
ACTA
M A T HE M A T IC A

A C A D E M I  AE SCI  E N T I  A R U M  
H U N G A R I C A E

A D I U V A N T I B U S

Á. CSÁSZÁR, P. E R D Ő S, L. FEJES TÓTH, G. F O D O R , A. HAJN A L, 
L. L E IN D L E R , R Ó ZSA  PÉTER, A . R A PC SÁ K , L . R É D E I,

B. SZ .-N A G Y , K. T A N D O R I

R E D I О I  T

G. ALEXITS

C O R R E D A C T O R

J. SZABADOS

TOMUS XXVIII FASCICULI 1—2

A K A D É M IA I K IA D Ó , B U D A PEST 
1976

ACTA MATH. HUNG.



ACTA M ATHEMATICA
ACADEMIAE SC1ENTIARUM HUNGARICAE

A MAGYAR TUDOM ÁNYOS A K A D ÉM IA  III . OSZTÁLYÁNAK 
M ATEM ATIKAI K Ö ZLEM ÉN Y EI

SZERKESZTŐSÉG: 1053 BUDAPEST, REÁLTANODA U. 13—15.

KIADÓHIVATAL: 1363 BUDAPEST, PF. 24.

Az Acta Mathematica angol, német, francia és orosz nyelven közöl értekezéseket a matematika 
köréből. Váltakozó terjedelmű füzetekben jelenik meg, több füzet alkot egy kötetet. A közlésre szánt 
kéziratok a szerkesztőség, minden más levelezés a kiadóhivatal címére küldendő.

Megrendelhető a belföld számára az Akadémiai Kiadónál (1054 Budapest, Alkotmány u. 21. 
Bankszámla 215-11488), a külföld számára pedig a Kultúra Könyv és Hírlap Külkereskedelmi Vál
lalatnál (1011 Budapest, Fő utca 32. Bankszámla 218-10990), vagy annak külföldi képviseleteinél 
és bizományosainál.



ACTA
MATHEMATICA

A C A D  EMI  AE  S C I E N T I A R U M  
H U N G A R I C A E

A D I U V A N T I B U S

Á. CSÁ SZÁ R , P. E R D Ő S, L. F E JE S  TÓTH, G. FO D O R, A. H A JN A L, 
L. L E IN D L E R , R Ó ZSA  PÉTER, A. RAPCSÁK, A. R ÉD EI, B. SZ.-N A G Y ,

K. T A N D O R I

R E D I G I I

G. ALEXITS

C O R R E D A C T O R

J. SZABADOS

TO MUS XXVIII

A K A D É M IA I K IA D Ó , B U D A PEST 

1 9 7 6

ACTA MATH. HUNG.





INDEX

TOMUS XXVIII

Balázs, Catherine, Approximative representation of Fourier tran sfo rm ...............................
Basu, A. К., On the rate of convergence to normality for sums of dependent random variables
Beesack, P. R., On integral inequalities of Bihari t y p e ..........................................................
Bell, H. E., Some commutativity results for periodic rings ..................................................
Beyl, F. R. and Hanna, A., Ext(., Z)-reprod uced abelian groups are f i n i t e ...............................
Bican, L., Corational extensions and pseudo-projective m odules...........................................
Boisen, M. B. and Sheldon, P. B., A note on pre-arithmetical rings ...................................
Dinh Van Huynh, Über einen Satz von A. Kertész ..............................................................
Dube, К. К. and Upadhyay, М. D., Almost contact hyperbolic-(f,g, rj, £) structure . . . 
Edenhofer, J., Cauchy’sche Integralformeln analytischer Funktionen auf Algebren . . . .  
Endl, K., Eine Bemerkung zum Satz von Favard über orthogonale Polynomsysteme . . .
Feigner, U., Einige gruppentheoretische Äquivalente zum A uswahlaxiom ...........................
Fenyő, I., Remark on a paper of C. T. N g .............................................................................
Finkeistein, H., Numerical relationships in direct products of groups ...............................
Folledo, M. and Vincze, I., Some remarks to a paper by E. Csáki and G. Tusnády on the

ballot th e o r e m ....................................................................................................................
Gardner, B. J. and Stewart, P. N., Reflected radical c la s s e s ..................................................
Гохберг, И. Ц. и Хайниг, Г., Результантная матрица и ее обощения....................................
Хайниг, Г. и Гохберг, И. Ц., Результантная матрица и ее обощения..................................
Halász, G., Remarks on the remainder in Birkhoff’s ergodic theorem ...............................
Halász, G. and Székely, G. J., On the elementary symmetric polynomials of independent

random v a ria b le s ................................................................................................................
Hall, R. R., Note on a theorem of Pólya and Catherine Rényi ...........................................
Hanna, A. and Beyl, F. R., Ext(.,^-reproduced abelian groups are finite .......................
Hauger, G., Aufsteigende Kettenbedingung für zyklische Moduln und perfekte Endomor

phismenringe .......................................................................................................................
Heppner, E., Über ein Problem von J. M. Ash, P. Erdős und L. A. R u b e l ...............................
Xo Txo Kay и Киш, О., Исследование одного интерполяционного процесса. I I I .............
Хо Тхо Кау и Киш, О., Об одном методе приближения непрерывных периодических функций

тригонометрическими многочленами .......................................................................
Хо Тхо Кау и Киш, О., Об одном методе приближения непрерывных функций многочленами
Indlekofer, К.-Н., Automorphismen gewisser Funktionenalgebren. II ...............................
Janowitz, M. F., On the „del” relation in certain atomistic lattices ...................................
John, K. and Zizler, V., A note on renorming of Banach spaces decomposable into certain

operator ra n g e s ............................... ... ................................................................................
Kaya, A., On a commutativity theorem of L u h ......................................................................
Киш, О. и Хо Тхо Кау, Исследование одного интерполяционного процесса. III ...............
Киш, О. и Хо Тхо Кау, Об одном методе приближения непрерывных периодических функ

ций тригонометрическими многочленами ........................................................................
Киш, О. и Хо Тхо Кау, Об одном методе приближения непрерывных функций много

членами .................................................................................................................................
Leavitt, W. G. and Watters, J., Special closure, M-radicals, and relative complements . .
Ligh, S. and Luh, J., Some commutativity theorems for rings and near rings ...................
Lovász, L., On some connectivity properties of Eulerian g r a p h s ...........................................

153
261

81
279
267

5
257

73
1

285
359

13
301

41

177
293
189
189
389

397
69

267

275
299
157

367
401
305
231

247
33

157

367

401
55
19

129



Luh, J. aad Ligh, S., Some commutativity theorems for rings and near rings ...................  19
Luh, W., Kompakte Summierbarkeit von Potenzreihen im Einheitskreis ...........................51
Luh, W. and Schroeter, G., On the absolute convergence of lacunary orthonormal series . 89
Mader, A., Finite order extensions of a primary group by a torsion-free group .............. 335
Mathur, К. K. and Saxena, R. B., The rapidity of convergence of quasi-Hermite— Fejér in

terpolation po lynom ials ........................................................................................................343
Mishra, В. P. and Singh, D., Note on a theorem of Bosanquet ...........................................225
Moór, A., Über allgemeine Übertragungstheorien in metrischen Linienelementräumen 321 
Náthámon, M. В., Difference operators and periodic sequences over finite modules . . . 219 
Petrushev,P. P., On the rational approximation of functions with convex r-th derivative . . 315
Rachünek, J., On extensions of orders of groups and r i n g s .................................................. 37
Saxena, R. B. and Mathur, К. K., The rapidity of convergence of quasi-Hermite—Fejér in

terpolation p o ly n o m ia ls ........................................................................................................343
Schipp, F., On the dyadic d e riv a tiv e ............................................................................................145
Schroeter, G. and Luh, W., On the absolute convergence of lacunary orthonormal series 89
Sheldon, P. B. and Boisen, M. B., A  note on pre-arithmetical rings ...................................257
Shores, T. S., A  topological criterion for primary decomposition .......................................383
Singh, D. and Mishra, В. P., Note on a theorem of Bosanquet .......................................... 225
Smyth, C. J., Some inequalities for certain power sums ......................................................271
Stewart, P. N. and Gardner, B. J., Reflected radical classes .............................................. 293
Sultan, A., Hausdorff compactifications and Wallman s p a c e s .......................................... ...  253
Swaminathan, V., A  note on the Valiron method of summability .......................................211
Székely, G. J. and Halász, G., On the elementary symmetric polynomials of independent

random v a ria b le s ...................................................................................................................397
Сюн, А., Группы кобордизмов /-погружений. I I ..........................................................................93
Tandori, К., Über die Lebesgueschen F u n k tio n e n .....................................................................103
Tandori, K., Weitere Bemerkungen über die Konvergenz und Summierbarkeit der Funktio

nenreihen ...............................................................................................................................119
Tippenhauer, U., Über eine Klasse von L-Spline-Funktionén .............................................. 241
Upadhyay, M. D. and Dube, К. K., Almost contact hyperbolic-(/, g, rj, {) structure . . . .  1
Úry, L., On relative universal embedding spaces .....................................................................181
Vértesi, P., On a problem of J. Szabados................................................................................. 139
Vértesi, P., Comparison of Lagrange- and Hermite—Fejér interpolations.......................... 349
Vincze, I. and Folledo, M., Some remarks to a paper by E. Csáki and G. Tusnády on the

ballot th e o r e m .......................................................................................................................177
Watters, J. and Leavitt, W. G., Special closure, M-radicals, and relative complements . . .  55
Woodall, D. R., Maximal circuits of graphs. I ...........................................................................77
Yahya, S. M., On cogenerators in abelian g r o u p s .......................................................................25
Zizler, V. and John, K., A  note on renorming of Banach spaces decomposable into certain

operator ra n g e s .......................................................... 247



ALMOST CONTACT HYPERBOLIC-(/, g, ч, 0  
STRUCTURE

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 28 (1—2), (1976), 1—4.

By
M. D. UPADHYAY and К. K. DUBE (Lucknow)

1. Introduction. Let us consider an л-dimensional (n = m + l )  real differentiable 
manifold Vn of class C°°. Let there exist a C°° function F, a contravariant vector 
field t] and a 1-form £ which satisfy the following conditions:

(l.l)a p x = x + a x ) r i
for an arbitrary vector field X.

(l.l)b
_def
X -  F(X),

(1.2) t(4) =  - 1 ,

(1.3) fj — 0
and
( 1 . 4 ) Z(X) = o .

Let g be the Riemannian metric tensor such that

(1.5) g(X, Y) -  -g (X ,  Y)^Z(X)Q(Y).

The manifold Vn satisfying all the conditions from (l.l)a to (1.5), yields a hyperbolic 
structure. We call it as a hyperbolic almost contact-(/, g, t], £) structure.

Let N  be the Nijenhuis tensor [2] then,

(1.6) N(X, Y) =  [ /X , fY]  +p[X, Y ] - f [ X , f Y ] - f [ f X ,  Y].

By virtue of (1.1) and (1.6), we get

(1.7) N(X, Y) = [fX,fY]  + [X, Y ] - f [ X , f Y ] - f [ f X ,  Y] + Z([X, Y])r,.
Let

(1.8) F(X, Y) = g ( f X ,  Y).
Then from (1.8), (l.l)a and (1.5) we have

(1.9) F(X, fY ) =  g ( f X , f Y )  = -g (X ,  Y )-Z(X)Z(Y)  = - F ( f X ,  Y).
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2 M. D . UPADHYAY AND К . К. DUBE

From (1.1), (1.9) and (1.5) we have 
(1-10) F ( f X , f Y )  = g ( X J Y )  = —g( fX ,  Y) = — F(X, Y).
Thus we have

Theorem 1.1. F(X, Y) is hybrid in both the slots X  and Y.
By virtue of (1.1), (1.5) and (1.8) we can show that

(1.11) F(X,Y) = -F (Y ,X ) .
Thus we have

Theorem 1.2. The tensor F  o f type (0,2) is skew-symmetric in X and Y.

Let X=rj, then from (1.5) and (1.3) we get
(1.12) gin, Y) = -g in , У )-« (ч )« Г ) 
which yields
(1.13) girl, Y) =  f  (У).
When X=rj, from (1.8) we get
(1.14) Fit), Y) = 0.
From (1.13) we have
(1.15) gin, F) =  0.

2. Some results. Theorem 2.1. Let

(2.1) PiX, Y) =  [ fX , fY]  - f [ X , f Y ] 
then
(2.2) f P i X J Y ) =  f [ fX ,  Y] + / ( {  (Т) [fX, ní) -  [X, T ]-£ (F ) [Z, n] - 1 W , F]) >1 ~

- f ( Z (Y)[X,ní)n
and
(2.3) PiX, Y ) - f P i X J Y ) =  ЩХ, Y) - /(£ (У )( /Г , n]) + Z(Y)[X, n] +

+  Z(Z(Y)lX,T,])tb

Proof. The proof of (2.2) and (2.3) follows easily by means of (2.1) and (l.l)a. 

Corollary 2.1. We have

(2.4) PiX, n) = ЩХ, n) + f[ fX ,  17] -  É i[X, n]) П -  [X, nl

Proof. Putting Y=n in (2.3) and by virtue of (1.2) we get (2.4) .
Theorem 2.2. Let

(2.5) Q iX, Y) =  [f X J Y ] -  f [ f X ,  Y]

Acta Mathematica Academiae Scientiarum Hungaricae 28, 1976



ALMOST CONTACT HYPERBOLIC-С/, g, íj, í) STRUCTURE 3

then

(2.6) fQ ( fX ,  Y) =  / [ X / n + Z ^ W ^ y T ] ) -
-  [X, Y] -  £(IX, Y])rj — £(Z )ű ,, У]) -  £(£(X)[r,, Y])4

and
(2.7)

Q(X, Y) —fQ ( fX ,  Y) = N(X, Y)-f(Z(X)[r, , fY]) + Z(X)[ti, Y] + ̂ ( X ) ( r , ,  Y])r,.
Proof. Proof of (2.6) and (2.7) follows immediately in consequence of (l.l)a 

and (2.5).
Theorem 2.3. Let

(2.8) H(X, Y) =  [ fX,fY]  +  [X, Y] 
then

(2.9) fH ( fX ,  Y) =  f[X,  f Y ]  + / (£ (X) fo, /У]) +f[ fX ,  Y] 
and
(2.10) H(X, Y ) - f H ( f X ,  Y) = N(X, Y ) - f ^ (X )[r , , fY ] ) -^ ( [X ,  Y])V.

Proof. (2.10) and (2.9) follows easily by using (2.8) and ( l .l )a .

Corollary 2.2. We have
а) Н(ц, Y) =  N(r,, Y)+f[r1, fY]  -  £((4 , Y])r,.

(2.11) b) H(X, r,) - f H ( f X ,  4 ) = N(X, n) -  f ([X, 4 ]) r,.
c) Q(rj, Y) = N(r,, Y) +f[r,,/Y] -£(fo, Y])r, -  [rj, У].

Proof. The proof is obvious.
Theorem 2.4. We have

(2.12) f N ( / X ,  Y) + N(X, Y) =f(Z(X)[r1, fY])- l;([fX,fY])r1-

- Z (X ) l»f, У ] - €(<;(*) [«MTb
(2.13) f N ( f X , i )  + N(X,tj) = 0 
and
(2.14) N(ti, Y) =  fe, У] + £([*/, ЗТ)«|-ЛЧ,Л1.

Proof. From (1.7) and ( l .l )a  we have

(2.15) fN ( f X ,  Y) = f ( X J Y ]  -  [ fX J Y ]  -  [X, Y] +f[fX,  У] —
-  ( ([X, У]) rj + /({  (X) [r,JY]) -  Z ([fX, fY]) r, -  í  (X) fr, Y] -  £ ({ (Z) [ч, У]) ц +

+ f{ f ( [ fX Y ] ) %
which with the help of (1.7) yields (2.12).

The proof of (2.13) and (2.14) follows at once by virtue of (1.2), (1.3) and (2.12).

1* Acta Mathematica Academiae Scientiarum Hungaricae 28, 197ft



4 M. D. UPADHYAY AND К. К. DUBE

3. Affine connection. Let D be an affine connection in F„ and let a vector valued 
bilinear function S be its torsion tensor, so that

S(X, Y) =  Dx Y - D yX -[ X ,  У].
Here and in what follows square brackets [ ] stand for Lie brackets.

The affine connection D satisfies the following properties:
a) Dx t] = f X ,

(3.1) b) Dxf Y  = DYf X + f [ X ,  Y] + Xq (X) -  Y£ (X), 
c) (Dx O(Y) + (DyO(X) = 0.

From (3.1)b we get the following 
Theorem 3.1. We have

(3.2) DfXf Y -  DyX  =  f [ /X ,  Y] + f(Y)  £ (X) +Д Х ) Ц (У) + r,Y(Z (X)),
(3.3) DXY — Dj-yfX =  f [ X J Y ]  - f ( Y )  Ц (X) -Д Х )  ( (Y) + r\X($ (У)),
(3.4) fD xf Y - f D y f X  = [X,Y] + Z([X, У]) r, +f(X) t  (У) —f(Y)  f(X).

Proof. The proof follows easily.
Theorem 3.2. We have

N(X, Y) = £ ([X, У]) r, + tiYtf (X)) + r,X(Z (X)).
Proof. The proof follows from (3.2), (3.3) and (1.7).
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CORATIONAL EXTENSIONS 
AND PSEUDO-PROJECTIVE MODULES

By
L. BICAN (Praha)

1. Introduction

The restricted injective envelopes with respect to various types of preradicals 
have been studied by many authors (see e.g. [2], [6], [8], [10]). In the second paragraph 
we shall dualize this notion for a class of preradicals and we shall state its basic 
properties. In § 3 we restate some results of [5] with very simple proofs and we 
improve a theorem from [4]. In the final section we dualize the notion of pseudo-injec
tive modules (see [3], [13]) and we give some alternative characteristic of such modules.

All the rings considered below will be associative with identity and all modules 
will be unitary left А-modules. The category of left Л-modules is denoted by RJi.

A preradical q for KJ l  is any subfunctor of the identity, i.e. q assigns to each 
module M  a submodule q(M) in such a way that every homomorphism M —A 
induces q(M)->-q(N) by restriction. A preradical q is said to be idempotent if g2=g 
and is called a radical if e(M/e(Ai))=0. For a preradical q, a module M  is called q- 
torsion if q(M )= M  and ^-torsion-free if o(M)=0. For two preradicals q, a we shall 
write if o(M)f)a(M)  for every M 6R.//.

Recall that a submodule К  of a module M  is said to be small in M  if K + M '  — 
=M, M'  a submodule of M necessarily yields M' — M. A short exact sequence O^K-» 
—Р-+М-+0 is called a projective presentation of M  if P is projective and it is 
called a cover of M  if К is small in P and it is called a projective cover of M  if it 
is both projective presentation and a cover of M  (see [1] for details). A module is 
said to be cocyclic if it has essential simple socle.

2. ^-projective modules and covers

D efinition 1. Let q be a preradical for R.M. A module A is said to be o-projective 
if for every diagram

0 К

A
I V

M  -  о

with exact row and К  g-torsion-free there exists ij/:A^-L such that \f/n = (p.
Proposition 1. Let q be a preradical for R.,M and A a Q-projective module. I f  A' 

is a Q-torsion submodule of A then Л/А- is q-projective.

Acta Mathematica Academiae Scientiarum Hungaricae 28, 1976



6 L. BICAN

Proof. Let us consider the following diagram

: U
j A
I i ■ ;

o -  & -L £  Л M -*  0

with exact row, К  ^-torsion-free and A, a the natural embedding and projection, 
respectively. By hypothesis, there exists or. A-+L with а.к=аср. a induces ß : A'-*К 
with Aa=ßi and ß —О since A' is 0-torsion and К  is g-torsion-free. Hence there 
exists Ijr. AU'-+L with en// =a. Consequently, <7фп=ап = а(р and фп=(р, a being an 
epimorphism.

D efinition 2. A preradical 0 for KJ t  is said to be cohereditary if the class of 
0-torsion-free modules is closed under homomorphic images.

Lemma 1. I f  q is a cohereditary radical for K,M then the class of Q-torsion modules 
is closed under covers.

Proof. Let 0-*K^L-+M-+Q be a cover of M, g(M)—M  and let q(L) =  L '£ L . 
Then l/(l'+k) is 0-torsion-free as a homomorphic image of LlL, and it is 0-torsion as a 
homomorphic image of L/K = M. Hence L' + K=L, contradicting the fact К  is 
small in L.

D efinition 3. Let 0 be a preradical for RJi. A short exact sequence 0 -~A'-*A 
-*-M-^0 is said to be a 0-projective cover of M  if

(1) A is a 0-projective module,
(2) A' is small in A,
(3) no factor a/A", 0 a A"QA' is 0-projective.

Theorem 1. Let q be an idempotent radical for RJI. I f  a module A has a projective 
cover then it has a g-projective cover which is unique up to isomorphism over the 
identity on A.

Proof. Let 0-+N—P-+A--0 be a projective cover of A and let X=g(N).  
We claim that 0-*N/x -+p/x -*A-+0 is a 0-projective cover of A. p/x is 0-projective by 
Proposition 1 and N/x is clearly small in p/x . Suppose that is 0-projective
for some 0 x T/x ^ N/x . In this case the exact sequence 0-^T/x ^ pIX-*F/r ->0 must split 
since T/X<= N/X is 0-torsion-free. This contradicts the fact T/x is small in ' j x . Now we 
proceed to the uniqueness. Suppose in the following diagram the exact rows are two 
0-projective covers of M.

0 - + Ä ^ A  - A f -  0
: <?

Acta Mathematica Academiae Scientiarum Hungaricae 28, 1976



CORATIONAL EXTENSIONS AND PSEUDO-PROJECTIVE MODULES 7

By the property (3) of Definition 3 and by Proposition 1, A[ is o-torsion-free. There
fore the homomorphism cp: A-+A1 with (pn1= л exists and it is in fact an epimorphism 
since A\ is small in A±. Now Ker срЯ^А' as is easily seen and А!к„ю = A1 is o-projective 
and Ker <p=0 by (3) of Definition 3.

Theorem 2. Let g be an idempotent radical for K.M, let 0-+L^N-+M —0 be any 
cover o f M  with L Q-torsion-free, O—K^-P—M-^O be a projective cover o f M  and 
X = q(K). Then

(i) there exists an epimorphism p/x~+N over the identity on M,
(ii) any epimorphism N  -£■ p/x over the identity on M is necessarily an iso

morphism.
Proof, (i) In the diagram

0 -  K/x  -  Plx -  M  -  0
\<pI II

0 -  L  -  Л Г - Л Т - 0

the homomorphism cp with (pa—л  exists since p/x is o-projective by Proposition 
1 and L  is g-torsion-free. Further, Im cp+L=N yields Im <p=N, L  being small in N.

(ii) Consider the following commutative diagram

U
1

0 - L -  N  - M  - 0
i/'И f II

0 - к/lx -  P/x - M  -* 0
tН/IX

where ij/ is a given epimorphism, cp is the epimorphism constructed in the part (i), 
H/x =Ker <p, t/=K er ф. Suppose 0. Then clearly UQL, H/x = K/x and N/y = p/x , 
p/h^ pIx/hIx ^ N .  Under the last isomorphism U corresponds to G/H and it is an 
easy exercise that XQHQGQK.  But then Plx/aix = P/G^  PV °/H = N/u — P/x is 0-pro
jective contradicting the definition of e-projective cover (and the fact p/x is a p-pro- 
jective cover of M).

3. Corational extensions

For a module M  let us put gM(N)= Im/. It is easily seen that
/ 6  H orn r (M,N)

qm is an idempotent preradical for R-M. For a preradical g we denote by g the smallest 
radical containing g (see. e.g. [10] for the construction and details). It can be easily 
checked that for a projective module P, gF is an idempotent cohereditary radical.

Proposition 2. Let A be a module having a projective cover 0-+К-+Р—А —0. 
Then a module M is qp-torsion-free iff its every factor is gA-torsion-free.
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Proof. If M  is ű'’-torsion-free then every factor of M  is {И-torsion-free since 
qp is cohereditary and qp^ qa. Conversely, let every factor of M  be ^-torsion-free 
and let cp€HomR(P, M). Then cp induces ^ :^  = р/к-*-<г>(г>)/«.(к) = м/ч>(к) and 
cp(P) = (p(K), since <p=0 by hypothesis. Hence Ker (p + K = P  and <p=0, К  being 
small in P.

Now we are in position to show that some of the results of § 2 in C ourter [5] 
are simple corollaries of the preceding theory. In our terminology (compare with 
Theorem 1.1 of [5]), the short exact sequence 0-^L-<-N—M-*0 is a corational 
extension by M  if every factor of L  is g^-torsion-free, and it is a maximal corational 
extension by M  if every corational extension 0-^L '—N'-*M -*0  satisfies the following 
conditions:

(i) There exists an epimorphism qr. N -»N ' over the identity on M,
(ii) every epimorphism cp: N'-+ N  over the identity on M  is necessarily an 

isomorphism.
Lemma 2. Let 0 —ЛГ—.Р—M-*-0 be a projective cover o f M  and 0—L —N —M-+0 

a corational extension by M. Then
(i) L is small in N,

(ii) qp{L) = 0.

Proof, (i) (See [5], Theorem 2.3.) If B ^ N ,  L + B = N  then the composed homo
morphism N -*n/b^ l /l пв is non-zero, contradicting the corationality.

(ii) Since qn^ qm, every factor of L  is gM-torsion-free and it suffices to use 
Proposition 2.

Theorem 3. (See [5], Theorem 2.12.) Let 0-*K-+P-»M->-0 be a projective cover 
o f M  and X = g p (K). Then 0 -*K/X -*Ptx -+0is a maximal corational extension by M.

Proof. Follows immediately from Proposition 2, Lemma 2, Theorem 2 and the 
simple fact that 0-*X-*P-*p/x -^0 is a projective cover of p/x -

Now we are going to generalize Proposition (2F) from [4]. Recall that a module 
M  is corationally complete (see [4]) if for every exact sequence 0—V->-N^-N/v -»0 
such that every factor module of V is {^-torsion-free the induced homomorphic 
Н отя (М, N) —Н о тк(Л/, N/v) is onto.

Theorem 4. Let M  be a module having a projective cover 0-i-K-+P-+M-*0.

Then the following conditions are equivalent:
(i) M  is corationally complete.
(ii) M  has no proper corational extension.
(iii) ep(K)=K.
(iv) M  is qp-projective.

Proof, (i) =>-(ii) Let M  be corationally complete and let 0—L->-N-+M-~0 
be a corational extension by M. By Lemma 2 qp(L)=0 so that every factor of L is 
ßM-torsion-free and hence 0-+L-+N—M-+0 splits. Therefore L = 0, L being small 
in N  by Lemma 2.

(ii) =>- (i) qp(K)—K  since there is no proper corational extension by M  and M  
is {^-projective by the proof of Theorem 1. Now it suffices to use Proposition 2.
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(ii) =>(iii) follows by Theorem 3, (iii)=>(iv) by the proof of Theorem 1 and 
(iv) => (i) by Proposition 2.

Theorem 5. A direct sum o f a finite number o f  corationally complete modules 
having projective covers is corationally complete.

Proof. It clearly suffices to consider two modules MX, M 2 with projective 
covers О - ^ К ^ Р ^ М ^ О ,  i= 1,2. It is well-known (see [1]) that 0-^Kx®K2-* 
^ P 1®P2^ M i ® M 2—0 is a projective cover of M 1 ®M2. Further =
= eMl(N) + QMz(N) since Horn R(MX®M2, IV) ss Horn R(MX, N)©Horn R(M2, N). 
Now

Qp^ pf K 1® K 2) =  врг ^ ( К г) ® д р^ Ч К 2) =  (QpfiK,) + epfKf i)®
8  (ep> (K2) +  ep* (Kfi) =  к г ® к 2

and it suffices to use Theorem 4.
Remark. The converse does not hold in general, since for a projective generator 

P and every module M, P®M  is corationally complete.

4. Pseudo-projective modules

Proposition 3. The following conditions for an idempotent preradical q for 
RJlare equivalent:

(i) Q is a radical,
(ii) Q = Q,

(iii) the class o f д-torsion modules is closed under extensions.
Proof. Obvious.
Theorem 6. Let A be a module having a projective cover 0^-K-*-P-~A—0. 

Then the class of qA-torsion-free modules is closed under factors iff qa = qp.
Proof. qa and qa clearly have the same classes of torsion-free modules so that it 

suffices to use Proposition 2.
D efinition 4. We shall call a module A pseudo-projective with respect to the 

epimorphism о : B ^ C  if for every (Ы /: A-~C there are cp: A —A an d /: A —В such 
that 0A(pf~jb. A is called pseudo-projective if it is pseudo-projective with respect 
to all epimorphisms.

Theorem 7. Let A be a module having a projective cover 0-+K-*-P-~A-+0. 
Then the following conditions are equivalent:

(i) A is pseudo-projective,
(ii) A is pseudo-projective with respect to all epimorphisms P' -*C with C cocyclic 

and P' projective,
(iii) for every module B, every epimorphism о: B-+C with C cocyclic and every 

non-zero homomorphism f:  A-»C there exists f: A-+B such that ja 7̂ 0,
(iv) qa = qp,
(v) qa is a cohereditary radical,

(vi) gA(P) = P,
(vii) P is a homomorphic image o f some direct power o f A.
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Proof, (i) => (ii) is trivial.
(ii)=>.(iii) Let cr: B ^ C  be an epimorphism with C cocyclic and let 0 ^ / :  A-+C 

be arbitrary. Let n : P ' —C be any projective presentation of C and consider the follo
wing diagram

e- P ' J - A
id ©

The homorphism q: P'-*B  with go — n exists by the projectivity of P'. By hypo
thesis there exist cp: A-*A and / :  A -»P ' such that 0y^(pf=fn. Hence Jqo =Ju7±0 
and we are through.

(iii) =>(iv) Since qa ̂  gp, we can suppose gA (M) = M1 f M 2 = gp (M) for some 
module M. Then M/Ml has a factor which is not ^H-torsion-free, for otherwise it would 
be ^-torsion-free by Proposition 2, contradicting ор(м*/м1) = Мг1м1А0. Hence there
is М ^ М з  with gA (М/Мз) =  MiImz A 0. Taking x£Má — M 3 arbitrarily we choose N  ma
ximal with respect to x$N ,  MSQN. Then we have an epimorphism a: M i -*M*/N with 
mVjv cocyclic (as easily seen) and there is OAf: A -+M*/N since M*/N is e^-torsion. 
By (iii) there is /: A-^M4,faA0,  contradicting the fact qa (M)=M1.

(iv) =*(v) is trivial.
(v) =>(vi) Suppose QÄ(P)=P’(f P .  The natural map A ^ P/K̂ P/(K+P,) must be 

zero, since gA(p/(K+P-,)=0. Hence K + P '= P  yields a contradiction with the fact К  
is small in P.

(vi) => (vii) By the well-known properties of direct sums there exists a (unique)
homomorphism ф: 2  Af -+P with 1/Ф = f  where Af  ^  A and if : Af  —

/ £ Н о т к (Л,Р)

— 2  A f 's the canonical embedding, ф is an epimorphism since qa(P) = P.
/ €  H om R(i4, P)

(vii) =>(i) Consider the diagram
В ---- -̂----7
»I
С £  А P t  2  Ax li- Ax к  A

Д€Л

where a : В C is an arbitrary epimorphism, 0 Af'. A — Cis an arbitrary homomorphism, 
0 K —P — A —̂0 is the projective cover of А, ф is an epimorphism which exist by (vii) 
and i; is the canonical embedding. Since fAO, there exists /.£ /1 with ipj/nfAQ. The 
homomorphism rj: P^-B  with r\a = n f  exists by projectivity of P. Now the homomor
phism (р = д1хфп: A-*A  and A-+B satisfies <p/ = é?Ui/oi/==í?Ia<M<t —
=J(tA0 and Theorem 7 is therefore proved.

R emark. Note that the implications (i) =s- (ii) =>(iii) hold without the assumption 
that A has a projective cover.

Recall that a module A is a generator for KJ t  (in the categorical sense) if every 
module is ^-torsion.

Proposition 4. A pseudo-projective module A such that HomR (A, C) AO for 
every cocyclic module C, is a generator fo r  RJ(.
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Proof. Suppose on the contrary qa (M)=M17í M  for some module M  and for 
arbitrary x ^ M —M 1 choose N Q M  maximal with respect to M t QN, x$N.  Then 
M/N is cocyclic and our hypothesis together with the condition (iii) of the above 
theorem gives a homomorphism j: A-+M, Im j%N,  which contradicts qa (M)~
=M1<~zN.

T heorem 8. Let A, В be modules having projective covers 0-»K-*P-+A-+0, 
0-+K' -+P' ̂ -B-+0, respectively and let A be pseudo-projective. I f  qa(B)=B, then 
A® В is pseudo-projective. Conversely, i f  QA(P j  =? Qu(P j  and A® В is pseudo-projective 
then qa (B)=B.

Proof. As was remarked in the proof of Theorem 5, 0->-K®K' -*P®P' 
-*A®B-*0 is a projective cover of A® В and qmi®m*(N)=qm*(N) + qm*(N). Hence

QA®B(P® Pj  = (дА(Р)+ев(Р))®(вА(Р')+ев(Р'))-

Now ол (Р) = P by Theorem 7 (vi) and for qa (P') = P " ^ P '  we have p ' / ( p " + k ')  

e^-torsion as a factor-module of В and ол-tors ion-free as a factor-module of P'/P". 
This contradiction shows that oA(P') = P'  and the direct part follows by Theorem 7
(vi).

Conversely,
P®P' = qa®b(P®P') = P®QA(Pj,  

whence qa(P')=P'  and qa(B) = B since В is an epimorphic image of P'.
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EINIGE GRUPPENTHEORETISCHE ÄQUIVALENTE 
ZUM AUSWAHLAXIOM

Von
U. FELGNER (Heidelberg)

E. Steinitz, O. Teichmüller und andere haben überzeugend gezeigt, daß das 
Auswahlaxiom der Mengenlehre notwendig beim Aufbau vieler Gebiete der Algebra 
ist. Im Laufe der Zeit gelang es nachzuweisen, daß einige Aussagen aus der Algebra 
nicht nur aus dem Auswahl-Axiom folgen, sondern auch umgekehrt dieses implizieren 
(vergl. H. Rubin—J. E. Rubin [11] p. 37—46). Das vielleicht schönste Beispiel dafür 
ist die Aussage „Jede Gruppe besitzt maximale abelsche Untergruppen“. Die Äqui
valenz dieser Aussage mit dem Auswahlaxiom wurde von G. Klimovsky [7] in einem 
sehr umfangreichen Beweis nachgewiesen. Ich möchte hier einen neuen sehr viel 
kürzeren Äquivalenz-Beweis geben, der zugleich zwei allgemeinere Ergebnisse 
gestattet. Es sollen hier die folgenden beiden Sätze bewiesen werden:

Satz 1. Sei 1 eine beliebige natürliche Zahl. Dann ist die Aussage (MNt) 
„Jede Gruppe besitzt maximale nil-k-Untergruppen“ mit dem Auswahlaxiom (AC) 
äquivalent.

Satz 2. Sei k ^  1 eine beliebige natürliche Zahl. Dann ist die Aussage (MAt) 
„Jede Gruppe besitzt maximale Untergruppen der Auflösbarkeits-Stufe = k“ mit dem 
Auswahlaxiom (AC) äquivalent.

Sowohl aus Satz 1 als auch aus Satz 2 folgt unmittelbar das folgende Korollar, 
indem man к = 1 setzt:

K orollar 1. (G. K limovsky [7]). Das Auswahlaxiom ist mit der Aussage 
„Jede Gruppe besitzt maximale abelsche Untergruppen“ äquivalent.

K orollar 2. Das Auswahlaxiom ist mit der Aussage „Jede Gruppe besitzt 
maximale metabelsche Untergruppen“ äquivalent.

Es sei betont, daß sich in den beiden Sätzen und in den beiden Korollaren die 
Maximalität auf die Inklusionsrelation g  bezieht; die Untergruppe /feiner Gruppe 
G, welche maximal in Bezug auf die Eigenschaft (5 ist, kann also gleich der ganzen 
Gruppe G sein. In einer partiell geordneten Menge (M, á )  wird ein Element xdM  
maximal genannt, wenn es kein y£ M  mit x ^ y  und x ^ y  gibt. H  ist eine maximale 
nil-L Untergruppe von G, wenn H  ein maximales Element von ({d, i s G  & А 
hat nil-L}, g )  ist. Dabei bedeutet A ^G , daß A eine Untergruppe von G ist, AQG.
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§ 1. Gruppentheoretische Vorbemerkung

Bevor wir mit dem Beweis der beiden Sätze beginnen, erinnern wir an die folgen
den Definitionen und Ergebnisse aus der Gruppentheorie.

(i) Wenn x und у  Elemente der Gruppe G sind, dann sei (x,y)=x~1y~1xy der 
Kommutator von x  und y. Wir setzen (xlt x2, ..., x„_l5 x„)=((xl5 ..., x„_1), x„). 
Eine Gruppe G hat die Eigenschaft nil-к, wenn (x1; x2, ..., xk, xk+í)=  1 für alle 
Xi£G gilt (lSz'Sk+1). G hat also genau dann die Eigenschaft nil-к, wenn G nil
potent der Klasse m ist für m ^ k  (vergl. M. Hall [5] p. 153). Eine Gruppe G hat 
offenbar genau dann die Eigenschaft nil-1, wenn G abelsch ist. Eine Gruppe G heißt 
metabelsch, wenn (u,v), (x, j)) = l für alle u,v,x,y£G  gilt. Für eine Gruppe G 
sei G' die Kommutator-Untergruppe von G, G"—(G'y, und allgemein G(n+1) = 
= ( G (n)y.  Für eine natürliche Zahl k ^ l  wird definiert: G hat die Auflösbarkeits- 
Stufe к  genau dann wenn G(t) =  {1} und G(k_1)^  {1}. Die metabelschen Gruppen sind 
also gerade die Gruppen der Auflösbarkeits-Stufe S2.

(ii) Für eine Menge {Gh i£l)  von Gruppen Gt wird die Menge D aller Funktio
nen g von /  in U {G(; /£/} so daß g(i)€Ci für alle i£I  und {jfll; g ( j ) ^  1} endlich 
ist, das schwache direkte Produkt der Gruppen G; genannt („direct product“ in 
M. Hall [5] p. 33).

(iii) Wenn »S eine beliebige Menge ist, dann sei F=FS die von S erzeugte freie 
Gruppe (cf. M. H all [5] p. 91—92, W. M agnus—A. K arras—D. Solitär [9] 
p. 4—19). 5 ist ein freies Erzeugenden-System von Fs . Der Satz von Schreier, daß 
Untergruppen freier Gruppen frei sind, ist nur unter Zuhilfenahme des Auswahl- 
Axiomes beweisbar (cf. H. Läuchli [8], Jech-Sochor [6]). Der schwächere Satz von 
Nielsen (1921), daß endlich-erzeugte Untergruppen freier Gruppen frei sind, ist 
hingegen ohne Zuhilfenahme des Auswahl-Axiomes beweisbar (cf. M. H all [5] 
p. 106—109).

(iv) Sei F= Fs eine freie Gruppe mit dem freien Erzeugenden-System S' und 
w=x’l1x%2 ... xn„n ( x f S ,  r]i=± 1) ein Wort über dem Alphabet S. Dann ist w in der 
Gruppe F einem reduzierten Wort („freely reduced word“ in [9] p. 33—34) gleich. 
Es gibt einen Algorithmus der w in endlich vielen Schritten in dieses eindeutig be
stimmte reduzierte Wort, das wir mit q(w) bezeichnen, überführt, w~~q{w) (siehe 
[5] p. 91, [9] p. 34-35).

(v) In einer freien Gruppe Fs sind zwei Elemente и und v dann und nur dann 
vertauschbar, wenn sie in einer zyklischen Untergruppe von Fs liegen. Dies ist 
ohne Auswahl-Axiom beweisbar (siehe M agnus—Karras—Solitär [9] p. 42, 
problem 6).

(vi) Den folgenden Satz hat G. Baumslag in [2] p. 285—286 bewiesen: Falls 
и ё 2  eine natürliche Zahl ist und falls a, b, c Elemente einer freien Gruppe F=FS 
sind, welche durch die Beziehung (a, b) = cn miteinander verbunden sind, dann gilt 
a • b=b • a und folglich ist c=  1 und a und b liegen in einer zyklischen Untergruppe von
F. Der Beweis dieses Satzes verwendet nicht das Auswahlaxiom.

(vii) Von A. I. M alzew [10] stammt der folgende Satz: Sei {a, b}=S ein 
freies Erzeugenden-System der freien Gruppe F—Fs und seien и und v Elemente von F, 
welche der Gleichung u~1v~iuv=a~1b~1ab genügen. Dann existiert eine ganze Zahl 
m so, daß entweder u=bma und v = b oder u=a und a=amb gilt. Der Beweis dieses 
Satzes verwendet nicht das Auswahl-Axiom.
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(viii) Wir machen noch die folgende Bemerkung mengentheoretischer Natur. 
Mit ZF bezeichnen wir das Axiomensystem der Zermelo—Fraenkelschen Axiome 
der Mengenlehre. Mit (AC) bezeichnen wir das übliche Auswahlaxiom: Zu jeder 
Menge 5 von nicht-leeren Mengen existiert eine Funktion /  so daß f ( x ) d x  für alle 
x£s. Das Auswahlaxiom (AC) kommt unter den ZF-Axiomen nicht vor. Wir be
trachten noch das folgende multiple Auswahlaxiom:

(MC2) Zu jeder Menge s von nicht-leeren Mengen existiert eine Funktion f  so, 
daß 0  f{x)Qx und Card (/(x))=i2 für alle xds.

Dabei ist Card(y) die Kardinalität (oder Mächtigkeit) von y. A. Lévy hat gezeigt, 
daß (AC) und (MC2) äquivalent sind (siehe H. Rubin— J. E. Rubin [11] p. 5— 8). 
Das Fundierungsaxiom wird in dem Äquivalenzbeweis (AC)o(MC2) nicht benötigt.

§ 2. Beweis von Satz 1

Es ist klar, daß aus dem Auswahlaxiom für jede natürliche Zahl fcfe 1 die Existenz 
maximaler nil-A-Untergruppen in jeder Gruppe folgt. Wir müssen zeigen, daß 
umgekehrt für jede gegebene Zahl k ^ l ,  (MNt)=>(MC2) gilt.

Sei also k s l  vorgegeben und sei S  eine Menge von nicht-leeren Mengen. Für 
jedes Element t dS  sei F, die freie Gruppe, welche von der Menge t frei erzeugt wird, 
und sei G das schwache direkte Produkt der Gruppen F, (für tdS).  Aus (MNt) 
folgt, daß G eine maximale nil-к Untergruppe Я  besitzt. Sei FI, die Projektion von H  
auf die t-Koordinate:

H, = {gdH; VudS[t 7±u=> g(u) = 1]}.

Falls Д)={1} für ein tdS, dann sei zdj  (also z ^ l )  und (z) die von z erzeugte zykli
sche Untergruppe von Ft. Dann ist die direkte Summe Яф(г) eine nil-к Unter
gruppe von G im Widerspruch zur Maximalität von H. Also gilt H , ^ {  1} für alle 
td S. Nach dem Satz von Nielsen (siehe § 1, (iii)) ist jede Gruppe H, lokal-frei (d. h. 
endlich erzeugte Untergruppen von H, sind frei). Wir wollen zeigen, daß H, 
abelsch ist.

Angenommen es gäbe ein td S  so, daß H, nicht abelsch ist. Dann gibt es adH, 
und bdH, mit ab^ba. Sei A die von {a, b) erzeugte Untergruppe von H,. A ist eine 
freie Gruppe vom Rang 2. Setze x, = a, x2—b, x3= xt = ...=xk+1=a2. Weil H, eine 
nil-к Gruppe ist, gilt

(a,b,a2, a2) = (xl f x2, . . . , x k+1) = 1.
Die Elemente (xx, x 2, ■■■, xk) und xk+1 sind also vertauschbar und nach § 1 (v) 
gibt es wdA und ganze Zahlen d, und d2 mit dx^ 0 so daß (x, , x2, ..., xk) = wdi und 
xk+1=wd*. Nach dem Satz von Baumslag (§ 1, (vi)) gilt im Falle dx^ 2 :

(xx, x 2, ... , x k) =  1.

Im Falle dx = 0 folgt ebenso (x, , x2, ..., xk) = 1. Der Fall dx= 1 kann nicht auftreten, 
denn sonst wäre (xx, x2, ..., xk)d* = wd*=xk+1 = a2. Aber (xx, x2, ..., xt)A liegt in der 
Kommutator-Untergruppe von A, während a2 nicht in A' liegt (siehe W. M agnus— 
A. K arras—D. Solitär [9] p. 79). A hat also sogar die Eigenschaft nil-(A: — 1).
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Durch Induktion folgt (a, Z>) = 1, ein Widerspruch. Es folgt, daß alle Gruppen H, 
abelsch sind.

Nach § 1 (v) ist jede Gruppe Ht (für t£S)  lokal-zyklisch. Jedes Element xf H,  
ist ein Wort über dem Alphabet /. Für x € # t sei <p(x) das erste und А (л:) das letzte 
Symbol aus /, das in dem reduzierten Wort q(x) vorkommt. Für г/к= ±  1 und t]2= + l 
und ein reduziertes Wort r, das nicht mit (p(x)~'li anfängt und nicht auf A(x)_"2 
endet, gilt also g (x) =  cp (x)iirl (x)”2. Jedem Element x £ Ht ordnen wir die Menge 
Ct(x)= {cp(x), A(x)} zu. Weil H, lokal-zyklisch ist, gilt C,(x)=C,(y) für alle x£H, 
und alle ydH,  mit хИ 1, y ^ l .  Damit haben wir jeder Menge / £ S eindeutig eine 
nicht-leere höchstens zwei-Elementige Menge C,(x) (wobei 1Ax f H,  beliebig ist) 
zugeordnet. Aus (MNfc) folgt also (MC2) und nach A. Lévy folgt daraus das Aus
wahlaxiom, Q.E.D.

§ 3. Beweis von Satz 2

Wir verfahren wie im Beweis von Satz 1 und bilden zur vorgegebenen Menge S 
von nicht-leeren Mengen das schwache direkte Produkt G der freien Gruppen F, für 
t£S.  Sei H  eine Untergruppe von G, die maximal ist in Bezug auf die Eigenschaft, 
daß ihre Auflösbarkeits-Stufe S k  ist. Sei H, die Projektion von H  auf die /-Koordi
nate, t£S.  Es folgt Ht?±{ 1} für alle t£S.  Wir müssen zeigen, daß die Gruppen H, 
abelsch sind.

Angenommen es gibt ein t£ S so, daß H, nicht abelsch ist. Dann gibt es a, b f  H, 
mit ab^ba. Sei A die von {a, b) erzeugte Untegruppe von Ht. Weil H, lokal-frei ist, 
ist A eine freie Gruppe, mit dem freien Erzeugenden-System {a, b} (siehe M. Hall
[5] p. 109, Theorem 7.3.3, W. Magnus—A. K arras—D. Solitär [9] p. 110, Corol
lary 2.13.1).

Wir definieren wie üblich die folgenden höheren Kommutatoren: Xi(x,y) = 
= x~1y - 1xy= (x,y), s2(x ,y ,u ,v)= (s1(x ,y ),s1(u,v)), sn+1(Z, y)=(sn(x), sn(y)), wo
bei x und у Folgen von 2" paarweise verschiedenen Variablen sind. G ist auflösbar 
der Stufe S k  genau dann wenn sk (g) = 1 für alle 2ll-Tupel g von Elementen aus 
G gilt.

Mit H  ist auch A eine k-stufig auflösbare Gruppe und dasselbe gilt von der 
Kommutatorgruppe A'. Aber A' ist eine freie Gruppe unendlichen Ranges (cf. [9] 
p. 112 (2), p. 114 (13)) — diese Behauptung folgt ohne Verwendung des Auswahl- 
axiomes, da A abzahlbar, also wohlordenbar ist. Sei T  ein freies Erzeugenden-System 
von A' und g eine Folge von 2k vielen paarweise verschiedenen Elementen aus T. 
Dann kann aber xt (^) =  l nicht gelten, denn sk(g) ist bereits ein reduziertes Wort, 
welches vom leeren Wort verschieden ist: sk(g ) ~o (sk(g))A  0  (hier fassen wir sk(g) 
als Wort über dem Alphabet T  auf). Dieser Widerspruch zeigt, daß A nicht den 
Rang 2 haben kann. Es gilt also ab — ba für alle a,b£Ht und H, ist lokal-zyklisch. 
Der Rest des Beweises folgt jetzt wörtlich dem Beweis von Satz 1, indem man jeder 
Menge t £S  die zwei-elementige Menge Ct(x) zuordnet, Q.E.D.

Bemerkung. Korollar 2 folgt sofort aus Satz 2, indem man k —2 setzt. Korollar 
2 könnte man auch dadurch beweisen, indem man zunächst wie im Beweis von Satz 1 
verfährt und dann die Kommutativität der Gruppen Ht unter Verwendung der 
Sätze von Malzew (§ 1, (vii)) und Baumslag (§ 1, (vi)) beweist (für zwei Elemente 
a£H,  und b£Ht mit ab Aba betrachtet man ((a, b), (a2, b2)) = l). Wir bemerken
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schließlich noch, daß man im Beweis von Satz 1 die Kommutativität der Gruppen Ht 
auch ohne Verwendung des Satzes von Baumslag nachweisen kann, indem man wie im 
Beweis von Satz 2 die Tatsache ausnutzt, daß die Kommutator-Untergruppe A' von 
A unendlichen Rang hat und daß zwischen den freien Erzeugenden gk, g2, ..., gn, ... 
(n6со) von A' die Relation (g1, g2, ... ,g k+1) = l nicht gelten kann, weil (gk, g2, ... 
...,g4+i) bereits ein reduziertes Wort in den freien Erzeugenden von A'  ist, welches 
nicht leer ist, also von 1 verschieden ist.

§ 4. Bemerkungen und Probleme

Es ist bekannt, daß die Äquivalenz mancher Aussagen der Mengenlehre mit dem 
Auswahlaxiom (AC) nur unter Verwendung des Fundierungsaxiomes \/х\_хт  ̂Z>=> 
=>3уах[хГ\у= 0 ]]  beweisbar ist (siehe etwa H. Rubin—J. E. Rubin [11], Felgner
[3] p. 61—67 und F elgner—Jech [4]). Sei ZF° das Axiomen-System bestehend aus 
dem Null-Mengenaxiom, Axiom der Bestimmtheit, Paarmengenaxiom, Summen
axiom, Unendlichkeitsaxiom, Potenzmengenaxiom und dem Schema der Ersetzungs
axiome (cf. [3] p. 10—11). Das System ZF aller Zermelo—Fraenkelschen Axiome 
entsteht aus ZF° durch Hinzunahme des Fundierungsaxiomes. Die Beweise der 
Sätze 1 und 2 zeigen, daß die Äquivalenzen (AC)<=>(MNt) und (AC)o(MAfc) im 
System ZF° gültig sind.

Es ist bemerkenswert, daß es auch in der Algebra Aussagen gibt, die im System 
ZF° nicht mit (AC) äquivalent sind, im System ZF hingegen mit (AC) äquivalent sind. 
In Verallgemeinerung des Axiomes (MC2) betrachten wir:

(MC) Multiples Auswahlaxiom: Zu jeder Menge S von nicht-leeren Mengen 
existiert eine Funktion f  so, daß für alle x£S,  f ix)  eine nicht-leere endliche 
Teilmenge von x ist.

Es gilt in ZF: (AC)<=>(MC), aber (MC)=>(AC) ist kein beweisbarer Satz von ZF° 
(siehe [4]). M. K. A rmbrust [1] hat gezeigt, daß die Aussage:

(TDS) Jede torsionsfreie teilbare Untergruppe H  einer abelschen Gruppe G ist 
ein direkter Summand von G,

mit dem multiplen Auswahlaxiom äquivalent ist: ZF0|-(MC)-o(TDS). Daher folgt: 
Im System ZF sind die Aussagen (TDS) und das Auswahlaxiom (AC) äquivalent, 
im System ZF° hingegen sind (AC) und (TDS) nicht äquivalent! Daraus folgt eine 
partielle Lösung des Problems von A rmbrust [1]: Im System ZF sind die Aussagen 
(AC), (MC), (TDS) und (DS): „Jede teilbare Untergruppe einer abelschen Gruppe G 
ist ein direkter Summand von G” alle untereinander äquivalent. In ZF° gilt (ÄC)=> 
=>(DS)=>(TDS)<=>(MC), aber es ist unbekannt, welcher der Implikationspfeile im 
System ZF° umkehrbar ist.

Es gibt viele Sätze der Gruppentheorie, die nur unter Zuhilfenahme des Aus- 
wahlaxiomes beweisbar sind. Um die mengentheoretische Stärke dieser Sätze über
sehen zu können, wäre es interessant zu wissen, welche von ihnen mit dem Aus
wahlaxiom äquivalent sind. Es ist bisher immer noch unbekannt, ob der Satz von 
Schreier, daß Untergruppen freier Gruppen frei sind, mit (AC) äquivalent ist. Ist die
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18 U. FELGNER: EINIGE GRUPPENTHEORETISCHE ÄQUIVALENTE ...

Aussage, daß die Frattini-Untergruppe Fr(G) einer Gruppe G gerade die Menge der 
Nicht-Generatoren ist, mit (AC) äquivalent? Die Klärung von Fragen dieser Art 
gibt Aufschluß über die mengentheoretische Stärke gewisser gruppentheoretischer 
Konstruktionen.
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SOME COMMUTATIVITY THEOREMS FOR RINGS
AND NEAR RINGS

By
S. LIGH (Lafayette) and J. LUH (Raleigh)

1. Introduction

Many generalizations of the famous Wedderburn’s Theorem which states that a 
finite division ring is commutative have appeared recently and in various directions. 
In [12] the first author obtained the following generalization of a theorem of Outcalt 
and Yaqub [15]:

Theorem A. Let R be a ring with a left identity e and the set N of nilpotent ele
ments is an ideal. I f  {i) R/N  is finite and (ii) x= y  (mod N ) implied that x2= y2 or both 
x  and у commute with all elements of N, then R is commutative.

One of the purposes of this paper is to generalize Theorem A further and furnish 
an example to settle a conjecture in [12].

Several generalizations of some of the commutativity theorems for rings to near 
rings have appeared recently. The following result [10] is a generalization of a theorem 
of Bell [2].

Theorem B. A d.g. near ring R is commutative if  and only i f  for each x, у in R, 
there is an integer n=n(x, y j>  1, such that (xy—yx)n = x y —yx.

In this paper we shall extend Theorem В to a larger class of near rings and 
examine some other commutativity theorems for near rings.

For various definitions and elementary facts about near rings, see [2].

2. A commutativity theorem for rings

It was conjectured in [12] whether or not one can drop the assumption that R has 
a left identity in Theorem A. The following example settles the conjecture negatively.

Example. Let F be a field of characteristic ^2, and S={(a,b, c)\a, b, c£F). 
Define addition and multiplication in S  by (a, b, e) + (a', b', c') = (a+a', b + b', c+c') 
and (a, b, c) • (a\ b', c') — (0, 0, ab' — ba') for all (a, b, c), (a', b', c') in S. Then clearly 
S is a noncommutative ring without one sided identities, .s,2 = 0 for every s£S,  and 
S3 = (0).

Now let D be an arbitrary finite field and R=S@D,  the direct sum of S  and D. 
Then the set N  of nilpotent elements in R is an ideal of R isomorphic to S and R /N = D 
is a finite field. Also it is easy to see that condition (ii) in Theorem A holds in R. 
However, R is not commutative.

We now further generalize Theorem A as follows.
Theorem 2.1. Let R be a ring with a left identitiy e and N be the set o f nilpotent 

elements in R. I f
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(i) for each x~R, there exists an integer n (x) 1, such that xn>-x>~- x£N,
(ii) x = y  (mod N) implies that x ‘- = y2 or both x  and у commute with all elements 

of N, and
(iii) for a £ N  and r£R, ar£N, 

then R is a commutative ring.
Proof. We shall show first that N  is an ideal of R. Let a(/N and r£R. By (iii), 

(ar)m=0 for some positive integer m, so (ra)m+1=r(ar)ma=0. Hence ra£N. Now 
assume a,b£N.  By (ii), since a = 0 (mod TV) either a2=0 or a commutes with every 
element of N. Likewise, since b = 0 (mod N) ekiher b2=0 or b commutes with every 
element of N. Thus either a2=b2= 0 or a or b commutes with every element of N. 
In the latter case, since ab~ba, it follows immediately that a —b£N. In the case that 
a2=b2—0, since ab and ba both are in N  by (iii), there exists a positive integer m, 
such that (ab)m=(ba)m =0. Consequently, (a — 6)2m=((a—b)2)m =  ( — ab — ba)m = 
=  (—ab)m + ( — ba)m~ 0, so a — b(/N. Therefore, N  is an ideal of R.

By (i) R/N is a commutative ring [5, Theorem 1, p. 217] and every finitely genera
ted subring of R/N  is isomorphic to a finite direct sum of finite fields [16, Theorem 
3.4]. Using the similar proof of Theorem 2 in [12], we can show that e is a unique 
left identity of R, and hence e is a two-sided identity of R.

Next, we shall show that N  is a commutative subring of R. Let a,b(/N. Suppose 
ab^ba. Since a, b, a+b are elements in N  which do not commute with every element 
in N, by (ii), a- = b2 = (a + b f  = 0. This implies ab+ba — 0. On the other hand, since 
(a+e)=e (mod N), and a+e does not commute with every element in N, we get 
(a +  e)2—e2 = e, so 2a=0. Thus 2ba= 0  and ab= — ba =  ba, a contradiction.

Finally, we shall show that N  is in the centre of R and then applying a well 
known result of H erstein [5, Theorem 2, p. 221] we obtain that R is commutative.

Suppose that N  is not contained in the centre of R. Then there exist a£N  and 
b £R  such that ab^ba. Let S' be the subring of R generated by e, b and N. Since 
S/N  is a finitely generated subring of R/N, S/N= S1/N© SJN® ... © Sj/N where .S', 
is an ideal of S  and SJN  is a finite field GF/p1-1) of characteristic pt. Let b + N — 
~(b1+N)+(ba + N) + ...+(bj+N)  where btf  Rt . Then ab^b^a for some i. But 
(a + b/) = bi (mod TV), by (ii) (a + b f  — b'f. Consequently 0 =  (a +  6,)(a + bf- — 
— (a+bi)2(a + bi) = (a+bi)b2--bf(a + bi), and hence ab\=b\a. Likewise, a(b; + e)2 = 
—(bi+e)2a. Thus, 2(abi—bia)=0. We have the following two cases:

Case 1. R i ^ 2. Since pi(abi — bia)=a(pibl)  — (pibi)a=a-0—0-a=0  and since 
2 and Pi are relatively prime, we obtain аб,—6;í7=0, a contradiction.

Case 2. p t — 2. Since SJN  is a field of order 2k‘, b f ‘~bt£N. It follows that 
a (b f‘—b,)= (bf‘—bi)a. On the other hand, since ab*=bfa, ab]k‘= b f‘a and hence 
abi—bia, again a contradiction. This completes the proof of the theorem.

3. Commutativity theorems for near rings

The study of commutativity for near rings began in [6] and Bell proved the 
following two theorems in [2].

Theorem C. Let R be a d.g. near ring with 1 and for each x, у  in R, there exists 
an integer n — n (x, у) >  1, such that (xy —yx)n=xy —yx. Then R is a commutative ring.
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Theorem D. Let R be a d.g. near ring with 1 and for each x in R, there exists 
an integer n = n(x)> 1, such that xn—x is in the centre o f R. Then R is a commu
tative ring.

In [10] it was shown that the existence of an identitiy is not required for Theorem 
C. However, whether an identity is needed for Theorem D is an open problem. In this 
section we further generalize Theorem В to a larger class of near rings. To facilitate 
our discussion we begin with the following definition.

Definition. A near ring R is called a D-near ring if every non-zero homo
morphic image T  of R satisfies the following two conditions :

(i) T has a non-zero right distributive element.
(ii) That (T, + ) is abelian implies that (T, + , •) is a ring.
Examples of D-near rings:
(1) All rings.
(2) All d.g. near rings.
(3) The example given in [3, 2.5, #  6].
Remark. It was shown in [7] that if a d.g. near ring has a unique left identity, 

then it is also a right identity. The example (3) above has a unique left identity, yet 
it is not a right identity. Thus we see that the class of D-near rings is larger than the 
class of d.g. near rings.

The following results are extensions of previously known results.
Theorem 3.1. Let R be a finite D-near ring with no zero divisors. Then it is a

field.
Theorem 3.2. Let R be a finite D-near ring with no nilpotent elements. Then R 

is a commutative ring.
The proofs of the above results are similar to the ones given in [13] and [9], 

hence omitted.
It was shown in [4] that a finite ring is commutative if and only if all the nil- 

potent elements are central. It is not known whether this particular result is valid for 
finite D-near rings or not. However, using Theorem D we obtain the following result.

Theorem 3.3. Let R be a finite D-near ring with an identitiy 1. I f  all the nilpotent 
elements in R are central, then R is a commutative ring.

Proof. Let N  be the set of nilpotent elements in R. Then N  is an ideal of R and 
R/N  is a D-near ring with no nilpotent elements. Hence by Theorem 3.2, R/N  is a 
finite commutative ring with no nilpotent elements. Thus for each x in R, there is an 
integer n=и(х), such that xn—x  is in N. Now by Theorem D, R is a commutative ring.

Before we state and prove our main result, the following lemmas are needed.
Lemma 3.4. Let R be a near ring with no nilpotent elements. Then R contains a 

family o f completely prime ideals with trivial intersection.
Lemma 3.5. Let R be a D-near ring such that for each x, у  in R, there exists 

n=n(x, y)>  1, such that (xy—yx)" = xy—yx. Then the set o f nilpotents is an ideal o f R.
The proof of Lemma 3.4 is in [1] and Lemma 3.5 can be found in [2].
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Lemma 3.6. Let R be a D-near ring with no zero divisors and for each x ,y  in 
R, there is an integer n —n(x, y)>  1, such that (xy—yx)"=xy—yx. Then R is a commu
tative ring.

Proof. For each x, у  in R, (xy—yx)n~1=e is idempotent. Since e(er—r) —0 
and R has no zero divisors, it follows that e is a left identity. Since a D-near ring has 
a nonzero right distributive element, we see that e is also a right identity, hence the 
identity of R. Let хт^О be in R. If x is not in Z, the centre of R, then xy—yx^ O  
for some у  in R. Hence 0 ̂  x (xy — yx)= x (xy)—(xy) x implies that e=(x(xy) — 
— (xy)x)n~1 =(x(xy — yx))"-1 and thus x has a right inverse. If x is in Z and there is a 
y ^ O  in R such that xy is not in Z, then from above x has a right inverse. Hence R is 
a near field. Since the additive group of a near field is abelian [11] and R is a D-near 
ring, it follows that R is a commutative ring.

Now suppose x is in Z and xr is in Z for each r in R. Let a, b be arbitrary ele
ments of R. Then x(ab) = (xa)b — b(xa) = xba implies thatab=ba, and R is a commu
tative near ring. But a commutative near ring with an identity [8, Corollary 3] is a 
commutative ring.

We are now ready to prove our main result which is a generalization of Theo
rems В and C.

T heorem 3.7. A D-near ring R is commutative i f  and only i f  for each x, у in R, 
there exists an integer n—n(x, y )>  1, such that (xy—yx)"—x y —yx.

Proof. If every element of R is nilpotent, then clearly R is commutative. If R 
has no nilpotent elements, then by Lemma 3.4, R contains a family of completely 
prime ideals P with trivial intersection. For each P, R/P is a D-near ring and has no 
zero divisors and (xy— yx)n= xy — yx  for each x, у  in R/P. Thus by Lemma 3.6, 
R/P is commutative. Hence for each a, b in R. ab — ba is in P. Consequently ab—ba.

Now let N  be the set of nilpotent elements. By Lemma 3.5, N  is an ideal of R. 
Now R/N  has no nilpotent elements. By the above argument R/N  is commutative and 
hence ab—ba is in N  for each a, b in R. Thus ab — ba.

This completes the proof.
In view of the above result, we make the following conjecture.
Conjecture. Theorem D is valid for D-near rings.
Acknowledgement. The authors are greatly indebted to the referee for useful 

suggestions regarding Theorem 2.1.
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ON COGENERATORS IN ABELIAN GROUPS
By

S. M. YAHYA (Karachi)

1. Introduction

In [5] we introduced the concept of cogenerators in abelian groups and described 
the structure of cocyclic and finitely cogenerated abelian groups (see also [1]). 
We also proved that an abelian group G cogenerated by a set S  of non-zero elements 
can be embedded as a subgroup in the direct product of cocyclic quotient groups 
of G corresponding to the elements of S. We recall that a subset S' of an abelian 
group G is a set o f  cogenerators (or a cogenerating set) of G if every non-trivial sub
group of G contains a non-zero element of S. Clearly if S cogenerates G, then so 
does S \{0}  if 0£S. A group cogenerated by a single non-zero element is called a 
cocyclic group and that cogenerated by a finite set of non-zero elements a finitely 
cogenerated group. A group is cocyclic iff it is isomorphic to Z(pk) for some prime 
p, where k=  1, 2, ..., or °°. A group is finitely cogenerated iff it is a direct product 
of a finite number of cocyclic groups. If S is a set of non-zero elements of an abe
lian group G, then by Hs we denote a subgroup of G (not necessarily unique) ma
ximal with respect to missing S. We remark that G/Hs is cogenerated by the cosets 
corresponding to the elements of S. When there is no danger of confusion we shall 
simply say that G/Hs is cogenerated by S. Thus corresponding to every subset of non
zero elements of an abelian group G there exists a quotient group of G which it co
generates. Conversely, a quotient group of G determines a subset of G which cogene
rates the quotient group. The object of this paper is to develop further the theory of 
cogenerators.

In section 2 we state elementary results about cogenerators some of which are 
implicitly used in the subsequent sections, while in section 3 we systematically study 
the cogenerating sets of an abelian group. We introduce the concept of codependence 
and prove, among other results, that a cogenerating set of an abelian group contains 
a minimal cogenerating set iff it is a torsion group. We call the cardinality of a mini
mal cogenerating set, which is shown to be an invariant of the group, the corank 
of the group, and prove that two /г-groups are of the same corank iff they have the 
same rank. We also show that an abelian group is divisible iff it is cogenerated by a 
set of elements of infinite height.

In section 4 we introduce the concept of copure subsets in an abelian group. 
A subset of an abelian group is called pure if it generates a pure subgroup. Dually, 
we call a set S of non-zero elements in an abelian group G a copure subset of G if 
it always cogenerates a pure quotient group of G, i.e., if every subgroup Hs maximal 
with respect to missing S is a pure subgroup of G. In our study of copure subsets of 
an abelian group we arrive at certain results which include, as a particular case, some 
theorems of Irw in  and W alker (see [2], [3], and [4]). We observe that purity, in a way, 
is a self-dual notion, for an exact sequence 0 -+Ä -* A -~A"-+ 0 of abelian groups is pure
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exact if the heights of elements of the subgroup A' are preserved in A, or equivalently 
if the orders of elements of the quotient group A" are preserved in A in the sense 
that every element of A" has a pre-image in A of the same order. Indeed, heights and 
orders play dual roles in the theory of abelian groups. We say that A' is a pure sub
group and A" a pure quotient group of A. We emphasize that sometimes it is more 
fruitful to examine the quotient group A" to show the purity of the subgroup A' in A.

For the sake of brevity we have omitted the proofs which are either trivial or are 
otherwise evident.

We follow [1] for notation and terminology, and by a group in the rest of the 
paper we mean an abelian group. We may also mention here that p invariably denotes 
a prime.

2. Some elementary results

We state here some elementary results regarding cogenerators.
(i) A group G is cogenerated by a subset S iff every nonzero cyclic subgroup of 

G contains a non-zero element of S.
(ii) Let M  be an independent set of elements in a group G, then G is cogenerated 

by (M ) iff M  is maximal.
(iii) If H  is an essential subgroup of a group G, then H  cogenerates G, and also 

any set of cogenerators of H  cogenerates G.
(iv) A torsion group G is cogenerated by its socle S(G) and also by any co

generating set of S(G). (Note that if G is a p-group, then .S’(G) = G[p].)
(v) If a non-zero subgroup H  of a group G cogenerates G, then H^S(G).
(vi) An infinite cyclic subgroup of a group G cogenerates G iff G is isomorphic 

to a subgroup of the group of rationals.
(vii) A group of rank 1 is cogenerated by any of its non-zero subgroups.
(viii) Let x be a non-zero element of a group G, and Hx a subgroup of G maximal 

with respect to missing x. Then g/hx is a cocyclic group cogenerated by the coset 
(x + H x). Following are the immediate consequences of this observation:

(a) If the order of x is a power of p, where p  is a given prime, then px£Hx.
(b) If x is of finite order m, then p x (EHx for some prime factor p of m.
(c) If x is of infinite order, then px£Hx for some prime p.

(ix) Let G be a /;-group and let S' be a set of m non-zero elements of G, where
0 Then there exists an element xdS  such that Hs is also maximal with
respect to missing x.

(x) Let M  be a subgroup of a group G, and let H  be an M-high subgroup of G, 
i.e., H  is maximal with respect to HC\M=0. Then H  is also maximal with respect to 
missing S, where S  is a set of non-zero cogenerators of M.

3. Properties of cogenerating sets

3.1 Proposition. Let S be a set o f  cogenerators o f a group G, and let S ' be a 
proper subset o f S. I f  H  is a non-zero subgroup o f G containing S ' and missing S \ S ' ,  
then H  is cogenerated by S'.

3.2 Proposition. I f  a group G is cogenerated by a set o f elements o f finite order, 
then G is a torsion group.
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Proof. Let g(A0)£G. Then (g) contains a non-zero element x of S. Hence 
x=ng for some integer n^O. If x is of order m, then mng=0, and so g is of finite order.

3.3 Proposition. A group cogenerated bv a set of elements o f order a power of 
p, where p is a prime, is a p-group.

3.4 Proposition. A group cogenerated by a set of elements o f infinite order is 
torsion-free.

3.5 Proposition. Let a group G be cogenerated by a set S  o f non-zero elements 
o f G and let S = S fJ  S2, where consists o f elements o f finite order and S2 those of 
infinite order. I f  Ht is a subgroup of G containing St and maximal with respect to 
missing Sj, where i,j=  1, 2, and iAj, then //, is cogenerated by 5; and I f  D II, = 0. 
Moreover, Hl is unique, being the torsion subgroup T(G) o f G.

Proof. S( cogenerates I f  by Proposition 3.1. Я1 is a torsion group and H2 
a torsion-free one by Propositions 3.2 and 3.4, so ЯХПЯ2= 0. Let g A 0 be an element 
of finite order in G. If g$ H1, then the maximally of Hx implies that Hl + {g) contains 
an element of S2, which is impossible as I f  + (g) is a torsion group.

3.6 Proposition. Let S=  (J Sp be a cogenerating set of a group G, where P is
P £ P

a family of primes, and Sp consists of non-zero elements of order a power of p. 
Let Gp be a subgroup of G containing Sp and maximal with respect to missing S \  Sp, 
then Gp is cogenerated by Sp and it is unique, being the p-component of G. Moreover, 
<j = Ф Gp.

P Í P

3.7 Proposition. I f  Sp cogenerates the p-component Gp o f a group G, then 
U  Sp cogenerates T(G), where p runs over all primes.

p

We note that the intersection of an infinite descending chain of cogenerating 
sets of a group need not be a cogenerating set of the group, e.g., Zz>2Zz)4Zi3.... 
However, if the group is a torsion group, then the result holds.

3.8 D efinition. Let x, у  be two non-zero elements of a group G. We say that 
у  is codependent on x if x is a multiple of y, i.e., my=x for some integer m^O. A sub
set of G is codependent on a subset S2 of G if each non-zero element of Sx is 
codependent on some element of S2. A set S  is coindependent if it is not codepen
dent on any of its proper subsets. A set S  is codependent if it is not coindependent. 
An element of S is a codependent element of S  if it codepends on some other 
element of S, otherwise it is a coindependent element of S.

Note that a set S is coindependent iff it has no codependent elements and 0^5.
We observe that S is a cogenerating set of a group G iff G is codependent on S, 

and that if S  cogenerates G, then we can exclude from S the codependent elements of 
S  and the remaining set will still cogenerate G. This leads to a natural question: 
Does a cogenerating set always contain a minimal cogenerating set? This is equivalent 
to asking whether a cogenerating set of a group always contains a coindependent 
cogenerating set. It is clear that this is not true in torsion-free groups. In fact, we have 
the following theorem in this direction.

3.9 Theorem. A cogenerating set o f a group G contains a minimal cogenerating 
.set o f G iff G is a torsion group.
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Proof. Let 5 be a cogenerating set of a torsion group G. Let C= be the
collection of all subsets of S' which cogenerate G. We partially order C by setting 
S j^S j if S j^S i-  Let C':= {Sy};€J, / £ / ,  be a linearly ordered subset of C. It is 
easy to check that П Sj cogenerates G, and so the Zorn’s condition is satisfied.

i i J
Hence there exists a maximal element in C which is a minimal cogenerating set of G.

Conversely, let S be a minimal cogenerating set of a group G. If G is not a 
torsion group, then by Proposition 3.2 S contains at least one element, say x, o f 
infinite order. Also (2x) contains an element of S which is different from x. Hence x  is 
a codependent element of S, which is a contradiction.

It is evident that a torsion group may have more than one minimal cogenerating 
set. However, the cardinality of a minimal cogenerating set is an invariant of the 
group. We shall prove this for a /»-group, but the proof can be generalized for any 
torsion group in an obvious manner.

3.10 Lemma. Let G be a p-group and let q  be a relation on the set L = G[p]\{0}, 
defined by setting xgy iff x is a multiple of y. Then q is an equivalence relation. Moreover, 
S  is a minimal cogenerating set o f  G iff S is a complete set o f representatives o f the 
equivalence classes determined by o.

Proof. It is easy to check that д is an equivalence relation. We note that G is 
cogenerated by L  and that any set of cogenerators of G contains a subset of I  as a 
cogenerating set of G. Since elements of one equivalence class are codependent on 
each other and no element of one class is codependent on any element of the other 
class the result follows.

Note that a cogenerating set of a p-group G is minimal iff it is a minimal co
generating set of G[p].

An immediate consequence of the above lemma is the following theorem.

3.11 Theorem. Any two minimal cogenerating sets of a p-group have the same 
cardinal number.

3.12 D efinition. We call the cardinal number of a minimal cogenerating set 
of a torsion group G the corank of G (denoted by cor (G)).

3.13 Proposition. Let G be a torsion group, then

cor (G) =  2  cor (6p)>
p

where p runs over all primes.

3.14 Theorem. Two p-groups G and G' have the same corank iff they have the 
same rank.

Proof. If G and G' have the same rank, then G[p] = G'[p], and so they have the 
same corank. Conversely, if G and G' are of the same corank, then it follows from 
Lemma 3.10 that G[p] and G'[p] are of the same order and so of the same rank.

3.15 Corollary. Two divisible p-groups are isomorphic iff they have the same 
corank.
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We shall now prove that a group is divisible iff it is cogenerated by a set of 
elements of infinite height. It suffices to prove only the ‘if’ part. We do this in three 
steps.

3.16 Theorem. A p-group G is divisible if  it is cogenerated by a set S o f elements 
o f infinite height.

Proof. Since S  contains a minimal cogenerating set, it follows from Lemma
3.10 that all elements of order p  in G have infinite height. Hence G is divisible.

3.17 Corollary. A torsion group cogenerated by a set o f elements o f infinite 
height is divisible.

3.18 Theorem. A torsion-free group G cogenerated by a set S o f elements 
o f  infinite height is divisible.

Proof. Let x ( a O)£G and n(?£0)£Z. There exists an element у ( ^ 0)6-S' such 
that y —mx for some m (A0)^Z. Since у  is of infinite height there exists an element 
z£G  such that y=mnz, which implies that x = nz.

-Ц
3.19 Theorem. A group G is divisible if  it is cogenerated by a set S of elements 

o f infinite height.
Proof. Let S  =  S1U S2, where Sx consists of elements of finite order and So 

those of infinite order. Then by 3.5 T(G) is cogenerated by and is maximal with 
respect to missing S2. Since elements of 5\ are of infinite height in T(G) also, T(G) 
is divisible by 3.17. Now G/r(G) is torsion-free and is cogenerated by the cosets corres
ponding to the elements of S2 which are of infinite height in G/r(G>. Hence G/ r(c) is 
divisible by 3.18, and so G, being isomorphic to T(G)Qa/T(G), is divisible.

4. Copure subsets

In this section we consider some copure subsets. For this we first prove a theorem 
which has also its own importance.

4.1 Theorem. Let H be a subgroup of a group G and let (p: G^-K=a/H be the 
natural homomorphism. Let K= ® Сг, where each Q  is a cocyclic group. Then H  is a

ш
pure subgroup (or К a pure quotient group) o f G i f  a cogenerator o f each Ct has a 
pre-image (with respect tocp) o f the same order and the same height in G.

Proof. We prove the theorem by showing that each element of К  has a pre
image (with respect to cp) of the same order in G. This is equivalent to showing that 
each element of Ct has a pre-image of the same order in G. Since a cogenerator 
of each C, is of order pt for some prime p( and every other element of order p( in 
Ci is a multiple of it, the result holds for all elements of order up to pt in each C£. 
We apply induction and suppose that the result is true for all elements of order 
p” in each C,. We shall show that it is true for all elements of order up to pT+1 in 
each Ci. Let ct be a cogenerator of C;, i£l, and let gt be a pre-image of c; of the 
same order and the same height. Let xt be any element of order pT+1 in Cf. Then 
p'i'xi is of order ph and so p™xt—Ac; for some integer Я with 0<Я<р,. Let gi=pTg
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for some g of order p?+1 in G. Then p'fXgcp=Xgtq> =Xct =  p'fxh which implies that 
p™(Xg<p —xi)=0. Hence, by the induction hypothesis, there exists g'£G such that 
P?g'=0 and g'ip—Xgip—x i, whence it follows that (Xg-g')(p=xh where X g-g ' is an 
element of order p™+1 in G.

4.2 Corollary. Let x  be an element o f order p and of infinite height in a group G. 
Then {a} is a copure subset o f G, i.e., every subgroup Hx o f G maximal with respect to 
missing x  is a pure subgroup o f G.

4.3 Corollary. Let x be an element o f order p and p-height к in a group G. 
Then a subgroup H x of G containing pk+1 G and maximal with respect to missing x 
is a pure subgroup of G.

4.4 Corollary. Let G be a bounded p-group satisfying pm+1G=0, pmG?±0. 
Then a non-zero element x o f height m in G constitutes a copure subset, and Hx is a 
direct summand.

4.5 Theorem. Let G be a group and let 5= 1 J Sh where each S, is a copure
H I

subset o f G. I f  every quotient group К of G cogenerated by S is a direct sum o f groups 
K, cogenerated by S ,, then S is also a copure subset.

Proof. Let K= ® Kt be a quotient group of G, cogenerated by S. Each Kh 
и  I

being a direct summand of K, is a quotient group of K, and so a pure quotient group 
of G. Hence each element of K{ has a pre-image of the same order in G, for all i £1. 
Consequently, each element of К  has a pre-image of the same order in G, so К  is a 
pure quotient group.

4.6 Corollary. Let S=  IJ Sp, where P is a family o f primes and Sp consists
píp

of elements o f order a power o f p. I f  each Sp is a copure subset o f G, then S is also a 
copure subset o f G.

Proof. This follows from Proposition 3.6 and Theorem 4.5.

4.7 Lemma. A p-group G cogenerated by a set o f elements o f order p and height 
m is a direct sum o f cocyclic groups of height pm, i.e., o f cyclic groups of order pm+1.

Proof. It is clear that each element of order p in G is then of height m. Let 
G[p]= © (xt). Then it is easy to check that G= © C;, where each C, is a cocyclic 

h i >er
group of height pm, cogenerated by xt.

4.8 Theorem. Let H be a subgroup of a group G and let (p: G—K=G/H be the 
natural homomorphism. I f  К is a torsion group such that its each primary component is 
cogenerated by a set, o f which each element has a pre-image (with respect to cp) o f  
the same order and height in G, then H is a pure subgroup o f G.

Proof. In the light of the proof of Theorem 4.1 if suffices to consider the case 
when К is a p-group. It follows immediately that each element of order p in К  has 
a pre-image of the same order and height in G. Then the result follows by induction 
as in the proof of Theorem 4.1.
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We can now at once deduce a number of important results, including some 
known ones.

4.9 Corollary. Let S be a set o f elements of order p and of infinite height in a 
group G. Then S is а сорте subset of G, i.e., Hs is pure in G. Moreover, Hs contains a 
p-basic subgroup of G, where p is any prime.

Proof. The purity of Hs follows from Theorem 4.8. Also, since G/Hs is divisible 
by 3.16, Hs contains a p-basic subgroup.

4.10 Corollary. Let G be a bounded p-group satisfying pm+1G=0, pmG ̂  0, 
then any subset S o f G consisting of non-zero elements o f height m is а сорте subset.

4.11 Corollary. Let G and S be as in 4.10, then Hs is a direct summand.

Proof. This follows from Corollary 4.10 and Lemma 4.7.
4.12 Corollary. A bounded p-group is a direct sum o f сосу clic groups o f finite 

height, i.e., a direct sum o f cyclic groups.

4.13 Corollary. Let S be the set o f all elements o f order p which have heights 
ё т ё О  in a p-group G. Then S is а сорте subset. In fact, Hs is a direct summand of G.

4.14 Corollary. Let G be a p-group, then a pmG-high subgroup is a direct 
summand o f G.

4.15 Corollary. Let M be a subgroup of G with M fG 'p. Then an M-high 
subgroup H  is pure in G.

Proof. Notice that H  is Hs, where S = A /[p ] \{ 0 } .

4.16 Corollary. Let M  be a subgroup of G with M T(G'). Then an M-high 
subgroup H is pure in G.

Proof. We note that H  is maximal with respect to missing U  A /[/> ]\ {0}.
p

4.17 Lemma. Let S be a subset o f non-zero elements in the socle S(G) o f a group G, 
then there exists a subgroup M Q(S) such that Hs is maximal with respect to HSD M = 0.

Proof. Apply Zorn’s lemma.

4.18 Theorem. Let G be a group, then any subset S  o f non-zero elements in 
S(G') is a copure subset o f G.

Proof. By Lemma 4.17 there exists a subgroup M ^(S )Q T (G ')  such that Hs 
is maximal with respect to Hs f]M=  0. The result follows from Corollary 4.16.

4.19 D efinition. We call a set S' of a group G closed under multiplication by 
positive integers if nSQ S, where n is any positive integer.

4.20 Theorem. Let S be a subset o f a group G such that it is closed under multipli
cation by positive integers and consists o f elements of infinite order. Then S is a copure 
subset o f G.
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Proof. 5 cogenerates a torsion-free quotient group (by 3.4) which is therefore 
a pure quotient group.

4.21 Corollary. I f  M  is a torsion-free subgroup of a group, then an M-high 
subgroup is pure in G.

4.22 Theorem. Let G be any group. Let be a set o f non-zero elements in S(G'), 
and let S2 be a set o f elements o f infinite order and closed under multiplication by posi
tive integers. Then S = S fJ S 2 is a copure subset o f G.

Proof. Let H ' be a subgroup of G containing Hs and maximal with respect to 
missing S2. H ' is pure in G by Theorem 4.20. We note that H' 3  T(G) Su  and that 
Hs is maximal with respect to missing S, in H '. Hence Hs is pure in H' (by 
Theorem 4.18), and so pure in G.

4.23 Corollary. Let M be a subgroup of a group G with M f  G'. Then an M-high 
subgroup H is pure in G.

Proof. Note that H  is maximal with respect to missing the non-zero elements 
of S(M )U (M \T (M )).
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ON A COMMUTATIVITY THEOREM OF LUH
By

A. KAYA (Ankara)

In his paper [4], J. Luh have proved that a primary ring with unity element 1 
and satisfying the identities

(xy)k =  Xмyk, к = n, n+ l, n + 2
for all x,y£R , where и is a fixed integer >1, is commutative. In this paper we will 
prove that a ring satisfying the identities

(+v)k =  xkyk, к = n(x, y), n(x, >0+1, n(x, y) + 2

for all x, y£R, where n(x,y) is an integer >1 which depends on x  and y, is commu
tative if it is a primary ring with unity element 1 or if it is semi-prime.

Let R be a ring having Jacobson radical J. R  is called primary if and only if R 
has a unity element and R/J is a simple ring (not necessarily artinian). R is comple
tely primary if and only if R has a unity element and R/J is a division ring.

We begin with a
Theorem 1. Let R be a ring in which the identities 

(1) (xy)‘ =  V / ,  к = n(x, у), n(x, у) + 1

hold for every x, у £R, where n(x, y) is an integer >  1 which depends on x and у , then
(i) R is commutative i f  it is a division ring,

(ii) R is commutative i f  it is a primitive ring,
(iii) R is commutative i f  it is a semi-simple ring,
(iv) the commutator ideal C(R) is contained in the Jacobson radical J  o f R,
(v) i f  R has the unity element 1, then for x£R , xm(J  implies x£J, where m is any 

integerül.

Proof, (i) For any x, y£R  we have

X'itx,y)+lyn(x,y)+l _  /Xyy(x,y) + 1 _  (xy) (ху)'1(х,я = xyxn(-x'y> yn<~x’y>

which gives
у = yxn<-x’y).

Hence R is commutative by [1; Lemma 1].
(ii) The proof is based on the idea used by H erstein in [3; p. 73]. Since R is a 

primitive ring, either R s< D for some division ring D, in this case R is commutative
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by (i), or for some k>  1, Dk is a homomorphic image of a subring of R. In the latter 
case, Dk would inherit the property (1). But taking

we see that

Hence

0 1 0 . . o' '0 0 . . o'

a = 0 0 0 . . 0 b = 1 0 . . 0

.0 0 0 . • 0, ,0 0 . • 0,

1 0 . . o'

ab = 0 0 . . 0 and (ab)2 = ab, a2 = 0.

,0 0 . ■ 0.

(ab)n(“,b) = an(-a’b) bn(a,b)

yields ab=0, i.e., 1=0 which is impossible. Therefore R is a division ring so must 
be commutative.

(iii) and (iv) are clear by (ii) and (iii), respectively.
(v) R/J is commutative by (iii). So for any r fR  we have

(xr)m = (xr)m = xmrm = Ö, 
which gives (xr)mf j  for any r fR .  It follows that

1 - ( x r )m =  (l-jrr)[(A :r)m- 1+ . . . + x r + l ]  =  [(xr)m~1 + ... + л г + 1 ](1 -x /-)

is invertible, so is 1 -xr for every rfR , that is to say, x fJ . This completes the proof of 
the theorem.

Remark. Condition (ii) of Theorem 1 yields exactly those rings as condition 
(i), for a primitive ring is commutative if and only if it is a field.1

Lemma 1. (See [4].) Let R be a completely primary ring with unity element 1 and 
with the Jacobson radical J. I f  x f R  and x f  J, then there exists u fR  such that ux= xu= \.

Lemma 2. Let G be a multiplicative group. I f  the identities
(ab)k =  akbk, к = n(a, b), n(a, b) + 1, n(a, b) + 2

hold for every a, bfG, where n (a, V) is an integer > 1 which depends on a and b, then 
G is abelian.

Proof. In the proof o f  Theorem 1 (i) we got

Similarly we have
аГ<-а’ь>Ь = ban(“>b\

а п(ч,Ь) + Ifo  _  foa n{a,b) + 1

1 The author thanks to the referee for his suggestions.
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for every a, b£G. Hence,
a»(«.*)+ifc =  banl-a-b)+1 =  bcf(a'b)a = an(a’b)ba 

which implies that ab = ba for every a, b£G.
Corollary 1. Let R be a ring with unity element 1. I f  the identities 

(xy)k = xkyk, к  =  n(x, y), n(x, y )+ \,n (x , y) + 2
hold for every x, у £R, where n(x, y) is an integer >  1 which depends on x  and у , then the 
Jacobson radical J  o f R is commutative.

Proof. S={1 — x|xG/} is a multiplicative group.
Lemma 3. Let R be a completely primary ring with unity element l. I f  the identities

(2) (xy)k = xkyk, к = n(x, у), n(x, y)+  1, n(x, y) + 2, n(x, y) >  1,
hold for every x, у £R, then

C(J) = { х € Л Н /}
is commutative.

Proof. For x ,y ^ J .  there exist x', y 'fR  such that 
xx' =  x x  =  yy' =  y 'y  — 1 

by Lemma 1. Hence, x ',y '$ J . Furthermore,
1 =  (y 'x 'fixy) = (xy)(y'x).

Therefore, xy, y 'x '^ J  and xy has y 'x ' as a multiplicative inverse in C(J). So, C(J) is 
a multiplicative group which satisfies the condition (2). Consequently, it is an abelian 
group by Lemma 2.

Theorem 2. Let R be a ring with unity element 1 in which the identities
(xy)k = xkyk, к =  n(x, y), n(x, y) + 1, n(x, >') + 2

hold for every x, у £R, where n(x, y) is an integer >  1 which depends on x  and y, then R 
is commutative if  one of the following conditions is satisfied:

(i) R is primary,
(ii) R is semi-prime.
Proof, (i) By Theorem 1, R/J  is commutative, so it is a subdirect sum of fields, 

hence R/J is a field, namely R is completely primary. Now, if x, y£ J  or if x, J, 
then xy= yx  by corollary to Lemma 2 and by Lemma 3, respectively. If, on the other 
hand, x£ J  and y(t J, then \ ~ x ^ J  so we have y ( l—x) = ( l—x)y  which gives us 
that xy=yx.

(ii) For every x,y£R , x y —yxdJ  and J  is commutative by Corollary 1, so 
xy — y x 6Z, the centre of R, by [2; Lemma 1.5]. Hence R is commutative by [5; 
Corollary 1].

Corollary 2 (Luh). I f  R is a primary ring with unity element 1 in which 
the identities

(xy)k = xkyk, к = n ,n + l,n  + 2
hold for every x, у £R, where n is an integer >  1, then R is commutative.
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ON EXTENSIONS OF ORDERS OF GROUPS 
AND RINGS

By
J. RACHÚNEK (Olomouc)

1.1. As it is well-known, any lattice can be considered as an algebraic system 
with one binary relation or as an algebraic system with two binary operations (i.e. 
as a universal algebra). Likewise an ordered group is usually defined as an algebraic 
system with one binary operation and with one binary relation while this paper 
presents an ordered group (directed group, lattice-ordered group) G expressed as a set 
with one binary operation and one generalized binary operation (generalized in the 
sense that to each ordered pair of elements in G a subset of G corresponds).

In this paper we prove a necessary and sufficient condition for the existence of 
a directed (lattice) order of a group G (Theorem 2.4), a necessary and sufficient condi
tion of the possibility for the extension of the given order of a group G to a directed 
(lattice) one (Corollary 2.4.1) and a necessary and sufficient condition such that every 
order of a group G can be extended to a directed (lattice) one (Corollary 2.4.2).

Analogous problems are solved for rings.
Throughout this paper we shall follow the terminology and results of [3].
2.1. Let S' be a nonempty set. As it is known, any mapping cp: Sn — S  is called 

и-агу algebraic operation on S. In this paper any mapping ijr. S"—2s will be called a 
generalized и-агу algebraic operation on S. The generalized binary operations have 
been used e.g. in the theory of multigroups and multigroupoids (see [5], [6]) and in the 
theory of multilattices (see [1], [2], [4], [7]).

Let G=[G, + ] be a group, and V(x,y): GXG-+ 2G a generalized binary operation 
on G. V(x, x) will be denoted by V(x). Now we consider the following conditions:

(Dl) V(x, y ) ^ 0  for each x, y£G.
(D2) V(x)Q V(y)=>V(u+x + v)Q V(u+y + v) for each x, y, u,v£G.
(D3) V(x)= V(y)=>x=y for each x, y€ G.
(D4) V(x, y) =  F(x)H V(y) for each x, у £G.
(D5) y€ V (x )o  У(у)Я= V(x) for each x, y£G.
2 .2 . Theorem. The conditions D l—D5 are mutually independent.
Proof. For the independence of Dl let us consider the group Z2 of the numbers 

0, 1 with the addition mod 2. Let F(0)={0}, F(1)={1}, F(0, 1)=F(1, O )= 0 .
For D2 let us consider Z2. Denote F(0) =  {0}, F(1)={0, 1}, F(0, 1) =  F(1, 0) =

= {0}.
For D3 let us consider Z2. Denote V(x, y )~  {0, 1} for each x, у  £Z2.
For D4 let us consider Z2. Denote F(0) =  {0}, F(1)={1}, F(0, 1)=F(1,0) =

= {0,1}.
For D5 let us consider the additive group Z  of the integer numbers. We denote 

F(jc, y)—{z£Z: 2>max (x, y) in the natural order}.
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2.3. Theorem. Let G=[G, +] be a group, V(x, y) a generalized binary operation 
o n G .I fV  satisfies the conditions D2, D3, D5, then F(0) is the positive cone o f a certain 
order o f the group G.

Proof. Let F satisfy D2, D3, D5.
a) By D5 x£ V (x) for each x£G. Therefore 0£F(0) that means F(O )X 0. Let 

a, b£ F(0). Then by D5 F(a)g F(0), V(b)0  F(0). Thus by D2 V(a+b)=V(a + b + 0)g 
QV(a + 0+0)—V(a). Now by D5 a + b£ V(a), therefore also a + b£V(0) holds. 
This implies that F(0) is a subsemigroup of G.

b) Let a£G, a£V(0), -aeV(O). Then by D5 V(a)QV(0), V (-a )Q V (0). 
Herefrom by D2 V(0)=V(—a+ a+ 0)Q V (—a+ 0+ 0)= V (—a), therefore F(0) = 
=  V (—a). Thus by D3 — a = 0, and so a —0.

c) Let xdG, a£V(0). Then by D5 V(d)QV(0), and so by D2 V ( - x  + a + x)0  
^  F( — x + 0  + x) = F(0), thus by D5 — x+ a+ x£  F(0).

Let us state the following condition:
(D6) For each x, y€_G there exists z fG  such that V(x, y)=V(z).

2.4. Theorem. The group G=[G, + ] admits a directed (lattice) order i f  and only 
i f  there exists a mapping V(x, y ): GXG-*2G satisfying D1—D5 (D1—D6).

Proof, a) Assume that there exists a mapping F with the properties D1—D5. 
By Theorem 2.3, F(0) is the positive cone of a certain order which will be denoted 
by ^ . Thus ашЬ iff b —a£ F(0). Let us show that the ordered group G= [G, + , 
is directed. First, let us prove that the upper cone U(x, y) = {z£G: z ^ x ,  z ^ y }  of the 
elements x, y£G  is equal to V(x, y). Thus let z ^ x ,  y, i.e. z£ U(x, y). Then z —x£  F(0), 
z —y£ V (  0), and so by D5 V(z—x ) f  F(0), V(z—y)Q F(0). In accordance with D2 
V(z)=V(0+(z—x)+x)Q V(0+0 + x')—V(x) holds. Herefrom and from D5 it 
follows that z£ V(x). Similarly z£ V(y). Then by D4 z£ F (x, y), i.e. U(x, y )0  V(x, y). 
Conversely, let z£V(x,y). Then by D4 z f  V(x), V(y). D5 implies V(z)QV(x),
V(z)Q V(y) and therefore by D2 V(z — x)=V(0 + z —x)Q V (0+ x—x)=V(0). Then 
by D5 z — x£V( 0), i.e. z s r .  Similarly z ^ y .  That means V(x, y)QU(x, y). By the 
assumption D1 U(x, y)=V(x, y)X  0 ,  thus G is directed. The condition D6 makes a 
lattice order possible.

b) The converse implication is evident for V(x, y) =  U(x, y).

Lemma. Let = ; be an order o f a group G, Ufix, y) the upper cone of the elements 
x, у  cG (i =  l, 2). Then the order S 2 is an extension o f the order if and only if  for 
each x, у  G, L\(x, y )0  U2(x, y) holds.

The proof is evident.
Corollaries 2.4.1 and 2.4.2 follow immediately from the preceding results.
2.4.1. Corollary. Let G = [G, + ,  3=] be an ordered group, U(x,y) the upper 

cone o f the elements x, y£G. Then the order ^  admits the extension to a directed 
(lattice) one i f  and only i f  there exists a mapping V(x, y): GXG-+ 2° such that

1. V(x, y) satisfies D 1—D5;
(F. F(x, y) satisfies D1—D6;)
2. F (x, y )0 U (x, y) for each x, у  £G.
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2.4.2. Corollary. Let G=[G, +] be a group. Then each order o f G admits 
the extension to a directed (lattice) one i f  and only i f  for each mapping U (x,y): 
GXG—2° satisfying D2, D3, D5 there exists a mapping V(x, y): (?XG —2° such that

1. V(x, j>) satisfies D 1 — D5;
(Г. V(x, j>) satisfies D 1 —D6;)
2. V(x, y) 2  U(x, y) for each x, у £G.
3.1. Let now R=[R, +  , •] be a ring, V(x, y): RXR-*2R be a generalized binary 

operation on R. We shall again denote V(x, x) by V(x). Let us state the following 
conditions:

(DT) F(x, y)X 0  for each x, y£R.
(D'2) V(x)Q V(y)=> V(u+x)Q V(u+y) for each x, y, u£R.
(D'3) V(x)Q V(y)=> V(ux)Q V(uy) for each x, y£R, u£ F(0).
(D'4) F(x) =  V(y)=>x=y for each x, y£R.
(D'5) V(x, y)=  F(x) П V(y) for each x, y£R.
(D'6) yf_ V(x)oV(y)Q V(x) for each x, y£R.

3.2. T heorem. The conditions DT—D'6 are mutually independent.
Proof. For the conditions DT, D'2, D'4—D'6 we can use the ring Z 2 of the 

numbers 0, 1 with the addition mod 2 and the multiplication mod 2 and the ring 
of the integer numbers with the same mappings V(x, y) as in Theorem 2.2 for groups.

For D'3 we consider the field of the complex numbers C. It is well-known that 
C is, with respect to the order s  given by

X j+Jjl S  X2 + | j !  iff Xx ^  X2,y 1 =  у 2,

a lattice-ordered (and also directed) group. We denote the upper cones of this order 
by V(x,y). V(2+2i)QV(l+i), i f  V(0) holds hereby V(i(2+2ij)= V (-2+ 2i)%  
| F ( —l+ i)= F ( i( l+ 0 ) .

3.3. Theorem. Let R=[R, + , •] bearing, V(x, y) a generalized binary operation 
on R. I f  V satisfies the conditions D'2—D'4, D'6, then F(0) is the positive cone o f a 
certain order o f the ring R.

Proof. By Theorem 2.3 it suffices to show that F(0) is closed with respect to the 
multiplication. Thus let a, b£V{0). Then by D'6 V(b)QV(0) and therefore by D'3 
V(ab)QV(a ■ 0)=V(0), and so by D'6 abf_V(Q) holds.

Let us state the following condition:
(D'7) For each x, y fR  there exists z f  R such that V(x, y)=V(z).
3.4. Theorem. The ring R = [R, + , •] admits a directed (lattice) order i f  and 

only if there exists a mapping V(x, y): R X R » 2 r satisfying D ' 1 —D' 6 (D' 1—D' 7).
3.4.1. Corollary. Let R=[R, + , •, =] be an ordered ring, U{x,y) the upper 

cone of the elements x, у €_R. Then the order ^  admits the extension to a directed 
(lattice) one i f  and only i f  there exists a mapping V(x, y): R x R ^ 2 R such that

1. V(x, y) satisfies DT—D'6;
(1'. V(x, y) satisfies D' 1—D"7;)
2. V(x, y) 3  U(x, y) for each x,yf_R.
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3.4.2. Corollary. Let R —[R, + , •] be a ring. Then each order of R admits 
the extension to a directed (lattice) one if  and only if for each mapping U(x,y): 
Ä X Ä -2R satisfying D'2—D'4, D'6 there exists a mapping V(x,y):RxR~*2R 
such that

1. V(x, y) satisfies D 'l—D'6;
(Г. V(x, y) satisfies D'l—D'7;)
2. V(x, y )^ U (x , y) for each x, y£R.
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NUMERICAL RELATIONSHIPS IN DIRECT 
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Introduction

There are various summation and divisibility properties among the elements of 
finite groups. In a previous paper [1] some numerical relationships were obtained for 
cyclic groups. In this paper other divisibility properties will be investigated.

The first section deals with some counting formulas for certain subsets of the 
elements in a group. Some of these formulas are then applied to nilpotent groups 
to give a necessary condition similar to those obtained in [1] for cyclic groups. 
In the last section several explicit formulas are obtained for counting elements of an 
abelian group.

The notation is the same as in [1], but will be included for easier reference. 
Throughout this paper G will denote a finite group of order |G|. Let o(g) denote the 
order of the element g belonging to group G. If A and В are groups, then A X B  
denotes the direct product of A and B. Let H[s, k](G)= {x(iG: k\o(x)\sk} where 
a\b means a divides b, (a\b means a does not divide ft), and letA[$, k\(G)= |ТГ[.у, fc](G)|, 
the size of the set H[s, k] (G). If there is no ambiguity the notations will be simplified 
to H[s, k] and h[s, A:]. Unless otherwise stated, when the expression h[s, k](G) 
appears it will be assumed that i£||G|. If \G\=pat and (p, i)= l  we write pa\\ |G|. 
Let Ф denote Euler’s phi-function. Also l.c.m. {x, y} denotes the least common 
multiple of x and y.

I. Some counting formulas

Lemma 1. Let A and В be groups. Then

h[l,t](A X B ) -  Z  h[h d](A) 2  H h  k]{B)
d \ t

where the inner sum runs over those к for which l.c.m. {d, k}=t.
The proof of this lemma easily follows from the fact that o((a, b))=l.c.m. {o(a), 

o(b)} where (a, b)£AXB.
The following special case of this lemma will be useful later on.
Corollary 1.1. Let A and В be groups, and let a be a positive integer. Then

h[\,p*\{AxB) = h[l,p*](B) Z h[\,p i](A ) + h[\,p'](A) ’Z h lU flC B )-i=0 i=0
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Proof. From Lemma 1, h[\, pa](A xB ) = 2  h[\,d](A)J£A[1, k](B), where the
d  Ip *

inner sum runs over those к for which l.c.m. {d, k}= p“.

