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FIBRE BUNDLES OYER SUBSPACES 
OF PARTITION SPACE

By
N. F. G. MARTIN (Charlottesville)

The collection of measurable partitions with finite entropy of a given probability 
space is a complete metric space using the Rokhlin metric. In this note a vector 
bundle is defined where the base of the bundle is the subspace of partitions into 
n atoms, n a fixed integer, the fibre is E", and the group is the symmetric group on 
n elements.

In the following n is a fixed positive integer greater than 1, Z  denotes the collec
tion of (mod 0) measurable partitions of a non-atomic probability space (X, si, m), 
and Z„ denotes the partitions in Z  which contain n sets of positive measure. Elements 
of Z will be denoted by small Greek letters. If a and ß are members of Z then H(a) 
and H(a/ß) denote the entropy of a and the conditional entropy of a given ß, res
pectively. These objects are defined by

H(a) =  — 2j m (Á) log m(A)
AZ  a

H(a/ß) = — 2  2  ,n(A П B) log m(A П B)/m(B).
A Z a  BZP

For properties of entropy one may consult B illingsly [1], Parry [2], or Smoro- 
dinsky [3].

For a, ß£Z n, p(a, ß) = H(<x/ß) + H(ß/ot) and m(a)=min {m(T):T€a}. For a^Z, 
|a| denotes the number of sets in a with positive measure, so that ос в Zn if and only 
if |a| —n.

1. Lemma. I f  olZZ„, ß£Z, and H(y./ß)< e where 0<£^ \m (a)2 then
(a) |a |S  |/?|
(b) for each Ada there is a ß-set BA, /.<?., a union of atoms from ß, such that 

m(A A Bf)<2Ye
(c) i f  Alt A2 are distinct atoms of a, BAlC\BAi= 0
(d) w (U {Ba :A £a})Sl — 2hJ/e.
Proof, (a) Let Ada be given and let ßA denote the collection of elements 

of ß which intersect A in a set of positive measure. Since m(A)>0 and m(A) = 
=  Pa is not empty. Since H(x/ß)<s,

ß

(1.1) 2 " > И П г )[1 -т (Л П 5 )/» 1 (г )]< е .
Pa
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2 N. F. G. M A RTIN

Let ® = {ве  ßA ■ 1 —m(A C)B')/m(B) -= j/e}. This family is not empty for if it were

1 — m{A f)B)/m(B) ^  Ve, B f  ßA
and (1.1) implies that

Í em(A) ё  2  П5) <  e
Pa

from which it follows that m(A)<\m(a). Thus |a |s |/J |.
(b) Let BA denote the union of the sets in 38. Since m (B—A)<\em(B)  for all

Bi@,
m(BA — A) =  2  m(B — A) <  j/em(BA) ^  )/e.

Also by summing т(АГ)В)[1—т(АГ)В)/т(В)] over all B e ß A which are not in 
38 we get from (1.1) that m{A — Вл)< V'e. Hence m(At\BA)<2]j c.

(c) Suppose BAlV\BMji 0 .  Then there exists a B eß such that

т{А{С\В) >■ (l — ^e)m(B), i — 1,2
and hence

m(B) ^  /и [ ( Л и ^ П 5 ]  >  2(1 - f$ m (B )  

so that Ve >  a contradiction.

(d) 2и / е s  ^  m(AhBA) & m (U (^ A ^ )) ^  w ( lU -U £ x )  =  l - m ( U ^ ) .
a a a a a

ll
2. Corollary. For every л ё 2, 1J Zj ii  a closed subset o f the space of finite

partitions. J=1
n

Proof. Let a be a finite partition which is not contained in U Zj. Then |a|
j=i

and if {ß: q(ol, /?)<e}, where e ^ im 2(a), then SeflU  Z „ = 0 .
j=i

3. Corollary, //"a and ß are finite partitions such that g ( f  >])<£ where e <  
< m in  {w2(a)/4, m2(/?)/4} then

(a) |«| =  |/»l,
(b) there exists a unique 1— 1 map f  o f the atoms in a o«/o the atoms in ß such 

that m (Ah /(A ))<2)/e, Л ga.
Proof, (a) Since both H(<x/ß)<e and H(ß/a)<e, |a| =  |5 |.
(b) For each Z£a, let f{A )= B A as defined in Lemma 1.
4. Corollary. I f  a ß are in Z n and q (a, ß) <   ̂w 2(a) then there exists 

a unique 1—1 map fß„’. a — ß such that m(A A fpx(A)) <  2];g{a, ß).
Proof. Take e—g(a, ß). Since e<^m2(a), for each A in a, there is the set BA 

of Lemma 1. Since a and ß have the same number of atoms, BA is formed from exactly 
one atom of ß. Define f ßx(A)=BA.

Acta Mathematica Academlae Scientiarum Hungaricae 27, 1976



FIBRE BUNDLES OVER SUBSPACES OF PARTITIO N  SPACE 3

In the following a coordinate bundle will be constructed over Z„ for fixed n. 
The coordinate neighbourhoods are denoted by V(a) for a £Z„, where V(a) — {/? € 
€Z„:e (a, /?)<m2(a)/64}.

5. Lemma. I f  ß,ß'£V(<x) then there exists a unique 1—1 onto map f ßß. : ß' — ß 
such that

(a) f i , ,  f f .  = f f -
I f  ß, ß'eV(a)r\V(a') then
(b) fpß’ = f f ’ ■
Proof, (a) Since ßfV(a), Corollary 4 implies that there exists f ßa : a ß 

such that

m(A A f ßM ))  <  2 fÖ W ß) < -j»»(«) 
and there exists f ß.x:ос->-/?' such that

m(A h f ß,a(A j) <  ^ m { a),

so that for each Лба
1 3  ! 3

™ (U M j) >  ™ (Л)- —m(a) S  /и(а), »»(/^(Л)) >  -m (a ) .

Since both f ßx and f ß.a are onto maps these inequalities imply that

(5.1) m(a) ё  -jn iin  {m(ß), m(ß')}.
Since ß and ß' are in V(x),

e(ß, ß') = e(ß, а) +  е(а, ß') <  т 2(а)/32

and it follows from (5.1) that g(ß, ß')<-j— min {m2(ß), m2(ß')}. Corollary 4 nowlo
implies that there exist maps f ßß. and f ß.ß such that for B£ß  and B f ß '

m (B h fß’ß(B)) <  2 Ve(ß,ß') <  m(а)/2 )72,

m(Ä' k f ßli,(B)) < 2 У Ш У )  <  w(a)/2 f2.

Define f f ß  to be the map f ß’ß.
Let Лба so that т(Л  А/ДЛ)) < ти(а)/4 and m ( f f ( A ) h f^ ß( fßa(A )))^  

<  m(a)/21̂ 2. Thus

m(A hJJ,ß(fßa(A))) < ^ L 2- m(a).

Also m(Ah f/f.JA)) <  m(a)/4 so that
2 + 21̂ 2(5.2) m (fß\ ( A ) L f f ß(ff(A )j)  <  l - j -  w («) <  2/я(П

1* A oia  Mathematica Academiae Scientiarum Hungaricae 27, 1976



4 N . F . G. M ARTIN

using (5.1). Both ftf,a(A) and fß 'ß(fßx{Ä)) are atoms of ß' so they either coincide 
or are disjoint. If they were disjoint

m(fß’X(A) k f f ß (fßcXA))) 2m(ß')

a contradiction to (5.2). Thus equation (a) is proven.
(b) Suppose ß and ß' are in F(a)fl F(a'). By the first part of the proof, for B£ß

m{Bh f f . f (B)) <  m(a)/2 /2  <  2m(ß')/3 (2
and

m(B A/^ ( ß ) )  <  m(ot')/2 f  <  2m(ß')ß f
so that

(5.3) m ( fß*.ß(B)t\fß*:ß(B)) <  4m(ß')/3 f l  <  m(ß').

Since both f ß.ß (ß) and //■), (ß) are in ß' they either coincide or are disjoint. In the 
latter case a contradiction to (5.3) would arise so that (b) follows.

In the following, for a, ß, у given with ß and у in F(a) we shall write f ßy to mean 
f ßy when no confusion may arise.

6. Lemma. I f  a, ß, у are in Z„ and ß, y€V(oi) then f ßyf yß — id^ and f yßfßy = idy 
where id^ is the identity map of ß onto ß.

Proof. It follows from Lemma 5 that f yß f ßx =  / уа and fßyf ya. —fßa so that 
fßyfyßfß« = fßyfya — fßx and the result follows since f fia is a 1—1 map of ß onto a.

Let Sn denote the symmetric group on n elements with the discrete topology 
and let Sn act on Rn by

(g, f o , . . . ,  *„)) -  (Xg( 1), •••, xg(n)).

A system of coordinate transformations in Z„ with values in S„ will now be defined. 
One may consult Steenrod [4] for the existence of fibre bundles given coordinate 
bundles.

For each ££Z„, let denote a given one to one map of N=  {1, 2, ..., n} onto 
£, i. e., ii is an indexing (or ordering of £).

7. D efinition. For £, £'eZn define g(i. on К(()П Р((') into Sn by

giif (a) =  iff& fzli'i^  .

8. Theorem. The functions g£A- together with the covering {V(y):aCZn) form 
a system of coordinate transformations in Zn with values in S„.

Proof. First it will be shown that gaß is constant on F(a) (T V(ß) so that the func
tions gaß are continuous on their domains. Let £ and >i be in F(а) П V(ß). Then

Saß (-) * l(x fa^fßlß L J'-j.lJ'b] J\\Q fiß L L Jarfftjßiß Saß(jlJ

Next for £ e V(a) П V(ß) П V(y),

S a ß f l ' S ß y f )  i}a Jx~ Jc/I Iß)  *  (jß fßifcy ly) L  fzl.f'cy ly Say О э ) *

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



FIBRE BUNDLES OVER SUBSPACES O F PARTITION SPACE 5

As a non-trivial example of the bundle defined by the coordinate transformations 
take (X, 38, m) to be the circle with normalized Lebesgue measure. We shall identify 
an induced bundle in the bundle defined by the coordinate transformations given 
in 7 for и=2 which is equivalent to an infinite Mobius band crossed with the reals.

To achieve this consider the mapping of [0, 1) into Z2, the collection of 2-ele
ment partitions of the space X, defined by t-+at where a, denotes the partition consis
ting of the two arcs joining exp (nit) and exp (nit+ni). Considering [0,1) as the circle 
by identifying 0 and 1, t-*at is uniformly continuous since

Q(a,, as) =  —2\t—s I log 2 { l - |i - s |}  log (1 - | t - s |} ,
and one to one. It can also be seen that the inverse function is continuous so that 
the image T  of [0, 1) in Z2 is homeomorphic to the circle. The bundle induced by 
T  is an infinite Mobius band crossed with the reals. This may be seen by observing 
that S2 acting on R2 leaves the line x =y invariant.
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IDEALS OF MATRIXRINGS OVER 
NONASSOCIATIVE RINGS

By
C. ROOS (Delft)

1. Introduction

In this paper we introduce a radical class A of nonassociative (i.e. not neces
sarily associative) rings. It is interesting that the class A consists of all nonassociative 
rings R such that each ideal of the matrixring Rn, for some 1, is of the form M n 
for some ideal M  of R. This explains the significance of Л-rings.

We also introduce two radical classes Л, and Ar of nonassociative rings. The 
rings in the classes Л, and Ar are characterized by means of some property of the 
left ideals and right ideals respectively in matrixring over such rings.

I would like to thank Professor F. A. Szász for his careful reading of the manu
script and his helpful advice.

2. A useful characterization of radical classes

For the definition of a radical class we refer to D ivinsky’s book [5], likewise 
for all other notions taken from the theory of radicals in rings.

If a denotes a subclass of a universal (i.e. homomorphically closed and heredi
tary) class со then the following theorem, which is due to Amitsur [1], gives a useful 
criterion for checking the class <r to be a radical subclass or not.

Theorem 1. A subclass a o f a universal class со o f rings is radical i f  and only i f  
a statisfies the following three conditions:

(A) a is homomorphically closed;
(X) a is closed under a-extensions ( i.e. if A is an ideal of the co-ring R and both 

A and R/A are in a, then R is in a);
(Y) о has the inductive property (i.e. i f  A1Q A2Q ...^ A „ ^ ...  is an ascending 

chain o f a-ideals o f an co-ring R, then A = {J An is a a-ideal of R).
П

The following lemma can be considered as an easy consequence of Theorem 1.
Lemma 1. Let со and Q be two universal classes o f nonassociative rings satisfying 

coQQ. I f  I  is a radical subclass o f £2, then a =  21 Пса is a radical subclass o f со.

3. The radical class A

First we recall some definitions and results of B. de La Rosa. In his thesis [8] 
he only considers associative rings. An ideal Q of such a ring R is defined to be 
quasisemiprime if and only if for each ideal A of R  the following is true: RARQ Q=> 
=>AQQ.

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



8 C. RO OS

If all ideals of the ring R are quasisemiprime, the ring R is called a /.-ring. The 
class Я, consisting of all л-rings, is proved to be a radical subclass of the class of 
all associative rings.

In the last section of his thesis the Я-rings are characterized in a nice way. We 
can summarize the main results of this section as follows:

Theorem 2. For each associative ring R and for each natural number и (и > 1)  
the following three statements are equivalent:

(1) R is a k-ring;
(2) R„ ( the ring of all (и, n)-matrices over R) is a k-ring;
(3) the ideals of R„ are o f the form M„, where M is an idea! of R.
Having summarized the work of de la Rosa, as far as we need it, we now first 

give a new characterization of Я-rings.
Lemma 2. The associative ring R is a к-ring if and only i f  for each ideal A of R 

the following holds: A= RA=AR.

Proof. Let A be an ideal of the Я-ring R. Then RA is an ideal of R, and because 
R is a Я-ring, this ideal is quasisemiprime. Therefore R A R fR A  implies A fR A ,  
which proves that A=RA. Similarly one shows that A=AR.

Conversely, if A= RA =AR  for each ideal of the associative ring R, let Q be 
an arbitrary ideal of R. If В is an ideal of R such that RBRQQ, then B = R B — 
—(R B )R = R BR^Q . Thus the ideal Q is quasisemiprime. Because Q is arbitrary, 
this proves that R is a Я-ring.

In what follows each ring is nonassociative, unless stated otherwise. If M  is a 
subset of the ring R, then (M')R denotes the ideal of R generated by M. If there is no 
ambiguity the we shall write {M ) instead of (M )R.

D efinition 1. A ring R is called a Л-ring i f  and only i f  for each ideal A o f R the 
following holds: A=((RA)R).

Remarks. 1. For each ideal A of a ring R we trivially have (RA)RQA, hence 
((RA)R)QA. Generally (RA)R need not to be an ideal of R.

2. If R is an associative ring, then (R A )R -R A R  is an ideal of R, for each ideal 
A of R. So R is a Л-ring if and only if A —RAR  for each ideal A of R, or equivalently 
if and only if A —RA—AR  for each ideal A of R. Therefore an associative ring is a 
Л-ring if and only if it is a Я-ring, by Lemma 2.

3. If R is an alternative ring, the the subsets RA an AR of R are ideals of R. 
for each ideal A of R.1 Therefore we then also have that R  is a Л-ring if and only 
if A — RA — AR  for each ideal A of R.

4. Each Л-ring is idempotent. This follows from the definition by taking A=R.
5. Each ring with a unity element is a Л-ring, because for such a ring we have 

A —RA—AR  for each ideal A of R, hence (RA)R = A R = A .
6. The class Л is not hereditary. To see this, consider the ideal 2Z in the ring Z 

of the rational integers, and use Remarks 4 and 5.
Proposition 1. The ring A is a Л-ring i f  and only i f  A has the following pro

perty: I f  R is an arbitrary ring containing A as an ideal, then for each ideal В of R 
t he following holds: {(А В)А)Л=А Г В.

1 Using methods of [6], it is easy to prove this.
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Proof. Suppose the Л-ring A is an ideal of the ring R and В is an arbitrary 
ideal of R. Then А ПВ is an ideal of A. Because A is a Л-ring we may write:

АП В  = {(А{АПВ))А)Л g  <(AB)A)a g  АПВ.

This proves that ((АВ)А)Л=А ПВ.
Conversely, if the ring A has the stated property, then considering the ring A 

as an ideal of itself, we find for each ideal В of A :((AB)A)=A ПВ=В, which means 
that A is a Л-ring.

Corollary. The associative ring A is a /.-ring i f  and only i f  A has the following 
property: I f  R is an associative ring containing A as an ideal, then for each ideal В o f  
R the following holds: AB=BA=A C\B.

For the proof of the next theorem we need the following lemma, which is a 
corollary of the wellknown modular law for subgroups of an additive group, which 
states that if A, В and C are subgroups of an additive group, then:

В g  C=> В+(АПС) = (В+А)ПС.

Lemma 3. I f  R is a ring, and A, В and C are subgroups of the additive group (R, + )  
of R satisfying:

(1) ЛПЯ=ЛПС,
(2) A + B —A + C, and
(3) BQC, 

then B=C.
Theorem 3. The class A of all Л-rings is a radical subclass o f the class o f all 

rings.
Proof. Referring to Theorem 1 we shall prove that the class Л has the properties 

(A), (X) and (Y), where со stands for the universal class of all rings. Then the theorem 
will be proved.

Let R be a Л-ring, and let cp:R^R' be a ring-epimorphism. Then it is easy 
to verify that for each subset M  of R the following is true: cp{M) — {cpM). Now let 
A' be an ideal of R'. Then A —cp~1A' is an ideal of R. Since R is in Л we have 
A={{RA)R). Therefore we may write: A' — cpA = cp((RA)R)—(cp[(RA)R]) = 
=((cpR • cpA)cpR)={(R'A')R'). This proves that R' is in Л, so Л has (Л).

Now suppose that A is an ideal of the ring R, and both A and R/A are in Л. 
We then have to show that R is in Л. Let В be an ideal of R. Using Proposition 1 we 
may write then:

АПВ = <(.AB)A)a g  AC\{(RB)R) Я АПВ.

Therefore we have А ПВ=А H((RB)R). Because (A+B)/A is an ideal of R/A, and 
R/A is in Л we may write:

{(A AB)/A = (((RIA)((A+B)/A))(R/A)).

Thus follows A-\-B—{{R(A+B))R+A)—A +{(RB)R). Since В is an ideal of R 
we have ((RB)R)QB, so Lemma 3 yields B=((RB)R). This proves that Л has (2f).
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10 C. ROOS

Finally, let A1^ A 2^ ... Q AnQ ... be an ascending chain of Л-ideals of a ring 
R, and let A denote their union. If В is an ideal of A, then we have by Proposition 
1:АпГ\В=((А„В)А„)а for each n. Therefore we may write:

В =  А П В  = (U А„)Г)В = Щ АпПВ) = \j((A nB)An)Ä = ((AB)A)A.
п п п

This shows that В=((АВ)А)Л, because В is an ideal of A. Therefore A is in A, and 
thus A has (Г). Thus the proof is complete.

Referring to Lemma 1 and Remark 2 we refind a result of de la Rosa as a corol
lary of Theorem 3 :

Corollary. The class X is a radical subclass o f the class o f all associative rings.
This result was proved by de la Rosa by using elementwise methods, whereas 

the proof just given is elementfree.
We conclude this section by giving some more properties of 2-rings, i.e. of 

associative Л-rings.
D e la R osa states [8, page 28] that the 2-radical 2(7?) of an associative ring 

R has the property that each ideal of the radical 2(i?) is an ideal of R too. It is not 
difficult to generalize this statement to the following

Proposition 2. I f  A is a quasisemiprime ideal of B, and В is an ideal o f the asso
ciative ring R, then A is an ideal o f R too. I f  moreover В is quasisemiprime in R, then 
A is quasisemiprime in R.

Proof. Let A, В and R be given as in the proposition. Let Ax denote the ideal 
of R generated by A. Then we have Ax — A+ RA + AR + RAR. Therefore BAXB = 
=B(A + RA + AR + RA R )B ^B A B Q A . Because Ax is an ideal of В and A is quasi
semiprime in В thus follows AXQA. This proves that Ax—A, and thus A is an ideal 
of R.

If moreover В is quasisemiprime in R, let C be an ideal of R  such that RCR Q A. 
Then RCR Q В implies CQB, because В is quasisemiprime in R. Now C is an ideal 
of В satisfying BCB^  RCR QA, which implies CQA, because A is quasisemiprime 
in B. This shows that Л is quasisemiprime in R.

Corollary. I f  A is a X-ideal o f the associative ring R, then each ideal o f A is an 
ideal o f R too.

Another property of 2-rings can be found by noting that a nonzero 2-ring cannot 
be nilpotent, because each 2-ring is idempotent. We can prove even more.

Proposition 3. Л nonzero X-ring is not locally nilpotent.
Proof. Suppose the 2-ring R is locally nilpotent, and x£R . Let X  denote the 

ideal of R generated by the element x. Then X —Z x+ R x+ xR  + RxR. Hence RXR = 
= R(Zx + R x+ xR  + R xR )R ^R xR . Because the ring R is a 2-ring, we have X=RXR. 
So RXRQ RxR  implies XQ RxR , hence xf^RxR.2 Therefore there must exist a finite

2 We note that if conversely *  € RxR  for each element x  of the associative ring R, then clearly 
R  is a 2-ring. So we find that the associative ring R is a 2-ring if and only if  x  (E RxR, for each x  6 R. 
This characterization o f 2-rings was given already in [8].
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number of elements rt, (1 ёг'ёл) in R such that x — ̂ r ^ s , .  Let S be the subring
i

of R generated by the elements rt, st (l^ i= n). Because R is locally nilpotent and 
S is a finitely generated subring of R, the ring S must be nilpotent. So S k=0 for some 
natural number k. Now x£SxS  implies SxSQ S2x S 2, which implies S2x S 2Q S3xS3, 
etc. Continuing in this way we find x £ S kxSk; because Sk=0, this implies x=0. 
Thus R  is the zeroring. This proves the proposition.

The existence or non-existence of a nonzero Я-ring which is nil seems to be unsett
led. The famous Koethe-problem asks for the existence of a nontrivial simple ring 
which is nil. Since a nontrivial simple ring is a Я-ring, the first problem can be con
sidered as a generalization of the second. In fact we can state:

Proposition 4. There exists a nontrivial simple nil ring i f  and only i f  there exists 
a nonzero nil X-ring containing a maximal ideal.

4. The radical classes Л, and Ar.

D efinition 2. A ring R is called a Ar ring if  and only i f  for each left ideal L of R 
the following holds: L  — RL.

Remarks. 1. For each left ideal L  of a ring R the subset RL is a left ideal and 
trivially RLQL.

2. Each /1,-ring is idempotent. This follows from the definition by taking L —R.
3. Each ring with a left unity element is a d,-ring.
4. A commutative ring is a Л, -ring if and only if it is a Л-ring.
5. The class Л, is not hereditary. See Remark 6, Section 3.
6. The class of all associative Л, -rings shall be denoted by Я,. The associative 

ring R  is а Я, -ring if and only if x£Rx  for each x£R. For let R be a 2,-ring and x£R. 
The left ideal X  of R  generated by the element x equals Zx + Rx. R being а Я,-гп^ 
we have X= RX=R(Zx+ Rx)Q Rx. Hence x£Rx. The converse is trivial.

In general Л,-rings cannot be characterized in this way, as the following example 
shows.

E xample 1. Let R  be the algebra, generated by the elements a and b, over the 
field of two elements, with the multiplication as given in the table.

a b

a b a
b 0 0

Then R, considered as a ring, has only one nontrivial left ideal, namely L=  {0, a+b). 
Clearly L=RL  and R=RR. Therefore I? is a Лг-ring. We note that for example 

Ra.
Before going on we shall give two more examples, showing that the classes A 

and Лг are not contained in one another.
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12 C. ROOS

E xample 2. Let R be the algebra, generated by the elements a and b, over an 
arbitrary field F, with the multiplication as shown in the table.

a b

a a b
b 0 0

Then R, considered as a ring, is associative and a is a left unity element. Hence R is 
in Aj. R has only one twosided nontrivial ideal, namely the subset B= {ab\a£F}. 
Since BR=0, R is not 2, hence not in A.

E xample 3. Let R  be the algebra, generated by the elements a and b, over an 
arbitary field F, with the multiplication as shown in the table.

a b

a b 0
b a 0

It is easy to see that the ring R is nonassociative, and that R does not have nontrivial 
ideals. Since RR^O  this implies R = RR. Therefore R is a Л-ring. The subset L=  
— {c/.b\c/.d_F) is a left ideal of R. Since R L —0, the ring R is not in Ax.

R emark 7. The ring in Example 3 is not associative. Later on in this section 
we shall give an example of an associative ring which is in 2 but not in 2,.

Proposition 5. The ring A is a A r ring if and only i f  A has the following property: 
I f  R is an arbitrary ring containing A as an ideal, then AL=AC)L for each left ideal 
L o fR .

Proof. Suppose the Ar ring A is an ideal of the ring R, and L  is a left ideal of 
R. Then AC\L is a left ideal of A. Therefore we may write AC)L = A(A IAL)QALQ 
ü  A D L . Hence AL= A  Г1L. If conversely A has the stated property we have in parti
cular for each left ideal L of A :AL= A  ПL = L, which shows that A is а Л,-гп^.

Theorem 4. The class Л, of all Airings is a radical subclass o f the class of all 
rings.

Proof. The proof is quite similar to that of Theorem 3. Let R be a Hr ring, and 
let (p:R-»R' be a ringepimorphism. If L' is a left ideal of R' then L=q>~1L' is a 
left ideal of R. Since R is in Л, we have L' = <pL = (p (RL) = (<pR) (<pL) = R'L', which 
shows that R' is а Лг -ring. This proves that the class At is homomorphically closed. 
To prove that Лг has property (X), let A be an ideal in the nonassociative ring R 
such that both A and R/A are in At , and let L be a left ideal in R. Using Proposition 
5 we may write: AClL=ALQA O R LQ A  DL, which shows that A D L ^A H R L.

Because (A+L)/A  is a left ideal in R/A, and R/A is in Ah we have (A + L)/A = 
= {R/A)((A+L)/A), which implies A + L  = R(A+L) + A or A+L = A + RL,

Because R LQ L  we have L= R L, by Lemma 3, and so we have proved that R 
is in Лг.
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To prove that Л, has (Y) let A1QA2Q...QA„Q... be an ascending chain of 
Л;-ideals in a nonassociative ring R, and let A denote their union. If L is a left ideal 
of A, then AnL=A„f]L  for each n by Proposition 5. Therefore we may write:

AL = (U An)L  =  U AnL — 1К4.ГЩ  =  (иЛ„)ПТ = AP\L = L,
n n n n

which proves that A is а Л,-ideal of R.
Corollary. The class A(, consisting of all associative Airings, is a radical sub

class of the class o f all associative rings.
Concerning the rings in the class At we can give two propositions which are in 

correspondence with the Propositions 2 and 3 in Section 4.
Proposition 5. I f  A is a A, -ideal of the associative ring R, then each left ideal 

of A is a left ideal o f R too.
Proof. Let L  be a left ideal of the A;-ideal A of the associative ring R. Then the 

left ideal Lx of R generated by L  equals L+RL. Now Lx is contained in A, because 
A is an ideal of R containing L. Since A is in A, we therefore have: L1=AL1=A(L+  
+ RL)QAL + (AR)LQ ALQ L. Hence L2 = L, and thus L itself is a left ideal of R.

Proposition 6. Л nonzero kering is not Jacobson-radical (hence not nil!).
Proof. Let R be A,-ring which is Jacobson-radical, and suppose x£R. Then 

x£R x  by Remark 6. Therefore there must exist an element c in R such that x —cx. 
Because R is assumed to be Jacobson-radical we have c+d—dc=0, for some element 
d of R. Hence x=cx=(dc—d )x —d(cx)—x —d x—dx=0. This shows that R is the 
zero ring.

R emark 8. E. S^siada [9] has constructed a nontrivial simple associative ring 
which is Jacobson-radical. Here we have an example of an associative ring which 
is not in A; by Proposition 6, but it is in A because each nontrivial simple associative 
ring is a A-ring.

Remark 9. The Л,-rings (A;-rings) have their left-right dualized notions as 
Л,-rings (Ar-rings). For these, all the results obtained before have their analogues.

5. One-sided and two-sided ideals in matrixrings

We consider the ring R„ of all (n, n)-matrices over a nonassociative ring R, with 
и>1.

Although R may not have a unity element, we still use the matrix units EtJ 
(l= i,)S ?i) in a formal way: if x£R  then xEtj is to be interpreted as the matrix 
with the element x in the position (i,j) and the zero element in all other positions. 
Then the following lemma can be proved by direct calculation.

Lemma 4. Let p, q, r and s be arbitrary elements of the set n =  {1,2, ..., n), and 
x and у  arbitrary elements o f the ring R. Then we have x Epq • yErs = 6qrxyEps.
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14 C. ROOS

For each left ideal L  of R, let L ( j)  denote the set of all matrices in Rn with entries 
running through L, which are zero in all but the y'-th column, i.e. for each j fa :

W )  = LEpj ■

Then L (j)  is a left ideal of R„, for each /6n. Each left ideal of R„ which equals the 
left ideal L (j)  for some left ideal L  of R and for somej'£n, will be called an elementary 
left ideal of R„. It is clear that the ring R„ can be written as a direct sum of elementary 
left ideals:

R„ =  Я(1)®Д(2)©...®Л(и).

The canonical projection Rn-*R (j)  induced by this decomposition shall be denoted 
by n(j), for each j£n.

Having a right ideal К  of R we can define in a similar way the elementary right 
ideals K[i] of R„, for each г'£п, by

= ьрЕ1р\ьре к ]  = Z K E IP. 
J p=1

Then R„ is a direct sum of elementary right ideals:

R„ =  i?[l] ® f?[2] ® ... ®

and the induced canonical projection R„^R\i] shall be denoted by n[i], for each 
i£n . For each matrix X  in R„ the element of R in the position (/, j )  shall be denoted 
by xtj, and if J i  is a subset of R„, then the set {гпц\М£Л} consisting of all elements 
of R arising in the position (г, у)Ijn matrices belonging to JÍ, shall be denoted by 
Mjj. In fact MtJ = n[i]n(j)Ji. It is easy to verify that Mi} is a left ideal (right ideal) 
of R for all i ,jk  n, if ./ /  is a left ideal (right ideal respectively) of R„.

Using these conventions, we can state
Theorem 5. (a) I f  У  is a left ideal o f R„, and j£ n, then RLqJEPjQ n (j)  J?, for 

all p,q£  n.
(ß) I f  is a right ideal o f Rn, and г/п, then KirREis f  n [/] .3F, for all r, .v/n.
(A) I f  sd is an ideal o f Rn, then (RApq)RErsQjd, and R(ApqR)ErsQsd, for all 

p, q, r and 5€n.
Proof. Let i f  be a left ideal of R„, and /£  n. Take q fn  and a £ Lqj. By the de

finition of Lqj there must exist then a matrix X  in i f  with a= xqJ. Because i f  is a 
left ideal of Rn, the matrices of REvq • X must be in i f  too, for all pf_n. Using Lemma 
4 we thus find :

REpq • X  = REpq • 2  xrsErs = 2  К RxrsEps = 2  RxqsEps Q if.
r ,s  r ,s s

Therefore n( j)  2  RxqsEps = RxqjEpj = RaEpJ Q n(j)£P. The latter relation holds
for each element a of LqJ, and thus we have RLqjEPj Q n(j)JX. This proves part
(a) of the theorem.
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The proof of part (ß) is quite similar, we therefore omit it. To prove part (y) 
let s i  be an ideal of R„. Take p, qdn and adApq. Then there must exist a matrix 
X  in s i  with a=xpq by the definition of Apq. Because s i  is an ideal of R„ the matrices 
belonging to (RErp- X )REqs must be in s i , for all r, .y<En. Using Lemma 4 again 
we therefore have:

(RErp • X)REqs = (RErp- 2  xuvEuv)REqs = ( 2  5puR xuvErv)REqs =
u,v u,v

= (2 RxpvErv) REqs = 2 ^„(RXpJREr, = (Rxpq)REr, = (Ra)RErs gj si.
v V

Because the latter inclusion holds for each element a of Apq, we have 
(RApq)RErsQ s i . Similarly one shows R(ApqR)ErsQ si. This proves the theorem. 
Using the notation of Theorem 5 we state as a 

Corollary, (a) RLqj g  Lpj, for all p, q ,jd  n.
(ß) KirRQ K is,for all r, s, idn.
(?) (RApq)RQA„ and R(ApqR)QArs, for allp, q, r, i€n.
Theorem 6. (a) I f  SE is a left ideal o f  R„ such that <£ =  RtlS£, then the projections 

n{j)JE (jdn) are all elementary left ideals.
(ß) I f  Ж is a right ideal o f R„ such that Ж =pfR„, then the projections n[i] Ж 

(id n) are all elementary right ideals.
(y) I f  s i  is an ideal o f R„ such that s i  = ((R„si)R„), then s i  is o f the form A„ 

for some ideal A of R.
Proof. Let i f  be a left ideal of R„ satisfying Ж = Rni£ . Then iz(j)£?=  

=n(j)(R„3?)=Rnn(j)SE, for each jdn. Using Lemma 4 we may write therefore:

*U )&  = R„n(j)J2? g  2  REpq - 2  LrjErj = 2  REqjEpj-
P,q r p, q

By Theorem 5 (a) we also have the inverse inclusion. Hence 

nU)SE= 2 R L qiEpj = 2 ( 2  REqj)EpJ.
P,q  P q

Putting L = 2 R L qj we find n ( j)& = 2 E E pJ—L(j), which proves part (a) of the
q P

theorem.
The proof of part (ß) is similar.
To prove part (y) we need the identity which holds for each

subset M  of R. The inclusion M Q (M ) implies and because {{M))n
is an ideal this implies (4/„) jg{{M))„. Conversely we have for all r, sdn:MErsQM„. 
Hence MEn Q(M„). This implies (M )Ers<f(M„) as is easy to see. Since the subsets 
{M)Ers (r, iCn) generate the ideal ((M))„ ot R„ we find ((M ))„g (M„). Now assume 
that s i  is an ideal of R„ satisfying s i  = ((R„si)Rn). Using Lemma 4 again we may 
write then:

s i = <(Rnsi)R n) g  ( ( 2  REru • 2  ApqEpq) 2  REVS> =  < 2  ( 2  (RApq)R )E rs) .
'  r ,u  p ,q v ,s  V, s p ,q
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By Theorem 5(y) we also have the inverse inclusion. Therefore we find, putting 
A =  2  (RA„)R,

d  = ( Z  AErs\  = (An) =  «Л»„,
V, S

which completes the proof of the theorem.

6. Matrices over Л-rings

First we give a generalization of Theorem 2 to nonassociative rings.
Theorem 7. For each ring R and for each natural number n (n >  1), the following 

three statements are equivalent:
(1) R is a Л-ring;
(2) R„ is a A-ring;
(3) each ideal o f R„ is of the form  Anfor some ideal A of R.
Proof. We shall prove the theorem by proving successively the implications

(l)=>(2), (2)=ЦЗ) and (3)=>(1). Before doing so we remark that for each two sub
groups M  and N  of the additive group (R, + )  of a ring R and for each natural 
number n (и>1) the following identity holds: (MN)n= MnNn.

(1) =>(2): Suppose R is a Л-ring and sd is an ideal of R„. Using the notation of 
Section 5 we may write then:

s d Q Z  ArsErs = Z  ((RArs)R)Ers f Z ( Z  ((RApq)R)) Ers.
r ,s  r , s  r, s  p ,q

By Theorem 5(y) we also have the inverse inclusion. Therefore, putting A — 
— 2  ((RApq)R) we find -si = Z  AErs = A„, where A is an ideal of R. Hence

p ,q  r ,s

((RnsJ)R n) =  ((RnA„)R„) =  (((RA)R)n) =  (((RA)R))„ =  A„ =  sd, 
which proves that R„ is a Л-ring.

(2) =>-(3): If R„ is a Л-ring then each ideal sd of R„ satisfies sd = ((Rnsd)R„). 
Therefore the implication (2)=>-(3) is a direct consequence of Theorem 6(y).

(3) =»(1): Let R be a ring satisfying (3) for some «>1, and let A be an ideal of 
R. Then we have to show that A=((RA)R). We shall do this by showing successively 
the equalities A= (RA) and (RA) = ((RA)R).

To prove the first equality, consider the subset of R„ consisting of all matrices 
with entries running through the ideals A and (RA) of R. as indicated in the diagram.

\R A )  (RA) ... (RA)'
A A ... A

, A A ... A ,
Because R -A Q  (RA) and R • (RA) Q A, this subset is an ideal of Rn. By our assump
tion this implies A=(RA). To get the second equality we use the following identity: 
(RA)=RA+((RA)R), which holds for each ideal A of an arbitrary ring R, as is
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easy to verify. This identity proves that ((RA) R)Q(RA), and (RA) • R = 
= [RA+((RA)R)]R^(RA)R+((RA)R)Q((RA)R). Therefore the subset of Rn con
sisting of all matrices with entries running through the ideals {RA) and ((RA)R) of 
R as indicated in the diagram below, is an ideal of R„.

'{(RA)R) (RA)...(RA 'y  
{(RA)R) (R A )...(R A )

X(RA)R) (RA) ... (RA),
By our assumption this implies that (RA)=((RA)R), which completes the proof.

Remark 1. Theorem 7 makes clear that we can characterize Л-rings as follows: 
A ring R is a Л-ring if and only if the map Л-*-Л„ from the lattice of the ideals of 
R into the lattice of the ideals of R„, is a lattice-isomorphism. In particular it follows 
that if R is a nontrivial simple ring, then so is R„.

R emark 2. Let us define a class Г of rings such that R is а Г-ring if and only 
if for each ideal A of R the following holds: A = (R(AR)). The class Г is a radical 
class and moreover, Theorem 7 remains true if we replace the class Л by the 
class Г. Hence Л=Г. This yields the following equivalence for each ring R: 
A=((RA)R) for each ideal A of R if and only if A =(R(AR)) for each ideal A of R. 
In the associative case this is trivial, but in the nonassociative case it seems to be 
nontrivial.

Theorem 8. For each ring R and for each natural number n (n>  1) the following 
holds: Л (Rn) = (AR)n.

Proof. Let В and s i  denote the Л-radical of R and Rn respectively. Then we 
must prove that s i= B n. Since В is in Л, Bn is in Л by Theorem 7. Therefore B„ is 
a Л-ideal of R„. Hence B„ Q s i . So it remains to prove that s i  ЯЕВ„. Since s i  is a 
Л-ring, s i  is idempotent. Therefore we have

s i  = (s is i)s i  g  (Rns i)R n g  ((Rnsi)R n).
The inverse inclusion is trivial. So we have s i=  ((R„si)R„). By Theorem 6(y) this 
implies that s i —A„ for some ideal A of R. Now A„ is in Л, hence A is Л by Theorem
7. Thus follows A ^ B ,  which implies s i= A „ ^B n. This proves the theorem. The 
above proof makes clear that in fact we can state

Corollary. Let a be a radical class satisfying the following two conditions:
(1) each о-ring is idempotent;
(2) R is a о-ring о  Rn is a a-ring, for each и>1.

Then for each ring R and for each и>1 the following holds: <j(Rn) = (oR)n.

7. Matrices over Л,- and Ar -rings

In this section we show that the class Л, is closed under taking matrixings and 
conversely if a matrixring over a ring R is in Л,, then R itself is in Лг.

Furthermore we characterize the rings in the class At by means of the structure 
of the left ideals in matrixrings over such rings.
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Before doing so we need to remark that each left ideal 3  in the matrixring Rn 
(n=-l) over an arbitrary (not necessarily associative) ring R is a subdirect sum of 
the projections n ( j ) 3 ( j in ) .  In general the left ideals n ( j ) 3  are not elementary 
as the following example shows.

Example 4. Let R be the ring of the even rational integers. Then the set 3? of 
all matrices of the form

, with x, у  iR ,

is a left ideal of R2. The projection n ( \)3  = 3  is not elementary.
Theorem 9. For each ring R and for each natural number n (n>l) the following 

three statements are equivalent:
(1) R is a A l-ring;
(2) R„ is a Ä t -ring;
(3) each left ideal of Rn is a subdirect sum o f elementary left ideals.
Proof. We shall prove the theorem by proving successively the implications

(1)=>(2), (2)=>-(3) and (3) =>(1). Before doing so we note that the identity R„L(j) = 
= (RL)(j) holds for each left ideal L  of an arbitrary ring R and for each j k n. The 
inclusion RnL ( j) ^ ( R L ) ( j )  is trivial. To get the inverse inclusion we note that the 
left ideal (R L )(j)  is generated by the subsets RLEkj ( k in). Since RLEkj=REkk• 
LEkj, we have RLEkjQR„L(j) for each k in . Hence (RL)(j) Q RnL(j).

(l)=>-(2): Suppose R is a /1,-ring and 3 ’ is a left ideal of R„. Then we have to 
prove that 3 = R n3 .  Because 3? is a left ideal it suffices to prove that 3  ̂  R „3. 
This will be done by induction to the number of nonzero projections n ( j)3  of 3 .  
Let us call this number 5 (3 ). Thus

0 (3 )  = \{ j in \n ( j ) 3  *  0}|.
If ö(3)=0, then clearly jS?=0, hence 3 = R n3 .  If S (3 )= l,  then 3  = n ( j ) 3  for 
somej£n. Using that R is in Л, we may write then:

n ( j ) 3  = 3 Q 2  l pJe pj = 2  RLP]Epj i  2  ( 2
P P P Q

By Theorem 5 (a) we also have the inverse inclusion. Therefore, putting L = 2  RLqj, 
we find 3  = 2  LEpJ= L (j). Hence Rn3 = R nL ( j)  = (R L )(j)= L (j) = 3 .

p
Let us assume now that ő (3 )= k> 0 , and for each left ideal jV of R„ with 

S(jV)<k it is true that Jf= R„Jf. Since k > 0, there must exist a column-number 
j i n  such that n ( j ) 3 A 0. The subset 3 1= {A i3 \n ( j)A = 0 }  of 3 ,  consisting of all 
matrices belonging to 3  with zero j -th column, is a left ideal of R„, and clearly 
ő (3 j)< ö (3 )= k . Applying our assumption on З г we find 3 1=Rn3 i , hence 
3 fj= R n3 .  Now suppose that A i 3 .  Then n ( j ) A i n ( j ) 3 .  Since n ( j)3 A 0 ,  we 
have ö (n ( j)3 )= l.  Thus follows n ( j ) 3  = R „ n (j)3 . Hence n (j)A iR „ n (j)3 . So 
we may write:

7Г ( j)A  = РгХг + ...+ P jr ,,
for certain matrices Pr and Xr taken from R„ and n ( j ) 3  respectively. Since Xr 
( lS rS i)  is in n ( j ) 3 ,  there must be a matrix Yr in 3  such that n (j)Y r=Xr, for

(2x 0
( y  0.
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each r. Now consider the matrix:

А  =  л - ( з д + . . . + № .

Clearly A^dP. Moreover

n ( j)A i  = n ( j)A - (P 1n (j)Y 1 + ...+ P sn (j)Y s) =

= n ( j )A - (P 1X1+ ...+ P sXs) = 0,

hence A1^^f’1, so it follows that A ^ R ^ P .  Now A = A 1+(P1Y1 + ... +PSYS) implies 
A£Rn£P, because Ai is in R,f£ and PrYr is in R„£P for each r. Because the matrix 
A is arbitrary in £P this proves that i f  Q R„d£. Hence Rn is in A,.

(2) =>-(3): If Rn is in Л, and i f  is a left ideal of Rn, then d£=Rnif . Therefore 
the implication (2)=>(3) is an immediate consequence of Theorem 6(a).

(3) =>(1): If each left ideal of Rn is a subdirect sum of elementary left ideals, 
let L  be a left ideal of R. Because RL  is a left ideal of R it is easy to verify that the 
subset i f  of R„ consisting of all matrices with entries running through L and RL 
as indicated in the diagram, is a left ideal of Rn.

RL 0 . . O'
L 0. . 0

. L 0. • 0,

Clearly if= 7 i(1)if .  By our assumption this implies that the left ideal i f  is elemen
tary. Hence L —RL, which proves that R is in Л,. This completes the proof.

Theorem 10. For each ring R and for each natural number n (и >  1) the following 
holds: Л,(Д„) = (Л,Л)„.

Proof. This is a consequence of Theorem 9 and the corollary of Theorem 8, 
for each Лг-rmg is idempotent.

Remark 1. It is clear that by considering matrices over Л, -rings, we can get left- 
right analogues of the last two theorems.
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ON THE GAUSS TYPE QUADRATURE WITH 
PARAMETRIC WEIGHT FUNCTION

By
J. MIKLOSKO (Bratislava)

If the function W(k, x) is nonnegative, measurable and not identically equal
b

to zero for x€[a, b] and к^[кг,к^\ whereby the moments Wm(k)= J  xmW(k, x)dx
a

exist for arbitrary nonnegative integer m, then the quadrature formula of Gauss type 
with weight function W(k, x) exists, i.e.

( 1) /  f(x)W (k,x)dx  =  2 A in(k)f(xin(k)) + R„,k( f)

holds, where R„k(xJ)= 0 for /=0, 1, 2л —1. The knots {x;„(&)}, the correspond
ing coefficients {Ain(k)} and the remainder R„tk( f)  in (1) in this case also depend 
on the parameter k. This paper makes an inquiry into this dependency.

П
It is known that with a fixed k, m jk , x) = JJ (x—xin(k)) will be an orthogonal

i=1
polynomial with weight W(k, x) on [a,b]. Let us further have xin(k)< xi+l n{k) 
for / =  1, 2, ..., n — 1. About x;„(к) and Ain(k) we have

T heorem 1. Let W(k, x) be a positive and continuous function on [a, b\ for кг-
i t

b ,дЩ к,х)

dW(k x)- k ^ k 2 and let on these intervals the partial derivative -------—- exist and be
dk

dk -dx for m = 0, 1 , 2л—1 convergecontinuous whereby the integrals J  x"
a

uniformly on each interval k 'S k ^ k "  lying inside (kk, k 2). Then for the i-th (i fixed) 
knot x in(k) and the coefficients Ain (k) o f(  1), we have

a) sign x-„(k) =  sign Ffi\k),

b) sign A'„(k) = sign Fffi(k), 
where

F ? \k) = f  L?(k, x)(x -  x in(k)) ()W{̂  X) dx, Fffi(k) = 2Ff>(k)Ff\k) + F?\k),

F!24k) = f  LHk, x) dWf ^ x ) dx, FP>(k)
j=i X jn(k)-x in(k)
j*i
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and

Ц(к, x) ______ a>n(k,x)______
( x - x in(k))a/n(k, x in(k))'

i.e. on intervals where presumptions given by the following table are simultaneously 
satisfied, xin(k) and Ain(k), respectively, are increasing or decreasing functions of 
the parameter k.

Assumptions: Statements:

sign F fif ik ) sign jF/2)(A) sign F i3>(k) sign x'ifik) sign^;„(A)

+ + + + +

+ — - + -

— + - — +

— - + — —

Remark. About the knots x in(k), A. A. Markov proved in [1] the following 
statement: If the assumptions of Theorem 1 are fulfilled and if F(k,x)=  

dW(k x)—---- \  '  W~1(k ,x)  is an increasing function of x  on [a, b], then xin(k) (with
o k

fixed i) is an increasing function of the parameter k. Theorem 1 generalizes this 
statement, paying attention also to the coefficients Atfik).

Proof. It is proved in [1] that under the given conditions the coefficients of 
the polynomial to fik , x), the knots x in(k) and coefficients Ain(k) have continuous 
derivatives with respect to к  in [k1, k^\ and that Wm(k), m=0, 1, ..., 2n—l may 
also be differentiated with respect to k.

Let f(x) in (1) be a polynomial of degree In — 1. After differentiating (1) with 
respect to A: at a fixed n we obtain [1]

(2) /  f ( x ) dW^ x ) dx = J  [ A (k)f(xin (к)) +  Л in (к) Щ А  х 'ш {k)

If f(x)= Lf(k, x)(x-x;„(k)) then f { x in(k))= 0 for i= \ ,2 , . . . ,n

and

and thus we get from (2)

(3)
from which a) follows.

df(xjn(k)) f 0, j  i
дх  11, j  = i

х'ш (k) = А ы{к)
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If we consider the quadrature (1) for / ( x) = Ц(к, x) then

f 0, j  ^  i 
/(*>»» = { , ,  j - i

and df(xmj.k)) _  _ 2 F[3)(k). After substituting in (2) we have

(4) FP(k) = A'in(k )-2 A in(k)x'in{k)F ffk).

If we substitute (3) in (4) we obtain

(5) A[n(k) = 2 FV(k)Fl3\k)+FW (k) 

from which b) follows.
Remark. Our considerations might involve also the zero points of the functions 

F[j> (k), j=  1, 2, 3, 4 whereby we would get information also about the extremal 
xin(k) and Ain(k).

From Theorem 1 there follow several corollaries.

Corollary 1. Let  ̂ a nonnegative (nonpositive) function not identi-dk
cally equal to zero for x£ [a, b\ and k£ [kx, кг]. 

I f  yin(,k)Í[a, b] where y in(k) =  xin(k)~-
1 then A in(k) is an increasing2 F[3\k )

(decreasing) function of the parameter к for к  € [kx, A:2].
Proof. Substituting the corresponding formulae in the right side of (5) we get

(6) A'in(k) = f  Ц(к, x)pin(k, x) dW^j) X) dx
a

where pin(k, x) =  l+ 2 (x —xin(k)) F{3) (k) is a linear function of x. If pin(k ,x ) does
not change sign for x£[a, b] i.e. if yin (k) $ [a, b] then on [a, b] pin (k, x)>0, because
pin(k, xin(к)) =  1. Our statement follows now from (6).

T , e , dcon(k ,x ) , d2con(k,x) „Let us further denote ----- K------ =  mn(k, x \ x) and ----- — - = con(k, x)M .dx

Remarks. 1) It can be shown that F[3)(k) = — Xm holds. After2(0n{k, x in(k))(x)
substituting in (6) we get

A 'in (/c ) = I  H fk , x) m k ’ X)(7)

where
dk ■ dx

H fk , x) = Ц  (k, x) 1 / _  / ; \\ (к, xin (к)) (x)
1 XinW) co'n(k ,xin(k))M

is the fundamental polynomial of degree 2л —1 of the Hermite’s first order inter
polation pertaining to knot xin(k). Equality (7) might be thus obtained directly
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from (2) by substituting for f{x) = Hi(k, x). Along with the application of the Gauss— 
Jacobi quadrature this is done in [2].

2) The value Т/3) (к) may be obtained also in another way. If the system of 
orthogonal polynomials x)} satisfies the homogeneous linear differential
equation of the form

A„(k, x)co"(k, x)(x) + B„(k, x)co'n(k, x \ x) + Cn(k, x)co„(k, x) = 0

then for x = x in(k) if A„(k, x in(k))^0 , we get

and thus

v>n(k, x in(k))(x) = Bn(k, x in(k))
co'n(k, x in(k))M А „(к, x in(k))

F(3)(k) = Bn(k, x in(k))
2An(k, x in{k))’

By integrating (3) and (5), we get
к к

хы(к) =  xin(kfí)+ f  F Y W A rY W d k , A in(k) =  Ain(kn)+  f  F[*\k)dk 
*0 0̂

resp. Another relation for Ain(k) is formulated by
Corollary 2. I f  the functions F[2)(k) and

р,5)/м  _  x'i„(k)a>"(k, x in(k))lx)
‘ ( > ~  o'n( k ,x in(k))M 

are continuous on к] then

(8) A in{k) = \eo'n(k, x in{k))(x)\ [4in(k0) +  f  \(o'n(k, xir,(k))(x)\F!2>(k) dk] .

Proof. I f  (4) is considered as a linear differential equation 

A'in(/c) + FYHk)Ain(k) = FfHk) 

o f  the first order, then its solution is

Ain(k) =  exp (—JF [6)(k)dk] [J* exp ( f  Fj5'(k)dk} F/2)(k)dk + c]

from which we get (8) under the initial conditions Ai„(k)k=ko= A in(k0).
Corollary 3. I f  for k f f k 1, fc2] F}2) (k) >  0 holds then

(9) А(п{к‘1) tofk-,, (A'o))(x) > Ain(kY\(ü„(kk, Xi„(kf))(x)\.

Proof. Because Fi2) (k) > 0 on [Ärl5 &2] we obtain by integrating (4)

/ i f *  =- -  / > w < *кг ftj
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and thus
[In Аы(к)]кк[ >  [In \co'„(k, х,„(£))ы |]^

from which we get, after rearrangement (9).
It is obvious that if F[2)(k)< 0 on [kx, &2], then (9) holds with the reverse sign of 

inequality.
Theorem 1 allows to compare the knots and coefficients of two Gauss type 

quadratures with various weight functions.
Let us have two Gauss type quadratures on [a, b], with weights W(x) and 

w(x), knots х/и) and xfn), coefficients Afn) and Äfn), resp. Let us now set up the 
weight function W (k,x), к ^ к ш к 2, such that for кг< к2, W(kx, x) =  w(x) and 
W(k2,x)= W (x) i.e. o)„(kx, x) and con(k2,x)  will be orthogonal polynomials with 
weight functions w(x) and W(x) on [a, b] with knots xi„(k1)=xln) and xin (k2)= 
=x[”\  resp. Then

(10) W(k, x) =  1 7" [(*— &i)Щ*) + ( * 2  — &) w(x)].k 2
In this case

W )  =  i r - V  /  LK k ,x ) { x -x in{k))(W (x)-w{x))dx
К2 ~ К г £

and thus considering the orthogonality of the polynomials {a>„(k, x)} with the res
pective weights to each polynomial of degree less than n we obtain

1 *
F ? \k 1) = - j— j-  f  L2(k1, x)(x — x/n)) W(x) dx k2 — kx J

and
1 b

Ti(1)(k2) =  f  Ц  (k2, x) (x -  x\n)) w (x) dx.k\ — k2 ~

If we find klt к2 such that for kg [кл , k 2], F/1;(k) will be of constant sign, then
х/п) < xfn> if F/4(^i) >  0 and xfn) >  xfn) if T/1,(k1) <  0.

R emark . It follows from Mark o v’s theorem [1] that if for the weight (10) in 
which w(x) and W(x) are from C[a, b\ we have for x€ [a, b]

dF(k, x) 
dx

W(x) — w(x)
(k -  k x) W(x) + {k2—k)w  (x).

i.e. if IF(x)
w(x) 0 then x'in(k) >  0 i.e. x,<»). [■(») /'= 1, 2 ,... n.

To compare the quadrature coefficients we use_(7) and (9), respectively. If 
considering again W(k, x) from (10), then Ain(k2) = Afn) and Ain(k2) = A[n>. Find 
k 1,k 2 such that for k£[kx, kJ F ^(k)  will not change sign. If F ^(k^ )>  0 then 
Л/л) <  Afn), if F(A){kl) <  0 then Лi(п, >  A -"к Similarly if for k£ [kl5 k 2] we have 
F/2)(k) >  0 then we get from (9)

a>'„(k2, х!"> )<х)A!n> <  Af"> e>£(*i> x,(n))(x)
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Because

Fi2\ k )  = T — j ^  f  I f ( k,x)(W(x)-w(x))dx

this condition is satisfied e.g. if W(x) ^  w(x) for x€ [a, b].
For F[2) (к) <  0 the reverse inequalities hold everywhere.

R emark. Since the functions F[j) (k),j=  1, 2, 4 are in fact linear combinations 

of the moments J  dx, m = 0 ,1,..., 2n — 1 their values may be obtained
a

at a given к also by the interpolation quadrature with p  knots having weight function
rltF(/C’ x) jp js a j^ewton—Cotes type quadrature, then p=2n, if it is of Gauss 

ok
type, then p^n .

ь
Let us yet investigate the dependency of the integral Nn(k) = J  со2 (k, x) W(k, x) dx

a
from к at a fixed n. This integral normalizes the system {m„(k, x)}, because for 

_1 ь
Q„(k, x) = Nn 2 (k) <i>n (k, x), J  Ql(k, x)W(k, x)dx =  1 holds, and for f ( x )€С*"[а, b]

it is also in the remainder in (1) because then R n fc( / )  = N„(k) where
(2 n)\

a s  % ^ b .  We have
dW(k, x)

Theorem 2. I f  ----—- is a nonnegative (nonpositive) function not identically
zero for x€ [a, b] and к£[кг,к^\, then Nn(k) is an increasing (decreasing) function 
o f the parameter к  for k£[ki ,k 2].

Proof. If /(x ) in (1) is a polynomial of degree 2n with main coefficient 1, 
then R„<k(f)  = Nn(k). After differentiating (1) with respect to к we get

f  f  O')
dW(k, x) 

dk dx = 2 A-n(k ) f{ x in(к))+Ain(к) д/Ш к)) x-„(k) + K(k).

I f  f (x) = a>l(k, x) then f ( x ln(k)) =  = 0, i = 1 ,2 ,... n and thus

r 2n . d w ( k , x ) ,К  (к) =  J o)l(k, x) — ^  dx
a

from which the statement of the theorem follows^
Theorem 2 allows to compare the integrals N„ with N„, where N„ = Nn(k() =

b b

= J  ca2(kj, x)w(x)dx and N„ =  Nn(k2) = J  a>jj(&2, x) W(x)dx. For the weight (10)
a a
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we get

N'(k) =  —---- — f  0)1 (к, X )  (W(x) -  w (x)) dx.K2 — K1 £

Hence if e.g. W(x) s  w(x) (if(x) s  w(x)) for [a, b\ then Nn <  N„ (Nn >  Nn).
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A NOTE ON NOETHER LATTICES IN  
WHICH EACH ELEMENT IS PRIMARY

By
JOHNNY A. JOHNSON (Houston)

§ 1. Introduction

A generalized primary ring is a commutative ring with identity which satisfies 
the condition that every ideal is primary. This concept was introduced recently 
by M . Sa t y a n a r a y a n a  in [6]. In his paper he states the following theorem ([6], 
Theorem 4.5):
(1.1) Let R be a Noetherian domain with identity. Then R is generalized primary i f  
and only i f  R is a one dimensional local ring.

Since any field is a generalized primary ring with (Krull) dimension zero, the 
above theorem tacitly assumes that R is not a field.

In this paper we obtain a complete characterization of all generalized primary 
(commutative) Noetherian rings with identity as a corollary to a more general 
result (Corollary 2.4).

§ 2. The results

For terminology used in the remainder of this paper which is not defined here, 
the reader is directed to the references. Most of the basic concepts can be found 
in [1 ].

Let A be an arbitrary element of a Noether lattice L. Rad (A) is defined to 
be the join of all elements X  of L  for which there exists a natural number n such 
that X"SA . Clearly A s  Rad (A), and since L satisfies the ascending chain condition, 
for each element A of L there exists a natural number m such that (Rad (A))mSA . 
By a maximal element of L  we shall mean a maximal element different from the 
unit element of L.

The rank of a prime element P of a Noether lattice L is defined to be the Sup
remum of all integers n for which there exists a prime chain JP0 < P 1 < P 2<  ••• 
in L. The altitude of L is defined to be the supremum of the ranks of the prime ele
ments of L.

We will make use of the following result in the sequel.
Theorem 2.1. Let L be a Noether lattice. I f  every element o f L is primary, then

(2.1) L is a local Noether lattice, and
(2.2) the prime elements of L are linearly ordered.

Proof. Assume every element of L  is primary. Let A and В be arbitrary prime 
elements of L. Since A B sA A B , and A AB is primary by hypothesis, we have that 
either AS: A AB or that BnS A  A B, for some natural number n. Since A is prime,
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it follows that either А ШВ or B ^A , and thus the prime elements are linearly ordered 
which establishes (2.2). Since maximal elements in a Noether lattice are prime, it 
follows from (2.2) that L  has only one maximal element, and thus L is local which 
establishes (2 .1 ) and completes the proof.

We will require the following result in the proof of Theorem 2.3. The proof 
is straightforward and will be omitted.

L emma 2.2. Let L be a Noether lattice and let A be an element o f L. I f  Rad (A) 
is a maximal element o f L, then A is primary.

We can now establish the following theorem.

Theorem 2.3. Let L  be a Noether lattice. Then the following two statements are 
equivalent:
(2.3) Every element o f L  is primary.
(2.4) Either (a) L is local with altitude zero, or (b) L is local with altitude one and 
the null element of L is prime.

Proof. Assume every element of L  is primary. By Theorem 2.1, L  is a local 
Noether lattice. Since every element of L  is primary, L  is a unique normal decom
position lattice. Thus, by Lemma 3 of [4], L  is either a primary lattice or L  is a one 
dimensional lattice in which 0 is prime. Hence, (2.3) implies (2.4).

Assume now that (2.4) holds and let M  be the maximal element of L. Let A 
be an arbitrary element of L. If the altitude of L is zero, then Rad (A) = M, and thus 
A is primary by Lemma 2.2. Similarly, if the altitude of L  is one, 0 is prime, and A AO, 
then A is primary. If the altitude of L  is one, 0 is prime, and A —0, then A is prime 
and hence A is primary. Thus (2.3) is established, and the proof is complete.

An application of the above theorem to the ring case yields the following result.
Corollary 2.4. Let R be a (commutative) Noetherian ring with identity. Then 

the following two statements are equivalent:
(2.5) R is generalized primary,
(2.6) Either (a) R is (Zariski) primary, or (b) R is a one dimensional local domain.

Proof. The lattice of ideals L(R) of R is a Noether lattice [1]. Since R is Noet
herian it is easy to see that A is a primary element of L (R) if and only if A is a primary 
ideal of R. The proof is now completed by applying Theorem 2.3 to the Noether 
lattice L(R).

The following two concepts are closely related to the concepts of the weak union 
condition and the union condition on primes introduced in [2] and [3] by E. W. 
Johnson and J. P. Lediaev.

A Noether lattice L  is said to satisfy the strong union condition on elements 
if, given a collection {Px : a € S'} of primes of L  and an element A oiL  such that А ф Px, 
for each a in S, then there exists a principal element A of L  such that E a A and 
Е ф Р х, for each a in S.

A Noether lattice L  is said to satisfy the strong union condition on primes if, 
given a collection {Px : «65} of primes of L  and a prime element P of L  such that 
Рф Рх, for each a in S, then there exists a principal element E of L such that E a P 
and Е ф Р а, for each a in S'.
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Corollary 2.5. Let L be a Noether lattice. I f  every element o f L is primary, 
then the following four statements hold in L.
(2.7) L satisfies the strong union condition on elements.
(2.8) L satisfies the strong union condition on primes.
(2.9) For each prime element P o f L, there exists a principal element E o f L such 
that P=R ad (E).
(2.10) For each element A o f L, there exists a principal element E o f L such that 
Rad (A) = Rad (E).
Proof. It was shown in Theorem 3.1 of [5] that these four conditions are equiva
lent for any Noether lattice. Since (2.8) follows immediately from (2.4) of Theorem
2.3, the proof is complete.
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GROUPS WHOSE PROPER FACTORS ARE ABELIAN
By

A. H. BAARTMANS (Carbondale)

In [2] the author defines a Z-group as a group all of whose proper factors are 
abelian and he discusses Z-groups whose centre is nontrivial. In this paper, we discuss 
Z-groups whose centre is trivial and we give a structure theorem for solvable and 
supersolvable Z-groups.

Definition. We will call a finite non abelian group a Z-group if all its proper 
factors are abelian; a Z - p - group if G is also a y>-group.

We give a simple criterion for determining if a group is a Z-group. Let Z(G) 
denote the centre of G, and G' the derived group of G.

Theorem 1. Let G be a finite non abelian group. G is a Z-group if  and only i f  G' 
is the unique minimal normal subgroup of G.

Proof. Let G be a Z-group. Then G has a unique minimal normal subgroup. 
For if and N2 are minimal normal in G, then by hypothesis G/Nx and G/N2 are 
abelian, hence G/Nx C]N2 or G abelian. Since G is a finite non abelian group, G 
has a unique minimal normal subgroup N  and since G/N is abelian this unique 
minimal normal subgroup of G is G'.

Conversely, suppese that G' is the unique minimal normal subgroup of G. 
We distinguish between the case Z(G) is nontrivial and the case Z(G) is trivial.

Let Z(G) be nontrivial and suppose that G' is the unique minimal normal 
subgroup of G. Since every subgroup of Z(G) is normal in G, and G' is the unique 
minimal normal subgroup of G, we must have that Z(G) has a unique minimal 
subgroup. The structure theorem for finite abelian groups implies that Z(G) is a 
cyclic p-group for some prime p and that G' has order p. By Theorem 2 of [2], we 
have that G is a Z —p-group.

Let Z(G) be trivial and let G' be the unique minimal normal subgroup 
of G. If N  is a nontrivial normal subgroup of G, then [IV, G] — ([n, g]/n^N, g€G) is 
a normal subgroup of G. Since Z(G) = {1}, [TV, G] is nontrivial. The normality of 
N  and minimality of G1 imply G1 Q [A, G] Q /V or G/N is abelian and G is a Z-group.

We saw in Theorem 1 that in any Z-group G, the derived group G' is the unique 
minimal normal subgroup of G. We use this result to obtain the following:

Lemma. Let G be a Z-group with trivial centre. Then:
(i) G' is characteristically simple.

(ii) G' is a direct product o f conjugates o f a simple group H.
(iii) G is isomorphic to a primitive permutation group on the cosets of a non-normal 

maximal subgroup M  in G.
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Proof. If H  is a nontrivial characteristic subgroup of G', then H is a charac
teristic subgroup of G. Hence H  is surely normal in G. This contradicts the mini
mality of G' and G' is characteristically simple.

Let Я  be a minimal normal subgroup of G'. Let T=(H e\g€G). Then T  is a 
nontrivial normal subgroup of G and TQG'. Hence T=G'. Consequently, G/= i7 1X 
Х Я Х ...Х Я , with # f= Я». for some g fG .  Since every normal subgroup of Ht 
is a normal subgroup of G' and since the Ht are minimal normal in G', we must have 
that the Ht are simple.

Since G is not nilpotent, G has a non-normal maximal subgroup, say M. Now 
G/core M  is isomorphic to a primitive permutation group on the cosets of M  in G. 
If core MA-{ 1}, then G'Qcore М Я М  implies that M  is normal in G. Hence G 
is isomorphic to a primitive permutation group on the cosets of M  in G.

If G' is a direct product of conjugates of a simple abelian group H, then H  
is a cyclic group of order p, p  a prime, and G1 is an elementary abelian p-group. 
Furthermore, G is solvable. The above Lemma allows us to give a structure theorem 
for solvable Z-group with trivial centre.

Theorem 2. Let G be a solvable Z-group with trivial centre, then G is a Frobenius 
group with the following properties:

(i) G' is the unique minimal normal subgroup of G and G1 is an elementary abe
lian p-group o f order pd, p a prime.

(ii) G' is the Frobenius kernel o f G.
(iii) G' is the fitting subgroup o f G.
(iv) I f  M  is a non-normal maximal subgroup o f G, then M  is a Frobenius comp

lement.
(v) I f  M  is a non-normal maximal subgroup of G, then \M\ divides \G'\ — 1.

(vi) All non-normal maximal subgroups are conjugate and cyclic.

Proof. Let G be a solvable Z-group with trivial centre. Since G is not nilpotent, 
G has a non-normal maximal subgroup, say M. By the Lemma, G is isomorphic 
to a solvable primitive permutation group on the cosets of M. By [1, p. 159], we have 
that G=G'M, G' {\} and Cg(G')=G'. As a minimal normal subgroup of a 
solvable group, G1 is contained in the centre of the fitting subgroup of G. Since 
Cc(G')=G', we must have that G' is the fitting subgroup of G.

To show that G is a Frobenius group, it suffices to show that for all g£G/M, 
we have МС\Мв= {1}.

Let gdG /M  and suppose that МГ\Мв^ {  1}. Then there exists mf_M such 
that m9£M. Consequently, т ~гтя£М. This implies that п г лтд=[m, g] £ G1 П M = 
=  (1) or me=m. Since M  is abelian, we have that Ca{(mj)3 M  and CG((m ))3(g). 
Consequently, CG((m ))^M (g) = G or m£Z(G). This is a contradiction. Hence 

{1} for all g£G/M  and G is a Frobenius group with Frobenius comple
ment M.

From the structure of a Frobenius group (see [2]) we obtain (i), (ii), (iv) and (v).
Since the Frobenius complements are all conjugate and any maximal non

normal subgroup is a Frobenius complement, all maximal non-normal subgroups 
are conjugate. The Sylow subgroups of a Frobenius complement are cyclic for p >2 
and cyclic or generalized quarternion for p = 2. Since the Frobenius complements are 
abelian, we must have that they are cyclic.
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In [2], the author shows that Z - p -groups can be characterized in terms of 
Z - p -groups of rank 2. For solvable groups with trivial centre, we obtain:

Corollary. Let G be a solvable Z-group with trivial centre, then G is generated 
by 2  elements.

Proof. By Theorem 2, G=G'M  with G' an elementary abelian group and M  a 
cyclic group. Let a be any element of G\ a ^ \ .  Let b be a generator of the cyclic 
group M. Then (a, b) — G.

Solvable Z-groups with trivial centre need not be supersolvable, as the follow
ing example shows:

Example. Let G=A4, the alternating group on four letters. Then G' is the Klein 
four group and is the unique minimal normal subgroup of G. On the other hand, 
G is not supersolvable.

In case G is a supersolvable Z-group with trivial centre, we obtain:
Theorem 3. Let G be a finite group with trivial centre. Then the following are 

equivalent:
(a) G is a supersolvable Z-group.
(b) G' has prime order.
(c) All Sylow subgroups of G are cyclic and the Sylow subgroup corresponding 

to the largest prime has prime order and is self centralizing.
(d) G is generated by two elements a and b with defining relations ap= 1; bm= 1; 

b~1ab—ar ; rm= 1 mod p,p  a prime.
Proof. (a)=>(b) if G is a supersolvable Z-group, a minimal normal subgroup 

has prime order. Since G' is a minimal subgroup in a Z-group, G1 has prime order.
(b) =>(c) Let G1 have prime order, say p. Let M  be a self normalizing maximal 

subgroup of G. Then G—G’M  and G'C\M— {1}. Since CM(Gr) is centralized by 
M  as well as G', we have CM(G')^Z(G). By hypothesis Z(G)={1}, hence CM{G') = 
— {1}. Therefore M  is isomorphic to a subgroup of the automorphism group of a 
cyclic group of order p. Consequently, it is cyclic of order dividing p — I and (c) 
holds.

(c) ^-(d) A group having all Sylow subgroup cyclic is a Sylow—Tower group.
Consequently, the Sylow subgroup P corresponding to the largest prime is normal 
in G. Since P is selfcentralizing, we have that G/Cg(P) — G/P is cyclic. Consequently, 
G1^ ? .  Therefore Gl —P has order p. Furthermore, if M  is a self normalizing maxi
mal subgroup, then G =  G1M and G 'f)M ={l}. Let a£G'; 1; and let b be a ge
nerator of M, then a and b satisfy the defining relations given in (d).

(d) =>(a) A group C with the above defining relations has G1 —(a). If Я  is a 
normal subgroup of G and ЯПС 1 =  {1}, then [Я, G]={1} and H Q Z(G ), so Я={1}. 
Consequently, ЯПС'^{1}, and since [G1! =/?, we must have G1^ / / .  Therefore, 
G is a supersolvable Z-group.
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ON ANALYTIC FUNCTIONS WHIT GAPS. II
By

J. L. FRANK and J. K. SHAW (Blacksburg)

1. Introduction

Let /  be an entire function of finite exponential type т andlet A>0. The behaviour 
of zeros of the derivatives of /  under the constraint has been the subject of 
considerable investigation fl, 2]. Roughly speaking, a function /  of bounded exponen
tial type cannot have too many derivatives vanishing in a certain neighbourhood of 
the origin, unless /  reduces to a constant. The supremum of numbers X for which 
the conditions t<A, / (*)(z*)=0 and \zk\ ^ \  (k=0 ,1 ,2 ,...)  imply / = 0  is called 
the Whittaker constant [1]. Whittaker’s constant is usually denoted by W, and satis
fies 0.7259<IF<0.7378.

From results of M. D ragilev [4] and J. D. Buckholtz [3] it is known that the 
Whittaker constant appears in similar capacity in the corresponding problem for 
functions analytic in only a neighbourhood of 0. Dragilev proved that if /  has radius 
of convergence greater than W~k and if fM (zk)= 0  for some \zk\^ \j(k + \) , k — 
=0, 1,2, ..., then/= 0 .  Buckholtz proved that W is the sharp constant.

In the present paper, we determine the analogous sharp constant for functions 
/  analytic in a neighbourhood of 0  and satisfying the additional constraint that f
have gaps of length p, p a positive integer, in its Taylor series: f(z )=  akpzkp.

fc=о
Equivalently,/must satisfy /(J)(0)=0, for j^m p , m —0, 1, 2,....

H. S. W ilf [7] defines the constant Wp to be the supremum of numbers A>0
such that iff ( z )— ^  akpzkp is entire with exponential type z ( f)  less than X and each

k = 0
°f ... has a zero in |z |s l ,  then /= 0 . Wilf proved that Wp satisfies the asymp
totic formula Wp~p/e. In [5] these authors obtained an exact determination of 
Wp and improved the bounds in [7] to

(1.1) (p\l2)llp s  Wp s  (P\)1,p.
Our results here are contained in the following two theorems.

T heorem A. Suppose that f(z)=  £  akpzkp has radius of convergence c ( / ) >  I
k =о

and suppose there exists a sequence {zkp}k = 0 such that \zkp\= Wp/(kp+1) a n d f{kp> (zkp) = 
=0, & = 0, 1, 2 ,.... Then/= 0 .

While this result is new, it is a fairly straightforward extension of D ragilev’s 
theorem ([4]), with the same methods being applied. For notation and a treatment of 
the Dragilev theory, see §2 below and [6 ]. The details of the proof of Theorem A are 
left to the reader.
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For a function f  analytic in a neighbourhood of 0, let /•„(/) denote the smallest 
modulus of a zero of f (n)(z). In case some / (m) does not vanish, we take rm( /)  = °°.

T heorem B. Suppose that f(z) =  2  akpzkp has radius o f convergence c( f  ) >  1
*=о

and is not a polynomial. Then
(1.2) limsup(np + \)rnp{f) Wp.

П-*оо

Moreover, there exists a function F(z) = 2  Akpzkp, with c(F) = 1, such that equality
k = о

holds in (1 .2 ).
The estimate (1.2) is an easy consequence of Theorem A.
If £>0, the function F of Theorem В satisfies (np + l)rnp(F)< Wp + ̂ ,  for

g
all but finitely many n. Choose a number /•< 1 so that r(W p+z)>Wp+ —. For some
sufficiently large integer N  the function G(z)=F№ >(7-z) satisfies c(G )>l and (kp + 
+  l)rkp(G)< Wp+e, k —0, 1,2,.... Since G^O, it follows that the constant Wp is 
best possible in Theorem A.

2. Proof of Theorem В

Let p be a positive integer and {zj}JL0  a sequence of complex numbers such 
that Zj= 0 whenever j^ k p ,  k = 0, 1, 2, .... The Goncarov polynomial ([2]) of degree 
np, formed with respect to the sequence {zj, is found inductively by the formula

7 np n — 1 ~ n p - k p_  _______ ' y  z kp

(>tp) ! k=o (np—kp) !
and, as usual, G0(z) =  1. Let

Gnp(z , Zq, 0 , . . . ,  0 , zp, 0 , ..., 0 , 0 , ..., 0 ) —

Gkp(z-, z0, 0, ..., 0, zp, 0, ..., 0, z(*_1)p, 0, ..., 0),

(2 .2 )  ' tf„p =  max |G„P(0 ; £0, 0 , . . . , 0 , £P, 0 , ..., 0 , C(n-i)P, 0 , . . . ,  0 )|, 

where |Ctp| s i ,  0 s  к  <  n. In [5] we proved that
(2.3) wp = { sup m ';? } -1 -  {hm

1̂ П<оо ► со

and we characterized Wp as the sharp constant in the following expansion theorem: 
if f(z )  = 2  akPzkp is entire with т ( / )  -= Wp and {zkp}f=0 is a sequence of points

k =  0
in \z\ s i ,  then

(2.4) f(z) = 2 ß kp)(zkp)Gkp(z\ z0, 0, ..., 0, Zp, 0, ... ,  0, zik_1)p, 0, ... ,  0)
k = 0
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for all z. Together with (2.4), we will need the following properties of Goncarov 
polynomials in the sequel (see [2 ]):

(j„p(zo, Zq, 0 , . . . ,  Zp, 0 , ..., Z(n_i)p, 0 , ...) — 0 ,

Gnp(az; az0,0 , . . . , a z p,0 ,  . . . ,  az(n_1)p, 0 , . . . )  =

= a npGnp(z; z0, 0, . . . ,Zp,0,  . .. ,  z(n_1)p, 0, ...),

Gnp(z > zoi ••• ? Zp, 0 , ..., Z(n_!)p, 0 , ...) = 
n

=  2  (*np—kp(ß> %кр, 0 , 0 , . . . ,  Z(n_i)p, 0 , ...) / г \  I 5
fc = 0 \KP) •

Hnp — Нтр (п — т)р̂  0  ^  ТП = Л,
Gnp^{z\ zo5 0 , ..., Zp, 0 , ..., 2 (л-1)р? 0 , ...) = Gfip-kpfz, Z/ф, 0 , . . . , £(и-1 )р? 0 , ...),

(2.9) О ^ к ^ п .

Lemma 2.1. I f  f(z )  = Z  akpzkp is entire and z0, zp, . . . ,  z(ot_1)p яге complex
k = о

numbers, w/zere m w я positive integer, гйея
m — 1

/0 0  =  2  f (kp)(zkp)Gkv(z\ Z0, 0, . . . ,  Zp, 0, . . . ,  Z(fc_1)p, 0, ...) +
ч fc =  0

(2 .1 0 )
+  Z  / (kpJ(0)Gkp(z; z0, 0, ...,Zp, 0, . . . ,  z(m_!)p, 0 , . . . ,  0, ...).

k= m

oo —гор
Proof. Replace (zfcp) by ^  f(.mP+kP)(0) - - - - -  in the first sum on the

right, and interchange the order of summation. Using (2.1), the resulting expression 
reduces to (2 .1 0 ).

For the remainder of this paper, matters will be greatly simplified if we take 
p = 2. This we will do, leaving the case of longer gaps as an obvious generalization.

The following lemma yields information about the growth of the sequence of 
numbers defined by (2 .2 ).

Lemma 2.2. There exists an infinite set S ofpositive integers such that n £ S  implies 
Щп2п =£ H\'k2k, O ^ k ^ n .

Proof. Recall that W f1 = sup H\,2m. Suppose first that W2~1 = НЦ2т for 
some m. If j  is a positive integer, then (2.8) implies

ЩИГ s  {tf2 0 ._1)mtf2m}1/2j'm ^  {H2ij_2)mHimYl2im s ... == {HLYnjm = H\l2m =  w2- \
Therefore = W2 X, j  — 1, 2, 3, ... ,  and we may take S =

Suppose, on the other hand, that H lf"  <  W f1 for all n. Set Mn = max НЦгк.
Then {Mn} is nondecreasing, converges to W f1 (by (2.3)) and every term is less

(2.5)

(2.6)

(2.7)

(2.8)
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than W f1. Thus Mn+1> M„ for infinitely many n. For such n, тахНЦ?к>~ 
>  max НЦ2к, so that H 22" >  max НЦ2к. This completes the proof of the lemma.

0  ̂ k<n
We are now ready to construct the function F  of Theorem B. Consider the 

set S  of Lemma 2.2; for each n £ S  choose a configuration z0, 0, z2, 0, z4, 0, ..., 
..., z2 („_и, 0  such that |z2j-| = 1 , O SySn— 1 , and

^ 2 n 1^ 2n(0 , Zq, 0 , ^2 ? 0 , ^2 (n — 1) s 0 ) 1*
Set a„ = H\)2nW2 (note a„ s  1) and

p  ,  s _  G 2„(<x „ z ‘, z 0 , 0 , z2, 0 , ..., 0 )
G2„(0; z0, 0, z2, 0 ,.. . ,  z2 (n_D, 0) 

for n€ S. We have P„(0) =  1 and, by (2.7),
p  , 4 y ,<?2n- 2t( 0 ; ^2fc> 0 , ••• , Z2(n-1) , 0 ) *1к2гк

k=o C2n(0 ; z0, 0 , . . . ,  z2(n_1), 0 ) (2 Лг)!
Thus the modulus of the coefficient of z2k does not exceed H2n- 2к°-пк I (H2„(2ky). 
But since и€ S, H i12" ^  НЦ-м 2k\  so

2 n -2 kTT ---------_  1Л 2п-2Ь ^  и  2n _ и —k/n
=  2n —  1 1 2n

2 n

Also, alk = [ЩУ" W2]2k = НкУ Wf-. Therefore, the modulus of the coefficient of z2k 
does not exceed W2k/(2k)\. Hence Pn(z) is majorized by the function cosh (W2z). 
In particular, {P„}„€S is uniformly bounded on compact sets. Let {Pnj} be a subse
quence uniformly convergent on compact subsets to a function P(z). Then P(0)=1, 
p( 2 n+1 )(о)—o and |Р<2">(0)|ёЖ22п, n = 0, 1,2,.... For fixed k, (2.9) and (2.5) imply 
that each of P(2k)(z), n>k, has a zero on the circle |z |= a~ 1. Since lim a„=l, uni-

Tl-*-oo
form convergence of derivatives implies that each of P (2k'>(z) has a zero on |z| =  l. 
The conditions on the sequence PJ (0), 0 s /< ° ° , imply that t(P) = Wp. The expansion 
theorem (2.4) implies that r(P )=  W2.

Now let ß(z)=P(z/lT2). Then r(ß ) = l, ß(2"+1 )(0)=0, и=0, 1 ,2 ,.... and 
each of ß (2n)(z) has a zero on the circle \z\ = W2. Let m be a positive integer and 
choose complex numbers z0 ,z 2 ,z4, ... ,z 2(m_1) so that |z2j-| = 1 ^ 2  and 6 (2j)(z2j)=  
=  0, 0s/<tw . By (2.10)

1 - 0 ( 0 ) -  2  e (2k)(0 )G 2,( 0 ;  z0, 0, z2, 0 , . . . ,  z2(m_1}, 0, . . . ,  0).
k = m

By (2.1), (2.6) and (2.3),
|G2)t(0; z0, 0, z 2, 0 , . . . , z 2(m_ 1), 0, . . . ,  0)| =

m — 1 z ’2k -  2j

-  2  Vo,2J' o'.-m G 2j(0 ; z0, 0 , z2, 0, . . . , z 2(j_1), 0)y=o (2k — 2j)\
m — 1 U /2 k - 2 j

s  2
Wik-2, - _ ^ ^ (2^ _ 2 w )!s

A  { 2k - 2 j ) \  (2k-2m) l  Д  ( 2 k - 2 j ) \

cosh (Ж2).
— 2m m—1 pj/2m-2j

2
Wik~2m

(2k — 2m) ! (2m — 2j)\ (2k — 2m) !
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Hence
oo W2fc-2m со Ш2 к

1 ^  c o s h e r  2 m - cosh Iß<2m+2t)(0)i w r 

it follows that there exists a number ß, 0< /?< l, and a positive integer N0 such 
that
(2 .1 1 ) max {|ß<“ >(0 )|, |ß(2‘+2>(0 )|, ..., |ß(“ +*"o)(0 )|} s  ß
for all k.

Now let F(z) = 1 + 2 !  0 (2k)(0)z2k. Since t(Q) = 1, then c(F) = 1. We will
* = о

show that lim sup (2n + 1 )r2n(F) ^  W2. Define

p( 2»)
L ( z )

If Ы =

2 n + 1

(2 л)!
_  у  Q (2n + 2k) (0) (2я +  2^ )!

 ̂ j (2 «)! (2k) ! (2 n + l

2k

(n =  1, 2, 3,...).

r <  2 , then |ßW)(0 )| s  1 ( 7  =  0 , 1 , 2 ,...)  implies
(j  (2n + 2k)

l / » o o - e (2n)ooi
со /̂ (2n + 2fc)

Л  (2k) l (0)
-  r2k f (2n + 2k)\

~ Á  (2k) l [ (2n) ! (2 / 1  + 1 ) 2

(2 n)!(2 n +  l)

- k l £ i (2n+t,!

'----- 1 1 2щ <
1)2* 1 j Z I -

- }  =

Á {  2n j \2n +  1 J *é„A:! I 2 n + l

(2 n)! (2n + 1 )
— 2n— 1

- e 1- (n = l ,2 ,3 , . . . ) .

Therefore
(2. 12) Ш  = ß (2n>(z) + u(l)
on compact subsets of |z| < 2  (recall Жг< 2 ).

Suppose now that lim sup (2й +  1)г2в(Т,)>Ж 2. There exists an e> 0  and a 
sequence of integers {nm}™=1 such that
(2.13) (2nm + l)r2„ JF )> W 2 + E (m = 1 ,2 ,3 ,...)
and such that {ß<2"m)(z)}“ =1 converges uniformly on compact sets to an entire 
function g. Since each of ß (2"m)(z) has a zero on \z\—W2, uniform convergence im
plies that g has a zero on \z\ = W2. The condition (2.11) implies that g+0. By (2.12), - 
we know that f„m-+g and therefore by Hurwitz’s Theorem each of f„m has a zero

g
in \z \^W 2+ j ,  for m sufficiently large. But since

f«Áz)

jfT(2«m)
2nm+  1

(2nm)!
then (2.13) implies tha tf„m does not vanish in \z \^W 2+e. This contradiction show 
that lim sup (2n+l)r2n(F )^  W2, and this completes the proof.
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ON DIRECT PRODUCTS OF SOME 
BURNSIDE GROUPS

By
J. PtO N K A  (Wroclaw)

Given an integer m S l we denote by Gm the class of groups ( 6  = (G; •, 1) satis
fying the identity xm= l  called Burnside groups. If Kx and K2 are two equational 
classes of the same type, we denote by KxXK2 the class of all products 21X® where 
SUKj, 23£K2. We shall prove that if qx and q2 are two relatively prime integers 
then G =G 9lXGis is an equational class of groups described by two identities:
( 1 )  X «1'«* =  1

(2 ) (xy)niqi = x" 1 ' « 1 • y"iqi 
where nL is the smallest integer such that nxqx= l  (mod q2).

§1

Lemma. I f  © =  (G; •, 1) is a group satisfying (1) and (2) then the following equa
tions hold identically in (5:
(3) (X‘ =  x" 2 ®2 -у" 2 ®2

(here n2 is the smallest integer such that n2-q2 = l (mod qf)

(4) x"> qiy"nq 2 =  у 2 « 2 . x" 1 ®1

(5) (x • y)"iqi(uv)"2 q‘ = x"i ®i wH2 qzy"i qi v"2 ®2.
Proof. Observe first that:

(6 ) nxqx + n2q2 = 1 (mod qx • q2)

In fact nxqx—l —k -q 2, n2q2—l= l~q1 for some к and /. Hence (nxqx — l)(n2q2—\) = 
= k • l • qxq2 and nxqx+n2q2— 1 =  —k • l • qxq2+nxn2qxq2 thus (6 ) holds. Hence

(yx)"i? l+Wz-1 =  = 1 ,
and by (2 ) we have:

уП1̂1 ХП1 ®1 (yx) f' 2 ̂ 2 — 1 — y nl1l + n2q2~l.

Multiplying the last identity on the left by y~"iqi we get

Xnl?l(j’x)n2 ?2 - 1  =  y n2q2~1,
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Hence
X”l*l (yx)™2 ? 2  — 1 = ^ l9 l + "2 «2 - 1 y ,2 «2 - 1.

Multiplying this identity on the left by x~"i9i we get
(jgx)"2 9 2 _ 1  = Xn2q2~1yn2q 2 -1.

Multiplying the last identity on the left by x and on the right by у  we get (3).
To prove (4) observe that, by (6 ) (ух)"iqi+n2 q 2 = yx. By (2) and (3) we have

y ni 1 l Xni qi y n2 q2 X n2 =  y x .

Multiplying the last equality on the left by y~"iqi and on the right by x~n'2q'2 we get

X"iqiyn2q2 = y~nl4l + 1X~n2q2 + 1.

Hence in view of (6 ) we get (4). (5) follows from (2), (3) and (4).
Theorem. I f  qx and q2 are two relatively prime integers then G = G9lXG9! is an 

equational class o f groups described by two identities: xqiq'2 == 1  and (xy)"iqi=xniqiyniq 1 
where nx is the smallest integer such that nxqx = 1 (mod q2).

Proof. Obviously, any product ©1 X © 2 where ©x€Gei, ©2 6 G?2 satisfies (1) 
and (2). Thus G ^ X G ^ iG .

Let © =  (G; •, 1)6 G. Put xoy = x"i?iy"2?2. By (6 ) we have
(7) xox  =  x.

Observe that nxqxn2q2=§ (mod qx ■ q2). Further, because n1ql = 1 (mod q2), we 
get n1q1—l= rq 2 for some r. Multiplying the last formula by nxqx we obtain 
n{ ■ q\—nx • qx=nx ■ r- qx-q, what means njqf =  mx ■ qx (mod qx • q2). Analogously 
n\ • q\ = n2q2 (mod qxq2). Thus using (2) and (3) we have

x o ( y o z )  =  x "1 ?1 • ( y " l • z"2®2)n2®2 =  x"l®l • y nl ql n2q2 . 2и1в1 — — x o z

and
|(XOy)oZ =  (x"l®>* y " 2 q2 )" lql Z n2q2 =  X n2lqi y " l qi" * q2Z"tq2 =  x"l ̂ iz"2®2 =  xoz.

Hence x o y  satisfies

(8) x o (y o z ) =  (x o y )o z  =  xoz.

Define two relations Rt (/ =  1, 2) in © by the formula
axRia2 <=> axca2 = at (i =  1 , 2 ).

Reflexivity and transitivity of Rt follows from (7) and (8). If axoa2 = ax then mul
tiplying this equality on the left by a2 and using (7) and (8) we get a2oax=a2. Hence, 
Rx is symmetrical and analogously R2 is symmetrical. By (5) Rt are congruences in 
©. Obviously, Т?1 ПТ? 2  =  г, where i is the identity. Further for any ax and a2£G we 
have axRxa2oax and a2oaxR2a2. Thus the product Rx ■ R2 = GXG. Hence © is iso
morphic to ((5/RxX(b/R2). Since for any x£G we have 1 Rxx41 and xq2R.>\ we get 
® /^ 6 Gfc, ®/R2eG„, q.e.d.
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Remark. If we want G4l to be abelian we must modify the Theorem by adding 
to (1 ) and (2 ) the identity:
(9) (Ay)"19l (ух) ” 2 чг — x-y.
In fact, if G4l is abelian then the identity (9) holds in G4 lXG42. Conversely, if we have 
the identity (9) in © then x - y R ^ - x  and (5/Rl is abelian.

