
ACTA
MATHEMATICA

A C A D E M I A E  S C I E N T I A R U M  
H U N G A R I C A E

A D I U V A N T I B U S

G. A L E X IT S , P. E R D Ő S , L. F E JE S T Ó T H , L. K A L M Á R , A. R A P C S Á K , L. R É D E I, 
A. R É N Y I, B. S Z .-N A G Y , K. T A N D O R I, P. T Ú R Á N , О. V A R G A

R E D I O X T

G. HAJÓS

TOMUS XX FASCICULI 1—2

ACTA M ATH. H U N G .

A K A D É M IA I K IA D Ó , B U D A P E S T  

1969



ACTA MATHEMATICA
A C A D EM IA E SC IEN TIA R U M  H U N G A R IC A E

A MAGYAR TUDOMÁNYOS AKADÉMIA III. OSZTÁLYÁNAK  
MATEMATIKAI KÖZLEMÉNYEI

SZERKESZTŐSÉG ÉS K IA D Ó H IV A TA L: BUDAPEST, V., ALKOTM ÁNY U. 21.5

Az Acta Mathematica német, angol, francia és orosz nyelven közöl értekezéseket a matematika 
köréből.

Az Acta Mathematica változó terjedelmű füzetekben jelenik meg, több füzet alkot egy kötetet. 
A közlésre szánt kéziratok rövid tartalmi kivonattal együtt a következő címre küldendők:

Acta Mathematica, Budapest 502, Postafiók 24.

Ugyanerre a címre küldendő minden szerkesztőségi és kiadóhivatali levelezés.
Az Acta Mathematica előfizetési ára kötetenként belföldre 120 forint, külföldre 165 forint. 

Megrendelhető a belföld számára az „Akadémiai Kiadó”-nál (Budapest, V., Alkotmány utca 21. 
Bankszámla 05-111-46), a külföld számára pedig a „Kultúra” Könyv- és Hírlap Külkereskedelmi 
Vállalatnál (Budapest, I., Fő utca 32. Bankszámla 43-790-057-181) vagy annak külföldi képviseletei
nél és bizományosainál.

Die Acta Mathematica veröffentlichen Abhandlungen aus dem Bereiche der mathematischen 
Wissenschaften in deutscher, englischer, französischer und russischer Sprache.

Die Acta Mathematica erscheinen in Heften wechselnden Umfanges. Mehrere Hefte bilden 
einen Band.

Die zur Veröffentlichung bestimmten Manuskripte sind an folgende Adresse zu senden:

Acta Mathematica, Budapest 502, Postafiók 24.

An die gleiche Anschrift ist auch jede für die Redaktion und den Verlag bestimmte Korre
spondenz zu richten.

Abonnementspreis pro Band: 165 Forints. Bestellbar bei dem Buch- und Zeitungs-Außen- 
h a n d . - () 1 1ternehmen „Kultura” (Budapest, I., Fő utca 32. Bankkonto Nr. 43-790-057-181) oder 
bei seinen Auslandvertretungen und Kommissionären.



ACTA
MATHEMATICA

A C A D E M I AE  S C I E N T I A R U M  
H U N G A R I C A E

A D I U V A N T I B U S

G. A L E X U S ,  P. ERD ŐS ,  L. F E J E S  TÓTH,  L. K A L M Á R ,  A. R A P C S Á K ,  L. R É D E 1 ,  
A. R ÉN Y1 ,  B. S Z . -N A G Y ,  K. T A N D O R I ,  P. T Ú R Á N

R E D  I G  I T

G. HAJÓS

TOMUS XX

ACTA M ATH H U N G .

A K A D É M I A I  K I A D Ó ,  B U D A P E S T  

1969



•
'

.



IN D E X

TOM US XX

Alexits, G ., On the convergence of strongly multiplicative orthogonal series................................245
Atkinson, F. V., Some further estimates concerning sums of powers o f complex numbers . . .  193
Baron, G. und Imrich, W., Asymmetrische reguläre Graphen .......................................................  135
Brown, W. G. and Jung, H. A., On odd circuits in chromatic graphs........................................  129
Butzer, P. L. and Stark, E L., On a trigonometric convolution operator with kernel having

two zeros of simple multiplicity ........................................................ .......................................... 451
Császár, Á., Gleichmäßige Approximation und gleichmäßige Stetigkeit ......................................  253
Elbert, A ., On the solutions o f the differential equation y ” +  q(x)y =  0, where [q(x)\x is concave
Erdős, P., H ajnal, A. and Milner, E. C., A  problem on well ordered s e t s ................................  323
Fejes Tóth, L., Scheibenpackungen konstanter Krümmung.............................................................  375
Focke, J., Symmetrische л-Orbiformen kleinsten Inhalts...................................................................  39
Freud, G., On weighted polynomial approximation on the whole real a x is ..................................  223
Freud, G., Über die Sättigungsklasse der starken Approximation durch Teilsummen der Fourier-

schen R e ih e ........................................................................................................................................  275
H ajnal, A., Erdős, P. and Milner, E. C., A  problem on well ordered se ts ..............................  323
H ajnal, A. and Juhász, I., Some remarks on a property of topological cardinal functions . . .  25
H ajnal, A. and Petruska, G., Remarks on Darboux functions.....................................................  13
Hegedűs, M., Über die verallgemeinerte de la Vallée-Poussinsche Summierbarkeit allgemeiner

Orthogonalreihen ............................................................................................................................ 281
H oischen, L., Über die Wirkfelder verallgemeinerter Abelscher Limitierungsverfahren............. 149
Imrich, W. und Baron, G., Asymmetrische reguläre Graphen .......................................................  135
Juhász, I. and H ajnal, A., Some remarks on a property of topological cardinal functions . . .  25
Jung, H. A. and Brown, W. G., On oldd circuits in chromatic graphs ........................................  129
K átai, I., On the distribution o f arithmetical functions.....................................................................  69
K átai, I. and M ogyoródi, J., On the number of solutions of a diophantine system .................  185
Kim, J. В., Inverse semigroup congruences on regular semigroups................................................... 231
КИШ, О., Замечания о порядке погрешности интерполяции ................................................... 339
Knuth, Е., On a problem of K le e ...........................................................................................................  169
K rálik, D., Über die approximationstheoretische Charakterisierung gewisser Funktionen

klassen mit Hilfe der Rieszschen Mittel von Fourierreihen ................................................... 361
Laha, R. G., On a property of infinitively divisible distributions in a Hilbert space.......................  143
Leindler, L., On strong summability of Fourier series. II ...............................................................  347
Makai, E., On the summability of the Fourier series of L 2 integrable functions. I V ................. 383
Mazhar, S. M. and Siddiqi, A. H., On the almost summability of a trigonometric sequence 21
Milner, E. C., Erdős, P. and H ajnal, A ., A problem on well ordered s e t s ................................ 323
Mogyoródi, J. and K átai, I., On the number of solutions of a diophantine system ................. 185
Móricz, F., On the order of magnitude o f the Lebesgue functions for strongly multiplicative

systems ..............................................................................................................................................  421
Pele, R. L., Some remarks on the vector subspaces of cyclic Galois extensions...........................237
Petrich, M., On the ring of bitranslations of certain rings ...............................................................  I l l
Petruska, G. and H ajnal, A., Remarks on Darboux functions..................................................... 13
Poinsignon Grillet, M ireille, Embedding of a semiring into a semiring with id en tity ..........  121
Popoviciu, T., Sur le reste dans la formule de quadrature d’E verett..............................................  443
Prakasa R ao, B. L. S., Random central limit theorems for m artingales...................................... 217
Reddy, A. R., Note on a theorem of Erdős and R én y i.....................................................................  241
Révész, P., M-mixing systems. I ............................................................................................................... 431



R óna, G., On the Lagrange interpolation based on the zeros o f the orthonormal Legendre
polynomials ......................................................................................................................................  393

S aitő, T., Neighbouringly normal archimedean ordered sem igroups..............................................  105
Schipp, F., Bemerkung zur starken Summation der Walsh-Fourierreihe........................................ 263
Shershin, A. C., A  characterization o f  the closed subgroups of the Schutzenberger group . . .  179 
Siddiqi, A. H. and M azhar, S. M., On the almost summability of a trigongemetric sequence . 21
Stark, E. L. and B utzer, P. L., On a trigonometric convolution operator with kernel having two

zeros o f simple multiplicity.............................................................................................................  451
S unouchi, G., Direct theorems in the theory of approxim ation......................................................  409
Szabados, J., Rational approximation o f analytic functions with finite number o f singularities

on the real axis ...............................................................................................................   159
Szabados, J., N ote on the divergence o f  trigonometric interpolation.............................................. 335
Szász, F., Die Lösung eines Problems bezüglich des Durchschnittes zweier modularer Rechts

ideale in einem R in g ........................................................................................................................ 211
Szász, F. and Wiegandt, R., On the dualization of subdirect em beddings.................................  289
Szemerédi, E., On sets o f integers containing no four elements in arithmetic progression........  89
Szenthe, J., A metric characterization o f  symmetric spaces ............................................................. 303
Sz .-N agy, B., Sur la norme des fonctions de certains opérateurs....................................................  331
T andori, К., Eine Bemerkung zum Konvergenzproblem der Orthogonalreihen......................... 315
T úrán, P., A remark on linear differential equations .......................................................................... 357
V értesi, P. О. H., On the divergence o f  the sequence of linear operators...................................... 399
W iegandt, R. and Szász , F., On the dualization of subdirect em beddings.................................  289
W ittman, E., Einfacher Beweis des Hauptsatzes von Hajós— Rédei für elementare Gruppen von

Primzahlquadratordnung............... ................................................................................................ 227

Szegedi Nyom da 69-7341



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 20 ( 1 - 2 ) ,  (1969), pp. 1 - 1 1 .

ON THE SOLUTIONS OF THE DIFFERENTIAL EQUATION 
y" + q(x)y = 0, WHERE IS CONCAVE. I

By
Á. ELBERT (Budapest)

It is well-known that if the function q(x) is positive (except at x =  0 where it 
may vanish) and non-decreasing on the interval [0, °°), then each solution of the 
differential equation
(1) y" + q(x)y=  0  (x^O)

has an infinity of zeros on [0, °°) and a finite number of them on each interval 
[0, x0]; moreover, y 2(x) is bounded and the values at successive maximum of y 2(x) 
form a decreasing sequence. Our purpose is to examine how rapidly this sequence 
can decrease if for q(x) only some class of functions is taken into account.

D ef in it io n . The function q(x) belongs to Cv[a, b] (0< v<°°) if q(x) is a non
negative continuous function on [a, b] and [g(x)]v is concave (no point of an arc 
lies below the corresponding chord). For the sake of simplicity we shall write 
Cv =  Cv[0, oo).

Let yc=yc(x) be the solution of (1) with the initial conditions yc(c) = 1, y'c(c) — 0 
(c^O) and denote the roots of y'c(x) =  0 in the order of succession by x0(c) =  
=c, xx(c), x2(c), ..., x„(c), ..., and let us write
(2) r„(q, c) = y2 c(xn(cj).
With the form rn(q, c) we wish to express the fact that the maximum of the solution 
Ус depends on the function q(x).

We shall prove the following
T h eorem . I f  q(x) belongs to Cv then there exist the values

(3) q <v) = min rn{q, 0) (n= 1 ,2,...),
<?€Cv

1
these minima are attained for q = C xv (C is any positive constant) and the relations

(4) É?ív)> ^ r -  (0<ocv<  1)
n 1+2v

hold.

The proof of this theorem is based upon the idea that if #(х) is not a function
l

of the form C(x + y) v (which can be easily handled), a family of functions of Cv
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2 Л. ELBERT

2l_
can be found leading to a function with the form C(x + y)v with some C and у 
giving a smaller value to rn.

Proof. The theorem will be proved for a fixed n (и =  1, 2, ...). Let q(x) be 
an element of Cv. At first assume that q(x) has continuous first and second derivatives. 
Let

(5) r (x) =  yl(x) + (x S  0),
then from (2) and (5) we have
(20 rn(q, 0) = r(x„(0)).
Differentiation of (5) and (1) give

( 6)

hence r(x) increases if q(x) decreases, thus for our purpose it is sufficient to take 
into account only non-decreasing q{x), i.e. q'(x)^Q. Further we may assume 

for 0<x«=x** and q'(x) = 0 for хёх**, hence q'(x)>0  on (0, x*) where 
x* = min {x**, x„(0)}.

Let (p(x) be a continuous function defined by

(7)
and

( 8)

cos (p у>_
]/qr’

sin (p = —У_
Í r

9(0) =
n
2 ’

TCThese definitions imply the relations <p(xn{0)) =  -- + nn. By (6) and (7) we have

(9) q>' = \'q + ~ -^ün2q>  
and

y / Cf/(10) — = ——cos2 (p.r q
The function q(x) satisfies the inequality
(11)  (1 -  v )q '2 - q q " ^ 0

because q£Cv gives [gv]" = v#v~2[(v — l)q'2 + qq"] = 0. From a result of [2] we 
know that q>' > 0 , hence (p is an increasing function of x.

By (10)
Xn(0) ,

(12) log r„{q, 0) = log r(x„(0)) = -  /  cos2 q> dx.
о 4

Instead of \q(x) introduce the functions s((x) (0 < x*):

(13)
Vq(x) O g x S ^  

■*«(*) =  I ±
lC (x  +  y)2v x s £

Acta Mathematica Academiae Scientiarum Hungaricae zo, 196g



ON THE DIFFERENTIAL EQUATION y"  + q(x)y  =  0 3

where С=С(£) and y = y( 0  are determined by y>(c) =  ]!q(^) and = q{x)]'x=i.
One can easily see the validity of the inequalities C:>0 and у SO. Now it can be 
stated: sj(x)£Cv, s ^ x )^ .^  q(x) and i4(x) has continuous first and second derivatives 
except at x  =  £ where the second derivative may be discontinuous.

Let Ij/^x) be defined by the differential equation

(14) x\i\ = si + \-^-sm 2\l/i (xSO)z s(
71with the initial condition 1/̂ (0) = <p(0) =  —. From (13) it is clear, that cp(x) = ф^х)

on [0, t] and ips(x)S;<p(x) on [£, x„(0)].
Let Xi  ̂ be defined by

(15) Ы х 1 . 0  = J  +  i n >

then we shall prove that the integral

(16) №  =  - f s-((x) cos2 il/i(x)dx

is a non-decreasing function of
The function t ( x )  is defined by

(17) i(x ) - 2 1 q

(Ifq У
-2vx ( 0 < x < x * ) .

From (11) we have t'(x) ^ 0, and if t'(x) = 0, then q — C{x + y)v with some C
and y. The function t(x) is non-negative: t(x) S  lim t(x) =  2 lim*-*■+o x- + o q\x)
Assume that -r'ÍÖ^O. Let 0< i7<£< x* then \j/((x)ё фп(х) because i^ )S i ,( x ) ,  
hence x„ ,l ^x„^. The value A = t(£) — t(i/) tends to 0 if q tends to 

We will prove the inequality

(18) lim i  [/„(£) -  m \  = >  0.ч- í  А «т(с)

For this the following limits are needed:

(19)

( 20)

1 k (* )  J&Ql 
U ,(* )  s £ x )  \ ( * S 0

iim ]A [*„(*) -  x4(x)] =  s£x)
2

dx ( ^ = 0 -

1* Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



4 Я. ELBERT

From (13) and (18) we get

s t f )
# 0

2 v (^ +  y) = - )'<7

and
(У?)' *={

-?$(*) =
4(x)

= 2vx — 2v£

2v(x + y) =  2vx — 2v£ + 2v(!; + y) =

Уч

hence
(УчУ |*=

= 2vx + t(<̂) (*S£),

1 K(x) s'tix) 1 1 1 1
A л(* ) Si(x) A t(ii) + 2vx t (£)-)-2vx [z( 0  + 2vx][x(ri) + 2vx]

On the one hand, this implies the relation (19), on the other hand, by integrating 
this over [c, x] we get

(21) log f i g -  log
s»(0

From (17) we obtain

and

(УяУ
Уч

S jg )  _

= /
dx

[t (£) + 2vx] [t (ri) +  2vx] 

I

( x ^ Z ) .

r(x) + 2vx ( x m

i io g Si(o
logi f ) _ log( i« >

\(q) \q(n)

и
1 1

.T 0l) +  2vx r(x) + 2vx_ dx /
r (x ) -T  (tl) dx,

but 0 S  s  1 in [t], £], therefore lim -- log &пШ- =
А „-г; А 5̂ (С)

volves (20).
It is obvious that lim фп(х) = ф$(х) and by (14) the function

- j  [•/'„M -  Фц(х)]
is the solution of the linear differential equation

[t (ri) +  2v.y] [t (л:) + 2v.y]

0, and (21) in-

(22) У — ű ^ + i l
A 2 A

. „ . s'£ .. , , sin (ф„ — фАsin 2ф +  cos (ф/. + фп) — Т - —Г - У
s1

with the initial condition y(rj)=0. By (19) and (20) there exists the limit function

(23) фе = lim - j  [Фч(х) -  ф£х)],

Acta Mathematica Academiae Scientiarum Hungaricae 20, 1969



ON THE DIFFERENTIAL EQUATION y"  + q(x)y  =  0 5

which is the solution of the linear differential equation

(24) ф \  = /
1 s ' 1 
dx + — cos 2t/f?- +  —

Sg 2

with the initial condition Ф ^) = 0. 
By (16) we obtain

(25)

sin 2 ^  (x ^ O ,

cos2 1pndx +

*n,§
+ - J 2 ̂  (cos2 i/  ̂— cos2 1j/^dx — — J 2 j-  cos2 фч dx.

4 í *n,í| Í
The third term on the right hand side tends to zero if ц £ because (15) and (23) give 

Фч(хп,ч)-Ф{(х„,ч) =  Ф((хв1д - ф {(хЯ'Ч) = Ф\{х')[хпЛ- х п<ц\ (*„,«< *'<*„,„) 
hence

щ- t  *  ~ Ф \ { х п Л У

and cos фц(х„>lf) =  0 and ji/i'(x)| is bounded on [ x „ x „  ?], Taking into consideration 
the limits (19) and (20) we get from (25)

(26) f r  =  2 f  — cos2 ф, dx — f  2 —sin2ijjr<I>?dx. dr(Q) /  v. 4 J v. s s

(27)
and

We will express the functions Ф ,»(;*•) and in a simpler form by the functions

e(x) =  у '2+*2у2 (* s0 )

(28) r(x) =  е Л +  (XSO),s
where i  =  ̂ (x) and Y=Y^(x) is the solution of the differential equation
(29) y /,+ i 2T = 0  (хёО)
with the initial conditions У^(0)=1, У$(0) = 0.

This definition and (13)—(14) make it clear that the relations
(30) q'= Iss'Y 2 ( i s o )

(31) 4Ysin ve , Г  COSl/l* =  —p=Ye (*s=0)

(32) t ' — 1
и <0 Я IIV 'T'tx II

i )

(33) Ф' =  — t (x&O) 0
hold.

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



6 Á. ELBERT

First we solve the differential equation (24). By (27), (30), (31) we have

— cos 2ф = — I —| ,
s  s  U >

hence equation (24) may be written as

Ф
s
в

“ ‘ / ( Я М ' Г 1’7 '

therefore

(34) *t(x)
X и

- i f № dv + YY' du (^ =  í)

Now this integral can be calculated. By (13) and (29) we have for m s  £,
u u

C» +  y ) :
dv = —ц

and

J  |y ]  YY’du =  - H j Y Y '  +  n j  J  (Y'2-  s2 Y 2) du.
S i

Substituting these into (34) and making use of the relations (27)—(32) we obtain

+  Д

í Í

c
—  У Г  
s

'Y 2du + 1 + Ц  ( 5 J и

= Q f h2 [V]
■У 11 + /i U  J«= L Ji

» + — r r
у

j  ̂ { Y '2- s 2Y2)du\ =

: l -

jU •? -r u~r—--- - — t - U —t+ rr2-----
i+ h  j i + ^

S— t 
. S )u=$

By a similar w р у we have for the first term on the right side of (26) by (33)
Xn,f

f €
cos21jj dx = — 2,и - COS2 l/i

Xn,!;

2 1 117
sin 2t/f — íí/лг, 

в

Acta Mathematica Academiae Scientiarum Hwigaricae 20, 1969



ON THE DIFFERENTIAL EQUATION y ’  + q(x)y = 0 7

hence
d m
d r ( 0

=  - 2 ц COS Ijj
Xn,f

Г s'-2и / — sm2w 
J в*

хп,%

í

s't + Ц s
1 + Ц ( S Ju = 4

x",4

ts—s't + - 1 (s', , t \ s\ + Ц ( S )u = s

= — 2/i I — cos2 ф
Xn,?

TЫ  " " Ч ' й т Ч Н т

dx =

dx,

where by (33)
£

x n,%ХП ХП, %

J  sin 2ij j ~ d x =  J '  sin 2ф • ф’ dx =  [— cos2 ф]^*

and
xn,̂  Xn,%

J  sin 2ф -- dx =  J  -sin 2ф-ф' dx = -cos2 ф
Xn,$
f  COS2l/l ,

- J  - IT 1 ’ ^

Finally by (15)

d ln( 0
dr(Z)

2 Ц (s 't  
l+ n  { s

consequently by (32)

d l nt f )

-2ц COS2 ф
xn,2; 2ц2 (s' [—cos2 ф ]^  ■

cos2 ф

? l+ /i ( s ,

r +# - M  i c- ^ t ' d x  = и 1+/Í l 5 Jí J t
xn,%

2Ц (s 't)  T
!+/* I J Jí J

cos2 ф , , 
;2—- 1 dx,

t
Xn,$

(35)
A ( 0 =2f b « > /

cos2 i^(x) g^(x) dx 0,

because i^(x) is increasing in view of (32) and f,(0) involves t£g) >0.
The derivative - -  can be defined by (35) not only for £ with x'(£) > 0  but for dx

all £€(0, x*). Taking into account the fact that the functions л,(х) tend uniformly 
to Í q(x) on [0, x„(0)] if £->-х* and utilising (12), (16) and (35), we obtain for any
0 < £ i < x *

X*

(36) log r(x„(0)) =  / „ ( « +  J
«1

Acta Matbematica Academiae Scientiarum Hungaricae zo, 1969



8 Á. ELBERT

Let я>(х) be defined for 0 <  £ <  x* by
1

(37) at(x) =  С(х + уУ* (хШО)
where the values C and у are the same as in (13). It is clear that a* = for 
and for О ё х ^ £ . Let y^x)  be the solution of the differential equation

i /
(38) x'i =  +  у  aJ  sin 2 /s (x a  0)Z О jt

with the initial condition x((0  = Ф$(£) and let X(£) be defined by х$(-Щ)) =  у  • 
The inequality on [0, <g] gives x?- therefore X(£)^0. But

lim
4 -0

Ш  +■ h *J ^x(4)
cos2 x̂  dx 0,

hence by (36) a small value £ =  £0 can be found such that the inequality

(39) logr(x„(0)) •> -  f  2-^-cos2 x^0dx =  \о%гп{о\0, X(£0))
J °4o

X(4o)

holds, provided that t'(x) is not identically 0.
If y0 = y(<Üo) +  2f(£0) >0 then the domain of the definition of the differential 

equation (38) can be extended from [0, °°) to [ — y0, »). Let x(0)(x) be the solution
of this extended equation with the initial condition x(0)( —Yo) = The unique
ness of the solutions involves

X°(x) XioC*) for x ^ X (& ,
thus for the inverse functions x(0)(x) ar*d xio(x) of the functions у =  x(0,(x) and 
X =  X?0M  the relation

(40) *(0)(x) <  x i0(x) p y
holds. By (37), (38) we get for £ =  £0

0

log rn(a\о, X «о)) =  -  f  2 ~ -  cos2 xio dx =
J  a to

Xn,S

- /
X(4o)

X(4o)

OS x?0

2vC0 4- (xy0)2v +1 + j  sin 2xio
Ú o d x

=  - 2
2/ cos2 x

2vC0[xio(x) + y0p  +1 + y  sin 2x
dx,
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ON THE DIFFERENTIAL EQUATION y "  + q(x)y = 0 9

where C0 = C(^0). Similarly

log r„(cr|0, -  y0) =
~ 4

cos2 x

2vC0[x<0)(x) +  y0]2v + ’ + j  sin 2x
dX,

hence by (40) 

(41) г„((7|0,2Г(̂ о)) > rn(c^[x + y0]v, - y 0) = r„(CoXv, 0).
2v

By the substitution x = 2.t, 2 = C0 1+2v the differential equation
l

y" + C jx v y = 0

turns into an equation of the form

z" + t vz = 0,
therefore

rn(C % x\ 0) = r„ (x \ 0). 
Hence from (39) and (41) we obtain

(42) r„(q, 0) > rn{ x \  0),

provided q is not a function of the form cxv .
If the function q(x) £ Cv does not have continuous first or second derivative 

then we consider the functions

qÁ x)
x + e / u+E

/  /»■■
X \u

dv du (хёО, e^»0).

It is obvious that q,,^Cv; qr has continuous first and second derivatives and

lim qe(x) = q(x).
By (42) we get

hence

(43)
therefore

гп(Яе, 0) /•n( x v , o ) ,

r„ (9 ,0 )& rjrv,o) for qdCv,

e P = r n[ x ' , o ) ,

and the assertions of our theorem except (4) have been proved.
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10 Á. ELBERT

To prove (4) we will deal with the case q = x v. As we have seen above, the value 

= r„ ( xv, o) can be expressed by the function X = x(x) or its inverse x = .x(y):

(44) , ”  =  _ 2 /l o g ^ v) =
cos2 x

2vx(x)1+2v + sin 2/
2 &

d y ,

where % is the solution having the initial condition x(0)=— of the differential 
equation L

2 -  1
(45) /  = x2v+ — sin2Z.
Integration of (45) gives

(46) . , n 2v 1

z W  “  2 + T + 2 T *
sin 2y dx.

Denote the third term on the right side by F(x). Corresponding to (45) the differential 
equation

_i_

y " + x vy  =  0
has a solution y(x) with the initial conditions j(0) = 1, _y'(0) =  0, y(x) vanishes at
x  — x(kn) {k —1,2,...) and has absolute maximum at x =  x  I kn + П- . Integrating 
(45) over \x(kn), x((k +  1)л:)] we get '  2

x((k+  1)я) j_
ti — J  x 2v dx + F(x((k + l)n)) — F(x(kn)).

x(kn)
By a result of E. Makai [1] it is known that

x((fc+ l)jt) J_
J  X 2v dx <  71,

x(kn)
hence
(47) F(x((k + l)7t)) >F(x(kn)) (k=  1 ,2 ,...).
On the other hand by making use of (45)

4 И ) ) - 4 И ) Ь / ’ sin2z
я 2vx(x)1+2v + ~  sin 2x

dx =

2/=  / sin 2x
2vx(kn+x)l+ + y s in 2 /  2vx(kn — x)1+2v — у  sin2/1 ....

d y <  0 ,
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ON THE DIFFERENTIAL EQUATION у ’  + ф ) У  =  0 11

hence

(48) F(xh ~ f ) ) ^ F(xh +f)) (k =  1 , 2 ,  . . .)•

The function F(x) has a local maximum at x (кл — y j  (k = \,2 ,  ...) and local 
minimum at x(kn), therefore by (47) and (48) we have

F(x( я)) S  F(x) == F(0) =  0 (x =? 0).
Now it can be written

>1+ár _  1 + 2 vx(x) 2v l  +  0 { \ )

where 0(1) denotes a bounded function. Therefore by (44)
( 1 ( 1 ^1 И + ТГ 1 71 л+тг|l 2) l 2 )

log Q(n(v) _  _  _
1 + 2v / cos2 X

dxx + o( 1)

log л

2v + 1 / cos2 x
dx  +  0 (  1)

hence
1 +2v

log  n

0 ( 1) ,

Q (y) =  e  1+2V +  0 ( 1) „ 0( 1)

, 1 + 2 v

which agrees with (4) if we take into account the inequalities e0<1) > a v > 0  and
eiv)<eov) =  i-

( Received 12 May 1967)
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REMARKS ON DARBOUX FUNCTIONS
By

A. HAJNAL and G. PETRUSKA (Budapest)

§1. Notations. Introduction. In this paper we are going to consider real valued 
functions defined on the real line. A function /  will be briefly said to be a Darboux 
function if/( /)  is an interval for every interval I. Our main aim is to give a necessary 
and sufficient condition for /  to be Darboux, and a necessary and sufficient con
dition for a pair g ^ h  of functions to be the lower and upper boundary functions 
of a Darboux function/. (The lower and upper boundary functions of/ are defined 
as usual min {f(x), lim f(t)}, max { f(x), lim/(?)} respectively.) See Theoiems
1 and 2. The proofs of both theorems are based on our main Lemma 3.

In § 3, Theorem 3 we give a probably well known necessary and sufficient 
condition for a Darboux function being open and in Theorem 4 we characterize 
the pairs of functions g ^ h  which are the lower and upper boundary functions of 
an open Darboux function.

Let U be the class of functions which are uniform limits of Darboux functions. 
This class has been characterized in [1]. In § 4, we consider the wider class U0 
defined in [1] and prove certain inclusions for some subclasses of U and U0 
respectively.

It will be clear from the context that all our theorems are valid for Darboux 
functions defined on intervals too.

The set of finite real and rational numbers will be denoted by V and R 
respectively.

\X\ denotes the cardinality of the set X, |L| = 2**°, |/?| =  X0.
X  is the closure of the set X.
If /  is a function, let / Sc= {x€L : / ( i ) S c )  and similarly for < ,  ^  and > .
§2. Darboux functions. D efinition 1. The function /  is said to be strongly 

lower (upper) semi-continuous at the point x0, if

JC-*-XO
respectively.

To have a brief notation, we put

Jim fix ) = f ( x 0)

/*(*) =  max { /+(x),/_(*)}, f  *(x) =  min { f +(x ) ,f (x)}.
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14 A. HAJNAL AND G. PETRUSKA

c will always denote a real number. If g(x) S  h(x) are two arbitrary functions, 
we put

Ac =  {x:g(x)<c</j(x)},

Bc =  {*:£*(*)нёс^А*(х)},

Cc =  {x:g^(x) = c = h*(xj).

D efinition  2. Let g(x)s//(x) be two arbitrary functions. The function /  is 
said to be spread between g and h if AcQ f~ l(c) for every c, and g(x) ё /(х )  S/z(x) 
holds for every л\

We will briefly say that /  is a spreading function if it is spread between its 
boundary functions.

We have:
(1) Assume that g(x) S  h(x) for every x, g and h are lower (upper) semi- 

continuous respectively and let /  be spread between g and h. Then g and h are the 
boundary functions of / ,  thus /  is a spreading function and g and h are strongly 
semi-continuous.

P roof.

g(x) :£ limg(?) S  lim f(t) = limf( t)  :X lim h(t) S  h(x).
*-*

Assume e(x)< lim fit)  and let gfx)< c < lim f(t). c ^  f(x). Then x d A cQ f  1(c),
t-*-X t-*X

hence hin f ( t ) S c  a contradiction.
t-+X

Hence g(x) =  ilm g(t) = lim f ( t ) and similarly we obtain
t-*X t-*~X

h(x) = limA(f) = lim f( t) .
t-+x t-*-x

We need three lemmas.
L emma 1. Let f  be an arbitrary function. Put H ={x: / +(x) ^  f~(x) or 

/ +(x) т^/_(х)}. Then H  is countable.
Lemma 1 is well known, see e.g. [2], p. 261.
C orollary  1. Let g be strongly lower (upper) semi-continuous. Then 

|{x:g(x) ^  g*(x)}| =  K0 (|{x:g(x) ^  g*(x)}| =§ K0)
respectively.

Proof. (E. g. for the first case.) By the assumption we have g(x) = 
=  min {g+(x), g_(x)}. Hence {x: g(x) ^g,(x)} =  {x: g+(x) ^g_(x)}.

L emma 2. Let g, h be functions such that g(x) ̂  gt (x) S  A*(x) S  A(x) for every x. 
A necessary and sufficient condition for the existence o f a function f(x) satisfying 
g*(x) =./(x) = h*(x) for every x and spread between g and h is that there exists a 
system {Tc}cr-Y of mutually disjoint subsets of V such that

ECQBC, ACQ EC for every c.
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REMARKS ON DARBOUX FUNCTIONS 15

P roof. Assume that /  satisfies the requirements of Lemma 2. Put Ec—f ~ 1(c) 
for every c.

Then ECQ BC since g fx )S f(x )^ h * (x )  and ACQEC since /  is spread between 
g and h. Hence the condition is necessary. Assume on the othei hand that the con
dition is satisfied. Let /  be equal to c for x£E c and let f(x) =  d for an arbitrary 
g*(x) = á s h*(x) if x${]E c.

C
By the assumption ECQ BC we have g^(x) =/(x) s  h*(x) for every x. Considering 

that £cQ /_1(c) the assumption ACQEC implies tha t/is  spread between g and h.
Hence the condition is sufficient as well.
R em a rk . In the second part of the proof /  can be chosen so that g fx )  <  f(x )  <  

<h*(x) holds for every x$_\J Ec provided g f x ) 7i li*(x).
C

The next lemma is the main tool for proving our theorems.
Lemma 3. Let g and h be strongly lower and upper semicontinuous functions 

respectively. Assume that g^(x) Ш h*(x) for every x. L e t. /  be an arbitrary open interval, 
c a real number and put

t/j =  J O Int (gSc), U2 = Int {hSc), К = J - { U Í U U2).
Then one o f the following conditions (i)—(iv) holds:

(i) S = U it
(ii) S = U 2,
(iii) CcD J ^ 0 ,
(iv) \BC П J \ =2*° and Acn J rA: 0.
Pro o f. Assume that (i), (ii) and (iii) are false. Then c is finite. If x £ U1 (T U2, 

then g(x) =  c = h(x), hence Cc Г). /  being empty, Ut (T U2 = 0. , /  being connected,
0. We prove that К  is dense in itself. Assume that x0 is an isolated point of K. 

Then there are open intervals f , I2 such that /, U {x} U I2 is an open interval again, 
x t < x < x 2 for every x t£ (i =  l, 2) and f  U I2?= Ut U U2. Using again that both 
/, and I2 are connected we obtain that there are 1 =e(l ), e(2)s2 such that

h = ^*(i) for г = 1,2.
If e(1) =  £(2) = 1 [or 2], then

Hmg(í) =  g(x0) S  c (or lim h{t) = h(x0) á  c)
Í-4-XO t-+XO

and x0€ ln t(gSc) or x 0 6 Int (hSc) respectively: a contradiction.
If c(l) As(2), say s(l) =  l, e(2) =  2, then g_(x0) a c  and к +(х0)Шс, hence 

g*(xo) = c = h*(x0) and thus x0 £ Cc in contradiction with the assumption that (iii) 
is false. Hence К has no isolated points, and being non-empty and relatively closed 
in J ,  it is relatively perfect as well and has power 2*4

Considering that g and h being upper and lower semicontinuous respectively, 
both g>c, h<c are open sets, we have

g >cS In t(g Bc), h<cQ Int (/zSc).
Hence g(x)scS/z(x) holds for every x(:_K.
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16 A. HAJNAL AND G. PETRUSKA

Thus the set K —{x\ g jx )  Ag(x) or h*(x) ^  h(x)} is a subset of Bc П . /  and by 
Corollary 1 it has power 2*4 Hence the first part of (iv) is proved.

Assume that the second part of (iv) is false, i.e. AcClJ  ̂= 0. Put Kt =KC\g=c, 
K2= KC\h^c. Then by the remark made above К =  Kx U K2.

First we prove Ki Q K 2. Let x0 £ Kx and let / 4 , /  be an open interval containing 
x0. I% gzc for if not the х0£ и г . Hence there is y £ l  such that g(y)<c. We may 
assume K2. Since y$ K u y£  U± U U2, hence y £ U 2. Let Г  be the component of 
U2 containing y. Then x0 ft Г  since x0 f  Kt . It follows that exactly one endpoint 
of / ',  let us say y ' belongs to the interval [x0, y) or (y , x0], hence y ' £ /. By the defini
tion of T, y '$ U 2, and Ut and U2 being disjoint, y'§.Uu hence y ' (É K. Then h+(y') S  c 
or h~{y')Sc  respectively, i.e. A*(y') —c- If g(y') =  c then_y'£ Cc, hence g(y' )< c 
and h(y') = c. Thus y 'd K 2, y 'g l.  This proves that K1Q K 2. Similarly we obtain 
K2Q K t . It follows K i r\J f = K 2r)J? = K.

К being of the second category in itself the same holds for one of the K?s, say
for K1. Kx = KC\h>c, hence K x = (J K f]hmc+±.

n= 1
Then for at least one n there is an interval . / ' с  J  such that KC\h^c+ ' is dense— n

in T f l /V O . But h being upper semi-continuous hsc+ f is closed, hence KC)J’,<!= 
QKClh^c+f in contradiction with the fact that K2 is dense in К  too. Hence the 
second part of (iv) is proved as well.

R em ark . The proof of the first part of Lemma 3 gives immediately that in (iv) 
\BcC\J\=2*° can be replaced by the stronger statement

|(^c — Int (gs?c) — Int (ASc)) U У I =  2 4
Now we prove
T heorem 1. The function f(x ) is a Darboux function if and only if the following 

two conditions hold:
(i) /  is a spreading function,
(ii) g /x )  S /(x ) S /г*(х) for every x, where g and h are the lower and upper 

boundary functions o f f  respectively.
P roof. First we prove that the conditions are necessary. Assume h*(x0) <  /(x 0). 

We may assume that e.g. h*(x0) = h+(x0). Let s > 0  such that h+(x0) +  e < / ( x0). 
We choose a <5 > 0  such that h(x)< h+(x0) + в for x0< x < x 0 + c>. Then /(x )<  
< /г+(х0) + е for x0 <  x -= x0 + d, hence/ omits the value h+(x0) + e in each interval 
(x0, y), y€ (x0, x0 +<5) and thus /  is not Darboux. By symmetry /(x 0)<g*(x0) 
yields the same. Hence if /  is Darboux, (ii) holds.

Let x0 £ Ac and let I  be an arbitrary open interval containing x0. By the definition 
of g and h there are x , , x2£ l  such that /(x ,) <  c < f ( x 2). If / i s  Darboux, there is 
an x3 £ I  for which/(x3) = c. /  being arbitrary we get that x0 f f ~ l(c), hence (i) holds 
too.

Now we prove that the conditions are sufficient. By the statement (1) g and h 
are strongly semi-continuous. Assume /(a )< c< /(h ).

We may assume a<b. Put , /  =(a, b),

U2 = S  U Int (g*c), U2 = J  U Int (hSc).
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REMARKS ON DARBOUX FUNCTIONS 17

The conditions of Lemma 3 hold, hence one of the conditions (i)—(iv) stated in 
Lemma 3 is fulfilled. UL A.T  and U2 4 « / for if not then by (ii) c ^ g + (a)á gjpi) = f(a) 
or f(b)^h*(b)-^h~(b)Sc  in contradiction with the assumption f(a) <  c </(Z>). 
Hence either Cc П J  4  0 or Ac П ̂  A- 0. If x £ Cc D </ then f ( x ) =  c by (ii). Ú x £ A cC\J 
then by (i) x  € / -1(c)> hence f ~ 1(c) П J' ^  0 in both cases. It results that /  is Darboux.

R e m a r k . Both (i) and (ii) can be formulated as local conditions fulfilled by 
a Darboux function at every point x. (It is easy to see that they are independent.) 
A characterization of Darboux functions with local conditions was first given in 
a paper of Á . Csá szá r  [3]. Though the conditions given in [3] are similar to ours 
we were unable to prove directly that they are implied by ours.

T heorem  2. The functions g and h are the upper and lower boundary functions 
of a Darboux function f  i f  and only if the following two conditions hold:

(i) g and h are strongly lower and upper semi-continuous respectively,
(ii) gfx)Sh*{x) for every x.

P r o o f . The necessity of the conditions follows from (1) and Theorem 1.

We prove that they are sufficient as well.
Let V={cx}x<4, be a well-ordering of type tp of the set of real numbers where 

the ordinal number q> is the initial number of 24
We are going to define a sequence {Dp) a<,p of type q> of subsets of V by trans- 

finite induction on a as follows. Let a <  <p, and assume that Dß is defined for every 
/?<a.

Let Da be a denumerable subset of -SCa— U Dp dense in this set. Thus the
ß < a

sequence is defined for every a <  <p.
Put briefly Dc = Da if c — cx, Ec = CcUDc. We have EcQBc, and thus the sets 

Dc being mutually disjoint the same holds for the sets Ec too, since if c, ^  c2 then
c ci n BC2=o.

We prove that AĈ E C. Let x0£A c and let /  be an arbitrary open interval 
containing it. We may assume / П С с =  0. Put = / D Int (ggc), U2 = / П Int (Лйс). 
Then U1 7s/, U2A l. Applying Lemma 3 we obtain that |ifcn / | =2So. Put c = cx. 
Considering that for ß -сх, |a |< 2Xo, we have |/П (бСа1— U Dp)\=2*0.
Thus by the definition of Da = Dc, ОаП1Г1(ВСх— U Dß)A 0, hence Dcf] I^ 0 .

_ ß <<x
/being arbitrary it results that ACQEC for every c. By Lemma 2 there exists a function 
/  spread between g and h and satisfying g fx )  ̂ f(x) S  /C(x) for every x. Then by (1) 
/ i s  a spreading function and g and h aie its boundary functions. Hence by Theorem 1 
/  is Darboux and satisfies the requirement of our theorem.

Remarks. 1. It would be quite easy to prove without referring to Theorem 1 
(and thus to the involved argument of the proof of the second part of Lemma 3) 
that the function / constructed in the second part of the proof is a Darboux function. 
However, if one has already proved Theorem 1, the argument is shorter this way.

2. Applying the stronger form of Lemma 3 mentioned in the remark made 
after its proof, and the remark made after the proof of Lemma 2, one obtains the 
following slightly stronger statement. If g and h satisfy the conditions (i) and (ii)
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18 A. HAJNAL AND G. PETRUSKA

of Theorem 2, there exists a function /  satisfying the requirements of the theorem 
and the additional condition: g^x) </(x) <  h*(x) if x^[] Ec where Ec = CcU Dc

and Dc П Int (gSc) =  0, Dc П Int (hSc) =  0.

§ 3. Open Darboux-functions. Theorem 3. A Darboux function is open if and 
only i f  it has no local extrema (in the wide sense).

Proof. / ( x 0)  is a local maximum (minimum) of /  if and only if /(x 0) =  c and 
x0 £ Int ( /Sc) (x0 € Int ( / fec)) respectively. Hence if /  has a local extremum, /  is not 
open. On the other hand, if /  is a Darboux function then /( /)  is connected for 
every open interval I, and if /  has no local extremum /( / )  must be an open interval 
since f  ix) £ Int/ ( / )  for every x d l.

Theorem 4. The functions g and h are the lower and upper boundary functions 
of an open Darboux function f  if and only i f  the conditions (i), (ii) of Theorem 2 hold and

(iii) g(x) has no local minimum and h(x) has no local maximum at the points 
x of Cc where g(x) =  g fx ) = c or h(x) = h*(x) — c holds respectively.

Proof. The necessity of the conditions follows immediately from Theorems 
1 and 3 considering that, if x£C c, g(x) =g.fx) = c, xd In t(gSc) (or h(x) = h*(x) = c, 
x d Int (hgc), imply that f(x) = c, x £ ln t ( /Sc.) (or f(x )  — c, x £ ln t( /Sc)) respectively. 
To prove that the conditions are sufficient, observe that by the second remark, 
made after the proof of Theorem 2 the conditions imply the existence of a spreading 
function /  spread between g and h such that g*(x) S /(x ) S  h*(x) and g*(x)</(x)< 
<h*(x) if where Ec = CcU Dc and Dc П Int (gac) = 0, L /P lln t (hsc) = 0.

C
We prove that /  has no local extremum. By definition of the lower boundary 

function, it results that Int ( /gc) =  Int (gSc).
If f(x) — c were a local minimum of /  then it would be x f ln t  (gSc), g(x) = c. 

This is impossible if x£ D c because of Dc П Int (ggc) =  0. If xdCc, then this implies 
^(х)=^Дх) =  с, hence the indirect assumption contradicts (iii). Finally, if л /  U Ec

c
then g(x) ̂ g*(x) < /(x ) =  c and g (x )^c . Hence /  has no local minimum.

We obtain similarly that /  has no local maximum either. Theorem 3 implies 
that /  is open.

§4. Classes of Darboux functions. Definition 3. Let U be the class of functions 
f  satisfying the condition

(2) f{(a, b) —H)Tl((f(a),f(b))) for every open interval (a, b) and for every 
H ^  (a, b), |//| <  2*4 (Here ((f(a), f(b})) denotes the interval (/(a), f(b)) if /(e) = f(b) 
and the interval (/(h),/(e)) if/(h) </(e).)

The class U was characterized in [1] as follows:/ /  U if and only if /is  the uniform 
limit of a sequence of Darboux functions.

The wider class U0 is defined as follows.

D efinition 4. Let U0 be the class of functions satisfying the condition
(3) /((e , h)) Э ((/(e), /(h))) for every open interval (e, h).

Theorem 5. /  is Darboux if and only iffd U 0 and f  is spreading.
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P roof. The necessity of the conditions is obvious by Theorem 1. To prove 
that the conditions are sufficient, by Theorem 1 it is enough to see that g^(x)S  
= fix )  ё  h*(x) holds for every x  where g and h are the lower and upper boundary 
functions of/. Assume/(x0) <g*(x0) for some x0. We may assume e.g. f(x0) < g +(x0). 
But then, for suitable finite c and d >0, f ix )  =g(x) > /(x 0) for x 0 < x < x 0 +<5.
Hence no interval (x0, x), x0< x < x 0 + ő satisfies (3).

C orollary  2. The function f  is Darboux if and only if it is spreading and is the 
uniform limit o f a sequence o f Darboux functions.

Corollary 2 expresses the fact that in the class of spreading functions the pro
perties (2) and (3) characterizing U and U0 are equivalent. We are going to give 
an independent proof of the fact that this is true in a wider class of functions.

D efinition  5. Let /  be a function, g, h its lower and upper boundary functions 
respectively./ is said to be weakly spreading if AcQ f~ i(c) holds for a 28o-dense 
set of c’s, i.e. if Л = {c: AcQ f~ lic)) then | Я П / | = 2 8° for every open interval I. 
Let S2xо denote the class of weakly spreading functions.

T heorem 6.
5 > „ П С 0 С [ / .

Proof. Let HQ (a, b), Я; < 2So and assume /6  S2x0 П U0 and that there is an 
J Q  (/(e), fib)) such that J  П/((a , b ) -H )  = 0. Put K = f~ 1(J)  П (a, b). Then H, 
hence [A|<28°, K-r- i), f  being an element of U0. Assume x0£K  and let g, h be the 
boundaries of /. If g(x0)<A(x0) then (g(x0), h(x0)) П ^  0. Considering 
|/(ЛГ)|<28°, / € S2i>0 there is a c£(g(x0), h(x0)) ПУ  — f{K) such that AcQ f~ 1(c). 
This is a contradiction since x0£Ac, f ~ 1(c)C\(a,b) = 0. Hence g(x0) = h(x0). Then 
f{x) is continuous in x0. But then / (x 0) c .J implies that there is a IQia,b), 
x 0£ l  such that fil)QJ> i.£. IQK. This contradicts |A |<28°. Hence /££/.

As a corollary of Theorem 6 we have S2x0 Г) U0 = S2x0 П U.
Finally we mention that the stronger statement S2n„ C\U0= U  is not valid, 

as is shown by the following
E x a m ple . As it is well-known, there exists a sequence Hn, n =  1, ... of mutually 

disjoint subsets of (0, 1) such that |J Hn = i0, 1) and Hn is 28o-dense in (0, 1).
n=  1

Let rn be the sequence of the rational numbers of (0, 1). Let further x0 £ (0, 1) be 
arbitrary.

Assume 0 <  x  <  1 and put

fix ) =
rn if x £ H n and \x — x0 j

0 if х£Я„ and \x — x0\

1
n ’ 
1
n '

We prove/£  U. Assume (a, b)Q (0, 1), HQia, b), |# |< 2 8°. Then Ца,Ь) — H) П
2

П H„ ̂  0 for n = 1, . . . .  If n > .-----then (a, b) — H  contains an element x  such thatb — a
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2 0 A. HAJNAL AND О. PETRUSKA: REMARKS ON DARBOUX FUNCTIONS

f(x) = rn. It follows that f[(a, b) — H] is dense in (0, 1). This proves f£ U  and implies 
that g(x)=0, h(x) = 1 for the boundaries o ff .  Thus Ac — (0, 1) for every 0 < c < l  
and Ac% f~ l(c) for any c in (0, 1), since / -1(c) = 0 if c is irrational and f ~ l(rn) П
П |x0 — —, x 0 +  —] = 0  if rn is rational. This shows that f£ U Q U 0 is not only not 
weakly spreading but we even have

(0, 1)П{c:Ac Q f z 4c)} = 0.

( Received 31 May 1967)

ANALÍZIS I. TANSZÉK,
EÖTVÖS LORÁND TUDOMÁNYEGYETEM, 
BUDAPEST, v n i . ,  MÚZEUM KRT. 6 - 8
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ON THE ALMOST SUMMABILITY 
OF A TRIGONOMETRIC SEQUENCE

By
S. M. MAZHAR and A. H. SIDDIQI (Aligarh)

Acta Mathematica, Academiae Scientiarum Hungaricae
Tomus 20 (1 —2), (1969), pp. 21—24.

1. Let A=(an k) be an infinite matrix of real or complex numbers and {sk} 
be any sequence of real numbers. With every sequence {sk} we associate the sequence 
K )  given by

(11) <ra = 2  ап,к*к>k= 0

provided the series on the right converges for all n. The sequence {an} is called 
an ^-transform of

If on-+s as n ■♦«>, we say that the sequence {M is summable A to s.
The matrix A is called regular if

sk-*s => <jn-~s.

A bounded sequence {.%} is said to be almost convergent to l if

lim ‘y'l+ ‘y"+1 + ■•■s«+p-t = u
p- ° °  p

uniformly in n (see [2]).
It is easy to see that a convergent sequence is almost convergent and the limits 

are the same.
A bounded sequence {sk} is said to be almost /(-summable to s if the ^-trans

form of {s*} is almost convergent to s (see [1]) and the matrix A is said to be almost 
regular if sk->-s implies that {cr„} is almost convergent to s. The necessary and 
sufficient conditions for the matrix A to be almost regular are (see [1]):

( 1. 2)
n+p-l

2  aj,k \ <  M j = n )
(n= 1,2, ...),

where M  is a positive constant and p is a positive integer,

j n+p-l
(1.3) l im— 2  fl; л =  0 uniformly in n, k = 0,1,2, . . . ,

p j=n
I  n + p — 1 oo

(1. 4) lim — 2  2 ajk  ~  E uniformly in n.
P j = n k = 0
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Let /(x ) be a periodic function with period 2л and integrable in the sense of 
Lebesgue over (0, 2л). Let

w a0+ 2  (an cos nx + bn sin nx)
2 n= l

be the Fourier series of f(x) and let

2  (bn cos nx — an sin nx) = 2  B„(x)
/1=1 /1=1

be its conjugate series.
oo

We write o*(x) =  2  kkBk{x) and
k = о

И 0  = Ф(/> 0  = f ( x + t ) - f ( x - t ) ,  о < / < я ,  «A(0) = / ( x + 0 ) - / ( x - 0 ) .
2. Generalizing a theorem of Fejér, J. A. Siddiqi [3] proved the following 

theorem for summability (Л), where Л = (An jt) is a triangular matrix of real or complex
n

numbers and the Л-transform of {it } is given by A> A ln k = Xn k — A„ t+1.
k = о ’ . . .

T heorem A. Let f(x) £ BV [0, 2n] and periodic with period 2n. I f  (Л) is regular 
and if

/I
(2.1) lim 2  =  0, A22„'k = AA k-A A  k+l

k = 0

then the sequence {nBfx)) is summable (Л) to

D{*] = tt ~ 1 {(/(x+0) —/(x  — 0))}.

Later on he [4] obtained necessary and sufficient condition on Л for the validity 
of Theorem A and derived certain consequences for the Fourier coefficients of 
continuous functions of bounded variation. His main theorem is as follows:

T heorem B. 
x 6 [0, 2л],

iff
(2 . 2)

I f  (Л) is regular, then for every f(x )  £ BV [0, 2л] and for every

lim 2  AA kkBk(x) =  —
B-~  k = о к

n

lim AA„ к cos к* — 0.
B~°° k =  о

in every 0 < á ^ í S i .
The object of this note is to obtain necessary and sufficient condition in order 

that the sequence {kBk(x)} be almost Л-summable to \ye shall prove the
following theorem.
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Theorem. I f  A is almost regular, then for every fix)  £ BY [0, 2л] and for every 
x  € [0, 2 л],

, .  1 P'^'1 * ■r  , ■lim — 2 j a„+r = ------  uniformly in n,
p~°° P  r= о tt

iff
I  p - i  ~

(2.3) l i m —2 2 an+r к cos kt = 0,
p ~ ° °  p  r = 0  k= о

uniformly in n for every 0 <<5 S i  ̂  л.
3. Proof, of the theorem . We have

П
I P - 1 1 P - 1  00 I  P - 1  00 j Г

— &n + r ~  'j ^n + rtk^^k(p^) ~ ^  dn + r,k ~  I к S ill kt • lj/(t)dt =
P  r = 0 P r = 0 k= 0 P  r = о k= 0 71 J

D(x) 1 p - 1

n  P  r =0 k =0

P - 1

2  2 an+r,k+~ W io  2  2 an+r,kCoskt = ^ + / 2,
p  r= 0 k = 0

say. By virtue of the condition (1.4) f  ■ D{x)
n , as p -* oo uniformly in n. It, therefore,

suffices to show that
П

(3.1) I2 =  l j dm - К , p ( t ) - + 0, P — ,
0

uniformly in n, where

(3.2)
j p - i  °°

-Kn,p(0 = " 2 2  an+r,k cos kt.
P  r= О fc= 0

We shall first show that condition (3.1) is equivalent to the following condition:
n

(3.3) i y \ p( 0 # ( 0 - o ,  /»-о»,

<5

uniformly in n, for every 0 <  <5 S  л, for every / £  BV [0, 2л] and for every x  in [0, 2л].
Suppose that (3.1) holds. If/6BV [0, 2л] and x €[0, 2л], then for every 0 < á SJ t  

we can construct a function g(x) £ BV [0, 2л] such that g(x) is constant in [x — S, x  + <5] 
and g coincides with /  elsewhere (see [4]). Since

n n
J  Knp{t)d\jj { f t )  =  /  K„tP(t) #  (g, t)
5 0

and hence by virtue of (3. 1) the left hand integral tends to zero uniformly in n as
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p ^ o o. Thus (3. 1) implies (3. 3). Suppose now that (3.3) holds. If /£BV [0,2л] 
and x£[0, 2n], given an ye>0 there exists a <5 > 0  such that

s

(3-4) / » ( ' )  I - 2 Í Í -
0

By virtue of condition (1. 2) we have 

(3.5) |*„,P(0I
j  p - i  ~

a n + r , k COS k t
p  r= 0 k = 0

1 ~  In  + p - l  I ~  i

= — 2  |cos kt\ 2  ai,k = 2  ~
P  k= 0

uniformly in n and so that
k=  о P

n + p -  1
2  a j , k  
j  = n

M

f  ^ . ,p ( 0 # ( 0
I О

£

~2

uniformly in n. Since (3.3) holds, there exists a p0 such that for р ё р 0

and hence we have
/ X P( o # ( o |< 4

! <5 ! Z

n
f  Kn,p(t)d<fr(t) -  0 as p

uniformly in n. Thus (3. 3) implies (3. 1).
By a simple modification of a familiar theorem on weak convergence of sequ

ences in the Banach space of all continuous functions defined in a finite closed 
interval, it follows that (3. 3) holds iff
(i) \Kn p{ t) \^ K  for all n, p and i£[<5, n\ for every <5>0,

(ii) (2. 3) holds.
Since by virtue of (3. 5) (i) holds it follows that (3. 3) holds iff (2. 3) holds.

This completes the proof of the theorem.

(Received 13 July 1967)

DEPARTMENT OF MATHEMATICS AND STATISTICS,
ALIGARH MUSLIM UNIVERSITY,
ALIGARH (UP), INDIA
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SOME REMARKS ON A PROPERTY 
OF TOPOLOGICAL CARDINAL FUNCTIONS

By
A. HAJNAL and I. JUHÁSZ (Budapest)

Introduction

In the paper [1] one of the authors has introduced the concept of the Darboux 
property of topological cardinal functions. In [1] several results and problems 
were stated. The main aim of this paper is to give some further results and simpler 
proofs for the results of [1].

In § 2 Theorems 1 and 2 give some information on the Darboux property of 
the weight function on the classes of 7)- and ^-spaces respectively. However the 
results are still incomplete.

The rest of the theorems in this § deal with the density function and give an 
almost complete discussion of its behaviour on the different classes of spaces. 
We point out Problem 2 which remains unsolved.

In § 3 we prove Theorem 5 concerning linearly ordered spaces which settles 
the Darboux property of the weight (and density) function on these spaces. Without 
giving exact references we mention that at least in special cases the result 
must be contained in some theorems of W. Sierpinski and D. Kurepa concerning 
the Suslin problem.

In § 4 we introduce a new class of spaces lying between T2- and ^-spaces, 
called strongly Hausdorff spaces, and we prove a special result relevant to a problem 
stated by J. d e  G root [2].

§ 1. Notations. Definitions

\H\ denotes the cardinality of the set H. We assume that each ordinal is the 
set of all smaller ordinals.

£, r], £, ... denote ordinals;
a, ß, tp, [//,... denote cardinals (i.e. initial ordinals);
a will always denote a limit cardinal.
a + denotes the immediate successor of the cardinal a.
If t] is a limit ordinal, cf (jj) is the least cardinal, which is cofinal with rj.
The cardinal a is said to be regular if cf (a) =  a and singular otherwise.
A regular limit cardinal is said to be inaccessible.
A limit cardinal Я is said to be a strong limit cardinal if a < /  implies 2“< X. 

(We sometimes write exp a for 2a.)
A strong limit inaccessible cardinal is called strongly inaccessible.
We will often make use of the generalized continuum hypothesis which will 

be briefly referred to as G.C.H. co? denotes the increasing sequence of infinite 
cardinals, co0 = co.
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2 6 A. HAJNAL AND I. JUHÁSZ

Capital letters К, H, ..., X, Y, ... denote sets, R, S, D, ... denote topological 
spaces.

The class of all topological spaces will be denoted by ЗГ, while the class of 
Tj-spaces will be denoted by / = 0, 5, respectively. ££ denotes the class of
linearly ordered spaces provided with the usual interval topology.

A topological cardinal function is a function defined on a certain class of topolog
ical spaces with cardinal values.

In this paper we will consider the following cardinal functions.
The weight function w, defined as usual by

w(A?) = max {cu, min {|33|: for the open bases © of R}}.
The density function d:

d(R) = max {со, min {\S\: for SczR ,S  = R}}.
The spread function s, where

s(R) =max {m, sup {|Z)|: D c.R  where D is a discrete subspace of f?}}.
The space R will be said left separated (right separated) if there exist a well

ordering {x^}^<4, = R  of the points of R and a sequence {и^)^<1р of type cp of open 
subsets of R such that and xn$ for rj <  £ [x4$ U{ for rj >£] for every £, < cp
respectively.

To have a brief notation we introduce the following symbols.
Let Ф be a cardinal function defined on the class Yl of topological spaces;

( * )  (Ф,<Г)-а
denotes that the following statement is true.

For each R£<é>, Ф{К) >  a implies that there exists a subspace S CR such that 
Ф(£) = а.

(Ф, denotes the negation of the above statement.
If (Ф, ^ ) —a holds for every [regular] a then Ф is said to have the [regular] 

Darboux property on (€.

( * * )  [Ф,<П-А
denotes that the following statement is true:

If for each a <  л there exists a subspace SczR  with a ̂  Ф(5) <  Я then there 
exists a subspace S0a R  with Ф( S0) = A.

[Ф, Щ-У-А denotes the negation of this statement.
If Ф has the Darboux property on & and [Ф, Щ -»-A holds for every A then Ф 

is said to possess the closed Darboux property on <6.
The concepts of (regular, closed) Darboux properties were formulated in [1]. 

The introduction of the symbols (^-) and ( ^ ^ - )  depending on the parameters 
a, A enables us to give a more detailed analysis of these properties.
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§ 2. The Darboux properties of the weight and density functions

First we are going to deal with the weight function w. In this case we know 
negative results only, except some trivial positive facts.

Theorem 1. I f  A is a singular cardinal, then
(w, 3Tß)4-A.

Proof. Let H  be a set of potency A, provided with the topology whose non
trivial (i.e. different from H) closed sets are exactly those of cardinality not greater 
than cf (A). As every one-point set is closed in H, it is a Zi-space, indeed.

For each K a H , let w*(K) be the smallest cardinal ß such that there exists a 
system £, |fi| =ß of non-trivial closed subsets of K, with the property that every 
non-trivial closed subset of К  is contained in one of the elements of fl. Since each 
base for the closed sets in К has this property we get immediately

w*(K) S  w(K).
On the other hand, if £ is the above mentioned system of power let

93 be the system of all sets of the form Z \{x}, where Z g £  and x ^ K . Then 
|93|^|£|*cf (A) = w*(A’) cf (A), because Z £fi implies |Z |^cf(A). At the same time 
93 is a base for the closed sets in К for if S  is an arbitrary non-trivial closed set in K, 
then there is a set Z € £  with SczZ, and so we get

5 = n  ( z \M ) .
x £ Z \ S

These considerations show immediately
w(K) S  cf (A)-w*(/0

and so w*(7r)Scf(A) implies
w(K) =  w*(K)

and H,*(A')<cf(A) implies w(Ai)Scf(A)<A. Now assume vv*(AT)Scf(A). We will 
prove that w*(K) =  w{K) ^  A. Assume on the contrary, that w*(K)= X and let £ 
be the required set-system of power A. Let the cardinals a{ be chosen for each 
£ <  cf (A) such that oĉ <  a„ if <f 0 7  and

2  ««=*•4<c/U)
The system £ can be represented in the form

£ =  U £4,
$ < c f W

where £ 0 7  implies £,*с:£ч and |£^| =  a5. Then |£5| -= w*(AT) for each £<cf(A), 
and so one can find a non-trivial closed subset of K, say S*, with cf Z for each 
Z<E£?. Let 5= u s{.

4 < c f ( X )

Then, by definition, |S'.| ^ c f  (A) and so U 5«| =  |iS| ^ c f  (A), i.e. 5 is a closed
4<ef(A)
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subset of K. Now if Z is an arbitrary element of 2, then Z £ 2 S for some <^<cf (A), 
and so

S^cSctZ ,

which contradicts the definition of 2, consequently

w*(K) = w(K)^A.

Finally, we have to prove w(H) >k. Let, indeed, © be an arbitrary family of 
non-trivial subsets of Я  with |93|<A. Then |U ©| S  j©| cf (A)<A, hence 
This obviously implies w(H) >  A.

Theorem 2. 2“ > a + implies
(w, ST5)-+*a+.'

Proof. Let Dx be the discrete topological space of power a and ßDx its 
Stone—Cech compactification. It has been proved by B. Pospisíl (see [3]) that 
there exists a point p £ ßDx\ D a whose every base of neighbourhoods has the cardi
nality 2a, in other words, the character y{p, ßD j of p in ßDx equals to 27. It follows 
from this that the character y_(p, R) of p in DXU {p} = R is also 2* because ßD7 
is regular and R is dense in it. Trivially R belongs to Э~ъ. Now let AczDx, Ä its 
closure in R and AMts closure in ßDa. It is well-known that Äß is open-and-closed 
in ßDx and so A =  Aß D R is also open in R. But then p £ Ä implies

X(p, Ä) =  x(p, R) =  2 \

Let S 'cl? be an arbitrary subspace of R. Then there are three possibilities: (i), (ii) 
and (iii).

(i) p$S, then S is obviously discrete, and so w(S)=|S|Soe.
(ii) pZ S  but p$S\{/>}; then S is discrete, too, thus w(S) = |S |S a .
(iii) p(i S and p 6  S\{/)}; it means that S\{/?} is dense in S, so (as we have 

seen above)
X(P, S) = X(P, S \{p } )  = 2*

which immediately gives us vv(S) =  2°I. Hence every subspace of I? has a weight either 
at most a or 2a. This proves Theorem 2.

C orollary . I f  G. С. H. fails then w does not possess the regular Darboux 
property on Уъ.

After this manuscript had been completed we obtained a result saying 
(w, a+, if a+ = 2 a. This result is going to be published in our joint paper
“On hereditarily x-separable and a-Lindelöf spaces” in the Annales Univ. Sei. Buda
pest, 11 (1968).

From this result, together with the above Theorem 2 we can get easily that for 
any a, which is not strong limit or inaccessible, (w, ^ )-t» a  holds. However, we 
still do not know the answer to the following problem.

Problem 1. Is (w, 2Г2) — 2“ true for /'^3, a Sen?
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The following cardinal function we shall consider is the density. In this case 
at least assuming G.C.H. we can give a rather complete discussion of the symbols 
(-$£) and (-£ *). The only problem left open is the one stated on p. 34.

The following Lemma 1 was first published in [6 ] (Theorem II). We give here 
a new proof of it, which does not make use of transfinite induction. The same idea 
will be used in the proof of Theorem 5.

Lemma 1. Each R f .T  contains a left separated subspace S c R  with \S\ ^d(R).
Proof. Let

( 1) R = {qs: ^ p }
be an arbitrary well-ordering of R. A point q£R  will be called minimal if it has 
a neighbourhood Uq, whose minimal element in the above well-ordering is q. Let

(2)

be the well-ordering of the set of all minimal points of R induced by the well-ordei- 
ing (1). Then S  is dense in R and so Indeed, if G is an arbitrary non
void open set in R then there exists a point q£G with a minimal suffix in the well
ordering (1). Hence, by definition, q £ S  and so G HS^H -

On the other hand it is trivial, that if p$ € S and Ut is the neighbourhood of 
p£ whose first element is then Ut does not contain any predecessors of p

Corollary. I f  a is regular then

(d,

Proof. Let, indeed, and d(R )> a. According to Lemma 1 there is a
sequence S={p%: £ <  g } of points of R such that ^ =  a and every p^ has a neigh
bourhood U( not containing any points pv q<l;. Let

T = { p ^ S :  £<*}.

We state that d{T)=OL. d (T )S a is trivial since T\ = a. On the other hand, if Kcz T 
and I If I <a, then there exists an ordinal q < a  such that £ < 17  for each p% £ K, because 
of the regularity of a. But then p$ $ Un for each p, £ K, which shows that К is not 
dense in T  and so d(T)^a. i.e. d{T) = a.

Lemma 2. I f  X is a strong limit cardinal, \R\ = X and R f,T2 then d(R) = X.
Proof. It is well-known (see e.g. [4]) that R£_2T2 implies \R\ ^exp exp d(R). 

Since Я is a strong limit cardinal d(R)<X would imply [7?| Sexp exp rf(/?)<A, 
which is impossible. So d(R) — X.

Corollary 1. For each strong limit cardinal X

holds.
(d,ST2)^ X

Corollary 2. I f  X is a strong limit cardinal then
\d,.T2\-+X.
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Proof. If for every a <  л there exists a subspace .S' of the space R for which 
d(R )^a , then obviously \R\ ёЛ.

Theorem 3. I f  cf (X) =  w then
(d, ST2)^X .

Proof. Let, indeed, R^3T2, d{R)>X, then according to Lemma 1 there 
exists a left separated subset R' czR of the power X+. In what follows we are going 
to consider only this subspace R'. Let © be the system of all sets GczR' being open 
in R' and having a cardinality not greater than X. We will distinguish two cases 
(i) and (ii):

(i) |U © |= i+. Then we define a sequence {q :̂ £< /l + } of points of R' by
transfinite induction on £ as follows. Let R’ = {pv: + } be a well-ordering of
R' and let Uv be a neighbourhood of pv not containing any predecessors of pv.

Now let pvo =q0 be the first element of U © and let G0 be an arbitrary element 
of © with q0£G0. Assume that the points qn and their neighbourhoods (7, are 
defined already for all q less than some £ <A+. Then

U Gn|S |{ |-A  = A 
b<{ 1

and so U © \U { G ,: we choose the first element p4 of the above non
void set as q^. G  ̂will be an arbitrary element of © containing q^. Put D = {q < Я+}. 
We prove that D is discrete. Let us consider the neighbourhood = UVf П G( 
of q$( =  PvS) for Since by definition qn$ UVf if q<£  and qn<iGi if
К5 П й = { ^ }  for {<A+. Hence D is discrete. Thus R' and so R also contain a 
discrete subspace of potency X, which is of density X, too.

(ii) |U © |< A +. Then let R" — R ' \ U®. Obviously each non-void open subset 
of R" has the cardinality X+.

Now because of cf(A) =  <u there are regular cardinals y.k (k -c со) such that

Л- = 2  «*•
k<io

Since every infinite T2-space contains infinitely many pairwise disjoint, non-void, 
open sets we can choose non-void subsets Gk (к <  со) open in R" such that Gk П G, = 0 
if k ^ l .  As we have seen above

I Gk\=X +

for each k<co. By Lemma 1 and the proof of its Corollary for every k<co there 
exists an SkczGk with d(Sk) =  |Ss| =ak (because v.k is regular).

Now let S=  U «S’* ■ Since |Sj=A it is sufficient to prove d(S)^X . Let M a S
k<(0

be an arbitrary dense subset of S. Then МП Sk is dense in Sk, too, because 
M \ ( M n S k)a { J G l a R " \ G k, and so none of the points of SkczGk is a cluster

1фк
point of M \( M  П Sk). But then d(Sk) = otk implies \M f]Sk\=txk and so

\M\ = 2  \M HSk\ = 2  «* =  л
k<(o k<(0

which proves our statement.
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Theorem 3 is one of the new results of this paper. The problem stated originally 
in [1] still remains open for singular cardinals A with cf(A)xo. The simplest un
solved problem is

Problem 2. Is (d, dr2)^ o jOH true?
(Note that assuming G.C.H. the answer is yes by Corollary 1 of Lemma 2.) 

Corollary 2 of Lemma 2 implies assuming G.C.H. that d has the closed Darboux 
property on 2F2. We will point out that without assuming G.C.H. we cannot solve 
the following

Problem 3. Is [d, — сои true?
This should be compared with the remark made after the proof of Theorem 7. 
The following theorem shows that for 7Vspaces the above result does not 

remain true.
Theorem 4. For every singular A

(d, 2T̂ )-\*X ami [d,
Proof. Let us consider the topology on the set A+ whose non-void open sets 

are exactly those of the form [p, A+) \ { g 1, ..., gk} where
[g, X+)= {a: Q ^a< X +} and g, gk, ..., gk<X+, k<co.

Let R denote this space which is obviously a Tpspace.
Let now S be an arbitrary infinite subspace of R and let t(S) be its order-type 

as a subset of A+. It is well-known that r(S) has a unique decomposition
r(S )= aS) + k(S),

where £(S) is a limit oidinal and k(S)<co.
Now let H be the set of the last k(S) elements of S and let C be an arbitrary 

cofinal subset of S \H .  Then it is obvious that for every £ £ £ \ Я  and t ,..., £г <  A+

s n (K , A + ) \ K , , У ) П ( с и я ) ^ 0 ,
i.e. CUW is dense in S.

On the other hand, if T is dense in S, then T \ H  must be cofinal with S \ H ,  
because g £ S \H  and g> o  for every a £ T \H  would imply

ГП([е, А +)\Я ) =  0.
Hence we have got the result d(S) = cf (C(S)). So e.g. d(R) = cf (C(R)) = cf (A+) = A+, 
and since cf (Q is always a regular cardinal, none of the subspaces of R have the 
density A.

On the other hand, since for every regular cardinal ж <  A there is a subspace 
of the density a, the same example shows that the second statement of our Theorem 
holds, as well.
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§ 3. A theorem on ordered spaces

The main aim of this section is to prove Theorem 5.
T heorem  5. I f  then for each я <d(R) there exists a discrete subspace

of R, which is of power a. Hence d (R )^s(R )+.

Proof. Let a <s(R) be arbitrary, and assume that R does not contain a discrete 
subspace of power a. The original order relation of R will be denoted by <  while 
-< is chosen to denote an arbitrary well-ordering of R.

As usual a set
(x, y) = {z£R: x<z<y} 

is called an open interval of R.
An element p £ R is called normal if there exists an open interval (x, y) contain

ing p, such that
p < z  for every z£(x, y )\{p}.

It is easy to see that the set N  of all normal elements is dense in R. Let, indeed, 
(x, y) be an arbitrary non-void interval of R, and p be the first element of (x, y) 
with respect to the well-ordering 4 .  Then p is a normal element by definition. 
Thus IjV| S  d (R) >  a.

For every p £ N let Ip denote the maximal convex set containing p as the first 
element with respect to -<. Of course, Ip contains p in its interior.

Now let N* be the collection of all such sets Ip for p£N. It is trivial that 
p ^ q ,  p, q £ N  implies Ip -AIq since the least elements of Ip resp. Iq are different. 
We define a partial ordering <* of N* as follows,

/„ < %  iff P e iq.
As p Z lq obviously implies q< p  and so q < z  for every z£ /p, Iq < %  implies Ipc Iq, 
since Ip П Iq ̂  0  and so Ip U /,, is a convex set containing q as its first element, and 
therefore /pU / , c / r  From this remark we get immediately that the relation <* is 
transitive.

Let now ql ,q 2,p eH , qx<q2 and and /42< % .  Then р € /?1 П / 42
and so Iqi U Iq2 is a convex set containing both qi and q2. But then clearly Iqt U Iqi czlqi 
which implies

J4i л Ч г '

From these considerations it follows immediately that for every Ip £ N* the segment
Sp={IqCN*-.Iq^ I p)

is well-ordered by the relation <*, because for Iqi, Iqi £ Sp

q i< q 2 <=>
So the partially ordered set (N*, -< *) is a ramification system (or tree) in the sense 
of [7]. Let now AczN  be a set for which any two elements of the set-system

A*={Ip:p iA )
are not comparable with respect to <*. Then A is a discrete subspace of R since
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Ip is a neighbourhood of p which — by definition — does not contain any other 
points of A. Consequently we obtain \A\ = \A*\<ai.

Now it is very easy to see that every ramification system of power greater 
than or equal to a +, and not containing a pairwise incomparable elements contains 
a chain of length a, i.e. a set of power a, every two elements of which are comparable 
(see e.g. [7]). Let C *cN *  be a chain of length a. and

C = {p e N :Ip(LC*}.
We can assume that the order-type of C (by <) is a. For every p£C  let p + be the 
successor of p in C with respect to -<. For every p iC  let us choose an element

* ,€ /р\ / р+* 0 .
Since Ip+ is convex, either xp>-z or z >xp for each z 6  /p +; in the first case we call 
xp a right point and in the second case a left one. The set of all right points is denoted 
by Hr and that of the left points by Hl. Of course \Hl U H r\ =  |C| = a  and thus 
either \Hr\=a or |# '|= a .

Assume, for instance, \H'\ = a. Then for xPi, xpi £ H1 we get

X p l < X P 2 * > P l  < P 2 -

Let indeed Pi< p2, then p f  A p 2 so Ip2a l p* i.e. xP2̂ Ip+ which implies
, X P ^ X P2

by the definition of H .
Thus we have got a subset of R of potency a, whose original ordering <  

coincides with the well-ordering -<. According to our assumption R can not contain 
a isolated points and so we have a subset H czH 1 of power a not containing any 
isolated points and whose induced ordering <  is a well-ordering. We shall denote 
by x + the successor of x£ H  in H  with respect to < .

Since H does not contain any isolated points, one of the intervals (x, л:+) and 
(jc+, x ++) is not void. Consequently there are a distinct non-void open intervals 
of the form (x, x +), x d H  which is in contradiction to our assumption, since these 
intervals are pairwise disjoint as well. Hence we have proved the existence of a discrete 
subspace of power a in R.

An analogous consideration leads to the same result, if \Hr\ =a, however 
then <  coincides with the converse of -<.

As an immediate consequence of Theorem 5 we get
Corollary 1. The cardinal function d has the Darboux property on .

We also prove
Corollary 2. For every singular cardinal Я

[ d ,  JSP]-A.
Proof. If for cofinally many a < /  there exist subspaces of RdJF  of the 

corresponding density, then by Theorem 5 one can find discrete subspaces, whose 
cardinalities are cofinal with Я, too. But it is easy to see that if a linearly ordered 
space contains an infinite discrete subspace, then it contains as many pairwise 
disjoint open intervals as the cardinality of this discrete subspace.

3 Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



34 A. HAJNAL AND I. JUHÁSZ

On the other hand, Erdős and Tarski [5] proved that in every topological 
space the least cardinal for which the space does not contain as many pairwise 
disjoint open subsets, is always regular. So if R contains a disjoint open intervals 
for each a «= A, then it contains. X disjoint open intervals, too. Hence R contains a 
discrete subspace of cardinality (or density) X, too.

We do not know whether d has the closed Darboux property on JS? since we 
cannot solve the foil owing.

Problem 4. Does Corollary 2 of Theorem 5 hold for inaccessible A’s as well ?
Note that in [5] an example is given showing that the theorem we used for the
proof of Corollary does not remain true for inaccessible cardinals greater than со.
In order to get similar results about the Darboux property of the weight function 

on jSf, we have to make some preliminary remarks about the relation between the 
weight and density of the ordered spaces.

Let R£J£. A  pair (x, y) of two distinct points x ,y £ R  is called a gap in R, if 
the open interval (x, y) is empty (i.e. у is the successor of x), but neither x nor у 
is isolated. Let U(R) be the set of all gaps in R, and g(R) = |t/(/?)|.

Lemma 3. I f R£l£, then w(R) = d(R) + g(R).
Proof. We can assume [i?| Шсо. Now let SczR  be a dense subset of cardinality 

d(R) and H  be the set of the endpoints of all the gaps in R. First we will show that 
the open intervals (a, b), where a, b belong to SU H , plus the isolated points, which 
of course all belong to S, constitute a base for R, which evidently implies

w (R )^ \SU H \sd (R )+ g(R ).

Let, indeed, x £ R  be not isolated, and (p, q) be any open interval containing x. 
Now, if x does not have either a predecessor or a successor, then we can find a £ S 
with a £ (p, x), and b £ S with b £ (x, q), hence x £ (a, b) c  (p, q). If x has a predecessor, 
say a, then a certainly belongs to SU H , because either it is isolated, or it constitutes 
a gap with x, since the latter is not isolated. Since in this case x has no successor, 
we can find b£ S  with b £(x, q), and then x£(a, b)c (p, q) holds again. The case, 
when x has a successor can be settled quite analogously.

In order to get the converse inequality
w (R )^  d(R)+g(R),

it is obviously enough to prove w(R) ^g(R). This follows, however, immediately 
from the observation that, if (x, y) £ U(R) is an arbitrary gap, then any base of R 
has to contain a set with x as last element and a set with у as first element. Thus 
our Lemma is proved.

Corollary 3. w has the Darboux property on ££.
Proof. Let R £ i f  and w(i?)=-a. Then we have the following two possibilities 

a) and b), respectively.
a) w(R) = d(R). In this case it follows immediately from Theorem 5 that R 

contains a discrete subspace of cardinality — hence of weight — a.
b) w(R)=g(R). In this case let U, c  U(R) be a set of gaps with |С/Л| =  a, and 

/ / j  be the set of all endpoints of the gaps belonging to U1. Obviously, |f f j |= a
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as well. One can see easily that the subspace H1czR is of the weight a, and this 
completes the proof of the corollary.

Since the weight function is monotone, and for monotone cardinal functions 
the Darboux property and the closed Darboux property are equivalent (see e.g. [1]), 
we also have that w has the closed Darboux property on if.

§ 4. Strongly Hausdorff spaces

We will say that a Hausdorff space R is strongly Hausdorff if for each infinite 
subset S cz R one can select a sequence {.\-,})<(a of points of »S' and a sequence {C/;}i<m, 
x t f UI of neighbourhoods such that z Fy <  m implies Ut Г) U} = 0. The following 
theorem shows that this class of spaces is wide enough.

T hecrem 6. Every Uryson space, hence every regular Hausdorff space, is strongly 
Hausdorff.

P roof. Let R be an Uryson space and let S c R  be an arbitrary infinite sub
space of it. Let x0 and y 0 be two arbitrary points of S and U0 and V0 a closed neigh
bourhood of x0 and y0 respectively that are disjoint. We can assume S \ U 0 is infinite. 
Assume that the points x; f S and their neighbourhoods U, have been already defined 
for each i-ak  (k > 0 ) in such a way that S \ |  U U j is infinite. Then we can choose
two points хк,ук£ U l / , j , and two disjoint neighbourhoods Uk and Vk of xk
and yk, respectively which are contained in the open set i ? \  U L/;, and which 
have disjoint closures in R. We can also assume that i<k

( s \ u c , ) \ p .  = s \ u t i c ,
is infinite since

s \ U  üt =  [ ( s \ u  ü () \ ^ ] u [ ( s \ U  Щ \ Ц ’
and the roles of xk and yk are perfectly symmetric. The sequence {x;}i<(a defined 
by induction on к obviously satisfies the requirements having the pairwise disjoint 
neighbourhoods t/;.

On the other hand, the following example shows that there are Hausdorff 
spaces which are not strongly Hausdorff.

Example. Let the set R consists of two kinds of elem uts: R = P U H , where 
P f)H =  0. Both P and H  are countable, the elements of Pare uenoted by x0, ...,xk,... 
(к <  со), while H is regarded as the set of all quadruples (j, l, m, n) where j,  l, m, n <  со. 
For the topology in R, the points of H  are assumed to be isolated and a neigh
bourhood base SBt =  {F® : r, i-=a>} for xk is defined as follows:

=  {**} U {(k,l, m, rí) : / >  r} U {O’, /, m,k) : j  -= k, I s k ,  m >s) .

It is easy to see that
v <k) n v (k) — v (k)r r i , S i  1 1 r T2 ,S2 Г r, S ?

where r = max {rl9 r2} and i  = max { ^ l5  ^2}-
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Furthermore
n  =  {**}»

r,s<a>

since for every (j,l,m ,ri)£H  either j  = k  and then (j, l, m, n) =  (k, l, m, n) $ V[k> 
or k ^ j  and then (j, l, m, n) $ V^m.

Finally if k x < k 2 then xki and xkl have disjoint neighbourhoods since for 
example

Vj*>.nv£j> = 9
for every r, s <  со.

This altogether shows that R is a Hausdorff space. But R is not strongly 
Hausdorff, indeed, since if {xkt: ? <co} is an arbitrary sequence of points from P,
ku if tl <  t2, and V f f  is an arbitrary neighbourhood of xko, then

F<kso) П V<*> jt 0
for each p, q< со whenever 0  and k, >  r, because then for example

(k0,k t , q + l , k t) ^ V ^ n V ^ .
Finally we are going to show an application of the notion introduced above. 
First we need a lemma, which is, however, interesting in itself, too.
Lemma 4. Let R be an arbitrary topological space with |/?| =  a>co, and /1 <a. 

Then either R contains a discrete subspace of power a, or the set Sß o f all points x£ R  
having a neighbourhood Ux with \UX\ < ß is of cardinality less than at.

Proof. Assume |5^| =a. Then we can define a set mapping F on S(i as follows:
F(x)=U x\{ x ) .

Thus holds for all x £ S p, hence a theorem proved by A. Hajnal (which
is also known as Ruziewicz’ conjecture, see e.g. [8 ]) can be applied, and we can get 
a free subset S d S ß with |S |=a. This means, however, that x^  Uy holds for each 
pair of distinct points x, y£S , i.e. S  is a discrete subspace of power a.

Theorem 7. Let cf(A) = cu, ). and assume that for each X the strongly 
Hausdorff space R contains a discrete (or right separated, or left separated. respectively) 
subspace, of cardinality a. Then there exists a discrete (or right separated; or left 
separated, resp.) subspace of power Я in R as well.

Proof. Let {<xk: /с< <u} be such a strictly increasing sequence of regular 
cardinal numbers, for which

2) <xk = Я, and <x0 >a>.
k<ti>

Let Rk be a discrete (or right separated, or left separated) subspace of R with \Rk\~atk 
(к <  со), and let

R '=  U Rk-
к <(0

Let us apply now Lemma 4 to R' with ß = atk. We get then that we can assume, for 
each k<co, less than A points of R' have neighbourhoods of cardinality < a t . Indeed,
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otherwise we should know the existence of a discrete subspace of power X, and our 
theorem would be proved.

We shall define a sequence of pairwise distinct elements of R' by induction 
as follows: Let x0 be any point in R', every neighbourhood of which is of power 
S « 0. (The existence of such a point is assured by the foregoing remark.) Assume, 
Xi has already been defined for each /<A:<co. Then we can choose such a point 
xkd R '\ { x 0, ..., every neighbourhood of which has a cardinality =ak,
analogously as x0 was chosen.

Since R is strongly Hausdorff, we can select such an infinite subsequence 
{*ti}i<e>c  whose elements have pairvise disjoint open neighbourhoods
(in R, hence in R' as well).

Let Ut be the neighbourhood of xkl in R', mentioned above. Hence |i / , |^ a tl, 
according to the construction of the xk s. Now

Ut = UiC\R' =  t / , n r  U R,) =  U (Ц П Л *).Vfc<co ) k<w
hence there exists a k0<co with

I tf .n ü js « * ,.
In other words: £/, contains a discrete (or right separated, or left separated, resp.) 
subspace 5, of cardinality s « t|. But then 5 =  (J St is a discrete (or right separated,

l  <  CO

or left separated, resp.) subspace of cardinality X, which completes the proof.
Let us denote the class of strongly Hausdorff spaces by ^ * . Then a similar 

reasoning as in the proofs of the above theorem and lemma would yield us the 
following relation:

[d, $ ? ]  -  A (cf (;.) =  « ) .

Note that J. de  G root [2] stated the problem whether each T^-space R contains 
a right separated or discrete subspace of maximal cardinality. Thus Theorem 7 is 
a partial answer to his question.

(Received 28 July 1967)
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SYMMETRISCHE и-ORBIFORMEN KLEINSTEN
INHALTS

Von
J. FOCKE (Leipzig)

Einleitung

Unter einer л-Orbiform wollen wir einen ebenen konvexen Bereich verstehen, 
der sich tangierend in einem regulären «-Eck drehen läßt, so daß also die Seiten 
des л-Ecks stets Stützgeraden des konvexen Bereichs sind. Diese konvexen Bereiche 
stellen eine direkte Verallgemeinerung der schon von E uler  [1] betrachteten Orbi- 
formen dar, welche auch als Gleichdicke oder Bereiche konstanter Breite bezeichnet 
werden und sich hier als 4-Orbiformen einordnen (vetgl. etwa [2], [3], [4]). Mit 
den allgemeinen «-Orbiformen befaßten sich zuerst M eissner [5], der die Fourier
darstellung der и-Orbiformen angab, und später F u jiw a r a  [6], [7] und H ayashi 
[8]. F u jiw a r a  und K akeya [9] stellten verschiedene Extremalprobleme für 
«-Orbiformen, so die interessante Frage nach der и-Orbiform kleinsten Flä
cheninhalts. Für n = 3 erhielten sie das Kreisbogenzweieck als Lösung, für n = 4 
war schon vorher von B laschke [10] und L ebesgue [11], [12] das Reuleaux-Dreieck 
als das Gleichdick mit dem kleinsten Flächeninhalt nachgewiesen worden. Für 
и > 4  blieb das Problem aber ungelöst, da sich die für « S  4 verwendeten Beweis
methoden nicht übertragen ließen. Weitere Untersuchungen über «-Orbiformen 
findet man erst in neuerer Zeit, so die Arbeiten von G o ldberg  [13], [14], der auch 
noch weitergehende Verallgemeinerungen der Orbiformen betrachtet [15], und die 
Arbeit von F ocke [16], die sich mit einer technischen Anwendung der «-Orbiformen 
befaßt. Unabhängig von obigen Arbeiten wäre noch K am enezki [17] zu nennen.

In der vorliegenden Arbeit wollen wir zu dem oben genannten Extremalproblem 
einen Beitrag leisten. Wir betrachten für jedes beliebige« S3 speziell die «-Orbiformen 
mit (/«+ l)-zähliger Symmetrie, die also bei Drehung um den Winkel 27t/(/«+l) 
in sich übergehen, und stellen dann die Aufgabe, die (ln± l)-zählig symmetrische 
«-Orbiform mit dem kleinsten Flächeninhalt zu bestimmen. Zur Behandlung dieser 
Aufgabe wird zunächst eine neue Darstellung für «-Orbiformen entwickelt, welche 
dann das gestellte Extremalproblem in eine quadratische Optimierungsaufgabe 
überführt. Diese kann durch geignete Abschätzungen gelöst werden.

1. Darstellung der «-Orbiformen

Gegeben sei ein konvexer (abgeschlossener, beschränkter) Bereich Я dutch 
seine Stützfunktion h(<p) mit dem Polarwinkel (p bezogen auf den inneren Punkt 
О und eine feste Richtung e. h(cp) ist als Stützfunktion stets stetig und periodisch 
mit 2л. An Я legen wir die Stützgeraden S0, S1 und S2 mit den Außennormalen
richtungen tp, cp + ö, cp+ 2ö, wobei ö=2n/n. Von О fällen wir auf die Stützgeraden 
die Lote und erhalten die Fußpunkte F0, Fj und F2 (Abb. 1). Die Länge der Lote
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wird durch h0=h(q>), h1=h((p + ő) und h2 = h((p +26) bestimmt. Wir wollen nun 
die auf Sj ausgeschnittene Seitenlänge s = A0A l = A 0Fl + F l A 1 berechnen. Dazu 
benutzen wir folgenden elementargeometrischen

H ilfssatz. In einem Viereck mit zwei gegenüberliegenden rechten Winkeln 
{Abb. 2) gelten die Formeln

( 1 . 1)
a0 sin ß =  b± — b0 cos ß, b0 sin a =  a1—a0 cos a,

ax sin ß = bo—bt cos ß, bl sin a =  a0 — av cos a.
71Beweis. Nehmen wir zunächst etwa 0</? á  --  an und fällen die Lote P0F

auf bl und AE auf P0F  (Abb. 2). Dann gilt in den rechtwinkligen Dreiecken AEP0 
und P0FB

a0 sin ß = EA, a0 cos ß = EP0, b0 sin ß = P0F, b0 cos ß = BF.
Hieraus folgt unter Beachtung von oc +  ß =  n

al =  P0F —P0E = b0 sin ß — a0 cos ß = b0 sin oi + a0 cos oc, 

bx =  AE  +  FB =  a0 sin ß + b0 cos ß,

und damit die erste Zeile von (1. 1). Durch Vertauschung von 0 und , ergibt sich 
die zweite Zeile. Da der ganze Formelsatz bei Vertauschung von und bt und 
entsprechend a und ß in sich übergeht, gilt er unabhängig von der oben gemachten

Annahme Д —y -
Wir wenden nun diesen Hilfssatz auf die Vierecke OF0A0Fl und OFl A l F2 

in Abb. 1 an und erhalten
A0 Fj - sin ö = h0 — hx cos 6, F1A 1- sin <5 =  h2~ h l cos ö,

und damit
(1.2) s -sin <5 = h(<p) — 2h(cp +  (5) cos ö + h(cp +  2<5).

Bleibt in (1. 2) die rechte Seite und damit auch s für alle cp konstant, so kann man
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das starre »Geradenmaul« S0, S t , S2 mit der Basis 5 um Я drehen. Nimmt man 
n solche kongruente »Geradenmäuler«, jeweils um den Winkel S versetzt, so ent
steht ein reguläres «-Eck, welches sich dann ebenfalls um Я drehen läßt, bzw. in 
welchem sich Я tangierend drehen läßt. Wir erhalten also den

Satz  1. Der konvexe Bereich Я läßt sich genau dann tangierend in einem regulären 
n-Eck der Seitenlänge s drehen, d.h. ist eine n-Orbiform, falls für seine Stützfunktion 
h(<p) gilt
(1.3) h{(p — <5) + h{cp + ö) — 2h(q>) cos ö = c

für alle <p mit c = 5-sin ö, d = 2n/n.
Wir bilden nun die Fourierentwicklung von h(q>),

(1.4)

Dann ist

h((p±ö)~  £  <xve±iv0ei'">’,

2 n

h{(p) ~  2  «veiv'i" mit а■4/ h{cp)e iv<pd(p.

und (1. 3) ist genau dann erfüllt, wenn folgender Koeffizientenvergleich gilt:

2а0 — 2a0 cos S = 2а0 (1 — cos 8) =  c = s-sin <5,
(1. 5)

аve lvS + ctve"'6 — 2 av cos ö = 2 ocv (cos vd — cos ö) =  0, v^O. 

Die erste Zeile liefert

( 1. 6) «0
s sin <5 
2 1— cos <5

wobei r der Inkreisradius des regulären «-Ecks ist. Die zweite Zeile von (1. 5) ist 
dann und nur dann erfüllt, falls für jedes v gilt av = 0 oder cos v<5 — cos 0 = 0. Die 
letzte Bedingung ist mit v<5 = 2kn + ö, also v =  kn ±  1 äquivalent. Damit erhalten 
wir den Satz von M eissner [5].

Satz  2. Der konvexe Bereich Я läßt sich genau dann tangierend in einem regulären 
n-Eck mit Inkreisradius r drehen, ist also eine n-Orbiform, wenn seine Stützfunktion 
h(q>) nur nichtverschwindende Fourierkoeffizienten av für v =  0 und v = kn + 1 mit 
к ganz und а0 = r besitzt.

Orbiformen haben nun nur reguläre Stützgeraden, wie man aus kinematischen 
Gründen sofort einsieht, ihre Stützfunktion h(q>) ist deshalb stetig differenzierbar 
(vergl. [2], S. 26); wegen der Periodizität ist also insbesondere
(1.7) h(0) = h(2n), h\0) = h\2n).
Wir betrachten überdies nunmehr nur konvexe Bereiche Я mit zweimal differenzier
barer Stützfunktion h((p) mit quadratisch integrabler zweiten Ableitung h"(cp).
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Dann besitzt die Randkurve von Я einen Krümmungsradius g((p), und es besteht 
der Zusammenhang (vergl. [2], S. 65)
(1 . 8) g{cp) = h(cp)+h"(cp)rnO.

Dabei ist q  wegen der Konvexität nichtnegativ und auch quadratisch integrabel 
und periodisch. Umgekehrt ist bekanntlich jede periodische, zweimal differenzier
bare Funktion h(<p) mit h + h " ^  0 die Stützfunktion eines konvexen Bereiches. 
Diese können wir dann durch Vorgabe von g((p) = 0, quadratisch integrabel, und 
Integration von (1. 8 ) konstruieren,

(1.9) h((p) = a cosrp + b sin cp + f  Q(tx) sin (<p — a)da,
о

falls noch (1. 7) erfüllt wird durch die »Schließbedingung«
2  л  2 k

(1 . 10) J q (q>) sin (p d(p = 0 , f  q ((p) cos (p dcp = 0 .
о о

h(cp) wird dabei nur bis auf a cos cp+ b sin cp eindeutig bestimmt, was einer Translation 
des zugehörigen konvexen Bereiches entspricht. Wir stellen nun auch zu g((p) die 
Fourierentwicklung auf,

”  1 “
(1.11) q(<p)~  2  7ve'v‘p =  w«o+ ZCövCOS V(p+feySin vcp)

V — — ° °  ^  V =  1

mit
271

Уv =  Q{(p)e-iV4,d(p, у! =  У — i — 0,
0

av — ibv = 2 yv, ö0 = 2 y0-

Durch Vergleich mit (1. 4) ergibt sich gemäß (1. 8 ) der Zusammenhang

(1.12) ао = Уо7 «v =  — 1 7 v = + 2 , ± 3 , . . . .

Für diese v verschwindet also av mit yv und umgekehrt. Damit erhalten wir folgende 
Darstellung der и-Orbiformen:

Satz 3. Zu jeder quadratisch integrablen, 2n-periodischen, nicht negativen 
Funktion g(cp), welche nur nichtverschwindende Fourierkoejfizienten yv für v =  0 
und v = kn +  1 (k 0, ganz) besitzt, gibt es eine eindeutig (bis auf Translation) 
bestimmte n-Orbiform mit <j((p) als Krümmungsradius, welche sich im regulären 
n-Eck mit Inkreisradius r = y0 tangierend drehen läßt. Umgekehrt kann man jede 
n-Orbiform mit quadratisch integrablem Krümmungsradius auf diese Weise konstruieren.

Trotz ihrer Evidenz liefert diese Darstellung keinen befriedigenden Überblick 
über sämtliche /г-Orbiformen, da sich die Bedingung q{(p)= 0 nicht in brauchbarer 
Weise in den Fourierkoeffizienten yv ausdrücken läßt (vergl. [18], S. 244). Wir wollen
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deshalb eine für unsere Zwecke geeignetere Darstellungsmethode für и-Orbiformen 
angeben.

Wegen (1.8) genügt auch o{(p) der Differenzengleichung (1. 3),
(1. 13) g((p — S) + g((p +<5) — 2g(q>) cos ö = c.
Nach den obigen Ausführungen ist dann (1. 13) und (1. 10) zusammen mit g(cp)~ 0 
für g((p) charakteristisch. Nun läßt sich der Winkel (p entsprechend
(1. 14) (p = jö+ip mit O^ip<ö, j  ganz, ö = 2n/n
eindeutig darstellen, wir können also setzen
(1. 15) g(<p) = g(jö + ф) = Qj(ip).
Wegen der Periodizität von g{cp) gilt

(1.16) Qj+n(^) = Q 0)-
Umgekehrt ist durch die Qj(\p) mit (1. 16) g((p) bestimmt. Somit geht (1. 13) über in
(1. 17) Qj-i(^) + Qj+i(^)-2Qj(^)cosö = c.

Wie man leicht verifiziert, lautet die allgemeine Lösung dieser Differenzengleichung 
mit unbestimmten Funktionen и(ф) und v(ip)
(1. 18) = u(\p) cos JS + v(ip) sin jö + r,

wobei r entsprechend (1. 6 ) wieder der Inkreisradius ist. (1. 18) genügt von selbst 
(1. 16). Die Bedingung g(cp)^0 ist dann gleichbedeutend mit
(1.19) и(ф) cos jö + v([f/) sin jö + r ̂ 0 , j  = 0 ,1 ...,и —1.

Diese Forderung gestattet eine interessante geometrische Deutung. Die n Un
gleichungen
(1 . 2 0 ) ucosjö + v sinjö+r S  0 , 7  =  0 , 1 , ..., n — 1

definieren nämlich in der иг-Ebene als Durchschnitt der durch sie bestimmten 
n abgeschlossenen Halbebenen gerade den (abgeschlossenen) regulären n-Eckbereich 

mit Inkreisradius r, welcher so zentrisch zum Ursprung gelegen ist, daß die 
Innernormale einer Seite (7 = 0) in Richtung der positiven и-Achse zeigt (Abb. 3).

A b b .  3

Acta M athetnatica Academiae Scientiarum  Hungaricae zo, 1969



4 4 J. FOCKE

Dann besagt die Bedingung (1. 19), daß der Punkt (и(ц'/), für Ошф<0 in
verbleibt. Wir wollen nun die mu-Ebene als komplexe w =  n + m-Ebene auffassen 
und setzen u(ip) +  iv(ip) = w(xp). Damit folgt aus (1. 18)
(1.21) Qj (ip) = i(w  (ip) e ~ij6 + w(ip) eiJS) + r = Re (w (ip) e ~iJi) + r,
und wir können umrechnen

2* (/+!)«
(1.22) / д((р)е‘ф(/(р = JS7 / n (<P) d9 dtp = f f  I Qj(ip) ei(l0+,l,) dtp =J j=o J j - o  J

0  jő о

= Ш < w (ip) + w (ip) e2ijd) е‘ф d\\i

О

» / , , (ip) e1* dip,

so daß die Schließbedingung (1. 10) übergeht in
s

(1.23) f  w(ip)e‘*dip =  0.
о

Damit erhalten wir eine neue Darstellung für n-Orbiformen.
Satz 4. Zu jeder quadratisch integrablen komplexwertigen Funktion w(ip), 

OSxpSö, deren Werte in dem durch (1.20) definierten regulären n-Eckbereich sb„ 
verbleiben, und welche die Schließbedingung (1. 23) erfüllt, gibt es eine eindeutig 
bis auf Translation bestimmte n-Orbiform mit durch (1. 21) und (1. 15) gegebenem 
Krümmungsradius g{cp). Umgekehrt kann jede n-Orbiform mit quadratisch integrablem 
Krümmungsradius auf diese Weise konstruiert werden.

Unsere Darstellung gestattet sofort eine Abschätzung für д herzuleiten. Zu
nächst ist für alle (veigl. Abb. 3)

- r s R e w S r  für n gerade,
( 1. 24)

- r s R e i r S r *  für n ungerade,
wobei r* =  r/cos \  <5 der Umkreisradius von sp„ ist. Mit wG'iPn ist aber auch 
we~iJt€.S$n füi alle j, und deshalb folgt wegen (1. 21) aus (1. 24)

2 5 ) 0^e((p )^2 r  für n gerade,
0Шд(ср)^ r + r* für n ungerade.

Zum Abschluß wollen wir noch den Zusammenhang mit der Darstellung von 
g(cp) durch Fourierentwicklung herstellen und die Fourierkoeffizienten yv nach 
(1. 15) und (1. 21) berechnen. Für vt^O ist zunächst

yv

(1.26)

U+D»

2л j  g(tp)e iv<Pd(P=-  ̂ 2  J  d(<P)e ‘̂  =  2^ ^ \ J  eÁ^e Mjö + 4l)dip =
0 jő 0

4тг j =о

П- 1 d d2j [e~‘(v+1 )jd Jwitpje-^dj/ +e~i(''-l)jd f  w(ip)e~h'1'dtp} ,
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und mit 

(1.27)

n — 1
2  e-i(v+l)jö 
j = 0
n — 12  e-i(.v-Djö 
j = 0

{n für v =  — 1 + kn 
0  für v ^  — 1 + kn

{n für v =  1 + kn 
0  für v ^  1 +kn

erhalten wir schließlich

(1.28)

Уы- i
0

«5

Укп +1 =  4” J й>(ф)е~‘,кп+1)фс1ф = y_k„ 
0

yv =  0  für v ^ k n ±  1 ,

7 o 7 r.
Es ergeben sich zusammen mit der Schließbedingung y_, = 0 genau die in Satz 3 
an die Fourierkoeffizienten yv gestellten Forderungen. Die yk„_, lassen sich auch 
als Fourierkoeffizienten von w(i//) über das Intervall (0, S) auffassen. Wenn wir 
ansetzen

0

(1.29) w(ф)е*+~ 2  ßkeikn*,
k= — 00 О  J

0
so zeigt der Vergleich mit (1. 28)

(1.30) ßk = 2ykn̂ ,  ß0 =2y~\ =0.
Nach der Vollständigkeitsrelation ist dann

»

(1.31) ^ 2  \ßk\2 = \ f  \w('P)\2d'l'-
о

Wenn wir die linke Seite nach (1. 30) und (1. 11) auf av und bv umrechnen und 
wegen >v C P̂„ rechts mit jw| ^  r* abschätzen, so erhalten wir für die Fourier
koeffizienten einer Orbiform die Bedingung

(1.32) 2 ( av +^v) S  r*2.
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2. Symmetrische и-Orbiformen

Wir wollen nun unsere Darstellung auf (ln dz l)-zählig symmetrische я-Orbi- 
formen für /= 1 ,2 ,. . .  spezialisieren. Für diese muß der Krümmungsradius die 
Periode со besitzen,

27Г(2 . 1) Q((p 4~ oo) — g(cp) mit со = -J-J-J.
Mit dem Winkel er,

(2 . 2) 

also auch

2n Ő _  со
n(lndz 1) ln dz 1 n

(2. 3) (ln±l)a  =  Ico + cr =  <5, + Ico = а +.8,
muß dann für den Krümmungsradius gelten 
(2. 4) g(cp =F Ico) =  д(ср + о + 5) = g(cp),
oder nach (1. 14) und (1. 15) umgeformt

(2.5) ö/TiOA + ff) = в/Ф) für ŐsiA<iA + o-<á, 7  =  0 , 1 , ... .
Hier und im weiteren sind jeweils zugleich die oberen bzw. unteren Vorzeichen 
zu nehmen. Setzen wir in (2. 5) die Darstellung (1. 21) ein, so erhalten wir
(2.6) Re(w(il/+ o)e~i(J:f:1)d) + r = Re (w(il/)e~iJÖ) + r.
Da (2. 6) für alle j  gilt, folgt die Bedingung

(2.7) w(\l/ +a)e±iä = w(i)'/) für 0 s ^ < ^  +  u < á
für (In+ l)-zählig symmetrische n-Orbiformen. Wir stellen nun den Winkel ф 
entsprechend
(2 . 8 ) ф — vo + cc, v =  0 , 1 , ...,(/«+ 1) — 1 , 0 S k <(7
dar. Dann geht (2. 7) über in
(2. 9) w((v +  l)cr +a) =  w(v«T +  a)e™ für v = 0, 1, ..., (ln±  1) —2.
Wenn wir w,(a) =  z(a) setzen, so ergibt sich hieraus für ц>(ф) die Darstellung 
(2 . 1 0) Мф) = w(vo + a) = z(a.)eTivő, v =  0 , 1, ..., (ln+ 1) — 1,
und damit für den Krümmungsradius
( 2  n )  Q(cp) = Q(jö+v(T + <x) = Re(z(cc)e-i(J±v)ö) + r

mit 7 = 0, 1, ..., n — 1 , v = 0,l,  ..., (ln± 1) —1 ,
wobei auch für die Funktionswerte z(a) gilt z(a)Gf„. Um die (ln+ l)-zählige 
Symmetrie, bzw. die Periode со explizit zum Ausdruck zu bringen, stellen wir den 
Winkel cp andererseits in der Form
(2 . 1 2) cp =  pco + mo + oi, mit ц =  0 , 1 , ..., (ln± 1) — 1 ,

m = 0 , 1 , 1 , 0 S a < ( 7
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dar. Der Vergleich mit (1. 14) und (2. 8) liefert dann den Zusammenhang

(2. 13) + (pn + m —jln) =  j± v ,

und die Darstellung (2. 11) geht unter Beachtung von nd = 2n über in 

(2. 14) q(<p) =  в(цсо + та + а) = Re (z(a)eT'mS) +  r.

Da die rechte Seite von p unabhängig ist, muß q(<p) die Periode a> besitzen. Daraus 
folgt, daß umgekehrt jede quadratisch integrable Funktion z(a) mit z(a)6 iß„ gemäß 
(2. 10) und Satz 4 eine (ln±  l)-zählig symmetrische и-Orbiform erzeugt, denn mit 
z ( a ) ^ „  ist nach (2. 10) auch w(il/)£tyn, und die Schließbedingung (1. 23) ist von 
selbst erfüllt, wie wir noch zeigen wollen. Dazu berechnen wir gleich sämtliche 
Fourierkoeffizienten ßk aus (1. 29),

j < 5  1 Í B + 1 - 1  (T

ßk = — f  di/j =  — У  f  z(tx)e+ivöe~i(-kn~1)l-'’IT+̂ dx
h У ö v = 0  $

(2.15)
Iw i  1 — 1

=  —  У  е - № - 1 ) < т ± 5 ] у Г г ( а ) е - ‘' № » - 1 ) « ^ а>
О v = 0 У

Hierin ergibt sich nach (2. 2) und (2. 3)

[(kn — 1)<T±<5] = (kn— \)o + (ln+ \)a  =  (k + l)na =  (k ± l)  
und damit

Zn±l- 1

2  n
ln i  1 ’

(2.16) e ~ i l ( k n -  1)<t±<5]v

v =  0

,  , .  f .. k ± lln ± l  iur -7—— =  p, ganz

0

/ n i l  
ansonsten.

Es existieren also nur nichtverschwindende Fourierkoeffizienten für

(2.17) k = (ln ± l)p T l-  
Für diese Werte folgt dann
(2.18) kn — 1 = (ln± \)pn^(ln+  1) =

=  (ln±\)(pn+  1) =  (ln± 1 )q, q ganz.

Es treten also in der Fourierentwicklung von g(cp) nur Vielfache der Zähligkeit 
(ln+1) als Frequenzen auf, wie es wegen der vorausgesetzten (ln± l)-zähligen 
Symmetrie auch sein muß. Diese Frequenzen können aber auch alle auftreten, 
denn ist umgekehrt
(2. 19) kn — 1 =  (/«±1)#, q ganz,

so ergibt sich kn =  Inq + (q + 1), also ist q + 1 durch n teilbar. Wir können dann 
mit ganzzahligem p ansetzen q ±  1 =  pn, und es folgt
(2 . 2 0 ) к = (ln± \)p + l.
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Damit erhalten wir nach (2. 14) und (2. 16) die Fourierkoeffizienten

(2. 21)

1 ”
— f  z{y)e~,{k"~V)xdri  für
<7 X

kn — 1 

ln ±  1 q, ganz

0  ansonsten.
Insbesondere ist also /?o=0, d.h. die Schließbedingung (1. 23) ist erfüllt. Wir können 
dann unsere Resultate zusammenfassen zu

Satz 5. Jede quadratisch integrable komplexwertige Funktion z(oc), 
mit z(oc) f  SF„ stellt eine (ln+ \)-zählig symmetrische n-Orbiform dar mit durch (2. 14) 
gegebenem Krümmungsradius g((p), und jede solche n-Orbiform kann auf diese 
Weise konstruiert werden.

In Anwendung dieses Satzes wollen wir für jedes и£3 eine Folge von speziellen 
(ln± l)-zählig symmetrischen «-Orbiformen OJ-1, 0"+1, 0*n~l, 0^"+1, O3”-1, 
0 3" + 1, ... konstruieren; und zwar machen wir für jedes Ol„n±1 den Ansatz
(2 . 2 2 ) z(a) =r*e+*n+iö) = const.,
welcher z(ot) £ SF„ erfüllt, da z(a) konstant einen Eckpunktwert von sß„ annimmt. 
Nach (2. 14) ergibt sich dann der Krümmungsradius

(2.23) dW) — в(рсо + та + а) = r — r*cos(m + ̂ )ö = cos (m + 1 ) ö 
Г cos

A b b .  4
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Abb. 4
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Dieser ist stückweise konstant und verschwindet für m =  0 und m = n — l, also für 
firn — + p =  0, 1, ( /n i  1) — 1. Die Orbiform besitzt dann dort
eine Ecke. 0 !"±1 stellt demnach ein regelmäßiges Kreisbogen-(/ni l)-eck mit 
durch (2. 23) bestimmten Korbbögen dar. Abbildung 4 zeigt einige dieser Orbi- 
formen bzw. deren Krümmungsverlauf. 0 \  ist speziell das Reulaux-Dreieck (vergl. 
etwa [3]), О5 wurde zuerst von Fujiwara [7] angegeben und die Onn~ 1 und 0 " +1 
stimmen mit den von Goldberg [14] auf kinematische Weise erzeugten »Trammei
rotors« überein. Wir wollen noch die Fourierkoeffizienten der Olnn±1 berechnen.

Nach (2. 21) ist zunächst
<X

(2.24) ßk = -r* e + i(n+±ä) I  e~i(kn~1)xda = - г * е * '2 1 (e-№ -v *  _  i)(7 J <7 z(kn —1)
0

für kn — 1 

(2.25)

=  q(ln+l) =  (pnTZ i)(ln±  1). Damit wird
<5[1 * ±>'y 1

a i{kn—\)А =  -*■*-“ ' 2 (e±ia— 1) =  ± - r *
G kn - 1  Sm 2

2  8 ln ±  1

= ± r 7 l g T k 7 = r \ für kn — l 
ln±  1

q, ganz.

Die übrigen ßk verschwinden. Die ßk sind hier reell, also nach (1. 30) auch die ykn- X. 
Wir können dann auf (1. 11) entsprechend

akn- 1 = 2 ykn- i  =  ßk
&kn + 1 2 Укп+1 2  y_kn—l 2  y_kn—l ß — k’

umrechnen und erhalten die Fourierdarstellung von Ог"±1

(2.26)
mit

g(<p) = r + 2j av cos v(p,
v =  1

n
n

<*kn+l =  T r ~ t g  n
av =  0 , ansonsten.

n ln ±  1 für kn—l
n k n —l ’ / n i l
n / n i l für k n i  1

n kn + 1  ’ / n i l

ganz,

ganz,

Zum Schluß wollen wir noch die Bedingung (1. 32) für die Fourierkoeffizienten 
überprüfen, in welcher hier das Gleichheitszeichen gelten muß. Nach (2. 26) und 
(2. 17) bis (2. 20) ist

a* - '  = ± r l z ig V j é i \  mit * = ( / П ± 1 №
mit p = 1, 2, 3, ... für die oberen und p — 0, 1,2, ... für die unteren Vorzeichen und

1(2.27) <4
n n T r -  tg
TZ n pn + 1 mit к = (ln ± l)p  + /,
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mit p = 0, 1,2, ... für die oberen und p  = 1 ,2 ,3 ,... für die unteren Vorzeichen. 
Damit berechnet sich

(2.28)
<*> 4 2  <= /  ,  4 2

2 * =  * • -* * - (  2  - 4 л  .v= 1 n n) р = _<Д/>И + l)
Diese Summe läßt sich mittels der Partialbruchentwicklung

(2.29) xn
(sin xn

für x = 1 In auswerten, und wir erhalten

=  2
X  +  V

(2.30) 2 <
n n

r -  t g -
71 П

n . 71— sin —71 П cos — Ő

also genau die Bedingung (1.32) mit dem Gleichheitszeichen.

3. Der Flächeninhalt

Der Umfang L und der Flächeninhalt F eines konvexen Bereiches mit der 
Stützfunktion h(q>) und dem Krümmungsradius q (<p )  =  h(cp) + h"(cp) berechnet 
sich nach [2], S. 65 zu

2n  2 n

(3.1) L = J  h((p)d(p = J  e((p)d(p,
0 0 

2n
(3.2) F =  4 f  h((p)Q((p)d<p.

о
Wenn wir h{(p) und g((p) entsprechend (1. 4) und (1. 11) in Fourierreihen entwickeln, 
so lassen sich L und F  unter Beachtung der Vollständigkeitsrelation durch die Fourier
koeffizienten ausdrücken,
(3.3) L — 2na0 = 2ny0,

(3.4) F = n £  xvyv =  n\y0\2-2 n  - J —  \yv\2.
X — — oo v  =  2  '  А

Für unsere n-Orbiformen folgt dann nach Satz 3 und nach (1. 30)
(3. 5)
(3. 6 ) 
mit

L  = 2 nr,
F  = nr2- A ,

А =  2n 2
= k n  ± 1 V 

k =  1,2,...
b v l 2 =

71 ^  1

2  & = _ oo kn {kn — 2 )
кф 0

IÄI-

Aus (3. 5) ergibt sich der bekannte Sachverhalt: Alle n-Orbiformen, die zu demselben 
regulären и-Еск gehören, haben den gleichen Umfang. Die Darstellung (3. 6) zeigt
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wie beim Hurwitzschen Beweis der isoperimetrischen Ungleichung, daß der Kreis 
unter allen и-Orbiformen den größten Flächeninhalt hat. Die Frage nach den sym
metrischen и-Orbiformen mit dem kleinsten Flächeninhalt dürfte von der Dar
stellung (3.6) aus dagegen kaum angreifbar sein, da der gemäß p S 0 zulässige 
Bereich der Fourierkoeffizienten, wie schon erwähnt, sich kaum überblicken läßt. 
Wir wollen deshalb F im Anschluß an Satz 4 in geschlossener Form angeben.

Auf Grund der Differenzengleichung (1. 13) bzw. (1. 17) konnten wir qUp) nach 
(1. 15) und (1. 18) in der Gestalt
(3. 7) o((p) =  q(JÖ + ф) =  ß/i/0 = «0/0 cos jö + 1# )  sin /<5 + r

mit j  = 0 , 1, ..., n — 1

schreiben, wobei nach Satz 4 w(i/0 =  и(ф) + м(ф) £ s)3„ ist. Da nun h(<p) derselben 
Differenzengleichung genügt, können wir analog darstellen
(3. 8) h(<p) = h(jö + 4I/) =  hjixjj) = и(ф) cos jö +  У(ф) sin jd +  r.

g(cp) und h((p) hängen gemäß (1.9) eindeutig bis auf die zwei Integrationskonstanten 
a und b zusammen. Nun ist nach (3. 7) und (3. 8 )
(3.9) eo(i/0 =  «0/0 + r, AoO/O =  и(ф) + г;

andererseits gilt wegen g = h+ h"  auch

(3. 10) öoO/O = AoO/0 + A óm
also folgt zusammen
(3.11) и(ф) = Щф) + и 'Ш
Setzen wir dies in
(3. 12) Q—(h+ h”) = [u-(U + U ")\ c o s ß + [v -{V -V " )]  sin jö = 0
ein, so ergibt sich auch für У(ф)
(3.13) и(ф) = У(ф) + У"(ф).
Durch Integration von (3. 11) und (3. 13) erhalten wir mit den Integrations
konstanten Cj, C2, c 3, c 4

<!>
(3. 14) =  Ci cos ф +  C2 sin i/( -f sin (ф — х//')di//'9

о
ф

(3. 15) У(Ф) =  C3 cos ф -b C4  sin ф + J г(ф') s i n ^ — ф')с1ф',
о

was sich auch mit zwei komplexen Konstanten A und В zusammenfassen läßt zu
Ф

(3.16) Щф) = и(ф) + 1У(ф) = Ae‘* + Ве~‘* + f  ю{ф') sin {рф-ф’)йф’.
о

Nun ist aber bei gegebenem g(cp) die Stützfunktion h((p) bis auf zwei (reelle) 
Integrationskonstanten bestimmt, also muß noch eine (komplexe) Abhängkeits-
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relation bestehen. Diese ergibt sich aus der für h(cp) und h'(cp) zu fordernden Stetigkeit. 
Nach (3. 8) muß dann gelten
(3. 17) h/i5 -0 ) =  Am (0), h 'j(S -0) = ä; +1(0).
Wenn wir (3. 8 ) in komplexer Form 
(3.18) /,.(,//) = Re ( 1к(1//)<?-;̂ ) F i
sch reiben, so lauten die Forderungen (3. 17)

R e (fF (á -0 > -iJá) =  Re (fF(0)e~'(j+ 1)<5),
Re (JV'(ő — 0)e~iJS) = Re (W'(0)e-i(J+1')ó).

