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QUEUES WITH BATCH ARRIVALS. |

By
F. G. FOSTER (London)
(Presented by A. Rényi)

1 Introduction. The following single server queueing system is con-
sidered in this paper:
(i) Batches of exactly r units arrive at the sequence of instants,
ri, to,. r,, . such that the inter-arrival times, t,#—t,,>0 (n= 1,2, ...),
are identically distributed independent random variables with common distrib-
ution function F(x). Put

p(s)= Je=s'dF (x), ctz(j)xdF(x) and 1= \a.

We suppose a < oo.

(if) Units are served individually by a single server. Since the units of
a batch arrive simultaneously, we shall suppose that they are ordered for
purposes of service. Batches are served in order of arrival. Denote by % the
service time of the n™ unit to be served. We suppose that {&n} (n= 1,2, ...)
is a sequence of identically distributed independent positive random variables,
independent also of the sequence {t,}, and that their common distribution
function, H(x), is the exponential distribution:

o H(x) = P[xn"x]== 1l—er* (xa Q).

Put B=\ xdH(x). Then «= 1. Define o= 5M
6

In the terminology of [3], the system we consider has the 1-input
(arrivals) untriggered with input quantity constantly r and a general distribu-
tion for the 1-input time. The Oinput (departures) is triggered with input
guantity constantly unity and an exponential distribution for the G-input time.
The system has infinite capacity. On account of the characteristic property of
the exponential distribution we have the alternative of supposing that the
Cinput is untriggered also but with controlled input quantity: the input being
virtual whenever the system contains no |’s. In other words, service begins
rom time to time whether or not there are any units in the system, and if at
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2 F. 0. FOSTER

the end of a service time a unit is present, it departs, otherwise nothing
happens, and a fresh service begins.

Such batch-size queueing processes do not appear to have been treated
explicitly in the literature, although they have obvious applications. They are,
however, implicit in the work of Erlang (see [1]) and Wishart [9]. These
authors suppose that a service time devoted to one unit is composed of r
consecutive phases. If, instead, we think of the unit as composed of r sub-
units corresponding to the phases of service, we have the idea of batch
arrivals. Justification for the explicit consideration of batch arrivals systems
resides in the fact that the results one can obtain are elegant, and a natural
generalization of the case of unit arrivals, as treated for example in [5] and
[7] This paper covers much the same ground as [9], but the analysis is
different and the results obtained here are in fact new. (Cf. my remarks in
the Discussion of [8].)

Denote by §(f) the number of units in the system, including the one
being served, at the instant t and put §,= §(t,—0) (n= 1,2, ..). The
main result of this paper is the determination of the limiting distribution,

ft= limP [?»=]].

W—-00

I am indebted to Dr. L Takacs for suggesting a substantial improvement in
my original method of proof. The distribution {pj® exists and is independent
of the initial state of the system if and only if /'pel. The proof of this
statement follows the same lines as that for the case r— 1, as given in [2].

The limiting distribution of the waiting time for an arbitrary unit will
also be derived.

2. Let {r,} (n= 1,2, ...) be a sequence of identically distributed inde-
pendent random variables with distribution
ki= PK =j] (y=0,1,2,...)
where

k;= le-"x" dF(x).
0
Then vn is thought of as the number of real or virtual departures during the
nw inter-arrival time.
Put K(z) = j":léjz J. We note that K(z) — <p{p(\—r)}. We assume ro d .

Then it follows from Rouché’s theorem that the equationl
@) AQ@) = 7-
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has exactly r roots (distinct or coincident) inside the circle |z|= I. For
KV)=-w"'(0) = I/p>r, and so for some small positive d, K(\ —d) <
< (1—d)r- Therefore, on the circle |z |= | —d, \K(z2)\*=Skfz\j <{\—d)' = |2’}

Denote the roots by z=yj {j— 1,2, ...,/o)» Clearly, one and only one of
these roots is real angopositive.

Define P{z)= . 0p,zJ.
J:
Theorem 1

2 P(2)=1N "p-
@) I

the result being true whether or not some of the roots, yh are coincident.

Proof. By virtue of the characteristic property of the exponential dis-
tribution referred to in Section 1,

§Hi= max [£,+ r—uvn, 0].
Letting n— o and taking generating functions, we have, for |zj = I,

P(z2) = P(2)zrK(z-D+ £ Cj(\—z-i),
where {c} (j=0,1,2, ...) is a sequence of real non-negative constants for

which Oq: po. Therefore
J:
2cj(\—z~Q
P@) 1—zK(z-")
We now have to determine the constants ¢, and for this purpose we con-
sider the zeros of the denominator. Clearly, there are exactly r zeros outside
the unit circle, and these are \lyj (/=1,2, ..., r). Now consider the function

A{2) = P(2) _Xll(l yjz).
_l:
Since P(z) is the generating function of a probability distribution, A(z) must
be regular for |z| » 1. Now let A{z) be defined for \z2\ >1 by
/110 —yjZ)2ic:(] -z )
AR — =13 rk(z~)

Since in this expression all the zeros of the denominator outside the circle
\z2\ =+ 1 are also zeros of the numerator, it follows that A(z) is regular for
|z|>1. Therefore, by analytic continuity, JI(r) is defined and regular for

I*



4 F. 0. FOSTER

all z. Since, moreover, J1(r)= o(|r|) as |z|-*oc, it follows that A(z) — A,
a constant independent of z. Therefore

P(z) = -"-A - :
Hl(l Yiz)
and from A(1) = 1 we obtain finally (2).
We note that the distribution {/2} is thus formally the convolution of r

geometric “distributions”, if we allow complex probabilities. We have here
a natural generalization of the known result for r= | (see [9]).

Example 1 Inter-arrival times exponentially distributed.
Suppose
F(x) = 1—<+* (x LWO).

Then ap) = JVN+ $). Therefore K(r) —cp{n(l—2)}= O{A+ M(1—2)}=
= ()/(()+1—z). Therefore the r roots yj are the roots of

9+1-2 7z’
inside the circle |z| = I. This equation can be written,
(3) 1—2)2’+ @r= o

which, being a polynomial equation of degree r+1, has exactly r+1 roots,
and one of them is seen to be z= 1
Now consider the zeros of the expression

(1—2)i7_71(1 —Yjz2).
They are

1 y'Il, 2
But these are the reciprocals of the roots of equation (3). Therefore they are
the roots of the equation

_ (1—z-Yz~r+ pz-r= 9,
i e

@) 1 21 +p(l 2n}= 0.
Thus we have the identity

(1—2)77(1 —r>2)= 1—2{1+9(1—2)}



QUEUES WITH BATCH ARRIVALS. | 5

It follows that, in this case, we have

0-r) /(1-7))
A2) 1—2{1+p(I—2n)}*

From A(1)=1 we obtain /7 (1—yj)= 1—rp, so that finally

®)

Thus in the special case of exponential inter-arrival times, the generating
function P(z) can be expressed in a form not explicitly involving the roots yj.

Example 2. Inter-arrival times having an Erlang distribution.
Suppose

Then <p{s)={lk/(Ik-\-s)}k and so K(z)= [pH{p+ (I—z)k )]\ The roots yj
are thus the roots of

(6) pit= rr{e+ (1— 2)k~"Jk

inside the circle |r|=1. This equation, being a polynomial equation of degree
r+ k, has r-\-k roots. We know that r-\-1 of them are

1,Yu72 e "A
Let the other k—1 roots, which will be outside the circle |z| = I, be

«l, a2, (ik-1-
Now the equation whose roots are the reciprocals of the roots of (6) is
k= z~r{p+ (1—z~")k~T1,
(1) (kp)kzr+k-{ (\+ kg)z-\}k=0.
The left-hand side of this equation may therefore be identified with

(—Drd(1l—z) N (1—yjz) /(1 —cij2).

Therefore we have, in this case,

(—NDfeH(1—2) I T (\—cyz)77(1—yj)
(kpy z,+k— {(1 -f kp)z—21)L
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From P(l) = | we obtain

m-*> .- < -'Y :
/77_1(1—«,)
so that finally
(Arpy-ACl=T()(1—T) ) l—ajz
K) {ke+*—{{\+k<>)r—\y'}A \—aj

Thus in the case of Erlang inter-arrival times, the generating function
P(z) can be expressed in a form which involves explicitly only the roots
aj of (6), lying outside the unit circle, or equivalently the roots \jccj of (7),
lying inside the unit circle.

When K is odd, all the uj are complex; when Kk is even, exactly one
aj is real and positive. This may be seen by a consideration of the pair of
curves given by

(8)

©) y = (kg)kzrk
and
(10) y= {( +kQ)z—If,

for real r. They intersect at 2= 1, and since /pel, the gradient at 2= 1 of
(9) is less than that of (10). When k is even, the curves are seen to inter-
sect at one other point lying between 2=0 and 2=1. But when K is odd,
they do not intersect at any real value of 2 such that i< 1

For example, when k= 2, there is only one say a, which must
therefore be real and positive, and so we have, in this case,

491N —2) L2
() K}  4q2'+2—{(1+20)z—\}2 1— «

where crl is the unique real zero, lying within the interval (0,1), of the
denominator.

3. The waiting time distribution of an arbitrary arriving unit.
We consider first the waiting time of the first unit in an arbitrary arriving
batch. The waiting time is defined as the time which elapses between the
instant at which the unit arrives and the instant at which its service begins.
Denote by rt(t) the waiting time which the unit would have if it arrived at
time t, and define = ri(mm—0). Thus nn is the waiting time of the first
unit in the rih arriving batch. We consider the limiting distribution,

W(x)= P [dn”*x\.

limji->co
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Put

co

<20 ler“dw(x).
U
Theorem 2.

12) B(s)= (7,3 - "
r ft+ S

Proof. Each unit has a service time whose distribution is exponential
with Laplace transform u/d +s). By the characteristic property of the expo-
nential distribution, we can suppose that the service time of the unit at the
head of the queue re-commences at the instant of the arrival of a batch. If
an arriving batch finds j units in the system, the waiting time of the first
unit in the batch will have Laplace transform {f*/(p+s)y. The asymptotic
probability of j units in the system is pj. Therefore

B (s)=

which gives the required result.

We note that, if we allow complex probabilities, the waiting time distrib-
ution is formally the convolution of r exponential “distributions”, with con-
centrations 1—y, (/=1,2, ..., /) at the origin.

Corollary. The waiting time distribution of a random unit in a batch
has Laplace transform

e/
13) n Yit* p+S

fl+ S

4. Relationship with the unit arrivals system G/E../1. Let us now
consider that the batches retain their identity in the queue: a batch is being
served until its last member departs. Then if § is the number of units facing
an arriving batch, the number of batches facing an arriving batch will be £
where
0 if 1= 0,

€ .
if b o,

where [X] denotes the greatest integer not greater than x. We may now inter-
pret the random variable £ as the number of units facing an arbitrary arriv-
ing unit in the unit arrivals system, G/E.-/1, which has mean inter-arrival time
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1/2, and an Erlang service time distribution with a mean of r/fi. The traffic
intensity is thus rg.
We consider the distribution of £ Define

qi= P [£=]),
and put Q(z)—fQi#— Now define

s . . , and Q,- 27

(=0 i=0

Then

cD @

P (2) ] ) QV)
We have

and generally,

Qj= Pjr
Therefore
Q@) _ f p d
But
n 1 fr(r)

1 2m J 1 wivid’

where C is a contour around the origin excluding the poles of P(z)/( 1—r).
Therefore

Q@) ~ 4 fP(v) dv

l—z ™M 2tcid 1—v v’

so that
= N dv
(14) n(rz %Ttlj I-I'(| —V) (1—v~rz) "’

The poles of the integrand within C are at
r= o>>r (J=12,...,1
where aP is an r‘h root of unity. The residue at v= o>r is

1 P(aPzir)
r 1 ()ixdr
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PE3SIOME

OYEPEAN W3 TPYMM
O. . ®docTep (JIoHAOH)

MycTb NpUGLIBAOT B OYepedb FPyMMbl M3 I eAuHUL, KOTOpble 06CMYXUBAKTCA MO Of-
HoMmy. [TycTb NpOMEXYTKM BpeMeHU MexZy NpuGbITMEM Tpynn UMeKT No6oe [aHHOe pac-
MpefieneHne BepOATHOCTEN, 1 BPeMeHW OGCNYXMBaHWS MMEKT MOKa3aTeNbHOe pacnpeneneHue.
B pa6oTe onpefeneHO NpedenbHOE pacrnpefeneHre UMcna OXMAAIOWMX efuHUL, BO Bpems
npuGLITUS HOBOW MPYNMbl U BPEMEHW OXMUAAHWS MEPBOTO YjeHa rpynnbl. PaccmaTtpuBaroTes
TaK)Xe HEKOTOpble YacTHble Cyvau 06Lieli NPoGMeMbl U CBSI3b PAcCCMOTPEHHON MPO6EMbI C
06bIYHO/ Teopueil ouepedu, rhe eAVHWLbLI NPUBLIBAIOT MO OAHOMY.

O MEPNOANYECKUNX PELLEHNAX HEKOTOPbLIX OBbIKHOBEHHbLIX
ONOPEPEHUMAJIBHBIX YPABHEHWM BTOPOIO MOPAOKA
C MNMEPNOANYECKNMAN KOIPDPUNLIMEHTAMU

N. Buxapwn (byganewr)

[loka3aTenbCTBO CyLUECTBOBAHMA MEPUOAMYECKMX PELLEHWIA YpaBHEHWUI C Mepuopuyec-
KAMU KO3((MLMEHTAMN BCTPEYAETCHA C CEPbE3HBIMU TPYAHOCTAMU Y)XKE W B CllyYae JSIMHERHbIX
ypaBHeHWIA. B cnyyae HenWHeWHbIX ypaBHEHWA TPYAHOCTWM NMLWb 3HAYMTENbHO BO3PacTatoT.
[ns aToli uenn cnyxaT CNoXHble MeTOAbl, pa3paboTaHHble BBWAY TEOPETMYECKON W Mpak-
TUYECKOW BaXHOCTWM Bompoca. [l03TOMy KaKeTCcs HeOXWAaHHbIM, YTO B Cly4yae ypaBHEHWS
y" - <p(X)f(y)h(y') = 0 (KoTOpoe He MeHee creLua/lbHO YeM W3y4yaBLUMECH B NMTepartype)
npy '-nepuogmyHoM <p(X) KakvMu NpocTbIMM CPEACTBaMU MOXHO MPUATU K pe3ynbTaty. Hac-
ToAWan paboTa [faeT ycnoBWe CywecTBOBaHWS T- v 2 [-NepuoguyHOro peLleHuns, COCTOoS-
Lero “3 2n 4eTBEPTbBO/H, T. €. MOAyYaeM BO3MOXHOCTb O03HAaKOMWTLCA M C 60fiee TOHKOM
CTPYKTYPOIl MEpUOANYECKMX peLLeHWA. AHaNorMYHble pe3ynbTaTbl NOMyYaOTCs A1 IMHEAHOIO
ypaBHeHua y" + [a-\-Bg>(x)\y= O u ypaBHeHua y" + <p(X)f(y,y)= 0, rge f(u,v) oamo-
3HasA (pyHKums nepsoit cteneHn n sgf(u,v) = sgu. PaboTa 06BACHAET, NOYEMY NMHEHOE
ypaBHeHne y" -f- P(x)y = 0 B 06LieM Cnyyae He UMEET MEPUOAMNYECKMX PELUEHMIA.



CTAHOAPTHBIE WOEANbI B CTPYKTYPAX
I Tpetuep n 2. T. Wmupgt (ByganewT)

Llenb paboTbl 06006LleHNeM HeATpanbHOro ufeana OMNpefenvTb Takoi TuM WAeasos,
KOTOpbIA mrpan 6bl B TeOpUW CTPYKTYP PO/b, MNOZOGHYI PONM HOPMasbHbIX AennTenein B
Teopun rpynn. Mpu 3Tom TpebyeTcs, 4TO6LI 3TOT TN MAEaN0B 06M1afan BaXKHEALWVMI CBOMCT-
BaMW HelTpasibHbIX WAeanoB, YTO fenaeT BO3MOXKHbLIM 0600LieHNe TeopeM O HeTpabHbIX
naeanax.

3nemeHT s (ugean S) CTPYKTypbl L HasbiBaeTCs cTaHOApPTHbIM, ecim ans Mobbix X,y £ L
(8na nobbix npeanos X, Y CTPYKTYpbl L) BbINOMHAETCA COOTHOLUEHWE

xn(suy) = (xI's) u(xny) ((Xn(SuY)= (XnS) n(X(\Y)).

Teopema 1 [nd anemeHTa S CTPYKTypbl L cnegyrowme ycnoBus 3KBUB&IEHTHbI:

(a) anemMeHT s — CTaHAaPTHBIN;

(A) pna BCex 3MeMEHTOB U nt CTPYKTypbl L, AnAa KOTOpbIX M” sut, WMeeT MecTo
COOTHOLLIEHME

n= («ns) nini);

(Y) OTHOLLEHMEM KOHTFPYEHTHOCTW L ABNAETCS OTHOLLeHMWe [Ns KoToporo x =y (©»)
BbIMONHAETCA B TOM U TO/IbKO B TOM Ciy4ae, ecim (XNy)usj =XWy A8 HEKOTOporo §:gs;

(6) pna nobbIX 3NEMEHTOB X U Y CTPYKTYpbl L

0) su(xny) = (sUx)n(sUy),
(ii) 13 COOTHOWeHUiA sUx = slly M SnXx = sny cnefyeT paBeHCTBO X — .

AHanornyHas TeopeMa MOXET ObiTb NOMyyeHa ANA CTaHAAPTHbIX upeanos. W3 atmx
[BYX TeopeM MOryT ObiTb MOMy4YeHbl HauWbOnee BaXKHble CBONCTBa CTaH4APTHbLIX 3/EMEHTOB
n ngeanos (TeopeMbl 3—6, nemmbl 1—9).

[JlokasbiBaeTcs, 4TO MOHATME CTaHAAPTHOrO W HelWTPasbHOro 3/7eMeHTa COBMafaeT B
cnyyae cnabomomynApHbIX CTPYKTYP, ABNAOLWMXCA 06LWMM 0606LLEHNEM MOAYNSAPHBLIX CTPYK-
TYP W CTPYKTYp C OTHOCUTENbHbIM [AOMO/HEHWEM (Teopembl 7 u 8).

ABTOpbl [J0Ka3bIBAKOT, 4YTO B CTPYKTYpax C OTPE30YHbIM [OMNO/HeHWeM (e BCAKWIA
oTpe3ok [0, al, kaK CTPyKTypa, AONOMHWUTENbHbIN) A4P0 FOMOMOPKHU3MA WU NOHATUE CTaHAApT-
HOro mgeana cosnagatloT (Teopema W), uTto ABnAeTca 0606LieHMeM ofHOM TeopeMbl Bupk-
roga [6]. Otctopga nonyuaetcs 0606LWeHe ogHOro pesynbTata AunyapTta [8] u ogHoli Teo-
pembl BaHra [34].

MpuBoguTCA pAaf NPUMEPOB TOrO, Kak € MOMOLLbIO ,,cnosaps”

nogrpynna ->ugean
HOpPM&/bHbIA AennTenb  CTaHLAPTHbLIA uaean
thakTop-rpynna -* hakTop-CTpyKTypa
rpynnoBoe AeicTaue ->06beanHeHNe
psg Teopem Teopww rpynn MoXeT ObiTb nepeopMy/nMpoBaH A5 CTPYKTYp. Tak mnonyvatoTcs
TeopeMbl M3oMopgu3Mbl, nemMma LlacceHxayca, Teopema XXopgaHa— énbaepa—LLpeiiepa.
Mepedpa3vpoBka npobnembl L peiiepa 0 pacumpeHwuy rpynnbl Takxke NPUBOAUT K pas-
pewrMoii npobneme.

M3 panbHewmx pesynsTaToB OTMETUM [Be TeopeMbl (Teopema 21 1 23) 0 coBnageHuu
1aeanos, YAOBETBOPAIOWMX MepBOii Teopeme 06 M30MOpGU3ME, W HEATPanbHbIX WeaioB B
CMeLUManbHOM Kacce CTPYKTYP C OTPe30YHbIM [OMO/HEHUEM W B MOAYNAPHbLIX CTPYKTypax C
NOKaNnbHO KOHEYHOW A/MHOA W HYNEBbIM 3/1EMEHTOM.



OB OJHOM CBOWCTBE ,CEMEMNCTB” MHOXECTB

M 3ppéw un A Xain Han (byganewr)

CwucTema MHOXeCTB JF Ha3blBaeTCs CUCTEMOI CO CBOCTBOM B, ecnn cyllecTByeT Takoe
MHOXecTBO B, ans kotoporo BnF 0 u FctB gna Bcakoro FE|F. 8 HasblBaeTCA CuUC-
TeMoll co cBoiicTBoM BO), ecnu cyllecTByeT MHOXecTBO B, ana kotoporo 0< R nF < s, rge
s nobas MoLHOCTb. § o6nagaeT ceoiictBom C(q, ), ecnu Aana Beskoro |F'c JF m3 IF' =£q
cnegyeT nF < T.

FEIF

Ecnm cyuwiecTByeT MOLLHOCTb P, ANA KoTopoii B cnydae FE|F F=p, To 310 0603-
Hauaetcsa Tak: p(R')=p.

BBoasATCA crefytolime CUMBOSbI;

M(T,p, g, r) B 0603Ha4yaeT TOT (hakT, uTO Kaxkaas cucTema mHoxecTs IF, ans Koto-

poii |F = T, pffi)=p, n koTopas o6nagaer csoiicteom C(y, I), 4O/KHA 06/MafaTh CBOMNCT-
BOM B;

LL(T,p, r)-»B(s) o603Ha4aeT TOT (paKT, 4YTO BCSKas CUCTEMa MHOXECTB, /11 KOTOPOWA
8§ = T, ph~)=p u KoTopas o6nagaeT ceoiictBoM C(2,T), Ao/MKHA 06nafaTb CBONCTBOM
B(s);

Wwi(r,p, @ r)-->-B, M(T,p, /)» B(s) 0603HauvaeT oTpuLaHKe COOTBETCTBYHOLLMX (haKTOB.

Mcxoasa M3 YaCTHbIX pesynbTaTtoB Munnepa, AokasaHHbIX B [1], ¢ momowblo 06Luei
rMnoTesbl KOHTMHYYMa AaeTCs NOYTU MOJHasA AWUCKYCCUS Bbllle YNOMSHYTbIX CYMBOJIOB.

OTMeyvaeTcs, YTO C MOMOLLBI MOMYYEHHbIX Pe3y/nbTaToB MOXHO CAenaTb HECKObKO
BbIBOAOB OTHOCUTENIbHO BO3MOXHbIX TEOPETUKO-MHOXECTBEHHbIX 0606LLeHNA TeopeMbl T K X0 -
HOBa, B YaCTHOCTW, TaKXe C MOMOLLBI FMMOTe3bl KOHTUHYYMa AOKasblBaeTcs, YTO TOMOAO-
rMyeckoe MpousBeseHue 1-KOMNAKTHbIX AWUCKPETHbIX TOMOMOTMYECKMX MNPOCTPAHCTB He
A-KOMMAKTHO, rge K n6oe uenoe uucno (cm. Teopemy 11).

Kpome TOro dqopmynupyetcs psig HepeLlleHHbIX Mpobiem.

O HEKOTOPbLIX 3AMEYAHNAX W TMPOB/IEMAX B CBA3N
C OKPALLUMBAHMEM TPA®OB

AH Mbiyenbckunii  (Bpounas)

MepBas yacTb paboTbl paccMaTpuBaeT WMMAMKALMW OeBATW YTBepXAeHWid. Cpean HUX
Hapagy C YTBEPXAEHUAMW OTHOCWTENIbHO TOMONOTrMYECKOro Mpov3BefeHns GUKOMMAKTHbIX
npocTpaHcTB Xaycgopda (uUrypupyeTt v cnegyroliee: ecnm KaxAbliA 4aCTUYHbIA rpad) Heko-
TOporo rpaja MOXeT ObiTb OKpalleH M LBeTamMu, TO 3TO XXe MMeeT MecTo 418 MOMHOro
rpacga.

BTopasd 4acTb paboTbl [A0Ka3blBaeT 3KBUTaNeHLWIO YeTbIpex YTBEpXAeHWA. DKBuBa-
NEHUMIO MepBbIX ABYX BbIPQXXEHWIA BbICKa3blBaeT TeopeMa KypaTOBCKOr o0, 3aHWMaroLiascs
B/IOXKMMOCTbIO B MIOCKOCTb KOHEYHbIX rpados.



TEOPEMblI O MAKCMMYME U MMHUMYME W OBOBLWLEHHLIE
OAKTOPbLI TPA®OB

T. Fannan (bypanewr)

MycTb Kaxaoh Touke X KOHe4yHoro rpaga I 6e3 HanpaeneHMs COOTBETCTBYHOT HeOT-
puuatenbHble uenble yucna A(X) u 4'(X). Cuctema pgyr, cocToduias W3 Ayr, NOnapHo He
cofiepXalimx 06LWMX rpaHeil, HasblBaeTCA COBMECTMMOI (OTHOCMTENbHO K U fY), ecin B to-
6yto Touky X nonafaer He 6onee f(X) rpaHMYHbIX TOYeK W He 6o0nee A'(X) BHYTPEHHUX
ToYeK, OTHocAWMXcA K cucteme gyr. (Mog Ayroil moHMMaeTcs NyTb uam netns. MNetns — Ta-
Kasi OKPY>XHOCTb, OfHa M3 TOYEK KOTOPOIi ABNSETCA ABOWMHOW FPaHUYHOA TOYKOW.) T T/IX Mak-
CUMYM 4ucra Syr COBMeCTUMBbIX cucTem ayr. g = g(A, B, C) 0603HayvaeT cnefiytoLlyto CUcTeMy
BecoB: A, B n C nobble Takme MHOXecTBa Touek rpaga I, uyto nwobas Touka [T BCTpeua-
€TCA B OHOM W TO/MIbKO OfHOM M3 HuX. Toukam A, B u C cooTtBeTcTBYHOT Beca O, 1 n 1/2.
paHam, 06e rpaHWyYHble TOYKM KOTOPbIX OTHOCATCA K A, COMOCTaBNsfeTca Bec 1, rpaHam,
OfiHa M3 TPaHWYHbIX TOYEK KOTOPbIX NpuHaAnexut A, a gpyras C, conocTasnsetca Bec 1/2.
CwucTema BecoB ( 06/1afaeT TeM CBOWCTBOM, YTO CyMMa BECOB, OTHOCALLMXCA K /1060 rpaHm
I v ee rpaHMYHbIM Toukam, =g 1. Bcem Takum cucTemaM BeCOB g NOLXOAALMM 06pa3oM Co-
nocTaBnifeTcs 3HaveHue S(q), 3aBucsAllee OT M M K. Smin MUHUMYM 3TUX 3HadeHWin S(q).
YTBepXXAeHNe OCHOBHOW Teopembl: »>ra*= S,uln. 13 OCHOBHOI TeOpPeMbl BbIBOAATCSH TEOPEMBb,
aHafnornyHble ,,Teopeme n ueneii” MeHrepa. V3 OCHOBHO TeOpeMbl MOAyYaeTcs TakxKe
pAg TeopeM OTHOCUTENbHO CyLUeCTBOBaHWe 0606LeHHbIX (akTopoB. Mo 0606LeHHbIM (ak-
TOpOM W (M, N')-PaKTOPOM MOHUMAETCA Takas COBMeCTUMas CcucTema [Ayr, U3 rpaHuyHbIX
TOYEK OTHOCALMXCA K KOTOpO Ayr B Mt06Yyl0 Touky X monagaeT TOYHO A(X) rpaHnyHbIX
TOYeK. 3TV TeOpembl B KayecTBe CMeLWasbHOro Cry4vas CcofepxxaT psf WM3BECTHbIX TEOPEM
OTHOCUTENbHO 06bIYHbIX (DAKTOPOB.

OB OBOBLEHNN TEOPEMbI MYMEH—3PMUTA, OTHOCSALLENCH K
BEWECTBEHHbIM KOPHAM MHOIOY/IEHOB C BELWECTBEHHbLIMU
KO3PDOVLUMEHTAMU

H. O6pewkoB (Codus)

ABTOp, 0606Las XOpPOLIO M3BECTHYH TeopeMy lMyne H—OpPMUTa, [0Ka3blBAeT, 4TO
€C/In BCe KOPHU MHOrouneHa
(D) /(x) = 00x,, + 01X~ 1+ eee+a,
BELLEeCTBEHHbl M KOMIM/EKCHbIE KOPHW MHOrou4/ieHa
AX) = 60x™ + O6IX™1+ -e-+ BT

C BELIECTBEHHbIMU KO3(DULMEHTAMN PacnoNoXeHbl B 061acTu
@ [argr| " -p=;
\n

TO BCE KOPHM MHOro4seHa

Vo (mx + + eeet+ bj(x)
BeLLECTBEHHbI.