Problem. Does G4l X G42 form an equational class even if qi and q2 are not 
relatively prime?

( Received January 12, 1973)

WROCLAV 14
UL. SU D ECK A  113/9
POLAND
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MAXIMAL ASYMMETRY OF GRAPHS*
By

J. SPENCER (Cambridge)

§ 1. Introduction and statement of main results

N otation. If G is a graph, V(G)=vertex set, G= edge set. Sx= { v: {x, y}0G}, 
defined for x£V(G). AAB=(AUB) — (А П i?)=symmetric difference of A, B. |A| = 
=  number of elements in X. If a is a permutation, q(a)=\{i: a(i)Xi}\-

A graph G is called symmetric if there is a permutation a A l  on V(G) so that 
o(G) = G (identifying a with the induced permutation on edges). Define

(1 ) Ba(G) = \GAa(G)\

(2 ) B(G) =  min Ba(G)<7 5̂1
(3) B(ri) = max B(G).\V(G)\=n
B(G) is called the asymmetry of G. A slightly different notion of asymmetry is con
sidered in [1]. See §4 for a comparison of the two notions.

In this paper we shall bound B(n). We show that to determine В (n) we need 
look „essentially” only at those a =(//). Note that it is not true for any particular 
G that B(G) may be approximated by looking only at a = (ij); there are G with 
„global” symmetries.

D efinition.
(4) r(G) = min \SXA S -  {x, y}\хфу

x ,y £  V(G)

(5) v(n) =  max v(G).
\V(G)\ = n

In [1] it is shown that а(и)^я/2. If a = (xy) then
GA<r(G)={{i, z}:i= x,y , zeS xA S',- { * ,y}}.

Thus B(G)^2v(G), so B(n)^2v(n). Our main result is 
Theorem 1. 2v(n) — 0(Y)=B(n)^2v(ri).
We shall, instead, prove
Theorem 2. I f  n is sufficiently large and v(n)=0A9n then 2v(n) — 400^B(n).
We shall show in §3 that t>(n)s0.49n for n sufficiently large. The „sufficiently 

large” is absorbed in the 0(1) of Theorem 1. Thus Theorem 2 shall imply Theorem 1.

* Supported in part by U.S. Office of Naval Research contract #  N00014-67-A-0204-0063.
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§ 2. Proof of Theorem 2

Fix G, v(G)=v(n)^0.49n. We shall see that Ba(G)^2v(n) if q(a) is small but 
we need worry about „global” a. To this end, we shall alter G by a small random 
graph, throwing off the global near symmetries a. Let 3F be the set of 1-factors on
V(G). (A 1 -factor is a set of |  n ^  * J  disjoint edges on F(G), not necessarily in G.)
Let Fx, ...,F 1 0 0 be independently randomly chosen from Let F = F XU ... UF100. 
Set H =  GAF. We shall show
(6 ) Prob [5(H) <  2п(и)—400] <  1.

This will imply there exists a specific H, 5 (# )ё 2 г (« )—400, proving Theorem 2. 
Define
(7) Pa = Prob [Ba (H) < 2v(n) -  400].
Note
(8 ) BA  H) = |(GA<7(G))A(FA<r(F))|.

Since Prob [5(H) <  2v(n) — 400] ^  JS1 pa it suffices to prove
(7̂ 1

(9) 2 P . < 1(T l̂
to imply (6 ) and thus our Theorems. We split the summation of (9) into cases de
pending on q=q{a).

Case I: q=2. This is the only case where the —400 of (7) is needed. We know 
G A  <r(G) consists of at least 2v(n) edges of the form [x, z} and {y, zj. For any value 
F of F there are at most 400 edges of that form in F A a (F), so

Ba (H) S  |(G A a (G)) -  (FA a (F)) | i= 2v (и) -  400
for all H ; hence Pa= 0.

Case II: 3^#^0.48n. We shall again show Pa = 0. Let A = {i: a(i)A i}. For
x  ̂

IÄ  A  SaM) П A‘\ =  \SX A  Se(x)I + \A‘\ -  |(SX A  SaM) U A'\ ^
:= v(ri) — 2 + n — q — n ё  v(n) — (q + 2 ).

If and z ^ S jA S ,;!))! !^  then <r({x, z}) = (<r(x), z} so {<r(x), z}íGAff(G).
For each x£A  there are at least v(n) — (q+2) such edges so \Gka(G)\^q[v(n) — 
— (#+2)], all such edges containing at least one point from A. For any value F of 
F there are at most 200# edges in F A <r(F) containing a point of A so

5<r(tf) ё  |(GAcr(G))-(FA<r(F))| a  #[ü (« )-(#  + 2)-200] ё  2v(n)

for all H; hence Pa= 0.
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Case III: 0.48n<q. Here we may not show P„ = 0, as G may have „global” 
symmetries, we show instead that

(1 1 ) Pa -= л!-1.
(12) Pa =  Prob [Ba (H) < 2v («) -  400] = 2  Prob [F A <7 (F) = 5]

s
where the summation runs over all S,

(13) |GAff(G)A S\ <  2о(л)-400 
(using (8 )). There are

2ii(n)—400
2

/ = 0

such S (using (6 )). The above approximation, and the ones we shall use later, may 
appear exceedingly coarse, but they shall suffice for our purposes. We have
(14) P„ ^  и2" max Prob [F A <r(F) = S].

We now fix S' and give an upper bound to Prob [F A<r(F) =  S], We are guided 
by the following intuitive argument. Think of F as a random set of 50« edges and 
F A a (F) as a random set of 100« edges. Here it is critical that q{a) be large as otherwise 
F and c(F) would „cancel” . If all possible sets of 100« edges were equally possible 
as F A er(F) then for any particular S, |S| =  100«,

Prob [F A <r(F) = S] =

- l

_  и - ( 2 0 0  + о(1 ))п

It would suffice to show Prob[FA cr(F) =  S]Sn_CT where c>3 so there is 
plenty of „room” when we give our (unfortunately lengthy) precise argument. 

We note

(15) Prob [F A <r(F) — S] = |{(/71, . . . ,  F100) : FA cr(F) =  S}|
| { ( i i , . . . ,  F100)}|

where F1}...,  F100€ ^  F =  FXU ... UF1 0o. It is easy to see that
\!F\ — (л—1 )(и —3)(« —5) ...=  n"(i+°(i)).

(It shall turn out that n0("> factors can be ignored so that exceedingly coarse estimates 
will suffice.) Thus
(16) |{ (F i,...,F100)}| -  n"(50+o(1)).
We assume IS^lOO«, as otherwise FA <j {F) could not equal S. We set Ws =  |{(F1, ..., 
...,F 100: Fha(F)=S}\ for convenience. Set Wx={y: {x, y }£ S \. Then 2 \ W X\ = 
=2|S|==200«. Thus |{х:|Ж ,|ё10 4 } |^ 2 -10-2«. Let А Х= А П  {x: |ид=э104}. Then 
\ A x \ ^ q — 2* 10_2«^o,46«. (Here we have deleted the potentially „bad” points 
of A . )  Set A 2 = A 1 — a ~ 1 [ A — A 1].  Then

A2 g  Ax, a(A2) g  a C A J -lA -A J  Q A X, ^ Щ А ^ А - А ^  s  0.44«.
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Define an undirected graph a* on A2 by the edges {x, <r(x)}, x, a(x)£A2. Each 
point of A 2 will have degree at most 2 so a* decomposes into isolated points, paths,
and circuits. We find an independent set A3QA2, |A3| ^ y  \A2\. (The worst case being
if a* is the union of triangles.) So A 3 has the properties

(17) \A3\ S  у  \Л2\ Ш 0.14«, A3D a(A3) = 0 ,  A 3Ua(A3) Q A2U a(A2) g  A,.
Set
(18) A3 = {ci, . . . ,c k}, к ^ 0 Л 4 п , <t ( A 3)  = {alt ...,a k}, at =  <х(с().

We assume, at this point, that n is even. This is only a convenience, the case 
n odd being left to the reader. We wish to bound Ns from above. Assume Fh o(F) =  S. 
Let fj{x) be that у  such that {x, y}£Fj. For lSy'SlOO either f j ( a ^ W at
or {ai, / J(ai)}€irD 5 c so must be in o(F), so (a,)}) = {cl,a ~ 1(f](a, ) ) } 6

£F, for some l^ t^ lO O . Intuitively, in the first case a factor of n/\Wa.\ is lost in 
determining fj(a t) and in the second case one of the f  (q) is determined, again 
losing a factor of n in the number of (F1, ..., îoo). As this occurs 100/c ё  14n times, 
a factor of nlin will be lost.

To return to rigour, consider all matrices X= [xtj], l = i= k, lSy^lOO where 
either

or
(19) 1 == XiJ S  100.
(The c;£ V; is a technicality.) Let s2x be the set of (Fl t ..., Fw0) so that for 1 
l^yslO O

(a) If xtj€V„ f j  (fl;) = Xu
(b) If 1 S  Xu == 100, {cj, FXtj

and also (again the technicality) /) (а г) ^ с ;.
By our previous remarks, F h a (F )= S  implies (F1, ..., F100)ds/X for some X. 

Letting ax =  \л/х \

(2 0 ) Ns ^ Z * x -
x

There are at most 104 + 1 + 102 choices for each xtj so at most (10101)100,:ё и о(и) 
choices of X. Thus
(21) Ns ^  «»(") ад-
for some X, which we fix. We now bound ax . (Note how the seemingly enormous 
number of X  evaporates as we are dealing with functions of an even higher order 
of magnitude.)

All (Fl 5  ..., F100)Cstfx may be determined by the following procedure. For 
XjjGF(G), place {at, xtJ}^Fj. Put the ordered pairs (a, j), a£ V(G), l^J^lOO  in 
some order. Now run through this list deciding fj(a) whenever it has not already 
been decided. If lSXy^lOO then whenever/}(a,) is determined as, say, у this deter
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mines f XiJ(cj) as a~1(y). Conversely / Xu(c, ) = 2  forces/}(пг) =  сr(z). (If we were count
ing all (F1, ..., F100) the number of decision would equal the number of edges =  50«, 
each decision may be made in ^  и ways, so the number of (F1,..., F100) would 
be ^ n 50".) Look at the s edges involving ax, ak in all F} and ct in Fx where 
1 =Ху= 100. The value of s depends on the decisions on the edges (e.g.: some a’s

кcould be joined to other a’s) but — (100)^7« in any case. At most j/2 decisions are
made in determining these edges since if xtJ£ V(G),fj{at) is determined and the other 
edges are paired. (The technicality /}(я;) ^ с г is required as i f  xt] = j  and ст(аг)= сг, 
a (ct) =at then if f  (at) is determined as c; , placing {at, c;} £ Fj the edge forced would 
be {ct, a~1(ci)}—{ci, ai}£FXj. = FJ, the same edge. However, aside from this tech
nicality, each edge {a;, y}£Fj is paired with a dilferent {ct, z } fF t.) Now the remain
ing 50« — s edges require at most 50«—s decisions, yielding at most 50« —j/2s46.5« 
decisions. Since each decision is made in S n  ways

(2 2 ) ctx s  «16-5".

So by (21)
(23) Ns Ä „(46.5 + 0 (1))«

so that, using (15),

(24) Prob [FA n(F) = S]
so, by (14),

„(46.5 + 0(1))«
__________  _  (3.5 + 0(1))«
„(50 + 0(1))«

(25) pa ä  „-(1.5+ 0 (1))«

implying (11) and thus completing Case III. 
We now note

(26) 2  Pa =  2  P a + 2 P a + 2 P a  =5 0 +  0 +  « ! П~(1‘5 <  1
a * l  I II III

yielding (9) and thus our Theorems 1 and 2.

§ 3. The function v («)

Our first object is to show that u(n)s0.49« for n sufficiently large. We show 
the following stronger result.

Theorem 3. у — (1 + o(l)) ^«log« s  v(n) ^  _

Proof. The upper bound is given in [1]. Let G be a random graph on n points 
where Prob [{i,y}€G]=i and these probabilities are independent. Set Ту =  15) A S j— 
— {/,,/}| in G. Then Ту has binomial distribution B (n—2, f ) so, by using the appro
priate normal approximation

(27) Prob [T0. s  с] <  и“ 2
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if с =  — — (1 +e) /и  log/г

(28) Prob [»(G) Prob [Ту s  c] s

so there exists G, v (G) S c, proving Theorem 3. 
It shall be convenience to consider a function

(29) win) =  —rr-~ v(n )

and attempt to bound w{ri) from above. In [I], G is called а Д-graph if v(G) = 
= n 2  * j . It is shown that such G exists for n =  1 (mod 4), n = prime power.

Theorem 4. I f  s<n, v(n—i ) s » ( « ) —s.
Proof. Let G be a graph, \V(G)\=n, v(G) = v(n). Delete any s points from G 

yielding H. Then v{H)^v{G)—s so v(n—s)^v (H )S v (G )—s.
In terms of w

(30) w (n -s ) ^ w (n )  + s + ̂ —^—- —^ r — ^w(ri) + 4c
so
(31) w(m) = a(m)/2
where a(m)=min p —m: p=m, p prime power, p=  1 (mod 4). 

Conjecture. w(m)=0( 1).

§ 4. Another notion of asymmetry
Erdős and R ényi [1] defined the asymmetry A (G) of a graph G to be the minimal 

number of edges that need be added and/or deleted to make the graph symmetric. 
Formally
(32) 4(G) = min |D |: 3u4 l  <r(G A D) = GA ű
Since a(G A D) = o{G)t\a(D), if (32) holds, G Aff(G) = DAct(D) so JZ)| s  

s  — |G A<t(G)|. Hence

(33) A (G )* ± B {G ).
Set
(34) A(ri) =  min A(G).

Then

(35) 4(n) s  ±B(n) ss - l[2 » (ii)-0 (l)]  §= ~ { \  + o { \ ) ) V ^ g n
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as was shown in [1]. In [1] it is shown that

(36) А (и) и — 1
2  '

A proof of the conjecture in §3 would give А (и) within a constant additive factor.
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ON ASSOCIATIVE CURVES. I
By

H. K. N. TRIVEDI, S. C. RASTOGI and G. D. AWASTHI (Lucknow)

I. Introduction. With this paper we are initiating a new series of papers dealing 
with study of some new curves on the surface of reference S: х '= х‘(их) (i =  l, 2, 3; 
a = l ,  2 ) of a rectilinear congruence, a line of which through a point Р(х‘) is rep
resented by a vector A' which may be expressed as

where p* and q are parameters, X ‘ the components of unit normal to S  at P and 
x\x (= dx'/du*) may be considered to be the covariant derivative of x‘ with respect 
to ux based on the first fundamental tensor gxß(=x‘a-x‘ß) of S.

Let C: x‘=x‘(s) be a curve in S  through P. Let V‘ be the components of a 
unit vector depending linearly on A1' and dx‘/ds and orthogonal to dx'/ds. Then, 
if A* • dxi/ds= cos 0 , we have
(1.2) V‘ = e cosec 0 (A‘ — cos 0 dx’/ds),
where e is + 1  or — 1 according as 0 ( ^ 0 ) is acute or obtuse.

Throughout this paper we assume the following:
(1) Latin and Greek indices take values 1, 2, 3 and 1, 2 respectively and repe

tition of indices indicates the sum of terms over the range of repeated indices.
(2) The curves under consideration are not straight lines, i.e., they can not be 

geodesics and asymptotic lines simultaneously.
(3) All the functions are differentiable up to the required order.
(4) We follow the usual notations of E isenhart [1] except that we use exß, 

instead of sxß for [Va x\ß X'] and x)x Xx]ß. X ‘ instead of е}р*х[ах ^ Х к.
The following equations will find ample use in the text hence being given:

kn=dxßu'xu’ß is the normal curvature of S  along C, dashes having been used for 
differentiation, with respect to s ; and

( 1. 1) X‘ =  pax[x + qX',

(1.3)
daß being the second fundamental tensor of S,

(1.4)

(1.5)

( 1.6) d/j/ds = (ppxiz + VpX^u'11
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where
(l-7)a Pß = Pjß -  4dßl g
and
(1.7)b Vß =P*dxß + qtß

2. Definitions. D efinition 2.1. (ТА)-vector. Vector with contravariant com
ponents V' as given by (1.2) will be called ’’tangent associate vector” or TA-vector.

D efinition 2.2. (ТА)-plane. The plane formed by TA-vectors at some point P 
of the curve C and at a consecutive point will be known as TA-plane.

D efinition 2.3. (TTA)-curve. We shall call the curve C, (TTA)-curve if its 
tangent at P lies in the (TA)-plane.

D efinition 2.4. (PnTA)-curve. The curve C will be called (P„TA)-curve if at 
any point of the curve its principal normal lies in the (TA)-plane at that point.

D efinition 2.5. (BnTA)-curve. If the binormal to C lies in the (TA)-plane, C 
will be known as (i?nTA)-curve.

3. (TTA)-curve. By Definition 2.3 for this curve dx'jds, V‘ and V'+dV'/ds 
are coplanar. So we have

[dx'jds V‘ dV/ds] =  0,
which on solving with the use of (1.1), (1.2), (1.5) and (1.6) takes the form
(3.1) eaß u x {pß (vä и'й — k„ cos 0) + q (gß cos в —pl u'á)} =  0 .
This is a differential equation of second degree. Hence there are ° ° 2  such curves 
on S.

Denoting the term in curly bracket by Tß we can write (3.1) as
exßu'xTß = 0.

We shall call the vector with contravariant components Tß, T-curvature vector of C 
and its magnitude, say k T will be called T-curvature of C. Thus:

Theorem (3.1). A curve C is a (TTA)-curve i f  and only if its T-curvature vanishes, 
i.e., T-curvature vector is a null vector at each point o f C.

Since dxi/ds is perpendicular to V‘ and V‘ is orthogonal to dV‘/ds, we have
(3.2) dx'jds =  ejL ■ dV'jds,
where L is the magnitude of dV’jds and e is 1 or — 1 according as dx‘/ds and dV‘/ds 
are in the same or opposite directions.

Multiplying (3.2) by dx'jds we get
(3.3) L =  cosec в(р^и 'хи е + в' • sin 0),
where pxß = pyßgxy. Again multiplying (3.2) by d 2x l/ds2 and solving with the help 
of (1.1), (1.2), (1.5) and (1.6) we get
(3.4) k2 = sec в [(PnßQx + vßk„)u'ß — в' cot 0 • kc],
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where kc is the curvature of the congruence section of S in the direction of C as 
defined by M ishra [2]. However, for brevity, we shall call it hyperasymptotic curva
ture, because its vanishing means that the curve C is a hyperasymptotic curve. 
Equation (3.4) gives the value of the curvature of (TTA)-curves.

For a normal congruence, px= 0, q= 1 and в=л/2, therefore in view of (1.7), 
equation (3.4) reduces to d^Q^u'P— 0, which implies:

Theorem (3.2). For a normal congruence, the (TTA)-curve is such that its first 
curvature vector is conjugate to the tangent vector.

Remark. One may easily obtain some results by multiplying equation (3.2) by 
dx‘/dsXd2x‘/ds2, X ‘ and etc.

4. (P„TA)-curve. In view of Definition (2.4), we have 

[d2x'/ds2 V1 dVjds] = 0,

which when solved with the help of (1.1), (1.2), (1.5) and (1.6) takes the form 

exß[oa{v5u'd(pß — cos 0 • u'ß) -q(p$u 's +  в' sin Oußj} +
+ k n(pxp$u's + в' sin Op*uß + cos Qplu'Pu'6)] — 0 .

Equation (4.1) is the differential equation of (P„TA)-curves.
For a normal congruence by virtue of equation (1.7), the equation (4.1) reduces 

to exßQadiygyßu's=0, which becomes an identity when either 0 , i.e., C is a geodesic 
or dóy= 0, i.e., S is totally geodesic. Thus:

Theorem (4.1). For a normal congruence, (P„TA)-curves on S  are indeterminate 
when either they are geodesics or S is a totally geodesic surface.

Next, let the congruence be formed of tangents to a one parameter family of 
curves, then q=0 and in view of (1.7), the equation (4.1) reduces to

{e*ßßa{Pß -  и'“ cos Oj)d.,dpyu d + k n{eaßp‘‘pßsu'i +
 ̂ + в' sin 0exß p* u'ß + cos 0 exß p“ö u'6u'ß} = 0 ,

If, in addition, we assume that C is an asymptotic line, (4.2) becomes

6X (Pß — u'ß cos в) dyó pyu s = 0,
which leads to

Theorem (4.2). I f  the congruence is formed o f tangents to a one parameter family 
of curves in S and i f  (PnTA)-curve C is an asymptotic line then either o f the following 
holds:

(ii) the (TA)-vector is parallel to the first curvature vector o f C,
(i) the lines o f congruence are conjugate to the tangents to C at the points o f 

intersection of the curve C and the lines.
R emark. We have not considered the case of the curves, being simultaneously 

asymptotic lines and geodesics in conformity to the second assumption of Section 1.
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If С is geodesic, (4.2) reduces to
ea p p*p%u's +  в' sin 0eaß p* u'ß +  cos 9exß p*ó и'0 u ß = О,

which implies:
Theorem (4.3). For the congruence being formed o f tangents to a one parameter 

family F o f curves and the (P„TA)-curve C being geodesic, i f  any two of the following 
statements are true, the third is also true:

(i) the congruence is geodesic relative to C,
(ii) either C is being met by the lines o f congruence at a constant angle or C is 

a member o f F,
(iii) either C is being intersected orthogonally by the lines o f congruence or the 

curvature vector o f the congruence relative to C is parallel to the tangent to C.
Since for C to be (P„TA)-curve, d2x l/ds2, V‘ and dV'/ds are coplanar, therefore 

we have
d2x‘/ds2 = aV' + bdV'Ids,

where a and b are to be determined. Taking help of (1.1), (1.2) and (1.5) we can write 
the last relation as

(4.3) d2x'/ds2 — e cosec в | kc +  y'Ar sin2 0 — k % j •

Multiplying (4.3) by dx‘/ds and solving with the help of (1.2) and (1.6) we
get _________

Уk 2 sin2 в — kl(0 ' sin в + pxßu'xu'ß) =  О,
which yields either
(4.4) a kc/k = sin 0, 
or

cos0 =  J  (pxß и* u'ß) ds + cons tant of integration.

This constant of integration is determined by the fact that when the congruence is 
normal 0 = 7t/2, pxß= —dxß. Thus the last equation becomes

(4.4) b cos 0 =  J‘(p0,ß — d0,ß)u'xu'ßds.

From equations (4.4) we obtain:
T heorem (4.4). For a (PnTA)-curve C either o f the following holds:
(i) the ratio o f its hyperasymptotic curvature and curvature is numerically 

equal to the sine o f the angle between tangent to C at the point of intersection and the 
intersecting line o f the congruence,

(ii) cos в = f  (iiaß — d„ß)u'*u'ßds.

For a normal congruence (4.4)a yields kc =kn=k, i.e., кд=0 and (4.4)b reduces 
to kn—0. Hence we have:
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Theorem (4.5). For a normal congruence, (P„TA)-curves are either geodesics or 
asymptotic lines.

From Theorems (4.1) and (4.5) we have:
Theorem (4.6). For a normal congruence the only determinate (P„TA)-curves 

are asymptotic lines.
Remark. Similar results can be obtained when the congruences are formed 

of tangents to a one parameter family of curves.
Multiplication of (4.3) by A' gives

kc \'k2 sin20 — kc cot 0 =  0,
which yields:

Theorem (4.7). A (P„TA)-curve must satisfy one of the following:
(i) the ratio of the hyper asymptotic curvature and the curvature o f C is numeri

cally equal to the angle at which the lines o f congruence cut the curve,
(ii) the lines o f congruence intersect the curve orthogonally,

(iii) the curve is a hyperasymptotic curve.
Taking product of (4.3) by X ‘ we obtain

_  {qkc + (vau'a — Q'q cot 0) \'k2 sin 20 — kl} cosec2 0

( 1+ S 2 ^ c o t ( ) r F S ^ | )  ’

which gives an expression for the normal curvature of S in the direction of C.
Remark. Multiplication of (4.3) by dxi/dsX d2xi/ds2, Qßx[ß etc. will give some 

other results.
5. (B„TA)-curve. From Definition (2.5) of Section 2, we have

[dx'jds X d2x'/ds2 V' dV'jds] = 0, 
i.e.,

(dV'jds • dx'jds)(V‘ • d2x'/ds2) = 0,
which on solving with the use of (1.1), (1-2), (1.5) and (1.6) becomes 
(5.1) kc (pxßu"*u'ß-\-в' sin 0) = 0.
From (5.1) we observe:

T h eorem  (5.1). (BnTA)-curves are either hyperasymptotic curves or they are 
given by the equation pxpu'xu'p + 0' sin 0=0.

If the congruence is normal, (5.1) reduces to kn=0. Thus:
T heorem  (5.2). For a normal congruence (BnTA)-curves are asymptotic lines.
For the congruence formed of tangents to a one parameter family of curves 

in S, (5.1) reduces to

(Pae^iPß.yU'W +  O' sin 0) = 0,
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which implies either 
(5.2)a
or

(5.2)b cos 0 = J(pX'ßU,,xu'ß)ds+ constant.
When 0= 0 , the term within integration sign vanishes, as it then becomes ten

dency of the tangent to the curve in its own direction. Hence constant becomes equal 
to unity and (5.2)b becomes

Thus from (5.2)a, c we obtain:
Theorem (5.3). For a congruence formed o f tangents to a one parameter family 

o f curves, (B„TA)-curve satisfies either o f the following:
(i) the lines o f congruence are orthogonal to the first curvature vector o f C,
(ii) 0, the angle between the line of congruence and tangent to C is given by

where A and В  are to be determined.
Multiplication of (5.3) by V‘, on solving in view of (1.1), (1.2) and (1.5) yields:

(5.2)c

(5.3)

cos 0 = 1  + J  (pXtßu'au'ß)ds:

Since dxi/dsX d2xi/ds2, V ‘ and dV‘/ds lie in the same plane therefore 
dx‘/dsX d2xi/ds2 = A V‘ + BdV‘jds,

(5.4) A = e cosec 0 • qku,
where ku is the union curvature [3].

Squaring (5.3) and making use of (5.4) we get

(5.5)

Use of (5.4) and (5.5) in (5.3) give

(5.6) dx'/ds X d2x‘/ds2 = e cosec 0 qku V‘ +  —

Multiplying equation (5.6) by dx'/ds we obtain

]/k2 sin2 0 — q2kl(6' sin 0 +  pxßu'xu'ß) — 0,
which gives either
(5.7)a к = qku cosec 0,
or

(5.7)b
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Thus we have:
T heorem  (5.4). (BnTA)-curves satisfy either o f the equations (5.7).
Multiplying (5.6) by d2xlids2 and solving with the help of (1.1), (1.2) and (1.6) 

we get

(5.8) {nxßQau'p + knydu'd — k2 cos2 0 — в 'kc cot 0} Ук2 sin2 6 —q2k l/L  + qkukc = 0,
which is a relation between curvature, hyperasymptotic curvature and union cur
vature of C.

R em ark . A number of results can be obtained by multiplying equation (5.6) 
by Аг, X ‘ etc. and considering the congruences to be formed of tangents to a one 
parameter family of curves.
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in the preparation of this paper. The first author is thankful to University Grants 
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ON ASSOCIATIVE CURVES. II
By

H. K. N. TRIVEDI and S. C. RASTOGI (Lucknow)

1. Preliminaries. The unit vector X in the direction of a line of a rectilinear 
congruence may be expressed as
(1.1) X =  p x̂  ̂+  qX

where x ^ d x /d u *  and other terms have their usual meaning.
Differentiating (1.1) with respect to s and making use of Gauss and Weingarten 

equations
(1.2) a xxß = daßX  and (1.2)b = -  daß gßy x y,

where gxß (= xa • xß) and daß are first and second fundamental tensors of S  respectively, 
we obtain

(1.3) X' = (/ff X'+vf 2 )u 'f, 

where dashes indicate differentiation with respect to s and

(1.4) а ц*р = p*ß-q d ßygyx
and
(1.4) b vß =p*dxß + qß.

Comma followed by a Greek index and qß having been used for covariant derivatives 
based on gaß and dq/duß respectively.

If к and T stand for the curvature and torsion of C, we have the following well 
known Frenet equations :

(1.5) i — kn =  о*хл + кпХ, n = —ki + ib, h' — —xn,•
where qx are the components of the geodesic curvature vector of C and kn is the 
normal curvature.

Throughout this paper Greek indices will take values 1,2. The functions will 
be assumed to be differentiable to the required order and к ̂ 0 .

2. Definitions. D efinition (2.1). (P„A)-vector. A unit vector Ü associated with 
any point P of a curve C on the surface of reference of a rectilinear congruence 
whose line passing through P is represented by a unit vector X,  will be called (P„A)- 
vector if it linearly depends on the principal normal n to C at P and X and is 
orthogonal to n.
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If we put cos Ф=Х-п, we can express Ű as
(2.1) Ü = e cosec Ф(Х — cos Фп),
e being equal to 1 or — 1 according as Ф is acute or obtuse.

D efinition (2.2). (P„A)-plane. We define (P„A)-plane at a point P of C as a 
plane which is generated by the (P„A)-vectors at P and at a consecutive point.

D efinition (2.3). (TPnA)-curve. A curve C on S  will be called (TP„A)-curve 
if its tangent at P lies in the (P„A)-plane at P.

D efinition (2.4). (PnPnA)-curve. We shall call C to be (P„P„A)-curve if the prin
cipal normal to it at any point P lies in the (P„A)-plane at P.

D efinition (2.5). (BnPnA)-curve. We define C to be (B„P„A)-curve if the binor
mal to it at any point P lies in the (P„A)-plane.

3. (TP„A)-curve. According to Definition (2.3) we have
[f Ü Ü+ Ű'] =  0, i.e. [f Ü Ü'] =  0,

which with the use of (2.1) becomes
(3.1) [ t  X r j  +  sin ФФ'[! X n]-cos<f>[f n X’\ =  0.
In this equation the first term vanishes if C is a a-curve [2], vanishing of second 
term means that either Ф=constant or C is a union curve [3] and equality to zero 
of the third term implies either Ф=л/2, which means that C is a hyperasymptotic 
curve [1] or C is a 0*-curve [4]. From this discussion we conclude the following:

Theorem (3.1). I f  the (TP„A)-curve C satisfies any two o f the following properties 
it staisfies the third also:

(i) C is a a-curve,
(ii) either C is a union curve or the lines o f the congruence intersect C such that 

they are inclined at a constant angle to the principal normal to C at the point o f inter
section,

(iii) C is either a hyperasymptotic curve or a If-curve.
Solving (3.1) with the help of (1.1), (1.3) and (1.5)a we get

(3.2) ex/iu'* V  = 0, 
where exß =  [xx xß and

Lß = к (vs pß -  qpl) u b + sin ФФ' (k„ pß -  qoß) -  cos cp (vs gß -  k„ pf) u'5.
We shall call the vector with contravariant components Lß (TP„A)-vector and 

its magnitude (TP„A)-curvature.
We now consider two special cases.
Case I. If the congruence is normal, (3.2) reduces to

(3.3) kg[kgeaíßdóygyßu'su'x — ksinФФ'] — 0, 
which yields:
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Theorem (3.2). For a normal congruence, the (TPnA)-curves are either geodesics 
or they are given by the equation

kgexpdiygyßu't u'x-ksm qxp ' =  0.

If C is a line of curvature, i.e., exßddygyßu'xu’6 =  0, then equation (3.3) leads to
Theorem (3.3). For a normal congruence, a (TP„A)-curve C is a line o f curvature 

i f  and only i f  the lines o f the congruence intersect C such that they are inclined at a 
constant angle to the principal normal to C, provided C is not a geodesic.

Since cos Ф=Х-п=кс/к, kc=Qapx + qkn being the curvature of the congruence 
section of S along C (hereafter we shall call kc the hyperasymptotic curvature), 
therefore for a normal congruence cos Ф = k j k  which vanishes for C to be asymp
totic line. Thus as кдт*0, when kn=0, from (3.3) we obtain

Theorem (3.4). For a normal congruence, i f  (TP„A)-curve is an asymptotic 
line, it is a line o f curvature.

Case II. Let the congruence be formed of tangents to a one parameter family 
of curves on S (hereafter we shall call such a congruence the tangential congruence). 
Then (3.2) reduces to
(3.4) dy}pyu't (exßu'xpß -  cos Ф kg) + k„exßu'x(pß cos Ф)' = 0.

From this equation we derive the following:
Theorem (3.5). I f  the congruence is tangential, the necessary and sufficient condi

tion for either the direction o f (TPnA)-curve C to be conjugate to the line o f congruence 
at the point P of intersection or cosine o f the angle between the line o f congruence 
and the principal normal to Cat P to be equal to the ratio o f eXßU,xpß and kg is that either 
C be an asymptotic line or the derived vector along C o f  the component o f  the unit 
vector in the direction o f the line of the congruence through P along the principal normal 
to C at P be null or parallel to the tangent to C at P.

If in addition cos Ф=0, i. e., C is a hyperasymptotic curve, (3.4) reduces to

(dyi py u’6) (exßu'xpß) = 0,
which implies:

Theorem (3.6). I f  the congruence is tangential and a curve is both a (TP„A)-curve 
and a hyperasymptotic curve, then the directions of the lines o f congruence are either 
conjugate or parallel to the directions o f C at the points o f intersection.

Since í, Ü, Ű' are coplanar therefore ? can be expressed as a linear combi
nation of Ü and Ü'. With the use of (1.1), (1.3), (1.5) and (2.1) we obtain

(3.5) i = e cosec Ф[(раи'х)1/+ (pxßu'xu'ß — cot Ф'pxu'x + к cos ФФ)0'],

where \Ü'\ (which we shall consider to be non zero).
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Multiplication of (3.5) by n with the use of (1.1), (1.3), (1.5) and (2.1) yields

( p Xß u'x u'ß —  cot ФФ'P a  u'x +  к COS Ф) ( P a ß  É?“ u'P + k n V ß U , ß  + sin ФФ' к) =  О, 

which gives:
T heorem  (3.7). The (TP„A)-curves satisfy either o f the following:

(i) Paß u'ß — cot ФФ'Ра u'“ + к  COS Ф = 0,

(ii) PaßQx u ' ß — k nvßu'ß + sin ФФ'к = 0.

Multiplication of (3.5) by X results in

(3.6) С05Ф(РаРи'хи'Р — С01ФФ'Раи'С‘ + к С05Ф)(к2Рхи'С‘':(!1<:и) — 0.
Hence:

T heorem  (3.8). The (TP„A)-curve satisfies one o f the following:
(i) it is a hyperasymptotic curve,

(ii) P a ß U , x u ' ß — cot ФФ'Раи'* +  & COS Ф = 0,
(iii) k2pxu'x — xqku — 0.

If C are hypernormal curves, i.e., if p,u'x — 0, (3.6) reduces to 

гqku cos Ф (Paßu'*uß + k  cos Ф) = 0
which leads to

T heorem (3.9). I f  a (TP„A)-curve C is a hypernormal curve, it satisfies one o f 
the following:

(i) C is a plane curve,
(ii) C is a union curve,

(iii) C is a hyperasymptotic curve,
(iv) C is given by the equation pxßu'xu'ß+к cos Ф—0.
R em ark . A number of different forms of differential equations of these curves 

may be obtained by multiplying equation (3.5) by b, X  etc. and also a good number 
of results may be deduced out of them.

4. (P„P„A)-curves. By Definition (2.4) we have [n Ü O’] = 0, which in view 
of (1.5) and (2.1) becomes
(4.1) [n X I'J + cos (p(k[n 1 ?] — x[h X b]) = 0.

We know that [n X l ']= 0  for C to be /1-curve [2], cos Ф=0 if C is a hyperasymp
totic curve, [h X i] = qku,[h X b\ = ~pju’x. Thus from (4.1) we have:

T heorem (4.1). The necessary and sufficient condition for a (PnP„A)-curve C to 
be a ß-curve is that it satisfies either o f the following:

(i) C is a hyperasymptotic curve,
(ii) qku+pxu'x = 0.
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Solving (4.1) in view of (1.1), (1.3) and (1.5)a we get

(4.2) eaß (Q*pß v} -  qga p$ +  k„px p$) u's +  kc (qku + траи'а) = 0,

where kc = k cos Ф.
Now we consider some special cases:
Case I. For a normal congruence (4.2) reduces to

k„kg =  eaißdSygyxQßu's,

which gives the product of geodesic and normal curvatures. If C is a geodesic this 
equation becomes identity and if C is an asymptotic line exßddygy*Qßu's =0. Thus:

Theorem (4.2). For a normal congruence (PnPnA)-curves are
(i) indeterminate i f  they are also geodesics,

(ii) and satisfy eaßdöygyxQßu'd = 0, i f  they are also asymptotic lines.
Case II. For the tangential congruence (4.2) takes the form

(4.3) exß [q*pß (d3y pyu's) + kn p* (pßö и'*) + kn рг q6 u*pß] + tpß Qßpau x = 0.

If in addition C is geodesic, (4.3) reduces to

e„ß P*(P%u'1) = 0
which implies pßöu's= 0, because pß is a unit vector. Flence:

Theorem (4.3). I f  the congruence is tangential and the (P„P„A)-curve C is a geod
esic, the relative curvature vector o f the congruence relative to C is a null vector.

Next if C is an asymptotic line, (4.3) gives
( e x ß Q * P ll) ( d d y P y u ' 0)  + T(pßQß)(pxu'x) = 0,

which yields:
Theorem (4.4). For the tangential congruence and the (PnPnA)-curve C being 

an asymptotic line, the necessary and sufficient condition for the line o f the congruence 
to be either parallel to the first curvature vector o f C or conjugate to the tangent to 
C is given by one o f the following:

(i) C is a plane curve,
(ii) C is a hyperasymptotic curve,

(iii) C is a hypernormal curve.
Since for C to be a (P„P„A)-curve n, Ü and Ü' arecoplanar and n is orthogonal 

to Ü, therefore n must be parallel to Ű'. Hence we have:

e being 1 or — 1 according as n and Ü have the same or opposite directions. 
Multiplication of (4.4) by i by virtue of (1.1), (1.3), (1.5) and (2.1) gives

(4.5) i.ilßu'xu'ß + к cos Ф — cot ФФ'раи’* = 0,
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which is an alternate form of the differential equation of these curves. It also gives 
an expression for the value of the curvature of the curve C.

From equation (4.5) we deduce the following:
T heorem  (4.5). I f  a (PnP„A)-curve is a hyperasymptotic curve its differential 

equation is given by gxßu'*u'ß = 0.
T heorem  (4 .6 ). I f  a (P„P„A)-curve C is a hypernormal curve then its differential 

equation is given by pxßu'xu'ß+ k  cos Ф=0. Conversely, the above holds i f  and only 
i f  the lines o f the congruence are not inclined to the normals to C at a constant angle.

T heorem  (4 .7). I f  the congruence is tangential and the {PnP„A)-curve is also a 
hyperasymptotic curve, then the tendency o f the congruence along C is zero.

5. (B„P„A)-curve. From Definition (2.5) for these curves we have [b Ü C/']=0, 
which with the help of (2.1) becomes

(5.1) [b X X'\ — cos Ф \b X X'] + sin ФФ'[Ь X n] = 0.

It is known that [b X Д']=0, if C is a y-curve [2], cos Ф • [b h / ']= 0 , if C is 
either a hyperasymptotic curve or a iV*-curve [5] and sin ФФ'[Ь X n]=0, if 
either Ф—constant or C is a hypernormal curve. Thus we have:

T heorem  (5.1). I f  a (B„PnA)-curve C satisfies two o f the following properties it 
satisfies the third also:

(i) it is a y-curve,
(ii) it is either a hyperasymptotic curve or a N*-curve,

(iii) either the line o f the congruence is inclined at a constant angle with the prin
cipal normal to C or C is a hypernormal curve.

Solving (5.1) with the help of (1.1), (1.3) and (1.5) we get
(5.2) (pa u'*) {{pxß q x + k„ vp) u'ß + к sin ФФ'} =  0, 
which implies :

T heorem  (5.2). A (BnPnA)-curve C is either a hypernormal curve or it is given 
by the differential equation

(p*p в* + К  vß) u'ß +  к sin qxp' = 0.
For a normal congruence (5.2) reduces to an identity except when C is not a 

hypernormal curve and in that case C satisfies

(5.3) cos Ф =  — J  ̂  daß Qxu'ß̂  ds+ constant.
Hence we have:

T heorem  (5.3). For a normal congruence (B„P„A)-curves are indeterminate 
except when they are not hypernormal curves, in that case they satisfy (5.3).

Next let the congruence be tangential, then (5.2) takes the form

(5.4) (pa u'a) {{pa< ßQ* + kn dßa px) u'ß + к {px e*)'} =  0.
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In addition if C is a geodesic the last equation reduces to

( P * u ' x) d ß X pxu'ß =  О,
which yields:

T heorem (5.4). I f  the congruence is tangential and a (BnPnÄ)-curve C is a geodesic 
then either it is a hypernormal curve or the directions o f the lines o f congruence and 
tangents to C at the points of intersection are conjugate.

Since for C to be a (B„P„A)-curve, b may be expressed as a linear combination 
of Ü and Ü'. With the use of (1.1), (1.3), (1.5) and (2.1) we obtain

b = ---- £---- yqku U —  ̂j (cot<P0'qku — kgvöu's + k„e«ßu'c‘p$u'0 + kr cos<t>)Ü'\.
(5.5)
Multiplying (5.5) by i we get

qku(pxи'*) +  (cot ФФ'qku — kgvöu's + k„exßu'xpiu's + kx cos Ф) X
(5.6)

X(cot ФФ'pxu'x — pxßu'xu'ß — к cos Ф) = 0.

For a normal congruence (5.6) reduces to an identity supporting Theorem 5.3. 
If C is a union curve, (5.6) reduces to
(knexßu'xplu's + kx cos Ф — k(J vsu'ä) (cot ФФ'pyu,(t — p^u^u '^k  cos Ф) =  0, 

which implies:
T heorem  (5.5). I f  a (BnPnA)-curve C is a union curve it satisfies either o f the 

following:
(i) k„exßu'ap iu d +  kx cos Ф — кд\аи'а = 0,

(ii) cot ФФ'рхи'х — pxßu'xu ß — к  cos Ф = 0.

Multiplication of (5.5) by 1 gives

(cotФФ'qku — kдv}u'б — kneXßU'xp|u'3 + kxcosФ)(k'2p<xu'xтqku) =  0, 

which yields:
T heorem  (5.6). A (BnPnA)-curve satisfies either o f the following:
(i) cot ФФ'qku — kgv5u'> + kneXßU,,xpiu'6 + kx cos Ф =  0,

(ii) k 2pxu'x-x q k u = 0.
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DETACHABLE p-GROUPS AND 
QUASI-INJECTIVITY

By
F. RICHMAN (Las Cruces)1

If £  is a ring, and G is an .E-module, then G is quasi-injective if every homo
morphism from a submodule of G to G can be extended to an endomorphism of G. 
P oole and R eid  [2] raise the question as to which abelian groups G are quasi- 
injective as modules over their endomorphism rings E. They prove that direct sums 
of cyclic p-groups are quasi-injective. This result is extended here to a large class 
of p-groups, including all p-groups that have no elements of infinite height, and all 
totally projective p-groups — in particular, all countable p-groups.

The central idea is a property shared by totally projective p-groups and p- 
groups with no elements of infinite height.

D efin itio n . If G is a p-group and x£G[p], then x is said to be detachable if 
G can be written as GX®G2 with (x)=pxG1[p\ for some ordinal a. If every element 
of G[p] is detachable, we say that G is detachable.

We write p"G1[p] instead of pyG1 to allow Gx to be divisible. Note that every 
element in G[p] of finite height is detachable, so every p-group with no elements 
of infinite height is detachable. Hill’s extension of Ulm’s theorem to totally projective 
p-groups (see [3]) implies that these groups are also detachable.

T heorem  l. I f  G is a detachable p-group, and x, y£G[p], then there is an endo
morphism f  o f G such that f ( x )~ y  or f(y)= x.

P roof. We may suppose that ht(x)^ht(y). Let G=G,® G2, where p*G1[p]=(x). 
Let n Gl denote the projection of G on Gv If Пв1(у)^0, then x = n llCn(y) for some 
integer n, since ht(x)® ht(y)^ht(/7Gi(y)). Thus f= n IlGl is the desired map. If 
y£G a let G =M ® L  with pßM[p] = {x+y). Now Пм(х) + Пм(у) — Пм(х+у) — х+ у  
and, since ht(x+y)=ht(x)Sht(y), then Дм (х) and Пм(у) are in (x+y). Hence 
Пм(х)= (х +У> or Пм(у)= (х+ у). But n Gl{x+y)=x  and TIGfx + y ) - y ,  so either 
n Gin M or n GJ I M is the desired map (up to a unit).

Theorem 1 cannot be strengthened to assert that if x and у  are in G[p] and 
ht(x)Sht(y) then there is an endomorphism /  of G such that f(x)= y. This can 
be seen by applying the following partial converse of Theorem 1 to an example of 
M egibben  [1].

T heorem  2. Let G be a direct sum of detachable p-groups G;. Then G is detachable 
i f  and only i f  for every pair x£G,[p] and y<EG,[p], either there is a homomorphism 
f:  G; G j  such that f{x)=y, or there is a homomorphism g: Gj-*G; such that f(y )  = x.

1 This research was supported by NSF Grant GP-28379.
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P roof. The “only if” comes from Theorem 1. For the “if” it suffices to prove 
the theorem for finite sums, since G is detachable if every finite sum of the G, is 
detachable. Suppose G=GX® . . .®G„®G„+1 and A'=G1®...®G„ is detachable. 
Let x= x1 + ...+x„ be an element of K, and у  be an element of G„+1. Then either, 
for some l ^ i ^ n ,  there is a m ap/ :  G(—Gn+1 such that f ( x t)= y, and hence a map 
f ' : K ^ G n+1 such that f(x )= y, or there are maps gt: G„+1—G; such that g{(y)=xl, 
and hence a map g: G„+1—£  such that g(.y)=x. Suppose we have the map / '  (the 
argument with the map g is identical). Then 1 + / '  maps К  isomorphically onto a 
complementary summand of Gn+1 taking x to x+ y. Since x is detachable from K, 
then x+ y  is detachable from (1 +f')K , and hence from G.

Note that the homomorphism /  in Theorem 2 certainly exists if either x or у  
has finite height.

Exam ple 1 (Megibben). Let К  and L be p-groups such that Ю-=(х), L1 = {y), 
KIK1 is torsion complete, £ /£ x is a direct sum of cyclic groups, and x and у  have 
order p. Let G = £ ® £ . Since there is a homomorphism f:L->-K such that f(y )= x ,  
we may apply Theorem 2 to show that G is detachable. On the other hand, any 
endomorphism of G taking x to у  induces a homomorphism g:K-*L such that 
g(x)=y. But g then induces a map from K/K1 to LjD  which must be small since 
K/K1 is torsion complete and Z./L1 is a direct sum of cyclic groups. But this implies 
that g(x)=0, so there is no endomorphism of G taking x to y.

If G is a />group with endomorphism ring E, then multiplication by a p-adic 
integer induces an £-map of G. Conversely, any £-endomorphism of G is induced 
by multiplication by a p-adic integer. To show that G is quasi-injective as an £- 
module, it is therefore necessary and sufficient to show that any £-map from a 
fully invariant subgroup of G to G is induced by multiplication by a p-adic integer.

Exam ple  2. If we take у  of order p2 in Example 1, we get an example of a p- 
group G that is not quasi-injective. Indeed, (x) and (py) are disjoint fully invariant 
subgroups, so projection of {x)®{py) on (x) is an £-map that cannot be extended 
to G. This group also shows that a direct sum of two detachable groups need not 
be quasi-injective, and hence need not be detachable.

Theorem  3. Let G be a detachable p-group with endomorphism ring E, and H 
a fully invariant subgroup o f G. I f f :  H-»G is an E-map, then there is a p-adic integer 
0 so that /(x) =  Ox for all x in H.

Proof. We shall show, for n= 0,1,2, ..., that if f(x ) = mx for all x in H[p"], 
then f(x) = (m + spn)x for all x in H[pn + 1], Suppose x^H [pn + x}. Then pnxfH[p], so 
G — G1@G2, with paG1[p\ = (p"x). Write x= gt +ga with gjCGl and g2£G2. Note that 
gj and g2 are in H  since H  is fully invariant. Then png2= 0 and p"g1=p"x, so f ( g 2) = 
-■(m+spn) g2 for any integer s. Thus we may assume that x= g ly that is, that x g 6 j .

Since px(zH[pn] w ehave f(px)=mpx. Thus p ( f(x )—m x)= 0, so we can write 
G=Kx®K2 with pßK1[p] = ( f ( x )—mx). I f f(x)= m x, choose 5=0 and we are done. 
Since/is an £-map, and x is in Gl5 we have f ( x ) —mx£G1. Thus, iff(x)+m x, then 
ht(/(x) — m x)sh t(p nx). If ht(f(x)  — m x )  = h t(p"x) then f(x )  — mx=spnx for some 
s, as desired. If h t(f(x ) — mx)< ht(pnx) write х —кг + к2 with k f  KL and k 2f_K2. 
Then pnk1= 0 so f ( k 1)=m k1. Hence f( x )—m x= f(k2) — mk2 is in Áj ПК2 since K2 
is invariant under the £-map/.  So f{x)=mx, a contradiction.
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It remains to show that s is independent of x, modulo p. Suppose f(x )~ m x+  
+ s1p”x and f(y)= m y+ s2p"y where o(x)=o(y)=pn+1. Choose k£E  so that k(p"x)= 
=p"y (or vice-versa). Then pn(kx—y )—0 so / (Ax) —f(y)=f(?.x—y )= m (Ax—y). 
Therefore mXx+s1pny= kf(x)= f(kx)= m kx+ f(y)—m y—mkx+s2pny. Since o(y)= 
=pn+1, we have í != j2 (mod p).

C o ro lla ry . I f  G is a detachable p-group with endomorphism ring E, then G is 
quasi-injective as an E-module.

T heorem  4. Let К be a p-group that is quasi-injective as a module over its endo
morphism ring. Let L be a p-group that is isomorphic to a subgroup o f a product o f 
copies o f K. Then the group G = K ® L is quasi-injective as a module over its endo
morphism ring E.

P roof. Suppose HQG  is fully invariant and / :  # — G is an E-тар. Then /  
induces an endomorphism of НГ\К which, since К  is quasi-injective over its endo
morphism ring, is given by a p-adic integer 6. We shall show that /(x ) =  0x for all 
x in H. Suppose /(x)?c0x for some x in H. Then, since L  is isomorphic to a sub
group of a product of copies of K, there is а A in E such that ).(G)QK and A(/(x)— 
— вх)^0 . But A(/(x) — Ox)= A/(x) — /.Ox = /(Ax) — 6ax= 0Ax — 0Ax=0.

C o ro llary  1. I f  G is a p-group with endomorphism ring E, such that G has a 
nonzero divisible subgroup, then G is quasi-injective as an E-module.

P r o o f . Let К be a subgroup of G isomorphic to Z(p°°).
C orollary  2. There exists a reduced p-group that is quasi-injective as a module 

over its endomorphism ring, but is not detachable. This group has a summand that is 
not quasi-injective over its endomorphism ring.

P roof. Let G=K® L  be as in Example 2. Let M =(K® L)j(x —py). Let z denote 
the coset x + (x — py) in M. Then M/{z) ~  K/(x) ® L/(py) has length со +1 while z has 
height at least со+2 since it is an image of py. Hence (z) = Ml [p], so M  is detachable 
and hence quasi-injective as a module over its endomorphism ring. Moreover, K®L 
is isomorphic to a subgroup of M ® M . Theorem 4 then tells us that K ® L® M  
is quasi-injective as a module over its endomorphism ring. But K ® L ® M  is not 
detachable because there is no endomorphism taking x to py or taking py to x, 
contrary to Theorem 1. Moreover, K@L is Example 2, and hence is not quasi- 
injective.
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A REMARK ON SEMIGROUPS WITH 
IDENTITY ELEMENT

By
S. K. CHATTERJEA (Calcutta)

Recently F. Sz á sz  [1] has shown the following characterization of semigroups 
with an identity:

The following assertions concerning a semigroup S are equivalent:
(I) S is a semigroup with an identity;

(II) S' has the following properties:
(a) there exists at least one left cancellable element/in S such that S fQ fS ; 
(ß) there exists at least one right cancellable element e in S such that

eSQ Se;
(у) no homomorphic image of S° has any non-zero left annihilator ele

ment;
((5) no homomorphic image of S° has any non-zero right annihilator 

element;
where S° is defined in [2] or in [3].

In this connection I. Kiss [2, p. 250] has proved the following characterization 
of semigroups with an identity:

The following assertions concerning a semigroup S are equivalent:
(I) S is a semigroup with an identity;

(II) S has properties (ß)' and (Ö), where
(ß)' there exists at least one right cancellable element e in S  such that 

eS=Se.
I. Kiss has also pointed out that the dual of the above theorem can be proved.

The object of this note is to remark that in addition to the theorem and its 
dual of Kiss, some other theorems involving the characterization of semigroups 
with identity element can be proved. The following is our characterization:

T heorem . The following assertions for a semigroup S are equivalent:
(I) S is a semigroup with an identity;

(II) S has properties {a)' and {5), where
(ос/ there exists at least one left cancellable element f  in S such that S f—fS ;

(III) S  has properties (ßY and (y), where
(ßY there exists at least one right cancellable element e in S  such that 

eS=Se.
P roof. It is clear that a semigroup S  with an identity has properties (a)' and

(S) or (ßY and (y).
First let S be a semigroup having properties (a)' and (<5). By (a)' there exists 

at least one left cancellable element f £ S  such that Sf= fS. Thus S  is a semigroup 
having property (<5) and /  is an element of S such that SfQ fS. Consequently by
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the lemma of Kiss [2, p. 250], f€ fS . So f —f f  for an element / '£  S. Now for every 
x £ S , we have f f ' x —fx=>f'x=x. Thus / '  is a left identity element of S.

On the other hand, we have S f= /S . Thus for every x £ S  there exists an y(_S 
such that fx = y f  So fx f '= y ff '= y f= fx , i.e. x f ’—x. Thus / '  is a right identity element 
of S. So / '  is the identity of S. Thus we have proved (II).

Since (III) is the dual of (II), it can be easily proved.
Lastly we remark that our theorem, when combined with that of Kiss, gives 

the following characterization:
The following assertions for a semigroup S  are equivalent:

(I) S' is a semigroup with an identity;
(II) S has properties (ß)' and (S);

(III) S has properties (a)' and ( y ) ;
(IV) S has properties (a)' and (S);
(V) S has properties iß)' and (y).
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A NOTE ON A THEOREM 
OF ALEXITS AND KRÁLIK

By
RAF AT N. SIDDIQI (Sherbrooke)

Let /(x) be a 2л periodic function integrable in the sense of Lebesgue in [0, 2л]
and let

( 1) / W  ~  T « o +  2  (an cos ПХ +  t>n sin nx)
2 n = l

be its Fourier series. We denote the я-th de la Vallée Poussin sum by

(2)

where Sn( f)  is the я-th partial sum of (1). It is known (cf. Zygmund [4] Vol. I. p. 
115) that |F „(/)—/ |^ 4 £ 'n(/)  where En( f)  represents the best approximation of 
/(x) by trigonometric polynomials of order я. We denote by Z the class of all conti
nuous 2л periodic functions satisfying the inequality sup \f(x + t) — 2f(x)+ f(x — t) \^  
^ K \t\  for all x and t where К is an absolute positive constant. Earlier, G. Alexits 
and D . Králik [2] gave the necessary and sufficient condition for r-th derivative 
/ (r) (x) of a function /(x ) to belong to the class Z  in terms of the de la Vallée 
Poussin sum in strong sense:

The object of this note is to strengthen slightly this statement by proving the 
following

Theorem. Denote by {v„} an arbitrary sequence o f integers S i .  The derivative 
function / (r)(x) belongs to the class Z  i f  and only if

for any fixed p S 1.
For v„=n and p  = l our theorem reduces to that of Alexits—Králik. Because 

of a general theorem of Alexits [3] we have only to prove that, if |/(х)|ёЛ Г , 
then

i  2  \sk( f ) - f \  = o(n~r~1).n k — n
1 2n —1

(3)
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for every p & 1 where К is an absolute constant. Moreover, it is enough to prove 
(3) only for p£2 , because the left hand side of (3) is a monotonically increasing 
function of 1. Hence suppose p = 2 and consider

7Г /  *■«>
sin (A + 1/2) í

0 2 sin t/2

where <Px(t) = f ( x  + t)+ f(x  — t) — 2f(x). Then

dt

f  Ф Л 0

We get for the first integral
( 1 1̂n

1 ln sin (к + 1 /2) t dt +2 sin t/2 

=  2p^1{/1 + /2}.

-  /  <M07t l/и
sin (А + 1 /2) i 

2 sin t/2 dt
1 -

sin (A + 1/2) t
2 sin t/2 dt m

71

but for the second, by applying a classical method (cf. [4], Vol. II, p. 182), we obtain 
easily

p

h  s  2P_ / 4
I 1 In

, .  sin kt ,(t) ------w  dtV 2tgi/2 + /  Фх(1) cos kt dt P|  S  2p~l {\bk\p + {2M)P)
l /и 1

where denotes the A-th sine Fourier coefficient of the function

ФЛ t) f— Ä 7 =3
2 tg t/2 n )

r n
0 о НА A

aj
_

g(t) =

Hence collecting the terms of I4 and / ,  we obtain
1 n + Vn — l  IS fl + vn — 1

-  2  \sk( f ) - f \ p ^ K 1Mp+-2. 2  K\p
f t  k = v n f t vn

where Kx, K2, K3, K4 and Ks denote absolute constants.
Choose now q such that — |— =  1. SinceрШ2, we have 1 < q^2. Hence applying 

P 4
the Hausdorff—Young theorem (cf. [4] Vol. II, p. 101), we obtain

n+v„-! ( 1 n y / q t j „
2  Ы** \ - f  \m-dt\ = -  /

* = vn V 1 In / v" 1 /„
фх( 0

2 tg t/2
9 \ P l l

dt\ =

(4Mn)q nq~1 v/g

Consequently

(4)

q 1 = K*M<’np(q- 1'>lq.

1 n +  v„ —11 V7
П к2  Ibk\

p(g-i)-g
p Ä K*Mpn 4
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which reduces to the constant due to hypothesis/?^—1)—</=0. Therefore,

- 2  1 \sk( f ) - f \ p ^  к ,м ”
П * =  v„

and by

{I n + v „ —l  11 / p  f I n + v „ —1 1? Ip

-  2  I W F  = \ -  2  № ( / ) - / ! p + k 5m
n  fc =  v„ i  I «  fc =  v„ J

we deduce indeed

where К is an absolute positive constant and this completes the proof of our theorem.
Finally I like to express my sincere thanks to Professor G. Alexits for his sugges

tions and improvements.
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BEHANDLUNG EINES WHITTAKERSCHEN 
MEHR-PUNKTE-PROBLEMS MIT PERRONSCHEN 

SUMMENGLEICHUNGEN

Von

H. LINDEN und F. PITTNAUER (Duisburg)

Herrn Prof. Dr. Wolfgang R. Wasow zum 65. Geburtstag am 25. Juli 1974 gewidmet

1. Einleitung

Wir behandeln hier die folgende Aufgabe für ganze Funktionen.
Es seien in der komplexen Zahlenebene paarweise verschiedene Punkte A, 

B1, . . . ,B k gegeben. Ferner seien drei Folgen komplexer Zahlen {an}n=0Д2> ,
\Pn\n-o,l,2 .... und {c„}„=ljг....к gegeben. Gesucht ist eine ganze Funktion f
welche den Bedingungen

(1) 2  cxfW (B x) =  bn, f (2n>(A) = an (n = 0 ,1 ,2 ,...)
X = 1

genügt.
Die Aufgabe stellt eine Verallgemeinerung einer von W h it t a k e r  behandelten 

Interpolationsaufgabe (k=l) dar (vgl. [13] Theorem 1, S. 455 und [14]). In An
lehnung an seine Terminologie bezeichen wir obige Aufgabe als „Mehr-Punkte- 
Problem“. Whittakers ursprüngliche Aufgabe wurde später von P ó ly a  [7], P oritsky 
[8], S choenberg  [9], V ermes [10, 11, 12] und W h ittaker  [15] selbst wieder auf- 
gegriifen und in verschiedener Weise verallgemeinert.

Ein seher spezielles Mehr-Punkte-Problem, welches in etwa unserer Auf
gabe entspricht, findet man bei P o r it sk y  (vgl. [8] Theorem 11a, S. 308—309). Wäh
rend die genannten Aufgaben üblicherweise mit funktionentheoretischen Methoden 
gelöst werden, zieht V ermes [10, 11] funktionalanalytische Mittel heran. Er geht 
von den Taylorentwicklungen von / (2B)(8i) um den Punkt A aus und wird dabei 
auf ein unendliches lineares Gleichungssystem für die Ableitungen / ( 2n+1)(^[) geführt. 
Dieses löst er unter Verwendung von Sätzen D ienes [2] über zeilenfinite Matrizen.

Wir gehen im folgenden ähnlich wie Vermes vor, nützen aber aus, daß für 
unsere Aufgabe das auftretende Gleichungssystem seinem Typ nach zu den sog. 
Summengleichungen mit schwach variierenden Koeffizienten gehört. Über deren 
Lösungen gibt aber die Theorie von P erron  [5] und Paasche [4] Auskunft. Dieses 
einfache und wenig aufwendige Vorgehen liefert dann neben hinreichenden Bedin
gungen für die Existenz von Lösungen auch Aussagen über ihre Anzahl sowie 
über ihre Ordnung und ihren Typ als ganze Funktionen. Darüber hinaus gestattet 
es noch, einige Verallgemeinerungen der gestellten Aufgabe zu lösen.

Eine andersartige Aufgabe, welche sich mit der gleichen Methode lösen läßt, 
findet man in [6].

Einen Hinweis a u f  unser Vorgehen kann mann schließlich K a z m in  [3] Korollar 
5, S. 224 entnehmen.
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2. Eine hinreichende Lösbarkeitsbedingung

Die Anwendung der Theorie der Perronschen Summengleichungen auf unser 
Problem erfordert die Betrachtung der Funktion

(2) F(z) = 2  c*sinh[(Bx — A) ]/z] .
\Z x=l

Man überlegt sich leicht, daß F entweder identisch verschwindet, was im folgenden 
stets ausgeschlossen sein soll, oder eine ganze Funktion von z der Ordnung q= \ 
ist. Als solche besitzt sie unendlich viele Nullstellen (vgl. etwa B ieberbach  [1], S. 
242). Wir werden die Anzahl der Nullstellen von F, mehrfache gemäß ihrer Vielfach
heit gezählt, in der Kreisscheibe \г\Шс1 mit oc(d) bezeichnen. Abgesehen von kleineren 
Werten von d ist dann stets a(i/)>0. Weiter setzen wir zur Abkürzung

(3) Л  =  b„- 2
* (BX~ A Г

Cyt (2v)! (n = 0, 1,2,...)

und beweisen mit diesen Bezeichnungen
Sa t z  1. Es seien die folgenden Bedingungen erfüllt:

(4)

(5)

V = 0 = a" bzw- a" = *»)>
2 с я(В „ -А )*  0,X — 1

(6) lim YJÄJ =  d <  oo.
П —*■ со

Ist dann a(ű?)^0, so gibt es stets eine ganze Funktion f  welche den Bedingungen (1) 
genügt. Dabei können die Werte f ( 2n + 1>(A) für n — N + l,...,N + a (d ) für genügend 
großes N  beliebig vorgeschrieben werden und es gilt

2n + l
(7) HS У'|/(2Я+1)(Л)| = id .

B ew eis. Wir zeigen die Existenz von /  in mehreren Schritten.
a) Zunächst folgt aus der Hadamardschen Formel für den Konvergenzradius 

einer holomorphen Funktion, daß die Bedingung (4) notwendig ist.
b) Zieht man die Taylorentwicklung

/ (2П)(Я*) =  2  -В- - : АУß 2n+vHA) (n =  0, 1,2,...)
v=0 V!

heran, so erhält man nach etwas Rechnung das mit (1) äquivalente Gleichungssystem

(8) 2
v =  0

(ВХ- А Г +' 
(2v+ 1)!

/ ( 2„ + 2v + l)(^) =  A n (n = 0 ,1 ,2 ,...).
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Dabei sind die An gemäß (3) definiert. Man kann sich nun leicht überzeugen, (vgl. 
P erron  [5] bzw. P aasche [4}) daß die Gleichungen (8) sog. Summengleichungen mit 
schwach variierenden Koeffizienten für die Unbekannten f {im+1'>(A) (m=0, 1, 2, ...) 
darstellen.

c) Um Aussagen über Ordnung und Typ von /  zu erhalten, stützen wir uns 
zur Lösung von (8) auf Satz 10 von Paasche [4] S. 28—29. Für die Anwendung dieses 
Satzes ist neben (5) notwending, daß

Ern 1
(2v+ 1)! 2  сх(Вх — А)2

3t— 1

also ist.
Bildet man dann die in (2) definierte Funktion

F(z) = 2v = 0
* Cв я- А )»+1 

*=1 (2v+ 1)! .

und ist а(<7)>0, so erhält man eine Lösung { / (2m+1)(- )̂}m=o,i,2 ,... 
die mit (7) äquivalente Grenzbeziehung

m

lim }/|/<2т+1>(Л)| =  d
m - * o o

von (8), welche

sowie die restlichen im Satz genannten Bedingungen erfüllt.
Ist dagegen a.(d)~0> so liefert Satz 10 von P aasche [4] S. 28—29 eine eindeutig 

bestimmte Lösung, welche ebenfalls allen Bedingungen des Satzes genügt.
d) Man rechnet jetzt leicht nach, daß einmal alle Umformungen unter b) 

zulässig sind und daß man zum anderen so tatsächlich eine Lösung der gestellten 
Aufgabe erhält.

Unser Satz erlaubt uns auch, Aussagen über Ordnung q und Typ a der Lösungs
funktion /  zu machen, wenn wir die bekannten Formeln (vgl. etwa B ieberbach  
[1] S. 238)

ln&!
q  —  h m ------------------------ ^---------------------

\ п к \ - к \п ] / \ /Щ Д
und

(.CQV = gm f\7ЩЛ)\

heranziehen. Als unmittelbare Folge unseres Satzes beweisen wir
K orollar 2. Für jede Lösungsfunktion f  in Satz 1 gilt im Falle d>  0

[ \ d  für q  —  1
q s  1 und d g

10 für q >  1.
B ew eis. Verwenden wir obige Formeln lediglich für ungeradzahligen Index k, 

so erhalten wir unter Verwendung von (7) untere Schranken für q  und o. Man 
überzeugt sich nun leicht, daß z= 0  keine Nullstelle der in (2) definierten Funktion
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F ist. Damit folgt die Behauptung sofort aus den beiden Beziehungen

lim ln (2k + 1)!
2/c + l =  1

und
ln (2k +  1)! — (2k + 1) ln |/|/(»+ 1)(^)|

\ q * 2k 4-1

lim
к

f \ =éí Yd- lim
к-*- ©о

2k + i
1— le

Genauere Aussagen über g und a erhält man natürlich, wenn man über (4) hinaus
gehende, geeignete Bedingungen an die Folge der Werte an stellt.

Eine weitere Frage, die sich in natürlicher Weise stellt, ist die nach einer Charak
terisierung solcher Folgen von Werten an und bn, welche den Bedingungen (4) und 
(6) in Satz 1 genügen. Wir geben hier eine einfache Bedingung an, die durch Satz 
11 bei Paasche [4] S. 33 nahegelegt wird.

Korollar 3. Es sei
( 10) k l  3= Mt2", k i  ^  M t2n

mit Q'~M, t < °° für n=0, 1, 2, .... Dann sind auch die Beziehungen (4) und (6) mit 
d^kt2 erfüllt.

Beweis. Zunächst rechnet man leicht nach, daß (4) eine unmittelbare Folge 
von (10) ist. Weiter erhält man nach etwas Rechnung

K l  Sä M !+  2  !c*l C O S  h(\Bx-  A\t)
X = l

und daraus folgt sofort (6) mit d ^ t 2.

3. Eine allgemeinere Aufgabe

In ähnlicher Weise wie wir Aufgabe (1) gelöst haben, können wir auch das 
etwas allgemeinere Problem behandeln, eine ganze Funktion /  zu finden, welche 
die Gleichungen

(11) 2 c J ^ { B x) = b„, ßPn)(A) = a„ (n = 0 , 1 , 2 , . . . )
X = 1

erfüllt. Dabei sollen die pn und qn ganze Zahlen sein, welche den Bedingungen

(12) 0 Po^Pn^Pn+i; 0 = für n = 0, 1, 2, ...
genügen.

Auch diese Aufgabe wurde für den Fall, daß k = l ist, von den bereits erwähnten 
Autoren für gewisse Klassen von Folgen {p„}n=0,1 ,2 .... und {?„}«=0 ,1 ,2 ,... untersucht.

Wollen wir (11) ähnlich wie (1) mit der Methode der Perronschen Summenglei
chungen behandeln, so sind wir gezwungen, die Folgen {p„}„=o,i,2 , ... umi
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{<7„}„=o,i,2,... so zu wählen, daß die (8 ) entsprechenden Gleichungen ebenfalls 
ihrem Typ nach Perronsche Summengleichungen werden. Sind die Folgen dement
sprechend gewählt, so werden wir von einem Paar „zulässiger“ Folgen sprechen.

Zulässige Folgen lassen sich in großer Zahl angeben. Wir erwähnen hier das 
folgende leicht zu beweisende Kriterium, auf das uns H. M. Möller aufmerksam 
machte.

Lemma 4. Die (12) genügenden Folgen {p„}„=0 ,1 ,2 ,... und {<7„}„=o, i,2, ... bilden ein 
zulässiges Paar, wenn die folgenden Bedingungen erfüllt sind.

Es gibt eine Folge ganzer Zahlen rm (m = 0, 1,2,...) mit den Eigenschaften:
a) zu jedem qn gibt es genau ein rn mit q„ =  rn <qn+i
b) {р„1и —0}П {ónlw —0 } =  0
c) {pn\n^Q}\d{rm\m ^O }= {k\k^q0}.

Es sei noch darauf hingewiesen, daß die rm gerade die Ordnungen der Ableitungen 
von / in den (8) entsprechenden Gleichungen darstellen. Zulässig sind beispielsweise 
die Folgen mit

pn = 2n, q„ = 2n; pn =  2л+ 1, qn = 2и+1;

Pn = 2n+ \, q„ = 2n; q„ = Зл; rm = 3m + l; 

q„ — л-te Primzahl mit q0 =  3, rm = 1 +  qm
für л = 0, 1, 2, ....

Mit diesen Vorbereitungen ist es nun leicht, in vielen Fällen für die mit einem Paar 
zulässiger Folgen gebildete Aufgabe (11) ähnliche Ergebnisse wie die für Aufgabe (1) 
abgeleiteten zu beweisen. Zusätzliche Überlegungen erfordert lediglich die Ableitung

. J7Ídes Grenzwertes (7). Er hängt nämlich wesentlich vom Verhalten von — für т-+<*>
mab, bleibt aber stets endlich wegen —s l .

Freilich kann man auch leicht nicht zulässige Folgen angeben, wie etwa

pn =  3 л, q„ = 2л; p„ = 3 n, q„ = 3 n
oder

p„ = (k+ \)-n , qn = (k + l)-n

für л —0, 1,2, .... Dabei soll k ^ 2  der Parameter aus (11) sein.
Der zuletzt genannte Fall läßt sich allerdings noch — wie eine Reihe anderer, 

ähnlicher Fälle — mit der Methode von Pólya [7] lösen. Für den Hinweis auf diese 
Möglichkeit möchten wir dem Referenten unseren. Dank aussprechen.

Zur Anwendung dieser Methode verlangen wir, daß c ^ O  ist in (11), was ja 
ohne Einschränkungen möglich ist. Dann betrachten wir anstatt (11) die folgende 
Aufgabe:

ßkn+n)(A) =  an, /(*"+»)(5 l) =  bn. c- \  /<*»+»)(iy =  0 

für j<=2, 3, ..., к und л=0, 1, 2, ....
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Man prüft nun leicht nach, daß sämtliche Bedingungen des Satzes von P ó lya
[7] S. 130 erfüllt sind, falls man noch

(k + l)n

lim /П-* oo }j

(fe + l)n
\<*n\

(kn +  rí) ! =  0, lim \ b n \

(kn +  rí) ! =  0

verlangt. Damit gibt es dann aber eine ganze Funktion / ,  welche die obige Aufgabe 
wie auch die ursprüngliche Aufgabe (11) löst. Jedoch erhalten wir auf diesem Wege 
keine Aussagen über Ordnung und Typ von /.

4. Ein Spezialfall
Wie bereits erwähnt, wurde der Spezialfall k  = 1 unserer Aufgabe (11), nämlich 

die Lösung der Gleichungen
(13) ß»n>(A) = a„, f«*>(B) = bn (n = 0 ,1 ,2 ,...)
mittels einer ganzen Funktion /  verschiedentlich in der Literatur untersucht. So hat 
W hittaker (vgl. [13], Theorem 1, S. 455) für /1=0, B=  1, p„=qn=2n (n=0, 1, 2, ...) 
gezeigt, daß die Konvergenz der Reihen

(14) Í ( - l ) " - %  und Í ( - 1 ) » A -n=О ~ п=0 «
die Existenz einer Lösung von (13) sichert und daß sich diese mit sog. Lidstoneschen 
Reihen darstellen läßt.

Seine Bedingung erfaßt also nur Folgen des Typs (10) mit einem Wert t ^ n .  
Später hat dann P ó lya  (vgl. [7] S. 130) die wesentlich schwächere Bedingung

(15)

2 n

limП-*- oo

2 n

lim
II-*-CO

= 0

als hinreichend für die Existenz einer Lösung nachgewiesen.
V ermes (vgl. [10] Theorem 1, S. 113 und [11] Theorem 3, S. 77, Theorem 5,

S. 79) hat für sehr allgemeine Folgen von Werten pn und qn unsere Bedingung (10) 
mit tS  1 angegeben.

Wenden wir jetzt Satz 1 auf (13) mit p„ = q„ = 2n (n=0, 1, 2, ...) an, so werden 
wir auf die Funktion

F(z) = sinh [(2? — A) fz]
\ z

mit den Nullstellen

geführt. Somit erhalten wir für Werte d mit |ax| L ö s u n g e n /,  in denen noch 
<x(d) Parameter frei verfügbar sind, während wir für Werte d mit 0^<7<[o^l eine 
eindeutig bestimmte Lösung /  erhalten. Damit liefert unsere Methode in den von
(14) erfaßten Fällen gerade die von Whittaker angegebene Lösung.
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Ziehen wir schließlich noch Satz 7 von Pa a sc h e  [4] S. 25—26 heran, so können 
wir auch Aussagen über den homogenen Fall (d. h. a„=b„—0 für и=0, 1,2, ...) 
von Aufgabe (11) machen. Dieser wurde allerdings bereits von Schoenberg  [9] 
für p„=q„=2n (n=0, 1,2, ...) eingehend untersucht. Er zeigte, daß jede Lösung 
/  vom Exponentialtyp ein ungerades trigonometrisches Polynom ist.

5, Bemerkungen

Es sei darauf hingewiesen, daß die von uns in Satz 1 erhaltenen Lösungen /  
in gewissem Sinne „minimal“ sind. Aus Satz 8 bei Paasche [4] S. 27—28 folgt 
nämlich, daß es keine Lösung /  gibt, für die der Grenzwert (7) einen kleineren Wert 
als }[d hat.

Schließlich zeigt sich, daß wir gemäß Lemma 4 auch sehr unregelmäßig gebaute 
zulässige Folgen von Wertenpn und q„ konstruieren können; neben „vollständigen“ 
im Sinne von W hittaker (vgl. [13] S. 452 bzw. [10] S. 109) auch „unvollständige“ 
mit der Eigenschaft, daß sich die zugehörigen Lösungen /  von (11) nicht als Reihen 
von Standardpolynomen darstellen lassen.
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1. Задача определения числа деревьев графа, обладающих теми или 
иными свойствами (или более общая задача определения суммы весов всех 
деревьев, если вес дерева равен произведению весов его ребер) возникает 
при исследовании электрических цепей, при изучении надежности информац
ионных сетей и в других случаях.

В настоящей статье речь идет о числе деревьев графа, содержащих заданный 
лес.1 Эта задача просто сводится к задаче об определении числа всех деревьев 
некоторого другого графа. Поэтому способ определения числа деревьев графа, 
восходящий к Кирхгоффу и связанный с вычислением некоторого определителя 
(см., напр., [1]), пригоден и в этом случае. Наоборот, если для любого леса 
известно число деревьев полного графа, содержащих этот лес, то метод включе
ния и исключения дает принципиальную возможность определить число деревьев 
любого графа [2, 3]. Однако некоторые классы графов допускают более простые 
решения. Так, в целом ряде работ приводятся формулы числа деревьев для 
различных серий графов, и более того, даются алгоритмы выписывания таких 
формул для определенных классов графов [3—9 и многие другие].

Что же касается задачи о числе деревьев графа, содержащих заданный лес, 
то пока выделено немного классов графов, для которых выписываются соот
ветствующие формулы. А именно, было показано [2, 3], что число деревьев 
T(Kn, Fk) полного графа К п, содержащих лес Fk с к ребрами, равно
(1) Т(Кп, Fk) = y(Fk)-n"-2- k =  y(Fk)-n~k-T(Kn),
где y(Fk) есть произведение чисел вершин всех (п—к) компонент леса 
Fk, Т(Кп)=п"~2 — число деревьев полного графа К„.

В [10] доказано, что если граф L получается из полного графа К, удалением 
всех ребер, соединяющих вершины множества А с вершинами множества 
В (Т П Д-- 0 ;  А, В ez К,), то число деревьев T(L, Н) графа L, содержащих 
дерево Н  на вершинах А, равно
(2) T(L,H) = a - t‘- a- b- 1( t - a ) b- 1- ( t - b - a ) 

где а = \А\, b =  [S|.
В настоящей работе показано, как для графов G некоторого класса полу-

T(G,F) „ „ ~чать формулы для доли ■ ■■■ деревьев, содержащих заданный лес г . ЭтоГ(0)

1 Настоящая работа была доложена на Семинаре проф. А. А. Зыкова по теории графов
и гиперграфов в сентябре 1972 года.
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позволяет к тому же получать формулы числа деревьев различных серий 
графов.

Кроме того, указана точная нижняя оценка числа деревьев графа, содер
жащих заданный лес с одной нетривиальной компонентной. Из этой оценки 
вытекает экстремальность графов некоторого класса по числу деревьев.

2. Будем рассматривать неориентированные графы без петель, но быть 
может, с кратными ребрами [1].

Припишем каждой вершине х  графа G натуральное число р(х) — вес 
вершины х. Получившееся образование будем называть взвешенным графом 
и обозначать через Gp. Пусть при этом ZG =  р(х) — вес графа G; \G\ —

xíG
число вершин G; Па = Ц р{х). Граф, состоящий всего из одной вершины

xíG
веса s, будем обозначать через gs.

Пусть ГРЬР есть граф, который содержит все элементы графов Г и L, и 
в котором каждые две вершины х ^  у, xd Г, yd L  соединены дополнительно 
р(х) • р(у) ребрами. Если Ф — граф без ребер, то Фр -Фр — Р есть граф, в котором 
каждые две вершины х ^  у  соединены р(х) ■ р(у) кратными ребрами.

Очевидно, ГРЬР = ЬРГР и (FPLP)RP = ГР(ЬРЯР). Поэтому вместо (r pLp)R p 
будем писать ГРЬРRp. Так например, Р = Фр ■ Фр = gf1 • g p • . . . .  gp, где n = \P\ — 
число вершин Р.

В дальнейшем указанная операция будет применяться к непересекащимся 
графом.

Пусть У1; У2, ..., Y k — попарно не пересекающиеся подмножества вершин
(или подграфы) графа G. Обозначим через G£1>r2....Ук взвешенный граф,
который получается из Gp, если каждое из множеств Уг, i=  1, 2, ..., к, отождест
вить в одну вершину z, (удалив получившиеся при этом петли) и приписать 
этой вершине вес р(гг) =  ^  р(х). Соответствующий граф без весов будем

* ег,
обозначать GYuYi....Yk, - Заметим, что графы Gp и G?1>r2.....Гк имеют один и тот
же вес Tg. Очевидно,
(3) ГрЬр =  (r pLp)Y.

Два дерева графа будем считать различными, если различны множества 
их ребер. Пусть, как и выше, T(G) есть число различных деревьев графа G; 
T(G, F) — число деревьев G, содержащих лес F. При этом рассматриваются 
лишь такие деревья графа, которые содержат все его вершины.

Пусть jB(G) = ||éy|| — матрица, у которой Ьи равно числу ребер, инцидент
ных вершине хь a —b;j, i У-j, равно числу кратных ребер, соединяющих вершины 
X; и Xj в G. Очевидно, det B(G) =0.

3. Если лес F графа G имеет компоненты Fx, V2, Vk, то, очевидно, 
T(G, F )—T(GVl'Vií ^Vk). Поэтому нам предстоит изучение числа деревьев графа 
при различных отождествлениях подмножеств его вершин.

Пусть граф L состоит из двух вершин и иг, соединенных с {и. v) кратными 
ребрами; G =RPLP; z  — вершина в G(ll v), получающаяся в результате отож
дествления вершин и и V в G; ZR= У,р{х).

XÍR
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Л ем ма 1.
ПС)

T(G(U,V))
p(u)-p(v)-ZR

p(u)+p(v) + с(и, v).

Д оказательство. Пусть матрица Вху (Г) получается из В (Г) удале
нием строк и столбцов, соответствующих вершинам х, у, ... графа Г. Так как
del ВХ(Г) = Т(Г) [1], то

(4) det В „(fi) =  П О ;  det BUtV(G) =  átiBz{GM ) = T{GM ).

Образуем матрицу B'U(G) из BU{G) умножением строки и затем столбца, соот-
р(и)+р(р) _

ветствующих вершине v, н а---- ~̂ (v)-----' огда

(5) det В'и (G)

= { (  P{U)p ]l P) {V))  Ш -Zr +  c ( u , v ) )  ~(p(ü)  + р (р ))Ц  det BU'„(G) + det B(G(u,v)).

Так как det B(G(uv)) =0, то из (4) и (5) получаем требуемое утверждение.
Пусть {у, ,  у 2, , }’„} — множество вершин графа Р = Фр - Фр, р(уд  = рр, 

|Р| =  п.
Л емма 2.

( 6) Т([ГрРр]Р) = ~ [ Х Р + Ег]1-\р\-Т(ГрРр).Пр

Д оказательство. Пусть Gt и Rt — графы, получающиеся из ГРРР 
соответственно отождествлением и удалением (вместе с инцидентными ребрами) 
первых i вершин из Р. Очевидно, ГрРр =  G0; Т(ГРРР) = T(G0); Т(\ГРРр]р) =

i  п

=  T(Gn). Обозначим Xt =  рк, Г  = ^ р к, так что 27,-Гг+1 =  ХР. Так как
то положив в лемме 1 р(и) = Xt , 
получим:

(г =  1 ,2 , . . . ,  и — 1).

k= 1 k=i
Gi+1 = Rf+i-g*1"  и <jí = Rf+i-g i‘-g$i+1
P (v)= pi+x, c ( u ,  v) = X iP i+1> Zr — Tr + T‘

T(Gi+1) ^i + l
T(Gd Pt+i X i [ X r  + X P]

Поэтому
T{Gn) f f  T(Gj+i) 
Т(С,) T(Gi)

^ - (X p  + Z r f-W ,

что и требовалось доказать.
Заметим, что формула (2) может быть получена из (6). Действительно, граф 

L представим в виде: Ь= ГРРР, где Г=К,_а, Р=Ка, Г и Р не пересекаются, и 
р(х)=0, если х£В сК ,_а; р(х) = 1, если х£К,_а\В ;  p(y) = 1 для у£Р. Поэтому 
согласно (6)

И Н Н ) = Т([ГрРр]р) = a(t — by~a- T(L).
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Пользуясь методом из [6] (или следствием 2.4, когда G есть дерево с тремя 
вершинами) получим

Т{Ь) = tt- a- b- 1( t - b ) a- 1( t - ä ) b- \ t - a - b ) .

Из последних двух соотношений вытекает (2).
Пусть Fs — лес с s ребрами в графе Р, у (F \ Р) — произведение весов 

компонент леса Fs в Р.
Теорема 1.

(7) Т(ГРРР, Fs) = y ( F\ P) ( I ruP) - s. Т(ГрРр).Up

Д оказательство . Пусть лес Fs имеет компоненты с множествами вершин 
Vi, V2, ...,V k и с числами вершин vk = |Fi|, »a =  Щ , ..., vk = \Vk\, где к = |.Р| - í ,

к
так что »£ =  |Р| =  и. Пусть, кроме того, G0 = r pPp; Gt = (FpPp)Vl....Vi;

i = 1
Ri = G0\ ^ ;  — подграф G на вершинах Ff. Тогда G0 = i^ pR f\ T(G0,F"~k) =
=  T(Gk). Согласно (3) G; =  (ff+iRi+i)v1....v, = ü+i(Ri+i)vl.....vr  Так как ZVi+1 +
+  I x l+1 = I g0 и так как графы (Ri+i)v1....у\ и R pi+1 имеют один и тот же вес,
то по лемме 2

Поэтому

T(Gi+1)
T ( G i ) ПTi + 1

( /=  0,1, 1).

T(Gk) f f  T(Gi+i} (I
T(G0) il{  T(Gi) ПР K a°’ '

что и требовалось доказать.
Заметим, что формула (1) получается из теоремы 1, когда Г — полный 

граф и веса р(х) всех вершин равны 1, т. к. T(Kn)=nn~‘l.
Рассмотрим граф G без кратных ребер с множеством вер шин Z={zk, ..., z„}. 

Пусть Dk = {i\(zk, Z() — ребро в G или z,=zk); Рк — фркфрх —- граф, в котором 
любые две вершины х ^ у  соединены рк(х) -рк(у) кратными ребрами, рк{х) — 
положительные целые числа.

Построим по графу G и графам РХ,Р 2, Рп «расширенный» граф 
Г =T(G, Рх, Р2, ..., Рп) следующим образом:

а) каждая вершина zk в G заменяется на Рк,
б) каждое ребро (zf,Zj) в G заменяется на P f ‘ - P p j ,  т. е. любая вершина 

.г из Pi соединяется с любой вершиной у  из Pj pt(x) • Pj(y) кратными ребрами. 
Это означает, что граф ГРъРъ >Рп получается из G заменой ребра (zb Zj) на 
I P. ' 1Р. кратных ребер.

Теорема 2.

Т(ГР liP2,,..,pJ 
Т(Г) z Py - [P*'.

к = 1 И Рк iíD k
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Д оказательство . Пусть Гк = Г \ Р к. Тогда для любого к = 1 ,2 ,... ,п  
Г = ГккР£к, где для х£Р(а Г к

í pt(x), если /€ Dk;
Sk (Х) { 0, если i$D k.

Поэтому, как и в доказательстве теоремы 1, последовательное применение 
леммы 2 и соотношения (1) дает требуемое утверждение.

При некоторых дополнительных ограничениях можно установить связь 
между числом деревьев графа T=T(G, Рк, Р2, ...,/>„) и числом деревьев графа G.

Следствие 2.1. Пусть G — граф с п вершинами, Г =  T(G, Pl t ..., Р„) 
и ZPi — т, / =  1, 2, ..., п. Тогда

Т(Г) =  {?|Г|- 2 Д  n Pk(dk+ l) 1̂ 1-1}- T(G), 

где dk — степень вершины zk в G.
Д оказательство . Если ХР.=т для i=l, 2, ..., п, то TPl>Psí....Рп получается

из G заменой каждого ребра на т2 кратных ребер. Поэтому Т{ГРъРг....Рп) =
=T2(n_i>2’(G), и положив в теореме 2 1Р.=т, получим требуемое утверждение.

Пусть G XKX есть декартово произведение графа G и полного графа Кх, 
т. е. граф, вершины которого соответствуют парам (х, у), x£G, у€.Кх, и две 
вершины (xlt уг) X (х2, у2) смежны, если хк и х2 смежны или равны в G, а также 
Ух и У2  смежны или равны в Кх. Тогда G x K x=T{G, Ри Р2, ..., Р„), где Pt, 
i= l,2 ,  есть полный граф с т вершинами. Поэтому, если в следствии 2.1 
положить pk(x) = 1, х£Рк, к = 1, 2, ..., п, то получим

Следствие 2.2.

T{GXKX) = {т™-2 П  (dk + I ) '" 1} • T{G),
I k=1 J

где, как и выше |G|=w.
Пусть R — двудольный граф, т. е. граф, все вершины которого можно 

разбить на два класса Хк и Х2 так, что вершины из Xt (i =  l, 2) попарно не 
смежны; \Х^=пр, |Л|=л.

Следствие 2.3. Пусть Г =  Г(К, Рх, Р2, ..., Р„)', ТРг=Тх, если z£ X t 
и TPz = т2, если zf_ Х2. Тогда

Т(Г) =  т ? -1.т Г -1{ п  ПР (rk +  t2í/z) |Pi1 -1}X{ п  ПРя{х, + х ^ яУр^ - 1}-Т(Я).
ztx1

Получается из теоремы 2, если заметить, что
Т(ГРъРг....р„) =  (т1т jr - ^ T iR ) .

Таким образом, приведеные выше результаты позволяют не только полу
чать в ряде случаев формулы для доли деревьев графа, содержащих заданный 
лес. Они к тому же дают возможность выписывать формулы числа деревьев 
для различных серий графов.

Вот еше один пример. Пусть каждый блок графа G есть либо цикл, либо 
ребро, и пусть Ci, С2, ..., Ск — все блоки-циклы а Ьк, Ь2, ..., Ьх — все блоки-
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ребра графа G. Если ребро и цикла С заменить su кратными ребрами, то число 
деревьев получившегося графа C(s) равно

T(C(s)) = ( n s u) Z - -
и(=С и £ С  Ьц

Поэтому для графа Г = Г (G, Р1} ..., Р„) получим из теоремы 2
С ледствие 2.4.

ПГ) = П ^ г Ч 2  Я (  Я  О  \ 2 - } } -  n s bj,
z£G y£Ds [i = 1 С г SUJ) j = 1

где для ребра и = (х, у) из G s(u) = 1 Рх • 1Ру.
4. Выше были выделены некоторые условия, при которых доля деревьев 

графа содержащих заданный лес, определяется достаточно просто. В общем 
случае картина, конечно, сложнее. Поэтому возникает вопрос, в каких пределах 
заключена доля деревьев с указанными свойствами для произвольного графа. 