=  h[\, l](A)h[l,p*KB)+...+h[l,p«-i](A)h[Up*KB) +

+ h[l,p?\(A)[h[l, \]{B) + h[\,p]{B)+ ...+h[\,p*]{B)} =

= h[U P * m  2  h[l, р ‘](Л) + h[\, p*](A)XZ  h[\,p%B).
i= 0 i = 0

Corollary 1.2. Let A and В be groups. Then

h[r, t](A xB ) = 2 ( 2  h[\,d](A) 2 h i U k № )
s ir  fals« )

where the innermost sum runs over those к for which l.c.m. {d, k}=st.
In the evaluation of these sums one needs to know the number of elements of a 

given order in a group. In particular when C is a cyclic group, it is easily seen that
10 if d\\G\

^ ’^ C> =  W )  if d\\C\.
From the definition of H[s, k] let us write

h[r,t](G) = 2  h[\,dt]{G).
d\r

An application of the standard Möbius inversion formula (see for example [4] par. 
16.4) to this equation yields

Lemma 2. Let G be a group. Then
h[\,rt]{G) =  2 h [ f t \ ( G ) p f d ~ l),

dir

where p is the Möbius function.
A similar result can be obtained in which the number of elements of order n is 

calculated by summing over all the divisors of n.
Lemma 3. Let G be a group. Then

h[\,n](G) = 2  p(d)h[pyb d - \ p e/ - 1](G)
d\n

wherepy is any prime divisor o f n, Pyv\\n, andpfb~n.
Proof. Let n =  rt. Then using Lemma 2 one obtains 

h[\, и] =  2  h[d, t]g(n(ii/)_1).
d \n t 1

Let us express this as a sum over the divisors of n. Suppose the prime decomposition
m

of n is n =  IJ p f1 where Pi^Pi+i- Let t=peyy~1 where у is arbitrarily chosen from
i= 1
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the set {1,2, Then nt 1=py JJ'pV=Pyb and (py,b) = 1. The symbol JJ'
i=1

means that the factor pp  has been removed from the original product. Now if d\nt~1 
then d=pJyr wherey‘=0 or 1 and r\b.

Hence

h[\,n] = 2  2  h[P-,r, Руу~Х\р{РУЬ{р\г) x) =  2 ( h[r,pp ЧМРуЬг г) +
r\b j  =  О r\b

+  h[pyr , p p - 1]p(br~1)) =  2 ( ~ b [ r , p p  г]р(Ьг 1) + h[pyr , p p  г]р(Ьг *)) =
r\b

= z  р ф г - ^ ф ^ г ,  p*/-1]-h[r ,  p ^ - 1]) = (h[pyb, p p - l]-h [b , p p ~4) -
r\b

-  2' h i P y b P i  P eyy  4  - h [ b p i  \ peyy 4  +

2 '  hiPybiPiPj)-1̂ ?  *] — A [ft(PiPj)~г, р р  4i = l 
i*j

+

1)"-1 \h Р у Ь \ П ' р Л  , p 'op-1 - h Д а ] , p p 1 ]

where 2 '  means that terms involving py do not appear. Upon regrouping one obtains

=  h[pyb, p p - 1] -  2  h[PybPi \ Pp 4 + 2  h[Pyb (PiPj) \ Pp 4 -
t = l  l ^ i <  j ^ m

- • • • + ( - l)m_1 2  hlpyb(ptp j ... p i)-\p p ~ 1] +

+ ( - l ) mh[pyb(p1p2 ... p j - 1, p p -1] = 2  p(d)b[pybd~1,p p - 1}.
d\n

Remarks 1. It should be noted from the proof of this lemma, that the choice 
of t as p p -1 was somewhat arbitrary. By letting t=py, 0^A-=ey and proceeding as in 
the proof one would obtain an alternate formula, viz.

(1) h[l,n](G) = 2  p(d)h[pp-xbd~1, Py](G).
d\n

The case t=pp  must be treated separately. In this case иГ'1=й and one obtains 
directly

h[\,n\{G) =  2 P (b d -1)h[d,Pp](G) =  2P(d)h[bd~\ pp](G).
d\b d\b

2. If A=0 in equation (1) then the summands are of the form p(d)h[nd x, 1] (G). 
Applying this formulation and Lemma 1 of [1] to a cyclic group of such an order n

p ( d )yields the well-known number-theoretic identity Ф(п)=п 2
din d

. Further infor
mation on these summands can also be obtained using a theorem o f Frobenius [2].
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3. It should be obvious from the above calculations that choosing fas a non- 
prime divisor would not yield as simple a formula as obtained above.

Corollary 3.1. Let G be a group and p a prime. Then for  1

Ml ,/>']«?) =  i ( - l ) * +1A[A/> '-* ](< ?)-(-l)i+1.
k =  l  v

Proof. Let n=p‘ in the lemma and note that h[\,pi]=h[p,p'~1]—h[\,

П. Application to nilpotent groups
By using some of the formulas of the previous section one can obtain an in

teresting result about nilpotent groups.
Theorem 4. Let Sp be a Sylow p-subgroup of G. Suppose G = SpX В where 

paII |G|. Then
h[r,p*KG) = 0 or <P(p*)h[r, 1](5).

Proof. Use the formula in Corollary 1.2. Then
(2) h[r, p*} (G) = 2 ( 2  h[\, d] (Sp) 2 h [  1, k\ (5)1

i | r  )

where the innermost sum runs over those к  for which l.c.m. {d, k}=sp“. Let us 
first evaluate the inner sum for s=  1 i.e.

2  h[l,d](Sp) Z  h[l,k\(B).
d i p •

If dXp1 then k=p* in the inner sum. But p\\B \ and so h[l,pa](B) = 0. Thus 
the sum reduces to

h[l,p*](Sp) 2 1г[1,р{](В).
i = 0

Again h[\, р '\(В )= 0  for i ^ l .  So the final result is
h[l,Px](Sp).

This value is zero unless Sp is cyclic, in which case its value is clearly Ф (px).
Now suppose s is any divisor, say rx, of r. The sum is then

2  h[\,d]{Sp) 2 h [ \ , k № ) .
dlr̂ p*

It is easily seen that the only non-zero summands occur when d=p* and in this 
case the sum simplifies to

h[l,p*l(Sp)h [l,ri](B) 
and so if Sp is cyclic, equation (2) becomes

h[r,p°](G) = 2h[l,p*](Sp)h[l,s]iB) = <t>(p«)2hlUs\(B) = Ф{р'Щг, 1](5).
i | r  s | r

In the special case that G is a cyclic group, one obtains the same result as in 
Lemma 1 of [1].
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Corollary 4.1. The same hypothesis as in the theorem yield 

/i[|G|p_a,pa](G) =  0 or \G\p~lx<P(peC).

Proof. In this case \B\ = \G\p~* and h[\G\, 1](G) =  |G|.
One can apply Corollary 4.1 to a nilpotent group G for which /7*11 |G|. It should 

be recalled that the quantity A[s, k] is a sum over a certain range of divisors in a 
group. For a given value of k, these sums are maximal when s= \G\k~1. Choose к to be 
the highest power of a given prime which divides the order of the group. Then these 
quantities offer some measure of the Sylow structure of a group. For a cyclic group of 
order |G| where p*\\ |G|, it is known that h[\G\p~*, рС1] — \0\р~аФ(ра) (see [1], Theorem
2). This value coincides with the corresponding value for all nilpotent groups of 
order |G|, unless that value is zero. This result about nilpotent groups does not extend 
to arbitrary groups. For example h [24, 3]=8 in the symmetric group of degree 4. 
Empirical data seems to suggest that divisibility conditions involving h[np~a, p*\ 
hold among all the groups of order n for every integer n.

The next result gives a necessary and sufficient condition for this last possibility.
Lemma 5. Let /т“|| |G|. Then h\\G\p~a, p*\(G)=0 i f  and only if  G has no cyclic 

Sylow p-subgroups.
Proof. Suppose Sp is a cyclic Sylow ^-subgroup of G. Then jS1,,! =/)* and any 

generator of Sp belongs to h[\G\p~x, pa](G). Conversely, suppose x£H[\G\p~tl, p*](G). 
Then o(x)=p*t (p, t)=  1, and o(x‘) = p a. So G has a cyclic Sylow ̂ -subgroup.

III. Application to abelian groups

The Л-values of cyclic groups are easily evaluated by number-theoretic expres
sions (see Lemma 1 and Theorem 2 of [1]). Let us now obtain expressions for calcu
lating the number of elements of a given order in any abelian group, knowing only 
the type of the abelian group. The rather complicated formulas will be derived for 
abelian ^-groups. These results, together with the formulas of Section I, can be 
used to obtain the general formula. An explicit formula for calculating h[n, 1](G) 
for any abelian group G is also obtained.

Let A be an abelian p-group of type (ml , m2, ..., mk) where m j^ m j+1. Let 
mk+1= 0. Define the length of group A to be k, the number of integers in the type

к
of A. So Asz IJ C (mi) where С (тг) is a cyclic group of order pm‘. Suppose also that

i = l
\A\=pm. Let us compute h[\,p*\(A) where lSoiSm. Of course if myo i ^ m ,  then 
h[\,p*](A)=0 and so let us restrict a to be a positive integer no larger than mx.

It is easily seen that for a given a. there exists a unique integer г'(ос), depending on 
a, such that тцх)^а> т цх)+1 where 1 ^/(«)=/c.

Lemma 6. Let В be an abelian p-group of type (ml9 m2, ..., m f  / / lá a S m ,-  then

h[l ,px](B) =  Ф(р‘‘)<7(рг- 1)/><,- 1><«-1>

where o(ni) represents the sum o f all divisors of m.
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Proof. Proceed by induction on the length of B. If i=2 then C(m1)XC(m2). 
Using Lemma 1

h[l,p*](B) =  2  h[\,  d](C(mJ) 2 K 1, k]{C{nh))
d\ p“

where the inner sum runs over those к for which l.c.m. {d, k}=px. Using Corol
lary 1.1 this can be rewritten as

-  h[\,f]{C (m J)2h[\,p% C {rn l))+h[\,p*\{C(m1)) 2  h[\,pJ](C(m2)).
i=0 j=0

Since m1 ̂  m2 ̂  a this sum becomes

= ф(р*){ 1+ ф(р)+ ...+ ф (p*))+ ф(ро(1+ ф(р) + ...+ ф(р*~1)).
Now 2  Ф(сО=п, hence

d \n

=  Ф(р/‘)рх+Ф(рх)/>®-1 — Ф(/Р) (/?“-нz?“ 1) =  Ф(рх) (р+ 1)рх~г = Ф(рх)(г(р)рх~1.
Now assume the result is valid for groups whose length is i— 1, for 3. Suppose 

В is a group of type (m1, т{) and write В as C(m1)x(C (m 2) X ... XC(w;)).
Corollary 1.1 yields

h[l,p*](B) = h[\,px] [ П С (т г)} Zh[\,p% C {m 1)) +

+ h [1, px] (d m ,)) [l + * 2 h [l,p j] { n  C(wr)] •
V J= 1 U =2 ))

Since a s= пц apply the induction step and get

= Ф(рх)о(р‘-*)р^-2*х- 1'>-ра + Ф(р*)\\ + 2  Ф(р^(т(р‘- 2)р ° -2)а- 1)\ =
j = 1

= Ф(р*)<г(р1- 2) Jp<i- 2)(“- 1)+«+ 2 *  Ф(р;)Р0_2)а_1)} + Ф(Р“). 

Using Ф(р1)=р-!~1(р — 1) the expression becomes

= Ф(р*)о(р‘- 2) ^ - 2к*-»+* + ( р - 1 ) - ( р - о S V - 1»}+ Ф(РХ).

pj+1— 1Also о-(гР) = ------- -— , and so
P -  1

Ф(р“){<7(р‘' - 2)(р (;- 2)(а- 1)+1+ ( р - 1 ) ) + ( р ' - 1- 1 )  2 % К1~1)] + ф (р х) =  

Ф(рХ){с(р'~2)(р <-'~2)<'Х~1) + Х +  ( р — l)) +  (p(a_1)(i_1)— Р(‘_1))} +  Ф(р‘1) =

ф(р*) 
р - 1

{(pi_1-  1)(р(‘- 2)(а- 1)+а +  ( р -  0 ) + ( р ‘ - p i _ 1 ) ( p (0t“ 2 K i _ 1 ) - 1)}+ф(рх).
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By expanding and cancelling within the curved brackets this becomes

p

=  ф(р“) l ^ { ^ - i x - i V - D - í p - i } } ]  =p - i

= Ф (Л [1 + р (,' - 1)(а- 1)<г(р,- 1) - 1 ]  = 
=  Ф(рх)а(р'~1) p(i _ 1)(® _1).

Let us next use Lemma 6 to obtain the desired formula for counting the number 
of elements of a given order in an abelian /?-group.

к
Theorem 7. Let A =  f [  C(mг) be an abelian p-group o f type (ml , . . . ,  mk) where

i=1
and set mk+1= 0. Let l ^ a ^ m 1 and let i(a) be the unique integer satisfying 

тцх)^ а > т ц я)+1 where 1 Then h \\, p*\(Ä)=

(3) Ф (p“) <r(piw  - i ) p 0 a - w —4 l + * 2 h [ l , P ß]
k +1
П

j=i(.*) +1

The a —1 summands are each computed in a similar manner: let i(ß) be the 
unique integer satisfying mi(ß)^ß>-mi(ß)+1 where i(a) + l^ i ( ß ) ^ k .  Then

h[l,pi>]\ kf f  C(mj)I = 0 (pß)cr(pm-ow+i))p«ß)-im+m ß-i)x

( ß~l { * + l
x ( l  +  \ 2 h[l,py]\ П  C(mJ

b = i  \ s = m + i

The ß ~  1 summands are treated in a similar manner.
Before proceeding with the proof of this theorem let us note certain facts. 

First if ol = 1, then i(a)=k and the group involved in (3) is non-existent. Hence the 
entire sum will be zero. The same comment holds when ß, у, etc. are equal to 1. 
Also note that a> /?> y> ... and that г (ос) -= / (/3) -= г (у).... Thus the process stops in 
a finite number of steps.

Proof. First write
i(«0 k  +  1

A ~  П  C(mj)X П  C(mt)  =  В XC.
J = 1 J = i(a) + 1

Then Corollary 1.1 yields

h[\,p*\{A) = h[l,p'](C) Z h [ \ ,P l](B) + h[\,p*]{B) * Z h [ \,Pn{C).
i = 0 ß = 0
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Since а >тца)+1̂ . . . ^ т к one obtains A[l,p“](C) = 0. An application of Lemma 
6 yields

=  ( l +  5 ^ [ 1  ,р*](С)|.

For a given ß first determine where it “fits into” the type of C, which is (miM+1, ... 
mk). Let i(ß) be the integer for which maß) — ß ^ map) + i- Then write

i(P) k+1
П  C(mj)X П C{mj) = DXE.

j=i(x) + l J=i(ß)+1
Now compute h[\,pp](C) as above and get

h[l,pß](C) = h[l,pß](E) £  h[l,pt\(D) + h[l,pß](D) У  A[1 ,рЦ(Е).
i = 0 у = 0

Simplifying again this yields
( А-i=  ф(р^)<7(р^)-О(«) + 1))рС(Л-ОЧ«)+1))(0-1) 1+ 2  h[\,py](E)
l  7 = 1

The procedure given by this result is as follows: Given an abelian p-group A 
of type (m1, mk) and a positive integer a. If y.^m1 then h[\, pa](A)=0. If 
a = l ,  then i(a)= k  and /г[1, р](А)=Ф(р)о(рк~1). For any other value of a, one first 
finds г (a). Then for each value of ß from ß = \  to ß=ct — 1, one computes
h[\,pf]\ [J С(тМ, and repeats.

V =>(«)+! '
As a numerical illustration let A be an abelian group of order 32 and type 

(3, 1,1). The number of elements of order 2 is found as follows: a =  1 and /(a) = 3 so 
h[ 1, 2](A) = Ф(2)a(23~x) = 7. To find A[1, 4](A) set a —2 and i(a)= 1. By the formula 
Л[1, 4]04) = Ф(4)<т(1)(1 +A[1, 2](C(1)XC(1))). Since the four-group has three ele
ments of order 2, the answer is clearly 8. However, continuing with the procedure, 
there is only one value of ß viz ß = l  and so i(ß) = 3. Thus

A[l, 2](C(1)XC(1)) =  Ф (2) <7 (23 _(1+x)) 2(3 ~(1+x)) (1 - x) =  o(2) = 3.

For another numerical illustration let A be an abelian 2-group of type (5, 2, 1). 
To find the number of elements of order 8 set a =  3 and /(<z)=l. So

h[ 1, 8](Л) =  ö»(8)ff(l)[l+ Í  h[\, 2ß] ( | C K ) | .
For ß = l i(ß) = 3 and

A[l, 2](C(2)xC(l)) =  Ф(2)<7(23_(1+1))2(3_(1+1,)(1- 1) =  3.
For ß=2 i(ß) = 2 and

A[1,4](C(2)XC(1)) =  Ф(4)о’(22-(1+1))2(2_(1+1)>(2- 1)(1 +A[1, 2](C(1))) = 4.

Thus A[l, 8](Л) =  4(1+3+4) =  32.
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It is an easy consequence of Theorem 7 to obtain an explicit formula for the 
number of cyclic subgroups of a given order /?* in an abelian p-group A. Since the 
number of cyclic subgroups of order m times Ф(т) is the same as the number of 
elements of order m, the desired formula is obtained by deleting the factor Ф(р*) 
from the expression for A[l,pa](<4) in Theorem 7.

As a final result let us use one of the corollaries from Section 1 to obtain an 
explicit formula for the expression h[n, 1](G) when G is an abelian group. Suppose

r r
|G| =  П  p{‘ and G= IJ  A (pi) where A (p;) is the subgroup of G, all of whose elements

i =1 i = l
have order a multiple of p t. Let the type of А(р() be (mltl, 2, mlk )  and let
mi,ki+1= 0 for lS /S r .

Г

Theorem 8. Let G be the abelian group described above. Let n ~  [J pf‘ for
i=i

0S dts f  be a divisor o f \G\. Then

where

e, -

where
f

h[n, 1](G) = JJpV
i = 1

fc, + l
■ 2 1 - 

a = 9(i) +  l

0,(0 =  min | / / [ ^

i f dt = 0

i f 1 S i / j <  «7,

i f di S  miA

1, 1 = 7  =

and [x] denotes the greatest integer function.
Proof. Proceed by induction on r, the number of distinct primes in |G|. If r= \, 

the result has already been proved. (See Lemma 5 of [1].) In order to simplify the 
notation the result will be shown for r= 2. The procedure is easily extended to any 
value of r.

Let G ^A (p l)X A (p2). Applying Corollary 1.2 yields

h[n, 1](G) = 2 ( Z h [ l , i m Pl)) 2  h [ \ ,k ] { A (p ^

where the innermost sum runs over those к  for which l.c.m. {/, k}=s. Since j  is a 
divisor of n write s^pl'pl*, 0^oc,^</,. If lX p \l • у then the innermost sum is always 
zero. On the other hand the other summands are zero if у ̂  1. Thus the formula can 
be written as

=  i 2  h [ l,p l^ A ip ^ h ll ,p l '^ A ip t) )  = h[p{\ l](A(pf)h[p%\
a3 =  0 ax =  0

The final result now comes from applying Lemma 5 of [1] to each factor.
ki e,m

Since 2  mi j — f  and 0,(4)4 =  2  mi j ’ one sees that e ,^/, for l s / á r
j = i  ’ i =1
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in all cases. Hence for an abelian group G one obtains as a corollary to Theorem 8 
that h[n, 1](G) divides |G|. This fact is a special case of a much deeper result of 
P. H all  [3] Theorem 1.6. The extension of this statement to non-abelian p-groups 
and the converse of this result do not hold. The two non-abelian groups of order 
8 provide the necessary counterexamples. There also exist non-abelian non-p-groups 
G which satisfy the condition h[n, 1](G)/|G|. The direct product of a cyclic group 
of order 3 and the dicyclic group of order 8 is one such example.

Returning to Theorem 8 it is easily seen that = for l s f é r .  This yields 
n/h[n, 1](G), for any abelian group G. This result is, of course, a special case of 
Frobenius’ fundamental lemma [2].
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KOMPAKTE SUMMIERBARKEIT VON POTENZREIHEN
IM EINHEITSKREIS

Von
W.LUH (Gießen)

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 28 (1—2), (1976), 51— 54.

1. Einleitung

Es sei A — (ank) eine unendliche Matrix mit komplexen Koeffizienten. Eine
eo

Folge {s„} heißt Л-limitierbar zum Wert s, wenn jede der Reihen a„= 2  anksk
k  =  о

(n = 0, 1, ...) konvergiert und außerdem A-lim s„= lim an=s ist. Das durch A defini-
П - +  с о  7J-*-oо

erte Limitierungsverfahren heißt permanent, wenn für jede Folge {.?„} mit lim sn = s
П -+- oo

auch /(-lim sn = s gilt. Nach dem Satz von Toeplitz (siehe etwa [6], S. 11) ist A genau
П - * -о о

dann permanent, wenn folgende drei Eigenschaften erfüllt sind:

(1) lim <xnk =  0, к =  0, 1, . . .;
П - *  со

(2) lim 2  *nk = 1;" —“ fc = 0
oo

(3) es gibt eine Konstante C mit 2  |an*| — C.
k=0

In mehreren neueren Arbeiten ist untersucht worden, unter welchen notwendigen
oo

und hinreichenden Bedingungen über A alle Folgen {ak}, für welche die Reihe 2  ak zk
о

den Konvergenzradius 1 hat, Л-limitierbar sind. Man beachte hierzu die Arbeiten von 
Haplanov [2], Tonne [7], [8] sowie K öthe—Toeplitz [4], G anapathy Iyer [1]. 
Die Beweismethoden hierbei sind meist rein limitierungstheoretischer Art (Methode 
des gleitenden Buckels usw.).

Wir interessieren uns hier für ein weitergehendes Problem; unser Ziel ist die 
Gewinnung notwendiger und hinreichender Kriterien für A, damit für alle Potenz

reihen /(z )=  2  akzk vom Konvergenzradius 1 die Al-Transformierte
k  =  о

oo к
°n(z) = 2  ZnkSk(z) mit sk(z) = 2  aizJ

k=0 j =0

im Einheitskreis kompakt gegen f(z ) konvergiert (eine Folge von Funktionen heißt 
kompakt konvergent in einem Gebiet, wenn sie in jedem kompakten Teil gleichmäßig 
konvergiert). Es ist zu erwarten, daß wir schwächere als die Toeplitzschen Bedingungen 
erhalten werden. Wir zeigen:
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Satz. Die Folge {<r„(z)} konvergiert für alle Potenzreihen f(z )  =  2  ajzi vom
Konvergenzradius 1 in \z\<  1 kompakt gegen f(z) genau dann, wenn A die Eigenschaften 
(1), (2) erfüllt und außerdem

(4) zu jedem r£(0, 1) gibt es eine Konstante C(r) mit Kk\,Ji =S C(r), к = О, l, ; 
n = 0, 1, ....

Es ist klar, daß die Bedingung (4) sicher dann erfüllt ist, wenn (3) gilt, aber nicht 
umgekehrt. Zur kompakten Summierung von Potenzreihen im Einheitskreis können 
also auch gewisse nicht permanente Verfahren herangezogen werden.

Unser Satz ist eine direkte Konsequenz aus zwei Hilfssätzen, welche mit rein 
funktionentheoretischen Mitteln bewiesen werden.

Wir betrachten zunächst die Folge {z"} und erörtern die Frage, unter welchen
notwendigen und hinreichenden Bedingungen die A-Transformierte r„(z) = nkzk 
im Einheitskreis kompakt gegen Null konvergiert. k=0

H ilfssatz 1. Die Folge (r„(z)} konvergiert in |z|«=l kompakt gegen Null genau 
dann, wenn A die Eigenschaften (1) und (4) erfüllt.

Beweis. 1) Wir zeigen, daß (1) und (4) hinreichend sind. Zu einem kompakten 
Teil В des Einheitskreises gibt es ein q£(0, 1) so, daß \z\<q für alle z£ B. Wir wählen 
ein r£(q, 1) und erhalten:

so daß für jedes n die Reihe x„(z) in В absolut und gleichmäßig konvergiert.

Wegen (1) folgt die Behauptung.
2) Wir nehmen an, daß r„(z) für jedes n existiert und in |z |<  1 kompakt gegen 

Null konvergiert. Da dann bei festem n die Potenzreihe t„(z) auf kompakten Teilen 
von |z |< l gleichmäßig konvergiert, ergibt sich für die w-te Ableitung:

Für n —oo konvergiert x(nm,(z) im Einheitskreis kompakt gegen Null, und es folgt für

2. Beweis des Satzes

ml • lim a„m = lim r^m,(0) =  0.

Also ist die Bedingung (1) notwendi
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Für jedes r£(0, 1) und k = 0, 1, ... erhalten wir:

au
I

2ni ‘
Г rn(z)

J Z k  + 1
| z | = r  Z

dz 1 • max |t„(z)|.
| z |  = r

Daraus folgt (4).
Als nächstes untersuchen wir die Л-Transformierten <r„(z) von Potenzreihen mit 

dem Konvergenzradius 1.
H ilfssatz 2. Die Folge {cr„(z)j konvergiert für alle Potenzreihen f(z )  = 2  ak zk

k =  о
vom Konvergenzradius 1 in | z |< l  kompakt gegen / ( z )  genau dann, wenn ( t„(z)} in 
| z | < l  kompakt gegen Null konvergiert und A die Eigenschaft (2) erfüllt.

Beweis. 1) Wir zeigen, daß die Bedingungen hinreichend sind. Es sei wieder В 
ein kompakter Teil des Einheitskreises und q£(0, 1) so, daß |z\<q für alle zfB .
Bei festem n ist die Reihe 2  \ank\4k offenbar konvergent. Für die Reihenreste

k  =  0

rk(z) — sk(z)—f(z) gilt mit einer geeigneten Konstanten M  die Abschätzung 
max \rk(z)\^M qk für alle k. Hieraus folgt (bei festem n) die absolute und gleich-В
mäßige Konvergenz der Reihe g„(z)= 2  v-n k r k ( z )  m B- Mit (2) ergibt sich dann

k  =  о

(5) 8n(z)+f(z) 2  <*nk
k = 0

o„{z),

so daß für festes n und zCB die Reihe nn(z) konvergiert. Mit Hilfe der Cauchyschen 
Integralformel erhalten wir für alle z£B:

m
U Z -z)

—  f  / ( 0  
2 n i '\a U Z iZ -z )

dt.

Wegen z
c

S  —  max |z|<  1 konvergiert {g„(z)} auf В glechmäßig gegen Null. Aus q в
(5) folgt wegen (2), daß {<t„(z)} auf В gleichmäßig gegen f(z )  konvergiert.

2) Wir nehmen an, daß {<r„(z)} für alle Potenzreihen f(z)  vom Konvergenzradius 
1 existiert und in |z |< l kompakt gegen /(z) konvergiert. Für die geometrische Reihe
2  zk haben wir dann

"•(z) = j M r b - T T l } -
Aus lim <r„(0)=l folgt (2), und wir erhalten

П  —*■ O O

1 “  z
° n(z) ~  I------  2  *пк =  - T — T„(Z).1 —Z fc = o 1 — z

Hieraus ergibt sich die Existenz von t,,(z) in 0 < |z |< l und damit auch in |z |< l. 
Außerdem folgt die Kompakte Konvergenz von {t„(z}} in jzj <  1 gegen Null. Damit 
ist Hilfssatz 2 bewiesen.

Aus Hilfssatz 1 und Hilfssatz 2 ergibt sich sofort unser Satz.
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1. Introduction

It is well-known that given a suitably conditioned class T  of associative rings 
(for example, a hereditary class), then

UT =  {/?|/? has no non-zero image in T }
is a radical class. Hence every non-zero t/T-semi-simple ring has a non-zero image 
in T. On the other hand, given a radical class P it is not immediately obvious how to 
determine a class T  such that P=UT, apart from the obvious candidate T=SP, 
the semi-simple class associated with P. In an attempt to deal with this problem in 
some generality we discuss in Section 4 the concept of an M-radical. For an arbitrary 
class M we define an M-radical to be a radical P such that every P-semi-simple 
ring has a non-zero image in SPDM. We then show, in Theorem 3, that 
P=U(SPC\M). Also in Section 4 we construct the smallest M-radical to contain a 
given radical. When M is hereditary this is just U(SPf)M). Special M-radicals are 
also discussed and sufficient conditions for SPlTM to be special are given in Theorem 
6. Note that since for most of our constructions it is immaterial whether or not 0 is a 
member of a class, we will assume for any class M  that 0£M unless otherwise stated.

To facilitate the discussion of special radicals we begin in Section 3 with a 
construction of the smallest special class to contain a given class of prime rings. 
This class, called the special closure of the given class, is described in Theorem 1.

Finally in Section 5 some of the earlier results are used to establish generaliza
tions of A ndrunakievitch’s results on complementary radicals [1, p. 181]. For radi
cals P and Q we will call G the P-relative complementary radical to Q (and designate 
it as G = (P\Q)) if G is the largest radical such that in all rings R, G(R)f)Q(R)Q  
QP(R) where P(R), Q(R), G(R) are the P, Q, and G-radicals of R respectively. 
The radical (P.Q) exists when both P and Q are hereditary [7]. In Section 5 
necessary and suficient conditions are derived so that (P.Q) will be hypernilpo- 
tent. We also obtain suficient conditions for (P.Q) to be a subidempotent or a he
reditary M-radical, and this yields as a special case a condition for a special (P:Q).

2. Terminology and notation

A class M of associative rings has been called special by V. A. Andrunakie- 
vitch  [1, p. 192] if it is a hereditary class of prime rings with the property:
(1) If / с  R with /(M , then R/I*dM, where I* is the annihilator of /  in R.

* The first author was supported in part by a grant from the University of Nebraska Research 
Council.
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We remark that, since l£  M  is semi-prime, the ideal /* can also be characterized as the 
largest of the ideals J  of R for which /П /= 0 . A hereditary class M of semi-prime 
rings satisfying (1) has been called weakly special by Ju. M. R jabuhin [2, p. 66]. 
In the following there will often be a discussion for semi-prime rings, parallel to that 
for prime rings, which we will enclose in brackets. Thus if we define

FM =  {R/I*\I<iR with I  EM},
then a hereditary class M  of prime [semi-prime] rings is special [weakly special] if 
and only if FM=M. Other operators related to F are given by:

F 'M  = {R|/<i R with IEM  and I* = 0}
and

M e = {R\R is prime [semi-prime] and there is 0 ^  /<зR with IfM }.
If M  is a class of prime [semi-prime] rings, then M Q F'M Q FM  and M<=Me. 

For a class M of prime rings M e(=.F'M.
We will denote the class of all prime [semi-prime] rings by 
For an arbitrary class M  of rings we define

UM = {R| every 0 И R/K} M )
and

SM  = {R| if 0 ^  /< /? , then /$ M}.
A class of rings is called radical if it is radical in the Kurosh-Amitsur sense. See 
[3, p. 3]. It is known [4, Theorem 1] that UM is radical if and only if for every 0A  
A REM  there is some Oa R/IE SUM. This is true, in particular, if M  is a special 
[weakly special] class, in which case UM is called a special [weakly special] radical.

A radical class P is called hypernilpotent if it is hereditary and contains all 
nilpotent rings. R jahubin  has shown [2, p. 67] that P is hypernilpotent if and only 
if it is weakly special, that is, if and only if P= UM for some weakly special class M. 
As a corollary one obtains the result [1, p. 125]: Every special radical is hypernilpotent.

A radical class P is called subidempotent if it is hereditary and is contained in the 
class of idempotent rings.

3. Special and weakly special closure

Let M  be a class of prime [semi-prime] rings. Since the intersection of any family 
of special [weakly special] classes is special [weakly special], the intersection M  of 
all special [weakly special] classes containing M  (of which the class of all prime 
[semi-prime] rings is one) will be the smallest special class to contain M. We will 
call M the special [weakly special] closure of M. Our intention now is to give an alter
native (and more useful) characterization of M. A subring A of a ring R is accessible 
in R if A = 70<3 7]C ...-=a7„=i? for some n. The hereditary closure of M  is

IM  = {AIA is accessible in some REM}.

In Theorem 1 we show that M = FIM.
Lemma 1 (A ndrunakievitch). I f  MQ W[IVj], then FM Я W[l¥].
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Proof. Let / o R  with K M  and suppose A, В are ideals of R such that ABQ 
£ /*[Л 2£/*]. Then (AI)(BI) = 0[(AI)2 = 0] and since /  is a prime [semi-prime] 
ring we have, say, AI=  0. But then IA = 0 and so AQI*.

Lemma 2. IfM Q W lW J, then FM = F'M.
P roof. Clearly F 'M ^F M , so suppose R=R/f*£FM  where /«aR with K M . 

Then /  =  (/+ /* )//* sí/  since /П /*  = 0. Thus 1<R with K M . If /* =  ///* , then 
/П /д /* П /=  0 and so /= /* .  Hence /*  = 0 and RZF'M.

R emark 1. It follows from Lemmas 1 and 2 that for a class M  of prime [semi
prime] rings FM = F 'M Q M e and so for a class M  of prime rings F M = F'M = M e. 
Thus a hereditary class of prime rings is special if and only if M = M e i.e., M  has the 
prime extension property.

Corollary 1. I f  M Q  fb fftj]  and R is simple, then R € FM if and only i f  R c M.
Lemma 3. I f  M  is a hereditary class o f prime [semi-prime] rings, then so is FM.
Proof. Let O ^RdF'M . Then there is /-=aR with K M  and /*= 0 . Hence if 

then IDA?60. If J  is the annihilator of IDA  in A and J  is the ideal of R 
generated by J, then J3QJ. Hence 1Г\АГ\13= 0 and so AC\J3=0. But J ^ A  so 
J3= 0. Since R is semi-prime, by Lemma 1, we have J=  J= 0 . Thus M  is hereditary.

Lemma 4. I f  M is a hereditary class o f prime [semi-prime] rings, then FFM = FM.
Proof. By Lemma 2 we have FM=F'M. Suppose CM/ с  /<з R where J£M  

and both /* = 0 and 7 (+) = 0 (where is the annihilator of J  in /). Let J be the 
ideal of R generated by J. Put A= J3QJ. Then Л-aRwith A£M. Let K<\R and 
write B—KDI. If A B = 0, then (JR)3= 0 and, since JB<\KFM, it follows that 
JB=0. But then JB= 0 and so B=0. Thus if AK— 0 we would have KD I=  0 so that 
KQI* = 0. Therefore A* = 0 and so R£F'M =FM .

It is known [1, Theorem 6, p. 198] that if T  is a special class, then UT~ 
= U(SUTC\ W). Similarly, if T  is weakly special, then [2, Remark (3), p. 67] SUT is 
weakly special so UT—U{SUTC\W[). Indeed if P is any hypernilpotent (and so 
weakly special) radical, then U(SP(~) W) is the smallest special radical containing P.

Here and in the remainder of the paper we will let N  denote the class of all zero 
rings (rings R for which R2=0). Then, since the lower radical of a hereditary class 
is hereditary [5, Theorem 2, p. 64], the smallest hypernilpotent (hence weakly special) 
radical containing a given class M is L(IMIJN). It is easy to check that this is equal 
to U(SLIMr\ JTj). Since the smallest hereditary radical to contain M  is LIM  and the 
smallest hypernilpotent radical to contain M  is L(IMUN), we have that the smallest 
special radical to contain M is U{SLIMC\ W)=U(SL(IM[JN)C\ W).

The example in [7, p. 210] shows that, in general, a radical need not have a largest 
special radical contained in it. The example given is a hypernilpotent, but not special, 
radical which is the join, in the lattice of all radicals, of two special radicals. However, 
in Theorem 1 we characterize the largest special radical contained in an upper 
radical determined by a hereditary class of prime rings.

T heorem 1. I f  M  is a class o f prime [semi-prime] rings, then
(a) FIM—M (the special [weakly special] closure o f M), and
(b) UM is the largest special [ weakly special] radical contained in UIM.
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Proof, (a) By Lemma 4 we have FFIM=FIM  so FIM is special [weakly 
special]. But if Г is a special [weakly special] class with M ^ T  then FIMQFIT= 
=  FT— T. Thus FIM =M ._

(b) Since 1МЯ]М, UMQUIM. If T  is a special [weakly special] class such that 
UT<g UIM, then 1МЯ SU IM Q SU Tand so IMQSUTCi W. Thus M Q F(SUTf) W) = 
= SUTCilV and hence UT=U(SUTfMV)QUM  [for the weakly special proof sub
stitute Wx for W],

_  Within a given radical P=U M  we need not have, as the next example shows, 
UM equal to the largest special radical in P.

Example 1. Let R be the ring of all linear transformations of a countably 
infinite dimensional vector space, with / с  R the set of members of R of finite rank. 
We have J  and R/J are non-isomorphic simple rings. Put M= {R, R/J}. Then UM= 
=  U {R/J}, so that UM is a special radical, since any class of simple rings with 
unit is a special class [3, p. 145]. However, J£ IM ^F IM = M , so that UM. On the 
other hand /  is simple and J $ M  so J£UM. Thus, UMczUM=P which is itself 
special. (Note: by “simple” we will always mean simple idempotent.)

Corollary 2 (A ndrunakievitch). I f  S is any class o f simple rings and M  
is the class o f all subdirectly irreducible rings with hearts in S, then M is a 
special class.

Proof. This follows from the fact that S  is a hereditary class of prime rings for 
which M = F 'S= S.

Theorem 2. Let MQ W[WX], I f  IM  contains no simple rings, then the special 
[weakly special] radical UM has a semi-simple class SUM containing no subdirectly 
irreducible rings.

Proof. A subdirectly irreducible ring R^SU M  would have a simple heart 
which would be in M=FIM.  But then from Corollary 1, IM would contain a 
simple ring.

This theorem is of interest since it shows that there are special radicals, for 
example UM where M={Z) ,  where Z=integers, whose semi-simple class contains 
no subdirectly irreducible rings.

It has already been noted that not every hypernilpontent radical contains a 
largest special radical. We now present some necessary and sufficient conditions 
for a radical to contain a largest weakly special radical. First of all we have

Proposition 1. Let M  be an arbitrary class. Then the following are equivalent:
(1) UM is a radical containing a special radical;
(2) UM is a radical containing a weakly special radical;
(3) (a) Every 0 ^ R [ M  has 0^ R/ I [SUM,  and 

(b) SUM]=Wl .

Proof. From [4] we have that UM is a radical class if and only if M  satisfies 
3(a). Thus (l)=>(2)=>-(3), and 3(a)=>UM is a radical. But SUMQWX implies that 
U M 21V and so UM contains the lower Baer radical LN,  which is the special radical 
UW.  Hence (3)=>(1).
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It should be noted that the class M  of Proposition 1 need not itself be a class 
of semi-prime rings. For example, if Z„ denotes the integers mod n, A/={Z4,Z 2} 
has UM— U {Z2} which is special.

P r o p o s i t i o n  2. A radical P contains a largest weakly special radical if  and only 
i fP ^ N .

Proof (F. Szász and R. Wiegandt [9, Theorem 2, p. 237]). If P contains a 
weakly special radical, then clearly P ^ N .

Conversely, since the hereditary radicals form a complete sublattice of the lattice 
of all radicals [7, p. 208], it follows that the join in that lattice of all weakly special 
radicals contained in P, of which LN  is one, is the largest weakly special radical 
contained in P. This weakly special radical is just the largest hereditary radical 
in P (since P 3  LN) which has been characterized [6, Theorem 3, p. 682] as the class 
{R!/{R}gp}.

4. M-radicals

By Theorem 2 there are radicals (even special radicals) whose semi-simple classes 
contain no subdirectly irreducible rings. On the other hand, as we shall see, there are 
radicals P such that every O ^R ^SP  has a non-zero semi-simple image R /I  which 
is subdirectly irreducible with simple heart. We shall call such a radical an 57-radical.

From this definition it follows that an 57-radical P contains N, the class of all 
zero rings. Thus if P is hereditary, then P is hypernilpotent. In fact, every hereditary 
57-radical is special, as we now show.

Proposition 3. Let V be the class o f all subdirectly irreducible rings with simple 
hearts. P is an Si-radical i f  and only if P=U(SPC\ V).

Proof. The definition of an 57-radical is clearly equivalent to SPQSU(SPÍ) V). 
But since SPC] VQ SP it follows that SU(SPf) V)QSP. Thus we have equality and 
since С/(5РП V) is radical, U(SPC\ V) = P.

Corollary 3. The hereditary Si-radicals are the dual special radicals o f Andruna- 
kievitch.

Proof. Dual special radicals were described in [1, Theorem 10, p. 203] as 
upper radicals UQ where Q is the class of all subdirectly irreducible rings with 
simple hearts having a specified algebraic property. Thus from Proposition 3 every 
hereditary 57-radical P is a dual special radical; the algebraic property being 
/ ’-semi-simple. Conversely, since Q is hereditary, QQSUQ  and so every R£SUQ 
has an image in (5(7(9)П VlfQ.  Hence UQ is an 57-radical; it is hereditary since Q 
is special.

Corollary 4. I f  Q is any class o f subdirectly irreducible rings with simple hearts 
then UQ is an Si-radical.

Proof. A s in the proof o f Corollary 3.
As examples of 57-radicals we have, in particular, any upper radical determined 

by a class of simple rings. Thus the Brown—McCoy radical is an 57-radical. Note that
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by Theorem 2 there are special radicals which are not 57-radicals. On the other hand 
there are 5/-radicals which are not hereditary and hence not special (see Corol
lary 7).

From the example we mentioned earlier [7, p. 210] it also follows that the join 
of two S/-radicals need not be an ^/-radical. However, the intersection of a family of 
57-radicals is an ^/-radical. This will be derived as a particular case of a more 
general result later.

We will now generalize the concept of an 57-radical to that of an M-radical 
which we define as follows:

Let M be any class of rings. A radical class P is called an M-radical if every 
0 has a non-zero image in SPC\M.

Thus the 57-radicals are M-radicals with M  =  V. We have seen for an 5/-radical 
P that P=U(SPC\V),  so here we define P'= U(SPf] M) and consider the generali
zation of Proposition 3 for Л7-radicals. In Proposition 3 we were assisted by the 
fact that SPC\ V is hereditary; it may not happen that SPOM is hereditary and so 
it would be possible for P' not to be radical.

The class M  may satisfy;
(*) Every non-zero ideal В of any R CM has an image 0 7  BiJ such that:
(a) BIJf M,  and
(b) if O ^K/J^B /J ,  then there is some 0^ (K /J) / (H /J )^K /H £l  {R}.

Remark that any hereditary class satisfies (*).

Lemma 5. The class M satisfies (*) if and only i f  SP'C)M = SPD M for every 
radical class P.

Proof. Since SPHMQSP  we have in any case P= U SP^U(SPr \M )= P'  
and so SP'ClMQSPnM.  Now suppose that M  satisfies (*) and let RdSPClM. 
If 0^B<iR, then there is some non-zero B/J^MD SUI{R}. But R £ S P  so I{R}QSP 
and thus B/J£MC\SP. Hence B $ P '  and R£SP'.  Therefore SPT\M=SPC\M.

Conversely, if there is 0 B^\ RdM  such that every 0 ^  B/J$ МП SUI{R}, 
then setting P=U1 {R} we have 1{R}QSP and R£ SPOM.  But В has no non-zero 
image in Л/П5Р so B£P' and R$ SP'i^M.

Corollary 5. I f  M is a hereditary class o f rings, then SP ' П M — SPOM for 
every radical class P.

Lemma 6. Let P be a radical class and H a homomorphically closed class of rings.. 
I f  P f H  and SP= SH, then P=H.

Proof. Since U S H ^ H  we have P — USP= U S H ^ H  and so P=H.

Theorem 3. For an arbitrary class M of rings, the radical P is an M-radical if  
and only i f  P=P'.

Proof. A s in the proof of Lemma 5 we have PQP'  in any case. If P=P',  
then SP= SU(SPC\M) and P is an Af-radical. Conversely, if P is an M-radical, 
then the hereditariness of SP implies that SPQSU(SPC\M)= SP'. Hence SP=SP'  
with P'  homomorphically closed. By Lemma 6 P=P'.

We now describe two constructions which, for an arbitrary class M, yield the 
smallest M-radical to contain a given radical P.
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Proposition 4. Let {P>J A £ / 1 }  be a family o f M-radicals. Then POP;, is an 
M-radical.

Proof. The class P is radical and so PQU(SPC\M). Further, Р=Г\Р^ = 
= C)U(SP>,r iM )^ U (U  (SPXПM)). On the other hand, if R£P and R/l£SPxC\M 
for some index A,  then I=R  since R£PÁ= U(SPÁC) M), by Theorem 3 .  Therefore 
P= [/(U (5РЯПМ)) = t/(U (SP;)C\M) and, since U (SPJ<=:SP, P ^ U (S P f )  M). 
This establishes the equality P= U(SPC\M) and P is an M-radical by Theorem 3 .

It follows from this proposition that the intersection of all (hereditary, special) 
M-radicals containing a given class A is the smallest (hereditary, special) M-radical 
to contain A. The collection of all M-radicals is then a complete lattice, although not 
in general a sublattice of the lattice of all radicals.

Our second construction of the smallest M-radical to contain P involves the 
construction of a transfinite chain of classes whose union is the required radical. 

Define P0=P  and, for any ordinal /J=-0,

{U if ß is a limit ordinal 
U(SPß-xC\M) if ß is a non-limit ordinal.

Define PM = U Pß- Immediately from the construction we have
ß

Lemma 7. Each class Pß is homomorphically closed.
Lemma 8. For all oi^ß, PxQPß.
Proof. It suffices to show that PßQPß+1 for all ß. We have USPßQPß+l 

from the definition of Pß+1. Hence, since Pß is homomorphically closed, PßQUSPßQ 
= Pe+i-

Lemma 9. For each ordinal у, П  SPß = SPM.
ßSy

Proof. Clearly SPMQ П SPß-
ßsy

Suppose R<tSPM. Then there is some О Л с Л  with IdPM. But then l£Pß, 
for some ß ^ y ,  and so R$ SPß. Hence SPM= П SPß.

ß^y

Theorem 4. For an arbitrary class M and any radical class P, PM is the smallest 
M-radical containing P.

Proof. From Lemma 7 PM is homomorphically closed. We show now that if 
0 ?±R$PM, then R has a non-zero image in SPM. This will establish that PM is 
radical.

If R$ PM, then, for any a, R has a non-zero image in SPXC\M. Let Gx = {K\K is 
an ideal of some image of R and K£PX). Since {P̂ } is a chain so also is {(A,} which, 
being a chain of subsets, must stabilize at some ordinal y, so that Gy = Gy+1 = ... . 
Now there is a non-zero image P//G SPyC\M, so R/l£SPßP\M for all ß ^ y .  Therefore 
R / l e f ]  (SPßOM) = ( П S /y in М = 5Р мПМ by Lemma 9. Thus 0 ^ R / l e S P M

ß s y  V0sy )
and Pm is a radical class. Furthermore U{SPmC\M)QPm, the opposite inclusion
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holds since PM is radical, and so Pm =U(SPm (~)M). Then, by Theorem 3, PM 
is an M-radical which clearly contains P.

Finally, if Q is any M-radical and Q ^ P = P 0, then an easy induction argument 
shows that Q=]Pp for every ordinal ß. Thus Q ^ P M and the theorem is proved.

For an arbitrary class A the smallest M-radical containing A is thus (LA)M 
which by Proposition 4 is the intersection of all M-radicals containing A. In the 
particular case M = V, the radical (LA)V is the smallest 57-radical containing A. 
The smallest hereditary M-radical containing A is (LIA)M.

Corollary 6. I f  M  is a class o f rings with property ( * )  then the smallest 
M-radical containing a radical P is P'=U(SPOM).

Proof. Since Рг=Р',  by Lemma 5, we have SP1PiM= SPDM.  Hence P2= 
= U(SP1OM) = P1 and PM = P1=U(SPOM).

It is an easy induction argument to show that if AQB,  then PBQPA. Alterna
tively, this inclusion follows immediately from our first construction. Also, by mini
mality, if Q is a radical with P ^ Q ^ P a , then Qa — Pa ■ Thus (Pb)a = Pa -

If P is a hereditary radical, then it is well-known that P=U(SPf]W)  is the 
smallest special radical to contain P. If M is a hereditary class, then (P)' is the smallest 
M-radical to contain P. But if the members of M  are prime rings, then P' = 
= U ( S P O M ) ^ P ^ P  and so (P)'=P'.

For an arbitrary class M there exists a largest subclass M * with property (*), 
namely the union of all subclasses of M with property (*) (non-empty since 0£M). 
An M*-radical containing P will be an M-radical but even the smallest M*-radical 
containing P, U(SPf]M*), will in general be larger than Pm -

We now determine necessary conditions for an M-radical to be special. A ring 
A with no proper ideals and A2 = 0 is called a prime order zero ring.

Theorem 5. Let M  and H be classes o f rings such that H  is homomorphically 
closed. I f  there is a ring A £ M \ H  and A is either a simple ring without unit or a prime 
order zero ring, then there is a поп-hereditary (and so non-special) M-radical con
taining H.

Proof. Let R be the split extension of A by either Z v if A has characteristic p 
or by the rationale Q if A has characteristic 0 (note that when A has characteristic 
0 it is automatically a ö-algebra). In either case A o  R and is the only proper ideal of 
R. Since A $ H U {f?} it follows that A $ P —L (H U {R}) = P0. If A$Pß for any ordinal 
ß, then A f  SPß since A is simple, and so A 6 SPß П M . Hence A$Pß+1. Thus, by 
induction, A $ P M. However, R£P = Pm and so Pm is not hereditary.

Corollary 7. I f  M  contains a simple ring without unit, then there is a non- 
hereditary M-radical containing all nilpotent rings. Thus with M= W we have a non
special radical P such that P=U(SPП W). Also, letting M = V, there exist non-special 
Si-radicals.

Theorem 6. Let M  be a special [  weakly special]  class o f rings. IfP  is a radical for 
which PO M  is hereditary then SPП M is a special [weakly special] class (and so P' = 
= U(SPOM) is a special [weakly special] M-radical).

Proof. We know that SPOM  is a hereditary class o f prime [semi-prime] rings. 
Let R£F'(SPOM)  then R has an ideal 0Z l ^ S P O M  and since S P O M ^ M  it
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follows from Remark 1 that R£F'M=M.  If R$ SP then there is some R
with J£P.  But since /*  = 0 this would imply 0AlP\J would be contained in SP and 
also Р П М  both of which are hereditary.

Corollary 8. Let M  be a special [weakly special] class of rings and let P be 
an M-radical. Then P is special if  and only i f  POM is hereditary.

Many upper radicals have the property that their semi-simple classes are sub
direct closures of proper subclasses. Accordingly we say that an upper radical 
P= UM has property (Int) relative to M  if, for every R£ SP, we have 0=  f] /  where

I Í T

T= {I*aR\R/l£M} or, equivalently, if every R € SP is a subdirect sum of members 
of M.

From [1, Remark 14, p. 195] and [2, Proposition 1, p. 67] the special [weakly 
special] radical P ' -U (S P O M )  of Theorem 6 has property (Int) relative to SPD M.

It is not sufficient to have M  a hereditary class of prime rings in Theorem 6 as 
we now show.

Example 2. Let P be the lower Baer radical and M  the class of all simple rings 
without unit. As in Example 1, let J  be the ideal of all linear transformations of 
finite rank of the ring R of all linear transformations of a countably infinite dimensio
nal vector space. In [8, Example 2] it was shown that R has a subring К  with exactly 
one non-zero proper ideal /  and Then JdSPClM so KdSP'.  Hence P'
does not have property (Int) relative to SPDM  since К  is subdirectly irreducible but 
not in SPDM.  Also, R/J is a simple ring with unit so R£P',  whereas J£SP' .  Thus 
P'  is not hereditary. However, it is (vacuously) true that PP\M is hereditary.

It is also true that the hypothesis РП М  hereditary cannot in general be omitted 
from Theorem 6:

Example 3. If A is a (7-algebra, where (7=rationals, we will write Kx for the split 
extension of К by Q. Let M be a special class of rings containing two (non-isomorphic) 
simple rings without unit A, B. (The special closure {A, B), which is the class of all 
subdirectly irreducible rings with heart either A or B, would suffice.) We will show that 
for P=L  {AURj} the radical P'=U(SPC\M)  does not have property (Int) and is not 
hereditary. From A, B£SPOM= SP'  DM  it follows that both РГ\М and P'  are 
non-hereditary. Now let R = (A®B)] then R] P' since R has an image R/B 
s tA ^ S P O M .  The same is true of A, B, and A®В so in fact R£SP'.  However, 
R/B is the only image of R in SPClM so P' does not have property (Int) relative to
s p it m .

From the following example it follows that the converse of Theorem 6 is not 
valid:

Example 4. Let R be the ring of all linear transformations of a vector space of 
dimension K, and У с / с  R where /  is the set of all transformations of rank ^  
and J  those oi finite rank. Let A be a simple ring without unit such that A ^ J ,  A-p. I/J. 
Let M = F ' {/, A), so M  is a special class, and P—L (N U {/, R}). It is known that 
I / J J  so I] P whereas R£M.  Thus PP\M is not hereditary. On the other hand, if 
K£ SPPiM then clearly A<\K with A * =  0. Thus SPP\M is the class of all subdirectly 
irreducible rings with heart A and so is special.

Another question which naturally arises is whether every M-radical P, M  
special, with property (Int) relative to SPClM is special. Thus we pose the following 
related problems.
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Problem 1. Does there exist a special class M  and an M-radical P with property 
(Int) relative to SPflM , but SPH А/ i s  not special?

Problem 2 ([8]). Does there exist a non-special class A of simple rings such 
that UA has property (Int) relative to A 1

If A were a non-special class of simple rings such that UA has property (Int) 
relative to A, then with M=F'A  and P=UA so we would have a positive answer 
to Problem 1, since SPC\M=A in this case.

From Theorem 6 it follows that if M  is special and the radical P is such that POM  
is hereditary, then P' has property (Int) relative to SPD M. It is not necessary for 
M  to be special in order for this to hold as we now show by Example 5.

Proposition 5. Let M and H  be classes o f rings such that every R f II is a sub
direct sum o f members o f M. Then P=UM=U(ML) H) and if  P has property (Int) 
relative to M U  H , then it also has property (Int) relative to M.

Proof. Since M Q M U //then í/(M U #)í= Í/M. But every P £ # h asan  image in 
M  so we have SU(MUH)QSUM  and so UM=U(MUH).  The second part follows 
immediately from the hypothesis.

Example 5. Let H= {Z} and M = {Pg W\Rjä Z).  Let P be any hereditary radi
cal not containing any Zp. By the previous proposition we have

P' = U(SPC)M) = U((SPf)M)U (SPPlH)) = U(SPOW). 5

5. Complementary radicals

Complementary radicals were defined in [1] as follows. Given a radical Q, 
a radical G is called complementary to Q if G is the largest radical (assuming such a 
radical exists) such that G (Ä)Dß(Ä)=0 for every ring R. We generalize this con
cept and define the P-relative complementary radical to Q, where P is also a radical. 
A radical G is called P-relative complementary to Q if G is the largest radical (assum
ing such a radical exists) such that G(R)r)Q(R)QP(R) for every ring R. If we denote 
the class {0}, by 0, then the radical О-relative complementary to Q is the complemen
tary radical to Q as defined in [1] by A ndrunakievitch. We will denote the P-relative 
complementary radical to Q by (P:Q). It is clear that (P: (P'.Qj)5 Q when the P- 
relative complementary radicals exist.

The question of the existence of P-relative complementaries was partially 
settled, although not in this terminology, in [7]. There it was shown that, for 
hereditary radicals P  and Q, the P-relative complementary radical to Q exists and is 
equal to {R\Q(R/I)QP(R/I) for every ideal /  of R}.

Proposition 6. Let P and Q be hereditary radical classes. Then 
(P'Q) = {R \R /I£SP ^  R/leSQ}.

Proof. We use the characterization of (P:Q) derived by Snider in [7, p. 216] 
and quoted above. From that result it is clear that (P:Q)Q{R\R/IdSP=>R/l£SQ}. 
But if R is such that whenever R/I f  SP. then Rjl £SQ and if P(R/K)=J/K, then 
R/JdSP and so is in SQ. Hence Q(RIK)QJ/K and we have the required equality.
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Corollary 8. When P and Q are hereditary ( P : Q ) ^ P ^  (P:Q)f]Q and 
(P:Q) contains all strongly Q-semi-simple rings, where R is strongly Q-semi-simple if  
every R/l£  50-

Corollary 9. When P and Q are hereditary, Qf)SPQS(P:Q).
Proof. Let R£Qf)SP  and l o R  with l£(P:Q). Then /£(/*: 0 П 0  so I£P  by 

Corollary 8. But R£SP  so / — 0 and R£S(P:Q).
Theorem 7. Let P and Q be hereditary radical classes. The radical (P.Q ) is 

hypernilpotent i f  and only i f  Q П SPQ W1.
Proof. Suppose Qf]SPQW1 and let R£(P:Q), K o l o  R. Put P(I/K)~  

=A/K, Q(JIK) = В/К so that A and 5_are ideals of /containing^. If A is the ideal of 
R generated by A, then AQ I  and A3QA. Hence (A + B)/Ar\A/AdSPr\QP\LNQ 
Q W ^ L N ^ .  Thus (A + B)_f]A = A.

Consider the ring R/A. Since R£_(P^Q), P(R/A)'2Q{R/A). Also (S + A)/A^ 
Q Q(R/Ä) and P is hereditary, so (B+A)/A£P. But

В + A (В + A) + A В + А В + A I
Ä = "I ~ (S + d)fll = A ^  A e

and so B + Ä —Ä. Hence BQA and thus I£(P:Q). Therefore (P.Q) is hereditary.
Further, if R d N  and A=P{R), B=Q(R), then (A + B)/A£QT\ SPf]N=0.  

Hence and so RfJP'.Q). Thus {P.Q) is a hypernilpotent radical class.
Conversely, we have seen in Corollary 9 that QP\SPQS(P:Q) so if {P.Q) is 

hypernilpotent Q П SPQ W1.
Corollary 10. I f  P is a hypernilpotent radical class and Q is a hereditary radical 

class, then (P.Q) is hypernilpotent.
Corollary 11. I f  P is a hereditary radical class and Q is a subidempotent radical 

class, then (P: Q) is hypernilpotent.
It follows from Corollary 11 that if Q is a subidempotent radical class, then its 

complementary radical class ( 0 :0  is hypernilpotent. It is known that ( 0 :0  is, in 
fact, special. This will be derived as a corollary of a later result.

Theorem 8. Let P and Q be hereditary radicals. I f  Q0SPZ1N, then the radical 
(P: 0  is subidempotent.

Proof. Let R£(P:Q) and I  о R. Then Q(R/P)3 ///2 and so I /PQP(R/IS). 
Hence 1/Р£РГ\ N f P D S P ^  {0}. Therefore I=P,  every ideal in R is idempotent, 
and every accessible subring of R is an ideal of R. Let J o  l o  R with P(I/J)=AIJ 
and Q(I/J) = (B/J). Then P(R/A)^Q(R/A)f)(B+A)/A.  But P is hereditary, so 
(B+A)/A£P. However, (B + A)/AoIjA£SP  and so BQA. Hence If(P:Q) and 
{P.Q) is subidempotent.

Corollary 12. I f  P is a subidempotent radical class and Q is a hypernilpotent 
radical class, then (P: Q) is subidempotent.

Corollary 13 (Andrunakievitch). I f  Q is a hypernilpotent radical class, then 
(0: Q) is subidempotent.
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In the following theorems we include the hypothesis Q%P to avoid the trivial 
case ( P :0  =  {all rings}.

Theorem 9. Let P and Q be hereditary radicals with Q%P. A sufficient condition 
for (P:Q)—U ( M \ S Q ) is that P have property (Int) relative to a class M  for which 
U ( M \ S Q ) is radical. This is true in particular if  M is a hereditary class o f rings.

Proof. If 0^R£S(P:Q)  then by Proposition 6 every O ^ /c P  has an image 
///£  SP but not in SQ. Hence by the intersection property I/J has a non-zero image 
in (M \ S Q ). Thus Ц  U ( M \ S Q )  and R e S U (M \S Q ) ,  so S(P:Q)gSU(M\SQ) .

On the other hand if R£ S U ( M \S Q )  then every ideal of R has a non-zero 
image К in ( M \  5 0 ,  which is not in (P : Q) since (P : 0  П SP would imply K£ SQ.
Thus S (P :Q )^ S U (M \S Q ) ,  and since U (M \S Q )  is radical we have (P:Q) = 
— U (M \SQ ).

Now if M  is hereditary and R f M \ S Q  then R has a non-zero 2-radical 
IdMDQQSPffQ.  Let J<sR be maximal relative to IC\J=0 then I=I=(I+J) jJ  
is essential in R=R/J.  Thus if О t hen ÄCSP since otherwise its P-radical 
would meet /£  SP, and also SQ since СМ/П Л. By property (Int) Ä has an image 
in M \ S Q  so R(z S U ( M \  SQ) and hence by [4, Theorem 1] U (M \S Q ) is radical.

Corollary 14 (Andrunakievitch). The radical class ( 0 :0  complementary to 
Q^O is the upper radical determined by all subdirectly irreducible rings with a Q-radical 
heart. The radical ( 0 :0  is special i f  Q is subidempotent.

Proof. We take P —0 which has property (Int) relative to M, the class of all 
subdirectly irreducible rings. Also M \ S Q  is the class of all subdirectly irreducible 
rings with a 2-radical heart. If Q is subidempotent, then M \  SQ is a special class.

We look finally at M-radicals, where M  is a class of rings with the property 
(*) of Section 4. Thus, by Theorem 3, P is an M-radical if and only if P=U(SPC)M).

Theorcm 10. Let P and Q be hereditary radical classes with Q%P. I f  P is an 
M-radical with property (Int) relative to SP П M and S P C \M \ SQ is a class o f prime 
rings, then ( P : 0  A a hereditary M-radical.

Proof. Let 0 ̂  /<i R 6 SP P \M \SQ .  Since I  meets the 2-radical of R then /$  SQ. 
But l£SP  so by property (Int) I  has a non-zero image in S P D M \  SQ. Thus 
U(SPC\M \SQ ) is radical so by Theorem 9, (P:Q)=U(SPDM\SQ)  and clearly, 
since (P:Q) is radical, (P :2 ) s  U(S{P:Q)C]M). Now if R$(P:Q), then there is 
/< Ä  with 0 ?±R/l£SPr\M\SQ.  Let I Q B o R  with O^B/IdQ.  Suppose that 
IQJ<iR with J/I£(P:Q). Since R/l£SP we have J/Id(P :Q)П SP and so J/l£SQ.  
Hence (B/1)(J/I)£QC\SQ since Q is hereditary. Therefore BJQI.  Now SP C \M \SQ  
is a class of prime rings so either B ^ I  or / £ / .  We must have J f l  and so R/l£ 
dS(P:Q). In fact, R/I£S(P:Q)DM  so that i/(5(P:2)DM ). Thus (P:Q)= 
= U(S{P:Q)r\M) and (P:Q) is an M-radical.

Let Rd(P:Q) and 1<зR with /$ (P :2 )- Then there is J<il with 0?í 
I /J ^ S P C \M \S Q . But S P D M \ S Q  is a class of prime rings, so J< P . Let AIJ= 

= P(R/J), the P-radical of R/J. Then (IC)A)/J£Pf]SP= {0}. Hence I f]A=J.  Also 
R/A£SP,  so by Proposition 6, R/A^SQ.  However, (I+A)/As=II(ir)A)=I/J$. SQ 
which contradicts the hereditariness of SQ. Therefore we must have (P: Q) hereditary.
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Corollary 14. Let P and Q be hereditary radicals with Q%P. I f  P is special, 
then (P : Q) is special.

Proof. Take M = W ,  then (P.Q)=^U{S(P.Q)C\W) by Theorem 10. Hence 
(P:Q) is special.

Corollary 15. Let M  be a special class. I f  P is a hereditary M-radical and Q is a 
hereditary radical, then (P:Q) is a special M-radical.

ProoF. By Theorem 6, since (P.Q) is hereditary, (P.Q)=U(S{P:Q)C\M) 
is a special M-radical.
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NOTE ON A THEOREM OF PÓLYA A N D  
CATHERINE RÉNYI

By
R. R. HALL (York)

Introduction

In this note I prove the following result:
Theorem. Let f (x) be a polynomial of degree n over a field F o f characteristic zero 

and for each w ^F set
n(w,f) — card { r : /(r)(w) =  0}.

Then for any distinct w}, w2 we have
n(w1,f)+n(w2, f )  — ri.

R emarks. This was proved by Pólya [1] and Catherine Rényi [2] in the case 
F=C,  by a simple method depending on Rolle’s theorem. It seems worthwile to give 
a purely algebraic proof; and this permits the generalization to fields of characteris
tic zero.

If w1,wi , ..., w, are distinct elements of F then for 2 we may deduce from the 
above that
(1) n{w1,f )+n(w2, f)+. . .+n(wt, f)  i  tn,
and the polynomial/(*) = (1 —x 2)m shows that there can be equality in (1) if t=2or 3. 
Notice that if I S 3 and (1) holds with equality, it is necessary that
(2) n(wx, f )  = n(w2, f )  =  ...=  n(w„f) = n/2
(so that n must be even), and it seems possible, though I am unable to prove, that for 
t S4 (2) cannot hold.

Proof of the Theorem. This is based on the following result:

Then
Lemma. Let 0 S / i1< íí2< . . . < / ! s ; 0 S  i* <  r2 < .. .  < rk be given sets o f integers.

det [ f i l l  7  ̂ 0 i f  and only i f  r, ^  щ for \ ^  i k.

The binomial coefficient is taken to be zero when r>n, and the condition
on the right is necessary, since if rh>nh for some h ^ k ,  the first h rows of the deter
minant are dependent.

To prove sufficiency, it will be enough to show that under the conditions stated,

Р(щ,п2, . .. ,nk\rx, r 2, . . . ,rk) =  det _1___
Oti-rfi] 0,
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where (—m )!=0 for positive integers m and 0! = 1. The proof is by induction on

s =  2  s  o .
1=1

First, if 5 = 0  we infer that Г;=я,- for 1 S/Sfc and the determinant is triangular: 
its value is 1. Suppose then that 5 ^ 1  and that the result holds upto 5 —1. For any 
permutation r,

and so
sff

i = i  («i
_ t____
—rtU)V-

к к
2  (”н-гт ) Пh=1 £=1

____1____
(Ъ-Г'О))!

к
5F(/i1,n 2, . . . , nk\ г!, r2, . . . , rk) = Z  F(. . . ,nh-  1, ...; ...)

h=l

the other 2k—\ variables being unaltered. Notice that on the right, 5 —1 replaces 5 
in every term.

By the induction hypothesis each term on the right is positive provided the new 
variables satisfy the conditions of the lemma, and this is the case unless either

(i) nh- \ = n h^  
or

(ii) nh = rh.

In either of these cases, F(. .. ,nh— 1, ...; ...)=0 so it will be necessary and suf
ficient to show that there exists an h ^ k  for which both (i) and (ii) are false. Sup
pose that

rl+1 = a + 1 and n/+„ =  a+u for 1 ё  и s  v.

Then the condition 

requires that 

and so

(3)

n + 1  <  0 + 2  <  ••• <  n+v -  nl+v =  a + v 

rl+u =  a+u for 1 S  u S  c

V

2 (n, + u-rl+u) =  0.11=1

Therefore, if we bunch together any consecutive я,’s, the condition (i) does not hold 
at the left-hand end-points of these bunches, moreover (ii) cannot hold at all of them, 
in view of (3) and the fact that 5=-0. This completes the proof of the lemma.

It may be that quite general results can be found for determinants of the form 
1*(И|-Г/)1-

It remains to prove the theorem. We may assume that ^ = 0  and we put w3 = 
=иМ0, and write

к
f (x )  =  2  >h = n, Ci 0,

1 =  1
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so that n (0 ,f)= n  + 1 — k. Suppose that n (w ,f)= k \  we have to show that this leads 
to a contradiction. There would exist integers 0 ^ r1< r2< .. .< r t such that

(4) V/ r\
= 0

when r= rj, 1 We distinguish two cases, whether or not r,=«, for every
i ^ k .  In the first case, (4) gives a system of к  simultaneous equations with non- 
-vanishing determinant for the к  unknowns ct w"< which by hypothesis are non
zero, and this is the required contradiction.

In case two, let A s 1 be the least integer with the property that for />A. 
Since in any event rk< n= nk such an h exists. It will be seen that if we begin by dif
ferentiating f  rh times, the resulting polynomial is in case one. This completes 
the proof.
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ÜBER EINEN SATZ VON A. KERTÉSZ
Von

D1NH VAN HUYNH (Hanoi/Halle)

Unter einem Ring verstehen wir in dieser Note stets einen assoziativen Ring. 
Was die Terminologie betrifft, halten wir an diejenige des Buches [2]. In [3] hat A. 
K ertész den folgenden Satz bewiesen:

Es sei die additive Gruppe (A, + ) eines Unterringes A des Ringes R ein direkter 
Summand der Gruppe (R, +): (R, +) = (A, + )€B(B, +). Gibt es in R ein Linkseins
element modulo A, d. h. ein Element e mit x —ex£A für jedes x f  R, und gilt AB— 
=  В A = (0), so ist A ein ringtheoretischer direkter Summand von R.

Das Ziel dieser kleinen Note ist es, diesen Satz in allgemeinerer Form zu beweisen. 
Es gilt nämlich der folgende

Sa tz . Es sei die additive Gruppe (A, + )  eines Unterringes A des Ringes R ein 
direkter Summand der Gruppe (R, + ):

(1) (R, + ) = (А, +)Ф(В, + ) mit AB = BA = (0).

Gibt es zu jedem Element x(zR) ein ex (OR) mit

(2) x — exx£A,

und gibt es zu je endlich vielen ех.(х(, exf R ,  i=\ ,  2, ..., n) mit xt — ex.x{ f  A ein 
у  (dR) derart, daß
(3) eXlB+.. .+eXnB Q y B
gilt, so ist A ein ringtheoretischer direkter Summand von R.

Beweis. Es sei R ein Ring mit den Bedingungen des Satzes und sei x  ein Element 
aus R. Dann gibt es ein exdR mit x —exxdA.  Wegen (1) gilt x = a + b (ad А , bdB) 
und ex = ea + eb (ea£A, eb£B). Daher folgt

x —exx = (a+b)—(ea+eb)(a+b) = b—ebb + a - e aazA.
Da A ein Unterring ist, folgt
(4) b —ebbdA.
Es gibt also zu jedem bdB ein ebdB mit der Relation (4). Die Menge
ebB =  {ebb' \jb'dB}  mit festem ebdB ist offenbar eine Untergruppe von (R, +). 
Mit B* bezeichnen wir die von allen ebB (eb£B) erzeugte Untergruppe von (R, +). 
Wir wollen zunächst zeigen, daß В * ein Unterring von R ist. Es genügt, (ehi B) (eh<£ B ) f
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^ e blB für beliebige blt b2£B zu zeigen. Wegen (1) gilt b'eHb"=a+b (a £ A ,b ,b \  
b"£B). Daraus ergibt sich

(eblb')(ebtb") = ebla + eblb =  eblb£eblB.

Die Unterringe B* und A annullieren einander: B *A = A B *= (0). Daß Л П 5*=(0) 
ist, sieht man so ein: Ist r*£AC\B*, so gilt etwa

r* = e ^ b i+ .. .+е^Ь', =  a£A (b„b',£B).

Wegen (3) gibt es ein y = y t+ y 2 (y i£A , y t £B), so daß r*£yB=y2B gilt. Es gibt also 
ein b' in В mit r*= y2b '= a£A . Es existiert ein eyt in В mit y2—eyty2€A, woraus 
y 2b'= en y2b' folgt. Daher ergibt sich

r* = y2b' = en (y2b') =  eyia =  0.
Es sei r£R. Wegen (1) gilt r= a+ b (a£A, b£B). Es gibt in В ein eb, so daß b—ebb = 
= a'£A  gilt. Es ist also b= a'+ ebb. Setzen wir dieses in der Darstellung von r ein, 
so haben wir

r =  (a+ a')+ ebb£A + B*.

R  ist also die Summe von A und B*. Folglich ist die ringtheoretische direkte Zerleg
ung R=AmB* gültig.

Damit ist der Beweis des Satzes erbracht.
Wir formulieren jetzt eine Folgerung, die wir in [1] als Satz 7 angegeben haben:
Folgerung ([1], Satz 7). Es sei R  ein MHR-Ring (d. h. ein Ring mit Minimal

bedingung für Hauptrechtsideale). Ist auch das Jacobsonsche Radikal J(R) von R 
ein MHR-Ring, so ist R  die ringtheoretische direkte Summe seines maximalen Torsions
ideales und eines radikalfreien torsionsfreien MHR-Ringes.

Beweis. Aus [5] (Satz 3.1) ergibt sich die gruppen theoretische direkte Zerlegung 
{R, + ) =  F(B Г für jeden MHR-Ring R, wobei F torsionsfreie (teilbare) Untergruppe 
und T  die maximale Torsionsuntergruppe von (R, + )  ist, für die FT=TF=(0) gilt. 
Es sei J(R) auch ein MHR-Ring. Dann gilt J (R )Q T  (vgl. [5], Satz 3.3). Da jedes
homomorphes Bild eines MHR-Ringes wieder ein MHR-Ring ist, ist R =  R/T  
ein torsionsfreier radikalfreier MHR-Ring. Es sei r ein beliebiges Element aus R. 
Dann gibt es nach [4] (Satz 4) ein er in R derart, daß r —e ,r £ T gilt.

Es seien rlt r2, rn endlich viele Elemente aus R und seien eri, ..., еГп 
derartige Elemente aus R, die die Bedingung r,—en r ^ T  (/'=1,2, n) erfüllen. 
Ferner sei R' das von eri, ..., еГп und T  erzeugte Rechtsideal von R. Dann besitzt 
R' nach [4] (Satz 4) ein Linkseinselement e modulo T. Da T  ein Ideal von R ist, 
können wir e f  FC\ R ' wählen. Für er. gilt also

eer. =  eri + Xi ( x ^ T ,  i =  1, 2, ...,//).

Daraus und aus eriF +  ...+ ernFQ R = F + T  und F T = T F —(0) folgt

e(eriF+  ...+ e fnF) =  en F + ...+ ernF Q e ( F + T ) -  eF.

Setzen wir A = T, B —F, so erfüllt R die Bedingungen des Satzes. Damit folgt die 
Behauptung aus obigem Satz.
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MAXIMAL CIRCUITS OF GRAPHS. I
By

D. R. WOODALL (Nottingham)

1. Introduction. All graphs considered are finite, undirected, and without 
loops or multiple edges. Circuits and paths are ‘elementary’, i.e., have no repeated 
vertices. V(G) denotes the set of vertices of G. [x] denotes the greatest integer less 
than or equal to л\

In [2, Theorem (2.7)], E rdős and G allai proved that, if <7s2 and G is a  graph on 
n vertices with more than \d (n  — 1) edges, then G contains a circuit of length at least 
d + 1. They pointed out that this result is best possible when n is of the form t (d— 1) +1, 
in view of the graph consisting of t copies of Kd all having exactly one vertex in com
mon. Here I obtain the slight improvement:

Theorem 1. I f  2, and n= t(d— 1) +p + 1  where t s O  and Os / x í / -  1, and G 
is a graph on n vertices with more than t ^ j  + ') edges, then G contains a
circuit o f length at least d + 1 ■

This result is best possible for every value of n, in view of the graph consisting 
of t copies of Kd and one copy of Kp+1, all having exactly one vertex in common.

An exactly analogous situation holds for paths, where Erdős and G allai 
[2, Theorem (2.6)] proved that, if d^O  and G is a graph on n vertices with more than 
\  dn edges, then G contains a path of length at least d+ 1. This is best possible when n 
is of the form t (d+1), in view of the graph consisting of t disjoint copies of Kä+1. 
The analogous improvement, best possible for all values of n, is given in Corollary
1.1. (This result was first proved by F audree and Schelp [3, Theorem 5], who also 
characterized the extremal graphs.)

Corollary 1.1. I f  d ^ 0, and n=t(d+\)+p where t=s0 and 0 S p < t/+ l , and G 
is a graph on n vertices with more than t ' j + edges, then G contains a path of 
length at least d+ 3.

Proof. Add a new vertex to G, joined to all the vertices of G by edges, to form 
a new graph G* with n + \=t(d+\)+p-\-l  vertices and more than

edges. By Theorem 1, G* contains a circuit of length at least d + 3, and so G contains 
a path of length at least d + 1. This completes the proof.
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If a, b, cSO, let К (a, b, c) denote the graph consisting of Ka+b and Kbc with b 
of the vertices of Ka+b identified with the ‘first’ b vertices of Khc (so that К (a, b, c) 
has a + b + c vertices). If d=^2, j - ^ —d  and n ^ d + l —j, let

f (n, j,  d ) ^  { +1} + j ( j + n - d - l ) *

the number of edges in the graph K(d—2 j+ \ , j , j+ n —d— 1), which has n vertices and 
in which the longest circuit has length d[if у  d). The proof of Theorem 1 uses:

Theorem 2. I f  d ^ 2 a n d n ^ ~ d ~  1, andG is a 2-connectedgraph on n vertices with 
more than f[n, yd , d) edges, then G contains a circuit o f length at least d+ 1.

Note that this bound agrees (in effect) with that of Theorem 1 if p = ~ d — 1, 
y d —у  or yd; otherwise it is less than that of Theorem 1. If if is even, Theorem 2 is 
best possible except for the restriction on the value of n. The following conjecture 
would be best possible for all values of n, in view of the graphs K(d—2j+ \ ,j,  
j + n - d - 1) ( k s j i s  [!</]).

Conjecture. I f  d s2 , 2=& ^ y d  andn^d+l ,  and G is a 2-connected graph on n 
vertices with more than

m ax(/(«, k, d),f[n, [y  d ], if))

edges in which each vertex has valency at least k, then G contains a circuit of length at 
least d+ 1. (I f nothing is known about the valencies, replace к by 2.)

Note that f(n,  k, d)^ f[n,  [y d ], if) whenever к  is greater than about у  (5d — 4n), 
so that the bound in the conjecture is always equal to /[«, [yd], d )if«> yd . The 
conjecture is true for any values of n and d(=: n — r — 1) for which the conjecture on 
page 747 of [4] is true. (I have recently noticed that the latter conjecture can be false 
if nS yd+ 2, in view of graphs consisting of three or more copies of ̂ [O, [yd], [y(d+ 
+  10)]), disjoint except for two vertices which appear among the [y(d+10)] 
vertices in each copy.)

Theorem 2 has the following corollary, which was proved by Erdős and Gallai 
[2, Theorem (3.4)] subject to the stronger restriction that n>k2 — k  + 6.

Corollary 2.1. I f  nS3k + 2 and k^O, and G is a connected graph on n vertices 
with more than [^ j + k(n—k) edges, then G contains a path of length at least 2k-\-\.

Proof. Add a new vertex to G, joined to all the vertices of G, to form a 2-con- 
nected graph G* with n + 1 vertices and more than

( 2 ^ + k(n — k) + n = P 2 2) + (* +  !)((” + l)-&  — 2)

* Throughout the paper the symbol : =  or = : indicates that the equation in which it occurs 
acts as the definition of (some part of) the expression on the same side of the equality sign as the colon.
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edges. By Theorem 2 with d=2k+2, G* contains a circuit of length at least 2Ä: + 3, 
and so G contains a path of length at least 2k + 1.

2. P ro o fs  o f  the theorem s. Lem m a . I f  </s2 and d + 1 ^ n ~ 2 d — 1, and G is a
, . . , , (d\ (n—d + \ \  , , _graph on n vertices with more than H j +  I 2 I e"8es> t'len ^  contains a circuit

of length at least d+ 1.
Proof. Put d + 1 = n~ r  in Corollary 11.1 of [4].

Proof of Theorem 2 by induction on it. If n = ~ d — 1, then </)=

j + 1 2̂ j  and the result follows by the Lemma. If n —^ d —^,  then f [ n , \d ,  d) =

j + 12 + -̂ -, anc  ̂ the result follows similarly. So the induction starts.

If every vertex of G has valency at least (d+1), then the result follows by Theo
rem 4 of Dirac [1]. If G contains a vertex v with valency ~ \d ,  then G \{ r}  has more 
than f [ n — 1,-̂ -d, </) edges, and the result follows by the induction hypothesis if 
G \  {i>} is 2-connected. So we may suppose that G contains at least one vertex with 
valency = \d ,  and that, if v is any such vertex, then G \  {u} is not 2-connected.

Let {a, 6} be a separating set of two vertices, and let Z. be a lune of G attached at 
a and h, i.e., a subgraph with |F (L )|s3  such that a and b are the only vertices of L 
joined to anything outside L, and L \  {a, b} is connected; and choose a, b and L so 
that L is minimal (by inclusion). Suppose first that L \ {a, b} contains a vertex v with 
valency = \d ,  and consider the possibilities for a vertex w such that {v, w} is a sepa
rating set. Certainly L, or there would be a smaller lune within L, attached at v 
and w. But if R’(J L, the only way in which we can avoid {t>, a} or {r, b} being a 
separating set (giving a smaller lune) is to have L={a, b, v, (a, v), (v, b)}, and now 
{(a, Z>)} U G \  {i>, (a, v), (v, b)} satisfies the hypotheses of the theorem and the result 
follows by induction. So we may suppose that every vertex of L \  {a, b) has valency 
at least \ ( d + 1). By Lemma 12.4 of [5], a and b are connected by a path of length at 
least \ ( d + 1) in L.

Let L ' be another minimal lune of G, attached at c and d. (Possibly {c, d}— 
= {a, b}.) By the same argument, c and d are connected by a path of length at least 
|-(ű?+1) in L'. Since G is 2-connected, {a, b) is connected to {c, d] by two disjoint 
paths, which clearly do not contain any vertices of L  or L' apart from a, b, c, d 
themselves. So G contains a circuit of length at least d + 1. This completes the proof.

Proof of Theorem 1 by induction on n. The result is (vacuously) true if n^d,  
and it follows from the Lemma if d + l ^ n ^ 2 d — 1; so suppose that n = 2d. If G is 
2-connected, the result follows from Theorem 2; so we may suppose that G =  G1UG2, 
where Gj and G2 either are disjoint or have exactly one vertex in common. Let G; 
have И; vertices, where

И; = t f d -  1)+Pj + 1 (0 s  Pi <  d - 1; i — 1, 2).
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Then n1+n.1=n or n + 1, and either

fi+ (2 =  * and pl + P i = P ~ 1 or p, 
or

ti + t2 = t —l and P1 +P2 =  d— \+ p  — 1 or d— \+p.
Suppose that neither G, nor G2 satisfies the hypotheses of the theorem. Then 

the number of edges in G is at most

* 0 + h + ,M 3 + (*2+ ,) - : *
t, then (pl + \)-\-(p.1 + \)^p-\-2, and 4-1 1 and p2+ \S p -\-l,If ?1 + ?2 

and so

N
-  ? (2) +  2 !) +  (2) -   ̂(2) +  (/? 2 !) »

contrary to hypothesis. If, on the other hand, t1+t2= t — 1, then (p1 +  l)+ (p2 +1) = 
S d + p  + 1, and /li +  l-^i/and p2 + l<d,  and so

( /— 1) +

again contrary to hypothesis. Thus one of Gx and G.2 must in fact satisfy the hypotheses 
of the theorem, and the result follows by induction.
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ON INTEGRAL INEQUALITIES OF BIHARI TYPE
By

P. R. BEESACK (Ottawa)

In a recent paper, S. G. D eo and M. G. M urdeshwar [3] presented two theorems, 
one o f which can be regarded as a generalization of a basic inequality of I. B ihari 
[1], and the other of which is false. In this note, we obtain several extensions of Bihari’s 
result including an extended version of Theorem 1 of [3] and a replacement for the 
false Theorem 2.

For brevity we shall use the common notations:/£t o r / £ (  to indicate that a 
function /  is nondecreasing or nonincreasing on its domain. We also will, occasio
nally, use the logical symbols V, A to denote the logical “or” , “and”.

The following lemma, which is a simple extension of Bihari’s lemma [1, § 3], 
is required.

Lemma. Let g be a continuous, monotonic function which is never zero on an inter
val I  containing a point u0. Let x  and к be continuous functions on an interval J=  
=[a, ß] such that x(J)<zI and к does not change sign on J. Let a£l, and

t
(1) x(t) s  a+ j  k(s)g(x(s))ds, t£J.

a

I f  either g is nondecreasing and 0, or g is nonincreasing and 0, then

t
(Г) x(t) G~i {G(a) + f  kds),  a § i < f t ,

aи
where G(u)= J  dy/g(y), u£l, and ßL = m'm (ulf u2) with 

“0
t

Hj =  sup ju £ /: a+ J  k(s)g(x(s))ds£l, a s  t s  m},
a

t
u2 = sup ju g /: G(a) + J  kds^G(I), a S i g n } .

a

The result is also valid i f  ^  is replaced by ^  in both (1) and (Г). Finally, either
t ß

result is valid i f  [a, ß), [a, ßß, J  are replaced throughout by (a, ß], (oq, ß], J , where
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now «!=max (%, v2) with
ß

vx = inf{ü€7: a+ f  k(s)g(x(s))dsdl, t g / g  ß],
1

ß
v2 =  in f |u € /: G(a) + J  kds£G(I), v s  t s  ß ] .

t

P r o o f . We suppose first that g > 0 .  Let
t

U(J) =e a+ f  k(s)g(x(s))ds, t£J.
Cf.

Then [ /( / )£ /for and since x( t)S  U(t) by (1),

® G<GW> = | w ) ‘ ( s ) s ‘ <s>
whether and get, or k ^ O  and g€h Integrating over [a, t] we obtain

t

G(U(t)) s  G(d) + J  kds
a.

in both cases. Since t-^ß1 implies t<u2 and since G-1 (with G) is strictly increasing 
for £>0, it follows that in both cases

( П  U(t) s  G "1 {G(a) + f  kds], « g i < f t ,
a

The inequality (Г) now follows from (1) and (l").
If x( t)^U(t) ,  all of the inequalities of the proof are reversed, including that in 

(Г). Now, suppose thatg<0. If we define g j=  —g, k t = —k, then the functions x, кг , gx
U

satisfy the hypotheses already dealt with for x, k, g. Moreover, if Gx (u) = j  dyjg1 (y),
“0

then Gx(m)=  —G(u), whence Gf 1(v)=G~1(—v), so that the conclusion
t  t

x(t) =i G f1{G1(ű)+ f  kids] = G“1{G(a)+ /  Ms}
a a

follows.
To prove the final statement of the lemma, it suffices to make the change of 

variables t= —u, s= — o, k1(u) = k( — u), x1(u)=x( — u) in
ß

x(t)  s  a+ J  k(a)g(x(s))ds, a <  t s  ß,
1

to obtain
u

х1(и )ш а+  J  ki(ff)g(Ai(o-))i/<7, — ß s  и <  — a.
- ß
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The conclusion now follows on applying the parts already proved to the functions 
хг, кг on [—ß, a), and g on I.

Bihari’s lemma is the special case having I=J=[0, °°) and i s 0 with g > 0. 
In this case, щ = °° and ß1 = u2. As noted in [1], the estimate (Г) is independent 
of the choice of u0 P I.

The extended version of [3, Th. 1] is given by the following theorem. Before 
stating the result we note that the proof of Theorem 1 of [3] is defective, and in fact 
has the same error as that made in obtaining the (false) Theorem 2: one can not 
assume that x(s)^a(s)  for c tSs^ t  in order to prove (2') — when A>0 — although 
one can assume x( t)^a(t) .

T heorem 1. Let x, a, к be continuous functions such that к does not change sign 
on J=  [a, ß). Let g be continuous, monotonic, and never zero on an interval I0 such that 
x(J)czJ0 and a(J)czI0. Suppose also that the function h is continuous and monotonic 
on an interval I  such that OP I, A (/)c/0, and that any one o f the conditions

(i) A it, g i t ,  g is subadditive, k^O , g>0,
(ii) Ai i, g if ,  g is subadditive, k^O , g>0,
(iii) Aif, g i t ,  g is superadditive, k ^ 0, g < 0,
(iv) A it, g i t ,  g is superadditive, fcsO, g<0,

is satisfied. Then
t

(2) x(t)  s  a(t) + h [ f  k(s)g(x(s)) ds), tpj,
a

implies

(2') x(t) s  a(í) + A{G_1 [ f k d s  + G ^ J /ф ^(а(я))Л )]}

for c t ^ t< ß 1, where G(u)= J  dy/g(h(y)) for uPl(u0pl), andßt = min ut, with
«о ~'~3

t

i/j = su p ju i/: a ( t ) + h ( f  k(s)g(x(s)) ds)pl0, a s  t s  w},

U  U

u2 = sup i / :  J  k(s){g(a(s) + g o h [ f  k(r)g(x{r))drfydsPl},
a a

t  T

u3 = supjuiT: J  kds + G^J k(s)g(a(s))ds}pG(I), a. s  t s  T  ^  m| .
а a

The result is valid i f  =  is replaced by Ш in both (2) and (2') provided the conditions
(i)—(iv) are replaced by

(T) Ai t, g i  t, g is subadditive, kPpO, g>0,
(ii') Ait, g i t ,  g is subadditive, AsO, g>0,

(iii') Ait, g i t ,  g is superadditive, kpPO, g < 0,
(iv') Ait, g i t ,  g is superadditive, A=s0, g<0.
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Finally, both results remain valid i f  [a, ß), [a, ßL), f  are replaced by (a, ß], (ax, ß],
a

ß
f  where now a* =  max vi9 with Jt

ß
Pi = inf{v£J: a(t) + h ( f  k(s)g(x(s))ds)cl0, v s  t ^ ß } ,

t

v2 =  inf{p<E/: f  k(s){g(a(s)) + goh(J' k{r)g{a(rj)dr] ds£l} ,
V  S

ß ß
v3 = inf|i?6/: J  kds + G ^ f  k(s)g(a(s))ds]£G(J), v ^  T ^  t ^  ß } .

t  Tt
P r o o f . Define U(t)= J  k(s)g(x(s))ds and note that (2 )  implies that U(J)a I,

Л

and that
£(*(■*)) Í  g[a(s) + h(U(s))'] i  g(a(s))+goh(U(s))

where ^  or ^  holds according as g is nondecreasing and subadditive, or non
increasing and superadditive. Therefore

U'(S) f§ k(s)g(a(s)) + k(s)goh(U(s))
where á  or ё  holds according as (a,): (g€t, g subadditive, k ^ 0) V (g€l, g super
additive, fcsO), or (bi): (g€t, g subadditive, fcsO)V(g€l, g superadditive, кш0). 
Integrating from a to t, this reduces to

(3 U(t) §§ f  к (s)g(a(s))ds+ J  k(s)goh(U(s))ds

where g  or i  holds according as (ax) or (b,) holds.
/

Now, fix T£(<x, ßd. Then by (3), if we set A(t) = J  k(s)g(a(s)) ds, it follows
a

that for a s r s f ,
t

(4) t / ( i ) l  A(T)+ f  k(s)goh(U(s))ds
a

where g o r  l  holds according as (a,) holds and k, g have the same sign, or (bx) 
holds and k, g have the opposite sign. Since V([x, T])czl, it follows from the lemma 
that

t

(4') U(t) i  G -1 [ J  kds + G(A(T))] for a s  / == T.
a

t

(Observe that a S.t^T^-ß^  implies that A(T) + J  k(s)go/i(U(s))ds lies between
a

T

0 and A(T) + J  k(s)goh(U(s))ds in all cases (i)—(iv), (i')—(iv'), and hence
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A(T)+ J k(s)goh(U(s))ds£l foUov/s.} By the lemma, ^  or ё  holds in (4') accord

ing as (a2): ((a^, goh£\, &ё0, gS0)V((ßi), goAil, k^O,  g ^ 0), or (b^: ((bj), 
gohdi,  k=0,  g =  0)V((b1), goh£i,  k s 0, g^O). On analysis, these conditions reduce 
to (a2) : (i) or (iii) hold, or (b2) : (ii) or (iv) hold. From (4'), with t = T  and a change of 
notation,

(5) h(U(0 ) S  h {g _1 [ / A:^ +  G(^(0)]}
a

holds for either (a2) or (b2). Hence, (2') follows in all four cases (i)—(iv), as asserted.
If =. is replaced by ^  in (2), the only change in the analysis preceding conditions 

(a2), (b2) is that the roles of “g i f ” and “g i i” are interchanged. The new (a2) reduces 
to conditions O') or (iii'), and the new (b2) reduces to conditions (ii') or (iv'). Hence 
we obtain (5) and (20 with S  replaced by ^  in all four cases (i')—(iv'). The final 
part of the theorem follows precisely as in the proof of the lemma by the change of 
variables t = —u, s = —a, x-i (u)=x{—u), a1(u)=a(—u), k1(s)=k(—sj.

Theorem 1 of [3] is the special case of the first part of the above theorem having 
J=I=[0,  oo], and хёО, й ё 0, АгёО, h^0, Ait ;  moreover g>0, g i t  and g is sub
additive. The domain /„ of g must include J. Note that in this case, щ —и2= °°, so 
ßi — ua which, because к and G have the same sign, reduces to the result given in [3]. 
Again it is easy to verify that the estimate in (2') is independent of the choice of u0£ I. 

Tо obtain a theorem involving an inequality of the form
t

(6) x(t) ^  a ( t ) - h ( f  k(s)g(x(s))ds], a s i s j ? ,
a

one needs only replace h by (—h) in the second part of Theorem 1. Thus, with the
U

preceding hypotheses, except that now 

any o f the conditions

( - / 0 ( / ) c / o, Gfu)= f  dy/g( — h(y)), 
»0

and

(i') /г€f, g i  I, g subadditive, k ^ 0 ,  g>0, 
(ii') /г61, gel ,  g subadditive, k^sO, g>0, 

(iii') Ait, g i t ,  g superadditive, /c^0, g<0, 
(iv') Ail, g i t ,  g superadditive, k ^ 0, g<0,

the inequality (6) implies

(6') x(t) s  a(t) -  h {C f1 [ f  kds + Gt ( f  k(s)g(a(s)) <fa)]}
a a

for  a H e r e ,  ß1 is defined as before, but with G replaced by Gl and h by (—A).
In particular, contrary to the result stated in [3, Th. 2], no implication of the 

form (6)=>(6') is valid under the hypotheses: /г€ t, g i t ,  g subadditive, АёО, g>0. 
A simple counter-example is given by the inequality

t

x(t) ^  1 — J  x(s) ds, 0 ^  t ^  T/2, 
о
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where Тет — 1, valid for x ( í)=a( l  — 2T~lt) with a s 4 Г -1. The inequality (6') — as 
well as the inequality in [3] — reduces to

x(t) — 1—te~l, 0 S  / S  T/2,

and this is clearly false for t near Г/2. In this context, we note that it was proved 
generally by С. E. Langenhop [5, Th. 2] that an implication

t  t

x(t)  S  a — J  k(s)g(x(s))ds => x(t)  S  G_1 |G (a)— f  kds}
a  a

is always false when A SO, g > 0, and g is nondecreasing.
We conclude this paper by noting that precisely the same method used in prov

ing Theorem 1 also yields

Theorem 2. Let x, a, k, g, h satisfy the preliminary hypotheses o f Theorem 1, and 
let b be a function which is continuous, does not change sign on /= [« , ß), and satisfies 
b(J)<zI0. Let either one o f the conditions

(i) A€t, g€t,  g subadditive, submultiplicative, ArsO, g »0 , i^O ,
(ii) A€), g6t,  g subadditive, submultiplicative, к SO, g>0, AsO,

be satisfied. Then
t

(7) x(t) S  a ( t )+ b ( t )h [ f  k(s)g(x(s))ds], t£J,
X

implies that
t  t

(7') x (i) s  a(t) + b(t)h{G~1 [J  k(s)g(b(s))ds + G ( f  A(i)g(a(s))ife)]}
X  X

for a St< ßx,  where G is defined as in Theorem 1, and = min^Ui with

t
щ = sup {u£J\ a(t) + b(t)h(U(t))£l0, a S  t S  u), U{t) =  J  k(s)g(x(s)) ds,

X

u2 = sup{n€/: b(t)h(U(t))£l0, a s  t S  и},

T  I

u3 = sup {u£J: J  k{s)g(a{s))ds-\- J  k(s)g(b(s))goh(U(s)) ds£l, a S l g f s i / J ,
a a

t  T

m4 = su p |» € /: J  k(s)g(b(s))ds + G [ f  k(s)g(a(s)) dsj^G (I), a s t s T ^ u } .
X  X

The result remains valid i f  S  is replaced by S  in both (7) and (7'), provided the 
conditions (i)—(ii) are replaced by

(f) h£ I, g€), g subadditive, submultiplicative, ArsO, g>0, AsO,
(if) A€t, g€l, g subadditive, submultiplicative, k s 0, g>0, A s0.
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Finally, both of these results remain valid if  [a, ß), [a, ßr), J  are replaced through-
a

ß
out by (a, ß], (<*!,/?], J  where now ax = max vt with the vt defined in an obvious

t

manner (cfi Theorem \).
The estimate in (7') is again independent of the choice of w0(E/used in defining G. 

As for the proof, we only note that the preceding proof applies down to (4) but with 
goh(U{s)) replaced by g [6 (s) A ({/($))] throughout. Before applying the lemma, one 
uses the submultiplicative property of g\ the lemma then applies to

t

U(t) 1  A(T)+ f  K(s)goh(U(s))ds,

with K (s)=k(s)g(b(s)).
An inequality of the form (7) with h = g~ l was considered by G ollw itzer  

[4, Th. 1]. However, the results are disjoint (except for the case g(u)=u) since Goll- 
witzer’s hypotheses: g convex and submultiplicative on [0, <=o) with g(0)=0, imply 
[6, p. 23] that g is superadditive so that none of (i)—(iv) apply. However, in the case 
g(u)=u, with J=[rx, ß), /„= [0, oo), /=[0, °°), and x , a , b , k  all nonnegative, both 
estimates apply. Our estimate (7') reduces to

t  t

(8) x(i) s  a(t) +  b ( t ) e x p [ f  k(s)b(s)ds}- f  k(s)a(s)ds,
a x

while Gollwitzer’s estimate reduces to
I t  s

(9) *(/) S  a(/) + h(<)exp [ f  k(s)b(s)ds) f  A:(s)a(í)exp(— J  k(r)b(r) dr} ds,
X X  X

both for t£J. Gollwitzer’s estimate is clearly better in this case, and indeed is best 
possible since if equality holds in

I

(10) x(t)  s  a(t) + b(t) f  k(s)x(s)ds, 

it also holds in (9) (cf. [7, Th. 0]).
More recently, S. G. D eo and U. D. D hongade [2, Lemma 2] also considered 

the inequality (7). Again their hypotheses require (among other things) that g be 
submultiplicative but superadditive, so that the two results are not in general 
comparable. Both apply, however, to the inequality (10) (provided b( t ) ^ l ,  t, 

0, x^O, for [2], and k ^ 0  for both), where now I=I№=J=[0, °°), and the estimate 
in [2] reduces to

t

(11) x(t)  s  a (i)h (/)(l +н0)ехр(У’ k(s)b(s)ds}, t => 0,
о

for arbitrary m0>0. In (11) we may take u0—0; taking a(t), b(t) constant (u>0, 
h>l) ,  it is easy to see that (8) is better for small t while (11) is better for all t with

t

f  kds =? 1. 
ó
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ON THE ABSOLUTE CONVERGENCE OF LACUNARY 
ORTHONORMAL SERIES

By
W. LUH and G. SCHROETER (Giessen)

Let X  be a measurable space with a positive measure /г. On a measurable set 
E a X  with finite measure we consider a system {/,(*)} of g-integrable functions and 
the corresponding productsystem {g„(x)}5 which is defined by g0(x) = l and

g„(x) = / , 1+iW '/ , !+iW  for n =  2  2Vj
J- 1

(especially we have g2k - 1 (x) —f k (x)). The system {/„ (л)} is called weakly multiplicative 
on E, if

2 \ f  gn(x)dii(x)I <  oo
n=i E

and it is called multiplicatively orthogonal on E, if

/ g„(x)dn(x) = 0 (n = 1,2, ...).
E

Recently G. A lexits, who has introduced these notions ([1] and [2]), proved the follow
ing theorem which states under certain hypotheses the absolute convergence of 
expansions in the functions f„(x) of a weakly multiplicative system.

Theorem A  (Alexits [1]). Let {/„ (x)} be a bounded, weakly multiplicative system 
on E which satisfies

(1) Иш /  |/„(x)| dp(x) >  0.
,1-00 E

Let /(x) be a one-sided bounded, p-integrable function on E and assume that the ex
pansion-coefficients o f f  in the procudt functions g„ (x):

(/, gn) = f /(x )gn(x)dp.(x) (и = 1, 2, ...)
E

vanish except perhaps the coefficients

(/, g2"- 0 =  (/>/«) = /  f ( x ) f n(x) dg(x).
E

CO
Then the series 2  I(/> /,)| is convergent.

П = 1
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We shall prove that the hypotheses of Theorem A can be weakened somewhat 
and applied to the proof of classical results.

Theorem 1. Let {/„(*)} be a bounded weakly multiplicative system on E which 
satisfies (1). Suppose {/„(*)} to be splittedinto p  subsequences {/„0) (x)} (/ = l, 
and design by {g},J> (.*)} the product-system according to {/„0) (x)}. Let f(x) be a one-sided 
bounded, p-integrable function on E and assume that for j = l ,  . . . ,p  the expansion- 
coefficients o f f  in the product-functions gj,j) (x) :

(fi £n0)) =  f f (x )g ! ii\x )dp (x) (n = 1 , 2 , . . . )
E

vanish except perhaps the coefficients

( fig ™-0 =  (fifnU)) = f  f ( x ) f f i \ x )  dp(x).
E

oo

Then the series 2  \(fiff)\ is convergent.
П — 1

Proof. For j=  1, p we have

2  I / g inf)( x ) d p ( x ) \  S  2 \ f  g n (x )d p (x ) \  <  oo. 
n = i  £  n = l  £

Therefore {/„0)(*)} is weakly multiplicative on E  and satisfies the hypotheses of 
Theorem A. Hence the series 2, | ( / , / n<j))! is convergent. It follows

Л = 1

Í  U M  = 2 2  \(fifn(J))\ <  -
n=1 j=ln=l

which proves our assertion.
Remark. A product function of {/„(*)} is not necessarily also a product function 

of any system {g1/ ’ (x)}.
We next consider systems {<p„(x)} of bounded, ^-integrable otrhonormal functions 

on E, which satisfy the relation
c(fc+l)

(2) <Pk(x)<Pi(x) =  2  y f ' )(Pj(x)
j = 1

for fixed c£N with у]*+,) real.
We remark that among the many systems with this recurrence-property, there are 

especially the trigonometric system, any /i-orthonormal polynomial system {<p„(x)} 
with <pn (x) exactly of degree n, the Walsh-system and many others.

Our purpose is to prove a theorem on the absolute convergence of orthonormal 
series with „Hadamard-gaps” .
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Theorem 2. Given any bounded system {<pn (x)} which satisfies (1) and (2). 
For a sequence {nfc} o f integers with

—  ^ q > > l  (fc= 1 ,2 ,...)
n k

denote by {t/7„(x)} the product-system o f {<p„fc(x)}. Let f  be one-sided bounded, p-integ- 
rable on E and assume that the expansion-coefficients

i f  Фп) = f f ( x )  ф„ (a) dp (x)
E

vanish except perhaps the coefficients

i f  Ф*-д = (/. Фпд = ff(x)(p„k(x) dp(x).
E

CO

Then the series 2  \(f> <Рпк)  I converges.
k  =  l

Ptoof. Put first c=  1. We choose an integer p with qp>2 and split the sequence 
{njfi} into p subsequences {nffi}, j=  1, ...,p  where п^л  =n(k- 1)p+j. We obtain for 
every к :

n k  v =  0 '■ lk p + j- 1 -v

Obviously the system {(p^ (a)} satisfies (1). Furthermore it is multiplicatively ortho
gonal and all the more weakly multiplicative. To prove this, we proceed by induction. 
First we have

f  <Pn[n(x)dp(x) = 0.
E

Suppose now
(3) J  JJ (pu fx) dp(x) =  0

£  V =  1  *V

for arbitrary indices kk, . . . ,k r with k t<k2< ...< kr^m . We have to show that (3) 
implies

(4 ) / r
<P„U) (x) n  <pn<j)(x)dp(x) = 0.