W3 npunoxeHuidi 3Toi TeopeMbl YMOMSHEM CrefytoLlee:
Ecnm  koathmumeHTbl MHorouneHa (1) BeLLECTBEHHbI U er0 KOPHW PacrooXeHbl B
obnactn (2), TO BCe KOPHW MHOrouvsieHa

n (n-1)! iL
BELLECTBEHHbI.

O CYMME CTEMEHEA KOMMMEKCHbIX UWCEN

®. B. ATKMHCOH (TOpOHTO)

Llenb paboTbl fokasaTb runoTesy [. Typa Ha, COrnacHO KOTOPOi, eciv BbINOHAETCS
(1), To HesaBMcMMO OT N

0 max [z\ + e > 6
Hannyywas noctosHHaa B (I) He u3BecTHa. TypaH B kHurel gokasan nuwb 6onee cnaboe
1 (JC 1v1 .
HepaBeHCTBO, Korga BMECTO E cTouT log2 > — , KoTOpoe nosgHee e BpéiH u YTu-
**J
log log n

ama ynydywmnm go (1—r) , ecm n > n0e). B kHure Ty paH a 6bI10 NokasaHo,

logn
UTO YXXe NPUMEHSS €ero pesynbTaT, MOXHO [AaTb OYeHb MPOCTOM MeTof NPUGAVKEHHOro
peleHns anrebpamueckux ypaBHeHWi, npumeHeHue (1) NPUMBOANT K CYLLECTBEHHOMY YNpo-
LEeHNI0 MeTopa.

OB OBOBLLIEHNN OJHOIO HEPABEHCTBA TMOWA I CETE
3. Makalii (byganewrT)

HepaBeHcTBO, AaHHoe qopmynamu (1) v (2) paboTel, 1 ero 0606WeHne ans runbbep-
TOro NPOCTPaHCTBa, faHHOoe thopmynoit (6), pam B. Tpéit6 un B. PeliH60n4T, onvpasLivecs
npy [0Ka3aTeNbCTBE Ha TEOPUIO JIMHElHbIX OnepaTopoB. HacToswas paboTa faeT 3nemeH-
TapHoe [0Ka3aTeNbCTBO 3TUX XKe HepaBeHCTB.1

1P. Toran, Eine neue Methode in der Analysis und deren Anwendungen (Budapest,
1953).



Vi

HEKOTOPBIE WHTEPMONAALIMOHHBLIE CBOVICTBA
MHOIOY/IEHOB 3PMUTA

K K Matyp u A Wapma (JlykHoy, NHAunS)

Myctb X1(X2,..., X,, 0603HAYAIOT KOPHU MHOrousieHa dpmuTa H,,(X). ABTOpbI L0OKa3bl-
BAlOT, YTO MPU YETHOM N CYLLECTBYeT eAMHCTBEHHbIN (0,2)-UHTEPNONALMOHHBIA MHOrOuIeH
A*,(X) He Bbile 2n—Poi CTeneHn, yAOBNETBOPSAOWMNIA YCNIOBUAM

=V \*-1 ,m\r_T=Rv "=-1.2.....r0).

3aecb n fix, /2, . .,B,, nobble yncna. lMMpy HEYETHOM M TakMe MHOrQY/EHbI,
BOOOLLE roBOpS,, He MOryT ObiTb OJHO3HAYHO OMpPEAEeneHbl.

AHaNorMyHyo TeopeMy aBTOpbl [0Ka3blBalOT 415 TaK HasdbiBaeMblX (0,1,3)-uHTepnons-
LIMOHHBbIX MHOFOY/IEHOB.

B 06oux cnyyasix Mpu YETHOM N aBTOPbl NPUBOAAT SIBHbIA BWA WHTEPNOMALMOHHBIX
MHOTOY/1IEHOB.

O KPYTOBbIX U LWUWAPOBbIX OBJIAKAX
A Xennew (Byaanewr)

Nl. ®eilew ToT Has3Ban A-CNoeBbIM LLIAPOBLIM 06/1AaKOM MHOXECTBO Pacno/ioKeHHbIX
MeXAy ABYMS MapanfieflHbIMW MAOCKOCTAMM He BKAMHAKLWMXCA ApYr B Apyra LlapoB, eciu
KaXfas npsamas, neprneHAuKynspHas K napaniefibHbiM M0CKOCTAM, COAEPXMT BHYTPEHHHOK
WM TPaHUYHYH TOYKY MO0 KpaiiHeli Mepe A LWiapoB, WHa4ye roBOpS, €C/M Luapbl 06pasyroT
OTHOCUTENIBHO MPAMBIX, MEPNeHANKYNAPHbIX K NapannefbHbIM  M0CKOCTAM, ,,A-KpaTHO He-
NPOXOAVMYHO CTEHY”. AHaIOrMYHbIM 06Pa30M MOXET ObiTb ONpefeneHo Ha NIOCKOCTU MOHATVE
A-CNoeBOro Kpyroeoro obnaka. [log TOMWMHON KpyroBOro Wiy LWapoBOro ob6jaka NoHWMa-
€TCA pacCTosiHME MexXay napanie/lbHbiMU NPSMbIMKA - WM NIOCKOCTAMU, MEXAy KOTOpbIMU
HaxoguTcs obnako. ®deiliew ToT [1] Aokasasn, Y4TO MUHUMYM TOJILLMHbI OAHOCNOEBOrO Lia-
poBoro o6niaka paseH 2+ 12 (MUHAMYM TOMWMHBLI OfHOCMIOEBOrO KPYrOBOTO 06naka, oue-
BUAHO, paBeH 2).

B HacTosuleli paboTe A0Ka3blBaeTCH, YTO MUHUMYM TOJLMHBLI A-CNOEBOTO KPYroBoro

ob6naka
dk=.(A -3¥3 + 2

a8 MWHVMYM TOMLWWHBLI A-CNOeBoro LIapoBoro obnaka YOO0BNETBOPAET HEPaBEHCTBY

K—

Df. ' JK3+ 2, ecr AE£2.



Vi

OB ABCOJ/IIOTHOM CXOAMMOCTU TPUFOHOMETPUUECKINX
PAOOB C MNPOBE/TAMU

M. Ciwoc (byganewr)

B pa6oTe [0Ka3blBAOTCS CMEAytOLIME TEOPEMb:

Teopema 1 Myctb noctosHHaa K'Sz 2. Torpga cywlecTsyeT Takad Moc/efoBaTefib-
HOCTb HaTypasibHbIX uYmcen

uTo Ans No6oii MOHOTOHHO Y6bIBAKOLLE MOCNeAOBaTENLHOCTM an a2,...

(1) V' aklsin n nkx \< 00
KTi
MOXET BbIMOMHATLCA [N HELENOro X /Milb B TOM Ciydae, eciu
©
Y 13, < cx

Teopema 2. MycTb N,, 2>m e eCTb NOCNEAOBATENLHOCTb LIE/bIX YMCEN, [/ KOTOPOi

Torfa CcylecTByeT Takas MOHOTOHHO YGbiBatOLLas MOCNEfOBATENbHOCT au a2,..., 4T0, XOTS
@
2,aK= °0, pag (1) CXOAMTCS Ha MHOXECTBE MOLLHOCTU KOHTUHYyMa.

k=1
Teopema | aABnseTca pacrnpocTpaHEHMEM Ha HEKOTOopble pAnbl C npo6enaMV| O,D'HOVI

Knaccuyeckoii Teopembl ®aty; Teopema 2 YTBEPXAAeT, UTO Takoe PacnpoCTPaHeHUE HeBO3-
MOXHO, ecnv npo6enbl nocnefoBatenbHocT {«*} ,,CAMWKOM GonbLUMe™.

OB OAHOW 3KCTPEMAJIbHOW 3AAAYE TEOPWWN MHTEPMO/IMPOBAHUA
M. 3poéw wu M. Ty pad (ByganewT)

Ecnn
n

S 1=M>ee>H1— 1 “W= 1T X—X),

TO (hyHAAMeHTa/bHble MHOFOYfieHbl OTHOcsUlerocs K (1) MHTepnonMpoBaHWst JlarpaHxa, Kak
XOpoLWwo W3BeCTHO, UMEKT BUA

(2 (k= 1.2, ...,n),

a TakK HasblBaeMble (BYHAMEHTaNlbHbIE MHOrOYfIeHbl BTOPOrO pofa WHTEPMOAMpOBaHUs dp-
MuTa—deiiepa CcyTb
() M*) = (x—Tt)/*x)2 (*= 1,2,...,«).



VIl

3HayeHne (yHOamMeHTalbHbIX MHOro4YseHoB (3) ocBelleHo B pabote deiiepa [2], Tam xe
OH MOKasa/, 4YTO Npu COOTBETCTBYIOLLEM Bbl6ope y3noB (1)

log «

@ (51 ARV < n

ecnm Tonbko « > A0(r). B HacTosweli paboTe aBTOpbI [OKa3bIBAKT, YTO Npu N060M Bbibope
y3nos (1)

log log n'l log n

wax > I],(*)1s4 logn ) n

rae cl cooTBETCTBEHHO BblGpaHHas MOMOXUTENbHAS MOCTOSHHAS, aCUMNTOTUYECKM ONpesenss,
TakMM 06pasoM, MUHUMYM M

wax Y tt(x).

AHanornyHelM 06pa3oM aBTOpbl [40Ka3blBalOT, YTO Npu Nto60M Bblibope y3noB (1)

log log n
@) max cl loge . log n

Heckonbko MeHee cnabyto yem (5) OLEHKY MOXHO HainTh B paboTe C. BepHWTelHa.
[1]; opHako AOKa3aTenbCTBO aBTOPOB OCHOBbLIBAETCA HAa COBEPLUEHHO APYTMX COOBPaKeHWsAX

MPOB/NIEMbI N PE3YJIbTATbl OTHOCUTEJ/IbBHO WMHTEPMNOJINPOBAHUNA. I
M. 3paéw (bypanewr)

Mycte —190x1< x2< mmm< x,,=£ 1,
n

= >¥)
0= |/(:/1 (x—xK), kX 0/(X) (X—XK)
[lokasblBaeTcs, 4To
o u, Z _
) max , Ay IW 1> 7ricge—ci-

(1) obocTpseT Teopembl BepHwTeliHa ¥ dpaéwa —TypaHa. M3BecTHo, uto (1) He
MOXET OblTb yNyuyLIEHO, TaK KaK eciiy XK y3/ibl MHOrouneHoB Yebbiwesa T,,(X), TO

n 2
EJR)EL Volk(x) 1< Flogn+ c2.

HenssecTHa cuctema TOuYek, And KOTOpOI7I n

max Y \1k(x)\
1

NPMHUMAET CBOE HaMMEHbLUEE 3HAYEeHME.



Ob OAHOW MPOBNEME B3PA W OAHOW MPOB/IEME
YANTXELA B TEOPUWN ABE/IEBbIX PYMM

N. PoTmeH (YpbaHa, CLLA)

ABTOp uccneayet abenesbl rpynnel F, ans kotopbix Ext(F, T) 0 ana Bcex nepu-
oanyeckux rpynn T, u Te, gna kotopbix Ext(F, Z) 0, rge Z rpynna UuenblX, HasblBasa WX
B-rpynnamu v W-rpynnamu, COOTBETCTBEHHO. B CUETHOM Cnyuyae W3BECTHO pelueHne 06enx
npo6nem: n Te W Apyrve rpynnbl ABAAIOTCA CBOBGOAHLIMU Tpynnamu.

ABTOp Mony4aeT psaf YaCTMYHbIX pe3ynbTaToB B Clyvae 060 MOLWHOCTM. Twunuy-
Hble pe3ynbTaThl:

1 CenapabenbHas B-rpynna crpoiiHas.
2. Kaxpgas IV-rpynna cenapabenbHa, CTpOMHas M MOXET ObiTb B/IOXEHa B MOJHYIO
NpsMyt0 CyMMY 6ECKOHEYHBIX LMKIMYECKUX TPYMN KaK CepBaHTHas MoArpynna.

YNOPAAOYEHHbLIE MOMYTPYMMbI
N. ®ykc (byganewT)

Pa6oTa paccmaTpuBaeT BOMPOC O BIOXKWMMOCTW B Crefytolye YnopsafoyeHHble nony-
rpynnbi:
P: agauMTuBHas nonyrpynna HeoTpuUAaTeNbHbIX AeACTBUTENbHLIX YWCEN;
Px: BeuwlecTBeHHbIli 0Tpe3ok [0,1], gelicTBne a mb= min (a -f- b, 1);
Px*: oTpesok [0, 1] u cumBon oc, peiicteue: amb= a-\-b W 00 B 3aBUCMMOCTW OT
Toro, 6yget M a4-b;8 1wm > 1

Teopema 1 MoNOXUTENbHO YNOPAAOYEHHaA Monyrpynna Torga W TOMbKO TOorga
MOXeT ObITb BnOXeHa B P, ecnn oHa 1 apxvMMeaoBa, 2. He COAep>KuT aHoMasbHoW napbl,

N 3. He MMeeT MakCMManbHOrO 3neMeHTa (eCiM OHa COAePXWT MO KpaliHeli Mepe fBa ane-
MEHTa).

Teopema 3. ApxvmefoBa, eCTECTBEHHO YMOPALOYEHHAA MoAyrpynna M3omMopdHa Mo
YMOPAA0YEHNIO OfHO 13 nognonyrpynn ot P, Px um Px*

MocnepHss Teopema sBnseTcsa obwym 0606uieHrem Teopem Menb gepa [4 v Knug-
hopaa [2].

O CWNE CBHA3AHHOCTW CAYYANHOIO MPAGA
M. Opaéw un A PeHbu (ByganewT)

Mycts 'n y cnyyaitHbli rpad ¢ n BepwiHamu u N pe6pamu, 6e3 netesb U 6e3 napasn-
nenbHbIX peGep. ' N nonyvaetcs crefytowum o6pa3om: Bbibupaem ciydaiiHo N 13 Bcex

BO3MOXHbIX pebep, COBAMHAIOWMX N fAaHHbIe BepwuHbl V], V2,...,V n; npu 3ToM no
/(.»2}’!

npeanonoXXeHNK BCE BO3MOXKHbIE Bb|60pb| 3TUX pe6ep OANHAKOro BEPOATHbI.
\N |

Myctb ana noboro (HenonHoro) rpada G cp(G) 0603Ha4aeT MUHUMaIbHOE YWCO K,
obnagatoLlee CcrefylowMM CBOVWCTBOM: MOXHO BblUepKHYTb M3 rpada G K MoAXofAawux Bep-



X

lWMH (BMecTe CO BCeMM pebpamu, KOTOPble MHLMAEHTHbI C 3TUMW BepluMHamu) Tak, YTO Mo-
nyyaetca HecBA3HbIA rpag. MycTb ¢,(G) o0603Ha4YaeT MUHMManbHOe uucno |, obnajaroLee
CMedyrolWwmnM CBOWCTBOM: MOXHO BblYepKHYTb M3 rpaa G | pebep TakK, 4TO Mmony4aeTcs
HecBA3HbI rpad). HakoHeu, nycTb c?(K;.) {k 1,2,...,/;) uncno pebep, ucxogswmx m3 Bep-
WuHbl VK (BaneHTHOCTb BeplmnHbl K.) u nonoxum c(C?) = ]grggnnd(V}). Kaxpasa u3 Tpex Be-

nmumH Cp(G), cr(0) u c(G) MoXeT O6blTb paccMOTpeHa Kak Mepa cBfsaHHOCTWU rpada G.
B paboTe AokasbiBaeTcs (Teopema 2), UTO ec/u

0) N(n)= —nlogn+ y nloglogn an+ 0(m),

roe r JaHHoe Lefoe HeoTpuuaTeNbHOE YWUCN0 M @ [JaHHOe BeLlecTBEHHOe uwucno, To (0603-
Hayas 4yepe3 P(-) BepoOATHOCTb CO6LITUA B CKOBKAX) WMMeeM

B-2«
(2) M%P(Cp(r , =n=1-e-~7T,
1 4to (2) ocTaeTca BepHbIM Takxe, ecim B HeM BMecTo ¢p(Ib y(r®) ctomT mam c((Mb y(,,))unm
C(*n, y(n)-
[Janee pokasbiBaetca (Teopema 3), 4TO YMCIO BEPLUMH CAy4yaliHOro rpada 'n (roe
N(n) onATb onpegeneHo ¢ NoMoLLbio (1)), MMeloLMX BaneHTHOCTb I, B Npedene npu n + oc
e -a

pacrpefieieHo0 Mo 3akoHy [lyaccoHa ¢ mapameTpom J1= — —.

UacTHble cnyyan 3Tux Teopem, Korga /'= 0, OblAM [0Ka3aHbl aBTOpaMi HACTOALLEN
cTaTbl YXKe paHblie B ux paboTe [4].









QUEUES WITH BATCH ARRIVALS. | 9

Therefore, summing the residues, we obtain

N .
(15) @ T o

We may note that the waiting time distribution for an arbitrary arriving
unit in the unit arrivals system G/E,/l is identical with that for an arbitrary
arriving batch in the batch arrivals system, and so is given by formula (12)
above. Thus we have a solution in an interesting form to the Wiener—Hopf
integral equation studied by Lindley [6].

Example 3. Inter-arrival times exponentially distributed.

The generating function P(z) for the batch arrivals system with exponen-
tial inter-arrival times is given by (5). Therefore if we consider the unit arrivals
system M Er/1 with mean inter-arrival time 11 and mean service time r/.a,
the generating function Q(z) for the queue-size facing an arbitrary arriving
unit is given by

Q@) _ =—rn)y 1

1—z rjéi l—epzUr{l+e(l—2)}'
But the aPz1,r{1-f p(I—2)} (j = 1,2, ..., r) are the rlhroots of z{Il -f p(I—2)} .
Therefore

A=) (-2
(16) QY 1z {1+ PI—2)}1

which is the known result for the system MJ/E,/I when the traffic intensity
iS ro.

The waiting time distribution of an arbitrary arriving unit has in this
case Laplace transform

Q(s) = P G s i—re
1+p —9
Py s
which is the known Pollaczek formula for this case.
5. Further work. Let oi, o4, ..., on, ... denote the sequence of instants

at which units depart from the batch arrivals system. In a sequel we shall
consider the existence of the limiting distributions {p*} and {/?/}, defined,
respectively, by
P1= Jlim PIC(0—1]
and
pf= lim P[5(o,, + )=Yy'].



10

F. Q. foster: queues with BATCH ARRIVALS. |

We shall also examine the relationships existing between the three

distributions {pj), {p)} and {/;/}.
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ON PERIODIC SOLUTIONS OF CERTAIN SECOND ORDER
ORDINARY DIFFERENTIAL EQUATIONS WITH PERIODIC
COEFFICIENTS

By
1 BIHARI (Budapest)
(Presented by P. Taran)

As known, the investigation of the existence of periodic solutions of
linear equations with periodic coefficients (e. g. the Hill and Mathieu equations)
involves considerable amount of difficulties. The Floquet theory discussing this
questions cannot be considered elementary at all. As to non-linear equations
(e. g. the Liénard equation) the problem is still much more involved. N.Levinson,
M. L Cartwright, T. Wazewski and other authors elaborated intricate analy-
tical and analytic-topological methods to this end. On the other hand, the
proof of the existence of such solutions is often very desirable for the practice
too, for a solution like this is connected with some kind of stability (e. g. it
forms a limit cycle in the sense of the Poincaré—Bendixson theory).

Even therefore it is surprising how simple tools lead to results con-
cerning the equation

(9 y"+ €W (y)h(/) =0,
provided that <p(x) is a positive periodic function, f(y) and h(u) are like
those in [1] (p. 98, Theorems 5 and 6) where — as throughout [1] — only
positive monotone <p(x) was taken into account.
The purpose of the present paper is to state results
of this character, of course, also for linear equations.
On p. 102 of [1] a remark says that there
is a solution T](x) of (1) to any other one y(x)
of (1) with an arbitrary number of zeros between
two adjacent zeros of y(x) and rt(x) can be ob-
tained by a convenient (sufficiently small) initial
slope or (extreme) value u of i](x) at x=a
(see Fig. 1). — This assertion must be correc-
ted, for Corollary 8 on p. 87 in [1] does not imply
really, as asserted, that the distance of two con- Fig. |
secutive zeros tends to zero with the above initial
values (see a counterexample below). In case of <p(x) = k— const>0 there
is given ([1], p. 88) a formula for this distance (i. e. for the period p, viz.
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the corresponding solution is periodic) and it is doubtless that p is decreasing
with |ij| (at linear equations unchanged) (see [1], Theorem 5), but, in general,
does not tend to zero with |»;| or by the initial slope.

To throw light on the things take first the following example:

0) |

Here f(y) =y, h(u)= 14 £2u2 satisfy the mentioned conditions and equation

(2) turns to the linear equation y" + g>(x)y= 0 as «->0. If y(x) = A:=const,
(2) may be solved by quadratures. According to j/(0)= 11>0,/(0) = 0, the
solution is as follows (see [1], p. 89):

du

<3> S ke

and the period of y(x) (see [1], p. 87) amounts to

p(s, 1, k) = 4SJ da
o V=1+Y\+2f2k(rf—ul)

2 TK+ KI+ 2tk jif —ud du

fk J Yn2— u?2

Replacing n by 7% sinz we get

N

FI + fl + 2s2krf cos2z dz.

O;',{)

(4) Pen,k— -

This value may be made as large as wanted by increasing of |}, provided
A(PO. On the other hand, p is decreasing with jj and we have

0(t.0,k) '  plo,2k) /50,0, k)
n
i. e. p tends with |*-*0 to the period of the linear equation y"+ ky = 0.
We shall prove the following

Theorem 1 Let y(X) be a positive continuous periodic function having
period T and monotone symmetrical half-periods, further let min (fix) and
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max <(x) be denoted by k and K, respectively. If kT® rfrdf then for n= 1
(2) has a periodic solution of period 2T consisting of two half-waves, while
for n=n0>1 (2) has all the solutions as for n<n,, and also a new one of
period 2T consisting of 2nu half-waves, provided that n,= 21+ 1 (/=1,2,...),
or a solution of period T consisting of n0 half-waves, provided that nu=21
(/=1,2,...).

Proof. Let y(x) be, say, increasing for O sxsi l then the solutions
yu yo of the equations

v+ kyTT7yi=o, /[-+a> iT?7,

and the solution y of (2), all corresponding to the initial conditions y<0)=
y'(0) = O, satisfy the inequalities (see
[1], p. 102)

y<y<y,  (0<x”a),
y<yi  (0<x"b).

Here a<b<c denote the first positive
zeros of y2,y, yi, respectively (see Fig.3)

and 65il is assumed too. For the

value of ¢ we have

o VK= P(*.4>nk)
(see (4)). Obviously
©.0k °  and s 00,A)=+ o
2fk

and c is a monotone increasing function of |%|. Therefore assuming

5 c(f,0,A:)=-"=-=iZ or KI"™n
Q) ( ) L 2
there is a value 740>0 of u where b(s, = -rr because the interval [a,c\l

with the point x = b in its interior, passes wholly through the point ' 0}

as .] covers (0, -f-<»). At the same time, exactly one quarter-wave of y(x)

1 n denotes an integer.
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gets into the interval O”ix"Ni —. We state that y(x) is periodic with period

2T. Viz. the symmetrical r\(x) of y(x) O ix < - with respect to the point
A satisfies (2) and thus it is the continuation
of y{x) for T Axw T. Really, putting T—x

in (2) for x and regarding the relations

>0 = —y(T—x), r/(x)=y'(T-x),
mrx) = -/"(T-x),
H{T—x) = J(—x)= ),
we obtain
1
4"(*)+ DM 1TuAx)
It can be proved by the same argument that
the continuation of y(x) for 7'gxs27 is
symmetrical with the branch O "x~T of
y(x) to the ordinate x— T, etc.,, thus the
periodicity of y(x) by the period 2T is clear.
If we assume instead of (5) the con-
dition
ce, 0, k < T
(6) (e, 0, k) 21k ~ 2n
or kl2wn-n2 (ns 2),

then by a convenient choice of fj we obtain
also a new solution y{x) of period T or 2T,
according as n= 21 or n= 2I-\-\, re-
spectively.2 Viz. for a suitable rj exactly n
quarter-waves of y(x) will lie in the interval

0=x = with/ 1,-1=0 ory 0,

respectively. This is really ensured by the
condition (6), because the monotone increas-
ing of cp(x) involves the decreasing of the lengths, amplitudes, areas of

. T
the successive quarter-waves (see [1], Theorem 6). The branch — Ax L T of

2 If (6) is satisfied for n = n0, then it is satisfied for n<n0, too, and the corre-
sponding solutions exist also for n= ng.
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y(x) is symmetrical with its own branch to the ordinate x =

. T .
or to the point x =2 > resPectively, e’t-

The above statements are concerned with the non-linear case eO.
For every there are periodic solutions, provided that (6) is fulfilled. Let
us denote the above periodic solution of period 27 for n= \ by y(x, s, p).
If £==0and (5) holds, then ¥+ oo, i. e. there is no periodic solution of
period 27 of the linear equation (e= 0)

(7) Y7+ 9>y =0,

unless b= 7 holds in advance. This is obvious by the fact, too, that the
first positive zero of y(x, 0, if) (viz. x = b) is independent of ij.
At all events the condition
— <7< —

Tk fk

forms a necessary one for the existence of the above solution.

Although the limit passage s—%-0 does not lead to periodic solutions,
however, we obtain the following — only in part known — result concerning
the linear equation

©) y"+ {a+ B4>(x)y = 0.
Theorem 2. Let @(x) be a continuous periodic function of period T with

monotone symmetrical half-periods. Then a and B may be chosen so that (8)
should have periodic solutions like those described in Theorem 1

Proof. Let cp(x) be e. g. even increasing for ! and letting

k = af-Bcp(0), + we have

k= min («+ /7o), K= max (a-fB(p(x)) (3>0).
Given 1]J9=0 let y2,yity denote the solutions of the equations
y'+Ky=0 y"+ky=0

and of (8) — all corresponding to the initial conditions y(0) —ri, y\0)= 0
— and let a<b<c be the first positive zeros of y2y,yu respectively.

If K=g(k)>k>0 where g(k) is an arbitrary continuous monotone
function with g(k) —=#0 as k—»Q3 then the interval [a, c] (Fig. 3), with the

3 Or more generally ~(0) ~ ’\}-
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point x= b in its interior, passes through the place x= -» as A—»0 There-

fore there exists a value k= k0>0 of Kk such that 6= l is satisfied. Then

£(><>(|) -K M 0)

<F\i| )—2(0)

and y(x) is periodic with period 27, etc.
If in the general equation (1) <p(x) = k= const>0, the solution is
periodic with the period
1 y n

(AW (*0))

%=4K-WFW-FIOIT 0 0"
This is increasing with [j| (see [1], Theorem 5) and has a zero or positive
limit as ti—0 and a finite or infinite limit as i}—=°0. Denoting these limits
by p(0,k) and p(°0,k) we can state

Theorem 3. Assuming
p{0}x) T p(oo,K)
2 —n— 2
equation (1) Pas for convenient A solutions of period 27 and T like above
in Theorem 1. — The conditions imposed on o>X),f(y), h(u) are the same
as in Theorem 5 in [1].

The proof follows previous lines and may be omitted.

Equation (1) is that particular case of the general equation y"=f(x, vy, y")
where f(x,y,y’) is factorized. However, the analogue of Theorem 2 may be
extended to the solutions of the equation
(9) y"+ («+ Bp(x))f(y, y)= 0
where f{lu, kr) = If(u, v) and sg/(u, r)= sgu. This equation — discussed
in a paper [2] of the author — shows common features with the linear equations.

(Received 15 December 1959)
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Introduction

The subject of this paper is to define a special class of lattice ideals,
the class of standard ideals, and to examine its properties in detail. Before
giving the definition of standard ideal we want the reader make acquainted with
three tendencies of modern lattice theory which lead naturally to this notion.

The distributive lattices play a central role in lattice theory. This may
be explained, on one hand, by the fact that lattices were abstracted from
Boolean algebras through the distributive lattices. On the other hand, the
distributive lattices have a lot of important properties that lattices in general
do not have and, consequently, many of the researches were restricted to
distributive lattices.

This fact gives the reason why some mathematicians have tried to define
types of elements resp. ideals of lattices which preserve some properties of
distributive lattices. It was of importance when in his paper [23] O. Ore has
defined the notion of neutral element and ideal in modular lattices, and it
was also of significance that in [4] G. Birkhoff succeeded in defining these
notions in arbitrary lattices. The neutral elements play a central role, for
instance, in the theory of direct factorizations of lattices (see [6]). Therefore
the question how it is possible to generalize this notion to a wider class of
lattice elements and ideals seems to be of interest.

