [24] dont I’étude s’appuie sur les résultats de L.
Bieberbach [4] et de J. Burckhardt [5], [¢]- Si <Z'={0'[, ..., oy} estun ensemble de
/ isométries distinctes telles que quels que soitent les éléments distincts t, vde <z* on ait

rv-1$G (ou G est un réseau de R").

r = {tpi\gdG et tCS"} est appelé famille semi-cristallographique engendrée par
S" et Gd’indice/. (Pour y£I', y peut se mettre sous la forme tgz de fagon unique).
[Des exemples de tels ' sont donnés par f=Z ou encore si S" est un groupe fini
d’isométries (car alors pour deux éléments distincts t, v de <2"tv-1 n’est jamais une
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translation); on peut prendre aussi pour <S'un ensemble de translations {, tf)
telles que pour i,j—\,...,f on n’ait pas tt—tjC G si t~tj, dans ce cas I est
une grille multiple d’indice / qui est un réseau multiple ssi: cette grille contien tun
élément de G (par exemple pour 1£®")]. Pour un tel I, on définit encore la densité
de F par

densT = f/d(G).

Pour une famille quelconque F d’isométries et pour ic R", (K,F) désigne la
famille {yK\y£l'} appelée étalement de K par F. Dans le cas ou I" est semi-cristal-
lographique et vol K>Q on pose dens {K, ')—vol K. dens I': c’est la densité de
(K, F). [Notons que si T est une similitude affine de rapport non nul, dens (xK, 1) =
=dens (K, F).] On parle alors d’étalement semi-cristallographique.

On dit que {K, F) est un recouvrement d’une partie A de R" quand y(lJr yK

couvre A a un ensemble de mesure nulle preés.

On dit que (K, F) est un empilement quand quels que soient yIf y2 distincts
de I', yrK et y2K sont disjoints. (Si F est un groupe cristallographique I il faut et il
suffit pour cela que quel que soit aC.1 on ait pour oAl, KC\oK=1o ).

Quand (K, F) est a la fois un empilment et un recouvrement de R" on dit que
c’est un pavement.

Pour u£R", on pose Kv=t,,K=K+v, {Kg\gEG} est appelé étalement régulier
de translatés de K par G. C’est un étalement cristallographique correspondant
a 0 =®'={1}. Dans la suite, on suppose que K est borné et de mesure strictement
positive.

Proposition 11. Si (K, G) est un empilement, on a dens (K, G)Si et si (K, G)
est un recouvrement, dens (K, G)Si.
Preuve. C’est connu. On peut utiliser le
Lemme. Si P est un parallélotope fondamental de G, alors quel que soit £ Rn
vol (KxT1P) = vol K.

XE G-fu
Proposition 1.2. Un empilement régulier de densité 1 est un pavement. De plus,
si K est ouvert, un recouvrement régulier de densité 1 est un pavement.

Preuve. Si (K, G) est un empilement de densité 1,

2 vol (KxIP)/vol P = vol K/d(G) = 1.
xCG

Par suite {KxC\P\x @G} recouvre F a un ensemble de mesure nulle prés. Cela suffit.
D’autre part si (I6, G) &st un recouvrement et qu’on peut trouver, dans G,

et g2 distincts et x0"Kn MKeallP, une boule B(x0 de centre xo et de rayon conve-

nable &> o est contenue dans KWUMKgMP. Soit alors s=vol B(xQ/vol P. On a

vol AxnP) —avol P s vol P
xC.G

ce qui, vu le lemme, donne
dens (K, G) S (L+e) vol P/vol P = 1+e.

1ssi est une abréviation pour ”si et seulement si*.
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C’est exclu pour dens (K, G)=1 de sorte que dans ce cas pour gl et g2distincts
éléments de G on a

KelMKe2MP = (Kall P)M (KAMP) = o .

Quand K est ouvert, pour x parcourant G, les Kxf]P sont disjoints. Cela suffit.

Proposition 1.3. Z étant un groupe cristallographique et Sc2 un systeme
complet associé a Z,

(@) (K, Z) est un empilement ssi (K, S) est un empilement et ((J sK, G) aussi;
Ses

(b) (K, Z) est un recouvrement ssi (1J sK, G) en est un.
Ses

Preuve. Pour les recouvrements c’est immédiat. Pour les empilements: notons
A®B l'union des parties A et B de R" lorsqu’elles sont disjointes et slt..., sf les
éléments distincts de S.

/
Si (K, S) est un empilement, |J ii= 0 stK. Si de plus, pour K '= U sK, (K', G)

est un empilement c’est que pour g"l element de G, K'DtgK"® —0 Comme

tg(® = ¢ tgstK,
i=l > i=1

(K, I) est bien un empilement. D ’autre part la réciproque est immédiate.

Proposition 1.4. (a) Si (K, Z) est un empilement, dens (K, 1
(b) Si (K, 1) estun recouvrement, dens (K, Z) 1
(c) Si (K, Z) est unpavement, dens (K, Z)=1.

Preuve. On applique les propositions 1.1 et 1.3 en notant que dans le cas d’un
empilement vol K'= /vol K et que dans le cas d’un recouvrement vol K '~ f vol K.

Proposition 1.5. Si (K, Z) est un empilement de densité 1 ou pour K ouvert un
recouvrement de densité 1, ¢’est un pavement.

C’est Ia une conséquence immédiate des propositions 1.2 et 1.3.

Remarque. Les propositions 1.3, 14 et 1.5 s’étendent au cas ou (K, Z) est
remplacé par (K, ') ou I' est une famille semi-cristallographique engendrée par
S" et G, si on remplace dans ces propositions ® par <5 Elles sont vraies en parti-
culier quand " est un h-réseau.

2. Constantes d’empilements cristallographiques et Animaux
strictement cristallographiques

On note qc.(K), resp. rjc;(K) la borne supérieure de dens (K, I') prise pour
les (K, ') qui sont des empilements semi-cristallographiques quelconques, resp.
d’indice f. On note i/c(X), resp. ffCf(K) la borne supérieure de dens (K, Z) prise
par les (K, Z) qui sont des empilements cristallographiques quelconques, resp.
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d’indice/. On pose
flc'f(K) = sup rf@(K) et fCHK) = sup fic (K).

1S9S / 1S9S/
On a

Uik ) - rc(K)s§81 et qCj(K) Sirc(K) Si L

Rappelons quelques notations concernant les empilements par des translatés de K.
Pour IcR™, on pose (K, X)={KxXC X} et dens (K, A)=vol K-dens X (cf.
par ex. [2] ou [3]). g*(K), gh(K) désigne la borne supérieure de dens (K, X) pour X
quelconque et quand X est un A-réseau. On pose

(k) = sup fn(K); ona ah(K)S g'(K)S. 1
sts

Evidemment q1(K)=r]CI(K)—qCL(K). Cette quantité notée q(K) est appelée densité
réguliere (d’empilement) de K. (K, X) est un empilement ssi DXC\DK= {0} (Pour
FcR,,DY—Y—Y est I’ensemble «différence» de Y.) Comme DKaD (\ DK),
D(™ DK)P\DX—{0} entraine DKC)DX= {0} donc si (DK, X) est un empile-
ment (de translatés de %DK) (K, X) est aussi un empilement. On en déduit

nfP D K)fo\ (\DK) si . ,(K)/vo\ K
et

H (irDK)/wol (\D K) si gh(K)N\8I K.
On peut écrire aussi

2"ih (DK)/vo\ (DK) si =i*(K)/vo\ K et 2ngh(DK)/xo\ DK si tih(K)/xo\ K

en se servant de @*(DK)=qg"{\ DK), gh(DK)=rh(} DK) et vol (DK)=
—2"vol (i DK).

Notons que lorsque K est convexe, il en est de méme de DK et que D (f DK) —
=2(~» DK)=DK. Il en résulte qu’alors les inégalités précédentes deviennent des
égalités. On sait que pour n—2 lorsque C est convexe symétrique on a u*(C)=(C),
cette propriété ayant été trouvée indépendamment par C. A. Rogers [21] et L. Fejes
Toth [11] (cf. par exemple J. W. S. Casselts [7] OU L. Fejes Toth [12]).

Il résulte alors des égalités précédentes que pour K convexe de Rz (non néces-
sairement symétrique) on a g*(K)=t](K) (cf. aussi C. G. Lekkerkeker [19] p. 195).

Notons aussi que pour n quelconque, ATcR" on a ri(K)—wo\K/A(DK) ou
A (DK) est la constante critique de DK (cf. par ex. [2] ou [3]). Cela nous servira.

Soit P un polytope régulier ouvert de R" d’adhérence P. On dit que Mkest un
K-animalfermé régulier construit sur P si I’'on a

nk= u,Pi= .u Pi
1= i=l
avec
(i) pour r—1, ..., k Ptest isométrique a P

(i) pour i=, ..., K-\ 13 PjiiPi+i= 0
=i
(iii) pour /=1, ...,k —1 &rl‘lpm estunefacean—1dimensions de P ((etde Pi+1).

On en déduit que pour k> 1 _(J P; est un (k—1) animal régulier construit sur P
I=1
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et que vol Mk=k vol P. On considére souvent les animaux réguliers modulo le
groupe des similitudes affines parfois modulo le groupe des similitudes directes.
Rappelons qu’une famille infinie dénombrable de polytopes de R"fermés convexes
{n;}iN forme une mosaique de R" quand

() pour i?4j IiMIlj est une face & n—1 dimensions commune a Ar et Jlj
ou dim (ArM1lj)<n—1

(i) R”= 1) N;. Dans ce cas {n,}iéN est un pavement de R" qu’on appelle

ten
aussi mosaique.
Rappelons aussi qu’on dit qu’un polytope convexe N est unparalléoédre lorsqu’il
pave régulierement R".
On dit qu’un animal K est cristallographique lorsqu’on peut trouver un groupe

cristallographique Z tel que (K, Z) soit un pavement.

Lorsque K est construit a partir de P, d’un tel (K, Z) on déduit naturellement
un pavement de R" a I’aide d’isométriques de P. S’il est possible de choisir Z de fagon
que ce pavement soit une mosaique on dit que I’animal est strictement cristallographique.

Proposition 2.1. Un animal régulier est strictement cristallographique seulement
s’il provient

pour n=2 d’un triangle équilatéral, d’un carré ou d’un hexagone;

pour n=3 et ns5 d’un (hyper) cube;

pour n=4 d’un hypercube ou d’un des deux autres polytopes réguliers permettant
deformer une mosaique de R4.

Preuve. Si K est un tel animal, Pr forme avec des isométriques une mosaique
de R". La proposition résulte alors de I’étude de ces mosaiques (cf. par ex. I’ouvrage
[s] de Coxeter et spécialement sa table II).

Remarque. On peut considérer des animaux non réguliers.

En effet appelons paralléloédre mosaical un polytope ouvert convexe P tel que
I’on puisse trouver un réseau G avec

(i R"= glCJG Pg,

(ii) quels que soient g, g' éléments distincts de G, PalPgest une face commune
a Pget Pg,, ou a une dimension strictement inférieure a n—.

Si dans la définition d’un animal régulier P est maintenant un paralléloédre
mosaical, on définit un animal dit mosaical. On peut se demander si un tel animal
peut étre strictement cristallographique : c’est le cas pour un 1-animal ou un 2-animal
mosaical. On peut se demander aussi s’il existe des paralléloédres mosaicaux non
réguliers. C’est la cas par exemple du paralléloédre de Ap Simon [1]. Un tel parallé-
loédre L est défini par la donnée de n nombres 1 comme I’ensemble des x de
R" dont les coordonnées vérifient |xr[<I| +cr, \xr—xs|<cr+cs—2 pour r,s=
=1,...,n. Si G est le réseau engendré par les points ax, ..., &, ou at est le point
dont la ~éme coordonnée vaut 2(1 +c,) et les autres 4, (£JG Lg constitue un pavement

g

mosaical de R (cf. [1] et [2]) et il n’existe pas de pavements de R" par des translatés
de L contenant L distinct de {J Lg. Pour n=2, les A-animaux réguliers triangulaires

i g€G i i i . i i .
sont appelés A-iamonds, les /c-anfinaux carrés A-iominos, les A-animaux réguliers
hexagonaux A-hexes (polyamonds, polyminos, polyhexes quand k n’est pas précise).
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La remarque précédente montre qu’on peut aussi considérer dans ce cas les *-ani-
maux mosaicaux construits sur des parallélogrammes ou des hexagones convexes
centrés.

Dans la suite, on aura a déterminer DK pour AcR". Notons que pour xo€K,
K'=K_X on a

XiK’ X i

DK —-DK'= U (=K% = KX.
SK?

C’est semble-t-il la seule formule pratique pour déterminer I’ensemble différence
d’un animal triangulaire. Par contre, si I’on considere le fc-animal hypercubique
K

K= _IJ1 Ca. ou C est un hypercube fermé, on a aussi
1=

(*) DK= U. U (2C)a

[Comme pour K=AUB, DK=DA{JDBU(B-A)U(A-B) on a T>CaiUC&)=
=DCU(Z>C)ai_a U(.DC)a2 ai. Comme DC—C+C—2C car C est convexe et
symétrique (*) est prouvé pour k—2 (et k=1); on conclut par récurrence.] De

K
facon analogue si K= 1J Ha ou H est un hexagone régulier fermé on a
1=1

(**) DK= gle;JI(ma.-aj-

3. Animaux réguliers plans

On désigne par T, C, H respectivement un polyamond, un polymino, un polyhexe
(Tk... désignant un L-iamond ...). Il existe 17 groupes cristallographiques du plan
distincts (c.a.d. non isomorphes) dont on connafit d’ailleurs la définition abstraite
par générateurs et relations (cf. [9]). Pour fixer les idées on emploie la notation
utilisée par L. Fejes Toth dans [13]. Ces 17 groupes sont

1 Les 4 groupes engendrés uniquement par des symétries 38|, 9B3, 913], 3];

2. Les 4 groupes ne contenant que l'identité comme rotation SB"aR], 3Bf,3Rf;

3. Les 9 autres groupes (figure entre parentheses I’'ordre de leurs rotations)

<, LB1, 2B|, IBU (ordre 2)

9Bs, 933 (ordre 3)

93, 9B| (ordre 4, 2)

%BS (ordre s, 3, 2).

De plus, seuls les 5groupes 91J, B3, B3, 2B+, B ne contiennent que des isométries
directes. Rappelons que dans le plan une isométrie directe est nécessairement une
rotation ou une translation et une isométrie indirecte une symétrie glissante (produit
commutatif d’une symétrie droite et d’une translation (qui peut étre nulle) parallele
a I'axe de symétrie). Notons qu’un groupe cristallographique de la liste 1 n’admet
pas de partie fondamentale d’intérieur connexe autre qu’un triangle pour 93, 933],
93 et qu’un rectangle pour 9L (cf. [9]). Dans la suite on appelle animal régulier un
animal T, C, H distinct d’un rectangle ou d’un triangle.
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Notons que dire qu’un animal régulier K est cristallographique revient a dire
qu’on peut trouver | tel qu’a un ensemble de mesure nulle pres de fr K, K est une
partie fondamentale de |. Ce qui précede montre que pour un tel K, I ne peut
étre dans la liste 1.

D’autre part si Q£E est une rotation de centre co pour g£<7, tgQt~1£Z.
Comme tgQtgl n’est autre que la rotation, déduite de Q par la translation tg, de
centre <og=a>+g ON VOit que si 1 contient une rotation, il contient aussi celles qui

s’en déduisent par les translations de G. De plus comme on ne peut avoir euCa'K
quel que soit a'C.l on peut trouver tel que cuCfr (aK). On a alors <_1cos fr K.
Or er 1Qa estune rotation de 1 de centre a-1co. Il en résulte qu’on a & étudier les
angles formés par L en un point de fr L pour savoir si L peut étre un animal régulier
cristallographique. Par exemple si L est un polyhexe, I’angle de L en un point de
fr L est 2n/3, n ou 41r/3. Si L est partie fondamentale pour I, | ne peut contenir
de rotations d’ordre s ou d’ordre 4. Les groupes 9®e, 2B: et 2B| sont donc a éliminer.
De méme pour un polymino on peut éliminer 1B3, 2B| et 4Rs et pour un polyamond
3B: et 3B| (et méme si ce polyamond n’a pas d’angle égal a 2n;/3, 2Bs et 1Bs). Pour
un animal régulier K, on a défini fjC/(K) (/= 1,2,3,40us). Si ® estl’'un des 17
groupes cristallographiques, on peut considérer la borne supérieure de dens (K, I)
prise sur les empilements cristallographiques de «type» ®(£«®). On la note
ng(K). La considération des 17 u®{K) est évidemment plus fine que celle des 5 fjCf(K).
Ce qui précéde montre que si ® est dans la liste 1on a y®(K)< 1. Dans la suite on
étudie seulement les 13 groupes des listes 2 et 3. (Evidemment les j9(K) sont définis
aussi pour des K qui ne sont pas des animaux réguliers, et en particulier quand K est
un rectangle ou un triangle mais on ne peut plus éliminer ®I| pour le rectangle et 3Bs
pour le triangle). On ajoint au papier une table donnant la concordance entre la
notation de Fejes Toth et celle (des cristallographes) de Hermann et Mauguin (cf. [18])
reprise par Coxeter et Moser qui y ont permuté p3m\ et p3\m. Considérons les
figures 7 et s ; 7 donne I’exemple d’une partie fondamentale pour 3B] et s d’une partie

fondamentale pour (Pour $B] cf. la planche | de [13] ou la page 1de [17]). Pour
les 11 autres groupes on a donné aussi dans la table I le numéro de la planche de
I’ouvrage de C. H. Macgillavry [20] ou I’on trouve une partie fondamentale d’inté-
rieur connexe non convexe pour un de ces groupes. (C. H. Macgillavry s’est servi
des illustrations du graveur hollandais M. C. Escher et ne considere ni 2B[ ni 2B]).
Notons des critéres qui permettent de savoir si un polygone simplement connexe K
vérifie ffH(K)=1 pour un groupe cristallographique H d’isométries directes. On
suppose le plan orienté et fr K orienté en conséquence. Si un polygone a ses cotés
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Table 22
FT HM Planche eCM
2Bi pl let 14
2Bi cm cf. figure 7
2B pm 19
SB? pg 3, 17 et 18
3B2 p2 2et 16
2Bi cmm cf. figure 8
2B! pmm —
2B! pmg 20
SCel 5
2B3 pp%g 7et 38
2B1 p3ml —
3l p31m 40
2Bi. p4 24 et 37
2Bl p4m —
3BI p4g 6
2Be pé 27 et 39
2Bi pém —

sur fr K on cite ses sommets dans I’ordre de I’orientation. Les critéres sont valables
pour un compact de Jordan K

(@) On a prouvé (cf. [2]) et c’était sans doute connu que r\{K)=\ ssi on peut
trouver un polygone Q—aRyd ou aBydeC qui soit un parallélogramme ou un hexa-
gone centré dont les sommets sont sur fr K tel que si a tout couple de c6tés équipol-
lents de Q on associe les arcs de fr K ayant les mémes extrémités ces arcs sont congrus
par translation.

(b) D autre partJ. H. Conway aremarqué (cf. [14]) qu’on a fjWi(K)= 1 lorsqu’on
peut trouver un polygone Q’=aRydeC (certains points peuvent étre confondus)
dont les sommets sont sur fr K tel que al soit équipollent a e6 et que si a, b, c, d, e,f
désignent les arcs af, By, y0, ed, eC, Ca, de ir K a et d se correspondent par translation
et b, c, e,fadmettent un centre de symétrie. En se servant du fait que dans (a) figure
une condition nécessaire on voit que le critere de Conway est également nécessaire.

(c) On a jm (K)=I lorsque avec les notations de (b) (certains points peuvent
ici aussi étre confondus) on peut trouver Q' tel que des rotations d’angle égal valant
+2n/3 de centres respectifs B, 6, Ctransforment Ra en Ry, dy et 6eet Gzen (a.

(d) On a fWi(K)=1 quand on peut trouver un pentagone alyode dont les som-
mets sont sur fr K tel que les rotations d’angle égal valant + 72 de centre § et e
respectivement transforment respectivement 3a en Ry, sb en sa et que I’arc y6 admette
un centre de symétrie (ou peut avoir ici a=R=y ou y=0).