P  m + 1 v =  l  k v

From (2) we obtain

where ö[m> 6 R and

NU)
IlV J J fx )  = 2  Km)<PÁx)

S  2  nkj> <  «m* 2  ТГ =  2nm' <  «mil- fc=l k =0 z

Since {(p„(a)} is an orthonormal system (4) follows. Hence the system {<p„k(x)} satisfies 
the hypotheses of Theorem 2, consequently 2  l(/> фПк) I converges. Similar arguments

it=i
hold for o l .
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Our Theorem 2 contains implicitely the well known theorem of Sidon on the 
absolute convergence of lacunary Fourier series.

T h e o r e m  3 (S i d o n  [3]). Suppose f(x )  is integrable and one-sided bounded in 
[0,2 7г]. Let

2  {ak cos nkx + bk sin nkx)
k = 1

be the Fourier-series o f f ,  where

—  ё ? > 1  (k = 1,2, ...).
nk

CO

Then the series 2  {Ы +  1̂ 1} converges.
k = 1

Tihs theorem is obviously true for 3, because then the trigonometric gap- 
system is multiplicatively orthogonal. In the case 1<<7<3 one proceeds by splitting 
the sequence {и*} into /?suitable subsequences } ( j —1, ... ,/0  from which Sidon’s 
theorem follows.

The authors are indebted to G. Alexits for having raised the problem and for 
his suggestions.
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Г Р У П П Ы  К О Б О Р Д И З М О В  /-П О Г Р У Ж Е Н И Й . II

А. СЮЧ (Сегед)

Г) ВЫЧИСЛЕНИЕ ГРУППЫ УШИДА

§1.

Ушида в своей работе [1] определил группы кобордизмов /-погружений 
«-мерных многообразий в («+£)-мерные многообразия следующим образом. 
Приведем определение этих групп:

Определение. Рассмотрим всевозможные погружения / :  M-+N, где М 
произвольное «-мерное многообразие, N  произвольное («+/с)-мерное много
образие, а /  некоторое /-погружение. Два таких /-погружения / :  М — N  и 
/ ' :  M ' — N ' называются кобордантными, если существуют (и+1)-мерное мно
гообразие W  с краем dW = MU М', (п+к + 1)-мерное многообразие U с краем 
dU= NU N ' и /-погружение F: W^-U такое, что F\M и F |M. совпадают с отоб
ражениями /о/ и Г о /', где / и Г — это включения NczdU и N'czdU.

Множество классов эквивалентности образует группу относительно сло
жения, определенного через несвязную сумму. Полученную группу Ушида 
обозначает через С(и, к; /) (он показал, что естественно возникающее отобра
жение С(«, к; /)—С(л, к; 1+1) есть мономорфизм). Итак, группа Ушида — это 
группа кобордизмов /-погружений второго типа (см. Введение работы [5]).

Теорем а 1. С(п,к;1) ^  sJln+Jk(r, МО (к)).

Д оказательство  полностью аналогично доказательству изоморфизма 
Gl(n, к ) ^ п п+к(Г!МО(к)) из первой части.

С ледствие 1. Отображение С(п, к; 1)-*С(п, к; 1+1) является мономор
физмом.

Замечание. Это результат Ушида. Он доказал это утверждение геометри
чески. Мы его выведем из гомологических свойств пространств r tMO{k).

Д оказательство  следствия 1. По теореме Б аррата—-Эклеса [2] отоб
ражение HjTiM O(ky, Z 2)-*H^(rl+1MO(k); Z2), индуцированное отображением 
вложения r tM O (k)c:rl+1MO(k) есть мономорфизм. Отсюда следует, что и 
отображение 91ДГ,МО(/с))-*91ДГг+1МО(&)) групп бордизмов также есть моно
морфизм, что и влечет следствие 1.

С ледствие 2. Группа кобордизмов т-мерных многообразий с к-мерным 
векторным расслоением и l-листным накрытием (введенная Ушида как вспо
могательный объект для изучения групп С(п, k; I) и обозначенная через В(т, к; /); 
см. [1]) имеет следующую гомотопическую интерпретацию: В(т, k; I) % 
~  пт+к+н{МО (N) Г МО(,) (к)), где N достаточно большое число.
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Д оказательство. Из диаграммы

О -  тп+к(Г,МО(к)) ~  % +к(Г1+1МО(к)) -  91п+к{Г1+1МО(к), Г,МО(к)) -  о
II II

О - С ( н Д ; / )  -  С(и, &; /+ 1 )  -*■ 2?(и — (/+  1)Лг, &;/)-*- О

следует, что

В(п — (1 + 1)Аг, к \ /) «  Кп+к(Г1+1МО(к)/Г,МО(к)) =  'Дп+*(МО<‘+1>(Л:)). 

Отсюда ввиду изоморфизма 9l„(X )^ n n+N(M O (N )fX )  следует доказываемое.

§ 2. Вычисление групп С(и, к; I)

Известно, что группы бордизмов любого пространства выражаются через 
группы гомологий с коэффициентами в Z2 того же пространства

Поэтому по теореме 1 из [5] проблема определения группы С(п, к; /) сводится 
к проблеме вычисления групп H j(r tMO(k); Z2). Однако по теореме Баррата— 
Эклеса

Н,(Г,МО(кУ, Z2) *  Í  Н+(М&Ь{к)\ Z2),
i—1

где через MO(i)(k) обозначается факторпространство Г1МО(к)/Г1_1МО(к). Это 
факторпространство, как видно из конструкции Г1МО{к), является пространст
вом Тома для универсального ik-мерного векторного расслоения с группой 
0 ^ (к )  (см. [5]).

Определим группу ОР(к). Эта группа есть сплетение группы О (к) с 
группой S(i, 2), где S(i, 2) есть силовская 2-подгруппа в S(i).

По изоморфизму Тома Hn+lk(MO^l)(k); Z 2) ^  Hn(BO(1)(k); Z2). По теореме 
Серра о гомологиях накрытий Нп(ВО<1)(к); Z2) %Нп(ВО^(к); Z,).

Известно, что силовская 2-подгруппа группы £(/) разлагается в прямую 
сумму: 5(/,2)»; ^  5(2“'-, 2)% где /=  ^ а г • 2Г есть двоичная запись числа /. Этому

Г
разложению соответствует разложение группы Ор(к), которому в свою 
очередь соответствует разложение пространства ВО^{к) в произведение 
пространств. А это разложение пространства ВО$\к) индуцирует разложение 
ряда Пуанкаре для ВО$\к) в произведение рядов Пуанкаре для сомножи
телей.

Далее известно следующее:
1) 5(2r,2) — S,(2,-1,2 )~ Z 2 (где знак~ означает сплетение) (см. Н акаока [3]).
2) Если ряд Пуанкаре над Z2 для X  есть /( /) ,  то ряд Пуанкаре для прост

ранства % = (Х Х Х )Х  WZ2 (где WZ2 — ациклический свободный Z2-комплекс,
Z ,
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а на X X X  группа Z2 действует, переставляя множители) имеет вид:

ДО = у  [ДО2- / ( 0 1 + ^ 1
(см. Богаченко [4]).

Из сказанного следует, что ряд Пуанкаре пространства ВО('\к ) есть приоз- 
ведение

F M  =  I J f r MГ

где / j  ряд Пуанкаре пространства ВО {к) и

f J+i = у [ / Л 0 а- Л ( О ) ] + ^ ,

a i=  2  ör(í)"2r есть двоичная запись числа г. Тем самым вычислены группы
г

Hn(BO(i)(k)-, Z2) и значит проблема вычисления трупп С (и, А:; /) решена.
Для ясности в нижеследующей теореме явно опишу аглорифм нахождения 

чисел dimZa С (и, к; /).
Т еорем а 2. 1) Пусть f( t)  — ряд Пуанкаре пространства ВО(к) (т.е. 

f( t)=  2  t ‘nk(i), где пк(/) — число разбиений числа i на слагаемые, не превосходя- 
2

щие к).
2) Пусть / i ( 0 = / ( 0  »

1 f ( t2)
fu i ( t )  = j [ / ( t ) 2- / i t 2)] + f± T 5 , i=  1 ,2 ,....

3) Распишем каждое число i от I до I в двоичной записи 

i = 2  ar0)'2r где 1 á  i s  /, яг(г) - 0, 1.

4) Пусть F^t) — J I /Л (!) для i =  1 ,2 ,. .. ,/ .
Г I

5) Пусть M (t)=  2  F M - t ik. Обозначим j -ый коэффициент этого ряда
i=i

через mj, значит 

6) Тогда

M it) = 2 mjtF
j'=o

dimZaC(«, k;l) = 2  m} dimZl9ls
O', *)i+s=n+k

Суммирование производится по таким j  и s, для которых j+ s  = n + k.
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Д) ДОПОЛНЕНИЯ

Настоящая часть нашей работы содержит разные дополнения к теме 
/-погружений.

1) В ней мы обобщим точные последовательности: а) Уайтхеда, содержа
щую гомотопические группы сфер, б) Саломонсена, содержащую группы кобор- 
дизмов вложений и погружений, и в) Тодда;

2) докажем некоторый аналог теоремы Бур лета из [9];
3) применяя метод оснащенных многообразий Понтрягина для 2-погруже

ний, приводим новое доказательство одной известной теоремы теории гомо- 
топий;

4) в последнем параграфе исследуем образы естественных гомоморфизмов

G\n, к) -  91„ и Gln(n, к ) -~Qn.

Полученные здесь результаты можно рассматривать как необходимые усло
вия об /-погружаемости. Эти условия имеют такой вид:

Необходимым условием существования /-погружения / :  M n^ R n+k является 
принадлежность многообразия к определенным классам кобордизмов.

§ 1. Обобщение точной последовательности Уайтхеда

В работе [6] Уайтхед доказал точность следующей последовательности 
при п ^2 к  — 2

П п  +  к ( $ к) “*■ 7tn + fc+l(‘S'fc + 1) “*• ^n + fc-lC^"* *) П п  +  к -  Л $ к )

Мы здесь докажем следующую теорему:
Теорема 3. Для любого натурального числа I и для всех пар (п,к), для 

которых n S ( l+ \) k —2 имеет место точная последовательность

G\Án, k) -  nn+k+1(Sk+1) -  лп+,_1(У<'+1)'£- 1) -  Gfr(n— 1, к)

Замечание, а) При /=  1 наша последовательность совпадает с последо
вательностью У айтхеда [6];

Ь) наше доказательство аналогично доказательству последовательности 
Уайтхеда из книги Спеньера [7].

Д оказательство . Рассмотрим пару (r i+1Sk, ГД к), где Sk — сфера (а 
определение Г, см. в части I).

Напишем для нее точную гомотопическую последовательность

-  nn+k( r l+1Sk) -  nn+k(r l+1S k, r tSk) -  7cn+fc_1(r ,S k) -  7r„+fc_1(S'fc)

Пространство r tSk является (к —_1)-связным, а пара (Г/+15’к, Гг5'‘) является 
(/+!)& — 1 связной. Пространство r l+lSk\ r , S k гомоморфно шару Dlk. Поэтому
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по теореме о гомотопическом вырезании для п^(1+ 1)к—2 имеются изомор
физмы

nn+k(r l+1Sk, r tSk) *  nn+k( D ^ k, 5('+)fc- 1) ~

С другой стороны, для рассмотренных пар (и, к) имеет место изоморфизм 
Kn+k(r~Sk) ^  лп+к(Г1+1Бк). А по теореме Джеймса n„+k(T„Sk) % 7r,,+*+1(S* + 1). 
Значит лп+к(Гl+1S k) «  nn+k+1(Sk+1).

Напишем еще раз точную последовательность пары используя получен
ные изоморфизмы:

• n n + k (k i+1S k) -*■ nn+k( r i+1Sk, Г,5 * )  — лп+к_1(ГtSk) — nn+k_1(r l+1Sk)  —
I «  I «г I «  I «s

-  7W*+i(S‘) -  n ^k -Á S « * 1* - 1) -  G U n -U k) ~  nn+k(Sk) ~

Вертикальные стрелки изоморфизмы, а стрелки нижней последовательности 
определены так, чтобы диаграмма была коммутативной. Тогда из точности 
верхней последовательности следует точность нижней, а эта последняя сов
падает с последовательностью из формулировки теоремы.

§ 2. Обобщение теоремы Саломонсена

В работе [8] имеется точная последовательность, которую в наших обозна
чениях можно переписать так:

Gl(n, к) G°°(n, к) -£■ Н2(п—к, к) — G1(n — k, к) — .

Последовательность точна при п ^ 2 к —2. Определение групп Н2(т,к) — и 
более общо группы Щ(т, к), где / — натуральное число, — таково:

Определение. Я ,(т, к) — это группа кобордизмов вложенных в (т4-1■ к)- 
мерную сферу Sm+lk m-мерных многообразий с дополнительным условием: 
нормальное расслоение вложения сведено к подгруппе 0 (1>(к) группы 0(1 • к). 
Это означает другими словами, что нормальное расслоение локально рас
кладывается в уитневскую сумму /-штук //-мерных расслоений.

Аналогичное сведение нормального расслоения к группе должно быть 
задано и для «пленок», осуществляющих кобордизм вложений.

Замечание 1. При п ^ 2 к —2 группу G°°(n,k) можно заменить на группу 
G2(n, к) и получить точную последовательность

-  Gl(n, к) i  G2(n, к) Z  Н2(п — к, к) -  G \n -  1, к) -
Замечание 2. Отображения ( р и ф  описываются так: ср сопоставляет 

классу кобордизмов произвольного вложения класс кобордизмов 2-погруже
ний того же вложения, рассмотренного как 2-погружение, ф сопоставляет 
классу кобордизмов 2-погружения класс многообразия двойных точек 2-погру- 
жения из Н2(п—к, к).
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Замечение 3. Эта последовательность аналогична последовательности 
Уайтхеда; только здесь рассматриваются произвольные, не обязательно 
оснащенные вложения и погружения, и погружения, не обязательно разделяю
щиеся.

Теорем а 4. При nS.lk — 2 имеет место точная последовательность
-  Gl~ \n , к) -  G \n, к) -  Я,(и —(/— 1)Л, к) -

Замечание 4. При 1=2 эта последовательность совпадает с последова
тельностью Саламонсена (в форме, описанной в замечании 1).

Замечание 5. Как будет видно из доказательства, отображения ц> и ф 
описываются аналогично тому, как они были описаны для 1=2 в замечании 2.

Д оказательство. ni{Tl_1MO(k)) = 0 при i ^ k  — l и 
л,(Г,МО(А:), Г,_1МО(к)) = 0 при Ш к -  1.

Поэтому для п<1к — 2
пп+к(Г,МО(к), Г1_1МО(к)) ъ  n „ ^ (r .M O i^ /r ^ M O ik ) )  ^  яп+к(МО^(к)).

Поэтому для п<1к — 2 гомотопическую последовательность пары (ГгМО{к), 
Ti_1MO(k)) можно писать так:

п ^ Г . ^ М О « ) )  -  nn+k(r,MO(k))  -  ял+к(МО^(к))  -  n ^ . ^ r ^ M O i k ) )
то есть

-  Gl~ \n , к) ^  G \n , к )  t  н ,(п - ( / -  1)к, к)) -  Gl~ \ n -  1, к) - .

А это есть последовательность, точность которой хотели доказать. 
Замечание. Эти последовательности можно написать и для групп Glfr{n, к) 

тоже. Например последовательность, написанная в замечании 1 для групп 
G\r(n, к) оснащенных кобордизмов перейдет в точную при n S lk  — 2 последова
тельность

-  n„ + k(Sk) -  nS„ + k(Sk) -  7Г*СРте/?) -  TWfc-iCS*-1) -  
которая есть последовательность Тодда.

§ 3. Аналог теоремы Бурлета

Теорема Бурлета утверждает, что если погружение ориентированного много
образия в сферу имеет нормальное поле, то некоторое его кратное кобор- 
дантно вложению. Мы докажем аналогичное утверждение для произвольных 
(не объязательно ориентируемых) погружений, однако только для нечетной 
коразмерности.

Д оказательство . Пусть / :  M"^-Sn+k погружение с нормальным полем. 
По теореме Хирша существует погружение /: M"-*Sn+k~1, такое что ком
позиция М Sn+k~1 a S n+k регулярно гомотопно /. Теперь в виду четности 
числа (к— 1) некоторое кратное погружения /  будет кобордантно разделяю
щемуся погружению g: Л/"—Sn+k~1, композиция iog дает искомое вложение.
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§ 4.

Известно, что Л. С. Понтрягин и В. А. Рохлин вычислили первые стабиль
ные гомотопические группы сфер с помощью группы кобордизмов вложен
ных в сферу оснащенных многообразий. После введения группы кобордизмов 
оснащенных /-погружений естественно возникает вопрос:

Нельзя ли распространить их методы, применяя уже не группу кобордиз
мов оснащенных вложений, а группу кобордизмов оснащенных /-погружений,

Таким геометрическим методом мы докажем следующее (известное, 
утверждение:

У тверждение 1. При нечетном к отображение двойной надстройки 
S2: K2k(Sk)-»n2k+2(Sk+2) является эпиморфизмом.

Д оказательство . Знаем, что при n ^ 2 k  — 2, G2r(n,k) n„+k+1(Sk+1) и
G}г (и, к)^п* .

Итак, нужно доказать, что отображение G}r(n, k)-+G}r(n, к) есть эпимор
физм при п = к +1 и нечетном к.

Но в этих размерностях двойные точки образуют одномерное и значит 
ориентируемое многообразие. Тогда из-за нечетности любое 2-погружение 
будет разделяющимся.

Значит отображение Gjr(k + 1, к)-*Gjr(k+ 1, к) эпиморфно. Доказательство 
закончено.

Замечание. Доказанное утверждение не следует из теоремы Фрейден- 
таля.

§ 5. Каковы образы естественных гомоморфизмов
G*o(n, к) -  й„ .. G'(n, к) -  91„?

Вопрос, сформулированный в заглавии параграфа, можно рассматривать 
как обобщение вопроса Брауна:

Какие «-мерные многообразия погружаются (вкладываются) с точностью 
до кобордизма в эвклидово пространство R"+k, т.е. каковы образы отобра
жений Gk(n, к)-»91п и G°° (п, к)—91„. Его главный результат заключается в том, 
что при к ^ п  — я(п) (соответственно к ^ п  — ос(п)+1) отображение G°°(n, &:)—9i„ 
(соответственно Gk(n, к)-*91„) есть эпиморфизм.

Теорема 5. а) Если нечетно мерное ориентируемое п-мерное многообра
зие М П погружается в Rn + 2, то оно кобордантно нулю.

b) Если четномерное ориентируемое многообразие М п погружается в Rn +2 
без {^-кратных точек, то оно кобордантно нулю.

Следствие. Гомоморфизм GlQ(n,2)—Qn имеет нулевой образ
а) при любом I, если п нечетно
б) при / < у ,  если п четно.
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При доказательстве этой и следующих теорем нам будет необходимо 
следствие следующей теоремы:

Теорем а Смейла—Лашофа [10]. Пусть/ :  M n-*Rn+k есть погружение с нор
мальным классом Эйлера x í f )  и со старшим нормальным классом Штифеля— 
Уитни wk(f) . Тогда многообразие 1-кратных точек реализует класс гомологий, 
двойственный классу когомологий vv|~\  если коэффициенты из Z2, и классу 
если коэффициенты из Z.

Следствие (теоремы Смейла—Лашофа). Если f  есть l-погружение, то 
w*(/) =  0 и * '( /)  =  0.

Д оказательство  теоремы 5. Вычислим числа Штифеля—Уитни рас
сматриваемого многообразия М". Легко видеть, что w2k +1 = 0 и w2k =  (w2)* при 
к = 0, 1, 2, ... . Поэтому при нечетном п все числа Штифеля—Уитни — нули.

п

При четном п все числа Штифеля—Ушини равны числу ((vv2)2, [М"]). Однако
П

по следствию теоремы Смейла—Лашофа vv22 = 0. Значит все числа Штифеля— 
Уитни многообразия М" равны нулю.

Аналогичное вычисление для чисел Понтрягина дает, что они также все 
нули. Доказательство закончено.

Доказательство нижеследующего утверждения полностью аналогично пре
дыдущему доказательству, поэтому я его опущу.

Утверждение 2. Обозначим через Т(1; п, к) размерность группы 
Tor Im (Gln(n, к)—й„) над Z2. Тогда

1) Т(2-п, 1) = 0

2) Т(2; п, 2) =  0 при п ^  4

3) Т(2; п, 3) s  1, причем при п =  1 (mod 4) Т{2; п, 3) =  0.

Про свободную часть группы Im (С?п(и, к)-* С2п) докажем такую теорему:
Теорема 6. Пусть п такое делящееся на 4 натуральное число, что сумма 

коэффициентов п-ого многочлена Хирцебруха не равна нулю. Тогда 
rang Im (G%(n, 4 ) -  0„)s  1.

При этом единственным целочисленным инвариантом является индекс 
многообразия.

Поясним последнюю фразу:
Пусть / :  M n-*Rn + i 2-погружение ориентированного многообразия. Тогда 

если index М п =  0, то класс кобордизмов [М "] имеет конечный порядок в Оп.
Следствие (теорема о 2-погружаемости). Если п-мерное ориентируемое 

многообразие имеет нулевой индекс, но его класс кобордизмов в Q„ имеет беско
нечный порядок, то его нельзя 2-погрузить в R"+i.

Замечание. Очевидно, что из предыдущих утверждений этого параграфа 
также можно получить теоремы о 2-погружаемости.
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Д оказательство  теоремы 6. Аналогичное утверждение доказано для 
вложений в статье Т ом онага [11]. Его доказательство с помощью теоремы 
Смейла—Лашофа дословно переносится на случай 2-погружений. Чтобы это 
показать, я напомню формулировку и доказательство этой теоремы Томонага.

Теорем а Томонага. Пусть Хп есть п-мерное, ориентируемое многообра
зие, вложенное в R"+4 и имеющее нулевой индекс. Пусть п такое делящееся на 
4 натуральное число, что сумма коэффициентов п-ого многочлена Хирцебруха 
отлична от нуля. Тогда 2Х„ кобордантно нулю в Qn.

Д оказательство. Поскольку XnczRn+i, то все нормальные классы 
Понтрягина pi этого вложения равны нулю при /'&2. Отсюда следует, что 
касательные классы Понтрягина равны pt(X) = (р,)‘. Поэтому все числа Понтря-

И

гина имеют вид ((рх)4, [Х4п\). Формула Хирцебруха для индекса в данном слу
чае имеет такой вид:

и

t(Z„) =  xn-(pJ,[Xn])
где а„ есть ненулевая сумма коэффициентов п-ого многочлена Хирцебруха.

И

Поскольку т (Х„) = 0, то (р ,4, [Хп])— 0 и поэтому кобордантно нулю. Теорема 
Томонага доказана.

Пусть теперь мы имеем 2-погружение. Тогда по следствию теоремы 
Смейла—Лашофа £2 =  0. Но известно, что р2=х2 и значит р2 = 0. Классы pt 
при 3 равны нулю уже по размерностным соображениям.

Дальше доказательство совпадает с доказательством теоремы Томонага.
В другой работе Т ом онага [12] имеются следующие утверждения.
1) Если M ik 4/г-мерное ориентируемое многообразие, вложенное в эвкли

дово пространство с коразмерностью 3, то
а) при к = 2 т(М8) четно и

[ М * ]  =  j [ 3 P t C - 5 Р 2 С 2]

б) при /с = 3 т (М 12) делится на 17 и

[М12] = ^-[45 Р6С -  168Р4СХР2С + 140(Р2С)3].

Эти утверждения аналогично предыдущему обобщаются на случай 2-погру- 
жений; более того, при этом коразмерность 3 можно заменить на коразмер
ность 4.

Следствие. 1) Im (G2(8, 4)-* Í38) есть циклическая подгруппа ß 8, порож
денная элементом [ЗР4С — 5Р2С2].

2) Im (G2(12, 4)-^fi12) есть циклическая подгруппа порожденная элементом 
[45Е6 С -  168Р4 СХ Р2 С + 140 (Р2 С)3].

Замечание. Аналогичная формула для к = А тоже имеется в работе Тома- 
нага. Она тоже обобщается на наш случай. Мы ее опустили лишь из-за ее 
громоздкости.
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ÜBER DIE LEBESGUESCHEN FUNKTIONEN
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K. TANDORI (Szeged), Mitglied der Akademie

1. Es sei /.= {/.„}Г eine monoton nichtabnehmende Zahlenfolge mit ^  1. Für ein 
im Intervall (0, 1) orthonormiertes Funktionensystem p —{<?„(*) }Г bilden wir die 
Lebesgueschen Funktionen

Für eine meßbare Menge E(Q  (0, 1)) betrachten wir die folgenden Klassen der in 
(0, 1) orthonormierten Funktionensysteme <p:

Offensichtlich gilt QEQQE*.
Es sei M0 die Klasse der Folgen a = {a„}“ , die die folgende Eigenschaft besitzen: 

für jede meßbare Menge E (^ (0 , 1)) und für jedes <p£QE ist die Reihe

in E fast überall konvergent. Weiterhin sei M„* die Klasse der Folgen a mit der 
Eigenschaft, daß für jede meßbare Menge ii((i(0 , 1)) und für jedes (pdQE* die 
Reihe (1) in E fast überall konvergiert.1

In dieser Arbeit werden wir erstens den folgenden Satz beweisen.
Sa tz . I. Es gilt M0= M 0**.
Da M0 M0** evident is, haben wir nur

S. K aczmarz [2] hat den folgenden Satz bewiesen. Sind /.„ =  0(1), E(Q (0, 1)) 
eine meßbare Menge und <p£QE, so ist die Reihe (1) im Falle a ( / 2 in E fast überall 
konvergent.

Diese Behauptung kann man folgenderweise verschärfen. Sind 2„ =  0 (  1), 
£ (g (0 , 1)) eine meßbare Menge un cp£QE*, so ist die Reihe (1) im Falle a£ /2 in E 
fast überall konvergent.

1 Diese und die weiterfolgenden Klassen und Normen hängen auch von der Folge Я ab. Da Я
in dieser Arbeit immer dieselbe Folge ist, werden wir die Abhängigkeit davon nicht eigens bezeichnen.

(x£(0, 1); n — 1, 2, ...).

( 1) 2  °n<P»(x)

( 2)
zu zeigen.

M0 i  M0**
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Es sei nämlich
Es = {x€(0, 1 ):L n(<p;x)*»N} (N = 1,2, ...).

Nach dem erwähnten Kaczmarzschen Satz ist (1) im Falle a£ l2 in EN fast überall
konvergent (N=1,2, ...). Da mes | ü \  1J EN = 0  ist, ergibt sich daraus die letzte
Behauptung. Nach dieser Behauptung ist /2£ М 0**.

Weiterhin haben wir in [3] bewiesen, daß im Falle Án= 0 (  1), a$l- ein System 
<p6M0 derart existiert, daß die Reihe (1) in (0, 1) fast überall divergiert, d.h. 122 M 0 
und so im Falle Än = 0 (  1) M0= M f*  = l2 gilt.

Zum Beweis von (2) können wir also Xn/  <=» annehmen.
2. Zum Beweis der Relation (2) werden wir mehrere Hilfssätze vorauschicken. 

Für eine Zahl K ^ l  bezeichnen wir mit M0(K) die Klasse der Folgen a, die die fol
gende Eigenschaft besitzen: für jede meßbare Menge E(Q  (0, 1)) und für jedes 
in (0, 1) orthonormiertes System (p mit

(3) Ln(<p; x) ^  K).n (x£E; n = 1,2, ...),

ist die Reihe (1) in E fast überall konvergent.
H ilfssatz I. Für jede Zahl 1 °° ist M 0(K)=M0( 1).
Da im Falle l ^ K ^ K ^  M 0( l) ^ M 0(K j)^M 0(K2) gilt, genügt es, M0(K )3  

2 i / 0(l) (1-=K<°°) zu zeigen.
Im entgegengesetzten Falle gibt es eine Zahl 1 <K  und eine Folge a£M0( 1), 

mit a í  Ma(K). Dann existiert aber eine meßbare Menge .£(=(0, 1)) und ein in 
(0, 1) orthonormiertes System q> mit (3) derart, daß die Reihe (1) auf einer meßbaren
Teilmenge von E mit positiven Maß divergiert. Es sei und bilden wir die
Funktionen

Фп(х) = -

(х€(0, 1/2)),

(п = 1,2, ...)
<-./ 1 — 1/2 К 1 x — 1/2 ]У ч Ч  п J (* 6 (1 /2 , 1/2-И )

0 sonst.
Das System ф = {iA„(x)}r ist in (0, 1) orthonormiert. Es sei F die Bildmenge von E, 
die sich mit der Transformation y= x/2  ergibt. Durch einfache Rechnung bekommen 
wir

Ьп( ф ; х ) ^ 2 п (x£F; n = 1,2,...), 

und nach der Definition von ф ist die Reihe

2  апФп(х) 
n =  l
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auf einer Teilmenge von F von positivem Maß divergent, was der Annahme a £ M0 ( I) 
widerspricht.

Aus dem Hilfssatz I folgt:
(4) M0( 1) =  П M0{K) = M0.

KS1
3. Für eine Zahl 1 °° betrachten wir die Klasse der in (0, 1) orthonormier-

ten Systeme (p:

Q* = |(p: J  sup dx ä  k J .

Es sei M '(K) die Klasse der Folgen a, die die folgende Eigenschaft besitzen: für jedes 
(pZQi ist die Reihe (1) in (0, 1) fast überall konvergent. Da im Falle 1 < Äj< Ai,<  ̂  
QlQQ*KlQQ*Kl gilt, besteht auch M *(K2)^M *(K 1)QM *(l).

Es sei endlich für eine Folge a
1

||a;Ä j|*=  sup f  sup |а;ф;(Х)+ ... + aj(pj{x)\dx. 
о ls i- t

Es ist klar, daß im Falle

Ile; Hl* S  ^  Цв;АГ,|Г
für jede Folge a besteht.

H ilfssatz II. Es gilt M0(\)Q M *(l).
Es sei nämlich a£M 0( 1) und (p£!2*. Wir setzen

En = {*€ (0, 1): Ln(q>; x) S  NXn\ n =  1,2,...} (N = 1 ,2,...).
Aus dem Hilfssatz I folgt, daß die Reihe (1) in EN fast überall konvergiert. Da
mes|(0, 1 ) \  U £,w)= 0  ist, erhalten wir, daß die Reihe (1) in (0, 1) fast überall
konvergiert, d.h. а£М *( 1) ist.

In der Arbeit [4] haben wir die folgende Behauptung bewiesen.
H ilfssatz III. Essei 1 Ist ||o;K||*<°°, .so gehört a zu M*{K). Ist aber

II«; ATir =  со, so gibt es ein (piü*K derart, daß die Reihe (1 )in (0,1) fast überall divergiert, 
d.h. a j  M*(K) ist.

Weiterhin ist in der Note [5] folgendes bewiesen.
H ilfssatz IV. Für jede Zahl l^K -<  und für jede Folge a sind die Größen 

||c; 1||* und \\a; K||* beide enclich oder beide unendlich.
Aus diesen letzten Hilfssätzen ergibt sich der
H ilfssatz V. Für jede Zahl 1 <  со gilt M *(l) = M*(K).
Es sei M* die Klasse der Folgen a, die die folgende Eigenschaft besitzen: für 

jedes in (0, 1) orthonormierte System cp mit supLn(cp; x)jXnfL(0, 1) ist die Reihe (1)
П

in (0, 1) fast überall konvergent. Nach dem Hilfssatz V gilt
(5) M*{ 1) =  fl M*(K) = M*.

K S l
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4. Es sei £(£!(0, 1)) eine meßbare Menge mit positivem Maß, und £2*fE die 
Klasse der in (0, 1) orthonormierten Funktionensysteme tp, für die

£  n

besteht. Weiterhin sei für eine Folge

IIя ; 1 |Ie  — sup /  sup \ai(pi(x) + ... + a j(P j (x ) \d x .
i>€ßi,E£ ISi^j

H ilfssatz VI. Für jede Folge a gilt ||a; 1| |£ ^ ||ü ; 2||*.
Für eine beliebige Folge a  sei

a(l,W ) = {űj, . . . , űa,0 , ...} (A =  1,2...).

Nach den Definitionen gelten

\ \ a ( \ , N y , 2 \ \ * / \ \ t r , 2 \ \ * ,  ||a(l,iV); \\\*E/ \ \ a ;  1 ||S  (N /<*>),

so können wir uns auf endliche Folgen a(l, N) beschränken. Man kann auch 
mes (£)<1 voraussetzen.

Ohne Beschränkung der Allgemeinheit können wir auch annehmen, daß E ein 
Intervall ist: £=(0, a) (0 < a <  1). Es seien nämlich £(Q  (0, 1)) eine meßbare Menge 
mit oc=mes E, 0 < a < l  und cp ein beliebiges in (0, 1) orthonormiertes Funktionen
system. Wir betrachen die Funktionen

f(x )  = mes ((0, x)fl£), g(x) = mes ((0,* )D ((0, l) \£ ) )+ a .

f(x )  und g(x) sind Integralfunktionen charakteristischer Funktionen der Menge E 
bzw. der Menge (0, 1 ) \£ ,  und so ist / '( x )  =  1 fast überall in E, und g'(x)=  1 fast 
überall in (0, 1 ) \£ .  Weiterhin sind f(x): £ —(0, a), g(x):(0, l) \£ -~ (a , 1). Es seien 
f ~ 1(x),g~l (x) die Inversen dieser Funktionen, und wir betrachten die Funktionen

ФЛх) к О г Ч * ) )  И (« ,1 ) )  (

Eine einfache Rechnung ergibt

1 а 1
f  Ы х ) ф т(х )dx =  f  (pn( f - 1(x))q>m( f - 1(x))dx+ J  (Pnig-'ixjjcp^g-'ixtydx =

0 0 а

1
= f  (Pn(x)<pm( x ) d x +  J  <pn(x)(pm(x)dx = f  <pn{x)(pm(x)dx,

E  (0 ,1 ) \ E  0

d.h. das System ф ist in (0, 1) orthonormiert.
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Weiterhin gelten nach dem Obigen
1 г

f  sup \ai<Pi(x) + ... +aj(pj(x)\ dx =  f  sup |а ,^(х) + ... +а,-^Дх)| dx, 
0 1—1—7 о

f  sup |a;<p;(x) + ... + ay<py(x)| í / х  = Г sup |a;i/ü(x) + + ayt/iy(x)| í / x

в isis7 0 is is j

für jede Folge a, und für jedes n ist für x£(0, а)
11

2  <М *Ж (0 dt =

I

Ln(il/;x)= f  
0

2  Ы / -1(* ))% (/-1(0)

k = 1

d t + f 2  4>k{f~ \x))(pk(g -\t)) d t  =

Z  </>*(/ 4*))<?>k(0
fc =  l  

1 I

dt+ f
(0,1 )\E

Z  < P k ( f  1 ( x ) ) ( p k ( t )
k =1 dt

d t  =  L „ ( ( p ; f  4*)) ( /  1 ( x ) £ E ) ,= /  Z > *(/ 4*)M(0
о fc=i

und ähnlicherweise für х£(а, 1)
L„(i/i ; x) = L„(<p; g -1(x)) (g-1(*)€(0, 1 ) \£ ) .

Daher hat das System ф dieselbe Eigenschaften wie das System cp; im Falle i// ist aber 
die entsprechende Menge E ein Intervall.

Es sei £>0 beliebig. Dann gibt es ein <p£fí*>E derart, daß

(6) f  sup |а;<р;(х) + ... +aj(pj{x)\dx ^  ||а(1, A0; 1||e - £

ist. Es seien rj>0, und betrachten wir die folgenden Funktionen:

Фп(х)
<P n ( x )

1 fl — а 1 — a j
- 7 =  4>n — —  X  +  1 -  — —  ( a  +  r j) \
f n  l 1 )

( 1 fx  —(« +  ?7)j
Ф к + i + k ( x )  = <l/l-(a + i/) / 'i [ 1- ( a + '?)J

( 0

(x£(0, а)), 

(х£(а, а + i/))
(« = 1,2, ...,1V),

(х£(а-И , 1), & =  0, 1, ...,

(x£(0, а + i/)),

wobei X„(x) die и-te Flaarsche Funktion bezeichnet. Für das Haarsche System y = 
= {ZnW}r gilt
(7) Ln(y\x) ~  1 (x£(0, 1); n =  0, 1, ...)
(s. z. В. [1], S. 49).
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Das System Ф = {^n(x)}i ist orthonormiert in (0, 1). Nach der Definition von 
Ф gilt

(8) /  sup \ai(pi(x)+...+cij(pj(x)\dx =  f  sup \aii//l(x) + ... +а,фЛх)\ёхг
£  I S  i ^ j S N  g  I S i S j S V

und auf Grund von (7) erhalten wir durch einfache Rechnung, daß für genügend 
kleine q auch ф 6 besteht. Daraus und aus (6) und (8) ergibt sich

l|ö(l> Л0; 1||je- 8 = /  sup \ai\l/i{x)+ ...+ajil/j{x)\dx s
£  I S i S j S V

1
^  f  sup \aii//i(x)+. . .+aj[l / j (x)\dx  ^  ||a;2||*.

0 1 S i S j S V

Da e>0 beliebig war, erhalten wir die Behauptung des Hilfssatzes VI.
H ilfssatz VII. Es gilt =
Da nach dem Hilfssatz II М 0(1)ЯМ *(1) ist, braucht nur mehr 

ü  Л/0(1) bewiesen werden. Es sei nun a^M *( 1), E(Q  (0,1)) eine meßbare Menge und 
(p ein in (0, 1) orthonormiertes System, für welches

L„((p ; x) ^ A„ (x £E ; n =  1,2 ,...) 

erfüllt ist. Dann gilt auch

(9 )

Weiterhin ist wegen a£M*( 1), auf Grund des Hilfssatzes III ||a; l||*<o=>, und so folgt 
IIa; 2||*<oo aus dem Hilfssatz IV.

Für eine Folge a und für natürliche Zahlen Nxsí N2 setzen wir a(N1, N2)~-
— { 0, , 0, aNl, aNt, 0, ...}, weiterhin sei a(N, °°)={ 0, ..., 0, aN, aN+1, ...} (N=

JVj—1 JV-l
— 1,2,...). In der Arbeit [4] haben wir gezeigt, daß im Falle ||a;2||*<°° 
ton ||a(iV, °°);2||* =  0 ist. Daraus folgt, daß eine Indexfolge (0=)/?„<...< nfc< ...
derart existiert, daß

Í l |a (« *  + l,i7*+i);2||*<oo 
k =  0

ist. Auf Grund des Hifssatzes VI besteht also

(10) 2  l|oK  +  1, nk+1); l ||í< ° ° .
k = 0

Die я-te Partialsumme der Reihe (1) (mit dem System (9)) bezeichnen wir mit s„(x)~ 
Aus (10) folgt

Д  I  K k + 1(x ) - snk(x)\dx  <  °°,Ä —ü £
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woraus folgt, daß Hm s„k (x) in E fast überall existiert. Es sei

ök{x)=  sup |if(x )-5 nfc(x)| (k = 0,1, ...).

Aus (10) erhalten wir
2  f  ö k( x ) d x  <  oo,

woraus sich lim Sk(x) = 0 in E  fast überall ergibt. Damit haben wir gezeigt, daß im
fc-*-oo

Falle (9) die Reihe (1) in E fast überall konvergiert. Da F (^ (0 , 1)) eine beliebige 
meßbare Menge ist, gilt a fM ü(\.)

Damit haben wir Hilfssatz VII bewiesen.
Aus (4), (5) erhalten wir auf Grund des Hilfssatzes VII

(11) M0 = M * .

5. Es sei Q'* die Klasse der in (0, 1) orthonormierten Systeme <p, für welche 
In (0, 1) fast überall

sup
n

Ln (q>;x)
CO

gilt. Weiterhin sei M** die Klasse der Folgen a, für die die Reihe (1) beijedem ip € ß  * * 
in (0, 1) fast überall konvergiert. Da Q$QQ** ist, besteht М **ЯМ *( 1). Es seien 
<p£Q** und

En = 1x6(0, 1): sup L„((p;x) N\ (A =  1,2, ...).

Ist а£М *(\), so folgt a£M0{N) (N= 1,2, ...)aus den Hilfssätzen I und VII. Daher
konvergiert die Reihe (1) in jeder Menge EN fast überall. Da mes 1(0, 1 ) \  (J Ал )=0
ist, konvergiert die Reihe (1) in (0, 1) fast überall, d.h. a£M**. Damit haben wir 
folgendes gezeigt:

H ilfssatz VIII. Es gilt Л/** = М *( 1).

Aus (4) und (5) folgt also
(12) M0 = M* — M**.

6. Offensichtlich gilt M **2M 0**. Zum Beweis des Satzes I werden wir noch 
den folgenden Hilfssatz heranziehen.

H ilfssatz IX. Es gilt M**QM£*.
Es seien nämlich a£M**, E(Q (0, 1)) eine meßbare Menge, und cp£Qg*. Wir 

betrachten die Mengen

En = jx € E :su p L"(J ; ^  ^  ivj (A =  1 ,2 ,...).
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Aus dem Hilfssatz I und aus (12) ergibt sich a£M 0(N) (N= 1, 2, ...), woraus folgt* 
daß die Reihe (1) in jeder Menge EN fast überall konvergiert. Da mes | £ \  (J £ jv)=0

ist, konvergiert die Reihe (1) auch in E fast überall. So ist a£M 0**- 
Aus (12) und aus dem Hilfssatz IX erhalten wir

(13) M0 = M* — M** = Mq*.

Aus den Hilfssätzen III, IV und aus (13) folgt:
Satz II. Die Elemente der Klassen M0, M*, M**, М$* sind jene und nur jene 

Folgen, für die ||a; 1||*< °° besteht.
7. Für eine Zahl 1^K < °°  bezeichnen wir mit Q(K) die Klasse der in (0, 1) 

orthonormierten Funktionensysteme cp, für die

sup^ ;X) S K  (*€(0,1))
n

gilt, und es sei M(K) die Klasse der Folgen a, für die die Reihe (1) bei jedem 
<p£Q(K) in (0, 1) fast überall konvergiert.

Offensichtlich gelten М (К )^М Ц К )  ( lg ^ < c » )  und M ( l ^ M i K ^ M ^ K j )  
(1 ^ K 1<ÄTa<  °°). Es sei weiterhin

M  = n  M(K).
KS1

Es besteht nach (5) auch M 2M *.
Wir erwähnen zwei Probleme. 1. Gilt M (\)—M(K) für jedes l^ ^ c o o ?

2. Gilt M =M *1
Die Klasse M  kann man aber charakterisieren. Es sei 1 «>. Für eine Folge

a setzen wir
1

||a ;K ||=  sup f  sup \ai<pi(x)+  ... + aj(Pj(x)\dx.
9>6ß(K)o ISiSj

Offensichtlich gilt für jede Folge а

Ile; Hl =£ ||a; K,\| ^  ||a; K2|| (1 s  Кг <  Kt <  - ) .

Wir werden noch den folgende Satz beweisen.
Satz III. a^M  gilt dann und nur dann, wenn ||a; Kj| < °° für jedes 1 SK <  °° gilt.
Der Satz III folgt unmittelbar aus dem folgenden Hilfssatz.
H ilfssatz X. Ist für ein К  mit 1 ^K < °°  a$M (K) dann gilt ||u; 24X|| =  °°, 

umgekehrt ist ||a; К || =  oo5 dann gilt a i M(24K).
Den Hilfssatz X kann man mit einer in der Arbeit [6] angewandten Methode 

beweisen. Zum Beweis müssen wir aber mehrere weitere Hilfssätze vorausschicken.
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8. H ilfssatz XI. Es seien ls .K < °° und a= {al5 ..., aN, 0, ...} eine endliche 
Folge mit ||ö; ЛГЦ >4|/2. Dann gibt es ein in (0, 1) orthonormiertes System ф von 
Treppenfunktionen ф„(х) (n= 1, ..., N) derart, daß

su p L"(f ; 'Y)- S 4 К  (x€(0, 1))
n ^ N  ' l n

und
sup Iatф,(х) + ... + üjф](х)\ 1

in einer einfachen Menge £ (=  (0, 1)) mit mes (E )^ 1/i besteht. (Die Menge E  wird 
einfach genannt, wenn sie die Vereiningung endlich vieler Intervalle ist.)

Auf Grund der Definition von ||а; АГЦ gibt es ein in (0,1) orthonormiertes System 
h= {hn(x)}T mit

1

(14) f  sup |а;А;(х) + ... +ajhj(x)\dx =» 4 ]/2
0 1 S i S j S i V

und

(15) sup LÁh/  X) s  К  (хё(0,1)).
n ^ N  ''■n

Für ein >/>0 wählen wir die Treppenfunktionen hn(x) (n = 1, , N) mit
1

f  K (x)-h„(x)\dx  // (n = 1, ..., N),
0

und es sei
1

&i,j = f  hi(x)hj(x)dx (i ,j  = 1, ..., N).
0

Ist r\ genügend klein (rj < 1/х), so folgt aus (14)
1

(i) f  sup \aihi(x)+ ... + ajíij(x)dx\ >  4 (2 .
0 l S i S j S N

Wegen der Normiertheit von h„(x) gilt
l  1

\hn(x)\ =§ ( f  \hn(t)\i/r) 1 |L„(A; a) -£ „ _ i (A; x)| ä  max ( f  \hn(t)\d ty i 2$, =  Л <  oo 
0 " “ 0

für и= 1, ..., N  und x€(0, 1). So können wir auch \hn(x)\-^A (x£(0, 1); n=  1, ..., N) 
voraussetzen. Dann ist

l i  l

\ * i , j \  — I /  hi(x)hj(x) dx\ + \ f  hfx)(hj(x) -  hj(x)) dx\ + \ f  /г,(х)(/1г(х )-  Äf(x)) dx | s  
0 0 0

1 1  1 

^  IJ  hi(x)hj(x) dx\ + A J \hj(x) — íij(x)\dx + A J  \hi(x) — hi(<x)\dx,
o o  о
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woraus

(ii) \*i,j\ =  2Ar, (/,7=1, N; i ^ j ) ,  1—2Ar\ S  aM == l+2Arj (/ = 1, N) 
folgt.

Es sei weiterhin

£■(//) = {x£(0, 1): |/;„(x)-ft„(x)| =§ n = 1, ..., A}.

Durch einfache Rechnung erhalten wir mes (£(>;)) s l  —N Aus (15) folgt

Ln(h; x) = J 2  hk(x)hk(t) di+ f

+ / 2  * .W ( « 0 -« ,(> »

2  (hk(x )-h k(xj)hk(t)
k  =  l

N  }

dt -f

dt s  KXn+ fr j 2 f \Ш\ dt + ANt]
I__Л Vk =  1

(x£E(ri); n=  1, /V). Ist /у genügend klein Oy</y2=iyi), so gilt

5̂
4(iii) 

Es sei
su p ^ f - g ^  ( * € £ ( #

Я(//) {*€(0, 1): £„(//; л:): sup— ^---- -
S~n И -

Im Falle /?</?2 ist A(/y)QI(0, 1 ) \ £■(//) nach (iii), und so ist mes (A(/y))«=A]/>y. Essei

|Л„(х) (x€(0, i)\H (t])),B- W  = io sonst <n =  1.......N)-

Da H(r\) eine eifache Menge ist, sind h„(x) Treppenfunktionen. Offensichtlich gilt
l

f  |Ä„(x) — hn(x)\ dx s  A mes (Я(/у)) S  A N ]1/у (n = 1, ... ,  Я).
0

Ist /у genügend klein (//<//3̂ ^ 2)5 so folgt aus (i):

(16)

Wegen (iii) und der Definition von h„(x) gilt

( 17)

f  sup \athi(x) + ... + djhj(x)| dx >  4 f l .
9  l s i a l s / v

sup L"(/; ;x ) ^ j K  (x€(0,l)),rr̂ N

wenn r\<t]2. Mit der obigen Rechnung bekommen wir

Ы  =  I /  hi(x)hj(x) dx\ s  |áf y| + NA* f'/y (/,./ = 1, ..., /V),
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und so folgt aus (ii)

|äfj \  ^  2Arj+NA2 /r j (i,j = 1, .... N; i ^  j),

1—2Arj + NA2ir] ^  ä;i ä  1 +2/4/? +NA2 Yrj ( i = l , . . . ,N ) .
Ist endlich rj genügend klein (i?o?3 = min (tj2, £)), so besteht auch

(18) K ; | <  e (i,j = 1, N; i ^ j ) ,  1 —e = SM == 1+e (i = 1, N)
mit einem beliebigen e>0.

Die Funktionen <pn(x) definieren wir folgenderweise. Wir teilen das Intervall
(1,2) in N (N — 1) gleiche Teilintervalle Iitj (i,j= l, ..., N; i^ j )  ein. Wir setzen

K(x) (*€(0, 1)),
\ 2 - 1N {N -  l)|än„-| (*€/„,,; / =  1, ... , N \ i *  n),

(PÁ*) : -1/2 1N(N— l)|a„,j|signa„f (*€/,,„; i =  1, i ^  ri),
0 sonst.

(«=!,... ,N)

Diese Treppenfunktionen cp„(x) bilden in (0,2) ein orthogonales System, und nach
(18) gilt

2

(19) 1 — e = «n.n+ 2  |ä„,i| =  f  ф2п(х)dx ш 1 + Ne (n =  1, ..., N).
lSj^N  оЫп

Nach (17) und (18) ist im Falle л:€(0, 1), l ^ n ^ N

(20)
Ln(<P',x) 1

/0
2  4>k(x)(pk{t) * 4 /лп о

2  Kk(x)fik(t) dt +

1 Г
+t I 2 hk(x)(pk(t)k=1

<* == ^-ЛМ-^-sup f  \<pk{t)\dt 2  h (x)\ =
k^N 1 k = 1

3S J Í +  Y2N(N- 1) max Y W J  2  h (x )\  ^  1 K,
4  i s t  , j s iV  k=1 2

wenn e genügend klein ist. Im Falle x £ l itJ (i^ j), l ^ n ^ N  folgt aus (18) und (19) 
weiterhin

1
;-п к  0J

2  q>k(x)fik(t) dt+T f 2  <pk(x)(pk(t)
k=1

i/2 A (A - l)  sup |« J  2  f  h (0 \d t+  2  f  W M * ]
I/ I S i . j S N  I k=l J k=l J I Z Z\ t j j  V о 1 >

d t==

3 3

Aus (20) und (21) ergibt sich

(22) s u p L"(f - X) (x £(0,2)).
n ^ N  л п Z
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Wir setzen

Фп(х) = ]/2 (pn( 2 x ) [ f  i,öl(x)dxy1/2 (n =  1, ... ,N). 
0

Ist s(>0) genügend klein, so erhalten wir aus (16), (17) und (22)

und

(23)

f  sup |u/<Ai(x) + ... +cijil/j(x) I á í 4
<f 1 SilSjSN

sup
llSJV

£„(»?: x) ~  2ä" (xe(o, l)).

Offensichtlich ist das System {iA„(x)}í in (0, 1) orthonormiert. Ohne Beschrän
kung der Allgemeinheit können wir

(24)
1

f  sup
0 I S i S j S N

у  <?.(*) + ••• + y í/л- =  2

voraussetzen.
Es sei Ir—(ür, br) (r= 1, ..., ö) eine Zerlegung von (0, 1) in paarweise disjunkte 

Intervalle derart, daß jede Funktion i//„(x) in jedem Ir konstant ist. Es sei

F(x) — sup у  •?.(*) + + y -  <А;(*)

die Werte von F(x) in den Intervallen Ir bezeichnen wir der Reihe nach mit wr. 
Nach (24) ist

(25) Z  wr mes (Ir) =  2.
r = 1

Es seien 1 = r 1< ... diejenigen Indizes r, für die wr^ l  ist. Nach (25) gilt

(26) ( 2 § O Í  wrt mes (7ri) s  1.
i =  1

Es seien Jr = (ar, ßr) ( r = l , q) nacheinander folgende Intervalle in (0,3) mit 
mes (ir) = mes (7r) (г^г(; г = 1, s) bzw. mit mes (Jr)  =  vvr. mes (Ir.) ( i= l, s),
und Jri= (än , ßr)  ( i=  1, ..., s) nacheinander folgende Intervalle in (3,4) mit mes (J,.) = 
=  mes (Jr.) (7=1, . .. ,i) .  Wir setzen

Фп(х) =<

$ n ( x - c t r + ar) (хбЛ; r ; = 1 ,

1 T [x — ar. _ )
—  ------------ 1 +  a ri
w r, {  w ri ■)

( i — $ n (x -ä ri+ är)

(x£ jrt-, 1 = 1, . . . , ä),

II

l-f
w

• * 9 $)>

0 sonst.

s),

(n=  1

Auf Grund von (26) ist diese Definition sinnvoll.
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Die Treppenfunktionen фп(х) bilden in (0,4) ein orthonormiertes System. 
Es sei

E = ( j  j rt.
i = 1

Ё ist einfach, und es gilt
(27) mes (E) s  1
nach (26). Ist x(iE, so gilt offensichtlich

(28) sup
isiajsiv

j$ i ( x ) + . . .  +~-4ij(x) :i 1.

Auf Grund der Definition von фп (x) folgt

(29) Ьп(Ф; x) = 2  f
r.=i jr

г^ г4; » = 1 , . . . ,5

2Фк(х)фк(1 -а г + аг)
к = 1

dt +

s 1 r
+ 2 — f 2  Фк(х)фк 1̂ —— + a,

k  = 1 I w r
dt +

+ áNJV2  к(х)Фк (t - a ri+ari)k=1
dt =

6 /•
2  /

rj±rt ; i =  1, . . .,s

2 Фк(х)фк0)k = 1 dt +  2  f 2  Фк(х)Фк(0 dt -}-

+  2  1 -

Daraus ergibt sich

1 )1/2
wr I

rO Ir
2  Фк(х)фк(0k=1

dt.

(30) Ьп(ф;х)

wovon man

(31)

2Ьп(ф ;х-ссГо + аГо)

Ln \ф;:. x-xr,Q
Wr;„

+ ar.

7-1п{ф\ x —oirto + arlo)

(x£Jr;r (i = 1, ... ,s )), 

(x£Jrl0; 1 — i0 — ■*)>

(x€dri0; 1 i0 — s),

sup
nsN

Ьп(ф\х)
ä  AK И  (0,4))

ableitet. Endlich setzen wir
(32) ф„(х) = 2ф„(4х) (*€(0, 1); n = 1,
Weiterhin bezeichnet E die Bildmenge von Ё  bei der Transformation y=x/A. Auf 
Grund von (27), (28) und (31) ist es offensichtlich, daß die Funktionen ф„(х) und 
die Menge E allen Forderungen des Hilfssatzes XI genügen.

9. Wir beweisen noch einen Hilfssatz, woraus Hilfssatz X unmittelbar folgt.
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H ilfssatz XII. Es sei 1 °°. Gilt für eine Folge lim ||a(iV, °°);Ä i||= 0 , soN—-00
ist a£M(K). Gilt aber Hm \\a(N, °°); K\\ 5̂ 0, so gibt es ein in (0, 1) orthonormiertes

N-*-oo

System <pfQ(24K) derart, daß

lim

in (0, 1) fast überall besteht.
Beweis des H ilfsatzes XII. Gilt lim \\a(N, <*=); K\\ =0, so gibt es eine Index-

N-*-co
folge ( 0 mi t  folgender Eigenschaft:

2  an(Pn{x)

(33) 2 \\Ф к + 1 ,п к+1);К\\ <  oo.
* = 0

Es sei (p£Q(K), und die и-te Partialsumme der Reihe (1) bezeichnen wir mit .v„ (x). 
Nach (33) ist

2  f \snk^ ( x ) - s „ k(x)\dx <  °o,

k = o„
woraus folgt, daß Hm s„k(x) in (0, 1) fast überall existiert. Es sei 

ők(x) = sup |in(x ) - i„ k(x)| (k =  0, 1, ...).

Nach (33) gilt
<*. г
2  f bk(x)dx< oo,

»=o0
woraus sich Hm (5fc(x) =  0 in (0, 1) fast überall ergibt. Daraus folgt endlich, daß im

fc—*-oo

Falle (p£il(K) die Reihe (1) in (0, 1) fast überall konvergiert, d.h. aPM(K) ist.
Endlich beweisen wir die zweite Behauptung des Hilfssatzes XII. Ist 

Hm \\a(N, oo); jfH >0, so gibt es eine Indexfolge (0=)и0-=...<ик-=... mitN-*- oo
\\a(nk + l, nk+1); X||>e(:=>0) (&=0, 1, ...). Ohne Beschränkung der Allgemeinheit 
können wir
(34) ||а(л* +  1,л*+1);Х || > 4 / 2  (Ic = 0, 1, ...) 
und
(35) АП1+ ...+ Я Пк̂  2ЛПк (к = 1 ,2 ,. . .)
voraussetzen.

Durch Induktion werden wir ein in (0, 1) orthonormiertes System cp von Trep
penfunktionen <p„(x) und eine Folge einfacher Mengen Ek(Q(0, 1)) (k = l , 2, ...) 
derart definieren, daß die folgenden Bedingungen erfüllt seien: 

für jedes k(=  1,2, ...) gilt

(36) 1sup —
"k-i-=^nk Av / 2  <Pk(x)<pk(t)

= Blc - l  + l
dt =5 8 К (*e(0 ,1));
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die Mengen Ek sind stochastisch unabhängig, und für jedes k(=  1,2, ...) gilt

Wir wenden den Hilfssatz XI auf die Folge {ak, . . . ,a ni, 0, ...} an. Die ent
sprechenden Treppenfunktionen bzw. die entsprechende einfache Menge bezeichnen 
wir mit cpi(x), ..., <рЯ1(х) bzw. mit £j. Nach dem Hilfssatz XI sind (36), (37) und (38) 
für k=  1 erfüllt.

Es sei k0 eine natürliche Zahl, und nehmen wir an, daß die Treppenfunktionen 
q>n(x) (n= 1, ..., nko) und die einfachen Mengen £ j, ..., Eko( g(0, 1)) schon derart 
definiert sind, daß das System {<pn(x)}"ki> in (0, 1) orthonormiert ist, die Mengen 
Ei , . . ; E k0 stochastisch unabhängig sind, und (36), (37), (38) im Falle k=  1, . . . ,k 0 
erfüllt sind.

Wir teilen das Intervall (0, 1) in paarweise disjunkte Intervalle Ir ( r= l ,  ..., q) 
derart ein, daß jede Funktion <p„(x) (и=1, ..., nkQ) in jedem Ir konstant ist, und jede 
Menge Ek (k = 1, ..., k0) als die Vereinigung gewisser 7r entsteht. Die zwei Hälften 
des Intervalls Ir bezeichnen wir mit I'r bzw. mit I".

Wir wenden den Hilfssatz XI auf die Folge {0, ..., 0, a„k +k, ..., a„k̂ +1,0, ...}

an. Die entsprechende Funktionen und die entsprechende Menge bezeichnen wir 
mit ф„(х) (л =  1, ..., nko+1) bzw. mit Eko+1. Wir setzen

und es sei Eko+1 die Bildmenge von Eko+1, die mit der Transformation y= x/(k0 + 1) 
aus entsteht. Auf Grund des Hilfssatzes XI ergibt sich:

(37) mes (Ek) s  1/4k\

weiterhin besteht für jedes k{= \, 2, ...)

(38) sup Icii (pi (x) +  ... +  cij (pj (x)| ^  к (x 6 Ek).
"k-l'iSjSSflfc

(39)
(

(40)
und

mes (Ek0+1) 57 l/4(k0+ l)

(41) sup |а;(/>;(х)+ ... +aj(pj(x)\ s  í k 0+ 1 (x€£*0+i).
"k0̂ J ^ " k 0+i

Wir setzen endlich
в

<Pn(*) = 2  (PnUr',x)~ 2  Ч>ЛК'\x) (n = nko + 1+ 1, ... , nka + 1),
r = 1 r = 1

E k 0+1 -  и (£*0+i(/;)U£t0+1(/;)),
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wobei für eine in (0, 1) definierte Funktion f(x)  und für ein Intervall I=(a, b)(Q(0, 1))

/ ( / ;* ) J [ b - a (xe(a, b)), 

sonst
ist, und für eine Menge 7/(g(0, 1)) bezeichnet H(I) die Bildmenge von H, die aus 
H  mit der Transformation y = (b — a)x + a entsteht.

Offensichtlich bilden die Treppenfunktionen cp„(x) (n= 1 , nko+1) in (0, 1) ein 
orthonormiertes System, die einfachen Mengen Ex, ..., Eko+1 sind stochastisch 
unabhängig, wegen (40) und (41) gelten (37) im Falle k  =  k 0+ 1; weiterhin folgt durch 
einfache Rechnung, daß auch (36) im Falle k = k 0 + 1 besteht. Damit können wir 
für die Definition der Funktionen q>n(x) und der Mengen Ek Induktion anwenden.

Es sei E — Ilm Ek. Ist x£E, dann giltk-+ со

(42) lim
j
2n = i an<Pn(x) CO

wegen (38). Da die Mengen Ek stochastisch unabhängig sind und wegen (37)

2  mes (Ek) = °°k = 1
gilt, erhalten wir durch Anwendung des Borei—Cantellischen Lemmas, daß 
mes (E) = 1 ist, und so besteht (42) in (0, 1) fast überall. Es sei N  eine beliebige natür
liche Zahl, nko< N S n ko+1. Dann ergibt sich aus (35) und (36):

ч ko~1 rLN(q>;x) = 2  /
k = 0

nk + l 1 N

2  <Pn(x)<Pn(0 d i+ J 2  4>n{x)tpn{t)
n=nk+l 0 n=nk0+1

dt ^

^  8^;.! + ... + 2 % +  An) ^  %K{U„k +XN) ^ 2AK).n
überall in (0, 1).

Damit haben wir Hilfssatz II bewiesen.
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WEITERE BEMERKUNGEN ÜBER DIE KONVERGENZ 
UND SUMMIERBARKEIT DER FUNKTIONENREIHFN

Von
K. TANDORI (Szeged), Mitglied der Akademie

1. In dieser Note werden wir einige für Orthogonalreihen bekannte Sätze auf 
den nicht orthogonalen Fall übertragen.

Für eine Folge/ =  {/„(X)},7 der reellen Funktionen f„(x)£L(0, 1) bilden wir die 
Lebesgueschen Funktionen

£ „ ( /;* )=  /  2fk(x)fk(t) dt, L\(f \x)  = f  z f l - r x T
X k=0 о * = l l  n + l >

dt.

Es sei л = {/-n\X eine nicht-abnehmende Folge von positiven Zahlen mit lim A„=°°.
n —-o°

Die Klasse der Folgen ű =  {ű„}7 mit

n = 0
bezeichnen wir mit /2(A).

Es sei A eine Klasse der Folgen a. Wir sagen, daß das System/  ein Konvergenz
system für A in (0, 1), bzw. ein Konvergenzsystem für A in (0, 1) dem Maß nach 
ist, wenn die Reihe

(0  2 Ч Л Мn= 0

im Falle a£ A in (0, 1) fast überall konvergiert, bzw. in (0, 1) dem Maß nach konver
giert. Weiterhin sagen wir, daß das System/  ein (C, a>0)-Konvergenzsy$tem für A in 
(0, 1) ist, wenn die Reihe (1) im Falle aC A in (0, 1) fast überall (C, a>-0)-summier- 
bar ist.

Wir werden erstens die folgenden Sätze beweisen.
Satz I. Gilt

sup
n

Ln( f;x )
<  OO

fast überall in (0, 1) und ist f  ein Konvergenzsystem für l2 dem Maß nach, dann ist 
f  ein Konvergenzsystem für  /2(A) in (0, 1).

Satz II. Es sei X eine von unten konkave Folge. Gilt

sup
П

L l(f; x)
К

<  oo
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in (0, 1) fast überall und ist f  ein Konvergenzsystem für P dem Maß nach, dann ist 
f  ein (C, a>0)-Konvergenzsystem fü r  P(X) in (0, 1).

Satz III. Es sei eine Indexfolge mit l <  ^  v„+х/ v„ <  s ( <  °°) (n = 0, 1,
Gilt

'v„(/; x)
К

in (0, 1) fast überall und ist f  ein Konvergenzsystem für P dem Maß nach, dann ist 
f  ein (C, a>0)-Konvergenzsystem fü r  P(X) in (0, 1).

Für orthonormierte Funktionensysteme/ sind diese Behauptungen wohlbekannt. 
(S. z. B. G. A lexits [1].) Die Sätze I—II sind gewisse Verschärfungen der Sätze von 
G. A lexits und A . Sharma [2].

2. Beweis des Satzes I. Wir brauchen den folgenden
H ilfssatz I. Es sei eine streng wachsende Indexfolge, und E(Q(G, 1)) eine 

meßbare Menge. Sind die Funktionen LVn (/ ; x)/?.Vn in E gleichmäßig beschränkt, 
dann gilt

K„(*)|/l/'lv„ <  °°

im Falle a^P fast überall in E, wobei sn(x) die n-te Partialsumme der Reihe (1) be
zeichnet.

Diese Behauptung stammt von G. Alexits und A. Sharma [2].
Ist das System /  ein Konvergenzsystem für P  in (0, 1), dem Maß nach, so ist /  

nach einem Satz von E. M. Nikischin [4] fast orthon ormiért; d.h. zu jeder positiven 
Zahl 8 gibt es eine meßbare Menge Et.(Q(0, 1)), eine positive Zahl Me und ein in 
(0, 1) orthonormiertes System \\i — {^„(в; x)},7 derart, daß mes (Ec) ^  1 — e und

f„(x) = Mcxl/n(e; x) (x£E  ; n =  0, 1, ...)
bestehen.

Es sei

Av = {a6(0, 1): ^  a |  (N =  1 ,2 ,...).

Auf Grund des Hilfssatzes I gilt | а „ п ( х ) | / / А „ п <  <=> im Falle adP in jeder Menge En,
fast überall. Da mes 1(0, 1 ) \  U £'w|= 0  ist, gilt (2) im Falle a £ l2 fast überall in 

V N=1 '
( 0 , 1 ).

Es sei nun a£P{X). Dann gibt es eine nichtabnehmende Folge der positiven 
Zahlen g= {1<„}Г mit lim und a }ß iP(?.). Die и-te Partialsummeder Reihe

(2) 2  a„ ÍKknfn{x)n = 0
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bezeichnen wir mit s*(;c). Dann ist

(3) s„ (x) = 2  akf k (x) = 2  - J =  
k=о *=о \Хкцк

ak A t/W *(*)= "2 A
k =  0

1 s*(x) + -7==s*(x). 
VKHn

Nach obigem gilt lim s*(x)j\X„n„ = Q fast überall in (0, 1). Weiterhin ist

1
2  A i , 7 = )  /  К  (*)!<** =

» = ° \U n M E c
ME 2  A

n  =  0 ( д л ) / 2  У ^ какфк(е; x) dx

s  ME 2 Л -7 = = -)  1/ /  Í 2  УЛ^квкФЛе; x)\ dx s  M t - 2==r[ 2  hdk<ti\ >
Hndn) ' 0 v*=o ) ylo/io U=0 )

woraus folgt, daß die Reihe

(4 )
2 А 'т г У Л х)

in Ec fast überall konvergiert. Da supmes (Ec) =  1 ist, konvergiert (4) in (0, 1) fast
£ > 0

überall. Auf Grund von (3) ergibt sich also, daß lim sn(x) fast überall in (0, 1)
П —► °o

existiert.
3. Beweis des Satzes II. Der Beweis gründet sich auf den folgenden Hilfssatz. 
H ilfssatz II. Es sei X eine von unten konkave Folge, und E( Q (0, 1)) eine 

meßbare Menge. Sind die Funktionen L \{ f\ x)ß„ in E gleichmäßig beschränkt, 
dann gilt
(5) \оп(х)\/УТп <  oo
im Falle ad l2 fast überall in E, wobei <rn(x) das n-te (С, 1 )-Mittel der Reihe (1) 
bezeichnet.

Diese Behauptung stammt von G. A lexits und A. Sharma [2]. 
Es sei

EN {*€(0, 1): L \{/\ x) (N =  1,2, ...).

Auf Grund des Hilfssatzes II gilt (5) im Falle adl2 in jeder Menge EN fast überall,
daher gilt (4) im Falle ad /2 wegen mes|(0, 1 ) \  |J  £^1=0 fast überall in (0, 1).

Es sei nun ad /2(2), und ц={ц„}о eine nichtabnehmende von unten konkave 
Folge der positiven Zahlen mit lim цп = °°, und a \ß d l2(k). Die и-te (C, 1)-Mittel

n  —*■0 0

der Reihe (2) bezeichnen wir mit er* (л:). Durch Abelsche Unformung ergibt sich

( 6 ) On(x) = 2  
k = 0

+

+ ГТ Т 2  А ( - 7 = )  (k+ \)a t{x) + -j±=rO*n{x). 
»+1*=0 \U kM  VXnßn
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Nach obigem gilt lim ).„fxn = 0 fast überall in (0, 1).
П-*~ oo

Es gilt weiterhin

i ^ C k + n t U x ) W x =

dx 2

=  Me Z  Ä*Jk = 0
(k+ l) Д  p - ^ j r j  А д/0/'М е;*)| ^

= a*. l/ 2  af^i № 2 1 (-7==-) (k +1),
' '=° *=» lK4/r*J-

•woraus folgt, daß die Reihe

Z * 2
V h kk

( J H - iK W

in Et fast überall konvergiert, und so erhalten wir, daß 

in Eg fast überall existiert. Ähnlicherweise gilt

j  Ш  /  и м | *  ■ M‘*?.A Ш / | i  (' - r t ) Я!5чмк1,)
í/x :

^  м Е Z
k =

woraus folgt, daß

\ л Ш  f f i á (’ - г т г )  >W ' H *  *

-■ м л !  zI 1 = 0

2 *

а\ 1цHi 

1
. У^к кк

<TÍ(x)| <

in einer Menge Ep{Q  Ec) mit mes (Д.) —mes (Ee) besteht. Es sei e>0 beliebig, und 
х£Ё с. Dann gibt es einen Index N  mit

2  А
k=*+1 [.УЛкИк
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Dann gilt aber
2 ”_1 

n + T k?o A
- L . )  (k+l)<7*k(x)

N
s  г т т  2  л Ы =  № + 1 ) k í W I + 2  2

И + 1 « С = 0  \\ХкЦк) k=N+: A (77= )  < j + jk=N+i {yxk^kj

für genügend großes n. D. h. ist

Hm S ' A Ít t M  ^  (*) =  0—  и+1*-о \УХкцк)
fast überall in Ee. Auf Grund von (6) erhalten wir somit, daß lim an (x) in Ee fast

fl-*- oo
überall existiert. Das bedeutet, daß die Orthogonalreihe

(7) 2  а„фп(е;х)
n=0

in Ee fast überall (C, l)-summierbar ist, woraus erhalten wir durch Anwendung 
eines Satzes von A. Zygmund [6], daß die Reihe (7) und mithin auch die Reihe (1)
im Falle a£ /2(A) in Ee fast überall (C, a>0)-summierbar ist. Da supmes (Ee) = 1 ist,

£ > 0
ergibt sich die Behauptung.

4. Beweis des Satzes III. Es sei

EN = j*€(0, iy .Lvj f ',x)- g  Jvj (N =  1 ,2 ,...).

Auf Grund des Hilfssatzes I folgt, daß im Falle a£l2

in jeder Menge EN fast überall besteht; und so gilt diese Abschätzung fast überall 
in (0, 1). Es sei ag /2(2) und ц={цп}о eine nichtabnehmende Folge von positiven 
Zahlen mit lim und a Die и-te Partialsumme der Reihe (2) bezeich-

П -* -о о

nen wir mit s* (x). Dann ist

4  (*) =  2  A (7 = )  st  (*) + 7 =^ s*„ (*X k=o \ \ Хкцк)  |/AVn

also erhalten wir wie in dem Beweis des Satzes I, daß lim s„ (x) im Falle a£ l2(X)П—- 00 n
in Ee fast überall existiert. Das bedeutet, daß die Folge der v„-ten Partialsummen 
der Orthogonalreihe (7) im Ee fast überall konvergiert. Nach einem Satz von A. Zyg
mund [6] folgt daraus, daß die Reihe (7) in Ee fast überall (C, a >0)-summierbar 
ist, woraus sich wegen supmes (£'E) = 1, die Behauptung des Satzes III ergibt.

£ > 0
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5. Wir sagen, daß die Reihe (1) in (0, 1) fast überall Я2-summierbar ist, wenn

Km 2 o Ы х) ~ f ( x)T = 0

mit einer fast überall endlichen Funktion f{x) in (0, 1) fast überall gilt.
Man kann die Sätze II und III auch auf die / / 2-Summation erweitern, da auch 

die folgenden Behauptungen gelten.
Satz IV. Unter den Bedingungen des Satzes II ist die Reihe (1) im Falle a£l2(l) 

in (0, 1) fast überall H2 -summierbar.

Satz V. Unter den Bedingungen des Satzes III ist die Reihe (1) im Falle a f l 2(X) 
in (0, 1) fast überall H., -summierbar.

Unter den Bedingungen des Satzes II oder des Satzes III ist nämlich die Ortho
gonalreihe (7) im Falle a £ l 2(X) in Ee fast überall (C, l)-summierbar. Daraus folgt 
durch Anwendung eines Satzes von A. Zygmund [6], daß die Reihe (7) und somit 
auch die Reihe (1) im Falle a £ l 2(X) in Ee fast überall 7/,-summieibar ist, woraus sich 
die Sätze IV, V ergeben.

7. Wir bemerken, daß in den vorigen Sätzen die Bedingung, daß das System /  
in (0, 1), für l2 ein Konvergenzsystem dem Maß nach sei, wesentlich ist. Wir wer
den es mit einem Gegenbeispiel zeigen.

Es sei X =  { z „ } ( 7  eine nichtabnehmende Folge von positiven Zahlen mit X ^  =  2 n 

(и=0, 1, ...), und

/**»(*) = У ? (xe(0, 1); n =  0,1, ...), f k(x) =  0 (*€(0, 1); 22"; n = 0, 1, ...).

Dann ist im Falle 22"~1̂ fc < 2 2"(n= 1, 2, ...)

W ;  x) = L22n - 1 ( / ;  x) == 2Яа2п-1 S  2Я» (*e(0 ,1)).

Weiterhin sei

a9 2"
1

\2 n(n +  1) log2 (n + 2)
Dann ist

(n = 0, 1, ...), ak =  0 (k 22”; n = 0,1, ...).

und doch gilt
k^o * k (n + 1) log2 (n + 2)

2 a kf k(x) = У  ==, 
k = 0 n = 0 У(П+ 1) log2 (П +  2) (*€(0, 1)).

8. Endlich bemerken wir, daß in diesen Betrachtungen ein modifizierter Begriff 
der Lebesgueschen Funktionen brauchbarer ist.
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Es sei/ =  {/„(х)}Г eine Folge der reellen Funktionen f„(x)£L(0, 1), und Я= {Я„}̂  
eine nichtabnehmende Folge der positiven Zahlen mit lim Я„=°°. Wirsetzen

П-+00

k=0
Durch einfache Rechnung ergibt sich, daß im Falle

dt.

sup Ln J _ .

n
,x

L„(f; x) ^  *2 \A().k)\Lk |-£=; x\ +).„Ln\j= ; x \  =§ C1(x)Xn (x€(0, 1))/
VT

(fast überall in (0, 1))

/
VT

mit einer in (0, 1) fast überall endlichen positiven Funktion Cx(x) erfüllt ist.
Es sei Я von unten konkav. Durch einfache Rechnung ergibt sich, daß im Falle

sup L\ i-̂L; xj <  °o (fast überall in (0, 1))
Ll(f;  X) ^  Д  [l - ^ I y) \A\XkW + \ ) L k xj +

/+  ~  j 2  И(Л)|(^ +  1)A |'^=» +X„L„ |^=; *J — Q(x)A„ (x£(0, 1))/
v r

mit einer in (0, 1) fast überall endlichen positiven Funktion C2(x) erfüllt wird. 
Dann gelten die folgenden Behauptungen.
Satz VI. Gilt

sup L" [ y x ’x
fast überall in (0, 1), dann ist f  ein Konvergenzsystem für  /2(Я) in (0, 1). 

Satz VII. Es sei Я von unten konkav. Gilt
fsup L\
VT

fast überall in (0, 1), dann ist f  ein (C, Konvergenzsystem für /2(Я) in (0, 1).
Satz VIII. Es sei {v„}̂ ° eine Indexfolge mit 1 < ? á v n+1/v„<í(<«=) (и —0, 1, ...). 

Gilt

fast überall in (0, 1), dann ist f  ein (C, oc>0)-Konvergenzsystem für /2(Я) in (0, 1).
Das Analogon der Sätze IV und V kann man auch beweisen; die ausführliche 

Fassung der entsprechenden Behauptungen überlassen wir dem Leser.
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9. Beweis des Satzes VI. Wir wenden den folgenden Hilfssatz an.
H ilfssatz III. Es sei {v„}“  eine streng wachsende Indexfolge. Gilt

sup Lv„(/; x) <  oo
П

fast überall in (0, 1), dann konvergiert die Folge der v„-ten Partialsummen der Reihe 
(1) im Falle a£ l2 in (0, 1) fast überall.

Diese Behauptung ist eine gewisse Verschärfung eines Satzes von G. A lexits [3]. 
Betreffs des Beweises s. K. Tandori [5].

Unter der Bedingung des Satzes VI ist das System f / \ T  nach dem Hilfssatz III 
ein Konvergenzsystem für l2 in (0, 1), woraus Satz VI unmittelbar folgt.

10. Beweis des Satzes VII. Wir benutzen den folgenden 
H ilfssatz IV. Gilt

sup L*(/; x) <  oo

fast überall in (0, 1), dann ist f  ein (C, X)-Konvergenzsystem für l2 in (0, 1).
Es sei

En =  lx€ (0 , l ) : s u p L Í ( / ; * ) s  N \ (N = 1 ,2 ,...) .

Für jeden Index N  definieren das Funktionensystem f N = {/jv,n(x)}lT folgenderweise: 
es sei

A ,«W
Offensichtlich gilt

( x £ E n ),

sonst (П =  0, 1, ...).

sup L„(fN-, x) ^  N  (x6(0, 1); N  = 1,2, ...).

Nach einem Satz von G. Alexits und A. Sharma [2] folgt, daß f N für jedes N  ein
(C, l)-Konvergenzsystem für /2 in (0, 1) ist. Da mes [ (0, 1 ) \  1J EN) =0, und f N „(x) =

V ЛГ=1 '
—fn(x) (x (:En; n = 0, 1, ...) für jedes N  gelten, ergibt sich, daß / ein (C, l)-Konver- 
genzsystem für l 2 in (0, 1) ist.

Damit haben wir den Hilfssatz IV bewiesen.
Durch Anwendung des Hilfssatzes IV ergibt sich, daß unter der Bedingung des 

Satzes VII das System / / j/X ein (C, l)-Konvergenzsystem für l2 in (0, 1) ist. Nach 
einem bekannten Satz (s. z. В. K. Tandori [5]) ist also das System //^A  fast ortho- 
normiert, und der Satz VII folgt ähnlich wie im Beweis des Satzes I. 11

11. Beweis des Satzes VIII. Wir definieren die Matrix 7’=||/„;fc||~t=0 folgen
derweise:

tn,k =  1 (k = 0, hi, к — 0 ( к  —  v„ +  l, vn +  2, ...) ( n  =  0, 1, ...).
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Durch Anwendung des Hilfssatzes III ergibt sich, daß unter der Bedingung des 
Satzes VIII //(/A ein r-Konvergenzsystem für /2 in (0, 1) ist. (D.h. im Falle a£l2 
konvergieren die Summen

t„(cr, x) = 2  tn,kakfk(x)lfh  (n = °> b ••■)
k = 0

in (0 ,  1 ) fast überall.) Nach einem bekannten Satz (s. z. В. K .  T a n d o r i  [5]) folgt 
daraus, daß das System/ / / Г fast orthonormiert ist. Es sei e > 0  beliebig angegeben, 
und seien Ee, Mc, ф= (e; x)}̂ ° wie in der Definition der Fastorthonormalität.

So folgt, daß die Folge der v„-ten Partialsummen der Orthogonalreihe (7) 
im Falle a£ /2(A) in E fast überall konvergiert. Daraus erhalten wir durch Anwendung 
eines Satzes von A. Z y g m u n d  [6], daß im Falle a £ /2(A) die Reihe (7) und somit
auch die Reihe (1) in Er fast überall (С, я >0)-summierbar ist. Wegen sup mes (Et) = 1

£>0
folgt die Behauptung des Satzes VIII.
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ON SOME CONNECTIVITY PROPERTIES 
OF EULERIAN GRAPHS

By
L. LOVÁSZ (Budapest)

There are several facts known in graph theory that suggest that connectivity 
properties ot Eulerian graphs are much nicer than those of general graphs. K otzig 
[2, 3] gave a construction which presents all (2k)-regular (2k)-edge-connected graphs 
(he also gave an analogous construction for (2k—l)-regular (2k — l)-edge-connected 
graphs; this, however, does not concern us in this paper). Similar results have been 
obtained by G. J. Simmons [5]. It is known (R otschild and W hinston [4]) that the 
so-called 2-commodity-flow theorem holds in a stronger (integral) form for Eulerian 
graphs.

In the present paper we are going to describe a method which is essentially that 
a given point x of an Eulerian graph can be split so that connectivity relations between 
the rest of the points remain unchanged. This generalises the above-mentioned 
result of Kotzig. As another application we discuss a conjecture of Gallai. This 
concerns the maximum number of edge-disjoint paths connecting two points of a 
specified set X. We show that for Eulerian graphs this number can be expressed in 
a very simple form, thus verifying the conjecture for this class of graphs (even in 
a slightly sharpened form).

It is should be remarked that the point-splitting method applies to non-Eulerian 
graphs as well in many cases. We are going to discuss this in a forthcoming paper.

1. Let G be a graph. (We allow multiple edges.) For XQ V(G), denote1 by 
SG(X) the number of edges connecting X  to V(G) — X.

We denote by cG(A, B) the maximum number of edge-disjoint (A, ß)-paths 
(A, BQ V(G) are disjoint). By the max-flow-min-cut theorem (or Menger’s theorem)

cg(A , В) min
XEX£K(G)-B <5gW -

The following observation will be crucial throughout the paper:
L emma 1. 5(ХП T ) + < 5 ( Z U  F ) = S < 5 ( Z ) + < 5 ( T ) .  I f  equality holds here then no edge 

connects X —Y to Y —X.
This lemma follows by simple counting.
Given x€ V(G) and two edges (x, и) and (x, v) adjacent to it, the operation of 

removing these two edges and creating a new edge which connects и to v, is called 
splitting off the two edges (x, и) and (x, v) from x. If x has even degree and we remove
x and create ö (x) new edges which connect neighbours of x such that in the arising

1 We remove the subscript in the case of the graph denoted by G.
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graph G' öa (y) = S(y) for each у A x, the operation is called splitting of x. It is clear 
that splitting x  can be carried out by repeatedly splitting off two edges adjacent 
to x and, finally, removing the isolate x. It is evident that splitting off two edges 
from a point or splitting a point of an Eulerian graph results in an Eulerian graph.

Lemma 2. Let us split off two edges from a point x  o f G and denote by G' the 
resulting graph. Then

Co (A ,B ) S  c(A,B) 

for any two disjoint sets A, B f  V(G).
L emma 3. I f  G is an Eulerian graph then (X) and c(A, B) are even for any X, A, BQ 

Я V(G).
The proofs are again trivial.
Theorem 1. Let G be an Eulerian graph, x£  V(G) and (x, u) an edge adjacent 

to x. Then there exists another edge (x, v) adjacent to x  such that splitting off the edges 
(x, u) and (x, v) from x, the resulting graph G' satisfies

cG’(a, b) = c(a, b) 
for any two points a, b£ V(G)—{x}.

Before proving this theorem we formulate two other assertions of similar nature 
and then prove them simultaneously.

Theorem 2. Let А, В, C, D be sets o f points in an Eulerian graph G, A f]B=  0 ,  
CC)D = 0 .  Let x£V(G) — A — B—C —D and и a neighbour of x. Then there exists 
another edge (x, v) such that splitting o ff (x, u) and (x, v) from x  the resulting graph 
G' satisfies

cg.(A, В) =  c(A, B), cc.(C, D) =  c(C, D).

Theorem 3. Let G be an Eulerian graph, А = {х1г ..., xk}QV(G), x£V(G)—A 
and (x, u) an edge adjacent to x. Then there exists another edge (x, v) adjacent to x 
such that splitting off (x, u) and (x, v) from x, the arising graph G' satisfies

cG. (x í, A -  {*;}) = c(xi, A -  {x,}) (i = 1 к).

Proof. All of Theorems 1—3 have the following form:
(* ) Let A(, BiQV(G), Ai(jBJ= 0  ( i= l, .. . ,k ) .  Let, furthermore, x£V(G), 

x i A i ,B b and (x, u) an edge adjacent to x. Then there exists another edge (x, v) 
adjacent to x such that if we split off edges (x, u) and (x, v) from x, the resulting 
graph G' satisfies

Cc(Ai, Bi) = c(Ai,B,) 0 = 1 , . . . ,  k).

This assertion, however, does not hold in general, and to formulate a condi
tion on the collection Ax, ... ,A k,B 1, ..., Bk, though possible, would be complicated. 
So we try to prove (* ) in general and then observe that in the special cases formulated 
in Theorems 1—3 the proof can be completed.
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Let M  be the set of sets S  such that
(a) x£S , m(£ S.
(b) For some I s / =5*, AiQ SQ V (G )-B i or BtQSQ У (С )-А ( and <5(S) =  

=c(Ai,B i).
(c) S  is minimal with respect to properties (a)—(b).
If S£M  and Im i^ k  is an index such that (b) holds for this i we call S  a set o f 

index i (the same set may have several indices).
Claim 1. For each i, there exists at most one set o f index i.
Proof. Assume S, S ' are distinct sets of index i. There are three cases:
Case 1. AtQS, AfQ S'. Then consider S ^ S H S '  and S2= S U S '. By the 

minimality of S  and S', ö fS ^ ^ d A i,  B f  and clearly 0(S2)^c(A i, B f  This is a 
contradiction since by Lemma 1,

6(S0 + 6(SJ  S  <5(S) + <5(S') = 2cc(Ai, Bt).

Case 2. BtQS, B;QS'. Here we get contradiction analogously.
Case 3. AtQS, BtQ S'. Set S"=V(G) — S'. Since (u,x) connects S —S "  to 

S " —S, we have by Lemma 1

<5(SnS")+5(S"U S) <  $ (S )+ i(S ')  = 2C{At, B f

This contradicts the obvious facts that

S(Sr\S")  ^  c(A„ B f  S(S"U S) ^  e(At, B f

This completes the proof of Claim 1. We remark that by Claim 1, we may assume 
that the notation is chosen so that, for each set S  of index i, AtQS.

Claim 2. Let S be a set o f index i and T a set of index j f i ^ j ) .  Then -ájU-SjU 
\JAj \JBj must intersect each o f the four sets SOT, S —T, T —S, V(G) — S —T  and 
at least one o f At, Bh Aj, B} must intersect at least two of SOT, S —T, T —S, V(G) — 
- S - T .

Proof. I. Suppose AiUBiUAjUBj does not intersect one of SOT, S —T, 
T —S, V(G)— S —T. There are essentially three cases to consider.

Case 1. (At\JBl\JAJ\JBJ)O S O T = 0 .  Then AtQ S - T  and A jQ T -S .  Thus 

S (S -T )  S  c(Aj, B f  S (T -S )  £  c(Aj, Bj); 

on the other hand, by Lemma 1 (with X = S, Y= V(G) — T),

Ő (S -T )+ Ö (T -S )  <  a (S')+5 (70 =  с(А„Вд+с(А„В£), 
a contradiction.

Case 2. (Ai\JBi{JAj\JBj)0(V(G )—S —T)=  0 .  We get a contradiction as above.
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Case 3. (Ai(JBi(JAj\JBj) í ) (S—T) = 0  (say).Then A ^ S D T ,  BjQ V ( G ) - T - S .  
By the minimality property of S’ and T, <3(5П T)>c(Aj, Bj) and clearly S (S (JT )^  
^ c(Aj , Bf). This contradicts Lemma 1 since

<5(SUT)+<5(snr) ^  á (5 )+ á (J )  =  c(A„ Bj)+c(Aj, Bj).

II. Assume now each of At, Bh Aj, Bj is contained in one of the sets SOT, 
S -  T, T -  S, V(G) -  S —T. By Part I we have A,Q  SD T, B(Q V(G) -  S -  T, AjQ T — S, 
B jQ S—T  for a suitable choice of indices i, j. Then

whence

Clearly

0(S) c(Aj, Bj) = S(T) ^  c(At, B,) = ő(S), 

S(S) = 3(T) = c(At, В г) -  c(Aj, B j ) .  

Ö (S-T) ^  c(Aj, Bj), ő( T - S )  ^  c(Aj, Bj),

which is impossible since by Lemma 1,
á (S -T ) +  ő ( r - S )  < <5(5) +  «5(Г) = 2c(Aj, Bj).

The proof of Claim 2 is complete.
Claim 3. I f  \M \^2  then ( * )  is true.
Proof. Lete.g. M = { S ,  T )  ;if \ M \ ^  \ the proof is essentially the same but simpler. 

We claim x  has a neighbour v in S ПT. In fact, let dv, d2, d3, dt be the numbers of 
neighbours of л: in SOT, S —T, T —S, V(G)—S —T, respectively. We have

<5(S-{x}) S  c(Ai,B ,) = 0(S) 
(where i is an index of S) and hence

(1) d1+d2- d 3- d i = 3 ( S - { x } ) - 3 ( S ) ^ 0 .  
Similarly,
(2) d1+d3—d2—d4t a  0.

Adding (1) and (2) we get 2d1 — 2di ^0 , d1^ d i ^0 .
Let и be a neighbour of x  in ST) T. We claim that splitting off (x,u) and 

(x, v) the resulting graph G' satisfies

c0.(Ai, Bt) = c(At, Bi) (i = 1, ...,k )

Assume indirectly cGfA i,B i)< c(A i,B i) for some l S iS k .  G, G' being Euleraian, 
these numbers are even, and hence

cg'(A í , Bj) = c (A j, Bj) 2.

Let XQV(G) be such that x £ X  and either A j f X f  V(G) — Bj or BjQXQV(G) — Aj; 
moreover 3G.(X) = cG’(Aj, Bj). Then

Ы * )  S  c(At,B j) -2  ^  S (X )-2 .
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This is possible only if d(X)=c(Ah B j and u,v$X. Thus, X  satisfies (a), (b) in the 
definition of M. Therefore, S f X  or TQX, so SOTQX. But this is not the case 
because v$X. This contradiction proves Claim 3.

Now we can easily prove Theorems 1—3.
Proof of Theorem 1. We, in fact, show ]Л/1 = 1. Assume S, S'£M . Let S  be 

of index i, S ' be of index j. Then, since in this case At, Bit Aj, Bj are singletons, 
the second assertion of Claim 2 is not satisfied, a contradiction.

Proof of Theorem 2. \M\s.2 by Claim 1.
Proof of Theorem 3. We again show \M | s l .  Assume S, S'£M , S, S ' having 

indicesi,7,resp. Then AiLIBiUAJÖBj=AiUBi and since one of Ah Bt is a singleton 
the first assertion of Claim 2 cannot be satisfied.

We now deduce certain corollaries of Theorems 1—3.
Corollary 2. Given an Eulerian graph G and four points a, b, a', b ' the maximum 

number o f edge-disjoint paths each of which connects a to a’ or b to b' equals to

c =  min { c ( { ű ,  b}, {a', b'}), c({a, b'}, {a', £})}.

Proof. It is trivial that there cannot exist more than c paths with the given 
properties. We show by induction on \E(G)\ that c paths do exist. If there is no point 
other than a, b, a', b' the assertion is easily proved. Assume x£ V(G) — {a, a', b, b'}. 
Then by Theorem 2 it is possible to split off two edges from x so that the resulting 
graph G' satisfies

cGf{a , b), {a', b'}) = c{{a, b}, {a', b'}), 

cG({a, b'}, {a', h}) =  c({a, b'}, {o', £}).

By induction hypothesis, G' contains c edge-disjoint paths each connecting a to a' 
or b to b'. These clearly yield c such paths in G.

Let, now, AQV(G) be any fixed subset of G. By an A-path we mean a path 
whose endpoints belong to A but which has no other point common with A. In 
particular, an edge connecting two points of A is an Л-path. The following conjecture 
is a version of a conjecture of Gallai [1]:

Conjecture 1. Let v be the maximum number o f edge-disjoint А-paths in an 
arbitrary graph G. Then there are s=2v edges which represent all А-paths, i.e. which 
completely separate the points o f A.

Note that for |Л|=/и =  2, 2v can be replaced by v by Menger’s theorem.
We will prove that for Eulerian graphs this conjecture holds in a slightly more 

general form:
Theorem 4. Let G be an Eulerian graph and AQV(G), \A\=m. Denote by v

the maximum number o f edge-disjoint А-paths in G. Then there are 2v | l  —“ j edges
which represent all А-paths, i.e. such that removing them the points o f A will be in 
distinct components.
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Also, we have the following expression for v:

(4) v = 2  c(a ,A -{a}).
4 aiA

R em a r k s . 1. Note that the “edge-disjoint path”-version of Menger’s theorem, 
for Eulerian graphs, is a special case for m = 2.

2. It would be enough to assume that the points of V(G)—A have even degrees. 
This can be seen by pairing up the odd-valenced points in A by new edges.

Proof. I. First we prove formula (4). Let Fa be a minimum set of edges separat
ing a from A —{a}, then \Fa\ = c{a, A —a). Let Pl t ... ,P y be a maximum set of 
edge-disjoint Л-paths. Then each Pt meets at least two Fa, hence 2v^  2  \Fa\ which

a d  A
proves in (4).

On the other hand, we prove by induction on |£'(G)| that there are

у  2  c(a, A -  {a})
4 aiA

edge-disjoint Л-paths. If A= V(G ), the assertion is trivial: there are \E(G)\ edge- 
disjoint Л-paths. Let x£V(G) — A, and let us split off two edges from x  so that the 
resulting graph G' satisfies

cG.{a, A -  {a}) =  c(a, A — {a}) 

for every a^A. By the induction hypothesis, there are

у  2  ca fa , A -{a }) = ~  2  c(a,A -{a})

edge-disjoint Л-paths in G', which yield the same number of edge-disjoint Л-paths 
in G. Thus (4) is proved.

II. Observe that
U Fa

a d  Aa9±a0

covers all Л-paths for any a0€A. Let a0€A with |Feo| maximal, then

U  Fa
a d  A  a^a0

2  Wa\ S  
a d  A  a^a0

2v

as stated.
We remark that the bound is sharp, as shown by the graph on Fig. l.a. Fig. l.b 

shows that for non-Eulerian graphs, the bound in Conjecture 1 cannot be improved
for ШЁ3.

Acta Mathematica Academiae Scientiarum Hungaricae 28, 1976



ON EULERIAN GRAPHS 135

П П

a) v = mn b) v = n
Fig. l)a  Fig. l)b

Appendix

We add some theorems concerning the above problems for arbitrary graphs, 
partly as applications of the preceding Theorem 4.

Let G be an arbitrary graph and A g  V(G). A 2-packing is a collection of /4-paths 
such that each edge belongs to at most 2 of them (the same T-path may occur in 
the collection twice). A 2-cover is a collection of edges such that each /4-path con
tains at least 2 of them; again, the same edge may be taken more than once. Let 
v2 and t2 be the maximum size of a 2-packing and the minimum size of a 2-cover, 
respectively. We still use v for the maximum number of edge-disjoint /4-paths.

Theorem 5. For an arbitrary graph G and any AQV(G), \A\^2,

V2 =  *2 =  2  c (a,A-{a}) .
a d  A

P roof. Let us double each edge of G and let G* be the resulting Eulerian 
graph. Clearly

ca*{a, A -  {a}) = 2c(a, A -  {a})

and the maximum number of edge-disjoint /4-paths in G is v2. Hence

v2 =  2  c(a, A -  {a})
a € A

follows by Theorem 4.
On the other hand, let Fa be a minimum set of edges separating a from A — {a}. 

Let F  be the collection 2 ^a ' i-e- 1et an edge a occur in F l times iff it is contained 
in l sets Fa. Then F  is a 2-cover and hence,

S  |F| =  2  c(a,/4-{a}).
a€A

Since t 2 £ v 2 follows by a trivial counting argument, Theorem 5 is proved.
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T heorem 6. т2 ё  

Proof. Set

m+  1 v.

и = maxc(X , A — X).
X Q A  4 '

It is evident that v s /r . We prove

T2 — 4 — m+ 1

This could be obtained from Theorem 5 using certain inequalities similar to 
Lemma 1, but here we choose another way.

Let, for each XQ A, |.Sf| = [^-], Fx be a minimum set of edges separating X
from A — X, and let P = { P l ^ / g v 2} be a maximum 2-packing of paths. Let us 
count the incidences between paths in P and edges in Fx . Each path Pt meets Fx

for each X  separating its endpoints; there are 2 

m - 2

m — 2 

- 1 such sets X, so we count

at least 2v2 -  1 incidences. A given edge of Fx occurs in at most two

paths Pi, so there are at most

2 2 F x S 2
X

m
m
~2

incidences. Hence
t2 =  v2 Ц m

m
~2

m — 2 4 —
m + 1

which proves the theorem.
It follows as in Theorem 3:
Corollary. All А-paths can be covered by at most

4 1 ,—L m
1

у m+1
2

edges.
Remark. We have the following numbers here in consideration:

и =  max c(X, A — X);
X Q A  v '

Acta Mathematica Academiae Scientiarum Hungaricae 28, 1976



ON EULERIAN GRAPHS 137

v, the maximum number of edge-disjoint Л-paths; v2, the maximum size of a 2-pack
ing; t2, the minimum size of a 2-cover; t, the minimum number of edges totally 
separating the points of A. We know

moreover
И

Í, 1 'I
' 2

[1 - m JT2’ T2- 4 —
' m +  1

2
Voand that, for Eulerian graphs, v = — . I conjectured tS2/i but recently P. D. Seymour 

kindly showed me a counterexample (Fig. 2).

Fig. 2

Theorem 7. Let G be a graph and let us associate a capacity c(e) with each 
edge e o f G. Suppose 2  c(e) ‘s even f or eac^ P°'nt У- Let x£ V(G). Then the maximum

еЭ у
number к of circuits containing x such that each edge e is contained in at most c(e) 
of them equals to

min ~  2  Ф )F A eiF

where F ranges through all collections of edges representing every circuit through x  
twice.

P roof. Let us construct a graph G' from G as follows. Let ax, ..., ad be the 
neighbours of x. Let us replace x by d new points xx, ..., xd, where x; is connected 
to <2; by c((x, Ű;)) edges (and to no other point) and also replace each edge e of G—x  
by c(e) parallel edges with the same endpoints. The resulting graph G' has even 
degrees except, possibly, in the points xlt ..., xd. Let A = {x1, ..., xd}. Observe now 
that к is, trivially, the same as the maximum number of edge-disjoint Л-paths in G'. 
Moreover, a collection F of edges of G represents all circuits through x  twice iff 
the corresponding collection F' of edges of G, of cardinality

2  ФХ
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represents all Л-paths in G' twice; and if a collection Fx of edges of G' represents 
all Л-paths twice and is minimal, then trivially, it consists of the

2  Ф )eeF2
edges corresponding to a collection F2 of edges of G, which represents all circuits 
through x  twice. Hence Theorem 5 implies Theorem 7.

Added in proof (October 1, 1976). P. D. Seymour informed me (private corres
pondence) that he improved Theorem 6 by showing that r2^3v.
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ON A PROBLEM OF J. SZABADOS
By

P. VÉRTESI (Budapest)

1. Introduction and prelim inary results. One of the most fundamental theorems 
of the approximation theory is the Jackson estimation which states that if 
/(л:)еС(г)[ —1, 1](—/ (r) is continuous on [—1,1]) then there exist polynomials 
Pn(f; x) of degree =n such that

( 1 . 1 )  I I * ) l l  =  o(n- > ( / ( , ) ; ^ |  ( «  >  r  s  o )

where || • || is the maximum norm on [ — 1, 1]. As it is well known there exists a better 
pointwise estimation due to Timan, namely

(1.2) If ( x ) - P n(f;  X )| =  0(1) со | / ( r ) . í E Z + ^ l  j (и >  ,  s  0).

(Here cok(f; t ) is the k-th modulus of smoothness of f(x) on [—1, 1], co(/; t) =  
=cui(/; t).)

For r= 0 many authors have proved these estimations using interpolatory 
polynomials

0 „(/; x ) =  2 f ( xk.n)qk.n(x), 
k = 1

i.e. for which

(1-3) 4 k . n ( X i . n )  =  § k . i  ( ' .  k =  1, 2, ..., r í )

and the degree of qktn(x) is not greater than 4n. Here
(1.4) - l^ o c njn< x B_1>n< ...< x lin^ l  (и = 1 ,2 ,3, ...)
is a suitable point-system (see e.g. G. F reud [1], M. Sallay [2], R. B. Saxena [3], 
P. Vértesi [4], G. F reud and P. Vértesi [5], О. Kis and P. Vértesi [6]).

In his paper [7] R. B. Saxena proved that for the interpolatory polynomials 
Qn(f; x) defined in [3] we can get the Telyakovski’s estimation

\ f ( x ) - Q n(f;  x)\ = 0(l)o> [ / ;

for any /€ С [— 1, 1].
In the papers [1]—[7] the node-systems are of “Chebyshev type”, i.e., they are 

“very far” from the equidistant nodes which generally show bad behaviour in inter
polatory questions. So it was interesting when J. Szabados, answering a question
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of D eVore, gave polynomials Pj,k,r,„(x) o f  degree sä л such that for the (not inter
polating) operator

(1.5)
k = 0 j=0

we have (1.1) for any/(x)6C<r)[—1, 1] (see [8]).
In the same paper J. Szabados raised the problem as follows.
“Is it possible to improve the Jackson order n~ra>(f(r)-, л-1) to the Timan— 

Telyakowski pointwise estimate { \ \  — x2/n)rco(fW ; f  l — x 2In) by operators like in
(1.5)?”

2. New results. We give a negative answer for the above mentioned problem. 
Namely we have

Theorem 2.1. I f  rSO  is a fixed integer, lJik>r!n(x) are arbitrary continuous 
functions and

n r  f 2/f 1
LnA f- ,x ) =  2  2 f a ) \ - i + = ^ \ i j , k,r„Wfc=0 J=0 f n )

then there exist a function / 1GOr,[—1, 1] and a sequence {y„ }a[-1, 1] such that

(2.1) \ f { y n) - K r{ f - y n)\ *  0 ( l ) [ - ^ b ^  +  M j  m [ / / ' ) ;  +  lM j .

2.1. Proof. If there exists a sequence {■?„,},“  i such that T„j r( l ; j Bj) ^  1 then 
we have (2.1) with f f x ) =1 and {y„.}= So we can suppose that

Ln,r(l; x) =  2  lo,k,r,n(x) = 1  ( n s  л0). 
fc =  0

(2.2)

Let further

(2.3) =  -  1 + ~  (к = 0, 1, . ,.,л ); xn + lj„ =  =  1“  (л= 1,2, 3, ...).