Another trend of researches wants to elaborate the theory of lattice ideals
similarly to the theory of ideals in rings or invariant subgroups in groups.
Chiefly we are thinking of the fact that any ideal of a ring is the kernel of
one and only one homomorphism, furthermore the ideals satisfy the well-
known isomorphism theorems, the lemma of Zassenhaus and the Jordan—
Holder—Schreier refinement theorem. Such efforts have to overbridge many
difficulties. Naturally, within the Boolean algebras — since the Boolean
algebras are rings as well — the researcher does not meet any difficulty.
It is also easy to settle this question in distributive lattices, only a good
definition of the factor lattice is needed. (The simplest possible method is
the following: we embed the distributive lattice in a Boolean algebra — for
instance by the method of [13] — and so we get from the well-known
notions and theorems of Boolean algebras the same in distributive lattices.)

The case of general lattices is not so simple. In general, the above
mentioned theorems are not true. In his paper [31] K Shoda avoided these
difficulties by a suitable definition of the factor algebra; this definition of
factor algebra, however, in case of lattices does not seem to be applicable.
This was pointed out in [14] by J. Hashimoto, remarking that this definition
of factor algebra in chains gives only the factor chain of two elements.
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In [14], using an other definition of factor lattices, J. Hashimoto has
proved interesting isomorphism theorems. Hashimoto made the very strong
restriction: all the ideals occurring in the isomorphism theorems, are neutral.
The question arises: is it possible to enlarge the class of neutral ideals,
preserving the validity of the isomorphism theorems?

The third tendency of researches that we are going to sketch has started
from the Birkhoff—Menger structure theorem of complemented modular lattices
of finite length (see G. Birkhoff [2], [3] and K Menger [22]). This structure
theorem asserts that the lattices of the above type coincide with the direct
products of simple lattices. A theorem of R P. Dilworth [8] states that this
structure theorem remains true without any alteration if we omit the suppo-
sition of modularity (of course, we must change the word "complemented”
to “relatively complemented”). In fact, with this theorem began the investigation
of the structure of relatively complemented lattices. The aim of these researches
is to prove the results of the theory of relatively complemented modular
lattices for relatively complemented lattices as well (some example from among
these kinds of papers: J. E. McLaughlin [20], [21] and G. Szasz [32]).

The following theorem of G. Birkhoff [6] is well known: in a com-
plemented modular lattice if we let a congruence relation o correspond to the
ideal of all x with x= o (o), then we get a natural one-to-one correspondence
between neutral ideals and congruence relations. A theorem of Shih-Chiang
Wang [34], connected with this theorem of G. Birkhoff, asserts that the
lattice of all congruence relations of a complemented modular lattice is a
Boolean algebra if and only if all neutral ideals are principal. However, if
we want to formulate these theorems for relatively complemented lattices or
for section complemented lattices (i. e. in which the intervals [o, a], as lattices,
are complemented), then we do not get in general true assertions. So the
question arises, how it is possible to get natural generalizations of these
theorems for relatively complemented lattices, i. e. one may ask for the class
of ideals, that plays, from the point of view of homomorphisms, a similar
role in relatively complemented (section complemented) lattices, as the neutral
ideal in complemented modular lattices.

We see that the developments of these there tendencies of lattice theory
raise a common request, namely, that of finding appropriate generalizations
of neutral ideals, of course, one generalization to each tendency! It was a
great surprise to us, when it became clear that the very same generalization
of neutral ideals answers all the questions raised above. This generalization
is given by the notion of standard element and ideal.

An element s of the lattice L will be called standard if

Xn(suny)= (Xns)u(Xny)
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for all pairs of elements x,y of L. A standard ideal of L is defined as a
standard element of the lattice of all ideals of L.

The aim of the present paper is to study the most important properties
of the standard elements and ideals and, as an application, to prove that the
standard ideals make us possible to develop further the above listed three
tendencies of lattice theory. We will prove that in some respects the notion
of standard ideals is the best-possible one. Namely, the class of standard
ideals is the widest one, satisfying the first isomorphism theorem, provided
some natural conditions are assumed. Many other properties are also typical
to the standard ideals, e. g. the existence of a “dictionary” — as given below.
But, of course, if somebody will try to develop a theory of certain type of
ideals, satisfying the requirements only of one of the above mentioned tend-
encies, then he will go further at the direction than we did.

It will appear from this paper that the notion of standard ideal corre-
sponds to the notion of invariant subgroup of groups. Several theorems of
group theory may be “translated” to lattice theory using the following “dic-
tionary”

subgroup —»ideal

invariant subgroup — standard ideal
factor group —»factor lattices
group operation —= join operation.s

We will use this “dictionary” for getting the appropriate forms of the
isomorphism theorems, the Zassenhaus lemma, the solution of Schreier’s
extension problem and so on. We will see that the “dictionary” works well
in all these cases. We get, of course, only the translations of the theorems
but not those of the proofs!

The dictionary may be used also for translating negative assertions.
An example: the invariant subgroup of an invariant subgroup is in general

1 The “dictionary” may be used only in translating from group theory to lattice theory
but not in the reversed direction! Therefore we used the sign “minstead of equality.

2 modulo a standard ideal!

3 In the colloquium on Partially Ordered Sets (Obeiwolfach, 26—30 October 1959)
we have delivered a lecture in which a sketch of this theory was given. After the lecture
Professor R. H. Bruck proposed an extension of the dictionary, that — after a short dis-
cussion — led to the correspondence

abelian group -* distributive lattice.

Using this, one can define the solvability of a lattice, notions corresponding to the centra-
lizator, and commutator subgroup and so on. It may be hoped that one can elaborate this
part of the theory.
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not invariant in the whole group and the same is true for standard ideals.
(It is worth while mentioning that the neutral ideal of a neutral ideal is
neutral in the whole lattice.)

Despite the fact that the notion of standard ideal is more general than
that of neutral ideal, there appeared a lot of new properties of neutral ideals
from the study of this generalization. Besides many not all too important
properties, the best example is the result of Chapter VI (Theorem 23). This
theorem characterizes neutral ideals in a special class of modular lattices.
However, the proof shows clearly that the assertion is a typical one for stand-
ard ideals. Hence, we may say, that in this theorem we use the standard
ideals as a method of proof.

The paper consists of six chapters.

The first chapter is of preliminary character. It contains notions which
are not generally known, while for the fundamental notions of lattice theory
and general algebra we refer to [e], [16] and [29]. The frequently used notions
and theorems from the literature are enumerated.

In Chapter I, after the definition of standard element and ideal, we
prove the two fundamental characterization theorems. In the remaining part
we deduce some properties of the standard element and ideal which seems
to be of importance.

In Chapter Ill we are interested in the connections between standard
and neutral elements. In § 1 we verify the simplest connections, but already
from these we deduce a new proof of a theorem concerning neutral ideals;
a proof of this theorem within the theory of neutral ideals does not seem to
be an easy task. In 8 2 we prove the coincidence of standard and neutral
elements in a rather wide class of lattices including modular as well as
relatively complemented lattices. In 8 3 we give a necessary and sufficient
condition for a standard element to be neutral. In § 4 we deal with the
lattice of all ideals of a weakly modular lattice. We prove that the lattice of
all ideals is not necessarily weakly modular. In the remaining part of the
section we discuss some properties of the ideal lattice.

In Chapter IV we prove that the class of standard ideals and that of
the homomorphism kernels coincide in section complemented lattices. From
this we infer the generalizations of the above mentioned theorems of
G. Birkhoff and S. Wang. Then we prove the isomorphism theorems, the
lemma of Zassenhaus and some of its consequences. In the last section we
solve the lattice-theoretical equivalent of Schreier’s extension problem.

In Chapter V we first prove that any distributive equality is capable of
the characterization of the neutrality of an element of a modular lattice. Then
in § 2 we prove that in modular lattices the uniquely relatively complemented
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elements are just the neutral ones, and thus we get a generalization of a
well-known theorem of von Neumann.

In Chapter VI we deal with ideals satisfying the first isomor-
phism theorem. In 8 1 for a special class of section complemented lattices,
while in 8§ 3 for modular lattices with zero and of locally finite length we
prove that this class of ideals coincides with the class of neutral ideals. In
8 4 we show that under some natural conditions the standard ideals form
the widest class of ideals satisfying the first isomorphism theorem.

There are 20 unsolved problems given at the end of the corre-
sponding sections. We hope some of the readers will find it interesting to
deal with them.

CHAPTER |
PRELIMINARIES

8 1. Some notions and notations

The partial ordering relation will be denoted by <, in case of set lat-
tices (that is lattices the elements of which are certain subsets of a given
set) by c=. In lattices the meet and the join will be designated by n and wu,
and the complete meet and complete join by A and V. The least and greatest
element of a partially ordered set (or of a lattice) we denote by o and 1
If acovers b (i.e. a>Db, but a>x>b for no x), thenwe write a>-b.

If a(x) is a property defined on the set H, then we define {X;«(x)J
as the set of all x (A for which a(x) is true. Hence in partially ordered sets
(6] = fx;x” a} is the principal ideal generated by a, while {x;a”xwb}
is the interval [a, b], provided that a”b. If b covers a, then the interval
[a, b] is a prime interval. The dual principal ideal is denoted by [a).

If anyj two elements a, bof L, satisfying a <b, maybe connected by
a finitemaximal chain, then L is said tobe semi-discrete. If the lengths of
the maximal chains of the lattice L are finite and bounded, then L is called
of finite length. If all intervals of the lattice L, as lattices, are of finite length,
then L is of locally finite length. If L has a O and is of locally finite length,
furthermore for all a£L, in [0, n] any two maximal chains are of the same
length, then we say that in L the Jordan—Dedekind chain condition is satisfied.
In this case the length of any maximal chain of the interval [0, n] will be
denoted by d(a), and d(x) is called the dimension function.

Let P and Q be partially ordered sets. The ordinal sum of P and Q
is defined as the partially ordered set, which is the set union of P and Q,
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and the partial ordering remains unaltered in P and Q, while x <y holds
for all xEP and y£Q; this partially ordered set will be denoted byP®Q.

The set of all ideals of a lattice L, partially ordered under set inclu-
sion, form a lattice, which will be denoted by /(/.).

Lemma 1 I(L) is a conditionally complete lattice. The meet of a set of
ideals (if it exists) is the set-theoretical meet. The join of the ideals 1,, (« £ A)
is the set of all x such that

X' - fttUs* Ulan  (ir. v taj)
for some elements aoj of A.

If A is a general algebra and O is a congruence relation of A, then
the congruence classes of A modulo 0 form a general algebra A(&). This
is a homomorphic image of A.

We will use the two general isomorphism theorems (Rédei [29]):

The first general isomorphism theorem. Let A be a general algebra
and A a subalgebra of A, further let 0 be an equivalence relation of A such
that every equivalence class of A may be represented by an element of A'. Let
0' denote the equivalence relation of A induced by 0. If O is a congruence
relation, then so is o' and

A(Q)"A(&).

The natural isomorphism makes a congruence class of A correspond to the
contained congruence class of A.

The second general isomorphism theorem. Let A be a homomorphic
image of the general algebra A, let 0 be an equivalence relation of A, and
denote O' the equivalence relation of A’ under which the equivalence classes
are the homomorphic images of those of A modulo o, and suppose that no
two different equivalence classes of A modulo 0 have the same homomorphic
image. Then 0 is a congruence relation if and only if O' is one and in
this case

A{Q)~A\D").
The natural isomorphism makes an equivalence class of A correspond to its
homomorphic image.

8 2. Congruence relations in lattices

Let O be a congruence relation of the lattice L, and denote by L(0)
the homomorphic image of L induced by the congruence relation O, that is,
the lattice of all congruence classes. If L(0) has a zero, then the complete
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inverse image of the zero is an ideal of L, called the kernel of the homo-
morphism L—*L(o).

A simple criterion for a binary relation A to be a congruence relation
is formulated in

Lemma Il. (Gratzer and Schmidt [12].) Let g be a binary relation de-
fined on the lattice L. q is a congruence relation if and only if the following
conditions hold for all x,y, z £L:

& x= x (a);

(b) xny=x My (q) if and only if x=1y (Q);

Cixryrz, x=y @), y=z (q) imply x=1z (q;

(Mxwy and x=1vy (q), then xuz =yuz (q) and xnz= ynz (rj).

The congruence relations of L will be denoted by 0, ®,  The set
of all congruence relations of L, partially ordered by “0 si & if and only
if x=y (0) implies x=y (®)”,will be designated by O(L).

Lemma lll. (Birkhotf [4] and Krishnan [18].)4 O(L) is a complete lattice.
x=y (4 0e) if and only if x=1y (0«) for all a£A; x=y (V0«) if and

cCEA CCEA
only if there exists in L a sequence of elements x ny = zo™ 2 * zn=
= xny such that z= z_i (0,.) {i= 1, 2,..., n)for suitable a,,. . a,£A

The least and greatest elements of the lattice O(L) will be designated
by io and i, respectively.

Let A be a subset of L, 0[A] will denote the least congruence relation
under which any pair of elements of H is congruent. This we call the con-
gruence relation induced by H. If H has just two elements, H = {a b), then

&[H] will be written as Onl. The
congruence relation 0,,b is called
minimal.

First we describe — following
R. P. Ditworth — the minimal con-
gruence relation Oas- To this end
we have to make some preparations.

Given two pairs of elements
a,b and c,d of L, suppose that
either
cili/~6nft
and
(cfid) U(@Ub)= cud,

4 See also 6 ratzer ANd scnmiae [12).
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or
cUi/~rG6  and  (cUd) M(anb) —cMd.

Then we say that a, b is weakly projective in one step to c,d, and write

a,b--+c,d. The situation is given in Fig. 1 In other words, a,b-+c,d

if and only if the intervals [(@Ub)ncfld aub\ [cnd,cud] or [anb,

(@fib) mcnd], [cnd cUd\ are transposes in the sense of [e].

If there exist two finite sequences of elements a= Xo, Xi,. . X,= C
and b=y0,. . yn=d in L such that
() a, b= xo, jlo--*Xb YI— eee-- X%, yn= ¢, d,

then we say thata b is weakly projective to ¢, d, in notation: a, b—t+c,d, or
if we are also interested in the number n, then we write a, b~+c,d.

If a,b—c,d and c,d—"a,b, then ab and c d are transposes,
and we write a, bJ-+c,d. If the sequence (1) may be chosen in such a way
that the neighbouring members are transposes, then a b andc, d are called
projective, and we write a, b +mc, d.

The notion of weak projectivity is due to R. P. Ditworth [8] (see also
Malcev [19], Gratzer and Schmidt [12]). Ditworth Uuses his terminology
just reversed as we do.

The importance of this notion is shown by the fact that a, b->-c,d and
a=b (o) imply c~d (0) (applying this to 0 = o, we get that a= b im-
plies c= d, a fact which will be used several times).

Now we are able to describe 0 ab:

Theorem I. (R. P. Ditworth [8].) Let a,b,c,d be elements of the lat-
tice L. ¢c= d (Oav) holds if and only if there exist y, £L with

/o\ cUd = yoé yx LLleee LIMk= cMNd and a,b—>yi-i,yi
(/=12,...,%).
It is easy to describe O[HJ, using Lemma Ill, Theorem | and the fol-
lowing trivial identity:
(3) Q[H]= V Oab.

a, bEH

The symbol &[H] will be used mostly in case H is an ideal. Then
one can prove the following important identity (see [14]):

4) @[Vl = VO[/,] (lail(L)).
The following definition is of central importance in this paper. Let L

be a lattice and / an ideal of L. By the factor lattice L// of the lattice L
modulo the ideal / is meant the homomorphic image of L induced by ©[/], i. e.

L/1AL (©[).
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Finally, we mention the definition of permutability: the congruence re-
lations 0 and & are called permutable if a= x (0) and x= b (®) imply
the existence of a y such that a=y (®) and y=b (o).

8 3. Lattices and elements with special properties

2 will denote the lattice of two elements.

Let U denote the non-modular lattice of five elements, generated by
the elements p, g, r, thatis, p >q, pur—quUr= i, pnr= o V will denote
the modular, non-distributive lattice of five elements with the generators
p,q r, that is, pUg=qUr=rDp=1i, pf)g=gr\r=rnp = o

An element d of the lattice L is called distributive if

(5) d U(x My) = (d Ux) n(d Vy)

for all x,yEL. In [25] O. Ore has proved that d is distributive if and only
if x="y (O[(i/]]) implies * ny = [(x MNy) Ud] M(x Uy).

An element n of L is said to be neutral if the sublattice {n,x,y} is
distributive, where x and y are arbitrary elements from L. The following
theorem will be useful:

Theorem Il. (Ore [24].) The elements x,y,zdL generate a distributive
sublattice of L if and only if for all permutations a, b, ¢ of x,y, z the fol-
lowing equalities hold:

(6) an(bnc= (@aub)yn(awnc,
(7 an(Uc)= (arfb)ymu(anc),
8) (@nb) U(b Mc) U(c Na)= (a Ub) N(b Uc) n (c Ua).

Corollary. An element n of L is neutral if and only if for all x,y £L
the five equalities obtained from (e)—(8) by substituting permutations of
X, y, n hold.

Remark. It will follow from the theory of standard elements that this
corollary may be sharpened, omitting three from the five conditions.

Theorem lll. (Birkhoff [5].) An element n of L is neutral if and only if

(i nnxny)= (nux)n(nny) forall x,y"L]
(D] nnx Uy) = (nNx) U(nny) forall x,yf£L;
(i) nnx=nlly and nux=-nuny (X,y£L)

imply x —vy, i.e the relative complements of n are unique.

Theorem IV. (Ore [24].) An element n of a modular lattice L is neutral
if and only if condition (i) (or equivalently, condition (i')) is satisfied.
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An ideal / of L is called distributive if it is a distributive element
of I(L). I is neutral if it is a neutral element of I(L).

The lattice L is weakly modular (see Gratzer and Schmidt [12]) if
from a, b—*c,d (a, b,c,d£L; cd d) it follows the existence of ch,biflL
satisfying anb”ai<b\”a\jb and c,d-+<h,bi.

Lemma IV. (Gratzer and Schmidt [12].) Let the lattice L be

A) modular, or

B) relatively complemented, or

C) simple.

Then L is weakly modular.

A lattice L with zero is called section complemented if all of its in-
tervals of type [0, a] are complemented as lattices. In general, the lattice L
is section complemented if any element of L is contained in a suitable prin-
cipal dual ideal which is section complemented as a lattice.s

The following assertion is trivial:

Lemma V. Any relatively complemented lattice is section complemented.
Finally, we mention the V-distributive law:
xnVya= V(xnya)
A complete lattice L is called V-distributive if this law unrestrictedly holds in L.
Of importance is the theorem of Funayama and Nakayama that asserts:
(-)(L) is V-distributive.
The partition lattice P(H) of the set H is defined as the partially

ordered set of all partitions of H, where the partition p is said to be smaller
than q if p is a refinement of q.

CHAPTER I
STANDARD ELEMENTS AND IDEALS

8§ 1. Standard elements

We begin with repeating the definition of standard elements:
The element s of the lattice L is standard if the equality

(9) Xn(sUy)= (xns)u(xXny)
holds for all x,y £L.

5 The section complemented lattices with zero are called by Hermes [16] ,,abschnitt-
komplementédre Verbande”. The English name was suggested by Mr. Lorenz.
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First of all, let us see some examples for standard elements. In the
lat ice U (see Chapter I, 8 3) p is a standard element. At the same time, it
is clear that p is not neutral. (Furthermore, in the same lattice (-] is a ho-
momorphism kernel, but r is not standard.)

Obviously, any element of a distributive lattice is standard. Further-
more, in any lattice the elements o and 1 (if exist) are standard elements.

The simplest form for defining standard elements is the equality (9),
however, it is not the most important property of a standard element. Some
important characterizations of standard elements are given in

Theorem 1 (The fundamental characterization theorem of standard ele-
ments.) The following conditions upon an element s of the lattice L are equi-
valent :

(a) s is a standard element;

(B) the equality «= (i/ns)u(«n t) holds whenever n”*s\Jt (u,t£L);

(y) the relation oS defined by “x=y (o,) if and only if (xny)USi =
XUy for some Sinks”, is a congruence relation;

(d) for all x,y £L

(1) Su(xny)= (Sux)n (sny),

(i) snx=sny and sux = suy imply x=y.

Proof. We will prove the equivalence of the four conditions cyclically

(«) implies (B). Indeed, if («) holds and w LUs\jt, then n— n (s nt).
Owing to (9) we get m= (Mns)mu(mnt), which was to be proved.

(R) implies (y). Using condition (B) and Lemma 1l we will prove
that Os as defined above is a congruence relation.

(@ x= x (09. Indeed, for any x£L, the equality (xnx)n(xTls) = x
trivially holds, so if we put si= xns, we get the assertion.

(b) xny = xuy (Os) if and only if x=y (09. Thisis trivial from the
definition of 0S

() x Wy Wz, x=1y (0s) and y= z (Os) imply x= 1 (0,). By hypo-
thesis x = yusi and y = ziis. for suitable elements sitS *=s. Consequently,
X=yuS= (znso)nSi= 2u(siusy) for Sins>" s, that means, x= z (O9).

(d) In case xLy and x=1y (0s) hold, x\jz*y )z (0Qand xnz =
= yr\z (09. In fact, by assumption x= yUSi (si * s), and hence we get
x Uz = (y Uz) USi, that is x jz= yunz (Cs). To prove the second assertion,
we start from the relations x=yunS and xnz2”yusi®*yus. Applying
condition (B) to u= xf)z,t =y and using xny =1y, we get

Xnz = (xnzns)u(xn”ny) = (yn )USo,

where s&= xnznsis, which means x Nz=ynz (0s).
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(7) implies (d). First we prove that (7) implies (i). According to the
definition of Os, the congruences i = sux (09 and 7= ally (o.) hold for
arbitrary x,yEL. We get jely= (sUx) M(sUy) (0. By monotonicity,
x My = (s Ux) n(sU7), hence again by the definition of 0S it follows that
(smx)n(suy) = (xny) Usi with suitable si*is. Joining with s and keeping
the inequalities Si“ks and s gi (s Ux) IM(s U7) in view, we derive sn(xn7)=
= (sux) M(s u7), which is nothing else than (i).

Secondly, we prove that (7) implies (ii). Let the elements x and 7 be
chosen as in (ii). We know that suy = y (09, so meeting with x and using
Xus= 7us we get x= (Xxus)MNx= (zus)nx=ynx (03, consequently,
using (7), (xny)USi = x with suitable si”*s. From the last equality Si* x,
accordingly, Sigisnx= sn7 7 (in the meantime we have used the sup-
position snx = sny of (ii)), thus x= (xn7)USgi (xn7)u7z—7. We may
conclude similarly that 7 x, and thus x = 7, which was to be proved.

(d) implies (k). Let x and 7 be arbitrary elements of L and define
a= xn(suny) and b= (xns)m(xnz). By (ii), it suffices to prove that
sflo = snd and sUG = slli>.

To prove the first equality we start from sns:

snfl = sn[xn(sU7)]= xn[sn(suy)] = xns.

It follows from the monotonicity that xnsg )= (xns)UXxTM7)8§
g[xn(su 7)Ju[xn(su 7)]= a. Meeting with s, we get snxgsndgsilo.
But we have already proved that snx = sla, and so sTla= snb. To prove
s\j a=sl) b we start from sua and use (i) several times:

sUa= sU[xMN(EUy)]= (sUx)MN[sUG U7)]= (sUX) n(sU7) =
= sUXM7)= sUXTs) U(xM7)= s Ub,
and so Theorem 1 is completely proved.

Rewriting (i) and weakening (ii), (d) may be transformed to the fol-
lowing form:

Lemma 1. An element s of L is standard if and only if the following
two conditions are satisfied:

(i*) the correspondence x —»-xus is an endomorphism of L;

@i*) if xWy, sux = suy and sTx = sTl7, then x = 7.

It is easy to see that (i) is equivalent to (i*). Indeed, for any fixed s,
the correspondence x—>xus is a join-endomorphism. That it is meet-endo-

morphism as well, is guaranteed just by (i). in the proof of Theorem I, at
the step “(d) implies (a)" we have used (ii) only for x = a and y= b, and
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in this case y LWx holds. Consequently, in the proof we have only used
(ii*), and so one can replace (ii) by (ii*).
From condition (/) of Theorem | we derive easily:

Lemma 2. Let s be a standard element of the lattice L. Then (5] is a
homomorphism kernel, namely O[(s]] = Os. Conversely, if x =y (0[(s]]) holds
when and only when (xny) USi= auy with a suitable S\ £ s, then s is a
standard element.

Proof. The congruence relation 0S obviously satisfies 0.,= O[(s]],
consequently (s] is in the kernel of the homomorphism induced by 0S We
have to prove that (s] is just the Kkernel. Otherwise there exists an x>s with
x= s (09. By definition, it follows x= sllIsi (si ® s) which is obviously a
contradiction. Conversely, if O[(s]] = 0.,, then 0Sis a congruence relation,
since O[(s]] is one, and then from condition (y) of Theorem 1 it follows
that s is a standard element.

We have formulated Lemma 2 separately — despite the fact that it is
an almost trivial variant of condition (y) of Theorem 1 — because it points
out that property of the standard elements which we think to be the most
important one. It may be reformulated as follows: if (s] is a principal ideal
of L, then x =y (O[(s]j) if and only if there exist a sequence of elements
xuny=zolWz W LWz,=xnyof L an si®s, and a sequence of integers
ni,...,nm such that Si,s-*Zi-i,.Zi (/= 1,...,m). Now the definition of
standardness is as follows: s is standard if and only if nL= 1 may be chosen
for all i. It follows then we may suppose m = 1 as well.

8§ 2. Standard ideals

An ideal 5 of the lattice L is called standard if it is a standard ele-
ment of the lattice I(L), that is, if

(10) /n(Su/0 = (/nS)u(/n/0

holds for any pair of ideals I, K of L.

An example for standard ideals is given by the ideal (p] of the lattice U.
Further examples will be given at the end of this section.

Our chief aim in this section is to prove the analogue of Theorem 1

for standard ideals.

Theorem 2. (The fundamental characterization theorem of standard
ideals.) The following seven conditions for an ideal S of the lattice L are

equivalent:
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(«) 5 is a standard ideal;
(«") the equality
In(Su/0 = (/nS)u(/nff)

holds if 1 and K are principal ideals;

(/?) for any ideal I, the elements of S U/ are of the form sux (S£S,
x £1);

)’iB") for any principal ideal I, the elements of Swun/ are of the form
sux (S£S, x£/);

(-/) the relation Os of I(L) defined by “I=K (Of) if and only if
(/MK) USi= /n K with a suitable Si”*S ™ is a congruence relation of I(L);

(w") the relation O[S] of L defined by “x vy (0[SJ) if and only if
(xny) Us= xuy with a suitable sdS” is a congruence relation;

() for all 1 and I(L)

(1) SU{ NA)= (Swu/) N(S UA),

(i) 5n/==5nA" and Sul SwuK imply I= K

Proof. The conditions of this theorem are the analogues of those of
Theorem 1 To make the similarity clear, first we show that (/?) is equiva-
lent to the following condition:

(A if for the ideals / and J the inequality / ¢ eun/ holds, then
[ = (N S)yn®Ml).

It is, obviously, equivalent to (?') that any element of J may be written
in the form sux(s(S,x (/). Since J is arbitrary, that means: any element
of 5U/ is of the form snx, and this is condition (). So these two con-
ditions are equivalent.

Another analogue of (") may also be formulated:

(= if for the principal ideals / and / the inequality fffSul holds,
then /= (/n Qun/).

Now, it is trivial that the equivalence of ('), (B"), (y) and (<f) is an
immediate consequence of Theorem 1

(@") is a special case of (a). The proofs that (a") implies (R") and
(/?") implies (/") run on the similar lines as those of the corresponding
implications in the proof of Theorem 1 Thus it is enough to prove that
(/") implies (/7). Suppose (w/) holds and let | be an arbitrary ideal of L,
and X €S U/. From Lemma | we get the existence of S£S and i£1 with
x ™ sn/. Since s= sn/ (0[S]), therefore sui= (sn0u/= / (0[S]), and
so x= xn(sU/)=xn/ (0[5J). Accordingly, using (w") we get x= (xn/) Us'
where s'$ S. But xT1/ €/, hence (S') is proved.
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The proof of Theorem 2 is complete.
The analogues of Lemmas 1 and 2 are naturally true. We formulate
only the analogue of the most important part of Lemma 2.

Lemma 3. Let S be a standard ideal of L. Then the congruence relation
0[S] of L defined by condition (y") of Theorem 2 is the congruence relation
induced by S and S is the kernel of the homomorphism induced by O[S].

We may say that Lemma 3 gives an approval of the notation we have
used in condition (/") of Theorem 2.
We get many examples of standard ideals from the following

Lemma 4. The principal ideal (s] of L is standard if and only if s is
a standard element of L.

Proof. The assertion is clear comparing Lemma 2 with condition (*/*)

of Theorem 2, since Si£(s] and S~ s are equivalent statements.