Dabei berechnet sich nach (3. 16) unter Beachtung der Schließbedingung (1. 23)

1 áW(ö — 0) =  Ae'6 + ße~is + — e‘ő J  \v(\j/)e~ Ь!'Аф,

(3. 19)

(3.2 0 ) 1 5W'(ő — 0) =  iAeió — iBe~ió + — eiä f  w ^ e ^ ’̂ dij/,

fV(0) = A + B , W'(0) = iA -  iB. 
Hiermit lauten die Bedingungen (3. 19) für j  = 0

(3.21)

1 <5 )
Re Aeiö — Ae~iö+ -~eiS J  w ^ e '^ d ip l  = 0 , 

Re é 6 — iAe~ió +  eió Jw{\j/)e~''l'd\jj^ =  0.

Dies besagt aber gerade
I á(3.22) Aeiö — Ae~iS + — eiS j  п'(ф)е~‘'''с1ф =  0,

о
also gilt für die Konstante A,

1 ?
(3.23) A =  .—-e iö I H’(i/ )̂e_#<7i/i,4 sm ö J

während В frei wählbar bleibt. Zur Berechnung des Flächeninhaltes setzen wir 
nun (3. 7) und (3. 8 ) in (3. 2) ein,

(3.24) F = i j  h(cp) q(cp)dtp =  |  2  / ^ # ) ß / " / ') # -
о J=° о

Hierin berechnet sich nach (3. 18) und (1. 21) in komplexer Form
(3.25) 4 hjQj = (We~'jä+ We'JS + 2r)(we~,já+ we‘Já+ 2r) =

= Wwe~2,ji + Wwe2,Jd 4- 1Vw +  Ww + 2r(We~ijS + WeiJÖ + we~iJŐ + weiJÖ) + 4r2.
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Nun gilt für S = 2n/n

(3.26) " Í >  =  0, " Z e 2iJS =  0,
j=0 j = 0

so daß wir beim Einsetzen von (3. 25) in (3. 24) erhalten

1 á
(3.27) F — —n +  W(i//)w (}//)) dt// + лг2.

Mit W(\ji) entsprechend (3. 16) ergibt sich dann

F = ~ n  J  [A w ^ e ''1' + Bw(il/)e~i'1' + Ан>(ф)е~‘'1' + B w ^ e 1* +
(3.28) °

ф 1
+  f  (w(il/)w(il/') + w(i//)w(il/')) sin (ф — ф') di//' j d^ + nr2. 

о

Da sich nun F  in eindeutiger Weise allein durch g(<p) bestimmt, müssen sich die 
Integrationskonstanten A und В aus (3. 28) eliminieren lassen. Tatsächlich fällt 
infolge der Schließbedingung (1. 23) В und В sofort heraus, und A bzw. A ist nach 
(3. 23) einzusetzen. Wenn wir noch die iterierten Integrale in Gebietsintegrale 
über das Rechteck 9l =  {0^t/rS(5, O ^ij/'^S}  umformen, so ergibt sich

(3.29)
F =  7ГГ 2 4*"Дт ctg 3 JJe~ ii<l,~'l,'>w(il/)w(il/')dil/diJ/' +

yi

Schreiben wir auch die Schließbedingung (1. 23) durch Bildung des Betragsquadrates 
in Form eines Gebietsintegrals

(3.30) J f  ei(*-*’>w(^)vvW O##' =  0,
я

so können wir damit (3. 29) noch etwas umformen und erhalten schließlich für 
den Flächeninhalt,
(3.31) F = nr2 — A(w, w), 
mit

A(w,w) = cos ö)w(il/)w(il/')di//dt//'.

Der Flächeninhalt F wird somit durch die hermitesche Integralform A(w, vv) mit 
stetiger Kernfunktion im Hilbertraum der quadratisch integrablen komplexwertigen
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Funktionen w(i/̂ ), 0 S  i// g  <5 geliefert, und diese ist auf der durch (1. 23) bestimmten 
Hyperebene positiv definit, wie der Vergleich mit (3. 6 ) zeigt.

Wir wollen nun die Formel für den Flächeninhalt (3. 31) auf (ln+ l)-zählig 
symmetrische и-Orbiformen spezialisieren. Wir teilen das Gebietsintegral gemäß 
(2 . 8) auf und setzen (2 . 1 0) ein,

ln ±  1 — 1 a a

(3.32)d =  — П 2  f  f  cos (((v — V)a + a — a'\ — S)z(a)z(a')e^i(',~'>')ddada'.
8 sin о v.v'=o г г

Da die Summanden nur von v — V abhängen, können wir über v — v' =  0, v — V = т 
und v — V — — T mit t = 1, 2, . . . , /и±1 —1 summieren und erhalten

(3.33) А = — ■ I(ln ±  1) J  J cos (|ot — a'\ — ö)z(a)z(a')dada' +  s | , 

mit
!n±l-l ” ”

5 =  2  Qn i  1 — T )  J  J  [cos (nr + a — a' — ö)e+iTÖ + cos (— т<т + а — и'+ 8)е±м]Х
о о

X z (а) z (а') da da' =

Ini 1 — 1
= 2т=I

ln ±  1 -  1

+ 2
t=  I

2  (ln±  1 — T)i[eit(<r+ä)e is + е~‘1(а+0>еи] J  J  ei(a *>z(a)z(a')dada' +
- 1  oo

±1 - 1  O’2  ( / w ± l - r ) H e _it(<7:táV á +  eit(<7±á)e - iá] J f  e-il*-a'>z(ai)z(<x')dixd<x'.
о о

Unter Benutzung der Summationsformel

JV-l
(3. 34) v / 4r л v Nd ( \ - q N)q (■■■ . ,2 ( A - v V = T- ? - T r r i F  für

können wir zunächst die erste Summe berechnen, wobei nach (2. 3) noch a + ö =  
= Tlco und a ± ö  =  ^  (lco — 2ö) gilt,

Ini 1 — 1
2 " (/л ±  1 — z)[eh(a+ö)e iä -\-e~il(a:fS)eiö] =  (ln ±  1)

iö g±il(0giő

1 - е тйа 1 ___ g±HcO

-(ln±l)- c±il(0___ I

(3. 35)

= (ln ±  1)

= (ln i  1)

gTW<o-ö±8)_j_ g±i(l(o-ö±ö) q — i (ö±ö)  gi(ö±ö)
(e ±ilco_ l ^ e Ti(l<o-ö) _ e Tiö^

cos (<5 — er) — cos (ö + <5) 
cos ö — cos <T
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Zur Berechnung der zweiten Summe kehren wir im hinteren Term den Indexdurchlauf 
um und können dann beide Terme zusammenfassen und summieren,

ln+ 1 — 1
(3.36) 2  (/я± l -T )[ e - iz(a±d)eiő + eit(a±ő)e - iS] =

Г= 1
ln ±  1 — 1

= [(/«± 1 _ T)e±it(,“ -2^eM-|_Te+;(í"± 1 -0(/«-23)е-.-'3] _
t =  1

ln± 1 - 1

= 2  \(fn±  1 -т )е ±г-iz(lco — 2Ő) _j_ Te  ±  ir (Io -  2 Ő) giöj

/«±1 - 1

(ln± l)eiS 2  e±it(i“ - 2á) =  (ln± 1)
T =  1

gdzi(l(o— 2Ő) _  2

= (/« ± 1)
gTi(l<o~ö±ö) g±i(l<o — ö±ö)_e-i(ő + ő) _gi(öTö)

fg±i(l(o-2ö) _ l)(^Tt(iö)“i) _e±iS)

=  (ln± 1) cos (<5 — и) — cos (<5 +  <5) 
cos ö — cos er

Setzen wir (3. 35) und (3. 36) in (3. 33) ein, so ergibt sich schließlich nach einigen 
Umformungen

(3.37) А A (z, z) 1 n(ln± 1)
8  cos u — cos ö

а о

/ /  [cos <5 sin |a — a'| ± i sin 5 sin (a — a') + 
о о

+  sin (и — |a — a'|)]z(a)z(a') doc dot'.
Damit ist jetzt der Flächeninhalt F der {ln ±  l)-zählig symmetrischen n-Orbiformen 
durch die positiv definite hermitesche Integralform A(z, z) mit stetiger Kernfunktion 
im Hilbertraum der quadratisch integrablen komplexwertigen Funktionen z(a), 
O sx S a ,  dargestellt.

4. Approximation durch Kreisbogenorbiformen

Wir betrachten im Hilbertraum der Funktionen z(a), O S a itr , mit ||z| |2 =
er

= J  \z{x)\2dcn die konvexe Menge
о

(4. 1) 931 = {z\z{(x) £ sß„}

und wählen hieraus die Teilmenge Tc93i aller stückweise konstanten Funktionen 
(Treppenfunktionen) t(x) mit den Sprungstellen

(4. 2) a0, «i, ..., aK mit ax = xe, s = К ’ K =  1 , 2 ,4 ,8 ,

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



SYMMETRISCHE Л-ORBIPORMEN KLEINSTEN INHALTS 57

Die t(a)£X beschreiben dann Kreisbogenorbiformen, deren Randkurven sich 
stückweise aus Kreisbögen mit Radien gemäß (2. 14) zusammensetzen. Es gilt 
dann der

A ppr o x im a tio nssa tz . Die Menge X der Treppenfunktionen liegt in SJJ1 dicht, 
d.h. jede {ln ±  1 )-zählig symmetrische n-Orbiform kann durch ebensolche Kreis
bogenorbiformen beliebig approximiert werden und zwar bezüglich der Krümmung 
im Mittel und bezüglich der Stützfunktion gleichmäßig.

Obwohl dieser Satz vom funktionalanalytischen Standpunkt aus ziemlich 
naheliegend erscheint, so ist er doch nicht völlig evident, da die Menge 9JÍ keine 
inneren Punkte besitzt. Es ist zunächst bekannt, daß die Treppenfunktionen (auch 
nur diejenigen mit den Sprungstellen (4. 2)) im Hilbertraum dicht liegen. Wir können 
also zu z£ä)t und zu beliebig kleinem r] > 0  eine Treppenfunktion tßa) mit Sprung
stellen nach (4. 2) für ein von i/ abhängiges К angeben, so daß

tl braucht aber nicht aus SOI zu sein. Wir bilden nun die Treppenfunktion aus AU

wobei S(ii(a)) der Schnittpunkt des Halbstrahles von О nach t l mit dem Rand 
von in der komplexen z-Ebene ist. Dann gilt für alle а

|z(a) -  t(a)| S  2  |z(a) -  /^a»,
und die gegebene Funktion z(a) wird durch /(a) € S0Í beliebig approximiert,

Damit ist nach (2. 14) der Approximationssatz bezüglich der mittleren Approxi
mation der Krümmung bewiesen. Hieraus folgt aber \yegen der Darstellung (1.9) 
sofort die gleichmäßige Approximation der Stützfunktion.

Wir wollen nun den Flächeninhalt der symmetrischen Kreisbogenorbiformen 
entsprechend (3. 37) angeben. Für jedes feste К  lassen sich die Treppenfunktionen 
z(a) £ X in der Form
(4.6) z(a)=zx für ay_ 1 L̂ ax, x = \ ,2 , . . . ,K

schreiben und als Punkte eines K-dimensionalen komplexen Euklidschen Raumes 
RK auffassen. Setzen wir (4. 6 ) in (3. 37) ein, so erhalten wir für den Flächendefekt 
A eine positiv definite hermitesche Form

(4. 3) l | z - i j  <  r\,

(4. 4)

(4. 5) I!z tII == 2 ||z —i j  < 2ц.

(4. 7)
mit

E E

cxx' —f f  tcos  ̂s‘n 10* — x')£ + а — ot'\i  i sin <5 sin ((* — x')e + а — а') +
о о

+ sin (и — \(x — x')s + a — a.'\j\da.d<x.'.
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Für %>%' berechnet sich
е е  е е

(4.8) схх. = e±iS Im f  f  da. da' + Im ei(e" <*-*'>«) /  J e,(e_“'> dxda'--
0 0 0 0

=  2 ( 1  — cos e)[e±iS sin (x — x')e + sin (er — (>г — ?i')e)],
und für x = x '

е е  е е
(4.9) cxy =  c o s ö J  У sin \a — a'\ d a d a ' J  J  sin (<x — \a — a'|) dada' =

o o  o o
e а  e а

=  2  cos 5 Jda J sin (а —a')ífa'-f 2  f  da J sin (а —a -\-a')da' = 
o o  o o

е е

=  2 cos ő J (I — cosa)űfoc + 2 J (— cos <т + cos (u — a)) c/a =  
о о

— 2(1 — cos e) sin a +  2(sin e — e)(cos a — cos <5).

In Anwendung dieser Formel können wir jetzt auch leicht den Flächeninhalt 
der in (2.22) erklärten speziellen Orbiformen Ol„n±1 angeben. Wir wählen K=  1 
also e = a und haben dann in (4. 6 ) nur eine Komponente z y, für welche nach 
(2. 22) jz11 = r* gilt. Nach (3. 31), (4. 7) und (4. 9) folgt dann

1 72 (7/2 ~f~ D(4.10) F =  nr 2 — ------—------ - [(а — sin a) cos ö +  (sin a — er cos оj].4 cos а — cos Ő '  4

Die hermitesche Form (4. 7) gestattet noch eine für die weiteren Untersuchungen 
wichtige Umformung. Da die Koeffizienten cxx. nur von x — x' abhängen, dürfen wir
(4.11) cxx. = cx_x, = сл, - (K -l) s= 2 = S K - l

setzen, und da die cxx. eine hermitesche Matrix bilden, folgt
(4. 12) =
Wir können uns also auf die Werte 2 — 0, 1, ..., К — 1 beschränken, und für diese 
gilt nach (4. 9) und (4. 8 )
(4. 13) c0 =  2(1 —cos e) sin а + 2 (sin e — s)(cos <r — cos ö),

ся =  2(1 — cos e)[e±,á sin 2e + sin (K — 2)e], 2=1, 1.

Hieraus ergibt sich für 2 =  1,2, ..., К  — 1 noch der Zusammenhang 
(4.14) с*_я =  eTiacA.
Wir ordnen nunmehr die Doppelsumme in (4. 7) nach den Diagonalen um,

К К К - 1 K - k  К - 1 А - я
(4* 15) ^  Cyy'ZyZyf Cq ^  \zk\ “Ь ^  к̂ 2  ^я + к̂ я~̂ ~ 2  С —к 2  ^я^я + к*

я , я ' =  1 к — 1 к — 1 я  = I  к =  1 я =  1
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Unter Beachtung von (4. 12) und (4. 14) und Umkehrung des Indexdurchlaufes 
folgt für die letzte Summe

K - l  K-X K - 1 __ K— x к - 1 _ x
2  C-x2 Zxz x+X =  2  e*ibcK-x 2  zxzx\x = 2  eTiócx 2 zÁ.+K-x =

Я= 1 x = l  Я = 1 x = l  Я = 1 х = 1

(4.16) = 2  сх 2  = 2  ся 2 1 Zx-uV
Я= 1 * = К - Я + 1  Я= 1 х = К - Я + 1

Hierbei haben wir noch die Komponenten z l5  ...,zK gemäß 
(4- 17) zx+K =  zxeTiö
über den Index К hinaus fortgesetzt. Man darf dann auch zyklisch vertauschen

к к
(4.18) 2 zx+xzx =  2  zx+x+ízx+ l ■

X =  1 X — 1

Berücksichtigen wir (4. 16) in (4. 15), so ergibt sich

(4. 19)
К К к- i  к

2  Cx « ' Z Ä '  = Со 2  \Zx\2 +  2  Сх 2  Z x + X Z x -
X = 1 X = 1  x  — 1

Wir führen nun die reellen Koeffizienten Вл, A = l, 1 ein,

(4- 2 0 ) B,
e±iaci — eTiäC; CK - X ~  CK-X

e±is — e*jg- = 2(1 —cos e) sin (K—X)s.

Es gilt dann umgekehrt
(4.21) B,. + e±i6BK_x = cx.
Setzen wir (4. 21) in (4. 19) ein, so folgt unter Beachtung von (4. 17) und (4 .18)

К — 1 к К-1 К К- 1 К
(4.22) 2  c k  2  Z x  + X Z x 2  в ,  2  Z x +я Z x + 2  e ± i S B K - Я 2  Z x  +  Я Z x

Я = 1 x = l Я=1 x = l Я = 1 х =  1

K- 1 К К - 1 к К - l  К К -  1 К

= 2  bx 2 zx+xzx.+ 2  в,. 2 zx+k-xzxC±ís = 2  Bx 2 z*+az*+ 2  вл 2 z*z*+x>
Я = 1  x = l  Я = 1  x  = 1 Я=1 x =  1 Я = 1  x = l

und wir erhalten zusammen mit (4.19) und (4. 20) für (4. 7) die gewünschte Dar
stellung

(4.23) А 1 n(In± 1)
8 cos a — cos ö c0 2  \zx\2 +4(1 -cos e) 2  sin (K-X)e 2  Re zxzx+x

Я=1 Я = 1 x = l

Für K=  1 entfällt der dann sinnlose zweite Summenterm.
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5. Das Optimierungsproblem

Wir stellen nun die Aufgabe, die (ln ±  l)-zählig symmetrischen «-Orbiformen 
kleinsten Flächeninhalts F bzw. größten Flächendefekts A zu bestimmen. Nach 
(3. 6 ), (1. 11) und (2. 21) würde diese Aufgabe lauten, bestimme

(5. 1) Max A = Max -  2{? v2- l (a\ +b2)\r + ^ ( ^ c o s  v(p+bvún v(p)~e(q>) S4
Dabei sind die Summen über alle v =  kn— 1 und v = kn+  1, k  = 1 ,2 ,3 ,... 
die Vielfache von /«+ 1 sind, zu erstrecken. In dieser Form dürfte die Aufgabe 
aber kaum lösbar sein, da sich der gemäß gSO zulässige Bereich der Fourier
koeffizienten nur schwer überblicken läßt. Nach Satz 5 und Darstellung (3. 37) 
können wir jedoch unter Benutzung von (4. 1) diese Aufgabe als Optimierungs
problem im Hilbertraum der Funktionen z(oc) formulieren,

(5.2) Max d (z, z).zesm

Wegen der Stetigkeit von A(z, z) und der Dichtheit der Menge X der Treppen
funktionen in ä)i reduziert sich dieses Problem sofort auf
(5. 3) Max A (z, z).

Betrachten wir zunächst die Teilmenge XK(zX  der Treppenfunktionen, welche 
nach (4. 2) bzw. (4. 6 ) zu einem festen K —2m, m ä l ,  gehören. Diese lassen sich, 
wie schon bemerkt, als Punkte eines komplexen Euklidschen Raumes RK auffassen, 
und
(5-4) XK = {(z1, z 2, . .. ,zK)\zxe y n}

ist dort ein konvexes Polyeder. Dieses hat entsprechend dem durch (1. 20) definierten 
regulären «-Eck bereich 4ß„ die Eckpunkte
(5.5) (zj, ...,zK) =  (r*ei(-*+is+v'V, ..., /■ *e‘(’I + * <5 + VKá)), vx ganz.
Als Teilproblem von (5. 3) ergibt sich dann das quadratische Optimierungsproblem 
(5. 6 ) Max A (z„, z„)

z £ I K

mit der positiv definiten hermiteschen Form (4. 7). Damit liegt hier gerade ein 
Gegenstück zu der bei der quadratischen Programmierung behandelten Problemstel
lung vor, bei welcher bekanntlich das Minimum einer positiv definiten quadratischen 
Form in einem konvexen Bereich gesucht wird. Dabei ist jedes lokale Minimum 
zugleich globales Minimum. Zu seiner Bestimmung können also lokale Methoden 
herangezogen werden. Hier bei unserem Maximumproblem sind die Verhältnisse 
in gewissem Sinne gerade umgekehrt; ein lokales Maximum, also auch das globale 
Maximum, kann nur in einem Eckpunkt des konvexen Polyeders XK angenommen 
werden, was unmittelbar aus der Konvexität der positiv definiten hermiteschen 
Form folgt, aber nicht jedes lokale Maximum braucht das globale Maximum zu 
sein. Damit »vereinfacht« sich einmal die Suche nach dem Maximum auf die
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Inspektion der endlich vielen Eckpunkte, zum anderen sind aber keine lokalen 
Methoden mehr anwendbar. Überdies ist die genannte Reduktion auf ein endliches 
Problem in unserem Fall nur scheinbar, da wir (5. 6 ) für allgemeines К behandeln 
müssen. Hierfür dürfte keine allgemeine Methode zur Verfügung stehen. Wir werden 
deshalb zur Lösung von (5. 6 ) in spezieller Weise Vorgehen, und zwar werden wir 
versuchen, A(zx, zx) auf den Eckpunkten von scharf nach oben abzuschätzen, 
so daß die erhaltene obere Schranke das gesuchte Maximum wird.

Zu diesem Zweck bilden wir A nach (4. 23) an den Eckpunkten (5. 5),

A = \ H ln± l)r*2 
1 ’ 8 cos <7 —cos <5

К — 1 к
c0K+  4(1 —cos e) 2  sin (K—X)e 2  cos (vx+a

Л =1 x=l
v„)<5

Hierbei sind die ganzzahligen vl5  ..., vK gemäß (4. 17) fortzusetzen, 
(5.8) vx+K= vxT 1.
Wir transformieren auf die ganzzahligen Variablen
(5. 9) px = vx+i-  vx,
welche sich nach (5. 8) gemäß

(5.10) рх+к=Рх
fortsetzen und der Nebenbedingung

(5. 11) p t +P2 + ••• +Pk — -F 1
genügen. Damit erhalten wir für die inneren Summen in (5. 7) 

к к
ф 1 = 2  cos (vx+ 1 - v J á  =  2  cospxöx=l  x = l

К к
2  COS ( v x + 2 - V x) ő  = 2  cos(px+px+1)ő

y.= 1 x=  1

к к
2  cos(vx+3 -vJ<5 = 2  cos{px+px+i +Px+2)b

X — 1 x = 1

Ф2 =
(5 .12)

ф3 =

к к
Фк~ I =  2  COS (vx + JC_! -  Vx)ö = 2  COS (px+px+l +px + 2 + - . . + P x  + K-2)Ö.

Der Flächendefekt A ist dann über alle ganzzahligen px mit den Bedingungen (5. 10) 
und (5. 11) abzuschätzen. Wir führen noch die Bezeichnung

(Ф1 + Ф3 +  Ф5 + ... +  Фх für Я ungerade 
[ф2 + Ф4- + Фб + --- + Фх für Я gerade 

ein und formen mittels der Summenformeln

(5.13)
- {

(5. 14)
sin (2m +  l)x = 2  sin x [i +  cos 2x + cos 4x+ ... + cos 2mx], 

sin 2mx = 2 sin x[cos x + cos 3x + . . .+cos (2m — l)x]
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die Darstellung (5. 7) noch etwas um,
K— 1 к
2  sin (K -X ) 8 2  cos (v*+A-  v„)<5 =

A=1 к= 1

=  2  sin (K— 2 x)s-Ф2т + 2  sin (75Г—2т + l)e -Ф2г- 1  =
T = 1  T = 1

i/£-l
(5.15) — 2 sine 2  [cose +  cos 3e +  ...+ cos(Ä  —2т —1)е]Ф2,+T=1

iK
+ 2 sins 2  [i + cos 2e+cos 4e + . . .+cos (ÄT—2т)е] Ф2т_х =

т= 1

= 2 sin e [!FX cos (К— 2)s +  4*2 cos (К— 3)e + ... + Ч,к_2 cos s + ̂  !FK_X]. 

Damit erhalten wir für den Flächendefekt

(5.16) А = n(ln± l)r*
COS (7 — COS <5 - c0ä : + ( i

(  K - 2

* \ 2  '■ U=1
coss)sins ^  S'iCosCK—Л —l)e + —Ф

Wir werden nun die Wx einzeln nach oben abschätzen. Dazu benötigen wir folgendes
27C

Lemma. Für ganzzahlige x lf  x 2, xN, N ^ 2  und S =  giltn

(5.17) Max 2  cos xtö = N — 1 + cosc>.xi+*2 + ---+*iv—F 1 i = 1

Der Beweis ist fast trivial. Die Summanden können nur die Werte 1, cos <5,
N  N — 1cos 2ö, ..., cos — <5 bzw. cos —-— ö annehmen. Ohne Berücksichtigung der Neben

bedingung ist der größte Wert der Summe dann N, der zweitgrößte TV— 1 +cos <5. 
Dieser Wert wird aber für xx = . . .  =  xN_ x = 0, xN = + 1 angenommen, stellt also 
das Maximum unter der Nebenbedingung dar. Wir zeigen zunächst für die un
geraden X folgende

Abschätzung 1. Für X = 1, 3, 5, ..., К — 1; K = 2m, gilt unter den Bedingungen 
(5. 10) und (5. 11) stets

(5.18) 4'2{pí ,...,p K) ^  i ( A  +  l ) / :_ i ( A  +  l)2( l-c o sá ) .

B eweis. Für X = 1 ist nach unserem Lemma

К к
(5.19) Ч'\ = Фх = 2 c0s Px<>— Max _ 2  cospxö =  К — (1 — cos ö),

x = l  P  1 +  . - - + М с = т 1  * = x

also ist die Abschätzung (5. 18) für A =  l, bzw. für »alle« ungeraden X mit A < 2 1 
richtig. Als Induktionsvoraussetzung sei nun die Abschätzung (5. 18) für alle unge
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raden Я mit Я <  2Д, 1 ё  /l <  m richtig. Dann folgt für die ungeraden Я mit 
2"<Я <2Д+1 S l m = К  zunächst die Umformung

(5.20) 4*̂  — Ф1 + Ф3 +  Ф5 + ... + Ф,I “"

— ( ^ 1  +  ^2»*+1- a)  +  ( Ф я -  2 +  Ф 2Х+1- Я + 2 )  +  - - - + ( ^ 2 » ' + l  +  ^ 2 > ' - l )  +  lf, 2f‘ + 1- A - 2 >

wobei das letzte Glied für Я = 2'*+1 —1 nicht existiert und durch Null zu ersetzen 
ist. Nach Induktionsvoraussetzung erhalten wir dann für dieses in jedem Fall die 
Abschätzung

(5.21) !*V+1_a-2 S  1 ( 2 ' ‘+1- Я - 1 ) К - | ( 2 ' ‘+1- Я - 1 ) 2( 1 - со8 <5).

Die i  (Я — 2"+ l) Klammersummanden in (5. 20) sind alle vom gleichen Typ

(5.22)
(Фг+Ф2H+1-*) — 2  COS (p*+.P,<+1 + +Px + z-l)Ö +

+  2  COS(Px+Px+l + ... +px+2n + l-T-l)d

für т =  Я, Я — 2, ..., 2Л + 1 und lassen sich einzeln abschätzen. Nach (5. 10) kann 
man Summen dieser Art mit beliebigem ganzem 5  zyklisch umrechnen,

к к
(5.23) 2  c ° s( P * + P x + i  + ■■■+P*+t ) ö =  2  cos(px+s+px+s+1 + ...+ px+s+T)ö.

X =  1 x=  1

Verschieben wii auf diese Weise die zweite Summe in (5. 22) um j = t so folgt

(5.24)
Фт+  Фги+i-t — 2  [c°s (Pk+Px+ 1 +  ••• +/>x+t-i)<5■K= 1

+ cos(px+l+px+r+l + ... +p* + 2M + 1- 1) 4 .

Im Falle /1 + 1 < /и rechnen wir weiterhin (5.24) mit s = 2ß+l, 2• 2" + 1, 3• 2Д +1, ..., 
..., (2m->,~1 — 1)-2д+1 =  K -2 "+1 um,

(5.25) Фг+Ф 2̂  + 1- т
к

= 2  [cos (Рх + 2<* +1 +  ••• + /’х + 2»‘ + -1)^ +COS(/>x + 2̂ +l+i + ••• +Рх+2.2M+i-l)^] —

= 2'[cOS(px + 2 . 2Д + 1 +  •■• +px + 2 . 2 f ‘ + 1 + r -l) ,5 + COs(px + 2 . 2 K + i  + t + ... +Px + 3 . 2 И  + 1-  i)<5] «= 1

— 2 *  tCOS ( / 7x + K - 2 ^ t +1  +  ••• + P x  + K -  2 » +í + x - l ) d  + C O S  (/7 x + x _ 2m + i + t +  ••• + ^ x  + X - l ) ^ ] jx= 1
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und erhalten durch Addition von (5. 24) und (5. 25) in jedem Falle
(5.26)

К

2 т ~*‘~ 1( Ф т+  Ф2«+1-т) ~  2  {co s(Px+ ■■■+ P x  + i - l ) &  +COS { p x  + x-\- ... +  P x + 2 x + i - l )5  +
x =  1

+  COS ( p x  + 2 x  + i +  ... + P x  + 2W + 1 + I_i)<5 +  COS ( p x + 2 „+i  +t +  ... + P x + 2 . 2 x  + i - l ) Ö  +

+ c°s (/>x + K_2(*+i + ... +px + K- 2„ + i + T- 1)ö +cos (px+K_2„ +1+, + ... i)<5}.
Setzen wir für festes x

P x  +  + P x  + z - l  =  4 l ,

P x  + T +  ••• + P x  + 2i* + l - i  = ( h i

(5.27) P x  + 2 » + 1 +  - + P x  + 2" + ‘ + t - l  —

P x +  + 1 -Fr d- ... ~\~Px+2 ■ 2<* + 1- 1 =  #2>

P x  +  K - 2 »  + l +  ••• ~ ^ P x  +  K - 2 > ‘ + i + x - l  — 4 2 m - x - U  

P x + K - 2 » +  *+t "h ••• +.Pje + K-l =  С[2 т - Х - 1 , 

wobei dann wegen (5. 10) und (5. 11) für die q gilt

(5.28) 9i +  + Ч2 +  q2 +  ... +  q2m- x - 1 + q2m-x-i =

=  P x + P x + l  +  - + P x  + K - l  =  P i + P 2  +  - - - + P k  — +  1.

so ergibt sich für jede geschweifte Klammer von (5.26) nach Lemma (5.17) die 
Abschätzung

{...} = cos <7 , <5 +  cos q'iö + cos q2ö +  cos q2d+ ...
(5.29)

+ соз#2т-,.-1(5 +  со8 (72т -и- 1(5 S  2m~,x -  1 -pcosŐ.
Damit folgt für (5.26) selbst
(5.30) 2т- ^ 1(ФТ+Ф2х + 1_Т) K(2m~,‘ — 1 +cos ö).

Setzen wir nun (5. 30) und (5. 21) in (5. 20) ein, so erhalten wir die Abschätzung

(А—2'‘ +  1)2', + 1(2т - " - 1  +COS <5)+y(2"  + 1 - A - l ) K -
(5.31)

- | ( 2 ' ‘+1 - A - l ) 2(l-cos<5) =  1(А + 1)л:_ i(A  + l)2( l-co sö ),

also genau (5. 18) für 2'1<A-<2'1+1. Damit ist nach vollständiger Induktion die 
Abschätzung (5. 18) für alle ungeraden A<K und beliebiges K=2m richtig.
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Wir müssen nun noch die 4J} mit geradem 1 abschätzen. Wir führen dazu die 
ganzzahligen Variablen

(5-32) Pi = P u -t+ P n , PÍ =  P21+P21+1
ein, für welche nach (5. 10) und (5. 11) die Bedingungen

(5- 33) Pi+iK = Pi, Pi+iK = PÍ
und

(5.34) Pi + p 2 + ... +р$к =  0-1, p ’i +p'í+ +PÍk =  "F1
gelten, also die gleichen Bedingungen wie für p7 nur statt für К für 4 К genommen. 
Damit können wir umrechnen

к
(5.35) <P2j = 2  cos (px+px+i + ...+ px+2j-i)ö  =

x=  1iK iK
— 2  C0S СР2 1 - 1  +P2Í+-" +P2(.i + j-l))Ö+ 2  COS (Pu+Pu+l +  ••• + /,2 (i + j-l)+l)<5 =i=1 i= 1

*K iK
— 2 cos(Pi +p'i +1 + ••• +p'i+у—1)«5 + 2  cos O f +p" + 1 + ••• +pl+j~i)S = ф] +  Ф)-,

1=1 i=i
wobei die Ф) und Ф" die gleiche Bedeutung bezüglich \K  wie Фх bezüglich 
К haben. Wenn man diese Zerlegung in (5. 13) einsetzt, so folgt
(5.36) v 2j =  4>'j+ v"j + 4>'j_i + y ;_ !,
wobei die Wj und Ч*'- analog zu (5.13) in den Ф] und Ф] erklärt sind und die 
gleiche Bedeutung bezüglich \K  haben wie die XV7 bezüglich K. Für j — 1 fallen 
1Pj-i und y 'j- i  weg. Wir zeigen nun die

A bschätzung  2. Für 2j —  2 ,4 ,...K  —  2 gilt unter den Bedingungen (5.10) 
und (5. 11) stets
(5. 37) 4>2J(p i , ..., pK) ^ j K - (  1 +j)j( 1 -cos ,5).

B ew eis. Wir führen jetzt einen Induktionsbeweis über K = 22, 23, 24, .... 
Für K = 22 tritt nur Ф2 auf. Für dieses gilt nach (5.36) W2 = + ^i> was man
nach (5. 18), genommen für abschätzen kann durch
(5. 38) >P2 = F'i + Ч>'[ 2[2 - (1  -  cos c5)].
Also ist für K = 22 und »alle« j  (5. 37) richtig. Sei nun als Induktionsvoraussetzung 
die Abschätzung (5.37) für K=2m richtig, dann folgt für K =  2m+1 nach (5.36)
(5.39) 4>2 =  'F'i + Y i ,
(5. 390 V 2J =  V'j + T J + ¥j_ i + Г 2 1 für y = 2 ,3 ,. .„  \ K - 1.
Schätzen wir (5. 39) wieder nach (5. 18), genommen für \K  ab,
(5.40) F2 =  + T'i S  2 [± K -(\ -cos <5)].
Zur Abschätzung von (5. 390 wenden wir im Falle j  ungerade (5. 18) auf Ф] und
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'Fj an und nach Induktionsvoraussetzung (5. 37) auf */+_, und ‘/у"_, jeweils genom
men für \  K,

4>2j S  2
(5.41)

i - ( / + l ) 2(l-cos<5)

+ 2 7 - 1  К 
2 ‘  2 1 + 7 - 1  7 -1 (1 —cos 5)

Im Falle j  gerade verfahren wir umgekehrt,

V2j ^  2
(5.42)

L  *
2 2 1 + i i (1‘ cosá)

; /А — (7 +  1)7(1 — cos (5).

7 К 1 -2 /1  сч 
2 - 2 ~ 4 7 0 “ COSá)

=  jK - ( j +  1)/(1 -  cos <5).
Damit ist für K = 2m+1 und alle j  die Abschätzung 2 richtig, also nach vollständiger 
Induktion für jedes K=22,2 3, ... .

Um die gesuchte Abschätzung für A zu erhalten, müssen wir nun (5. 18) und 
(5. 37) in (5. 16) einsetzen. Berechnen wir zunächst die dabei auftretenden Summen,

(5.43) (1  — cos e)sin e

^ 2  (1 - coss)

{ 2 ; 4 c o s ( t f - A - l ) 8  + j  

|+k- i
2  sin ej 2  [ jK - j2( l - (

lj= 1
-cos ő)] cos (K — 2j)e +

i i c - i  1 1

+ 2  Ц К - О  +7')7'(1 -  cos <5)] cos ( K - 2 j - l)e + -  А2 -  -  K 2( 1 -  cos <5)J.

Wenden wir hierauf die Zerlegung 2 sin a cos ß = sin (ß + а) — sin (ß — a) an und 
verschieben die Summationsindizes geeignet, so geht die rechte Seite von (5. 43) 
über in

(5.44) (1 — cos £) 12  L/А —72(1 — cos d)] sin (K— 2 /+  l)e —

-  2  Ю - 1) К -  и -  1)2(1 -  cos <5)] sin ( A - 2y + l)e  +
7 =  1

i K  i K
+ 2  L/A-  (1 +7)7'(1 -  cos (5)] sin {K-  2j )e -  2  [(7 -  1) A - j ( j -  1) X

7 = 1  7 = 1

X (1 — cos (5)] sin (Ä"—2y)e + 2 sin e \  A 2 - ^ A 2(1 -c o s  ö) 4 8

1 iK
= — (1 — cos £) \ 2  [A—(2j —1)(1 — cos <5)] sin (K —2j + 1)e +

7=1 
iK

+ 2  [A—2/(1 — cos ö)] sin (K — 2j)e 7 = 1
1 Г«-1=  — (2 — 2 cos eH 2  [A—A(1 — cos á)] sin (K 
4 U= 1

-Я )б |.
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Wir zerlegen nochmals entsprechend 2 cos a sin ß =  sin (ß +  a) + sin (ß — a) und 
erhalten bei geeigneter Verschiebung der Summationsindizes aus (5. 44)

] [  H - l  K —2
7  2  [ К - Ц 1 - cos 5)]2 sin (K -X )e~  2  [K— (Л.+ 1)(1 — cos(5)] sin (K — X)e —
4 lA= 1 д = о

к
(5.45) — 2  1Ж— (Я— 1)(1 — cos (5)] sin (К ~ 2)е

Л = 2

=  — {К sin (К — 1)е +  [К— К(\ — cos <))] sin s — [К — (1 — cos (5)] sin Ke).

Gehen wir hiermit in (5. 16) ein und berücksichtigen noch c0 — cxx entsprechend 
(4. 9), so ergibt sich schließlich füi A(zx, zx) auf den Eckpunkten von ЗА und damit 
auf ganz 2 K die Abschätzung

(5.46) А 1 n (ln ± l)r* 2 
4 cos er — cos <5[(ff — sin a) cos ö + sin a — er cos а].

Diese obere Schranke ist jetzt völlig unabhängig von K, sie gilt also für alle ЗА, 
К = 2, 4, 8, 16, ..., also auf ganz 2. Damit ist aber wegen unseres Approximations
satzes die Abschätzung (5.46) für alle gültig. Nun nimmt A nach (4. 10)
für die speziellen (ln ±  l)-zählig symmetrischen я-Orbiformen <2£п±1 von Kap. 2 
aber gerade diesen Schrankenwert an, also lösen die Oj,n±1 unser Maximumproblem 
(5.2), sie sind die (ln +  l)-zählig symmetrischen я-Orbiformen mit dem kleinsten 
Flächeninhalt.

Betrachten wir nach (4. 10) den Flächeninhalt der Olnn±1 für festes n in
Abhängigkeit von / bzw. von tr = —^ , für 0 <  a ^  —-— =  — -Я s ä  ~

ln±  1 n — 1 n(n — 1) 3

(5.47) F = nr2 —1  7ll"*2
2 cos er — cos ö

sin а cos <5 sin er -cos а

Da hier 1 (, sin ff) l sin ff )^1-----—  I und ^— ---- cos «г I mit er monoton wachsen,cos ff — cosö ’

nimmt F für а =■---- — den kleinsten Wert an. Unter den Ol"±1 hat also für festes«/7—1
die Orbiform 0£_1 den kleinsten Flächeninhalt. Da nun bei einer konvexen Linearkom
bination von zwei 77-Orbiformen der Wert von A wegen der Konvexität nicht größer, 
der Flächeninhalt also nicht kleiner weiden kann, erhalten wir folgenden Sachverhalt:

Für jedes feste и ё З  besitzt 0 (~ 1 in der abgeschlossenen konvexen Hülle aller 
(ln ±  1 )-zäh 1 ig symmetrischen 77-Orbiformen, /= 1 ,2 ,.. .,  den kleinsten Flächen
inhalt.

In diesem Sinne sind wir damit dem Problem der 77-Orbiform mit dem kleinsten 
Flächeninhalt nähergekommen, wobei aber die Frage noch offen bleibt, inwieweit 
diese abgeschlossene Hülle die Menge aller 77-Orbiformen ausschöpft.

(Eingegangen am 31. Juli 1967.)
MATHEMATISCHES INSTITUT,
KARL MARX UNIVERSITÄT,
701 LEIPZIG, TALSTR. 35,
DDR
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ON THE DISTRIBUTION 
OF ARITHMETICAL FUNCTIONS

By
I. KÁTAI (Budapest)

§1-

1.1. In this paper we give some generalization of a theorem of E rdős— W in t n e r  
concerning the distribution of additive number-theoretical functions [1].

1.2. Let /(n);/i(n), . . . , f s{ri) denote real-valued additive number-theoretical 
functions. Let F(n); F^ri), ..., Fs(n) be positive integer-valued polynomials with 
integer coefficients. Suppose that they are not divisible by the square of any irreducible 
polynomial. Suppose that F^n), F/n) are relatively primes for iVy. Let Vj denote 
the degree of Fj(n). Suppose, that F(x) tí x , Fj(x)?±x.

1.3. Let Qi(d) denote the number of incongruent solutions of the congruence 
Fj(n) = 0 (mod d) ; further let Xt{d) denote the number of those solutions for which 
(n, d) = 1.

Let g(dlt  ..., ds) be the number of solutions of the congruence system 
Fi(ri) = 0  (mod dt), i= l , . . . , s

and X(dy, ..., ds) the number of those solutions, for which (и, d)=  1.
1. 4. In what follows the letters p,q, p x, p2, ...; qi, q2, ■■■ stand for primes.
1.5. Let g(n), gj(n), g(n; K) denote complex-valued multiplicative functions’ 

and let h(n), hj(n); h(n; K) denote their Moebius-transform, i.e. for example

Hn) = Z
1. 6. Lor a 0 let

/ ( « ;  K )  == 2  Я р 1  ; g (» ; & ) =  Л  s ( p %
Pa \\n P* I I"

P * ^ K  p « ^ K

1. 7. Let N ^F; x, y t , y 2, a) denote the number of solutions of the congruences
F(ri) = 0 (mod pJ)

where n runs over the natural numbers not exceeding x, and p over the primes in 
the interval y 1^ p ^ y 2.

Similarly, let N2(F; x, у 1г у2, a) denote the number of solutions of the congru
ences

F(q) = 0 (mod p®)

where p, q run over the primes in the intervals 1 < q S x , y 1S p -^ y 2.
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1.8. Let
f +(r~ = \f(P*)’ when l/0»“) | s i ,
J P)  1 1, When |/0>‘)| > 1 .

1.9. We introduce the following abbreviations:

A ( / ) : 2  — converges,
p P

A +(f{F $ ): convergeS;
p

a (g ): 2 — ——— converges,
p P

« („ № » : converges.

£ ( / ) :  2

P

f +2(j>)
P P

P(/,(P,)): 2 ^ ^ ^
+ 2Г

P P

2 л ( / т ) :  converges,
p i= 1

2  « (* ,№ »: 2  2  converges,p 1=1 P

b(g)■ 2

* (* № » : 2

CCO: 2  ' =  ” ,Ap)*0

/i(p)"r(p) * о p

1.10. Let

« > ( » ) - 2 ^ ;  « * )  -  2 Ш :
p < n  P  p < n  P  1

» / , ) >  2  W  = 2 //(f,>gi(' >).p<n P p<n P 1

Ас/л Mathematica Acadetniae Scientiarum Hungaricae zo, 1969



ON THE DISTRIBUTION OF ARITHMETICAL FUNCTIONS 71

1.11. Let
s

H ( n ) =  I T  g i ( F i ( n ) ) ;
i= 1

U(x) =  2H(n);
n^x

U(x;K) = ZH{rv,K)-
n-Sx

1.12. Let Dy denote the set of those 
for which all the primfactors of dt do i 
e(d1, . . . , d j  = 0, if {dx, . . . ,  ds}$Dy and
of such у follows from Lemma 1.

H(n;K)  =  Í J  gt(Fi(n); K);i — 1
V(x) =  £  H(p);

p̂ X
V(x; K) =  2  H{p ,K).

p m x

/-tuples {dx, ..., ds) of natural numbers, 
ot exceed у. у will be so chosen that 
( 77a  77 (du dj)) =- 1. The existence

P > У l * J

1.13. Let N( ... ) denote the number of those numbers, which satisfy the 
conditions stated in the brackets.

1.14. We shall say, that the 5-tuples {/,(/?), ..., tfn)} of arithmetical functions 
have a distribution, if

N(n  gjj x; tfn )  <  cx, ..., tfn) <  cs)
X

tends to an 5-dimensional distribution function G(cx, ..., cs) as for all
continuity points of it.

Similarly, we say, that {tfn), ..., tfn)}  have a distribution for prime-values, if

N (p  g  x; t f p )  <  cx, . . . , t f p ) <  cs) 
li x

tends to a distribution function G'(cx, ..., cs) in similar meaning.
Let (pG = cpc(ul , us) denote the characteristic function of the distribution 

function G.

§ 2. Results

Theorem 1. Let F fn ) (J= 1,..., s) be linear polynomials, satisfying the conditions 
stated in 1. 2.

Let gj(n) ( j —l, s) be such multiplicative functions for which \gfri)\ Ш 1 
(n = 1,2, ...,_/= 1, ..., s) hold, and the series

o - i )  2 l í ( g j ( p ) - ( )p p j=i
converges. Then

(1.2) I  2  H(n)-*M{g),
X n^x

(1-3) ~ Z H (p )~ » N (g ) ,11 x p^x
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as M(g) and N(g) are defined as follows:

(1-4)—(1.5) M{g) = M 1(g)N1{g); N{g) = N1(g)N2(g),

(1.6) « ,< ? ) =  2 
{ d l ......d s } Z D y  L«1 »•••»“*!

(1.7) л, 'S1 hl{di) ... hs{ds)N iШ  = Z  m(U - I{dy, ..., ds);
{ d i , . . . , d s } í D y  ( P i f i t ,  . . . ,  d s \ )

(1.8)—(1.9) M 2(g) = П  m(p)l N fig) =  ]J n(p),
P > y  P > y

(1.10) ™(p) = 1 +  2  2  (gi(px) - 1)a=l  p j=i

(1.11) ”Ш-'+Мр-Чр- цМШ) ‘l-

The sums (1. 6)—(1. 7) and the products (1. 8)—(1. 9) are convergent. The convergence 
is uniform in the variables gfin) i f  the convergence of ( 1 . 1) is uniform.

Theorem 2. Let Ffn) (7=1, ..., s) be linear polynomials, satisfying the conditions 
stated in 1. 2. Let f(n) be additive arithmetical function for which the condition B{f)  
holds {see 1.9).

Then the distributions o f the (5  — \)-tuples

(2. 1) № ( « ) ) - f ( F 2(n)), ...,f(F s.  fin ))-f(F s(n))},

(2. 2) {f(Ffip)) —f(F 2 ip)), ...,f{F s_ l {p))-f(Ffip))}
exist.

I f  C {f) holds, then the distribution functions are continuous. The characteristic 
functions are M(g), N(g), respectively, putting into (1. 6)—(1. 11) the functions

g1{n) = eiuifin), gfn) = gKui-uj-o/(n) (7 =  2, ..., s — 1), gfin) =

Theorem 3. Let Ffin) (7=1, ..., s) be linear polynomials satisfying the conditions 
stated in 1. 2. Let ffin) (7=1, • ••,■?) be additive functions for which the conditions 
A(fj), B(fj) (7= 1, •••, s) are satisfied (1.9). Then the distribution functions of 
the s-tuples
(3. 1)—(3. 2) {ffiFfin)), . . . , f s{Fs(n))}; {ffiFfip)), ..., f s{Fs{p))}
exist.

I f  C(fj) hold for every 7=1, ■ ■•, s, then the distribution functions are continuous.
The characteristic functions are M{g) and N(g), resp., putting into (1. 6)—(1. 11) 

the functions
gj(n) =  eiuJfÁ") ( 7  =  1, ..., 5 ).

Theorem 4. Let Ffin) (7=1, ■■■, s) be linear polynomials, satisfying the conditions 
stated in 1. 2. Let ffiri) (7=1, s) be additive functions for which B{ffi (7=1, ..., s) 
hold (1.9).
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Then the distribution functions o f s-tuples

{ f i ( F f i n ) )  —  a i ( n )> ■ ■ ■ J s { F f n ) ) ~ a s { n ) } ,  

{fi(Ffip)) -  a'iip), . ■;fs{Fs(p)) -  a sip)}

exist, (see 1. 10). I f  C iffi hold for j —\, s, then the distribution functions are 
continuous.

Our results for polynomials with degree greater than one are less complete.
Theorem 5. Let Ffin) (J= 1, s) be such polynomials as in 1.2. Let gfin) 

be multiplicative functions for which |gy(«)| = 1 und a(gfiFj)) ( / =  1, ..., s) hold. 
Supposing that

(5. 1) (gfipfi -  1) Qfipfi -  0 as p-*°°,

for a = l ,  when V j^2  and for a =  l, ..., Vj — 2, when Vj-S 3, we have

(5.2) ~  %  H(ri)-+M(g), as x -c o .
X пШх

Supposing, additionally, that
(5-3) f c W - l ) 5 i M - 0

for ot = Vj — \ ,  when Vj-S2, we have

(5-4) ~  2 H(P)-Nig).
11 X  p ^ x

Mig) and Nig) are defined as follows.
The definition o f M  fig), Nfig) are formally the same as under (1. 6 )—(1. 7).

(5. 5)—(5. 6 ) 

(5. 7)—(5. 8 )

(5. 9)

(5.10)

Mig) = M fig)M 2ig)- Nig) = Nfig)N2ig). 

M2(g) = П  ™0), N2ig) = П  nip),
P>7 P>У

nfip) =  i +  2  2 {gi(px)~^)Qiipa),
x = l  P >=1

nip) = i + 2
1

=1 pa~1i p - 1) i t2 (gf i f ) - l )Qi i p“)•

The sums (1. 6 )—(1. 7) and the products (5. 7)—(5. 8 ) are convergent. The convergence 
is uniform in the variables gj when the convergence of (5. 1) and the convergence under 
a(gjiFj)) is uniform.

Theorem 6 . Let Ffin) be such polynomials as in 1. 2. Let ffin) be additive arith
metical functions for which the conditions B^ffiFfj) hold. We apply the notions defined 
in 1. 10. Supposing, that
(6.1) fjip*)efip*)-0,
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for a = l, when Vj =2, and for  a = l, Vj — 2, when v;- s 3  //?e distribution of the 
(s — X)-tuples

{/i(^i(«)) ~fi{F i(n)) ~ ä f n )  + a2(n), i(Fs_!(n)) - / s(^(«)) -а,_ц(и)+ a » }

exists.
Supposing, additionally, that (6. 1) holds for oc = Vj — 1, мТгея VjS2, the 

distribution o f the (s— 1)-tuples

{fi(Fi(p))- f 2(F2(p)) -a i(p )  +Ő2(p), i(/\-i(7>)) - f s{FXp)) -as_ f  p) + afp)}
exists.

I f  C(fi(Fi)) hold for i —\ , . . . , s ,  then the distribution functions are continuous.
T heorem  7 . Suppose, that the conditions stated in Theorem 6 are satisfied. 

Then the distribution functions o f the s-tuples

{f i{Fi(n))-afn),  . . . , fs(Fs(n ))-a s(n)}, { A { F f p ) ) - a f p ) ,  ■■■,f s(Fs(p ) ) -a s(p)}

exist. I f  C(fj(Fj)) hold, then the distribution functions are continuous.
T heorem  8. Suppose, that the conditions stated in Theorem 6 and in addition 

the conditions A(f(Ffi) are satisfied. Then the distribution function of the s-tuples

{A {F fn )\ -  f s ( F fn ))}, UfiFfp)) ,  ■■■, f s(F£p))}

exist. I f  C(ffiFjj) hold for /  =  1, s, then the distribution functions are continuous.
The characteristic functions are M(g), N(g) (see Theorem 5) putting into 

(5. 5)—(5. 10) the functions

gj(fi) =  eiuJfjW (j =  1, s).

T heorem 9 . Let ffiri), ..., f f n )  be integer valued additive functions, Ffiji), ..., Ffn) 
be polynomials satisfying the conditions stated in 1. 2.

Let us suppose, that
f f p V Qj(pa) = 0

for  a =  l, and for a =1, Vj — 2, when 3.
Then for integer values k l , ..., ks

Hm 1 N(n S  x-J^F fin)) = Id, . . . , fs(Fs(n)) = ks) = x{kY, ...,k s),X-*oo X

where т(k1, ..., k s) can be determined by the relation

^  г(klf ..., ks)e^"ikl+ - +“M  = M(g).
к l,  . . . ,ks = -  °°

Supposing additionally, that
Qj(jf)fj(p*) = 0
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for a = Vj — I, we have

lim 1 N(p S  x , f , (F{(p)) = k lt . . . , fs(Fs(p)) = ks) = x{kl , ...,k s),
x-><«> 11 X

and
CO

2  x{ky, ..., ks)e*ui*»+ -+«•*.) = AT(g-).
fci, ...,ks= — °°

The definition of M(g) and N(g) see in Theorem 5, by gfn) = eiuJ/><").
Theorem 10. Supposing, that the conditions stated for ffin ); in Theorem

9 hold, we have for integer k l , ..., к s the existence of the limits

Jim ^/V(n S  x ;/, (Т ,(« ))-/2(Т2(я)) =  , -■ ■,/ s- 1(Ts_j(я))- f s(Ffn)) = ks_ t) =

= Ф 1, ■■■, K- i ) ,

jim ^ N ( p  S  x ; f 1(Fl ( p ) ) - f 2(F2(p)) = k 2, . . . J ^ f F ^ f p )  - f s(Fs(p)) = ks_ ,) =
=  ..., ks_i),

where rj, tj' can be determined by the relations

2ks - 1 =
h(k 1 , ••

'be§II13++•АЙ3/—
s 1

■j*

00

2 f ( k l , .,, . ,ks_ + -+«•-»*»-«> =  N(g),
ki ,  . . . ,ks - 1 — -со

where M(g), N(g) are defined as in Theorem 5 choosing
g,(n) = eiu,F(n\  gi(n) = e;(“i-m-Ofiw (/ =  2 , s — I), gfn) = e~iu>-

§ 3. Remarks

1. The relation (1. 2) in the one-dimensional case was proved by H. D e l a n g e  [2]. 
I proved the relation (1. 3) for this case in [3] applying the large sieve (see Lemma 4), 
and deduced hence the Theorem 3.

2. The existence of the distribution of (3. 1) in the one-dimensional case was 
proved by P. Erdős and A. Wintner in [1].

3. The existence of the distribution of (2. 1) and (3. 1) for Ffri) = n + j  was 
proved by A. Schinzel and P. Erdős in [4]. Here it was stated without proof, that 
there exists a distribution for

I <p(p+ 1) <?(/> + ■?)}
1 p + 1 ’ p + s Г

4. Theorem 9 for s = 1, F(n) =n, f (px) — a — 1 was investigated at first by 
A. Rényi [5]. Later J. Kubilius [6 ], Levin and Fajnleib [11] gave some generali
zations and improvements of it.
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5. The basic lemmas in our investigations are Lemma 4 and Lemma 6. Probably 
the relations

Ni (F; x, y v, °°, 2) =  o(x), N2(F; x, y u o°, 2) =  о

for ^(x) — CO hold, for every polynomial which is a product of mutually different 
irreducible polynomials. If these relations were true, then the conditions (5. 3),
(6.3) would be superfluous in the Theorems 5—10 for а Ш2.

6. The method used in this paper can be applied to prove assertions for the 
accuracy of convergence to the limit distributions.

§4. Lemmas

Lemma 1. I f  Fx (m) and F2(in) are relative prime polynomials with integer coeffi
cients, then the congruences

Ffm)  =  0 (mod a), F2(m) = 0 (mod a)

have common roots at most for finitely many a-s. ( See [7].)
Lemma 2. Let F(m) be arbitrary primitive polynomial o f degree v with integer 

coefficients, and with discriminant D. Let D?± 0. Then the number of solutions o f the 
congruence F(m) =  0 (mod pa) is Q(p), when p \D , and smaller than vD2 when p\D. 
Further

e(ab) =  Q(a)o{b), when (a, b) = I

and o(/)a) s  c, where c depends only on F.
Let ti(x, к, l) denote the number of primes not exceeding x  in the arithmetical 

progression =  / (mod k). Let further

л(х, к) =  max n(x, k, /). 
(U)=l

Lemma 3 (Brun—Titchmarsh [8]).

n(x, k) < C, x
log X

uniformly for every k S x 1 6. d > 0  constant. 
Lemma 4 (Bombieri [12]).

^  max
D S Y  ( l , D ) =  1

n(x, D, / ) - li X  

<P(D)

X

<<: (log x)A ’

where T=Xi(log x) B, B=^2A+ 25, A is a sufficiently large constant.
Let Nk(x, a, b) denote the number of solutions of ap + b=kq,  in primes 

p, q: pSx .
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Lemma 5.
Nk(x, a, b) <  c x

<P(k) log2 -r

where c is a constant depending only on a and b. (See [8]).
Lemma 6. For a polynomial F{n) o f degree v s2 , satisfying the conditions stated 

in 1.2, we have the relations:

( 1)

(2 b

Ni (F; x, y x, v -1 )  =  о {pc). 

N2{F-,x,yl , ^ , \ )  = o ' Xlog x J ’
when y { tends to infinity as x-*-<=°.

The proof of (4. 2) goes with a simple argument of the eratosthenian sieve 
as follows. It is enough to prove the relation for irreducible polynomial only because 
of Lemma 1. The number of solutions of F(q) = 0 (mod pv), q=x; y\  is smaller 
than

2 i  +  + 2 з
where

в{р2)
2 1 =  2  2  1 «=

y i < p < x 1/ 2 F(_q) = 0 ( p2)
2. ^  2 + 2  Л  1 «lOg X y 1 < p < x 1̂ 2 ~ E P x1/2~ e < p < x 1/ 2 F(q)  = 0(p)2  1

o(li x) + e li x = o(li x),

2 2 =  2 2  1 « яад=о(р*) 1
x

log log X log X J '
log log X

2 з « 2  2  1 •
и < c(log log x)v F(q) = upk q^x

Since the F(q)’s in the sum have no primdivisors in the interval [(log log x)v, log x],

so by eratosthenian sieve we obtain that 2 з  = ° (]0g^) > anc* hence (2) follows.
The relation (4. 1) was recently proved by C. H ooley [9].
Lemma 7. Let f(n) be an additive number-theoretical function defined for prime 

powers as follows: = j f +(p), when и <  p < v,
0 otherwise.

Let F(n) be an integer valued polynomial having no square-divisor. Then

2  {Л а д )  -  2 - ^ Щ ^  * 2  Ö * +»(*),
n S x  1 q 4  )  q 4
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when v <  cx, and

2  \ Г Ш ) - 2 +»0. *),рях 
1/5ir/геи г к и  ' , «гу.

The proof of these inequalities goes by the method of P. T ú r á n , using addition
ally the Bombieri’s theorem in the proof of the later.

L emma 8. Let gj(ri) be multiplicative functions for which \gfn) [ = 1, and Ffn ) 

be polynomials satisfying the conditions stated in 1. 2. Let Ki =  — log x. Then the 
following relations hold:

U(x, K Y)
(3) =  2  {<Ji, Dr

h I (dA ; K t) ... h f d s; ds)
[dy, . .. ,d s]

• /7 ji+2-*r 2hi(p*'>̂i)ö.(p“)}+o(i),
P>y l a=1 P i =  1 J

(4) n * ,  ^ i)
li x = 2

{di.......ds}£ D y

h j{dj hs(ds; ..., ds)
<?>(№. ..., ds])

Pr o o f .

• П  {i + Z - -ГГ,1- - -  ту 2  W ;  ^ )^ (р я)1+о(1).
p > y  l  a = l  P  \ P —  t )  i = l  J

h'(x, к,) = 2 # ; ^ , )  = 2  I I ! 2  Aj(^; at,)1 =
n S x  п Я х  j  = 1 Lj|Fj(«) J

=  2  2  1 =
d i , . . . , d s Fi(ri) =  0(di )n^xi= 1 , 5

and
=  x ^  hi(dy; KJ ... hs(ds;Ki)

[d 1.......ds}

e(di ,  ■••,<) + — x ^  I +

|«|<s=2'r(öfi)...T№)pi(ű?i)...ö5№ )<K{2 ’'rC№}s.
where the sums are extended over those r/, d* all primdivisor of which are smaller

1 _1_
than is^. Since d s  f f  p“<scx5s, so |í ?|<k{x5s logCl x}s« x 1/4.

p “ S K i
Further using Lemma 1 we have that 2 i  equals to the main term on the right 

hand side of (3), and so the relation (3) holds.
The proof of (4) is similar, using Lemma 4.
Lemma 9. Let F f  n) be such polynomials as in 1. 2. Suppose, that

(5) \gj(p) 13=1, if Qj(p) ^ 0 , for j  =  1, ..., s and for every p,
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and that the series

(6) 2  2  iSj(P) -  1 )Qj(p)
p  P J=i

converges.
Then for every positive constant c

(7)

further

(8)

2  0 = 1 ...... AargjjO)| > с P

2 \S - W U M i U  0 = 1 . . . . . .
p p

From (8) /7 follows

(9) 2  Ы р) ~ Ч Ш  = о т
X * / 2 < p < X  P

Proof. Using the Cauchy-inequality and the boundedness of Qj(p) we have 
that (9) follows from (8).

Let Igj(p)I =  r/p),  arg gfp) = 9fp),  where \9/р)\ =in.
From (6) it follows, that the series

V  (l-R eg/P ))gjC p)
P P

are absolutely convergent, whence (7) immediately follows. Further

£  \ S Á P ) - \ \  Qjip) 2  
p P p

|Re(l -gj(p))\2Qj(p) +

+ 2 2
|Imgj(p)\2Qj(p) _

= z 2 i  + 2 2 2 -

2i« 2
\»áp)\s í

Q j ( p ) + 2
R e ( l -gj(p))Qj(p)

Finally we prove, that 2  2 converges, and hence (8) follows.

2 ^  2 ” 
p

rf(p) sin2 9j(p)Qj(p) 
P

Using that for |3 ,- (р ) |Ц

2  + 2  — 2 г+ о {1 ).
|9j(p)I*L |Sj(p)|>L

rf(p) sin2 Sj(p) =2 rj(p) sin2 \  !)j(p) s  1 -  rj(p) cos 9j(p)
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holds we have

2 3 « 2 M z A M  ( < oo) .
p p

Lemma 10. Let Ffrí) be polynomials as in 1. 2. Let f f  rí) be additive functions 
for which B(fi(Ff) hold. (See 1. 9.) Let

gfn) = eiuFjM ( j  = 1, s)

where ut , ...,u s are arbitrary real numbers.
We use the notations of 1. 10. Let for the sake of brevity

= äj(K2) -  äj(Kr) ; If i  = a f K 2) -  a f K j) ;
S

<y)  =  <y,  Ml, Us) = Z  Ujäfy);
j= 1

S

T'O) = ?'(y, Ml5 ..., us) = Z  Ujä'fy).
j= 1

The following relations hold:
(10) I U(x, K2) e ~ ^  -  U(x, K ^ e - ^ f  = o(x), 
when K ^ K 2< cx, further
(11) \V(x, K3)e -h' ^ - V ( x ,  K J e - W f  =  o(lix), 
when K3—x l/s.

The inequalities (4. 10), (4. 11) are satisfied uniformly in max \uj\ <  c.
Proof. We prove the relation (11), since the proof of (10) is very similar. 

It is evident, that
S

\V(x, K3) e - « M - V ( x ,  K J e - « ^  =5 Z  Sj,
i=i

where
Sj =  2  \gj(Ffpy, K3) — eWmgj(Ffip) ; K f .

p^x

We shall prove, that Sj — o(li x). For the sake of simplicity we omit the indices. 
Using the inequality |1 — eiu\^m in  (2, |и|) we have

S ^ R  = Z  min (2, и \f(F(p) ; K3)- f (F(p)-  К , ) - ф ' |).
p s x

Now we subdivide the p’s into three classes as follows:
p dsä, if there exist q, q\F(p), such that <q < K3, \f(q)\ ё  1. 
pddd, if there exist q, q2\F(p), such that Kt < q ^ K 3.
p d ^ ,  if pdsd öd&.

Then
R — 2 * / F  2 & F  Z%
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where 2  s/, ■■■ are defined by this partition. From Lemma 3 we have 

2 * / ^  2  n(x, q)g(q)<zlix 2  -  =  o(li *) forKt<q<K3 Ki <q Я
I/(«)]S1 l/(«)|==i

Similarly, 2  я — o(li x).
If p€.4>, then

f{F(p) ; K3) —f(F(p) ■k 1) =  2  f +(q)
a\F(p)

K i <q <K 3

using Lemma 7 and choosing u = K v, v = K3. Hence by the cited Lemma we have

2 ^  2  I/ № ) ) - * Т з  ( и * ) 1/2 { 2  \ f (F<j>))-r l2l 1/2«pSx lpSx I

« i u  2  г р ш
K3<q<K3 Я

and so the inequality (11) holds. The uniformity of (11) is evident.
LEMMa 11. Let now F3(n), ..., Ffn) be linear polynomials. Then by the conditions 

and notations o f Lemma 10 we have

(12 \V(x)e-W*>-V(x, K3)e -« M \ = o(lix).

P r o o f . Let K4. = x 1 g, <5>0. At first we prove, that

L 22 \V(x, К4)е~‘« к* -  V(x, K3) e - ^ Kf  <  Cs ■ o(li x),

where the constant in the о term does not depend on 5. As in Lemma 10 we have
S

2  Lp where 
j= 1

L j  = 2  exp {iUj{ f j { F j ( p ) ; K4) - f j { F j { p ) ; K3) -  a){K4) +  а){Къ)} —1| «
pSx

«  2  Qj(q)n(x,q)+ 2  2  i +K3<q<K4 K3<q<K4 Fjtp) = 0(42)
| / j t « ) l  >  1  P S I

+ 2  I f t  (Fj(p); K4) - f t  (Fj(p); K3)\ + 1 a'j(K4) -  а](К3)\ li x =

—  21 +  2 2 +  2 3 +  ° ( h  * ) •

Using Lemma 3 we have

^ l ^ Q h x  2  — < C äo(lix). 
I/(4)I>1 Я
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From Lemma 6 2  2 — °0‘ x) follows. Further

2 з ^  2
Кз<Ц<К4

\ГПя)\оАч)
q

n(x, q)<sz.Cd\ix  ^
Ki<q<K4

//(g )g j(g )

«  CA 2  -
K , < q < K 4 Ц

1/2

2K3<q<K4
fj+(q)Qj(q) 1 /2

<sc Ca li лг • o(l),

by the conditions B[fj(Fj)). Flence L = Cso(li x). Now we prove, that 
\V(x)e~h'M — V(x, Jf4)e-it(K4)| =  0(3 li x) + o(li x). 

Since |F(x)|<sclix and

|t(x) —T(JQ |.S  2 т  2 fj+(q)Qj(q)
j= 1 I K 4 < q < x

«  max \uj\ 2  I 2
J= 1 lK4<9<

f ? 2(q)Qj(q)\
: q J

1 /2

Ki),

so it is enough to prove, that
T=  I V(x) -  V(x, KA)\ =  0(3 li x).

s
We have I s  2  where 7} denotes the number of those p, /? =  x, for which there

J=1
exists a primedivisor q of Fj(p) in the interval x1 öSq<cx .

Let Fj(p) = cijP + b j. So Tj is smaller than the total number of the equalities
ajp + bj — kq, \ = p x

in prime numbersp, q, and in 1 cxö. Using Lemma 5 we have

Tj =5 2  Nk(x, aj, bj) 2 - 7 <sc ö -
log2x k<x6 (p(k) logX

Hence T = 0(3 log x) follows. If 3 tends now to zero sufficiently slowly, we 
obtain (12).

L emma 12. Let gj(n) be multiplicative functions for which |g /n ) |  = 1 and 2 a(ß i(b ij)  
holds. Let F f n) be polynomials as in 1. 2. Then
(13) \ U ( x , x ) -U ( x , K i)\ = o(x),
(14) |K(x, x 1-*) -  V(x, Kf>\ =o(Cs li x).
I f  Fj(n) are linear polynomials, then
(15) \ V ( x ) ~V( x , K l)\=o(\\x).

Proof. The proof of (13)—(15) is very similar to the proofs of the assertions 
stated in Lemmas 10—11. We shall prove (14) only.

Using Lemma 6 the number of those p's for which there exist q, q2\Fj(q), 
K t <<7 < x  is at most o(li x).
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It is enough to prove, that

£ 1 =  2  W i { p ) - \ \  =  o( lix), 2  2 =  Z  \Нг{р) - \ \  = o(cä lix),
where

Hi (p) =  П  П sMY, н 2( р ) =  П  П  s M ) -
j =  1 «I Fj (p)

K i < q < x ^ 5
j =  1 Q\Fj (p )

X ^ S < q < X 1 ~ ő

Let us now subdivide the p’s. p  belongs to 21,, if there exists q, in the interval
71Ki < q < x 1~i, satisfying q\Fj(p), and |arg gj(q) | S  — for at least one j. Let 2I2

be the set of the remaining primes.
We have

£ 1 1 =  2  \H\(p) — 11 «  2  Z  Qj(<1) k (x , q)«Cs\ ix2  2  ~  —
j=ipsx 

pOHi argij(«)| ш  —

= o(Cs li x),

/ 7z Q
1 |argej(e)j>y 

K i < q

by the inequality (7) in Lemma 9.
If |z |s l ,  |argz| Ш— , then log (1 + z) =  z + 0(|z|2), and exp (z + 0 ( |z |2))= 

= \ + z  +  0(|z|2). Using these relations we have for p£2l2:

Hence

where

further

H2(p) — 1 = 2  Z {hj(q) + o(\hJ(q)\i)}.7=i qFj(p)
K 1 < q < x ' / 5

Eí2=  Z  \ H i ( p ) ~ \ \ ^ E iaA + 0{E,at2),
p£9l2

E l ,2, I =  2P̂ X Z  Z  hj(q)
j = l  q Fj(p)

=  (Iix)1/2Í 2  Z  Z  h№ ) \  j =IpSx j — 1 q\Fj(p) I J

= { \ \ x ) ^ 2 V 2,

2 1 = 2 2 2  hjl{qx)hjl(q2) 2  1
j l  = 1 J2= 1 «1,92 P Яд:

8i|Fj,(p)*=1; 2

hjM i)hi2Yii)ejM i)ejM i) , п ( x
llX j?j2q^q2 (? I -1 )(? 2 -1 ) + 0 | b g b cJ  +

+ o i l i x ^  2  \hM )\2^ ^ \  = И л ^ 2  +  о(Н x).I j  K i < q  q )
Here we used the Lemma 4, further that Fj^p) = 0 (mod q), Fj2(p) = 0 (mod q), 
is impossible, when q>y,  and (9) in Lemma 9.
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Further we have

2 =  = 2  + o |  2  2 j
< q < x l/ s j  9  1 V.Kl<4<x1/5 J l . j i ]К1

)\hjM)hj2{q)\QjM)QjÁ4)\ _
^ - l ) 2

=  1 2 з |2 +  о(1).

Using the convergence of (4.6) hence Z s  =  o(l), and so El 2il=o(li x) follows. 
Further

=  2  2  W '  2  i « u , 2  2
j  K i < q < x 1/ 5

and so
F ,( p )  =  0(p ) p^x К 1 < q < x 1/ 5

holds.
By Lemma 9 we have

E{ =  o(li л:)

£ 2,i “  2  l^ 2(P) -  11 «  C4o(li x) .

For
ps*pe»i

(9)

| tf2( p ) - l | s i 2  2  {|^ (?)| +  0(|/гД?)|2)}
J = 1 9ÍFj(p)

holds. Hence by Lemma

в ™ -  2 № ( р ) - 1 | « с , и * 2 {  2
p ^ x  j  1x1/5< 4< x1“ '5 *7 q  4
p € 9 l2

follows. Using (8), (9) in Lemma 9 we have the inequality

^ 22 = Q °(li *)•
Hence (14) follows.

For linear polynomials the relation (15) follows in the same way, as in Lemma 
11. (See the estimation of T f  s.)

Lemma 12 ([13]). Let X t , X2, ..., Xn, ... be a sequence o f independent random 
variables, with discrete distribution function. Let us suppose, that the sum

Z X ul

converges almost everywhere to a random variable X. Let

dk =  supr P(Xk = x).

Then the distribution function of X  is continuous if and only i f  [J dk = 0.
k = l
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Lemma 13 ([14]). Let GN{x\ , . .. ,x s) be a sequence o f s-dimensional distribution 
functions, with characteristic functions (pAui , ..., us).Iffor all real s-tuples (w, , us} 
the relation

lim (pAui , us) = (p(u1 ;... us)
N - * ° o

holds, and (р(ил , ..., us) is continuous in the point {ui , ..., us} =  {0, ..., 0}, then (p 
is the characteristic function of a distribution function G(x1, . .. ,x s), and

lim G n (x 1 , ..., xs)  =  G{xy, ..., xs) 

in all continuity points o f G.

§ 5. The proof of theorems 1—10

5.1. Proof of Theorem 1. From Lemma 12 it follows, that

U(x) =  U(x, Кх) + о{х), V(x) = У(х,К{) + о(\\х). 
Using Lemma 8 we have

Щх,Ку) = x (l+ o (l)) 2  h^ dG K i) ■■■hs{ds\ K f
{di , . . . , d s) Í D v \d\, ..., c/s] X

X Q{d,, ds) I j \ l +  Z  —  Í  Чр° ;  K, ) ) ,
P>y [ a =  1 P x = l  J

n * , t f , )  = ii *0+0(1)) 2  .......rf. ) x
{ t i , . . . , d s } € D v  <?>([«!,..., ds\)

X ^ V + Z - ^ Z h X p f K , ) } .
p>y [ a=l (P(P ) i= l J

From (1. 1) it follows, that the products tend to M2(g), N 2(g), respectively. Similarly, 
the sums tend to Mfg) ,  Nfg) .  Hence (1. 2)—(1. 3) follow. The uniformity of the 
convergence in (1. 2)— (1. 3) follows from the uniformity of the convergence in the 
cited lemmas.

5. 2. Proof of Theorem 5. From the conditions (5.1)—(5.2) and from Lemma 6 
it follows, that

U(x)=U(x,  X х)  + o(x), V(x)=V(x , X х)  + o(li x)

where t > 0 is an arbitrary constant. From the conditions a{gfFjj) it follows the 
convergence of the products M2(g), N2(g) (see (5. 7)—(5. 8)). Using now Lemma 12 
and Lemma 8, as before, we obtain the Theorem.

5. 3.
choosing

P roof of T heorems 3 a n d  8. Here we use Lemma 13, Theorem 1 and 5,

gfn) = eiuM") (y = l, ..., s).
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The validity of the conditions (1. 1) in Theorem 1 and a(gj(Fj)) in Theorem 5 
follows from the conditions A(fj(Fjj), B(fj(Fj)).

5. 4. Proof of Theorems 4 and 7. We investigate only the case 

Since áfa) — cij(x) -+0 for almost every n ̂ x ,  so

I s 1 s ^ —i l j  и j a  j(x)
Lx = — 2  П  eiuj(fÁFÁn))-ajm =  — Z  П  e^MW»\e J = 1 + o(I)

X  п ш х  j = i  X  (nSxj=l )
holds.
Using the Lemmas 8, 10, 11, we have

- i Eujajb) h,(d{) ... hs(ds)e(d1, ds) ^
{du . . . , d s) € D y \dl , ..., ds]

y < P < K  1

/i(p*)
X / / . .  ] 1 + Z Í - 1)J e J" ‘"J p

о P j = i
+  o(l).

From the conditions B(fj(Fj)) it follows, that the product converges for Ki 
In the remaining part the same reasoning leads to Theorem 4 and 7.

5. 5. Proof of Theorems 2 and 6. We choose
g\(n) =  е‘“1Л»)5 gj(n) =  giOn-m-i)/(")

in Theorem 2, and
g,(o) = eiUifl(n}, gi(n) =  e>(«i-»i-i)/i(n)

in Theorem 6 and argue further as above.
5. 6. Theorems 9 and 10 are straightforward consequences of Theorem 5.
5.7. The assertions concerning the continuity of the distribution functions 

in Theorems 2—4, 6—8 follow from the multiplicativity of M2(g), N2(g) using 
Lemma 12, as in [3].

(Received 23 September 1967)

(1=2, . . . , 5 - 1 ) , gs(n) =

(1=2, . . gs(n) =
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ON SETS OF INTEGERS CONTAINING NO FOUR 
ELEMENTS IN ARITHMETIC PROGRESSION

By
E. SZEMERÉDI (Budapest)

In what follows we use capital letters to denote sequences of integers, A +  В 
to denote the sum of two sets of integers formed elementwise, and A ~i В to denote 
the complement of the set В with respect to the set A.

Let us for convenience call an arithmetic progression of к  (distinct) terms 
a k-progression.

If a set A contains no ^-progression we say that A is /c-free.
The maximal number of elements a k-free set A £  [0, n) can have is denoted 

by xk(n). Furthermore we set
т*(и)

n

Actually we can replace lim on the right hand side by lim. For, given e > 0  
and n, we can find arbitrarily large m so that xк(т )ё(ук — е)т; in particular we 
may assume that q n < m ^ ( q  + \)n holds for a positive integer q. In other words 
there is a Ufree set A Q [0, m) with cardinality \A \ S(y* —e)m. Now [0, m) can be 
split into (q +1) subintervals of length at most n. One of these must contain at least

j-yj \A\ elements of A which clearly form a fc-free set.
Hence

Since e can be taken arbitrarily small and q arbitrarily large, we have

whence
4 (n) S  ykn,

Ук = lim 4{n)
П

Clearly y * rS l-  —, and y3S y 4S ... . 
that either all yk are zero, or yt ->l as fc-*-

It has been proved by F. Behrend*
oo.

* On sequences o f integers containing no arithmetic progression, Casopis Mat. Fis. Praha, 67 
(1938), pp. 235—239.
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In 1953 Roth* proved that y3 =0. In fact he proved more than that, namely

í \ n T3(rt) <SC -j--- :------ .log log n
Roth’s proof uses estimates of exponential sums.

In this paper we shall prove the following
T heorem .

y4 = 0, i.e. г4(п) = о(п).
The proof is elementary. The problem of y5, y6, ... is left open.
The proof is indirect, so from now on we assume that

y4>0.
For convenience we write

y  =  y 4 .

We shall formulate in this section the two main lemmas and deduce the theorem 
from them.

We write Q(b, c, d, e) for the system
b — 2c + d = c — 2d + e = 0,

which means that either b, c, d, e form an arithmetic progression, or they are 
identical.

Throughout the paper n4(e) shall mean a number (for example the smallest 
one) with the property that for n S n 4(e) a 4-free set A Q [0, rí) cannot contain 
more than (y +  s)n elements. Occasionally we use the analogue meaning for n3(s) 
as well.

Let B, C, D Q [0, q). We regard В and C as fixed while D varies. We then define 
D* = {e; eg[0, q) and there are b£B,  c£C, d£D such that Q(b, c, d, e)}. 

With this notation we shall prove
Lemma (H0, ..., Hk).** There are absolute constants eo > 0 , y'>0, k0 and q0 

with the following property: I f
q ^ q 0, 3| q,

and if В, C are 4-free sets contained in [0, q), \B\ ^(y — e0)q, |C |s(y  — e0)q, then 
there are disjoint sets

H0, Hk, k  = k0,
such that

к
U HK =

K=0

Itfol S 12 УЧ', \ H Í \ S y 'q for K =  1,2, . .. ,k,

* On certain sets o f  integers. I; II, J. bond. Math. Soc., 28 (1953), pp. 104—109 ; 29 (1953),
pp. 20—26.

** The full force o f  the hypothesis that (say) C is 4-free is not needed for the proof of this lemma: 
see the footnote on page 95.
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and such that if for some Кт6 0

GQHK,

then

|G * |S

The other main lemma is

\ G \ ^ j y \ H K\,

IHÍL

Lemma BCDE. Let 6(0, у) и and q0 be given. Then there is a q = q0 and there
CIVG S C tS

Bo> А>> A  > ..., Du, El , ..., Eu£  [0, q),
all 4-free, all with at least (y — £i)<? elements, such that Q(b,c,d,e) with b£B0, 
c 6 C0, dc Di, e£E; is insolvable for all i= \,  ..., u, and such that for each x  6 [0, q) 
the set of all i's for which x  6 Ei holds is 4-free.

We now prove the theorem using these two lemmas.
Let e0, у and k0 have the meaning of lemma (H0, ..., Hk). Put

■ Í У 7 /1£l =  min |e0, -g-J
and

t =  nt(e i).
Van der Waerden’s Theorem* gives a number

u = N(k0, t )
such that in any partition of [0, и) into at most k0 classes there is at least one class 
which contains a t-progresssion.

We apply lemma BCDE with this , and u, and with
q0 = 3n i(E1).

From \Dt\ s (y  — et)q, у  q we see that

1)AI -  АП о , -3j
S  ( y - e i ) ? - 2 ( y  +  e , ) y t f  3= ( у - б е Л у ? .

We now define the sets HK by lemma (H0, ..., Hk), using B0, C0 for В, C 
respectively.

For each /6(0, u] there is a /  =  /(/) 6(0, A] such that

|А П Я , |^ у у |Я , | .

* Beweis einer Baudetschen Vermutung, Nienn. Arch. Wiskunde, 15 (1927), pp. 212—216.
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For otherwise we should get the contradiction

(y -5ei) j  q А П 2 \ d ^ H j\ <
J =  О

<  1#о1 +  у ? Д |А ;1  (уУ  + у у ) у ?  s  (V -S e jy ?
1

since £1^20?-
Attaching such а ДО to each i, it gives a partition of the Vs into к classes. 

Since u = N (k0, t) and к ш к 0 one of these classes contains a /-progression. In other 
words, there is a j 0 and an arithmetic progression iit  ..., i, such that

IA n  Hj0\ ^ ~ g \ H jo\ for 1 =  o ,

From lemma (Я0, we then have that

КАП#,•„)*! ( i - y r )  |Я /0|

where the * is taken with respect to B0 and C0. With the trivial relation 
(17 П F)*g U* П F* this implies that

\D*C)H?0\ s  [ l - y y ]  I A* I-

Now D* П Et = 0, for this is merely a restatement of the fact that the relations 
Q(b, c, d, e) with b £ B0, c£C 0, d^D h e£E t are impossible.

Hence
\Et n  Hf0\ + 1 A* n  Hf0\ S  \HJ0\,

so that

1 ^ п я ;0| ^ у у | я ; 0|
for i= ik, ..., it.

Put
\H%\=*-q, [0, q) — H*0 = M.

We notice that M  is not empty, since otherwise the last inequality would imply 
that |A| =  i  У ch  in contradiction with the fact that

I AI s  (y-8j )q S  [7 - y y

Furthermore, lemma (Я0, ..., Hk) shows that a s / .  Therefore

\Et C[M\
\ M \ q~\H%\ -  l —a, 1 — a ~

=  У +  у У а - ß i  =  У +  уУУ'- e i  =  У +  2е!
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for i =  i \ , Summing over these Vs we see that

í  \EixHM\ 3= (y +  2et)/|M|.
i= 1

We conclude that there is at least one x £ M  which occurs in not less than 
{y + ls ^ t  of the sets Eiz. By lemma BCDE those i ’s for which x € Ei% form a 4-free 
set. They are contained in an arithmetic progression of t terms and by the choice 
of t - n fa i ) ,  there cannot be more than (y +  e j t  numbers it for which x ^ E iz. Thus 
we have reached a contradiction and the theorem is proved.

In this section we shall prove lemma (H0, Hk). For this we need three
other lemmas. The first is almost obvious. We call it therefore

T he S imple L emma. Let A^[0,n) be 4-free and |T [ s ( y  — e)«. Let M  f  [0, n) 
have a complement that is the union of disjoint arithmetic progressions Pa, q— \, r 
each o f length Pe[ ё л 4(е'). Then we have

\AC\M\ =2 y\M\ — (e + £')n.
P ro o f . Each А П Pe as a 4-free subset of a progression fulfils

И П Р е|^ (у  +  б')|Р,|.
Hence we have the following inequalities:

\AOM\ = \A \-2 \A C [P e\ ^  (у -е )л -(у  +  е ')2 ’1-рс1 =
Q Q

= (y — s)n — (y + E')(n — \M\) = (у +  e') \M I — (e + e')n Sy|M | — (е +  е')и.
L emma p(5,l). For any real 5 (j(0 , 1) and any natural number l there exists 

a number p(5, /) with the following property: I f

u =P(ß> 0> Gg[0, u), \G\^őu,
then G contains a set St o f the form

Si= {y} + {0, x t } + ... + {0, x,} 
with natural numbers x t , xt.

P ro o f . The proof goes by complete induction and uses the box principle. 
The case / =  1 is trivial, since it states only that there is a pair of elements of G.

A  suitable choice of p(ö, 1) is
concerning G shows that

1 + - since this exceeds — so that the hypothesis о

|G| sí öu>  1.
Now take /S 2  and assume the case l —l has been already proved. We set

Any number и can be represented as
и =  kq + r, 0 S  r<q.
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We choose p(ő, /) so that иШр(3,1) implies that

A possible choice is, for example

p(d, /) =  max 1 + 14
q, i + -

Let R be the number of those sets
GK = G ^ \fK - \)q ,K q ] , K = l,  ..., к

Ő sfor which |GX| S  — q. Then R =  — k, otherwise

ökq ä  Su ^  \G\ Ш q+  2  lGxl =  (1 +  R)q + ( k -R )  — q = 
k=i 2.

By the introduction hypothesis, in each of the sets GK a set of the type St_ , can be 
found. In each S ,_ 1 we have 1 ^ x t , Xi_t S q  — 1. Thus there are not moreS
than (q— l) '-1 different choices of x t , ...,x t. Since R ^ - k  >  (q— l)i_1 there are
two sets GK containing St_{ and S \_ t formed with the same numbers x t , ..., xt but 
different y, y', say with y' >y. Then with xt= y' — у  we have

G i  St_! U S ’, _! =  S:_ j U (St _! +  Xl) = St.

Lemma |G*|. There are absolute constants e0 > 0  and y' > 0  and a function 
g0(S) for 0 < <5 <  1 with the following property:

I f  q ^ q 0(ő), 8 j<7, B, C£[0, q) are both 4-free,

then
\в\ S  ( y - e0)q, |C| S  (y- e0)q,

\G*\Sy'q.

R e m a r k . An analogous lemma can be similarly proved with у  =  y 3 (instead of 
y =  y4) on the assumption that y3 =-0. We then easily arrive at a contradiction, 
which proves Roth’s theorem y3 =  0. For this purpose choose a £?s3n3(e). Next 
choose a 3-free set A g  [0, 3q) with \A\ S 3 yq and represent it as

A = BU (C  + q)U(D + 2q)
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with В, C, [0, q) ; and finally set

G = 2) П 3 q’ 3 q
One easily obtains the inequalities \B \^{y — 2e)g, |C| S(y — 2е)#, |G| s (y  — 8e) у .

If we take £ S ^-e0, e S -^ y  and q large enough, we can apply the lemma with <5 =  -̂  у 2 16 2
and get

\G *\^y'q>0
which means that there is a triplet (b, c, d) with

b — 2c + d = 0.
But (b, c + q, d + 2q) is then a 3-progression in A, a set that was supposed to be 
3-free.

P roof of lemma \G*\. Set

100
y2, m = n4(s0),

mand fix an / such that 1^24 , say

We shall prove the lemma with
/= 25 m

q0(S) = 3p(S,l) + 3m, y = 50-2'
With these choices we have ~ ^ p (S , l )  and can therefore find a set of type 

Si in G. We consider
Si = {y} + {0, x 1}+ ... + {0, x,}

for all f =  0, 1, ..., /; where we take 5'0 =  {y}. For each i we define

4
2c —s; c£CC\

3 *  J q
Г1 2 1Since StQ - q, у  <7 1 one has Ljg[0, q).

, s£ *S, J .

With |C |s(y  — B0)q and - q>m  =  л4(в0) we obtain

l^ol С n
У *  3 q

(y-5£0) y  S  у  yq*

since 5е0< “ у.

* The derivation of this inequality is the only extent to which we use the hypothesis that C is 
4-free.
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From the fact that \L i\Sq  and L0<=L1<==... we infer that there is some i s l  
such that

We_decompose this Li_i into maximal progression (mod x;). We shall denote 
by L the union of those of these progressions which have 3m or more elements, and 
by L the union of the remaining ones. From

Si =  S ,- !  U ( S ,_ i+ * i )
one sees that

Li — Lj_ 1 U (Li— 1 Xj).
Each maximal progression (mod x,) in Li_ l produces therefore one and only one 
new element in Lt. Flence

\L\ XI 3m(|L;| — |L;_ j I) 3m -  ,
and

|L| =  \ L ^ \ - \ L \  ё  \L0\ - \ L \ *  I y ?

24wsince by our choice of / we have / ё ---- .
7

Now let_us drop m elements from each end of each of the progressions (mod x t) 
composing L, and denote the remaining set by M. Since every progression in L 
has a length of at least 3m we have

|М | ё } | 1 |  S - ^ q .

By construction [0, q) — M  can be represented as the union of disjoint pro
gressions (mod X;) each of length at least m. Thus we can apply the Simple Lemma 
with e =  e/ = £0 and obtain

2 2

\ЦПB\ ё  \ЕПВ\ ё  |М П Я| ё  y\M \-2e0q ё  ^ q - 2 e 0q ё  ^ q ,

since £0 has been chosen suitably.
By definition, Lt C\B is the set of those b in В which have a representation

b = 2c- s Si c<ECn 3 <7, 3 q
In Si there are at most 2l elements. Therefore at least one у  contained in .S) 

has the property that the equation

has at least f q
50-2'

b — 2c + у =  0
solutions (b, c). In another notation this means that

\{y}*\ ŷ'q,
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where we have put

У  = 50 -2‘

The statement of lemma \G*\ is now immediate. From y ^ S tQG we see that

|G * |s |M * |s y Y

Proof of L emma (# 0,..., Hk). We first fix some number h such that |l  — y j  <  y',

log у'
for example

h = Id -
log 1

We now start from some G0? i |y # ,  y<?J with |G0| and put g0 — 1̂ *1 •
Next we define by recursion for i = 1, ...,h

Ft =  {g , ( ? Í  G ,.l t \G\ S  I  IG i-ilj, g, = min |G*|

and fixe one G; in Гг for which |G*| =gf .
From С(£Гг we see that

|GÍ| S ^ | G Í_1| S . . . S | ^ | | G 0| S | |  ^ r q ,2 12

\ G i \ ^ U h  q.
A+l

6 (2

1 i 'y' \A+1Thus, if we take ö = — l~ l  and q0 = q0(d) we can apply lemma |G*| for all q = q0 
and obtain

gi=\Gf\sYq, for i= l ,  2 , h.

Since clearly g0 = q there is a j ^ h  such that

otherwise we should have the contradiction

y'q gh g0 == | i  - j \ q < y 'q -
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Set with this j  H  = G}_ x. From the meaning of gj and gj_ t it follows that if
GQH, and |G| = 2  \H\, then G ^Tj and therefore

\G*\ И gj- 1 \H*\.

Moreover we have
1 у

\H\ = \ G j . i \ s T y f j  q.

Г1 2 1At first we apply this process to G0 =  I у  q, -  c/J and call the set H obtained / / , .
1 2  1 1 Then we take G0= у  and if this set contains at least yq elements

Г1 2 1 .we obtain a set H2 from it. Next we take G0= у  <7, у  q\~\(Hi UH2) to get a set 
H3, and so on. As soon as we are left with

1 2
3 q’ 3 ( tf ,U tf2U ...U tf*) 12

we stop the procedure and call this remaining set H0. 
Since the sets HK are obviously disjoint and

IHK
1 у
6 2

Л+1
q for K= 1,2, ..., к

this occurs certainly after a finite number of steps. To be precise, we see that

* 4*
1 [y

,6 U

By construction H0 U U ... U Hk =

h+1
=  2

Й+1

l~ q, f  q\ and if GQHK, \G \* L  \Hk\ then

10*1 — (̂1 ~  2 ] Iя * I f°r ah 1, 2, ..., k. This is precisely the statement of lemma 
CH0,. . . ,H k).

Proof of Lemma BCDE. Let us take n and q to be integers so that nq ̂ 6 « 4 | y j  
and let A be a 4-free set contained in [0, 4nq) which satisfies

\A\^yAnq.
Then we can decompose A into

A =  B{J(C + nq)0(D  + 2nq)\J(E + ?>nq) 
with В, C, D, ЕЯ  ̂[0, nq) and (in an obvious notation)

В =  U ( В +  xq) with Bx ̂  [0, q),
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similarly for C, D, E. For their respective cardinalities we get easily the estimates

That A is 4-free is reflected in the fact that Q(b, c, d, e) has no solutions with 
h í B, c£C, d£D, e£E. More precisely: If Q(x, y, z, w) holds, then Q(b,c,d,e) 
is insolvable with b£Bx, c £ Cy, d £ Dz, e £ Ew. Moreover all of the sets Bx, Cy, Dz, Ew 
are 4-free.

Let us call a set В etc. g[0, q) full if \B\ ^ ( y  — e^q, and poor otherwise.
Clearly lemma BCDE will be proved if we can show that there are и quadruples 

(b, c, d, e) such that all Bb’s are equal, all Cc’s are equal, all Bb’s, Cc’s, Dd’s, Ee’s 
are full, and the e’s form an arithmetic progression.

We shall use all the ideas from the proof of lemma |G*| but not only these, 
moreover the technique will be more involved.

We can easily provide a set © with positive density (about 2“«) such that all 
Bb for b £ 91 are equal and full. Similarly we find a dense set C with all Cc for с £ (I 
equal and full. We have then a set of type Se in (£ through which we ‘project’ © onto 
the levels of D and E. The points e defined by Q(b, s, %,e) are plentiful and are 
arranged into long progressions. Hence it can be shown that almost all Ee with these 
e’s are full. The same could be done for the sets Dd with d from Q(b, s, d, •fc) but 
unfortunately not in the necessary simultaneous way, since the relation between 
the e’s and the if  s is not unique and this relationship weakens the larger l is taken.

The idea which overcomes this difficulty is to use not only one set (£, but a 
large number of them, (£0,С 1; ..., (fr_j generated from one of them by shifting 

=  G0 +  q, such that Cc = Cc,, if c and c' belong to the same set (£e. This again 
introduces long progressions on the levels of D and E, which can be exploited 
independently of the former ones. As a result we get и quadruples of the required 
type for at least one q with b £ © and all C £ £<,, and so all Bb as well as Cc coincide.

We shall use the following simple counting argument a couple of times: If
2  а х  —  ( У ~ е з ) п  and ax^ (y  +  e2) for all x, then the number R of terms ax which

We list now the parameters used in the proof, in the order of their dependence. 
The reader may check them as they occur.

1*1, I d ,  \D\, \Е\ш(у-е)пд.

n

satisfy ax^ (y  — et) is

P roof.
( y  - £ 3) « = E ( y - £ i ) i ?  +  ( y  +  £ 2) ( n - i ? ) ,  ( £ 1+ £ 2) i ? Ä ( e 2 +  £ 3 ) w .

£, u and q0 are supposed to be given,
l = 15m- 2«,

83 150-2«’
m, = max (2m, n4(e3)),

q =  max (q0, и4(£2)), 
£2

■X --  _ I .

84 600 • 2«+2!’
Г =  И4(£4),

£ =  sufficiently small 
n = sufficiently large, 6r\n.
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We can safely dispense with specifying e and n  since there is no feedback to 
the other parameters. A small s only demands a large n.

By an already repeatedly used argument we get

2  \b x\ = s n =  ( у  -  E)
nq

2  \c , (СП
nq nq)

T ’ 3 J S  ( r - s ) nq

provided only that n is large enough. We set e2 = y ^  , and take q S n 4(e2), so that 
we then have for all x, y, z, w,

\BX\, |C,|, \DZ\, \EW\ S  (y+s2)q.
nBy the above counting argument the number of poor Bx, 0 ^ x <  -  and the

, „  „  n  n  . , ( l  e \  n  \  nnumber of poor Cv, is each at most h-^-4—  — — if e is small' 6 3  vl6u el J 6 8 6
enough. Consequently more than half of the Bx are full.

There are only 2« subsets of (0, q), so there is a full B(0) Q (0, q) such that

Bb = B( o) for Ь£% Я 0, with I® I 12-2«'
We next look at C, and assuming that r\n we consider the r-tuples

(̂ шг> (-'mr+ l! •••> Cmr + r_ j),
П П
6 r - m < 3r

Since not more than of the C, are poor, not more than — of the r-tuples contain o 2
more than ^ poor sets. There are only 2qr different r-tuples, so we find

C (0 ) .......... C (r_  ,

not more than ~  of them being poor, and 23 g  Í ” , ” j so that

Cc+a = C(e) for c a n d  0 C[0, r), №  s 12r•2qr ‘
By lemma. p{5, l) we see that (f contains a subset of type 

Si = {y} +  {0, x4} + ... + {0, X;}.

S i~  {it} + {0> Xj} - f ... +  {0, x;}

Z,; =  { 3 5 - 2 6 6 £ 2 3 } .

With the sets 

we form
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Then we have

U  = Li_ l U(Li_1 + 3xi).
For a suitable i ^ l  we have

\ ц \ - \ ц n
-  7  -

We decompose £ ;_ t into maximal progression (mod 3xr,), collect those progressions 
which are longer than 3m into L, and the remaining ones into L; as in the proof 
of lemma |G*| we get

(Here we have taken I^12m -2q). Dropping the first m and the last m elements of 
each of the progressions collected into L, we obtain a set we shall call S. Then

and [0, rí) 1 S  is the union of disjoint progressions (mod 3x;), none of which contains 
fewer than m elements.

If we start from St + qQ(£ + q instead of S(, 0 S ß < r  we get S +  3q instead 
of S. Thus the complement of S +  3q too is composed of disjoint progressions, 
each of length not less than m.

We now show that if m is large enough then almost all Ee with edS  (or S + 3n) 
are full. In particular we show that the following conditions are sufficient:

has the property of the set M  in the Simple Lemma. (TheJ’progressions have the 
modulus 3qxt and are each of length at least m; s' =  e3). Therefore

*syq\S\-2e3q n ^ (y -  \50-2%)q\S\ = ( y - e 2)q\S\.
Since \Ee\^{y + s2)q for all e, the ‘counting argument’ applies, showing that 

the number of poor Ee, edS  is at most

The set
r a s / i 4(£3), where e3 = l5^ 24 m

M  =  U [eq, ( e + l )? )

2 \E e\ = \E C\ M \^y\M \ — (e + e3)qn = yq \S \-(e  + e3)qn a

8u
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More generally, for each д =0, — 1 there are at most — \S\ poor setsOil
A+3e> e €

Each e £ S  by construction occurs in at least one quadruple (b, s, d, e) with 
and s£ St. To each e£<S we attach one such quadruple making the d, as well 

as the b and the s, a function of e, d=cp(e). Let
3  = {(p{e)\ ee<$}.

Since St has at most 2l elements any particular d in D can arise as a value <p(e) at 
most 2l times.

We consider the quadruples
(b, s +Q,  (p(e) +  2q, e + 3*?), e £ S, g £ [0, r).

We want now to show that for at least one g

and
Cs+g is full (independent of e since С5+г =  С(5)), 

almost all Dip(e) + 2g are full (counted with multiplicity).
We do this by considering all the q together. The basic tool is again the Simple 

Lemma. Before applying it, however, we have to remove the multiplicities with 
which the Ccp(e) + о occur. There are two sources of multiplicity: the mapping 
cp(e)=d, and the forming of the sum d+g. We deal first with the case when <p is 
one to one, where only one of these sources is present.

Set
i
i 3)' = \d ;d £ 3 ,  2  IAi + 2il S  (y -e 2)?'-

c>=o

We construct a subset 3 " Q 3 '  with the property that consecutive elements have 
a difference of at least 4r, but

l®1 s  I  \&\.

For this purpose we may go from left to right retaining for our set 3 "  the first 
element not ruled out by the restriction upon the differences. Since we exclude 
at most 4r— 1 elements for each one which we keep we obtain the stated inequality.

Now, each element in
3 " ' = 3 "  + {0, 2, 4, ..., 2(r — 1)} 

is uniquely represented. Therefore we have

I U  A x !  =22  \Dd+2o\ S  yy-E2)rq\3"\.x^Qn/ d£@"Q=0
By construction the complement of 3 '"  consists of progressions (mod 2), each 
of length at least r. (No difficulty arises when considering elements to the left of 
the first and to the right of the last elements in 3"', respectively, since 3  4-2д^

. Therefore the left hand side can be estimated by the Simple Lemma.
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We take

M  = U [xq, (x + \)q), r =  л4(е4), e4 g e2

and obtain
600 • 2q

u  DxI =  |DÍ1M| £  — (а + е4)^и =
xíi

= удт|£^"| — (e + e4)gn s  yqr\S>"\ — zedqn. 
Putting these estimates together gives

e2r\®"\ s  2e4«, |®'| s  4 r|0" | S  8 ^  n.
£ 2

Next we have the estimate

( * ) 2  2  l A )  +  2el — 2 2  I A i  +  2eld£&e=0 di3~\&'q=0

— ( | ^ | - | ^ , |)(7 - 82)r? £  (y — e2) |^ | —8 — n \rq.

In the present special case we have |£̂ | =  |<^[£ 
further inequality

75-2« We therefore get the

2  2  1A.+2.I S  ( y - e 2) 1 - 8 * 7 5 .2 ^ \rq\S\ £
d £ 2 )  q  =  0

= (7  —e2)(l — s2)r^ |^ | £  (y-2E2)rq\@\.

8 3By the ‘counting argument’ we infer that not more than 3 — r \D\ = tz~ t \<$\81 10 U
sets Dd+2a, taken with their multiplicity, are poor. For at most one half of the 0 ’s 

3can we have more than — \ё\ poor sets Dd+2e.
OU

If we drop these numbers g, of which there at most ~  r, and also those g for

which C(„) is poor, there being no more than ^ r of them, some of the numbers g 
remain. So far we have proved:

3
There is a number o£[0, r) such that CS+0 = C(0) is full, at most — \S\ of

1the sets Orp(e)+2o, еСё are poor, and at most 
1

8w

“■  ...... 8и
of the sets Ee+3o are poor.

Hence for at most ^  \S\ elements e£ S  we have either Ee+3o or Dtp(e)+2o poor.

We call these е£ ё  ‘bad’. The density of the bad elements in i  is at most 2 и
Now recall that S  is composed of disjoint arithmetic progressions of length at least m.
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We can take т ё 2 и .  If one o f every и consecutive elements of such a progression 
were a bad  one, the density o f bad elements in any particular progression in 
would be a t  least

2 2l_
3m — 1 3m

and so therefore would be the density of bad elements in the whole of S. Since we 
have disproved this there exists an arithmetic progression of at least м good eleme nts 
in i ,  q.e.d.

Rather little has to be changed in the general case when the elements d^Q) 
are taken w ith  the multiplicities of d — cp(e) no t necessarily all equal to one .

Set
S)l = {d\ d =  <p(e) for exactly г elements e^Sj.

Each can be treated in exactly the same way that 9> was until we reach the formula 
(■$■). However, in  order to m ake the formula useful this time we must take a smaller 
e4 (and therefore a larger r):

e2
£* =  600-2«+21 ’ r = n^ '

We have then

2 2 l-D d + 2 e |s (7 -e 2) ( | S ' | - 8 ^ / i | r ? .
d t® 1 q = 0  l ,  s 2 )

Multiplying by i and summing gives

22  |J>,(,) + 2 il s  ( y - e a) \<$\ — 8— n 2 *) rq S  
e€<?<?=0 e2 i=  1 )

S  O' —£2) [ l — 8 ‘ 22i • 75 • 29j rq \S\ S  {y — le2)rq\S\.

The counting argument again shows that there is an о £ [0, r) such that for at most 
3

^ \&\ elements the sets D^e)Jr2o are full, and the proof is finished as above.

We have now  completed the proof of lemma BCDE and with it the proof of 
the theorem.

The au tho r wishes to express his thanks to  E. W irsing and P. D. T. A. Elliott, 
who helped considerably in the final formulation of the proof.
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NEIGHBOUR1NGLY NORMAL ARCHIMEDEAN 
ORDERED SEMIGROUPS

By
T. SAITÖ (Clayton)

Kowalski [5] proved the following
Theorem. Let S be a nonperiodic archimedean ordered semigroup. Then there 

exists an o-homomorphism of S into the additive semigroup of positive numbers such 
that two distinct elements o f S have the same image if and only if they form an anomalous 
pair.

The purpose of this note is to give a theorem (Theorem 1) which generalizes 
the Kowalski’s Theorem such as includes a certain kind of periodic archimedean 
ordered semigroups.

By an ordered semigroup, we mean a semigroup S  with a simple order which 
is compatible with the semigroup operation:

a,b ,c(zS  and a ^ b  imply ac^bc  and ca^cb.

An element a of an ordered semigroup S is called positive if a2 >a  and is 
called nonnegative if a2 S a. An element a of S' is called positive (nonnegative) in the 
strict sense if ax> a  and ха > а (а х ё а  and xa ̂ a )  for every a 6 S. An ordered semi
group S is called positively (nonnegatively) ordered (in the strict sense), if every ele
ment of S is positive (nonnegative) (in the strict sense). The number of distinct 
powers of an element a of S is called the order of a. A nonnegatively ordered semi
group S is called archimedean if, for each pair of elements a, b of S, there exists 
a natural number n such that a ^ b n.

Remark. There are some slight differences between the above terminologies 
and those in Fuchs [2]. An ordered semigroup is a fully ordered semigroup in 
Fuchs’ sense. An element is nonnegative in the strict sense when it is positive in 
Fuchs’ sense. A nonnegatively ordered semigroup is archimedean when it is archi
medean without identity in Fuchs’ sense. We treat exclusively nonnegatively ordered 
semigroups, and so we say simply an archimedean ordered semigroup in the place 
of an archimedean nonnegatively ordered semigroup.

The importance of archimedean ordered semigroups was pointed out in our 
previous paper [6], from which now we give some lemmas.

Lemma 1 ([6] Lemma 2. 2). An archimedean ordered semigroup is nonnegatively 
ordered in the strict sense.

Lemma 2 ([6] Lemma 2. 3). For an archimedean ordered semigroup S, the following 
conditions are equivalent:
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(1) S contains an idempotent;
(2) S has the greatest element;
(3) S has the zero element;
(4) Every element of S is an element of finite order;
(5) S contains an element o f finite order.

Moreover, under these conditions, an idempotent o f S is the greatest element and 
also the zero element of S.

Lemma 3 ([6] Corollary 2. 4). An archimedean ordered semigroup contains 
at most one idempotent.

If an archimedean ordered semigroup S satisfies any one of the conditions 
in Lemma 2, then S  is called a periodic archimedean ordered semigroup. Otherwise 
S  is called a nonperiodic archimedean ordered semigroup.

Following Alimov [1], two distinct elements a, b of a nonnegatively ordered 
semigroup S  are said to form an anomalous pair if an<bn+1 and bn<an+1 for every 
natural number n. Now we say that two distinct elements a, b of S form a neighbour
ing pair if they satisfy the following two conditions:

(1) If xk^ a ‘ al + 1 and ljk-^n/т  for some x £ S  and some natural numbers 
к, l, m, n, then xmS b n;

(2) If xk^ b l и bl+1 and Ijk^n jm  for some x £ S  and some natural numbers 
к, l, m, n, then хтШа".

Lemma 4. Let a and b be two distinct elements o f an archimedean ordered semi
group S. I f  they form an anomalous pair, then they form a neighbouring pair. I f  S  
is nonperiodic, then the converse holds also.

Proof. First we suppose that a and b form an anomalous pair and that 
xk ̂ =al ̂  a1+1 and Ijk < n/m. Then

xkm ̂  alm -< blm +1 =  bkn and so x m c  b".

We can similarly prove that, if xk^ b l A=bl+1 and l/k<njm, then xm <  an. Next we 
suppose that S is nonperiodic and that a and b form a neighbouring pair. Then, 
putting v, к, l, m, n by a, In, In, 2n, 2n+ \, respectively, in (1) of the definition 
of a neighbouring pair, we have a2n^ b 2n+1, and also b2n+1 -<b2n+2, since S is 
nonperiodic. Therefore a” <bn+i. We can prove bn<a"+i in a similar way.

An archimedean ordered semigroup S  is called neighbouringly normal or n-normal, 
if, for the nonidempotent element a of S, the set of natural numbers к for which 
there exist x £ S  and a natural number l such that xk is unbounded above.

Lemma 5. The above definition o f neighbouring normality is determined irrespective 
of the choice of an element a in an archimedean ordered semigroup S. S is n-normal 
if and only i f  either

(1) S is nonperiodic, or
(2) S is periodic and, for every a £ S  and every natural number k, there exists 

an element x£  S such that xk ё  a.
The condition (2) can be replaced by
(2') S is periodic and, for every a£ S, there exists an element x  £_ S such that 

x 2Sa .
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P r o o f . First we suppose that S' is an и-normal periodic archimedean ordered 
semigroup and that a is the element satisfying the condition in the definition of the 
neighbouring normality. We denote by e the greatest element of S. We take b£S  
with b <  e and a natural number к arbitrarily. Since S is archimedean, there exists 
a natural number m such that bm = e. Also by the definition of «-normality, there 
exist x £ S and natural numbers / and « such that x“S a !< e  and in k S «. Then we 
have

x mk Ш x" S  a1 <  e = bm and so xk<b.
Thus we have proved that, if S is «-normal, then S satisfies (1) or (2). It is easily 
verified that, if S satisfies (1) or (2), then S is «-normal. This proves the second 
assertion, from which the first assertion is trivial. (2) implies (2') trivially. Finally 
we assume the condition (2'). We take a £ S and a natural number к arbitrarily. 
Choosing a natural number и such that k s  2", we can find, by (2'), a sequence 
of elements x t , ...,xn such that

X \^a , *2= *!,
Then we have í j s x f á ö .  Thus (2) holds.

A nonnegatively ordered semigroup S is called naturally ordered, if a, b£S  
and a <  b imply the existence of c, d£ S  such that ac = b and da = b.

L emma 6. An archimedean naturally ordered semigroup S is either cyclic (that 
is, S is generated by a single element) or n-normal.

P r o o f . By Lemma 5, we suppose that S  is periodic. First we suppose that 
S has the least element a. For every x £ S ,  there exists a natural number « such that 
anS x ^ a n+1. If S  were not cyclic, then, for some x £ S ,  we have an -<x<a"+l 
and so there exists c £ S  such that anc = x. Hence we have an+1 ^a"c = x< a n+l, 
which is a contradiction. Next we suppose that S has not the least element. We 
take an arbitrary element a £ S. Then we can find an element x£ S such that x< a  
and so there exists у £ S  such that xy — a. Putting z =  min {v, y}, we have z2^ a  
and so, by Lemma 5, S’ is «-normal.

L emma 7. Let S  be an n-normal periodic archimedean ordered semigroup with 
the greatest element e, and let x p^ y q, y 'S x 3, for some x, у £ S and
some natural numbers p, q, r, s. Then r/q^s/p.

P roof. We choose the natural numbers h and к  arbitrarily. Since S is «-normal, 
we can find u ,v £ S  such that uh S r  and vkS y . We put z = min {«, v}. Since S 
is archimedean and x< e ,y< e , we have z*Sx< zl+1, z“ S y < z m+1 for some 
l ^ h  and m ^ k .  Hence

zpl = xp =yq S Z rm = yr = Xs = Zs(l+
Since xp<e, we have zpl <e and so, since zpl^ z q(m+l\  we have p l^q (m  + 1). 
Similarly rm ^s(I+ l). Therefore prjqs^((m  -b 1)/'/«)((/ + 1),//). The numbers / 
and m become sufficiently large with h and k, and so, from the above inequality, 
we obtain pr/q s^l and r/q^s/p.

Let S and Г be two ordered semigroups. A mapping со of a subset S* of S into 
T  is called a partial o-homomorphism, if it satisfies the following two conditions:

(1) for every st , s2 £ S* such that s1s2£S* in S, we have or(sl s2) = or(sl )oj(.v2) ;
(2) for every s1,s 2£S* such that s1^ s 2, we have co(sl)^co(s2).
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Theorem 1 . Let S be an n-normal archimedean ordered semigroup and let S* 
be the set o f non-idempotents o f S. (Thus, if S  is nonperiodic, then S* = S, and, if  
S  is periodic with the greatest element e, then S* — S\e.) Then there exists a partial
o-homomorphism o f S* into the additive semigroup P of positive real numbers such 
that two distinct elements of S* have the same image if  and only i f  they form a neigh
bouring pair.

Proof. In the case when S  is nonperiodic, the notion of a neighbouring pair 
is equivalent to that of an anomalous pair. Thus the assertion is nothing but the 
Kowalski’s Theorem. Hence, in the rest of the proof, we assume that S  is periodic 
with the greatest element e. We fix an element a of S*. For b £ S*, we define co(b) 
as the infimum of quotients lIk of two natural numbers / and к such that хкШа 
and b ^ x 1 for some x£S*.

1° For every b £ S*, we have co(b) >0.
In fact, for an arbitrarily chosen real number e >0 , there exist x £ S* and natural 

numbers к and l such that
xk = a, b ̂  xl, m{b) ̂  Ijk <  co(b) + e.

We put c = min{ű, b}. Since S  is archimedean, there exists a natural number n 
such that a^c". Hence

xk ~a^= cn, c S i S r 1, c< e , x*<e.

Therefore, by Lemma 7, we have 1/пШ1/к-=:со(Ь) +  e. Hence we have co(b) ^  1/л >0. 
2° I f  b, c, be £ S*, then co(bc) S  Ш(Ь) -f <u(c).
In fact, for an arbitrarily chosen real number e> 0, there exist x, у £ 5* and 

natural numbers к, l, m, n such that
xk^ a , b s x 1, y m = a, c S  y n, oj(b) s  IIк <  or(b) +  s, w(c) sí n/m <  co(c) + e.

We take a natural number p such that l/p< s and then, since S  is и-normal, take 
z x, z2 of S such that z \ ^ x  and z2 =y. We put z =  min {z1,z 2}. Since S  is archi
medean and x c e ,  there exists a natural number q such that z«Sx<z«+1. Then, 
since zp = zx = x, we have p = q and also

zik = xk = a, Z>=x, = z^*+1L
Similarly, for some p S r ,  we have

Therefore
zmr s  a, c==z"(r+1\

^max{qk, m r }  <  a, 6c^Zi(«+1)+n(r + 1).

Hence, by definition, we have
a>(bc) S  (l(q +  1) +  и(г +  l))/max {qk, mr}^(l(q+ \ )/qk)+(n(r+ l)/mr) = 

=  ( (W O  + (!/? ))) +  ((»/«)(! -F (1/r))) <  (co(fe) +  e) (1 +  e) +  (oo(c) +  e)(l +e).

Hence we have mibe) s  co(b) + w(c).
3° I f  b, c, be £ S*, then co(b) + co(c) = co(bc).
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In fact, for an arbitrarily chosen real number e >0, there exist x £ S* and natural 
numbers к  and / such that

хкШа, b c ^ x 1, co(bc)^l/k<co(bc) + e.

We take a natural number p such that 1 /p<e. Then, since S  is «-normal, there 
exists у £ S* such that yp Ш x. Since S is archimedean, there exist natural numbers 
p', q, r, s such that

yp' g j < / ' + 1, yq^ b < y q+1, у'Ш с-суг+1, / S ű < y s+1.
Then we havep = p ' and so, s i n c e w e  obtainp s s .  Now we get

and so, by Lemma 7, 

By definition, we have 

and so

xk^Ha<ys+1, y q+r^ b c S x 1,

(q +  r)/(s + l ) ^ / /k <  co{bc) +  £. 

co(b) S (q + 1 )/s, co(c) ̂ ( r  + 1)/s

co(b) +  co(c) ̂ (q  + r + 2 )/s ̂  ((q + r)/(s +  l))(l + (1 /sj) + 2/s <
<  (co(bc) + в) (1 +  e) +  2e.

Hence oj(b) + co(c) ̂  co(bc).
4° I f  b, c £S* and b ^ c , then a>(b) S  ca(c).
In fact, for an arbitrarily chosen real number e >0, there exist x  £ S* and natural 

numbers к and / such that
i* S a , c S x 1, со(с)ш1/к~<со(с) + в.

Then, since Ь ш с ^ х 1, we have co(b)^Ijk < <u(c) + e, and so co(b) ^ ( c).
5° I f  b, c£S* and b and c form a neighbouring pair, then co(b) = co(c).
In fact, for a sufficiently large arbitrary natural number k, we take x £ S* such 

that xkSb . Also we take a natural number k' such that Then к s k ' .
Also we have

хк’ш Ь<е,  l / /c '< l /( f c '- l ) ,

and so, since b and c form a neighbouring pair, we have xk ~1^ c .  By 1°—4°,

co(x), co(b), oj(c) >0, co(b) S  (k '+ l)co(x),

(k' — l)cu(x) S  co(c),
and so

с о ( с ) / ф ) ^ ( к ' - Щ к '  + 1).

Hence o)(c)^oj(b). We can similarly prove that ш(й)ё(в(с).
6° I f  b, c 6 S* and a>(b) — co(c), then b and c form a neighbouring pair.
In fact, we suppose that xk^ b ‘<e and l/k^n/m . Then we have kco(x 

S  la>(b) and so
ю(х)/ю(с) =  co(x)/co(b) ̂  Ijk <  «/«I.

If cn — e, then xm ̂  cn trivially. Next we suppose that cn <  e. Then eo(x) <  (n/m)co(c) =
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= (1 /т)<х>(с”), and so, by the definition of co(x), there exist у  £ S* and natural numbers 
p and q such that

y p = a, x  S  yi, co(x) “  qlp <  (\/m)co (cn).
By the way of contradiction, we suppose c" Then we have ypS a  and c"< xmS 

and so, by definition, <x>(cn)stnq/p. Hence (\/m)a)(cn)^q /p , which is a contra
diction. Thus xmS c ”. Similarly, if xk ̂  c( <  <? and l/k^n /m , then xmS b ”.

This completes the proof of the theorem.
Finally we give an example which shows that Theorem 1 does not hold in general 

without the assumption of и-normality.
Ex a m p l e . S' is a system with the multiplication

a b c d f  g h e
a c d f  g h h e e
b d f  g h h e e e
c f  g h h e e e e
d g h h e e e e e
f h h e e e e e e
g h e e e e e e e
h e e e e e e e e
e e e e e e e e e

and with the order relation Then it is verified that
S is a periodic archimedean ordered semigroup with the maximal element e. But 
there is no partial o-homomorphism of S* = S\e into the additive semigroup of 
positive real numbers. In fact, by the way of contradiction, if со is a partial o-homo
morphism, then, since a3 =b2 = / <  e and a4 =  b3 =  /2 <  e, we have 3co(a) = 2co(b) 
and 4co(a) = 3co(b) at the same time, which is absurd.