2.2. Now we prove the following 
Lemma 2.1. I f  for each /€C<r)[— 1, 1]

(2.4) |/(x )-Z .„ ,r( /;x ) | = 0(1) П  — X“ . pe|
+ Ъ Н  ю / (r); /1-

( 1

then for any q„2°° we can choose a subsequence M — {т;}П= i smc/i Г/гаг/

(2.5) 2  \Ь,к.г,п(Уп)\^^7ТГ O' =  0, 1, л =  Л1г, /иа, /л3, . . . ; с ,q„ >  0).t=o —
л 2

In proving this lemma we use the ideas of [9]. Here we give some correspond-
n

ences: T„ = Ln,r, Un = E, m = r+ l, com = tr+1, A„(x)= Z  \lj.k,r,nix)\,zn=yn,en=ri-1,
* = 0

<5„ = —, / = / 2. We shall only sketch the proof.
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For a fixed j  we define gsi(l=l, 2, 3, ...) as follows:

(2.6)

gsKxk.a) =  0 (0 Ш s ^  r, s ?£j, k -  0,1, 2, 3), 
g ^ (x k>3) =  sg lj,k,r,3(ya) (k =  0,1, 2, 3), 
кз'ЧУз) =  0 (ä =  0, 1,

In the disjoint open intervals defined by {w/t,3}*=o let g3(x) be the corresponding 
Hermite polynomial of degree S2r+1. If we have determined the functions 
ga(x), g»(x), ...,gSP-i(x), we definegSP(x) at the nodes {хк,з ,} ^ 1 as in (2.6) completing 
with the conditions
(2.7) g$(ysd =  0 (i=0, 1, ..., r; /=1,2, . . . ,p -Y ) .
We define gSP(x) in the open intervals determined by the points {xk/3P}'f=0ö  {y3i}f=i 
as above. It is easy to see that

(2.8) \.Xk, 3P ~ х}л = l1 СГ {X;i3p}®̂ 0, ( U  F i'j '"l I U {xfc,3i’}fc = oj — 05

(2.9) = y -
l^i^p

Let

(2.10) M x) = Q 2 ^ r k g n i{t)
i = 1 n i

def •where e„=ri~l, T  =  {и,},“  i d  {Зг},“ l5 is a lacunary subsequence (see later).
Using the notation

(2.11) ш,+1(0 -  tr+1
we can see that gn(x)£C(cor+1) (f£C(cor+1) if cor+1(f; t)^a (f)car+l(t)), similarly 
f 2£C(a>r+1) for suitable T  (see ([9], 2.4 and 3.3).

So by (2.4) we have for each fixed /г£ T

(2 .12) \k>Mfr(gn-, Ум) gn(y^)l — cn I ууз/2 j

Using the definition of g„(x) we get

(2.13) \L„,r(gN;yn)\ si 2  \ l j , k ,r M I ( * >  и; n, N eT),
k =  1

(2.14) gNS)(yn) = 0 (s=0, 1, r; N ^ n ;  n, N £T ) .

Finally by (2.6)

(2.15) Ln_r(g„; yn) = Д  \lj,k,r,n(yj\ (n£T).
By (2.10)—(2.13) we get

Ln,r{fi,  >’„) - / 2(>’„) >  c7e„n~r~1 2  \ U M \  (n£T)
k  =  1

(see [9], 2,6). On the other hand by (2.4)

\Ln,ÁÁ;yn)-Á(yn)\ = 0 ( n ~ ^ r+1)  (n = 1, 2, 3, ...)
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from where we get (2.5) for a fixed j. I.e., we can get a set of indices M0 for which
(2.5) is true if _/=0. From M0, using the proof of the lemma, we can choose Mx such 
that (2.5) will be true for 7 =  1 if nPMx. Continuing this process we get Mr, which 
can be the desired M.

2.3. Now we can easily prove our theorem. By (2.2) 
contradicts (2.5).

n

2  14.е,г,п(л )1^1 which 0

3. Remarks. 3.1. With the same method we can prove the following theorem. 
If rsO  is a fixed integer, further for the fixed юг+1(Г)^с1С+1 we have 
cor+1(n_3/2)=o(l)cor+1(7i_1), then there exists a function f 3kC(cor+1) for which (2.1) 
is true. (This statement is interesting when r=0  because юг+1(и-3/2)=о(1)а>г+1(я-1) 
if rfel.)

3.2. As in the lemma we can prove the relation

2  K / , * , r , » ( * o ) l  S  c 2 (7  =  0 ,  1 ,  . . . ,  г; и € М )
k = 0

where x0€(— 1, 1), cor+1( t)^ c 1t r+1 supposing only Jackson order of convergence.
3.3. We have seen that if the nodes are “far” from each other at the end-points 

then we generally cannot obtain a Timan-type estimation (see Theorem 2.1). On 
the other hand if for the minimal distance of the nodes

(3.1) d ß ^  min \xi>n- x kJ  ~  n~2

then we can get the Timan-estimate (see [1]—[7]). A natural question is whether there 
exists a point system such that Em dn-n2=°= for which we can prove a Timan type

Tl-*-oo
estimation.

The following example gives a negative answer for this question.
Let {<p„}“ =  1 be a subsequence of the set of positive integers, (p i~ < p i+ 1  ( /  —  

= 1,2,3,...), q>„ = 0 ( fn ) .  Let further

hk,„ = co&2\ n 171 (k = 1,2,

(3.2)

Vk,„ =  COS 2n q>„n (k =  1,2.......ri),

{x,„} = H U  V, yn = Xl’n± .X*’\
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It is easy to see that <?»и~2> и 1 / l  —yl + \y„\n 2~cp„n2.
By the arguments used above we can prove the following
Theorem 3.1. I f  г ё 0 is a fixed integer, lj,k,,,n{x) are arbitrary continuous 

functions and
П Г

L„,Á flX) = 2  2  f U>(Xk,»)lj,k,r,n(x)
1 j = 0

then, supposing that there exist a function h(x)(iC(rí[— 1, 1] and a sequence
[ —1,1] such that

\h (x )-L n,r(h;vn) \ ^ 0 ( l ) +  ̂ H  o)\hV V1— i l , K\

We can prove the analógon of 3.1, too.
On the other hand if <p„=1 then the points xki„ are the Chebyshev nodes. So 

using the result of [5] and standard arguments (see e.g. [8], Corollary) we get an 
operator of the form

Ln.rifi x) =  2  2 f U)(xk,n)qj,k,r,n(x)k = 1 j=0
for which we have the Timan type convergence for /6С(Г)[— 1, 1]. (qj,k,r,n(x) are 
polynomials of degree ^ c 3rn.)
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ON THE DYADIC DERIVATIVE
By

F. SCHIPP (Budapest)

1. Introduction

In [2], P. L. Butzer and H. J. Wagner introduced the following concept of 
derivate for a function /  given on the interval [0, 1).

D efinition. For / :  [0, 1)—R let

(1) (dnf) ( x )  = 2  2i- 1( / ( * b / ( *  + 2~i' “1)) (x€[0, 1), n€P),
i = 0

where 4- denotes the addition introduced by N. J. Fine [4], and P =  {1, 2, 3, ...}. 
(i) If for the function /  there exists

lim (dnf) ( x ) =  c
П -+00

at some point x£[0, 1), then c is called the pointwise dyadic derivative of f  at x  
denoted by / [1](x) =  c.

(ii) If for f£ L p(0, 1) (lS/?S°°) there exists g£Lp(0, 1) such that

lim IId„f-g\\p = 0,1
П —► со

then g is called the strong dyadic derivative of f  in Lp(0, 1) denoted by D f—g.
This is a modified form of G ibbs’ definition, introduced in [6], [7], [8].
The strong dyadic derivative turned out to be a linear, closed operator, its 

inverse operator or “integral” was introduced, and the fundamental theorem of the 
calculus was also found to hold for these two concepts [2], [3], [12].

The most important property of the dyadic derivative is the fact that the Walsh— 
Paley functions \j/k (&£N=PU {0}) are arbitrarily often differentiable (in both sense) 
and one has

№  = Щ к = кфк (fc€N).

The inverse operator to the differential operator D, namely the “integral” 
operator I, is defined by the convolution

(2) = (f*W ){x) = j  f(u)W (x  + u) du,
0

1 II • ||p denotes the Lp(0,l)-norm (1
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14 6 F. SCHIPP

where the function W fU (0, 1) is given by its Walsh—Fourier coefficients

(3) fV(0) = 1, W(k) = к ”1 (k£P).
(See [2], [3].)

In [10], the following analógon of the fundamental theorem of the differential 
and integral calculus is proved for the pointwise dyadic derivative:

Theorem 1. For f £ L \ 0, 1) and for almost every x£(0, 1) we have

(4) ( / / № )  = f(x).

In this paper we give the following generalization of the above theorem.
Theorem 2. I f  F is a function o f bounded variation on [0, 1], then for almost 

every x€(0, 1)
(5) {W * d F f1\x )  =  F'(x),

l
where ( W* dF)(x)= J  W(x + t)dF(t) and the integral is taken in the Lebesgue— 

о
Stieltjes sense.

It is obvious, that Theorem 1 follows from Theorem 2, if we apply it to the
X

absolutely continuous function F (x)~  J  f(t)d t(x£[  0,1]). To the proof of Theorem 2
о

we apply the Calderon—Zygmund decomposition lemma in a form concerning 
Borel measures, and use stopping time technics. (For these concepts see e.g. [13].) 

An immediate consequence of Theorem 2 is
Corollary 1. I f

(6) 2>■0

is the Walsh—Fourier— Stieltjes series o f a function F o f bounded variation, then 
the series

(7 )  2n=0

converges a.e. to a function f  € /ДО, 1), moreover f  is a.e. dyadic differentiable and 
for almost every x€(0, 1)

(8) / [11(x) =  F \x )  =  lim ( 2  kakj/k(x)
n̂ °° U=o

l
Indeed, na„= J  фп dF=0(\) implies that (7) is the Walsh—Fourier series of 

о
a function /£ L 2(0, 1) and by a result of P. Billard [1] the series (7) converges a.e. to/. 
On the other hand by 1) (see [2]) (W *dF)£L\0 , 1) and (W* dF)~(n) = an
we have W *dF = f a.e., thus from Theorem 2 follows/[1]—F ' a.e.
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For every n€N and x£(0, 1) we define the pair of dyadic rationals a.„(x), ßn(x) 
by the inequalities

a„(x) =  k2~n ^  х <  (k +1)2~" = ß„(x) 2”, k, n£N).
Then the well-known relation

(9)
gives

( 10)

D2„(x + y )=  2  Фк(х^-у) = \2, 
k  =  0 IV

(y£[0L„(x), ß„(x))), 
(y í K(x), ßn(x)))

2” —1
2

k =  0
какфк(х) = f  D2„(x + y)dF(y) = 2n(F(ßn(x))~ F(xn(x))) -  F'(x) 

0
a.e. if w — oo. Thus Corollary 1 is proved.

A standard argument shows (see e.g. [5], [9]), that if

2” —1
2  ъкФк

k = 0 1
=  0 ( 1),

and for every dyadic national point a we have

( д 1М '* )(« -0 )  = 0.(2").

then 2  ЬкФк is a Walsh—Fourier—Stieltjes series. This implies
k —0

Corollary 2. I f

= 0(1), 2П2 к а кМ « - 0 ) =  Ox(2")
1 k =  0

2"-l
2  kak4>k

(a dyadic rational), then (7) converges a.e. to a function /€  L2(0, 1) which is a.e. dyadic 
differentiable and for almost every x€(0, 1) we have

Let

(П)

/ C13(x) =  lim
2" —1
2  какФк(х)

Ук=О )•

Vn° = D2n, K \ x )  = "2  2‘ 2 2-kD»(x + ed,
i= 0  k - n

K2(x) = ”2  2‘ ”2  2 -nD A x fe d
i =  0 k — i

(*€[0, 1], иеР),

where ei=2~i~l (i£N) and for an arbitrary Borel measure g we set 

(12) (T '»(x) =  sup \Vn‘*g)(x)\ (i =  0, 1, 2).
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Here V*p  denotes the dyadic convolution of the measure p with the function 
V£L(0, 1), i.e.

1
(V*p)(x) = f  V(x+y)dp(y) (*€[0,1]).

о
We shall prove, that Theorem 2 is an immediate consequence of the following 
T heorem 3. Let p be a Borel measure and y > 0. Then

(13) Д{х: (T‘p)(x) >  y) I6\\p\\/y,

where к denotes the Lebesgue measure and ||д|| =sup \ц(В)\ (the sup is taken over
в

all Borel sets Bcz(0, 1)).
Theorem 3 is a generalization of part b) of the theorem in [10].
By means of the method, used in the proof of Theorem 3, we can also show 

the following theorem of N. J. F ine (see [5], Theorem 8).
T heorem 4. Let F be a function o f bounded variation and denote on(dF) the 

n-th (C, 1) mean of the Walsh—Fourier— Stieltjes series o f F. Then for almost every 
x6(0, 1) we have
(14) lim <r„ (dF)(x) = F'(x).

n - + o o

2. P roofs

To prove Theorem 3 we shall use the following decomposition lemma of 
Calderon—Zygmund type.

Lemma. Let p be a positive Borel measure and y>p([0, 1)) — ||yu||. Then there 
exist a sequence of dyadic intervals (Im, mfj?) and Bor el-measures pm (w6N) such that

(15) (i) /лГ)/т = 0  (n ^  m) and J 12(/„) ^  \\p\\/y,
П — 1

(ii) p =  2 > „ ,
n =  0

(iii) p„(H) = 0, i f  Я Э /,  (и€Р), supppng /„ and \\p„\\tS2p(In),

(iv) Ц/io* Ai"IU ^  3у (neN).
Proof. Denote sdn (n£N) the ст-algebra, generated by the dyadic intervals 

of length 2-n, and set
z(x) =  inf {«£N: (p*B 2„)(x) >  y},

where inf 0  =  °°. Then т is a stopping time with respect to the sequence (•*/„, nGN) 
and the set X = U Кы(*)> ff<x)(x)) = (x:t(x) <  o=}

t(x )< o o
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is the union of mutually disjoint dyadic intervals: X — (J Im, and by the definition
m = l

of г and Im we have

2  4 0  ^  2  v iO ly  ss M /y.m=1 m=l
For an arbitrary Borel set ß£[(), 1) let

nm(B) = м в п ы  ( m e n

ц0(В) =  ц(Х'Г)В) + 2, ~ ~ 4 B C \ I m),
m = l ^ \ lm)

where X '  =  [0, l) \2 f . Then f i =  2  V-m and 5  3  , m e P  implies цт(В) =  0  and
m—0

obviously WnJ\=2fi(Im) and supp ßmQIm (meP). By the definition of т we have 
t^ I  and (/i* D2n)(x)=y, if и<т(х), thus

(li* D2nx))(x) =  2(n*D2r(x>-i)(x) ^  2y (x6[0, 1]).
From this we get

- у т т т ^ 2Т» (ßo*Dim) ( x ) ^ 3 y  (m€N,x€[0, 1])

and the lemma is proved.
Proof of Theorem 3. To prove (13) we need only to consider a positive measure. 

We shall apply the Lemma and show, that
(16) (i) ЦГЧП- 6y,

(ii) \\Хх’Т ‘цт\\! 2n(Im) (meP, г =  0, 1, 2),
where Xx- denotes the characteristic function of the set X'. It is easy to see that (16)

oo
implies (13). Indeed, from (16) (ii) for the measure fi'= 2  Iхm by (15) (i) and (ii)

m=1
we have

11^.̂ 11^211^1 (/=0,1,2),
thus

Ц х: (Т1ц)(х) >  12y} S  Цх: (Т‘ц0)(х) >  6у}+Ц хеХ': (Т1ц')(х) >  6у}+  
+ Ц х е Х : (ГУ)(х) >  6у) S  (1/3 + 1) \\iA\ly.

Hence (13) follows.
То see (16), we use (15) (iv). Hence \\ц0* V°\\m^3y,

\\lio*Vn\\°° ^ * 2  2‘ 2  2 -k\\Ho*D2k\\m ^  3y2 "2, 2‘- n =2 6y,
i = 0 t = n  ( =  0

and

ll/*o*^ll~ ^  2  2  2-"|Ia>* AHU ^  3y 2  2t~n(n — i) s  6y,
i =  0 fc =  i i= 0

which gives (16) (i).
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To prove (16) (ii) we note that е;^Я(/т) and x€/ró=[0, l ) \ / m implies x4-C;€ Im> 
thus by (15) (iii) we have

if 2~k ^  X(IJ, or 2~k <  A(/J and et Я(/т). This gives for x<€ /т (^т *К,п)(х) =  0 
(/i GN) and

\(ßm*Vj)(x)\ Ш 2  2‘ Z  2-k(Hm* ZV)(*4-É?;) («€N, /=1,2) .

This completes the proof of Theorem 3.
Proof of T heorems 2 and  4. To prove Theorems 2 and 4, by Theorem 1 we 

need only to consider an increasing singular function F. (See also [11], Korollar 2).
We shall use some facts from [10] (see Hilfssatz 2, 3). For dnW (n€P) the follow

ing estimates holds:

Оum*D 2k)(xj-e,) =  0

Hence by ||̂ || [|ZV.|li= M\ (w€N), we get

IIXx'T’Vmlli— IMI Z  2г2Я(/т) á  211/iJI (m€P).в*̂А(.Гт)

where
n—1

A, = Z  A, = (T>1+ ... +  A)/« («€P)|

and /4Ь Л2 are constants. Further for 2" 1̂ m < 2"
Л—1 И—1

(18) \кт\ ^  2  2i_n z
j = 0  J = i

holds.
We shall prove that for almost every x€(0, 1)

(19) lim (Kl * dF) (x) = 0 ( /= 1 ,2 ) .

From this using Toeplitz summation theorem by

lim (D2„*dF)(x) — lim 2n{F(ß„(x)) — F(ot„(x))) = 0 a.e.,

and by (17) and (18) we get
lim (dnfV*dF)(x) =  lim a„{dF){x) = 0 a.e.

Let
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Then А(Я0)=А(Я) = 0 and using Toeplitz summation theorem we get

(20) (i) lim У, 2 -k+n{Dik*dF)(xlci)\ = 0 (x£H, a€{0, e{: i£N}
n- * ~  \jt= n  J

(ii) lim I 2  2“"(D2k*dF)(x^~et)I =  0 (x£H ,i£P),
n-*~ U=о J

(iii) lim 2  2  2~n(D2k*dF)(x)\ — 0 (x£H0).

Let /c [0 , 1) be a dyadic interval and introduce the Borel-measure nt(B) = JdF.
Bni

Since х(£/, е ^ Щ )  and 2_fcsA(/) implies (ßI *D2k)(x + ei)= 0, from (20) follows, 
that for all x(f /П Я  we have

(21) lim (fii*Vf)(x) =  0 (/ =  1,2, x$I(~)H).Л—► «so

To prove (19) it is enough to show that for every £>0

(22) A be: lim sup (V„‘ * dF) (x) >  2 fT l á  3e + 16 Уе\
I  П - +  oo '

Since the Borel measure ц(В) = J d F  is singular with respect to the Lebesgue
в

measure A, there exist mutually disjoint sets A and В such that /.(A)=ju(B)=0 and 
AUB=[0, 1]. It is obvious, that we can cover A and В with open intervals I„ and 

respectively (nfP) such that

(23) 2  MU  <  e, 2 M J j )  <  £
i= l j  =  1

and thus by Borel theorem there exist finitely many intervals Imi, Ims, Jni, ..., J„r 
with the property

(u/»fc) и (и 4,) i  [0,1].

Let Д(Я)=/1(ЯП Y), where Y= (J J„k. Then by (23) Д(У)<£. It is easy to see
k = l

that for every Imi there exist at most three dyadic intervals I /  (J= 1, 2, 3) such that

Since

and by (21)

2  HI / )  S  3A(/m.) and U Ij 2  4 ,  П [0, 1].
j=i i=i

n ^ д +  2  2 Frj=ß+fi>
<•=11=1 !

lim (nri * Vk) (x) =  0, if x £ //  (k — 1, 2),
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we have
Я jx: lim sup (V„k*fi) (x) >  f  s 1 s. 3£.

V Й-+О0 '

Finally by (23) and Theorem 2

Я jx:limsup(J^**/I)(x) >  / e j  = 161|/2||/]/e ^  16 )/e

and this yields (22).
Theorems 2 and 4 are proved.
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APPROXIMATIVE REPRESENTATION OF FOURIER
TRANSFORM

By
CATHERINE BALÁZS (Budapest)

1. The Fourier transform of a function f ( t ) defined on [0, °°) is
oo

(1) F ( f , x ) =  f  f(t)e~ ix,dt.
0

The physicists are often interested in approximative expression of F(f, x) when f ( t )  is 
only experimentally known, i.e. when the values off ( t ) are given in a finite number 
of points on [0, °°).

We shall give a method for solving this problem. Let f ( t )  be a continuous
dcffunction defined on [0, °°), (p(t) =  f(t)ect where c>0 is an arbitrary constant, and 

suppose that

(2)

exists, moreover

lim <p(t) =  lim f(t)ect

(3)
def

F(f,  x) ~  /„(/, x) = 2 f \ - r \ Akn>(*)* = 0 = i f W \*=0 (d„J
di

(c + a„ + ix)k+1 ’
where c is the same as in (2) and {a„} is a sequence of positive numbers. We shall 
prove the following

Theorem. I f  condition (2) is fulfilled and an= 2 log n then

(4) \ F ( f x ) - l n( f x ) \ + о (n — 0 s  x

where ojfiő) is the modulus o f continuity o f <p{t)=f(t)ect on [0, °°), c is the same as
in (2), О depends only on c and max \<p(t)\-00

J. Balázs and P. Túrán [1] investigated the same problem and gave another 
approximative expression for F ( f  x). The method published here has the following
advantages: 1) we can choose equidistant nodes [xfp = — ),  2)our fundamentalV an)
functions Akn\x )  are easy calculable, 3) our theorem gives an estimate for the rate 
of convergence. However, now F ( f  x)  ̂ /„ ( f  x) if f ( t )  = P„(t)e~ct where Pn(t) 
is a polynomial of degree ^ n, while in the Balázs—Túrán case the equality holds.
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2. To prove the theorem we need the following 
Lemma. For y > 0, c > 0 we have

( 5 ) I Li (yt)k 1 -<£±iV -L-e- v +y), dt ^  J_e y+c ( „  =  0, 1, 2 , . . . ) .
+ 1 c

Proof. Integrating by parts on the left hand side o f  (5) n + 1 times we have

e-v+y^dt =

Here we used the inequality ^1-----——j

So the lemma is proved.
The well-known relation <w<J,(A(5)s(/l + l)a)v(<5) gives

(6) |v (L).- »(,)| S ( | L  -  -|) S ( ^)  P  |P  <1+,} •

1 n + l1 - c  ——
-e y+c.

:e c which follows from the relations:

It is easy to see that

(7 )

e - ( C  + ix)t  d f

We have from (3), (6) and (7) 

(8) \F(f, x) — /„(/, x)| = e - ( C  +  i x ) t  d t

+ te W ') i ) /L # +1

+ *>(*)*-»' i  % r } e " (*+<*)» dt

( a j f  у  К 0 Ч  
*! Л! j

(«„0*

t=n+i k! 
к )

e-(c+a^t(/t +

k!
e -(c+an)t dt = A + B.
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Using Schwarz inequality and the relation

2 (ant — k)2 — a„te0*'
k = 0 K l

which follows from the trivial identity

2  ( a n t -  k f  ~ ~ ~  =  an te°n‘ ( t a  0 ) ,
k — 0  K - l

we obtain

From (5), (8) and (9) we have (4) with a„—c n 
2 log n ’ у = a„, so the theorem is proved.
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И С С Л Е Д О В А Н И Е  О Д Н О Г О  И Н Т Е РП О Л Я Ц И О Н Н О Г О
П РО Ц ЕС С А . I l l

О. КИШ (Будапешт) и ХО ТХО КАУ (Ханой)

Введем следующие обозначения: С множество вещественных непрерывных 
функций, определенных на отрезке [—1, 1]; если не оговорено противное, то 
х  произвольное число из [—1, 1], /  любой элемент из С, co(h) модуль непре
рывности функции / ,  i произвольное целое число, к любое неотрицательное 
целое число, л произвольное положительное целое число и Рк(х) тот много
член не выше чем л —1-ой степени, который удовлетворяет условию

О) Рк
2z — 1 

2 п (г =  1, 2, л).

Заметим, что Р„(х) обычный интерполяционный многочлен Лагранжа, 
Ру(х) некоторое видоизменение многочленов, которые ввел С. Н. Бернш тейн
[3] и Г. Грю нвалд [6], Р2(х) определил С. Н. Бернш тейн [3]; в общем случае 
Рк(х) некоторое видоизменение многочленов, которые введ Д. Л. Берман [1].

Теорема 1. Выполняются следующие неравенства:

(2) \р0(х) -Д х ) | = 1п п + !] ш [7 ];

(3) IAM-/OOI ^ Г ю(тг) + ( у + 7 ) 0  Ш  (и = 3’ 5’ - );

( 4 )  \Р2 (х) - f ( x ) I ё  4  °> [ у ] ;

( 5)  \Р3(х)-Дх)\ -  ( - ? - )  +  ( у + ш  ( ^ j  ( л  =  2 ,  4 ,  6 ,  . . . ) ;

( 6 )  \Ру(х)- f ( x )I ё  -у! ю [7 ] •

Соотношение (2) следует из двух теорем, которые опубликовали X. Брасс 
и Р. Гю нттнер в статьях [5] и [7]; неравенства (3), (4), (6) получены в работе 
[11]; соотношение (5) будет доказано ниже.

Заметим, что многочлен Р(х) не выше чем л —1-ой степенц, для которого

№ ) - / ( * ) !  =  о
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впервые построил Д. Джексон [8]; для введенных им, уже упомянутых интер
поляционных многочленов при к = 4 такое соотношение впервые доказал 
Д. Л. Берм ан [2]. Доказывая неравенства (3)—(6) и нижеследующие соотноше
ния (7)—(12) и (22)—(25), мы стремились получить как можно более точные 
коэффициенты при модуле непрерывности.

Ниже доказывается

Теорем а 2. Выполняются следующие соотношения:
in“
2п2М +ю(7) |АМ -/Ml я (1]„ „ + ■)»( i  / П ? ) + |  £  i

(8) 1AM -/Ml * jо. ( l  vT^f ) + (1 + 1 ). +
2 .̂r;1 1 ( in2 ) f 35 n 11 1 (я2Ы'|

+ И  Д  12 — 1 “  I 2?  +  ( 24 +  T ~  ,3 ’ 5, •

(9) IAM-/MI 4 » | í  + (t +t) “ ( 4  +

+  ( i ln "+ t ) "  ( í?  W) +  ( т + т )  “  ( ' S 1) (” =  '• 3 ,5, . . . ) ;

00) | A M - / M | s l » ( i | T 3 T í j  +  ̂ „ ( Í M j ;

(..) iám -/Ml » 4  » ( l  r^ F ) + ( f + 4 ) » ( 4  /T^f ) +
7 |я 2|х|1 f i  2 )  Í7t2k | )  . „ . . .

+ ¥ íüf ^ r J +  [ y + 3^Jü,(_8 r̂ J -  2’ 4,6, - ) ’

p W ) .
[ 8л2 j ’

39 Ítt2M- СО(12, IÁM -/Ml * -Г6 “ (77 ^ ) + -Í6 " 1-2F
Заметим, что похожее на (7), но менее точное неравенство было доказано 

в статье [9]; многочлен Р(х) не выше чем л —1-ой степени, для которого

|Р (х )-/(х ) | =  О

впервые построил А. Ф. Тиман [13]; в работе [12] Т. М. Миллс и А. К. Варма 
опубликовали такое соотношение для уже упомянутых многочленов, которые 
ввел Г. Г рю нвалд [6]; (12) и похожее на (11), но менее точное неравенство 
приведено без доказательства в статье [10].

Порядок оценок (7)—(8) и (10)—(12) не хуже, чем порядок оценок (2)—(6); 
для (7) и (8) это следует из неравенства

со (г = 1, 2, ... 2л).
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Для „плохих” функций, например, если

co(h) = ln h h~ ~ e (o(h) = 1 | — A s  2

(7)—(8) и (10)—(12) не лучше, чем (2)—(6); для (7) и (8) в этом можно убе
диться, используя неравенство

со 0  = 1, 2, 3, ...).

Для „хороших” функций оценки (7)—(8) и (10)—(12) лучше, чем (2)—(6) в кон
цах отрезка [—1, 1]; если, например, выполняется условие Липшица

(13) |/(х  + А) —/(х ) | = Mh* ( 0 < A s2, — 1 g x s  1 — A, M >0, 0 < a s  1),

то из (7)—(9) получаем: 

(14) \P0(p c )- f{ x ) \^ M

05) № > - / « !  — " { [т  + ( т 4 Ш  (г  )"+

(2 2  —а 35 л 111  (я2|х|1“1 .
+  Ь т + 24 +  4 - ш Д - 1 ^ ] }  ( « - ! • » =  ‘.3 .5

(16) |А М - / М | * м Í 3  Г
[ U ' + t J— / l  — х2 + 1 ln и + 16

(а =  1, и =  1, 3, 5, ...).
Можно показать, что оценки (2)—(8), (10)—(12) и (14)—(16) нельзя сущест

венно улучшить. Существуют, например, зависящие от п функции f  для кото
рых выполняется условие Липшица

|/(х  +  А )-/(х ) I s  А (0 <  Ä s  2, -  1 s  х s  1 -  А)
и одно из следующих неравенств:

(17) |А (0 )-/(0 ) | ^  (п = 2,4, 6, ...);

(is) l*<i)-/0)l*£-£;

(19) 1 Л ( 1 ) - / 0 ) | ^ ^ .

Мы определим такие функции в конце настоящей статьи.
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Введем следующие обозначения: С2л множество вещественных, 2я-периоди- 
ческих, непрерывных функций, определенных на множестве вещественных чисел; 
если не оговорено противное, то 9 произвольное вещественное число, g любая 
функция из a Q(h) ее модуль непрерывности; а0, а1г ..., ап_г и Ьк, Ь2, ... ,Ьп 
вещественные числа; Sk(9) тот тригонометрический многочлен вида

И — 1  П

2 di cos i9 + 2 bi sin i9,
i=0 i = l

который удовлетворяет условиям

-к - l
2n\ (i = 0, ± 1, ± 2, ...)•

Заметим, что S0(9) обычный тригонометрический интерполяционный 
многочлен; Sx(9) и S2(9) определил С. Н. Бернш тейн в статьях [3] и [4].

Теорема 3. Выполняются следующие неравенства:

(21) \S0(9)-g(9)\ s  In п +  1 j fl ;

С22) ( í ) ■+ ( т 4 ) ß Ш <" = 3’5’ • •)’

(23) |S2( 9 ) - s ( S ) |s

(24) U U SO -gW  ^  ±Q  £ )  + [ j  + i )  О У  (» = 2, 4, 6, ...);

(25) |З Д ) - * ( в ) М ^ |о [ ^ ) .

Соотношение (21) следует из двух теорем, которые X. Б расс и Р. Гюнтт- 
нер доказали в работах [5] и [7]; (22), (23) и (25) доказано в статье [11], а нера
венство (24) мы докажем в настоящей работе.

Введем следующие обозначения:

(26)
1 1 Я- 1 1

d(9) = -х--\—  2  cos +  -S— cos п9; 2п п {=! 2п
если к четное число, то

(27) 2 i+ 2 j—k — 1 
2 п

а если к нечетное число, то

(28) = j ű  2
1= 0 и

d 9 - 2 i + 2j —k 
2 п
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т то целое число, для которого

2т — 1 2т + 1 , . „(29) — -----7t < a r c c o s x ^ — -----п если к = 0 ,2 ,4 , .. .;
2 п 2 п

тл т + 1 , , „ _-----< a r c c o s x ^ --------л, если к = 1 ,3 ,5 ,.. .;п п

(30) t = arc cos х — ̂ ;

(31) <7,(0 = 2  sj(0 0 = 0, -  1, - 2 ,  ..., l -и ) ;
J=l-n

(32) о-,(0= 2 4 ( 0  ( i=  1,2,.. .,« ) .
j = i

Доказательство теоремы 2 опирается на следующее вспомогательное пред
положение:

7ГЛемма. Если А: = 0, 2, 4, ... и ——  <  í ^  0, то2п

(33) |A W -/(x )[  == (о У Т -х2 j 2  \<Ji(t)\ +  "Z со |х|| k-í(OI +
( и  ) i=í - n  г= 1  А

+ "  ( ^ - )  к о ( 0 1 + 2  ®  л 2 | х | |  lf f i + i ( ö l ;

71если к — 0, 2, 4, ... и , mo2п

(34) |Д (х )-/(х ) | = с о ^  У1 — х2 j 2  ki (01 +  2  со \ ^ г -  я2|х|| k -i(0 l +

+ " ( ^ - )  k i ( 0 l + 2 ® [ ^ r M )  k i + i ( O I ;

71если к=  1,3, 5, ... и 0 < ? ^ ——, то2п

(35) | А ( х ) - / ( х ) |  ^  (о У1 х2 j 2  ki (О! +со ^  У1 х21 ко (01 +
Ы  о

+  2  k l )  к - К 0 |+со к о ( 0 1 + 2  и ( ^ т -  k l )  k i ( 0 l ;
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,  1 .  7С ТСесли к=  I, 3, 5, ... и —— —, wo 
2w п

(36) |Л (* )-/(* )! — ш [~  V̂i - * 2] _2_ ki(OI+<w ( - ^  ^  ~ * 2] M 0I +

+ Д  ® (̂ У*~ Ml lff-f(OI+to k i ( 0 l + 5 I ® f é M |k . +1(0|.

Д оказательство  леммы. Если

(37) 
то
(38)

g(p) = / (  cos 5),

P*(x) =  Sk (arc cos x).

Эта формула фигурирует на странице 364 работы [10]. В этой же статье полу
чена (при т = п) следующая формула (5):

(39)

Запишем ее в виде

т+п (2 i — 1 Isk(9)= 2  Я  * | ( Я )  ( *  =  0 , 2 , 4 , . . . ) .
i=m + l —n I

Полагая здесь 9 = arc cos х и используя (38), (37) и (30) получаем:

2 i + 2т — 1
Д М = É  /[co s-

i = l —п V 2 п я U -(0  (* =  0 ,2 ,4 ,...).

Отсюда с помощью преобразования Абеля и равенства (37) получаем следу
ющий аналог формулы (25) из [11]:

(40) Л  (* )- /(* ) = , . 1 . И с°5
2/ + 2т — 1

Ис+  ] / | C 0 S  2т-_ -  я | ~ /

- /
.тпcos I-----b tп

2 п

о Л 0 + П2

cos

2« я - /  cos 2i +  2т +
4 1

" Н ] Ь « +И
. 2/ +  2W + 1 , .

/ | cos----- 2к-----« | - / |c o s

2 п

2 т+ 1cos — -----я
2 п

2 i + 2 т —

&i( 0  +

2 п - r c j j  <Ti+ i ( í )

(* = 0, 2, 4, ...).
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Принимая во внимание (30), получаем:

2г +  2т — 1 2i + 2m +\ „ . я . г +  mcos-------------- л — cos---- ——------ л =  2 sm —  sin--------л2 п 2 п 2 п п

2 sin
2 п N  — X 2 COS I — — 11 + x sin

4 1 -')]
71 л  71 Л

Ввиду (29) и (30) — — -=? = — . Предположим, что —— 0; случай 0 < / ^ —— 
2 п 2 п 2 п 2 п

рассматривается аналогичным образом. Тогда 

(41)

2/ + 2т — 1 2/ + 2т + 1cos------ --------л — cos--------------- л2п 2 п g — ]/\ - х 2 + \ +2] л2\х\ ( / = 1,2, 1),п In

(42)

2i+2m — 1 2/ + 2»г+ 1cos-------------- л — cos------ --------л2 п 2 п
Так как

cos -2 /я — 1
2 п

тлл — c o s -----И  = cos

^ - ( /1 - х 2 + 4 л2М (/ =  — 1, —2, ... ,1  — и). п п*

IN 

TO

(43)

+ sin ( т + ')sin t e + ') = 1/1 -  sin (’S +') - 2* sin’ {т„ + т ) •

НИ ̂ 4 -̂2т — 1cos —----- л - cos
2 п

Аналогичным образом получаем:

(44) cos тл I 
— + 4l и J

2т +1 
2 п л =§ — П - х 2 + п

лг\х\
2 п2 ‘

Из (40)—(44) получаем (33). Аналогичным образом доказывается (34).
Чтобы доказать (35) и (36), вместо (39) следует воспользоваться доказан

ным при т = п тождеством (6) из [10]:

(45) S k(») =
т + п
2  g

i = m + 1 — n
Si{9) (к = 1,3,5, ...).
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Из него получается следующий аналог формулы (40):

(46) Рк(х )- f ( x )  = 2  [/(cos л) - / ( c o s  1 " >П— 1 7г|[ <т/0 +

, . ... т +  1 + /  cos------- л

+

■ И с
i+ m  + l )

Ж КГ

{/(cos (v) ~ f  cos ( v +?) I <T°(í)+ 

-/ cos( v +í) }ffl

s\ i +  m  
J  C O S ------------ 71

(0 +

ffi+i(0 (k  =  1, 3, 5,

Отсюда получаем (35) и (36) также, как (33) из (40).
Д оказательство  неравенства (7). Предположим, что к = 0. 

ние 1 на странице 179 из [11] можно записать в виде

(47) 2  Ы О I = 2  2
1 =  1 — /1 ^  i  =  l  —  n d u ~ ^ K +

1_
2 '

Р. Гю нттнэр [7] опубликовал неравенство

(48)
Поэтому

(49)

21 = 1 —Иd \ 9 ~ ^ ъ Г п ^  —In n-f 1.
7Г

2  |сг, (0 | =  — In « -ь 1.i=1—п Л
Из определения (27) функций j,(9) видно, что 

(50) st (9) = d (э -  -2г— * ж

Из определения (26) функции d(ß) получаем:

(51)
Поэтому

(52)

Отсюда следует, что

2 / - 1  
2 п

I 9 - 2i— 1 
2 п

с1(Э) = sin п9 Ctg у  .

... 1А  = (- ! )■  2^-C0SH9 c t g | - -----—  л |.S 2 i— 1
4и

(53) ( — l) i+1d t п\ =  0 , ( — 1)‘ + 1с/11(,+V”)л агО ( í = l , 2,

)•

Замеча-

..., п)
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и эти последовательности убывают если i возрастает. Поэтому, ввиду (50) и 
определения (31)—(32) функций <т;(г)

(54) |<т;(0| — 1̂1 (01 (* =  0, ±  1, ±2, ..., ± ( и -  1), и).
71 71Предположим, что —— 0; случай 0 рассматриваетсяя ана

логичным образом. Из (50) и (52) получаем:

(55) M (O I - 2 ) 7 ctg'^7< ^7 (/ =  1,2, . . . ,  /г— 1);

(56) l*+i(OI ^  (í =  °’ J*

Из определения (26) функции d(S) видно, что
(57) |</(S)| S  1.
Отсюда и из (50) следует:

(58) К  (01 ^  1.
Из (33), (49), (54)—(56) и (58) получаем доказываемое неравенство (7).

Д оказательство  соотнош ения (8). Предположим, что к = 1 и 0 
= случай рассматривается аналогичным образом. В [11] дока
зано следующее тождество (62):

(59) Í  |М 0 | =
i = l - n  ^

»V  0

Используя из [11] формулы (17), (64), (65) и замечание к теореме 3, получаем:

(60) |М01 = МО S  <т0(0) =  - J + 2~Tctg-^j- <  J + - ^  (п = 1 ,3 ,5 ,...) ;

(61)

MOI = М О  — МО) =  y  +  ̂ cosec^ < y  + ~ + (* /2 (и =  2,4,6,...). 

Из определения (28) функций Sj(S) и из (52) следует:

(62) s,(ß) = j d \ 9 -
2г— 1 

2 п + 2 ^
2i -Ь 1 

2 п

(63) íj(5) = sin - ^ (  — 1) 'cos иЗ cosec |- -̂ —(» 2i+ 1
[2 4n

S 2 г— 1л | cosec l y - -  4
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Отсюда видно, что последовательности s_i(í), ..., и s.,(t), ...
. . . ,s n(t) знакопеременны и их абсолютные значения убывают. Поэтому и ввиду 
определения (31)—(32) функций <Т;(0

(64) |<тг(0| =  кг(01 0  =  ± Ь  ±2, ± (« -1 ) , и).
Известно, что

(65)
Поэтому

(66)

cosec 9 =  -̂ - +  2  6>î a‘+1 (0 <  9 <  л, а{ >  0). 
У i= 0

9  i - О 

Отсюда и из (63) получаем:

cosecö S -J- + 9 = - ^  + 7 l 1- ^ l 9 0 < 9 S

(67) to(OI

Л

Sn2

1 . Л ITZ l — l- — sin —— cosec cosec ——  n4« 2 n 2 n 2 n

+ 1. - 2 ' - ’
2] j ]  Г 2 n
n) и ] [ л i — 1

= lü /(/— 1) +т (1_1г) [1+ 27(7

7ГI n

1 7Г

“  2л /( /— 1) + Í 8 +  8 4л j n 2 

Аналогичным образом

1)

3 1 1

^ + 8- |1 _ ~
2 í / ( / - 1)

"H Ö +  О л~ I „2 (l — 2, 3, , n).

(68, l * - . « | s | l i t r + ( 2 + f - 2 r) 2  « = 1 . 2 .......6 -1 ) .

Из (62) видно, что .^(0 = 0. Ввиду (52) í/ | í — Отсюда, из (62) и (57)
получаем:

(69)

Из (35), (59)—(61), (64) и (67)—(69) следует:

ki(OI — у .

I A W - / W I  S  y c o | ^ - l / l - x 2j + ( 7 0( 0 ) c o | - ^ l / l - x 2 |  +

" - 1 (in2 ,1 Г 2 1 í 1 п 7 ) 1 1 (л2|х
+ Д  ю  1 7 F W J  [к 4 Т ^ = Т +  [ у + ¥  “ 6 ^ J  7 F J + f f ° ( 0 ) c o [ w

1 in* |*ll i  Г2/ — 1 . . . H i  1+  2 “  I t ? - J + Д  ш  [ t ? -  "  M J 7( 7̂
+

1 л__3_|J_
l ) + U  + 8 4л J я2
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Так как
и — 1 П‘ П
2 i =  ^ — - у ,  2 Ч 2 / - 1 )  =  и 2 - 1 ,
1=1 2  i =  2

то отсюда и из (60)—(61) получаем доказываемое неравенство (8) и аналогич
ное соотношение

(70) 1 Л О О - / 0 0 1  -  у  "  ^ 1 -  х2 ]  + 7 + 7 + 1 ^ - -
4 1
п I п*

•со п
2п Т Л Д “  k ? w J +

+
35 n _LL+f
24 + 7 12я t

4 1
п I п“ 0 3

2л2

2 л2

(л =  2, 4, 6, ...).

Д оказательство  формулы (9). Пусть 0 случай —
2л 2л л

рассматривается аналогичным образом. Из (35) получаем:

(71) 1ЛОО-/001 — оз [ ^ -V l-x 2] £  |<т,(0| + со | ^ - / 1 - je* К(01 +
Ы о

+ ® 1 - ^  , 2_  К ( 0 1 + "   ̂ 8л̂  J 3’ 5’ •••)•

Предположим, что i = l  и воспользуемся леммой 3 из [11]:

(72) <то(0  s  0, |<т,(0 | =  ( -  1)'+Ч ( 0  (« =  ±  1, ± 2, ..., ± ( л -  1), л).
Отсюда следует:

2  KCOI = 2  ( - i)í+1|í> í(0-
i =  l  — п  1 =  1 — п

Принимая во внимание (31)—(32) и (62), видим, что

4 ~ ^ т Ч +4 +3т Ч ] -2  \* М \ = j i [ i + ( - D i+1]i= l-n  ч i=1

Отсюда и из известного тождества 

(73) 2  = *•

а также из соотношений (53) и (48) получаем:

(74) 2  ll<Ti(OI — — 1пи + 1.
1 =  1—и 77
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Из (71), (59)—(61) и (74) следует доказываемое неравенство (9) и аналогичное 
соотношение

(75) 1Л (* ) - /(* ) !  =  у  ® у 1 + Т+7 + М п ) п

• со 2п + I — \пп + 1п со +

Д оказательство  неравенства (10). Из (33) и (34) получаем:

(76) \Рк(х)- f( x ) \  ш (^- V1 ~ х 2|  2  ki(0l +

+ Й,( л ^ )  Í ( 2 í - № « ( 0 |4 > i - i(0|] (Л = 2,4,6, ...).

Пусть к = 2. Лемму 5 и теорему 1 из [11] можно записать в виде

(77) 2  

Из леммы 3 статьи [11] получаем:

(78) <т0 ( 0  =£ 0 ,  ^ х О )  =  0, |<7j(0l =  ( -  1 )4  (0> K - i ( O I  =  ( -  l ) 4 - i ( 0
О = 2, 3, ...,« ).

Формулу (24) из [11] можно записать в виде

(79) <го0) + <П(О =  1 (Л =  0 ,1 ,2 ,...) .
Из (78), (79) и (31), (32) следует:

2  ( 2 i —  I ) [ k i 0 ) l  +  k i - i ( O I  =  2 +  2  ( ~  1 ) ' Ф i ( 0  +  s i - i ( 0 1 -г=1 i=i
Из (27) получаем:

(80) í ,(S) =  j
Поэтому

d\9 2/ —3
2п

л) + 2(/(5 _ ^ _ 1 л) +й?(9 . 2 /+ 1
2п

2 (2i - i ) [ |f f l(0 l + k i - , ( 0 H = 2 - T
i = l  ^

d \ t +

2и + 2и- 1
2п n \ + d \ t -

£ ) +4 ~ * ) 1
+

In 
in
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Обозначим через /;(х) фундаментальные многочлены Лагранжева интерполи- 
2 / - 1рования по узлам cos — л :

(81) /ДсовУ) = 2 ( - l ) i+1sin 2í'  1 cos иУ
2п 2/ — 1cos У — cos —-—  л

(г =  1, 2, .

2 п
Известно, что 

(82) /; (cos У) =  í/ | У
Поэтому

2г— 1 
2« л +</ У - 2 / - 1

2п л (г =  1, 2, ..., и).

и 1 2и 4- 1
2  (2г '- 1) к г(01 = 2 — -  /.(cos t) + — —  ( -  1)" /„ (cos О-

t=l-H 4 4
Из (81) видно, что
(83)
(84)
Поэтому

(85)

^(cos t) ё  1,
( — 1)" /„ (cos t) s  0.

2  (2 i— l) [k i (0 l  +  l° i- i(0 |]  =  ~t  •
i  =  1 ■

Из (76), (77) и (85) получаем доказываемое неравенство (10).
Д оказательство  соотнош ения (24). Предположим, что к — 3. Из фор

мулы (58) статьи [11] получаем:

2  k i (01 =  4 - 2*о(0-
*=1 —  п ziVO

Поэтому и ввиду (28), (26)

2 1 ki(OI
i = 1  — пi* о

1
2 4- r d \ t  +

Зл
2и - к - 6? U + 2 п d U - ^ — rd U Зл

2и

1 1
2 п 2п (fi

1Л—  У  cos lí 3 cos —  + cos ^  1 2n
3/л1 3 1 2
2nJ “ 2 u n 2  cos it cos 1Л

2«
71 71 nСледовательно на отрезке —г— = í =  — функция ^  кг (01 принимает своеZu ZU i= l — п

наибольшее значение в точке , которое можно вычислить с помощью тож-
2 и

дества (51)

1 =  1 —  и Ы О

1 , ( 2ti(86) 2  M » | a « . | 2j | = T - T < í | - | - T d | - | - T <í(0) - T<í | - -2 4
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В силу (32), (28) и (73)

<87) °о(0 — 2 ^ . ( 0  = + 2 2Л 1 тс) + !~ </(/ +
2л —3 

2п тс I +

+ , l d(' + ̂ W !‘”) + T ‘i (, + ̂ r)+ 7 ‘' ( ' _ Í 7 )+ } ‘'( '_

4 4 4

+

2л —3 , 1 2/ — 1
я | + т Д  т + ^ г я +

2л+ ^ 4 í + ̂ r l ~ T í4 / _ ^ r l - ^ r  2  d v
3 к
2л

1 л - 2

2 ,Ü
2 /+ 1

2л я — s-rf * -
2л - 1

2л
Из (26) получаем:

Очевидно
d í + 2 / - 1

2л 7Г| —йМ/ 2 /+ 1
2л

2 л—1
л | = — 2  sin/1 п j t i 2л Í Sin• 'J71

" -1 . ijn 
2  sin — = i = l л

0 O' = 2,4, 6, ...),
/Я

c tg 2^ С /=  Ь З , 5 ,...);

. jn  . л — 1 .s in -----Ь sin------mп л '

. jn  1 . jn

0 U =  2 ,4 ,6 , ...), 

2 s in ^  ( /  =  1, 3, 5, ...);

c tg -----— sin— - cos2л 2 л 1
,J_n_

2л cosec 75. 
2 л ’

Поэтому на отрезке O S í^ —

. . e j .(88) ff0(0  =  y  +  — 2  sin (2/z п у=1
2 / - 1

2n я cosec 2 7 -1
2n я ^

Из (87) и (51) получаем:

/лч 1 1 ,ГЗя) 3 А  п \  1 ^Í2лг — 3 ) 3 Á 2 n - \  )
».<0> = Т  +  ¥ ЙЫ + 8 Ы ”  8 1^ * Г  8 Ы Н  “

1 3  . п 1 3 7 Г  1 . Зя 3 п=  Т  + -П= « 8  4 ^ - T S « «  4^-+ Tfe ( -  ')■ “  18^  + - ^ < -  1 )■ tg2 ’ 16л 
В силу (65)

4л 16л

3 cosec У — cosec 39 = тз"— 2  Зл((9г —1)У2(+1 ЗУ i=i
_8_

ЗУ 0 < У <  у | .

С7о(0).
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Поэтому

<89) *.(0> =  T + w cosec ^ ' S r CMeo£ * T + é '  (" =  2’4’ 6’ - )-

Так как 

(90)
то

ctg 9 = ~  2  М 2,+1 (0 < 9 <  л, Ь, >  0),
IT i =  1

3 ctg 9 -  ctg 39 = + 93 2  3ft,(9*- l)92i- 2 S
ЗУ í = i

-  з в + 9 , . ? 36|(9," 1 ) Ь
Поэтому 
(91)

( • — f l -

. . .  1 3 л 1 Зл 1 2 Í / г -  1б) 27 . _  ,  _  v

""<0) = 2 + 1 7 ctg Clg 2Í  я  T + 3 Í + l  &F <я=3- 5’ 7’ - 0 '

Очевидно 

(92)

Неравенство (54) из [11] можно записать в виде

<7о(0 = у  (я =  О-

ls -( ') -* « ) !  - 0 ( ^ ) , Í , ^ < ' ) l + o ( ^ ) k « ) l  ( o s ' s £ |
lV0

Отсюда, из (86), (89), (91) и (92) получаем при 0 доказываемое нера
венство (24) и аналогичное соотношение

(93) |S ,(0 -* (O N t °  -  +
1 2 L i/7  16l 27
Т + Ч Г+ З ^ з - — U -r2 Зл л I 8л4 « ы  (я= 1 ’3’5’ - )-

Случай — рассматривается аналогичным образом.
2л л

Д оказательство  формулы (5). Неравенство (5) и аналогичное нера
венство

(94) |Р,(* )-/(* )! 4-й + /л- 16 27
л I 8л4 ш(я= 1,3,5,...)

следует из (37), (38), (24), (93) и соотношения í2(ft)Sco(A).
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Д оказательство  неравенства (11). Из леммы 3 статьи [11] получаем: 

(95) М 0 = 0 , <т_1(0 ^ 0 , М 0 |  « = ( - 1 ) 4 ( 0  («' =  0, ±2, ± 3 , ± (и -1 ),и ).
Отсюда, из (79), (31), (32), (28) и (82) следует:

(96) 2  1 4 ( 0 1  =  2 ff1( 0 + 2 f f _ i ( 0 +  2  ( - 0 ' 1 » М 0  =i=l—п i=l—п

= l - 2ío( 0  +  { _ i n( - 0 i(2 | / |+ l ) í i( 0  =  J - J d \ í + ^ \ + d U

d \t  + 2n — \ 
2 n n \+ d \t 2 n —

2 n

- * ) ] -

4 1 -

=  J  -  J  h (cos 0  -  -j- l2 (cos 0  ■+ Y  ( -  1)" /„ (cos t). 

Вопользуемся леммой 8 из [11]:

(97) m ^ c o s O  + ^ c o s O s  17 L 3 , 4 , 5 , . . . ; ~ S í s ^ - | .2 n 2 n
Отсюда, из (83), (84) и (96) получаем:

(98) Í  M O I s s *
i = l — n  ö

Из (71), (86), (88), (89), (91), (92) и (98) получаем доказываемое неравенство (11) 
и аналогичное соотношение

(99) | а д - / ( х ) | 3 <а[—П

+ 7 <В| 2н2

+ I + A + í3 / 3 - ^ ] ^2 Зл ( К п ) 8 п \

+ 16] 27
n \ ы

8 п2

(и = 1,3, 5, ...)
~ 71 „  71 ТС

при и < / =  ’ ^ лУчаи ~2 РассматРивается аналогичным образом.

Д оказательство  соотнош ения (12). Предположим, что к = 4. Из 
леммы 5 и теоремы 2 статьи [11] получаем:

( 1 0 0 )  2  4 ( 0 1
i = l - л  1 6

Из леммы 3 статьи [11] следует:
(101) ff- i( 0  ^  0, ff2(/) ä  0,

(102) M 0 !  =  ( - i ) i+4 ( 0 ,  4 -1 (01  =  ( - i y +1ff1-i(0 0 =  i , з , 4, ...,«)•
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Отсюда, из (31), (32), (79), (27) и (82) получаем при и&З:

<103) Í ( 2í - l ) [K í(0 | +  k 1- i(0 |] =  6<7_1(0 + 6сг2(0  +
1 =  1

+  J , ( - l ) i+1(2í'-l)[ffí(0  +  <7i-i(0] =  6 — 6s0(t) — 6sx(/ ) 4-
;=i

+  Í ( - 1 ) ,+1í [Ji(0  +  í i - i(0] -  6 — l{ 5 7 / l(cosO +i = l АО

+ 29/2(cos t) + 6/3(cos /) + (2n + 1)(— 1 )"[/„_!(cos t) +  3/„(cos í)]}. 
Из (81) следует:
(104) /3(c o s í)^ 0 .
На странице 183 статьи [11] фигурирует неравенство
(105) ( -  1)" [/„ _! (cos t) + 3/„ (cos 0] S  0.
Из (103), (97), (83), (104) и (105) получаем при я ё З

(106) Д ( 2/ -  1)[кг(/)| + |сг1_г(0 |] ^  - j | .

Аналогичным образом можно получить даже более точную оценку при п =  1 
и и = 2. Из (76), (100) и (106) следует доказываемое неравенство (12).

П ример 1. Обозначим через и четное число и определим четную функцию 
/6  С следующим образом:
(107)

(108) /Icos

/ ( 0) = 0,

2/ -  1 
2 п

г + — п
я | = ( - 1) 2 tg — sin

2/ -  1 
2 п п / =  1, 2, ...,т г  ,

/  линейна на отрезках

п — 1
0 , cos 2 п к I » lcos

2/  + 1 
2 п 71, C O S  -

2 / - 1
2 / 7

í = 1, 2, ■’ 2

и постоянна на отрезке cos Очевидно

/

/ c o s 2 / - 1
2 / 7

лI - / I c o s

£ • « ]

(cosT T - * ) -

1 л ) = ( - 1)г+̂ [ |

, , лч  П ~  1 / ( 0) = cos------л,

2 / - 1  2/+ 1  
C O S  — --------- 7 t  —  C O S  — --- ------- п2п 2 п
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и поэтому функция /  удовлетворяет условию Липшица

(109) \f(x  + h ) - f(x ) \  s h  (0 <  h s 2 ,  -  1 ^  ^  1 -  h).

Покажем, что для нее выполняется неравенство (17).
Из определения (81) многочленов /,(х) получаем:

(110) /;(0) = — ( - 1) '+т tg -^г—  ̂л (г = 1, 2, . . . ,  и).п Zn

Принимая во внимание четность функции / ,  тождество

(111) Рк(х) = %  Рк (cos —- л | /,(х) (к = 0, 1, 2, ...) 

и формулы (108) и (1), получаем:

2 л ^ í .  2г— 1 Y  2/ — 1( 112) sec — я =

л  2 г — 1
- t g f - Z  sec П 2 П f  ( 2и л — cos -2í — 1 

2/?

2 л  2г — 1= — tg —  ^  cosec п 2 п i t 1 (

л ^  | 2 п
п2 i t i  1л 2г — 1

2 п 

л 2г — 1
Т  2и

л — sin -. 2г— 1
2«

In п

л —

8 / 7  ’

Отсюда и из (107) получаем доказываемое неравенство (17).
П ример 2. Пусть п ^ 2 .  Определим зависящую от п функцию /€ С  сле

дующим образом:

(113)

(1141

7Г 7Т

/ C O S
2/ — 1 

2 п П =  ( -  l)í+1 tg —— sin 2 i -  1 л (г =  1, 2, ...,и);2« 2 и

линейна на отрезках/  постоянна на отрезке ( —1, — cos^-j и

2г — 1 I . „ л , I•л, cos———л (г =  1, 2, ..., п— 1), cos —, 1 .2/+1 
2 п

Условие (109) снова выполняется. Докажем неравенство (18).
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4 (*) =  -^ -( - i) i+1c t g ^ - U  (*'= 1>2’ •••>")•

Из определения (81) многочленов /,(*) получаем: 

(115)

Из (111), (1), (114) и (115) следует:

<"« '•<»=I« £ 4  Ь̂ *Г=I« £4 (,+
Отсюда, из (113) и из неравенства

(117)
получаем:

cos ■2/ — 1 
2 и

9 s t g 9 « - 8  O s f s 7 ,

что и требовалось доказать.
П ример 3. Пусть « ^  2. Определим зависящую от и функцию /€ С  сле

дующим образом:

(118)

/  линейна на отрезках
(cosf )  - ( - l ) ^ t g ^ s i n f  (i =  0 , 1, ...,и );

Щ г - 1 _ чcos— S  х ш cos------л п = 1, 2, . . .,и ) .« л
Так как 

г — 1/  cos in i -  1 глл —/  cos— = (— 1)‘ cos----- л —cos— (г = 1, 2, . . . ,  и)

то условие (109) выполняется. Докажем неравенство (19). 
Очевидно

Á  1—1 I Á  /л I . .  л . л
/ lcos~ " J + / [cosi r )  = 2<- |)  ,8 S T sm 2Í

Отсюда, из (115), (1) и (111) получаем:

2 г— 1cos ^ л 0 = 1, 2 , . . . ,« ) .

1 л . л
= TT, s ä ^ sin 1с‘®

2г— 1
4« л — sin. 2i — 1

2« л .

Р. Г ю нттнэр [7] опубликовал неравенство

— У. c t g * л ^  — In п +  0,962. 
и  i = 1  2 «  л
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Так как
П

2  sin (In —1)9 =  sin2 и9 cosec 9,
ТО

л = cosec =—.2 п
л

Следовательно

Очевидно

tg 9 sin 9 =  sec 9 -co s  9 а  1 + ^ “ + 5 24 ~  11 —Y + 24 I “
92 „ 92 í 92 94

■)»8’ h - т )
Ввиду (118) /(1) =  0. Поэтому и в силу (117) действительно имеет место дока
зываемое неравенство (19):
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867—869.
[3] С. Н. Берн ште йн,  Об одном видоизменении интерполяционной формулы Лагранжа,

Зап. Харк. машем, шов., 5 (1931), 49—57.
[4] С. Н. Б ерн шт ейн ,  О тригонометрическом интерполировании по способу наименьших

квадратов, ДАН, 4 (1934), 1—8.
{5] Н. Brass—R. G ünttner, Eine Fehlerabschätzung zur Interpolation stetiger Funktionen, 
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SOME REMARKS TO A PAPER BY E. CSÁKI AN D  
G. TUSNÁDY ON THE BALLOT THEOREM

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 28 (1—2), (1976), 177— 179.

By
M. FOLLEDO (Bahia Blanca) and I. VINCZE (Budapest)

Introduction

In their paper [1] the authors considered the ballot lemma of Takács [2] giving 
its generalizations and extensions in different ways; the results contain as special 
cases some well known relations in the theory of order statistics. Our aim is now 
twofold. In § 1 we give a proof for the ballot lemma of Takács [2] as elementary and 
simple as the statement of the lemma itself is; the proof concerns a “sweeping” 
(balayage) procedure which transforms the original numbers to a 0, 1 sequence 
for which the statement is trivial. In § 2 we improve the proof of a lemma occuring 
in § 2 of the quoted paper; the same incorrect proof occurs in the paper by I. V incze
[3] as well. This lemma is a geometrical analógon of the ballot lemma of Takács.

1. Proof of the ballot lemma

Ballot Lemma (Takács). Let к ъ k2, ... kn be non-negative integers with
n

2! k t—k<n; let further k i+n= kh i= \, 2, ... n. Then the number of indices h for
i = l
which the system of relations

(2.1) 2  kh+j- 1 <  i, i =  1, 2, ... n
1=1

holds, equals to n—k.
The case k=n  being trivial can be left out of considerations.
Proof. An index h ( l^ h ^ r i)  will be called a good starting index, when for it 

the relations in (2.1) hold.
Let us consider the case when the set of k /s  contains zeros and ones only; in 

this case the terms k j= 0 and only these will be the good starting terms. So the theorem 
is trivial for such a configuration.

We shall consider now the sequence of the к/s  for the general case in cyclic 
order, fixed them around a circle. Using the notation tp(u) for the function

Í0, if и =  0 or 1 
«>(“> =  t „ _ i ,  if „ » 1

defined for nonnegative integers, the following transformation will be applied on 
the k /s  in the cyclic sense:
(2.2) kj -*k'j = kj -  (p(kj) + q>(kJ+1).
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Now the following simple statements lead to the proof of the lemma:
a) There exists a good starting index: the last index for which the quantity 

кк+кг+ ...+ kh — h (k~ l, 2, n) attains its maximum is a good starting index.
b) The transformation (2.2) does not alter the set {/г*, h\, of the good

starting indices; for any good starting index h from the relation
(2.3) kh + k,I + i + ...+ kh+J- 1 + kh+J^ j + l
if kh+j> \, the relation 
(2.4) kh + kh + 1+ ... + k'h+j-i + 1 < 7+ 1
follows which means that the /th relation of (2.1) remains valid after using the trans
formation (2.2) for j=  1, 2, 1; if kh+j = 0 or 1 this statement trivially holds.

As from a positive term (kj> 0) a transformed k) with value 0 cannot occur, 
the number l of good starting indices will not increase.

c) Using the transformation (2.2) repeatedly until a term I f f  (after the r ’st step) 
larger than one exist, the transformation will lead to a new configuration; the pro
cedure cannot have a period as the “values flow in negative direction” but the good 
starting terms k h* remain zeros.

d) As the number of all possible configurations of nonnegative numbers with 
the sum k<n  is finite, the procedure will stop, i.e. it will lead after a finite step to a 
sequence containing zeros and ones only. This completes the proof.

2. A geometrical ballot lemma

We turn now to the discussion and proof of the following
Lemma (Csáki and Tusnády). Let us given n points P»P2, . . . ,P n on a directed 

circle having circumference 1 and let q be a number such that 1. I f  Q is an
arbitrary point on the circle, put the points Qlt Q2, ■■■, Q„ on the circle in positive 
direction from the point Q such that the length o f arc QQk is kq. We say that Q is 
a point of first category if the arc QQk contains less than к of the points Р „Р »...,Р п , 
for к — 1, 2, ..., n. Then the measure of the set ofpoints first category is 1 —nq.

In the proof given in [1] and [3], to the points jPj ( i= 1,2 ,..., и) a chain is ordered
i.e. a set of points C;={Ritl, R i<2, ... ,R i v(,)} consecutive on the circle but in the
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negative direction such that the length of arc P iR ij is jq and the integer is chosen 
in such a way that the arc PiRij contains at least j  of the points Л .Л ,  . . . ,P n 
(including the point P;) for j  = 1, 2, , v(i), while less than j  for j  = v(i) +1. Now it is
stated in the quoted papers that (i) if a chain Ct covers the point Pj then it covers
the chain Cj. As the simple example with n = 2, shows, this statement
(even the statement in (iii)) is not true. Namely, in this case v(2) =  2 and v (l)= l, 
but the chain C2, although it covers the point P1? it does not cover the chain Cx. 
(If the value v(i')>n is allowed, then the chain C2 will cover the chain Cb but in this 
case the statement in (ii) — according to which a “maximal chain covers exactly v(i) 
of the points” — will be violated.)

A slight modification of the definition of the chain leads to the
P roof of the Lemma. To any point P, (*=1, 2, ..., rí) a chain Ci = {Ri>1, P ;2, ... 

..., P, v(i)} will be ordered with the following properties:
a) PiRij=jq, b) the arc Р;Р,^ contains at least j + 1 of the points Ръ P2, ..., P„ 

(including Pi itself) for j=  1, 2, ..., v(i) — 1 and exactly j  points for y=v(z). In this 
way if the arc Pt Rt } does not contain any further point then v(i) — 1. Now the 
following statements are true:

(i) If a chain C, contains the point Pk then it contains the chain Ck as well.
This follows from the fact that the last interval (Pj,vO)-i> Ri.di)) is free from the 
Pj s, the last two (P;,v(i)-2> contain less than two of the P /s  etc. Con
sequently, to any Pk occurring in the /th interval the length of the chain Ck is at 
most v(0  — j, i.e. it ends at most in the last interval.

(ii) If we omit the chains covered by any other one, then the remaining chains 
are disjoints and have the total length nq\ this is an immediate consequence of (i).

(iii) A point Q of the circle is of the first category if and only if it is not covered 
by any chain. Consequently the measure of all points of first category is 1 —nq, 
as stated.

The authors are indebted to Nelida Winzer, E. Csáki and G. Tusnády for their 
valuable remarks.

References

[1] E. Csáki and G. Tusnády, On the number of intersections and the ballot lemma, Periodica Math.
Hung.. 2 (1972), 5—13.

[2] L. T a k á c s , Combinatorial methods in the theory of stochastic processes, Wiley (New York, 1967).
[3] I. V in c z e , On some results and problems in connection with statistics of the Kolmogorov—

Smirnov type. Proc. Sixth Berkeley Symp. on Math. Stat. and Prob. — Univ. Calif. 
Press, Vol. I. Statistics, (1970), 459—470.

(Received July 3, 1975)
UNIVERSIDAD NÁCIÓNÁL D EL SUR
BAHIA BLANCA
A RGEN TIN A

M ATHEM ATICAL INSTITUTE
O F TH E H U N G ARIA N  ACADEM Y OF SCIENCES 
1053 BUDAPEST, REÁLTANODA U. 13— 15. 
H U N G ARY

12» Acta Mathematica Academlae Sclentiarum Hungaricae 28, 1976





Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 28 (1—2). (1976). 181— 188.

ON RELATIVE UNIVERSAL EMBEDDING SPACES
By
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Introduction

Tietze’s well known theorem can be generalized in many different ways. One 
of the possible conceptions is the following. Let F be a subspace of a topological 
space. When can a continuous map of F  into any other space be extended to a conti
nuous map of the whole space? In this generalized case up to day no exact answer 
has been given.

Another generalization is the following: when does the extension of the map 
inherit not only the continuity but other properties too. The following theorem 
proved by H ausdorff [1] and independently by Bing [2] is of this type (cf. also [3]).

T heorem . Let X  be a metrizable topological space, and let F a X  be a closed 
set. Then for every metric q  on F which induces the relative topology on F, there is 
a metric q on X  which is an extension o f q and is compatible with the topology of X. 

First of all we need two definitions.
D efinition. Let I  be a metric space with weight со, where со can be any cardinal. 

Z is called a universal embedding space, if for every metric space X  with weight со 
there is a topological embedding of X  into I .

D efinition. Let Z be a metric space with weight со, and let F be a metric space. 
Z is called a universal embedding space modulo F, if there is an isometric embedding 
i of Finto Z such that for every metric space X  with weight со containing F  as a closed 
subspace there is a topological embedding j  of X  into Z such that the following 
diagramm is commutative:

F -  I
П /"
X  3

(e.g. if aPF then i(a)=j(a)).
Denote by F(cu) the hedgehog with weight со. It is well known that if íű^ S j ,

oo
then JJ S(co) is a universal embedding space. The aim of this paper is to construct

i=1
the universal embedding space, if F is a “good” topological space. Evidently if we 
construct a universal embedding space modulo F, then we prove again the theorem 
of Hausdorff—Bing for this F.
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Basic definitions and constructions

J  is the closed interval [0, L], where L  will be chosen later. In this section due 
to technical reasons a cone of a topological space H  is denoted by '/.(H) is obtained 
from the set H X J  by identifying the set Я х  {L} to a single point x. Let us denote 
by p the projection of H X J  into /(H ). The usual topology on /(H ) is the topology 
induced by p. Let us denote by ix the natural embedding of H  into /(H ). H  and 
ix(H) can be identified and H  is called the basic surface of the cone. (ix(x)—(x, 0).)

T heorem 1. Let (H, q) be a bounded metric space. Then there is a bounded metric 
q x  on /(H ) which is identical with q  on H. The topology, induced by Q x  is weaker 
than the usual topology on /(H). These two topologies coincide i f  and only i f  H  is 
compact.

Proof. Let A' be a bound of § on H, and L=K/2. Let/be a function from J  onto 
the closed unit interval [0, 1] given by f ( t ) —\ — 2//АГ. It is evident, that /  is non
negative, strictly monotone and / ( 0) =  1, f(L)=0.

The sequence аъ a2, ..., an of points of /(H ) is called a road if the first or the 
second coordinates of at and ai+1 are equal. Let a,= (x;, tt) and ai+1=(xi+1, ti+1). 
The pair at,a i+1 is called a step up or a step down if xt= xi+1 and or Xi=xi+1
and ti>ti+1 respectively. If =  then the pair ab ai+1 is called a step side. 
Therefore each road consists of some step sides, step downs and step ups. Let us 
define the length of steps by

d((x, t), (x \ 0 ) = f ( t )  ■ q ( x ,  x'), d((x, t), (x, t1)) = \t '- t\ .

The length o f the road is the sum of the length of the steps, the road consists of. 
Let a, b be two points of x(H) and define qx by

Qx(a, b) = inf { length of the road between a and /;}.
We prove that

O )  eJfx, t), (x', t'f) = /(max (/', 0 ) • ё(х, x') + \ f —t\.

From this immediately follows, that qx is a bounded metric on /(H ). It is easy 
to see, that the topology induced by q x  is weaker than the usual topology on /(H).

To prove (* ) we show that a sequence of steps of a certain type can be changed 
for a not longer one. By means of these changes — through shorter and shorter 
roads — finally we get the road which has only one step up or/and one step side. 
This proves (*).

(a) A sequence of step sides can be changed into one step side, since for fixed 
t the distances are the same as on H  (apart from a constant).

(b) The sequence of one step down, one step side and one step up can be changed 
into one step side (see Fig. 1, 2 and 3). The length of is 2 (/ — t2)+ f(t2) • в(хъ x2) 
and the length o f—* is /(fj) • o(x1, x 2) but /(f i)< /(i2)-

(c) The sequence of one step up one step side and one step down can be changed 
into one step side. The length of — is 2(t1 — t2)+ f( t1) ‘Q(x1,x 2) and the length 
of -  is Д12)ё(хъ x 2), but 2(h -  L) + /(b) • й(хг, x2) = f(t2)ű(xi, x2) iff §(xv x2)tS 
^ 2 ( t1—t2)/(f(t2) ~ f ( t1))=K, which is always true, as К  is a bound of q.
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(d) The sequence of one step side and one step up can be changed into a sequence 
of one step up and one step side. The length of is (tx —12) +  /(Д) • е(х15 *2) and 
the length of —* is (ix—i2) + f(t1) ’Q(x1, x 2) but f ( t1)< f(t2).

We omitted the details of the proof of (*).

Fig. 3

Now let Я  be a compact space and U an open neighbourhood of x. Hence 
H  is compact, thus there is a T, such that 0< T<L  and p{{T, L]XH)czU  and so 
the topology induced by qx is identical with the usual topology on x(H). If H  is 
not compact, then there is a discrete set of Я, {x,},“  1. Let {£/,},“  x be a discrete 
family consisting of open sets, and х(£17г. Let / г be the interval (L —l/i ,L ]. Let

V =
00u и (/Х (Я \{ х г}Г=1))

and let U=p(V). Then U is open in the usual topology but not open in the topology 
induced by qx. Q.e.d.

Let 5 be a set so that | |  — со, where со is any cardinal. Let = be an equivalence 
relation defined on the set /X  S, where /  is the dosed unit interval [0, 1], and (xl5 S i)s  
=  (x2, S2) iff = S2 and Xx=x2 or x1 =  x2=0. [x1; .S’,] is the coset containing the 
point (xx, SY). Let

i?l([Xi, 5J, [x2, Ŷ]) —
| | X i - X 2

\x !+ x 2
if St = s 2,
otherwise.

It is well known, that q± is a metric on the quotient set S X l/= ■ The topological 
space induced by ог is called a hedgehog with weight со and is denoted by S(co). If 
o s ü d , the weight of the space S(co) is indeed со, otherwise it is X0- Denote by 
Sc the point [0, s], where s is any point of S.
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Let (H, q) be a bounded metric space, and let (x(H), gx) be the metric space 
constructed in Theorem 1. Let ~  be an equivalence relation on the set S(co) v x(H), 
where v denotes the disjoint union. a~b  iff a = S c and b=x  or b= Sc and a=x 
or a=b. Denote by S(co, H, g) the set S(co) v %(Я)/~. Let

Qsda], M)

Qx{a, b) if a, b£x(H),
Qi(a,b) if a,beS(co),
QK(a,x) + e1(Sc,b) if a£x(H), beS(a>),
Qx(b,x) + Q1(Sc,a) if aZS((o), b£x(H).

Obviously qs is a metric on S(co, H, n) and induces just the quotient topology. 
It is evident, that S(co, H, q )  has a system of coordinates with axis S v  H and I. 
We shall denote by ( t, x) the elements of S ( o j ,  H, g), where x £ S v H  and tf j .

Let zs be a map from Я  into S (со, H, §) given by ;s(x) =  (l, x). is is an isometrical 
embedding. Denote by j x: x(H)-*S(co, H, q) the embedding. We shall prove, if 
Я  is a “good” topological space, then S (ю, Я, g)N with i$ is a universal ca-embedding 
space modulo Я. (See Fig. 4.)

Fig. 4

Upraising systems

D e f i n i t i o n . Let F  be a closed subspace of any topological space X. A set 
{(V„, (p„): и (: N } or simply (V„, (pn)™=1 is an upraising system o f F for X  iff:

(1) V„ is an open neighbourhood of F,
(2) if n>m  then Vnc  Vm,
(3) if x £ X \ F  then there is an n£N, such that x$F„,
(4) q>n: X  -*x(F) is a continuous map,
(5) < p„[Z \F „]c{x},
(6) <p„(x) = i (x) if x£F, ___  ____
(7) if А с  X  is a closed set and AC] F= 0  then for every n 6 N <р„(Л) П <p„(F) = 0 .
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Lemma 1. I f  F is a closed, discrete subspace o f a metrizable topological space X, 
then there is an upraising system o f F for X.

Proof. Let d be any metric on X, inducing the topology of X, and 
let F= {x;: i(zF}, where x ^ X j  if iVj. Hence X  is a metrizable space, thus X  is 
multinormal and Mv So there is a system

{Uh UI Sij: i e r , j f  N}

with the following properties:
(i) {Ui}ier is a discrete, open family in X,

(ii) Uj is an open d-ball with radius ey and centre xt and i / / c  Uh
(iii) if j> k  then r.ij < eik,
(iv) {{7/}j€N is the open neighbourhood base of xt.
Let F„= U U”, и=1, 2, ... and let <pn: X-*x(H) be a map given by

t e r

9n(x) =
d(x, x{)]

X
if xeu? 
otherwise

It is evident, that (Vn, (p„)f=1 satisfies properties (1)—(6). To prove (7), let 
A be a closed set in X  and let А П F— 0 . Let

V  =  U {[*i. i}: t<min (2 \  er1 -df},icr

wheredt = 2 1 • i/(d ,x;)>0. Since cpn(A)IW '=  0  and T d F  thus (p„(A)C\(pn(F)=  0 . 
Q.e.d.

Lemma 2. I f  F is a compact neighbourhood retract o f a metrizable space X, then 
there is an upraising system o f F for X.

Proof. Let r: F — F be a retraction, where V is an open neighbourhood of 
F and let d be any metric on X  inducing the topology of X. Since F is compact, 
thus d(F, X \V )> l/N ,  where N £N. Let

V„ =  {x: d(x, F) <  1 In}

if n >N. Let <p„: X-*x(F) be a continuous map if n >7V given by

[r(x), n-d(x, F)} if x£V„ 
x otherwise.

(N„+n, (pn+N)f=1 satisfies properties (1)—(6). Let A be a closed set in X, and suppose 
that Af]F=  0 . Thus d(A, F)>2/m  for a suitable constant mfN. Fix n> N  and let

U = j[x, /] : x£F, t<m in 

Thus (pn{F)czU and UC\(p„(A)= 0 . Q.e.d.
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Lemma 3. Let X  be a regular T0 space, and let F be a closed subspace o f X. Let
oo

(V„, q>n)n=1 be an upraising system o f F for X. Let B —\J  Bt be a а-discrete open base
i = l

for X, and let the B/s be discrete. Let § be a bounded metric on F inducing the relative 
topology on F. Let со be any cardinal greater than or equal to max (|2?|, K0).

Then there is a family {/,}“=1 with the following properties:
(a) /„: x-*S(a>, F, q) is a continuous map for every n£ N,
(b) {/„jngN separates the points and the closed sets,
(c) i f  n € N, x € F then f n(x) = is(x).

Proof. Since Ji?|s|.Sj there is an injection о from В into S. Fix n, к  and let 
B„,k={U£Bn: Uf]Vk= 0 }. Fix m and let

Vv = U{Z: Z £B m, ZaU}.

Since Bm is discrete thus Vv = U {Z: Z£Bm, Z a  U} and Vv czU. It is well known, 
that if a regular T0 space has a n-discrete base, then the_space is normal. Let f v 
separate Vv and X \ U  so that f v(yv)cz{\}. Let C= 1J U and let D = X \  (J U.

UiB„k uesnk
Let a, ß, у be continuous maps from C, D \V k and Vk respectively into S(co, F, q) 
given by

r4x) = ( fv(x), o(U)) if x£Ü, ß(x) = [x] =  [Sc], y(x) = jjytpfx)).

Since a, ß and у are compatible in X, there is_a continuous map Ö from X  into 
S(co, F, q) such that <5|C=a, ö \D \V k=ß and d\Vk = y. Let hnmk = 5.

If X £F  then hnmk(x) = is(x) and thus (c) is true. In order to prove (b) let GczX 
be a closed set, and G. First let x£F. Since cp„ is continuous and x(F) is a metric 
space, there is an open neighbourhood V of FC\ G contained in Vk and <pk( V) ̂  i jx )  = 
= cpk(x). Applying the property (7) of upraising system for A = G \V , cpk(x)f1 
Г)срк(А)= 0 . Thus:

{hnmk(x)}i]hnmk(G) c  (hnmk(A )Uh„mk(V))П {hnmk(x)} = 0 .

Now let x £ X \F .  By (3) there is a AT шсЬ that УкЭх. Since VkUG is closed 
in X, thus there is a U£B such that x£U, С/П(FfcUG) = 0 . Suppose UdBN. Then 
there is an L  such that x f Z c  [/for a Z£BL. Thus hNLK separates the sets {x} and G. 
Q.e.d.

The main theorem

It is well known that if the family {/„:x —T„}~=1 consisting of continuous 
maps separates the points and the closed sets then the map f \ x - * J [  Yn given by

i = 1
f(x)„ = f n(x) is an embedding.
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It is well known too, that if (xn, g„)“=1 is a sequence of uniformly bounded 
metric spaces then

e(x, y ) = z  — Tn—n=l Z.
CO

is a metric on [J X„ inducing the product topology of x„’s.
1=1

Theorem 2. Let (F, o) be a bounded metric space with weight со, where со is any 
cardinal greater than or equal to K0. Let F be (a) a discrete or (b) a compact ANR.
Then Z  =  П  S(a>, F, q) is a universal co-embedding space modulo F.

;=i
CO

Proof. Evidently qe(x , y ) =  Z  2~" • es(x„, Уп) exists, since if F  is bounded
П = 1

then so is S(co, F, §).
Let the isometric embedding i: F ^ l  be given by i(x)n=is (x). It is evident, 

that the weight of L is со. We prove that (I, qf) with map i is a universal ю-embedd
ing space modulo F.

In order to prove this, let X  be a metric space with ю-weight containing F  as 
a closed subspace. In the case of (a) by Lemma 1, and in the case of (b) by Lemma 2 
there is an upraising system of F  for X. Since X  is metrizable and there is
a e-discrete open base with cardinal со. Applying Lemma 3 and the first remark 
in this section there is a n /: x  embedding, if x £ F  then evidently fix) = i(x). Q.e.d.

A consequence

Let F be a not closed subspace of a metrizable space X, then there is a metric 
on F, which induces the relative topology on F, and this metric cannot be extended to 
a metric on the whole space inducing the topology on X.

Proof. Let (x „) be a sequence convergent to a point of X \ F  and (x„) c  F. 
Let H ={Yn: n£N} and let d be the following metric on H:

fl if x?iy 
Jl'x- y'  = io otherwise.

Since (H , cl) is bounded and H  is discrete, closed in F, thus there is a universal 
embedding space modulo H. The embedding induces an extension of d to the 
whole space F. Now the new metric q cannot be extended to a metric of X, inducing 
the topology of X, since x„ —x but §(x„, xm) does not satisfy the Cauchy’s property. 
Q.e.d.
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Р Е ЗУ Л Ь Т А Н Т Н А Я  М АТРИ ЦА И ЕЕ О Б О Б Щ Е Н И Я

II. КОНТИНУАЛЬНЫЙ АНАЛОГ РЕЗУЛЬТАНТНОГО ОПЕРАТОРА

И. Ц. ГОХБЕРГ и Г. ХАЙНИГ (Карл-Маркс-Штадт)

Пусть <Л(Х) и Si(X) (1 £ С1) — целые функции вида 

(0.1) оЯ(Х) = а0 + f  a(t)ea‘dt, ЩХ) = Ь0 + f b(t)ea,dt
О - T

где a0,b0£ С1; a(t) £ 1^(0, т), b(t) £ Гх(—т, 0) и т — некоторое положительное 
число.

Этой паре функций поставим в соответствие линейный ограниченный 
оператор В0(оЯ, Si), действующий в простанстве Щ —л, т) по формуле

(Д0(оЯ, $)/)(/)
ДО + J a(t -  ОАО* (0 ^ ^ т)

— т

АО + J £(/ -  ОАО* (-Т  g  t < 0)

где полагается, что а(г) = 0 при t $ [0, т] и b(t) = 0 при t $ [— т, 0]. Этот оператор 
естественно считать континуальным аналогом результантного оператора для 
двух полиномов (см. [1]). Оператор В0(аЯ, Si) будем называть результантным 
оператором функций <Л(Х) Si(X).

Имеет место следующая теорема.
Т е о р е м а  0.1. Пусть оЯ(Х) и ЩХ) — целые функции вида (0.1), Хъ Х2, ..  . ,  Х1 

— полный набор различных общих нулей функций оЯ{Х) и Si(X) и к} — кратность 
общего нуля Xj. Тогда система функций.

ы * )  =  № = о, 1, • • • , kj -  1; j  = 1, 2, . . . , / )
образует базис подпространства Кег Я0(оЯ, Si). В частности,

I
£  kj = dim Кег R0(<dl, Si).

j=i
Эта теорема является континуальным аналогом теоремы 0.1 из [1].
Настоящая статья является продолжением статьи авторов [1], в ней уста

навливаются континуальные аналоги и других теорем из [1].
Отметим, что в континуальном матричном случае определение результант

ного оператора усложняется. По аналогии с дискретным случаем континуаль
ный результантный оператор для матрицы-функции действует из одного 
пространства вектор-функций в другое с более широким носителем вектор- 
функций.

1 A c ta  M a th e m a t ic a  A c a d em ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6
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Между дискретным и континуальным результантными операторами для 
матриц-функций имеется существенное различие. Оно состоит в том, что выбор 
пространств, в которых действует результантный оператор в континуальном 
случае, не зависит от самих матриц и их порядков.

Статья состоит из шести параграфов; в первом формулируется основная 
теорема. Она доказывается в третьем параграфе. В четвертом параграфе до
казывается теорема 0.1. Второй параграф носит вспомогательный характер. 
В последних двух параграфах приводятся некоторые приложения основной 
теоремы.

Авторы приносят искреннюю благодарность М. Г. Крейну за весьма 
полезные беседы.

§1. Формулировка основной теоремы

1. Пусть ос и ß (— со < а < ß < оо) — пара вещественных чисел и d -— на
туральное число. Через Lf(ос, ß) обозначается банахово пространство вектор- 
функций /(i)  = (//(0 )т=1 с компонентами из Д(а, /?). Аналогично L f * d(a, ß) 
будет обозначать пространство ^-мерных матриц-функций a(t) = |[ ajk(t) |[£fc=1 
с элементами из Д(а, ß).

Условимся через Fdxd(а, ß) обозначать пространство всех матриц-функций 
вида

ß
(1.1> с#(А) = а0 + J a(t)ea,dt

а

где а0 £ Д С **)1 и a(t) £ L (xd(oc, ß), а через Fdxd(a, ß) — подмножество Fdxd(oc, ß) 
с обратимыми первыми слагаемыми.

Пространство Fdxd(a, ß) состоит из целых матриц-функций.
Пусть т — некоторое положительное число. Каждой паре матриц-функций 

вида
оЯЦ) = а0 + fa (t)e iXldt £ Fdxd{0, т)

О

ЩХ) = ű0 + J  b{t)ea'dt 6 Fdxd( -  т, 0)

и каждому числу е >  0 поставим в соответствие оператор Д(сЯ, Sb), действую
щий из пространства Ld(— т, т + е) в пространство Д (— т — е, т + е) по пра
вилу

(Л,(<Л,<ЙШ г) =
ф(/) + \ a{t — s)(ß{s)ds (0 ^  t ^  т + е)2

— X
Х  +  Е

<ß(t + е) + ( b{t + а — s)cß(s) ds (— т — е ^  t < 0).

1 Через L(Cd) обозначается пространство квадратных матриц d-то порядка.
2 Здесь и в дальнейшем полагается a(t) =  0 при t (J [0, т] и b(t) — 0 при t (J [—т, 0].

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  2 8 , 197 6
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По аналогии с дискретным случаем оператор Яс(сЯ, Si) будем называть резуль- 
тантным оператором матриц-функций оЯ(Д) и <$(/). Оператор Яп(аЯ, Si), действую
щий в пространстве Lf(— т, т), будем называть классическим результантным 
оператором.

Легко видеть, что результантный оператор Яе(аЛ, Si) тесно связан с операто
ром Д.(оЯ, Si), действующим из пространства Lf(— т, т + е) в пространство 
Lf(— т, е) + Lx(0, т + е) по формуле

( $ № ,& ) Ф )  (О

ф(1) + \ a(t — s)(j>{s)ds
— X 
T +  fi

(f)(t) + j  b(t — s)(j)(s)ds

(0 ^  t ^  T + e) 

( — T ^  Í  ^  e) .

Действительно, если Д.(сЯ, Si)4> = (/ь / 2), где/х £ Lj(- т, е) и / 2 6 £?(0, т + е), то

«V .ч , л  í / i (*  +  е) ( -  т -  £ ^  Г <  0)
1/а(0 (0 g  í ^  т +  е).

Очевидно, имеет место равенство

Кег Я£сЯ, 8>) = Кег Д,(<Л, Si).

2. Напомним некоторые определения и обозначения из [I].3 Пусть оЯ.(Д) — 
целая матрица-функция. Число Д0 £ С1 называется характеристическим числом 
матрицы-функции оЯ(Д), если det сЯ(Д0) = 0. Вектор ф0 £ С‘‘ называется соб
ственным вектором, отвечающим характеристическому числу До, если <Л(Ло)ф0 = 
=  0. Последовательность векторов ф0, фъ . . . . ,  фг называется цепочкой из 
собственного и присоединенных векторов длины г + 1, если имеют место 
равенства

°Я-(Л0)фк +
1! dk оЯ (М Ф к-1  + (, о̂)Фо — 0

при к  = 0, 1, . . .  ,г.
Пусть Дц — характеристическое число матрицы-функции <Л(Х). Без труда 

доказывается, что в ядре оператора оЯ.(До) можно построить базис ф10, ф20, . . . ,  
фг0 со следующим свойством: для каждого вектора существует цепочка из 
собственного и присоединенных векторов фхо, фц,. . . ,  ф^к 1г где кх к% . . .
2; кг и YJtj равно кратности нуля функции det аЯ(Х) в точке Д0. Числа kj (j  = 1, 2, 

7
. . . ,  г) называются частными кратностями характеристического числа До, 
а система ф]0, фп , . . . ,  фх<к, - 1 U  =  1, 2 г) — канонической системой соб
ственных и присоединенных векторов матрицы-функции аЯ(к), отвечающих 
характеристическому числу Дд.

Рассмотрим две целых матрицы-функции оЯ(Д) и оВ(Д). Пусть Д0 — общее 
характеристическое число матриц-функций оЯ(Д) и 0В(Д) и

91 =  КегсЛ(До) П Кег<®(Д0).
3 См. также [2] и [3].

1* A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6
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Пусть ф0, фъ . . .  ,фг — цепочка собственного и присоединенных векторов 
одновременно для пучков <Л(Х) и <&(Я), соответствующая характеристическому 
числу Л). Число г +1 называется длиной этой цепочки. Наибольшая длина такой 
цепочки, начинающейся вектором ф0, назовем рангом общего собственного 
вектора ф0 и обозначается через rang;o</>0.

В подпространстве 91 выберем базис ф10, ф20, . . . ,ф10, ранги kj векторов 
которого обладают следующими свойствами: к\ является максимальным из 
чисел rang,^  (ф £ 9Í), a kj (J = 2, 3 , ,  /) является максимальным из чисел 
rángj оф для всех векторов ф прямого дополнения к lin {ф10, ф2П, . . . ^ _ 10)} 
в 9Í, содержащего ф^.

Легко видеть, что число rangjo0o для любого вектора ф0 £ 9R равно одному 
из чисел kj ( j = 1,2 , / ) .  Следовательно, числа kj (у = 1 , 2 , . . . ,  /) опреде
ляются однозначно пучками оЯ(Я) и оВ(Я). Обозначим через фJ1, ф12, . . . ,  ф]^-! 
соответствующую общую для о#(Я) и áB(/) цепочку присоединенных векторов 
к собственному вектору фj0 ( j =  1, 2, . . . , / ) .

Систему

Фу О’ Фл, • • • > Фj,k|—l ( j  1, 2, . . . , /)
назовем канонической системой общих собственных и присоединенных век
торов матриц-функций сЯ(Я) и &6(Я), отвечающих характеристическому числу 
Яо, а число

у(оЯ, Sh, Я0) "  £  kj
i= 1

назовем общей кратностью характеристического числа Я0 матриц-функций 
аЯ(Я) и а д .

Условимся еще в следующем обозначении

v(c£,$)áLf £  у (< л ,ад )
I

где Я/ пробегает все общие характеристические числа матриц-функций оЯ(Я) и 
сШ(Я).

Отметим, что для любой пары матриц-функций оЯ(Я) £ F„x<í(0, т) и о8(Я) £ 
6 Fo*d(— т> 0) число v(o£, оВ) конечно. В самом деле, легко видеть, что матрица- 
функция о#(Я) ограничена в верхней полуплоскости и lim сЯ(л) = а0, а

Im  Я^О, Я-^со
матица-функция <$(Я) ограничена в нижней полуплоскости и lim о8(Я) = Ь0.

Im  Я^О, Я->со
Отсюда вытекает, что функция det оЯ(Я) имеет не больше конечного числа ну
лей в верхней полуплоскости, а функция det оВ(Я) имеет не больше конеч
ного числа нулей в нижней полуплоскости.

3. Основной в этой статье является следующая
Т е о р е м а  1.1. Пусть оЯ.(Я) и сВ(Я) — две матрицы-функции из Fdxä(0, т) 

и pdxd(_ Т) о) соответственно, А = {Яг Я2, . . . , Я;} — полный набор различных 
общих характериситческих чисел матриц-функций сЛ(Я) и сВ(Я) и

?Г/ = {Фа / • к — 0, 1 , . . . . ,  kji — 1", j  ~  1, 2 , . . . ,_/)} (/ = 1, 2, . . . ,  /0)

/ íc /в  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  28 , 197 6
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каноническая система общих собственных и присоединенных векторов, отве
чающих характеристическому числу А/.

Тогда для любого е >  0  с и с т е м а  функций

I (it)k (Н)к~г \
(1-4) ф]к>1( 0  =  е а" I 4>j0j  + (к- ~ ^ : Фп., + • • • + 4>jk,i\ т + г)

где к  = 0, 1, . . . ,  кд — 1 ; j  — 1, 2, . . .  ,7/; I = 1 , 2 , 10, образует базис 
результантного оператора Вс(аЯ, Si). В частности, имеет место равенство

(1.5) \(<Л, Si) = dim К е т  Ие(<Л, $ ) .

4. Оказывается, что отыскание ядра результантного оператора можно 
свести к отысканию ядер двух операторов, действующих (в отличие от опера
тора Вс(сЯ, Si)) в одном пространстве. Введем операторы Я'е(аЯ, Si) и Я"с(оЯ, Si), 
действующие в пространстве Lf(— т, т +  г) по формулам

(1.6) (В д ,< & ш  í) =

т+е
а0ф(1) + J a(t — s^(s)ds

— С

т + е

ЬоФ(0 + I b(t — s^(s)ds

(0 ^  / í  I  + г)

(— T ^  / < 0)

и

(R " M ,s im t)
а„ф(р) + \ a(t — в)ф(в)с!з ( г  á  í  Í  т  +  e )

— T

т+е
Ь0ф(t) + J  b(t — s^(s)ds (— x S  t < e).

Без труда можно убедиться в том, что имеет место равенство 

(1.7) Кег Ве(°Я, Si) = Kér К'Е(аЯ, Si) П Кег К"(аЯ, JB).

Отметим еще, что роль результантного оператора может играть также 
оператор Яе(оЯ, Si), действующий из пространства Lf(— т — е ,  т) в пространство 
Lf(— т — е, т + е )  п о  правилу

{кг{аЯ,Щф) (0  =
а0ф(? — е )  +  I a(t — £ — s^(s)ds (0 :£ t ^  т + е)

— т— е

Ь0ф(t) + I b(t — s^(s)ds (— т — E ^  t < 0).

По существу, оператор Яс(оЯ, Si) совпадает с оператором Re(<Л, Si).

5. Приведем простой пример, показывающий, что теорема 1.1 в матричном 
случае перестает быть верной при е = 0 , т.е. теорема 0.1 не допускает непосред
ственное матричное обобщение.
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Пусть

a(t) = 

bit) =

1 1 
1 -  1

1 1
- 1 - 1

( O á  » S D ;  a(i) = о  ( / $  [ o , i ] )

( - l á / á O ) ;  b(t) = 0 ( f i  [ -1 ,0 ] )

и an = b0 = I, где I  — единичная матрица. 
Тогда

оЯ(Х) = а0 + J  a(t)ea,dt =
О М

iX + eiX — 1 ea — 1
eu — 1 +•4“b1

О
Щ1) = Ь0 + f b{t)ea,dt =  4 -  

-1
при Я Ф 0 и

iX 4- 1 — e~a 1 -  e~a
ea -  1 iX — 1 + e~a

Имеем

QÄ(0) =

det <Л(Х) = 1 - 2

2 1 
1 О , Ä(0) =

2 1 
-  1 О

еа -  1 I*
а (А #  0); det<Л(0) =  -  1.

и
det áB(A) = 1.

Таким образом, \{рЯ, SS) =  0 .
Оператор Я0(<Л, Si) определяется равенством

(Ä0(oЯ,&)ф)(1) = ф( t) +

1 1 
1 -  1 о

1 1 
- 1 - 1

j ф(/ — s)ds (0 й  t й  1)

j (f)(t — s)ds ( —1 ^  t < 0).

Без труда проверяется, что для вектор-функции

т  =
1 + 1 -  0(f) 

— 1 — f
где

0(0  =
О (f < 0) 

(Í ^ 0)

выполнено равенство Я0(оЛ, а&)ф =  0. Следовательно, 1 ^  dim Кегй0(оЯ, Si) 
и v(o/C, Si) ф dim Кег Ra(o%, SS).
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§2. Одна лемма

Предложение, устанавливаемое в этом параграфе, используется в § 3 при 
доказательстве основной теоремы.

Л е м м а  2.1. Пусть оЯ(Я) и <зВ(Я) — две целых матрицы-функции из F$*d(0,т) 
и Fdxd(—т, 0) соответственно. Тогда для любого г > 0 ядро результантного 
оператора Rt{c&, Si) состоит лишь из абсолютно непрерывных вектор-функций.

Д о к а з а т е л ь с т в о .  Докажем сначала, что ядро оператора /?'(оЯ, Si) 
состоит лишь из вектор-функций, которые абсолютно непрерывны на интер
валах [—т, 0) и [0, т +  е]. Рассмотрим оператор К', действующий в простран
стве Lf(— т, т + ё) по  правилу

(K f)( t)  =
s)<t>(s)ds

s)(p(s)ds

(— т ^  t < 0)

(О á  ^  Г + £).

Очевидно, имеет место равенство

( 2. 1) д а ,  <&)/)(;) = (K’j m  +
(О ^  ^  т + г)
(— т ^  t < 0).

Легко видеть, что оператор К',, является линейным ограниченным оператором 
в пространстве Lf(— т, т + е) и имеет место оценка

(2-2) II К'с | lif(_tjt) ^  II a(t) 11 z.f (о. t) + II КО IIlí( - t,o)-
Докажем, что оператор К' является вполне непрерывным в пространстве 

Ld(— х, х + в). В самом деле, функции a(t) и b(t) можно аппроксимировать 
в норме пространства Lf(— х, х +  е) с любой степенью точности матрицами- 
функциями вида

(2.3) e 2nijt l(2x+R)ß'

Пусть ä(t) и b(t) — функции вида (2.3) такие, что || ä(t) — a(t) 
II b(t) — b(t) 11 *, т) <  3’ где <5 >  0  — заданное число.

Оператор К, определенный равенством

(* /)( О =

т + е
I  ä(t — s) <f>(s)ds
— Т

f b(t — s) 4>{s)ds

(0 á  / á  t  +  £) 

(— x íg t < 0)

lli?(-t.T) < <5 и

очевидно, конечномерен. Из оценки (2.2) вытекает

и к  -  к  iitf(_tit+0 ^  и т  -  к о  iUf(o,r) + и К о -  к о  11 Lf(—т,о) < 2<5.
Таким образом, оператор К  можно аппроксимировать (по норме) с любой 

степенью точности конечномерными операторами. Следовательно, оператор
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К[ вполне непрерывен. Из полной непрерывности оператора К'с вытекает в силу
(2 .1) соотношение

(2.4) dim Kér R'c(aЯ, Sb) — dim Coker 7?'(оЯ, Sb) < oo.

Обозначим через W% банахово пространство вектор-функций ф{1) g 
€ Lc[(— т, т + е), которые абсолютно непрерывны на интервалах [—т, 0) и 
[О, т + в] и имеют предел ф(—0) (= lim ф(0) € С1. Очевидно, пространство

/--О
W d0 является прямой суммой пространства абсолютно непрерывных на [— г, г] 
вектор-функций и пространства вектор-функций вида cQ(t), где с £ Cd и

0(0  =
0 (/ < 0)
1 ( * £ 0).

Норма в пространстве Wd определяется равенством

Ф(0 IIМ = II Ф(ОIILi(-r,r+s) + II (РФК0  ИЛС-...+Д
dгде здесь и в дальнейшем полагается (£>ф)(?) =
dt Ф (0  при t Ф 0 (почти

всюду) и (Лф)(0) = lim (£>ф)(0  (если этот предел существует).
Z—>-+0

Пусть Äf' — сужение оператора К ’е на пространство (Po- Оператор ÄTC' 
является вполне непревывным оператором в Wd. В самом деле, для вектор- 
функции /(/) £ JVg имеет место

( К / Х  о  =
/ ( 0  + [ a(0 / ( í  -  r)dr + j  a(r)/(í -  r)í/r (0 S / S  г + с)

0 t

m  + J  Z>(r)/(í -  r)Jr + j° b(r)f{t -  r)dr ( ~ z ü t <  0).

Очевидно, правая сторона последнего равенства почти всюду дифференцируема 
и

(О

( Df  )(t) + J  a(r)Df(t -  r)dr + j  a(r)Df(t -  r) +

+ a { t ) { m  -  / ( -  0)) (0 rg / rg t)

(Ö /X0 + /  i(r)Z)/(f -  /■>*■ + J  b(r )D f(t -  r) +

+  b ( t ) ( m  - / ( -  0)) ( - t £ / < 0 ) .

Так как D /(i)£Ld(—т, t  -1- к) и оператор А','переводит пространство т +g)
в себя, то из последнего равенства вытекает, что K'ef  £ (Vd и имеет место оценка

II k'JW w й  Pdl a it) \\ц  + II b(t) ||i?) Ц /Ц *,,

где р — некоторой константа, не зависящая от f(t), a(t) и b(t). С помощью этой 
оценки полная непрерывность оператора К'г в пространстве Wd доказывается 
так же, как полная непрерывность оператора К'е в Lf(— т, т + е).
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В силу полной непрерывности оператора Ке и равенства (2.1) получаем

(2.5) dim Кег R'e =  dim Coker л ',

где R'c —  сужение оператора И'е(оЯ, Sb) на пространство W q. Так как

dim Кег R'e g  dim Кег Я 'е(< Л , Sb) и dim Coker R'c ^  dim Coker R'e(aR,, S b ) ,  

то из (2.4) и (2.5) вытекает, что

dim Кег R'c — dim Ker R'JbpR., Sb) < со.

Следовательно, Ker R'c = Кег Я'е(оЯ, Sb) и

(2.6) Кег # с(оЯ, Sb) a  W Í

Рассмотрим теперь оператор К", действующий в пространстве Lj(— т, х + е) 
по правилу

(К Ф №  =

О
КФ(!) +  J  К^)Ф(< — s)ds— X 

X
a,/l)(t) + j  a(s)^(r — s)ds 

о

(— г ^  t < e)

(e ^  t g! г + e).

Тогда имеет место равенство

(е gl t ^  х + е) 
(— х iS t gl е).

Обозначим через ty* пространство вектор-функций ф(г) £ Lf(— х, х + г), 
которые абсолютно непрерывны на интервалах [— х, е) и [е, т + е] и имеют 
предел ф(е — 0) (=  lim ф(/г))£ С1. С помощью предыдущих рассуждений можно

h-*e—О
доказать, что оператор К" отображает пространство W Í в себя и сужение К" 
оператора К" на пространство JVÍ является вполне непрерывным оператором 
в WÍ и, следовательно, имеет место включение

Кег ЩоЯ, Sb) a  W Í

Отсюда и из соотношения (2.6) согласно равенству (1.7) вытекает

Кег Яе(оЯ, Sb) с  WÍ П Wo-

Так как W‘[ П WÍ равно пространству абсолютно непрерывных на интервале 
[— х, х + е] вектор-функций, то отсюда непосредственно следует утверждение. 