(e) On a faBAN=1 si

(1) On peut trouver un pentagone allyde dont les sommets sont sur fr K tel qu’une
rotation de centre B d’angle rp=xn/3 transforme a en Ry, qu’une rotation de

centre 0 d’angle 2 q@transforme Oy en 06s et que I’arc eaadmette un centre de symétrie

2 Notons que dans la table un — dans la 3eme colonne signale que le groupe correspondant
est dans la liste 1.
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(on peut avoir a=s, dans ce cas les angles successifs du quadrilatére aByd sont
n/2, n/3, n/2, 2n/3).

(2) On peut trouver un triangle équilatéral aly dont les sommets sont sur fr K
tel qu’une rotation de centre B d’angle +1/3 transforme Ra en Ry et que ya admette
un centre symétrie (on peut considérer ce cas comme le cas particulier de (1) cor-
respondant a y=06—%).

(3) On peut trouver un triangle ads d’angle n/e, 211/3, n/6 tel qu’une rotation
de centre $d’angle +2n/3 transforme Saen Ge et que sa admette un centre de symeétrie
(on peut considérer ce cas comme le cas particulier de (1) correspondanta a=R=y).

Il est possible de montrer qu’une des conditions (a)—(e) doit nécessairement
étre vérifiee par K compact de Jordan pour que K soit partie fondamentale d’un
groupe H d’isométries directes. Cela sera prouvé ailleurs. Notons que dans le cas
ou K est un animal régulier cristallographique comme le pavement carré, triangulaire
ou hexagonal qu’on en déduit est bien déterminé, les points éventuels a, ...,£ des
criteres (a) et (b) sont bien fixés sur fr K. Cela permet en se servant de la condition
nécessaire de ces critéres de vérifier que dans certains cason a j(K)<1 ou ijW2(K)< 1.
Notons aussi qu’un polygone connexe vérifiant (a) a nécessairement un nombre
pair de coOtés paralleéles a une direction donnée. Nous indiquons quelques résultats
concernant les A-iominos, les A-iamonds et les A-hexes relatifs au pavage du plan
par des isométriques d’un tel animal K. On pose x=r\(K).

A Les k-iominos. On emploie la numérotation de Golomb dans [16]. Le mono-
mino, le domino, les deux triminos et les cing tetraminos sont numérotés de 1a 9,
es 12 pentaminos de 10 a 21 et les 35 hexaminos de 22 a 56.

Lo . Im e v ] . EB
7 Lo . Bu . Bid . dB
. NEb

Les pentaminos sont

io ITl~rr 1

« 4333
Les hexaminos sont
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34.

35.

36.

37

P

cB 42.

43.

44,

111 )

BB

48.

49.

Il'y a 108 heptaminos et 369 octaminos.
Considérons d’abord les fc-iominos pour A™ s. Pour K=1,2,3, 4, 5,6, 7, 8, 9, 10,

11, 12, 13, 14, 15, 16, 17,20,21 on a x=1.

ZD
L

5L

54.

56

293

TT

Par contre pour les 3 pentaminos 16,

18, 19 on a x<I| (Dans ces cas et des cas analogues on peut montrer que quel que
soit k"N* on a k(K)< 1 en se servant de la généralisation aux A-réseaux de la

proposition 1.5.)

On a vu dans I’introduction que t](18)&5/6.

Les figures 9 et 10 montrent que »(16)S 5/6 et t](19)S 5/6.
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Pour K= 19 DATdu Fig. 11 donne A(DK)=6 et a= 5/6.

Pour AT=18 DK du Fig. 12 a pour réseau permis G de base (2,1) et (0,3) de
déterminant 6. Comme & est la constante critique d’un rectangle contenu dans DK,
A(DK)=6 et a=5/6;

Pour K= 16 DK du Fig. 13a pour réseau permis G' de base (2,0) et (t, 3) (t réel
quelconque) de déterminant 6.

__________________ L »
Fig. 11 Fig. 12 Fig. 13

On peut prouver (en utilisant par exemple la méthode de Mordert employée
par Cassets dans [7]) que les réseaux G* sont critiques pour DK et par suite que
x=5/6.

De plus pour les 21 fc-iominos avec kw5 ona fjwt(K)=1

Examinons maintenant les hexaminos. Pour les 24 hexaminos K= 22, 23, 24, 25,
26, 29, 31, 32, 33, 34, 35, 36, 37, 40, 42, 43, 44, 45, 46, 48, 51, 52, 53, 55 on a je= 1;
pour les 11 autres K=21, 28, 30, 38, 39, 41, 47, 49, 50, 54, 56 on a x< 1 Pour tous
ona f<BR(K) = 1 (on sesert de (a) et (b) ou on exhibe les pavements correspondants);
on peut méme pour 1 préciser que pour K—21, 28, 30, 41, 47, 50, 56 on a x= 6/7
et pour K=38, 39,54, x=6/s. Quand on peut déterminer facilement la valeur
de A(DK) la valeur de x s’en déduit. C’est le cas par exemple pour K=38, 54. On
peu%raisonner par contre dans tous les cas de la fagon suivante illustrée pour K=39=

= _IJI (i) donné par la figure 14
1=

1 4;5;6

Fig. 14
On pose K'=KO(l), K"=K"'L1(3).
Comme K" pave régulierement R2, rj(39)" 6/s. On montre que r\(39)" 6/s en

prouvant que si G empile K, il empile K". Tout d’abord un tel G empile K'. En
effet soit y un point de I'intérieur de (7). Si pour gdG on avait yEKg on pourrait

3 7 6 151
1 4 5,6
2
Fig. 15. Fig. 16
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trouver xf K avec y —xC.G. Pour xd(i) avec /=1,3, 4,5 on a une contradiction
immédiate et pour i=2 la figure 15 conduit & une contradiction pour le carré 13.
Reste alors a montrer que si G empile K" il empile K". Le procédé ci-dessus montre
qu’on a seulement & examiner le cas ou poury intérieur a (s) on a xC(2). La contra-
diction provient alors de I’'examen du carré (15) dans la figure 16. Notons que pour
le pentamino 16 le procédé précédent redonne assez simplement 1;(16)= 5/6. D ‘apres
[14], 101 des 108 heptaminos vérifient le critere de Conway et sont donc tels que

(K)=1 Les 7 autres sont donnés par la figure 17. L’heptamino 1 n’est pas

simplement connexe et évidemment ne peut paver le plan a I’aide d’isométriques.
On peut montrer qu’il en est de méme pour les heptaminos 3, ¢ et 7. La figure 18
montre qu’on a »(5)=ra(5)= 1 ce qui donne I'exemple d’'un K pour lequel
fiCi(K) =1 avec fiwi(K)"I.

Fig. 18

y .
/

Fig. 19 Fig. 20

Les figures 19 et 20 montrent qu’il existe des pavements semi-cristallographiques
d’indice 2 pour I’heptamino 4 et d’indice 4 pour I’heptamino 2.
B. Les k-iamonds (fc=7). On les numérote comme il suit:

A ZVN M AZV NN
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(10 fc-iamonds pour & S5). 12 hexiamonds (11-22), 24 heptiamonds (23-46).

nnnn O Ty A7v0 Azev

24 26

N4 Nn70(
27 28 29 30
31 32 33 34
*00 0*0
35 36 37 38
Z®
39 40 41 42
A
43 44 45 46

On pose toujours x=r](K).

Considérons d’abord les diamonds pour /c= 5.

Pour K=2,4,5, x=1; pour K=I, nr=10/11; pour K=3, x=6/7; pour
K=8, 9, 10, x=5/6 et pour K=1,6, x=2/3. De plus pour tous ces polyamonds
iW2(K)=1. x—I pour K=2, 4,5 résulte du critére (a) et la valeur 1 de nwJK)
du critére (b).
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Lesvaleursde x pour K=7, 3, 1 proviennent des déterminations respectives de
. . n 3 N (14
d (2XK) qui valent respectivement— |T'|, — [['| et—|| (ou || est la surface de I’élé-

ment T= 1) valeurs déterminées facilement car alors DK est un hexagone; en parti-
culier pour K= 1, DK est I’hexagone régulier H formé de six triangles équilatéraux
isométriques a K. Pour K=8, DK donné par la Fig. 21 est tel que A(DK)=

5
=d(2#)=6|7’] d’ou x. Pour K=9= _IJI (i), donné par la figure 22, K'=K U(s)
1=

ou a r|(K)=\ d'ou tj(K)*5I6; on conclut en montrant que si G empile K, il
empile aussi K'. Considérons maintenant les hexiamonds. On a pour K=\1, 14,
15, 16, 17, 18, 19, 20 x=1, pour A—12, 13, 21, 22, 6/s™ < |; on présume que
X=s6/s pour K=12, 22. Montrons ici que r¢(13)=r¢(21)=4/5. Pour AIr=13 DK
est un hexagone H' et pour K=21 un hexagone H" (cf. figure 23) de constantes

Fig. 23

critiques respectives® \H'\ et \H"\ avec |tf'|=|#"|=30 || d’ou i/(13)=i/(21)=

= 6/(15/2)= 4/5 {H" et H' sont isométriques). (Notons qu’on obtient aussi rj(40) —
= 14/15.)

Finissons par les 24 heptiamonds dont nous faisons une étude sommaire. Pour tous
ceux-ci on a x<I; de plus pour 19 d’entre eux K—23, 24, 25, 26, 27, 28, 29, 30,
31, 32, 33, 34, 35, 37, 38, 39, 40, 44, 45 on jWI(K) =1 Par contre pour K= 36, 41,
42, 46 on a i2B(K)—1 et il semble que fi®,(K)< 1 De plus on sait (cf. [15]) que
pour K=43 il n’existe pas de pavements du plan par des isométriques de K. Notons
que bien qu’on ait i)aB(i:) =1 pour AT=30, 32, 35, 40 on a aussi fJWMYK)=1. Que
pour K= 30, 32, 35, 36, 40, 41, 42, 46 on a fiwt(K)=1 est donné par la figure 24
(les rosaces formées pavant réguliérement le plan). Notons que le critére (e 2) est
vérifié par les heptiamonds 30 et 46 et le critere (e 1) par les heptiamonds 32, 35, 36,
40, 41 et 42.
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pour 30
pour 36 pour 41
OOur « 00ijri6
Fig. 24
C. Les k-hexes (k”5). On les numérote comme il suit (un monohexe et un

bihexe, trois trihexes, sept quadrhexes et vingt-deux penthexes)
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Notons simplement en posant x=t](K), y=t]m,(K) qu’on a

() x=1 pour K=1,2,34,556,7,8,9, 11, 12 13, 14, 15, 16, 17, 18, 23, 24,
20, 26, 27, 29, 33.
@ii) n : 1 sinon mais y= 1 pour /£=10,19,20,21,22,28,30,32,34.
(iii) De plus on a rgE- (AT)= 1 pour 31 comme le montre la figure 25 I’'union
K" ac K=b\ et de son isométrique inverse K' vérifiant le critere (a) (on passe de K
a AT'par <=Sjt).

De plus on peut montrer (par la méthode qui a permis de trouver A(K) pour I’hexa-
mino 39) qu’on a n:=4/5 pour le quadrhexe 10, x =5/6 pour les penthexes 19, 20,
21, 22, 28, 30, x=5/7 pour les penthexes 31, 32 et x =5/9 pour le penthexe 34.

Remarques. Disons avec Gardner (cf. [14]) qu’un pavement de R par des
isométriques de A'cR:2 est périodique s’il est semi-cristallographique apériodique
sinon. Disons aussi que K est périodique (resp. apériodique) s’il existe un pavement
périodique (resp. apériodique) de Rz par des isométriques de K (K est périodique
ssi iJc (K)—1) et que K est strictement apériodique s’il est apériodique sans étre
périodique. On connait des K apériodiques. Par exemple tout polymino « reptile » K
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(c.a.d. tel que des isométriques de K pavent une réplique semblable de K, est apério-
dique comme Na montré Gotomb dans [16]. De méme le nonagone de Voderberg
(cf. les originaux [22] et [23] ou [13]) pave apériodiquement le plan en forme de
spirale.

Cependant on ne connaft pas de K strictement apériodique. Par exemple tous
les polyominos reptiles connus pavent un rectangle et comme ce dernier pave réguliére-
ment le plan, on en déduit que ces reptiles sont périodiques. D’autre part pour le
nonagone V de VVoderberg on a fi\W(V)=1.

Note ajoutée aux épreuves (28. décembre 1977). On a signalé au §3 que les con-
ditions (a)—(e) étaient pour un compact de Jordan K nécessaires et suffisantes
pour que celui-ci soit partie fondamentale d’un groupe H d’isométries directes.
Cela a été précisé dans [25] qui rappelle aussi quelques propriétés des animaux
plans.
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ON MODULAR RIGHT IDEALS OF A RING

By
E. W. KISS (Budapest)

A right ideal R of a ring A4 is called modular, if there exists a left identity mod R,
i.e. there is an element g in 4 such that x—ax€ R for all x in 4. If we define

M(a, A)XE (x—ax:xc 4},

then it is clear, that M (a, 4) is a right ideal in A4, and R is modular if and only if it
contains an M (a, A) for a suitable a. A ring 4 is an MD-ring (A€ MD), if the inter-
section of two modular right ideals of 4 is modular. The notion of modularity is
important in the theory of primitive rings.

The following statements are evident:

(i) 4 is an MD-ring iff for every a, b€A there is an element ¢ in A4, such that
M(c, AYSM(a, AYNNM (b, A).

(ii) (0) is modular iff there exists a left identity in 4.

A. KERTESZ [1]has shown, that if R, and R, are modular right ideals of 4, and their
sum is A4, then their intersection is modular. (This result is an immediate consequence
of our Theorem 3.) A. KERTESZ [1] asked the following:

PrOBLEM 1. Do there exist non-M D-rings?

F. SzAsz [3] solved this problem by constructing rings without left identity for
all cardinals K with K modular right ideals such that every two distinct ones of them
intersect each other in (0). In his paper he gave some conditions for a ring to be an
MD-ring:

Let Q(a, A) e+ M (a, A). The ring A has the property Q, if for each a, be A
the intersection Q(a, )N Q (b, A) is non-empty. Then (cf. SzAsz [3]):

(iii) Every ring with property Q is an MD-ring.

(iv) Every commutative ring, and every ring with a right identity is a Q-ring,
and hence, an MD-ring.

PrOBLEM 2. (F. SzAsz [2], Problem 54, [3], Problem 1.) Do all MD-rings without
left identity satisfy Q?

ProBLEM 3. (F. SzAsz [4], Problem 3.) Let A be a non-MD-ring. Is it true, that
the exponent of its additive group is 2?

The aim of this paper is to give another example for non-MD-ring, and to
solve Problems 2 and 3.
We shall write the operators on the right.

LemmA 1. If ¢:A,—~A,, is an epimorphism, then
M(a, A) @ = M(agp, 4,).
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Proof. The statement is a consequence of the equation

(x —ax)(p = (xcp) —(acp)(x(p)-
Lemma 2. The epimorphic image ofan MD-ring is an MD-ring.

Proof. Assume <p:Al-*-A2 is an epimorphism, and acp,b(pEA2. Since Al is
an MD-ring, there exists a ¢ in Ay such that M(c, AYQM(a, Mf)MM(b, Af.
Hence, by Lemma 1, ap satisfies the conditions in (i).

Lemma 3. Let R be the complete (discrete) direct sum of the rings At (/£/).
Then A is an MD-ring iff all the rings At are MD-rings.

Proof. Let denote the projection of A onto At. Since this is an epimorphism,
we get from Lemma 2 the first part of the lemma. Now assume, that all the Ars
are MD-rings. If a, bEA, then let us choose elements ct to apt and bp{by (i), and
a cfA, with the property cpt= ct. This is possible, because for almost all i (in the
case of the discrete direct sum) api~bpi=0, hence, c¢;=0. By (i) it is enough to
verify that M(c, A)QM(a, A). If x is arbitrary in A, then (x—ex)pt= (xpf)—
—(cpi) (xpi)—yf—aptfi for suitable yfRi- It is clear, that in the case of the
discrete direct sum we can choose y{=0 for almost all indices This implies the
existence of a y, which satisfies the equation yi—yPi for every i. Hence x —cx=
=y—ay, and the proofis complete.

It is easy to check that

v) M(a, A) is always the complete (discrete) direct sum of its images under
the prs.

Now, if there exists a non-MD-ring, then we can construct another one with
exponent greater than 2, which is the solution of Problem 3.

Lemma 2 shows, that if we want to construct a non-MD-ring, we must investigate
the free rings.

Let X —{xj be an abstract set, and J an arbitrary integral domain. We define
the following:

Sx is the free semigroup generated by X. Sx consists of the formal products
made from the elements of X. The length of a “word” s is the number of the symbols
in s counted with multiplicities. (By a symbol we mean an elementin X; the length
of s will be denoted by I(s).) If we have a new element e, and Sk is the semigroup
containing Sx, e, and the formal products se (here s is arbitrary in Sx) then we have
got the free semigroup on X with a left identity. We get the product of two elements,
if we delete e from the middle of their formal product. The notion of Sx, the free
semigroup with a right identity is defined analogously. By the length of se we mean
the length of s, and the length of e iso.

Now, if S is a semigroup, then J(S) denotes the semigroup-algebra over J
corresponding to S. We say that an element s in S is a summand of an element
a in J(S), if it has a non-zero coefficient in a. (As it is known, J(S) is the set
of the formal linear combinations.) If S is free, then the length of a is the length of the
longest summand of it; the length of 0£J(S) is zero. We shall assume in the fol-
lowing, that J has an identity, and identify S with the subset S -1 in J(S). At last
we mention, that if J=Z (the ring of integers), then Z(SX) is the free ring gen-
erated by X.
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Sx has the following evident property:
(vi) If a,b,c,d are in Sy, ab=cd and I(a)=I(c), then a=c, and b=d.

LeMMA 4. a) J(Sx) has no left (right) identity.
b) K i#], then M(x,', J(Sx))mM(x], J(Sx))=(0).
©) If i=j, then Q(x;, J(S%))N(x;, J(Sk)= 2.

PROOF. a) If e is a left identity, then ex;=x; for every 7. But x;=0 implies
e=#0, and consequently the length of ex; is at Ieast two which is a contradiction.
The other case is analogous.

b) If a—x;a=b—x;b=0, then a, b0, and hence /%fmax (/(a), 1(b)) is
greater than 0. If for example /=/(s), and s is a summand of a, then /(x;a)=[+1,
so x;a is a summand of the left, and hence of the right side, too. But this is a contra-
diction, because /(b)=1, and each summand of x;b begins with x;x;.

¢) If x;+a—x;a=x;+b—x;b, then there are two cases. If the length of a
equals O, then the length of the left, and hence of the right side is one, so a=ae
and b=pfe, «, f€J. So we have x;+wae—ax;e=x;+pe—fx;e, and here x; is not
a summand on the right side. Hence, the length of a is positive, and the proof is
almost the same as in b).

We mention, that we used the following evident consequence of (vi): In all
rings considered the Iength of the product of two elements is the sum of their lengths.
This fact implies that these rings have no divisors of zero.

THEOREM 1. If | X |=2, then J(Sy) is not an M D-ring. (|X | means the power of X.)

ProOF. The statement is a consequence of (i), (ii), and Lemma 4.

It is interesting (because of Problem 3), that if J has characteristic p (0 or a prime),
then so does J(Sy).

Now we solve Problem 2.

THEOREM 2. If A’ is an M D-ring without a left identity, and X has at least two
elements, then A% J ( S&)EIA’ is an M D-ring without the property Q, and without a
left identity.

Proor. (ii) and Lemma 3 show that 4 is an MD-ring. It does not have a left
identity, because A" does not have. Finally if i=j and

(xis 0)+(a: a’)—(xia 0) '(aa a’) 5 (xj, 0)+(ba b’)—(xp 0)'(b’ b’),

then the same holds for the first components which contradicts Lemma 4. So 4
does not have the property Q.

We are going to give a necessary and sufficient condition for a ring to be an
MD-ring. It is similar to Q.

If R is a right ideal in a ring A, then we write R~ %L {rc 4:rACR}. This is
a right ideal in 4 containing R.

THEOREM 3. If R, and R, are modular right ideals in A, and a, b are left identities
mod R, and Ry, resp., then Ry Ry is modular iff a—béR] +R5 .

PrOOF. We show: The set of left identities mod R, is a+ Ry . Indeed, x—ax€R,,
and hence a—a’¢ Ry iff x—a’x is in R, for any x in 4. Now R;NR, is modular if
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and only if there exists a common left identity for Rx and R2, ie. a+ Af b+
+R2 o, and this condition is the same as in the theorem.