Рассмотрим случай, когда лес F имеет единственную, компоненту V
с числом вершин IF |s2 . Очевидно, 1, и если каждое ребро F есть

T(G)
, _ T{G, F)перешеек графа G, то — — = 1.

Т( G)
Пользуясь изложенными выше результатами и результатами работы [12],

T(G, F)можно получить следующую нижнюю оценку для —!,■ .T{G)
Пусть t —t(G,F) — число ребер графа G, оба конца которых принадлежат 

V; l=l(G, F) — число ребер G, ровно один конец которых принадлежит V; 
о- =a(F) = \V\^2.

Теорем а 3.
T(G, F)

ПО) 2t е
a — 1 а

íí-i

причем оценка достигается тогда и только тогда, когда G представим в виде 
RPPP, где множество вершин Р есть V, р(х) =р(у), для x ,y£ V  (см. лемму 2). 

Если F имеет лишь одно ребро и=(х, у), то получаем:
Следствие 3.1. Пусть dx — степень вершины х, а с(х, у) — число ребер, 

соединяющих вершины х, у в G. Тогда

T (G(x,y))
______ 4
dx + dy + 2c(x, у) • T(G)

причем оценка достигается тогда и только тогда, когда граф G представим 
в виде G — Гр(х,у)р и р(х) =  р(у) (см. лемму 1).

Пусть граф Nh получается из К„ удалением к  попарно не смежных ребер,
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Следствие 3.2. Для любого графа G e n  вершинами и т ребрами

(1 ~ ) т

где т = ̂ ^  — т. Равенство имеет место тогда и только тогда, когда G=N„,

Это утверждение было ранее доказано в [11].
Следствие 3.3. Для любого графа G e n  вершинами

у  с(х,у) л -1
(x.ríéG dx + dy + 2c(x,y) ~  4 ’

где суммирование ведется по всем неупорядоченным парам вершин из G.
Равенство имеет место тогда и только тогда, когда в G любые две вершины 
х, у соединены одним и тем же числом ребер с(х, у )=с>0.

В заключение заметим, что полученные выше результаты верны также 
для графов со взвешенными ребрами, когда вес дерева есть произведение 
весов его ребер, a T(G) есть сумма весов деревьев. При этом веса вершин, 
рассматриваемые выше, следует считать произвольными числами, а не обяза
тельно целыми.
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ON THE GROWTH RATE 
OF WEIGHTED AVERAGES 

OF EXPONENTIAL RANDOM VARIABLES
By

R. J. TOMKINS (Regina)

Throughout this note let, for each n S l ,  Ynl, Yn2, Ynn denote a sequence 
of independent identically distributed (iid) random variables (rv) each with the 
exponential distribution function

F(x) =
1

1 —e~x 
0

x >  0 
I S O .

Define S„= 2Í Ynk/к- This note investigates certain aspects of the limiting behaviour
k =1

ofS„.
Let Ar1, X2, ... be iid rv with common distribution function F(x) as above, and 

let Mn= max (Xt , X2, ..., Xn). Rényi [3] has shown that, for each n S l, iid exponen-
П

tial rv önl,Őn2, ..., ö„n exist satisfying Mn= 2  <5„k/k. Much is known about the be-
k = l

haviour of Mn (e.g. see [1] and [5]). In view of Rényi’s result, one is moved to compare 
the limiting behaviour of S„ with that of M n.

The simplest form for S„ occurs when Ylt T2, ... are iid exponential rv and 
one defines Ynk=Yk for all /iS  1 and fesn. In this case the sum corresponding to
S„ is Tn= 2! YJk. Now lim Var (Г„)= £  k~2<°° so lim (Tn—ETn) exists and is

k = 1 n-*-oо k  =  1 n-+ oo
finite a.s. by the Kolmogorov Convergence Theorem ([2], p. 236). It is well-known 
that ETn—log« (where у is Euler’s constant). From these facts if follows
that lim TJ\og и = 1 a.s. and

n-+oo
N

Tn-  f 0 if N =  1
lim --- r — -------- =  1 -г \ t ,П-OO 1 0 g ,y  +  i n  ( — OO i f  1 ,

where logx x = log x and logm+1 xslog (log,„ x) for m a l.
However, R esnick [4] has observed that it is evident from the fact that M n^ b n 

infinitely often (i.o.) if and only if Xn^b„ i.o. for any real sequence and from
the Borel Zero—One Law that for each integer (Vsl,

N
Mn-  2 ’logmn

lim sup--------------------= 1 a.s.,
■ logjy+1n
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since
со

2  (п log П ... logjv и)“1 (log# + 1  и)_* -< оо
И = 1

if and only if х >  1. This rules out the possibility that the converse to Rényi’s 
theorem is valid; i.e. given S„ as defined above, it is not always possible to find an 
iid exponential sequence {Z„} such that S„=max (Zl5 Z„) for all n.

Nevertheless, we can establish some evidence as to the behaviour of Sn with 
the following theorem.

T heorem . For each и £  1, let Ynl,Yn2, ..., Y„„ be iid exponential rv and
n 5  s

write Sn — 2  Y„Jk. Then lim inf - —-— = 1 a.s. and 1 ^  lim sup - —— = 2 a.s." log n log n

Moreover, this result cannot be improved without stregthening the hypotheses.
Proof. Using either Rényi’s result mentioned above or a momentgenerating 

function argument, one discovers that, for all x>0, P [S„^x]= (l — e~*)n\ i.e. 
S„ and Mn (as defined earlier) are identically distributed. For any number <x>0,

P[|S„/log/i—1| ^  o] = P[(l-<r)logn — Sn ^  (l+cr)logn] =

= (1 -n ~ 1~a)n—( l —n~1+a)n— 1 —0 = 1.

So S„/log n-+l in probability. Hence a sequence {nj} of positive integers exists 
for which SnJ\og Uj-* 1 a.s., so that lim inf SJlog и ё1  a.s. and lim sup SJlog n S 1 a.s. 

For e>0 define the events Z„=[S„<(1—e)log n] and JB„=[S’„>(1+e)log и].
oo

By the Borel—Cantelli lemma the theorem will be established if 2  P[d„]<°° for
n = l

alle> 0and  ^  Р[Д,]<°° for all £=-l.
П = 1

It is well-known that 1 — t <  e~' if 0 <  t -= 1. Therefore,

2  P[Z„] = 2  (1 — и-1+£)и <  2  exp {—иЕ} <
n = 1 n = l  n = l

For the other series, note that (1 ~n~1~c)”-* 1 for all e>0 and use the fact that 
—log(l—x)~ x  as x-*-0 twice to get P [/?„] = 1 — (1 — л_1_г)я~  — n log (1 — и_1_£)~  
~ и -и _1_£= п _£. Clearly, then J£P[i?n]<«> if e > l.

To establish the last statement of the theorem, let Xk, X2, ... be iid exponential 
rv. Let Vn=n(n + l)/2 for all п ё 0. Put Ynk= XVn_1+k where /iS  1 and k sn . Defi
ning Bn as above and again using P [Д,]~  и ~£ we discover that 2 ^ [^n]=  °°ifO <£< l. 
But the events {B„} are independent, so the Borel Zero—One Law applies to yield 
P [Bn i-o.] = 1. Hence lim sup SJlog n—2 in this case.

R em arks. From the proof of the theorem it  is  evident that the conclusions of 
the theorem apply to any sequence {S„} of rv satisfying P[S„^x] =  (l — e~x)".
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The theorem easily generalizes to include exponential distributions with para
meters other than 1.
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ON WEIGHTED POLYNOMIAL APPROXIMATION 
WITH A WEIGHT ( l - x ) a/2(l+ * )W2 IN L2-SPACE

By
NG U YEN  XU A N  KY (Budapest—Hanoi)

1. Introduction

In the present paper we are giving an extension of a previous paper (N guyen 
X u an  K y  [4]) concerning weighted polynomial approximation.

Let L2 be, as usual, the space of real square-integrable functions in [ — 1, 1] with 
norm 11 • 1|2. Let 3An be a set of algebraic polynomials of degree not greater than 
и (и=0, 1, ...). Let

(1) WUit)(x) = ( l - x p /2(l + x)^2, x€[—1,1], < x ,/?S -l/2 .

For W(a,p)f i L 2, we define

(2) En(W(Xtß); / )  = inf | | ( / - Я) WUtß)||2, n =  0, 1,....
We denote by
(3) = y„(«, ß)x” + ..., у, («, ß) >  0

the и-th orthonormal polynomial with respect to the weight f¥&ß)(x). That is 
Pn’pKx) is the known orthonormal Jacobi-polynomial. For W(Xtß)f ( L 2, we denote 
by S(a, ß ;f, x) the orthonormal expansion of/ with respect to the system {Д/и(х)} 
that is

(4)
f ix )  ~  S(«, ß ; f ,  x) = 2  cki*>ß\ f ) P k'ß) (x) wherek — 0

1
Ck(« ,ß l f) =  f  f ( x ) P ^ ß\ x ) W f ß)(x)dx к  = 0 ,1, ...

11/2
It is known that

(5) En(W(aißy , f )  = \  2  4(<*,ß-,f)}
U = n  +  1 J

For W(x ß)f ^ L 2, we define the following continuity modulus:

n =  0, 1, ...

(6)

f  5я/8 1 1/2

sup /  \f*(0 + t) —f  *(0)\2W*fß)(0) sin 0 dO'e + 
о m t m ö  { g  J

{ it 1 1 /2

J  \ f* i e - t ) - f * ( e ) \ 2w g ß)(6)sin9do\ , o ^ d ^ n / 3
a/s J
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where the function /*  (в) is defined by

(7) /*(0)= /(cO S0), O S 0 S 7 T .

The modulus co(lV(x/i); / ;  (5) exists for every W(xß)f£ L 2 and Оё<5^7г/3, and we have

a>(Wu,ßy ,f;5 )-*  0 ( 0 - 0 ) .

In what follows c,(a, ß, к , ...) denote constants, which depend only on a, ß, к .......
Let Sj?-ß) (k= 1, 2, ...) be the set of /  satisfying

(i) / is a Ar-times iterated integral function of/<*> in (— 1, 1)
(n) f ° m * +,,ß+»6 T2 (/ =  0, 1 ,.. .,  A:) (/«»

Furthermore, we denote by S f - ß) the set of f(x )  satisfying W(Xtß)f c_L2.
We give here the analogue of Jackson- and Bernstein-type approximation 

theorems, as follows:
D irect theorem. Let к be an arbitrary non-negative integer. For each f~  SkI,ß> 

we have

(8) EH+t(Wíx,„; f )  S c f ос, ß, к ) со(Щх+  k , ß  +  k ) ; / (fc); i /и), n =  1 , 2 , .. ..

Inverse theorem 1. For each f € S ^ ’ß>, we have

(9) (Oifv^.ßbf; s) ^ Cl(a,/00 Z  5 Л /» ;  /)•OSnSä-1

Inverse theorem 2. Let к be a positive integer, f  £ S$*’ß). I f

(10)
then f£Sj?,ß); also

( И )

2 ( т+ 1 )‘ - 1£ А й ; Л < »v=0

En(.Wb+k,ß+k);fM )  ==

S í.íe .A fc íK B + ir W b ,« ;/))-  Z  (v + i)k- l E f w ^ ß)- f j \ -v=n + 1
furthermore

( 12)
« ( ^ +t,/r+« ; / w ; i/«) ^

сз(а> ß> к)п~г Z  [(v+ 1)*-11?у(Щ|,1л ) ; / )+  Z  (s+ l)* -1^ ^ , ,>;/)].v=0 s = v  +1

R em ark . It follows from the above theorems that E„(W(а>(г) ; / ) = o  («
(L=0, 1, . ..,0 < а < 1 ) if and only if f € S t ß) and m(lF(oi+fĉ +t) ;/<*>; (5) = 0(<5a).
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2. Lemmata
The proof of our theorems is based on some properties of orthonormal Jacobi 

polynomials.
We have

d i ,  » - ' ’M r  =

W +u +i , W f e u+1)w r  = W lß){ x ) P ^ \x ) .(n + a + j?+l)y„_1(a+  l,ß +  1)
(14)
,,cr\ r o\ 1 (2n +tx +ß \ j  2n + cc+ß + 1
(15) y„(a,/D= y l  n j | ----- --------------

Г (и + 1 )Г («  +  а + ß + l) 11/2

r(n  + cc+l)r(n + ß+  1)J
(see (4.3.1); (4.3.4); (4.5.5); (4.2.1) and (4.21.7) in Szegő [5]). From (15) it follows 
that

(16) Ук(<*, ß)
7fc-i(a +  1> ß + 1)

=  1 (k =  1 ,2,...).(k-\- oc +/? +1)
We begin with the proof of the following lemmata.

Lemma 1. I f f€  S(*’ß), then
(17) S'(<x,ß-,fx) =  S(a+ l, ß + l ; f \  x).

P roof.. Since/ £  Sla,ß) we have
(18) W?x+liß+1)(x)f(x) = o(l) (\x\ -  1).

Indeed, (18) is trivial if ос,/J<0. If a, jßsO, then from the monotonicity of 
the function W(%+1'ß+1)(x) in the neighbourhood of 1 and —1 we get

X

|И?.+1.,+ 1)(*Ж*)| ^  |/(0)»?.+1. ,+1)(x)| +  |» i.+1. ,+1)(x) f  Ww+1,ß+r> m '( t)d t\  s
0

X

— 0 (l) + c2(a, ß)Wia+ltf+1)( x ) \ f  \W(«+i,ß+i)(t)f'(t)\dt\ =
О

^  o(l) + 2с2(а ,ßT)W(a+i,ß+i)(x ) ||^ « +1>0+1) / , ||* =  o(l) (M -  1).
Now, from (14) and (18) we obtain by integration by parts'

<*(«, ß; f )  = f  f { t ) P t ß)it)W ^ßft) dt =

(19)

-у*  (а. ß) +

+

(& + а+/1 + l)yfc_1(a+ 1, ß +  1)

n(a ,ß) f  f \ t ) P ^ +1’ß+1Kt)w^+1,ß+1)(t)dt =

Cfc-iia + l.jS + l; / ') -

(& + a + /? + l)yfc_1(a + 1 ,ß+  1) 
______  Ук (ас, ß)

(k + ct + ß + l)yk- 1(cc+ 1, /?+ 1)
(17) is indeed a consequence of (13), (19) and (16). Q.e.d
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Lemma 2. I f  f£ S [x’ß) then

(20)
=' ££ $ e. W . +i.д+d ; Л  s

Cj(z, ß)
(»+ !) ll^(»+ i>P+i ) / , ||2» n — 0, 1 , . . . .

Proof. (20) is a consequence o f  (5), (19) and the asymptotic formula (see (15))

(21)
A (a,/1) l

(k + a + /? + 1) у*—1 (ос + 1, ß + 1) к
A

— ~r (* =  1,2,...).

(The relation =* Z?„ means that /1 <  —- < Ü, where Л and 5  are independent of n.)
Ai

Lemma 3. We have for every Л „£ (n = 0 , 1 , ...)

(22)

( 2 3 )

\\Ща+ 1, р+ 1) П„ \\2 S  c5(a,ß) n IILL(a,p)2T„||2.

5n/8

( 2 4 )

{ /  I n u e + h ) -  П* (Q)\2W ^ß){0) sin в d O f ^  
0

c6(a , ß) h n { f  \n t (0) W£ 'ß)(e)\2 sin Odd}112.
0

{ /  \П*п{в-Н )-П *п{ в ) \ ^ р){в) sin O d e f2̂
Зтг/8

n
— c4(z , ß) h n { f  |Л„*(0)Ж(* w(0)|2sin0J0}1/2.

Proof. Since
S„(cc, ß; П„) = Пп, Л„£0>п 

we have by Parseval’s formula and (19), (21)

W ( « + i , ß + i ) n „ \ \ 2 =  | | f f ( a + i , / j + i ) ‘S'n _ 1 ( a  +  1 , / ? +  1 ;  П 'п) | |2 =

fn-1 11/2
= \ z  c U « + i , ß + h n ' n)\ =

4  =  0  j

( V i  (* +  «+/> +  2)y ,(a + l , ? + l )  . „  J T “ _
- U  1--------17')] i s

S max o s is n - l
(* +  ct + /? + 2) (oc+ !,/?+ !) J ”_ 1n-l 11/2

2  c2k + 1(a,ß; П„)\ s
k = 0  >Ук+ ii^ß )

= ca(a, ß)n\\Sn(cc, ß\ n n)W Xiß)\\2 = cs(x, ß)n\\WUiß)n n\\2.
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Finally, (23) and (24) are consequences of (22) and the following inequalities valid 
for O ^hSn/3:

5я/8

(25) { /  \П*(6 + h) — Щ (0)|2И£?„(0)sin 0 dOf'2̂
0

S  ca(a, fl)h {/  IЯ Г  (0) K , ß M 2 sin 0 de}112.
0

(26) { f  \n*„ (0 ~ h) -  m  (0)|2 w g ß)(0) sin 0 do}112̂
Зя/8

ё  c10(«, ß)h {/  |ЯГ (0 )^ ,« (ö )|2 sin в de}1'2.
о

То prove (25) and (26) we notice only that

(27) K 2ß)(Ö) sin 0 S  cu (a, £)Ж(* ^(0  + Í) sin (0 + t), O s 0 s  5тг/8,

0 ^  t ^  7r/3 and

(28) (F(*fw(0 ) s in 0 á c 12(a,iS)Wfaf/,)(0 -O sin (0 -/) , Зтг/8 ^  0 ^  я,

я/3.
Thus we completely proved our lemma.

3. Proof of the main theorems

Proof of the direct theorem. S in ce , for n = 1 , 2 , . . .

5я/8 n -1

(29) { /  (2n /  [ / Ч 0 + О - Г ( 0 - О ] Л р 0 } 1/2=
Зя/8 n -1 /2

л “ 1 5я/8

ё с 13(а ,)8 )^ ;5 (/,+1)(Зя/8) /  { /  | / +(0+O -/*(0-O I2^(af«(0)sin 0 í/0}1/2í/í =£
и -! /2  Зя/8

— с13(а, /^ « Т ^ + ч /З я /в М И ^ ) ;  / ;  l /и),

there exists а 0„, Зя/8 g 0 „ ^  5тг/8 so that
/1 “1

(30) [2и /  [ Г ( 0 П +  О - Г ( 0 П- О ] ^ |  ^
« - 1/2

^  c13(a , ß ) W (l-+l ß + 1)(3n/&)üj(W(XiP)- f- ,  l /и ) • (4 /л )1/2.
Let

Л“1
(31) £?„ =  2и /  [ Г ( 0 „  +  О - / * ( 0 П- О ] Л -

п-1/2
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We introduce the following function:

n 1
2 n f  f* (9 + t)d t О ^ в ш  9n

n-V 2 
n -1

2« f  f* (0  — t)dt + Q„, 9n <  0 ^  n,
n-l/2

(32) ср*п(в) =

and let <pn{x) =  qi$(arccos x). We obtain from (32) and (30)

(33) \\((pn- f W u , ß)h  = { /  \ v U e ) - r m 2K*ß)(°) sin 0 d0}m s
0

^ 2 п /  { / "  I / * (в + 1) - / *  m 2W gß)(e) sin 9de}1,2dt +
п-!/2 о

+ 2и /  { /  \Р  (д -  0  - Г  ДО W gß)(9) sin в d9}112dt +
n-1/2 0„

+ с13(я, ß )W fc lß+1)(3n/S) • «(Щ .,,,; / ;  i/«){ / i r ^ ^ s i n O ^ } 1̂
e„

^  [ l+ C H Ía ^ ^ íl^ + D ÍS T i/S ) ]« ^ ,,) ; / ;  l /и).
Again, from (32), we get

ТС
(34) \m x+i,ß+i)(.x)(p'n(x)\\2 =  { /  I<pí'( 0 ) (0)|2sin0 í/0}1/2̂

О
в п

— 2/7 { f  \f*(9 + n~1) - / *  (0 + / г  V2)|2 ̂ , ( 0 )  sin в d ö f12 +
О

+ 2и { /  \ Р (0- и -1) - /* (0  -  и~1/2)|20 ^ ,( 0 )  sin 0 dO}112s  4nco(fV(a,ß); f ;  1/п).
в„

From (31), (32), (33), (34) it follows that q>n(x )£ S p ß\  and thus by Lemma 2, 
we get

(35) En(Wu,ßV,f) ^  K<Pn-fW(x,n\\2 + E„{W^ß)-, cpn) ^

s  \\(cpn-fm*,P) ii2+  m « +i,ß+D<p'n\\2 ^

^  [1+C14(a, ß)W£+lß+1)(Зтг/8) + cu (a, ß)](O(Ŵ ; / ;  l /и).
Thus the direct theorem is valid for A:=0. The case &>0 is a consequence of the 
case k= 0, and the relation

(36) En+k(W ^ß); f )  g  Сз(̂  En(Wb+tit+k); fM ), и = 1 ,2 ,... ,  A: =  0 ,1 ,...,

which follows from (20). Thus we completely proved the direct theorem.

Acta Mathematica Academiae Sclentiarum Hungarlcae 27, 1976



ON W EIG H TED  POLYNOM IAL APPROXIM ATION 107

The proof of the inverse Theorem 1 is similar to the proof of Theorem 2 in 
N g u y e n  X u a n  K y  [4]. We apply only inequalities (23) and (24).

Proof of the  inverse theorem 2. Let q„ (x) be a polynomial of best approxima
tion of order n to f ( x ) with weight W ^ß)(x) in L2. Let 1^Ш к. Using inequality 
(22) and the fact that the sequence E„(IV(aifi) ; f )  does not increase, we obtain

IKiavn — ?|v+ 1 л ) +1,/;+оII2 == c4(a,ß, l)(2v+1n)l \\(q2vn- q 2v+i„)W(X'ß)\\2 =s 

^  c5(a, ß, l) f )  ^  ß, l) * 2  (j+  1 y - 'E j Q V ^ - f ) .
j  = 2v n — 1

Therefore, the series

(37) Z  (Rvn-q^+lnWfa + Uß + l)v=0
converges according to the norm of the complete space to some element 
(/=1, 2, к) and

(38) Kfui-qPM a+u+'lll* ^  Z  (/ =  1, 2 ,..., k),
v =  0

from which (11) follows at once. From (38), we integrate k-times, and we take the 
convergence of (37) in consideration and obtain th a t/ is  a k-times iterated integral 
function of/<*), i.e. f£ S jf’ßK

The inequality (12) is the consequence of (11) and the inverse Theorem 1 for 
x  + k ,ß  + k )•  Q - 6 - d .

I am very grateful to Professor Géza Freud for his invaluable suggestion in 
writing this paper. I am also indebted to Mr. Péter Vértesi who scrutinized the ma
nuscript and eliminated misprints.
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ESTIMATIONS FOR SOME INTERPOLATORY 
PROCESSES

By
P. VÉRTESI (Budapest)

1. Introduction and preliminary results

1.1. In his paper [1] O. Kis proved some theorems for the Lagrange interpola
tion process based on the Chebysheff nodes

21c— 1
<1.1) Xk„ = cos n (fc = 1, 2, ..., n; n = 1, 2, 3,...).

E.g., he proved the following statements. Let f(x) be a continuous function on 
[—1, 1] with the modulus of continuity co(/; t) such that co(f,t) = 0{(o(t)) for 
a certain modulus of continuity m{t). If

{ 1.2)

C ( /;  x) =  Z  f ( xkn)Ikn(x),
k = 1

_  Q(x)
~ Й' (**») (x -  x j  ’

f íW  =  с П  ( x - x k„), 1
k = l

then we have
T heorem  1.1 (O. Kis).

(1.3) I f ( x ) - L n(f; x)| s  c12 a  
or

(1.4) \ f ( x ) - L n{ f-x )\ =sc2

l'l -л :2
+  Z a

k = 1
N  -x l„ \L(x)\

(O ] / \ - х г " 1
In n + Z  — (Oi=1 l

(—1 S  Ä 1; n — 2, 3, 4,...).
(See [1], (1.2), (4.1).).

He also gave some lower estimations but for proving these he had to settle the 
case x = ±  1 separately.

The main aim of this paper is to give such kind of lower estimation which 
can be applied for any point of the interval [— 1, 1]. For the sake of generality we 
prove our theorems for the Jacobi roots. In the remaining part we apply this meth
od for another interpolatory process.

1.2. We need the following tools.
Let us denote by com(t) a function for which

1 All constants c and ct are positive.
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(i) (üm(t) > 0 for t> 0, com(0)=0, com(T)^com(t) for T ^ t, com(t) is a continuous 
function for i s 0;

(ü )
< » m ( 0

is a monotone increasing function for iSO (m s 1 is a fixed integer).
Let C(com) be the class of functions continuous on [—1, 1] such that

(1-5) 0  ^  am(f)com(t)

where com(f; t) is the m-th modulus of smoothness of f(x). For m — 1 we use the 
notations co(i) and C(co).

Let {7’„}“=1 denote linear operators on C(com).
Let us suppose the following restrictions.
(A*) There exist certain functions g„(x) (n — 1, 2, 3, ...) such that

(al) gn(x)£C(com),
(a2) T„(g„; z„) ^  c4Á„(z„) for certain {z„}c[-1, 1]
(definition of A„(z„)).

Considering Theorem 1.2 we may suppose that
(1-6) ITn(gN; zn) - g N(z„)\ == tiNe„2n(zn) (n >  M(N), 0 <  t] <  1),
where 0 < c„S l, еп+1Шеп.

(B*) Suppose f(x)dC(com) where

(bl) / ( * ) =  Q 2  enignt(x), ni+1 >  M(nt), Q >  0.
i = l

(C*) We suppose that for certain c4<c4 (0<c4)
со CO

( d )  ^4^nfc(^njt) '*■ 2  en, z „ J !  +  2 \Sm (^л к) | .i=Ä+l í=*
Then, applying Theorem 3.1 from [3] for B\~p' 1] where P=  {/(*)€ C(com)} (i.e. 
now Д^>1,1] =  С(сот)) we have

T heorem  1.2 ([3]). I f  the conditions A*, B* and C* are satisfied then there exist 
an/(x)€C(com) and {«;},“ i such that
(1-7) T„k(f; z„k) - f ( z ni)  >  еПкЛПк(гПк) (к = 1,2, 3, ...).

2. New results

2.1. Let us consider the Jacobi polynomials Ри(я’̂ (х) of degree n defined by

(2.1) ( i - xy ( i + x)ßp^ß>(x) = ^ . ^ [ ( i - xy ^ (l + x)ß+n]

If we consider the Lagrange interpolator process £(*>M for the roots
(2.2) -  1 <  xi*'ßl <  xOt{]n <  ... <  x & f) <  x£'ß) <  1
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of x) (see (1.2)), then we have 
Theorem 2.1. For any /(х )сС (ш )

(2.3) №"■»(/; x ) - f(x ) \  =§ Cl № ß)w
where /?)>0.

This theorem is the best possible in the following sense. Let us suppose that 
m £  1 is an arbitrary fixed integer. Then we have

Theorem 2.2. If lim (tm/com(t))=0 then for any fixed x * € [—1, 1] there exists
t= + 0

an fi(x)£C(com) and a subsequence {ujHLi such that

(2.4) Т ^ Ч Л ;* * ) -Л (* * )>  j >
k = l

Moreover i f  a>m(t) = tm, then for any {e„} (e„\0) and fixed  x*6[— 1, 1] there 
exists an f 2(x)£C(tm) and {/?,},“  i such that

l/1 —x? (а’ )̂ )
^ ---- 1 \ l t ß)(x*)\, п = щ ,п2,п 3, . . . .

(2.5) L<“>«(/2; х* ) - /2(**) > e „ Zk=1
\l!«ß)(x*)\, n =Рх,Рг, Рз......

2.2. Remarks. 2.21. The expression of type co(((l— x2„)n 1)1/2)|4„(x)| was 
used e.g. by O. Kis [1] and P. O. Runck [2].

2.22. If
(2.6) = x = xf(Jfn (j = 0, 1 ,..., n; x0 = 1, xn+1 = -1 )
then with xSa,,ß) = cos x  = cos $

(2.7)
№ =  0 ,1 ,...,« ) ,

№ ^ ;W + l)

(/„~gn means that/„ = 0(g„) and g „ -0 { fn); see [10]).
So for suitably chosen {n;} (sometimes omitting the superfluous indices)

2  <»» I4(0)| У  ffl» Ы  14(0)1 ~  C0 m f~ ]  log n
* - и  J

(see [14.4.7]2). That means if lirn^(co(t)/t) =  0 we have for a suitable f 3£C(yo)

(2 .8) L}?,ß4 fii; 0 )-/,(0 ) ~  CÜ log« (и = 92. ?3.

[14.4.7] means the formula (14.4.7) from [8].
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If x =  l we have by (2.7), [4.1.1] and [8.9.2]

from where e.g.

П
2  Ют k = 1

£«-1/2

L (nx-ßK fi\ l ) - / i ( l )  ~  ® W « i+1/2 (a >  - J ,  n = P!,Pz,p3, ...),

Ln(A; 1 ) - / 5(1) >  ют W  (a = ß = - j ,  n = rl5 r2,r 3, ...),

l ) - /e ( l)  >  (a’ß *= - J ’ n = Si,Sz,S3, ...)
for suitable/4, / 5 a n d /e.

2.23. In (2.4) and (2.5) we can substitute x* by x(n) if we suppose that

1*/,»-*(л)1 ~  l*/+i,n —*(B)| ~
instead of (3.8).

2.3. Let us consider the uniquely determined Hermite—-Fejér interpolating 
polynomials of degree Ш2п—1 for the roots (1.1), i.e. let

(2.9)

where
H * (f \ x) = 2  f (xk„)vk„(x) l̂ n(x )+  2  f  (Xkn) (x -  Xkn) /|„(x)

k =1 fc=l

( 2. 10) Vkn(x) 1 - 4 ,
Vkn{x) 2 ’

and f '(x )  is continuous. As it is well-known

(2.11) #„*(/; xkn) =  f ( x j ,  H ’n*( / ;  xfcn) =/'(**„)■

We can prove a convergence theorem (see [11]). To give the order of the convergence 
we prove the following

T heorem  2.3. I f  f  (x )£ C (co ), then we have

(2.12) \H*(f; x )-/(x )I S  c10 2  I |* -* J& (* )-1=1 f n )
On the other hand, for any fixed integer m S 1 we have
Theorem 2.4. I f  lira (tm/a>m(t)) = 0 then for any fixed x * £ [— 1, 1] there exist

t=+о
an fí(x)^_C(ü}m) and a subsequence {«;} such that

Н Ш i; x * ) ~ f f x *) 

(2.13)

2  ю„k = 1
Q ) , x * И = W1# rt2, «з, ... .
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Moreover, i f  a>m(t) — tm, then for any {e„} (e„\0) and fixed x*£[— 1,1] there exist an 
fi{x)^C {tm) and {pi} such that

\x * -x kn\ll(x*), n = plf p2, p3, . . . .H t i U  x*)-fi(x*)  >  e„ Í
k = 1 I n

(2.14)
2.4. Remarks. 2.41. We have, as in 2.22 the following formulae. If 

lim (co(t)/t)=0, then for suitable subsequences and functions
t = + 0

m u , \  o ) - / 3(0) ~  (o 1 I log n
n I n (n = qi,q2,q3, •••; / 3'€С(ю)),

я„*(/4; i ) - / 4(i) 2 > h rn‘ k~L (и‘
(n = s1,s2,s3, ...; a>(t) = tx, 0 <  a <  1).

2.42. We can apply a sequence {x(n)} instead of x* if we ensure (3.8).
2.43. We shall return to the case of Jacobi roots and the lacunary interpolation 

in another paper.

3. Proofs
3.1. P roof of T heorem  2.1. We need the following important
3.11. L emma 3.1. For any x £ [ — 1, 1] we have the relation

(3.1) V I - x 2
-  0(1) 2 ® ,

k =  1

where the О sign does not depend on x.
3.12. Using the notations ;c = cos5, xk =  xf„,ß> = cos 'fikn'll) etc., we shall 

apply the relations

[8.21.18]

where

P<*»(cos 9) = n~ll2k(9) {cos (WS + y) + (n sin ^ " ^ ( l ) }
(си-1  s i s  7t — СИ-1 )

9k(9) = я -1'21 sin —

[4.21.7]

[4.1.3]

— a —1/2 9
C0S2

- 0 - 1 /2

N  = n + <x + ß +■ 1 1 I 7Г
’ y = - | a + 2 2 ;

-£-P<*'ß4x) = ~ {n  + a + ß + \ ) P t f - ß + X)(x), 

Plß'*\x) = ( -1  YPj*’» (-x ),

[4.1.1]

[8.9.2]

n+  a 
a IT,Я *л (1)

№ ftc**)i ~  k-*-*'*n*+2 (o < == y j .
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We may suppose that x g o  and x ^ x f / nß), х ^ ( ] п. Using the ideas of [8], 
Theorem 8.9.1, we can choose the intervals 7V =  [av, bv] and Jv = [rv, s\] on the unit
circle |v = t, t+  1, ..., [-^-]]> where t is fixed for и ^ и 0(a,ß) and 1 ^ t ä c s(oc,ß),

TLsuch that /í (/v) =  n(Jv) = (where ц stands for the Lebesgue-measure),

a — a — b — b and w(a+i,p+i) r j .  nia-n./s + i) fnr
U V U V +  1 U V U V + 1  a l l U  ^ l  +  V . n ?  rl \ ,n  — 1  ^ V  +  V 5 ' l v , t l  t  « / y  A U I

suitably chosen fixed i and /. Here the points cos are the corresponding local 
maxima of Piy’S)(x) on /v (or Jv). (See this scheme.)

♦̂1 wtt1
i ♦ t 

Of

x*2 Л.» I,

7t
~N

First we suppose that 3 >  , e.g. g  st + “t+1 Tjjen t>y [g.9.6]

|P^“,p)(x)| ~  n~1/2S~a~112. Further using that now j  ~  иЗ, |cos3 —cos3y| =  
3 + 3 ,  13-3,1=  2 sin

(3.2)

- sin 3n_1, we have
n - l l 2 Q - a - l l 2

и-а-3/2^-а-3/2и01 + 2 ^ -1

Considering that / l  — x2 ~  f l  — x2, we have

7 T ^ 1  | 7 Г ^ Л „
— j — ) ~ [—r-J(3.3) OX,

1.

(И — И0).

If a , s 3 s  -2 ± ^  then |P„(iV ’"+4 (x)| ~  и “1/2 3 “ * ~3/2 (see [8.9.6.]). So by [4.21.7]

(3.5) |/j(x)| P t ß](x)
P '^ { X j){x - X j)

n \P t\1>ß+1)(x)\
\K (*'ß)(Xj)\

пп - l / 2 £ - a - 3 / 2

— a — 3 / 2 ^  — a — 3/2 + 2 l.

If 3 +^ +1 ^  # <  3, we get that |/,-+i(x)| ~  1. Using (3.3), we get (3.1). 

Supposing that 3 < 3 ;+t we have 3S c3k_1. So

J ?  ®m )  I4 (x )| S  CCOm i  I4 (x ) | — COJm | Л |  S  £Om •

That means we completely proved (3.1).

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



ESTIMATIONS F O R  SOME INTERPOLATORY PROCESSES 115

3.13. The remaining part is simple. We can choose a polynomial pn_1{x) of 
degree S n - 1 such that

(3.6) |/(x )-p „ _ 1(x)| == csa> ( ^ -) ( 1 — ^ — 1; n = 2 ,3 ,4 ,...)

(see [1], [9]). So using the relation

L„( / ;  x) - /(x )  = p n- x(x)-f{x )  + 2  U(xk) - p n_!(x*)]4 (x),
(3.6) and (3.1) for m = 1, we get (2.3).

3.2. Proof of Theorem 2.2. We wish to apply Theorem 1.2. Let
Л + 1

Нп = и Xt и  {x*} = u Ti and y; > y i+1,

(3.7)

gn(xk) = sign 4(x*)com [ ^  к = 1,2, . . . ,  n,
gn(x*) = 0,

fgn(yi) for X j g x g l ,
8" X ~  lf»(Tn+l) for - 1  =S X  x„.

Let us define g„(x) for x£ (yk+l, yk). In this interval let g„(x) be the Hermite 
interpolatory polynomial of degree ^2 n —1 which is equal to gn(yk) or g„(yk+1) 
at the endpoints, respectively, and at these endpoints g'n(уs)= g'á(ys) = ...=  
=g!?~1)(ys)=0 (s= k , k + 1) (see [7]).

Using e.g. [8.21.18] and the ideas of [8], Theorem 8.9.1 (or (2.7) for x* ^  +  1) 
we can choose the subsequence {r;} such that

(3.8) |*,\n~x*| ~  ~  jp (n = ri,r2,r3, ...).

If x* =  ±  1 we have only one |... |. Then, supposing from now on that п=гг, r2, rs, ..., 
we have

(3-9) lTi-Ti+il ~  -pa

using that com(gn; t ) s  max com(g„; t\[y i+1, y j ) 3 we get that for a certain s'

(3.10) Cüm(g„; 0 = Bmtm com |o  <  t Ä c8-^ j  .

Here we used (3.9), yT — x3~ — (see 2.7), further the ideas of [7] obtaining (31) 
(from [7]). From (3.10) by (ii)

(3.11) a>m(g„; t) ~  Bmtmn2m(om , 0 < t s  .

3 comif'y la, b\) is the com( f ; t )  restricted for [a, b].
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So

со, ,(&; 0  S  2imBmr r í ím L ^ + 1] ®m(0 = 22тд т (1 +  cg-)com(0,

i.e. g„(x)€C(cum), so we obtain (al). 
By (3.7) we have

(3.12) Ln(gn\ x*) = 2  |4(x*)|co„
k=l

vT=

i.e. we have (a2) with Tn = Ln, z„ = x*, Á„(x*)= 2  \h(x*)\(or
k = 1

By (3.7) we get for any fixed ()<</< 1
{ ^ ) and c4 — 1.

(3.13) X„(gN;x * ) s  Í |4 „ (^ ) |c o M( l ) á ? Í | 4 n(^)|com( - l )  if t f > S e(n). 
Let

(3.14) f(x)  = 6 2  g„,(x), {«,} с  {r,}, «i+1 > M («,), ni+1 >  S(n;)-
1 =  1

Let n jh  <  t ä  ríj l . Then

com( /;  t) =  Q 2  com(g„f; 0  =  6
But by (3.11)

i = l i = j+l.

2  com(g„(; о ^  Вmtm 2  «im®m(«i 2) S  2Bmtmrij u>m ( r i j  0  2Smco,„(0
i=l i=l

if lim^a>m(t)t~m =  oo, further {и,} is so lacunary that

(3.15)
Further by (3.7)

j- i Í l ) Í 0~2 =  n”0>\  — \
Wi) \П])

2  com(g„.; 0  =  2m 2  com -  s  2 ">
i=y+l i=j+l —  Z t f  ^ T —;®»(0ИУ+1/1' = 0 1 9

because of {«,} is so lacunary that com(n{ 0  =  9, <»m(ni+i) = 4 o:> m ( n i  2)- So we get (B*) 
because of

com( /;  0  52 6  |^25m +  — -J com(0-

To prove (C*) we remark that g„.(x*)=0, further by (3.13)

2  \Lnk(.gntl X * ) \  2  \h,nk(x*)\cum Í
So we perfectly proved (2.4).
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In proving (2.5) we have to choose {и;} such that 2  £n,<00> £„ , \0 ,  0 < snis  1.
1 = 1

Then instead of (3.15) we get

2  £Л;" т (^ и,; 0  s  Bmtm 2  enlnlmn r 2m =  c10Bmtm.
i= 1 »=1

The remaining parts are the same as above. So we get (2.5) with en — e„.
3.3. Proof of Theorem 2.3. As we know there exist polynomials Qn(x) such

that

|/« (x ) -ß ® (x ) | =§ Cn 
(see [9]). So we have

(* € [-! , 1], к == 0, 1)

Щп ( /; * )-/(* )! = 2  lf(xk)-Q n(xk)]vk(x)ll(x)+ 2  lf '(x k) - Q \x k) K x - x k)H(x) +
fc = 1 fc =  l

+ Q ÁA  * )- /(* ) C11 +

f c = l  и
1 Xkk = 1

\ x - x k\ll(x)

Using that for к 7±j, j + l

fT -xk 1 — ХА* 1 — cos 9 cos Sk + sin В sin 9k 2 . 2 9 + Sk
vk(x) =

n l / l - x l n sin — Sin" n 2

„ . 3 + 9k . \9 -9 k\ . .g  2 sin sinJ— г—1 =  jx xk\

and for к  =  j  or к  =  j+  I

n Vk(x )
n ] / l - x l n

further

\ x - x j+1\ ~  -
Vl - X 2-

---------- from wheren
n

2k = 1

- +
И n j / l - j c ?

s  C12-

»*(*) =  О \ 2  \x - x k\

we get (2.12) if we apply the relation

^1 ■ 03
V . l/l- '+1 Í , ,  /1 - x io (i)  2  4 / ' ;

k=J
vk(x)l'l(x)

which can be proved by the method of Lemma 3.1.
3.4. Proof of Theorem 2.4. The ideas are similar to [5], Theorems 4.1 and

3.2. So I sometimes omit the details.
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We can suppose that we have for {/-;} (3.8) and

(3.16) Ű  Xk, r t c z  ü  xSt,l+1 (i = 1, 2, 3, ...).
k = 1 5=1

(We obtain (3.8) and (3.16) e.g. by making the sequence {З1} ^  suitable lacunary 
(see [6]).)

Now let

Hn =  ( j j  *,) ( ü ^  =  *,)u{**} =  \Jyt, у, >  yt+1.
Ír*j

We define hn(x) and g„(x) = h'n(x) as follows:

(3.17)

,K (yk) =  0 for any yt,

g„(xk) =  sign ( x - x k)com

1?1

II О +

l П

g„(xk) = sign (xk-x)com 0 - 4 к  =  0, 1 ,..., n, к 9 ^j,
gn(x*) = 0.

For x6(jfc+1 , yk) we apply the definition of 3.2. 
If T„(f; x) =  j t  f ( x k) ( x - x k)!t(x) then we have

k =  1

(3.18) Tn(gn; x *) = 2  \x * -x k\Pk(x*)a>„
k=1

y i =  !„(**).

Because of gn(x)£C(com) (see 3.2) by (3.18) we get (A*). For (C*) we remark 
that g„ (jc*) = 0 further

во Пк
2  \Tnk(gni;x * ) \^  2  2 \ x * - x j , nk\Pj,„k(x*)com ^ т яПк(х*)

i=* + l i=k +1 j=l
1 1

if {/7;} is lacunary enough. Similarly we have that for suitably lacunary {и,}

t*(x) Ш Q 2  gn,(x)£ С(озт).
But then according to (1.7)

(3.19) Tnj(t*; x*)-  tt(x*) >  1  |x* -  xk\Pk(**)сот \ U =  1,2,3,...).

Noticing that for i2(x) =  2  i ( 4  h (x*) =  t*(x*) =  0, t[(x) = t*(x), we get
fc=ll

"j
(3.20) Я *(ь; x*) -  t l (x*) =  2  tA xk,n) v Kn(x<Vi„(x*) + ТпМ ; x*)ti(x*).

k = 1
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Here

(3.21) 2  tAxkjn) v k,nj{x*)ll,nj(x*) = 2  2  hni(xk,n) v ktnj(x*)llnj(x*).lf = 1 f = 1 Ir = 1
"J

_  ..........................  -  2k=1 i=l fc = l

By (3.16) and (3.17) hn.(xk nj) = 0 if i S  j. Further by (3.17) |/z„(x)| ^  
S  c13tom(n~1)n~l. So we get by (2.10)

(3.22) 2  K t (xk, „ ) vki (x*) l l  (x*)
k = 1

=  CU  2  m
0 « ?

= q 2™» Щ- 1 Щ-.'A,n,(x*) = q‘ J 2  0Jn

Щ)

nJ2lk,„j(x*) x  д‘- ]Тп̂ п/, X * )

for i  >  j  if {я;} is lacunary enough. By (3.19) — (3.22) we get (2.13) with /)(x) = 
=  2í!(x). To obtain (2.14), see 3.2.
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ON THE DEFINITION OF SATURATION
By

P. VÉRTESI (Budapest)

1.0. In this paper I should like to compare two definitions of saturation and 
give examples showing which of them is more effective for different positive operator 
sequences.

1.1. If C* — C*(—n,n) denotes the space of 2r-periodic continuous functions 
on the line with the norm | | / | |=  max \f(x)\, then we have the following usual

—  o o < j c < oo

definition:
(Dl) Let {£„}“= 1 be a sequence of operators from C* into C* and (Ф„}~=1 a 

sequence of positive real numbers which converges to 0. We say that {£„} is saturated 
with order {Ф„} if the following two conditions are satisfied.

(al) If/<EC* then lim М и !^1 Ж =о if and only if / is  a constant;
(b) There is a non-constant function / 0£C* for which | |/n—Тп( /0)|| =  О(Фп). 
In [1] D eVore used a slightly different definition (D2) for the saturation. The 

only difference is as follows:

(a2) If f£C*  then Ищ =  0
П-ь-оо Фц

if and only i f / i s  a constant (i.e. the using of lim instead of lim ([1], 3.1)).
He shows that under (D2) the saturation order {Ф„} of {£„} (if it exists) is not 

unique, but for any two saturation orders {Ф„} and {Ф'} we have Ф„~ Ф'п 1 ([1], 3.1). 
He also gives examples showing that under (D l) it is possible to have two saturation 
orders {Ф„} and (Ф'} for which we do not have the relation Ф„~Ф' and even the 
saturation classes for these two orders may be different ([1], 3.10. and 3.13.5).

1.2. Let {L„} be a sequence of positive convolution operators; that is for /€C *

(1.1) LH(J\ x) = ( /*  dn„)(x) = /  f(x  + 1) dn„(0n J
— It

where ф„ is a non-negative, even Borel measure on (—тг, тс) such that

(1 .2 ) /  d f i n ( t )  =  1.
71 J

— 71

1 an^ b n means that there are constants 0<C x^c2 < 00 such that с ^ а пЬ~х^ с г , n— 1, 2, 3, —
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A typical example is the Fejér operator
TZ

(1.3) <r„(/; x) = (f*F„)(x) = 2jl^ +])  J  R x  + t)
sin (л+1) у

sin-
dt

2

which is saturated with order n~x using either (Dl) or (D2) (see [1], 3.6).
However, we can give a sequence of positive linear operators which is saturated 

neither under (D2) nor Dl) (see [1], 3.4 and [2], Theorems 3.1 and 3.2).
1.3. Our first aim is to give a sequence of positive convolution operators which 

is (Dl)-saturated but not (D2)-saturated.
If dbx denotes the Dirac measure at x, i.e. forR C *  we have

/  Rt)dbx{t) =  /(x),
— n

then let us define the following infinite matrix:

where

c/a(2,3) c/a<3'3> c/a(4,3)... c/a, с/х2 c/a4 c/a7

c/a(2,4) c/a(3,4) c/a(4,4)... dct3 c/a5 c/a8

da<a’5> c/a(4,5) ... or c/a6 c/aB

c/a(4,6) ... </«10

(1.5)

We remark that

d R ’sX =  -J  1— [ \{dö_L+d5± ) +  ̂ ( d ö _ in  +  dóR)
^  V У )  r 2 r 2 "  s s

(s = 3, 4, 5 ,..., r = 1, 2, 3,...).

(1.6) if c/a(r’s) = c/a„ then r2 ~  n.
Let

(1-7) D„(f; x) =  f  f ( x  + t)dcc„(t) or £Xr’s>(/; x) =  ^  f /(x  + 0</a(r,s)(0-
71 J  71 J

— TC — TZ
9

It is easy to see that Dn is a positive convolution operator. Nevertheless, we have 
the following

T heorem  1.1. Using (D2) the sequence {/)„} is not saturated.
Proof. At first let us consider another usual definition

1 я 1 *
Qkn =  — f  cos kt da„(t) or q[r,s) = — f  cos kt c/x(r,s)(t) (k = 0 ,1 ,2 ,...) . % J n J

—  TZ — TZ

( 1.8)
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By (1.4)—(1.8) we have

||D „(cosi; x ) - c o s x | |  =  ||(1 - e ln)c o sx || =  1 - Qi* =  l - e i r,s) =
(1.9)

=  2 1
1 • о 1 2 . о 7Г лsin2 -=-0- +  — sin2— =  О 2 г  г  s i l  = 0 | - | .

(1.9) will be used later. Using (1.5) and (1.6) we have for a fixed integer />>0 

I!£>(f’s)(cospt; x) -  cos/?лг|| =  1— Q(J,S) = 2 | l  —-4-j s i ^ ^  +  ̂ -sin2-^-
( 1. 10)

( /= 1 ,2 , 3, ...; i  = 3,4, ..., /+2).

Now we can prove our theorem. According to Theorem 3.1 in [1] the sequence {£*„} 
is (D2)-saturated if and only if for a certain positive integer m

(1.11) Jim -j— —  =  i/rfc >  0 for every k.
П- + 0 0  1 Q m n

(If (1.11) holds then 1 — Qmn is a saturation order.) Let us suppose that we have (1.11) 
for a certain m >0. If we choose the subsequence {«,} such that

(1.12) = docni 
we have, as in (1.10), for k=4m

1 — n 1 _ )
i - ’em.n, “  1 - e £ ,4"° 

(1.13)

!)•

So lim  ̂ =  0, i.e. (1.11) does not hold.

1.4. Now we prove the following
Theorem 1.2. I f  we use the definition (D l)  then {/)„} is saturated with order

{n-1}.
P roof. We use the transform technique. Let

(1.14) f(x )  =  f f( t)e~ iktdt (k = 0, ±1, ±2, ...),
— TC

(1.15) Ш  = f е~ш dß(f) (к = 0, ±  1, ± 2 , ...)
— 11

be the complex Fourier coefficients of f£C*  and the Borel measure dp, respectively.
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Then as it is well known
(1.16) (.f*dn )(k ) = 2Д (*)/(*)

(see e.g. [1], 1.4). So by (1.7) and (1.14)—(1.16) we get 

(117) ~  f [ f(x ) - ( f* d a n)(x)]e~ikxdx = f(k ) (  1
— К

If for a function feC *  ||/-Z>„(/)ll = 0 («“ 1), then by (1.17) |/(m)(l — ö|m|,n)|=  
—o(n J) (m=0, +1, ±2 , ...). Then for any fixed тИО choosing the subsequence 
{л,} according to (1.12), we get that 1 — 0|т |,и,~г’-2~ иг~1> so / ( « ) = 0, i.e. f(x )  
is constant. On the other hand, by (1.9) we have (b).

1.5. Here we prove a statement which means that in many cases (D2) is more 
restrictive than (Dl).

Theorem 1.3. I f  a sequence {L„} o f arbitrary constant-preserving operators 
(from C* into C*) is (DT)-saturated, then {L„} is (D l)-saturated, too. (We do not 
require that Ln should be linear.)

Proof. Let {Ln} be (D2)-saturated with order It is easy to see that {L„} 
is (Dl)-saturated with the same order. Here we construct another, different satura
tion order.

Let \l/„= sup Фк. Then iA„\0, ф„^Ф„,

\\ f~ L n{f)\\\ ^  \\f — Ln(f)\\
Фп Фп

for any /€ C *  but for a suitably chosen {«J we have

(1.18) \ \ f ~ L n(J)\\ _ ] | / - L n(0 || 
Фп Фп

(л = л15 л2, л3, ...).

We prove that {Ln} is saturated with {фп} under (Dl). Indeed, if ||/-L „ ( /) || = о(ф„) 
then и - Ь щ(/)\\=о(ф„) (i'= l, 2, 3, ...). But using (1.18) we get

\ \ f - L nt(f)\\ = о(Фп), i.e. fim Wf z b V R  = 0.
П-+00 Фп

So by (D2) /^constant. On the other hand, if / =  constant, then \\f— L„(/)|| =0 = 
=  o  (Фп)-

To prove (b) we have to consider the function/„ for which ||/0- L n( /0)|| = 0(Ф„), 
/о^constant. By фп^Ф п we get ||/0- L n( / 0)|| =0(фп).

1.6. Now, if we drop the constant-preserving property, we have
Theorem 1.4. There exists a sequence o f positive linear operators (from C* into 

C*) which is saturated under (D2) but not under (Dl).
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P roof. Let

(1.19) * „(/) =
f(T„(/) if и is odd, 

^ „ ( / H / ( - y )  if « is even,

where an( f)  is the Fejér operator (see (1.3)). Then {/?„} is (D2)-saturated with order 
{n-1}. Indeed, if / =  constant then \\f— R2fc+i(/)ll =0.

On the other hand, let \\f—Rn{f)\\n=o{\) («=«1,и2,«3, ...). If / ( y ) = 0, then

/ — Rn( / ) = / — crn( /)  but then we know that /=constant. If/^ -js^O th en  using that
for any /£С*, IIc„(/)-/II— 0, we have to suppose that щ =  2st +1 (i£ i0), i.e. we 
have Jim | | / — <rn(/)||«=0. But then as we know /=constant. So we proved (a2).

П-*-оо
To see (b), we consider the function /i(x )= cosx  for which R„( f i  i x) = cr„(/1; x) 
(и=1,2, 3, ...). But {/?„} is not (Dl)-saturated. Namely, for any f= c  (c^O) and 
{Фп} (Ф„>0, lim фп=0) we get

/!-*■ °o

Um V ~ * m  =  о and lim I t M l  =  lim -Ĵ L =  =o. 
n =  2fc +  l  Ф п n — 2 k  Ф п  n =  2 k  Ф п

So lim does not exist.

At last I should like to thank Professor J. Szabado s for his remarks at Theo
rems 1.3 and 1.4.
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ОБСЛУЖИВАНИЕ ТРЕБОВАНИЙ ДВУХ ТИПОВ

Л. ЛАКАТОШ (Будапешт)

1. Постановка задачи

При рассмотрении одной более общей задачи, поставленной И. Н. Кова
ленко, возникла необходимость исследования системы массового обслужи
вания, в которую могут поступать требования нескольких типов, но одина
кового приоритета. В настоящей статье мы ограничиваемся случаем, когда 
у нас в обслуживании могут участвовать лишь требования двух типов, первого 
и второго соответственно. В такой ситуации естественно возникает вопрос, 
что именно подразумевать под состоянием системы: в данном случае мы 
изучаем те периоды в ходе обслуживания, которые начинаются обязательным 
наличием требований обоих типов. Приведем пример для выяснения смысла 
такого определения: если у нас идет обслуживание требования одного типа, 
то под занятостью будем понимать период от момента поступления требова
ния другого типа (предпологая конечно, что в ходе данного цикла обслужи
вания до этого момента требования этого другого типа вообще не поступали) 
до момента полного освобождения системы от требований обоих типов. 
Отсюда ясно, что сам обслуживающий прибор может быть в занятом состоя
нии, а в тот же момент с нашей точки зрения система свободна. Чтобы раз
личать два типа занятости, первый из них будем называть периодом полной 
занятости (занятость с нашей точки зрения), а второй просто периодом зан
ятости (занятость с точки зрения обслуживающего прибора). Фактически здесь 
речь идет о системе обслуживания типа М/G/1 которую мы изучаем с по
мощью интегро-дифференциального уравнения, и при выводе формул мы будем 
следовать по описанной в [1] (см. гл. IV. п. 1) схеме, которая используется при 
получении интегро-дифференциального уравнения Такача. Перейдем к выводу 
интегро-дифференциального уравнения. Под циклом обслуживания в дальней
шем подразумеваем период физической занятости обслуживающего прибора.

Пусть F (t, х) будет вероятность того, что оставшаяся до конца обслужи
вания работа меньше либо равна х, подразумевая здесь необходимую для 
обслуживания всех поступающих до t требований первого и второго типов 
работу (здесь мы конечно предпологаем согласно предыдущему, что в течении 
данного цикла обслуживания в системе имелись требования обоих типов, 
хотя может быть, что в данный момент у нас есть в наличии либо только 
первый, либо только второй). Событие, вероятность которого F(t+h , х), 
может осуществиться несколькими несовместными способами:

1. В момент времени t у нас идет цикл обслуживания, в ходе которого 
мы имели требования обоих типов, за h новое требование не поступает, и 
до конца обслуживания осталась работа, меньше x+h. Вероятность такого
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события:
[1 — (Aj +  X2)h\F(t, х  +  h).

2. В момент времени t у нас идет цикл обслуживания вышеуказанного 
типа, до конца обслуживания осталась работа у, от t до t+h поступает требо
вание, для обслуживания которого требуется работа, меньше х —у. Так как 
в систему поступает пуассоновский поток с параметром Д1+Я2, а функция рас
пределения длительности обслуживания очевидно равна

в  (*) =  у ^ у у  В Д  + у ^ у  В2(х),
Л1 I А 2 / -1  “Г  Л 2

где Bt(x) — функция распределения длительности обслуживания требования 
/-го типа (/ = 1, 2), то вероятность этого события равна

д:
Ui + Я2) f  B (x —y)dyF(t, у).

О

3. В предыдущих двух случаях мы предпологали наличие требований 
обоих типов в текущем цикле, а теперь рассмотрим случай когда до момента 
t мы имели дело лишь с требованиями, одного типа. С нашей точки зрения 
система в таком случае является свободной. Пусть, например, идет обслужива
ние требования первого типа, в течении данного цикла требования второго типа 
еще не поступили, а от t до t + h такое требование поступает. Вероятность 
этого события

X
Á2h f  B2(x —y)dyG1(t, у), 

о

где G1(í, х) — вероятность того, что в ходе текущего цикла мы имели лишь 
требования первого типа, и в момент времени t для их обслуживания нужна 
еще работа, меньше х. Аналогично в случае, когда у нас до г в данном цикле 
были только лишь требования второго типа, имеет место

К h J  Вг{x—y)dyG2(t, у).
О

Определением функций Gf(í, х)(г =  1,2) будем заниматься дальше. На осно 
вании вышесказанных наше уравнение выводится следующим образом. Имеем X

X
F(t + h, х) — [1 — + х + /г) + (2i + Я2) J  B (x -y )d yF(t, у) +

О
х х

+ <*1 h f  B1(x -y )d yG2(t,y) + L h  J  B2(x — y)dyG1{t,y) + o(h)
0 0

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



О БСЛУ Ж И ВАН И Я ТРЕБО ВА Н И Й  ДВУХ ТИ П О В 129

и отсюда после очевидных преобразований получаем интегро-дифференциаль- 
ное уравнение

d ~ J ~ ~  = dFf x X) -  V i + « n t ,  *) + (Я, + Я2) /  B (x-y )d ,F (t, у) +

X X
+ h  f  B1(x -y )d yG2(t,y) + X2 f  B2(x -y )d yG1(t,y). 

о о

2. Определение функций Gf(í, х)

В настоящем параграфе ограничимся выводом функции Gx(t, х), а в силу 
одинаковой роли в системе требований обоих типов, эти утверждения дословно 
переносятся и для функции G2(í, х), нужно лишь поменять соответствующие 
индексы.

Если рассматриваем процесс обслуживания, то там очевидно чередуются 
периоды свободного состояния и занятости обслуживающего прибора (в дан
ном случае под свободным состоянием мы подразумеваем, что в данный 
период обслуживающий прибор не обслуживает ни требований первого, ни 
требований второго типов). Периоды свободного состояния являются экспо
ненциально распределенными случайными величинами с параметром 
а преобразование Лапласа—Стильтьеса функции распределения периода заня
тости является единственным аналитическим в [0, 1] решением функциональ
ного уравнения (см. например в [2]):

(1) a(s) =  2  у ! 1 +  (Ях + Я2) — (Ях +  Я2) ű(í)],
i = l  Ai "Г /<2

где a(s) есть искомое преобразование Лапласа—Стильтьеса, по которому 
функция распределения определяется однозначно. Кроме этого нам понадо
бится аналог этой формулы для системы, в которой обслуживаются лишь 
требования первого типа, в этом случае нужное нам al (s) (и определяемая тем 
самым функция распределения периода занятости А± (х)) определяется из функ
ционального уравнения (см. в [1]):

(2) űxCs) = bx{s + h aAs))-
По определению функции Gt (t, х) нам необходимо, чтобы в момент вре

мени t у нас шел цикл обслуживания и в этом цикле были обслужены только 
требования первого типа, в ходе данного цикла до t требования второго типа 
вообще не поступали и остаток необходимого еще обслуживания был меньше 
х. Рассмотрим теперь рекуррентный поток с запаздыванием, определяемый 
функциями Е(х) и С(х). Под рекуррентным потоком с запаздыванием пони
маем процесс восстановления, для которого длина промежутка от начального 
момента до первого момента восстановления является случайной величиной с 
функцией распределения Е(х), а длины промежутков между всеми остальными 
соседними моментами восстановления являются одинаково распределенными 
случайными величинами с функцией распределения С(х). В нашем случае Е(х)
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есть экспоненциальное распределение с параметром Яг+Я2, а С(х) есть свертка 
двух функций распределения: периода занятости А(х) и экспоненциального 
с параметром Ах+А2. Таким образом мы определили процесс восстановления, 
для которого моментами восстановления являются моменты перехода обслу
живающего прибора из свободного состояния в занятое. Событие, вероят
ность которого обозначается через Gt(t, х), может осуществиться несколькими 
несовместными способами. Пусть tlt t2, tt, ... будут моментами восста
новления рекуррентного потока с запаздыванием, определенного с помощью 
Е(х) и С(х), и из моментов восстановления tn является последним до /. Для 
этого должна выполниться следующая цепочка неравенств: tn-^ t< tn+r\<.t+x, 
где г] есть период занятости системы при условии, что туда поступают только 
требования первого типа. Этим обеспечивается, чтобы в момент времени t 
на обслуживании находилось требование первого типа, все остальные при
сутствующие в системе требования также были первого типа и длительность 
периода до освобождения обслуживающего прибора была меньше х. Пусть 
tn—y. В этом случае в момент времени у  закончится свободное состояние, 
на обслуживание поступает требование, которое с вероятностью А1/(А1 +  А2) 
будет первого типа; этим у нас начинается период занятости, длительность 
которого должна находиться между t+ x —y  и t —y. Кроме того мы должны 
обеспечить, что от í„ до t в систему требования второго типа не поступили, 
вероятность чего ехр [ — A2(í — j>)]. На основании вышесказанных искомая нами 
вероятность равна

/  №i(t + x - y ) - A 1( t - y ) ] e - lí*-»dE„(y),Ai + A2 fi
где

X
Е„(х) =  J  E„-1(x -y )d C (y ) и Е(х) = 1 - e-<Al+A2>*,

0
а А , (х) определяется по (2). Суммированием по п от 1 до °° получаем

0 , X) =  ^  - /  [Aí (t + x - y ) - A 1( t - y ) \ e - W - y4 Z (y ) ,

где Z{x) есть функция восстановления рекуррентного потока с запаздыванием, 
определенного функциями Е{рс) и С(х). Как мы уже сказали, аналогично вы
водится формула и для G2(í, х ) .

3. Определение вероятности свободного состояния

Рассматривая вывод интегро-дифференциального уравнения Такача по [1], 
мы можем видеть какую основопологающую роль играет в случае примене
ния преобразования Лапласа—Стильтьеса знание вероятности свободного 
состояния системы в некоторый момент времени t F(t, +0). Для этого в [1] 
выводится формула

t

F(t, +0) =  е~л,+ J  e - ^ - ^ d H i т),
0
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в которой е~>л есть вероятность непоступления в систему требования, a H (t) — 
функция восстановления процесса, для которого отрезок между двумя момен
тами восстановления складывается из двух случайных величин: одного экспо
ненциально распределенного и одного периода занятости. В дальнейшем мы 
опишем метод определения вероятности свободного состояния для нашей 
системы, мы увидим что принцип вывода не меняется, осложняется лишь 
немножко сам вывод ввиду более сложного определения состояний системы.

Как мы уже раньше говорили, под свободным состоянием подразумеваем, 
что в системе нет никакого требования или в данный момент идет цикл, в ходе 
которого до настоящего момента обслуживались лишь требования одного 
типа и требования другого типа вообще не поступали. Сначала определим 
вероятность того, что длительность свободного состояния меньше х. Для 
этого необходимо, чтобы в некоторый момент шел цикл обслуживания требо
вания одного типа и в этот же момент поступило требование другого типа. 
До этого момента уже могло быть несколько циклов, складывающихся из 
одного периода занятости (за который обслуживались только требования 
одного и того же типа) и из одного экспоненциально распределенного (с пара
метром Aj + А2) периода отсутствия требований обоих типов (здесь мы также 
имеем дело с рекуррентным потоком с запаздыванием, предпологая моментами 
восстановления моменты перехода из свободного состояния в занятое, таким 
образом распределение первого цикла экспоненциальное с параметром Aj +A2).

Функция распределения периода занятости (за этот период могут обслужи
ваться требования лишь одного типа) равна

(3) =  17+1ГЛ ( *)!
где А 1 (х) — функция распределения, преобразование Лапласа—Стильтьеса 
которой определяется из функционального уравнения (2), а для случая i = 2 из 
аналогичной формулы для a,,(s). Теперь рассмотрим тот случай, когда у нас 
присутствуют требования обоих типов. И здесь очевидно, что у нас начинается 
период занятости одного типа и в течении этого поступает требование другого 
типа. Так как период занятости с вероятностью Aj/(Aj+A2) начинается поступле
нием требования первого типа и с вероятностью А2/(АХ +Аа) поступлением 
второго, то функция распределения этого последнего периода

D{x) = Aj Т А2 ( 1 - с- А2Х) + J-2
А1 + А2 (1 — e~ÁlX).

Определим теперь вероятность того, что у нас будет именно п периодов, 
функция распределения которых есть свертка функции распределения (3) и 
экспоненциального с параметром Aj + A2 распределения. Обозначив через А1(х) 
и А 2( х )  функции распределения уже упомянутого периода занятости (появл
яются и обслуживаются требования только одного типа), нам нужно, чтобы п 
раз требования другого типа не поступали, а в п + 1-ый раз они обязательно 
поступили. Вероятности непоступления

J  e~XltdA2(t) и J  e~Xt,dA1(t)
о о
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соответственно, а общая вероятность непоступления требования другого типа

4 =
Ах

Ai +  А$■ ai (А-г) + Ai "I- А%

где cii(s) и a2(s) — преобразования Лапласа—Стильтьеса функций Аг(х) и 
А 2(х ). А вероятность того, что в периоде занятости требования другого типа 
поступают

Р = Ai + А2 [ 1 - йх(Я2)] + А2
Ai +  А2 [ l - a 2(Ai)\,

и в силу этого искомая вероятность равна qpn, где q и р определяются из выше
приведенных формул.

На основании этого вероятность одновременного наличия в системе 
требований обоих типов раньше момента х  определяется из

(4) Н(х) = 2  {£(*) * \Е{х) *А(х)]л *D(x)}qnp,
п= 0

где Е(х) есть экспоненциальное с параметром Аг + А2 распределение, * озна
чает операцию свертки, а п при квадратных скобках, что операцию свертки 
мы должны применять в п раз. Таким образом вероятность того, что период 
свободного состояния (т. е. период до одновременного присутствия требова
ний обоих типов) больше х, равна 1— Н(х).

Нам осталось определить функцию распределения периода между двумя 
моментами освобождения (подразумевая здесь под занятым состоянием 
период от момента одновременного наличия требований обоих типов до 
момента физического освобождения обслуживающего прибора). Этот период 
очевидно складывается из двух случайных величин: от момента окончания 
предыдущего периода занятости до момента одновременного присутствия 
требований обоих типов и периода одновременного присутствия требований 
двух типов до момента физического освобождения обслуживающего прибора. 
Первая случайная величина имеет функцию распределения Н(х), определен
ную по (4), а определением функции распределения второй случайной вели
чины мы займемся теперь.

За этот период у нас обязательно обслуживаются требования обоих типов, 
и пусть у нас идет обслуживание требований первого типа (с момента начала 
физической занятости обслуживающего прибора у нас появились только 
требования отого типа) и через время t после начала обслуживания поступает 
первое требование второго типа. Общее распределение периода занятости в слу
чае требований двух типов есть А (х) (А (х) есть функция распределения, опреде
ленная по ее преобразованию Лапласа—Стильтьеса из функционального уравне
ния (1)). Так как мы должны обеспечить, что сам этот период был длиннее, 
чем отрезок до поступления нервого требовануя второго типа, мы пойдем 
следующим путем: по нашему предположению первое требование второго 
тина поступает через время t, так условная функция распределения (полны 
период заняточи меньше х, при условии, что первое требование второго
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типа поступает через время t после момента начала физической занятости) 
имеет вид

A(t + х )—A(t)
l - A ( t )  ’

а безусловная функция распределения

Д2 /
О

A(t + x )-A ( t)  M  
\ - A ( t )

Можно вывести аналогичную формулу и в том случае, когда впервые пос
тупают требования второго типа, и взяв их с соответствующими весами, 
получим функцию распределения периода занятости с нашей точки зрения:

К К  7  A(t + x) — A(i)
^ 1  +  ̂ 2  J  1 ~ Ж 0

(e~Xlt + e~Xít) dt =  Q(x).

Применяя операцию свертки к функциям Н(х) и Q(x), получим функцию 
распределения периода между двумя моментами освобождения обслужива
ющего прибора. Вспомнив теперь формулу

-F^i+O) = е х‘ + J e  X(t~z)dH(x), 
о

можем заметить полную аналогию, только вместо e~xt нужно брать 1 — H(t), 
а вместо Н(т) функцию восстановления, для которой функция распределения 
между двумя моментами восстановления есть Н(х)* Q(x).

Необходимые для понимания данной статьи сведения содержатся в первых 
двух пунктах четвертой главы [1].

Автор считает своим приятным долгом выразить глубокую благодарность 
И. Н. Коваленко за постановку задачи.
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MULTIPLE PACKING AND COVERING 
OF THE PLANE WITH CIRCLES

By
G. FEJES TÓTH (Budapest)

A system of open circles is said to form a к-fold packing, and a system of closed 
circles is said to form a к-fold covering, if each point of the plane belongs to at 
most and to at least к circles, respectively. The problems of finding the densest k- 
fold packing and the thinnest к-fold covering of the plane with equal circles has 
been solved long ago if k —\ (see e.g. [1]), but they seem to be hopelessly difficult 
when k>  1. Let dk be the supremum of the densities of all k-fold packings of the plane 
with equal circles. Similarly, let Dk be the infimum of the densities of all k-fold 
coverings of the plane with equal circles. Obviously, we have the trivial bounds

dk = к ^  Dk.

But it is interesting to observe, that in spite of the fact that the theory of multiple 
packings and coverings has a rather wast literature (see [1] and [2], where further 
literature can be found), no non-trivial upper bounds of dk and no non-trivial lower 
bounds of Dk were published as yet for k > \. In this paper we try to fill this gap by 
proving the following theorems:

Theorem 1. We have

Theorem 2. We have

, __ n л
dks ~6 ' 6 p

n  n  ЛDk ^  — cosec r  • k 3 3 к

Observe that -^-cot-^- and -гт- cosec ~  are equal to the density of a disc 6k 6 к  3 к Ък
with respect to the circumscribed and inscribed regular 6/c-gon.

Compare these bounds for k = 2 with the lower and upper bounds of H eppes [3] 
and D anzer [4] obtained by special constructions: 1 .8 5 4 ...S ú?2= 1-954 ..., 
2.094.. .=s£>2^ 2 .3 4 7 ....

Instead of the whole plane we shall consider packings and coverings of a finite 
domain D. We say that a set of circles forms a к-fold packing of D, if all circles are 
contained in D and each point of D belongs to at most к circles. Similarly, we say 
that a set of circles forms a /с-fold covering of D, if each point of D belongs to at 
least к circles. In what follows we shall denote a domain and its area with the same 
symbol. We shall write |S| for the number of elements of S.

We shall prove the following, more general theorems:
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Theorem 1*. Let H be a convex hexagon and S a finite set o f unit circles forming 
a к-fold packing o f H. Then

* * |S |e ta n £ .

Theorem 2*. Let H be a convex hexagon and S a finite set o f unit circles forming 
a к-fold covering of H. Then

|S |3 s in ^ .

The special case of these theorems when k=  1 is due to L. Fejes Tóth [1].
The proof of both theorems rests on the investigation of certain polygons asso

ciated with the circles. It is clear, that we may assume in both cases without loss 
of generality that there are no coincident circles in S. We define the ldth Dirichlet 
cell Dkc of the circle C£S  with respect to H  as the set of all points P(? H  such that 
there are at most к — 1 centres of the circles of S  nearer to P than the centre of C. 
It is easy to show that Dkc is a simple polygon (in fact it is star-like with respect 
to the centre of C) and if the number of circles is at least к then these polygons cover 
H  exactly к  times. More precisely, each point PGH not belonging to the boundary 
of a polygon is an interior point of exactly к  polygons.

Let pc be the number of the angles of Dkc less than n. We shall need the following
Lemma. Let S be a finite set o f different unit circles such that the centre o f any 

circle of S lies in H. Suppose that there are no four centres o f the circles o f S lying 
on a circle or on a line, no three centres have equal distances from a point o f the bound
ary of H and no two centres have equal distances from a vertex of H. Then we have

2 r kc ^ 6 k \s \ .
ces

Since the case of the Lemma is trivial, we restrict ourselves to the case
when |>S'|.

Consider any subset A of S. We associate with A the subset DA of those points 
of H  whose distance from the centre of any circle of A is less than or equal to their 
distance from the centre of any circle of S —A. (It may occur that DA is empty, but 
it is easily seen that under the conditions of the Lemma any DA which is not empty 
has interior points.) The definitions of Dk and DA imply that for \S\>k

T>c =  U W A.лэс,
We claim that DA is a convex polygon (Ac: S ). To see this we observe that the 

domain DA can be constructed in the following way: Consider a circle C£A, and 
construct the first Dirichlet cells of the circles of (S— ̂ )U{C} with respect to H, 
obtaining a decomposition of H  into convex polygons. If DC(A) denotes the cell 
belonging to the circle C in this decomposition, then we have

Da = П DC(A).
с е л

It is easy to see that each point in the interior of H  lies either in the interior of 
exactly one of the domains DA with \A\—j,  or on the common boundary of two
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or more such domains. Thus the domains DA with \A\=j ( j=  [*S| — 1), together with 
the complementary of H  form a tessellation T} of the plane. We say that a point 
of the plane is a vertex of the tessellation T} if it belongs to the boundary of more 
than two faces of Tj. Two faces of Tj are said to be adjacent if they have more than 
one boundary-point in common. The sets of the common boundary-points of adja
cent faces of Tj are called edges of Tj. Under the conditions of the Lemma the radical 
axis of each two circles of S  is different. It easily follows that if the faces DA and DA, 
of the tessellation 7} are adjacent then both A —A' and A '—A consists of one circle. 
Denote these circles by (A —A') and (A '—A). The common boundary of the domains 
Da and Da, is a segment of the radical axis of these circles. This, along with the 
conditions of the Lemma imply that Tj is trihedral, i.e. in each vertex exactly three 
faces meet.

To obtain a deeper insight in the structure of the tessellations Tj, we observe 
that the domains DA can be constructed by induction in the following way: If A 
consists of a single circle C then DA is the first Dirichlet cell of C: = D}: . Now
suppose that the domains DA with \A \^ j are already constructed. Let A be a subset 
of S with \A\=j. Construct the first Dirichlet cells of all circles of S —A with respect 
to Da, obtaining a decomposition of DA. In this decomposition let DAC be the cell 
belonging to the circle C. If Bcz S and \B |= / '+ 1 then we have

Dh = D Dac.
C iB ,  A = R -{ C }

M ULTIPLE P A C K IN G  AND COVERIN G  O F THE PLANE W IT H  CIRCLES Ш

Observe that if in the above decomposition of DA into the Dirichlet cells of 
the circles of S —A the cell DAC is not empty then C = (A'—A) for some subset A 
of S such that \A\ — \A'\=j and DA and DA. are adjacent faces of the tessellation 
Tj. To see this assume that there is a circle C such that DAC is not empty and there 
is no A satisfying the above conditions such that C=(A' — A). Then the centre О 
of C cannot lie in DA or in any face of Tj adjacent to DA. Thus we can choose a 
point Q in the interior of DAC such that the segment OQ intersects the interior of 
a domain DA, adjacent to DA. It follows that the segment OQ contains a point of 
Da, which is nearer to О than to any centre of the circles of S —A. In particular, 
this point of Da is nearer to О than to the centre of the circle C'=(A'—A) which 
is impossible since we have assumed that C $A '.

If DAl and DAi are adjacent faces of Tj then the circles C1 = (Al —A2) and C2= 
(A2—A-[) are such that the domains DAlCi and Cl are non-empty and they are 
contained in the same face DB=DAlUÄ2 of the tessellation TJ+1. Suppose that 
the faces DAl, DA„ and DAz of Tj meet in a vertex. Then we have \A1UA2UA3\ = 
= j+ 2 or \A-j\J A2\J A2\= j + 1. If \Ai}J A2\J A3\—j +2 then the six domains DAl(Az- Al),
^x2Ui-x2)> A n u s-ар» A4sU ,-a3)’ A ísiUs-As) anc* A .,U 2- a3) are contained in 
three different faces of TJ+1, namely in DAlUAt, DAlUAa and DAzUAs. If 
!̂ 41Uv42U^43|=y4-l then all these domains are contained in the domain 
DAMAMAf  It follows immediately that the vertices of Tj which are not vertices 
of Tj - 1 and do not lie on the boundary of H  are precisely the common vertices 
of the tessellations Tj and Tj+1 (see the figure, where the tessellation 7), T2 and 
T3 are represented by full lines, broken lines and dotted lines, respectively). Thus 
using the notations
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bj = number of vertices of 7} lying on the boundary of H,
Cj = number of common vertices of Tj and Tj _1, 
dj = number of those vertices of Tj which are not vertices of Tj - 1, 

we have
(1) cj+1 =  d j—bj ( j  = 1, |S| —1).

Let f j  and Vj be the number of faces and vertices of Tj, respectively. Since Tj 
is trihedral, we have in view of Euler’s theorem
(2) vJ = 2fJ — 2 ( j  = 1, |S |-1 ).

Next we show that there is no closed polygonal line consisting of the edges 
of Tj joining common vertices of Tj and Tx_x. For suppose that П  is such a polygonal 
line. We may assume without loss of generality that П is a simple polygon and there 
is no polygonal line between two vertices of П consisting of edges of 7j joining com
mon vertices of Tj and 7}_x lying in the region enclosed by П. If П is not the boundary 
of a face DA of the tessellation Tj then there is a vertex W of Tj which is not a vertex 
of Tj-_x lying in the region enclosed by П. It follows by the construction of the tessel
lation Tj that the boundary of П  is contained in a face DB of the tessellation Tj+1. 
Since DB is a convex polygon, it follows that the whole interior of П belongs to DB. 
But the faces of Tj joining at the vertex W cannot be all contained in the same face 
DB of Tj+1. Thus П  must be the boundary of a face DA of the tessellation 7j. Let 
DAl, DAn be the faces of Tj adjacent to DA. Then the centre of the circle C = 
= (A1—A)=(A2—A) = ...=(A„ — A) lies in the intersection of the convex angular 
regions bounded by the elongations of adjacent sides of П. But this is impossible 
since the intersection of these angular regions at all vertices of DA is empty.
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Note that the same argument shows that there is no closed polygonal line П 
such that all edges of П are edges of 7} and all but one vertices of П are common 
vertices of 7, and Tj_1.

Consider the graph G whose vertices are the vertices of Tj and whose edges are 
the edges of 7} not belonging to the boundary of H. Consider the family 3F of all 
subgraphs F of G which have the property that any two of their vertices can be 
connected by a path in the subgraph whose vertices are, with the possible exception 
of the endpoints of the path, all common vertices of Tj and T ^ x and which are 
maximal with respect to this property. Referring to the construction of Tj, we see 
that the faces of Tj+1 other than the complementary of Я  correspond in a one-to-one 
way to the subgraphs 7 6 # ”. The above considerations show that these subgraphs 
are trees. Let n (F) and m(F) be the number of vertices of Fand the number of those 
vertices of F which are common vertices of Tj and Tj_lf respectively (Fd3F). Using 
the fact that Tj is trihedral and that F is a tree, we get 2 — n(F )—m(F) (FgJ^). 
Adding these equalities for all subgraphs FdáF, we obtain on the left hand side 
two times the number of faces of the tessellation Tj+1 other than the complementary of
H. On the right hand side each vertex of Tj which is not a vertex of TJ_1 and does 
not lie on the boundary of H  is counted exactly three times and each vertex of 
Tj which is also a vertex of T}- x or lies on the boundary of FI is counted exactly 
minus one times. Thus we have

2 ( /J+i - l )  =  3 (d j-b j)-C j-b j,  
i.e.
(3) 2fJ+1 == 3 dj — 2bj — Cj+2.

Combining (1), (2) and (3) and keeping in view that

Vj =  C j + d j  ( j  =  1, |S | - 1 ) ,
we obtain

(4) dJ+1 =  2 d j - d j - 1+ b J- 1- b j - 2  ( j  =  1, ... ,  | S | - 1 ) .

Using the initial values c0=b0= 0, c1=»1= 2 (|S | — 1) and formula (4), we obtain 
by induction

(5) dk = 2 k \S \ - k ( k + \ ) -  § *  b,.
i=1

A vertex of a k 'th Dirichlet cell with a convex angle is either a vertex of Tk 
which is not a vertex of Tk_k or a vertex of the hexagon H. Each vertex of Tk which 
is not a vertex of Tk_k belongs to at most three of the k’th Dirichlet cells. Since 
by the assumption of the Lemma no edge of Tk emanates from a vertex of H, each 
vertex of His a vertex of exactly к к’ th Dirichlet cells. Thus we obtain by (5)

Z  Pc ^  3<4 + 6F ^  6fc|S|.
CCS

This completes the proof of the Lemma.
The rest of the proof of Theorems 1* and 2* follows a known technique [1]. 

Clearly we may restrict ourselves in the proof of both theorems to the case when S  sat
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isfies all the conditions of the Lemma. We observe that if S  forms a  Л-fold packing 
(covering) of H  then Dq contains (is contained in) C. Obviously, if CcD^ then there 
is a convex polygon Dkc with at most pkc vertices such that Cc.Dkc aD kc. Similarly, 
if Cz)Dkc then there is a convex polygon Dkc with at most pkc vertices such that 
C d ^ d í Ic . Thus we have

£% sé (p{.pkc), p(p) = p  tan y  
in the case of a Л-fold packing, and

De S  ф (pkc), «A (p) = 4  sin ~2 p
in the case of a Л-fold covering. Thus, referring to the fact that cp(p) (р = У) is a 
strictly decreasing convex function and ф(р) (p = 3) is a strictly increasing concave 
function, we have, by Jensen’s inequality and the Lemma

ЛЯ =  2  &c £  2  <P(Pc) s  \S\cp(6k)C£s ces
and

kH  = 2  Dkc ^ 2  •A(Pc) ^  |̂ |<А(6Л),cgs1 ces

respectively. This completes the proof of the theorems.
The notion of the ЛЧЬ Dirichlet cell enables us to give non-trivial density- 

bounds for Л-fold sphere-packings and sphere-coverings of the и-space for any 
Л^1 and n S 2. We shall come back to this problem in another paper.

I am grateful to E. Makai Jr. for some valuable remarks.
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НЕРАВЕНСТВО ДЛЯ АЛГЕБРАИЧЕСКИХ 
МНОГОЧЛЕНОВ И ЗАВИСИМОСТЬ МЕЖДУ 

НАИЛУЧШИМИ СТЕПЕННЫМИ ПРИБЛИЖЕНИЯМИ
E ( f ) Lp И E ( f ) Lq ФУНКЦИЙ f ( x )  € L p

ХО ТХО КАУ (Будапешт—Ханой)

Известно (см. [1], стр. 239), что если Q„(x) — произвольный алгебраичес
кий многочлен порядка Sn, то всегда имеет место неравенство:

(1) max 1 Iß^ C O l S  и2* _ т а х 1 |е„(л;)|.

Если к  неограниченно возрастает, то следующая оценка 
будет личше, чем (1)

(2) шах—l^x^l max \Qn(x)\.

(см. [1], стр. 241)

В статье [2] Н. К. Б ари  доказано, что если Qn(x) — произвольный алгебраи
ческий многочлен, то

(3) llß»(*)llW ] ^  L(a, b)n*\\Qn\\Lp[a,„,
где L(a, b) константа, зависящая только от ű и Ь, и 1 =р=  +°°. Отсюда, непос
редственно вытекает, что

(4) S  С(а, b)n*k\\Q„\\LplaM,

где С(а, Ъ) константа, зависящая только от й и Ь. (Это неравенство также 
фигурирует в статье [3].)

Кроме того в книге [1] (на стр. 251) А. Ф. Тимана доказано, что

(5) WQnWbgía.b]
2(р + 1)

Ъ — а
« 2 Д-i)

п  ^  Ш \ ь Л а,ЪУ

Ниже (формула (18)) показываем, что в случае, если pS  8, константу 
в оценке (5) можно улучшить.

Т еорем а 1. Если Q„(x) — произвольный алгебраический многочлен порядка 
Sn, то всегда имеет место неравенство:

(6) _m axi \Q M \ ^

где qx наименьшее четное число, болшее либо равное р.
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Д оказательство . Пусть {рп(л)} (п=0, 1, 2, ...) система ортонормальных 
полиномов Лежандра, т. е.

(7 ) /  Pj{x)-Pm(x)dx = \  
-1 I

0, если j  ^  т,
1, если j  — т. 

Если функция Д х)  на отрезке [—1, 1] интегрируема и

(8) Д х ) = сар0(х) + с1р1(х)+ ... +с„р„(х)+.....
то

О =  /  Rt)Pj{t)dt.
-1

Если S„(f;x) п-тая частичная сумма ряда (8), то

(9 )

где

SÁ R  х) = j  f(t)Kn(x; t)dt,

Kn(x-, t) = 2 P j(t)P j(x ).
l=o

Специальным образом, если f( x )  = Qn(x) — произвольный алгебраический 
многочлен порядка ~п, то из (9) следует:

Q«(x) = J  Qn(f)Kn(x-, i)dt.

Отсюда и в силу неравенства Буняковского—Шварца непосредственно выте
кает, что
( 10)

Здесь
_maXi|ß„(x)| S  шах ||tf„(x; O lk [- i,ir  llßJkc-i.u-

1|7£п(х; O lkc-i.n
Отсюда и из (7) следует:

/ ( . | / д о  а д )  dt

\\KÁX\ / | |а д - а>1]=  •

Известно (см. например, [4], стр. 300—301), что

Таким образом
шах г \Pj(x)\ == ] / .

max \\Кп(х; (0 lk t-i.il ^  '
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Отсюда и из (10) следует следующее неравенство:

( П ) _max 1 \Qn(x)\ sg !IÖ„IL1r-i,i í-
Sjl

Если теперь применить неравенство (11) к полиному {Qn(x)}2 , то получим:.

nqx +  2
m axJönW I2 = (_ /

поэтому

IQ . m : s  ie j» - 'ie . l '<*)

s f ä l + i m a x i g j V i  f
2 \2  ’

Отсюда следует:

поэтому

( 12)

IIQ Jv-i.ii;

-1ЯХЯ1
Этим теорема 1 доказана. 

Замечание. Так как

max \Q„(x)\ ^  ( пси +  2 У
2^2 J llönl M -i.il-

(13) nqi+ 2 ^ q i + ± n (и £  2),
2 V'2 2 ^2

то из (12) следует неравенство:

(14) max |S„(x)| si ^ - ) P^ iiejiM -i.i3 -

Следствие. Если Qn(x) — произвольный алгебраический многочлен порядка 
In, то

(15) шах Ю^Чх)! 9 1 + l)p 2(*+-г)||лп

В самом деле, в силу неравенства (1) и неравенства (14):
2

max 1 |ß«(*)| ss H2fc max  ̂\Q„(x)\ s i «2^ +p  ̂\\Q„\ Lp[ — 1 , 1]  *
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Заметим, что в случае, если к  неограниченно возрастает (именно к =4), сле
дующая оценка будет лучше, чем (15):

(16) m axJöW W 1 т  TF
1 4к (^1+ 1 2(t+i) I,Л н
2 кк 2 ]Í2 J " ИбвИьрС—!,!]•

Это неравенство нетрудно получить из неравенства (2) и (14).
Теорема 2. £слм Q„(x) — произвольный алгебраический многочлен порядка 

ё и  и I S p S q S  +°о, то

(17) l iß J v - i . i]  — ( - у ^ - )  (Р e)|IÖJLp[- i .u ,

где — наименьшее четное число, большее либо равное р.
Д оказательство. Так как pSq, то

1 1  1 
/  \Qn\qdx = /  \Qn\q- pm d x  s m a x  t |ß „ r  р /  |ß„|pix.

Отсюда следует:

В силу теоремы 1

\\Qn\\Lqí-l,11 =
следовательно

llßnllr-et—1,13 ^  тах|б„| 9 llß j^c-i,!].

[(nq-L + i y
II ß„l

2 Í2

(:
I 2 Í2 )

Lpí-1,1]
a nej*b „ [ - l , l ] >

( nqx + 2\ «'
( 18)  l l ß J M - i . i ]  S

Э тим теорема 2 доказана.
Замечание. Так как

nqi+ 2  ^  дг+ \
2 У 2 2 f2

то из теоремы 2 следует, что

llßJIМ -i. l i 

ra ( « ё  2),

(19) II Qn lit, [ - 1,13  —I
{ 2У2

'( г Э  2(- )
«Hp ?4lßJlr.p[-i,i]-

Следствие. Пусть Qn(pc) — произвольный алгебраический многочлен 
порядка Sn  и IS p S q S  +со, тогда

(20) llß ^ llv -i.i]  ^  С

где С — абсолютная константа.

1 гО -1)
ra2("+pl'^ l lß J b p[-i,i],
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В случае, если к ё 4 ,  следующая оценка лучше, чем оценка (20):

(2D iiß.w(*)iii4[- i .1]^ c | ^ - j (p *}( ^ )

(22)

где

Замечание. Из (20) и (21) следует следующая оценка:

llß»*)k f[ - 1. i ] ^  Mn<k+1p-$\\QnНМ -1.1],

п -(Н ) , если к  <  4,

M  = <
c

f*+1l
[ 2 ^2 ]

c [A+n
\ 2 У2  J

4к ) 
2кк)

i- ч̂
, если к ^  4.

Д оказательство . Неравенство (20) следует из неравенства (4) и (19). 
Для доказательства неравенства (21) заметим, что

1 1  1 
/  \Q!,k)\qd x=  f  \Q(k)\p\Q ^\4' pdx ё  max \Q(k)(x)\q~p f  \Q ^\pdx,

T . e.

lieít)llt,[- i , i ] S m a x |ö í t)| 11 ||ß .® llF.
Отсюда в силу неравенства (2), (4) и (14) следует:

Hß«w lГД-1,1]
4кп2к í í i + l V J n p ’■ р мр р

С1* 4 llß.HL

1] •

Но так как —^ 1 , то отсюда непосредственно вытекает, что 
4

не™ki-.,.] * c [ w )  '  (l^-) ^
Этим неравенство (21) доказано.