It follows now from Lemma 4 that the existence of standard elements
in a lattice implies the
existence of standard
ideals. The converse
of this statement is not
true. We construct a
lattice L in which there
exists a standard ideal,
but has no standard
element. Consider the
direct product of the
chain of the integers
with 2. The elements
of this lattice are of
the form (n, o) and
(n, 1) where n is an
arbitrary integer and o
and 1 are the elements
of 2. We define new
elements x,, (n= o,
+ 1,...), subject to

%, U{n, = x,u(n+ 1,0)= ("+ 1, 1),
X, MN(n, 1)= x, MN(n+ 2,0)= (n, o).
The resulting partially ordered set L is shown in Fig. 2. One can easily
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prove that L is a lattice and L is simple, that is, O{L) consists of two ele-
ments. In L there is no standard element (if s were one, then m<0S<i
would be a contradiction), but the whole lattice is a standard ideal.

A proper standard ideal is obtained if we take two copies of this lat-
tice, L\ and L., and define LArLx®Lo. Then this lattice contains no stand-
ard element, but Lx and L2 are standard ideals.

It is natural to ask, why the following condition is not included in
Theorem 2:

(d™ if / and K are principal ideals, then

(i) Su(/nff) = (Su/)n(Su K);

(i) Snl=SnK and SllI=SuK imply /= K

The reason is that we could not prove the equivalence of this condi-
tion to the others. Therefore we ask

Problem 1 Does condition (d") characterize the standardness of the
ideal 5?

8 3. Basic properties of standard elements and ideals

In this section and in the next one we shall deduce from the funda-
mental characterization theorems some important properties of standard ele-
ments and ideals.

If 5 is a standard ideal, then we call the congruence relation O[S]
generated by 5 a standard congruence relation. If S= (s], then 0 [5]= O,,
so 0s is a standard congruence relation that we may call principal standard
congruence relation. First we see some results on the connection between
standard ideals and standard congruence relations.

Theorem 3. The standard elements form a distributive sublattice of the
lattice L. The principal standard congruence relations form a sublattice of
O(L). Between these two lattices the correspondence s—#0 Sis an isomorphism.

Further, the standard idealsf6im a \-distributive sublattice of I(L) which
is closed under forming complete join. The standard congruence relations form
a sublattice of O(L). The correspondence 5—*-0[S] is an isomorphism be-
tween these two lattices.

Proof. First we verify the assertions concerning standard elements. Let
si and so be standard. Then by an iterated use of (9) we get that for all
X,y £L

X n[(s, Us2 ny]l = XMsx US2UP] = (x MSi) UxMN(E>Uy)] =
= (xn Si) U(x Mso) 1 (x My) = [xM(Si US9)] u (any),

3 Acta Mathematica Xl I—2
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that means, by definition, that S1USz is standard. It is almost trivial that the
correspondence s—»0 Sis a join-endomorphism. Indeed, owing to Lemma 2
and the standardness of SiUs2, the equality 0 SUO = 03§ is equivalent
to O[(s,]]JUO[(s,]]1 = O[(siUSo]], and this is a special case of formula (4).
Further, if Si~s2, then QH=$=0s, for the kernels of the homomorphisms
induced by 0SS, resp. 0.,2are different (see Lemma 2).

Now we prove 0.,M0«,= 036 If x y (09/10S), then x=y (09),
and so (xny) Usi= xuy (si” si), on the other hand x=y (0% holds as
well, and from this si= (xny) MNsi= (xny) Msi (0S), hence with a suitable
s s2the relation si= [(xny) Msi]us holds. Consequently, s~ si is valid,
therefore s~ Sinszand (xny) Us= (xny) n[(xny) nsi] us= x ny. We have
proved the following: x=y (03n 0«3 if and only if (xny)lls = xuy with
a suitable s £ (si Ms3. According to Lemma 2, this means that Si ns2 is stand-
ard and 0SM0.,2= 0sns2 Thus we have shown that the standard ele-
ments form a sublattice of L, the principal standard congruence relations
form a sublattice of o (L), and the correspondence s—*0s is an isomor-
phism. It follows now, since O(A) is a distributive lattice, that the lattice of
standard elements is distributive.

Applying the results proved so far to the lattice of all ideals of L, we
get that the standard ideals form a sublattice of I(L), the congruence relations
Os form a sublattice of 0(/(L)), and S-+Os is an isomorphism. But we
need the same assertions for O[S] instead of O\ Therefore we prove a
lemma from which the desired conclusion will follow.

First we need some notions. Let 0 be a congruence relation of L; O
defines in the natural way a homomorphism of /(L) under which 1=J
(/,/£1(L)) if and only if to any x £/ there exists a y such that x=y (0),
and conversely. That means: /= / if and only if the images of / and J
under the homomorphism L—*L(Q) are the same. This congruence relation
of I(L) we call the extension of 0 to /(L). On the other hand, any con-
gruence relation @® of I(L) induces a congruence relation of L under which
x=y ifand only if (X]= (y] (®). This we call the restriction of ® to L.
Now we may state

Lemma 5. Let S be a standard ideal. Then @s is the extension of O [9]
to I(L) and O[S] is the restriction of Qs to L.

Proof. Let O[S] be the extension of O[S] to I(L) and 1=J (O[S));
we suppose /<=/. Choosing a Y£/ we can find an x£/ (y = x) with
x=y (0[5J), and so there exists an sxy with xu sxy=y. The ideal S' gen-
erated by the sxy (x and y run over the elements of / and J) satisfies
S'c 5and /nS' =J. On the other hand, if | uS’=J with a suitable S'* §,
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then with y£j it follows that y-=s nux (S£S',x £1, S is standard!), and so
x==y (0[Sj). Thus 0[S]= 0s. To show the second assertion, suppose
(@] ee (b] (0s). Then there exists an S'~ S with (an bjnS'= (a Ub\. It follows
that amb£(@nb\uS, and since S is standard, we may find an s£S with
(@nb)ns= awnb, which proves a. b (0[Sj).

Corollary. The correspondence 0[S]—» 0. is an isomorphism between
the lattice of all standard congruence relations of L and the lattice of all
principal standard congruence relations of I(L).

Combining Corollary of Lemma 5 with the facts we have proved above,
we get all the assertions of Theorem 3 with the exception of the statement
that the lattice of all standard ideals of L is closed under forming complete
join and is V-distributive.

Suppose the Saare standard ideals, S= VS, / is an arbitrary ideal and

x 6/ U5. Owing to Lemma 1we may find S € SKi, y £/ such that x LLI\n/ s* Uy,

consequently, x £ Vv U/. We know already that VSa is a standard ideal,

hence x = inJv, ug {//\«.—Sand v £/. Thus, by condition (f) of Theorem 2,

5 is a standard ideal.

Now we may apply formula (4) which compared with Lemma 3 gives
O[VS,,] = VO[S«]. Thus the standard congruence relations form a sublattice
of O(L) which is closed under form-
ing complete join. In O(L) there holds
the V-distributive law and this is pre-
served under taking a sublattice which
is closed under forming complete join,
therefore the lattice of standard con-
gruence relations is V-distributive, and
then the same is true for the lattice
of standard ideals. Thus the proof of
Theorem 3 is completed.

Naturally arises the question: is
the complete meet of standard ideals
(if it exists) a standard ideal? We will
show by a counterexample that this
is not true in general. Let N be the
chain of all negative integers, and de-
note by o,a b, 1 the elements of a
Boolean algebra of four elements and

3*
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form the direct product of TV and this Boolean algebra. The lattice L is
formed by adding three further elements s, x,0 to this direct product
subject to

xn(n,b) =0, xU@b)= (n, 1), xu (n,a) = (n,a), j
su(n,a)= su(/',é)= (n, 1), sM(n,a)=x sn(n,b) = of
The resulting partially ordered set is given by Fig. 3. It is easy to prove

that L is a lattice. Define st= (—/, 1) (/=1,2,...). The principal ideals
(5] are standard, while their complete meet (s] is not a standard ideal, for

(n, b) n [sU(, M= (n, b),
[(n, b) s] U[(n, b) N(n, G)] = Ou (n,0)= (n, 0),
and so (9) does not hold.
Owing to the definition, the following assertion is immediate:

Lemma 6. Let the correspondence x —x be the homomorphism of a lat-
tice L onto a lattice L. If s is a standard element of L, then sis a standard
element of L.

Corollary. Let x-*x be a homomorphism of L onto L, let S be an
ideal of L, and denote by S the homomorphic image of S under this homo-
morphism. If S is standard in L, then S is standard in L.

Proof of the Corollary. Let 0 be the congruence relation which
induces the homomorphism x —x. Then the extension 0 of 0 to I(L)
(defined before Lemma 5) is a congruence relation of I(L) and (X]= (y](0)
(x,yEL) if and only if x=1y (0). Hence the homomorphism X —*X
(XEI(L)) induced by O is an extension of the homomorphism x —x and
carries 5 onto 0. Thus we may apply Lemma e to I(L) and get the Corollary.

The converse of Lemma 6 is not true. One can find easily a lattice L,
a homomorphism x—x of L onto L and in L a standard element s such
that in L there is no standard element s with s-*s. As an example take the
lattice U (see § 3 of Chapter 1) and the homomorphism induced by 0 pg.
In the homomorphic image of U (which is the Boolean algebra of four ele-
ments) the image of r is standard, while r is not standard and is not con-
gruent to any standard element (as a matter of fact, r forms alone a congru-
ence class under 0R).

From the point of view of later applications it is of importance the

Lemma 7. Any two standard congruence relations are permutable.

Proof. We have to prove that if 5 and T are standard ideals, x,y and
2 elements of the lattice with x =y (0[SJ), y= z (0[TJ), then for a suitable
element u the relations x= u {O[T}), u~"z (0[5)) hold.
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First we consider the case X 1s ¥ i¢ . Then by condition (y") of Theo-
rem 2, we get elements S£S and t£T with x= yus, y=zut. We assert
that u= zus fulfils the requirements. Indeed, z= zus = w (@[*s]) and be-
cause of nUt—z UsUt=y Us=x we have u= uut = x (0O[I]).

In the general case consider the elements x,x uny, x ny nz. We have
X xuy (O[S]) and xmy”~xu yUz (0[7]), therefore with a suitable ele-
ment v, x= v (O[T]) and r= xuyuz (0[S]). We obtain in a similar way
the existence of a iv with z= w (0[S]) and iv= xuyuz (0[7]). The ele-
ment u=v Mw fulfils the requirements, for u= vw=vr\ (xny nz) = v (0[7J)
and this, together with v= x (0[7]), gives w= x (0[7]). Similarly, we
can prove u= z (0[S]), completing the proof of the lemma.

Let s be a standard element of the lattice L. Then from Lemma 2 it is
clear that /. (7 ~[s). Indeed, for all xEL we have x*sux (0s), and so any
element of L is congruent to a suitable element of [s), therefore L/(s\ is a
homomorphic image of [s). But this homomorphism is an isomorphism, for

and x*y (o,) implies xsyus =y, i.e. x=1y.

To determine the factor lattice modulo a non-principal standard ideal
is not so simple A solution of this problem is given in

Theorem 4. Let S be a standard ideal of the lattice L. Then the lattice
of all ideals of L/S is isomorphic to the interval [S, L) of 1(L), and, conse-
guently, the interval [5, L] of I(L) determines US up to isomorphism.

Proof. We know from Lemma 5 that the extension of 0[5] to I(L) is
0 4 Hence the homomorphism L->-L/S induces in I(L) a homomorphism
I(L) —»(L)/(S]. But, as we have remarked above, I(L)/(S\" [5, L] where the
interval [S, L] is taken in I(L). This, together with a theorem of Komatu [17],
according to which every lattice is determined up to isomorphism by the
lattice of its ideals, we get the theorem.

84. Additional properties of standard elements and ideals

In our paper [10] there is a lemma that states: in a distributive lattice
if the join and meet of two ideals are principal ideals, then the two ideals
themselves are principal. We now generalize this to standard ideals of arbi-
trary lattices:

Lemma 8. Let / be an arbitrary and S a standard ideal of the lattice L.
/1 1'U5 and 1n5 are principal, then 1 itself is principal.

Proof. Let /Ju5= (¢] and /nS = (e]. By condition (/?) of Theorem 2
we have a= sux (SE£S,x£/). We state that / = (xub]. Indeed, suppose
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wllx ub and w£l. Then ((]25u(w]5Su(ni6]5Su(i] = (Gj, that is,
5u@= 5Uxwunb. Further, (6]= 5n/3 5nW]=25n (xub]=5n (b\ = {b\
and so 5 MWw]= 5 MN(x nb]. This two equalities imply (see condition (ii) of (6)
of Theorem 2) that (WA — (x{Ib\, and so iv= x ue. Therefore, there are no
elements in / greater than xu b, that is, /= (x nfc], completing the proof of
the lemma.

By means of a simple example one can show that under the hypothesis
of Lemma 8 5 is not necessarily a principal ideal.

Since the ideals of a distributive lattice are standard, an exact analogue
of the lemma of [10] is the

Corollary. If the join and meet of two standard ideals are principal,
then both standard ideals are principal.

This corollary does not call for proof.

Lemma 9. Let s be a standard element of the lattice L and a an arbitrary
element of L. Then ans is a standard element of the lattice (a].

Proof. Any element of the ideal (a] may be written in the form anx
(x £L). Hence it is enough to prove that

(xna)n [*NR) Uy MR)]= [xnanGna)] u[xnfl)d(yna)l.
Starting from the left member and applying (9) repeatedly, we get
(xna)d &MNR) Uy NR)] = (x JIR) M[(s Uy) MR} = (x Mfl) N Uy) =

= xMdéns)u(xnany)= [(xNflyn (s Mfl)] U[(x Ma) fl (y n fl)]

which was to be proved.

Corollary. Let S be a standard
ideal and | an arbitrary ideal of the lat-
tice L. Then ST/ is a standard ideal of
the lattice /.

Perhaps it is not worthless to note
that the conclusions of this lemma are
not valid for distributive elements. A
counterexample is the lattice of Fig. 4,
where d is a distributive element of the
lattice, but the element ond is not a dis-
tributive element of the lattice (a].
As we have seen, the neutrality of
the element n was defined in such a way
that for all x,yEL the sublattice {n, x,y] is distributive. Though, in general,
the notion of standard elements does not coincide with the notion of ne-



STANDARD IDEALS IN LATTICES 39

utral elements, we may hope the validity of a weaker assertion for stand-
ard elements. Indeed, the following analogue of the definition of neutral
elements is true:

Theorem 5. Let s, and s2 be standard elements of the lattice L. Then
the sablattice {sj, sz x) of L is distributive for all x £ L.

Proof. Our proof is based upon Theorem Il. According to this, we
have to prove the validity of (), (7) and (8).

Condition (7) is valid, for it asserts the same as (9) since b or c is
standard. As a consequence of condition (i) of (d) of Theorem 1, (e) holds
if a is standard; otherwise b and c are standard. In this case let us start
with the right member of (s), apply (9) for the elements a, ail ¢ for the
standard element b and then for a, b and the standard element c. We get

(@Uc) M@ ub)= [6Uc) A U[Emnc)nbl= an(afib)ucmb)= au(cmb).

Finally, we prove (8). (8) is a symmetric function of its variables, therefore
we have to prove it for one permutation of its variables only. Using the
assertion of Theorem 3, according to which Swus2and §Is2are standard,
further equality (9) and condition (i) of ()) of Theorem 1, we get

(s, Mn) U(s, nx)u (s3Mx) = (s! M) U[(s,US) Nx] =
= [(s, n so) U(S, Usoy M[(s, n so) UX] = (s, Us M[(s, Ms,) Ux] =
. (§ Us? (s, Hx)fl so Ux),

and this is just (8). Thus the proof of Theorem 5 is completed.
Applying Theorem 5 to I(L) we get:

Corollary. Let 5, and S2 be the standard ideals of the lattice L. Then
S,, So and an arbitrary ideal X of L generate a distributive sublattice of I(L).

We have got Theorem 5 as an analogue of the definition of neutral
elements (ideals). It is natural to ask, whether or not it is possible to get
from Theorem 5 a new characterization of standard elements (ideals). That
should mean that in a lattice the standard elements form a (unique) maximal
subset for which the assertion of Theorem 5 is true. This is not true in
general; not even in modular lattices. Consider the lattice V (see § 3 of
Chapter 1); there are in V only two standard elements: o and i. We may
enlarge the set {o, /} by the element p, and the assertion of Theorem 5 is
true for this enlarged set as well. (See Problem 2.

Now consider the lattice L and let us fix an element s of L. We call
the mapping x —»{xns,xus) of L into La= (s]X][s) the natural mapping of
L into Ls. We can obtain by means of this notion a new characterization of
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standard elements, which is a direct generalization of a theorem of G.
BIRKHOFF [5].

Theorem 6. The natural mapping of the lattice L into the lattice Ls is
a meet isomorphism if and only if s is a standard element. It is an isomor-
phism if and only if s is neutral.

Proof. The first part of this theorem is essentially condition (d) of
Theorem 1. Namely, condition (i) assures that the mapping is a meet-
homomorphism and (ii) that different elements have different images. The
second part of the theorem is equivalent to Theorem Ill.

We remark that the idea of the proof of this theorem is due t0 Birkhoff
[5]. This theorem seems to be a good tool for proving the standardness of
an element.

Corollary. Let L be a bounded lattice. Ls® L in the natural way (the
direct components are supposed to be ideals of L and (x,y) -*xwuy) if and
only if s is a neutral element having a complement, that is s is an element
of the center. In other words, L has a non-trivial direct decomposition if and
only if its center has an element different from o and 1

In connection with Theorem 5 the following problem arises:

Problem 2. IS it possible to characterize the set of standard elements
as a maximal subset of the lattice L satisfying the condition of Theorem 5
and having some additional properties?

CHAPTER 1lI
STANDARD AND NEUTRAL ELEMENTS

8 1. Relations between standard and neutral elements

We have mentioned in the Introduction some causes which required
the definition of standardness to be a generalization of neutrality and to
coincide with the same in modular lattices. It is obvious that our definition
fulfils this requirement, that is, the following assertions are valid:

Lemma 10. All the neutral elements of the lattice L are standard. Further-
more, in modular lattices the two notions coincide. A standard element s is
neutral if and only if condition (i) of Theorem Il holds.

Proof. The first assertion is clear from the definitions. The second
assertion is a consequence of Theorem IV and we get the third statement
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by a simple comparison of the conditions of Theorem 1 (d) with those of
Theorem |II.

From these simple observations one can get a result of some interest
for neutral ideals.

Lemma 11. Let n be a neutral element of the lattice L. Then (1] is a
neutral ideal of L and conversely.

Proof. Every neutral element is standard, and so by Lemma 4, (n] is
standard. Then by Lemma 10 it is enough to prove that

«@n(Uly = (@InH)n@@]nd) (I dIL).

Let 1= (Al n(/ W) and B = ((n] N/) U((«] MY). Since ATIB holds always,
it is enough to prove that a£A implies ad B. For some id | and jdj we
have agiu j,and soa” al@iuU/)® nn( Y). But n N/ Y)=(nfl /) u(nilj),
because n is neutral and (nni) U(nnj) is an element of B, hence a d B holds
as well. This completes the proof of the first part of the lemma. The con-
verse statement is trivial.

It is of some interest that we could not find in the literature the asser-
tion of this lemma (in [6] it is stated only for modular lattices). In §3 of
this chapter we shall derive this lemma from a more general theorem, using
the deep theorem of Ore (or Lemma 12). We should like to point out that
a direct proof of this lemma through Theorem Il meets the same difficulty
as that mentioned in this paper as Problem 1.

From Lemma 10 it is clear

Lemma 12. If an element s is standard in the lattice L as well as in its
dual, then s is neutral.

Corollary, n is neutral if and only if
X M(nwny) = (x Mri) U(x My),

xunny)= (Xun)yn(Xny)
for all x,ydL.
Thus we see that from the five equalities which we have got from
Theorem |l to be characteristic for the neutrality of an element, three may
be omitted.

Lemma 13. Let s and n be elements of L such that n is neutral, s”™ n
and s is standard in (d]. Then s is a standard element of L.

Proof. From Theorem & we know that x —»Xnn, x un) is an isomor-
phism between L and a sublattice of L,,= (n\x [). Under this isomorphism
s—*(s,n). Since s is standard in (n] and n in (n], therefore s is standard in
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Ln. Since the property of being standard is preserved under taking a sub-
lattice and under isomorphism, we get that s is standard in L.

If s is neutral in n, then — it is clear from the above proof — s is
neutral in L too, i.e.

Corollary 1 Let s be a neutral element of (n] and n neutral in the
lattice L. Then s is a neutral element of L*

Applying Lemma 13 to J(L) we get

Corollary 2. Let S and N be ideals of the lattice L, ST N such that
N is neutral in L and S is standaid in N. Then S is a standard ideal of L.

Applying Corollary 1 to I{L) we get a theorem of Hashimoto [14]:

Corollary 3. A neutral ideal of a neutral ideal is neutral in the whole
lattice.

It is easy to see that the same assertion is not true for standard ideals
or elements. As acounterexample take the lattice Uand the elements p>g.
p is standard in U, g is standard in (p\, but (] is not even a homomor-
phism kernel!

Problem 3. We have seen in the Corollary of Lemma 12 that it is
possible to define the neutral elements with the aid of two equalities. Is it
possible to define neutrality by a single equality? (E.g.: is the neutrality of
n equivalent to the condition that (x ny) U(y nn) u(«nx) = (XUy) n(y Un)n
M(nux) holds for all x,y £L7?)

Problem 4. Let G be a finite group and L(G) the lattice of all sub-
groups of G. Characterize the standard elements of L(G) (the same problem
for neutral elements of L(G) has been solved by G. Zappa [35]).

§ 2. Standard elements in weakly modular lattices

Our aim in this section is to prove the coincidence of (distributive and)
standard and neutral elements in weakly modular lattices. This theorem con-
tains a part of Lemma 10, that has asserted the same in modular lattices.
There the proof was trivial, in consequence of the application of Theorem IV.
But in weakly modular lattices we are in lack of a theorem of this kind,
therefore the proof is not so simple.

* Added in proof (13 February 1961). The following assertion may be proved: Let
a and b be neutral elements of the lattice L, a™ band c a standard (neutral) element of
, b . Then c is a standard (neutral) element of L.
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Theorem 7. In @ weakly modular lattice L, an element d is distributive
if and only if it is neutral.

Proof. It follows easily from a theorem of Ore’s paper [25] that d is
distributive if and only if xsry (o [((/]]) is equivalent to [(xny)Urf]n
M(xny) = x Uy. It follows that the kernel of the homomorphism induced by
the congruence relation O [((]] is (rf]. Further, if x,y  d and x=y (O[(r/]]),
then X=y, because xuy = [(xMy) Ud] n (xuy) = x ny. From these facts we
will use only the following:

* Kfdi brd~c™e and d is a distributive element, then a,b->-c,e
implies c= e

Indeed, under the stated conditions, a, b-*c,e implies c~ e (O[(r/]]),
and so c=e.

Now let d be a distributive element of the weakly modular lattice L
First we prove that d is standard, that is, we prove the validity of (9).
Suppose (9) does not hold for a fixed couple x,yEL. Then

x N(d uy) > (x nd) U(x ny).

Denote by a the left member of this inequality and by b the right member.
We prove that

(11) d, dnx—3a b,
namely,
ddnx-1(dux)n(duy),b-.a, b.
Indeed, because of dnx"kb we have to prove for the validity of

d dnx (dUx)N(dUy), b only dUb= (dUx) n (rfUy).

But dUb= du(xnd)Uxny)= dU(xny)= (dUx)n(dUy), ford is distrib-
utive. Now, using the inequalities a” (dux) M(duny) and a>b, we see
that b= bna and a= (dux)n(duy) Ma are trivial. Thus

(dux)n(dUy),b—>a b
and (11) is proved.
Next we verify that
(12) d, duy->a b,
namely
dduy-Fdnx,a ab

To prove the first part of this statement, we have to show only and”dnx,
but and= dn xn(duy)=dnx. The second part of the assertion is clear.
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Let us use the condition a>b and the weak modularity of L: from
these it follows the existence of elements u, v for which

(13) a,b~*u,v, drv<unrdl)y.

From (11) and (13) it follows d,d Ax u , v, in contradiction to (*). Thus
we have got a contradiction from a>b, so a= b, i.e. d is standard.

The second step of the proof is: using that d is standard, we prove
that it is neutral.

If this statement is not true, then by Lemma 10 we conclude the
existence of elements x,y of L such that

dN(xnY) >(dMNx) n(dy),

i.e. the condition (i) of Theorem Il does not hold. Putting s,= £/n(xliy)
and s.= (dINx) U(dny) let us suppose s,>s2. First we prove that

Sux>s.nx and ny >s.ny.

Suppose that one of these does not hold, for instance, s, Ux i-s2ux; then
from s1>s2we have S ux = s2Ux. We will see that it follows dr\ x, x-»-s,, s2,
namely

dnx X-i*s2u (dnx),SjUx  slts2.

To prove this it is enough to show that s, n [s2U(d n X)] = s2and s, n (s2ux) = X,
Indeed, san [s2U (ifnX)]= §Ms2= s2 and skn (s2ux)= Sin (s, UX) = s1 (we
have used siu x =s2ux in this step). Again from $1>s2and from the weak
modularity it follows the existence of elements u, v with dr\x*u<v”"x
and Sj,s2—, v. But s,,s2" d, and so 9= s2 consequently u= v (0n).
Therefore (see condition (/) of Theorem 1) v= uud”™ with a suitable d ~d .
Then v=unnti® nUdnx)= u, for we get from v= u\j dlthat dx* v~ X,
and hence d1*d n x. The inequality we have just proved is in contradiction
to the hypothesis v>u. Thus we have proved that Ux >s2ux, and in a
similar way one can prove SJUy>s2Uy.
Now, using s,ux>s2ux and siuy>szuy, we prove that

d n (s2UX), s2nx —»sxn (s2ny), s,,
namely,
dri(s, Ux), scux  dTIx, x -J1.S. Uy, s2U (X Uy) -V (s2Uy) n §j, s,.

From these dn (s2Ux),sz2ux — dnx, x is clear. To verify dnx,x/Jl

»ony, dn (x ny) we use the inequality dnx w (dnx)n(dny) = s2”* s, ny ;
and so (dnx)m(s,uy)= s,uy further xn (s2ny)= s2U(x uy). To prove
Puy,san(xmy)—»(SHUy) N § we have only to observe the inequality
51= dn(Xuny)» s,u(Xuy)= Xuy, and then [s2u(Xuy)] ns,=s,.



STANDARD IDEALS IN LATTICES 45

Before applying weak modularity we have to show that s, == n (s2Uy).
Indeed, in case = SJI(s2Uy) it follows Sj*"uy, and then 5luy = 52ny,
which is a contradiction to siuy>s2U”" From this we see that £/n(s2U x)”"
= s2ux is also impossible, for df) (s, nx),s2Ux->s\ n (s2u”s,, and so
dn (s2Ux) = s2Ux implies S M(s2Uy) = sT Now, using the weak modularity
and d M(s2Ux), sa2ux —»A n (s2Uy),Si, it follows the existence of u,v such
thati/M (s2nx)”u <v”So Ux and s, M(s2ny),s,—y,v. It follows now u=v (0,1
in a similar way as in the first step of the proof, thus v= wnwnd'(d'» d).
But from c*SjUx we have d'M dl(s2Ux) for d~s”>s2 Consequently,
v= unnd's nuldn(s2ux)] = it, a contradiction to v>u.

Thus we have verified the validity of the conditions of Theorem I,
thus d is neutral. The proof of Theorem 7 is completed.

Corollary 1. In a weakly modular lattice every standard element is
neutral.

The assertion is clear from condition (d) of Theorem 1
Apply this theorem to /(L):

Corollary 2. If I(L) is weakly modular, then any standard ideal of L
is neutral.

Corollary 3. In a relatively complemented lattice L any standard element
is neutral.

Corollary 4. In a modular lattice any standard element and ideal is
neutral.

Corollaries 3 and 4 are immediate consequences of Lemma IV.

Unfortunately, we cannot establish Theorem 7 for distributive ideals,
not even the more important Corollary 1 for standard ideals. A detailed discus-
sion of the proof shows that the idea of the proof essentially uses that dis-
tributive, resp. standard elements are dealt with and not distributive, resp.
standard ideals. It will be clear from § 4 of this chapter that we cannot get
the results for ideals by a simple application of Theorem 7 to 1(L).

We shall now deal separately with (standard, i.e.) neutral elements of
a special class of weakly modular lattices. We intend to show that in relatively
complemented lattices the set of all neutral elements is again a relatively
complemented lattice. First we prove

Lemma 14. Let a,b,c be neutral elements of a lattice L, and suppose
a<b<c. If a relative complement d of b in the interval [a, c] exists, then it
is also neutral and uniquely determined.

Proof. We know from Theorem 6 that we can embed L in Lh= (b\x [b)
under the correspondence x”-(xnii,xue). Under this d—{a,c), therefore d
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is neutral (for both components of d are neutral) in Lb, and consequently it
is neutral in L. The unicity assertion is trivial.

Corollary 1 (Birkhoff.) Any complement of a neutral element is neutral.

Corollary 2. The neutral elements (if any) of a relatively complemented
lattice form a relatively complemented distributive sublattice.