It is of interest, that in all cases we have a—bE£(R1+R2~, because for every
x in A, x—ax—(x—hx)ER1+R2 holds.
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LOCALIZING THE LOZINSKI—HARSHILADZE
THEOREM O N PROJECTIONS INTO THE SPACE
OF TRIGONOMETRIC POLYNOMIALS

By
G. HALASZ (Budapest)

8 1. We think of periodic continuous functions as functions of the complex
variable z=eix on the unit circle with Fourier series

I(z)~ > fz*
k = - o0
and norm
UH = max |/(z)].

By a projection T,, we mean a linear operator that makes correspond to every such

function a trigonometric polynomial of order at most n (i.e. an/ with vanishing

Fourier coefficients for |&|>1) but leaves each trigonometric polynomial of order
n

=« invariant. / — £ akzk is such an operator and the theorem referred to in

K= —n

the title (see e.g. [1]) states that this has minimal norm among all projections T,,.
The norm is defined as

HTH = sug [T/
sl
and as a consequence

1) T > clogn.

(Flere and in what follows c, cl5... are positive universal constants.) This implies
that there exists no sequence {7.}‘=0 of projections with Tnf-+f uniformly as
«p00 for each/. It has been asked (see [1]) whether one can have point-wise con-
vergence. Denoting by Tn(z)/ the value of the trigonometric polynomial T,,f at z
this latter is equivalent to
HTi2)|| IIS/lIJI%I 1BA/1

being (ultimately) bounded in n for each fixed z. We first show in an even stronger
form that this is not possible, either.

The space of trigonometric polynomials being separable, in taking the supremum
in the last definition we can restrict ourselves to a denumerable set showing that
II75.(2)| is a measurable function of z with respect to linear Lebesgue measure on
2= I-

Theorem 1. FOr any sequence of projections
Iimﬁup ITi(z)|| =+°°

on a set ofpositive measure on |z[= 1

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



308 G. HALASZ

However, the measure can be made as small as we please. Our example is, in
a sense, best possible (see the remark after its proof).

Theorem 2. For any closed subarc ' of |z[=1 one can construct a sequence
{TX=i with ||7j,(z)|| uniformly bounded on I".

As the price of this nice behaviour on I such a sequence must, as shown by the
proof of Theorem 1, behave extremely badly outside it. If we want nice behaviour
on the whole circle and we cannot have uniform boundedness, not even everywhere
or almost everywhere boundedness, then the most we can expect is boundedness in
integral norm.

Theorem 3. (I) For any T,,,
f log \T,,(2\\ \dz\ > 2n loglog n—C.

I*1=i

(if) One can construct a sequence {T,.}*=0 such that
f log IT,,(2)|l/[loglog (IIT,,(2)W+ 3)]3\d2\ < c2.

I*1=i

If one gives up boundedness, one can construct sequences of arbitrarily slow

point-wise growth, an easy consequence of Theorem 2, implying point-wise conver-
gence for functions restricted by a modulus of continuity.

§ 2. The case of ordinary polynomials and continuous functions on —s /" i
is, by the substitution z=cos x, equivalent to the case of cosine polynomials and
even periodic functions of x. This seemingly minor difference makes difficulties
and our results are far from satisfactory.1 Therefore, we only outline them, indicating
the changes needed after the proof of Theorem 1

(1) is known to hold in this case as well but we cannot generalize it further than

f WTn(z)\\dz\> c3\ogn,
i*i=i
nor can we get anything better than Theorem 3, (ii). ||7;,(2)|| cannot be bounded
everywhere, the set where Iimnsup lirrz)1' = + °° s either of positive measure or

everywhere dense but whether the first alternative must always hold remains open.
In the special case of Lagrange interpolation this is even known to take place almost
everywhere for arbitrary node systems (Erdés [2], see this for further references to
earlier work on this special case) but not in general: Theorem 2 extends mutatis

mutandis.
8 3. We first prove the negative results.

Proof of Theorem 3, (i). The method is essentially due to Faber [3] who used
it for Lagrange interpolation.
With

/(z) = 2 akzk
k=-3n

1 See the remark added in proof at the end of the paper.
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to be specified later we take fe=f(Qz) (]é=1) as test functions:

\e.W \ = :2_Hakekzk+ akQkPk(z) "nagun-unln dei =1).

k kzz#m
Here pk(z) are trigonometric polynomials of order sn. In particular, for Q=1/z
our quantity becomes
£(*)= 2 akt+ ~2 akz~kpk(z).

k=—n k=—3n

The second sum when expanded into powers of z contains only positive exponents
and g(z) is in fact regular in z with the first sum as g(0). Hence, by Jensen’s inequality

log ) 2 a>—(1/2a) [/ log (|[rn(2)|| < 1I/1) |dz|.
=-n

Fejér’s classical example

! for 0< |k+n| " 2n
a,= k+n
0 otherwise
for which
X
\m 1= 2 zK(k+n) 2 sin kx/k
=:Zn k=1
_H
and
2 ak= 2 > cbiogn,
k=—n k=1
shows that

(1/2n3) J log ||78B(z)|||ife|] > loglog n+ log (cSc4).
Proof of Theorem 1. Now we take
----- for 6nS |k+n|~ 2n

0 otherwise.

(S and <G, ... in the sequel are small positive constants that will only be fixed some
time after their first appearance.) The advantage is the large gap in the expansion
z) = b0+ 2 bjzj,
9(2) dran 1Z])
even though we have the weaker

b0= I(:2_H<k= SN 1/k > c6log(l/<5).
As before,

\f\ = 21, sin kx/k\ < 24
onk2n
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implies
2 \g(2)\ < 2c4||7h(z)||.

Suppose that || Tn(z)\\*K on a fixed set E of positive measure that we can then
also assume to be closed. If we choose 5 as

b0> celog(l/<S) = 8c"K, i.e 06 = exp(—<7K),

then
(3) lg(2)| = Ib0+6n’2y‘in bjzil< bo4 (zEE).
The idea of the proof is to show that unless g(z) is large on [z=1 this inequality

can be extended into some part of |z|< 1 which is impossible since b0 is constant
whereas the rest sharply decreases.

+
N Generally, let p(z) be any polynomial. With the notation loga=max (log a, 0)
log |p(2)| is subharmonic and by the Poisson—Jensen inequality
log \p@\ * (L2T) /[y~ -lToHglp«)im  (z] < 1)
lii=i 1»
Putting z—rQ (r< 1, |g|= 1) and integrating

4) ! log|p(rB)||de] (4 (1-r2/2ir) £ log|p(Ol / -t~L Ne\,
E a4 E ~ @6l

as —0|/2. Ifalso \p(£,)\"\ on E, then

() log [p(<t)]  mG(t),

where m is (a bound for) the degree of p(z) and G(z) is the Green function of E with
pole at infinity, i.e. the harmonic function on the plane outside E, vanishing on E
and behaving like log |z|+ harmonic at infinity; our inequality follows from the
maximum principle: it holds on E and the difference is subharmonic including at
infinity.

In order to estimate G(z) we introduce

w(z) = (1/2n) f izJfj1\dQ (|z] < D),
(2) = ( )E 1e_rJ|2 Izl < 1)

the harmonic measure in |z|<| of E, the_complement of E with respect to |z| —1,
i.e. the harmonic function assuming 1 on E and 0 on E and apply, as H. Selberg [4]
did, Green’s formula

c) bG(Q

L
f G(0 Ne = f MO W,
led=i dn 141=1 dn

where d/dn denotes the derivative in the normal, i.e. radial direction. Both G(c)
and co(£) vanish on E. On E o(£)="! and

1-c0(z) = (1271) / \de\  (\zI< 1),

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977



LOCALIZING THE LOZINSKI—HARSHILADZE THEOREM 311

hence
do)(0 ,,._u c Mdl P4
“Sr - (1/"V F1F KeE)-

As to dG/dn, the function G(l/z) + log jz| is harmonic in |z|<I including z=0
with the same boundary value as G(z) implying

(©) G(2) = G(/z)+log Jz| (2| < D)

and since dG(£)/dn=—dG(l/*)/dn on £ and dlog |E[/99=1 (|£|= 1), we have
dG(")/dn=1/2 on £. The Green formula becomes

1G (6 !

where | | stands also for linear measure.

Our formal arguments can be made precise if E consists of a finite number of
closed arcs, because in this case the derivatives of G and a>behave at the worst like
|z—z0|~12 and |z—z0|-1, respectively, in the neighbourhood of an endpoint z0
of an arc and continuously elsewhere. In the general case we first cover E with a de-
creasing sequence of closed sets with E as limit, each consisting of a finite number of
arcs. Since the corresponding Green functions increase and the inner integrals
converge to a limit >0 (owing to |£/>0), from Fatou’s lemma we infer that the
double integral is finite that is all we actually need. (This shows, incidentally, the
existence of G(z)< 4-«=) Thus, for any ax>0 there is a uUSX (=y(0r, £))>0
such that

whenever ML-=y(6X). Let us fix a closed set BdE depending only on $&X(and E)
such that \E\B\"*:~(3%/2. For any set Ad B subject only to \A\</j.(SD/2. we

then have
/ \CQ m < SX.
4UEB) £ li-011

Recalling (5), this can be directly applied to estimate the contribution of ££AU
U(E\B) in (4) where we define

A = {£ ZEB, |p({)| > exp (d2m)}.

In B\A log\p(g)\sd2m and denoting by did,) the positive distance of B and E,
|f— (cdB\AdB, g£E), while in the remaining £ log |/>({)|=0, giving

/ log |p(rg)| \dg\ < (2(I~r*/n)'fm&1+63m(2n)2di (6") < c8(1—r)m8u
E

where we have chosen ®=517/2(E), provided that \A\<p(8i)/2.
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We use this inequality with p(z)=4g(z)/Z>0 of (3), m=4n:
f log \4g(rQ)/bO\dQ\ < 4c&l —r)nS1
and withp(z)=4(g(z) —b0/5b0z[M9 m = 4n:
f log \4(g(rQ)-b0Q/5b0rIM\\de\ < 4c8(1-r>n51,

both satisfying the condition |p(£)|*1 on E. Let 5/[@]= 1, i.e. r=exp (—og5/[(5n]).
+ + +
Observing log (a+Z>)Slog G+log in+log 2, it follows

/ log4|de| < 8cg(l -r)n~i+ j \o%2\dq\,

|E|log2< 8cg[l —exp (—og 5/[(5n])] e < log 5/[(51] < 30CgSIO0,

a contradiction, if &&= &7l log 2/30c8. This contradiction shows that with our
choices of the <&s either of the two p(z) above does not fulfil |T|</*(<51)/2. Recalling
the definitions and (2) we see that

I2: Q)11 > c9exp(4&2n)

on a set of measure at least p(6”)B. This set may depend on n but it follows that
the inequality holds on a fixed set of measure /t(41)/2 for infinitely many n and the

proofis complete.
In the situation of § 2 fQhas to be defined as f(Qz)+f(Q~1z).1g(z) will also
contain negative exponents and Jensen’s inequality has to be replaced by

bO= (1/24) f |g(z)] \dz\
*l=i

As to Theorem 1, g(z) will have the form

b Y _ bjzd
e 2iEn)

If WTn{2)\\ is bounded point-wise on an arc, then by an elementary category argument

E, too, can be taken as an arc and one can use J log |p(/"£?)] \dg\ as norm to show

E
that the contribution of the positive j ’s sharply increases with r or one can multiply
g (2) with an appropriate trigonometric polynomial of order <<)2 and integrate over
|z]= 1 to show that g(z) must be exponentially large but we have not succeeded to
carry over either of these methods to general E.

Proof of Theorem 2. Without loss of generality let
r—{z:;|zl = l,ad argz”™ 2n—a} (0< a< 1/2).

In the estimations below we shall also take into account the dependence on a; this
and some of the estimates will only be made use of in the next proof.
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The de la Vallée-Poussin operator defined for

/(z) ~ k:200 akzk

by
Knmf= i~ +
. k= —n n<|fc|<n+m \% 7
can be written as
n+mr n "

~~T~K’#T m °""

where KOikf are the Fejér means for which, as is well-known, ||AQg|||= 1and we have
the rough estimate

@) UK, nill = (2n + m)/m,

showing that in case m is proportional to n this operator fulfils all the conditions
imposed on Tnexcept that it contains terms of order higher than n.

For we therefore approximate zk by an ordinary polynomial
pk(z) of degree <n on I', conveniently by interpolating at the zeros of a polynomial
tt(z) of degree n to be determined later. We represent it by Norlund’s formula (see [5])
that can easily be proved by the residue theorem,

zk-Pk(z) = (n(z)/2ni) f (kl<2>

All we need is that pk(z) is a polynomial of degree <n (actually the Lagrange or in
case of multiple zeros the Hermite interpolating polynomial interpolating zk at zeros
lying inside and O at zeros outside the path of integration). Trivially

(8) \zk-p k(@) S 2|re(@)2*/gin In(DI - (2] = 1).

It is the Tchebycheff polynomial of ' or what is almost the same but easier to handle
its Faber polynomial that makes the right hand side as small as possible for r£r.
Let w=(p(z) map the complement of ' conformally onto .|w(> 1, ¢0°)=«,. The
polynomial part of

q(z) = dnz"+ ..+d0+d-Uz+.. (z] > 1),
7i(2) = dnzn+ ...+d0

is called the nth Faber polynomial. By a well-known formula, also proved easily
using the residue theorem,

n(z)-(pn(z) = (1/2ni zio
(z)-(pn(2) = ( )r ) (
integrated on both sides of I" implying

9 \n(z)-(pn(z\ ~ 2/d(z, T),
where d(z, I') stands for the distance of z from T.
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Now, cp(z) can be obtained as the composition of the following mappings.

Z—e~iX .
=— el
z—em

maps onto the plane slit along the positive axis, z=°° into eix;
W= fwl
maps onto the upper half-plane, z= °° into eia2 and

w2-e - V2

Mo RN o eixe

The following inequalities can, one after the other, be readily checked.
For |z|= 1/2
13 < m«3, 2n—cl0z< argWi< In—cua,

1/2< W2 < 2, n—clk/2< argw2< n—cua/2,
[<p@)| > exp(clad (|z| = 1/2).
Since \(p(@)/2\=\(p(l/2)\ (this is the same as (6)),

o I<p@)| > 2exp(cl2®) (|z| = 2
implying in (9)

(10) [7t(z)] > 2"exp (cl2a2n)—2 > 2" lexp (cl2a2n) (|z| = 2).
For il(z,f)s asn2 and Imz~O
K| < 1, dWi,/\)< cl3a2n2
(Tj and I'2denote the positive and real axis, respectively),
dw2, ) < cla/n, [p(z)I< exp (cHn)

(we always think n>cM which by symmetry also holds for Im z>0, implying in
(9) first for d(z, F')=a3n2 but by the maximum principle also for d(z, ')<a3n2

(11) [7r(z)| -c exp cls+ 2n2as< 3n2a3 (d(z, IN) * a3n2.
Finally, for |z|=1, z"T

W< 0, w2< 0, [P@) < exp(clia)
implying in (9), first for d{z, ')=-a3n2
(12) [7t(z)| < exp (cl7an)-|-3n2a3 (|z| = 1)

but by (11) also for d(z, NLWa.3n2.
Putting (10) and (11) into (8)

(13) \zk—pk(2)\ < 2(3n2a32*-n+lexp(—cl2a2n) < 1/n2 (z£€T),
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provided that O<k —1<c12a2u and a>c18Vlogwn. With (12) in place of (11)
(14) \zk- p k(2)\ < exp(cl7an) (|z| = 2).

If pk(z)=p_k(l/z) for negative k, then these are valid for all 0 <\k\—n"c 12<@n.
We can now correct the only defect of Knmby the modification

Tnf=Tnmf. 2  akzk+
sk

Owing to our good approximation in (13) with m=[cviazn\, cl8!logn/«<a< 1/2
the error made is (noting |at|s||/|])
(15) \T,,m(z2)-K,,tmZ\ A 2m/n2< Un (z€f)

and recalling (7)
\Tnm@)\ =cl;n/m < cXa2 (z€f).
Q.e.d.

More careful calculation than (7) shows that [||*,(]|-=cdlog(n/»i) (m<«/2)
implying here a bound c2log (1/a), best possible as could be shown by the method
of Theorem 1: For any T,,and any set A with \A\>I/n

syp lyn@)|  c23log(l/|zl]).
<EA
By (14) we also have
(16) [|7;>m(z)-A:rem(z)|| < 2m exp (cl7an) (|z| = D).

Proof of Theorem 3, (ii). To contain the growth of our approximating polyno-
mials in (14) we use (13) and (14) with smaller h and /in place of k and n, respectively,
and substitute z by zsand multiply by zd. In order to regain zk and a polynomial of
degree we need

hs+d —k, Is+d”*n, d”O

and define accordingly, keeping /r<k/2 as a parameter for the time being,
s = [k/h], d=k—hs, | =[(«—d)/s]

To satisfy the conditions for (13) and (14) set a=]/(A—)/c12/ and require c18f log///<
172, i.e.
c2logl<h - < ¢c26Z
Now,
h— = h—(n—d)/s+0(21) = (k—n)/[k/h] +0(])

and this will in fact be satisfied with the minimal choice

n lo n
k—n 9 k—n.

cZ’logn < k—n w=cBn,
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where 3c26<c 2/ are sufficiently large, c¢B sufficiently small. (13) gives with gk(z) —
=zdp,,(zi)
a7 \zk- g k(2\ < V/2< (k-n)/n

no longer outside a small arc but outside a small set of the same measure
2a = 2]f(h—I)/c121< c291(k-n)/n
with our choices. (14) gives

(18) \z*-qk(2)\ < exp (cI7cd) < exp (cD\n/(k-n) log (Iz] = D.

With m and u to be specified later let A=2um. In the decomposition

u def U+1

Kn—T+AN (fén —m+A2'~v+19A2~v+1 “mn—m+A2~v,A2~v)~""-n . m== 2 >
v=1 v=1

Lv=Lv+L" (1~ vA w),

where the operators Lvand L" act on /(z)~ ajz1l by multiplying the y'th term

. J . .
with an e(y) of support (h—m+A2~v,n—m+ d2-v+2) and its reflection on the
negative axis, respectively. Let, therefore, k=kv=n—m+A2~v+2 and

M "= z~kgk(z)L'v (I=sv=2 u)

meaning pointwise multiplication. We see that M, maps into trigonometric polyno-
mials of order ~n if (3/2) A LLUn and carries each such polynomial into 0, since so does
L'v. We also have |||L"|||s3/2, for its e(J) is, as can easily be checked, the sum of two
triangular functions of equal sides height 1 and 1/2, respectively, and such functions
correspond to translates of Fejér means having norm 1 Hence, if we define u by
cBn/2s2d =2u+l»z<c28n, (17) gives

Wm(2)~L'V(z2\NAN |1-2-4(z2)] “IM 1 < (3/2)(k-n)/n < (3/2)d2_v+2In < c312~*
outside a set Av of measure

\AM< ¢B1]1/(k-n)/n < c322 w2
and (18) gives
WYy (z)-L'v(2)\ < (3/2) exp (c3R2 V) (\2\ = 1)

everywhere. We define mutatis mutandis M" for L™ and MV=M '+ M " for Ly satis-
fying the same inequalities. The only condition left is

fovmn = —m +A2 v+2>c27logn (LSviu),
3m > c27log n.
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With T=[c3. log n], c3 sufficiently large, we can also approximate Lu+1=K,, m
by Mu+l=7hm of (15) and (16) (mapping into trigonometric polynomials of order

~n and leaving each such polynomial invariant) if we put there a=)w/c1n so that
our estimates remain valid for v=mt+1 as well. Hence, letting

BO= (z ]z = 1}, B,= LMV (ISISM +1), Bu2=0,
where
|5;] < c&%\j/:ji2~\/2< c3h2-i2 (O&idu + 1),
we have for z"Bt
D{z)= I 1IAMz)-Lv(Z)| < 3 ?exp(0332A2v)+

n4-1

+2c3 2 2 v*=cRexp (CRif2iy (@A™ i™ u+2)
implying

/' log D (z)/[loglog (E>(z) + 3)13|dz| < 17-il c3Ri/2i/i3-= cBi2 (laidu +2),

n4-2

f —2 f 2y
M1 0=l

But N Lv=K,,_m+AIA is bounded by (7) as d is proportional to n and to complete
v N+ 1

the proof we set Tn= 2i

| am indebted to Mr. G. Somoijai for useful information.