Лемма доказана.
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§3. Доказательство основной теоремы

Введем в рассмотрение операторы Я/оЯ.) и Re,(ß), полагая

Ш<Л)Ф)(0 = Ф(1) + )+‘a(t -  sW(s)ds (О ^  t g  т + е)

и

(ДС(&)Ф)(0 = ф(0  + { b(t -  s№(s)ds ( -  Т g  t < в).
— Т

Оператор Re(oR) действует из пространства Lf(— т, т + а) в пространство 
Lf(0, т + а), а оператор ÄE(cB) — из Lf(— т, т +  а) в Lf(— т, а). Очевидно, 
имеет место равенство

(3.1) Кег RSA, Si) =  Кег Л,(аЯ) f| Kér R£Si).

Пусть фок (к = 0, 1 , . . . ,  к0— 1) — общая цепочка из собственного и при
соединенных векторов, отвечающих характеристическому числу Я0 матриц- 
функции а Я (Х )  и S i ( X ) .  Докажем, что тогда все функции

(3.2) Фпк(1) =  е
(it) it

Фоо +  • ■ ■ +  - j j -  Фо,к- 1  +  Фок

(— т ^  í ^  т + е; к = 0, 1, .  . . , к0 -  1)

принадлежат Кег Rt(oR, оВ). В самом деле, при к = О, I , . . . ,  к0 — 1 и 0 ^  t sí 
:g т + а

{Re{aR^ok)(t) = e_Ut' X + / а(л)е' я̂ — =
r = 0  I r - О r - }

=  e~'V  Z  Z  +  J О Ф У П -  sy->dsrt0ik_r .
r  = 0 p  = 0 ' •  0

Так как

|-^-оя |(А ) =  a0ő0p + ( ~i ) p j  ( -  s)pa(s)pé Xsds, 

то

(3.3) Д.(оЯ)ф0ДО =  -  e-** Z  Z  „ 1  ° 1 ,  ( ^ - а Я |( Я 0)ф0>,_ г =
r=o p=o p'-(r -  p)}- W  p

1= — e
 ̂ (if\P te -ikot у  уt o  pl Ь  ( r - p ) l  \ d l '-p

d' - p Joaj(>Wo,*

Отсюда в силу определения цепочки собственного и присоединенных векторов 
вытекает, что КХоЯ)фок(0  = 0. Аналогично доказывается равенство Л4(оВ)̂ 0*(0 —
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= 0. Следовательно, ф0к(0 6 Кег Яе(оЯ, Si). Из доказанного, в частности, выте
кает соотношение dim Кег Rc(<Л, Si) ^  v(<A, S i).

Предположим теперь, что вектор-функция <t>(t) принадлежит ядру оператора 
Re(<Л, Si). Тогда

X
(3.4) ф(7) + j ű(í )^(í — s)ds = 0 ( O ^ í ^ r  + e)

о

и
о

(3.4) <£(í) + I  />($)ф(г — s)ds =  0 (—г ^  t < e).

В силу леммы 2.1 вектор-функция ф(1) абсолютно непрерывна. Отсюда и из
d rравенств (3.4) вытекает, что для любого г = 0, 1 , . . .  функия —— <f>(t) принад-

d tr
лежит Кег Rc(oK,, Si). Так как dim Кег Ке(аЯ, Si) < оо, то отсюда следует, что 
существуют числа a /J  = 1, 2, . . . ,  т0) такие, что

"io f i i

Z  ФЮ =  0 ( -  т й t й Т +  е).

Следовательно, вектор-функция фф) имеет вид

Ф(О  =  Z  Р)(0е~а",
j =1

где pj(t) — полиномы с векторными коэффициентами.
Покажем, что все слагаемые Pj(t)e~u"(j =  1 , 2 , . . . , / )  также принадлежат 

ядру оператора Яс(аЯ, Si). Если ф(/) £ Кег Rc(Л , Sí), то, в частности,
X

0 =  ф(/) + I  a(í)<£(í — s)ds, 
о

при 0 ^  t ^  т +  е. Согласно (3.5) получим
I X

(3.6) 0 = Z  (pj(t)e~u" + j  a(s)pj(t -  s)e~u*'~s)ds) =
7=1 о

=  Z  e~IX"(Pj(О +  J  Ф )Л -(? -  ф “м,1<&).
7 = i о

Легко убедиться в том, что вектор-функция

<7/0 =  Pj ( t )  + J a(s)pj(t -  s)ea'sds 
о

представляет собой полином с векторными коэффициентами.
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Как известно, система скалярных функций вида e"'V/í) (j = 1,2 
где rj(t) — полиномы и — различные между собой комплексные числа, ли
нейно независима. Тем более система вектор-функций qj(t)e~iX" линейно не
зависима. Отсюда и из (3.5) вытекает, что

0 = e~a"qj(t) = e~a“pj{t) + j a(s)pj(t — s)e~lx>(‘~s)ds.
о

Последнее равенство означает, что e~iX"pj(t) £ Кег 7?£(сЛ). Аналогично доказы
вается, что e~'x"pj(t) £ Кег T?£(<$). Согласно равенству (3.1) отсюда вытекает, 
что

e~a4 j  (0 6 Кег Яе(оЯ, Щ (у = 1 , 2 , . . . ,  /).

Пусть

(it)kl (it)k,~lРАО =  —j-p- <t>jo +  Фл + . . .  + фук1 ( у  =  1, 2, . . . ,  / ) .

Тогда

0 = RE(a%№j(t) =  e~ix" Ik= 0
4- Г a(s)e,Xls - -  /*<&

о

Учитывая, что

<Л) = ű(Ao +  /  (is)ka{s)eiXsds

получаем
kl ( -  //)* £  1 í dk

0 - £  рГ” £  l ä FT •*!
Таким образом,

1 I dk~p
% (к -  p)\ \dXk~»k=p

GЯ (^)Ф/,к,-к — 0 (0 = ? =  т + £)

при р = 0, 1,. . .  , kj и j  = 1, 2 , . . . , / .  Последнее означает, что для каждого 
у = 1, 2, . . . , /  векторы , ф]к (к = 0 , 1 , . . . ,  kj) образуют цепочку
из собственного и присоединенных векторов, отвечающих характеристическо
му числу áj матрицы-функции <Л(к). Аналогично доказывается, что фj0, ф]Ъ . . . ,  
ф;к также представляет собой цепочку из собственного и присоединенных век
торов для матрицы-функции Sí>(X).

Следовательно, доказано, что каждая вектор-функция из Кег Яе(аЯ, Sí) 
является линейной комбинацией вектор-функций вида (1.4). В частности, от
сюда вытекает равенство (1.5). Теорема доказана.

Из теоремы 1.1. и равенства (1.7) вытекает
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С л е д с т в и е  3.1. Для того чтобы две целые матрицы-функции сЛ(А) £ 
£ Fdxd(0, т) и Si(X) £ Fdxd(-z ,0 )  не имели ни одного общего собственного вектора, 
отвечающего одному и тому же характеристическому числу, необходимо и 
достаточно, чтобы для некоторого е > 0 оператор R'e(a%, Si) или оператор 
R"e(aK, S )  был обратим в пространстве Ld{— т, т + е).

С л е д с т в и е  3.2. При условиях теоремы 1.1 имеет место соотношение

м(<Л, Si) áj dim Кег R0(aR, Si).

Действительно, это вытекает из очевидного соотношения 

Кег Д,(<Л, Si) g  Kér Я0(оЯ, SS).

§4. Скалярный случай

В этом параграфе доказывается теорема 0.1.
1. Нам понадобится следующая лемма.

Л е м м а  4.1. Пусть a(t) 6 L-̂ O, т), b{t) £ Ьх{— г, 0), оЯ(Л) = 1 + j  a(s)e,Xsds
г 0и S(X) =  1 + |  b(s)e‘Xsds. Если система уравнений

a(t) — J a(s)co(í — s)ds =  co(t) (0 ^  í ^  т) 
о

(4.1)
0

b(t) — J b(s)co(t — s)ds =  cü(í) (— T ^  ^  0)
— T

имеет решение co(t) £ Lx{— т, т), то классический резулътантный оператор 
R0{qR, Si) обратим.

Эта лемма установлена в работе [4] (см. также [5], § 3, 5°).
С помощью леммы 4.1 доказывается
Л е м м а  4.2. Пусть <Л(Х) £ F jxl(0, т) и Si(X) £ ^ х1(~ т, 0). Тогда ядро 

классического результантного оператора Я()(аЯ, Si) состоит лишь из абсолютно 
непрерывных функций.

Д о к а з а т е л ь с т в о .  С помощью рассуждений из доказательства 
леммы 2.1 можно показать, что каждую функцию ф(1) £ Кег Я0(<Л, Si) можно 
предстваить в виде ф(ф) = ф0(Г) — c0(t), где ф0(/) — абсолютно непрерывная 
функция, с £ С1.

z 0
Пусть оЯ(Х) = а0 + j a(t)ea'dt и S (a) = b0 + j  b(t)éx'dt. Предположим, что 

о -*

(4.2) ф(1) =  ф0(1) -  св(0 € Кег R0(Л , Si)
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и с ф 0. Так как

К0(аЯ,&)в(1) =
(0 g  f g  т)

( - t g  t<0),

ТО
х tФо(0 +  J Ф)Ф(* “  s)ds = (а0 + J a(s)ds)c (0 ^ Г ^ т) 

о о
о í

Фо( 0  + f Ь^)Ф(( — s)ds = ( \ b(s)ds)c (— т ^  t < 0).
— т - т

Дифференцируя последние равенства и полагая co(t) = -----— <b(t) (//0 ) получим
с dt

X
a(t) — I  a(s)co(t — s)ds = a>(t) (0 ^  t ^  z)

о
о

b(t) — \ b(s)a>(t — s)ds = co(t) (— T ^  t <  0).
—t

В силу леммы 4.1 отсюда вытекает, что оператор Я0(<Л, Si) обратим. Это про
тиворечит предположению ф(/) £ Кег К0(аЯ, Si) (ф ф 0). Следовательно, в пред
ставлении (4.2) будем иметь с =  0. Последнее означает, что функция ф(/) 
абсолютно непрерывна.

Лемма доказана.
Отметим, что лемма 2.3 перестает быть верной для матричных функций. 

В этом можно убедиться на примере, приведенном в первом параграфе.

2. Д о к а з а т е л ь с т в о  теоремы 0.1. Для доказатеьлетва теоремы 1.2 
повторим доказательство теоремы 1.1, причем вместо леммы 2.1 будем пользо
ваться леммой 2.3. Получим, что ядро оператора Кег К0(аЯ, аВ) состоит из 
линейной оболочки функций вида

( d t)k if
Фjk(t) =  е~‘Х" I </>;<) + • • • +  Yj- Фj.k-1 + 4>jk)

(к =  0, 1 , . .  . ,kj\ j  -  1 , 2 , . . . , / )

где фjk — комплексные числа и фуЧ) + 0.
Имеет место равенство

«Ы*) =  Z  —г  Фп'ЬгО)Г = 0 Г
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с другой стороны,
(к

< Ы »  -  Ф},к-1 (0  =  - £ j -  Фл(к-

Из последних двух равенств вытекает, что линейная оболочка функций t) 
совпадает с линейной оболочкой функций >j/Jk(t).

Теорема доказана.
С л е д с т в и е  4.1. Две целых функции аЯ(А) £ Fqx1(0, т )  и аВ(А) £ Тцх1(—т, 0) 

не имеют ни одного общего нуля в тем и только том случае, когда оператор 
R0(оЯ, Si) обратим.

§5. Приложения

Приведем пример приложения теорем о континуальном аналоге резуль- 
тантного оператора к задаче об исключении неизвестного из систем двух 
(вообще говоря, трансцендентных) уравенениий с двумя неизвестными.

1. Рассмотрим сначала скалярный случай. Пусть оЯ(а, р) и <$(А, р) — целые 
функции от Я и р вида

аЯ(А, р) = а0 + \ j a(t, s)e‘<-x,+l‘s)dsdt 
о о

(5.1)
о о

<8 (А, р) =  b0 + J  J  b(t, s)elix,+l,s)dsdt,
—г —г

где а0, Ь0£ С1; а0,Ь0фО; 0 < т < оо ; а(/, s) £ LJ([0, т] х [0, т]) и b(t, s) £ 
£ £i([— т, 0] х [— т, 0]). Рассмотрим систему уравнений

~  <Л(Я, р) = 0
( ; 1<®(Я, л) = 0
с неизвестными числами Я и р £ С1. Рассмотрим функции 

аДt) = J  a(t, s)eißSds (д £ С1; / 6 [0, т])
О

и

bß(t) = /  é ( r ,  j)e"“A (Л  € с 1; 1£ [ -  Т, 0]).
— т

Очевидно, для любого фиксированного р функции afl(t) (ЬД!)), принадлежат 
пространству Z.^0, т) (ЬД— т, 0)). Следовательно, функции aß(t) и bß(t) можно 
рассматривать как вектор-функции от р со значениями в пространствах Z.j(0 , т)
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и Ьх(— т, 0) соответственно. Эти вектор-функции являются целыми. В самом 
деле, пусть

а Д 0  =  J  a(t, s)(is)ei,isds. 
о

Тогда для A g С1 будем иметь

I а'ц ~ -г- (о„+л -  я м)  П / , ( о , т )  ^  í  J  I Ф>s) II ~г (e‘hs -  О  -  м  II е ' ' “  I dsdt йп о о "

1
=  ewx I  i  I ф ’ ■*)о о

~ ( e ihs -  1) -  is 
А dsdt.

Следовательно,

lim ^ и 1 P  ц + h @ц) = 0 .
i i ( 0 ,  t)

Аналогично доказывается, что bß также является целой вектор-функцией.
Для каждого ц g С1 рассмотрим классический результантный оператор 

R0(ß), действующий в пространстве ТД— т, т) по формуле

(5.3)
апф(0 +  J  а Д ?  -  s)(j>(s)ds

— т X
Ьоф(0 + J  АД/ -  s)(j)(s)ds.

— х

Оператор-функция R0(fi) является целой. В самом деле, положим

X
\ apt — s)(j>(s)ds (0 ^  t ^  т)

— Г 
Г

( АД? — s)<t>(s)ds (— т iS / < 0).
(В Д ф )(/) =

Тогда в силу оценки (2.2) для любого h g С1 получим

1
(R0(ß + А) -  Я0(д)) -  ЯДд) Pji + h аи) а/1 +

i i(0 . t)

+ ^ (P+L + h b>P

Следовательно,

lim
A—>0

• (Я0(д + А) — ä 0(a)) -  -̂ Ó(a)
ii(-bt)

0 (д g C1).
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Применяя теорему 0.1 к целым функциям <А{А, д) и őB(A, д) для фиксирован
ного д, получим, что множество характеристических чисел оператор-функции 
7?0(д) совпадает с множеством точек д' для которых функции <Л(А, д') и ЩА, д') 
имеют общие нули. Без труда устанавливается, что для оператор-функции 
R0(ß) существуют точки До, для которых оператор Л0(д„) обратим. Следова
тельно, множество характеристических чисел оператор-функции 7?0(д) дис
кретно.

Таким образом, система (5.2) сводится к семейству систем уравнений с од
ной неизвестной

оЯ(А, д/) — 0 
ЩА, дj) = 0

где Hj пробегает множество характеристических чисел оператор-функции7?0(д). 
Отыскание характеристических чисел оператор-функции 7?0(д) в некоторых слу_ 
чаях можно свести к отысканию нулей некоторой целой функции.

В самом деле, если aß(t) £ L2(0, т) и bß(t) £ L2(—т, 0), то операторы

(КШ )(0  = -  Ф(0 + а01Ro(li)<j>(t) :
bö'RofßWiO '■ -  т ^  t й  0.

принадлежат классу Гильберта-Шмидта. Следовательно, множество характе
ристических чисел оператор-функции R0(ß) совпадает с множеством нулей 
целой функции det (7 + K(ß)), где det (7 + К(ц)) означает регуляризованный 
определитель оператора 7 + K(ji) (см. [2] гл. IV, § 2).

Поменяем теперь ролями переменные А и д и  повторим описанный выше 
процесс относительно результантного оператора

(5.4) ( а д ф ) ( 0  ^
«оФ(0 + J a Át -  s)(f)(s)ds

— Т 
Т

ba<t>(t) + J b;(t -  s)4>(s)ds

(0 ^  t g  т) 

(0 g  t ^  t)

где

aÁs) — J  aÁ, s)e,l,dt и bx(s) =  J  b(t, s)ea,d t.

Получим, что система уравнений (5.2) может удовлетворяться только 
характеристическими числами А оператора 7?„(А). Обозначим через {Aj} мно
жество этих характеристических чисел. Наконец, можно сделать вывод, что все 
решения системы (5.2) содержатся среди пар чисел (Aj, /лк).

2 .  Все сказанное выше естественным образом обобщается на случай мат
риц-функций, т.е. на случай решения системы уравнений

Í аЯ(А, д)ф = 0
|áS(A, д)ф = 0
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с неизвестными числами X и д и неизвестным вектором ф £ С* в предположении 
что

(5.6) оЯ(Л, д) =  а0 +  J J a(í, s)e^x,+ßS)dtds
о о

и
о о

(5.6) О Д  д) = Ь0 + J J b(t, s)ei(X,+̂ d tds
- т  —х

где а0, Ь0 € Ц С 1) ; a(t, s), b {-  t , - s ) £  L<{*\[0, т] x [0, т]).
В силу следствия 3.2 из конца § 3 здесь можно ограничиться применением 

классического результантного оператора и свести задачу (5.5) к решению си
стем уравнений

Ик)Ф =  о
<&(•*/, цк)ф = 0

где цк пробегает все характеристичекие числа оператора 7?0(д), определенного 
равенством (5.3), a Xj — все характеристические числа оператора R0(X), опреде
ленного равенством (5.4).

3. Отметим, что количество примеров приложений основных теорем 
можно значительно увеличить, варьируя классы рассматриваемых функций и 
матриц-функций.

§6. Континуальный аналог безутианты

Пусть
т О

<Л(Х) = l  + j  a(t)éx,dt и ОД) =  1 + J b(t)eiX,dt
0 - г

где a{t) £ 2^(0, т) и b(t) € Ьг(— т, 0 ) .
Рассмотрим функцию

ОД, д) dJ f — i —  (оЯ(Л)&(- д) -  е‘<х+^ а Я (-  д)ОД) (Я, д 6 С1) .
А  JJ,

Легко проверяется (см. [5]), что

ОД, д) =  j J у(/, s)e,(x,+ßs)dtds 
о о
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где
m in(/, s)

y(t, s) =  a(t — s) + b(t — s) +  J (a(t — r)b (r-s)—b(t — r -  z)a(r — s +  x))dr
о

( O g í . í g t ) .

Отметим, что y(t, s) 6 £i([0, x] x [0, x]).
Оператор I  + Г  (сЛ, áB), где

(Г(аЯ,Щф)(1) =  /  y(í, s)<f>(s)ds 
о

действующий в пространстве Щ0, х), будем называть безутиантным операто
ром функций Л(Х) и сВ(А). Он является естественным континуальным аналогом 
безутиантного оператора в дискретном случае (см. [1,6, 7]).

Отметим, что y(t, 0) =  a(t) и у(0, s) — b(— s).
Континуальным аналогом теоремы 5.1 из [1] является

т О
Т е о р е м а  6.1. Пусть аЯ(Х) — 1 + J  a{t)éMdt и Sb{X) = 1 +  J  b(t)é**dt

0 —т
где a(t) £ 7^(0, х) и b(t) £ Lx(— х, 0). Тогда ядро безутиантного оператора I  + 
+ Г(аЯ, Si) функций аЯ(л) и Si(X) состоит из линейной оболочки системы функций

<Ы0 = tke -“* (к =  0, 1 , .........kj -  1; j  =  1, 2 , . . . ,  /)

где Aj ( j = 1, 2 — все различные общие нули функций аЯ(Х) и <зВ(А), a kj — 
кратность общего нуля 

В частности,

(6.1) v(cЯ, Si) = dim Kér (/ + Г(«Л, Si)).

Д о к а з а т е л ь с т в о .  Введем в рассмотрение следующие операторы, 
действующие в пространстве 7^(0, т) :

(Лф)(/) — J  a{t -  s)cj)(s)ds, (Вф) (t) =  J b{t — s^(s)ds
0 о

(0 ^ t й x)

(Лф)(0 = J a(t — s + z^ (s)d s , (Вф)(1) =  J b(t -  s — z^ (s )d s .
о о

С помощью этих операторов безутиантный оператор можно записать в виде

1 + Г(а%, &) = ( /  + А)(/ + В) -  BÄ .

Введем еще операторы

(Н+ф)(1) = ф(1 -  х) (0 ü t  й  г)

(Н-ФШ  = ф0 -  х) ( - x g í g O ) .
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Оператор Я + отображет £х(— т, 0) на 1^(0, т), а оператор Я_ является обрат
ным к оператору Н+. Если отождествить пространство Ьх(—т, т) с прямой сум
мой подпространств L L(— т, 0) и £ х(0 , т), то результантный оператор R0(oR, Si) 
функций оЯ(Х) и <S(A) примет следующий блочный вид:

R0(оЯ, оВ) =
I  + H_BH+ H -B

ÄH + I  + А

Непосредственной проверкой убеждаемся в справедливости равенства

(6.2) R0{oR,§b) I  Я_Я(/ -f А У 1 |Я _С Я + 0 /  0
0 / 0 /  + А (/ + A)~1ÄH+ I

где С = I  + В — В{1 + А) гЯ. Так как операторы В и А, очевидно, перестано- 
вичны, то

(6.3) С = ( / + А)~\(Г + А){1 + В) -  BÄ) = (J + А)~\1  + Г(оЯ, Щ .

Пусть f(t)  £ Кег Rq(oЯ, Si), тогда в силу (6.2) и (6.3) ( / +  Г(аЯ, Si)) / х = 0, 
где /j(l) = / ( í  -  т)(0 g  т). Наоборот, из равенства (/ + Г(А, В))/ x(í) = 0 
вытекает, что /(г) £ Кег £ 0(оЯ, Si), где

д о  =
í  fiit  +  т)
1 -  ( / +  Л )-1! / ^ )

( -  т ^  t й  0) 
(0 ^  í g  т ) .

Для завершения доказательства осталось воспользоваться теоремой 3.1.
Отметим еще, что в случае, когда безутиантный оператор обратим, об

ратный к нему является интегральным оператором с ядром, зависящим только 
от разности аргументов (см. [4, 5]).

Для случая с/£(Я) = <S(— А) теорема, содержащая континуальное обобще
ние теоремы Эрмита [6] (в ней, в частности, имеется равенство (6.1)), установ
лено М. Г. Крейном. Этот результат опубликован им лишь в дискретном слу
чае (см. [8]).
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A NOTE ON THE VALIRON METHOD OF 
SUMMABILITY

By
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1 . Introduction

The summability of series of Legendre polynomials by various methods has 
been studied by Cowling and K ing  [2], Jakimovski [6], [7], K ing [8], Powell 
[9], [10] and Prachar [11]. In Section 2 of this note, we study the summability of 
series of Legendre polynomials by regular (V, a) method (cf. H yslop [3]).

In Section 3 of this note, it is observed that when the (V, a) transform is regular,
(i) it preserves the Gibbs phenomenon for Fourier series, and (ii) the Lebesgue

constants are unbounded. The corresponding results for the case when a = have

been given by I k e n o  [4], [5]. The Valiron-transformation referred to by Ikeno

corresponds to the case a = -i-o f the (V, a) method studied in this note.

After Hyslop, we may define the (V, a) summability method as follows.* The 
sequence {j„} (л = 0, 1, 2 , . . . )  is said to be (V, a) summable to the sum s if

lim Ц
ft—►OO

where a is a positive constant; or alternatively,

+ /1 = s,

where

( 1. 1) сцк

lim X cßksk
ft—►oo k - 0

S ,

=  p T u J —  « . - ‘»Cfc-MlM—  ( к  =  0 , 1 ,  2 , . . . ) .
V 71

Hyslop has shown that the (V, a) method is regular if and only if 0 < a < 1. 
Lemma. For the summability matrix (с^к) given by (1.1),

X  =  1 +  0(g -*) (g -+ oo).
k = 0

This can be obtained by an easy calculation.

* Hyslop chooses the constant a — — ,
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2 1 2 V. SWAMINATHAN

2 . S um m ab ility  o f  series o f  Legendre polynom ials by th e  (V, a) m ethod

Let Pn(z) and Qn{w) denote the Legendre polynomials of the first and second 
kind of degree n, respectively. The Laplace integral representations of P„(z) and 
Q„(w) are given by ([12], Chapter XV)

(2 .1) Pn = — J  W
Л  Q

and

(2 .2) Qn = I  T~n- 4 ß ,
0

where
Í = С(ф) = Z  + (z2 -  l)1'2 cos ф

and

r = r(ß) =  w + (w2 — 1)1/2 cosh ß.

The branch of (z2 — 1)1/2 is chosen so that z + (z2 — 1)1/2 lies in the exterior of the 
unit circle. Write

(2.3) sk = sk(z, w) =  £  (2n + l)Pn(z)Qn(w)
n = 0

and

(2.4) d„ = dn(z, w) =  T„+i(z)ß„(w) -  P„{z)Qn+x(w ) .

We have by the Christoffel formula [12],

(2.5) — -----=  sn + (n + 1)------ ------dn.
w — z  w — z

By Heine’s theorem (cf. [12], p. 321), {sn(z, w)} converges to (w — z)_1 in the interior 
of the ellipse with foci +1 and passing through w. The following theorem asserts 
that, under suitable conditions, the sequence {sn(z, w)} is summable by the ( V, a) 
method to (w — z)_1 in a wider region.

Theorem. L et i /r  =  re,e. Then the sequence {jä} of partial sums of the series 
o f  Legendre polynomials

£  (2n + 1 )Tn(z)S„(w)
n = 0

is ( V, a) summable to (w — z)_1 in the region given by

1 when a <  1/2,
eV4a!+e*-2o when a =  1/2, — n ^  9 5Í + л
ee when a >  1/2, 0 <  в ^  л
1 when a >  1/2, — я á  fl ^  0.

Max
Ф.Р
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ON THE VALIRON METHOD OF SUMMABIL1TY 213

Proof. Let

Тц — Z  >
k = 0

where c ^  and sk are given by (1.1) and (2.3), respectively. Then, using (2.5), we get

I « ,
к - 1 

1

1 F Zj  Lßk 
k =0 W — Z

(k + 1) w — z

Z  cßk -W -  Z k% ----1---- Z  (fc + .w -  z k%
Using the above lemma, we obtain

T„ = 1
w — z [1 + 0(1)] --------- Z  + 1)<>*4 (ц-^ со),W -  z

Hence

if and only if 

(2.6)

lim Тц — (w — z)~

Z ( *  +  !)c^ 4  =  o(l) 0* ~> oo).
k = 0

We now investigate the region, where equation (2.6) is satisfied. Using the results
(2.1), (2.2) and (2.4) in (2.6), we have

(2.7) Z (k + l)c^dk = — £  c ^ k  + 1) J J
K  k = оk = О «• /t= 0  0 0

Change of order of integration and summation in (2.7) is permissible provided

c(2.8)

From (2.7), we obtain

< M  < + oo .

Z  (к + 1K A  = j  J  (4------ ~r| Z  (к +  IK*
k = 0

provided
о 0 k = 0

Cl
T

d(f)dß =  o ( l)  (/* oo) ,

I  (* +  1K*(C/t)* = 0(1) (ß-* со).
k = 0

Let С/т = es+"'. For convenience, we consider the cases Max | f/т | < 1 and
ф , р

Max I C/r I ^  1 separately; these correspond to Max £ < 0 and Max £ 2; 0 res- 
Ф, ß Ф, ß ф , р

pectively.
Case I. Max £ < 0.
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2 1 4 V. SWAMINATHAN

Given г > 0, choose М  such that for к > M,

Then
(к +  О I С/т I* < е.

оо

I  (к +  1)с„*(С/т)А
к =  О

Af 00z + z
k = 0 fc= A f+ l

<

< *ЗГ ш  + О2 +  £ Z  cßk = о(1) (ц -*■ 00) ,
Р к=М+1

С  being an absolute constant. Thus, when Max | С/т | <  1, the sequence {sk} given
Ф.Р

by (2.3), is (V, a) summable to (w — z) -1 for 0 < a <  1.
Case II. Max £ ^  0.

Ф.Р
The required sum in the present case is given by

t ( k  +  1)с„*(С/т)* =  £  (k + l)/i— [ L e - V - m - W i f  =  
fc=0 fc=0 V 7t

=  p -  J —  £  (A* + n + 1>— ■'■-“(C/Tr+" =V n =  — и

= fl— J —  Z  (M +  И + =
^  n = - p

+ 00 -M-1\

I t S1л= — 00 ■M 8

{ц +  n +  l ) e - ‘»«,/‘- “ +0*+»Xf+<’i) =  2ГХ -  I 2 ,

say. Clearly

I 2 I g  / г -  / -
-м- i
£  + „ + 1) e-««V.-“ +0.+»Xi+/4)
-oo

^  P~a J —  z I A* + и + 1 I e~a",'l~,*<
Я  — CO

< II * I  e “(x -  n + \)dx = o(l) (fi —* со).
\  n  H
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ON THE VALIRON METHOD OF SUMM ABILITY 215

Now

l i  = ц— —  e**™  £  (ß + n + i)«.-«"*—+*«+'») =
7C

= Ц - J ± /№+*> + -£■*• +f ( j l + n + l)e~a>l~ “(n~>l'“ iä )'+ "í, = 
V 7Г -00

л  b t  U 2 tx +  00

Я ^+*v)+ + 4?-*** v
7C= ^ y j ^ e..........4a

+ » I £= F ‘ I  |/x + ^ - ^ -  + m + 1

I  j/x + + m + lj =

-a ß ~ 2txm2+imrj

say. Thus

where

and

— ^1,1 + ^ 1,2 >

11Д = Я/Х + Ц2аф а  + 1) X  е~а11-,”п,+т"1
— oo

+ 00
I h2 =

j  e~ax'l‘~“+lx’ldx

Here

(2.9) | r u | ^ | F |  - | /x + № u +  1|

By properties of theta functions ([1], p. 9), we have

(2.10) J  e~lx'+l2xydx = I—  e~yt" ,
— oo V t

where i > 0. Hence

(2.11) I Zh l I g  I F I • I ß +  № 12а  +  1 I •

Also

(2.12) I *1,2 I ^  I F I • j  e - all-"#+ lxnx d x

Differentiating (2.10) with respect to у  under the integral sign (which is justified on 
account of the uniform convergence of the integral), we obtain

(2.13) J  e tx'+l2xyxdx = y j  nie~y'Hy\t 3/2
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216 V. SWAMINATHAN

Using (2.13) in (2.12), we get
(2.14) |£ 1i2| < \F \  y ^ 3 « e - - » v . /4 a  I rj/2 | / a 3/2_

Combining (2.11) and (2.14), it is seen that

I * 1  I ^  Z l . 1  I +  I * 1 ,2  I <

<  {p + 1 +  i  I +  I Ч I)} =  0(1)

provided

(2.15) * + £ « * - » * > 00

(ß -» CO),

as p -+ oo.
Now consider separately the cases when a = 1/2, a < 1/2 and a >  1/2. For 

a = 1/2, we have

£ + (£2 -  4?2)/4a < 0 
or

<Ü < , /4 a 2 + rf -  2a.

The domain of summability of the series of Legendre polynomials in this case is 
therefore given by

Max К/t I < е^4̂ +в"»-2а ( -  n g  0 g  + я ) .
< > ,ß

For ос < 1/2, the region of convergence is easily seen from (2.15) to be 
Max|  С/т I <  1.
<M

For a > 1/2, we have again from (2.15) that £2 < tf. Since the case { < 0 has 
already been discussed, we need only consider the case when l; < r\. The region of 
summability in this case is given by

Max I £/т I < 
<*>,0 1,

O g 0 g  л ,
-  л g e  g o .

3. Gibbs phenomenon and Lebesgue constants 
for the (F, a) summability transform

Theorem 3.1. For 0 < a < 1, the (F, a) transform completely preserves the 
Gibbs phenomenon for Fourier series.

Theorem 3.2. The Lebesgue constants L v{a, p) for the regular (F, a) method are 
given by

Ly(tx, p) = log (4ap2~2x) + A + Óig*”1) (p -> со),
71
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ON THE VALIRON METHOD O F SUMM ABILITY 217

where

and

sm и , 2  p-------d u -------lи n 1
sin и du

и

d u ~ J ~ i • du-

which is the Euler—Mascheroni's constant.
These theorems follow exactly on the same lines of argument adopted by Ikeno 

for the F(a, q) family of summability methods. The particular case of the (V, a) 
method, when a =  1/2, has been discussed by Ikeno [4], [5].

The author is grateful to Dr. Y. Sitaraman for his guidance and help in the pre
paration of this note. The author is also grateful to the referee for his suggestions.
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DIFFERENCE OPERATORS AND PERIODIC SEQUENCES 
OVER FINITE MODULES

By
MELVYN. B. NATHANSON (Carbondale)

1 . Introduction Let R be a ring with 1, and let M  be a unitary R-module. 
A sequence over M  is a function from the nonnegative integers N  into the module M. 
Let M N denote the set of all sequences over M. Then MN is a R-module under coor- 
dinatewise addition and scalar multiplication: If x, у £ MN and r £ R, then (rx+y)(i)= 
= rx(i) + y(i) for all i £ N. Let F  be a function from MN to M N, and let x £ M N. 
The F-orbit o f x  is the sequence of sequences x, F(x), F2(x ),. . . .  In this paper we 
study periodic sequences over finite modules M, and their orbits under difference 
operators and the inverses of difference operators. We prove that for a difference 
operator D and x £ MN, the D-orbit of x is eventually periodic if and only if the 
sequence x is eventually periodic. For a certain right inverse I  of the difference opera
tor, we show that the /-orbit of x is eventually periodic if and only if x is the con
stant sequence of zeros. These results generalize theorems obtained in the special 
case of the “derivative operator” D(x)(i) =  x(i) + x(i + 1) acting on the space of 
binary sequences [1, 2 ].

2. Row-finite matrices. D efinition 1. Let d0, dx, . . . ,  dn_x be in R, and let dn 
be a unit in R. Define the operator D on M N by

Д х )(0  = £  d,x(i + t)
1 = 0

for all x £ MN and i £ N. Then D is a difference operator o f degree n.
Note that D is a homomorphism of the additive group M N. If the ring R is com

mutative, then D is also an R-module homomorphism.
Lemma 1. Let D be a difference operator o f degree n on M N, let (x0, xl5. .  ., x ^ j )  

be an n-tuple o f elements o f M, and let у £ M N. Then there exists a unique sequence x  
in M N such that D(x) =  у and x(i) = x; for i =  0 , 1 , . . . ,  n — 1.

Proof. We construct the sequence x inductively. Let x(i) =  хг for i = 0, 1 , . . .  
. . . ,  n — 1. If x(0), x( l ) , . . . ,  x(i + n — 1) have been computed, then let

x(i +  ri) = d~„ y(0 -  X d‘x(* + 0

Clearly, D(x) = y, and the sequence x is determined uniquely.
Corollary. Let D be a difference operator of degree n on M N. Then D is sur

jective, and the kernel of D has cardinality | M  \n.
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220 m e l v y n  в . n a t h a n s o n

D efinition 2. An infinite matrix over R is a function (a,7) from N x N  into the 
ring R. A row-finite matrix over R is an infinite matrix ( a f  over R such that for each 
i there exist only finitely m any j  with atj Ф 0.

The row-finite matrices over a ring R form a ring with the usual matrix addition 
and multiplication. Each row-finite matrix A =  (ay) defines a homomorphism A of 
sequences x  over the .R-module M  by

Mx)(i) = £  aux { j) .
J=o

This sum is finite because the matrix A is row-finite. Every difference operator has
n

a representation as a row-finite matrix. To the operator D(x)(i) = 

responds the matrix
Z  d, x(i + /) cor-

f dj-i if j  = i, i + 1, . . . ,  i +  n 
} 0 otherwise.

The row-finite matrices do not represent all operators on M N, since these matrices 
are completely determined by their action on the proper submodule of MN con
sisting of all sequences over M  with only finitely many non-zero coordinates.

Lemma 2. Let D be a difference operator o f degree n ^  1. Then D has infinitely 
many right inverses that can be represented by row-finite matrices.

Proof. Let D = (dtj) be the row-finite matrix corresponding to the difference
П

operator D(x)(i) = £  d,x(i + t). We construct a row-finite matrix A = (atj) such
t=о

that DA — (<5,y), where 8tJ =  1 if i = j  and 8{J — 0 if i Ф j. Choose arbitrarily the 
first n row-finite rows of A. The ring R is a unitary Ä-module, and so D acts as a 
difference operator on sequences over R. By Lemma 1, for each j  there is a sequence 
Xj over R such that D(xj)(i) = 8tJ for all i and x fi)  — au for / = 0 , 1 , . . n — 1. 
Define A = (o,7) by atj = x f  i) for all i,j. Then A is an infinite matrix over R which 
is a right inverse of D.

Clearly, the matrix A is uniquely determined by its first n rows, and there are 
infinitely many choices of n row-finite rows of elements of R.

Finally, we must show that A is a row-finite matrix. By construction, the first 
n rows of A have only finitely many nonzero entries. Suppose that for some i0 S: n 
there exists an integer j 0 such that atj = 0 if r < i0 and j  > j0. Then for j  > max(/Q, i0 — n),

® &ia- n j  Z  d ia- „ ' , a , j  Z  d i0- n . t a t j  ^ i , - n , i , a i , . j  —  dna i0, j  •
t  =  0 t  =  i 0- n

Since dn is a unit of the ring, = 0 for j  > max (y0, i0 — ri). Therefore, the matrix 
A is row-finite.

D efinition 3. Let D be a difference operator of degree n. The integral o f D is 
the unique row-finite right inverse matrix of D whose first n rows are zero.
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D IFFEREN CE OPERATORS AND PERIODIC SEQUENCES 221

Lemma 3. Let M  be a finite, unitary R-module, and let x  £ MN. Then the sequence 
x is eventually periodic i f  and only i f  there exist r0, rb . . ., r„_x in R and rn a unit 
in R such that

(*) Z  rtx(d + 0  = 0
t = 0

for all sufficiently large i.
Proof. Suppose that (*) is satisfied for all i ^  i0. Then for i ^  i09

n - 1

x(i + rí) = -  r -1 Z  r,x(i + 0  
1=0

and so each л-tuple (x(i), x(i + 1) , . .  x(i + n — 1)) determines x(j) for all j  ^  i. 
But there are only [ M  |" л-tuples of elements of M, and so (x(i), x(i + 1) , . . .
. . x(z + n — 1)) = (x(fc), x(k + 1) ,. . x(k + n — 1)) for some i0 ^  i < к ^  
:g /„ + I M  I". But then the sequence x has the period к  — i.

Conversely, if x(i + P) + x(i) for some P > 0 and all i ^  i0, let rt — — 1 for
2 P - 1

t — 0, 1, . . P — 1 and let r, = 1 for / = P, P + 1 , . . 2P — 1. Then Z  r,x(/+t)=0
1 = 0

for i ^  i0.
Lemma 4. Let R be a finite ring with 1, let D be a difference operator o f order n, 

and let I  be the integral o f D. Let A be any row-finite right inverse o f D, and let В = 
= A — I. Then В is a row-finite matrix, and the rows o f В form an eventually periodic 
sequence of sequences over the ring R.

Proof. It suffices to show, first, that the matrix В =  (by) is row-bounded, that is, 
there exists an integer j 0 such that by = 0 for j  2: j0 and all i, and, second, that each 
column of В is an eventually periodic sequence over R.

Since В is the difference of two row-finite matrices, В is row-finite, and so there 
exists an integer j0 such that by = 0 if j  2: j n and i = 0, 1 , . . . ,  n — 1. Fix j  2: j 0. 
Since DB = D(A — I) =  0, the y'-th column of В is a sequence Xj over R such that 
D(xj) = 0 and Xj(i) = bi} — 0 for i = 0, 1, . . . ,  n — 1. But the constant sequence 
of zeros also satisfies these conditions, and so, by the uniqueness statement of Lemma 
1, it follows that by =  Xj(i) =  0 for all j  2 :  j 0 and all i. Therefore, В  is a row-bounded 
matrix.

Moreover, since DB = 0, we have

oo i + n i+ n n

0 = Z  diffkj = Z  dik^kj =  Z  dk-fikj — Z  dkbk+ij .
k= 0  k = i  k —i k —0

By Lemma 3, this linear recurrence implies that each column of the matrix В is an 
eventually periodic sequence over R.

3. Periodicity and operators. Theorem 1. Let D be a difference operator o f degree 
n 2: 1, and let x be a sequence over a finite module M. Then x is eventually periodic if  
and only i f  the D-orbit o f x  is eventually periodic.
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222 M E L V Y N  В. N A TH A N SO N

P roof. Let D(x)(i) = £  d,x(i +  t). If x(i + P) =  x(i) for some P > 0 and all
1 = 0

i S: i0, then

D(x)(i + P) = £  d,x(i + P + t ) = t  di*(* + 0  = D(x)(i) ,
t = 0 t  = 0

and so Dk(x)(i + P) =  Dk{x)(i) for all к ^  0 and i ^  i0. Therefore, each sequence 
Dk(x) is completely determined by its first P + i0 terms. Since there are only | M \r +̂  ̂
distinct (P + /0)-tuples of elements of M, it follows that Dk(x) =  Dk'(x) for some 
к ф к', and so the D-orbit of x  is eventually periodic.

Conversely, suppose that Dk+Q(x) = Dk(x) for some Q > 0 and all к ^  k0. 
Since Dk°+Q and Dk° are difference operators on sequences over M  of degrees 
(k0 + Q)n and kf/i, respectively, it follows that Dk‘+Q(x)(i) — Dk"(x)(i) = 0 for all i. 
But this defines a linear recurrence on the sequence x, and, by Lemma 3, the sequence 
is eventually periodic.

Corollary. Let A be any row-finite right inverse o f the difference operator D, 
and let x  6 M N. I f  the A-orbit o f x  is eventually periodic, then x is eventually periodic. 

Proof. If Ak+Q(x) =  Ak(x) for som e Q > 0, then

x  =  Dk+0Ak+0(x) = Dk+QAk(x) =  DQ(x)

and so the X>-orbit of x is eventually periodic. By Theorem 1, the sequence x is 
eventually periodic.

The difference operators are not the only functions on MN with the periodicity 
property described in Theorem 1. For let a be the shift operator: ct(x)(/) = x(i + 1). 
Define the operator F on MN by F(x) = 0 if x is eventually periodic, and F(x) = <r(x) 
if x is not eventually periodic. Then the F-orbit of a sequence x is eventually periodic 
if and only if x is eventually periodic, but F is not a difference operator.

Theorem 2. Let I  be the integral o f a difference operator D o f degree n ^  1, 
and let x  £ M N. Then the I-orbit o f x  is eventually periodic i f  and only i f  x  is the con
stant sequence of zeros.

П
Proof. Let D be the difference operator D(x)(i) = £  d,x(i + t), and let

»=o
I  = (Zjj) be its integral. We show ztj =  0 if i < j  + n, and that zj+nJ is a unit in the 
ring R. Since DI = (by), we have

co i  + n n

t i j  d ifcZ kj  2 ^  d k —iZ k j  ^ k ^ k  + i, j  *
k = 0 k —i k = 0

Fix j. Since I  is the integral of D, then = 0 for i =  0, 1, . . . ,  n — 1. But 1 =
П

= Y, d k z k + j , j  implies that ztj Ф 0 for some i S; n. Let i0 + n be the least integer
k = 0

such that Z jo + n J  ф 0. Then
n

K j  =  I  d k Z k  + i0J  =  d nz it + n , j  #  0  
k = 0

and so /0 = j  and dnzjJrn j =  1. Therefore, zj+nj  is a unit in R.
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Let Im = (z”). We shall show that z” = 0 for / <  j  + n + m — 1. This has 
just been proved for m — 1. Assume that z™ = 0 for all m S  M  and i < j  + n + 
+ m — 1. Choose i < j  + n + M. Then

oo со i—n
7 м +1 _ v  7 ~m _ v  ~ 7m  — v  ~ 7m
Zij ^ i k r k j  ^ i k ^ k j  L  ^ ik r k j  •

k= 0  k = j  + n  +  M - l  k = j + n  +  M - 1

But i — n < i ^ j + n  + M — 1, and so the last sum is empty. Therefore, z ff+1 = 0 
for i < j  + n + M. It follows by induction on m that z“ =  0 for i < j  + n + m — 1. 
In particular, the first n + m — 1 rows of Im are zero. Therefore, Im(x)(i) = 0 for 
i < n + m — l and all x 6 M N.

Now let the /-orbit of x  be eventually periodic. Then Ik+Q(x)=Ik(x) for some 
Q > 0 and all к g: k0. Let i £ N. Choose и such that i < k0 + uQ + n — 1. 
Then

I \x ){ i)  =  IK+uQ(x){i) = 0,

and so Ik°(x) is the constant sequence of zeros.
Since /  is a right inverse of D, it follows that x  = Dk°Ik°(x) = Dk,(0) =  0. 
Conversely, if x  = 0, then Im(x) = 0 for all m, and so the /-orbit of x  is even

tually periodic.
Let A be any row-finite right inverse matrix of the difference operator D, and 

let x be a nonzero, eventually periodic sequence over M. It is not known whether 
the /4-orbit of x can be eventually periodic.

4 .  D oubly-infin ite sequences and nonabelian groups. Theorem 1, that a sequence 
over a finite /{-module is eventually periodic if and only if its orbit under a difference 
operator is eventually periodic, can be extended, first, to doubly-infinite sequences, 
and, second, to sequences over finite, nonabelian groups.

Let x  be a doubly-infinite sequence over M, that is, a function from the integers 
Z into the finite module M. Define the difference operator ű  on a doubly-infinite 
sequence x by

D(x)(i) =  X  d,x(i + 0 ,
t = m

where m and n are integers not both zero, m ^ n ,  and dm, dm+1, . . . ,  dn are elements 
of R such that dm or d„ is a unit of R, and if m = 0 (resp. n = 0), then dm (resp. d„) 
is a unit of R. Then x  is periodic (not eventually periodic) if and only if its orbit 
under the difference operator D is eventually periodic. This was proved in [3] for 
doubly-infinite sequences over a finite field.

The operator D can also be represented by a doubly-infinite row-finite matrix 
(dy), where

d — \ ^  j = i  + m, i + m + l , . . . , i + n
iJ [ 0 otherwise.

If both dm and dn are units in R, then the operator D is surjective on the set of all 
doubly-infinite sequences over M,  and the matrix of D has infinitely many doubly- 
infinite row-finite right inverse matrices. Problem: Define an integral I  for the opera-
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tor D such that the /-orbit of a doubly-infinite sequence л: is eventually periodic if 
and only if x is zero.

Let G be a finite, nonabelian group. Let (аъ a2, . . . ,  an) and (bb b2, . . . ,  b„) be 
и-tuples of integers and nonnegative integers, respectively, such that

(i) max (bu b2, . .  ., b„) = bio >  0 for some unique i0;
(ii) a,t = + 1.

Define a difference operator D on sequences x over G by

(**) D(x)(i) = x(i +  bi)aix(i + b2)a‘ . . . x(i + b„)a".

Then a sequence x over G is eventually periodic if and only if its orbit under D is 
eventually periodic.

Let (аъ a2, . . ., a„) and (Ьъ b2, . . ., bn) be и-tuples of integers such that
(i) max (bu b2, . .., b„) = bti >  0 for some unique q;

(ii) min (blt b2, . .., bn) — bit < 0 for some unique i2;
(iii) ctji = ±  1 and ait = ±  1.

Define the difference operator D on doubly-infinite sequences x  over G by for
mula (**). Then x  is periodic if and only if the D-orbit of x is eventually periodic.
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NOTE ON A THEOREM OF BOSANQUET

By

B. P. MISHRA and D. SINGH (Gorakhpur)

1. Introduction. Let {ak}k^0 be a given sequence of real numbers and suppose
that

Щ - 1 + щ - 1 + . . .  + H r~x

for r = 1, 2, 3 , . . .  where H°„ = sn -  £  ak. We say that the sequence {$„} is (Я, K)
k = 0

summable to the sum s provided Я* -* s, as n -*• oo and we write sn -* s(H, K). 
Throughout the paper, a sum without limit is understood to run from zero to infinity. 

Further suppose that Л > — 1 and that

Ex„ =  ( "  + Я) , Фд(х) = (1 -  x)M ZExnsnx”, Ф0(х) =  Гапх".

With Borwein [1] we say that the sequence {.?„} is Лд-summable to s, and write 
s„ -* s(Ax), if the series defining Фя(х) is convergent for all x  in the open interval 
(0, 1) and tends to a finite limit s as x -+ 1 in (0, 1). The (A0) method is the ordinary 
Abel method.

It is known (see H ardy [3, Theorems 49, 54, 55]) that H ' -> s (r ^  2, s finite) 
implies Ф0(х) —» s, as x -> 1 — 0. Bosanquet [2] has proved that the above result 
is false for s infinite in the following

T heorem A. There is a series Zak for which
(i) lim Я “ = + со,

П — У С О

(ii) ZanXf converges for 0 <  x < 1,
(iii) lim anxn = — oo.

Jc—.1—0
In this paper we obtain a result analogous to Theorem A for Лд-summability 

which we state and prove in § 2.

2. T heorem B. There is a series Zakfor which
(i) lim Hi = + oo,

/I—>00
(ii) (1 — x)x+1ZEls„x" converges for 0 < x  < 1,

(iii) lim (1 -  x)x+1ZElsnx" =  — oo,
*->-1-0

where — 1 < A < oo.
The case Я = 0 of Theorem В is due to Bosanquet [2].
To prove Theorem B, we require the following
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L e m m a  (see [1]). I f  s„ -*■ s(Ax), then s„ -* s(Aß) whenever Я > ц > — 1. 
P r o o f  o f  T h e o r e m  B. We consider the case Я > 0 while the result for — 1 < 

< Я < 0 follows from the above lemma and Theorem A.

Фх(х) = (1 -  x)x+1ZE*s„x" =  (1 -  x f +1ZExHl {(и + l)x" -  (Я + n + l)xn+1} = 

= (1 -  x)x+1ZExnH2n[(n + l){(w + 1) -  (Я + n + l)x} -  

-  (Я + n + l)x {(n + 2) — (Я + n + 2)x} ]x" = (1 -  x)x+1ZExH%K(x, ri)xn, 

where
K(x, rí) = (n + 1){(я + 1) — (Я + n +  l)x} -

— (Я + n + 1)х{(л 4- 2) — (Я + n + 2)x}. 

It is easy to show that

(2.1) K(x, rí)

— Ях(1 — x), if — 2 +

< n <  -  2 +

(2Я -  1 -  ^ 4 2  + l)x + 2 
2(1 -  x)

(2Я — 1 + JAX  + l)x + 2
2(1 -  x)

> — Ях(1 — x), for the remaining n.

We write

Щ х) -  _  2 + .

Now consider the numbers xb x2, ... xll̂ 1 and integers Nlt N 2, . . . N„-1 such that

2________
2Я + 3 + jA k  + 1

á  X] <  Xj <

and
0 < Nx < N2 < . . . < N .- , . 

We define Hi for n ^  Nv_ j so that

(2.2)

Then, if N(x) >  IV»-!,

(2.3)

Í > 0, if n >  N f x ) , 
[ = 0, if n á  Nx(x).

A»-,
(1 -  х)л+1 Y, ЕхпН2пхпК(х, п )й  0.
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We may choose x„ < 1, since

(1 -  x)x+1ZExxnK(x, n) = (1 — x)x+1ZExx" = 1  (0 <  jc < 1)

and
(1 — x)x+1ExxnK(x, ri) -* 0, as x  -» 1 — 0 for each n, 

so that N(xv) > Nv-x and

(2.4) (1 -  xv)x+1 £  Exx"vK(xv, n) < A + 2.
Nv-x+1

Then

(2.5) (1 -  xv)x+1 £  ExX K ( x v, n)<) .  + 2,
N,.,+1

for N  > N(xB). Choose Nv > N(x„) so that

(2.6) (1 -  xc)x+1 £  ( Н я +  3)“ +З Д * „  n) <
N .+ 1

Г(А + 1)

1 + Г(А + 1)
(A + 3)

,________  2 /+ 3 W 4 .1 + 1
2A + 3 + J 4 k  + 1 \

We now define H2 for < n ^  Nv such that

Fi+1, if Nv_1 < n ^  Ne and n Ф N(xv), 

(A + 3)Г(А + 2)(2.7) H„ = Fi+1 + A • (A + 1) (N(xv) + A + 1 )(N(xv) + 3)x+2-x -N̂ - \

if n = N(xc) ,

Similarly we can define Я 2 for all и. Since Я 2 2; гя+1 for и > Nv- lf we have

( 2.8)

If

lim H \=  +QO.
n —►OO

^  x < 1, we have
2A + 3 + y j 4k + 1

Г ( 2 Я - 1 + VÍX+l)*+2 1 
- !  <  X  *■ 2(1-*) J

2Л + 1 + V4A + 1
г в д - c  x 2d-*) =  I 1 -  —

j _  ( 2A+ 1 + У 4 А +  1 |1
l 2A + 3 + J 4 A +  1 ) |

2A+3+V4A +  1

\ f  4A

2A + 3 + V 4 A T T 2A+3+V4Ä+I
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We have, since N(xv) > ND_± í> v — 1,

(2.9) 0 ^  H i < 1 + T(A + 1) (я + 3)

21 + 3 + y j 4л + 1 2A  +  3 +  V 4A +1

(Я + П + 3)А + 3

which shows that s„ = 0(ид+5). Hence (1 — x)x+xIE xsnx" converges for 0 < x  <  1. 
Now

фл(*„) = (1 -  xvY +1{
N ,

X  ExnH\xl
N .

K(xv, rí) + X vx+1E xx xK(xD, n) +
N,., + 1

+ £  £ дя ^ № с,«)1 + ix(v), 
N . + 1  J

where

(2. 10) h(v) ~  (1 -  *„)A  +  l Я + 1 N x+1(x„)
N(xv) + A + 1 Г(А +  2) 

(Я + 3)Г(А + 2)
' \N(xv) + Я + 1)Я(Я + 1)

• (Щхв) + 3)я+2 • x ; ^ - 1 ■ x ? ^ K (x D, N(x„)) S  

й  -  (1 -  xDy +i ■ N x+1(xv) ■ (N(xv) + 3)л+2 • (Я + 3) <  -  (A + 3)рд+1,

since

and

1 -  х- > {[(2A — 1 +  4Я + l).x„ + 2
2(1 -  О

+ 1 = (N(xB) + 3)-

Thus, we have by (2.6)

(2. 11)

N (x„ )^v.

(1 -  х„)д+1 X ЕхН2пх1К(х„, n) < 1
N „  +  l

Here we have supposed that K(xv, rí) is positive. The inequality is still true for negative 
K(xD, rí). Thus, by (2.3), (2.5), (2.11) and (2.10), we see that

<t>x{xv) < 0 + (A + 2 V +1 + 1 -  (A + 3> A+1 =  1 -  vx+1.

Hence

lim (x) = — oo .
дг-̂-1-O

Thus Theorem В is completely established.
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ON THE „DEL” RELATION IN CERTAIN ATOMISTIC
LATTICES

By

M. F. JANOWITZ (Amherst)

In a lattice with 0 the symbol a V b denotes the fact that (а \ 7 х ) л Ь  = х л Ь  
for all x  £ L. It is shown in [5], pp. 20—25 as well as in [6], pp. 22 — 24 that the 
V-relation has an intimate connection with direct sum decompositions of a lattice. 
As a step toward understanding the structure of atomistic lattices with the covering 
property, this paper contains an investigation of the V-relation in such a lattice. 
Specifically, it provides a characterization of V-symmetry and V-continuity for a 
class of lattices that includes all finite-statisch lattices with the covering property, 
and relates both V-symmetry and V-continuity to direct sum decompositions of 
hese lattices.

1. Preliminaries. Though our terminology will follow that of [6 ] we begin by 
introducing some of the more basic items. A lattice L with 0 is called SJ-symmetric 
if a V b => b V о ; it is called V-continuous if ax V b for every index a and the existence 
of a = v 0a„ together imply a V b. (Note that we are not assuming L  to be complete.) 
By [5], Anmerkung 2.2, p. 20 every modular lattice with 0 is V-symmetric. By [2], 
Corollary 4.4, p. 69, every dual section semicomplemented lattice with 0 (hence 
every bounded relatively complemented lattice) is both V-symmetric and V-con- 
tinuous. It is also worth mentioning that ([5], Hilfssatz 2.5, p. 23) every upper 
continuous lattice is V-continuous. The relation of V-continuity to direct sum 
decompositions can be seen by examining [6], Lemma 5.6, p. 23. Here it is shown 
that if a complete V-continuous lattice is the direct sum of a family (S',) of ideals, 
then each ideal Sa is a principal ideal generated by a central element za, and each 
a 6 L is uniquely expressed as

a = a á) z„ л

An element b of an atomistic lattice is called finite if it is 0 or the join of a finite 
number of atoms; otherwise, it is called infinite. An AC-lattice is an atomistic lattice, 
with the covering property:

p an atom, p ^  a implies p v a covers a.

An FAC-lattice is simply an atomistic lattice in which the above covering property 
holds for p an atom and a finite.

For complete lattices, the notion of a statisch atomistic lattice was introduced 
by Wille in [7] and later generalized by the author [1] to the concept of a finite- 
statisch atomistic lattice. Without assuming completeness, let us agree to call a lattice
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statisch if p an atom, p :g a v b implies p 5= űj v  bx with аъ bx finite, a1 ^  a and 
it will be called finite-statisch if p  ^  q v a with p, q atoms implies p g  
for some finite element a1 <; a. It should be noted that for a complete lattice 

these definitions reduce to those earlier given ([7], Satz 3.8, p. 21 and [1], Theorem 
3.2, p. 340). Finally, two elements a, b of a lattice with 0 are called perspective (denoted 
a ~  b) in case there is an element x such that a v x  = b v x  and а л х  = Ь л х  = 0.

2. Lattices of subspaces. The basic tool we shall use throughout the paper is the 
embedding described by S. M a e d a  ([6], pp. 61 — 67) of an atomistic lattice into its 
lattice of subspaces. For the readers convenience the highlights of the construction 
are reproduced here.

Let L  be an atomistic lattice and Q(L) the set of atoms of L. A subset со of Q(L) 
is called a subspace when it satisfies the following condition:

p d ß(L), qt d со O' =  1, 2 ........m) and p  ^  qx v  . . .  v  qm

imply that p doo.
By [6 ], Theorem 15.5, p. 62, for any atomistic lattice L, the set L{Q(L)) of all 

subspaces of Q(L) is a complete compactly atomistic lattice when ordered by set 
inclusion. For any a £L, the set co(a) =  {p d £2(L); p ^  a] is a subspace of S2(L). 
The mapping a -* co(a) is a one-one isotone mapping of L  into L(Í2(L)). Further
more, letting |_j and П denote the join and meet operations in L(Q(L)), one has:

(1) co(0) =  0 and co(l) =  1 (if L has a largest element).
(2) со(лаав) = П хю(ах) (if л аах exists in L).
(3) co(a v  b) co(a) |_j w(b) for every a and b, 

and equality holds if both a and b are finite.
(4) If F(L) denotes the join semilattice formed by the finite elements of L, then 

F(L) and F(L(£2(L))) are isomorphic by the mapping a -> co(a).
(5) a -> co(a) is an isomorphism of L  onto L(£2(L)) if and only if L is compactly 

atomistic.
(6) L(£2(L)) is isomorphic to the lattice of ideals of F(L). (This is stated for AC- 

lattices in [6 ] as Theorem 15.7. But the proof given there applies almost verbatim 
to establish this slight generalization.)

It should now be clear that
(7) L is statisch if and only if for all a, b £L, w(a v b) =  со (а) и  соф).
(8) L is finite-statisch if and only if for a £ F(L) and b £ L, co(a v b) = (o(a)]_ja>(b).
Finally, by [6], Theorem 15.7, p. 63 we have
(9) If L  is an FAC-lattice, then L(Q(L)) is a matroid lattice.
Suppose now that L  is an FAC-lattice. For each adL,  let e(co(a)) denote the meet 

of all central elements of L(Q{L)) that dominate ш(а). Since L[Q{L)) is a matroid 
lattice, it follows that e(co(a)) is the smallest central element of L(Q(L)) that dominates 
co ( ű ) .  For future reference we now provide a description of е(ш(а)).

L e m m a  1. Let L be an FAC-lattice, and let a £L. Then e(co(a)) is the set o f atoms 
that are perspective in F(L) to some atom under a.

Proof. Let p, q d Q(L). If p ~  q in F(L) and q ^  a then for some x d F(L), 
p v x  = q v x ,  p A x  = q A X  = 0. Then со(р) и  co(x) =  co(p v x) = co(q v x) = 
=  co(q) u  co(x) and co(p) П co(x) = co{q) П co(x) = 0 shows co(j>) ~  co(q) in L(Q(L)).
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Since co(p) ~  co(q) S  co(e) ^  e(a>(a)) with e(a>(a)) central, we must have co(p) g  
g  e(co(a)), whence p £ e(cu(a)).

Conversely, if p£e(co(a)) then by [6 ] Theorem 13.5, p. 56 co(p) ~  oj(q) in 
L(Q(L)) for some q 6 co(a). Thus there is a subspace со such that co(p) u  ® = co(q) и  
со(р)Псо = co(q) П co=0. Then p £ co(q) u  со so there exist ru r2, . . . ,  rk € со such that 
p g  q v  rx v . . .  v rk. If x = v r2 v . . . v rk then x £ F(L), p ^  q v  x and 
р л х  =  <7 л х  = 0. Since L is an FAC-lattice, this forces p ~  q in F(L), so p is 
perspective in F(L) to some atom under a.

3. p-compatible atomistic lattices. Our basic plan of attack will be to use the 
fact that the lattice of subspaces of an FAC-lattice is a matroid lattice in order to 
obtain information about the V-relation in the original lattice. For there to be any 
hope of success in such an endeavor, there must be some connection between the 
V-relation in the two lattices. Our first result along these lines follows.

L emma 2. Let L be an atomistic lattice, and let a, b £L. Then:
(1) a \ /  b in L implies oo{a) V <a(Z>) in L{Q{L)).
(2) I f  L is statisch, then co(a) V co(6) in L(S2(L)) implies a y  b in L.
(3) I f  L is finite-statisch and i f  a is finite, then о fa )  у  co(b) in L(Q(L)) implies 

a y  b in L.
Proof. (1) Let со £ L(Q(L)). Then for p £ [ш(а) u «] П (o{b), p ^  a v q1 v q2 v 

v • • . v qk (qi 6 w), sop  g  (a v ql v q2 v . . .  v qk) л b = (qx v q2 v . . .  v  qk) л b 
puts in со П co(b). Thus

(co(a) u  со) П co(b) g  ю П со(6) 

and this forces cú(ű) V co(6) in L(Q(L)).
(2) and (3). These both follow from the fact that for each x £ L, co(a v x) = 

= co{a) u  co(x).
Though our aim is to investigate the V-relation in a finite-statisch atomistic 

lattice, it turns out that it will cost nothing to present the results in a more general 
setting. Accordingly, we call an atomistic lattice L p-compatible if p ~  q in L  implies 
p ~  q in F(L). If all atoms of L(Q(L)) are perspective in F(L), then L  is clearly p-com
patible, and the next lemma shows how the notion of p-compatibility generalizes 
that of a finite-statisch FAC-lattice.

L emma 3. Every finite-statisch FAC-lattice L is a p-compatible AC-lattice.
P roof. Let p g Q{L), x £ L with p $ x ,  Then if q £ Q(L), q ^  p v x and q ^  x, 

we have q ^  p v x1 with x ^ x  and x, finite. Since L is an FAC-lattice q v  xL = 
= p v xx and so q v  x  = p v x. This not only shows that L is an AC-lattice, but also 
shows that it is p-compatible.

Before doing anything else, we present a pair of examples.
E xample 1. A p-compatible AC-lattice that is not finite-statisch. Let M  be the 

lattice of subspaces of an infinite dimensional vector space V. Choose an infinite 
dimensional subspace A having an infinite dimensional complement. Then let £ = 
= {5; S  is finite dimensional, S =  A or S  = V}. When ordered by set inclusion, 
£ becomes a complete atomistic lattice. To see that it is not finite-statisch, we let 
Su S 2 be distinct one-dimensional subspaces disjoint from A. Then S± v  A =
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= S2 v A = V, but S2 ^  Sj v Ay for any finite element Ax under A. The fact that 
£ is p-compatible follows from the fact that its atoms are all perspective in F(£).

Example 2. An atomistic lattice that is not p-compatible. Let X  be an infinite set. 
Let А, В, C be pairwise disjoint infinite subsets of X  whose union is X. Then let 
£ =  {iS; S  is finite} U {А, В, С, X}. When ordered by set inclusion, £ forms a com
plete atomistic lattice. If x, у  (} A, {x} v A =  {y} v  A = X  so {x} {j} in L,
but they are not perspective in F(L). This shows that L  is not p-compatible. We shall 
refer back to this example at the conclusion of the paper.

The next result shows how p-compatibility ties in with the y-relation.
T heorem 4. For an FAC-lattice L, the following are equivalent:
(1) L is p-compatible.
(2) For p , q £  Q{L), p ~ q о  co(p) ~  co(q).
(3) For a £ F(L), b ^ L , co(a) Vm(6) => a V b.
(4) For a £  F (L),x Í  L,

co(a v x) ^  e(co(a)) 1_| co(x).
(5) For a £F(L), x £ L

co(a v x) u  e(a>(a)) = co(x) lj e(co(a)).

Proof. (1) => (2). If <u(p) ~  co(q) there is a subspace со such that co(p) u  со = 
= u  <u(p) П о  — co(q) П со = 0. Then p ^  q v rxv r 2 v . . .  v  rk with r, £ cu. 
Letting х —Гу v  r2 v  . . .  v  rk, we have p g  q v x, p л x=q  л x =  0, so p ~  q in L. 
If, on the other hand, p ~  q in L, then p ~  q in F(L), so for some finite element 
x, p v x = q v  x, p A X  = q A x  = O.Then co(p) u  й>(х) = co(q) u  co(x), сo(p) П 
П cü( x )  = oj(q) П co(x) = 0 shows co(p) a>(q).

(2) => (3). Let a £ F(L) and сo(a) V (o(b) in L(Q(L)). Then if p £ co(o), q £ co(b), 
co(p) V to(q) in L(Q(L)) and by (2), p is not perspective to q in L. By [6], Lemma 11.1, 
p. 48, p V q- Since p V Я for all atoms q under b, we may apply [6], Lemma 10.2, 
p. 44 to see that p V  b. Since a is finite, aXJ b now follows.

(3) => (4). Assume a 6 F(L), x £ L  and p gco(c v x). If p ^  x there is nothing 
to prove, so assume p $  x. We cannot have aSJp, so cu(a) V u>(p), a>(p) V<u(e) and 
p V a must all fail. It follows that p must be perspective to some atom under a. 
By Lemma 1, this puts p in e(cu(a)).

(4) => (5). For a £ F(L), w(x) и  <?(co(a)) iS w(a v x) u  c(co(a)) g  cu(x) u  e(a>(a)).
(5) =5> (1). Let p, q £ Q(L) with p ~  q in L. Then p v x  = ^ v x ,  р л х  = 

=  q л x = 0 for some x £ L. But

oi(p v x) u  e(oj(p)) = w(x) u  e(co(p))

shows q £ co(x)\_je(co(p)). Since q ^ <u(x) it follows that q £ e(co(p)), so q ~  p in F{L).
By [6]. Theorem 11.4, p. 49, we now have
C orollary 5. Let L be a p-compatible FAC-lattice. I f  p, q, r are atoms of L, 

then p ~ q , q ~ r = > p ~ r .

4. У-symmetry. This section is devoted to the investigation of V-symmetry in 
a p-compatible FAC-lattice. Our first result disposes of the statisch case.

T heorem 6. Every statisch A C -lattice is V -symmetric.
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Proof. For if L is any such lattice, then by Lemma 2, а л b in L is equivalent 
to co{a) V  Ю(Ь) in L(Q(L)). But since L(Q(L)) is a matroid lattice, it is relatively 
complemented, hence V-symmetric.

We now turn officially to the general case, breaking our proof up into a number 
of lemmas.

Lemma 7. Let L be a p-compatible FAC-lattice. I fL  is V -symmetric then for all 
a ,x ^ L ,

co(a v x) ^  e(co(a)) u  co(x).

Proof. Suppose to(a v x) ^  e(oj(a)) и  co(x). There must then exist p £ m(a v x) 
such thatp § e{m{a))[_\üj(x). Thenp (J e(co(a)), so a>(p) V co(a) in L(Q(L)). By Theorem 
4, p V a in L. But a V P fails since p ^ a v x ,  p ^ a  and p ^  x. This contradiction 
establishes the lemma.

Lemma 8. Let L be an atomistic lattice having the property that for all a, x  £ L 

co(x) u e{w{a)) = oAa v x) u e(oj(a)) .

Then co(a) V to(b) in L(Si(L)) implies a \J  b in L.
Proof. Let a>(a) V <o(b) and p an atom under (a v x) л b. Then p £ co(a v x) g  

^  co(a v x) и  e(at(a)) = co(x) u  c(a»(a)) sop£ [e(co(a)) u ®(a:)] П co(b) - co(x) П w(b)= 
= tu(x л b). Thus (a v x) л ii =  г  л i  and a \ /  b.

T heorem 9. For a p-compatible FAC-lattice L, the following conditions are 
equivalent:

(1) L is V-symmetric.
(2) со{а) V co(b) => a V b.
(3) cü(a v x) ^  e(co(a)) u  co(x) for all a, x  £L.
(4) G)(x) u e(a>(a)) = co(a v x) u e(to(a)) for every a, x  £L.
(5) a V b => x  = (x v а) л (x v b) for all x£L.
Proof. (1) => (3) by Lemma 7.
(3) => (4) is clear.
(4) => (2) by Lemma 8.
(2) => (1). Use Lemma 2 together with the fact that L(Q(L)) is f-symmetric.
Having established the equivalence of the first four conditions we now observe 

that (5) => (1) is trivial. The proof will be completed if we can show that (3) => (5). 
Suppose that a\7  4. Then co(á) V ы(Ь), so e(co(a)) П e(co(b)) =  0. For arbitrary x € L,

co[(x v а) л (x v b)] —  o j ( x  v a) П co(x v 

iS [<u(x) u  e(co(a))] П [a>(x) u  е(ш(Л))] =  co(x)

shows that x = (x v а) л (x v b), as desired.
R emark 10. Lemma 1 may be used to provide another characterization of 

V-symmetry that does not involve the lattice of subspaces. For by Lemma 1 and 
Theorem 9 a /^-compatible FAC-lattice is V-symmetric if and only if it satisfies the 
following condition:
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(*) p an atom, p ^  a v  x  implies the existence of a finite element x1 f j x  and 
finitely many atoms qv  q2, . . . ,  qk such that p ^  qt v . . .  v qk v xx and 
each qt is perspective to some atom under a.

In the same spirit Lemma 1 may be combined with Theorem 4 to deduce that an FAC- 
lattice is p-compatible if and only if condition (*) is satisfied for all finite elements a.

This also leads immediately to the following result on homomorphism kernels 
of such a lattice.

T h e o r e m  11. Let L be а X/-symmetric p-compatible FAC-lattice, and let a £ L. 
The following are then equivalent:

(1) a is a standard element o f L.
(2) co(a) is central in L(Q{L)).
(3) [0, a] is the kernel o f a homomorphism o f L.
(4) [0, a] is a p-ideal in the sense that b a, b ~  c implies c ^  a.
(5) I f  p, q are atoms, then p ~  q ^  a implies p X a.

P r o o f . (1) => (3) => (4) => (5) is clear.
(5) => (2). By Lemma 1, e(co(aj) is the set of atoms perspective to some atom 

under a. But condition 5 says that this is just co(a).
(2) => (1). Let x , b£L.  Then (a v x) л b ^  (a л b) v (л: л b). Ifp £co[(a v x) л 

л b] = co(a v  x) П co{b), then since co(a) = e(co(aj) we may apply Theorem 9 to 
see that

p 6 [co(a) u  co(x)] П co(b) = [«(я) П cfb)] u  [co(x) П  w{b)}

which shows that p £ co[(a л b) v (x л 6)]. Hence (a v x) л b = (а л b) v (x л l)
and a is a standard element of L.

The above theorem should be compared with [3], Theorem 6.7, p. 298.

5. An ideal-theoretic characterization of V-symmetry. An ideal /  of a lattice L  
is called projective if a£I ,  a v x T ^ b v x ,  а л  х 2: 6 л х = > А £ / .  Our characteri
zation will be in terms of certain subsets of L  being projective ideals. It should be 
pointed out that the kernel of any homomorphism is a projective ideal, and in a sec
tion complemented lattice ([3], Theorem 4.2, p. 293) the converse is true.

Assume L  is a p-compatible FAC-lattice. For each central element со of L(Q(L)), 
let Ia — {a£L;  co(a) X со}. Suppose that L  is V-symmetric. Then by Theorem 9, 
a, b £ /ю imply that

co(a v i ) á  e(co(a)) |_j co{b) X e(co(aj) и  e(oMb)) 'S со

so a v  b £ Ia. Since a £ Im clearly implies c 6 / 0, for all с X a we see that Im is an 
ideal of L. To show that /ш is projective, we assume a £ Im, a v x ^  b v x, 
а л x ^  b л x, and must show b £ Ia. But b a v x => co(b) X co(a v x) rg 
:S e(co(aj) u  co(x), so

co(b) = [co(b) П e(co(a))] и  [со (6) П co(x)] g  

g  e(co(a)) u  [м (а) П cu(x)] 'S e(co(a)) | j  со (a) g  со 

and this does show b £ /m.
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Suppose on the other hand that for each central element to of L(S2(L)), Im is a 
projective ideal of L. We wish to show that L  is V-symmetric. To do this, we assume 
that bXJ a but a V b fails, and arrive at a contradiction. There must exist a n i ( L  
such that (a v x) л b >  x  л b. Hence there is an atom p ^  (a v  x) a  b with 
p ^  x  a  b. Then p ^  a v x  and p a  x  = 0, so p v  x ^  a v  x, p a  x  ^  a a  x. 
Using the fact that is projective, it follows that co(p) g  e(co(a)). But p  ^  b
also says that co(p) rg co(b) g  e(ca(b)), contrary to the fact that e(co(aj) П e{co{b)) = 0. 
We deduce from this that L  is after all V-symmetric, and have thereby established 
the following theorem.

T h e o r e m  12. Let L be a p-compatible FAC-lattice. A necessary and sufficient 
condition for L to be X/-symmetric is that for each central element со of L(Q(L)) Im be 
a projective ideal o f L.

In order to provide a version of Theorem 12 that does not mention the lattice 
of subspaces of L  we need an internal characterization of the sets 1Ш. To see how this 
goes we let P be a set of atoms of L, and set E(P) =  i_j{e(cü(p); p £ P}, observing that 
E(P) is the smallest central element of L(Q(L)) containing all atoms in P. We also 
let VP = {a £ L; p X/ a for all p £ P}- Our claim is that

(1) vp  =  /я,(р)
where E \P ) is the complement of E(P) in L(fí(L)). For if pSJ a then co(p) V co(a) for 
all p € P forces co(a) ^  e'(co(p)), the complement of e(co(p)). Thus a £ VP implies

m(a) ^  [“ I e\co(j>)) = E \P ).
P Í P

On the other hand, if co(a) 5S E\P ) then for all p £Р, co(a) П e(co(p)) = 0. By Theo
rem 4, p V u- This completes the proof of (1) and establishes that every set of the 
form VP  is also of the form /ш for suitable со.

Now let со £ L(Q(Lj) be central, and set P = {p d Q(L); co(p) ^  со}. We wish 
to prove that

(2) 1Ш = VP.
If (o{a) g  ю we may use Theorem 4 to establish that p V a for all p £ P, so a £ VP. 
If on the other hand p V a for all p £ P, then e(co(p)) П e(co(a)) = 0 implies со (a) g

e'(co{pj) = со, and (2) has been proven. Combining (1) and (2), we have 
pcp

(3) Let AXXL. Then A = VP for some set P o f atoms o f L  о  A — Im for some 
central element со o f L(Q(L)).

Using this we may phrase Theorem 12 in the following form.
T h e o r e m  12*. Let L be a p-compatible FA C-lattice. A necessary and sufficient 

condition for L to be V -symmetric is that for each set P of atoms o f L, VP be a projective 
ideal o f L.

6 . V-continuity. As we pointed out in the introduction V-continuity seems to 
have something to do with expressing a lattice as a direct sum of principal ideals 
generated by central elements. In the case of complete p-compatible FAC-lattices 
the precise nature of this relationship will be clarified by the results of this section. 
Before proceeding we shall need the following little generalization of [4], Lemma 5.5.

L e m m a  13. Every V -continuous p-compatible FAC-lattice is V-symmetric.
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P r o o f . If a y  b, then a  V  q for all q £ co(b), co(a) V ®(<7), and by Theorem 4 , 

<7 V a. Since q V  a for all atoms q under b, we may use V-continuity to deduce that 
b \J  a.

In connection with the next theorem it will prove convenient to call an ideal 
of a lattice subcomplete if it is closed under the formation of existing joins.

T h e o r e m  14. For a p-compatible FAC-lattice, the following are equivalent:
(1) L is У -continuous.
(2) Whenever a — v „ ű ,  exists in L, then for arbitrary x £ L,

co(a v x) g  u„e(cu(aj) U Ф ) .

(3) I f  a — v xaa exists in L, then p an atom, p g  a v x implies the existence of 
a finite element .jq g  x and finitely many atoms qu q2, . . . ,  qk such that p g  qx v . . .  
. . .  v f t v r j  and each qt is perspective to an atom under ащ for some index ah

(4) For each central element со o f L(Q(L)), Jm is a subcomplete projective ideal o f L.
P r o o f . (1) => (2). Let L  be V-continuous. By Lemma 13, it is V-symmetric.

Assume next that a — v aű„ exists in L. Evidently ßa g  a implies that e(co(afj) ^  
g  e(co(a)), so that и ае(со(аа)) g  e(m(aj). Now ifp $  u  xe(co(aJ), then co(p) П e(co(aa)) = 
= 0, and since L  is V-symmetric, ах Ур  so that by V-continuity, a y p .  This says 
that e(co(a)) П  e(co(p)) = 0, and p $ e(co{aj). It follows that e(co(aj) = u  ae(co(aa)). 
The proof is completed by observing that by V-symmetry, со (a v x) g e(co(a)) и  co(x) = 
= U ,e(co(aJ) u  co(x).

(2) => (3). This is clear from Lemma 1.
(3) => (4). By Remark 10, L  is V-symmetric. Let со be a central element of 

L(Q(L)). By Theorem 12, /ш is a projective ideal of L. If ax £ /ш for all a and if a = v aaa 
exists in L, then p £ m(a) implies p ^  ql v  . . .  v qk with each qt £ e(co(axl) gj со, 
whence co(a) gj со and a £ /m.

(4) => (1). If ax V b for all a, then co(aJ g  e\co(bj) for all a so that ax £
If a — v xax exists in L, condition (4) assures us that a £ so co(a) П e(oj(b)) = 0, 
and co(a) V co(b). By Theorem 12, L  is V-symmetric, so we may apply Theorem 9 to 
deduce that a y  b, whence L  is V-continuous.

In the presence of completeness, the situation is even nicer, as indicated by the 
next theorem.

T h e o r e m  15. Let L be a complete p-compatible FAC-lattice. The following are 
equivalent:

(1) L is У -continuous.
(2) For each со central in L(Q(L)) there is a central element z £ L  such that 

c o(z) =  CO.
P r o o f . (1) => (2). Let со be central in L(Q(Lj) and z = v {p\ p geo}. Clearly 

со g  co(z) and by Theorem 14, z £ /ш so that co(z) g  со; hence co(z) = со. By Theorem 
11, z is a standard element of L. By the same token, if co(z') =  со', then z' is standard. 
Evidently z л z' =  0 and z v z ' =  1, so by [3], Theorem 7.3, p. 300 z is central.

(2) => (1). Evidently each Im is a subcomplete projective ideal of L, so by 
Theorem 14, L  is V-continuous.

C o r o l l a r y  16. In a complete У -continuous p-compatible FAC-lattice the 
mapping z —► co(z) is an isomorphism of the centre of L onto the centre o f L(Q(LJ)

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6



ON THE „DEL” RELATION 239

Several times we have mentioned a relationship between V-continuity and certain 
direct sum decompositions of a lattice. It is time to explore this relationship. In con
nection with this we agree to call a lattice with О V-irreducible in case a V b implies 
a = 0 or b =  0. Evidently, a /^-compatible FAC-lattice is V-irreducible if and only 
if all of its atoms are perspective. Now by [6 ], Remark 10.13, p. 47, every complete 
V-continuous atomistic lattice L  is the direct product of a family {[0, za]}eeA where 
{z„; a £ A} is the set of atoms of the centre ofZ.. The trouble is that there is no reason 
to expect that the individual factors should be V-irreducible. For the case of a p-com- 
patible FAC-lattice the situation is more gratifying, as is shown by the next theorem.

Theorem 17. A complete p-compatible FAC-lattice L is V -continuous i f  and only 
i f  it is isomorphic to a direct product o f V -irreducible lattices.

Proof. If L  is V-continuous, let {za; a g A } denote the set of atoms of the centre 
of L. By Theorem 9, each interval sublattice [0, za] is V-irreducible, and by [6 ], 
Remark 10.13, p. 47 L is isomorphic to the direct product of the family {[0, za]}aeA. 
If conversely L  is isomorphic to a direct product of V-irreducible lattices, the proof 
is completed by observing that any V-irreducible lattice is V-continuous, and V-con
tinuity is preserved by the formation of direct products.

7. Concluding remarks. Let us see how all of this applies to the theory of direct 
sum decompositions of a p-compatible FAC-lattice L. Suppose L  is V-symmetric. 
By Theorem 9, a V b implies co(a v b) = co(a) и  co(b), so if c | í v  b we have

co(c) = co(c) П (o(a v b) = co(c) П [co(a) и  « (6)] =

=  [co(c) П co(a)] u  [co(c) П co(b)] = co(c л a) u  co(c л b) %

^  co[(c л a) v (с a  6)] ^  co(c),

and с = (с л a) v (с л tí). It follows that a is central in [0, a v b] with b as its 
unique complement. The converse of this also follows rather quickly from Theorem 9. 
Recall ([6], p. 16) that L is the direct sum of the ideals S, , S 2, . . ., S„ when

(1) every element a 6 L  can be expressed in the form

a = ax v . . .  v an with a, £ S-, (i = 1 , . . . ,  n)
and

(2) я, V aj if d  £ S„ aj £ S’, (i Ф j ).
In view of the above remarks, condition (1) may be replaced with 

(1') Sj v . . .  v S„ = L  in the lattice of ideals of L.
Assume now that L is V-continuous, and has the property that if a = v {aa; a£A } 

exists and if ax V aß (а Ф ß), then for each a £ A, v {aß; ß Ф a} exists. If p £ co(a) 
we may apply Theorem 14 to see thatp£\_\ae(co(a,)). It follows that for some index a, 
p V o* fails, and pXJ aß for all ß ф a. If a ' = v {aß; ß Ф a} we have a' V P-> and 
p = (a' v ax) a  p = aa л p. The point to all of this is that со (a) = u  xu>(ax). As in 
our discussion of the V-symmetric case, c ^  a implies co(c) = u . fo{c л aa) from 
which it follows that c = v a(c л aa). If one drops the assumption of completeness 
from [6], Definition 5.2, p. 22, it is now an easy matter to show that L  is the 
direct sum of the family Sa (a £ A) of ideals if and only if the following conditions 
all hold:
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(1) Each ideal Sx is subcomplete in the sense that it is closed under the formation 
of any existing suprema.

(2) If a g Sa, b £ Sß (a #  ß), then aXJ b.
(3) L is the ideal generated by the set of existing suprema of the form v xax 

К  6 Sx).
In closing we ask the reader to consider Example 2 of Section 3. This lattice is 

V-irreducible, hence both V-continuous and V-symmetric. Since F(t) is distributive, 
it is easy to show that £(ß(£)) is a Boolean algebra. Yet Theorem 15 fails since, for 
example, co(A) и a>(B) is not of the form oj(S) for any S  g £. Even Theorem 9 fails 
since if x  (J C, then co({x}) V w(C) without having {*} V C in £. This example shows 
that something like ^-compatibility is needed before one can do very much with the 
V-relation.
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ÜBER EINE KLASSE YON L-SPLINE-FUNKTIONEN

Von

U. TIPPENHAUER (Kaiserslautern)

1. Einleitung

Auf der Suche nach einfachen, ökonomischen und flexiblen Approximations
und Interpolationsverfahren ließ man sich weitgehend von der Elastizitätstheorie im 
Sinne von Euler—Bernoulli leiten und gelangte zu dem Begriff der Spline-Funktion, 
wie etwa bei Bir k h o ff—D e Boor [3] dargelegt wird. In den Arbeiten von A tteia [2], 
D elvos—Schempp [5] und T ippenhauer [14] werden die charakteristischen Minimal
eigenschaften der Spline-Funktionen mit Hilfe von Projektionsoperatoren formuliert. 
Zur konkreten Darstellung dieser Spline-Funktionen müssen Aussagen über ihre 
Struktur gemacht werden, welche grundlegend von der Struktur der klassischen 
Polynom-Splines abweichen kann. Dieser Aspekt ist bisher in der Literatur kaum 
beachtet worden.

Wir werden daher auf eine Klasse von Spline-Funktionen in den Grundräumen 
H \ eingehen, welche — neben den natürlichen Polynom-Spline-Funktionen — die 
L-Splines von A hlberg - N ilson- W alsh [1], D e Boor- L ynch  [4] und J erome-  
Schumaker [6] umfaßt. Bezüglich der Grundräume #£ legen wir die Resultate 
zugrunde, welche Schoenberg [10] im Zusammenhang mit Fragen der optimalen 
Approximation im Sinne von Sard [7], Schempp [8] im Rahmen der Schwartzschen 
Distributionentheorie und T ippenhauer [15] sowie Schempp -  T ippenhauer  [9] 
unter dem Aspekt der von Schw artz [11, 12, 13] entwickelten Theorie über Unter
hilberträume hausdorffscher lokalkonvexer topologischer Vektorräume und deren 
assoziierte Kerne erzielt haben. In diesen Grundräumen lassen sich die zugehörigen 
reproduzierenden Kerne — kurz Reprokerne genannt — bestimmen und mit deren 
Hilfe Spline Interpolationsprojektoren zu sehr allgemeinen Interpolationsfunktiona
len explizit angeben, was bisher nur in speziellen Fällen möglich war.

2. Die kanonische Isomorphie -> H \

Es sei Q =  (a, b) ein offenes Intervall von R und JF£(ß) der Sobolev-Raum mit 
dem üblichen Skalarprodukt

(1) i f \ g)w =  £
1 = 0

Die Differentialoperatoren

(2) Lk = £ djDJ
j=o
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242 U. TIPPENHAUER

mit ak — 1 und a, £ C(7), 0 S  i  áj k  — 1, /  =  [a, b], sind Epimorphismen von 
FE£(ß) auf L \I). Im (starken) topologischen Dual W£(Q)' sind die Linearformen

(3) £ : W\{0) Э /-> < /, £>*,.ж- = *£ J  D fttW A t)  € R
J= 0 I

enthalten, wobei pj, 0 ^  j  ^  к — 1, reelle Radon-Maße auf I  sind. Es seien nun Lk 
ein Differentialoperator (2) und £x, . . £Ä Linearformen (3), welche linear unabhän
gig auf Ker Lk sind. Durch.

(4) U : Wk(ü) Э /->  U f : = « / ,  £>„,.w, \ ^ k <E R*

wird ein Isomorphismus von Ker Lk auf und durch

(5) ( /,  9) -  ( /I  <?)„ : =  (U f I t/<?V + (L*/| L ^ ) l ,(/)

auf W$;(Q) ein Skalarprodukt definiert; mit dem Sobolevschen Einbettungssatz läßt 
sich nachweisen, daß die von (1) und (5) induzierten Normen äquivalent sind. Wird 
Wz(£2) mit der Hilbertschen Struktur (5) versehen, so bezeichnen wir W%(Q) mit H\(I). 
Es ist nun möglich, die kanonische Isomorphie

Ф : H k(l)' -> Hk(I)
und damit den Darstellungssatz von Riesz für stetige Linearformen auf #£(/) zu 
realisieren: Ist A der eindeutig bestimmte Reprokern zu Я£(/) £ Hilb (C1), so gilt 
für alle Linearformen £ £ # £ (/) ':

ф(£) — (А,  £>я,н' •

Die Bestimmung des Reprokernes A erfolgt mit
Satz 1. Es sei et die zu £, duale Basis in Ker Lk, 1 ^  i |  t ,  und G die Greensche 

Funktion zu dem Anfangswertproblem

Lkh =  1, 1£L 2(7)
Uh = 0

in //£(/). Dann ist
к

A(x, > 0 = 1  e,(x) ' ei(y) + (G(x, t) I G(y, t))L.( n .
1=1

Beweis. / £ / / £ ( / )  =  Ker Lk +  (Ker Lk)L besitzt eine eindeutige Darstellung 
f  = f i  + fi ,  wobei f  £ Ker Lk durch Uf = Uf und / 2 £ (Ker Lky  durch Lkf  = Lkf t 
bestimmt ist. Also gilt

f(y)  =  (Mx,y) \f(x))H;

vgl. [9 ,15].
Somit gilt für alle f  £ H\(I) und alle £ £ :

( /  £Ун.н' — ( f \  <4, %Ун,н’)н ■
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ÜBER EINE KLASSE VON L-SPLINE-FUNKTIONEN 243

3 . L -Spline-Interpolation

Es sei Lk ein Differentialoperator vom Typ (2); £l5 £„ seien n 2: к
Linearformen vom Typ (3). Ohne Beschränkung der Allgemeinheit seien die “ersten” 
к Linearformen linear unabhängig auf Ker Lk, welche zur Definition des Skalar
produktes (5) auf JF£(í2) herangezogen werden. In dem so erhaltenen Hilbertraum 
#£(/) wird das Problem der L-Spline-Interpolation folgendermaßen formuliert: 
Ist f  £ Я£(Т) gegeben, so heißt die Lösung des Minimalisierungsproblems

II Lks Hli(/) =  min И Lkh | lz.s(/>
*£/(/)

Lk-Spline-Funktion, wobei

1(f) :=  {h #£(/) I </, = V ,  £ , W , 1 ü i ü n }

ist. Unter den obigen Voraussetzungen läßt sich nach weisen, daß stets eine eindeutig 
bestimmte L^-Spline-Funktion s d 1(f) existiert. Ist nämlich p die orthogonale Pro
jektion von #£(/) auf den Unterraum S, welcher von den Repräsentanten 0(£,)£Я|(/) 
der zugrundeliegenden n stetigen Linearformen aufgespannt wird, so gilt s = pf. 
Für alle Funktionen g € S  d  Я£(7) gilt

II Ш - g )\\L,(l) г  \\ Ш  -  s)\\L,w ,

mit Gleichheit genau dann, wenn g = s + e und e £ Ker Lk ist. Zu £ £ Я£(/)' erhält
n

man die eindeutig beste Approximation durch eine Linearkombination Y  c,£, der
/=i

vorgegebenen Linearformen bezüglich der Norm

£ -  I  c&
<= 1

= sup
H '  ii/ iihS I

/> £ ~  X /я, H
(=1

n
mit p о $(£) = Yj с,-(/)(£,); diese Approximation wird also durch

i = l

\f> Y — Cb £ > //,я - . c i € ®
charakterisiert.

Satz 2. Es gilt Ker Lk c  S.
Beweis. Die zu den Linearformen £х, . . . ,£ * .  duale Basis еъ . . . ,  ek in Ker Lk 

ist bezüglich (5) orthonormiert. Mit dem Reprokern A gemäß Satz 1 ist <A( • , x), 
//' =  ej, 1 ^  j  ^  k, also K.er Lk S.

Werden also die Repräsentanten der “restlichen” Linearformen £*+1, . . . ,£ „  
derart orthonormiert, daß sie orthonormal zu der Basis {eu . .  ., ek} von Ker Lk 
sind, so ist das Problem der Spline-Interpolation gelöst. Die orthogonale Projektion
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244 U. TIPPENHAUER

р von #£(/) auf S hat die Darstellung

P f =  É  ( /I  eiV/>
1=1

wobei {ex, . . ek, . . e„) die erwähnte Orthonormalbasis von S  = <̂ >(£1) , . . </>(£„)>
ist.

4 . B e isp ie le

Beispiel 1. Wir wählen ß  = (0, 1), Lk = L 2 = Z)2 und die auf ITf(ß) stetigen 
Linearformen vom Typ (3)

(6) ( f  W = / ( 0), = /  (0)> ( f^ 3 )w ,W  = f i \ )  •

Das Skalarprodukt auf //?(/) ist somit

( / I  <7)* = /(0 ) • g(0) + / '(0 )  • <7'(0) + /  D*f(t)D*g(t)dt.
0

Für den Reprokern A zu # |( / )  ergibt sich

y) = 1 + X • у  + у  • x2 • у  -  у  • X3 + ~  • (х -  у)3+,

wobei

, íz ,  z<L 0 
Z+ : _  ( 0 , z < 0

definiert ist. Zu / g  H\(I) ist

í (x) = pf(x) = /(0) + /'(0 ) • x + i -  • {/(1) -  /(0) -  / ' ( 0)} • (3x2 -  x3)

die eindeutig bestimmte bezüglich (6) interpolierende Spline-Funktion. Der Reprä
sentant der stetigen Linearform

£ : #!(/) Э /-» </. £>*.*• = / Л0* € R
0

23 2 1
ist h(x) =  + — • x + • (1 — x)+. Die eindeutig beste Approximation von £

durch eine Linearkombination £  CA  ergibt sich mit

A d a  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6



ÜBER EINE KLASSE VON L-SPLINE-FUNKTIONEN 245

Beispiel 2. Unter den gleichen Voraussetzungen wie in Beispiel 1 wird der 
Differentialoperator Lk = L 2 = Z>2 ±  id gewählt. Das Skalarprodukt auf #f(7) ist 
somit

(/I 9)h =/(0) (̂0) +/'(0) ■ дЩ + /  [D2f( 0  ±мта) ±  g(t)]dt.
0

Im Falle L 2 = D2 + id ergibt sich für den Reprokern

A(x, y) = cos (x) • cos (y) + sin (x) • sin (y) +

+ • x ■ cos (x -  y) + ~  ■ {sin (y -  x) -  sin (x + j)} • О  — x)® +

+ Y  • У • cos O' -  x) + -i- • {sin (x -  y) -  sin (y + x)} • (x -  j)®

und somit für die Spline-Funktion

s(x) = pf(x) = / ( 0) • cos (x) + / ' ( 0) ■ sin (x) +

X • cos (x — 1) — cos (1) • sin (x)
+  {/(1 ) - / ( 0 )  • COS (1) - / ' ( 0 )  • S in  (1)} 

Ist L2 =  D2 — id, so ergibt sich

1 — cos (1) • sin (1)

A(x, y) = cosh (x + y) +

+ — • {sinh (x + jO + sinh (x — y) — 2x cosh (x -  >>)} • (y — x)® +

und

+ — • {sinh (x + j') + sinh (y — x) — 2y • cosh (x — j)} • (x — )̂®

s(x) = pf(x) = / ( 0) • cosh (x) + / ' ( 0) • sinh (x) +

x • sinh (x)
+ { /(1) -  / ( 0) • cosh (1) -  / ' ( 0) • sinh (1)} • sinh (1)

5. Schlußbemerkungen

Mit ähnlichen Methoden lassen sich Spline-Funktionen in mehreren Veränder
lichen bestimmen. Dabei ist es nicht notwendig, sich auf Tensorprodukte von Spline- 
Grundräumen des Types H2 zu beschränken. Für geeigneten ß  c  R" lassen sich

die Reprokerne zu W2(ü) 6 Hilb (Cß), bestimmen und mit denen die ent

sprechenden Spline-Interpolationsprojektoren.

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6



246 U. TIPPENHAUER: ÜBER EINE KLASSE VON L-SPLINE-FUNKTIONEN

L iteraturverzeichnis

[1] J. H. Ahlberg, E. N. N il s o n , J. L. W alsh, The theory o f  splines and their applications
Academic Press (New York and London, 1967).

[2] M. A t t e ia , Étude de certains noyaux et théorie des fonctions „Spline” en analyse numérique.
Thése. 101 pp. Université de Grenoble, 1966.

[3] G. Birkhoff and C. D e Boor, Piecewise polynomial interpolation and approximation.
Approximation o f functions, H. L. Garabedian (ed.) pp. 164—190. Elsevier (Am
sterdam 1965).

[4] C. D e Boor, R. E. Lynch, On splines and their minimum properties, J. Math. Mech., 15
(1966), 953-969.

[5] F. J. D elvos, W. Schempp, On spline systems, Monatsh. Math., 74 (1970), 399—409.
[6] J. W. Jerome, L. L. Schumaker, On L^-splines, J. Approximation Theory, 2 (1969), 29—49.
[7] A. Sard, Linear approximation. Math. Surveys No. 9. Amer. Math. Soc. (Providence, R. L,

1963).
[8 ] W. S c h e m p p , On spaces of distributions related to Schoenberg’s approximation theorem,

Math. Z., 1 1 4  (1970) 340-348.
[9] W. S c h e m p p , U. T i p p e n h a u e r , Reprokerne zu Spline-Grundräumen, Math. Z., 136 (1974),

357-369.
[10] I. J. S c h o e n b e r g , On best approximations of linear operators, Indagationes Math., 26 (1964),

155-163.
[11] L. Schwartz, Sous-espaces hilbertiens et anti-noyaux associés. In: Séminaire Bourbaki,

Exposé No. 238 (1961/62), 1 -1 8 .
[12] L. Schwartz, Sous-espaces hilbertiens d’espaces vectoriels topologiques et noyaux associés

(noyaux reproduisants), J. Analyse Math., 13 (1964), 115—256.
[13] L. S c h w a r t z , Sous-espaces hilbertiens et noyaux associés; applications aux representations

des groupes de Lie. In: Deuxieme Colloq. Г Analyse Fond., pp. 153—163. Centre 
Beige Recherches Math., Librairie Universitaire (Louvain, 1964).

[14] U. T i p p e n h a u e r , Mehrdimensionale invariante Interpolationssysteme in Hilberträumen,
Z. Angew. Math. Mech., 52 (1972), 222— 224.

[15] U. T i p p e n h a u e r , Reproduzierende Kerne in Spline-Grundräumen. Dissertation. 101 pp.
Ruhr-Universität (Bochum, 1973).

(Eingegangen am 27. März 1974.)

FACHBEREICH MATHEMATIK 
UNIVERSITÄT TRIER-KAISERSLAUTERN 
6750 KAISERSLAUTERN 
PFAFFENBERGSTRASSE 95 
BUNDESREPUBLIK DEUTSCHLAND

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 9 7 6



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 28 (3 -4 ) , (1976), 247-251.

A NOTE ON RENORMING OF BANACH SPACES 
DECOMPOSABLE INTO CERTAIN OPERATOR RANGES

By

K. JOHN and V. ZIZLER (Karlin)

The purpose of this note is to present a remark to the renorming techniques of 
Day, Kadec and Trojanski. The paper is intended to be selfcontained.

The norm || - || of a Banach space X  is rotund (R) if whenever | | x | |  = || у |[ = 
= III x  + у  II, then x  — y. The norm || • || is locally uniformly rotund (LUR) if 
whenever || xn || = || x  || = 1, lim || x„ + x || = 2, then lim || x„ -  x  || =  0.

Theorem 1. Let X  be a Banach space and assume that there is an equicontinuous 
family Ta : X  -> X, oc £ Г  o f linear operators with the properties:

(i) For any x  £ X  and e >  0, the set

Г(х, s) =  {a £ Г; I Tx x  | ^  e}

is finite.
(ii) For each x  £ X  and e>0, there is a finite К а Г  such that | x  — £  Tax \ < в

a£K'
for any finite K' Z) K.

(iii) For any a £ Г, TaX  has an equivalent LUR norm || • ||a. Then X  has an 
equivalent LUR norm.

T h e o r e m  2. Let X  be a Banach space and assume that there is an equicontinuous 
family Ta : X  -»• X, a £ Г of linear operators satisfying conditiin (i) o f Theorem 1 as  
well as the following ones:

(ii') For any x  £ X, we have x  £ sp £  Tax.
«er

(iii') For any a £ Г, TaX  has an equivalent R-norm || • ||e. Then X  has an equivalent 
rotund norm.

C o r o l l a r y  (Day, Lovaglia). Let Xa, a  £ Г  be a family o f Banach spaces which 
all have equivalent R (LUR) norms. Then their с0(Г) or lp(T), 1, co)-product has an
equivalent R (LUR) norm.

For the proof of Theorems 1, 2 we need the following
L e m m a  1. Let (X, \ • |)  be a Banach space which has an equivalent R (LUR) 

norm II • ||. Then for any e > 0, there is an R (LUR) norm || * ||c such that | • | 5Í
á  II • II. ^  (1 + 8 ) 1  * I-

P r o o f . Suppose | • | й II ' II й К • \ • |. Given an s >  0, define on X: || x | |e =  
= ( \ x \2 + eK -1 И x Ц Т 2. Then, easily, || • ||e is R (LUR) and \ - \ й \ \ '  II« ^
á  О +  «) I ‘ I-

We also apply the following elementary observation used in [2].
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248 К. JO HN AND V. ZIZLER

Lemma 2. Let {.у,-} and {/J be two sequences o f nonnegative numbers with si+1 ^  s* 
U+1 ti and let ß be a permutation o f positive integers. Then formally

oo oo oo /  к к
Y  Sktk ~  Y  Skfß(k) =  Y  (Sk ~  Sk +1) £  *1 — Y  h(I)k=1 к-l k=1 U=1 /=1

and thus:
0 0  00

a) X = Y  Sk*ß(k) >A=1 A=1

b) /o r eacA integer m,
0 0  0 0

X — Y  Skh(k) (/« — ■S'm + lX̂ m — ?m + l)
*=1 A=1

or ß permutes 1 , 2 , m onto itself.
The proof of the following lemma is a slight modification of some arguments 

of [2].
Lemma 3. Let {px}, a £ Г be a family o f seminorms on a linear space X. Let the 

operator Q be defined by Qx =  {/>a(x)} map X  into с0(Г). Let J  be the Day's norm on 
с0(Г), i.e.

Jc =  sup finite ordered subsets of Г .

Then q =  JQ is a seminorm on X. Moreover, if

(1) lim {2q \x)  + 2q \x n) -  q \x  + *„)} = 0 ,
П

then for each a £ Г,

(2) lim {2pl(x) + 2pl(xn) -  p\(x + x„)} = 0 .

R emark. If for some a £ Г, p fx )  =  | f a(x) |, f a a linear functional on X, then 
from (2) if follows that lim f x(x„) — f j x )  =  0 .