Теорема 3. Пусть l^ p ^ q ^ + ° °  и функция f(x), заданная на [—1,1], 
принадлежит Lp, т. е.

|1/Им - 1 ,1 ] =  ( / |/(*)|>dxf 
-1

Если наилучшее приближение E„(f)Lp обладает тем Свойством, что при некото
ром к  ̂ 0

2 п < к+Н У 1Еп С0гр < + ~ ,
п = 1
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то функция fix )  почти везде имеет k-ую производную / (i)(x) —1,1] и
справедливо неравенство:

S  М2 ' р «-(*+H ) +l[„2(‘+H )r' * ’En( f ) Lp+ 2!K í ) 2  v2(*+p i)
V =  f l + 1 J

гЭе M константа, зависящая только от к, р и q (см. (22)). 5  частности, если 
к =0, wo

ei i\ ./1 i\ ■*> „/1 i\

гЭе
+  5  v2C"i) 4 C o J ,

*• V =  n +  1 J

n 2( H )
L = 2 Чх +1

1/2

Д оказательство . Пусть En( f ) Lp обозначает наилучшее приближение 
функций f(x)£L p посредством алгебраических многочленов порядка S h в мет
рике пространства L p и p„ if,x)  алгебраический многочлен, наименее уклон
яющийся от f{x) т. е.

(24) Д , ( / ) м - 1,1] =  Н /-л ,(/;  *)llM -i. и;
тогда в смысле сходимости в Lp[ — 1, 1] будет

(25)
где

fix )  = Pnif\ х)+ 2  щ(х),
1=1

щ(х) =  Р<!>пИ\ x )-P tí- 'n if\ х).

Для доказательства того, что функция f(x )  имеет к-ую производную / (к)(х)£ 
1, 1], надо показать, что формулу (25) можно продифференцировать 

почленно к раз, т. е.

(26) /<*> (х) = р<*> ( / ;  х ) + 2  « Р  (*)•i=i
Для доказательства равенства (26) покажем, что ряд справа в (26) в смысле 
метрики L J — 1, 1] сходится. Прежде всего, оценим ||И|(х)[|ь [_1 ,ц. Имеем:

Отсюда 

т. е.

щ(х) = P2‘„(f; x ) - p 2.-i„(/; х).

I|wí(x)||l„[-i ,i] ^  ё  2E2i-xni f ) L ,

(27) II«í(*)IIlp[ - i.u S  2 ^ - . п(Льр[-1(1].
Оценим теперь ЦмРЧ^Иь,- 

Из (21) получим, что

(28) ||«№Н.м-1,1] ^  М(2'и)2(‘+?-5) ||«,(л)||М -1>1].
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Отсюда и из (27) вытекает, что

(29) lkw(*)llv-i,i] ^  2M(2'n), (t+^ « )£ 2.-ie( /) tp[ -1,i] . 
Таким образом

2  II^’WIIl, ^  2м 1 (2'п)2(‘+Н ) ^ - 1в(Л М -1(1] —

(30) ‘ 1
^  2м[(2п?(к+1г-$Еп(Льр+ . | 1(2,+1«)2(‘ +̂ )^ „ С Л м - 1,1]].

Но при к ^  0, имеем:

(2 ‘+1 и)2 +  р- «)E 9i Г Л .  ^  42(*+i" e)2-„(/)с„ ^  4‘V'TP V 2  v2K  5 ) 4 ( / ) lp-
v = 2 í - 1 n + l

Благодаря этому неравенство (30) примет вид:

2  H « P ) ( * ) l k  s

М22(4+Н ) +1[лг(‘+И )

Отсюда вытекает, что если ряд

i= i

у  v2(fc+H ) -р 4'Д ,(Я е,  +  2 Г р «' 2  у * '
v = n  + 1

Ч(/)е„]-

2 п К р q) ^ ( Л ы - 1 ,1 1

сходится, то ряд (26) сходится в смысле метрики L J  —1, 1] к функции / (*>(х)£ 
íL q[ — 1, 1] и кроме того получим следующую оценку:

£ „ ( / ( k ) ) M - 1 , 1 ]  =  l l / W - r f , l l v - i , n  S

^  AT22(fc+| - Í ) +1 r„2(fc+| - | )rp ^ £ n( /) tp + 22(k+p «) 2  у2̂ +р ^
v = n  + 1

что и требовалось доказать.
[» 4 ( / ) J >
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THE DISTRIBUTION OF DIVISORS MOD 1
By

I. KÁTAI (Budapest)

1. Let d denote a general positive divisor of the natural number n and т(и) 
the number of these divisors. For any real number x, let {x}=x — [x] denote the frac
tional part of x.

Let

( 1. 1) fn (a) 2  i.^00 JlogdJSoi
R. R. H all proved in his paper [1] that for almost all n (i. e. removing a set of zero 
density of integers ri) the relation/„(a)-*-a holds uniformly for a€[0, 1]. Furthermore 
he gave an estimation for the discrepancy

(1.2) A(n) sup |/„(/})-/„(a )-( /)-a ) |.
0 ̂  a < /f < 1

Namely, he proved the following assertion:
If A<T, then for almost all n,

(1.3) A (ri) S  т(и)~я.
Our aim is to improve (1.3). We shall prove the following

J o g  71
T heorem . I f  A <  , „— 1, then for almost all nJ log 2

(1.4) A (n) ^  т(и)~А.
It seems to me probable that this result is not far from the best possible one.
2. In the proof of our theorem we need a result of E rdős and T ú r á n  [2] which 

we state now as
L emma 1. Let x t , x 2, ... xN be any real numbers,

^  M — e
Then i f

N  j=i

A = sup \f(ß) —/(a) — (ß — a)|
OSX-̂ ßSl

and T is any positive integer,

(2. 1) T mf i  m
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The constant implied by Vinogradov’s notation <s; is independent of T  and 
the numbers xt.

We set

(2.2) z(n,e) = 2 d w.
d\n

From Lemma 1 we get

(2.3) A (ri) « ^ = +  2  -^ Н Ф >  2n m )\.
X m = l m

First we prove the following
Lemma 2. Let f(n ) be a multiplicative function, f(n )^ 0  for every n, and /(/>*)== cot 

for every prime power p a. Then<2-4» ж т я с ' ^ М , 1 ™ \ -
where c1 depends only on c.

Similar results have been given by many authors, perhaps (2.4) is not new. 
We give a proof for the sake of completeness. Let

A {x)=  2  /00» В (x) =  2  /0 0  * log n.n^x n^x
From the non-negativity of /  we get 

From /(р “)^ с а  we get easily that

yá(]/x) <sc x1,2+e,
where s is an arbitrary constant. Furthermore,

B(x) =  2  /00 • 2  l°g f  = 2  /00/07*) log q\
n ^ x  qa\\n q * h ^ x

where in the last sum (c f, h) =  1 is assumed too. 
Observing that from the conditions the relation

2  /(<7") log q*«  у

immediately follows, we get

Taking into consideration that

á x  h

B(x) <sc x

 ̂П  fi +P^x V

y M
и й  h •

and that/(p*)<ca, we get (2.4).
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Let now у be a constant in [0, 1] and consider the sum
(2.5) Cy(x) =  2  A(n)-x(ny.

n^x
By (2.3) we get

(2.6) Cy(x) <k ^  2  т(п) + 2  2  \Ф> 2nm)\ • т(и)''"1.

We take r=[log2 x], and so for the first sum we have

4; У, т (и) <sc X .T n̂ x logx
Now we shall give an upper estimation for the functions

A«(x) =  2  !*(«> 2ntn)\-T(ny-1.

Let f m(n)=\x(n, 2лт)\ • т(я)1’_1. Then 0 ^ /m(/?a)S a + l  ^2« , and so the conditions 
of Lemma 2 are satisfied with c=2. We have f m(p)=2y\cos 2nm log /?|. We shall 
use the prime number theorem 7г(м)=Н u + R(u) with the remainder term

(2.7) jR ( m)  <s;  u  exp ( — ] /log и ).
Let z be defined by the relation log z=(log x)EW, where s(x) tends to zero slowly. 
Then

2< «  e(x) Jog Jog X'
p -= z  P

Furthermore, we take

2  Ш - ~ У  д ;„  +  2, r lcosZ^llog^i ,fi
zaps* P Í  M z U

We consider the first integral. By taking the substitution m log m= f, we get

h  =

where Л=/я log z, 2?=m log x. Hence, by elementary calculations we get

/
|cos 2nv\ dv,

A =  — log 4  + 0(1) =  — log log x + 0(1). n A n
Now we estimate I 2. By partial integration we obtain that

X  X

-  f  m
* z

Observing that

(|cos 2nm log u\ I
и J

/ ,  =  L ( „ )  lc o s  Z jth i log m| |cos 2nm log u\ du.
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we deduce straightaway that
X  ____

/2 <k exp (— (log z) + m j  exp (— У log u) du «
Z

<k m log z • exp (— fdogz) <sc exp ( - y  /log z —2 log log x) =  o(l),

if e(x) tends to zero sufficiently slowly. Thus we obtained that for an arbitrary 
positive £>0 the inequality

f  ( d) 21’+1^ (1+e). i _ log iogje

holds uniformly for m S f , when x s x 0(e).
From (2.6) we deduce that

Cy(x) + xlog log x • exp ([(1 +  e) — l] log log x ) .

Let у be chosen so that 2у+1< л, and e be so small that
2y+i

(1 + 8 )------- 1 < 0 .

Hence we get Cy(y)«cx • (log x)“ a, <5>0 being a constant.
Let M(x) denote the number of those integers n ä x  for which A (п)т(п)у^ 1 . 

Obviously we have
M (x) S  C(x) «  x/(log x f .

Hence we get our assertion immediately.
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A RESULT ON CONSECUTIVE PRIMES
By

I. KÁTAI (Budapest)

1. Let

( 1 . 1 ) S(n) = 2
p<n

l
n —p ’

where p runs over the prime numbers. Erdős and De Bruijn proved (see [1]) that

(1.2) c ,N  ^  2  S4rt) 7S c2N,
n S N

(1.3) c1Nj\ogN  ^  2  s (p) -  c2N/logN,
pSN

(1.4) CiNfiogN Ä 2  S'z(p) ^  c2N/logN,
p S N

where clt c2 are suitable constants.
The investigation of the sum (1.1) is interesting from the following point of 

view. From the relation lim sup S(ri)=°° it would follow that

lim inf E idl—Eh _  o,
log Pk

where pk denotes the /c’th prime.
I proved the following theorems ([2], [3]) on the assumption of the density 

hypothesis for the Riemann ^-function.
Let p, q be prime numbers, Л(п) denote the Mangoldt-function,

(1.5) S M  =
y M p t l

Л  n - m '

Let N(o0, T) be the number of zeros of £(s) in the rectangle а0=(т=  1, \t\ = T (s=  
= a + it).

We assume that the density hypothesis holds in the following form:

N(<T, T) <  cT2(1~a) io g 2 T( 1.6)

when l /2 S u S l ,  T>0.
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Then the following relations hold:

(1-7) 2  (s i OO-logn)2 =  0(Alog N- (log log N)2),
n s N

<1.8) ^ W - l f  =  o j 1j^ - ( lo g lo g J V ) ‘J,

<1 •») Д  l«(i) - 4  =  0  • (log log « « ) ,

q runs over the primes.
At the same time I was unable to prove that

<1-10) 2  (S (q )-  l)a =  o(N/logN).
q-<N

Now we shall deduce that from (1.8).
For the completeness we give a proof for (1.7) too. (1.8) is an easy consequence 

of (1.7).
Let z= x+ iy, 0 < x < l/2 , —n< y< n,

( 111)
Let

/lOO =  2  Ä(rt)e~nz, / 2(z) =  2  ~~
w = 2 n = l  ft

s(n) =

(1.12) g(z) =  (Л(г) - j - L - ) f 2(z) =  2  (SAn) -s(rij)e-"z. 

By the Parseval-formula we get

(1.13) f |g(z)|2 dy =  2 i s A n )-s{n )fe ~ inx.
ln  -Я »=*

Let

( т ы )  n z )  = 2 * - em ,
Q

where q runs over the non-trivial zeros of the zeta-function. Yu. V. L in n ik  proved 
[4, 5] that

(115) Ш  = j -  T(z) + О [log3i j  ,

further he deduced from (1.6), that

(1.16) /  lT(z)\*dy = О ( i ( l o g i ) - 1) , 

where

(1.17) A =  [ lo g l]  .
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Since

for 0 <  x  <  1, we get

____ 1̂
z 1 —e-  =  0(1)

/  |g(z ) f d y ^ c x f  \f2{z)\2dy +
(1.18)

- A - A

+ Cl( lo g i)6 /  \M z)\4y + Cl f \T (zf\M z)\2dy,

clt c2, ... denote suitable positive constants. 
Furthermore,

/ 2  00 = -log  (1— e~z), 
so

(1.19) 
and hence

l/aCOI2 =  -^-log2(l —2e~x cosy+  e~ix) + 0(1),

| / 2(z)|2 = O |log2l

Using this and (1.16), from (1.18) we can deduce easily that

( 1 .2 0 ) /  |g(z)|2^  = o [ l l o g l ) .

Furthermore, for |y| Sd

( 1.21)

as easily seen from (1.19). Thus
| / 2(z)| = О I log log -^1,

(1.22) f  \g(z)\*dy ^  cJloglog-M  { / | / i ( z ) |2<fy+ /  I dy\ ■
-d=S|)>|=S7r V 1 — JC -П 1 e I J

Since

thus

Hence we get

/  \ m ? d y  = 2 я Д Л 2(„)е—  =  О | ^ l o g i | ,

f  11 — e z\~2dy= 2n  2! e *"* = 0{x x),
»=o

/  |g(z)|2 dy = 0 (l/x  • (log l/x)(log log 1/x)2).
A^\y\^n

J S  (S1(n)-s(n))2e - 2nx = О (-^ • (log • (log log ^  j
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and by choosing x = l/N

2  (Sx(n) — s(n) f  = 0 (N \o g N -(log log N)2).
n S N

Taking into account that s(n)=log n + 0 (  1), we get (1.7).
The relation (1.8) almost immediately follows from (1.7).
2. Now we are dealing with the estimation of the sum

(2-1) 2 (S (< ? )-1 )2.
q < N

We shall use the following well known inequalities. Let n(x)  denote the number 
of primes in the interval [1, x]. Then

(2.2) n(u + v) — 7t(w) = cx (и, v = 2)

(See e.g. [1].) For a positive integer к let N(x,  k) denote the number of solutions of 
the equation p — q —k (p, q = x) where p, q run over the primes. Then

(2.3) N(x, k) <  c2 x
log2 X

к
<P(k) ’

cp denotes the Euler-function.
Let Q(x, к, l ) denote the number of those primes рШх,  for which p + k  and 

p + k + l are primes too. Then

(2.4) Q(x, к, /) <  c Цк, I), A(k, /)

L e t j> l ,  1

П - 2

(2.5) R (n )  = 2 l
n - p

(2.6) T(n) =  S(ri)-R(n)  = 2
P^n-Z n—p

First we estimate the sums
(2.7) M y )  = 2  R2(n)>y^n^2y

( 2.8)

We have

(2.9) K2(n) ^  2
p<n

It is obvious that

B(y) = 2  R \q)-
y S q S 2 y

( n - p ) ; +  2 1
n - z ^ p 1< p 2--n ( n - p 1) ( n - p 2)

2  Ux(ri) cTt(y) = 0(y/\ogy).
уШп̂ 2у

t/1(n) + 2t/2(n).
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Furthermore,

2  и м *  2 N & , k )y ^ n ^ 2 y  k ^ z  v =  1 V ^ V -h K J

<  у  2y k  {ogk =- n  
~ C isÚ z log2 у ’ <p(k) к log2 у • log2 Z  ,

and so
(2.10) A(y) = О (у/log y)+ 0  (д'/log2 у  • (log z)2).
Now we estimate (2.7).

2  и м  ^  2<q̂ 2y
Furthermore, by (2.4)

1
y < i S 2 y  y —z « = p - = í < 2y  ( . 9  P )  k - < z  к

2  N(2y,k) __ o ( y/\og2y).

2  UÁ4) — 2  7 -------C7------ 7
y«=«-=2y q - z S p ^ p ^ q  К Я  ~ P i )  \ 9  ~ P i )

1

Hence

(2. 11)

k ,  i m z  k(k + l)

B{y) =  О

Q (2y,k,l) = О

+ 0

У
log3 у log2 z .

log2 у log3 у log2z .

Let now H  be chosen so that 1 ^ H ^ z ,  and let 1 = /=z. Then

T (n+ j)-T (n) 2 l
-+  2

l l

We observe that

n—z^ p^ n+j —z n+ j P p-<n~ z \ f t~b~j P П p  

=  D 1(n, j ) - D2(n , j ),

d á ”J )  -  i  р 2_г («-/>)(«+ y -^ )  ‘

£ > М Л  =  7 + T T T +  -  + ~zT]  =  ° Ulz)’

D2( n , j ) = j  2
1

= 0(j/z), 7 = 1>
p«=n —Z (P p)

whence \T(n+j)—T(ri)\ = O(jjz) follows. Hence
\{T(q) -  l)2 -  (T(q + j) -  1)2| S  IT(q + j) -  T(q)\ • {T(q +J) +  T(q)}

^  c (T(q) + T(q +jj) == 2c j -  T(q) + О
Hence

И о  т  • № + ! ) •

я
A  =  2  (T { q ) - \ f ^ - +  + C -  2  № + 1 ) ,

y = * q ^ E 2 y  * 1  y = q = 2 y
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where

Observing that

H

U  = 2  2  ( T (q + j ) ~  l ) 2.
j = 1 y S q S i y

we get
2  T(q) — 2  2  = 2  N{2y,k)-^-  = o(yf\ogy),

y^ q^ 2y p<q<2y H P k<2y К

Now we estimate L2.

l 2 5= 2  ( m - \ y  2  i s  2  ( T ( r , ) - i f { n ( r i ) - n ( n - H )}.
y ^ n ^ 2 n - \ - H  п —Н ^ р Ш п  y ^ n ^ 2 y  + H

Hence by (2.2)

ь > ~ с Ш н  2  (Д и) —i)2-l°g /i + Я
From the inequalities

(S(9) - l ) 2 S  2 ( r (9 ) - l ) 2 + 2Ä2(9), (Г («)-1)2 =§ 2 (5 (n )- 1)2+2Л2(и), 
we deduce that

Д Л "  2  ( S { q ) - \ y ^ ^ - {  2  ( 5 ( n ) - l ) 2 +  T ( y )  +  T(2.y)} +
y ^ q = i2 y  lO g  П  y ^ n ^ 2 y + H

+ B(y) + 0 \ z  log y)
Using the inequalities (1.8), (2.10), (2.11), we have

K{y) , C* ( , y2 (log log y)2 +  '  ■■■ log2 z} +lo g #  [ log2 у log у  log2 J7 1

, , „ H  У
log2 у  log3J+ Cä i„„2..+ C3T:S .  log2 z + c4

Z logy’'
Let now z= H 2, z —exp ((log y)1/2 log log y). Then

.У (log log y)K(y) ^  c-
Since

(log y),3/2 *

2  (5(9)- l ) 2 ^  2  K i m 1),qSN

we get immediately that
1^221^  

log  2

Thus we proved the following
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Theorem. Assuming the validity o f the density hypothesis in the form (1.6),

2  (S(<?)-1)2 =  о
Í Mog log TV 1 
{ (log N)312 )■
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SATURATION OF CERTAIN OPERATOR-SEQUENCES

The approximation properties of convolution operators having positive kernels 
or kernels of finite oscillations have a well developed theory. We shall see that in 
many cases the above mentioned restrictions for the kernels can be omitted. Namely, 
we prove some convergence and saturation theorems for convolution-type operators 
where the number of oscillations of the kernels are not necessarily bounded when

By
P. VÉRTESI (Budapest)

1. Introduction

2. The notion of quasi-positive convolution operators

2.1. With the notations

Ш  = ---------- 1— Г  (И = 1, 2, 3, ...),
(2n +1) sin —

. In +1 sin—-— t
( 2 . 1)

(2.2) tk'n 2n +1
2kn

(k =  0, ±1, ..., ± n \ n = 1,2,3, ...)
= —it

we can define the kernels Pn>a(t) and Q„>a(t) for any real a > l  as

(2.3)

Qn,a(- 0 if 0 (a >  l),
where

(2.5)

( 2.6)
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As we shall prove, for any fixed «>  1
(2.7) px ~  n“- 1, qx ~  n*-1 (a >  1),
so our definitions have meaning (see Lemma 5.1). By these even, 2re-periodic and con
tinuous kernels for any fixed a > l  we introduce the operators {P„j0r} and { Q „ iX}  

as follows:

(2.8) ( Л . .  * / ) ( * )  = “  /  f(x  + t)P„'X(t)dt
71 J— Tt

(a >  1),

(2.9) (ß„, « * / ) ( * ) =  ^  f f(x + t)Q n,At)dt 
n  J— it

(a >  1),

where / i s  27i-periodic and continuous, i.e./£<?.
By definition (PBja* l)(x )= (ß„!CI* l)(x )= l, i.e. the kernels are normalized.
2.2. P„'X(t) is positive. On the other hand, the number of oscillations of Q„iX(t) 

is not bounded, when n—°°. These functions have some interesting properties if 
a=-3. Namely

n tf  sin2 — Qn>a (t) dt
(2.10) 11m ---------------------- > 0  (a > 3)

/  sin2y |ß „ ,a(0 l*
— Tt

(see Lemma 5.2). Further we have

(2.11) lim /  |ß„>e( t ) | A < ~  ( « > ! ) •П-*оо «/
— It

(see Lemma 5.1). We use these important properties at the following
2.3. D e f in it io n . Let {L„} be a sequence of convolution operators (=CO),

i.e. for any f ^ C

(2.12) Ln(f; x ) =  (f* d p n)(x) =  -  f  f ( x  + t)dpLn(t) (n =  1, 2, 3, ...)
71

—it

where dp„ is even Borel measure on [—7г, 7t) with L „(l; x)= 1. If
It

(i) fiin A0,„ = A0 <  °° where A0i„ =  f  \dpn(t)\,П~*оо *>
— Tt

f  sin 2̂ d p n(t)
(ii) hm Alt„ = Ax >  0 where Ah„ =  -----------------

/  sin2y|J/i„(0l
— It

then we say that {Ln} is a quasi-positive convolution operator ( =  QPCO)-sequence. 
By this definition {ß„ я} is a QPCO-sequence for a>3.
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3. Theorems for quasi-positive convolution operators

It is the most important from our point of view that many well-known theorems 
proved for positive convolution operators (=  PCO) can be obtained for quasi-positive 
ones.

3.1. We shall prove an estimation which has been known only for PCO (see
[2], Corollary 2.1 and [6]).

Theorem 3.1. I f  {Ln} is a QPCO-sequence (from C into C) then for each / €  £  

(3.1) ||L „ ( /;x ) - /(x ) || S  < *» .(/; ( l - e 1>„)1'*) (* =  1 , 2,3, . . . ) .

Here as usual

Í ll/ll =  1/ 0 ) 1.
( 3  2 ) { 0 ^л:<2 л

l a>k(f] t) is the k-th modulus of smoothness of /(x) (шх =  to; k =  1,2,3 ...), 
further

1 я(3.3) вк,п = — f  cos kt dnn(0 (k =  0,1,2,...).n J— n

We note that by (ii) we have for n ^ n 0

(3.4) 1 - 0 1  = 1  f  (l-cost)dn„(t)  =  J- f  >  0.n J Tt J z

From Theorem 3.1 we get the analógon of the wellknown Korovkin-theorem. 
Corollary 3.1. I f  {/.„} is a QPCO-sequence and

(3.5) L„( cos t\ x) — cos x (n — °°) |x is arbitrary fixed, x ^  (2k +1) ,
then for each f£ C  we have

Indeed,

|cos x — Ln (cos t ; x)|

114(/; * )-/(x )|| о (n -  °°).

l— f  [cos x — cos (t + x)] dfirl (t)71 J

1  /(c o s  
71 J

X — cos t cos x + sin t sin x) dn„ (t) =  2 |cos x|
71 f  sin2 -j d\in (r) ==

=  |COS x| (1 Q\,n)i
fromwhere 1 — n 0.

3.2. To determine the saturation, its order and saturation class for QPCO 
we shall use the next theorems. They are similar to theorems for PCO and can be 
proved as their positive analógon completing by (i), (ii) and the ideas of 5.1. We 
shall sketch or sometimes omit the proofs.
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3.2.1. First we recall a necessary and sufficient condition for a СО-sequence 
to be saturated (see [2], Theorems 3.1 and 3.2).

Theorem 3.2. Let {L,,} be a СО-sequence. Then {L„} is saturated if and only i f  for 
some positive integer m

(3.6) limЛ-*-оо
| 1  -gfc.nl
| i -em.nl

and a saturation order is {|1 — É?m,„

=  Фк >  0 (k =  1 , 2 ,3 ,  

I}. Further i f  especially

...)

(3.7) Jim J— Sm  =  ^  ^  о (k=  1 ,2 ,3 ,...)
1 —e 1,и

then for any f£ S (L n)

(3.8) 2  'I 'kM f; x)£L x =  { /; |/(x)| ^  M  a.e.}.
t=i

We remark that we use the definition of saturation given by [2], 3.1.5 and 3.1.6.1
Here Ak( f \  x)=ak( f )  cos kx+ bk( f)  sin k x . where ak( f )  and bk( f )  are the 

Fourier coefficients of f .
The proof of Theorem 3.2 runs on the same line as Theorems 3.1. and 3.2 

from [2] using absolute value where it is necessary.
3.2.2. A well-known property of the PCO-sequences is that if m—1 then фк= 

= 0 (k2) (see (3.6)). But we can see that this is true for QPCO-sequences, too. In
deed, by (ii)

2 r ■— / sin J
, ktsm‘ -jdp„(t) 2 f  . „kt ... J sin2 — |d/i„(0[

2 ,2  !• . s Í I , ,л, 2 к2 p . 2 t , . . k2— k.2 / sin2 — \dpn(i)| = -т-j—  1 sm2— dn„(t) =  ——  ( l - e 1<B)
“  - Я  Z  71 Л 1 , п  _ n  z  л 1 , п

as we stated.
Moreover we have the exact analógon of the theorem of A. H. Tureckii (see 

[2], Theorem 3.6).
Theorem 3.3. I f  {L„} is a QPCO-sequence for which

(3.9) lim gb" = к2 (k=  1 ,2 ,3 ,...)  
1.-0= 1—01, „

1 Definition. Let {L„} be a sequence of operators from C into C and {Ф„} a sequence of posi
tive real numbers which converge to 0. We say that {L„} is saturated with order {Ф„} if the following 
two conditions are satisfied:

(a) If /6  C, then
lim IIf(x)-Ln(f; x)\\

Фn
if and only if/is  a constant;

(b) There is a non-constant function /„ 6 C for which
II/о ( x ) -•£.„(/<>; x)ll = 0(Ф„).

We denote the saturation class by S(Ln) (=all functions/0 which satisfy (b)).
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then {Ln} is saturated with order {1 — e1>n} and

S(Ln) =  { /; 2  k2Ak(f; x)£ L m) = { / ; / '€  Lip 1}.

Indeed, by Theorem 3.2 {£„} is saturated with order {1 — g1>n}, and for f£
£ S(Ln) 2  k2Ak(f; x)£Lm i.e ./'£L ip  1. On the other hand if f ' £  Lip 1 then by (3.1)
II f ( x ) - L n\ f ;  X )|| = O (1 -01>„), i.e. f£ S (L n).

3.2.3. To state the equivalent formulations of Tureckii’s condition (3.9) for 
СО-sequences, we assume that

(iii) lim A2'„ =  A2 >  0 where Aiy„ =  —*—

П tf  sin4 — dn„(t)

f  sin4-̂ - №„(r)|

T heorem  3.4. I f  {L„} is a CO-sequence having (ii) and (iii) then the following 
are equivalent

1~ вк-п =  к2 (k =  1 ,2 ,3 , . . . ) ,(3.10)

(3.11)

(3.12)

(3.13)

lim
l-0 i ,»

lim 1 вг’п =  4, 
l - 0 i , n

П t П t
f  sin4 — dfin(t) = |T2>„| f  sin4 —|ф„(01 =  0 ( 1  -<?!,„),

-It — К

п
J  \d[in(f)I =  о(1 — 6i,n) f°r each ö =» 0.

The theorem and its proof is similar to Theorem 3.8, [2]. In many cases the fol
lowing statement — which can be proved like Theorem 3.4 —  may be useful.

Theorem 3.5. I f  for a CO-sequence (ii) is valid then we have the following relation- 
chain for у SO, 0<<5<7t

(3.14)

/ sin ■ № » ( 0 1  = 0 (i-e i,» )= >  /  № » ( 0 1  =

=  0 (1 —É?i,„)=>lim j - ^  =  k* { k =  1 ,2 ,3 , . . . )

=► lim \ ~ Qi-n =  4.
»-“ 1 —öl,»

(„A=>B=>C” means: A implies В; В implies C.)
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4. Some applications

4.1. In this section we wish to apply our results for {Q„iX} and [P„ Ä}. We 
remark that {Q„,a} is a QPCO-sequence if a> 3  (see (2.10) and (2.11)), further 
{Л,,Л is PCO-, i.e., QPCO-sequence, too (a> l). Moreover, ß„,2s+i(0 and P„i2s(t) 
are trigonometric polynomials of degree (2s+\)n and 2sn, respectively (л= 1, 2, 3, ...).

Theorem 4.1. For any fixed  a> 3  the QPCO-sequence {Q„iX} and the PCO- 
sequence {P„>a} are saturated with order {n~ 2} further

(4.1) S(Qn>x) =  S(PnJ  = {/;/€<? and /'€ L ip  1}.
As the rate o f the convergence we have

(4-2) I iQ„, * * f )  CO -f(x )\ ca ct»21/ ;  ,

(4.3) \(Pn,a*f) CO- f{ x )  I S  daco2 [ /; I ) .

4.2. For a ^ 3 w e  have to refine our estimations.
Theorem 4.2. I f  2 < a S 3  then the CO -sequence {Q„iX} is saturated with order 

{n~2} further
(4.4)

We have

(4.5)

S{Q„,a) =  { / ; /€ ( ? , / '€  Lip 1}.

1(6*,« * /)(* )- /(* )!
cx0) ( /; for each / €  C,

- п Л г - Л )  <f r e c '
4.3. If a =  3 we have the following interesting saturation theorem for {P„ 3}.

{log Yi 1
— I further

S(Pn, 3) =  { /; /€  <?,/'€  Lip 1}.

(logn)172)
We have

(4.6) I(P„, 3 * f )  ( x ) - f ix ) I ^  d3 a>2 / ;
■J

in = 2, 3, 4,...).

(4.7)

4.4. Let m&3 be a fixed integer, further

JL„,m(t) =  P„,mit), Vn<m = P„tm if m is even,
1 K,mit) = Qn,,Át), Vn<m = Qn m if m is odd,

(4.8) aft? =  — f  c°sktV  „(t) dt (m ё  3).71 J— n

Then for these trigonometric СО-sequences {K„ ,„} we have the following
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Theorem 4.4. For any fixed positive integer m 

(4.9) lim и2(1 - e tn )
where

(4.10)

(4.11)

. def 
^l,m --

R ^Dl m --

(b s 3; k =  1 ,2 ,3 ,...),

1 R] .m l
2  ( - 1 ) 1 7  ( m - a r ^ O ,(m — 1 )! ;=o

m —1 
2 r a . m2  < 0 .(m — 1)! i=0

(If m ^4 is even, compare [3], Theorem 2 and Lemma 2.)

5. Proofs

5.1. Proof of Theorem 3.1. We use the ideas of Theorem 2.4 from [6]. 
By (i), (ii) and (3.4)

IL„(f> x )- f(x ) \ — f  [ fix  + t ) -  2fix) + f(x  -  i)] dpn (0
71 У

= 0 (1) f  0}2(f\ 0|ФВ(01 = 0 (l)a>2(f; (1 -ei,„)1/2)x  
0

X /  [1 + ( 1 - е 1.„ ) - ^ 2] |Ф „(01 =
0

=  O(l)o>*(/; ( l-e i ,„ )1/2) /  fl + ( l - e i .>)"1sin2- j l  \dp„(t)\ =

=  0 ( l) t» 2( / ;  (1 - e i , n)1/2) in s  «о)

from where we get (3.1).
5.2. To go further we need some lemmas.
5.2.1. Lemma 5.1.

(5.1) / ш “Л ~  / ' V . i O M f  ~  ^  ( « > ! ) •
-* *=« A . "
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P roof. We obtain after some transformations

/  \ln(t)\adt = 2 / 1/„(01*Ä =  2 Í / +  / ]
— я О ''О '

. 2/i + l Sin---г-- t

(2 п + 1) sin у
dt

because of

h иа<а * 1
~  /  ^ F < * +  /  К . » *  ~  2  0 n

о <  /  14(01“ -  7 ^  /  i_ a  dt ~  7  (a >  1; tk = tk,„).

For the second relations we estimate as follows.

/-1 sin12/i + 1

• dt 1

o' (2n + 1)" sin“— (2n+1)'

2/i/h (4 '̂Г /
1

(2/1+ 1)"

( |) ‘ 1VZ,/ 2n + l
It

2/1 + 1
. f c / i  +  lV ' - 1  1 f  .
2 —  + ~ 7 H -  S1v 7 eir»a _______  У

. „ t 
sin 2

Further
sin“-—г-г о 2n +1

. 2n +1 sin"—-— tdt

/ . 2/i +1sin —-— t

(2 n+  1) sin-4-
dt

2n + l

- i -----------  f .
cin®_H._ J

So denoting

we obtain

ön — Ö]
1

(2/1+1)"

(2/1 +  1)" s in " -—  о

+ 1

f  14(0 Г dt by ak,
fk

Ч^Г--V/
Sln 2ЙТТ •

2/1 + 1sin"—-— tdt.

. 2/1 +  1 sin" —-— t dt

1
(2/1+1)" 2"

2 / 1  + 1 1 “ 1 (2 / 1  + l )‘ 2-  ------- / Sin*Xi/XJ 2/1 + 1 J

2 Í2]*-1 Г
2/1 + 1 л J 2“ и
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Using that

2  ak>  2  ( - 1 )%  = 2 2  ( -  l)k«fc >  2 (0 0 - 0 !)
k=-(n+l) k = -(n+l) fc—0

we have (5.1).
5.2.2. Lemma 5.2. We have

(5.2) 1 -  y{% =  ^ I

(5.3) 1 -  p£i =  /  sin2y  Pn,b(f)dt ~  -<

1
г/~  — a >  2;rr

1
if a >  3,rr

log /2
if a — 3,rr

1
, .a - l if 1 <  a <

Pro o f . We have

1 r a  ' r ,  ,2 n + i
n“-1 * = 1 /

-  f  sin2y  Q„,At)dt 

1Sin“

sin*‘ T  “ """’ (t + S T íP

+

1 1 » 1 л“ - 1 1 1  , ~
+ ^ ~ ^ Д ' й ‘*5=г+1 ? ~ 1 ?  (a > 2 ) -

Here we used that for ß+0 

1 1 i s i n » - {cos?. 5 ^  sg(( c o s l

s'”' t  “"'(t + s t t ) sin' T sin' ( l + STT)

и « ^ { , « + 5 у .

П . isinp+1y

For proving (5.3) we have 

2-  /  sin2^-P n>a(0 A и* -1 , / + Д  f
Vo » - 1

. 2/2 + 1 sin“ —--- t
dt

from where we get (5.3).

1 Í 1 . 2 1 ■ /Iя - 2 I
- j r r  — и H—  ’/2* 1 ( /2 И fe = i к* 2 1
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5.2.3. The following fact will be very useful.
Lemma 5.3. For any 0< 6<л we have

(5-4) f  \Qn. M d t  ~  f  P„,a(t)dt ~  - i r  (« >  I)-
6 Ö U

Indeed, we have by (2.3), (2.4) and (2.7)

■ и 2и + 1sin" —-— t
dt

sin“

5.3. Proof of Theorem 4.1. By (5.2) and (5.3) 1 - y í“i ~ 1 — p{% ~  п~г. 
So using (5.4) we get

/  \Qn,*(t)\dt = o(n~2), f  P„iX(t)dt = o(n~2) 
s s

i.e. by (3.14) and Theorem 3.3 we get the first part of our theorem. As for (4.2) and
(4.3), we have to use the formulae (3.1), (5.2) and (5.3).

(5.5)

5.4. Proof of Theorem 4.2. We want to prove that for a fixed к

1 -yl%lim . .
1 -  yi%

= к2 for 2 <  of — 3, к  =  1, 2, 3 ,....

We have the relation

(5.6) kt kt]  1sina- = - = b r  - - 5 -COSÉ (0 <£<Arf )
kt

So we have by (5.6)

1 -  vtn = §  f  sin2 у б м  (0 dt

A n fc2+2 n
=  - /  —  Q nA0dt + O (l) f  № Q n,a{t)dt =  lk + 0 (l)Jk.

0 — n
As in the proof of Lemma 5.2, we have the relation It ~  — . As for Js, we obtain

1 ( > Ш '2; +i 
TFT i  + Z  /to fc=l

?4 sin*■ „2я  +  1 1 1
. „ t . i t n )

sm ~2 s in  I t + 2« +  l J

dt

+
1 Ä: 4  1 n* + 1 1 1 ,» 1 1

„X „ х - l  i - t  „ 4  „ 2  f.a + 1 +  „a ~  „ 4  2  ^  * +  a  ~  —rí k = i п П К П n k = 1 ft ft
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I.e. we have

lim Ь 1 |  =  Urn + =  f .

By Theorem 3.2 {g„a} is saturated with order {1 — Further if
f£ S (Q n,<*) then 2?/c2 /lfc( / ;  x)^L00, i.e. / '€ L ip  1. On the other hand supposing that
(4.5) is true we get for / '€ L ip  1 that | |/ (х ) - (0 п,а*Л(*)|| = 0(и-2), i.e. fiS(Q „ y). 

Let us see (4.5). By (2.7) we have by standard argument
rk + l
/  i e „ . . ( o i* s g(«)

(*+ !)•
(& =  0 , 1 , ..., и; а >  1 ).

So we have

1(6 », «* /)(* )-/(* )! S  — /  co2( / ;  0 1бп, а ( 0 1  dt —

=  0 (1 ) /  ю ( / ;  0 1 б я ..(0 |Л  =  0(1)ш  / ;  1 ] /  (лГ +  1 ) |б „ ,.(0 |Л  =

То prove the second relation, we have to use a more delicate estimation due to 
Dr. J. Szabados. We have

l/ (* ) - ( 6 „,«,*/)(*)! = 7 I /  [f(x  + t) -2 f(x )+ f(x - t) ] Q n,x(t)dt\ =

IVl (  *2k + l *2k + 2

S  I  *  /k =  0 2k '2k+ 1
2_   ̂

71

Ш .
2 "  J  \[ f(x + t) -2 f(x )+ f(x - t) ] Q n,a(t) +

f  x + 1 + 271
2 n + 1

1 Ш hk>1 -̂ 7/ /1 Ш '•'s+ 1  ГГ
/  b

71 *=° IL
f \ x  + t + 2it

2n + 1

+ / b c - i - 27Г
2 и + j) 6 ,,.

- / ( x + 0 - / ( • * - 0 +

2 k
t + ;

+ [/(•* + 0  -  2f(x) + f(x  -  0 ] 
As in Lemma 5.2, we have

2n + l)

6 » , « ( 0  + б»,«(м-

6 » , « ( 0  + 6 » ,« |t+ 2и + 1] kx+1 if t2k = t ~  t2k+i, к ш 1 . 

Z ' means that sometimes the last term is superfluous.
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So continuing

га

ö n ,  я t +
2n

2n + 1

dt -f-

+

+
° { A f - i)) * -n t? A r i  i)  w +° N ^  U) - - Л " -  i) '

as we stated.
5.5 Proof of Theorem 4.3. By (5.3) 1 — pifi — log и - и -2, further by (5.4)

К
f  Л , в ( 0 *  =  o ( l  — pifi)-
»

I.e., by Theorems 3.4, 3.3 and 3.1 we get our statement.
5.6. P roof of T heorem  4.4. We wish to prove this theorem independently 

from the previous one. By (4.7), (4.8) and

we have

i  f  Vn,m(t)dt = \ (m s  3)71 J

mn
K, J O  = -~+ 2  Qk?n cos kt ( m s  3).

 ̂ k = 1

To determine we use the notions of [1], § 6 . By (2.1) and the notation z1 =e"= 
=cos t+ i sin t we get

" 1 l - z ? n + 1

from where
( 2 n + l ) / m( 0 =  2  4  =  ^  , „k = -n Z 1 1 Z 1

[(2n+ l)/„(0r = 2  Ck.n* (m =  1 ,2 ,3 ,...)к = — mn
where ckim~ c_k m (k=  1,2, ..., m • n). We can compute ck m from the relation

(5.7) 2  c , . s  = <L- g t ir  J . y + .iHJ„+7) ^ + l” ~ 1-) ,  ( 0  <  |z| ,  1).
k— —mn Z s—0

To verify (5.7) we remark that
(m — 1 )!

l ^ = j  ( ,+  !)( ,+  2 ) . .  (z + M - l )
( 1 - z ) "  . . .  ( m - 1 )! '

Then, using e.g. continuity, we can have (3.5) for |z| =  l, which is the desired result. 
Now we wish to determine the number ckm. Comparing the coefficients in (5.7), we
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have

(5.8) \

ck,m —
1 m

(m - 1 )! ;=oZ '( - i ) ' '
1 2 

[{m — 2i)n + k — i+  l][(m — 2i)n + k — i + 2] ...

... [{m — 2i)n + k  — i  + m — \] 
where 2 '  means that further condition for i is that the factors

X 2 M —1

. [...], . ..,[ ...]  should be positive.
With another notations

r  _  x№) „га-1 I J (k) y.m-2 I i л№)
c k , m  —  , m n  + л 2 , m n  T  T  s l m

(5.9)
+ BÍ*lnm- 4  + Bg)mnm- 3k2 + k 30(nm- i) ( O s t á  mn\ m s  3).

By (5.8) we have that for any fixed A:sO there exists an n S n 0(k, m) such that 

= AUm, B<k)m =  BJtm (m S  3, 1 =§ /=> m, 1 =S 2, n S  n0)- 
E.g., we have by (5.8)

^ í i , 3  —  3 ,  ^ 1 , 4  =  — Д 1 . 8  =  - ^ 1 , 4  =  0 )  ^ 2 , 3  =  1)  ^ 2 , 4  =  2 .

But we need much more.
Lemma 5.4. We have

A,m > 0  (m S  3), ß1>m =  0 (m S  3), 5 a_m < 0  (m S  3).
For proving this lemma we have by (5.8)

В
m

l,m
But

m — 1

(m — 1 )! i= 0
Z  (—iy

m. (m — 2 iy

rm~\

2 Í  (-1 )' ("j  (w - 2 i)m- 2 =  1  ( -  1У (7 ) (w -  20m- 2-

According to Lemma 4 from [4], the last expression is equal to zero. To prove the 
remaining parts we need the formulae

(5.10) r sin' x  a . 1J
0 ( s - i y . J

(5.11) J  sin ax 
0 x

sin2'1* = 
(5.12)

( - 1 )"
2 2ii-l 2 f aCOS2 fix — 1 ) cos(2ц -

ds ~ 1 sinr x dx
dxs tjc (r s  í  s  2 ),

cos (2ц — 2)х + \^~\ cos (2ц — 4)х+  ... + ( - 1 У №
в )\
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(see [5], Part 497, 21; P. 497, 11; P. 461, 3 (a), respectively; here r, s  and f i are 
integers, a is real). By (3.19) we get

//2/4 — 3 v — 1 д — 1 fo/Л
(5-13) -dxÜT̂ r -  =  2 ^ Г  Д  C- 1)i [ г j -  2 0 2" - 3 sin (2 / 1  - 2 *)*.

Further we have

/
sinr л: dx >  0  (r S  j  & 2 ).

Indeed,
/• Sinr X ~ /• SUlr X del “  1W

J dx=  2  i -  1)*' J dx =  2  i)krak-
о * *=<> to * *=°

But obviously ... . ..;  at — 0. I.e., / =  ^  (— l)fcrafc converges. So
fc= 0

1 — 2  [fl2; + (— I)ru2i+i] > 0 , as we stated.
We have by (5.8)

r a
= ~ Г 1 im 2 ~ (— i)£ | —

B9

( m -  1 )! ;=o

(m2 !) ra
(m V '> '( '” ) ( - » - 2 -Т

But by [5], P. 497, 21 (c) and (d)
oo (  . \ r/Жdx = — Alt,„ (тш  2 ).

So we get that Л 1 т >0. Further, by [5], P. 497, (11) (a) we have for any odd m ^5

7  skTx 7Г _
J  - ^ T 2 dx = - ( m  = 2q+l, m s  5).

If w is even, m&4, then by (5.10)—(5.13) we have

/ sin ; Ac 71
(m =  2q, m & 4).

So we proved our lemma.
To go further let us notice that

(m) _  idk,n —
4>,m
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So using our lemma we have

1 _  (m) , _  Ck , m  C0 t m - C ktm - B 2imnm 3k2 +  k3Q(nm 4)
вк’" C0tm C0,m Л т й '" - 1 +  0 ( « т - 2)

from where we get (4.9). (4.10) and (4.11) were proved in the lemma.

6 . Final remarks

6.1. Of course many further analógon theorems can be proved for QPCO. 
(For a good source see [2], Chapters 2, 3 and 4.) I should like to assert the following 
statement which also gives a good orientation of efficiency of special QPCO-sequen- 
ces.

Let d[in(t) = Tn(t)dt where T„(t) is an even trigonometric polynomial of degree 
n. Then we have

T heorem  6.1. Let {L n} is a QPCO-sequence with dpn(t) — T„(t)dt. Moreover 
suppose that

iim |l -0 * ,„ l( l - e i , « ) _ 1  =  >  0 (k = 1,2, 3 ,...).

I f  for / 6  C
l im  и2 | | / ( x ) - £ „ ( / ;  *)| | =  0,

П—► oo
then f  is constant.

This is the analógon of P. C. Curtis’ theorem ([2], Theorem 4.4). We sketch 
the proof. As in [2], Lemma 4.1, we get the relation

«2( 1 -  ei,„) = 2 co > 0  (n S  и0).
But then

n2n2\ l - g kJ  & -у  = c0 ̂ k > 0  ( n s  WiW),

from where we get the theorem by the transform technique.
6.2. There are some possibilities to extend Definition 2.3.
a) As we know, the saturation is not always determined by {1 — ei,„}- In 

many cases S(Ln) depends on periodicity too, when we can use in (ii) {1 —pm,n) 
instead of {1 — As for the corresponding theorem, see [2], 3.12.

b) Let {L„} be an arbitrary sequence of linear operators (from C into C). Using 
the Riesz’ theorem, Ln=L+ + L~ where (T„+} and {—L~} are positive linear ope
rators. If

(6.1) 0 <  at ^  A i  <<*> where Urn A i>n = a(, lim A h „ =  A t (i = 0, 1, 2),
П-*-оо П-+00

def \ \ L „ ( e t ; 3c)-gj(x)H
A, „ IIPnißC, x) — 6 ;(x)||

(i = 0 , 1 , 2 )
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(where e0(x) — l, e1 (x)=sin x, e2(x)= cos x ; P„ =  Ln+ ~ L~) then we obtain a generali
zation of our Definition 2.3. Of course, we can apply this for non-periodic continuous 
functions with et (x)=x‘ . By (6.1) we can prove, e.g., the analógon of the Bohman— 
Korovkin theorems (see [2], 2.2—2.6).

c) It may exist two sequences of linear operators {L„} and {/*„} where Pn are 
positive, such that we have (6.1). Then we can say that Ln are quasi-P„-positive. 
E.g. for a > 2  Qn a is quasi-P„ > a + 1  -positive.

6.3 Let us suppose that /£<7 further f "  (x) exists and finite for a fixed x. 
Then we have

/(x  +  0  =  f ix )  +  2 / '  (x) sin у  +  2 f "  (x) sin2 у  + a (t) sin2 

where lima(t) =  0. So if Ln is а CO,

L„if; x )- f i x )  = f " (x)(l - 0 ,,„) +  ̂  /  a ( 0  sin2 ф „ (t).
—  7Г 

It

Supposing (ii) and J  \d/xn(t)\ = o{ 1 —Qlfn) for any <5 >  0 , we have
ö

-7 f  oc(f)sin2- -̂d/i„(t) S /  |a(i)| sin2-̂ - |ф„(0| -f f  \dn„it)\dt ^  e(l -  gUn)
71 J  1  71 У  Z  71 ¥— It 0 ő

i.e. we get the relation
(6 .2 ) ii m W ;  *>-/(*> = r w

l —ei.n
By (4.7), (4.9) and (6.2) we have

(6.3) Vn m(f; x) = f { x ) - ^ - ^ -  + o ( ^ )  im s  3).

6.4. Y. M a t so u k a  proved a similar saturation theorem and a formula corres
ponding to (6.3) (using the Dirichlet kernel as a starting point) but only for PCO- 
sequence where the kernels are even trigonometric polynomials ([3]). Our proof is 
different from his one.

6.5. We have some results for the remaining a, too. E.g., for l«=a<3 the PCO- 
sequence (Р„ a) is saturated with order {n1_a}; we have the estimations corresponding 
to Theorem 3.1. Moreover, for 1 < a ^ 2 the {g„ a}-sequence is saturated with order 
{1 — “} and e.g. (4.2) is also valid. But we can determine only a part of
the corresponding saturation class. We omit the details.

6 .6 . We can build examples for QPCO-sequences using e.g. the Fejér—Korov
kin kernel

/  I r\ 271 n + 2 sin------ cos ——  t
К At) =

1

и + 2
n + 2

cos t — cos n

as a starting point.
n + 2 ,
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6.7. We have begun to investigate the discretized convolution operators from 
the above points of view. We wish to return to this problem at another occasion.

Acknowledgement. I should like to thank Dr. J. Szabados for his helping to 
make this paper more understandable and simpler.
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ON CONVOLUTION OPERATORS WITH KERNELS 
OF FINITE OSCILLATIONS

By
J. SZABADOS (Budapest)

1. Introduction

In the last thirteen years an extensive study has been made in the theory of 
approximation by operators having kernels of finite oscillations. Such kernels are 
obtained by multiplying non-negative factor-kernels by trigonometric polynomials 
of fixed degree. With these operators the degree of approximation can be increased, 
in contrast to the positive operators which can never have better degree than 0(n~2). 
A recent paper of J. C. H off [1] gives a general method for the above mentioned 
construction. In the trigonometric case, however, only two special factor-kernels 
(de la Vallóé Poussin and generalized Jackson-kernels) are considered, and the 
rate of convergence is investigated only for one of them. Also the saturation problem 
is only partly solved (the direct theorem).

In this paper we give a general class of non-negative factor-kernels from which 
well-approximating operators can be built up. For all of these operators, the satura
tion problem will be completely solved as well. Moreover, we give an asymptotic 
relation, and investigate the structure of the oscillating part of the kernel constructed.

2. Construction of kernels of finite oscillations

The general class of non-negative factor-kernels is defined as follows. Let p 
be a positive integer, and {e„}“=0 a sequence of positive real numbers such that
( 1 ) lim e„ = 0 .

It-*" oo

The class ({£„}) consists of all sequences of continuous 2^-periodic non
negative even functions {K„(t)} for which there exists a non-negative function cpp(x) 
defined on [0 , °°) such that

(2) max [(1 + xip-*)\Kn(enx)-(i>p(x)\] = o(s„) (n -  °°)0̂ X̂7T/£n
and

(3) 0  < J  xip~2(pp(x)dx <  °°.
0

The function tpp(x) will be called associated to the sequence {Kn(t)} of factor-kernels. 
In Section 6  we shall see that many non-negative kernels obtained from classical 
kernels belong to an Ар({е„}) if the sequence {e„} is properly chosen.

In order to build up kernels of finite oscillations for an arbitrary element of 
Ap({£„}) we need two lemmas.
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Lemma 1. Let {A'„(0}€5'p({e„}),

(4) 

and

(5) 

Then

(6) 

and 

(7)

hk
p - k - l  * en /•

™ Я J • Kn(t)dt (k, n — 0,1, ■■•)

2i-k
hkt =  ——  J  xk(p„{x ) dx (к =  0, 1, . . . ,  4p — 2).

I™ fik,n = nk (к = 0, 1, . . . ,  4p - 2)

hk.n = o(e*p k 2) (к ^  4p -  1; n » ) .  

Proof. Using (1)— (3) and

(8) sink и =  uk +  0 ( u k+2)

w e get

(9) hk,„ = f  sin* ±  (0  dt =  ^ ~  T ' sin* Kn(e„x) Jx -
n n 2  Í  /  2

7t/e„2 х-* Р/е" oi-t
= J xkKn(e„x)dx+О(ej|) f  xk+2Kn(s„x) dx = j  x k(pp(x)dx +

2l-k nlcn
+ ——  /  ** [ä;  (e„ x) -  Ф (x)] dx +7Г /

Г n/e„ ir/e„ 1

+ <2 (е« ) { /  х*+2 [А:„(в„х)-(рр(х)]й?х+У x* + 2 <pp(x)c/x| = 
lo о J

"/£n vt */sn vfc + 2 ,/v (" я//в„ гс/е,Л
=  №t +  °( l )  +  °  (£',) /  1+ x 4" - 2 +  ° (e"} /  1 + x4"- 2' +  0(£2) | /  +  /  j x*+2X

*IY £„ ф п
X(pp(x)dx = цк + о(1) + 0(Е„) f  x ip~2tpp(x)dx + 0  j  xip~2(pp(x) dx\ =

1 VKi

=  Л  +  о(1) (& =  0, 1, , 4/7 —2).
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Now, if k ^ 4 p  — 1 then similarly as in (9) we have 

(10) 0 <  pk,n = О [ /  \ кКп(гпх) dxj = 0(s*p~k~1) f  "xíp~1K„(e„x) dx =

L
n/Cn itjen 1

f  xip- 1[Kn(snx )-(p p(x )] d x + f x ip- l q}p(x) Wxj =

=  OCe^-*-1) j o O ^ K ^ /  + /  j х4р- > р(х)(/л:| =

=  OCe^-b-ojoCe-^ +  Oie“ *) f  x ^ - ^ ^ d x  + O ic-1) f  x4p~2 (pp(x) dx\ =
0  Wit J

= o(e4p- '1- 2) ( k s 4 p - l ) .
Q.E.D.

Lemma 2. For sufficiently large n’s the system o f equations

(П)
p-i
2  h2j + 2k,n̂ -k,n = dj, 0  (j = 0 j 1 > 1 )>k = 0

further the system o f linear equations

( 12)
p —1
2  faj+zk^k — hj,о 0  — 0 ) 1 j •••»jP 1 ) fc = o

/?<w a unique solution for which

(13) UmXk'„ = kk (k = 0 , 1 , , p — 1)П-+ CO
and

(14)

Proof. First of all we prove that

p - i  p - i

lim 2  h2 p+2 k,n̂ -k,n = .2 " kip+2 k^k ^  0 -n~~°° fc = 0 k= 0

(15)
h2i+2 hij

hii + 2 h2i+i hij+2

hi j h íj+ 2 ••• hij-2i

?í 0  if max (0 , 2 j—2p +  l ) ^ / s  j.

Namely, by (3), the linearly independent functions |A ~  jvyj (/=*"» *4-1, ...,2 j —i)
are elements of the space Е 2 р(х)(0, °°) and hence their Gram-determinant (15) is 
different from 0. But with i=0, j= p —l this means that (11), and thus, by (6 ), also
(12) for sufficiently large n’s has a unique solution. (13) follows again from (6 ).
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If (14) were zero, then the system of homogeneous linear equations
p - i

2  l*2j + 2k̂ k =  0  (./ “  1 > 2, . . .  , /?)k=0
would have a non-trivial solution (being the right hand side of the first equation 
in (12) 1), which contradicts (15) with i= l,j= p .  Hence (14) holds. Q.E.D.

Now we are in the position as to define our kernel of finite oscillations. Let 
{A'„(/)}€5f,({£„}) and {2ki „}[!,} the unique solution of (11). Consider

(16) Kn(t) = Kn{t) P£  K , ^ 2k- 1 sin2* 4  •

This new kernel has some very important properties. First of all, it is normalized 

K„(i)di=lj and it is orthogonal to sin2 * * *-7' 4  (l^y'^p — 1). This can be seen

from

(17) m]tH =  — f  sin2-7 4  Kn(t) dt = — 2  ).k „e„ 2k~l f  sin2-7+2* ~  Kn(t) dt = 
я 2  я k=0 2

1 P,

p —1
— EnJ 2  A72 j  + 2k, n ^k,  n ~  8 j ,  0 k=0

( 7 = 0 ,  1, ...,/7—1)

see (16), (4) and (11)). As for the „absolute” moments M]n of Kn(t)we have by 
Jl6 ), (4), (6 ), (7) and (13)

M j,n =  4  /  = 4  д  ^ ’"|£п 2 1 - 1  /
(18) ............ Г

■Kn(t)dt =

j p ^  . . _  \° (d )  if o ^ j ^ i p
-  En k2  H j+ U ,n \A k .n \  | o ( £ 2P) i f  j  s  2 / 7 + 1 .

3. The rate of convergence of operators with kernels of finite oscillations

At first we prove a theorem which shows how the convolution operators

(19) Ln (/, x) =  4" /  f(x  + 1) K„ (0 dt
— it

approximate the function f(x) which has some structural properties. Let co(g,h) 
denote the modulus of continuity of the 27t-periodic continuous function g(£C2„) 
and let ||g[| be the supremum norm of g£C2lt.

T heorem 1. ( i)  I f  f (r)(x)£.C2K (0 ^ r ^ 2 p — 1) then
(20) ||/(x) -  L„(f, x)|| =  0{г'п)т {р '\  e„) (0 s  r == 2p -  1)
where the „О” sign depends only on f  and p.
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(ii) (х)ес2к then for all x

where
(2 1 )

. Ln( f x ) - f { x )  22р_| Ulim p2p P U = 0

i - l ) k+p x + p - l)
k-p (2k) \ X

/--
- 1

2  \̂ 2 ^ k ,p f {2k)(x)

(k = 1 , 2 , ..., p).

For the proof we need the following
Lemma 3. To each к, 1ш к^р , there exist real numbers bkiJ and a continuous 

function 9kiP(t) such that

(22)
>. t

t2k = 2 b k J s m ^ -  + ̂ p( t ) t ^  (k = 1 , 2 , ...,p ).
i=k

(Compare also [1], Fact 5).
Proof. First o f all we have to prove that the system o f linear equations

(23) 2  K ]j=k
>.• t ( 21)

sin2' -  =(2k)\8Kl 0 l = k , . . . , p )
) t=0

has a unique solution. This follows from the fact that the determinant of this system 
is

PПl=k
í , t )(2° *
Sin 2  = ПV Z ) t=0 l—k

(2 /)!
2 2I 5̂  0.

t
Let

(24) Ak,p(t) = f ‘- 2 b k,js in V ^
j=k ^

( . tY l)then by Isin2j —J ^ =  0 ( /<  2j )  and (23) it follows that

4°„(0) =  0 ( / =  0 , l , . . . , 2 / > + l ) .
Hence

A(2p + 2)(P \

Ak’p(t) =  (2p + 2 )! ***' ( « М

which, together with (24), implies (22). Q.E.D.
P roof of T heorem  1. We have the Taylor expansion

A x + 1) - m  = i  f tr („ €(x , x + /))
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(if r=0 then the right hand side sum is zero, and rj—x+ t). Substituting (22) we get

[M l fw + ^ix )  и
f(x + t)  - / ( * ) =  2  -  - ■ tr  - -*=о (2 & + 1 )! k=i (2 A:)!

/ (r)(h) - f (r)(x)

2 b kjS i n ^ -  + Sk,p( t ) t ^ \  +

n ■t' ( r ^ 2 p )

(in case r= 1 the second sum is zero). Apply the operator (19) to both sides of this 
equality, and use (17) and (18):

Ы  ПЩ(Х)
(25) Ln( f , x ) - f ( x ) =  mp,n 2  7 ^ \ P +  0 « „ +2, )  +

+ ~  /  [ / (r) (7) - / (r) (*)] tr Kn ( 0  dt.
— n

Here the last integral is, by (18) again,

ÍFT / « . ( / « , № № ( 0 1 *  T ^ t L /  ( 1 + j f c l‘l) № ( ') |A “

(26)
A/r+li„"| _  Í 0(srn)a>(ßr>, e„) if 0  ^  r == 2 p -  1

° ( Mr'n)"  Г »’ ÁÍ,.’"J 1 0 Й > ( /( Э Д , 0 (1 )) =  0©  if r = 2 p.

Thus if 0==ri§2/>-l then by (14)

( 2 7 )  » J p>n =  e 2„p  2  ИгР + г к , п К п  =  0 ( S n P)k=0
and we have from (25), using (18),

L„(f, x ) - f ( x )  = О(е2пр) +  о(е2лр) + О(ej)а>( ß r\  e„) =  0(Er„)a>(ßr\  sn)
which proves (2 0 ).

Now let r=2p. Then (25)—(27) yield

(28) lim Ln( f , x ) - f ( x )
II —со F.ip

Hence we have to prove that

p- 1

2  ^2p + 2k^k k=0 2U=i
I Xik4 x ) h } 

(2k) ! *•p) '

(29) bk,p
(— l)fc+*,2 2 p _ 1  

P
X

x + p - l i p
, 2P 1 J. x = 0

(к =  1 , 2 , ...,/>).

For k=p this gives bp p — 22p which is true, because of (22). Notice that if f(x )  is 
a trigonometric polynomial of degree at most p — 1 then by (19) and (17)

(30) Ln( f,x )  = fix ).
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Choose now f(x )= co s lx (/=1,2, 1) then by (14), (28) and (30) we have
for x = 0

(31)
p ( - l ) kl2k

Z  n l v  bk-> = 0k = 1
( - l ) kConsider this as a system of linear equations for the unknowns  ̂-- bk p (k= \,

2, . . . , / 7  — 1). This has a unique solution, because the determinant of the system is 
the Vandermonde-determinant of the elements l 2, 22, ..., (p— l)2. We show that the 
numbers (29) satisfy (31). Namely, the function

is an even polynomial of degree 2p, and by (29)

«pW  = 2l  &»., ( - D*
k = 1 (2k) \ X “ .

But evidently m„(7) =  0 (/=1,2, . .. ,/ 7 —1 ) which proves (31). Q.E.D.

4. The saturation problem

In order to solve the saturation problem of the operators (19), we need some 
auxiliary statements.

Lemma 4. I f
j

(32) 1 — COS jt = 2j »;,( sin2'
1=1

then
i - k  

-k(33) xj , i ( - 1 ), i + i

Л Ш -

( j  = 1 , 2 ,...)

( / = 1 , 2 , . . . , / ) .

Proof. Using twice the Newton’s binomial formula we get

■ / . . t -v Í 2/cos jt  = Re j cos — + 1 sin —- =  2,
2 2 1 m=0

„ , ( - i y - msin2j - 2m4 -cos2m4 - = 
2 m I 2  2

jy  f 17 j s m - J  am v  I "‘I л I,, _

j  — m + k
( V

i?0{k?A 2 j+ 2k -21.ГП)( -  íysin2' —=

Q.E.D.
2  ( -1 )4  21=0 \k=á fí)(U )) Sin"1
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Lemma 5. Let {Ки(7)}Г=о be a sequence o f even, continuous, 2n-periodic functions, 

1 1 n(34) q0}„ = Qj,n = — f  cosjtK n(t) dt ( j  =  1, 2,...)
— Я

and define the sequence {Z, „ } “ = 0  о / operators by (19). Assume further that with p ^ \  
we have

(35) Hm T - í r ^  =  ^  ^  О (* =  A P + 1 ,...) -i - e P,n
Then

(i) Нщ -v)li _  q jmpijes tfjai y(x) к  ű trigonometric polynomial of
П — oo 1 Qp, fl

degree at most p — 1 ; я
oo

(ii) | | /0 0 -£ „ ( / ,  х)|| =  0 ( 1 - е р>и) /rop/feí that 2  'I'jAjif, x)£Lorj(=the space
J=p

o f a.e. bounded functions) where A j(f, x) = aj ( f )  cos jx  -f bj( / )  sinyx \a fif), b, ( f )  
are the Fourier coefficients offix)).

This lemma is an exact analógon of Theorem 3.2 from [2], and the proof goes 
along the same lines except that instead of y = 0 , 1 ,  2 , . . .  we now have j= p ,p  + l, . . . .  
We omit the details.

After these preliminaries we can state our saturation theorem.
Theorem 2. Let the operator-sequence (19) be obtained in the manner described 

in Section 2. Then
(i) hm e“2p|| f(x )  — Ln( f  x)||=0 i f  and only i f  f(x) is a trigonometric polynomial

Л-*-оо

o f degree at most p — 1 ; and
(ii) \ \ f ( x) -Ln( f  x)\\ = 0(rlp) i f  and only i / / (2p_1>€ Lip 1.
P roof. In order to apply Lemma 5, we have to determine the \j/k's defined in 

(35) for our particular operator. Let j= p. Then by (34), (17), (32) and (11)
i

£n"2p(l —Qj.n) =  —— 2  <Xj,i f  sin2 f  К n(t)dt = e~2p 2  4 i e« *2 Pu+2k,nK« =n 1 = 1  _ж z 1 = 1 fc= 0

j  p - i  p - i  j  p - 1
=  2  aj,lEn‘~2P 2  P2l + 2k,n̂ -k, n=  aj,p 2  P2p + 2k,nK,n + 2  aj.t£n‘ 2? 2  P2l + 2k,n+,n-

l  =  p  k = 0  fc= 0 l =  p  + 1 (c=0

Hence, by (7) and (13) we get
p - 1 j  p - i

|en" 2p (1 — Q j ,  n)  — a j, p 2 d 2 p  +  2 k , n * k , n \  S  2 ” 2  2̂1 + 2*.» K „ |  =

P- 1

l —P+1 k= 0

= 2  K l l£n' 2po(s2p 2l) =  0 ( 1) U ^  P)-
l = p + 1

Thus (1), (6 ) and (13) imply that
p-i

(36) lim 6 „-2p(l - е У|П) =  aj fP 2  Ргр+2кК U = P, P + h
n~ “  k=0
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Here by (33) хУр^ 0  ( jS p ). Therefore (36) and (14) yield

(37) lim L-Q L ü. = ZbS. ^  0

1 Q p,n  ^ p >p
u = p>p + i, •••)•

This shows that we may apply Lemma 5.
(i) If f{x) is a trigonometric polynomial of degree p — 1, then we have (30), 

which is even more than jjm £„_2p| | /— L„(/)||=0 . Conversely, if

lim
П-*-°о

\ \ f jx ) -L n{f,x)\\
l ~Qp,n a p , p  2  P 2 p  +  2 k ^ k

fc =  0
ij lim e-n 2р||/-А ,( /) ||

(by (36)), then according to Lemma 5, f(x )  is a trigonometric polynomial of degree 
at most p — 1 .

(ii) If / (2p-1 )(x)£Lip 1 then by Theorem 1,
(38) \ \ fix )-L ni f x ) \ \  = 0 № ).

Conversely, assume that (38) holds. Then Lemma 5 and (37) yield that

(39) 2  <Xj,PAj ( f ’ X)eL,

(40) K P\ ‘ \\Aj(f,x)\\ =  0(1) ( у - - ) .

Using (33), an easy calculation shows that

(41) <*J,p =
(—l)p+1 2 2p

(2 p)l
2 p - 2

f p+ 2  ßP, J kk= 0
О s  P)

where the ßpf s  do not depend on j. (40) and (41) show that || A jif, x)\\ = 0 ( j  2p). 
Hence the series

2 J kA j i f ,x ) ( к  =  0, 1,... ,2p — 2)
j  = P

uniformly converge, because they have a convergent numerical majorant. Thus

2 \ 2 ßP,kjkI Ajif,x)<iCiK
j = p  U=o )

oo
which, by (39) and (41), implies that 2  P pAj i f ,x ) ^ L 00. This means that 
f ^ i x ^ L « ,  i.e. / (2p_1)(x)€Lip 1. Q.E.D.

Let
5. The structure of the oscillating part of K„(t)

p - i
'J'p.niO = 2  h , ne~

k = 0
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be the oscillating part of the kernel K„(t). In order to getan insight into the structure 
of this trigonometric polynomial of degree p — 1 , we prove the following

T heorem 3. All the 2p—2 roots ± t1:„, ± t2,„, ..., ± / p_ i,„  o f i//p,n(t) m o d 2л: 
are real, simple, and

lim = ck ^  0 (к =  1, 2 ,.. . ,  p — 1)
n -c o  £)1

where Cj Ack (j?±k).
2  . t

Proof. Let x„ =  — sin — then the roots of transformed this way have
en 2 .

to satisfy
p - i

2  Ak,n fc —0

x l 24

f  -  °-
But by (13), the roots of this equation tend to the roots of

p- 1
2  Акk = 0

,2k
4  = o.

Let

then by (5) and (12) we have
Tp(x) = x2 2  2  kh x 2k,

fc= 0

(42) J  <pp(x) Tp(x)x2J dx = 0  (у =  0 , 1 , . . . ,  2 p -  4).
о

In order to prove Theorem 3, first we have to show that all the roots of Tp(x) diffe
rent from zero are real and simple. Assume that a (and hence —a) is a root of Tp(x) 
of multiplicity =2. Then by (42) Tp(x) is orthogonal to Tp(x)(x2 —a2)“2, and there
fore

/< ? ,(* )  J J T Z ^ 2 dx = 0

which, by q>p( x ) ^ 0, is impossible (by (12), not all the / f s  are zero). In a similar 
manner we are led to a contradiction if we assume that Tp(x) has a non-real root.

Thus, all we have to prove is that the zero is not a root of Tp{x)x~2; in other 
words 2 ,0 7 ±0 . But by (12) and (15)

h i h i ■ h i p h o h i • h i p - 2

A 0 — к » h i ■ h i p + 2 • h i h i  • ■ h i p

h 2 p h i p  +  2 ■ ■ h i p  — 4 h i p - 2 h 2 p  • • h i p  — i
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6 . Applications

1. Jackson-kernel. Let

K,(i)

. nt
sinT

n sin — 2

ip

be the generalized Jackson-kernel. Choose e„=— then {A„(t)}€Sp({2/n}) with 
the associated function

cpp(x) sin X i p

Namely

(1 + xip~2) \K„(e„x) -  cpp{x)I =  (1 + x4p 2) sinipx 1 1

( . x Y p X 13

\n s in -V n)

= 0 ( l+ x 4 p- 2)sin 4 px : y.8p = 0 1-^1 = °<a.) ( • « « « ? ) •
Thus the corresponding operator (19) is saturated with 0(n 2p) (the saturation 
class is always the same specified in Theorem 2).

2. Generalized de la Vallée Poussin kernel. Let q= \ be an integer, and

tKn(t) =  |1 -  sin2«

For q~  1 this is the classical de la Vallée Poussin kernel (apart from a constant fac-
__i_ __i_

tor depending on n). Choose e„=2n 2q and p arbitrary, then {Kn(t)}£Sp({2n 2«}), 
with

cpp{x) = e~xU.
(Notice that cpp(x) does not depend on p). Namely

(1 + xip~2)\Kn(snx) -  q>p(x)\ = (1 + x 4p- 2) 1 - s in 2« ^ *

0 (l + xip~2)
n log (1—sin2̂3 V 2 / — p

= О

= О 

log2« + 2 /7

1 + х 4 р - 2

0 х?я

n i/4 = o(e„) if O s r s  log и;

2p-l
0 (n « ) 1 - log2« n

n2qn
_|_e -log24n =  o(e„) if log n ^  x  S  7t/e„.
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Thus we have the following interesting result:
Given an arbitrary positive rational number g = ̂ ~, there exist a sequence of

operators {L„} o f finite oscillations which are trigonometric polynomials o f degree at 
most nq+p— 1 , are saturated with 0 (n~e)and have saturation class { / ; / (2i,_1)€Lip 1 }.

3. Fejér—Korovkin operators. The kernel

cos-nt 2 p

Kn{t)
И2 ^cos t — cos — j

is the /5th power of the Fejér—Korovkin kernel (apart from a constant; see e.g..
[2], p. 105). We show that {K„(i)}£ Sp({\/n}) with the associated function

~  x  
2  COS 2 ~\2p

<Pp(*) =  I v 2  — 2

Namely, by
X  — 71

0 s  (pp(x) = о

we have ( - 4 )

l
l+ x lp ( 0  ^  x  «= =°)

(1 + xip- 2 )\Kn(enx )-(p p(x)\ = (1 + x lp~2) cos2p—• L  a . x - n  . x + 
2 m sin —г— sin

2 n 2  n
7Z) 2

2
2 P

X 2 — 7t2 J
= 0 ( l+ x ip~2)-

X

COS2
„ . X  —  n  . X  +  TZn sin —— sin

2  n 2  n

2p

Now, if 0^ёхш2л then this is

О I n* I
=  о

. x  + nf " 1 n‘n sin -
2  n

о  141  v- .- = o { ~

(0 ä  x ä  nn).

If 2 n ^ x ^ n n  then we get

n i ___________________
,«2J (х2 - п У р [n 2  

The corresponding operators (19) are saturated with 0(n~2p).
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7. Remarks

1. It would have been easy to construct kernels K„(t) which are not trigonometric 
polynomials, but these cases are less interesting. If K„(t) is a trigonometric polynomial 
of degree m then K„(t) is of degree m+p — 1.

2. A different approach to the problem was given by A. I. K o v a l en k o  [3]. 
He determined the oscillating part in (16) through its roots, using a certain set of 
non-negative factor-kernels K„(t), and gave asymptotic formulas similar to (21), 
with е„=и-1 . The condition imposed on the factor kernel and on the roots of the 
oscillating part are complicated. Nevertheless, in his formula only / (2p) (x) appears 
on the right hand side of (21). This could be achieved by our construction, too, if 
we considered

instead of (4), but then we should loose the nice property of (19) that it reproduces 
trigonometric polynomials of degree at most p — 1 .

3. By (17), if the kernel (16) is a trigonometric polynomial of degree m, then

where Dp_x{t) is the Dirichlet-kernel of degree p — 1.
4. In case p —l we get the following interesting result for positive operators, 

from Theorems 1 and 2:

C o ro llary  I f  {Kn(t)} is a sequence o f nonnegative, even, continuous, 2n-periodic 
functions such that for a suitable sequence {e„}, e„ - * 0  (й— °°) and a nonnegative function 
(p1 (x) we have

— It

m

K n ( t )  =  D p - i ( t ) +  2  в j , n c o s j t

max [(1 + x2) IK„ (e„ x) -  q>x (x)|] = о (e„)0 = X = 7Z/En
and

о

then the sequence of positive linear operators

П
f  f ( x  + t)K„(f) dt

Ln(J, x) = —— n (n = 0, 1, ...)
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has the following properties:

(i) [ |/(х )-Е „(/,х )||
I o  {of f  e„)) if f(x)ec2K 
1 О (e„ ю (/',£„)) if f '( x K C 2n

J  ifcpfu) du
(ii) lim L Á f x ) - f { x )  =  ------------- f / { x )  (ГеС2я; < * <  oo)

n~*°° en f/ cpiii^du
о

(iii) Jim s - 2  IIL„(/, л:) -Д х)|| =  0  if and only if  f  = const.
П-+-°о

(iv) ||L„(/, x )-/(x ) || =  0(e£) i f  and only i f  f f  Lip 1.
If we apply (ii) to the nonnegative factor-kernels of the previous section then 

we can easily get more or less well-known asymptotic formulas for classical operators.
5. When p = 2, the construction of the kernel (16) and calculating the right hand 

side of (21) becomes tedious. E.g. for p = 2 we get

lim
H -* -o o

Ln( f  x) - f ix ) /4-/<2 ha 
/'l-l 'o /b [ / (2 )(* )+ /(4 )(v>] ( / (4)e c 2j .
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ON COMMUTATOR SUBGROUPS
By

P. FRANKL (Budapest)

1. Introduction

In this paper we consider only finite groups. A finite p-group P is said to be of 
sectional rank less than or equal to к if given any two normal subgroups R, S 
of P such that S= R  and S/R  is elementary abelian, the order of S/R is less than 
or equal to pk.

A group G is said to be characteristically solvable if there exists a series E=G0< 
< ... < G„ = G of characteristic subgroups of G such that Gi/G i _ 1  is of prime order 
for i= \,.. . ,n .  Characteristic solvability is obviously more than supersolvability.

The aim of this paper is to prove the following:
Theorem. Given a 2-group G of sectional rank 2, assume that G is isomorphic 

to the derived subgroup of a finite group H. Then either G is the quaternion-group of 
order 8  or

G =  {a, b\a2m = b2" + k — 1, [a, b] = b2"), where 2k ^ m S n  

or G is abelian.
Our notation is that of [1].
The proof is based on the following theorem of Blackburn [2]: Given a p- 

group P assume that its derived subgroup P' can be generated by two elements. 
Then either P' is abelian or

P' = (a, b\a2m = b2"+k = 1, [a, b] = b2n), where 2k S  m n.

We shall make use of a theorem of Blackburn [2] asserting that if P is a p-group 
and both P and P' can be generated by two elements then P' is abelian.

2. The proof of the theorem

First we prove a lemma.
Lemma. Let P be a p-group o f sectional rank 2. Then P is either characteristically 

solvable or it is the direct product o f two cyclic groups of equal orders or it is isomorphic 
either to the quaternion-group o f order 8  or to M(p), the non-abelian group o f order 
ps and o f exponent p, p odd.

P roof. For abelian groups the statement of the lemma can be checked easily 
so we may apply induction on |P| and assume P' ̂ E .

13 Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



194 P. FR A N K L

I. First we show that there exists a characteristic subgroup R of P such that 
g P ' ,  \P':R\=p. This is obvious if P'is characteristically solvable. If this is not the 
case then Ф(Р') is of index p 2  in P'. Let us denote Ф(Р') by F. (P/F)'=P'/F  is a 
normal subgroup of order p2  in P/F. Hence Z(P/F) intersects it non-trivially. This 
intersection is a characteristic subgroup of P/F  whence its full inverse image with 
respect to the natural homomorphism P—P/F  is a characteristic subgroup of P. 
By way of contradiction we may assume that it is not of prime index in P' i.e. Z(P/F) 
contains P'/F. As Р/Ф (P) is elementary abelian so it is of order less than or equal to 
p 2  i.e. P can be generated by two elements a, h. Then we have (a, b denote aF/F, 
bF/F, respectively): P'/F—([ä, b]c, c£P/F) = ([a, b]) (since [ä, b]£Z(P/F)) and con
sequently ([5, b]p) is of order p  and we can take its inverse image in P to be R.

II. R is of index p in P', both of these groups are abelian. Hence at least one 
of them is not the product of two cyclic groups of equal orders which entails that 
this one is characteristically solvable. As a consequence there exists a series 
Е=Н 0 ^...Ш Н к = Р ', Hi is characteristic in P, ] # , / # , _ / = 1 ,  2,

We distinguish two cases:
a) k ^ 2 .  P/H 1  is a non-abelian /?-group satisfying the assumptions of the lemma 

and \Р/Нх\<\Р\. Hence P/H 1  is either characteristically solvable and then so is 
P or P/H1  is one of the exceptional groups of order p3. We may assume that this 
latter is the case. Then P is of order p 4 while P' is of order p2. Р'ШФ(Р) implies 
that P'Z(P) is a proper characteristic subgroup of P. If it properly contained P' then 
the characteristic solvability of P would follow. Hence we may assume Z (P )g ? '.  
P/CP(P') is isomorphic to a /^-subgroup of the automorphism-group of P ', a p- 
group of order p2. Hence \P/CP(P')\ divides p. If CP(P') is a proper subgroup of 
P then the characteristic solvability of P follows. By way of contradiction we may 
assume CP{P')=P  i.e. P '—Z(P). Let P be generated by the two elements a, b. 
We have, as above P '=([a, bY\cdP)=(\a, b\). As Р/Ф(Р) is elementary abelian 
of order p 2  we have Р'=Ф(Р), consequently ap£P'=Z(P). But we have 
[ap, b\ = [a, b]p Z 1 which is a contradiction.

b) k=  1. We have \P'\ =p and consequently Z (P )S P '. If equality holds then we 
have for any two elements a, b o f P [ap, b] — [a, b\p— 1 which implies apdZ(P) for 
any a£P. Hence we have PjZ(P) is elementary abelian. As p is of sectional rank 2 and 
as it is non-commutative so we have \P\=p?l. For groups of order ps one can easily 
check the lemma. The only remaining case is Z (P )^ P '. Z(P) and Z(P)/P' are both 
commutative and the order of one of them is not a square. Hence this one is 
characteristically solvable. Consequently we can find a characteristic subgroup 
T  of P in which P ’ has prime index. P/P' and P/T  are both abelian whence at least 
one of them is characteristically solvable and, consequently, so is P too. Q.e.d.

Now we shall deduce the theorem from the lemma. Let H'=G  where G is a
2-group of sectional rank 2 and let us further suppose that G is neither commutative 
nor isomorphic with the quaternion group of order 8 . Then G is characteristically 
solvable which entails the supersolvability of H. As a consequence H  has a normal
2-complement K. Hence (H/K)' = GK/K^  G, which means that G is isomorphic 
to the derived subgroup of a finite 2 -group and the statement of the theorem follows 
from the above mentioned result of Blackburn [2].

On the other hand these groups can be obtained as commutator subgroups 
of finite groups. This has been proved by Blackburn [2] except for the quaternion- 
group which is the derived subgroup of SL{2, 3). Q.e.d.

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



O N  COM M UTATOR SUBGROUPS 195

As a corollary we have that the groups Dk (the dihedral group of order 2k), 
Sk (the semidihedral group of order 2k, fc s4), Qk (the generalized quaternion- 
group of order 2 k, 4) and M(k, 2 ), кшЪ cannot be obtained as the commutator
subgroup of a finite group.
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A MÜNTZ-TYPE PROBLEM 
FOR RATIONAL APPROXIMATION

By
G. SOMORJAI (Budapest)

Let { « , } “ = 1  denote a sequence of real exponents for which

( 1) 0  =  щ <  n2  -= n3  <  ..., lim rij =+oo.

As the well-known theorem of G. M. Müntz states the linear combinations of the 
functions x " j  ( 7  =  1 , 2 ,...)  form a dense set in C[0 , 1 ] with respect to the maximum 

“  1norm if and only if ^  — diverges.
J —2 nj

In 1974, D. Newman raised the following question: for which sequences {nj}JL i 
is the set of quotients

(s>~0 integer, aj and bj (y'=l, 2, s) arbitrary constants) dense in C[0,1] (consi
dering only those h(x)’s which are continuous for 1)? Now we shall answer
this question by proving the following theorem:

T heorem . For each Sequence of exponents satisfying (1) the set o f the quotients 
considered in (2) is dense in C [0, 1] concerning the maximum norm.

P roof. Let us suppose that f£ C  [0, 1], e>-0 is arbitrary and k=k(e)> 1 is 
an integer with the property that

Then the subsequence 0 =m 1 -=m2 -=...<m 2 i i _ 2  of can be chosen so that

2  aJ • x”1
(2) h(x) = i = 1

(3)

(4)
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holds for all O ^x S l, where xi=i/2k (i=  1,2, ...,2k). We shall define the values 
mi=nji successively so that the functions

(5) hJx) =
Z  f(Xi) 1i= 1 1Ж Pq(.X)

,4 fei
pi Qqi.X)

(q =  1> 2,  . . . ,  2 k —2)

will satisfy the inequalities
(6 ) \ f ( x ) - h q(x)\ < e if 0  ^  x ^  xq + 2.
For q=2k — 2, (6 ) gives (4) which proves our theorem.

We have hl {x)=f{x^) by (5) and it follows from (3) that
|/(х )-/г 1 (х)| =  | / ( x ) - / ( x 1)| <  e if О Ш x ^  x 3

thus (6 ) is true for q= l. Let us suppose that 0=m 1 < m 2 ...<»г9 (1 ^ q < 2 k —2) 
have been already defined and (6 ) holds for this q. Now we show that if we choose 
mq+i=njq + 1  large enough then replacing q by q + 1, (6 ) remains valid. We get from (5)

(7) hq+i(x) P q+iQO 
Q q  +  l ( x )

Pq(x)+ f(xq+1)

Qq(X) +
1

(x/xq+1)m tends to zero uniformly in the interval 0 S x S r s as m tends to +°° and 
Qq(x)^Q x(x)= l holds everywhere. Therefore, if mq + 1  is large enough, |/z9 +1 (x) — 
—hq(x)I will be uniformly as small as we need it in 0 ^ x ^ x q thus here

\hq+i(x)~f(x)\ =S \hq+1( x ) - h q(x)\ + \hq( x ) - f ( x ) \  <  e

will be valid (we used (6 )). (7) gives that hq+i(x) will be close to the number f ( x q+l) 
uniformly in the interval x!+, i x ^ x , + 3  if mq + 1  is large enough because Pq(x) 
and Qq(x) are bounded functions and (x/xe+1)m tends to +°° uniformly as m-> +  °°. 
Thus it follows from \x—xq+i\ S \ /к by (3) that here again

\hq+i(x )-f(x )\ =s \hq+1 ( x ) - f ( x q+1)\ + \f(xq + 1 ) - f(x ) \  < e

will be true. In case x .S x S x ,+! we take into consideration that the quotients

К(х) = =  j  and f ( x q+1) =
f(Xq+l)

x
X,q + 1

X

X,«+1

c
~d

have positive denominators therefore the number

K + i ( x )  =
a + c 
b -f- d
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is between the values hq(x) andf(xe+1). Thus by using the relations \x—xq+1 \< l/k,
(3) and (6 ) we get for xq^ x ^ x q + 2

\hq+i(x) ~ f ( x)\ -  max { I ^ W -/W I , !/(*« + i ) - /M l}  <  e
which completes the proof.

N o tes. 1. Let {/,• (*)}“= i denote a sequence of functions which are positive
valued and monotonically increasing in [0, 1]. Let us suppose that for each fixed 
pair 0 S x < .y ^ l

it a á W = + .
i —  f j ( x )

holds. Then (as Prof. D. Newman has noticed) similarly to our theorem it can be seen 
that each ffC[Q , 1 ] can be uniformly approximated by the quotients

2  ar fj{x) 
j = 1__________

2  bj-fj{x)
j = 1

2. In the case when we give two different sequences of exponents satisfying (1) 
{mj}y= 1  for the polynomial of the numerator and for the denominator of
the rational function the set of the quotients is not always dense in С [0, 1]. A simple 
modification of the proof of our theorem gives that the assumption \mj—nj\<K  
(where К  does not depend on j)  is enough for the density.
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SEPARATION OF SETS BY DERIVATIVES
By

M. LACZKOVICH (Budapest)

1. Introduction

Let 3t denote the family of derivatives defined on [0, 1] i.e. let if and 
only if there exists a function F(x) on [0 , 1 ] having a finite derivative everywhere 
and F' (x)=f(x).

Our aim is to characterize the pairs, X x, X 2 a[0, 1] separable in the family S>. 
Theorems (2.2) and (2.3) give necessary and sufficient conditions imposed on X x, X 2  

for the existence f^Q) w ith/(x)=0 if x£X x and/(x) = l if x£X 2.
For the sets l c [ 0 ,  1] we introduce the operation T3 (X) as follows:

T3 (X) = {x6[0, 1 f(y )  =  0  for у€Х=>Дх) = 0}.
In other words T3 (X) is the intersection of all ^-zero-sets containing X. (H is said 
to be a ^-zero-set if H = {x:/(x)=0} for a suitable f£ 2 ).

It is easy to verify that Ta possesses all the properties of a usual closure ope
ration except the additivity (see [1]). For this reason we call Ta (x) the ^-closure 
of X  and the set X c[0, 1] is said to be ^-closed if T3  (X) =  X. Every ^-zero-set 
is obviously ^-closed. In order to describe the operation T3  we define the following 
notions.

An interval I is said to be a quasi-interval o f X  if A ( I \X )  = 0 where 2 denotes 
the Lebesgue inner measure. x„ is called a strong limit point (s.l. point) of X  if there 
exist c>0 and a sequence l n of quasi-intervals of X  such that x0  and

141 >  c-dist (/„, Xq) (n =  1 ,2 ,...).
(|/| denotes the length of I, In -*■ x0 means that the endpoints of /„ converge to x0). 

For any Jfc[0, 1] let C3 (X) denote the set of s.l. points of X.
We shall prove that, for every Xcz[0, 1], T3 (X)=XUC 3 (X) holds (Theorem

(3.8)). That is, if T3 (X) is considered as a certain closure of X, then C3  (X) corres
ponds to the derived set of X.

First of all we prove
Pro po sitio n  (1 .1). For every X c [0, 1] we have T3 (X)z^X\JC 3 (A ).

Proof. T9 (X)z>X is trivial. Let x 0 ((C3 (X), then there exist c > 0 and a sequence 
of intervals /„ such that I„ = [an, h„]-*-x0, A (/„\A )=0 and | / „ | • dist (/„, x0) 
{n = 1,2, ...). We have to prove that if f(L@) and/(x)= 0 for x£ X  then / (x o)=0. 
Let F(x) be a primitive off  Since л (In\ X ) = 0 and f  is measurable we have F' (x)=0
а. e. in /„. Fis differentiable everywhere hence F  is constant in /„ (see e. g. [2], Theorem
б . 6 , p. 143), thus F(a„)=F(bn). Now

F(x) = F(x0) + /(x0) (x — x0)+e(x) (x — x0),
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where lim г(х) = 0 , hence

and
F(b„) = F(x0) + f(x0) (bn - x 0) + e (bn) (bn -  x 0) 

F(a„) =  F(xn) +f(x0) (a„ -  x0) + c (an) (an -  x0).
By subtraction

0  =  f ( x  o) (b„—a„)+s (bn) (b„ -  an) + (e (b„) -  e (an)) (a„ -  x0).
Thus

l/(*o)l =  - £(Z,„) + (£(űn) - £(6 „))-jL_|o
b„~a„

By lim e(a„) =  lim e(b„) = 0 and

dist (/„, jc0) +  |/n|
<  -+1c

we have f ( x u) = 0 , q.e.d.

2. The separation theorem

Theorem (2.1). Let Hx, H 2  be disjoint Gs sets in [0, 1]. Suppose CrS(Hj)czH{ 
( i=  1,2). Then Hx, H2  are separable in Si.