( R ece ived  23  O ctober 1967)
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ON THE RING O F BITRANSLATIONS 
OF CERTAIN RINGS

By
M. PETRICH (University Park)

1. Introduction. In the theory of ring extensions, the notion of a bitranslation 
(our terminology, for the definition see below) plays the role of automorphisms 
in group extensions. Bitranslations were studied by H ochschild  [5] for algebras 
(„multiplications”, they are also linear transformations); by Clifford  [2] for semi
groups („pairs of linked left and right translations” , where only the multiplicative 
part of the definition is retained); by R édei [9] („Doppelhomothetismen”) and 
M ac  L a n e  [7] for rings („bimultiplications”), among others.

Under a natural addition and multiplication, the set of bitranslations of a ring 
itself forms a ring. R édei [9] defines a holomorph of a ring R as a (natural) split 
extension of R by a maximal ring of permutable bitranslations. It turns out that 
R may have more than one holomorph but that otherwise these have several pro
perties analogous to the properties of the holomorph of a group. A number of 
properties of a ring holomorph have been established by R édei [8], [9], S zend rei [10], 
v a n  L e e u w e n  [6], and W einert and E ilh auer  [11].

The purpose of this paper is to study the ring Q(R) of bitranslations of a ring 
R for which aß = ß<x = 0 for all ß£R  implies a = 0 (see [5], [7], [11]). In this case 
Q(R) is a ring of permutable bitranslations and the split extension of R by Q(R) 
is the unique holomorph of R. The analogy with the group holomorph is in this 
case much stronger than in the case of an arbitrary ring. Section 2 contains most 
of the necessary definitions and notation. We are mainly concerned with rings R 
satisfying the above condition; for such R, in Section 3, we establish several pro
perties of Í2(R), and in Section 4, characterize Q(R) in several ways. We conclude 
in Section 5 by constructing Q(R) for a ring R which is of a special kind but need 
not satisfy the above condition, and derive several consequences of this result.

It is of interest that the theory of ideal extensions of semigroups is quite similar 
to the theory of ring extensions, at least as far as multiplication is concerned (see
[2] and 4. 4, [3]). Even though the multiplicative part of a ring is a semigroup, this 
still seems surprising in view of very different definitions of extensions in semi
groups and rings.

From the results of Sections 3 and 4, we see that for a ring R satisfying the above 
condition, Q(R) plays the role of a „holomorph” of R (cf. § 54, [8]).

2. Terminology and notation. We use the results and follow the terminology 
and notation of R édei [8] (§§ 52—54) with some exceptions. Throughout, R denotes 
an arbitrary ring unless specified otherwise.

A bitranslation a of R  is a double operator on R  (i.e., a pair of functions mapping 
R into R, one of which is written on the left and the other one on the right, both
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denoted by a) with the properties
(1) a(a + ß) =  act + aß, (ос+ß)a = a a + ßa
(2) a(aß) = (ad)ß, (aß)a =  a(ß a)
(3) (cca)ß = a(aß)
for all a, ß £ R  (Rédei includes the condition a{aa) = (m)a; for the purposes of 
this paper, it is more convenient to adopt Mac Lane’s definition). The pair of identical 
transformations is always a bitranslation, as well as the inner bitranslation induced 
by a £ 7?, denoted by [a], and defined by

(4) [b\ß = *ß, ß[oc] = ß<x
for all ß£R . We denote by £2(7?) the set of all bitranslations of R and by II(R) the 
set o f all inner bitranslations o f R.

A  biendomorphism of 7?+ is a double operator on 7? consisting of two endo- 
morphisms of the additive group R + of R. On the set S 2{RV) of biendomorphisms 
of R +, define addition and multiplication by

(a + b)a = aa + ba, a (a + b) — aa + ab
(iab)a — a{bd), a (ab) = a(<xb)

for all a £R. Then $ 2{R+) is a ring isomorphic to the direct sum of the endomor
phism ring of R + and its opposite ring. In light of (1), Q(R) is a subring o f d 2(R+) 
with identity consisting of the pair of identical transformations.

We say that a, b $ Q(R) are permutable (M ac  L a n e  [7]) if
(5) (aix)b = a(rj.b)
for all a£R. Any nonempty set of permutable bitranslations generates a subring 
of <a2(R+) which is itself a ring of permutable bitranslations, and every such ring 
is contained in a maximal one. II(R) is an ideal of every maximal ring of permu- 
table bitranslations and of Q(R).

A holomorph of R is the split extension of R by a maximal ring В of permutable 
bitranslations of R, with operations defined by

(a, a) + (b,ß) = (a + b, cc + ß), _
((a, a)(b, ß) = {ab, ab + aß + aß), {a,b£B\ cc. ß£R).

If D is any subset of £2(7?), let
D ‘R = {{a, a)\a£D, а£7?}

under (6) if D-R  is closed under these operations. We will write Q-R instead of 
£2(7?)-7?.

Let S  be an extension of 7? by Q, i.e., 7? is an ideal of S  and SjR '= Q. We write 
the elements of S in the form {a, a) where a £ Q, a 6 R, and as usual identify (0, a) 
with a, {a, 0) +  7? with a (for multiplication, addition, and conditions to be satisfied 
see Theorem 112, [8]); in the case of a split extension, the operations in S  are given 
by (6), where a^-aa, a-*aa is the action of the bitranslation of 7? induced by a£Q.

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



ON THE RING OF BITRANSLATIONS 113

The function л: R-*n(R) defined by аrc = [a], is an onto homomorphism with the 
kernel

ty.(R) = {ot£R\u.ß = ßa = 0 for all ß £R}.

We will be mainly interested in the rings for which 2l(i?) =  0. The center of R  is 
denoted by 3(R)- Further let

r(R) = {aZ Q(R)\ax = <xa for all a £7?}.

3. Properties of Q(R) when 21(7?) = 0. We first prove a sequence of lemmas 
for an arbitrary ring R, and then use them to establish a number of properties 
of Q(R) for the case 21(7?) =  0. Note that some of these lemmas have independent 
interest and that their proofs depend only on multiplicative parts (2) and (3) of 
the definition of a bitranslation.

Lemma 1. I f  a, b£Q(R) and a £7?, then (ax)b — a(xb) £ 21(7?).
Pro o f. For any ß£R, we have

{{aa)b}ß = (aa) (bß) = a{x(bß)} = a{(y.b)ß} = {a(ccb)}ß 

and dually ß{(aol)b} =/?{a(ah)} so that (ay.)b — a(y.b) £ 21(7?).
Lemma 2. I f  S is an extension of R, oc £ 3(^)> and ß £ S, then xß — ßtx £ 21(7?).
P roof. I f  у £ R, then

(aß)y = y(ßy) = (ßy)y. = ß(y<x) = ß(xy) = (ßy)y 
and dually y(y.ß) =  y(ßx) so that y.ß — ßy.£4l(R).

Lemma 3. For a £  Q(R) and a  £  R, we have a[a ]  =  [a\a if and only if aoc —  aa £  21(7?).
P roof. If «[a] = [y\a, then for any ß £ R,

(ad)ß = a(yß) = a([oc]ß) = (a[y.])ß = ([x]a)ß = [a ](aß) = cc(aß) = (<xa)ß

and dually ß(ax) = ß(aa), which implies асе — оса £21(7?). Conversely, if ах — xad21(7?), 
then for any /?£7?,

(a[«])ß = a([y]ß) = a(yß) = (ax)ß =  (a a)ß = x.(aß) =  [x](aß) =  (M a)ß 
and dually ß(a[<x]) =  ß([ot]a) so that a[x] — [a]a.

Lemma 4. I f  a £T(R) and b 6 Q(R) are permutable, then ab = ba.
Pro o f . For any a £ R, we obtain

(ab)x = a(by.) = (bx)a = b(xa) = b(ax) =  (ba)a, 
and dually a (ab) = a (ba) so that ab — ba.

Lemma 5. For {a, a) £ Í2- /?, we have
(7) (a, a)([ß], y) = m ,  y)(a, a) for all ß, у £R
if  and only if  a £ Г(К) and a 6 3C )̂*
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Proof. Suppose that (7) holds. Then 

(8) aß + ay + ay — ßa + ya + ya for all ß, у £7?.

For 7 = 0, (8 ) yields aß = ßa for all ß£R  so that a £3(7?). But then (8) becomes 
ay = у a for all 7  £ R and thus a £ Г(К). Conversely, suppose that a £ Г(К) and a £ 3(7?)- 
For /?, y£7?, we obtain

(4ß])y = a{ß у) =  (aß) 7 =  (ßa) 7  =  ß(ay) = ([ß]a)y

and dually y(a[ß]) = y([ß]a). Thus a[ß] = [ß]a; the hypothesis implies (8) directly 
so that (7) also holds.

Lemma 6 . I f  a £fi(7?) and a £ 3(7?), t/геи ax — aafflKR).
Proof. If /?£7?, then

(aa) ß =  a(aß) = a(ßa) = (aß)a =  a (aß) =  (a a)ß

and dually ß(aa) = ß(aa) so that aa —aa£9l(7?).

We are now ready to consider the case 91(7?) = 0. Note that items a) and e) 
below were established in [11], item b) generalizes Corollary to Theorem 2, [10], 
and item c) Theorem 5, [9].

T heorem  1. In a ring R for which 91(7?) =  0, the following statements hold.
a) Any two elements of Q(R) are permutable and thus Í2- R is the unique holo

morph of R.
b) I f  S is an extension o f R, then 3(7?) =  3(7>) П7?.
c) I f  D is any subring o f Q(R) containing IJ(R), then 3(77) = Г(7?) П D and

3(77-7?)= 3 (D )-3(7?).
d) 3(ß(7?)) =  Г(7?), 3 (ß • 7?) =  Г(7?)• 3(7?).
e) I f  7? is commutative, Q- R is also.

Proof. Item a) follows from Lemma 1 and b) from Lemma 2. 
c) If a £3(77), then a[a] =  [a]a for all a £7? since n(R)Q D  which by Lemma 3 

implies aa = aa for all a £7?. Thus 3(77) Г(7?) П 7?; the opposite inclusion follows 
from Lemma 4. If (a, a) £ 3(77 • 7?), then (a, a) ([ß], y) = ([ß], у )(a, a) for all ß, у £7? 
since Я(7?)^77 which by Lemma 5 implies a£F(7?) and a £3(7?). Conversely, 
let a £Г(7?) П 77, a £3(7?), and (b, ß)£D-R. Then for any 7 £7?,

(ab) 7 = a(by) =  (by)a= b(ya) =  b(ay) = (ba)y

and dually у (ab) =  y(ba). Hence ab— ba £91(7?) =  0. Also by Lemma 6 , ha — ah £ 
£9I(7?) = 0 since a £3(7?)- Thus

(a, a)(h, ß) = (ab, ab + aß + aß) = (ba, ba+ßa + ßa) — (b, ß)(a, a) 
and hence (a, a) £3(77-7?). Therefore

3(77 - 7?) = {(a, a) \a £ Г(7?) П 77, a £ 3(7?)} = 3(77) - 3(7?) 

since 3(77) =  7%/?) П 77.
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Item d) follows from c) by letting D = Q(R).
e) Let (a, a)£Q-R. Since 3(R) = R and 21(7?) = 0, Lemma 6 implies а£Г(7?), 

which by d) implies (a, ot)Z3(Q(R)). Thus Q-R is commutative.
We will repeatedly make use of the following lemma without express mention.
L emma 7 . For a c Q(R) and a £7?, we have a[a] =  [aa] and [a]a =  [aa].
Proof. For any ß£R, we have

(a[a])ß =  a([a]ß) = a(ocß) — (aa)ß = [aa]ß, 
ß(a[a]) = (ßa) [a] =  (ßa)a — ß{ad) = ß[aa]

so that a[a] =  [aa]; dually [a]a = [aa].
Since 77(7?) is a ring, we obtain the following
C o r o lla r y . I f  D is any ring of bitranslations of R, then DC\n(R) is an ideal 

o f D.
An analogue of Theorem 121, [8] is provided by
T heorem  2. An ideal I  of a ring R with 21(7?) = 0 is characteristic i f  and only 

i f  the image n(J) of I  in II(R) is an ideal o f I2(R).
Pr o o f . Let I  be a characteristic ideal of R. Then n(I) is a characteristic ideal 

of n(R) since n is an isomorphism of R  onto 7/(7?). But then n(/) is an ideal of 
Q(R). Conversely, let n(I) be an ideal of Q(R) and S be an extension of R. If a € /, ß £ S, 
then aß = a[ß] = aa, where a is the restriction of [/1] to R, and a € Q(R). Since n: aa-+ 
->[aa] = [a]a € n(I), it follows that aa € I. Hence /  is a right ideal; dually I  is also 
a left ideal.

Examples of characteristic ideals in any ring R:
a) Semiprime ideals of R; for if I  is a semiprime ideal of R. S an extension 

of R, and a C l ,  ß^ S, y£R , then (aß)y(aß) = a(ßya.ß) £ I  so that {aß)R(aß)<̂I  and 
thus aß c /. In particular, prime ideals (Theorem 4, [9]) and the prime radical of 
R are characteristic.

b) Any ideal with the property I 2 =1 (I2 is the set of all finite sums of elements 
of the form aß with a, ß€ I).

c) 4i(R) (Theorem 2, [11]) and R 2.
d) The Amitsur—Kuros radical of R.
4. Characterizations of the ring of bitranslations of R for 21(7?) =  0. First let 

R be an arbitrary ring and S an extension of R. The function т: S -* Q(R) defined 
by г : a — aT where

az a =  aa, aaT = a a
for all a£R, (note that heretofore we have tacitly used the notation aT =  a) has 
the following properties:

а) г is a homomorphism extending n:R-^Q(R) (recall that n:a-*[a] is 
defined as a function from R onto /7(7?), it is considered here as a mapping of R 
into Q(R)). The kernel of т is the set

2Is(7?) = {a£ S] aa — aa = 0 for all a 6 R}.
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ß) An element a £ S  induces a bitranslation 6 6 0(2?) in R if and only if ax = b. 
у) If 21(2?) =  0, then т is the unique extension of n to S. For suppose that a 

is another extension of n. Then for any a £ S, a £ 2?, we have

[aa a] — a" [a] = a" x" — (aa)<T =  [aa] =  fara]

so that arTct = aTa; dually aa'T — aaz which implies cf = a\
The next two lemmas will be used for establishing several characterizations 

of 0(2?) when 21(2?) =  0; they seem also to be of independent interest. We will use 
the notation introduced above.

Lemma 8. When 21(2?) =  0, the following statements are equivalent:
a) T is a monomorphism;
b) every bitranslation on R is induced by at most one element o f S;
c) if A is an ideal o f S such that А П 2? = 0, then A =0;
d) 2? is not a direct summand in any subring o f S (different from R).
Proof. a)=>b) by ß) above.
b) =»c). If a£A , then ЛП2? =  0 implies that a and 0 induce the same bitrans

lation on S which then implies that a = Q.
c) =>d). If 2?®Г is a subring of S, where TQ S, then 7’^2IS(2?). Since 

2ls(2?) П 2? = 21(2?) =  0, and 2IS(2?) is an ideal, c) implies that 2IS(2?) = 0 and thus 
also T=0. Hence R® T= R .

d) =>a). Since 2IS(2?) П 2? — 21(2?) — 0, the sum 2ts(2?) + 2? is direct, whence 
2ls(2?)=0, that is, т is one-to-one.

Lemma 9. In any ring R, a') and b') are equivalent, c') and d') are equivalent. 
I f  21(2?) = 0, then also b') implies c').

a') T maps S  onto 0(2?);
b') every bitranslation of R is induced by at least one element o f S;
c') for every extension D o f R properly containing S, there is an ideal A of D 

such that А П 2? =  0 and A A0;
d') for every extension D o f R properly containing S, R is a direct summand 

o f a subring o f D different from R.
Proof, a ^ o b ')  follows from ß) above, while c')^=>d') is clear. Suppose that 

21(2?) = 0 and that b') holds. Let a£D, a$S; a induces some bitranslation b of 2?. 
By b'), there is c € S  which also induces b. Thus for every a £ 2?, (a — c)a = a(a — c) = 0 
and hence a — c£2IB(2?) where a — cA  0. Since 210(2?) П 2? =21(2?) =  0, 2t0(2?) is the 
desired ideal of D, and c') holds.

T heorem 3. Let 21(2?) = 0 and let S be an extension of R. Then n : 2?->-0(2?) 
can be extended (uniquely) to an isomorphism of S onto 0(2?) if and only if any one 
o f the conditions in Lemma 8 and any one of the conditions in Lemma 9 are satisfied.

Proof. By Lemmas 8 and 9, it remains only to show that a) together with d') 
implies a')- Suppose that a) holds and a') does not. Since т is a monomorphism, 
we may identify S  with its image in O(S) under t. Hence 0(2?) is an extension of 
2? (here identified with П(2?)) properly containing S' in which 2? is not a direct 
summand of any subring different from 2? (by d )). Consequently d') does not hold.
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For a double operator a on a ring R define the conjugate a* of a as the double 
operator defined by: a* a. = a a, a a* =  aa for all a € R- If A is any set of double operators 
on R, we let jT(A) = {a*\a€Aj. For double operators a, b on R and any a £R,

(ab)* a =  a (ab) = (aa)b = (a*a)b = b*(a*a) - (b*a*) a
and dually a(ab)* — a(b*a*) so that (ab)* =b*a*. Similarly (a*)* —a and (a + b)* = 
= a* + b*. Clearly Г(К) = {a£fí(R)\a = a*}. By C(I1(R)) denote the centralizer 
of П(К) in the ring S 2(-R+) of biendomorphisms of R (see Section 2).

A theorem of Gluskin for semigroups (1. 3, [4]; for the proof see the correction) 
and the usual characterization of the holomorph of a group as the normalizer of 
its right regular representation have the following analogue for rings R with 91(2?) =  0.

Theorem 4. Let R be a ring with 91(2?) = 0. Then Q(R) is the unique maximal 
subring of .yL(C(n(Kjj) containing П(К) as an ideal.

Proof. By definition

C=C(Tl(R)) = {a<jg2(R+)\a[a] = [d\a for all oc<ER).
Clearly C is a subring of S 2(R+), and by the remarks preceding the theorem, the 
function a -+a* is an antiisomorphism of C onto Ж(С). It follows immediately that 
Jf(C) is a subring of g 2(R+). Further,

Ж(С)~{а*\а[а]~[а]а for all а£2?} = {а|я*[а] =  [<ф* for all a£2?}.
If a € Cl(R) and a, ß £ R, then

{a*[a])ß =  a*(aß) =  ( ф а  =  a (ßa) =  [oc](a*ß) =  ([a ]a*)ß
and dually /?(а*[а]) =  ß([oi]a*). Thus я*[а] = [а]а* and hence Í2(2?) £  Jf(C). Let

M  = {a£ Jf(C)|ö[a], [а]ае77(2?) for all a £2?}.
Since a[oc] = [ad\ and [а]a = [aa] for all adQ(R) and а £2?, and Q(R)QJf(C), 

it follows that Q (R)^M . Conversely, let a£M  and a, ß, у £R. Then a[ß] = [ö] 
for some S £ R. Hence

{(aa)ß}y =  {а (a[ß])}y = (a[á])y = аду = а([с5]у) = a{(a[ß])y} =
= y.{a(ßy)} = {y.(aß)}y

and dually y{(aa)ß} — y{a(aßj}. Consequently (aa)ß — a(aß) since 91(2?) =  0. Further
more, if а£ ЗГ(С) and а, ß£R, then

a(aß) = (a (ß))a* = a([ß]a*) = а (a*[ß]) = (а a*)[ß] = (aa)ß

and dually (аß)a — a(ßa). It follows that M Q Q(R) and thus M  = Q(R). Maximality 
of Q(R) follows obviously from the definition of M.

5. Bitranslations of a special kind of ring. Let A be a ring satisfying the following 
conditions:

(i) if for all ß£A, aß=0 or for all ß£A, ßu = 0, then а =  0;
(ii) A2 = A (i.e., every element of A can be written as a finite sum of elements 

of the form yd).
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Let В be a zero ring (i.e., the product of any two elements of В is equal to 
zero), and let R = A@B. We show in this section that bitranslations of R can be 
conveniently expressed in terms of bitranslations of A and B, respectively, and then 
derive several consequences of this result. First note that Q(B) — § 2{B+) (see Section 2). 
In the next theorem and the first two corollaries, R has the meaning just laid down.

Theorem 5 (c f Theorems 3 and 4, [11]). Q(R) = {{a, b)\a 6 Q(A), b £ £2(B)} where
{a, b){a, ß) = (acc, bß), (a, ß)(a, b) = (v.a, ßb)

for every (a, ß) 6 R■ Thus
Q(R) = Q(A) © Q(B).

Proof. Let c£Q(R) and let a, oc'^A, ß, ß' £B. Then
c(a, ß)=(d(tx, ß), e(a, ß)) 

for some functions d : R->-A, e: R-+B. Hence
(i/(aa', 0), e(ay.', 0)) = c(aa', 0) =  c{(a, ß)(y, ß')} =

=  {c(a, /*)}(«', ß') = (d(«, fl), <«, ß W ,  ß') = (d(a, ß V , 0)
which implies
(9) d(a<x', 0) =d(oi, ß)a'
(10) e(aa', 0) =  0.
Further,

(i/(a +  a', ß  +  ß ' ) ,  e(a +  a', ß  +  ß ' ) )  =  c(a +  a', ß  +  ß ' )  =  c{(oc, 0)4-(a', ß ' ) }  =

= c(a, ß) + c(a', ß') = {d{a, ß), e(a, ß))+{d(y', ß'), e{af, ß')) =

=  (</(«, / 0 +  <*(*', П  e(oc, ß) + e(oc', ß'))
which implies
(11) d(x + a', ß + ß') = d(oc, ß) + d(a', ß'),

(12) e(a +  a', 04- ß') = e(oc, ß) + e(a', ß').

For у £A, by (ii) above, there exist och ос-, в A such that у = a 1a't + ... + ix„oc'„. 
Using (12) and (10), we obtain

e(y, 0) =e(at aj + ...  + an<x'n, 0) = e(al oi'1, 0) + ... +e(a„a', 0)=0 
so that by (12)

e(a, ß) = e(a, 0) + e(0, ß) = e(0, ß),

and we may write eß instead of e(0, ß) where now e: B-^B. It follows from (12) 
that e£$(B +) (endomorphisms of the additive group of B).

In (9), the left hand side is independent of ß, so for any ß' € В
d(a, ß)y '—d(oc, ß')y.'

which by (i) above yields d(a, ß) = d(y, ß') and we may write da. instead of d{a, 0), 
where now d\ A-+A. By (9) and (11), we have d(yy') = (dy)y' and d+A(A +).
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Dually, we define /  and g by
(a, ß)c = ((«., ß ) f  (a, ß)g)

and similarly as above deduce that g and /  can be considered as operators on the 
right on A and B, respectively, and that g £ $ \B +) (the opposite ring of 6(B+)), 
(<«0/= «(« '/),/€  <?°(A + ).

Moreover,
( (« /> ' ,  № P ) = W ,  / t e ) ( « D = [ ( « ,  ß )cW , ß ')=

= (<*, /ОМ«'. Я ]  = (*. ß ) W ,  eß') = {a(dz'\ ß(eß'))
so that

(a /)« '= «(<*/'), (ßg)ß'= ß(eß').
By a denote the pair (d ,f)  and by b the pair (e, g). Then a satisfies (1), (2), (3) and 
hence oc££2(A); b satisfies (1), (2), while (3) is trivially satisfied so that b£Q(B).

The proof that for a££2(A), b£Q(B) we have (a,b)£Q(R) is a simple cal
culation and is omitted (it needs no restrictions on A or B).

Recall that by Theorem 1, (i) implies that any two bitranslations of A are 
permutable.

C orollary  1. Maximal rings of permutable bitranslations o f R are precisely 
the rings
(13) D = {(a,b)\aeQ(A),beD}
where D is a maximal ring o f commuting biendomorphisms of B+, and D =  Q(A) © D.

C orollary  2 (с/. Theorem 6, [9]). The following conditions on R are equivalent:
a) Q(R) is a ring o f permutable bitranslations;
b) Q(B) is a ring o f permutable bitranslations;
c) any two endomorphisms of В+ commute.
For example, if В is the zero ring with ZC the additive group of integers mod 3, 

then B + satisfies c), and thus for any A satisfying (i) and (ii) above, R = A@B has 
a unique holomorph. We also have 9t(R) AO, R2 A R , and if A is not a zero ring, 
R is not a zero ring. Thus neither of the conditions 2I(R) = 0, R2 = R is necessary 
for the uniqueness of the holomorph even for a non zero ring, while each of them 
is sufficient (see [11]; for the case R2 = R, see [6]).

C orollary  3. Let A be a ring with identity, В be a zero ring, and R = A@B. 
Then

ß(Ä ) =  {([a], Ъ)\а£А, h e ß ( 5 ) } - ^ ® ß ( ß ) ,  

and A® D (see Corollary 1).
C orollary  4. Let R be a ring satisfying the descending chain condition for 

right ideals and suppose that R2 is a regular ring. Then
Q{R)^R?®Q{B)

where
B = {y£.R\yu.ß = a.ßy=0 for all a, ß£R} 

is a zero ring, and D = R2®D (see Corollary 1).
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P r o o f . Let R satisfy the above conditions, and let M  be the maximal regular 
ideal of R. Since M Q R 2 in any ring, and R 2 is itself regular, it follows that M = R 2. 
By Theorem 7, [1], R ^ R 2®B where B = {y£R\yR2 = R 2y = 0}, and R 2 is semi
simple. But then R2 has an identity and since В is clearly a zero ring, we may apply 
Corollary 3.

(Received 8 November 1967)

DEPARTMENT OF MATHEMATICS,
PENNSYLVANIA STATE UNIVERSITY,
UNIVERSITY PARK, PENNSYLVANIA,
U.S.A.

References

[1] B. B rown and N. H. M cCoy, The maximal regular ideal o f a ring, Proc. Amer. Math. Soc., 1
(1950), pp. 165— 171.

[2] A. H. Clifford, Extensions of semigroups, Trans. Amer. Math. Soc., 68 (1950), pp. 165—173.
[3] A. H. Clifford and G. B. Preston, The algebraic theory o f  semigroups, Vol. I, Math. Surveys

N o. 7, Amer. Math. Soc. (Providence, R. I., 1961).
[4] L. M. G luskin, Ideals o f semigroups, Math. Sbornik, 55 (1961), pp. 421—448 (Correction:

Math. Sbornik, 73 (1967), p. 303) (Russian).
[5] G. H ochschild, Cohomology and representation of associative algebras, Duke Math. J., 14

(1947), pp. 921—948.
[6] L. C. A. van Leeuwen, On the holomorphs of a ring, Nederl. Akad. Wetensch., Ser. A, 61

(1958), pp. 162— 169.
[7] S. M ac L ane, Extensions and obstractions for rings, Illinois J. Math., 2 (1958), pp. 316—345.
[8] L. R édei, Algebra, Teil 1, Akad. Verlagsgesellschaft (Leipzig, 1959).
[9] L. R édei, Die Holomorphentheorie für Gruppen und Ringe, Acta Math. Acad. Sei. Hung., 5

(1954), pp. 169— 194.
[10] J. Szendrei, On rings admitting only direct extensions, Publ. Math. Debrecen, 3 (1954), pp.

180—182.
[11] H. J. W einert and R. Eilhauer, Zur Holomorphentheorie der Ringe, Acta Sei. Math. Szeged,

24 (1963), pp. 28—33.

Acta Mathematica Academiae Scientiarum Hungaricae 20, ig6g



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 20 ( 1 - 2 ) ,  (1969), pp. 121-128 .

EMBEDDING OF A SEMIRING INTO 
A SEMIRING WITH IDENTITY

By
MIREILLE POINSIGNON GRILLET (Manhattan)

A semiring R is a set together with two associative operations called 
multiplication and addition and denoted by (•) and ( +  ) respectively such that the 
multiplication is distributive with respect to the addition. We call left (right) trans
lation of R a finite pointwise sum of mappings of the form: x -*ax (x -*■ xa) or x-+x 
for a £ R. Examples show that a semiring is not always embeddable into a semiring 
with identity. Our main result is that a semiring is embeddable into a semiring 
with identity if and only if every translation is a homomorphism. The proof 
makes use of the construction of the universal semiring with identity of an arbitrary 
semiring.

1. Construction of the universal semiring with identity

Given any semiring R, we want to construct a semiring with identity R 1 together 
with a homomorphism tp of R into R 1 such that, for any homomorphism ij/ of R 
into a semiring with identity R', there exists a unique homomorphism \(/' of R1 
into R' such that ф'0(р = ф and that ф'(1) — 1.

We consider the set Q of all words of the form: w = (it’, , w2, ..., w„), where 
« 6 N  (set of positive integers) and w ^ R U N  for all i, such that two consecutive 
letters W;, wi+1 are never of the same kind: one is in R, the other in N. Such words 
can be written under one of the following forms:

(1) («1, a2, n3, . n2p+l)
(2) (nl ) a2 > n3 > •• • > 2̂p— 1 5 02p)
(3) (fll j n2 ; a3 > • a2p+l)

(4) (al j fl2 í a 3 > • a2p— 1 ) n2p) (fli^R, n ^N ).

We define an addition in Q by setting for any two elements w = (wq ,w 2, ■■■, w„) 
and w' = (w[, w'2, ..., w'p) of Q:

w + w' = (w!, w2, ..., w„, w[, w2, ..., w'p) 

if vv„ and w[ are of different kinds;

W + w' =  (wl ,w 2, ..., w„_1; wn + w[, w2, ..., w'p) 

if w„ and w[ are of the same kind.
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This addition is clearly associative. Furthermore any word of £2 can be written 
as sum of its letters (considered as words of one letter). Conversely if the sum
1 = n
2  wt of one letter words represents the word (wt ,w 2, ..., vv„), we shall say that the
•= l
sum is reduced.

We naturally identify R(N) with the additive subsemigroup of £2 consisting 
of all the words of one letter a£R (ndN ).

Lemma 1. R is a consistent additive subsemigroup o f £2.
P ro o f . It is clear that R is an additive subsemigroup of £2 and all we have 

to show is that w + w '£ R implies w £R  and w'£R, which follows immediately from 
the definition of the addition in £2.

We define a multiplication in £2 by:
i=n / J = p  ч

(w1}w2, ...,wn)(w'u w2, . . . ,< )  =  2  \ 2 Wiwj\i=l VJ=1 >
for any w = (Wj, w2, ..., w„), w' = (w'u w2, ...,w'„)e£2.

Clearly, when restricted to R or N, this multiplication coincides with the 
multiplication in R or N. Moreover the multiplication of a£R  and n ^ N  gives 
na £ R. Also 1 acts as an identity and, when restricted to products of one letter words, 
the multiplication is associative.

Lemma 2. R is a prime ideal o f (Í2, •).
i = n

P ro o f . For any w = (w1, w2, w„)£Q and a£R, wa= 2  wta£R  and
i= 1

dually aw^R. Let now w = (w1, w2, ..., w„), w '= (w[, w2, ...,w'p)£Q  be such 
i = n ( j=n л

that ww'= 2  I 2  wiw'j I € R- By lemma 1, vv;iv) C R for all i,j. Suppose that vv
i=i v= i /

is not in R; then vv£oíf R for some i0. Since for all j  wiow'j£R, we must have w'jZR 
for all j, so that w'£R.

We shall now construct on Q a suitable congruence such that the induced 
operations on determine on Q fé  a structure of semiring.

We define a binary relation á? on Q as the set of all pairs having one of the 
following forms:
(A) {w(w' +  w w w '  +  ww")
(B) ((w' + К'")и’, w'w +  w"w) 
for all w, vv', vv" 6 £2-

We denote by (€  the smallest congruence on £2 containing ?A.
Lemma 3. Let (£ ’ be any transitive relation on £2 containing 3%. Then for any 

vv, w\ w" £ £2, we have:
(w(w'w"), (ww')w") 6 (€ '.

P ro o f . Let w = {wi , w2, ..., w„), w' = (w{, w2, ..., wp), w" = (w", w2, ..., w")e£2. 
Then

w{w'w") = [ д ^ ) ( д  ( д Ч < ) j
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and |rv(w'tv"), У [ 2  I j f  Н';(и' / ‘'Г )||| since the multiplication is distributive
on the right modulo c€' in view of form (B) of Ж, by transitivity of c6'. Similarly 
using distributivity on the left of the multiplication modulo c€>,

(ww')w" = ( 2  ( д % ^ .) ) ( 2 < )

and Í(h'W/)h'", 2  1 2  [ _2 Since the product of one letter
words is associative, the result follows.

Lemma 4. Let :M be the set o f all pairs (u(wv), u(w'v)) where (w, w') £ Ж and 
u, v £ O. Let Q° be the additive semigroup resulting from the adjunction of a formal 
zero to (ß , + ). Define successively the binary relations Ж * , S T  by:

(w, w')£dS*-es-(w, w')££% or (w', w) 6 á? or w =  w' ;

^  = {(x + w+y, x + w' +y); (tv, w')£@*, x , y £ i 3°).

Then (€ is the transitive closure o f ,T .
P roof. Any congruence containing Ж contains also Ж, 2Г and therefore 

the transitive closure of -T. Thus (ß '  ̂  (€. Conversely ТГ is reflexive and symmetric,
so that (ß’ is an equivalence relation. Also (tv, w')£,T implies (x + w, x  + w ')£2Г 
and (tv + x, w' + x) £ ST for all x£Q , whence TT is an additive congruence.

By the construction of Ж, we have: (w, w') £ Si implies (их, tv'x) £ CM and 
(xw, xw')£38 for all x£Q. Clearly Ж* has the same property. Let now (x +  tv+ j, 
x +  w' +y)£.T, where (tv, w j £ 3d* and x, у £ Q°. We treat only the case when 
x, у £Q, the cases when x = 0 or y = 0 being simpler. We have, for any u£Q  :

(m(x + w +  y), u(x +  w) +  uy) £ (6'

(m(x  +  w), их +  uw) £ c€'

since ЖC ; since c€' is an additive congruence, (u(x + w+y), ux + uw+ u y )£ ^ '. 
Similarly (u(x + w' +y), их + uw' + uy) £(6'. Now (uw, uw') £(6' so that (ux + uw + uy, 
их +  uw' + uy)£ c€’. Therefore we have (u(x + w+y), u(x + w '+ y))£%'. Similarly 
((x + tv + y)u, (x +  w' +  y)u) £ W .

From this property of ST follows that <€' is a multiplicative congruence, which 
completes the proof.

Lemma 5. (w, tv')£/€ and w £R  implies w'£R.
P roof. We shall prove this property successively for -Ж, Ж, Ж*, . If (x, у) £ Ж,

for instance has the form
(A): x =  tv(tv' +  w"), y = ww' + ww",

and if x£R, then, by lemma 1 and 2, either w£R  or tv', w"£R; if y£R , then tvtv' 
and tvtv" are in R and either w£R  or tv', w"£R  so that x£ R . The case (B) is dual.
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If (x, y)£Sd, then x = u(wv), y  = u{w'v), where u,v£Q  and (vv, w')£St; if x£R , 
then и or v or vv is in R and by the first part of the proof у  £R; if y£R, then x£R  
similarly; therefore (vv, w')£SS* and w£R  implies vv'6 R.

If (и, v) £ then и = x+ w  + y, v = x  + w '+ y  where x ,y£Q °  and (vv, vv') 6 SS*. 
If u£R, then x, y, w£R  unless x =  0 or y =  0; thus у  =  x  + w '+ y£R  by the 
previous part.

If finally (vv, w')£V, then by lemma 4 there exist x t , x 2, ...,x„c.Q such that 
(Xi_!, Xj)€^~ for all i= 2, ...,n  and x t =  vv, x„ =  vv'. If w£R, then x2£R  by the 
above and by induction on i, vv' =  x„ 6 R.

T heorem  6. Rl =  QjT' is a semiring with identity. The canonical mapping cp 
of R into R1 is a homomorphism. Furthermore <p(R) is a prime ideal o f R 1 and 
a consistent subset o f (jR1, +). Finally for any homomorphism ф o f R into a semiring 
with identity R', there exists a unique homomorphism i f  o f R l into R' such that 
ф'оср = ф and that ф'(1) — 1.

D efinition  7. We call R 1 the universal semiring with identity of R.
R em ark . The universal property characterizes R1 up to isomorphism.
P roof. We shall denote by vv the class of vv 6 Q modulo c6. The operations 

of R 1 are well defined by: vv +  vv'= w +  w', vvvv'=  vvvv'. Looking at the forms (A) 
and (B) of the pairs in St, we conclude that the multiplication is distributive with 
respect to the addition. By lemma 3, the multiplication is associative, so that R 1 
is a semiring.

It is clear that the canonical mapping cp:a-+ ä from R to R1 is a homomorphism.
By lemma 2, q>(R) is an ideal of R1. Also vvvv' — q>{d) = ct, where a£R, implies 

(vvw', a) £(6, vvvv' € R by lemma 5, w £R  or vv' £ R by lemma 2 and vv £ (p(R) or vv' £ (p(R). 
Therefore tp(R) is a prime ideal of R 1. Using lemmas 1 and 5, one proves similarly 
that cp(R) is a consistent subset of (R1, +).

Let now ф be a homomorphism of R into a semiring with identity R'. First 
we extend ф to Í2 in the following way. Let c be the mapping of Q into R' defined

i = n
by: Z(w1,w 2, ...,w„) =  У vv;, where vv^i/dvv;) if wt£R, and wt = vv;l if w(£N.

i — 1
This mapping is obviously an additive homomorphism; observe also that E,{w£) = wi 
and therefore { is a multiplicative homomorphism when restricted to words of 
one letter.

From this we deduce that £, is a multiplicative homomorphism. Indeed for 
any w = (wt , vv2, ..., vv„), w' = (w[ , w'2, . . . , w'p)£Q:

((vvvv') (i = n (  j  = p  \ )  i  =  n ( j = p  ) i = n ( j  = p
2  (Д  = {2  [ 2’ ̂ yv'j)j = 2 (Д Z(wd£(w'j) =

(‘| « h’,))[j2  c(w;.)) =5(w){(w').

Consequently the equivalence relation induced by £ on Q is a congruence. 
It contains all the pairs of the forms (A) and (B) since R' is a semiring. Therefore
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it contains % and there exists a homomoiphism ф' of R1 into R' such that: ф'(у?) =  E,(w) 
for all w££2. Now ф' is such that ф\(р(а)) = ф'(а) = ̂ (а) = ф(а) for all a £ R  and
* ' 0 ) = * ( T ) = i ( i ) = i .

The uniqueness of ф' with these properties results from the fact that (p{R) U {1} 
generates R 1. This completes the proof.

2. Embedding of a semiring into a semiring with identity

By the previous theorem we see that R is embeddable into a semiring with 
identity R' if and only if it is embeddable into its universal semiring with identity. 
In this part we shall give a necessary and sufficient condition.

Let us consider the set Л (P) of all inner left (right) translations of the 
multiplicative semigroup (R, •).

D efin itio n  8. We call left (right) translations of a semiring R the elements 
of the additive subsemigroup Л(Р) generated in the additive semigroup of all 
mappings of R into R by Л1 =  Л U {e} (P1 =  P U {e}), where e is the identity mapping 
of R.

A trivial example where Л and P are semirings is when R has an identity, 
for in this case P = P1 =  P, Л = A 1 = A. Then we have also Л P =  РЛ. But the following 
example shows that in general Л and P are not semirings and do not commute 
element by element.

E xam ple  9. Consider the semiring given by the Cayley tables

+ a b c d • a b c d
a a a a a a a a a a
b a b c d b a b a b
C c C c c C a a a a
d c d a b d a a a a

We see that
(e +  e)(e+ &.)(*/) =  2 (d+dc) = c
(e, + qc) (e + e) (d) = 2d+ 2dc =  a.

Therefore e +  e £ Ä  and £ +  0 C € P do not commute. Also
(е +  £)(е +  ес)(^) = a — ((г + £) +  (е +  е)пс)(с/)

whence P is not a semiring, since e, e +  e , q c £  P.
It is easy to verify that the following holds:
L emma 10. I f  every element of Ä, P is an additive homomorphism, Ä and P are 

semirings and commute element by element.
The following result gives a necessary condition for a semiring to be embeddable 

into a semiring with identity. It shows in particular that a semiring is not always 
embeddable into a semiring with identity: example 9 fails to have this property.
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Lemma 11. I f  R is embeddable into a semiring with identity R', then the elements 
of Л and P are additive homomorphisms of R.

i = n
Proof. We may as well assume that R is a  subsemiring of R'. Let к =  2  k,

i=  1
be a left translation of R, with kt £ Л1 for all i. We extend Я to  a left translation 

of R' as follows: let k' =  2  К  where k- =  e' if kt= e, k- = k'a. if kt = ka.. Clearly
i= 1

the restriction of k' to R is к and k' 6 A' since R' has an identity. Thus ).(x +y) = 
=  k'(x+y) =  k'{x) +  k'(y) =  k(x)+k(y) for all x ,y£ R . Dually any ß fP  is an 
additive homomorphism.

Theorem 12. The following conditions are equivalent:
(i) R is embeddable into a semiring with identity.

(ii) R is embeddable as a prime ideal and additively consistent subset into its 
universal semiring with identity.

(iii) Every translation of R is an additive homomorphism.
Proof. Trivially (ii)=>(i); (i) =>(iii) is lemma 11. With the notations of the 

preceding section, it is enough to  show that, if (iii) holds, then the restriction o f 
Я1 to R is the equality; for then (p will be one-to-one and  (iii)=*(ii) in view of theorem 6.

Lemma 13. For any w£Q, there exist kw £ A and qw 6 P such that: wa = к fa ) ,  
aw = Qw(a), for all a fR . Furthermore, we have for all w, w' £C2:

(5) kw -f- kw. Aw_j_w', Qw -p Qw. Qw + w'*
(6) kw О kwf kww>
(7) if P is a semiring, qw о  q w , — qw,w.

Proof. Define first e„ by s„(a) =  na for all a£R , n£N  so that we have en =  
= ие£ Л П P.

If w£Q  has form (1), w =  (n1, a2, ..., n2p+i), wa =  nya + a2a+_... + n2p+i =  
=  (sB1 + ka2 +  ...+  s„2p+l)(a) = kw(a), if k„ = eni + ka2 + . . .  +  £„2p + 1 6Л . Similarly 
aw = Qw(a) with Qw = e„I+Qa2+ ... +e„2p +1€ P- We have a similar p roof if w has 
form (2), (3) or (4). It is possible to  resume as follows: for any reduced sum

i = n i = П i = n
w — 2  wi, kw - 2  kWi, Qw ’ 2  Qwi’

i=  1 i=l i=l

where kWi, q w . have the usual meaning if w fR ,  and kWi = Qw. = e„t if wt = nt £ N. 
To prove (5), let w = (wt , w2, ..., wn), w' = (w'1, w2, ..., w'p) be in 12. Then

i=n j = p
=  K ’= 2 K \ -  If ,w[ are of different kinds: w + w' =  (w1,w 2, ...,w„,

i=1 j = 1 1
w[, w 2 , ..., w'p) so that kw+w. = kw + kw,. If  wn and w[ are of the same k in d : vv + vv' =  
=  (w1; w2, ..., w„_u  w„ + wi, w2, ..., w'p) so that

kw+w' — ~2 ^wi+ i.Kn+ Awi) +  2  K p
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Since w„ and w[ are either both in R  or both in N, we have XWn + Xw ;-^ w „ + v  
whence in this case also XW+W- = XW + XW’. Similarly Qw+w, = gw + gw,.

Formula (6) holds trivially when w, w' are words of one letter. Suppose nowi=n j=p
that w = (w1,w2, w' = (w[, w'2, ...,w'p)eQ . Then Xw =  2 K t> K- =  2 K :i= 1 j = 1 J
so that

i = n  I j = p

=  2  2 ^ , 0 ŵ'j) =  2  \ 2  *WiW. \ =  x
1=1 \J =  1 J J = 1  U =  1 )

by the definition of the addition in Л  and (5).
Formula (7) holds trivially when w, w' are words of one letter. Suppose now 

that P is a semiring and let w = (w1, w2, w„), w' w2, ..., w'p)£Q. Then

so that
Qw 2 1

j=p
2  Qw,

j=  1

t = n f  j=p
Qw° Qw' ■ 2 I 2 Qwi® Qw',

• = 1  \ j=  1 .

j  = p(  i=n 1

by definition of the addition in P. Also w'w = 2 1 2  wjwt > whencej  = 1 \i= 1 )
j = p ( i = P  1  j = p ( i = n  1

Qw'w 2^  ̂ Öw'jWíJ 2  ̂ Qwt° Qw'jj •
Then by distributivity in P,

i = n
2

j  = P
2  Qwí

\ j= 1

j = p ( i = p
2  °  Qw'jj ’

and formula (7) follows.
L emma 14. Suppose that any translation o f R is an additive homomorphism.

Then
(i) (n, v) 6 and и or v in R implies u = v.
(ii) (u, v) £ ffl implies Xu = Xv, q u = gv.
P roof. We shall consider the pairs of form (A). For the pairs of form (B) 

the proof is dual.
Let и = w(w' +  w"), v = ww' +  ww" £ fí. If u, v 6 R, then either w € R or w', w" £ R 

by lemmas 1 and 2. If w = a£R , we have: u = a(w' + w") = Qw' + w «(a)  = 
=  Q w . ( a )  +  QW"(a) =  aw' +  aw" =  v by formula (5). If w' =  b£ R, w" =  c£R, then 
и - w(b + c) = Xw(b +  c) = XJb) +  Xfc) = wb + wc = v since Xw is an additive 
homomorphism.

Let us now prove that XU=XV. By lemma 13:
X,, — X.w(w' + w")
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since Aw is an additive homomorphism. Furthermore:

Qu Öw(w4w") ■ (Qw' + Qw'dQw ■ Qw'Qw+Qw"Qw Qv 
by lemma 13. This proves (ii).

Lemma 15. Suppose that any translation of R is an additive homomorphism. 
Then the restriction of ^  to R is the equality.

Proof. We shall prove successively for 08, 08* and ,T  the property (i) of 
lemma 14. By lemma 5, s£R  if and only if t£ R  when (s, t)£ ^ ,  for any s, t£Q.

a) Assume (s,t)£38 and s ,t£ R .  Then s =  u(wu) and t=u(w'v) where 
u, v£ Q, (tv, w')£(k. If u = c£R, then:

s ’ QU'!'(c) Qv{Qw(CÍ) Qv((?w'(r)) - t
by lemma 14 applied to w and w', and formula (6). If v £ R, then s = t dually. If
w, w'£R, then by lemma 14 w = w' and s = t.

b) Suppose (s, t)£&* and s, t£R . Then s = t by a).
c) Suppose (s, t)£ST and s, t£R . Then s = x  + w+y, t = x + w'+y, where

x, у £Q° and (w, w')£d8*. By lemma 1, w, w'£R which by b)implie s w = w' and 
s =  t.

If finally (s, t)£j6  and s ,t£ R , then, by lemma 4, there exist wt , w2, ..., wn£Q 
such that wy =s, w„ = t and (w,_ у, tv,-) 6ST for / =  2, ..., n. By induction on i, wt£R 
by lemma 5 and w;_ у = wt by c), for all i. Therefore s = t.

This completes the proof of theorem 12.
Remark. It is possible, in the case of a commutative semiring, to generalize 

the method used for embedding of a ring into a ring with identity. This gives a much 
simpler construction, however the universal properties will not be respected.

(R e c e iv e d  10 N ovem ber 1967)
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ON ODD CIRCUITS IN CHROMATIC GRAPHS
By

W. G. BROWN (Montreal) and H. A. JUNG (Köln)

Abstract

It has been conjectured by P. Erdős that any graph G with chromatic number 
x(G) = 5 contains as subgraphs either two odd independent (i.e. vertex-disjoint) 
circuits or a (5). (For any integer r, (r) will denote any complete graph with r vertices.) 
In this paper we shall prove this conjecture; indeed we shall prove some stronger 
results, in part also conjectured by P. Erdős.

1. Introduction

For any graph G, let t(G) denote the maximal integer m such that G contains 
an (m); let c(G) denote the maximal number of independent odd circuits in G. 
We shall prove the following theorems:

Theorem 1. Let y(G) >i(G) and y(G) >4. Then

c(G) 1(G) + 2 
3

Theorem 2. 

Theorem 3.

Let t(G)-c 4. Then c(G) s  

Let t(G) >2. Then c(G) s

2Z(G )-3
3

2 ÁG )~t( G)
3

2. Preliminary results

Let G be a graph with vertex set V. For V'Q V  ©( V') will denote the restriction 
graph defined by V' (i.e. the maximal subgraph of G with vertex set V'). If G', G" 
are subgraphs of G with vertex sets V', V" we may write G — V  or G — G' instead 
of ® (F -F ') ,  and (S(G' U G") instead of ©(K' U V").

(2. 1) Lemma. Let H  be a non-empty proper restriction graph of G. Suppose 
that at most y(G — H) — 1 vertices of G — H are connected to more than y(H) — 1 
vertices o f H. Then y(G) S  y(H) + y(G — H) — 1.

Proof. Let colourings of H  and G — H  be given in colours ch dj (1 y(H); 
1 =y = y(G — //)) respectively. Suppose that each vertex coloured d{ is connected
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to at most '/(И) — 1 vertices of H. Then each of these vertices coloured di can be 
recoloured with one of the /(H ) colours c1, ..., c./(H) which does not appear among 
its neighbours in H.

(2. 2) C orollary. Let H  be a complete subgraph of G. Then either /(G) S  
— x(ß — H) + IH I — 1 or there exist at least /(G) — \H\ vertices in G — H  each connected 
to all vertices o f H. (For a graph G with vertex set V, |G| and | V\ both will denote 
the number of vertices in V.)

(2. 3) Corollary. Let H  be an odd circuit o f minimal length in a graph G 
containing no (4). Then y(G — //)  =5 ’/(G) — 2 or G = H.

Proof. Since /(H ) = 3, it suffices to prove that no vertex x of G — H  can be 
connected to three vertices of H. H  is not a triangle, and therefore G does not 
contain any triangle. Hence, if x is connected to three vertices of H, these separate 
H  into three arcs of length greater than one; at least one of these arcs has odd length, 
which cannot exceed \H\— 4. This arc, together with the edges joining its ends 
to x, forms a shorter odd circuit.

(2.4) Lemma. Let y(G) = n ^ 4 ,  t(G) = n — 1 or n — 2. Then G contains an 
(n — 2) H, such that y(G — H ) S3.

Proof. Suppose that for any (n — 2) H, y(G — H) = 2. Choose some (n — 2) H. 
By (2. 2) there exist in G — H  vertices x, у (x ̂  y) each connected to all vertices of H ; 
since t(G) <  n, x and у are not adjacent. Let w, z be distinct vertices in //. Agani 
by (2. 2) there must exist a vertex и distinct from w connected to all vertices of the 
(n — 2) defined by H —{w) and y. Then the triangle ©({w, y, z}) is disjoint from 
the (n — 2) defined by H —{z) and x, a contradiction.

(2. 5) Lemma. I f  A and В are subsets of the vertex set of a graph G, such that 
(b(A) and ©(5) are complete graphs, then /(©(AUS)) = t((h(A U B)).'

Proof. We may assume А(ЛВ = 0 and ©(4 U B) = G. Furthermore we may 
assume t(G)=\A\; otherwise we can construct a graph G’ from G by adjoining 
t(G)—\A\ new vertices cx, ... each connected to the others and to every a 0A, 
ensuring t(G) = t(G') = |4 и { с 1? ...}|. For b ^B  we define T(b) to be the set 
of all a£A  which are not connected to b. Then for different vertices 6,, ..., hk 
(k being any integer) the set T(bt) ... T(bk) cannot contain less than к elements, 
as that would imply that bx, ..., bk together with those vertices in A which are not 
in the union form a (t(G) +  l). Flence, by a well known theorem of P. Hall [1], 
there exists a system of distinct representatives for these sets T(b) (b^B) yielding 
a colouring of G in t(G) colours.

We conclude this section with a proof of the original conjecture of Erdős.
(2. 6) Lemma. Let G be a graph such that /(G) =  5 and t(G) <  5. Then c(G)S2.
Proof. The assertion follows from (2. 3) when t(G) = 3; and from (2. 4) when 

Í(G)S3.

1 Lemma (2. 5) was expressed in terms o f the complement graph at first by D . König (see e. g. 
[3], [4]).
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3. Proofs of the theorems

Our proof of Theorem 1 will require the following
(3. 1) Lemma. Let y(G) =  пШ1, and t(G) =  n — 1 or n — 2. Then there exist, 

disjoint in G, an (n — 4) and two odd circuits.
P roof. Suppose that the conclusion is false for some graph G. Let V(G) denote 

the set of vertices of G. Among all pairs {Z, C} of disjoint subsets X, CX V(G) 
such that ®(Z) is an (n — 2) and ©(C) is an odd circuit, select one for which |Cj 
is minimal; its existence is ensured by (2. 4). For any two vertices y, z£ X  we have, 
by hypothesis, x(G — (X — {y, z}) — C )s2  hence
( * )  x (G (X U C -{y ,z } ))S n -2 .

Case 1. C = {a, b, c}. Since G contains no (л) we may suppose that there exist 
in X  two distinct vertices v, w such that a is not adjacent to v, and b is not adjacent 
to w. Choosing distinct vertices у  and z in J -  {v, w} we arrive at a contradiction 
by (зО  and (2. 5).

Case 2. |C |^5 . For y, z £ X  (y X z) let U(y, z) denote the set of all vertices 
in V(G) — X  connected to all vertices in X — {y, zj. By hypothesis U(y, z)X C ;  
and, since |C| >3, G — (X — {y, z}) contains no (5). Flence, by (2.6), 
x (G -(Z -{j> , z} ))s4. By (2.2), x(G(Z- {y, z})) =  л - 4  implies \U(y,z)\S=2.

Case 2a. Suppose at most one vertex V(G) — X  is connected to all vertices 
in X. We choose distinct vertices y, z in X, and b (distinct from a if any) in U(y, z). 
Since ^(G(IU {b})) = n — 2, and, by assumption x(G — X —{b})^2, by (2.1) 
we can find two different vertices c and d in V(G) — X — {b} each of which is connected 
to at least n — 2 vertices cf ZU  {b}. One of these, say c, is distinct from a. Flence 
c is joined to b and to л —3 vertices of X. Since c£ U(v, w) for some v, w£X, we 
find by a similar argument a vertex e not contained in ZU {a} which is joined to 
c and to л —3 vertices of Z. А (л —2), Y  is formed by c, e and some set X — {r, 5 }. 
Choose distinct vertices p, q in X —{r,s} and /  in U(p,q). Then c ^ f  and eX f. 
Hence Y and the (3) formed by r, s , f  are disjoint contradicting |C| £5.

Case 2b. Suppose a and b are distinct vertices connected to all vertices in Z. 
Since 1(G)<n, a and b are not adjacent. Let у  and z be distinct vertices in Z, and 
define D to be the set of all vertices in C which are connected to at least n — 5 elements 
of X — (y, zj. Since л ё7 , 2(л — 5) + 2=>л — 2. Hence, if two vertices c and d of 
D were adjacent we could find a triangle spanned by them and some vertex a of Z; 
this triangle would be disjoint from Z U {a}-{x ) or from Z U  {b} — {x}. Thus it 
is possible to define an (n — 3)-colouring of © (ZU D — {y,z)) such that all vertices 
in D are coloured the same. Every vertex in C — D is not adjacent to at least two 
elements of X —{y,z). Thus this (л —3)-colouring can be extended by proceeding 
successively along the arcs of ®(C — D), a contradiction to ( ^ ) .

(3. 2) Proof of Theorem 1. Define x(G) = n. For all л = 0 (mod 3) the theorem 
is trivial. For n =  5 it follows from (2. 6). If t(G )^n —2 ^ 5  it follows from (3. 1) 
that c(G) ^ 2  + [(л — 4)/3]; the case t(G)< 4 follows easily from (2.3). Hence we 
may suppose that h£ í(G) +  З ё 7  and that the theorem has been proved for all 
G' such that |Gr|<  |G|. If for some triangle H  in G, x(G — H) = n — 2, our induction 
hypothesis applied to G — H  yields c(G) ё  1 +  [л/3]; we may thus assume that
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X(G -H ) =  п — 3 for all triangles H  in G. Let a, b, c be vertices of a triangle. 
By (2. 2) there exist n — 3 vertices each connected to each of these vertices. Since 
t(G)<n, at least two of them, say d and e are not adjacent. Similarly we can find 
some vertex /  distinct from a which is adjacent to b, c, and d; obviously f ^ e .  The 
triangles formed by* U= {a, b, e} and V =  {c, d , f } are disjoint and x(G(t7U F)) ^  5. 
If %(G — U — V )^ n  — 4, c(G) s 2  +  [(n-4)/3] =  [(n + 2)/3j; we may thus assume 
X(G —U—V) = n - 5  and X(G(UU Vj) = 5. It follows by (2. 5) that nmt(G) + 
+  3 s8 . If t(G—U)<n — 3 the induction hypothesis applied to G — U yields 
c(G) S 1 + [(« — l)/3]. In the remaining case let W be the vertex set of an (,n — 3) 
in G—U. By (2. 5) x{G(U U IF)) — t{G), hence x(G—U — IF) S3. But now c{G) S  
—2 +  [(и —3)/3].

(3.3) Proof of Theorem 2. Define x(G)=n.
1. The theorem is evidently true for n <5. Thus we can prove it by induction 

by showing that for n S5 there exist two independent odd circuits C, C  such that 
x(G — C —C ')^ n  — 3. As this is obvious (by (2. 5)) if G contains two independent 
triangles, we assume that situation does not occur.

2. Let C be a minimal odd circuit of G with cyclically ordered vertices vt , v2, ... 
(indices modulo |C|). Let gf be the 3-colouring which assigns to i\ the colour 3 and 
to the remaining vertices the colours 1,2 so that v2 is coloured 2. Let A denote the set of 
vertices of G — C connected to two vertices of C; (no vertex can be connected to 
more than two such vertices, cf. proof of (2. 3)). The two vertices of C connected 
to a vertex x in A are ends of a path of length 2 in C; denote the intermediate vertex 
of this path by <p(x). We observe that if x and у  are adjacent vertices in A, x 
(respectively y) is connected to <p(y) (respectively cp{x)); for otherwise there would 
exist in G either a circuit shorter than C o ra  (4), according as |Cj exceeds or is equal 
to 3.

3. Let C' be a circuit without diagonals in G — C. Fix some orientation in C . 
We shall prove that there exists a 4-colouring 5 ' (in colours 1, 2, 3, and 4) which 
extends 5  to the graph spanned by C and C', and has the following properties:

(i) If d f lC ' =  0, exactly one vertex is coloured 4.
(ii) If А П С 'А 0 , g'(A) = 4 if and only if x£A  and the successor of x in C' 

is not contained in A.
(iii) If for хвС 'П А , iy'(x) A 4, then g'(x) =  g(<p(x)).
(iv) Let у  be the successor of x in C' and y€A , x$ A.
If rfAy ) A  3 and if x is not adjacent to i\ , then 5'(x) =  3.
5 ' is defined as follows. We first colour the vertices of А П C' by the rule 'iy'(x) — 

=  5(fp(x)). We then recolour with the colour 4 any vertex of C' already coloured 
whose successor is not contained in A. If А П С ' — 0 an arbitrary vertex of C' is 
coloured 4. Thus far conditions (i), (ii), (iii) are satisfied. The vertices 4 coloured 
separate C  into oriented arcs the initial vertex of each of which is adjacent to a vertex 
coloured 4. Working backwards from the last vertex of the arc which has not been 
coloured we can extend the colouring using only the colours 1, 2, and 3; at the 
first step we can obviously satisfy (iv).

4. Let A' denote the set of vertices in G — C which are connected to two vertices 
of C bearing different colours. Among all odd circuits in G — C of minimal length 
select one, C', for which |C” ГМ'[ is maximal. We shall deduce a contradiction 
from x(G — C —C ')S n  — 4. Let g ' be defined as above. There exists, by (2. 1)
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a vertex x in G — C —C  joined to vertices of each colour 1, 2, 3, 4 in G(CUC'). 
Exactly two vertices of C', say a, b and exactly two vertices of C are connected 
to x. Let c be the vertex of C  adjacent to a and b. The circuit C" constructed from 
C  by deleting c and adding x has minimal length; hence c, like x, belongs to A'. 
Let 544) =  4 and 5 4 4 )  ^  4. Then b $ A for otherwise x is connected to (p(b) and 
b which are coloured alike. From 5 4 е) 5й 544 ) we conclude that x is connected 
to some vertex d on C with 540 = 5 4 c), hence c is not connected to d which gives 
(p(c) jé (p(x). Now a is connected to <p(c) and cp(x). Therefore cp(a) is connected 
to <p(c) and ф(х). From x, с в A' follows that cp(x) and cp(c) must occur among the 
vertices v0, vy and v2 .

a) In the case |C |> 3 , we deduce (<p(c), <p(x)}= {n0, v2} and cp(a) = vi . From 
(p{c) cp(a) =  vk we get 5 4 е) =  5'(<P(C)) ^  3. b is not connected to vy for otherwise 
x, v у and b would define a triangle. Hence (iv) in 3 gives 544 ) =  3. But then the 
neighbours of x on C are coloured 1 and 2 which implies cp(x) =  v1, contradicting 
<p(x) ^  q>(a).

ß) In the case |C| =  3 the vertices x, a, <p(c) and c, cp(a), (p(x) would define 
disjoint triangles in G. Our proof of Theorem 3 will require the following two 
lemmas:

(3. 4) Lemma. Let H and К be disjoint complete subgraphs o f G such that 
IK\ = t(G). Then there exists a subgraph K' o f К such that \K'\ =  \H\ and
x((S(# и  к ') )= \h \.

P r o o f . By (2. 5) C6(//UA') is t(G)-colourable. For each vertex x of H there 
is exactly one vertex у  of К having the same colour as x. Define K ' to be the sub
graph of К spanned by the vertices bearing the colours which appear in H.

(3. 5) Lemma. Let G be a graph such that t(G)<y(G) and let m be an integer 
such that l S m <  t{G). Suppose that for every (m), H, in G, y(G — H) =  y{G) — m. 
Then for every (t(G)) in G there exists a disjoint (m+  1).

P r o o f . Let H  be a (t(Gj) in a graph G satisfying the hypotheses above. We 
shall prove by induction on к the stronger assertion that for every integer к such 
that O s í :á m  + l there exists an + Kk, such that \Hf) Kk\= m  + 1—k. The 
case к — 0 is trivial. Let Kk be an (m +  1) in G such that \Hf]Kk\ = m + l — k> 0 . 
Let a be a vertex of H (jK k. By hypothesis, x(G— {Kk —{a})) = /(G) — m\ hence 
by (2.2) there exist /(G )— m vertices each adjacent to every vertex of Kk — {a). 
As t(G)</(G) these vertices do not form a complete graph. Thus some vertex b 
of G — H  is connected to all vertices of Kk — {a}. Kk+ k = Kk U {b} — {a} is the desired 
set for k+  1.

(3.6) P r o o f  o f  T h e o r e m  3. Let x(G) — n,t(G) — m. Our proof will be by 
induction on n and m ; the case m =  3 is covered by Theorem 2. As the theorem is 
trivial for d= m w e shall assume that 4 s m < n  and that the theorem is true for all 
graphs G' for which |G '|<|G |.

Case 1. Suppose there are disjoint triangles H, Kin G for which /((б (Я U K)) = 3. 
Let G' = G — H — K. Then z(G') ё л - 3 .  By the induction hypothesis, or by
Theorem 2, c(G) S  2 +  [2(” ~ ^ ~ W] .
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Case 2. Suppose that for some triangle H  in G, y(G — H )^x(G ) — 2. If 
t(G — H) = m we are led by (3.4) to Case 1. If 3^ /(G  —Я ) < т ,  c(G)&l +
+ ^  3- (- — —J by the induction hypothesis. If t(G —Я) ^  2, c(G)Sl +

+ [* - ? - > ] by Theorem 2.
Case 3. Suppose that for all triangles Я  in G, y{G — H) = n — 3. By (3. 5) 

there exist disjoint in G a (3) and an (m). By (3. 4) we are led to Case 1.

4. Two examples

That Theorem 3 is not true for t(G) =  2 is shown by the following
(4. 1) Example. Let the graph G have vertices x h yh z, and edges xtxi+ j , 

M + i>  УС 0' =  1, • ■ ■, 5; subscripts modulo 5). Here y(G) = 4, /(G) =  2, 
but c(G) =  1.

It is not claimed that Theorem 3 is best possible for all values of t(G). While 
this is obviously true for t(G) = /(G) it is in fact false for t(G) = y(G) — 1 >■ 5 since, 

* (G) “l- 2
by (3. 1) c(G) S  — —— -  in that case. This last result is best possible, as seen 
from the following

(4. 2) Example. Let G be the graph formed by connecting all vertices in a 
5-gon with all vertices in an (n — 3). Then y(G) = n, t(G) = n — 1, but c(G)S 
— [|G|/3] -  [(n + 2)/3].
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ASYMMETRISCHE REGULÄRE GRAPHEN
Von

G. BARON und W. IMRICH (Wien)

1. Es wird untersucht für welche Paare (n, k )  von natürlichen Zahlen Zusammen
hängende einfache ungerichtete asymmetrische reguläre Graphen vom Grad к 
mit n Punkten existieren. Dabei verstehen wir unter einem einfachen Graphen 
einen Graphen ohne Mehrfachkanten und Schlingen. Besteht die Automorphismen
gruppe eines Graphen nur aus der Identität, so spricht man von einem asymmetrischen 
Graphen. Inzidiert jeder Knotenpunkt mit к  Kanten, so handelt es sich um einen 
regulären Graphen vom Grad k.

Die Anregung zur Untersuchung asymmetrischer regulärer Graphen ver
danken wir den Arbeiten von E rdős und R é n y i [1], sowie Q u in t a s  [5]. In der zweiten 
Arbeit werden für jede Punktanzahl die minimale und maximale Kantenanzahl 
asymmetrischer und zusammenhängender asymmetrischer Graphen bestimmt. 
Da bei regulären Graphen mit vorgegebener Punktezahl die Anzahl der Kanten 
dem Grad proportional ist, lautet das entsprechende Problem hier bei vorgegebener 
Punktezahl den minimalen und maximalen Grad asymmetrischer regulärer Graphen 
zu bestimmen. Es erweist sich, daß die Beschränkung auf zusammenhängende 
Graphen die Extremwerte nicht ändert.

Es wird auch das Problem behandelt bei vorgegebenet Gradzahl die minimale 
und maximale Punktzahl asymmetrischer regulärer Graphen zu bestimmen; dabei 
wird gezeigt, daß es für jedes к  S3 ein N(k) mit folgender Eigenschaft gibt: Existieren 
für n^N (k)  reguläre Graphen vom Grad к mit n Punkten, so gibt es darunter 
einen asymmetrischen. Dies ist eine Verschärfung eines Resultates von Izbicki [4], 
aus welchem folgt, daß für jedes &£ 3 unendlich viele asymmetrische reguläre 
Graphen vom Grad к existieren.

2. Die Menge der Knotenpunkte eines Graphen X  bezeichnen wir mit V(X) 
und die Menge der Kanten mit E(X). Die Kanten können als ungeordnete Paare 
von Punkten aufgefaßt werden. Ist (P, Q) ( E(X ), so sagen wir die Kante (P, Q) 
verbindet die gegenseitigen Nachbarn P und Q. Unter einem die Punkte P 0 und 
P„ verbindenden Weg verstehen wir eine Folge von Kanten {(P0,P A  (Px, P 2), ..., 
..., (P„_2 > P/i-iX (Ри- i ;  Ai)}- Sind je zwei Punkte eines Graphen durch einen 
Weg verbunden, so nennt man den Graphen zusammenhängend. Im andern Fall 
spricht man von einem unzusammenhängenden oder nichtzusammenhängenden 
Graphen, und seine zusammenhängenden Bestandteile heißen Komponenten. 
Eine Brücke ist eine Kante, nach deren Entfernung ein zusammenhängender Graph 
in zwei Komponenten zerfällt. Entsteht durch Herausnahme von zwei Kanten, 
die keine Endpunkte gemeinsam haben, ein nichtzusammenhängender Graph, 
so bezeichnet man diese zwei Kanten als Doppelbrücke; war der ursprüngliche
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Graph brückenlos, so entsteht dabei offensichtlich ein unzusammenhängender 
Graph mit zwei Komponenten.

Das Komplemente eines Graphen X  wird folgendermaßen definiert: V(X)= V(X) 
und (A, B)£.E(X) genau dann, wenn A AB  und (A, B)$E(X) ist.

Ein Automorphismus von X  ist eine Permutation n auf V(X), bei der (nP, nQ) 
dann und nur dann in E{X) liegt, falls (P, Q)£E(X) ist. Die Automorphismen von 
X  bilden die Automorphismengruppe G(X). Wir bezeichnen eine Teilmenge A cz V(X) 
als Block in bezug auf eine Permutationsgruppe H  auf V(X), falls nA=A  ist für 
alle n d. H. Besteht A nur aus einem Punkt P, so nennt man P einen Fixpunkt. Wir 
werden später folgende Regeln für Blöcke verwenden:

a) Mit A und В ist auch А П В ein Block.
b) Mit A und В ist auch А — В ein Block.
c) Mit A ist auch die Nachbarschaft von A (das ist die Menge aller Punkte 

P$.A, die Nachbarn von mindestens einem Punkt aus A sind) ein Block.
Mit den obigen Begriffen können wir folgendes Lemma formulieren:
Lemma 1. Bilden die Kanten (P, Q) und (U, V) die einzige Doppelbrücke des 

zusammenhängenden Graphen X, so ist {P, Q ,U ,V } ein Block.
Beweis. Da durch jeden Automorphismus Doppelbrücken in Doppelbrücken 

übergeführt werden, bilden ihre Endpunkte einen Block.
Lemma 2. Zerfällt ein zusammenhängender Graph X  durch Wegnahme seiner 

einzigen Doppelbrücke in die nichtisomorphen Komponenten X t und X2, so bilden 
V(X1) und V(X2) Blöcke von G(X).

Beweis. Es sei (Ai ,A 1) und (B l , B2) die einzige Doppelbrücke von X, wobei 
A t, B ^  V(Xi). V (X t) ist die Menge aller Punkte, die von A , auf Wegen erreichbar 
sind, die keine der Doppelbrückenkanten enthalten. Wird A , durch einen Auto
morphismus auf einen Punkt in V(X2) abgebildet, so ist V(X2) die Bildmenge 
von V(Xl), nämlich die Menge aller Punkte, die vom Bild von A , auf Wegen 
erreichbar sind, welche keine Doppelbrückenkanten enthalten. Das widerspricht 
aber der vorausgesetzten Nichtisomorphie von X t und X2. Also bilden V(X1) 
und V(X2) je einen Block.

Lemma 3. Ist X  ein zusammenhängender regulärer Graph vom Grad к S 3, und 
zerfällt X durch Wegnahme von zwei Kanten, so enthält X  mindestens 2 k+ 2 Punkte.

Beweis. Es sei Y  der Graph, der aus X  durch Entfernung dieser beiden Kanten 
entsteht. Y besteht aus mindestens zwei Komponenten. Ist Yt eine dieser Komponen
ten, so gibt es darin mindestens einen Endpunkt der weggenommenen Kanten, 
der einen von diesen Endpunkten verschiedenen Nachbarn T  in Y2 hat. T hat in 
F, к Nachbarn, also enthält F, mindestens к +  1 Punkte. Dasselbe gilt für jede 
andere Komponente, woraus die Behauptung folgt.

Lemma 4. Ist X ein zusammenhängender brückenloser regulärer Graph vom 
Grad k g 3 und zerfällt X nach Entfernung der Doppelbrücke (Ah B f  /= 1 ,2  so in 
zwei Komponenten X , und X2 mit A t, Bid T(Aj), daß X x höchstens 2k Punkte enthält 
und A , nicht mit Bx verbunden ist, so ist keine Kante aus Xx in einer Doppelbrücke 
von X  enthalten.
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Beweis. Sei Y der Graph, der aus X, durch Hinzunahme der Kante (At , Bf) 
entsteht. Ist (P, Q), (R, S) eine Doppelbrücke von X  mit (P, Q)£E(Xt), so gilt 
nach Lemma 3 (R, S)$ E{Xf). Dann bilden aber auch (P, Q), (At , Bf) eine Doppel
brücke von Y, im Widerspruch zu Lemma 3.

Wir definieren nun Graphen, die wir später zur Konstruktion von asymmetri
schen regulären Graphen verwenden. Die bei den Knotenpunkten auftretenden 
Indizes sind jeweils modulo r zu nehmen.

Grk  für k x 5  und г ^ к ^ З :
V(Grtk) = {P0, . . . ,P r_ 1,Q 0,.. . ,Q r_ 1}
E{Gr, k) = {(Pb Q i+ j)\i= 0 ,...,r - l; j= O , ..., k —3} U

и { (Л ,Л + 1), (Qi, Qi+i)\ i = o , . . . , r - i } ,

Gr,5: K(Gr,5)= {?0 , ..... Pr-1, Qo, Qr-i}
В Д .5) =  {(Л, Qi+j)I *■ = 0, .... r - 1; y’=0, 1, 3}U 

и{(Л ,Л +1), (ßi, Öí+i)l
Lemma 5. Jede Kante von Grk , кш5, liegt in mindestens zwei sonst element

fremden Kreisen.
Beweis. Die folgende Tabelle behandelt alle möglichen Fälle.

Kante 1 Kreis 1 Kreis 2

j  = 1, . . . , k - 4 
к = 5 
l g  6

(Pi, Pt* 1) 
(Qi, Qi+1) 
(Pi, Qi)
(Pi, Qi+j) 
(Pi,Qi+3) 
(Pi, Qi + k-з)

(Po, ■■■, Pr- 1)
(Qo, ß r - l)
(P i-1, Pi, Qi)
(Pi, P,+i, Qi+j)
(Pi, Qi+i, Qi+2, Qi+3) 
(P f Pi+l> Qi + k-з)

(Pt , Pi+ 1 ’ Qi+1)
(Qi, Qi+i,Pt) 
(Pí,Q í ,Q í+i)
(Pi, Qi+j- 1 , Qi+j)
(Pi, Qi + 3, Pi + 2 , Pi+ 1) 
(Pi, Qi+k-A, Qi + k-з)

Lemma 6. Ist x ein Automorphismus von G r k , k ^ 5, mit xPt = Pt für i — 0 , 1, 
so ist x die Identität.

Bew eis. Wir wenden die Regeln a)—c) für Blöcke an, wobei die betrachtete 
Gruppe H  aus allen Automorphismen von Gr k besteht, die P0 und Pt fix lassen. 

Es sei zunächst к = 5. Wir erhalten folgende Blöcke: а =  {Pr_ i , P\, ßo > ß i  , б з }>
ß = {Fo, P2 , Qi, Qi, Qi), v- П ß = Q у, у — {Pr—2 , Po, P\, Qo, Qi), ß Oy — {f 0, Q2 },
also Q2, ö = {Pr_ 1, Р1г P2, Qi, Q3}, ßH S = {P2,Q l ), also P2. Es sind daher 
mit P0 und Py auch Q0 und P2 fix. Durch wiederholte Anwendung dieses Arguments 
ergibt sich die Richtigkeit der Behauptung für к = 5.

Im Fall 6 erhalten wir folgende Blöcke: a = {Pr- k, Py, Q0, ■■■, Qk-з), 
ß = {Pо, P2, Qi, •••> Qk-2}> y=cl̂ ß = {Qi, ■■■, Qk-з), ß~У= {Po, P2, Qk— 2), also 
{P2, Qk-i}- P2 hat in у die Nachbarn Q2, Qk_3, also mindestens zwei; hingegegen
hat Qk_ 2 in у nur den Nachbarn ß*_3. Daher sind P2 und ß fc_2 Fixpunkte. Durch 
wiederholte Anwendung des Arguments wird der Beweis des Lemmas abgeschlossen.
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Lemma 7 . Ist z ein Automorphismus von Gr k, r ^ k  +  2, k ^ 3 ,  der Q0 und Py 
fix  läßt, so ist T die Identität.

B ew eis. Wir wenden wie vorhin die Regeln für Blöcke an, wobei die zugelassene 
Permutationsgruppe H  aus jenen Automorphismen von Gr k besteht, die Q0 und 
Pj fix lassen. Die Fälle к ^ 5  führen wir auf Lemma 6 zurück.

Es sei zunächst k?± 5. Wir erhalten die Blöcke а = {Pr_k . 3, .... Pr., , О,
ß = {Po,P2,Q i> - 'Q k -» )  und ocnß={P0,Q l }-

Für k  = 3 ist ß={P0, Qx, P2} und daher P2 ein Fixpunkt. Dies gibt den Block 
{Px, Q2, P3j, also auch {Q2, P3} und dessen Nachbarschaft y~{Q \ , P2, Q3, jP4}, 
sowie а r\ßC\y = Qi. Damit sind ß i und P2 fix, und man kann das Argument 
wiederholen.

Für die übrigen Werte von к, к AS, liegen k — 3 ^ 2  Nachbarn von P0 in ß, 
während Q1 mit genau zwei Punkten aus ß verbunden ist. P0 und Qt sind daher 
Fixpunkte und wir können für k s  6 Lemma 6 auf P0 und Px an wenden.

Für к = 4 haben wir bereits die vier Fixpunkte P0, Px, Q0 und Q ,. Die Nachbar
schaft von Q , gibt den Block <5 =  {P0, Px, Q0, Q2}. Damit ist auch ß — ö = {Qx, P2j 
ein Block, also P2 fix. Nun wird das Argument mit Q, und P2 wiederholt.

Ist к = 5, so ist <x = {Pr_3,P r_ x,P 0,Q r-\,Q y}, ß = {P о, P2, Qx, Q2, Q4} 
und aC] ß = {P0, öi}- Po hat in ß nur einen Nachbarn, nämlich Qx, während Qx 
die zwei Nachbarn P0 und Q2 in ß hat. P0 ist somit Fixpunkt und wir können 
Lemma 6 auf P0 und Px anwenden.

3, Es gibt offensichtlich keine asymmetrischen regulären Graphen mit den 
Graden 1 oder 2. In der Dissertation von K. F essl [2] wurden alle regulären Graphen 
mit höchstens neun Punkten aufgestellt und untersucht. Es gibt darunter keine 
asymmetrischen, außer dem einpunktigen Graphen. Die Untersuchung wurde 
von G. Baron auf die zehnpunktigen regulären Graphen erweitert, wobei es sich 
herausstellte, daß nur asymmetrische reguläre Graphen vierten Grades auftreten. 
Die Veröffentlichung dieser Untersuchung ist an anderer Stelle vorgesehen.

4. Nach dem obigen ist die kleinste mögliche Punktzahl für asymmetrische 
kubische Graphen (das sind reguläre Graphen vom Grad drei) gleich zwölf. Ein 
solcher Graph ist in der Arbeit [3] von F r u c h t  angegeben. Wir zeigen nun, daß

es für jedes gerade ra S  12 mindestens einen asymme
trischen kubischen Graphen mit m Punkten gibt, und 
zwar den in Figur 1 dargestellten Graphen X2n. X l2 ist 
der oben erwähnte Graph aus der Arbeit von Frucht.

L emma 8. Der Graph X2n ist asymmetrisch für « S  6.

B ew eis . Das Dreieck (1,2л —1,2л) grenzt mit der 
Seite (2л —1, ln) an ein Viereck und ist das einzige 
Dreieck mit dieser Eigenschaft. Daher ist 1 ein Fixpunkt 
und {2n — \,2n} ein Block. Gibt es einen Automor
phismus T, der Punkt 2n — l in den Punkt 2n überführt, 
so muß T auch die Nachbarn 2« — 3 und 2n — 2 dieser 
beiden Punkte ineinander überführen. Durch wiederholte 
Anwendung dieses Arguments ergibt sich, daß auch 
Punkt 9 mit Punkt 10, bzw. Punkt 5 mit Punkt 7 durch
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г vertauscht werden muß. Da Punkt 5 in einem Dreieck liegt, Punkt 7 aber nicht, 
sind 5 und 7 fix, und damit auch alle oben genannten Punkte. Man sieht nun leicht, 
daß auch alle anderen Punkte Fixpunkte sind.

5. Wie schon erwähnt, gibt es keinen asymmetrischen regulären Graphen 
vom Grad 4 mit weniger als 10 Punkten. Wir zeigen, daß es für jedes wSlO

mindestens einen asymmetrischen regulären 
.1' Graphen vom Grad 4 mit m Punkten gibt.

Es sei G der in Figur 2, und Hn der n-punktige 
in Figur 3 dargestellte Graph. Durch Iden
tifizierung der Punkte 1,2, и —1 und n von 
H„ mit den Punkten V, 2', 3' und 4' von G 
entsteht ein regulärer Graph Xs vom Grad 
vier mit s — n + 5 Punkten.

Fig. 2 Fig. 3

Lemma 9. Xs ist asymmetrisch für i S  10.
Beweis. Die Punkte 3,4, ..., n — 2 sind die einzigen Punkte von Xs, die in diei 

Dreiecken liegen. Sie bilden daher einen Block я. Die Nachbarschaft von я bildet 
den Block ß =  {F, 2'. 3', 4'}; damit ist auch aU ß =  V(Hn) ein Block. Da 4' der 
einzige Punkt aus ß ist, der in G in einem Dreieck liegt, ist 4' fix, und somit auch 3', 
der einzige Nachbar von 4' in ß. V hat in G zwei Nachbarn, 2' nur einen, also zerfällt 
ß in vier Fixpunkte. Daher sind auch die einzigen Nachbarn von 2’ und 3' in G, 
nämlich 5' und 6' Fixpunkte. Als einziger gemeinsamer Nachbar von 5' und 6' 
ist 1' fix und damit auch 8' und 9'.

Es bleibt zu zeigen, daß alle Punkte in я fix sind. 1 und 2 sind Fixpunkte und 
auch ihre in Hn liegenden Nachbarn 3 und 4, da 3 mit 1 und 2, 4 aber nur mit 2 ver
bunden ist. Auf diese Art kann man zeigen, daß alle Punkte in я Fixpunkte sind.

6. Die Lemmata 8 und 9 ermöglichen, zusammen mit der Erhaltung der 
Regularität und der Asymmetrie beim Übergang zum komplementären Graphen, 
die folgende Aussage:

Satz 1. Sei m(n), bzw. M(n) der minimale, bzw. der maximale Grad von regulären 
asymmetrischen Graphen mit 0 Punkten, so gilt:

(i) w (l) =  M (l)= 0 ,
(ii) m(n) und M(n) sind für 2 ^ « s 9  nicht definiert,
(iii) m(10) = 4, M(10) =  5,
(iv) m(n) = 4, M(n) = n — 5 für ungerade n >10,
(v) m(n) = 3, M(n) =  n — 4 für gerade n >■ 10.
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7. Aus Satz 1 folgt, daß es für jedes k > 2 einen asymmetrischen regulären 
Graphen vom Grad к gibt, also auch einen mit minimaler Punktanzahl, welche 
in folgendem Satz angegeben ist:

Satz 2. Für 0 sei p(k) die minimale Punktanzahl der asymmetrischen regulären
Graphen vom Grad k. Es gilt:

(i) p(0) = 1,
(ii) p(k) ist nicht definiert für 1 S  к  S  2,

(iü) p(3) = 12,
(ív) p(4)=/>(5)=10,
(V) /7(6) =11,

(vi) p(k) = k + 4 für gerade к >  6,
(vii) p(k) = k + 5 für ungerade к  >6.

Beweis. Die Fälle (i)—(v) sind klar. Aus Satz 1 und к >6 folgt p(k)>10. Da 
das Komplement eines regulären Graphen vom Grad к  mit p(k) Punkten den Grad 
p(k) — k — 1 hat und dieser Graph asymmetrisch sein soll, gilt p(k) — k —1^3 , 
also p (k ) ^ k  + 4. Ist к gerade, so auch k + 4, und nach Satz 1, (v) gibt es einen asym
metrischen regulären Graphen vom Grad к mit k + A Punkten. Ist к ungerade, 
so muß p(k) gerade sein, also gilt p ( k ) ^ k  + 5 und nach Satz 1, (iv) gibt es einen 
asymmetrischen regulären Graphen vom Grad к mit k + 5 Punkten.

Bemerkung. Aus Lemma 9 ergibt sich durch Komplementbildung, daß für 
gerade к  >  6 nicht nur ein asymmetrischer regulärer Graph vom Grad к mit k + A 
Punkten existiert, sondern auch einer mit der nächsthöheren Punktzahl к + 5. 
Um auch für den Grad 6 zwei asymmetrische reguläre Graphen mit aufeinander
folgenden Punktanzahlen zur Verfügung zu haben, geben wir einen solchen mit 
zwölf Punkten an. Nämlich den Graphen К  mit V(K) = {  1, 2, ..., 12} und E(K) = 
=  {(1,6), (1,7), (1,8), (1,9), (1,10), (1,11), (2,3), (2,4), (2,5), (2,8),(2,11), (2,12), (3,4),
(3,5), (3,8), (3,9), (3,12), (4,5), (4,10), (4,11), (4,12), (5,6), (5,8), (5,10), (6,7), (6,8),
(6,9), (6,10), (7,9), (7,10), (7,11), (7,12), (8,11), (9,11), (9,12), (10,12)}. Die Asym
metrie dieses Graphen läßt sich leicht beweisen.

8. 1st X  ein regulärer Graph vom Grad k, der eine Kante (А, B) enthält, so 
bilden wir aus X  und Gr k einen Graphen D(X, r), indem wir aus X  die Kante (А, В), 
aus Grk die Kante (P0, P ,) entfernen und die beiden Graphen mit Hilfe der Kanten 
(А, P0) und (B, P f  verbinden. Ebenso bilden wir aus X  und Gr 2r- k- 1 einen Graphen 
E (X ,r) durch Entfernung von (А, B) und (Q0, P f ,  sowie durch Hinzufügung 
von (A, Qo) und (P, Pf).

Lemma 10. Ist X  ein asymmetrischer regulärer Graph vom Grad к mit m ̂  2k 
Punkten, so sind für r ^ k  die Graphen D(X,r) asymmetrische reguläre Graphen 
vom Grad к mit m + 2r Punkten.

Beweis. Klarerweise ist D(X, r) regulär vom Grad к mit m + 2r Punkten. 
Es bleibt zu zeigen, daß D(X, r) asymmetrisch ist. Wegen Lemma 4 und 5 ist (A, P0), 
(В, P f  die einzige Doppelbrücke von D(X, r), und wegen Lemma 2 bilden V(X) 
und V(Gr k) Blöcke von D(X, r). Da X  asymmetrisch ist, sind А, B, und somit auch 
P0 und P, Fixpunkte. Aus Lemma 6 folgt nun die Asymmetrie von D(X, r).
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Lemma 11. Ist X  ein asymmetrischer regulärer Graph vom Grad к mit m s  2k 
Punkten, so sind für 2 (к — 1) ё 2  r ̂ k  +  4 die Graphen E{ X, r) asymmetrische reguläre 
Graphen vom Grad к mit m + 2r Punkten.

Bew eis . Da die Regularität leicht zu zeigen ist, bleibt wieder diebehauptete Asym
metrie zu beweisen. Durch Anwendung von Lemma 4 auf X  und Gr 2r-jt-i ergibt 
sich, daß (А, Qf), (В, Pf) die einzige Doppelbrücke von E(X, r) bilden. Wie vorhin 
folgt nun die Fixpunkteigenschaft von Q0 und P1. Eine Anwendung von Lemma 7 
ergibt sodann die Asymmetrie von E(X, r).

Sa t z  3. Für die in der Spalte NE der folgenden Tabelle angegebenen Werte 
n gibt es keinen asymmetrischen regulären Graphen mit n Punkten und dem in der 
entsprechenden Zeile angegebenen Grad k. Hingegen gibt es für die in der Spalte E 
angegebenen Werte n solche Graphen. Für ungerade Werte к sind allerdings nur 
gerade Werte n in der Spalte E zulässig, da es in diesen Fällen überhaupt keinen 
regulären Graphen mit ungerader Punktanzahl gibt.

Grad к NE E

3
4
5
6

7 s k g  13, ungerade 
15, ungerade 

k g 8, gerade

n S  11
n s  9 
n s 9  
n s l 0  
n s k  + 4 
nSk-l-4  
n s k  +  3

1 2 sn
lO sn

1 0 s n s l 2 ,  20 s n  
11 S n  S 12, 21 S n  

n =  k + 5, 2 fc + 1 0 sn  
k +  5 s n s 2 Ä : —6, 2k +  1 0 s n  

к +  4 s  n S  max(fc +  5, 2k — 7), 2k +  8 S  и

B ew eis. Die in der Spalte NE enthaltenen Aussagen folgen aus Satz 2. Um 
die Aussagen der Spalte E zu beweisen, beschränken wir uns zunächst auf die Fälle 
n ^ 2 k  + \ und zeigen die Existenz von asymmetrischen regulären Graphen für 
die anderen Werte von n durch Komplementbildung. Für k = 3, bzw. 4 folgt das 
Resultat aus Lemma 8, bzw. 9. Für k — 5, n = 12 ist das Komplement des nach 
Satz 2 angegebenen Graphen vom Grad 6 mit 12 Punkten ein Beispiel. Um die 
Ungleichungen der Form n0S  n für k ^  5 zu beweisen, benützen wir Lemma 10 
und 11, wobei wir für X  folgende Graphen wählen, deren Existenz durch Satz 2 und 
die darauffolgende Bemerkung gesichert ist:

a) Für ungerade asymmetrische reguläre Graphen vom Grad к mit
к + 5 Punkten.

b) Für k — 6 asymmetrische reguläre Graphen vom Grad 6 mit 11, bzw. 12 
Punkten.

c) Für gerade k ^  8 asymmetrische reguläre Graphen vom Grad к mit k + 4, 
bzw. k + 5 Punkten.

Die angegebenen Werte für n0 ergeben sich nun direkt aus Lemma 11 und den 
Punktanzahlen der Graphen X.

Die Fälle «S2fe sind für k s  13 durch Satz 2 und Bemerkung erledigt. Es 
bleiben also für k ^  14 die Ungleichungen der Form zu beweisen.
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Ist A'S 15 ungerade, so gibt es für gerade и ё2 (и - к  — l) +  8 einen asym
metrischen regulären Graphen vom Grad n — k —l mit n Punkten, falls n — k — 1 S  4 
ist. Sein Komplement ist ein asymmetrischer regulärer Graph vom Grad к und 
n Punkten. Damit ist die Existenz für k + 5 ^ n ^ 2 k ~ 6  gesichert. Für gerade к  S l4  
gibt es asymmetrische reguläre Graphen vom Grad n — k —l S 3  wenn 
n s2(/i — к — 1) +  8 und gerade ist, da dann n — k  — l ungerade ist. Daraus folgt 
die Existenz für k + 4 ^ n S 2 k  — l.

(Eingegangen am 17. November 1967.)

3 . INSTITUT FÜR MATHEMATIK, 
TECHNISCHE HOCHSCHULE, 
KARLSPLATZ 13,
A -  1040 WIEN,
ÖSTERREICH
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ON A PROPERTY OF INFINITELY DIVISIBLE 
DISTRIBUTIONS IN A HILBERT SPACE

By
R. G. LAHA (Washington)

In the present note we study some properties of probability distributions in 
a Hilbert space. Let Ж be a real separable Hilbert space. Then the characteristic 
functional of a probability distribution p in Ж  is given by the formula (cf. [2], [3])

(1) x ( f ) = /  ei(xJ)dp.
ж

Here (x, / )  is the inner product of the elements x£ Ж and the linear functional 
f£ Ж . The relation (1) holds for every/£ Ж .

We restrict our to study the class of probability distributions p in Ж for which

(2) f  \\x\\2dg<°o.
Ж

Following P rohorov [3], we introduce the operator Sfi by the formula

№ / , / )  =  f ( x , f ) 2dp
ж

for every f £ Ж  and call such an operator an ^-operator. An .S’-operator is linear, 
self-adjoint, non-negative and completely continuous with a finite trace.

Let {£„} be a sequence of independent random variables with values in the
N

Hilbert space Ж . Let qN — 2j and let pN denote the probability distribution
n= 1

of цN (N = ), 2, ...). If the sequence {/iY} converges weakly to a probability distri-
CO

bution /; in Ж , then we say that the series cn converges.
П = 1

The mathematical expectation of a random variable £ in Ж  is an element 
Mi\ 6 Ж such that for every linear functional / € Ж , we have

(3)
T heorem  1. Let {£„} be a sequence of independently and identically distributed 

random variables with values in the Hilbert space Ж each having a mathematical 
expectation M'tn =  0, where 0 is the null element in Ж. Let {A„} be a sequence o f

bounded, linear, self-adjoint operators such that 2) II All2 °°-
n= I

Then the series Anf t converges.
n= 1
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N

Proof. We construct the sequence of random variables rjN= ^  ̂ nín and we
n=  1

denote the corresponding probability distribution by fiN (N=  1,2,...). Let Sßll 
be the ^-operator corresponding to цк. Then it is easy to verify that for every f ^ -Ж, 
we have

№ » / ,/ )  ^ a | | / l l2 2  M J 2 
/1=1

where a =  f  ||x||2i/g and ц is the common probability distribution of Let {ej}
ж

be a complete orthonormal sequence of elements in Ж . Then we have for all N,
(SßNej , ej)S cd

oo

where A= 2! Mull2 -< Using the compactness criteria of Prohorov (cf. [3],
n =  1

Theorem 1. 13), we conclude that the sequence {/%} is weakly compact.
Now we take an arbitrary functional /  in Ж and construct the sequence of real 

random variables {£*} as

a  = m )  =
It is then easy to verify that {£*} is a sequence of independently distributed 

random variables with mean ML* = 0 and variance ML*2 = M(cn, Anf  )2 = o l( f)

where 2  ° n ( / ) <0° for any fixed /. Hence the series У  £* converges a.e. (cf. [1], 
/1=1 /1= 1 

p. 197).
We next construct the sequence of real random variables rfa = (qN, f )  where

N  N

rjN = An£„ so that q% =  2  £*■ It follows from above that the sequence {>$} 
/1=1 /1=1

converges a.e. to a real random variable rj* = rf(J) for any fixed / f  Ж .
Let cpN(u ; f)  and cp(u;f) denote the characteristic functions of q*N and i f  

respectively. In view of the continuity theorem, the sequence {cpN(u;f)}  converges 
to cp(u; f )  for all real u. But we have

(P Á u ;f)= X Á f)
where Xn( / )  denotes the characteristic functional of i]N. We set u = 1 and thus 
conclude that the sequence of characteristic functionals Xn(f  ) converges to some 
function x ( f )  for every fL Ж .  Then it follows at once from Lemma 1. 6 [3] that 
the sequence of probability distributions {//v} converges weakly, as N °=>, to a 
probability distribution. This completes the proof of Theorem 1.

Theorem 2. Let {£„} be a sequence o f independently and identically distributed 
random variables with values in the Hilbert space Ж each having mathematical expecta
tion Mcn = в. Let {An} be a sequence o f bounded, linear, self-adjoint operators such that

(i) Í M J 2< ~ ,
n =  1

(ii) sup|M „||<l.
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Suppose that the sum Ant;„ has the same distribution as q x. Then the common
П= 1

probability distribution of random variable £„ is infinitely divisible.

Proof. Let y ff)  = J  ei(xJ)dp denote the characteristic functional of the common 
ж

probability distribution p. Then the characteristic functional of the random variable 
Ani£n is given by
(4) J  ei(AnX‘f ) dp — J  ei<x' Anf) dp = x(Anf ) .

ж ж

Hence we have the relation

(5) x (f)  = П  X(A„.f)/1=1
where the product on the right hand side converges uniformly in every bounded 
sphere | | / | | ^ e  ( e > 0).

Let £ >0 be an arbitrary positive number. Since 2  \\An ||2 <  °°, we can choose
П= 1

an N=N(e) such that 2j M J 2< e- With the value of N thus determined, we
n  = N + l

introduce function <pN( f ) as

(6) <pN( f)  = П  X(AJ).
n  = N + 1

CO

Then clearly (pN( f ) is the characteristic functional of the sum An£n.
n  = N + 1

Let pN be the corresponding probability distribution. Then we can verify easily that

(7) (SpNf , f )  ^  a ||/ ||2 П  M J 2< a ||/ | |2£
n = N +  1

for every where <x= f  ||x|| 2ф < °° .
ж

We can then rewrite (4) in the form

(8) X(/) = x(Atf)x(A2f) ... x(ANf)<pN(f)-
We replace /  by A j f  in (8) and thus obtain

(9) x(Ajf) =  X(A 1 Ajf)x(A2 Ajf) ... x(ANAjf)(pN(Ajf) 
for y = l,2 , ..., N. Then combining (8) and (9), we get

X(f)  = П  X(A]f) ■ П  Y.(AjAkf )  [J <pN(A jf) • cpN(f).
j= 1 j*k j= 1

We repeat this process n times and thus obtain

(10) X(f) =  П  X(AJt Aj2 ... AJnf ) X  "П П  <PÁAh Ah ... Ajn_ J )X (p N{f).
k= 1
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Here the product on the right hand side consists of Nn + N "~1 + ... + N + 1 factors, 
each of the subscripts j \ , j 2, ■■■, j n taking any one of the values 1,2, ..., N  and 
the repetition being allowed. The formula (10) indicates that the random variable

n
£ with a characteristic functional x(f)  can be expressed as the sum of kn = £  N"~k

k  =  О
independent random variables t;n>k (Jc = 1,2, ..., k„) each having the zero mathe
matical expectation, that is

k„

{ = 2  L , k
k =  1

for every n where k„ — N n + N n~1 +  ... + N 2 +  1.
We denote the characteristic functional of the random variable £n k by xn,k(f) 

(k = 1, 2, ..., k„). Then we can rewrite (10) in the form

(И) х(Л = Пхп,к(Л-
k =  1

We shall now prove that each of the factors on the right hand side of (11) satisfy 
the condition
(12) lim sup sup lx»., r  — 11 =  0

1 s k s k n l l / l l s e
for every g >0.

First we note that for any real ß, we have the inequality

(13) \eiß— 1 — iß\ Ш ± ß 2.

We now proceed to estimate the factors on the right hand side of (10). Since 
the random variable has zero mathematical expectation, we can easily

n =  JV+ 1
verify using (7) and (13) that

(14) sup \(pNt f ) ~  1| s i a e 2e
l l / l l s e  4

for any q >0. Since sup ||Л„|| <  1, it is also easy to see that any factor of the form
П

(PniAĵ  ... Ajn_kf )  has the same estimate

(15) sup \(рм(А}1, .. . ,A jn_ J ) - \ \ ^ - a . Q 2e.
I l / l l s e  2

Finally we consider the factors of the form x(AJlAj2 ... AJnf ) where the subscripts 
j \ , j 2, ..., j„ can take any one of the values 1,2, ..., N. We denote sup \\An\\ =  у

П
and verify easily that any such factor has the estimate

sup \x(AJt Aj2... A j J ) -  11 =a aQ2y2n.
\ \ /Ые  2
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Since 7<1, for a given e, we can always select an n0 = n0(e) sufficiently large such 
that for n > и0, we have

(16) sup \х(Ам ... A j J ) -  1| si ~  aq2s .
Il/llss 2

Thus from the estimates obtained in (14), (15) and (16), we conclude that all 
the factors on the right hand side of (11) satisfy the condition (12). Therefore the 
sequences of independent random variables £n>k (k=  1, 2 ,..., kn; n=  1 ,2 ,...) are 
uniformly infinitesimal and consequently the probability distribution of the sum

k„
£= 2  %n,k is infinitely divisible in view of Theorem 7. 7 [4].

fc=i
This completes the proof of Theorem 2.

( Received 18 November 1967)

STATISTICAL LABORATORY, 
CATHOLIC UNIVERSITY OF AMERICA, 
WASHINGTON D. C.,
U. S. A.
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ÜBER DIE W IRKFELDER VERALLGEMEINERTER 
ABELSCEER LIMITIERLJNGSVERFAHREN

Von
L. HOISCHEN (Giessen)

1. Verfahren, die das Abelsche Verfahren einschließen

Wir definieren in folgender Weise eine Klasse von Limitierungsverfahren, die 
mit dem Abelschen Verfahren verwandt sind:

Ist H  eine für s > 0  erklärte Funktion, und ist {)„} eine Folge reeller Zahlen 
mit <  A2 <  23 <  ..., X„ dann soll eine Reihe Zan durch das Verfahren
A{H, ).„} zum Werte a limitierbar heißen, wenn

AH(s) = 2  a„H(sln)П — 1
für s > 0  konvergiert mit lim AH(s) =  a.s-*- + 0

Im Falle H(s) = e~s erhalten wir Abelsche Verfahren A {e~s, /„} mit zugehörigen 
Dirichletschen Reihen

oo

A(s) = 2  ane~sX".
П= 1

Vergleiche H a r d y  [1], S. 71. Dabei ergibt )„ =  n das einfachste und bekannteste 
Abelsche Verfahren A.

S 6 ~ sFür H(s) = -----— , ).„ — n erhalten wir zum Beispiel das Lambeitsche Ver
fahren L.

Im ersten Teil dieser Arbeit wollen wir hinreichende und notwendige Eigen
schaften der Funktion H  dafür angeben, daß derartige Limitierungsverfahren 
A{H, Ä„j stärker als die entsprechenden Abelschen Verfahren A{e~s, ).„} sind. 
Dabei schreiben wir bezüglich der Wirkfelder dieser Verfahren
(1) A { e - \ A

falls jede durch A{e~s, A„} limitierbare Reihe auch durch das Verfahren A{H, /„} 
limitiert wird. (Wir wollen hierbei jedoch nicht verlangen, daß die durch diese 
Verfahren erhaltenen Grenzwerte gleich sind.)

Ferner soll auch die Frage untersucht werden, inwieweit sich bei der Einschließung
(1) die Konvergenzgeschwindigkeit überträgt. Wir schreiben diesbezüglich

(2) АЫ{е-\Ц^АЫ{Н,1„}
für ein reellwertiges k, falls A(s) = o(sk) (s-+ +0) stets AH(s) = o(sk) (v -<- +  0) 
impliziert.

Es zeigt sich, daß die Herleitung äquivalenter Bedingungen für die Gültigkeit 
der Einschließung (1) oder (2) zu der tieferliegenden Frage führt, wie „dicht” die
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als Dirichletsche Reihen Ia„e~sKn darstellbaren Funktionen im Raum der stetigen 
Funktionen liegen.

Als Hauptergebnis erhalten wir die folgenden zwei Sätze, die in einer früheren 
Untersuchung des Verfassers nur für den Spezialfall l n = n unter stärkeren, zusätz
lichen Voraussetzungen bewiesen wurden. Siehe Hoischen [2], S. 53—55.

Satz 1. Die Folge {/!„}, 0 -c2 x < A3 < ... ,  A„ — =«= besitze eine Teilfolge
”  1

{A„f} (/= 1, 2, 3, = 1) mit 2 y ~ = °° un^  ^ni + i ~ K t — Я >0. Es sei außerdemi=i K x

H(s) = f  e stdK (t) für s> 0 absolut konvergent. Dann ist die Bedingung 
1

CO

f  \dK(t)\
1

hinreichend und notwendig für die Einschließung

A { e - \ l n)<gA{H,ln}.

Entsprechend gilt für die Konvergenzgeschwindigkeit 
Satz 2. Unter den Voraussetzungen von Satz 1 ist

A(k>{e~\ A(k){H, !„}, к reellwertig
oo

äquivalent mit S tk\dK(t)\ <  o o ,
1

Insbesondere lassen sich mit Satz 1 und 2 die Verfahren A{H, 2 „ }2 d {e 's, A„} 
sehr einfach charakterisieren, wenn H  als Funktion von z = e~s im Inneren des 
Einheitskreises analytisch ist. Wir erhalten speziell im Falle A„ =  n für das einfachste 
Abelsche Verfahren А

Korollar. Es sei H(s)= ^ b ne~sn für s=-0 konvergent. Dann ist
n= 1

AQ A{H ,n)
oo

äquivalent mit 2 f c l <00' För reellwertiges к ist ferner

A(k) ^ A (k){H, n}
mit 2  nk\b„\<-°° äquivalent.

n= 1
Dieses Korollar konnte in [2], S. 54—55 nur unter der zusätzlichen Voraus

setzung b„ = О  ̂—j beziehungsweise bn = О [^г+ё] bewiesen werden.
Satz 1 und 2 lassen sich leicht aus dem folgenden, allgemeineren Ergebnis 

herleiten.
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2. Ein Satz über Stieltjes-Integraltransformationen

Satz 3. Gegeben sei die Stieltjes-Integraltransformation

(3) h{s) = J  g(e s,)dK(t)
l

mit J  e stdK(t) absolut konvergent für s >0. Ferner besitze die Folge {A„}, 0 <  <
l
<  -= eine Teilfolge {Xm} ( /= 1 ,2 , 3, ...,n i

und + Xni^ q > 0. Dann gilt:
(a) Die Bedingung

1) mit 2  T~ 
i = i Ki

CO

(4) f  \dK{t)\

ist hinreichend und notwendig dafür, daß durch (3) alle für t> 0 konvergenten 
Dirichletschen Reihen g(e~‘) = ane~°-n mit g(e~‘) = c + o(l) (*-► + 0) wieder

Tl= 1
in Funktionen h mit h(s) — d + o( 1) (i->--f-0) transformiert werden, wobei c und d 
Konstanten sind.

(b) Die Bedingung
oo

(5) /  tk\dK(t)\ <  °o, к reelwertig
l

ist hinreichend und notwendig dafür, daß durch (3) alle für t >0 konvergenten 
Dirichletschen Reihen g{e~l) — ^a„e~tXn mit g(e~‘) — o(tk) (t-*+  0) wieder in

n= 1
Funktionen h mit h(s) =  o(sk) (s -► + 0) transformiert werden.

Anmerkung. In Satz 3, (a) kann die Konvergenz von g(e~‘) und h(s) für 
t -*■ +  0 beziehungsweise s ->- +  0 auch durch Beschränktheit ersetzt werden.

Ferner bleibt Satz 3, (b) gültig, falls g(e~{) = o(tk) und h(s) = o(sk) durch 
g(e~‘) = 0(tk) und h(s) = 0(sk) ersetzt werden.

Satz 3 stellt eine Erweiterung des Satzes von Toeplitz und Schur (siehe Hardy [1],
S. 43) auf Integraltransformationen dar. Ein Beweis dieses Satzes wäre mit allge
meineren, funktionalanalytischen Hilfsmitteln über lineare Operatoren (Satz von 
Banach und Steinhaus) sehr einfach, wenn durch (3) ein vollständiger Funktionen
raum, zum Beispiel der Raum aller im Intervall [0, 1] stetigen Funktionen, in einen 
Raum von konvergenten Funktionen h abgebildet würde. Die wesentliche Schwierig
keit dieses Satzes liegt jedoch gerade darin, daß (3) lediglich eine Transformation 
des nicht vollständigen Unterraumes aller konvergenten beziehungsweise be
schränkten Dirichletschen Reihen darstellt. Daher sind zum Beweise speziellere 
Methoden und geeignete Approximationsuntersuchungen für Dirichletsche Reihen 
erforderlich.
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Dem Beweise seien zunächst drei Hilfssätze vorangestellt.

Lemma a. Ist j  e~s‘\dK(t)\ <  <=° für s =»0, dann gilt für jedes feste .v>-0
l

sup f  f{e~s,)e -s,dK{l) = J  e~st\dK(t)\. 
f  i l

Dabei wird das Supremum über alle im Intervall [0, 1] stetigen Funktionen f  mit 
|/(* ) | == 1 (x6[0, I]) gebildet.

Siehe zum Beispiel Riesz und Nagy [5], S. 102.
Lemma b. Es sei f  in [0, 1] stetig. Dann streben die verallgemeinerten Bernstein- 

schen Polynome

pfn(x) = Z  2
f(b„,v) ( - i y - v n  vvt

k  = v + l

1 = 0 v  =  0 (Wl- w v)(wl- w v+1) ... ...

mit n — oo gleichmäßig im Intervall [0, 1] gegen f(x), wobei

ist und außerdem
“ j

W0 = 0 <  W,-=: VC2-= W3 <  ..., Zj --- =  °=
«=  1 W n

vorausgesetzt wird.
Siehe Lorentz [4], S. 47.

°o I

Lemma c. Es sei w0 =  0 <  wx <  w2 <  tv3 < . . . ,  w„ -*■ ^  — =  °° und wn+1 — w„ =
1 wn

= 4 > o,
b„.. — 1 - w,v + l

1
W .v + 2

. . . | l - ^
1/wi

o />„,„= 1.

Ferner werde 0 < a ;< a i+1< l  ( /= 1 ,2 ,3 ,...)  mit lim a; = 1 vorausgesetzt, und
i-* oo

ei je/ {«;} eine Folge natürlicher Zahlen, die so schnell wachsen, daß

(/= 1 ,2 ,3 ,...)

gilt. (Nach der Definition der bn v lassen sich die щ mit dieser Eigenschaft wählen, 
da I  divergiert.) Dann gilt für die Koeffizienten Am, die für лг_ 1<  m ^  nt durchw„

Am = 2v^m W„
И’

W „
—  1 w' ’ tr.

w'y m 1 1  — 1 —
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definiert sind und sonst gleich 0 gesetzt werden:

W„
=£ 0.

Ein Beweis dieses Hilfssatzes ist in den Abschätzungen von [2], S. 22—24 
enthalten.

Bew eis z u  Satz  3. Wir werden nur Satz 3, (a) in allen Einzelheiten beweisen. 
Der Beweis zu Satz 3, (b) verläuft im wesentlichen analog und soll nur kurz ange
deutet werden.

Der hinreichende Teil ergibt sich sehr einfach, wenn wir g{e~*) = c + e(t) 
mit e(t) =  o(l) (t -*■ + 0) in (3) einsetzen. Denn wir erhalten dann nach (4)

h(s) — c f  dK (t)+  f  a(st)dK(t) =
1 1

[]/ s ] _1 °°

= d+ o( 1) f  \dK(t)\ + 0{\) f  \dK(t)\ = d+o(l).
1 [ETE1

Das eigentliche Kernstück von Satz 3, (a) ist die Notwendigkeit der Bedingung (4).
Wir setzen vv„ =  2n+1- / l 1 (n = 0, 1, 2, 3, ...). Dann genügt es zu zeigen, daß 

sich unter den Voraussetzungen

w’o =  0<w 1<w 2<  vv3< ..., 2 j —- = °°> >‘n+i->Ei =  4 >  0П—1 Wn
und

(6 ) f \ d K ( t )  | = -
1

eine für /> 0  konvergente Dirichletsche Reihe

g(e ')=  2  anc~,Wn =  c + o(l) (t -* +0)

(7) lim f  g(e s,)e S,A‘ dK(t) = °°
S-A-+0 J

konstruieren läßt.
Wir können ferner annehmen, daß

(8) f  P(e~s,)e-sa'd K (t) =  0(1) (s +0)
1

П
für alle Polynome der Gestalt P(x) =  2  ax"‘ *st> da wir andernfalls bereits eine

1 =  0
Funktion g mit den gewünschten Eigenschaften gefunden hätten.
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Wir substituieren x  = e~s und bestimmen in einer noch genauer festzulegenden 
Weise eine Folge von paarweise punktfremden Intervallen / г =  [а; , bj\,
< я г+1<1 (г'= 1,2, 3, ...) mit И т а г =  1. Zu diesen Intervallen / г werden wir auf

i ~*~00
[0,1] stetige Funktionen f  wählen, die außerhalb von /г verschwinden und auf 
7; dem Betrage nach kleiner als 2~‘ sind. Diese Funktionen/ г werden wir dann nach 
Lemma b durch Bernsteinsche Polynome P{,\(x) approximieren, um durch Summation 
dieser Polynome schließlich eine Funktion g mit der Eigenschaft (7) zu erhalten.

Nach (6) strebt J  xa i\dK(t)\ mit x-*-l — 0 gegen =>=. Daher folgt aus Lemma a
l

nach einfachen Überlegungen, daß sich ein Intervall I x = [a1, bx] sowie eine auf 
[0, 1] stetige Funktion f t , die außerhalb von Ix verschwindet, mit den Eigenschaf
ten angeben lassen:

| / 1( x ) |< 2 - 1 für jc€[0,1] und / M b\)b? 'dK (t)  >  1.
1

Zu f x wählen wir nach Lemma b ein Bernsteinsches Polynom P{\ (x) so, daß 

|7>£(х)| <  2 "1 für ж е[0,1], |Р£(*)| <  ßi für * € [0 ,1 ]- /!
und

со

J  P{\(b\)b4l dK (t) >  1 ist mit 0 ■< <  1.

Nach (8) gilt

f  P{;(x')xUl dK(t)  ^  k x für ж€ [0,1)
11

mit einer geeigneten Konstanten k { . Sind nun die Intervalle I x, Ii_ l , die stetigen, 
außerhalb dieser Intervalle verschwindenden Funktionen / 1, ...,f _ t sowie die 
zugehörigen Bernsteinschen Polynome Pf„\{x), Pfn\z\(x) bereits festgelegt mit

für x6[0, 1), j  = 1 , 2 , 1 ,

dann wählen wir durch ganz entsprechende Überlegungen nach Lemma a ein Inter
vall / г = [аг, <  1 und eine auf [0,1] stetige, außerhalb von / г
verschwindende Funktion f  mit

| / г(х)| <  2_i für x£[0, 1] und f  fi{b\)b\Xl dK{t) >  i+ 2  kj-
l i=l

Zu / ; können wir nach Lemma b ein Bernsteinsches Polynom P{\{x) so bestimmen, 
daß

(9) \Р{\(х)\ <  2 ‘ für x€[0, 1], \Pfn\{x)\ <  г,- für x6[0, 1 ] - /;
und

/ P im b \Xl dK{t) > /+  2  kj  
1 J=1
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ist. Dabei wählen wir die ег> 0  so klein, daß

(10) £; <  E‘ 1 und £; f  \dK (0| <  1 

gilt. Wir setzen nun

(11) g(x) = 2  P%(x).i= 1
Aus (9) folgt leicht, daß lim g(x) existiert. Außerdem besitzt g  die Eigenschaft (7).X~+ 1-0
Denn es ist für x =  b, nach (9), (10)

OO CO oo
f  g ( b № ' d K ( t ) =  f  dK(t) + 2  J  РпХЬЖ1 dK(t) >
1 1 1Ф11

l- l
i + Z k j - z  f  p lm w s' dK (t)

j= 1 i*l 1

l- l
S  /  +  Z  kj —

j= 1

l- 1
2 * 1 -i= 1 21=1 + 1 /  *iAW O I

1
oo

> / -  2  2 - f ,i=0

und der letzte Term wächst für das heißt für — 0 über alle Grenzen.
Als wesentlicher Teil des Beweises muß noch gezeigt werden, daß g(e~s) in (11) 

eine Dirichletsche Reihe mit einer Konvergenzabszisse crsO darstellt.
Nach Lemma b ist

( 12)
m i

Pn,(x) = Z x W‘ Z1=0 v=0

f i (K ,v ) ( - l )ni~” П  wk___________________ __________ k = v + 1 _____________
(wt-  wv)(w,- w „ +1) . ..  (w, wt_ j )(w; - w l+l) ... ( w , -  w„t) '

Wir wählen die Grade ni>~ni^ 1 dieser Polynome so groß, daß 
(13) bnuni_ ^ ai (i =  l, 2 ,3 ,...)
ist. Somit folgt aus (12) und (13)

VR-” Ц  Wk
k = v+ 1/»№ .,..)(-1)"

Pn,(x) ~ ^ " Z + x ‘ 2  (Wi_ W(j) ... (wi - H ’i_ 1)(H'i -VVi+1) ... (W i-w „y  
bm, v ma‘

da f(x )  = 0 für ist, sodaß sich die Polynome P{‘.(x) nicht »überlappen«.
Wir erhalten daher als Koeffizienten Am in g(x)= 2Í AiXw‘

1 = 0

d-m Z l
1)" '- ’ п  щk = v+1

vsm (Wm-W„) ... ... (Wm- W j
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für nt_ j <  m ^  n{. Somit ist

\Am l u - ' l lw 1 v ^ m
b n i,v  — a i

yyu ) V
(14)

1 - K,
Wn

für щ_ ! <  m ё  щ.
Nach Valiro n  [7] fallen die gewöhnliche und die absolute Konvergenzabszisse 

zusammen und besitzen den Wert

а = lim
m-*-oо

log \Am\

falls ^  = o(l) ist. Die letzte Bedingung ist hier wegen wn+1 —wn^ q > 0 erfüllt.
Daher folgt irsO  aus (13), (14) und Lemma c, womit Satz 3, (a) in allen Teilen 
bewiesen ist.

Der Beweis zu Satz 3,(b) verläuft entsprechend. Die Polynome P[\ aus (9) 
müssen dann jedoch für к ^ 0  so gewählt werden, daß P{‘(e~s) = o(sk) und 
|Р^(е- *)|<^2~г ist. Dieses läßt sich dadurch erreichen, daß man die stetigen 
Funktionen f  zunächst durch p -mal stetig-differenzierbare Funktionen (p> k) 
hinreichend gut approximiert und zu den p-ten Ableitungen dieser Funktionen nach 
Lemma b geeignete Bernsteinsche Polynome wählt, p-malige Integration ergibt 
dann Polynome mit den gewünschten Eigenschaften.

B eweis z u  S a t z  1 u n d  2. Satz 1 und Satz 2 folgen nun unmittelbar aus Satz 3,
(3)—(5), da zwischen AH(s) und A(s) der Zusammenhang besteht

oo °o oo 00
A„(s) =  2 a„H(skn) = f  2 a„e~sa"dK(t) = f  A{st)dK(t).

n = 1 1  n = l  l

Dabei ist die Vertauschung von Summation und Integration wegen der absoluten 
Konvergenz erlaubt.

3. Eine Anwendung auf die Lambert-Summierbarkeit

Das eingangs erwähnte Lambertsche Limitierungsverfahren L mit H(s) =
se~s

= - - - , ) .= n  ist bekanntlich schwächer als das Abelsche Verfahren A. Siehe1 — e s
hierzu Hardy [1], S. 373. In [3] wurde gezeigt, daß die Einschließung LQA  äquivalent

—^ i < o o  wobei N ( t ) = 2 ^ ^ -  und и die Möbiussche Funktion n=i n nS, n
ist. Dieses Ergebnis ist ebenfalls in Satz 3, (a) enthalten, wie eine einfache Rechnung
ist mit 2 j

“ |Mn)|
zeigt. Die aus der Zahlentheorie bekannte Eigenschaft 2  ~ <  °° liegt etwas

n = 1 П
tiefer als der Primzahlsatz.