Proof. The subadditivity of q follows easily from Lemma 2. Now let {afc}"=1 
be the set of all indices a £ Г  satisfying p fx )  #  0, ordered so that pXk+1(x) g  pXk(x). 
Similarly {a*}*., {ßnk}k stand for the supports of {px(x„)}k, {px(x + x f}a, respectively. 
We have

( 3)  2q\x) +  2q\xn) -  q \x  +  xn) =  Y 2 k(2PlXx) + 2Pk(x*) ~к

-  p}n(x + x„)) ^  Y  2~k(2pVSx) + 2Ph(xn) -  p \ i x  + xnS) ■к

Suppose that for some a*o,

(4) 2plkfx )  + 2p2aJ x n) -  p l j x  + x„) ^  e > 0

A c t a  M a th e m a t ic a  A c a d e m ia e  Scieritia rurri H u n g a r ic a e  2 8 , 1 9 7 6
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for some subsequence of {x„} which is again denoted by {*„}. Let К  be an integer 
such that K ^. k0 and рак{х) > pXK+i(x). Let us put

<5 = 2(2-*  -  2 -* -1) {рЦх) -  plKJ x ) } .

Then using (1) and (3) we have for n ^ .n 0

£  2-*{2plk(x) + 2pl*{xn) -  p \{x  + xn)} -  £  2-k{2pfo(x) + 2p2pi(x„)-pfo(x + *„)} < S .
к  к

Hence

2 £  2- кр1к(х) -  2 £  2 - y ßi(x) < 2(2-*  -  2 ^ ) { р 2ак(х) -  plKJ x ) }  .
k  k

So, for n 2: n0, {ßk}k=i is a permutation of aq, . . aK. Consequently, there is a sub
sequence of {дг„} denoted again by {x„} and a fixed permutation {/?*}*=1 of (oq,..., a*} 
such that ßnk = ßk, k  = 1, 2 , . . . ,  К, n ^  щ. Thus by (3), (1) we have

lim £  2~k{2p}k{x) +  2рЦ,хп) -  2p2ßk(x + *„)} = 0 ,
n k = 1

so that for k  = 1, 2 , . . . ,  K,

lim {2pjk(x) + 2p2ßk(xn) -  p2ßk(x + *„)} = 0 ,
П

which contradicts (4).
So, (2) follows for any a € Г such that px(x) Ф 0. If px{x) — 0, then to prove (2) 

it suffices to show (by the subadditivity of the p ’s) that lim px{x„) = 0 .
П

For this purpose, given an e > 0, let К > 0 be such that plk(x) g  e/4 for k К.
Then if we consider the sequence {a1(. . . ,  a*-, a, 0 , . . .}  we see by the definition of 
q that

and so 
(5 )

Since

£  2- У М  +  2- * - № „ )  ^ q \x „),

2 -K~1pl(xn) й  (q \x n) -  q \x )) +

+ I £  2~kpU x)  -  £  2~kplk(x A  +  £  2~kplk(x).
X l

2q\x„) + 2q \x)  -  q%x +  x„) Ш (q(x) -  q(x„))2

by the subadditivity of q, we see from (5) and the first part of this proof that for
n ^  Tt0,

2 - * - f t J  g  2 • 2 -* -1 e/4 +  2 • 2 '* " 1 e/4.

Therefore lim px(xn) = 0.
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P r o o f  o f  T h e o r e m  1. (A modification of the proof of Proposition 1 of [3].) 
First let for a £ Г, | • |„ be an LUR norm on TaX  such that I ' | й  I ' l< й  2| ■ | 
(see Lemma 1). Further assume | Ta \ ^  1. Denote by 2l„ the system of all subsets 
К d  Г such that card K ^ n .  Define

E"K(x) * -  L  та( х ) ,
a £ K

к е ъ п,

t*(x) = I тххх I, «er,

FAX) =  I  Ш ,  K (
a£K

Gi(x) =  I x  I (the original norm on X),

G*+i(*) = sup {£&*) + k2FAx)}; k = 0,1, 2,
кт к

Define A — {—1, — 2 ,.. .}  U Г  (assume the last two sets disjoint) and put

Qx(.5) =
J 26G_ ,
I h(x)

for
for

Ö = -  1, -  2
s e r .

Take HI x HI = JQx, where J is the Day’s norm on c0(d). Then ||| • ||| is an equivalent 
norm to I • |. Furthermore if

lim (2 HI x HI2 + 2 |||*„ HI* -  | | |x  + IN2) = 0,

then by Lemma 3,

lim (2 I Taxn I* + 2 I Tax n \l -  I Ta(x + x„) |*) = 0,
П

and thus by the LUR property of | • |„, lim T„(x„ — x) = 0 for a g Г.
П

By (ii) it suffices to show that {x*.} is totally bounded. So let e > 0 be given. 
First we find by (ii) a В £ 2Im, f i c  j a ( f ;  Ta(x) ф 0} =  Г(х) such that

E£(x) < e/3.

Let Гв(х) = {af f ;  t„(x) < min (tß(x); ß £ 5)}. Let

j  = card {« (  Г; * (  Г (х )\Г B(x)} and b = min (tß(x) — t j x ) ) .
а £ Г в ( х )ßiB

Let

(6) n > max (m,j, [| x | + {| x |2 + 8h (| x | + e/3)}1/2] (2b)-1).

We find A £ 9l„ such that

(7) Gn(x) -  {EnA(x) + n2F(x)} й  e/3.
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Next we prove that В a  A  (and thus EA{x) S  Е%(х), see (ii)). If В ф A, then, as in [3], 
we can take a set D £ such that t jx )  g  tß(x) for a $ D, ß £ D; thus using
n > j  we have В c D  and if В ф A, then by (6),

Gn(x) -  {E”A{x) +  n2FA(x)} Z  E ”D(x) + n2FD(x) -  {E"A(x) + n2FA(x)} g

й  n2{FD(x) -  FA(x)} -  {E”d(x ) + EZ(x)} й  n2b -  (2 + rí) \ x  \ ^  2e/3,

contradicting (7).
So, as in [3], there is an integer k0 such that for к ^  k0, EA(xk) g  2e/3, i.e. 

I xk — Yj Taxk I :g 2e/3, and since we already know that lim £  Taxk = £  Tax, we
a £ A  к  a £ A  a £ A

can choose a finite e-net for {л*}.
P r o o f  o f  T h e o r e m  2. Choose again for a  € Г an Я-norm on TxX  so that 

I ‘ I й  I ' I« ^  2| • I (see Lemma 1). Set Д  = {1} U Г (supposing again the last 
two sets disjoint). Then define

Qx(f5) =
I x  I for S = 1, 
I TV* I, for 0£Г.

Put III x III = JQx. Then if 2 ||| x  |Ц2 + 2 |]| у  | | |2 -  ||| x  + у  | | |2 = 0, then by Lemma 
3, 2 I Tax  I2 + 2 I Tay  I2 -  I Tx(x + у) I2 =  0, so by the Я-property of | ■ |„ 
Ta(x — j )  = 0 and from the assumption (ii') of Theorem 2, x  = y.
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HAUSDORFF COMPACTIFICATIONS A N D  WALLMAN
SPACES

By

A. SULTAN (Brooklyn)

Introduction. There are many known methods of constructing all T2 compacti- 
fications of a completely regular Ty space (see e.g. [1], [2], [5]). Of the methods 
known, all require the use of some very powerful theorems of analysis or are based 
on for the most part, indirect methods. It would seem desirable therefore, to devise 
a method of constructing all T2 compactifications which is direct. In this paper we 
give such a method. It is particularly interesting in that it emphasizes in a marked 
way, the relationships between the structural properties of the compactification and 
the space we are compactifying. It uses nothing more than the most elementary facts 
about the Wallman compact space associated with a distributive lattice (see [6]) 
and point set topology. Furthermore, one gets as immediate corollaries, some 
important theorems concerning T2 compactifications. As a further application 
one gets as a corollary of this general procedure a compactification devised by 
G ordon [4].

Notations and conventions. We will suppose that Y  is any T2 compactification 
of a completely regular Тг space X. C*(Y, R) will represent the collection of all 
bounded real valued continuous functions defined on Y. S(X, R) will denote the 
restrictions of these functions to X. We note that S(X, R) is uniformly closed, con
tains constants, and separates points of X. If j represents the collection of zero sets 
of functions in S(X, R), and § represents the collection of zero sets of functions 
in C*{Y, R), then as is well known (see [3]), § forms a base for the closed sets of Y. 
Furthermore, given any neighbourhood A of у £ Y ,N  contains a zero set neighbour
hood of у  in Y. Since S(X, R) contains constants, 0  and X  are elements of $. Also 
since the collection J forms a distributive lattice, we can form the Wallman com
pact space IF(j) associated with I (see [6 ]). We say that a z-ultrafilter F £ JF(j) con
verges to a point у £ Y  iff every neighbourhood in Y  of у  contains a Z in F where 
Z £ j. In view of the fact that every neighbourhood in Y contains a zero set neighbour
hood, we see that F £ JF(j$) converges to у  g Y  iff every zero set neighbourhood of у 
in Y contains a Z£ F. We will use the notation F -> у to express the fact that F con
verges to y, or equivalently that у is the limit of F (written у = lim F).

Construction. It is clear that if Z * (f)  is the zero set of a function/ in C*(Y, R), 
then Z * (f\x) — Z *(f)  where f \ x  stands for the restriction of /  to X. It is
also clear from the compactness of Y that each F £ Щ%) has an adherence point in Y. 
In fact:

Lemma 1. Each z-ultrafilter F fV(j) converges to each of its adherence points.
Proof. If у £ Y  is an adherence point of F, then у £ (]Za, where the Za run 

through F. If Z* is any zero set neighbourhood of у  in Y, then Za (] Z* Ф 0  for
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any Za £ F. Thus Z = Z* fj X, intersects every Z a in F and since F is maximal 
Z d F. Since Z d  Z*, we see that F -* y.

Suppose now that F d W(%) has two adherence points y1 and y 2 in Y. Then if 
Z* and Z* are disjoint zero set neighbourhoods in Y  of y, and y 2 respectively, by the 
proof of the previous lemma it follows that the traces of these neighbourhoods are 
disjoint elements of F which is impossible. We therefore have:

Lemma 2. Each F d W(%) has a unique adherence point in Y.
Lemma 3. Let у  d Y. Then there is an F d W(%) such that F -* y.
Proof. Consider the filter base of zero set neighbourhoods of у  in 7. Let T  

be its trace on X. Since X  is dense in Y, T U {Z} has the finite intersection property, 
and is extendable by Zorn’s lemma to a z-ultrafilter F d W(l). This is clearly the 
required z-ultrafilter.

Define for Fj and F2 d W($) Fj ~  F2 iff hm Fj = lim F2. ~  is an equivalence 
relation. Let represent the resulting quotient space, and h the canonical map
from JF(j) to JF(j)/~ . Let H  be the map from W(£)l ~  to Y defined by H([F}) = lim F.

Lemma 4. I f  Z  £ J then A- 1(7F_1(Z)) is closed in W(%).
Proof. Let A = IV(ft) — h~1(H~1(Z)). Suppose that F0 d A. Then lim F0 = 

— y0d.Z. It follows that y0 has a closed neighbourhood V not intersecting Z and that 
this neighbourhood in turn contains a neighbourhood W which is a cozero set. The 
set 0 = {F d WQf): there exists a Z FdF  with ZFcz W} is a basic open set in W(%), 
contains F0, and is disjoint from h~1{H~l{Z)) since if F d 0, lim F d Z F с  V. Thus A 
is open and h ~ \H ~ \Z )) is closed.

T heorem. The map Я: W(%)/~ —► Y where H( [F]) = lim F is a homeomorphism.
Proof. H  is clearly 1 — 1 and is onto by lemma 3. To show that H  is continuous, 

we note that {Z : Z  db) forms a base for the closed sets of Y. It follows from the 
previous lemma and the definition of quotient topology, that if Z is any basic closed 
set in Y where Z d 5, then Я _1(Z) is closed in and thus H  is continuous. Since
Я  is a 1-1  continuous map from a compact space onto a Hausdorff space it is a 
homeomorphism.

Corollary 1. Every Hausdorff compactification of a completely regular 7j 
space is the quotient o f a Wallman compact space.

Corollary 2. I f  the trace j  o f the zero sets o f Y  on X  has the property that when
ever Z| П Z2 = 0 , where Z,, Z 2 d % then Z X[ \Z 2 =- 0 , then Y  is a Wallman 
compactification.

P roof. In this case there can only be one F d Щъ) converging to any у £ Y. 
For suppose that Fj and F2 were both in JF(j) converging to у d Y  and that Fj Ф F2. 
Then there would be a Z2 d Fl and a Z 2dF2 such that Zy fj Z 2 =  0 . But then by 
hypothesis Zj fj Z 2 =  0  which is impossible since у  d Z x fj Z 2.

C orollary 3. I f  each zero set Z* in \ has the property that Z* fj X  = Z*, then 
Y  is homeomorphic to W f).

P roof. Suppose that Z1 and Z 2d l ■ Then there exists Z* and Z \  in \  such that 
Z x =  Z* fj X  and Z 2 = Z \  П X. By our hypothesis we have the following chain 
of equalities:

Zj n z 2 = z f n x  n Z * n x  = z*  n  z* = (Z* fj Z 2) fj X  = (Z* П X )  fj (z* n X) =
=  Zi n z 2.
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Thus if Za П — 0  where Zb Z 2 £ 5 then Zj f] Z2 =  0 . The result now 
follows from corollary 2 .

In [4] it is assumed that a Banach algebra В of real valued bounded functions 
defined on a set X  is given and that В contains constants, and separates points of X. 
It is assumed that in X  there is a collection of subsets S which is closed under finite 
intersections and has the property that for each / £  В those neighbourhoods N  of 
zero such that f~ \N )  £ S form a fundamental system of neighbourhoods. J?, the col
lection of F-ultrafilters is topologized with the topology having as a base for its closed 
sets, sets of the fo rm /- 1(0), where f:  Я -> R and /(F) — lim /(F ) for each F £  % and 
/  £ B. The resulting compact space is factored via the equivalenc relation ~  where 
Fx ~  F2, Fb F2 £ Я  iff lim/(Fj) =  lim/(F2) for all f  £ В and is thus turned into a T2 
compactification X  of X. Each f  £ В can be uniquely extended to a continuous func
tion f  defined on X , and {/: /  £ B) = C*(X, R). We see, by applying the results of 
this paper that X  is homeomorphic to where j = {Z(/): / £ B}.

I wish to thank the referee for his corrections and comments on the original 
manuscript, in particular, for his proof of lemma 4.
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A NOTE ON PRE-ARITHMETICAL RINGS

B y

M . B . B O I S E N , Jr. a n d  P . B . S H E L D O N  (B la c k s b u r g )

Jensen has shown that if R is an integral domain for which every proper homo
morphic image is a Bezout ring, then R is a Prüfer domain [4, p. 92]. (For convenience, 
we will adopt the terminology that a ring is a pre-Bezout ring in case all of its proper 
homomorphic images are Bezout rings.) In this note we consider some possible exten
sions of Jensen’s result to the case where R is a commutative ring with unity. In this 
case, we have a choice of generalizations of the notion of a Prüfer domain to rings 
with divisors of zero. Those that we will consider are the Prüfer rings and the arithme
tical rings, both of which are defined below. We show that every pre-Bezout ring is 
in the larger of these classes of rings, namely the Prüfer rings, and we show by an 
example that a pre-Bezout ring is not necessarily in the smaller class, that of the 
arithmetical rings. Moreover, we broaden the scope of Jensen’s result to include 
pre-arithmetical rings — that is, rings for which all proper homomorphic images are 
arithmetical rings — and conclude that every pre-arithmetical ring is a Prüfer ring. 
It has been shown elsewhere that this result cannot be further broadened to conclude 
that a “pre-Prüfer ring” is necessarily a Prüfer ring, even in the domain case [1].

All rings considered will be assumed to be commutative with unity. We will 
adopt the terminology of Griffin and define a Prüfer ring to be a ring in which every 
finitely generated regular ideal is invertible [3]. An arithmetical ring is a ring in 
which the lattice of ideals is distributive, that is for any three ideals A, В and 
С, А П (В + С) = (А П В) + (A П C). A Bezout ring is a ring in which every 
finitely generated ideal is principal. The class of all arithmetical rings is contained 
in the class of all Prüfer rings [3, Theorem 19, p. 65]. Furthermore, the class of all 
Bezout rings is contained in the class of all arithmetical rings [5, p. 119], and thus the 
class of all pre-Bezout rings is contained in the class of all pre-arithmetical rings.

T heorem. I f  R is a pre-arithmetical ring, then R is a Prüfer ring.
Proof. Suppose that R is a pre-arithmetical ring and that I  is a finitely generated 

regular ideal of R. Then I  is invertible in R if and only if IRM is an invertible ideal 
of RM for all maximal ideals M  of R [2, Theorem 7.3 p. 71]. We note that since I  
is a regular ideal of R, IRM is a regular ideal of RM [2, apply Lemma 4.1, p. 34]. 
Also we note that RM is a pre-arithmetical ring since every proper homomorphic 
image of RM is the localization of a proper homomorphic image of R and the locali
zation of an arithmetical ring is again an arithmetical ring [5, Lemma 2, p. 91]. 
Hence it is sufficient to show that I  is invertible in the case where R is a local pre- 
arithmetical ring. (Note: our use of the word “local” does not imply that the ring is 
Noetherian.) Let x be a regular element in I. In the proper homomorphic image, 
R/(x), the image of /  is principal since in a local arithmetical ring the ideals are totally
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ordered [5, Theorem 1, p. 115]. Let a be a preimage of the generator of 7/(x). Then 
I  =  (a, x). Since x  is a regular element, (ax) is a nonzero ideal of R and the ring R/(ax) 
is a local arithmetical ring. Hence the images in R/(ax) of the ideals (x) and (a) are 
comparable; consequently, since both (x) and (a) contain (ax), (x) and (a) are com
parable ideals of R. Thus either I  =  (a) or /  =  (x), and hence I  is an invertible ideal.

The converse to this theorem has been shown to be false by an example [1, 
Example 3.3] of a Prüfer ring which has a homomorphic image which is not even 
a Prüfer ring, hence not an arithmetical ring. However, the converse is true in the 
domain case, and so we have the following corollary. The proof of the corollary is 
an immediate consequence of the facts that every homomorphic image of an arith
metical ring is again an arithmetical ring, and that for an integral domain, the con
ditions of being a Prüfer ring and being an arithmetical ring are equivalent.

C o r o l l a r y . An integral domain is a Prüfer domain if  and only if it is pre-arith- 
metical.

In view of an earlier remark, this corollary states that a pre-arithmetical domain 
is arithmetical. This result cannot be extended to the ring case as the following 
example shows. In fact, this example is a non-arithmetical pre-Bezout ring. Thus we 
have answered in the negative the question whether Jensen’s result that a pre-Bezout 
domain is arithmetical can be extended to the ring case.

E x a m p l e . Let К be a field  and let D be the integral domain consisting o f all 
polynomials in K[X] with zero coefficient on the X  term. Let I  =  Х*К[Х] D and 
let R = DjL Then R has the following two properties:

(1) Every proper homomorphic image o f R is a Bezout ring.
(2) R is not an arithmetical ring.
P r o o f . From our definition of R it is clear that each element of R can be repre

sented uniquely as a polynomial in D of degree less than four. If an element has a 
nonzero constant term it is a unit since (a0 + а2ЛГ2 + oc3X 3)(ixf1 — агх^гХ г — 
— а3ао2.Т3 =  1. Hence the set of all polynomials in R with zero constant term is the 
unique maximal ideal of R. Let A be a. proper ideal of R and let а = а2Х2 + oc3X 3 
be a nonzero element of A. Then either а2 ф 0 or a3 Ф 0. Now consider b = ß2X 2 + 
+ ß3X3 and c = y2X2 + y3X 3. If аг Ф 0, then b + A = ß3X 3 + A and c + A = 
=  y3X3 + A for some ß3 and y3 in K. If either ß3 Ф 0 or y3 ф 0, then b + A and 
c + A generate the ideal ((X3) +  A)/A in R/A. Otherwise they generate the zero ideal 
in R/A. In either case they generate a principal ideal.

Similar reasoning in the case where а3 ф 0 again leads to the conclusion that 
b + A and c + A generate a principal ideal in R/A.

Hence R/A is a Bezout ring.
Finally we note that (X*) and (Xя) are incomparable ideals in the local ring R 

and hence R is not arithmetical.
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ON THE RATE OF CONVERGENCE TO NORMALITY FOR 
SUMS OF DEPENDENT RANDOM VARIABLES

By

A. K. BASU1 (Sudbury)

I . Introduction. In this paper we attempt to get uniform bounds in the central 
limit theorem for a class o f  dependent random variables considered by D voretzky [2].

Throughout the sequel we shall consider a double array {Xnj , j  ̂  k„} of random 
variables. Relationships of equality or inequality stated between random variables

к
are to be understood to hold only almost surely. Let S„ k =  X Xn } for к = 0, 1 , ..  k„

i=1
and Fn k = 3!>(S„yk) be the er-field generated by S„yk. Assume цп к =  ЩХ„ук | i r„_*_1) = 0 
and the conditional variances k — E(Xl k | Fn к^г) exists almost surely.

k„
Furthermore X а\ к =  1 a.s. and the Lindberg condition

k = l

lim £  E [X lkIQ Xnk I > e)] = 0
n-> oo k  — 1

for e >  0 will be assumed to  hold. (/( • ) is the indicator function o f  the set within 
th e  bracket.)

In section three we shall find a rate of convergence under the additional con
dition

lim X E[l x nk l2_a] -*■ 0
n—> oo k  = 1

for some ö > 0. Of course this Liapaunov condition implies Lindberg condition.
kn

Let Sn = X In section two we have derived estimate of the form
j =l

P (Sn ^  an) = exp [ -  (alj2)(l + o(l)] as n -*■ oo where a„ =  (1 +  e)(2 log log n)1/2, 
s > 0 by examining the convergence rate in Trotter’s method of operators. The above 
large deviation estimate can be used to prove ordinary law of the iterated logarithm 
for dependent random variables. This motivates our results for section two. But 
a careful analysis shows that Trotter’s method yields a slower rate of convergence 
to zero than is actually known to be the case for i.i.d. random variables. This point 
was noted in the introduction to P insky’s note [8] and was pointed out more generally 
in Feller [4], Chapter IX.

J. Chover [1] proved the functional law of the iterated logarithm for i.i.d. 
random variables. One of the key tools was a Berry-Esseen Theorem. Chover’s idea

1 This work was partly done when the author was at 1973 Carleton Summer Research In
stitute of Canadian Mathematical Congress. Appreciation is extended to N. R. C. of Canada 
and the Canadian Mathematical Congress for financial support of this work.
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was more exploited by Iosifescu [6 ] and Berkes for dependent random variables. 
It is this result of Chover’s that provided the stimulus for section three. Though we 
have not been successful to get Berry —Esseen bound as sharp as in the case of inde
pendent random variables, but yet better than many known bounds for dependent 
random variables (c.f. Ebragimov [3] and Grams [5]). The rate of convergence 
obtained in section three will be used to prove the functional law of the iterated loga
rithm for dependent random variables, in a subsequent paper. After writing this 
manuscript we came to know that Theorem 1 and its corrollary is proved by 
Pinsky [8] when random variables are independent.

2. We shall state a lemma due to D voretzky [2] and it will permit us replacing 
the conditioning by by a finer conditioning relative to an increasing sequence
of ff-fields.

Lemma (D voretzky [2]). Let Sy, S2, . . S„ be random variables defined on some 
probability space (Q, F, P). Then there exists a probability space (Q, F, P) and random 
variables Sy, S 2, ■ ■ ■, S„ defined on it such that

P(Sk ^  u, ^  v) =  PCSk й  ы, й  v), к  =  2, 3 , . . . ,  n 

for all real u, v and

P(Sfc I Fk_О =  P(S* I G*-,), к = 2, 3, . . . , n ,

where Fk = S 9, . . ., Sk) and Gk — $h(>Sk).
Now we may assume the ст-fields Fn k to be nondecreasing i.e.

F n ,i F n, 2 tzz  . .  . CZ F n tk _ i  d  F ntk a  . . .  C l F n k̂ n .

We denote by F„ 0 the trivial er-field. {X„ k is assumed to be ^-measurable but 
$>(Х„Л, . . . ,  Xn k) may be a proper subfield of Fnk.)

Teieorem 1. I f f  is a real-valued function on the real line with three bounded deri
vatives, then for  1 2; <5 > 0

E[/(S„)] -  J /W ( 2t:)“ 2 exp ( -  x2ß)dx <

kn
й  A : ||/ | | Г £  E[l x n,k l2+i] + Q  E  E I <rn,k I

U = 1  k = l
+ s

where | | / | |  =  sup [!/"(*) | +  | f '" (x )  |],Ca is a function o f 5 only, and К is a con
stant. x

P r o o f . Let Yn k be completely independent standard normal random variables 
and independent of the Xn k. Denote by Z n k = X„y + . . .  + X„k_1 + o„k+1Y„+1 + 
+ • • • + On,knY».kn for к = 1 , 2 , . . . ,  k n. Then

E[/(S„)] - J  f{x)(2n) 2 exp ( -  x2/2)dx Е [/(5П)] -  E / |  I  ° n ,k  Y n .k  
*=l

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  2 8 , 1 9 7 6



SUMS OF DEPENDENT RAN DOM  VARIABLES 263

= I  {E[f(Z„tk +  X„,k)] -  E [f(Z„'k + опЛ¥лЛ)]} =
k  =  1

= £  E{E[/(Z„>fc + X„,fc) I Z„>t] -  E [/(Z n t + <r„,kYn.k) I Zn,k]} g
k = l

g £ E |  E[/(Z„jfc + X„,k) I -  E [f(Zn_k + <тП'кГП'к) I F^t _x] |
k = l

(making use of the modified Taylor estimate |/(x  + A) — f(x) — h f\x )  — 
-A 2/2/"(x)| £  |A |a+i| | / | | ) ,

^  * 11/11
Г k n

I [Е 1ЯГ,n t k
|2  + «5] + c,

k „

ö I E [
&=i Jn,k |2  + <5l

C o r o l l a r y . Lei r„ = £  E[ | ЛГ„* |2+a] /o r 0 <  (5 ^  1 and r„ -* 0. T/- {a„} й
fc=1

a sequence o f real numbers such that a2/log (l/r„) -» 0 as « -+ oo, /Леи for each e >  0

exp { -  (a2/2)(l + e) ^  P(S„ ^  a„) g  exp { (-  a2/2)(l -  e)} for n ^  N0(e).

Proof. Let / / ( x )  = f0(x — an + 1/2) where f 0 is a fixed C3-function vanishing 
for x g  —1/2, equal to one for x ^  1/2 with 0 ^ / 0 ^  1. Then E[/„_(S„)] g  
g  P(S„ ^  an) g  E[/„+(S„)]. Applying Theorem 1,

1 -  Ф{ап + 1) -  Kr„ g  P(S„ ^ a „ ) g  1 -  Ф(а„ + 1) + Krn

where К is independent of n. Using a well-known estimate for the tail of normal 
distribution the result follows.

kn
3. Let T„ = Y, an,k¥„,k> fn be the characteristic function of S„ and gn be the

k = i
characteristic function of T„. f n k and gn k are the characteristic functions of Xn k 
and an%kYnJc respectively. Stars will denote conditioning by Z n k\ for example,

fn,k =  E(exp (iuX„'k) I z„ik), g*yk = E(exp {iuan_kY„tk) | Z„>fc).

Let
1  U

ф(и) = (27t) 2 I exp (— x2/2)dx.

T h e o r e m  2 .

sup I P(S„ g  и) Ф(и) I -  О I  E [ \X níkr ö]+  ZE[|(T „iÄ!2+4] +

+ О
kn

Е[ I Xn k |2+г] + £  E[ I on k
k = 1

l*+i]
1

4 + 2$

for 0 < S ^  1.
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kn
£ iuSn _  е >иТ„ _  ^  (g luX n .k  _  e ‘u<Tn.k+ynJt^e ‘u Z n .k  _

fc= l

kn

\ f n — 9n \ ú  I  E |/* *  -  g*k I .
*=i

e‘" -  1 -  ш -  (ш)2/2 I ^  Ca I M |2+i (0 < <5 ^  1).

Proof.

Therefore,

We know 

Therefore,

1 Л »  -  <*(«) I á  I w I |E*(2T„,fc) -  E*(<r„ fcFn>fc) I +

+ н2/2 I Е*(Л£*) -  Е * « ,У ^ Л) I + Q  I n |2+a{E* | Z„>fc |2+í + E* | on,kYn>k |2+i} . 

Since the Yn k s are completely independent standard normal variables N(0, 1) and
k„

independent of the Xn ks, and ]Г a\^k — 1 a.s.,
k = l

Е*(Хп>к) = E(X„,k I Z„,k) = E(X„.k I F„_k^  =  0,

Е’Чв’идЕя,*:) =  Е((гя>кТпд. I Z n k) — a„ kE(Yn k | F„k_̂ ) = <гя>йЕ(Уяд) = 0, 

E* (* 2 *) -  E*(< kYn,k) = E (X lk I Z„tk) -  Е « , У 2,* \ Z„,fc) =

= E(Z2., I F ^ )  -  <*Е (У 2 fc I F„ k-^) =  a2.* -  <т2 *Е(У£*) = 0. 

Therefore,
kn

\2 + ö\Ш  -  9M  I =  I У »  -  e - “ !/2 \ й с, \ и |2+г I  {Е I л ; , *  |2+г +  Е ] апЛ | 2 + í } .
к = 1

Now take
г кп

и  =  С X {Е I ХпЛ |2+á + Е I апЛ |2+<5

к=1
4 + 2<5

(С  is a suitable constant) in the basic lemma o f  Loeve [7, page 289]. Then,

kn

о
kn 

_k= 1

Ö { E [ |Z n>*
0 k = l

2+ä] +  E[ I a n k |2+a]

x / z  ( Е \ Х П' к \2 + в +
kn

I E 1 O n . k  Г * +
V f c = i k = l

2+í +  i  E 1 <T„,t  |2+á
1

4 + 2d Q.e.d.
k = 1

Note that this bound is of 0(n 1/4) if random variables are independent, uniformly 
bounded and 5 =  1, and is not as good as 0(n~112) obtained by Berry and Esseen.
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Ext (.,Z)-REPRODUCED ABELIAN GROUPS ARE FINITE

By
F. R. BEYL (Heidelberg) and A. HANNA (Beirut)

1. Introduction and notations. The purpose of this note is to show that an 
isomorphism Ext (A, Z) s  A holds for an abelian group A if and only if A is finite. 
This result is derived from the formula Ext (Zp, Z) = Zip*) ® Q« (notation given 
below). Although this note relates to the extensive investigations of G räbe-  
Viljoen [1 ], it does not seem that they observed the present main result. An imme
diate consequence is that Horn (A, Q/Z) ^  A if and only if A is finite, a result proved 
by G rosse [2].

Notation.

Z  additive group of integers
Q additive group of rational numbers
R additive group of real numbers 
Z p additive group of p-adic integers 
Zip*) quasi-cyclic group 
C(p) cyclic group of order p 
I / 1 cardinality of a set /
N0 cardinality of Z
X cardinality of R
A(1) direct sum of | / 1 copies of a group A 
A1 direct product of | I  \ copies of a group A 
tA torsion part of a group A.
All groups considered are additively written abelian groups.

2. T heorem. A group A is such that Ext (A, Z) s  A i f  and only i f  A is finite. 
The proof is preceded by two lemmas.
Lemma 1. Ext (Z p, Z) = Zip*) ® Q*.
Proof. Since Zp is torsion free, Ext (Zp, Z) is divisible, and since it is indecom

posable, Horn (Zp, Z) = 0. Therefore, the exact sequence

0-+ Z p- ^ Z p -* C (p)-*0 ,

where и is multiplication by p, induces the exact sequence

0 -► C(p) -> Ext (Zp, Z ) Ext (Zp, Z) -  0,

where и% is also multiplication by p. Hence Ext (Zp, Z) contains exactly one copy 
of Z(px). To determine the torsion free part of Ext (Zp, Z), consider the following
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two subgroups of the /7-adic field: Z  as the subgroup generated by 1, and P the 
subgroup consisting of all rational numbers with denominators prime to p. Then 
Z pjZ  is divisible and t(Zp/Z) = P /Z  = © Z(q™). Thus there is an exact sequence

ч * р

0 -  Z  ->• Z p -> Q» ® Z(q“) -  0.
4 * P

This yields the exact sequence

0 -» Z -  R« ® П  Z4 -* Ext (Zp, Z) -» 0 , 
q * p

which implies that | Ext (Zp, Z) | =  2 Hence the torsion free part of Ext (Zp, Z) 
is isomorphic to ß N. As Zp is uniquely divisible by any prime q ф p, so is 
Ext (Zp, Z). Therefore Ext (Zp, Z) s  Z(pcc) ® Q«.

Lemma 2. I f  Ext (A, Z) ^  A, then A is reduced.
P roof. Suppose A is not reduced. Then the torsion free divisible part of A is Ф 0. 

For if Z(p°°) is a direct summand of A, the previous lemma implies that Ext (Ext 
(Z(/?°°), Z), Z) =  Ext (Zp, Z) £  Z (p x ) ® Q* is also a direct summand of A. Let 
ß (a), а ф 0, be the torsion free divisible part of A, then ß (0l) contains Ext (Q(lx), 
Z) s  Pa- Since this contradicts K0 • a <  A is reduced.

Proof of th e  T heorem. If A is finite, then Ext (A, Z) s  Horn (A, Q/Z) £  A. 
Conversely, suppose Ext (A, Z )  =  A. Consider the exact sequences

0 -> tA -> A -> A/tA — 0

and
0 -*■ Ext (A/tA, Z) -+ Ext (A, Z) -» Ext (tA, Z) -> 0.

By Lemma 2, the divisible group Ext (A/tA, Z) must be zero. Consequently 
A = Ext (A, Z) = Ext (tA, Z) = / [ Ext (Tp, Z), where ® Tp is a direct sum decom
position of tA into its primary components. Every primary component Tp must be 
a direct sum ® С,- of cyclic groups. For let В be the basic subgroup of Tp, and assume

i U p

В ф Tp. Then the non-trivial divisible group Tp/B possesses Z(px ) as a direct sum
mand. Consequently there exists an epimorphism tA -> Tp -* Z(p°°), and hence 
Z p =  Ext (Z(px ), Z) is isomorphic to a subgroup of Ext (tA, Z) ~  A. This implies 
that Z p is isomorphic to a subgroup of A/tA which contradicts Ext (A/tA, Z) = 0 
and Ext (Zp, Z) Ф 0.

Next we prove that every primary component Tp =  ® C, of tA is finite. Equiva-
W p

lently, we prove that Ip is a finite set. Suppose it is infinite. If the orders of the 
^-groups С,- did not have a common bound, the direct summand J i  Ct =  Ext (® Ch Z)

i i l p  l i b
of A would contain a subgroup isomorphic to Zp. This would lead again to a contra
diction. Due to the common bound, i / C ,  is a p-torsion group, and hence it is a sub
group of ® Ct. But ia”

üb
\UCt\ = 2'''l > I /, I = I ф С, I,
i€Ip i £ I p

a contradiction. Therefore Ip must be finite.
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Finally, we show that Трф 0 for a finite number of prime numbers. Since every 
Tp is finite, A = J f  Ext (Tp, Z ) =  J J  Tp. If the primary components /  0 were in
finite, then A/tA = X I  Tpl@Tp would be a rational vector space, which contra
dicts Ext {AltA, Z) = 0.

C orollary. Horn (A, Q/Z) = A i f  and only i f  A is finite.
Proof. An argument very similar to that in the proof of Lemma 2 shows that 

Horn {A, Q/Z) s  A implies that A is reduced. It follows that Horn (A, Z) = 0, for 
otherwise Z  and consequently Horn (Z, Q/Z) = Q/Z would be a direct summand 
of A. Thus the exact sequence

0 -*■ Z -> Q -» Q/Z -> 0

induces the exact sequence

0 -> Horn (A, Q) -y Horn (A, Q/Z) -* Ext (A, Z) -> 0.

The latter sequence exhibits the rational vector space Horn (A, Q) as a subgroup 
of A. Hence Horn (A, Q) = 0, and consequently Horn (A, Q/Z) s  Ext (A, Z). Thus 
Horn (A, Q/Z) = A implies A is finite.
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SOME INEQUALITIES FOR CERTAIN POWER SUMS

By
C. J. SMYTH (Turku)

1. Let g(k) — £  bjzf, where b} > 0 (J — 1, . . . , « ) ,  and the z} are complex
1=1

numbers with max | Zj | =  | | =  1. We shall prove that for each A: 0 < A ^  1
1 § j § n

and к £ Z

(1) max Шд(к) > ~ ( 1  — A)
l S k Z K  4

for К  = [A-\4ß + 3)] + 1. Here ß = (b2 + . . .  + bn)tbv  In particular (A = 1)

(2) max Шд(к) > 0
1 & k & K

for К  = [4ß + 4]. This improves a result of C a s s e l s  [2, § 4] who proved (2) for 
К  = 2[ß2 + 6ß] +  7. We shall give an example to show that К  = [4ß + 4] is best 
possible in (2) in the special case bx = ...*=  bn = 1.

Next, we let I zi I = . . .  = \zn \ — 1, and derive the known result (due to Cassels 
and Túrán) that for each e > 0

(3) max I g(k) \ ^  \ g(0) | ,
lS i : S ( l  +  e)n y j n

where we can take c(e) = {e/(l + e)}i.
Finally, we apply an extension of (1) to give (Lemma 2) a simple proof of Lemma 

3 in B l a n k sby  and M ontgo m ery  [1]. (This lemma forms part of the proof of their  
important result [1, Theorem 1 ] concerning algebraic integers near the unit circle.) 
The proofs of all the results are based on Lemma 1, due essentially to B l a n k sb y  
and M o n tg o m er y  [1].

I would like to thank Professors Cassels and Túrán for their helpful comments.

2 . For x  = (* ! ,. . . ,  xn) 6 R", m = (тъ . . ., m„) £ Z", we put m  • x  = +
+ . . .  + mnxn. Let e(z) = exp (2niz).

L emma 1 ( [1 , Lemma 1]). Let, for each non-negative integer k, and x  £ R”,

(4 ) f ( k ,  x ) =  Yj a(m)r(m)ke(k(m • x ) ) ,
mn(Z
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where r(0) = 1 , £  a(m)r(m)* converges, and, for each m £ Z", a(m) = a(— m) Si 0, 
mez"

r(m) =  r(-m ) and 0 5? r(m) 1. Then

(5 )
к
1 И -

k = l K +  1
/(fc, x) ^  ^  Y ~l - a{0) -  у  / ( 0, 0)

and hence

(6) max /(&, x) ^  K  1 1 a(0) -  - I  / ( 0, 0).
lS/iSÍT л  л

The statement of equation (5) in [1] is only for the case when r(m) = 1 for 
each m £ Z". However, the proof is very similar in the general case. It uses the non
negativity of Fejér’s kernel:

1 K
y + I l - к  + 1

rk cos 2nkx ^  0 ,

for r, x  real and 0 ^  r 5S 1. We omit the details. Equation (6) follows immediately 
from (5).

3. We now prove (1). Put z} =  r}e(xj) ( j  = 1 , . . . ,  ri), where rx = 1, and 0 ^  
^  rj iá 1 (J = 2 , . . . ,  n) and define

(7) f(k, x) = 2(1 +  cos 2пх1)Шд(к) =

1 + у + у  e ( - ~  X l )
(bi_rk(e(xx) + e{-  x±)) + . .  . + bn>i(e(x„) + e ( - x n))).

This function satisfies the conditions of Lemma 1, with/(0, 0) = 4^(0) = 4ft1(l + ß), 
and a(0) = bx. Hence from (6)

(8) max f(k ,x ) '2 zb 1
1 ZkáK

Taking К  = [Д- 1(4/? + 3)] + 1, where 0 < Я 1, we have К > k~\4ß  + 3)’ 
and so

(9) max f(k ,  x) >  6X(1 — Я) 2; 0.

T -
4ß + 3

К

Now f(k ,  x) > 0 => Шд(к) |> у  f(k ,  x) from (7), and hence, using (9), we have (1).

When b1 = b2 = . . .  = bn = \ ,  [4ß + 4] = 4и. Let Zj = co2J_1 (J — 1, . .  ., n), 
where со =  е(1/4и). Then 9Яд(к) = 0 for к  =  1 , . . . ,  4и — 1, к #  2n, and g(—2n) = 
— —n. This shows that К  = [4ß + 4] is best possible in (2) when bx = . . . = bn.
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4. We now prove (3), for | zx | = . . .  = | z„ | = 1. Put zf = e(xj) (j = 1,. . ., ri). 

We apply (6) to f(k , x) = g{k)g(k). We have a(0) = f J b j^  —  (g(0))2, and ДО, 0) =
;=l n

= g(0)2, so that for К  = [(1 + e)n]

( 10)
ne

шах
1SÄSAT

This gives (3).
Finally, we prove the following
Lemma 2 ([1, Lemma 3]). Let 0 <  pj < p < 1 ( j  = 1, «). Л = (1 -  P ) ' \N

and fix )  = -  £  log (Pje(Xj) -  1). Then for В ^  4jp1 
7=i

(11)

w/iere AT = [2UV log R].

max 9tf(kx) > ~ —  В \  
láfcSAT 4

Proof. We first remark that (1) clearly still holds when g{k) =  £  bjZj, where
7=1

(We could have statedthe bj are non-negative, L bj converges, and ß = £  ^
7= 2  I I

N  oo

(1) in this extended form.) Since /(x) = £  £  m~1pJ'e(mxJ), we can apply (1) to
j —1 m  — 1

oo

p(k) = /(kx). Taking zx = е(хг), b1 = pb and noting that ]T bj ^  AHog R, we have
7 = 1

for В S; 4/pj

is: = [RiVlog R] > Rpx(l + ß )  -  1 ^  (4Д + 3).

Hence, putting Я = 4/Rp1; Ai ^  [л“3(4/1 + 3)] + 1, so that (1) gives (11).
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AUFSTEIGENDE KETTENBEDINGUNG FÜR ZYKLISCHE 
MODULN UND PERFEKTE ENDOMORPHISMENRINGE

Von

G. HAUGER (München)

Ziel dieser Note ist es, folgenden Satz zu beweisen:

Theorem. Für einen endlich erzeugten selbstprojektiven Modul MR mit Endomor~ 
phismenring S sind folgende Aussagen äquivalent:

a) S ist rechtsperfekt.
b) Der Radikalfaktormodul M/Ra M  von M ist halbeinfach und jeder M-erzeugte 

Modul hat ein kleines Radikal.
c) Es gilt die aufsteigende Kettenbedingung für M-zyklische Moduln.
d) Jeder M-erzeugte Modul hat eine (UM-projektive Hülle in (SM.
e) Jeder M-erzeugte Modul ist komplementiert.

Dabei heißt ein Modul M-zyklisch (M-erzeugt), falls er epimorphes Bild von M  
(einer direkten Summe von Kopien von M ) ist. Wir sagen, es gilt die aufsteigende 
Kettenbedingung für M-zyklische Moduln, falls für jeden Modul jede aufsteigende Folge 
M-zyklischer Untermoduln stationär wird (vergleiche [1 ]). Die Klasse der M-erzeug- 
ten Moduln bezeichnen wir mit (SM. Ein wesentlicher Epimorphismus P -*■ X  heißt 
&M-projektive Hülle in (SM, falls P (SM-projektiv und M-erzeugt ist. Ein Modul X  
heißt komplementiert [2], wenn zu jedem Untermodul i / c l i n  der Menge der 
Untermoduln V d  X  mit X  =  U + V ein minimaler existiert; jeder solche minimale 
Untermodul heißt ein Komplement von U. Als Folgerung des Theorems erhalten wir 
die Charakterisierung perfekter Ringe ([1], Main Theorem): Ein Ring ist genau dann 
rechtsperfekt, wenn die aufsteigende Kettenbedingung für zyklische Rechtsmoduln gilt. 
Der hier geführte Beweis liefert, auf den Ring spezialisiert, einen neuen und einfache
ren Beweis des Theorems von Jonah. Weiter gilt:

F olgerung 1. a) Der Endomorphismenring eines endlich erzeugten selbstprojek
tiven Rechtsmodul über einem rechtsperfekten Ring ist rechtsperfekt.

b) Sei R -* T ein Ringhomomorphismus, R rechtsperfekt und TR endlich erzeugt. 
Dann ist T rechtsperfekt.

c) (M ares [3], W are [7]) Ein endlich erzeugter projektiver Modul ist genau 
dann perfekt, wenn dessen Endomorphismenring perfekt ist.

Beweis von b). Mit Rr erfüllt auch R" für и £ N die äquivalenten Eigenschaften 
des Theorems und damit auch TR, also auch TT.

Zum Beweis des Theorems benötigen wir eine Reihe von Sätzen:

Satz 2. Für einen Modul M sind folgende Aussagen äquivalent:
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(i) M  ist radikalfrei und es gilt die aufsteigende Kettenbedingung für M-zyklische 
Moduln.

(ii) M ist halbeinfach und endlich erzeugt.

Beweis. Die aufsteigende Kettenbedingung gilt für Ai-zyklische Moduln, falls 
M  endlicher Länge ist, woraus die Implikation (ii) => (i) folgt. Sei nun M  radikalfrei 
und es gelte die aufsteigende Kettenbedingung für M-zyklische Moduln. Wir nehmen 
an, M  sei nicht endlicher Länge, und geben rekursiv eine absteigende Folge von Unter
moduln Mi an, so daß M/M; halbeinfach der Länge i ist. Wir setzen M0 = M. Sei 
Ml Mi halbeinfach der Länge i. Nach Voraussetzung gibt es einen maximalen Unter
modul N  von M, so daß N  f) Mt =  : M,+1 echt in Mt enthalten ist. Es gibt eine 
exakte Folge

0 -  M/Mi+1 -  MIM, © MIN -► M l Mi + N-+ 0.

Aus Mi + N  =  M  folgt Lä (M/M/+1) = Lä (M/M; ® M/N) = i + 1. Der natür 
liehe Epimorphismus M/Mi+1 ->■ M /M t zerfällt. Es gibt also einen Monomorphismus 
f :  M/Mi -> M/Mi+1. Die Familie (M/M,-,/,) erzeugt ein induktives System mit induk
tivem Limes (X , gl). Wir erhalten eine echt aufsteigende Folge (Bi gl) von M-zykli- 
schen Untermoduln von X  im Widerspruch zur Voraussetzung. M  ist also halbein
fach und endlich erzeugt.

Folgerung 3. Ist M  endlich erzeugt, M/Ra M  halbeinfach und hat jeder M-er- 
zeugte Modul ein kleines Radikal, so gilt die aufsteigende Kettenbedingung für M-zyk
lische Moduln.

Beweis. Sei (XD eine aufsteigende Folge von M-zyklischen Untermoduln von X. 
Ohne Einschränkung nehmen wir X  =  (J (Xt | i £ N) an. Mit n : X  -> Z/Ra X  ist 
(nXD eine aufsteigende Folge M/Ra M-zyklischer Untermoduln von Z/Ra Z. Diese 
wird stationär nach Satz 1. Aus Z  =  UZ,- folgt Z/Ra Z  = U wZ;. Es gibt also eine 
natürliche Zahl i mit nXt = Z/Ra X, d. h. Xt + Ra Z  = Z, woraus Z ( = Z folgt, 
da nach Voraussetzung der M-erzeugte Modul Z  ein kleines Radikal hat.

Mit Folgerung 3 haben wir b) => c) bewiesen. Zum weiteren Beweis des Satzes 
benötigen wir einen verbandstheoretischen Satz:

Satz 4 (vergleiche [6], Theorem 2.2). Sei M  selbstprojektiv und endlich erzeugt 
mit Endomorphismenring S, X  ein beliebiger R-Modul. Für F c Z  sei Y° =  Hom(A/,F)cz 
d  Horn (M, Z) und für einen S-Rechtsuntermodul Z  von Horn (M, Z) sei Z° =  
=  X (Bi / 1 / £  Z). Dann gilt für Y, Y' cz X  und Z, Z ' CZ Н от (M, У):

(i) Y00 = X (Bi/ 1 / 6  Horn (M, Y)) c  Y
(ii) Z = Z00

(iii) (Y + Y')° =  F° + Y'°
(iv) (Z + Z')° =  Z° + Z'°.
Beweis, (i), (iv) und Z c  Z00 sind trivial. Sei g £ Z00, d. h. Bi g a  Z° c  Z. 

Da Bi g endlich erzeugt und Z° = X (Bi z | z £ Z) ist, gibt es zx, . . . ,  zn mit Bi g cz 
ez X Bi zt und wir erhalten folgendes kommutative Diagramm:
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XK) /

Л/"-
+  <z,->

- i ' ß i  Zi ►X

Nun gilt g = +(z,)x(s,) =  г  ад  £ Z.
(iii) Es genügt (7  + 7')° C 7 ° +  Y'° zu zeigen. Sei / :  M  -> 7  + 7'. Nach [5] 

ist M  Y  ® 7'-projektiv, also gibt es g,g',  so daß folgendes Diagramm ( +  ist die 
Additionsabbildung) kommutativ ist:

Es ist also / =  g + g' € Y° + 7'°.
F o l g e r u n g  5. Mit den Voraussetzungen und Bezeichnungen von Satz 4 gilt:

(i) Mit X  ist auch Н о т  (M, X ) artinsch (noethersch).
(ii) ([4], Theorem 1) Mit X  ist auch Н о т  (M, X) halbartinsch.

(iii) Ein M-erzeugter Modul X  ist genau dann komplementiert, wenn Н о т  (M, X) 
es ist.

(iv) Für einen M-erzeugten Modul X  und Y а  X  ist Y genau dann klein in X, 
wenn 7° klein in X° ist.

(v) Es ist Ras. Н от  (M, X) =  Н от (M, RaÄ X) für jeden M-erzeugten Modul X.
B e w e is , ( i)  i s t  t r iv ia l .

(ii) Für 7 d  Horn (M, X) ist die Existenz von 7 ' zu zeigen mit 7 c 7 ' c  
d  Н от (M, X) und Y ’/Y  einfach. Die Menge ЭД1 = {N d  X  \ №  — 7} ist induktiv 
geordnet und nicht leer. Also hat 2K ein maximales Element N. Da X  halbartinsch 
ist, existiert N' d  X  mit N'/N  einfach. Dann ist 7  = №  maximaler Untermodul von 
N'° wegen Satz 4 (ii) und der Maximalität von N.

(iii) Sei Horn (M, X ) komplementiert und Y d  X. Es existiert Z c  Hom(4/,7) = 
= 7° minimal mit 7° + Z = 7 °. Dann ist 7  = 7 00 = (7° + Z)° = 7 00 +  Z° =  
= 7  + Z° wegen (i) und (iv) in Satz 4. Sei nun 7 = 7 + 7 '  und 7 ' c: Z°. Es gilt 
7° = 7° + 7'° und Y'° d  Z00 = Z, woraus 7'° = Z, also 7 '00 =  Z° c  7 ' und somit 
7 ' = Z° folgt. Etwas einfacher zeigt man die andere Implikation in (iii), ebenso (iv).

(v) Da M  endlich erzeugt ist, gilt / £ Н от  (M, Ra 7 )  genau dann, wenn B i /  
klein in 7  ist. Nach (iv) ist dies äquivalent damit, daß (Bif ) °  = fS  klein in 7 °  ist. 
Das bedeutet, daß /  Element von Ras Н о т  (M, 7 ) ist.

Beweis von c) => a). Nach 5 (v) ist Ra S  = Horn (M, Ra M). Nach Satz 1 ist 
Ml Ra M  halbeinfach und artinsch, somit auch der Endomorphismenring vonM/RaM, 
der isomorph zu 5/Ra S' ist. Wir zeigen nun, daß Ra S rechts-7-nilpotent ist. Sei (л,) 
eine Folge von Elementen aus Ra S. Mit M t = M  erzeugt (Mh s,) ein induktives 
System mit induktivem Limes (L, и,). Bi щ ist M-zyklisch und L = U Bi uh Es
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existiert also eine natürliche Zahl i mit L — Bi uh woraus, wegen ui+1st = uh Bi st +  
+  Ke ui+x = M  folgt. Bi Sj ist klein, also ui+x =  0 und somit L  = 0. Sei M  = 
— I  (Rrrij\j = 1, . . .,r). Zu rrij existiert n} £ N mit sn/sni- x . . .  s1mJ = 0. Mit 
n = max {nx, . . ., nr) ist dann . . .  sx = 0.

a) => b). Wegen Folgerung 3 gilt die aufsteigende Kettenbedingung für 5-zykli- 
sche Rechtsmoduln. Wir zeigen als nächstes, daß dann auch die aufsteigende Ketten
bedingung für M-zyklische Moduln gilt. Seien (Xt) eine aufsteigende Folge von 
Untermoduln von X  und /•: M  -* Xi Epimorphismen. Da M  selbstprojektiv ist, gilt 

f iS  = Нот (M, Xi) cz Н от {M, X). Die aufsteigende Folge ( fS )  wird stationär. Es 
existiert i0, so daß für i ^  i0 gilt f tS = f i+xS. Es gibt tt mit f +x = f,th woraus 
X i+x = Biyj+1d  Bi f  = Xi, also Xi =  Xl+x für i ^  i0 folgt. Nach Satz 1 ist nun 
M l Ra M halbeinfach. Nach Voraussetzung ist Ras Horn (M, X) klein in 
Н о т  (M, X) für jeden M-erzeugten Modul X. Wegen 5 (v) und (iv) ist dann Ra X  
klein in X.

Die Äquivalenz von a) und e) wurde in Folgerung 5 (iii) gezeigt.
Den folgenden Satz zitieren wir, ohne ihn zu beweisen.
Satz 6 (K asch  und M ares [2], Bemerkung). Ist P selbstprojektiv und komple

mentiert, so ist jedes Komplement direkter Summand.
Beweis von e) => d). Sei X  M-erzeugt, d. h., es gibt einen Epimorphismus 

/ : Ai® -+ X. Da M  selbstprojektiv und endlich erzeugt ist, ist Af(J) (£Af-projektiv und 
nach Voraussetzung komplementiert. Sei K e / + U = M (l\  U minimal mit dieser 
Eigenschaft. Dann ist U -> M (I> -> X  wesentlicher Epimorphismus und U nach 
Satz 6 direkter Summand von M(l), also M-erzeugt und @M-projektiv.

d) => e). Sei X  Af-erzeugt, U ez X, m: X  -*■ XIU  und P -V  X/ U (SM-projektive 
Hülle in @Af. Es existiert f : P - + X  mit m f = n. Dann ist X  = Bi /  + Ke m = 
=  Bi /  + U und /(K e ri) = Bi /  fl U klein in Bi f  d. h., B i/ ist minimal in { V  \ U' + 
+  U = X ).
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SOME COMMUTATIVITY RESULTS FOR PERIODIC RINGS

By

H. E. BELL (St. Catharines)

A ring R is called periodic if for each a £ R, there is a pair n, m of distinct positive 
integers for which a" = am. There are numerous theorems in the literature, beginning 
with Wedderburn’s theorem on finite division rings, which suggest that periodic rings 
are more likely to be commutative or nearly so than arbitrary rings [4, 5, 6]; on the 
other hand, periodic rings may be badly non-commutative, as in the case of the ring 
of и x и matrices over GF(p) [1 ]. This note contains several results of the former kind, 
each dealing with periodic rings with constraints on the set of nilpotent elements, 
zero divisors, or commutators.

Section 1 deals with results which are easily established for alternative rings, 
while Section 2 contains results which I am able to prove only for the associative 
case. Throughout the paper, the term “zero divisor” refers to one-sided divisors of 
zero; it should be mentioned that even though one cannot prove that one-sided anni- 
hilators in alternative rings are left or right ideals, nonetheless if a is a left zero divisor, 
so is ra for every r g R. The term regular element will be used to denote an element 
which is neither a left nor right zero divisor.

In both Sections 1 and 2, the following elementary proposition will be used.
Proposition 0. A periodic alternative ring has each of the following properties:
(a) For each a £ R there exists some positive integer к (a) such that ak<-a> is idem- 

potent.
(b) For each ad R, there exists a positive integer n(a) > 1 for which a — a"(a) 

is nilpotent.
(c) I f  I  is an ideal o f R and x  + I  is a non-zero nilpotent element o f R/I, then R 

contains a nilpotent element и such that x = и (mod I).
Proof, (a) If a" = am for n > m, then ai+k<-n~m'> — aj for each positive integer 

к and each j  Sr m. Thus, am(n~m) is idempotent.
(b) Let an =  am, n > m > 1. Then am~ \a  -  an~m+1) = 0 = ат~2а(а -  an~m+1) = 

= am~2a"~m+1(a — a"~m+1); therefore, am~2(a — a"~m+1)2 = 0 and the result follows 
by the obvious induction.

(c) If л: +  / is  a non-zero nilpotent element of R/I, then there is a positive integer 
к such that x4 £ /  for each q ^  k. By the proofs of (a) and (b), R contains a nilpotent 
element и = x  — x9 with q 2: к ; obviously, и = x  (mod Г).
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1. Periodic rings with commuting nilpotent elements 
or zero divisors

Theorem 1. Let R be a periodic alternative ring, the nilpotent elements o f which 
commute with each other. Then the commutator ideal C(R) is nil, and the nilpotent 
elements form an ideal.

Proof. We shall use without explicit mention Artin’s result that any two elements 
of an alternative ring generate an associative subring.

We let N  denote the set of nilpotent elements, and use the standard argument 
for the commutative case to show that щ — м2 £ N  whenever щ, u2ZN; we then 
prove by induction on к that if i f  =  0 and r £ R, it is true that (ur)k = (гм)* — 0.

Consider first the case к =  2. Let и be any element of R such that m2 = 0 and 
j  a positive integer for which (ur)J = e is idempotent (possibly zero). Then re — ere 
is nilpotent and hence commutes with и — that is,

(1.1) ur(ur)j — u(ur)jr(ur)j =  г(мг)'м — (ur)Jr(ur)Ju;

and multiplying on the right by и yields (ur)(ur)Ju = 0, so that (ur)i+2 =  (ra)'+2 = 0. 
It follows that и commutes with both ur and ru  so that (гм)2 =  (иг)2 =  0.

Now suppose the result holds for all у  with / "  = 0, m < k; and suppose uk = 0, 
к Sí 3. Determining j  as above and multiplying (1.1) by r on the left and и on the 
right, we get

(1.2) (гм)'42 = ru2s + tu2,

where s and t are elements of the subring generated by r and u. Since (и2)*1-1 = 0, 
the inductive hypothesis implies both ru2s and tu2 are nilpotent; therefore (1.2) 
shows that ru and ur are nilpotent. Again, invoking the fact that м must commute 
with ur and ru, we see that (ru)k = (ur)k =  0.

Having finished the demonstration that N  is an ideal, we apply (b) of Proposition 
0 to show that R/N  has the “a" — a property” . By Jacobson’s well-known theorem 
for the associative case [6] and Artin’s theorem, R/N is commutative; and the proof 
of Theorem 1 is complete.

Corollary 1. Let R be a periodic alternative ring with identity, and suppose 
that the invertible elements o f R  commute with the nilpotent elements. Then C(R) is 
nil and the nilpotent elements form an ideal.

Proof. Let пъ n2 be nilpotent. Since 1 + nx is invertible, it commutes with n2, 
hence nx and n2 commute.

Corollary 2. Let R be a periodic alternative ring having at least one regular 
element. I f  the regular elements o f R commute with the nilpotent elements, then C(R) 
is nil and the nilpotent elements form an ideal.

Proof. If a is a regular element of R, a" = a for some n > 1 and a"-1 is a regular 
idempotent e. For all у £ R, we have e(ye — eye) = (ey — eye)e = 0, hence ye — eye = 
=  ey — eye — 0 and therefore ey — ye. This fact, together with substitution of e 
for x in the standard alternative-ring identity (x2, y, z) =  x(x, y, z) + (x, y, z)x
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[3, p. 379], yields the result that

(1.3) (e,y, z) = 0 for all y ,z£ R ;

and it follows easily that eR is a subring of R  with identity e.
If ex is invertible in eR, there is some к such that (ex)k =  exk =  xke =  e; and 

the assumption that x  is a zero divisor, together with (1.3), yields the contradiction 
that e is a zero divisor. Thus ex is invertible in eR only if x is regular in R; and since 
it is clear that ex is nilpotent in eR if and only if x  is nilpotent in R, eR satisfies the 
hypotheses of Corollary 1. Thus nilpotent elements of eR commute, and cancellation 
of e shows that nilpotent elements of R do also.

Theorem 1 is a generalization of the corollary in [5]. We note that its hypotheses 
do not imply commutativity even for finite rings — we need only consider R having 
as its additive group the Klein 4-group with elements 0, a, b, c and multiplicaton 
given by Ox =  cx = 0 and ax = bx — x for all x £ R.

Theorem 2. Let R be a periodic alternative ring whose zero divisors commute with 
each other. Then either (i) R is commutative or (ii) R has an identity and R/N is a field.

Proof. Note first that ab = 0 implies ba — 0, so we need make no distinction 
between left and right annihilators. We denote the annihilator of the element x 
by A(x).

Now if R  is nil, it is commutative; hence we may assume at the outset that R 
has non-zero idempotents e. If there exists such an idempotent which is not an iden
tity element, at least one of the direct-sum decompositions R + =  Re ® A(e), R + = 
= eR ® A(e) of the additive group R+ must be non-trivial; and e must be a zero 
divisor. Therefore e(ex — exe) =  (ex — exe)e and e(xe — exe) =  (xe — exe)e; and 
it follows that e commutes with all x £ R. By computations like those in the proof 
of Corollary 2, R is a ring direct sum of the commutative rings Re and A(e) and is 
therefore commutative.

The only remaining case to consider is that where R has an identity 1 and no 
other non-zero idempotents. The periodicity of R then implies that each element is 
either nilpotent or invertible; and invoking Theorem 1 to show that N  is an ideal, 
we get an alternative division ring R/N, which is commutative by Jacobson’s “a" =  a 
theorem”. To complete the proof, we need only observe that a commutative alterna
tive ring without non-zero nilpotent elements is associative [10, Lemma 3].

Corollary 3. I f  R is a periodic alternative ring whose zero divisors commute 
and whose invertible elements commute, then R is commutative.

Proof. Consider case (ii) of Theorem 2. Let a be invertible and и £ N. Then a 
and 1 + и commute, hence so do a and u. Since all elements of R are either nilpotent 
or invertible, nilpotent elements commute with all elements of R, which is therefore 
commutative by the corollary of [5] (applied to two-generator subrings of R).

It is to be noted that the hypotheses of Theorem 2 do not imply commutati
vity — see [2] for examples of finite associative rings whose zero divisors annihilate 
each other. It is also the case that the assumption that nilpotent elements commute 
will not yield the conclusion of Theorem 2; to see this consider the set Ze x Z 6, 
where Ze denotes the integers mod 6, with componentwise addition and multiplication 
given by (i,j)(p, q) = (ip, iq).
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2. Periodic rings with restricted commutators

The generalized commutator [лгх, x2, . . . ,  x„] is defined inductively as follows: 
[*!, x2] = xxx2 — x2x1; and [xa, . .  x k] = [[лгх, . . xk-f\,  xk], к  ^  3. We shall use 
the abbreviation [x, j»]n to denote [x, y , . . . ,  _y] with n — 1 entries of y.

T h e o r e m  3. Let R be an associative ring such that
(1) R is periodic;
(2) there exists a positive integer n such that [щ, u2, u3, . . ., un\ = 0 for all nil- 

potent elements иъ . .  ., u„ o f R;
(3) R is 2-torsion-free.
Then C(R) is nil and the nilpotent elements o f R form an ideal.
P r o o f . Let N  denote the Jacobson radical of R. In view of (a) of Proposition 0, 

N  must be nil, for the Jacobson radical can contain no non-zero idempotents; 
moreover, as is easily shown, R/N  =  R inherits the hypotheses of Theorem 3. We need 
only establish that R is commutative without non-zero nilpotent elements; accord
ingly, we shall show that primitive homomorphic images of R are fields.

As a first step, we note that if a is any non-nilpotent element of R, then there 
exist m, n with n > m such that a" = am and (2a)" = (2a)m, so that (2" — 2m)am = 
= 2m(2"-m — l)am = 0; and the absence of 2-torsion shows that some power of a 
is a ^-torsion element with (q, 2) =  1.

Now let Я be a primitive homomorphic image of R. If Я  is not a division ring, 
then there exists a subring §  of Я and a homomorphism of S  onto the ring A2 of 
2 x 2  matrices over some division ring A. If e is the identity element of A2, then e must 
be the image of a non-nilpotent element of §, which in turn has a non-nilpotent 
pre-image in Я ; thus qe =  0 for some q relatively prime to 2 and zl cannot have cha
racteristic 2.

In view of (c) of Proposition 0, A2 will inherit properties (1) and (2). However, 
for any division ring of characteristic different from 2 and any positive integer k,

[пъ n2, щ, n2, . . . ,  пъ n2] ф 0, this generalized commutator having к entries of щ 
and к of n2. Thus, we must have the result that Я is a division ring, which is commu
tative by the “a" = a theorem”. This completes the proof of Theorem 3.

It is to be noted that the restriction on 2-torsion cannot be omitted from the 
hypotheses of Theorem 3, for the ring of 2 x 2 matrices over GF(2) has the property 
that [иъ u2, m3] = 0 for all nilpotent elements иъ u2, u3.

The proof of Theorem 3 yields
C o r o l l a r y  4. I f  R is periodic and 2-torsion-free and i f  for each pair of nilpotent 

elements x, у  some sufficiently long generalized commutator o f form [x, y, x, y , . . ., x, y] 
vanishes, then C(R) is nil and the nilpotent elements form an ideal.

There has been extensive discussion in the literature of rings R  with the property 
that for each x, у  € R, [x, y]n = 0 [8, 9]. It is known that C{R) is nil if n can be chosen 
independent of x and y; but the problem for variable n is still unresolved. Another 
unsolved problem is whether the nilpotence of commutators in the ring R implies 
that the nilpotent elements form an ideal; in this case, if there is a fixed n such that

the property that
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[x, УТ = 0 for all x, у  € R, the answer is affirmative [7, p. 29]. For periodic rings, 
the variable-л question is in both cases manageable; and our final two theorems state 
the results. The details of proof are omitted, since the strategy is the same as in the 
proof of Theorem 3 — it is only necessary to note in the end that the ring of 2 ж 2 
matrices over a division ring (of arbitrary characteristic in this case) fails to satisfy 
the hypothesis and thus the primitive rings are fields.

Theorem 4. I f  R is a periodic associative ring such that for each x, у  £R, [x, y]„ =  0 
for some n depending on x  and y, then C(R) is nil and the nilpotent elements form an 
ideal.

Theorem 5. Let R be a periodic associative ring in which all commutators o f nil- 
potent elements are nilpotent. Then C(R) is nil and the nilpotent elements o f R form  
an ideal.
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CAUCHY’SCHE INTEGRALFORMELN ANALYTISCHER 
FUNKTIONEN AUF ALGEBREN

Von

J. EDENHOFER (München)

Die klassische Funktionentheorie kann als Funktionentheorie in einer kommu
tativen Algebra über R vom Rang 2 mit einer Nullteilerhypergeraden, nämlich dem 
Punkt z = 0, aufgefaßt werden (aus Bequemlichkeitsgründe nennen wir auch das 
Nullelement Nullteiler). Unter gewissen Voraussetzungen sind die Cauchy’schen 
Integralformeln gültig. Wir zeigen hier die sehr schöne Analogie zur klassischen 
Funktionentheorie auf, daß es solche Formeln in allen kommutativen und assoziativen 
Algebren endlichen Ranges n ^  2 über R mit Einselement gibt, welche mindestens 
eine Nullteilerhypergerade besitzen. Daß diesen verallgemeinerten Cauchy’schen 
Integralformeln eine ähnliche Bedeutung (Laurentreihenentwicklungen hyper
komplexer Funktionen, Anwendungen auf partielle Differentialgleichungen) bei
zumessen ist, wie den Cauchy’schen Integralformeln der klassischen Funktionen
theorie, braucht wohl nicht besonders hervorgehoben zu werden. Abschließend wer
den noch für eine nach E. Lammel konstruierte Algebra vom Range 3 mit einer Null
teilergeraden die verallgemeinerten Cauchy’schen Integralformeln angegeben.

Wir bezeichnen mit 2ljj° die Klasse aller kommutativen und assoziativen Algebren 
von endlichem Rang n über den reellen Zahlen R mit Einselement e. Die Elemente 
von A £ 21^ heißen hyperkomplexe Zahlen, eine Basis von A sei e0 = e, eb . . . ,  e„_x. 
Durch

n —1

ei ' ej = Z  Уцкек', i ,j  = 0, 1 , . . . ,  n -  1;
k=0

sind die “Multiplikationskonstanten” yIJk in Bezug auf die gegebene Basis eindeutig 
festgelegt. Man prüft leicht nach, daß die Abbildung

a = Z  x‘ei r (ä )’ = Z  “/?/»
(= 0

(ü ( R  Komponenten von ä)

von A auf eine Unteralgebra der vollständigen Matrixalgebra vom Rang и2 über R 
ein Isomorphismus bzgl. aller in A vorkommenden Verknüpfungen ist. Ist а £ А 
Nullteiler von A (dies ist genau dann der Fall, wenn det Г(а) — 0), so auch p-a  
für jedes p £ R. Wir bezeichnen deshalb die Menge aller Nullteiler von A als Null
teilerhyperkegel von A. Der Nullteilerhyperkegel von A zerfällt in Hyperebenen und 
Hypergeraden (wegen der Kommutativität von A, näheres siehe [2]), die wir als 
Nullteilerhyperebenen und Nullteilerhypergeraden bezeichnen.

1 (ßki)> ßki€ R; и-reihige quadratische Matrix mit к als Zeilenindex und l als Spaltenindex.
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Im folgenden nehmen wir an, daß A £ 21^, als Vektorraum betrachtet, normiert 
ist. Wir verwenden speziell die Spektralnorm von Г{а) als Norm für а £ A:

(1) И а И : =  + ^/max. Eigenwert von (Г(а))' • Г(а).

Für a ,b d A  gilt

(2) lle-*||£<Hle|MI*||,
wo er £ R nur von der verwendeten Algebra А £ 2l£°, nicht aber von a und b abhängt.

Unter einer hyperkomplexen Funktion /  verstehen wir eine Abbildung von 
D d  A in A.

D efinition 1. Die hyperkomplexe Funktion /  sei in einer Umgebung U(z) der 
Stelle z £ D definiert./heißt an der Stelle z analytisch, wenn es eine von h unabhän
gige hyperkomplexe Zahl f '(z )  £ A gibt, so daß

(3) f ( z  + h) -  f(z)  =  / '( z )  • h + coj(h, z)

für z + h £ U(z) und I cof (h, z) I 0 für h -► 0. /  heißt auf M d  D analytisch,

wenn /  dies in jedem Punkt von M  ist.
Wie die höheren Ableitungen / w (z); к  = 2 , 3 , . . . ;  von /(z) zu definieren 

sind, ist klar.
Seien / = 0 , 1 , . . . , « — 1; die Komponenten von z bzgl. der Basis e0 = e, 

e„_!. Wie in der klassischen Funktionentheorie läßt sich zeigen: /  ist in 
z£D  genau dann analytisch, wenn die Komponenten von / in z linear approximier
bar sind und den verallgemeinerten Cauchy — Riemann’schen Differentialgleich
ungen

(4)
d m
к ,

= e, d m  
de о

i = 1....... n -  1;

genügen. Bekanntlich bleibt auch der Cauchy'sehe Integralsatz gültig:2 Sei /  eine 
auf dem einfach zusammenhängenden Gebiete G des R" analytische hyperkomplexe 
Funktion. Dann gilt

(5) f  f(z)dz  = 0
c

für jeden einfach geschlossenen Weg C, der ganz in G verläuft.
Wir versuchen jetzt ein Analogon der Cauchy'sehen Integralformeln der gewöhn

lichen Funktionentheorie für analytische Funktionen aufzustellen. Die gewöhnliche 
Funktionentheorie ist in einer Algebra aus 2f^) definiert, welche eine Nullteilerhyper
gerade, nämlich den Punkt z =  0, besitzt. In Verallgemeinerung davon gelten die im 
folgenden abgeleiteten Formeln für kommutative Algebren A £ 21^, welche min
destens eine Nullteilerhypergerade © besitzen.

2 Siehe [4], [5].
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© ist ein (n — 2)-dimensionaler linearer Unterraum von A. Zu Qi gibt es daher 
zwei hyperkomplexe Zahlen a, b QA, so daß

A =  {d I d =  Ха + цЬ + с; X, ц £ R ,  c £ ©}.

Die Kurve 0С2ж des R"

(6) z : — c + r(a cos ф + b sin ф); 0 й  Ф й  2я; c g © ;  r g R mit г > 0;

ist einfach, geschlossen und hat mit © keinen Punkt gemeinsam, c sei so gewählt, 
daß c in keiner anderen Nullteilerhyperebene bzw. -gerade von A liegt. Dann kann 
man r > 0 so klein wählen, daß auf der Kurve 0C2„ kein Nullteiler liegt. Denn nach 
Voraussetzung ist der Euklidische Abstand von c und den von © verschiedenen 
Nullteilerhyperebenen und -geraden H  positiv, also wegen der Stetigkeit des Abstan
des auch der von z = c + r(a cos ф + b sin ф) und H, wenn man nur r > 0 hin
reichend klein wählt. Daher ist z für 0 ^  ф sí 2n invertierbar. Das Inverse z_1 ist 
eine stetige Funktion von ф, also existiert

( 7 )  j> — dz,
C zгп

wo der Integrationsweg die Nullteilerhypergerade “umschließt”, d. h. man kann 
0C2n nicht stetig auf einen Punkt zusammenziehen, der selbst nicht Nullteiler ist, 
ohne Nullteiler zu überstreichen.

Sei nun f(z) an der Stelle 0 analytisch und in einer Umgebung U(0) von 0 stetig. 
Wir betrachten die Integrationswege

(8) C, : zs = s[c + r{a cos ф + b sin ф)]; 0 < s ^  1;

wo Q  der schon beschriebene Weg 0C2n ist. Es gibt ein s, so daß für s mit 0 < i  g i  
alle Cj in U(0) liegen. Aus (3) folgt

/ f e ) - / (Q ) = / ' ( 0) + <M zs> Q)

also

(9 ) 7, : -  § Шdz,-  f
C s Cs

Die Abschätzung von Is mittels (2) liefert:

0 < s < s .

( 10) It \ ] ü k - L t Max
Zs£Cs

0 >f(zs, 0 )

wo Ls die Länge des Integrationsweges Cs und к Q R eine nur von А £ abhän
gige Konstante ist.

l* A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  2 8 , 1976



288 J. EDENHOFER

(И )

Wegen (2) folgt weiter

°) á  CT II oif {z„ 0) „ - 1

=  G
0 3 f { z s , 0) max. Eigenwert von r(zs)' r(zs)

z, И V min. Eigenwert von Г(г,)' r(zs)
Die Wurzel ist von s unabhängig, denn für die Eigenwerte Я, von r(zs)' r(zs) ist

det ( r ( z , ) T ( z ,)  -  A ß )  = det -  ).ß )  =  s2n det ( r (2 j )T (z j )  =  e ) = 0.

Die Eigenwerte von Г(гх)' r(zx) sind also Дх: = — oder Xs = s2Xv  Der Quotients
zweier Eigenwerte von r(zs)' r(zs) ist daher von s unabhängig. Daraus folgt

II Of II / max. Eigenwert von r(z1)T(z1)
| |zä || \ l  min. Eigenwert von r{zß  Г(г^)

Die Wurzel in (12) ist eine stetige Funktion von ф. Ihr Maximum auf [0, 2n] sei M, 
also

(12)
COf

(13)

Da /  in 0 analytisch ist, folgt

(14) 

also

°V < aM

lim
s ->0

COf

llovll

= о

(15) lim Is = 0.
s—>-0

Ist nun /(z) ind £7(0) nicht nur stetig, sondern auch analytisch, so hat Is für s mit 
0 <  s s den gleichen Wert, der wegen (15) gleich Null ist.

Satz. Sei А £ §1^ eine Algebra vom Rang n~2i2, welche eine Nullteilerhyper
gerade & besitzt und f(z) in einem einfach zusammenhängenden Gebiet G des R", 
das den Punkt 0 enthält, analytisch. Dann ist

(16) ф dz — /(0) ф — d z ,

wo C ein Integrationsweg ist, der iS umschließt, ganz in G verläuft und auf dem keine 
Nullteiler liegen.

(17) ^  dz = f(x) §z — X z — X
dz

3 Siehe [1], S. 148.
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Translation liefert

i '■ = j>-------dz ist von x unabhängig.
c z x

Differentiation von

f(z)(18) § ---------dz = i-f(x ); i € Л ;
c z  — x

nach x  liefert die verallgemeinerten Cauchy’schen Integralformeln

(19) (i-f(x)Yk) = k ' ■ § №

(z -  x)

A+1 dz; к = 0,1,

Hieraus folgt i. a. nicht, daß /(z) beliebig oft differenzierbar ist. /(z) ist sicher dann 
beliebig oft differenzierbar, wenn i kein Nullteiler ist. Für welche Algebren dies der 
Fall ist, bleibt zu untersuchen. (18) kann man als Ausgangspunkt weiterer funktion- 
theoretischer Überlegungen, z. B. Laurentreihenentwicklungen hyperkomplexer 
Funktionen, benützen.

Auch ist (18) naturgemäß ein vorzügliches Instrument zur Lösung partieller 
Differentialgleichungen. Welche Gleichungen man damit behandeln kann, soll kurz 
erläutert werden.

Die gewöhnliche Funktionentheorie liefert uns die Hilfsmittel, Randwertauf
gaben für die Cauchy —Riemann’schen Differentialgleichungen und die Potential
gleichung uxx + uyy = 0 zu lösen. Wie bekannt, genügen die Komponenten jeder 
analytischen Funktion dieser Gleichung. Um diesen Sachverhalt auf hyperkomplexe 
Funktionen zu verallgemeinern, geben wir die

D efinition 2.4 Jede partielle Differentialgleichung, der in einem Gebiet G des R" 
jede Komponente der analytischen Funktionen genügt, heißt eine den v. CR — DGLn
(4) in G zugeordnete Differentialgleichung.

Um den v. CR -  DGLn (4) der analytischen Funktionen zugeordnete Differen
tialgleichungen zu ermitteln, wenden wir den homogenen linearen Differentialopera

tor m-ter Ordnung Pm 8
Wo H n-i

mit konstanten Koeffizienten aus R auf

eine in G <z A £ Sl£° analytische Funktion f  and, welche analytische Ableitungen 
bis mindestens zur Ordnung m — 1 besitzt.

Es ergibt sich wegen (4):

(20) Pm(£-o, . . . , e n_1) - / (",)(x) = 0.

Hinreichend dafür, daß die partielle Differentialgleichung

(2 1 )
d to .........

и = 0

4 Nach [3], S. 76.
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den v. CR — DGLn zugeordnet ist, ist also

(22) Pm(e0, . .  ., £„_!> = 0.5

(22) ist auch notwendig, denn aus (20) folgt für f(z)  = zm (22).
Im folgenden werden wir für eine nach E. Lammel konstruierte Algebra6 vom 

Range 3 mit einer Nullteilergeraden die verallgemeinerten Cauchy -  Riemann’schen 
Differentialgleichungen, eine ihnen zugeordnete Differentialgleichung und die verall
gemeinerten Cauchy’schen Integralformeln angeben.

A sei die Menge aller Tripel reeller Zahlen (a0, alf a2). Addition 2-er Tripel und 
Multiplikation eines Tripels mit einer reellen Zahl sollen wie bei den Vektoren des R3 
definiert sein. Die Multiplikation 2-er Tripel (a0, аъ oc2) und (ß0, ßh ß2) legen wir 
durch

r 7o ^ ' a0 - a 2 - а Л (ßo) (ß o \
(23) 7i = ai a0 -«2 ' ßl = Па) •

rUz; Uz «0 J ,ß2j \ß 2 )
fest. Damit wird A zu einer Algebra aus 21^. 

Die Determinante von Г(а) ist

(24) Г / 1 1 2 3
« i  + a 2) _ Г  + у а1“ т и +  - 4 - ( « 1  +  «z ) 2

=  3a0ocia2 +  ajj -  a? +  a |.

A ist also eine Algebra mit einer Nullteilerebene

(25) a0 — ax + a2 = 0

und einer Nullteilergeraden

(26) ct0 + —  -  у  a2 = 0, «j + a2 =  0 .

Die v. CR — DGLn sind

(27) (uy, vy, wy) = ( -  wx, ux, vß), (uz, vz, wz) = ( -  vx, -  wx, ux) .

Jede Komponente einer analytischen Funktion, welche 3-mal stetig differenzierbar 
ist, genügt wegen uyyy — — wxyy; wyyx = vxyx; vyxx = uxxx der partiellen Differential
gleichung

(28) u y y y + UX X X = 0 ,
welche den Gleichungen (27) zugeordnet ist.

5 Der entsprechende Satz in [3] ist unter den dort angegebenen Voraussetzungen nicht zu
treffend. Gegenbeispiel:

«Siehe [5].

d2 d 
дуг dx in C.
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Da A eine Algebra mit einer Nullteilergeraden ist, können wir die verallgemeiner
ten Cauchy’schen Integralformeln (19) aufstellen. Dazu ist die Berechnung des Inver
sen a-1 von a = (a0, als a2) nötig. Aus (23) folgt

( 2 9 ) а 1 =
'« 0

«1

- « 2

«0

— a l  ' 
- 0 2 ' [i)

U 2 «1 « 0 / l o /

1
det Г(а)

ao + «1«2 '
— <*oai -  <4

«i -  а0«2,

Die Nullteilergerade hat die Parameterdarstellung Я • (—1,1, — 1). Als Integrations
weg 0C2n können wir daher

(30)
- 1

1
l - l

f
+ r sin ф

1
0

-1
+  r COS Ф

0 \
1 , 
4

О ^Ф  Ü2n;

wählen, wo r > 0 so klein zu nehmen ist, daß der Integrationsweg mit der Null
teilerebene (25) keinen Punkt gemeinsam hat:

AOAB liegt in der Nullteilerebene. 
Es ist

1 2* 1 dz
$ ± d z  =

oCj7t Q Z  </(/>

Wegen =  — 1 + r sin ф; =  1 + r cos ф; £2 = — 1 — r sin ф + r cos ф folgt
aus (24) und (29)

(31) z"1 =
-  9r2 1 - sin 2ф

r2 — 3r sin ф ----— sin 2ф

sin 2ф — r2 + 3r cos ф — 3r sin ф

r2 + 3r cos ф ----— sin 2ф
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Weiter ist 

(32)
dz

~Иф

( r cos ф 
— г sin ф

— г cos ф — г sin фdz
Jetzt ist z 1 mit —  nach (23) zu multiplizieren. Die Integration scheint schwierig,dф
doch nach dem Cauchy’schen Integralsatz und einem Satz der reellen Analysis ist

(33)
2* 1 dz 2* 1 J .  2n
f — JT dф = lim f ---- т^dф =  f lim
о  ̂ d9  ,_*oo z dф J ,_*0 It ® '* -

Das Integral ganz rechts ist 

cos 2ф \2  7t I

(34) J  I 1 +  COS2 Ф ------
1 + sin2 ф)  — 3 1 — — sin2^>

2лdф = -  —~
ч/З

°

i 1

Sei nun x:£ A beliebig und /(z) in einer Umgebung U(x) von x holomorph. Dann gilt 
die Cauchy’sche Integralformel

(35) 2n

7 ^
■fix),

wo C ganz in U(x) verläuft, die zur Nullteilergeraden parallele Gerade durch x um
schließt und mit der Ebene durch x, welche zur Nullteilerebene parallel ist, keine 
Punkte gemeinsam hat. Zu beachten ist, daß C wie in der Figur orientiert ist (Rechts
schraube!).
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REFLECTED RADICAL CLASSES

By
B. J. GARDNER (Hobart) and P. N. STEWART (Halifax)

1. Introduction. Our categorical terminology is selected from the books of 
F r e y d  [5] and M i t c h e l l  [11]. We shall not distinguish notationally between a sub
object and a representative morphism.

On the basis of S u l ’g e i f e r ’s  work in [13] we say that a category is suitable for 
radical theory if it has a zero object, kernels and conormal epimorphic images, 
if unions of ascending chains of normal subobjects exist and are normal and if images 
under conormal epimorphisms of normal subobjects are normal subobjects.

Throughout this paper “category” will mean a category suitable for radical 
theory in which the class of normal subobjects of each object is a set.

Let ál be a non-empty, isomorphism closed class of objects in a category SC. 
A subobjects S' -» A is a Si-subobject if S £ Si. The class ál is a radical class if (see 
[13, Theorem 3.1])

R l. I f  A -* В is a conormal epimorphism and A £ ál, then В £ ál.
R2. An object A is in Si i f  for every non-zero conormal epimorphism A -» B, 

В has a non-zero normal Si-subobject.
If ál is a radical class then each object A has a unique largest ál-subobject át(^4) —> A, 
and A is called ál semi-simple if ál (A) = 0.

Suppose that SC also satisfies: for each normal subobject N  -* В and conormal 
epimorphism A -* В the pullback

P -* A 

i  I 
N -> В

exists, P -» A is a normal subobject of A, and P -* N is a conormal epimorphism 
It is then routine to check that R2, in the presence of Rl, is equivalent to:

R3. I f  A' -> A -* A" -* 0 is exact and A', A” £ ál, then A £ ál,
and

R4. The union of any ascending chain o f normal Si-subobjects of an object A 
is a normal Si-subobject of A. 2

2. Reflections. For the remainder of this paper SCX and 3 C 2 will denote categories 
and Ф : SCi -» SC2 an object function.
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The object function Ф is said to reflect radical classes if, for each radical class 
át in SC2, the class

át* = {A I Ф(А) в át}

is a radical class in SĈ  Throughout this section we assume that Ф is a functor.
Theorem 1. I f  SC-l is a category in which radical classes are characterized by 

RI, R3 and R4, and i f  Ф is an exact functor which preserves unions o f ascending chains 
o f normal subobjects, then Ф reflects radical classes.

The proof is immediate: conditions R1 and R3 for It* follow from the exactness 
of Ф and R4 follows because Ф preserves unions of chains of normal subobjects.

Since a functor with a right adjoint preserves colimits, and hence unions, we 
have the following corollary.

Corollary 2. I f  Ж1 satisfies the condition o f the theorem and Ф is an exact 
functor with a right adjoint, then Ф reflects radical classes.

We now give some examples of functors satisfying the conditions of Theorem 1. 
In each case the functor acts on morphisms in the obvious way.

Let SCj =  SC2 = R, the category of associative rings, and let S' be a fixed semi
group. For each A £ R define Ф(А) to be the semigroup ring A [S], The case when S  
is the free semigroup on one generator with an identity adjoined (that is, is 
the polynomial ring A[x]) has been considered in detail by the first author in [6]. 
A similar example can be obtained by defining Ф(А) to be the ring of nxn  matrices 
with entries from A.

Amitsur [2] considers som e examples o f  exact functors which reflect radical 
classes and in a remark on page 53 asserts that all exact functors Ф : R -* R reflect 
radical classes. It can be seen that this assertion is incorrect by considering the exact 
functor which assigns to each associative ring A the power series ring Л [[x ]]: for 
each integer n ^  2 let An be a commutative ring satisfying A"~x Ф (0) = A" and 
let A = ®An, then Л„[[х]] É SU (the nil radical class) for each n ^  2, but A [[*]] $ §fl.

П

Forgetful functors also provide examples. For instance, take SCj = the category 
of associative rings with a set of operators and SC2 = R (see also D ivinsky and 
Sulinski [4]), or take S^ = R and SC2 = AB =  the category of abelian groups 
(the reflected radical classes obtained in this case are called А-radical classes and 
have been studied by the first author in [7]).

A further class of examples can be obtained as follows. Let = R, SC2 =  the 
category of Jordan rings, and for each A £ R define Ф(А) to be the Jordan ring obta
ined by defining the multiplication x*y = xy + y x  for all x, у £ A (there is, of course, 
a similar example for Lie rings). For another example of this kind let SCX = J  =  the 
category of Jacobson radical rings, SC2 = GR =  the category of groups, and for 
each A £ J  define Ф(А) to be the group obtained by defining the operation x o y  = 
= x  + у — xy  for all x, у £ A. If H is a radical class in GR its reflection by the 
functor Ф in this example is not only a radical class in J, but also in R. This follows 
from the next proposition which generalizes a result of Arnautov and VodinCar [3 ] 
concerning topological rings.

Proposition 3. Let Ж be a category, <2 a hereditary (that is, closed under taking 
normal subobjects) radical class in SC, and (2° the full subcateaorv of SC generated

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  2 8 ,  1 9 7 6



REFLECTED RADICAL CLASSES 295

by (2. Then <2tt is a category suitable for radical theory and every radical class in (2a 
is a radical class in Si.

Proof. The suitability of <2° for radical theory is easily verified.
Let Si be a radical class in (2Ö. If A -a В is a conormal epimorphism in 3i and 

A £ ál, then A £ S and hence В £ <2. It follows that A -* В is a conormal epimorphism 
in (2e , whence В £§L. This establishes Rl. Suppose an object A of 3C is such that 
for every non-zero conormal epimorphism A -+ В, В has a non-zero normal sub
object I  -> В with / £ SI. Then / £ <2, so by R2 we have A £(2. Finally, if A -*■ C is 
a non-zero conormal epimorphism in (2Ö it has the same property in SC and so, by 
assumption, C has a non-zero normal át-subobject J  -> C. Since Si satisfies R2 in 
<2tt it follows that A £ Si. Thus Si satisfies R2 in Si and is thus a radical class in SC, 
as asserted.

A radical class 31 is strict ( K u r o s  [9]) if for each object A, 31(A) -> A contains 
all Л-subobjects of A. In the next theorem we shall require the following characte
rization of strict radical classes.

Proposition 4. Let Si be a category, Si a radical class in SC, and $ the class o f 
Л  semi-simple objects. The radical class S  is strict i f  and only i f

Si =  {A I [A, S]x  = {0} for all S£&}.

Proof. Assume that Si is strict. For any morphism A -» S, where A £ Si and 
5  £ §, lm (A -* S) is an Л-subobject of S and thus is contained in 0 = Л(5) -+ S. 
Hence [A, =  {0} for A g át, S £ §. On the other hand, if A is such that
[А, 5]ж = {0} for each S £§>, it follows from the existence of an exact sequence

0 —► Sl(A) —► A —► *Sq —> 0

with S0 £ S ,  that A = Sl(A) £ Si.
Conversely, assume that

Si = {A I [A, S]x = {0} for each 5 6 §}.

For an arbitrary object A there exists an exact sequence

0 —> SiiA') —► A —► S  —► 0

with S € §. For any át-subobject 7 -> A of A, we have 7 -> A -* S  £ [7, 5]^ =  {0} 
so that 7 -* A ^  Ker (A -* S) = S(A) -* A, and Si is therefore strict. This completes 
the proof.

We have seen that an exact functor with a right adjoint reflects radical classes. 
Where strict radical classes are concerned, the exactness requirement can be dropped.

Theorem 5. 7/"Ф has a right adjoint, then Ф reflects strict radical classes; that is, 
i f  Si is a strict radical class in 3L2, then Si* = {A \ Ф(А) £ §1} is a radical class in Жх.

Proof. Let Si be a strict radical class in 3C2, $ the class of Si semi-simple objects 
and !P : S 2 -* S j  a right adjoint of Ф. Using Proposition 4 we see that

Si* о  Ф(А) eSl о  [Ф(А), S]x> = {0} for all S  € $ 

о  [А, = {0} for all S £ § .
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Clearly ál* satisfies Rl. Let A be an object of Slx such that for every non-zero conor- 
mal epimorphism A -> В, В contains a non-zero normal <3t*-subobject. If there exists 
a non-zero morphism A -* W(S) for some 5  g §, let /  -> F(S) = Im (A -> FiSj). 
By assumption, /  has a non-zero normal át*-subobject, and so 4*(S) has a non-zero 
ál*-subobject С -> !P(S). But [C, y/(5)]3Ci = {0}, so C = 0 which is a contradiction. 
Hence [A, *F(S)]3{i = {0} for each S£&, and so ál* satisfies R2 and the proof is 
complete.

Since in an abelian category every radical class is strict, we have the following 
corollary.

C o r o l l a r y  6 . I f  Si2 й  abelian and Ф has a right adjoint, then Ф reflects radical 
classes.

We conclude this section with some examples of functors satisfying the condi
tions of Theorem 5. In each case the functors act on morphisms in the obvious way.

Let Six be a category of universal algebras (which is suitable for radical theory), 
Z a set of identities, and for each algebra A {Six let As denote the quotient algebra 
of A induced by Z. Denote the full subcategory of 3ix generated by the variety 
{A \ Ax — A} by Vj. The correspondence A -*■ Az defines, in the obvious way, 
a functor Ф : Six -* vs which has inclusion as a right adjoint. Consequently, {A \ А££Щ 
is a radical class in Six for every strict radical class ál in vx. In particular, when 
Six — GR and ál = {0} we obtain the verbal radical classes of Scuktn [12]. We men
tion two other examples of functors of this kind. First, the functor from GR to AB 
which maps each group G to G/[G, G] where [G, G] is the commutator subgroup 
of G. Second, the functor from R to the full subcategory of rings with trivial multi
plication which maps each associative ring A to A/A2. (Since the full subcategory 
of associative rings with trivial multiplication is naturally isomorphic to the cate
gory AB, this is another example of a functor from R to AB which reflects radical 
classes.)

For another example let Rj and i?2be associative rings with identity and MOD(7?,) 
be the category of right unital i?,-modules for i — 1,2. Let M  be a left unital Rx, 
right unital R2-module and define Ф : M O D ^ ) -* MOD(R2) by Ф ^ )  = N  ® RM. 
Since Ф has a right adjoint and MOD(R2) is abelian, Ф reflects radical classes. In some 
cases the right adjoint F of Ф also reflects radical classes. For instance, if there is an 
(identity preserving) ring homomorphism / : -> R2 and we set M  — R 2, then 'F
associates with each R2-module К  the ^-module obtained by defining kr = kf(r') 
for к ZK, r g Rj. The functor 4* reflects radical classes since it satisfies the conditions 
of Theorem 1 (alternatively, W has a right adjoint of its own).

3. Invariant classes. In this section we shall assume that Six = 3i2 = Si and 
drop the requirement that the object function Ф : Si -> Si be a functor. A class <B 
of objects of SC is Ф invariant if Ф[<2] Q (2.

Proposition 7. I f  Ф reflects radical classes and <2 is Ф invariant, then L(C2), the 
lower radical class determined by <2, is also Ф invariant.

Proof. If Ф[(2]g<2, then for any A £ & we have Ф(А) £ <2 Q L(<2), and so 
А £Дб)*. Thus S£L (S)* , so L((2) QL(<2)* as required.

For any class <2 of objects in Si, б* = {Фп(А) | A £ <2, n =  0, 1, 2 , . . . }  is the 
smallest Ф invariant class of objects containing (2. If Ф reflects radical classes the
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above proposition implies that L(C^) is the smallest Ф invariant radical class contain
ing <2.

For any class <2 of objects in Ж, С* = {A \ Фп(А) £ (2 for all n = 0, 1, 2 ,. ..} 
is the largest Ф invariant subclass in (2. If 6  is a radical class and Ф reflects radical 
classes, then

<2* = <2 П <2* П ( S T  П •••
is a radical class and consequently the largest Ф invariant radical subclass of <2- 
However, an arbitrary class (2 may not contain a largest Ф invariant radical subclass; 
in fact, when Ф is the identity all classes are Ф invariant and it is known [10, Example 2] 
that an arbitrary class <2 need not contain a largest radical subclass.

These two constructions were first considered in connection with the polynomial 
ring functor Ф(А) = A [x] by the first author in [6]. We note that in this case the 
chain

а з г з  (it*)* g . . .

need not terminate, thus answering a question raised in [6]. For let px,p 2, . . .  be an 
enumeration of the primes, Fn the field of pn elements, An = Fn[x1;. . . ,  x„] and 
It = L({An I n = 1, 2 , . .  .}). Arguing as in [6, Corollary 9] we see that Fn is in the 
nth class of the chain but not in the (n + l)st class.

For the polynomial ring functor we have

L(£t) =  £ » = £  =  £ i  c y

where ‘J is the Jacobson, §Я is the nil and £ is the Levitzki (locally nilpotent) radical 
class. All of the inclusions are straightforward except g l i  which follows from the 
result that for any ring A, °j(A[x]) g  о>£(Л)[.х] (see [1]). The rings in cT  have been 
studied by R r e m p a  in [ 8 ]  where they are called absolutely nil.

We now consider the above constructions in the case of the matrix ring functor 
Ф(А) = AN (N is a fixed positive integer). For any radical class H,

H* =  {A for к = 0,1,2,  . . . } g { z f  I Л е И  for n = 0 , 1 , 2 , . . . }

with equality if It is closed under taking subrings. Since K r e m p a  [8] has shown that 
{A I An £ 8Я for n — 0, 1 , 2 , . . . } =  {A | A[x] £ we conclude that о)^ = 
= {A I A [x] 61}. It is now straightforward to check that
L(£t) = £t =£ = £! gDll = { J | i M ( ] } g  g  Ь(§Я̂ ) g  LQt)  = <Jt = 'J = ^
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ÜBER EIN PROBLEM VON J. M. ASH, P. ERDŐS 
UND L. A. RUBEL

Von

E. HEPPNER (Freiburg)

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 28 ( 3 -  4), (1976), 2 9 9 -  300.

Wir wollen hier zu festem к £ N |J {0} eine Funktion / : R -» R konstruieren 
mit folgenden Eigenschaften:

(i) Für jedes я £ [0, 1 ] gilt

lim x [ [ ]  log,- x ] (f ( x  + я) -  f(x))  =  0 ,
* -> •0 0  u = i  ;

wobei log,- x den i-fach iterierten Logarithmus von x bezeichnet, aber

(ii) sup I /(x  + я) — f(x )  I = oo fü r  alle x  £ R.
l]

Für к = 0 beantwortet dies eine Frage von J. M. Ash, P. E r d ő s  und L. A. R u b e l  [1 ].
Wir betrachten R als Vektorraum über Q. Aus dem Zornschen Lemma folgt 

die Existenz einer Basis В von R über Q. Wir wählen eine abzählbare Teilmenge 
{jCj}/eN der Menge В und bezeichnen mit Vt(i £ N U {0}) den Q-Vektorraum, der 
aufgespannt wird von {x | x  £ В, x  ф Xj für alle j  > /}. Dann gilt offenbar Vt cz

C  Vi+1, Vj Ф Vl+1 und U V, = R.
i=i

Für n :g I x I < n + 1 mit n€N  setzen wir nun mit c0 =  0, c/+1 = exp (c,),

, , ,  = j 0 für x  £ V„,
X llog*+2(m + ck+2) -  logk+2(n + ck+2) für x  $ Vn, x  £ Vm, x  $ Vm_г.

Um die Eigenschaft (i) zu zeigen geben wir uns ein я £ [0, 1 ] vor. Es sei я £ V,. Für 
ein x  mit l < n ^ x < n  + 1 unterscheiden wir nun die Fälle x £ Vn und x $ V„. 
Im ersten Fall ist f(x) — f( x  + я) = 0. Für x £ V„ gilt aber x  £ Vm, x  Fm_i genau 
für x + я £ Vm, x + я I  Hieraus folgt nun leicht

f(x )  -  /(x  + я) =
0 für x 4- я < n + 1

log*+2(n + 1 + c*+2) -  logk+2(n + ck+2) für X + я ^  n + 1 .

Wegen

logk + i(.n + 1 + ck+2) -  log*+2(и +  ck+2) = О x П  log,(x + Ck+2)
. i = 1

ist damit (i) gezeigt.
Für festes x wird aber/(x + я) beliebig groß, wenn wir я = r \ xm | mit m beliebig 

groß und 0 < r < I xm I-1, r £ Q, wählen, womit auch (ii) nachgewiesen ist.
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REMARK ON A PAPER OF C. T. NG

By

I. FENYŐ (Budapest)

In a recent paper C. T. Ng [1] considered the following functional equation
n  m  n  m

Z  I  Fv(Piqj) =  Z  GAP,) +  Z  H M j)
1=1 j  = 1 i= l ./ =  1

m

where pt and are probability distributions, i.e. £  pt = 1, pf ^  0 (/ =  1 , 2 , . . . , « ) ,
7 = 1 

m

Z 4j — 1> Oj = 0 (y = 1 , 2 , . . . ,  /и). Ng has given the general measurable solution 
/=1
of this equation for n = 2 and m = 3 and made the remark, that the general case 
can be reduced to the case considered by him. His result is based on the fact, that 
he succeeded to find the general measurable solution of the following functional 
equation
(1) F\(4\) -  F*{P4i) -  F3(qi -  pqi) + G (?2) ~ Fs(pq2) -  F6(q2 -  pq2) = A(p,qx + q2),
where p, qu q2 are independent variables, /> £ [0, 1 ], qt, q2, qx + q2 g [0, 1 ]; Fh A are 
the unknown functions (/ = 1 , 2 , . . . ,  6).

Ng needed four lemmas to solve the functional equation (1). With a very little 
more assumption on A we can get the solution of Ng in a much shorter way by using 
the technique which we elaborated in some earlier papers [2], [3], [4]. This method 
has not only the advantage that it gives the asked solution in a much shorter way, 
but provides the general solution not only in the domain of measurable functions 
but also in the more general domain of distributions.

Let us denote by / ( =  71) the interval (0, 1),/ х / =  72, 72 x 7 = 73. D(IN) is 
the linear space of Schwartz testing functions with support in IN, D'(IN) the space 
of distributions over IN (N = 1,2, 3).

Now we consider in (1) Ft as unknown distributions from the class D’(I) 
(/ = 1,. .., 6) and A a distribution of D \T2). Under Ft(pq) we mean PFh where the 
operator P is defined in [3] ((3.4) p. 59), the sum standing on the left hand side of (1) 
(where distributions with different argument are) is understood in the sense of the 
operation ®, see [3] p. 55.

We assume (this assumption is not made in [1]) that A{p,q) = U(p)q + V(p), 
where U, V £ D'(F) are unknown, and U(p)q means U <g> q (here the function q is 
also considered as a distribution of D \I )) and <g) is the tensorial product of two distri
butions and of course under + we mean again the operation ®. Under F-, F", 
we mean the distribution-derivatives of the first, second, . . .  order.

We state the following

8 A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  28, 1976



302 I. FENYŐ

Theorem. Let A(p, q) — U(p) <g> q +  V(p), where U and V are unknown distri
butions o f the class D \I). The most general solution o f the functional equation (1) in 
the domain of distributions o f the class D '(I) are distributions generated by the following 
functions:

F,(t) =  a,t log t + b^ + Ci (/ = 1, 2 , . . . .  6)

U(p) =  a(p log p + (1 -  p) log (1 -  p) + bp + c)

V(p) =  d,

where ah bh ch a, b, c, d are certain constants.
This theorem is slightly more general than that of Ng, because it gives the most 

general solutions in a class of distributions and not only in a class of measurable 
functions as by Ng. But at the same time it is also a small restriction, because it makes 
an assumption on the form of the unknown A(p, q). Our aim is using the technique 
of papers [2], [3], [4] to give a proof for the theorem above which is much more 
simpler and shorter than that of Ng.