We note that from Corollary 1 we do not get Lemma 14, only that d
is neutral in [a, c].

Lemma 14 is not true for standard elements. As an example take the
lattice U where o,p,i are standard, while (the unique) relative complement
of p in [o, i] is r which is not standard.

Problem 5. Is a distributive (or at least a standard) ideal of a weakly
modular lattice neutral?

8 3. A neutrality condition for standard elements

The last statement of Lemma 10 gives a necessary and sufficient con-
dition for a standard element to be neutral. The condition is not trivial, for
it is a conclusion of the comparison of the deep Theorem Il with con-
dition (d) of Theorem 1. But in the previous paragraph, when we wanted
to prove the coincidence of standard and neutral elements in weakly modular
lattices, we have seen that this condition is not easy to apply. Therefore we
set ourselves the aim of finding a sharper condition from which Corollary 1
of Theorem 7 may be easily derived. This is the content of

Theorem 8. A standard element s of the lattice L is neutral if and only
ifarb”s”rc'"e and a,b->-c,e imply c= e

To prove the “only if” part of the theorem, suppose s is neutral. Then
the dual ideal [s) —as an ideal of the dual lattice L —is standard. So it is
impossible that a congruence of the form c= e (o» would hold in the dual
lattice L, thus c= e

Now we interrupt our proof to observe that the property (*) (stated in
the previous section) is characteristic for distributive elements. Indeed, if d
is not distributive, then there exist x,y with d U(x IMy) < (d Ux) n (d Uy). We

prove that d u (x ny)= (d Ux) n (dll'y) (O[(tf]]). Indeed, d =c/n x ny (O[(r/1])-
Joining both sides of this relation first with x, then with y, we get

ilUx™hx (o [(f]]) and tfuy=y (o [(t]D-
Meeting the corresponding sides, it results

(i/wgn(i/uy)=rxny O[WID
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Finally, joining both sides with d, we reach (du x) n (uy)= tfu (x ny) (O[(tf]]),
as desired.

Now we prove the “if” part of Theorem 8 If s is not neutral, then s
is not distributive in the dual lattice L. We may apply the result just obtained
to get the existence of a”b”*s*gc”ge in L with a,b—*c,e. This is the
same as the required relation in L, completing the proof of Theorem s.

From the proof we see that the fact that standard elements and not
ideals are dealt with, is again very essential.

Suppose that in the lattice L the following condition holds which is a
weakened form of weak modularity:

(14) whenever a>b”c> d and a,b—*c,d, then c,d—*axbx
with suitable elements a * ax> bxg b.

Corollary 1 If the lattice L satisfies (14), then every standard element
in L is neutral.

Proof. Suppose L satisfies (14) and s £L is standard, but not neutral.
Then, owing to Theorem 8 we can find elements a>b ~ s ~ 0 d such that
a,b~>-c,d. Now, applying (14), we infer the existence of a pair of elements
ax,bx such that a a >bxLUb and c, d—pax bx. Consequently, ax~ b x (09,
which is impossible, since ax>bx” s and s is standard.

Since condition (14) is a generalization of weak modularity, it follows
that the last corollary implies Corollary 1 of Theorem 8. We will prove by
means of a simple example that this new corollary is stronger than the former
one, that is, there exists a not weakly modular lattice L which satisfies (14).

Let L be the lattice defined in 8§ 2 of Chapter Il. We adjoin three new
elements: x,0, 1, subject to the following relations:

XMa= 1, Xna= o

for all a£L. We get a lattice H whose diagram is given in Fig. 5. In this
lattice o, x—¥2,0), (1,0) and despite this fact (2, 0), (1, 0)—»u, v holds for
no u,v £L for which x i¢ u>v LLI0. This can be seen from the fact that the
two different elements of the interval [o, x] are not congruent modulo o (20)(i,0).
Consequently, H is not weakly modular. But condition (14) holds in H. Indeed,
within L it holds, for L is simple (see Lemma IV). The only remaining case
of interest is ]>a LWb>c (a b,c £L), when 1,a—>b,c always holds. But in
this case b,c->-a,d where d is an arbitrary element with 1>d"a.

In this counterexample (14) holds and so does the dual of (14). It is
easy to show that any counterexample of this kind is infinite.

Lemma 15. Let L be a semi-discrete lattice in which (14) and its dual
hold. Then L is weakly modular.
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Proof. Let a,b,c,d”L, a>b, ¢>d and drl\a= b, dua”c. Then
a,b—*c,d. If c= dwna, then simply c,d--+a,b. If c<d\ja, we choose an
element x with ¢ x ~dli a Then x,duna—*a, b c, d, i.e. x,dUa-+¢,d
and d\ja>x"c>d. Using (14) we get c,d-*u, v with suitable d\j a LLUu >
>vAx. But dua”x, therefore u= dua, v= x, that is, c,d—=, dna.
Trivially, x, dua—mm, b, and so c¢c,d—*a,b.

In case a>Db,c>d buc—aand bnc” d, the relation a,b-*c,d holds,
and then we can verify weak modularity by the dual of the above reasoning.
The general case a, b--*c,d may be deduced using a simple induction on n.

We see that in Lemma 15, instead of the semi-discreteness of the
lattice L, we have used the following weaker property: if a>b, then there
exist x and y with a>-x e and a*y>- h.

Problem 6. Is (14) equivalent to weak modularity in finite lattices?
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8 4. On the lattice of all ideals of a weakly modular lattice

In §2 the problem arose: why is it not possible to get the results of
Theorem 7 for distributive and standard ideals by a simple application of the
theorem to I(L). In general, a way of getting a theorem for standard ideals
is to prove the same first for standard elements. For instance, we got in this
way the coincidence of standard and neutral ideals in modular lattices.

Whenever we make a step of this kind we have to ponder over the
question: did we make a supposition on the lattice L which is not
preserved if we pass from L to I(L)? In case of modular lattices there is no
trouble, for if L is modular, then so is I(L). But this is not the case in
weakly modular lattices:

Theorem 9. The lattice of all ideals of a weakly modular lattice is not
necessarily weakly modular.

Proof. We have to construct a weakly modular lattice K such that
/(K) is not weakly modular. Consider the chain of non-negative integers
and take the direct product of this chain by the chain of two elements. The
elements of this lattice are of the form (n, o) and (n, 1), where o and 1 are
the zero and unit elements of 2 and n is an arbitrary non-negative integer.
Further, we define the elements x, (n= 1,2,...) satisfying the following
relations:

X,n(n—1 )= x, U, 0)= (n, 1),
X, N(n—1, 1) = x,,MN(n,0)= (1—2z,0).
Thus we have got a lattice L. Finally, we define three further elements
X, Y, 1 subject to
XUV= xuz=yhz=1 j
xny = xnz=ynz= (83) A=0s ZEL).
Denote the partially ordered set of all these elements by K The elements of
K are denoted by o in Fig. 6.

It is easy to see that A'is a lattice. K is simple and so, by Lemma IV,
weakly modular. All but two ideals of K are principal ideals, these excep-
tional ones are denoted by © in the diagram, thus the diagram of K, com-
pleted by these two elements, gives the diagram of I(K). Now, it is easy to
see that K is not weakly modular. Indeed, under the congruence relation
generated by the congruence of the two new elements, no two different
elements of K are congruent. While from the congruence of any two different
elements of K it follows the congruence of the two new elements, we have

considered K to be imbedded in I(K). The existence of the lattice K proves
Theorem 9.

4 Acta Mathematica XII; —?
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Some related unsolved problems are listed at the end of this section.

So far we could assure the weak modularity only of the lattice of all
ideals of a modular lattice. Naturally, the same is true for every weakly
modular lattice in which the ascending chain condition holds, because in this
case the lattice of all ideals is identical with (more precisely isomorphic to)
the original lattice. The following question arises: is it possible that the
lattice of all ideals of a relatively complemented lattice is weakly modular if
in the lattice the ascending chain condition does not hold? Is it possible

that the ideal lattice of the same is relatively complemented? The interest of
this latter question is that in modular lattices the answer is always negative
as a consequence of a theorem of Hashimoto [15]. Despite this, the follow-
ing assertion is true:

There exists a relatively complemented lattice L, not satisfying the
ascending chain condition, such that I(L) is relatively complemented. This
lattice may be chosen to be semi-modular.

To construct L, consider an infinite set H. We say that the partition
p of A, which devides the set H into the disjoint subsets //,,, is finite, if
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all but a finite number of the Ha consist of one element, and every Ha con-
sists of a finite number of elements. We denote by FP(H) the set of all
finite and by P(H) the set of all partitions of H.

It is clear that the join and meet of any two finite partitions are finite
again, and if a partition is smaller than a finite partition, then it is also
finite. It follows that FP(H) is an ideal of the lattice P{H). Now, it is easy
to prove that just the finite partitions are the elements of the lattice P{H)
which are inaccessible from below. Indeed, if p is a finite partition, then the
interval [<wp] of the lattice P(H) is finite, therefore p is inaccessible from
below. Now suppose p is not finite, and let {Ha} be the corresponding parti-
tion of H (the Ha are pairwise disjoint). Either infinitely many Ha are con-
taining more than one element, or at least one H, contains an infinity of
elements. In the first case, assume that contain more than one

element. We define the partition p; to be the same as p on the set tf\ VH>

while on the set . \'{rlHj let all the classes of p; consist of one element.
j—

Obviously, p, <p>< e and VWo-= p, consequently, p is accessible from below.
In the second case, let //, be a set which contains infinitely many elements
{xi,x>, ...}. We define the partition pc. upon the set H\H r it is the same
as p, ..,X,} is one class, and all the x,, (n>1i) form separate classes.
Again, Pi<p2<--- and VA = A so p is accessible from below.

It is also clear that every partition is the complete join of finite parti-
tions and, finally, it is well known (it follows trivially from Lemma IlI) that
P(H) is meet continuous. It follows from a theorem of Komatu [17] that P(H)
is isomorphic to the lattice of all ideals of FP(H).

Now we will prove that FP(H) satisfies the requirements. We have to
prove yet that in FP(H) the ascending chain condition does not hold, that
FP{H) and P(H) are relatively complemented, and finally that FP(H) is
semi-modular. The first of these assertions is trivial, since H is infinite. The
second and the third assertions have been proved in [25] for P(H), but these
properties are preserved under taking an ideal of the lattice, therefore these
hold in FP(H).

We could assure the weak modularity of the ideal lattice of a modular
lattice, for the modularity of a lattice may be defined by an equality. We
now show that if the weak modularity of a lattice is a consequence of the
fulfilment of a system of equalities, then the ideal lattice is also weakly
modular. First we prove a general theorem which will serve for other pur-
poses as well.

To formulate the theorem we need two notions. Following Ore [25] we
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call a subset / of the ideal / a covering system of / if /= {X; y£7, x " y}
Thus, for instance, 7 = is always a covering system and if / =(a], then {o}
is a covering system. If / is generated by the set {x,}, then the finite joins
of the xa form a covering system.
Let /«O", xu s> x,) and ga(y, xb ..., x,) be lattice polynomials, where
n depends on a and a runs over an arbitrary set of indices A (It is not a
restriction that fa(y, Xi,. . x,) and ga(y,xu . . X,) depend on the same
number of variables. Indeed, if g,,=ga(y,X\,. . xr), r<n, then define
ga(y,x1 ..., X,,)=ga(y,x1, ..., x,)u(xi nxsfl  1Urfl eee Dx,ny). Independ-
ently of the wvalues of the xu ..., x,, the equality ga(y,xu ..., x,)=
= g«(y>xl, ..., x,) always holds.) We say that the element s is of the type
fa—ga (« £A), if for all a,, anf£ L and « £A we have fa(s, O, ..., a,)=
= ga(s,an m ov). It is clear from (9) that the standard elements are of the
type fa= ga with the polynomials f\{y, Xi, x>) = xtn(y ux2 and g\(y, xt, X3 =
=(xiny) u(xi nx> and A4 = {1}. Similarly, the neutral elements are also of
the type fa= ga’, we get a system of five polynomials from the Corollary of
Theorem 1l and another system consisting of two polynomials from the
Corollary of Lemma 12.

Theorem 10. Given the ideal | of the lattice L and a covering system
1 of I and the lattice polynomials /,,, ga (« £A). If every element of | is of
the type fa ga (@a£A), then 1as an element of I(L) is of the type /« =ga
{af£ ).

Proof. It is enough to prove the theorem for one pair of polynomials
fa= ga. For if the theorem failed to be true, then there would be a pair of
polynomials f= g such that | does not satisfy the corresponding equality.

Consider the polynomials / and g, and construct the following sub-
sets of L:

Fo{t;t"f(a,ji,....J»),a £ELJ\El ..., ), ELL},
G={t”g(a,juee/), aflj\EN, ..., T, £}
where J\, ...,/,, are fixed ideals of L. We prove that F is an ideal. It is

enough to prove that f ,tof£ F implies tiUh”F. Indeed, if tuLEF, then
there exist (z£/ and £li, o= L2) with

Now choose an element a of 7 for which a,uao”6. Then /(a,/,ill
Ui,z i U [/ na is an element of F, and since the lattice polynomials are
isotone functions of their variables, t\wuh ~/(fly5,i U/32 ..., 7,11/« is
clear, and so /, ufa( F. Similarly, we can prove that G is also an ideal. If
tEF, then t~ f(a,j\, ..., /)> but f{a,j\,j..) =g(a,j\, ....J,), forais
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an element of the type f=g, and so ts8g(a,ji, that is, t£ G. We
get FMIG and similarly G7F, that is, F=G. Owing to Lemma |,
F=f(1,JL...,3n is clear. G=g(f,Ji, holds as well. Summing up,
we got that /(/,/b* . J,)=g(l,Ji, and that was to be proved.

Now we turn our attention to corollaries of this theorem. We say that
the lattice L is of the type fa=ga if every element of L is of the same
type, i.e. if the equalities fa= ga (« ( J1) identically hold.

Corollary 1 Let f,,,ga («£A) be lattice polynomials and suppose L
is of the type fa=g,, (« £A). Then this system of equalities holds in I(L) too.

Corollary 1 follows immediately from Theorem 10 taking 1= 1 for all
ideals / £/(L).

This corollary was known by Birkhoff (see Ex. 1 and Ex. 2 of pages
79 and 80 in [e], especially Ex. 2 (b*)). It answers in affirmative the first
guestion of Ex. 2 (b*).

From Corollary 1 it follows immediately the following assertion, con-
sisting of a theorem of Stone and one of Dilworth:

Corollary 2. The lattice of all ideals of a modular lattice is modular;
the lattice of all ideals of a distributive lattice is distributive.

Since both the standard and neutral elements are of the type fa=ga,
we get from Theorem 10 the following

Corollary 3. The principal ideal generated by a neutral element is
neutral. A standard element generates a standard principal ideal.

As a generalization of Lemma 13 we get

Corollary 4. Let N be a neutral ideal of the lattice L. If F is an ideal
of the type f, =g,, (a @A) of the lattice N and the zero of any lattice is of
the type f,,=ga («£A), then F is an ideal of the same type of the lattice L.

Proof. Owing to Theorem 10, we get that (TV] is a neutral ideal of
I(L) and (E] is an ideal of the type fa= ga of the lattice (N\. Therefore, it
is enough to prove this assertion for a neutral element n and for an element
[ of type fa=ga- The proof may be carried out just in the same way as
that of Lemma 13, we have to use only the assumption that the zero is of
type fn=ga (this has been satisfied trivially for standard elements).

We note that the supposition: the zero element of every lattice is of
type fa=ga (ae6A) is essential. If this does not hold, then the zero element
is of type fa=ga in the principal ideal generated by the zero element, the
zero element is neutral and despite this fact the conclusion of Corollary 4
does not hold.
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An interesting special case of Corollary 4 is

Corollary 4. An element of type fa= ga (a £A) of a neutral ideal v
of the lattice L is of type fa=ga (a£A) in the whole lattice.

Finally, we consider the question: is the converse of Theorem 10 or
any of its corollaries true?

The converse of Theorem 10 is not true. It is not true even in the
very special case when the defining system of the standard elements is in
question. In fact, we have shown in §2 of Chapter Il the existence of stand-
ard ideals in lattices without standard elements.

The converses of Corollaries 1 and 2 are naturally true, for L is a sub-
lattice of 1{L).

The converse of Corollary 4 states the following:

Assume that an ideal TV of the lattice L has the property that whenever
F is an ideal of the type fa= ga («£A) (provided Ihe O of any lattice is

of this type) in TV then it is of
the same type in the whole L.
Then TVis a neutral ideal.

This assertion is obviously
true. Indeed, if an ideal TV has
the property required, then since
TV is a neutral ideal of TVand
since the property of being neutral
is a property of type fa= ga
{a£A), it follows TV is neutral
in the whole lattice and this was
to be proved.

We now prove that the con-
verse of Corollary 4' is not true
in general. Let Abe a lattice gen-
erated by the elements x, vy, z,
X1 X,,... and yuy2 ---—-We re-
quire that

xMY= ¥Ynz= z[X= xinxj= xi lyj= ¥nY,= o (>1])
and
z< X, Uyic< X2Uy2< *m.< XVIy, zuyi= zux, = X,in.

Let TV be the ideal of L generated by the z, x;and vy, (/= 1,2,..)).
The figure of L is shown in Fig. 7. We prove that any element n of the type
fa=gaof TVis of the same type in L This follows easily from the following
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assertion: if Lxis a sublattice of L generated by n, x and uu ...,uk, then
one can find a sublattice L of N such that L L, and under this iso-
morphism n corresponds to n. The validity of this assertion follows directly
from the construction.

It remains to show that N is not neutral. Indeed, 7Vn(x]= (0] and
Nf)(y] = (0], but NTI[(*] U] -N.

Problem 7. Is it possible to construct a relatively complemented lattice
L such that I(L) is not weakly modular? (This would be a sharpening of
Theorem 9.)

Problem 8. Is any homomorphism kernel of a relatively complemented
lattice a neutral ideal?

Remark. Using Theorem 11 we see that Problem 8 is a special case of
Problem 5.

Problem 9. Let the lattice polynomials fa,ga («(GA) and fp,g'it (R£B)
be given. Give condition on the polynomials that an element be of the type
fa=g,, (aE£A) if and only if it is of type fR=g'R (REB).

Problem 10. Give types of weakly modular lattice which are defined
by identical relations and are different from the following three classes of
lattices: a) the class consisting only of the lattice of one element; b) the
class of distributive lattices; c) the class of modular lattices.

Remark. Birkhoff states in [6] that among the modular lattices gener-
ated by three elements, one can define with the aid of identical relations
only the above listed three classes of lattices.

Problem 11. Find identities (in the variables s, x, y) ensuring that in
the lattice generated by s, x and y the element s should be standard.

Remark. The same problem for neutral elements is solved by Corollary
of Theorem II.

Problem 12. Determine the free standard lattice FSL(3), that is, the
free lattice generated by the elements s, x,y and we suppose s to be standard
in FSL(3).

Remark. The same problem for neutral elements has been solved in [e],
for the free neutral lattice with three generators is the free distributive lattice
with three generators.
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CHAPTER IV
HOMOMORPHISMS AND STANDARD IDEALS

8 I. Homomorphism kernels and standard ideals

It is assured already by Lemma 3 that a standard ideal is a homo-
morphism kernel. The converse statement — as we have remarked — is not
true in general, not even in modular lattices." A simple example for that is
shown in Fig. 8. The principal ideal (5] of this lattice is a homomorphism
kernel (obviously, because it is a prime ideal), but it is not standard for
XnN(@ut)= x but (xna)u(xn/) =y.

Now we prove:

Theorem 11. Let L be a section complemented lattice. Then every homo-
morphism kernel of L is a standard ideal and every standard ideal is the
kernel of precisely one congruence relation.

Proof. Let the ideal / of the lattice L be the kernel of the homomor-
phism induced by the congruence relation 0. Let a= b (0), a*b, a, b£L.
We pick out an arbitrary element n of /. From the definition of section

complementedness it follows the existence of
an element cr«ndé(li> of L, for which the
dual ideal [c) as a lattice is section comple-
mented, that is, any interval of type [c, d) is
complemented. From n £/ it follows c£1. Let
b' be the relative complement of b in the inter-
val [c,al. From a= b (0) we conclude that
c= bnb'=aab'= Db (o), and, since / is a
homomorphism kernel, b' £/. Then bub' = a
and b' £/, thus by condition (7") of Theorem 2,
/ is a standard ideal.
Fig. 8 At the same time we have proved that if
/ is the kernel of the homomorphism induced
by o, then o = ©[/], and it follows that every standard ideal is the kernel
of at most one homomorphism. It is known already from Lemma 3 that every
standard ideal is the kernel of at least one homomorphism. Thus the proof of
Theorem 11 is completed.6

6 It is included in a theorem of Hashimoto [14] that in a finite modular lattice every
homomorphism kernel is standard and every congruence relation is a standard one if and
only if the lattice is a direct product of simple lattices.
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Theorem 11 is not true with “neutral ideal” instead of “standard ideal”.
A counterexample is shown in Fig. 9. That lattice is section complemented,
the principal ideal (a\ is standard, but not neutral.

Since relatively complemented lattices form an important subclass of
section complemented lattices (see Lemma V), therefore we formulate the as-
sertions of Theorem 11 again for relatively comple-
mented lattices.

Corollary 1 In relatively complemented lattices
there is a one-to-one correspondence between the stand-
ard ideals and the homomorphisms having kernel,
letting a homomorphism correspond to its kernel.

From Lemma 10 we know that in a modular
lattice every standard ideal is neutral. Hence we get

Corollary 2. In section complemented modular
lattices there is a one-to-one correspondence between the
neutral ideals and the homomorphisms having kernel.

It is obvious that every homomorphism of the lattice L has a kernel if
(and only if) L has a zero. Adding this trivial remark to Corollary 2 we get

Corollary 3. In relatively complemented modular lattices with zero there
IS a one-to-one correspondence between the neutral ideals and homomorphisms,
letting a homomorphism correspond to its kernel. This correspondence is art
isomorphism between the lattice of all neutral ideals of L and O(L).

This Corollary 3 is Birkhoff’s theorem mentioned in the Introduction.
We did not use in the formulation the expression “section complemented”,
for in modular lattices it means the same as “relatively complemented”. This
corollary shows that Theorem 11 is actually a generalization of Birkhoff’s
theorem.

Using Corollary 2 of Theorem 7, we can give another generalization of
Birkhoff’s theorem:

Corollary 4. Let L be a lattice with zero, and suppose that I(L) is
weakly modular. Then there is a natural one-to-one correspondence between
the neutral ideals and homomorphisms of L.

From Theorem 11 and its Corollary 4 we shall get a generalization as
well as a new proof of the structure theorem of relatively complemented
lattices. An important tool in proving the structure theorem was the assertion
that any two congruence relations of a relatively complemented lattice are
permutable. First we generalize this assertion:
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Corollary 5. Any two congruence relations of a section complemented
lattice L are permutable.

Proof. Suppose the assertion is not true. Then (as it is obvious from

the proof of Lemma 7) there exist a>b>c (a,b,cEL) and 0, ® £0(L) such

that a= b (0), b= c (P), while no element d of [c a] satisfies a*d (P)
and d=c (o).

By the definition of section complementedness, there exists an e£L
such that a, b,c £]€) and [e) is section complemented. Any congruence rela-
tion o of | induces in [e) a congruence relation o : x=y (o) (Xx,y£[e))
if and only if x=y (o). [e) is a section complemented lattice with zero,
therefore every congruence relation of [e) is a standard congruence relation.
Owing to Lemma 7 we see that 0 and & are permutable, that is, there exists
d£[c a] witha= d () and d=c (0). This impliesa= d (®) and d=c (0),
and this contradiction (the existence of such a d) proves the validity of
Corollary 5.

Remark. In applications itis enough to have Corollary 5 for section
complemented lattices with zero.In this special case all the proof of Corol-
lary 5 is the following: from the supposition and Theorem 11 it follows that
every congruence relation of L is a standard congruence relation and by
Lemma 7 any two standard congruence relations are permutable. — We
remark that in proving Corollary 6 we shall not use Corollary 5.

Dilworth has stated a structure theorem for relatively complemented
lattices with ascending chain condition and with zero. We will suppose only
that the lattice is section complemented and satisfies the ascending chain
condition, and in this case we shall give a necessary and sufficient condi-
tion for the validity of the structure theorem.

Corollary 6. Let L be a section complemented lattice with zero satisfy-
ing the ascending chain condition. A necessary and sufficient condition for L
to be the direct product of simple lattices is that L be weakly modular.

Proof. First, suppose L is weakly modular. If L is not simple, there
is a non-trivial congruence relation 0 of L, and let /={x;x = 0 (0)}. From
the ascending chain condition it follows that I(L)~ L and / is principal,
/=(/;]. Thus I(L) is weakly modular, hence from Corollary 4 of Theorem 11
it follows that (n] is neutral. From Corollary 3 of Theorem 10 we get the
neutrality of n. From the ascending chain condition it follows the existence
of maximal neutral elements na (a £A) different from 1 The complements
n,, (£ A) of the ra are minimal neutral elements of L. The index set A is
finite. Otherwise, let n1}n2,... be distinct minimal neutral elements. Then
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putting mj=\jni, we have o<mi<m2<--- contradicting the ascending chain
condition. Let nZ.. nk be the minimal neutral elements of L, and put

n= (\K/ ib- If n=f=1, there is a neutral element nawith n*n'a<x But (n,)' = «
=1

for some /, thus (ria)'*kn, a contradiction. Thus V«; = |, that is (Corollary
of Theorem 6), T= (nix--"X(g]. We have to prove yet that the («,] are
simple. Indeed, if this does not hold, say (n" is not simple, then by the
same argument as above, we get the existence of a neutral element n of («]
with 0< n<fii. But then (Corollary 3 of Lemma 13) n is neutral in L, contra-
dicting the minimality of nr.

Conversely, suppose that L is the direct product of simple lattices. By
Lemma IV, simple lattices are weakly modular, and it is obvious from the
definition of weak modularity that the direct product of a finite number of
weakly modular lattices is weakly modular again. Thus L is weakly modular,
completing the proof.

As a further application of Theorem 11 we now prove a generalization
of a theorem of Shih-Chiah Wang mentioned in the Introduction.

Theorem 12 Let L be a relatively complemented lattice with 0 and 1
0O(L) is a Boolean algebra if and only if every standard ideal of L is prin-
cipal.

Proof. Suppose every standard ideal of L is principal. It follows that
every congruence relation of L is of the form 0S where s is a standard
element. Indeed, every congruence relation 0 is of the foom @= ©I[5],
where S is the kernel of the homomorphism induced by 0, every homo-
morphism kernel is standard (these assertions are consequences of Theorem 11),
and finally, every standard ideal is generated by one element 5= (s|. From
Corollary 1 of Theorem 7 it follows that s is a neutral element. L is section
complemented, therefore 5 has a complement t. By Corollary 1of Lemma 14,
t is also neutral. Using Theorem 3 we get 0SMOt— 03t= ©<>=«> and
0s UO«= ©gi= e1==x» that is, ©t is the complement of 0S Therefore,
every congruence relation of O{L) has a complement, that is, O(L) is a
Boolean algebra.

Conversely, suppose that O(L) is a Boolean algebra. Owing to The-
orem 11 we see that every congruence relation of L is of the form ©I5]
where S is a standard ideal. Let the congruence relation O[T] be the com-
plement of ©[51 (T is also a standard ideal). From Theorem 3 it follows
0[5'nT] = 0, O[Su7]= i. Again from Theorem 3 we get 5m7 = (0] and
SIi T= L L has a unit element, therefore both 5n T and Si) T are princi-
pal ideals and, consequently, from the Corollary of Lemma 8 we obtain the
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result: 5 and T are principal ideals. We have proved that every standard
ideal of L is principal, and thus the proof of Theorem 12 is completed.

We know (Lemma 10) that in modular lattices every standard ideal is
neutral, consequently, from Theorem 12 we get as a special case the theorem
of S. Wang :

Corollary. The lattice of all congruence relations of a complemented
modular lattice is a Boolean algebra if and only if every neutral ideal is prin-
cipal.

Probtem 13 Describe those finite lattices in which we get a one-to-one
correspondence between the homomorphisms and standard ideals, letting a
homomorphism correspond to its kernel.

Remark. The lattice of Fig. 7 shows that such a lattice is not neces-
sarily the direct product of simple lattices.

8 2. Isomorphism theorems

In this section we will show that both isomorphism theorems are true
for standard ideals.

Theorem 13. (First isomorphism theorem for standard ideals.) Let L be
a lattice, S a standard ideal and | an arbitrary ideal of L. Then ST1/ is a

standard ideal of | and
(/uS)IS~1I(InS).

Proof. Corollary of Lemma 9 is just the first assertion of our theorem.
The simplest mean to prove the isomorphism statement is the use of the first
general isomorphism theorem of Reédei [29] (see Ch. 1 8§ 2). We have only
to prove that every congruence class of the lattice /5 may be represented
by an element of /. Indeed, any element x of /15 is of the formy ns where
s£5andy £ /(see condition (/?)of Theorem 2). Further,x =y nus= y(0 [5]),
and so the congruence class that contains x may be represented by y £/.