Mit Hilfe von Satz 3, (b) läßt sich nun ein Ergebnis über die Konvergenz
geschwindigkeit bei diesen Verfahren L und A herleiten, das in [2], S. 58 nur bezüglich 
einer gewissen »gleichmäßigen« Limitierbarkeit bewiesen werden konnte. Wir 
erhalten
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Satz 4. Die Riemannsche Vermutung ist äquivalent mit der Gültigkeit von 

Lm Q Am für  0=SÄ:<y.

Beweis. Die bisher unbewiesene Riemannsche Vermutung, das heißt die
oo I

Annahme, daß die analytische Fortsetzung der Funktion £(z) =  Z  -  im Streifen
n=I и

<  Re (z) <  1 keine Nullstelle besitzt, ist äquivalent mit N(t) =  О (г “V+E) für jedes

°° I I8>0 und ebenfalls äquivalent mit Z  t < °° für O á f c < - . Siehe hierzu 
Titchmarsh [6], S. 315 sowie Hoischen [2], S. 58. Mit

sneL(s) = Z  an -  A(s) = Z  ane~
n = i  l — e  n =  l

erhalten wir nach kurzer Rechnung (siehe Hardy [1], S. 374)
s(n + 1)

(15) /( (5 ) "

s(n+ 1) oo

-?■<• = j LтЧт)*
Beachtet man, daß sich jede im Inneren des Einheitskreises analytische Funktion

00 e~snin eine Lambertsche Reihe der Gestalt Z  a„ ------ — entwickeln läßt, dann folgt
n = i  l - e

aus (15) und Satz 3, (b), (5) die Äquivalenz von LWl^ A w  mit / dt <  oo,
°o I -» r /  \  I J  ^

das heißt mit Z  i-k Damit Ist Satz 4 bewiesen.
n = 1 и

( Eingegangen am 27. November 1967.)
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RATIONAL APPROXIMATION OF ANALYTIC 
FUNCTIONS W ITH FINITE NUMBER 

OF SINGULARITIES ON THE REAL AXIS
By

J. SZABADOS (Budapest)

Denote by Rn( f ; a, b) the best rational approximation of a continuous function 
/  (x) on the finite interval [a, b], and let cof (a, b; h) be the module of continuity 
o ff{ x )  on [a,b\. In [1], A. A. Goncar proved the following theorem:

Let / (z) be analytic and bounded on the circle CA = {z:
of the complex plane, and continuous on [0, 1]. Then*

RÁf; о, l) = о 11inf {t-e ' +ЮД0, 1; e~‘)J1 <i < 00

This estimate gives R„(f; 0, 1) =  O(ojf (0, l ; e  C2*n )) at least in each cases, 
while the order of polynomial approximation is generally not better than

In this paper, using the Goncar’s method, we intend to generalize the above 
mentioned theorem. The first step in this direction will be the following

Theorem 1. Let f  (x) be analytic and bounded in the circle C1 
and continuous on [0, 1]. Then

\z: z

Rn(f;  0,1) = О У n<t <oo +  co/ (0, l;e~

Remarks. Theorem 1 states that the Goncar’s result remains true if we allow
3 -  .

1 also to be a singularity point of f(z ) .  The restriction t> yn  is not significant
l/yi

because at every reasonable choice of t we have - y  =  0(1). Of course, our theorem 
holds in arbitrary finite interval [a, b\ instead of [0, 1], too.

Proof. The proof is a slight modification of the Goncar’s proof. He shows 
that for the rational function

nФ)  =  П
k= 1

Z — skl” 
Z  +  8 4 ” 2 ’ " 1 ,2 , . . . j

* c1; c2, ... denote explicite positive numerical constants.
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we have

О )
and
(2)
Now let

(3)
and

then

1 6 0 J. SZABADOS

\sn(x)\ — o { e  log 1/£) ( e ^ x ^ l )

K(z)| = l (Re z = 0).

3 _
0

h{\-h ){2z~ h)  
(2 — 3h)(2z—2 + h)

w

w(z)

0, w(l — A) =  1—h, w 11 | =

Thus w(z) maps the circle C2 = jz: z — у  = into the line Re z =  0, i.e. by (2)

k n( i v ( z ) ) |  =  l  ( z € C 2).

l ~ h£ =  w(h) =  -
1

(4)
If we put

(5) (2 -3  hf h2

in (1), then by e>-^- h2 and w(\h, 1 —h]) =  [e, 1 —h\ we have
О

(6) |5„(w(x))| =  О (e i°s i /л) ( i i ^ x s l - A ) .
The roots of sn(z), гк1п (/с =  1, 2, n) are in [s, 1), and so, by

gl/и ^  /,2In f"2 ä  1. 1

in 2
Ä Ä 1 — /г

(see (5) and (3)), the roots of sn(w(zj) are in [h, 1 —h]. Let R„(z) be the rational 
function of degree at most n which interpolates / (z) in the roots of s„(w(z)) and
in у , and which has the same poles as j„(w(z)). Then

_  ■yn(tv(z))(2z— 1)f ( z ) - R n(z)

Using (6) and (4), we get by simple estimates 

\.f{x)-R n

к
M )d $

2m j  sn{ w ( o m - m - z y
C2

C  3  n

, q log 1 /А(г*” *). J IS-*! 1
C 2

( A s x s  1 —K).
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Substituting t =  lo g l/A > /n  (by (3)) and x = ( l —2h)u + h, we obtain

(7) \ f({ \-2 h )u  + h ) - R n({\-2h)u  + h)\ = o { t - e ~ ~ )  (Os m s I). 
But
(8 ) |/ ( m) - / ( ( 1  ~2h)u + h)\ ^  cof (0 , 1 ; А|2и-1|) ^  cof (0, 1; A) =

=  соДО, 1 ; e~‘) (Os m SI).
(7) and (8) gives the theorem.

T heorem  2. Let — 1 =  < ... < 4  =  + 1,
(9) <5 =  min -  £;_ i),

and assume that f  (z) is analytic and bounded on the circles

& - i i - i{z: г - - Ц ± £  (/= 1 ,2 .......,)

and continuous on [ — ! ,+ ! ] .  Then

RAf\  - l ,  +1)  =  i - 0 3 inf
csö-n

+®/( - l , + l ; e - o ) l .

then
R em ark s. When f(x) is analytic on the closed intervals [<̂4_ x (i =  1, 2, ..., i) 

*„(/; - ! , + ! )  =  0 ( е - ^ )
where d>  0 depends on <5 and on the analyticity-domains off  (z) (see e.g. P. T ú r á n  [2]). 
If the analyticity-condition takes the form

( 10) sup
0 < e< ő /2

e • lim sup
П -+  со

1Í  max max | / (n)Mlt lg/gs gf- 1 +еШх %̂1 - c __
П

then (see [3])

+1) = О Ц - 1 ,

3

S  ( o  0  fixed)

holds which is weaker than Theorem 2. But, on the other hand, the condition (10) 
means (as easy to see) that /  (z) is analytic only in certain rhombuses of the complex 
plane whose two opposite vertices are <f,-_ t and £, (/=  1, 2, ..., 5 ).

The proof of Theorem 2 is rather long, and it is based on some lemmas. In 
order to formulate the first of them, let

- l s a < 4  s  + i, m = 2k + l (k = 1 , 2 ,...) ,
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T jz )  = cos (m • arc cos z) the Chebyshev-polynomial of degree m and 

(11) Pm(z) =  ( -  l)k

. m— 1 n '

b - a
.Z, LUo m 2 Í ,  a + b )

2 m b — a Г  2  J J
a + b 

+  2 ‘
Lemma 1. The polynomial pm(z) maps the domain C„tb one-to-one into adomain 
which contains Ca b.
Proof. Let z £ Ca b and

2 cos m — 1 7t

( 12) и = b — a
m 2 a + b

then Ini S  cos-” — -  . Thusm 2
m— 1 и _  , . m + \ n-------- - s  Re (arc cos n) s . ----------,m 2  v '  m 2

kn ^  Re (m arc cos 1л)Ш(к + 1)тг.
m — 1 nHere one of the equality signs holds only for и =  cos , m + 1 n---- — and n =  cos------- —m 2  m 2

Consequently, the mappings u, arc cos n, m -arc cos n, cos (m-arc cos u),
b — a a + b( — l)k — cos (m-arc cos и) H---—— are all one-to-one in the corresponding

domains.
Now we have to prove that CabQDab. Let ! z — I =  -~2~  then by (12),

m -1  I  .и — e 9 • cos-------- — (0 S  <p <  2n).
Thus from (11)

a + b
P m ( z )  —

к•Пj= 1

2

e2iv • cos2

=  * -  Tm I ё 9 ■ cos2
m — I n

m 2

m — 1 n
m 2

2 2] ~  1 7C

b — a , m — 1 л— — 2m_ 1 cos------ —2 m 2

_ cos m 2  m 2
b — a„„, . m — I k= 'z 2"—1 cos--------2 m l

к■Пj =1
. m — I n  . 2 /  — 1 7Г „  „  , « 2 — 1 7Г , 2 / — 1 71

4 ________________ __ I Л Л С 4  ___________________ О  D A C  0 / - A  Л А О " ____________ ____  Л А С 2  ^cos’ ------- — + cos4 —------- — — 2 cos 2« cosm 2  m 2  ^ m 2 cos* m 2

1/2

b — a ^ m , m — 1 л A
2 m 2  j=i
m —\ n  , 2/'— 1 7i^1/2■ 2 cos ------- — cosz ------—m 2  m 2

cos’ m — 1 n
m 2 -1-cos* 2 j -  1 n 

m 2

b — a-  Tm cos — 1 л 1 b — a
m 2

_ , , Ía + b\ a + b , _ _ _  ,Consequently, by pm ■■■■! =  —^— we obtain Ca bQDa b, qu.e.d.
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C o ro lla ry . The unique inverse qm(z) o f pm{z)  exists for z £ Ca b and is analytic 
in the interior o f Ca b. Moreover, qm(z) maps (one-to-one) Ca b into a part o f  Cay,
(13) qm(pjz)) = z (z € Ce>l),
(14) q ja )  = a, qjfi) -  b, qj[a, b]) = [a, b\.

LEMMa 2. For the above defined function qm(x) we have

coqJa, b; h)^YS(b-a)h.
Proof. First of all we prove that

Pm(y) ~Pm(a) __ 1(15)

Let
( y - a f  8(6- a ) (a< y^b).

m +
cos 2 n

m 2

sin 2m

Being T"(x) > 0  monoton decreasing in Ĵ— sin 0 , we have for a S y ^ d m^ - ^  +
a + b a + b . , . . .4— ^—S —-— with a suitable

4 sin  ̂—
Pm{y)~Pm(a) 1 л 1 ,  ,,k b - a  2m
— < J Z i y ~ = 2 p M =  2 (- ‘) 2----- W = W ~  m

_ . П2 sin - — ,2m a + b
b - a  2

(-1)"
m2(6 — a )^ m\ S'n 2m) m2(b — a)

( - l ) fc
1

f» + w z ncos -  -m 2
(-1)* 

m2(b — a)

• m
cos" 2 m(b — a) 6(b — a)'

4m

* , , b—a , a +b .As regards for am— ----1— -— s  у s  b, we get

b—a
Pm(y)-PJa) (-1  )kTm

n ) a + b

( j - ö ) 2 
b — a 

2

(b — a)2

( - m - v k + i~ + - , —

(b -  a)2
2 ' 2 2 — ̂ 2 1

4 (b — a) 8(b — a)
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which proves (15). Hence by (15), (13) and (14) we have for a ^ x ^ x  + h s b  with 
the notation у  =  qm(a+ h)

\q jx  + h ) - q m(x)\ sg qm(a + /i)-q„(a) = у - a  У Щ - а ) [ р т ( у )  - p m(a)] = 

qu.e.d.
=  j/8 (b-a)h,

Lemma 3. Let f  (z) be analytic and bounded in the interior o f Cab and continuous 
on [a, b\. Then there exists a continuous function F(x) in [ — 1, +1] for which 

1° F (x )= /(x ) for a ^ x ^ b ;
2° coF( — 1, + 1 ; h)^a>f (a,b; 11 \h ) ;

t  Сб(Ь-а)п ' l l

3° i?„(F; — 1, +  1) = О 3 inf Kt-e 1 +cof (a, b;e~‘)) .
-Vn t̂ < °° -*

P roof. Let

(16)
then easy to show that

'/n^l

m = 2

(17)

Therefore, by (11)
(18)
Now let 
(19)

„ m — 1 71 I a + b 1
j£— L  U  j  I Лm 2 { 2 J

b - a

_5_
b — a

1

+ 1 >

( -1  S x S + 1 ) .

а ^ р т(х)Ш Ь  ( - l s x s + l ) .

F(x) = /  (qm(p,n(x))) ( - 1 S Z S  + 1).

By (18) and the Corollary of Lemma 1, F(x) is continuous on [ — 1, + 1], and using 
(13), we obtain 1°.

Now let - l S ^ S x  + A s +1  then by Lemma 2, (11), (16) and (18) we have 

\fi$m{Pm(x)))-f(qm(pmix + h)))\ s=? cof (a,b; \qm(pm(xj)-q,„(pm(x + h))\) S  

S  (of (a, b; Y l(b -d )\p m( x ) - p m(x + h)\) =i

C O , a,b; 8 (b — a)h
2 sin b — a 2m

2 b — a m

S. (Of{a,b',y4nhm{b — a)) ^  <Of{a,b; 11 /Л ).

By the Corollary of Lemma 1, the function f ( q m(zj) is analytic in the interior of 
Cab. Moreover, for a ^ x ^ x  + h ^ b  we have by Lemma 2

I /(?« (* ))-f(dm(x+h))\ Ш (Of{a, b ; \qm( x ) - q m(x+h)\) Ш cof (a, b; 4 fh).
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Thus, applying Theorem 1 for f (q m{x)) in [a, b], we get a rational function R„(x) 
of degree at most n such that

(a ^ x s b ) .f{gm(x))-R„(x)\ = О

Write this in the (form by (18))

\f(qm(pm(.x)))~ R„{pm(x)) I =  О

( , - L i
4 inf b •e * +cof(a,b',e 2)J
Уп < t  < 00 -

3_inf
V'n<í <c

,b ;e  '))+ a>f (a,b;e  ')

( -1  S X S + l ) .

Here Rn{pm(x)) = r„m(x) is a rational function of degree at most nm. Using (19), 
we have

\F{x)-r„m(x)\ = О 3 inf (i-e
-^Л <f < 00

c i n  Y
'  + cof (a,b',e~‘)J

5°, qu.e.d.
a £ + 1  and

A fx ) - ■

1
~ 2  lf  X  

+  У  i f  X>£.

( -1  s r s + l ) ,

( 20)

Then for all t >-1 there exist rational functions Ajp(x) of degree n such that

- o i r Z ) if  * € ( [ - l , i]U K  + 6 e - U ] ) n [ - l ,+ l ](21) |Л4(х)-Я<°(*)| 
and

(22) |A«>(*)I =  0(1) if - l s * s + l .
P roof. Let

A x )
- {

0 if r s O
1 if x >  0.

The Lemma 3 in [1] can be formulated as follows: There exist rational functions 
A„(x) such that

( С 8 П  T

e * )
and

Putting

\Л(х)-Лп(х)\ = О for x 6 [ - l ,  - e  1],

|A„(x)| = 0(1) for - l ^ x á + 1 .

A fx )  = A I -  3 -  I -  j , A«> (x) =  лп - e  —T ’
we obtain our Lemma 4.
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Proof of Theorem 2. By Lemma 3, to each [£;_ t , £;] (г =  1,2, s) there 
exists a function F;(x) continuous in [ — 1, +1] such that (see (9))

(23) Fi(x) =  /(x )  for x € [&_ j , Q  ( i=  1, 2, ..., s);

(24) o>F|( - l ,  + l;A )S co/ ( i f_ 1,{ l;ll/A )S e> y( - l ,  + 1 ; Ufh)  (/=  1, 2, ...,*);

(25) |Тг(х )-Л «(х)| =  О
{ Cbön V

3 inf l • e ‘ +co/(—1,+l;e_()J-fn < i< ° ° ■

(-1  ^  x s  + 1; г'=1,2,

where Rfi (x) is a rational function of degree at most n. Evidently, by (20) and 
(23) we have

Ax) =  ЕМ +Ш &  +  2  AAX)[F;+1 ( X ) - Ff(x)] ( - 1 S X S + 1 ) .
£ i= 1

Let (see Lemma 4)

Д ,< 3 ,- ! > ( * )  =  ^ 1>(Х) +  ^ }М +  2  W ( x ) L* $ + 1>(x ) - m x T )Z i= 1

(this is a rational function of degree at most n(3s — 1)). Then

(26)
where

/(x )  -  Rn(3s_ i)(x) =  d t +  d 2

F 1( x ) - JRW(x) +  JFs( x ) - JRW(x) ,
a i — ö

+  2  ^ 4 x ) [ F l +  , (x) -  R A ' ] ( x )  +  R l S x )  -  F,(X)]
i=  1

and
S— 1

d2 =  2  [Ait{x) -  2«‘}(*)] • [F( +, (x) -  Ff(x)].

From (25) and (22) we get

(27) \A1\ = s - 0 inf
- f  и < f <  °°

С60П
e ' +cof (— 1, + l ; e  ')) ( - l s x s + l ) .

As regards to A2, let 6e ‘S á , and first of all £j_ l +6e 'S x S ^ ( l S , / S i ) .  Then, 
using (21), we obtain

Ш  =  s - o ( e ~ ^ ) .
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Finally, let £J_ 1 S x á í j . j  +6e ‘( l ^ j ^ s ) .  Then, by (22), (24), (21) and Fj(£j_1) = 
— F j-iiZ j-i)  we have

^2 =  И « ,.,(*) -  l}(x )|. [|F,(x) -  F,(^._ i)| + 1F j _ ^ j _  ,) -  F,_ !(x)|] +

2  1Л{1(х)-Л1"'(х) 1-1Ъ+1(х)-Ъ(х)1 = o L f(-l,  + l ; e _y + j . C»(e- £r ) .

Thus

=  О inf
.lOg б / ő ^ t  < oo

( С 8 П  \

s - e  * +(of (— 1 ,  +  ; e _ t ) l (-1  S X S 4 1 ) .

From this, (27) and (26)

| / ( * ) - Д п(з5- 1 ) ( * ) 1  =  s - 0

which proves Theorem 2.

( С 9 0 П  Л !

3 inf l
•fn<t < 0 0

t-e  1 -+-соy(— 1, -F 1; e"f)J I

( -1  s x ^ + l )

(R eceived  4  D ecem ber 1967)

MTA MATEMATIKAI KUTATÓ INTÉZETE,
BUDAPEST, V., REÁLTANODA U . 1 3 - 1 5

References

1] A. A. G oncar, On the degree of rational approximation o f continuous functions with charac
teristic singularity (Russian), M a t. Sbornik, 73 (115) (1967), pp. 630— 638.

[2] P. Túrán, On the approximation of piecewise analytic functions, C ontem porary prob lem s o f
theory o f  analytic  functions (Publishing House “Nauka”, Moscow, 1966), pp. 296— 
300.

[3] J. Szabados, Rational approximation in certain classes o f functions, A cta  M a th . A cad. Sei.
Hung., 19 (1968), pp. 81—85.

A c ta  Mathtmatica Academiae Scientiarum Hungaricae zo, 1969



.



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 20 (1—2 ), (1969), pp. 169— 177.

ON A PROBLEM OF KLEE
By

E. KNUTH (Budapest)

In June 1961 at the Seattle Symposium on Convexity, V. Klee proposed the 
following problem: Given a planar domain D of constant width A, is it always 
possible to inscribe in A) a semicircle of diameter A? Besicowith [1] gives an affirmative 
answer for a certain class of domains which he calls simple. In fact, he proves that 
for any simple domain of constant width it is always possible to inscribe three 
distinct semicircles of the required diameter. Cooke [2] solves the problem. He 
proves the same statement for the Reuleaux domains. With reference to the result 
of Eggleston [3] — that any domain of constant width can be approximated 
closely by an appropriately chosen Reuleaux polygon — Cooke proves at the same 
time a similar statement for the general case.

In this paper we shall give an immediate proof for the general case, and we 
produce all the required semicircles.

1. The existence of the required semicircles

First of all we introduce some notations. Let D be a (closed) domain of constant 
width, and D be its boundary. We can suppose, that the width of D is 1. Take a
coordinate system in the plane and let t 
be an arbitrary real number. We introduce 
the following functions: the support strip 
(bordered by two parallel support lines) 
of D of direction-angle t is S(t), the middle 
parallel of S(t) is k(t) (k(t) is a directed 
line), d{t) is the diameter of D perpendi
cular to k(t), the midpoint of d(t) is L(t). 
The open half-lines of k(t) of endpoint 
L{t) are kj(i) and k 2(t) (see Fig. 1). If t 
runs through an interval of length n, 
L(t) describes a continuous closed curve. 
We denote it by L.

Let F be an arbitrary semicircle of 
diameter 1. Let be its diameter d(F), L{F) 
the midpoint of d(F) and k(F) the open 
half-line of the perpendicular bisector of 
d(F) of endpoint L(F), which does not 
intersect the semicircle F (see Fig. 2).
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170 E. KNUTH

If F d  D then d(F) is a diame
ter of D also — because each seg
ment of length 1 included by D is a 
diameter of D — and consequently 
L(F) £ L. We have then k{F) = k t(t) 
or K(F) = k2(t) where t is the argu
ment of the half-line k(F). Hence to 
each semicircle F c D  corresponds 
a parameter value t and an index i 
for which L(F) = L(t) and k(F) = 
= k f ) .  Let F(t, i) denote the semi
circle F, for which L(F) = L(t) and 
k(F)=k£t).

We shall examine, which t 
and i values satisfy the relation 
F(t, i) d  D, and we shall prove the 
following

T heorem 1. F(t, i) c  D i f  and 
only i f  k ft)  П L  =  0.

After this we shall prove, that 
at least three distinct (mod n) para
meter values t with one or the other 
index i satisfy the condition of 
Theorem 1. More exactly we prove 
the following

T heorem 2. I f  the point L(t) 
is on the convex hull of L, then 
А:1(/)Г|Т = 0 or fe2( O n i  = 0.

In fact it is evident that Theorem 
2 furnishes at least three distinct 
semicircles F d  D, since if L is not a 
single point, then L  has at least three 
distinct points on its convex hull, 
and if Lis a single point, then all 
parameter values are suitable.

Lemmas :

(1.1) L(t) = U m [k(t)nk(t')].

P roof. Consider the Parallelo
gramm determined by the support 
strips S(t), S(t') (see Fig. 3). The 
point k{t)P\k{t') is the midpoint
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ON A PROBLEM OF KLEE 171

of the Parallelogramm. Since D is strictly convex, the diagonal AB converges to 
the diameter d(t) if t' -*t. Hence the midpoint of the diagonal converges to the 
midpoint of d(t).

Now we define a point set H(t) on k(t) (for any t) by 

H(t) = L (t)\j U [* (0 n * (O l-
í'?áí(mod n)

(1.2) И(t) is a closed segment.
P r o o f . Because of (1. 1) and the continuity of the function k{t) the set H(t) 

is closed, connected and bounded.
(1. 3) The endpoints o f H(t) 

belong to L.
P r o o f . L e t  P b e  a n  e n d p o i n t  

of H{t). If P ^L {t), t h e n  t h e r e  

e x i s t s  a  l i n e  k(t') t h r o u g h  P; 
t ' ^ t  ( m o d  n). W e  p r o v e  t h a t  

P = u t') .
Suppose that L(t') is outside 

of k(t) (see Fig. 4). If Г
and the parameter values t", t'" 
are near enough to t, then owing 
to (1. 1) the lines k(t"), к(Г ) 
intersect k(t') in the half-plane 
(determined by k(t)) which con
tains the point L{t'). Then the 
points k(t) П k(t") and k(t) П к(Г)
— which belong to H(t) — inter
cept the point P. Hence P was 
not an endpoint of H{t).

(1.4) I f  t1< t2< i i + 7r and 
* '€ (ti, t2)> then P = L(tf) = L{t2).

P r o o f . Since к(t^) and k(t2) contain the point P, we have by (1. 1) L(tt) = 
= lim [fc(t1)n W i,)]=  limP = P. Similar argument holds for L(t2).I'^ri + O

(1.5) I f  D is not a circle, then each line k{t) cuts the curve L.

P r o o f . Take a line k{t). We prove that both open half-planes determined by 
k{t) contain a point of L.

We know that L does not consist of the single point L(t), since if each line 
k(t) passes through the same point, then the support stripes envelop a circle around 
this point and we excluded D to be a circle. Hence there exists a line which does 
not go through the point L(t), correspondingly H(t) cannot consist of a single

P = k f f  П k{t2) d k(t') for all parameter values
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point. One extremity P of 
H (t) is certainly different from 
Lit) (see Fig. 5). Then there 
exists a line kit') through the 
point P, t'?ét (mod 7i) and 
we may assume t' <  t <  t ' + n. 
Because of (1.4) the interval 
it', t) contains a parameter 
value t* for which P^kit*). 
The line kit*) intersects one 
or the other open half-line of 
kit) with the endpoint P. 
Owing to the definition of the 
point P this is the half-line 
which contains the point Lit). 
Hence the point of intersection 
kit*) f) kit') is in the right 
open half-plane (see Fig. 5). 

Then Hit") has a point in the right open half-plane, and one of its endpoints 
is also in this half-plane. This point belongs by (1.3) to L.

Similarly if we start instead of t, t '  from t, t' + n, respectively, we get a point of 
L  in the left open half-plane of kit).
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Proof of T heorem 1 a n d  2. It is evident that Fez D holds if and only if there 
is no support line of D intersecting the semicircle F. Since the radius of the semi
circle is \  and the distance of a support line from its parallel line k(t) is also the 
above condition is satisfied if and only if there is no line k{t) intersecting the open 
half-line k(F ) (see Fig. 6).

We have to investigate for 
which F = F (t,i)  this condition 
holds. Because of the lemmas 
(1. 2) and (1. 3) the half-line 
k(F) = ki(t) does not intersect 
the other k(t') lines for each 
t ' ^ t  (mod n) if and only if kt(t) 
contains no point of L. This was 
the statement of Theorem 1.

Let the point L(t) be now 
on the convex hull of L. Then 
there exists a line h through L{t), 
such that the curve L is contained 
in one of the half-planes determined by h. Because of (1. 5) we have h ^ k ( t) .  Then 
k x(t) or k 2(t) is contained in the open half-plane bounded by h which does not 
contain any point of the curve L. This proves the Theorem 2 (see Fig. 7).

2. A method of obtaining all the required semicircles

(K) Suppose for the time being that there exists no interval (ti , t2) t x ^  t2 
(mod 7r) for which all the lines k(t) t£ ( t ls t2) go through the same point. This is 
not an essential restriction, but it simplifies much the drafting.

Now we shall classify the points of the curve L on the basis of their local 
properties. We say the point 
L(t) to be of type (A) if 
there exists a number e > 0  
such that for any parameter 
value t '  £(t — s,t) and t ' £(t, 
í-f-е) we have L(t)$k(t') 
and the point L(t) is always 
on the same side of the 
directed line k(t'). We say 
the point L(t) to be of type 
(Bx) if there exists a num
ber s > 0  such that for any 
parameter value t ' £ (t — e, t ) 
the point L(t) is always 
on one side of the directed 
line k(t') or L(t)£k(t'), 
and for any parameter 
value t" £ (t, t + e), the point
L(t) is always on the other Fig. 8
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side of the directed line k(t") or L(t)£k(t"). Finally, we say the point L(t) 
to be of type (B2) if L(t) is neither of type (A) nor of type (B f. Because of the con
dition (K) if the point L(t) is of type (B2) then for any number £>0 one of the 
intervals (t — e, t), (t, t + c) contains parameter values t ' , t "  for which the point 
L(t) is on different sides of the directed lines k(t'), k(t") (see Fig. 8).

This classification is a generalization of the classification given by C ooke for 
the points of the curve L in case of the Reuleaux domains. C ooke  calls the points

of type (A) intermediate points, 
and those of type (Bt) cusp-points. 
In his case points of type (B2) do 
not occur because of the finite
ness of the number of arcs.

If we omit the condition (K) 
and if t is an inner-point of a 
contradicting interval, then we 
take the maximum of such inter
vals (if D is not a circle, this is 
always possible) and we have 
to add the above mentioned 
neighbourhoods to this interval. 
This does not cause any real 
difficulty, but it makes the draf
ting much more complicated.

C ooke proved that if D is a 
Reuleaux domain then the points 
of L which are on the boundary 
of his convex hull and are of 
type (Rt) are midpoints of 
required semicircles. In this 
paper we shall generalize this 
theorem. We prove for arbitrary 

Fig- 9 domains of constant width the
following

Theorem 3. F(t, l)c:D  or F(t, 2 )cD  holds i f  and only if L{t) is of type (Bt) 
and L(t) is attainable from outside (i.e. L{t) can be connected with a far away point 
by a polygon G for which GDL = L(t)-, see Fig. 9).

Lemmas :
(2. 1) L(t) =  lim [k(t')Dk(t")].

This is a stronger form of (1. 1). The proof of (1. 1) proves also (2. 1).
Let us consider now the point set

M — U [k(t’) П k(t")], t' ^  t" (mod n)
t ' , t"

Let [M] be the closure of M  and (M ) be the interior of M. M  is a bounded set, 
because M is included by D.

(2.2) [M ] \M c L .
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P roof. Let P £[M ]\M . Because of P£[M] and of the continuity of k{t) 
there exists a parameter value t for which P 6k(t) and there exist points P1} P2, P3, ... 
... £ M, Pi~*P, Pt= k(t[) П k(t"), t[ ^  t" (mod л). Instead of taking subsequences 
we may suppose that the sequences {t'A, {t"\ are convergent. Let lim t[ =  t',Í-*- со

lim t" = t". Because of P $M  we have t ' = t = t". Hence by (2. 1) P  =  lim [k{t')P\
Í  —► со

nk(t")\ = L{t) (see Fig. 10).
(2. 3) M \L cz(M ).

P roof. Let P£M , P$L, whence P = k(t1)C\k(t2), t1&t2 (mod л),
^  L(t2). If the number e > 0 is properly small, then because of (1. 1) the lines k(t1 ~ e), 
k(t! +  s), k(t2 — s), k(t2 +  e) intersect the lines k(^), k(t2) so near to L(tt), L(t2) 
that P is an inner point of the convex quadrangle determined by the lines k(t1 —e), 
k(tt + e), k(t2—s), k(t2 +  e) (see Fig. 11). If P' is an arbitrary point of the quadrangle 
then because of the continuity of k(t) the intervals (tl — e, tA + e) , (t2 — e, t2 + e) 
contain parameter values t[, t2 for which P' dk(t[), P '£k(t2). If e was properly
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k(t2) small, then t\ ^  t2 (mod n) 
holds certainly. Hence the 
quadrangle is contained by 
M  and the inner points of the 
quadrangle are inner points 
of M.

Proof of T heorem 3. a) 
The necessity of the condi
tions: If L(t) is of type (A) 
or(B2) and г > 0  is arbitrary, 
then there exist lines k(tt), 
k(t2), t , - t :e,
such that one of these intersects 
the half-line k 2(t) and the 
other intersects the half-line 
k 2(t). Hence the condition of 
Theorem 1 cannot be satisfied 
(see Fig. 12).

If the point L(j) is of 
type (Bt) and not attainable 
from outside, then each poly
gon connecting L(t) and a far 
away point, particularly the 
half-lines k 2{t), k 2(t) also 
contain a point of the curve L. 
Hence because of Theorem 1 
F(t, i) c  D cannot hold.

b) The sufficiency of the conditions: We must prove that if L{t) is of type 
(Bf) and attainable from outside then one of the half-lines /c1(t), k 2(t) does not 
intersect the curve L.

Let L(t) be a point of type (Ä,). Then for any я >0 there exist lines &(П), 
k(t2); H $(i-fi, t), t2€(t, í + я) which intersect the same half-line k if(t). Suppose
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that there exists a line k(t3) which intersects the other half-line kh(t) (i.e. k i2(t) 
contains a point of the curve L). We shall prove that in this case any polygon 
connecting L(t) and a far away point contains a point P of the curve L, P ^L (t) .

We consider such a polygon and let P be its last common point with [М]. 
L(t) is an inner point of the triangle k(tf), k(t2), k(t3) (see Fig. 13). Hence we get 
(similarly as in (2. 3)) that L(t) is an inner point of M. Therefore by (2. 3) P^éL(t). 
If P £ M  then P £L since otherwise we should infer by (2. 3) P£(M) and P could 
not be the last common point with [М]. If P§ M  then by (2. 2) P£L. This was to be 
proved.

Finally, the author would like to thank to professor G. H ajós for his help 
and suggestions in the preparation of this paper, further to M. B o g n á r  and K. 
BÖRÖCZKY for their useful remarks.

(Received 7 December 1967)
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A CHARACTERIZATION OF THE CLOSED 
SUBGROUPS OF THE SCHUTZENBERGER GROUP

By
A. C. SHERSHIN (Tampa)

0. Introduction. In Section 2 it is shown that if the initial semigroup is compact
or discrete and card Ha>-1, then to each closed subgroup of the Schutzenberger 
group, a), there corresponds a topologically equivalent subset
A of Ha with the property that A[~11A = A (~1)A; and, conversely, each closed 
subset A of Ha with that property generates a homeomorphic subgroup of the 
Schutzenberger group, namely, Ф(А1~1]А) where Ф is the natural map for the Dubreil 
semigroups. In addition, it is shown that for a subset A of an ^f-slice with 
cardinality >-1 to be a component of a compact or discrete semigroup it is necessary 
that A be homeomorphic to the topological group, Ф{А[~^А). As a consequence, 
a homeomorphic copy of the unit interval cannot he a component of such a semi
group and a subset of an Ж -slice simultaneously.

1. Preliminary material. Terminology and background results are presented 
in this section.

1.1. D ef in it io n . A (topological) semigroup S is a nonnull Hausdorff space 
together with a continuous associative multiplication. Precisely, a semigroup is 
such a function m: S X S ->- S that

(i) S is a nonnull Hausdorff space,
(ii) m is continuous, and
(iii) m is associative; i.e., for each x, y, z in S, m(x, m(y, z)) = m(m(x,y),z).
For brevity the multiplication is ordinarily denoted by juxtaposition, that is, 

m{x, y) = xy. Moreover, it is common usage to say that a semigroup S' is compact 
if S  is a compact space and to say that a subset of S is closed if it is closed in a topo
logical sense.

1 . 2 .  D efin itio n s . The empty set will be designated by □ .  If X  and У  are 
subsets of S, then X (_1)Y= {w in S; Twi) □}, A[_1]T =  {ív in S; X w c Y } ,  
yjr<-1) =  {w in 5; w X D Y ^ D } ,  and YXl~1J =  {w in S; w X a Y }.

It is noted that if A is a singleton set, then X (~i)Y = X i~1̂ Y and УА(_1) — 
=  УЗТ-13. In addition, we will use the fact that if Y  is closed, then A[~1]Tis closed.

1. 3. D ef in it io n . Letting У be a subset of S' and A be the diagonal of У Х У ,  
then an equivalence relation R a Y X Y  is a closed congruence on У  if and only 
if ARiJ RA c:R and R is closed in У Х У  with respect to the relative topology.

It may be shown that if S is compact or discrete and if R is a closed congruence 
on S, then S/R is a semigroup and the canonical map from S to S/R is continuous [6].

The algebraic form of the next result is of french origin, see [2] and [5], and 
topological generalizations appear in [1] and [4]:
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1. 4. T heorem  ( D ubreil). I f  S is compact or discrete, a £ S and if  we define 
S{a) = {(x, y); x, yE(aS)a(~1> and ха = у a} and fF(a) = {(и, u); u, v^a{~1 \Sa ) and 
au = av}, then A (a) and dF(a) are congruences on the semigroups (aS)a( ~l) and 
a(~lXSa), respectively. I f  ф and <p are the appropriate natural homomorphisms 
in the diagram and letting ra and la denote multiplication by a on the right and left, 
respectively, then f , g  and h are such homeomorphisms that fф  = ra, g<P = la and 
g~1f= h \  moreover, h is an isomorphism.

( a S y - ^ C a ) ---------------- a(- l)(Sa)L^(a)
I \  /  I

ФI s /
\  /

(aS)a(~l) - - — a S n S a - — a<~-1>(Sa)

1. 5. D efin itio n . If 5 is a semigroup and A and T  are subsets of S, then one 
defines L(A, T) = A U ТА, R(A, T) = A D AT  and H(A, T) = R(A, T) П L(A, T). 
When the context clearly indicates which subset T  is under consideration, then 
reference to T  is usually omitted, that is, we write L(A, T) =  L(A), etc. Moreover, 
for Г с  S, one defines the Relative Green (equivalence) Relations, i f  =  {(x, y ); 
L(x) =  L(y)}, 01= {(x, y); R(x)~R(y)}  and Ж = !£(\01. For x£S , we will let 
HX(T) denote the if(T)-class (or slice) containing x; here again reference to T  is 
omitted if the context is clear.

It is true that H^fil)Hw = H l~nH w = w(~1)Hw for any w £S  [6].
1.6. D efin itio n . For any Ac: S and у a S, let us define £f(A,y) = {(u,v); 

u, v£A l~1]A and yu= yv) and 0~(A, y)=  {(u, v); u, v£AAl~1] and uy = vy).
It is well known that if a compact semigroup is algebraically a group, then it 

is a topological group. (It is noted that a generalization to the locally compact 
case appears in [3].) Using this fact one may show that the Schutzenberger—Wallace 
Theorem follows [6]:

1.7. T heorem  (S ch ut ze n be r g er—-Wa lla ce). I f  S is compact or discrete, 
if T  is a closed subset o f S and if  у is an element o f S such that card Hy >  1, then 
Hy is homeomorphic to the topological group, y(~' )Hy/.9’(Hy, y), and the groups 
y(~ ']Hy!^(Hy, y) and НуУ(~п/.0~(Ну, у) are iseomorphic.

The groups mentioned in (1. 7), namely y) and Яуу(_1,/^г (7/)„ у),
are commonly referred to as the Schutzenberger groups.

Lastly, we mention sufficient conditions in order for a semigroup in a compact 
(topological) group to be a closed subgroup [7]:

1. 8 . T heorem . I f  S is such a semigroup in a compact group that S is either 
open or closed, then S is a closed subgroup.

2. A characterization and a consequence. The principal result of this paper, 
namely, the characterization of the closed subgroups of the Schutzenberger groups, 
is embodied in (2. 3). The consequence is presented in (2. 5).

2 .1. P ro po sitio n . I f  b is an element o f a semigroup S and A is a subset o f S, 
then with regard to the statements
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(1) b( 1 }A is a semigroup
(2)
(3) b(_1)A a  {jcC 5; Ax = A)
(4) A = Cb and C2b a  Cb where C c S

the dependence is indicated by the diagram,
(3)

) ( 2 ) - ( l ) .
(4)

Moreover, i f  AczbS, then (1) implies (2); consequently, if b£A czbS and b(~x)A 
is a semigroup, then b(-~1)A = A i~^A.

P roof. If condition (2) holds and if x, y£b{~l)A, then b(xy) =  (bx) у £ A у  <z A 
and so b(~l)A is a semigroup; moreover, since it is always the case that {x; Ax = A ja  
a A i~1)A, it is clear that condition (3) implies condition (2). If condition (4) holds 
and x£b(~l)A, then (Cb)x = C(bx)czCA=C(Cb)<zCb so that x is in А1~^А  
and condition (2) is satisfied.

b(~2)A is a semigroup means that (b(~l)A)(b(~y>A)cib(~1Ы so that, multiplying 
by b on the left and using the fact that A<^bS, we obtain A(b(~1)A)<zA and, con
sequently, Ь(_1)Ас:А[~1]А. If, in addition, b is in A, then it is clear that b(~2)A = 
= A^-^A .

It is possible to indicate, as shown by the following examples, that the implica
tions among conditions (1) through (4) of (2. 1) may not be reversed:

2. 2. E xam ples, (a) Consider the semigroup S defined by the multiplication 
table,

0 1 2

0 0  0  0
1 0 0  1
2 0  1 2

and let b = \ and A = {(), 2}. Then 1 ]A =  {0, 1} which is clearly a subsemigroup 
so that condition (1) holds and yet b(~^A  is not a subset of A[~1]A which is {0, 2}.

(b) Using the semigroup S' defined in (a) and letting b = l, A = {0, 1} and 
C={0, 2} we have that A = Cb and C2b = Cb whereas b(~~1)A = S  and {x£S; 
Ax — A} = {2} so that neither condition (2) nor condition (4) implies condition (3).

(c) If we let a semigroup S be defined by the table
0 1 2 3

0 0 0 2 2
1 1 1 3 3
2 2 2 0 0
3 3 3 1 1

and if b = 1 and A = {0,1,2}, then {x£S; Ax = A j= b(_1)A = {0, 1}; however, 
the only set C such that A = Cb is A itself and, in this case, we find that C2b = S. 
Consequently, neither condition (2) nor condition (3) implies condition (4).
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2. 3. T heorem . Let S be a compact or discrete semigroup, T be a dosed subset 
of S and у  be such an element o f S that card Hy » 1. I f  G is a dosed topological 
subgroup o f the Schutzenberger group, y{'~ H yj f f  {Hу, у), and if  w is an element o f 
Hy, then, letting Aw = w((p~1G) where <p is the homomorphism o f Dubreii's diagram, 
it is true that (p~1G = A \^ 1̂ Aw = A^~i>Aw and Aw is topologically equivalent to G. 
Conversely, i f  A is a nonempty closed subset o f Hy such that A[~1]A = A(~i:>A, then 
for a in A the following diagram is commutative and, as a result, A =  (р(А1~1]А) which 
is a subgroup of the Schutzenberger group:

a<--VAl#XA,a)

where the primes and double primes indicate that those functions are restrictions o f 
<p and g.

P ro o f. If G is contained in the Schutzenberger group, namely, Ф(и>(_1)Ду), 
for any wdHy, then (P^iG czw ^1) ^ ,  for if x is in iv(-1)(S'»v) and Ф[x)dG, then 
Ф(х) —Ф(у) for some ydw (~1)Hy so that wx = wydHy and xdw {~l)Hy; letting 
Aw = w fö~1G) we have that Ф~1С — м(~1)Ак. Since w(-1)w is nonempty and 
HyczL(w), it follows that Ф(w(_1)iv) is the identity of the Schutzenberger group 
and so Ф-1(? contains an element q such that wq = w. Consequently, wdAw and 
then using the last part of (2. 1) we find that Ф_1С =  ТИ,[_1]ТИ,. Because AwczHwcz 
aR(w), the restriction of the Iw function of Dubreii’s diagram to AW[~1]AW has 
as its image Aw and therefore, by Dubreii’s result, G — Ф(А„1~11A w) is homeomorphic 
to Aw. If xd  Ф G and adA w, then card Hy>  1 implies that wx = atx — wt'tx where 
tdTC\w(~i)Hy because H f~ 1)Hy = w{~1)Hy and t ' dTГ\Ф~1G because Ф-1(? =  
= w(-~1)Aw. Therefore, Ф(х) =  Ф(гТх) = Ф(С)Ф(г)Ф(х) and since Ф(Г) and Ф(х) 
have group inverses in G, it follows, letting Ф(С)-1 be the inverse of Ф(С)> that 
Ф(С)_1= Ф(0 € G and so f € Ф- 1G and, consequently, w ^ ~ 1G)cza№~1G); moreover, 
ax — wt'x and so we have the reverse set inclusion, namely, a((p 1G) c  wfp ~1G). 
As a result, for each a d A w, it follows that (p~1G = a(-~1)[a{(p~1G)\ =a('~l)[w{<p~iG)]= 
= a(~1)Aw and, consequently, Aif 1]Aw= A jf1)Aw.

Conversely, if A is a nonempty closed subset of Hy such that A[~1]A = A(~1)A, 
then, for ad A, A[~1]A = a (-1h4 c a (' 1,ff; c a (“ 1)(Sa), the last inclusion being 
true because card Hy >  1, so that (p(Al~riA)cz cp{a ~11 Hy), the Schutzenberger 
group, where (p is the appropriate canonical map in Dubreii’s result.

We now consider two cases: (i) If S  is compact, in view of (1. 8) it follows that 
Ф(А1~1]А) is a group because A is closed, (ii) In the case that S  is discrete we may 
select an element q of a(-1)a because is nonempty if and only if a is in aS.
Then, since AczL(a) we have axdL(a) for each x d A [~1]A and so it is easily verified 
that ax = axq. Consequently, Ф(q) is a right unit for Ф(х). If a — ax, we have a — axx  
and if a A1 ax, then a — axt for some td T  because A aR (b) for all bdA  so that in
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either circumstance there is an element x' such that a =  axx' and, consequently, 
aq = axx'. Clearly, x' is in A[~1]A and therefore Ф(х) has a right inverse. We have 
thus shown that Ф[А1~1}А] is a group.

Lastly, since A[~1]A — а{~1)А and A c  R(a), the restriction of the la function 
of Dubreil’s diagram to A[~1]A has as its image A and, therefore, using Dubreil’s 
result, Ф(А[~1]А) is homeomorphic to A.

2. 4. Proposition. I f  A and В are subsets of S such that A is nonvoid and connected 
and В is a component o f S, then Al~1 ]B = A(~l(B.

Proof. If у is an element of A(~l)B, then Ay is connected and so it follows 
that f i U d ( d <_1)5 )  is connected. Then, since В is a component, A{A(~1)B )aB  
and we have that А(~1)В а А 1~иВ. The fact that A is nonempty is used to ensure 
that Ai~i^BczA(~1)B.

2. 5. Corollary. I f  A is a component o f S, then A(~X)A =AL~1]A. Consequently, 
if S is compact or discrete, then for a set A contained in an Ж-slice having cardinality 
>1 to be a component o f S  it is necessary that A be homeomorphic to the topological 
group, Ф(А[~1]А), where Ф is the canonical map o f DubreiFs diagram.

Proof. This result is immediate in view of the 2. 3 and 2. 4 Theorems.
In view of (2. 5) a homeomorphic copy of the unit interval cannot be a component 

of a compact, or discrete, semigroup and a subset of an Ж -slice simultaneously.
If we consider a semigroup in which two distinct points a and b are contained 

in a component, then by letting A — {a} it is easy to see that the converse of the 
first part of (2. 5) is not true. Moreover, if we look at a totally disconnected space 
with cardinality =» 1 which has the multiplication xy  =  x, it is easy to see that the 
weaker converse, namely, A(~^A = A [~1]A implies that A is connected, is also 
false because in such a semigroup equality holds for any nomempty subset.

I am grateful to Dr. A. D. Wallace for his comments.

(Received 17 January 1968)
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ON THE NUMBER OF SOLUTIONS 
OF A DIOPHANTINE SYSTEM

By
I. KÁTAI and J. MOGYORÓDI (Budapest)

1. Let AN(vt , ..., v,) denote the number of solutions of the diophantine equa
tion system

(1.1) 2 £kkv-  2  B'kkv = (v= 1,2,...,/)л= l k= 1
in unknowns Sj, eN, e[, e’N, where ej, e'- assume the values 0 and 1. 

Let

0 .2 ) ™  йч — N  V  M *Q(ß1, : . ,ß , ) =  Z Z  v+ u+ l
д = 1  V = t  V +  P  +  1

(1.3) aN(v1, ...,v ,) = J  ... J exp —2 ni ß i  ßi
-~ JVl +  -̂-- 2l+lVl
N 2  N  2

X

Let

(1.4)

X exp(—Ti2Q(ßl , ...,ßi))dß  1 ... dß,.

TvOfi, •••>»«) =  Z  exp  2ni1Z  j  ’
where in the right hand side we sum over those ay, qA] a2, q2 \ ■■■', at, qt for which 
the following two conditions hold:

1 • Uy) 4 j ) =  1 (У 1,..., /),1 I
2. the polynomial Z  —J xJ assumes integer values for every integer x. 

j = i  9 j\
The number of these polynomials is finite.

We shall prove the following
Theorem 1.

10 + 2)
A n(Pi , ■■■, Vi) =  22N N 2 {eN(v1} ...,v,)xN(vi, ...,v,) + 0(N ~c)},

where c is a suitable positive constant.
R em ark s, (a) Let v be a fixed positive integer and let BN(v) denote the number 

of solutions of the diophantine equation
N

2k= 1
(Ejfc-ei[)k v = v
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186 I. KÁTAI AND J. MOGYORÓDI

in unknowns £ j, eN, s{, ..., e'N, where ek, e'k assume the values 0 and 1. Using 
the method of this paper we can prove the following

Theorem 2.

where

2 v +  1

BN(v) = 22NN 2 {0iv(r) + 0(iV-c)} (o O , constant),

Qn(v) = - 2 m  N
2v+ 1 \

2 ß v - n 2ß2l(2v+ l)\dß =

4
2v +  1 exp(— (2v+ \)v2 N  (2v+1)).

Hence we see, that B N( v ) / 2 2 N  is asymptotically equal to the density function
Ty2v+ 1

of the Gauss-law with mean 0 and variance a2 = —-------r-.2(2 v + 1)
(b) Erdős noted in [1], that v a n  Lint has found the asymptotic of Z?.v(0) in 

the case v =  1.
2. Proof of Theorem 1. Set

(2. 1)

(2. 2)

F ( x ,  a , , a,) =  2  av*v>
v =  1

<Ma1( . . . ,«() =  П  \ l + e 2*iF(k-*‘....«>>|2
k= 1 

N
=  П  (! -  sin2 nF(k> «1. . . . .  «;)),

(2. 3) J ( s / )  =  / • • ■ / exp(-2711X01!iq +  ... + u l v l) ) i l / N (a .1 , . . . ,a l) d a . l  . . .  chx,,
SÍ

(2.4) d £ ( s d )  =  f . . . f i l / N ( c c 1 , . . . , o c l) d c c 1 . . . d c c l .
s i

Let
/  =  {(«!, ..., a,); \cij\ s  1/2, j  =  1, ... ,/} ,

(2.5) Tj = N2~x (y =  1, . ..,/) , 0 < x < l .
For coprime integers a,-, qj let 9Jt = Ш(аt , ..., q,) be the set of those (al5 ..., a,),

for which

(2.6) ai<*j— — —  0 '= 1 , ...,/).dj dj t j
Let

(2. 7)—(2. 8) Q =  [<h, •••,<hV* Qi=[q2, - ,d i i ,

(2.9) 'h  = «j - a  =  1 , ...,/).
4j

* [a, b, ...] denotes the least common multiple o f a, b, ... .
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Let ST denote the set of all cubes 9Л(а1; qt) for which the polynomial

F x, <h_ 
<h ’ Ч>) l=i Qj

assumes integer values for every integer x.
Since the number of these polynomials is finite ,so for 9Л € .Twe have Q = c\ 

(when cl is large enough).
Let 91 denote the set of those points in I  which do not belong to the set U  ® i .

юк-г
By the Parseval-formula we have

An(vl9 ..., vl)=J{I).

Since the sets 9Л in ST are disjoint (if N  is sufficiently large) we have

(2.10) An{v13 =  2  ^(8И) + ̂ (91).
soi s гг

Let ßj = NJ+*otj (y =  l , .. .,/) .  We define the sets s i t , s f2, s i 3 as follows:

(2. 11) s i t = {(oq, ..., a,),max |j? | <
j

(2. 12) s i2 = {(«i, • ••, a,), max \ßj\ S  N±~A', \ßj\ <  N J+* -A2, j  = 1, ..., /},

(2. 13) s i 3 = {(oq, ..., a ,).i = max lajl =  N ~Al}> 

where 0 < d x< i ,  0 < d 2< 2 -
Estimation of ü? (91). If (oq, ..., cq) £91, then max \ßf >~N*, and so9lcua/2U^/3. 

We show that in the set 9i the inequality

(2.14) </Ov(oq, ...,a/)<s=22Jvexp(-/V c) (c>0)
holds, whence
(2.15) j^(9l)«22iV exp ( — N c) 
follows immediately.

Case A: (oq, ..., ot/)€J^2( П9t).
For any fixed oq, ..., a, let M  denote the greatest integer, for which

jt(|oq|Af +  ... + |a,|Ml) S  £,

when M ^ lN, and let M —N otherwise. 
Since s in u x ^ x  in O ^ x ^ ^  we have

M

L == 2  sin2 nF(k,oc I , .
k = 1

M

..,a () = 2  F2(k,a ,, ...,a,) =
k= 1 ^ Z ß ^ Zrv V. и k= 1

/tV + " 
7VV+" ~

( м у 2и ßl
м
N

21+ 1,

- О
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1 8 8 I. KÁTAI AND J. MOGYORÓDI

Since
l

Q(ßl , . . . , ß l) = J  (ßlX + .. .+ ß lXl)2dx,
О

so Q is a positive definite quadratic form, whence

c2{ß \+ ...+ ß j) Q (ßi, ...,ßd  s  c3(ßi + ... + ßf)

follows with suitable positive constants c2,c 3. 
Hence we obtain, that

L »  2  ßv
2v+ 1

max ß2 M
TV

2v+ 1

By the definition of M  it follows, that M » N á2/l and so

L^>NAi, A3 =  min (1 — 2A i, A2/l).

Using the well-known inequality 1 — ХШех for O s x S l  we have
M

фи(Х1, ..., oc,)<z22N f j  (1 —sin2 nF(k, a l5 ..., a,)) <  22,vexp(-L ),
i.e. (2. 14) holds.

Case B: (aq, ...»<Xj)€^3(n9t).
Let S denote a suitable subset of 1,2, ..., TV. Let [Si denote the number of the 

elements of S.
We shall construct a set S  with |S|s>TVc(o O )  for which the sum

(T(S) =) T(S; , ..., oe() =  2  e2*iF«-*‘... “■>
k(=S

satisfies the inequality
\T(S)\ <  (1-<5)|S|, 0<<5<1.

Hence the inequality

... ,a ,)<  22iV/ 7 ( l - s i n 2 nF(k, a 1; ...,<*,))
kes

<  22)Vexp^— 2  sin2 nF(k, a , , ..., a,)j =

\S\ 1=  22л,ехр

enough. Then

(2.16)

for I s k ^ M ,  with M  = o(\)Nl ~x.

ReTfS) <  22N exp TV'

that ql ^ N llAA and qj Ш. TVJ“ for =

\F(k,ccl 5  . . . , « /) - . . . д ]
V ? i

= e,
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Lemma.
Q  2 n i F  { к  -  ... -'ll2  e '  ’«»’ ’ 9i) <  (1 _  <5)|S|, 0 -< <5 <  1,

k= 1

whenever F \k, — —I assumes at least one non-integer value for some 
integer k.

This lemma is a weak variant of a theorem of M ordell (see [2], Ch. I). Hence 
by S = [l, M] it follows that

+CoадVII г s A , .
<71 4l)

S e |S | +  ^ + l j  0(1 — <5) -= (1 — 5/2)\S\,
I

when e<  — , because in our case sJJi(a1; ...,q^§.37
2. Suppose now that qj ^ N ‘iA for at least one j  in 2 ё у ё / . Then using the 

well known result of I. M. V inogradov concerning the Weyl-sums, it follows that
17’(S )|« iV | - 1, 0< a ,

with S = [1, N]. (See [3], Ch. IV.)
3. Let finally q jS N A4 for у = 2 and ql ^ N 2IA4. Then for l s / i S M  we have

= \фг\M +  ... +\ф,\М1 sF(k, a l5 ..., а , ) - т ( к А , . . a )

whenever

1 M M 2 M l
-------- + ------ + . . . + —  == £,
4i 4  T2 T,

M  =  o(l) m in(N l x/2,N l x+2lJ*y 
Since in this case QA-^N lA*, ql ^ N i ~x so choosing

we have

Mi a iQ,•̂ -7 2rci/c----
2 , e

and |S |ss>jVc.
So the relation (2. 15) holds.

M x = M
Q\.

? 5  =

t \s , ai- • • • "1
1 & 2jiiF fülle, —.... üli> e t 91 «it

l <?1 k= l

— ?! — * =  о(|5|)

Estimation of , ...,a () in the case (al5 ..., a,)(j.я/ j .  Let

/(*) =  2  ßjxJ 1 e- F(x’ ai ’ '"  ’ a,) ^  ylv ’
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From the definition of sdY

max
k =  1.....N

follows. Hence 

where

Furthermore

1 (k = o(l) (N-*- °°)

Since

Z f 2л=1 
we have

N

] / N J ( Д )

xl) = 22N exp ( — V)

у = - - к ? / ‘ [* )+ а д = - 1 , + о т

R =  - z A ~  1N 2Á J

2  - Ш г  Í > +" =  NQ(ßl t ..., ß,) + 0{Q{\ßA, .... IÄD)
v,n = l  M  k= 1

Further
U = n 2Q{ß„ ...,ß i) + 0

i / 4 ~

Q Q ß i l - ,  I A I )  -

« N - 2A>Q(ßt , . . . ,ß t).N  N k=1
Hence for :Ш c

Kl + 2)

22NN  2 /■■■/ ехр(— 2ni(2<XjVJ))exp (— H )dß1 ... dßt

follows, where 

Let
я  =  -712е ( ^ , . . . , / ? ;) ( 1 + 0 ( ^ - 2̂ )). 

q {sá )  =  J . . . J e x p { - 2 n i ( 2 v - j V j )  — n 2 Q ( ß y , ..., jS,))̂ /?i ... d ß t .

Let ,9Í(A) denote the set of those (al5 ..., a,) for which max |ßß
Suppose that A is a sufficiently small positive constant.

Since
tt2

(2.17)

and
и

max \ ß j \ > N A

exp - — Q(ß1, . . . , ß l)\dß1 ... dßt «  exp(— N ^ 2)

(2.18) / . . . / exp (-Q iß , ... ßl)n2) 0 { N - ‘ Q(ß1, . . . , ß lj )dß1 ... dßt «
■*(А) ^  N 2(a- ap ^  n - a, (A< AJ2)

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



ON THE NUMBER OF SOLUTIONS OF A DIOPHANTINE SYSTEM 191

we have

(2.19)
when J c r f j ,

Further, from (2. 17)

1(1 +  2 )

•/(£ ) =  2 2NN 2 {q (@C\s4(A)) + 0 ( N -*')},

.17)
q(s/(A))  =  <7jv(»i , Vt) +  0(exp ( -Л ^ /2)).

If then

(2.20) </(®i) =  exp I— 2ni
\ 4 4

J№ * ),

1where 9Я* denotes the set of those ( ф 1 , ...,i/q) for which \ij/j\ S —  (7 =  1, ...,/).
Qfij

On the domain 9И* the same estimations hold as on s á v  Further j / ( A ) c z  

с  9)i* с  д /1 and so
(2. 21)

Hence
Jk(Wl*) = S ( j*(A)) +  0(22N exp ( - N %  c >0.

2  ^(Щ) =  22A,7V 2 ( 2  exp Í— Í2  ŰJ- ^j) 2ттЛ c r^ iq , ..., v,)+ 0 (N '
mer [mer v ( 9j J )

Taking into account the inequality (2. 15) our theorem follows.

(Received 5 February 1968)
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SOME FURTHER ESTIMATES CONCERNING SUMS 
OF POWERS OF COMPLEX NUMBERS

By
F. V. ATKINSON (Toronto)

1. Introduction

Let z1; z„ be complex numbers, and wiite

(L 1) sk =  2  4
r =  t

for their power sums. Túrán [1, 2] has, along with many related problems, con
sidered that of investigating
(1.2) Mn= min maxdijl, ..., |jJ),

Z l , . . . , Z n
under the constraint that
(1.3) max (|zj|, ..., |z„|) =  1.
The problem is relevant to certain techniques for the numerical solution of algebraic 
equations [2, 4], and has recently been applied in connection with the maximum 
modulus theorem for a Banach space [6]. For further related work I cite [7].

It was shown in [8] that Mn >1/6 for all и; earlier results [9] gave lower bounds 
for Mn which tended to zero as n — °°. In a technical report [10] it was shown that 
this lower bound could be raised to 1/3.

The purpose of the present paper is to give an improved version of this latter 
work. We show that the lower bound я/8 is valid for a large range of values of n; 
this bound is good at least for и<1,6-103. For large values of n, we obtain a 
lesser lower bound, the root of a certain transcendental equation.

2. Notation and conventions. We make use of the following functions:

(2.1) g(0) = 2  m~1smemW,
1

(2.2) h(6) = m~1etni0, — iMO,
/i + i

(2.3) ф(в) = = g(ß)-g{  0),
1

(2.4) %(ß) = ^  2m“1 \sin%m0\',
1

X

(2.5) S ix =  J  y~ x sin у  dy,
0x

(2. 6) T(x) =  f  y~ 1 |sin^| dy.
о
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194 F. V. ATKINSON

The notation (2. 5) for the integral-sine is standard. We have in particular Si n = 
= 1,8519 ... . Of course, S ix=T(x) for 

We write
(2.7) s =  max { lij, ..., |s„|},

and will assume that our lower bounds for s, subject to (1. 3), will be less
than such as n/B.

In place of (1. 3), it will be sufficient to consider the case that

(2.8) z 1 =  l.

We shall assume that а ё 3; the case n = 2 is explicitly soluble.

3. The basic inequality. Starting, as in many previous investigations, with 
the identity

exp ( - J > ~ 4 , T mj = J J { \~ z ry), 

valid for small y, we proceed as in (8) to the result 

(3. 1) e»(e) =  П  (1 -  zrew) + 2  cmemW.
1 n + 1

Here the Fourier coefficients cm are given by
л

(3.2) cm =  (2n)~1 J e ~ m,e+eWd9, m>n.
— It

Putting 0 =  0 in (3. 1), we have by (2. 8) that

(3.3) e9(0) =  2 c m-
П+ I

As in (8), the argument consists in showing that if í  is too small, then the cm are 
so small that (3. 3) cannot hold.

By a partial integration in (3. 2) we have that
7C

cm = (2nmi) -1 J e ~ m,°g'(e)e9(e) eld,
— n

and so

cm =  ( 2 ttz) -  1 f  / r ( 0 ) g '( 0 ) e 9(0).
—  71

On combining this with (3. 3) we have
К

(3.4) 1 =  (2лг)-1 f  h{0)g\e)e^e)d0.
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Here we note that, by orthogonality,

/ g ' { 0 ) h ( 0 )  dO =  0,
— Я

so that (3. 4) may be replaced by
я

1 =  ( 2 n / ) ~ 1 f g ' ( B ) h ( e )  { e + M  -  1} dO.
—  Я

At this point we apply the Bunjakowski—Schwarz inequality, to give

Я я

(3.5) 1 ё ^ т г ) - 1 J  |g'(0)|2 d d -{ Ín y 1 f  \ h { d ) { e ^ w - \ } \ 2 d e .
— я  — я

However,

J  \s'iß)\2 dQ — 2n 2  \sm\2 s  2m s2.

Hence from (3. 5) we get

(3.6) l s | -  J \e w ) - \ \ 2\h{d)\2 dd.

It is clear that this implies that s is bounded below from zero. We proceed to make 
this remark more precise by estimating the integrand in (3. 6).

4. Estimation of h(0). We prove first
L e m m a  1 . F o r  0 < 0 ^ 7 г ,

(4. 1) |й(0)| ^  (2n +  l ) - 1 ( s i n i 0 ) - 1.
We have in fact

0-JOO oo
- ( n + i ) / e - ( n + i ) í

=  > \ i /  e - b d vm

and so

(4.2) \h(ß)\ = \ f  e -C«+i)r{2sini(0 — /г)}“ 1 z// .
о

Here we note that

[sin Jr (0 — it)\2 =  sin2 \  0 + sinh2 \  t Ssin2 \  0, 

and so (4. 2) yields

[/7(0)| =i (2 s in |0 )-x f  e~(n+i)tdt,
0

from which (4. 1) follows.

dt
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We need also
Lemma 2. For a, such that 0 < я ё ^ я ,  we have

(4.3) |/z(0)|2 S  (n +  i)~ 2(0~2+4cosec2-Ja), O < 0S a,
(4. 4) |/г(0)|2 S  (2я +  l) -2 cosec2 \ vl, a S  0 S  л.

In the result

cosec2 ^0 —40~2 =  4 ^{{2qn — в)~2+{2qn + 6)~2}
l

we note that the right-hand side increases as 0 increases in (0, \л). Thus, for 
O < 0S a,

cosec2 — 40_2S  cosec2 ioc — 4a~2^  cosec2 \  я, 
and so (4. 3) follows from (4. 1).

We get (4. 4) from (4. 1) on noting that cosec \9  decreases as 0 increases in 
aS0S7t.

Since h(ß) is an even function of 0, we have similar results to (4. 1), (4. 3—4) 
for negative 0. In stating that я S  we have taken the greatest range of я-values 
of interest to us.

5. Second form of basic inequality. We apply these bounds for h(0) in (3. 6),
for some я, 0 < я ё \n, to be chosen later, we apply (4. 3) over (0, я), and similarly 
over ( — я, 0). We apply also (4. 4) over (я, к), and likewise over ( — л, — я). Combining 
the results we get

(5.1) i s ns*
2л (и +  i ) 2

a/ eH 9)_l\2Q~2 d9 + nsA
2n(n-\-%)2 4 sin2 \

n/ \еФ(в) _  l\2  dO.

In the first term on the right, we use a pointwise bound for i/i(0), valid for 
all sx,...,s„  satisfying |j,| S s, r=  1, This is

|^ (0 )|s^ (0 ),
from which it follows that

1еФ(в)_! | s  es*w _  j _

Thus the first term on the right of (5. 1) does not exceed
a

(5.2) Л =
0

here we have used the fact that y(0) is an even function of 0.
We denote the second term on the right of (5. 1) by / 2. As the second form 

of the basic inequality we have then

(5. 3) l á f i H .
The next two sections are devoted to estimations in respect of I t , by means of
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certain bounds for sums. We then use a different method to estimate / 2, and will 
then, in §9, obtain a more explicit, though weaker, form of the basic inequality.

6. Some integral inequalities. In the next stage we find an upper bound for the 
sum (2. 4) in terms of the corresponding integral. We have to deal with a function, 
namely |sin x|, which is infinitely differentiable, except at certain points, namely 
multiples of n, and have to consider it over intervals which may contain one of 
these points, or may not. For the latter event we have

Lemma 3. In the real interval ö S x S h  let the real-valued function f ix)  be 
continuously four times differentiable. Then

(6. 1) Ub-a){f(a)+f(b)}  s  f  f (x)dx + 12 - \ b  -  a)2 { f (b)- f  (a)} +
a

b
+ 384~1 (b — a)4 J max {—f in\x),  0} dx.

a

The left of (6. 1) is the same as
b b

(6 .2 )  J  f(x) d x +  J  {x -  j  (b +  a))f'(x) dx.
a a

By integration by parts, the last integral is found to be
(6 .3 )  [{\ (x-%(a +  b))2- 2 4 - 1{ b - d ) 2}f'{x)\ba-

b
-  f  -  Xa +  b))2 -  2 4 - ' ( b - a ) 2} f"(x)dx.

a

Here the first, integrated, term yields the second term on the right of (6. 1). In the 
second term in (6. 3) we integrate by parts again, getting

(6. 4) -  [{6 - ■1 (* ■- Ш  + Ь )У - 24 -1 (x -  i (a  + b)) (b -  a)2}f"(x)\ba +
b

+ J  {6_1(x— %(a + b))3 — 24-1(x — i {a + b)) (b— a)2}f"'(x)dx.
a

Here the first term vanishes. In the second, we integrate by parts again, getting
b

(6. 5) [2А-1(х -а )2(х -Ъ У /'" (х )к -  J  24~1 (x -  a)2 (x ~  b)2f ^ ( x ) d x .
a

Here the integrated term vanishes. We get the result of the lemma on noting that,
for а ^хш Ь ,
(6. 6) O s  24_1(x — a)2{x — b)2 s  384~1(6 — a)4.
We give next the modifications required to deal with the event that x _1|sinx| 
has, in the interval concerned, a point at which its derivatives are discontinous; 
the function itself will still be continuous. We have
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Lemma 4. For some c, a < c <  b, let f(x) be continuously four times differentiable 
in atix^=c, сШхШЬ, with one-sided derivatives at x  = c. Let

I A c  + 0) =  A c  -  0), f \ c  +  0) =  - f \ c  -  0) >0,
l /" ( c  +  0) =  —f"(c — 0) <  0, / ( c  +  0) =  - / ( c - 0 ) < 0 .

Then (6. 1) remains in force, subject to the addition on right o f the supplementary 
terms
(6.8) 12-1(й -й )2/Ч с + 0) + 3 6 -13-М Л-а)3 |/" (c + 0)| + 192 ~ 46 —a)4 \ f ”'(c + 0)|.

For this case, (6.2) is unaffected, since /(x) is continuous at x = c. However 
the integrated terms in (6. 3—5) must now be supplemented by, altogether,

-  {i(c -  i(a + 6)2 -  24“ :\b  -  a)2} { f \ c  + 0) - f \ c  -  0)} +
+ (6- ■1 (c -  Í  (a +  b))3 -  2 4 -1 (c -  i(<z + b) (6 -  a)2} {f"(c + 0) - f" ( c  -  0)} -

-  24- 4c -  a)2(c -  6)2 { Г  (c + 0) - f " \ c  -  0)}.
These are collectively bounded above by the terms in (6. 8), as we see on using 
the bound (6. 6), together with the bounds, for ж е  <6,

(c — \{a + b))2 — 24-46 — a)2 S  — 2 4 - 4 6  — a)2,
6 - 4 c — i  (a + 6))3 -  24“ 4c -  i  (a + 6)) (6 -  a)2 S  -  72“ 13~*(6 -  a)3.

7. Estimation of y(0). We now apply these last lemmas in the case f(x )  = 
= x~1jsin xj, x > 0 ,/(0) =  1, with, as the intervals (a, 6), the sequence of intervals

(7.1) (О ,*0) ,. . . ,(*и0,К и +  1)в).
We apply Lemma 3 if no multiple of n occurs in the interior of one of these intervals, 
and Lemma 4 otherwise. However, we may as well include the supplementary terms 
in Lemma 4 even when a multiple of it occurs at an end-point of one of these intervals, 
without essential loss of precision. It is easily verified that the conditions (6. 7) 
are satisfied; the derivatives will be calculated later.

Applying Lemma 3 or 4 as the case may be to the intervals (7. 1), and adding 
the results, we get

(7. 2) \0  {/(0) +  2 2 М т в )  + /(K «  +  1)0)} ^

(n + 2)9/2

^  J  A x)d x  + ~ { f ( f { n  + 1)0-0) —/ 4 0 )} +
0

+ 20 <qn <(n + 1)0/2
f  (qn + 0) + IJ "(qn +  0)| + \f"(qn  + 0)|

(n+ 1)0/2

+ / 1 4 4  J  max b / (iv)W . 0} dx.
0

Acta Mathematica Academiae Scientiarum Hungaricae zo, 196g



SUMS OF POWERS OF COMPLEX NUMBERS 199

In clarifying this we use the facts that

/(0 )= 1 , /( * (« + 1)6) SO, / ' W s r 1, (x>0),
/4 0 )  =  0, fX qn + 0) = (qn)-1, f"(qn + 0) =  - 2(qn)~2, 

and finally
f'Xqn  +  0) = — {(^тг)-1 — б(̂ гтг)-3)} > -{ q n )-1.

By means of these we deduce from (7. 2) that
(л +  1 )0 /2

(7.3) ^  m 1 jsin -ji7i6\
« /

/ ( x ) i / x - ^ 0  +
0

24(n +1)

+
03
48 2  f0<?Jt<(n+ 1)0/2 I(?я) 1 +  з^2 (i71) 2 + 64 (^ )  4  +

+
04

6144

(n+1)0/2

Let us now dispose of the last term. For this we note that

(7. 4) J  max {—/ (iv)(x)> 0} dx <  2.
о

If we use the expression
/<lv)(x) =  1 /5 — x2(2! • 7) + x4(4! • 9) — ... ,

from which we may see that / (iv)(x)>0 when 0 S x s / l4 /5 ,  and so in particular 
for OSx ^ ^ tt. For - j n ^ x ^ n  we use the expression
(7. 5) / (iv,(x) = (x_1 — 12x-3 +  24x-5) sin x — (4x~2 — 24x~4) cos x.

Here the coefficient of sin x is positive, except when / б - / 1 2 < х < / б +  У12, 
when it satisfies

0 x_1 - 12x~3 +24x-5 ё  — 12x~5.
Also, the coefficient — (4x~2 — 24x~4) of cosx is positive in (j-л, n), except when 
x ё  У6. Hence we have

7t 1̂6 -E f  12 n
J  max{—/ <iv,(x), 0} dx ё  J  12x~5dx+  J (4x“2 — 24 “ 4) dx.
° У6-У12 f t

In intervals of the form 2kn ̂  x ш (2k + l)n, /с ё  1, we may still use (7. 5), 
where now only the term in cos x can become negative. We thus get

(2fc+ l)7i ( 2 к + 1 ) л

J  max {—/ (iv)(x), 0} dx s  J  (4x-2 —24x~A)dx.
2 k n  2 k n
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We get a similar bound for intervals of the form (2k — 1)л^хШ2кл,  noting that 
here the expression (7. 5) must be reserved in sign. Thus altogether the left of (7. 4) 
is bounded above by

1̂ 6 + f 12 M
J  \2x~5dx +  J  (4x~2 — 24x~4)dx,

Уб~ут2 f 6

and this is easily seen to be less than 2 .
We deal now with the case that the sum on the right of (7. 3) is empty. We have
Lemma 5. I f

(7.6)
then

(7. 7)

0^=0 ш2п/(п +1),

m 1 |sin i  тв\ s  Si (n +  1)0}.

In this case (7. 3) reduces to
(n +1)6/2

m 1 |sin^m0 | s  J  f(x)dx  — \6- e
+

e4
24(#i+1) 3072 '

However (7. 6 ) implies that 0 = ^ 7г, since we may assume that n &3, and so

0 94 -  ' ft
24(л +  1) з072 ~  4 ’

which proves (7. 7),
In the event that the sum in (7. 3) is not empty, we use the bounds

and

-V -1 , ( n + 1)0 2n
2  4 - l0g 2n + ( ^ n j 0  + ?7’l S « S ( n + l ) e / ( 2 T t )

2  q 2 <  tt2/6,
1 S « S ( « + 1 ) 0 / ( 2 7 i )

where 17 = 0,577215... is Euler’s constant. These give from (7. 3) that
(n+1)0/2

(7.8) 2, m 1 |sin^w0 |
- /

f(x) dx — {0 + 0
24(и+1)T +

+-
в2

1+ )f, (и+ 1 )0  2  я 1 0 3 0 4log +  ,_ , ^ 0 + ri\+ — ^  +48л:

In simplified form, we prove 
Lemma 6. I f

(7.9) 2n/(n + 1) S 0 S ^ 7T,

2 тг (и+1)0 J 8 6 8 / 3  3072
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then 

(7.10)

(n+ 1)6/2

m 1|sin-|»i0j
- /

0 . 02 , (л+ 1)0 
/ W * - 5 + 4 ta 'OS- ^ -

Since 0 ^ |л ,  we have (02/48)(l + 02/64) ̂  02/46, and so the right of (7.8) 
is seen to be less than

( n + 1)9/2

+ 1

/
0

/(x )i/ , - i 0 +  £ 1o g ^ ± J )0 +

0 02 03 04 
+  ̂ + — 7= + ̂ 7 ^ .24(и + 1) 23(и+1) 46л 864)/3 3072

Again since 0 S  -|я, the last five terms are less than

01 h
23(л +  1) + 92 + 3472^ 3  ^  24576/ "  2 0 ’

n‘ n3 1= + -
0

This proves (7. 10).
We have the following specialisations. 
L emma 7. Let

(7.11) 2л/(и + 1) s  0 ё  min j 46л
, in5 log {\(n +1)}

Then the last two terms in (7. 10) can be omitted.
It is a question of showing that the last two terms in (7. 10) are, in sum, negative 

or zero when 0 satisfies (7. 11). We thus have to verify that

0 . (« +  1)0 1 
46л °8 2л ^  5 ’

when 0 satisfies (7. 11). Since 0 = ̂ л, the left does not exceed
0 . n + 1 

4 fe log- 4  '
and this is less than 1/5 by the other bound for 0 in (7. 11).

In particular,
Lemma 8. If 0 < 0 ^ in , and n < 3 ,9 -1 08, the bound (7. 10) holds, with the last 

two terms omitted.
We have (7. 7) for 0 subject to (7. 6) for all и^З. It is a question of showing 

that the right of (7. 11) is in  if n <3,9-108, or that for such n we have
46л

This is easily checked.
5 log i(n  +  1) in .
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8. Estimation of / 2. For this, the second term in (5. 1), we use a different 
method. We have

Lemma 9. For

( 8. 1)

П

(2л:)-1 J \ e * w -  l\2d9 ё  (n+ l)2‘e2's •

For the left-hand side does not exceed

тах(2я ) 1 J  expj^tf? ^ „ ( l  — emi9)J- d9,

where the sm range over |ím| S s ,  l á m s / i .  This in turn does not exceed

( 8. 2) max (2 я )"1 / exp m 1 (s„, + t„,em№)j -1  d9, 

where the sm, tm range over |ím|^5, m=  1, Let us write now

exp 2  m ~1 (sm + <m emW) = 2  dr erW,

where the Fourier coefficients dr are independent of 9, and are expressible as power 
series in the sm, tm. Then (8.2) is equal to

(8.3) K - i p  + j?  K l21
We now remark that in the expression of d0 — 1 and d1,d2, ..., as power series 
in the sm, tm, the coefficients are all real and non-negative. Thus (8. 3) will be maxi
mised by putting sm = tm = s,rn = \,

For simplicity, we may replace d0 — 1 in this maximum by d0, at the cost of 
increasing the maximum. Thus we find that (8. 2) is less than

(8.4) (2 л)- s ^ m  1( l+ e mW)
2

dO =

2

d9.

FTere we use the bound
П2  m-1 <  log(n +  l) +  ?7 .
1

We also take the sum under the integral sign on the right from 1 to oo; a Fourier
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argument, similar to that of (8. 2—3), shows that this increases the expression 
on the right of (8. 4). Thus (8. 2) is less than

(n+ \)2se2ris(2ny
* f OO 1

J  exp w -1eraiej dB =

= (n+ l)2se2ns(2n) 1 f \ l —eie\ 2sdd,
— It

which gives the right of (8. 1). This completes the proof.

9. Third form of basic inequality. We now apply the bounds obtained in the 
last two sections to transform (5. 3). We start by estimating I v on the basis of the 
results of § 7. We take it that
(9.1) 2n/(n +

In / , , as given in (5.2), we write I tl for the contribution of the interval (0, 2л j(n +  1)), 
and / 12 for the contribution of (2n/(n + 1), a).

From Lemma 5 we have
2nl(n+ 1)

(9.2) 7n  -  " ( ^ 1 ) 2  f  |exp{2iSi +  1)0)}—1|20-2 dd s
0

~  2л ( я Н - 1) ^  I  l e 2 s S i < 1 ’ - \\2(P 2d(p- J rt J  (e2sSi,,~ l )24> 2d(p. 
0 0

In I2 we use Lemma 7, or Lemma 8. We take

(9. 3) =  min j 46 я 
5 log H« • 1)

so that а = ^ я  if и<3, 9-108. Then Lemma 7 gives, since here T(x)= J  f(y)dy ,
о

а

(9.4) / , 2  S  'ф +  i y  J  \exp{2sT(i(n + l ) 0 ) } - \ \ 2 0 - 2 dd =5

2nl(n +1)
(л + l)a/2

( e 2 s T M  —  \ ) 2 ( p ~ 2 d (p .

In / 2, the last term in (5. 1), we use Lemma 9. This gives

(9.5) I2 ns2
(n + j )2 4 sin2 j  а (n+ l)2se2"s Г(1 — 2s) 

{ f ( l - s ) } 2
s2(n + l)2s- 1e2*sr ( l - 2 s )

4  s in 4 « { n :i - i )} 2
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We sum this up in the inequality
(9.6) 1 ё Л + / 2+ / 3,
where Ji is given in (9. 2), J2 in (9. 4), and J3 in (9. 5). This is our third version of 
the basic inequality.

At this point we can see, roughly, what can be achieved by the present method, 
in its present state. We have

T heorem  1. Let j 0, 0<=io<J), be such that
oo

(9-7) || J  {exp(2s0T((p))— l}2cp~2 dcp =  1.
о

Then
(9. 8) lim inf M n s  s0.

/»-►oo

It is here being assumed that the integral

(9.9) J  {exp (2sT((p))— l}2q>~2 d(p
о

converges at (p = °° for s= s0. As will be verified in the next section, (9. 9) converges 
when s-<n/8. Thus the root .v0 of (9. 7) will be less than зт/8, and the ultimate lower 
bound for Mn, yielded by the present method, will be less than n/8. However, as 
we show later, the lower bound тг/8 holds for a substantial range of n.

For the proof of Theorem 1, we note that
(н+1)а/2

J J2 = s 2(2n')~1 J  {exp{2sT((p))—\}2(p~2d(p,
о

and also that, as n oo, with a given by (9. 3), (n +  l)a/2 °°, (n +  l)2s_1 cosec2Jkc —0, 
where í  is fixed in Thus, for such s, if (9. 9) converges, we have, as

J { +J2 + J3^ s 2(2 n y 1 J (exp(2 sT((p))- l}2(p~2 dcp, 
о

and so the right-hand side must be at least as great as 1. This proves the result.

10. Estimation of T(cp). In order to investigate the convergence of (9. 9), and 
to obtain numerical information, we need to compare the integrals

(10.1) f x l  I sin x\ dx, J  x ~ 1(2ln)dx;

here we are motivated by the fact that 2jn is the average value of sin x. We have, 
with the notation (2. 6),

Lemma 10. For (pl=n,

(10. 2) T(<p)S Si л + (2/n) log (<p/n)+ 1/(77c).
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It is clearly sufficient to prove that
<p

(10.3) J  x _1 [sin x\ dx S. (2jn) log (cp/n) + 1/(7л).
n

We consider first integrals between multiples of n, and prove that
kn  +  7t kn  + n

(10.4) J  x~l |sinx| dx S  (2/я) J  x _1 dx, fc s l.
kn  kn

We suppose first that k  is even, say k = 2p, p ^  1, so that |sin ,v| =sin x  in (kn, kn + n). 
We introduce the functions
(10.5) ß\(x) = 4p+ 1 — 2x/n— cos x,

(10.6) ß2(x) = Jf7r — n~1(}n + 2pn — x)2— sinx, 
which have the properties

(10.7) ß'i(x) = sin x -2 /n ,  ß'2(x) = ß t(x), 

and also
(10. 8) ßi(2pn) =  ß y(2pn +  n) =  ß2(2pn) =  ß2(2pn +  n) =  0.

Thus repeated integration by parts gives
2 pn + n 2 p n + n

(10.9) J  x -1(sinx — 2/n)dx= 2 J  ß2(x)x~3 dx,
2 pn  2 pn

and (10. 4) now follows from the fact that

(10.10) ß2(x )^ 0 , 2 p n ^ x ^2 p n  + n\

the latter is easily verified by means of (10. 7—8). The proof of (10. 5) for odd k  
is similar.

It remains to consider the case of a partial interval (kn, cp), where kn<(p <kn + n, 
and to show that in this case

4>
(10. 11) J x -1(|sin jc| — 2/ri)dx ^  1/(77t).

kn

Again, the case that k  is odd is similar to the case of k even, and we consider the 
latter only, putting k — 2p. The above argument gives

<P <P

J  x~1(sinx — 2ln)dx =  ср~г ßi(<p)+ J  x~2ß l(x) dx =
2 p n  2 pn

= <P~l ßA<P) + 4>~2ßi(4>) + 2  / x~3ß2(x)dx.
2 pn
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Hence, by (10. 10), we have

<t>
(10.12) J x -1 (sinx — 2/n)dx s  (p_i ßf(p).

2pn

We now use the facts that

j8i(x)<J, 2рл^хш2рл + л,

and that the left of (10. 12) attains a maximum when sinx =  2/7t in the interval 
(2рл + ̂ л, 2рл + л). Thus, when к is even,

(10.13) J x  ^ s in  x| — 2/я) i/x s  ^Агл + л —sin 1(2/л)} 1,
kn

where s in '1 (2/л) has its principal value; the result is proved similarly when к 
is odd. Actually, the right-hand side is least, for varying positive integral k, when 
k = 1, and is then less than 1/(7л), since sin '*(2/n)<л/4. This completes the proof 
of the Lemma.

11. Convergence of an integral. For the purposes of Theorem 1, it was assumed 
that the integral (9. 9) converged at least for some s, 0 We now fill in this 
gap with

Lemma 11. The integral (9. 9) converges for 0<^<л/8.
We have, for <р = л,

(11.1) I s  exp (2 sT((p)) s  exp j2s A ]0g f  + Si л + J = Cs((p/n)4s,n,

say, where

(11.2) £ =  exp (2 Si я +  2/(7л)).

Thus

(11.3) {els™ -  \}2(p~2 s  {C((p/n)4sln- \ } 2(p-2 s

(11.4) S  1-25п-8з/ж^/п)-2_

If the latter be integrated over (л, =»), the resulting integral converges if (Ss/n) — 
— 2< —1, or if л/8, as was asserted.

12. Fourth form of basic inequality. We now replace (9. 6) by an inequality

(12.1) 1 S  Л + Л  +  Л ,

where J1, J3 are given as before by (9. 2) and (9. 5), and J i is derived from (9. 4)
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with the aid of the bound (11. 3). This gives
(n+ l)a/2

r S2
J‘ S 2n

J  {Cs((pln)4's,n—l}2(p 2 d(p

(n+ 1)а/(2я)

( 1 2 . 2 )
s 2 

2 n2
J  ^ s t 4*/n_ i y t - 2 df <  

1

(п+ 1)а/(2я)

( 1 2 . 3 )
s 2 

' 2 n2
^2s j  t^8s n̂̂ ~2 dt.

1

The term ,/, can, it seems, only be usefully investigated numerically. Since 
however Si qxcp, (p>~ 0, we have the crude bound, used in (10), that

(12.4) lc2 I'2s Si 7t__

Si n T
Concerning J 3 we remark only that if oc =  } n , then

■ r s H n + i y - ^ v r i l - b )
1 ' '  3 ~  2{Г(1 —s)}2

This choice of a is permissible for и<3,9-108, though it need not be the most 
advantageous choice.

13. The lower bound n/8. As follows from Lemma 10, the argument based 
on the inequality (12. 1) must fail for large n with s = nj8, since the term / 4, or 
at least its bounds (12. 2—3), become infinite as Nevertheless, this integral
diverges relatively slowly, and it turns out that the lower bound я/8 for Mn can 
be established for a certain range of values of n.

We start by setting s = 7r/8 in (12. 1), and will also take a =^n. This latter 
is permissible if n <3,9-108, and we are concerned only with a much smaller range. 

Putting s — n/8 in (9. 2) we find that
П

(13.1) J l = T 2 s f  {exP ( in S i(p ) - l} 2(p-2dcp.
о

By numerical means, sharper than (12. 4), we find that

(13.2) <0,13.

Turning to / 4, we have

£2s =  exp {\n  Si я +  14-1} < 20.
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Hence, with the bound (12. 2)
0+l)/4

(13.3)
1

(13.4)

For J3 we have in this case

and so
(13. 5) 73s 0,24(b +  1)*—

On the basis of these results we prove
T heorem  2. For 3 S n <  1,6-103, we have Mn =»я/8.
We prove this first for 3 s« ^ 5 0 0 . Using the bound (13.4), we can replace 

(12. 1) by

Here the right-hand side is an increasing function of n, so that if (13. 6) is false 
for some n, it will be false for lower «-values. We then remark that (13. 6) is false 
when « =  500, so that it is false also for 3 ^ « ^ 500. Thus, the assumption that 
s = 7t/8 leads to a contradiction, if 3 S « S 500; the same is true if s< я/8, since 
the functions J l , J2 and J3 are increasing functions of s.

When dealing with the case 500< « S  1600, we use the sharper form (13. 3) 
in preference to (13. 4), and have in place of (13. 6) the inequality

Here the right-hand side is an increasing function of « in the range considered. 
We then verify that (13. 7) is false when « =  1600, and so also when 500< « S  1600. 
The conclusion that М „>я/8 for such « then follows.

14 An improvement of Theorem 1. We return to the topic of lower bounds 
for Mn, valid for all large «. We have

Theorem 3. Let s0, 0 <  s0 -< я/8, be the root o f (9. 7). Then Mn > s0,for sufficiently 
large n.

We write (9. 6) in the form

(13.6) 1 -  0,13 + -52-log " ^ - -  +  0,24(« +  l)*’' - 1.

+  0,24(«+l)**-1 .

(14.1)
0 (/»+ l)a/2
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where J3 is given in (9. 5). Since n is to be indefinitely large, we have from (9. 3) that

(14.2) 46л
5 log \{n + 1) '

The proof consists in the observation that the last two terms in (14. 1) are, taken 
together, negative, for large n and s< n /8 , so that (14. 1) becomes impossible when 
s= s0 and n is sufficiently large.

In fact, it follows from (9. 5) that as n -+ °°, with s fixed,

(14.3) J3 = 0(n2s_1 a -2) =  0(n2s_1(logn)2).

On the other hand, it is easily shown that the last integral in (14. 1) is of a higher 
order of magnitude. By the argument of § 10, in particular from (10. 9), one may 
show that

T(q>)^(2/n) log <p-Alt (p £?л,

for some absolute constant A t . Denoting other such constants by A2, ..., we may 
then deduce that for n>~A2, we have that

is greater than

f  (e2sTM - l ) 2<p-2d(p
(n + l)a/2

A3 f  (pi8s/n)~2 d<p, A3 > 0 ,
(n+ l)a/2

and so, by (14. 2), is greater than

A^n/log n)8s,n 1,

for some A 4> 0. Since 8s/n>2s, we see that this term will predominate over the 
term / 3 , and so we have 1

1 < ^  /  (e2srw- l  )2q>-2dcp,
0

for sufficiently large n. This implies that s> s0, for such n, as was to be proved.
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DI E LÖSUNG EINES PROBLEMS BEZÜGLICH 
DES DURCHSCHNITTES ZWEIER MODULARER 

RECHTSIDEALE IN EINEM RING
Von

F. SZÁSZ (Budapest)

In der Theorie des Jacobsonschen Radikales eines (assoziativen) Ringes spielen 
die mcdularen maximalen Rechtsideale und die quasimodularen maximalen Rechts
ideale eine wichtige Rolle. Das Jacobsonsche Radikal eines Ringes stimmt nämlich 
sowohl mit dem Durchschnitt aller modularen maximalen Rechtsideale als auch 
mit dem Durchschnitt aller quasimodularen maximalen Rechtsideale des Ringes 
überein (vgl. Jacobson [1, Theorem 1.6. 1 (1)], Kertész [2, Satz 5.24 (g)]).

Bekanntlich wird ein Rechtsideal R eines Ringes A modular (bzw. quasimodular) 
in A gerannt, wenn es ein Element a£A  mit x — ax£R  für jedes x£A  gibt (bzw. 
R :A Q R  gilt, wobei R: A =[y; y£A , A y ^ R ]  ist). Offenbar ist jedes modulare 
Rechtsideal auch quasimcdular im Ring. Das Problem 3 des Buches [2] von Kertész 
lösend hat Verfasser [6] die Existenz eines Ringes mit einem quasimodularen 
maximalen, aber nicht modulaien Rechtsideal gezeigt.1 Es soll bemerkt werden, 
daß nach Jacobson [1, Proposition 3. 6. 1 (2)] der Durchschnitt von endlich vielen 
modularen maximalen Rechtsidealen in einem Ring stets modular ist. Mit ähnlichen 
Methoden, wie Jacobson [1] gezeigt hat, hat Kertész [2, Satz 5. 2] bewiesen, daß 
der Durchschnitt R 1f)R 2 zweier modularer Rechtsideale R x und R2 des Ringes 
A ebenfalls modular ist, wenn die Bedingung R1+ R2= A gilt. Diese Tatsachen 
sind bekanntlich für einen eleganten Beweis des Wedderburn—Artinschen Satzes 
über die Struktur der Ringe ohne von Null verschiedenes (Jacobsonsches) Radikal 
und mit Minimalbedingung für Rechtsideale wichtig.

Bezüglich des Durchschnittes der modularen maximalen Rechtsideale lautet 
das Problem 2 des Buches [2] von A. Kertész folgendermaßen:

Ist der Durchschnitt zweier modularer Rechtsideale eines Ringes stets modular?
Dieses Problem war für die Algebraiker auch früher bekannt, aber es wurde 

im Druck erst von Kertész [2] aufgeworfen.
Das Ziel dieser Arbeit ist nun zweifach: Einerseits geben wir einige Beispiele 

der Ringe an, in denen der Durchschnitt zweier modularer Rechtsideale nicht 
modular ist (Satz 1), und somit zeigt diese Lösung, daß die Antwort für das Problem 2 
des Buches [2] von Kertész im allgemeinen »nein« ist. Andererseits betrachten

1 Nennt man ein Ideal P  eines Ringes primitiv (bzw. quasiprimitiv) im Ring A, wenn es ein 
modulares (quasimodulares) maximales Rechtsideal R  von A mit P — R :A  gibt, so stimmt das 
Jacobsonsche Radikal nach Jacobson [1] (bzw. Verfasser [7]) mit dem Durchschnitt aller primitiven 
(bzw. quasiprimitiven) Ideale überein. Offenbar ist jedes primitive Ideal quasiprimitiv, und umge
kehrt ist auch jedes quasiprimitive Ideal nach S t e in f e l d  [5] und Verfasser [8] primitiv. In [8] gibt es 
eine Verschärfung des Resultates von [5]. Weiterhin stimmt das Jacobsonsche Radikal nach K e r t é s z  
[3] mit <Pr(A):A  überein, wobei Ф, (A ) den Durchschnitt aller maximalen Rechtsideale des Ringes A 
bezeichnet.
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wir einige, stärkere, hinreichende Bedingungen für einen Ring, die eine positive 
Antwort des Problems 2 von [2] in speziellen Ringen garantieren (Satz 3).

Die Lösung des Problems 2 des Buches [2] liefert2 der folgende
Satz 1. Es gibt für jede endliche Mächtigkeit 2m" (m S 2 ,« ä 2 )  einen Ring 

A mit 2A=0 und mit 2m n Elementen derart, daß der Ring m solche modulare Rechts
ideale hat, aus denen der Durchschnitt beliebiger zweier modularer Rechtsideale 
nicht modular in A ist. Weiterhin gibt es für jede unendliche Mächtigkeit Xa einen 
Ring A mit 2A = 0 und mit Elementen derart, daß der Ring solche modulare 
Rechtsideale hat, aus denen der Durchschnitt beliebiger zweier modularer Rechtsideale 
nicht modular in A ist.

B eweis. Es seien K2 der Primkörper mit zwei Elementen und A die über K2 
durch die Elemente ta erzeugte Algebra mit der Multiplikation

, k ß  _  t kp  . , k ß , . k *  + kß  t<x tß — tx +tß + t a

Ist die Mächtigkeit der Menge der verschiedenen Symbole ta eine endliche Zahl 
m S2, so gelte / "+1 = tj für jedes trj mit einer festgewählten Zahl n S 2. Ist aber 
die Mächtigkeit der Menge der verschiedenen Symbole tx eine unendliche Mächtig
keit so dürfen entweder tx + 1 =  tj für jedes tx mit einer festgewählten Zahl n ä 2  
gelten, oder alle Potenzen von tx für jedes tx voneinander verschieden sein. Dann 
ist die Multiplikation in A wegen x + x = 0  für jedes x£A  und wegen

t kA t f t ? y)  =  tkA t ß y+ t y y+ t ß ß+ky) =  t ky - f  t ?  +  t kA k' +  t kf  +  t kf  +  £+*>  +

I  +fcy I +  k y  I  . k x + k ß + k y    , k y  - , k y  - , k ß  + k y  .  . k y  .  . k y  .  , k ß  + k y  .  . k y  , . k y  .T“ ia ~rtß i - ia — *a ~rty + ta ~T tß ~T ty ~T tß T ia Tly T
,  f k x  + k ß + k y    s . k ß  , f k ß . . k x  +  k ß ^ . k y  _ _  , . k x f k ß ^ . k y

- r t x  —  ( t a  ■+* t ß - h  t a ) T y —  ( t a  tß  ) t y

offenbar assoziativ, und es gilt (tx +  tß)2 — 0 für jedes tx, tß. Weiterhin hat jedes 
Element des Ringes die Gestalt

Z f i i Q  =  2  2  a i j t i ,
> = i  ; =  l  j =  l

wobei f{ txj) Polynome in tXi, mit konstantem Glied 0 sind. Es gilt dabei dann 
und nur dann f { tx)  = fj( t )  fűi tXi A  tXj, wenn f ( t Xi) = / / f a ) = 0 ist. Wegen x + x =  0 
für jedes x € A erhält man (1 — x)A — (1 + x)A für das modulare Rechtsideal (1 — x)A =  
= [y—xy;y£A]. Wegen (1 +  t j t ß =(1 + tjtx für jedes tß ergibt sich, daß das 
modulare Rechtsideal (1 — tx)A genau aus den Polynomen der Gestalt ( l+ ta) f ( t a) 
besteht, wobei das konstante Glied von f ( t j  verschwindet. Hiernach erhält man 
nach der vorigen Bemerkung gewiß

für tXlA f
(1 — tx,)A П (1 -  tXj)A = 0

2 Bezüglich der Resultate in Zusammenhang mit den Problemen 1 und 3 des Buches [2] von 
K ertész siehe die Arbeiten [6] und [9] des Verfassers.
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Dieser Durchschnitt, da er gleich Null ist, ist aber dann und nur dann modular 
im Ring A, wenn A ein Linkseinselement hat. Wir werden aus der Voraussetzung, 
daß der Ring A ein Linkseinselement hat, einen Widerspruch ableiten.

Hat nämlich der Ring A ein Linkseinselement e, so besitzt e eine Gestalt

e =  2  2  ai j t i■i=l j= 1
Wegen etXm = t„m und t'ßta = ta + tß + t lß+1 ergibt sich aus der Darstellung von e 
nach einem Vergleich der Koeffizienten von tXm und tr/. der folgende Widerspruch:

1 = 2  Z w  2 au = 0i= 1 j = 1 j= 1
i jAm ijA m

woraus 1=0 folgt, und somit folgt, daß A kein Linkseinselement hat. Daher ist 
der Durchschnitt

( i - g ^ n ( i - g i = o

für tXi A trjJ gewiß nicht modular in A.
Die Mächtigkeit der modularen Rechtsideale der Gestalt (1 — tJA  ist entweder 

т{ш2, <^o) oder Weiterhin ist die Mächtigkeit der Elemente des Ringes А 
entweder die endliche Zahl 2m" (m l2 ,« s 2 ) ,  oder Ka.

Damit ist der Satz 1 bewiesen.
BrM i R K L N G  2. Es kann erwähnt werden, daß der im Beweis des Satzes 1 

betrachtete Ring A für m =  2 und n = 2 dem durch die Matrizen

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 1 1 0

Мг = 0 0 1 0 0 ; M 2 = 0 1 1 1 0
0 1 0 1 1 0 0 0 0 1
0 1 0 1 1 0 0 0 0 1

über dem Primkörper К  
Typs 5X5 gelten dann:

2 erzeugten Ring isomorph ist. In diesem Matrixrin

' 0 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 1

II11
<Sh 0 0 1 0 0 ; M l = M l = 0 0 0 0 1

0 0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 1,

0 1 1 1 0 0 1 0 1 1
0 1 1 1 0 0 1 0 1 1

M x M 2 = 0 1 1 1 0 ; M2M ,= 0 1 0 1 1
0 1 1 1 0 0 1 0 1 1
0 1 1 1 0 0 1 0 1 1
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0 1 0 1 0
0 1 0 1 0
0 1 0 1 0
0 1 0 1 0
0 1 0 1 0

M y+ M l

0 1 1 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 ; M2 + M j = 0 1 1 1 1
0 1 1 1 1 0 0 0 0 0
0 1 1 1 1 0 0 0 0 0

Dieser Ring ist keine monomiale Algebra im Sinne von Rédei [4], und er hat folgende 
Multiplikationstabelle:

Ml m 2 M l M l

Mi M l M t +  M 2 +  M l M l M l

M 2 M x+ M 2 + Mf M l M l M l

M l M l M 1+ M 2+ M j M l M l

M j Ml + M 2+M f M l M l M l

Jetzt betrachten wir einige hinreichende Bedingungen, aus denen folgt, daß 
der Durchschnitt zweier modularer Rechtsideale des Ringes A ebenfalls modular 
in A ist.

Es gilt der
Satz 3. Gilt eine der folgenden Bedingungen in einem Ring A, so ist der Durch

schnitt von beliebigen zwei modularen Rechtsidealen von A ebenfalls modular in A :
a) A hat ein Linkseinselement
b) Die Mengen Qa = [a + x  — ax; x£A] und Qb = [b + y — by;y^A] haben 

für jedes feste Paar der Elemente a, b von A einen nichtleeren Durchschnitt, wobei 
x, у  alle Elemente von A überlaufen.

Ergänzung 4. Wichtige Unterfälle sind, in welchen anstatt b) eine der folgenden 
Bedingungen erfüllt ist:

bj) Es gilt a — h£( l  — a)A+{\ — b)A für jedes a ,b£A \
b2) A ist ein Radikalring im Sinne von Jacobson [1];
b3) Für jedes a, b^  A gibt es Elemente qa£Qa, q„eQb mit qaqb = 4b4a\
b4) A ist kommutativ;
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b5) Gilt qat„=qa für ein Element qa € Qa und für ein Element fadA, so gilt 
auch q,,ta = qb für ein Element qbf Qh für jedes b£A; 

b6) A hat ein Rechtseinselement;
b7) Es gilt a — abf(\ — ab)A für jedes Paar der Elemente a, bqA.
B eweis des Satzes 3. Hat A ein Linkseinselement e, so ist wegen (1 — e)A = 

= 0Q R  jedes Rechtsideal, und somit jeder Durchschnitt von Rechtsidealen modular 
in A.

Haben nun die Mengen Qa und Qb für jedes Element а £ A, b£A  einen nichtleeren 
Durchschnitt, und bestehen (1 — d)A Q Ra und (1 — b)A c  Rh für die modularen 
Rechtsideale Ra und Rb von A, so erhält man qa = <& € ß a П Qb- Daher gibt es Elemente 
x£A , у £A mit

q = а + х - а х  = b + у -b y e  £?ЯП Qb,
woraus man

(1 -q )A  = ( l - d ) ( l - x ) A  = ( l - b ) ( l - y )A Q ( l -d )A C \( l -b )A Q R aC]Rb, 
also die Modularität von Ra П Rh in A erhält.

B eweis d e r  E r g ä n z u n g  4.
b,) Gilt a — b£(l — d)A +  (1 — b)A für jedes af A,  b£A , so gibt es Elemente 

x, у g A mit
a — b = ( l - a ) (  — x) + ( l-b )y ,

woraus
qa = a + x - a x  =  b + y - b y  = qb^Q a^ Q b

folgt.
b2) Ist A ein Radikalring im Sinne von Jacobson, so gilt (1 —ä)A = A für jedes 

a£A, und somit gilt auch die Bedingung ЬД
b3) Gibt es Elemente qa € Qa, qb € Qb mit qaqb = qb-qa für jedes a £ A ,b£A , 

so gilt auch
qa +  qb- q aqb =  qb+ q a~ qi,qa,

woraus wegen der Assoziativität der Verknüpfung x o y  = x+ y  — xy offenbar 
folgt, daß Qa П Qb nicht leer ist.

b4) Ist A kommutativ, so gilt die Bedingung b3) und somit auch b). 
b5) Bestehen gleichzeitig qa =  qata und qb = qbta (ta 6 Ä), so ergibt sich 

ta =  qa + ta-  qJa =  qb + ta- q bta = a + (x + ta- x t a) - a ( x  + ta- x t a) =
= b + (y + ta—yta) —b(y + ta—yta) und somit gilt die Bedingung b).

b6) Enthält A ein Rechtseinselement e, so gilt wegen qae = qa und qhe = qb 
die Bedingung b5) und somit auch b).

b7) Gilt а — ab £ (1 — ab)A für jedes Paar der Elemente a£A ,b£A , so gibt 
es ein Element c — ca<b£A mit a — ab = c — abc. Daraus folgt c = a — ab + abc. 
Mit der Bezeichnung d=b — bc ergibt sich daher

c = a — ad.
Nun erhält man einerseits a + d —ad£ Qa, andererseits b + c — bc(iQb, und wegen 
der Identität

a + d — ad — a + {b — bc)—ad = b — bc + c 

auch a + b — bc — ad£Qar\ Qb, folglich die Gültigkeit der Bedingung b).
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Zum Schluß erwähnen wir einige offene Fragen:
Problem  1 . Gibt es einen Ring A ohne die Bedingungen a) und b), in dem der 

Durchschnitt zweier modularer Rechtsideale stets modular ist?
Problem  2. Ist der Durchschnitt zweier quasimodularer Rechtsideale in einem 

Ring stets quasimodular?
Da der in der Bemerkung 2 betrachtete Ring A keinen von Null verschiedenen 

Rechtsannihilator enthält, ist der Durchschnitt (1 +  M t)A П (1 +  M 2)A ein quasi
modulares (aber weder modulares noch maximales) Rechtsideal von A.

(Eingegangen am 4. M ärz 1968.)

MTA MATEMATIKAI KUTATÓ INTÉZETE,
BUDAPEST, V., REÁLTANODA U. 13-15
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RANDOM CENTRAL LIMIT THEOREMS 
FOR MARTINGALES

By
B. L. S. PRAKASA RAO (Kanpur)

1. Introduction. Suppose {Xn} is a strictly stationary ergodic process such that

(1) В Д ) = 0, E p r j* ! , .. . ,  =  0, «S2
and
(2) E(Xl) = l.
Let
(3) = U1+ Z 2 +  ...+Z „, Co = 0;
and

(4) Vn =  n~i 2  x t.
>= l

It is known that t]n is asymptotically normal with mean 0 and variance 1 from 
a theorem of Billingsley [1]. Under a strong mixing condition on {Xn}, we shall 
now obtain a random version of this theorem similar to the theorems obtained 
by Rényi [5] and Blum, Hanson, Rosenblatt [2] for sums of independent random 
variables.

Suppose that {v„} is a sequence of positive integer valued random variables 
such that {v„} is independent of {X„} and v„ -+ +  °° in probability. Then, it follows, 
from the arguments in Rényi [5], that
(5) lim P (>hn^ x )  = Ф(х),

Л—*-°o

where
JC

(6) «<*>= i w * e~"ndu

We shall now assume that the stationary process {X„} satisfies the following 
modified version of the strong mixing condition of Rosenblatt [7]. Let mba denote 
the (т-field generated by the random variables X„, a ^n s.b . Then
(7) sup jP(B|T) —P(B )|sa(n) where a(n)->-0 as

Aemk, B€mr+„

Theorem 1. Under condition (7), i f  {v„} is a sequence of positive integer valued 
random variables such that n~l v„ converges in probability to a positive random vari
able p having a discrete distribution, then (5) holds.
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Theorem 2. Under condition (7), i f  {v„} is a sequence o f positive integer valued 
random variables such that n ~1 v„ converges in probability to a positive random vari
able p, then (5) holds.

Note that theorem 1 is a special case of theorem 2. We shall prove theorem 1 
and make use of it in the proof of theorem 2. Proofs of the above theorems follow the 
corresponding proofs of Rényi [5], Blum, Hanson and Rosenblatt [2] for sums 
of independent random variables.

2. Some lemmas. In this section, we shall state and prove some lemmas which 
will be used later.

Lemma 1. I f  {r„} is a sequence o f random variables with Е(т4|Т|, ..., T)t_ 1)  = 0 
and ak =  var [т1+т2 + ... + t t]2 <  °=> for l ^ k ^ n ,  then for any e> 0

(8) P ( , ¥ £ f l T1 +  T2 + - " + Tkl:>8) - 7 T -l^k^n S
Proof of this lemma can be found in Doob [4].

Lemma 2. Let W„, Xmn, Yjjß, and be random variables for m, и =  1 ,2 ,... 
and j=  1, ..., k. Suppose

and

к
2j =1

W„ = xm,n+ 2  YfnzfX

(a) lim lim sup P(| Y^\\ > e) =  0 for every e> 0  and l ^ s j s k ;
in OO n ’

(b) lim lim sup lim sup P(\ZjJl\> M )  =  0 for j =  1, ..., k;
M  —°° in n ’

(c) the distributions o f {Xm „} converge to the distribution function F for each 
fixed m.

Then the distribution function of {IVn) converges to F.
Proof of this lemma can be found in Blum, Hanson and Rosenblatt [2].
Definition. A sequence of random variables {qn} is said to be mixing in the 

sense of Rényi if for any event A with P(/l) >0, and for any real number x,
lim P(A„\A) = lim P(T„)

n n

where A„ = [qn^x \.
Lemma 3. Under the strong mixing condition on the process {Xn}, the sequence 

{q„} is mixing.
Proof. Let Ak = (qk ^ x ) .  By Theorem 2 of Rényi [6] it is enough to prove 

that for any Ak,
lim P(An\Ak) = lim P(T„).

n n

Let y„ =  [«1/4] and consider the sequence of random variables n_1/2^ +Jn. Sincy 
E(G+y„) =  0 and Var ( C k + j J  =  ( k +  jn), n ~ l l 2 C k + j „  converges to zero in probabilite 
as n tends to °o. Therefore

(9) lim POf„[A) = lim P(»-V2{?n- £  } S X |A).
n n
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Now note that the event (n 1/2{£„— Скп}+]Шх)£тк+]п+1 and Ak£m\. Hence 
by the strong mixing condition (7),
(10) limP {[n~ 1/2(C„ — i*+j ,) S x] \Ak) =  lim P ( п ~ ^ п- Ck+jn) ^ x )

n n

since as я -*-<*>. Again using the fact that n~1,2Ck+Jn-+0 in probability as
n-*- oo, we get that

(11) lim P(n_1/2(C„ — Ct+jn) — x) = Н тР(Л ).n n

Combining (9), (10) and (11), we obtain that the sequence {q„} is mixing in the 
sense of Rényi.

Lemma 4. Any sequence of events An £ m„" where ö„ ->- °° and is a mixing
sequence in the sense that for any event A with P(A) >0, lim P(An\A) = lim P (A„).

n n

Proof. It follows again by Theorem 2 of Rényi [6] that it is sufficient to show 
that for any fixed k,
(12) lim P(A„\Ak) = lim P(An).

Since Ak £ mbf ,  Ak £ m\k and similarly An € m'f. Furthermore ű„ as n-+°°. 
Hence (12) follows by the strong mixing condition (7).

Lemma 5. Suppose that v„ = [np\ where /< is a positive random variable having 
a discrete distribution. Then (5) holds under (7).

Proof. Suppose that pk = V(jx = lk) and 2P k~ ^-  Then
1

(13) P0?v„ s  x) = 2  p (di Htkj ̂ x \ p  = ik)Pk ■1

But P(i/[nifc] tSx\p = 4) -  ф(л-) as n —oo  for every k, since the sequence {>]„} is mixing 
by Lemma 3 which proves this lemma by (13).

3. Proof of Theorem 1. Now

(14) qv„ --

By lemma 5, =

Furthermore

-  4lnn-i + 

£ir"]
Yb"’]

Cv„ —  С [ щ о )  1 Í P n  , ( w

Yfin v" Y[pn]
\ßn] _  J I

is asymptotically normal with mean 0 and variance 1.

-*-0 in probability.

Hence by Slutsky’s theorem (see Cramer [3]), it is enough to prove that

( 15) Cv„ in probability.
Ypn
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Suppose that pk = P(p = lk), k ^ l  and 2 j Pk = 1- Define for any £>0, p >0 ,

Sn(ö) =  ( |v „ -M l< « e X

С„к={ICv„-CBJ> eV ^) where nk = [nlk],

(16)

(17) 
and
(1®) = — [/(!=4],
as was done in R ényi [5]. It is easy to see that 

£v„ ~ С[дп](19)

Now
F t / ' « ]

г S  2  ^M^ö)C„t) + P(i?„(ß)).

(20) Р ( ^ а д С , ^ Р  Махг-пк sí “) S P (-
I C . - С »

-iífsne y„k

4 -p  í  Max JL"k > £ i(nk-nesisnk

By stationarity of the process {X„}, and by lemma 1

Max *Ч >£| +:SISnk + «e |/->h

(21) MaxI nkSiSnk
Max J ^ ± i + ^ i ± Z l l > £ | =

+ П0 /и*

- P I  Max |Xl + - +Zl11
\ " k

>£ S V a r ^ +  ...+ *„,)
e 2 L

Similarly we have 
(22) Max Ы > £| =s

пк-пдшшпк у n

Combining (19)—(22), we get that 

(23)
___  2o M_I1 • ____

p ( K v , - C ^ e V b m ] )  S  P ( A * ) + 4  2  ■r  +  P ( Ä „ ( 6 ) ) .
6  k  =  l  l k

Let (5>0. Choose M such that Р(Ом)< у  and p> 0  such that

2 q  m ~ '  1 <5
7г 2  г •
Ё fc=l ‘k J

Now choose n0 such that for every n S « 0,

р ( а д ) < 4 -
It now follows from (23) that for every n ^ n 0, P ( |( v„ — С[ДП]| >£)[/£«])—<5 which 

proves theorem 1.
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к к _1 к
4 .  Proof of Theorem 2. Define = when n and цтп =

It is sufficient to show that the random variables satisfy condition (a)
— vn +  [«(Pm— k)] where [л] stands for the greater integer less than or equal to x.

fU - k ,
I Упц,„

of lemma 2. Then an application of Theorem 1 and Lemma 2 will complete the 
proof of the theorem by arguments similar to those of Blum, Hanson and Rosen
blatt [2]. It is easily seen again from the same proofs that

(24) lim sup lim sup P
УпЦт

lim sup 2  hm sup 2P
m  k  =  m n

max
n (k — 3 )2  “  m  < r < n ( k  + 3 )2  ~

\Cr-Q--
nk к — 1 ___ к
2m I 2m = ^ ̂  2'"

ifc - l к )
"P ( 2m

where t = [n(k — 3)2_m], Now consider

max |Cr—Ct|>TTn(k — 3)2 “ m < r <n(k + 3)2 -m 2(25) P 

by stationarity

Therefore

(26) lim sup P

nk
2' = p [ max \Cr — Cq \ >■—

( o s r a 6 n 2 - m ъ ъи| 2 t é )

24n
e2nk by Lemma 1.

n o t - 3 )2 - -»“ ?< n o t+ 3 )2 -™ ^  -  2 \ 2m}
24

e2k
24

for k ^ m .  By Lemma 4, (24) and (26) imply that

"i2? 48 J / c - 1limsuplimsupP(|Cv„ - ^ mJ > e /« / i J  ^  limsup 2
m  n m  k  — m  ь  I f l

This completes the proof of Theorem 2.

( R eceived  13 M arch  1968)

2m = ^ 2 ^ 1  =  0-

DEPARTMENT OF MATHEMATICS, 
INDIAN INSTITUTE OF TECHNOLOGY, 
KANPUR, U. P.,
INDIA

Acta Mathematica Academiae Scientiarum Hungaricae 20, 196g



2 2 2 В. L. S. PRAKASA RAO: RANDOM CENTRAL LIMIT THEOREMS FOR MARTINGALES

I E ; . References

[1] P. Billingsley, The L indeberg-L evy theorem  for m artingales, P roc. A m er. M ath. Soc ., 12 (1961),
pp . 788— 792.

[2] J. R . Blum, D . L. H anson and J. I. R osenblatt, O n the central lim it theorem  for the su m  o f  a
random  num ber o f  ind ep en dent random  variables, Z . W ahrscheinlichkeitstheorie verw. 
G eb., 1 (1963), pp. 389— 393.

[3] H . Cramer, M ath em atica l m eth ods o f  s ta tis tics  (Princeton , 1946).
[4] J. L. D oob, Stochastic  p ro cesses  (W iley, N ew  Y ork , 1953).
[5] A . R é n y i, O n the central lim it th eorem  for the sum  o f  a random  n u m b er  o f  independent random

variables, A c ta  M a th . A cad . Sei. H ung., 11 (1960), pp. 97— 102.
[6] A . Rényi, O n m ixing sequences o f  sets, A cta . M ath . A cad. Sei. H un g., 9 (1958), pp. 215— 228.
[7] M . R osenblatt, A  central lim it theorem  and a stron g  m ixing co n d itio n , Proc. N at. a cad . Sei.

U .S .A ., 42 (1956), pp . 43— 47.

Acta Matbematica Academiae Scientiarum Hungaricae 20, 1969



A c ta  M ath em atica  A cadem iae Scien tiaru m  H ungaricae  
Tom us 20 (1— 2 ) , (1 9 6 9 ) , p p . 223— 225.

ON WEIGHTED POLYNOMIAL APPROXIMATION 
ON THE WHOLE REAL AXIS

By
G . F R E U D  (Budapest)

A. Introduction. Let Q(x) >0 be an even continuously differentiable function 
on (-»о, +°o) and let xQ'(x) be increasing for x>0 and ÖT*)-”00 f°r * — 
Let us further denote by q„ the unique positive solution of the equation xQ'(x) = n. 
It follows qn = o(n).

Finally, let f(x )  be a continuous function in ( — °°, + » )  so that for an integer r

( 1)

for <5 — 0.

« ,( / ;  ő) sup
\h\tkd

— CO < x <  +  OO

(-1  y f ( x  + vh) - 0

Our aim is to prove the following
Theorem. There exists a sequence o f polynomials {//„(x)} so that the degree 

of Пп(х) is at most n and we have for n > r  and q„ >  1

(2)
. _  ,  .. Í Ar(off;n l qn) for

\ f { x )  n „ ( x ) \  — j e QW5 r ( 0 e -M C )»[|| f \ \
\х\ш4 q„
-cor(f; r “ 1)] for -4 q„

where Ar, Br(Q), Kr(Q) are positive numbers depending on r, resp. on r and Q(x) 
only, and
(3) ||/||=max|/(*)|.bist

In what follows let cfr), c2(r), ... be positive constants, depending on r only. 
It is well-known, that c o r ( f ;  ö )S c1(r)cor(f;  l)<5r so that the second term in (2) is 
asymptotically smaller than eQ(x)cor( f ; n ^ 1q„).