This result implies
Theorem (2.2). Xx and X 2  can be separated by a derivative i f  and only i f  they 

can be separated by disjoint Gs and Si-closed sets.
Proof. If X xc A  and X2c B  where A and В are disjoint Gs and ^-closed then 

by (1.1) A = T 3 (̂ 4) =) Ca(A) and B= Ts (B)z)C 3 (B). Thus by (2.1) A and В are 
separable by a derivative which obviously separates Xx and X 2  as well. On the other 
hand, if f(x )dS i separates Xx and X 2  then A = {x: /(x)=0} and B={x: f(x) — l =0} 
are disjoint and Gd Si-zero-sets containing Xx and X 2  respectively.

The same argument proves the following
Theorem (2.3). Xx and X 2  can be separated by a derivative i f  and only if they 

can be separated by disjoint S-zero-sets.
Compared with Theorem (2.2) the condition in (2.3) is (apparently) a stronger 

one because a ^-closed Gs set is not necessarily a ^-zero-set (see [3]).
We remark that a particular case of our Theorem (2.1) was proved in [4]: if H x 

and H2  are disjoint Ge sets each having metrically dense complements (i.e. 2 ( / \ i / ;)>  
> 0  (i= 1, 2) for every open interval 7) then Hx and H 2  can be separated by derivatives.

In fact, in this case Hx and H 2  have no quasi-intervals that is Cs (Hx) =  Ca (H 2 ) =  
=  0 .  In particular Hx and H 2  contain their s.l. points and (2.1) is applicable.

Proof of (2.1). Since IIX and H2  are disjoint Gd sets we can find F„ sets Kx, K2  

such that
(2.4) H xczKx, H2 czK2, КХПК2  = 0 , KxyjK2  = [0, 1].
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(See e.g. [5] p. 257.) We put
(2.5) E = (Hx\ int Hj) U (H2\ i n t  Hj).

E is a nowhere dense closed set. Let Jk denote the sequence of intervals contiguous 
to E. For every Jk, either JkC\H1 = 0  or JkC\H2= 0  holds. In fact if ̂ П Я ^ 0  

then is everywhere dense in Jk (otherwise Jk would contain a point x£H t\ int Hj). 
Everywhere dense Gs sets have nonempty intersection hence JkC\Hl Z  0 , Jkf]H2Z  0  

imply HXC\H2Z  0 , a contradiction.
Let

(2.6) Ex = EC\KX, E2  = EC\K2.

Then £ j, E2  are nowhere dense Fa sets hence they can be represented in the 
form

(2.7) Ex = 0  E2k_ ! 9  E2 = { ] F 2k
Jt=l k = 1

where F„ are pairwise disjoint and nowhere dense closed sets. (See [6 ], p. 197.) By
(2.4) and (2.6) we have

(2.8) E = E1 UE2 = [J Fn.
n = l

We outline here the main idea of the proof. We are going to construct two 
sequences t„(x), T„(x) of functions defined on [0, 1] such that for every x€[0, 1]

h (x) — h(x) — ••• — tn(x) — — Tn(x) S. ... S  T2 (x) ^  Tx(x)

and with the property that whenever a function f(x )  satisfies tn{x )S f(x )^T n(x) 
(x€[0,1]) then f(x) is differentiable in the points of the set Z n={x: tn(x) = Tn{x)} and

/ '(* )  =
if x£H x, 
if x £H2.

The sets Z„ should be chosen according to the conditions
a) Z„ 3  Fn (n = 1, 2, ...) and

oo
b) Z  =  U Z„ is closed.

П — 1

Then for x 4 Zn we define f(x )= tn(x) = T„(x) and the definition of f(x )  can be 
easily extended to the intervals contiguous to Z such that f(x )  has a derivative 
everywhere and f ' ( x ) separates Hx and H2.

The lemmas (2.15), (2.22) and (2.28), (2.29) prepare the construction of the 
pair tn(x), Tn(x) for odd and even n, respectively. To prove them we need the follow
ing lemmas (2.9), (2.10), (2.12), and (2.13).

L emma (2.9). Let Hx and H 2  be disjoint Gs sets in [a, b}. Suppose С9 (Я )с Я , 
and Hi Z  [a, b] (/=1,2). Then there exists an open interval I d  (a, b) such that А (7П Ht) < 
■< |/| (/=  1, 2) and either 1Г\НХ= 0  or IC\H2= 0 .
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P roof. If G =int /^U in t Я 2 then G y (a, b). Hx and Я 2 cannot be everywhere 
dense in Z=[a, b]\G  because they are G6  sets and Я 1 ПЯ2= 0 - Hence there exists 
an open interval Ia (a , b) such that Z O ly  0  and, say, Z D /n # 1 = 0 . If 1Г\НХУ 0  
then there exists a component (c, d) of G such that (c, d)a  Hx and (c, d )O Iy 0 . 
Since c and d are s. 1. points of H x, c, d£Hx. If c f l  then cdZC\IC\Hx which is 
impossible. Thus IO H 1= 0 .

Suppose Л(/ПЯ2) =  |/|. Then I  is a quasi-interval of Я 2 hence 1 с Я ,, laG , 
IC ]Z= 0 , a contradiction. Thus we have 2 (/П Я ,)< |/|, q.e.d.

L emma (2.10). Let Ha[a,b\ be measurable with л ([a, b]\H )> 0 and let A, В 
be given real numbers. Then there exists a monotone, everywhere differentiable function 
F(x) on [a, b\ satisfying
(2.11) F{á) = A, F(b) — B, F'(x) = 0 (х<ЕЯ).

For the proof see [1], Lemma 3.1.3.
Lemma (2.12). Let the open set Ga(a, b) and £ > 0  be given. Then there exists 

a subdivision a = x 0 < x 1 < ...< x„ =  Z> o f the interval [a, b] such that for every 1 ̂ k S n  
xft$ G and either (xk_x, xk) is a component o f G or xk—xk_x<e.

g
P roof. Let a= yn<yx< ...< yk=b be a subdivision of (a, b) finer that —. Take

one point from each set (yt- x, y i) \G  (if it is nonempty), let zx, z2, ..., zt denote 
these points. G has only a finite number of components of length not smaller than e. 
Let ux, u2, ..., um be the endpoints of these components. It can be easily seen that 
the points Z;, Uj and a, b form a suitable subdivision of [a, b].

L emma (2 .13). Let G a  (a, b) be open, F a  [a, b] be closed and suppose G П F— 0 . 
Let (ak, ßk) denote the sequence o f the intervals contiguous to F in [a, b}. Then for 
every к there exists a strictly monotone sequence {x!,k>}f=Uk a  [ak, ßk] \G  such that

(i) if (ak, yk) is a component o f G for a suitable yk then uk = 0 and x lf  — ak, 
=  yk. I f  (ctk, y) is not a component of G for any у then uk =    CO and

lim x („k) = ak. Similarly, if (Sk, ßk) is a component of G then vk is finite and
n-*- — OO

x[kd x = 5k, xf> = ßk, otherwise vk =  <= and lim x,f) = ßk.П-*-оо
(ii) I f  a([ F then the interval [a, ßx) is contiguous to F for a suitable ßx. For the 

sequence {х^}Ца[а, ßx] let ux = 0  and x ^ = a  even i f  (a, у) is not a component of 
G for any y. Similarly at b.

(iii) I f  the subintervals I i=(x}*!l1, xn(*f)) are not components o f G and / ;^ x 0  

where x ^ F  then

dist (/,, x0)
Proof. For a fixed к we can choose a strictly monotone sequence {yi,k)} from 

[a*, ßk] \G  satisfying (i) and (ii). Apply Lemma (2.12) for the open set G П (yf2x, yik)) 
and e = [min (у!,к2х—ak, ßk—y ^ ) ] 2  in the interval (tÍ - i > У«к>) i° r every n which 
occurs among the indices of {yik)}. The points obtained and the у (к) ’s will compose 
the sequence {x<k)}.

{ x f f f f  satisfies (i) and (ii) and if x0 6  F and I  = ( x f l ,, x lk)) is not a component 
of G then |7| <  ( x ^ x —x0)2. Consequently if / f\ x 0 where the intervals 7; =

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



SEPARATION OF SETS BY DERIVATIVES 205

. (xj,k2!, x ^ )  are not components of G then

q.e.d.

\ I , \

X ^lt-X o
(Хщ-г—Хр)2

■v*(̂i)   -V*ЛП(- 1 Л0
=  х^2г- х о 0 ,

Remark (2.14). It is obvious from the construction that for every iy>0 the 
sequences can be given such that besides (i), (ii), and (iii) even the following assertion 
holds:

I f  an interval (x® ls xff*) is not a component o f G then xf> —x f l ^ r j .  This can 
be achieved i f  we apply Lemma (2.12) with e1=min (tj, e) instead o f s.

Lemma (2.15). Let I f  and IL, be disjoint G3  subsets of [a, b] and suppose C h il i je  
a  Hi (i—l, 2). Let the closed set Fa[a, b\ be disjoint from H2  and let .9 =-0 be arbitrary. 
Then there exist two functions l(x) and L(x) on [a, b] such that

a) — 2(b — a )^ l(x )S L {x )^2 (b —a) for every x£[a, b],
b) the set U={x: l(x) = L(x)} is closed,
c) FA {a, b}c:U; every point of F{j(a, b) is a bilateral accumulation point o f 

U; i f  a£F or b£F  then a is a right-hand side and b is a left-hand side accumulation 
point o f U, respectively. I f  x is a unilateral (and not bilateral) accumulation point 
o f U then x ^ H fJ  H f)  F.

I f  the interval (c, d) is contiguous to U then
d) d —c<9,
e) (c, d)<HHl t (c, d)<tH2,
f) if l(c)=L(c) = A and l(d)=L(d)=B then /(x)=min (A, B )—6 (d—c) and 

L (x) = max (A, B )+ 6 (d—c) for every x£(c, d).
g) I f  the function f(x) defined on [a, b\ satisfies /(r)S /(x )áL (x) (x £ [a, b\) and 

the point x0 is a bilateral accumulation point o f XJ then f(x) is differentiable at xn and

(*)
f ' ( x 0) =  0 i f  x 0  i H j J  F and 

f ( x o) =  1 if x0 £H2.
I f  xa is a right-hand side (left-hand side) accumulation point of U then f(x) has a right- 
hand side (left-hand side) derivative at x0 and (* ) holds for f (  (x0) and fL  (x0), respec
tively.

Proof. We put G\=int H j \F  and G2=int II 2  and apply Lemma (2.13) for the 
sets G = GxU 6 'a and F. An interval1 J= (x<„k21, x (nk)) is said to be of type (i), (ii), and
(iii) if

(i) J  is a component of Gx ;
(ii) /  is a component of G2;

(iii) /  is a component neither of nor G2.
Now we define the functions l(x) and L(x) as follows.

(2.16) /(x) = L(x) =  0  if
a’) x£F

1 In the course of the proof the term ‘interval’ will mean an interval of the form (xf!l , xik>).
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or
b’) x£ J  where J  is of type (i) 

or
c’) x is the common endpoint of two adjacent intervals of type (iii). 
If the interval J=(c, d) is of type (ii) then

(2.17) /(*) =  L(x) =

for every x£[c, d], 1(a) and L(a) have been defined if a£F  or if a(£ F and the interval 
[а, xj1*) (see (2.13) (ii)) is of type (i) or (ii). If [a, x[ly) is of type (iii) then we define 
l(a)=L(a) = 0. The definition is similar at b.

If J= (c,d) is of type (iii) and l(c) = L(c) = A, l(d )-L (d ) = B (l(x) and L(x) 
have been defined at c and d\) then let
(2.18) l(x) =  min (A, B) — 6 (d— c) and
(2.19) L(x) = max (A, B) + 6 (d— c) for every x£(c,d).

This definition of l(x) and L(x) is unambiguous because it is impossible that two 
intervals Jx and J 2  are adjacent and Jx is of type (ii) and J2  is of type (i) or (ii). In 
fact, if Jx and J2  are adjacent and of type (ii) then their common endpoint is a s.l. 
point and hence a point of H2. Therefore Jx cannot be a component of 6 ’2, a contra
diction. If J2  is of type (i) then the common endpoint of J 1 and J2  is a s.l. point both 
of Hx and H 2  hence it is a common point of Hx and H2  which is a contradiction 
again.

According to the Remark (2.14) we may suppose that the length of every interval
b — a)of type (iii) is shorter than >7 = min (*■ V)'Hence

... .. b — a , b — a|/(x)| = 5  + = 2(b-d)

and similarly \L(x)\^2(b — a). Therefore a) and d) hold.
Since [a, b ] \U  is the union of the intervals of type (iii), hence the statements 

b), c), e) and f) can be easily seen as well.
Suppose that he function f(x )  satisfies 1(х)^/(х)ШЬ(х) on [a, b\. If x 0  is a 

bilateral accumulation point of U then either x0 is a point of an interval of type (i) or 
(ii) or x 0 £F. In the first case (* ) obviously follows from (2.16) b’) or from (2.17). If 
x0£F  then by Lemma (2.13) (iii)

dist (/;,*„)
holds for every sequence of intervals / ; of type (iii) and converging to xn. Since x0  ̂  H 2  

and Csí(H^(z H 2  the same is true if the intervals It are of type (ii).
We have to prove f '  (x0) =  0 that is

(2 .2 0 ) (xf -  x0).
X i  X q
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Suppose Xi-»x0, x f il ,  where /, is of type (ii). Then x 0 ^ I t and hence / г-^х„. 
Consequently

f ( x j - f ( x n) l/(x,-)| ^  2 1,1 Q
X i - x 0  |x ; - x 0| dist (It, x0)

Now suppose x; — x 0, x tt£/, =  (c; , d,) where /, is of type (iii). Then /;-»x0 again 
and by (2.18) and (2.19)

(2.21) |/(x,)| ё  max ( |/(с г)|, |Ж ) |) +  6(4-с*) ё  |/(с г)| + |Ж ) |  +  6|/,-|.

Now either /  (c;) =  0 or the preceding interval f  =  (e;, c,) is of type (ii). In the 
latter case

\f(cd\ \ \ J i  I
dist (У,,х0) 1 +

Xi ~ X 0

0

since

№ )
Xi -  xo

■i-x i <  [Л1
i -  A‘o _  dist (/; , A0)

-  0. By (22.1)

0. In both cases — 0 and similarly
x i ~ x  о

f ( Xi ) - f ( Xo) f(c ,) № )
1 6  ■ i7il

x i - x  о Xi - X 0
~T

X i ~ X 0 dist (I„x0) -  0.

Since for every x  either f(x )= 0  or x £ l  where I  is of type (ii) or x d l  where I  
is of type (iii) we have (2.20) for every х (-*х0. That is (* ) holds.

If x0 is a right-hand side accumulation point of U then either x0£F  (when (*) 
holds) or x()fJ  where the interval J  is of type (i) or (ii). In this case the statement 
(* ) for f+(x0) immediately follows from (2.16) b’) and (2.17). This completes the 
proof of Lemma (2.15).

L emma (2.22). Let / / ,  and H2  be disjoint Gs subsets o f [a, b] and suppose CS(H,) a  
a  Hi and Hí F [a, b] (i=  1,2), moreover suppose that Нг0 н 2  is everywhere dense in 
[a, b\. Let F a  [a, b\ be a nowhere dense closed set such that F П Я2 = 0  and

(2.23) F(T(e, b) a  (H j \ in t  Hj) U (tf2\ i n t  Hj).

Let the arbitrary real numbers tl > 0 and A0, B0  be given. Then there exist two functions 
l(x) and L(x) defined on [a, b] such that besides the statements b), c), d), e), f), and 
g) o f Lemma (2.15) even
(2.24) 1(d) — L(a) = A0,

(2.25) 1(b) = L(b) — B0, and

(2.26) min (A0, B0) — 6 (b—a) ^  l(x) ^  L(x) S  max (A0, BQ)+ 6 (b—a) 

hold for every x£[a, b\.
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Proof. By Lemma (2.9) there exists an open interval Icz [a, b ] such that IP\H1= 0  
or / n # 2= 0  and A ( / \# i )> 0 (/= 1 ,2). We may suppose IC \F = 0. In fact, ifCO
/П  F 0  0  and / \ F =  U 4  where Ik are disjoint open intervals then we can choose

)t=1
one of the Ik s instead of /. Namely if (say) 1Г\НХ= 0  then H2 cannot be every
where densejn each Ik beacuse otherwise H2 would be everywhere dense in I  and 
/ f ) ( # 2\ i n t  H2)=  0  would hold, hence by (2.23) /П  F=  0  which is a contradiction. 
If H2 is not everywhere dense in Ik then we can choose Ik instead of I.

a) Suppose first /П Я 2= 0 .  Since H1U H2 is everywhere dense in [a, b] there 
exist a, j8£F4fj/ such that А ((а, /? )\/4 )> 0 . We apply Lemma (2.15) for the sets 
Я хП[а, a], H2П[a, a] and FC\[a, a] in the interval [a, a] and let the functions obtained 
be denoted by lx(x) and Lx (x). We construct the functions /2(x) and L2 (x) on [ß, b] 
analogously.

Now we define the functions /(x) and L(x) by

(2.27) /(x) =  l1(x) + A0—l1(a) and L(x) — L1(x) + A0 — l1(a)
if х£[я, a];

/(x) =  l2 (x) + B0 — l2 (b) and L(x) =  L 2 (x) +B0—l2 (b)

if x£ [ß, b\. In order to define /(x) and L(x) in the interval [a, ß] we apply Lemma 
(2.10) for the set НхГ\[ос, ß] and the numbers A — lx (a) + AQ — Ißa) and B = l2(ß) + 
+ B0—l2(b) in the interval [a, ß]. Then we have a monotone, everywhere diffe
rentiable function F(x) satisfying F '(x)=0 (x6Hl П fx, //]) and

F( a) =  4 (a)+A0-  4  (a), F(ß) = U (ß) + B0- I 2 (b).
We put /(x) = L(x) =  F(x) for x £ [a, ß].

It is easy to see that /(x) and L(x) satisfy the statements (2.15) b) to g). Moreover 
by (2.27) l(a)=L(a)=Aa and l(b) = L(b) = B0 (since 4 (р)=Ьг(а) and l2(b) = L2(b)) 
that is (2.24) and (2.25) hold.

By (2.15) a) |4 (х ) |^ 2 (а -а )^ 2 (6  —u)if х€[а,а] and \l2(x ) \^ 2 (b -ß )^ 2 (b -a )  
if x£[ß,b] hence /(x)£min (A0 — 4(b — a), B0—4{b—a))=min (A0, B0) — 4(b—u)=> 
>min (A0, B0) — 6(b — a). Similarly L (x )S max (A0, B0) + 6(b — a) if x£[a, a] or xG 
£[ß, b]. Since F(x) is monotone, these inequalities are valid in [a, ß] too. Thus
(2.26) holds.

b) Suppose now /П # 1= 0 .  An argument similar to that of case a) shows 
that there exist a, ß£H 2C\I such that л((«, ß ) \H 2)> 0. Applying Lemma (2.15) for 
the sets H1П[а, а], Н2Г\[а, a] and FC\[a, a] we obtain the functions 4(x) and Lx(x) 
in [а, а]. In the same way we get /2(x) and F2(x) in [ß, b\. Let

/(x) =  4(х)+Л 0-4 (а )  and L(x) =  Lx{x) + Aq — I^ o),
if x £ [a, a];

/(x) =  l2(x)+B0 — l2(b) and L(x) = L 2(x) + B0- l 2(b),
if x£[ß,b]. Applying Lemma (2.10) for the set H2П[a, ß] and A = ll (x)+An — ll (a), 
B=l2(ß) + B0 — l2(b) — (ß — x) we have the function F(x) in [a, ß\. Let /(x) = L(x) = 
=  F (x)+x —a, if x6[a, ß]-

It is easy to verify that all the statements of (2.15) (except a)) are valid for /(x) 
and L(x). Since |4(x)|^2(Z>—a) if x£[a, a] and \l2(x )\^2 (b —a) if x £[ß, b\ hence
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(2.26) holds for every x£[a, a]U [ß, b]. If x£[a, ß] then f(x)Sm ax (l1(a)+A0—1х(а), 
h (ß) + B{)—4 (b)-  0? - a))Ш:max (A0+4(b-a), B0 + 5 (b -a ))^max (A0, B0)+5(b — a). 
Thus F(x)+x —aSmax (A0, B0)+6(b—a). Similarly F(x)+x — x^m m (A 0,B 0) — 
— 6(6—a) that is (2.26) holds everywhere, q.e.d.

Lemma (2.28). Let H1 and H2 be disjoint G3 subsets o f  [a, b] and suppose 
C giH jaH i (г =  1,2). Let the closed set Fez [a, b] be disjoint from Hx and let 0 
be arbitrary. Then there exist two functions l(x) and L(x) defined on [a, b] satisfying 
the statements (2.15) a) to f) and the following one:

g*j I f  the function f(x) defined on [a, b\ satisfies /(x )^ /(x)^L (x) and the point 
x„ is a bilateral accumulation point o f U then f(x ) is differentiable at x0 and

(*  *) f ' ( x  o) =
i f  x£ H 1 
i f  xd H 2\JF.

I f  x0 is a right-hand side (left-hand side) accumulation point o f  U then fix )  has a 
right-hand side (left-hand side) derivative at x0 and (* *) holds for f+ (x0) and f'_ (x0), 
respectively.

Proof. We put Gx=int Hx, C72=int H2\ F  and apply Lemma (2.13) for the open 
set G=GXUG2 and the closed set F. We obtain subintervals of the form (xßl21, x(ßy) 
and classify them in the same way as in the proof of Lemma (2.15). We define the 
functions /(x) and L(x) as follows: l(x)= L(x)= x—a, if x£ F  or where J  is 
of type (ii) or x  is the common endpoint of two adjacent intervals of type (iii). I(x) = 

c+d=L(x) = —2 -----a f°r every x£[c,d] if (c,d) is of type (i). If l(x) and L(x) have
not been defined so far at a or b then let l(a)=L(a)=Q and l(b)=L(b)=b—a, respec
tively. Finally, if (c, d) is of type (iii) and l(c)=L(c)=A, l(d)= L(d)=B (l(x) and 
L(x) have been defined at c and d!) then let

|/(x) =  min (A, B) — 6(d—c) and L(x) = max (A, B )+ 6(d—c)
for every x€(c, d). We can show in the same way as in the proof of Lemma (2.15) 
that the statements (2.15) a) to f) hold. The only difference is that the intervals of
type (iii) must be chosen of length shorter than i/=min ^3, — j- Suppose that
the function f(x )  satisfies /(x )S /(x )S l(x ) on [a, b\. If x0 is a bilateral accumulation 
point of U then either x0 is a point of an interval of type (i) or (ii) or x fF .  In the 
first case (* *) obviously holds. If x0CFthen by Lemma (2.13) (iii)

lim
Í-+-00

\ I j \

dist(/j, x„)
= 0

holds for every sequence of intervals / ; of type (iii) and converging to x0. Since 
x0(J I f  and СЯ{Н1)(^Н1 the same is true if the intervals /г are of type (i).

We have to show / '  (x0) =  1. Suppose х;—x0, х;(Тг = [<:,, d(\ where /г is of type
(i). Then I  I x0, /  (Xj) = Cî 2 ^‘ — a and /  (x0) =  x0 — a so that

/ f e ) - / ( x  q) t
X ; - X 0

Ci + di

x;- x  о
|/fl

dist (/; , x0)
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Now suppose Xi-+x0, x i£ li = (ci, dt) where 7; is of type (iii). Then It-*x0 again 
and by the definition of l(x) and L(x) we have

min (/(cj), f ( d t)) -  6|/;| s  / ( х г) == max f(d ,j)  + 6|/,|.

Thus in order to show — l it is enough to prove / ( C|) f ( xo) __ j
X j - X 0 Xj -  x 0

/ ^ ( ^ landJ L o .
X j - X „  Xj — x 0

Now either/(с;) = сг —я or the preceding interval Jt — (e;, c() is of type (i) and
Q.  -f- Q.

thus /  (c,) =  —*■ ' — a. In the first case

f  ( f id - f ix o) J Cj-Xj l/il
Xj —x„ Xj — x0 dist ( / j ,x 0)

In the second case

/(C j) - /(x 0) j
1 ,j ( e j  +  Cj)-Xj

„  \Ji\ + \ii\ w C j-x0
Xj-X0 X j-X 0 ki-X ol |Cj — x0| Xj —x0

w  ^
| x , - x 0|

Ш
dist (У; , x0) 1 + Cj-Xj

Xí -X q
+ |/i!

|Xf — x 0l
0

since -+ x„. Hence in both cases 0 — 1 and similarly - -—— -» 1.
Xj x 0 Хг- х 0

Finally

W r  №1 Q 
| X j - x 0| dist (/,•, x0)

Since for every x either / ( x )  = x — a or x£7 where /  is of type (i) or x£7 where 
7 is of type (iii) we have / ' ( x 0) =  1 that is (* *) holds.

If x0 is a right-hand side accumulation point of U then either x ^ F  (when (* *) 
holds) or x06T where the interval J  is of type (i) or (ii). In this case the statement 
(* *) for / + (x0) immediately follows from the definition of /(x) and L(x). This 
completes the proof of Lemma (2.28).

Lemma (2.29). Let Hx and H2 be disjoint Gs sets in [a, b] and suppose that 77г=̂ 
A [a, b] and C3(Hi)ez Ht (г =  1,2). In addition suppose that H 1U H2 is everywhere 
dense in [a, b\. Let Fez [a, b] be a nowhere dense closed set such that FC\H\= 0  and 
(2.23) holds. Let the arbitrary real numbers 9> 0  and A0, B0 be given. Then there 
exist two fuctions l(x) and L(x) defined on [a, b\ such that the statements (2.15) b) to 
f), (2.28) g*), and (2.24), (2.25), (2.26) hold.

This can be proved in the same way as in the case of Lemma (2.22).
The following step of the proof of Theorem (2.1) is the construction of the func

tions t„(x) and TJx).
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Consider the sets IIL and H.2 given in Theorem (2.1). We can suppose Ht ̂  [0, 1] 
(i— 1, 2) since otherwise the theorem is trivial. Moreover we can suppose that Нг U #2 
is everywhere dense in [0,1]. In fact if this is false then take the open set G =(0,1)\ 
\ H 1UH2. Let PczG be a Gs set of measure zero and everywhere dense in G and 
put H[ = H1UP. Then Hi and Я2 are disjoint Gö sets and Ca(H[)czHi since every 
quasi-interval of H[ is a quasi-interval of Hx as well so that C3 {Н[)а Ca (Ях)с  
czH jdH i.

We define the functions tn(x) and Tn(x) by induction. Apply Lemma (2.15) 
for the sets Hx, H2 and F, and for 3 = 1. The lemma is applicable because F1czE1 
and ExG\H2—<Z) so that Я1ПЯ2= 0 . Let t1(x)=l(x) and Tl(x)=L(x) where l(x) 
and L(x) are the functions obtained in Lemma (2.15).

Suppose we have defined tt(x) and 7)(x) for l ^ i ^ n  such that
(2.30) (a) /i(x)Síl41( r ) s 7 ’í+1( i ) í 7 ’j(x) for every x f [0, 1] and 1

(b) the set Z„={x; tn(x) = T„(x)} is closed;
(c) U F;IJ {0, l ) c Z „ ; every point of (J Ft П(0, 1) is a bilateral accumula-

1 = 1  1=1  
n n

tion point of Z„; if 0€ U Я; or 1 € U Ft then 0 is a right-hand side and 1 is a left- 
1 =  1 1 =  1

hand side accumulation point of Zn, respectively. If x is a unilateral accumulation 
point of Z„ then

x € fiiU # ,U  Ű Ft.t=i
For every interval (a, b) contiguous to Z„
(d) either (a, b) is contiguous to Z„_x as well от b—a< — ;
(e) (a,b)<tHu (a, b)<tH2;
(f) t„(x)=min(A, B)—6(b—a) and J ’„(x)=max (A, B)+6(b—a) for every 

(a, b) where A = t„(a) = Tn(a) and B= tn(b) = Tn(b)-, finally
(g) if the function/(x) defined on [0, 1] satisfies tn (x) ̂ f(x )^  Tn (x) on [0, 1] 

and if x0 is a bilateral (unilateral) accumulation point of Z„ then/(x) has a derivative 
(unilateral derivative) at x„ and

(* * *) / ' W
JO if x0 
| i  if х0е я 2

holds (for the suitable unilateral derivative at x0).
It is easy to see that (2.30) (a) to (g) are valid for n = 1. Let

(2.31) in+1(x) = Tn+1(x) = t„(x) ( = TJx)) for every xfZ„.

Let (a, b) be an arbitrary interval contiguous to Z„. /f  [a, b] f]Fn + 1—0  then 
let

(2.32) t„+i(x) = i„(x) and T„+1(x) = T„(x) for every x fja , b).

If [a, b\C\Fn+l^  0  then we apply Lemma (2.22) or Lemma (2.29) for the sets 
Я1П[а, b], H2C\[a, b] and Fn+ jD [a, b] according to that n is even or odd.
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These lemmas are applicable because by (2.30) (e) Ь]т±[а, b] and
H 2 П [a, b] 9 * [a, b] ; (2.23) follows from (2.5), (2.6), and (2.7), furthermore by (2.4), 
(2.6), and (2.7) we have Fn+1(~)H2= 0  if n is even and Fn+1f]H1= 0  if n is odd.

Now we apply the suitable lemma with 5 = ------ ,  A0=t„(a) = Tn(a) and B0 =
= tn(b) = T„(b) and put n + i

(2.33) tn+l(x)=l(x) and Tn+1(x)=L(x) for every x 6(a, b)

where 7(x) and L(x) are the functions constructed in the suitable lemma.
We show that (2.30) (a) to (g) are valid for tn+1(x) and Tn+1(x). The state

ment (a) follows from (2.31) if x£ Z„ and from (2.30) (f) and (2.26) if x(f Z„. The 
statement (b) is obvious from (2.15) b) and from the fact that Z„ is closed. The
proof of (c): U .FiU{0, l} c Z n+1 is trivial from U FiU{0, 1}c Z„ and from

i = 1 i = 1
(2.15) c). Since Z „cZ „+1 hence every point of (J FtП (0,1) is a bilateral

i = 1
accumulation point of Zn+1. If x€ F„+1 П (0, 1) then this follows from (2.15) c). 
If  x  is a unilateral accumulation point of Zn+1 then either it is one of Zn when

n  + 1

(2.15) c) and the statement (2.30) (c) for tn{x) and Tn(x) imply U
i = 1И+1

or not when (2.15) c) implies x € H 1ÖH2Ö (J Ft again.
i=1

(2.30) (d) follows from (2.15) d) and 3 = 1
n+ 1 ’ (e) and (f) are consequences

of (2.15) e), (2.15) f), and (2.33).
Finally we prove (2.30) (g). Suppose t„+ г (x) = f(x )^T n+i(x) and let x be a 

bilateral accumulation point of Zn+1. The statement is trivial if x is a bilateral 
accumulation point of Z„, too. If x is a left-hand side but not a right-hand side 
accumulation point of Z„ then there exists y> x  such that (x, y) is an interval con-

П
tiguous to Z„. (2.30) (c) and (g) imply that x fF jU F jU  U Ft furthermore that

;=i
f'_  (x) exists. Since x is a unilateral accumulation point of Z„+1fl[x, y] (2.15) c) implies
х € Я 1и Я 2и т ; +1. Hence xZH1U H 2 because  ̂U DF„+1=  0 .  Consequently

/+  (x )= /' (x)=0 or 1 according to x£H 1 or x£H 2. The proof is similar when x is 
an isolated point of Z„. If x£Z„+1\Z „  then (2.15) g) implies (2.30) (g). This argument 
can be repeated if x is a unilateral accumulation point of Z„+1.

Now we have defined f„(x) and Tn(x) for и = 1 ,2 , .... Let Qn be a family of 
intervals such that (a, b) 6 Qn if and only if (a, b) is an interval contiguous to Z„ but 
not contiguous to Z„_x and [a, b]C\E= 0 .

oo
U Q„ is obviously a set of disjoint open intervals.

n=l
Lemma (2.34). Z =  U Z„ =  [0, 1 ] \  U { / : /€  U Qn}•

n=1 n=1
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Proof. [U {/ : /€ (J 6-.}] П [ U Z„] =  0  because if /£  Q„ then I П E  =  0
7t — 1 Л = 1

thus lC\Fk =  0  for every к >  и so that !C]Zk ~ 0  for every к > n.
00

Suppose *(£ U Zn, we have to prove /  for a suitable /£  g„. By (2.30) (c) and
n = 1

oo
(2.8) we have F c  U Z„ hence x$E  that is q = dist (x, E) >  0. Denote (an,b„)

П = 1
the interval contiguous to Z„ containing x. If bn — a„ < о then by x€ (a„, b„) we

oo
have [a„, Z>„] ПЕ = 0 ,  (a„, £„)£ U Q„ and the lemma is proved. If bn — an ^ g  for

П =  1
every n then by (2.30) (d) we have (an, bn) = (aN, bN) for every it s  N. Hence 
[as ,bN\D E  = 0  because otherwise [aN, bN]OFk ^  0  would hold for a suitable

N
к > N {[aN, 6л.]П ÍJ F; =  0  by (2.30) (c)) which implies (ak, bk) (ak_1, Ьк_г),

1 = 1
a contradiction. Thus (aN,b N)£ (J Ö„» q o.d.

n = 1
oo

Lemma (2.34) implies that Z =  U Z„ is closed. We remark that if x is a right-
П = 1

hand side accumulation point of Z then x is a right-hand side accumulation point 
of Z„ too, for a suitable n. In fact, if x$ E  and for every n ^ n 0 there were y„>x such 
that (x, y„) is an interval contiguous to Z„ then in the same way as in the proof of 
Lemma (2.34) we could prove that (x, yn) £ Qn for a suitable n. But this is impossible 
because x is a right-hand side accumulation point of Z. The case x£F  is trivial 
from (2.30) (c).

Now we are going to define the function /(x). Let

(2.35) f{x) = t„(x) (=Г„(х) =  tk(x) = Tk(x) for к  S  n) 

for every x£Z„.
Let (a, b)kQ„ be arbitrary. (2.30) (e) implies that

(2.36) Ща, b )\H t) > 0  O' = 1, 2)

or else (a, 6) would be a quasi-interval of Hi so that [a, b \ c z would 
hold, which is impossible, [a, b\C\E=0 implies [a, b]c  Jk for a suitable k. As we 
have shown either JkC\H1= 0  or JkC\H2= 0  holds. Suppose first JkC\H.2= 0 .  
Apply Lemma (2.10) for the set [Я1П (a, 5)] U {a, b) and for A =f(a) ( — tn(a) = T„ (a)), 
B=f(b) ( = tJb) = Tjbj) in [a, b]. Let

(2.37) /(x ) =  F(x) for every x 6[a, b]

if F(x) is the function constructed in Lemma (2.10). Then /(x ) is differentiable in 
[a, b] and

(2.38) f ' ( x ) —0 if x €Я х П (a, b) moreover /+ («)= /- 00=0.
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Now suppose JkC\H2X 0 ,  then Jkf]Hi = 0 .  Apply Lemma (2.10) again for the 
set [H2П(a, £>)]U [a, b} and for A =f(a), B=f(b) — (b—a) in [a, b]. Let
(2.39) f(x ) = F (x)+ x—a if x d [a, b]
where F(x) is the function constructed in the Lemma. Then f ix )  is differentiable 
in [a, b] and
(2.40) / ' (x) = 1, if xdH 2П(a, b) moreover/+  (a) =fL(b)=  1.

(2.35), (2.37), and (2.39) define fix)  on Z  and on every interval contiguous 
to Z i.e. on [0, 1]. We prove that/(x) is differentiable on [0, 1] and

(2.41) / '( * )  =
Í0 if x d H k, 
\ l  if х € Я 2.

First we show that
(2.42) / ,(x )g /(x )s r ,(x )  for every x6[0, 1] and и=1, 2, —

This is obvious if x£Z. I f  x£I=(a,b) where IdQ„; I a J k, Л Г № = 0  then 
by (2.37) f(x)  is monotone on [a, b] thus min (A, i?)—/0 0  —max (A, B) if xdfa, b]. 
Comparing with (2.30) (f) and (2.32) we have (2.42). If / кПЯ2^ 0  then 
by (2.39) min (A, B )—{b—a ) ^ F(x)^m ax (A, B) thus min (А, Я )—(6—a)S /(x )^  
gmax(T, B) + ib—a) on [a, b] which implies (2.42) again.

Suppose that x is a bilateral accumulation point of Z. As we have remarked 
this implies that x is a left-hand side and right-hand side accumulation point of Z„ and 
Zm, respectively, for suitable n and m. Hence x is a bilateral accumulation point 
of Zmax(n m) and by (2.42) and (2.30) (g)/is differentiable at x and (2.41) holds.

Suppose that x is a left-hand side but not a right-hand side accumulation point 
of Z. In this case (x, b)dQ„ for a suitable b>x. Then [x, b]c:Jk for a suitable k. 
If / кПЯ2= 0  then by (2.38) f ' v (x) exists and vanishes. Since x is a left-hand side 
accumulation point of Zm for a t least one m hence by (2.30) (c) we have x d H fJ

m m
и я 2и и Я,. But x $ tf2U и Fi thus хбЯх. (2.42) and (2.30) (g) imply / I ( x ) = 0

/=1 i=l
hence (2.41) holds again. We can argue similarly if 

Jkf]H 2 pi 0  or ib,x)dQ„.
If x is an isolated point of Z  then (a, x)dQn and (x, b)dQm for suitable a, b, n, m. 

Since [а ,х ]П £ = 0  and [x ,A ]f l£ = 0  we have [a, b \a J k. Hence by (2.38) and (2.40) 
/ + (x)= /i (x)=0 or 1 according to JkC\H2= 0  or / П Я 2^  0 .

Finally if x $ Z  then xdia, b) where (a, b)dQ„ and (2.38) or (2.40) imply (2.41) 
again. This completes the proof of (2.1).

3. The operations Ca and Ta

Lemma (3.1). Let Х а  [0, 1] be arbitrary and let G denote the union of all open 
quasi-intervals o f X. Then for every open interval I  either Ia G  or X iI \G )  >0 further
more I is a quasi-interval o f G i f  and only i f  I  is a quasi-interval o f X. Consequently 
C3iG) — C3 (X).

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



SEPARATION OF SETS BY DERIVATIVES 215

P roof. First we prove that the set of the quasi-intervals of G and those of X  
coincide. If /  is a quasi-interval of X  then int I d  G hence /  is a quasi-interval of G 
as well.

If (a, b)dG  then by the Borel covering theorem [a+E, b —e] can be covered by 
a finite number of quasi-intervals of X  for every e>0. This easily implies that (a, b) 
is a quasi-interval of X, too. Consequently for every component Ik of G A(Ik\X ) = 0  
hence A(G\X)=0.

If / i s  an arbitrary quasi-interval of G then A(/\G) = 0 thus from I \ X d ( I \ G )U 
U (G\X) we have A (/\Af)=0 i.e. /  is a quasi-interval of X.

Let /  be an open interval. If A(/\G) = 0 then /  is a quasi-interval of G hence 
/  is a quasi-interval of X  thus, by the definition of G, IdG , q.e.d.

L emma (3.2). Let Gd  [0, 1] be open and suppose that for every open interval I  either 
Id G  or A(/\G)=-0 holds. Then

qq QO OO op
(3.3) CS (G) =  U LU U П U In

n=l *=1 ЛГ=1 в=ЛГ+1

where /„ — (an, bn) denotes the components o f G and

that is Ikn is obtained from /„ by enlarging it к times from its middle point.
P roof. Let В denote the right-hand side of (3.3). Suppose x0iC s (G). Then 

there exist c > 0 and (a,, bt)d  G such that а;—x0, x0 and

(3.4) bt—a, => c dist ((a, , bt), x0).

Let /„, denote the component of G containing (ai; й,)- If /Пг=/„0 holds for in
finitely many i then dist (/„0, xo)=0, x0€/„o and thus x0£B. If there are infinitely 
many different intervals in the sequence {/„(} then by (3.4) we have |/„J >c dist (/„., x0)

i+— 2
thus x0€/„( c . Consequently, for k > \+ —, x0£/* holds for infinitely many n that

is x06 U П G *o£B.
k = l N = 1 n = N + l

Now suppose x0£B. If xQ̂ I n for some n then obviously x0£Cg(G). If there
OO OO

exists a к  for which x0€ П U Ih then x0i  I k holds for infinitely many n, let
N —l  n = N + 1

x0€ In, = (an,. b„)k (i = 1, 2, ...). Hence

x 0 —
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thus b„-an > -r  dist(/„., x0). Since |/B|—0 as и — °° hence a„.~*xn and b„.-*x0.a 2
That is the definition of the s .l. point is fulfilled for x0 with c = — ; x0£Cs (G), q.e.d.К

Proposition (3.5). For every T c [0 , 1], C3 (Х )аС ^(Х ) holds where C^(X) 
denotes the set o f  all points x at which the upper density of X  is positive. ( See [l].j

Proof. Suppose x„€ C9 (X) then there exist c > 0  and x0 such that A (In\ X ) =0 
and |/B|>c-d ist (7„,x0) holds for_ every n. Thus <5„= |7„| + dist (/„, x0)—0 as n-*°° 
and 7„c[x0—őn, х0+<5„]. Thus (if d(X, x0) denotes the upper density of X  at x0)

d (X, x0) S  Пт
П-*- oo

A(Tfl [x„ —<5„, x0+<5,J)
2d„ iim

П-+ oo
\ I n \

2|7„|+2dist(7B,x 0)

hence x(f  C.^(X).

> 0

P roposition  (3.6). For every measurable set Xcz [0,1], A(Cs (T )\T )= 0  holds.
Proof. According to Lebesgue’s density theorem А (С,ДТ)\Т)=0. Thus Pro

position (3.5) implies (3.6).
T heorem (3.7). Ca(X) is Borel-measurable (G5a) for every Т с :[0, 1].
Proof. Let G be the open set defined in Lemma (3.1). Then by Lemma (3.1) 

Cb (X) — C3 (G) and (3.3) shows that Cs (G) is a <7^-set.
T heorem (3.8). For every T c [0 , 1], TS(X)= XU C 3(X).
Proof. Since T3 (X) d I U  C3 (X) was shown in (1.1) we have to prove only 

Tg(X)czX\JC 3 (X). Suppose x0(f XUCS(X). In order to prove x0(£ T3(X) we have 
to find a function f(x )£ 3  for which /(x )= 0  if x £ X  and / ( x 0) t O. Let T d I  be 
measurable and such that A(2f/\2 f )= 0  and x0$X '. Then every quasi-interval of 
A" is a quasi-interval of Thence C3 (X')=C3 (X). By Proposition (3.6) Ca{ X ') \X ' 
is of measure zero thus every quasi-interval of X 'ijC B(X') is a quasi-interval of 
X, too. Theorem (3.7) asserts that CS(X') is measurable hence X'U C S(X') is meas
urable as well. Thus there exists Yz>X'UC&(X') such that Y  is Gs, x0$ Y  and 
A ( f \ ( I 'U C 3 (L'))=0. Then every quasi-interval of Y  is also a quasi-interval 
fo X  that is Cg(Y)c.C3 (Xr) a  Y. Apply Theorem (2.1) for the sets Y and {x0}, then 
we get a function f(x )£ 3  for w hich/(x)=0 if x £ Y  and /(x 0) =  l. Since I c f  we 
have x0i  T3 (X), q.e.d.

Remark. Making use of the notions of [1], Theorem (2.2) can be formulated as 
follows: the class 3  has property S2. We mention that by the aid of Lemma (3.2) 
one can construct two disjoint open sets Gx and G2 in such a way that

Ta {Gj)rTa (GJ = 0
but 6\ and G2 are not separable by a derivative. That is 3  does not possess pro
perty S3.
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ON A PROBLEM OF R. DEVORE
By

J. SZABADOS (Budapest)

In [1], p. 581, R. DeVore raised the following problem: “ Do there exist poly
nomials p0,P i,P 2 > ■■■>Pn of degree such that the linear operators

(1) L J f ,  x) = 2  f(k/n)pk(x)
k = 0

provide the Jackson estimates

(2) \ \ f - L n{f)\\ = 

where ||.|| is the sup norm on [0, 1]?”
In what follows, we give an answer for this question in the affirmative. For 

technical reasons, instead of [0, 1] we will consider the interval [—1/4, 1/4], and 
the equidistant nodes

Xk =  x k,„ =  -£ -  (к  =  —n , — и +  1, , n).

Of course, this does not mean any restriction, because by proper linear transfor
mation any finite interval can be mapped into another one.

Our method of proving (1)—(2) consists of making use of the intermediate 
approximating rational functions

2  /(**) (•*-**)-4
(3) R „ M , x) =  ----------------------,

2  ( * - x k) ~ 4
k = —n

and the using a standard polynomial aproximation to this rational function. The 
use of this type of rational functions as approximating means has been recognized 
by J. Balázs [2]. We shall need the following extension of this rational function to 
the interval [—1/2, 1/2]:

(4) Rn,0 ( / ,  X)  =

R n M ,  -1 /4 )  = /( -1 /4 )  
K A f x )
R n M ,  1/4) —/(1/4)

if
if
if

- l / 2 s * s -  1/4 
— 1 / 4 S Í S  1/4 

1/4 s  jc s  1/2.
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Further let (cf. Bojanic —  D eVore [3])

P„(x) = cn cos (2n arc cos x)

4 n

where c„ is chosen such that J  Pn(x)dx = 1. Evidently, P„(x) is a polynomial of degree
-1

4n —4. Using this polynomial as a kernel, Bojanic and D eVore defined the linear 
operator

(5)
1/2

a;  (g, x) = f  [g(0 -  g(0)] P„ (t - x ) d t  + g(0)
- 1/2

for all g(x)£C[ —1/2, 1/2]. Then (see [3])
(6) l|g-AT„(g)|| S  4co(g, n - 1) (n = 3, 4, ...).
Here and in what follows all norms mean supremum norm on the interval 
J —1/4, 1/4]. We are going to prove the following

Theorem. Iff{x)£C [ —1/4, 1/4] then

(7) \\f(x )-K n(R„,0( f) ,  *)ll S  3605 -ш(/, и“1) (и =  3 ,4 , ...).

In order to see that this is, indeed, a solution for the D eVore’s problem, let 
us write (5) in the form

i /2

*„(*„,„(/), *) =  R n A f  0)+ /  [*„,„(/, / ) - « . .„ ( / ,  0)\Pn( t-x )d t  =
- 1/2

1/2 - 1 / 4

—Д0) [l — /  /> „ (* -* )* ]+ /(-1 /4 )  /  P „ (f-jc )Ä  +
- 1/2

1/4

- 1/2

+  i  R x k) f  --------Pn{t n X)dt------- +/(1/4) f 2P„(t-x)dt ,
k = _ " - 1/4 ( ? - * * ) 4 2 1 ( i - ^ ) - 4 1/4j=—n

where we made use of (3) and (4).
For the proof of the theorem we need some auxiliary statements.
Lemma 1. Let / (r) (x) 6 C[ —1/4, 1/4] (rSO) and s=2[r/2] +4. Then for the rational 

functions

(8) R n A f  x )

Í  i ^ ^ ( x - x ky-
i  =  o J - __________________

2  (* -**)-5
k=—n

o f degree ^ 2 sn + r we have

(9) \ \ f (x ) -Rn,r{ f  * )l S  5n- o , ( / W ,  я -1) (и =  1, 2 ,.. .) .

We shall use this lemma only with r= 0; nevertheless, this general result is 
interesting in itself, and can be a starting point of further investigations (see the prob-
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lems proposed at the end of this paper). Lemma 1 is a generalization of the result 
of B alázs [2].

Proof of lemma 1. Let i be an index such that

( 10)

Then evidently

(11)
\i~k\

8 n — I*-X k| ^
|i — k\ 

2 n (/ *  k).

Thus we get by (8), s —rS 3  and the remainder of the Taylor series

!/(* )-*„ , r(/,* )| =
2  ( х - х кУ

k=  —n
f i x ) -  2 ^ p ^ ( x - x ky
._____ j=0 J-

2  (x - x ky
k=  —n

( x - X  i f 2  [ / (,)( & ) - / (r) (**)](*-**)'-
k=  —n

— (x  X ,У 2  О) i f (r\  I* -  xk\) \x -  Xk\r s S

\ x - x iX<o{f^, \ x - x t\) + (&n)-s ̂  w |ß r\  2n
k*i

i — k\11АГ-

^  (8n) rco(f(r\  n *) 1+ 2  I*-
k = —nk*i

- 2 5n~rco(f(r\  n~l)

(Zk£ixk,x), к = - n ,  . . . ,n ).
Q.E.D.

Remark. Notice that R„tr(f, k/n)=f(kln) (k= — n, ..., ri), i.e. we constructed 
interpolating rational functions realizing the Jackson order of approximation.

Lemma 2. Iff(x)£C [—1/4, 1/4] then

l K o ( / , * ) l l  S  900 •«(«(/, n-1) (n = 1,2, ...).
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Proof. We have by (3), (10) and (11)

K o ( / ,  *)| =

- 4  2  f ( x k) ( x - x k) - & 2  ( х - х к)~*+4 2  Я * * ) ( * - * * ) " 4 2  ( x - x ky
k=—n k= —n k=—n k=—n

í  i  ( * - * * ) - 4) 2Vk=-n '

=  2 -

2  ( x - x k) 5 2  [ f(xk) -f(Xj)] (xk -  Xj) (x -  Xj) - 5
k=—n_________ j = —n________________ __

(  i  ( * - * , ) - 4) 2V = — n '

^ 2  (x - Xiy  2* = - j~-n Xj\ j*k

(8 ri)-3Q)(f,
2 n — • Ц  (Ä)‘'- i|s+,.t (А)>-*'’+Д  1Шя

j ^ i  kiH  j ^ i

^ 2 2 n c o { f n ^ ) \  2  \ j - i \ ~ 3+ 2  I * -
l j= — n k=—n

jy*i k?±i

k\- 1+4 2  Ij - i

Q.E.D.
j = -n
j*i Hb900mo(f,n  x),

Proof of th e  Theorem. Lemma 2 and (4) imply that 

(12 со(КП'0(Л ,п-1)  =  ю(2г„,0( Я ,« - 1) ё й - 1|Ко(/)11 == 900-<» (/,/*-*).
Apply now (5)—(6) for g(x) = R„'0( f  x), then by (4) and (12) we obtain

ll*n,o ( / ) - * Ä o ( / ) ) l l  =  \\Rn,o(f)-Kn{Rn,0(f))\\ S  3600m i / ,« - 1), 
which together with (9) (in case r= 0) yields (7). Q.E.D.

Remark. Instead of (5), we could use any constructive method of proof of the 
Jackson theorem.

Having this theorem, it is easy to show, by standard arguments, the following 
more general

Corollary. I f  / (,)( x ) ( C [ - 1/4, 1/4] then there exist polynomials pJik,r(x) 
o f  degree ^  n such that

(13) f i x )  - 2 2  f U> (Xk)Pj, k,r(x)
k= — n j=0

0 (n  r) o ) { f \  n г).

For r= 0  this is already proved above. Assume that it holds for r — 1, and prove 
that it holds for r, too. By the theorem we have

f (r)(x )~  2  ß r4Xk)Po,k,o(x)
k=—n

0(co ( f ir\  n !)).
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Let qk(x) be a polynomial such that qkr )(x) —Po,k,o(x)- Then for the function

<P ( * ) = / ( * ) -  2  / (,) (**)?*(*)fc= —n
we have ||̂ >W(x)|| =  0  (co(/(r), и-1)). Thus, applying (13) with r — 1 and tp(x) instead 
of f(x) we get

/ ( * ) -  2  I 'Z  f ° 4 x k)Pj,k,r-i W + / (,)W  ?*(*)- 2  2  ^°’4*()Pj,/,r-i(x)]} =fc=-n U=0 i = - n  j  = 0 JJ II

</>(*)- 2 1 2 1 
t = - n  i= o

= 0(п“|'+1)ю(ф(,,_1), и-1) =  0(n~r) ||<p(r)|| = 0(n~r)a>(f<-'\ n-1),
which proves the corollary, being the approximating polynomial thus constructed 
of the structure like in (13).

P roblems. 1. Is it possible to improve the Jackson order n~rco(ßr), и-1) to 
the Timan—Telyakowski pointwise estimate ( ( I  — x2/n)r o j(fir\  \'l —x2/n) (on the 
interval [—1, 1], say) by operators like in (13)?

2. Do there exist operators with the property (13), for which Lj,J)(f, k/ri)= 
= fU)(k/n) (j= 0, ..., r; k = —n, ..., и)? Even the possibility of uniform convergence 
of this kind of operators seems to be doubtful.
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TOPOLOGICAL COORDINATIZATIONS 
AND DUALITIES OF BROUWER LATTICES

By
J. MARTINEZ (Gainesville)

Introduction. If X  is any topological space, the lattice G(X) of open sets of A' is a 
complete, Brouwer lattice in which each element <1 is a meet of prime elements. 
Conversely, if L  has these properties then there is a T0-space X  so that L ^G (X ). 
We characterize all the T0-spaces that arise in this manner in terms of subsets of the 
set of primes of L. Some special results are obtained, concerning lattices which can 
be realized as lattices of open sets of topological spaces with some restrictions, such 
as separation axioms.

Notation and terminology. If A and В are subsets of a set X,(A<zB)AQB  denotes 
(proper) containment of A in B. A \ B  is the complement of В in A.

Our lattice theoretic terminology is standard for the most part, except where 
specifically noted that it is not. The topological terms used in the sequel are quite 
familiar and standard. One exception: compactness of a set refers to the covering 
property only and does not imply the Hausdorff separation axiom.

The author wishes to thank Professor Jurgen Schmidt for his kind suggestions. 
Also it is absolutely essential to acknowledge the many contributions to this theory, 
in this or other language; in a modest bibliography it is impossible to single out 
every individual. Some of the works we do quote contain rather extensive references, 
notably [6] and [9]. The reader is heartily recommended to consult these two sources.

Let us say that a lattice L  is semiprime if it is complete and each, x£L, x <  1 is 
the (possibly infinite) meet of prime elements of L. (x£L is prime if x ^ a A b  implies 
x ^ a  or x^b .)  A lattice is Brouwer if for each x,y£L  the set {a^L \a t,x^y}  has 
a unique largest element. It is well known that if L satisfies the distributive law:

eA (V a* a)  =  VaO A xJ ,  a ,x ^ L ,  (А<=Л),

then L  is Brouwer, and if L is complete the converse is true (see [1]).
Throughout, G (X) denotes the lattice of open subsets of a topological space X. 

It is a complete lattice when we think of arbitrary meets as the interior of an inter
section of open sets. It is then clear that G (X) is a Brouwer lattice.

L emma. For any topological space X  the lattice G (X) is semiprime.
P roof. For each xgATet Ux be the largest open set missing x (Ux is the comple

ment of the closure of x). Then Ux is prime in 0 (X ); further, if V is an open set, 
V= n {ux\x$ V}.

If L  is a lattice, we call the topological space X  a coordinatization of L if L ̂  0 (X ). 
We have established that lattices admitting a coordinatization are semiprime Brouwer 
lattices.

Conversely, let us suppose L  is a semiprime Brouwer lattice. Let 'Jl (L) be the
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226 J. M ARTINEZ

set of prime elements of L. For each xdL  let P(x) — {р£ф(Х)|р^д;}. Then the sets 
P(x), for x£L, form the open sets for a topology on © (L), and the mapping x-*-P(x) 
is a lattice isomorphism. (It is one to one since L  is semiprime.) Thus ip(Z) with 
this “hull kernel” topology coordinatizes L.

Moreover, ф (L) is a T0-space; if pAq  are primes of L, we may assume without 
loss of generality that p ^ q .  Then qf_P(p) but p^P(p).

Following H o fm a n n  and K eimel [6], call a topological space X spectral if 
X  is T0 and in (9(X) every prime element is of the form Ux for some x£X; (recall 
Ux= X \  {x}). With a little more discussion we have the following result.

T heorem  1. I f  L is  a semiprime Brouwer lattice then it has a spectral coordinati
zation. This spectral coordinatization is unique up to homeomorphism.

P roof. We prove that ф  (L) is spectral. This follows from the fact that P(x) 
is a prime open set if and only if х£ф(Т), in which case F (x) =  ф (Z.) \  (p 6 Ф (L)\ 
p ^ x } ,  and {р£ф(Т)|рёх} is the closure of x in ф(£).

The uniqueness follows from theorem 4.17 in [6].
In [6] H o fm a n n  and K eim el  prove (theorem 4.17) that the pair of functors 

(0, ф) establishes a duality between the category of spectral spaces and continuous 
mappings, and the category of semiprime Brouwer lattices and join-complete lattice 
homomorphisms; i.e. lattice homomorphism preserving 0, 1 and all joins.

We proceed now to characterize all the Fq-coordinatizations of a fixed semi
prime Brouwer lattice L. Recall that t£L  is meet irreducible if t~  A implies that

я
t= x ll for some index p. 3  (L) will denote the set of meet irreducibles of L; clearly 
3(F) дф (£).

Suppose L ^G (X ), where X  is a F0-space. Let cr.&(X)-*L be a lattice iso
morphism, and 4& — {oL{Uj)\x^X}. One easily verifies that 93^ф(Т) and 3 (F)g93; 
(the latter containment comes about since each meet irreducible open set is of the 
form Ux for some x£X). Topologize 93 with the subspace topology of ф(Т), and 
let Жх)=Р(х)П93, for all x£L . Define a mapping Ф-.Х-»93 by <P(X)=a(Ux); 
since X  is T0 Ф is abijection. If A Q X  and A is open then Ф(А)= {a{Ux)\x£A}=  
= {a.{Ux)\A ,jjzUx}=B(at(Aj), so a is open. Conversely, if Ф(С)=В(а(У)) for some 
open set V then one can easily show that C= V, i.e. a is continuous. We conclude 
that X  is homeomorphic to 93.

We summarize
T heorem  2. The T„-coordinatizations o f L  are obtained (up to homeomorphisms) 

from subsets © o f © (P) that contain 3  (L).
Warning: This does not say that each such subset produces a coordinatization. 

If L  is the usual closed unit interval [0, 1] with the natural ordering of real numbers, 
then 3  (L) = 0 .  One can also show that L has no minimal coordinatizations, in the 
sense that if ® ^ф (Т ) coordinatizes L so does 93\{p} for each p€93.

Of course, when 3  (L) does coordinatize L it is the smallest. This coordinatization 
is rather special; let us say that L  is representable if each x-= 1 is the meet of meet 
irreducible elements of L. C o n r a d  proved in [3] that a representable lattice is 
complete.

If X  is a topological space we say X  is f  if for each x£X , {x}\ {x} is closed. 
It is easy to verify that X  is a tr -space if and only if U fJ  {x} is open for each xd_X.
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Bruns [2] first dealt with this separation axiom, and called it Tj/2; for typographical 
reasons we shall keep the name tx. It is easy to show that T1->-t1-^T0, and no reverse 
implication hold (see [2]).

Theorem 3. I f  L is a representable Brouwer lattice then 3  (L) (with the sub space 
topology of (L)) is a t1-coordinatization of L. Up to homeomorphism it is the unique 
tx - coordinatization.

Proof. From previous similar considerations it is clear that 3  (L) coordinatizes 
L. Now select a point t 9 3  (L) ; since t is meet irreducible it has a cover t*; i.e. the 
meet of all the elements of L  that properly exceed t. ||{/}|| =  {x63(L)|j^i} so 
{/}\{t}={j€3(L)|í= -r} = {í*}; it follows that 3  (L) is tx.

If X  is any tx-coordinatization of L and a: <9(X)-*-L is a lattice isomorphism, 
we claim that 3  (L) — {a (Ux) \xf_X}. Since X  is t1 every Ux is a meet irreducible 
open set; UxU {x} is its cover, thus establishing our claim. Now, using the proof of 
theorem 2 we conclude that X  is homeomorphic to 3  (L).

Remark. This is perhaps a good place to point out that these first three theorems 
were in essence proved by Bruns in [2] for algebraic, Brouwer lattices. In his language 
the lattices were realized as lattices of ideals of distributive semilattices (i.e. semi
lattices with a distributive lattice of ideals). The assumptions of algebraic character 
are obviously not needed, as has been demonstrated above. We shall specialize to 
algebraic lattices later.

Once again we should comment on dualities: let STX be the category of ̂ -spaces 
with certain morphisms which we shall describe soon, and Я  be the category of 
representable Brouwer lattices with morphisms we now proceed to describe.

Let L  and M  be representable, Brouwer lattices and a: L-^M  be a join-complete 
lattice homomorphism. For each a£M  let a*(a) = \j {xCL'.ax^a}. This defines 
an order preserving map a*: M-+L satisfying: a x S a  if and only if x^a*a. What 
we require of a is that a* take 3  (M) into 3(L ), and we denote its restriction to 
3 (M ) by 3 (a ) . It is easy to verify that 3(a) is continuous. So M is the category with 
the prescribed objects and these join-complete lattice homomorphisms; let us call 
them strongly reversible.

For £f take all tx-spaces with continuous mappings Ф: X-+Y having the pro
perty that if <Р(Ф): 0(Y)-*ß(X) is defined by Ф(Ф)(У)=Ф~1(У) then Ф(Ф) is a 
strongly reversible lattice homomorphism; we call these continuous maps strongly 
reversible as well.

With these rather restricted classes of morphisms we have:
Theorem 4. The categories M and STX are dual under the fuctor pair (0, 3).
Proof. All that is required is to verify that (9 and 3  do take the respective classes 

of morphisms into each other. If cr.L-+M is a strongly reversible morphism of 
M we have induced maps 3 (a ):  3(.M)-*3(L) and G( 3 (a)): 0 ( 3 (L)) — ©( 3 (M)). 
The reader may easily verify the commutativity of the diagram below:

L  ^~~G(3(L))

a ®(3(«))

M — —  d?(3 (M )),
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228 J. M A R T IN EZ

where I(x) =  P (x) П 3 (X), for x^L . Now since a is strongly reversible so is 0 (3  (a)), 
and hence 3  (a) is a strongly reversible continuous map.

By checking a similar argument the reader may verify that if Ф is a strongly 
reversible continuous mapping then (9(Ф) is strongly reversible.

We collect a few easy consequences of the above results:
1. If a (representable) lattice has a 7 )-coordinatization it is unique, and coincides 

with the 3  (X)-coordinatization. X has such a coordinatization if and only if it is 
Brouwer and each meet irreducible element is maximal.

2. If X has a spectral tx -coordinatization then 3(X) =  ̂ P(X) and so it is the 
unique T0-coordinatization of X.

3. A Hausdorff space is necessarily spectral; so if X has а X2-coordinatization 
it is unique and 3(X) =  ̂ 3(X); further, every prime is maximal.

Now let us turn to algebraic lattices: suppose X is a complete lattice; a fL  is 
compact if a^\J{xi\i^I}  implies that a S i ^ v ...\jxin, for some q, £X X is 
algebraic if each x£L  is the join of compact elements. For various characterizations 
of algebraic lattices we refer the reader to [1] or [5], or to the summary in [7].

It is well known that algebraic lattices are representable (see [7]), so our pre
vious results apply to algebraic Brouwer lattices. If X is an algebraic Brouwer lattice, 
and we coordinatize by some subspace S  of 'fl (X) containing 3(X), then ® has a 
base for the topology consisting of compact (open) sets; namely, the sets B(x) 
where x£X is compact.

The next lemma is well known; a proof may be found in [7].
L em m a . I f  L is an algebraic lattice and c, x fL , with cfiix and c compact, then 

there is a meet irreducible p ^ x  which is maximal with respect to x not exceeding c.

C o r o lla r y . Let L be an algebraic, Brouwer lattice', then 3 (L )  is dense in ф (L).

Proof. Pick p0693(X) and let Pic) be a compact neighbourhood of p0. By the 
lemma there is a meet irreducible t ^ p 0 such that tdP(c). This suffices to show that 
3(X) is dense in 'ip(X).

C o m m ent . What is essential in the above corollary is that 3 (X) is cofinal in 
iß (X) in a very strong sense. Thus in the case of an algebraic Brouwer lattice X the 
X0-coordinatizations of L  form a system of dense subspaces of SB(L).

We shall conclude the paper with lattices having rather special coordinatizations.
A. X is algebraic, and has a T,,-coordinatization. Any such coordinatization is 

essentially the 3(X)-coordinatization. Also, 3(X) has a base of compact, open sets, 
and each of these is closed since 3  (X) is T2. Hence, for each compact element c 6 X there 
is an x£X such that 1(c) and I(x) are complementary sets; that is, cAx = 0 and 
c \/x~  1. Thus each compact element is (uniquely) complemented; an algebraic 
Brouwer lattice with this property is said to have the compact splitting property 
(CSP). In [7], theorem 2.4, the author showed that X has the CSP if and only if 
every prime of X is maximal and the meet of two compact elements is compact. 
We have therefore proved part of:

T heorem  5 . I f  L is an algebraic Brouwer lattice having a Hausdorff coordinatiza
tion, then it is the only T0-coordinatization, and it is spectral. X has a T2-coordinatization 
i f  and only i f  X has the CSP.
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Pro o f . We need only prove the last sentence, and there only the sufficiency. 
So if L  has the CSP and p, q are distinct meet irreducibles, we may assume without 
loss of generality that c ^ p  yet c ^  q, for some compact element c of L. Let d he the 
complement of c; by theorem 2.4 in [7] p (and q) is a minimal prime, so däßp. But 
this says that p£l(d), q 3.1(c) and I(c)PlI(d)=  0 ;  hence 3(L) is Hausdorff.

R em a r k . Requiring compact elements to be complemented does not mean that 
their complements are themselves compact. If 1 is compact then the complements 
of compact elements are compact, and the sublattice of compact elements is a Boolean 
algebra (all in the presence of CSP).

Notice also that under the duality following theorem 1 (or that of theorem 4, 
since they agree when L has the CSP), the category r3£f3/> of algebraic Brouwer lattices 
with the CSP together with all join-complete lattice homomorphisms is dual to the 
category ^  of Hausdorff spaces with a base of compact, open sets, together with 
all continuous mappings. If we then specialize to those lattices in with 1 compact,
the duality reduces to the classical Boolean duality.

One further comment: in [7], theorem 3.2, the author showed that the algebraic 
Brouwer lattices with CSP are precisely those arising from hyperarchimedean /-groups 
as the lattices of all /-ideals of such a group.

In any Brouwer lattice L for each x f L  there is a unique element x '3 L  such that 
xAű= 0 if and only if a ^ x '.  The assignment x —x' defines an auto-Galois-connection 
on L, and so the mapping x —x "  is a closure operator; see [1]. The set 3 P (L ) of 
closed elements is a Boolean algebra in which meets agree with those in L. We shall 
refer to &4L) as the Boolean algebra o f polars o f L, and to its elements as polars. 
In general 3P(L) is not a sublattice of L, but it is if and only if x '\/x " = \  for all 
x€£; see [1].

B. L (not necessarily algebraic) has an extremally disconnected coordinatization. 
Recall that a space X  is extremally disconnected if and only if the closure of an open 
set is open. If 23£^S(L) coordinatizes L  it is easy to verify that the closure of the 
open set B(x) is S \B (x ') .  Thus if 23 is extremally disconnected this closure is B(x") 
and so x 'v x " = l, i.e. the Boolean algebra of polars is a sublattice of L.

Conversely, suppose x '\/x"= \  for all x£L; then for any coordinatization 
©^^S(Z-), B(x") is the closure of /i(x), i.e. 23 is extremally disconnected. We there
fore have:

T heorem  6. I f  the lattice L has an extremally disconnected coordinatization then 
every T0-coordinatization is extremally disconnected. L has such a coordinatization 
i f  and only i f  it is a semiprime Brouwer lattice in which 38(L) is a sublattice o f L.

Now let us briefly recall that in the classical Boolean duality the category 
38 of Boolean algebras and Boolean homomorphisms is dual to the category 38 of 
compact, totally disconnected Hausdorff spaces and all continuous mappings. In this 
duality the complete Boolean algebras correspond to the the compact, extremally 
disconnected Hausdorff spaces; that is, the so-called Stone spaces.

On the other hand, if i f  is the full subcategory of 38 consisting of the Stone spaces, 
and X  is a Stone space, then L = (9 (X) is an algebraic Brouwer lattice in which 1 is 
compact, having the CSP, and such that x 'vx" = 1, for all x€L; further 3(L) is 
homeomorphic to X. Let us call these algebraic Brouwer lattices generalized fields
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o f sets. Conversely if L is a generalized field of sets, then 3  (L) is in f  and 3 (£,)). 
We therefore have:

Theorem 7. The category <&3Fof all generalized fields o f sets together with all join- 
complete lattice homomorphisms is dual to the category i f  o f Stone spaces and conti
nuous mappings.

Corollary. The category сЭЗ o f complete Boolean algebras with all Boolean 
homomorphisms is equivalent to the category ffF o f generalized fields o f sets.

Proof. Piece Boolean duality to the duality of theorem 7.
(Remark. It is interesting to note that the functor that assigns to a generalized 

field of sets L  its Boolean algebra of polars f ( L )  accomplishes this equivalence of 
categories. For a given complete Boolean algebra B, the associated generalized 
field of sets is obtained by taking first the Stone space of В and then the lattice of 
open sets of that; В is then isomorphic to the Boolean algebra of polars of this lattice.)

Note the following as well: if L  is a generalized field of sets, its sublattice C of 
compact elements is a Boolean algebra, and is complete since 3(X) is a Stone space. 
Glivenko’s theorem (see [1]) identifies 0>(L) as the Dedekind—MacNeille completion 
of C. For a generalized field of sets then, C coincides with 3?(L)\ i.e. every polar is 
compact.

Our last result concerns discrete coordinatizations. Obviously, a lattice L has a 
discrete coordinatization if and only if it is a complete field of sets. If L is an algebraic 
Brouwer lattice, a sufficient condition is that £ be a Boolean algebra. For then it has 
the CSP and so the 3(L)-coordinatization is certainly Ti . Hence 3 (£ ) \{ /}  is open 
for each i£3(L), and since L  is Boolean {i} is open as well; it follows that 3(L) is 
discrete. Thus:

Theorem 8. The algebraic Brouwer lattice L has a discrete coordinatization if and 
only i f  it is Boolean. In such a case L is necessarily a complete field o f sets.

We note in closing that theorem 8 is partly the reason why we have referred to the 
lattices of theorem 7 as generalized fields of sets; admittedly though, if L is a genera
lized field of sets which is also Boolean, then L is finite (and a complete field of sets).

R eferences
[1] G. Birkhoff, Lattice Theory. Amer. Math. Soc. Coll. Publ., Vol. XXV (1967).
[21 G. Bruns, Darstellungen und Erweiterungen geordneter Mengen II, J. Reine angew. Math., 

210 (1962), 1—23.
[3] P. Conrad, The lattice of convex /-subgroups of a lattice ordered group, Czech. Math. Jour..

15 (1965), 101— 123.
[4] P. Conrad, Epi-archimedeanlattice ordered groups, Czech. Math. Jour., 24(99)(1974), 192—218.
[5] G. G rXtzer, Universal Algebra; Van Nostrand (1968).
[6] К. H. H ofmann and K. K eimel, A  general character theory for partially ordered sets and lattices,

Memoirs Amer. Math. Soc., 122 (1972).
[7] J. M artinez, Archimedean lattices, Algebra Universalis, 3 (2) (1973), 247—260.
[8] B. M itchell, Theory o f  Categories. Academic Press (1965).
[9] J. Schmidt, Boolean duality extended; preprint.

(Received M ay 17, 1973)
D EPA R T M E N T O F M ATHEM ATICS 
UNIV ERSITY  O F FL O RID A  
GAINESVILLE, FLO RID A  32601 
USA

A c ta  Mathematica Accidemiae Sclentiarum Hungarlcae 27, 2976



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 27 (3—4 ), (1976), 231—242.

SUR LES ANNEAUX PRINCIPAUX
Par

A. BOUVIER (Lyon)

A est un anneau principal s’il est commutatif, unitaire et si tous ses idéaux 
sont des idéaux principaux.

Tout anneau principal, est, de façon unique, produit direct de k^O  anneaux 
principaux intègres et de h^O  anneaux principaux spéciaux [9]. Le couple (k, h) 
est appelé le type de A.

Au premier paragraphe, nous examinons, pour un anneau principal quelconque, 
ce qui deviennent quelques propriétés classiques des anneaux principaux intègres: 
dimensions de Krull, spectre et spectre maximal, atomicité, décomposition des A- 
modules, représentation de A en sommes sous-directes, recherche des anneaux 
principaux sous-directement irréductibles, etc. Les résultats sont donnés en fonction 
du type de l’anneau principal considéré.

Toujours par analogie avec le cas des anneaux intègres, nous étudions, au 
deuxième paragraphe les modules de torsion sur un anneau principal. Nous donnons 
un théorème de décomposition de ces modules et nous précisons ce résultat en 
fonction du type de l’anneau A.

Au dernier paragraphe, nous présentons une généralisation de la notion de 
module libre sur un anneau intègre : les modules quasi-libres. Nous montrons que 
si M  est un module libre sur un anneau principal, A, tous ses sous-modules sont 
quasi-libres. Nous en déduisons une condition nécessaire et suffisante pour qu’un 
anneau de Bezout soit principal, et nous montrons que sur un anneau principal, 
tout module projectif est quasi-libre.

§ 1. Divisibilité dans les anneaux principaux
Les anneaux considérés sont commutatifs unitaires. Si A est un anneau, on 

désigne par aU (A) le groupe de ses unités, par div(A) l’ensemble de ses diviseurs de 
zéro, rad(4) son radical de Jacobson, spec (A) son spectre premier et max (T) son 
spectre maximal.

On dit que A est présimplifiable [4] si div(A) Q 1 —rÜ(A). On appelle anneau 
principal tout anneau, non nécessairement intègre, dont tout idéal est principal.

On dit que A est un anneau de Bezout si la somme de deux idéaux principaux 
est un idéal principal, (ce qui équivaut à dire que tout idéal de type fini est principal). 
A est un anneau de valuation si l’ensemble de ses idéaux principaux est totalement 
ordonné par inclusion.

1—1. Proposition, a) A est un anneau de valuation si et seulement si A est un 
anneau de Bezout local.
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b) A est un anneau de valuation n’ayant qu’un nombre fini d’idéaux principaux 
si et seulement si A est un anneau principal spécial [9].

D émonstration, a) * Si A est un anneau de valuation, A est trivialement un 
anneau de Bezout. Il est local car si a, b$ ÙU(A) et si a—b^W(A), aA+bA=A  entraine 
a A —A ou bA=A ce qui est absurde.

* Si A est un anneau de Bezout local, soient act b deux éléments de A ; on peut 
les supposer non nuis. D’une part, aA + bA = kA ; donc k=aa.+bß. Mais a=ka' et 
b=kb' donc k=ka'cc+kb'ß. Or k?±p et A local est présimplifiable ([4] 1—1). On a 
donc a 'a  + b'ß = u^°ll (A).

D’autre part, A est local; donc
a'oc+b'ß€W(A) => a'eW(A) ou b'£W(A)

alors аАЯ:кА ou b A Як к A soit b A f a  A ou aA fbA .
b) La condition est évidemment suffisante. Montrons qu’elle est nécessaire. 

Soit /  un idéal de A; 1= ^  xA. Puisque A est un anneau de Bezout et ne possède
X  6  A

qu’un nombre fini d’idéaux principaux, I  est un idéal principal. Donc A est principal. 
Puisque A n’a qu’un nombre fini d’idéaux, A est principal spécial.

1 —2. Lemme ([4] 4— 3). Tout anneau principal est, de façon unique, produit 
direct fini d ’anneaux principaux présimplifiables.

Puisque tout anneau principal est de façon unique produit direct fini d’anneaux 
principaux présimplifiables, on peut parler de la décomposition canonique d’un 
anneau principal en produit direct d’anneaux principaux présimplifiables, qui sont 
des anneaux intègres ou des anneaux principaux spéciaux. Dans ce qui suit, on con
sidère toujours un corps comme un anneau principal spécial et non pas comme un 
anneau principal intègre.

Soit A un anneau principal; A est produit direct (de façon unique) de к  anneaux 
principaux intègres et de h anneaux principaux spéciaux. Le couple ifi, h) est appellé 
le type de l ’anneau principal A.

1—3. Proposition. Si S-est-une partie multiplicative d ’un anneau principal A de 
type (к, И) S _1 A est un anneau principal de type (k', h') avec k '^ k  et h '^ h  + (k —k').

71 71

D émonstration. Si A — ]J A i} S~1A peut se mettre sous la forme J] S r1Al.
i=1 i—1

Si At est intègre, S j 1A i est intègre ou un corps. Si At est principal spécial, il n’a que 
deux anneaux de fractions: At et 0. Notre assertion en découle immédiatement.

1 — 4. Proposition. La dimension de Krull d’un anneau principal A est ̂  1 ; 
A est de dimension 1 si et seulement s’il est de type (k, h) avec кш 1.

D émonstration. La dimension d’un produit direct d’anneaux est le maximum 
des dimensions de ses facteurs; tout anneau principal intègre est de dimension 1 [6] 
et tout anneau principal spécial est de dimension nulle.

1—5. Proposition. Pour un anneau A, les assertions suivantes sont équivalentes:
(i) A est principal de type (0, h).
(ii) A est principal artinien.

(iii) Tout A-module est somme directe de A-modules indécomposables.
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D émonstration, ( ii)o ( iii)  d’après ([8] Th. 3); (i) entraine trivialement (ii).
П

(ii)-o-(i): Si A= JJ Ai est artinien, il en est de même de chaque At. Comme At est
i = l

principal présimplifiable, At est soit intègre, donc un corps, soit principal spécial.

1 — 6 . Un anneau A est atomique [4] si tout élément non nul et non inversible est 
produit fini d’éléments irréductibles. Un anneau principal est atomique si et seulement 
s’il est de type (1, 0) ou (0, h) ([4] 4—3). C’est le cas, par exemple, de tout anneau 
euclidien ([4] 4—6).

Si A est un anneau principal atomique, si x£A*, l’ensemble des idéaux contenant 
xA est fini et x  n’a, à une association près, qu’un nombre fini de diviseurs irréductibles; 
ceci est classique lorsque A est de type (1,0). C’est évident si A est de type (0, h) 
car A n’a alors qu’un nombre fini d’idéaux.

1 —7. Remarqes. a) Si A est un anneau principal atomique, si pÇ_A * — °U (A), 
d’après [4], les assertions suivantes sont équivalentes :

pA est premier; pA est maximal; p est irréductible.
b) Si A est de type(l, 0), spec(Л) = max (A) {0}; si A est de type(0, 1), spec(.4) = 

=max(4l). Par passage ou produit direct, on peut ainsi décrire spec (A) et max(A) 
pour tout anneau principal A.

c) De la même façon, on détermine rad (A) et nil (A). Ainsi, si A est de type 
(0, h), nil ( A) =  rad (A).

1 — 8. Proposition. Soit A un anneau atomique non intègre. A est principal si et 
seulement si les idéaux premiers minimaux non nuis sont les idéaux engendrés par les 
éléments irréductibles.

D émonstration. Condition nécessaire : si A est principal, d’après 1—7, tout 
idéal premier non nul est engendré par un élément irréductible. Réciproquement, 
si p  est irréductible non nul, d’après 1-̂ -7, pA est maximal; donc pA est aussi minimal 
parmi les idéaux premiers non nuis.

Condition suffisante: d’après [1] Th. 3, A est un anneau D-atomique puisqu’il 
est non intègre, d’après ([4] Th. 4—6), il est principal. 1

1 — 9. On dit qu’un anneau A est sous directement irréductible [5] si l’intersection 
de ses idéaux non nuis est un idéal non nul.

Un tel anneau est nécessairement indécomposable en produit direct; donc un 
anneau principal sous directement irréductible est de type (1, 0) ou (0, 1). Réciproque
ment, un anneau principal de type (1, 0) n’est pas nécessairement sous directement 
irréductible (c’est le cas de Z); mais tout anneau principal de type (0, 1) est sous 
directement irréductible.

1 — 10 . Lemme. Pour un idéal I  d’un anneau principal, A les assertions suivantes 
sont équivalentes:

(i) I  est primaire
(ii) A jl est présimplifiable

(iii) \T  est premier.
D émonstration, (i)^-(ii) d’après ([4] 4—7). (i)o(iii) d’après ([4] 4—4) pour un 

anneau présimplifiable, et par passage au produit direct sinon.
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1—11. Proposition. Soit I  un idéal d'un anneau principal A.
(i) Si A /I est sous directement irréductible, I  est primaire.

(ii) Si I  est primaire, pour que A li soit sous-directement irréductible, il suffit que I  
soit non premier, ou premier non nul avec A atomique.

D émonstration, (i) Si A /I  est sous-directement irréductible, d’après 1—9, 
A li est présimplifiable, donc /  est primaire d’après 1—10.

(ii) Soit I  un idéal primaire non premier de A ; A/I est un anneau principal 
présimplifiable d’après 1—10, et non intègre. A /I  est de type (0, 1), donc sous directe
ment irréductible d’après 1—9. Si I  est un idéal premier non nul, d’après 1—7, 
/est un idéal maximal; A/I est un corps, donc encore un anneau principal de type (0,1).

1 — 12. Soit (Ik)kèK les idéaux non nuis d’un anneau A ; A admet me représentation 
comme somme sous-directe des anneaux (A/Ik)keK si [5] f| /fc =  (0).

k è K
Z admet une représentation comme somme sous-directe de corps et également 

une représentation comme somme sous directe d’anneaux sous-directement irré
ductibles qui ne sont pas des corps. On examine ici le cas d’un anneau principal.

1 — 13. Proposition. Pour un anneau principal A, les assertions suivantes sont 
équivalentes:

(i) A est sans radical [3]
(ii) A est de type (k, h) avec A; non semi-local pour l s i ^ k  et At corps pour 

k  + l= i^ k  + h.
(iii) A possède une représentation comme somme sous-directe de corps. 

Démonstration. L’équivalence de (i) et (ii) vient des remarques suivantes:
n n

si A= JJ Ai, alors rad (A)— ]J rad (A;); lorsque At est intègre, At est sans radical
i = 1 i =  l

si et seulement si il est non semi-local ou un corps [3]; un anneau principal spécial 
qui n’est pas un corps à son radical non réduit à zéro.

(i)=>(iii) Si (Ik)k iK est la famille des idéaux maximaux de A, puisque rad (A)=0, 
A admet une représentation comme somme sous-directe des (A/Ik)k iI.

(iii)=>(i) Si A admet une représentation comme somme sous-directe de corps
П

A/Ik, les Ik sont des idéaux maximaux de A — [J A t. Ik est de la forme Ik = A1X ...
i = l

... XAj _1X J k, j X A J+1X ... X A n où Jk.j est un idéal maximal de A , . Puisque 
f | 4  =  0, on a, pour touty= 1, ..., n f) Jk , =  0 et à fortiori rad (A,) = 0. Donc
к к
rad (A) = 0.

1—14. Proposition. Tout anneau principal de type (к , 0) possède me représen
tation comme somme sous-directe, d ’anneaux sous-directement irréductibles qui ne sont 
pas des corps.

к
D émonstration. Si A = Ц  At, si pt est un irréductible de At et si, pour j= 2

i  =  1
on pose Jy est un idéal primaire non premier de At. Alors Iij=Al X ...X A j - 1X 
X JyX A j+1X .. .X A k est un idéal primaire non premier de A. D’après 1—11, A/Iy
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est sous-directement irréductible; il n’est pas un corps car il est non intègre. Enfin:
к

1 — 15 . Soit A un anneau principal; on dit que x= (xx, ..., xn)£ JJ est
i=i

sans facteur multiple, si, pour tout /= 1 , n, хг est sans facteur multiple dans At . 
Cela veut dire que si At est un corps, х;=0 et si At n’est pas un corps, x t est un 
élément non nul de At qui n’est pas divisible par une puissance =2 d’un irréductible 
de A t .

On sait que les assertions suivantes sont équivalentes :
Z/„z est sans radical; Z/„z est héréditaire; n est sans facteur multiple.

1 — 1 6 .  P r o p o s i t i o n . Pour un élément x d'un anneau principal A, les assertions 
suivantes sont équivalentes:

(i) x est sans facteur multiple.
(ii) A/xA est sans radical.

n

D é m o n s t r a t io n , (i) =>(ii) Si x  est sans facteur multiple dans A = [J Ait pour tout
i = i

i = l ,  ..., n, Xi est sans facteur multiple dans Ar Deux cas sont possibles:
— A/ est intègre; alors est sans radical d’après [3].
— Ai est principal spécial; sipt est son unique élément irréductible, comme 

Xi est sans facteur multiple, хг/4;=р;^  est un idéal maximal de At , AJxiAi est un 
corps donc est sans radical.

(ii)=Ki) Si A/xA est sans-radical, il en est de même de А;/хг.4; pour tout i=  1, ... 
. .. ,« . Si A t est intègre, x t est sans facteurs multiple d’après [3]. Sinon, A( est principal 
spécial et pour que Л(/хг.4г soit sans-radical il faut que Л;/хг,4г soit un corps, c’est-à- 
dire que Xi soit irréductible dans At: donc x( est encore sans-facteur multiple dans A,.

1 — 17. P r o p o s i t i o n . Soit x= (x l5 ..., xk) un élément d'un anneau principal A de 
type (к, 0) tel que pour tout i=  1, ..., к on ait x,-XO. Pour que A/xA soit héréditaire, il 
faut que x soit sans facteur multiple.

D é m o n s t r a t io n . Soit x=(xx, ..., x„)Ç / /  A t et / =  / j X / 2 X ...X /„  u n  idéal de
i = l

A/xA. I  est un (ri/xri)-module projectif si et seulement si pour tout i = l , ..., n It, 
considéré comme (ri/xri)-module, est projectif.

Par définition des éléments sans facteur multiple, puisque A est de type (k, 0),
m,

on peut supposer les x; non nuis. Donc xf peut s’écrire x;=  [J pjy où ри est un
j =i

irréductible de At. Alors, comme pour j ^ k

on a, d’après [3]:
PÏyAi+P%kAi = Ai 

A  i l  Xi  A-,  =  f j  A i l p ' y A i
j=i 1
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тл
et I t =  JJ Iij où / 0 est un idéal deAJpïy At. Iu peut être considéré comme un (A/xA)- 

j=i
module et I  est projectif si et seulement si tous les Ii} sont projectifs.

Poisque Iij est un idéal de A t/pÇyAit il est de la forme

lu = PijjA i/PuiAi avec ßij =s аи .

Si Iij est projectif, la suite exacte

0 -  pîyAi -  pfyAi  -  pîyAJpfyAi -  0

est une suite exacte scindée; donc

PijiA i = Pîjj © (PijJAilPÏjiA i)-
Dans le premier membre, comme At est intègre, il n’existe pas d’élément a^O 

tel quep]j -a—0. Pour qu’il en soit ainsi au second membre, il faut que pfy*AJp^yAt= 
=  0 et ceci quelque soit l’idéal Itj, c’est-à-dire quelque soit /?y ^ a tJ. Il faut donc 
que du =  1.

§ 2. Modules de torsion sur un anneau principal
k+h

Dans ce paragraphe, A est un anneau principal de type (k, h) et JJ At sa dé-
i=l

composition canonique.
Si a£A est nilpotent, on note ra son indice de nilpotence; sinon, on pose ra=°°. 

Si M  est un Л-module, M(a) désigne le noyau de l’andomorphisme de M: x^-ax.
T —  1

Il est clair que a\b=>M(a)QM(b) et l^n^m =>M (an)QM(am). Ma— U M(an)
71 =  1

est un sous-module de M  et :

xÇ.Ma <=> 3n€N, 0< n < ra et anx  =  0.

Si N  est un sous-module de M , N a= Ma П N.
Si p est un élément irréductible de A, si M =M p, on dit que M  est un p-module 

celà veut dire que:
Vx£M, 3n€N, 0 <  n «= rp et pnx = 0.

Mp est toujours un p-module ainsi que A/pkA si Æë 1.
2 — 1. Lemme. Soit A un anneau principal de type (0, h). Si p est un irréductible 

de A et sip^AQxA, il existe ß ^ a  tel que xA =  pxA.
D émonstration. On peut supposer quep = (pi, u2, ..., uh) oùpx est irréductible 

dans Aj et uiÇ‘̂ (A i). Alors, pour i ^ 2  p7A ^ x A  =>x tÇ%(At). Comme est prin
cipal spécial puisquepl A1Qx1A1, x r est de la forme p{ avec et xA= p“A.

2 — 2. Lemme. Soit A un anneau principal de type (0, h). Si p est irréductible de 
A et M  un A-module alors:

Ann (M p)=psA avec s<rp.
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г — 1

D émonstration. Puisque A est de type (0, K), on a °°. Donc Mp—M (p  ° );
г - l  r —1

alors pour tout x£M p,p  p • x= 0 ; p p £ Ann (Mp) et d’après 2—1, il existe s<rp 
tel que psA= Ann (Mp).

2—3. On appelle Base d’un anneau tout système représentatif d’éléments irré
ductibles de cet anneau.

k+h
Si A est un anneau principal, si a£ [J A*, si B est une base de A, a peut s’écrire,

i=i
de façon unique, à une unité prés a = u [J p"p, avec uÇ<%(A) et np£N. One pose

рев
alors vp(a) = np et a s’écrit a = и JJ pvp(a).

рев

2—4. Proposition. Soit B une base d’un anneau principal A de type (k, h),
k + h
П  At sa décomposition canonique, M  un A-module de torsion et a = и [J pvp(a) un
i=i рев

k + h
élément de JJ At. Si aq= JJ pvp(a) alors:

i = l  p * q

(i) M(a)= ® M(pvp(-a>) et la projection de M(d) dans M (pvp(a)) est une ho-
рев

mothétie.
(ii) M(pvp(a>) = aqM(a).

(iii) Pour que M(p°p(a)) = M(a) П Mp, il suffit que A soit de type (0, h) ou (1,0) 
c ’est-à-dire atomique.