According to Theorem 4, the isomorphism statement of the first iso-
morphism theorem is equivalent to the isomorphism of the intervals [5,/U §]
and [7nS, /] of I(L). We can add to the isomorphism statement the following

Supplement. Let L be a lattice and S a standard ideal of L Then
[11S, /17 [S,/uS]
for all 1 £1(L). An isomorphism is given by the correspondence
X-+XUS  (X€[/NS, ).
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The inverse correspondence is
K-+Kn/ (K6 [5,/n 5)).

Proof. From condition (0") (i) of Theorem 2 we get that X —=X n5
(266 [/nS, /1) is a homomorphism. If 26, X26 [/T1S,/], then Sn26= Sn2%
(for 26, 26,, and so 5M2%6 = Sn&Bn/= SN/ i 1,2). Thus from con-
dition (r)) (ii) of Theorem 2 we get that 5 U26, =F=SUZ#. Therefore, X~* Xu 5
is an isomorphism of [/nS, /] into [5,5 U/]. We prove that

(Kn/) Us= K (K6 [5 /U 8]),

and this will prove that K—=* Kn/ (Ke[S,/ U5]) isthe inverse of X —mX 15
(266 [/ 1S, /1), and the latter correspondence maps [/nS, /] onto [5,/115].
Indeed, using condition (r)") (i) of Theorem 2, we get

(Kn/)u5= (Ku5)n(/uS)= Kn(/U5) = Y,

and this completes the proof of the Supplement.

In the last proof we have got a new proof of the isomorphism theorem.
In case 5 is a principal ideal, the isomorphism given in the Supplement is
essentially the isomorphism of the two factor lattices.

We remark that Hashimoto has got the first isomorphism theorem under
the condition that both S and / are neutral ideals.

Theorem 14. (Second isomorphism theorem for standard ideals.) Let L
be a lattice, S an ideal and T a standard ideal of L, T. Then S is stand-
ard if and only if S/T is standard in LIT, and in this case

LIS A (LIT)/(SIT).

Proof. If 5 is standard, then from Lemma 6 we get that S/T is stand-
ard in L/T. Conversely, suppose S/T is standard in L/T. We show condition
(7") of Theorem 2 holds for 5. We have seen in the proof of Theorem 1,
in the step “(d) implies (7)”, that it is enough to prove that x=y (@[5])
and xWy imply xnu=ynn (©[5]) for all neL. (Here ©[5] denotes the
relation defined in condition (7") of Theorem 2.) We denote by & the image of
the element a underthe homomorphism L~ L/T. Then we have x= y(0[S/T]),
and since S/T is standard in L/T, therefore with a suitable s*S/T we get
x nin= (y MNn) U5 Further, since T is standard in L, we can find a /6T
such that xnu= [(ynd)ns] nt. We puts,= sut and get xnu=(jfl n) Us,,
s, 6 5 This proves that 5 is standard.

We remark that during the proof we have made effective use of the fact
that the congruence classes of L/T under O[SIT] are the homomorphic images
of those of L under ©[5].
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The isomorphism is again proved simply by reference to the general
second isomorphism theorem of Reédei [29].

Corollary. There is a natural isomorphism
XAXIT

between the dual ideal \T) of I(L) and I(L/T), and this isomorphism makes
the standard ideals of L containing T correspond to the standard ideals of LIT.

The second isomorphism theorem of Hashimoto supposes that5 and T
are neutral and it is confined to the isomorphism statement.

The question naturally arises: what happens with the neutral ideals
under the correspondence of the Corollary of Theorem 14? The answer is:
neutral ideals of [I') are mapped upon neutral ideals, but the converse is
not true. Of course, TjT is always neutral in L/T, thus, if T is not neutral,
then we have found a not neutral ideal carried into a neutral one.

And what happens if T is neutral? An answer is given by

Theorem 15. (Second isomorphism theorem for neutral ideals.) Let L
be a lattice, S an ideal, T a neutral ideal of L,S2 T. The ideal S is neutral
if and only if S/T is neutral in LIT. In this case we have the isomorphism

L/S Pi (L/IT)/(SIT).

Supplement. The ideal S (S=>7) is of type fa=ga («£A) (it is pre-
supposed that the zero of any lattice is of this type) if and only if S T is of
type fa=ga (« £A) in L/T.

Proof. Owing to Corollary 3 of Theorem 10 we can reduce the the-
orem to the case of neutral elements. Then, using Theorem e, we trivially
get (supposing n is neutral) that an element sg/i of this lattice is neutral if
and only if s is neutral in the lattice [/?). On the other hand, [n) is isomorphic
to the factor lattice L/(n\ and thus the assertion is proved. The assertions
for the elements of type fa=ga («£A) are to be proved in the same way.

We see that the second isomorphism theorem for standard ideals is
characteristic for standard ideals. A slightly weaker form of Theorem 14 is
already not characteristic for them. Namely:

There exists a lattice L and a homomorphism kernel S of L such that
S is not standard, but if T is a homomorphism kernel of L with T~S, then
S/T is a standard ideal of L/T and

L/SA(LIT)/(S/T).

To construct such a lattice we take the chain of non-positive integers,
and form the direct product of this chain with the chain of two elements.
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The elements of this direct product are of the form (n, 0) and (n, 1) (n is a
non-positive integer). We define one further element x subject to

x U(0,0)= xU (—n, )= (0, \),\
*n(o,0)= (- 10), (n=172,...).
XM=, 9= (—n,0) )
The diagram of this lattice is shown by Fig. 10. Let 5= (s]. By an easy
discussion one can show that the requirements are fulfilled.

A very difficult question is: which class of ideals is characterized by
the first isomorphism theorem ? It is easy to prove that this class is wider
than the class of standard ideals. Before giving the example, we first give
a precise meaning of the expression: an ideal satisfies the first isomorphism
theorem.

We say that the ideal T of the lattice L satisfies the first isomorphism
theorem if

Tul/T=//I0T
for all /e I(L).

Now consider the following lattice of Fig. 11. The ideal (f] of this lattice
satisfies the first isomorphism theorem, but it is not standard. In this lattice
the following ideals satisfy the first isomorphism theorem: (o], (f], (e], {8), (1]
These do not form a sublattice of /(/.). It is a bit more difficult, but still
possible to give such a counterexample, where the ideals satisfying the first
isomorphism theorem do form a sublattice of the lattice of ideals.

In some special class of lattices we shall examine the ideals satisfying
the first isomorphism theorem in Chapter VI.
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Now we are in the position to show how the dictionary, mentioned in
the Introduction, works. Let us repeat first the dictionary:

subgroup —»ideal
invariant subgroup —mstandard ideal
factorgroup —mfactor lattice modulo a standard ideal
group operation —* join.

Consider the isomorphism theorems: we see that these are word by
word translations of the corresponding statements of group theory. To get
further examples, consider the following assertion of group theory:

The subgroup TV of the group G is invariant if and only if NH is a
subgroup for every subgroup H of G.

Here NH is the complex product of TV with H. The corresponding
notion is the “complex join” of two ideals /, K, let us denote it by /v K
(the notation /u K would be ambiguous, it is used to denote the ideal-the-
oretical join of / and K), thatis, / VK—{x;x = iUk; i£/, k£ K). Now the
“translation” of the above theorem is:

The ideal S of the lattice L is standard if and only if S v K is an ideal
of L for every ideal K of L.

This theorem is actually true, for it is nothing else but a reformulation
of condition (f) of Theorem 2.

The fact that one can use the dictionary so fruitfully seems to prove
not only the applicability of the notion of standard ideals, but at the same
time the usefulness of the definition of factor lattice.

The existence of the dictionary suggests the idea of possibility to define
for general algebras a notion of “standard subalgebra”, which is a common
generalization of ideals in rings, of invariant subgroups in groups and standard
ideals in lattices, and for which one can prove those theorems which can be
translated from group theory to lattice theory. In fact, this can be done if
we confine ourselves only to the isomorphism theorems and do not consider
the result concerning complex product of subgroups and the theorem of § 4
of this chapter. So far we did not succeed in finding any notion which ful-
fils all the requirements.

8§ 3. The Zassenhaus lemma

In groups as well as in rings one can prove the Zassenhaus lemma
using the two isomorphism theorems. So it is not surprising that translating
the Zassenhaus lemma to lattices, we can prove it without any difficulty.
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Theorem 16. (The Zassenhaus lemma.) Let | and K be ideals of the
lattice L. Farther, let S and T be standard ideals of the lattices | and K, re-
spectively. Then Su (/N T) is a standard ideal of the lattice S uU(/@K) and
Tu(St)K) is that of Twu(/nK). Finally, we have the isomorphism:

[SU(/ MK)]/S U/ M7)] =*[TU( AK)/[Tu (S MK\

Proof. (The situation is shown by Fig. 12.) Owing to the first isomor-
phism theorem we have

™) (5,5 U(/ MK\~ [Sn A, /nK).

From Lemma 9 it follows that St) K and /n T are standard ideals of the
lattice /n A, and so from Theorem 3 we get that their join (S aK) n(/MT)
is likewise a standard ideal of the same lattice. Consequently, by Lemma s,
(5 nK)U(/nT)jSnK is a standard

ideal of /n ASnA From the Sup-

plement of the first isomorphism theo-

rem we know that the isomorphism

(*) may be set up by the correspond-

ence A—AuUS (A£[SnA /nK]).

This carries the ideal (5 MA)n(/nT)

into the ideal Su(/n7) and St) K

into 5. Thus we get from the above

statement that Su(l r\T)/S is a

standard ideal of Su(lt) K)/S. From

the first assertion of the second

isomorphism theorem we get that

5u(/n I) isstandard in Su(/nA)

and thus the first assertion of the Zassenhaus lemma is proved.

It follows from the above statements that

[Su(/nA)SI[Su(/nT)ISI~ nKISAAY[(SnK) n ¢ nT)ISnK),
and from the second isomorphism theorem we get
[Su(/NA)[Su( N7)] = [/NAYVI(STK) u(/N7)].
Similarly,
[Tu(/NA)[7u G NK)\ = [/nKJ/[(STK) u(/ n7)],

and these two isomorphisms together prove the required isomorphism statement.

From Theorem 4 it follows that the isomorphism statement of the Zas-
senhaus lemma is equivalent to the isomorphism of the following two inter-
vals of I(L):

[Su(/fl 7),5 u(/n A~ [71I (sfl K), 7 u(/ MK)\.

5 Acta Mathematica XI1/1—2
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Supplement. An isomorphism of these two intervals is given by the
correspondence ;
T—(Xn/OU T (A’E[Su(/n77),Su(/nA")])
whose inverse is
Y-* (YNDAIS (YE[Tu(SnK), 7n(/TT A)).

A special case of some interest of the first assertion of the Zassenhaus
lemma is the following:

Corollary. Let A and B be elements of the lattice L and suppose A>B.
If a is a standard element of the lattice (A\ arid b is a standard element of
the lattice (B\, then aune is a standard element of (auB].

This corollary is a generalization of a part of Theorem 3, which asserts
that the join of two standard elements is again a standard element. It would
be interesting to give a direct proof of the Corollary.

The proof of the supplement may be got simply by applying twice the
supplement of the first isomorphism theorem.

If both 5 and T are principal ideals, then the isomorphism of the sup-
plement is the isomorphism of the two factor lattice.

The Jordan—Holder—Schreier theorem follows from the Zassenhaus
lemma as usually. To formulate the theorem we need the usual notions:

A chain

/ =/
of the ideals of the lattice L is called a standard series of length n of the
interval [J, I] if /1 is standard in Ik-\ for k= 1,2,..., n. A standard series
is called proper if we have always 3 instead of A composition series is
a proper standard series which has no proper refinement in the interval [/, /].

The Jordan—Holder—Schreier—Zassenhaus theorem. Any two stand-
ard series of the interval [J,/] have refinements such that the lengths of the
two refined series are the same and the factor lattices of the two refined series
are — disregarding of the order — pairwise isomorphic. Further, if in an
interval there exists a composition series, then every standard series may be
refined to a composition series. Consequently, any two composition series have
the same length.

Obviously, we may make the refinement in the same fashion as in
groups and rings. Therefore we may omit the details.

We note that if we defined the standard series, requiring that every
member of the series be a standard ideal in the whole lattice, then our
Jordan—Holder—Schreier—Zassenhaus theorem would be a consequence of
the general Jordan—H®older—Schreier—Zassenhaus theorem (see Birkhoff [6]).
Indeed, in this case from Lemma 7 it follows that any two congruence rela-
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tions in question are pairwise permutable. Furthermore, it is not a restric-
tion to suppose that the lattice L has a zero, for we may pass from L to LiJ
where J is the least standard ideal which occurs.

In [14] Hasnimoto has proved the above theorem, supposing all the
ideals which occur are neutral. From the above remarks it follows that the
results of Hasnimoto are special cases of the theorem of [e].

8 4. The Schreier extension problem for lattices

We will now examine a lattice-theoretical analogue of the well-known
Schreier problem of the theory of groups.

The original problem is the following:

Let the groups Gxand Gzbe given. Describe all groups G containing
Gxas an invariant subgroup such that G/Gi» G>

Translating this problem with the aid of the *dictionary” to lattice
theory, we get the following problem :

Let the lattices L, and L, be given. Describe all lattices L containing
Lj as a standard ideal such that L/Lx"&L2.

Such a lattice will be called the Schreier extension of Lx by L2 Schreier
extensions always exist, e. g. the direct product of the two given lattices.

schreier’s €Xtension problem in groups and rings may be solved by means
of certain functions. It is possible to define these functions as a consequence
of the invertibility of the group operation. Although the problem is solved
for semigroups too — with a suitable definition of invariant subsemigroup —
but in this case the requirement is essentially the regularity of the operation
with respect to the invariant subsemigroup. Because there is no possibility
of defining regularity of the lattice operations, therefore we have to give up
the hope of finding a solution similar to the method of the Schreier’s func-
tions. This is suggested already by a result of s:as: [33], according to
which the rather general notion *“das schiefe Product” of r¢aei ([26] and [27]),
including in case of groups all Schreier’s extensions, gives in lattices the
direct product and nothing more.

Therefore, we had to recourse to other methods.

Theorem 17. Given the lattices Lx and L,, suppose Lx has a unit and
L,has a zero element. L is a Schreier extension of Lxby L, ifandonlyif Lis
isomorphic to a meet-sublatticel of Lxx L, which contains all the elements of
the form (x,0) (x£LY and (1,y) (y e L2.

7 A subset H of the lattice L is called a meet-sublattice if it is closed under forming
finite meet and under the partial order induced by that of L it is a lattice. This means
that the join in H is not necessarily the same as in L

5%
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Thus, while the group-theoretical Schreier extension problem is reduced
to finding certain functions, now the same problem for lattices is reduced to
finding certain meet-sublattices of a well-constructed lattice.

Proof. Suppose L is a Schreier extension of L, by L> Let s be the
greatest element of the ideal Z, of L and embed L in Ls (see the definition
of Ls before Theorem 6) in the natural way, that is, with the correspondence
x—»xns, x Us). It follows from Theorem e that it is a meet isomorphism.
The image of L in Ls contains all the elements of the form (x, 0) and (1,y).
Because of L™ {a;afl,a= (x,0} and L2* {g; afL,a= (I,y)} we get
that L fulfils the requirements of Theorem 17.

Now we suppose that L is a meet-sublattice of Lxx L2 and it contains
the elements of the form (x, 0) and (l,y). We shall prove that S= {craf L,
a= (x, 0)} is a standard ideal of L. Consider that partition of L which is
induced by the congruence relation ©[S] of L”xLs. If we prove that this
partition is compatible, then it follows that S is a standard ideal. It is enough
to show that if y= xvs, s£S (v denotes the join in L), then in Z.xZ.2the
relation XEizy (©[5]) holds. This does not hold trivially, for in general
XV sié xus. But, from (1,0) £Z and from x un(1,0)isx it follows that
xAxvsAtxu(l,0), and so x= xu(l,0) (©[5]), thus x= xus (©[5]) as
we wished to prove.

Thus 5 is a standard ideal. Lt is trivial, and L/S”L 2is also im-
mediate, thus the proof of Theorem 17 is completed.

It is clear from Theorem e that if the kernel were defined to be a
neutral ideal, then we would not get the meet-sublattices, but the sublattices
of Zix Ls as the solution of the extension problem.

A few words about the conditions: Z, has a unit and L2 has a zero
element. The first hypothesis can easily be omitted, we have only to refer
to Theorem 4, but obviously, without this condition the theorem would be
more difficult.

The second condition is much more important. It assures that Lx may
be regarded as an ideal of L, xZ2 Omitting this supposition, some new idea
seems to be necessary to settle the question.

It seems that the standard ideals are the possible widest generalization
of the class of neutral ideals, for which the Schreier problem has a solution.
For instance, it is probable that there is no analogue of Theorem 17 for dis-
tributive ideals. To be precise we may say the following: it is natural to
require in solving the Schreier problem that we get a finite general algebra
as an extension of a finite general algebra by another finite one. This con-
dition holds for groups, semigroups, rings and lattices (Theorem 17). It should
not hold if we supposed the kernel to be only a distributive ideal. An example
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for this is given by the lattice of Fig. 4, which is the Schreier extension of
2 by 2, and the kernel of this extension is a distributive ideal.

Problem 14. Try to omit the hypothesis that L2has a zero in Theorem 17.

CHAPTER V

CHARACTERIZATIONS OF NEUTRAL ELEMENTS
IN MODULAR LATTICES

8 1 Characterizations by distributive equalities

The notion of standard elements has been defined by (9) which is a
distributive equality. Furthermore, the condition (d) (i) of Theorem 1 is also
a distributive equality. Thus we see that there is a close connection between
distributive equalities and standard elements.

This connection is deeper in modular lattices as a consequence of
Theorem IV of Ore which asserts that in modular lattices both (s) and (7)
are capable of the definition of neutral elements.

First the question arises what the situation is with the distributive equal-
ity (8). Is it also capable of definition of the neutral elements in modular latti-
ces? Further: one can imagine that there are in the class of modular lattices
other equalities, capable of the characterization of the distributivity. Are all
of these identities able to define the neutrality of an element?

In general, in lattice theory, distributive equality means one of the
equalities (s), (7) and (8). The cause why these are called distributive equal-
ities is given by the following theorem (Dedekind [7], Menger [22]): let
f(x,y,2) =g(x, Yy, z) be any one of the equalities (), (7), (8); then adistrib-
utive lattice may be defined as a lattice of type f=g. Basing upon this
theorem, we give the definition of distributive equality as follows:

Let £ be a class of lattices. f(x, Yy, z2) =g(x, y, z) is a distributive equality
of £ if and only if within £ the distributive lattices are just the lattices of
type f=g.

We remark that / and g are elements of FL<p(3), that is, the free lattice
with three generators over £. (FL<p(3) consists of all polynomials of three
indeterminates and f(x, y, z) =g{Xx, vy, z2) in AL.<$XJ) if and only if f(a,b,c) =
—og(a, b,c) for all a,b,cELEE.)

We say that the distributive equality f= g is equivalent to the distrib-
utive equality f'=g9g"' over £ if for all a, b,cEL ££, f(a, b,c)= g(a, b, ¢)
is equivalent to f'(a, b,c)= g'(a, b,c). This amounts to the coincidence of
the congruence relations 04 and Of,,/ of FZ<p(3).
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Now, our aim is to determine all non-equivalent distributive equalities
of the class of modular lattices, and to decide whether it is possible or not
to define by any one of them the neutrality of an element.

We reach both of our aims by proving the following theorem:

Theorem 18 Let f{X,y,z) = g(X,y,z) be a distributive equality of modu-
lar lattices. The elements a, b, c of the modular lattice L generate a distributive
sublattice of L if and only if f(a, b,c)= g(a, b, ¢).

Before proving the theorem, let us draw some consequences of it:

corottary L Letf(X,y, z)= g(x,y, z) bean arbitrary distributive equal-
ity of modular lattices. An element n of the modular lattice L is neutral if
and only if f(n, a, b)= g(n, a, b) for all a, b£ L.

The proof is obvious, comparing the definition of neutrality with the
assertion of Theorem 17.

Corottary 2. In the class of modular lattices all distributive equalities
are equivalent.

Proor. Let f(X,y,2)=09(x,y,2z) and f'(X,y,z)= g'(X,y,z) be distribu-
tive equalities. If f(a,b,c) = g(a,b,c) for a,b,c£L, then by Theorem 17 the
sublattice generated by a b, c is distributive, thus f(a, b,c) = g’(a, b,c), and
conversely. That means the equivalence of any two distributive equalities.

The proof of the theorem is based on the following lemma which seems
to have an interest of his own.

Lemma 16. Let L be a modular but not distributive lattice generated by
three elements. L has a homomorphism onto V, that is, onto the modular but
not distributive lattice of five elements.

Proof. Let a b,c be generators of L and p, g, r those of V. The
correspondence a-*p, b-*q, c—r may be extended to a homomorphism
of L onto V. It is rather easy to show that this correspondence is a homo-
morphism, but one can spare the trouble of this proof by a simple reference
to a theorem of sirknorr, Which effectively describes the free modular lattice
with three generators (see Fig. 15).

So far the lattice V has been used as a sublattice to characterize the
non-distributivity of a modular lattice. Lemma 16 shows that it may be used
also as a homomorphic image to characterize the non-distributivity in
case L is generated by three elements. In general this is not true, as shown
by the modular lattice of six elements, having four atoms. This lattice is
simple, therefore it has no homomorphism onto V.

Proof of Theorem 18 Suppose the theorem is not true, that is, there
exists a modular lattice L, three elements a b,c of L and a distributive
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equality /(x, Y, z) = g(X, y, z) such that f(a, b, ¢)= g(a, b, ¢) and the sublattice
Ly generated by & b, ¢ is not distributive. Then by Lemma 16 it has a homo-
morphism onto V such that the homomorphic images of a b, c are p, g, I-
Consequently, f(p, g, r)=g(p, g r). Let u, v, wbe three elements of V distinct
from p, g, r. Then these elements generate a distributive sublattice of V, thus
f(u, v, W =g(u, v, w). We have shown that f(u,v,w)=g(u,v,w) for all
u,v,wf V, that is, V is of type f=g. This is obviously a contradiction to
the definition of distributive equalities. The proof is complete.

Finally, we make some general remarks. Let f be a class of lattices,
f>g’f>g"' €FLQ(3). We say that f= g is equivalent to f= g ’if @,g= &<
although this is not the generally used definition. In [e], though not explicitly
stated, another definition is used; this we shall now call the definition of
weak equivalence. Denote by Sf=9 the
class of lattices of type f= g in the class
£. We say that f=g is weakly equiva-
lentto f=¢g"' if tfg= tr=g.

An example of weakly equivalent but
not equivalent equalities:' xuyn(xnylz) =
= nmyur and xnyn(xu™ur) = xn>TIr.

They are weakly equivalent, for they define
the lattice of one element, but they are
not equivalent, for in the lattice of Fig. 13
the elements a, b, ¢ satisfy only one of them.

It is trivial that per definitionem
any two distributive equalities are weakly
equivalent. Theorem 17 asserts that they Fig. 13
are equivalent in modular lattices. The
same assertion in the class of all lattices is not true, as it is shown again
by the lattice of Fig. 13, where aM(b Uc)=(anb)un(anc) but au(énc)?
¢ (@unb)n(awnc.

Problem 15. Let degree m (an infinite or finite cardinal) of non-distrib-
utivity of the modular lattice L be defined as the power of a subset H of
L maximal with respect to the property that any three elements of H generate
a non-distributive sublattice of L. Is m an invariant of the lattice? Is it true
that L has the degree of non-distributivity 3 if and only if it has a homo-
morphic image isomorphic to V? If the degree of non-distributivity of L is
m, has L homomorphism onto a simple lattice, having the same degree of
non-distributivity?
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8 2. Neutral elements as elements with unique relative complements

A theorem of J. von Neumann (See [6]) asserts that an element n of a
complemented modular lattice L is neutral if and only if its complement is
unique. In modular lattices the same assertion does not hold in general; the
element a of the lattice of Fig. 14 is uniquely complemented, but it is not
neutral. This observation is due to Hall (see [6]). Applying twice Ex. 2 of
p. 115 of [e6] we getgthat an element n of a complemented modular lattice

L is uniquely complemented if and only if it
is uniquely relatively complemented, that is, if
it has just one relative complement in any
interval containing n. In this way it is pos-
sible to generalize Neumann’s theorem to ar-
bitrary modular lattices.

Theorem 19. An element n of a modu-
lar lattice L is neutral if and only if it has at
most one relative complement in any interval

containing it.
Proof. If n is neutral, then by condition
Fig. 14 (if) of Theorem IIl it obviously satisfies the

stated condition.

Let n be an element of the modular lattice L, and x,y arbitrary ele-
ments of L. The free modular lattice FML 3), generated by n,x,y, according
to a theorem of Birknhoff [6] iS given in Fig. 15. If n satisfies the condition
of Theorem 19, then u= v, for n and v are the relative complements of a in the
interval [anu, anu. It follows that the lattice generated by a, x and y must
be a homomorphic image of FML(3)(0,,,.). But FMZ.(3)(0,,.) is distributive
and it follows that n is neutral, as asserted.

Corollary 1 (Theorem of Neumann.) In a complemented modular lat-
tice an element n is neutral if and only if it has precisely one complement.

Indeed, as we have remarked above, in complemented modular lattices
an element n is uniquely relatively complemented if and only if it is uniquely
complemented. Hence the corollary.

Corollary 2. An element n of the modular lattice L is neutral if it is
neutral in every interval [nnx, nunx] (x£L).

Corollary 2 is an immediate consequence of Theorem 19.

In weakly modular lattices Theorem 19 fails to be valid. In the lattice
of Fig. 16 the element a is uniquely relatively complemented, but not neutral.

8 See also [32].
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Corollary 2 is obviously true in relatively complemented and in com-
plemented lattices. For if L is relatively complemented and n£L is neutral
in any [nnx,nux] (x,yEL), then let a be a relative complement of n in
[hnxny, nujeny]. Since n is neutral in [/ina nual, {n X y) is a distrib-
utive lattice, and so n is neutral. But Corollary 2 is not true in general.
Consider the lattice of Fig. 17. In this lattice a is not neutral, but it is in
every interval of the form [an>g awnx\.

Problem 16. Is the assertion of Theorem 19 true in relatively comple-
mented lattices?

Problem 17. Is the assertion of Corollary 2 of Theorem 19 true in
weakly modular lattices?

Note. The corresponding assertion for standard elements is not true.
If sEL is locally standard (i. e. standard in every interval [snx,sux]) and
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L is weakly modular, it does not follow that s is standard, as shown by the
lattice of Fig. 18

Problem 18, Call an element s of L a standard element of order two
if it is a standard element of a standard ideal of 5. Do the standard elements
of order two form a subiattice of |? Characterize the standard elements of
order two. What can be said of the standard elements of higher order?

Remark. The following theorem may be useful: if s is a standard
element of order two of L, then there is a unique maximal standard ideal
5 such that s is standard in 5.

Fig. 17 Fig. 18



STANDARD IDEALS IN LATTICES 75

CHAPTER VI
IDEALS SATISFYING THE FIRST ISOMORPHISM THEOREM

8 1. The case of relatively complemented lattices
with zero satisfying the ascending chain condition

In this section we want to prove the following theorem:

Theorem 20. Let L be a relatively complemented lattice with zero in
which the ascending chain condition holds. An ideal / of the lattice L satis-
fies the first isomorphism theorem, i. e.

LOK/IMK/Ir\K
for all ideals K of L if and only if | is neutral.

Proof. If | is neutral, then from Theorem 13 it follows that it satisfies
the first isomorphism theorem. Now let us suppose that the ideal / of the
relatively complemented lattice L with the ascending chain condition satisfies
the first isomorphism theorem. By the structure theorem of Ditworth,
L. L\X... XLk with simple lattices Lj, and consequently, I=LX--'XL,
with 1jALj (/= 1,..., K. We prove that / satisfies the first isomorphism
theorem if and only if every /, satisfies in Lj the first isomorphism theorem.
This is an immediate consequence of the following identity:

L/1~ Lff X eee XLJIIK.

Hence we have reduced the question to the case of simple relatively
complemented lattices. Instead of this we shall now consider a bit more
general class of lattices, which will lead not only to the proof of Theorem 20,
but at the same time to a generalization of it:

Lemma 17. Let L be a complemented simple lattice. No principal ideal
of L except for (o1 and (11 satisfies the first isomorphism theorem.

Proof. Let a£L, and b the complement of a Applying the first iso-
morphism theorem, we get

(Gué]/(G]1~(6]/(Gnftj.

The left member is isomorphic to the lattice of one element (except a= 0)
and the right member is isomorphic to the principal ideal (b]. This is a con-
tradiction, unless (i= o or 6= o, as stated.