O u r  t h e o r e m  g e n e r a l i z e s  f o r m e r  r e s u l t s  o f  M. M. D z r b a s i a n  [ 2 ]  i n  s e v e r a l  a s p e c t s .

B. Lemmata. We are treating first some preliminary estimations.
L e m m a  1 . We have for every real x and natural number n

( 4 )  \x\ne~Q(x) ~ q%

P r o o f . A s i m p l e  d i f f e r e n t i a t i o n  s h o w s  t h a t  t h e  m a x i m u m  o f  ( 4 )  i s  a t t a i n e d  

f o r  x = qn.
L e m m a  2 .  We have for N > r and l s \x \^ N /r

(5) |/(*)| S  [c2(r) И /II +  c3(r)Wcor(f- r~ f
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Proof. Let {ak; k  = 0, 1, ...N} be an arbitrary sequence of numbers, let us 
put a_1= a_2 = ...= a _ r+l=0 and

A'ak =  J ? ( v ) ( - l ) va*-v-
We have then

l«ivl =
" , ( N - k  + r -  1)!

k = o ( . N — k ) l ( r —  1)!
Arak S  cJr) max \ak\ + (N+r)l

Nlrl max \A'ak\ srSksN' '

-  c4 (r ) ™ax \ak\ + cs(r)Nr max.\Arak\.O^k^r r^k^N

We insert ak = / | k  (k — 0, 1, ...,N )  in this formula. In this way we obtain (5)
by straightforward calculation.

Lemma 3. Let Пп(х) be an arbitrary polynomial o f degree at most n, let q„ = 1 and

(6) Mn = max \П„(х)\1*1 sen
then we have for  |x| >  q„

P r o o f . F r o m  (6 )  it  f o l lo w s

I П„(я„х)\шМп (|х |ё1).

If Tn(x) is the я-th Chebycheff polynomial, then by a well-known theorem of P. L. 
Chebycheff it follows

\nn(Qnx)\ S  Tn(\x\)Mn ̂  (2|x|TMn (|*| S 1).

Replacing here q„x  by x, we obtain (7).
C. Proof of the theorem. Let q„ = 4qn and /„(x) = f{o nx). By a generalization 

of Jackson’s approximation theorem*

l/„<X) -/»„(*) I =  c6(r)cor(f„; n~l) =  c6(r)a>r{ f ; e„«_1) S c 7(r)cor( / ;  и“ 1) ( |x |= ll) .

Putting here Л„(х) = ^A  ̂ and replacing x by x / q „ we obtain the upper
'•Qn

part of (2).
From Lemma 2 we obtain by taking JV=[rx] + 1

( 8) |/(x ) |S C 8(>)||/|| • |x|r ( |x |> l)

* The tr igon om etric  ca se  is treated by S. B . Stechkin [4], see a lso  A . F . Timan [3], § 5 .1 .32. 
T h e  case just n eed ed  is included in the  result o f  Ju. A . B rudnyi [1].
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and we conclude that*

(9) \Пп(х)\tá \f(x)\+ce(r)cor(f„; и-1)=эс9(г) max |/(x)| =ic10(r)[||/|| + cor(f;  r _1) K
:*|se„

( l * | s = 4  q n =  Q„).

We have then by Lemma 3 and Lemma 1
(10) е-<К*)|Я.(х)| SS cg(r)\\f\\qrn(2qnr n‘\x\ne - Q(x) ^  c9(r)\\f\\q'n2 -  (|x| S  4qn).
The function xre~e(x) is decreasing for x>-qr and a fortiori for x>Aqn, so that 
we have for sufficiently large n

4  4n

- /  ^ - ä x
(11) xre~Q(x) (49„)re -ö(4í") tg  4rq?e «" * dx g  4Y e‘ ".

Using (10), resp. (8) and (11) we obtain the second part of (2), q.e.d.
I express my gratitude to Dr. G .  T . S c h e i c k  (Ohio State University) for his 

remarks after reading my paper in proof.

( R e c e iv e d  29 M arch 1968)

MTA MATEMATIKAI KUTATÓ INTÉZETE,
BUDAPEST, V., REÁLTANODA U. 13-15
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EINFACHER BEWEIS DES HAUPTSATZES 
VON H A JÓ S -R É D E I FÜR ELEMENTARE GRUPPEN 

VON PRIMZAHLQUADRATORDNUNG
V on

E . W IT T M A N N  (Erlangen)

Bei der Verallgemeinerung des Hauptsatzes von Hajós (s. Rédei [1]) auf nor
mierte vollständige schlichte Komplexzerlegungen endlicher abelscher Gruppen 
wird überraschenderweise der Beweis für den Fall elementarer Gruppen von Prim
zahlquadratordnung sehr langwierig, weil zwei nicht leichte Sätze für Polynome 
über endlichen Primkörpern herangezogen werden. Eine erhebliche Vereinfachung 
ergibt sich allerdings dadurch, daß von den drei in Rédei [1], Satz 9, behandelten 
Fällen für die Anwendung nur der zweite und dritte Fall relevant sind.

In der vorliegenden Note geben wir einen weiter vereinfachten Beweis, dessen 
wesentlicher Schritt ein neuer Ansatz ist. Dadurch wird das Problem so reduziert, 
daß wir mit einem leicht beweisbaren Spezialfall von Rédei [1] Satz 8, auskommen 
können.

Mit Zp bezeichnen wir im folgenden den Primkörper der Charakteristik p, 
mit Zp die Menge der von Null verschiedenen Elemente von Z p. Im übrigen folgen 
wir den Bezeichnungen der Arbeit Rédei [1].

Als Hilfsmittel benötigen wir folgendes Lemma, das einen Spezialfall von 
R é d e i  [1], Satz 9 darstellt.

Lemma, p sei eine Primzahl größer als 2. Wenn für p — 1 Zahlen gx, ..., gp_ , 
aus Zp, von denen mindestens eine gleich Null ist, die Abbildungen <py: Z p -*• Zp,
w ^-gw+yw für mindestens ^   ̂ verschiedene у  (LZ* Permutationen von Z * sind,
so gilt notwendig

gi=g2 = -  = g p - i= ^

B e w e i s . Der Beweis stützt sich stark auf den Beweis von Satz 8 in Rédei [1]. 
Für Elemente x l , ..., xn aus einem Körper К  bezeichnen wir mit

SX*!, ...,xn) (für lSVSi/7)

die v-te elementarsymmetrische Funktion. Nach Voraussetzung gilt dann für minde- 
~ — verschiedene у  (L Z * .stens

( 1) S ^g t+ yig i + b ,  -> £P- i + 0 - l ) j )  = 0 (v =  1, . . . ,p -2 ) .  .

Die Polynome Pfx) = Sv(g1 + x,g2 + 2x, ...,g„ -i+ (p  — l)x) haben für v = l ,  ...,
P -  1 offenbar einen Grad P - 1 und verschwinden somit wegen (1) identisch.
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Insbesondere gilt

(2) Д(0) =  Sy(gu ...,gp- i)  =  0 für v =  l , „ . , £ j k  
Das Polynom

f(x )  = n ( x - g t)
t€Z*

welches nach Voraussetzung mindestens eine Nullstelle 0 besitzt, ist daher ein 
Lückenpolynom der Form

p - 3

f(x)  =  xp~1 +  jx  2 +  ... + vx.

Wir betrachten außerdem noch die Polynome
(3) g(x) = x f(x) 
und
(4) h(x) = g (x ) - (x p-x ) .

st , ...,s, seien die verschiedenen Nullstellen von g(x). Wir setzen

Q(x) = П  ( x - S z).
T = 1

Dann gelten (teils wegen Q(r) \xp — x) die Teilbarkeiten

Q(x) I h(x) und g(x)
Q(x)

g'(x).

Insgesamt ergibt sich hieraus, da wegen (4) h'(x) = g\x) + 1 ist,
(5) g(x)\h(x)(h'(x) — l).
Ein Gradvergleich zeigt, daß (5) nur haltbar ist, wenn die rechte Seite das Null
polynom ist. Wegen (4) ist der Fall h(x) = 0 ausgeschlossen, sodaß nur der Fall
(6) h\x) = 1
übrig bleibt, woraus wieder wegen (4) h(x) = x  und f(x) = xp~1 folgt. Damit ist 
die Behauptung bewiesen.

Nun ergibt sich leicht der
S a t z  ( R é d e i  [ 1 ] ) .  Wenn eine element arab elsche Gruppe G von Primzahlquadrat- 

ordnung p2 (p >-2) (nichttriviales) schlichtes Produkt G = Ao В zweier normierter 
Komplexe А, В  (0(A) = 0(B)=p) ist, so ist notwendig A oder В eine Gruppe.

B e w e i s . E s  werde angenommen, daß weder A noch В eine Gruppe ist. Dann 
existiert zu jedem von e verschiedenem у g A eine natürliche Zahl e(y) </; — 1 so daß

уп£А für 0 S « S e (j) ,
y" (ji A für n =  e(y) +1.
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Wir wählen ein a£A (a^s)  mit maximalem e(a) — e aus. Die Menge
(7) Ba = (öeB: S i{x})
ist offenbar nichtleer. Zu jedem ö £ Bx existiert analog eine natürliche Zahl f(S) — 1 
mit

Sm£B für O Sm S f(ß)

5m$B  für m = f(ö)+ 1.
Aus B„ werde ein ß mit maximalem f(ß) = f  ausgewählt. Wir entnehmen (7) 
G = {а} X {ß}. Weiter ist
(8) e < p -  1, / < p - 1.
Für A und В haben wir mit den Abkürzungen r = p — 1 — e(?±0) und s = p — 1 — 
—/ ( г1* 0) die Darstellungen

(9) A=(s, a, ..., oce, oc“lßbi, ..., ciarßb<-)
(10) B = (e, ß, ..., ßf , aCißdi, ..., ас*^>

O.E.d.A. dürfen sämtliche Exponenten als Elemente aus Zp aufgefaßt werden, 
was im folgenden stets geschehen soll.

Wir ziehen nun mehrfach das Hauptlemma von Rédei [1] heran, zunächst 
für einen nichtidentischen Charakter x, der durch y(y.) = q, y(ß) = 1 erklärt wird, 
wo Q eine beliebige primitive p -te Einheitswurzel ist. Wegen

X(B) = f + l  + QCi + ... + QCs A0
gehört x dem Nullifikator 9t(ff) an, d.h.

X(A) = 1 + e  + . . .  + e e + 6 a‘ + ••• + £“’' =  0.

Bei geeigneter Numerierung gilt somit
= e + l, a2 = e + 2, ..., ar = e + r =  p — 1.

(9) reduziert sich nun auf
(11) А =  <е,а, ...,<xe,ae+1 ßbl, ...,ар_1 ßb").

Aus Symmetriegründen reduziert sich auch (10) bei geeigneter Numerierung auf
(12) B = (e ,ß , . . . ,ß f ,ß f+1ac /J '-1«*»*).

Nun betrachten wir die paarweise verschiedenen p — 1 Charaktere y„ > welche durch

Xn(а) =  е"» /Aß) = Q für n £ z-;
erklärt sind.

Wir setzen zur Abkürzung

MA = (n: Xn£ 9*04), n 6 Zf).
Analog werde MB definiert.
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Auf Grund des Hauptlemmas können wir zwei Fälle unterscheiden:
1. 0(MA)

2. 0{MB) ^ P- ^ .
Wir betrachten zunächst Fall 1. Jedes п£М л induziert wegen

1 + p"+... + e"e + pn(e+1)+i,‘ + ... +p"<í’- 1)+ív = о
eine Permutation von Z*, die sich mit

Г0 w = 1, e
gw ~  |he w = e + Q, q= 1, ...,r

in der Form w -+gw + nw schreiben läßt. Da 0(M A) ^ ~ - — und ^ = 0 ,  darf das
Lemma angewendet werden. Alle gw insbesondere ge+ {—bl verschwinden und 
wir haben einen Widerspruch zur Maximalität von e.

Im zweiten Fall kann man analog vorgehen und erhält einen Widerspruch 
zur Maximalität von /.

Unsere Annahme war daher falsch, d.h. von den Komplexen А, В ist mindestens 
einer eine Gruppe.

( E ingegangen am 3. A p r il  1968.)

MATHEMATISCHES INSTITUT 
DER UNIVERSITÄT ERLANGEN, 
852 ERLANGEN,
BISMARCKSTR. 1, 
BUNDESREPUBLIK DEUTSCHLAND
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INVERSE SEMIGROUP CONGRUENCEL 
ON REGULAR SEMIGROUPS

By
J. B. K IM  (M organtow n)

Introduction. The object of this paper is to prove the existence of inverse semi
group congruences and Brandt congruences on certain regular semigroups. We 
first prove in Theorem 1 that if S' is a (1, и) regular Rees matrix semigroup with 0, 
then there exists a Brandt congruence q  such that Siq  is a Brandt semigroup. In 
Theorem 2 we show that there exists a minimum inverse semigroup congruence 
on a (1, n) regular semigroup. If we combine a theorem of M u n n  [6 ] with our 
Theorem 2 we shall readily arrive at a group (with 0) congruence on an inverse 
semigroup S/д, where S is (1, rí) regular. As an application of Theorem 1 we establish 
a theorem (Theorem 3) concerning a Brandt congruence on a (1, rí) regular semi
group S with 0.

The significance of our Theorem 1 is that it enables us to prove the existence 
of a Brandt congruence on a certain regular semigroup S while M u n n  proved in [7] 
that there exists a Brandt congruence on a certain inverse semigroup.

1. Definitions and notations. By a semigroup we mean a set which is closed 
under an associative binary operation. The basic definitions and results can be 
found in [1]. Throughout, this paper we shall use the following notation. S denotes 
a semigroup with 0. A congruence q  on a semigroup S  is called a group congruence 
if S / q  is a group. It has been shown by M u n n  [6] that there exists a minimum 
group congruence on every inverse semigroup.

A regular semigroup S with 0 is said to be (h, к) regular if every non-zero 
principal left (right) ideal of S contains exactly к (h) non-zero idempotents, where 
h and к are finite positive integers [2]. A congruence q  on a semigroup S is called 
an inverse semigroup (a Brandt) congruence if S/q is an inverse (a Brandt) semi
group.

A semigroup S  is called by W. D. M u n n  [6] an inverse semigroup, if one of the 
following equivalent conditions is satisfied:

Px. S’ is regular and its idempotents commute.
P2- Every element of S has a unique inverse.
P3. Each principal left ideal and each principal right ideal of S  is generated 

by one and only one idempotent.
Such semigroups were first and independently studied by V . V . V a g n e r  

(Generalized groups, Doklady Akad. Nauk SSSR, 84 (1952), pp. 1119—1122) 
and by G. B. P r e s t o n  (Inverse semigroups, Journal London Math. Soc., 29 (1954), 
pp. 396—403). It must be mentioned, that an inverse of an element a means here 
an element a' £ S such that a = aa'a and a' = a'aa' are valid, and here S  is called
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regular, if a£aSa  holds for every a£S . It is not difficult to see, that in a regular 
semigroup every element possesses an inverse in the above sense.

Moreover, a congruence q of a semigroup S  is called a Brandt congruence, 
if S/q is a Brandt semigroup, which is frequently referred to as a semigroup, which 
means a structure consisting of a zero element adjoined to a Brandt groupoid 
(cf. C l i f f o r d — P r e s t o n  [1]). It can be shown, that a completely О-simple inverse 
semigroup is a Brandt semigroup, and it is isomorphic with a regular Rees matrix 
semigroup of the form

M°(G ; /, /; A),

where A is the identity /  X /  matrix over G° (see C l i f f o r d — P r e s t o n  [ 1 ] ,  Theorem 3.9).
The cardinal number of a set T  will be denoted by \T\. If A and В are subsets 

of S' then A \ B  will denote the set of all elements of A which are not in B. Let 
a£ S \0 . Define V(a) =  {x£ S: axa = a and xax = x}, Ea = {e£S: e — e2 3 and ea = a}, 
Fa=  {/€ S : f = f 2 and af=a). If TCI S, E(T) ~{e£T: e = e2}. Let q be a congruence 
on a semigroup S; the g-class containing the element x of S will be denoted by 
xe and the natural homomorphism x —xe of S onto S/q will be denoted by 0 *.

D e f i n i t i o n  1 .  A semigroup S with 0  is said to be homogeneous n regular if 
\y(a)\=n for every axO  in S, where n is a fixed positive integer. An homogeneous 
n regular semigroup S is said to be (h, к ) type homogeneous n regular if S is (/;, k) 
regular.

D e f i n i t i o n  2. A congruence д on a semigroup S with 0 is proper if {0} is a 
0 -class of S.

2. We use the following known results.
(A) If R and L are 0-minimal right and left ideals respectively of a semigroup 

such that L R ^ { 0} and R L ^ { 0}, then LR is a completely 0-simple semigroup 
and RL is a group with zero [8 , Theorem В].

(B) If e is a non-zero primitive idempotent in a regular semigroup S then 
eS (Se) is a 0-minimal right (left) ideal of S [9, Lemma 2].

(C) If R and L are respectively right and left ideals of a regular semigroup 
5 such that LR X {0} then R Lx{0} [9, Lemma 3].

(D) Let S' be a completely 0-simple semigroup. Then the following conditions 
are equivalent.

(i) S is homogeneous n regular.
(ii) There exist positive integers h and к such that hk = n and S is (h, k) regular 

[2, Theorem 1 (iv)].
(E) A regular semigroup S with 0 is (h, k) regular if and only if S' is a union 

of its minimal ideals each of which is an (h, k) type homogeneous n regular and 
completely 0-simple semigroup, where n = hk [2, Theorem 7].

(F) Let x, у and e be elements of a Brandt semigroup S such that e = e2 and 
ex = ey^0 . Then x = y  [7, Lemma 2. 6 ].

3. Preliminary results. We need the following lemmas to prove our theorems.
L e m m a  1 .  Every non-zero idempotent of an (h, k) regular semigroup S is primitive.
P r o o f . Let e = e2 £ S \ 0 and suppose that e is not primitive: that is, assume 

that f = f 2 £ S 0 such that f= e .  Then ef =je =  /' and, consequently SfaSe .
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Moreover e £ S e \ S f  Hence S f  can contain at most к — 1 idempotents. This 
contradiction shows that e is primitive.

This lemma 1 was shown by N. R. Reilly.
Lemma 2. Let S be a (1, и) regular semigroup with 0. I f  e and f  are non-zero 

idempctents o f S, and if f $ E ( S e \ 0), then fE (S e \0 )  = {0} = E (Se\0)f.
Proof. I f f =0, then Lemma 2 holds. Assume that f $ E ( S e \ 0) and let f e ^ O  

for some et£ E ( S e \0). Setting L = S f  and R = etS, by (B), L  and R are 0-minimal 
left and right ideals of S, respectively; by (C), LR?e{0} implies that RL?e{0}. 
Applying (A), RL is a group with 0. Let g be the identity of RL = etS f  and let 
g = ets f  (s£S). By (B), gS = etS, whence g = et by the (1 ,ri) regularity of S. It is 
easy to see that Set = S f=  Se, which implies that f£ E ( S e \0), contrary to the fact 
that /(f E (Se\0 ). We conclude that fE (S e \0 )  = {0}. A similar proof holds for 
E (S e \0 ) f— {0}. This completes the proof of Lemma 2.

M unn [7] introduced the two following conditions Cl and C2 on a semigroup 
S with 0:

Cl. If a, b, and c are elements of 5 such that abc = 0, then either ab = 0 or
be = 0;

C2. If M  and N  are two non-zero ideals of S, then M  f ] N ^  {0}.
Lemma 3. Let S be a (1 ,n) regular Rees matrix semigroup with 0.
(i) I f  L is a 0-minimal left ideal o f S, then E (L \0 ) is a left zero semigroup. 

I j  Lt and Lj are arbitrary 0-minimal left ideals o f S, then

E(Li)E(Lj) =  E(Lj)E(Li) =
j{0} if Ц П ! ,  =  {0},
l-EXL,) otherwise.

(ii) S satisfies CL
(iii) I f  aeb — 0 then either ab = 0 or eb — 0, where e, a and b lie in S and e = e2 je. 0.
Proof. It is easy to check that (i) and (ii) hold.
(iii) Let a, b and e be elements in S with e — ee^O  and aeb = 0. By Cl, either 

ae = 0 or eb = 0. Assume that eb?e 0. We proceed to show that ab — 0. If a = 0 or 
b — 0, then ab = 0; hence assume that a ^ O ^ b .  Then, by (D), there exist two sets 
V(a) — {xi: axja = a and xtaxt =  x t; /= 1 ,2 , ...,«} and V(b) =  {yj: byfi = b and 
yjbyj =yj; y'= 1,2, Putting c, =  x,a and f  = Ьу}, et and _/} are non-zero
idempotents. Since ab = {axid){byjb) = a{eif J)b, the proof will be concluded when 
we show that e ,fj = 0 for some i and j. Suppose that efij^O  for some i and j. 
By Corollary 2. 49 of [1], Lemma 2 and Lemma 3 (i), we have 0 efij = et. From 
eb 5̂ 0 , it follows that eb =  e(byfib = efp  and ef) ̂  0; again by (i), efi =  e and 
f j e — f i . Observe etf j  = e f fe )  =  (eif J)e — ete — (xta)e = xfiie) — x fi = 0, which contra
dicts the fact that efij^O. Hence we conclude that efij — O for some / and j,  and 
so that ab = 0. This proves Lemma 3 (iii).

Lemma 4. Let S be a (1 ,n) regular Rees matrix semigroup with 0. Let q  be 
a relation on S defined by a of if and only i f  there exists a set {et: i= 1, 2, ..., n} 
of n non-zero idempctents such that О ^е ^  — еф for all i — 1,2, ...,n.

(i) I f  q  is a proper congruence and f  is a non-zero idempotent of a 0-minimal 
left ideal L o f S, then E ( L \0) forms a Q-class containing f.
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(ii) I f  q is a proper congruence and if A is a non-zero idempotent o f S/д, then 
there exists a non-zero idempotent a in S such that Q*(a) = A, where q% is the natural 
homomorphism o f S onto S /q.

P r o o f , ( i )  Suppose that q is a proper congruence on S '  defined by the rule 
in the above. Let e be a non-zero idempotent in a О-minimal left ideal L and let 
E (L \0 )= { f:  i =  l ,  2 ,...,n } by definition of (1, n) regular. If /belongs to E ( L \ 0) 
then f f =/j =  f e  (/ = 1,2 ,..., и). Hence E ( L \ 0) is contained in e„, the o-class 
containing e. On the other hand, if g = g2 and goe, then there exists a set 
{g-;: i= 1, 2, ..., n} of n non-zero idempotents such that 0 Agig—gfi (/=  1, 2, ..., n). 
From this and Lemma 3 (i), we see that g £ L  as desired.

(ii) This follows from Lemma 2. 2 in [4].
R e m a r k . In the proof of Theorem 1, we shall see that the relation q defined 

in Lemma 4 is a proper congruence on a (1, n) regular Rees matrix semigroup 
S with 0.

4. Theorems. T h e o r e m  1. Let S be a (1 ,n) regular Rees matrix semigroup 
with 0. Define a relation q on S \ 0 in such a way that a ob if  and only if there exists 
a set {/•: i=  1, 2, ... n) of n distinct non-zero idempotents such that f a  =fib AO, 
for every i=  1, 2, .... n. Then о is an equivalence on S \ 0. I f  we extend q to S by 
defining {0} to be a д-class, then q is a proper Brandt congruence on S. Furthermore, 
i f  a is any congruence on S with the property that S/а is a Brandt semigroup, then 
a fig  (in other words, Q is the minimum Brandt congruence on S).

P r o o f . We show first that q  is an equivalence on S \0 .  Let a be a fixed non
zero element of S and let b be any element in S \ 0  such that baA  0. The existence 
of such b follows from SaS =  S. By (D), there exists Fb = { f : i —1,2, ...,«} such 
that b f = b (z '= l,2 , .... n). The symmetric property is immediate. To show that 
q  is transitive, let agb and bgc, for a, b, c in б’ХО. Then there exist two sets 
{ f :  i= l,2 , ..., n) and [ep. / =  1, 2, ...,n) of non-zero idempotents of S such that 

f a  =f f iA 0 and e-b = e p A 0 for every /= 1 ,2 ,. . . ,« .  Now consider eif Ja = eif jb 
(/=1,2, ...,«). Suppose that e j f i  =  0, for some i and j. Then by Lemma 3 (iii), 
either efi = 0 or fjb  = 0, each of which provides a contradiction. Hence eifjbA  0 
and e j/  A 0 for every i and j. By Lemma 2 and Lemma 3 (i), eif j = ei. By direct 
calculation 0 A e j f i  = (ejfib = efi =  etc, 0 A e jjb  = effib) =  efifid) = (et ffi a =  eta, 
and thus we see that e;ű =  e;c ^ 0  (/=1, 2, ..., n) and age. Hence g is an equivalence 
on S \0 . Now let q  be extended to be an equivalence on S defining {0} to be a g-class. 
Let agb (a, b in S’) and let * be in S. To show that g is a congruence on S we have to 
verify that axgbx and that xagxb. If a = b = 0 these results clearly hold. Hence 
we suppose that there is a set {ep. /= 1 ,2 , ...,n }  of non-zero idempotents such 
that epi = efi A  0 for every i, and so xeia = xelb. Consider first the case xepi A 0. 
Then л:ег^0, which shows that e{ and x  lie in the same 0-minimal left ideal of S. 
For if et and x  are not contained in the same 0-minimal left ideal, assume that 
ег € Li and x 6 Lj, where Lt and Lj are distinct 0-minimal left ideals. Let /  be a non
zero idempotent of Lj, then x f —x. By Lemma 3 (i), /ег = 0, and so xei = (xf)e i = 
= x(fej) = x0 =  0, contrary to xet A 0. Since л; and e; are in the same 0-minimal 
left ideal, we have xet=x, which implies that xa =  (xet)a =  x/epi) =  x/efi) =  (xefib =  
= xb A 0. Choose a set {gk: к =  1, 2, ..., n} of non-zero idempotents of S  such
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that gkx A 0 for every k = 1,2, и. By Cl and Lemma 3 (ii), 0 Agkxa= gkxb 
for every k —1,2, and hence xagxb. Consider the other case xe.fi =  0. By 
Lemma 3 (iii), either xa = 0 or eta = 0. But the latter provides a contradiction, and 
so xa = 0. Similarly, xb= 0  and xagxb. We shall show that axgbx. Since efi = efi, 
efix = efix  (/=1,2, ..., n). If etax = 0, then, by Cl, either ax = 0 or eta = Q. But 
efi A 0, and so ax = 0. Analogously, bx = 0. If etax A  0 then efix =  efix A 0. Con
sequently, axgbx. Thus g is a congruence on S, and it is proper, for if Ogx, then 
* = 0. Clearly S/g is regular. We claim that S/g is an inverse semigroup. It suffices 
to show that idempotents of S/g commute. Let A and В be two non-zero idem- 
potents of S/g. Then there exist a and b in E ( S \ 0) such that o Ja) =  A and gfb )  =  В 
by Lemma 4 (ii); by Lemma 4 (i), there exist 0-minimal left ideals L and U  of S 
containing a and b, respectively, such that gfia) = E ( L \0) and gfib) = E ( L ' \0). 
By Lemma 3 (i), AB = E (L \0 )E (L '\0 ) = E (L '\0 )E (L \0 ) = BA; hence any two 
idempotents of S/g commute with each other and S/g is an inverse semigroup. 
By Lemma 3. 10 of [1], S/g is completely 0-simple. Thus S/g is a Brandt semigroup.

Finally, let a be any proper Brandt congruence on S and let a A0  and h be 
two elements in S with agb. Then, there exists a set {ep. i = 1 ,2 ,..., n) of n distinct 
non-zero idempotents of S such that efi = e fiA 0  (/ = 1, 2, ..., n). Then a je ^ a ja )  = 
= ofie^afib) Ao, which implies that ajfi) =  a fib) by (F), where о is the zero of 
S/а. Thus aab and we have shown that agb implies aab, or gQa. This completes 
the proof of Theorem 1.

Remark. In Theorem 1, we can replace (1, n) and efi =  efi A 0 with {n, 1) and 
aet =  bet A 0, respectively.

We shall use Lemma 5 to prove Theorem 2.

Lemma 5. Let S be a (1 ,n) regular semigroup with 0.
(i) For e in E { S \0), SeS is a completely 0-simple and (1, n) type homogeneous 

n regular semigroup.
(ii) S is a mutually annihilating sum of completely 0-simple semigroups 

{SeS: e£ E (S \0 )}  [3, Theorem 3].

Proof. By (E) and Lemma 1, (i) follows. Hence (ii) is proved by (i) and 
Theorem 3 in [3].

Theorem 2. Let S be a (1, n) regular semigroup with 0. I f  we define a relation 
д on S by the rule that agb if  and only i f  there exists a set {ep. i=  1, 2, ..., n} o f n 
non-zero idempotents in S such that efi = efi A0 for every /= 1 ,2 ,  ..., n, then g is 
an equivalence on S \ 0. I f  we extend g to S by defining {0} to be a д-class, then g is 
a proper inverse semigroup congruence on S. Furthermore, д is the minimum such 
congruence.

Proof. By Lemma 1, every non-zero idempotent of S is primitive. By Lemma 
5 (ii), S=  U {SeS: e£ E (S \0 )}  is the annihilating sum of (1, и) regular and 
completely 0-simple semigroups. For each non-zero idempotent e, by Theorem 1, 
there exists a proper Brandt congruence ge on SeS defined by the rule that ageb 
{a, b in SeS) if and only if there exists a set {ер. /= 1 ,2 , ..., n) with eia = eib 
(/=  1, 2, ..., ri). Hence if we define a relation g on 5 by the rule as defined in the 
theorem, then g is a proper congruence by Lemma 5(ii) and Theorem 1. By an
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application of Lemmas 5 (ii), 3 (i) and 4, we can show that idempotents of S/q 
commute, and hence S/q is an inverse semigroup by Theorem 1. 17 of [1].

Finally, we shall show that q  is the finest such congruence on 5. To do this, 
let us assume that a is any proper inverse semigroup congruence on S. Let agb 
and e,a = eib 9i 0 (/ =  1, 2, ..., n). Then a fe ^ o fa )  =  «тДгДо-Дб) У о, where 
is the natural homomorphism of S  onto S/а and о is the zero of S/а. By (E), let 
У(а) = {х(: г= 1 ,2 ,...,и }  for a^O. Since idempotents егДе,) and aj/axj) of 
S/t7 commute, сгДсДсгДа) = a je ja ja x ja )  = a fe ;)afaXj)afa) =  o ja x ^o fe d o fa )  = 
= oflax^e/jirfa) = a fa x ^ a fa )  =  o f  a), because et and axj are contained in a 

left zero semigroup E ( L \0), for some 0-minimal left ideal L. Similarly, we can 
show that сДе;)егД6) =  o ff ) ,  and <7Да) = o f f ) .  Thus aab. Hence agb implies 
aab. This completes the proof of Theorem 2.

Theorem 3. Let S be a (1, rí) regular semigroup with 0. Then the condition C2 
is necessary and suficient to ensure the existence o f a proper Brandt congruence on S.

Proof. By Lemma 1, every non-zero idempotent of S  is primitive. It is easy 
to see that S' satisfies Cl. If S satisfies C2, then UjSeS: e £ £ (S \0 )} =  SeS=  S 
for e £ E (S \0). The proof of the rest follows from Theorem 1 and [7, Theorem 1. 1].

Theorems 1 and 2 have appeared in [2, Theorems 4 and 5] without proofs.

( R ece ived  16 A p ril 1968)

d e p a r t m e n t  o f  m a t h e m a t ic s , 
w e s t  Vir g in ia  u n i v e r s it y ,
MORGANTOWN, WEST VIRGINIA, 
U . S. A.
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SOME REMARKS ON THE VECTOR SUBSPACES 
OF CYCLIC GALOIS EXTENSIONS

By
R . L. PELE (H onolulu)

Let F be a finite field and let £  be a finite extension of F. Consider E as a vector 
space over F. In [1] the author proved two results on the vector subspaces of E. 
The object of this note is to show that these results hold in the more general setting 
of an arbitrary Galois extension with cyclic Galois group. The results, discussed 
in this paper, seem to be in connection with the “error correcting codes” from the 
information theory.

Let F be any field and let £  be a cyclic extension of F of degree n. Suppose 
Ф is a generator of the Galois group of EjF. Consider £  as a vector space over F 
and view Ф as a linear transformation of E into itself. Identify the element a fE  
with the linear transformations of E into itself which sends ß to a-/i. We have the 
following.

Theorem 1. Every linear transformation of E into E can be written uniquely 
as / ( Ф) where f{x) d E[x\ is a polynomial of degree 35 w — 1.

Proof. Let £ iT 2,,...T„ be a field basis for E/F and consider the n2 linear 
transformations f  Ф' /= 1 ,2 , ...,n; j= 0 , 1, ..., n — 1. Since the space of linear 
transformations of E into itself is of dimension n2 over F, to prove the theorem 
it suffices to show that these n2 linear transformations are independent over F. 
Thus suppose a^dF  and 2  =0, i.e. for all at.dE аи^Ф](а) = 0.

U j  i , j
Rewriting this as

2  [ 2  чА | ф‘0) = о,
j = 0  I;=1 )

we have by Dedekind’s Theorem on the independence of isomorphisms that

2  a i A  =  0
i = l

for each j=  0, 1, ...,n  — 1. Since the are a basis for EjF this gives ai} = 0 for all
/= 1 ,2 , ..., n ; 7 =  0, 1, ...,/i — L

We want now to prove some results on the vector subspaces of EjF. The following 
ideas which are introduced in [1] will be used. Denote by Еф[х] the set of polynomials 
fix )  =  ö0 x + ... + asxs with coefficients in E with addition defined as usual 
but with multiplication defined by

x‘9t:XJ =  xi+J i, 7  =  0 ,1 ,2 ,...
xAfta =  Ф(а)х adE.
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Relative to these operations £ф[х] is a non-commutative (for n>  1) integral domain. 
In addition it is easy to check that both a right and left division algorithm hold in 
Еф[х] and consequently right and left ideals in Еф[х\ are principal. The center of 
Еф[х] consists of all polynomials of the form a0+ a1xn + a2x 2" +... +asxsn with 
a; 6  F. Note that the multiplication in Еф[х\ is such that for f{pc),

g(x) <= Еф[х], (/(x) *  Дх))*=Ф =/(Ф)-£(Ф).
We now have
T h e o r e m  2. Let V be an s-dimensional subspace of E. Then there exists a 

polynomial f{x) € Еф[х] o f degree s such that кег/(Ф):э V.
Proof. Suppose first that V is a one dimensional subspace and choose a basis 

£, of V. The polynomial f{x) = x — <£(£)• £ - 1  then has the required property. Now 
assume that the theorem is true for subspaces of dimension s and let V be an (5 +  1)- 
dimensional subspace. Write V= U® F- £ where U is of dimension s. By assumption 
there exists a polynomial g(x) of degree s such that ker р(Ф)d  U. If g(<P)(E) = 0, 
then the polynomial /(.*) =  x*g(x) is of degree 5 + 1  and satisfies ker /(<h)z> V. 
If g(<P)(i!;) +  0, then the polynomial f(x) = [x —(ДФ) ^ ) ) - 1  • c]+g(x) has the required 
property.

T h e o r e m  3. Let V be an s-dimensional subspace o f E. Then there exists a 
polynomial f  of degree ^ s  such that ker /'(Ф) = V.

Proof. Consider the set Iv of all polynomials h(x) which satisfy Л(Ф)(х) =  0 
for all v.f V. It is clear that Iv is a left ideal. Let f{x) be a generator for Iv. By 
Theorem 2 degf( x ) ^ s .  On the other hand since there always exists a linear trans
formation whose kernel is precisely V, Theorem 1 implies there exists h(x) 6  /, 
such that Л(Ф) has kernel V. Since А(Ф) =  п(Ф)*/(Ф) for some polynomial u, it 
follows that кег/(Ф) =  V.

Corollary 4. Let fix )  6 Еф[х\ be a polynomial o f degree s. Then the nullity 
of У(Ф) —S.

Proof. Let V = ker /(Ф) and let t =  dim V. According to the proof of Theorem 3, 
Iy is generated by a polynomial g(x) of degree S  t. Since f(x ) £ Iv , f(x )  is a left 
multiple of g(x) and therefore t^ s .

Corollary 5. Let £1; Д be elements of E which are independent over F. 
Then the s X s  matrix with entries Ф‘(<С) i =  0, 1, ..., s — 1; j  =  1, 2, ..., s is non- 
singular.

Proof. Suppose on the contrary that this matrix is singular. Then there exist 
a0, alt ..., as_ 1 £E  not all zero such that

* 2 * 0 % )  =  0 
i  -  0

for /= 1 ,2 ,  But then the non-zero polynomial g(x) = a0 + агх + ... + a5„1xs~1
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which is of degree S i —1 would have the property that g(<I>) annihilates the sub
space of E spanned by £l3 £3, gs. This contradicts Corollary 4.

For /,  h 6 £ф[л'] let us say that /  is a right divisor of h if and only if there exists 
g £Еф[х\ such that h = g ^ f .  We now state

T h e o r e m  6. There is a 1—1 correspondence between the subspaces V of E of 
dimension s and the monic right divisors of x" — 1 of degree s. I f f  is such a monic right 
divisor, then this correspondence is described by assigning to f  the subspace V = ker / ( Ф).

P r o o f . Let /  be a monic right divisor of x" — 1 of degree s. Suppose x" — 1 =  
= g ^ f  Thus deg g = r = n — s. Set К=кег/(Ф) and U =ker g(<P). By Corollary 5, 
dim V S s  and dim USr.

Since dim V= dim ker/(Ф )S i, we have dim im/(Ф )Шп—s = r. On the 
other hand im ДФ) <r £/= ker ДФ) which gives dim im ДФ) S r. Therefore, we 
must have dim im ДФ) = г and consequently dim F =  dim ker ДФ) =  5.

Now let V be an i-dimensional subspace of E. We wish to show that there 
exists a monic polynomial /(x) of degree i  which is a right divisor of x" — 1 and 
which satisfies V = ker ДФ). Let Iv be the left ideal of polynomials which annihilate 
V and let /(x) be a monic generator for Iv. From the proof of Theorem 3 we have 
that ker ДФ) =  V and deg/(x) S i .  On the other hand Corollary 4 implies deg /(x )^ i. 
Since x" — 1 € Iv, /(x) is a right divisor of x" — 1. Finally the description of /  as 
the generator of Iv gives that /  is the unique monic polynomial of degree s that 
annihilates V.

C o r o l l a r y  7 .  There exists a 1— 1 correspondence between subspaces U o f 
dimension s and monic left divisors g of xn — 1 of degree r — n —s. I f  g is such a monic 
left divisor, then this correspondence is described by assigning to g the subspace 
U={g(<P)(a): oc£E}.

P r o o f . Let g be a monic left divisor of x" —1 of degree r = n — s and let 
U = g{$){E). Write xn- \ = g * f  Since x" — lgcenter of Еф[х], g ^ f ^ g  = 
=  (x" —l)^-g =  g-^(x"—1) and therefore f ^ g  = x"— 1. By Theorem 6 the kernel 
of ДФ) is of dimension r and therefore £7 =  т £ (Ф ) is of dimension s.

Now let U be a subspace of dimension j . Choose /  of degree s such that 
U = ker/(Ф) and x" — 1 = g ^ f  Since x" — 1 = J f  ,g, Theorem 6 gives that ker g(/b) 
is of dimension r and therefore im ДФ) is of dimension s. But /(Ф)-^(Ф) =0  
implies im ДФ) c  U and U is of dimension s. Therefore, im ДФ) =  U.

Finally suppose g and g' are both monic divisors of x" — 1 of degree r and 
that g{<P){E)=U=g\<I>){E). Writeg ^ f= x " — 1 =  g '-*■/'. Then f ^ g  = x"— 1 = 
= f ' * g '  and therefore ^Ф )§{Ф](Е)=ЯФ){и)=0=ПФ){и)=Г{Ф)§\Ф){Е) 
and by Theorem 6 f = f '  and therefore g = g '■

R e m a r k s . In conclusion we point out that the results of [1] are easily obtained 
from the above theorems and corollaries. Thus suppose that F is a finite field of 
q elements. It is only necessary to show that if g ^ f  — x" — 1 where /(x) =  
= ao +  ßjX-b ... + а 5х*(а5=  1 ),g(x) = b0 + b1x+  ... + brxr(br =  1) then the polynomials 

/(x) =  a0x + a^x11 + ... + axxqS and g(x) = b0x + bLxq + ... + brxqr split completely 
in E. Since for a € Ef(L)(y.) = /(a ),/(L ) has a null space of dimension s, and /
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is of degree qs, we have that /  splits. On the other hand g(L) • f(L ) = 0 implies 
g (f(a)) = 0 for all rj.cE. Since the image of/(L ) has dimension r,/(a) runs over 
a set of order qr as a runs over E. Since g is of degree qr and has the maximum 
possible number of roots, g also splits completely in E.

(R e ce iv e d  25  A p ril 1968)

DEPARTMENT OF MATHEMATICS, 
UNIVERSITY OF HAWAII, 
HONOLULU,
HAWAII

Reference

[1] R. L. P e l e , Som e rem arks on  the vector subspaces o f  a  finite field, A ir  Force C am bridge R esearch  
L abs., pp. 66— 477.

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969



Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 20 (1—2), (1969), pp. 241—243.

NOTE ON A THEOREM OF ERDŐS AND RÉNYI
By

A . R . R E D D Y  (M adras)

Let /(z) be an entire function. Let us denote by Nk(f(z), 1) the number of 
zeros of f (k\z), the &-th derivative of f(z), in |z |S l .  Let us denote by p(r) the 
maximum term of the power series of/(z) for \z\—r, and by v(r) the rank of the 
maximum term.

The following Theorem has been proved by Erdős and Rényi ([2], Theorem A).
Theorem A ([2], p. 223). I f  f{z) is an entire function of finite order g S l ,  and

x = H (y) denotes the inverse function of У = log Mix), where M(r) = max |/(z)|,
|*| = r

then Nk{ f\z), 1), denoting the number of zeros o f f {k)(z) in \z\ S  1, satisfies the condition

( 1)

1
Q

As a consequence of the above theorem, Erdős and R ényi have obtained, for entire 
functions f(z) o f exponential type t,
(2) liminfNk(f(z), 1) те,

(see [2], p. 225, (15)). In this note, first we improve the inequality (1) of Theorem A 
by replacing order q by lower order 2 assumed to be such that 1 ^ 2 < °°  and 
allowing the case q = Secondly we show that, for functions of irregular growth, 
we can have a better estimate than that of (2) as in (7) or (8). Lastly in Theorem III, 
we improve a theorem of P ó l y a  in much the same way as we improve (1) to ( 6 ) .

Lemma 1 ([7], p. 220, (3)). I f  f(z) is an entire function of order q= 0, lower 
order 1(0s l S g S ° ° ) ,  then

( 3 ) lim inf
r-*-oo

v(D
log n(r)

Ä 1.

Lemma 2. I f  f(z) is an entire function of order q (0 <  q <  °°), lower order 
1 (0 S  2 S  q), type T (0 = r =  °°), then

(4) liminfV(/ ) ~  I t.v ’  r e

P r o o f . Since
v(r) _  v(r) _ logp(r) 
re log p(r) rQ
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we have at once
• M r) . v(r) log/(('Оliminf----- = liminf-------— • limsup------—

r->~ re >■-*<*> log jU(r) r - ~  re

which, along with lemma 1 and definition of type, gives us

lim  in f  ^  At .

Lemma 3 ([7], p. 220, (6)). I f  f(z) is an entire function of order о (0 < g <  «=), 
lower type со, then

(5) г • e v(r ) h m m l -----s  oat.re
Theorem I. In Theorem A, i f  the hypothesis 1 S  order q < °°, is changed to 

1 Slower order A<°°, the conclusion (1) will be true with A instead of q, i.e.

( 6)
liiiiinfA ,(/(z ),i ) j m 1

T

Proof of Theorem I is exactly like that of Theorem A, with one difference.
vO)The former uses lim inf ------ —  s i  of Lemma 1 where the latter usesr— log p(r)

p- 224.< 7»-
Applications of Theorem I. Any result got by applying Theorem A can be 

improved by applying Theorem I instead. For instance, such an improvement, 
consisting in the replacement of finite p ^ l  by finite A&l, is possible in the case 
of the following known results of C. Rényi: [3], Theorem 1, (1. 1), Theorem 3, 
(2. 4); [4], Theorem II, (3), Theorem III, (6).

Theorem II. I f  f(z) is an entire function of finite exponential type x, lower type 
co(OsatSx), lower order A(0s i s  q = 1), then

(7) lim infNk(f(z), 1) s  Ire.

(8) lim infNk(f(z), 1) s  ate.
k - +  °o v

Froof. It has been shown ([1] p. 132 (30)) that, for any e>0 and r> r0(e)

(9) Nv(r)( f ( z ) , l ) s ^ e ( l + s ) .

From (9) and Lemma 2 with Q — l, it follows that there is a sequence r„ 
(n = 1, 2, 3, ...) for which and

liminfNv(rn)(f(z), 1) ^  Ате(1 +e),

e> 0  being arbitrary, this leads at once to (7). Similarly (9) and Lemma 3 together 
lead to (8).
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R e m a r k s  o n  (7), (8). (7), (8) are improvements on the corresponding previously 
proved, inequality ([2], p. 225, (15)) with g = 1 instead of A in (7) and т instead of 
со in (8 ). For instance it is known ([6 ], p. 1051) that there is an entire function of 
order q — 1, lower order A = For this function (7) is an improvement on its 
previously proved version g = 1 .

The next Theorem is given by P ó l y a  ([5] p. 183, (4f)), with finite о ( =  order 
of / e l )  instead of A( = lower order of/^ 1 ) .

T h e o r e m  III. If f (z) is an entire function of lower order A S 1, then, in the notation 
of Theorem A,

(10) g ^ 1-.log к A
P r o o f . From (9), we get successively

log Nv(r)(f(z), l) ^  logv(r) —logr + loge(l + e) 
log v(r) ~  log v(r)

Now by taking lower limits on both sides we have,

(r>r0).

. log Av(r)( f{z), 1) logr 1liminf - g  1 — fim sup ----- 7-r =  1 — -r ,logv(r) logv(r) A
where we use the well known fact ([8], Theorem 1)

lim sup
Г-*-оо

logr 
log v(r)

Hence, arguing as in the proof of (7) of Theorem II, we get the desired conclusion.

(Received 13 May 1968)

RAMANUJAN INSTITUTE, 
UNIVERSITY OF MADRAS, 
MADRAS-5,
INDIA
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A közlésre szánt kézira tok , rövid  ta rta lm i k ivonattal együtt, a  következő  címre k ü ld en d ő k :

- A c ta  M ath em atica , Budapest 502, P ostafiók  24.

U gyanerre a  cím re kü ldendő  m inden  szerkesztőségi és kiadóhivatali levelezés.
Az A cta  M athem atica  előfizetési á ra  kötetenként belfö ldre 120 fo rin t, külföldre 165 fo rin t. 

M egrendelhető a  belföld szám ára  az „A kadém iai K iad ó ”  n á l (Budapest, V ., A lkotm ány u tca  21. 
Bankszámla 05-111-46), a  kü lfö ld  szám ára  pedig a „ K u ltú ra ”  Könyv- és H írlap  K ülkereskedelm i 
Vállalatnál (Budapest, 1., F ő  u tca 32. B ankszám la 43-790-057-181) vagy an n a k  külföldi képviseletei
nél és bizom ányosainál.

Die A cta  M athem atica  veröffentlichen A bhandlungen au s dem Bereiche der m athem atischen 
W issenschaften in  deutscher, englischer, französischer u n d  russischer Sprache.

D ie A cta  M athem atica  erscheinen in  H eften  w echselnden Um fanges. M ehrere Hefte b ilden  
einen Band.

D ie zu r V eröffentlichung bestim m ten M anuskrip te sind  an  folgende A dresse zu senden:

A c ta  M ath em atica , B udapest 502, P ostafiók  24.

A n die gleiche A nschrift ist auch jed e  fü r  die R edak tion  und  den V erlag bestimmte K o rre 
spondenz zu  richten.

A bonnem entspreis p ro  B an d : 165 F o rin ts . B estellbar bei dem  Buch u n d  Zeitungs-A ußen- 
handels U nternehm en „ K u ltu ra”  (B udapest, I ., F ő  utca 32. B ankkonto  N r. 43-790-057-181) o d er 
bei seinen A uslandvertretungen  u n d  K om m issionären .
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ON THE CONVERGENCE O F STRONGLY 
MULTIPLICATIVE ORTHOGONAL SERIES

By
G. ALEXITS (Budapest), member o f the Academy

1. The well known three series theorem in probability theory due to K olm o
g orov  can be expressed in the language of orthogonal series roughly as follows:

I f  {(pn(x)} is a system o f stochastically independent functions o f mean value 
zero and L2-norm 1, then the condition

(1) 2  h2 <  “
n= 1

is sufficient for the convergence almost everywhere o f the series

(2 )  2  cn<pn(x).П= 1

I f  2  mes (E„) <  <=°, where En = E(x:\cn<p„(x)\^K) for an arbitrary К >0,
П— 1

then (1) is also necessary for the convergence almost everywhere o f (2).
Some years ago we have introduced a notion (see [1], pp. 186—196), more general 

than the independence, calling {<p„(x)} a strongly multiplicatively orthogonal 
system (SMS), if

b
f  (Pn\ ( x )  <prn\  (*)••• <PiZ (*) d p  (x) = 0

for every combination of их < и 2 <  ••• <nm, rk = 1 or 2 and at least one rk = 1. For 
a stochastically independent system of mean value zero, this condition is satisfied 
even for arbitrary integer rk s, if at least one rk = 1. An SMS is called equinormed, 
if also

ь
f  (pi, (x) (pn2( * ) . . . (P2„m( * )  dp(x)  =  C

a

is satisfied with an appropriate constant C. Using an idea of T a n d o r i  wehave proved 
the following theorem ([1], p. 189):

I f  {‘AiC'O} 's a uniformly bounded and equinormed SMS, then (1) implies the 
convergence almost everywhere of (2).

This theorem could be considered as a partial generalization of Kolmogorov’s 
statement, if there did not occur the troublesome condition of equinorming. Indeed, 
on one hand, it is logically not clear why the convergence of (2) is influenced by
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the norms of the products of the functions cp„(x), on the other hand, it is not always 
possible to equinorm an SMS. Consider e.g. the following system defined in [ — 1, 1]:

r „ ( x ) f o r O s r á l ,
I f o r _ 2 - ( " - i )  s  s  —  3 • 2 _ ( n + 1 ) ;

- I f o r _ 3 . 2 - ( » + i )  <  x  <  — 2 ~ n ,

0 e l s e w h e r e ,

where rn(x) denotes the n-th Rademacher function. {(p„(x)} is obviously an SMS 
with ц(х)=х. To equinorm it, we have to consider the function

Ф М  = ) / ,  , r 2 n <Pn(x)

instead of cpn(x), because only then is
1

/  Фп (x)dx = C.
-1

But taking, for instance, the product of two different <р*(х), we obtain

1 _ Ql
J« « « « *  =  (1 H -2 -K H -2 -)  *  C

This means just that the SMS {cpn(x)} can not be equinormed.
It seems to have some interest to get rid of the condition of equinorming without 

weakening the statement of our theorem, because then we would have actually a 
partial generalization of the three series theorem. Now we shall prove that the 
uniform boundedness of an SMS is enough for our statement without any condition 
about the norms. So we shall obtain the following

Theorem 1. I f  /i(x) is a positive, bounded, non-decreasing function and {<p„(x)} 
a uniformly bounded SMS, then (1) is a sufficient condition for the convergence almost 
everywhere o f  (2).

I f  the <pf x) are normed and we have also

(3) f(p l(x)dp(x)  ё  K-\E\ß (n = 1 ,2 ,...)
E

with K > 0 for every set E o f p-measure \Е\ц >0 , then (1) is also a necessary condition 
for the convergence almost everywhere of (2).

W e  h a v e  t o  r e m a r k  t h a t  P. R é v é s z  ( [ 2 ] ,  p p .  9 2 — 9 6 )  h a s  p r o v e d  a  c o n v e r g e n c e  

t h e o r e m  f o r  t h e  s e r i e s  ( 2 )  u n d e r  a  w e a k e r  c o n d i t i o n  t h a n  t h e  s t r o n g  m u l t i p l i c a t i v e  

o r t h o g o n a l i t y ,  b u t  h i s  p o s t u l a t e  i s  s t r o n g e r  t h a n  ( 1 ) .

After the proof of our Theorem 1, we shall consider applications to probability 
theory, especially, we shall obtain a strong law of large numbers (Corollary 2), 
which seems to be sharper than the classical one.
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2. The proof of the announced theorem is based on following 
L emma. Let {cp„(x)} be an SMS having the properties

(4) \<Pn(x)\ =  1,
b

(5) lim inf J  (pi (x) dp (x) >  0.

Then (1) implies the convergence almost everywhere of (2).
Proof. Let {фп(х)} be the product system generated by {<p„(x)}> i.e.

m

Фп(х) =  Í J  <PVk+ 1 (X),
t=l

when the binary representation of n is 2Vl + 2 V2 - f ... 2Vm. For n = 0 we put i/i0(x )s  1. 
Denoting by sn(x) the и-th partial sum of the series (2) and by Sn(x) that of the series 
2 акФк(х), where

J ck for к = 2V,
°k = {o for k ^ 2\

we have
S2» -iW  =  s„(x).

Let n(x) be the least index v for which

s„(X) ( x )  = max jv(x), 
1

then {s„(x)(x)} is a non-decreasing sequence. Let

and consider the sum

\ \ Ф п \ \ 2  =  f  Ф 2n ( x ) d ^ l ( x )

_ /„4 _ 2V1 а кФ к(х)
-  Й  1 Й Г -

We get the following estimation:

f  sn(X)(x) dp(x) =  / S W , _  j (x) dp(x)

/ /  o > - i (0  z?  Фk(t)фk{x)dp{t)dp(x)
a a k=0

( b b (  b 2n— l Л2
= } /  a 2» - i ( t )  d p ( t )  f  f  2 j Фк(*)Фк(х) d p ( x ) \  t//i(i)| •

'-л а V/, k — O ;
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By definition of ak and фк(х) we have

/  ® 2--1(0Ф (<)= 2** Is — Л
at

= 2
cl

k t 0 Ш12 Jktl ||<p*||2 '
From (5) it follows the existence of a number <7 =-0 such that \\<рФ\2 thus

/  v22»-i(t)dn(t) S  \  2  cl S  ^ 2-
a ?*=i

Therefore, introducing the symbol n(;c, y) =  min (n(x), n(y)) and applying the 
well known method of evaluation due to K olmogorov— Seliverstov and Plessner, 
we obtain

b ( b( Ъ2п(х)-1 42 1-
(6) f  sn(x)( x )  d ß ( x )  f  \ f  2  ' l 'k ( t ) ' l ' k ( x ) d f i ( x )  ф(Ш =

Í b b b 2n{x,- l
= K\ f f f  2 ФкО)Фк(х) ■ 2 Фк(ОФкО) du(t) du(x) du(y)

t a  a  а к—О к— О

=  * { / /  *2 \\Фк\\2Фк(х)Фк(у) dn{x) Ф(у)} =2

^  2ä: I У*У 2 ” 11«Ал112
V2 а I Л —О

For the estimation of the last integral, remark first that
2 " <x)- l  Ь 2 п<х)- 1  2 n ( x ,- l

(7) 2  IIФк\\2Фк(х)Фк(у) = f  2  Фк(ОФк(х) 2  Фк(!)Фк(у) dß(/)■
I  r »  • ' I  Г»  I —  nk= 0 k = 0 k — O

On account of the connection between the system {(pn(x)} and its product sys
tem {фп(х)}, one can see immediately that

2 n(je)- l  n(x)

2  Фк(ОФк(х) =  17  (1 +<pk(t)<Pk(x))-k= 0 k= 1

Since, by (4), we have 1 + — 0, the integrand in (7) in non-negative, hence
2"(x)_1

Ш12^*(*Ж(.и) = о.
Thus we can omit the sign of absolute value in the last integral of (6 ) and then we get

b ( b Ь2"<-*>-1
/ ■*„(*)(*)dn(x) 5  2K l f f  2  
a I '-а л  к ®

к\\2Фк 00 Фк (у) dß (x) du (у)

Acta Mathematica Academiae Scientiarum Hungaricae zo, 1969
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Integrating over у  and considering that {<p„(x)} is an SMS, one has

Thus we obtain finally

f  Фк(у)duly) =  o ( i  ё  1).

b
f sn(x)(x) dp(x) =i
a

ь ь i
^ 2 k I / /  UoW2'l'o(.x)il/o(y)dn(x)dn(y)\ = 2 К{ц(Ь)~ ц(а)}^.

' a  a '

The sequence {.s„fx)(jc)} being non-decreasing, it follows from B. Levy’s theorem 
that the sequence { .v „ (x )}  has a finite upper bound almost everywhere and the same 
is true for { — J„(x)}. The convergence a.e. of the sequence (j„(x)} is a known con
sequence of the fact that the upper bound of {К(.х)|} is finite a.e. Indeed, (1) implies 
2  спИп <0° with ц%/< ». Hence, to show that 2 cn<Pn(x) converges a.e., we have 
to apply only an Abel transformation to the series 2 cnlln(PÁx)' Pn1 and our lemma 
is entirely proved.

3. Proof of Theorem 1. The necessity part is already proved, because we 
have shown ([1], p. 194) that, if 2 cn = °° and (3) is satisfied for a normed system 
{(p„(x)}, then the series (2 ) is divergent a.e. and even not summable by any 
permanent method.

Concerning the sufficiency, extend first the function ц(х) to the interval 
[b, b +  1] by putting

Íy(x) for a s  x  ^  b,
I n(b) + x  — b for b s x s b + 1 .

Then ц(х) is positive, bounded, non-decreasing and, in [b, b + 1], equivalent to the 
Lebesgue measure. Let M  be the upper bound of \(p„(x)\ for n = 1,2, ... and put

Фп(х) =
Фп(х) 

M for a x  ^  b,

r„(x) for b <  x  s. b+  1 ,

where r„(x) denotes the и-th Rademacher function defined in [b, b +1]. Obviously 
(Фп(х)} is an SMS in [a, b+ 1] according to the Д-measure. Moreover, we have

and
Фп(х)& 1 ( e á * S i  +  l ; » = l , 2 , . . . )

b+ 1 ь+1
J  <P2(x)dß(x) =? J  f 2(x )d x=  1 .

Thus the conditions (4) and (5) of our lemma are satisfied, hence 2  с„Ф„(х) con
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verges a. e. in the larger interval [a,b + 1]. But Ic nrn(x) being convergent a. e. 
in [b, ft + 1], from

2  cn<Pn(x) =  2  с„Ф„(х) -  2  cnr„(x)
п= 1 п= 1 П—1

it follows the convergence a. e. of 2 cn<Pn(x) in [«, Щ, as we have stated.1
4. The foregoing result contains also the following generalization of a 

theorem proved by Tandori and myself ([1], p. 189):
Corollary 1. I f  {<p„(x}} is an SMS such that

\срп(х)\ш М п (« =  1 ,2 ,...)
where 0 = ■■■, then the convergence o f 2  cnM„ implies the convergence 
almost everywhere o f the series (2).

Indeed, we have to apply Theorem 1 to the series 2 cnMn(p„(x) with <pn(x) — 
= (p„(x)/Mn and our statement follows at once.

5. For the application of the foregoing results to probability theory, we have
to introduce the notion of stochastic SMS. Denote by Е(£) the expectation of the 
random variable £ and by P(A) the probability of the event A. We call the sequence 
of random variables Ci, £2 > <Ün> ••• weakly quasi independent, if for every com
bination of indices N=(n1 < « 2 <  ... nm) there exists a number KN^ 0 depending 
on N  such that

E (« ‘«?2 •••«£) =  k n -E ( ^ ) E ( ^ ) - . E ( & )
where rk— 1 or 2. The sequence {£„} is a stochastic SMS, if it is weakly quasi inde
pendent and

E(c„) =  0 (« = 1 ,2 ,...).
It is evident that Theorem 1 and Corollary 1 remain valid for a stochastic 

SMS, if we substitute E(£„) for J  cp„(x)dp(x) and pj^ 2  ck£k~*í]  =  1 for the con
vergence a. e. of 2 cn(Pn(x)- Thus we can pass over to the strong law of large numbers.

Theorem 2. Let {c„} be a stochastic SMS such that |f„ |SM , where M „ /. 
Choosing two sequences of positive numbers {pn} and {</„} satisfying the conditions

(8)

(9)
we have

00 „ 2  V  Pna 2 <  n= 1 4n

4n Qn+ 1 ■

p

n
Z p k tkk= 1

. qnM n

1 The idea to  en su re  the  validity o f  (5) b y  extension o f  / p f x )  to  a  larger in terval arouse  in  course 
o f  a  ta lk  with P. R évész.
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Indeed, we may apply Corollary 1 to the series Z cnb with

since 2 c„Mn <  00 by (8). Thus the series

y 1 Pn £n 
n=i qnMn

converges with probability 1. By (9) the sequence {qnMn} tends to infinity monoto- 
nically, therefore it follows by a well known lemma of Kronecker that

P Z P k b  = o(qnMn) = 1,
as we asserted.

This theorem admits many different forms of the strong law of large numbers. 
We emphasize the following one, which seems to be a sharpening of the classical 
result.

Corollary 2. Let {<?„} be a stochastic SMS such that \i;n\^ M n, where M„n 1\ 0  
and Z Mnln2<°°- Then П

Z b
k= 1 

П 0 = 1.

Put pn = 1 and qn = n/Mn. Then the hypothesis of Theorem 2 is satisfied and 
our statement follows.

6. For uniformly bounded systems {c„} Theorem 2 gets close to the theorem 
of iterated logarithm. We conjecture that this last one is valid actually in the following 
form: If {£„} is a uniformly bounded stochastic SMS, then there exists a constant 

0 such that

Z b
lim sup ___ —

n-~ \ n log log n
= К - 1.

Added in proof (30 October 1969). In the meantime we have proved the conjecture of §6. 
The proof will be published in Studia Sei Math. Hung.

(Received 28 February 1969)

MTA MATEMATIKAI KUTATÓ INTÉZETE, 
BUDAPEST, V ., REÁLTANODA U. 13-15
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GLEICHMÄSSIGE APPROXIMATION UND 
GLEICHMÄSSIGE STETIGKEIT

Von
Á . CSÁSZÁR (Budapest)

Herrn Prof. G. Alexits zum 70. Geburtstag

1. Es sei all eine uniforme Struktur auf einer Grundmenge E. Wir bezeichnen 
mit C(ü) bzw. C*(at/) die Gesamtheit aller bezüglich 41 gleichmäßig stetigen bzw. 
beschränkten und gleichmäßig stetigen reellen Funktionen. Es ist leicht einzusehen, 
daß die Funktionenklasse Ф — С*(41) einen, die konstanten Funktionen enthal
tenden Ring, einen Vekjorraum und einen Verband bildet und außerdem bezüglich 
der gleichmäßigen Konvergenz abgeschlossen ist. M. a. W. Ф — C*(aU) erfüllt die 
folgenden Bedingungen:

(1.1) Jede reelle Konstante gehört zu Ф,

(1.2) Aus f ,  g€Ф folgt /+ g €  Ф,

(1.3) Aus f,g ^Ф  folgt fg£Ф,

(1.4) Aus /еФ  folgt —/ е  Ф,

(1.5) Aus f£Ф  und a=»0 folgt а$£Ф,

(1.6) Aus f  ge Ф folgen max ( f  g ) ^ ^  und min ( f  g) £ Ф,

(1.7) 1st f  gleichmäßiger Limes einer Folge {/„} er Ф, so gehört f  zu Ф.

Selbstverständlich gilt für Ф = С*(47) auch:

(1.8) Jede Funktion f(iФ  ist beschränkt.

Es ist bekannt, daß einige dieser Eigenschaften genügen um die Funktionen
klasse C*(ü(/) zu charakterisieren. Den Ergebnissen der Note [5] entnimmt man 
nämlich den folgenden Satz:

(A) Ist Ф eine, die Konstanten enthaltende und bezüglich der gleichmäßigen 
Konvergenz abgeschlossene Klasse beschränkter reeller Funktionen auf E, die noch 
einen Ring oder einen Vektorverband bildet (d.h. sind die Bedingungen (1. 1), (1. 2),
(1.4), (1.7), (1.8) und außerdem entweder (1.3) oder (1.5) und (1.6) erfüllt), 
so gibt es eine uniforme Struktur aU auf E mit der Eigenschaft Ф =  C*(4f).x

Der Beweis von (A) läßt sich in [5] auf einen Approximationssatz zurückführen.

1 S. [5], Sätze 1 und 6 .
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Es sei nämlich zuerst Ф eine beliebige Klasse auf E definierter reeller Funktionen. 
Wir bilden für /£ Ф  die Abstände (Pseudometriken)

<Jf {x,y) = \f(x) f(y)\-
Diese Abstände induzieren eine uniforme Struktur 4t (Ф) auf E, und zwar ist 4t (Ф) 
offenbar die gröbste uniforme Struktur bezüglich welcher alle Funktionen / €  Ф 
gleichmäßig stetig sind. Setzt man voraus, daß die Funktionen f£  Ф beschränkt 
sind, so besteht also ФсС*(41(Ф)). Erfüllt Ф noch (1.7), so braucht man, um 
Ф = С*(<?/(Ф)) zu beweisen, nur zu zeigen, daß jede bezüglich 4t (Ф) gleichmäßig 
stetige Funktion gleichmäßiger Firnes einer Folge {/„}с:Ф ist. Genau diese Tat
sache wird vom folgenden Satz behauptet:

(B) Ф genüge den Bedingungen (1.1), (1.2), (1.4), (1.8) und außerdem ent
weder (1. 3) oder (1. 5) und (1. 6), und f  sei bezüglich 41 (Ф) gleichmäßig stetig, d. h. 
es sollen zu e > 0  eine endliche Folge (g ,, ...,gm} und eine Zahl <5>0 existieren mit 
der Eigenschaft, daß \f(x) —./(jr’) ] < e  ist, sobald

x, у £E und Igi(x) -  gi(y) I <  <5 0 = 1,..., m).

Dann gibt es zu rj > 0  eine Funktion h £ Ф mit

\f(x) — h(x)\ ts n (x£ F ).2

J. C zipszer  und der Verfasser dieser Note haben in [2] bewiesen, daß die 
Voraussetzung, nach der Ф ein Ring bzw. ein Vektorverband ist, in Satz (B) abge
schwächt werden kann, und zwar genügt es vorauszusetzen, daß Ф entweder ein 
affiner Verband ist, d. h. die Bedingungen (1. 4), (1. 5), (1. 6) und (1. 9) erfüllt mit

(1.9) Aus / i  Ф folgt f+<x£ Ф für jede reelle Konstante a,
oder daß Ф ein Gruppenverband ist, d. h. (1. 2), (1. 4) und (1. 6) erfüllt. Genauer 
gesagt, der folgende Approximationssatz wurde bewiesen:

(C) Ф genüge den Bedingungen (1. 1), (1.4), (1. 6), (1. 8) und außerdem noch 
entweder (1.2) oder (1. 5) und (1. 9). 1st f  bezüglich 4t (Ф) gleichmäßig stetig, so gibt 
es zu eine Funktion h 4 Ф mit

\f(x )-h (x )\ Ш t] (x £ E ).3

Nun führt derselbe Gedankengang, mit Hilfe dessen (A) aus (B) abgeleitet 
wurde, zum

Satz  1. Ф sei eine, die Konstanten enthaltende Klasse beschränkter reeller Funk
tionen auf E, die entweder ein affiner Verband oder ein Gruppenverband und bezüglich 
der gleichmäßigen Konvergenz abgeschlossen ist (d. h. Ф genüge (1. 1), (1. 4), (1. 6),
(1.7), (1. 8) und entweder (1.2) oder (1. 5) und (1. 9)). Dann gilt Ф = С*(41) mit 
einer passend gewählten uniformen Struktur 41.

2 S. [4], S. 190 und [5], S. 58, Korollar.
3 S. [2], (12) und (19), und die Bemerkung unter 2.
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Zusammenfassend kann man also sagen:
Satz  2 . Die folgenden Gruppen von Eigenschaften bilden je eine notwendige 

und hinreichende Bedingung dafür, daß die Funktionenklasse Ф mit für eine
geeignete uniforme Struktur Ш zusammenfällt:

(1. 1), (1.2), (1.3), (1.4), (1.7), (1.8);

(1.1) , (1.2), (1.4), (1.5), (1.6), (1.7), (1.8);

(1. 1), (1.4), (1.5), (1.6), (1.7), (1.8), (1.9);

(1.1) , (1.2), (1.4), (1.6), (1.7), (1.8).

2. Durch Satz 2 werden die Funktionenklassen der Gestalt sogar auf
mehrere Weisen charakterisiert. Um eine ähnliche Charakterisierung für die Klassen 
der Gestalt С(Щ zu erhalten, vermerken wir zuerst, daß jede Funktionenklasse 
Ф = С{̂ 11) die Eigenschaften (1. 1), (1. 2), (1. 4), (1. 5), (1. 6) und (1. 7) (natürlich 
auch (1. 9)) besitzt, (1. 3) aber im allgemeinen nicht gültig ist.

Um eine weitere notwendige Bedingung zu erhalten, führen wir folgende Defini
tion ein:

D efin itio n . /„ (n= 1, 2, . . . )  und gt (i=  1, ..., m) seien reelle Funktionen auf E. 
Die Folge {/„} heiße kohärent bezüglich der Basis {gt , ..., gm}, wenn es eine positive 
Zahl 7 o gibt mit der Eigenschaft, daß aus 0 < y S y 0, x, ydE  und

(2.1) ISiM-SiOONy 0'=1, •• • > m)
immer
(2. 2) \fn (x )- fn(y )\^y (n = 1,2,...)
folgt.

Man sieht nun leicht:
(2. 3) úU sei eine uniforme Struktur auf E. Ist eine Folge { f ,} bezüglich der Basis 

{gl , ..., gm} cz C(¥) kohärent, so ist {/„} c  C(fU), und, wenn /„ sogar auf E  punkt
weise gegen eine endliche Funktion f  konvergiert, dann gilt auch f  f  Clfll).

In der Tat, zu £>0 gibt es eine Nachbarschaft U d6U mit der Eigenschaft, daß 
aus (x ,y )d U  die Ungleichungen (2. 1) mit у =  min (y0, e) folgen. Aus (2.2) folgt 
also

I /«(*) -/„(У) I =  £ ((x, y)dU );

falls f n-*f, so ergibt sich noch

I /(*) ~ f(y)  I =  £ ((x, y )dü ).

Jede Klasse Ф = С(аМ) besitzt also die Eigenschaft:
(2.4) Konvergiert die bezüglich der Basis {gx, ..., gm}cr Ф kohärente Folge 

{/„} с  Ф punktweise gegen eine endliche Funktion f  so gehört f  zu Ф.

Acta Mathematica Academiae Scientiarum Hungaricae 20, 1969



256 Á. CSÁSZÁR

Den Approximationssätzen (В) und (С) entspricht nun der folgende
Satz 3. Ф sei ein Gruppenverband, der die Konstanten enthält und (2. 4) erfüllt. 

Zu jede bezüglich sU(ß>) gleichmäßig stetige Funktion f  und // > 0  gibt es eine Funktion 
h£<P mit

\f(x )-h (x )\iS r i ( x fE ) f

Der Beweis von Satz 3 wird auf dem weiteren Satz 5 beruhen. Aus ihm ergibt 
sich mit Hilfe des üblichen Gedankenganges:

Satz 4. Eine Klasse Ф auf E definierter reeller Funktionen läßt sich genau dann 
in der Form Ф = С{аИ) mit einer geeigneten uniformen Struktur dl darstellen, wenn 
Ф ein, die Konstanten enthaltender und die Bedingungen (1. 7) und (2. 4) erfüllender 
Gruppenverband ist (d.h. wenn Ф (1. 1), (1. 2), (1. 4), (1. 6 ), (1. 7) und (2. 4) genügt).

Die Frage, ob in Satz 3 oder Satz 4 (1. 2) durch (1. 9) ersetzt werden kann, 
bleibt oifen.

Satz 3 ergibt sich aus dem noch etwas allgemeineren
Satz 5. Ф erfülle die Bedingungen (1. 1), (1.2), (1. 6) und (2.4). Die auf E  

definierte reelle Funktion f  sei so beschaffen, daß es zu s > 0  eine endliche Folge 
(gl5 ...,gm}c:Ф  und ein <5 ==-0 gibt mit der Eigenschaft, daß aus x ,y £ E  und

ftOO ~gi(x) < <5 (/= 1, ..., m)
immer

/0> )- / ( * ) <  £

folgt. Dann gibt es zu »7 >0  ein /2 6  Ф mit

\ f ( x ) - h ( x ) \ s  4 (xeE ).4 5

Satz 3 folgt aus Satz 5. In der Tat, Ф erfülle (1. 1), (1. 2), (1. 4), (1. 6 ), (1. 7) 
und (2.4 ) . / sei bezüglich %(Ф) gleichmäßig stetig. Dann gibt es zu s >0 eine endliche 
Folge {g 1 , . .. ,£ ш}сФ  und ein (5>0 mit der Eigenschaft, daß aus x, у £E  und

ISiM-StOOl < <5 (/= 1 , rn)
immer

I/W -/O O I <  £

4 Ein ähnlicher Approximationssatz wurde in [3], (4.1) bewiesen; dort lauten aber die unserer 
Voraussetzung (2.4) entsprechenden Bedingungen wesentlich komplizierter.

5 Es ist leicht zu sehen, daß die hier für /  aufgestellte Voraussetzung damit identisch ist, 
daß /  gleichmäßig stetig sein soll in bezug auf die von Ф erzeugte, d.h. aus den Quasi-Abständen

r,(x, у ) =  max (f ly )- f ix ) ,  0) ( f i  Ф)

auf Е  abgeleitete quasi-uniforme Struktur und die aus dem Quasi-Abstand

T(u, v) =  max (v — u, 0)

auf der Zahlengeraden abgeleitete quasi-uniforme Struktur. Für die hier verwendete Terminologie 
s. [1], S. 78, 117, 175, 177.
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I

folgt. Die Folge (g ,, g,„, — gt , ..., -g,„} ist nach (1.4) ebenfalls in Ф enthalten,
und die Ungleichungen

gi(У) -  gt(x) < S , -  g,(y) -  ( -  gi(x)) <  (5 (i = 1, ..., m)
haben

f ( y ) - f i x )  <  £
zur Folge, so d as/d ie  Voraussetzungen von Satz 5 erfüllt. Daher gibt es zu i/>0 
ein h € Ф mit

\f(x )-h (x)\ Ш. t] (x € E).

Somit brauchen wir nur Satz 5 zu beweisen.
Satz 3 läßt aber eine Verallgemeinerung in eine andere Richtung ebenfalls zu. 

Im Aufsatz [5] wurde nämlich gezeigt, daß die Bedingung (1. 1) in Satz (B) durch 
(2. 5) ersetzbar ist:

(2. 5) Aus f£Ф , a >0  folgt min (/, a) 6 Ф,
wenn man zugleich von /  außer der gleichmäßigen Stetigkeit bezüglich аИ{Ф) 
noch folgendes voraussetzt:

(2. 6) Zu £ > 0  gibt es ein Ő > 0  und Funktionen g t , g,„£Ф mit der Eigenschaft,
daß aus |gj(x)|<<5 (/ =  1, immer \f(x )\<£ folgt.

Eine ähnliche Verallgemeinerung von Satz 3 werden wir nun beweisen, nämlich 
die folgende:

Satz 6. Ф erfülle die Bedingungen (1.2), (1.4), (1.6), (2. 4) und (2. 5). Genügt 
die auf E definierte und bezüglich ;//(Ф) gleichmäßig stetige Funktion f  der Bedingung 
(2. 6), so gibt es zu r] >0  ein /1СФ mit

\f(x )-h (x)\ ^  n ix  € E).
Es handelt sich tatsächlich um eine Verallgemeinerung von Satz 3; ist nämlich 

(1. 1) erfüllt, so trifft offenbar dasselbe für (2. 5) zu, und jede Funktion /  genügt 
der Bedingung (2. 6), was man sogleich einsieht, wenn man m = 1, gt = 1, 0<<5<1 
setzt.

3. Beweis von Sätzen 5 und 6. Wir führen die Beweise dieser Sätze parallel. 
Die Voraussetzungen von Satz 5 bzw. Satz 6 werden wir kurz als (5) bzw. (6) erwähnen.

/  erfülle also entweder (5) oder (6). Im Falle (6) dürfen wir offenbar / s 0 an- 
uehmen. Bei gegebenem r\ > 0 seien die Funktionen g\,^■■,gm(LФ und die Zahl
<5 =  —>0 mit ganzem r so gewählt, daß

gi(y)-giix) == <5 (i=  1, ..., m)
immer

/ 0 0 - / 0 0  <  1
zur Folge hat, und im Falle (6) noch so, daß aus

|S;(*)I=<5 (/=1, ...,m)
immer

1/001 <4
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folgt. Ersetzt man g; durch g; =  2rgt £ Ф, was nach (1.2) gestattet ist, so kann 
man bereits ö=2rj wählen. Es werde

(3.1) Ak = {x£E :f(x)*zkti} ,

(3.2) Bk........ = {x£E: (kt - l ) n  S  g.(x) <  k ^  (i = 1 , . . . ,m)}

für jedes System k, k x, ..., km von ganzen Zahlen gesetzt. Nun definieren wir im 
Falle (5)
(3. 3) hkl....km = m in(/7 , max(0 , g l ~ k l rj, ..., gm- k mri)),
im Falle (6 ) aber
(3- 3') hkt....*m =  min (t], max (gt -  g[, ..., gm -  g 'm)),
wobei

g'i =  min (gt , a;), a, = max (M , 1).

Dann gilt hkiy t im£ Ф, und zwar im Falle (5) nach (1.1), (1. 2) und (1. 6 ), im Falle
(6 ) aber wegen (2. 5), (1. 4), (1. 2) und (1. 6 ), und man hat die Ungleichungen

(3. 4) 0 ё  hk.....kJ x )  s  rj (x£E ),
ferner
(3. 5) hki....km(x) = 0  (x£Bkl....kJ .

Es sei nun

(3. 6 ) pk(x) =  inf {hkl....km(x): АкПВк..... . ^  0 },

falls die Beziehung АкГ\ Bku уктт± 0  für mindestens ein System(kt , ...,k m) zutrifft,
d.h. wenn Ak ̂  0  ist, denn
(3. 7) U Bki....= E.

Im Falle Ak= 0  sei pk(x) = i7 für x£E , falls (5) zutrifft; gilt aber (6), so sei pk(x) = r[ 
nur für k <  0 , für к ̂ 0  sei dagegen

P k  =  min (>7 , f max ( g i ,  . . . , g m ,  - g { ,  . . . ,  - g j ) ,

wobei t eine ganze Zahl mit tö >r\ bedeutet. Allerdings gilt also wegen (3.4)

(3.8) 0 ==/>*(*) =  »7 (xeE), 
und
(3.9) Pk(x) = 0 (x£Ak),

denn x£ A k hat nach (3. 7) х ^ А к(ЛВки <кт für mindestens ein System (kt , ■■■,km) 
zur Folge, also ist nach (3. 5) hki....kj x )  = 0 und dann л (х) =  0. Ferner gilt

(3. 10) Pk(x) = 4 Cx € E - A k+1).
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Diese Gleichung ist trivial, wenn Ak= 0  und к <0, und ebenfalls für к SO im Falle
(5). Im Falle (6) ist aber für k ^ O  und x ^ E  — Ak+]

also nach (2. 6)
m a x ...,g m(x), - g f x ) , . . . ,  - g m(x))^ö

und wiederum pk(x) = f]. Ist nun z€ A k f)Bku ikm, so hat man nach (3. 1)
f i x ) - f i z )  >  Г],

also
giix)~gi(z) S  «5 =  2ц

für mindestens ein i, somit
gi(z) S  iki-\)r],

also
gt(x) £  (ki + 1 )rj

und nach (3. 3)
(3.11) hkl....km(x) =  rj.
Daher gilt (3. 11) für jedes System (kk, ..., lcm) mit AkC[Bk u ^ km9i 0 ,  und (3. 10) 
folgt daraus nach (3. 6).

Wir zeigen nun, daß рк£Ф im Falle (5) und auch im Falle (6) für к £0 . Im 
letztgenannten Falle ergibt sich diese Behauptung aus (1. 4), (1. 6), (1. 2) und (2. 5), 
im Falle (5) mit Ak =  0  aus (1. 1), so daß man den Fall (5) und Ak ^  0  voraussetzen 
darf. In der Tat, aus der Tatsache, daß aus

\u(x) -  u(y)\ S  y, M>)-tfOOI = y
immer

|max (i/(x), v(x)) -  max (u(y), г (у))! = У, 

|min (u(x), v(x)) — min (u(y), v(y))\ S  у 
folgen, ergibt sich leicht, daß
(3. 12) |&(x) - g ;(y)| S y  (i=  1, ..., m)
immer
(3. 13) \hkl....km(x ) -h kl....*mO)| S  у

zur Folge hat. Ist nun f n das Minimum der ersten n unter (3. 6) vorkommenden 
Funktionen hku so folgt nach der obigen Bemerkung aus (3.12) noch

(3.14) \fnix)~ fn iy)\~y in = 1,2,...).

Daher ist die Folge {/„} bezüglich der Basis {gl5 ..., gm}с  Ф kohärent, und (2. 4) 
ergibt рк = Ит/п£Ф, denn f , € Ф nach (1.6). Außerdem folgt aus (3.12) noch

(3. 15)
für jede ganze Zahl k. 

Es sei nun

(3. 16)

\Pkix)~Pkiy ) \^ y  

jPkix) für к £  0,
&(*> =  1a ( * ) - 4 für 0.
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Dann ist qk£ Ф nach (1. 1) und (1. 2) im Falle (5), trivialerweise im Falle (6), кш  0, 
und wegen qk = 0 nach (1. 4) und (1. 2) im Falle (6), 0.

Wir betrachten ein x £ A s+1 — As. Es sei zuerst j s O. Dann hat man wegen

Лк1c  Akl (ky <  k2)

die folgenden Gleichungen bzw. Ungleichungen:

für 0: f t+1c 4 ,  A W  = 4 (vgl. (3. 10)), qk(x) =  0;

für O s i s s - l :  Ak+lczAs, x £ E - A k+1, pk(x) = qk(x) = q;

für k ^ s :  0 ^ q k(x )^ q  (vgl. (3.8));

für i S i + l :  x € A k, pk(x) = qk(x) = 0 (vgl. (3. 9)).

Nun sei 0. Dann gelten:

für k i S s - 1 :  Ak+1c A s , х в Е - А к+1, pk(x) =  q, qk(x) = 0; 

für к = s: 0 ^ p k(x )^ q , - q S q k(x )S  0; 

für s+ 1  S  k<.0: x £ A k, pk(x) = 0, qk(x) =  — q; 

für k ^O : x£A k, pk(x) =  qk(x) =  0.

Das zeigt, daß die Reihe

(3.17) h(x) =  2  A W
fc=—oo

für x£/4s+1— /4S konvergiert (tatsächlich verschwinden die Glieder bis auf eine 
endliche Anzahl von ihnen), und
(3. 18) «/ == h(x) (s + \)q (xe As+! -  z*s)
sowohl für j&O als auch für 0. Mit Rücksicht auf (3. 1) erhält man aus (3. 18)

\f(x )-h (x )\ =§ q (*€£)•
Es bleibt übrig zu zeigen, daß h £ Ф. Für

n
(3. 19) = 2  4k

k = —n

gilt allerdings sn£ Ф nach (1. 2). Es genügt zu beweisen, daß die Folge {5„} bezüglich 
der Basis {2gk, ..., 2gm} kohärent ist. Setzt man y0=4q, 0<=y^y0 und

(3. 20) \2gi{x) -  2gi(y)\ == у (i =  1, ..., m),
so müssen die Ungleichungen

gi(y)~gi(x) = 2>?
und

gi(x)~gi(y) ^  2q
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für /= 1 , ...,m  bestehen, so daß

f(y)-fix) < Ц, f(x)-f(y) < I/
d.h.

\ f (x ) - f( y ) \  <  t].
Ist die Bezeichnung so gewählt, daß f{x) = f(y ), so gibt es eine ganze Zahl 

s mit
(3.21) sri ^äf(x) <(s+l)t], also x£ A s+l- A s, 
und man hat
(3.22) st] f(y )  <  (s + 2)t], also y€ A 5+2- A s.
Aus (3. 21) und (3. 22) sieht man nun, daß

qk(x) = qk(y) für kSs-l, 
qk(x) =  qk(y) für k ^ s  + 2,

mit Rücksicht auf die oben angegebenen Werte von qk auf As+l— As bzw. 
As+2 — As+l; die Fälle sSO, к  —1 und 5 = —1 müssen getrennt betrachtet werden. 
Nach (3. 15) und (3. 20) erhält man dann

\qk(x)-qk{y)\ j für к — s, s+l.
Daraus ergibt sich also

1 Ф ) - Ф ) 1  ^  У (« =  1,2,...), 
sobald (3. 20) mit 0 <  у s  y0 besteht. Damit ist alles bewiesen.

(Eingegangen am 16. Februar 1968.)

ANALÍZIS I .  TANSZÉK,
EÖTVÖS LO RÁ ND  TUDOMÁNYEGYETEM,
BUDAPEST, V III., MÚZEUM K RT. 6 — 8
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BEMERKUNG ZUR STARKEN SUMMATION 
DER W A L S H -FOURIER-REIHE

Von
F. SCHIPP (Budapest)

Herrn Prof. G . Alexits zum 70. Geburtstag

Einleitung

(1)

Es sei {f„(x)} («=0, 1,2, ...) das Rademachersche System, d.h. 
f 1 (0 ä  x <  i),

'•<>(*)= { _ !  (. s x < i), '» (* + !)  =  '»(*).

r„(x) =  r0(2nx) (/1 = 1,2,...).

Das Walshsche Orthogonalsystem [ф„(х)} (и =  0, 1, 2, ...) ist folgenderweise 
definiert: i//0(x)= l und für

Ti = 2V‘ + 2V2 + • • • +  2V* (vj >  v2 >—  >  vs s  0) 
ist
(2) Iк  (x) = t*Vi (x) rV2 (x)... I\s (x).

Wir bezeichnen mit

Sn(f; x) =  ^  xl/v(x) I f  ЛОФЛО dt j

die 77-te Partialsumme der Walsh—Fourier-Entwicklung von f ix ) .  In der Arbeit [1] 
haben wir die folgende Behauptung gezeigt:

Es sei p>  0. Ist f(x )  € /.[0, 1], dann gilt

~  É  \SV(A  x ) - f ( x )\*-+0 (71- со)n V=1
fast überall.

In dieser Arbeit beweisen wir, daß diese Behauptung im gewissen Sinne un
verbesserbar ist. Es gilt nämlich der folgende Satz.

S a t z . E s sei {/.„} eine Folge von positiven Zahlen mit /„ —► OO {jl —► o o  ). Dann 
gibt es eine Funktion f(x)£L[0, 1] derart, daß

(3) K f i A Í 7|Sv( / ; M - / U ) h = -/1 — 00 t l  v =  1
fast überall gilt.

K. T a n d o r i [2] hat einen analogen Satz für Fourierreihen bewiesen.
Ich möchte Herrn Professor K. T a n d o r i  für seine wertvollen Ratschlägebei 

Fertigstellung dieser Arbeit meinen aufrichtigen Dank aussprechen.

2»
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§ 1. Hilfssätze

Wir bezeichnen mit x = 0,xox1...x„ ... die dyadische Entwicklung der Zahl 
x£[0, 1), wobei wir festsetzen, daß für x — p-2~i allex; (i =q) gleich 0 sind. Dann gilt

(1. 1) r„(x) =  (-1)*" (n= 0, 1, 2, ...).

N. J. F ine [3] hatte die folgende Operation eingeführt: es sei

(1.2) =  2  k ~ / J -n = 0 ^
für

x = O.XoXj ...x„... =  2 2 t t > У = 0>УоУ1- У „ -  = 2 2 h -n=0 ^ n—O ^

Es ist leicht zu verifizieren, daß die Menge Ä c[0, 1) der dyadisch rationalen 
Zahlen mit dieser Operation eine Abelsche Gruppe ist, und daß die Relationen

(1.3) x 4-x =  0, il/n(x+y) = \1/п(х)фп(у) (х£[0,1),уеЯ, и =  0, 1, 2...)] 

gelten.
Wir bezeichnen mit G die Menge der nichtnegativen ganzen Zahlen. In der 

Menge G führen wir eine Operation ® folgenderweise ein:

(1.4) k ® l = 2  \K - h \V
v =  0

für

k = 2 K 2V, l = 2 KT (kv, /„ =  0,1).
v =  0 v =  0

Offensichtlich wird G mit der Operation ® zu einer Abelschen Gruppe und die 
nichtnegativen ganzen Zahlen, die Kleiner als 2" sind, bilden eine Untergruppe 
Gn von Ci von der Ordnung 2" wobei noch

(1.5) il/k(x)\pi(x) = ^keifx),

besteht.

к „ l k@l 
2-1 + 2" — 2" (k,leG„)

Für jede natürliche Zahl n bezeichnet P„(x) die и-te Walsch—Dirichletsche 
Kernfunktion:

и—l
(1.6) Dn(x) =  2  <кс*)-

v =  0

Es ist leicht zu zeigen, daß für n = 2k + n' (0<и ' ^  2k)

(1.7) Dn(x) = D2u{x)-\-rk(x)Dn.{x)
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gilt, woraus sich für n' — 2k die Gleichung

к 2*+i x€ S - J J
(1.8) D2u + i (x) = П ( 1 + Г У(Х)) =  ■ (

[г**1’ 1)).° xe
ergibt.

Zur Konstruktion der Funktion f ( x ) werden wir einige Hilfssätze benutzen.
S

H ilfssatz I. Es sei n =  2  n%2 (и* =  0, 1). Dann besteht
»=о

s

(1. 9) Dn(x) =  фп(х) 2  щг,(х)02,(х).
i= 0

(Siehe: [4], Hilfssatz I.)
H ilfssatz II. Es seien

(1.10) Л_! =  {0}, Av =  {/:2v̂ / < 2v+1, K G ) (v = 0, 1, 2, ...),
P(s,n) = { — 1}U{v: 0 ^ v < s , nv =  0}, P(n) = {v:nv = 1},

B(n, v) = {к: к = и®/, l£ A v} (v = — 1, 0, 1,...),
wobei

S— 1

"v2v («v =  0,1),
v =  0

tmd
C(n) = {l: 0 ^ /< и , l£G}.

Dann bestehen
(1.11) a) U B(n,v) =  C(n),

v£P(n)
b) и  B(n, v) =  Gs — C(n).

v€P(s,n)

B eweis v o n  H ilfssatz II. Wegen

0  B(n, v) =  U Av = Gs, B(n, v) П B(n, v') = 0  (v ^  v')
v=  — 1 v =  — 1

folgt (1. 11) b) aus (1. 11) a). Da die Anzahl der Elemente von U ß(«, v) gleich
v € P ( n)

S— 1

2 2 v=  2 ny2v = n ist, deshalb folgt (1. 11) a) aus Ungleichung k< n  ( k 6 B(n, v),
nv =  1 v =  0

v — 1
v€P(n)). Für v£ P(n) gilt wv = 1, und so ist к = n® l (l£Av) und 1= _2'/j2i + 2v

1 =  0
(/; =  0, 1). Daraus folgt:

v—1 s — 1 s — 1 s — 1

к =  л ® / =  2  |и1- / | | 2 '+  2^ «;2‘ ^ 2 ^ - 1 +  ^  и ,2 'й  2 и | 2 ' - 1  =  и -1 ,
f= 0  i = v + l  i = v + 1 i= 0

womit Hilfssatz II bewiesen ist.
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2 m 2 — 1
H ilfssatz III. Für k^G 2mz und к =  ^  k i22m2- i~i {kt =  0,1) se/

í = О2m
2̂2m2 22m2 + 1  ̂ 2

wobei k2m2 =  <pm(k) ( =  0, 1) folgenderweise definiert wird:

1 1 J

(1.12) ßie,) =  ^ nr  + W T T  =  (А: =  0, 1, ..., 22m2 — 1; m =  1, 2, ...),

m 2 -  1
• 7 0(1.13) (pm(k) = k 0® k2® - ® k 2m2- 2® j = j ® Z ° k 2i (keA 2v+J, j  = 0,1).i=0

( ^ °  bedeutet die modulo 2 genommene Summe.) Es seien weiterhin
m2

(1. 14) Nm = 2  22i, Em =  {v: - 1  v <  2m2} (m = 1, 2 ,...),i = 0
und für P d E m setzen wir

m2— 1
(1. 15) Um{P ;x) = 2 2  Ф*,п(х + 4 т>) 2  r2i(x  + a(km))D22i(x + a[m>).

v £ P k £ A v i =  0
Dann gilt

(1.16)
9 2  m 2

\Um(P;x)\ s  —̂ o ( P )
f Г 1 'll
X<=

4 ° ’ 22m2)\

wobei o(P) die Anzahl der Elemente von P bedeutet.
Beweis vo n  H ilfssatz III. Auf Grund von (2), (1. 1), (1. 8), (1. 12), (1. 13) und 

(1. 14) für x € |o , 2 ^ 2) ,  k£ A v (v£E m) und Q s is 2 m 2 - 2  gelten die folgende
Gleichungen:

m 2

Ф п М т)) = П  ( - i ) k2s -
, . f 1 (0 s  / ^  2m2 — v — 2),

. , , f 2‘ (0 ё  / á  2m2 — v — 1),
Dv <pc + 4 * )  = D M ’*) = \ 0 ( / s 2 w 2 _ v),

rfx) =  1 (0 s  i s  2m2 — 1).
Daraus nach (1. 3) und (1. 10) für v =  2s + j ( j = 0 ,  -1 ), x £ Jo, -~m2)  und k £ A v 
ergibt sich

m 2 — 1
(1.17) Vm(v ;x )=  2  Фпт(х  + акт)) 2  rz fx  + a ^ D ^ f x  + a ^ )  =

k £ A v

( m 2 — s — 1
2  22i+ j22m2~2s\ =

i =  0

=  'h 'J x ) 2  ( - 1 Ук 6 Av
1

+ j\22m 2 — 2 s 1

=  Фх„Хх)
22m 2 — v _ ( - i ) v

2  1 =  ^Nm(x)öm(v),
к  6 A y
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wobei

<5m(v) =

22">2_ (_ 2  )v 

22m2 + i + ]

(v S  0 ),

(v = - l ) .

{ ’ 1 V
° ’ 22m2)

Aus (1. 17) auf Grund von (1. 15) erhalten wir

v g P  v g P

woraus sich die zu bewiesende Ungleichung (1. 16) ergibt.
H il f s s a t z  IV. Es seien fi £ G2m2, qu q2 € В(ц, v) (v 6 P(fi) und к 6 B(ß, V) 

(v'C Р(2т2,ц). Dann gilt

< Р т ( в 1 ® к ) ® ( р т ( в 2 ® к )  =  (рт { 0 1 ® ц ) ® ( р т ( в 2 ® ^ ) -

B e w e is  v o n  H il f s s a t z  IV. Auf Grund von (1 . 10) folgt k® n £ A V', ch © B, 
q2  © l1 € • Da v V ist, deshalb gilt
{k®n)®(Ql @n) =  k®Qx®A^, (к® в)® (в2® в) = к®д2£А- (v = max (v, v'))
Daraus und aus der Definition von cpm mit v =  2v* + j*, v = 2v** +j** (j*,j** = 0, 1) 
erhalten wir

m 2 — 1 m 2 — 1

<Pm(.Q\®K)®<pmiS 2 ® k )  =  2 °  ( 02P  ® k 2 ,)®j**  0  2 °  (.8 2 V ® k 2 l)® j**  =

m 2 — 1
■70

m 2 — 1
T O

=  2 ° (62P ®ll2i)®j* © 2 ° (,82V ® B2i)®j* = <Pm(8l®l*)®<Pm(e2®fi),i —0 i=0
womit Hilfssatz IV bewiesen ist.

Aus Hilfssatz IV folgt, daß für tidG2m2 , Qj£B(ß,v) (v^P(ß),j  = 1,2, . . . , 2 5 ) 
und к£В(в, v') (V £ P(2m2,/i)) die Summe

2s

.Z 0<Pm(Vi©&)
von к  unabhängig ist. 

Es sei

j=i

{ 2m2 — 1 2m2—1 1

B -B =  2 Bi2-' (ßi =  0,1), 2  /h =  ™2 -
i=0 i=0 J

Wir bezeichnen mit Mm die Anzahl der Elemente von Hm. Offensichtlich gilt 
f2 wA\Mm — I 2J , woraus sich auf Grund der Stirlingschen Formel die Ungleichung

1 22m2(1.19) 
ergibt.

M nt — 4 m
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Wir setzen für ц £ Hm

(1.20) IQx) =  { /:/  =  2  l2m̂ 2 +,22m2+2+i(la =  0,1), 2 °  l2m> + 2 +i =  0(v€P(At)}.
I i =  0  i £ B ( p ,  v) J

Auf Grund von (1. 11) a) und (1. 18) ist leicht zu zeigen, daß die Anzahl der Elemente 
von I(ß) gleich 2/,_m2 ist.

H ilfssatz У . Die Ziffern ßU)(k, m) der dyadisch rationalen Zahl

( 1. 21) Ь ^  = 2 У  £ Ш  (k£G 2m2, m = 1, 2,...)-ttq 22m2+2+i+1

seien folgendermaßen definiert:

(1. 22) ßu)(k, m) =  (pm(;) ® <pm(k) ® q>m(i© к),
ferner sei

(1.23) cim) = alm) + blm\
n 2 — 1

Qm{l,ji-,x) =  гм+2т2 +2(х)ф1(х)фМт(х) 2  r2s(x)D22. (x) (/€/(»).
s = 0

Dann gilt

(1.24)
22mI- 1

2  QmO’H'-X+C^)
к = ц

= &).+2m2+2(*M (*) Um | p (2«i2,^); (3 =  ± 1).

B eweis v o n  H ilfssatz V. Aus der Definition der 4m) und aus (1.12) folgt

(1.25) r2mi + 2+fl(cjim)) = ( -1  )i<'*)№.m) =  (_  1 y mWe<Pmm evm̂ ek) _

=  r2mi(a<r> + a ^ ) r lm2(a<^).

Auf Grund von (2), (1. 11) a), (1.20), (1.21) und (1.22) für l£l(n) und кш ц  
ergibt sich

Ц - 1

•M 4 "0) =  П  (f2m2 + 2 + i( 4 m)))^2m2 + 2 + * =  П  П  ( h B4 2 + í ( 4 " )))'í“2 tí+ í =
i = 0  v £ P (/0  iCBOi.v)

= Я  я  Я  я
vCPOí ) e€B(/4,v) i €P( ß)  e€B(ß, v)

Í2 m 2 + 2  + fi =  l  l2 m 2 + 2 + fi — 1

Da nach (1. 20) der Anzahl der Faktoren von innere Produkt gerade ist, weiterhin 
wegen к ^ ц ,  nach (1. 11) b) k£B(ß, v') (v '£Р(2т2,ц)) gilt, deshalb ist auf Grund 
von Hilfssatz IV iAi(4m)) von к  unabhängig.
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Aus (1. 3), (1. 5), (1. 23) und (1. 25) für Nm =  22m2 + N ' ( 0 s V '< 2 2m2) erhalten 
wir

QmiUß.y + c ^  + a ^ )  =

=  r ß  + 2m2 + 2 ( J )  Ф l ( J )  Ф и т О ) ^ ц  +  2т2 + 2 (c i" 0 ) U m 2 (« i" 0  +  )  ’ Ф I ( 4 ^ )  '

I т2 — 1
‘Фп„ 22т2

Л т2 —1
^*2s I.V ”Ь  2 2 т 2  "Í" 2 2 т 2 I ^ 2 2s l ^ " í "  2 2 т 2 2 2ш2

,,.2-1
г ц + 2т2 + 2 ( У )  Фг (Cfcm))  Ф1 ОО Ф,Vm (  J  +  4 % \ )  2 r2s(y +  4 % \ )  ö 2 2* ( j  +  <4®  m)>

s = 0

woraus sich auf Grund von Hilfssatz II und (1. 15)

22w2— 1
2  Qm(hn-у + 4 m>+ 4 m)) =

= г11+2т2+2(у)Ф ,( у+4т)) 2 2 Ihm(y+4l\) •
v £ P ( 2 m 2 , n )  k £ B ( j i , v )

m 2 — 1

■ 2  r2s(.y +  4 % ) D22s (y + a (k%\) =  
s=  0

=  l / ' l O  +  C*mV u  + 2m2 + 2  ( j )  2 2 Фym(y+atm)) ■v6R(2т2,д) 1£AV
m2— 1

• ^  r2s0; + öim))-O22*0; + ai(m)) = »Al 02 + 4m)) ̂  + 2m2 + 2 (>0 Um (F(2w2,/l) у)
s== 0

ergibt. Für у  = x + a<m) erhalten wir so die zu bewiesende Gleichung (1. 24).
Aus (1.24) folgt noch, indem man (1. 10), (1. 16) und (1. 18) berücksichtigt, 

daß für ц£М т die folgende Abschätzung gilt:

(1.26)
2m2 _

2 Qm(l, ц ; х + 4 т)) Um\P(2m2,p);x+

___ 22m2<r(P(2m2,fi) ___ m222m2 ( p / i + l l )
“  6 S  6 (* € [22m2 ’ 22m2 JJ ‘

Die Untermenge von [0, 1) wird einfach genannt, wenn sie die Vereinigung 
von endlichvielen Intervallen ist, deren Endpunkt dyadische rationale Zahlen sind.

H ilfssatz VI. Für eine genügend große positive ganze Zahl m{ > m 0) gibt es 
ein Walsh-Polynom Tm(x) und eine einfache Menge Xm mit folgenden Eigenschaften:
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Es gelten 

(1.27) a) f  Tm(x) cJ.x = 0,
О

1
b) f  dx Ш 2,

c) mes (X J  а  ■1
16 m '

Weiterhin für jedes x  £ Xm gibt es einen Index q = q(x) ( S 1) derart, daß

d) -  Z  [Sx(Tm; x)]2"2 S  (4m log2 rn)2m2
Я  X = 1

besteht.
B eweis v o n  H ilfssatz VI. Es sei

(1.28)
22 ж 2_^

Tm(x) = 2~2m2 Z  0 2,„г+к + 3(Х + с(кт)) - \ .

Dann besteht (1.27)a) und b) auf Grund von (1.8). Für /i£ # m setzen wir 
(1. 29) Km(j,) = {y.:x=  22m2 + 2+ll + l+ N m, l£l(ji)}.

2 т 2 +  2 + д

Es sei nun x = Z  х;2‘£ Кт(ц) (*,- =  0,1). Aus (1.28) erhalten wir 
>=o

(1.30) S f T m\x)  =
ß — 1 22'"2-l

= 2~2m2 Z  D22m2+k+,(x+ c(km)) + 2 - 2m2 Z  Sx(D22n.*+b+,(x+cím)) ; x ) - l  =
k = 0  к = ц

д — 1 2 2m2- l

=  2~2m2Z  D22m2+k+3(x + cjcm)) + 2~lm2 Z  Dx(x + ctm)) - l  = s1(x) + s2( x ) - l ,
k = 0  k = p

wobei

(1.31) s f x )  = 5  D22m2+k + 3(x + c ^ )  = 0 (x£

gilt. Auf Grund von (1. 7), (1. 9) und (1. 23) ergibt sich
2m2 + 2+/t

D x(x) =  фх(х) Z  KJ i(x)D2<(x) =
i =  0

m2— 1

=  r2m2 + 2  + ß(x)^,(x)ll/Nm(x) Z  r 2 <(x) D22 , (x)  +  ф x (x) Г2тг (x) D 22 m2 (x)  +
1 = 0

2 m 2 +  2 + ß

+ ФЛХ) z  KJi(x)D2i(x) = Qm(l, n ; x )  + s3(x) + sA(x),
i = 2 m 2 +  2
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woraus wir nach (1. 24) die Gleichung

(1. 32) s2(x) = S- 2 2m2r2mi + 2+ll(x)\l/l(x)Um \P(2m2,ß)-, x 2 2 m2 +

erhalten. Da

22m2_ J 2lm2 — 1
- 2~2ml Z  s3(x + 4 m)) + 2~2m2 Z  ^ (х + с к т))

k=ß k—ß

deshalb gilt 

(1.33)

D22mi(x+ 4 m)) =

22m2 _ 1
2~2m2\ Z  53 (х + с1т>)k=p

22m2 xG
к к + П )

22m2 22m2 J J

, 0
xG

к к + П )
22m‘ 22m2 JJ

s i  (xg[o, i >).

Für xG ß ß +1
22m2 ’ 2lm2 und k > ß  besteht s^^x + cZ )  = 0- Da nach (1.12), (1.21)

und (1. 23) c(m) ß + | gilt, deshalb ist im Falle k = ßu/* ~~ 22m2

s4 (x +  C<m)) = 0 (x G 7m O)),
wobei Y„,(ß) das Intervall 

(1.34) Ym(ß) /1+4 /1+1
22 m2 5 2^m2

bedeutet. So auf Grund von (1. 26), (1. 30), (1. 31), (1. 32) und (1. 33) ergibt sich

I /
к(1.35) \Sx(Tml x ) \ ^ 2 ~2m2 U, P(2m2,ß); x + 22"

_ 7  > _  
12

Wir setzen 
(1.36)

(m a  m2; x£K m(ß), x£ Y m(ß)).

Xm = U Ym(ß) (rn >  m3 =  max(w1; m2)).

Offensichtlich können wir annehmen, daß die Menge 7,„ einfach ist, weiterhin 
auf Grund von (1. 19) und (1. 34) gilt noch

mes (Xm) =  Z  mcs (+„,(/')) =
M m 1 1
4 22m2 ~  16m (m>m3),

womit die Bedingung (1. 27) c) erfüllt ist.
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Es sei nun w > w 3 und x £ X m. Dann gibt es einen Index ц=ц(х) (£H m) der
art,daß für jede каК т(ц) die Ungleichung (1. 35) besteht. Wir setzen q = 22ml + 3+,lM. 
Dann gilt nach (1. 20), (1. 29) und (1. 35)

л q I / 2 ^2m2
(l. 37) 1 Z  (s* (rm; *))2"2 ■ * -  Z  (SATm;x ))2”2 s  -  U J  z

Я X=1 Я x £ K m(ß) Я V j  x £ K m(p)

2 11 ~ m2 M
2m2 — m 2

i w 2 )

Я l  1 2  J
~~ 2 ^  +  3 +  2m2

i  1 2  j
S  (4w log2 w)2m2 (w S  w0 Ш w3),

womit auch (1. 27) d) bewiesen ist.

§ 2. Beweis des Satzes

Wir wenden den Hilfssatz VI für m = m0, m0 + 1,... an. Die entsprechenden 
Walsh-Polynome, bzw. die entsprechenden Mengen bezeichnen wir mit Tm(x), 
bzw. mit Xm (m =/n0), es sei weiterhin qs =  2j 2 + 22s2 +  2 ( s ^ m Q).

Wir betrachten eine Folge von ganzen Zahlen (1S ) <ymo <cnmo+1 < ... für die
(2.1) 2V̂ 2  m2 (vsa>m,w £ m 0)
besteht. (Wegen der Annahme (v-*■«=) kann man eine solche Folge {com}
bestimmen.) Es sei weiterhin nm =  QSm (m =  m0, w0 +1, ...) eine Teilfolgen von
{&} mit w0=£jmo< j fflo+1<i'mo+2<  - m und
(2.2) 2"m >  com (m S  w0).

Wir setzen Fm(x) = Tm(2nrnx) (m ^m 0). Aus (1. 27) folgt
oo 1

Z  f  \Fm(x)\ dx\m log2 m <  °o.
m = m o  о

Nach dem Satz von B. Levi ist also die Reihe

у  Fm(X) 
m = n i o  m log2 m

fast überall absolut konvergent, und ihre Summe f(x)  gehört zu Z.[0, 1]. Auf Grund 
der Ungleichung
(2. 3) Qm +  nm <n„,+ 1 (m S  w0)
und nach (1. 27) und (1. 28) enthalten die Walsh-Polynome Fk(x) und Ft(x) (k ^  /) 
kein Glied mit derselben Walshen Funktion. So sind auf Grund des Lebesgue- 
schen Satzes und der Definition von Tm(x) m

(2.4)

(2.5)

e ( f. Y\ _ V 1 Fy(x) Sx(Tm; 2"mx)
J  v^m o  V l o g 2  V ' W 2 l 0 g 2 W  

(k =  x2”m + j , и =  1, 2, ..., 2вт, 5 =  1,2,. . . ,  2"m; w s  w0),

S r* (f; x ) =  Z F,(x)
|v log2 V (w >w 0).
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Wir bezeichnen mit Г die Menge von х(б[0, 1)), für die S2nm ( / ; x ) —/(x) 
(m —► CO ) gilt. Nach den obigen gilt
(2.6) mes (Г) =  1.
Es sei
(2.7) Гт = {х:2Птх£ Х т, O s x < l }  (m ^m 0).
Aus (1. 27) folgt

mes ( r j  >  (nt S  m0),
und so ist

(2. 8) 2  mes (r m) -- “ ■
m=mo

Auf Grund der Definition von Гт und der Relationen (1. 34), (1. 36) und (2. 3) ist 
leich zu zeigen, daß die Mengen Гм( т ё т 0) stochastisch unabhängig sind. Aus 
(2. 8), durch Anwendung des zweiten Borei—Cantellischen Lemmas ergibt sich
(2. 9) mes ( Пт Гт) = 1.

Es sei х£ГП lim Гт . Dann gibt es ein Index /=/(x) und unendlich viele
m-*- «о

m (>/), derart, daß
(2. 10) |S2„m(/; x)—/(x)| S l  (ffl> /), 2"mx£Ym(ß(xj) (ß(x) = цт(х)£Н т)
gilt. Aus (1. 35), (1. 36), (1. 37), (2. 4), (2. 5) und (2. 9) folgt

|S * (/;x )-/(x ) | S  I W ;  X) -  W ( / ;  x)| -  [52„ ,„ ( / ;  x) - /(x ) | а
s  |5x(Em;2"-x)] 1=:1

nt log2 »i
(2n">x£Ym(ß), k = x2n"' + s, x£K m(ß), s = 1, 2 , ,  2"m; m s /) .

So, auf Grund (2. 1) und (2. 2) ergibt sich
2

(2.11) 2  2  l^ .2- +s(/; x ) - /(x ) |2*—  ä=x£Km(ti) s=i 
2"m

= 2  2  (W m +^ /) * ) - / ( x ) ) 2m2 (2n"'x£Ym(ß); т ш 1).
xeKmOO S= 1

Aus der Minkowskischen Ungleichung erhalten wir
l

2  2 ( W W ; * ) - / ( * ) ) 2m1 sUexm(^)s=i J

s  (  2  2  ( s x2"m+Á f i  x ) - s 2nm(f;  ^))2m2) 2m2 -lx€Km00s=t J1
Í ^  länA

-  2  2  (S2-.m( f;  x )- /(x ))2m2| .lx6Km(/i)s=l J
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Daraus, auf Grund der Ungleichung \x +ß\y ̂ 2 y(\ot\y+ \ß\y) folgt

( 2. 12)

2Пгг
J l

2  2  (^x2nm + s(fl x) — f(x))2m ~~
X i K m ( ß )  S =  1 . 2m2}2mx 2 Ппг

-  2  Z  ( s 2„m( f- x ) - f ( x ) )2m2.
х£Кт(ц) s — 1

Weiterhin nach (2. 4) und (2. 5) ergibt sich
2nm

(2.13) 2  2  (^ x 2 nm+s( / ; x ) ~  S 2n„,( / ;  x ) )2m2 —
x Z K m(p) s=l

=  2"m 2  { S x{T m\ 2 n" 'x ) lm \o g 2 m )2m\
х£Кт(ц)

Aus (1. 27), (1. 29), (1. 37), (2. 10), (2. 11), (2. 12) und (2. 13) erhalten wir
2n>nq

(2. 14) - J -  2  ISk(f;x )- f(x ) \*  4 mqk=\

2  2  \Sx.2̂ +s( f ; x ) - f ( x )
Z  4  X t K m O O  S =  1

2"-
^  2  (S x.2"m + s ( f ; x ) - f ( x ) ) 2m2

* Ч х£Кт1ц) s= 1

1 2"m Í i 12m2
2  2 U {Sx .2̂  + s { f- ,x )-S 2nm{f-,x))\ -

1 4  * { M |i ) s = l  14 J

2и»и. 2^~m2
2nm . 22m2 + /i + 3

S ^  2 1 ( ^ ( Г т ; 2.Птх)/2т log2 m )™ -  1 >  22"2- 1 (x€ Уш(/г), m £  /).q xzKmw
Da für x 6 F  П lim Г„, die Ungleichung (2. 14) für unendlich viele m gilt,m-*- со

deshalb erfüllt die Funktion /(x ) in Punkt x die Relation (3). Aus (2. 6) und (2. 9) 
folgt endlich, daß (3) fast überall besteht.

Damit haben wir den Satz vollständig bewiesen.

( Eingegangen am 13. April 1968.)

ANALÍZIS II. TANSZÉK,
EÖTVÖS LORÁND TUDOMÁNYEGYETEM, 
BUDAPEST, VIII., MÚZEUM KRT. 6— 8
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ÜBER DIE SÄTTIGUNGSKLASSE DER STARKEN 
APPROXIMATION DURCH TEILSUMMEN 

DER FOURIERSCHEN REIHE
Von

G. FREUD (Budapest)
Herrn Prof. G. A lexits zum 70. Geburtstag

Es sei / ( je) eine stetige 27t-periodische Funktion, die Fouriersche Reihe von 
f(x )  sei

(1) /(* )~  +  2  lav (f) cos vx + b ,(f)  sin vx]
2. v= 1

und sk( f \ x )  (k = 0, 1, ...) sei die Teilsumme k-ter Ordnung dieser Reihe. Wir 
betrachten für ein p >  1 die Ausdrücke

(  г "  t  1 Ip

(2) W ;  *;/>) =  , 2  I /O  -  sk(f, x)\p\ .

Das Problem der starken Approximation besteht in der Abschätzung der 
Ausdrücke (2); es wurde von G. A lexits [1] gestellt und in der wesentlichen Zügen
gelöst. Es zeigte sich, daß aus Lip a im Falle a < — /?„(/; x; p) = 0(n~*) folgt,

P
aber für trifft das nicht mehr zu. In vorliegender Arbeit untersuchen wir
die Sättigungsklasse (classe de saturation) der starken Approximation.1

Wir betrachten für ein festes p >  1 die Folge (2); der Kürze halber bezeichnen 
wir es als „A(p)-Verfahren”.

S a t z  1. Die Sättigungsordnung des h(p)- Verfahrens ist gleich n~1/p.
Beweis. Es muß gezeigt werden, daß

a) aus hn(q; x; p) = o(n~i,p) folgt q(x) = Konstante;
b) es gibt nichtkonstante Funktionen f(x)  für welche

(3) h„(f; x; p) = 0(n~1/p)
gleichmäßig in x  befriedigt ist.

Teil a): Aus hn(q; x; p) = o(n~1,p) ergibt sich
n

lim |g(*)-J*(g; x)\p = 0,
П-*-oo k=0

woraus g(x) = j0(x) =  у  folgt.

1 Begriff der Sättigungsklasse eines Approximationsverfahrens wurde von J. F a v a r d  [4] ein
geführt; eine Darstellung verschiedener Ergebnisse findet man z. B. bei G. Su n o u c h i [5].
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Teil b): Es sei f ix )  zweimal stetig differenzierbar. Es gilt dann f ( x ) —sk(f; x) =  

= so daß

2 \ f ( x ) - s k(f-,x)\p <  °°
k  =  0

gültig ist. Es folgt, daß (3) gleichmäßig in л: erfüllt ist, w.z.b.w.2
Die Sättigungsklasse des //(^-Verfahrens, d.h. die Menge der Funktionen 

f{pc), welche (3) gleichmäßig in x befriedigen, bezeichnen wir mit Xp. Wir schließen 
aus den Ungleichungen3

K if \  + /2; x-,p) Ш А„(Л;x ;p)  + h f f 2; x;p)
und

O sh n( f ;  x; p)tsKp max |/(x)|

daß Xp ein abgeschlossener linearer Teilraum von C2„ (Banachscher Raum der 
27r-periodischen stetigen Funktionen) ist.

Satz 2. Es ist Xp a  Lip \ jp und für ein f ^ X p gilt für fast alle x

(4) lim \h\~1/p[f ix + h) -/(x )]  =  0.
Л-0

Bemerkung. Es gibt für jedes 1 Funktionen /£ L ip l/p , welche (4)
für keine einzige Stelle x befriedigen (vgl. G. Freud [3]). Die Frage ob für ein 
f £ X p sogar für jeden Punkt x (4) gültig ist, scheint ein interessantes ungelöstes 
Problem zu sein.

Beweis des Satzes 2. Wegen f £ X p ist hf f ;  x; p ) ^ K in  + l ) -1/p, d.h.
C O

(5) 2  I f i x ) - s kif;  x)|p <  Kg,k = 0
wo K0 (und im weiteren Kl , K2, ...) nicht von x abhängt (aber von der Wahl 
von f  abhängen kann). Wir bezeichnen mit

(6) K i f ; x ) = I  2  S k i f ; *) (« =  1 ,2 , . ..)
П  k = n + l

die de la Vallée Poussinschen Mitteln von (1). Aus (5) folgt

(7) I f ix )  -  Kif ;  x)| S  -  2  |/(x) -  sk(f; x)| ^
П  k = n + 1

1 f 2n 11  IP
^  „ i -up 2 ” |/(х )-* * (/;х ) |р s K0n- 1/p. 

n U = n+1 j

2 Satz 1 ist für jedes />>0 gültig. Für uns ist aber nur der Fall p>~l von Interesse.
3 Die erste dieser Ungleichungen folgt aus der Minkowskischen Ungleichung. Bezüglich der 

zweiten Ungleichung siehe G. Alexits [2].
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Aus (7) folgt mit Hilfe des Bersteinschen Umkehrsatzes /£ L ip  1 jp; damit ist die 
erste Behauptung des Satzes bewiesen. Aus dem Beweisgang des Bernsteinschen 
Umkehrsatzes folgt
(8) V n (f;x )^

Es sei jetzt >] >0 beliebig. Mit Hilfe des Egoroffschen Satzes folgt aus (5), daß 
es eine perfekte Punktmenge 93t„c[0, 2л] gibt, deren Maß größer als 2n —t] ist, 
so daß die Reihe (5) für x 6 931, gleichmäßig konvergiert. Es sei 93t* die Teilmenge 
von 93t, in deren Punkten 93 t, die asymptotische dichte 1 besitzt. Nach einem be
kannten Satze von H. Leb esg u e  ist |9Jt*| =  |93t,| >2п~ц. Wir betrachten einen 
festen Punkt x£9JtJ. Es sei e eine feste, aber beliebig kleine positive Zahl. Wir 
wählen ö so klein, daß für jedes 0 < h S <5 des Maß der Punktmengen [x — h, x] П 9Jt, 
und [x, x + h\ П 93t, größer als (1 — e)h ausfällt. Ferner wählen wir N S2 so groß, daß

(9) £  \f(x) — sk( f; x)\p <  ep (x£99t,)
k = N +  I

gültig ist.
Indem man (7) bis zum vorletzten Teile anwendet, folgt aus (9)

(10) |/(x )-  x )|ä £„ - i/R (xC9Ji„, n> N ).