D émonstration, (i) D’une part si <xA+ßA=A alors M(<xß)=M(x)®M(ß). 
D ’autre part, si p et q sont deux éléments distincts de B, on a pA+qA=A. D’après 
13]; cela entraine pvp(a)A + qv‘i<a)A =A. Ces deux remarques permettent d’affirmer que

M  (a) = 0  M  (pvpM), 
рев

«t l’application projection de M(a) dans M (pvp(a)) est une homothétie.
(ii) Posons Np=apM(a). Si x  = apyÇ.Np, avec yÇ.M(a), pvp ^  • x  = ay = 0; donc 

jc€M(/?M°>). Par conséquent: NpQM (pvp<-à)), 2  NP= ® M (pvp(a)) =  M(a). Pour
рев Рев

montrer que Np = M (pvPM), il nous suffit de prouver que M (a)i= 2  Np.
рев

Soit a = up"1 'Pz2 ■■■ p"s une factorisation de a en éléments irréductibles. Soit
S

dÇ_ A tel que dA =  2  üpA-
i =  1

Si d=(d1, ..., dk+h) et a=(ax, ■■.,ak+h), on a aAQap.AQ dA; donc pour 1 ^  
^ i ^ k  +  h, OiA^diAi-

Si d§ <%(A), il existe À tel que dx$ °U(Aj). Puisque akA0, on a dx^ 0  et dk$ <%(A). 
A k est un anneau à factorisation unique [4]. Soit qx un diviseur irréductible de dx. 
C’est un diviseur de ax. L’élément q — (1, 1, ..., 1, qx, 1 ,..., l)est un diviseur irréducti
ble de a. On peut supposer, par exemple que Q=px. Alors, px divise d, donc api. 
Or, d’après, [3] et par définition de aPl,p1A+ aPlA=A, d’où une contradiction.
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s s
Nécessairement, dd^(A); A — 2  aPiA et 1= 2 ^ /;aPi.; donc

i=l i=l

X = 2  bidp.xç. 2  ap,M (a) =  2  NP.i = l i—1 P Í B

(iii) Si A est de type (1,0), notre assertion est démontrée dans [3]. Nous pou
vons supposer A de type (0, h). On sait que M  (a) = M (ap) (& M (pvp Donc si 
хвМ (а)П М р,х  peut s’écrire л: = y+  z avec y  dM (pvpW) et zdM (ap). Puisque x€A/p, 
il existe kd.N tel que 0^k~=rp et pkx = 0. Alors, pky+ pkz = 0 entraîne pkz = 0; 
puisque ydM (pvp(a)), pour montrer que x£M (pvPM), il nous suffit de prouver que 
z =  0.

Puisque pA+ apA=A, d’après [3], pkA+ apA=A; il existe r, sÇA tels que
I =rpk+sap; alors z=rpkz+sapz; puisque zdM (ap) et pkz= 0, on a z=0.

П
2—5. D é f in it io n . Soit M  un module sur A = ]J At. On dit que M est de torsion

i=l
sur chaque A t si ?H désignant l’injection canonique At-*A;

VxÇAf 3i =  1, . . . ,n  3atdA* tel que Xi(at)x  — 0
c’est-à-dire si M  est un ^-pseudo-module [11] de torsion pour la structure définie 
canoniquement par chaque A ^ A .

2—6. L em m e . Si M  est un module de torsion sur chaque A t et si aucun At n'est
П

un corps pour toute famille (xj)1Sj Sm d’éléments de M, il existe cd [J A* tel que pour 
tout j: XjdM(c). i=1

D ém o n st r a tio n . Puisque M  est de torsion sur chaque A t:
V/ =  1, ... ,m  Vi = 1, ..., и BüijdA* tel que Xi(aij)xJ = 0.

n n

Soit aJ = (a1J, a2J, ...,a nj) -  2  Л(ву)€ П  Af- On a a}x} = 0.
i = 1 i = 1

m

a) Si Ai est intègre, on a JJ audAf. On pose alors:
J=i

m

C i =  П а и -  
j=i

b) Si Ai est principal spécial, soit qt sont unique élément irréductible et r{
l’indice de nilpotence de qt. Comme aucun A t n’est un corps, q ^ 0. On pose сг= 
—q\i~1dA*. Il existe uffllfA i) et tels que aij = uiqlii\ donc:

Ci =  u ï 1 • Oy • Çir,- 1_Sy.

n’est pas nécessairement un homomorphisme d’anneaux; toutefois, il est 
multiplicatif ; par conséquent :

X fc^x j = [Xfur1 • q[i~1~SiJ)ki(aij)\xj = Xt (u f‘ • [A; (ау)*у] = 0.

II suffit alors de poser c—(cl5 ..., c„).
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2—7 .  P r o p o s i t i o n . Soit A un anneau principal de type (к , h), JJ A t sa décampa
i t

sition en anneau principaux prêsimplifiables, M un A-module de torsion sur chaque At 
et B une base de A.

0) м  = 2  m p.
pZb

(ii) Pour que cette somme soit directe, il suffit que A soit de type (1, 0) ou de type 
(0, h), aucun At n'étant un corps.

D é m o n s t r a t i o n , (i) Puisque M  est un Л-module de torsion sur chaque A, pour
Tl

tout x iM ,  il existe a i JJ A* tel que ax = 0. Donc xiM (a). D’après 2—4, M(a)=
i = l

= ® M (pvp{di). Donc x = 2  xp avec xpiM (pvp{aï)i=Mp. (Les sommes considérées 
pZb pzb

sont à support fini.) Donc : M(a) 2  .
p ^ B

(ii) Si A est de type (1,0), la démonstration est dans [3]. Supposons que A soit 
de type (0, h) et qu’aucun At ne soit un corps. Si 2  x p= 2  Ур avec x p > Ур£Мр,

p é B  pZB
П

les sommes étant à support fini, d’après 2—5, il existe c i  JJ Л; tel que pour tout 
p í B, on ait xpiM (c) et ypiM(c). i=1

Puisque A est de type (0, h), d’après 2—4: xp i  M  (a) П Mp =M ( pvP<aJ  et toujours 
d’après 2—4: 2  xp~  2  Ур entraine, pour tour p i  B que xp=yp.

PZB p ZB

2—8. Conséquence immédiate: sous les hypothèses de 2—6, si N  est un sous- 
module de M, on a: N =  2  (NПMJ) ; cette somme est directe si et seulement si A

PZB
est de type (1, 0) ou de type (0, h), aucun At n’étant un corps.

2—9. Si pA = qA, alors Mp= Mq; Mp ne dépend que de pA. On l’appelle une 
p-composante de M et 2  est la décomposition de M  en /»-composantes.

P Í B
Si M  est un module de torsion sur chaque A„ les /»-composantes de M  sont 

nulles à l’exeption d’un nombre fini d’entre elles et l’application qui à tout x iM  
fait correspondre sa composante dans Mp est une homothétie.

§ 3. Modules libres sur un anneau principal

3—1. D éfin itio n . Soit A un anneau et M  un Л-module; une famille (Xi)iei 
d’éléments de M  est quasi-libre si pour toute partie finie J  de I:

2  aj X j  =  о d j i J  ü j i à i v  (A ) .
jZJ

Si une famille quasi-libre engendre M, on dit qu’elle constitue une quasi-base 
de M  et que M  est un module quasi-libre.

3— 2. Exemples, (i) Tout module libre est un module quasi-libre.
(ii) Pour un anneau intègre les notions de module libre et de module quasi- 

libre sont équivalentes.
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(iii) Soit p > 0 un entier premier, 2 un entier, A — Z/pnZ  et I —pkA avec 
0 {pk} est une quasi-base de /, mais n’est pas une base. En outre, I  n’est 
pas un module libre mais il est quasi-libre.

(iv) Si A est un anneau intègre non principal et I  un idéal de A non principal 
I  n’est pas un module quasi-libre.

3—3. R em a rq ues, (i) Si M  © , si chaque M t est un Л-module quasi-libre,
г er

M  est également quasi-libre.
(ii) Sur un anneau local noéthérien, tout module projectif est libre [2].
3—2 (iii) prouve donc qu'un module quasi-libre rí est pas nécessairement projectif, 

même si A est principal (présimplifiable ou non),

3—4. Proposition. Soit M  un module libre sur un anneau principal A. Tout 
sous-module de M  est quasi-libre.

Démonstration. Soit (е;);€/ une base de M; si J  est une partie de I, on note 
M j le module engendré par (e;)i€J dans M. Soit M ' un sous-module de M. On note 
F  l’ensemble des couples (J, B) tels que M 'O M j est un Л-module quasi-libre de 
quasi-base B. On ordonne F par l’inclusion sur chaque composante. F est non vide. 

Fest inductif: soit (Jk, Bk)kèK une chaîne de F. On pose J=  (J Jk et B=  U Bk.
k Z K  k £ K

Alors, M'ClMj est un Л-module quasi-libre de quasi-base B; en effet:
Si x£M 'C\M j alors, x£M , donc * = 2 ?  où J '  est une partie finie de J.

a r
Comme les (Bk)kiK forment une chaîne, x  est combinaison linéaire d’éléments de B. 

Si 2  аь ’b=0, cette somme étant à support fini, comme les Bk forment une
ЫВ

chaine, il existe k0 tel que tous les b apparaissant dans cette somme avec un coefficient 
non nul soient dans Bko ; comme Bko est quasi-libre 2  at -b—0 entraine, pour tout 
b ab£div (A). b6Bto

Soit (J0, B0) un élément maximal de F. SiI= J0, M '~M 'C \M Jn est quasi-libre 
de quasi-base B0 et notre assertion est démontrée. Supposons le contraire et soit 
/„£ /—/„. Posons / ' = / 0U{('o}.

Soit P l’ensemble des éléments a de A tels qu’il existe atl, aiz, ..., ain dans Л,
n

ijA^io et aei(j+ JF а-че-ч <̂ М'П  M j.. Deux cas sont possibles.
i=i 1

1) p={0}. Alors, soit x€_M’ П Mj-. D’une part, x  peut s’écrire x — aioeio + 
+  2  aiei • Puisque P= {0}, quelque soit l’écriture de x sous cette forme, on aa io = 0;

1 ̂  *o
donc x =  2 а 1е1аМ'{ЛМ]й. Par conséquent, M ' П Mj. — M' П J0 est quasi-libre

iéJ
de quasi-base B0; (J', B„)dF ce qui est absurde.

2) P?± {0}. Il est clair que P est un idéal de A (vérification immédiate). P est 
donc principal. Soit d0 un générateur de P. Par définition de P, il existe des d{ dans 
A tels que x0 — d0eif)+ 2  d^e^M ’ П Mr .

î l'o
Soit х £ Л /'П M j ] x  peut s’écrire x = aeio+ Par définition de P, afP,

i*i°
donc il existe p.£A tel que a — pd0. Puisque x — px0= 2  (ai~ pdj)ei^M' C\Mr , on 
a x — px0£M ' П M j0. lVio
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Alors : X — fix0 =  2  сь • b et x = px0 + 2  сь • b ; donc B0u{x0} engendre M ' П M r .
b Ç. B0 b € B0

B0 U {x0} est quasi-libre : si ax0 + 2  cb-b = 0, puisque B0 est une quasi-base de
b€B0

M' П MJo, on a y=  2  cb • b ^M ' C}Mjo qui peut s’écrire y =  2  a‘ ‘ et axo +
b<=B0 iÇ.J о

+ 2  atei = 0. Comme x0 =  s0e0+ 2  d^e,, on obtient:
i^ »0  i # i 0

<*d0eio+ 2  (ai + di)ei = 0.
Í t^ Í q

Comme (ег),€/ est une base de M, on a nécessairement ad0 = 0; donc aÇdiv (A). 
D’autre part: ax0+ 2  ^ ^ = 0 entraine 2  dvaiei = 0. Donc pour tout i f ldga^O,

î  5^  î  q Í  Í q

c’est-à-dire a;Çdiv(A). Alors: ( / ',  B0U{x0})ÇF, ce qui est contradictoire; d ’où 
notre assertion.

3—5. Remarque. Nous ignorons si cette propriété est caractéristique des 
anneaux principaux; toutefois, il est clair que si A est un anneau tel que tout sous- 
module d’un Â-module libre est quasi-libre, alors A est un anneau noethérien.

3—6. Corollaire. Soit A un anneau principal.
(i) Pour tout « S i ,  tout sous-module de A" est quasi-libre.

(ii) Tout idéal de A est quasi-libre.
(iii) Tout A-module projectif est quasi-libre.
Démonstration, (i) et (ii): conséquence immédiate de 3—4; ainsi que (iii) 

puisque tout module projectif est facteur direct d’un module libre.
Le résultat suivant apporte une réponse partielle au problème posé en 3—5.

3—7 . Proposition. Pour, un anneau de Bezout A, les assertions suivantes sont 
équivalentes:

(i) A est principal.
(ii) Tout sous-module d'un A-module libre est quasi-libre.

Démonstration, (i) => (ii) d’après 3—4 et (ii)=>(i) d’après la définition d’un 
anneau de Bezout et d’un module quasi-libre.

3—8. Définition. Soit M  un A-module; s’il existe un entier « S i  tel que toute 
famille quasi-libre a м ё л  éléments, on dit que M  est de rang fini et le plus petit 
entier n ë l  à avoir cette propriété est le rang de M. Si M  est un anneau intègre, on 
retrouve la notion classique [3].

3—9. Proposition. Soit M  un A-module libre de rang fini n sur un anneau 
principal A. Tout sous-module de M  est quasi-libre de rang fini тШп.
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ON COMPLETE METRIZAB1L1TY OF SOME 
TOPOLOGICAL SPACES

By
A. MAKKOUK (Beirut)

1. Introduction

If X  is a topological space and ß = (.Ss)ses is a covering of this space, a subset 
M  of X  is said to be of diameter less than ß provided that there exists some s£S  
such that MczBs; we write then ö(M)<ß. A countable family (ß„)nS1 of open 
coverings of a topological space X  is said to have the L-property, if for every countable 
family (F—(F„)nS1 of decreasing and non-empty closed sets of X  such that <5(Fn) ^ ß n, 
П Fn is exactly one point of X. We say in this case that X  is an L-space.
n

It is shown in this paper that a paracompact space X  is completely metrizable 
iff it is an L-space. If A is a topological space with the Lindelöf property, then the 
same characterization of complete metrizability holds true. It follows that a Ka- 
space (countable union of open relatively compact subsets) is completely metrizable 
iff its diagonal zl is a Gd set in XXX, and that every A),-space which is semimetrizable 
is metrizable. We show finally that the continuous image of a separable metric 
space onto a locally compact space is also separable and (completely) metrizable.

2. Complete metrizability of Lindelöf spaces

The following remark is useful for further proofs.
R em ark  2.1. Every L-space is Tx-regular and first countable.
P r o o f . Let A be a topological space and let (ß„)nmi be a sequence of open cover

ings of X  which has the 1,-property. For every x £ X and every и&1 select Vn£ßn such

that V„. Call Wn= f| Vk. Notice that f] Wn— fl {*}: f°r the family (Wj,)nsi
k = l n n

is a decreasing sequence of non-empty closed sets of X  and ö(Wn)<ß„, so that f| Wn
П

is exactly one point of X. Thus X  is a Tx -space. To finish the proofwe show that, 
for every open set V containing x вX, there is some я ё  1 for which x()Wna  V. Suppose 
not i.e., for every и^  1, Fn— WnП (X -  F ) ^ 0  ; since F„+JciFn and ö(F„)<ß„, then one 
has simultaneously f) F„={j} withy ^ x  and f| F„c  P\W„= {x}, which is impossible.

П n

We now show the following metrization theorem for paracompact spaces:
T heorem  2.2. Let X  be a paracompact (nat necessarily Hausdorff) space-, then X  

is completely metrizable iff X  is an L-space.
P r o o f . The necessity is a classical result for complete metric spaces. We show 

only that the condition is sufficient. Let (a„)HS1 be a sequence of open coverings of а
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paracompact space X  having the L-property. Let a*, for every n, be a locally finite
n

open cover of X  which refines a„. Call ßn the family of the sets having the form f) Ak
k = 1

with Notice that ßn is also an open locally finite covering of X. By the
N a g a t a — Sm irn o v  theorem [1] and [2], for metrizability of X  it suffices that ß=\J ßn

П
is a base for X. Let x d X and V an open set containing x. For every n s  1, there exists

П

An£a* and F„6a„ such that x£And V n. Call Bn= |"| Ak. Now Bn£ßn and the same
_ fc=i

argument of Remark 2.1 shows that x£ B „ cV  for some n ^ l ,  and hence ß is a base 
for X .

To finish the proof we show that X  is complete for some compatible metric. 
Let be the completion space of X. By [3], it suffices to show that X  is a Gs set in ft. 
Write, for n ^ l ,  ßn — {B"}s(s„ and let W" be an open set in f t  such that B"— W"ПX. 
We will show that X — f | ( U Evidently Xcrf| ( |J W"). Let now x£("| ( U

n ls € S „  )  n ls 6 S „  )  ^ n U e s „  )
and denote, for every integer m, by Vm the closed sphere in X  of centre x and radius 
l/m. For every п ё  1 there exists s(n)£Sn and an_integer m(n), т (я )ё я , such that 
x € Vm(n) c  W?(n). So Vm(n) f l i c  Ws"(n) П Х =  B?(nl c  Bs"(n). Without loss of generality one 
can suppose thatт (я )^ т (я + 1 )  for every n. Call F„ = Vm(n)ПX and notice that for any 
n, F„?z 0  (since X = X )  and Fn+1a F n. The family (ßn)nS1 of open covers of X  has also 
the Z.-property and 8(F„)<ßn, so f | (Vm(n)П X) is a single point of X  which is neces-

П
sarily x since f] Утм  — {х}, and consequently x£X.

П
Since every Tx -regular Lindelöf space is paracompact, and since every L-space 

is Tx-regular, one concludes the following metrization theorem for Lindelöf spaces.
T heorem  2.3. Let X  be a Lindelöf space. Then X  is completely metrizable iff X  is an 

L-space.

3. Application on metrizability of ^-spaces

D efinition 3.1. A topological space X  is called a K„-space, if X=  |J W„ where 
W„ is an open relatively compact subset o f X. n

Clearly every Ka-space has the Lindelöf property.
It is well known [4] that every compact space X  having its diagonal zl as a Gs 

set in X X X  is metrizable. Using theorem 2.3, we now show that this result holds 
true for a wider class of topological spaces, precisely, Ka-spaces.

T heorem  3.2. I f  X  is a K„-space, then X  is metrizable iff the diagonal A o fX  is a 
Gd set in XXX.

P ro o f . Let X = (j be a A,,-space, where Wt is an open set in X  and Щ
i

compact for every ifel. Suppose that A — П G„ where G„ is open in X X X . For each 
x £ X and each 1, there exists an open set A„(x) containing x and such that An(x)X  
X A„ (x) c  G„; there exists also some г'(*) = 1 for which x€ fVi(x) • Call ß„ the family of 
all sets of X  of the form А„(х)П Wiix). Since every K„ -space is Lindelöf, it suffices 
to show that (ß„)ns i  has the L-property.
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Let (F„)nS1 be a decreasing sequence of non-empty closed sets of X  such that 
<5 (/„)</?„ for every и^1. Notice that, for some x£X, one has FnczA1(x)C1 й^(ж)с  

for every n s l .  Since WiM is compact, then f| F„x 0 .  If for x, y£ X  we have
n

x, у £ f| F„, then there exists a sequence (x„) of points of X  such that
П

(x, y)£FnXFn <z An(x„)XA„(x„) c  G„

for every n& l, so that (x, y)£ and this implies that x= y. Thus f) F„ is exactly
n n

one point of X.

4. Metrizability of continuous images of separable metric spaces

D efinition 4.1. A semi-metric on a set X  is a function s: X X X -~R + satisfying 
the following conditions: for all x, y£X

a) i(x, j )= 0  iff x=y, and
b) s(x, y)= s(y, x).
One can define open sets in a semi-metric space as if s were a metric, and the 

result is a topology on X.
Topological spaces that are semi-metrizable are characterized by [5] as follows:
Theorem 4.2. A Hausdorff space X  is semi-metrizable i f  and only if there is a 

collection {V„(x): x£X, n= 1 ,2 , ...} of open sets o f X  such that
a) For each x fX ,  {Vn (x): n = \, 2, ...} is a local base for x, and
b) I f  y £ X  and, for each n, xnfX  such that y£V„(x„), then (x„) converges to y.
The following remark is useful:
Remark 4.3. I f  X  is a Hausdorff semi-metric space, then the diagonal A is a 

Gd set in XXX.
For a proof, it is sufficient to consider G„= |J (V„(x)X V„(x)), where {Vn(A)} 

satisfies a) and b) of theorem 4.2. Xf-x
Theorem 4.4. Every Hausdorff Ka-space which is semi-metrizable is metrizable 

(completely).
D efinition 4.5. A 7 \ -regular space which is the continuous image of a separable 

metric space is called cosmic space.
Cosmic spaces are clearly separable and Lindelöf thus paracompact. A first 

countable cosmic space is semi-metrizable (see [6]).
R emark 4.6. A cosmic space is perfectly normal.
In fact by [7] every hereditarily paracompact and separable space is perfectly 

normal, and so it suffices to show that a cosmic space is hereditarily paracompact.
Let Y' be a subspace of a cosmic space Y. By assumption there exists a separable 

metric space X  and a continuous mapping/: JY—Y  which is onto. If X '= f~ 1(Y'), 
then X ' is clearly a separable metric subspace of X  and g=f\X ' is a continuous map
ping of X ' onto Y', so that Y' is also a cosmic space and thus paracompact.
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The following theorem is proved now.
T heorem  4.7. Let X  be a separable metric space and f  a continuous mapping o f X  

onto a Hausdorjf locally compact space Y. Then Y  is a separable metric space.
Proof. Y  is Lindelöf and thus a K„-space. To show metrizability of Y, by theo

rem 3.2 it suffices that the diagonal A is a Gs in X X X , and for this it suffices that Y  is 
first countable (4.5 and 4.3). Let xZ Y. Since Fis a cosmic space, it is perfectly normal 
and thus there exists a sequence (F„)nS1 of open sets such that {x}= f| Vn. Since F  is

П

regular, then for every n ^ l ,  there exists an open set Hn such that x£HnczHnczVn. 
Let К be a compact neighbourhood of x  and call Wn=  ̂f | H~^C\K. Notice that 
(x}= p  W„ and W„aK for every n s l .  Let IF be an arbitrary open set containing x.

П_
If Fn=W„r\(X—W)7i 0  for every n, then (F„)„S1 is a decreasing sequence oi^non
empty closed sets in K, and thus f| ^  0  which is impossible. Hence xG.WnciW

n
for some n and this completes the proof.
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ORTHOGONALE POLYNOME, DIE EINER 
REKURSIONSGLEICHUNG MIT KONSTANTEN 

POLYNOMKOEFFIZIENTEN GENÜGEN
Von

M. REIMER (Dortmund)

1. Problemstellung

Auf dem Raume 0  aller reellen Polynome werden Differenzengleichungen der 
Gestalt

(1.1) 2 avPn-y = 0 (и =  k ,k + l ,  ...)
v=0

mit einer Ordnung k ^ l  und Koeffizienten av mit

(1.2) av£0>v (v =  0, 1, a0 =  1

betrachtet. Dabei bezeichne 0 ,  den Raum aller reellen Polynome höchstens v-ten 
Grades; speziell wird 0>- 1 — {O} gesetzt. Als Polynomfolgen (im engeren Sinne) 
werden die Elemente aus 0 oX 0 iX ... bezeichnet. Eine Polynomfolge, welche (1.1) 
erfüllt, heiße Lösung. Eine Lösung, welche bezüglich irgendeines Skalarproduktes auf 
0  ein Orthogonalsystem bildet, heiße Orthogonallösung.

Es ist bekannt, daß die spezielle Differenzengleichung

(1.3) Pn~UiPn-i+P n - 2  = 0 (n= 2, 3, ...)

die beiden Tschebyscheff-Systeme {Tn} und {[/„} als Orthogonallösungen besitzt, 
während die Theorie die Existenz wenigstens einer solchen Lösung aussagt (Freud
[2], p. 64). Allgemein gilt der folgende

Satz 1.1 (Orthogonallösungen 2. Ordnung). Sei к = 2. Die Differenzengleichung
(1.1), (1.2) besitzt genau dann eine Orthogonallösung zu einem assoziativen Skalar
produkt, wenn a1£0'1\ 0 >o, - i  gilt und dabei a2 positiv ist.

(Definition des assoziativen Skalarproduktes s. unten, Beweis s. Abschnitt 2). 
Eine Verallgemeinerung dieses Satzes auf den Fall k s 3 ist unbekannt, im Hinblick 
auf die Bedeutung rekursiver Polynomsysteme mit einer Orthogonalitätseigenschaft 
für die moderne Rechentechnik (s. Fox and Parker [1]) wären Ergebnisse in dieser 
Richtung jedoch sehr wichtig. In Abschnitt 2 werden wir nur einige notwendige Be
dingungen für die Existenz orthogonaler Lösungen aufstellen, welche jedoch ge
statten, das Problem im Falle der Ordnung 2 zu behandeln. Der Hauptteil dieser 
Arbeit ist jedoch der Frage gewidmet, ob die Differenzengleichung (1.3) außer den 
beiden Tschebyscheff-Systemen noch weitere Orthogonallösungen besitzt und wie 
alle diese gegebenenfalls aussehen. Diese Untersuchungen erfordern die Lösung eines 
Momentenproblems und erfordern eine gewisse Beschränkung hinsichtlich der zuzu
lassenden Skalarprodukte.
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D e f i n i t i o n . Ein Skalarprodukt auf SP heiße assoziativ, wenn 

(fg, h) =  </, gh) ( /, g,
gilt. Ein assoziatives Skalarprodukt heißt normal, wenn das durch / ( / ) : = ( / ,  1) auf 
SP definierte lineare Funktional im Sinne der durch

II/II := max {|/(x)|:-l=S*=Sl} 
auf SP gegebenen Norm beschränkt ist.

Mit Hilfe der Sätze von Hahn—Banach und Riesz kann man zeigen, daß ein 
normales Skalarprodukt auf SP stets stetig nach C[—1,1] fortgesetzt werden kann 
und dort eine Darstellung der Gestalt

1
(u,v) = J  и (x) v (x) dg (x)

- l
mit einem monoton nicht fallenden, beschränkten Integrator besitzt. Insbesondere 
ist dann die Fortsetzung von /  positiv. Mit den eingeführten Begriffen gilt nun der

S a t z  1.2 (Orthogonallösungen 2. Ordnung zu normalem Skalarprodukt). 
Die Polynomfolge {Pn} ist genau dann eine Orthogonallösung der Differenzengleichung
(1.3) zu einem normalen Skalarprodukt, wenn folgendes gilt:

(i) Pn=otUn + ßUn̂  + yUn_2 für n = 0 ,1 ,... mit a^O, C/_i =  0, i/_2= - l ;
(ii) Die Nullstellen des Polynoms at2+ßt+y=tx(t —s^)(t—s%) erfüllen eine der 

beiden folgenden Bedingungen:
(a) ■?! =  s2, kil =  N < l ,
(b) 1 — s.i ^  1 
(bei geeigneter Numerierung).

Gegebenenfalls hat das zugehörige Skalarprodukt die Gestalt
l

(u, v) =  (1, 1) J  u(x)v(x) K(x) j/1 — x2 dx
—l

mit dem Kern
2 1 — у
n (1 — y)2+ ß2 + 2/1(1 +  y)x + 4yx2' 

(Beweis s. Abschnitt 3.) Setzt man für y ^ \  und n =  0, 1, ...

Q ( ß . r ) : =  T L . { U n  +  ß U n _ 1  +  y U n _ 2 ) ,

so ergibt sich aus Satz 1.2, daß (bei Zulassung beliebiger Normierungen) im wesent
lichen nur vier Systeme von Jacobi-Polynomen als Lösung von (1.3) auftreten. 
Es sind dies die Orthogonallösungen

e r <0) = un, еУ ’0) = ия+ un_г = c j r  ~ 4
- )J  n(-i.o) — u  —U , =  с p y 2 2xz.n Jn) n '-/л — 1 n

und alle Vielfachen von ihnen.
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2. Normierungen und notwendige Bedingungen für die Existenz 
von Orthogonallösungen

a) Betrachtet wird eine Differenzengleichung (1.1). Dabei werde angenommen, 
daß ßx$ 3PÜ gilt. Es sei т der Automorphismus von SP mit der Eigenschaft

q = t p o  q öi(x)j =  p(x).

Ist dann { P n}  eine Orthogonallösung von (1.1), so ist { t P „ }  eine Orthogonallösung 
einer entsprechenden Differenzengleichung der besonderen Gestalt

Pn~U 1P„-1+ ... = 0 (n = k ,k + 1,...).
Es kann also о. B. d. A. angenommen werden, daß
(2.0) ak£SP0 oder ak = — Ux 
gilt.

b) Differenzengleichungen mit einer Orthogonallösung zu einem assoziativen 
Skalarprodukt unterliegen gewissen Bedingungen:

Lemma 2.1 (notwendige Bedingung). Die Differenzengleichung (1.1), (1.2) besitze 
eine Orthogonallösung zu einem assoziativen Skalarprodukt. Dann gilt affSPk- 2. 
Insbesondere besitzt die Differenzengleichung im Falle к — 1 keine derartige Ortho
gonallösung.

Beweis. Sei {P„} eine Orthogonallösung von (1.1) zum assoziativen Skalar
produkt (.,.). Dann gilt

к
(2.1) ^  (övPm, P„_v) =  0 für n — 2k m s  n, n & к

v=0
wenn vorrübergehend P - n—0 für и =1,2, ... gesetzt wird. Für m = 0 und n = 2k 
bzw. n =  2k — 1 folgt aus (2.1) bei Berücksichtigung von (1.2) das Bestehen der 
Gleichungen (ak, Pk) = 0, (ak, Pk~1) = 0. Daraus ergibt sich die Behauptung.

Weiterhin sei {P„} eine Orthogonallösung zu einem assoziativen Skalarprodukt, 
und es mögen folgende Entwicklungen bestehen:

P m ( x )  =  C mx m +  . . .  (m =  0 ,  1,  . . . ) ,

a k - i ( x ) = — B x k ~ 1 + ..., ak(x) = Ä x k ~ 2 +  . . .

für k ^ 2 .  Für n ^ 2 k —2 und m = n—2k+ 2^0  folgt nunmehr aus (2.1) die Beziehung

( f l k P m i  P n- k )  +  ( a k- l P m >  P n - k + l )  —  0 ,  

und hieraus ergibt sich die Beziehung

( P n - k ,  P n - k ) - p A -  ( P n - k + l ,  P n - k  + l )  =  0
'■'n-k ' - 'n -k  + l

für n= 2k—2, 2k — l ,  Damit erhalten wir das
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Lemma 2.2. Sei P„ eine Orthogonallösung von (1.1) zu einem assoziativen Ska
larprodukt. Dann gilt eine der beiden folgenden Aussagen:

(i) А =  В =  0;

(ii) A 0 В, (Pm, Pm) 
(Pm— 1, Pm-1)

A Cm 
P Cm-i

(m k - l , k , ...).

c) Die Ergebnisse dieses Abschnittes enthalten bereits den Beweis zu Satz 1.1. 
Vorgelegt sei nämlich eine Differenzengleichung (1.1), (1.2) mit k —2. Hinsichtlich 
der Lösbarkeit dieser Gleichung durch Orthogonallösungen kann о. B. d. A. die 
Annahme (2.0) getroffen werden. Es wird jetzt angenommen, die Differenzengleichung 
besitze eine Orthogonallösung zu einem assoziativen Skalarprodukt. Nach Satz 
2.1 ist dann a2 eine Konstante und ein Gradvergleich in der Differenzengleichung 
zeigt, daß nicht auch noch ai eine Konstante sein kann. Also hat die Differenzen
gleichung für pn=Pn die Gestalt
<2.2) Pn- U 1Pn- 1+APn^ 2 0 (n = 2, 3, ...).
Damit erhält man für die Leitkoeffizienten der Pn die Beziehung C„ =  2"_1C1 (n = 
=  1,2, ...), und aus dem Lemma 2.2 folgt mit B= 2 sofort die Ungleichung A>0. 
Damit ist die Notwendigkeit der Bedingung von Satz 1.1 bewiesen. Daß diese Be
dingung auch hinreichend ist, findet man bei Freud [2]. Damit ist Satz 1.1 bewiesen.

3. Die Orthogonallösungen zweiter Ordnung

Dieser Abschnitt soll eine Übersicht über die Orthogonallösungen der Differen
zengleichungen (1.1) der Ordnung k=2  geben. Nach den Überlegungen von Abschnitt 
2 genügt es, alle Differenzengleichungen der Gestalt

Pn-UiPn-i + c ^ p ^  =  0 (n = 2, 3, ...), c ^  0
auf ihre Orthogonallösungen hin zu untersuchen, wenn das Skalarprodukt als 
assoziativ vorausgesetzt wird, was hiermit geschieht. Mit Hilfe eines weiteren Auto
morphismus von SP kann dabei noch die Konstante zu c =  1 normiert werden. Dies 
erkennt man bei Benutzung der Substitution Pn(x) = cnpn(x/c). Damit ist die Dif
ferenzengleichung (1.3) als Prototyp einer Gleichung 2. Ordnung mit Orthogonal
lösungen zu assoziativen Skalarprodukten erkannt, aus deren Orthogonallösungen 
alle übrigen Orthogonallösungen 2. Ordnung durch Substitutionen gewonnen werden 
können.

Wir treffen weiterhin die Definitionen U -x:= 0, t/_2:= — 1. Dann bilden nämlich 
die Folgen {£/„}, {C/n_i}, {£/„_2} eine Basis für den linearen Raum aller Polynom
lösungen der Differenzengleichung (1.3). Sodann beweisen wir den

Sa t z  3.1 (Kennzeichnung der orthogonalen Polynomlösungen). Sei P nSSPQ, 
PfSP} und {P„} die durch Pn, P1 eindeutig bestimmte Polynomlösung von (1.3). Ferner 
sei (.,.) ein assoziatives Skalarprodukt auf SP. Dann gilt: Genau dann ist {Pn} ein 
Orthogonalsystem bezüglich dieses Skalarproduktes, wenn die beiden Bedingungen 
erfüllt sind:

(i) P A & -1 , Р Л & o,
(ii) <P„, 1) = 0 für n =  1, 2, ....
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B e w e i s . Die Notwendigkeit der angegebenen Bedingungen liegt auf der Hand. 
Es werden jetzt (i) und (ii) vorausgesetzt. Dann hat Pn zunächst die Darstellung

(3-1) Pn = otUn + ßUn_1 + yUn_2 (n = 0, 1, ...).

Aus (i) folgt dabei a^O. Somit gilt P„^0 (n=0, 1, ...). Um die Orthogonalität der 
P„ zu beweisen, genügt es zu zeigen, daß

(3.2) (Pn, U?) = 0 für 0 ^  m <  n

gilt. Dieser Nachweis wird durch vollständige Induktion nach m + n geführt. Offenbar 
ist (3.2) nach Voraussetzung (ii) wahr für m+n=  1. Es sei jetzt 1, und es wird 
angenommen, daß (3.2) wahr sei für m+n<r. Dann ist (3.2) auch wahr für m + n=r, 
m —0 wegen (ii). Die Beziehung bleibt zu beweisen für 1 S»!<n, m + n — r. Unter 
dieser Bedingung findet man nun unter Benutzung von (1.3), daß

(Pn, UT) =  (UiPn, u r 1) = (Pn+1 + Pn-1, u r 1) = (Pn+1, u ? - 1)

gilt. Eventuelle Wiederholung des Schlusses führt zuletzt auf die Kette

(pn, uf) = (Pn+1, u r - 1) =  ... =  (Pn+m, 1) = 0,

:so daß (3.2) auch für m +n=r gilt, w.z.b.w.
Aus Satz 3.1 folgt auf sehr einfache Weise das
K o r o lla r . Das System {!/„} ist orthogonal bezüglich des Skalarprodukts

(f, g)-= f  f i x ) g(x) V l - X 2 dx.
-1

Zum Beweis benutze man die Beziehung

= < K H » -

Nach Satz 3.1 ist nur zu zeigen, daß die auf der linken Seite stehende Funktion eine 
Konstante ist, was nach der Substitution x= ^(z+ z~ 1) mit Hilfe des Residuensatzes 
leicht geschehen kann.

Im weiteren setzen wir voraus, daß (.,.) ein normales Skalarprodukt ist und 
daß bezüglich dieses Skalarproduktes {Pn} eine Ortogonallösung der Differenzen
gleichung (1.3) ist. Es gilt dann wieder (3.1) mit einem a^O. Somit ist die Bedingung 
(i) von Satz 1.2 erfüllt. Für das Weitere kann o.B.d.A. angenommen werden, daß

(3.3) а =  1 

gilt. Betrachtet werden nun die Polynome

g(t) := t2+ ßt+ y  =  (i-SiXi-Sü)
bzw.

h(t) 1+ßt+yt2 = (l-LsyXl - t s 2).
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Mithilfe der erzeugenden Relation der Un erkennt man, daß die Pn wegen (3.1), (3.3) 
die erzeugende Funktion

besitzen, wobei die Reihe bei festem t gleichmäßig bezüglich x  konvergiert. Wird 
nun 1 (f)  wie in Abschnitt 1 definiert und nach C[— 1, 1] fortgesetzt, so folgt daraus 
die Beziehung

(3.4) h(t)Ix ( ?2_ 2̂ + 1 ) =  /(1) > 0  ( -  1 <  t <  1).

Hier soll der Index von Ix daraufhinweisen, daß das Argument als Funktion von x  zu 
verstehen ist. Diese Funktion ist offenbar positiv. Da auch /  positiv ist, folgt somit

(3.5) h(t) > 0  ( - l < r < l ) .
Daraus erhält man
(3.6) У ^  l /? | - i .

Insbesondere ist also y ^  —1. Wir verfolgen die Annahme, es sei y > l, und führen 
diese zum Widerspruch: Aus (3.4) folgt zunächst bei Differentiation die Beziehung

(3.7) r ( F(t) + xG(t) ] 
X\ ( f - 2 x t + \ f ) =  0 ( - 1 1)

mit
F(t) =  0(1 —t2) +  2(y— l)i, G(t) =  2(1- y /2).

Es sei jetzt т die positive Nullstelle von G. Nach Vorraussetzung gilt 0 < т<  1. Aus 
(3.7) folgt dann wegen der Positivität von I  sofort

F(t) =  F ( - t) =  0, 0 =  F(z) — F( — т) =  4(у-1)т >  0,

womit der gewünschte Widerspruch erzielt ist. Berücksichtigen wir noch die Beziehung 
O ^P 0=\ — y, so erhalten wir schließlich

(3.8) — 1 ^  у «= 1.

Wir betrachten jetzt die Nullstellen von g. Wegen (3.5) liegen diese sicher auf 
keinem der Intervalle (—«=,— 1), (1, +  °°). Entweder, es gilt nun .sy = s2. Dann ist die 
Bedingung (a) in Satz 1.2 wegen (3.8) erfüllt. Oder und ,v2 sind reell und von ein
ander verschieden. Dann gilt, wie wir eben sahen, die Bedingung (b) von Satz 1.2. 
Also ist auch die Bedingung (ii) dieses Satzes erfüllt. Damit ist Satz 1.2 in der einen 
Richtung bewiesen.

Es wird jetzt vorausgesetzt, die Voraussetzungen (i) und (ii) von Satz 1.2 seien 
erfüllt. О. B. d. A. kann dabei a = l  vorausgesetzt werden. Die P„ sind dann eine 
Polynomlösung von (1.3). Es bleibt ein normales Skalarprodukt zu bestimmen, 
bezüglich dessen die P„ ein Orthogonalsystem bilden. Unter der Annahme, daß 
es ein solches Skalarprodukt gibt, läßt sich dieses wie folgt bestimmen:
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Das Skalarprodukt kann durch seine Momente цп = (x", 1) (n=0, 1, ...) be
schrieben werden. Entwickelt man nun die Monome in der Form

(3.9) xn — b\n) Pv (x), bln) = 0  für v >  n,
v=0

so lassen sich die Momente mit Hilfe der Entwicklungskoeffizienten in der Form 

(3.10) !*„ =  bP(P0, l )  = ( l - y )b P li0
ausdrücken. Entwickelt man andrerseits die Monome in der Form

(3.11) x" = У, ain)Uv(x), ai") =  — f  xnU„(x) \'\ — x2 dx,«i — A TT J.v=0

so ergibt sich aus (3.11) und (3.9) nach Einsetzen von (3.1) mit a =  1 bei Koeffizienten
vergleich das folgende Gleichungssystem:

{n = 1, 2, ...).

(1 ß У 0 dn laP
1 ß У do a[n)

• ’• У . b[n) _ :
0 • ■ ß

• lJ bin> a(n"\

Die v-reihigen Adjunkten

dv: = ( - l ) v

ß У 0 
1 ß У 

1 \ (v =  1,2, ...)

0 -1 ß v
der auftretenden Matrix genügen der Differenzengleichung

Av+ßAv. 1+yAv^i = 0 (v = 1, 2, ...),

wenn zusätzlich A0:= 1, A _x:=0 gesetzt wird. Da diese Differenzengleichung offenbar 
g zum charakteristischen Polynom hat, erhält man leicht die folgende Beziehung:

(3.12) 2k =
CV + 1   cv + l

*$1 S o
für 9̂  s2

(v = - 1 ,0 ,1 , . . . ) .(v+ l)sv für ÍJ #  ÍJ =  i  

Damit folgt aus dem linearen Gleichungssystem für die Momente die Darstellung

(3.13) d n  =  d 0 2  ^ v a í n) ( и  =  0 ,  1 , . . . ) .

Die weiteren Untersuchungen machen eine Fallunterscheidung erforderlich. Wir 
begnügen uns, den Fall s19±s2, | J i |< l, j-S'2|<  1 zu erörtern. In diesem Fall erhält man
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aus (3.13) unter Benutzung von (3.12) die Beziehung

Hn =  r zHo  J  Xя V I — -x2 Z s i Uv ( x ) - ~ ^ —  Z
71 J j  t*̂ l *2 v=0 S i ~ S 2\  = 0 J

Unter Berücksichtigung der Orthogonalrelation der Un können die auftretenden 
Summen durch die entsprechenden unendlichen Reihen ersetzt werden, da diese 
gleichmäßig konvergieren. Mit Hilfe der erzeugenden Funktion der U„ erhält man so 
die Beziehung

l
(3.14) цп = fi() J  xnK(x) V1 — A2 dx

- l
mit

=  ü = 1 ' 2)-
Drückt man die Sj durch ß und у aus, so erkennt man, daß К  mit dem in Satz 1.2 
angegebenen Kern ühereinstimmt. Die Überlegungen zu den übrigen unter die 
Bedingung (ii) von Satz 1.2 fallenden Fällen laufen ganz entsprechend. Offenbar 
ist К im Integrationsintervall stets positiv, so daß in der in Satz 1.2 angegebenen 
Weise ein Skalarprodukt definiert wird. Es bleibt zu zeigen, daß die P„ in Bezug auf 
dieses Skalarprodukt auch tatsächlich orthogonal sind. Nach Satz 3.1 genügt es 
dabei, das Bestehen der Beziehungen
(3.15) <Л,,1> = 0 (n =  1,2,...)
nachzuweisen. Dies kann in einer Reihe von Fallunterscheidungen auf elementarem 
Wege geschehen. Damit ist Satz 1.2 bewiesen.
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VERTEX-CRITICAL GRAPHS OF GIVEN DIAMETER
By

F. GLIVIAK (Bratislava)

The graphs considered in this paper are undirected, finite, without loops or 
multiple edges. Various results were published about graphs with given diameter 
(cf. [1], [2], [6], [7]). Edge-critical graphs of given diameter were studied e.g. in [3],
[4], [8]. Here we shall prove some theorems about existence and basic properties of 
vertex-critical graphs of given diameter.

1. Notation and notions. Let G be a graph. Then V(G) will denote the vertex 
set of G, E(G) the edge set of G, dG(u, v) the distance between the vertices u,v£ V(G) 
in G, d(G) the diameter of G, degGu the degree of the vertex и in G, NG(u) the neigh
bourhood of the vertex u, ő (G) the minimum degree of G, A (G) the maximum 
degree of G, x(G) the vertex-connectivity of G, A(G) the edge-connectivity of G and 
G the complement of G. In addition, we denote by \A\ the cardinality of a set A, 
by Kp the complete graph with p vertices, by Cp the circuit of length p and by [x] 
the greatest integer not exceeding the real number x.

Let G—x  be the graph obtained from G by deleting the edge x  of G. Let G—A, 
where AczV(G), be the graph obtained from G by deleting every vertex vf_A and all 
edges incidental with it. If A = {w}, then we write G—A = G—w. Definitions not 
included here can be found in [5].

If x£E(G) then d(G—x)^d(G). This inequality does not hold for all vertices 
e.g. in the graph Q on Lig. 1,

d (Q -a )^ d (Q ) , d(Q -b) = d(Q) and d (Q -c)> d (Q ).
An edge x  of G is called critical if d(G—x)>d(G). A vertex v of G is called critical 

if d(G—v)?íd(G). A vertex и of G is called decreasing if d(G—u)<d(G).

Fig. l

D efinition 1. A graph G is called :
a) e-critical, if  d(G—x)>d(G) for every edge x o f G.

Fig. 3
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b) ^'-critical, if d(G—v)^d(G) for every vertex v of G.
c) v0-critical, if d(G—v)>d(G) for every vertex v of G.
d) -critical, if d(G—v)<d(G) for every vertex v of G.

One can easily verify that the graph Q on Fig. 2 is r-critical but not e-critical; 
the graph Q —x  is e-critical and e-critical and the graph C4 is e-critical but not e-cri
tical. We note that e„-critical graphs are defined in [4] and [8], where some basic 
properties are given.

2. Simple results. One can verify the following sufficient conditions for a graph 
to be e-critical.

Lemma 1. Let G be a graph o f diameter 2 containing a circuit. Let udV(G). 
Then,

a) i f  deg u ^ 2  and и does not belong to any circuit o f length rSd-1-2, then the 
vertex и is critical',

b) i f  S(G )^2 and the girth o f G is at least d+3, then G is v-critical.
We note that the graph C4 is not e-critical and contains a {d+2)-angle; the 

graph Q on Fig. 3 is not e-critical, has girth k —d+3 and deg a= l. Flence the as
sumptions of Lemma 1 cannot be improved.

L emma 2 . Let G be a connected graph and let A be the set o f its decreasing vertices. 
Then \A \S2 and moreover d(G) — 2^d (G —A)^d{G) — 1 for  Л ^  0 .

Pro o f . Let d(G)—d and a£A. Then dG(u, v)<d for every u, v£ V(G)— {a}, 
because d{G—a)<d. So if dG(u, v)—d for some u, e£ V(G), then one of the vertices 
u, v is equal to a. Thus if there exists a vertex b£A, b ^a , then d(a, b)=d. If a vertex 
c£A, C7±a, C9±b exists, then as a, b£ V(G) — {c} we would have d(a, b)<d, which is 
impossible. Flence \A \^2  holds. After deleting at most two vertices from G the length 
of every path in G will decrease at most by two. So the inequalities hold. Graphs on 
Fig. 4 and Fig. 5, respectively show that both bounds can be reached. So the lemma 
holds.

C o r o lla r y  1. A graph G is vx-critical i f  and only i f  it is isomorphic to either the 
graph K2 or the graph K2.

In the next section we shall show that there exist many v0 -critical graphs of dia
meter d ^ 2  and also many r-critical, but not r0-critical graphs of diameter d=^4.

3. Existence theorems. The following lemma is proved in [4] and [3].
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Lemma 3. Let G be a graph and let d ^ 2  be an integer. Then there exists an e-criti- 
cal, v0-critical graph Q o f diameter d containing the graph G as an induced subgraph.

For diameter two we shall prove a stronger assertion than in Lemma 3, where
<5(0=*(0=2.

T heorem  1. Let G be a graph and let к ̂ 2  an integer. Then there exists an e-criti- 
cal, v0-critical graph Q o f diameter two containing the graph G as an induced subgraph 
such that ő{Q)—x{Q) — k.

P r o o f . If к =2, then the graph Q of diameter two constructed in Lemma 3 
is an appropriate graph.

Let k s  3, and Gx the graph that arises from G by adding one isolated vertex v 
and further k — 2— \V(G)\ isolated vertices, if \V{G)\<k — 2. Let G2 be a graph con
structed from Gy by adding one new vertex w that is adjacent with all vertices of the 
graph Gy. Hence |V(G2)\ = max (к— 1 ,\V(G)\ +2). Let G'2 be a duplicate of G2, 
whereby if V(G2) then u' is the vertex of G2 associated with u. From the graphs 
G2, G2 we construct a graph R by adding one new vertex z and the following edges:

a) we join every vertex x£V(G2), x ^ w  with the set of vertices A = V(G2) —

b) we join the vertex z with the vertices w, W and if k ^ 4 then also with the 
vertex v and with some /с — 4 vertices from the set (V(G2) U V(G2))— {w, w', v}. The 
graph R does not contain other vertices and edges.

One can verify that d{R) = 2 and the graph G is an induced subgraph of R. 
We have |F(/?)| = 2|F(G2)|-I-1. The degree of the vertex z is к — 1 and the degrees of 
the other vertices of the graph R are either | V(G2)| or \V(G2)\ + \. So we have d(R) = 
= k — 1 and ő(R )^k  — 1. Let R be the complement of R that is vertex disjoint with 
the graph R, whereby _the associated _yertices we denote by x, x, where x6 V(R).

Let k —3. Then d (R )~ 2 because R contains the edges (z, x), (z, x'), (w, x') and 
(w',x) for every x<E V(G2) — {w}. We construct the graph Q as follows: V(Q) = 
= V(R)UV{R);E(Q) = E(R)ÖE(R)U  (J {(jc, x)}. ^

xevw
Let &S4. Then one can see that d(R) = 3, e.g. dR(v, v') = 3. We put V(Q) = 

-  V(R) U V(R) U {с}; E(Q) = E(R) U E(R) U U {(*, *), (*, c)}.
One can verify that d(Q)=2, S(Q)=k and that G is an induced subgraph of the 

graph Q. It can be seen, by investigation of separate cases, that between any two 
different vertices of Q there exist at least к  vertex-disjoint paths. So from this fact 
and the equality S(Q)=k it follows x(Q)=k.

The graph Q is e-critical, because after deleting the edge:
(x, y)£E(R) we have d(x, y)>2;
(x, y)£E(R) we have d(x, y)>2;
(x, x)6 E(Q) we have d(y, x)>2 for any у 6 NR (x) and 
(c, x) for A:S4, x(E V(R) we have d(c, x)>2.
The graph Q is v0-critical, because after removing the vertex: 
xG V(R) we have d(y, x)>2 for every y£N R(x); 
xg V(R) we have d(y, x)>2 for every y£N R(x)-, 
c, for к =4, we have d(y, v)>2.

This completes the proof.
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Theorem 2. Let G be a graph that is v-critical, but not va-critical. Let d(G)=d 
be equal to either 1, 2 or 3. Then G is a path of length d.

Proof. Let A be the set of decreasing vertices, and let a£A. Let us define 
Z j=  {z|z£ V(G)/\da (a, z) = i}, for i =  1, 2, d. If d=  1 then obviously G = P1. 
If d=2 then the graph G—a is a complete graph and then |Z2| = 1 and also \Z1\ = 1, 
because otherwise G would not be (.’-critical. So G = P2.

Let d— 3 and R — G — a. Then d(R) = 2. Let w£Z3. If d(G — w)<3, then Z3 ={w}, 
because w£A thus d(u, r)<3 for every u, V(G)— {a, w}.

Let i/(G —w )> 3. Then NG{a)C\Nc (w) = 0 , because dG(a, vv) = 3. From the pro
perties of the graph R — w we shall show that Z 3 = {w} holds.

Assertion 1. Let dR_w(x, y) =  3 hold for some л:, у 6  V(R — w). Then (x, w)cE(R) 
and (у , w)dE(R) hold, because otherwise we would have dR(x,y)> 2 .

1) Let d(R — w)^5. Then the eccentricity eR_w(x) of every vertex x^V{R — w) 
satisfies eR_w(x)^3  because if eR_w(z )S 2 for some z£V(R — w), then d(R — w )S4, 
a contradiction. Hence for every x ^ V (R -w )  there exists yd V(R — w) such that 
d (x ,y ) ^ 3 and then according to Assertion 1, (x, w)yE(R). Hence N r (w) —V(R) — 
— {w}= V(G)— {a, w}, which is impossible because dG(a, w) = 3.

2) Let d(R — w) = 4. Let P = (zx, z 2, z3, z4, z5) be a path of the graph R — w of 
length 4. From Assertion 1 it follows that (z;, w)£E(R) for /=1, 2, 4, 5. For every

AK_w(zj) we have dR_w(x, z5)ss3, because otherwise we would have dR_w(z1, z5) s  
=3. According to Assertion 1, (x, w)fE(R) and then Nr(zj) c:Nr(w) and also 
■No(zi)rijVG(a)= 0  holds. So z4£ Z 3 and d(R — z1) = 3, because d(R) = 2 and N ^ z j a  
czNr(w). Hence d(G — z1) =  3, because dG_Zl(a, w) =  3 and dG_Zl(a, x ) ^ 3 for every 
x £ V(G — Zj). So G is not r-critical, a contradiction.

3) If d{R — w ) ^ 3, then one can verify that d(G—w) ^ 3 holds, what contradicts 
the assumption c/(G —w)>3. Hence we have Z3=  {w} and d(G—и»)ё2.

Now we shall prove that |Z2| =  1. Let z fZ 2. If d(R—z ) ^ 3, then one can verify 
that d(G—z ) ^ 3, which cannot happen because z$A . If d(R — z) = 4, then there 
exists a path P (ylt y2, Уз, У\, У-,) of length 4 in the graph R —z. Then one can prove 
that Nuiy^czNniz) holds analogously as in part 2) of this proof. Hence d(R—y1) = 
= d(R) = 2. Then it can be easily seen that d(G —y\) = 3, which cannot happen, 
because y ^ A .  If d(R — z) ^ 5 then according to part 1) of this proof (z, x)£E(R) 
for every V(R), x ^ z ,  i.e. NR(z)= V(R)— {z}. So (z, w)£E(R) and thus Z2=N(w) 
because z is an arbitrary vertex of Z 2.

If there exists y£Z2, y ^ z  then one can prove, analogously as for the vertex z, 
that d(R—y) ^ 3 and d(R—y) = 4 can not happen. If d(R— y)£5, then NR(y) = 
=  V(R)—{y} owing to the same reasoning as for the vertex z. Hence NR(z) = NR(y) 
and thus d(R—y) = 2, which is impossible. Hence |Z2| = 1. From this and the v- 
criticity of G it can be easily verified that \Z4\ =  1. The theorem follows.

Theorem 3. Let G be a graph and d ^4  an integer. Then there exists a graph o f 
diameter d that is v-critical, but not v0-critical and contains the graph G as an induced 
subgraph.

Proof. Let R  denote the graph that arises from G by adding one new vertex a 
and edges (a, x) for all F(G). It is clear that 1 Sd{R )^2 . Let p=\V{R)\. Let us set

d - 1
V(Q)= U d j'J  {w, z}, where At = {a‘k}£=1, A1=V(R) and the sets At are mutually
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disjoint. The subgraphs of Q induced by the sets А1г Ad_x and At, i= 2, 3, 
d—2 are the graph R, the graph R and the graph not containing any edge, respec

tively. The graph Q contains also the following edges:
(a{, a\+1), for i'= l, 2, 2; k=  1, 2,
(ак~г, w) for k = 1,2, the edge (w, z) and no other vertices and edges.
One can see that d{Q) = d and that G is an induced subgraph of Q. The graph 

Q is not i>0-critical, because d(Q — z)<d(Q), which can be verified by investigating se
parate cases and using that the subgraph of Q induced by the set Ad_x is R. The 
graph Q is r-critical, because after deleting the vertex 

w, the graph Q — w is not connected;
a‘k, for k = 1, 2, ...,p  and 2=2, 3, ..., d— 1 we have d(z, ak)>d; 
ak, for к — 1, 2, p we have d(a\, x)> d  for any xP__NK(ak).

(Such a vertex x  exists as l^ d (R )^ 2 .)  So the theorem holds.
4. Further results. As usual, we define a branch at a cutpoint и of a graph G as 

a maximal subgraph of G containing и in which и is not a cutpoint. The length of a 
branch Q at и is the excentricity of и in the graph Q, eQ(u).

Theorem 4. Let G be a v-critical graph o f diameter d, d ^ 2 . Then G is either a 
path o f length d, or a block with at most two branches which are paths, the length of 
each o f them is at most k, where

к =
— 1, if either d=  3 or dxz2, d

[ # ] •  , f d

even.

: 5, d odd.

Proof. It can be verified that if G does not contain a circuit then it is a path of  
length d.

Let G contain at least one circuit and let В be a block of G that contains some 
circuit. Then either G = B or at least one vertex of В is a cutpoint. Let C be the set of 
cutpoints of G that belong to В and let A be the set of decreasing vertices of G. 
It is clear that А П C= 0 .

Let w£C. Let us decompose the graph G in two connected subgraphs Сл = G\(w), 
G3 = Go (iv) in such a way that they have only the vertex w in common. At least one
of the excentricities eGl(w), eGfw )  is not greater than . Let us consider the case

when ^ e Go(w) = d(w, z), for some z£V(G2). Then d(G2)^ d , d{G2 — z )S d  and
hence d(G—z ) ^ d  holds, as d(G)=d. So d(G — z)<d, z£A holds, as G is к-critical. 
So we proved that if C?± 0  then A ^  0 .

We shall show that no vertex x£V(G2), x ^ z  belongs to A. If x -А П  V(G2), 
X 9 ^z existed, then da(z,x) = d would hold and for any other pair a, b£ V(G) we
would have dG(a, b)<d. So d(w, z) = d(w, x)=  But for V(Gx) such that

d(w, y) = eGl(w) we have d(z,y) — d, because eGl(w)^ ,d (z ,y )  = eGl(w) + eGi (w)
bolds. This is a contradiction. So if .*£ V(G2), x^-z  then A.
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Let P(w, z) be a shortest path between the vertices w, z in the graph G. If there 
exist vertices of G2 not belonging to the path P(w, z) then we choose from them some 
vertex x  which is the farthest from w and then analogously as in the previous part 
of this proof we can verify that d(G2—x )^ d  and d(G — x)^d . which contradicts the 
F-criticity of G. So the subgraph G2 equals the path P(w, z) and thus G, contains B.

The length к of the path P(w, z) is not greater than |y j  . If <7=3 and G is not a 
path then according to Theorem 2 the graph G is v0 -critical. Hence A = 0  and thus 
C=  0 .  So the graph G is a block and fc = 0 = |y j —

Let <7 be even, űfe2. Assume d(w, z) = f y j  =k. Then eGl{w) = у . If А П V(G1) = 0  
holds, then after deleting any vertex x^V(G^) that is the farthest from w we get 
d(Gl — x ) S  2 -y a n d  also d{G — x )^d , which is impossible. Hence k ^  | y j  — 1.

If there exists y^A D V iG ^  then d(y, z) = d ; d(y, w) = y  and for every xfkXGj) —

— {у} we have r/(x, w )sjy-j — 1. Let P(y, w) be a shortest path between the verti
ces y, w. Let the vertex и of Gx not belong to P(y, w) and let it be the farthest from
w. Then we have d(G1—u )^ d  and d(G — u)^d , which is impossible. So k ^  — — 1 
holds. L - J

If there exists v£C, vXw  then analogously as in the previous case, we define 
the subgraphs Gx(f), G2(f), then we prove that G2(f) is a path P(v, zx), where 
z iZV(Gt (v)), zx ?*z, zx^A and then we estimate its length.

If a vertex и£С, uX v, uX w would exist, then as above we define the subgraphs 
Gx{u), G2(u) and then we prove that G2(m) is a path P(u, z2), for some vertex z2?fz1, 
z2^ z ,  z2dA. This contradicts the inequality \A |S 2  proved in Lemma 2. This comple
tes the proof.

From the proof of Theorem 4 immediately follows:
Corollary 2. Every v0-critical graph is a block.
The graph Q on Fig. 6 is F-critical but not v0-critical and it is a block. The graphs 

Q — a,Q — b have the same properties.
R em ark  1. The estimate of the length of the branches, which are paths for 

F-critical graphs can be reached. The required graph for d = l is on Fig. 7. For d ^9 ,
d odd, it can be constructed analogously, where d(a,w)=\-~\, d(w,z) = d —\-—\

\ d ]  L - J  L 2 Jand the sets Xt, l y l  will contain d+ 3 vertices. The graphs C5, Ce are
F-critical of dir meter two, three, respectively.

If d is even, i/§2, then the graph that arises from the circuit C d  + 3 by adding
a path of length | y j  — 1 as a branch is F-critical of diameter d and contains a branch

of length | y j  - 1 .
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Corollary 3. Let й?й 2 be an integer. Let G be a v-critical graph o f diameter d. 
Then i f  at least one o f the numbers x(G), 1(G), 0(G) is equal to one, then x (G) = 
=L(G)=Ő(G)= 1.

Proof. Trivially, 1 ^x(G)^l(G)^<5(G). If we suppose that x(G) =  l and the 
vertex и is a outpoint, then at least one of the branches at и is a path, by Theorem 4. 
Thus c>(G) = l and hence 1(G) = 1. Q.E.D.

C orollary 4. I f  G is a v-critical graph of diameter two and at least one of the 
numbers x(G), 1(G), d(G) is equal to one, then G is a path o f length two.

R em ark  2. Let G be a r-critical graph and let A be the set of decreasing vertices 
of G. Then one can see:

1) if m£F(G)—A then deg и й  2, because otherwise we would have d(G—u)^  
=d(G).

2) at most two vertices of G have degree one, because \A|^2.
3) if G is v0-critical, then 0(G) й  2.
T hoerem  5. Let d й 2  be an integer. Let G be a v-critical graph o f diameter d  

with p-vertices. Then (5 (G)^ J •

P r o o f . If <5(G) =  1, then the inequality holds, because p= d+ 1.
Let <5(С)й2. Then 1(С)й2 and x(G)й2 by Corollary 3. So the graph G — x 

is connected for every x£ V(G). There exists a vertex z of G such that d(G-z)>-d(G), 
because рйй?+1йЗ and G contains at most two decreasing vertices. Let R= G —z 
and let dR(u, v) — d(R). Then NR(u)C\NR(v)= 0  as d(R)>d(G)^2. We have deg^z^ 
й degc и— 1, degjjvй degc v — 1. Adding these inequalities we get degRи+ degRv+ 2 й  
й  degG и+ degG v.
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Let P(u, v) be a shortest path between the vertices u, v in the graph R and let M  
be the set of its vertices. The length of the path P(u, v) is at least d+  1 and hence 
\M\ ^d+ 2. The path P(u, v) contains exactly one vertex of the sets NR(u) and NR(v). 
So we have p= |F(G )|& |M | + |7VR(M)|-|-|AfR(y)|-2+|{z}|&degRM + degRi ! + i / - l s  
^d eg Gu + degGv+ d— 1. So degGи 4- degcv ^ p —d+ l and then either degGa or
degG v is not greater than [ ———— j . Thus ő (G) ̂  f —— 1 I and the theorem follows.

This bound is reached for the graphs C5, C6. It is an improvement of the inequa
lity ő(G) ^ —,-— which is proved for v0-critical graphs in [8]. Finding estimates for
other invariants, e.g. for the number of edges, of r-critical graphs seems to be a more 
difficult problem.
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EINE FOLGE POSITIVER 
INTERPOLATIONSOPERATOREN

Von
H.-B. KNOOP (Duisburg)

Gegeben seien zwei kompakte Intervalle K=[a, b] und J=[c, d] sowie m paar
weise verschiedene Punkte x l5 ..., xm in К und m Funktionen hk£*£R(J), k=  1, ..., m. 
(Mit (€R(K) bzw. %R(J) bezeichnen wir den Banach-Raum der reellwertigen, auf К 
bzw. /  definierten, stetigen Funktionen unter der Cebysev-Norm.) Dann wird ein 
Interpolationsoperator L,„: (é R(K) -^(6R(J) definiert durch

(Lmf) (x )  =
m

Z  tik(x)f(xk)
k =  1

(vgl. R. A. D eVore [1]). Sind die Funktionen h k nichtnegativ, so entsteht ein positiver 
linearer Operator Lm. Für K —J= [— 1, 1] erhalten wir z. B. einen positiven Inter
polationsoperator, wenn xl5 xm die Nullstellen des Jacobi-Polynoms J ^ ,ß) mit 
— 1< аё0 , —l< ß sO  sind, und wenn Lmf  das eindeutig bestimmte Hermite—Fejér- 
Polynom vom Grad s2 m —\ ist, für welches gilt:

(Lmf)(x k) = f(x k), (LnJ ) '(x k) =  0 (k = 1, ..., m)
(vgl. I. P. N atanson [3]).

Wir wollen nun zu bestimmten Knoten x1; . .. ,x ra im Intervall K=J=[— 1, 1] 
den Interpolationsoperator L,„ auf Positivität untersuchen, der dadurch entsteht, 
daß jedem f ^ R(K) das eindeutig bestimmte Polynom vom Grad s)4»? — l mit
(!) (L,nf)(xk) = f{xk), (Lmf Y n>(xk) = 0, (k =  1, n = 1,2,3)
zugeordnet wird. Wie wählen als Knoten xl5 . . . ,  x m die Nullstellen des w-ten Cebysev- 
Polynoms Tm (x )=  cos (m • arccos x). Laut M. M üller [2] läßt sich das Polynom 
Lmf  in der Form

darstellen, wo

m

(Lmf  )(x) = Z  ak(x)lZ(x)f(xk)
k =  I

(2) ak(x) = {6(1- xkx f  + [(4m2 -  1) (1 -  x*x) -  3](x -  xfc)2} (k =  1 ,m)

und lk das Lagrange-Grundpolynom mit

lk(x) =
T Jx)

K (x k) ( x - X k)
ist. Es ist leicht zu sehen, daß dieser Operator die Eigenschaften (1) erfüllt. Der 
folgende Satz zeigt, daß der hier konstruierte Interpolationsoperator positiv ist.
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Satz  1. Sind xlt , xm die Nullstellen des m-ten Cebysev-Polynoms Tm, so gilt 
für alle k=  1, m und alle — 1, 1]:

ak(x) 3s j .

B e w e is . Wir betrachten die in (2) auftretenden Funktionen, für die folgende 
Beziehungen erfüllt sind:

(1 —xkx)2 =  (x—xkf  für alle xdK,
(4m2—1)(1 — xkx) — 3 а  — 3 für alle xdK.

Damit ist für alle xdK

6( 1 - xkx)2 + ((4m2- ] ) • ( !  - x * x ) - 3 ) ( x - xk)2 =? 3(1 - xkx)2,
also

, . Ä 0 ^ ^ ) !  & (1 - x k)2 = 0 ~ w ) 2 1 Ä i
k( > -  2(1 —xf)2 -  2 (1— xk)2 2(1 —х*)2(1 + x t)2 2(1 + xt)2 — 8 *

Wir wollen nun die Frage untersuchen, ob für die Folge (Fm/ ) m£N von Inter
polationspolynomen gilt:

lim \\f—Lmf\\ =  0.
m -+  oo

Dabei deutet | | . || die Cebysev-Norm im Raum ^ R(.K) an. Wir benutzen eine allgemeine 
Aussage über die Konvergenzgüte einer Folge positiver linearer Operatoren von 
^ r(K) nach ^ r (J) (siehe R. A. D e V o R E  [1; S.28]). Danach gilt für alle fd4>r (K) 
und alle xdK:

\ f ( x ) - ( L mf)(x)\ sá 2o>(/, otm(x)).

Hierbei ist io: ^ r (K)XR% Э (/, ő)>-*co(f, ö) der Stetigkeitsmodul, a2(x) = 
= (Lm((7ti— x)2))(x) und die Identität auf K. (R* = {r£R; /->0}.)

Sa t z  2. Für alle fd ^R (K ), alle ra f N  und alle xd К gilt:

\ f ( x ) - ( L mf)(x)\ sä 2cu | / ,  |Гт (х)| |2m -2 + j m - 3(m2-  l)7^(x)j j .

B ew eis . Bekanntlich läßt sich das Lagrange-Grundpolynom bezüglich der 
Nullstellen des m-ten Cebysev-Polynoms Tm in der Form

darstellen. Damit ist

( — n*-1 T (V)

m ( 1 _ у v"\2
(Lmf) ( x )  = m~> > T*(x)f(xk) +

k =  l  t x  —  X k )

+ т~* Д -^ - ( (4™2-  ])(1 - x kx)~  3)

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



EINE F O L G E  POSITIVER INTERPOLATIONSOPERATOREN 265

Für y2m(x) erhalten wir daraus:

<*«(*) = m~2T 2(x) 2  H ~ x kx) !, *** 2 T 2(x) +
k = 1 m  \ X ~ Xk)

m 1
+ m ~4 2  ~t  ((4w2-  1)(1 - х кх)-Ъ)Т*{х).

fc = 1 О
Wegen

m l  _ V v m
2  тЧ * y  72(*) =  1 und 2 ( i - ***) =  w

fc = 1"» \ x ~~x k) k = 1

können wir â , folgendermaßen abschätzen:

««(*) ё  2т~2 T 2(x) + т~* T„\(x) | y  (4m2-  l ) m - y  mj

=  2m - 2 7^ (x) + у  ш - 3 {tri1 -1 )  Г* (x).

Aufgrund der Monotonie des Stetigkeitsmoduls im zweiten Argument folgt daraus 
die Behauptung.

K o r o l l a r . Für alle und alle m € N  gilt:

| / - L „ / | » 5 « , ( / A ) .

B ew eis. Aus Satz 2 folgt sofort

II/— А п /II S2«) /, m 3(m2 + 3m—1)
1/2

2co f, m~ 3m2j j = 2<x> (/, у 2 ш 1/2) ё  5(о | / ,  -L=j .

D. D. S t a n c u  [4] erhält für das Interpolationspolynom Lmf  ähnliche Fehler
abschätzungen wie im Korollar.
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RELATIONS BETWEEN SUMMABILITY 
OF FUNCTIONS AND THEIR FOURIER SERIES

By
L.-E. PERSSON (Umeä)

1. Introduction and announcement of the results

Let the function /have  period 1, let / b e  integrable on [0, 1] and let c„ =  c„(/), 
n£Z, be its complex Fourier coefficients. The sequence (c*)J° is the sequence 
(lej)!!,*, rearranged so that с%^с*ёс%^... and f*(x) denotes the function equi- 
measurable with \f{x)\ and nonincreasing.

Stein [11, p. 490], has proved the following theorem.

Theorem I. Let a, ß and у be real numbers such that — l< aS m in  (/? — 2, 0) 
and y = ß, Then

(о» ylß 1
2  (C*n)ßn* =E K(0L, ß, у) i f  ( / * ( * ) ) » —  d x f y-

The notation К (a, ß, у) stands for a constant depending at most on a, ß and y. 
The theorem of Stein contains some well-known results of Hausdorff— Y oung 
(see [14, Vol II, p. 101]). Hardy— Littlewood (see [14, Vol II, p. 123]), and Pitt 
(see [9, p. 747]). Furthermore, Wik and the present author, [8, p. 298], have stated.

Theorem II. I f  a is a real number satisfying — l < a <  — 1/2, and if there exists 
a nonnegative and continuous function h on [0, =°[ such that h(t)a’ is an increasing 
function o f t for some a£R+ , 1 /h(x) is integrable and

f  |/(A-)|-1/a(//(log+|/(x ) |)-1- 1/a:)i/x <  с о ,
0

then
2 \ СЛ Л Ы Л <  “ ■0

Our first purpose is to state a theorem containing Theorems I and II as special 
cases but first we need a definition. We say that a nonnegative function A on [1, »] 
belongs to the class Q(a0,b „) if, for some real numbers a < o 0 and b>b0, l{ t ) ta 
is an increasing and /.(?) th is a decreasing function of t.

Theorem 1. Let ß>0 and let /. be a nonnegative function on [0, °°[ which is constant 
on [0, 1].

(а) / /Л е с а ,  1 — /7/2) then

(1.1) i  (c*ny m  ^  K(ß, 1) f  ( f* ( x )Y x '-4  [ - )  dx.
n = 0 $
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(b) I f  /€<2(1 ~ ß/2, \ —ß) and i f  cn are complex numbers such that cn-*0  

as n-* + °° and 2  (с%УХ(п)<с°, then there exists a function f  with c„ as Fourier
n = 0

coefficients and such that

(1.2) /  ( f4 x ) )ßx ^ 2Ä Í - )  dx K(ß, A) 2  (cZYMn).
о \ X J  n=0

We note that 
(i) if y ^ ß  then

1 ( <*. \4P
( /  ( f* (x )y x* — i dx)1/p^ K \ 2 ( f* ( 2 -'))i 2 'i1+«-«
о ( 1=1  )

(со у  h  1 i/y
Д (/* (2 -0 )» 2 ,(1+- « » /^  s A-(/

and, thus, according to the fact that Theorem 1(a) can be applied with X(t) = 
= t a, — l<oc</?/2— 1, we find that Theorem I holds in a wider range of parameters 
than stated.

(ii) by applying Theorem 1(a) with ß= l and A(/) =  /“, — l<<x—1/2, and by 
using our Theorem 7 we see that Theorem 1 generalizes Theorem II.

(iii) Theorem 1(a) does not hold in general for example when A(t) = ta,a>/?/2 —1 
or a =  /?/2—1, 0< /?<2 (see [10, Ch IV:6] or [14, Vol I, p. 225]) and Theorem 1(b) 
fails when A(i) = i a, a-eß/2-I or oc = )3/2 —1,/?>2 (see [4, p. 41] or [14, Vol I, p. 215]).

Theorem 2. Let /?>0 and let X be a nonnegative function on [0, °°[ which is 
constant on [0, 1] and XdQ(l, 1 — ß).

(a) I f  f  is a nonnegative function on [0, 1] such that

f* (x )  ^  A x -1 f  f ( t )d t ,
Ö

then (1.2) holds.

(b) I f  f  is nonnegative, even and nonincreasing in [0, 1/2] then (1.1) is satisfied.
(c) I f  (c„), n fZ ,  are nonnegative and if

c* A(n-1 2  ck)
IfclSn

then (1.1) holds.
CO

(d) // 'a1&a2= .. . ->0 and if f(x )  =  2  a n cos 2nnx then (1.2) is satisfied.
Л =  1

In particular Theorem 2 contains the fact that if jS>0 and if X£Q( 1,1—ß) 
then the conditions

(1.3) f  ( f* (x )y Xe-2X dx < oo and 2 ( ^ ) ßX(n) <  =
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are equivalent in the classes of functions considered in (b) and (d). By analysing the 
proof of Theorem 2 it is easy to deduce that if ß ^ l ,  then, in the same classes of 
functions, also the conditions

f  \f(x)\ßxß~2X [ — I dx < ° o  and J 1 |с/Я(|и|) <  °° 
о  l - * - /  —  <*>

are equivalent to the conditions in (1.3). Thus Theorem 2 can be considered as a 
generalization of some well-known theorems by Sz .-Nagy [7, p. 121] (/1=1) and 
Boas [1, p. 35] (0 > 1 ).

By combining Theorem 1 with Theorem 2(a) and (b) we obtain
Corollary 3. Let /?=-0, let g be an integrable function on [0, 1] and let Я be a 

nonnegative function on [1, °°[.
(i) //'2.60(1, 1 —0/2) then

(1-4)
n =  l

for every function f  which is equidistributed with g i f  and only if

(1.5) /  (g*(x)yx^ 4  ( i j  dx < со.

(ii) I f  A 6 ß  (1 — /1/2, 1— ß) then (1.4) holds for some function f  which is equi
distributed with g i f  and only i f  (1.5) is satisfied.

For the case X(t) = 1 Corollary 3 reduces to a well-known theorem by H a r d y  
and Littlewood (see [2, p. 9] or [14, Vol II, p. 130]). We also note that by applying 
Corollary 3 with Я(Г) = С, —l< a < /J  —1, we obtain a result which is similar to what 
H u n t  [3, p. 270] has proved for Fourier transforms on R.

The following dual version of Corollary 3 follows by combining Theorem 1 
with Theorem 2(c) and (d).

C o r o l l a r y  4. Let /?>0, let Я be a nonnegative function on [ 1, °°[, and let c„, 
ndZ, be complex numbers such that c„— 0 as и — ± ° ° .

(i) I f  Я 6 б  (1 — /3/2, 1 —ß) then a necessary and sufficient condition that (c„) 
should be, for every variation o f their arguments and arrangement, the Fourier coeffi
cients o f a function f  satisfying

<1.6) f  (.f* (x))ßXi,- 4  dx < °°

is that

<1.7) 2(с*п)П(п) <
n = 1

(ii) / /  Я 6 Q (1, 1 —/1/2) then a necessary and sufficient condition that (c„) should be, 
for some variation o f their arguments and arrangement, the Fourier coefficients o f a 
function f  satisfying (1.6) is that (1.7) holds.
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In particular when X (t)= tß~2 we obtain a well-known result o f  H a r d y  and 
L ittlew o o d  (see [2, p. 3] or [14, Vol II, p. 128]).

Next we observe that it is easy to find examples showing that Theorem 1(a) 
ceases to be true for instance when I ( t ) = /_1 (see e.g. Z y g m u n d  [14. Vol I, p. 189]). 
We shall now state a theorem for ß ^ l  which contains this exceptional case.

T heorem  5. Let ß ~  1 and let p be a nonnegative function on [1, °°[ which is 
constant on [1, 2] and, for some real number b0, p(2‘) fQ (\,  b0). Then

2(c*nfn - 'n (n )  s  K(ß,p) f  (.f4 x )Y ( lo g V 4 x )Y li( f* (x ) )x '-1dx + K(ß, p).
n = l  0

By choosing (?) =  (log t)6, — 1, we obtain the following generalization of a well-
known estimate due to Z y g m u n d  (see [13, p. 297] and [14, Vol II, p. 158])

2  {cW n-'(log (n + \) f  ^  K(ß, S) f  (f*(x)y(\og+f* ( x ) y +sx ^ 4 x + K (ß , 5).
1 0

According to elementary examples we see that the exponent ß + ö on the logarithm 
is the best possible and that the inequality does not hold for <5= — 1 (see [14, Vol I, p. 
189]) but by following the proof of Theorem 5 we can deduce

2  (спУ (« log (л+ l ) ) '1 SП = 1

S  K(ß) J  ( f*  (x))ß(\og+f*  (x))ß~1(log+ log+/* (х)Ухр~г dx + Щ ).
0

The exponent ß on log+ log+ can not be replaced by any smaller number (see 
[14, Vol I, p. 189]).

For the sake of completeness we shall also state a theorem which, in a way,, 
is dual to Theorem 5.

T heorem  6. Let ß = 1 and let ц be a positive function on [0, ■»[ which is constant 
on [0, 2] and, for some real number a0, /r (2')€ ß (űo> !)• Then

f  ( Г (x ty x - 'ß  (̂ j dx s  K(ß, p) i  (cty  flog- ij' P fij (n + \y - ' + K(ß, p).

To see that the exponent ß on the logarithm is the best possible suitable examples 
can be found in [14, Vol I p. 188].

In our next theorem we shall characterize a special case of the Lorentz spaces 
(for the definition see [6, p. 37]).

T heorem  7. Let a and ß be real numbers such that /? =-0 and /1 —2<a-=/l— 1 
and let fb e  a measurable function on [0, 1]. Then the following conditions are equivalent:

l
I. f  (f*(x)yxi>-*-2dx < oo.

0
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II. There exists a nonnegative and continuous function h on [0, со] such that 
(a) h(t) a' is a decreasing or an increasing function o f t for some a(_ R h.

and
<b) /  J ü ) dl

(c) /  | / ( . v ) | ^ T(/i(log+ |/( .v ) |) )^ b -  dx

If /1>0 and — 1<а</?/2— 1 then it is easy to deduce from Hausdorff—Young’s
theorem and elementary inequalities that the series 2  (сп (/)У пОС converges if

1
f£ L p[0, 1] for some р>/?/(/1—a —1). (For the case ot^ß — 2 we can even have 
p —/?/(/! —a — 1).) By combining Theorem 1 (a) and Theorem 7 we obtain a refinement 
of this statement namely, if /?>0, — 1 <a</?/2— 1, and tx.^ß — 2 and if there exists
a function h satisfying the conditions in II then the series (2)hix is convergent.

1
This statement is sharp in the following sense.

Theorem 8. Let oc and ß be real numbers satisfying /?> 0 and max (/1—2, —1)<  
:a< /?— 1 and let h be a nonnegative continuous function on [0, °°[ such that, for some

r 1(5, 0<<5</?, A(2log+ t)€ß(<5, —<5) and / , . dt i= oot Then there exists a nonnegative
о

function f  such that
1 ß  2 — ß — a

f  |/(* Ж — 1 (A(log+|/(*)|)) '— 1 dx <  -

but
2  \cn\ß\n\* =n̂ O

I wish to thank Docent Ingemar Wik for many interesting discussions and the 
generous advice he has given me during the preparation of this paper.

2. Proofs of the theorems

We need the following lemmas.
Lemma 1. Let (a,)5° and (bt)^ be positive sequences and let p ^  1. Then

(2.1) 2  aiI — о (i* П1 p
= pp 2  ai ~pI — n Li»-]

and
Í — и Í — и

(2.2) 2 a ,7 = 0
“

2  Кn=l ^ P p 2  a}-p \ 1 = 0 2  a ),n=0 )
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Proof. A proof can be found in [5, p. 279].
Lemma 2. Let 5 be a positive number and let g be a positive, integrable function 

on [0, 1[ such that g (a) xa is decreasing or increasing for some real number a. Then 
there exists an integrable function g i(x )^g (x ) such that x 1+sgx (x) is increasing and 
x 1~igi(x) is decreasing.

Lemma 3. Let 5 be a positive number and let g be a positive, integrable function 
on [0, oo[ such that axg(x) is decreasing or increasing for some a>0. Then there exists 
an integrable function g2 (a) =g(x) such that 2Sxg2(x) is nondecreasing and 2~öxg2(x) 
is nonincreasing.

Proof. Proofs of Lemmas 2 and 3 are given in [8, p. 293—294] but the proofs 
can be carried out even simpler by convolutions.

Proof of T heorem 1(a). For /= 0 , 1,2, ... we put f*(2~l)=N,. Let Elt l— 
= 0 ,1 ,2 , . . . ,  be measurable sets with m(E,) = 2~l and 
c  WI/(*)I=W;}. We put

ff{x )  on E,
} 0 elsewhere.

For n = 0, +1, ±2,
f ( x )  = 

we have

(2.3) |c„(/,)| =  I /  f ( x ) e - ^ x dx I ^  / \f,(x)\ dx = f  f ’ (x) dx.
0  0 0

Moreover, by Parseval’s relation,

(2.4) M f - f )|2 =  /  dx
0

/  (f*(x))-dx. 
2 - ‘

We combine (2.3) and (2.4) and obtain

(2.5) 2'£(с*п(ЛУ S  2 22  K ( f - f ) I2+ 2 22  \c*„(f)\2 ^

2 /  ( Г  (A-))2 dx + 2i+1 ( /  f  *(x) dx)2

From now on by К  we shall mean a constant depending at most on ß and Я but not 
necessarily the same on all occasions. By using (2.5) and the growth properties of 
X ,f * and (c*) we find after some calculations

( 2 .6)

2l + 2

2* +1 ÍZ  (c*n( f  )YX(n) s  K \ 2 ^ - ^ lX{21) \ 2  ( / * ( 2 - " ) ) 22 - " |  +
\n=0

P I  2

+ 2 l X ( 2 l )  [ | ( / Ч 2 - » ) 2 - " j  } .

We put, for /= 0 , 1,2, ..., a,=A(2')2,(1_/,/2> and bl—(f*(2~,))22 l. According to 
the hypothesis X£Q( — , 1 —ß/2) there exists a real number b, l —ß/2, so that the
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terms of the sequence (a,)“ decrease with a ratio at least as large as that of a geo
metric sequence with ratio 21~ß,2~b. Therefore, by applying (2.1) in Lemma 1, we 
find, for ß^2 ,

(2.7)
( I y/*

2 ’A(2')2'<1-',/2>l Z  ( /* (2 -n))22 -n s
1=0 (n=0 J

For /?<2 we first make the trivial estimate

Z  bn
n —0

ß l  2

ZK>*

and then we apply (2.1) with p = \ to obtain (2.7). Analogously, by the assumption 
A€Q(1, —), we see that, for /=0, 1, 2, ...

and, thus, by (2.2)

A(2'+1)2M 
A (2') 2' =5 K >  1,

( 2.8)
1=0 n= l
2 ’2iA(2') 2 /* (2 '" )2 -"  == K Z ( f 4 2-'))/,A(2')2'<1 -0>.

1= 0

As it is easy to verify that for every n and Agß(l, b), b£R,

C*n^K

we can use (2.6)—(2.8) and to find

1 iß

Z (c * n Y m  ^  K Z ( f 4 2 - l))ß4 2 ‘)2V-i>\
n = 0 1=0

This inequality is equivalent to (1.1) so the proof is complete.

P roof of T heorem  1(b). The hypothesis ^  (c*)^A(«)<«=, — ß/2, 1 -ß ) ,
0

implies that Z  k„|2<  0 0  and the existence of the function / i s  clear. By a personal
communication I. Wik has pointed out to me that the basic estimate (2.5) in 
the proof of Theorem 1(a) can be generalized to every local compact Abelian 
group G in the following way. For every integrable function /  on G we define the 
function/*  on [0, °°[ as the inverse of the distribution function, modified in a suitable 
way. Analogously, for the Fourier transform on the dual group G we define f*  on 
[0, ■»[. By arguing as in the proof above we find, for /£ Z,

(/* (2 -'))2 ^  2 (( Z  2"/*(2")j + 2 l Z  2"(/*(2n))2) .
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In particular, for the case G =  Z, G =  Rj2nz we obtain, for /= 0 , 1,2, ...

Hence

I
I

n=0( . * 2 \  2  c2*„2- + 2 ,+1 2  (4 0 22"
n  — l

(F ip if lv -H k O * )  s  I 2  c2"2”I + 2'(1- ^ ) ; . ( 2 ') |2 (c2+„)22
л =  0 • П -

By this estimate, Lemma 1 and the condition A€0( l —ß/2, l —ß) the rest of the proof 
can be carried out just as in the proof of (a).

P r o o f  o f  T h e o r e m  2(a). The Fejér kernel

FN(0  = 2  1 -\k\̂ N
\k\

N+  1
02nikt _ sin я(.Л1+l)r V 1

Sin 7lt N + 1
satisfies, for 0 <  |i| ^  1/2 (N+ 1),

f2(2V+1)/)2 1
*

Therefore, by the assumption f= 0 ,
\2 1/2(N + 1)

N+  1 I 71
2 1“(ЛГ+ 1).

and we find

2 Y2 i/2(\+d
-  (ЛГ+1) /  0 ) s  2  h \
, n  ) о 1*1 sw

(2.9) /  ( / dt)ßx ~ 4  ( - ]  dx ==К 2  ( f  Я П  d t p ll(2l) ^

2l ^
= K Z {  2  cky2lV-t>4(2l) s K 2  \ 2  с к \ 2^-РЩ21).1 = 0 (|fc|S2' ) 1=0 U=0 )

Since 2£Q( 1, 1 — ß) we have, for / =  0, 1, 2, ...,

2(,+1)(1-^)Д(2г+1)
12'(1-«2(2')

and, thus, we can apply (2.1) to obtain, for 1,

(2. 10)
( 2‘ Y ( 2* ^

2 \ 2 c t \  2'<1-«A(2') ^ K 2 \ 2 c i \  2Í(1_Í>A(2!) +
i=i (г'-1

+  (с0̂ А ( 1 ) ё * 2 ( с п*УВД.
л = 0

When ß < l  we first make the estimate

i
S  2n = 0 +  ( 4 /
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and then we apply (2.1) with p = l  to obtain (2.10). According to the hypothesis
X

f* (x )^ A x ~ 1 J  f(t)d t the desired result follows by combining (2.9) and (2 .1 0 ). 
о

Proof of Theorem 2(b). Following Zygmund [14, Vol II, p. 130], we have, 
for 0 ,

1/2W

|c„| ^  A f  f{x )  dx.
H in

The sequence (J  f  (x)dx}™ is nonincreasing and, thus, for n > 0 ,

l/2n 1/2л l/2n

c* ^ a [ J  f ( x ) d x f  = A f  f ( x )  dx = A f  f* (x)dx .

Therefore, by the hypothesis A£ß(l, 1 —ß), we can, analogously to the proof of (a), 
apply (2.2) in Lemma 1 and complete the proof with the following estimates

2  (сУ Ц п) = К 2  (4УА(2')2' К 2  А(2г) 2 ' 2 f* (2 ~ 't) 2 -
п=1 1=0 1=0 \n=l

SS K 2 ( f * (  2-')У2г(1 -«А(2г) = К f  (f*(x)Yxß~2l  [—I dx.
1 = 0  s

Proof of Theorem 2(c). Consider the triangular kernels, PN(x), defined by 
PN(0) = 2N, PN(x) = 0 for \x\ >  1/2N  and linear elsewhere. An easy calculation shows 
that

ck (PN) —
AN2,
n2k2 [Sm2 Äj

1

for к 0  

for к = 0 .

Therefore, by Parseval’s relation, we obtain

/  / ( 0  Ps(t) dt = ~ - 2  ckk~2 |sin , 

where the term corresponding to k = 0 beeing understood to mean c0. Hence
2 1/3 2 1/2N  2 V "

f  m P N(t)dt f  f( t)d t  g - r f f i  / 4 0  dt.
I*|SN 4  _jy2 Z - 1/2Д1 z  о

According to the hypothesis
<$ =  Ля-1 2  |Cfcl

\ k \ s n

and A£ß(l, 1 — /?) we can argue just as in the proof of (b) to complete the proof.
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Proof o f  T heorem  2(d). Following Z y g m u n d  [14, Vol II, p. 129], we observe 
that, in the class of functions considered,

2'

|/(x)| i? 2 h(x) where h{x) = 2! an f°r 2 - i _ 1  s  x <  2~l, l = 1 , 2 , ....
1

The function h is nonincreasing and therefore

f * ( 2 ~ l) ^  2 2  a n =  2 2  c n- 
n = l n= 0

Since we have assumed that Á£Q (l, 1 —ß) the theorem follows from this estimate 
and (2 .1 0 ).

Proof o f  T heorem  5. The condition 2(2 ')€ß(l, b0) implies that there exist 
real numbers a, a < l ,  and b such that, for 2 m~1 ^ n S 2 m, m = 1 , 2 , ...,
(2 .1 1 ) min (2b, l)Ai(2 2m) =£ p(2 ") S  max(2 a, l)g(2 2m) 
and
(2 .1 2 ) ц(2п) ä  min(2 - a, 1 )/г(2 2"” 1).
In particular we see, by (2.12), that the terms of the sequence (2тц(22т)) increase with 
a ratio at least as large as that of some geometric sequence with ratio min (2 1-a, 1 )=~ 1 . 
Therefore, by (2.11), we find, for 2S_1 S /S 2 S, j = l ,  2, ...,

I 2s s  2“  s

(2.13) 2  М2") ^  2 p (2л) ^ 2 2  ^(2") =s К 2  2 X 2 H  s
1 1 m = l  2m _ 1  m  =  1

Ä K2sn(2*s) =§ Klji(2l).
An application of (2.6) and (2.7) with 2(i) =  /u(i)// shows that

(2.14) 2  (с*пУц(п)/п S  K f  i f  f * ( t )  dt)ßл- V  Ы  dx-
n = l  0 0

N ow  we use the growth properties o f  g, (2.2), (2.13) and (2.14) and obtain 

(2.15) 2  (c*„Yß{ri)ln =s K 2 fi (2 ‘) í Í ' / * ( 2 - ) 2 - " | í
n = 1 1=0 \n = l

l
^  к  2  ( f * (2 ~l))ß2 ~lß 2  d ( 2 " )  (p(21)У~1> ^

n = 0

^ к  2  ( f*  (2~l))ß2~lß lß n(2l) S  K f  (Г (х )У  [logijV  (|J  xß-4 x .