Added in proof (December 28, 1977). Concerning the case of power polynomi-
als of 82, Mr. G. Somorjai has, after reading the manuscript, pointed out that
instead of the clumsy ones propesed after the proof of Theorem 1, one shoult take
fe=f(Qz)+f(Qz~) with /(z) = 2 zK/(k +n) as test functions giving rise to

<5n<|k4-n'<n/2
a g(z) with the same properties as required in the proof of Theorem 1; so that
contrary what has been said in the paper, the same method applies giving (muta-
tis mutandis) the same results Theorem 1, 2 and 3 for power polynomials as well.
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DIFFERENTIAL PROPERTIES G- THE OPERATOR
OF BEST APPROXIMATION

By
A. KROO (Budapest)

1. Introduction and results

Let CJ0, 1] be the space of real valued functions continuous on [0, 1], let the
set of functions {qi"=0 be a Cebysev system on [0, 1]. Further let U, be the set of
polynomials of the system {>f}=0, so that for any /gC[0, 1] there exists the unique
best approximaton P,,(f)EU,,. In what follows under En(f) we shall mean the
measure of best approximation. Furthermore, it is known that there exists a system
of points 0"xo0<Xi<...<Xx,,+1S | suchthat

() Axg-PNlxg =y(-IYENN o0=0,1 , n+

where y=% 1. A system of points which has property (1) will be called A (/) system.
(It is obvious that, in general, for a function /EC[0, 1] there exist more than one
A (f) systems.)

Let us now discuss the differential properties of the operator Pn, which maps the
function /gC [0 ,1] into its best approximation P,,(f):

G. Freud [1] proved that for any /g C [0, 1] the operator of best approximation
satisfies a Lipschitz condition at/ i.e. for any g£CJ0, ]]

WPAf)-Pn(g)WAC-\\f-g\\

holds, where the constant C depends only on/ and U,,
S. B. Steckin raised a problem of differentiation of the operator Pnby direction.
Let us give some definitions. We shall say that the operator P,, has left derivative

at the point /gC[0, 1] if for any ggC[0, 1] the limit (in supremum norm)

lim Pn(f+tg)~P,,(f)

=0 ¢ Df-Pn(g)

exists. The operator D f Pn(g) of the variable g€CJ[0,1] will be called left derivative
of P,, at/. Analogously, we define the operator Df Pn(g) as the right derivative of
P,,at/. If for any g€CJ0, J]

DjPn(g) - D /Pn(g) = Df P,,(9),

we shall call Df Pn(g) the derivative of P,, at/.
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Let OSx0<x1<...<x,+iS 1 be a system of points m [0, 1] and define the
following determinants:

<RY(*0) ee+<RY(*i - 1) FONo-+i) soe<RAX)
Ui(x) = Ufx0, xt,  Xr_x xi+1, Xy X) =

<Pn(X0)—- Fxi-1) qa(xt+))...<p,,(X)
(i=0,1, .My
Ut= U,(xn+) = t/((X0, xx, X . - i, Xi+l,  XN,x,+i)> 0 (i = 0,1...n+ 1)

By the points {x}'=0, for any g£C[0, define a polynomial Q,,, which inter-
polates g at these points:

Qn(g{*i}=0) . A

i-0 » i
and by the points {x}"=o introduce the linear operator

aigiM+o0) = o

defined for any g€CJ0, 1].

Take any /€CJ[0, 1] and let R,,(f) be the number of those points x£[0, 1]
at which \f(x)-P n(f,x)\=En(f). It is evident that for any /€C[0, 1], n+2s
—Rn(f) —°>- If f°r a given /EC[O0, 1] R,,(f)=n +2 holds then there is a unique
A (f) system. In this case with the points of the A (/) system we may introduce the
linear operators 0,(E{x;}"=0) and Q(g{xJ"do) f°r g€C[0, 1] and use following
notation:

0 ,(glhe o) - QAQ\f), s(giIM o1 = s(gll)-

Theorem. Let /EC[O, I\C/,,. Then

(i) the operator P,, has left and right derivatives Dj Pn(g) and Df Pn(g) at the
pointf;

(ii) the operator Pnhas derivative Df Pn(g) at the pointf ifandonly if Rn(f)=n + 2,
and in this case Df Pn(g) is a linear operator. Moreover

DfPnig) = 8 ncC gl/i-"TTTTV - 5(gll).

2. Some lemmas

Now we shall prove some lemmas.

Lemma I. Let /€CI[O, I]\£/,,, and let {x;}'+1 be an A (f) system. Then
ec/iwavo.
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Proof. Using that the system of points {xr}+> has property (1), and t/,>0
forall r'=0,1 , n+1 we obtain

S(/INe 0% = 2, (-1)-"#/(*) *u, =

0ED = |g0 (-1ypn(f, Xi) ‘U,+y E,,(f). 1:6 U=y En(/). |:6 ut*Q
The second lemma is a modification of results of D. Newman and H. Shapiro [2].
Lemma 2. Let gnf£Un, /i>0, |y|=1 and

) y (-i)t+lgn(xi)*n  (i=0,1, n+1)

for some points OSrO<Ti<...<r,+1*|. Then

Oon*rfw

u i un+1

where Ui0= min Ui and the constant Cr depends only on Un.

Proof. Take the following system of equations for 0=0,1,..., n4y-1):
at+l
3 i =
(3) 2,Pi=1
bl
4 i2:0(-i)i+1-

Then from (4) we obtain the following relations:

(- 1)+3+Pnelm( - 1)"->-ur m - )i+l

—0 .
bi - Vi MH-Uj o _ 0, 1,...,n),
. Un+1
ue+1-_/8 (-i)J+1
and by (3) :
By~ U
iz /"
Hence

Pi=-"J— (i=01,.n+l
ut
i=0

and O<p|<l (i=0,1, n+1). For gn£Un we have from (4)
y /2:0 (—),+1’Pi*gn(xd = o
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hence using (2) we obtain
n+1

(- iy+L-Pj-y 0,,(xj) = - i2=o Pt(~ Di+1"Y 2(*)) > ~P

_ _ ]
for any 0~/7/i-fl, ie.
n+1
pe2 ut
Yo(-iy+1- o - jf—
e Pi is0l,...n+l 1Uio
Combining this with (2) we have
2 ut
)| i = - |
©) .00l = p 15 —ci i S1-.«+e
Using the Lagrange interpolation formula
/ 9nW (-1)n~A
Zin()f) Wl (77 ) ()
i=0 ol

and inequalities (5), we obtain the desired inequality.

Corollary. Let /EC[0, 1] and {vjf+o1be an A (f) system. Then
a)for any gntuU,,

(6) \Pn(f)-gm\ ~ C3 ﬂ”'Jhidf;fo}
where the constant C3depends only on U,,;
b)for any g€C|[0, ]
(7) (/) - Pn(g)l|r2.c3 MImE
Proof. Let us prove inequality (6). Take f=f—Pn(f) and an=y ,.p 4,
for any gndUn. Then Pn(J)=0 and is an A(f) system, i.e.
(8) JX) —Y(—=Dm (=0, l...n+ 1
where |y|=1. On the other hand
9 B/-eJ=B/I+M
where

P= 1i—«n —mnt = 114- -E.{J).
Combining (8) and (9) we obtain
y (-Di+l-q,,Xi) —p (=0, 1, .., n+ 1,
where p>0 when gns*Pn(f), so using Lemma 2 we get (6). Now
W=, 2 017-g ] +£2.,(/)
and (6) imply (7). Q.E.D.
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Lemma 3. Lei fgEC[0,1], P,,(f) =0. Thenfor any A \\Pn(\f+g)\*M where
the constant M depends only onf and g.

Proof. Remark, that if (xr}™+o is an A (f) system then for any A {X}"io is
also an A (A) system. Thus by (7) we have

IP,(A/+g)|| = WP, W+g)-Pnm \ S2.c3-r-"f m=M
O.E.D uio'un+l

Lemma 4. Let fg£C[O, 1], P,,(f) =0 and Rn(f)=n +2. Thenfor any q,,dU,,
and A>A0=A0(/, g)>0 we have

IPnW+ g) - 2l1*"Q{I|A/+ g- gn\- En{kf4-g)}
where the constant C4depends only onf.

Proof. It is evident that we may assume ||[/H = 1. For A>0 let {jc>A?lo be an
A{Xf+g) sytem, and let

nln= Ut{XQi,. . . , « » > xnh4d (*F=01 > n+1).
Then (6) implies
10 IPnW+g)-q,,\\ » C3-{ll/f+g"-"W-EnW +
(10) 9)-9 { guo,x T 9)}
where t/i0a= _omin i UitX. By Lemma 3 for any
(V) IPn(A/+g)]| €M
hence
(12) EM+ g)=W+ g- PnW+gll s a-]|g|-M ¢ A- 2M1

where Mx=max (||g||, M).
Let now {x}'t0 be the A (/) system, then

13) I(*)=y(—Df (yl=1 *=0,1..... n+1).
Further let
d = . Er)nlin {xi+l—xi)R

and for any i=0,1 , n+1 consider the intervals C/](x3= {xg[0, 1:|jc—
Moreover, using (13), we can introduce the intervals C2(x;) (i'=0, 1, ..., n+ 1)
such that for any x£ U2(xi)

(14) Y(-D)Ff(x)>j 0=0,1,.., ntl).

Setting Uj(xi) = I7j(xi)nc/2(xi) and using that R,,(f)—+2 we have

(15) sup [/(x)| = I-<5
x€[0,|]\"f__d)d(x,)

where 0<<5/ 1
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4AMj B+l
Let us prove now that if A>AO0= o then xtﬁelJ Ud(x,) for any r=0, 1, .

Bl
., n+1 Indeed, if there exists a j, O"j*n +1 suchthat xJX$ U Ud(x,) then
n+l
xna€[0, 1]\U  Ud(x,) and using (11), (12) and (15) we obtain
-0
K-IM, s En(?J+ @) = n/(Xj,m+ g(Xj'y ~Pn(M+g, xnn) »
sA(l-a)+]|g]|[*MsA(I-6)+2M 1
or
Az 4W'
a contradiction. This means that {X|>6}"=0€U Ud(xt) when A>AO0. Let us prove

now that two points xijAand xJA (i<j) can not belong to the same interval Ud(xk)
when A>AO0. This is evident because if XitA, xjAEt/d(xk) then XijA xi+HIXEUd(xK)
and

Ne J+g(~,J-"W +g. *Ln) = yikEn(Af+g),
L x 1+ X + g (xi+lia-P,, (Xf+ g, xiHiX) = yi+1,xE,,W+g)
where |7«ti,al=1 and yi>A=-V i+i.a- It follows that
AL/(*.-q)+H(*|+1,8)1 = \g(Xi,x) + g(xi+}X) ~ P,,(JI/+ g, xi K —P,,(A/+g, xi+i3A|
hence and from (14)
N< =\f(Xix)+f(xi+i,J\  4M,,

again a contradiction. So we can conclude that xiikEUd(Xi) (i=0, 1, ...,u+l)
when A=-A0 and this implies

Xi+,n-*ron=d (i=0,1 .., n).
Hence
Uitx» Cb (i= 0,1,..., B+1)

where A>AQ and the constant C5depends only on/ and U,,. Combining this with
(10) we obtain the desired inequality.

Now bl /,g€C[O0, 1], En(f)*0, and let {x}'to be an A (f) system. Then by
Lemma 1, 0(/|[{x,}""0)"0 so we may set

. \ - ' Y-gixd-Ui
(16) r e(gll\’lg X ’é=o g
scitt®> 2(-i)a(xd-ut

Then the polynomial <n= B, (g|{xi}*=0)—C -B,, (/| {>}*=0) interpolates the function
g-C -f at the points {x}f=0 and what is more we have the following
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Lemma 5 Let f,g€C[0,1], ATr, (/)"0 and let {xi}+o be an A {f) system.
Then the polynomial

on = Qn(g\{*m3"=0)- C -6, (/ KX;}?=0)

interpolates thefunction g -C -f at the points {x"L o-

Proof. By the definition of the polynomial ¢, we have

17) ®M =2 W -c-M I-H -'"-W
i=0 toi+i
In order to prove the lemma, itis enough to show that ij/n(xml)=g(x,,+)~C «(xn+l).
(17) implies

- A 1 - ' - 1 N - *1\)e - -1 ° -
= TEAr§ih-O e W ~Ui+CAZ (- 1)#/(*i)+Vts C-{-ir+1f (xmd +uji+)

=7~ {i (- I)fg(*,)-vl,-_i"z (- )'gw eUt+ C-(-1)"+L./(xn+l) eun+l]

Un+1 li=0

C- D" £ C1)ng(xn+1)-Clntd+ C . (- 1) " +1./(x,, +1) -t/mHI} = g(xn+l)-C /(X ,, +).
Untl

Q.E.D.

Lemma 6. Let f,g£C[0,1], Pn(f) =0, R,,(f)=n+2 and let {xJ-Td4 be the
A (f) system. Then

PnW +g) ~®dn= Qn(g\f)-C-Qn(f\f) & - + «)

where ¥ Q@ WO

B(/17)"

Proof. Remark at first that by 7?,(/)=n+2, E,(f)?+0, so by Lemma 1,
6 (/1/)~0- Evidently we may assume that ||/|]|=1 and /(x§=(—D* (/=0,1,...
..,n+1). ByLemma 5

(18) (%)= g*i-c "(-1)i (i—0,1,.., n+1).
For any A>0 take the function A/4-g, then
(19) W+g-® XK ) =4-iy+g(xd-g(xd +C (-iy = (—D(A+C).
Let A>max {0, —C}, and introduce the sets
Al = {x€[0, I]:|A/+g—h)\ = A+C};
Bi = {*€[0, I]:A/+g—pn> A+C};
Bx = {xc€[0, I]:A/+g-iA,, <-A-C}.
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Thus Ak{IBk n/?g =[0, 1], and (19) implies that cn is the polynomial of best
approximation to Xf+g on Ak. Observe, that because of Rn(f)=n+2, —I<
</(x)<I| when xEBEUBKk . Further for xEB£

(20) A (1(x)-1)+(g(x) - C-cpn(x)) > O,
and analogously for x£Bk
(21) X(f(x) + 1) +(g(x) + C-i/l,,(x)) < O.

Define
F+(x) = g(x)- C—n(x), F_(x) = g(x)+C-th,,(x),

and let max {||F+]|, [|[F_||}<M. We may assume that 2>Al=max {0, —C, M }
By /(x)< 1 (x£Bk) and (20) we obtain for xfBk

(22) 1-1 - </(x) < 1,
and analogously for x£Bk

(23) -1 </(x)<-l+y.

(18) implies that F+(x;)=0 when /'=0,2, 27yj and F_(x,)=0 when i=

=1, 3 2["™~j—1 So for any e>0 there exists A=A(s)>0, JI<

. min _fc+i. x** such that
=01 R 3
(24) [F+(x)[<e,

when x(j[—h+Xi, x;+/r], i=0,2,  2j%yj, and

(25) [F_(*)I<e,
when x£[—h+Xi, Xi+h], i=1, 3 2 —1. Moreover
(26) w(g, 2h) < e,
27) co(chn, 2/i) < e.
Let
4 o m .
A+ = (J [-h+xa,x2d+h, H_= (I [-ft+Xa;-!, X2 _1+h].
i=0 >=1

Then using R,, (f)—+2 we obtain

I(x) = 1—&X_ 8k> 0, __inf /(x) = —14<82, &2 0,
~eo e ) ~eo | & 4
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Let now A>A2=max|AL} —, —j. Then it is easy to see (using (22) and (23))
that Bt<gH+, Brgtf_. Thus (20) and (24) imply
(28) -e<A (/(x)-1)<0
when x£B%, and
(29) 0<A(/X)+ D)< £
when X£BX.
By Lemma 4, setting q,,=dy, we have
(30) Hn-PnW+g)\\s CtiW+g-U-E.W +g)}

when A>AQ0, and we may assume that A>max {0, A%}. Let

W +g-M = P/+g-</)(*)I>
where x£[0, 1].

If xeAk, then [||A/+g—2J =||A/+g—i/rJL =A+C and (19) implies that
P,(Al4-g)=".

If x JAx then x£Bx VJBk. Let for example xf"Bx . Then xfH + and con-
sequently x£[ —h+xk, A+ xf] for some even k, 0s£s«+ 1 Let Bxk=BkT)
(ri—h+xk, xk+h]. It is evident that Bkk is a non-empty open set, thus there exists
x*E£[—h+xk, h+xK] such that x*&Bkk and x* is a point of accumulation of Bk k.
Then from (28) we obtain

(31) —e< A(/(x)—1) =0,
(32) -es A({/(x*)-1)s0.

Furthermore x*£[—h+xk, h+xk], x*$BE£k therefore x*$BIUBx, i,
x*£Ax. Combining (31) and (32) we obtain

(33) All(x)-1(x*)]|se.
Hence using (33), (26) and (27) we have
Uf+g-U = I¥(X)+g(x)-<ir,,(X)[sSA|/(x)-/(x*)] +
+19(*) - g()[ + \@n(x) ~ Pn(x*)\ + IA/(x*) + g(x*) - dn(x*)\ S
S 3e+||A/+g-",LA
But dy, is the polynomial of best approximation to rf+g on An, hence
W +g-®1 "~ 3e+||V+g-fcJU* s
S 3e+W+g-PnW+g)\U S 3e+||A/+g-P,(A/+9)|| = 3e+En(A/+Q).

Combining this inequality with (30) we obtain
(34) Hn-P,,W+g)\\ *3-Q .e

when A=-max {A, A% The same inequality can be proved in the case when xdBk
and recalling that <,,=/3,(A/+g) if xdAx we can conlude that (34) is true in any
case when A=-max {A0, A2%}. This means that P,,(tf+g)=c'I'n when A—+ «. Q.E.D.
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3. Proof of the theorem
Let us prove at first statement (i). It is enough to prove the existence of

liin PAf+tg)-PM)
I—o t

for any fgeC [0,1], £m,(/)WN0. Put J=f-Pn(f), so ?,(/)=0 and prove the
existence of lim Pn(/J+g). Without loss of generality we may assume that ||/|[ = 1.

Take any sequence of positive numbers {Ad¢“=1, A*— By Lemma 3
sup [IP..(A/+g)|l E M,
A

S0 we may assume that
Pnttkl+g)~PntUn (fe-co),
or setting g=g-pn
Pnm+g)=* 0 (c—4

Take any 0<£< 1, then there exists Asuch that
(35) 111,Ne#)11 S e

when A*fe/l0. Let M1=||g||[+Af and take any As A2>0 suchthat FéAl+2M1.
Then

(36) EM+g) = IR/+g-P,(A2Z+g)|| £ 1M Xs
=Ai+tMjs M +g-P M +&MN =" aj+g).
Take now A>0 such that

(37) co(g,h)"e,
(38) e>(/,2A)S1.
Consider
M += {x€[0, 4:/(jo = 1} = {x€[0, 1):/(ac) - -1}%;

MX = {x€[0, 1]: there exists x'EM+ suchthat \x—x'\ < h};
MX = {x€][0, 1]: there exists x'EM_ suchthat \x—jc'| «h}.
Let {nAj}"ii be an A(A*/+g) system, i.e.
JKNxn*, g+8(Xn*,1)-PNNK+W>x*)) = yk(-1)‘En(Al+g),

(bl =1, 1=0,1 n+ 1.
For some Sx, €>0 depending on h
sup  /(*)=1-5x, inff(x)--1+ 62
x€[qi]\m; xetgi]\mt
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It is easy to see that if FA*=Hl=Tax then
(39) x"M X, when y*(-1)!>0 (i=0,1 , n+1),
(40) xxk,iEMh, when yk(—=1)I< 0 (i=0,1,...n+1).

Take $fE>T1ax (F0, A1}, consider the function NeJ+g and let {xee }*+*
be one of the A(FH +g) systems, i.e.

(41) H(xXN ,)+g(x¥d>) - P'm +g,xki )=
= yH-IYE.T+8) (bl =1, i=0,1,..n+1).

Then from (39) and (40) we obtain that x* .€ Mk when y£E(—1)>0, x"
when ys(—iy<0.
Hence for any x” . we can find a point x.6[0, 1] such that

(42) \xp .-x.\ < h
and /e = Yt(-1)i.