Es sei |x — £|^m in {<5, N ~ le} und n =  n(f) sei die kleinste natürliche Zahl 
mit n\i; — x |S e ; dann ist n > N  und n |£ —x|<2e. Wegen |x — £|<<5 gibt es ein 
<J,69Jt, zwischen x und t;, so daß — <̂1|^e|<5 — x[ gültig ist. Unter Beachtung 
von (10) und (8) erhalten wir

№ )  - / ( mi ^  1ж > - / ( « I + i / « i )  -  K(j ,  í  t) i + 1 m  -  K(f,  x)i +

+ ^ K 2\ ^ - ^ \ 1/p + 2en-1"’+ K í n l - 1' ^ 1- x \  s

S  K2^' p\ í - A 1/p+ 2 e ^ + Ki  ( [ r r x[) 1 1,P\ Z - X\ S

S  [А'2е1/р+2(1 + ЛГ1)е1_1/р]|^ —x |1/p.

Da s beliebig war, schließen wir aus dieser Ungleichung, daß (4) für jeden 
Punkt x£93t* gültig ist. Die Menge 9 t( /)  der Punkte x 6 [0,2л] wo (4) nicht be
friedigt ist, ist in dem Komplement von 93t* enthalten. Das äußere Maß von 9 i(/) 
ist also kleiner als r\. Da ц > 0  beliebig war, muß |9t(/)| = 0  sein, w.z.b. w.

Satz 3. Es sei p~l + q~ x = 1 und / ( x )  eine 2n-periodische stetige Funktion. 
Aus qS. 2 und

(11) | | / f r  + 0 + / ( » - » - 2 / ( V j ^ , sA :i  (лг € [0, 2я])

folgt
(12) h „ (f;x ;p )^ K 4(n + l) -1">,

ist andererseits (12) für ein p = 2  befriedigt, dam ist (11) gültig.
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Bemerkung. Für den Fall p — 2 sind (11) und (12) gemäß Satz 3 äquivalent, 
d.h. X2 besteht genau aus den Funktionen, für welche

+ n 

/
f i x  + 1) + f{x —t) — 2f{x) dt S  K.

ist.
B e w e i s . E s  s e i

(13) Fx(t) = 1  cotg у  [f(x + 1) +f(x  -  0  -  2f(x)].

Aus der Dirichletschen Kernformel ergibt sich 

(14) sn(f; x ) - f ( x )  =  1 [ Fx(t) sin nt dt +
71 J— n

1 1
+ 2л /  COS nt^ X +  0  dt ~  b« iFx) + 2 ( / )  cos +  bn i f )  sin n*]>

— 1t

wo a„(g), bzw. 6„(g) den Koeffizienten von cos nt bzw. sin nt in der Fourierschen 
Reihe von g(t) bedeutet. Wegen (13) ist (11) mit

(15) f  \Fx( t ) \ 'd t^ K 6
— К

gleichwertig. Aus (15) und der Stetigkeit von f( t)  folgt mit Hilfe der ersten Young—  
Hausdorffschen Ungleichung

(16) Z  \bk(Fx)\p K7
k =  1

und
oo

(17) Z i \ a k\p+\bk\p) ^ K 8.
k =  1

Aus (14), (16) und (17) folgt

2  K i f ;  x ) - f(x ) \p s  k 9,
k  =  0

und weiter
h„(f; x ; p) 7= [K9(n +  I)]“ Up.

Wir zeigten also die Gültigkeit der ersten Hälfte des Satzes 3. Der Beweis; 
der zweiten Hälfte verläuft ähnlich. Aus (12) folgt

2 1
k =  0

W ifi x)-fix)\P  = K l

und wegen ak{ f )  cos kx  + bk( f )  sin kx  = [sk{f\ x ) - f ( x ) \  -  [s*_ x( / ;  x) - / ( x)\

2
k =  1

ak(f) cos k x  +  bk(/)  sin kx\p ^  Kl0.
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Aus diesen beiden letzten Ungleichungen und (14) ergibt sich

( 18) 2* = 1

Es ist Fx(t) gemäß (13) eine ungerade Funktion von t, so daß 

ak(Fx) = 0 (k = 0,1, . .)

ist. Aus (18) schließen wir mit Hilfe der zweiten Young—Hausdorffschen Ungleichung 
auf (15) und weiter auf (11). Wir haben auch die Gültigkeit der zweiten Hälfte 
von Satz 3 gezeigt, w.z.b.w.

S a t z  4 .  Bezüglich fix), p und q seien die gleichen Foraussetzungen erfüllt, 
wie in Satz 3, und es sei f i x ) die zu fix )  harmonisch konjugierte Funktion. Dann 

folgt aus q = 2 und
n

(19) J  f ( x + t ) - f j x - t )

— Гу.

die Gültigkeit von (12). Ist umgekehrt (12) für ein p S  2 befriedigt, dann ist (11) erfüllt.
B e m e r k u n g . Für q = 2 sind also (11) und (19) entweder beide gültig, oder 

sie sind beide falsch.
B e w e i s . Man beweist Satz 4 genau so mit Hilfe der Formeln

(20) s„ ix) - f i x )  = an (F*) + j  [a„ i f )  sin nx -  b„ i f )  cos nx] 
mit

(21) F *  =  i  cotg t/2[f(x + 1 ) - f i x - 1)], 

wie Satz 3 aus den Formeln (14) und (13) bewiesen wurde.

«
dt — Kl2

(Eingegangen am 7. Mai 1968.)
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ÜBER DIE VERALLGEMEINERTE 
DE LA VALLÉE-POUSSINSCHE SUMMIERBARKEIT 

ALLGEMEINER ORTHOGONALREIHEN
Von

M . H E G E D Ű S  (B udapest)

Herrn Prof. G . Alexits zum 70. Geburtstag

Einleitung

Seien {(pn(x)} ein im Grundintervall (a, b) orthonormiertes Funktionensystem 
und A =  {2„) eine monotone Zahlenfolge von natürlichen Zahlen mit 2n+1 — l„ S l .  
Die и-te Partialsumme, bzw. das и-te verallgemeinerte de la Vallée-Poussinsche 
Mittel bezüglich X der Orthogonalreihe

со

(1) 2 c n(pn(x)
n =  0

wird mit Sn(x), bzw. Vn(A; x) bezeichnet, d.h. ist
n 1 n

Sn(.x) = к м  ~я Sv(x).
V = 1  Л-n V =  n  — Я п + 1

Die Reihe (1) heißt an einer Stelle x (V, A)-summierbar zur Funktion f(x), die im 
Falle cl  <  ©о durch den Riesz—Fischerschen Satz bis auf eine Nullmenge ein-

л = 0
deutig bestimmt ist, wenn für

Vn(A; x) -*f(x)
n — 1

gilt. Sei /л0 = 1 und Цп = 2  L. Leindler [1] hat die folgenden Sätze bewi-
k = 0

esen:
Satz  A. Unter der Bedingung

00 ( fln + l \
2  cn log2 n < 0 0 c 2 = 2  cv2

n = l  V v =  jun+ l  )

ist die Orthogonalreihe (1) in (a, b) fast überall (V, X)-summierbar.
Sa t z  B. Sichert die Bedingung

(2) 2  cnbn < ”  (1 — bn =. log n)n = 0
die (V, X)-summierbarkeit der Reihe (1) für jede die Bedingung (2) erfüllenden 
Kcejfizientenfolgen {c„} auf einer Menge E a  (a, b), so folgt aus den Bedingungen

2  clöin=0
bn bn+ t

“  <5»+1
und ^  

on
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für die Mittel Vn(A; x) der Reihe (1) die Abschätzung

F B( A ; x )  =  o , [ |
auf E fast überall.

Aus dem Satz A und aus dem Satz В ergibt sich unmittelbar:
F o l g e r u n g . Ist {>’„} eine positive, monoton zunehmende Zahlenfolge und 

genügen die nicht verschwindenen, sonst beliebigen Koeffizienten c0, cl , ... der 
Bedingung

2

so gilt fast überall
B=0 vl 2  cf

v =  0

VH(A;x) = oMynQ„ j .
wobei log (n + 1) für pn< k ^ p n + l (n = l,2 , ...) ist.

In dieser Note werden wir zuerst beweisen, daß die Folgerung nicht mehr 
verbessert werden kann. Hernach geben wir eine neue hinreichende Bedingung 
für die (V, A)-Summierbarkeit von (1). Es gelten nämlich die folgenden Sätze:

S a t z  I. Es seien {an} eine Koeffizientenfolge, {'/„} eine positive Zahlenfolge, 
für welche die Bedingungen

(3) 2 -
n=0 »a 2  ^

(4)
und

(5)

V„i (ti 4 1 /2  t n + 1  4 1 /2

2 a l  s y „ + 1 e „ + , 2 ” ^  . Упвп = 1 ( n ^ n 0)
v =  0 \v  =  0 )

Al S  A2/1+1 Al = 2  a\
v=A l„+l

erfüllt sind. Dann kann ein im Intervall (a, b) orthonormiertes, gleichmäßig beschränktes 
Funktionensystem {Ф„(х)} derart angegeben werden, daß in (а, b) fast übera ll

(6) ш ------, [ 41/2 |FB(A; x)\ = ~

gilt.
2 al

Vv =  0

S a t z  II. Unter der Bedingung

i^ ( lo g lo g ( l+ A ,,r - ^ ) 2 < oo
/1=1

ist die Orthogonalreihe (1) in (а, b) fast überall (V, k)-summierbar.

A c ta  Mathematica A cadem lae Scientiarum H ungaricae го, i960



Ü B E R  D IE  V E R A L L G E M E IN E R T E  D E  L A  V A L L É E .-P O U S S IN S C H E  S U M M I E R B A R K E I T 2 8 3

§ 1. Beweis von Satz I

Zum Beweis benötigen wir die folgenden Hilfssätze:
Hilfssatz I. (L. Leindler [1], Hilfssatz I.) Sei {/„} eine positive, monotone 

Zahlenfolge mit lfln+l^ c l lln, l S c < / 2 .  Dann folgt aus der Bedingung

2 Cl ln/1 = 0

Vn( Ä ; x ) - S J x )  =  o jffif)
die Abschätzung

in (a, b) fast überall.
Hilfssatz II. (L. Leindler—L. Csernyák [2], Satz I.) Es seien {v*} 

(0=  v0 <  vx < ...  <  v* < ...) eine Indexfolge und {a,,} eine Koeffizientenfolge, für 
welche die Bedingungen

2  Л2 log2 n = °° A2n = * 2  r t \ ,  A l s  Al+!

erfüllt sind. Dann kann ein im Intervall (a, b) orthonormiertes, gleichmäßig beschränktes 
Funktionensystem (Ф„(х)} derart angegeben werden, daß die Folge der vk-ten Partial
summen der Orthogonalreihe 2  an<k„(x) im Intervall (a, b) fast überall divergiert.

Seien {an} eine Koeffizientenfolge und {y„} eine positive Zahlenfolge, welche 
die Bedingungen (3), (4) und (5) erfüllen. Ist

( 1. 1) 2
k =  1

<>k
к

у кв к 2  al
v = 0

so sei yk = yk. Besteht (1.1) nicht, so sei yk =  max(yk, iy kQi). Im Falle

al2 -

k 1 ytßk 2 ° l
v = 0

setzen wir yk = yk, im entgegengesetzten Fall yk =  max(yk, \'yk ok).
Die so definierte Zahlenfolge {y*} erfüllt offenbar die Bedingungen (4) und

°° /,2
( 1. 2)

Die Ungleichung 
(1.3)

1 Уп 2  al
v  =  0

- 7̂ ____________
Z  nn — 1 ~ X7 2

yn Qn Z  <4
v = 0
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folgt in den ersten beiden Fällen unmittelbar aus der Definition von {y„}, im letzten 
Fall kann man sie mit der folgenden einfachen Rechnung beweisen. Nach (4) ist 
y„ = l für alle genügend große n, also gilt auf Grund von (5)

2 '
k = m  + 1

00 Мм + 1
=  2 2

n =  1  k  =  ß n +  1
к

7 k Q k  '
v =  0

= ö ( i ) 2 '  2
al ak

"=ík^ +1
v =  0

= o ( i ) 2  2
n = i^ „ +1iog3/2„. 2  al

v = 0

= o (D  2
'‘ilX1 2 ^  1

iog+/2« • 2 « v 2 4=""+1
v=0

2  <  =  0 (i) 2
„= 1  n-log3l/2n

womit (1. 3) in jedem Fall bewiesen ist. Wegen (1.2) gibt es eine positive, stets 
wachsende Zahlenfolge {t]n} mit und

2
U= 1 ~2 2 V  2 УпЧп 2 j «v

Wir setzen yn = ynr\n und

bl =
/7 Г-П T 1

- " .  ßn = 2  *?•
fn Q lZ a l  v=""+1

Offenbar besteht die Ungleichung
ß l^ .ß l+ i ,

und mit einfacher Rechnung bekommen wir die Beziehung

2  ßi 1°S+ n = 00.
n =  0

Nach dem Hilfssatz II ergibt sich ein orthonormiertes, gleichmäßig beschränktes 
Funktionensystem {Ф„(х)}, für welches die Folge der /(„-ten Partialsummen der
Reihe £  ЬпФп(х) in (a, b) fast überall divergiert. Wir bekommen durch Abelsche

n = 0
Transformation mit der Abkürzung

UN
2  ьпфп(х)

1
( » ИД’

2 « v 2l
Miv— 1
2

n =  2
)S„(*) + SßN(x) - / 2S, (x)

* Der Kürze halber schreiben wir immer log n-U  statt (log 11) U, weiterhin ist log + x  =  
=  max (1, log x).
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und so gilt 

(1.4)
flN Д2У — 1

tliNSll„(x) = Z  Ь„Ф„(х) -  Z  (tn- t n+1)S„(x) + t2S l (x),
n = 2  n = 2

wobei S„(x) die и-te Partialsumme der Reihe ^  0„Ф„(х) bezeichnet.
и =  0

Mit einfacher Rechnung bekommen wir die Abschätzung:

„v =  0

- , 2V/a

(1.5) Z ttn - tn + i)  f  \S„(x)\dx = M'b-a Z (fi,-fi,+  i) Z  al
n =  2

Für jedes N  ist mit = \ Z  al
( v =  0

N  N

Z  <Xn(tn-t„+ i) = «2t2 + Z  ^(«»-Яв- l)+<Mv+l>
/1 =  2 /1 =  3

woraus wegen a v/ v +, 0 (A-*°°) folgt:

( 1. 6)

Wir erhalten auf Grund von (1. 3)

1/2

Z  “ n Q n - t n + i )  = <x2t2 + Z  t n ( * n - * n - l ) -
/1 =  2 n = 3

Z =  Z ' » — —  =  ° ( J) z/1=3 „ = 3  a „  +  a n - i n£?n Z j V̂У,

woraus sich auf Grund von (1. 5), (1. 6) und dem B. Levischen Satz ergibt, daß die 
Reihe

Z ( . t n ~ t « + i ) S „ ( x )
/1=2

in (а, b) fast überall konvergiert. So divergiert die rechte Seite von (1. 4) nach obigen 
fast überall, und folglich ist fast überall

1

> ßN
Hw \l/2

Z “v
Z * v * v « !

|v = 0

woraus nach der Definition von {)?„} folgt: 

(1.7) ^  1lim
N- *- oo Hn \ H 2

У 2 Ч 2
v = 0  )

Ш Z  «.*,(*)

fast überall im Intervall (а, b).
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Wir setzen

" i n у /г 1
У «вп \2аЦ

Auf Grund von (1. 3) und von (4) erhalten wir

Z *» '»2 =  2
n=1 f пвп 2 Ч 2

v =  О

woraus sich wegen des Hilfssatzes I ergibt, daß in (a, b) fast überall
0 -8) Slln(x )~ V J X -x )  = ox{ l^ )
gilt.

Auf Grund von (1. 7) ergibt sich aus (1. 8), daß die Beziehung (6) für dieses 
Funktionensystem (Ф„(х)} in (a, b) fast überall besteht, was zu beweisen war.

§ 2. Beweis von Satz П

Nach der Behauptung des Satzes A ist es hinreichend zu beweisen, daß für 
alle genügend große n und к  mit /í„-=FS ju„+1

loglog(l+A*)t_ 'lfc+1 s  logn, 
d.h.

(1 +Ai)*-Ak+1 2"
gilt.

Auf Grund der Definition der Folge {).„} ist es genügend zu beweisen, daß für 
alle genügend große n

(1 + 1 s  2"
gilt.

Im Falle Л„ = п (n = 1, 2, ...) ist die Behauptung des Satzes II schon bekannt. 
Im entgegengesetzten Fall sei n0 die kleinste natürliche Zahl, für die die Bedin

gung 2„0 <  и0 erfüllt ist.
Wir werden beweisen, daß für alle n mit

(2. 1) (l+A„„+/ "  + ,_^ ‘ + 1 S  2(1 + k j n~ ^ +l
gilt.

Sei n eine natürliche Zahl, mit p„S«0. Nach der Definition von und der 
Bedingung über {X„} gilt die Ungleichung (m = 0, 1,2, ...).

Im Falle A„n+1 <21^ mit einfachener Rechnung bekommen wir, daß die 
Beziehung

(1 ^  = {1 +K„+(klln+- k j r

gilt, woraus (2. 1) unmittelbar folgt.
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Im Falle Xßn+l = 2Xlln bekommen wir ähnlicherweise mit einfachener Rechnung 
die Abschätzung:

2 < \ l 1 +  - 1 +
1 +  2Я,
1 +^и.

womit der Satz II bewiesen ist.

(Eingegangen am 31. M ai 1968.)

EGYETEMI SZÁMÍTÓKÖZPONT, 
BUDAPEST, IX ., DIMITROV TÉR 8
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ON THE DUALIZATION OF SUBDIRECT 
EMBEDDINGS

By
F. SZÁSZ and R. WIEGANDT (Budapest)
To Professor G. A lexits on his 70th birthday

§ 1. Introduction

In the algebra there are several kinds of structure theorems which can be for
mulated without operations, using only homological tools. For instance, the well- 
known fact that any universal algebra can be subdirectly embedded in a direct 
product of subdirectly irreducible algebras, can be formulated in a pure category- 
theoretical manner. Now the question arises what its dual statement asserts. Our 
purpose is to give such a category which satisfies certain selfdual conditions, and 
making use of these, to prove structure theorems and their dual statements. The 
structure theorems themselves are, of course, well-known statements for algebraic 
stuctures. However, their duals yield some theorems of unusual type. About the 
possibility of the dualization there occurs some trouble. The most of the difficulties 
is at finding selfdual conditions being necessary to prove the theorems. So we must 
not make use of the condition ’every epimorphism is a normal one’ which is fulfilled 
for groups, since its dual is false. Further the lattice of all congruence- 
relations of any universal algebra is a so-called compactly generated lattice. This 
fact plays a very important role in the proof of the theorem according to subdirect 
embeddings of universal algebras, nevertheless compactly generating is not a selfdual 
notion.

Applying the theorems proved for certain categories, we establish some par
ticular theorems for rings, groups, modules, respectively.

In § 2 we give a detailed enumeration of the usual notions and assertions of 
the theory of categories with respect to the importance of the dual notions and 
assertions, moreover, we form a system of selfdual conditions which will be satisfied 
by the category we are dealing with. § 3 is devoted to the investigation of subdirect 
embeddings, subdirect irred ucibility and to the dualization of those. In § 4 we applicate 
the results developed before for rings, groups, module" and abelian groups. Most 
of the applications are concerned with rings.

§ 2. Preliminaries

Let be a category. The objects and maps of H will be denoted by small Latin 
and small Greek letters, respectively. By definition (€ satisfies the following con
ditions:

(C,) I f  a.:a-+b and ß:b-*c are maps, then there is a uniquely defined map 
aß:a-+c, which is called the product o f the maps a and ß;

(C2) I f  or.a^b, ß:b -*c, y.c-*d are maps, then (aß)y = a(ßy) holds.
(C3) For each object a(((d there is a map ea:a-»a, called the identity map of 

a such that for each <x:b-*-a and ß\a-+c we have aea = a, eaß = ß.
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The dual category of the category <€, denoted by (6*, consists of the same objects 
as c6, and a*:h—a is a map of if and only if cr.a—b is a map of Clearly 
(%*)* = (é, and if a statement P is true for category (d, then there is a dual statement 
P* which will be true for 41*. In what follows we shall assume that the category 
4  satisfies some additional assumptions. These requirements will be selfdual which 
means that both o f 4  and TS* satisfy them. So any statement P which can be proved 
for c6, will be true for 4* too. Hence statement P* is true for (4*)* = c6.

Let H(a, b) denote the class of all maps of (6 which map a into b. An object 
о <141 is said to be a zero object if for any object a of 41 both of the classes H(a, о) 
and H{o, a) contain only one map.

We assume that
(C4) 4  possesses zero objects.
Obviously also 'if* contains zero objects. We shall say that (6 is a category 

with zero maps, if for any ordered pair of objects a, b there is a map ыаЬ :a-*b 
such that for any a. :c-*a, ß:b-*d we have ouoah = a>cb and coabß = co^. If #  possesses 
zero objects, then 4  is a category with zero maps (cf. K uros— Livsits— Sulgeifer—  
T salenko [8 ]). If there is no doubt between which objects the zero map operates,, 
then that zero map will be shortly denoted by со.

A map a :a-*-c will be called a 
monomorphism, if for any maps g:b-*a, 
a :b ^ a  from got = act it follows g = o.

A map <x:c-*a will be called an 
epimorphism, if for any maps o:a -*b, 
c '.a^b  from aq = acr it follows g = ov

The notion of epimorphism is dual to that of monomorphism in the sense 
that a is a monomorphism of 4  if and only if a* is an epimorphism of 4*.

The product of two mono
morphism (if it exists) is again a mono
morphism. If y.ß is a monomorphism, 
then a is also a monomorphism.

The product of two epimorphisms- 
(if it exists) is again an epimorphism. 
If ßa is an epimorphism, then a ír 
also an epimorphism.

The statements are well-known (cf. K uros— L ivsits— Sulgeifer— T salenko [8 ], 
or M itchell [9]). Now we are going to give the definitions of some usual notions 
together with their duals.

Let ßl :b1-+a and ß2:b2-+a be 
monomorphisms. We shall say that 
fb2, ßf) = (Ьх, ßf), if there exists a map 
q (which has to be a monomorphism) 
such that £>/?, =  ß2 ■ If both of 
(b2, ß2) ^ ( b l , ß 1) and (bu  ßt ) ^  
— (b2, ß2) hold then the pairs (bt , ß t) 
and (b2, ß2) are said to be equivalent. 
If (b2, /?2) ё ( 6 , , ßf) but they are not 
equivalent, then we shall write 
(b2, /?2)<(Z>i, ßf). The equivalence 
classes of the relation thus defined will 
be called the subobjects of a. For

Let ß^-.a^-bx and ß2:a—b2 be 
epimorphisms. We shall say that 
(ßn b f ) ^ { ß l , bj) if there exists a map 
q (which has to be an epimorphism) 
such that /?г Q = ß2. If both of (ß2, b2) ̂  
— (ßt> ^i) and (ßt , bt) s ( f 2,b2) hold, 
then the pairs (ßt , bf) and (ß2, b2) 
are said to be equivalent. If (ß2, b2) S  
S(j?i, bf) but they are not equivalent,, 
then we shall write (ß2, bf l ^iß^,  bt). 
The equivalence classes of the relation 
thus defined will be called the factor- 
objects of a. For convenience the
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convenience the equivalence class rep
resented by the pair (b, ß) will also 
be denoted by (b, ß).

A commutative diagram

equivalence class represented by the 
pair (ß, b) will also be denoted by
(ß, b).

A commutative diagram

4
i

d2- Ö2

öl

is called a pullback for (5X and d2, if 
for any object c and commutative 
diagram

У1
a l

4 Ö2 h
--*■ a

a-

di
c
к

is called a pushout for <5j and S2, 
if for any object c 6 and commutative 
diagram

there exists a unique map y:c-+k such 
that the diagram

is again commutative.
A subobject (k, x) of an object 
is said to be a kernel of the map 

or.a^b, if
k - - 0

* i
a -

1
■4

there exists a unique map у :k — c 
such that

is again commutative.
A factorobject (x, k) of an object 

is said to be a cokernel of the 
map a \b-*a if

1 1'
0 ----- -к

is a pullback diagram. Here the map 
x has to be a monomorphism. Equi
valently, the subobject (к , x) is the 
kernel of oc if (i) xa = co; (ii) for each 
y:c-+a satisfying ya, = co, there is a 
unique map y':c->-k such that y'x = y. 
If (к, x) is a kernel of a, then we 
shall write Ker a = (k, x), or only 
Ker a = k. The map x is called a normal 
monomorphism and the subobject (к, x) 
is a normal subobject or an ideal of a.

is a pusout diagram. Here the map 
x has to be an epimorphism. Equi
valently, the factorobject (x, k) is the 
cokernel of a if (i) ax = a>; (ii) for 
each y:a—c satisfying ay = со, there is 
a unique map y':k-+c such that 
xy' = y. If (x, к) is a cokernel of a, 
then we shall write Coker a =  (x, к) 
or only Coker a =  k. The map x is 
called a normal epimorphism and the 
factorobject (x, к) is a normal factor- 
object of a.
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These definitions correspond to those of M it c h e l l  [9] and S u l i n s k i  [13]. 
In K u r o s — L i v s i t s — S u l g e i f e r —T s a l e n k o  [8 ] ideals and normal subobjects 
(and so their duals) are not the same notions, but under conditions supposed below 
they coincide.

In the category of groups every epimorphism is a normal one, but not every 
monomorphism is a normal one (i.e. not every subgroup is a normal subgroup). 
The product of two normal monomorphisms need not be a normal one. 
Moreover, if a  is a monomorphism, then Ker a  = (o, со), but the converse state
ment does not hold.

If aß is a normal monomorphism and ß is a monomorphism, then a is a normal 
monomorphism. (Cf. [8] § 8.3). The dual statement also holds for normal epi- 
morphisms.

We assume that
(C5) Every map has a kernel and a cokernel.

P r o p o s i t i o n  1 . Ker Coker Ker a = Ker a .

P r o o f . Let a :a —Z> be a map, and put Ker a = (k, x) and Coker y. — (A, /). 
We have to prove Ker k = (k, x). (i) Since (A, /) =  Coker x, so by definition x l  = a> 
holds, (ii) Let y:c—a be a map with yX = m. By definition of Coker % there is a 
unique map y':c-+k such that y'x = y. Thus from y). = m we get the existence of 
a unique map y' satisfying y'x = y. Hence Ker A =  (k, x) is valid.

Dualizing we get

P r o p o s i t i o n  1* . Coker Ker Coker a =  Coker a .

We suppose that

(C6) The class of all subobjects and factorobjects of any object a is a set, and it 
forms a complete lattice La and L* with respect to the relation S  defined for 
subobjects and factorobjects, respectively.

(C7) For each object affié the set of all normal subobjects and normal factor- 
objects, forms a complete sublattice o f La and L*, respectively.

The intersection fj and union U in the lattices La and L* of the ideals and normal 
factorobjects of the objects a can be defined in the following way.

The intersection (k, x) of two 
ideals (d{, 5Х), (d2, <52) is an ideal 
such that

The intersection (x, k) of two 
normal factorobjects (S1,dj), (S2, d2) 
is a normal factorobject such that

is a pullback diagram. is a pushout diagram.
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The union (/, A) of two ideals (dl , dj), (d2, df) means an ideal for which

>- n

is a commutative diagram, and for any monomorphism y:c—a and diagram

there is a monomorphism 2 ':/—c such that A'y = A, and the diagram becomes 
commutative.

The union of two normal factorobjects is defined in the dual way.
These definitions of the unions correspond to the relation defined on La 

and L*, respectively. However, in M itchell [9] the unions are defined in a somewhat 
different manner.

Proposition  2 . The lattice La of the ideals o f an object a is dually isomorphic 
to the lattice L* of the normal factorobjects o f a in the following sense. Any ideal 
(k, x) o f La is a kernel Ker a. o f a map a. The correspondence Ker a — Coker Ker a =  
= (2,/) is one-to-one, further the relation (kx, x f ) S ( k 2, x2) holds i f  and only i f  
(2j, 11)ш(Х2, If) is valid for their cokernels in L*.

P roof. Proposition 1 implies that Ker a —Coker Ker a is a one-to-one cor
respondence.

Assume (kt , x 1) ^ ( k 2, x 2)(LLa, and put Coker х; = (Д;, /;), /= 1 ,2 . By
definition

Лг,— a
<■> ! b

0 — I,

is a pushout diagram. Since (kl , x f ) S {k2, xf), so there is a map x ':k t --k2 such 
that x'x2= x l . Thus

* r -  
0 ----- - / 2

is a commutative diagram, and since (1) is a pushout, therefore there is a map 
X':lx —/2 such that Л1Л' = Х2. This means (Ax, f )  ̂ (A2, l2).
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Dualizing, (A1, f ) ^ ( A 2, l2) implies (к1г x f ) S ( k 2, x2). Thus proposition 2 
is proved. One can formulate this statement as follows:

(k1, x 1) f ) (k2, x 2) = (c, у),

(k1, x 2)U(k2, x 2) = (d,S)
are valid i f  and only if

0*i, li) U ( i2, >i) = Coker y,

(Áj, If) П (A2, If) =  Coker <5
are valid.

Let oc.a-+b be a map. If p:a-*m 
is an epimorphism and v:m-*b a mono
morphism with pv = x, then the sub
objects (m, v) of b will be called an 
image o f a (with the epimorphism p), 
(m, v) is said to be a normal image, 
if p is a normal epimorphism.

Let (к, x) be a subobject of the 
object a and let or.a^-b be an epi
morphism. If (m, v) is an image of 
xx, then (m, v) will be called an 
image of (k, x) by the epimorphism a.

Let а :й—а be a map. If p:m-*a 
is a monomorphism and v:b->m is an 
epimorphism with vp = a, then the 
factorobject (v, m) of b will be called 
a coimage o f x (with the monomorphism 
p), (v,m) is said to be a normal coimage, 
if p is a normal monomorphism.

Let (x, k) be a factorobject of 
the object a and let a : /)^ a b e a  mono
morphism. If (v, m) is a coimage of 
ak, then (v, m) will be called a coimage 
of (x, к) by the monomorphism a.

A normal image (and normal coimage) is uniquely determined, but image (and 
coimage) is not (cf. K u r o s— L ivsits— S u l g e ifer— T sa len k o  [8]). If (m, v) is an ima
ge of b such that for every image (m', v'), of b (m, v) s  (in', v'), then (m, v) will 
be denoted by Im a. Coim a will denote the dual notion.

In the category of groups or rings, for any map a both of Im a and Coim a 
does exist, moreover, Im a is always a normal image, but Coim a need not be а 
normal coimage.

Let us assume that
(Cg) For any map ot there exist Im a and Coim a (they need not be normal).
(C9) An im ageof an ideal by a normal epimorphism is always a normal ideal, and a 

coimage o f a normal factorobject by a normal monomorphism is always a normal 
factorobject.

Obviously all axioms (Cj)—(C8) are satisfied in the category of groups or 
rings. This category satisfies clearly the first condition of axiom (C9). Also the second 
condition is fulfilled. Consider the coimage (v, M) of a normal factorobject (x, К ) 
by a monomorphism a :B~*A. Now the group (or ring) A is a factorgroup AjC 
and В is a subgroup of A. By the Second Isomorphism Theorem B/B(jC is iso
morphic to a subgroup B j C  of A/C, and if В is a normal subgroup of A, then BjC  
is also a normal one of A/C.

Pr o po sitio n  3. I f  the map x has a normal image and Ker a = (о, a>), then a 
is a monomorphism.
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This statement is proved in K u r o s—Livsns—Sulgeifer— T salenko  [8]
§  10,6.

Let ű; (i f l )  be a family of objects of the category c€.

An object g is said to be a direct 
product of the objects a{ (i f l ) ,  if 
there are maps np-g—ai ( i f l )  (called 
the projections of g onto a j such that 
for each object h f  T  and for any 
system of maps a;:/i—a; ( i f l ) ,  there 
is a unique map (called the canonical 
map) y .h ^g  such that ул:г =  аг for 
all i f l .  g will be denoted by g =
=  П  ъ(щ)-i€ I

Assume that

An object /  is said to be a free 
product of the objects a; ( i f l )  if there 
are maps oi :at -*f ( i f l )  (called the 
injections of ö; into / )  such that for 
each object h f  T  and for any system 
of maps а;:аг — /7 ( i f i )  there is a 
unique map (called the canonical map) 
y : f —h such that Qiy = ai for all i f l .
/  will be denoted by f  = 2  ai(Qi)-

i£I

(C, 0) Every family of objects has a direct product and a free product.

Axiom (C4) implies that all the projections 7r; (injections Q-j) of a direct product 
g = J J a i(ni) (free product f = 2 ai(0i)) are epimorphism (monomorphisms). 

igr ( ai  )
Moreover, to every projection 7гг there is a normal monomorphism aiMi-'-g such 
that <т;7г( = 8а. and oinj = w (Í7íj)  hold, and so (ah at) is an ideal of g (dually: to 
every injection Qt there is a normal epimorphism т;: / —аг satisfying Q{z 
Qfi = m (i yij j). These facts are proved in [8].

Proposition 4. Let (kh xj) ( it I) be a family of ideals o f an object a f T ,  and 
let y.j:a-*■a, be epimorphisms with Ker a; =  (L;, xt) ( i f f  ). Consider the direct product 
g= f j  ajnj ,  and the canonical map y:a^-g(yni = ai, i f  I). Then Kery = [)(k{,xj)

iil iil
is valid.

For the proof we refer to Sulinsk i 
the dual statement.

An object a f ^  is said to be sub- 
directly embedded in the direct product 
g — ]J afnj) if there exists a mono- 

i d
morphism y . a ^ g  such that all maps 
а ; = yrc;: а а ; ( i f i )  are normal epi
morphisms (cf. [13]).

Proposition 2. 1. We omit to formulate

An object a f ^  is said to be a 
transfree image of the free product
f  = 2  ai(ki)> if there exists an epi- 

ier
morphisms o\ f -*a  such that all maps 
ßi =  QPi 'Mf — a (i f  I)  are normal mono
morphisms.

[13],

Let us remark that according to this definition generally g can not be embedded 
subdirectly in itself, for the projections щ need not be normal epimorphisms. The 
dual consideration holds for transfree images.
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Proposition 5. An object a £ can be subdirectly embedded in the direct product 
g= JJ a f n j  if and only if there is a family o f ideals (kh xj) (i £ I) of a such that each 

iil
of them is the kernel o f the normal epimorphism apa — a, (i £ I) and f| (kb x j  =

id
= (о, со) holds.

Dualizing we obtain
Proposition 5*. An object a£fk is a transfree image o f the free product f=  2  ai(ei)

id
if and only i f  there is a family o f normal factorobjects (j.h f)  (i £ /), of a such that 
each of them is the cokernel o f the normal monomorphism ß(: a,-*a ( i f  I) and 
p| (Ä,-, lt) =  (cu, о) holds, 

iil
The statement of Proposition 5 is proved in Sulinski [13] (Theorem 2, 3), 

assumed that every epimorphism is a normal one. Thus we give a modificated proof 
of this assertion.

Let a be subdirectly embedded in g by a monomorphism y:a-*g. Now every 
a .  =  yni (i £ l)  is a normal epimorphism. If (kt , x.j —  Ker at , then by Proposition 4 
we get Ker у = f) (kt, xj). Since у is a monomorphism, therefore f | (kp. x j  = 

id  id
= (о, со) is valid.

Conversely, let (kh x j  be a family of ideals of a such that (kh xj) =  Ker oc( 
where apa-»at are normal epimorphisms and f| (kt, x j  = (о, со) holds. Then there

id
is a map у :a -+g such that уп, = <x; for i £ I. Applying Proposition 4, we get Ker у — 
= f| (kf, xj) = (о, со). By Proposition 2 we obtain U («,> ai) =  Coker со = (ea, a).

i£I ' '
Consider Im y=(ffl,v) with the epimorphism p (i.e. v is a monomorphism and 
у = / í v ) .  Since a f =  /iV 7 t; and at (i £  I) is an epimorphism, so vn; is also an epimorphism. 
Thus (p, m) S  (ah a,) holds for every i £ I. Therefore we have (p, m) 5  U (ai5 aj) —

id
= (ea, a). So (p, m) is equivalent to (ea, a), and p is a normal epimorphism. There
fore Proposition 3 implies that у is a monomorphism, and Proposition 5 is proved.

An object a f  (6 is said to be 
subdirectly irreducible, if the intersection 
all of its non-zero ideals is a non-zero 
ideal.

An object a f ű  is said to be 
transfreely irreducible, if the inter
section all of its non-zero normal factor- 
objects is a non-zero normal factor- 
object.

According to Proposition 2, an object a £ & is transfreely irreducible if and only 
if the join of all its ideals (a, ea) differs from (a, ea).

Finally, let us mention that the categories of all rings and groups, respectively, 
and their dual categories fulfill axioms (C,)—(C10).
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§ 3. Subdirect embeddings and transfree images

It is well-known that any universal algebra can be subdirectly embedded in 
a direct product of subdirectly irreducible universal algebras (G. B irk ho ff [4]). 
In the proof there is making use of the fact that the lattice of congruence-relations 
of any universal algebra is compactly generated.

Let L be a complete lattice. An element k £ L  is said to be a compact element, 
if /cS U h implies к ^  U f  for some finite JQI.  The lattice is called compactly t a  j € j
generated, if L is complete and every element of L is a union of (an infinite number of) 
compact elements.

In his paper [13] Sultnski asked whether every object of a category satisfying 
somewhat stronger conditions than (C,)—(C10), can be subdirectly embedded in 
a direct product of subdirectly irreducible objects. Concerning this problem for 
a category '€ satisfying axioms (Сх)—(C10) we present

T heorem 1. I f  the lattice La of all ideals of an object aC-fF is compactly generated, 
then a can be subdirectly embedded in a direct product g=  J]ajnj  by a mono

i d
morphism у such a way that every ynt = a; (i£ /) is a normal epimorphism. 
A normal factorobject at o f this decomposition is subdirectly irreducible if and only i f  
the following condition holds:

(I) For any normal factorobject (j, m) (sai, a j o f at (which is clearly a factor- 
object (xi ,m) o f a) there exists a normal factorobject (5, d) o f a such that (ah a j >
>(<5, d) (̂xi,m).

R em ark . Condition (I) seems to be complicated, but in the category of groups 
and rings, respectively, (I) is trivially fulfilled, for Im a is always a normal image. 
However, its dual will be a rather natural condition in Theorem 1*. By Propo
sition 2 condition (I) means that for any ideal (m', x j  А (о, со) of at, there exists 
an ideal (if, S j s  Ker a; of a such that for its image (n', v j  by a( we have (о, со) ^  *{n\ v') ==(«', /)■

P roof. Let (к, x) ^  (о, со) be a compact element of the lattice La of all ideals 
of an object a£4>. Consider the set Sk — {(lj, Xj)}j(J of all ideals of a for which
(k,x)0( l j ,  kj)<(k,x).  Let ( f ,  Xj<.(l2, A2) < ----=(/„, Ял) <  an ascending chain
of ideals from Sk, and denote U (4> K) by (/0, 20). We will show that (к, x) Г)

n
П (/0, / 0) <  (k, x). Otherwise it would be (k, x) = (/0, A0) and since (k, x) is a compact 
element of La, so for an index n0 a relation (k, x)s(l„0, /,„0) would hold in contra
diction to the assumption. Making use of Zorn’s lemma we obtain the existence 
of a maximal element (l, X) of Sk.

To any compact element (kh x j  (i€ I) of La, consider a maximal element (/;, Xj 
of Sk.. Now we shall show f] (/;, l j  = (o, oj). On the contrary, suppose ( / ',! ')  =  

‘ hi
=  f| (/,-, Ijyi(o,  со). Since La is compactly generated, so (f, X j is a union U (k„ x j  

id  . ter
of compact elements (k, , x j  ^  (о, m). The maximal elements (/„ Xj of Skt belonging 
to (k, . x j  occur in the intersection representation of (/', Xj. Thus we get (k„ x j  s
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S  (/', A') S  (/„ 1,) which implies (kt , xt) П (/,, I,) = (k„ xt) contradicting the choice 
of Q„ l t).

Now, consider (аг, aj) =  Coker Аг. Since is an ideal, therefore by
Proposition 1 we have Ker a; = (/;, 1;) =  Ker Coker Xt, farther a, is a normal epi- 
morphism for all /'€/. Hence by virtue of Proposition 5 a can be subdirectly em
bedded in a direct product g= ]J afnj) by a monomorphism y.a-<-g such that

H I

every map yni =ai is a normal epimorphism.
Finally, assume (I) for an object a,. Since (a;, aj)>(d, d) so by Proposition 2 

for their kernels we obtain (7f, A;) = Ker аг <  Ker ő = (d\ 5'). By the 
choice of (/(,!;) it follows (kh xj) = (d \ 5') where (kt , xj) denotes the compact 
element of La belonging to (7;, Xj). Thus for the intersection (d'0, ö'0) of all ideals 
(d', <5') > (/;, !•) we have (kh xt)^(d'0. S'0). Again, by Proposition 2 for Coker xt = 
=(x0, k 0)and  Coker <50 =  (<50, d0) we get (x0, k0) £(<50, d0) and (a„ a,)&(d0, d0). 
Hereby

(x0> k0)U (аг, «,)>(>«о, г̂0) = (<50, rf0)

and so (аг, aj)>(ö0, d0) follows. On the other hand for any normal factorobject 
(y, m) of at being a factorobject (y ,, m) of a the relation

(Xi, d ) ^ ( ö o ,  </0) < 0 . - >  « i)

is valid. Therefore the union of all normal factorobjects differs from (еа(, аг) and so 
at is indeed subdirectly irreducible. If a, is subdirectly irreducible, then (I) is trivially 
fulfilled.

R e m a r k . From Theorem 1 one can easily obtain B irk ho ff’s well-known 
theorem mentioned at the beginning of this chapter.

Dualizing Theorem 1 we obtain
Theorem 1*. I f  the lattice L„ o f all normal factorobjects o f an object adjtf is 

compactly generated, then a is a transfree image of a free product f — fff afgj) by
H I

an epimorphism у such a way that every map gty = a; :at -*■a (i£ I) is a normal mono
morphism. A factor at o f this decomposition is transfreely irreducible if and only if 
the following condition holds:

(I*) For any ideal (m, x)A(ah ea)  o f ал (which is clearly a subobject (m, y,) o f a) 
there exists an ideal (d, d) o f a such that (m, у ,) ^  (d, <5)<(u;, aj).

Condition (I*) means that for the ideal (at , aj) the object at has exactly one 
maximal ideal (d, S') (and (d, <5) is an ideal o f a {d = (Yy.i)).

To give an interpretation of Theorem 1* we introduce the following concept. 
An element к of a complete lattice L is called a co-compact element, if k ^  П /г

H I
implies к S  fj f  for some finite JQ l. The lattice L  is said to be co-compactly

H J
generated, if L is complete and every element of L is an intersection of co-compact 
elements. Hence by Proposition 2 the condition ’the lattice L* of all normal factor- 
objects of a is compactly generated’ should read "the lattice La o f all ideals o f a 
is co-compactly generated'. For comparison we mention that the lattice of all ideals 
of a ring need not be co-compactly generated and the same holds for groups too.
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§ 4. Some applications

In what follows will denote the category of rings. As it was mentioned 
before, Ш R satisfies axioms (C ,)—(Сю) and condition (I), furter the lattice LA of 
all ideals of a ring A £rdR is compactly generated. Moreover, in (6 R every map has 
a normal image. This means that Theorems I and 1* hold for R. On the other 
hand, La has not to be co-compactly generated and condition (I*) is generally 
not fulfilled. However, there are some special but usual conditions which involve 
the validity of (I*) or that LA is co-compactly generated. Thus Theorem 1* yields 
some theorems of unusual type for rings.

First of all we remark that instead of a free product of rings we speak about 
a free sum of rings. Further, if At (/£ /) is a family of rings, then their free sum 
F is defined as the ring F consisting of all formal finite sums £  n /P r  where nr is an 
integer and cpr is a product of a finite number of elements from some At. For com
mutative rings, as it is well-known, free sum means the tensor product.

First, we show the existence of a ring the ideals of which do not form a co- 
compactly generated lattice.

E x a m pl e . Let A be a commutative principal ideal-ring with unity and without 
divisors of zero. (Such a ring is e.g. the ring of rational integers.) For any ideal 
J V 0 of A there exists an element a£A with (a) — I. According to R édei [10], Satz 
188 and 189 in A there exist g.c.d. and irreducible elements. Let p ^  1 be an irreducible
element with (a, p) = 1. Now (а)эО =  f| (Pk) is valid, but obviously (a)^(pk)

k = 1
for any finite k. Thus (a)=I  is not a co-compact element of the lattice LA 
of all ideals of A. Since I  was chosen arbitrarily, so LA is not co-compactly generated.

Now we give some sufficient conditions which guarantee that a lattice L 
should be co-compactly generated.

P roposition  6. Every element l o f a lattice L is co-compact if  and only if  L satisfies 
the descending chain condition. In particular, the lattice LA o f a ring, abelian group 
and R-module A satisfying the minimum condition for ideals, subgroups and R-modules, 
respectively, is co-compactly generated.

P ro o f . Assume that each element of L is co-compact, and consider a descending 
chain /j 3 12 2  /3 3 . . .  in L. Since also l0= П /„ is co-compact, so there exists an 
index n0 with /0 = /„0 and the chain is finite. The inverse statement is trivial.

P roposition  7. I f  the ring A is a discrete direct sum of rings At (i£ I) with minimum 
condition for ideals and each A, has either a left or a right unity, then the ideal lattice 
La o f A is co-compactly generated.

P r o o f . At first we prove that any ideal В of A is a discrete direct sum 
B= 2 1® Bt where Ő, is an ideal of At for all i € I. Let b be an arbitrary element

i € Г
of B, then b is a finite sum b= £  at °f elements аг£Лг. Let e; be , for instance,

a j
a left unity of At. Then we obtain eib = ai£BC\Ai and obviously Б; = .бГЫ( is 
an ideal of A. Thus we have В — ^ ® £ ;. Since At fulfils the minimum condition
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for ideals, so there is a finite number of ideals of A containing Kt = Д +  ® A,.
i^jZI

Therefore Kt is a co-compact element of the lattice LA. Further we have B ~ ^ l ®Bi =
<€/

— fl Kt which means that LA is co-compactly generated. 
mi

We remark that a ring satisfying the condition of this proposition need not 
fulfil the minimum condition for ideals.

Let us list some types of rings which fulfil condition (I*).
1) Every accessible subring o f the ring is an ideal. A subring S  is called acces

sible in the ring A, if there exists a finite ascending chain of subrings S = S l Q 
^ S 2<=--- = Sn = A where each St is an ideal of Si+l (/=  1, 2, ..., n — 1). Since 
any ideal of an ideal is any accessible subring, so this condition involves condition 
(I*) trivially. (Cf. Anderson—D ivinsky—Sulinski [1]).

2) Every subring of the ring is an ideal (Cf. Rédei (11]).
3) The ring is completely reducible, i.e. it is a discrete direct sum of simple 

rings. In such a ring every ideal is a direct summand. Since any ideal of a direct 
summand is an ideal also in the ring, so it follows condition (I*) (Cf. Jacobson [7] 
Chapter IV. 1).

4) Every subring of the ring is a direct summand (cf. F. Szász [14]).
5) Every ideal o f the ring is idempotent. Let A be, namely, such a ring and К 

an ideal of the ideal /  of A. By a varied form of a lemma of Andrunakievic [2] 
(see also Divinsky [6], Lemma 61), we obtain

К = K 3<=I-K-I = I (K+KA+AK+AKA)IQKQK,

where К denotes the ideal of A generated by the subring K. Thus К is an ideal in 
A too.

Important subcases of 5) are the following:
6) The ring A is regular in the sense of von Neumann, i.e. for any a£A there 

exists an element x£ A  with a = ax a. By definition, it is clear that the ideals of 
such a ring are idempotent.

7) The ring A is weakly regular, i.e. every right ideal of A is idempotent (Cf. 
Brown—McCoy [5]).

8) The ring A is biregular, i.e. every principal two-sided ideal of A can be gener
ated by a central idempotent element (Cf. Arens—Kaplansky [3], Brown—McCoy
[5] and Andrunakievic [2]). If /  is an arbitrary ideal of the ring A and a £/, then 
there is a central idempotent element с £ A such that a£(a) = (c). Hence from 
c 6 (c)2 = (a)2 £  I 2 we obtain a£ l 2 for every a £ /. Thus the ideals of A are idempotent.

Theorem 1* yields immediately
Theorem 2. Let A be a ring o f one of the types 1)—8). I f  the ring A is either 

a ring with minimum condition for ideals or a discrete direct sum o f rings with left 
or right unity elements and the direct components satisfy the minimum condition for 
ideals, then there exist ideals At (/ £ /)  of A such that

(i) AI has exactly one maximal ideal which is an ideal also o f A for each i £ I.
(ii) every A; is o f the same type as A,

(iii) A is a homomorphic image o f a free sum Bb where /J; sí A; holds for
i Z I

all i£ I.
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The statement that rings having one of the properties 1)—8) satisfy condition (ii), 
is almost trivial.

As another application, consider the category 4 G of all groups. Now conditions 
(C,)—(C,0) are satisfied. Condition (I*) is fulfilled, for instance, if any normal subgroup 
of a normal subgroup is a normal subgroup of the group, or briefly: normality is a 
transitive relation among the subgroups of a group. (Cf. D. S. R o bin so n  [12]). From 
Theorem 1* it follows immediately

T heorem  3. Let La denote the lattice o f all normal subgroups of a group G. 
I f  Lg is co-compactly generated, and normality of subgroups o f G is a transitive 
relation, then there exist normal subgroups Gt (/ £1) of G such that

(i) each Gt has exactly one maximal normal subgroup,
(ii) G is a homomorphic image of a free product //*  F{ where Ft = Gt holds for

ier
every id I.

Let R  be a ring, and consider the category 41R of all /^-modules. 4)R fulfils con
ditions (C,)—(C10) as well as (I) and (I*). In 4 R free sum means discrete direct 
sum. Hence from Theorem 1* we obtain

T heorem  4. I f  the lattice LM of submodules of an R-modul M  is co-compactly 
generated, then there exist submodules Mi (i d /) of M such that M  is a homomorphic 
image of a discrete direct sum 2  where Nt is isomorphic to Mt and Nt has

iil
exactly one maximal submodule for each idL

Since any abelian group can be regarded as a module over the integers, so the 
analogous statement to that of Theorem 4 is valid for abelian groups too.

( Received 17 June 1968)
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A METRIC CHARACTERIZATION 
OF SYMMETRIC SPACES

By
J. SZENTHE (Szeged)

To Professor G. Alexits on his 70th birthday

Let ^  be a class of metric spaces and Sf a system of axioms referring to a metric 
space (R, q) by postulating properties that can be defined solely in terms of its 
distance function q. If i f  is necessary and sufficient in order that (R, q) be an element 
of св , then ■¥ is called a metric characterization of (£. Congruent metric spaces are 
to be considered here as identical. The first systematic study of metric characteri
zation problems was carried out by K. M en g er .1 Since then results in this topic 
have formed a theory which embodies metric characterizations for every standard 
space of geometry.2 3 M e n g e r  and others however have applied metric methods 
to differential geometric problems as well, and in this respect a wider concept of 
metric characterization seems to be useful. Let V be a Riemannian manifold, 
x, y£V,  and denote by q(x , y) the infimum of length of piecewise differentiable 
curves of class C1 joining * and y, then q is a distance function on V, and (V, q) 
is called the induced metric space of V.3 Riemannian manifolds which have congruent 
induced metric spaces are known to be isometric.4 This justifies the following defini
tion: Let be a class of Riemannian manifolds, #  the class of their induced metric 
spaces; if Sf is a metric characterization of <6, then it is called a metric characteri
zation of <€ too. The problem to give a metric characterization of the class of all
2-dimensional Riemannian manifolds has been completely solved.5 In this paper 
a metric characterization of the class of all symmetric Riemannian manifolds is 
given.

1. The induced metric space of a Riemannian manifold

Some definitions and well-known facts are listed below concerning the induced 
metric space of a Riemannian manifold, which is assumed to be of class C°° for 
convenience.

If any bounded infinite subset of a metric space has at least one point of accu
mulation, then the space is called finitely compact.6 The induced space of a complete 
Riemannian manifold is finitely compact.7 Let x, y, z  be different points of a metric 
space (R, o) with q ( x , z) +  q ( z , y) = q ( x , y), then z is said to be between x  and y,

1 Menger [7].
2 Blumenthal [1].
3 K obayashi—N omizu [6], 157—158.
4 Palais [9].
5 Wald [13], Resetniak [17].
6 Busemann [3], 6.
7 K obayashi—N omizu [6], 172—176.
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in notation: xzy. A subset of a metric space is called convex if it contains with any 
two different points a further point being between them.8 The induced space of 
a complete Riemannian manifold is convex.9 10 11 A distance preserving map of a compact 
interval of the real numbers into a metric space is called a metric segment.'0 I f  
(R , q) is a finitely compact convex metric space, and x, у  6 R are different points, 
then there is a metric segment cp :[a, ß] —■ R with (p(a) = x, (p(ß)=y." A metric 
segment of the induced metric space of a complete Riemannian manifold is a mini
mizing geodesic of the latter.12

Let x  be a point of a finitely compact convex metric space (R, q). If there is 
an 8>0 such that to any two different points a, b of its open g-neighbourhood 
Uc(x) = {p : q(p , x)<g} a point c with abc exists, the the metric segments are said 
to be prolongable at x. If the metric segments are prolongable at all points of the 
space, then the condition o f local prolongability is said to hold for (R, <?).13 I f  
x , y , z l , z 2 are points of (R, q )  such that xyz1, x y z 2, q ( x ,  z x )  =  q ( x , z2), z x A z 2 , 

then у  is called a ramification point. The axiom of local prolongability holds for 
the induced space of a Riemannian manifold, and it has no ramification points.14 
A map of the real numbers into a metric space is called a geodesic if it is distance 
preserving in some neighbourhood of every number.15 The metric segments of 
a finitely compact and convex metric space can be uniquely extended to geodesics, 
if the axiom of local prolongability is valid and the space has no ramification points. 
The geodesics of a complete Riemannian manifold are identical with those of its 
induced metric space.

A closed convex subset of a metric space is called strictly convex if any point being 
between two points of the set is its interior point.16 A metric space (R, в) is said 
to be regular at the point x £ R ,  if there exist real numbers (5 >0, x > 0  such that the 
closed ^-neighbourhood U((z) =  {p: q(p , z) s £} is strictly convex for z £ Us(x), 
0 Шх. A metric space is called regular if it is regular at all of its points. A Rie
mannian manifold induces regular metric space.17 18

If {a, b, c} is a point-triple of a metric space, then there is a triple of points 
{А, В, C} of the euclidean plane, which is congruent with the former. If a Ab, c, 
the measure of <XBAC is called the metric angle of {a, b, c} at a and it 
is denoted by y(a; b, c). Let cp, ф:[0, q] —R be continuous curves of (R, q) with 
(p(Qi) = \j/(fi) = x ^ R  and cp(t), \J/(t) Ax,  for 0 If y =  lim y(x; (p(t), ф(^))

(, I'—о
exists, the curves cp, ф are said to have an angle у at x .'s In a Riemannian manifold 
the angle of two curves exists if and only if it exists in the induced metric space 
of the manifold, and then the two angles are equal.19 A metric space is said to be

8 Menger [7].
9 K obayashi—N omizu [6], 172— 174.

10 Busemann [3], 27—28.
11 Busemann [3], 29—30.
12 Kobayashi— N omizu [6], 168.
13 Busemann [3], 33—34.
14 Kobayashi—N omizu [6], 168.
15 Busemann [3], 32.
16 Busemann [3], 117.
17 Kobayashi— N omizu [6], 162— 167, Whitehead [14J.
18 Rinow [11J, 296—297, Wilson [15].
19 Rinow [11], 302—308.
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euclidean at its point x, if any two metric segments issuing from x  have an angle 
there.

The isometric transformations of a Riemannian manifold are identical with 
the distance preserving transformations of its induced metric space.20 

Frequent use will be made of the following axioms:
A1 (R, в) is finitely compact.
A2 (R, o) is convex.
A3 (R, в) satisfies the local prolongability condition.

A4 (R, q) has no ramification points.

A5 (R, q) is regular.

A6 (R, q) is euclidean at all o f its points.

The first four of these axioms have been introduced by H. Busemann as a 
starting point for his theory of G-spaces.21

2. The group of distance preserving transformations

The group of isometric transformations of a Riemannian manifold is a Lie 
group and it is identical with the group of distance preserving transformations of 
the induced space of the Riemannian manifold.22 23 To generalize this fact it will be 
shown below that the group of distance preserving transformations of a metric 
space satisfying A1—5 has no small subgroups.

Obvious applications of standard methods yield the following:
2. 1. Lemma. The distance preserving transformations o f a finitely compact metric 

space (R, q )  form  with the compact-open topology a locally compact topological 
transformation group Г of the space.22

The following theorem will prove useful at subsequent developments:
2. 2. T heorem. The group Г of distance preserving transformations o f a metric 

space (R. o) satisfying A1—5 has no small subgroups 24
Assume that the assertion is not valid. If A c  R is a compact subset and «>0, 

then there is a subgroup S of Г with q { u , <p(u))<a for и£А,  (p£E. Since A is
к

compact there are points vt, i = 1, .... к with A c U U ^ v f  ß = yoc. Since
i= 1

[{ui}> Uß(vd] = №'-<р£Г, <p(Vi)£Uß(oi)} is a neighbourhood of the identity in Г,

20 K obayashi—N omizu [6], 169— 172.
21 Busemann [3], 37.
22 M yers—Steenrod [8].
23 Busemann [3], 16—18.
24 Szenthe [12].
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к
there exists a non-trivial subgroup E with E c  f| [{r,}, t/Ди,)] by the indirect

i= 1
assumption. Hence q{u, (p{u)) S  q(u, vt) + g(vt, <р(г;)) + е(<р(п,), cp(u)) <  a for any 
u£A, (p£E with some 1 ^ i s k .

According to A3 and A5 to any x £ R  there are numbers e >0 and <5, x  >0 
satisfying the requirements of these axioms. Let x £ R  be fixed and put /z =  min (e, ö), 
v = min(x, ^ p), a = \ \  for the e, d, x corresponding to this x. There exists a non
trivial closed subgroup Ф of Г with q(u, <р(и))<а for z/£ С/Д*), ср£Ф. If the set 
of fixed points of a distance preserving transformation of (R , q) has a non-empty 
interior then this transformation is the identity.25 Therefore there is a z £ U v(x) 
and a i/z £ Ф with z ^  t/z(z). By A1—4 there is a point w with wz\\i{z) and q(w, z) = a. 
Let 5(oz) for a > 0  be defined by 5(a) = |"| Uj(p(w)).

ipZQ>
5(a) is strictly convex for 0 < a ^  v. It suffices to show that c is an interior 

point of 5(a) if a,bdS(a.) and acb. Since U0l{(p{w)') is strictly convex and 
a, b 6 t/^zppr)) for cp £ Ф, 0 < a S v , there is a maximal <5̂ >  0 with Udif{c) cr Urj{(p(w)) 
for any (р£Ф. Put X = inf {by'.ipd Ф}, then A=»0. In fact A =  0 would imply the 
existence of a sequence {<?„}n=i,2... with lim <рп = (р£Ф and l im ^ n = 0. Therefore

П-*-оо

a positive integer к would exist with e(<pfc(w), <p(w))<% 5Ф, дф. But
C>((p(w),j:) =  а - д ф and e(<pk(w), c) =  a. - dlp k by A l—4. Hence (>{<pk{w), с)>  a — £ 8ф 
and q((p(w), (pk(w))s=\g((p(w), c)-g((pk(w), c)| > a  дф - ( а - д ф) = ±5ß would be 
valid, the latter being in contradiction with a former inequality. Therefore A>0 
and consequently 5(a), 0 <  a ̂  v is strictly convex.

If %£Ф, then /(5(a)) =  5(a). This is shown by the following identities:
X(S(«)) = X( П UÁCP(W))'\ = П UÁ(/. ° ф)0)) = П Ujyiw)) =  5(a).\<р£Ф ) <р£Ф <р£Ф

Put £ =  inf {a:z£ 5(a'), a'&a}. Then z^S(£), for in case of z$5(£) there 
would be a £':=* £ with z^5(£'), because 5(£) =  f| Û {U(p{w)) and ^(ср(и’)) is closed.
It follows from z€ 5 (0 , <р£Ф and /(5(£)) =  5(Ъ for /<ЕФ that i/z(z)6S©. Further 
w 6 5(£), because in case of w(£5(0, а ср'£Ф would exist with  ̂<o(vr, q>'(wj)<a 
in contradiction with q(z, w) = cг ̂  But z is not an interior point of 5(£), since
Lt(z)c5(£) for a r > 0  and A l—4 would imply that z£5(a) for — т contra
dicting the definition of £. Thus a strictly convex set 5(c) is given and points 
w, z, Ij/(z) £ 5(£) with wz\j/(z), where z is not an interior point of 5© . This is a 
contradiction.

3. A metric characterization of the symmetric Riemannian manifolds

If p is isolated fixed point of an involutoric distance preserving transformation 
о of a metric space, then a is called a symmetry in p. Let (R. q) be a metric space 
satisfying A l—4, a a symmetry in p£R  and (p:R1^ R  a geodesic with <p(0)=/?, 
then a((p(t)) =  cp( — t) for t £ R l . Thus (R, q) cannot have more than one symmetry

25 BUSEM ANN [3].
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in a point.26 27 Let S' be the set of points of (R, q) which admit a symmetry, and ap 
the symmetry in p for p f S .

3. 1. Lemma. I f  (JR, q) satisfies A1—4 and Г is the group of its distance preserving 
transformations, then Z:S-»r,  defined by I(p) = op for p 4 S, is continuous.

Let p £ S and let [С, О] be any subbasic neighbourhood of op in the compact- 
open topology of Г. Assume that there is no neighbourhood U of p in S with 
aq(C) с: О for q £ [/.Then there exist sequences {q„}„= 1>2,...5 {хп}„=12,... with lim qn=p,

П oo

lim x„ = x, xn£ C, aqf x n) $ О for n = 1, 2, ... . Hence by A1—4 crp(x) =  lim crqn(x„) (J О
П -* - о о

in contradiction with op(C)£0.
If op, aq are symmetries of a metric space, then the distance preserving trans

formation tp? = oq о ap is called a transvection.
3. 2. Lemma. Let (R. q) satisfy A1—4 and <p :R' -* R be a geodesic with <p(Rl) a  S. 

I f  a«= ß с у  <ö, ß — а =  <5 — у and ср(ос) = а, <p(ß) = b, ср(у) = с, (p(ö) = d, then
Т _ т  27 
тab ^  cd'

If ß = у, then rab(x) =  ты(х) for any x£R.  For if rab(x') И ты(х') for some x' 6 R, 
then ab( Tab(x')) = a fix') ^  (Th(zcd(x')). But ab{d) = a, ob{oc(x') = x', therefore 
o-b(rcd(x')) =  ob(od(<7c(x'))) = Ga(xr), which is a contradiction. Hence zad = ad с ac о
0 ói, ° =  *аь, when ß = y.

If ß ^ y ,  but (ß — oi)l(y — ß) is rational let а =  а0 <<*! <  ••• < a r =  á be a sub
division of [a, <5] with a, —ai_1=(<5 — a)/r, such that ß = ock, y  = tx1 for some
1 By the preceeding assertions zab = =  т*(в1)„(в, + 1) = i cd.

In the general case there are sequences {«„}/>= i,2 ,...> {$n}B=i,2 ,...> {yB}n = i,2 ,...>
{̂ n}n=i,2 ,...» with a„< ßn< yn<<5,,, ß „ -x n = ö„-y„ and (ß„- а„)/’(у„- ß„) rational 
for и=1, 2, ..., such that lima„ =  a, lim ßn = ß, Hm yn = у. In consequence of

П-*-оо n -* -  oo Л-*-со

3.1. lemma
rab — hm г9(а„)̂ (рп) — hm — tcíJ.

/1-*- OO n - * - o o

3. 3. Lemma. Let (i?, o) satisfy AI—4 and cp :R' -*■ R be a geodesic with <p (R1) a  S, 
then гip:Ri -^r defined by zfit) = z(!>{0)<pit!2), t<P_R' is a l-parameter subgroup of Г.

If u, v £ R j  then by the preceeding lemma z f u  + v) =  т^(ц/2Ы„+1)/2)о 
OT#)»(./2) =  T»(I,) o t» (4  Thus г is a homomorphism; its continuity 
being implied by 3. 1. Lemma.

In such case tv is called the l-parameter subgroup o f transvections corresponding 
to the geodesic <p.

If S=R,  then (R, o) is called symmetric. The identity component of the group 
of distance preserving transformations of a symmetric metric space satisfying 
A l—4 is transitive on the space by 3. 3. Lemma.

3. 4. Theorem. Let (R, q) be a symmetric metric space satisfying A l—5, then 
Г0 the identity component of its distance preserving transformations is a Lie group 
and R can be endowed with an analytic structure such that the map л: r 0XR~+R 
defined by n(a, x) = oc(x), y. fL0, x £ R  is analytic.

26 B u s e m a n n  [3], 345.
27 C art an [4], Part I, Volume 1, 93—94.
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In consequence to 2. 2. Theorem the group of distance preserving transforma
tions of (R , q) has no small subgroups, therefore by the theorem of G leason and 
Y am abe28 Г 0 is a Lie group. Since Г 0 is transitive on R  the theory of transformation 
groups yields that R is a manifold which has a unique analytic structure for which 
n:T0X R - * R  is analytic.29

In what follows the symmetric metric space satisfying A1—5 will be considered 
with the above analytic structure as an analytic manifold too.

C o r o l l a r y . I f  cp:Rl ->-R is a geodesic o f the symmetric metric space (R, q) 
satisfying A1—5, then cp is analytic curve of the analytic manifold R, the tangent 
vectors (p*(t), t ^ R 1 are not zero-vectors, and if ztp:Rl -*T0 is the l-parameter sub
group of transvections corresponding to cp, then <p*(t) = nJz'Pt(t)), i £ R !, where 
z',Pf t  ) is the tangent vector of the curve (tv(t), cp(0)), t £ R 1 in Г0XR.

If (R, q) satisfies A1—4, then the set of its geodesics, with the compact-open 
topology is called the space of its geodesics. Let {<?„}„ = o,i,... be a sequence of geo
desics of (R , Q), then lim (pn = (p0 in ^  if and only if cpn(t) -*<p0(t) for values of

И - * -  OO

t taken from a compact interval of R 1. If s i and A =  {(p(0):q>^sl} is bounded, 
then s i  has a compact closure.30

3. 5. L em m a. Let { < ? > „ } „ = be a sequence o f geodesics of the symmetric 
metric space satisfying A l—5 with lim (p„ = (p0, then lim (p„J.O) = <po„(0) holds

t1-*-oo n-*- со
in the topology o f the tangent bundle TR o f the analytic manifold R.

Let { z Vn}n = 0, 1, . . .  be the sequence of l-parameter subgroups of transvections 
corresponding to the sequence of geodesics. By 3.1. Lemma lim TVn(t) = zq>0(t)

П-+-00

for t ^ R 1. The existence of a canonical coordinate system of the first kind31 in 
Г0 implies that lim т,,п»(0) = ̂ »(0) holds in the tangent space of Г0 at the identity.

П CO

Since hm т 'п*(0) =  t' o*(0) in Т(Г0Х R), q>„*(0) =  tt̂ {z'p*) and я* is continuous, the
П -* -о о

assertion follows.
3. 6. L em m a . Let (R, q) be a symmetric metric space satisfying A l— 5, if X  

is a non-zero vector in the tangent bundle TR of the analytic manifold R, then there is 
a geodesic cp:R1 R o f (R, q) such that X  — LpfO) with A >0.

Let A be a non-zero tangent vector of R with X  £ Rx, x£R,  and x : t/y — Rm 
a coordinate system of the analytic manifold R, defined on the spherical neigh-

S 2 m
bourhood Uy, у > 0  of x, such that x(x) =  (0, 0, ..., Ö). If <dx = {cp\(p£ <S, tp(0) = x}, 
then the curves, хоср, (р£Ух are analytic and cover the neighbourhood x(Uy) of 
x(x) in Rm. If (jío(p)(t)={x\,{t), ..., x“(t)), 0 s |t |< y ,  (р£Ух, then there is a y'>0  
such that each analytic function xl(p, i = l ,  ...,m, <p £ Ux is represented by power 
series for 0 s |f [ ^ y '.  To verify the last assertion observe that since n:T0X R ^  R

28 Gleason [5], Y amabe [16].
29 P o n trja g in  [10], II. 95—97.
30 Busemann [3], 42.
31 Pontrjagin [10], II. 65.
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is analytic, if (a1, ar) is a canonical coordinate system of the first kind of Г 0, 
then there is a neighbourhood W of the identity element of Г and a neighbourhood 
Ucz Uy of X such that n(oc, y) = a(y) = z£ U.( for a Ç.W, y£U  and if zl = n‘( a1, otr; 
y 1, ym), i = 1, . m, z‘ being the coordinates of z with respect to x, then each 
function 7i‘ (/=  1, ni) is represented by a power series for values of the variables 
which correspond to elements a£ W, yd U. By 3. 1. Lemma there is a y' >0 such 
that (p(t)£ U and x9(/)€ W for 0 ë |i |ë y ',  cp£^x- If (t* ( / ) , xJ,(r)) are coordinates 
of Xyit) with respect to the canonical coordinate system, then x£,(*) = Aj,/ for

h i  ™
O S |i|S y ', (р£Ух, Therefore xiq>(t) = r i ( l l t , A't; 0, 0, ..., 0) can
be rearranged to give a power series of t for 0 S  |t| S  y'. Assume now that the assertion

of the lemma is false; then there is а (Ç1, ..., £m) 7^(0 , 0, ..., 0) such that (Li;1, ..., Â m) 
for A>-0 are not coordinates with respect to x of a tangent vector <р*(0), <p£&x. 
Let be a sequence of points with lim pn = x, x(pfi = (pxn, ...,р”) and

П-*- oo

limX„p'n =  <J‘, /'=1...... m for a sequence {/„}„= of positive numbers. Let
H-*-oo

(Pn^^x be a geodesic with (p„(t„)=pn, Q(p„,x) = tn for и =  1,2, . . . .  Since is 
compact there is no loss of generality by assuming that lim cp„= (p0 € Hence

7J-*- «>

lim (p„(t) = (po(t) and consequently xj,0(t) =  lim i= l ,  ..., m for 0 ^ |t |^ y ',
П-*-оо n-*. oo

and this convergence can be assumed to be uniform without loss of generality. 
Hence

lim(4 „ (0 -4 „ (° ) ) / i„  =  lim p‘J tn = A'o(0).
П-*- со П-*- oo

But = lim À„p‘„ =  (limA„t„)xj)(0) gives a contradiction.
П-*- oo И-»-оо

3. 7. Lemma. Let (i?, o) èe a symmetric metric space satisfying A1—5, x:U -*■ Rm 
a coordinate system of the analytic manifold R defined on a neighbourhood U of x £ R  
and d the distance function o f Rm. Then there is a neighbourhood V czU of x  such 
that d(x(a), x(b))/Q(a, b) ë  p for a,b£V, aXb,  with some p>0.

Assume that the above assertion is not valid, then there are sequences 
R } h=i ,2 ,...> {Mn=i,2 ,... with lima„= \\mb„ = x, anXbn and

«-*- oo n~+ oo

lim d(x(a„), x(bn))/e(an, bn) = 0.
tl~*~ ° °

A sequence of geodesics {ç>„}„=12 exists with cpn(0) = a„, (p„(t„) = bn,
tn = g(a„, b„) and there is no loss of generality by assuming that lim (pn = (p0. Since

П-*- oo

n:T0XR-»R  is analytic, if (a1, ..., ar) is a canonical coordinate system of the first 
kind of Г0, then there is a neighbourhood W  of the identity of Г and a neighbourhood 
U'czU of x  such that n(oc, y) = x(y) = z£ U for a€ W, y  £ U', and if z i = n,(a1, ..., ar ; 
y l, ..., ym), i =  1, ..., m, z ‘, yJ being coordinates of z, у  with respect to x, then each 
function 7i‘ is represented by power series for values of the variables which corre
spond to W, y£ U'. By 3. 1. Lemma there exists a neighbourhood U" c  U' of x  
with xpq £ W for p, q£ U", consequently there is a у > 0  and a N  such that x^Jf) £ W
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for 0 s j í |< y  if п = 0, or n ^ N .  Thus т^ f t )  is represented by (A*t, f nt) for
0 s | i |< y  in the canonical coordinate system if n = 0, or n S N ,  and if (xocpn)(t) =  
=  ( x ! ( f x ? ( r ) ) ,  then xi„(t) =  nl(Ait, ..., k rn t ;  ^(O), ..., л#(0)) for 0==|г|<у, 
i= l ,  m; n =0, or n ^ N .  Therefore i=  1, m, n =  0, orwSlVis represented 
by a power series of t for 0 ^  |f|<y. By the Corollary to 3. 4. Theorem

\\md(y.o(p0{t), y.o(p0(0))l\t\ = lim ] f  2  0 4Í-0 Г i= 1 ( O - 4 ( 0 ) ) : / 1 ( 4 ( 0 ) ) 2
r i = 0

7*0.

The same argument as applied at the preceeding lemma gives lim (x‘n(tn)— X o ( 0 ) ) / t „  =
П-*-оо

= .x‘0(0). Hence

If  2  *‘о(0)2 lim
Л-*-во

2 ( x U tn )-x‘n 
=  1

= lim d(x(an), x(bn))lo(an, b„) =  0,

which contradicts the former assertion.
3. 8. Let (R, q) be a symmetric metric space satisfying A1—5, x£R  and tpn f  x, 

n = \, .... m geodesics such that {<p„*(0)}„=1>2,...,m is a base o f the tangent space Rx. 
Then there is a coordinate system x:U y-+Rm of the analytic manifold R, defined

1 n — 1 и л +  1 m

on a spherical neighbourhood Uy, у >0 of x  such that (x о (pn)(t) = (0, 0, t, 0, ...,0)
if  0 ^  |í| g  у for n= 1, ..., m.

Let TiPn:R1 ^ Г 0 be the 1-parameter subgroup of transvections corresponding 
to cpn for и =  1, m and yt , yk'.Rl -*HX a maximal system of 1-parameter 
subgroups of the isotropic subgroup Hx such that у , +(0), ykfi0) are linearly 
independent. The vectors т^ДО), ..., т^ДО), у,Д0), ..., y^O) are linearly inde
pendent too. Let t„1+(0), ..., т„тД0), X x, ..., Xj, yu (0), ..., y**(0) be a base of 
the tangent space of Г0 at the identity, and ( t 1, ..., tm, v1, vj , s1, ..., sk) the corres
ponding coordinate system of the second kind32 of Г0 defined on a neighbourhood 
V of the identity by — *)о ... or^m(tm)o ... о E, fivj) о у fis1)0.. .о yk{sk) for
adV. This canonical coordinate system yields a coordinate system x:Ű — 
of Г0/Нх ,which is defined on a neighbourhood 0  of T0/Hx by й(аHx) = (t1, ..., tm, 
vl,...,v*) for i f  L c F ,  if oc = T</>1(t1)o ... oTVm(tm)o ^ ( v ^ o  ... o^j(vJ).33 But for 
any ydR  the set Cy = {и:а.£Г0, а(х)=у} is a left coset of Hx, and ix(y) — Cy is 
a homeomorphism tx:R-+r0/Hx, which inducing the analytic structure of R is 
analytic.34 Therefore a coordinate system x' = x oix:U-*Rm+j is defined on
U = i~ \ t7). Hence j  = 0 and {xo(pn)(t) = (xoix){q>n{t)) =  (й о ̂ Хт^ДООО) =

1 п — 1 n л +  1 m

=x(xVn(t)Hx) = (0, ..., 0, t, 0, ..., 0). Let Uya  U be with у >0, and x the restric
tion of x' to Ur

3. 9. Lemma. Let (R, q) be a symmetric metric space satisfying A1—5, x£R , 
<p Lj x and ф :[(), a] -* R, ф(0) = x a continuous curve of the analytic manifold R dif
ferentiable at t = 0. I f  iJjJ0) = A(pJ0), Л>0, then i =  lim g(f/(t), \J/(0))/\t\.

t - 0

32 P o n t r j a g in  [10], I I .  71 .
33 P o n t r j a g i n  [10], I I .  81 — 8 2 .
34 P o n t r j a g i n  [10], И .  91 — 9 7 .
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By 3. 8. Lemma there is a coordinate system x:Uy-»Rm of the analytic manifold 
R defined on the spherical neighbourhood Ur , / > 0  of x  such that (xo(p)(t) —

= (t, 0, 0) for 0 ^ | t |< / .  If d is the distance function of Rm, then

</((хо<р)(0,(ко<р)(0)) =  1- d((y.otp)(t), (хоф)ф)) _

t-+o e(<p(t)> <рФ)) »-о q(H0,ФФ))
To verify the last assertion observe at first that

d((xo<p)(t), (xo<pj(0)) _
e(<p(t), <p(oj)

if |i| is small enough. Further there is a 0</?Soe such that to any 0 there
exists a 0 with d(x(x), (xoij/)(t)) = d(x(x), (xo (p)(i)) = q(x , (p(t)) = t. Hence

g(x,(p(tj) g(i/i(Q, <p(Q) ^ ___ g(*, Ф(‘;) ^
<*(*(*)> (*°9)(0) g(*> <p(0) _  i/(*(x), (xoi/i)(r)) ~

á  e ( x ,  <jp(Q) +  в ( Ф ( 0 ,  f f l (O )

“  </(* (x), (« о (?) (í)) g (x, (0)
for 0 < t< ß. Since i/i*(0) = Я<р*(0), if (xoi/i)(r) =  (t^1 (í), ..., i/d"(/)) for ф(?)е(/г , 
then v>‘(0) =  Я, i/>2(0) =  — =  фт(0) = 0. Thus

l;m ^{(хоф)(1),(хО(р)(1)) _  1;_  V(lA1( 0 - í ) 2 + ('/'2(0)2+ ... +(lAm(0)2 
"о <% (*),(* О <?)(0) " “ о t

=  ! ™ / * М т 0 ) =  °-

By 3.7. Lemma there are у, ^ > 0  with ^{ЬссфМ), (xc(p)(t))  ̂ for q< ?<
е(Ф(0,<р0))

Therefore

lim sup еОИО. <K0)
g(x, ф(0)

= lim sup
í-0

gpKO, y(Q)
d({xo \j/)(t), (xoq>)(l) • lim sup

f-0
d((xo\jj){t), (xo (p)(t)) 

d(x(x), (xo (p)(t))
and consequently

lim___ е к ' Ш ___=  1
d(x(x), (xo\l/)(t))

= 0

These imply the validity of the equality in question, from which the assertion of the 
lemma follows.

Corollary. Let (R, g) be a symmetric metric space satisfying A1—5, x£ R 
and <pi ,(p2€'&x with (p1J0) = A(p2J0), Я>0, then Я= 1.
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If (R, q) is a symmetric metric space satisfying A l—5, then a real valued function 
F.TR-+R1 can be defined on the tangent bundle TR of the analytic manifold R. 
If x£ R  and 0 £ R X, let F{0) = 0; in case of X £R x, X ^ O  there is a c p ^ x with 
X=X<pj!0), by 3.6. Lemma, put F{X) = ). then. Obviously F( — X) =  F(X) 
for any X£TR.

3. 10. Lemma. Let (R , o) be a symmetric metric space satisfying A1—5, then 
F.TR^-R1 is continuous.

Let {x„}/i=o,i,.j z R  and X„£RXn, n=  0 ,1 ,... with limA„ = A0. Assume that
n-*- °°

a subsequence {X„.}i=l 2,... exists with F(X,0)И lim F(Xn.) S  °°. There is no loss
Í-4-OO

of generality by assuming that there exists a sequence of geodesics {<?„,};=1,2 ,... 
with Xni=Á„.(pn. f 0), 2„.S0, / =  1 ,2 ,..., and lim q>n. =  cp € &Xo. By 3. 5 ' Lemma

H-*-oo
lim <P„if O) = <pJ0), therefore X0 =  Ytmfpp^JO) =  lim АЯ(<р*(0) =  A<p*(0) and
Í -+-00 i —► со i-*. 00
F(X0) = Л = lim =  lim F(Xn)  contradicting the above assumption. Hence 

F{X0)=  lim F(JQ.
П-*- 0 0

The function F is called the arc-element of the distance function q . This ter
minology is justified by the following

3. 11. L emma. Let (R , q) be a symmetric metric space satisfying A1—5 and 
F.TR-^R1 its arc-element. Then any curve <p:[0, a] --R  o f class C1 of the analytic 
manifold R is a rectifiable curve of the metric space (R, q) and its arc length is given

by f  F((pft))dt.
0

If 0 < a '< a ,  then for a sufficiently large integer n0 all the functions fn{t)— 
=и£>(<р(/ +  l /и), cp{t)), и S  л0 are defined in [0, a']. They are continuous and F(cpfit)), 
i£[0, a] is continuous by 3. 10. Lemma. In consequence of 3. 9. Lemma lim /„(t) =

n-*- 00
Fiypft'j), i£ [0, a']; therefore by the theorem of Arzela this convergence is quasi
uniform. This means, that to any e > 0  there are integers nt , ..., щ S n 0 with 
1-Кф*(0)—/„/01 -= e/2a for some 1 ^ i S k  for any /£[0, a']. For ?o = 0 let nia be an 
integer corresponding to t0, and for t l = t0 + l/nio let nh be an integer correspond
ing to t1; by continuing this process there will be a first step with tm S  T . Put 
Atj = t j - t j _i, J =  l, ..., m, then

m  — 1

2  <?O(0-1)’ <p(.tj))+Q(<p(tm- 1). < ? (« )-  
j= 1

m— 1 

0=1
<p(tj))

Atj - F ( < P * ( t j - i ) ) \ A t j  +

+  \Q ((p( tm- 1 ), <P(a')) - F(<p^(tm_ 1 ))(«' -  _ 1)[ < e/2 + e(<jo(/m.-i), +
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if  n0 is large enough. This implies that cp :[0, a'] -> R is a rectifiable curve of (R, q),
a

and its length is given by J  F(cpfit))dt. The assertion follows now obviously for
о

the whole interval as well.
If M  is a differentiable manifold of class C1 and F:TM R1 is a non-negative 

continuous real-valued function defined on the tangent bundle TM  of M, such 
that F(A) =  0 if and only if X = O ^T M  and F(kX) = XF{X) for X£TM , A>0, 
then (M, F) is called a Finsler-manifold.3S The induced metric space of a Finsler- 
manifold can be defined analogously to that of a Riemannian manifold.

3. 12. L e m m a . I f  (R, q) is a symmetric metric space satisfying A1—5, then 
its arc-element F'.TR-^R1 defines a Finsler-manifold (R, F) which induces the metric 
space (R, q) and has convex indicatrix in every tangent space o f R.

That (R, q) has an arc-element F which defines a Finsler-manifold (R, F) 
follows by 3. 9, and 3. 10. Lemmas. The induced space of ( R, F) is ( R, q )  by 3. 11. 
Lemma. The same lemma and a result of B u s e m a n n  and M a y e r 36 imply that 
F has convex indicatrix in every tangent space of the analytic manifold R.

3. 13. L e m m a . Let (R , q) be a symmetric metric space satisfying A1—6, then 
(R, F) is a Riemannian manifold.

It suffices to show that F as norm defines a euclidean vectorspace on each 
tangent space of the analytic manifold R. To this end let X, YdRx, x£R , F(X) — 
=  F(y) = l be linearly independent vectors and <p, \jj\R' -+ Rx defined by q>(t) = tX, 
i//(t) = tY, t^ R 1. By 3.6. and 3.9. Lemma there are geodesics q>,\l/^x with 
(pJff) = X, iffiO) = Y, and in consequence of 3. 8. Lemma there exists a coordinate 
system x:Uy-»Rm which is defined on a spherical neighbourhood Uv, y > 0 of

w w w  w w w  m
x  and satisfies (xocp)(t) = (t, 0, ...,0), (xo\j/)(t)= (0, t, 0, ..., 0) for 0 s [ i |< y .  
If 0<f, then

s(t, t') =  |cos y(x; q>(t), tKO) — cos у (0; tX, t'Y)\ =

t 2 +  F 2 —( 0  (cp (t), 1A(F)))2 t 2 + t '2- (F { tX - t 'Y ) )2
2 t - t ' 2 t- t '

1 - F(tX— t'Y ) F(tX— t'Y) (1 + t'/t)(l +  tjt').

T,nt f?(<p(0,iKO) ,
But F{tX—t'Y )  1
as t, t' -* 0.37 Hence e(t, t')-+0, if tjt' is fixed and 1, F —0. As (R, q) satisfies A6, 
the angle y(rp, i//) = lim y(x; (p(t), f(t')) exists. Since the norm F defines a Min-

35 Busemann—M ayer [2].
36 Busemann—M ayer [2], Busemann [3], 83.
37 Busemann—M ayer [2].
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kowskian geometry in the tangent space Rx these assertions imply that y(cp, ip) = 
— limy(0; tX, t '  Y) exists as well.38 Hence the norm F defines a euclidean vector

t, r ' - o
space on Rx.

3. 14. L em m a . I f  (R. q) is a symmetryc metric space satisfying A l— 6, then 
the Riemannian manifold {R, F) is symmetric.

Since the induced space of (R, F) is (R, q) and every distance preserving trans
formation of (R, q) is an isometric transformation of (R, F),39 the latter is a sym
metric Riemannian manifold.

The above assertions imply the following metric characterization of symmetric 
Riemannian manifolds:

3. 15. T heo rem . Let (R, q) be a symmetric metric space satisfying A l—6, then 
there is a unique symmetric Riemannian manifold which induces (R, o).

( Received 24 June 1968)

JÓZSEF ATTILA TUDOM ÁNYEGYETEM , 
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EINE BEMERKUNG ZUM KONVERGENZPROBLEM 
DER ORTHOGONAUREIHEN

Von
K. TANDORI (Szeged), korrespondierendes Mitglied der Akademie 

Herrn Professor G. A lexrr s zum 70. Geburtstag gewidmet

Einleitung

Das Konvergenzproblem der Orthogonalreihen wurde von mehreren Autoren 
diskutiert. D. M ench off  [3] und H. R adem ach er  [6] haben gezeigt, daß im Falle

О)
die Orthogonalreihe

(2)

2 a >fc=i
к log2 к oo

2  a k <Pk(X )k= 1

für jedes im Grundintervall (0, 1) orthonormierte System {<p„(x)} fast überall 
konvergiert. D. M enchoff [3] hat auch bewiesen, daß die Bedingung (1) im allge
meinen unverbesserbar ist. Ist nämlich (w(k)} eine positive Folge mit w(k) = о (log Ar), 
dann gibt es eine Koeffizientenfolge {ak} und ein orthonormiertes System {(pk(x)} 
derart, daß

(3) 2  ak w’2 (k) <  00
k= l

gilt und die Reihe (1) fast überall divergiert. D. M enchoff [4] hat auch gezeigt, 
daß in dieser Behauptung das System {(pk(x)} mit einer Konstante К 1 gleichmäßig 
beschränkt gewählt werden kann. Aus der Konstruktion von D. M ench off kann 
man leicht einsehen, daß diese Behauptung mit einer monoton abnehmenden Koef
fizientenfolge {ak} besteht. Also ist (1) für gleichmäßig beschränkte orthonormierte 
Systeme und für monoton abnehmende Koeffizientenfolgen auch unverbesserbar 
(siehe auch K. T a n d o r i [7], [8]).

Das im Grundintervall (0, 1) orthonormierte System {(pk(x)} nennen wir „vor
zeichensartig”, wenn I(/>*(*)] = 1 (A: = 1 , 2 ,  ...; O ^ x S l)  fast überall besteht. Ob (1) 
für vorzeichensartige orthonormierte Systeme {%(*)} unverbesserbar ist, ist noch 
eine offene Frage. Es ist nur das folgende von A. K olmogoroff und D. M enchoff [2] 
stammende Resultat bekannt: ist {\v{k)} eine positive Folge mit w{k) = o{^log k), 
dann gibt es eine Koeffizientenfolge {<r/fc} mit (3) und ein vorzeichensartiges ortho
normiertes System {(pk(x)} derart, daß die Reihe (2) fast überall divergiert. Also 
im allgemeinen kann die Bedingung

(4) 2 ak log k oo
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3 16 К. TANDORI

nicht abgeschwächt werden, damit die Reihe (2) für jedes vorzeichensartige orthonor- 
mierte System {(pk(x)} fast überall konvergiert. Es soll noch bemerkt werden, daß 
es auch problematisch ist, ob in dieser Behauptung die Koeffizientenfolge {ak} 
monoton abnehmend gewählt werden kann.

Man sagt, daß die Reihe (2) fast überall unbedingt konvergiert, wenn sie in 
jeder Anordnung ihrer Glieder fast überall konvergiert. (Die Menge von Divergenz
punkten kann von der Anordnung abhängen.) Die unbedingte Konvergenz der 
Orthogonalreihen ist im allgemeinen Fall vollständig untersucht. K. T a n d o r i  [9] 
hat nämlich gezeigt, daß

~ 1 / 22"+1
(5) 2 \  2  ak2 l°g2 £ < °°

v = 0 ' k  =  22v+1

notwendig und hinreichend ist, damit die Reihe (2) für jedes orthonormierte System 
{(Pk(x)) fast überall unbedingt konvergiert, wobei {ak} eine dem absoluten Wert 
nach monoton abnehmende Anordnung der Folge {ak} bezeichnet. (Im Falle ak-\<~0 
soll man unter der linkseitigen Summe +°° verstehen.) Ob die Bedingung (5) für 
die unbedingte Konvergenz fast überall der Reihe (2) für gleichmäßig beschränkte 
oder für vorzeichensartige orthonormierte Systeme {(pk(x)} im allgemeinen unver
besserbar ist, ist noch eine offene Frage. Aus (5) ergibt sich durch Anwendung der 
Tschebyscheffschen Ungleichung die folgende hinreichende Bedingung: gilt

(6) 2  al  b g 2 к (log log k)1 +£ <  oo (e >  0),
k =  2

dann ist die Reihe (2) für jedes orthonormierte System {<pk(x)} fast überall unbedingt 
konvergent. (Das ist ein spezieller Fall eines Satzes von W. O r l ic z  [5].)

In dieser Note werden wir die folgende Behauptung beweisen:
Sa t z . Es sei e > 0  beliebig. Dann gibt es eine Koeffizientenfolge {ak} mit

oo

(7) 2  al  log Ar (log log Ar)1 - £ <  oo
k =  2

und ein vorzeichensartiges orthonormiertes System {q>k(x) } derart, daß die Reihe
(2) in einer gewissen Anordnung ihrer Glieder fast überall divergiert.

Offensichtlich gibt es eine Analogie zwischen (1), (4) und (6), (7).

§ 1. Hilfssatz

Gewisse Ideen des Verf. werden benützt (K. T a n d o r i  [10]). Es sei r„(x) = 
= sign sin2n7rx die /г-te Rademachersche Funktion. Das Walshsche System {wn(x)} 
ist folgenderweise definiert: w0(x) =  l in (0, 1); ist « = 2V< +  ••■ + 2V<- (vt <  ••• <  vp) 
die diadysche Darstellung von n S l ,  so sei w„{x) = r^i + l{x)...rVi>+i{x). Bekanntlich 
ist das Walshsche System in (0, 1) orthonormiert. (Siehe z. B. G. A lexits [1], S. 
59—62.)
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Es sei a eine positive ganze Zahl. Wir setzen

*) = -24 / 7  ( i + a [ ~ + 2 ^ r )  ^ 2x)} <ß = °. - .  2я- 1).

<pa ’x) ist die Linearkombination von Funktionen w0(2x), wk( 2 x ) , w2«_i (2x); 
es gilt

<Pa ;x \ =

und

( 8)

1 /+ 1  1 /
2a+1 

0 sonst
1 ’  2 2a + 1 X

1 /+ 1  )
2 + 2a+1 J

j V ——, ; x \dx  =  — .2a+1 I 2“
Wir setzen

^ ( 0 ;  x) =  Ф! (0; x),
= r3(x)q>l (0; x), Ф2(1; x) =  - r 3(x)r1 (x)<p,(0; x),

Фх(2;х) = r4(x)<jp2(0;x), Ф2(2; x) = - r 4(x)r,(x)(p2(0; x),

1Ф3(2;х) = r4(x)<p2| ^ ; x | ,  Ф4(2;х) = -гД х )^  (x)<p21 x | ,1

und im allgemeinen

&2j+ i(k;x) = rk+2(x)<pk J2k+T ^ J  ( y - 0 , . . . , [ ( 2 ‘ - l) /2 j) ,1

Ф2у(к;х) =  — г1(х)Ф2у_1(к; x) (j = 1 , 2*-1).

Offensichtlich ist Ф^к; x) (k = 0 ,1, ...; z' =  1, ..., 2k) eine Linearkombination der 
2k Funktionen von der Form wp(x)wq(2x) :

2k— 1
(9) ф .(к ;х )=  2  c(n, г, k)wp(u i k)(x)w„(2x).

ы =  0

Gehört wPs(x)ws(2x), bzw. wp<y(x)wa(2x) zu der Zerlegung in (9) angegebenen von 
<P2j-i(k ;  x), bzw. zu der Zerlegung von <P2j(k ; x), dann gilt weiterhin 

1
/  (x) ws (2x) (x) wff (2x) dx = 0.
о

Aus (8) folgt weiterhin
1 .

(10) f  Ф21(к-х)с1х = - к (к =  0 ,1 ,...; /= 1 ,  . . . ,  2k).
О z

1 [a] bezeichnet den ganzen Teil von а.
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Es sei N  eine natürliche Zahl. Wir betrachten ein Intervall L — s Í +  1
2ivTT» 2 ^ + 1

(5  =  0 ,..., 2N+1 — 1). Es sei Z s die Menge der Indexpaare (/, к) (k = 0 , N ;  
i= l,  ..., 2k) mit x) = 0 (x £ /s); die Elemente von Zs in einer gewissen An
ordnung bezeichnen wir mit (7X, k t), (i2, k 2), ... . Wir setzen

x(+ i, k; x)
rN + 1 +,(x) (x£Is; (i, k) = (i„k,), / = 1,2, ...), 
1 (*€ /„ (/, fc)ÍZ,),
0 sonst.

Mit den Funktionen wp(u>ijjt)(x)M’B(2x) (и = 0, . .. ,2 k — 1), welche zu der Zerlegung 
(9) von Ф,(/г; x) gehören, bilden wir die Funktionen

2 n + 1 - 1  2 n + 1 - 1

f i W  =  2  z(i, 1,0; x), *A2( x )  =  2  X(i, l,l;x )r i(2 x ) ,
s = 0  s = 0

2n+*-1
^ 2 + 4+... + 4k-4(i-l)2‘ + .+ lW  = 2  /С*, U ;x )H ’p(„,i,)i)(x)H',(2x)

s = 0

(и = 0,1, ..., 2* — 1; Ar =  1,2,...).
Nach obigem sind die Funktionen t̂ ,(x) ( / =  1, ..., 2 + 4 +  ••• + 4N) Treppen
funktionen (d.h. man kann das Intervall (0, 1) in endlichviele Teilintervalle zerlegen 
derart, daß jede Funktion i//((x) in jedem Teilintervall konstant ist) und bilden 
ein vorzeichensartiges orthonormiertes System. Es gilt

J  î i(x) dx = 0  (/ = 1, ..., 2 + 4 4 ----- b4N).
0

Weiterhin erhalten wir aus (9) die Zerlegung
2 fc—  1

Фс(к ;х )=  2  c(u, /,Ar)^2+4+...+4k- i+(t_1)2fc+e+1(x).
u =  0

Für die Funktionen Ф,(А; x) gelten offensichtlich die folgenden Behauptungen: 
Jede Funktion Ф,(А; x) ist eine Finearkombination von Funktionen i//,(x); ver
schiedene Ф;(к; x) haben in ihren Darstellungen keine gemeinsame ^(x); für die 
Darstellungen von Ф,(А; x) (k = 0 , N ;  i= 1, . . . ,2 k) benötigen wir 2 + 4-1—  +4^ 
Funktionen <//,(x).

Es sei nun N  — 2" und a eine positive ganze Zahl (2§ а < н ) . Wir betrachten 
die Summe

2“ 2 k - ' - l

(11) Sn(x) =  —  | ф ,(0 ;х) + 2  2  (Ф2, + 1 (Аг; х) + 2Ф27.+2 (Аг; х)) +
fc=l J=0

n

+ 2<т = а+ 1
1

0-2"
2 CT

2k = 2a~*+l

2x-i
2  (ф2Х+1 (к ; x) +  2Ф2;+2 (Ar; x)) = 
2= 0

2» г1“- 1-!
=  ^ 0  ̂ 1  (0; *) + Ak ^  {^2j+1(^1 X)~^^2j+ 2(^1 X))’

k =  1 j = 0
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wobei
1

a2a

A„ = o2a (2"_1 < k  S  2°; a =  a+l ,

ist. Es gelten die folgenden Vorstellungen:
2

АдФ^О; x) = Z  di(ri)\l/i(pc)
1=1

2  4-  4  H------- h  4 k  -  1 +  2 0 * + l ) 2 k

А{Ф2]+Лк-,х) + 2Ф2;+2(к-,х)) = Z  dt{'п)ф,(х)
1 = 2  +  4 4 -------b 4 h  “  1 +  2 j ‘2 k +  1

(J = 0, 2fc- 1 — 1; к = 0 ,1 ,... ,  2").
Nach obigem folgt aus (10)

2k 1
Z  J Ф?(к;X)dx = 1 {к =  0,1,...),

und so erhalten wir für ein e (> 0 )
2 + 4 4 —  +  4- +  •'■+ 4  n , ,

Z  d? («) log (/ + я)(log log (/ + а))1 -E =1 Cj Z  Л +Г s  C2 — .
/= 1  v = a  V  А

(C1; C2, ... bezeichnen positive absolute Konstanten.)
Wir definieren eine Anordnung der Glieder der Summe S„(x). Es sei

<?i(x) = Ao<Pt(0; х) + А1Ф1( 1; x) + 2 A ^ 2( l ; x),

<т2(х) =  А оФ1(0;х) + А 1Ф1(1;х) + А2Ф1(2;х) + 2А2Ф2(2;х) +

+ 2А1Ф2(1; x) + А2Ф3(2; x ) + 2А2Ф4(2; x),

u.s.w. Die Summe aß +, (x) erhalten wir derart, daß wir in aß{x) nach dem Glied 
A ^ 2j+i(n; x), bzw. nachdem Glied 2Af/P2j+2(ß; x) die Summe

Аи +1 $ 2ij + i(p + 1; x) + 2Aß+ t Ф2^+4(р + 1; X),

bzw. die Summe ^ д+1Ф22̂ -+3(/2 + 1; х) + 2Лц+1Ф227+4(/1 + 1; x) einschreiben. Durch 
vollständige Induktion erhalten wir die Summe cr2„(x), die eine Anordnung der 
Glieder von S„(x) definiert. Nach der Definition von Фь(к; x) ist es klar, daß das 
Maximum der Partialsummen dieser Anordnung von S„(x) in (0, 1/4) — abgesehen 
von endlichvielen Punkten — nicht kleiner als

i - U c j k "
,7Tn v
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ist. Damit haben wir den folgenden Hilfssatz bewiesen:
Hilfssatz. Es seien n und a positive ganze Zahlen (2Ша<п) und e> 0 . Dann 

gibt es eine Koeffizientenfolge {dfn)} (/=1, ..., 2 + 4 + . . .+ 4 2" = Ad„) und ein vor
zeichensartiges System von Treppenfunktionen ффп; x) (/=1, mit folgenden
Eigenschaften.

Es gilt
Mn 12 di2(n) log (/ + n)(log log (/ +  n))1_£ S  C2— .

1=1 u

Weiterhin gibt es eine einfache Menge En (d.h. En ist die Vereinigung endlichvieler 
Intervalle) mit dem Mass \En \ = 1/4 und eine Anordnung

Mn
2  0,£п)фи{п-, x)
i=  1

der Summe
мп
2 а)
1=1

derart, daß

max 2  dn(n) </+(«; *) =  C3 log — (x£ En)
l g s S M „ i = l  Я

besteht. Weiterhin gilt
l

J  фг(п\x) dx = 0 (/ =  1 ,..., Mn).
о

§ 2. Beweis des Satzes

Durch Anwendung dieses Hilfssatzes können wir den Satz leicht beweisen. 
Es sei л(1) =  4, a(l) = 2. Durch Rekursion definieren wir die ganzen Zahlen n(r) 
(r = 2, 3, ...) mit folgenden Eigenschaften

( 12)

(13)

2 [log log(M„(1) + ... + M n(r))\ = a{r) < и (г+ 1 )
oo 1

(r=  1,2,...),

(14) l o g ^ . l  ( r =  1,2,...).

Wir werden eine Koeffizientenfolge {ak}, eine Folge von einfachen Mengen 
Gr(r= 1 ,2 ,...) und ein vorzeichensartiges orthonormiertes System von Treppen
funktionen cpk(x) (k=  1,2 ,...) mit folgenden Eigenschaften konstruieren:

Die Mengen Gr sind stochastisch unabhängig und für jedes r besteht

(15) |Gr| = 1/4.
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Es gilt für jedes r

(16)
Br fr 1 I2 al log к (log log k)1 - £ == C2 -  {Br = M„(1) + • • • + Mn(r)).

k = B r + 1  <ЦГ)

Weiterhin gibt es für jedes r eine Anordnung

der Summe

derart, daß 

(17)

Br + l
2  aki(pk.(x)i = Br+ 1 

B r + l

2  akq>k(x)k=Br+ 1

max I 2  ак,<РкЛх) -  с з log
n (r + 1)

air) (*€G,)Br-=j'SBr + 1 j 1=1
besteht.

Mit a = a{ 1) und n =n(\) wenden wir den Hilfssatz an. Wir setzen
ak = dk(n( 1)), q>k(x) = \l/k(n( l);x ) (fc = 1, a(l)), Gk=EnW.

Es sei r0( S 1) eine ganze Zahl. Wir nehmen an, daß die Koeffizienten ak (l S k S B ro), 
die einfachen Mengen Gr {r— 1, ..., r0) und die Treppenfunktionen <pk(x) 
(k=  1, ..., Brij) schon definiert sind derart, daß diese Funktionen ein vorzeichens
artiges orthonormiertes System bilden, diese Mengen stochastisch unabhängig 
sind, weiterhin (15), (16) und (17) für r —  1, ..., r0 bestehen.

Dann gibt es eine Zerlegung des Intervalls (0, 1) in endlichviele Intervalle 
Jy, ..., J0 derart, daß jede Funktion <pk(x) (1 S k s B ro) in jedem Jk konstant ist, 
weiterhin jede Menge Gr (r =  l, ..., r0) die Vereinigung gewisser Jk ist. Die End
punkte des Intervalls Jk bezeichnen wir mit a.k, ßk. Wir wenden den Hilfssatz mit 
a = a(r0) und n = ti(r0 +  1) an. (Wegen (12) ist das möglich.) Wir setzen

(Pk + B, (x) =  2 п(«(̂ о + 1);Л;x) {k = l, . . . ,B ro+1),k= 1
Gro+i — U E a(r0+ i)(Л)>X=1

wobei

^ k(n(r0+ l); J^; x) = n (i'o + 1);
X — tXx (ccx <  x <  ßy),

sonst

ist und En(ro+ i^Jy) die Menge bezeichnet, welche aus der Menge -E/Ki-o+1) durch 
der linearen Transformation у — (ßx — аи)х + rJ.y entsteht.

Die Funktionen фк(х) (Bro < k s  ВГц +,) sind Treppenfunktionen, die Menge 
Gro + 1 ist einfach. Ferner folgt auf Grund des Hilfssatzes, daß die Funktionen 
cpk(x) (k = 1, ..., Bro + 1) ein vorzeichensartiges, orthonormiertes System bilden, 
die Mengen Gr (r= 1, ..., r0 + l) stochastisch unabhängig sind, und (15), (16) und
(17) für r = r0 + 1 bestehen. Das Funktionensystem {<pk(x)}, die Koeffizienten
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folge {%} und die Mengenfolge {Gr} mit den erwähnten Eigenschaften erhalten 
wir somit durch Induktion.

Aus (13) und (16) ergibt sich (7). Es sei G— lim Gr. Auf Grund der stochasti-Г~*~ oo
sehen Einabhängigkeit der Mengen Gr erhalten wir aus (15)
(18) |G| =  1
durch Anwendung des zweiten Borei—Cantellischen Lemmas. Aus (14) und (17) 
ersieht man, daß die mit diesen ak und (pk(x) gebildete Reihe (2) eine Anordnung 
ihrer Glieder besitzt, welche in jedem Punkt von G divergiert. Wegen (18) divergiert 
sie also in dieser Anordnung fast überall.

Damit haben wir den Satz bewiesen.
(Eingegangen am 2. Juli 1968.)

M TA ANALÍZIS TANSZÉKI KUTATÓ CSOPORTJA,
SZEGED, ARADI VÉRTANÚK TERE 1
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A PROBLEM ON WELL ORDERED SETS
By

P. ERDŐS (Budapest), member of the Academy, A. HAJNAL (Budapest) and 

E. C. MILNER (Calgary)
To Professor G .  A l ex its  on his 70th birthday

1. Introduction. In this paper we settle one of the questions left open in [1] con
cerning the symbol
(1) «=>[ß, yL-
By definition, (1) means that the following statement is true: I f  S is well ordered 
set of order type a. and if 3F — (Ff.jiGM) is any family of m —\M\ subsets of S such 
that each Fß (p f  M) has order type less than ß, then S contains a subset C of type 
у which is disjoint from m sets Fß o f the family , i.e.

\{p:p£M; Fll(jC =  0}\= m .

The set C is said to be (# ”, m)-free. The negation of (1) is written as

« Ф  [ß, у]т-

We proved ([1], Theorem 10.6) that

(2) cov + 2 ct = >  [co“+ t, cov+2a]sv + 2 0 <£Uv+i)-
So that, in particular,
(3) co2a => [m?, co2aL2

holds for all a < co1. The condition a<cov+1 in (2) is necessary since, for example 
([1], Theorem 10. 1) assuming 2Sl = K2,

öJj Cű^ M oű! + 1 ,  сОгШ!]^.

By using a result of [2] on set mappings (see [1], Theorem 6. 2) it is very easily seen that 

a>2n=>[ß, ш2и]ц2 (л<ш ; /?<ш2),

and this is stronger than (3) when а<ю. We asked in [1] (Problem 5) whether (3) 
is best possible when a = co, i.e. does

(4) ct>2 со =|=> [w? -f 1, со2 w]s,2 
hold?

Using the generalized continuum hypothesis (more precisely, using 2Sl =  H2) 
we can now show that (4) holds. In fact, the following theorem shows that (3) is 
best possible in the sense that со“ cannot be replaced by any larger ordinal.
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T h eo rem . I f  2H| =  and и ё о к ш , ,  then

(5) со2 а Ф- [со? +  1, со2 ос]*2.

2. Notation and preliminary results. Capital letters denote sets and small 
letters denote ordinal numbers unless stated otherwise. The cardinal of x  is m . 
The obliterator sign written above a symbol means that that symbol should be 
disregarded. For example,

{x0, ..., x j  = {x,:v<«}.

We write S  = {x0, ..., xa}< if the set S = {x0, ..., xx} is simply ordered by <  so that 
Хц<ху for ju < v < at. For any cc, ß we write [oc, ß) = {v: aSv</?}.

The order type of the well ordered set A is denoted by tp A. If the sets Av (v <«) 
are disjoint and ordered, we write

S =  ^ 0U ...U Á (tp )

to indicate that S is the union of the Av and also that S  is ordered in such a way 
that the order relations in each Av are preserved and x < y  if х~А ц, y f A v and 
/r<v<cc. T  is a cofinal subset of the ordered set S if for each i f  S there is some 
у в Т  so that x ^ y .  For ooO, со (a) denotes the smallest ordinal ß such that [0, a) 
contains a cofinal subset of type ß. Thus со (a) is either 1 or an initial ordinal. 
If a is such that ß + y < y. whenever ß < а  and у <  a, then a is said to be indecomposable. 
The indecomposable ordinals are 0, 1 and powers of со.

An ordinal valued function /  defined on the set of ordinal numbers A is 
regressive if f (a )< а (севA; oc^O). Be. A is closed (w.r.t. A) if В contains the limit 
of any increasing sequence of elements of В which is also in A. S c[0 , cofi is stationary 
if [0, cofi — S  does not contain a closed subset cofinal with [0, coj. It is easily seen 
(see [3]) that the set

{a: a <  co2; co(a) = co1}

is stationary. It is well known that if &a(=-X0) is regular and /  is a regressive 
function defined on the stationary set S e  [0, coj, then /  has a stationary value, 
i.e. there is some 0 such that

|{a: a € ^ ;/(a )  =  0}| = «a.

It has been proved in [4] that if 5 is a well ordered set and tp S-<coa+1, then 
there is a partition of S  into countably many (small) sets,

(6) S =  S0\JS1D . . . \ j S at

with tp S„^co"(n<oo). We shall use this in the special case a =  l and refer to (6) 
as a paradoxical decomposition of S.

3. Lemmas. To prove our theorem we need the following two lemmas.
Lemma 1. Let A = [0, oc0), where o> e  x0 <  wl and a0 is indecomposable. Let 

*S7 = {(V> <5):<5<y} (v£A; y<ao2) and let

s  =  U U s i
x£A у<(02
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be ordered lexicographically. I f  S ' cz S and tp S' =  co2tx0, then there are у <  co2 and 
N a A  such that со (у) = coy, N is cofinal with A and 5" П Sy is cofinal with Syfor all 
v£N.

P ro o f . Suppose the lemma is false. Then for each
y£M =  {p: e<co2:co (0 ) =  «!}

the set
N y = {v: v £ A ; S' Г1Sy is cofinal with SJ} 

is not cofinal with A. Therefore, for у 6 M, there is vyf A  so that 

S ' П Sy is not cofinal with Sy (vy ё  v <  a0).

Thus for у € M  and v?S v < a 0, there is 0V <  у such that

S ' П {(v, Ő): 0v« 5 < y } = 0 .

Also, since |T| = K0 and co(y) =  cu1 for у 6 M, it follows that there is / (у) < у 
such that

öv < /0 0  (y£M ; vy s  у <  a0).

Since by N e u m e r ’s Theorem M  is stationary, the regressive function /  has 
a stationary value 0<co2, i-e. there is M yczM such that |M1| =  ^ 2 and

/ 0 0  =  0 (y€M y).

Since vy< a0 (у €M ), there is M2czM y such that \M2\ = K2 and

vy =  £ (y€M2).
If y£M 2 and ^ S v < a 0, then

S 'П {(v, Ő): 0<<5<y}=:0.

This holds for each у £M 2 and as \M2\ = K2, it follows that 

S 'H  {(v, <5): 0ё<5<си2}= 0  K s v < a 0).

We now have the contradiction
tp S' S  ю2£ + 0ao < eo2a0 •

This proves Lemma 1.
L emma 2. Let l and let P = {ay. 0  <  w" } < be a set o f ordinal numbers

with
<xe <  co2, co(ae) — coy (p <  col).

For e<co", let Ce0, СеУ, ..., C„01i be N, sets which are all cofinal subsets o f [0, x„). 
Then there is a set C* such that tp C*Sco"+1 and

C *C \C ev 0  (в <  ft)"; V <  0 0  y).
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Proof. For q -c c j", we define ß g in the following way. ß 0 =  0. If о  =  cr+l, 
put ß e = oc<r; if q is a limit number put

ß e = lima,.
a~<Q

Note that if co(e)= 1 or to, since co(a„) = co1.
We will first prove, by induction on n, that there is a regressive function /defined 

on P so that
(7) ]{o: 0 o <  в <  I / Ю  <  ae0}i -  Ко (0 o < <»")•

If n = 1, the function /(a„) = ß„ (в <  w,) obviously satisfies (7). Now suppose 
1. Let О = {y.„: a <  со"; co(cr) = w l }. Then

K , (<ui): <  C 'J c ß c f c t , , , , :  n <  ca"-1}
and so 0  has order type со"-1 . By the induction hypothesis, there is a regressive 
function g defined ón Q so that

j{(j: a0 <  cr; cca£Q; g(cca) <  а„0}| S  к 0 (аЯо€ 0 .
Now define /  in the following way:

/ К )  =  f K )  ( « / 0 .
Ж )  =  ße ( a ,€ P -ß ) .

Clearly /  is regressive. We have to verify that (7) holds. Let ■< со". It follows 
from the definition of the ße that, if 0 o< 0 <ca" and ae£P — Q, then cceo^ f ( a„). 
Therefore,

-Я = {0 : 0 0  <  0  -= <0 ?; /(a e) <  aeo} =  {q: q0 <  Q, aeeQ ,f(a„) <  aeJ .
Let cr0 be the least ordinal such that 0 O ^co,ff0. Then

R a  {a: a0 <  cr; ая 6  0  g ( 0  <  affJ
which is countable. Therefore (7) holds.

We now prove the substantive part of the lemma.
Let 0 <co” and suppose we have already defined xav for a <  q  and v <  со,. 

Since Ceо is cofinal with [0, ae), we can choose x„0 6 Ce0 so that

xQn >  /(a e). •

More generally, by induction on v, since C„v is cofinal with [0, ae) we can define 
elements xev£Cev (v < со/ so that

/ ( ae) <  *ev <  (v <  ju <  со/

and C* = (x„v: v<co,} is a cofinal subset of [ f(ae), ae). Now put

c *  =  U c*.
ê o>”

Then C*DCevT í0  (e<co"; v<co 1). To prove the lemma we must show that
tp C*==co?+1-
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For сею ", put B„ = [/?„, xa). Then
u  [ 0 , 0 =  U Ba (tp).

If q< g, then С* PiBa= 0 .  If q = (t, then C^C\B„ is either empty (if ßa—aa) or 
it is a cofinal subset of Ba of order type cot . By (7) there are only countably many 
values of q>-o such that С* ПД,И 0  and for every such q, C£ П B„ is countable 
since C* is cofinal with <xe ( x x a) and has order type a>l . Thus we see that, if 
De = C*OB„ then

t p f i ^ c o ,  (a <  со").
Since C* =  U B>a(tp), we have the desired conclusion that tp C* ̂ oj”+ 1.

CT<0>1
4. Proof of Theorem. First we observe that it is enough to prove (5) in the 

case of indecomposable ordinals, i.e. that
(8) (o2 a0 &  [со“ + 1, (02 а0]в2
holds if a0 is indecomposable and ö )^a0<coi. Let coSa-<(o1. Then а = а0 +  ах 
where or0 is indecomposable and ax<  a. Let 5 = 5 0 0 5 !  (tp), tp Si = co2a; (/<  2). 
If (8) holds, then there is a family F  = (FI1: / к ю 2) of subsets of 50 such that 
tp со? (j-i <  oj2 )  and such that 50 does not contain any (F , X2)-free subset 
of type cu2a0. Therefore, if S' is any (F , x2)-free subset of 5, we have that

tp 5 ' =  tp (5 ' П S0) +  tp (5' П 5j) S  у + a>2a},
where у <  со2а0. Therefore, tp 5 '<co2a. Thus (5) follows from (8).

We now assume that a0 is indecomposable and that coSa0^co1. Let A = [0, a0),
‘S'? =  {(v,5):5<y} (v £ A ;y < w 2),

and let 5V= U 5*. Then the set
y<a>2

5 =  U 5,
v£ A

ordered lexicographically has order type co2a0. Since a0 is indecomposable and 
fi)áa0<(ű1, there are sets An ^  0  (n< со) such that

A = A0\JA1 U ... U i B (tp).

If у <  co2 and N  is cofinal with A, the set U S'i has power К x. Therefore,
v £ N

by the hypothesis 2Nl =  K2> it follows that there are only K2 sets B a  S  which 
are such that

B a  U 5J
v£JV

for some y = y(B)<co2 and N = N (B )a A  with co(y) =  cn1 and N  cofinal with A, 
and which have the further property that

В П 5( is cofinal with 5J (v £ N(B)).

Let B0, Вj , ё а2 be a well ordering of all such sets B.

6 * Ac in Mäibematica Academiae Scientiarum Hungarlcae 20, 1969



3 2 8 P. ERDŐS, A. HAJNAL AND E. C . MILNER

We are going to define a family J5" — {F^: ц<со2) of subsets of S  such that

(9) tp Fß s  со? (/c <  co2),

(10) ^ f l 5 v 75 0  (v <  /С <  co2).

This will prove (8). For suppose the Т„(/с<со2) satisfy (9) and (10). If S 'd S  and 
tp S' =  co2oc0, then by Lemma 1, S'd>Bv for some v<co2. Therefore, by (10),

{/i:F„nS ' =  0}c[O,v)
and so S' is not (#", K2)-free.

Let fi <  co2.
Put Сц= {y(ßv): v</r}. Since tp CM< co2, there is a paradoxical decomposition 

of C„,
Сц =  Cßо U ... U Cß0},

so that tp Cßn ^  со” (n <  со). Thus we may write

Cím ~  í V/ind ■ <5 <  /̂in}<>
where

<5„„ s  col (« < со).