Proof. Using the notations, definitions above and rules (5.4), (5.1), (4.4) in [3] 
we form the second derivative of (1) with respect to qx:

(2) Fl(qx) -  p2F’l(pql) -  F^q, -  pqx\  1 -  / )  = 0.

If we take now the derivative of (2) with respect to p and multiply by qx, we get

-  IpqiFZ(pqi) -  p2q\Fz (P<h) ~  2(1 -  p)qiF3(qx -  pqx) -  p fq xF3'{qx -  pqx) = 0.
Let us introduce the new variables t =  pqx and q = qx instead of p and qx (this can 
be made after the definition (2.1) in [3] p. 47), so we are led to

(3) -  ItF-ft) -  t*Fl"(t) = 2 (q -  t)Fi"(q -  t) + (q -  tfF '"(q  -  t) .

If we differentiate (3) with respect to q, we see that

(4) 2 tF&t) + t2F'f(t) = C,

where C is a constant (i.e. the constant distribution). (4) is an ordinary differential 
equation with respect to an unknown distribution considered in the interval /, that 
means we have to apply to (4) testing functions of one variable which vanish (together 
with all their derivatives) for / = 0. Then after a well known theorem of L. Schwartz
(5) the differential equation (4) has no other solutions as the classical ones. Hence, 
if in (1) F2 is not identically zero, then it can have only the form

Ff f )  = a2t log t + b2t + c2

(a2, b2, c2 are constants).
Substituting a new variable into (3) for q -  t by means of the quoted rule, we get 

in the same manner
F3(t) =  a3t log t + b3t + c3.

Just in this way (also by reason of symmetry)

-Fs(0 =  a5t log t + b5t + c5, Fe(i) = a6t log t + b6t + c3.
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If we know that F3 has the form above, we get from (2) — 1 lqx and therefore

Fx(t) = aYt log t + bxt + Cj

and in the same way

Ft(t) = a4r log t + + c4.

Substituting these functions into (1) we get

A(p, q) = a(j> log p + (1 -  p) log (1 -  p) + bp + c)q + d.

If we substitute all these functions into (1) we get also the necessary relations between 
the constants as it is in [1 ].
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AUTOMORPHISMEN 
GEWISSER FUNKTIONENALGEBREN. II

Von

K.-H. INDLEKOFER (Paderborn)

1. Einleitung. Es sei A(D) die Algebra der im Einheitskreis £ ) = { z £ C : | z | < l }  
holomorphen und auf der Hülle D stetigen Funktionen. Mit

( 1. 1) Aa(D) : = / 6  A(D) :/(z) = Z  anZn, Z  I an \ < со

bezeichnen wir die Algebra der Funktionen /  aus A(D), deren Maclaurinreihe für 
I z I = 1 absolut konvergiert. In [7] untersuchten wir Teilalgebren von Aa(D), die 
wir durch Vorgabe des Stetigkeitsmoduls bestimmten, und charakterisierten ihre 
Automorphismen. Genauer:

Sei и» : [0, я] -> R ein Stetigkeitsmodul, d. h. eine Funktion mit den folgenden 
drei Eigenschaften

(i) w(h) -* 0 für h -* 0, w(0) = 0.
(ii) w(h) ist positiv und monoton wachsend.

(iii) w ist subadditiv:

w(hi + h2) g  w(hx) + w(h.j).

Für stetige Funktionen f : D -* C sei

co(f; h) : =  sup sup | f(ei(p+t)) -  f(e iif) \
lilán |(|gA

der Stetigkeitsmodul von f .  Für jeden Stetigkeitsmodul w : [0, zr] -» R setzten wir 

(1.2) Aaw : = f £ A a(D): sup < oo}
A€( 0,n] w(ll)

und bewiesen für diese Teilalgebren von Aa(D) 
(I) Sei

(1.3) Z  2i,2w(2-i) =  oo .
1 =  0

Dann hat jeder Automorphismus т der Algebra Aaw die Gestalt ( / ^  Aaw, z £ D) 

(t/ ) ( z) = f(eixz), а = а(т)  ̂R .

Die von (I) nicht erfaßten Teilalgebren behandelte
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306 K .-H . IN D L E K O F E R

a i)  Sei

(1.4) £  2ll2w(2~‘) < oo .
/ = о

Dann existiert zu jedem Automorphismus т der Algebra Aaw eine Möbiustransformation 
Ф von D, so daß fü r  alle f  £ Aaw

(1.5) (xjj(z) = /(<Z>(z)), z £ D,

ist. Umgekehrt definiert (1.5) für jede solche konforme Abbildung Ф einen Automorphis
mus von Aaw.

Bekanntlich hat jede Möbiustransformation Ф : D -> D die Gestalt (z £ D)

( 1.6) Ф(г) = é* * -  to
1 - t o * ’

t o í D .

In (I) sind nur die “Drehungen” (to = 0), in (II) auch die Transformationen Ф mit 
to Ф 0 zugelassen. Dies beruht darauf, daß, falls (1.3) gilt, zu jedem £0, 0 < | to I <  1, 
Funktionen /  £ Aaw mit der Eigenschaft existieren, daß / о Ф £  A (D j\A a(D) ist, d. h.

oo oo
für /(Ф(г)) = Y  bnzn ist Y  I b„ I =  oo. Die Existenz solcher Funktionen / £ Aa

/1 = 0 /7 = 0
— also ohne die Nebenbedingung (1.3) — wurde zuerst von L. A lpár [1], [2] 
bewiesen. Das bedeutet, daß in diesen Fällen die Menge

(1.7) Maw(t0) : =  { /£  Aaw :fo  Ф £ Aa(D) , 0(z) =  e“ ^  I  (Co #  0)

nicht leer ist. In dieser Arbeit wollen wir die Menge Maw(to) genauer untersuchen 
und zeigen, daß der Durchschnitt

(1-8) Maw : =  П Maw(to)
o< ic.l <i

nicht leer ist und die Menge Maw sogar dicht1 in AJD)  liegt. Dabei wird u. a. ein 
von G. H alász [4] gestelltes Problem -  teils unter Benützung einiger Gedanken 
von Halász — gelöst. Wir behandeln der Einfachheit halber nicht alle Stetigkeits
moduln ív, die (1.3) erfüllen. Da nämlich für

w(A) =

00
1 Dabei legen wir die durch die Norm ( / € Aa(D), f (z)  =  Y  anz")

n = 0

erzeugte Topologie zugrunde.

00
11/11 = 1  K l

n = 0

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 197 6



AUTOMORPHISMEN GEWISSER FUNKTIONENALGEBREN. II 307

die Reihe
00 00 1

V  2ilzw(2 ~‘) =  у  ---------------- ----------------
i h  h  i log 2 + log 2л

divergiert, betrachten wir hier nur Stetigkeitsmoduln w der Gestalt

A*(1.9) w(A) = , 271
108 X

• Wl
, 2n -1 
i°8 —

wobei wir voraussetzen, daß sich iv̂ m) für ein gewisses Intervall [0, u0] wie ein Stetig
keitsmodul verhält (d. h. (i) — (iii) sind erfüllt). Dann zeigen wir

Satz 1. Sei w : [0, n] ein Stetigkeitsmodul der Gestalt (1.9), und sei fü r  /„ S; —
и0

Z  / “ W / “1) =  со .
Dann ist die Menge M aw nicht leer.

K orollar 1. Es existieren Funktionen f  £ A a(D) mit folgenden Eigenschaften

(a) « ( / ;  h) =  О
t h* \

log -y- • log log —r 
h h

fü r  h -*0+ .

(b) Für alle Möbiustransformationen Ф von D, 0(z) Ф emz, ist Z  | bn \ =  oo,

wobei /(Ф(г)) =  Z  n̂z" ‘st-
n —0

Aa(D) ist ein Banachraum mit der Norm (/(z) = I  anz")

ll/ll = z  l«„ l .
71 =  0

Wir zeigen
Satz 2. Die Menge M aw aus Satz 1 liegt dicht im Banachraum Aa(D). 2

2. Beweis von Satz 1. Setzt man die Taylorreihe von Ф(г) in die von f(w ) =  
= I  avwv ein, so wird der Zusammenhang zwischen {av} und {b„} durch eine lineare 
Transformation

(2.1)
00

К =  Z  V«v«v
v =  0

in =  0, 1, 2 , . . . )

gegeben. Grundlegend ist nun folgendes
Lemma. Sei r — \ C0 I Ф 0 und с, >  1 (/ =  1, 2 , . . . )  eine Folge positiver Zahlen

mit lim c; = 1 und
/->00

(2.2)
1 -  r 
1 + r

1
<  —  < c, <

cl
1 +  r 
1 -  r ( lü h ) .
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308 K.-H. INDLEKOFER

Dann gilt fü r  l 2t l0 St lx und jedes v = 1, 2, . . .

(2.3) £  I ynv I > *iv*(c, -  e j1) -  ЛГ2,
crXV <ntkciv

wobei die positiven Konstanten Kx und K2 von v und der Folge {c;} unabhängig sind. 
Beweis. In [5], II, § 5 werden Zahlen có < 1 < c„ mit

1 -  r 
1 + r

< CÓ < c0 < 1 + 1- 
1 -  r

angegeben und danach das Intervall [c'0, c0] in const-v Intervalle der Länge >4v-1 
eingeteilt. In jedem dieser Intervalle gibt es mindestens eine Stelle n/v, so daß | ynv | > 
> K3v~i ist (K?l hängt nicht von v ab). Zählt man die Intervalle ab, die ganz in 
[cf1, cj\ liegen, erhält man die Behauptung des Lemmas.

Sei nun

f  / " W / “ 1)  =  со . 
i=i.

Dann existiert eine Folge {£(/)} mit den Eigenschaften

0 ^  <5(/) й  S(l -  1) ( / = 1 , 2 , . . . ) ,  «5(/) -> 0 für / -» oo,
so daß auch

(2.4) f  / X / ' W )  =  oo
i =i.

gilt. О. B. d. A. sei

\  S(l - l ) ü  m  á í ( í - l ) á |  (/ = 2, 3, . . . ) .

Wir bestimmen nun eine Folge {q,} ganzer Zahlen, so daß

(2.5) 8(1) й
1 1

y/q, + 1 loS (dl + 1) 
ist, wobei die q, maximal2 gewählt werden. Offenbar gilt dann

8 ^  <7i g  q2 :£ . . . —> oo .

Setzen wir nun

(2 .6) s i — (d i  +  1 ) 2> =  d i +  1

2 Maximal bedeutet, daß (2.5) und

gilt.

<5(0 > 1
y/ai + 2
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und wählen (vgl. [8], Theorem 8) einen konkaven Stetigkeitsmodul w* mit

(2.7) w^u) й  wf(u) й  2wx(u), и £ [0, u0] .

Wir definieren

(2.8) «/ = = I)"1) .

Dann erfüllt

(2.9) , ,  ,  v  v V W)/0 0  = x  aX  = L  *1 ,
v = 0 l=l2 1

die Behauptung des Satzes 1. 
Wir zeigen zunächst, daß

(i) IIV О а ***
«. IIV <5-

(ü)

8V7с̂о

to8
(iii) v  m  

L  j = 00l-h 1
und

(iv) co(f; h) =  0(w(h))

ist. Wegen der Konkavität von w* haben wir für / S; /2

(2.10) и « /" 1) ^  wt((l -  I)"1) > у  < ( ( /  -  I)"1) .

Damit ist (i) gezeigt, (ii) ist offensichtlich erfüllt, (iii) gilt wegen (2.4), (2.7), (2.10) 
und der Wahl von a., und 8(1). Um den Stetigkeitsmodul von/ aus (2.9) zu berechnen, 
beachten wir, daß für | tx — t2 \ й  h stets

I e i t f i i s \  _  I ^  mjn (2; hd^l)

ist. Damit erhalten wir (L ^  /2)

I f(eUl) -  f (e "*) I ^ h £  <x, ■9,s1,12 +  2 ^ « ,  s f ‘12.
П  S I S L  ‘  \ > L  1

Nun ist wiederum wegen der Konkavität von w*

bzw.

> / -  1
21 / -  1 +

/ +  1
21

w,

w* 1 2
/ + 1 ,
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310 K .-H . INDLEKOFER

Damit erhalten wir für / 2: /2

-  <*1+1 = T « 1
1 1 1

2 ”'1 I / I 2 Wl I / -  1

^  К / -  1 -  wt

1
) - <

1
/ -  1 [ / +  1
1

2 ) ^ 0 ,2 / + l )
d. h. die а/ fallen monoton. Andererseits ist

2'a, =  2'w* (-1) -  2,-1w* f y l y j

und
(3/2)'<5(/) ^  (3/2)'+1<5(/ +  1).

Wir erhalten somit wegen s, ^  80

i /< ^ o - /(« " •> ! s *  i  щгт'« . . + 2 j w g t g _ L ,
!ÜL *>/

. s f 2+* „ i 1
<5(̂ ) +

s - ( L I 2 + i )

L 1 IL

Wählt man L so, daß
s L l 2  +  i  й  h - i  <  ß L I 2 +1

ist, so wird wegen der Wahl von (<5(/)} und {j,}

• wT
L S m -

, ,  „  A*« ( / ;  ä) «  — r— wj 2n log——

2л

n -
l o g - ^ - |  | « w ( A ) ,

und (iv) ist bewiesen. 
Sei jetzt

• »  -

mit 0 <  r = I Со I < 1 • Dann ist für / 2: l3(r)

1 + r 1 -  r 1
qt > — -  > - r - —  > —1 — r 1 + /• q,

und

c'0 <  —  <  1 <  c, <  c0 . 
c

Wir wollen zeigen, daß
00

Z  I bn I =  00
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ist, und betrachten dazu die n aus den disjunkten3 Teilintervallen

// :  = f a ,  -
u i

Die Intervalle sind nicht leer, da
4i

q f  <  ( < 7 .  +  l ) 2
ist. Für jedes / ^  /3 setzen wir (vgl. [6], S. 175)

ßvl -
av, falls sf < v ^  sj+1 
0 sonst,

(2.11) / , »  = I  f l , /
v = 0 j { < v < j { +  1

к ,  = Ё y„v<.
v =  0

Dann gilt (vgl. [3], II, S. 25) wegen | av | cx

\ b n -b*nl\ = \ t  у ж  -  а*)

^ Cj ( E  I y*v I + E I Vnv I I ^ c2e~c'n й  С2е~с'*>‘ .
I  V>s{+1 J

oo

Dies bedeutet, daß es für den Nachweis der Divergenz von £  | b„ | ausreicht,
n = 0

E  E  I I -  ®
/§ /»  n i l ,

zu zeigen.
Sei l ^ l 3^ l 2 und m := ‘&,s1,. Aus (2.11), (2.9) und mit dem Lemma folgt sofort

E  I К, I =  ai —p- sr 112 E  I v™ I =  ai~p- sr'12 E  I vnn, I >.Р7/ 1 jl+l < 1
s \q ,< n < ——  —-  m  n< m c,"  Я, <*

n i l ,

m> Ic , - ± ~

Daraus erhalten wir

<5(0
/~ ^2aI--} JI 112 ■

t \ b „ \ >  E  < * / - ^ 1/2

1 D ie  In ter v a lle  / ,  s in d  d isju n k t, da

J+lSl
~j+T < Vi+tfi 4+1

ist.
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Nun ist

und wegen der Wahl von ö(l) ist

V I A  K V  * V )L  I bn I > L  =  00 •/1 = 0 />/3

Damit ist Satz 1 bewiesen. Korollar 1 folgt sofort, da wfh) — log ein Stetig

keitsmodul ist.

3. Beweis von Satz 2. Sei M aw ф 0  wie in Satz 1 und [Maw] der von M aw 
erzeugte Vektorraum. Wir zeigen zuerst, daß M aw dicht in [Maw] liegt, und danach, 
daß der Abschluß von [Maw] gleich Aa(D) ist.

Für jedes /  £ Maw liegt auch Xf(X ф 0 £ C) in M aw. Seien jetzt / , / 2 Funktionen 
aus Maw und e >  0 beliebig. Dann lieg t/ + / 2 entweder in Maw, oder für mindestens 
ein Ф (Со Ф 0) gilt

Im zweiten Fall sei fi(z) = a„z" und n0 derart, daß /*(z) = anz" und
/7 — 0 П̂П0

ll/i-/i*ll < e
ist. Da f*  ein Polynom ist, gilt

f*  0 Ф d Aa(D) für alle Ф,

und somit ist

und Maw liegt dicht in [Ma„],
Für den zweiten Teil des Beweises beachten wir, daß Aa(D) bzw. [Maw] isomorph 

zum Folgenraum f  bzw. zu einem (nichtleeren) linearen Teilraum M  von lx ist. Dann 
müssen wir nach dem Satz von F la h n -Banach nur zeigen, daß jedes beschränkte 
lineare Funktional ф auf lb das

erfüllt, identisch 0 ist. Da jedes beschränkte lineare Funktional ф auf /, die Gestalt

/1  оФ + / 2 о Ф ( 4 ( Л ) .

fl*
Wir erhalten

II (/1  + / 2) -  ( f f  + f 2) II = I I /  - f f  И < e,

(3.1) ф(х) = 0 für alle

CO
(3.2) ф(х) =  E  avav. X =  (аъ . . .) 6 h

v =  0
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mit sup I a„ I < 00 hat (vgl. [10], S. 194), müssen wir aus (3.1)
V

(3.3) av = 0 (v = 0, 1, 2 , . .  .)
00

folgern. Nun ist aber für jedes / g Maw, /(z) =  £  anzn, auch/m it /(z) = /(z) — zN
_ n = 0

aus Maw. Daraus folgt wegen /  — / £ [Maw]

<*n  =  0

für jedes N, und Satz 2 ist bewiesen.
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ON THE RATIONAL APPROXIMATION OF FUNCTIONS 
WITH CONVEX r-TH DERIVATIVE

B y

P. P . P E T R U S H E V  (S o f ia )

Let us consider the class of all functions, the r-th derivative of which is of 
bounded variation in the interval [0,1]. For the functions of this class G. F r e u d  [1] 
estimated the best uniform approximation R„(f) by means of rational functions of 
degree n. He has shown that

0 ) sup R JJ)  = О I *  
W ")á 1 1 n

where Vl(g) denotes the variation of the function g on the interval [0, 1], rig 1. This 
result is a generalization and an improvement of the result of P. Túrán and P. Szüsz 
[2].

In [3] V. A. P o p o v  improved the result of G. Freud as follows: for every integer 
К  5: 1

(2)
ln«n

sup R„(f) й  Ск'Г—-гТ1-  ,
FK/W)4 1 n

к

where CktT is a constant, depending only on к and r; ln«n = In In . . .  In n.
For the functions, with convex r-th derivative in [0, 1] (r ^  1), A. A. Abdu- 

g a p p a r o v  [4] has shown that

(3) R n( f )  й С гМг

where Cr is a constant, depending on r; MT = max | / (r)(x) | .
We shall obtain in this note an improvement of (3): for every integer к  ^  1

(4) R„(f) c K,rMr
ln «  n

„ r + 2 (Г ^  1) ,

where Ck>r is a constant, depending only on к and r.
We shall use the method of V. A. Popov [3].
Let R„ be the set of all rational functions of degree n and Rn(f; A) the best uni

form approximation of the function/by means of the elements of R„ in the interval 
A =  [a,b]:

Rn(f', A) = inf I I / -  qWcia.bvqZRn

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  2 8 , 1 9 7 6
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Let us denote by Kr(M; [a, ft]) the class of all functions /  r-times differentiable 
on [a, f t] ,/(r) is convex or concave and max | / (r)(x) | Si M.

A a^x^b
We denote by Kr(M ; [a, ft]) the set of all functions / £ Kr(M; [a, ft]), such that 

/ (г) is concave and increasing in the interval [a, f t ] , / (r)(a) = 0 and / £ Cr+1([a, ft]). 
It is obvious that Kr(M; [a, ft]) <z Kr(M ; [a, ft]) and

. sup [a, ft]) g  sup Rn( f ; [a, ft]).
t o ,  6 ] )  f O C № ,  [ o ,  6 ] )

For later applications we need the following two lemmas.
Lemma 1. We have

(5) sup Rn( f;  [a, ft]) =  (ft -  d)rM  sup R„(f; [0, 1]),
f e K r l M ;  [ o , 6 ] )  / € X , t  1 ;  [ 0 ,1 ] )

(6) .sup R„(f; [a, ft]) =  (ft -  d)rM  sup Ä „(/;[0, 1]),
Í Í K A . M ;  la ,  6 ] )  [ 0 , 1 ] )

(7) sup Rn(f;  [a, ft]) = (ft -  a)rM  sup Rn( f;  [0, 1])
W sm Kj(/('))gi

(see [3]).
Lemma 2. For every integer r it 0 there exists a constant Cr, depending only on r, 

such that

sup Rn( f ; [a, ft]) ^  Cr _ sup R„(f; [a, ft]),
f e K r(M ;la ,b])  ÍÍKA.M-,  [a; 6])

(see [4] and [6]).
Theorem 1. Let r It \ be an integer and for every n t  N0

.sup Rn( f;  [0, 1]) g  A
f4KA 1; [0,1])

In"« In(K)n

where 0 < a ^ 3 ; A : ä ; l ,  and A is a constant. Then there exist constants D, C and 
Nx (D it 6), depending only on k and r, such that for n t  max {Â0, Л̂ }

.sup Лл( / ; [ 0 ,  1 ])^
/еХК1;[0,1])

ЗА
Dr+3 + С Dr+2 In2« \ f k)n

P r o o f . Let f £ K r( 1; [0, 1]). From the result in [5] it follows that there exist 
rational functions фп(х) of degree [5rln2 и], where Br is a constant, depending only 
on r, such that

(8 )

I фп(х) I ^  « -2(r+2)

I Фп(х) I á  2  

I 1  -  Фп(х)  I ^  « - 2 ( r + 2 >

for

for

for

— 1 <  X  < ---------------------------------
-  -  4 (Br + 6)4 In3 n

1*1 á  1

------------------------------------------------------  <  V  <  1

4(Br + 6)4 In3 n = _  '
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Denote D — Br + 6 and

Ni = min |и : n 2; D2 and ln№) j + 1 j =  1

Let n ^  max {N0, Nx} and let us denote m - Ш
Zl =

1
and z, = — =

1

+ 1. Consider the points

(Z 2 <  Z j)  .

Di In 2m 2 £>4 ln2m

Applying Lemma 1, (6) for the interval <5г = [0, zx] we obtain the estimate

R J L fi«У á
1

Di ln2/n ,

Wm\n(k)m
m,r + 2

Consequently, there exists a function qx{x) 6 Rm such that

(9) ll/C*) — ?i(*) I lew.] = j y +3
ln2m ln№) m

m, r + 2

From the result of V. A. Popov [2] and Lemma 1, (7) we obtain for the interval 
(5 2 = [z2, 1] the estimate

- In ̂ tn
R m( f ; ад ^ c fcir2Z)Mn2m—m

Hence, there exists a function <72(*) € Rm such that
a

, im . 1п2т1п№)т
(1°) 11Я *) -  ía(*) Heti.] ^  2C*,rD4-----^ 2 ----

Denote (see J. Szabados [7])

Qi(x)  =
?.(*)

1 + m~r 2qf(x) ’ i = 1,2.

Since / 6 Л Я ; [0, 1 ]), we can assume that ||/Hc[o,ij ^ 1- Consequently 
qlx) ||С[ад й  2, and we have

(И) II Qt(x) -  qfa) ||C[ii] =

On the other hand

1 e fw ,  8
mr+2 1 + m~~r~2q'f(x) cm  тГ+2

(12) ll&(*)llcio,i]á™r+2.
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Now consider the rational function

R(x) = &(x) + (ß 2(x) -  Q1(x M m lx -

of degree ^  3m + [Br ln2m] ^  (3 + Br)m ([Z>] — 1 )m. 
First of all we remark that

1
Z i Zn — > 1

2Dl In2m 2{Br + 6 f  lum and ln2m In(k)m > 1.

For x  £ [0, z2] we obtain (using (8), (9), (11) and (12))

(13) \ f(x )  -  R(x) I <: |/ (x )  -  дг(х) I + I qx{x) -  Q^x) | +

+ (I Qi(x) I + I Q2(x) I) Ф т \ Х -
Zi  +  z 2 <

D‘r  + 3 + 10
ln2m lnw m

m,r + 2

For x  £ [z2, z3] we obtain (using (8)-(12))

(14) \f(x) -  R(x) I ^  I f{x) -  q±(x) I + I ft(x) -  QJx) | + (| Q2(x) -  q2(x) | +

z, + z2
+ I ?2(*) -  /(* )  I + I f(x )  -  4i{x) I + I ft(x) -  Qx(x) I) , I Zj

Фт P C  -  —

+ 40
ln2«t lnwm

mr  + 2

Denote C=4C* 2Z>4 + 40. For x 6 [zl5 1] we obtain from (8), (10), (11) and (12)

(15) \f(x )  -  R(x) I g  I Q,(x) 1 -  Фт\Х -
Zj +  z 2

+ (I Q2(x) -  q2(x) I + I q2(x) -  /(x) |) фт |x -  —
z, +  z .

+

+ I /M
zx 4- z2

1 -  Фт * -  

By (13) —(15) it follows that

11 f i x )  — R(x) |lc[o,i] = 

where R(x) £ /?([£>] — 1 )m.

^ mi ln2/w ln(/c)w(4C,,rZ)4 + 18) - .  2
m'

ЗА
В 1,r + 3 + С

ln2«! 1п№)»!
ntr  + 2
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Since m =
[ D ]

+ 1 and n ^  Nlt then ([Z>] -  1 )m g  n, m g  n and

J - s
m n

Consequently R(x) £ Rn and

||/(x ) — R(x) ||c[o,i] =
ЗА

D‘if+3 + c D|Г + 2 1п2и ln(fc)n
„r+2

The proof is complete.
Theorem 2. For every integers к 2: 1, r ^  1, there exist constants Ck r and N k<r, 

depending only on к and r such that for n 2; Nk r

- - In
Ф'п = Ж sup Rn(f;  [0,1 ]) g  c ki, - 2-  - 

/£ К AX', [о, 1]) n

Proof. Let Nk>r = Nx (Nx is a constant from Theorem 1, N2 depends only on 
к  and r).

Let n 2; Nk r. By (3) we obtain

- 1п3л In3« ln<*>n
ФГп й А 0 - г^ й А 0 п , - г  ,

where A0 is a constant, depending on r.
From Theorem 1 and the fact that Nkt r = N0 = Nk we obtain

ф: g  l - ^ r  + cn  —- I 2 У + 3

ln2/zln(fc)n , ln2n ln (fc)n Dr+i------—=---- = Ал„ r + 2 „r + 2

A second application of Theorem 1 gives 

3 Аг
Фг < Dr+2 + C

3 3
. . .  In2"и ln (fc)n In 2rt ln(/c)n

Dr + 2 ------ГГв-----  = A2„r + 2 „r+2

With i iterations of the above process we get
3 3

- ^ I 3AH1 J  _r ,. In*n In(k)n In*n  In(k)n
Ф: g  1 -^4 4  + C\ Dr+i------= A,n — I £)r + 3

Since D ^  6,

Аг g  (A0 + 2C)Dr+2, 
3AX

„ r+ 2

A 2 -  I D r+ 3 + c Dr+2 ^  I 2(A° + c\ Dr+2 ^  (A0 + 2С)1У+\

A, g  (A0 + 2С)1У+2.
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3^

Take i such that I112'я ^  2 (/ depends on ri). Then we obtain the estimate 

* 1 n(A:)n
Ф'п й  2(A0 + 2С)2У

Theorem 2 is proved.
From Theorem 2 and Lemma 2 immediately follows
T heorem  3 . For every integers k ^ l ,  r ^  1, there exists a constant СкуГ, depend

ing only on к and r such that

In
sup ü J( / ; [ 0 , i ] ) l Q , r - ^ r .

/eJTr(i;[o,i]) n
C o r o l l a r y . For every integers к £: 1, r 2: 1 there exists a constant Ck<r, depend

ing only on к and r such that for every function f  defined in the interval [a, b] and such 
that / w is convex we have

In ̂ n
RJ.f; [a, b]) й  Ckt,M fb  -  ay , 

where Mr = max | / <г)(х) | .
a^x^b
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ÜBER ALLGEMEINE ÜBERTRAGUNGSTHEORIEN IN 
METRISCHEN LINIENELEMENTRÄUMEN

V o n

A . M O Ó R  (S o p r o n )

§ 1. Einleitung

Heute kann die Cartansche Theorie der Finslerräume (vgl. [I])1 schon als eine 
klassische Übertragungstheorie der metrischen Linienelementräume betrachtet wer
den, in der alle Größen von einer — die Metrik bestimmenden — Grundfunktion 
F(x, x) abgeleitet sind. Die Übertragung der Vektoren £'(x, x) ist in dieser Über
tragungstheorie durch ein invariantes Differential von der Form:

( 1 . 1 )  2 D? =  d? +  Cjk(x, x)t}dxk +  ГД(х, x ) №

definiert, wo die Übertragungsparameter Cjk und Г/к von dem metrischen Grund
tensor

(1.2) 9 , j = \ d ^ F \ x , x )

abgeleitet werden. Da die Grundfunktion in den x' immer positiv homogen von erster 
Ordnung vorausgesetzt ist, gilt nach der Formel (1.2):

(1.2*) F(x, x) = -Jgijix, x)x'xÄ

und außerdem genügt sie gewissen wohlbekannte Regularitätsbedingungen (vgl. [5], 
Кар. I. § 1).

In unseren Arbeiten [2] — [4] haben wir verschiedene Verallgemeinerungen der 
Cartanschen Theorie gegeben. In [2] und [3] wurde eine solche Geometrie entwickelt, 
in der der metrische Grundtensor nicht die Form (1.2) hatte, ferner: die Übertra
gungsparameter L*jk waren auch nicht symmetrisch; die Grundfunktion ist aber 
selbstverständlich durch (1.2*) auch jetzt definiert. Die kovarianten Ableitungen von 
gij(x, x) waren hingegen in beiden Arbeiten Null, d. h. die Übertragung war metrisch. 
In [4] wurde eine solche Geometrie begründet, in der die Übertragung zwar nicht
metrisch ist, die Länge der Vektoren veränderte sich aber bei einer Parallelübertra
gung zu sich selbst proportional, ferner, die Übertragungsparameter waren symme
trisch. Dies war also die Verallgemeinerung der wohlbekannten Weylschen Räume 
zu Linienelementmannigfaltigkeiten.

Im folgenden wollen wir eine solche Übertragungstheorie der Linienelement
räume entwickeln, in der die Metrik durch einen metrischen Grundtensor ди(х, x) 
definiert ist, der aber nicht notwendigerweise die Form (1.2) haben muß, das inva-

1 D ie  Z a h le n  in  e c k ig e n  K la m m e r n  s in d  H in w e is e  a u f  d a s  L ite r a tu r v e r z e ic h n is  a m  E n d e  
u n serer  A r b e it .
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3 22 A. MOÓR

riante Differential die Form (1.1) hat, die Übertragungsparameter aber durch (2.16) 
und (2.20) definiert (vgl. die nachfolgenden Paragraphen) sind. Diese Übertragungs
parameter sind aus der Forderung abgeleitet, daß die kovarianten Ableitungen von 
gtj den vorgegebenen Tensoren f ijk und f*Jk gleich seien. Somit entsteht eine neue 
Übertragung, die die vorigen in sich enthält, außerdem aber auch neue Type be
stimmt. Außer ди sind jetzt auch f i]k und f*jk Grundgrößen des Raumes; im nicht
symmetrischen Fall rechnet man auch noch ai]k und pijk hinzu.

§ 2. Grundformeln und invariantes Differential

Zu Grunde gelegt seien eine Mannigfaltigkeit £„ der Linienelemente: (x‘, x j  
(i = 1 ,2 , . . . ,  ri), die wir kurz mit (x , x) bezeichnen werden, und ein in (/, j)  sym
metrischer Tensor gtJ(x, x ), womit die Länge Z eines Vektorfeldes £‘(x, x) durch die 
Formel

£ =  у/ 9ij(x, x)Z}(x, x)ZJ{x, x)

festgelegt ist. Die quadratische Form g ^ Z }  sei immer positiv definit. Auf Grund 
dieser Bedingung können die Indizes der Tensoren in der gewöhnlichen Weise her
auf- bzw. heruntergezogen werden.

B e m e r k u n g . Die positiv-definite Eigenschaft ist bei gewissen Untersuchungen 
in den physikalischen Feldtheorien nicht erfüllt; beschränkt man sich aber auf solche 
Teilgebiete von £„, in denen д$£}  >  0 gilt, so werden unsere Resultate in diesen 
Teilgebieten bestehen.

Das invariante Differential von Z} habe die Form:

(2.1) DZ} = dZ} + M /kZJdxk + L /kZjdxk.

Mit Hilfe des Einheitsvektors Y = x'F-1 kann man (2.1) in die Form

(2.2) DZ} = dZ} + M*‘kZ}Dlk + L f kZJdxk

transformieren, wenn noch die — wegen der Übereinstimmung der durch x' und 
px1 (p > 0) definierten Richtungen — notwendige Relation

(2.3) M ‘n M ‘klk = 0

bedingt wird. Diese Transformation findet sich mit vollständiger Ausführlichkeit in 
unserem Aufsatz [3], § 2, auf den wir uns öfters berufen werden. Auch wollen wir 
die dort gebrauchten Bezeichnungen benützen. Für ein kovariantes Vektorsfeld 
r\t(x, x) gilt statt (2.2):

(2.4) Dm =  -  M V k4jDlk -  L fjkrljdxk.

Die zum invarianten Differential (2.2) bzw. (2.4) gehörigen kovarianten Ablei
tungen erhält man durch die Darstellung von dZ} bzw. drf mittels dxk und Dlk (vgl.
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[3], §3). Es werden 

(2.5a)
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(2.5b)

wo die Formeln 

(2.6a)

(2.6b)

(2.7a)

(2.7b)

D? = Vk?D lk + 4k£,ld x \
•je

Dili = Wkt]iDlk + Vk%dxk,

Vk?  =  (? 11, + M j A W ,  II/ = Fd kt >

VÄ»7i = ft,11/ - M/mjW, М/, d=Sf F M /,, 

Vfĉ ' =  ^  II, C *  + L f £ J,

v km =  m

die kovarianten Ableitungen definieren und /* ' durch

(2.7c) (Ü + M0'fc) / / fc = öj

festgelegt ist.
Die durch (2.1) bzw. (2.2) bestimmte Übertragung ist in der durch (2.2) —(2.7) 

angegebenen Form im wesentlichen eine affine Übertragung, da die Übertragungs
parameter nicht von einem Fundamentaltensor abgeleitet sind. Diese affine Über
tragung wollen wir jetzt mit dem metrischen Fundamentaltensor in Zusammenhang 
bringen. Es seien außer gu noch zwei in (i,j) symmetrische rein kovariante Tensoren 
dritter Stufef i]k und f*k angegeben. Wir stellen die Forderungen:

(2.8a)

(2.8b)

V  к 9ij — fik ’ 
*
Уk9ij — fjk >

wo die kovarianten Ableitungen durch (2.6b) bzw. (2.7b) festgeigt sind. Die Formeln 
(2.8a) bzw. (2.8b) definieren je ein Gleichungssystem für die Übertragungsparameter 
L*‘k bzw. Mj‘k. In ausführlicher Form lauten die Formeln (2.8):

(2.9a)

(2.9b)

^xk9ij ZAy/Lo k Ljik Lijk — fjk  

(2AiJt — Mijt — Mjit)Jk ' = /;k ,

L*k =  gitLVk ,

a aef 1 1Aijt ^ 9ij

Die Übertragungsparameter sind durch diese Gleichungen noch nicht bestimmt, 
da L j‘k bzw. Mi]k je n3 Komponenten hat, wogegen (2.9a) bzw. (2.9b) wegen der 
Symmetrie in (i,j) nur aus \n \n  + 1) Komponenten besteht.

Wir bestimmen zuerst die Übertragungsparameter L f‘k. Wir setzen

(2 . 10) L fk  = Г?к + Ajk ,

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  28 , 1 9 7 6



3 2 4 A. M OÓR

wo L*'k die aus gtj gebildeten in (j, к) symmetrischen Übertragungsparameter be
deuten, d. h. es ist

(2.11) gtjr y k = Г*к =  j y  exk9ji -  AJitr *‘*) + {jik}

wo {jik} die zyklische Permutation des vorigen Ausdrucks bedeutet, wo aber im 
letzten Glied noch eine Vorzeichenänderung durchgeführt werden soll (vgl. [2], 
(2.18)-(2.21), oder [3], S. 150).

Durch Einsetzen von (2.10) in (2.9a) erhält man2

(2-12) Agjk)k — — AiJrA0rk — ^-fjk •

Bestimmen wir nun AIJk in der Form

(2-13) AiJk = A(tj)k + oiJk, aiJk = f Avnk,

so wird nach (2.12) und (2.13)

(2-14) AlJk = — A iJrA0rk — 2 ^ tJk a,Jk'

Nehmen wir an, daß Det + A0Jr) ф 0. Es ist somit der Tensor J™ durch

(2.15) (<5/ +  A0\)J ?  =  ö?

eindeutig festgeigt. Überschieben wir nun (2.14) mit /', so wird

А0гк(Н + A0Jr) = — + °®k ’

woraus nach einer neuen Überschiebung mit Jj", auf Grund von (2.15)

folgt. Substituieren wir das in (2.14), und dann Aijk in (2.10), so wird

(2.16) L*\ = Г*\ + A}TJ\ i y / 0',  -  *Д ) -  у / Д  + ajk, aJik s  -  cijk.

Die Formel (2.16) ist die allgemeinste von L*\, die der Gleichung (2.8a) bzw. (2.9a) 
genügt, und in der ai]k = — ojik noch frei wählbar ist. Dieser Tensor kann durch 
weitere Bedingungen, z. B. durch die Symmetrieforderung von L*ik in (j, k), fest
gelegt werden.

Jetzt gehen wir zur Bestimmung der allgemeinsten Form von Mijk in (2.9b) 
über. Auf Grund von

( &  + M km)J * ' = Ут

2 W ir  b e n ü tzen  im  fo lg e n d e n  d ie  S c h o u t e n s c h e  S y m b o lik  d e r  T e n so r r e c h n u n g .
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(vgl. [3], (2.5)) geht (2.9b) in

— Ацт ----^/*Ф'т + ^Om)

über. Diese Formel bestimmt also den in (i,j) symmetrischen Teil von MIJm. Da

Mijm = M(j])m + Hijm , HiJm ==f Щу]т

besteht, hat man

(2-17) Mijm = Aijm -  + M0'm) + HiJm,

wo wegen (2.3) auch gij0 =  0 ist.
Nehmen wir jetzt an, daß durch

(2.18) (<5/ +  y / 0*',) F) = a*

eindeutig festgelegt ist; ziehen wir dann in (2.17) den Index ,J ” herauf, so wird nach 
einer Kontraktion mit /'IP*:

(2.19) M k =1V10 m A0im + xpk

Substituieren wir das in (2.17), so erhalten wir

(2.20) Mijm =  Aijm -  ~ f * S‘m+ И о '» + Л » '« -у Л * ' , 4>‘m  I ■* s + №ijm > fajm — Hjim’

was die allgemeinste Form von Mijm ist. Der Tensor fiijm ist in (2.20) ein noch fref 
wählbarer in (i,j) schiefsymmetrischer Tensor, für den aber niJ0 = 0 bestehen muß.

§ 3. Die symmetrische Übertragung

Die Forderung, daß Mjk, bzw. L*lk in den Indizes {j, к) symmetrisch sei, führt 
auf die symmetrischen Übertragungen. Wir beweisen den folgenden

Satz 1. Die symmetrischen Übertragungen sind bei einer Finslerschen Metrik 
durch die Forderungen (2.8a) und (2.8b) eindeutig festgelegt.

Beweis. A us (2.8a) bzw. (2.8b) folgt nach dem vorigen, die Formel (2.16) bzw;
(2.20). Da fi*k in (i,j) nach (2.8b) symmetrisch ist, bekommt man aus (2.20) die sym
metrischen Übertragungsparameter M iJm dadurch, daß man gijm =  0 setzt. Auf 
Grund von M*m = Mij,J*‘ (vgl. [3], (2.7a)) folgt dann, daß auch M*jm in (i,j) sym
metrisch wird.

Wir bestimmen nun die in (j, k) symmetrischen Übertragungsparameter L*ik 
Da der in (j, к) schiefsymmetrische Teil von L*ik verschwinden muß, ferner, die
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Metrik eine Finslersche Metrik ist — d. h. die Relation (1.2) besteht — gilt nach
(2.15):

(3.1) JJ" =  ö? , Auik =  Au, = Am  =  0,

und auf Grund von (2.16) wird nach Herunterziehen des Indexes „i” :

(3-2) 2Airu  yj0|r*i ~  <T|o|r*]| —fijkj  =  2<Гщк),

wo wir die Totalsymmetrie von Aijk, die Symmetrie von f ijk in (i, j ) und die schiefe 
Symmetrie von aijk in (i,j) beachtet haben. (Aijk ist übrigens nur im Finslerschen 
Fall totalsymmetrisch). Überschieben wir unsere letzte Gleichung mit lk und dann 
die erhaltene Gleichung mit so bekommen wir wegen a0i)j = 0 die Gleichungen:

(3.3) <Tqij — apó — (fjo foji) T Airj I 2 ./о о о >

(3-4) сгуо = у  (fooj ~  fjoo) > «h/o = у  (/oor — / roo)-

Substituieren wir nun <r0r0 aus (3.4) in (3.3), so wird unter Beachtung der Sym
metrie von f j k in (/, j ) :

(3.5) CTqij = CFjiQ -f- (J)ji,

(3.5a) ф, áM Airj ( /0'0 -  y /o o r) -  у  (/«о "  /ад) •

Bilden wir jetzt den in (i,j) symmetrischen Teil von (3.5), so wird:

(3.6a) ao(ij) =  Фол •

Um o-0[y] zu bestimmen, überschieben wir (3.2) mit /', so erhält man nach ent
sprechenden Vertauschungen der Indizes:

(3.6b) °o[,y] =  у  (fjoi — fiOj) •

Addieren wir (3.6a) und (3.6b), so erhält man in Hinsicht auf (3.5a):

a o i j  —  A i t ]  j /o'o y /o < / у  (/ye ~  fjOi) •

Substituiert man diesen Tensor in (3.2), so wird:

(3.7) <TiJk — (7lkj = Фик,

(3.7a) ®ijk—fn n  ~  2AirijAk]rt /o 'o -4 -/o o '| +

/̂r[yC/|0| A:] "l- fk] 0 fk]0 ) *
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ÜBER ALLGEMEINE ÜBERTRAGUNGSTHEORIEN 327

Da aijk in (/, j)  schiefsymmetrisch ist, folgt aus (3.7):

(3.8) <riJk = — (Фу* + Фд,- — Ф/dj),

wie das aus (3.7) in Hinsicht auf die schiefe Symmetrie von aijk in (/, j)  unmittelbar 
berechnet werden kann. Der Tensor aijk ist also durch (3.8) und (3.7a) eindeutig 
bestimmt, und da alle Schritte eindeutig waren, ist nach (3.8) und (2.16) der symmet
rische L*‘k für eine Finslersche Metrik eindeutig bestimmt, wie das im Satz behauptet 
wurde.

Die explizite Form des Tensors aijk ist also im Fall der symmetrischen Über
tragung die folgende:

(3.9) «Ту* =fkiij] + ^krlj(f\o\ о + f {о — f]o') + 2'4*rf,v4/]ri jyj/o — 2 '/oo<| •

Die in (J,k) symmetrischen Übertragungsparameter sind also — falls (1.2) gilt — 
durch (2.16) und (3.9) festgeigt (es ist jetzt Jsr = ösr).

Bestimmt der Tensor gi}(x, x) nicht eine Finslersche Metrik, so ist die Bestim
mung von o-y* sehr kompliziert, da dann die Relationen (3.1) nicht bestehen werden. 
Die Zahl der Gleichungen L*/k] = 0 stimmt aber wegen der schiefen Symmetrie auch 
in diesem Falle mit der Komponentenzahl von aijk überein.

§ 4 . S p ez ia lfä lle

In diesem Paragraphen wollen wir die wichtigsten Spezialfälle der im vorigen 
entwickelten Übertragungstheorie angeben.

a) Der Fall der Punkträume. Dieser Fall ist durch Aijk = 0 ,f*k = 0 und piJk = 0 
charakterisiert. Selbstverständlich sind die übrigen Größen immer nur vom Orte x‘ 
abhängig. Ist /у* = 0, atjk = 0, so geht der Raum in den Riemannschen Raum über; 
wenn f jk — 0, <7,y* ф 0 besteht, so erhält man nach (2.8a) eine metrische, aber nicht 
symmetrische Übertragung. aiJk — 0, f jk =  Kkgi} charakterisiert die Weylsche Geo
metrie. Mit Hilfe von (3.9) und (2.16) können verschiedenartige symmetrische Über
tragungen gekennzeichnet werden, die in verschiedenen physikalischen einheitlichen 
Feldtheorien benützt wurden.

b) Finslerräume mit Cart anscher Übertragung stheorie. Dieser Typus ist durch
(1.2), ferner durch

f jk  — 0 , f% = 0 , «Ту* = 0 , g.,Jk = 0 

charakterisiert (vgl. [1]). Die Formeln (2.16) und (2.20) reduzieren sich auf:

L*‘k = r j ‘k , MiJm = Aijm.

c) Allgemeine metrische Übertragungen. Diese Räume sind durch

/<* =  0 , f% =  0
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gekennzeichnet; wir verweisen darauf, daß (1.2) nicht bestehen muß (vgl. [2] und
[3] ).

d) Weylsche Linienelementräume. Diese Räume sind durch

(4-1) fjk = Ук&ц> f% = ytffij
gekennzeichnet. Sind die Übertragungsparameter noch symmetrisch, so entsteht 
unsere in [4] entwickelte Übertragungstheorie. Besteht (1.2), so gehen z. B. die durch
(2.16) und (3.9) bestimmten Übertragungsparameter eben in die Formel (6.5) von
[4] über, wie das durch eine einfachen Rechnung leicht bewiesen werden kann. Wird 
aber die Symmetrie nicht gefordert, d. h. gelten (4.1), und sind ferner aijk und fil]k 
als weitere, in (/,_/') schiefsymmetrische Grundgrößen zu betrachten, so erhält man 
einen nichtsymmetrische Weylsche Linienelementraum, der — nach dem Wissen des 
Verfassers — noch nicht eingehend untersucht wurde.

e) Weitere spezielle Type. Man erhält weitere spezielle Type, die aber den klas
sischen Cartanschen Fall verallgemeinern, falls man

(4-2) f j k =  ykf j , f*k = y * fj,

oder, z. B.

(4.3) f Vk= y k/ f j ,  f%  = y t f f j ,

oder aber

(4-4) fjk  — У к h(ifj) > fjk  — y*h(if)

setzt.
f) Verallgemeinerung der Minkowskischen Räume. Sind die Grundgrößen vom 

Orte x ‘ unabhängig, so erhält man die Verallgemeinerungen der Minkowskischen 
Räume (vgl. [7]). In diesem Falle muß

fjk = 0 > aijk = 0

gesetzt werden und die übrigen Größen sind nur von der Richtung x 1 abhängig.

§ 5. Torsion und Krümmung des Raumes

Die Torsion und die Krümmung des Raumes kann in der gewöhnlichen Weise 
nach der Cartanschen Methode bestimmt werden (vgl. [1], oder [5] Кар. IV. § 1). 
Diese Theorie unterscheidet sich nicht wesentlich von der, die in unserer Arbeit [2] 
§ 7 entwickelt wurde; nur an jenen Stellen, wo die Differentiale von gik Vorkommen, 
also z. B. bei den Symmetrieeigenschaften der Krümmungstensoren kommen Unter
schiede vor.

Die Torsion ist nach (2.2).durch die in (d, <5) alternierende Form:

(5.1) Q‘ =  (AD -  DA)x‘ = M*'kdxJ Л Dlk +  L f/^ d x 1 Л dxk
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festgelegt,3 wo „d” und „ö" die zu den invarianten Differentialen „D” und „A” ge
hörigen vertauschbaren Differentiale bedeuten. Nach (5.1) sind also die Torsionsten
soren des Raumes: M *‘k und L*/k].

Berechnen wir der Cartanschen Theorie entsprechend die alternierende Diffe
rentialform Qj. durch die Formel

(5.2) Qj(d, 6)?  = (AD -  DA)?,

so gibt Qj eben die Krümmungstensoren des Raumes an. Bei der Berechnung von 
Qj müssen wir die folgenden Relationen beachten. Da die kennzeichnenden Funk
tionen in den metrischen Linienelementräumen in den x1 homogen von nullter Di
mension sind, gelten für diese die Eulerschen Relationen, ferner sind M /'0= 0, f f ‘o=0. 
Es ist hiernach für eine Funktion Q(x, x) (vgl. [3], (3.1)):

(5.3) Q dx, x)dx‘ = (J?DV -  L*‘,dx')Q 1|,.

Bei der expliziten Berechnung von (5.2) kommt auch das Glied (SDlk — dAlk) vor. 
Bei der Berechnung dieses Gliedes müssen wir (vgl. [2], (2.26) und (2.27)) die Formeln

(5.4) dxrV =  -  /'(Г*0Г + Ат Г*‘г) , 1% = <5/ -  l>(l, + Am )

beachten. Benützen wir in den Rechnungen die Übertragungsparameter in der Form
(2.10), so müssen wir noch die aus (2.14) nach Kontraktion mit l'lJ folgende Relation

(5.5) A0rk(lr + A oor) — — 2~f*>k

in Betracht ziehen, womit in Hinsicht auf (5.4) auch die Formeln 

(5.6a) V,/' = -  у /'/«*,

(5.6b) V*/' =  ö‘k -  /'(/, + A M '

abgeleitet werden können.
Wir benötigen noch die wichtige Relation

(5.7) (/, + Am,)Jk*‘Dlk = -  у /о о Ж ,

die auf Grund der Formel (2.5a) des invarianten Differentials für ?  =  /' und mittels 
der Formeln (5.6a) und (5.6b) unmittelbar bewiesen werden kann.

Aus der Formel (5.2) erhält man auf Grund der Formeln (5.3) —(5.7) durch 
explizite Berechnung von (AD — DA)?:

(5.8) Qj(d, ö) =  у  RjikldxkAdx1 + Pjkldx? Л Dl1 + у  S/klDlk Л Dl1,

3 E s  is t  dx! л  dxk == dx’Sxk — 6xfdxk. E n ts p r e c h e n d e s  g ilt  fü r  „d” u n d  „<5”  in  d e n  ü b r ig e n  
S y m b o le n  v o n  „ л ” .
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wo die Krümmungstensoren durch die Definitionsformeln

Rju = Rjki +  +  M 0lr)R0rkl,(5.9) 

(5.9a)

(5.10)

(5.11)

1 D '  ü l1 Я T - ~2 Rjkl— к} T * i  и  j  *  t  I T* l  T *  '-F/ [fc и ui а /] >

Pjki =  (L?k I I , -  VkMj, +  M jrL * \  11 tF)J?\

4 - s / « =  W V « I I - +

angegeben sind. Wir verweisen darauf, daß bei der Herleitung von (5.10) auch die 
Formeln (2.5) und (2.7a) von [3] benützt wurden.

Die Formeln (5.1), (5.2), (5.8) —(5.11) beweisen in trivialer Weise den
S a t z  2. Die Torsionstensoren M *‘k undL*/k] und die Krümmungstensoren (5.9) —

(5.10) verallgemeinern die entsprechenden Tensoren der in den Arbeiten [1]—[6] ent
wickelten Theorien.

B e m e r k u n g  1. Der ausführliche Beweis dieses Satzes kann offensichtlich ganz 
leicht durchgeführt werden, nur bei der Formel (7.6) von [2] verweisen_wir_auf die 
Tatsache: gilt statt der Definitionsgleichung (2.7c) von J*‘ die Relation M0j,M0‘k — 0, 
wie es in unserer Arbeit [2] der Fall ist, so ist auf Grund von (2.6a) von [2] auch 
M0‘k = M*'k. Somit geht unsere Formel (5.9) unmittelbar in die Formel (7.6) von[2] 
über.

B e m e r k u n g  2. Die Formeln (5.9) —(5.11) sind von f Jk und f*k formal unab
hängig, da die Formel (2.2) des invarianten Differentials im wesentlichen eine affine 
Übertragung bestimmt. Selbstverständlich kommen aber diese Tensoren in den For
meln der Übertragungsparameter und folglich in den im folgenden zu diskutierenden 
Symmetrieeigenschaften der Krümmungstensoren vor.

B e m e r k u n g  3. Auf Grund von (5.1) existieren in den allgemeinen Übertragun
gen zwei Torsionstensoren, die voneinander vollständig unabhängig sind.

Die Formel (5.11) des dritten Krümmungstensors kann auch allein durch M -k 
und J*' ausgedrückt werden. Auf Grund von (2.7c) wird wegen ö'm ||̂  =  0:
(5.12) M0‘m \ \ j r  =  -  JZm№ m  + M0‘m).
Da wegen (2.7c) auch
(5.13) + M<m) = srm 
besteht, bekommt man aus (5.12) auf Grund der Relation

(5.14) M *‘t =  M jrJ*r 
die Formel
(5.15) М*‘,(М0‘т I \s)J*m =  -  MfXJk II.). 
Aus (5.11), (5.14) und (5.15) folgt:

(5.16) т г  Sj'ki - J\kmJi\\M jn + M /mM ‘s).
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§ 6. Schiefsymmetrische Eigenschaften der Kriimmungstensoren

Aus den Definitionsformeln (5.9), (5.9a) und (5.11) folgt unmittelbar die fol
gende Behauptung:

Die Kriimmungstensoren R/kh R-kl und S jk, sind in den beiden letzten Indizes 
schiefsymmetrisch.

Ziehen wir nun den Index „i” in (5.9), (5.10) und (5.11) herunter, so sind bekannt
lich diese Krümmungstensoren im metrischen Fall in den ersten beiden Indizes schief
symmetrisch (vgl. [2] §7 bzw. [5], Kap. IV. §2.).

Im allgemeinen Fall gilt der
Satz 3. Der (i,j) symmetrische Teil der Kriimmungstensoren ist der folgende:

(6.1) R(ij)ki =  V[fc/j//|/] -  fjiLfk'i] y/i,*-K(/w>

(6.2) 2P(ij)ki =  Vkfji — Vifijk ~  f j № ‘i ~ f t  Po kl1

(6-3) S(ij)ki = Vikf\*\n y/iji'V w .

B e w e i s . Wir berechnen die Form {AD — DA)gij mittels zwei verschiedener Me
thoden. In der ersten benützen wir die Formel

Dgjj — дхкди — 2А^,Ь^'к — 2L*iJ)k,

und somit erhält man nach der Bezeichnung unter (5.8):

(6.4) (AD -  DA)9ij = -  Q,j -  Üji.

In der zweiten benützen wir die Formel
*

Dgtj = ykgijdxk +  SJk9ijDlk,

woraus auf Grund der Forderungen (2.8a) und (2.8b) und in Hinsicht auf die Formel

(AD -  DA)T =  ü 0‘(d, ö) 

die folgende Formel ableitbar wird:

(6.5) (AD — DA)gtj — (V[ifij\k\ + fj,L*kn +

+ \ f * tK ‘ki)dxk Л dx‘ + (V ,fjk -  \y f*  + fj.M *', +

+ f*AUi)dxk Л Dl1 + ( \ \J fm  + у  ffX tcdD l“ A Dl1.

Auf Grund der Formeln (6.4) und (6.5) erhält man im Hinblick auf (5.8) eben 
die zu beweisenden Formeln (6.1) —(6.3).

Der Satz 3 zeigt, daß in gewissen Fällen die Krümmungstensoren auch in den 
ersten beiden Indizes schiefsymmetrisch sein können, ohne daß die Relation Dgy = 0 
bestehe. Z. B. folgt aus (6.1) das
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K o r o l l a r  A. Gelten die Relationen:

(6.6a) fijk — 0, R f  U

oder

(6.6b) %  =  o ,

so ist Rijki in (i , j) schiefsymmetrisch.
Da nach (2.16) R0‘ki von gi}, oi]k und von f Jk abhängig ist, bestimmen die Glei

chungen (6.6) partielle Differentialgleichungssysteme für gu, aiJk und f Jk.
Auf Grund von (6.3) folgt das
K o r o l l a r  B. Notwendig und hinreichend für die schiefe Symmetrie von SiJkl in

(i,j) ist:

(6.7) V [ 4 , n - { Ä  =  0.

(6.7) ist nach (2.20) ein partielles Differentialgleichungs-system bezüglich gtJ, 
f*k und giJk.

Zum Abschluß dieses Paragraphen wollen wir einen interessanten Spezialfall 
untersuchen. Der metrische Grundtensor sei der eines Finslerraumes, d. h. es soll
(1.2) bestehen, woraus auch A0'k =  0 folgt. Die Tensoren oiJk und gijk in den For
meln der Übertragungsparameter (2.16) und (2.20) seien Null, ferner nehmen wir an, 
daß auch f*ik in der Formel (2.20) verschwindet. Die Übertragungsparameter sind 
somit, nach den Formeln (2.16) und (2.20),

(6.8) L f k = Г*‘к + у  (A ‘rf f k - f j ‘k) ,  Mj‘m = Ajm -  у  fj*‘m.

Offensichtlich folgt aus unseren Annahmen, daß die Relationen

= = J? = S‘k
bestehen. Bezeichnen wir mit Ajk den Ausdruck (vgl. (2.10) und (2.16)):

(6.9) Л Д = у ( Л /г/ 0'* - / Д ) ,  

so wird nach (5.9a)

(6.10) Rj‘ki = Kjkl + Ф/ ы ,

wo Kjki den aus Г*‘к gebildete Krümmungstensor bedeutet (vgl. [5] Кар. IV. Formel
(1.7))4 der — in der Cartanschen Theorie — unserem Tensor (5.9a) entspricht; ferner 
bedeutet das zweite Glied unter (6.10) den Tensor:

(6.10a) <Pj'kl = 2{Aj\k\i] — Г*\к |||,| Л|0|'/] — Aj\k \\ щЛщц  + Л-^Лщ j},

wobei „ |/” die Cartansche kovariante Ableitung definiert.
Aus den Formeln (6.9) —(6.10a) und (5.9) folgt der

1 In  [5 ]  i s t  d ir G 1 =  r f r i '  =  F ~ lr S ,r (v g l.  [5 ] ,  I I I .  ( 1 .2 7 ’)).
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Satz 4. Ist f j k = clß‘lk (c = Konst.) und bestehen die Formeln (1.2) und (6.8) mit 
f * ‘m = 0, so stimmen die Krümmungstensoren Rjki und K-kl überein, und es gilt auch:

( 6 . 1 1 )  R J  k l  == R o  k l  — K ö k ,  ■

Beweis. Die Cartansche kovariante Ableitung von /' ist bekanntlich identisch 
Null, woraus nach (6.10a), im Hinblick auf die Homogenität nullter Dimension in 
den x‘ der in (6.10a) vorkommenden Größen, die Relation Ф/к, = 0 folgt. Das be
weist schon die erste Hälfte des Satzes; wegen M*’k = 0 erhält man aus (5.9) un
mittelbar auch (6.11), womit der Satz 4 vollständig bewiesen ist.

Wir bemerken noch, daß der Krümmungstensor (5.9) nicht mit dem entspre
chenden Krümmungstensor der Cartanschen Theorie zusammenfällt, da nach (6.8) 
M jm Ф A jm ist. Es folgt aber aus (6.11) das

K orollar C. Bestehen die Bedingungen des Satzes 4, existiert ferner ein abso
luter Parallelismus der Linienelemente bezüglich der Cartanschen Übertragung, so ist

Rjki — Rj k i  =  K j  ki ■
Beweis. Die notwendigen und hinreichenden Bedingungen der Existenz des 

absoluten Parallelismus der Linienelemente ist bekanntlich K0‘kI = 0. Aus (6.11) 
folgt somit auf Grund von (5.9) das Korollar.

§ 7. Charakteristische Linien

Während im Riemannschen Raum nur die geodätischen Linien — die gleich
zeitig auch autoparallele Kurven sind — als charakteristische Kurven des Raumes 
betrachtet werden können, existieren im Linienelementraum £„ mit allgemeiner 
Übertragung mehrere charakteristische Kurven.

Nehmen wir wieder an, daß der Linienelementraum £„ eine Finslersche Metrik 
hat. Nehmen wir überdies noch an, daß eine Kurve x'(s) angegeben ist, wo der Para
meter „s” die Bogenlänge bezüglich des Richtungsfeldes x'(s) bedeutet, und ferner

x‘(s) = ~  = l‘(s)

besteht. Die Kurve ist also die Mannigfaltigkeit der tangenten Linienelemente. In 
diesem Falle ist

(7.1)
d2x‘ 
ds2 + c 0 =  o , /<• =

dx‘
ds

das charakteristische Differentialgleichungssystem der geodätischen Linien. Das 
Differentialgleichungssystem

(7.2)
d2x‘ 
ds2 +  C o  =  0 ,

charakterisiert die autoparallelen Kurven. Diese beiden Kurven sind identisch, falls 
C o  = C o  besteht. Aus (2.16) folgt somit der
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Satz 5. Bei einer Finslerschen Metrik stimmen die autoparallelen Kurven und die 
geodätischen Linien mit den Übertragungsparametern (2.16) dann und nur dann überein, 
wenn f 0i0 = 2<joio gilt.

Zum Schluß bemerken wir, daß man weitere charakteristische Kurven des Rau
mes erhält, wenn man die Bedingung /' = dx'/ds fallen läßt. In diesem Fall kann 
l‘(s) neben x ‘(s) von x'(s) unabhängig vorgegeben werden oder durch die Gleichungen 
Dl' = 0 bestimmt sein. Dadurch entstehen die von A. R a p c s á k  untersuchten quasi
autoparallelen Kurven. (Vgl. [6], §§ 1, 2.).
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FINITE ORDER EXTENSIONS OF A PRIMARY GROUP BY 
A TORSION-FREE GROUP

By
A . M A D E R  ( H o n o lu lu )

1. Introduction. In 1958 R. Baer published his fundamental paper [1] on the 
structure of the groups Ext (K, T) with T  a torsion group and К  torsion-free. It is 
easy to see that Ext (К, T) is divisible so that the structure of Ext (К, T) is determined 
by a set of ranks. In some cases Ext (К, T) is torsion-free but it may happen that 
Ext (К, T) [p] ф 0 for some prime p. The problem of determining when Ext (К , T) is 
torsion-free derives added interest from results of C. Walker [8] and A. Mader [4].

The present paper is concerned with this problem. Section 2 contains some re
duction theorems. In Section 3 a necessary condition on К for Ext (К, T) to be tor
sion-free is established (Theorem 3.4). We arrive at the class of „barred“ torsion-free 
groups (Definitions 3.18 and 3.24) which may deserve further study. Barredness is 
defined with reference to a p-basis (=  maximal p-independent set) but turns out to 
be independent of the choice of a p-basis (Theorem 3.19). In Section 4 we utilize 
barred groups in order to answer negatively a question posed in [4] (Theorem 4.5). 
It becomes clear that groups К  with Ext (К, T) [p] Ф 0 for some T  are more common 
than it appeared previously.

Our standard reference for notions and notations is Fuchs [2]. In the whole 
paper p is a fixed prime number. The p-rank of a torsion-free group К  is the vector 
space dimension of K\pK. A p-basis of A is a maximal p-independent subset of K. 
We let N  = (1 ,2 , . . .} .  We frequently deal with non-decreasing functions / : N  -> N  
and will simply call them monotone.

2. Reductions. Let К  be torsion-free and let Г be a p-group. For the purpose of 
studying Ext (К, T) we first of all may and will assume that T  is reduced. It is routine 
to show that Ext (K, T) [p] S  Ext (K/pmK, T) [p]. Thus for the purpose of studying 
Ext (К, T) [p] we may and will assume that К  is p-reduced, i.e. pwK — 0.

A useful reduction is due to Nunke [6]. He showed that the structure of 
Ext (К, T) depends on a single known invariant of T, the so-called „critical number“ 
which is the smallest among the cardinals dim (pnB) [p], n =  1 ,2 , . . . ,  where В is 
any basic subgroup of T. Thus T  may without loss of generality be assumed to be 
a direct sum of cyclic groups.

In [5] another reduction was pointed out. The group К  may be replaced by a 
module Kp over the ring P of p-adic integers. The module Kp is the so-called p-adic 
hull of К  and has the following characteristic properties: Kp contains К and is a re
duced E-module, (Kp/K) [p] = 0 and Kp = PK  i.e. К  generates Kp as a P-module. 
If A is a p-basic submodule of Kp, A — ® Pah then every х£ К р has a unique repre
sentation x = IXjüj where xt £ P, and for every natural number n, p" \ xt for almost
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all i. The last statement implies that xt = 0 for all but countably many i. If {a,} is 
a p-basis of К  then A = ®Pa,- is a p-basic submodule of Kp ([5], p. 219, 2.5 (j)). 
Hence every x  £ К  has a unique representation x  = lx,ah х,- £ P, as described above. 
It is this last fact which we will use consistently; otherwise the p-adic hull will not 
enter the picture.

The following proposition is included as a matter of curiosity, it will not be used 
in this paper. We use concepts and facts from [5].

P r o p o s i t i o n . Let К be a torsion-free p-reduced group and T a reduced p-group. 
Then Ext (К, T ) [p] £  ExtP(Kp, T) [p]. I f  E  : T > *-> M К  ££ Ext (К, Т ) [р] the 
isomorphism is given by E  -> Ep where Ep : T M p - Kp ££ LxtP(Kp, T) [p]. 

P r o o f . The main difficulty is the exactness of Ep. Ep is not exact for every E. 
For suppose Kp is a free P-module and E is not splitting. If Ep were exact, then Ep 
would split and so would E; contradicting the choice of E. It is therefore essential 
that E has finite order.

(a) Since pE  =  0 we have a commutative diagram

Т > Л  N  -4 ->-K

II l ff i '
E  : T  M  —£> К

with top row splitting exact. Again by [5], p. 221, 2.6 and p. 219, 2.5 (e) we obtain 
the commutative diagram

T j U  N p Л >  K p

II p
Ep : T >Л M p Kp

with top row splitting exact. Again by [5], p. 221, 2.6 apßp = (aß)p = 0. <xp is in
jective and ßp is surjective. It remains to show that Ker ßp cz Im of. Given x  6 M , 
there is у  £ N  such that xß = yß, and (у<т — px)ß =  yoß — pxß  = yßp — pxß = 0. 
Hence jer — px  6 7a and px £To + No = Too + No = No. So pM a  No and 
pM p = p(PM) — P(pM) d  P(No) — (PN)op =  NFoF. Now suppose that x  £ Mp 
and xßp = 0. Then px = yop, у  £ Np, and yßFp  = yoFßp = pxßp = 0. So yßp = 0, 
у  6 Täp, and px  =  yop £ Tafop =  Taf = To с  M. Since (Mp/M) [p] = 0, x £ M. 
Since (M/То) [p] =  K[p] =  0, we have x ^ T o  = Taf. So Ker ßp cz Im of as claimed.

(b) From the diagram it is clear that Ep ££ ExtP(Kp, T) [p]. It is easy to check
that E  I—» Ep is homomorphic: simply attach superscripts P to each group and each 
map in the diagram defining Ег + E2 = V(£j ® E2)A and observe that the rows are 
exact by (a). The map is injective since Г is a direct summand of M  if T is a direct 
summand of Mp. To show that the map is surjective, let T  >-%- N  —>->• Kf‘ ££ ExtP 
(Kp, T) be given. Let M  =  {x 6 N  \ xß £ К}. Then Ext (К, T).
Since N/M = (N/T)/(M/T) £  Kp/K  we have (N/M) [p] = 0. For x 6 N, xß =  % Я,х,

I
with Xj g К  and x t = m f  with £ M. Hence (x — Lfmßß — 0, and x = ТД/Ш,- + t 
with t £ Та с  M. So N = M p and E  f—> Ep is surjective. This proves the proposition.
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The proposition reduces the problem to the case of P-modules. This simplifies certain 
matters. In particular we have the following corollary.

Proposition. I f  Kp is a free P-module then, Ext (К, T) [p\ = 0 for all p-groups T. 
In particular, if К is countable or K\pK finite then Ext (К, T) [/?] = 0.

Proof. For Kp free, Ext (К, T) [p] = Ext^A^, T) [p] = 0. If К  is countable, 
then Kp is countably generated hence free. If K/pK is finite, then Kp\pKF =  K/pK is 
finite hence Kp is free.

It is perhaps unlikely that Ext (К, T) [p] = 0 for all T  if and only if Kp is free 
but this is an open and fascinating question.

3. The class of groups К  with Ext (К, T) [p] = 0. Let SC be the class of torsion- 
free groups К  such that Ext (К, T) [p] — 0 for every /i-group T. In this paper we will 
use the following characterization of SC which was established in [3].

3.1 Proposition. Let A be any p-basic subgroup o f K. Then К £ Ж i f  and only if 
for every reduced p-group T, Horn (A, T) = p Horn (A, T) + Horn (К, T) where 
Horn (К, T) is identified with the group o f maps of Horn (A, T) which extend to K.

Proof. [3], p. 130, 4.3.
We remark that Baer [1], p. 226, 3.2, established the following different charac

terization.
3.2 Proposition. К £Ж i f  and only i f  for every p-group T, Horn (AT, T/pT) = 

= Horn (К, Т)ф where ф : T -* TjpT is the natural map.
It is easy to derive 3.2 from 3.1 and conversely. The following closure property 

easily follows from 3.1.
3.3 Proposition. SC is closed under taking p-pure subgroups.
Proof. [3], p. 130, 4.5.
On the other hand it is clear that SC is not closed under taking subgroups since SC 

contains the divisible hull of any torsion-free group but not all torsion-free groups. 
As was pointed out in Section 2 SC contains all countable torsion-free groups, all 
torsion-free groups of finite p-rank, and more generally all torsion-free groups К  for 
which the p-adic hull (K/paK)p is a free P-module.

The following theorem establishes a necessary condition for belonging to SC.
3.4 T h e o r e m . Let К be a p-reduced torsion-free group of countable p-rank. I f  

К 6 SC and <Л = {аъ a2, . . .} is any p-basis o f K, then there is a function f : N  -* N
OO

such that for each x  — £  xtat £ К  (х,- £ P) there is x  £ N  such that for all m £N,
1 =  1

pxXi =  0 (pm) whenever i ^  f(m ).
P r o o f . By [6], p. 598, 1.3, Ext (К, T) s  Ext {К, В) for a basic subgroup В of T. 

Hence we assume without loss of generality that T  is itself a direct sum of cyclic
OO 00

groups. Write T  =  ( © <h,» © T' with et — exponent of bt Si i. Let В =  © <£,->
i=l 1=1

and let к : T -л В be the projection corresponding to the decomposition T  — В 0  T'. 
Let A = <<Л>. By 3.1

(3.5) Horn (A, T) = p Horn (A, T) + Н о т  (К, T).

Define f £ Horn (A, T) by а£ = h,-. By (3.5) <*; = p ?  + r\ with £  £ Н о т  (A, T) and
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tj £ Н от (К, T). Further £тг =  p(fán) + r\n and hence
(3.6) áfán) = b, + pct
with rjn £ Н о т  (К, B) and ct = — áfán £ В. Each ct has a unique representation

(3.7) с, = X пцЬ], n,j  £ Z, % = 0 for j  ^  N(i) .
7=1

00

Given * = £  зад £ K, Xi£ P. Then
i=i

ХЩ = Y  Xiiaflit) = Y  x i(bi + /*/) =
i=l i=1

oo oo

= Z  *<• Z  <V>7 +  E  = Z  I Z  */(<fy + p %>| bj< = 1 ;=l 7 = 1 7 = 1  V i - 1

Since xtjn £ 5  there is an integer x 2: 1 such that

(3.8)
00
E  xi(8ii + pnij) = 0 (peо /=1

for all j  ^  x .

Without loss of generality assume that N(i + 1) iS N(i) + 1 and N(l) rg 1. We shall 
prove by induction on m that

(3.9) xj = 0(pm) for all j  ^  N m~ \x ) .

Simple induction yields for any integer k ^  1

(3.10) Nm(k) *>k + m; for i ^ j ,  N \k )  ^  N‘(k) and N(i) ^  N (j) + (i - j )  ^  N (j) .

If m = 1, then (3.9) is immediate from (3.8). Now suppose (3.9) holds and let j  5: 
^  N m(x). If i <; N m~ \x), then j  ^  N m(x) ^  N(i) hence ntj = 0. Thus (3.8) implies

(3.11) E  x>(8u +  Pnij) =  0 (Pe‘) for all J ä  Â m( x ) ./>JVm-i(s)
By induction hypothesis x, = 0 (pm) for all xt occurring in (3.11). Also ey- g: у S: 
5: N m(x) ^  x + m ^  m + 1. Thus (3.11) yields

(3.12) xy =  0 (pm+1) for all j  S  N m(x) .

This is just (3.9) with m replaced by m + 1 and the induction proof is complete. 
Now let f(m) =  N 2(m~1)(\). Then

(3.13) f(m) ^  N m~ \k)  for m ^ k .

Proof. f(m) =  yv2(m_1)(l) =  N m- \ N m-1(l)) ^  N m~\m) ^  N m~\k). We claim
that

(3.14) pfá- s O ( p m) for all j  ^ f ( m ) .

Proof. If m ^  x,  then f(m) ^  N m~\x) and for j  2: f(m) we have the stronger 
statement (3.9). I f  m < x, then (3.14) is trivially true.

The condition of Theorem 3.4 can be recast as follows.
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3.15 L e m m a . Let К  be a torsion-free p-reduced group o f countable p-rank. Let
оЯ = {аъ a2, . ..} be a p-basis of K. Then the following are equivalent:

00

(3.16) There exists a function f  :N  -* N  such that for all x  =  Y  £ К there is
/=i

x £ N  such that for all m p*xt = 0 (pm) whenever i Si f(m). „
(3.17) There exists a monotone function g : N  -*■ N  such that for all x  — Y  x iai 6 К

there is x £ N  such that p*xt = 0 (pff<0) for all i. 1=1
Proof. Suppose (3.16) holds. Without loss of generality we assume that 

f(m  + 1) > f(m). Define g(i) = m iff(m) :g i < f(m + 1) with the convention/(0) = 
= 0. For f(m) S  i < f(m  + 1), m ^  g(i) hence p*xt = 0 (paW). Now suppose (3.17) 
holds. Define f{m) = max {j + 1 | g(j) < m} and f(m) = 1 if {j | g(j) < m} =  0 .  
Given m and i 5; f(m). Then g(i) ^  m and hence p*xt =  0 (pm).

To simplify statements we introduce the following terminology.
3.18 D efinition. Let ^Tbe a p-reduced torsion-free group of countable p-rank. 

Letc# =  {at, a2, . . .} be an (ordered) p-basis of K. We call К barred by f  with respect 
todl if / is  a monotone unbounded function on N  to N  such that for every x  =  Ix fli £ 
£ К  there is x £ N  such that p*xt = 0 (рло) for all i.

In this language Theorem 3.4 reads: If К  £ SC and <Л — {аъ a2, . . .} is a p-basis 
of K, then К  is barred with respect to аЯ. It is easy to construct torsion-free groups 
which are barred with respect to a given p-basis. We shall show that such groups are 
automatically barred with respect to any other p-basis also.

3.19 Theorem. Let К  be a p-reduced torsion-free group. I f  К is barred with respect 
to some p-basis, then К  is barred with respect to any p-basis.

Proof, (a) It is well-known and easy to check that {a,} is a p-basis of the torsion- 
free group К  if and only if {a, + pK } is a vector space basis of ЩрК. Thus if {a,}
and {bt} are any two p-bases of K, then there are elements c, 6 К  and an integral

00 00

row-finite matrix [fy] such that a, — Y, tybj + pct. Writing ct — Y  uuaj> апс* letting
j = 1 } = г

[a,], [Z>,] denote column vectors we obtain in matrix form

(/ -  p[U'j]) [aj] = [/,;] [bj]
oo

Noting that (I — p[t/y])-1 = Y  Pkiuij]k makes sense in an obvious way we obtaink = 0
[aj] = (/ -  Р Ы Г 1 [tv] [bf .

Now assume that К  is barred with respect to {a,}. In order to show that К  is barred 
with respect to {£,•} it suffices to consider the two cases [a,] = [fy] Щ] and [a,] = 
= (/ -  P[u,j])-l [bj].

(b) Let [я,] = [ttj] [bj]. Suppose that К  is barred by /  with respect to {a,}. If
0 0  oo oo

x  — Y  x ia> £ К  and x  = Y  yfih then a simple computation yields yt =  Y  х]*р
i = l  i= 1 j =  1

Since [ty] is row finite there is a function n : N —> N  such that = 0 whenever 
i ^  n(j). Without loss of generality assume that n is monotone and not bounded. 
Define g(i) = /(min { j  | n(j) < /}). Then g is well-defined, monotone and not bounded.

j
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Finally pxy>i — X  pxXjtji = Y, PXxjtji = 0 (p9(iy) since pxXj = 0 (р/(л) and n(j) > i im-
J- 1 "0')>i

plies g(i) <i /(y). Thus ÜT is barred by g with respect to {£,■}.
(c) Now let [a,] = (/ — p[w,y])_1[Z>,]. We assume condition (3.16) with mono

tone /. Hence there is a function n : N  -+ N  such that

(3.20) Pn(i>uij = 0 (pm) whenever j  g;/(m).

Without loss of generality we assume that n is monotone. Let [vy] =  ( / — p[ i/y])-1 =

=  X /[««/]*, i-e.k = 0
(3.21) v,j = <5y + pu,-,- + p2 X «</“.,> + . .  • + P*+1 X «и «/,/, • • • uikj + • • • - 

We claim
(3.22) There is a function g : N x N  —> A such that g is monotone in each variable and 

Vy = 0 (pk) whenever j  >  g[k, i).
Proof. We first define inductively functions hm by h0(r, s) = s, hm+1(r, s) = 

=  f(r  + nhm(r, s)). Obviously hm is monotone in each variable. We next prove by 
induction on r ^  0 that for any к ^  r + 2

(3.23) MfiM/.,-.. •. uirj = 0 (p*_r_1) if j  ^  hr+1(k -  r -  1, / ) .

For r — 0 the claim is Uy = 0 (p*-1) if j  ^  h fk  — 1, i) = f{k  — 1 + u(i)). This is 
immediate from (3.20). Now suppose 1 ^  r  ^  A: — 2. By induction hypothesis with 
к  replaced by к  — 1 we have uiiuii,t . . .  ulr iir = 0 (p(fc-1)“(,,-1)-1) if ir ^  hr(k —
— r — 1, /), and in this case the claim follows upon multiplying this congruence by 
uirJ. On the other hand if i, < hr(k — r — 1, i) then f ( k  — r — 1 + n(ir)) rg f(k  —
— r -  1 + nhr(k — r -  1,0) = hr+1(k -  r -  1, 0  й  j- So uirJ =  0 (pfc_r_1) by 
(3.20) and the claim follows upon multiplying this congruence by uUi. . .  ulr lir 
This concludes the proof of (3.23).

Define g(k, i) = max {h0(k, i), h fk  — 1, i ) , . . hk_-  ̂1, i)j. Clearly g is mono
tone in each variable. Assume j  >  g(k, i) and consider (3.21). Since j  > h0(k, i) = 
=  i, Sy = 0. Since j  Sí hr+1(k — r — 1, i) for O ^ r g A  — 2 it follows from (3.23) 
that pr+luUiuiiit. . . uirJ = 0 (pk). Hence Vy = 0 (pk). This proves (3.22).

OO OO

If x = X x iai € К  and x  = X  yfij, then an easy computation yields y} =
oo i = l j — 1

=  X xivu- Let h(k) = g{k,f(k)). Then у > h(k) implies j  > g(k, i) for 1 ^  i ^f(k),.

and by (3.22) vtj = 0 (pk) for 1 ^  i ^  f ( k ) while pxxt = 0 (pk) for i ^ f(k ) .  Hence 
pxyj =  0 (pk). This proves that К  is barred with respect to {£,•}.

Proposition 3.19 permits a further simplification of the language.
3.24 Definition. The torsion-free p-reduced group К is barred if it is barred 

with respect to some (and hence every) p-basis.
For later use we now prove that a barred group possesses an unbounded reduced 

p-primary homomorphic image. A consequence is that Ext (К, T) [p] #  0 for some 
p-group T if К has countable p-rank and every reduced p-primary homomorphic
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image of К is bounded. However, this fact is more easily obtained in other ways and 
the restriction on p-ranks is not necessary (see 4.3 and 4.4 below).

3.25 Proposition. I f  К is barred then К  has an unbounded reduced p-primary 
homomorphic image.

Proof. Suppose К is barred by /  with respect to {a,}. Let be cyclic of order

p f(i). Let В — PJ (bj). Define a : К  -» В : X  xiai a = ( . . . ,  Xjbj,. . .). Then a,a =

=  bj and Ka is unbounded. Clearly В is reduced and hence so is Ka. Since pxx( = 0 
(p/0>), p*(xa) = ( . . . ,  p*Xibj,. . .) = 0 so Кос is p-primary and the proof is complete.

4. Groups К  with Ext (К, T) [p] Ф 0. The following proposition, due to Baer 
[1], is an immediate corollary of 3.4.

4.1 Proposition. Let K0 be the group o f sequences of integers such that, for each 
m, almost all terms of the sequence are divisible by pm. Then Ext (K0, T)[p\ # 0  
for any unbounded reduced p-group T.

Baer proved this proposition by first showing that every reduced p-primary 
homomorphic image of K0 is bounded. In [3] it was shown that for any group К 
with this property the rank of Ext (К, T) [p] can be determined and if К  has infinite 
p-rank, then Ext (К, T) [p] ф 0 for every p-group T  with unbounded basic subgroup. 
The question arises whether Baer’s detour was necessary, or more generally whether 
Ext (К, T) [p] Ф 0 implies that К  contains a p-pure subgroup L  of infinite p-rank such 
that every reduced p-primary homomorphic image of L is bounded. We shall show 
that the answer is no.

4.2 Theorem. Let T be an unbounded reduced p-group. Let К  be torsion-free o f 
infinite p-rank, and suppose that К contains a subgroup L such that К/L is p-primary 
and Horn (L, T) is a torsion group. Then Ext (К, T) [p] ф 0.

Proof. Suppose Ext (К, T) [p] = 0. If В is a basic subgroup of T, then Ext (К, B) 
[p] =  0 by [6], p. 158, 1.3, and Horn (L, B) is torsion. Hence without loss of general
ity we assume that Г is a direct sum of cyclic groups. Let {ax, az, . . .} be a p-indepen- 
dent subset of К  and let щ =  exponent of a, + L. Write T = B ® T ' , B = ®  <&,■> 
such that et = exponent of bt ^  nt + i for i =  1 ,2 , . . .  . Let n : T  -» В be the pro
jection corresponding to T — В © T'. Extend {аъ a2, . . .}  to a maximal p-indepen- 
dent subset of К  and let A be the p-basic subgroup it generates. Let £ : A -> T  be 
such that a f  = bt. Proceed as in the proof of 3.4 to obtain

CO

(4.3) afpu) = X  (<5,j + pn,j)bj, qn £ Horn (К, B) .
j =1

T]7i I L  £ Horn (L, В) hence pn{qn \ L) = 0 for some n. Hence 0 = (р"'а;) (р"дп) —
CO

= X Pn+n>Vij + Pnij)bj• Thus pn+ni(Sij + pnifbj = 0 for all j, in particular 
j=1

рл+"'(1 + pnn)bi = 0. So n + Uj к  et ^  iij +  i, resulting in the contradiction 
n ^  i for each i.

4.4 Corollary. Let T  be an unbounded reduced p-group, and К torsion-free o f 
infinite p-rank such that Н о т  (К, T) is torsion. Then Ext (К, T) [p] ф 0.

Proof. L  = К  in 4.2.
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4.5 Theorem. There exist p-reduced torsion-free groups К  such that every p-pure 
subgroup o f К o f infinite p-rank has reduced unbounded p-primary homomorphic images 
and Ext (K, T) [p] ф 0 for any p-group T with unbounded basic subgroup.

We remark that 4.3 answers negatively a question stated in [4]: If Ext (К, T) 
[p] ф 0 then this does not necessarily happen because К  contains a p-pure subgroup 
of infinite p-rank for which every reduced p-primary homomorphic image is bounded.

Proof of 4.5. (a) Let P*° be the group of all sequences of p-adic integers, A the 
subgroup of sequences of integers with finitely many non-zero terms. Clearly A is 
free and p-pure in P*°. Let / : N  -» N  be monotone and unbounded. Let L  = 
= {(..., pm xt, . . .) I xt £ P}. Clearly L is an endomorphic image of P*' and L  s  
ä  P K". Let К  be the p-purification of L in P x*.

(b) It is easily seen that A is a p-basic subgroup of К  and by construction К  is 
barred by /  with respect to the obvious basis of A. Let M  be any p-pure subgroup of 
К  of infinite p-rank. Extend some p-basis <911 of M  to a p-basis of K. By 3.19 К  is barred 
with respect to this p-basis and therefore M  is barred with respect to 9k. By 3.25 M 
possesses an unbounded reduced p-primary homomorphic image, and it follows 
easily (using for example Szele’s Theorem, [7], by which a basic subgroup of a p- 
group is an endomorphic image) that Horn (M , T) is not torsion for any unbounded 
p-group T.

(c) By definition of K, К/L is p-primary. Since L ~ PK° and P K* is algebraically 
compact, so is L  and Horn (L, T) is torsion for any given reduced p-group T. By
4.2 Ext (К, T) [p] Ф 0 for T  a reduced unbounded p-group. This completes the proof.

In the proof of 4.5 we constructed a special type of barred groups which seem 
interesting and not too hard to investigate. The example also shows that the condi
tion of Theorem 3.4 is not necessary, i.e. a barred group К  need not belong to Ж.
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THE RAPIDITY OF CONVERGENCE OF QUASI-HERMITE— 
FEJÉR INTERPOLATION POLYNOMIALS

By

R. B. SAXENA* and K. K. MATHUR (Lucknow)

1. The quasi-Hermite -  Fejér interpolation polynomial Qn( f )  of degree rg 2n +1 
introduced by P. Szász [3] is given by

№ )
( i ) Qn(f, x) = U A / m  + i) (» + i ?  +

+  Z  f ( Xkn)(} -  ^ 2)(1 -  XXk„) 
k=1

Un(x)
(n + l)(x  -  xk„)

where xkn = cos
kn

n +  1
, к = 1 ,2 , . . . ,«  are the zeros of Cebyshev polynomial of

the second kind U„(x) =  S*n ^  — , x = cos 0. P. Szász [3] has proved that
sin 0

lim Q„(f) = f  uniformly on [ -1 ,1 ] .
tl—>00

As to the rapidity of convergence the first of us [4] gave the estimate

(2) WQ n i f ) -  fWü5o>f \ ^ -

where | | / | |  =  sup { |/ | ,  - 1  g r g  1} and coy is the modulus of continuity of f(x ).  
In this paper, we obtain more precise estimates for the sequence || Qn( f )  — f \ \ .

Let us denote Cm[—1, 1] the class of all functions/(x) defined on [—1, 1] and 
satisfy the inequality

( 3 )  c ü f(A ) ^  cco(h)

where co(h) is a certain modulus of continuity. We shall prove the following 
Theorem 1. I f  f ix )  £ Сш[— 1, 1], then for all x  £ [— 1, 1], we have

(4) I Q„if> x) — fix )  I ^  c1 " 1 [ i  + 1 ,r------2] £  1
I v r W ' - l  +  , ? , 7

CO i + 1  , nn +  1

where q  (later on c2, c3, . . . )  is an absolute constant.
The estimate of this type for Hermite —Fejér interpolation has recently been 

given by P. О. H. Vértesi [6].

* The first author gratefully acknowledges the support from National Research Council 
Grant NRC-A-3094.
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Owing to the inequality (3), we get from (4)

(5)1 Qni f  X )  - Д х )  I g  c2
1

I  T®// = 1
(i + 1)ч/1 -

n + 1
" 1 Í(i + i i*n+ E -3-®/i=i * iU H U

The inequality (5) is more precise than (2) in the sense that (2) follows from (5). For 
functions belonging to Lipschitz class of order a (0 < a < 1) i.e. cofh) g  Aa, we get 
from (5)

(6) I £?„(/; x) -  fix )  I ^  c3

where

[ ( V 1 -  *2
а

ü  1.
• Бп -  1 < jt < 1

£„ =

and

(7) Q nif x) -  fix )  I ^  C4

1

log n 
n

1
9n

s / l  -  X*

0 < a <

a = ■

<  a < 1;

log« + a = 1: - 1  < * < 1

Evidently our estimation is best possible for f(x)  £ Lip a (0 <  a < 1) when — 1 < 
< x < 1. For f{x) £ Lip 1, the estimation is also precise when — 1 < x < 1 as shown 
by the following

T h e o r e m  2. There exists a function fix )  £ Lip 1 and a constant c5 such that

(8) Q nif 0) - / (0 )1  ^ C5
log и n = 2, 4, 6 , . . .  .

Further on using the inequalities [5]

(9)

and

( 10)

n * m (tJ  1 -  x2) Д 1 i + 1 /------ 5
-------Г f 2------- d t  ü Y ,  - * 03 ------v n J \ - x 2

П  +  1 Í2 i=l J l и +  1
Л + 1

8 л * co ity/1 — x 2) 
= n + 1 j t2

И + 1

dt

71 г ю(г ) л  ^  V 1 (' + 1У 71------Г  — dt \  -^-со 'п + 1 { t2 ^  -21 =  1 in + 1 У
87Г

^  ------- Íп + 1 Í
(nit2) dt,

п+ 1 /1+1
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the estimates in theorem 1 can be given in terms of the arithmetic means of the se

quences <(0 n/ 1 - ill Namely the following theorem holds.

T heorem  3. I f  fix)  £ С и [ — 1, 1], then for all * £ [ - 1 , 1 ] ,  we have

( 11) Qnif\ X) -  fix )  I á  —  Z  W
n k= 1

+
1

This form of estimates for Hermite —Fejér interpolation has recently been given 
by B o ja n ic  [1] and Sa x e n a  [5] and the proof follows on the same pattern as in [5].

2 . We now give the proof of the above theorems. First we require the following 
lemma, the proof of which can be obtained by some modification in the proof of 
Lemma 1 given by Kis [2].

L em m a . I f

—— i-7 r< ;0 < ;—7-Г-Л, j  = 1 ,2 , . . .  ,n  +  1;n + 1 n + 1

x  = cos 0, then

(12) \ f ix)  -  R x kn) I ^

CO
Tt sin 0
n +  1 +  CO in + l)2

i f  к = j  — 1,1 ü j  й п  — 1 and к = j, 2 S j  ú n

Г / я ( /  +  1) s in  0

■И )
+  со

/1 +  1 l2’nn + 1

if  1 ^ j  < к — j  + i ^ n  and 2 ^ , k = j  — i f±n  + 1.

P r o o f  o f  T heorem  1. W ith  the u su a l con ven tion  

(13) f ix )  -  Q2n+1i f ;  x) =

2
(1  -  X 2) ( l  -  xxkn) [ unix)

■ I 1 { / ( * ) - / ( -  Dl + 1 + X
tix)

+  Z  [fix) -  f i x kn)]-
k=1 in + l)2

jx )  12 =
Xkn J

s,  + S2

We shall estimate and S2 separately. Setting

kn
x  = cos 0, 0 5S 0 iS n, xkn = cos вкп = cos ^  ̂ , 1 = 1 , 2 , . , . , « ,

we have

(14) S2 =  -- 1 -s- t  [/(cos 0) -/(co s  0*„)](1 -  cos 0 cos 0kn)
Vй  +  t )  k = 1

Sin in +  1)0 2
cos 0 — cos Qkn
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Now

(15) (1 — cos 0 cos вкп) 

g  (1 — cos 0 cos вк„ + sin 0 sin 0kn)

sin (n +  1)0
cos 0 — cos 0kn 

sin (n +  1)0 -  sin (n + 1)0A(I
cos 0 -  cos 0,k n

< 2
sin n + 1

(0 -  Okn)

s i n y (0 -  ekn)

Using the definition of j  and вкп it follows that

(16) 1 n + 1

sin 0 - 0 k n IK
к  #  j, j  -  1.

I s

Hence from (14) on account of (15), (16) and the lemma, we get

(17) S2 I й  C9 { CO
л  sin 0
n + 1 +  CO

Jl.

2 c 8 „  I f  ((/ + 1) sin 0
+ ----- L  7 2 ' l <ul7t k * j , j - 1  1 П + 1

(n + l)2j

+ C0

+

Í / / + 1  )2
Лn+  1

For

5X = {/(*) - / ( -  1)}+ - 4 ^ -  № )  -  /0 )}

we have

Ul(x)
(n + l)2 ’

Ulix)
S i  I é  - г -  [(1  -  * )  CO (1  +  x )  +  (1  +  x )  CO (1  -  x ) ]  22 (n + 1)“

Let x > 0 then

and therefore

g>(1 +  x) < 2 w(l -  x)
1 +  x 1 — x

3 ............................u$(x) _>2\ № )fill á v (l + x)co (1 -  x)2 (n + 1) ^  3 o>(l -  x2)

< 3 n + 1 J \ - x 2+ \ Ul(x) 1к у / 1 -  x  
{n +  l)2 W l n + 1

(n +  l)2 =

2 '  '  Яу / l  — X2
<  6  CO

n + 1
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owing to the inequalities

V 1 -  * 2 1 U„(x) I ^  1, а д  I g  и + l, ( - í ^ x g i ) .

Thus from (13), (17) and (18) we have the theorem.
Proof of theorem 2. Let f(x) = | x  | and n =  2p, then from (13), we have

ß 2n+i(/; 0) -  /(0) =

1

U2M
(n + l)2 + 2 ^ x« IV**

in + l)2
1

1 + 2 £  x*=1 x k J
>

k = l

2

in + 1 f x l

I  4-(n + l)2 fct'l JCfc
and the theorem follows by similar argument as in [6].
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COMPARISON OF LAGRANGE- AND H ER M ITE-FEJÉR
INTERPOLATIONS

By

[P. VÉRTESI (Budapest)

1 . Introduction . In many cases the Hermite -  Fejér interpolation is better than 
the Lagrange one. The aim of this paper is to give a positive answer for a problem 
raised by P. T úrán on a joint American —Hungarian seminar held in 1975 in Buda
pest : Do there exist a system of nodes and function class for which the Lagrange 
process is better than the Hermite—Fejér one?

2 . N ota tion s and prelim inary resu lts. 2 .1 .  Let us consider an arbitrary system of 
nodes

(2.1) -  1 ^  x„'„ < xn_1>n < . . .  <  x2>„ < xh„ g  1 (n(N)

in [—1; 1], further denote

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

( 2.8)

co„(X, x) =  c(x -  xlin)(x -  x 2'„) . . .  (x -  *„_„), сф  0 ,

(L = 1, . . . , « ) ,lKn( X , x ) ^ ~ ,
« К  **,„)(* -  **,„)

L„(/; 2f, x) Hf t  А х к,Ж,Л*> *) (« С N),1
k=1

/ v  „ \  d e f 1 n )  ,  \  / 1  1 \
Vk,n(X> x) =  1 -  - ; y , y  ^  V (x ~  X*.J == ь  - . . ,  n),WrAAi xk,n)

hk>n(X, x) Hf vkJ X ,  x)lk n(X,x) ( k = l , . . . , n ) ,  

%kJ X ,  x) Hf (x -  ,xfc>II)/2(Z, X) (k = 1,. . . , rí), 

Hn(f; X, X) Hí Í  f ( x k n)hk n(X, x) (я f  N ),
/c = l

(2.9) //„*(/; Z, x) Hf # „(/; Z, x) + £  f '( x k,n)$k>n(X, x) (« £ N).2
k=l

Here N  = {1, 2, 3, . . .},  A" stands for the matrix *€n> / €  C (i-e. /(*)
is continuous on [—1, 1]), moreover, in (2.9) we suppose that/ '  £ C, too.

1 L„ is the wellknown Lagrange interpolation.
2 H„ (or H*) is the wellknown Hermite—Fejér interpolation.
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G. Faber proved the surprising fact that there exists no matrix X  for which 
Ln(f-,X ,x) uniformly converges in [—1,1] for every / £  C (see e.g. [1], Part III, 
Chapter 2). On the other hand, if we consider, say, the Chebyshev matrix T, i.e., when

2k -  1(2.10) xk „ =  cos— ----- n (k = 1, . .  . ,  n; n £N)

then, as Fejér proved, #„(/; T, x) (or H*(f; T, x) if / '  £ C) uniformly tends to f{x) 
in [—1, 1] for every/ 6  C (see [1], Part III, Chapter 3).

So it would be interesting — in accordance with a problem raised by P. Túrán — 
to construct a matrix X  such that L„(f; X, x) uniformly tends to f(x) in [—1,1] 
if f £ F  but for a suitable f k d F  and x„ d [— 1, 1] # „(/;; X, x0) (or H*if;  X, x) if 
f [  d C) does not converge to f f x f )  (F Q C).

In his paper [2] D. L. Berman proved that for the equdistant nodes xk n — — 1 + 
+ 2 k{n — l)-1 {k =  0 , . . . ,  n — 1) in [— 1, 1] with f i x )  = x the process #„(/[; X, x) 
diverges unboundedly for n -*• oo at each point of [—1, 1] except the point x = 0. 
But, of course, H *ifű  X, x) s  x if n Sí 1.

3. New results. The aim of this paper is to construct such a system of nodes for 
which the „most reasonable“ Hermite—Fejér process (i.e., the process Hn if/ '  does 
not exist, or the process H* if f  exists) behaves worse for a suitable function class 
than the corresponding Lagrange interpolation.

3.1. Using the usual notation ||#(x) ||[0i6) = sup | #(x) | and Lip a = {/(x);
aíZxüb

l/(*i) - /02) I = Mf \ xx — x2 Г; хъ x2 6 [-1, 1 ]}, we have
Theorem 3.1. For any fixed  0 < a  í  1 there exists a matrix Y = Y X such that

(3.1) lim И L„if; Y, x) -  f i x )  И ^д , = 0
n—>co

for any f  ̂  Lip a and

(3.2) lim [Hnifú  Y, zn) -  f i z n)} = 00
л—>00

for a suitable f  £ Lip a and a sequence {zn} where lim z„ = 0.
7l-*00

For the completeness we remark that /[(x) does not exist on E a  [—1, 1] where 
E  is an infinite denumerable set.

3.2. If f ix )  is /с-times differentiable (k S; 1) then we have
Theorem 3.2. For any fixed  integer к ä: 1 and 0 < a iS 1 we have a matrix Y  

such that

(3.3) lim И £,„(/; Y, x) -  /(x) Н ^д , =  0

i f  / w (x) £ Lip a, further, there exists a function / 2(x) with f^ k\x )  £ Lip a such that

’ In n
(3.4) H * ifi\ Y,x) — Hni f 2; Y,x) + О ( * € [ - 1 , 1 ] ) ,
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and for a suitable {un}

(3.5) lim [tf„(/2; Y, «„) -  / 2(м„)] = lim [tf * (/2; Y, un) -  f 2(u„)] = со .
П—>-00 n-> 00

Here, as above, lim un = 0 and Y  = Уа1 fc.

4. Proofs. Starting from the Chebyshev matrix T (see (2.10)) we construct the 
matrix Y = {ykt„} as follows.3

4.1. Let r ^  0 and s > 0 be integers where r is fixed and

n +  3
(4.1) 5 =  S(n)

Sometime-, omitting the superfluous notations, let 

21 -  1
(4.2)

(4.3)

У/.П = cos

y,+t,n = cos

71 (l Ф s......... s + r, n Sí 4r + 1),

(r +  1 -  i)Pn

2n

2s -t- 2r 4" 1
2 n

where 0 < p„ =  О
1

n In n i -  0 , . . . ,  r, n ^  4r + 1.

It is easy to see that ^ - 1,2;+1 = 0. By an easy computation we can verify 
the relations

(4.4) IkJ Y ,  x) = 4  „(Г, дг) I Í  I Í  l k _  *•*'
t =  0 л  л 5 + / / = О л к  s s + t

(4.5) (Г, дг) -  п  * -  п  * ~
I n \ y s  + i )  1~ о У г  + 1 ~ У а  + 1 í  =  0 х  x s  + t

where, as usual, for — 1 ^  x  g  1

(4.6) Tn(x) = cos nb, cos b = x .

4.2 . Now we prove some properties of Y.

4.21. By (4.2) and (4.3) we have

(4.7) Л+1+i -  y*+i ~  Pn (i =  0 , . . . ,  r ) ,

(к Ф s , . . .  , s  + r),  

0 = 0 , . . . ,  r),

(4.8)
i\ n 1 Г 3/2 1

4 , к ф s , . . . , s +  r .

4.22. We prove

3The proofs run together for any Y , k (k^ .O; Y .i0 = Y,).
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Lemma 4.1. We have the relation

(4.9) max £  \ lKn(Y ,x ) \  = OQnri).
- l ü x ü l  k = 1

k * s , . . . , s + r + 1

For getting (4.9) at first let us remark that now

(4.10) П  I ** ~ 1 =  0(1) (к Ф s, . . . ,  s + r +  1)
t  =  О I xk ~  y *  +  t  I

To go further we have to consider different cases.

a. Let — 1 -SL x  ^  y, or х4_х ^  x й  1. Now П  — Уя+* = 0(1), so using
f= o I x  -  xs+t I

(4.10) and the wellknown relation
П

(4.11) max £  1 h,n(T, x) | = 0(ln ri) ,
-lüx-Zl k=1

we get

max
n

I 1 lkJ Y ,  x) 1 = 0(1) max £  | lkt„(T; x) | =  0(ln ri)
-lüxül k=0 k=l

k i* s , . . . , s + r + 1

ß. Let yt < x  < х,_]. If x  — ys < xs+r — x  then we can use the previous es
timation. On the other hand, let

X — у ,  >  I xJ+r -  x  I and min | x  -  xs+i | =  | x — x, | .
i = - l , . . . , r

At first we suppose that j  s. Using the formula

kn(T; x) =
_ ( - i ) fc-T„(x) у / 1 - 4

x  —  X l,

we have by (4.4)

lkJY,X)  =  n  *  -  Л -(x -  x k)n X  -  X , П Xk -  xs
0 x k r s+ t

= (~  l)fc- 17;(x)N/ 1 -  xf(x -  yj) '  X -  ys+l '  x k -  xs+,
(x -  хДх -  x k)n ,Ц  x -  xs+t , Ц  x k -  ys+t ‘

I *j -s
We use the relations

(4.12)

I T(x) I 
I X -  Xj I

^  I T'M) I =0{ri) (ys < z <  xs),
. 2 k -  l

s i n ---- ------- - 71
In

k_
n
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Having the notation x = cos b, (4.2) and (4.3), it is easy to see that

(4.13)

\ x  -  x, I ~  — n *-  O' Ф j ), I X -  yí+, I = 0

By these estimations

- 4  0  = o , . . . ,  r ) .

lk'„(Y, X) I 0 ( 1 ) «  _  k  J л 2 n r + x n r  0  (  | y. _  k  I )  •

So

max £  I lkt„(Y, x) | =  0(1) £  . . * .. =  0( In ri) .
— /e # í , . . . , s + r —1 } ф к  I X  J  I

Finally, let j  = s — 1. Now (x -  yJ+1) (x — xs+i) -1 =  0(1) (i =  0 , . . . ,  r), so 
we get (4.9) as in the case a.