Furthermore (38) implies that 0/x0<x1<...<xBHMl, so {xf}'=0 is an A (f)
system. By (37) and (42) we obtain

L) ~E(dl - e (1= > De>ct e

Denote g(x§") g(x")—a., PJI~f+g, xItl)=b. (i=0, 1, n+1), where
I, |ijl=£. Then from (41) we have

(43) Ar(xr)+g(x.) +a.-b. = yt(-iyEeAsf+g) 0 =0,1,..., n+1).
Take any then by (36)

(44) En(Xj+g) S E.m +g).
Now we prove that if yK—1)£>0 then

(45) En(kf+g) ~ A+#(x,) + 3e
Indeed, if £,(A/+£)>A+£(xn)+ 3e then (43) and (44) imply
A+#(x.)+3e-AF(Xxn)-g(x)-a.+bi< En(Xf+g)-En(tflJ+g) < A-AE

or A—E+B< A—E.
This contradiction shows that (45) holds.
Consider now Pn{lJ+g, x,), where yE—1)*>0. Then using (45) we obtain

*+g(Xi)-Pn(tf+g, xi) = EnRf+g) = a+1n )+ 3e

(46) Pnlli+g, xd — 3eB

Acia Mathematica Academiae Scientiarum Hwunpgarrcae 30, 1977



330 A. KROO

when J1™"Ne+2M1 and ys(—1)>0. Analogously we can prove that if XAXt+2M1
and 7j(—1*=0 then

(47) P,al+],x,-)s3.£
Combining (46) and (47) we obtain
7*(-1Y+IP.(tf+g, xp"3-e (i=0,1 , n+l)
when AMAE+ 2M1. Then by Lemma 2

(48) ii>BA/+g)ng c; £ ,

u i0O*u n+l

where  Ut= Ut(x0, xIt .... x,_15xi+l, X, xs+l) 0=0,1,...,u+l), vio=

= min 4l Q; and the constant C depends only on U,,. But {x}"io is an A(f)

system hence
2 = |[/(xi+D-/(x ) & W, Xi+1-X;) N O*/, Xr+1-X;) + Xi+1-X (= w*r(xH+1-x,)

where oo* is a convex modulus of continuity. Therefore xi+1—xf*(co*)_1(2) and
UIrC1 (z=0, 1, ..., n+1) where the constant C1depends only on / and Un. Com-
bining these inequalities with (48) we obtain \\P,,(2f+g)\ S_C2ee when KwNe-\-2Mr,
This means that P,,()JJ+g)=*0 (A>+ °°) or Pn{2j+g)=tP,, (A—4-°°) so

lira P? f+tg)t..+" D . =pn

and statement (i) is proved.

Let us prove (ii). Let /€C[O, 1], R,,(f)=n+2 and let {xj"!'# be the A(/)
system. Then the function /=/—P,(/) has the same Jl-system and Pn(J)=0>
Rn(J)=n+2. By Lemma 6, for any g€CJO0, ]]

PJ'J+g) Qn(g\l)~ :5((/9'|//)) *Qniflf) (A - + o0

and this evidently implies that

im Pn(f+tg)-P n{f nif-Pn (/) !/
<I-+o e gt) " Qn(g-/>—Q (D) Q(g\n-

Being the right derivative a linear operator of g, it is evident that the left derivative
will be equal to the right, so the first part of statement (ii) is proved.

Letnow fEC[O, I]\t/,, and R,,(f)>n + 2. We may assume againthat P,,(/) =0
and ||/]|=1 Let {x¥}'o be an A (f) system. Because of Rn(f)>n+ 2, there exists
x*6[0, 1], x V ij, j=0, 1,..., nu-t-l suchthat f(x*)=y, where |y|=1. Assume for
example y=\. Then there exists an interval (xjf, xj)c[0, 1] such that x*d (x*, x|),

/(x)>y when xg(xi, xj) and Xx; (xj, xj) (i=0, 1, ..., n+ 1). (Here we assume
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that x*?iO, 1, otherwise the proofis practically the same.) Define now g£CJ[0, 1] by

0 if x x2 x” ,

_y*
XX* );(* if < XS X*;
g=<2r"
XVo— .
ST XX g,

Then by statement (i) of the theorem, there exist the left and right derivatives Dj P,,(g)
and Dj Pn(g) of P, at the point / by the direction g. It is easy to see that

DjPAg) = glim,PMf+g).
Let us prove now that if A>2|[g|]| +1 then

(49) \\P,,(tF+g)\\ = ~j-
Assume the contrary, i.e. for some A>2||g|| +1

(50) WP W + g)\Aj-

Then because of (l/+g) (x*)=A+| we obtain that En{If+g)>I1+"-. In

[0, IM\(x 1, xE), [(1/+g)(.v)|*/, thus there is no point of the A(If+g) system in
[0, IT\(x*, xj). Then there must be at least two points xx and x2 of the A(If+g)
system in (x*, xj), and we may assume that e

XfixJ+gixJ-PAXf+g, x>= yEJIf+g),

rmf(x"+g{x3 - P n{lf+g, X3 = -yE n{lf+qg)
where |y|=1. Hence by (50)

I < I(/(*1)+/(*2)) < 2||g]| +1.
This contradiction shows that (49) is true and therefore \\DjPn(g)\\*—. On the
other hand.
DfPn(g) = lim Pn{lf+g)

and it is evident that Pn(Xf+g)=0 for A*—1, so D] P,,(9)=0. Q.E.D.
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ON THE ABSOLUTE CONVERGENTCE
OF CERTAIN FUNCTION SERIES

By
G. ALEXITS, member of the Academy and F. SCHIPP (Budapest)

1. Fifty years ago S. Sidon [2] proved the following

Theorem A. | f the series
(1) 2 kcos(n*x+at) p i 2:0> i, K& o)
k=1 V nk !

is the Fourier expansion of a one sided boundedfunction f(x), then 2Qk<°°-

Recently, as a generalization of the properties of lacunary series, Alexits [1]
introduced the notion of weakly multiplicative systems and proved for them an
analégon of Theorem A. The system &= {<p,JT=0 defined in a probability space
(X, si, p) is called weakly multiplicative, if the functions itn of the product system
IF of ® have the property

e ¥

where the product system W is defined by i"0= 1, and for n”I

®n= N A [n= 2Sj2J5j =0,\.

Alexits’ generalization is the following

Theorem B. Let ® be a bounded weakly multiplicative system andfor afunction
ffL (X, sd, p) put

c,,(f)= f fAndp.
X

| ff is one sided bounded in X and c¢,,(/)=0 for W £®, then 2 \cA f)\< °-

Theorem A follows readily from B. In the proof of both A and B the one sided
boundedness in the whole space plays an essential role, hence one might ask whether
an analogous result can be obtained, if we localise the boundedness of / only to
a subinterval / of [—n, 7i]? In this direction a result was obtained [3] by supposing
the one sided boundedness of the series (1) itself instead of the one sided bounded-
ness of the developed function/ :
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Theorem C. Denoting by sn(x) the n'hpartial sum of the series (1) suppose that
one of the relations

(2 Iirﬁ%j)p S,(X) < co or Ii%}fs,,(x) >»—°°

is satisfied on an interval la[—n,ri\. Then 2 ~ <0°.

We shall show that a similar local theorem does not hold for general bounded
weakly multiplicative systems, neither a localised form of A nor of C. But in the
following we shall consider some other function systems which allow us to generalize
both Theorems A and C in a proper form. Moreover, we shall see that the whole
statement of A remains true even if we suppose that/ is bounded from one side
only in a subinterval of [—it, 9].

2. Beside B which generalises A for weakly multiplicative systems, we wish to
show now that also C has an appropriate analdgon for these systems, if we suppose
that (2) is everywhere satisfied, but neither A nor C has a localised analdgon for
general bounded multiplicative systems.

Theorem 1. (i) Let @ be a weakly multiplicative system with \<m(x)\’\|_|1 (XEX,
4=0, 1,2, ...) and 4* its product system. If the partial sums dr”(*):kz_lakq:k(*)

are uniformly boundedfrom one side in X and

3) f(pnifmdp =0 (m 2,
X

then 2 \an\-s:0°-

(if) There exist a bounded strongly multiplicative system ®*, an interval /c[0, 1]
and afunctionf bounded on | such that the partial sums

n
S, (X) = k2: 1c*<Pk(x)

are bounded on I, nevertheless 2 lc2k(/)1 = °°-

Proof of (i). Let M be an upper bound of all partial sums snand denote by
rnthe nth Rademacher function r,,(t)=sign sin 2"nt. By {w,}we mean the product
system of {f».}, i.e. w, is the nth Walsh function. By (3) and the definition of ® one

has
n1 r -
2 akrk(t) = J sn(x) 2 n wk(t)ipk(x) dp(x) =

= f sn(x) al {\+rk(t)(pkix)) dp(x).
X k=0

The product in the last integral being 20 and sn(x)"M, we get
X
) 2,80 M2 K(OIlf &Ms mc,
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where

k=0 X

Put here t=t0 where t0is that point of [0, 1] for which r*(i0 = sign ak (k<n),
then (4) leads to 21 °~" °° and (i) is proved.

Proof of (ii). Since the Rademacher series »# n~Irn(x) is convergent almost
everywhere, there exists a set £t[0, 1] of positive measure such that the partial
sums are uniformly convergent on E, therefore the sumfix) of the series is bounded
on E, too. It can be readily seen that one can choose an almost everywhere one-to-one
transformation T:[0, 1]->-[0, 1] such that T is measure preserving and transforms
an interval /c[0, 1] of length mes E in E. Put

<PAx) = m(T(x)) (x€[0, I, n= 0,1, 2,...).

The transformation T being measure preserving, the system {<*} remains strongly
multiplicative like {,}, the sum of iZn I (Pn(x) is bounded and convergent on / to
the bounded function f(T{x)). Hence all the conditions of Theorems B and C are
satisfied. Nevertheless 2In~1=°°.

3. Denote by gran arbitrary finite function defined in the interval [0, 1] and having
the property that there exist two subintervals [a0,/?0, [cq, j8) each of length />0
and a number o 0 such that

(p(x)Sc for x£[a0,R0\ and cp(x)*—c for x£E[al5/ij.

Continuing @ periodically on the whole real line, we form the system {(p{nx)}.
Further, a given positive finite summation matrix {yrict submitted to the only condition

limyk=1 (k=0,1.2,..)

defines the nth Toeplitz mean

tn(x) = k2=>6r|KaK<p(u,Kx)

of the series f£,ak<PiEkx)> where {/ik} denotes a sequence of positive numbers (not
necessarily integers). As an analégon of Theorem C we want to prove the following
Theorem 2. I f One has

fik+1
W ~ |

and iffor everypoint ofa subinterval I of[0, 1] at least one of the conditions

Iirp_ sup t,,(x) < °° or Iihrﬂnjnftn(x) > —<2

is satisfied, then the series £ ‘anlis convergent.
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Proof. Consider first the case lim sup tn(x)< = Let 0,,=0 or 1, if a,,"0
or a,<0, respectively, and put

tnX = \jr +kip 7 <A, +kn+ QO] -
One can easily see that for sufficiently large aén0 and proper choice of kn
[, ViX+lc /,\c /c[0, 1]
Since x is a point of I"knif and only if
<+ kn= Vn* = *6n+K + U
hence we have in every point x£I*"kn
(-1)K<PknX) » ¢ > 0.
It follows that in a common point

n=n0
one gets
(-1 Y'Usb*) = ¢ (ns n0.

Consequently, there exists a fixed constant /Q such that

2 \ﬁl:l“ = I7 kz:lﬁoynkdk(p(fskd N

C k=nQ
for every n*n0. With respect to ymk*l/2, for every k=n0,...,n and sufficiently
large m”~n0 we get
" - 2KS
.th:rO\ak\ = —67L< >

thus 2 J|ak|<°°, as we have stated. We proceed similarly in the case liminft,,(x)>
k=0

4. Let F= {%(X)}7=0 be a complete orthonormal system and denote by ®—
—{¥(x)}7=1 a subsystem of F. Denote by

1

c,(/) = f f(X)(p,,(x)dx (n=0, 1 2...),

the Fourier coefficients of the function fEL%0, 1) with respect to the system F. Gener-
alizing some properties of the function systems used in the previous theorems we
introduce the following concepts.

The system ® c12(0, 1) is said to be a local S system (shortly: LS-system)
if for any interval /c [0, ]

(LS) fEL?(0, 1), |/(*)|I3SM(<=0) for x£1 and c,(/) =0 (<pAnN
implies 2 lenl<0°.
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We say that the system @ is a local Z system (shortly: LZ-system) with respect
to the row finite matrix B={Rnk}, if for an interval 7c[0, 1] the conditions

(LZ) I|t2_"OAV*<4</>,,,,(*)I: M (xel,n =1,2,..) and *glﬂk
imply 2KJ<~>.

Replacing the interval 1 by [0, 1] in (LS) and (LZ) we get the definition of the
(global) S-system and Z-system, respectively. If we replace in (LS) and (LZ) the con-
ditions of boundedness by one sided boundedness, we obtain the definition of LS*-,
LZ*-, S*- and Z*-systems. By Theorems A and C the lacunary trigpnometric system
is a S*- and a LZ*-system. Theorem B and Theorem 1 show that every bounded
weakly multiplicative system is a S- and a Z-system.

We now prove the following

Theorem 3. Let B={R,,k) be apositive permanent rowfinite matrix transforming
series in sequences. Then every LS-system is a LZ-system with respect to B.

Proof. Let ®be a LS-system and Icz [0, 1] an interval. Put
I = (/ [f(t)fdt) 12+ SL_JP \F()\

and denote by X, the set of ffiL 2{0,1) for which ||/]|<°° and c,(/)=0 if qn$od.
Xj is a Banach space with this norm and

Fn(f) = 2 levj

are continuous sublinear functionals defined on Xj. Since @ is a LS-system, the
sequence of the functionals Fn converges on X,. Thus by the Banach—Steinhaus
theorem there exists a constant Kj> 0 such that

5) Fn(f) BSKWWN  (ft= 1,2,..)

for every fEX .
We now suppose that for the sequence {a\ui} the condition (LZ) holds. Applying
(5) to the functions

in 2 Bnvk@kWk

we get
1/2 1/2
280 \a,,. \WK\M+\Z B Ik< KJ\M+K*\k2:1a-\»> n=12.)
where A%*= S#IP Hence, it follows that I(2_l|0\i.'1-*: thus dis a LZ-system.

5. Now we shall consider the sums

t n :k2:0l3nkau)<H‘(X)
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where {3k} is a row finite permanent matrix transform series in sequences. Consider
the nth kernel of this summation method:

Kn(x, y) = k2:“:r3nkv1<0) el

Set (Po=1 and assume the following properties of the kernel Kn:
(6) Kn(x,y)*F(8) (|x-y|s<5, n=10,1,2,...)

where W(0) is finite for every <56=-0, further
|

(7 f \Kn(x, y)ldy & M* <o (xe[0, 1], n=0,1,2,...)
0

or

(70 A(my)=0 (x,yE[0,1, n= 0,12 ..)

(We remark that (70 implies (7) if g0=1)

Theorem 4. (i) Suppose that the conditions (6) and (7) are satisfied. Then ® is
a LS-system ifand only if it is a LZ-system.

(i) 1f K,, satisfies (6) and (70, then ®is a LS*-system if and only ifitisa LZ*-
system.

Proof of (i). Let first @ be a LS-system and denote by {a\§ a number sequence
satisfying (LZ). Further let fEL 2 the function for which cW(f)=a,,k (k=1 2, ...)
and c,,(/)=0 for <p,8®. Then

m

2 RnvkaWKpwk = r,, ().
k=1

Since {Rrk} is permanent and Fis complete, {t,,(/)} converges in L2-norm to /.
Then there exists a subsequence {rnfo(/)}of {r,,(/)} suchthat lim r,k(f) (x)=f(x)

a.e., thus by the condition (LZ) one has \f(x)\sM (x£l). This means that for /
the conditions (LS) are satisfied. The condition that ® is a LS-system implies 2 \ayk\~
=2'K (/)|< . ie ®isa LZ-system.

Let now ® be a LZ-system and denote by / a function for which (LS) holds,
further put I=[a,b\. Then

m 1
*,(N(*) = k2:| BnvkcVKPWx) o f (Y)K,(x, y) dy

and by (6) and (7) we have for x£[a + & b—q]

T (D) A f V(Y)WK,, (o y)\dy+ J V(YVK,(x, )i dy +

a

+ / \f(Y)WKN(X, y)\dy*V (S)Tf 1/(y)|dy + MM*.
b 0
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This means that for the sequence {c\K/)} the conditions (LZ) are satisfied, hence
2 \ck(f) I<o®- o

(it) The proof of (ii) is similar.

Let e.g. {Brk} the matrix of the (C, I)-summation method and F the trigono-

metric system. Then Knis the nth Fejér kernel and conditions (6) and (7') are satisfied.

Corollary. Let s¥+l-ag>1, then the lacunary trigonometric system {cos nkx,
nk
sin nkx} is a LS* system.

Remarking that in (2) the partial sums sncan be replaced by the Fejér means
a,, of (1) (Zygmund [3]), our corollary follows immediately from Theorem B and
Theorem 4 (ii).

A similar result is valid — mutatis mutandis — also for the sufficiently lacunary
Walsh system.
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ON CERTAIN TYPES OF CONDITIONS
CHARACTERIZING ADDITIVE ARITHMETICAL
FUNCTIONS

By
R. FREUD (Budapest)

1. Throughout this paper / denotes an additive arithmetical function, A, B
and C are subsequences of the natural numbers, composed of the elements al<a2<
<a3<..., bk<b2<..., and ck<c2<... resp.

The general program of characterizing additive functions may be described as
follows:

We are interested in sets A and conditions on the function values f(ak), so that
if they are satisfied, then/belongs to a given class of additive functions.

We shall call A the set of characterization (from now on: CH-set), the conditions
required for thef(ak) will be called the conditions of characterization (CH-conditions),
and the given class of the additive functions will be called the class offunctions to be
characterized (CH-class).

The first results in this direction were obtained by P. Erdss [1], and later very
many papers dealt with such types of problems (see e.g. [2]—[7]).

In most cases the CH-class either consisted of the single function /=0, or was
the class of the functions c-\ogn. The CH-condition characterizing the function
/=0 was generally f(ak=0, k=1,2, In this case A is called a U-set (set of
unigqueness).

In [8], [9] and [10] we examined some further CH-conditions for the function
/=0. We dealt also with the problem of characterizing the class of bounded fonctions.

In this paper we investigate some other problems in connection with the charac-
terization of these two CH-classes.

2. In [9] we have proved that to an arbitrary function g(n) there exists an A which
is a E/-set, and

1) ak > g(fo)
holds, but we cannot achieve

2 ak+1> g(ak)

if g(n) increases too rapidly. We also determined the exact order of the functions
g(n) for which (2) can still be satisfied by a suitable U-set, i.e. we checked the maximal
possible “rate of growth” of the elements of a U-set (this turned out to be roughly
ak+i-at).

Now we show that by suitable additional conditions on/, to an arbitrary g(n)
we can find a CH-set A, for which (2) holds, and fairly weak CH-conditions still
guarantee /=0.

We assume first that/ is completely additive.
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Theorem 1. To any g(ri) we can construct an A for which (2) holds and A has the
following characterizing property:
| ff is completely additive and

[(flfc+i)-/Q™*)
(3) log ak+l

then f=c- log n.

Proof. Let tk,t2,... be a sequence of natural numbers, where 1 and
every 1 appears infinitely many times among the tt.
We put
azi-1=ii"4 a2 — i=1.2,..,
where the  and rt are specified in the following way:
Assuming that and rt_x have already been determined, we take mt large

enough to satisfy a2i_1>g(a2i_2), and then we select rt so that a2i>g{a2® and
y.

— should hold.

mt

Clearly, (2) is valid.
If/is completely additive and satisfies (3), then

log a2 rtelog tt | rj logtf
and thus
log f;
Since the sequence tt contains every natural number greater than 1 infinitely many
times, we obtain f(-«-)-: C.
ogn
Remarks. 1. Condition (3) cannot be replaced by an even weaker one.
2. Using the same ideas we can also prove

Theorem 2. To any g(n) and h(n) we can construct an A, for which (2) holds,
and iffor a completely additivef we have

(4) I(aai)-/W =0(li(4
then /=0.

In fact, Theorem 2 is a corollary of Theorem 1
Now we assume that/ is bounded.

Theorem 3. To any g{n) we can construct an A, for which (2) holds, and if for
a boundedf

(5) /(a* +1) — (ak) is convergent,
then /=0.
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Proof. Let t1,t2,... be the same sequence as in the proof of Theorem 1.
We define now the sequence A :

MI, / sU2, Ua, t2«M4, ..., WAi-1, i; - u2i, ...,

where the uk are different primes and (t;, u2)=1

Clearly, (2) can be guaranteed.

Let/be bounded, |/(n)|<L, and f(ak+l)-f(ak-»c.

/(1)=0 by the additivity.