For <5 the set MßnS =  { v: v < /с; y(ßv) = is nonempty and has cardinal 
power less than or equal to Therefore, there is a sequence (vlin57)<J<l0l (whose 
terms are not necessarily distinct) such that

M ßnS =  {у)шЯа: о <  со,}.

Let ClinSa = {y:(Q,y)€B^nólT for some q£ A - ( A 0(J ... U An)}. Then the sets 
Cßnin are cofinal with [0, yßnS) for cj< co1 and 5 <  3ßn S  со). By Lemma 2, there is 
a set C*„ such that
(11) c;n n и 0  (ff < СО!; <5 < <5„п) 
and
(12) tpC *„^co l+1

Put G„n={(e, у): yec* n, q£ A - ( A 0 \J ...\JA n)}. Then

(13) tp(G„„П Se) =S соГ1 (в€>4т , n <  m<co),

(14) G„„П = 0  (e£T m, wS«<co).
Also, by (11),
(15) С,„Пй, ^  0  (я <  со; гбМ„яа; <5 <  <5„„).

Now put U Then, by (15) and the definition of the sets
n < ( 0

we have that
7^0 (v < /0,
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i.e. (10) holds. If m<co and g€Am, then by (13) and (14)

tp (F „ n S e) =  tp ( U G„„nSe) ^  с о Г 1.nem
Therefore

tp (FßП U Se) <  coi+2 (m <  со).
в {.Am

Since A — A 0 {JA1 \ J . . . Ö Ä <o(tp),  it follows that

tp F „S  £  «T+2 = a*.meco
This proves (9) and completes the proof of the theorem.

(Received 23 August 1968)
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SUR LA NORME DES FONCTÍONS DE CERTAINS
OPÉRATEURS

Par
В. SZ.-NAGY (Szeged), membre de l’Académie 

Hommage a M . G. A l e x i t s  ä son 70е anniversaire

1. En connexion avec ses recherches sur l’exposant critique des opérateurs, 
V. Pták vient d’obtenir un résultat sur les normes des itérés des opérateurs linéaires 
dans un espace euclidien complexe de dimension tinié, opérateurs vérifiant une 
«équation de Cayley—Hamilton» prescrite [1], [2]. Afin de l’énoncer, on a besoin 
des définitions suivantes:

Sóit p(z) un polynőme de degré n, ä coefficients complexes et ayant tous ses 
zéros < 1  en module. Désignons par sd p la classe des contractions T  (c’est-a-dire 
des opérateurs linéaires de norme S i )  dans l’espace euclidien complexe de dimension 
n, telles que p{T) = Od

Soit K = l2 l’espace des suites infinies x = (x0, x t , ...) de nombres complexes
Г ~ 11/2

avec ||лг|1 =  l*;|2J et désignons par S' la «translation en arriére» dans К,
définie par
(1) S(x0, x t , ...) = (xl , x 2, ...);
S est une contraction dans K. Posons

(2) Kp={x: x£K ,p(S)x = 0}:

c’est évidemment un sous-espace de К, de dimension n, invariant pour S. Soit Sp 
l’opérateur induit dans Kp par S, done soit
(3) s p =  S\KP.

On a alors q(Sp) = q(S)\Kp pour tout polynőme q, en particulier p(Sp)=p(S)\Kp = O, 
done Sp 6 sép.

Cela étant, le théoréme de Pták peut étre énoncé de la maniére suivante:
Soit m fixé, m S n . Le maximum de la norme de Tm pour T в x /p est atteint 

lorsque T — Sp.
2. La restriction aux exposants m g «  fait l’impression que la validité de ce 

théoréme est essentiellement liée des espaces de dimension íinie. Or, cela n’en est pás 
ainsi. En effet, nous allons étendre le théoréme aux opérateurs des espaces de Hilbert

1 p ( T ) = 0  entraine que les valeurs propres de T  sont des zéros de p(z), d’oü il dérive que les 
valeurs propres de T  sont inférieures ä 1 en module. Cela entraine, á son tour, que T"‘ ^ О lorsque 
m ' par conséquent T  est complétement non-unitaire. — Un opérateur linéaired’un espace de 
Hilbert (de dimension quelconque) s’appelle complétement non-unitaire s’il n’est réduit par aucun 
sous-espace non nul á un opérateur unitaire.
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de dimension quelconque, finie ou infinie. On obtiendra, en particulier, que la 
restriction aux exposants m dans le théoréme ci-dessus est super flue.

Dans cette généralisation on considérera notamment des contractions T 
completement non-unitaires des espaces de Hilbert. Pour telles T, il existe un calcul 
fonctionnel (cf. [3], Chap. III) portant sur toutes les fonctions i/r(z) holomorphes 
et bornées dans le disque unité ouvert du plan des nombres complexes, c’est-ä-dire

oo
pour toute fonction de classe H°°. Notamment, si ф(г)= ^ d nzn, on définit:

о

Ip (T )=  lim 2 , a nrnT n.
r -+1 — 0 0

Fixons une fonction cp e H°°, (p^ 0, et désignons par á4tl> la classe des contrac
tions completement non-unitaires T  des espaces de Hilbert (de dimension quelconque), 
telles que
(4) cp(T) = 0 . 2
Sóit S l’opérateur de l’espace K = l2, défini plus haut. Puisque Sn-*0 lorsque n 
S  est completement non-unitaire, done iJ/(S) a un sens pour ф £ H°°. On peut done 
définir, ä l’analogie de (2) et (3)
(5) К)р = {х :хе К , q>(S)x = 0} et S9 = S\K„
notons que K(f est un sous-espace invariant pour S. II dérive de (5) que cp(Sv) = 
= (p(S)\Kip = 0. Done

T héoreme. Sóit ф £ Я “. Le maximum de la norme de ф(Т) pour T £ est
atteint lorsque T  =  S(p.

D emonstration. Sóit T un opérateur de classe s 4 dans l’espace de Hilbert §. 
On a alors Tn О (п -> °°), 3 d’oü

(6) \\h\\2 =  Z [ \ \T nh\\2- \ \T n+íh\\2] pour heb-
n = 0

Comme || 7’|| ^  1, on peut définir D =  (I —T*T)lf2 et on observe alors que 

\\g\\2-\\Tg\\2 = \\Dg\\2 pour tout g é b .
Ainsi, (6) entraine

(7) \\h\\2 = Z \ \D T nh\\2 pour tout heb-
n =  0

2 Sauf pour les fonctions „extérieures”, c’est-ä-dire pour lesquelles

(p{z)  =  k-txp log |p(eit)l dt , \k\ = 1,

la classe sd  v n’est pas banale, c’est-ä-dire contient des opérateurs dans des espaces ̂ {0}, cf. [3], Pro
position III. 3.2. --

3 Cf. [3], Proposition III. 4.2.
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Envisageons le sous-espace X> = D9> de $, et construisons l’espace de Hilbert 
K = /2(X>) des suites x =  (x0, x1# ...) d’éléments x„££> (n = 0, 1, ...) avec

11*11 =

Dans К on définit la translation en andere S ä l’analogie de (1), c’est-ä-dire par
S(x0,x l5 ...) =  (x ! ,x 2, ...);

Comme S"—0 — S est une contraction completement non-unitaire de K.
Posons, ä l’analogie de (5),
(8) K„ =  {x: x€K><?>(S)x =  0} et S„=S|K„;
notons que K,, est un sous-espace invariant pour S et qu’on a ^(S,,) =  i^(S)]K4> 
pour tout ф £ H°°, d’oii il s’ensuit en particulier que

On déduit de (7) qu’on peut plonger l’espace §  dans l’espace К d’une maniere 
linéaire et isométrique, en identifiant les éléments

/?€§ et (Dh, DTh, DT2h, ...)€K;
§  devient ainsi un sous-espace de K. L’élément Th s’identifiera ä l’élément (DTh, 
DT2h, D T3h, ...), qui est égal ä S(Dh, DTh, DT2h, done on aura
(9) T = S|§.
Cette relation entraine ф(Т) =  i^(S)|§ pour toute function ф f  / / “, on aura done en 
particulier

0  = q>(T) = (p( S)|§,
d’oíi il dérive que § c K ,?. Ainsi, on a pour toute function ф £ H°°:
(10) ^ ( r )  = ̂ (S)|$cr^(S)|K, =  ̂ ) ,  
d’oü
G o m m  ^  ii«a(s v)ii.

Choisissons dans £> une base orthonormale {ex}xiA (ou A est un ensemble 
d’indices, de cardinalité égale ä c/=dim Ъ). Elle engendre une décomposition de 
l’espace К =  12(T>) en somme orthogonale de d répliques de l’espace K = l2:
( 12) К =  0  K M,

а €  А

et une décomposition correspondante de S en somme orthogonale de a répliques 
de S:
(13) S =  0 S (>).

cẑ A
(13) entraine

ф (S) =  0  ф (SM) pour tout ф£Н°°.
a £ A

II en dérive en particulier que si x =  ф  x (a\  on a
а б  A

(p(S)x =  0 t u )  (SCx)) xM = 0 (a 6 A),
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d’oü on conclut:
(14)
et par conséquent

K„ = 0  К ?
а£А

S — С(<*)(р МУ (̂р 9а£А
ои, d’une maniére générale,

(is) <A(sv) =  e ^ ( s « )  (ф е н -) ,
<х€ А

les Kjf) et les Sjf* étant des répliques de Kv et de Sv, selon les cas. De (15) on obtient

ll<A(s„)|| =  m s w)V,
ensemble avec (11) cel a fournit:

II ф (Т)№  | | ^ ) | | .
Puisque Sg, appartient aussi а stfg,, cela acheve la démonstration.

(R efu le 10 Septembre 1968)

MTA ANALÍZIS TANSZÉKI KUTATÓ CSOPORTJA,
SZEGED, ARADI VÉRTANÚK TERE 1
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NOTE ON THE DIVERGENCE OF TRIGONOMETRIC
INTERPOLATION

By
J. SZABADOS (Budapest)

To Professor G. A lexits on his 70th birthday

1. Notations. Let

X  = \

-'•0,0
*0,1 > *1,1 > *2,1

* 0 , n J  * 1 , / | 5  •••  > * 2 n ,n

be an infinite triangular matrix where

and
0 — * 0 , n < * l , n <  " ■  < * 2 n,n < 2 n  (n =  0 ,  1 ,  2 ,  . . . ) ,  

ő„ =  min (**+!,„-**,„) (n = 0 ,1 ,2 ,...)
O^k^lrt

(here х 2 п + 1 ' П = х 0  п + 2 л ) .  The interpolating polynomial of degree n  of a 27r-periodical 
continuous function f ( x ) based on the nodes of X  will be the following:

2 n

Ln(f, x , X) =  2 f ( x kJ ík,«(*. X) (n = 0,1,2, ...)
k = 0

where 4_„(x, X) are the fundamental polynomials of the trigonometric interpolation. 
The quantity

2 n

2„(X) =  max 2  !4,„(*, X)\ (n = 0 ,\,2 ,  ...)
x k= 0

is said to be the Lebesgue-costant of the interpolation. The continuity modulus 
a>(f h) of a continuous, 27t-periodical function is defined by

a>(f, h )  — max | f(x + 1 )—f(x)\ (0 S  /i  ^  2 k ) .
OSrSA

— oo +  oo

If co(h) is such a modulus of continuity then denote by C(co) the class of continuous, 
27t-periodical functions f(x)  for which

holds.

sup
0 < Л = 2 тс

« (/, h)
co(h)

CO
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2. A divergence condition. The following problem arises: whether the relation

(1) lim max \f(x) -  Ln(/, x, A)| = 0
П-*-оо П

or
(2) lim sup max | /(x) -  Ln(f, x, A)[ > 0

П-+оо x

holds? There is a lot of results in which conditions are stated in connection with 
(1)—(2). These conditions are expressed by со and In{X). In his paper [1] O. Kis 
has given such conditions in which the above defined őn figures as well. His theorems 
deal with divergence problems. The first of them asserts that if C(ft>)^ Lip 1 and 
lim sup (o(ö„)I„(X) > 0  then there exists a function f(x) 6 C(oj) such that (2) holds.

Л-*-оо

3. The Zygmund-class. The above mentioned theorem excludes the class 
Lip 1. In connection with this class the problem seems to be more difficult. In this 
paper we prove a theorem for a little wider class, namely, for the so-called Zygmund- 
class (Z-class). We shall say that /(x )€ Z  if f(x )  is continuous, 27r-periodical, and

(3)

Evidently

for all со (h) О (70- 
Theorem. I f

(4)

sup
0<ĥ 2n 

— o o < jc- <  +  00

\f(x  +  h) — 2f(x) + f(x  — h)\

Lip 1 cZ cC (ffl)

lim sup <5„A„(A) =- 0

holds for a matrix X  then there exists an f(x )£ Z  such that (2) holds.*
Proof. Let zn be a point such that 

2/1
W )  = 2V k.n (zn,x ) \  (« =  0 , 1 , 2 ,...).

Define the function g„(x) (n = 0, 1,2, ...) for all x  as follows. Let

(5) gn(xk,») = sign 4,„(z„, X) (к = 0, 1, ..., 2/0;

furthermore, if gn(xKn)=gn(xk+ u „) then

gn(x) =gn(Xk,n) for x 6 [xKn, xk+!, „], 

and if g„(xk n) = -g„(xk + 1„) then

signg„(xM)
4 \x  . .V 2 3|r bn j

x k  +  1 , n x k , n ( X k +  l . n ~  X k , n ) 2  {' 2 J
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for x £ [xk „, xk+ ! „]. Evidently, g„(x) is a 27i-periodical continuous function for which
(6 ) max |g„(x)| =  l (л =  0 , 1 , 2 , ...)

and, by (5) and the choosing of zn

(7) L n(g „  , x , X ) ^  ).n( X )  =  L n( g n, z„, X ) (n = 0, 1,2, ...)•

Moreover, the first derivative of g„(x) exists ewerywhere, and so by the Lagrangean 
mean-value theorem

|g„(x + A) -  2gn(x) + gn(x -  A) | =  A Ig'a(0  -  g 'M  I (A >  0, |£ - 171 <  2A).
Now, if ASi5„ then

max \gn(x)\^2h

and if A then
Xk,n-=x<Xk + l,n 

0 S f c = S 2 n

12
SI

Л У' 1

\g'n(0 -  gn(4)\ s  2  max |g^(x)|
X  O n  O n

Thus in both cases

24Л
SI

(8 ) \gn(x + h )-2 g n(x) + gn(x -h )\  = ^ 2  A2 

We may assume that

(9) lim max \gm(x) - L n(gm, x, X)\ = 0

(A > 0 , n =  0 ,1 ,2 , ...)• 

(m = 0,1, 2, ...)

because in the contrary case a gm(x) £ Z  (by (8 )) would satisfy (2). Define the sequence 
of indices as follows:

<10) ЯЯ1( 2 Г ) ^ | ,  X n k + i ( X ) ^ 3 X „ k ( X )

<11) <5„fc S  2<5Як+1 (к = 1 ,2 ,...),

(12) S„kXnk(X) ё с > 0

(13) max\gnk(x ) - L n.(g„k,x , X ) \  ^  l (J = k + l,  k  + 2, ...).
X

These are possible by the relations lim 2„(x) =  °°, lim<5„ = 0, by (4) and (9). Let

f ix )  = 2k=l
gnk(x)
V W  •

Here the right hand side series converges for all x, by (6) and (10). Clearly, /(x) 
is a continuous 27i-periodical function. We show that f{x )£Z . Let 0<A<<5ni 
be arbitrary,
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say. Then by (8), (6), (12) and (11) we have

I f ( x  + h)~  2f(x) + f(x  -  h) I si j ?  lg»* (x + h) ~  2Snk 00 + g„k (x -h )  1

24 h2= 2+2 2̂y-PuT+ 2 TTnsTh2Zr+* Ík = l  д П к А П к \ Л )  k = j  + 1 ^  к =  1k= 1 fc=j+l Л =

+ J  2, „ - , s M . 2 +  « . 2 = “
fc= l  £  fc=j-f-l  С С C

i.e. (3) holds. Now, by (7), (6) and (10) we get

T ( f  -  y 1 /'i't 'I _ 'S1 с» znj-> -Ю £nk(z nj) 1Ь„,(У, znj„ 2 t) - /(z nj) -  Z  г  = 1 -  ^
i= l

j y . - l _ _ _ у А Д ) & | _  L _  y _ J _ _ _ _ у  1 -
A  K i * )  k=j+i Ä , ,W  ~  K №  Ä  3 * - 1 k4 u  3k-J -

2 3 1 1
9 2 2

l. e.

q.e.d.
lim sup max \f(x) — Ln. ( f  x, X)\ Sr v  >

J-~co X

( Received 2 October 1968)

MTA MATEMATIKAI KUTATÓ INTEZETE, 
BUDAPEST, V ., REÁLTANODA U . 13---15
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ЗАМЕЧАНИЯ О ПОРЯДКЕ ПОГРЕШНОСТИ 
ИНТЕРПОЛЯЦИИ

О . КИШ (Будапешт)

Посвящается академику Д . АЛЕКСИНУ к семидесятилетию со дня рождения

§ 1. Введение

Обозначим через co(t) модуль непрерывности некоторой фиксированной 
вещественной функции, непрерывной на отрезке f — 1, +1] или непрерывной и 
2л:-периодической на всей вещественной оси, а через С (со) множество таких 
же функций, модуль непрерывности которых равен O(co(t)). В статьях [1]—[7] 
изучался следующий вопрос: каков должен быть порядок роста чисел Лебега 
Лагранжева или тригонометрического интерполирования, чтобы интерполя
ционный процесс равномерно сходился для всех функций класса С (со) или не 
сходился равномерно для некоторой функции этого множества? В работе
[8] результаты статьи [2] были обобщены на тот случай, когда вместо модуля 
непрерывности рассматривается модуль гладкости любого порядка. В за
метке [9] было получено условие расходимости тригонометрического интер
полирования, в котором кроме модуля непрерывности со (0  и чисел Лебега 
интерполяции фигурирует еще наименьшее расстояние между соседними 
узлами интерполяции. В работе [12] этот результат был перенесен на тот случай, 
когда множество С (со) заменяется на класс тех 2 л - п е р и о д и ч ес к и х непрерывных 
функций, модуль гладкости второго порядка которых равен 0(t). Наконец, 
в статьях [10] и [11] изучался порядок погрешности тригонометрического 
интерполирования функций из множества С (со).

В настоящей заметке результаты статьи [10] обобщаются на тот случай, 
когда вместо модуля непрерывности рассматривается модуль гладкости любого 
порядка. При этом изучается как случай Лагранжева, так и случай тригоно
метрического интерполирования. В следующем параграфе дается оценка 
сверху погрешности интерполяции. В § 3 формулируется основной результат 
работы, оценивающий снизу погрешность интерполяции некоторых функций, 
и приводятся некоторые следствия этой теоремы, доказательству которой 
посвящен последний параграф.

§ 2. Верхняя оценка погрешности интерполирования

Пусть oo(t) есть определенная при t SO неубывающая непрерывная функция, 
причем со(0) = 0, си(/)>(), если t >0, tm/co(t) не убывает и

(О lim
í =  + 0 co(t) = о,

где т любое, но фиксированное натуральное число. Обозначим через С прост-
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ранство непрерывных и 2я-периодических на всей вещественной оси функций. 
Пусть Ст{со) есть подпространство тех элементов из С, для которых

(2) сот(/, 0  sí am(f)co(t),
где com(f, t) модуль гладкости т-ого порядка функции/(х), а ат(/)  не зависящее 
от / число. Пусть Ln( f  х) есть тригонометрический многочлен и-ого порядка, 
интерполирующий функцию Дх) в 2п +1 различных точках отрезка [0,2л:), 
а Х„ сооттветствующее число Лебега интерполяции.

Теорем а 1. В случае тригонометрического интерполирования для всех 
функций из Ст(а>) выполняется неравенство

(3) \\Ln(f, х)-/(х)II ё  + Xn)co (и =  1, 2, 3, ...),

где число bm( f ) не зависит от п.
Д оказательство . Известно, что

(4) \\L„(f х)-/(х)[| s  (1 +Xn)E„(J) (n = 1, 2, 3, ...),

где £"„(/) наилучшее равномерное приближение функции f(x) тригонометри
ческими многочленами и-ого порядка. Здесь (см., например, [13], стр. 274)

(5) £„(/) ^  стсот\f ,  (и -  1, 2, 3, ...),

где число ст не зависит от и. Полагая

bm( f)  = c,nam(f) ,
получаем (3) из (2), (4) и (5).

Пусть теперь С обозначает множество непрерывных на отрезке [ — 1, +1] 
функций, алгебраический многочлен и-той степени Ln{ f  х) совпадает с функ
цией f(x) в и +  1 различных точках отрезка [ — 1, +1], а Х„ есть число Лебега 
интерполяции Лагранжа по этим узлам. Так как неравенство (4) остается 
в силе, если Еп ( /)  есть наилучшее равномерное приближение функции f(x) 
алгебраическими многочленами и-той степени, а оценка (5) выполняется для 
т = 1 и т = 2  (см. [13], стр. 269 и 281), то при т = 1 и иг = 2 теорема 1 справедлива 
и в случае Лагранжева интерполирования.

§ 3. Нижняя оценка погрешности интерполирования некоторых функций

Обозначим через xk—xkn узлы Лагранжева интерполирования и пусть

(6) - 1 s í 0 < x1 < " ' < x„ s + 1 (и = 1,2, 3, ...).

Обозначим через dn наименьшее расстояние между соседними узлами интер
полирования, то есть пусть
(7) dn = min (xk- x k_!) (п = 1, 2, 3, ...).
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Теорема 2. В случае Лагранжевой интерполяции для некоторой функции 
f ix )  из Ст(а>)
(8) IILn(J, х) f{x )У 3? (и =  iij, и2, и3, ...),
где пк строго возрастающая последовательность натуральных чисел.

Если хк = хк п суть узлы тригонометрического интерполирования, причем

(9) 0 ^  х0 <  х, <  ••• <  х2п < 2п (п = 1 ,2 ,3 ,...)
И

(10) x2n+l = х 0 + 2п, <J„= min (xk+l- x k) (п = 1 ,2 ,3 ,...),

то теорема 2 справедлива и в случае тригонометрического интерполирования. 
Мы предположили, что функция co(t) не убывает, поэтому имеет место 
Следствие 1. Если

(11) dn ^ ~  (п=  1 ,2 ,3 ,...),

то как в случае алгебраического, так и в случае тригонометрического интер
полирования для некоторой функции /(х) из Ст{ш)

( 12) I I U / * )- /(* ) ! ! /со (л =  п{,п2,п 3, ...).

Таким образом, порядок оценки (3) не может быть улучшен для всех функций 
из Ст (со) ни в случае параболического, ни в случае тригонометрического интер
полирования.

В [2] было доказано, что для любых узлов алгебраического интерполиро
вания

(13) (п =  1 ,2 ,3 ,...).
П  А„

Поэтому из теоремы 2 можно получить
Следствие 2. В случае Лагранжева интерполирования для некоторой 

функции /(х) из Ст(т)

(14) I I U / *)-/(*)!! =  / “  (■ ^г) (л =  п1г п2, и3, ...).

В [3] было доказано, что для любых узлов тригонометрического интер
полирования

(15) (п =  1 ,2 ,3 ,...).
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Поэтому в случае тригонометрического интерполирования для некоторой 
функции /О )  из Ст(со)

(16) \\L„(J,x)-f(x)\\ = 1п(0 (п = п1,п 2, и3, ...).

Порядок этой оценки, вообще говоря, нельзя улучшить, так как в [11] было 
доказано, что при т = 1 для некоторых узлов Интерполирования и всех функций 
из С1(со)

\\Ln(f,x )-f{x )\\ = О Я„£И
пК

(п = 1,2, 3, ...)•

В качестве примера рассмотрим случай 
(17) co(t) = /* (0 <  <х <  иг).
Если предположить, что
(1В) А„ =  О (nF) (ß >  0),
то в силу теоремы 1
(19) \\Ln( f,x )- f(x ) \\ = 0 (n^ )

для всех f(x )  из Ст(со). Интерполяционный процесс равномерно сходится, 
если Если выполняется условие (11) и
(20) пу =  О (/„) (у >  0),
то ввиду следствия 1 для некоторой f(x ) из Ст (ш)

(21) пу~х = 0 ( ||L „(/,x)-/(x)||) (и = и1? п2, и3, ...).

Интерполяционный процесс не .сходится равномерно, если a Sy. Если а <  1, 
то в силу следствия 2 в случае параболического интерполирования для некото
рой f(x) из Cm(có)

(22) „у( 1 -«)-2* =  0 ( ||£п(/, * )_ /(* )II) (п = п1,п 2,п 3, ...).

Интерполяционный процесс не сходится равномерно, если у>2а/(1 —а). Если 
а S i ,  то
(23) й/>(1 -«)-2« _  0(||Е„(/; х )-/(х )||) (и = п1,п 2,п 3, ...).

Заменяя 2а на а, получаем соответствующие неравенствам (22) и (23) резуль
таты для случая тригонометрического интерполирования.

§ 4. Доказательство теоремы 2

Рассмотрим фундаментальные многочлены Лагранжева интерполирования

(24) 4 (х )  =  4 ,„ (х )  =  П Х — Х:
i=0 Xk- X i  
i^k

(k = 0, 1,
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и точку z„, в которой функция Лебега

(25) 2\Ш\к= О

принимает свое наибольшее значение

(26) К =  2 14(4)1 ( « -  1,2,3, . . . ) .к=0

Определим для каждого натурального числа п некоторую функцию g„(x). 
Сначала определим ее значения в узлах хк:

(27) gn(xk) =  sign lk(zn) (к = 0,1, ..., rí).

Затем определим ее вне отрезка fлс0, лс„]:

(28)
{gn(x о), если х < х 0, 
1&.0Ü, если х >х„.

Наконец, определим ее на отрезках (хк, хк+,): там она совпадает с тем интер
поляционным многочленом Эрмита 2т -1-ой степени, который принимает 
в паре точек хк и хк+1 значения g„(xk) и g„(xk+í) и первые т — 1 производные 
которого исчезают в этих точках. Если g„(xk+l)=g„(xk), то этот многочлен, 
очевидно, совпадает с постоянной gn(xk). Если же gn(xk+1) = —gn(xk), то, вос
пользовавшись равенством

(29) /  2 - g - ^ l j -  (т  =  1,2,3, . . . ) ,

можно представить этот многочлен так:

(30) &.(*) = gn(xk)
(2т— 1)!! 
(2т — 2) Л

Х — Хк 
Хк+ 1— Хк

I-1
( l - í 2)m- (хк =  x á  -̂ fc+l)-

Отметим некоторые свойства функций gn(x).
Очевидно, каждая функция g„(x) имеет т — 1-ую непрерывную произод- 

ную, модуль непрерывности которой не превосходит Bmd~mt, где Вт некоторое 
положительное число, зависящее от т, но не зависящее от п. Отсюда (см. [13], 
стр. 116) следует неравенство

(31) u>m(gn,t)  s  Bmd -mtm

Поэтому и ввиду (1) имеет место (2), то есть g„(x) 6 Ст(со). 
Очевидно,

(32) |& (x )|.3 l (« =  1 ,2 ,3 ,...),
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поэтому при любых п и N
| П I П

(33) \L„{gN, дг)| = I 2£*(**)/*(*) — 2 14(*)|  ̂К-|Л= о I * = 0
Заметим, что ввиду (27) и (26)

п п

(34) L„(gn,z„) = 2 gn(xk)lu(Zn) = 2  14(2и)1 =  (« =  1. 2, 3, ...).
Л = 0  Л=0

Если для некоторого фиксированного натурального числа N  и строго 
возрастающей последовательности натуральных чисел пк

(35) IIEn(gjv,x)-£tf(x)|| =  <«(í/„)A„ (л =  И1 ,и 2,л 3, ...),

то утверждение теоремы выполняется для функции gN(x). Поэтому можно 
считать, что
(36) 11А.(£]».*)-£лг(*)П <  0}(dn)Xn, если л > М (N),
где N  любое натуральное число и М (N) зависящее лишь от N  натуральное 
число.

Выберем строго возрастающую последовательность натуральных чисел 
и( так, чтобы выполнялись условия

(37) w(dni) S  I ,  сo(d„l + l) ~co(dJ  (/ = 1, 2 3, ...),

(38) 2 co(dJdn ” =s co(dn.) d~r (J = 2, 3, 4, ...),
i =  1

(39) л;+1> М (л ;) (/ =  1 ,2 ,3 ,...) , 2n. >  5 (/ =  1 ,2 ,3 ,...).

Это возможно, так как í/„ =  2/« и поэтому </„-*■ 0, если л — мы предположили, 
что со(/) — 0, если г — +0; выполняется (1) и lim Д„ =  °°.

П - ~ о о

Рассмотрим функцию 40 41 42

(40) /(•*) =  3 2  °>(dn)g„t(x).
Í =  1

Ряд справа равномерно сходится ввиду (37) и (32).
Докажем, ™  / ( , К С „ И .  Пусть . Очевидно.

оо

(41) ют (/, t ) s 3  2  п,» О-
1= 1

Обозначим через j  тот индекс, для которого выполняется условие

(42) dnj + l ^ í ^ d nj
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(ввиду (37) и монотонности функции ю(?) последовательность d„. строго убы
вает; если í> í/ni, то полагаемj  = 0). В силу (31) при_/>0

(43) 2  t) s  Bmtm 2  oy(d„)d~m.
í=l i= 1

Принимая во внимание (38), получаем отсюда:

(44) 2 oj(d„)ojJg„., t) ä  2Bmtm(o(dnj) d~m.
i = 1

Так как функция ím/co(t) не убывает, то из (42) и (44) следует:
j

(46) 2  M(d„,)ojm(gnj, t) s  2Bmco(t).
i — 1

Кроме того, ввиду (32), (37), (42) и монотонности функции co(t)

(47) Z  oj(dJo}m(gni, í) S  2"1 ^  « Ю  ^  \ ,2-2m(o{dnj+i) =5 \,2-2mco(t).
i=j+ 1 i=j+ 1

Ввиду (41), (46) и (47)
(48) сат (/, í) ^  3(2ВШ+ 1,2 • 2m)co(t)

и поэтому f(x)(zCm(a>), что и требовалось доказать.
Нам остается доказать неравенство (8). Пусть п=пк. Очевидно,

(49) Ьп(/, z j  - f ( z n) = 3 2 <°Ю  [^л (gni, г„) -  (z„)].i— 1
Ввиду (39), (36) и (37) при к>  1

к- 1 fc-l
(50) ^  co(d„)\Ln(gni, z„)-gni(zn)\ = <ü(dn)).n 2  co(d„) 0,2a>(dn)An.

í= 1 Í=1
В силу (34)
(51) со (dn) Ln (gn, zn) = со (dn) .

Исходя из (33) и (37), получаем:

(52) 2  u>{dn)\L n{gni, zn)\ Лп 2  co(d„.) zs 0,2Anco(dn).
i=k+1 i=fc+l

Наконец, ввиду (32) и (37)

оо

(53) 2^ о)(d„) \gm(z„)i l,2ft)(í/„).
i — k
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Резюмируя (49)—(53), получаем:
(54) Ln(f, z„) -f(z„) s  co(dn)( l,8An-3,6),
отсюда следует доказываемое неравенство (8), так как А„>5.

Закончив доказательство теоремы 2, заметим, что ее тригонометрический 
аналог доказывается совершенно аналогичным образом.

( П ост упила 16. 10. 1968 .)

VILLAMOSKARI MATEMATIKA TANSZÉK,
BUDAPESTI MŰSZAKI EGYETEM.
BUDAPEST, XI., EGRI J. U. 16—18 '
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ON STRONG SUMMABILITY OF FOURIER SERIES. II
B y

L. L E IN D L E R  (Szeged)

Dedicated to G . A lexits on his 70th birthday

1. Let /(x) be a continuous and periodic function with period 2n and let

(1) /0 0 ~ v u  + ^j{anco%nx + bnúxinx)
^ П= 1

be its Fourier series. Let sn(x)=s„(f; x) denote the и-th partial sum of (1).
Concerning the strong summability, F r e u d  [1] recently proved that if a function 

f(x )  has the property

(2)

for all x, where p >  1 and К is an absolute constant* then

(3) lim h~l,p(f(x + h)— /(x )) — 0
h- о

holds for almost every x.
F reud, in his paper, raised also the following problem: Does (3) hold for all x, 

if (2) is satisfied?
We ([2]) answered this problem negatively; that is, we can give a function 

such that the estimation (3) is no t fulfilled in x  =  0. Our counterexample is

f ix )  =  2 1 n
sin nx

1 + 1 tp

The purpose of this paper is to generalize these results.
We consider a regular summation method T„ determined by a triangular 

matrix ||a j | К *  = и = 0, 1, ...; k  = 0 ,...,n  and Л„= j l J ,  i.e. if
'  Лп 1=0 /

sk tends to s, then

T n =  —Г  2  Sk s -A„ k = 0

Let Л(х) be an increasing function, between n and n +1 linear, such that 
Л{п) = Лп.

* K,Ki tK2,... will always d e n o te  positive co n sta n ts  no t necessarily th e  sam e at each occurence.
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T h e o r e m  1 .  Let p >  1 . Suppose that the triangular matrix | | a n k || has the following 
properties: nA~1/p is increasing,

(4)

(5)
and

(6)

Then, if

(7)
for all x, then

( 8)

2  A f 11 p ^  KnA~llp,
k  =  О

2 k ~ 1AT1,p S  K A ~ X,P
k  =  n

f 2 n  l p - 1

— KnpA f l.

f I li/p
b - 2 ' 4 K W - / W l p s  к л -
l Л п  k = 0  J

f ( x  + h ) - f { x ) ^  K ,A - ^ p \ ^

Up

for all x, furthermore for almost every x

(9) lim A 1 lp (~  j (f(x  + h) - f ( x ) )  = 0
holds.

Л-O )

We can also prove that the estimates (8) and (9) can not be strengthened. This 
is stated by the following theorem.

T h e o r e m  2 .  Suppose that the matrix | | a „ k || has the same properties as in 
Theorem 1. Then there exists a function f(x) such that

I  ' 2  4  \ s ( f ;  x ) - f ( x ) \ p)  lp s  K 2 A ;
1 Л л к = 0  J

( 10)

for all x, but

( 11)

for all и ёб .
It is easy to verify that, for example, in the cases 

4  =  k ß- \  0 <  ß <  p

l / P

log k
k» ’ 0 <  ß <  1

the conditions (4), (5) and (6) are satisfied and the matrix ||a„t || is regular. 
It is of some interest to remark that the strong (C, y) means

tf„(/, y, p; x) = j—  2  A<„i~u \sk(x) -Д х ) |р|  \а (пу) =  [” +n 1 ]
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do not belong to the means satisfying the conditions of Theorem 1, however if 
l S y < / )  and
(12) <т„(/, y, p\ x) Kn~y/p 
for all x, then we have the statements
(13) f (x  +  h ) - f ( x ) s K 1hy"’ 
for all x, and
(14) lim h~y,p(f(x + h) —f(x)) =  0

t-o
for almost every x.

This follows from (12) which implies

2  кУ 1 k* (* )-/C * )l' S  K2
k  =  0

and if we set ?.k = k'1~1 (1 = у <p), then the conditions of Theorem 1 are satisfied, 
so by using this theorem we obtain the statements (13) and (14).

If p =  1, then we can prove a similar theorem.
Theorem 3. Suppose that the triangular matrix |[a„J has the following properties: 

the sequence {2*} is positive and non-increasing,

(15)

and

Then, if 

for all X, thus 

for all x, and

2  Лк 1 =  КпЛ~1,
k =  0

2 к ~1Л ^  S  K A -1
k = n

Лп =5 КпХ„.

л пk=О л п

f ( X + h ) - f ( x ) ^  К ,А - '  Ц-

lim vd ( | J ( / ( *  +  A) - f (x j)  = 0

for almost every x holds.
Furthermore there exists a function f*(x) having the properties:

for all x, but

for all n ^ 6 .

2 h W < J * - ,x ) -P { x ) \  S K 2
k = 0
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The proof of Theorem 3 follows exactly the same lines as in Theorem 1 and 2. 
The counterexample is

/*(*) -  2
sin nx

« = 1  пл„
It is easy to see that if Ak= 1 (k = 0, 1, 2, ...), then the condition (15) is not 

fulfilled. Thus, from Theorem 3, it does not follow that f(x )£  Lip 1, if

K (f\ x) = 1 . 2  к*(*)-/(*)! = v -n -f-1  к=о n

ensure
The following example shows that the condition hn( f;  x) = 0  (—j 
re that /(x)£L ip 1, indeed. Let

does not

sin kx

It is well-known that f(x)$  Lip 1, but an easy computation gives that

f ix )  = 2  , 2
k = l  К

2  k (* )- /(* ) i  s  к.
k =  1

Namely, if ——-  ^  |x| <  — , then J N + l  1 1 N
N

2 +  2 J  2 1I sin nx

N

-  2 1k= 1 2
sin nx

k = 1 k  =  N  +  

N  !

n = k + 1 f t  

sin nx
n = k + 1 П

2 2 n.
k  =  1 n =  N + 2 П

+ i
^7 sin nx

„ 2
k = N +  1 п = к + 1 ft

and these sums are less than an absolute constant. 
2. P r o o f  o f  T h e o r e m  1. We set

K(x)  =  2  sk(x)
f t  k = n + 1

and
Un{x) =  V2n(x)-V 2*-i(x) (n = 0,1, 2, ...), 

where f 2- ‘W = 0- Then we have

f ix )  = 2  Unix).(2 . 1)

Since

and, by (6) and (7),

n= 0

\U„ix)\ S  \V2nix)-fix)\ +  \ f ix ) - V 2n-i{x)\

2  \A x )~ skix )\^
k = 2n ~ 1+ 1

Í ^U=2"-‘+l
A \ f ( x ) - s kix)\p

11/rf 2"

t U-2" ‘+l
p - 1

гЛ p s  ä:22M2-„1/p,
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so we get
<2-2) [t/„(x)| S  K2A ^ ! p.

Hence, by (2. 1) and (5), if 2_m<A s2~ 'n+1, we obtain
m— 1 °°

<2. 3) |/(x  + A)-/(x)| ^  2  \Un(x + h )-U n(x)\ + K3 2 7^ /P S
n — 0 n =  »i

m — 1

=5 ^  A max | £/' (x) | +  /f4 Л /p.
л =  0 x

Using the well known Bernstein’s inequality, we get by (4), (2. 2) and (2. 3)

|/(x  +  A )-/(x)| S  K5h 5  2" Л г«1 /p 4- A"4 Л im1 lp =i ^ 6Л2-т1/р S  А Г б Л -^ Щ . 

This proves the inequality (8).
Now we prove the inequality (9 ) . The proof is similar to that of F r e u d . Let 

t] be an arbitrary positive number. By Jegorov’s theorem and (7) there exists a 
perfect set 93?, c: [0, 2л:] such that /((93?,) =-2л — rj* and on the set 931, the series

<2. 4) 2 K W ( p c ) - f ( x ) \ >

k = 0
converges uniformly. By a known theorem of L e b e s g u e  there is a  subset 931* of 
93?, such that /i(93?*) =  /<(93?,) and the points of 93?* are of density 1. Let us consider 
an arbitrary fixed point x of 93?*. Letgj > 0  bean arbitrary fixed number. Letuschoose 
a positive integer /< such that /r_1< e 1. Let г2 = 2~ß. Since хб99?*, there exists 
a  positive S such that if 0 <  A S  ö, then

/i([x — /г, x] П 931,) > ( 1 - e2)/i
and

/i([x, x + А] П 93?,) >  ( l - e 2)A.
Since the series (2.4) converges uniformly on 93?,, there exists an integer 3V(&4) 
such that, for all /£93?,,

s2
2  к

k = N + 1 л

Hence, by (6) we obtain that if /бЭД,,, and /?>7V, then
1 I 2n 1 1/p I 2n

(2.5) | / ( 0 - F „ ( 0 [ s -  2 1 4 l ^ ( í ) - / ( í ) |p 2 1 AJ/'и U=M+1 J U=n+1
(1 - p)

p - 1
p ё  e2 Л“ 1/р.

Let us choose £ such that |x — £| -^min (̂5, ^ -j . Let v=v(£) be the smallest
natural number with e2 = v|x — £j<2s2. It is clear that v>iV. Since |x —£| 
there is a point <^£93?, lying between x and £ such that |£ —£1|ё е 2!х —£|.

* / / (# )  denotes the Lebesgue measure of H.
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From (8) and (2. 5) it follows that

(2.6) № )-m \ S I/«)-/«.)! + LrtM-K(fi)l + |K(«-K(*)I +
+ I K ( * ) ~ / ( * ) I  S  К1Л -11р у - ~ ~ ^  + 2Е2Л - ^  + \ ^ - х \  max |K(0I- 

By (5), the first term in (2. 6) can be estimated as follows.

A~1,p 1
l í - í i l

A~Vp 

1

1

S  - A ~ llp
p

e2|* - £ |  
1

( OP ) 1 io+P
Г я  -  -  2  л 2*1р
!-*■—ÍIJ и k=£+1

= Е1Л~1/р(и!
where i0 = log 1

x - Z \

* - £ |J

and [a] denotes the integer part of a.
In the estimate of the second term in (2. 6) we use the condition (4) and the 

monotonicity of the sequence {пЛ~1/р}. If 2ffl< v S 2 m+1, then
1 m +  P

гЛ~11р =  у |х - £ |Л у- 1/р^  Iх - { | 2 " +1Л ^  S  \ x - Z \ -  Z  2кЛ ^ 1р ^

S  — á  — |x —£| v2pA~2lJp ^Ц [i

P |* - £ | Í 2 ] 2 k a - u , \ f 1 )fl и * - ш =i 2Kei A~llp x-£\)'
In order to estimate the third term in (2. 6) we set

m

K (0  = K ( 0 - K ~ ( 0  +  Z (K * (0 -K * - .(0 )-
k~0

Hence, using Bernstein’s inequality, the condition (4) and the estimate (2. 2), we 
obtain

IK (01 S  K1 \7*A & > + 2 * A & > )  S  K8vA~1,p.

From this it follows, as before, that

|£i — * |  m ax |K (01 =  - ^ 9 ^ i- ^ l v̂ v 1/p =  K 9 \x - £ \ v A ~ llp ^  А '1 0 е 1 Л - 1 /-р
t

Summing up, we obtain

(2-7) \ f ( x ) - № \  Ш K ^ A - " ”

l*-5l

l
Z -x \)

Since Cj was arbitrary, so (2.7) implies (9) for all х£$Ш*. Let 9 l( /)  denote the 
subset of [0, 2л], where (9) is not fulfilled. It is obvious that 9l(/) cz [0, 2л] — ЯЛ**

A cta  M athematica AcacLemiae Scientiarum H ungaricae zo, ig6g



ON STRONG SUMMABILITY OF FOURIER SERIES. II 353

so the exterior measure of 9 f(/) is less than /7. Since 17 was arbitrary, we have that 
the measure of 9 t( /)  is zero, that is, the statement (9) is also proved.

3. Proof of Theorem 2. Let

I(x) = Z sin kx

First we show that this function has the property (10), that is, for all x

(3.1) 2 w / ; * ) - 7 ( * ) M
k ~ 0

If x =  0, then (3. 1) is obvious. Since f(x) is an odd function it is enough to verify 
(3. 1) for positive x. Let x (>0) be an arbitrary fixed point. Let us choose N such that

с  X  Ä
N + 2 ~ -  jV+1

should be satisfied. Then we split the sum in (3. 1) into two parts:

2=2 +  2 -
k = 0 k  — O k = N + 1

(3.2)

The first sum can easily be estimated:

2  **M Jlx ) -J (x ) \p =  2 ;-

2P

Since, by (4),

N

2
k =  0

N

Z k

k  =  0

^ 7  sin ПХ 
„Jri-i nA\<p

JV+1 •^  Sin ИХ
nJk+i nAlJ p

i i s 2 ^
k  =  0

7 N

+ 2  к
k  =  0

П Х

2 sin nx
n = N  +  2  n A XJ p

= 2 4 I i  +  r 2).

N +  1

,=k+i пЛ\'р

N  ( N + l

xp Z * k \ Z  + - i/? ^
k  =  0 \ n =  1

^ K 2x p Z  А*(ЛЬ4* 1/p)p =2 К2 xpN p = K3
and

Z h 1
= ■ ^ 2  я/ln1/p

n
s  Z K ^ A s 1 = Kp,

k  =  0

so the first sum in (3. 2) is uniformly bounded.
The estimation of the second sum in (3. 3) runs as follows:

2  Л * Ы /; х ) - / ( х ) Г =  2  h  2  77
k = N + 1 k = N + 1 |я= Л + 1

SÍ4 Z  k
k  =  N +  1 

2 <+1N

l
xkAVp = k4 Z  К 1

k = N + l xpk p Ль
I S  “> 2i + 1JV , S '  1 ° °  1^  Ä4  У  у  1 <  Äj  у  _L Ä Г

-  xp éo  k £ N  k  (2‘N )pA2lN ~  xp Npi ü  2ip -  6 ‘
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Collecting our results, we obtain that the function j\x) satisfies (10).
71In order to prove (11) we set and Nm = 2m+4. If га ё 2 , then we have

(3.3) / ( / ü = Í ^ r
n =  1 r l / 1 n

It is clear that for / ̂  1

4  N m 2 N m  °° (fe+l)iV,

2  +  2  + 2  + 2  2
n — 1 N , r. „»=-+1

sin пЛт
n = N m + l  k = 2  n = k N m + i )  П Л 1 /Р

(21-H)lVm sjn nfj^ 

n =  2 l N m+ 1 п Л } / р

(2l+£ N" sin nhm 
n — ( 2 l +  l)lVm +  1 И/1Й/р

therefore the sum
oo (fc+ltlVm • ,'̂ 7 -̂ 7 sin nhm

Z  Z  „ a1 Ip
k =  2  n = k N m +  1 П Л n

is positive. Furthermore an easy computation gives that

2

namely

and

Nm .n = - + i

sin nhm 
пЛ±,р

2 N m ■ ,у  sin nhm 
n = iVm+l п Л У Р

2
N,„ л

"=T+1

sin nhm
плур

| v m- i

.y sin fihm ^  1̂ 2 -yr„ л 1 lv — o:> -í—i

у  sin n/?„,
n = N m+ 1 И /1 ^ /Р

1
Л = у+1 лЛ„1/р -  2 „=2Ä +1 -  2 2т+3 Л2£?+э

1 2т +
7Ш+3 и 1/р — ~ ЛШ+ 3: /( 1/р  ̂ .2”

2т+5 2т + 5 ,
гг7 i .  (2т+3+  П ____ -_— У7 ____ -___ _  >  У7 _-__
—  J  О т  +  З л 1 / р  — , 7 л т + З  /< 1 /р  ^ 1 /р2  2l2m  + 3 и — 3 -2 т  + 3 ^  ^ 1 2 т  + з и = 3 -2 т  + 3

2m + 5
у 7 sin n h m

2N„
у sin /? /;,„

2
n = 3- 2m + 3 nA \'p 1 2-13

n ~ — Nm
иЛУр 1

Combining these results and (3. 3), we obtain that

N m

f ( h  )a= У  SÍn nh m  >  -  h  " У  1 1J \ n m) —  Z - i  „  a 1 / d — ^  ^  л 1.■-1 «Л„1/р -  П- т„^1 ЛУР 2т+3 ЛЦ&, . 4>  — Л~1 /р — 1/р л I ь ’
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that is,

ш - т
which proves (11).

The proof is thus completed.

4
Л-Up

(Received 1 November 1968)
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A REMARK ON LINEAR DIFFERENTIAL EQUATIONS
By

P. TÚRÁN (Budapest), member of the Academy 

To G. A l e x it s  on his 70th birthday

1. General inequalities in the theory of linear differential equations can very 
often be reduced to the case when the coefficient functions are constants. Actually 
the theory of the later ones contains — at least in the case of smooth coefficient 
functions — “in germ” the general theory. However only such inequalities can be 
useful which depend only loosely on the coefficients. Let
(1.1) y('’) + a1y(n-1)q----- \-a„y = 0, у  =  y(z), av constants
be our equation, further
(1.2) (p(a>) = (on + al con~1 ----- \-an = 0
the corresponding characteristic equation; suppose that all the zeros cu1; co2, ..., con 
of the equation (1. 2) are in the half-plane
(1.3) R e z s A  
Then we are going to prove that for fixed

(1.4)
the quotient

a>)S, (5 >0

а т и

J  1Я013dt

ß + z

f  \y{t)\2dt

can be limited from below by A alone. More exactly we assert the following 
T heo rem . With the conventions (1. 3)—(1.4) the inequality

- 4
a . «  7 ' w o  I2*  a  w ' ) |2 d

holds for all solutions o f (1. 1).
Probably the exponent n2 on the right side can be replaced by cn with a numerical 

positive constant c.
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In the case when all zeros of (1. 2) are distinct and lie on the imaginary axis 
the theorem gives the inequality*

( 1. 6)

a + 0 n 2

I
a

2  c y K t
v =  1

All

■f+J

[2e(2\a-ß\+g).]  I  I i -)  ß  Ív = 1
dt

for 0 = /.j <A2 < — < ).n, <5 >0 . This is a trigonometrical inequality, totally inde
pendent of the coefficients as well as of the exponents and has interesting consequences 
in the theory of trigonometrical series, a subject enriched by many important contri
butions of George Alexits. The inequality (1.6) can be compared with the well- 
known inequality of N. Wiener,** according which if Av+1 — Sy > 0  (v= 1,2,...) 
then the inequality

dt

у
2 Cv —

3 (n +  e) 
2e / 2 b e 

holds. To all consequences, partly of quasianalytic nature, I shall return at another 
occasion.

As Mr. G. Halász remarked a more elegant form of the inequality (1. 6) can 
be given, replacing ß  by ß  +  ö /2  ; then addition leads to the inequality

ß+ö
o v  I 2  c^eiKt

V =  1

dt -4 WW7
2  cveu dt.

2. The proof of our theorem will easily follow from the theory developed in 
my book “Eine neue Methode in der Analysis und deren Anwendungen.”*** The 
relevant theorem reads as follows.

If zx, z 2, ..., zN are complex numbers so that
(2. 1) min \zj\ £  1

j=

and m is an arbitrary given positive integer, then for arbitrarily given complex 
numbers bj the inequality

( 2. 2)

holds.
max

v =  m +  1 , . . . ,m + N
2  bj n  \

2e(m + N) ) 2 b  j
i =  I

* Here the restriction a>jS is obviously unnecessary.
** A class o f  gap-theorems, Annali di Pisa (2) (1934), pp. 367—372. This sharper form is due 

to  A. E. Ingham.
*** Akadémiai Kiadó, Budapest 1953. A completely rewritten English edition will follow in 

the Interscience Tracts.
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If m1 is an arbitrary positive number then applying (2. 1)—(2. 2) with m = [raj 
we get at once

(2.3) max
v integer

Next let A >0, Z>>0, al5 a2, аи arbitrary complex numbers with

N

2  bjZ]
j=1

N
2e(m1 + N ) , 2  bj

J= 1

(2.4)
and apply (2. 3) with

min Re av =  0
v = l , 2 ......N

AN  „rai =  — , =  e N, j  =  \ , 2 , . . . , N.

This gives

i.e. a fortiori 

(2.5)

max
vZ>A^— ^A + D 
N

v integer

N vD

Z  v * '*J=1
D

! v
max

A S x S A + D  j j = l

2e(A + D)

D
2 e(A +  D)

2  bj
j =  1

N

2  bj
j=i

if only (2. 4) holds.
3. Next let a> 0 , d > 0 

(3. 1) 
with 
(3.2)

Let further 

(3. 3)

and suppose first 

(3.4)

Then (3. 3) has the form

m =  2  cj eßjt
j=1

min Re ßj = 0.
j= 1 »

g(.x) = J  \f(f)\2dt

min Re ßj >  0.

ft ft (^  + ̂ v)-e 2 — 1g(x) = 2 2  n  , g  1 e (0M+gv)x

/1 =  1 V =1 Pß 1 Pv

and we can apply (2. 5) with

v4 =  я, N = n2, D =
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as a/s with the numbers (/?„ +  ß v), as coefficients b j the numbers

This gives that

№*+£v) -

ß/1 +  ßy

max |g(x)| s
da^x^a+ —

Í____<L— \
\2e(2a-\-d) \g m -

The left side is evidently
a+d

^ f  \ m 2dt.
Hence we get from (3. 1)—(3. 2)

(3. 5)
a + d

J  m i 2*
a

- j  ]  
2e(2 a + d) J

If we have instead of (3. 2) only (1. 3), more exactly 
(3. 6) min Re ßj =  Л

j= 1... «
then applying (3. 5) to

the inequality (3. 5) takes the form

a + d

(3.7) /  1/(01:2 dt 2 (a + d)IAI I  \ m \ 2 d t .
^2e(2 a + d)

Replacing a by a — ß, dby Ö and f( t)  by f ( t —ß) this gives

(3.8)
a +  3

J  \ m \ 2dt 2e(2oi — 2ß + ö)
, ~ 2 (< x-ß+ S)\A \

if only a>)?, ő>0.
Then it is easy to complete the proof of the theorem. Let first be the equation 

(1. 1) such that the equation (1. 2) has only simple zeros. Then each solution has
П

the form ^  cve“yt and thus the inequality (3. 8) is applicable. In the general case
V= 1

a trivial passage to limit completes the proof.

( Received 11 November 1968)

ALGEBRA ÉS SZÁMELMÉLET TA N SZÉK ,
EÖTVÖS LORÁND TUDOMÁNYEGYETEM,
Bu d a p e s t , v m . ,  MÚZEUM KRT. 6----8
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ÜBER DIE APPROXIMATIONSTHEORETISCHE 
CHARAKTERISIERUNG GEWISSER 

FUNKTIONENKLASSEN MIT HILFE DER RIESZSCHEN 
MITTEL VON FOURIERREIHEN

Von
D. KRÁLIK (Budapest)

Professor G. A lexits anläßlich seines 70. Geburtstages mit aufrichtiger Verehrung und Dankbarkeit
gewidmet

Acta Mathematica Academiae Scientiarum Hungaricae
Tomus 20 (3—4), (1969), pp. 361—373.

1. Einleitung

Ein Weg zur Untersuchung verschiedener Fragen der trigonometrischen Approxi
mation beruht auf folgendem sehr einfachem Gedanken: Kennt man die Beschränkt
heitsverhältnisse gewisser Mittel der beliebigen Reihe Ia n, so trachtet man auf die 
Annäherungsgeschwindigkeit der betreffenden Mittel der Reihe IAnan zu schließen, 
wenn {/!„} eine entsprechend gewählte Zahlenfolge ist. Dieser Gedanke wurde 
von G. A lexits schon vor langem eingeführt und auf verschiedene Fragen der trigono
metrischen Approximation angewendet (vgl. [1], [2], [3], [4]). Ebenfalls diese einfache 
reihentheoretische Methode führte uns zu einem sehr einfachen Beweis der sonst tief
liegenden Sätze von H a r d y  und L ittlew o od  über die Integrale gebrochener Ordnung 
([7]); später konnten wir mit derselben Methode den Begriff des Integrals gebrochener 
Ordnung erweiternd die erwähnten Hardy—Eittlewoodschen Sätze verallgemeinern, 
ferner diese reihentheoretische Methode auch auf Approximationsfragen allgemeiner 
Orthogonalentwicklungen anwenden ([5]).

Trotz der Vorteile, welche die Anwendung dieser sehr einfachen reihen
theoretischen Methode anbietet, konnte sie bisher nur auf die approximations
theoretische Charakterisierung von Stetigkeitsklassen angewandt werden, nicht 
aber auf Differenzierbarkeitsklassen, obwohl u.a. die Charakterisierung eben dieser 
Klassen immer ein Hauptziel der klassischen Approximationstheorie war. Die 
Schwierigkeit bestand darin, daß die nötigen allgemeinen reihentheoretischen Hilfs
mittel nur für die Cesäroschen Mittel ausgearbeitet wurden, diese aber zu genügend 
rascher Annäherung nicht brauchbar sind.

Wir werden im folgenden die reihentheoretischen Hilfsmittel für die Riesz- 
schen typischen Mittel ausarbeiten und erreichen dadurch die Charakterisierung 
der Klassen von beliebig oft differenzierbaren Funktionen, u. zw. in lokalisierter 
Form.

Wir gewinnen u. a. als einfache Folgerung unserer reihentheoretischen 
Rechnungen die approximationstheoretische Charakterisierung derjenigen Funk
tionenklasse, deren Funktionen in einem Teilintervall [a, b] c  [ — n, л] eine zur
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Klasse Lip (1, p )1 mit l S p á  +  °= gehörige (r — l)-te Derivierte besitzen (r& l, 
ganz).

Ebenso einfach erhalten wir die Charakterisierung zweier weiterer Funktionen
klassen: die eine Klasse besteht aus allen denjenigen 2re-periodischen Funktionen, 
deren (r — l)-te Derivierte im ganzen Intervall [ — 7t, n\ absolut stetig ist, die andere 
Klasse bilden die Funktionen, deren r-te Derivierte überall stetig ist.

2. Allgemeine Sätze über die Transformierten der Rieszschen Mittel unendlicher
Reihen

Sei 2  ak eine beliebige Reihe, deren Glieder Elemente irgendeines Banach-
k=  о

sehen Raumes В mit der Norm || о || sind. Betrachten wir die Rieszschen Mittel 
r-ter Ordnung

k ' ak (n =  0,1, 2, ...; r 1)( 1) Kr) = ZU -
der Reihe Ia k, sowie die entsprechenden Mittel

................... . kr
(2)

(« +  !)'
arechei

RPW = ZU-
k = 0 (« +  iy Xk a k

der transformierten Reihe lX kak. Wählen wir für {Xk} die Zahlenfolge {1 jkr} und 
bezeichnen wir der Kürze halber die Mittel (2) für diesen Fall mit R„(r), so gilt der

Sa t z  1. Die Rieszschen Mittel (1 ) der Reihe I a k sind in der Norm von В genau 
dann beschränkt:

I I I «  =  0(1),
wenn die Mittel

s w  = z U _—" k ú {  (n + \y  
in der Metrik von В gegen ein Element s f ß  mit der Approximationsgeschwindigkeit

1

kr

\R<r)-s\\ = О
konvergieren.

1 Die 27t-periodische Funktion f(x) c L[—n, n] gehört zur Funktionenklasse Lip ( l ,p )  mit 
1 +  wenn für sie die Beziehung

,  n 1 1/p
j  J  \ f ( x  +  h ) - f ( x ) Y ’ d x \  =  1 1 /(л :+ А )—/(лг)||£ .Р [_„>я] =  0 ( h )

gültig ist, wo wir unter L°°[-n, л] den Raum C[—n, n] der stetigen Funktionen verstehen. Wir sagen, 
die Funktion f {x )  £ L [-n , л] gehöre im Teilintervall [а, b] с  [ - л ,  я] zur Funktionenklasse 
Lip(l, p), wenn für jedes, ganz im Inneren von (a, b) liegendes Subintervall [a\ b'] die Beziehung

l l / ( * + A ) - / ( * ) l l i » i . ' . b 'i  =  0 ( A )

gilt, wo die Konstante im О im allgemeinen von a’ und b’ abhängt.
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Beweis. Für m > n  haben wir:
m

z  (Mr)- m i )  =

m f  k

=  Z  Z
к = п + 1 lv=  1

k = n+  1

(fe +  íy j vr ve i  

(fc+ iy -itr  k
кУ~1 l A:r(fc+l)r víi ' k̂n+i kr(k +1)‘

( k + l ) r- k r , v  (Ar+ l)r —Ä:'

■Ŝ T /̂C i “ I /  — /С -^7 ^  _  -^7 (fc +  1)Г — k r
~  . ^  I 1V öv — _ _ иг(ЪЛ- IV v5* ö° '

= -Яо Z z +  2= t t i  ^ r ( Ä : + l ) r  * - T m  ^ ( A :  +  l ) ' ** 5
WO

= Z  av undv = 0
v  ( k + l y - k '  

a\ = Ú i  kr(k +  l)r
ОШ

ist. Durch Abel-Transformation erhalten wir für die letzte Summe
кm— 1

z
1 1

[ k r(k +  i y ( * + l ) 4 f c  +  2)rJ (*+ i r Z ^ ^ +

1 -̂ 7 (v+ l)r —Vr
r Z j ~ ~ZZZ Sv.

Da

J _  f  ( v + 1  y - V
mr v=o (m+ l)r "v («+ 2)r v±̂ ) («+1);

к
V  (V+1)r~ Vr j  -  Д00

v-Ä (fe+iy
ist, haben wir endlich

K M - R V -  '"у {k +  2 )r - k r (r) ____Ri;>___  у  (k + i y - k T
m " k=n+i kr(k + 2)r Kk + n f (п + 2У ° k^ U  k*(k+ iy '

Daraus erhalten wir auf Grund unserer Annahme ЦЛ̂ Ц = 0(1 ) die Beziehung
m — 1

l|Rir)- ^ r)ll =  0 (1 )  Z  k - ' - l +  0 ( m - ' )  +  0 ( n - )  =  0 ( n - 0,
k = n + 1

womit wir die erste Hälfte des Satzes 1 bewiesen haben.
Um auch die andere Hälfte unseres Satzes zu beweisen, nehmen wir die Mittel

(3) я й  =  2 | 1 - ^
(и + 1)'

zu Hilfe. Nach leichter Rechnung ergibt sich 

( 4 )  R n r> -  R (n \  =  7 ~ r  ö v  Z ( l - , i y |  a v —
Rir) a0

(n + 2 y ^ o {  (n + l)rJ v (n + 2y  (n +  2 y  (n +  2 )' ’
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Für die Mittel (3) erhalten wir durch Abel-Transformation, indem wir

schreiben:
h  =  2 ^ 7  mit s0 =  0

v =  1 V

= 2

n

=  2

\ k + i y - k ' ( k + i y - k r {k-7\)2r — k2r
( n + i y  (n +  2 )r 0n + \ y ( n  +  2y

1 1
r +:

(k + i у+ кг
ktol(n + iy (n + 2)r (n+iy(n + 2y\

n — 1 к

__  ( P k ~  b k + l ) ( k  +  \ ) r  „11=0

[(к+1)г- к г]4 =

= . 3 ( V A . , № + . r i < ^

wo wir zur Abkürzung
, 1 1
К  — , Л, + ■

(k +  l)r +  kr
(n +  l)r (n + 2y (n+\y (n  +  2y  

geschrieben haben. Die Summen
V  (v + i y - v  .

v = o  ( k + l ) r

sind die Rieszschen Mittel R der Reihe I a j v r, so daß wir endlich für R(£ 2 den 
Ausdruck erhalten :

pW. =л л, 2 —
1

Es ist nun
(n+  l)r(/i + 2)r k=0

1

7 2  [(k + 2 y - k r] (k + iy R p .

7  2 [ ( k  +  2 Y - k T ] ( k + i y  =  1,(n+  l ) r(« +  2)r k=0

so daß wir für ein beliebiges Element s £ В die Beziehung gewinnen:

1
(5) R (A - s  =

(n +  l)''(« +  2)r k=07 2  [0е +  2 /  — kr] (к +  1 )r [Rfcr> — s].

Gilt nun die Relation

||R « -s || = О \ j ^

so ergibt sich nach (5) für die R^-M ittel die Approximationsgrößenordnung

l № - i | |  =  0(n~2r) 2  &r_1 = o
k =  1 *)■
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Der weitere Verlauf unseres Beweises ist nun sehr einfach. Nach unseren Erörterun
gen haben wir nämlich

M r)- R í rM\ S  Н^г)-*11 + 1к <>211 -  o

so daß wir nach der Relation (4) die erwünschte Beziehung
p W  II = 0(1)

erhalten. Damit haben wir unseren Satz 1 vollständig bewiesen.
Der Spezialfall r=  1 ist der schon unter [1] und [3] zitierte, auf die (C, 1)-Mittel 

bezogene reihentheoretische Satz von A lexits.
Wir wollen nun von der Formel (2) ausgehend einen Ausdruck für die trans

formierten R(?(/.(-Mittel ableiten. Sind {!„} und {/(„} beliebige Zahlenfolgen, so 
haben wir für die Differenzen der Produktfolge

А{ИпЮ = Ацп1„ + цп+1А1п.

Wählen wir in der Formel (2) цк =  1 —fa +1)г 
Abel-Transformation:

so erhalten wir aus (2) nach einer

n
R(nr\ l )  =  2

k —0

kr
(« +  l У. K ak — 2

k = 0

(k +  i y - k r
(n + iy K sk +

+ 2i (k + iy
i=o l (n +

A lksk =  1 + 11
mit

=  2  «»•
v =  0

Durch Abel-Transformation formen wir I bzw. II, indem wir

ку  ( v + iy - V  R(r)
v=o (.k +  i y  v k

schreiben, folgenderweise um:

bzw.
I =  AÄk{ k + X y + ).nR<y\

V* +  1)  k =  0

n  =  2 i
(fc+1)' , ,  ( k + i y - k 'A l

k = o  V (w + l)rJ ( k + l ) r —  kr k=0
1 “ ~ /c V  А
T z r u r “  2 . A

l (k+ l)r 
( « + l ) r

(fc+1 У - к г Ali (k + \yR'kr).

Nach dem Mittelwertsatz der Differentialrechnung ist

( k + i y - k r =  ri/c +  a j - 1 ( 0 < 3 t < l )
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so daß sich endlich für R 'f (2) durch wiederholte Abel-Transformation der folgende 
Ausdruck ergibt:

(6) R (nr)W l y ,  (k + iy  
r á v э l (й+ i y j  ( k + w(k + 1̂ -A*XkRP +

1
+  (и +  1)г

П — 1
2  0е + l)r^kkRir) +k=0

+ j 2 ( k + l  Уr k = 0

, (k + 1 У 
(и +  1 У 

. (tc + ЭкУ-1
(и+ iy

(к+  1 + 9 t+1)r_1 Akk+lRP + XnRZ\

Die Formel (6) wollen wir nun zum Beweis eines weiteren reihentheoretischen 
Satzes verwenden. Zu diesem Behufe betrachten wir eine positive Zahlenfolge 
{>;„} mit den Eigenschaften:
(7) Vn = *ln+i für n = 0, 1,2, ... und nrrin\ + oo.
Es sei weiterhin {2„} eine beliebige konvexe Nullfolge mit positiven Gliedern. Es gilt 
nun der

S a t z  2. Ist || R(f\ \  = 0(r]n) für die Mittel (1), so gilt für die transformierten Mittel 
(2) die Relation

\\R £(X )-R P ß)\\ = o(r,n).
B e w e i s . A u s  der Formel ( 6 )  erhalten wir für m>n:

n— 1 f
{ ( í T i y - r a } » + ,£ r ^ +(k +  S J

4 S ‘ ( .
(k + l)r | (fc+l)r 2 (r)
(m + l)rJ ( k + 9 J - 1 A k k +

= S2
"-1 f i l l  1 m~ 1

+ Л  Ь + Т ?  -  ( Í T r y  r  +  R t' + (ÍTM Г Л  № +  1>' J « ' > +
=s3 =s4

l5 ( f c + i ) M A i+1JR r
1 k=  0

1 1 (k+1)" (k + 2y
(n + l)r (m + l)r (k+  1 +  9k+l)r 1 +

1 771 — 1
+  — ^  (k+  l)r zJ2*+1 R,

Г k = n

1 1
(k +  9k)r 1 (k +  1 + 9 k+i)‘

Í (k +  2 y ( * + i y  )]
Цк + 1  + 9 k+ j)' _1 (к +  ЭкУ-1)

=s6

+ XmR f> -k nR p  = S1+ S 2+ 5 3 + 54 + 5 s +  5 6 + 5v.
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Um die Größenordnung von ||Ä r̂)(A) — ̂ г)(̂ )11 zu berechnen, werden wir die Normen 
]|St\\ (7=1,2, ...,7) einzeln abschätzen.

Wir bemerken zuerst, daß für unsere Folge {Я,,}, da sie eine positive konvexe 
Nullfolge ist, alle Differenzen AXn und A2Xn nicht-negativ sind, weiterhin die Kon
vergenzbeziehungen

(8) 2  AXk <  +°° und Z ( k  + 1)A2Хь -- + °°
lc=0 k  = 0

bestehen. Für die Normen ||5,-|| erhalten wir nun der Reihe nach:

IISJ = 0(n - ' )  Z  k r + 1A2Xk\\R^\\ =  0 (n- 0 " z  krnk(k + \ )A2Xk.
k = 0 k = 0

Unsere letzte Summe ist nach einem bekannten Satz von Kronecker wegen (7) 
und (8) von der Größenordnung o(nrt]n), so daß für HSJ gilt:

IISJ =  o(r,n).
Aus demselben Grund haben wir weiter:

l|S3ll =  sowie ||S5|| =  o(i/„).
Zur Abschätzung der Summen mit geraden Indizes ergibt sich zunächst

m — 1 nt — 1
l|S2ll -  0(1) Z  (k + l)A2Xkr,k =  0 (Пп) Z  (k + l)A 2Xk = o(r]n)

k = n k=n

wegen (7) und (8). Aus demselben Grund erhalten wir
m — 1 m — 1

IISJ  =  0 ( 1 )  2  Mk*lk = ОШ Z  AXk =  0(%).
k= n  k=n

Bei S6 haben wir zuerst den Klammerausdruck

Í 1 1 1 j 1 j (k + 2y (k + iy  \
P  +  SkT“ 1 ( k + l + ^ +1y - 4  (m + 1 )r|l(.k + l+ 9 k+1y - 1 (Аг + а д - 1!

abzuschätzen. Nach dem Mittelwertsatz der Differentialrechnung erhalten wir für I:

|I| ^  2(r— 1)(А: + тк)~г mit 0 <  тк <  2,

also es ist |I | =  0 (ä:—'"). Für II erhalten wir auf Grund unserer vorigen Abschätzung 
die Größenordnung

II = 0(m~r) = 0(k~r) für k^=m.
Insgesamt ergibt sich also wieder nach (7) und (8) für S6 die Größenordnung:

m— 1 m—1
IISöll =  0 ( 1 )  Z  Ah+I*lk =  0( iy„)  Z  1 =  o(r]n).

k = n  k = n

Endlich gilt für S7:
IIS7II =  о (/?„),
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da {/.„} eine Nullfolge ist. Damit haben wir unseren Satz 2 in allen Einzelheiten' 
bewiesen.

Für den Spezialfall r=  1 und t]„ = l (и = 0, 1,2, ...) ergibt sich aus Satz 2 der 
schon zitierte Satz von A l e x it s  ([2], 2. 2).

Satz 3. Ist für die Mittel (1) |Â r)|| =o(l), so existiert eine geeignete, von unten 
konkave, positive Zahlenfolge ).n\ +  °°, für welche die Beziehung

besteht.
| |* « (A ) - Ä « (A ) ||  =  o ( l )

B e w e i s . E s  sei nun p„\ + °° eine positive, von unten konkave Zahlenfolge 
mit den folgenden Eigenschaften:

Iе 1S  —j ,  2° A[in = 0 \  — I und 3° A2p„ = О
ßn n

Es ist leicht ersichtlich, daß diese Bedingungen erfüllbar sind (vgl. z. B. [2], 2. 3). Be
trachten wir zuerst die mit der Folge {//„} transformierten Mittel R f(p ). Aus (6) folgt

n — 1 /

l№Sr)(lOII ^  7  2  1 -
(k +  l)r | { k + \ y

f  k=o К (« + l)rJ (k +  &k)1

+77Г1У S ,1(* + l)r | ^ l l l ^ (r)ll +> ly k — 0

T  \A2kk\\\Rkr)\\ +

+  7  2  (^+  l)r Г k = 0

1 (k + iy
(п + \У

1 - (k +  2y
(n+iy

(k +  QkY 1 (k + 1 + Sk+ i У 1
=  I +  II +  III + IV.

Auf Grund von 1° und 3° ergibt sich für I die Abschätzung:

i  =  o o )  2  к Щ ^ \  = o o )  2 - ^ - -
k=l kk-lßkк pl

= с о )  2
1 1 о =  0 ( 1).

k= 1 \Pk- 1 Hk

Für II erhalten wir nach 2°, da {1/pl} eine Nullfolge ist:

II =  o  f l )  =  о м  =  o(i).( и J )c = 1 ( n +  1) 1 Pk K кТоП + 1

Bei III ergibt sich für den Klammerausdruck nach leichter Rechnung die Größen
ordnung 0(k~r), da кш п  ist, so daß für III gilt:

III =  0(1) 2 ^
*=i К 0 (1 ) 2* = 1 \kk- 1 kk

1 - 2 - |  = 0 (i) .
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Da für IY die Größenordnung o(l) unmittelbar ersichtlich ist, gilt für R(f  (ß) 
die Relation

!l^r)Gu)ll =  o(i).
Bezeichne nun {Xn} eine solche konvexe positive Nullfolge, für die {/„/<„} konkav 
und 1пцп f + 00 ist. Es sei endlich

Xn Xn/xn.
Wählen wir im Satz 2 statt der Reihe £a„ die Reihe X[inan und die Größen rjn alle 
gleich 1, so erhalten wir nach Satz 2 für die Mittel R ffx )  der transformierten 
Reihe 11пцпап — ЕХ„ап die Beziehung

||ä W(A)-R«(A)|| = o(l), 
womit wir auch unseren Satz 3 bewiesen haben.

3. Anwendungen der Sätze 1—3 auf die Charakterisierung 
von Funktionenklassen

a  0 0  0 0

Sei f(x)  +  (ov cos vx + bv sin vx) =  2j d v,(x) die Fourierreihe der 2n-2 v=i v=0
00  00

periodischen Funktion /(x), 2j (av sin vx — b,. cos vx) =  2  В Д  hie konjugierte
V— 1 V =  1

Reihe. Aus dem Satz 1 ergibt sich unmittelbar als einfaches Korollar eine approxima
tionstheoretische Charakterisierung der Klasse aller derjenigen 271-periodischen 
Funktionen /(x), deren (r — i)-te Derivierte (гё  1, ganz) überall existiert und 
zur Funktionenklasse Lip (1, p) mit 1 gehört. Hierbei bemerken wir,
daß unter Lip(l, °°) die gewöhnliche Lip 1 Klasse, während unter L ip (l, 1) die 
Klasse der Funktionen endlicher Variation zu verstehen ist.

K o r o lla r . Es ist / (r-1)(x)GLip (1, p) ( l^ p S + ° ° )  genau dann, wenn für 
gerade r die Beziehung

(9) № '( f ;  = о  ( ^ ) ,
für ungerade r die Beziehung

(10) 11^4/; =  0  (-^r)

besteht, wo R f i f ' ,  x) bzw. R f \ f ; x )  die Rieszschen Mittel bzw. die konjugierten 
Rieszschen Mittel der Fourierreihe von /(x ) bedeuten.

Ist nämlich r eine gerade Zahl und / (r-1)(x)dLip (1 ,p), so sind die Rieszschen
Mittel der r-mal differenzierten Fourierreihe von /(x), d.h. der Reihe + vrA v(x)

V = 1

in der Norm des Raumes Lp[ — n, n] beschränkt.2 Nach Satz I konvergieren daher

2 Vgl. hierzu [9], Volume I, 136—138, sowie 144—145. Die zitierten Beziehungen zwischen den 
(C, 1)-Mitteln der Fourierreihe einer Funktion f(x )  sowie der Zugehörigkeit von f ix )  zu irgendeiner 
Funktionenklasse Lp[ — n, n\ bleiben bestehen, wenn wir statt der (C, 1)-Mittel die entsprechenden 
R j \ f \  ,r)-Mittel der Fourierreihe von f(x)  betrachten.

A cta  Mathematlca Acadetniae Scientiarum H ungaricae 20, 1969



3 7 0 D. KRÁLIK

die и-ten Rieszschen Mittel der Reihe SAv(x) in der Z/-Metrik mit der Approxi
mationsgeschwindigkeit 0(n~r) zu f(x).

Gilt umgekehrt (9), so folgt wieder aus dem Satz 1, daß die Rieszschen Mittel 
der Reihe XvrA v(x) in der ZZ-Metrik beschränkt sind, woraus sich bekanntlich 
у  0- - 1 )(_*:) g Lip (1, />) folgt. Im Fall, wenn r ungerade ist, verfahren wir wörtlich, 
wie vorher, nur haben wir überall die entsprechenden konjugierten Größen zu 
betrachten.

Wir bemerken, daß dieses Resultat schon früher von M. Z a m a nsk y  ([8]) gefunden 
worden ist, jedoch auf eine ganz andere Weise. (Vgl. diesbezüglich auch [6].)

Ist r = l ,  so ist unser Korollar identisch mit dem unter [3] zitierten Ergebnis 
von A lexits über die Charakterisierung der Funktionenklasse Lip (1, p).

Wir wollen nun unser im Korollar enthaltenes Ergebnis auch in lokalisierter 
Form aussprechen.

Satz 4. Die 2n-periodische Funktion fix )  6 L[ — n, я] habe in [ — я, я] eine 
absolut stetige { r - \) - te  Derivierte f (r~l)(x). Diese Derivierte f (r~1 )(a) gehört im 
Teilintervall [a, b\cz[ — я, я] zur Funktionenklasse Lip (1, p) ( l S ^ S  + » )  genau 
dann, wenn für jedes, ganz im Inneren von (a, b) liegendes Subintervall [a\ b'\ bzw. 
die folgenden Relationen gelten:

( 11) \\Rir4 f; x ) - f ( x ) \ \Lna.'h.]

wenn r eine gerade Zahl ist, bzw.

( 1 2 )  ( / ;  X ) - f ( x ) W Lna, b,, =  о  (7|r

wenn r eine ungerade Zahl ist. Dabei hängt die Konstante im О im allgemeinen von 
a' und b' ab.

B eweis. Betrachten wir zuerst die Hilfsfunktion g (x ), die in dem Teilintervall 
\a", b"] mit a<a" <a' und b' <b" <b  mit der Funktion f{x) identisch ist und in 
den Intervallen [ — я, a"] und [b", я] so glatt geformt ist, daß g(,'_1,(x) im ganzen 
Intervall [ —я, я] zur Funktionenklasse Lip (1, p) gehört. Infolgedessen gilt die 
Beziehung

11̂ г)(я('-) ; х ) | |^ _ я,л] =  o (i) ,
umsomehr gilt also

ll^ r)te(r);^)llLW ] -  o(i).
Da im Intervall [a",b"] f (r\ x ) —g(r\x ) = 0 ist, konvergiert die Differenz 
R(j ] (f lr); x) — R f} (g(r>; x) im Subintervall [d, //] gleichmäßig gegen Null, so daß 
auch

i | f W (r); x ) - R £ \ g (r); x)||LP[a->b,] = o(l)
gilt. Wir haben also die Beziehung

С/'<Г) 5 “  0(1),
woraus sich auf Grund des Satzes 1 die Approximationsbeziehung (11), bzw. (12) 
ergibt.
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Nehmen wir umgekehrt an, daß für gerade r (11) gilt. Nach Satz 1 gilt dann 
auch die Beziehung

11^г)( / (г);^)11ьпв',п  =  °(1)-
Wir haben also auf Grund der Minkowskischen Ungleichung:

\\R(nr)(f(r-1)-,x + h)~R̂(f̂ -̂ ;x)\\Lna.̂  s {/  / RV{fto\x + t)dt
Io

h (  Ъ' 1 1  IP h^  f \ f  \R % \f(r)-,x + t)\pdx\ d t=  f  \\R!,r)( f (r);x+ t)\\Lna.'b,,cit=  0(h),
О V  ^ 0

wenn nur h genügend klein ist. Die Rieszschen Mittel Л£)( / (г-1); x) konvergieren 
aber in [a', b'] gleichmäßig zu f ir~l>(x), daher erhalten wir endlich die Beziehung

ll/(r_ i) (x +  h) —/ (r~ i) WIIlp[0', b'j = 0 (h).
Für ungerade r verfahren wir ähnlich, überall die entsprechenden konjugierten 
Größen betrachtend. Damit haben wir den Satz 4 vollständig bewiesen.

Satz 5. Die (r - l)- te  Derivierte f <r~1)(x) der 2n-periodischen Funktion f(x)  
(г ё  1 ganz) ist genau dann absolut stetig, wenn eine geeignete von unten konkave 
positive Zahlenfolge A„t + °° existiert, so daß bzw. die Beziehungen bestehen:

mit

\\R p (k \f- ,x )- fk(x)\\L[_n̂  = 

\\Ri,r)ß ; f ; x ) -M x ) \ \Ll_Ktnl =

(r gerade), 

(r ungerade),

kvAv(x),

R (nr)().]f-, x) („+ 1y K BAx),

und fx(x), bzw. f f x )  den Limes im Raum L[ — n, u] von {R(f ( k ; f ;  x)}, bzw. von 
{R(„r)(A;f; x)} bedeuten.

Es sei nämlich r eine gerade Zahl und / (г_1)(х) absolut stetig. Dann ist (abge
sehen vom Vorzeichen) die Reihe L vrAv(x) die Fourierreihe der integrierbaren
Funktion / <r,(x). Es sind also die Rieszschen Mittel der Reihe — r r,(x) +  vrAv(x)

v =  1
in der Metrik des Raumes L[ — n, n] von der Größenordnung o(l). Nach Satz 3 
existiert eine positive, von unten konkave Zahlenfolge Я„ t + °°, für welche die 
Rieszschen Mittel R{')(X-,f(r)-, x) der Я-transformierten Reihe L fv 'A fx )  die 
Relation

p W (A ;/W ;x )-i?W (^ ;/(r);^llL[- , . , ] =  0(1)
erfüllen. Es ist also

||Д?)(А;/^);х)||ч _ ,,.] =  0(1),
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woraus nach unserem Satz 1 die Approximationsbeziehung

folgt.
Wenn umgekehrt die letzte Abschätzung gilt, so haben wir nach Satz 1 die 

Beziehung
||^ > (Я ;/^ ;х ) ||ч _Я|Я] =  0(1),

wo R'n ’O.; f (r); x) das n-te Rieszsche Mittel der trigonometrischen Reihe 
ZAvvrA fx )  bedeutet. Da jetzt {1/A„} eine konvexe Nullfolge ist, folgt aus Satz 2 mit 
ti„ =  1 die Relation

*)ИЧ -«.Я] -  0(i).
Die Reihe ZvrAv(x) ist also eine Fourierreihe, und zwar die Fourierreihe der 
Derivierten / w(x) (abgesehen vom Vorzeichen), so daß / (r“ 1)(x) absolut stetig ist.

Für den Fall, wenn r eine ungerade Zahl ist, verfahren wir wörtlich wie oben, 
wir haben nur überall die entsprechenden konjugierten Größen zu betrachten.

Wenn wir in unserem Beweis statt der Normen ||o ||t  die Normen ||o ||c im 
Raum C[ — n, n] der stetigen Funktionen betrachten, erhalten wir den folgenden

S a t z  6 . Die r-te Derivierte f (r)(x) der 2n-periodischen Funktion f(x) ist genau 
dann überall stetig, wenn eine geeignete, von unten konkave Zahlenfolge Я„ t + 00 
existiert, so daß bzw. die Relationen bestehen:

wenn r gerade, bzw.

wenn r ungerade ist.

№ f l ; f ; x ) - f , ( x ) \ \ c = О

ЦДМ(А;/;*)-Д(х)||с =  0 1
nr I ’

(Eingegangen am 18. Dezember 1968.)
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S C H E IB E N  P A C K U N G E N  K O N S T A N T E R  N A C H B A R N Z A H L

Von
L. FEJES TÓTH (Budapest), korrespondierendes Mitglied der Akademie 

H errn Professor  G. Alexits zu seinem  70. G eburtstag g ew idm et

§ 1. Einleitung. Wir legen unseren Betrachtungen die Euklidische Ebene 
zu Grunde. Unter einer Scheibe verstehen wir eine beschränkte offene konvexe 
Punktmenge. Eine Menge disjunkter Scheiben heißt eine Packung. Zwei Scheiben, 
die einen gemeinsamen Randpunkt haben, nennen wir Nachbarn. Hat in einer 
Packung jede Scheibe eine konstante Anzahl n von Nachbarn, so sprechen wir von 
einer Packung konstanter Nachbarnzahl oder von einer n-Nachbarnpackung.

Zerlegen wir einen Kreis in n +1 kongruente Sektoren, so haben wir ein Beispiel 
einer и-Nachbarnpackung mit einem beliebigen nicht negativen ganzzahligen Wert 
von n vor uns. Als zweites Beispiel betrachten wir eine и-Nachbarnpackung aus 
endlich vielen glatten Scheiben. Auf Grund des Eulerschen Polyedersatzes kommen 
hier nur die Werte n=  0, 1, 2, 3, 4 und 5 vor. Es scheint nun ein interessantes 
Forschungsgebiet zu sein, unter verschiedenen Bedingungen die zulässigen Werte 
von n zu bestimmen. In diesem Aufsatz möchten wir auf einige derartige Probleme 
hinweisen.

Wir werden uns auf einige Konstruktionen beschränken, die unter den betref
fenden Bedingungen mögliche Werte von n liefern. Die Frage, ob die Aufzählung 
dieser Werte vollständig ist, wird nicht behandelt, so daß die meisten hier aufge
worfenen Probleme noch ungelöst sind. Als Hauptergebnis kann die im § 4 ange
gebene Konstruktion angesehen werden, die alle Möglichkeiten erschöpft und 
damit das betreffende Problem erledigt.

§ 2. Parkettierungen. Wir nennen eine Packung, bei der jeder Punkt der 
Ebene entweder zu einer Scheibe oder zum Rand einer Scheibe gehört, eine Par
kettierung oder Pflasterung. Es erhebt sich folgendes Problem: Gesucht werden 
diejenigen Werte von n, die eine и-Nachbarnpflasterung aus kongruenten konvexen 
Polygonen gestatten.

Die Figuren 1 bis 9 stellen Beispiele für n = 6, 7, 8, 9, 10, 12, 14, 16 und 21 dar. 
Gibt es Beispiele auch mit anderen Werten von и? Diese Frage ist noch nich beant
wortet. Es steht nicht einmal fest, ob es für n eine universale obere Schranke gibt 
oder nicht.

§ 3. Bewegungsstabile Packungen. Eine Packung wird relativ stabil, schlechthin 
stabil oder auch bewegungsstabil genannt, wenn jede Scheibe durch ihre Nachbarn 
gegen Bewegungen fixiert wird. Runden wir die Ecken der in Fig. 6 dargestellten 
Dreiecke durch kleine kongruente Kreisbogen ab, so erhalten wir eine stabile 
Packung kongruenter Scheiben mit der konstanten Nachbarnzahl n = 3. Auf ähn
liche Weise erhalten wir durch Abrundung der Ecken vom Winkel 90° in den Figuren 
3, 2, 7 und 8 Beispiele für n = 4, 5, 13 bzw. 15. Ein weiteres einfaches Beispiel hat
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Fig. 10

G. Fejes Tóth gefunden: man zerlege im Archimedischen Mosaik (12,3,3) die 
12-Ecke in je 24 kongruente Dreiecke und runde die rechten Winkel ab (Fig. 10). 
Hier ist die Nachbarnzahl n = 25. Zusammen mit den oben betrachteten Parkettie
rungen haben wir also Beispiele für stabile Packungen kongruenter Scheiben mit 
den konstanten Nachbarnzahlen и =  3 bis 10, 12 bis 16, 21 und 25.

Wir können hier ganz analoge Fragen stellen wie im § 2. Doch lassen die in 
den §§ 4 und 7 enthaltenen Ergebnisse vermuten, daß hier schon die Entscheidung 
der Frage, ob es für n eine endliche obere Schranke gibt oder nicht, äußerst schwierig 
sein muß.

§ 4. Verschiebuitgssfabile Packungen. Wird in einer Packung jede Scheibe 
durch ihre Nachbarn gegen Translationen fixiert, so wird die Packung verschiebungs
stabil genannt. Es sei hier gezeigt:

Zu jeder ganzen Zahl n >2 gibt es eine verschiebungsstabile Packung kongruenter 
Scheiben mit einer konstanten Nachbarnzahl n.

Da bei den Nachbarnzahlen 3, 4 und 5 sogar bewegungsstabile Packungen 
existieren, können wir voraussetzen, daß n >5 ist.

Es seien A und В zwei Punkte mit einem Abstand größer als 1 und kleiner 
als ]/2. Ferner sei a0 ein gleichschenkliges Dreieck mit der Spitze A in einer solchen 
Lage, daß es die Halbgerade AB in zwei kongruente Teile schneidet. Die Schenkel
länge von a0 sei 1 und die Basislänge p. Jetzt konstruieren wir sukzessiv weitere zu
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a0 kongruente, nicht Übereinandergreifende Dreiecke b{, al , ..., bk, ak, die ab
wechselnd В und A als Spitzen haben, so daß bt mit a0, at mit bv, ..., ak mit bk 
benachbart sei. Ist p genügend klein, so läßt sich diese Konstruktion für jede natürliche 
Zahl к so durchführen, daß die Symmetrieachse von ak einen beliebig kleinen Winkel 
mit AB einschließt. Nähern wir die Punkte A und B, so nehmen die Winkel, die 
die Symmetrieachsen der Dreiecke blf ..., ak mit AB einschließen, stetig zu, so daß 
bei einem wohlbestimmten Abstand AB die Basis von bk auf einem Schenkel von 
ak liegen wird (Fig. 11). Wie man leicht nachrechnet, gilt in dieser Lage von ak und 
bk die Ungleichung А В <  ]/2 —p, die wegen der Voraussetzung AB < ^2  für genügend 
kleine Werte von p erfüllt ist.

Wir betrachten jetzt die Bewegungsgruppe, die durch die Spiegelung bezüglich 
AB, die Translation AB und die Spiegelung bezüglich des Basismittelpunktes von

ak erzeugt wird. Ergänzen wir die 
betrachteten Dreiecke mit ihren 
Bildern unter dieser Gruppe, so 
entsteht eine Packung mit der 
konstanten Nachbarnzahl 4к + 2.

Anstatt von den obigen Drei
ecken gehen wir jetzt von den 
ähnlich konstruierten Dreiecken 
a0, bi , ai , ..., bk, ak, bk+1 aus, 
wobei die Basis von ak auf einem 
Schenkel von bk+l liegt. Gleich
zeitig ersetzen wir bei der Bil
dung der Bewegungsgruppe die 
Spiegelung bezüglich des Basis
mittelpunktes von ak durch die 

Spiegelung bezüglich des Basismittelpunktes von bk+1. Die erhaltene Packung 
hat die konstante Nachbarnzahl 4k +  4.

Man sieht leicht ein, daß a0, bk und ak, bzw. a0, ak und bk+l, sowie ihre Trans
formierten sogar gegen Bewegungen, die übrigen Dreiecke aber nur gegen Trans
lationen fixiert sind. Damit sind die Fälle mit einem geraden Wert von n erledigt.

Bei einem ungeraden Wert von n legen wir a0 so, daß ein Schenkel von a0 
auf der Strecke AB liegt. Wir konstruieren in derselben Weise wie oben die Dreiecke 
b t , ...,ak, bzw. b1, ..., ak, bk+1, wobei bk auf derselben Seite von AB liegt wie a0. 
Die Ergänzung dieser Dreiecke zu einer Packung konstanter Nachbarnzahl folgt 
ebenfalls wie oben. Die Nachbarnzahl ist 4k +  3 bzw. 4k + 5. Es sei noch bemerkt, 
daß hier statt der Spiegelung bezüglich der Geraden AB auch die Spiegelung bezüglich 
des Mittelpunktes der Strecke AB entsprechen würde.

§ 5. Maximalpackungen. Wir definieren die Newtonsche Zahl einer Scheibe 
j  als die Maximalzahl der kongruenten Exemplare von s, die ohne übereinander 
zu greifen mit s in Berührung gebracht werden können. Flat in einer Packung 
kongruenter Scheiben jede Scheibe genau soviele Nachbarn wie ihre Newtonsche 
Zahl, so sprechen wir von einer Maximalpackung [1].

Das einfachste Beispiel für eine Maximalpackung ist eine 6-Nachbarnpackung 
kongruenter Kreise. Im allgemeinen ist aber dis Bestimmung der Newtonschen

Acta Mathematica Academiae Scientiarum Hungaricae zo, 196g



SCHEIBENPACKUNGEN KONSTANTER NACHBARNZAHL 379

Zahl einer Scheibe, und folglich die Entscheidung, ob eine Packung maximal ist 
oder nicht, ein schwieriges Problem [vgl. 2]. Es ist bekannt [3], daß die Newtonsche 
Zahl eines Quadrats 8 und die Newtonsche Zahl eines gleichseitigen Dreiecks 12 
beträgt. Deshalb bilden die Flächen eines regulären Vier- und Dreiecksmosaiks 
(Fign. 3 und 6) je eine Maximalpackung. Es ist nicht ausgeschlossen, daß die in 
Fig. 9 dargestellte Dreieckpackung mit der konstanten Nachbarnzahl 21 ebenfalls 
maximal ist. Obwohl dies nicht feststeht, läßt diese Packung vermuten, daß in 
einer Maximalpackung die Nachbarnzahl erheblich größer sein kann als 12. Es ist 
andererseits kaum zu bezweifeln, daß bei Maximalpackungen die Nachbarnzahl 
unter einer universalen Schranke bleibt. Wir lassen für diese naheliegende Ver
mutung einen Beweisansatz folgen.

Es sei s eine Scheibe mit dem Durchmesser 1, der Dicke d und der Newtonschen 
Zahl N. Ferner seien A und В zwei Randpunkte von s vom Abstand AB— 1, p der 
Parallelbereich von s vom Abstand 1 /2 und P der Parallelbereich von s vom Abstand 1. 
Wir stellen uns N  sehr groß vor. Dann ist d offensichtlich sehr klein, so daß 5 praktisch 
mit der Strecke AB zusammenfällt. Deshalb wollen wir den Mittelpunkt M  der 
Strecke AB den Mittelpunkt von j  nennen.

Wir setzen jetzt voraus, daß sich .v durch Hinzufügung weiterer Scheiben zu 
einer Maximalpackung ergänzen läßt. Es leuchtet intuitiv ein, daß dann die Mittel
punkte der mit s benachbarten Scheiben in der Nähe des Randes von p, und die 
Mittelpunkte der übrigen Scheiben außerhalb p liegen müssen. Hieraus würde 
folgen, daß der Mindestabstand zwischen M  und den übrigen Scheibenmittel
punkten angenähert 1/2 ist. Wir setzen aber nur voraus, daß für genügend kleine 
Werte von d dieser Mindestabstand, also zugleich der Abstand zwischen je zwei 
Scheibenmittelpunkten größer ist als etwa 1 /4. Da aber einerseits die N  Mittelpunkte 
der mit s benachbarten Scheiben sicher in P liegen, andererseits in P nur eine geringe 
Anzahl von Punkten mit einem Mindestabstand =-1/4 Platz hat, kann N  im Gegen
satz zu unserer Voraussetzung nicht groß sein.

§6. Endliche Packungen. Unter dem Winkel einer Scheibe s in einem Rand
punkt A verstehen wir den Winkel des kleinsten Winkelbereiches mit der Ecke A, 
der s enthält. Man sieht leicht ein, daß die zu verschiedenen Randpunkten gehörigen 
Winkel ein Minimum haben, das wir Minimalwinkel nennen. Ist der Minimalwinkel 
gleich я, so heißt die Scheibe glatt.

Fig. 12 F ig. 13
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Wir bertachten eine я-Nachbarnpackung von endlich vielen kongruenten 
Scheiben vom Minimalwinkel 2я/А mit einem reellen Wert von /гё 2. Für drei 
einander gegenseitig berührende glatte Scheiben gilt n = 2. Ferner gilt für [/;] Scheiben, 
die in einem Punkt Zusammentreffen, n = [h — 1]. Dies sind aber im allgemeinen 
nicht die größtmöglichen Werte, die n für h <3  bzw. h S3 erreichen kann. Es gibt 
nämlich Packungen von endlich vielen kongruenten glatten Scheiben mit der 
konstanten Nachbarnzahl 3 und 4 (Fign. 12 und 13). Es läßt sich aber vermuten, 
daß die gesuchte Maximalzahl Max (4, [h — 1]) ist. Hieraus würde natürlich folgen, daß 
endlich viele kongruente glatte Scheiben keine 5-Nachbarnpackung bilden können.

Für unendliche Packungen läßt sich die analoge obere Schranke in der Form 
Max (6,/(A)) schreiben. Die in den Figuren 3, 6, 7, 9 und 10 dargestellten Beispiele 
zeigen, daß / ( 4 )& 8 ,/(6 )^ 1 2 ,/ ( 8 ) S 14,/(12)s2 1  und / ( 24)ё25  ausfällt.

§ 7. Normalpackungen. Verzichten wir auf die Kongruenz der Scheiben, so 
werden mehrere der obigen Probleme uninteressant. Man kann nämlich zu einem 
beliebigen konvexen n-Eck mit n >  6 weitere konvexe n-Ecke so sukzessiv hinzufügen, 
daß eine л-Nachbarnpflasterung entsteht. Runden wir die Ecken der n-Ecke in 
geeigneter Weise ab, so erhalten wir eine bewegungsstabile Packung glatter Scheiben 
mit der konstaten Nachbarnzahl n. In diesen Beispielen müssen aber entweder immer 
längere oder immer dünnere Scheiben Vorkommen.

Wir richten hier unsere Aufmerksamkeit auf Normalpackungen, die wir dadurch 
definieren, daß die Radien der Scheibeninkreise und Scheibenumkreise eine positive 
untere und eine endliche obere Grenze haben.

Es scheint nicht einfach zu sein, außer für die Zahlen n = 6, 7, 8, 9, 10, 12, 14, 
16 und 21, die bereits bei Parkettierungen mit kongruenten Vielecken erwähnt 
wurden, für andere Werte von n normale n-Nach barn pflastern n gen zu konstruieren. 
Das einzige mir bekannte derartige Beispiel ist eine von G. Fejes Tóth herrührende 
normale 11-Nachbarnpflasterung (Fig. 14). Trotzdem läßt die folgende Konstruktion 
vermuten, daß für jede ganze Zahl n>  5 normale n-Nachbarnpflasterungen existieren.

Wir zerlegen die Seiten eines regulären Sechsecks in je к ш 2 kongruente Strecken 
und verbinden die 6(k — 1) Teilungspunkte mit dem Mittelpunkt des Sechsecks. 
Dadurch zerfällt das Sechseck in 6 Deltoidé und 6(k—2) Dreiecke. Zerlegen wir 
in dieser Weise alle Flächen eines regulären Sechseckmosaiks, so entsteht eine 
Normalpflasterung, wo zwar die Nachbarnzahl nicht konstant ist, aber nur die 
nacheinander folgenden Werte 6k —4 und 6k — 3 annimmt. Für k =  2 ist die Anzahl
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der Dreiecke Null, so daß jetzt unsere Konstruktion die in Fig. 4 dargestellte 
9-Nachbarnpflasterung ergibt.

Man kann auch zu einer beliebig vorgegebenen Zahl я ё 9 solche Normal
pflasterungen konstruieren, wo die Scheiben nur я oder я +1 Nachbarn haben. 
Fig. 15 zeigt den Fall я = 9.

Wird nur Stabilität verlangt, so läßt sich das entsprechende Problem leicht 
erledigen: Zu jeder ganzen Zahl я > 2  gibt es bewegungsstabile Normalpackungen 
mit der konstanten Nachbarnzahl n. Zerlegen wir nämlich ein gleichseitiges Dreieck 
D in я Teildreiecke, die im Mittelpunkt von D Zusammentreffen, runden die an den 
Seiten von D liegenden Ecken der Teildreiecke ab und nehmen zu den entstehenden 
Scheiben ihre Transformierten unter derjenigen Bewegungsgruppe hinzu, die durch 
die Spiegelungen an den Seiten von D erzeugt wird, so haben wir die gewünschte 
Packung vor uns.

In einer endlichen Packung mit der konstanten Nachbarnzahl я sei der Minimal
winkel sämtlicher Scheiben ^2n/h. Dann gilt vermutlich я з= Max (5, [h — 1]). 
Es sei bemerkt, daß durch eine geeignete stereographische Projektion der Flächenin
kreise des regulären dodekaedrischen Mosaiks eine 5-Nachbarnpackung von 12 
Kreisen entsteht.

Zum Schluß betrachten wir eine Normalpackung mit der konstanten Nachbarn
zahl я. Ist der Minimalwinkel sämtlicher Scheiben ё2л//г, so gilt vermutlich 
я Max (6, f(hj), wo f(h ) mit der am Ende von §6 definierten Funktion identisch ist.

(Eingegangen am  21. D ezem ber 1968 .)

MTA MATEMATIKAI KUTATÓ INTÉZETE,
BUDAPEST, V., REÁLTANODA U. 13— 15
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O N  T H E  S U M M A B ÍL IT Y  O F  T H E  F O U R I E R  S E R IE S  
O F  L 2 IN T E G R A B L E  F U N C T IO N S . IV

By

E . M A K A I (B ud apest)

To G . A lexits on his seventieth birthday

1. Let 7in denote the space of the complex trigonometric polynomials
П П

f(x ) = 2  cveivx = ~  + 2  (av cos vx + bv sin vx)
-n ^ 1

of order n and let Cn be defined by

о н ) c„ max
2к i V \
/ max sk(x ;f)d x \l \ j  \f(x)\2dx\

0 O^k^n I / lo J

where sk( x ; f ) is the partial sum of /(x) of order k.
The theorem of Carleson, namely that every L2(0, 2n) integrable function 

can be expanded into an almost everywhere convergent Fourier series is equivalent 
to the statement that the sequence {C„},T=o is bounded [2].

The more difficult question of the behaviour of the quantities
2 к - 2 k

(1.2) An = m a x f  max \sk(x; f ) \2 dx f  |/(x )|2 dx (« =  1,2,...)
/€ я „  о O s ts »  / Q

was settled recently by R. A. H u n t  [1]: he proved that the infinite sequence 
A lf A2, ... is bounded.

Another question is the following. Let the complex function <p(x) 6 L2( — n, n)
К

be of unit norm: ||<p||= J  \tp(x)\2dx= l and let {xr}r°l_TC be a sequence of non-
— K

negative numbers not exceeding n. Let us consider the quantity

(1.3) -%>; R })

Do the E(<p; {%r})’s have a finite bound if ip ranges over all L 2( — n, ri) integrable 
functions of unit norm and {xr} is a fixed sequence? (Of course, if xr =n for every r, 
then by Parseval’s formula E(tp; }) = 2тг). This would certainly be true if the
quantity

"■ » ’ ;2 
(1.4) E(tp) — 2  max f  <p(x)e~irxdx

r = — oo O ^ X r ^ J t  _  y r
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had a finite bound the <p(x)'s ranging over all L2{ — n ,n)  integrable functions 
of unit norm.

The purpose of this paper is to show the equivalence of Hunt’s result and 
of the problem mentioned in the last paragraph: from Л„-= Л it follows that

(1. 5) SUp E(q>) <  со;
ll? ll = i

conversely (1. 5) implies Hunt's result.
2. Let x t , x2, x m be a strictly increasing sequence of real numbers and 

fcl5 k2, km non-negative integers not exceeding n. Let further x and к denote 
the m-vectors {xt , . . . , x m} and {k1, . . . , k m}, respectively. Finally we shall use 
the notation

И
+  2  ( a v  COS MX +  b v sin v x )

V=1

n 1 1 / 2

Z ( M 2+ m \  .

In part I of this paper [3] I have introduced the quantities
m

(2. 1) Л(х, к) =  max 2  K „ (* ,;/) |2
/ €  itn r =  1

and have shown that they are equal to the greatest eigenvalue of the matrix

( 2. 2) [Dmin(kp ,kq) (xp- x q)]m
p ,q =  1

where Dt(x) =  1/2 + cos x + ... +cos lx is Dirichlet’s kernel.
We shall call a function f *  = ao/2 + E(a* cos vx + b* sin vx) an extremal 

function of the maximum problem (2. 1) if one has

m I
(2.3) л (х ,к ) =  2 М ^ ; Г ) 1 2/||1Л112-

r = l  '

The existence of these extremal functions is obvious and we state
Lemma 1. There exists an extremal function of (2. 1) with real Fourier coefßcie nts 

a* b*
Indeed by introducing the notations a0/|/2 =  Co> öv =  Cv> hv = (v— 1, 2, ...,«)

we see that the numerator of the right-hand side of (2. 1) is an Hermitian form of 
the quantities C-n+i > •••> Cn with real coefficients. Л(х, к) is the greatest eigen
value of the corresponding symmetric matrix, and the quantities

ív =  a  = Ool У 2,
ь и

(v =  1, 2, ..., ri),

(v =  — L - 2 ,  ..., - и )

are the components of the real eigenvector corresponding to the eigenvalue Л(х, к)
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We quote another result of part I :

1 m
(2.4) An(x) = max— 2 j max \si(xr'>f)\2

f£ n „  m  r=  1 1 =  0 , 1 ....... n
2 = — max Л(х;к).

m  k r = o , i , . . . , nr= 1,2 m
In the special case when xr = x* = 2nr\m (r=  1, 2, ..., m) the quantity An(x) 

was denoted by A'nm> and it was shown in part I that

( 2 .  5 )  2 Л < т > ^  An.
A counterpart of this inequality is 
L e m m a  2 .

(2. 6) 2Л„(т) =s 1+471 — \A n. m

Indeed let k\, k% ...,k*  be an extremal sequence corresponding to the 
maximum problem (2. 3), i.e.

A ^  = ~ A n(kt,k*2 ,-,k*m)

and a*, b* should denote, as before, the Fourier coefficients of the real extremal 
function f*  in (2. 4), only that now k i =k\, ..., km = k*. So, if

(2. 7) 

we have 

(2. 8)

1 1 1 /1 1 1  = i.e. j { f \ x ) Y d x =  1,

2 71
mAj,m) = — 2 14m rt i  kr

On the other hand, by (1. 2), if x* =  2nrjm,

r m r*
A„Sé J  max \sk(x;f*)\2dx s  2  JsZ*(x;f*)dx

_ O^k^n *r- 1
and if

min j 2»  (x ; /* ) = s i  (x* -  r\r\ f *)
x*_ r

then a fortiori
X*m r 9

(2. 9) An ^  Z  J s£(x*->b\f*)dx = ~ ^ 2 ^ r(x* -V r-,n -

Let us now introduce the continuous function

? 7T
g(0  = f Z 4 ( X;-z> ir, r ) .rrl r
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By (2.5) and (2.7) g(0)^A„  and by (2.9) g(l)sA „ . Hence, there exists a 
.9, O s S s l ,  such that g(9) =  A„ and by (2. 7)

2a ^ - a „ = =

=  /  - k s& x 'f *)dx = l ^ Z  /  s* (x ’f* ) - fc 5e (x ’f* )d x .
?  d 4л

mr  X*  -  » Пг r

Taking into regard that (d/dx)sk*(xr;f*) = sk*(xr,f* ') where 
(2. 10) /* ' =  2  v(6* cos \x  —a* sin vx)
and using in turn Schwarz’s inequality and x*_,á x *  — !h/r we have

f  * ?  1 1 /2  r  x *  ,  1 /24л
2A m)- A  <  - ~ ’Z \  J  sv (x ; f* )d x \  I f  s2JKx;f* ')dx

X f - l

Again, by Cauchy’s inequality
- f x* x* ,1/2

2A^m) — A „ s  12j f  4 * ( x \ f * ) d x  2  J s l* (x-J*')dx \  =£
m  У r  X*  , r  X*  ,  J

4n Í r r
^  — { / max s £ (x ; f * )d x  • /  max ( * ; /* ')  dx\  ^  

^  Iq O ^ k ^ n  q O ^ k ^ n  J

{ 27t 271 -j 1/2
A  /  [ / *  ( * ) ] 2 • A  /  [ / * '  ( X ) ]2 r f x

О О J

by the definition (1. 2) of Finally by (2. 8) and (2. 10)

(2.11) 2А<Г*-Ая ^ — Ал-п 
since by (2. 7)

2* 1 n 
I U*'(xj\2 dx = -  Z  v2(a*v2+b*2) Ш n2. 

о n 1

We remark that from (2. 5) and (2. 6) we have

2 A 2")
(2.12) I S - = S l +2л

A
i.e. An and A(2n) have the same order of magnitude.

Let now in (2. 4) xr be equal to itr/m. We shall denote the corresponding 
quantity A„(x) by ai,m) and prove

Lemma 3. aj,m) S  2A<2m) ё  2a(nm\
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It is trivial that a(nm) may be defined in the more general way (cf. § 2 of Part I)
2I __ ■ ТТУ I

(2.13) aim) =  max 1— 2  max
= i m  r = l  k = o ,  1  n

nr
m + C ; f

where C is any real constant. 
So we have, if | | | / | | |  =  1

max max
/  r=  1 к

2 2 m

^  max ^  max ЯГ

^  max 2 max
f  r =  1 ft

/  r=  1 к  

2 2 m

+  max ^  max
/  r= m + l к

*k — ; /m

Sk — ; / ][ m  J

and by (2. 13) the two terms on the right-hand side are equal. Dividing by m yields 
Lemma 3.

3. We now deal with the following maximum problem. Let кл , km be non
negative numbers, not necessarily integers, z an /я-vector with complex components 
Zj,..., zm and let the vectors x and к have the same meaning as before. Our problem 
is to find the maximum ^(z; x, k) of

m k-
2  zr J (p(t)ei,x-dt

-kr
if cp(t) ranges over all L 2( — °°, °°) functions of unit norm. We shall evaluate the 
quantity p(z, x, k) in a way analogous to the solving of Problem 2a in Part I. 

Using the notation
(1  if

E‘ (' ) =  l o  if
we have

if t >  к

o o  2

2  z r f  <p(t)ei,x-dt = 2  z r f  Skr(0<P(t)ei,Xrdt =
i r -kr r

CO 2  CO oo

/  <K0 2  z r £ k r ( O e i , X r d t  f  \ ( p ( t ) \ 2 d t  f  1 2 z r s k r ( t ) e i , X r \2  d t  =
- o o  Г  _ c o  - o o  Г

OO

2  zpzq%(t)£kq(t)eû r - x̂  dt =
-oo i>.e=l

-  j  z ,z . ^ in m in f t , , k № , - x j  = р (г , x k)
P, i=l

and the sign of equality stands if (p(t) = (p(t, z) = c 2  zrekXt)ei,Xr where c is the 
norming constant

j /  12" z r e k r ( O e i t X r \ 2  =  {/r(z, x, k )}-h2 .
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Summing up we have
k r k r.v r  -

(3.1) 2  z r J  <p(t)e>,Xr dt = 2  z r J  (p(t, z)ei,Xr dt\ =
r  - k r  r - k r

= n(z, x, k) s  M(x, к ) 2 \г , \2, if /  \<p(t)\2dt =  1

where M(x, k) is the greatest eigenvalue of the matrix of the positive semidefinite 
form g(z; x, k). We now state

L e m m a  4 .

r r
max ^  I / <p(t)ei,Xr dt = M(x, k).

iiv>foii=i >• l_ír

Indeed substituting
kr

zr — J  (p(t)e',Xr dt
- k r

into (3. 1) we get by division with 2 \ zr\

(3.2)
Лг

J  (p(t)e"Xr dt
- k r

S M (x , k) if ||<j»(OII =  1.

To show that the sign of equality is valid here for some cp let z*, ..., z* be 
the components of a vector z* for which

(3.3) /i(z*;x, k) =
#Cr 2

2 Z* J  c p ( t,z* )^ d t = M(x, b ) 2  \z*\2-
- k r

Such a vector exists and is an eigenvector of the matrix of the Hermitian form 
p(z; x, k) belonging to its greatest eigenvalue M(x, k). We state that

(3.4)
kr

z* — у f  <p(t, z*) e'tXr dt
- k r

where у is independent of r. Indeed if it were not so we should have by Cauchy’s 
inequality and by (3. 3)

k r  2  k r  2  .

2  f  9 (1, z*)ei,x-dt >  2  z* f  (p(t,z*)eitXr dt 2  |z*|2 =  M(x, k)
Г ~ k r  r  - k r 1 r

in contradiction to (3. 2). Substituting now (3. 4) into (3. 3) and dividing by 2 \ zt
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we get

2
krJ (p{t, z*) e',Xr dt

- k r

M ( x ,  k)

thus completing the proof of Lemma 4.

4. We now introduce the m-vectors't, and x with components £r = <j~1xr and 
xr = okr and state
(4. 1) Л /(£, x) = gM (x , k).

This follows from the fact that the matrix of the form g(z, £, x) is a times the matrix 
of n(z; x, k).

The quantity

(4.2) a„(x) = sup 4 r M (x> k)Ô kr̂ m m 
r =  1 ,2 , n

is analogous to the A„(x) defined by (2. 4). (Cf. Lemma 4.) Hence it follows from (4. 1) 

Lemma 5. a„„(t;) = crtx„(x).

5. In this section let xr be n(r — [m/2])jm, kr any non-negative number and 
[k] the m-vector of components [ArJ, ..., [&„,], where [ß] means the greatest integer 
contained in ß. By comparing M(x, k) and Л(х, [к]) defined in Section 2 we shall 
prove

Lemma 6. |M(x, к) — 2 Л(х, [k])| <  2m.
It follows from (2. 2) that if

r, _  ,, , 1 ,, sin (min ([/:„], [kq]) + i} (xp -  x q)
pp Kp-f 2 > ap * -  2 s in i(xp-x ,)

then
m

(5.1) Л (x, [k]) = max 2  dpqzPzq
г ы 2= 1  p , e = i

in perfect analogy with
1 m(5.2) — M (x, k) = max 2  <WPz
2  S \ Z r \ 2 = l  p , q=l

where Spp = k p and if p Лс/, öpq = (sin min (kp, kq)(xp- x q)}/(xp —xq). Let now 
Apq — dpq—Spq. We state that \Apq\< \. This is obvious for the diagonal elements 
App. For the non-diagonal elements the inequalities

0 c  \xp — xq\ < n and min ([ArJ, [k ]) + ^  -  min (k„, kq)\ S  1
2 I 2
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hold. Now under the assumptions 0< |x |< 7 t and |A: — | <  1 /2 one has
sink^x sin k x sin k tx sin kx

+
sin k x  sin kx

-  . X X 2 s i n - о • *  2 sin —
2

о • x  2 s m -
X X

2 s , n -

к, + к cos —- *

. k i —ksin—-— x

sin
+  [sin kx I 1 1

. Xsin — 4
+

1 1
. X x  x

S ln  2
2 s m -

о • * *2 s m -

1.*

Hence |dpg|< l  and 

(5. 3) 2  ApqZpZq
P , i = l

s  2  Ik k l 2 + k l 2 m 2  \z,
p , t = i  2  1

A well known reasoning yields now Lemma 6: by (5. 1), (5. 2) and (5. 3)
A(x, [k]) =  max ( 2  Apqzpzq + 2  öpqzpzq)

i | Z r l 2 = l

S  max 2  ApqZpZq+max 2  0м грга = m + ^ M (x ,  k)

and similarly \  M(x, k) S  m + Л(х, к).
By taking into account the definitions of a(nm) and a„(x) at the end of Sections 2 

and 4, respectively, it follows
Lemma 7. I f  xr = n(r — c)/m (r= l, 2, m) then

k (x)-2a<m)|<2.
We now choose m =n, c = [n/2] and (T = it/n in Lemma 5. Combining Lemmas 5 

and 7 we get
n(5.4) - а я(^)-2а<">n

* Indeed for |х|-=л one has (sin (x/4)}/{sin (x/2)} =  {2 cos (x/4)}~ ‘ s { 2  cos (л/4)}_1<0.71 and 
if /2< 6, the Maclaurin series o f  sin / is of Leibniz’ type, hence for 0 s /S rc /2  (-= 61/2) one has 
/> s in / > / —/ 3/6, or if 0 < х < 2 я

from which

0 < 1 1

X  X X
—  >  sin — >  — 
2 2 2

1
N)

l x  71 1

2 sin (x/2) x  x{ \ — x 2/24) x  24 —x2 24 —л2 4
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if =  r-[n l2] (r =  1, 2, Now from (4. 2)

1 ”
(5. 5) -  a„(f;) =  -  sup 21 max

71 у  r — 1 0 ^ х г^ я

2 и-[и/2]
= — sup maX^ <p s= 1 — [л/2] 0^х5̂ я

Xs

J  (p(t)eis,dt
-ys

and the last supremum evidently remains unaltered if we restrict ourselves to functions 
(p{t) with (p(t) = 0, if |г|>я.

6. Now we are ready to prove the statement at the end of Section 1. First we 
suppose that A„<A for each integer n.

Then using in turn (5. 4), Lemmas 3 and 2 we have

- a „ ß )  <  2п<"> + 2 <  4T<2"> + 2 <  (2 +  4я)Лп + 2 <  (2 + 4n)A +2 n
for every n, so by (5. 5)

sup 2 max
<p s=  — °° 0 ^ x s ^ я

«s

J  (p(t)ei! dt f  \(p(t)\2 dl < 2n{(1 +27r)T +  l},
— Xs

or by (1. 4) E((p) is bounded if ||<p|| =1.
If, however ия-1а„(£)<а for each integer n, then by (5. 4), Lemma 3 and (2. 5)

a A E(tp) di mt~i <xn(2i) >  2a<„") — 2 >  2Aj,2n) — 2 > A„ — 2,
hence An is bounded.

(Received 10 February 1969)

M TA  M ATEMATIKAI K U T A T Ó  INTÉZETE,
BU DA PEST, V ., REÁ LTAN O DA  U . 13—15

References

[1] R. A. H u n t , On the convergence of Fourier series, Orthogonal Expansions and their Continuous
Analogues (Proceedings o f the conference held at Southern Illinois University, Ed- 
wardsville, April 27—29, 1967), pp. 235—255.

[2] H. K l e i n d i e n s t , Zur Konvergenz von Fourier-Reihen quadratisch integrierbarer Funktionen,
Thesis (Hannover, 1968).

[3] E. M a k a i , On the summability o f the Fourier series o f I I  integrable functions, I, Publ. Math.
Debrecen, II  (1964), pp. 101—118.

10* Acta M a'kem atica Academiae Scieniiarum  H ungaricae zo, 1969



V



Acta Mathematica Academiae Scientiarum Hungaricae 
Tomus 20 (3—4), (1969), pp. 393—397.