4.23. To prove another important property of У let 4cp„ — xs+r+1 — xs+r+2,

(4.14) ~  [^i + r + 2 “h *Pn> xJ + r+1 — <p„\, T2 n = [xs + r + x + <pn, xJ + r <pn] >

(4.15) In = „ (J / 2i„.

Now we prove
Lemma 4.2. By the previous notations

(4.16) I h+i,n(Y, x) I ~  ~ (~y+ T  f ° r x £ Jn and 0 ^ / g r  + l .

At first we suppose 0 í  i á  r. For these indices

I Tn(ys+i) I = I cos
2s + 2r + 1 

2 71 COS П(Г + 1 — i )p „ 7 t  +

2s + 2r + 1 . .. I • / 1 .\ I+ sin------- -------- n sin n{r + \ — l)p„n I = I sin n(r +  1 — l)P„n I ~  np„

(0 S i  й г )

Further, it is easy to see that for x £ In we have | Tn(x) | к  сг > 0, | x — yt | ~  | x — x, | 

(1 g  / ^  rí), I ys+i -  ys+t I ~  pn (0 S  i, t й  r, i Ф t), I yJ+/ -  xs+t I ~  —

(0 S  U t S r) and I x — xJ+i I ~  — (0 S  i ^  r).n
By these estimations

I h+i,n(Y, x)
n 1___1_  1

П Рп P n  n r+1 (H P „ Y +1
(x € /„, о S i  й  r ).
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If i = r +  1 we can use the relations

and

So

^i + r + l , n ( ^ >  X )  I ~  1 ( ^ 6  I / i ) ’ I -^s + r + 1 X s +  i  I ~  ( t  — 0 ,  . . . ,  r )

*,+r+l -  y,+ t I ~  Pn (0 St йг).

I l,+r+iJ Y , x) I ~  Ы  • r+1 (x£I„),
™ Pn

as we stated.
4 .24. Using the above arguments and the „О“ where it is necessary we can ob

tain
Lemma 4.3. For an arbitrary point о / [—1; 1]

(4.17) I ls+i(Y, x) I = О 1
nr+1prn+1 ( * € [ -  1, l ] , 0 £ i  й г  + 1).

4.3. Introducing the notations

K(L, X) = f max £  |
- l ^ x Z l  k = 1

К(Н, X)  =  max I  I hki„(X, x)
- I r S x g l  k = 1

we have
Lemma 4.4. For our special matrix Y

(4.18)

(4.19)

К  (L, Y)

W ,  Y) ^

1
(nP JГ +  1

(nPn),2r +  2

(и ^  4r + 1),

(n 2: 4r + 1; c2 > 0).

Indeed, (4.18) immediately follows from Lemmas 4.1 — 4.3. For (4.19) we remark 
sign (wn -  x,+r+1) =  -sign (w* -  xs+r+i) if wn £ Jl n and w* £ J2n. So for suitable 
ЧпЫп I vs+r+1'„(Y, f]n) I ^  1, i.e.

Ш ,  Y) ^  max I hr+s+1(Y, x) | =  max 
-lüxül

i - Í N ( - . +j

lUr+iiY, x) ^  l2s+r+1(Y, r,n)

<0'(.Xs + r +1) 

1
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4.4. Now we have the main tools to prove our theorems. To prove (3.2) and
(3.5) we shall apply the methods and theorems of [3] and [4].

4.41. First we construct the functions g„(x) as follows

(4.20) 9 п(У > )  =
sign vs+r+1(Y, t]„) 
0

if I =  s + r + 1 , 
otherwise (n 5: 4r + 1).

In the interval (y/+1, y() we define g„(x) as the Hermite interpolatory polynomials 
of degree 2k + 1 (k Si 0) which is equal to g„(yl+1) or gn(yi) at the end-points, res
pectively, and at these end-points g'„(y,) = g'„iyi+i) =  . . .  = д1к)(уд =  ffik)(yi+i) = 0. 
If * € [ -  1 , yn] U [Уъ 1] let gn(x) = 0.

Let us notice that we can choose a set Nx C  N such that

(4.21) gn{x) ■ gm(x) = 0 (x É [ -1 , 1 ], n, m £ Nx, n #  m)

(see (4.1) and the definition of g„(x)).
4.42. So using the correspondences A„ = (np„)~2r~2, e„ = 1, <5„ =  p„, T„ = H„, 

Un = E  (unit operator), z„ = цп and Cp-b](com) =  C(<ak+l)(= {/(x) ; co(f(k); t) S  
g  a(f)co(t) where co(t) is a modulus of continuity; k  2: 0})4 then by [3, Theorem 2.1] 
we have that for a certain

(4.22) h(x) =f c3 £  cok+1(pn)g„(x) (c3 > 0, N2c Nj)
ni Ni

h(x) £ C(cok+1) and

(4.23) Hn(h; Y, t]„) -  h(r,„) >  (n £ N2) ,
(Прп)

where we shall suppose that if n £ N2 then n is odd, further for n, m £ N2, n < m we 
have

( ^ • 2 5 )  У з,п  ^  F i  + r + 2,m  .Vi—l,n  (  .Vi —l.m  •

(To obtain the conditions A, В and C of [3, Theorem 2.1], see (4.1), (4.24) and [5] 
(for A); (4.21) and [4, Lemma 2.1] (for B); finally (4.19) and [3, C2] (for C)).

4.43. On the other hand, for any f(x) £ C((ok+1) we have by usual argument and
(4.18)

(4.24) II Ln( f ;  Y, x) -  f(x) И
1 i l l

[-1.1] -  0 (np„y+1 cok +1 f i ll
(MEN).

4.44. To prove the estimations (3.1), (3.2), (3.3) and (3.5) we shall choose the 
suitable r and p„ (depending on a. and k) as follows.

4 We define a>k+l(t) = tkco(t).
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к a Pn Г II£ « ( / ;  y . * ) - / ( * ) | | | - 1>1, Я„(А; У, П п )  — А(Чп)

0 0  <  a  <  1
In n

0
°

1 )
„ a ( l  —a)

n i + * I n  n  J (In л)2“ *

0 1
1

1 О Í 1 ) „0.2
„1.4 1 Л0'2 J

i 0  <  a  <  1

1
„ l  +  c

0  <  e  =  —  <  a  
Я

я °
1 л <1- а ) ( 1+ е )

n 1 —

l 1
1

2 О Í 1 ) „0.1
n l e 1 n 0'2 J

;>  2 0  <  a  5 ;  1

1

„ 1 + «

0  <  e =  —  <  
Я

<  m in  ( « ,  ^ )

q  ■ к °[
1

л * — а + е (2 —а — Л) ^  

>  п к - л - к е  >

>  л 0-5
и * —

Table 1

The first two rows prove (3.1) and (3.2); the remaining ones give (3.3) and (3.5). 
At the last two columns we used (4.23) and (4.25) and the restrictions of the quoted 
formulas.

4.45. By (4.1) and (4.15) obviously lim rj„ =  0.
Х-УОО

4.46. To get the set E  mentioned in Theorem 3.1 we remark that for к  =  0 g'n(x)
does not exist on E„ = i = r, . . . ,  r + 2}; so by (4.22) and (4.24) E — (J En.

"€N,
4.47. Finally, let us prove (3.4). Denoting by An the interval where g„(x) Ф 0 

we get for a fixed m £ N2 (by (4.22), (4.24) and the definition of gn(x))

(4-26) A'CV i,J  =  E  Ohc+lO/XO'/.m) =
*€N2

=  ^3 Z  ^ k  + Á P n W n i y i . m )  =  0 (  1) E  Ü > (P n)P nP n  1 =  0(1)
n< m  n<m
w€N2 w€N2

if N2 is lacunary enough. Further by (4.24)

h'(ji,m) = 0 if i й  s(m) + r +  2.
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So as above

E h'(yi,m) ( x - y i,m) lU Y ,x ) \  =
i = l

=  0 (1 ) E  I*  -  У1.Ш I X )  =  О Í-^EL] .
i£ s (m )+ r+ 3  I n  )

Here we used that

X A,m(T,x) = 0(1) X hi m(T, x) = О
i ^ s + r + 3  i ^ s + r + 3

(see (4.4)). Now by (2.9) we have (3.4).
5. Remarks. 5.1. We can prove our theorems using more general functions 

<°k+1(0- E.g., one additional row to Table 1 could be

0 (o)(0) =
1 1

In 114/3 и In и
1

(In и)1/3 (In л)2/3

5.2. By similar arguments we can prove our theorems not only for the point 0, 
but for arbitrary fixed x0 £ [—1, 1].

5.3. We can obtain similar results for the trigonometric case also.
5.4. Our procedure applied for the Chebyshev matrix T  to gain Y  is similar to 

the method used by E r d ő s  and T ú r á n  (see [ 6 ,  1 0 — 1 2 ] ) .

5.5. It would be interesting to have similar theorems for analytic functions. 
The main difficulty is that we do not have a statement like Theorem 2.1 from [3].
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EINE BEMERKUNG ZUM SATZ VON FAVARD ÜBER 
ORTHOGONALE POLYNOMSYSTEME

Von

K. ENDL (Gießen)

§ 1. Einleitung

Ein orthogonales Polynomsystem mit der Normierung

(1.1) Pn(x) = x" + x V / V  (P™ € R; л £ N0)
v = 0

genügt bekanntlich einer dreigliedrigen Rekursionsformel ([1], S. 30 — 31)

(1.2) P„+i(x) =  (x -  an)Pn(x) -  ßnPn—i(x)

(a„, ßn £ R, ß„ > 0; n £ N0; P0(x) = l , P - f x )  = 0).

Umgekehrt gilt ([2]; für einen ausführlichen Beweis [3], S. 64 if) der
Satz von Favard. Genügt ein Polynomsystem {P„(x)}" der Form (1.1) einer 

dreigliedrigen Rekursionsformel (1.2) so ist es bezüglich einer Riemann —Stieltjes 
Belegung dg(x) orthogonal.

G. Alexits warf das Problem auf, Funktionensysteme {/„(jc)}^ zu untersuchen, 
welche mit einer beliebigen festen Funktion \ß{x) einer Rekursionsformel

(1.3) fn+i(x) = OK*) -  *n)fn(x) -  ßnfn-1(*)|
(a„, ßn £ R, ß„ > 0; n £ N0; f 0(x) =  1, /_ г(х) = 0)

genügen.
Man kann sofort Beispiele von solchen Systemen angeben: Ist ein beliebiges 

Polynomsystem (1.1) gegeben, das einer Rekursionsformel (1.2) genügt, so gewinnt 
man mit P„(F(x)) : =  f„(x) (в (  N0) sofort ein System, das (1.3) genügt. Es wird 
sich ohne Mühe herausstellen, daß jedes System {/„}*, das (1.3) genügt, auch so 
dargestellt werden kann (§2, Satz 2.2).

Wir behandeln hier das Problem, ob jedes Funktionensystem {/„(.*)}” , das 
einer Rekursionsformel (1.3) genügt, in irgendeinem Sinn orthogonal ist. Beispiele 
hierzu lassen sich sofort durch Substitution mit passenden Funktionen 4*(x) aus 
orthogonalen Polynom Systemen gewinnen. Doch ist das Problem im Fall einer kom
plizierten, etwa nicht Lebesgue-meßbaren Funktion 'F(x) nicht auf diese Art zu lösen. 
Wir werden zeigen, daß im allgemeinen Fall Orthogonalität vorliegt, falls man diesen 
Begriff genügend allgemein faßt. Es wird sich heraussteilen, daß — unabhängig von 
Funktionensystemen oder gar Polynomsystemen — der Satz von Favard eine Äqui
valenzaussage zwischen einer dreigliedrigen Rekursionsformel und der Existenz 
eines linearen Funktionais in einer Algebra über dem Körper der reellen Zahlen be
inhaltet. Es ist vielleicht nicht ohne Interesse, diesen abstrakten Zusammenhang klar
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360 К. ENDL

herauszustellen, der in einer Richtung ([3], S. 64 ff.) schon im klassischen Fall vor
gezeichnet ist.

Es sei X  eine kommutative, nullteilerfreie Algebra mit Einselement über R. 
Das Einselement von X  werde mit e bezeichnet. Wir betrachten im folgenden Systeme 
(Folgen) {/„}“ aus X, wobei wir ein System als trivial bezeichnen, falls /„  =  0 für 
« €  N0.

In Analogie zur Definition von G. Alexits geben wir
D efinition 1.1. Ein System {/„}^° aus X  heißt polynomartig, falls gilt:

k + l
(1-4) f kfi  = £  aky ' f  (ak’‘ € R; к, l £ N0).

v =  0

Es heißt echt polynomartig, falls afch ф 0 (к, l £ N0), und normiert, falls afcl, = 1 
( M €  N0).

Das Hauptresultat dieser Arbeit ist im folgenden Satz zusammengefaßt 
Satz 1.1. Es sei { /„} ”  ein nichttriviales, polynomartiges, normiertes System aus 

X. Dann sind die folgenden Aussagen äquivalent:
(1) Das System {/„}” genügt einer dreigliedrigen Rekursionsformel:

/„+i = (A ~  “«)/« -  ßnfn-i («„, ßn € R. ßn > 0; n £  N0; /о = e,/_ ! =  0)

(2) Das System {/,} "  ist „orthogonal“, d. h. es existiert auf X  ein eindeutig be
stimmtes lineares Funktional p mit

КЛЛ)  =  0 к ф l (kJ C N0)

K f k )  >  0  № 6  N o ) .

§ 2. Polynomartige Systeme, dreigliedrige Rekursionsformeln

Ein echt polynomartiges System ist genau dann trivial, wenn f 0 — 0 ist. Denn 
sicher ist diese Bedingung notwendig. Sie ist aber auch hinreichend. Denn betrachten 
wir die Gleichungen

fkfo =  í  e j '0/ ,  (k € N0)
v =  0

so folgt sofort durch Induktion wegen afc° Ф 0 /„  =  0 auch für n =  1, 2 . . .  . 
Nach dieser Vorbemerkung beweisen wir:
Satz 2.1. Ein nichttriviales System {fn}o aus X  ist genau dann echt polynomartig, 

falls gilt:

(2.1) /„ =  I  c f X f y  (4"> e R, 4 n) ф 0; n £ N0).
v = 0

Es ist darüber hinaus genau dann normiert falls c(nn) = 1 (n £ N0).
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B e w e i s . W i r  nehmen an, { / „ } ”  sei echt polynomartig. Betrachten wir zuerst
(1.4) für к = / =  0:

/о/о = 4'°/o oder / 0(/o -  a°0'°e) = 0 
so folgt wegen f 0 ф 0 und der Nullteilerfreiheit in X :

fo = a°0'°e: =  c(00) - f f  mit c(00) = a f  Ф 0 .

Als nächstes betrachten wir (1.4) für к = 1 und / =  0:

(2.2) A fo  =  + *í’°/i-

Durch Einsetzen von / 0 ergibt sich:
, 1,0 1

f l  = «i’°A° + Л : =  I  *»/i0 =  Э ж  *  0.“0

,1,0

Wir nehmen nun an, (2.1) sei bewiesen für 0, 1, . .., n — 1. Betrachten wir (1.4) mit 
к = \, l = n — 1:

f i f n - i  =  Z ei'""1/,,
v = 0

so folgt hieraus:

/» = -ir/iA -1  -  "z т а -  /v = i r / i  Z 4л_1)/1 -  Z т а -  Z 4v)/ i =
v = 0 v = 0 v =  0 fc=0

= Z 4 )/ i  mit c < " > = A g - # 0 .

,1,0

Ist {/„}” normiert, so ist c f  =  a°0’° = 1, und ebenfalls c f  = —̂  = 1. Nehmen wir
ad

C( n - X )

in unserer Induktion c f  = 1 für 0, 1 , . . . ,  n — 1 an, so folgt c f  = " n* x- =  1.

Ist umgekehrt {/„}® von der Form (2.1), so bilden wir

л л  =
к

u=o

k + l

Z 4°/iK MZ 4°// : = Z #'Л"
A = 0

wobei dfch = c f  ' c f  ^  0 ist. Da die Matrix (c f)  invertierbar ist, folgt mit
m  k + l  m k + l

f r  = Z cv-1(m)/v, A f  = Z Z c71(m)/»: =  z 4-'/v
m =  0 v=0

wobei a^'h = с?*А • ck\ f +l) #  0 ist. Gilt c f  = 1 und damit c„1(л) = 1 (л £ N0), 
so ist dkk’l ,  =  c f  c f  = 1 (fc, /€  N0), also auch akk’h  = 4 + W + f+0 = 1 (*, l € N0).

Bemerkung 1. Im Fall eines echt polynomartigen Systems werden also zur Her
leitung von (2.1) nur die Gleichungen к = l = 0 und к = 1, / =  0,1, 2 , . . .  benötigt.
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B e m e r k u n g  2. F ü r  f  g i l t  n a c h  (2.2):

M °  -  4 ° )  =
I s t  a ls o  üq’° ф a} ’0, so  f o lg t

und {/„}" besteht aus Vielfachen von e, falls noch aj’° #  0. Ist a[J’0 = a\°, so folgt 
al ° = 0 und f x ist beliebig.

Wir untersuchen noch Systeme {/„}” die einer dreigliedrigen Rekursionsformel 
genügen.

Satz 2.2. Es sei {/„}*  ein System aus X  das mit einem festen Element ф d X  
einer Rekursionsformel

fn+i = (Ф ~  <*„)/„ -  ßnfn-i (<*«, ßnCb , ßn > 0; n d N0; ф Ф 0; / 0 = e, f . x = 0) 

genügt. Dann ist {/„}” polynomartig und normiert, und es gilt

fn = Фп + 1  (« d N0) .
0

Zum Beweis schreiben wir die Rekursionsformel in der Form 

ФЛ = ß„L-1 + an/ n + fn+i •

Wegen f \  — Ф — «0e folgt:

Á L  = ßnfn-i + (<*„ -  *o)fn + /„+!•

Da auch f 0f 0 =  l / 0 gilt, folgt nach dem Beweis von Satz 2.1 mit Bemerkung 1:

f n = t  4")/ 1v =  t  <У\Ф -  «оe)v = Г  + "£ d ? 4 \
v= 0  v = 0  v = 0

da c(„n) = 1 (n d N0) ist. Hieraus folgt nach Satz 2.1, daß das System {/„}* polynom
artig und normiert ist.

§ 3. Beweis von Satz 1.1

Wir nehmen zuerst an, es gelte (1). Zum Existenznachweis des linearen Funk
tionais definieren wir die Momente von /" .  Wir setzen p(f0) = g(e) = K f i )  =  1 • 
Nehmen wir an, daß p i f f ) , . .  . , p(f") schon bestimmt sind, so ist wegen der ge
wünschten Linearität für ein beliebiges Polynom in f \

d ( £  a j A  = X avp ( f f ) .
lv =  0 )  v =  0
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Das nächste Moment /i(/i'+1) ist jetzt schon eindeutig bestimmt. Wegen der Forde
rung n(fn+1) = M/o/n+i) = 0 und

/.+ 1 = £  4"+1)/iv + / Г 1
v =  0

folgt nämlich

М / Г 1)  =  / * ( / „ « + ( Л п + 1  - Л + 1 )) =  M / „ + i )  +  М / Г 1 - Л + i )  =  -  £  c (vn+ 1)M / i v) .
v =  0

Hierdurch ist ц auf der durch {/„}“ bzw. durch die Potenzen {./j"}" erzeugten Unter
algebra und damit durch Fortsetzung auf X  definiert.

Wir haben nur noch die zwei Bedingungen in (2) zu verifizieren. Es genügt zu 
zeigen, daß

Kfkfl)  =  °  f ü r  0  = § £ < /  =  1 , 2 ..............

к
Dies ist wegen f k =  £  c^ /j” und cjf* = 1 äquivalent zu

v = 0

K f i f )  = 0 für 0 ^  к < 1 =  1, 2..........

Wir führen den Beweis durch Induktion nach k. Für к — 0 ist die Behauptung richtig 
wegen — f 0. Es gelte nun für alle к mit 0 ^  к iS k  und / > k

K f i f )  = 0 .

Nun folgt aus der Rekursionsformel für /£  N0:

fi+i = fifi ~ ai f  ~ ßifi-i 

nach Multiplikation mit f f :

fxk+1f, = A kf,+i + « //Í // +  ßlflfl-1
und hieraus

(3.1) = K f i f +1) + « M f )  + ßiKfi f- i ) .
Für l > k + 1 sind alle drei Terme auf der rechten Seite Null, d. h. es gilt für / >
> k  +  1

K fik+1f,) = 0.

Es bleibt noch zu zeigen, daß

Kfn)  > 0  (и É N0).
Für /z =  0 ist n(fo) =  n(f0) = 1. Für n 2: 1 folgt aus (3.1) mit k  =  n — 1, / = n: 

Á K L )  = ß n - t i f r V n - J  = ßnßn-l • • • Ä̂ C/iVo) = П Ä
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und hieraus wegen n ( ( f "  -  /„)/„) = 0:

K L )  =  K ( - f i  + f n  +  A ”) L )  = -  K ( f i  - D L )  + K A nL )  = П А > °
V =  1

Es sei nun (2) erfüllt. Wir betrachten die Gleichungen
/i+i

(3.2) A L  = I  <*"/* («6N) .
v =  0

Für n = 1 gilt

ЛЛ — °o Vö + я Р /i  + /г  5 

und es folgt für n =  1 die gesuchte Formel

fa — (Л — a \ ' ) A  — ao ffo  ■ = (fi — D A  — ßifo- 

Es sei nun n ^ 2 .  Wir multiplizieren (3.2) mit f k (0 iS к S  n — 2)

A L L  = z" «J'YvA
v = 0

und erhalten durch Anwendung des linearen Funktionais /г

(3.3) K A L L )  = Z a l ’" K fv fk ) = a l ,nK f k ) -
v =  0

Nun ist
1 + k

A L  = Z a!’*/v
v —0

d. h.
1 + k

A i f k L  = Z K kf j „ .
v — 0

Es folgt, d a v ^ l + k | n - l
i+fc

(3.4) K A L L )  = I  «i’V ( / v / „ )  =  о
v =  0

Also ist mit (3.3) und (3.4):

a \ n =  0 (0 Í  И  и -  2).
Es gilt also

/i/„  = ßi-V n-i + + /„ +i
oder

/ п+1 = ( А  -  c i Y ) L  -  K ’A L - i  ■ =  ( A  -  D L  -  ß nL - 1
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Multiplizieren wir die letzte Gleichung für n ^  1 mit f n - i>  so erhalten wir

K f n - l f n + l )  =  K f l f n - l f n ) « M - l f n )  -  ß n K f l  l )

und hieraus wegen der Orthogonalität

ß M - x )  =  K f l f n - l f n )  =  K f n )

da

K A L - i f n )  =  и

n
I  a\’n- l L  'fn Kfn2).

Hieraus folgt aber ßn > 0.
Die vorangehenden Definitionen und Sätze gelten unverändert auch für den 

Fall, daß X  eine (i. a. nicht nullteilerfreie) Funktionen-Algebra ist:

X = X { D )  = { / | / : ß ^ R ; ü i R } .

Hierbei definieren wir eine Folge {/„(x)},” als nichttrivial, wenn/ 0(х) Ф 0 auf D. (Dies 
ist keine Einschränkung, da für die uns interessierenden echt polynomähnlichen 
Systeme an Punkten x mit f n{x) = 0 schon /„(x) = 0 (n £ N) folgt). Die Sätze 2.1—2 
folgen jetzt durch punktweise Anwendung dieser Sätze, wobei R die Rolle der null
teilerfreien Algebra spielt.
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ОБ ОДНОМ М ЕТО ДЕ П Р И Б Л И Ж Е Н И Я  Н Е П Р Е Р Ы В Н Ы Х  
П Е РИ О Д И Ч ЕС К И Х  Ф У Н К Ц И Й  

ТРИГОНОМ ЕТРИЧЕСКИМ И МНОГОЧЛЕНАМИ

О. КИШ (Будапешт) и ХО ТХО КАУ (Ханой)

Введем следующие обозначения: g(t) вещественная, 2п—периодическая 
и непрерывная функция вещественной переменной; т и г положительные

тцелые числа; п целая часть числа — ;

(1) d j t )  = 1 + 2 £  cos it (т =  1, 3, 5 , . , .  ) ;
i = 1

Л - 1

(2) dm(t) = 1 + 2 X cos it + cos nt (m = 2, 4, 6,. . . ) ;
í=i

T вещественное, к неотрицательное целое число;

2 in
(3)

I  m r — 1

S o ,r ( U  r) = -------- • X  9mr /Го mr d„,
2 in 1 
mr I

(4) Sk,r(t, t ) 2* I t +
2i — к ]--------- n, T .m I

Заметим, что функция Sk r(t, т) очевидно есть тригонометрический много
член не выше чем и—ого порядка. При к — 0 и нечетном т он получается 
методом наименьших квадратов. Выражение S01(t, т) интерполирует функцию 

2ing(t) в узлах т -I------- (г = 0, ±1, ± 2 , . .  .). Тригонометрический многочлен
т

Si,r(t, т) ввел С. Н. Б е р н ш т е й н  в статье [1].
В настоящей работе мы оценим погрешность | Sk r(t, т) — g(t) \ при к  = 

= О, 1 и 2.
Обозначим через со(д, t) модуль непрерывности функции g(t) и положим

(5) 2т_ г
1

тг шах
/6 (<Ю, 00)

m r —1

X
1 2in
dm t --------mr

Для случая к = 0 будет доказана
Т е о р е м а  1. Выполняется тождество

(6) шах
/£(со, оо) 

g (t) Ф const

I S0iT(t, т) -  g(t) I

СО

/и, г *
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При г =  1 этот результат впервые доказали А. А. Л и г у н ,  X.  Б р а с с  
и Р. Г ю н т т н е р в  статьях [5] и [2].

Т е о р е м а  2. Если т четное число, то

(7)

(8)

, 1 ^  . 2/ -  1 " -1 2]г + 2/ -  1
= 77 £  sm 2г Я £  Ctg -  2мг ..Я •

Для г — 1 формулу (7) можно записать в виде 

, 1 " 2 J - 1
К ,  1=  — L  cts —~— 71 •

и  3=1 2ш

Это тождество впервые доказали Х . Э х л и х  и К. З е л л е р  в работе [3]. 
В статье [4] Р. Г ю н т т н е р  опубликовал неравенство

2 2
(9) 0,962 н—  In п < Хт ! ^  1 + — In п (т = 2, 4, 6 , . . . ) .я . ’ п

При г = 2 из (7)—(9) получаем:

1 т 2/ — 1 1 1 /2
2т ,2 =  - - Ё Ctg 4W П = Х2m-1 =  ЕЕ + ~ Г ~  1П W 'V2,/72 у = 1 х/2 ^ ' 1 = а/ 2

Эта оценка примерно в ^/2 раз лучше чем (9). 
Т е о р е м а  3. Если т нечетное число, то

( 10)

. 1 ^  . 2/ -  1
2m,r= —  L  sin — ö—  тг Да 2г

л-1
я 2 X  cosec

3 = 1

2jr + 2/ — 1 
2mr -п + cosec

2nr + 2i — 1
2/иг

Для г = 1 из (10) получается доказанное в [3] соотношение

. 1 2 - 2j -  1
2тд = ■—  + —  2, cosec — -̂--- я-т т Да 2т

В [4] опубликовано неравенство

2 2
0,962 + —  ln m < Am ! ^  1 Н----- In т (т  = 1, 3, 5 ,. . .  ).п ’ п

При г = 2 из (10) следует:

2т ,2 —
1 £  2/ — 1—т=— > cosec —------п .

J 2 m  з=1 4w

Это число примерно и yj2 раз меньше чем 2тЛ.
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Из нижеследующих формул (31)—(33) и (36) следуют соотношения 

, I 2 " i n  inХт , = —  + —  У tg —  cosec---- (т = 1, 3, 5 , . . . )  ;• т тг т тг
л - 1

т т
К , г = — + —  Z  tg —  cosecп nr Г?! п ПГ (т = 2, 6, 10, . . .  ) ;

2 ",2 2г — 1 2/ — 1
Ят г =  —  У tg --------- п cosec --------  п (т  =  4, 8, 12, . . .  ).

пг т тг

Отсюда видно, что при фиксированном т последовательность Хт r (г = 1, 
2, 3 , . . .  ) убывает.

Для случая к = 1 будет доказана 
Т е о р е м а  4. Если т четное число, то

( П )

где

( 12)

(13)

(14)

(15)

У.Г (t , т) -  g{t) I ^  J-co \g, —I + ат гсо \д, т

1 1 2 г -  1 2/  -  1я cosec — я 11 — br cos 2 i -  1
2 ПГ 1й/йл/2 m mr m

br~ 1 (r =  2, 4, 6,

2 i - 1
b, =  cos — я (r = 1, 3, 5,. . . . ) .

тг

При г = 1 из (12) и (14) получаем :

1 1 „  2Í -  1
ű m .l  = у  +  -  I  , C° S — —  » ■4 И lg/Än/2

Для случая г = 1 неравенство (11) было доказано в работе [6]. Там же отмечено, 
что из (15) следует: 1 2

1 1 я 1 1
атЛ = лт + — ctg—  ^ — + —2 т т 2 я

1 1 1 1
űm i=  -  3----- cosec —  < — Н---------h' 2 т  m i n

{т — 2, 6, 10, . . .  ) .

2 ^ Т  я

Если г =  2, то формулу (12) можно записать в виде

т (т = 4, 8, 12 , . . .  ).

4 И 15| ̂ л/2 (
2г -  12/ — 1 1cos —------я — — sec -—-—2т 2 2т
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Очевидно

1 2 n,i (
lim атЛ =  — + —  f (
m-> оо 2 7t о ^

1 , V 2 1

_  1 , n/ 2
2

cos 7 — — sec t\ dt =  — + ----------— ln ctg1
n

2 + Tz \ n { j 2  + 1) = 0,67. .

Пусть

(16) Cm>r = 4 r

1 '' 1 . in in
-----  2. Sln —  cosec----  (m =  1, 3, 5 , . .  . ) ,2mr i=1 r mr

m 2/7tsin —  cosec rnr i=1 r mr (m = 2 , 4 , 6 , . . . ) .

Для случая к =  2 будет доказана
Т е о р е м а  5. Выполняется тождество

(17) I S2 r(t, т) -  #(í)
sup -----1-- 7--- ^—7------  = С„

/€ (-00, оо) g(t) Ф const СО \д, 2п
т

Полагая г =  1 и г = 2, получаем из (16):

5 11 1
СтЛ~ 4 ’ С т ' 2  < _ 8 ~  “  2^  “  1 , 2 1  ’ ’ - -

При г — 1 теорема 5 была доказана в [6] и [7].
Из доказательства нижеследующей леммы 5 видно, что

1 1 2in in Sin
2 2т 2mr Í=1 т mrст г =  — -  ---------=----  I  sin:---- ctg — ( / 77=1, 3, 5, . . . ) .

Аналогичным образом можно показать, что
я-1

3 1 1 ® . 2/7t 77t
Cm,г = ДГ--------------- L  sln ------Ctg ----2 777 mr [Zr1 n nr

3 1 2Í? 2 / - 1  2/ -  1
c m ,r  =  T ------------ L  s i n ----------------- я  c t 8 ----------------2 mr n mr

(m = 2, 6, 10, . . . ) ;

7t (/77 = 4, 8, 12, . . . ) ,

Отсюда видно, что при фиксированном т последовательность ст г 
=  1, 2, 3 , . . .  ) убывает.

Введем следующее обозначение:

(18) S*, «> (0  =  Um SKr(j, т) .
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Если т нечетно, то 50 оо(0 частичная сумма «-того порядка ряда Фурье 
функции g{t), а если т четно, то S0 oo(t) соответствующая модифицированная 
сумма. Sloo(t) сумма Рогозинского. Пусть

(19) Я, 

где ввиду (1) и (2)

(20)

I  27Г

m,oo"= Hm Ят r= —  J I dm{t) I dt,
r —>CG о

mt t
dm (f) = sin —  cosec — (m = 1, 3, 5 , . .  . ) ;

dm (0 = sin nt ctg — (m = 2, 4, 6,. . . ) .

Из (6), (18) и (19) при r-> oo следует доказанное в [7] тождество

■S'*. ( 0 - * ( 0 1  _  * 1sup
g(t) Ф const о> \д-

2 ж
т

2 + 2

Из последнего замечания к теоремам 2 и 3 следуют формула Фейера

(«I = 1, 3, 5, . . . ), 1 2 " 1 in
^•т,  оо +  X / ;  ^8т ж —1 I т 

и аналогичные соотношения
я - 1

1 2 А 1 in
,оо = — + — X —tg —  (w = 2, 6; 1 0 , . . . ) ;

П  71 i = l I П

4 nJ? 1 2/ — 1= — У — —
л г~ l 2г — 1 tg- т п (т = 4, 8, 12,. . . ) .

Из теоремы 4 следует неравенство

•S), оо (0  -  9(f) I á  4-ю L  — + am>ŰOco L  —  2 л I \ т
(т = 2, 4, 6......... )

где

= — +оо 0  1 л -  12 Д i g , g „ / 2  2г — 1
ctg 2г -  1

«г
ж 1 — cos -2 i -  1

«i Л

Пусть

Сщ, оо Сщ, г •
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Очевидно

2 2тп
г 1sin t cosec —  dt (m = 1, 3, 5 , . . . . ) :m

1 r 2t
= ——   ----  Г sinw/cosec —  dt (m = 2, 4, 6, .  . .) ;/ ГУ1-ТГ J ГУ1mrc

3 1 p sin t
sup Cm<00 = — -  —  J —— dt = 1 ,2 0 . . . .

2 2n о t

3  1 1 V  1 ■ 2 i U  f  ,  ,  C \

2 2m 2n í m
я—l

3 1 1 * 1 . 2/я
=  T  -  —  -  7 Г Г  I  T s i n --------n2 m 2n i t i  i

3 1 "JZ 1 . 2i -  1

(»1 = 2 ,6 ,1 0 , . . . ) ;

£/«. 00 =  - -  — У — —  
2 я , t i  2i -  1 sin я (m = 4, 8, 1 2 ,.. .  ).

Из теоремы 5 следует доказанное в [7] соотношение

I S(t) -  g(t) I
sup ----- ,----=——  = C m>„ .

9 (' ) #COnSt £U _
m

Введем следующие обозначения : / (x) определенная на отрезке — 1 ^  х  :g I,

вещественная и непрерывная функция; т = О или т = ;тг

9 (0 =  /(cos г), Р* г (х, т) =  S* r (arccos х, т ) .

Так как тригонометрический многочлен Sk r(t, т) четный, если т = 0 или т =

=  —  и g(t) четная функция, то Рк Лх, т) степенной многочлен не выше чем тг
«-той степени. Если г — 1 и к = 0, то он очевидно интерполирует функцию 

fix )  в узлах
Í 2/я )cos т Н-------(/ = 0, ±  1, + 2 ,. . .  ).

Из полученных выше оценок (6), (15), и (17) следуют неравенства

(21) 1 P0,r(x, ?) -  fix )  1 á  (-y + y 2 m,r

(22) 1 Pl,r(x> т) -  A x)  1 = Y ® + am,r w f ,  —I im = 2, 4, 6,. m) • ) ;

(23) 1 ^ 2,r(*> t) -  fix ) / . Ц .m I

A c t a  M a th c m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  28 , 1976
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где числа лтг, атг и стт определяются формулами (7), (10), (12)—(14) и (16). 
Для случая г = 1 оценки (21)—(23) были получены в [6].

В дальнейшем нам потребуется 
Л е м м а  1. На отрезке

2 л
(24) < t < 0т

выполняются тождества 

in )
(25)

(26)

(27)

т - 1

Z
1= 0

dm\t -

т —1

I
i = 0

П

п/2 2i — 1
= 4 Yj sec--------- п cos (2i -  1) |í  +

1=1 m m

(m = 4, 8, 12, . . . ) ;

in 1
dm t ------

n J

П— 1
2 jrr

= 2 + 4 У  sec — cos 2// t i  n
t +

n
m

m  — 1

Ií = 0
2in 1

dm t --------
m J

(m = 2, 6, 10 ,-----);

, - Д  in . I л= 1 + 2 > sec —  cos / / H-----
Ы1 rn { m

(m = 1, 3, 5 ,. . .  ).

Д о к а з а т е л ь с т в о  л е м м ы  1. Формулу (2) очевидно можно з&- 
писать в виде

(28) dm(t) =  sin nt ctg— {m = 2, 4, 6 ,. . . ) .

Поэтому на отрезке (24) при четном т

d„ \t - ~ = ( -  1 R t - in

, ( 1Я
dm U +  — II ч 1 + £

гл
t +  —

l и n

(i = 0 , 1 , . , . ,  п -  1); 

( / = 1 , 2 , . . . ,  л ) .

Отсюда и из (2) получаем :

(29)
т - 1

Z
i =  0 

л —1

/л
=  Z ,  1П\\

4 Г 7  •

=  К -  ! ) '
1 =  0

л - 1  л —1

=  2 Z  ( -  1)' Z/=0 }= 1

/Л
U --- —I + dm t +

cos у
in

t -------+ cosy í + i + l л =

"_1 n \ "~1 2i + 1
= 4 £  cosy t + — Y, (~  1)* cosy---------л (w =  4, 8, 12,. . .)

yti w j /to rn
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Известно, что
2 / - 1
У (— 1)' cos (2/ + 1)х =  sin2 2lx sec х  .
/=о

„  , 77 J KПоложим здесь I — — и х —---- :2 т

л - 1

X
1= 0

„  . . 2г + 1 . , jn  jnУ (— 1) cos j ---------п = sin2 sec - — -m 2 m

0 ( j  =  2 , 4 , 6 , . . . ) ;

jnsec
m Ü =  1, 3 ,5 ,...).

Отсюда и из (29) следует докаываемое тождество (25). Равенства (26) и (27) 
доказываются аналогичным образом.

Л е м м а  2. На отрезке
2п(30) -------^  t £  отг

выполняются тождества
тг- 1

(31) I

(32)

, г 1Пdm\ t ------nr

m r—1

X/»о

„ 21 -  1 2/ -  1= 4 > tg ---------л cosec----------7г cos (2i — 1)
т тг

(т = 4, 8, 12......... ) ;
л - 1

г + П1Т

í in) _  ̂ A in in 7Гdm\ t ------ = 2r + 4 у tg —  cosec —  cos 2i‘
/ T i  77 777

t H------[ nr 1 mr

m r—l 2in\
(33) у 'dm t -------

1 = 0 7777

(ш = 2, 6, 10,. . . .)

„ Д in in= г + 2 > tg —- cosec----cos г/Гх m тт t + /иг

(m = 1, 3, 5,. . .) .

Д о к а з а т е л ь с т в о  л е м м ы  2. Ввиду (25) на отрезке (30)

(34)
m r—1

X 4»
771t ------

m  — 1 г — 1 I /

= X  X  \ d m  К - in jn
/ = 0 777 J 7=0 7 = 0 1 1 n nr

л/2 2 г — 1 r_1= 4 У sec--------- я: У cos (2г — 1)т 7=о
п ]П

t + ------- —т пг (т =  4 , 8 , 12, . . . ) .

Известно, что
г - 1

У cos (х + jy) = cos
7 = 0

(35)
г -  1

* н---- Г—  у
■ гу уsin —  cosec — 

2 2

Полагая здесь х  =  — (2/ — 1) / + 771
21 -  1и у = --------- я, получаем:

г - 1

7=о
У cos (2/ — 1)1——  tnr т

= cos (2/ — 1) t +

nr
71

7777

. 2l -  1 2Í -  1
Sin ------—  71 cosec-------- 71.

7777 7777
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Отсюда и из (34) следует (31). Тождества (32) и (33) доказываются аналогичным 
образом.

Д о к а з а т е л ь с т в о  т е о р е м  2 и 3. Так как тригонометрический 
многочлен dm(t) 2тг-периодичен, то функция

Z I dm К
2 п  . . .имеет период-----. Поэтому и ввиду (5)тг

2in 1 
тг )

2т,г ~
1 тг — 1

----  шах У
тг 2 Я ;_0-  —  gíáO ,_и тг

dm1 ' - — 1wir ]

Отсюда, из (31), (32) и (33) следует :

(36)

Из (36) и (28) получаем:

1 тг — 1

2т,г = ----- X/
т г  ,-Го

2/ + 1
тг

1 г 2/ — 1 т~1
V r  =  4 - Z s i n ^—LnZтг 1 =  0 1=о

2/V + 2/ — 1
0,8— s í — "

Отсюда следует доказываемое тождество (7). Аналогичным образом из (36) 
и (20) следует (10).

Доказательство теорем 1, 4, и 5 опирается на следующее вспомогательное 
предложение:

Л е м м а  3. Выполняется тождество

(37)
1 Г_1

S/cA*’ т) = — X К т 
'  1 =  0

2/71
тг

Д о к а з а т е л ь с т в о  л е м м ы  3. Если к  = 0, то (37) следует из (3):

2 inI тг- 1
(38) 50>r(í, т) = —  £  g

тг ,%
1 ' - 1 1 “ - 1 ,

= — X — X + —  +

2inT + dmwir

‘S'fc.rO. т) =

2 in____ [_ 2 jn
wir m .

г— 1

X S ui=0
|í, T

(4) и (38):

i  (* 6"o,r

t — Т —

t — т —

тг

2l7ü 2jn
wir m

2 in 
тг

У
т - л, т =

/fel 1
2 fc ; ? o  I  7  J  г  , ? о 5 ° Д / + -

2j -  к
т п, т +

2/ 7С
wir = — X -S'*,! т +

2/тг
wir
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Л е м м а  4. Выполняется неравенство

(39) s 0,г it, т) -  git) I й  -j-O  + Лт.г)со Iд, — I .
2л

Д о к а з а т е л ь с т в о  л е м м ы  4. В [2] доказано соотношение:

I S0A(t, т) -  g(t) 

Отсюда и из (37) получаем: 

I S0',(t, т) -  git) I ^

[ 1 1
J __________

u 2 m

í — т — 2jn
m (о д

2л
m

1 1 r —1 m  — 1
1 1 у  у d it r 2iU 2jK\ 2 л )

L 2 2mr to  to Um I f T[ mr m ) 9ч m )

1 1 " г 1;  2/Л) П ( 2лТГ +  - ----  X dm t -  X ------- co b , ---------  .2 2mr Д70 /яг J | J ( m

Отсюда и из (5) следует доказываемое неравенство (39).
Д о к а з а т е л ь с т в о  т е о р е м ы  1. Определим непрерывную и 2л- 

периодическую функцию g(t) следующим образом:

(40)

(41)

д\* +
2/л
mr = sign d„

21 +  1
mr (/ = 0, 1 , . . .  ,mr -  1),

n
g T -----------mr = g т ---------- 1- 2 л =  — 1 ,mr

функция g(t) линейна на отрезках

л 2гл _ г + 1
т — —— ^  t й  т , т +  —— й  t ^  х + 2 —------- л (0 ^ г g  mr — 2 ),

mr mr mr

2л „ л
т + 2л — -—  S  t S  t  + 2л — ---- .mr mr

Очевидно

(42) щд
2л
m = 2

Из (3), (40), (41), (36) и (42) получаем:

L - —  t) - ö l í r  -  — 1I = J _
l m r  ’ 1 9 \1 m r  J1 m r

2/ -f- 1
mr +  1 =

г 4" 1 2 ^  + r̂n,r)tO |*7, ^

Отсюда и из (39) следует доказываемое тождество (6).
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Д о к а з а т е л ь с т в о  т е о р е м ы  4. В [6] доказано, что при четном т

, . лна отрезке í — т s  — выполняется неравенствот

Sí,Át, т) -  g(t) I g  4 - со Ig, +

[ у + 4* 2L 2 n isys
2j  -  1

ctg----—-  л  sin (2j  — 1)
lSySn/2 m

л
m

~ 1 Л \
T -  t\ mg,  —

Отсюда и из (37) получаем: если 

(43)
Л Л

t — Т -------1- -—-т тг тг

то

(44)

+

Si,Г (Л О -  0(0  I á  y < a j? , y -j +

2 j~  11 1 v-ЗГ + ---- Z  ctg2 nr „ m
■ ( Л 1Л Í 71sin (2j  -  1 ) ------ T H----- - -  t m g,  —\m nr JJ l m)

Здесь

(45)

sin (2y — 1) inг H---------/nr + sin (2j  - 1 ) ------1 m
г — / — 1

T л------------— n —  t

= 2 sin (2/ — 1)

Известно, что

Поэтому

2/ + 1
mr

n cos (2y — 1)1/ — T -------- hЛ Л
m mr

nr

0 ^  í <
r — 1

2 £  sin (2/ — l)x = (1 — cos 2Ъс) cosec x .
i = 1

2 у  sin (2/ + 1) 2/ -  1
1= 0 mr 7t =  1 — COS 2/ -  1

w
2 / -  1cosec--------- лmr

(r = 2, 4, 6 , . . .  ) .

Отсюда, из (44), (45), (12) и (13) получаем доказываемое неравенство (11) для 
четных г при условии (43). Чтобы получить (11) на отрезках

Л  Л  1 Лt — т — — Н------н------
т mr пг тг (i = +1, +2, ±3, . . .  )
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достаточно воспользоваться неравенством (11) для случая (43) и функции
in

t н----- . При нечетных г теорема 4 доказывается аналогичным образом.т
Л е м м а 5. Выполняется неравенство

(46) 2 к
S2,r(t, т) -  д(О I ^  ст<гсо \д, —1 т

Д о к а з а т е л ь с т в о  л е м м ы  5. В [7] доказано, что на отрезке 
2 п

т -------ú  t Ú т выполняется неравенствот

S2,i(t, т) -  g (t) I ^

{т =  1, 3, 5.,. . . ) .  

Отсюда и из (37) получаем: если

< '3 _ _ L rf 2лf _ 'Г _1_ ___ _ ___  fi í f _ 'T-Л í 2 n )
T 4m m m Am dm{t T)\ l m 1

(47) 2лт — -----тг

то

(48) I т ) - д « ) \ й
1

É  d„ t -  г +2 4mr ,£ _ г

(т =  1, 3, 5, . .  . ).

2/7Е

тг со 2л
т

Ввиду (1) и (35)

I  d„
Í  =  1  — Г

/  — Т +
2|7С

тг

- Е И ~  т + ------ h
я 2/ — 1

тг тг Щ + dm \t -  т +
л 2i — 1

mr mr

= 2r + 4 £  cos j
7 = 1

t — T + mr
v  . 2i -  1 X cosy--------- Л  =

1=1 mr

2/71= 2r + 2 X sin 7 “ cosec —  cos j  |i  — т + -^-1 (m = 1, 3, 5, . .  . .)
7=1 m mr mr

Поэтому и в силу (20) на отрезке (47)

(49) £  d„
1 =  1 —г

2/я r 2/яt -  T +  --------- IIVmr i—l —r mr
- W  . nt 1П— m +  2 X sin —  cosec —mr

(m = 1 , 3 , 5 , . . . ) .

Отсюда, из (48) и (16) получаем доказываемое неравенство (46) для нечетных
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т при условии (47). Чтобы доказать (46) для нечетных т на отрезке

(г = 1, + 2, ±  3 ,.-.. ) ,г - 1  2 inг + 2 — ■— я < t ^  т +тг тг

достаточно воспользоваться неравенством (46) при условии (47) для функции 
2 г'я . Для четных т лемма доказывается аналогичным образом.9 \t  + тг

Д о к а з а т е л ь с т в о  т е о р е м ы  5. Будем считать т нечетным числом, 
для четного т теорема доказывается аналогичным образом. Пусть

О < в < 2 я
т

Определим зависящую о т в и т  функцию g(t) на отрезке

(50) т — £ ^ / ; £ т  + 2л — £ 

следующим образом:
(51) д(т -  е) = д(т + 2п -  е) = -  I ,

( 2л Ain 2i + 1
(52) g(t) = 0 т <  г <  т Н---------- e, т +  -—  й  t й  т +  2 ----------- л —\ т т т

2п , . 2л ^ „ 2л \------- - (1 ^  г < п), т + 2 л -----------е -й t ^  т + 2 п --------- ;тг т т г)

I 2/ — 1 4/7С 2л , )
(53) g(t) =  1 т + 2 ---------  л < t ^  т + ------------- , 1 áj г ^  и ;\ т т тг )

g(t) линейна на отрезках

2л 2л
т — е < t ^  г, х А--------- в ^  t ^  т +  ----- ,т т

2in 2л 2in
г А--------------- ^  t ^  т +т тг т

(2 ^  i ^  m — 2),

2л 2л _ 2л _ 2лг + 2 л --------------- ^  í ^  т + 2 л ------------£, т + 2 л ---------^  t ^  т + 2л — £.т тг т тг

Вне отрезка (50) определим g(t) так, чтобы она оказалась 2л-периодичной и 
непрерывной. Очевидно

а>
2 л '
т

= 1 .
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В силу (3), (52) и (53) 

2jn
SViU, т + тг

1 т  — 1

= - 1 , 9™ i%
2т 2 in

х + ----- + - / —т тг t — х — 2in 2 jn  j
m mr j

1 "
т ы 1

Поэтому и ввиду (4) 

■̂2,1 (̂ > т +

+ 2t/_

_ 2í — 1 2 in
t -  т -  2 —— — л ---- —т тг

2/71 1 1 f ít/ Í
Ain 2jn

mr ) 4m , t i L - l m mr § '

( 0 £ j < r ) .

+

_ 2i — 1 2/лt — х — 2 --------- п ---------
т тг

, - . 1 — 1 2у'л+ dm 11 -  т -  4 --------п --------
т тг

1 т  — 1 2 in 2/rc 1 1
m mr J 4m dm \t — х — 2jn 

тг

4т t — х — 2л + 

1
dm \t -  х +4т

Отсюда и из (37) получаем:

2 jn ] 1
mr 1 2

2k 2jn  1
m mr j

1 1
t — х4т

(0 ü j < r ) .

2jn
тг

* . ,« . • )  = у  -  4 ^ Г ,£  / . t — X + 2 in
тг

2in
тг

Поэтому и ввиду (51) I
Отсюда, из (49) и (16) получаем:

(54) lim[S2 (т -  е,х) -  д(х -  £)] = i -  _  _ 2 _  £  </
,->о 2  4 тг i=i_r

Из (46) и (54) следует доказываемое соотношение (17).

2in

— £

=  С „
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A TOPOLOGICAL CRITERION FOR PRIMARY 
DECOMPOSITION

By
T. S. SHORES (Lincoln)

There are available in the literature many criteria for a ring to have the property 
that its torsion modules (in the sense of Dickson) decompose into direct sums of 
primary submodules. The study of rings with this property was inauguarated by
S. E. D ic k s o n  in [4 ] and [5 ], where such rings were termed T-rings, and has been 
continued by numerous authors ([1], [2], [9], [11], [16], et al.). In this note we con
fine our attention to commutative rings with identity and develop a criterion for such 
a ring to be a IT-ring in terms of the prime spectrum. The prime spectrum has been 
used as a tool for investigating torsion of commutative regular rings by C. Nästä- 
s e s c u  in [10]. What motivated us to find our criterion were several queries by Tom 
Cheatham (private communication), namely: What commutative regular rings are 
T-rings? In particular, is an arbitrary product of fields a T-ring? The criteria in the 
above mentioned papers do not seem to be readily applicable to these questions. 
However, Theorem 1 below yields a fairly straightforward answer to the first question 
and an affirmative answer to the second one. In fact, our results show that self-in- 
jective regular rings and rings of continuous functions on completely regular spaces 
are T-rings. In this connection I would like to thank Roger Wiegand for showing 
me how to prove the latter assertion for compact spaces. The general result needed 
only a modification of his proof.

Before stating our criterion, we require some notation. Rings are assumed to be 
commutative with identity and modules are left unital modules. A module is torsion 
(in the sense o f Dickson) if every nonzero homomorphic image contains a simple 
submodule. The basic properties of such modules are detailed in [5]. A torsion mo
dule is said to admit a primary decomposition if it is a direct sum of submodules, each 
of which has every nonzero homomorphic image containing a simple submodule 
isomorphic to some fixed  simple. If every torsion R-module admits a primary de
composition, then the ring R is said to be a T-ring. Also Spec (R) denotes the topo
logical space of all prime ideals of R endowed with the Zariski (hull-kernel) topology. 
Specifically, the closed sets of Spec (R) are all sets of the form V(I) = {P (  Spec (R) | 
/С ? }  and the open sets are the set differences D(I) = Spec (R) — V(I), where /  
runs over the ideals of R. We assume a number of standard facts about Spec and refer 
the reader to [3] for details. Recall that for a radical ideal I  and prime ideal P or R, 
V(I) is clopen (closed and open) if and only if I  is a ring summand of R; also, the 
closure of P in Spec (R) is V(P). It follows that for a regular ring R there is a one to 
one correspondence between simple submodules of R and isolated points of Spec (R). 
(This correspondence has been explored by C. N ä s t ä s e s c u  in [10].) Also, Spec (R) 
is Hausdorff if and only if every prime ideal is maximal; moreover, R is regular if
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and only if R is reduced and Spec (R) is Hausdorff. Throughout, N* denotes the one 
point compactification of the space of natural numbers with the discrete topology. 
The main result of this note follows. Its proof involves ideas from [1], [10] and [15], 
but the proof presented here is essentially self contained.

Theorem 1. Let X  =  Spec (R). The following are equivalent conditions on R : (1) 
R is a T-ring; (2) X  contains no closed subspaces homeomorphic to N*; (3) X  contains 
no countably infinite closed Hausdorff spaces.

Proof. It is easily seen that a torsion module admits a primary decomposition 
if and only if every cyclic submodule admits a decomposition. Hence, R is a T-ring 
if and only if every torsion ring (i.e. ring which is a torsion module over itself) homo
morphic image of R admits a primary decomposition. Since a module decomposition 
of a cyclic T-module has only finitely many nonzero summands, an equivalent for
mulation is that every torsion ring image R /I  of R is a finite direct product of local 
rings. But torsion domains are easily seen to be fields, so the prime ideals of a torsion 
ring are maximal and consequently the intersection of all maximal ideals consists of 
nilelements. It follows from the standard theorem on lifting idempotents mod nil 
ideals that a torsion ring is a finite product of local rings if and only if the ring has 
finitely many prime ideals. To summarize, R is a T-ring if and only if, for every ideal 
I  o f R such that R/I is torsion, V(I) is finite.

To see that (1) implies (2), suppose that I  is an ideal of R such that V(I) is ho
meomorphic to N*. We can assume that /  = П V(l), so that R/I is a reduced ring 
whose spectrum is homeomorphic to N *; hence R/I is regular. Let Z  = (M, | i = 
=  1, 2 , . .  .} be the isolated points of Spec (R/I) and M0 the limit point of Z. The 
ideals M L, i >  0, are summands of R/I since V(M/) is clopen in Spec (R/I), say Mt — 
= e^R/I) for suitable idempotents et. Let 5  = L{(1 — et) (R/I) | / = 1, 2, . . . }  so 
that S is torsion and clearly K(S) = {M„}. Thus S = M0 and R/I is a torsion module, 
since R/I is regular. The implication now follows from the first paragraph of the proof. 
That (2) implies (3) is clear.

Finally, suppose by way of contradiction that R satisfies (3) but not (1). By the 
first paragraph, there is an ideal I  of R such that /  = П V(I), R /I is torsion and V(I) 
is infinite. Thus R/I is a regular ring whose socle (sum of all simple submodules) is S, 
say. Then S  is not finitely generated, else 5  is a direct summand of R/I. It would then 
follow, from the facts that every nonzero homomorphic image of R/I has nonzero 
socle and V(I) is infinite, that S  = R/I, a contradiction. Pick a submodule ® {e^R/I) | 
i — 1, 2 , . . . }  of S with each e^R/I) simple and et idempotent. Then set M t = 
= (1 — e,) (R/I); the M, are maximal ideals of R/I and isolated points in Y  = 
= Spec (R/I) = V(I). Set Y0 = {Мъ M 2, . . .} and = Y  — Y0. Then Y1 is closed 
in Spec (R/I) and by the above remarks Y1 contains an isolated point M0. Since 
Spec (R/I) has a basis of clopen sets, there is a closed neighbourhood (in Y) N  of M0 
such that N  f| Yt — But Y  = У0 (J Pi, so that TV is a countable closed subset of 
Y; hence Spec (R/I) has closed countably infinite subsets, which violates condition
(3) and completes the proof.

Corollary 1. A regular ring R is a T-ring i f  and only i f  every convergent sequence 
in Spec (R) is eventually constant.

Proof. The space X  =  Spec (R) is a compact Hausdorff space. If {x„ \ n = 
=  1, 2, . . . }  were a sequence in X  with limit x0 in X  and not eventually constant,
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then x0 would be the only limit point of the set of *„’s, n > 0 (since X  is Hausdorff). 
It follows that the subspace {*„ ] 0„ =  0, 1, . . . }  of X  is homeomorphic to N* and 
closed in X. Conversely, if X  has a subspace homeomorphic to N*, then the limit 
point of N* is the limit of the remaining points of N* in any sequential ordering. 
The Corollary now follows from Theorem 1.

Theorem 2. Each o f the following conditions on the ring R implies the next: (1) R 
is a direct product o f fields; (2) R is a self-injective regular ring; (3) Spec (R) is an ex- 
tremally disconnected Hausdorff space; (4) R is a T-ring.

Proof. It is easily seen that (1) implies (2). That (2) implies (3) follows from 
Proposition 24.1 of [13]. The proof that (3) implies (4) is by way of contradiction. 
Suppose that R satisfies (3) but not (4). In light of Theorem 1, Spec (R) has a sub
space Y  homeomorphic to N*, say Y  =  {yn, ylt . . . } and {yls y 2, . . .} is a discrete 
subspace of Y. We may select disjoint open neighbourhoods of y1 and y0. Moreover, 
any neighbourhood of y0 contains all but a finite number of the y,-. So we can find 
disjoint open sets (in Spec (Rj) Mx and TVj such that yx £ M x and Y — {y^ £  Nv 
Now replace Spec (R) by Nx and repeat the argument. In this way we obtain a se
quence of pairwise disjoint open sets Mx, M 2, . . . such that M t f| Y  = {y,} for i >  0. 
Let Sj — U {M 2n I n > 0} and S2 =  U {M2n- i  | n > 0}. Then y0 belongs to the 
closures of Sx and S2. Since the S', are open and y0 is a limit point of both S,-, the fact 
that disjoint open sets of Spec (R) have disjoint closures is contradicted. The result 
follows.

R emark 1. It is clear that for commutative regular rings which are torsion over 
themselves (i e , semiartinian rings [12] or Loewy rings [14]), the property of being 
a T-ring is equivalent to semisimplicity. Therefore, examples of regular rings which 
are not T-rings abound in the literature (see e.g. [6], [11] or [14]) Infinite products 
of fields provide us with interesting examples of T-rings, as do the rings of continuous 
functions in Theorem 3 below. A certain amount of noncommutativity can be allow
ed: the preceding results remain valid for left modules and left duo rings, i.e. rings 
whose left ideals are two-sided. These include the strongly regular rings of [8]. In 
particular, an infinite product of division rings is a T-ring.

We might also note that another way to show that products of division rings 
are T-rings is to observe that the spectrum of n{Dt \ a £7}, Da division rings, is just 
ßl, the Stone—Cech compactification of 7. (Here the index set 7 has the discrete to
pology.) One can verify that the map P -*■ {{a £ 7 1 xx Ф 0} | x x £ 7*} sends the spec
trum of nDx homeomorphically onto ßl, which in this case has the set of all ultra
filters on 7 as its underlying set. By using the remark in [7, p. 134] one can see that 
for discrete 7, ßl has no countably infinite closed subsets. Thus Theorem 1 applies to 
yield the desired result.

Theorem 3. The ring of all continuous real valued functions on a completely regular 
space is a T-ring.

Proof. We refer the reader to [7] for notations and definitions. For an arbi
trary ring R, we let Maxspec (R) denote the subspace of Spec (R) consisting of all 
maximal ideals of R. By the Gelfand—Kolmogorolf Theorem, the mapping given by 
M -*■ Z{M), where Z(M) is the set of zero sets of elements of the maximal ideal M, 
defines a homeomorphism from Maxspec (C(X)) onto Maxspec (C{ßXj). The inverse 
mapping is given by p -* Mp, where for p £ ßX, Mp — { /£  C(X) | p £ c\pxZx (J)}.
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We also have the standard ring isomorphism ß : C*(X) -*• C(ßX), C*(X) being the 
ring of bounded real valued continuous functions on X. Suppose by way of con
tradiction that C(X) is not a Г-ring, so that Spec (C(X)) contains a closed subspace 
Y  =  {M( I I = 0, 1 , . . . }  homeomorphic to N* with, say, M0 as the limit point. 
Each Mj is a maximal ideal of C(X), since otherwise {M,} #  F(M,) Q Y. Under the 
Gelfand -  Kolmogoroff correspondence there are points pt g ßX  such that М,- = 
=  M p‘, i = 0, 1,. . . and the (closed) subspace {pt \ i = 0, 1 , . . . }  of X  is homeo
morphic to Y. Define the (continuous) function F  on {pt \ i =  0, 1, . . . } by setting 
F(p0) = 0 and F(p„) = l /и, n >  0. Now use the Tietze Extension Theorem to extend 
the domain of F  to all of ßX. Let /  be the restriction of F to X, so that / g C*(X) and 
f ß = F. Also let S =  {f"g \ g £ C*(X), gß(pn) Ф 0 and n S; 0}. Then S’ is a multiplic- 
atively closed subset of C(X). Set /  =  f) {MPn \ n =  1,2, . . . } and note that S f) I  = 
=  0 ; for if f"g  € S  П /, then (f"g)ß(pn) =  ( f n(pn))ngß(pn) = 0 for all n > 0. Hence, 
gß(pn) = 0 for all n > 0 and gß(p0) — 0 by continuity, a contradiction. Now expand
1 to an ideal P (necessarily prime) maximal with respect to avoiding S. Then P be
longs to the closure of Y (which is just V(f)). Since Y  is closed in Spec(C(U)), P £Y. 
But/ £ Mp° — P and P £  Mp°, so that P is strictly contained in Mp\  a contradiction.

Remark 2. Theorem 2 shows that the property of being a T-ring is not entirely 
determined by Maxspec; for C(N*) has Maxspec homeomorphic to N* and C(N*) 
is a T-ring, while the ring R of all continuous functions from N* into the integers mod
2 provides an example of a regular ring whose Maxspec (= Spec) is homeomorphic 
to N*, whence R  is not a T-ring.

Finally ,we would like to mention that Tom Cheatham and Jimmie Smith have 
pointed out the following fact to us: If R is a Г-ring such that M  = M 2 for all maxi
mal ideals M  of R, then every torsion R-module is semisimple, i.e. a direct sum of 
simples. (To see this, first decompose a given torsion module T into primary com
ponents Â/> M  maximal, and note that if Sj is the socle of Âf> $ 2/Si the socle of 
TM/S! and x £ S 2 — S), then M x Ф 0 and M 2x  = 0; hence M  Ф M2.) This result 
obviously applies to regular rings. Moreover, the result applies to C(X); for if /g  C(X), 
then /  = ( ( /+)*)2 — ( ( /_)*)2, where /+  and f~  are the positive and negative parts of/ .  
Since maximal ideals are z-ideals (see [7, p. 27]), it is easily verified that if f  £ M, a 
maximal ideal, then (/+)* and ( /~ ) J belong to M. Therefore M  = M 2, as desired. 
Theorem 3 and the preceding discussion also apply to the ring C*(X) via the standard 
isomorphism between C*(X) and C(ßX).
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REMARKS ON THE REMAINDER IN BIRKHOFF’S 
ERGODIC THEOREM

By
G. HALÁSZ (Budapest)

By a dynamic system we shall mean in this paper a probability space (Q, аЯ, p) 
together with an ergodic measure preserving transformation T  of Ü into itself. (For 
the basic notions and results of ergodic theory to be used see e.g. [1].) Birkhoff’s 
ergodic theorem states that for any measurable set A with characteristic function 
Ха(оз) («  € Щ

— E  Xa{T‘co) -» p(A) 
n i=o

almost everywhere or more generally for any integrable /(со)

— E  /(T'co) J  f(a>)dp a.e.
n  1 = 0  Si

In this paper we make some remarks on the rate of convergence some of which, 
as far as we know, has not been observed.

The problem is trivial if T  is a permutation of Q consisting of a finite number 
of points with equal measures and also for systems, called atomic and easily seen 
to be equivalent in this respect to a permutation, which contain no sets of sufficiently 
small positive measure. In no other case can, however, Birkhoff’s theorem be im
proved as shown in a somewhat stronger form by

T heorem 1. I f  the dynamic system is non-atomic, then for any sequence o f integers 
m(n) =  o(n) there exists a measurable set A such that almost everywhere

1
m(n) E  Ха{Т‘(£>) p(A) .

i= n —m (n)+ 1

At the other extreme, one can ask how small the remainder can be. 
Theorem 2. I f  for a measurable set A

E  Х а ( ,Т ‘со)  -  ng(A)
1 =  0

is bounded below on a set of со ofpositive measure, then e2*'" = e2mil(A) is an eigenvalue 
of T, i.e. there exists a function g(co) not identically 0 a.e. such that g(Tco) — e2n"*g(ai).

Conversely, i f  e2"'" (0 ^  p ^  1) is an eigenvalue, then one can find a set A of 
measure p with

E  X a ( T ‘oo)  -  np
1 =  0

^  1 a.e.
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The first result o f  this kind is due to H ecke [2] (sufficiency) and Kesten [3] 
(necessity) in the special case when Q  is the real line (mod 1) and Too =  со +  a with 
a irrational: If A =  {со: 0 ^  со ^  ß  (mod 1)} (0 <  ß  <  1), then for any fixed со

£  ХлО'а +  со) -  nß =  X  Х а ( Т ‘ш )  -  nß
l' = 0 i=0

is bounded if and only if ß is congruent (mod 1) to an integral multiple of a, i.e. an 
eigenvalue of T. We have learned that essentially the same generalization as our 
Theorem 2 has been done by F urstenberg, K eynes and L. Shapiro [4] for a single со 
in the framework of topological dynamics except for one-sided boundedness in the 
first part. In this respect between „single“ and „of positive measure“ there is indeed 
an essential difference as shown by a discovery of Vera T. Sós [5 ]: In the above special 
case one can construct an a and a ß  not an integral multiple (mod 1) of a, yet
Л-1
£  Хл(‘а + со) — nß (though unbounded by Kesten’s result) is bounded below for 
1=0
со = 0. Our result shows that this can only happen for со belonging to a set of measure 
0. We do not know how far this can be improved.

Theorem 2 settles the case of bounded remainders for functions /  assuming two 
values. On the basis of eigenvalues one can rule out the same way some other discrete 
cases, too, while it can be shown that in a non-atomic system all symmetric distribu
tions with values + 1 , - 1  and 0, +1 and — 1 taken with equal measures and 0 with 
positive measure always occur, but already this problem of three values, let alone the 
general problem of characterizing the distribution functions g ( f  < x) of functions /  
with bounded remainder remain open.

We have seen that the remainder can only be bounded in some special cases. 
However,

Theorem 3. I f  the dynamic system is non-atomic, then for any non-decreasing 
cp(n) tending to infinity however slowly with <p(0) 2: 2 one can find a set A of measure 
g = 1/2 such that

Л - 1

£  X a ( T ‘co)  -  ng 
1 = 0

á  <p(n)

for all n = 1, 2 ,. . .  .
In fact, this holds for any 0 ^  g g  1 (see the remark after the proof). 
Finally, for general /  we observe 
Theorem 4. For any integrable /(cu)

a.e.

£  f ( T ‘co) -  n J  f{go)dg
i = 0 n

almost everywhere changes sign infinitely often in the weaker sense that it cannot be 
ultimately positive or negative.

Proof of Theorem 4. We may assume without loss of generality that j f(oo)dg=0 
and have to prove that for almost each со

£  f{T ‘co)
1=0
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cannot be ultimately positive, the negative case being similar. Suppose that this 
quantity is bounded below on a set of positive measure, otherwise there is nothing to 
prove. This set is easily seen to be invariant under T, hence it is in fact of measure 1 
and thus we can define

h(m) =  inf £  f ( T ‘co)
n  =  1 ,2 ,... i = 0

for almost every coas a  finite measurable function. We have

A(7h>) =  inf V f ( T i+1co) = inf £  ^
n - 1 ,2 ,...  /= 0  n = 2 ,3 ,... i  = 0

^  inf £  f ( T ‘oj) -  /(со) =  h(co) -  /(со)
n= 1,2,... i=0

Hence

a.e.

k(co) Ü /(со) + А(Гсо) — A(co) 3: 0 а.е.

and by the ergodic theorem
1 "-1

— V к(Т'а>) -* f k(co)c//c a.e.
n i% о

(even if f k(co)c//i =  + go as follows easily from the finite case). The left hand side is

— " l  f (T ‘co) +  — (h(T"(a) -  A(co)) a.e.
n 1=0 n

The first term tends to J  /(со) d/j. = 0 a.e. by the ergodic theorem. Since A(co) is finite

a.e., there is a level set (со: | h(co) \ g  M} with positive measure and by the recurrence 
theorem (a weak version of the ergodic theorem) for almost every со Г”со falls into this 
set for infinitely many n. For such n h(T"a>) — A(co) is bounded and so the second 
term also tends to 0. We conclude Г к(со)ф = 0 and ic(co) being non-negative,

jc(co) = 0, i.e. /(со) = A(co) — h{TaS) a.e.

Thus we can write
П — 1
Yj f ( T ‘co) = A(co) -  h(Tnco) a.e.
/=0

Using the recurrence theorem similarly as before,

lim sup h(Tnco) = essential supremum of h(co) a.e-
П-+ 00

If A(co) < h we get that A(co) — h(Tnoi) < 0 infinitely often. If h(co) =  h and the set 
of these co’s has positive measure, then also T"co belongs to this set for infinitely many 
n and h(a>) — h(Tna>) — 0 infinitely often. We see in any case that it cannot be ulti
mately positive and the proof is completed.
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Proof of T heorem 2. If

E  ( X a ( T ' co)  -  g(A))
1 = 0

is bounded below on a set of positive measure, then, as we proved before,

X a ( ( o )  -  g(A) =  h(co) -  h(Tco) a.e.

and thus for g(a>) = е2”'А(ш)
g(Tw) = д( ( о ) е ^ А̂ ‘ХА(с) = a.e.

since Xa(ю) takes only integral vaues. This means that е2,,,"(Л) is an eigenvalue with 
corresponding eigenfunction g((x>).

Conversely, if g(ia) is an eigenfunction with eigenvalue е2я"‘, then by ergodicity 
g(co) ф 0 a.e., {w: д(ю) ф 0} being invariant, and we can define

h(a>) =  —— arg g(a>)2 л

with 0 g  arg g(co) < 2n, i.e. 0 ^  h(co) < 1. g(Tco) — g(a))e2n"‘ implies

h(Tco) = h(a>) + g (mod 1),

but because of 0 ^  h(io) < 1 this is only possible if h(Tco) — h(m) = g or g — 1 and 
so x (a> ) =  h(m) — h(Tco) +  g is either 0 or 1, i.e. the characteristic function of a set 
of measure

f x((^)dg =  J h(oj)dg — [ h(Ta>)dg + g = g 
n n й

such that

E  z(r,£°) -  m
i = о

= I А(ш) -  А(Глт )  | ^  1. Q. e. d.

P r o o f  o f  T h e o r e m  1 . It can be deduced easily from the following result due to 
R o h l i n  ( [ 1 ] ,  Theorem 8 .1 ) :

In a non-atomic dynamic system for every e > 0 and integer d one can find a 
measurable set D0 with the property that D, — T~'D0 (1 =  0 , . . . ,  d) are disjoint

d } 1 1
and 1 2; g [J D,\ 1 — e =  1 ---- — where we have chosen e = — .

l/=o ) a d
Consider

Here

Ad =
m(d) — 1

U A ,/=0 A =  U A-
/ = m (d )

0 < g(Ad) = m(d)g(D0) ^
m(d) 
d +  1

-> 0
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and

№ d)  =  В
1
7

m{d) 
d +  1

If со £ Ti, e.g. a> d Dn (m(d) ^  n ^  d), then we have for each i in n — m(d) < i ^  n 
and consequently (since we may assume m(ri) increasing) in n — m(n) < i á n

T'co £ Ad.

Choosing now a subsequence dj such that

and defining

” m(d)
j = 1 d j  +  1

^  1/2,

A = U
j = i

we have ц(А) ^  1/2, while -> 1 implies that almost every со belongs to infi
nitely many Bd. and if j  runs through these indices, T‘a> £ Ad. a  A for all i in 
n — m(n) < i n with a suitable n in m(dj) ;£ n <; d. For this n which, as m(d) 
can be assumed to tend to oo, also tends to oo with j  we have

1 "
——  У
™ ( « )  i = „ _ m (n )+ 1

Ха(Т‘о)) =  1 ц(А) (<  1). Q. e. d.

Proof of T heorem 3. Using again Rohlin’s lemma, for every 7  we can find a set 
D0 such that D, — T~'D0 (1 = 0 , . . . ,  7 ) are disjoint. Let n(cd) be the smallest index 
n 2: 0 with Tnco £ Ddi, («(со) is finite a.e. by the recurrence theorem), and put

and

кг((о) =
+1, if и(со) is even and > 0 or я(со) = 0 and л(Гсо) is odd 
— 1, if «(со) is odd 
0 otherwise

Rx = (со: к^со) = 0}.

Here, since R± c  Ddi, we have

and also
M 7) á

7 + 1
1

7  + 1

Z  Kl (Гео)
/=о

^  1

where the latter can be seen by analyzing the sequence k^T'co) (/ = 0, 1, . . . ) :  A +1 
must always be followed by a — 1; a — 1 is followed either by a +1 or by a 0; finally, 
since to £ RyCZ Dd implies Tea £ Ddi_t and so (  Ä, c  Ddi for i = 1, a 0 is seen to be 
a.e. followed by a + 1 .  The latter implication holds for i = 1 , 2 , . . . ,  7,  too, and we
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also get the important fact that whenever Т‘‘а>, T>2a> £ Rx (ix ф i2), necessarily 
I h -  h  I ^  di a -e-

Let us now consider the transformation 7jw = Tm(a)co of Rx into itself called 
the derivative or T  with respect to R1 where m(a>) is defined as the smallest index 
m 1 for which T ma>d Rx. This also preserves ц and is ergodic (see Kakutani [6]) 
giving rise to a new dynamic system with the only defect that its measure is not nor
malized, a property that will not be used during this proof. We apply the same con
struction to the new system with d2 in place of dx and get a K2(cd) which we define 
to be zero outside Rv We have

zi=0
k 2( T ‘co) й  1 (со d ü)

since this sum arises from a sum like £  к2(Т{со{) (a^ d Rx) by inserting zeros at
/ = 0

certain places. For the same reason T'm, T‘2co d R2 (ix Ф /2) implies I h г2 I =  ^2 
where R2 c  Rx is the set {со: к2(со) = 0, со £

^  1
M 2) =  d2 + 1 =  (dx + 1 )(d2 +  1) •

Next we consider the derivative of T  with respect to R2 and so on. In this way we 
obtain sets Rx zd R2 ZD . . .  with

R n Rj
i=1

= lim n(Rj) й  Hm
у- 00 у—>oo \al  "I l )

1
(dj + 1)

and such that T ‘'a>, T'‘co d Rj (ix ф i2) implies | ix — i2 \ ^  dj a.e. 
Kj(cd) with disjoint supports Rj^x\ R j  (R0 — Q), assuming + 1 
satisfying

= 0

and also functions 
and — 1 there and

Defining

"z  Kj(T(o)
i- 0

á  1 •

00

к ( с о )  =  X  k / co)  ,
j=1

these properties imply in particular that x(co) takes only +1 and — 1 a.e. Let / = 
=  l(co, n) be the largest index for which there exist ix and i2 (ix ф ;2) both in [0, rí) 
such that Г!1со, T ‘‘co d Rr If there is no such index, we put / = 0; if there are infinitely 
many such indices, we need not define / as this can only happen on a set of measure 
zero. We note that n Si |f2 — ix | ^  d, (putting d0 =  0). According to this definition 
there is at most one index i3 d [0, ri) with V ‘w £ Rt+1 and since Kj(co) — 0 if a> (J Rl+X 
and j  > l + 1, we get

к(Гса) = £  Kj(T'(d) (i =  0, 1 , . . . ,  n -  1)
;=1

with at most one exception i = i3 where the left is +1 or -1  and the right vanishes.
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Hence

Z  K(r-Cü)
i= 0

<
I л-1 /+1

Z  Z  K/r'co)
/+1

+ 1 ^ Z
7= 1

Z  к / 7"")
i =  0

+ 1 £  / + 2.

In view of n d, let us choose the sequence dj in such a way that <p{dj) gty + 2, 
yielding

z/=o
к(Гсо) á  ?(«) a.e.

and 1 + к(ф) 
2

being the characteristic function of a set, obviously of measure

1/2, the proof is completed.
The case of rational ц is similar except that Rt and к^ю) (with values ц, \i — 1 

and 0) have to be defined by congruence relations with the denominator of ц as mo
dulus in place of 2. The distance of two consecutive recurrences in A can even be

made > —— . In the general case one constructs increasing sets Ak and Bk, Ak[\Bk— 
3/1

= 0 ,  of rational measures by induction as follows:
For the derivative of T  with respect to Ckü Q \(A k U Bk) one chooses a DkczCk 

with small rational n(Ck\ D k) and small remainder and then an Ek for the derivative 
with respect to Dk with rational measure and small remainder and puts Ak+1 = 
= Ak U Ek, Bk+1 — Bk U (D ^\E k).

If one makes the recurrences in Ck\ D k scarce (which, as has been remarked, 
is also possible) and n(Ak) and fx(Bk) rapidly converge to /i and 1 -  /i respectively 
then A = U Ak will also have small remainder. ,
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ON THE ELEMENTARY SYMMETRIC POLYNOMIALS OF 
INDEPENDENT RANDOM VARIABLES

By
G. HALÁSZ and G. J. SZÉKELY (Budapest)

Acta Mathematica Academiae Scientiariim Hungaricae
Tomus 28 ( 3 -  4), (1976), 3 9 7 -  400.

Let {£,]}?=j be a sequence of independent identically distributed random va
riables. In the classical theorems of probability theory the asymptotic behaviour of

n

the partial sums Sn = £  of {c,j)f=l is investigated. In this paper we discuss a
1=1

natural generalization of this problem: we deal with the asymptotic properties of 
the elementary symmetric polynomials of f  2,

10Л<Л<— <jkän
к

Theorem. I f  hm —  = с (0 sí с <; 1), 6  >  0 and
я—►со ^1

Cl) Е I log I < + оо w/гетг с = 1,

( i i )  f l o g  (1 +  £j) <  +  оо  w /геи 0  <  с  <  1 ,

(iii) ££/ < + оо when с = О,

then lim
п—>со

= Yc) exists with probability one, S(0> =  ßjy and

(1) Yc) = c(l -  c) c exp | y  [£  log (rc + £;) + (c -  1) log rc]J ,

ifO < c ^  1, н'/геге rc is the unique nonnegative root of the equation

(2) = 1 — c

(0 log 0 = 0 by definition).
Proof. Let us denote by p = p(n, k, | 2, . . . ,  £„) the unique positive root 

of the equation

(3) - In j t i
P

P + Í
(1 < к й  n) .

First we prove that if c is strictly between 0 and 1 then S(k) asymptotically equals

(4 Cn~ll2pk~" П  (P + tj) 
i=1

14 A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia r u m  H u n g a r ic a e  2 8 , 1 976



398 G. HALÁSZ AND G. J. SZÉKELY

with probability one as n -* oo, where C is a positive finite constant

2nE- rAj
(rc + t i? \

"1 —  1/2

It is useful to observe that lim p = rc with probability one, when lim — =  cПn-+ oo «-*• oo
because if e.g. p > rc + e occurs infinitely often (where s > 0) then for some se
quence of integers

у  P > J _  у  Гс + E £  r' + £
ns j t 1 p + Zj = ns j=i rc + e + tj rc + E + tj

which is a contradiction.
Evidently

i  s ^ z n~k = П  (z + A)
k=0 j=1

where z is an arbitrary complex number, thus by Cauchy’s coefficient formula 

= ~  J  П  (z + ^ )zk- n- 4 z  = J -  f  П  (P*№ + &Р*-пе(к~п)Юd# =
|*|=p y=l y=1

= - "  J  exp {m(#)}í/$,

where

u(P) = £  log (pc'* + £,) + (A: — + (A -  ri) log p .
j = г

The function | exp {w(ju)} | is a decreasing function of | # | (0 ^  | # | ^  л) since
7Г

I pe'* 4- £j I has this property, hence for any 0 < <5 ^  —

2n J exp (m(0)} й  I exp {(3)} I.

Calculating the derivatives of u($),

by (2),

u'(0) = i

u"(0) = -  E

j =1 P +  £/
+ A -  n

— nE-

= 0

(p + ^)2 (r„ + Zj?

with probability 1 by p -* rc and the law of large numbers, finally

и "Щ  I =
" ZjpjpJ* -  Hj)

h  + ^)3
< и
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ON THE ELEMENTARY SYMMETRIC POLYNOMIALS 399

for I & I ^  7i/4. If <5 is a sufficiently small fixed number, by Taylor’s formula these 
imply on the one hand

—Í- f exp {u({))}di) iS exp {m(0) — cy6‘ln} (cx > 0)
2 71 - ■-

and on the other 

1 f exp {и(#)}</$ = —— exp {n(0)} J exp {u"(0)'d2/2}d& +
2л 2л:

+ 0(n) f I ft3 I exp { -  c2n#2} d ß J ^  - exp {и(0)} j  exp {и"(0)#2/2}^$ =

1
2тг(- w"(0)) exp {и(0)}.

as n -> со . Thus we have proved (4.)
The Theorem is a simple consequence of (4) if 0 < c < 1. For the proof of the

cases c = 0 and с =  1 it is enough to mention that J  ̂ k) I1 ^ is a decreasing

function of к ([1], p. 51), therefore S(c) is also a decreasing function of c. (E.g. if 
c = 0, then

E£j = lim SJn  2: lim sup
inf S(k) ^  lim S(c)

C - + + 0

but this last limit equals E£j because from (2)

lim crc = lim £ 6 ------ —
C-. + 0 r-oo Г + Zj

= ECj;

hence

lim S(c) = e 1Eqj lim exp
c->+0

-Flog 1 + </
= щ -

R emarks 1. A special case of the Theorem is proved in [2] by another method. 
2. The fact that S(nk) asymptotically equals (4) implies that the limit distribution of

Slk)

is lognormal when lim — = c > 0. This is not true when c = 0. In connection

with this case H oeffding  [3] proved that if к is a fixed number and E | ^  |2 <  + oo,
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then the distribution of

tends to a normal distribution with 0 expectation as n 
3. In the exponent of (1)

0 0 .

s(c) = E log (rc + £,) + (c -  1) log rc = inf {E log (r + fy) + (c -  1) log r}
r*T 0

is a Chernoff type function.

E log (r + Q  = sup {s(c) + (1 -  c) log r} ,
Oácál

dmE log (r + £j)
dmrm = E(r + l)m+1,

thus s(c) (and S(c) also) determines uniquely the distribution of £y because the dis
tribution of the bounded random variable (r + <̂ )_1 is uniquely determined by its 
moments.
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ОБ ОДНОМ М Е Т О Д Е  П Р И Б Л И Ж Е Н И Я  Н Е П Р Е Р Ы В Н Ы Х  
Ф У Н К Ц И Й  МНОГОЧЛЕНАМИ

О. КИШ (Будапешт) и ХО ТХО КАУ (Ханой)

Введем следующие обозначения : f(x) определенная на отрезке — 1 ^  х  ^  1, 
вещественная, непрерывная функция; к неотрицательное, « и г  положительное 
целое число:

1 1 1 о
(1) £>($) =  —- + Yj cos z# + -у cos пО = -~sinnßctg —-

2~k Í (* )
1 2 nr

—  I f cos рл
D

Я=0 q ) nr P=1 nr

модифицированное ядро Дирихле:

рл 2а — кarc cos х ---------1----- ------л
nr 2 п

Легко видеть, что Ркг(х) многочлен, степень которого не выше чем п. В статье
[2] была получена оценка погрешности Ркг(х) —f ( x) ПРИ к = 0, \ и 2. Цель 
настоящей работы получить оценку, более точную в концах отрезка — 1 ^  х  Si 1.

Формулу (21) из [2] можно записать в виде

(3) 1 - ........................ 71

(4) йп-г 2 + 2т

2пг
max £

J _  J _  у

2 + 2nr ^

# £ (— со, оо) р  — 1

2р — 1

П

И

DU - * L  I
ПГ )

D 2 пг

1 1 ' . 2 / — 1 "-1 2ir + 2] -  1
'  У  + - ш sm с,в — :-------- ” -

П — 1
4 пг

- 1 + и -  ( -  i n  ~  [1 -  ( - » ' " )  tg £  со«« £

Ниже будет получена
Т е о р е м а  1. На отрезке — 1 ^  х  ^  1

(5) Р0,ЛХ) - f ( x )  I ^  ап гт —  уЛ -  х2) +

+ cosec
ГК 2 г со

i=l 2 п? со
К  \ X

8 п2
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В [2] опубликовано неравенство

(6)

здесь

Л,г(*) -  f i x )  \ gyet) + Ьп<г(о
п 
2 п

2/  -  1. 1 1 ^
Ьп,г = у  + - - -  Е  Ctg2 пг п 2п

« « Т

2 J -  1л cosec - 2иг

(г = 2, 4, 6 , . . .  );

1 1 2/  -  1*»,г =  у  +  —  Е  ctg
4 ИГ i g ,<;„/2 2/1

2/  -  1
л cosec■ 2пг

(Г -  1,3, 5 , . . . ) .

7Г11 — COS-

я I — cos

2i — 1

2/  -  1
2п

2п п cos 2/  —  1 
2пг

В настоящей статье будет доказана
Т е о р е м а  2. Имеют место неравенства

(7) 1Л,, ( * ) - / ( * ) 1
1

T “

Г2 Í, 2 1 11+ — + 1 - — —I n  \ n ) Я

+

cosec
2 г £1 i2 ~  1

гл2| je I

+ h r - n i + 4 -8 2я

2и2

+ Ьп>гсо

,?,7
L cosec
г 2r J I 2л2

Л ,г(*) -  / (* )  I á  у ®  | у  y / l  -  +  Ьп г0) 1 -  х2|  +

, 1  Í «2| I ] , t  | ( я2| * | )
+ 2 an rW 1 л2 J  bn'r(0 1 8и2 J  •

Неравенство (8) проще чем (7), но менее точно. В [2] получено также со
отношение

(8)

(9)

где

( 10)

-Р2,г(*) -  f i x )  I ^ Сп гСО -Ej ,

спг =  шах 1 г - 1

Е  D \t +
JK
nr

г—1
4 nr J = - r

( - 1 ) "  E  D \t + ^ - + nnr

4nr j=—r

3 1 1 v 1 ■ Jn J'n— —------ ------—— > sin —  cosec —  =
2 4 r 2nr ;t i  r nr

3 1 1  " 1 , in in
= - + [ ( -  1)" -  1] —  + - —  E  К“  l),+n-  1] sin----ctg—2 4n 4nr ,-ti n nr
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Ниже будет доказана
Т е о р е м а  3. Выполняется неравенство

( П ) Р г ,,(х )  -  /(*) = °п,г" -  *j + ( у  + с ”- ]
со я2| л: j 

2л2

З а м е ч а н и я .  Из доказательства теорем 1—3 видно, что они остаются 
в силе, если многочлен (2) заменяется на

1 * Ш  2пг
^ r h o \ 4 .

2р — 1 1 ( 2р — 1 2 q — к
L  /  cos —------ л\ D |arc cos х ------------- л 4------------л

р = 1 2 пг 2 пг 2 п

Аналогичные теоремам 1—3 неравенства можно получить и при к  S: 3.
Для случая г = 1 теоремы 1—3 были получены в работе [1]. Величина 

чисел а„ г, Ьп г, сп Т оценена в статье [2].
Для хороших функций в концах отрезка —1 ^  х  ^  1 оценки (5), (7),

(8) и (11) очевидно лучше чем неравенства (3), (6) и (9). Если, например, выпол
няется условие Липшица

I f i x  + h) — f(x) I ^  Mhx (0 ^  A g  2, -  1 £  x £  2 -  A, 0 < M, 0 < a £  1), 

то в формулах (5) и (7) очевидно
2л—1 1
I - U

1 Л 2 \ X  1 < M я 2 1 x  1 )

2л2 a » )
2л —1 1

-  СО
in21 X I

3 1 -  a
7С2 I х

(« <  1) •í t w 2 -  1 I 2л2 ) -  { 3 " 1 -  a I [ 2л2

Легко видеть, что теоремы 1—3 остаются в силе, если величины

Рк.гМ, ап,г, - у  cosec Ьп г, сп>г

заменяются на их предел при г -> со.
В дальнейшем все доказательства проводятся для отрезков

( 12) cos 1л 2m +  1-----1------------ л  I ^  х й  cosп 2пг
[1л тл_j____
h r nr

(/ = 0, 1, . . . ,  п — 1 ; т = 0, 1, — 1).

Аналогичным образом можно рассматривать случай

J 1л т + 1 ) [1л 2т -1- 1
cos I----- 1----------- л\ ^  X g  COS — - Н------- -------- л

п пг л 2пг

(13)

(14)

Введем следующие обозначения:
1л тл

t = arc cos х — —---------л nr

xt j = cos i + I m — j  --------л H----------- лпг i ~ n < i ^ n ,  Ofáy ' Cr ) .
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Г ГЛ е м м а  1. Если —n < i < O u O < J < - r  или 0 < i < п и —  < /  < г,
2 2

I хи -  xi+1j I <  — y /l  -  х2 +
Я 2 | Í X

г га если — п < i <  0 и —  iS у < г или 0 < i < п и 0 ^  у < — , то

ки  ~  -Ч+и I < — V 1 -  х 'г  +
2 Щ  + 1

п '  2я2

Д о к а з а т е л ь с т в о .  Из (13) и (14) получаем:

я2 | х | .

(15) я
*,\у -  *(+1,/ =  2 sin ~2^ sin

i + I я т — /------- Я  + —----1---------- я I =
п 2 п пг

= 2 sin——sin arc cos x + 
2«

=  2 sin -
2 n ч/ l

21 + 1
2и я — t

2i + 1 уя
n — t ------nr

2 i + 1
— x  sin

2 n

Jn
nr

TC
2 nr

2/j я — t — J*
nr

Из (12) и (13) следует:

(16) 0 ^  í ^

Отсюда и из (15) получаем лемму.

г г
Л е м м а  2. £сли г = 0 и 0 ^  у < — или г = 1 и = j  < г> то

I I Я Гл--------- 2 л 2 | Х I
+ т г ~ ;

Г г
а если i = 0 м — <[7 < г млм / =  1 и 0 < — 9 то

п /— 
Ч у -  * < — V 1и v

х2 +« '  2л2

Д о к а з а т е л ь с т в о .  Из (13) и (14) получаем:

=  ч/1

X,j = x — cos arc cos x H-------nr

x2sin ir -  J--------  71 — t + 2x sin2

Я  — Í  =

«г
ir -  у t

2т 71 2

Отсюда и из (16) следует лемма 2.

/по
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Введем следующие обозначения: 

к
(17) «*> -  w  *^  n  q = l

(18) <T,(

(19)

Ч
D

2 а — 2/ — к 
' ~  ~  2п (— П < Í <:П) .

j  = l - n

Oi(ff) =  £  (0 < i ^  n).
j  = i

Л е м м а  3. На отрезках (12)

) - / ( * ) !  й(0 (—  у/1 -  x 2j í X £
oäj<~ i- 1rnJ 2 1ф 0

OiV + JJL
nr

+ I  Z к г + ÜL
nr + “ l i T V / l - » ' I

o£/< -
Oo f + ÜL

ИГ +

+ I
4- áy< r

(?1 u  + ÜL
nr

n — 1

+  £ 40
/я2! x I

+ z
-ír £J<r

Ji + 1

" - 1 (2i + 1+ Z ш
i  =  0 2л2 I  i*-,

-5-íy<r

t +

t +

ÜL

ÜL
ИГ

z
ogy<-:

+

+ Z
Oáy<-

ff-l í + ÜL
яг 4-

'i+l í + ÜL
nr +

+ Ш
8л2

0É><-2
+ I

í SJ<r
< 4 И̂Г

Д о к а з а т е л ь с т в о .  Так как /(cos #) и £>(#) 2 д-периодические функции, 
то в формуле (2) условие 0 <  р ^  2яг можно заменить на соотношение 1г + 
+ т — пг < р ^  Ir + т + пг. Полагая p = lr + m + i r —j  (— п < i ^  п, 
0 < г) и используя обозначения (13), (14) и (17), можно переписать равен
ство (2) в виде

(20) р  (х) =  —  ' £  Z [* + —)• ■
Г j= 0  Ы 1 - п  I П Г I

Из формул (1) и (17) легко следует тождество

(21) £  *№) = 1 .
i = l - n
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С помощью преобразования Абеля и равенств (18)—(21) получаем:

1 r- x ( - 1 
^ , r W  - / ( * )  = — £  I Z' j =0 1/=1-/

**•%+$1/—s (̂  +  -   ̂ nr

+ [f(Xo.j) - f(x )]o о ^ + [/(*!,>) - /W Jffi
J'nt +  —  nr

+  I  - f (x , -u)](7i  it +  —
i=2 { ПГ ,

Отсюда и из лемм 1—2 получаем лемму 3. 
Л е м м а  4. Если к = 0, то

(22) E
° ^ < f

(23) z

пг + Z  ff.+i [м - f l
^ J < r n r )

1 п< —  cosec —— in 2 г (О < i < п),

[< + — ) + z ^ i  +  l [* + £■)l ”r) 0 g y < r / 2 П Г  I

2 1 п
< --- ------- —cosec—-п 2i + 1 2г

(0  й i < п) .

Д о к а з а т е л ь с т в о .  Пусть к = 0. Формулу (54) из [1] можно записать 
в виде

«,(&) I ^
1

D
т
п

п < i ^  п, 0 g  ^

Отзюда и из (1) получаем: 

(24) о\($) I 5S —— sin írd ctg 
2 п

■& in
2 2п

Поэтому и ввиду (16) при 0 < i < n n 0 ^ j < r

а-i +

ai+1 +

Следовательно

./я 
nr j

nr

1
2 n

2 n

jn

sin \nt +

in 1^  ——sm \nt H-----ctg —— < -T— sin \nt + jn
2 n in

in 1 I jn
ctg —— < —  sin \nt Л-----

2 n in

(25) £  <r_, i +
0 gj< — 

2
nr + L '1 + 1 t + ./Я 1 r~1

< —  X sinin ~1=0
nt + ул

Так как

(26) Y, si° (fi + )4’) = sin I # + Г-■■■■■-  ip| sin cosec -Z-,
y=o l 2 ) 2  2
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то здесь
г - 1

1 = 0
£  sin \nt + — I = sin Ini +

г -  1 
2 г

I 71 ^я I cosec-— < cosec-
2 г 2 г

Отсюда и из (25) следует доказываемое неравенство (22). Соотношение (23) 
доказывается аналогичным образом.

Д о к а з а т е л ь с т в о  т е о р е м ы  1. В [2] доказано неравенство

(27)

Из (24) следует:

(28) I o,(ő) I ^  1

Г —1 П
I  Е7 = 0 /=1—я

t +
утг
иг й  га„

— и <  i < п, 0 < $ <

Из лемм 3—4 и из формул (27)—(28) получаем теорему 1. 
Л е м м а  5. Если к — I и 0 < i < п, то

(29)
0 S 7 < r/2

< cosec

Е k-ilí + ínr + I
r /2 S 7 < r

<7,41 * + nr

t B

(30) E
r l 2 S J < r  I

+ 1 - 2 1
Я П

1
4/2 -  1

1 1 '
+ — 2 ”  л2

+
я _  1 1
32 ~ Y  + "8^

4г2 -  1

<7-í i + nr + E <7f + l [< + § |0á/<r/2
< cosec

2r
Г2, 21 ‘— +1--- 9~[я я 1п

1

+
я 1 1
32 Y + 8я

4i2 + 4/ 

4/a + 4i

Д о к а з а т е л ь с т в о .  Пусть к = 1. В [1] доказана следующая формула

— п < i и, i ф 0, 0 S  д й

(64):

(31) I о т  I ^ I a m  I

Аналогичным образом доказывается неравенство

(32) I о т  I ^ I s m  I

2и

Л „ Я ,— п < I < п, i ф 1, —— S  ---  .
2 л л

Из (1) и (17) получаем:

1(33) í ,($) =  (— 1)*——sin —— cos ni) cosec ——
4n 2л

0 2/ + 1
4л я cosec 2i -  1 

4л

A c ta  M a th e m a t ic a  A c a d e m ia e  S c ie n tia ru m  H u n g a r ic a e  2 8 , 1 976



4 0 8 О. КИШ И ХО ТХО КАУ

В силу (31)—(33)

, , Л „ 2/ -  1 Ъ + 1(T-i(v) I < -г-~ cos nv cosec — ------я cosec----------яan An An

0 < i < n, 0 < # <
2 n

/ л \  I ^  q  2Í — 1 2i +  1ff/+i(#) I < — — 2 cos nv cosec —  -----я cosec —  ------n
8л2 4л

Л л „ п
0 < I < п, —— iS & ^  —  

2л п

Ап

Поэтому и ввиду (16) 

(34) £
0á7<r/2

t + лг + Iг/2^у<г <т,'+ 1 + I <
я 2/ — 1 2/ +  1< ■■ cosec ——г-— я cosec ——----- я х

8л2 4л 4л

I  cos ЛГ + ~ \ ~  r,éj<
0 S j< r /2  1 r  1

. C O S nt + Л

Если г четное число, то здесь ввиду (26) 

(35) *
У=о

1 уя cos \nt H------
r — 1

-  Z  cos
л

nt + —
\ r Г r ,

J~~2

= 2 Yj s‘n
7 =  0

г -  1 - 2 ;
2 г п sin nt +

г -  1
2г я ^ 2  £  sin

7 = 0
2 - 1  • г -  1 -  2у

2г

2 . 2у + 1  я
= 2 2  ̂ sm — ~---- я — cosec

7 = 0 2г 2 г

Из (34) и (35) следует:

т -1
(36) х

7 =  0
t + уя

пг
г - 1

+ 1 o'í+i И +
уя
пг <

я я 2/ — 1 2г + 1< —-тг cosec —— cosec —  -----я cosec —  ------я ,
8л 2г 4л

В [1] доказано, что
4л

„ 1 2 / 2 ] I 71cosec v  < —  Л---- 1 ------ ft 0 <  ft < —
-  ■& я 1 n l -  2j
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Отсюда и из (36) получаем доказываемое неравенство (29) для четных г. Со
отношение (29) для нечетных г и формула (30) доказываются аналогичным об
разом.

Д о к а з а т е л ь с т в о  т е о р е м ы  2. Доказывая теорему 4 из [2], 
мы получили:

(37)
n

E  E0<;<W2 i=l-l* о

(38) E

, ' , 7'M
O i / H-------

Л ЛГ ) +  Е  Е
rl2<:j<r j  =1-/1

' , у'я)
nr j

Г
У  ’

0Sy'<r/2

Из (31)—(33) следует:

^0 ir + ^ - 1 + E <7l
ул

t + —nr ] r/2Sy'<r nr ^  rbn,r-

°o(ß) I á 2 я и

I á
1

Поэтому

(39) E  k o t + ИГ

0 < Ь < 2 я

+  Е
«7<Т

пг
г< — . 

=  2

Из лемм 3 и 5 и из формул (37)—(39) получаем:

(40) Pi, Ах) -  /(* ) I =  у ш ( у  V 1 -  *2] + Кг<° | у -  V 1 -  *2| +

2л — 1
Н-----cosec —— У со

Г 2г ыш
in2 1 х

2и2
+ 1

2 ) 1
я I я

1

+ 1 П 1
2

Здесь

(41)
2л — 1

Е ®

п п +
я 1 1
з Е ~ Т + 8тс

í2 -  1
+ Т со

л2 I X
2л2

/2 -  1 

+ ЪП'Гы

+

Я2 I X
8и2

2и2
<ш

2л

2л — 1
£  г'=(2л2 — л — 1)ш 
1 =  2

(42) X /У
2л2

:g (4л4 — 4я3 + и2 — 1) со
я 2 I X

2л2

2л2 I -  

< 4п4со

< 2пгсо
2л2

2л2

Из (40)—(42) получаем доказываемое неравенство (7).
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Из леммы 3 и из формул (37)—(38) получаем:

(43) |Л ., (*) -  /(*) I ^  у ®  [ ~  V 1 ~ + ЬП',со
■ £ r ^ ' - x j  +

1
4---------сог

л2 \ X , Z
i—1—n

+  Z I -  1
г/2  ^ j < r

ai t +

I
о äj<

jx  )

l(J: JU
t + —  

nr

+ bn<rw
■X \ x \

Sn
Доказывая формулу (9) из [1], мы получили :

2/
z  I iai (А) I = 4 -  + 1

/  =  1 -  П 4л iJT-n
D 0 -

2 п
0 < 0 <

Аналогичным образом можно доказать тождество

=  1  — Л  
i
Поэтому и в силу (4)

HJA
D \ 0 -----———я

2л 2л

2л

о, V + jn_
nr + I  I * — 1

T äJ<r
•fiit + Jit

nr

-JL + _ L  у
< 4 4лг -=Г -Л

D t 4-
n + i i \

2 n nr J ^  аn , r  *

Отсюда и из (43) следует доказываемое соотношение (8).
Д о к а з а т е л ь с т в о  т е о р е м ы  3. Из леммы 3 получаем:

(4 4 ) I Р 2>г (* ) -  f{x) | g  —  со —  ^ / l  -  Xя Z  Z
r  I Л J j  = 0 i= l -n

г — 1 n

t 4- jn
nr +

1
+ — CO 

r
7Г2  I X

2 л2

I r - l n - l

I  Z (2/ + 1)
I j= 0i= 0

■ (t jn  ) + ' , 77t \ ~
o-i t 4------ <*i +1 t 4------

. l nr) nr 1 _
Также, как была доказана лемма 5 из [2], можно показать, что

3 1 г- 1(45)
1 Г  —  1  n

~r z  z (í + - |r  J = 0 i = l - n nr 1 Z  D4nr j t - r
t 4- jn

nr 4-

+ ( - 1)"
1

4лг Z  D
1 =~Г

Доказывая формулу (10) из [1], мы получили:

Z (2* + 1) [Iff-,(0)1 + K + i(0)l]=2
/ = о

t + — . +  п \ .  nr

4л D(0)+ D 0 -

+ ( - ! ) '
2л +  1

4л D (0 + л) + D \ 0 ------- h ки
0 iS 0 <
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Поэтому

(46)
1 Г - 1  Л - 1

I  Е (2/ + 1)г Гj = 0 i = 0

~ í jn  \ 1 , jn  ] '
ct-t \t + ----- + <7i+1 k  +  —

. nr M  nr) .

=  2 -
1 г-1

Е я4nr j =_r
t +

J K _

nr

Ввиду (1)

+ ( - 1 ) л

1

2л + 1 
4лг Е D \ t + ^ + n \  .

nr

( — 1У D ( ß + n )  =  — — sin л #  tg —  0 | #  | ^  -— .

Поэтому и в силу (16) 

(47)
r- l

J— r

JK— ( - í r  Е  + A  s o .nr

Из (10) и (44)—(47) получаем теорему 3.
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