Let 1 be arbitrary. We consider all the values of k=2i—I, where t*—m.
Then for these i we have

/(wW)+/(M2)-/(u2_] - c
Let e=-0 be arbitrary, and i so large that
/(w)+/(u2)-/(u2i_D-c|<e
should hold. Taking N such values of i, we obtain
W -f(m)+f(u2il*...-u2N-f(u ar,-!-... eu2iN 0)-7V-c| < Ns.

Dividing by N:

\f(/n)-c\ <£ +~-

and if N-+o=, we have \f{m)—c\"*s. Hence /(m)=c, but then by the additivity
only /=0 is possible.
Now we assume that/is real-valued, and lim inf/(n)"0.

Theorem 4. To any g(n) we can construct an A, for which (2) holds, and if
(6) liminf/ (n) £ O,
then (5) implies /=0.

Proof. Let tIf t2, ... be the usual sequence.

A will be the union of successive blocks, where each block consists of three
elements.

Let m> 1 be a natural number.

The sequences {mry}’=1, {umj}*=i and {wm}=1 should be composed of
different primes not dividing m.

We take now those i, for which ti—m\ let these be q, i2, ....

The ¢th block is defined in the following way:

Ui, m - Whjs Und- M - M. x-\ij. 2 =\, x= 1).

Since each element contains a “new” factor (umJ, vimj and wmJ resp.), condition (2)
can be satisfied.

We take now an/ satisfying (6) and f(ak+l)-f(aK”"-c. Considering the blocks
with tt=m we have

f(unm-Vmj)-flum)) - ¢, ie f(vm)- c
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further
[(m ewmdeumj evmj-vny - 1evi%_2-f(umjevm) - c,
ie.
[(«]) -f(m e or>7_ eV ns) - ¢ (j <=°).
Clearly,

f(nj)=f(m) +f(wmj)+ / (rmoj_i)+ 1 (rmj-a),

and here the left hand side tends to c, while the sum of the last two terms on the
right hand side tends to 2c. Using (6) we obtain ¢=0, and f(m)=0.

3. We consider now some other CH-conditions. Put
F(n)=/(D+/(2)+...+/(«).

Theorem 5. |. There exists an /VO, for which F{ri) is bounded.
Il. To any g{n) we can construct an A, for which

() ak> g(k)
holds, and if

(8) F(ak) is convergent,
then /=0.

Remark. For the CH-condition
“fiai)+fiald+... +fiak is convergent”,

see Theorem 2 in [9].

Theorem 6. . Let hin) tend to infinity (arbitrarily slowly). There exists an unbo-
undedf satisfying \Fin)\*h(n).

. To any gin) we can construct an Afor which (7) holds, and if F(ak) is bounded,
then so isf.

Remark. For the CH-condition

“fiad +f(ad +. ee+fiak) is bounded”,
see Remark 4 after the proof of Theorem 2/11 in [9].

Theorem 1. | f A has upper density 1, and Fiak) is convergent or bounded, then
/=0 orf is bounded, resp.

Theorem 8.1 There exists a completely additivefunction /VVO, satisfying F(n)=
= Oilog n).
. To any gin) we can construct an A for which (7) holds, and iff is completely

additive and

Fak
9 is convergent,
© log ak J
then f= 0.
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II. To any g(n) we can construct an A for which (2) holds, and iff is completely

additive and

ja4 f(ai)+f(ad + ess+f(ak) _c
( log a*
then f=cAogn.

Theorem 9. I. There exists a completely additive, non-negative f*O satisfying
F(n)/n—L
Il. | ff satisfies (6) and

(11) liminf— —0,
then /=0.
Proofs. We may assume that g(n) is an increasing function.

Proof of Theorem 5.1 E.g.: /(2)=1, /(2r)= —1 for r*2, and f(pm=0 ifp
is an odd prime.

II. In [8] we have proved (Theorem 1) that there exists a B, for which bk>
>g(2&)+ I, and iff(bK is convergent, then /= 0.

Put

(bk- 1 for n=2k—lI
" {b* for n=2k.

Then (7) holds.

Further, (8) implies f(bK)=F(ax)—F(a2*_i)—0, and so by the result quoted
above we have /= 0.

Proof of Theorem 6. |. We select nt so that for n”*w,, h(n)*i should hold.

Let pi be different primes, We define/ byf(pi)—Pt—rl, f{p\)= —1 for
2, and f(pm—o0 if p~Pi, /=1,2, ...,p isa prime.

Then/is unbounded, since

-Pj) =~j-
On the other hand

F(n)zPZm\['?/{})]KPi'l- fg%*ni p%nst.

Here 0”251, and thus for ir® i< ™ +1
0= F(n) =j = h(n).

(We observe that by a slight modification of the construction we can produce an/
which is unbounded already on the set of the prime-squares, and still \F(n)\*h(n).)

I1. We use Theorem 2 from [8], and argue in the same way as we did in the proof
of Theorem 5/I1 above.

Proof of Theorem 7. Consider the sequence B of those numbers n, for which
both nand n—1 belong to A.

First we show that also B has upper density 1 Indirectly, assume that for a
</>0 and large enough m, at least d-m numbers / in the interval [1, m] have the
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]
property thateither i or i—1, or both are not elements of A. Then at least for %
numbers 76 [1, m], jJ$A (such a “missing” j may be counted both as an “i”” and as

an —17), but this is a contradiction, since A has upper density 1.

Consider now only B. Then f(bK—F(bk)—F(bk—1)= F(bk)—F(bk_K tends
to 0 or is bounded, and thus /=0 or is bounded by Theorems 4 and 5 in [s], resp.

Proof of Theorem 8.1 We take /(2)=1, /(3)= —2 and f(p)=0 for the other
primes.
By the complete additivity

F(n): @(P )-HJ: Zg\ﬂ d-2 - 2 K =C/-2K.

Here
UM ne 22 %= «*(1—=2_1)" ne[l —-] = n—1,

where t=[logz «]. On the other hand
7> ine 2 2 _s}—ogan —neun — -t)—ogzn >

2'Sn

1—n -log2n = n— -logzn.

"2
Similarly
n—3 Lo«—1
5 -log3n  Fsi 5
Hence
—1—og2n < U—=2V < 2+logsn,
ie

IF(n)| = logan+2 = O(log n).

Il. We take a sequence guaranteed by Theorem 1, and denote it by 22
Put az-1=bi—Il and aZ=bi.

Let/be completely additive, for which (9) holds; .C.

To any e>0 we can find an N, such that for i*N

(c e)elog(bj 1)< F(bi~1) < (c+e)-log(bj—1)
and
(c- e)elog bt< P’(b;)) < (c+ e) ¢log bt.
After subtraction, and division by log bt we obtain

f(bd
log bt
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taking r large enough. Thus

that in this case /=0.
I11. We take the same A as in Theorem 1
Similarly to the calculations in 11, we obtain

I bL-*o, and from the proof of Theorem 1 we see
0g»;

logai-1  /(«,) _ay logflj-i
(c—e)—{cre)» log a, log a, (c+e)—(c-e) loga,-

We may assume that AloA —1—0, and thus Iogq_c' Then from the proof of

Theorem 1 we have obwously f=c-logn.

Proof of Theorem 9. |. E.g. the function defined by /(2)=1, f(p)=0 for
the other primes, has this property, as we can see it from the proof of Theorem 8/1.

Il. We assume indirectly that for some 0.

Case (i): 0. Lete>0 be fixed. We can find an TVsuch that for n*N, f{ri)>
> —£  Further, if (t,k)=1 and t"N, then f(k mt)=f(k)+f(t)>d— E Thus

F (n)A K (g—e)—e-n—T,

where I is a constant depending only on N.
If £ was chosen small enough, then for n-»°° the right hand side is greater
than c¢m, which contradicts (11).
Case (ii): d<0. Then

lim inff(t-k) = lim inf{/(0 +/(K)} S 0,

(tk)=i (tk)=l
thus we can find a t with and we can apply Case (i).
4. Finally we examine certain relations between CH-conditions for the function

/= 0 and those for the class of bounded functions. Several results of [8], [9] and [10],
and also Theorem 7 suggest that there are strong connections between these two
CH-classes.

Now — by very sharp counterexamples — we point out some great differences
between the two types of characterization.

Theorem 10. Let 2=pl<p2<... denote the sequence ofprimes.
I. We can construct an A, for which (5) implies /=0, but even

(12) the boundedness of the sums - f(ak does not imply that f is bounded,
moreover, there exists a completely addltlvef for which
(13) \f(pd\ — ,

though (12) holds.
I1. We can construct an A which is a U-set, but even

(14) f{fak =0, k=23,...,
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does not imply the boundedness off, moreover, there exists a completely additive f,
for which both (13) and (14) hold.

I1. We can construct an A, for which
(15) the boundedness off(ak+l)—f(ak) implies thatf is bounded,

but A is not a U-set, moreover we can construct an f with f(aky=0 for all
k, but fig)” 0 for infinitely many prime powers g. (By the other condition on A this
f must be bounded, and so e.g. cannot be completely additive.)

Proof. I. Defining p0—\ we take
= {pkePk+i, k= 0},
H2 = {Pk-Pks+i,Pk-Pks-i>l<sz2, S"2, k is even},
H3= {pkepks+, pkepks_i, kK =\, s= 3, both kK and s are odd},
H\ = {pkepks, IcSI, s= 2, k is odd, s is even}

and B=H1\JH2UH3UHi.

We form now the numbers f; so that every bj should appear infinitely often among
the r;, further,

for Hk, tt = pXepX+ if and only if ti+1= p2&+l mp2k+2;
for tf2, ti = piepks+l if and only if ti+l = pkeand
for H3, tt = pimks-i if and only if ti+l= pl-pks+L

Now we define ut so that (uf,/)=1 and w=/?2r-/>2r+1 ep2r+3-p2r+*
for some suitable r. Put c2-1=m,-, c2i=ui-ti. Then we chose vt so that tf>!;,e Tec{ i,
4 ch=1 and vi=p2m-p2ml-p2m+3-p2m+ for some suitable m. Finally we put
az_ 1 vi, a2 Qevi.

Consider now an / satisfying (5). Then /(cn=/(a2)—(az2i-i) is convergent,
and so f(tk) —(c X —(cAc_i)—0. Since every bs occurs infinitely many times among
the tk, we obtain f(bj)=0 for allj.

Successively we find that /(pi)=0:/(pD)=0, f(pke*d=/(Pi)+/(pd=0, ie
f(p2=0, etc.

Now for iS 2, p%-pkB or pl-Pks+fB, ie f(pl)+f(pk)=0 or f(pQ +
+f(Pks+1)=0, which means that f(pk)~ 0, and thus /=0.

To show that A is an ,,anti-CH-set” for the bounded functions, we define/by

f(PK) = (-V k-k.

Clearly, (13) holds. On the other hand, we easily see that /(/,)=0 if ttEH4, /(/,)=1
or —1if tfiHi, H2or H3, andin this latter case / (/)= —1 ifandonlyif f(ti+)=
= 1 Further f(Ui)=f(Vi)=0 for all r.

Thus I(2_1/(&*):0, lor —L for all r, and so (12) holds as well.
Il. Put
A = {2, 25+3s, 35258, 25°pi,.-,. ek, PkmRk+i, s N 1, k  2JU {25P2%, s N 2).

Firstwe assume /(a;)=0 forall Then /(2)=/(2 *3)=/(3 *5)=/(2 «5+7)=/(7 -11) =
= ...=0, and so f(pk)—0 for all k.
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Now, for iS 2 /(2s+sp2%)=0 implies /(29=0, and so using /(2s239=/(3Se5s) =
=/(2s%5s*79=...=0 we obtain /(pjD=0 for all k, ie. /=0. This means
that A is a U-set.

On the other hand, we define/by

[(2)=-1, f(pR =K f(pku)=-k (b 1).

Then/ obviously satisfies (13), and by a simple calculation we find that (14) holds
as well.

Ill. Consider B—{f, (t, 6) = 1}U {25, sfe2}U {2+ 3s, j*I}.

Let 3 be arbitrary primes, ui*~ui_1-bi*1 and (m;, bt)=1 Put az>-i=Mi,
az= Ui-bt.

Then (15) implies that/(A;) is bounded, |/(s;)|<L.

Now for any n

I(72) =1(29+/(3M+ /(0 ((*.6) = 1),

where

1129 max{|/(2)l, L), @™ & [1(2«3D[+ |/(2)] < L+|/(2)], /(] <L,

and so/is bounded.

On the other hand, put /(2)=1, /(3m)= —1 and f(q)=0 for all other prime
powers g, then f(ak=10 for all A

Remark. By refining the proofs of parts | and Il we can replace (13) even by stron-

ger conditions, namelyfv(vak.): o (1) or —with an arbitrary g(ri) —limsup = --—--

)

(the latter one is clearly equivalent to lim =
v g(Pk)
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TORSION THEORIES IN AFFINE CATEGCORIES

By
AGNES SZENDREI (Szeged)

1. Introduction. The aim of this paper is to investigate the torsion theories in
certain so called affine categories, which generalize the well-known properties of the
category of all affine modules over a ring with identity. Thus our result, in particular,
answers a question, raised by R. Wiegandt during a personal discussion, asking for
a characterization of torsion theories in the category of affine modules. Affine modules
are closely related to modules; however, they have a property in common with
graphs and topological spaces, namely that under a homomorphism the inverse image
of any element is a substructure. On the other hand, since any abelian category turns
out to be an affine category, our result yields a characterization for the torsion theories
in abelian categories.

In 82 the concept of an A-category is introduced such that it includes additive
categories as well as the category of affine modules over a ring with identity. Several
examples of A-categories are also given.

In 883 and 4 we discuss the basic properties of A-categories emphasizing the
close connection and the differences between additive categories and A-catego-
ries (in particular, between abelian and affine categories).

Finally, 85 is devoted to the proof of the characterization theorem of torsion
theories in affine categories. Because of the great similarity between abelian and
affine categories, it is not surprising that our result is very similar to that of Dick-
son [2]. Dickson’s torsion theory and some generalizations of several related results
on modules summarized by Lambek [6] are treated also in [3]. Furthermore, our
result is analogous also to the characterization of semisimple classes of rings
obtained by Sands [11] and by Leeuwen, Roos and Wiegandt [8], to the descrip-
tion of torsion theories of rings given by Leavitt and Wiegandt [7], and
to the characterization of connectednesses and disconnectednesses in topolo-
gical spaces and in graphs found by Arhangel’skii and Wiegandt [1] and by
Fried and Wiegandt [5], respectively.

We use the terminology of [9] and for the basic results concerning additive and
abelian categories the reader is referred to [4] and [9]. Throughout the paper every
category is assumed to be well-powered and to have small hom-sets.

Let R be a ring with identity, written 1L An affine right J1-module A is an alge-

braic system for which there exists a unitary right J/1-module M such that their universes
n

coincide and the operations of A are the linear forms 2 xi9i on M with r*R,
i=1

n
1, _2_1ri: 1- The affine modules can also be directly defined by identities (see
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[10]). For the ring Z of integers an affine Z-module will be called the full idempotent
reduct of an abelian group. It is easy to see that the full idempotent reduct of an

3
abelian group can be defined by a single ternary operation, namely by 1 xie(—)i 1
i=

(i.e., any other linear form i%1xi'ri with rtfz, igl ri=1 arises from this firn-

i
damental operation by superposition and collapsing variables). (. Iu o(—Di 1
1=

is considered as an operational symbol, we shall “forget” that it has been built up
from the Z-module operations and shall keep only the identities concerning it.)

2. A-categories. It is well known that in the category of all affine right J1-modules
every homomorphism can be uniquely represented as a composition of a module
homomorphism and a translation. A translation on an affine right /l-module A is
defined to be an automorphism assigning to every element a in A the element a1+
-f(]/ 1+ @0«(—1) where a, and a0 are fixed elements of A. Furthermore, it is easy
to show that every hom-set forms the full idempotent reduct of an abelian group
under the componentwise operations, moreover, the composition of homomorphisms
is distributive with respect to these operations. On the other hand, the one-element
affine module is clearly a terminal object in the category, and any constant mapping
is a homomorphism.

This leads to the following general

D efinition 1. A category C will be called an A-category if and only if the
following two conditions are satisfied :

(i) There exists a terminal object 0 in C such that for every object A in C the set
homc(0, A) is nonvoid.

(if) Every hom-set in C is the full idempotent reduct of an abelian group and for
any objects A,B,C,D and arrows f1,f2,f3*homc(A,B), gfhomc(, C) and
hdhomc(D, A) we have

g(/iel+/.e1+/3(-1)) = gliel+ g/2¢1+ g/3(-!),
(1 o1+ 1 «1+/. (- 1))/t =fih «1+f2h«1+f3h+(-1).

The arrows factorizable through the terminal object 0 will be called zero arrows.
The single element of homc G4, 0) will be denoted by On. By analogy, the arrows of
the form 1"e1+z0Ael+z'0As(—1) with ZgObjC and z, z'Ehomc(0, A) will
be called translations on A. For any arrow /6homc (A, B) the set ofall arrows arising
from /by composing it with a translation on B will be denoted by tr/; i.e. using
distributivity
tr/= {/1 +z0'M + z’0Am(-1)|z, z/homciO, A)}.

Obviously, for any object A the set tr \A of all translations on A constitutes a group
under composition.

The following theorem states an important connection between A-categories
and additive categories.

Theorem 1 Let C be a small A-category with finite products. Then there exists
an additive category D such that thefollowing conditions are satisfied:
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(@) Obj C=0bj D.

(b) For any objects A, B we have homD(d, £)Qhomc04, B). Furthermore,
homD(0, 0) = homc (0, 0).

(c) For any object A, homc(0, A) is thefull idempotent reduct of an abelian group
such that /€boTn(Jl, B) implies that /zEhonic(0, B) provided z£homc(0, A).

(d) For any objects A, B, C and arrows zf6homc(0, A),fiC\\omg,(A, B) (i= 1 2, 3)
and gj*homoCR, C) we have thefollowing equalities:

A(zie1+ 2201+ 23+(-1)) = fxaxe1+/iz2¢ 1+ftz3+(-1),
(/1+Fi-fs)*1 =/i*i 1+ /aZke 1+f3Zi «(-1).

() 1fA1JxA1MNa A2dXd2 M a product diagram in D then for any arrows
z”honicCO, Aj) and z26homc(0, A2 there exists an arrow zihomc (0. Aln DA2)
such that the following diagram (in C) is commutative:

Pi 1! A P2
A, 1 loA2 A2

4

0

(f) In particular, if z*homolO, AY) and z2fhornD(0, A2 then z£
6homu (0, A1* dA2 is the unique arrow in homc (0, Aln DA2 making the diagram
(1) commutative.

(9) Every element in homc(d, B) has the form f ¢1+zOAe\+2z'QA-(—I) for
some z, z'£homc (0, B) andfor an /6hom D(d, B) where {On}=boTo (J1, Oj. More-
over, two such arrows f x-1+2zx0A-\+2z'10A-(—1) and f2-\+z20A-1+2z20A’(—1)
coincide if and only if f x=f2 and zx=zxe1+z2¢1+72¢(—1).

(h) For any objects A, B, C and arrows fGhomO (A, B), zt,z\£homc(0, B)
0=1 2, 3),/46homD(5, C), z4,zj6homc (0, C) we have

Z (Mol + o 1+zi(Ns(-1)) (- 1)-1=

(2
= (N-/2+/3) 1+ (2 z,*(-D*-Donel+ (i *(-1)i_) one(-1)
and
(J1 o1+ z40Be 1+ z40Be( - 1))(Oe1+ ™ - 1 + ziO™e(-1)) =
(©)

=hfiel+ (Aziel+/dA o(- 1)+ z4e1)0% + 1+ zDx+(-1).

Conversely, if we are given a small additive category D and a system of objects
Obj C together with hom-sets homc (d, B) (A, BEObj C) defined by (a) — (c) and (g)
insuch a way that they also satisfy conditions (d) —(f) then C becomes an A-category with
finite products provided we define thefundamental ternary operation on hom-sets by (2)
and the composition of arrows by (3).
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Proof. Suppose first that C is an A-category and consider a choice function @
picking out an arrow from each hom-set homc (0, A). (In the sequel we will say
briefly that ®is a choice function on C.) If A is an object of C then the arrow selected
from homc (0, A) will be denoted by 0$ or briefly by OA if there is no danger of con-
fusion. Define Cpto be the subcategory of C with Obj CO=0bj C and with hom-sets

horned, B) = {/1/6horned, B), /0$ - Of}

for any A, .SgObj Coh.