Lemma 17, compared to the arguments we have made above (using
the structure theorem given in Corollary 4 of Theorem 11), leads to the fol-
lowing generalization of Theorem 20:
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Theorem 21. Let L be a section complemented weakly modular lattice
with the ascending chain condition. An ideal | of L satisfies the first isomor-
phism theorem if and only if it is neutral.

Corollary. Let | be a section complemented weakly modular lattice
satisfying the ascending chain condition (for instance, a finite relatively com-
plemented lattice) in which the first isomorphism theorem unrestrictedly holds.
Then 1 is a finite Boolean algebra.

In 8 3 we shall show that the assertion of Theorem 20 holds in finite
modular lattices as well. But it is not already true for finite weakly modular
lattices. Fig. 17 shows a lattice L which is simple. The dual L of L has an
element sf=0, 1 which is locally standardo and thus it satisfies the first iso-
morphism theorem.

8 2. A general theorem

In the following section we want to prove that the conclusion of Theo-
rem 20 holds in modular lattices of locally finite length with zero. In this
section we prove a general theorem which characterizes the ideals satisfying
the first isomorphism theorem in certain classes of lattices which are a little
more general than the class of finite lattices. The condition of this theorem
is rather difficult, but starting from this, we shall be able to solve the prob-
lem in modular lattices of locally finite length with zero.

First we turn our attention to proving two lemmas of preliminary character.

Lemma 18. Let L be a lattice of finite length and let L satisfy the
Jordan—Dedekind chain condition. Then L (0)~L (0 £0(L)) implies 0 — w,
that is, no proper homomorphic image of L is isomorphic to L.

Proof. Suppose Opto and L(0)"L. Then there exist a,b£L such
that a>b and a= b (0). Let C be a maximal chain of length n such that
a,bEC. The image of C under 0 is a maximal chain of 7.(0), and its
length is at most n—1, for the homomorphic images of a and b are the
same. From the isomorphism L~L (0) it follows that the Jordan—Dedekind
chain condition holds in 7,(0), and consequently the length of L(0) is at
most n—au1. Since the length of the original lattice is n, therefore this contra-
dicts the isomorphism of L and L(0).

Corollary. Let L be a lattice of finite length and suppose that every
homomorphic image of L satisfies the Jordan—Dedekind chain condition. Then
0, ®£0(7.) and O &, further L(0)AL(O) imply 0=-= ®.

See the definition in the Note after Problem 17.
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We remark that the conclusion of Lemma 18 does not hold if the
Jordan—Dedekind chain condition is not presupposed. An example is given by
Fig. 19. Let 0 be the congruence relation 0,,b. Then &&h>a>and L(0,,,)

A generalization of the first isomor-
phism theorem is a homomorphism theorem
which is always true:

Lemma 19. Let / and K be arbitrary
ideals of L. Then we have

K~K/IDK~ luK/l.

Supplement 1 A npatural congruence
relation 0, of K under which K((-),) ~ K/t nK
may be given in the following way: the ele-
ments a, b of K are congruent under 0, if
and only if there exist u, vE/nK and anb= xollUxrlll ~ x,= anb such
that ufv —mO-i, Xi (/= 1,2, . n) within K

Supplement 2. A natural congruence relation 02 of K under which
K(&,) =%/ nK/l may be given as follows: the elements a, b of K are con-
gruent under 0., if and only if there exist u,vEl and anb—y0 ytLlU
= eee lllyn= aTllb such that TIN—Til/yi (f= 1, 2,..., n) within 1 nK.

Without loss of generality we may suppose L= I\jK. Consider the
congruence relation ©[/]. This makes a partition of K into congruence classes
and, obviously, this partition of K is compatible. Consider the congruence
relation 0* of K which induces the same partition on K. We assert that

UK/ K{O).
From the first general isomorphism theorem we get that it is enough to prove
that every congruence class of /v K modulo O [/] contains an element from K.
Indeed, let x*I1iK, then with suitable y*1 and z £K we have ur.
We put t= xr\yt)z (£/). Then y= t (0[/]), hence ynr= /ur=-r (©[/]),
and so x= xn(yur)= xnr (o[/]). Thus x\jz£l< is congruent to z mo-
dulo ©[/].

On the other hand, denote 0 Othe congruence relation of the lattice K
generated by / nK (i. e. 0 O= 0[/IN K] on the lattice K). Obviously, a“b (00
implies a= b(0*), that is, 0®@0*. Thus K(0Q~ K(0*). We have already
seen that /U K/1~K(0*), hence we have A/An/~ / UK/l which was
to be proved.

The assertion of the supplements is immediate if we compare the defi-
nitions of 0* and 0,, with that of 0, and 0, and with Theorem | and for-
mula (3).
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Now it will be easy to give the required characterization of the ideals
satisfying the first isomorphism theorem.

Theorem 22. Suppose that every element a of L satisfies one of the
following conditions:

(@) [o,4a] is a finite lattice;

(b) every homomorphic image of the lattice [o, a] satisfies the fordan—
Dedekind chain condition.

Then an ideal | of the lattice L satisfies the first isomorphism theorem
with any principal ideal K = (/i] if and only if whenever the weak projectivity
u, r—»jy holds within /n K, where u,v£1 and x, y £K, x>-y, then with
suitable elements w, z of I n K the weak projectivity w, z—»xfy holds within K.

Proof. From the conditions it follows that if K= (k\ is a principal
ideal, then for the lattice [0, k] the conclusion of Lemma 18 is true. Indeed,
if K satisfies condition (b) of Theorem 22, then the assertion follows from
Lemma 18 If A" satisfies condition (a) of Theorem 22, then it is a finite
lattice. Let 0, ®P£(-)(K) and 0<® . Then K(®) consists of fewer elements
than K{0), thus K(O) ~ K(®) is impossible.

Now, in Lemma 19 we have seen that /| UK/IM"K{0*) and Kf
N |<(&,,), where the congruences 0* and 0 Oof K have been defined in the proof
of Lemma 10. Thus, if K satisfies the first isomorphism theorem, then from
the previous section and from 0C' 0" it follows that oo= 0*. From con-
ditions (a) and (b) we conclude that the lattice L is discrete, that is, any
two elements a>b of L may be connected by a finite maximal chain. It
follows that two congruence relations, oOand o* are the same if and only if
0o and 0* collapse the same prime intervals. But if a covers b, then in
Supplement 1 of Lemma 19 we may take n= 1 and in Supplement 2 m |,
and thus the coincidence of oOand o* upon every prime interval is just
assured by the condition of this theorem.

Conversely, if the conditions of Theorem 22 hold, then the congruence
relations 0 Oand 0* are the same, that is, K(0Q~ I<{0*). Consequently, by
Lemma 19, we get /un K/InK, completing the proof of Theorem 22.

8 3. Modular lattices of locally finite length with zero

The main result of this section is the following:

Theorem 23. Let L be a modular lattice of locally finite length with
zero. An ideal | of L satisfies the first isomorphism theorem if and only if it
is neutral.
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We prove a bit more than the assertion of the theorem, namely

Corottary. Let L be a modular lattice with zero which is of locally
finite length. The following four conditions on the ideal I of the lattice L are
equivalent:

(@) / satisfies the first isomorphism theorem, that is, for an arbitrary

ideal K of L
IUAT7/= ATINK;

(b) / satisfies the first isomorphism theorem for an arbitrary principal
ideal K (A;

(c) / is standard;

(d) I is neutral.

We prepare the proof of this theorem with four lemmas. Among these
the first is surely known, but we did not find in the literature. The most
interesting of these lemmas is the third (Lemma 22) which gives the structure
of an interesting free lattice.

Lemma 20. Let L be a locally finite modular lattice and / an ideal of L.
A prime interval p of L collapses under O[/] if and only if it is projective
to a prime interval q of I.

Proor. It iS easy to derive this assertion from Theorem | and formula (s).
A direct proof is the following: we define the relation 0: a= b (0) (a b£L)
if and only if there exists a sequence of elements aub-=y0*yi > >y, =
= ar\b such that each \ym,y\ (i=0, 2,...,n —1) is projective to a prime
interval of I. All the conditions of Lemma Il are trivially satisfied for 0, thus
0 is a congruence relation and 0 = O[/] is also obvious. If a”b, then
«= 1, hence the assertion.

Let L be a modular lattice of locally finite length. Let us fix an ideal
/ and a prime interval p of L. By the previous lemmawe can find prime
intervals g in I such that qf*-p. Choose a g such that n be as small as
possible. For the proof of Theorem 22 it will be useful to call this smallest
n the order of prelative to . n= o means that p”1 and p is of infinite
order if p does not collapse under ©[/]

Lemma 21. Let L be a modular lattice of locally finite length. An ideal
1of L is standard if and only if the orders ofthe prime intervals of L relative
to | are 0,1 or infinite.

Proos. If / is stanJard, then by condition (7") of Theorem 2 the asser-
tion is obviously true.

Conversely, suppose the ideal | of L satisfies the condition. Let O be
the relation defined in the proof of Lemma 20. If a= b (0), then there exists
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a sequence of elements a\qb= ya*y*>-----"y, = and such that each
[YM,M] is projective to a prime interval [aHi,a,] of /. Because all the
yu.\,yi] are of the order 1 or O relative to I, it follows that we may sup-
pose y+amor= yi. Let x= Vi, then obviously y,,\jx=yO0. This means that
/ satisfies condition (/') of Theorem 2 and, consequently, / is standard.

Corollary. An ideal |1 of a modular lattice L of locally finite length is
not standard if and only if there exists a prime interval p of L of order 2
relative to /.

The sublattice V (that is, the lattice of five elements which is modular
but not distributive) is called minimal if its length in L is 2.

Now suppose that / is a non-standard ideal of the modular lattice L
of locally finite length and consider a prime interval p of order 2, the
existence of which is guaranteed by Lemma 21. It is possible that we can
reach p from / in the way shown by Fig. 20. In this case the “turn” is
through a minimal V. If this is the case, then we call the zero element of
the minimal V a turning element. Consequently, if we can find to the ideal /
a turning element, then / is surely not standard. The most important point
of the proof of Theorem 22 is the converse of this statement. We cannot
prove directly this assertion. First we have to find the most general situation
which may occur in Fig. 20, that is, the corresponding free lattice.

Lemma 22. Let L be a modular lattice of locally finite length. | is a
non-standard ideal, p a prime interval of order 2 relative to I, g a prime
interval of | and q-A-p, namely, b,a-kf,e dc, p=[b g and q= [dc].
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The free modular lattice generated by the elements a, b, c,d and e, f is
the following:

Remark. SIMply to say, in Lemma 22 there is determined the free
modular lattice generated by two covering pairs of elements. It is interesting
the existence of this free lattice, for, in general, it is not allowed to prescribe
covering relations in a free lattice.

Proof. Consider the elements x = a\jd, y= / n(all ¢), z= b{] c, further
the elements a, b,c,d,e,f, b\jd, «lie, bnd. We prove that from the modu-
larity and from the fact that the order of p relative to / is 2, finally from
the covering relations it follows that these elements form a sublattice of L
and all the joins and meets are the same as in Fig. 21 and these are con-
sequences of the hypotheses.

First we show that x, y and z generate a minimal V, and

X[ly=y\jz —z\jx = a\]lc, xny=yMNz= zfix= bud.

6 Acta Mathematica XI1/1—2
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Xnz=cue is clear from the definitions. We have x ny —(aund) u
ni/n (anc)]= (from and” auc and from the modularity)= (andwu/) n
M(awnc)= (because awn/= e)= (rfur)fi(luc) = duc for c”e.We can get
yuz = auc in a similar way.

From x —awnd it follows that the interval [bwd, X] is a transpose of
[b,a], and so it is of length 1 (we excluded the case dua= dub, for this
implies dna>dnb, thus [dnb,dna]<”l is a transpose of [b, a] the order
of which relative to / is 12). Similarly, [bud, z] is also of length 1 Finally,
[n,aln[/,e]N[y,ounc], and so [y, auc] is also a prime interval.

We show that no two of x, y and r coincide. Suppose x = z. Because
of xu 2= (iUc we get x= z—auc. Further, [bud,x\ is a prime interval,
and so y—bud. In this case the diagram of the lattice (more precisely, a
part of it) is shown by Fig. 22. We see that (inc = an(f is impossible, for
6Uc= dUd and aUc= x. Thus [ar\d,ar\c] is a prime interval. Further,
from d*y we get ar\d=anyr\d = bnd. We prove that [and, (fic] is a
transpose of [b, a]. This will be a contradiction, for in this case the order of
[b, 6] relative to / is 1 contrary to the hypotheses.

We have to prove that bu(and)= b and bu(@®nc)= a We have
bu(and) = (fromand—bnd)= b;furtherbu (anc)=(b uc)n o==zna= a

The impossibility of x =y is very easy to prove, for if x =y, then
/8/n(GUc)=y=x = 0Ud"0, that is, e=f\ja=f, a contradiction. We
get a similar contradiction from y = z.
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Of the remaining relations it is enough to prove anc= bnd. Indeed,
from G nc= enc (which is surely true, otherwise the order of [b, a] relative
to / were 1) and from ync = d we get o/lc= enc= (yl6)Mc= (yMc)n
nb= dnb Thus the proof of Lemma 22 is completed.

Now we are able to prove the existence of turning elements.

Lemma 23. Let L be a modular lattice of locally finite length. An ideal
I of L is non-standard if and only if there exists a turning element.

Proof. Using the notations of Lemma 21 and Lemma 22, consider the
prime intervals p = [b, a] and g = [d,c] the existence of which is assured by
Lemma 21. The sublattice of L generated by a,b,c,d and e,f is a homo-
morphic image of the free lattice of Lemma 22. Under this homomorphism,
the minimal V of the free lattice does not collapse. (Indeed, if the minimal
V collapsed, then both p and g would collapse.) Thus the minimal element
of the minimal V rtiay serve as a turning element.

We remark that the only congruences of the free lattice of Lemma 22,
under which p does not collapse, are Qfy, Qra, &z and their joins.

Now we are prepared for proving Theorem 23.

Proof of Theorem 23. We prove the Corollary, for it is a stronger
assertion than the theorem.

(c) implies (d) — this is stated in Lemma 10.

(d) implies (a) — this was proved in Theorem 13.

(@) implies (b) — this is trivial.

Thus we have to prove that (b) implies (c).

For this reason, let us suppose that L is a modular lattice with zero
and of locally finite length, and / is an ideal satisfying

[ UK~ KIKD/

for all K=(k\. If (b) does not imply (c), then / is not standard, that is, by
Lemma 23 there exist turning elements in L. From the suppositions on L we
obtain the existence of the dimension function d(x). We denote from now
on by u a turning element for which d(u) is as small as possible. Finally,
we denote by p and q the prime intervals (see Lemmas 22 and 23) from
which the turning element n has been constructed.

Now we apply Theorem 21 to / and (a, We may do so, for every
interval [0, a] of L satisfies the Jordan—Dedekind chain condition, and the
same is true for any homomorphic image of [o,a]. /v (a] contains the prime
interval p, the order of which relative to / in / U(a] is 2, for /n (a] contains
the whole minimal V because of x Uy uz= auc£ (@ n/. The order of p
relative to /n(a] in (a] is at most 2, for if it were I,then the order of p rela-

6*
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tive to / in /U (a] would be also 1 Thus by Theorem 21 and Lemma 20
we can find a prime interval g0 of /n(fl] and prime intervals ql}. . g,,=p
(«2 2) of (6] such that g0 gx  eee—»g,,= p. Let the intervals be chosen
in such a way that n be the order of p relative to /fI(6] in (a]. Then g2is
of order 2 relative to /n(fl] in (a]. It is trivial that the order of gz relative
to / in /u(d] is also 2, otherwise it would be 1, and this would imply the
same in (@]. We may now apply Lemma 23 to q0,q2 and /n(a], to conclude
the existence of a turning element v. This turning element of /n(a] in (a]
is a turning element of / in the whole lattice, too, for g2 is of order 2 rela-
tive to /. But the minimal V, the zero of which is the turning element v, is
included in (o], therefore d(r)<d(a)—21 On the other hand, d(a)*d(u)+ 1,
thus d(v)<d(u). We have found a turning element of lower dimension than
u, a contradiction to the minimality of d(u). This contradiction proves the
Corollary of Theorem 22 and at the same time Theorem 22.

We should point out that as a consequence of Theorem 22 we get that
every ideal satisfying the first isomorphism theorem is a homomorphism
kernel in modular lattices with zero and of locally finite length. We have
obtained the same conclusion in section complemented weakly modular latti-
ces with ascending chain condition in 8§ 1 of this chapter. Thus the following
problem arises:

Problem 19. Give classes of lattices in which every ideal satisfying the
first isomorphism theorem is a homomorphism kernel. (Does the class of
weakly modular lattices serve for this purpose?)

Remark. In general it is not true, see, for instance, the ideal (9] of the
lattice U.

Problem 20. Does there exist a modular lattice L and an ideal / of L
such that / satisfies the first isomorphism theorem and despite this

a) / is not a homomorphism kernel, or

b) / is not a neutral ideal?

8 4. A characterization of standard ideals
by the first isomorphism theorem

In the Introduction we alluded to the fact that the notion of standard
ideals is the best-possible one from the point of view of the first isomorphism
theorem.

To formulate precisely what this means we need some notions.

Let & be a class of ideals, i.e if we are given a lattice L and an
ideal / of L, then we are able to determine whether /E<£t or not. We say
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that 61 is of type fa=ga (« £A) if /E & is equivalent to the fact that / is of
type fa=ga (a£4) in the sense of 8§ 4 of Chapter lll. We say that & satis-
fies the first isomorphism theorem if from I£& ,I is an ideal of L it follows
that / satisfies the first isomorphism theorem with any other ideal K of L.
Finally, an ideal / of the lattice L is said to have the condition (**) if LJI
is a sublattice of LIl under the natural mapping whenever I"L " L, L, is
a sublattice of L. Again, 61 has property (**) if any of its ideals has it.

Only condition (**) needs a little explanation. It essentially requires
that from the structure of L informations may be got about L/I.

For groups, (**) holds always (putting invariant subgroup instead of
ideal and subgroup for sublattice).

Now we may state

Theorem 24. If the class 61 of ideals
1 is of type fa=ga;
2. satisfies the first isomorphism theorem;
3. has the property (**),
then 61 contains only standard ideals.

The proof is easy, we have only to observe that it is an easy conse-
guence of Theorem 10 that we may restrict ourselves to principal ideals. Now
if /= (<], then it may be easily proved that (*) of 8§ 2 of Chapter Il is
equivalent to (**). As it was proved in 8 3 of Chapter Ill, it follows that 61
contains only distributive ideals. Now if d were distributive but not standard,
then by Lemma 1 L would contain x,y with x*y, dux=duny, dnx=
= dcly. By 1, (d]~d in {d,x,y} contradicting 2.

(Received 31 December 1959)

Bibliography

[1] G. Birkhorf, On the combination of subalgebras, Proc. Cambr. Phil. Soc., 29 (1933)
pp. 441—464.

[2] G. Birknots, Combinatorical relations in finite projective geometries, Bull. Amer. Math .
Soc., 40 (1934), p. 209.

[3] G. Birkhorr, Combinatorical relations in projective geometries, Annals of Math., 36
(1935), pp. 743-748.

[4] G. Birkhoff, On the structure of abstract algebras, Proc. Cambr. Phil. Soc., 31 (1935),
pp. 433-454.

[5] G. Birknotf, Neutral elements in general lattices, Bull. ATrr. Math. So:., 46 (1940),
pp. 702-705.

[6] G. Birknots, Lattice theory, Amer. Math. Soc. Coll. Publ.,, 25 (New York, 1948).

[7] R Dedskind, Uber Zerlegungen von Zahlen durch ihre gréBten gemeinsamen Teiler,
Festschrift Techn. Hoch. Braunschweig, 1897; Ges. Werke, 2, pp. 103—148.



86 O. GRATZER AND E. T. SCHMIDT: STANDARD IDEALS IN LATTICES

[8] R P. Ditworth, The structure of relatively complemented lattices, Annals of Math., 51
(1950), pp. 348-359.

[9] N. Funayama and T. Nakayama, On the distributivity of a lattice of lattice-congruences,
Proc. Imp. Acad. Tokyo, 18 (1942), pp. 553—554.

[10] G. Gratzer and E. T. Schmidt, On ideal theory for lattices, Acta Sei. Math. Szeged, 19
(1958), pp. 82-92.

[11] G. Gratzer and E. T. schmiat, Characterisations of relatively complemented distributive
lattices, Publ. Math. Debrecen, 5 (1958), pp. 275—287.

[12] G. Gratzer and E. T. schmidt, ldeals and congruence relations in lattices, Acta Math.
Acad. Sei. Hang., 9 (1958), pp. 137—175.

[13] G. Gratzer and E. T. Schmidt, On the generalized Boolean algebra generated by a dis-
tributive lattice, Indag. Math., 20 (1958), pp. 547—553.

[14] J. Hashimoto, ldeal theory for lattices, Math. Japonicae, 2 (1952), pp. 149—186.

[15] J. Hashimoto, Direct, subdirect decompositions and congruence relations, Osaka Math.
Journal, 9 (1957), pp. 87—112.

[16] H. Hermes, Einflhrung in die Verbandstheorie (Berlin, 1955).

[17] A komaru, On a characterisation of a join homomorphic transformation-lattice, Proc.
Imp. Acad. Tokyo, 19 (1943), pp 119—124.

[18] V. S. Krishnan, Binary relations, congruences and homomorphisms, Journ. Madras
Univ., Ser. B, 16.

[191 AN Manbuyes, K ob6uein Teopun anrebpamyeckmx cuctem, Mat. C6opHuk, 35
(1954), pp. 3—20.

[20] J. E. McLaughtin, Projectivities in relatively complemented lattices, Duke Math. Journal,
18 (1951), pp. 73—84.

[21] J. E. McLaughiin, Structured theorems for relatively complemented lattices, Pacific
Journ. Math., 3 (1953), pp. 197—208.

[22] K Menger, New foundations of projective and affine geometry, Annals of Math., 37
(1936), pp. 456—482.

[23] 0. Ore, On the foundations of abstract algebra. I—II, Annals of Math., 36 (1935), pp.
406—437; 37 (1936), pp. 265—292.

[24] 0. Ore, Remarks on structures and group relations, Naturf. Gesellschaft Zirich, 85
(1940), pp. 1—4

[25] O. Ore, Theory of equivalence relations, Duke Math. Journal, 9 (1942), pp. 573—627.

[26] L. Rédei, Das “schiefe Produkt” in der Gruppentheorie mit Anwendung auf die end-
lichen nichtkommutativen Gruppen mit lauter kommutativen echten Unter-
gruppen und die Ordnungszahlen, zu denen nur kommutative Gruppen geho-
ren, Commentarii Math. Helv., 20 (1947), pp. 225—264.

[27] L Redei, Die Anwendung des schiefen Produktes in der Gruppentheorie, Journal f.
reine u. angew. Math., 188 (1950), pp. 205—227.

[28] L Redei, Die Verallgemeinerung der Schreierschen Eiweiterungstheorie, Acta Sei. Math.
Szeged, 14 (1952), pp. 252—273.

[29] L Redei, Algebra. | (Leipzig, 1959).

[30] O. schreier, Uber die Erweiterung von Gruppen. 1—II, Monatshefte f. Math. u. Fhys.,
34 (1926), pp. 165—180; Abh. Math. Sem. Univ. Hamburg, 4 (1926), pp. 321—346.

[31] K Shoda, Uber die allgemeinen algebraischen Systeme. I—VIII, Proc. Imp. Acad. Tokyo,
17-20 (1941-44).

[32] G. Szasz, On complemented lattices, Acta Sei. Math. Szeged, 19 (1958), pp. 77—S8L.

[33] G. Szasz, Rédeische schiefe Produkte von Halbverbdnden, Ada Math. Accd. Sei. Hurg.,
7 (1956), pp. 441—461.

[34] Shin-Chiang W ang, Notes on the permutability of congruence relations, Acta Math.
Sinica, 3 (1953), pp. 133—141.

[35] G. Zappa, Determinazione degli elementi neutri r.el reticolo dei sottogruppi di un gruppo
finito, Rend. Accad. Sei. Fis. Mat. Napoli (4), 18 (1951); 22—28 (1952)"



ON A PROPERTY OF FAMILIES OF SETS

By
P. ERDOS (Budapest), corresponding member of the Academy,
and A HAIJNAL (Budapest)

1. Introduction. In this paper we are going to generalize a problem
solved by Miller in his paper [1] and prove several results concerning this
new problem and some related questions. We mention here that some of our
theorems (Theorems 8 and 10) have the interesting consequence that the
topological product of 1-compact spaces (Lindel6f spaces) is not necessarily
[/f-compact for any finite k.1

Def. (1.1) Let IF be a family of sets. IF is said by Miller to possess
property B if there exists a set B such that

F NB 0 for every F£IF
F B for every FE

Def. (1.2) Let IF be a family of sets. Let p*(IF) denote the Ileast
cardinal number p for which F~p forevery FEd~ If F~p for every FEIF,
we write \§\*p. In what follows p (") = p denotes briefly that the family IF
possesses the property

pX&)=p, W\*p-
Def. (1.3) Let IF be a family of sets and let g LLI2, r 1 be cardinal

numbers. The family IF is said to possess property C(q,r) if f\F<r for
every subfamily IF of IF, provided IF~q.

Note. If for a family IF || r and IF possesses property C(2, r), then
IF consists of almost disjoint sets.

The result of Mitler which is our starting point can be stated as follows:

(1.4) Let p be an infinite cardinal number, n an integer (n>0) and
let IF be a family which possesses property C(p+n) such that |F|*p.
Then the family IF possesses property B.2

1 In our example the spaces will be discrete ones. The generalized continuum hypo-
thesis is used in the proof. As far as we know this result is new already for k =2. This
theorem should be compared with a theorem of J. Los [3] (see Section 7).

2 See [1], p. 35, Corollary.
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To show that this result is best-possible Mirter proves the following:

(1.5) There exists a family IF (p(8)= Ko» IF= 259 which possesses
property C(2, X,) and fails to possess property B.3

However, one can ask what happens if IF possesses property C(2, X))
and I is supposed to be greater than KO-

On the other hand, one can sharpen property B as follows:

Def. (1.6) Let IF be a family, s a cardinal number, s” 2. IF is said
to possess property B(s) if there exists a set B such that Fr\B=f=0 and
Fn B<s for every FEIR

Our problems will be of the following kind. Let IF be a family of sets,
and let m,p,q,r,s be cardinal numbers such that § = m, p(§8)=p and
suppose that IF possesses property C(g, r). Under what conditions for the
cardinals m,p,q,r,s has IF to possess the properties Band B(s), respectively?

As the easy example (3. 3) will show, nothing can be said about pro-
perty B(s) if g> 2. The case q = 2 contains the essential difficulty in the
researches concerning the property B too.

The problem just stated is clearly a generalization of the problem treated
in (1. 4) which is a corollary of [1], Theorem 1 We remark that it would
be possible to generalize in a quite similar way the theorem itself not only
its corollary, however, such a generalization does not seem to need new ideas
and its formulation would be very complicated.

We restricted the formulation of the general problem with the assumption
[?(|F)=/? instead of Mirter’s original assumption \8\*.p. This has no
importance in the problems concerning property B, however, in the problems
for property B(s) it seems to be an essential restriction (see the remark at
the end of Section 4).

2. Definitions. Notations. We use the usual notations of the set theory.
We are going to list only those where there is a danger of misunderstanding.

In what follows IF, (|,... will denote families (sets of sets); capital
letter will denote sets; x,y,... are the elements of the sets; m,tp,q.r,S
denote cardinals; i,j,k,lI,n,... denote non-negative integers; «,/?,... denote

ordinal numbers. Union and intersection of sets will be denoted by Uand I1
respectively.

t+ denotes the least cardinal greater than t (if t is finite, f+= f-fl).
F is the immediate predecessor of the cardinal t if it exists, if not, then t t.
(If t is finite, t~=t—a21 for t>0 and /-=0 for t—o0.))

§(S) denotes the set of all subsets of 5.

3 See [1], Theorem 3.
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If {xv)v<&>is an arbitrary sequence of type y of not necessarily different
elements xv, then {x,}r<9 denotes the set of all jg.’s forthcoming in the
sequence. This distinction will be sometimes omitted if there is no danger
of misunderstanding.

Let cp(x) be an arbitrary property of the elements of a set H. The
set of all xEH which satisfy cp(x) will be denoted by {x:<>(*)}. (We are
going to use the logical signs A (and), v (or) in the formulation of these
formulas.)

The sets {X:WA5/X =1), will be denoted by
[5]4 [BJ f, respectively.

For an arbitrary family § the set léFF is denoted by (IF). Other special

i'e

notations concerning families will be introduced later.
For the study of the problem stated in the introduction we introduce
the following symbols:

Def. (2.1) M(m,p, g, r)—*B indicates the statement that every family IF
which possesses property C(qg,r) possesses property B, provided /?(|F)=/?
and jF= m.