We put M 1—{xI O S x ^ l, /*(x)fel/x}, M2 ={x[ 0 ё х ё 1 ,/* (х )^ л :‘ 1/2} and M 3 = 
= [0, llX M iU M j. The function (log t)ß fi(t) is increasing and, thus, for xdM lt

(2.16) log^ j s(log /* (x ))V (/* (* ))-
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Moreover, for x£M 3, 

(2.17) log = log / *  (л) S  log ̂  .
Л Л

Therefore the condition 2£Q( —, b0) implies that there exists b such that

(2.18)

!og*

Finally we observe that the contribution to the integral in (2.15) from the set M2 is 
less than a constant (not depending on / )  so the proof follows when combining
(2.15)—(2.18).

Proof of T heorem 6. Since A (2' ) € Q ( a 0 , 1) the inequality

follows by using similar arguments as in the proof of Theorem 5. Furthermore, from 
the proof of Theorem 1 (b) it is easy to deduce

In view of these estimates and (2.1) the proof is similar to the proof of Theorem 5 so 
we omit the details.

Proof of T heorem 7. First we assume that II is satisfied. We choose 5,

(a,) h2(x)26x is nondecreasing, and 
(ai) h2(x)2~Sx is nonincreasing.
It is easily seen that our modified function satisfies (b) and (c) too, so we can, 

without loss of generality, assume that our function h satisfies (ax) and (a2). We 
observe that the choice of ő makes the function tß(h(log t))2~ß+x increasing on 
[ 1 ,  o o ] .  Therefore (c) implies that the series

Converges, where ak, k= l, 2 , ..., are the least real numbers such that f*(ak) = 2k. 
We make Abelian transformation on the series (2.19) to find that this series con
verges exactly when

Z /* ( 2 " ) S  К 1 ц ( 2 1)

0<<5</?/(2—ß + oi), and apply Lemma 3 to the functiong(x) = h(x) . The modified

(2.19)
k = 1

oo ±
У oct <  oo

l
( 2.20)
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We also note that
l

(2.21) f  ( f * ( x ) Y x ß - x - 2 d x  s  y ,2 kß f  x ß - * - 2 d x  + A s  A 2  2kßa£~x~1 + A
n fc = l  . k = l“k-l

and, by Holder’s inequality,

(2.22) 2 2 W ef - « - i S ^ ( 2 ‘'(A(*:))»-<»+«)/»-“- i « ltj [ Д - щ -J

1
The growth and integrability conditions on h imply that the series 2  T7T\ con"fc=i n{k)
verges and, thus, by (2.20)—(2.22), we see that I is satisfied. On the other hand, 
if I holds, and if s is a real number such that 0<e</? — a — 1, then according to Lemma 
2 , there exists a function #i =  1 such that f* (x )S g k (x),

(2.23) xß~x~1+E(g1(x)y is nondecreasing,

(2.24) xß- x~1~s(g1(x))ß is nonincreasing 
and

1

f  (gi (Х)У xß ~*~2 dx <  °°. 
о

The last condition is equivalent to

(2.25) 2  Ы 2-k))ß2k̂ - ß+̂  <  «в.
k  =  1

We put ak=g1(2~k)2kil~ß+x) and define the function h at the points xk = logg1 (2_fc) 
by h(xk)= l/ak, k = 0, 1, 2, .... It follows from (2.23) and (2.24) that

( ß  — a  — 1 — e )t  

g i ( 2 ~ k ) 2  ~

( ß  — a — 1 + e ) t

gl(2-k-‘) s  gl(2~k)2 ß , O s t  s i .

Therefore

(2.26)
and

ß —a —1 —e ß—a —l+ £
----------- -ß -----------------  * t - i - * *  S ---------- -ß -------------

h(xk) gß{ 2 -*-1)2-B -s
h(xk+1) g((2~k)2ß

-L---<  2e-a—1 — ^ *

Thus h can be extended to a continuous function, defined for x^O, and satisfying 
(ax) and (a2) with ö=e(ß/(ß — 1 — a + e)+l). By (2.25) the series

00 1

k?i h (xk) = 2  ak
k  =  1
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is convergent and from the right hand inequality of (2.26) and the growth properties 
of h we conclude that is integrable so (b) is satisfied. In view of the growth 
properties of gx and h we find

f (g iW y -* -1 (A(l0g +g1( x ) ) y - ^  dx ^  A i ( g 1 (2- fc) ) / > - - 1 2 ‘ ‘ =
о *=°

=  A  2 a k -
k  =  0

eß f i(2-/)+a)
(We can for example choose A = 2 ß~x~1 .) We have just proved that
the condition (c) is satisfied by our auxiliary function gx and by choosing e small 
enough we obtain that 0-=<5</?/(2 — ß + a) so that the function tß(h(log+t))2~ß+x 
is increasing and, thus, (c) is also satisfied by /* . The proof is complete.

P r o o f  o f  T h e o r e m  8 . The proof is rather technical and tedious but can be 
carried out in a similar way as the proof of the special case ß = l which previously 
has been proved in [8 , p. 308] so we shall omit the details. We only note that our 
function f  is defined by

_  i(A(*Pv))-lcPvW~a~1)/'' on 4  =  lc~Py> c- M l + 6 ,)]. V = 2, 3, ...
Y | 0  elsewhere

where 2  and ( / ? „ ) ,  (xpJ  and (b,) are sequences satisfying certain properties 
e.g. pv£Z +, pv+1 s p v, x Pv+l- x PvS K > 0, 0< hv< 1, £  &v/A(xPv)<oo, and

v = 2
2  b$~‘*~1/h(xPv)=c°. The proof is based on a generalized form of Lemma 2.4 in

v = 2
p. 294] and a lemma by Wik [12, p. 75].
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ON THE EVOLUTION OF RANDOM GRAPHS 
OVER EXPANDING SQUARE LATTICES
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K. SCHÜRGER (Heidelberg)

1. Introductory remarks

The random graphs studied in Erdős—Rényi [2] are “unrestricted” ones in the 
sense that any two of their vertices can be connected by an edge. Below we introduce 
two types of “restricted” random graphs the edges of which belong to a special 
lattice. For simplicity we shall study only the case of (simple) two-dimensional 
square lattices. It can be easily seen that slight modifications of our arguments will 
yield similar results for higher-dimensional square lattices and also for other types 
of lattices (e.g. triangular, hexagonal, Kagomé). To some extent our study is motivated 
by some problems in crystal physics (compare e.g. the excellent survey article of 
K asteleyn [6]). In the sequel all graphs in consideration are finite, undirected and 
have neither loops nor multiple edges.

Let Lm„ denote the following two-dimensional (simple) square lattice: The set 
V(Lm „) of vertices (points) of Lm n is the set of all ordered pairs (i,j) of natural 
numbers i,j  such that Х^Ш т, 1 =y = «, and two vertices of Lm n are called adjacent 
(i.e. are connected by a horizontal or vertical edge) if and only if their distance in 
the Cartesian plane is 1 (observe that the number of all possible edges in Lm n is 
equal to 2mn — (m + ri), m ,n = 1, 2, ...). Using L,„ „ we can define two types of random

and Гт „ p, respectively. The random graphs
m „jv and jT,„ „iP both have V(Lmn) as set of vertices; their sets of edges are contained

graphs which we denote by T,„ „ N 
Г.
in the set of edges of Lm „. The number of edges of r m n N is equal to N=N(m, ri) 
(0 S  N  S  2mn — (m + rij) where N  depends in a deterministic way on m and n. We assume 
that these TV edges are chosen at random among the 2mn — (m+ri) edges of Lm n in
such a way that al 1 possi ble choices have the same probability, namely \^mn +
(a similar “random mechanism” was introduced in Erdős— Rényi [2]). In Гтпр each 
of the possible 2mn — (m+n) edges occurs with probability p=p(m,ri) (0=p=X) 
where p depends in a deterministic way on m and n, and any edge is chosen inde
pendently of any other edge. Therefore the number of edges of Гтпр is a random 
variable with expectation (2mn—(m+ri))p(m,ri). If 3? is any family of graphs, by 
^ { r m.„ ,N ^ }= P mt„>N{rm ^ N̂ }  (Р{Гт1П,ре ^ } = Р т,п,р{Гт>П1Р€ ^ } )  we denote 
the probability that Тт>и Л,(Гт „ p) is an element of F .  We write E(Q (V(£)) for the 
expectation (variance) of a random variable £, taken with respect to Pm>n>iV or Pm,„iP 
(it will be clear from the context which of the two probabilites is meant).

We introduce two different types o f  threshold functions (see also Erdős— Rényi 
[2, p. 19]). Let F  denote any family o f  graphs. A positive function 7’1= 7 ’1(m, rí)
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for which lim Tx (m , n) = °° is called a N-threshold function (of S') if
m,n-*-oo

( l . l ) Hm P
m,n-*-oo

0 if Urn 4 4 4  =  °
m ,n - + o o  T1(m9 n)

N(m,n)1 if lim —4——- ■ с»,
m , n ~ o o  7 n)

If additionally there exists a probability distribution function F such that for all x 
(0< x< °°) being continuity points of F

( 1.2) lim Pm ,n , lv{Pm,B,lv€^} — F(x) if ит  4 4 4
w,n-oo Tx(m,n)

then F is called a N-threshold distribution function (of S'). A positive function T2 — 
=  T2(m, n) for which lim T2(m,ri)=°° is called a p-threshold function (of S') if

(1.3) lim Pm, A^m, p€ ^ }
if lim p (m , n) T2 (m, n) — 0

m, n-*-°o

if lim p ( m ,  n ) T 2(m, n) =  oo.
m, n-*-oo

The definition of a p-threshold distribution function is similar to that of a iV-threshold 
distribution function.

It will be shown below (Theorems 1 and 2 of section 2) that for many families 
S' of graphs there exist N- and p-threshold functions. It is surprising that in all 
these cases the threshold functions depend only on the number of edges but not on 
the number of vertices of the graphs contained in S ' . This is in sharp contrast to the 
random graphs considered in Erdős— R ényi [2].

Let G be any graph. A graph G' is called a subgraph of G (H a r a r y  [5, p. 11]) 
if the set of vertices and the set of edges of G' are subsets of the corresponding sets 
of G. If S' is any set of graphs then let S'm n denote the set of all subgraphs of Lm „ 
which are isomorphic to a graph of S '. We write S'm<n for the set of all spanning sub
graphs of Lm „ which contain some graph of S7m<„. Put (J U S7m n. Call two

m=1 n=1
graphs Gx, G2 of S'm n x-equivalent if Gx can be carried into G2 by a translation. Let 
tiS 'm ^  denote the number of equivalence classes in S'mn with respect to т-equi vale nee. 
We write n< v (%m,n,N) for the number of graphs in Srm n which are subgraphs (iso
lated subgraphs) of r m „iN. (A subgraph G' of a graph G is called isolated if G' is a 
union of connected components of G.) In the same way we introduce £m,„;P and 
Zm,n,P for the random graphs Гш „ р. We say that a family S' of graphs has property 
(A)k (fcs 1) in case all graphs in S' are connected, each graph in S' has к edges, and 
S'm nF' 0  for some m and n. If S? is a family of graphs, having property (A)t we put 
t —t{S^)= lim t(S'm „). In the sequel C, Cl 5  C2 denote suitable positive constantsm,n-*-oo ’
not depending on (m, ri).

As we mentioned above, in section 2 we show that for many families S' of 
graphs there exist N- and p-threshold functions. In section 3 we derive some limit 
theorems for the random variables and

We would like to remark that the methods used for the proofs are mainly those 
of Erdős— Rényi [2].
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2. Existence of threshold functions

We begin with
Theorem 1. Let 3? be a family o f graphs, having property (A)*/or some /с=2. 

Then
k- 1

(2 .1 ) Tx(m, ri) = (mn) k
is a N-threshold function of S'0 .

Proof. Suppose that t(Srm „) = t for all sufficiently large m's and n’s. Then 

Pm,n,v{£m,n,JV — 1 } — E(^m>n>JV) S

= mnt

f 2mn — (m + n) — к 
N —k ) -

(2mn — (m + ri)\ 
{ N  )

N
2k (7)

1

fi m+ nY
l mn )

NHence Рт,„д {^ ,„д ё1 }  = о(1) if — =  o(l) (the Landau symbols o(l) and 0(1) will
■l l

be used only for the limit m, и->-°о). On the other hand,

(2mn — {m + ri) — k\

E« - - >  ® C><"-C>'

and therefore

(2 .2 ) £ ({ .. . ,„ )*  ±  [ l - ^ ) ( , _ £ ) ( " ) ‘ ( 1 4 )‘

For the variance V (im>niJV) = E (^ ,„ jlv) - E 2(^m>n>iV) we get using (2.2)

í— I*( 2 mn )

(2.3) v({....,)sE(a .„ ) - y ( i - ^ |  | i ~ j  ( fm N

We introduce the random variables I(S )= Imt„iN(S), being defined as

(2.4)
Therefore
(2.5)

We put
(2.6)

I(S) = im,n,A S ) = {q
1 if S is a subgraph of Гт п>!у 

otherwise.

E ( ^ >„,1y) = E (^ ,„ ,JV)+  2  E(/(Sj) • I(S2)).
S v Sz € & mi „

2  e (/(Sx) ■ i ( s $  = 2 '+  2  2 "S^Sz 1=0
Si,s2e&m,n
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the summation in 2 '  being taken over all ordered pairs (Sx, S2) (Slt S2̂ mf)  
such that Sx and S2 have no vertex in common, whereas in 2 "  we sum over all 
ordered pairs (Slf S2) (Slt S2^ mn) such that Sx and S2 have at least one vertex 
and exactly / (O ^ l^ k —l) edges in common. Define (for the moment) as
the set of all graphs St (Sx, S2+1+mn) such that Sx and S2 have at least one vertex
and exactly 1(0^Ш к—1) edges in common. The connectedness of the graphs in 
^ m>„ implies that t(3?mnf)  for fixed / is bounded. Let /(^ rm n /) ^ t0<oo for all ш ,л ё  1 
and О ^Ш к—l. Obviously

2 ' (mn)2t2($'mf )
2mn — (m + n) — 2k 

N — 2k
(2 mn — (m + и)) 

N  I

t 2(mnNk ) 2 _
(2mn — (m + ri) — 2k)2k ~

s  0 + * O ) ) £

Furthermore for 0 ̂ 1 ш к  — 1 we have

2 i  =  nmto

2 mn — (m + n) — (2k — l) 
N — (2k — l)

(2 mn — (m + и)'!
N  )

< /и п П л<о f / v f  (тип) ' - 1 

г (1 + “ " ) > 7 Ы  H P —

Taking into account (2.3), (2.5) and (2.6) we therefore arrive at

B o ( l ) ^ r ]  + ( l+ o ( l ) ) ^ r ( ^ - )  + (l + o ( l ) ) ^  ( ^ )  ( ^  +  ̂ ) -
Thus

(2.7) T W - Ü  if rO
n) CO for m, n -* °°.

N(m ?i)For the rest of the proof we assume that lim _ ’ - =  °°. Application of Tche-
m tn—oo Tx (m, n)

bychev’s inequality — together with (2.2) and (2.7) — gives

p{|<L,n>JV- E ( £ m,n>*)| >  у  Е(£т,„,*)} S  = o(l).

This shows that lim P K m.B,N^4-E(^m>B(W)}=l. But lim E(£mi„i)v)=°°. There-
т,п-+ со I Z  J m ,n-*oо

fore Tx is a threshold function of .
For the random graphs Г т>п>р we have
Theorem 2. Let ^  be a family o f graphs, having property (A)kfor some &£l. 

Then
(2.8) T2(m, ri) = (mn)1/k
is a p-threshold function o f  J^0.
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R em ark . Let be a family of graphs, having property (A)t for some 2. 
Then Theorems 1 and 2 show that it is possible to choose a TV-threshold function 
Tx (of lF0) and a ̂ -threshold function T2 (of #0) in such a way that
(2.9) Tx{m, ri) • T2(m, n) — mn,

P roof of T heorem  2. The proof is analogous to that of Theorem 1. Obviously 
Pm,n,p{rm,„.P̂ m,n} = t(^n ,J^npk ^  t(pT2)k. Hence Pm,„,p{Гт,„,р& т,„} = o(l) if 
pT2 = o{\). On the other hand
(2 .1 0 ) t(m — C)(n — C)pk S  ^  tmnpK
Using relations similar to (2.5) and (2.6) we get (t0 having the same meaning as in 
the proof of Theorem 1)

E(£m,n,p) S  E(ZmtniP) + t 2(mn)2p2k + t0mn Z  P2k —l

end therefore
1 =  0

V(c„,.„ p) ё  o { \ ) ( m n f p ik + tmnpk + t0mn Z  P 2 k  1 =
( = 0

This shows

/ , ,  t + t0k
0 <1 ) + w .

(p T .f

(2.11) V(Zm,n,„) = o((pT2y-k) if p(m, n)T2(m, и) — for m, n -  » .
Observing (2.10) we arrive at

p { i e „ , . . p - E « m,„ .p ) |  >  y E « ... .p ) J  S  = o 0 )

if lim p{m, n)T2(m, n)= The proof is now finished in the same way as in
m, л—*-oo

Theorem 1.

3. Some limit theorems

Let !F be a family of graphs, having property (A)fc for some k ~ 2. It is then 
natural to ask what is happening if

(3.1) lim
m, n—oo

N(m, n) 
k~k 

(mn) k
= в , 0  -< Q <  °°.

To treat this case we need the following result which is a slight variant of a theorem 
proved in E rdős— R én yi [2, p. 27].

L emma 1. Let { г \ц ,г \]2 , , rißj} ( j a l )  be families o f random variables taking
on the values 0 and 1 only. Put

M j )  =  Z  Е («1л Ч л  -  Чл)

the summation being extended over all combinations o f the numbers 1 , 2 , ..., f  o f order
r without repetitions. Suppose that there exists a function u= u(j) for which lim u{j) ---

i —°°
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=  °° such that
)r

(3.2) lim Ar( j ) = — uniformly in r, 1 g r i  u(j).

I f  X^O andif the expressions A r ( j ) ,  I s r s l j ,  j =  1, 2, ..., are uniformly bounded, then

Í h 1 Xse~k
(3.3) jim  P j 2 4 i  =  •S’l  =  —д,— , s = 0,1, —

Now we can prove

Theorem 3. Let 3F be a family o f graphs, having property (A )kfor some k ^ 2 . I f

(3.4)

then we have

lim ( 0

(mn) k

(3.5) mlimo P = *} =  ^  [*(**> (§ ) ] « . s = 0 ,12, ...

i.e. asymptotically has a Poisson distribution with mean i(J^) ^y-j .

Remark. The following proof shows that (3.5) remains true if £m>IliW is replaced
Ь У  l m , n ,  N -

Proof of Theorem 3. It suffices to prove (3.5) for instead of for, 
if a graph of is a subgraph of r mnN, which is not isolated, then r m n JV contains 
a connected subgraph having k + 1 edges. The last event has probability o(l) which

N  (yyi ri)can be deduced from Theorem 1, because (3.4) implies lim —■■■■■ ’ ■ = 0. For
m, n-+oo k *

(mn)k+1
Sd&m.n we define

(3.6) 1(S) = Imt„'N(S)

Clearly
(3.7)

{1 if S  is an isolated subgraph of r mniN 
0  otherwise.

L,n,iv =  2 !  I(S).
Si^m.n

If Slt ..., Sr are different graphs of LFmn having pairwise no vertices in common, 
then we get

(2 mn

E( /№ ) ... I(Sr)) ^

- (m + n) - 
N - r k

rk\

2 mn - (m + и))
A j

N_]r
2mn)

1

m + n + rkYk
2 mn

Put u(m,n) =  log (min (m, n)) (“ log” denotig natural logarithm). Observing that
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— 2 x s l o g ( l — — %x, we arrive at

(3.8) S  (l+ o(l)) |-2 ~ |  uniformly in r, 1 ^  r rs u(m, n).

On the other hand, if lim N(m, n) = °° and \^rs±u(m, n) we have (C depending
m,n~* oo

only on 2F)
(2 mn — {m + n) — rk — C/|

N - r kE ( /№ ) ... I(Sr)) ^ (2mn — (m + ri)\ 
{ N  )

í— I[2mn)

rk (гк)г 
N

Í т  +  и + лО 
( 2mn ) '

Í. m + n + N+Cr— ll  
( 2  mn )

( * - т = г ) - 1

f m + n + rk + Cr— 1) 
l1 2  mn )

Therefore, using (3.8) we get

(3.9) E(/(Sj) ... 7(5,)) = (1 +o(l)) uniformly in r, l g r s  u(m, rí)

if lim N(m, n) — °° and ^  -u ^ ’ n  ̂=o(l). The relation (3.9) implies

(3.10) 2  E(/№ ) -  /(5,)) s  1 +-~ > -  ( t m ) rr\ (mn)r uniformly in r,
l s r g  u(m, rí)

(the summation is extended over all combinations of different graphs in of 
order r). Similarly

(3.11) 2  E(7№) ... 7(5,)) s  1 +^ (1) (t(^o))r УУ (т -гС хУ (п -гС лУ

(uniformly in r, ls r s u (m ,n ) ) .  Thus (3.4), (3.10) and (3.11) imply

(3.12) lim 2 E(7(S'1) ... 7(5r)) =  —
m . n-+oo 4 f  I « ц § ) Т uniformly in r, ls rS M fm ,rí).

It can be easily seen that j2'E(7(S'1)...7(5r)), r= l ,  2, ... is uniformly bounded. The 
desired result is therefore a consequence of Lemma 1.

(3.13)

C orollary  1 . The function F defined by

F(x) =
1 — exp

0 ,
is a N-threshold distribution function o f !F0.

x  ^  0  

x  <  0
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Proof. If (3.4) holds then according to Theorem 3 we get

lim Р{£т,п>„ ^ 1 } = 1 -  lim P K m,„ ^ = 0 } = l - e x p [ - í ( ^ 0) í | - ) 1 .
m,n-*-оо т,п-+ оо L \  2  /  J

E xam ples. Let ЗГк (L ^ l) denote the family of all trees having к edges. We get 
*((^Do)=2, t( (^ )0) =  6 , t( (^ )0) =  22, r((^)„) = 87, i((J^)0) =  364.

If r£k (k ^  4) denotes the family of all circles of order k, then we have t{tfßik+i)o) = 
=  0, k = 2, 3 ,..., and i((^4)0) = l, t((^e)o)=2, t((Vs)0) = l ,  г((^10)0) = 28, i((^12)0) = 134. 
It seems to be an unsolved problem in enumerative graph theory to give explicit 
formulas for t ( ( ^ )0) and t((<£2k)0), k = 2, 3, ....

Call a property or family of graphs iso tone (antitone) if any graph obtained 
by adding (deleting) any edge of a given graph with this property (the set of vertices 
being fixed) has this property, too. Then we have the almost trivial result (its proof 
being omitted)

L emma 2. I f  У'm n is an isotone family o f subgraphs o f Lm n, all having V(Lm n) 
as their set o f vertices, then we have for O ^ N ^ N '^  2mn — (m + n)

(3-14) P m , n , N  { k m, n , N ^ ^ m , n }  — P m , n , r  m , n ,  N ’

Similarly, i f  rS„un is antitone then the sense of the inequality (3.14) has to be reversed.
It can be easily seen that Theorem 3 — together with Lemma 2 — implies 

Theorem 1.
The following result is the analógon of Theorem 3 for the random graphs 

Гm ,n ,p '

T heorem 4. Let S' be a family o f graphs, having property (A )kfor some k ^ l .  I f

(3.15) 
then

(3.16)

lim p(m, n)(mn)1/k — q  ( 0  <  q  <  °o )

Hm Pm.n.pí^m, n, I S} =  -^ [ t(^ 0)ek]se - ‘^oU>\ J =  0, 1, 2, ....

Proof. Using Theorem 2, it can be easily seen that ifs suffices to prove (3.16) for 
the random variables instead of Put for

{1 if S' is an isolated subgraph of Гт „ „
0  otherw.se.

Clearly
(3.18) L ,n .P = 2  K S )•

S  £ &ГГП) n
On the other hand

(3.19) Z  E № ) ... I(Sr)) g  2(t(tF 0)mnpkY, r = 1, 2, ...

(the summation being the same as that occuring in (3.10)). There exists an integer
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£ 0 = > 0  not depending on (m, ri) such that to any graph there exist at most k0
edges not belonging to G which are incident with a vertex of G. Then
(3.20)

2  ... 7(5r»  t r{dF0){m -rC)r(n -rC )r[pk( \ - p )k»]r, 1 r s  ^min(w,?0-

This can be seen as follows. The properties of S' imply that there exists a natural 
number K ^ 2  (not depending on (m, n)) such that the set of vertices of each graph in 

is contained in a suitable square array Q a V(Lm„) (being oriented parallel to the 
coordinate axes) each “side” of which is consisting of К  points. Then for the number 
Nr(m, rí) of all ordered r-tuples of different such square arrays Q which have pairwise 
at most “side points” in common, we get

(3.21) Nr(m, ri) = ' i f  (m — ((2/ + l ) K - 3 i - l))(« -((2 /+  1)AT— 3/— 1))
i= 0

for all r s  1 such that all 2r factors on the right side of the inequality (3.21) are non
negative. Clearly (3.21) implies (3.20). On the other hand (3.20) implies

2 E (/№ )...I(Sr)) 4 ( 1 - , C ( I  + I ) ) [ ,(# o )mnpH 1 - p M ,  1S  r s  1  min(m,rí).

Put u ( m ,  n)=log(min(m, n ) ) .  The last inequality — together with (3.19) and (3.15) — 
leads to

(3.22) 2  E ( /( ^ )  ... I(Sr)) = i [ i ( # b ) e fcr uniformly in r, l s r s  u(m,n).

The uniform boundedness of ^ E ^ S i ) ...T(Sf)), r= 1 , 2 , . . .  is immediately seen 
from (3.19) and (3.15). The desired result is therefore a consequence of Lemma 1.

Corollary 2. The function F defined by

(3.23)
f l - exp [ - ( W 4

to,
х ё О  
x  <  0

is a p-threshold distribution function of dF{).
Remark. Comparison of Theorems 3 and 4 shows that Tm „>lV “formally” can be 

considered as a random graph Гт „^,р  given by

(3.24) p = p(m, n) = N(m, n)
Т Т Л i гmn 1 2 ----------m n

whereas in some situations Гт<п р “formally” can be considered as a random graph 
with N  given by

(3.25) N  = (2 mn — (m+n))p(m,n)

(this being the expectation mentioned in section 1 ).
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Now let #■ be a family of graphs, having property (A)* for some k^2 . If (3.4) 
holds, Theorem 3 says that c,„y„yN and asymptotically have a Poisson distri
bution with mean t (IF0) |~-j . It is well known (see e.g. Feller [3, p. 194]) that if the
random variables Xx (/>0) have a Poisson distribution with mean A, then the normá

j a  __д
x asymptotically (i.e. for A — «>) have a normal distribution withlized variables -

mean 0 and variance 1. Therefore we are led to consider the case
N(m,n)

(3.26) hm — —j z r  =
m t n  —*■ oo 2  

(mn) k
We shall show below (Theorem 5) that if in (3.26) the convergence to infinity is not 
too quick, then £m „iN (after having been suitably normalized) asymptotically has a 
normal distribution with mean 0 and variance Í. From the proof of Theorem 3 
follows: for fixed r S l

(3.27) 2  E (/№ ) ... I(Sr)) = 1  (l +  О (1  + 1  +  1  +  -^-]) cf(m,n,N) if N = o  (mn)

(/(S), Sg^ i ,, being defined by (3.6)) if we put

(3.28) a -  a(m, n, N) = t(&0)mn \
This implies
(3.29)

Ш-
E (|m,„.w) ~  a(m, n, N) if N  = о (mrí).

The relation (3.29) — together with the above considerations — suggests to consider 
the normalized random variables

n, N)
У a (m, n, N)

We have
T heorem 5. Let SP be a family o f graphs, having property (A )kfor some k ^ 2 . I f

N(m, rí)(3.30)

and
(3.31)

then

lim
(mn)

k - 1
к

lim
m,n-+ «

N(m, n)
k - l

(mn) k [min (m, n)]á
=  0  for all Ő >  0

(3.32) lim P,„ „ N - - - ' ü l  N} g  x] = -L =  f  e -“2'2 du, - » < r < o o .
' ’ l \'a(m, n, N) ) \2n

Proof. It suffices to prove (3.32) for instead of cmy„yN. We use the method 
of Erdős—Rényi [2]. The normal distribution N (0, 1) being uniquely determined 
by its moments (this follows e.g. from a general result of Carleman, see F eller
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[4, p. 228]) it suffices for the proof o f  (3.32) to show that the moments

E ÍГ1т,л.у-а(ге, n, N) УЛ 
Ц ia (m ,n ,N )  J j

/ • = 1 , 2 , ...

converge to the corresponding moments o f N{0, 1) (compare Loéve [7, p. 185]). 
N ow  (3.27) implies

(3.33) E (^ ,„ ,n) =  | l  +  o | l + i + l + - ^ j )  ^ S ( r , j )a 4 m ,n ,N ) ,  r =  1 ,2 ,...

where the S(r,j) denote the Stirling numbers of the second kind (see Сомтет 
[1, p. 39]). But (E r d ő s—R ényi [2, p. 33])

(3.34) 2  S(r,j)x j = 2  ~Te 7 r> ' ' = 1 . 2 ,  ...
7= 1 j = 0 J

and therefore (3.33) leads to

f ± + 1 1
1___ L

л m« J
Using (3.35) and (3.34) we get

r ii  I m . n n, AQV) ^
(( ia{m, n, N) J J

„  . 1 1 1
+ C2 I--- 1-----t"T7 +

f l  1 1  N )Cj I— !-----I-t;H----- 1Km n N mnj

\  r = 0 , 1 , 2 , . . . .

C f'2

~ aJ
Z ~ n e a( j - aY +j = 0 J-

N
m n N  mn arl2 2  S(r,j)aJ, r=  1 ,2 ........

7 =  1
Because of

(3.36) 2 ^ e ~ * U - x Y  =  - 4 =  f  u 'e - ^ d u ,  / - = 1 , 2 ,

(Erdős—R ényi [2, p. 33]) and the well known relation

(3.37) 2  S (r ,j)x (x — 1) ... ( x - j+  1) =  xr, r =  1, 2, ...
7 =  1

(Сомтет [1, p 41]) the above inequalities —  together with (3.30) and (3.28) —  imply

(3.38) n, N a(m, и, TV) )r
J/'n(m, n, N) J

Í 1 1 1 N+ C —+ —+ TT + ----im я J\ mn

. n a i + £ f l ) .  Г « е - * * *  +  
J J У ъ Г  j L

jo3'72, г =  1 , 2 , ...,

Hence according to (3.30) and (3.31) we arrive at

lim sup F í Í ̂  ”’N ~  a (m’ ”» Щ '] s  _ L  } u 'e - ^ d u ,  r = 1 , 2 , .... 
Ц la(m, n, N) JJ  У2тГ _ í
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A similar consideration gives

liminfE i f  ~ a(m’ П’ N ) X) =£ ~  +f  i f e - ^ d u ,  r = 1,2, ...
U  Va(m,n,N) ) )  УЪ^- Í

from which the desired result follows.
Similarly we can prove for the random graphs Гтп p
Theorem 6. Let 2F be a family o f graphs, having property (A)k for some к S 1. Put

(3.39) a = ä(m, np) = t(^ '0)mnpk.
V
(3.40) lim p(m, n)(mn)i/k =  oo

m,n-+ oo
and

(3.41)
then

. p (m, ri) (mn)llklim . ; v— irr-  = 0  for all ő >  0
m,n-*-oo [min (m , n)]s

(3.42) lim Pw f - ^ ^ s r )  = - i  f e - M d u ,  
l Vä(m, n,p) J У2л _ 1

■ CO <  X  <  o p .

Proof. Instead of (3.33) we now have

E(lm,n,P) =  | l + 0  ^  + Д S(r,j)äJ(m ,n,p), r — 1 , 2 ,

and the rest of the proof is similar to that of Theorem 5.
After having developed some fundamental properties of the random graphs 

Tm,„, N and r m,n,p we intend to investigate these random graphs further in a sub
sequent paper.

Finally thanks are due to Professor Petre Täutu for permanent encouragement 
and many discussions about fields related to the subject of this paper.
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SOME MONOTONICITY PROPERTIES 
OF POLYNOMIALS WITH EQUALLY SPACED ZEROS1

By
L. LORCH (Toronto)

To Paul Erdos on his 60th birthday

1. Introduction. Concerning an arbitrary polynomial with simple, equally 
spaced and exclusively real zeros, Pa u l  E rdős conjectured and E lem ér  B álint  
proved [1 ] that the distances between consecutive zeros of its first derivative increase 
when measured outward from the centre of symmetry of its zeros.

The present note establishes in § § 2—4 other monotonicity properties associated 
with such a polynomial. The concluding § 5 (appropriate to, perhaps even required of, 
a paper dedicated to Paul Erdős) raises some open questions and advances some 
conjectures which, if verified, would generalize substantially both the Erdős—Bálint 
result and the present ones.

Here it is shown that the areas and maxima of the absolute values of consecutive 
arches of the graph, as well as the magnitudes of the slopes at consecutive zeros, 
increase outward from the centre of symmetry of the zeros. A zero of fixed rank of the 
derivative moves closer to the centre as new zeros are adjoined. Various related 
properties are indicated as they arise.

The proofs are quite simple. To facilitate their presentation, the polynomials 
in question are written in the respective forms

(1) Pn(x) =  x IJ(x2- k 2), n -  1,2.......
к = 1

and
(2 ) q0(x) = x (x - l) ,  qn(x) = (x -n -\)p „ (x ), n =  1 , 2 , ...,
by change of scale, depending on whether the degree is odd, 2n+l, n —1 , 2 , ..., 
or even, 2 л + 2 , n = 0 , 1 , ....

In form (1), the centre of symmetry of the zeros is at the origin, in (2) at 
The results can therefore be stated in terms of positive x, say, the symmetry permit
ting automatic formulations for negative a-.

2. Monotonicity of areas and extrena. This is susceptible to two interpretations. 
One of them prescribes the (degree of the) polynomial, in which case it is required 
to show that the areas and maxima under thd graph of the absolute value of the 
fixed polynomial increase, respectively, in the progression from one arch to the next, 
for х ё О, with an analogous result for x^O. This result does not depend on the 
normalizations (1 ) and (2 ).

1 This note was done while on sabbatical leave from York University, assisted by a Canada
Council Leave Fellowship. It was read at the International Colloquium on Infinite and Finite 
Sets, Keszthely, 1973, in honour of Paul Erdos’s 60th birthday.
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On the other hand, the other monotonicity discussed does depend on the 
coordinate scale. It arises from considering the absolute value of a fixed arch of a 
polynomial in the system (1 )—(2 ) and then proving that its area and its maximum 
increase as the degree of the defining polynomial in ( 1 )—(2 ) increases.

The first version is contained in the following more precise assertion:
(I) 2 I f x  is not an integer, and ifO < x< n, then

(3) \pn(x+ \)\ >  |p„(x)| and k ,(x + l)l >  k,(*)l,
so that the areas and maxima under the successive arches of \p„(x)\ and \qn(x)\ form 
respective increasing sequences, x > 0 .

Proof.

p«(*+i) =  C* +  i) П  [(* + i)2- £ 3] =
k=1

= x(x2~-1 ) ... (x2- n 2)(x + n+  1 )/(х -и ) = [(x +  w + \)j(x-n))pn(x).

Clearly, x + n + \> n —x, 0<x-=n, while р„{х)т±0, p„(x+1)^0 for x  non
integral. This establishes (I) for the polynomials pn(x).

For q„(x), a similar calculation shows that
q„(x+1 ) =  [(x + n + l ) / ( x - n - l ) \q n(x)

and the result follows as for p„(x).
Correspondingly, the second version is contained in the following assertion:
(II) For 0 < x < n  and x not an integer,

(4) |p„+i(*)| >  (и+1)!<?„(х)| >  (и+1)|р„(х)1.

Hence, increasing the degree of a polynomial in the system (1)—(2) increases the area 
and the maximum o f the absolute value o f the polynomial, in each fixed arch.

P roof. pn+1(x)= (x+ n+ \)qn(x) = (x+n + \)(x — n — l)p„(x), while |x+n + l| = 
= х + и + 1 > л + 1 , |x—n — 1 |=и +  1 — х > 1 , 0 <х< и, making the assertions obvious.

3. Monotonicity of the zeros of the derivatives with respect to degree. B a l i n t ’s 
verification [1] of Erdos’ conjecture establishes a monotonicity property of the zeros 
of the derivative of a fixed polynomial of the form (1)—(2). The sequence he obtains 
results from going from one arch of the graph to the next. In this sense, statement 
(I) above is an analogue of Bálint’s result.

There is a corresponding analogue of (II), sharing with (II) the drawback of 
being somewhat dependent on the scale.

To formulate these results, let the /th positive zero o f p'„(x) be denoted by x'nj, 
j=  1 , 2 , ..., n, o f tf'(x) by Zí,j,j= 1 , 2 , . . . ,n + l .

It might be well to observe that there are indeed n and n+ 1, respectively, of these 
positive zeros (also n negative ones) and that j — l< x ^ ,  j ~ l ,  ...,n , with
И <£и,п+i-=«+l. (Any polynomial with exclusively real zeros has precisely one non
zero extremum in the interior of each arch of its graph; the degree of its derivative

2 D. J. Newman has mentioned that parts of (I) are implicit in [2, esp. p. 131ff].
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is one less than the degree of the given polynomial and so there is one zero of the 
derivative in each arch. This holds even if, unlike here, some of the zeros are 
multiple.)

Various mono tonicity properties of the quantities x'nj, Cnj follow:
First,

(5) Cm =  b  n = 0 , 1 .......

Proof is by induction. The result is obvious for n=0, since qn(x)= x(x~  1). 
From the definition qn+1(x) = (x — n — 2)(x+n+l)q„(x), so that
(6 ) q'n+iix) = ( x - n - 2 ) ( x  + n+\)q'„{x) + {2 x - \)q n(x),

whence q'n+1{^) = 0  whenever q'„{\) = 0 .
Next,

(7) Cj  > Cn+i.j, 7 = 2, ...,« + 1.

Proof. From (6 ), qn+i(Cnj)=(2Cnj-l)qn(Cnj)- Now, q„ + l (x) and q„(x) are of 
opposite signs in j — l< x < 7 , say, negative and positive, respectively, while C j^ iy  
j= 2 , ..., и+ l .  Thus ^ + i(^ j)> 0 , 7 = 2 , ..., n +  1, so that the negative function 
qn + 1(x), having decreased from 0 at x = j— 1, is increasing at x=C„j- This means that 
at x  = Cnj the function has passed its minimum point, achieved uniquely at x = £ ' + l j - 
and the proof is complete.

Next we show
(8 ) xíi+i,j >  Cnj, j  =  1 , 2 , ..., n.

The proof of (8 ) is similar to that of (7). Here p„+i(x)=(x+« +  l)<7„(x),so that 
Pn+i(x) and q„ (x) are of the same sign, say positive, for j — 1 < x< /. Hence p'„+i(C j)~  
=qn(Cnj)>0 and so pn+x(x) achieves its maximum (at x=x'„+ltj) after 
as asserted.

Additionally, we have
(9) x'„j >  x'„+1J, j  = 1 , ..., n.

To establish (9), we write pn+1 (x)=(x 2 —[n+ l] 2)p„(x), and note that pn (x) and 
Pn+i(x) are of opposite signs in j — l<x<y', 7 '= 1 , say positive and negative,
respectively. Then p'„+i(x'nj)=2x'njpn(x'nj)>0 and the proof can be concluded as for (7). 

Combining (8 ) and (9) gives

( 1 0 ) x'nJ >  x'„+1'j >  Cnj> J = 1 . 2 , ..., n.

With (7) this can be written as

( 1 1 )  x n j  ^  x n + l , j  C j  £n + l ,J>  j  “  2 ,  . . .  ,  П.

In particular, x ^ > J  for all n. This shows that the first positive zero of p'n(x) 
lies closer to the right endpoint of the first arch of pn(x) than to the left. This is true 
for all arches of the graph of p„(x) for x > 0 , and of qn(x) for x >  1 , i.e.,

(12) 7  =  1 ,2 ,. . , ,« ;  C nj= ~ j-i, 7 = 2 ,3 , . . . ,« + ! .
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B á l in t  showed this [1, (I), p. 35] in a different notation. He proved [1, (II), p. 36] 
also that
(13) x'nJ+1~ x'n)> \, j = l , 2 , . . . , n .

In view of (5) and (10), a simple induction makes it clear that (13) implies (12). 
It suffices to establish the ^-inequality in (12), since the x-inequality follows then 
from (10) except when j — 1; in that case, it is a consequence of (5).

Here another proof of (13), and hence also of (12), is presented. It follows the 
lines of the proof of our (I), above.

From that proof we see that

p'n(x+  1 ) =  [(л- + л+  \)/(x-n)\p 'n(x)-(2n+  l ) ( x - n ) - 2pn(x),
so that

Pn (x'„ j + 1) = - (2 л +  1) (x'„j -  n)- 2pn (x'j).

Now, the consecutive arches of the graph of p„(x) lie on opposite sides of the 
x-axis. If, e.g., the arch from ( j— 1, 0) to (J, 0) is above the axis, then the next arch is 
below the axis. In this case, р '(х ' 7 +  1)<0; i.e., pn(x) is still decreasing at x=x'„j+l, 
so that x'„j+1>~x'nj+ 1, as asserted in (13).

The arguments for the other case, and also for q„(x), are the same, obvious 
changes aside. Thus, (13) is proved and, with it, (12).

The inequalities (12) can be supplemented and shown to be “best possible” in 
a certain sence. The precise statement follows.

(14) x'nj\ j - i ,  j  — 1,2, ...; j  = 2 ,3 ,...  (и -  oo).

From (7) and (10) we see that it is enough to prove that

x': = lim x'ni and =  lim
J П-+00 J n-*- со

exist, and that x'j = ̂ ]= j—\ , j=  1 , 2 , —
Of course, exists and equals from (5), but this is not germane to (14). 

That the relevant limits x], £'j exist follows at once from (9) and (7), respectively. 
Thus, it remains to show that x] = j—\ , j =  1,2, ..., and that j=  2,3,....
To verify this for x], we define

Pn(x)
( - l ) nnp„(x)

(и! ) 2

n
nx П

k = 1

a polynomial having the same zeros x'nJ, j=  1 , ..., n, for its derivative as does p„(x). 
It is well-known that

lim Pn (x) =  sin nx,

uniformly in each finite interval.
From the uniformity of this convergence, it follows that

lim P„ (x'j) =  sin 7tx'-, j  = 1 ,2 ,. .. .
П-4-00
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On the other hand, it is easy to show that x=Xj yields the unique extremum of 
sin nx in 7 —1 <x<y, since P„(x'„j) is the unique extremum of P„(x) in that interval, 
for each j  and n ,j^ n .

Hence, x ' j = j — i ,  j  =  1, 2, .... Similar reasoning applied to q„(x) shows that 
t ' j = j - h J = 2, 3, ....

The proof of (14) is now complete.
R em ark s, (i) The first part of (14) can be rephrased to state that the y'th positive 

zero o f the derivative o f the partial product Pn(x) o f  sin nx decreases to j —\ ,  the
yth positive zero of the derivative o f sin nx, as и—°°, j — 1 , 2 , __

(ii) A corollary of (14) is
(15) lim (x'„fj +1-x'„j) = lim ( C ; + i - Q  =  1. j  = 1 . 2 , ..

i.e., the left members of the inequalities (13) approach the respective right members 
as 71 — °°. Thus (13) raises the question, unanswered here, as to whether either con
vergence in (15) is monotonic. Such monotonicity would be with respect to n.

B á l in t ’s result [1, (II), p. 36], verifying Erdős’ conjecture, establishes monoto
nicity in j, j  = 1 , 2 , ..., n, for each fixed n, of the differences whose limits appear in
(15) . His result can be written as

A2x'nj =  x'„j+2 — 2x'„tу+i + x'nJ > 0 , 7 = 1 , . . . ,  n,
with a corresponding inequality for the £’s. Again, (14) implies that the left members 
of these inequalities converge to the right members as n — °°, giving rise to the question 
of monotonicity of convergence.

(iii) The location of the zeros of the derivative moves, as in (7) and (9), 
toward the centre of symmetry of the zeros of any polynomial P(x) having exclusively 
real zeros, even if not simple or equally spaced, when a zero larger than the ones 
already under consideration is adjoined (i.e., with Q(x) = (x—cc)P(x), where a is 
not less than any zero of P(x)).

4. Monotonicity of slopes at the zeros. Another readily established monotonicity 
property is associated with {|т? (̂у)1}» 7 = 0 = h •••, n and a similar one with {\q'n(j)\}, 

7  = 1 , 2 , ..., и-И, i.e., the numerical values of the slopes at the zeros.
First, we note

(16) \p'n(,j)\ = (P + j) \(n - j) \ ,  7  = 0, 1 , ...,« , 
where, as usual, 0 ! =  1 .

This implies that the sequence {\p'„( j)\), j=Q, 1, ..., n, increases for each fixed n, 
since, assuming (16),

(17) \PnU+l)\-\P«U)\ = (27+1)(л+7)!(и-У-1)!> 0, 7 = 0 ,1, ..., и - l .
To prove (16), Leibniz’s formula for the differentiation of a product is applied 

to (1). This gives

p'n(j) =  2 f  n  U 2- k 2) П и 2 — к2), 7 =  2, . . . ,  и— 1,
k  =  1 k = j  + 1

since all the other terms of the derivative have a zero factor.
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Now,
(n+j)'.(n- 7 )! =  [(n+ j)(n -  1 + 7 )... (n - { n - j - l}+y')][(2 /)!]X 

X [ ( n - j ) ( n - l - j )  ... ( n - { n - j -  1} —7 )] =  (2/)! /7 (k2- j 2)-
k=j+l

Furthermore,

2;2 я  t / 2- * 2) =  2 f[U +  1)... (у +  {7 -  1})]Х[(у— 1)... Ü - U -  1})] =  (2j)U
k = l

and (16) is established (hence also (17)), except for the cases 7 = 0 ,1, n, not covered by 
the formal expression given for p'n( j) .  However, these are easily verified directly.

The corresponding results for qn(x) follow from those for p„(x), since q„(x) = 
= (x—n—l)p„(x) so that q'n(x)= (x—n — l)p'n(x)+pn(x). They are:

(18) \q'n{j)\ = (n+j)\{n + \ - j ) \ ,  7  =  0, 1...... n + l
and
(19) \q 'nU + l)\-K U )\ = (2y) (n + j ) !(n —j ) ! > 0 ,  j =  1, ..., n.

For7 = 0 , 1,

WnU)\ =  [U -n-l)\\p '„ (j)\ = (n + l- j) (n + j) '.(n - j) l  = (n +7 ) \(n+ \ —j ) !, 

as asserted in (18). In the remaining case,7 '= « + 1, and

q'n(n+ 1) =P„(n+ 1) =  (pT 1) П  ({«+1}2- ^ 2) =k = 1

=  (n+ 1)(л +  1 +  1)(и + 1 + 2) ... (n + 1 + n)X(n+  1 — 1)(и+ 1 - 2 )  ... (л+ 1 -  и) =

=  (2 и+ 1 )!,
completing the verification of (18).

(19) is an immediate consequence. Thus, the sequence {\q'n(j)'}  increases, 
7  =  1 , 2 , . . . ,л + 1 , while \q'„(0)\ = \q'„(l)\=nl(n+l)\, fo r  each fixed n.

More is true:
(III) The sequences {|p'(7 ')|}, j= 0 , ...,n , and { ^ '( 7 )!}, j = \ .... и + l, are

each absolutely monotonic.

(An absolutely monotonic sequence {«,-},7 '= 0 , 1, ..., is one all of whose defined 
differences are non-negative, i.e. Ата ^ Ь ,  m = 0 , 1 , ..., 7 = 0 , 1 , ..., where A0aj=aj 
and Am+1aj=Amaj+1 — Amaj.)

Thus, to establish (III) for {|p'(y')|},7 = 0 , ...,« , it is required to verify

(20) Am{(n + j)\(n -j)\)  S  0, 7  =  0 , ...,n ;  m = 0, ..., n - j .

Actually, strict positivity will be shown. This will be done by demonstrating for 
these j  and m that

Am{(n + 7 )! (n —j ) !} =  (n +7 ) \(n—j —m)\R„( 7 , m),
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where R„(j,m) is a polynomial in j ,m ,n  with exclusively nonnegative integer 
coefficients, not all zero.

Proof is by induction. The result is obvious for и=0, and is contained in (17) 
for n= 1. Let it be assumed now for arbitrary m, 0< m < n—j, and consider

Am+i{{n+j)\(n—j) \)  =
=  (n+j+ \)\{n—j —m — \)\R n(j+  1, m) — (и + j ) \(n—j —m )\Rn(j, от) =

=  (n+j)\(n—j —m — \)\[n{Rn( j+ \ ,  m )-R„(j, m)} +
+ (j+ l)R „ (j+ l, ni) + U +m )Rn(j,m)].

The expression in brackets is clearly a polynomial of the type described, as a 
consequence of the induction hypothesis, and so (2 0 ) holds.

A corresponding result for {\q'n{j)\}, j= \,  ■■■, n + 1, can be derived in the same 
fashion, completing the proof of (III).

Remarks, (i) Similar results hold for the sequences {\p'„{j)\}, {\q'n{j)\} consi
dered for each fixed j, as n varies.

(ii) D. J. Newman has called to my attention that, by utilizing the beta function, 
Am{(n+j)l(n—j)\}  can be represented explicitly as a definite integral which makes
(2 0 ) obvious.

5. Open problems. Two unanswered questions are asked in § 3, Remark (ii). 
They deal with whether the convergence which occurs as n — °° for certain first and 
second differences taken with respect to j  is monotonic, in that context decreasing. 
A number of other results above suggest similar problems which the reader can 
formulate explicitly.

In another direction, it may be of interest to look at the behaviour of the zeros 
of p" (x) and q"(x), say x"j and c'nj, respectively, since these are of geometric signi
ficance, as well as higher order derivatives generally.

There arises also the problem of weakening hypotheses and/or strengthening 
conclusions. Some possibilities appear to be present in terms of higher differences, 
as defined in connection with (III).

Mr. Anastase Mastoras, in a paper written for a course taught by Dr. Marian 
Shepherd at York University, has been kind enough to make extensive numerical 
calculations of the roots of the first two derivatives of pn(x) and qn(x), and then to 
calculate appropriate differences relevant to the foregoing questions. His computa
tions suggest that

f( — l)mAmx'nj a  0; m = 2, 3, ..., и— 1,
(21) 1 ( -  \)mAmx"j ^  0; m = 2, 3, ..., n —2,

and similarly for £'nJ, £"j, where the differencing is done with respect to j. For x'nJ and 
Z'nj, and m — 2, this is the substance of the Erdős—Bálint result.

His calculations were performed for polynomials of degrees 5, 10, 15, 20, 50, 101, 
102, 307, 1000. In the notation of (1) and (2), this means for pn(x) with л —2, 7, 50,153, 
and for q„(x) with n= 4, 9, 24, 50, 499.

Some of his calculations fail to conform with (21), but only for entries combining 
high degree of the polynomial, high rank of the zero and at least moderately high order
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of differencing. Thus, these conflicts may well be due to round-off error, and so it 
would still be reasonable to conjecture the truth of (2 1 ).

Thanks are extended also to Professor Irene Gargantini of the University of 
Western Ontario for her interest and advice.

If (21) is indeed true for x"j and <;'j-, this would suggest a conjecture in which 
the hypotheses on pn(x), qn(x) are weakened, with the conclusion still strengthened 
to (21). It would be reasonable to assume that xnJ, £nJ, instead of being equally spaced, 
satisfy (— l)mAmx„j^0, m=2, 3, ..., n, while, of course Axnj> 0 (differencing with 
respect to j) ,  and to expect that, still, (— l)mAmx'nj^0 , m — 2, 3, ..., n, with the result 
true also when x is replaced by £ throughout.

If this conjecture be proved as stated, then the truth of the first part of (21), 
i.e., (— l)mAmx 'j^ 0 , (—l)mAm£'„j^0, would automatically imply not only the second 
part of (2 1 ), but also the analogous result for all relevant higher derivatives.

Analogous results may hold also for the sequences arising in (13) and (14), 
where the differencing would be with respect to n rather than j.
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A RANDOM FUNCTIONAL CENTRAL LIMIT 
THEOREM FOR MARTINGALES

By
G. JOGESH BABU1 and M. GHOSH2 (Calcutta)

1. Introduction. The last decade has witnessed great developments in the area 
o f  martingale central limit theorems (CLT). A recent paper by В. M. B r o w n  [3] may 
be referred to for a brief outline of the historical development, and a good bibliogra
phy. It may be mentioned that the most general types of results in this direction 
provide not only a proof of the classical Lindeberg—Feller CLT for martingales, 
but also guarantee the weak convergence of all finite dimensional distributions of 
an a.e. sample continuous stochastic process to those of a Wiener process. A functional 
CLT (also known as an invariance principle) is proved which says that the distributions 
of the said process converge weakly to a Wiener measure on C[0, 1].

Functional CLT’s were proved for martingales under the stationarity and ergo- 
dicity assumptions by B illin g sley  [1], [2] and Ibragimov [6]. These conditions were 
relaxed and replaced by a Lindeberg-type condition by Brown [3]. The present paper 
extends Brown’s results to a martingale sequence with random indices, proving a 
functional CLT. The main results are given in section 2. Classical random CLT’s 
for martingales are proved by Csorgo [4] and Prakasa Rao [7]. We shall see at the 
end of section 2 that conditions imposed by them for proving the CLT imply ours, 
and are, in fact, much more restrictive.

2. The main results. We adopt the same notations as Brown’s [3]. Let {<
^1} be a martingale sequence on the probability space (Q, ß , P) with .S’0 =0. Define 
Xn=S„—Sn- 1,n ^  1. Л  need not be the trivial c-field {0 , Q}. Let Ey_1 (F) = 
= E (Y //J_1). Define
(2 .1 ) «? = E J-ÁX?), i s  l,

(2 .2 )

er«-»Ъи n ^  1 ,

(2.3) 52 -  E(Vp) = EOS2), n ^  1 .
We assume the following two conditions are satisfied:

(2.4) F„2 y“ 2 *̂-1 as n — °°

(2.5) 5 - 2  2  E \XjK\Xj\ ^  s s n) ]  -  0,
J=1

1 Currently at University o f Illinois, Urbana, Illinois.
2 Currently at Iowa State University, Ames, Iowa.
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as и—°° for all e>0, where 1(B) denotes the indicator function of B. Martingale 
functional CLT’s were proved by B r o w n  [3] under (2.4) and (2.5). Under the same 
conditions, we shall prove here the following two theorems, the second one giving 
in fact a random functional CLT for martingales. With this end, first define the 
process
(2.6) £„(/) = s~ 1 ( S r +  Xr+1(ts2 -  s2)/(sf+ j -  sr2)),

for O ^ tg l ,  and s~2s? ^ t ^ s ~ 2s,+1, r = 0, 1, 1, s0 =0. Then we have the
following two theorems.

Theorem 1. Let B ~ /k and P ( ß ) > 0 .  Then under (2.4) and (2.5) one has
X

jim P is^Sn  ^  x\B) = Ф(х) = (2n)~t J  exp ( -  ±y2) dy,
—  o o

for all x. Further, all the finite dimensional distributions ofcn(t) converge weakly under 
the measure PB to the finite dimensional distributions o f the Wiener measure, where
(2.7) Р В ( Л )  =  P(A\B) for any A £ f .

T heorem  2. Let {v„} be a sequence of positive integer valued random variables 
(rv’s) defined on (Q, f ) .  Also, let there exist a sequence {an} o f positive integers such 
that an -* °° as n <», and
(2 .8 ) s l j s l  £  Л,

for some positive rv X. Then under (2.4) and (2.5) the process (£v„(0 : 1} converges
weakly to the Wiener measure.

Theorem 1 ensures a Rényi type mixing condition (see R ényi [8]). This is the 
major tool used in proving theorem 2 along the lines of Billingsley [2].

P roof o f T heorem  1. Let B £ f k and PfB)>-0. Define

(2.9) S® = S„ if n s  k+  1, S? = 0, X„tB = S f - S ^  for n ^ k  + l,

so that Xn>B=X„ if n ^k+ 2 , Xk+1>B = Sk+1. To prove the theorem, first observe that 
{.S'®, /,,, n = k-\-1} is a martingale on (Q, f ,  PB). To see this, note that with the use of 
the notation EB( / )  for J  fdP B, one has for any A £ f ,  and for any n^k + 2,

(2.10) / E B ( A ? | / . _ 1) r f P B =  / E B(Xn\ fn_1)dP B = J x ndPB =

A  A  A

=  (p (B))-1 J  XndP = (P(R) ) - 1 /  E(X„\A-i)dP  = 
апв anв

= (P(R ) ) - 1 f l BE(Xn\ f n_ddP.
A

But B £ fkd f„ _ 1(n ^ k  + 2)=>IBE(Xn\f„_1) is measurable. Hence

EB(X„IA-i) = I(B)E(X„IA-D  =  0  a.e. [PB],
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Define now = (Х%в\^„_л), n ^ k  + l. Proceeding as in the earlier para
graph one gets
(2.11) < b = I(B) E(X„2\ A - i) a.e [PB],

Let V2B = j?  <j2J B for n ^ k +  1. Then one gets
j=k+1

(2.12) Vn2B = l(B) 2  E (X l\fj-i)  + v t+i,B a.e. [PB]
j = k  +  2

k + 1
= I(B)V2-I(B )  + a.e. [PB[.

j = 1
p

Hence, V„2B/s% 1 a s n - « >  and proceeding as in lemma 1 o f  Brown [3]

(2.13) E B(F„%/*„2) -  1 as n -  со.
This leads to
(2.14) V2B( EBF„%)-lP ? l  as n -

Again the Lindeberg condition for the sequence {XnB, n ^ k +  1} of rv’s namely

(2.15) (ЕВК„“ В ) - 1  Í  EB[Z?B/(|JiO,B| >  e E | ( 0 ) ]  -  0
j = k + 1

as u — oo for all e>0, follows from the definition of Xj B’s {j= k  +  1), (2.5) and (2.13). 
Hence, by theorem 2 of Brown [3] one has

(2.16) lim PB((EBF„%)-iS„,B S  x) = Ф(л-).
71 —► °o

(2.9), (2.13) and (2.16) now lead to

(2.17) lira P t i“1̂  ^  *|д) =  ф(х).
И-*- со

From the same theorem of Brown, it follows that the finite dimensional distributions 
of £„ (t) converge weakly under the measure PB to the corresponding finite dimensional 
distributions of the Wiener measure. This completes the proof of Theorem 1.

R e m a r k  1. It is also possible to have a result similar as Brown’s theorem 3. 
This essentially says that if {D, 3 , W} is the probability space, where D —D[0, 1], 
3  is the Borel u-field generated by open sets in D, and W is Wiener measure on 
D[0, 1], then Y (£,п̂ А\В)-*УЫ{A), for all W-continuity sets A in D and B£U, where 
U = {B:B£e?k for some &£ 1 and PfB)>0}. Note that Brown’s result is for all 
W'-continuity sets A  in C=C[0, 1], where W' is Wiener measure on C, but the 
extension is trivial since W(D — C)=0.

P r o o f  o f  T h e o r e m  2. We proceed analogously as theorem 10.3 and 17.2 of 
B i l l i n g s l e y  [3]. First, let pn be a sequence of real numbers such that

sPn — oo and sjs„  — 0  as n -  °o.
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Defining now ^ (? ) =  0 i f  ts2< s2n and = .r„ 1(Sr — SpJ  if s2PnS s 2 Sts%^s?+1 for all 
r^p„, one gets from (2 .6 )

' \Ш \  if ts2n <  4„
^ 1 |‘S P„ +  X r + l  ( t s 2 - ^ / ( J r + 1 -  -S?)!(2.18) \Ш -У п (0 \  =

Now from (2.6)
(2.19)

if s2 ~  5 ? S  /j 2 .yr2 + 1  for all r S  pn.

sup Ii„(i)| j „_ 1  max (IS'il + IXil) =s 3sn 1 max \St\,,-=.-=„2 i*«sp„ lS>Sp„

using Xi= Si—Si-x (1^/Sp„). Thus, from (2.18),
(2.20) sup [£„(г) -  7„(01 3 5 - 1 imax |5f| + s “ 1 max \Xr\.

The Kolmogorov inequality for martingales gives
(2.21) P{ max \St\ >£ 5 „\ £~2s~2s2 -  0

P
as n-*-o°. Also, from (2.5), s ' 1 max \Xr\ — 0 as n — » , (2.20) and (2.21) now givel^r^n

(2.22) sup|£„(0 -K „(0 | -  0  as n -  о».

By virtue of theorem 1 (the remarks following it), (2.22) and theorem 3 of Brown, 
it follows that
(2.23) |Р{(ГлеА)ПЯ}-Р(У„€Л)РОВ)| - 0

as и —°° for all and for all W-continuity sets A in D.
Next we proceed as theorem 17.2 of Billingsley, changing the definitions of 

Ф„(/, w) in his (17.16) by
Фп((, w) = ts2n(w)/s2n if s2n(w)/s2n == 1

and t9 otherwise. This leads to the result.
Remark 2. Condition (2.8) seems to be more involved than the usual condition

(2.24) v ja n -+ A, as n — » ,

where A is a positive rv. It is easy to check that for a stationary sequence (A,} of 
rv’s with E(A,) =  0, E(Xf) = a2, (2.8) in fact reduces to (2.24). However, (2.24) along 
with (2.4) and (2.5) will not lead to theorem 2 in general. The following example 
illustrates this.

Let Х1г X2, ... be independent normal variables with zero means, and У(АХ) = 
= V(A3) = 1, V(A,)=exp (//log /) —exp ((/-l)/log  (/— 1)) for /is3. Then,
(2.25) s2 = У (S„) = exp (и/log n) -  exp (2/log 2) +  2,
for 3. Define £„(/) (O S /S l) as in (2.6). Using и/logn — (n — l)/log (и — 1)— 0 
as it is easy to check that Y(X„)/s2-* 0 as и In this case V2s~2= 1 for all
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n s l  so that (2.4) is satisfied. Also, appealing to theorem 2, p. 492 of F eller [5] 
we find that (2.5) is satisfied. Hence, from Brown’s [3] result, converges weakly in 
C[0, 1] to W, the standard Brownian motion process.

Define now
(2.26) v„ = max ( j  á  ё  О), n S  1;

(2.27) mn = [« — (log и)2], n S  1,

[и] denoting the integer part of u. Then, since, log (Jmn/s;j)~ —log n (by a„~ 6 „ we 
mean aJbn-~ 1 as и—°°), it follows that

(2.28) s2 n/j 2 -* 0  as n —

Note now that using (2.28) and the weak convergence of £„ to W  in C[0, 1],

(2.29) P(v„ <  mn) — P f sup Щ,(0 <  01— P( sup lF(f)<01 =  0 as n — = .
\s%nS-^tSi j I

From the definition of m„ in (2.27), it follows now that

(2.30) vjn  -  1.

However, (1) — s~1S v sO  for all n, so that <fv does not converge weakly in
C[0, 1] to W "

R emark 3. Csorgo [4] proved a random CLT for a sequence of martingales 
with E(X 2)=<rf, Е(ЛГ|\fk - \)=al for all к —2- It is easy to see then that F„2/s2= 1 for 
all n so that (2.4) is automatically satisfied. Also, s~2 max a) =  /г- 1  — 0 as n — <». 
Further, defining 1 ~i~a

(2.24) cpj{t) = E[exp (itXj)\cf J^ 1[=EJ_1 [exp (itЯ!))]], у ^  1,

(2.25) /„(f) =  П <Pj(tlsn), n s  l,
j = 1/ ? 2

one gets / п(г) = 1 1 —— +о(/г_1)1 , so that log/„(f)——̂ i2 as и — It follows now
from theorem 1 of B r o w n  [3] that (2.5) holds. Thus Csorgo’s assumptions imply ours.

Remark 4. Prakasa Rao [7] proved a random CLT under stationarity and 
ergodicity conditions o f  Billingsley [1], [2] along with the strong m ixing condition

(2.26) \Р {В \А )-Р (В )\*ф (п),

if ő í  the cr-algebra generated by (Xl+„, X l+n+1, ...) for a fixed /, where
1 S\l/(l)S i//(2 )s..., lim ф(п)=0. One can see easily that stationarity and ergo-

П-*-оо
dicity imply (2.5) and (2.4), where (2.26) is redundant.

Acknowledgement. Thanks are due to the referee for his constructive criticisms 
on the original version of the paper.
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FORMULAS RELATING THE AREA OF THE SURFACE 
OF A DOMAIN TO THE CURVATURE OF SURFACES 

FILLING THE DOMAIN
By

N. GROSSMAN (Los Angeles)

A d ler  [1] derived several formulas of the type described in the title for domains 
in Euclidean spaces of two or three dimensions. He also supplied a clever proof of a 
formula for planar domains which allows the family of curves to be fractured along 
a “fault” . We think that his “unfractured” formulas are just integrated forms of 
the first variation formula for the area of a hypersurface. Such formulas can be given 
readily in any number of dimensions on any Riemannian manifold. It is not much 
more difficult to give a many-dimensional formula when “faults” are present. 
Formulas of this kind are most easily treated using the exterior differential calculus of 
E. Cartan. We follow the notation of F la n d er s  [2].

Let M  be an oriented smooth Riemannian manifold of dimension и + 1 and 
suppose JU M —R to be a smooth function. Set ß  = {0^  W s.\}ciM  and suppose 
first of all that W has no singularities on Q. Take local positively-oriented ortho
normal frame fields e1; ..., en + 1  such that e„ + 1  is perpendicular to the level surfaces 
){/= constant. Let alt ..., a„+1 be the dual solder one-forms with corresponding 
connection one-forms a>tj ( l ^ i s n + l ,  \ ^ j ^ n  + \). Defineg by dW —gaJ!+1. The non
singularity of W on Q is equivalent to the non-vanishing of g on Q. Finally, let 
* be the Hodge duality operator.

From dW=gan+1, we get *dW=ga1 ... a„ (exterior product). Then 

d*dW =  dg(a1 ... an) + g 2  (~  ••• d(Ji ■■■ ffi.-
t = l

Introduce the second fundamental form coefficients (aik) by the equation
n

coi,n+1— 2  aikak- 
k = l

The first Cartan structure equation is
Л + 1

düi = 2  coi j a j ■ 
j=i

We want that term in dat containing cr; and a„+1 since all others contribute 0 to the 
sum for d*dW. Because oj;j- does depend on all the ct’s in general, we must take the 
term with j= n  + 1, and find the z'th summand to be

2  aik(Tk\(rn+i « r i + i  . . .  a„ =  ( -  l ) " - 1 ű u f f j  . . .  ffn + 1 . 
fc=i J

( - I ) 1-
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Also, if dg= 2  gk<yk, then

( 1) d*dW  = (7, . . .  <7„

The element of area on a level surface is c1... c„, and

(2) d ( G 1 . . . G n)  =  d \ ^ g G l . . . G ^  = ( _ l ) » + 1l ü l ffl. . .<r11+1 +  i

Form the combination — (l) +  (2), cancel like terms, and eet 
g

d*d\V.

( - 1 Y - 1 Z a u
i = 1

</(<7i . . .  <7„)

If we integrate this over Q, the right-hand side gives

/ ( - l ) " -1 2  aa dV.
n  i = i

By Stokes’ Theorem, the left-hand side integrates to

... ct„ — area! — area0.

ffi  . . .  c „  + 1 .

dn

The quantity (—1)" 21 is to be identified with Adler’s K(P), and is the signed
i =  1

mean curvature. (If n=2, the minus sign makes up for the opposite orientations of e2 

and the Frenet normal.) Here we have Adler’s formulas (1) and (2) proved with less 
computation and in greater generality.

It is interesting to note that the underlying differential (unintegrated) formula 
(2) has been used by pure and applied mathematicians for quite a long time. For 
example, it has been known to geodesists for about a century under the name of 
Bruns’ Formula [5: p. 80].

To get the usual variational formula, take the interval [0, e] instead of [0, 1]. Then 

areaE —area0  =  f  [(— 1 ) ' , _ 1  2 aa\ai ■■■ °n+i-
OS W S e

For small g, {OSlFSe} is a product set, and Fubini’s Theorem allows integration 
over the normal direction (the cr„ + 1  integral) first. Dividing by g and letting g^O, 
we get the usual formula for variation of surface area:

-^ a re a £ | £ = 0  =  / [ ( - 1 )" 1 2 V K  ••• o'« 
aE w=о

Now for the singularities. In the manifold M  of dimension n, let C be a finite 
union of disjoint, embedded, compact, at most «-dimensional, smooth submanifolds
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with boundary. Neither C nor dC has to be connected (Fig. 1). (We would like to 
use a finite differentiable complex as singularity set, but there seem to be rather grave 
difficulties in defining a normal bundle in all but the most “obvious” simple cases.) 
Suppose W : M—R and that C is contained in {0<Ж-=1}. Let Q= {O ^JV^l}. 
Assume W is differentiable in Q — C and is “almost smooth” on Q in the following 
sense. If a component of C has codimension at least 2, then W is to be continuous 
across that component in the usual sense with one-sided derivatives at W  along any 
transversal smooth curve in Q. If a component has codimension 1, then its relative 
interior locally separates M, and W is to be one-sidedly differentiable on any smooth 
curve in Q at points of that component (with obvious one-sided differentiability at 
boundary points). Finally assume that no point in the relative interior of a codimen
sion one component is on the boundary of two different levels on the same side 
(Fig. 2 shows a forbidden case.)

Now pick an £>0, so small that the set C,. of points in M  at Riemannian distance 
e from C forms a submanifold of M, which will have full smoothness except at 
finitely many subsets of lower dimension on which it may be only of class C1 (cf.
[4]). Since C£ has dimension n and clearly has an “inside” (containing C), it divides 
M  and has an “outside” . Let Qe be the closed set consisting of those points of Q 
outside the inside of Cz. With the same Cartan apparatus as before, we obtain

(3) f [ ( - l ) n~1Z aii]d v = areai -  area, + f  ay ... an.
Ca

We have to explain the last integral. Give Ce positive orientation in the frame or
dering (ordered bases for tangent vectors, normal pointing to the outside). Exactly 
which ordered basis of tangent vectors to take will be specified in the next paragraph.
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By ctx...an, we intend the form obtained by pulling back from M  to C, by
the inclusion map of C£ into M.

To compute the last integral, we specialize the frames e1; e„ + 1. Choose them
so that when the base point approaches Ce, the vectors et , e„ become tangent to 
Ce (and then furnish the ordered basis required above). A geodesic normal to C will 
be normal to C£, by Gauss’ Lemma. It is easy to see that, up to higher order in £ as 
e—0, there is a relation holding on C£ between the area element dCF and the pull back 
ax ...<r„ given by <r1 ...cr„=(cos a )dCr, where a is the angle between e, I + 1  and the outer 
normal to CF. Because the level surfaces have sufficiently nice behaviour as they 
approach the singular set C, a measure dp is induced on the augmented unit normal 
bundle v+ of C (augmented, in the sense of [4]) in the following way. Over the rela
tive interior of a component of C, the measure is obtained as the limit as e -»0 of the 
measure obtained by normalizing dCe by dividing by the area of the normal e-sphere. 
Over boundaries, the normalizing divisor is the area of an e-hemispherical cap. 
For every unit vector v normal to C, there will be an angle a(v) determined as e —0, 
just by taking the limit of the angle a at points on the normal geodesic to C in the 
direction v. Since C has measure zezo in M  and areax =  area(dß), we get

(4) / [ ( - I ) " “ 1 2 ail\dV  = area (dQ) -r f  cos ot (y) d/i(\).
я

The formula (3) of Adler’s paper is a special case of our formula (4). In Adler’s 
formula, C is a single one-simplex. At a point of the relative interior of C, there are 
two opposite unit normals, and the angles a are expressed in Adler’s notation by 
i<p±iA- Since cos (^cp+ij/)+cos Q(p— <A) = 2 cos %cp cos if/, we obtain Adler’s correc
tive term, with due regard to the meaning of integration with respect to dp. The 
“hemispheres” at the ends of C give no contribution in the limit because of the very 
nice behaviour Adler assumes for W  at the ends of C.

Fig. 3

It does seem necessary to use the augmented normal bundle since the level sur
faces might have behaviour like that shown in Fig. 3. The measure d\i could be given 
explicitly in terms of the second fundamental forms of C and dC, along the lines 
set out in [3]. Finally, we reiterate that the method applies ad hoc to many cases where 
C  has nastier singularities, but describing a larger class of C is a correspondingly 
nastier problem.
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A NOTE ON ONE-DIMENSIONAL /-EXPANSIONS
By

A. McD. MERCER (Guelph)

§1. Let/ be a decreasing function satisfying the following conditions:
Al) /(1)=1
A2) f ( t )  is continuous and strictly decreasing to zero in [1, T] and / ( / ) = 0 

for t ^ T  where 2 < 7 ’̂  + o=>. If 7 ’=  + °° this is to mean f ( t )—0 as /-*- + «>. 
A3) I fit»)—A t i ) l  =  I / « — iil when 1 ̂ ?,-< i2 and there is a constant /.0(0, 1 ) such 

that when 1 + /( 2 )<?x< t2.
Bissinger [1] and R ényi [2] have shown that if /  is so defined and i f  x  is any 

real number then the expansion o f x  by the algorithm

e0(x) = [x], r0(x) = {x}

s»+iW =  |>('-„(A))], Л.+i(x) = {<p{rn(x))}

is convergent. Here [z] and {z} denote the integral and fractional parts of z, respec 
tively, and Ф is the function inverse to / .  Hence any real number x  has the “/-expan
sion”

x  =  £ 0 ( x ) + / ( e1 ( x ) + / ( £ 2 (x ) + .

When either 2< Г <  +  °° and T is integral or when T= + <=° Rényi has called this 
an /-expansion with “independent digits” .

If /„ Oh (x), £2 (x), £„(x) + t) is written to mean /(fii(x)+/(£ 2 (x) + ...+
+Дев(х)+*)•••) and if

Hn(x, t ) =  ^ f n{£i(x), £ 2 ( x ) ,  . . .  , £„(x) +  t)

Rényi has imposed the regularity condition
ess sup \H„ (x, t)|
0<f-cl_________  < -- / о

 ̂ ess in f \H„(x, i)| —

where C depends neither on x nor on n, and has proved the following theorem.
T heorem  (Rényi). I f  f  satisfies Al), A2), A3) and C) and if  the digits are 

independent then for any g£L(  0, 1) we have

lim — "Z g{rk(x)) = M(g) a.e. in (0 , 1 ).„-►СО n k = 0
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Here M(g) is a finite constant which can be written as
1

M (g) = f  g(x) h (лг) dx 
0

where h(x) is a measurable function, depending only on f{x ) and satisfying 1 /C s  
шИ(х)шС where C is the constant o f  condition C). The measure

v(E) = J  h(x)dx
E

is invariat with respect to the transformation T(x) = {(p(x)} (0< y<  1).
Rényi also considered a similar class of increasing functions and proved a 

corresponding theorem but this will not concern us. Subsequent studies of these 
expansions have been made by R o h l in  [3], Vinh -H ie n  [4] and R ezn ik  [5] and ana
logues in n dimensions have been studied by several authors. An extensive biblio
graphy is to be found in [6 ].

In all of these cases the regularity condition C) (or its higher-dimensional ana
logue) has been used and it is not at all clear how it can be lightened. Now this con
dition C) is clearly difficult to check in nearly every case so that examples of the the
ory are not easy to find. Unless one can find conditions which will imply C) it will 
be necessary to find an explicit formula for Hn(x, t) and usually this will be impos
sible. Assuming throughout that the conditions Al), A2) and A3) are satisfied it is 
the purpose of the present note to show that C) is implied by the following two 
conditions:

A4) f(t)  is convex and f(n  4-/(0) is concave in (1, °°) for each admissible 
digit n.

D) If A denotes the set of admissible digits then
dess sup

0<f < 1

ess inf
o<r<i

where D does not depend on n^A.
§2. In this section we state two lemmas. The proof of the former is elementary 

and so shall not be given.
Lemma 1. Let G(x) be convex decreasing or concave increasing on an interval 

containing a, b, c where a<b<c. Then
G(Jb) — G{c) b — c
G (a) — G (с) ~  a —c '

I f  either o f the two conditions on G still applies but a>b>c then

G(b) — G(c) ^  b - c  
G (a)—G(c) ~ a — c

It will be convenient to say that a real number у “lies between” a and ß if
o c^y^ß  or i x ^ y ^ ß.
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Lemma 2. Let f  satisfy condition A4). Let 0 ^ a < 6 < c  or « > 6 > c £ 0  and 
let b„b2, ... b„ denote any admissible digits. Then if  hS  1

f n(b1,b 2, . .. ,b n + b ) - f n{b„b2, . .. ,b n + c) 
f n(b i,b2, . .. ,b n + a )-f„ (b ,,b 2, . . . ,bn + c)

, b — c .  \ ,f(b„ + b)—f(b n + c) ,Zie.v between ------(=p,say) and —r— -- --- ■ —-{  — q,say).a — c * f(bn + a ) - f (b n + c )y
I f  a<b<c then p=q whilst i f  a>b>c then p=q.

Proof of Lemma 2. We proceed by induction on n. Since f,(b ,+ t)= f(b , + t) 
the result is trivially true when n= 1. Next suppose that n= 2 and consider

f ( b 1 +f(bt + b)) - f i b ,  +f(b2 + С»
f(p l  +f(b 2  + a)) —f( b l + fib -2 + c))

If we have f(b 2 +  a)>f(b2+ b )> f(b ,c )  and if a>b>c we have f(b 2 +  a)<
<f(b2+b)<f{b2+c). Since f( t)  is convex decreasing and f(b ,+ f(t))  is concave 
increasing we find in either case, by Lemma 1, that the above quotient lies between 
b - c  f(b 2 + b ) - f(b 2 + c) 
a — c f(b 2 + a ) - f(b 2 + c) '

Next suppose that the result has been proved for n=m — 1, n=m  and consider 
(m& 2 )
(2 n  A _  fm+i(bi,b2, . . . ,b m+1 + b ) - f m+1(b,,b,, . . . ,b m+1 + c) =
 ̂ ' ’ m + 1  fn+i(bi,b2, ...,Ь т+, + а ) - А +1(Ь„Ьг, — ,b m+1 + c)

№  + f(b  2 + Ю) - f i b ,  + f(b2+ c>) 
д ь ,  + д ь 2+ a ))- A b, +f(b2+ с »  1  y7'

Since f m-,(b 3, b„ ..., bm+, + t) is increasing or decreasing according as m is odd 
or even respectively then

(2.2) A >  В >  C and f(b2 + A) <  f(b 2 + B) < f(b 2 + C) 
or
(2.3) Л < 5 <  C and f(b2 + A) > f(b 2 + B) > /(Z>2 -fC).

Since/(i) is convex decreasing and f(b , +/(?)) is concave increasing we apply Lemma 
1 to (2.1) and find that in either of the cases (2.2) or (2.3) Am+, lies between

B - C  f(b2 + B )- f(b 2 + C)
A  c  ana д Ье +  А ) _ д Ьа +  с )  •

Now each of these is a quotient of the type being considered involving m — 1 and m 
digits respectively. In each case the “last” digit is bm + , and so by the induction hypoth
esis each lies between

b - c  and f(bm+, + b) - f(bm+,+ c ) 
a - c  f(bm+, +  a) —f(bm+, + c)
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Hence Am+1 lies between these also and the induction is complete. To conclude the 
proof of Lemma 2 we note that the assertion in the last line of the lemma is a simple 
consequence of Lemma 1.

§3. In this section we apply Lemma 2 to show that conditions A4) and D) 
imply Rényi’s condition C). It will be convenient to write

Я„(х, 0  =  G"(x’ where GJx, t) =  /„(^(x), s2(x), ..., £„(x) + 0-

Let 0 < a < 6 < l and consider
Gn(x ,b )-G n(.\.a) _  Gn(x, b) -  G„(л, a) Gn(x, \ ) - G n(x,a) 
Gn(x, 1) — G„(x,0) G„(x, 1 ) - GJx, a )'G Jx , 1)-G„(x,0)

Now 1 >b>a  and 0 < a < l and so by Lemma 2

P- Q (say).

(2 4ч <  p  <  /On (*) + b) -f(s„  (x) + a)
1 - a  ~  ~  /(<=»(*) + 1 ) - / ( £ „ (x) + a)

and

(2.5) f(e„ (x) +  1 ) ~/(e„ (x) + a)
/(en( x ) + l ) - / ( £„(.v) + 0) -  У -

Note that all of these values are positive. Now by virtue of condition D)

and

/(e„ (x) + b) —/(e,, (x) + a) 
/(e„ (x) + 1 ) - /(£ „  (x) + a) • ( I - a )  s  (b -a )D

/(£„ (x) + 1 ) ~ / ( s n (x) + a) b - a  ^  И  
/ ( £„ ( x ) + l ) - / ( £„(x) + 0) 1 — a  D '

Hence by (2.4) and (2.5) we have

so that

ГА _  at JL - s
V } D -  Gn(x, \) — G„(x, 0)

|G„(x, 1 ) — G„(x, 0 )| — ^ Gn(x ,b )-G n(x,a)

(b —a) D

\Gn(x, \ ) - G n(x,0)\D.

Now for each x, Я,,(x, t) is defined for almost all t. For such a value of t put a—t 
and let b-*t and we get

|G„(x, 1)-G„(x, 0)| 1  s  |Я„(х, 01 S  IGn(x, 1)-G„(x, 0)|£>.
Hence for any x we find that

ess sup |Я„(х, 01
^  rj-

ess inf |Я„(х, /)|
O-rícl

and D is clearly independent of x and n. Hence condition C) is satisfied with С = Я 2  

and the proof of our assertion is complete.

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



A NOTE ON ONE-DIM ENSIONAL /-EXPANSIONS 317

§4. Examples of functions satisfying Al), A2), A3), A4) and D) are not dif
ficult to find. Consider, for instance, the solution of the differential equation

satisfying/(l) = 1,/ ' ( ! )  = —1. If we take a S l  we find
e1 * (a = 1 )

/(* ) = r 2
2

a—1

(a— l)x +  3 — a (a 1 ) .

It is easily verified, using the differential equation when necessary, that all of the 
conditions are satisfied. In fact one finds that one can take

*+i

A = / ( l  +/(2)) and D =

The case a = 3 is/(x)=-^- which yields the case of continued fractions.
Clearly it was because we assumed /(f) convex and /(« + /(0 )  concave that we 

obtained inequalities on two sides for use in our proof of Lemma 2. In the case in 
which /  is an increasing function, which Rényi also treated, one might attempt to 
consider the hypotheses /(f)  concave,/(«+/(f)) convex but in fact this cannot happen 
for an increasing f ( t ) unless /(f) is a linear function. Such functions are not in the 
class treated by Rényi and we have been unable to consider the case of/(f) increasing.
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RADICALS AND FUNCTIONAL REPRESENTATIONS
By

P. N. STEWART1 (Halifax)

Let A be an associative ring with identity which is Jfe-semisimple (that is, A has 
no nonzero nilpotent elements). Кон [3] has shown that A is isomorphic to the ring 
of all global sections of a sheaf over the space of prime ideals of A. The stalk at the 
prime ideal P of A is A/Op where 0 P= {a£A: ял-=0 for some л:СТ\Р}. LetM  be a 
radical class. If each stalk of Koh’s sheaf is ^-semi simple, then A is i?-semisimple 
because П {Op: P is a prime ideal of Л}=(0), and so A is isomorphic to a subdirect 
product of the Л-semisimple stalks. In this paper we consider the converse problem: 
given an á?-semisimple ring A, are all the stalks of Koh’s sheaf Л -semisimple?

Definitions and basic results from radical theory can be found in [2].
A prime ideal P of a ring A is a minimal prime if no ideal of A properly con

tained in P is prime. If M is a radical class and A is a ring such that А/P is á?-semi- 
simple for every minimal prime ideal P of A, we shall say that the pair (A, :M) has 
m.p.c. (the minimal prime condition).

Proposition 1. Let M be a radical class containing Л'д and A an M-semisimple 
ring. The stalks o f Koh’s sheaf are M-semisimple if  and only i f  (A, M) has m.p.c.

Proof. Cornish [1] and Shin [4] have shown that for each prime ideal P o f A, 
0 P=f] {Q: Q is a minimal prime ideal o f  A and Q^P}.

Suppose that the stalks of Koh’s sheaf are á?-semisimple. If P is a minimal prime 
ideal of A, then 0 P = P and so А/P is ^-semisimple. Thus (A, M) has m.p.c.

Conversely, suppose that (A, M) has m.p.c. Then each stalk A /0P of Koh’s 
sheaf is .5?-semisimple because it is isomorphic to a subdirect product of the family 
{A/Q: 2  is a minimal prime ideal of A and QQP} of ̂ -semisimple rings.

Proposition 2. Let M be a hereditary radical class containing and A an 
M-semisimple ring. Suppose that whenever { f : Af Aj  is an ascending chain o f ideals 
of A such that А/ f  is M-semisimple for all ).£ A, then А/ U {/я: Я€Л} is also M-semi
simple. Then the stalks o f Koh’s sheaf are M-semisimple.

Proof. We verify that the pair (A, M) has m.p.c. Let P be a minimal prime ideal 
of A. Use Zorn’s Lemma to choose an ideal Q ^P  such that A/Q is ^-semisimple 
and 2  is maximal with this property.

If A/Q is not prime there is an ideal / 2  Q such that (I/Q)*={ä£A/Q: ä(I/Q) = 
= 0} 5  ̂{Ö}. Let I1/Q=U/Q)* and h/Q — lfi/Q)*- Since A/Q is J^-semisimple f  and

1 This work was supported by the National Research Council o f Canada Grant #A -8789.
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/ 2 are ideals of A such that Л П / 2  =  С?- Moreover, both к  and / 2 properly contain Q. 
The ideal f + / 2 / / 2 of A/I2 is essential and /г + / 2/ / 2 ^ / 1//i n / a = / i /ß  is ^-semisimple. 
Thus, since M is hereditary, АЦ.г is á?-semisimple. Similarly, A j f  is .^-semisimple. 
Since either 1ХЯ1Р or LQP. This contradicts the maximality of Q,
so Q is prime.

Since P is a minimal prime, Q=P  and so А/P is á?-semisimple. Thus {A,@t) 
has m.p.c.

Corollary 3. I f  Si is a hereditary radical class containing Л~д and A is an Si- 
semisimple ring which has the ascending chain condition on ideals I  such that A/I is 
Si-semisimple, then the stalks o f Kohl’s sheaf are Si-semisimple.

A radical class A  is elementarily strict if: a ring A is Л semisimple if and only 
if every subring of A which is generated by one element is á?-semisimple.

Theorem 4. Let Si be a hereditary elementarily strict radical class containing 
AAg. A ring A is Si-semisimple i f  and only if every stalk of Kofi’s sheaf is Si-semisimple.

Proof. We have already noted that if the stalks of Koh’s sheaf are ,^-semisimple, 
then A is á?-semisimple.

To establish the converse we will check that the condition of Proposition 2 is 
satisfied. Let {I, \ /.€ /1} be an ascending chain of ideals of A such that A/Ix is ^-semi- 
simple for all /.f-A. Let I — U {Ix: Л}. If AI I  is not -á?-semisimple, then, because Ж
is elementarily strict, there is some x£A  such that ((x)+ l)/I is not -52-semisimple 
(here (x) denotes the subring of A which is_ generated by x). Because (x) satisfies 
the ascending chain condition there is a I s  A such that (x) П /=  (x) П/ ; . Thus 
((х)+Г)/1^(х)/((х)Г\1)=(х)/((х)Г\1х) = ((х)+1х)/1х is á?-semisimple because A/Ix 
is á?-semisimple and Si is elementarily strict. This contradiction shows that AI I  is 
á?-semisimple.

Corollary 5. Let Si be a hereditary elementarily strict radical class containing 
Ад. An Si-semisimple ring with identity is isomorphic to the ring o f all global sections o f 
Kohl’s sheaf and the stalks o f this sheaf are Si-semisimple.

Corollary 6. Every hereditary elementarily strict radical class containing .AS 
is special.

Proof. Any supernilpotent radical class M with the property that (A, Si) has 
m.p.c. for all .5?-semisimple rings A is special.

We conclude with some examples of hereditary elementarily strict radical classes 
containing Ад. In each case we describe the associated class of semisimple rings.

1. The class of A ĝ-semisimple rings.
2. For each integer n ^2 , the class X„ of all rings A such that x"=x for each 

x£A  (see [5] and [6 ]).
3. The class of all „4̂ -semisimple rings of characteristic zéró.
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ON THE APPROXIMATION AND SATURATION OF 
PERIODIC CONTINUOUS FUNCTIONS BY CERTAIN 
TRIGONOMETRIC INTERPOLATION POLYNOMIALS

By
G. SUNOUCHI (Sendai)

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 27 (3—4), (1976), 323—328.

1. Introduction. Let f ( x ) be a continuous periodic function with period 2n, 
En be the set of equidistant nodal points tj=2nj/(n+l) ( j= 0, 1 , и), and co„+1 (t) 
be a step function which has jumps 2n/(n + 1) at the points of En and is constant in the 
interior of each interval (t}, tj+1). For these notations and fundamental properties 
of trigonometric interpolation, we refer to Zygmund’s book [10, X]. Let {a„,*}={a*} 
(k=  1 , 2 , ...,«) be a triangular matrix of order n and set

( 1 ) Kn(0 = j  | 1 + Д  a*(<?*' +<?-*')J =  j  + Д  ** cos kt.

We consider the trigonometric polynomial

1 л” 2  n(2) P J  = -  /  / ( / ) Kn (x - 1) dcon+1 (/) = — у  Kn(x -  tj).