From now on keep the choice function @ fixed and set D= C¢. We prove that
D is an additive category satisfying conditions (a) — (h). Clearly, D isin fact a category,
furthermore, it is easy to verify that for any objects A and B the set homD(A, B)
forms an abelian group if we define addition by the following rule:

N+/. =/iel+/ee 1+0*0M-1).
Note tbAt/X /2—fa=/i «1+/2+1+/3+(-1) holds for any /,€EhomDM, B) (/= 1, 2, 3).
Moreover, for any objects A, B, C, D and arrows /uZ /hornr/A B), g6homD(0, C),
A6homD(D, A) we have
g(/i+/2) = gfi+g/2 and (N1+/9h =fih +f2h.

The proof of all these facts is straightforward and is therefore omitted.
Next we show that (g) holds for D. Indeed, take an arbitrary arrow / in
homc (A, B). Then, clearly,
[ = (/o 1+0B(N*1+f0A0A*(-1)) * 1+fOAQA* 1+ e(-1)

and here (/e 1+0B0J1*1+/0/00/1«(—1))0/1=0B To verify the second statement of
(9) assume that /i0~=/20"=0B and z1,z2, z[, z26homc (0, B) suchthat

N 1+ 710A« 1+ 710A(-1) =/2+1+z20a°*1+z20a.(-1).
Then multiplying on the right by OA we obtain that
0Be 1+ z1e1+ 7" e(—1) = OBe 1+ z2¢ 1+ z2+(—1),
i.e. zx—z[- 1+ z2*1+z2-(—1), which implies also that /i=/2.

Since conditions (a)—(d) and (h) obviously hold for D, it remains to prove that if
Ax™-A -MA 2is a product diagram in C such that p- =pt-1+zt0A«1+z'i0A«(—1)
with PiGhomu”, At) then
4) ALE-A*LA2

is a product diagram in C and in D as well. In fact, since Pi—tiPi where tt—
=IA'l1+ ziOA “ I+z'i0Af ( —I) is an isomorphism for /=1,2, (4) is a product
diagram in C. To show that (4) is a product diagram in D it suffices to note that
if /iGhomD(5, Ai) then for the unique arrow / in homc (-B, A) making the diagram

Pi P2
A, A A2

B
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commutative we have

Pi(foB =f,0B=0At (i = 1 2).
On the other hand,
PfiA=0A (i = 1,2),

implying that f0 B—0A, i.e. /Ehomn(/j, A).
In particular, we obtain that D is a category with finite products and conditions
(e) — (f) are fulfilled by D. The proof of the first statement of the theorem is complete.

Conversely, suppose that D is an additive category and we define the hom-sets
homc (A, B) with A, i?£0bj b by the rules (b)—(c) and (g) such that they satisfy
conditions(d) — (f). (Note that weidentify/EhomD(zi,.S) with/* 1+zOAe1+zOA*(—1)
where zEhomc (0, B)).

Applying (d) one can verify by a straightforward computation that the com-
position of two arrows is well defined by (3) and, moreover, this composition makes
the system of objects Obj D together with the hom-sets homc(/l, B) a category
C. We show that C is an A-category.

To prove that (i) of Definition 1 holds for C observe that, on the one hand, if 0
is the zero object in D then by (c) homc (0, A) is never void, and, on the other hand,
0 is a terminal object in C. Indeed, any arrow/ " in homc (A, 0) can be represented
by (g) in the form /e 1+zOA-1+2'0A-(—1) where /, 04homD(/l, 0) and z, z'£
£homc (0,0). However, (b) implies that z=2z", so thatf — —O0A, i.e. homc(zl, 0)
is a one-element set, as required.

Turn to prove (ii) of Definition 1 First of all, again an easy computation shows
that the fundamental operation is well-defined by (2) on any hom-set Yiomc (A, B).
Furthermore, (2) also shows that for any un-ary operation P arising from the funda-
mental ternary operation by superposition and by collapsing variables and for any
arrows LU-r((Nel+z-0As(—D) (i=lI....... n) we have

P (fi-1 +z10A-1 + Z10A-(-1),...,fn-1 +zn0A-1 + 7, 0A-(-1)) =
= P{fx, \+P{zx, ..., zZJO'4¢1+P(zj,..., 2')OM -1),

implying that any identity holding in the full idempotent reducts of abelian
groups holds also in homc (A, B), i.e. liwoTc(J1, B) is itself the full idempotent
reduct of an abelian group. The “distributivity” rules required in (ii) are also satisfied
by C. The proof which makes use of conditions (c)—(d) and (h) only is again straight-
forward and is therefore left to the reader.

Finally, we show that any product diagram A1*"A -& A2 in D isa product
diagram in C, too. Let us consider first zero arrows rrEbotc(0, AtY) (z—1,2).
Then condition (e) implies the existence ofan arrow z£homc (0, A) suchthat piz —zI
(z= 1,2). Assume that ptz'=z* (z=1,2) also holds for another z'£ homc(0, A).
Then, by (d),

Pi(z-1+z'-(-1)+ 0A-1) = PiOA= QA
where 0Aand 07 stand for the single arrows in homD(0, A) and homD(0, zl;), resp.
Applying condition (f) we obtain that z- |+z'*(—1)+0n-1=0A, ie. z=1z". Let
us consider now the diagram

Acta Mathematica Academlae Sclentiarum Hungaricae 30, 1977



356 AGNES SZENDREI

W o~

in C. Condition (g) implies that/e can be uniquely written in the form /e — 1+
+27;,0B*1+0",0® *(—1) where /Ehom D(B, At) and Z;Ghomc(0, Aj) (i=1, 2).
Suppose that the arrow /'=/e« |-fz0®* 1+0"0® *(—1) with ffhom D(B, A) and
z£homc(0, A) makes the diagram (5) commutative. Then, by (h),

Si«1+ZiOBe1+ 0r0®e-(-1) =// = pj' = Pif - 1+ p:200. 1+ proao®-(-1)
where pBA=0AI (i=1,2), whence, by (g),
(6) [;=PRif and zf=PiZz (i= 1 2).

This implies thatf is uniquely determined. On the other hand, if we choose/ and z
according to (6) then, obviously, /'=/¢ 1+z0Be*1+0"0® ®(—1) makes the diagram
(5) commutative.

This completes the proof of the theorem.

It is clear that translations play an important role in A-categories, nam ety condi-
tion (g) in the previous theorem says that, just as in the categories of affine modules,
every arrow in homc(d, B) is the composition of an arrow in homD(A, B) and
a translation on B.

The following statement is obvious.

Proposition 2. Let C be a small A-category with finite products. Then for any
choice functions @ and T on C the additive categories Ccand C* are isomorphic.
Thefunctor F defined on objects identically and on arrows by

F{f) =/ i+of,,d/odom/-i+/orod/odomM -i)
is clearly an isomorphism.

We conclude this section by presenting several examples of A-categories with
finite products.

Example 0. Obviously, any additive category is an A-category.

Example 1. The most natural nontrivial example is, of course, the category
Afi-R of all right affine i?-modules where R is an arbitrary ring with identity. Similar-
ly, R-Aff stands for the category of all left affine A-modules. Note that Aff-R is just
the category arising from the category Mod-A of all unitary right A-modules by adding
the constant mappings 0-*A (0\-*a) for every /1PObj Aif-/ and afA, and fol-
lowing the construction described in Theorem 1.

Example 2. Let Abp be the category in which the objects are the abelian groups
and the hom-sets are defined for any abelian groups A and B to be the collection of
all mapsf+ c£’Bwhere/is an abelian group homomorphism of A into B and c¢ f 1Lis
the constant mapping assigning the periodic element b in B to every element in A.
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One can prove easily that Abp is an A-category. However, this follows also from
Theorem 1if we observe that Abp is just the category constructed from the category
Ab of abelian groups by adding the constant mappings cBA with af£A periodic.
In particular, this implies that Abp can be considered as a subcategory of Aff-z where
z stands for the ring of integers.

Example 3. Let n be any natural number. Abp,, will stand for the subcategory of
Abp with Obj Abp,.=0bj Abp and with arrows of the form f+ ¢ AB where b is an
element of the abelian group B with nb=0. It is clear, that Abp,, is an A-category.

Example 4. By an analogous construction we get the subcategory Abd, of
Aff-z as follows: Obj Abd,, is the class of all abelian groups and the arrows are the
maps of the form f+ c AB where f:A~*B is a group homomorphism and b is an
element in B such that there exists a bfiB with nb’=b.

3. Products and coproducts. From now on in this section and in the next one,
C will stand for a fixed A-category. For convenience, C will be supposed to be small.

We have seen in Theorem 1that finite products in C and C¢ essentially coincide
provided C is with finite products. Moreover, a similar argument shows that this holds
also for all products existing in C (even ifC is not with finite products). However, this
is not the case with coproducts. In particular, it is easy to see that O*OuQO holds in
Cifand only ifeach homc (0, A) is a one-element set, i.e. C is a preadditive category.

The following propositions generalize the inner characterization of product
diagrams and coproduct diagrams in preadditive categories, respectively.

Proposition 3. Let n(”l) be a natural number. Then
A-HLA] (i=1 , n)

is a product diagram in C if and only iffor any choice of arrows z,£Ehomc(0, At)
(i=1,..., ri) there exist arrows Hjghomcbd,-, A) and z(jhornc(0, A) suchthat

(0 PjUi = ZjOAi if i7j and piui=\A (,j=1 , n),
(iPiz=2i (= 1,.. n),

(i) 2 ukpk-1+20A-(-n+1) = IA

Proof. One has to repeat the standard reasoning used in preadditive categories.
Proposition 4. Let n(~1) be a natural number. Then
Ai-LtA (i=1,..,n)
is a coproduct diagram in C if and only if whenever wefix arrows Z;Ehomc (0, Af),
the following conditions are satisfied:
(i) There exist arrows ~;6homc (4, A,) suchthat
gfi = ZjOA" if i~j and qiVi- IA (i,j= 1, .., n).

(if) For any object B and any arrows z'f hom<;(0, B) there exists a unique arrow
ffhomc (A, B) such that
fvt= z-0A (i= 1,..., n).
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Denoting by g the arrow corresponding to the system z'=\fz;£homc(0, A) we have
(iii) t2_4 ?* -1+ ZvkzkOA-(-1) +g-1 = \A,
=i =i

The proof is again standard and therefore omitted.

We remark that both of the propositions remain valid if we require only that the
conditions be satisfied for a particular choice of the arrows zt (z = 1,ri). This
follows immediately from Proposition 2.

It is well known that in preadditive categories the product and the coproduct
of any finite family of objects are isomorphic whenever they exist. The following
theorem is a generalization of this fact, since in preadditive categories OuO”"O.

Theorem 5. Let n be a natural number and suppose that n kAk, n kAk and i_i*0
(LSk~ri) existin C. Let us consider thefollowing diagram:

O= 1, ..ri)

where Z;6homc(0, Aj are arbitrary arrows, WA and vt are the injections corresponding
to the coproducts and, finally, ut and z are the arrows constructed in Proposition 3.
Then there exists a unique arrow hffiomdL} kAk, MkAK which makes the upper
triangle on the right commutative, and this arrow has a right inverse and is therefore
epi. Moreover, the unique arrow e making the parallelogram on the left commutative
is the equalizer of h and zOukAk.

Proof. We claim that for anyj (j= 1, ..., n)

fi = 2 vkPk-1+ Z vkZkOn«Ak.(-1)
k:l k:l
) o ] k?*j
is a right inverse of h. Indeed, since
jr if i=Kk

Kk {zfOdg  otherwise,

therefore Pihfj—Pi for every 7=1,..., n. Hence by uniqueness it follows that
hfj=\nkA, as required.

Before we turn to prove that e is an equalizer we show that for any j=1, ..., n
we have u;rr=r. To this end it suffices to note that, on the one hand, by (i) of
Proposition 3 we have for any j=1, n that Pj(uizj=Zj, on the other hand,
(ii) of Proposition 3 requires that pjz=zj (y=1, ..., ).

Since

(he)Wi = hvizf = Uizt =z and (@OLK)wi=z (i = 1, ..., H),
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uniqueness immediately implies that
he = rOuk°® = (zOukAk)e,

as desired. Consider now an object X and an arrow /ihomc(Z, such that
hf=(zQukAk)f, i.e. hf=zOx. Let & denote the unique arrow making the diagram
below commutative.

(i = ]_l ..o'(()o
Observe on the one hand, that (ie)wi=evizi=wiQAizi=wi (i=I, ..., r)) implying
that ee=I1W0. On the other hand, (ee)vi=ewiOA'=(vizi)OAI (i=1, ..., ri) whence

ee=g, the arrow defined in Proposition 4. Making use of (iii) in Proposition 4 we
obtain that

hf= hiukAd= 2 ukgkf- 1+ 2 ukzkOk-(-1) +heef-1

fc=1

where ukzk=z (k=19...9n) and he=zOuk°. Thus

Z0x = hf = 2_1ukﬂ</ "1+ zZOx *(- n+1).

Multiplying both sides by pt (/=1, ...,u) on the left and applying again (i)—(ii)
of Proposition 3 we have

z;,0* = 4if (i —fi oo, n).
Hence

/= [ 2 vkdk-1+ 2 KKOukak.(-1)+ ee-1]f = e{ef),

i.e./factors through e. This factorization is unique for & is a left inverse of e.
The proof is complete.

4. Kernels and cokernels. Let us have a look at the category Aff-7? from the
point of view of kernels. It is clear that whenever we consider a homomorphism and
the natural congruence induced by it then any congruence class is an affine *-module,
furthermore, these submodules are isomorphic, more precisely, there exist translations
that map a congruence class onto another. Thus we have a kernel system consisting
of monomorphisms instead of a kernel. Generally, a kernel system can be defined
in an A-category C as follows:

Definition 2. Let /€homc (A, B) be an arbitrary arrow. We say that the
object K is a kernel object of/ and kerfQWomc(K, A) is a kernel system of/ if
the following conditions are satisfied:

(i) For any k in ker/ the compositionfk is a zero arrow.

(ii) For any k,k'dkerf there exist arrows z,z'£homc (0, A) suchthat k'=
—K -1+70Ke1+7'0Ke(—1) (i.e. k'etrk).
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(iii) Whenever cEhomc(C, A) is an arrow such that fc is a zero arrow then
there exists a unique arrow  ker/ such that c factors through k, moreover this
factorization is unique.

Obviously, if ker/ exists then every arrow in it is monic.

In what follows we always assume that C is a small A-category with finite
prouucts.

Theorem 6. Let /Ehomc(A, B) and zfhomc(0, A). Let us consider a choice
function ® on C such that Of=z and Of=fz. Then ker/ exists in C if and only iff
has a kernel in Cd. Furthermore, if f06homc®AT, A) is a kernel off in Cipthen the
relation ~ defined on tr kO by kx~k2 if and only if there exist arrows zI5z2€
6home (O, K) such that ktzl—k2z2, is an equivalence relation and every represen-
tation systemfor this equivalence relation is a kernel system off.

The following lemma will be useful in the proof.

Lemma 7. Given Ag, k2dtr kO we have k1~ k2 if and only if there exists a trans-
lation tEtr Ix such that k2—kxt.

Proof. Sufficiency follows immediately if we multiply the equality k2=kxt
by a zero arrow z(Ehomc (0, K) on the right. Conversely, suppose that kl1z1=k2z2
where z1; z2€homc (0, K). Since Ag, Agftr kO implying that k36tr Ag, we have

k2 —kxel+ k2z20Kml+Aqz20Ke (—1).
Consequently,
k2= ki(IK-1 +z10K-1 +z20Ke(-!)),

which was to be proved.

Proof of Theorem 6. First we prove necessity. Choose by (iii) of Definition 2
K to be the unique arrow such that Of factors through k and let Of=kz'
(z'€homc (0, K)). We are going to show that kO=k ¢1+0®0Ke1+k0%O0K-(-1)
is a kernel offin Cd. It is clear that kOis an arrow in Chand fk 0=0Of0K.

Now let c6home® (C, A) be an arrow such that fc=0f0c. Then by (iii) of
Definition 2 there exists an arrow k' in ker/ such that ¢ factors through k', i.e.
c—k'x (xEhomc (C, AT)). However,

k'xOf = cOf = Of = kz'

whence by Lemma 7 k' factors through k implying that k'=k. Applying again
(iii) of Definition 2 we obtain that c¢ factors uniquely through kO, since kz'—Of=
=k0Of and thus by Lemma 7 there exists a translation i€tr Ix with kO—kt. More-
over, if c=k0x, then kO(xOc)=cOc=0f=k00f and therefore x0f=0f, i.e.
x6homc®(C, K). This completes the proof of necessity.

Sufficiency will be proved by showing that the system ker/ of arrows described
in the theorem is in fact a kernel system of /. Lemma 7 together with the fact that
tr 1K is a group immediately implies that ~ is an equivalence relation. All that
needs proof is that (iii) of Definition 2 is satisfied. Let cEhomc(C, A) such that
fc is a zero arrow and suppose that there exist arrows xIf x2Ehomc(C, K) such that
c=ktx=k2x2where Ag, k2f kerf Then k1(x10f) =k2(x20c) so that /q~Zq, implying
kx=kz2.
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Let cO=c *1+0®0Ce 1+cO0®0c *(—1). Clearly, c0is an arrow in C® and fc 0=0f,
thus c0 has a unique factorization through k0. Hence ¢ has a unique factorization

through k=kO0' I+ cO®OK*1+0®0K*(—1) and therefore through the element of
ker/ contained in the same ~ -class as k.

The proof of the theorem is complete.
The definition of the kernel system immediately implies

Proposition 8. Let ff\\om c (A, B). The kernel object off and the kernel system
off is uniquely determined up to isomorphism in the sense that if ker/S home (A, A)
and ker'/=homc (A", A) are kernel systems then there exists an isomorphism
ifEhome{K, K') and a one-to-one correspondence (p:ker'ker/ such thatfor any
KEker'/ we have kcp~ki.

In defining the cokernel of an arrow we have no difficulties.

Definition 3. Let /6homc (A, B). The cokernel of/is defined to be the coequali-
zer of/ andfzW where zEhomc (0, A) and is denoted by coker/.

It is easy to see that coker/ is independent of the choice of z. In fact, more
generally, for any zlt z2Ehomc(0, A) and u*homc (B, C) uf=u(fz1Q4) holds if
and only if uf=u(fziQ4. Indeed, a short computation shows that the first equality
implies that

ufz20A= ufzx0Az20A = ufzx0/1= wl.

Clearly, coker/ is epi and it is uniquely determined up to isomorphism.

Theorem 9. Let fEhomc (A, B) and z6home(0, A). Let us consider a choice
function ® on C such that 0®=z and Q@%&—fz. Then cokerf existsinC ifand only iff
has a cokernel in C®.

Proof. The basic idea of the proof is similar to that of Theorem 6. However,
the argument is much simpler and is therefore omitted.

One can naturally ask whether we could have defined the kernel system of an
arrow f£ homc (A, B), analogously to Definition 3, to be the set of equalizers of the
couples f fzZOA where z runs over the zero arrows in homc (0, A). Clearly, this
depends only on whether these equalizers exists at all or not. Observe that the
answer is positive in Aff-R and in Examples 2 and 3. However, Example 4 shows

that the answer is, in general, negative. All these statements follow immediately by
applying the following result.

Theorem 10. Given /Ehomc L4, B) and vvehomc (0, B) the equalizer off and
WOA exists if and only if thefollowing conditions hold:
(i) There exists an arrow z6homc(0, A) with w=fz.
(if)/ has a kernel system (with kernel object K).
(iii) There exists an arrow A6ker/ with fk=wOK such that for any z'£
€homc (0, A) with fz’—w there exists an arrow r6homc (0, K) with kv=z".
The arrow k is uniquely determined by (iii) and is an equalizer of f and wOA.

Proof. Let homed?, A) be an equalizer of / and w(H. Then for a uf
6homc (0, E) we have feu=wOAu=w, hence (i) holds. It is clear that e is the kernel
of/in C® provided 07=z and O0®=w. Thus (ii) follows by applying Theorem 6.
To prove (iii), observe thatfe is a zero arrow and therefore there exists a unique
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kf£ker/ such that e factors through k, say kx=e. Since fk is a zero arrow,
fk =fkxuO K=feuOK=wOK. Take now an arbitrary arrow z' in homc (0, A) with
fz'=w. Since fz’=w=(wOA?z' and e is an equalizer, z' factors through e, i.e. z'=ey
fora y€homc (0, E). Therefore z'—k(xy), as desired.