O N  T H E  L A G R A N G E  IN T E R P O L A T IO N  B A S E D  
O N  T H E  Z E R O S  O F  T H E  O R T H O N O R M A L  L E G E N D R E

P O L Y N O M IA L S

By
G. RÓNA (Budapest)

To Professor G. A lexits on his 70th anniversary

Let f(x) be a continuous function in the interval [—1, 1] and Ln(f, x, xk„) 
its Lagrange interpolating polynomial of degree at most и —1, which coincides 
f{x) in the points xkn where 1 1 are the zeros of the
orthonormal Legendre polynomials of order n. The explicit expression for the Lag- 
range interpolating polynomials is very simple. If we denote by

n

hn(x, Xkn)  =  U
i=lk*i

x - x in;
Xkn-Xin

the fundamental polynomials of Lagrange interpolation based on the nodes 
the desired polynomials are

n

(1) Ln(f, x, xkn) = 2 j f ( x k„)lkn(x, xkn)
i= 1

and plainly
L Á f  x in, xkn) = f(x in).

X kn>

For sake of brevity let us denote xkn by xk, lk„(x, xkn) by lk(x) and L„(f x, xk„) 
by Ln(f,  x). It is well known that, if f ( x ) £ Lip q ( j <  Q <  1) then
(2) IL„(f, x ) - f ( x )I c0ni-^
where x £ [—1, 1] and henceforth all 0 are constants independent of n. In 
their paper [2] G. G r ü n w a l d  and P. T ú r á n  give estimation for the Lebesgue- 
function of Lagrange interpolation. From this result we have

(3)
where

and

K (x , x kn) ^ c kn*  i f  x £ (  1, 1)

П
K ( x ,  xkn) =  2 j 14001

i= 1

n n
2 I4(*)l =  2

___ P ^(x)
Pny (xk) ( x - x k)

where P(„a)(x) are the orthonormal ultrasferical polynomials of order n. From (8. 9. 2) 
in [1] it follows that

2  14(1)1 ~ « a 2  ^ - х кГ 1\ Р ^ ( х к) \ -К
k= 1 k= 1
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n ( i  4 —2 3 n

k a+*n— --> = Zk*k= 1

The contribution of the positive zeros xk in this sum is 

which is ~ n!X+i. The contribution of the negativ zeros is
n 3 1

~ и а Z  k* 2n~a~2~ n +2
k= 1

but in our case a =  0, thus

(4) Z |/* ( l ) |~ « i .*=r
The purpose of this paper is to give a function f(x )  £ Lip q  for which the 

estimation (2) is exact, i.e. for which the next theorem holds.
T heorem . There exist fix )  £ Lip о and c2 > 0 for which

(5) |L„(/, 1 )—/(1 )| > с 2л*~в
holds.

P roof. Let us denote by g„(x) the next function:

(6) g„(x) — 0. if |x| > x m where m , d>  1

(7)

(8) 

(9)

gn(xi) =  — 1, if I is even and m -= i <  n — m 

Sn(xi) =  1 > if i is odd and — m

gn(x) is linear if xt S  x Ш xt _ k.

The functions g„(x) have the undermentioned properties:

(10) \gn(x ) \S l,

( 11) *„0 ) = o .

By Theorem 6. 21. 3 in [1] we get that (using the notation xt = cos 0 k)

k —-1 I n
2 I n S 0 k S k n 4-1

holds. From this it follows, that

0
Easy to see, that

k+ l ~  ®k —
П

arc cos xk+ j — arc cos xk =  и sin и Ш c xk- x k+l
71 Y i-x ?

A c ta  Matbematica Acadetniae Scientiarum Hungaricae zo, 1969



ON THE LAGRANGE INTERPOLATION 3 9 5

holds, where c is an absolute constant. Thus

Xi — x, У l - x i
k +  1

But, if we choose the constant 1 so, that

и
holds, then

- \  -  2 n-xk =  sin 0 k s  sin I к — — I — s  sin I m — ~  \ — ё  sin1 j 71
2 \ n 2 d

x k  x k  + 1 — ~

if m c k - < n - m .  Thus
(12) \g„(x + h ) - g n(x)\^c*hn.
Furthermore, by definition

(13)
thus

L„(g„,x) =  2 gn(x i)li(x) =  2  ( -1  )i+ll,(x)» = 1 i  — m

Ln(g„,i)= 2 ( - i)i+1/,(i) =  2  К(1)1
i — m  i = m

because easy to see, that 

But
sign /г(1) =  ( - l ) i+1.

2 l/,(I)l ~c**n2

because
n  — m  1 1 n — m 3  1

2  к 2~ c 'n 2 and 2  k 2n~2~c"n2.
k = m  k = m

From this it follows, that there exists c3 >0, so that

I Ln(g„, 1 )> с 3л*.
N

(14)
Being

(15) L n (g„, x) = 2  g n  (x t) h (*)
thus, from (2), (11) and (12)
(16) \Ln(gn, l ) \ ^ c 4nN-K

Furthermore, from (3), (10) and (15) we have

(17) \LN(gn, \ ) \ ^ c 5m .
By limn"8 = 0 and 1, we can choose nk such that

tl-* -  oo

«T+ 1  Ш C6nk ° where c6 <  1(18)
and

(19) nl
к -  1

- • s c 7 Z
i =  1
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Then from (18)

Let
«г*.i=k 1 6̂

Л*) =  2 ®  -^-) &.,(*) =  2  «г "&.,(*)>=1 ;=i
where ю(/г) =  с|А||?. This function fulfils the requirement (5). The definition is 
correct, because from <  1 and (10) it follows, that the right hand side series 
has a convergent numerical majorant series. From (11)
(20)
Evidently

/(1 )  =  0.

С  П; CO = co\-fa \ = l ^ coW  = c" - l ^ \ ft\l!’hrti hrii1
thus, from (12)

oo

(21) \f(x+ h )-f(x ) \ 2 n re\g„t(x + h )-g ni(x)I c8|Ä|e
*=1

i.e. f(x) £ Lip £. For the proof of our theorem it is enough to show that

(22) Lnk( f  l ) ^ c 9n t e

holds, because /(1) = 0 and from (22) it follows, that (5) is also true. But

(23)
and from (14)
(24)

Lnk(f, 1) = 2  nr°Lnk(gni, 1)
i= 1

L„k(gnk, l ) = c 3« s

(25) nk e Lnk{g„k, \ )  ^ c 10nk ent = c10nt e.

On the other hand, we can choose the constants сг to satisfy the next inequalities:

3c„
C?~ 2 c " ; C9~ T ; Cl2-  3

3 .
C14 ^ 3 '

2  ni e|Lnk(g„., 1)1 =  cl t nk i  2  «/ " ^  cl2n\ e»= 1 i= 1

Thus using (16) and (19), we get 

(26)

and from (17), (18), (20)
oo oo

(27) 2 «Ге |L„k(gKi, 1)1 S  с13пк * 2 «Г* ^  сы 4 ~ е.i—k i=k

From (24), (26), (27), (23) and (24) we get (22). Q.e.d.
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R e m a r k . In aforesaid way easy to prove, that using the zeros of the orthonormal 
ultrasferical polynomials P ^\x), a >—  f  we can choose a function h(x) in Lip q , 
\  <  q <  1 for which

\L„(h, 1, Jci?)-A(l)l >  c n +2
holds. The case a = — \  was treated by O. Kis in [3].

(Received 10 February 1969)
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O N  T H E  D IV E R G E N C E  O F  T H E  S E Q U E N C E  
O F  L IN E A R  O P E R A T O R S

By
P. О. H. VÉRTESI (Budapest)*

To Professor G. Alexits on his 70th anniversary

1. Introduction

Let
<1) Ой Хо, < х1л< ... < x2„„<2tt (« = 0 ,1 ,2 ,...)
be an infinite system of points. Let us denote by C(co) the class of continuous, 2л- 
periodical functions f ( x ) for which
(2) co{/;
holds. Here co(f; t) is the modulus of continuity of f(x), m(t) is an arbitrary modulus 
of continuity, a ( f ) depends only on f(x).

Let
2 n

(3) /-„ (/; x) =  2 / Ы Ш  (л =  о, l, 2 , . . . )*=о
be the trigonometric interpolating polynomial of degree n of the function f(x )£  C(co) 
based on the nodes of system (1); lkn(x) are the fundamental polynomials of the 
trigonometrical interpolation. At last let

2 n

(4) Xn(x) = 2  |4»(*)|> К  = max Xn(x) (n = 0, 1, 2, ...)
k= О 0^x<2к

be the Lebesgue function and the Lebesgue constant of the interpolation, respectively. 
We want to investigate, how the difference

L„(f; x ) - f i x )
is expressible by the quantities co(t) and and if we know these, we are able in 
many cases to decide whether the interpolation process is convergent or not, that 
is the relation

\\L „ (f;x )-f(x )\\^0  ( « - - )
is true or not. (Here ||g|| = max g(x)\, g(x) is a 27t-periodical continuous function.)0̂ дс<2я 7

We could search the similar question in the theory of the Lagrange interpolation, 
it is easy to define the corresponding expression.

There is a lot of results about the above mentioned problem (see e.g. the referen
ces in [1]).

Our aim is to generalize the problem and some results proved by O. Kis.

* Some of my papers is written under the name P. Vértesi.
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2. Generalizations

2.1. Let us denote now by co(t) the function having the following properties: 
(i) co(t)>-0 if i> 0 , ю(0) =  0, co(T)^co(t) if T ^ t^ O ;  co(t) is a continuous 

function.
tm(ii) ^  is a monotone increasing function.

tm(iii) lim —  =  0 (m is a fixed integer, m ^  1).

Let us denote by Cm(i6) the class of continuous, 27c-periodical functions / (x) 
for which
(5) t ) ^ a j f ) m ( t )
holds. Here com(f;  t) is the modulus of continuity of order m of f(x ) ,a m( f )  depends 
only on f(x), co(t) is defined by (i), (ii) and (iii).

Now we define a very important quantity. Let
(6) dn = min (л*+1>в- * м ) (и = 0 ,1 ,2 ,...).

0S**2n

(Here х2„+1'„=х0'П + 2л; xin is defined by (1).)
O. Kis proved in his paper [1] the following
T heorem  (O. K is). There exists an f(x )d C m (ет) for which the relation

IILnk(f; x) - /(x ) || ^2„kco(d„k) (k = 1, 2, 3, ...)

is valid, where <и2< л з <  ••• are integers. An analogous theorem is true in
the case o f the Lagrange-interpolation.

2. 2. To generalize this theorem we define the expressions lkn(x), L„(/; x)> 
I„(x) and 1„.

Let [a, b] be an arbitrary finite interval,
a S  x }„ <  x2„ <  •" <  xpn ^  b (n = 1 ,2 ,3 ,...), where 

(j) p = p(n) and fim p(n) = °° (e.g. p =  n or p = 2n+ \)y
p is integer;

(8) lkn(x) [n = \, 2, 3, ...; k = \, 2, p (n))

are continuous functions on the interval [a, b].
If f(x) is a continuous function on [a, b], then

(9) Ln( f; x )  = 2 f ( x k„)lkn(x),
k= 1 

V

(10) l„(x) =  2  \h„(x)\> \  =  max I„(x).
k= 1 a^x^b
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Denoting by C„’ b\co) the class of continuous on [a, b\ functions f i x )  for which (5) 
is valid, we can prove the following

T heorem  I. I f  lim 1„ ̂  1 ,* then there exists an fix)  6 b](a>) for whichП=оо

<11) \ \ L j f ;  x ) - f ( x )II > I , A )  (* = 1. 2, 3, ...),
where О с« !< и 2 < и 3 < ... are integers and

(12) 3„= min (xt +i , (и =  1,2,3,...).
I S f c S p - l

We can see that we suppose only that lkn(x) are continuous functions, and the 
theorem is valid for „almost every” sequence of the numbers

Proof. Our proof is similar to the proof in [1]. For the sake of brevity let us 
denote xkn by xk, lkn(x) by lk(x) etc. (Convention (A/)).

First of all let us consider the very simple case when
(a) lim A„ =  1 — 2e (e =- 0).

fI=oo

Now we can choose the sequence nk<n2< ■■■ such that
ABká l - e  (* = 1,2,3, ...).

If f{x)  =  1, then evidently f(x) £ C,[„a,b](oj) and
P("k)

f(x ) -  L„kif; x) =  1 -  2  Ш  S  1 -  (1 -  e) =  e.
k =  1

If m(i)<£ (this is true when /-=<5(e) — see (i)), then let nx so large that í/ni—L 
and let dn< >úL > ...  . These are possible by the relations lim pin) — °° and1 1 П=оо
, b — a _ dn ̂  —7-— . But then Pin)

f i x ) - L „ ff ; r)&£>ffl(()ata(</„k) > £ü(t/J(l - e) S а ) « Я к (к =  1, 2, 3, ...), 
as we stated.

We shall consider the more complicated case 
iß) lim An =  oo or hm An — l + 2e (e > 0).

П =  oo n =  oo

Let z„ be a point such that

(13) An = A„iz„) = Z  |4(z„)| in =  1, 2, 3,...).
k =  1

Let us define the function gn(x) (« = 1 ,2 ,3 ,...)  for all x£[a, b] as follows. Let 

Í &,(**) =  sign/fc(z„) ik =  1,2, ...,/>),
1 gn(xk) =  1 if 4(z„) = О (* =  1,2,

* The existence o f lim A„ is not assumed.
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furthermore

(15)
Jg„(*i) if a ^ x < x lt  
l &.(*,) if b w = x > x p .

We now define g„(x) for x£(xk, xk+1) (k = 1,2, — 1). Let gn(x) be in
this interval the Hermite-interpolating polynomial of degree 2m — 1 which is equal 
to g„(xk) or g„(xk+,) at the end-points, respectively, and in these end-points g'n(xk)= 
= gf(xk)^ .. .= g ^ m~1Kxk)=g'„(xk+1) = g"(xk+1) = ...= g (nm~1)(xk + l) = 0. Evidently, if 
g„(xk)= gn(xk., then this polynomial is equal to the constant g„(xk).

Let us suppose that g„(xk) =  —£„(.**+1). Then we can easily prove that

(16) gn(x) = g„(xk) 1 - (2m— 1)!!
(2m-2)J\

Xk+l—Xk
f  (1 - t 2)m~i dt (xk S  X =§ Xt+1).*

Let us consider some properties of gn(x). Evidently it has the continuous 
derivative g<m_1)(x) and
(17) a}(g!r-1); t ) ^ B md -mt.

Here the constant B,„>- 0 depends only on the fixed number m. But then (see
e.g. [2], p. 116)

(18) a>m(gn; о  S  Bm d„ mtn 0 <  Í S b — a

and from this by the formula (iii), we can say that gn(x) £ CL“’ (со) (see (5)). 
The following properties are evident:

(19)

(20) Ln(gN; x) =

|g„(x)|Sl (и =  1,2, 3, ...),

k= 1
2  gN(xk)lk(X) ^ 2  \h ix ) \^ K  (n, N = \ , 2 ,  3, ...),

P P

(21) L„(gn; zn) = 2 gn(xk)Ik(zn) = 2  \lk(z„)\ =
k= 1 k= 1

(see (14), (13)).
If there exist the fixed number N  and the sequence 0 < n 1<n2<n3< ... such l^at

(22) IILn(gN; x) -  g,\(x)|| > co(d„)yl„ (n = n!, n2, n3, ...),

* We used the equality

+1
f  (1 -#>>—*л = 

-1

(2m —2)!! 
( 2 m - 1)!!

(m =  1 ,2 , 3,...).
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then the theorem is true; so we can suppose that

(23) IIL„(gN; x) - &v(*)|| co(dn)yl„, if n > M(N)

(.N is an arbitrary integer, N >  0; M(N)  is an integer also depending only on rí). 
We now dehne the sequence of indices 0 < <и 2< и з ■*= ••• as follows:

2n i S l + e  (I =  1 , 2 , 3 , . . . ) ,

I co(dJ == q, (o(d„t+i) == q(0(dn.) (/ =  1, 2, 3, ...),
I where 0 <  q <  1,

j'-i
2  <o(dm) d~m ^  co(dnj) d~m (./ =  2 ,  3 , 4 ,  . . . ) ,

l* =  1

л;+ 1> М (и ;) (i =  1,2, 3, ...).

These are possible by the relations (/?), lim pin) — dn s  ~ f  , (i) and (iii).
" = ~ p(n)

Let

(28) f(x )  = Q 2  co(dn)g nXx) (Q >  1).

(24)

(25)

(26) 

(27)

Here the right hand side series converges for all jc, by (19) and (25). Clearly, fix) is a
continuous function on [a,b]. We show that fix) 6 C[f-fl]. Let 0 <  A S  f  ё  - —-  bem
arbitrary. Evidently

eo

(29) » » ( / ; t ) s  Q 2 ° > Ю "m(#„,;0-
Now, if

(30) dnj+i <  t S  dnj

{dni>dni>d„3>... by (25) and (i); if dni< t , j  = 0), then by (18); (26); (ii) and
(30) we get

(31) 2  (o(d„)comigni; 0  Bmtm 2  « Ю  < m ^  2Bmtmcoidn.) d~m ё  2Bmco(t).
1 i= 1

(If 7  = 0 , then this part is omitted.)
Furthermore by (19), (24) and (30) we have

CO OO 1

(32) 2  (o(d„)com(gni; t) ё  2m 2  ^  2m-— - o f d  ) ё  ------ w(/).
i=j+ 1 >=j+ 1 t — q l — q
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That is, by (31) and (32) we can say, that f(x )^ C ^ ,b\co). Now we shall prove our 
theorem, the inequality (11). It is clear that

p(nfc)

(33) Lnk( f ; z J - f ( z J =  Z
j= 1

Г p(nk)

Q Z  a)(dJg„Xxj) lj(z„k) —Q Z  0>(d„)gni{znk) =i= 1 i=l

=  Q  2 ( А ) [ Д  g n , ( x j ) i j ( z j - g n i ( z j  =  Q  Z 0 J ( A ) [ L „ k ( g n , ; z j - g n i ( z j \  =  

p-1
ö  I tŰ  (^Лf) \J^nu. (& rii ’ ^П к) (^Лк)] tŰ  (^Лк) ̂ Лк (^Лк ’ ^П к)и= 1

+  Z  to(dn) L nk(gni; z J -  Z  to(d„)gni(znk)\ ^  
i=k+1 i=k J

к- l
t ű  ( d j  L , tk  ( & п к  ’ z n k )  t ű  ( d n ^) I L n k  ( g n i  9 z „k) g n i  ( z nk)I

i= i
oo oo

-  z j \  -  Z  ü)(í/„,)|g„.(znJ |
i=k+l i=k

Let us estimate the parts figuring here.

(34) ® (Ak) L„k (gnk; A )  = c° (dnk) Kk,

(35) ^  C'j(i/„;)[L„k(g„i; z j-g „ .(z „ fc)| s  o j(d JA k Z  “ №,) S  , ’ / Й Я , ,
i=l i=l 1— <7

oo oo

(36) Z  0>{dn)\L„k{gnt\Z„k)\ S  A„k 2  ® й ,)  =  ',.к“ « ) г ? (1,i=fc+l i=k+1 1— <7

(37) Z  <°(A) \gnXZnk)\ 35 <ö(í/„k) T ~~ •i=k i — q
At these estimations we applied the formulae (31); (23), (25); (20), (25); (19) 

and (25).
That is, by (33), (34), (35), (36) and (37) we have

(38) A* ( /; znk) -f(?„k) sr tu « )  (ö2„k -  2/„k Qq Q
\ - q  I - q ) '

To finish our considerations, we have to prove that there exist Q and q for 
which

(39) Q K -  2A„k Qq Q

Evidently, if

then (39) is valid.

1 - q  1 - q

(q - i _ 2 ß ? ] ^ _ ß
"kr  1 - d  1 - Í
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Using X„k Ш ] +£, we can restrict ourselves to verify

.e.

(40)

But evidently the part in brackets > 0  if q is small enough, so (40) is valid for a 
large enough Q. That is, (39) is true, also.

So we perfectly proved our statement. Q.e.d.
2. 3. Evidently our theorem is valid in the periodic case, too (see notations

T heorem II. I f  lkn(x) are 2n-periodic continuous functions, 1 im л„ ^  1, then

The proof is analogous to that of Theorem I.
2. 4. We can easily see that Theorem I and Theorem II will be true i f  in the 

estimations (11) and (41) on the right hand side we write c-co(3nk)X„k, where c > 0  is 
an arbitrary fixed number.

Indeed, we have to consider cf(x) instead of f ( x ) :

2. 5. Now the problem arises whether in the estimations (11) and (41) the order 
of estimation cannot be improved.

We can see that — not considering the case lim l n~  1 — the estimations (11)
and (41) are the best, apart from some kind of constant number, depending maybe 
on m.

Indeed, let us consider a special case, e.g. the trigonometric interpolation.
O. Kis [1] has proved that for every f(x )^ C m(co)

(7) (10)):

there exists a 2n-periodic continuous function f(x )  6 <?m(co) for which
(41) \\L„k(f; x ) - f ( x )II >  X„k(o (3 j (k -  1,2,3, ...),

where 0 < w2 < и3 < ... are integers and

dn = min (xk+l n — xk „), xp+1<n = x l'„ + 2n.

\\Lnk(cf; x)-cf(x)\\ = c\\L„k(f; x )-f(x )\\ >  cXnkco(dJ.

(42) II!„ ( /; x)-f(x)\\ g  b j f ) ( l  +2„)(o (« = 1,2, 3 ,...)

is valid (see notations (3)—(6)).

* Here Q — 1 --------- >  0, if e.g. Q m  2, ^  0.1.
1 -q
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Let í/ ,s  — then (l +-^ j w(<4) >£У , so the order of our lower estimation
cannot be improved. (Naturally, we can consider some other special cases, too.) 

2. 6. What is the situation when lim A„ =  1 ? In this case I was unable to proven= °°
the relations like (11) or (41), so it is maybe true or not (I think it is true), but 
in a special case a formula like (42) is valid.

For this aim let us consider the class Clf ,b\co), that is, the continuous functions 
for which

co(f; t) ~  a,(/)co(r).
Let i) — a

p = n + 1, xkn = k ------ (к = 0,1, 2, ...,«).

Then
d .= In = 1,2,3, ...).

We define the functions lk(x) as follows (и = 4)
\  lo / ' ' N h \  *3

V ./  о ••• \

..-•u

a  =  x o

That is 

lk(x) =

1 if X — xk
0 if X =  Xt+1 or x =  x*_1

linear function on [х*_15х*] or [х*,х*+1]
. 0 elsewhere

1 if X  —  x0 
0 if x =  xx

linear function on [x0, x j  
0 elsewhere

Х 4 = Ь

{k = 1, 2, ... ,n  — l),

lo(x)

fix )

1 if X = x„
0 if x  =  x „ _ !

linear function on [x„_] ,x„]
0 elsewhere.

By these definitions we can easily prove the relation 
(43) \\L„(f; x ) - f ( x ) \ \^ a i(f)Anco(dn) {n= 1, 2, 3, ...)
for every / ( x )  € C[a’ b](co).

Indeed, evidently for every point x  6 [a, b ]
n n

An(x) = 2  14001 =  2  4 0 0  = An = 1 (n =  1,2, 3, ...),

so clearly liml„ =  1.
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If хё[хг,д:1+1] (i =  0 ,1 ,..., n — 1) and h = хы I - x then we have

\Ln(f; X) - fix ) \ 2 f ( xk)lk(x)-f(x) = \hf(Xi) + (1 -  h)fixi+,) - / 0 ) |  =
fc =  0

=  |Л[/(х{)-/(х )] +  (1-/г)[/(х!+1)-/(х )] | ^  (Л+ 1 -h)co(f; dn) ш ak{f)Xno}(dn), 
as it was stated. (By these considerations the restrictions a = x0, b = xn can be

Q
omitted in a very simple way and for dn the condition d. S — (c fixed) is enough.)n

The relation (43) shows that if (11) or (41) is true with lim2„ =  l, then the
71 =  o o

order of the estimation cannot be improved neither in this case.

3. An application

3.1. Now we give an application of our Theorem I. In his paper [3] O. Kis 
has found a theorem about the trigonometric (0, 2) interpolation. His results were 
generalized by A. Sharma and A. K. Varma in [4].

The problem was to obtain the explicit form of the trigonometric polynomial 
R„(x) of order n and to establish their uniqueness in the (0, M) case, that is, when

(44) Rn( x J  = xkn, R<M\ x J  = ßkn, xkn = —  (k = 0,1, ..., n -  1)

are prescribed, M  being a fixed positive integer S i .  (For the sake of simplicity 
we shall throughout write xk, cck, ßk for xkn, akn, ßkn respectively.) Here we consider 
only the case when M  is even.

If the trigonometric polynomial Rn(x) has the form
71— 1 71— 1

(45) R„ (x) = Z  *k F(x - x k) + Z  ßk G(x — xk),
k—0 k=0

F(x) and G(x) are defined in [4] by (4), (5) and (6), then R„{x) satisfies the condition 
(44) (see [4]).

Let
71— 1 71 —  1

(46) Rn(x) = Z  f(xk) F ( x - x k)+  Z  ßkG(x - xk).
L= 0 lc = 0

T heorem  (S harm a  and Varma). (M  even, S2). I f  f(x) is a continuous In- 
periodic function and satisfies the Zygmund condition

(A) f{x  + h) -  2f{x ) + f(x -  hi) =  o(h)

and if  ßk =  o(nM~1) (k = 0, 1, — 1), n odd, where Rn(x) is given by (46) and M
is even, then R„(x) converges uniformly to fix )  on every finite interval on the x-axis.

Even if  all ßk are zero, the condition (2) cannot be replaced by a Lipschitz condition 
o f order a <  1.
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This theorem is a generalization of the O. Kis’ theorem in [3]; he proved the 
case M = 2.

Now we prove the following
T heorem  III. In the above mentioned theorem o f Sharma and Varma the condition 

(1) cannot be replaced by the condition
(47) f{ x  + h)~  2f{x) +f{x -  h) =  O(h),
even if all ßk are zero, that is, in this case there exist a continuous In-periodic function 
f{x) and a sequence 0 <и2< и 3 < ...  such that
(48) \\Rnkix)-f{x)\\[0i2n)^ C (k = 1, 2, 3, . . . ; c >0).

Proof. I f  ßk = 0 ik = 0, 1, . . . , «  — !), then by (46)

= 2  Л хк )р (х -х к).
k = 0

Let co(t) = t, then for every f(x )^ C 2{co)

" г ( / ;  0  —ai(/)F
Let us consider the Theorem II, taking lk{x) =  F(x — xk),

Lnif;  x) = Rn(x) and Xn =  max 2  № -* * )!•
П — 1

0 ^ x < 2 n  k —0

Using Xn ̂  c\n (see (31) in [4]) and considering that in the case /(x) 6 (?2(<w) fix )  
satisfies (47), we have an fix )  for which (47) is valid and

\\Lnki f ; x ) - f ix ) \ \  >  w{dnk)Xnk =  io 

as we stated. Q.e.d.

In 2n- r \x„k —  Clnk = 2скл =  c,

3. 2. We shall investigate some further applications in another paper.
Finally, I wish to give many thanks to O. Kis for his help rendered at these 

problems.
(Received 21 February 1969)
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DIRECT THEOREMS IN THE THEORY 
OF APPROXIMATION

By
G. SUNOUCHI (Sendai)

Dedicated to Professor G. Alexits on his 70th birthday

1. Let f(x ) be a continuous and periodic function with period 2n and let its 
Fourier series be

О- О /(*) r\J a0j2 + 2  (ak cos kx + bk sin kx) =  ^  Ak(x).
k = 1 fc=0

Let yk(n) (k — 0,1, 2, ...) (у0(и) = l) be summating functions and consider a family of 
approximation of f ( x ) by the summation of (1. 1) by the matrix yk(n), that is to say,

( 1 - 2 )  P„ ( / ;  x)  ~  ' Z  У к (и )  Ak (x),
о

where the parameter n need not be discrete. Of course we mean that the series in
(1.2) is the Fourier series of P„(f; x) which is also supposed to be continuous 
for each n. By a theorem of (C, C)-multiplier, the last fact is equivalent to the follow
ing. There is a family of even functions Ф„(/) of bounded total variation such that

(1. 3) Pn(f\ x) = ~  f  f{x-t)d<Pn{t),
—  71

where
2 71

У kin) = -  f  cos ktd<Pn(t). л J

In these circumstances, a general theorem of saturation is as follows (G. S u n o u c h i 
[8], [9]).

(1.4)

T heorem  1. Suppose that

1 ~Ук(п)lim c ^ O  (k=  1 ,2 ,...)
<Р(п)Ф(к)

where (piti) is positive non-increasing and ф(к) is non-vanishing. Then

(1°) \\/~ Р п \\= 0 {ф )} '

if and only i f  f{x) is a constant.

1 Norm is the uniform norm.
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I f
(2°) II f-P n \\ =  0{<p(n)}
then the formal trigonometric series

( 1 . 5 ) 2  Ф(к)Ак(х)
k = 1

represents the Fourier series of a function of L°°.
(3°) When (1.5) is the Fourier series o f a function o f L°°, 
and

( 1. 6) h ( n )
1-У k(h) 
<P (n) Ф (k)

is an (L°°, L°°)-multiplifr uniform in n, then \ \ f— P„\\ =  0{(p(n)}.
The proposition (2°) is the so-called converse theorem of saturation and (3°) 

is the direct theorem. The above converse theorem is satisfactory and it was given 
originally by G. S u n o u c h i—C. W a t a r i  [7] and F. H a r s i l a d z e  [3]. At first the direct 
theorem was considered less important, because many direct problems were solved 
by the estimation of kernels of transformation (1. 3) directly or by another devices 
for special approximation processes without appealing to the proposition (3°). 
After Professor G. A l e x it s ’ work [1 ] as a pioneer, there are many contributions 
for these directions.

The object of this paper is to study the condition of (3°) for a comparatively 
broad class of approximation processes which contains traditional linear approxi
mation processes. Firstly we shall prove that the condition of (3°) is not always 
satisfied even under (1. 4) and

П
J  \d4>M  ^  M.

— n

This fact shows that Theorem 1 of A. H. T u r e c k i í  [11] is incomplete. 
Theorem 2 of I. P. N a t a n s o n  [6] is also incomplete, because he uses the theorem 
of Tureckií. In the subsequent sections, we give a simple sufficient criterion for 
validity of the condition of (3°) and give several applications of that criterion.

2. If <Pn(t) are absolutely continuous and Ф'(г) =  <p„(?) a.e., then (1. 3) becomes

(2. 1) Pn(f; x) =  2 -  f  f(x -t)q > n{t) dt.
— K

In particular we suppose here that cpn(t) have the simple form such as

(
Ат 1 2 n
- J  =  -  /  COS ktcp„(t)dt.

T heorem 2 . There exists an even function (p„(t) such that

(2. 3) lim
П —► со

1 ~У(к/п) 
k/n =  C 0 (k =  1,2,...)
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and

(2.4) f  \q>„(t)\dt=5 M

where cp„(t) and y(kjn) are connected by (2. 2), nevertheless

(2.5) U - P J ^  0(1/h), 
for a function f ( x )  such as f  £L°°.

For the proof of Theorem 2, we need two lemmas. For simplicity, we write
o o  o o

ll/ll* =  f  W \, when / ( 0  =  /  e~iutdn(u).

Lemma 1 (P. Malliavin). Г/геге exists a function h(t), which is the Fourier 
transform o f a function o f L, such that h{t)jt is continuous and \\h(t)/t\\* =

Professor Malliavin showed this lemma several years ago. For the sake of 
completeness, we reproduce his proof.

Proof. Let un(t ) be a sequence of functions which have their supports in [ — 1, 1] 
and satisfy
(2.6) max \un(t)\ -*0 as n-*°°

(2. 7) Ml*
The existence of such un(t) is observed by the following consideration. 
Let

в '1'- * »
0 (\t\ >  k),

1 1 — cos kx
then

Let us set for 0
4 W  =  -7Г k x 2

, and ||4 Г  =  1.

Wk(x) = - ^ { A 1( x ) - ( l - 2 k ) A 1_2k(x)} = sin (1 k)x  sin kx.

1 . ,, .. . , 1 sinxSince lim , ,  sin (1 — k)x  sin kx = --------- .
k^o nkx2 n x

lim
а—о irk

1

i “
' * /

|sin(l — k)xsinkx\ dx

by Fatou’s lemma. wk(t) = ̂ r  [A ft) — (1 — 2k)Al - 2k(t)\ is positive and continuousAK
with their supports in [ — 1, 1] and max \wk{t)\ = 1. It is ready to get и f t )  by modifying
w ft).
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Let

(2.8) h{t) — ^  e nun(te2n — en)
П= 1

then ||A||*^2in2e_"< °° and g(t) = h(t)/t -+0 as i->-0, because the support of every 
un(te2n—e") is contained in interval [e~n — e~2n, e~" + e~2"] which is mutually 
disjoint and the maximum of u„ tends to zero as n —► o o ? by (2. 6).

(xe2n — x-----------j and K(x) =  then V„g =
=  {un(te2n — en)}{\ — K(ten — 1)}. Since we can find a function K y and a number 
r such that

K l(x)~K(x), if j* |< r  and ||AT1||*-<l/2,
we have

II ^1Г >Ц м „1Г -11̂ 4,11*
if e "< r. However

II Kg II* <  II vn\\*\\g\\*< 4 ||гГ , II а д *  ■< |AT1||*||mJ * < í  ||kJ*, 
and we get by (2. 7)

4 |liT ir> i||M j*— , v
which contradicts ||g||*<oo.

The following lemma is given in Katznelson’s book [4, p. 135]. Here we give 
a simple proof. For the sake of simplicity, we write /(?) € S(R) (or f(k )£ S (Z)) 
if f ( t ) (or f{k)) is a Fourier—Stieltjes transform (or Fourier—Stieltjes coefficients) 
of a function of bounded total variation, 
f-

Lemma 2. I f  g(t) is continuous and g(k/n) £ S(Z) with uniformly bounded total 
variation as n -* then g(t)dS(R).

Proof. By the hypothesis

dx s  M

uniformly in n and R. Changing the variable

dx M.

Since the inner sum is an approximate Riemann sum of an integral, letting n 
we have

I Л«И e'yx dy dx S  M

which is the required relation.
Proof of Theorem 2. If we take any well behaved even function h f t )  suchthat

1- M O
t c ^ O  and i - M o  Г--------------  <  oo

t
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and adding to even extension of h(t) of Lemma 1 set

?(o = m + w ,

then y(t) is even and the Fourier transform of a function of L, and moreover 
lim {1 -у (0 } /И = с ^ 0 ,

Í -*■ oo

(2-9) 11{1-7(0}/И1Г =  ~ .

Set y(k/n) = yk(n), then y(kjn) are Fourier coefficients of integrable functions
n

сp j t ) such that J  \(pn(t)\d t^M  by Poisson's summation formula. Flence

ИЛСЯ11 =  max 4- ff(x-t)cpn(t)dt
Of course

lim 1 - yJ kM  0.
tl —► OO Kj Tl

If {1 — y(k/ri)}j(k/n) were Fourier—Stieltjes coefficients of functions of bounded 
total variations which are uniformly bounded in rt, then by Lemma 2, (1 — y(x)}/|x| € 
€ S(R), which contradicts (2. 9).

From (Г. 1) and (1. 2), we have

n {fix) -  Pn(/; *)} ~  Z  v H ( 4  k=l K/ n

By a theorem of (L°°, Z.“ )-multiplier, there is a function with mean value zero such 
as 2  kAk(x)dL°°, nevertheless \ \ / — Р л\ \ ^ 0 ( 1/ п ) .  Thus Theorem 2 is proved

it=i
completely.

3. In spite of Theorem 2, if Pn( f;  x) is a positive operator, that is,

1 °°(3.1) ^Фп(х)~ — +  Z  Ук(.п) со$ kx  s  0
^ *=l

and

<3- 2> •

then, the condition of (3°) in Theorem 1 is automatically satisfied as many persons 
have already mentioned. For example, A. H. T u r ec k ii [10] argues as follows. 
The fact that

Z k \ a k cos kx + bk sin kx)
k= 1
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is a Fourier series of a function of L°°, is equivalent to

(3.3) \ f (x  + t )  + f ( x  - t ) ~  2f(x)\ Ш c t 2.
Hence, by (3. 1),

\Pn<J- ,x) - f (x) \  | / ( x  +  t ) + f ( x  — t)  — 2f(x)\ d<Pn(t)  ^  t 2 d<Pn(t)  Ш

^  cn f  sin2 I  d<Pn(t) =  CK / ( - - I d<pn{t) =  {1 — Vi(«)} =  0(<p(n)).

Thus, under (3. 1) and (3. 2), the saturation problem is completely solved. This 
class of approximation processes contains methods of Gauss—Weierstrass, de la 
Vallée Poussin, Riemann and Jackson.

4. For another class of approximation processes, the direct theorems are some
what delicate. There are several criteria for a function to be the Fourier transform 
of an integrable function such as the criteria of Beurling, Young—Kolmogoroff 
and others. Here we shall give another simple criterion analogous to that given 
in K. K ojima—G. Su n o u c h i  [5] and solve saturation problems for several approxi
mation processes unifiedly and simply. Of course many of these problems have 
already been solved by diverse methods. But our method is more advantageous, 
because it is extensible to the several-dimensional approximation.

T heorem  3. I f t
(4. 1) 1 - y ( t )  = r f  ( t r - T f ) ms(r )Tf-1 dx

о

for some m £  0, r > 0  where s(t) £ S(R), then for 0,

y ( m + i )

{■ -’' U t f M
к

an + b es( z)(4. 2) 
uniformly in n.

P roof. Changing the variable т —Гм in the right hand side of (4. 1),
t 1

r J  (tr — Tr)ms(r)Tr~1 dr = r tr(m+1) J  (1 — du =
о 0

=  /*"■“ >lim Л»-OO «Г v= 1 I (И j  J П )

by the approximate sum of Riemann integral. The total variation of the function 
which has the last formula as its Fourier—Stieltjes transform is less than

r
V n v= !
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Hence, by Lévy’s continuity theorem

i - y ( 0

and

[ l - у

tr(m+ 1 ) -  A(0 € S (R ),

к
an + b I I /1 an + b

r(m+ 1 )

an + b {a *  0)eS(Z)

uniformly in n, by Poisson’s summation formula.
5. We use Theorem 3 to verify the condition of direct part of Theorem 1. 
(1°) The Abel—Poisson method. Since

and for x >  0
7*00 =  exp (—к/rí), lim — = 1

l —e x = j e  “du, and e lu|C5(R),

the condition of Theorem 3 is satisfied by m =0  and r — 1. 
(2°) The Bernstein—Rogosinski method. Since

У kin) = cos
kn

lim

2 n +1 

1 — cos клЦ2п + 1)

for к S  n and, =  0 for к >  n,

ti/2 И 0, 1 — cos x =  f  (x — ü) cos и du,

where x ^ n /2 ,  and s(u) =  cos u{\u\ S 7г/2) =  0 (|и|ёя/2) belongs to the class S'(R), 
the hypothesis of Theorem 3 is satisfied by m = 1, and r = 1.

(3°) The Riesz method. Since

УÁn) = Ri -  =  1 -  -
ЛА1С

if к n and = 0  if к >  n

where X, q > 0, we have

„̂ oo (k \n f

1 — (1 — x*)® — Xq j  (1 — мл)е~1 ux 1 du, |x| s  1,

that is to say, 1 — RI(u) = X q  J  R\~i{u)u>-~xdu, where the integrand R\~x(u) belongs
о

to S(R), provided that q =» 1.
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and

However since2

(1 -  |jc|a)c =  (1 — |x |A)e+1 +  |x |A(l — |х |л)в |x| S  1, 

1 - (1 - |* 1 л)е _  1 —(1 — |x[A)e + 1
[xjA

if q  >0, the right hand side belongs to S(R). Thus the direct theorem is proved for 
all A,

6. The above method of proof may be generalized to more general operators 
such as a Taylor expansion of y(k/n) or a linear combination of kernels. Since the 
generalization is straightforward, we mention only several examples.

The first is the saturation of higher order. We take the Abel—Poisson method 
for an example. Let us set in the complex form

V,(f; x) = Z  IV е)e W'e‘k
where

/(* )  =  —  f  f(x)e ikx dx,
—  71

and write ß j\x )  =  / (J)(x) or f <J) (x) as j  is even or odd. 

Proposition 1. I f  f f {1\  . . . , / (r_1,€C, then

K ( f ; x ) - Z  ( -1  у и + о /и  * /W (*)
j — O

= 0 (t  o

as t-+ 0, if and only if  / w íL°°. 
Proof. Set

y , W ; x ) - Z  ( - i ) W + 1 ) / 2 ] JTfU){x) = (£/,*/)(*),
j—o j !'

then the Fourier coefficients of U,(x) are

Ü,(k) = e - M - Z
j=o

Since
ú,(k) ( - 1  у

j-

and by Taylor’s theorem
lim ,.,, 
«-o (1*1 t)r

. tj (— iy  J
' - 2 Ч - 1 y p ^ - p r - f O - V e - ' *J = 0 J■ '■ о

2 This device is suggested by H . Berens.
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where e"'£S(R), the analogue of the hypothesis of Theorem 3 is satisfied. Hence 
the proposition is proved.

Concerning the Gauss—Weierstrass integral and another approximation 
processes, we can prove analogous theorems by the Taylor expansion of their 
summating functions.

Another example is approximation by a linear combination of kernels. We 
consider the derivatives of Riemann type as an example. Let r is an integer and

then lim Arf(x ; t)ltr is the unsymmetric derivative of Riemann type.

Proposition 2. |\Arf{x\ t)|| =  0(tr) if and only if f ir\x)£L°°.
Proof. Since f ( x  + t) is representable by a convolution of /  and d-function, 

the /с-th Fourier coefficient of Arf(x \ t) is

Hence (e" — 1 )/td S(R) and its products also {(e" — 1 )/t}r 6 S(R) by the convolution. 
A correct form of Natanson’s theorem [6] is also treated by the same idea.
Proposition 3. Let

uniformly in n, then the process Qn(f; x) is saturated with the order [<p(n)}p +1 and 
the class {f\Lkrip + x)Ak(x)}f L°°.

P r o o f . Let u s  develop P„(fi x) and £?„(/; x) in Fourier series,

A ' f ( x i t ) =  2 ' ( - i r v ( v ) / ( *  +  ''0

Qn{f\ X )  =  2  ( -  l y - 1 ( p  I l )  p ™ ( f ;  X )  

where = Pn, P£*+1] = P „ m -  I f

Pn ( / ;  x) ~  2  7к (я) Л  (x), Qn ( / ;  x ) ~ 2 * k  (« ) Ak (x),
k =  0

then ők(n) = 1 —(1 — Ук(п))р+1- Hence
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Since

we have by the convolution rule,

1 ~7k(n) 
kr <p (ft) es( z),

fiSP*»
7. In the last section, we shall give a characterization of the saturation classes. 

The special case is treated in [8].
Let us set

2s

A2sf ( x ; >’) = Z ( ~  i y  (2f ] A x  +  (s

Theorem 4. The class

Z  \k\rA(x)£L°k= 1
for any positive r, is equivalent to

A2\f(x-y)(7. 1) U • w i+r y =  0(1) 0 <  r <  2s,

uniformly in e(e —0).

Proof. We can write

(7.2)

where
l»l®e

c = ( - i y 2s J! 
s I r

k(x) =
1 ^2rtCjuTT+7’ 7 = и ^ 7  + 1. 7  = о, 1 , . . . , i - l ,

71 C *

= Z  ( -  1 Г  “ L  ? J  (Q —j  — s).k= 0  ̂ '

Hence (7. 1) reduces to determine the class of saturation and so we can apply 
Theorem 1 and Theorem 3. Since

к (x) £ L (— “ ), J  k(x)dx = (In ,
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the integral transform (7. 2) is developed in the form of Fourier series by Poisson’s 
summation formula. By Theorem 1 and Theorem 3, it is sufficient to prove

lim^ " 1 =  c 0, and 6S(R).
t-о tr t

The former is shown by

*(0 - i
tr

7  sin2s(x/2)= a J  -----rrz— axx l + r
. c sin^x ,a f  xi+r d x  ^ 0,t 0 -

where a and a' are constants. In the following, a, b, ... denote constants, also. 
Since

if we could write

* ( 0 - i  =  ь f  2 4 - i y
1 J=о

Í2 yt e i(s-j)yt _  e -i(s-j)yt
dy,

к ( i )  — 1 =  r J  h ( т )  т г 1 dx,

where A(t) 6 S(R), the proof would be complete. We suppose momently that this 
was true, then since k{t) is differentiable, we should have

m  = c f j=0
ai(s - j)y _ p- i ( s -  j)y

V
dy.

In the sense of distribution,

f  H\*\)e i,x dt\ £Tl -OO

=  d 2  ( - 1 У ( 2л) (s - j )  ~  f  rjr  [ cos Iх +  (s —fly)  -  cos ix  -  (s - j ) y } ]  dy-j=o \ J ) X g  \y\

By a formula in a book of G e l fa n d  and Silov  [2, p. 359, p. 361], the last

= ~  2 ( -  !У (;*) (5 -Ж |*  +  (5 -у )Г 1 -  I* -  (s- Л Г  0  (г ^ !’ 3’ 5’ ■•)»

= ^  2  ( - 1У (у*) C*~ j ) {e(í^ + (•?-У')12m-  4 -  (■?-7)12m) +

+ e'(\x + ( s - j ) \2m log \x + (s- j )I -  \x -  ( í - j )|2m log |x -  0  —7')|)}
(r = 2m -f-1, m  =  0 ,1 ,  2, . . . ) .

Since the last term is absolutely integrable if 0 <  r <  2s, h{t) £ S(R) and the proof 
is finished.
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ON THE ORDER OF MAGNITUDE OF 
THE LEBESGUE FUNCTIONS FOR STRONGLY 

MULTIPLICATIVE SYSTEMS
By

F. MÓRICZ (Szeged)

To G. A l e x it s  on his 70th birthday

Introduction

G. A lexits [2] introduced the following concept. The sequence of real measurable 
functions (Pi(x), tp2(x), ... defined in the interval (0, 1) is called an equinormed 
strongly multiplicative system (in abbreviation: ESMS) if the following conditions 
are satisfied:

1 1
(1) jc p n(x)dx = 0, fq> l{x)dx=  1 (n = 1 ,2 ,...);

0 0
1 1 1 1

f  (Pn\(x)(panl(x) ...tplkk(x)dx = f  <p*\(x)dx J  q>l\(x)dx ... f  (p%(x)dx
0 0 0 0

(1 ^  ny <  n2 <  ... <  nk; к = 2,3, ...),
where the exponents ax, a2, ..., at can be equal to 1 or 2. In other words, the sequence 
{(p„(*)} is called an ESMS if the system {<рП1(х)(рП2(х)...(p„k(x)} (1 <n2 < ...
k = 1,2, ...) is orthonormal.

Evidently a sequence of independent functions with mean value 0 and dis
persion 1 is an ESMS. In this special case the relations in (1) hold for arbitrary 
positive integer values of the exponents a x, a2, ..., ctk. Another example is a strongly 
lacunary sequence of trigonometric functions, i.e. {/2 sin 2nmkx) if mk + 1/mk^ 3  
(* =  1,2, ..-).1

The behaviour of the series arising from the functions of an ESMS resembles, 
in many respects, that of series of independent functions. As to convergence properties, 
see A lexits [2], A lexits and Ta n d o r i [3]. To investigate the central limit theorem 
and a law of iterated logarithm for ESMS, see Révész [9] (Chapter 3), [10]. The 
present author [6] also studied what properties of the independent functions remain 
valid for ESMS. In our cited paper we proved, among others, the following form 
of the central limit theorem. Before stating it in an explicit form, let us introduce 
the notations

N  N

=  <P„(x), C% = Z  cl (N = 1,2,...),n= 1 n=1
where {c„} is an arbitrary sequence of real numbers.

1 Our results remain valid if the interval (0, 1) with the Lebesgue measure is replaced by an 
arbitrary probability space (ß , P} and the sequence {<pn(xj) is replaced by a sequence {£„} of 
random variables defined on Q. Then in the assertions, o f course, the term “almost everywhere” 
must be understood in the sense of the probability measure P in question. (In detail, see Révész [10].)
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T heorem  A. Let {(pn{x)} be a uniformly bounded ESMS. I f

(2) CN ~*oo and cN =  o(Cjv) (A-*°°), 

then the distribution functions

FjyO) =  mes ||.v: Sf̂  <  J'jj (-=o < j> <  

tend pointwise to the Gaussian distribution function

1 Г
(3) G(T) =  -У 2л:

If the series
C O

.Z  cn(pn(x)
71 = 1

is the Fourier series of a square integrable function fix ) , i.e.

(4) 2  cn <  ” .n=l

then it converges almost everywhere. (See A lexits [2].) Setting

Rn(x) -  fix )  -  SN„ , (x), = Z r t  (N  =  1, 2 ,...; S0(x) =  0),

we can obtain the following result — an obvious supplement to Theorem A.
T heorem  B. Let {(pn(x)} be a uniformly bounded ESMS, and let {c,,} be a sequence 

of coefficients satisfying (4). I f
(5) cN = o(Dn),
then the distribution functions

Gffiy) = mes Rn{x)
Ay

(— oo -< у  < oo)
tend pointwise to the Gaussian distribution function (3).

The proof of Theorem В does not require new ideas and follows the same pattern 
as that of Theorem A in our cited paper [6]. For the analogue in the special case 
of lacunary trigonometric series,2 3 see Salem  and Z y g m u n d  [11].

2 mes IE) denotes the Lebesgue measure of the set E.

3 ^  (akcosm kx + b k sinmkx) is called lacunary if mk + , jmk ё  =- 1 {k — 1 ,2 ,...) . 
k =  1
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Using these theorems we are able to deduce simple but exact estimates for the 
mean of SN(x) and RN(x) in absolute value.

T heorem  1. Let {<p„(x)} be a uniformly bounded ESMS. I f  the sequence {cn} 
of coefficients satisfies the conditions in (2), then

In particular

+ o(l) CN.

/  ! 2  <Pn(x) dx = 
о l»-i

\N .

T h eorem  2. Let {(p„(x)} be a uniformly bounded ESMS. I f  the sequence {c„J 
of coefficients satisfies conditions (4) and (5), then

+  o ( l ) Div-

We note that a less complete form of these estimates was previously proved 
in our paper [6]; more exactly, for arbitrary coefficients c„ we have

I
K, CN s  f  \SN(x ) \d x ^ C N, 

о

where K i denotes a positive constant. Here the upper estimate is an easy con
sequence of Schwarz’s inequality.

It is less obvious that the central limit theorem, stated as Theorem A, can be 
used in the investigation of the order of magnitude of the Lebesgue functions. 
It is well known that the Mh Lebesgue function of a system {<p„(x)} is defined by

i I лг I
LN(x) = J  \ 2  <Pn(x)<Pn(t)\ dt (0 =£ X s  1; N  = 1, 2, ...).

0 n=1 1

The order of magnitude of the Lebesgue functions may, in many cases, be decisive 
for the convergence problems. (See A lexits [1], p. 175.) It turns out, however, that 
the method of the Lebesgue functions is not adequate to treat the convergence 
properties of ESMS.

More specifically, our main result can be stated as follows:
T heorem  3. Let {(pn(x ) }  be a uniformly bounded ESMS. Then the quotient 

L n(x) H n  converges in measure to Yl/ir. 4

4 A sequence {fn(x)} o f measurable functions defined in (0, 1) is said to converge in measure 
to the measurable function f ix )  if, for every я >■ 0, lim mes ({x€ (0,1): If j x )  — f(x)\ fee}) =  0; in

П~* со

symbols lim i. m. f j x )  =  f ix ) .
И-*- oo
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We observe that Theorem 3 immediately implies the following two consequences. 
Corollary 1. I f  {<p„(x)} is a uniformly bounded ESMS then the estimate

(6)
N -* o °  \N  I n

holds almost everywhere.
Corollary 2. Let {(pfx)} be a uniformly bounded ESMS. Then for every set 

E а  (0, 1) of positive measure we have

mes (E)J ypf
E

(N  -  oo).

These corollaries come in a natural way from the definition of convergence 
in measure and (in the case of Corollary 2) from the fact that the quotients LN{x)j}-N 
are uniformly bounded. In fact, from Schwarz’s inequality we can infer the estimate

Ln(x) { / dt ■ f  [ ZVn(x)cpn( t)J  dt}'’2 =  { 2  VH*)}42 ^  K fN ,

where К denotes a common bound of {(pn(x)}.
Corollary I shows that the order of magnitude of the Lebesgue functions in 

the case of an arbitrary uniformly bounded ESMS is as bad as it could be for uni
formly bounded orthonormal systems. To our knowledge, the estimate (6) (in a 
sharper form) has so far been shown only for the Rademacher system [7]. Corollary 1 
generalizes in a certain sense this classical estimate not only for systems consisting 
of independent functions but also for uniformly bounded ESMS.

We also remark that Corollary 1 trivially implies that for an arbitrary uniformly 
bounded ESMS there is no arrangement of its terms into a new system that improves 
the order of magnitude of the Lebesgue functions. The reason it is interesting is 
that the convergence properties of orthogonal series in L 2 can get essentially better 
by (almost every) rearrangement of the terms of the series in question. (See Garsia [5].)

The proof of Theorem 3 makes essential use of the above form of the central 
limit theorem stated in Theorem A, and of an important result which is similar 
to the weak laws of large numbers in probability theory. We state this auxiliary 
assertion in the form of a theorem.

Theorem 4. Let {(p„(x)} be a uniformly bounded ESMS, with bound K, and let 
{c„} be a sequence o f coefficients satisfying (2). Then the relation

(7) lim i. m. ~^2 2  С1Ч>1(Х) =  1'-'JV Л=1
holds; in particular, we have

lim
N~ oo

i- m. 2  2  <pHx) = 1.dV n= 1
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The idea of investigating the order of magnitude of the Lebesgue functions 
by means of the central limit theorem is originated, as far as we know, from 
Erdős [4] (concerning the trigonometric system).

§ 1. Lemmas

We require two lemmas to prove our theorems.
L emma 1. Let {b„} be a sequence o f non-negative real numbers. I f

N

% =  2  hn -* 00 and bN = o(sN) (N  -  00),
n= 1

then for an arbitrary real number a ( > l ) ,  we have
N

2  к  =  o(s%).n= 1
This lemma was proved in our earlier paper [6]. (See there Lemma 6.)
L emma 2. Let F fx), F2(x), ...be the distribution functions of the square integrable 

functions f f x ) ,  f f x ) ,  ... with
1

J fn (x )d x =  1 (n=  1 ,2 ,...).
0

I f  Fn(x) converges to the distribution function F(x) of a square integrable function 
f(x) (at the points o f continuity of F(x)), then

1 1

f  \fn(x)\ dx -  f  | / ( a )| dx (n -  00).
о 0

P ro o f . Given an arbitrary £>0, select an ш>0 such that F(x) is continuous 
at +00 and

F( — co)<£2, 1—F(cü)<£2.
Then Fn(x) satisfies the same inequalities for n large enough. Now

1 1 00 00 00

f  |/.(*)| d x -  f  \f(x)[ dx = f  |a | dFn(x) -  J  \x\ dF(x) =  J  |a | d{F„{x)-F(x)}
0 0 —00 —00 —00

can be written

f  \x\d{F„ (a) -  F(a)} + J  \x\ dFn (a) -  J  \x\ dF(a) = P + Q + R,

say. By Schwarz’s inequality we find that

\R\ ^  { /  *2 dF(x) • f  dF(x)}112 =£ { [ 1 - ф ) ]  +  Т(-ш)}'/2 У2е,
|jc|^co |x|^co
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where we took into consideration that
с о  1

J  x 2 dF(x) S  J  x 2 dF(x) = f  f 2 (x) dx = 1.
\x \m a>  —~  0

Similarly we obtain that IQ| = /2e for n large enough.
Integrating by parts we can see that

P = {[Fn(x)~F(x)} ■ |*|}»a -  J  [F„(x)-F(x)\ d\x |.
MSra

Since Fn( + (o) — F( + со) (и-*-«>), the first term on the right-hand side tends to 0. 
The second term does not exceed

/  \Fn(x)-F {x)\dx
1*1 Sco

in absolute value, and so tends to 0.
Collecting results, we finally conclude that

l I
/  \f„(x)\ dx -  f  1/0)1 dx 4e, 
о о

if n is large enough. This proves our assertion.

§ 2. Proofs of the theorems

If we have a sequence of functions f n{x) defined in (0, 1), and if their distri
bution functions, Fn(y) say, converge to the Gaussian distribution function (3), 
we say that the f„(x) are asymptotically Gauss distributed.
I  x P roofs of T heorem  1 a n d  T heo rem  2. It is sufficient to deal with the proof 
of Theorem 1, as that of Theorem 2 essentially resembles it.
У According to Theorem A the SN(x)/CN are asymptotically Gauss distributed. 
Since the square integral of these functions is equal to 1, on account of Lemma 2, 
we have

l

/ SnW  ,!y
Cjv !

e 2 dx — (N c o ).

in accordance with our statement.
Ц P roof of T h e o r em  3. Let us temporarily take for granted that Theorem 4  is 
true and consider the series

(8). 2  <Pn(x)<Pn(t)n= 1
as a function of t, where the “coefficients” cpn(x) depend on x. According to Theorem 4 
the squares of the coefficients (pn(x) of (8) form a divergent series up to a set of
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measure zero of the points x. Hence, owing to the uniform boundedness of the system 
{<pn(x)}, the conditions of Theorem A are satisfied for almost every x. Thus the func
tions

1 Д
------- ТТ7Г 2  < P n (x )< P „ (0  ( 0  =  i  =  1 ;  N = 1 , 2 ,  . . . )

I
n =  1 J

are asymptotically Gauss distributed for almost every x in (0, 1). Since the square 
integral of these functions with respect to t is equal to 1, by virtue of Lemma 2, 
we have

1 r lN
—jj------- ТЩ J \Z<Pn(x)q>n(t)
2<Pn(x)\ 0n=l )

for almost every x.
Finally let us consider the representation

dt
V~2ic -J x e dx =  / -

The first factor on the right converges (in the ordinary sense) to У2/it almost 
everywhere and the second factor, by virtue of Theorem 4, converges in measure 
to 1; consequently their product converges in measure to У2/n. This completes the 
proof of Theorem 3.

P roof of T heo rem  4. In the proof we shall use the following elementary in
equality: for every real number and every positive integer /, we have (see [8], p. 365)

(9 )
(iuf
k\

We make use of the classical method of characteristic functions. Denote by 
1/^(2 ) the characteristic function of the distribution function

Gjv(y) = mes |  jx: Щ  c„2 (p2J x )  < yjj (-°° < j < o=>),
i.e. I/íjv(A) is defined by

W ) =  f  eiXy dGN(y) (— oo <  A < o=).

To prove (7), on the basis of a classical result of probability theory, it suffices 
to prove that for any fixed A i/rv(A) converges to the characteristic function of the 
distribution function belonging to the constant function /(x) = 1, that is

(10) ^ ( A ) - e u ( tf -o o ) .
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It is obvious that

t i i ß )  = f  exP { Д  2  cl <plß)\ dx.
о  l  '-'IV /1= 1 J

Applying (9) with 1 = 2, we obtain that

ü c tr í(x )
(И) ФЛХ) 4 M b -

M2 On <Pn (*)1
2C^ j

dx,

where 0„ also depends on A, and |0 „ |s l  (« =  1, 2, ..., A).
We show that the integral on the right-hand side of (11) can be replaced by 

the simpler integral

N 1 +  i'.cl<pl(x)(12) SR 1 c 2C'N
dx,

in the sense that for every fixed A the difference of (11) and (12) tends to 0 as A - 
For the sake of brevity we shall use the notations:

f , W =  and
C jv

where we do not indicate the dependence on N. Using the identity
N N N in — 1 W  N

I I ( P n + r n) - П P n =  2 г „ \ П pk\\  П  (pi
n =  1 /1 =1  zi =  1 \ k = l  )  \ k  =  n + 1

where the empty product equals 1 (see [8], p. 367), we find

'k + h) >

(13) exP 17 ^ 2  2  c2nq>l(x)} -  ПICjv /1=1 J 11=1
1 + i2cl q>l (%) 

C?j
N

7
n — 1
Ж а д + а д )  -  11 гм*)

/1=1

)[_J (|P*(*)I+ !**(*)!) |-s  2  l *■,(*)! f П  \pkß)\
/1 =1 \ k ~  1

A simple calculation shows that

and
X2ctK*

i w i  = í i + 3 í 4 # a )

\R„ß)\ ==

1/2 S i  + ш ^c 2

(« = 1 ,2 , , A),
'H

where К  denotes a common bound of the system {<p„(x)}.
Hence we obtain that the right-hand side of (13) does not exceed

2 * * * \ an [ l + 
Á  2C$ Ш  l

W c2k K 2
CS k  =  n +  1 c 2'-'N
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Using the inequality 1 + u ^ e u (w^O), the last sum is not greater than
N

2X2c*K*
~ 2 C T

exp \X\c2K 2 -Д
A  + 2

N  k = n +  1

X2c tK *\ ^  
2Cft J “

X2K*
2 CXP

N

2 c4 
n  •

By (2) the conditions of Lemma 1 are satisfied by the sequence {c2}. Thus, by virtue 
of Lemma 1, this last sum, and consequently the difference of the integrands (11) 
and (12), tends to О (IV-► °°) uniformly in x (O Sx^ 1) if A is fixed.

Now carry out the multiplication in the integrand (12) and integrate term 
by term. Then

i'Ac„2 <p2 (x))
C$ J

dx =

=  1 +
(ls)ni«=na«2 = Л к(

C 2SK)
~ - c 2 c22 k  ^ n i ^ n 2 ' , J  <Pnt (,x)<p22(x) ... <p2k(x) dx,

where the sum ^  is extended over all systems of integer values ( lS )« 1< n 2< . . .<  
<nk(^ N )  (1 -^ k sN ).  By (1) it follows that the integral (12) equals

1 2
N

7n= lП  1
(lS)Bi<ii2<...<»t(s|V) 1 ' N

Finally, we make use of the following inequality:
1 +z = e2+o(|z|), 5

if the complex number z tends to 0. By this we obtain that

П (l +Щ] - eiX

iXcl 
Cv J '

,iA + o(l)

whence we deduce that

holds for every fixed A. Combining this result with the above, we can see that (10) 
is true. This completes the proof of Theorem 4.

(Received 27 February 1969, in revised form 25 April 1969)

BOLYAI INTÉZET,
JÓZSEF ATTILA TUDOMÁNYEGYETEM, 
SZEGED, ARADI VÉRTANUK TERE 1

5 This equality follows from log(l-bz) =  z+ o (\z \) (z-*0) which is clear from the Taylor 
series of log (1 + z )  in the neighbourhood of the point z= 0 .
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M-MIXING SYSTEMS. T
By

P. RÉVÉSZ (Budapest)

To Professor G. A l e x it s  on his 70th birthday

Introduction

The properties of mixing sequences of random variables were investigated 
by a number of authors. Their aim was to generalize theorems (first of all limit 
theorems) valid for independent random variables to a class of weakly dependent 
random variables. In order to obtain such theorems slightly different concepts of 
mixing were introduced. However the essential idea of these definitions is a condition 
saying that “the future is independent from the long past”. More precisely let 

( 2, ••• be a sequence of random variables and let (mSn) denote the smallest 
u-algebra with respect to which the random variables i%m, £,„+ t, ..., are measurable. 
Then a mixing condition says that the elements of äS\ are nearly independent from 
the elements of if I is large enough, i.e. we assume
(1) 1Р(ЛД)-Р(Л)Р05)| 3=/(/)

where A£&8\, and/(/) is a function converging to 0 with a certain rate.
A quite different way to define a concept of weak dependence is due to 

G. Alexits (see [1] and [2]).
He introduced the following:
D efinition. A sequence £2 , ... of random variables is called an equinor-

fl =  1,2,...)
(i'i < i2< n  = 1 ,2 ,...)

where r,- (j =1,2, ..., n) can be equal to 1 or 2. (The existence of the mentioned 
expectations is assumed.)

Alexits himself and others obtained results showing that in some sense this 
condition is able to substitute the condition of independence.

In the present paper we try to give a common gertaralization of the ESMS and 
the systems with mixing property.

Namely we introduce the following
D efinition. A sequence , с;2, ••• of random variables is called M-mixing 

if there is a function /(/) (/=.1, 2, ...) convering to 0 such that

med strongly multiplicative system (ESMS) if

т д  = о, Б«?) =  1
E(««{g ... £„") =  E(fíí)E(fíí)...E({&)

| E ( « i f í i  -  M l « *  - .  « S ) - E ( « í í g . . .  { & ) E ( « ‘ « í . . .  « £ ) |  S /О Т  - / „ )

where г\ г2 <  ... <  г„cy'j <у2 < ... ; и= 1,2 , ...; т = 1 ,2 ,... and г, and
sk (/=  1, 2, ..., п; к = 1, 2, ..., т) can be equal to 1 or 2.
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The fact that an ESMS is an Af-mixing sequence is obvious.
The following theorem of Ibr ag im o v  ([3], Theorem 17. 2 . 2) shows the connection 

between the mixing sequences and the M-mixing systems.
T heorem  of Ibr a g im o v . Let f j , c 2 , be a sequence of random variables 

obeying condition (1). Further let £ and 17 be random variables measurable with respect 
to and respectively, for which there exist positive numbers 5, c ,, c2 such that

Then we have
m \ 2 + d ) and Е(|/7|2+й)

|E ( ^ ) -E ( í )E (i,)| (4 + з (с ; +
1+Ő 1+Ő

+ Ő 2-  
C2

Ő . 2+Ö 1+Ö
+ ci c Щ m

8
2+ 8

In § 1 we give some known theorems for mixing sequences, in § 2 the known 
results of ESMS are repeated. The aim of these two paragraphs is just to give a 
comparison to the new results.

In § 3 a convergence theorem (and a strong law of large numbers) are formulated 
for A/-mixing sequences. § 4 contains the proofs.

The paper ”A/-mixing systems. II” will contain a central limit theorem and a law 
of iterated logarithm for Af-mixing sequences.

§ 1. Mixing systems

The investigation of mixing systems started by the paper of R o senblatt  ([4]). 
He proved a central limit theorem for such sequences. A detailed treatment can be 
found in [3]. (See also [5].) In [3] it is assumed that the sequence of random variables 
is not only mixing but it is a stationary sequence too. This second restriction gener
ally can be dropped (or replaced by a weaker one) without any difficulty.

A typical result of this type is the following
T heorem  MI—1 ([3], Theorem 18. 5. 3). Let g1, %2, ■■■ be a stationary sequence 

obeying condition (1). Assume that there exists a S > 0  such that

and

Then

and

E(£?+á) <  ~

2  ( m f +d <n= 1
00

u2 =  E({f) +  2 2 Щ Ш  <  “
7 = 2

limP

n

7=1
, afn

-- --- x

provided that гг > 0 .
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A strong law of large numbers for mixing systems is given in [6]. (See also [7] 
Theorem 8. 2. 1.) In this paper the concept of mixing is defined in a different way, 
namely the condition says that (only) the present is independent from the long 
past. More precisely it is assumed that

|P(TÜ)-P(T)P(ß)| =»/(/)

where A £ B \, B^dS\%\ and /(/) is a function converging to 0 (ß b is defined in the 
Introduction). A sequence of this type is called ^-mixing.

For this type of mixing systems the following theorem is proved.
Theorem MI—2

E(O  =  0, E ( a < ~  
is constant) and

(3)
Then

([6]). Let Ci , ••• he a ß  -mixing sequence such that
(« =  1,2,...). Suppose that E(|£п\)шК (« =  1 ,2 ,...;

у  В Д )
я 2 < оо.

р + £2 +  ••• + & 
п

§ 2. Multiplicative systems

The fundamental theorem of ESMS was obtained by Alexits and Tandori.
Theorem MU—1 ([1], [2]). Let ^ , £2 , ... be a uniformly bounded ESMS, 

further let cr, c2, ... be a sequence o f real numbers for which

2  cl <
k =  1

Then

2  ck£kk=i
is convergent almost everywhere.

A central limit theorem and a law of iterated logarithm for ESMS were obtained 
by the author [8] (see also [9] and [10]).

T h eorem  MU—2 ([8]). 7 /c ,, <t2, ■■■ is a uniformly bounded ESMS, then

lim P
n-+ OO

f £ 1 +C2 + ••• +
l  fn

Theorem MU—3 ([8] and [7] Theorem 3. 3. 3). 
bounded ESMS, then

P lint C,+£2+ ...+ £ , 
I « log log «

1 . É 2 ,

= 1.

is a uniformly
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A generalization of the concept of ESMS was studied by the author, namely 
the systems were investigated in which condition (2) holds if иё4 . For this type of 
systems we obtained

Theorem MU—4 ([7], Theorem 3. 3. 4). Let £2, ... be a sequence o f random 
variables for which

E © S i  ( /= 1 ,2 , . . . )

m i t  A )  =  m H j )  =  т Л г Ш  =  щ а а  = щ ш  = щ ы  = о
where the indices i, j ,  к, l are different and К is a positive constant. Further let cl , c2, ... 
be a sequence o f real numbers and suppose that there exists an integer r (depending 
on {ck}) such that

l(x)

2  ck l? 0 0k= 1
where 1

S  2 
x  <  2

and Ifx) is the r-th iterated of l(x) i.e. lr{x) = l(ll._ fx)). Then the series

2  ck^kk=l
is convergent almost everywhere.

{ logx i f  X 
1 ■/ 0

§ 3. A convergence theorem

Now we formulate our main
T h e o r e m  M M '—l.a Let £1г £2, ... be a sequence of random variables obeying 

the following conditions
(i) Efo) = 0, E A ) S K  ( /= 1 ,2 , . . . )

00  W , t j ) \ . ^ f U - Q  0  <  f )
(iii) S  min (.f ( l - k ) , f ( j - i )) ( i ^ j ^ k  <  /)
óv) m u A ) \ ^ A k - j )  a  <=./ <  k)
(v) |E ( ^ ^ Q [  =§ min ( f ( k —j ), / ( /  — /)) O' <  *)
(vi) |E ( ^ g ) |  =§/ o - i )  (« < j  <  о
(vii) E ( ^ j ) s . l + / 0 - 0  0  - , / )
where К is a positive constant greater than 1, and f(k) is a decreasing function defined 
on the integers for which there exists a positive constant d such that

(4) /0 0  S e~dk.

1 Here and in what follows log x  means the logarithm with base 2.
2 This Theorem clearly contains Theorem MU—4.
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Further let с , , c2, ... he a sequence of real numbers and suppose that there exists 
an integer r (depending on [ck}) such that

(5)
where

2  ck lr (k)
k =  1

oo

l(x) = 7,(x) =
logx if  j c s 2

1 if  0 < x <  2
and lr(x) is the r-th iterated o f /(x) i.e. /r(x) =  /(/r_1(x)). Then the series

2  ck£k k= 1
is convergent almost everywhere.

Making use of the Kronecker lemma (see e.g. [7] Theorem 1. 2. 2) Theorem 
MM—1 implies the following strong law of large numbers.

Theorem MM—2. Let £2, ... be a sequence o f random variables obeying 
the conditions o f Theorem MM—1,further let c , , c2, ... be a sequence of real numbers 
and suppose that there exists an integer r such that

(6) 2  %  lr w  <  °° «[=1 к
(where lr(k) is defined in Theorem MM—1).

Then
p | cî i + c2̂2 + — +сЛп _ oj = i

It can be seen that in some sense this theorem is stronger than Theorem MI—2 
but in some sense this is the weaker one. Namely in this theorem there is a more 
strict restriction about the meaning of the „long past” (condition (4)) but there is 
no restriction about the whole long past only about two or three members of it and 
now we do not take into consideration all events of the long past, just the moments 
(see Theorem of Ibragimov). Since in condition (6) the integer r can be as large 
as we wish, this condition is not much stronger than condition (3).

The proof of Theorem MM—1 is based on an inequality analogous to the 
Rademacher—Mensov inequality (see e.g. [7] Theorem 3. 1. 1).

Theorem MM—3. Let c2, •••, be a sequence o f random variables, 
obeying the conditions (i)—(vii) of Theorem MM—1, where (now) f(k) is a decreasing 
function for which

2 k f ( k ) ^ \ .
k =  1 0

Then

E ( max
1 S k S n

S  24K (log 4n)4

where {cj}" =, is an arbitrary sequence o f real numbers.
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§ 4. Proofs

First of all we give four lemas.
Lemma 1. Under the conditions o f Theorem MM—3 we have

2 e 2(Z iS j)* iT K (i = 1,2, ...,ri).
j=1 47Vi

P roof. Let E (if< + ) — d tj and consider the inequality

0=s E = 4 & ) + 2 W ( & ® ] - 2  2 d ? f +
7 = 1 ) 7 = 1 J= 1jVi 7̂ 1

+ 2 2  dada Eß / И  Ш K+2  d?j (1 + / ( ; -  o) - 2  2 4 5  +1^к<Шп j= 1 7=1JMi; Mi Mi

+  21 ̂ к<Шп ö j=l j= 1i; Mi

+ 2  i/jf max( f ( k —l) , f ( k  — /)) + 2  dl2km a x ( f ( k - l ) , f ( k - i )) S
1й<1^и 1 Шк<1̂ п
k^i; l?*i kj*i; Ir î

K̂+l 2^-2 2^ + { 2^ = K-J 2 d&
8 J= 1  J= 1  ° 7 = 1  о 7=1

which implies our lemma.
Lemma 2. Under the conditions o f Theorem MM—3 we Лаге

E 2 4  £,•
7 = 1

S  24Ä'LI#
E

Proof. We have

2 < ^ Л  =  i ^ E ( # )  +  6 2" c?c?E(i?i?) +  4 2  cfc,.E(if<+) +
j = l  /  j  =  1 1 i <  j —П 1 ^  i <  7 ̂  n

+  4 1 2  ĉic; E (c;i f )  +  12j ; J S ^ c f c j C t E G f  i,-i*) +

4-12 2  с(с ? с * Е (^ * )+ 1 2  2  с,с;с2Е({,^Й ) +
1 < j<k^n l^i<7<fc^n

+  24 2  CtCjCtCtE&ZjbQ Ш

t s  К 2  c j  +  6K 2  c }  c 2j  +  8 2 с.? 1 /  2 <0 ^  E2 (if Zj) +
7 = 1

И П

7 = 1  7 = 17v;
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+  6  2  C i ( C j + c l ) f ( k - j )  +  6  2  c ? ( c ?  +  c | ) | E ( ^ ^ 4 ) |  +
1 ^i<j<k^n 1 j  <k^n

+  6 2  (c,2 + c j )c ,2/ 0 ' “ 0  +  6 2  (c2 +  ej){cl + e j ) IE(Ci£ •£k£i)\ Ш
1 —r — I, — i -<r —1 j<k̂ =n

— 3Ä- 2 т /  +14ЛГ
j=i ( l ' ? + 2  c?c2+ 2  cfc | +í^iej^n l^ick^n

+  6 2  ci cj f ( k  —j )  +  6 2  c j c } f ( j ~ i ) +  2  e f c l  +1 j<k n̂ 1 ̂ i<j <кШп 1 ̂ i<k̂ n

+ 2  ej cl+6 2  (cf +cj)(ci +cf)\E(^j^,)\ S
l S ; < t S n  l S « - = > - : í l c I * n

20*  2  c? +6 2  cfcíiEfö^ftöi+e 2  с?с,2| Е ( а д « |  +
V j = l  /  1 ^ i < j < k < l m n  l ^ i < j < k < l ^ n

+ 6 2  c2ck2|Efó^^^)|+6 2  cjcf |E(€,^&«|.l^i<:j <k<l^n 1 ̂ i<j<k<l^n

The last four members of the last sum can be estimated in the same way. As an 
example the estimation of

h  ~ 2  c j c l m ^ Q l

will be given. We take into consideration two possible cases.
Case 1. j  — i =  / — k,
Case 2. j  — i ^ l —k.

The members of I, for which the restriction of Case 1 holds can be estimated by

2  cj ci 2  / ( / - * )  =  2  c id  2  ( i - k ) f ( i - k ) ^
1 ̂ i<k^n l = k +1 j = i +1 l^i<k^n l=fc+l

2  с?сл2.

The sum of the members of Ix obeying the restriction of Case 2 can be estimated 
in the same way, so we have

Hence we obtained
Л  2- 4  ^lSi<*[Sn

cfcf.

E 2  cjtj
7=1

^  24A:

which is the statement of our Lemma.
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Lemma 3. I f  cr, i;2, ... is a sequence o f random variables obeying the conditions 
(i)—(vii) of Theorem MM—1 with a function f f k )  and i f  m1 < m 2 < ••• is a sequence 
o f integers then the sequence

' 1 mktl
- -  2  CjZj if  ak >  0

Фк = <*fc j = n t k +  1 
0 i f  «к = 0

where ak - 
for which

2 C jj=mp + 1

1/2
is obeying the condition (i)—(vii) with a function f 2(k)

/ 2(k) == 8 z  i/ л п -
l = k

Proof. Condition (i) is proved by Lemma 1. The others can be proved in the 
same way. So as an example we prove that

C O

m M j M d i  ^  8 z  j/iU )
j —l —k

provided that i c  j  <  к  < /.
We have

m + i ntj + i mk+1 mi +1
\ШЬМд\ = \Е Z  2  z  -ftv 2  f f ,

. x = m i +  1 a i X = m j +  1 /i = mfc+ 1 v = m/ + 1

S  2 2 2  2(4+ 4) (4 + ^ j  |Е«.{,{»{.)1 S
X л p  V t . « ;  “ j l  1 %  ;

^ 2 2 4 4 [ 2 / i ( v - / i ) ( v - / i )  +  2  Л (А -*Х А -*)] +
и д v {Я:Я—k> v—д}

+ 2 ’2 ' - ^ ^ [ 2 ' / i ( v - / i ) ( v - / i ) +  2" /i(A —«)(А—«)] +
{к: Я —* > v —д}Т* р

+ 2 2 4 4 [ 2 / i (v- ai)(v- / í) +  2  / 1(я -« ) (д -* ) ]  +
Я д a j  v {Я:Я — x > v —д}

+ 2 2 4 4 [ 2 / i (v- / 0 ( v- éi) +  2  л  а - * )  (я -* )] ^— V  а? "Т {х: Я—* > v —д}

= 8 2  JÁ О) 3S 8 2  l/i О)-
j^m.+ l-mic+i j = l - k

Lemma 4. I f  ct , с2, ... is a sequence of real numbers for which

2  ck lr (k)
k =  1

Лс/л M athem atica A cadem iae Scientiarum Hungaricae zo, .1969



M - M I X I N G  S Y S T E M S . 439

then there exists a sequence nx <  и2 < ... o f integers for which
~ ( nt+l t

2  \ 2  с и lr - i W < ”
k =  1 \ j = n k + 1 )

and
00 Пк + i 42

2  2  сц  iA(nk+ i-n k) < «>.
f c =  1 \j=nk+  1 /

See the proof in [7] Lemma 3. 3. 3.
P roof of Theorem  MM—3. First of all we assume that n — 2V (v =  l ,  2, . . .)  

and introduce the following notations

=  с 1 £ 1 +  с 2 е 2 +  - + c j ^ j ,

— Cx+1^h+1+Cx + 2^ol + 2+ ■■■ +Cß^ß
where

ас = ц2к\ ß = ß(<x) = (n+ l)2k; ц =  0,1, 2...... 2»“* -  1; к = 0 ,1 ,2 , ..., v.

Consider the random variable <Tj as the sum of some Let

°j = 2

where ßj — oq > ß 2 ~  a 2 >••• • Clearly the number of the members of the sum 
2  tßi is less than v. Therefore by the Cauchy inequality we have

= (2 K ß f  S  V2 ( 2  ij/j. Д,)2 S  V3 2  K t
which implies

/ Г V 2v~k— 1 / • /  (n+ l)2k 4 4

max a? r/P v3 2" / i/p =  v3 .Z  Z  / Z  i/P
1 S J S 2 V a , 0  J  *  =  0  /J =  0  J  U  =  / i 2 < 4 - l  1n n a

where a and ß = ß(a) run through all their possible values.
Making use of Lemma 1 we have

[ 2 c jE max о* ^  (v + \)A24K
USJS2V )

This inequality proves our statement in the case n — 2V. If 2v^w < 2 v + 1 then

E max a7 24AT(v + 2)4  ̂Z  c j \  = 24Tt(log 4n)4 I 2  Cj
USjSn

which completes our proof.
P roof of T heorem  MM—1. First of all choose an integer 5 s 2 such that

2 k e ~ ik ^ ~ .
k = s  2
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Now we prove that

2  cks + t^ks + t (í — 0, 1, 2, ... , S  1)
k-l

is convergent almost everywhere, which implies our Theorem.
Put

Cks + t Ук’ Qks + t Чкш

As a first step we prove the almost everywhere convergence of the series 
Z  УкЧк under the condition

k= 1

2  c ll2{k)
Set

Then

and

K  = 2
k  =  n

УкЧк-

Г/П2ч 3 NT7 2 З А
(9л) “  2 Л Ук - 2  Т Щ

where A — 2 y V 2(k)

п=1 4 п= 1 п

By Верро Levi theorem this fact implies

92„ -  0.
By Theorem MM—3 we have

e [ max \ Z  у,чЛ  s24A7*(2»+2) i  2  y j i  =  24K{n+2)* f 2  yj
U " S i < 2 ” + 1 W = 2 "  )  )  U = 2 " + l  )  \ j = 2 " + l

which is less than

if n is large enough. Hence
24k ( 2  Vj log2 7Vj = 2"+1

Z e max
n=l ^2"^fc-=2"+1

and
2  УjVjj=2"

max Z  У j * \ j
2 n S k ^ 2 n + l  \ j — 2 n

which proves the convergence of the series

2  УкЧк
k =  1
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in the case when

2 7klog2k <
k=l

Now we prove our Theorem by induction. Suppose (as the condition of our 
induction) that if {at} is a sequence of real numbers for which

Ё a ll2- Лк) <  °°
k = 1

and Il/k is a sequence of random variables obeying the conditions of Theorem MM—1. 
Then

2  акфкk= I
is convergent.

Now let {£*} be a sequence of real numbers for which

2  hl lr (k) < °°
k= 1

and denote by {nk} a sequence of integers for which
00 ( Пк + 1 'I

2 \  2  ь)\1ЛЛк) < ~
k= 1 Vj=«k4 1 /

00 ( пк + i 2̂
2 \  2  Щ  l4(ak+1- n k) ^  00.

k= 1 \j=rik+ 1

By Lemma 2 the sequence
J Пк + l

Фк =
2  bjt]j if cck > 0

“fc j=ni<+1
0 if ak =  0

where on
itk+1
2  ь)j=nk + 1

11/2
is obeying the conditions of Theorem MM—1. This 

fact implies — by the condition of our induction — that
00

2  ak^kk= 1
is convergent almost everywhere.

In order to prove our theorem it is enough to show that

2  E
- t 4'

max 2  bj r\j
.Пк+ l̂ í<n/c+ 1Kj=nk+ 1

However this fact follows immediately from Theorem MM—3.

(Received 4 March 1969)
MTA MATEMATIKAI KUTATÓ INTÉZETE,
BUDAPEST, V., REÁLTANODA U. 13— 15
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SUR LE RESTE DANS LA FORMULE 
DE QUADRATURE D’EVERETT

Par
T. POPOVICIU (Cluj)

Dédié à M . G. A l ex its  à l'occasion de son 70e anniversaire

1. Dans son mémoire sur les formules de quadrature, R. v. M ises [5] appelle 
formule de quadrature d’Everett, la formule sommatoire

n t n — 1
dx == 2  m  + 2  da [/(a) +f(n — a)] +  Rn [/]

a = 0 a = 0

où m est un nombre naturel, n un nombre entier nonnégatif, les coefficients da, 
indépendants de la fonction f(x), étant déterminés de manière que le reste R„[f] 
soit de degré d’exactitude Sm , donc qu’il s’annule pour tout polynôme de degré m.

Nous nous proposons de trouver une expression du reste R„[f] en faisant 
les hypothèses suivantes:

H. 1. m est impair.
H. 2. La fonction f ( x ) est continue sur un intervalle I  de l'axe réel contenant 

les points 0, 1, ..., n et a, n — x, a = l ,  2, ..., m — 1.
Le reste Rn[ f ] est une fonctionnelle linéaire (additive et homogène) et pour 

trouver son expression désirée nous allons rappeler la définition de la simplicité 
d’une telle fonctionnelle.

2. Considérons une fonctionnelle linéaire (donc additive et homogène) R [/], 
définie sur un ensemble linéaire S de fonctions (réelles et) continues f(x )  définies 
sur un intervalle donné /  (de longueur non nulle) de l’axe réel. Nous supposons 
toujours que S contient tous les polynômes. Lorsqu’il est nécessaire on peut encore 
préciser la structure de l’ensemble S.

Le degré d'exactitude de R[f] (s’il existe) est l’entier m ë - 1  qui jouit de la 
propriété

Í f?[l] si m =  — î,
(2) { R[l] = R[x] =  ... =R[a"'] =  0, R[xm+1] t̂ O si m s 0.

Le degré d’exactitude, s’il existe, est bien déterminé. Lorsque seules les égalités 
(2) sont vérifiées ( m S 0) nous dirons que R[f] est de degré d’exactitude au moins 
m (ou que son degré d’exactitude est Sm ). Ceci est équivalent au fait que la fonc
tionnelle linéaire R [/] s’annule sur tout polynôme de degré m. Pour que le degré 
d’exactitude soit égal à m, il faut et il suffit que /?[/] soit de plus différent de zéro 
sur un polynôme de degré m + 1 au moins.
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Rappelons la définition suivante de la simplicité de la fonctionnelle linéaire
* [ / ] :

La fonctionnelle linéaire R{f ]  est dite de la forme simple s’il existe un entier 
m S  — 1, indépendant de la fonction f(x), tel que l’on ait, pour f(x ) Ç S,

(3) â [ / ] = ^ - K i , € 2 . - .  { - « ; / ]

où ça, ct = 1, 2, m + 2 sont m + 2 points distincts de l’intervalle I, dépendant en 
général de la fonction f(x ) et K  est une constante différente de zéro, indépendante 
de la fonction f(x).

Le nombre m est complètement déterminé et il est précisément le degré 
d’exactitude de R[f].

On a aussi K = R[xm + i] = R[xm+i + P] (=^0) où P{x) est un polynôme de degré 
m qui, dans certains cas concrets, peut être choisi convenablement.

Dans la formule (3) nous désignons par [y1, y2, ..., y/, / ]  la différence divisée, 
d’ordre r — 1, de la fonction f{x )  sur les noeuds (distincts) y l9 y2, ..., yr.

3. Nous avons alors le
T h é o r è m e  1 . Pour que la fonctionnelle linéaire R[f], de degré d’exactitude m, 

soit de la forme simple, il faut et il suffit que l’on ait R[ f ]  ^  0, pour toute fonction 
fix ') t  S convexe d ’ordre m.

Pour la notion et les propriétés des fonctions convexes (non-concaves, non- 
convexes, concaves) d’ordre m et pour la démonstration du théorème 1, le lecteur 
peut consulter mes travaux antérieurs. La fonction f(x )  est dite convexe d'ordre 
m sur I  si toutes ses différences divisées d’ordre m + 1, sur des noeuds distincts, 
sont positives. En particulier dans mes mémoires de „Mathematica” [7, 8] on peut 
trouver diverses applications et diverses généralisations de la notion de simplicité 
d’une fonctionnelle linéaire.

Si mêO on peut même affirmer que les points Ça, a =  l,2 , ...,m  + 2 de la 
formule (3) sont à l’intérieur de l’intervalle 1.

Si тшО et si f{x) a une dérivée d’ordre m + l à  l’intérieur de /, nous avons, 
grâce à une formule de la moyenne importante de A. C a u c h y  [1],

f(m + l) (£\
(4) R[f] = K J(m + ™ (K = Л[х"+1])

en supposant que 7?[/] est de degré d’exactitude m et qu’il est de la forme simple, 
't_ étant un point à l’intérieur de l’intervalle I.

La formule (4) peut, en particulier, servir à donner une borne supérieure de 
7?[/] lorsqu’on connaît f (m+1>(x), la dérivée (w +  l) ième de la fonction f(x).

4. Revenons à la formule de quadrature (1). Nous allons démontrer d’abord
que, sous l’hypothèse H. 1 et en supposant que R,,[f] soit de degré d’exactitude m, 
les coefficients da, a =  0, 1, — 1 sont déterminés indépendamment de n.

Calculons 7?и[хк]. En utilisant la théorie bien connue des nombres Bx et des
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polynômes Bfx)  de Bernoulli, telle qu’elle est exposée dans le traité classique de

Æfc+i-a^ +  O + ( — l)k)Bk+i

N. E. N örlund [6], nous avons, pour к entier ^ 0 ,

r "
(5) \ x kd x - 2 l uk = 

0  «=o
1

k +  1

Si nous posons
— 1

(6) sk -  2  & =  0 , 1, . . .
a —0

(50 =  J0 + i/1 +  ...+ i/m_1), nous avons

(7)
m - l  к  (2  +  (n -  oc)*] =  2 ^  ( - 1)*- * +
a=0 ct= 1

En comparant les formules (5), (7) il découle que, si nous posons
m -1 „

(8)  sk =  ^ ■ « ‘ <4 =  T x f  0e — 0 ,1 , . . .a=0 К  ~г 1

nous avons Än[x*] =  0, k = 0, 1, m. L’exactitude de la dernière égalité (Æ„[xm] =  0) 
est assurée par l’hypothèse H. 1 (l’imparité de m).

Le système (8) détermine complètement et indépendamment de n les coefficients 
dx, ce =  0, 1, m — 1. Le fait que le reste R„[f] est effectivement de degré d’exactitude 
m résultera de ce qui suit.

5. Nous allons maintenant démontrer le
T héorème 2. Si m + n> 1 et si les coefficients dx, tx = 0, 1, m — 1 sont 

déterminés par les équations (8), sous les hypothèses H. 1, H. 2, le reste /?„[/] est 
de degré d'exactitude m et il est de la forme simple, c'est-à-dire que

(9) Rn[f] = * J* m+1][£i, Í2,
où a =  1, 2, m + 2 sont m + 2 points distincts à l'intérieur de l'intervalle I 
(et dépendent en général de la fonction f(x)).

La condition m + n >  1 est essentielle. En effet si m + n =  1 on a nécessairement 
m = 1, n = 0 et alors 2?0[ /]  =  0, quelle que soit la fonction f(x).

La démonstration se fait maintenant par étapes en démontrant successivement 
les lemmes suivants.

L emme 1. Si f(x) est une fonction convexe d'ordre m, on a R„[f]~ /?n_ t[ / ]< 0 ,  
n = 1, 2, . . .  .

C’est une conséquence du critère de simplicité de Steffensen [8]. On peut 
l’obtenir d’ailleurs facilement de la manière suivante. La différence R[f] = Rn[f] — 
— R„~ J / ]  est le reste de la formule de quadrature (и>0)

n  m - l

J  f(x) dx = f(n) + Z  d. [/(» -  a) —/(« -  a -  1 )] + R [/]
n - 1 « = 0
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qui est de degré d ’exactitude ë m .  C’est alors nécessairement la formule de Cotes 
dans l’intervalle [n — l,n\ relativement aux noeuds и —a, <x =  0, 1, m. Nous 
avons donc

n

R[f\  =  J [ f (x ) -L (n ,  n - 1 ,  . . . ,n -m ; f \x ) ]d x
n-1

où nous désignons par L(y1, y2, . . . ,  yr ; /  ]x) le polynôme d’interpolation de Lagrange 
de la fonction fix') sur les noeuds y i , y 2, ■ ■■, yr- On sait que (pour x différent 
d’un noeud),

m

f ( x )  —  L(n, n —  1, . . . , n —  m ; f \ x )  =  J J  ( x  —  n +  o c )  -[n,n— 1, . . . ,  n —  m ,  x ; f ]

a=0
m

et le lemme résulte du fait que le polynôme /7  (x — n + я) est négatif sur l’inter-
a= O

valle ouvert \n — \,n{ et que le second facteur du second membre, la différence 
divisée d’ordre m + 1  est, par hypothèse, positive.

En particulier si m =  l et si f(x ) est une fonction convexe d’ordre 1, on a
* i[ / ]< 0 .

Lemme 2. Si m > 1  et si f{x ) est me fonction convexe d'ordre m, on a

Dans ce cas la formule (1) est la formule de Cotes relative aux m noeuds 
0, 1, ..., m — 1. La propriété résulte alors de la simplicité du reste de cette formule [8].

Lemme 3. Si m >  1 et si f(x) est une fonction convexe d'ordre m, on a

La dém onstration est encore basée sur le critère de Stefïensen qui découle 
d’ailleurs des im portants résultats de J. F. Steffensen [9] sur le reste des formules 
du type Cotes. E n suivant l’exposé de J. F. Steffensen nous pouvons démontrer 
le lemme 3 en remarquant d’abord qu’on peut écrire

(10) Rm-2[f] = A [ f ]  +  B[f]
où A[f]  est le reste dans la form ule de Cotes dans l’intervalle [m —3, m —2] et 
B[ f  ] le reste dans la formule de Cotes dans l’intervalle [0, m — 3], tous les deux 
sur les noeuds — 1, 0, 1, ..., m — 1.

Alors A[ f  ] est l’intégrale de m — 3 à m — 2 de la différence (pour x différent 
d’un noeud)

m
(11) / ( x ) - L ( - l ,  0,1,  ..., m -  l ; / | x )  =  I J  (x +  1 -  « ) • [ - ! ,  0, 1, x \  f ]

ct=0

m
et le polynôme f ]  (x + 1  — a )  est positif sur l’intervalle ]m — 3, m — 2[. Tl en résulte

a=0
que si f(x) est convexe d’ordre m, on a

(12) d [ / ] > 0 .
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Lorsque m = 3 on a B[ f  J = 0, quel que soit f(x).
Si m >3, B [f ] est l’intégrale de 0 à m — 3 de la même différence (11). En suivant 

toujours un raisonnement de J. F. Steffensen [9] remarquons maintenant que 
la différence (11) peut s’écrire (pour x différent d’un noeud)

m — 1
JJ  ( j c + l - a ) { [ - l , 0 , l ,  m — 2, лг;/ ]  — [— 1,  0 , 1 ,  . . . ,  m -  1 ; / ] }

a =  0

et il s’ensuit que B[f \  est le reste de la formule de Cotes dans l’intervalle 
[0, m — 3] sur les noeuds — 1, 0, 1, ..., m — 2. On déduit des considérations faites parm— 1
J. F. Steffensen [9] sur le polynôme P(x) = J[ (x + 1 — a) que le polynôme

a  =  O 
x

f  P{t)dt est négatif sur l’intervalle ouvert ]0, m — 3[ et est nul pour x  = m — 3. 
о
On en déduit que si f (x)  est une fonction convexe d’ordre m, on a

(13) £ [ / ] >  0.
Les formules (10), (12) et (13) démontrent le lemme 3.
On obtient maintenant facilement le théorème 2. On peut conclure de la formule

*„[/] = +  2’ {Rm+Af]-Rm+*-Àf]}
a = 0

où n ^ m  et des lemmes 1, 2 que
(14) Я „[/]<0, n a ff l-1

pour toute fonction f (x)  convexe d’ordre m.
Si m >  1, il vient de la formule

m — n— 3

R„[f] = Rm- 2[ f ] ~  2 {Rm- 2 - Ä f ] - R m- i - Af ] }
< x = 0

où пШт — 3 et des lemmes 1, 3 que
(15) * „ [ /]>  0, d i m - 2
pour toute fonction f(x) convexe d’ordre m.

La fonction xm+i est convexe d’ordre m et alors les formules (14), (15) montrent 
que R„[f] est effectivement de degré d’exactitude m. Le théorème 2 est donc une 
conséquence du théorème 1.

6. Les considérations précédentes permettent aussi de calculer, sous diverses 
formes, le facteur Rn[xm+ x] qui figure dans la formule (9). Compte tenu del a formule 
(5), de la notation (6) et de l’hypothèse H. 1, nous avons (m >l)

*„[*m+1] =
m+ 1
У  (_l)m+l-

m -
m -h 2 B,m  +  2  — o r

m+ 1

-  2  ( -1 Г + 1- “a— 1
ím + 1
l « .

■ 2 5 ,m + 1 •
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Nous obtenons ainsi, en vertu de (8),
Â„[xm+1] = [(m + Y)sm- B m+l]n -2 sm+i -  Хп + ц,

expression linéaire par rapport à и, X, r étant des coefficients numériques indé
pendants de n.

11 en résulte qu’on a aussi
Rn[xm+l] = (n — m + 2)Rm_ 1 [xm+1] — (n — m + l )Rm_2 [xm +1 ]

et dans cette formule i?m_i[xm+1], Rm_2[xm+1] peuvent être obtenus en suivant la 
démonstration des lemmes 2, 3.

L’interprétation de i?m_ i[/]  donne

* m-![* m+1] = /  
0

et celle de Rm- 2[ f \  que

x  +
m(m— 1)

[ J  (x — oi)dx
a= 0

Rm-2[Xm+1]= f X  +
m (jn — 3)

m — 2

J J  (* +  1 — &)dx.__r\* J a=° m -3 «=0
Dans le cas m =  1 nous avons Я = —^ ,ц =  0 et

л» [Я =
est le reste de la formule du trapèze

/  /(*)«& =  I / ( 0 ) + / ( l ) +  -  + f { n - \ ) + \ m  + Rn[.fl

Si m >  1, l’analyse précédente nous montre que X <  0 et ц>0,т — 2 2L
- X L

7. Lorsque la fonction f(x)  a une dérivée d’ordre m + 1 à l’intérieur de 
l’intervalle I, on a

* „ [ /]  =  Rn[xm / <m+1)(£> 
(w +  1)!

£ étant un point à l’intérieur de I.
Ce résultat, pour m = 3, 5, 7 a été obtenu, d’une autre manière, par D. V. 

Io n e sc u  [2] et D. V. I o n esc u  et A. Сотш [3, 4].
Lorsque | / (m + 1)(x )|sM (m -fl)! pour xÇ/, on obtient la délimitation

M  étant un nombre réel non-négatif. Une telle borne supérieure du reste existe 
encore si la fonction f(x)  est à {m + l)ième différence divisée en valeur absolue 
par M.  Un exemple d’une telle fonction est fourni par tout f(x)  qui à une m ièmc 
dérivée f (m\x )  vérifiant une condition de Lipschitz ordinaire.

INSTITUTUL DE CALCUL,
CLUJ, STR. REPUBLICII 37  
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1. Introduction

If T„(f; x) is a positive (more exactly: non-negative) bounded linear trigono
metric polynomial operator of degree n, then, as P. P. Korovkin [8] has shown, 
the optimal order o f approximation o f functions f t  C 2„ by such operators is 
0(n~2), и this order of approximation cannot be improved by supposing 

/  to be arbitrarily smooth. In particular, let the operator T„ be a singular integral

having an even kernel p n( x ) t  C 2n- The question then arises whether the order of 
approximation by f  *pn can be improved if the kernel is allowed to be negative 
for some x.

In this respect, P. P. Korovkin [10], cf. [9], (investigating the analogous algebraic 
case, only remarking that all results are valid in the periodic case as well) and inde
pendently P. L. Butzer—R. J. N essel—К. Scherer [5] have shown that if the 
(even) kernel p„(x) has 2m  changes of sign in the interval ( — 7r, 7t ]  — the number 
of changes being independent of n — , then the optimal order of approximation 
cannot exceed 0(n~2m~2) provided such a kernel exists. A. I. Kovalenko [11] has 
actually stated a scheme in how to construct such operators f  *p„ which approxi
mate with order 0(n~2m~2) if / € C (22rcm+2); (for an algebraic analógon, see G. N. 
Vinogradova [15]).

The purpose of this note is to give an explicit example of a convolution operator 
approximating with order 0(n~4) provided e.g. ./€ CfJ. Thus, we shall not be 
content with a scheme but will in fact construct the associated kernel V„_1>4(x), 
cf. Theorem 1. As the general case in [11] is very complicated, we prefer a direct 
approach in which the choice of the function cp*(t) = sin3 nt, t f  [0, 1], is essential; 
this function as a special example satisfies the conditions given in [11].

The authors are indebted to Karl Scherer for various valuable suggestions 
and discussions.

Let C2lt, LL (1 = p<  =°) be the space of all 2n:-periodic functions which are 
continuous on the whole real line or Lebesgue integrable to the pth power over 
( —7Г, n), respectively. X2„ denotes one of these spaces endowed with the usual 
norm. Oil denotes the space of functions f t  C2n whose derivatives of order s are 
continuous. C{a, b) means those functions continuous on (a, b). n, m are natural 
numbers.

n
of convolution type defined

2. Basic results
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To be more precise let us define the classes S 2m and S2m, of. [9], [11].
A sequence o f trigonometric polynomials {tn(x)) o f degree n is said to belong 

to the class 3 2m if tn(x) has for x f f  — n, 7t] and all n exactly 2m changes of sign, 
i.e. real zeros o f odd multiplicity (and all further zeros are of even multiplicity or 
complex). In this case the singular integral /„(p ; / ;  x) = ( f  * p„)(x) having kernel 
Pn£&2m belongs to the K o r o v k i n - c /o m  S2m.

If such an even kernel р„(х)£&2т exists a result in [5; p. 70] on the optimal 
order of approximation of the corresponding singular integral reads:

I f  p„(0) >  0 for all n sufficiently large, then at least one of the (m +  2) sequences

{n2m+2\\In(p; cos ku; *) —cos kx||x2J  (0 ш к ш m + l)

does not tend to zero as n-*°°.
To build up our kernel as announced, we begin with the well-known fact that 

it is possible to construct a non-negative polynomial by means of a generating 
function, cf. e.g. [7], [11].

L emma 1. Let cp(t) be defined for t [0, 1] such that for all n

( 1)

Then q> generates via

(2)

s=0
0.

Л,(<р ; 0  =
l

2 Ф„ s= 0

and even and non-negative trigonometric polynomial in its closed form o f degree at 
most n; the representation as a normalized polynomial is given by

1 "
(3) Pn(cp; t) = -  +2h,n(<P) coski S  0
with convergence factors

(4) Kn(<p) = 4 r  2  ч> I ^  I <p

k =  1 

n — k

Ф,n s=  0

л +  к 
n

L emma 2 . A normalized and even trigonometric polynomial o f degree n of class 
®2 with (nonconstant) symmetrical zeros at +tx, a£(0 , n), has the representation

(5) Nn((p; t) =  v(«)-(cos t - cos cc)-P„.1(qr, t)

where P„ _, (<p; t) is a non-negative polynomial of degree (и —1) generated by a suit-
П

able <p and v(n) is such that J  Nn(tp; t)dt = n for all n.
— K

By the representation (5) it is obvious that Nn((p; t ) g S 2, cf. [11]; by the de
composition lemma for general polynomials of class 3 2m in [5, P- 89] (where the 
positive factor kernel need not be given by a ф-function) it follows that this 
representation is also unique.

Later on, we shall see that in our example a is completely determined by cp 
and depends only upon n.
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L emma 3. Let Pn{t) be a polynomial o f degree n given by (2) or (3), respectively, 
with convergence factors ).k n. Then P^+i(t) £ <32 with zeros at + a  defined by

(6) P*+1 (t) = p(n) ■ (cos t - c o s  a) • Pn(t) =

(7)
has normalization constant

(8)

and convergence factors 

(9) Qk, n + 1

Л+1
+  2  Qk, k= 1

n + 1cos kt

pin) = --------------л 1п — cos a

7*-i,n~~2At>,,cosa + /.k + lt„ 
2(2j „ —cosa)

The verification of (8) and (9) follows by straightforward computation; for 
k  = 0 we have ^o.n+i^l by formally setting n =

3. The positive factor kernel

In order to apply Lemma 2 in constructing an operator which approximates 
with order 0(n~A) we use the function

( 10)
Í sin3 Tit, t£[0,l]
10, otherwise.

This is suggested by results of A. I. K o valen k o  on constructing such operators 
which give conditions upon a generating function <p of the positive factor kernel 
in (5). For an arbitrary m these conditions are given by, see [11, p. 600],

(11) (i) (p(t)=0,  f$[0 ,  1],

(ii) (p(2m\ t ) 6 C(- °°, °°), (iii) cp(2m+2)(t)£ C (0,1),

(iv) \(p(s\ t ) \ s M ,  t£(0, 1), í  = 0, 1, ..., 2m + 2.

In case m — 1 the particular function (10), cf. [11, p. 616], satisfies (11). As a matter 
of fact, the powers of sin nt play an important role in the construction and investi
gation of linear polynomial operators, see furthermore [12], [14].

L emma 4. I f  cp*it) — úv?ut, then for « 5 4

( 12) Pn- 2(Ф*;0 = 8 ■ — sím 5 n

|cos i +  2cos n )2 2 — cos^ n t
n n) 2
n 7 t ) 2 Зтг)2cos t — cos — cos t — cos —

n) « J
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is the polynomial o f degree (n— 2) generated by cp* with convergence factors

(13) = 7<U(, . . .»  kn 3kn{n — к) 19 cos — + cos----- +

n . kn
f 2kn , 2n . 2 kn kn 3 n . 3kn\— sin — 3 +  2 cos — — 6 cot —  sin cos---- hcot —  sm ----- [n n 1 n J n n n n n J

P r o o f . We first note that in our case the polynomial given by (2) is actually 
of degree (n — 2); this is easily seen by taking k — n — 2, n — 1, n in (4) and making 
use of (p*(t) = q>*( 1 — t).

In order to prove (13), we set 2k}n̂ 2{(p*) = xk>Jx0t„\ then in view of (4) we have 
for O s k S n  —2

\3

Making use of the identities

"v  ( . sn . (j + k)7T 
4 ,n  =  2 j I sm  —  s i n ----------—

s = 0

(14)
it follows that

cos2 a =  (1 +  cos 2a), cos3 a =  (cos 3a +  3 cos a)

1 ■£? { k7
4,n =  w Z  cos —5 s=0 ( П

kn (k +  2s) n cos — n

, kn 3 kn1 „  I ,  « ,7 t  J  Л.71 | , |  ,  kn 1 I -̂ 7к +1) cos3 —- + — cos — -  3 cos2---- 1-~r\ 2 j
n 4 l s=0

cos (k + 2s) n

3 kn ^  2(k + 2s)n+ — cos — У. cos —-----------2 n s=о n
1 3{k + 2s)n

- t Z  c o s  ------------—4 s=o n

For j=  1, 2, 3 we need the further identity (cf. [13; p. 31])

j ( k - \ ) n
(15) 4 _ J ( k + 2 s ) nn-k

2  cos
sin JK

in . íkn lkn— cot — sm------- cos-—n n n

which is valid for n>~j. Applying (15) and again (14) it turns out that for n > 3

14,n =  3 2  ] (« -k ) |9 c o s — + coskn 3kn\ ,  A n . kn \^  „ 2kn3 cot — sin — 3 +  2 cos —

2n . 2kn— 6 cot —  sin-----cosn n
kn 3n . 3kn\---- b cot —  sin-----1n n n )

and together with (1)

(16) 4 «  =  Фп = 16
П.
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The proof of (12) may be indicated as follows. From (2) it follows that

IV  • 3 kn ik/  1 Z j sin"5 — em =  — t=o n 64

n— 1 / .kn .kn\ 3
2  U n ~e n) e'k
k = 0 = 64 I5 '2’

say. Using the formula for geometric progression and various trigonometric identities 
we have

S  =  — 4/(e‘"f — 1)
sin3 — cos / + 2 cos ■

cos t — cos n \ [— cos t —cos —
И Д  n  )

From this and (16) we obtain (12).
R e m a r k . Here we wish to indicate why the kernel o f F e jé r — K o r o v k in  cannot take the place 

of Pn_ 2{<p* ; /). That kernel is generated by the particular related function ^(/) =  sin nt and given by, 
cf. [8],

sin2 -
(17)

with

n ( я )2I c o s / — cos — I

9i,n -2&) =  cos-

In view of the following extremal properties, (17) is a suitable comparison kernel for other posi
tive factor kernels.

_ Tt
Thus, Qi,„Cp) =  c o s ------ attains the maximum value of the first convergence factor for

n +  2
any even positive kernels of degree n (which are not necessarily generated by a p-function). Further
more,

lim /г2(1-£>ь,„ -2(р)) =  Д 2n—► oo 2
where the constant cQjj) =  ri1 /2 is a minimum value for optimal positive kernels; cf. [6].

For the kernel (12) we have

(**)
and

(18)

1 (  71 З я )
=  — 19 c o s -----hcos — I

10 ( n n )

9я2
lim « 2( l - A fc,„ -2(p*)) =  — U

« - ♦ • o o  1 U

this being easily checked by a theorem in [7] only using
Thus, Aj,„-2(i>*)-={?i,n-2(?>) and c(tp*) =  9я2/10>-с(р) revealing that (12) 

positive kernel — is in some sense not as good as (17).
Note that in view of (17) we may represent (12) as the product

as an optimal

= — sin'

( я ) 2cos/ +  2 cos —  I я У п )
n (  Зя)2

I cos / —cos — I
•кп. 2(ф; t).
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Concerning the distribution o f zeros in (0, n) o f both kernels under consideration, it is o f interes- 
to note that the following situation might be responsible for the fact that, in spite of the above behav
iour, (12) is a suitable approximation improving factor kernel in Lemma 2 whereas (17) is not so.

For, the denominator o f (17) has a zero at t0=n /n  thus producing an indeterminate form such 
that the actual first zero of (17) is given by fi =  3n/n. The zeros of the denominator of (12) at =  njn, 
t \  — 3nln effect that the actual first zero of (12) is shifted even to t \  =  5n!n.

As we shall see later, the zero in the final kernel causing the change o f sign is in fact situated in 
the initial interval (0, t*) which is exempt from zeros o f the factor kernel.

4. The trigonometric convolution operator of class S2

Combining Lemma 3 and 4, we have
Lemma 5. The polynomial o f degree (n — 1) of class £ 2 which is generated by 

cp* with exactly two changes o f sign at ±  a is given for « 5 4  by

(19)
16 sin6 — n

■ п 7Г Зл , лn 19 cos — bcos------10 cos an n

(cost —cos a) cost+  2 cos— cos2 л

cos t — cos cos t — cos Зл
1

= +  + 2  ek,n-i(q>*)coskt 
z  k =  1

and convergence factors

(20) вк,п-Л<Р*) 
with

(21) N(n) =  n

Z  (к , rí) 
~N(rí)

(22) Z  (к, rí) = (n — к) (9 cos — cos---- cos aL kn ( 19 cos— c

Л Зл
— -fi cos —n n

Л

n

10 cos a

3kn ( Зл-cos n II cos----- cos a I \ +■)}
_ . kn . n . Зкп . Зл+ 9 sin — sin — h sin-----sin------hn n n n

n
n

\ . Зкл Зл . kn Л í 2 ^ )isin-----cos — + sin--- cos---- 3 + 2 cos----- cos a1 n n n n l и J

. 2n í . Зкп Зл . кл— 3 cot —  isin-----cos----- Ь sin —n [ n n n
Лcos----n 2 í, 2kn\ cos a

l n .

3л . Зкл+ cot--- sin-----n n
Злcos------cos an
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By #„_!(</>*; t) we have thus given an explicit example of a kernel of 3 2 
generated by cp*. This kernel will now be used to define a trigonometric convolution 
operator which approximates with order 0(n~4), the best possible order of approxi
mation for operators of S2. To this end we must determine the constant a in (19) 
which is so far a free parameter such that this order is actually attained. A successful 
method is to demand that 1 — £?i,„-i(<p*) =  <9(n-4) which is suggested by the fact 
that ||/„_i(<p*; cos u; x )-co s  л: ||х2„, = |1 -  e ln-i(<P*)\, cf. [5; p. 95]. For non
negative kernels this postulate may also be compared with the expression 
1 — Qi „ = 0(n~2) which, in the optimal case, determines the approximation behaviour 
of the corresponding singular integral (cf. [4], [6]).

L emma 6. Under the condition

(24) «„(<?*) =  +}/ 5 J .

P roof. From (9) and (13) it follows that

1 =
1 -А 2, - 2 (У *)-2 (1 2 (<?*)) cos«

2(^i,n-2(<P*)-cosa)

Using the Taylor series expansions of sin t, cos t, and

with B2 = \ , BA — — cf. [13; p. 35, 413], we have 
6 30

Using these expansions, we have

1 -  е м - 1 (<?*) = и —=o, a-*0.
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In order that the leading difference of the numerator vanishes whereas the correspond
ing expression of the denominator must not be zero, we set a =  ynjn. This leads to

9я4 Í y2 
4n* { 5 =  0 ;

since this quadratic equation has the solutions у =  +  /5  we obtain (24), and 
thus (23) is satisfied.

R em ark . According to [5, p. 97] a necessary condition upon the zeros of a kernel 
of $ 2 such that the corresponding operator not only belongs to S2 but also approxi
mates better than an optimal positive operator is that the zeros tend to 0 as и -*■«>. 
In our case, the condition an((p*) = 0(n_1), ensures this fact.

Consequently, we may formulate
T heorem  1. The normalized even trigonometric polynomial /V„_ t A(<p*‘, t ) £ $ 2 

o f degree {n — 1) with convergence factors which is generated by (p* o f
(10) such that — 1 + 0(n~4), и — °°, is given for пшЛ by Nn_1((p*; t)
o f  (19) or Qk,n-f(P*) of (20), respectively, with changes o f sign at at. = a „(cp*) — 
=  ±  /5  nn~1.

Lemma 7. The Lebesgue constants o f the polynomial Nn_i A(<p*; t) are uniformly 
bounded in n.

Proof. On account of the normalization of N„_14((p*; t) the Lebesgue 
constants are determined by

Ln((p*) = f  \Nn- 1A((p*;t)\dt = f  Nn_ 1A((p*;t)dt -  f  Nn„1A(cp*; t)dt =
о

Xn(<P*)
Mp*)

= 2 f  Nn- 1A(< p * ;t)d t- j.

Since 7V„_, A(<p*; t) has positive absolute maximum in i =  0 and

w„_1>4(<p*;0) -
16 sin6 — 11 — cos n

^5
¥ ) [

1+2 cos

I- 71 3k ]jn 9 cos — b cos------ 10 cosn n £)(*1 — cos — 1 — cos 3 7Г

40
9n2 n + o(n), и

it follows that
tnW*)
f  Nn_lA((p*\ i) Л  <  F  =  Nn_1A((p*; 0) ■ ccn((p*) =  0(1)

for all n sufficiently large.
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L emma 8. For i(<P*) we have 

(26) lim n4(l -  q$ _ ! (<p*)) =  n4(k4 +  k 2).
П-*-оо О

The proof follows again by means of a Taylor series expansion using (25).
Lemma 9. Let f  € X 2n ; the singular integral of convolution type

Tt

(27) /„ - i .aO?*;/;*) = -  f f(x~u)Nn_1A((p*;u)du
— It

belongs to the class S2 and

(28) lim ||/„_ 1>4(<p*; / ;  x ) -/(x)||x2„ = 0.
П —► oo

Proof. By construction of the respective kernel it is obvious that 
In- 1A((p*;f; x ) k s 2. From Lemma 7 it follows that the norm of the operator 
(27) is uniformly bounded; furthermore, lim ei4)„-i((p*) = 1 for all fixed k —1,2,3,...

П-+-00 *

by (26). Hence (28) is a consequence of the theorem of Banach—Steinhaus ; cf. [4]. 
Note that the proof of (28) also follows immediately by the fact that the kernel 

t) is even an approximate identity, cf. [4], i.e.

(i) Wh-iaÍv*’ Olki. — л/,
(29) (ii) lim [ sup |ЛГ._ 1,4(Ф*;01] ='0.П-+00 0<0 t̂^1l

Condition (29) is easily verified since by (6), (8), (13) and (24)

cos t — cos /5 л

2 i >n- 2 (<P*)-cos \5 n
=  0 ( 1 ) ,  I f -  oo,

and since the positive [factor kernel Р„_2(ф*; t) itself satisfies the respective con
ditions (i), (ii).

Finally, as a further consequence of Lemma 8 we may consider for our singular 
integral a general problem which was investigated for the first time by G. Alexits 
[1], cf. [2], and which was later on called the saturation problem of an approximation 
process. For the exact definition etc. see e.g. [3], [4, Ch. 12].

For this purpose we need the following notation

V[X2„ ; * ( * ) ]
{ /€  С 2я; ф (к )Г  (к) =  g' (к), g e L2” }
{ / £  L i„ ; ф (к )Г  (к) =  ц'(к), ц £  В Ы

. { / € \ - 2 п \  Ф(к)Г(к) =  g ~ (к), g € Ц„, 1 <  со}

where L2j[, BV2ii are the spaces of all 27r-periodic functions which are essentially
П

bounded or of bounded variation, respectively; / л(к) =  (1/л) J f (x )e ~ ikxdx are
— It
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the (complex) Fourier coefficients o f / ,  whilst /(~(k) are the respective Fourier— 
Stieltjes coefficients of ц ; ф(к) is a function defined for k = 0, 1,2, ... with ф(0) = 0, 
ф(к)?±0 for k ^  0.

T heorem  2. Let /бХ 2л; the singular integral (27) is saturated in X2)l with order 
0(n~4), и °°, and f  belongs to the Favard (saturation) class F[X2„; /п_14] г/ and

only if  /€V[X2„; <K*)] wit/г i/'W = -|- л4(/с4 + к2).
Proof. Condition (26) gives the order of saturation as 0(n~4), n -«-<», and 

furthermore it follows that (cf. [4]) ]|/„_i 4(ф*;/; x )—/(x)l|x2„ =  0(/г”4) implies 
/ € V [ X 2, ;  *(*)]•

To prove the direct part of the saturation theorem let us set

(30) i '.W  =
1,
g f f - i  (<?*)-! 

п~4ф(к) ’

/с =  0

* =  1,2, 3,...

and d2<F„(k) = Ч,п(к — 1) — 2Ч/п(к)+Ч/„(к+\); then a lengthy calculation shows 
that

(31) 2 k A 2Fn(k) = 0(1),*=i
n-*°°

giving the quasi-convexity of (30) uniformly in n which is sufficient for (30) to be 
a multiplier, cf. [3, p. 349]. But (26) and the additional condition (31) are then 
sufficient for /€V[X2*; ф(к)] to belong to F[X2„; /я_1>4].

By ths way, we may remark that as a consequence of (18) for the (positive) singular integral

1 f
;/;* ) =  — I f(x-u)Pn. 2(</>*;u)du, /eX 2n, n J— n

all results in [6] concerning the saturation problem, the theorem of VoxoNovsKAJA-type, and the 
measure of approximation are valid.

Though in our example for m = l the generating function q>* of the kernel of <32 is very simple, the representation of the convergence factors becomes unwieldy, 
whereas the kernel itself has a relatively concrete closed form. In a further paper 
we shall investigate other conditions upon positive factor kernels (which are not 
necessarily generated by a suitable ^-function) such that they produce kernels 
for operators of class S2m, m ^ l ,  which improve the approximation order.
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