If Kn(t) is the Fejér’s kernel, then P„f is the Jackson polynomial of f(x )  and this 
polynomial is uniquely characterized by the interpolatory property (P„f)(tj)=f(tj), 
(P„f)'(tj)=0 ( j = 0, 1, . . . ,r i ) .  For the approximation and saturation properties of 
the Jackson polynomial, V. F. Vlasov [8] and J. Szabados [5] gave a complete 
solution independently. Generalizing the Jackson polynomial, for a positive in
teger a, set

(/i+ l-k )*
“* ~  “иД -  (n + 1-£)* + £*

in (1). These polynomials have been introduced by O. Kis [2], A. Sharma and A. K. 
Varma [3] and A. K. Varma [6 ]. They and A. K. Varma [7] investigated the approxi
mation by these polynomials. If a is an odd integer, these polynomials are uniquely 
characterized by (Pnf)(tj)= f(tj), (P„f)<-x)(tJ)=0 0 = 0 , 1, But if a is an even
integer, then they only satisfy (Pnf)(tj)= f(tj) U=0, 1, Nevertheless these
polynomials have a comparatively good approximation property. In the present 
note, we give a complete solution of the approximation and saturation problem 
by these polynomials. Our paper is heavily connected with Szabados’ paper [5].

2. A general formula. L emma 1. For any trigonometric polynomial

n n

tn(x) =  T flo + 2 ( f l t  cos kx + bk sin kx) =  Ak(x)
^ k=1 k= 0
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o f order n, the trigonometric polynomial defined by (2 ) has the property

n n n

(3) (P„tn)(x) = 2  <xkAk(x)+cos(n + l )x  2  an+i - kAk(x) + sin (n + l)x 2 a„+i-A (*)
k = 0  fc=0 k = l

where Bk(x)=ak sin k x —bk cos kx. 
Proof. For any integer p, q

1 2 v- 1 2 Üfi Í2
(4 ) J L  J  e^dojfit) = — 2  ei2*J«/p = j  (ei2*< -  l)/(e p -  1 ) = if plq integer 

otherwise.

For f( t)  = eimt(0 <  /и ё  n), we have
1 2n

(P„e""')(jc) =  — f  eimtK„(t- x)dcon+1(t) =
71 0

n n /»Я
=  f  eim,(eik«-*) + e - ik« - x>)d(Dn+1(t).

k=o 2тг у

Sincep= n+ l, 0<m+A:S2w and —n-^m —k ^ n ,  the nonvanishing terms in the last 
formula are k —m and k= n+ 1 —m by (4). Hence we have

(Рпеш)(х) = <xmeimx + а„+1_те~‘(а+1~т)х.

Similarly for the negative index

(Pne~im 0(x) =  am e ~imx + a„+! _ m ei ( " + 1 “ m>*.

We write these in real form,

(P„ cos mt)(x) = amcoswx + a„+1 _mcos(n+ 1 —m)x,

(Pn sin mt){x) =  am sin mx -  a„+1_m sin (и +1 — m)x.

Collecting these estimates, we get the formula (3).
Using the kernel (1), we set

л 2n
(5) Qnf = - [ f ( t ) K n( x - t ) d t .n J

Corollary 1. I f  we take

_  (n+ 1- к Г
W  “* ( n + l - k f  +  k * ’
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then

(7) (P„t„)(x) =  ((?„;„)(*) + cos (я +  1 )* Д  (n+l \ y + k* k*Ak(x) +

+ si" (" + 1 )Jt. g f r + i  =

= f,(x)+{cos ^ + l ) x - l }  i  + t* A b )  +

+ sin (n+ l)x 2 1

d = l (и + 1 — к)“ + k“ к1 В fix).

3. The direct theorem. From now on, we only consider the case (6 ) and both 
Pnf  and Q„f mean the approximation process with this special kernel. At first we 
compare the approximation degree by Q„f with that of the typical mean of Fourier 
series, that is, with the matrix

P t  =  1

Then we have

1 -a *  =

1 - A  =
So if we set

_ ( n + i y - k x 
n+  1 J (n+ l)a

1L M
<x

f i -  MV n + l) r+
f к Y
W iJ

n+ 1

a (л )

, ( к < и + 1 ) ;  =1 ( k ^ n + l )

( к < и  + 1); =1 (к& и + 1).

( 0  s  л: s  l ) ;  = 1  ( x  s  1 ) ,
(1 — л)“ +  X

ß(x) =  Xх ( 0  s  x g  1 ); = 1  (.V — 1 ),

then it is easy to see that both a (A)//! (x) and ß(x)/y.(x) are Fourier—Stieltjes transform 
of bounded measure. From the Poisson summation formula and Fourier multiplier 
theorem, we can conclude that the two approximation processes have the same order. 
For the proof of these facts, we refer to Chapter 6  of the book of P. L. B u t z e r  and 
R. J. N e s s e l  [1]. If the a-th derivative of f ix )  or f(x) is bounded almost everopvhere, 
then the order of approximation by the typical means is 0(n~*) according to a is even 
or odd, respectively, by Z y g m u n d ’s result [9]. So the situation is the same for Q„f 
In the following, the norm of Z(||Z||) means the uniform norm if A is a continuous 
function, the ess. sup norm if A is an essentially bounded function and the operator 
norm if A is an operator. If both / (я) (x) and f i x)(x) are bounded almost everywhere,
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then in the first formula of (7) we set tn(x)=(Qnf)(x )  and

\ \ f - p j \ \  == u z -  e , / n + II Q n( f - Q n f )  и + i i e „ « 2 „ / )  -  p n{ Q n f ) \ \+ \\pn( . Q « f - m  ^  

s  u z -  q j w + i i6 . i l  • u z -  q j w + \\p„\\ • u z -  e . / i i  +

+
(n+ 1-ГсУ +

Ж  (n  +  1 - k f  +  k a (n +  l - k y  +  k* k *Akix)

у  1_________ ( n + l - k y
1 (n +  1 — k ) x +  k a ( n + \ —k y  +  k x k

^  c 1 i i / - e , / i i + c i n - ( i i / ( , o i i + i i / t e ) i i )  =  o(n-*),
because ||PJ =  0(1) and | |ß j  =  0 ( l)  by Sharm a  and V arm a [3] and V arma [5]. 
Hence we have the following theorem.

Theorem 1. I f  both / (<z) (x) and (x) are bounded almost everywhere, then 
\ \ f - P J \ \ = O l n - * ) .

4. The inverse theorem. Theorem 2. I f \ \ f —P„f [ \  — 0(n~x) then both f w (x) and 
/ (a) (x) are bounded almost everywhere.

Proof. Let in the second formula of (7) t„(x) be a polynomial of order v (vS n ), 
change notation from n to m and from v to n, and set

t„(x) = (P„f)(x) = 2  A„.k(x),k= 0

then

I’J K J )  =  (/■„/)(A + (cos (m+ l ) x - I } /  (w + , l ky  + k .  k‘A'. ‘ (A +

+Sin(m + i ) ^ i (m + 1 _!t) . + t . f A .‘(A =

=  (Pnf) (x) + {cos (m + 1 ) a -  1 }pn (x) + sin (m + 1 ) xqn (x),
say. From the hypothesis || /  — P„/|| =  0(n~x) and if m = cn where c is an integral 
constant greater than 1 , then

\\Pm{Pnf ) - P J \ \  S  ||Ри(Р ,/-/)11+11^/-/11+11/-Л /11 =  ö («-“).
Hence we have

||{cos (m + \) x — l}p„(x) + sin (m+ \)xqn(x)\\ =  0{n~x).
Let M„=\\pn(x)\\ and \p„(xn)\= M n. By the mean value theorem and Bernstein’s 
inequality, we have

\pn(xn- h ) - p n(xn)\ =  \hp'n(Q \ si nh\\p„(x)\\ = nhMn, 
where xn—h ^ ^ n^x„ . If we take 2 nh^l, then \p„(xn—h)\^M J2. The situation is

> |p„(*)l =the same to the right of x„. So in the interval xn+ ^ j
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However
✓ ,, , „ . „ ш + 1  . , ,. . . w + 1  m + 1cos(m + l ) x —1 = — 2 s n r —-— x, sin(m +  l)x  =  2 sm—-— x co s—- — x

. , . . m + l  _ . , . , 2n , 2nand the points where cos—-— x  = 0  appear with period----- —. If we take------- <^ 2 F m + l  m + l

<  -j-, (for example, m = 8 rí) then the interval , xn + contains a point x 0

such that cos * x0 = 0. At this point . m + lsin—-— x 0 = 1. Hence nxM„Sna\pn(x0)\ =
= 0(1). Hence« 01 ||p„(jc)|| = 0(1). Accordingly ][sin (m+ 1)a^„(a:)|| = 0(n  “)• From the 
same reasoning above, we have rf\\qn(x)\\ — 0(1). That is to say, we have

k= 1 (Ви + 1  — к)“ + к' каАПшк(х)

From the formula
-k7ß„tk(x)

=  0 (1), 

=  0 (1).t=i (8 n + 1  — к)a + k*

1 n
— f  f(t)K n(t-x)dcon+1(t) = 2  Л„,к(х), 
n  J  k= 0

1 ^  (yi I J
A„,k(x) = <x„,k — f  f i t )  cos k (x - t)d (o n+1(t)=  ”  ̂_  fry + K . * cos , fc sin kx)

where
j  2 i t  j  2 л

an,k = — f  /(Ocos ktdcon+1(t), b„ к = — f  /(Osin kt dcon+1(t)
71 о 71 о

which are the и-th Riemann sums to the integrals which determine the Fourier 
coefficients

j  2 i t  j  2  it

ak = — J  f  (0  cos kt dt, bk = — J  /(O sin kt dt,

respectively. Thus, from (8 ), (9) and the well known weak* compactness argument 
(see Butzer and N essel [1, p. 437]) we get the theorem.

Remark. If || / — Pnf^=o(ri~a), then / i s  a constant.
5. The approximation theorem. From Theorem 1, we get the following theorem 

by familiar Steckin’s argument [4].
Theorem 3. I f  f  andf are continuous, then

\\f-Pnf\\ =  0

where cox means the modulus o f smoothness of order tx.
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VERALLGEMEINERTE WALSH—FOURTERREIHEN. II
Von

P. SIMON (Budapest)

Herrn Prof. K. Tandori zum 50. Geburtstag gewidmet

Einleitung

In dieser Arbeit beschäftigen wir uns mit der Konvergenz in der Norm ||...||p 
(1 —P — °°) der nach dem Vilenkinschen orthonormierten System [8 ] fortschreitenden 
Fourier-Entwicklung.

Es ist wohlbekannt, daß die trigonometrische Fourierreihe einer nach 2n period
ischen Funktion f£ L p [0, 2ri) ( 1 < р < ° ° )т  der Norm ||...||p konvergiert und in den 
Fällen p = l,oo diese Behauptung falsch ist [11]. Das Analogon dieses Satzes für das 
Vilenkinsche System wurde bis jetzt nur unter gewissen Bedingungen bewiesen 
(das sog. „beschränkte Vilenkinsche System“) [2], [9], [10]. Im folgenden werden 
wir den Satz ohne diese Bedingungen beweisen.

Zum Beweis konstruieren wir einen beschränkten linearen Operator, ein Analogon 
der trigonometrischen Konjugierung [11]. Es ist bekannt, daß die sog. konjugierte 
Funktion in der Theorie der trigonometrischen Fourierreihen eine große Rolle 
spielt [11], [12]. Man kann zum Beispiel mit Hilfe der konjugierten Funktion die 
Konvergenz in der Norm ||... ||p der Fourierreihe einer Funktion f£ L p [0, 2n) ( l< p < °°) 
einfach beweisen [11]. In dieser Arbeit wird gezeigt, daß das Analogon dieses 
Beweises auch für das Vilenkinsche System — als eine Anwendung des von uns zu 
konstruierenden Konjugierungsbegriffs — zu gebrauchen ist.

Wir bemerken, daß man den Hauptsatz unserer Arbeit auch dnrch Anwendung 
des Begriffs vom bedingten Erwartungswert in der Theorie der Orthogonalreihen 
beweisen kann. Dass folgt aus den sehr allgemeinen Sätzen von F. Schipp [5], [6] 
bezüglich multiplikativer Systeme.

Ich möchte Herrn Professor F. Schipp für seine wertvollen Ratschläge bei der 
Fertigstellung dieser Arbeit meinen aufrichtigen Dank aussprechen.

§ 1 .

In diesem Paragraphen führen wir einige Bezeichnungen ein und formulieren 
die wichtigsten Definitionen. Es sei
(1 ) m =  (m0,m 1, ...) ( 2  S  mk, mk£N, k£N: = .{0 , 1 , ...})
eine Folge von natürlichen Zahlen und bezeichnen wir mit
(2) Z mk - =  {0, 1, . . . , mk-  1} (mt (N , mt ^ 2 , ^ N )
die mk-te diskrete zyklische Gruppe. Wir betrachten die komplette direkte Summe 
Gm der Gruppen (2), d. h.
(3) Gm: = Zmo®Zmi® ... ® Z„lfc® ...
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dann wird Gm zu einer kompakten Abelschen Gruppe. Wir werden die Gruppen
operation in Gm mit -t-, die inverse Operation mit — bezeichnen. Es sei

(4) I„(x) := { y .y  =  (*o. ...)|.y€Gm} (n€N, x£Gm)

die „и-te Umgebung“ des Elements x£Gm. Man kann leicht verifizieren, daß die 
durch die Umgebungsbasis von 0 £Gm induzierte Topologie mit die obige Topologie 
von Gm übereinstimmt. Mit der Bezeichnung Г (m) für das Charaktersystem von 
Gm kann man Г (m) folgenderweise darstellen [8 ]. Es seien n£N und

(5) rn (x): = exp (x£Gm, /: =  J ^ I ) .mn
Wenn
(6 ) M0:= 1, M k: = m0, . . . ,M k:= mk_1Mk_1, ... (k£P: = {1, 2, ...})

sind, kann man jede natürliche Zahl n in der folgenden Gestalt eindeutig darstellen:
oo

(7) n =  2  nkMk (/J*€N, 0 S  <  mk).
fc=0

Mit Hilfe der Darstellung (7) kann man die endlichen Produkte der Funktionen (5) 
folgenderweise ordnen:

(8 ) Фо = 1, Ф п = П (г к)п<< (n€N),*=o
wo die nk die unter (7) definierten Zahlen sind.

Man kann beweisen [8 ], daß das System (8 ) das Charaktersystem von Gm ist, 
und Г (m) ist ein vollständiges orthonormiertes System auf der Gruppe Gm bezüglich 
des Haarschen Maßes.

Wir bemerken, daß die Funktionen unter (5) im Fall m, = 2 (n£N) die Rade- 
macherschen Funktionen sind und das System unter (8 ) dasjenige von Walsh— 
Paley [1], [10] ist.

Es sei und bezeichnen wir mit S ( f) ,  bzw. mit Sn( f )  (n£N) die Fourier
reihe von /  nach dem System (8 ), bzw. die n-te Partialsumme dieser Reihe (im 
weiteren reden wir nur kurz über „Fourierreihe“), d. h.

/(« ) :=  f m J Ä D d t ,  S ( f) :=  2 Л к Ж ,k = 0

(9) S0( f )  =  0, S„{f):= "Z/(к)фк ( f€ 0 ( G J ,n t  N).k = 0
Führen wir noch die folgenden sog. Dirichletschen Kernfunktionen

(10) D0 = 0, Dn: = " z ^ t  (леР),k = 0
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ein, so ergibt sich

(11) Sn(f)(x )  = J f(t)D n(x — t)d t = ( f* D n)(x) (xCGJ
Gm

(f* g  bedeutet die Faltung von f  g eb 1(Gm)).
Wir haben in [7] die Darstellung

“  ( mk- 1 \ ~ 3
(12) Dn =  ^  2 \  2  Ы ' DMk = Ф„ 2 \  2 0 * )J DMk (neP),

k = О Vj = m k —nk '  k= 0 V = 1 '

der Funktion D„ erhalten, wo die nk die unter (7) definierten Zahlen sind. Es sei 
Ф die verallgemeinerte FiNE-sche Operation [1], d. h.

(13) n@ k:= 2! [nj + kj(m°dmj)]Mj (n, k e N),
3 = 0

wo sich die Bedeutung von njt kj aus (7) ergibt. Offensichtlich wird N mit der Opera
tion ® zu einer Abelschen Gruppe.

§ 2 .

Im folgenden beschäftigen wir uns mit der Konvergenz in der Norm ||...||p 
der Fourierreihe von f e L p(Gm) (1 Bis jetzt untersuchte man dieses Problem
nur in jenem Fall, daß die Folge unter (1) beschränkt ist [2], [10].

Wir werden auch das Analogon vom trigonometrischen konjugierten Operator 
[11] für die Fourierreihe (9) definieren und das Äquivalent des bekannten Satzes von 
M. R iesz [11] beweisen. Als Anwendung des letzteren Satzes wird dann der Haupt
satz dieser Arbeit gewonnen:

Satz 1. Für beliebige Folge vom Typ (1) gilt die folgende Behauptung:

Hm ||S „ ( /) - / | |p -  0 (и— , f e b fG J ,  1 <  p <  ~).

In den Fällen p=  1, °° gilt die vorige Behauptung nicht. Wenn p = °° ist, können 
wir einfach nach der Formel (16) in [7] eine solche Funktion in L°° (Gm) konstruieren, 
für die lim ||S„( / ) —/I U = 0 (n-+ °°) nicht gilt. Für p=  1 ergibt sich ein ähnliches 
Beispiel mit Hilfe der Lebesgueschen Funktionen von Г (m) [8 ].

Wir definieren den Operator der Konjugierung für die Fourierreihen (9) 
folgenderweise. Es sei

1 (mk = 2 )
A : = mk- l

( m k >  2)
(k€N)

([a] ist der ganze Teil von aGR) und bezeichnen mit Lk die folgende Funktion:

A/с mk — 1
Lk-= -  2 (Tk)J+ 2  (rk)J-]=1 J=^+1
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Dann haben wir je nach der Parität der Zahl mk die folgenden Aussagen über 
den Wert Lk(x) (x €Gm) :

a) Lk(x)

mk

(xk 0 , mk =  1 (2 ), i = f ^ T ) ;  

b) ist mk =  0 (2 ) (mk >  2 ), so gilt

f-к (x ) — 1 + "Г
exp - TtXjj

mk

sin

t l - ( _ l ) x k]

™k
mk

(xk pí 0 );

c) im Falle mk = 2 haben wir -£*(*)= — (—1 )*fc (xdG,„).
Wir benutzen die jetzt eingeführten Bezeichnungen und definieren eine Ope

ratorenfolge Tn (ne N):

(14) T J :  = f *  ( Í  Lk DMk] =  :/*  Dn ( f e  V  (GJ, «€N).

Dann gilt der folgende
Sa t z  2. Die Operatorenfolge Tn («£N) ist in n vom gleichmäßigen Typ(p,p) 

h. es gibt eine nur von p abhängige Konstante A(p) derart, daß ||!f„/|Lá
— A (p)\\ f\\pfür a lle feL p(GJ (l< p<oo) und ne N gilt.

Da die Menge der „Polynome“ ] 2  ck^k'- «£ 1,2, ...[ in Lp(Gm) (1 ^
U = o  J

oo) in bezug auf die ||...||p überall dicht ist, konvergiert die Folge Tnf  (n-+ °°)
— nach dem Banach-Steinhausschen Satz und dem vorigen Satz 2 — in der Norm 
||...||р für jede Funktion f f L p(Gm) (l< p<°°). Mit der Bezeichnung f f  für diesen 
Limes ist f  : Lp(Gm)-+Lp(Gm) ( l< p < °° )  ein beschränkter linearer Operator.

D efinition 1. T  wird der Operator der Konjugierung bezüglich des Systems 
Г(т) genannt.

Wir werden noch gewisse „Drehungstransformationen“ brauchen, die im
folgenden definiert werden. Es sei n =  2  nk Mk eine festgesetzte natürliche Zahl

fc = о
und wir betrachten die Kernfunktionen

mk — 1 (s +  l)M k —1 mk — 1 ( s + l )M k — 1

Дк-= 2  2  Фу, &'• = 2  2  'l'j (&£N).
5 =  1 j  = sMk 5 = 1  j  = sMkmk — nk—l s^nk + l
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Mit Hilfe dieser Funktionen konstruieren wir die Operatoren

M
(15) 2 4  /* 4 ) ( r fc)"'‘+1,

k = 0

M
(16) T"Mf-.=  2 ( / * 4 ' ) № + 1  { f íL \G m) ,M í  N).

fc=0

Dann gilt der folgende
Satz 3. Die unter (15) und (16) definierten Operatoren sind in n, M  vom gleich

mäßigen Typ (p, p) (1 < p < o o ;  ti, M£N).
Wir bezeichnen mit T n* f  bzw. mit T"~ f  den Limes in der Norm ||...||р (1</?< 

<  oo) von T ’f i f  bzw. von T'fi f  (M — °°), der nach dem Banach—Steinhausschen Satz 
und nach Satz 3 für jede beliebige Funktion fd L p(Gm) (1 <p-<°°) existiert. Dann 
sind die Operatoren T" + , T"~ : Lp(Gm) — Lp(Gm) (1 <p<<=o) beschränkte lineare Ope- 
ratoren (n£N).

Definition 2. Tn* und Tn~ (n£N) werden die „Drehungstransformationen“ 
bezüglich des Systems Г(т) genannt.

§3.

Zum Beweis der Sätze werden wir einige Hilfssätze benutzen. Es sei /„ (x, k) := 
: = { ( * o ,  ...,x„_ 1 ; k,y„+1, yn + 2, ...)eG JyeG m) (k£Zmn, n£N). Für jedes x£Gm und 
jedes n£ N betrachten wir die Mengen

# ( * ) :  =  1

Ж “ 1

U fn(x,k) (x„ < [m„/2])
k  =  0 
tn n — 1
U fn(x, k) (x„ 5? [mJ2])

H f l
hj

bzw., wenn KJ„(x) = |J  f„ (x, k) ist, die Mengen
k = k j

I U h (x ,k )  (xn <  [(kj + hß/2])
Ki+1(x): = { k=kfi 0k j , h j , j €P, kj ^  hj).

I U / „ ( * ,* )  (Xn ^ [ ( k j  +  hj)l2])

4 ^ 1
Dann gibt es für beliebig festgesetzte x(jGm und «6 N eine Zahl y„€P derart, daß 
Ä^"(x) = /„+1 (x)ist. Für die Mengen K]n (x) (n£N,xCGm, j  = ergibt sich 1 ё

mes (%)
S - ---- - — g3 . Ordnen wir die Mengen Kj(x) für jedes festgesetzte x£Gm nachmes Kj+ (x)
der lexikographischen Ordnung der Menge der Paare (n, j) , so ergibt sich je eine
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Mengenfolge Ktl (л) und es gelten die folgenden Behauptungen. Kn (л) nimmt mono
ton ab und lim K„ (л) = {л} (n -* oo), bzw.

1 ä
mes K„ (x) 

mes Kn+1{x) S  3 (ngN).

Mit Hilfe der vorigen Mengen Kn(x) (n£N, x£Gm) formulieren wir das sog. Hör- 
MANDERsche Zerlegungslemma [3], das wir in der folgenden modifizierten Gestalt 
oft verwenden werden.

Lemma 1. Es seien f£ L 1(Gm) und J’> | | / | | i .  Dann existieren die Zerlegungen 
Gm = F(jF (F :=Gm\ F )  und f = f 0 + w derart, daß die folgenden Behauptungen gelten:

1) F = U  Knk (xk) = U ( K  (xk) U  K k (xk)) = : \ J K k (КПк П K„k, =  0  (kA  k %

wo im Fall K„k = | J  Ij(xk,h ) die Mengen K'k(xk)=  :K'k: = | J  Ij(xk, h) (/г = 0(2»,
h=a h—a
b

K k(xk) = :Kk:=  U I j(**■ h)(h=  1 (2 )) sind,

2 ) ||/oll~3S6v und ll/olk S  2 Ц/11!,

3) w = 2 f k  und supp /bcK„k, j f k= f  f k  — 0, 1/1 КПк\ f  l/J =s 12j; (|ÄJ : =

: =  mes K„k), |И а = 2  12Ц/Ц,,
4) mes \\fWJy.
Zur Formulierung von Lemma 2 benötigen wir die folgenden Bezeichnungen:

Z* =  {а, a+  1.......a + n — l} c Z „ k, b := a  + [n/2] (и€Р, &6 N),

2 [ | ] + n - l

DZk : = U {(fl* + 7 ) (mod mk)} (a* : = a-[n/2], LeN, и£Р), 
i = 0

Hk(x): = U Ik(x,j), Hk0(x ) : =  U h (x ,j) , Hüfx): = U fk(x,j),
jcznk j£Z”k jiZnk

j = 0(2) J = 1(2)
DHk(x): = U h (x ,j)  (nfP,  /c€N, x f GJ .

J i D Z nk

Dann gilt das folgende
Lemma 2. Wir nehmen an, daß die nachstehenden Operatorenfolge T„ : L1(Gm)-^ 

—■ Z.1 fG„,) (n 6  N) die folgenden Eigenschaften besitzt:

(a) T „ f=  Z  [f*(4>kDMk)](pk («€N; Фк, q>kiL~{Gm), \cpk\ = 2  1, f iL \G J ) ,
k = 0

(b) ||Г„/||2 ^ Л | | / | | 2  (/?GN,/CL2 (Cm), A ist eine absolute Konstante),
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(c) Фк ist auf den Mengen Iß x ) (j, kZN ,j> k, x£G„,) konstant,
(d) es gibt für jedes Tripel Á£N, и £ Р ,  ydGm solche nur von n, к und von 

x, у  £ Gm abhängige Funk tionen ФР ( /= 0, 1), daß

(t£Hki(y), i= 0 ,1; В ist eine absolute Konstante).
Dann existiert eine absolute Konstante C=-0 derart, daß

mes {х:|(Г„/)(х)|>у}=аС||/||1/у (y>0, n iN ./iL H C J).

B ew eis von  L em m a  2. Es seien y=~0,f€.Id{Gf). Wir dürfen evident voraussetzen, 
daß y=»|l/lli- Nach Lemma 1 ergibt sich die Zerlegung /= /„ +  f k, Gm = FÖF,

k =  1
für die die in Lemma 1 ausgesagten Behauptungen gelten. Wegen der Eigenschaften 
(a) und (b) der Operatoren T„(n£N) haben wir

t j =  t j 0+ 2  r j k.
fc=l

Es seien in Lemma 1 supp/* =  Kk = H £(£k), Kk = Kk =
(k,jkdP ,  skf_N, Qk£Gm), und betrachten wir die folgenden Mengen:

DF: = U D H ^ k), DF: = Gm\D F .
fc € P

Da
{mes x : \(Tnf ) (x)| > y} gmes {x: \(T„f0) (x)| > y/2} +  mes {л:x£DF, \(Tnw)(x)| >  y/2} + 

+ mes {x |(7>')(x)| >  y/2} = :F n(l) + F„(2)+£„(3) (n£N)

ist, brauchen wir nur zu beweisen, daß £ '„(i)= 0 (l) ||/ ||1/y (i= l, 2, 3; n£N) besteht.
1) Aus den Definitionen der Menge DFc.Gm folgt nach Lemma 1

Fn( 2 ) s 2 m e s F ^ 2 [ |/ | |1/y  (и£ N).

2) Nach der Eigenschaft (b) der Operatoren T„ (n€N) und nach Lemma 1 
erhalten wir die Abschätzung

ЕЛ 1) S  4/у2||Г„/0!|1 s  4A ||/ollI/y2 ä  4A/y2 J  |/„||/„| s  24A/y\\f0\\1 S
om

S  4SA WfWJy («€N).

3) Für T„fh (A£P ,  n ist fixiert) ergibt sich aus der Definition von T„,
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aus supp DMk=Ik (k£N) und aus Lemma 1

(Tnfid(x) = 2  [ f  f h(t)Фк(х — t)DMk(x — / ) r/l j <pk(x) =
k=0 Gm

= 2  [ f  fk ( t)$ k (x - t)D Mli(x-*-t)dt\(pk(x) =
k~° н{к(ЫП /*(*)

= 2  Mk \ f  f h(t)<pk(x - t)d t] (p k( x) (xdGm, h£P).
k~° нЛ (мпад

Da In(x)C\Im(y)=  0  oder/n(x)j2/mOO (л:, n, m€N, m ^«) ist, gelten für jedes
festgesetzte xd DF die folgenden Aussagen:

a) Bei 0* k ^ s h №€N) ist Д(х)П #£(€*)=  0  oder #£(£„) (AgP). Da Ф*(х^О 
nach der Bedingung (c) auf der Menge H,J*(£h) (in t) konstant ist, gilt

/  А(*)фк(х-1)Ж  =  0.
ад п я* (ы

b) Ist sh< k ^ n  oder sk>n (hdP), so ist für xd F (£h)ПIk(x) =  0 .
Das Obige zusammenfassend können wir folgendes sagen: für jedes xd DF gelten 
entweder (T„fh)(x)=0, oder s„^n, xd IsJ A ) \D H ^ ( ^ h) und

(Tnf h)(x) = MSh [ f  f h(t)<PSh(x ^ t)d t]  cpSh(x) =

= MSh{ f  f h(t)[Ф5ь(x — t) — Ф<°>(x)] dt) <pSh( X )  +
< V w

+  MJh{ f  f H(0[FSh(x^t)-cI>v>(x)]dt}(pSh(x).
"ihh i«w

(In der letzten Gleichung haben wir diejenige Behauptung von Lemma 1 gebraucht, 
nach der

/  f h(t)dt = 0 (/ = 0,1).)

Wenn wir Lemma 1 und die Bedingung (d) gebrauchen, ergibt sich die folgende 
Ungleichung:

_ /  |( rn/ A)(x)|dx
DF

77—7p r  /  2 {  / Л (0  [ф *(А- - • - / ) -  Ф® (x)] л }  <p5h(x )
I "HW ,Jf • 0 HJh.(ih)

dx

-  f  11  ( 7  V 2  J  А  ( 0 1ф*„ (x - 1) -  ФЦ! (x)] (x) dí I d x  3 =
V W \ < ‘ (W U W  ‘“° I

/  |[Ф *(Х -Г )-
ISh(ih)\DHJ4ih)

^ (x )](p Sh(x)\dx^dt =i ßlj/Jj

(n€N, A€P).
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Daraus können wir leicht eine Abschätzung für En (3) (n £ N) feststellen, nämlich

£•„(3) s  2 /у f  \(Tnw)(x)\dx á 2  /у 2  f  \(TJh)(x)\dx =  2B\y £  \\fhU-

Nach dieser Abschätzung und nach Lemma 1 besteht £„(3)^245/,у||/ | | x (n£N). 
Die Konstante C = 2 + 48/1 + 245 genügt demnach der Behauptung von Lemma 2 
und damit haben wir Lemma 2 bewiesen.

L e m m a  3. Die Operatoren T„ (n^N) sind in n von gleichmäßigem schwachem Typ 
(1, 1), d. h. es gibt eine absolute Konstante C=-0 derart, daß die folgende Behauptung gilt:

mes {x:xeGm, |(f„/)(x)| >  y} CWfWJy ( f£ L \G m) ,y >  0, n€N).

B e w e i s . E s genügt zu prüfen, daß die Operatoren Tn (n£N) den Bedingungen 
von Lemma 2 genügen. Mit der Wahl Фк=Ьк, cpk= 1 (A+N) ist das für (a) evident. 
Nach der Besselschen Ungleichung erfüllt sich auch die Bedingung (b). Da der 
Wert Lk(x) (A+N, xf_Gm) nach (5) nur von xk abhängt, erfüllt sich auch (c). Wir 
beweisen, daß die Bedingung (d) auch für die Funktionen Lk (A+N) besteht.

a) Für mfc=2 haben wir Lk{x)= — ( — 1)х̂ (л;££ш) und mit der Wahl Фк(>) = Фкг> =0 
erfüllt sich die Bedingung (d).

b) Wenn =1 (2) ist, so sei für jedes 4-Tupel y£Gm, n£P, A+N, Z k^ Z mk 
(vgl. die vorige Bezeichnungen)

Ф<?\х): = <

bzw.

1 ( - l ) * fc+i
i . к ( xk — b )

sin ——-----mk

, i (-!)*>  ,

mk

{ У mk )
. . n(xk — b)is in  —— -----mk

( n(xk — b) .)
exH— J

(xk <  a)

(*€/*(y)\D H £(y), i: = i~—i)

(xk >  a + n - 1)

mk

Ф ?(х):=<

1 - 1 (-1 )*
- + - ( 71( Х к - Ь )  . )

— SS“ 1)
i . n(xk—b) i sin—-— --- -mk

_______mk
. n(xk — b)Sin— ----—

mk

, 1 ( - 1 ) ^  + !
1— r —— -r----- -- +

(
n(xk- b ) 
—

i . 71 (xk — b) Ísin——--- -mk

_______mk
. 7z(xk — b)

sin  —-— ------mk

(xk <  a)

( x a k (y)\D H S(y)) 

(xk >  a + n— 1)

und Ф(к0)(х) = Ф^(х) = 0 (j+  Ik(y ) \D H k (у)). Da -j^— ist es leicht zu ve-\Xk — b\ 2
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rifizieren, daß

\Фк(х^О -Ф Ц \х )\ ^  2 1 1
. n(xk — tk) sm ——----—

Щc
. n (xk — b)sin ——----- -mk

+

= 2

( n (xk — e x p ---- X-F—
{ ™k

4 ) . |

. n

1 1
. 71 (xk — sin — —— 

>nk
tk) . n (xk — b)—  sin —-—----- -

mk

л(хк — Ь) .
г 1 - ехр1-------1

Щ

+ 0(1) (/€ЯЙ(У); / =  о, l;(*gN )).

с) Ist w„=0(2) (tnk>2), so betrachten wir die nachstehenden Funktionen 
(vgl. die vorigen Bezeichnungen):

Ф Г(*):=  1 + -
1 1-(-!)*«.
i . n(xk — b) sin - '

■ exp - л (xk — b)i 
mk

mk

sin — =---- -mk

( x € lk(y)\DHg(y ) ) ,

n(xk- b ) i ) 
mk

Ф*0)(л) = Фк:)(х) =  О (х$ Ik(y ) \D H k(yj). Eine ähnliche Rechnung wie früher ergibt

|Ф * (х -0 -Ф Р (* ) |ё 2 1 1
. л (xk — tk sin —-—-— - 

Щ
) . 7l(xk — b)- sin ——----- -mk

0 (1 )= :

=  : 2Fk(x, 0 + 0 ( 1 )  (t£Hki(y), i =  0, 1, fc€N).
Wir sollen nun die Existenz einer solchen absoluten Konstante B>  0 beweisen, für die 

1
14(01

/  Fk(x, 0  dx ё  В < =o (u£Gm, n£P, k£N,  ЮЩи))
Ik(uy.,DHl{u)

ist. Zum Beweis dieser Behauptung schreiben wir das in Frage stehende Integral 
in die folgende Gestalt

1
Mk £  J  Fk(x ,t)d x  = —  2

^ Zm ^DZk k J

1 1
. 7l ( j —tksin —------mk

. n ( j - b )sm ——---- -mk

Wir können ohne Beschränkung der Allgemeinheit annehmen, daß 0Ша*<а+ 
+ [n/2]+n—l ^ m k—l (vgl. die vorigen Bezeichnungen). Dann schreiben wir die
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letzte Summe als die Summe von 2 (l) und 2 (2)> wo sich 2 W bzw. 2 ^ 2) auf die 
0 bzw.  auf die a+[n/2] + n—1 < / ё т л- 1 bezieht.

Zuerst fassen wir 2 m  ins Auge. Wenn b ^ tk und d:=tk—b sind (vgl. die Bezeich
nungen), ist

2W =  —  2
“ M i ] sin

_1____
n(d+z)

1

sin ■nz
2 +

mk mk

= ■■2'+ 2 " +  2 '"-

A i
+ 2  = :

sonst

Es gibt in der Summe 2 " '  höchtens d Summanden, woraus

2 1/// mk sin л2[п/2\ 
mk

folgt. Nach der Definition von 2 '  gilt

S  1/2

2 ' I M  2 '
l

sin-nz
mk sin n(d+z)

mk

S  1/2

und ebenso ergibt sich 2 " —^l^-
Im Fall tk^b , bzw. für die Summe 2 (2) kann man ähnlicherweise eine obere 

Abschätzung feststellen. Damit haben wir Lemma 3 bewiesen.
L emma 4. Die Operatoren T& , sind in n, M  von gleichmäßigem schwachem 

Typ (1,1) (и, M €N).

B ew eis. Wir werden die Behauptung von Lemma 4 nur für Tu beweisen und 
bemerken, daß man den Beweis für T n̂  ähnlich führen kann. Es sei

mk - l

Фк-= 2 Умк = :  2* « W  % : = № +1
S = 1  SS9̂ nik — Tlk— 1

2 " j M j € N, A:6N
J =  0

Dann sind die Bedingungen (a) und (c) von Lemma 2 evident erfüllt. Die Bedin
gung (b) erfüllt sich wegen der Besselschen Ungleichung. Zur Erfüllung von (d) 
seien Ф/°) =  ф/1) =  0. Da

фк(х) = 2 *  M *)]s =  2 *  exP
s s

2nxksi
mk

ist, besteht

1 (nk = mk- 1)
-  1 -  [rk (*)]"“+1 (nk ^  mk -  1, xk ^  0)

1
14001

/  I <?>k(x ^ t) \d x
I k( u j \ D H l ( u )

Damit ist Lemma 4 bewiesen.

2 (u£Gm, &6N,y'6P, t£H^(u)).
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§4.
Beweis d e r  S ätze 2 u n d  3. Da die Operatoren f n, T & , T S f (n, M e N) nach der 

Besselschen Ungleichung in n, M  vom gleichmäßigen Typ (2, 2) sind, ergeben sich die 
Behauptungen der Sätze 2 und 3 im Fall 1 </? <2 aus Lemma 3 und 4 nach dem 
Marcinkiewiczschen Interpolationssatz [11]. Im Fall 2 s/?< °° benutzen wir zum 
Beweis der Sätze 2 und 3 das sog. konjugierte Verfahren [2].

Im folgenden werden wir die Partialsumme Sn(P) (neNj eines beliebigen Poly-
oo

noms P =  2 скФк Hilfe der Operatoren T , Tn+, Tn~ darstellen. Es sei
k=о

00 n______ mk — 1
W ) : =  2  f  У .(О Л О  2  {ik( x - t ) V D Mk( x ^ t ) d t

k = 0  Gm i = mk ~ nk

f e  L 1 (GJ, n=  2  nk Mk € N ;
k =  0

dann ist Sn(f)=\J/nSZ(fF n). Wir nehmen an, daß für die natürliche Zahl и die folgende 
Bedingung
(17) 0 ^ п к ш Ак (ke  N)
gilt, und beachten die folgenden für die Polynome definierten Operatoren T* und

П *
~ »ifc-l (j+l)Mk- l  1

T*P:=  2  2  2  c(*P( + T c0!P0;
k = 0  j= A k + 1 l = j M k z

°° f mk- l  <J+Wk-1 A k - n k - 1 Ü+DMfc-Л
t **p -= 2  2  2  + 2  2  \ c , v t .

k=0 \ j  = mk —nk l = jMk 7 =  1 l = j M k )

Dann ergeben sich die nachstehenden Darstellungen für die T * und T** (neN):
(18) T*P= \/2(TP+P),
(19) T**P =  1/2{T"~ [T"+ P -  T(Tn* P)]}.
Andererseits ist es leicht zu verifizieren, daß
(20) SJ(P) = T*(T**P).

Wenn sich die Bedingung (17) für die natürliche Zahl n nicht erfüllt, schreiben wir 
S*(P) in der Gestalt

s*n (P) = 2  p *\ 2  Hd
k =0

mk- 1
'MkJ = mk—nk

( mk 1 . I
2  HDMk\ +

j  =  m k - " k  >

Es seien
2  HDMk 2  P*

nk>Ak

Ш i. — Пи— 1
2  HDMk\.
7 =  1

ni -=  2  пкм к, «2 : =  2  (mk- n k- l ) M k,
"k=-A

и3:=  2  (Щ ~1)М к,
пк>Д к

Acta Mathematica Academiae Scientlarum Hungarlcae 27, 1976



VERALLGEM EINERTE WALSH—FO U R IER R EIH E N . II 341

womit sich S* (P) =  S*3 (P) + S*3 (P) — S*2(P) ergibt. Da sich die Bedingung (17) für 
die Zahlen щ , n2 erfüllt, erhalten wir nach (20) die Darstellung

(21) S: (P) = T* (Г**P) -T*{T**P) + S:3(P).
Wir bemerken, daß der Operator S*3 evident in n vom gleichmässigen Typ (p, p) 
(1 ndN) ist.

B ew eis vo n  Sa t z  1. Es sei n  eine fixierte beliebige natürliche Zahl. Nach den 
Sätzen 2 und 3 und nach (18), (19) und (21) existiert eine nur von p abhängige Kons
tante C(/i)>0 (l< p < °°) derart, daß ||‘S,*(P)||p^ C (p )||i>||p für ein beliebiges 
Polynom gilt. Da die Menge der Polynome in Lp(Gm) nach der Norm ||...||p überall 
dicht ist (l^/?<°°), erfüllt sich II S íi f)\\p^C(p)\\ f \ \p gleichzeitig auch für beliebige 
fd L ”(Gm) (1 °°). Daraus ergibt sich — nach der Definition von 51* —||5„(y)||p=
= ||5*(/^„)||р^С (/1)||/||р(/еТ р(ет), l< p<°°,n€N ). Benutzen wir jetzt den Ba
nach—Steinhausschen Satz, so ist damit Satz 1 bewiesen.
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ГРУППЫ КОБОРДИЗМОВ /-ПОГРУЖЕНИЙ. I
А. СЮЧ (Сегед)

А) ГОМОТОПИЧЕСКАЯ ПРЕДСТАВИМОСТЬ ГРУППЫ 
КОБОРДИЗМОВ ПОГРУЖЕНИЙ С ПРЕДПИСАННОЙ 

КРАТНОСТЬЮ САМОПЕРЕСЕЧЕНИЙ

Введение

Известна фундаментальная роль пространств Тома в теориях кобордиз- 
мов. В статье мы изложим обобщение пространства Тома, позволяющее 
изучить кобордизмы /-погружений методами алгебраической топологии (опре
деление /-погружения см. ниже или в [2]).

Существуют два типа групп кобордизмов вложений:
1) группа кобордизмов «-мерных многообразий, впоженных в и +  ̂ -мер

ную сферу (рассмотренная Т ом ом  [1]), изоморфна группе пп+к(МО(к)) (МО(к) 
— это пространство Тома группы 0(к));

2) группа кобордизмов пар (М", N"+k) (где М п и Nn+k многообразия раз
мерности п и п+ к  соответственно, причем М п вложено в N n+k) была рассмот
рена У оллом  [6]. Эта группа изоморфна группе бордизмов пространства 
Тома: ЧЯп+к(МО{к)).

В литературе рассматривались аналоги этих групп и для погружений:
1) группа кобордизмов «-мерных многообразий, погруженных в сферу 

Sn+k, изоморфна стабильной гомотопической группе пространства Тома 
n sn+k(MO(к)) (см. Уэллс [7]);

2) группа кобордизмов пар (М п, N n+k) в случае, когда М п погружено 
в N n+k, рассмотрена Ш вейцером [8].

Он показал, что эта группа изоморфна группе бордизмов пространства 
Q°°S°° МО(к), где Í2" есть бесконечно кратное пространство петель, а 5 “ — бес
конечно кратная надстройка.

Мы будем рассматривать аналоги этих двух типов групп кобордизмов 
для так называемых /-погружений. Понятие /-погружения является обобще
нием понятий вложения и погружения и принадлежит У ши да (см. [2]).

Определение. Пусть / — натуральное число. Погружение (общего поло
жения) называется /-погружением, если оно не имеет /+1 кратных точек.

Ясно, что 1-погружение это то же самое, что вложение, а для достаточно 
больших / (при фиксированных размерности и коразмерности погружения) поня
тие /-погружения совпадает с понятием погружения (говоря об /-погружении, 
мы будем допускать и значения / =  °°, понимая под co-погружением просто пог
ружение).

Для любого / можно определить группы кобордизмов /-погружений пер
вого и второго типов, т.е.:

1) группу кобордизмов «-мерных многообразий /-погруженных в сферу Sn+k 
(эту группу мы будем называть просто группой кобордизмов /-погружений). 
(Обозначение: G\n, к).)
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2) группу кобордизмов пар (М п, N n+k), где М п /-погружено в N"+k (эту 
группу мы будем называть группой Ушида). (Обозначение: С(и, к; /).)

Ушида в своих работах исследовал вторую из этих групп и получил неко
торую информацию о ней. Однако его методы чисто геометрические, необ
ходимого здесь аналога пространства Тома он не построил.

В статье мы изложим конструкцию такого пространства, обозначаемого 
нами через r tMO(k). Основная идея конструкции принадлежит М. Л. Громову.

Мы покажем, что:
1) группа кобордизмов /-погружений «-мерных многообразий в «-Но

мерную сферу изоморфна группе л„+к(Г,МО(0));
2) группа кобордизмов пар (М", N n+k), где М п /-погружено в N n+k, изо

морфна группе бордизмов У1п+к(Г1МО{к)).
С помощью этих изоморфизмов мы полностью вычислим группы Ушида 

и получим некоторую информацию о группах кобордизмов /-погружений пер
вого типа.

Будут также рассмотрены соответствующие варианты этих групп для 
ориентированных многообразий.

Подробное содержание статьи следующее.
В первом параграфе части I мы определим некоторый класс погружений, 

так называемые разделяющиеся погружения. Они будут играть вспомогатель
ную роль в изучении /-погружений.

Во втором параграфе I мы опишем конструкцию пространства r tMO(k). 
Однако перед этим мы опишем пространство, которое будет играть аналогич
ную поль при изучен™ разделяющихся погружений. Это пространство будет 
обозначаться через r tMO{k). После описания конструкций пространств 
Г,МО(к) и ГхМО(к) мы укажем на интересную связь этих конструкций с функ
тором Д ж еймса [9] и функтором Б ар р ата—Э клеса ГХ  [10], которые 
дают для любого пространства X  пространства QSX и QmS°° X  соответственно. 
Упомянутая связь заключается в том, что МО (к) = МО (&)„ и МО (к) =
= Г МО (к). Вытекающие из этих равенств изоморфизмы групп п„(Г„МО(к))?х 
mnn+1(SMO(k)) и кп(Г ^М О (к))^ns„(МО(к)) проинтерпретируем как некото
рые ослабленные варианты теоремы Хирша.

§ 1. Вводные замечания

Через 0 (,){к) обозначим сплетение группы О (к) с симметрической груп
пой S(l), т.е. существует короткая точная последовательность

(*) 0 — 0(к)®  ...® 0 (к )  0<9(£) _► 5(/) — о
I-раз

причем S(l) действует на 0 (к )® ... ® 0(к), переставляя слагаемые.
Замечание. Точная последовательность (* ) индуцирует
а) накрытие В [О (к)® ... ® О (/с)] — ВО(1) (к) с группой S(l)
б) расслоение ВО^Цк) fl[0(fe)e 'e0№- BS(l)
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(где для любой группы G через BG обозначается база универсального 
G-расслоения).

Связь группы 0 (1)(к) с погружениями. Ясно, что если имеется произволь
ное погружение / :  M n-»Nn+k с коразмерностью к, то нормальное расслоение 
к многообразию /-кратных точек в N n+k (погруженному не обязательно 
вложенному в N n+k) допускает в качестве структурной группы группу 0 (1)(к). 
При этом каждый замкнутый путь в многообразии /-кратных точек определяет 
элемент группы S(l) следующим образом:

Нормальный слой к многообразию /-кратных точек (это есть ///-мерный 
шар D,k) раскладывается самим погружением в произведение / штук //-мерных 
шаров. При этом выбор порядка сомножителей в слое над начальной точкой 
замкнутого пути определяет порядок сомножителей в слое над любой другой 
точкой пути. Однако, обойдя путь и возвратившись в начальную точку, мы, 
вообще говоря, получаем новый, отличающийся от исходного порядка сом
ножителей. Искомый элемент группы перестановок S(l) — это та единствен
ная перестановка, которая переводит исходное упорядочение в полученное. 
Этот элемент определен лишь с точностью до внутреннего автоморфизма 
S(l), поскольку он зависит от выбора исходного упорядочения в слое над 
начальной точкой.

Определение. Если каждому замкнутому пути многообразия /-кратных 
точек сопоставляется описанным выше способом тривиальная перестановка, 
то погружение будем называть разделяющимся.

Определение группы кобордизмов l-погружений. Определение, /-погруже
ния / :  M " ^ S n+k и / х: M"^-S"+k назовем кобордантными, если существуют: 
а) многообразие N n+1 с краем dN n+1 = М" U М" и Ь) его /-погружение g в 
Sn+kX l, совпадающее на краю отображениями / и / 15 т.е. g\Mn = f  и g\M„=fv  
Кроме того, образ отображения g должен быть трансверсальным к краям 
цилиндра Sn+kX l.

Классы эквивалентности образуют группу относительно обычного сложе 
ния (несвязного объединения) погружений в сферу. Эта группа и есть Gl(n, к).

Если в определении все погружения заменить на разделяющиеся погруже
ния, то получим определение группы кобордизмов разделяющихся /-погруже
ний, обозначаемой через Gl(n,k).

Можно рассматривать и ориентированный и оснащенный варианты этих 
групп (все многообразия должны быть ориентированными, соответственно 
оснащенными). Эти группы мы обозначим через Gln(n, к), Gln(n, к) и G},(n, к), 
G'fr(n, к) соответственно.

§ 2. Конструкция аналога пространства Тома для разделяющихся
/-погружений

Наша задача в этом разделе — сконструировать некоторое пространство 
Ff МО (к), для которого nn(TlM O {k))^G l(n — k,k'). Для /=  1 Г гМ  О (к) пусть 
будет МО (к). Для 1=2 конструкция пространства Г2МО(к) такова. Пусть 
/ :  M n~k-*Sn разделяющееся 2-погружение. Многообразие двойных точек обозна
чим через v n~ik (тогда V"~2ka S n). Пусть Тп — нормальная трубчатая окрест
ность многообразия у п~2к. Пусть N" есть е-окрестность образа погружения /.
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Отобразим прежде всего расслоение T"-*V"~2k в универсальное О (к)® О (к) 
расслоение, которое мы обозначим через ук+к

Т п ~ ^ — Е(ук+к)
I I

уп — 2к-------, В (Ук+к)

Отображение Тп-+Е(ук+к) обозначим через ф. Часть образа погружения /, 
лежащая вне Тп, уже является вложенным подмногообразием в 5 " \  Тп. Поэтому 
Sn\ T n можно отобразить обычным способом в МО {к):

(р: (S" \  Тп) — МО (к) , причем <р-л{ВО{к)) = f ( M n~k) П ( S " \T n).
Итак, мы имеем два непрерывных отображения ф: 7ТП—Е(ук+к) и ер: ( S " \T n)-* 
-+МО(к). Чтобы из них получить одно единое непрерывное отображение 
всей сферы S" в какое-либо пространство X, мы должны склеить пространства 
Е(Ук+к)яМО(к), т.е. X будетЕ(ук+к) IJ МО(к) (пространство Хбудеткандидатом

г
в пространство Г2МО(к)). Здесь г есть некоторое склеивающее отображение, 
которое мы опишем следующим образом:

Расслоение ук+к раскладывается в ушиневскую сумму двух О (к) расслое
ний, т.е. каждый слой расслоения ук+к разложен в сумму R2k = Rk ® R\.

Зафиксируем какую-нибудь риманову метрику на слоях ук+к. Рассмотрим 
в каждом слое такие векторы х, для которых при разложении R2k = R\®B^ 
норма обеих компонент не превосходит единицу, и возьмем объединение таких 
векторов по всем слоям. Обозначим это объединение через Е.

Значит
Е =  {*€Я(л +4)| 11*11 з=1 и ||* || S1} .

Введем еще следующие обозначения:
дЕ - (л-| ||* || =  1 или ||*|| =  1}

£={*111*11 =  1 и ||* || =  1}
Z = { x |||x || =  l и (||* || = 0 или ||* || =  0)}.

Легко видеть, что пространство d E \ S  расслаивается над Z, причем слоем 
является ^-мерный открытый шар. Это расслоение можно отобразить в уни
версальное. Обозначим это отображение через г'. Значит г': (dE \S )^E O (k). 
Пространство МО {к) является одноточечной компактификацией пространства 
ЕО(к) и поэтому ЕО (k)ci МО (к).

Отображение г': (dE\S)-+EO(k)<^MO(k) мы можем распространить на 
все дЕ, отображая S в особую точку пространства МО {к). Полученное отобра
жение дЕ^М О(к) и есть приклеивающее отображение г.

Пространство Е (J МО {к) является искомым аналогом пространства Тома
Г

для разделяющихся 2-погружений, т.е. Г2МО(к).
Чтобы получить конструкцию для 1=3 подобно предыдущему мы должны 

приклеить пространство Е [О (к) ® О (к) ® О (£)] вдоль его границы к пространству 
Г2 МО (к).
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Через Е[0(к)® ... © О (&)] обозначается подпространство тотального про- ------- ------------I-раз
странства универсального векторного О (к)® ... © О (к) расслоения Е[0 (к) © ...

Uраз
...фО(/с)], состоящее из объединения таких векторов х всех слоев, для кото
рых все компоненты хх, ..., х, (при разложении слоя RIk = Rl® ... ©i?f) имеют 
длину, не превосходящую единицы. Значит:

Е[0(к)® ...® 0(к)]  =:{*€£[<?(*:)©...©0(fc)]|V II*,II S  1, i = 1,

Замечание. Пусть
дЕ2 = {*111*! II = 1 или Цх.11 = 1 или ||*з|| =  1},

S2 = {х| по крайней мере две компоненты вектора х  имеют единичную 
норму}.

Пространство dE2\ S 2 будет тотальным пространством некоторого О (к) © О (к) 
расслоения. Выбор порядка слагаемых в разложении расслоения Е[0(к)®  
® 0(к)® 0(к)]  естественным образом индуцирует упорядочение слагаемых 
расслоения dE2\ S 2. Приклеивающее отображение (dE2\ S 2)-»E[0 (к) © О (к)] 
должно сохранить порядок слагаемых.

Вообще, чтобы получить пространство Г, МО (к), нужно приклеить к прост
ранству Г1_1МО{к) пространство Е {0(к)ф ... ®0{к)} по границе способом,

/-раз
аналогичным к описанному выше. При этом замечание, аналогичное сделан
ному для 1=3, должно быть соблюдено.

Описание конструкции закончено.
Теорем а 1. G \n —k ,k )  % Ttn{EiMO(k)).
Д оказательство . Возможность построения отображения, сопоставляю

щего каждому разделяющемуся /-погружению отображение Sn -»-Г, МО {к) сле
дует из самой конструкции пространства Ei МО {к). Поскольку точно так же 
пленке в SnXl, осуществляющей кобордизм /-погружений, можно сопоставить 
отображение SnX l-» r lMO(k), то получаем, что кобордантным /-погружениям 
соответствую^ гомотопные отображения 5"—Г, МО (к), т.е. мы получаем 
отображение Gl(n—k, к)-*пп(Г1МО{к)'), которое, как легко видеть, является 
гомоморфизмом групп. Поскольку конструкция отображения 7г„(ГгМ0(А:))— 
-*Gl(n—k ,k )  несколько нестандартна, то мы ее опишем подробнее. Это 
отображение при 1=1 известно, а для />  2 будет полностью аналогично случаю 
1=2. Поэтому опишем его лишь для 1=2.

Итак, пусть а£п„(Г2МО(к)) и / :  S" -~Г2МО(к) произвольный представи
тель класса а.

Из конструкции следует, что Е[0 (к) © О (к)] а  Г2 МО (к).
Обозначим через 5 (0  и E(t) (где 0 <  7 < 1) подпространство из Е[0(к)@  

®0(к)\, состоящее из объединения сфер (соответственно шаров) радиуса / 
всех слоев, т.е.

S(í) = :{ * € £ [0 (* )® 0 (*)]|||х|| =  0> E(t) =: {х$Е[0(к)® 0(к)\| ||х|| /}.
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Заметим, что S(t) имеет в Е [0(к)@ О(&)] коразмерность 1 и расслаивается 
над В[0{к)® 0(к)\ со слоем Sk~1. Можно считать, что /:  Sn-* r2MO{k) транс
версально к S  . Поэтому f - 1 (■S'(y)] есть (и — 1)-мерное подмногообразие 
сферы S". Обозначим его через 8N. Оно разрезает сферу на две части, которые
мы будем обозначать через N0 и N lt причем/ _1 |£ 'Í4 - ) |= íV0 (тогда dN0=dNx= 
= dN). 1

Обозначим через и У2 подмножества в Е

>í =  {х\Ш \ =  0} , У2 =  {x\\\Xl\\ =  0}.

Сужения/ |ÍJV и f \ No можно сделать трансверсальными на К, и У2, а получен
ное новое отображение, которое мы также будем обозначать через / |Wo, можно 
распространить до отображения всей сферы в Г 2МО(к). Это новое отображе
ние по-прежнему обозначим через / .  При этом можем считать, что по-преж
нему

f(N„) с  е [ | ]  и ДЛУ с  Л М О ( * ) \ я [ у ] .

Обозначим через Ех пространство Е[0{к)® 0 (к )] \Е  J .
Заметим, что существует ретракция д: Е1-*дЕ[0 (к) ® О (к)].
Обозначим суперпозицию ретракции д с приклеивающим отображением 

г: дБ [ О (к) ® О {к)] -*МО {к) через в (значит в —год). Суперпозиция 0о/ отобра
жает многообразие в пространство МО {к), причем 6of\dN уже трансвер
сально к ВО {к). Поэтому отображение 0o/|Nl можно сделать трансверсаль
ным к ВО {к), не меняя его при этом в окрестности края Nx. Полученное новое 
отображение тоже будем обозначать через 9of\Ni.

Объединение прообразов (/|jv0) _1(íiU  У2) и (eof\Ni) - 1(BO(k)) будет обра
зок^ некоторого 2-погружения. Его класс мы и сопоставим элементу а из 
я п(Г2МО(к)).

§3.

В этом параграфе укажем на связь конструкции пространства Г, МО (к) 
с конструкцией Джеймса [9] приведенного произведения.

Прежде всего напомню конструкцию Джеймса.
Джеймс в 1959 году построил функтор, сопоставляющий каждому тополо

гическому пространству X  с отмеченной точкой (* ) топологический моноид 
ЛГТО, который является гомотопически эквивалентным пространству петель 
надстройки над X ,  т.е. Х „  =  Q S X .  Конструкция топологического моноида Х т  

следующая. со
Возьмем несвязное объединение t j  X 1 (где Х ‘ = Х Х . . . Х Х )  и профактори-

* 1 i -раз
зуем его по следующему отношению эквивалентности: Две последователь
ности (не обязательно одинаковой длины) эквивалентны, если при вычеркива
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нии отмеченных точек у обеих последовательностей в итоге останется одна 
и та же последовательность. По-другому можно сказать, что X„ есть свобод
ный моноид с единицей, порожденный точками пространства X, причем едини
цей служит отмеченная точка пространства X.

Мы определим еще и пространство Xt . Оно состоит из тех слов свобод
ного моноида Х„, которые имеют длину, не превосходящую /.Т о  есть Xt 
получится, если по описанному отношению эквивалентности профакторизо-
вать не бесконечное объединение 1J Х \  а лишь объединение по /S /.

i = 1
Утверждение 1. МО{к)1 = Г1МО{к).
Д оказательство. Из конструкции Г1МО{к) легко видеть, что это 

пространство можно было бы получить и следующим образом.
Возьмем дизъюнктивное объединение

Ú ЕО (к)Х ... ХЕО(к)
í —i - ...  —к ^

(где ЕО(к) универсальное расслоение, где слои — замкнутые единичные шары), 
и профакторизуем по следующему отношению эквивалентности.

Пусть (хх, ..., хг, ..., Xi) точка из /-ого члена объединения (где 1 
и хг£дЕО(к). Тогда эту точку считаем эквивалентной точке (г —1)-ого члена, 
равной (хх, ..., хг_х, xr+1, xr+2, ...,Xi).

Разложим это отношение эквивалентности в композицию двух других 
отношений эквивалентности:

1) (*!, ... ,  -т;) ~ (х[, ..., x'i), если существует число г (1 ё г ё / )  такое, что:
a) ||х,|| =  Ik; II = 1
b) (^15 ••• » Хг — х, , ... Xf) — (Хх, ... , -Xr_x, Xr + i, ... , Xi)

2) (хх, ..., дгг) ~ (ух, ..., jfj), если при вычерчивании точек, имеющих единич
ную норму, они станут равными.

Ясно, что после факторизации по отношению эквивалентности 1 мы полу-
I

чим объединение IJ (МО (к))1, а отношение эквивалентности 2 превратится
i = l  у

в отношение эквивалентности из определения конструкции Джеймса. Доказа
тельство закончено.

§ 4. Конструкция аналога пространства Тома для 
произвольных /-погружений

Конструкция пространства ГгМО(/с), для которого имеет место изомор
физм n„(rlM O (k))^G l(n — k, к) отличается от конструкции пространства 

МО (к) лишь тем, что вместо того, чтобы приклеить Е[0(к)(В ... @0(к)] 
по своей границе к Г1_1МО(к) нужно приклеить ЕО<1> (к) по своей границе 
к Г1 _1МО(к). (Пространство ЕО(1)(к) определяется аналогично пространству 
Е[0(к)®  ... ® О (к)] т.е.: ЁО(1> (к) — объединение тех векторов из каждого слоя,
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которые при локальном разложении слоя в произведение R,k = Rk ® ... © Rk 
имеют компоненты, не превосходящие единицы.)

Доказательство изоморфизма nn(r lM O {k))^G l{n — к, к) аналогично дока
зательству изоморфизма пп (Гг МО (к)) ̂ G l(n — к, к).

Итак имеет место
Теорема 2. nn(Tl(M O {k'))^G \n — k ,k).

§ 5. Связь пространства Г, МО {к) с Г функтором Баррата—Эклеса

Баррат и Эклес, продолжив деятельность Джеймса, построили некоторый 
функтор Г, сопоставляющий каждому пространству X  пространство ГХ, 
которое гомотопически эквивалентно пространству Q°° S°°X.

Напомню определение пространства ГХ.
Пусть т, п — натуральные числа причем mS« и а монотонное отображе

ние {1, . . . ,т } Х {  1, , п). Пусть а — элемент и-ой симметрической группы
S(ri). Обозначим через а* (с) тот единственный элемент из S(m'), для которого 
композиция отображений

{1, . . . ,т } Д  {1, . . . , «}  -1 {1, . ■ ■ , И} приведение нао_браз̂  а ^  (1)>

совпадает с тождественным. Тем самым мы определили отображение a*: S (п)
- Sim,) (см. [3]).

Пусть WS(n) — ациклический свободный S (я)-комплекс. Его можно опре
делить как бесконечное соединение: S(ri)*S(n)*__ Поэтому а* индуцирует
отображение a*: WS(n)->-WS(m). Возьмем дизъюнктивное объединение

U W S (i)x X ‘ где 
! = 1

X* =  х х  . . . х х
/-множителей

и произведем отождествление.
A )  (ч;, ( х 15 ..., xD) =  ( w t (7, ( х 1}  ..., X i ) а )  для o £ S (г), w t í W S ( i )

B) (w„, (х1г ..., x„j) =  (a*w„, (Xj , ..., x„)oc*) для любого такого монотонного
отображения а:{1, 1, ...,п}, для которого xt есть отмеченная точка
пространства X  при j$  Im а. Полученное пространство есть ГХ.

Определим пространство Гг[Х] как факторпространство конечного объе-
I

динения (J W S (i)xX ' по отношениям А и В.
i=i

У тверж дение 2. r t[MO(к)\ = Г,МО(к).
(Слева стоит результат применения функтора Гг к пространству МО (к), 

а справа — классифицирующее пространство /-погружений.)
Доказательство аналогично доказательству утверждения 1. Заметим только., 

что поскольку существует расслоение

ЕО(1)(к) д[0№̂  "ео№)]. BS(l),
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то пространство ЕО(1~> (к) можно представить в виде

ЕО ^(к) = WS(l) X Е[0(к)® ... ® 0(к)\ = WS(1) X (ЕО(к)Х  ... ХЕО (к)). 
so) so)

Ясно, что при приклеивании границы ЕО{1> (к) к Г1̂ 1МО(к) точки 
(w, хк, ..., Xi) и (w, xí, ..., А';) отображаются в одну и ту же точку, если сущест
вует число г ( lS r g / )  такое, что ||xr|| =  \\x'r || =  1, а для всех остальных индексов 
j ,  Xj = x'j. Поэтому можно сначала каждый множитель ЕО(к) профакторизовать 
по своей границе, т.е. рассмотреть пространство

Е, = WS{1) X (М О(к)Х...ХМ О(к))
SO)

и приклеить его к Г1_1МО(к). А при конструкции Гг [МО (&)] после факторизации 
по отношению эквивалентности А мы получим пространство Et, а факториза
ция В дает как раз приклеивающее отображение.

Замечание. Этим утверждением объясняется наш выбор для обозначе
ния классифицирующего пространства Г;МО(Л:).

§ 6. Теорема Хирша — геометрический смысл формул 
Джеймса и Баррата—Эклеса

Мы видели, что группы пп+к(МО(к)„) и лп+к(ГМО(к)) имеют геометри
ческий смысл: они изоморфны группам кобордизмов G°°(n, к) и G°°(n,k). 
Естественно возникает вопрос: какой же геометрический смысл имеют гомото
пические эквивалентности:

a) МО (&)<*, QSMO (к)
b) Г МО {к) Q~S°°MO(k).

Из них вытекают изоморфизмы
a) nn(MO(k)J) ^  nn+1(SMO(k))
b) тг„(ГМО (к)) «  nsn(MO(k)) 

то есть

a') G°°(n — k, к) ^  nn+1(SMO(k))
Ъ') G°°(n —к, к) т 7in+N (SNМО (к)) где А '»  и, к.

Эти изоморфизмы равносильны теореме Хирша в ослабленной форме. Имеется 
в виду следующая теорема Хирша. Если погружение (коразмерности больше 
единицы) многообразия в эвклидово пространство обладает нормальным 
полем, то оно регулярно гомотопно погружению в эвклидово пространство 
на единицу меньшей размерности. Ослабление заключается в том, что вместо 
регулярной гомотопности утверждается лишь кобордантность такому погру
жению.
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Для изоморфизма b') доказательство его эквивалентности слабой теореме 
Хирша содержится в работе У эллса [7].

Чтобы понять изоморфизм а'), нужно иметь в виду следующее: 
Замечание. Пусть / :  M n~k-* R" некоторое погружение. Тогда и только 

тогда существует функция h: M n~k^ R ',  для которой fX h : M n~k^R "X R ' есть 
вложение, если /  есть разделяющееся погружение.

Итак, группа кобордизмов (и —&)-мерных разделяющихся погружений 
в сферу S" изоморфна группе кобордизмов (п ~-/с)-мерных вложений с нормаль
ным 1 полем в сферу Sn+1, что и выражается изоморфизмом а')-

Б) ГРУППЫ G‘(n, к)

В данной части работы мы получаем некоторую информацию о группах 
кобордизмов /-погружений (определенных в предыдущем части) исходя из 
построенного там гомотопического представления.

Напомню, что в предыдущем части построены пространства Г(МО (к) и 
ГгМО(к) со свойствами: G‘(n, к ) ^ я п+к[Г1МО(к)) и Gl(n, к ) ^ к л+к(Г1МО(к)).

Напомню также, что r tM O(k) есть «подпространство слов длины не 
больше /» в пространстве МО (к)^ , где МО (Je) есть пространство Тома, а X*, 
есть функтор Джеймса, дающий QSX.

Пространство Г1МО(к) есть «подпространство слов длины не больше /» 
в пространстве Г МО (к) где Г есть Г-функтор Баррата и Эклеса.

Теорема 3. а) Пусть р — простое число. Если к четно и выполняются 
неравенства

2. п <  к + 2рг — 2р — \, 
то G\n, k )® Z p =  0 при любом I. 

Ь) Если к четно и

2. п = к + 2р2 — 2р—1, 
то существует 10 такое, что:

1) для любого I больше, либо равного /0 группа Gl(n, к) будет иметь нетри
виальную р-компоненту;

2) для любого I меньшего 10 группа Gl(n, к) имеет тривиальную р-компо- 
ненту.

Д оказательство , а) Известно, что
к + 2р2—2р—2

2  G°°(n, k)® Zp ~  0 (см. Уэллс [7]).
п =  0
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Значит

и для любого /

Значит

2fc + 2p2 —2р —2 _
2  H j( rM O {k ) )® z p = о,

3=0

2fc + 2p2—2р —2 _
2  HJ(r lMO{k))®Zp = 0.

3 = 0

2fc + 2p2—2р—2 fc + 2p2 —2р —22 nj(r,M O (k))® Zp = 0, т.е. 2  Gl{n ,k )® zp = 0
3=0 n=0

что и требовалось доказать.
Ь) Известно, что G°°(k + 2p2 — 2p — 1, k)® Zp ^  0 (см.Уэллс [7]). Значит

и поэтому

2fc+2p2-2p-l
2 Uj {Г МО (к)) ® Z p Jt О

2fc-t-2p2—2р —1
2  H j(rM O (k))® zp о.

3 = 0

Значит по теореме Б аррата—Э клеса [4] существует /0 такое, что
2fc+2p2—2р—1

2  H j(r,M O (k))® Zp * 0  при / s /о,
3 = 0

а при /-= /0 эта сумма равна нулю. Тогда при /< /0
2fc-h2p2—2р—1 fc + 2pa-2p-l2 Ttj{rlMO(k))®Zp = 0 т.е. 2 Gl(n,k)® Zp = 0.

j = 0 п =  0

А для / S  /0 мы будем иметь
2(с+2ра—2р —12 Hj(r ,M O (k) )®zp * о

3 =  0
значит

2fc-f 2ра —2р—1 2к+2ра-2р-12 nj(r,M O (k))® Zp И 0 т.е. 2 Gl{n ,k )® zp и  0.
3 = 0  п = 0

Однако по а)
fc + 2p2 —2р —22 G‘(n,k)® Zp = 0.

и = 0
Поэтому Gl(k + 2р2 — 2p—\,k )® Z p^ 0 .

Т еорем а 4. G*(/í, 2к + \) 2-примарна при любом п и к>~0.
Замечание. Теорему можно вывести из результата Уэллса, утвержда

ющего 2-примарность групп (?“ («, 2к+\). Рассуждения при этом будут такими
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же, как в предыдущем доказательстве. Однако здесь я приведу другое доказа
тельство, независимое от результатов Уэллса.

Д оказательство. Утверждение теоремы следует из рассмотрения спек
тральной последовательности расслоения

(е о (1> (к), <)е о (1) (к)) BS^

второй член которой есть группа E2 = H^(BS{1), Н^(Е, дЕ; Z p)). А так как эта 
группа изоморфна группе (BS (/), Я* (МО (&) Л... Л МО (к) ; Z p)) а группа 
Н ^(М О(к)/\... А МО (к); Z p) = 0, то и она равна нулю. Значит

H*(EO^(k), дЕО(1)(к) ; Z p) = Н,(Г,МО(к), Г ^ М О ф );  Z p) =  0.

Отсюда индукцией по / следует утверждение по теореме Уайтхеда (эта теорема 
применима, так как при к > 0 Г1М О(2к+1) односвязно).

Теорема 5. При четном к и п<Зк — 2 для 2 

rangG'(«, к) = лк I - 4 к I

(где лк(х) = 0 если х  не целое натуральное число, и лк(х) число разбиений х в сумму 
натуральных чисел, не превосходящих к, если х натуральное число).

Замечание. Для заданной области значений чисел п и к по размерност- 
ным соображениям имеют место изоморфизмы G3(n, k )^ G i (n ,k)m ... «г 
% G°°(n,k). Наш результат для ранта этих трупп при /=£ 3, как легко видеть, 
согласуется с теоремой У эллса о ранге групп (см. теорему 5 из работы [7]). 
Однако изоморфность трупп G2(n,k)®Q  и Gs(n, k)®Q  из размерностных 
соображений не следует и составляет содержательную часть нашего утверж
дения. Наше доказательство будет независимым от результатов Уэллса. 

Д оказательство. Воспользуемся следующей теоремой Серра.
Если группы гомологий односвязного пространства X  конечны до раз

мерности г, то ранги групп л„(Х) и //„(а) одинаковы при пШ 2г. Относительные 
гомологические группы Я„(Г(МО(С), Г О {к)) конечны при п <2//:, а группы 
Нп(Г1МО(к)) = Н„(МО(к)) конечны при п <2/с. Поэтому индукцией по / полу
чается, что ЯДГгМО(&)) конечна при п<2к. Поэтому по упомянутой теореме 
Серра получаем:

7Г„(Г,МО(&))<g>Q % Hn(r,MO{k))®Q  при п ^ 4 к  — 2.

Но ранг группы Нп(Г1МО(к)) уже легко вычислить.
Пусть Р{Х) означает для любого пространства X  его приведенный ряд 

Пуанкаре над полем Q. Тогда

р(во(к))= 2  Л к  |- ij  • с
Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



ГРУ П П Ы  КОБОРДИЗМ ОВ /-ПОГРУЖ ЕНИЙ. 355

Обозначим этот ряд через /(?)• Отсюда Р(МО(к)) =  f i t )  • t2k. Поэтому 
Р(МОиЦк)) = Р (МО (к)/\... к МО (к)) = f i t ) 1 • t2kj.

•TV“'J- раз

Нас интересует коэффициент при tn+k, где и«=3&—2. Поэтому нужно 
рассматривать лишь первые два слагаемых этой суммы. Первое слагаемое
имеет при tn+k коэффициент равный Второе слагаемое имеет коэф
фициент при tn+k равный

(*) 2  пка. л
i - \ - j=n+k

i —2k ■nk j —2k

Однако каждый член в сумме (* ) равен нулю при г к З к  — 2, поскольку ли
бо г — 2&<0, либо j —2k<0.

Итак, ранг лп+к(Г1 МО (к)) = ранг G‘(n, к) — пк  ̂П ^ ^ j если к четно и л <  
<3/с — 2.

Теорем а 6. Ранги групп Gl(n, к) и Gi_1(n, к) равны при п<1 (2к — 1).
Д оказательство . Группа гомологий H„(riMO(k)/ri_1MO(k); Q) = 

= Hn(MOw (k); Q) = Н„(МО{к)!\... АМ О (к)\Q) равна нулю при п ^ 1 (2 к - \) .  
Поэтому гомоморфизм Нп(Г1_1МО(к); ß ) - # п(Г,Л/0(£:); Q), индуцированный 
вложением ri_1M O(k)czriMO(k), является изоморфизмом для п<1(2к— 1). 
По теореме Уайтхеда лп(Г1_1МО(кУ)®()-~ nn(riMO(k))®Q  также изоморфизм 
при н<(2&— 1) • /. Доказательство закончено.

Замечание, а) По только что доказанной теореме G‘(n, k)®Q^~ G°°(n,k)(&Q
nдля достаточно больших /, начиная примерно с / «  — . Размерностные сообра-

Á K

7 Пжения дают аналогичное утверждение лишь начиная примерно с .
/С

Ь) Ранги групп С“ (и, к) известны (см. Уэллс [7]).
Для нечетного к G°° (и, k)®Q = 0.

2̂_
Для четного к ранг G°°(n,k) равен числу разбиений числа —- — в сумму 

не более чем у  слагаемых, не превосходящих числа к.

Теорем а 7. G%(n, ])^7in+1(S'\J SP°° R) где SP ^R  есть надстройка над бес
конечномерным проективным пространством.

Д оказательство . Рассмотрим вещественное двумерное представление 
Q \ Z 2~* О ( 2 )  группы Z 2 , при котором нетривиальный элемент — это отражение 
плоскости R2 на ось у. Пространство Тома, соответствующее этому представле
нию, обозначим через Ме.

Очевидно, что M g^SP^R . Кроме того, известно, что S' = MSO(Y). Итак, 
нужно доказать: G%(и, 1)~7гн+г(M SO (1)у Mrjj.
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Пусть /:  М"—Rn+1 есть 2-погружение (М" ориентировано). Пусть Уп~1 
многообразие двойных точек. Слой трубчатой окрестности К"-1 выглядит так:

где отрезки AB и CD суть пересечения слоя с образом погружения, а стрелки 
показывают нормальное поле погружения, задающее ориентацию М". В каж
дом слое эту фигуру заменим на следующую:

Нетрудно видеть, что после такой замены получим новое 2-погружение, которое
1) кобордантно исходному погружению /
2) характеризуется двумя вложениями:
a) одним «-мерным (см. Й п на рисунке)
b) одним (и — 1)-мерным с нормальным полем (см. К"-1). Отсюда легко

следует изоморфизм G%(n, Ме).

Следствие 1. Группы Сд(и, 1) 2-примарны.
Д оказательство . Универсальным накрывающим для пространства 

S 'y  SP^R  является бесконечный букет SP„ R \/SP^ R J .... Его гомологи
ческие группы 2-примарны и значит гомотопические группы также.

Следствие 2. G%(2, 1 )% Z“ , где Z ” — бесконечная сумма групп Z2.

Д оказательство . Будем пользоваться следующими результатами Мил- 
нора об F-функторе (см. [10]).

1) Для любого пространства А, сопоставленное ему F-функтором прост
ранство F(A) гомотопически эквивалентно пространству QSA, т. е. F (Á )^  QSA.

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



ГРУ П П Ы  КОБОРДИЗМ ОВ /-ПОГРУЖЕНИЙ. I 357

2. F (A \В) = J]F(A(i>/ B(j>), где A(i) и В0) — это приведенные степени
i , j

А А ...А А  и В А... AB. Пусть А = 5° — нульмерная сфера, a B = PaoR. Тогда
i-раз j-раз

7I„ + 2(F(A\/ tí j )  ~  л„+r (S' у  S P ^  R). С другой стороны, эта же группа изоморфна 
произведению групп

I I n n+2(F(P„RA...AP^R)).
i T vi-раз

»-раз

Покажем, что при и —2 каждая из групп тГл+2 (-̂ ,(-̂ оо-̂ ?Л••• A-jP«» *)),* =  1 , 2> 
имеет не более двух элементов, причем ni (FP„R) = Z 2. Из этого будет 
следовать, что группа изоморфна одной из следующий групп:

1) тривиальная группа
2) Z 2, где к — любое натуральное
3) Z2“

Однако группа ns(S'\/ SP„R) содержит подгуппу Z|°. Действительно, 
n3(S'\/SP<„R) = n3(SPa,R\/SPcx,R\/ • ••)> и значит содержит подгруппу вида 
n^SP ^R )ф7Г3(SP^R) ® ... т. е. группу Z “ . Значит G%(2, 1) —Z “ .

Итак, осталось доказать лемму:
Л емма 1.
a) n^FiP^K)) = n^SPocR) = Z2
b) Tii (F(PmRt P^R)) =  n3(SPx RAP^R) = Z2
c) n^F iP ^R A ... APocR)) = 0 если i >  2.

TV“i-раз

Д оказательство  утверждения a). n^SP^R) = 0, n2(SP^R) = Pf2(SP^R) =  Z2. 
Нам нужно вычислить группы H3(SP°°R\2; Z2), где SP„R\2 есть второе убиваю
щее пространство для SP^R.

Рассмотрим для этого стандартное расслоение

5Р^р\2Е^иЯ SP„R.

Второй член соотвествующей когомологической спректральной последователь
ности выглядит так:

а3 0 а3®с а3® /

а2 0 а2®е а2® /

а 0 а® е а ® /

1 0 e /

Из определения убивающего пространства следует, что т (а) =  е, где т — транс
грессия. Поскольку at2= Sq'a  из трансгрессивности элемента а следует транс- 
грессивность а2, т.е. с/3(х2) =  / .  Итак,/исчезнет.
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Остается ли элемент а® е? Он исчезнет тогда и только тогда, если: 1. либо 
<1г (а ® е) ̂  0, 2. либо d2(а2) =  а <S> е. Покажем, что ни то, ни другое не имеет места.

d2(oug)é) = d2(oi) -е + ос-d2(e) = е -е  + ос-0 = е2 = О

(поскольку произведение в когомологиях надстройки тривиально). d2(а2) = 
— 2а. • //2(а) = 0, поскольку коэффициенты из Z2, значит элемент а 2>е остается 
в члене 2?«,. Элемент а3 исчезнет, так как d2 (а3) = За2 d2 « =  а2 0  <? ̂  0. Значит 
остается только один элемент, т.е. jt3(SP00R) = Z 2.

Д оказательство  утверждений Ь) и с). Пространство S(P^Rl\... f.P„ R)
Граз

является пространством Тома для подгруппы О (/' +1), состоящей из диаго
нальных матриц вида

el 0

0 ’ £/.

где каждое из чисел ех, . . . , вг равно +1 или — 1. Поэтому группу 7г„+1(5'/)007?Л... 
...Л РМ7?) можно интерпретировать как группу кобордизмов {п — /)-мерных 
многообразий, вложенных в сферу S'"+1, нормальное расслоение которых раз
ложено в прямую сумму одномерных расслоений, одно из которых ориенти
рованно.

Утверждения Ь) и с) получаются отсюда немедленно.

Литература

[1] R. Тном, Quelques propriétés globales des variétés différentiables, Commentarii Mathematici
Helvetici, 28 (1954), 17— 86.

[2] J. U c h id a , Cobordism groups o f  immersions, Osaka Journal o f  Mathematics, 8 (2) (1971),
207— 218.

[3] M. G. B a r r a t t — P e t e r  J. E c c l e s , Г + -structures I, Topology, 13 (1974), 25—45.
[4] M. G. B a r r a t t — P e t e r  J. E c c l e s , Г *  -structures II, Topology, 13 (1974), 113— 126.
[5] M. G. B a r r a t t — P e t e r  J. E c c l e s , Г  * -structures III, Topology, 13 (1974), 199—207.
[6] С. T. C. W a l l , Cobordism of pairs, Commentarii Mathematici Helvetici, 3 5  (1961), 136— 145.
[7] R. W e ll s , Cobordism groups o f  immersions, Topology, 5  (1966), 281— 294.
[8] P. A. S c h w e i t z e r , Joint cobordism of immersons, in: The Steenrod Algebra and its Appl.

(F. P. Peterson ed.), Lecture Notes in Mathematics No. 168 (1970).
[9] I. M. J a m es , Reduced product spaces, Annals o f M athem.,62 (1) (1955), 170— 197.

tlO] Дж. Милнор, Лекции о характеристических классах II, Математика, 9 (4) (1965), 1— 40.

( Поступило 22. 4. 1975.)

JÓZSEF ATTILA T U D O M Á N Y E G Y E TE M  
BOLYAI INTÉZET
SZEGED, ARADI V ÉR TA N Ú K  TERE I .

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 27 (3—4), (1976), 359—363.

GENERALIZATIONS OF THEOREMS 
OF KATONA AND MILNER

By
P. FRANKL (Budapest)

1. Introduction. G y . K atona  [1] p ro v ed  the fo llow in g

T heo rem  la . I f  1 ^ g < / ; ,  l ^ k s h  and g + k ^ h  (g, h, к are integers) and sé is 
an h-uniform hypergraph such that any two edges of sé have at least к vertices in com
mon then

(séa is a g-uniform hypergraph, its edges are exactly those g-sets which are contained 
in at least one edge of sé. \sé\ denotes the number of edges of sé.)

We prove the following generalization of Theorem la.
Theorem lb. Let g x, g 2, hx, h2, к be integers satisfying 1 S g t<ht, l s k s h h 

k+ gi^hi for  j = l,2. I f  we are given two non-empty hyper graphs, .sé1 is h±-uniform, 
sé2 is h2-uniform such that whenever Аг,А2 are edges of séx andsé2, resp. then \A1DA2\ = 

then either
( 2 ^ - k)

(1) m  ^  \sé I

or

(2) \sé^\ >  \sé2\

Theorem lb is a generalization of Theorem la, indeed, as we have to set séx = 
=sé2 only.

Using Theorem la, E. C. Milner proved the following
T heo rem  Ha. Let X  be an n-element set and F  a family o f subsets o f X. Let us 

suppose that F  is a Sperner-family i.e. for F, Gf F,  FcfG. Suppose further that any 
two sets belonging to F  have at least к elements in common. Then

1^1 S
П

\n  + k+  1
l 2
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In this paper we prove the following generalization of this theorem:
T heorem l i b .  I f  s i  x and sd2 are two Sperner-families on an n-element set X  such 

that for A16 s /x and A2£sd2 we have \Ax0 A 2\^ k  then either

(3)

or

(4)

K i
n

n + k + 1 
2

K 2
n

n + k + l  
2

A similar type of generalization of the Erdős—Ко—Rado theorem was proven by 
D. J. K leitman [3].

2. Proof of Theorem lb. Let X =  {1, 2, n} be the join of the edges of the 
hypergraphs s ix and sd2. Then it can be easily verified that

( /= 1 ,2 ) .

For 0 < i< /^ n  we define the following operation (applied first by Erdős, Ко, 
Rado):

КиМ д
í(At - j ) U / if j€A ,$  i, (A, - j )  U i $ si, 
[A, otherwise (A,£sit , t = 1, 2).

It is left to the reader to prove that the hypergraphs Ktj ( j i t) ( f= l, 2) satisfy the 
assumptions of the theorem and moreover

М М М )  i  ( K i j i M M -

Hence we may apply the К-operation several times until we get two hypergraphs 
3dx and such that for 0 < /< /^ и  and /= 1 ,2  KiJ (dSt)= ^ t i.e. whenever /(fBt, 
j£ B t£.mt then (Bt—j)\Ji£dSt. The assertion of the theorem trivially holds if hx +

+  /г2—&=« as for g ^ h . the functionM
(;)

is monotonically decreasing in m,

and it can be easily checked if either gx or g2 equals to k. Hence we may suppose 
gx, S'P’k and hx + h2 — k<n. We apply induction on n.

Let us define the following four hypergraphs on {1, ..., n— 1}:

=  {Bt£dSt\n$ Bt}, Q)t = {Bt — n\n£BtdBt} (t =  1,2).
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The following properties of these hypergraphs can be easily checked:
(i) % is /1,-uniform while 3), is (Л,— l)-uniform;
(ii) i  ^/'■U{nUJD |Z )€ ^ -1};

(iii) if jU®! and F2£e62\J<3)2 then |FX Л F2\ S  k.
(i) and (ii) are trivial while (iii) follows from h1+h2—k<n. Hence we may apply 

the induction hypothesis to the pairs
( ^ , ^ 2), (3>ly ^ 2) and (^ ls ^ 2).

So we obtain:

either \(6\'\

and either \^p\

and either |^ f l *|

f2Ai - k \
V '  \U> I

(V)
or (V)

(V)
(2 ht - k \ 1(2h3_ , - 2 - k )

or { g3- r-1 j
(2ht - k \  Щ (2h3_t - 2 - k )
i К ) 1{ h3_ , - l  )
( 2 0 ,- 1 )  - к ) [2(h2— 1)-
{ й - l  j- m or | |̂2_1l-J ft-1
( 2 ( ^ - 1 ) - к ) l _  Í2(A2 — 1)-
{ K - \  J l A .-1

1 ^ 3 - r l ,

■№l.

(In the last two rows we had to allow equality too as it can happen that one of the 
@t’s is empty.)
(2{ht- \ ) - k \  (2 h ,-k  
{ g,~  1 M  St*

2 ( h , - l ) - k \  ' I2ht - k  
ht—l I I ,  h,

Hence using the above inequalities and (ii) the statement of the theorem follows. 
R em a r k . A more careful examination shows that

g ,(2 h ,- k -g t)
ht{h ,-k) S i  as h, S  ht — к (t = 1, 2).

holds for both i= l  and t =  2 iff 1̂  — h2;
I u  A, = X\ = 2ht - k ;  = {AczX\\A\ = h,}.

3. Proof of Theorem lib. Let us define

=  {X - A t\At£^,} (t = 1,2).

Acta Mathematica Academiae Scientiarum Hungaricae 27, 1976



362 P. FRANKL

Then for Bt ̂ 3it we have
(5) \B ^ B 2\ ^  n - k .
Let us further define

M, = max \B,\, % = {В,еЩВ,\ = M,} (t = 1, 2).Dtk.äOt
By (5) for С(6 ^ ( we have
(6 ) ICi D Q I  ^  M 1+ M 2—(n—k).

We may suppose that we have a counter-example in which Mx+M2 is minimal. 
However if M, ё  —-— then by Lubell’s inequality it follows:

i S  2 1
1 > m

Í " ) B' ^ ‘
— n '

n — k
2 JJ

i.e.

n
n — k

Hence we may assume that for both t = 1 and t= 2 Mt- n — k . By (6) we have:
|canc,|sl (Ct^%). It follows from Theorem lb that for either t — 1 or t= 2 
vie have:

(7 ) l ^ - 1! s  \ щ .
By symmetry reasons we may suppose that (7) holds for t=  1. It can be easily checked 
that the following two systems of sets also satisfy the assumptions of the theorem:

st[ =  {Ar- ß 1|ß16 ^ 1-<g’1}U {A '-C |C €^ii l - 1}.

— whence we have constructed a new counter-example contradicting the 
minimality of M1 + M2, q.e.d.

R em ark . Using the assertion of the remark after the proof of the first theorem
n

it can be easily shown that if \sdt\ s  | [ n + k+ 1 

n+ k  are even then

—  | /[AczX\\A\

if b, n + к is odd then for either t =  1 or t =  2

for both t=  1 and t = 2 and a,

n + k

4
stt = \A<zX\\A\ = n + k  + l
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or there exists Y a X , \Y\ = k such that

с=ЛГ|[Л| =  П-~ — , Л ф у |и { /1 с А '| | /4 |  == П- к2 ~ Х , Л э т } .

4. An open question and a weaker result. G y . K atona (1) proved the following

Theorem I lia . Let X  be a finite set of cardinality n and suppose sd is a family o f  
subsets o f X  such that any two elements of sd have at least k > 0 elements in common. 
Then \sd\ ̂ f k(ri) where

2  ,1 i f  n — k is even
n —k '  '

! 2 '
O SiS-

(«1 /1-1
w + 1-V1к

l 2

i f  n — k is odd.

It is natural to ask whether the following is true:
Conjecture.1 Let X  be a finite set of cardinality n. Let sdx and sd2 be families 

of subsets of X  such that for A1£sd1 and A2£sd2 we have \АЛ П A2\ = k>0. Then 
either \sdk\ s f k(ri) or \sd2\ ^ fi(n ) .

I can prove the following weakening of this conjecture:
Let X  be a finite set, \X\=n. Let sdx,sd2, sdz be families of subsets of X  such 

that whenever AC:sds, B^sd,\Ss<-t^2>  then \AC \B\^k> 0  holds. Then either 
Kil S f k(n) or m in(|^2|, \sd3\) </*(«).
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