Conversely, suppose that conditions (i)—(iii) are satisfied. Observe first that if
k'gker/ suchthat fk'=wQK, then k'~k, ie. k'—k. Indeed, let i/Ehomc (0, K).
Then k'i/(:homc(0, A) and f(k'v')—w. Thus by (iii) k'v' factors through k whence

Nk, as required.

Now it is easy to show that k is an equalizer of/ and wOA. Let eghome (C, A)
be an arrow with fc =(WOA)c (=wOc). Since k is monic it suffices to show that ¢
factors through k. The fact thatfc is a zero arrow implies the existence of an arrow
k'Eker/ such that c factors through k ', asy c=k'd. On the other hand,fk"' is a zero
arrow, hence fk'=fk'du'0 K=fcu'0K=w0K where M'Ehomc (0, C) is arbitrary. The
observation made above implies k'—k, which completes the proof of the theorem.

Theorems 6 and 9 show that there is a close connection between kernels [resp.
cokernels] in C and in Cdg and suggest also that all concepts and basic theorems
well-known in additive or abelian categories can be carried over with minor changes
to A-categories. We mention here only those ones which will be used in the next sec-
tion.

We suppose in the sequel that C is a special A-category, a so called affine cate-
gory meaning that Cgpis abelian. Equivalently,

Definition 4. An A-category C with finite products is called an affine category
if the following conditions hold:

(i) Every arrow in C has a kernel system and a cokernel.

(if) Every epi is a cokernel of an arrow in C and every monic is contained in
a kernel system of an arrow in C.

It is easy to see that Examples 1—4 are all affine categories.

Naturally, for any arrow/ in C im / is defined to be the kernel system of coker/
while coim/ means the cokernel of k where k£ker/. Observe that coim/ does not
depend on the choice of k in ker/. Indeed, if kx, 6home(A,A) and k2=tkx
with tEtr \A then it is easy to verify that coker kx=coker k2. The proof is left to
the reader.

The canonical factorization theorem reads as follows: Let/ be an arbitrary
arrow in C. Then the image and coimage objects of/ are isomorphic, one can suppose
without loss of generality that they coincide, and there exists a unique arrow k£im f
such that/factors through k and f= k (coim/). This arrow will be denoted by im0/.

A sequence J1—B ~C inCiscalled exactat B if im/ —ker g or, equivalently,
coker/= coimg. Note that this holds if and only if the same sequence is exact in
Co where 00=/0® and Oc=gfOA. This implies immediately that the well-known
theorems concerning the exactness of certain commutative diagrams, in particular
the 3X3 Lemma, hold in affine categories (even in large ones).

5. Torsion theories. In this section we characterize the torsion and the torsion
free classes in Dickson’s sense in certain affine categories, or in Wiegandt’s termino-
logy, the radical classes and the semisimple classes in these categories.

Let C be an affine category. The definition of a torsion theory in an abelian
category (see [2]) can be literally carried over to C. Namely, a pair (T, F) of classes
of objects of C is said to be a torsion theory if the following conditions hold.
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() TDF={0}.

(1 If T—A—0 isexact with TdT then ABT.
(1) If 0—A —F is exact with FfF then AdF.
(IV) For each object X of C there is an exact sequence

0-TX *F 0
with TdT and FdF.

T will be called a torsion class and F a torsionfree class. It is easy to verify that
assuming the validity of (IV), conditions (I)—(lI11) are equivalent to

V) T and F are closed under isomorphisms and for any TdT and
homc (F, F) contains zero arrows only.

Let us introduce the following relations between the objects of C:A-<B will
mean that homC(A, B) contains a nonzero monic while A>-*B will mean that
home bl, B) contains a non-zero epi. A class R of objects of C will be called a radi-
cal class if TER holds if and only if for any BdC with A”-B there existsa C£R
such that C-<B. Dually, a class S of objects of C is called a semisimple class if
d ¢S holds if and only if for any BdC with B<A there exists a CdS suchthat
B~C.

The definition of a radical class and a semisimple class in general was introduced
in [5].

Observe that by the definitions it follows easily that a class K of objects of an
affine category C is a torsion class [torsion free class, radical class, semisimple class]
in C if and only if K is a torsion class [torsion free class, radical class, semisimple
class, respectively] in C® where @ is an arbitrary choice function on C.

We are going to give an inner characterization, using closure properties only,
of torsion classes, torsion free classes, radical classes and semisimple classes in
certain affine categories. Taking into consideration the observation made above it
is not surprising that our characterization is very similar to that of Dickson [2].
However, we impose much weaker conditions on the category C than he did.

In order to be able to describe these conditions we need some concepts and
notations. The subobjects of an object A in C will be represented by couples of the
form (A', m) where m is a monic in homc(A', A). Further, if (A', m) is a subob-
ject of A then the cokernel object of m will be denoted by A/A'. Let {(Ah mI\idl}
be a set of subobjects of A. We say that they have an element in common, in
notation: f]iAi% 0 if there exist arrows z.-ghomciO, AJ and z6homc (0, A)
such that t,r(=r (id/). The intersection of the subobjects (At,mt) of A is
defined to be the subobject (DiAj, m) if, on the one hand, there exist monies
jidbomdriiAi, Ai) (idl) making the diagram

m

) m)

commutative and, on the other hand, whenever (X,/]) is a subobject of At with
mifi=f for all idl in such a way that there are arrows M£homc (0, M) and
i>6homc (0, X) with mu=fv then there exists a monic x making the diagram

Acta Mathematica Academiae Scientiarum Hungaricae 30, 1977

FEF



364 AGNES SZENDREI

(*€/)

commutative, (x is clearly unique.) Obviously, if I1;/1; exists in C then (A ~ 0.

Note that the subobject {I'\{Ab rri) of A is the intersection of the subobjects
{At,mi) (/€/) of A in C if and only if m) is the greatest lower bound
(the intersection in the usual sense) of the subobjects (A,, 71 (i(-J) of A in G®
for a choice function (and therefore by Proposition 2 for every choice function)
® with 0EM(=«ehomc (0, 'M,), 0%-jiU and 0%=mu.

As usual, the union of the subobjects (Ait m> of A is their least upper bound,
i.e. it is defined to be the subobject (UiAit m) of A if, on the one hand, there
exist monies y)€boTc(”, u ) making the diagram

m.

A j “UA m “A
®) (7€)
commutative and, on the other hand, whenever (X,f) is a subobject of A such that
for each /£/ {A{,f" is a subobject of X with then there exists a monic

x6homc(Uinri, X) suchthat fx —m. This implies in particular that x is uniquely
determined and the following diagram is commutative:

mi

0'€l)

It is clear that both M;/1; and wu ;/ir are uniquely determined up to isomorphism.

An affine category C will be called chain- U-subcomplete if for any object A
every chain {(At, mi)\i*l} (i.e. a set ordered under the natural partial order of
subobjects) of subobjects of A possesses a union. Similarly, C is called chain- IM-sub-
complete if any chain {(Ah m™\i*1} of subobjects of an arbitrary object A in C
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with MiAi*Co has an intersection in C. Examples 1—4 are obviously both chain-U-
and chain- -subcomplete.

Furthermore, according to the terminology of Dickson, C is called subcomplete
if for any set {(Au mj)\if£l} of subobjects of an arbitrary object A the coproduct
UiAt and the product TTi(A/At) exist in C. If the existence of the latter is required
only then C is called semisubcomplete. It is clear that subcompleteness implies both
chain-U- and chain--subcompleteness. In particular, semisubcompleteness implies
the latter. Note that semisubcompleteness is a rather strong condition on affine cate-
gories, since, for instance, Example 2 fails to be semisubcomplete.

Theorem 11. Given a chain--subcomplete affine category C and a subclass

F of objects of C thefollowing conditions are equivalent.
(i) F is a torsionfree class in C.

(if) F is a semisimple class in C.

(iii) F is closed under subobjects and extensions and, furthermore, whenever
{(A;, mjp)\i£l) is a chain of subobjects of A (GObj C) such that TrAr® 0 and
A/AidF (/E/) then A/n"CF.

If, moreover, C is semisubcomplete then (i)—(iii) are equivalent to

(iv) F is closed under subobjects, extensions and infinite products.

Proof. First we show that (i) implies (ii). Let T be the torsion class corresponding
to F, i.e. (T, F) is a torsion theory in C. Observe that F is complete wyjh respect to (V).
Indeed, let 2fEC be an object such that for any TAT homc(T, F contains zero
arrows only. Since by (IV) there exists an exact sequence

O-T-A-F-0

and F—X is a zero arrow, therefore X is isomorphic to F, hence XgF, as was to be
proved. A similar argument shows that T is also complete with respect to (V).

Suppose now that yI*F. If As?0 we have nothing to prove. Let AE£F\{0}.
If B<A then by (Ill) FgF\{0} and thus B~B. Conversely, suppose that AB
gC\{0} and for any BEC with B<A there exists a CgF such that B”~C.
Consider an arbitrary arrow /Chomc (T;A), TcT. Let B be the image object of
/ and take the canonical factorization of/:

Then 0 =0, for, otherwise B<A, implying the existence of a nonzero epi ¢f_
6homc (i?, C) such that CEF and thus g(coim/) is a zero arrow, which is impos-
sible. Thus/is necessarily a zero arrow. Therefore, by the completeness of F, T AF,
as desired.

We turn to prove that (ii) implies (iii). The fact that F is closed under subobjects
is trivial. Let us consider an exact sequence

o- AL«_ o XA- o
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in C such that A, X/AfF. We are going to prove that XfF. Ifany one of A and
XIA isisomorphic to 0 then this is obvious. Suppose therefore that A, X/AfF\{0}.
Consider an object BfC with B<X, i.e. (B, g) is a subobject of X and B 0.
If (cokerf)g is not a zero arrow then the coimage object C of it is not isomorphic
to 0, consequently B”-C, where C being a subobject of X/A is contained in F. Ifin
turn (cokerf)g is a zero arrow then g factors through tf where t is a suitable trans-
lation in tr Ix:

o coker f XA 0

x4

X is obviously monic, so that BA-B with BfF. Hence by the definition of a semi-
simple class XfF, which is what we had to prove.

Instead of the third closure property we prove a stronger statement, namely we
show that whenever {(At,m”ifl} is a set of subobjects of A such that M,Jr
exists and A/AtfF (ifl), then A/OiAifF. We use the notations of diagram (7).
For brevity we write A’ for Let us take a choice function @ on C such that
TOh=0® and for all ifl y0®=0®. (If Cisa large category then in order to avoid
confusion we should consider a small full chain- M-subcomplete affine subcategory of
C containing A, A" and all At (ifl).) Clearly, we have an exact commutative dia-
gram in Ce:

A -0
r »
9) - AI - Al («'EN)e
k 3
t
i/A A /A A /A,
coker e

"} | §

* (

0 0 0

Let us consider a subobject (B,b) of A/A" with BgzO0, i.e. B< AjA". We have to
show the existence of an object CEF with B~-C. This is clear if there exists an
ifl such that (coker e/)b is not a zero arrow. In fact, in this case the image object
of (coker e/)b being a nonzero subobject of A/AtfF is suitable.

It remains to show that if every arrow (coker e/)b is a zero arrow then neces-
sarily B s 0. Obviously, we can suppose without loss of generality that b is an arrow
in Cd. It is easy to see that there are uniquely determined arrows g and coker g making
the following diagram in Ccommutative and exact:
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0 0
T 1
0 - - A A 0
g
? ! !
(10) 0o — b A —-- ——(AAIB
coker MEE
0 A/A----- - —AR)B
I » [
0 0 0

Herel/is the kernel of (coker b) (coker in) in Ccb. Letidl. Put diagrams (9) and (10)
together to yield the commutative diagram below.

) —— Sy Y —— —0

(/€1)

(AA)B

Since, by assumption, (coker ei)b=0%/A.0B, there exists a unique arrow qt with
gt(coker b)= coker et. Hence (coker m;)/ = (coker ej (coker m)f=qi(cokerb) e
*(coker m)f=qi(coker/) f=0A/AIOD implying the existence of a uniquely deter-
mined arrow/ with mif—f Clearly, f is monic. On the other hand, by the defini-
tion of A’ there exists a monic x6homc (D, A") such that mx=f This together with
the equality fg=m implies that g is an isomorphism and thus B"O, completing
the proof.

To show that (iii) implies (i) we have to repeat the reasoning of Dickson with
appropriate modifications. Suppose that F satisfies the closure properties described
in (iii) and define T to be the class of all those objects T in C for which homc(T, F)
contains zero arrows only for every jF/F. All that needs proofis that (IV) holds.
Let us consider an object A in C and take A to be the set of all subobjects (AJt mj)
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of A with A/AjZF. We can suppose without loss of generality that every ntj is an
arrow in Cd. This can be reached by multiplying each rrij with a suitable translation
on A. Then, in particular, CAAO0 and thus by (iii) and by Zorn’s lemma A has
a minimal element (A', m'). The proof of the fact that A'BT can be carried out
just as in [2].

Finally, the equivalence of (iv) and (i) follows from the characterization theorem
of Dickson [2] if we take into consideration that C is semisubcomplete if and only if
Cd is semisubcomplete and conditions analogous to (e) and (f) of Theorem 1 are
required also for all existing infinite products. Moreover, if this is the case, then
kernels, cokernels and products coincide in C and in Cd.

The proof of the theorem is complete.

Theorem 12. Given a chain-U-subcomplete affine category C and a subclass T
of objects of C thefollowing conditions are equivalent.
(i) ' T is a torsion class in C.
(if) ' T is a radical class in C.
(iii) " T is closed under images, extensions andforming the union of any chain of
such subobjects of afixed object which belong to T.

Remark. A characterization dual to (iv) of Theorem 11 does not hold in general,
even if C is supposed to be subcomplete. In fact, such characterization holds for every
torsion class of a subcomplete affine category C if and only if C is abelian. This
follows easily from the observation that for a coproduct diagram

O~kO u o io

OuO is the union of the subobjects (0,jj) (i=1,2) and OuO is contained in the
trivial torsion class only if OsOuO, i.e. if Cis abelian.

Proof. All steps of the proof of this theorem are essentially dual to those of
Theorem 11, except the one showing that a radical class is closed under forming the
union of any chain of subobjects of a fixed object. We discuss this in more detail.

Let T be a radical class in C and consider a chain {(At, mj)\idl} of subobjects
of A. We use the notations of diagram (8) and write for brevity A' for U;A(. Fur-
thermore we introduce the notation i<i' (i,if 1) to mean that (Ah mj) isa sub-
object of (Av,mv), i.e. there exists a uniquely determined monic ci%*homec (”;, Ar)
with mi.cWi=mi. In particular, if i<i'<i"™ then cr>rc-I=cr>(. Since m is
monic, the following diagram is commutative:

m.

Suppose now that for every id/, AtdT. We are going to show that A'dT. Consider
an object B with A>-+B, i.e. bdhomc (A", B) is a nonzero epi in C. If there exists
an id/ such that bjtis a nonzero arrow then the image object C of this arrow belongs
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to Tas AAC and, clearly, C<B. By the definition of a radical class this implies
that A'€T.

It remains to prove that if bj, is a zero arrow for all r£/ then, necessarily,
Bsi0. Observe first that every j\ (i£l) factors through the same arrow k in ker b.

m

Indeed, if i,i'El and, say, i<i', then kfv—jv implies k(f>ci’i*)=jt. On the
other hand, since A" is the least upper bound, there exists a monic xEhomc (A', D)
with (mk)x=m. Thus « is an isomorphism implying that li=cokerk is a zero
arrow and thus 6=0. This completes the proof of the theorem.

I am very grateful to Professor R. Wiegandt for posing me the problem of
characterizing the torsion theories of affine modules and for his kind help in the
preparation of this paper.
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A N INTERSECTION PROBLEM FOR FINITE SETS

By
P. FRANKL (Budapest)

1. Introduction. Let X be a finite set of cardinality n and t a positive integer.
Define the following families of sets:

a) for n+t=2s let (F(n, t) = {F&X\\F\"s),

b) for n-\-t=2s+\ let F(n,t) = {FCXW\Fr\(X—x)\"s}, where x is some
particular element of X.

Katona [2] proved the following:

Theorem 1 Let 3F be afamily of subsets of X and suppose thatfor Fx, F*3F
we always have [ F2A"t. Then \.F\* [F(n, t)\, and if t*2 then equality can
hold only in the case ,F=.F (n, t).

In [1], Erass raised the problem to determine the maximum of \SR if we assume
only \Prl"\F ~t—1. As he remarks the case t—1 coincides with that case of
Theorem 1.

The aim of this paper to solve this problem for t=2. We prove the following:

Theorem 2. Let F be afamily of subsets of X. Assume thatfor any FIt FA.F
either or F1(TT2=0 holds, t*2. Then \F\*\F(n, i)|+1 with
equality holding if and only if F=F (n, t)U {0}.

2. The proof of the result. Katona’s proof of Theorem 1 relied upon the fol-
lowing.

Theorem 3 (Katona [2]). If 1 and g+t*h (g, h, t are integers, and
sd is afamily of h-subsets of X such that any two members of sd intersect in at least t
points. Then

where sae={B\\B\=g, BczA).

Moreover, equality holds in (1) only if for some (2h—/)-subset Y of X we have
st={A<zY\\A\=h).
We need the following generalization of Theorem 3:

Theorem 4. Let g, h, t be integers satisfying the assumptions of Theorem 3.
Let sd be afamily of h-subsets of X such thatfor any A, A’ either \AfJA"\"'t
or ATMA'—0 holds. Then (1) holds. Moreover, equality is possible if and only iffor
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some r there are r pairwise disjoint (2h-t)-subsets, Yx, ..., Yrj=X such that si=
= {AW\A\=h, si, \=i"r such that AczYj.

Proof of Theorem 4. Let six be a maximal collection of members of si such
that the members of sixhave pairwise non-empty intersection. If si=six then the
assertion follows from Theorem 3. If si—six is a non-empty family of subsets
of X then let si2be a maximal collection of members of it such that any two members
of si2 have pairwise non-empty intersection, and so on. After a finite number,
say g, of steps we arrive at a partition si=sijd... Usiq such that for any 1=i=q,
and A,A'Esit we have AC)A'0 0 whence by the assumptions of the theorem
\AfJA'\"t. Thus the assumptions of Theorem 3 are satisfied for sitforany 1"i"q.
We assert that for 17i< j*q

@) sifDs/]=0.

If (2) is not true then we can find a g-set B and two sets Ax, A2 such that AOsit,
Az£Esij, AXZ)B, A2zdB. By the maximal choice of s/t there exists a member A3 of
si( suchthat A2IMA3=0. This implies BMA3=0 whence it follows JAL1(jA3"
SNAX—B\< t, a contradiction.

Using (1) for the sijsit follows from (2):

o, -4 e YD (V)

proving (1). If we have equality then for each i 3F;c:A, \Y?\=2h—t, si~
= {AczYi\A\=h}. Now FTMF-=0 for 1ni<j*q follows from the assumptions.
Q.ed.

Now we turn to the proof of Theorem 2. Let 3F{denote the family of /-subsets
in 3F.
We assert that for t"is(n +t—1)/2

The contrary would mean that there exist two sets F, F' in J5'such that |F|=z,
\F'\-n—i+t—1 and F has an (i—i+l)-element subset G=X—F', but then
a contradiction. Hence

REL L\

Using Theorem 4 we obtain

Tl B SR ) st tl),
yielding

©) W +K-it.-ll * (,,-j+, 1)
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with equality holding if and only if #7 =0, #'n;+,_1={Tc2ar[[#]|=w —i+ f-1},
unless i=(n+t—1)/2 in which case (3) yields

n
n+t-1

n—1

(4) I"Ol +f-ltysl — n+t-1
n—t+ |1

with equality holding if and only if for some x£X we have
={fc (AT-*)||F|- ~_L }.

We also have the following trivial inequalities:
(5) [*b|SI, [#*|sO for 1SiSf-1.

Suppose now that n+ f=2s. Then summing up the inequalities (5) along with the
inequalities (3) we obtain

e I+2 Db

with equality holding if and only if 3P=SF(n, t)U {0}. In the case n+t=2s+1
we replace the inequality (3) by the inequality (4) in the case i=s, then the summation
yields:

with equality holding if and only if 3F=SF{n, t)U {0}, g.e.d.
Theorem 2 suggests the following

Conjecture. Let t and t' be non-negative integers, t'<t. Let 3F be a family of
subsets of X such that for any F, Gg#" either \FC'\G\<t' or |[FDG\"t holds.
Then for n>na(t) we have

[#1 =1#Yn, /)U{FcX||F| < .

Theorem 1 corresponds to the case t'=0, and Theorem 2 to the case t'= 1 of the
conjecture.
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