Def. (2.2) W T,p, r)—B(s) indicates the statement that every family IF
which possesses property C(2,r) possesses property B(s), provided p{8) =p
and JF= /2 M(/7i,p, q, B and LW(T,p, r)-]-»-B(s) denote the negations
of the corresponding statements, respectively.

To exclude trivial exceptions here we assume once for all m>0, p>0,
q>1r>0,s>1

We call briefly the symbols now introduced symbol-1 and symbol-II,
respectively.

The proof of some of our theorems makes use of the generalized
continuum hypothesis or of the so-called measure hypothesis stated in [5].
These hypotheses will be cited as hypotheses (*), (**) and the corresponding
theorems will be denoted by the same signs, respectively.

3. Preliminaries. A short summary of the content of the follow-
ing sections. We briefly say that one of the symbols is monotone increasing
(decreasing) in one of its variables, e. g. in m, if the fact that it is true for
m,p, g, r, (s) implies that it is true for m',p, g, r,(s) for m'*m
respectively. The following monotonicity properties are immediate conse-
quences of the definitions (2.1) and (2. 2):

(3. 1) Both symbols are decreasing in m and r. Symbol-I is decreasing
in g. Symbol-I is increasing in p, symbol-Il is increasing in s.
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We call attention that symbol-11 is not increasing in p (see the end of
Section 4).
It is also obvious that

(3.2) M(m,p, r)—B(s) implies M(m,p, 2,r)—B if s*p. (For s>p
symbol-II is trivially true.)
Now we prove:

(3.3) Let p& , s*/j be cardinal numbers. There exists a family IF
such that F=p, p(IF) = p, IF possesses property C(3, 1) and it does not
possess property B(s).

PROOF'Let 5 be a set of power p. Let IF be a system of subsets of S
such that oF'=p, F,n/rdi= 0 for FItFOEIF, Fxf=F.2 and F=p for every
FdaF. Put d&=={S}Ud". It is obvious that IF satisfies the requirements of
{3.3) for s = p.

(3.3) shows that in the investigations concerning property B(s) the
assumption 2, i.e. q= 2 is essential.

Miller’s result (1.4) can be stated as follows:

Theorem 1 Suppose - Then for every m and for every

r<n,
wT.p,q,r)~* B

Miller’s theorem can be considered as a generalization of Bernstein’s
theorem which states that if p is infinite, then every family IF (IF = p, p{8&)= p)
(without any further assumption for property C(q, r)) possesses property B,4i. e.:

Theorem 2. M(p, p, q,/)—»B if p LLUX, for every q and r.
Miller’s counterexample (1.5) can be stated generally as follows:
Theorem 3. M(24,p, 2,/?)4->-B if p is infinite.

Theorem 3 can be proved quite similarly as its special case for p = X,
cited in (1. 5) and therefore we omit the proof.

Theorem 2 shows that in the investigations concerning property B we
may always suppose that m ~p, and Theorem 3 shows that if m>p, then
to obtain positive results we have to suppose r<p.

We mention that without using (*) we can not decide the following

Problem 1 M(N,, X,, 2, K0-h- B?
We can not prove without (*) that every IF (/?(fF) = X, IF<2X) pos-
sesses property B.

4 See [4].
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It is obvious that the property C(q',r) is weaker than the property
C(q,r), provided g’>q.
Now we prove:

(3.4) M(2", p, <7,1)-1-B if g>2P plU KO-
Proof. Put IF= [5]" where S is a set of power p. It is obvious that

[F= 23 jt>(oF)=/?, |F possesses property C(q, 1), but it does not possess
property B.

(3. 4) shows that we have to suppose g” 2% and since here we do
not want to discuss the difficulties caused by the continuum problem, we are
going to suppose g~ p +

It results that the best-possible generalization of Theorem 1 would be
the following:

(o) WT,p,q,r)—=*B for every m, provided g p + r<p.

We can prove this only with the stronger assumption r+<p (see
Theorem 4) or with the restriction that m is not too large (see Theorem 5).
Both proofs use (*).

The simplest unsolved problem here is

Problem 2. m (x CO+ini) 2, Ko) >8B 2

As to the symbol-II the problems are more ramified. First we have to dis-
cuss the case m *p which leads to some interesting result too. This will be done
in Section 4. (3.2) shows that we have to suppose s” p. In Section 4 we
are going to prove that at least in the case ps X, ms p we may suppose
r+r?s.

So the best-possible refinement of the conjecture (o) would be the
following:

(00) M(/77,p, f)—=B (r) for every TLpLUXo, provided r<p.

Now we have to distinguish two cases:

(i) If r is finite, then (oo) is false. However, it is always true for instead
of r+ and using (*) corresponding to every m, p and r we can determine
the least s (eventually finite) for which M(m, p, r)—B(s) is true. These
results will be proved in Section 7. As a consequence of these results we
prove the topological theorem mentioned in the introduction (in Section 8).
There we state many conjectures which all would have been consequences
of 2-compactness of the topological product of K2 Lindel6f spaces — now
disproved — and which we can not disprove with our method.

(if) If r is infinite, (00) is very likely true, however, we can prove it
— using (*) — only with similar restrictions as in the case of symbol-1,
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namely we can prove that
WT,p, r)-» B(r+) for T p>r>41
provided T is not too large (see Theorem 7), and we can prove that

W T,p, )—=B(r++) for every m~p>r+>X,

(see Theorem e).
The simplest unsolved problems here are

Problem 3.

a)  M(Kwaj iiiH) x,,)— Bflto?

b) MKutl, Hu K9-B (K j)?

c) M(Kf,, x2, X0-B(X2?

The results on (0) and (oo) will be proved in Section 6. All the positive
results concerning the case m>p will be proved with the method of Miller’s
theorem, and the proof runs always by induction on m. That is why we
need a generalization of the induction process used in [1]. This will be done
in Section 5 and as a corollary of it we obtain all the positive theorems
(Theorems 4—9) already mentioned.

In Section 9 we deal with the case of finite sets (/><X,,) and with some
questions related to property B.

4. The symbol-11 in the cases m ~p (pf~X,). The following theorems
of A Tarski will play an important role in our investigations:

(*) Lemma 1L Let S be a set, IF a family such that (IF S, S X,
|oH ~ Kjj. Then
a) iIF~ANT,, provided IF possesses property C(K«+i, X?) and cf (a)f=cf(B).
b) IF provided IF possesses property C(K*fi, r) for an r< X3/’

Note that in Tarski’s paper the theorems are proved under the stronger
conditions that IF possesses the properties C(2,HRB) and C(2, r), respectively,
however, the proofs can be carried out in the same way for our case too.

Lemma 2. Let S beaset, IF a family such that (IS, S= X, |IF| LUr
where r is finite. Then IFg X, provided IF possesses property C(Kr,+i,7).

Lemma 2 is a corollary of the fact that [5]' X« for every finite r.
Note that the proof of Lemma 2 does not make use of (*).

4. M(m,p, r)—=B(m+) for every m,p, r.
M(m,p, r)->B(m) if r>p and p ™ X, (Xj m Lp).

s See [2], Theorem 5, I, p. 211 and Corollary 6, p. 213 for a) and b), respectively.
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Proof. The first statement is trivial, the second is to be seen quite
similarly to (3. 3).

Remark. If m is finite, TW2, then M(m,p, r)“mB(m) and
M(m, p, r)-H-B(m —1) is true under the same conditions for p, r respectively.

(4.1) shows that we may always suppose ruwp.
(4.2) M(m, X«, r)—»B(2) for every a if m<X« and r<Xn. //r=N ,(,
then the same is true for m<Hrm.

Proof. Let IF be a family (p(&)= X« W= m) which possesses pro-

perty C(2, r). Itis obvious that the set F— U F''s °f power X«and so
Fe>F*F

it is non-empty for an arbitrary IF. Let x? be an element of this set and put

B = {xr}FE§:. We have Bnf==1 for every FE IF hence IF possesses pro-

perty B (2).

(4.3) M(Nc/-(«),K«, K»)-» B(Kc«a)) for every a.
Proof. Let IF be a family such that /;(|F)=X«, |[F= X/(0), and suppose

that IF possesses property C(2, X«)- Let & — {Fv}v<(0d(@) be a well-ordering of IF.
The set Fr—ﬁ(<JVF’\ is of power X« for every v<a>lf(@. Let xv be an

element of it.

Put B = {xt)w«*rflay It is obvious that B[\F,.f=0 for every v<
and B f) Fv< X/(a) for every v<md{a), since if v’>v, then A><EFr. It follows
that IF possesses property B(Xc«a>).

Now we show that (4. 2) is best-possible in “s”, i.e.

(4.4) M(Xcflo), X«, X«)-1-B(s) if s< Xe).

Proof. We are going to suppose that a is of the second kind. If a is
of the first kind, the statement can be proved quite similarly. Let S be a set
of power X« and let S= {XB3<Ba be a well-ordering of type oja of S. Let
{a.},,. 0@ be a monotone increasing sequence of type comg) of ordinal
numbers less than a cofinal with a. Put Sv= {{Joa for every v<ojd(@).
Obviously, one can define the sequences {Fl}v<cefln), {F"}v«ad@ of type
0j@@ of subsets of S in such a way that — if we put JF= {F><Mf(,u
U{Ff\v<alfia), then IF possesses property C(2, X,) — and that the following
conditions hold:

(1) Fy Fy Xa for v Och(a),

(2 svrey. for v < (oca),

(3) F; nFy—0 for v=v, v, v’<(od(,)

Then p(JF) = Xa by (2) and SF= X} Suppose that the set B inter-
sects every set F of the family IF. Then B ié X,z by (3), hence if s<X./(«),
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there is a B'*B such that B'= s and there is a vO<(ocm suchthat
But this means by (2) that £?2n/vo=s and thus IF does not possess pro-
perty B(.9).

it results from (4. 1), (4. 2), (4. 3) and (4.4) that to complete the discus-
sion of the case m”~kp (p”™ X0Q we have to determine the value of symbol-11
in the following cases:

A) m=p, r<p (p WXo),

B) m= R, 7= X«, r=X« where cf{a)<R”a.

To obtain complete results we have to assume (*) in both cases. In the
case A) there remains an unsolved problem even if we assume (*).

First we prove the following negative result concerning A):

(*) (4.5 M(X«, X« n-I->B(r) if r<X«.
(If r is finite, the assumption (*) can be omitted.)
Proof. Let IF,|F2be families satisfying the following conditions:

(4.5.1) li=r+ 12= X,
(4.5.2) p(8§1UdD = X,
(4.5.3) FnF=0 for every pair F, F' £IF, Uor2, F=f=F".

Put (0F) = 5,. By Zorn’s lemma there exists a maximal system S of
subsets of 5] satisfying the following conditions:

(4.5.4) XflF= 1 for every XE£i,FESFL
Xv\Y<r for every pair X, YE$, X VY.
From (4.5.1) and (4.5.4) we get
(45.95) X = r+ for every X£&

and using the maximality of § we obtain:

(4.5.6) If the set B' intersects every set F of IF, then there exists an
element X0 of S such that B’ @X0”"r.

On the other hand, using Lemmas 1and 2 we get from (4.5. 1), (4.5.2)
and (4.5. 4) that
(4.5.7) | = X,

It follows that there exists a one-to-one mapping h{X) which maps
§ onto d2. Put IP= {h(X) nX}xe$ and define IF as follows:

IF= IF, niF2.

Since r+7X« by the assumption, by (4.5.2) and (4.5.5) we have
p(F)= Xas By (4.5.3) and (4.5.4) IF possesses property C(2,r) and by
(4.5.2) and (4.5.7) F= X«
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We have to prove that IF does not possess property B(r). But if the
set B intersects every set F of IF, then it has a subset B' satisfying the
condition of (4.5.6), hence Br\XOLUr for an XO£8 and therefore Bf\FO0" r
for FO= h(XQu X0, hence for an FofIF. Thus 8§ does not possess pro-
perty B ().

Remark. We have proved the following somewhat more general state-

ment: The family IF constructed above is such that each set which intersects
every element of ST has to intersect an element of IP* in at least r points.

Now we need some preliminary definitions.

Def. (4.6) Let IF be an arbitrary family and let S be a set such that
(JF)<=S. For an arbitrary subset X of S and for an arbitrary cardinal number
t we define the subfamily §(X, t, IF) as follows:

q(X,t, &) ={F:FI® AFWX"t}.
Def. (4.7) Let IF and 5 have the same meaning as in (4.e). For an
arbitrary X S we define the family |F|X as follows:
ANX = {FnXbelF.

(Note that IF|A"is not necessarily a subfamily of IF.)
The following assertions are immediate consequences of the above
definitions.

(4.8. 1) Let g,r be arbitrary. The families &{X,t,8) and IF]Af possess
property C(q, r), provided the same holds for IF.

(4.8.2) \$(X,t, &)\X\"t.
(4.8.3) If the family 8 possesses property C(qg,r) and t”r, then

gw m - g-—-q(xtfH\x.
Now we prove the following positive theorem concerning A):

(*) (4.9) Suppose r<X«. Then M(tf,, X«, r) —»B(r+), provided the following
condition does not hold:

(v) There exist ordinal numbers 3,y such that «=/?+ 1, r— X-, cf(R)=
= cf{y) and y <R
(If r is finite, the assumption (*) can be omitted.)

Proof. Let IF be a family (p(SF)= X« S= X0 which possesses pro-
perty C(2,r). Put5 = (IF). Then £=K,,. Let S={xviaand IF= {/vIrx<m,
be well-orderings of type wa of the set S and of the family IF, respectively.
We may suppose that r+<X,,, for if not, then r+= Xa is regular and the
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theorem follows from (4. 3), since the symbol-IT is decreasing in r by (3.1).
Now we define a subsequence {xv ¥}<bl, of 5 by induction on p as follows:

Let x\b be an arbitrary element of FOand put /o= />0 Suppose that
the elements xwj are already defined for every o<gq, for a p<io,. Put

(4.9.1) S, = {x\Ui},c? (So, r, IF).

It is obvious that S?gp<N« and by (4.8.3)
But "9|57<=eP(5?), thus using (*) we get

(4.9.2) (fo<X,, except if S™+= p+= X,
Put p=  and suppose /?+ 1= a. ThenS?= X5 |*o[5?|*r (by 4.8.2).
Using Lemmas 1 and 2 for the family (|e|5? we get

(4.9.3) 69" gol& s < X« except if r= XY, cf(B) = cf(y).

Thus it results from (4.9.2) and (4.9.3) and from the assumption that
v) does not hold that g?< X«. Let h? be the least ordinal number « for which
S?MN/>= 0.6

It is obvious that /> and so the set

/[>-((?,)=Fo- U (g nF)

is of power X«, since F, = X« and U (/v. NFf) N r-0< X«.
v-4i
Thus there exists a v such that xr £F,I{— (((*9) US?)).

Let W be the least v of this kind. Thus xv , F*o are defined for every
Q<wa and it follows by induction on p that

(4.9.4) £ Fllg, x\o6 (Q4) and xvd==xv , «vp fig for every a<p<<a.
Put B — {Xrjg @- Now we prove
(4.9.5) BTIFitgp 0 for every fi<ooa.

For if not, then there exists a least ¢ of this kind, and by (4.9.4)
there is a pB>,«° in contradiction to the definition of Flg.

(4.9. 6) B MNFf,<r+ for every fi <<a.

6 If such a Ll does not exist, then we stop with the construction and obviously one
can prove in the same way that S? assures property B(/+) as we shall prove it later for B.



ON A PROPERTY OF FAMILIES OF SETS 97

For if not, then there exists a a subset B'cR and an xTh £B
such that B'=r, B+ {xv }*F N and cr<o for every x7a”B', and this
obviously contradicts (4.9.4), since then FMEG?)

(4. 9.5) and (4.9.6) just mean that the family IF possesses property B (r+).

Remark. As We have already mentioned in Problem 3a) — for a special
case — we do not know whether M(X/m, X/?fi, Xoy—B(XYH) is true or not
if B and 7 satisfy the assumption (v), i. e. if cf(®) = cf{y) and y<RB.

Now we need the following

(*) Lemma 3. Let S be a set, S= X«H, and suppose that X« is regular.
Then there exists a system $ of subsets of S satisfying the following conditions:

p(i) = X«, $ possesses property C(2, X«) and for an arbitrary S'*S
(S'=X«+i) there exists an XE8§8> such that X ¢ S'.

Lemma 3 is a theorem of A Hajnal.7

Now turning to the case B) we are going to prove that if X« is singular
and cf(a)<R”a, then the trivial result M(X;;, X«, X«)—BOVO (see (4.1))
is best-possible, i.e.

*) (4.10) M(K,, X« X«)-H B(XA) if cf(a)<Bypa.

We are going to prove this only for the case R=ci, the proof can be
carried out similarly in the other cases too.s

Proof of the case B= a. Let of) be a family satisfying the following
conditions:

(4.10.1) Fa= XJ(«)+i/7$,)= Xk and FnF=0 for every F,F'E (F,
Ff=F'.

Xif(@) being regular, we can apply Lemma 3 with &5 instead of S and
we obtain that there exists a system S of subfamilies H of §:1 satisfying the
following conditions:

(4.10.2) S= X/(«)th P(R)= Kf(a), $ possesses property C(2, X,/(«)
and if IF is a subfamily of IF, such that aF'= X/(e)-n, then there exists an

for which «cgF.

Let S= NMMWI@E@M and * = {~3,<udmya be well-orderings of type
@@+ of i and dFL respectively. Let further {orjv<ta ( be a monotone
increasing sequence of type to®@> of ordinal numbers less than a cofinal with a.

7 See [6J, Theorem 9.

8 We mention that if cf(a)<cf([3) (especially, if [ is of the first kind), then the
theorem is easy and can be proved without using (*). But for the cases Cf(B)J>Cf(a) we have
to use the same complicated proof as for the case B=a 1t is possible that a simpler
proof can be constructed in this case too, but we were unsuccessful in doing this.

7 Acta Mathematica XIl/1—2



98 P. ERDOS AND A. HAINAL

By (4.10.2) and = X,/@ for every fi<(ocf(@H. Let
&M= {Friv«odi@ be a well-ordering of type cod@ of %L
The set Fr — being an element of ofa — is of power and so it

can be split into the sum of disjoint subsets of power K«v, that means:
there exists a sequence {Fr(y)}y<vh of type ioa of subsets of Fr satisfying
the following conditions:

(4.10.3) Fr(y)= tiav for every y<coa, F,(/,) MFr(y3 =0 for every
I, 9<n ., 71® ¥ and Fr= U K(y) where H<co,/(a)fb v<ojd@ are
arbitrary. Y<aa

Now, corresponding to every n<co®aya we define a family d2aM as
follows. First put Ft(y)= U Fr(y), and then put IR2i= {Ffl(y)jy. Ca

v < mcf(a)

We have, for every "<coqsH,

(4.10.4) &F2u= N,, FMyt)nF*(y2d 0 for yu yr<o>a, yrpy 2 p("Um) =
= and (OFa,0= (%)m

In fact, the second statement follows from (4.10.1) and (4.10.3), the

first one is a corollary of it, while the third and the fourth ones are conse-
quences of (4. 10.3), since

Fly)= Z Fv(y)= 2 Kur==K- for every fi<tocT+,y<oja.

v«eocf(a) v<a>cf(a)
Now we put
&= dlu U $Fm
<<acf(a)+1
We have
(4.10.5) I>($)= *«,

since p(oF])=p(IF2")==Ka for ,v<t0, a1 by (4.10.1) and (4.10.4).
Taking into consideration that is singular and therefore c/(«)-j-1<a,
we get from (4. 10. 1) and (4. 10.4)

(4.10.6) IF—dj 0F2 XAyt S/(«)H o Xr<— K.

We are going to prove that

(4. 10. 7) IF possesses property C(2, X«).

Let F, F' be two elements of IF such that F=fc F'.

To see that Fr\F'<Ha, we distinguish four cases: (i) F,F'ESF,
@ity FAIF,, (in) FE& %, F'.S&a,,., (iiii) F€SF,, F £|F, for
some fi=f=n’.

Inthe cases (i) and (iii) F and F’ are disjoint by (4. 10.1) and (4. 10.4),
respectively. If (ii) holds, then—by (4.10.3) —either FIMF’=0 if F "% It
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or if then F— Fv for a v<(og(,>and F'==F)\y) for a y<coa and
Fn7?= " (7)= NV<INJ(.

Suppose now that (iiii) holds. By (4.10.2) we have Ny’ < &),
since ii=j=(i". It is obvious that (IF)= U Fz,and so Fn F'= U (Ftn(Fn F")

T<acf(a)+1 ,« ncla)+1

but either FtnF or FznF' is empty if F,$ n , hence
FnF'= U (FtN(Fn FY).

Taking into consideration that by (4. 10.3) Ftr\F<H,,, it results that
FnF'<K,, in this case too.
It remains to prove that

(4. 10.8) IF does not possess property B(X,,).

Let B be a set such that B n F< X« for every F $IF. Then, especially,
corresponding to every r<(o@@+ there exists a subscript v(r)<(od{@ suchthat

B MFt< .

It results that there exists a subfamily IF of S5 and an ordinal number
vO<u>®@@) such that IP=Nat)yi and B lMFz< X,r for every FTEIF. But, by
(4. 10.7), then there exists a ,uo<cu,@&a)H such that AF'. Thus we have
Ft" MB < X*, for every v<<gf(n), and so B MN(" Q" Xqw) *Xq,/K N«. But by
(4.10.4) |F2M consists of X« disjoint subsets of (1£N, consequently there is
an FAIFoME|F such that

Bn F=0.
Thus by (4.10.5)—(4. 10.8) the case fi=a of (4. 10) is proved.
From (4.3) and (4.10) we obtain the following

(*) Corolrary. Suppose p is infinite. Then L, p,p,p)-+B(p) holds if and
only if p is a regular cardinal number.

This should be compared with Bernstein’s theorem cited as Theorem 2
in Section 3.

Remark. After (3. 1) we have stated without proof that M(m,p, r)—-B(S)
IS not monotone increasing in p. This can be seen e. g. by the following
examples:

M(#,,«,,, X9-"B(X,) holds by (3.2) but

MOCxK 1 KO-k BiK,) by (4.1); or

M(Xa,X,,,K.) —B(X,) by (3.2) but
(*) MiKa.Ki.KO-KBfKO by Theorem 3 and (3.2) and
* M(Ka, X2 X-)-KB(X,) by (4.5).
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However, every example which disproves the monotonicity in question is
such that s>p. Under the condition s®p — and these are the only genuine
cases — the monotonicity seems to hold. Suppose namely that M (m,p, r)—B(s)
is true, s"p, and for the sake of simplicity suppose further that m,p,r,s}=80,
and suppose (*).

Distinguish three cases: (i) p<r, (ii) p = r, (iii) p>r. If (i) holds, then
by (3. D) and (4. 1) m+"s, hence again by (3. 1) and (4. 1) M(m,p’, r)-»B(s)
is true for every p’>p.

If (ii) holds, then m ~p by Theorem 3 and by (3.2), and so p’>m,r
for every p’>p, hence M(m, p', r) —»B(s) is true by (4.2).

If (iii) holds, then the implication is again trivial if m~p, and if m>p,
then by Theorem e which will be proved in Section 6 M(m,p',r)-*B(p+)
is true for every p’>p.

By a slight modification of the proof of Theorem 6 one can obtain the
following theorem:

(*) If§ is afamily, p(IF //, gf=m and IF possesses property C(2, r),
then there exists a set B such that BGF p for every F £ IF, provided that
the above-mentioned inequalities hold for the cardinal numbers in question.

Putr = {Bnfb6]|:. It is obvious that IF possesses property B(s),
provided the same holds for IF, but p(IF)= p, IF* m and IF possesses
property C(2, /), hence M(m,p, r)—B(s) implies M(m,p’, r)—*B(s) in this
case too.

It is possible that one can find a simpler proof for the monotonicity
which does not use the hypothesis (*), but we were unsuccessful in doing this.

5. Generalization of Miller’s inductive construction. Let (IF) be
a family and 5 a set, (IFeg.

Def. (5. 1) Let IF be a subfamily of IF and put 5'==(IF"). |F is said
to be closed in IF with respect to the cardinal number t (or briefly /-closed
in IF) if FEIF and FnS'*t implies that F £ IF.

It is obvious that if IF is an arbitrary subfamily of IF, then (the inter-
section of any number of /-closed subfamilies being /-closed) for every / there
exists a minimal /-closed subfamily of IF containing IF. However, we need
concrete constructions for /-closed families containing IF.

Def. (5.2) We define the /, s closure of IF in IF. Clos (IF, IF,/, «) for
every e. First we define a sequence {(Jr> <& of type we of subfamilies of IF by
induction on v as follows:

Put q0= of' and So— Lo Suppose that the families q,Las well as the
sets 5Mare already defined for every p<r for a v<coe.
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Put S= I:,livSa, ($r= 8§(SZ, t, 1P (where is the function defined in

(4.6)), and 5,-= (<)
Thus <§ is defined for every v<ioE Now we put

Clos (IF, IR t,s) - U <.

As an immediate consequence of the definition we get that
(Clos (IF,IFt,*)) -USr and |1F "Clos (IF, IF t, s).

v<(0€

We have:
(5.3) Clos (IF, IF t,s) is t-closed for every f<X-ao9

Proof. Let F be an element of IF such that Fn (Clos (IF,IFt, e)) LUt
Then Fnl),a/ for a suitable vO<coe and thus F£ Clos (IF, IF, t, 5).

In what follows in this section let IF be a fixed family, (IF)= 5. Suppose
that p(JF) = p, W= m, IF possesses property C(q,r), where the cardinal
numbers m,p,q,r,s and t satisfy the following inequalities:

® m>p,p"Kn 2LW({Wp+ r<p, r+=s~p, rr*t<p.
Every statement proved in this section depends on the assumption (°).
We are going to use the notations p= L,,,m= 0B, r=Ny, 5= alter-

natively (provided r and s are infinite).

Def. (5.4) Lete(f) denote the index of the least X greater than t.
(st)=0 if t is finite and XE&Y)= t+ if t is infinite.) This means that X£)
is always regular. Put briefly Clos (IF,f) for Clos (IF, IF, t, s(t)).

We need the following

(*) Lemma4. Let IF be a subfamily of IF |[F'= m'~p. Then Clos(|F\t) = m’,
provided one of the following conditions (a) and (««) holds:

(@) r=t and the following condition does not hold:

(w) There exist ordinal numbers B' and y such that m' =X, r= XY
and cf(R") = cf(y).

(cue) r<t.

(Note that in case r is finite, the hypothesis (*) can be omitted.)

Proof. Let denote the families defined in (5. 2) corresponding to
the given IF,t and e(t). First we are going to prove by induction on v that

(1 (v=m' and Sv~m' for every v<w &f).
9 It would be easy to see that (5.3) holds under more general conditions too,

but we do not need this. E.g., it is true that for every t either Clos(|F,|F,t,0) or
Clos (|F', IR t, 1) is f-closed.
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J'his is true for v= 0, since 0= §8'=71"' by the assumption and
5= (ifo) » p-m '= m Suppose that the theorem is proved for every gq<r
where v <

Then S I"kpgvm '—m'v. But by (5.4) and therefore

51 m\ since t<p”m"'.

Now we obtain from (4.8.1), (4.8.2), (4.8.3) and (5.2) that
Lr = 9~-£p\81, <,|5* possesses property C(q,r) and \(®\St\="t. On the other
hand, we have g~(m')+ since q”~p + and p“km'.

Hence by Lemmas 1 and 2 each of the conditions (a) and (aa) implies
that (JrjSI*m'. Consequently, we have *=p T '= T ',since g~"*p ifq”~ p +
Thus S,,=/n', since ("vcontains ("0, and similarly as for the case r = 0 we
obtain that 5,,gm’, and (1) is proved.

Using that t<p, o implies Ke(i)=P, we get from (1)

m'~ Clos(IF, )~ ~ m"m'-p= m'

and Lemma 4 is proved.

Let now IF= {F?}{<e,, be a well-ordering of type wp of the family IF

Now we are going to define the sequences {9'<r(}e<g>{\0jo<<?> of
type (p of subfamilies of IF as well as the sequence {&(?)}.<,, of subsets of
5 for a g*cop by induction on n as follows:

Def. (5.5) Put "6(0=4"}?«-«- oFo(0= Clos (cFo(0i 0> So(f)= (IFo(O)-
Suppose that the families &0 (f), SF..(f) and the sets Sa(t) are already
defined for every o'<o. Put

If there exists an index p<u>p such that F9(£9I(f), then put ?.= ¢ for the
least o of this kind, if not, then put o=cp.
If (v exists, then put

F (0= 91(f) n{d?a}, IF.co= Clos (9;(f), t), 5.(0 = (IF.(F)).
Finally, if pa is defined for every o<o)p, then put g = top.

(5.8) As an immediate consequence of the definition we obtain the
following results:
(5.6.1) IF= ) IF.(0>

(5.6.2) 9a-(0<=9b (0 A IF-(0c |F*(0 for every o'<o<cp,
(5.6.3) 5.-(0" 5*(0 —5.(0 for every o0'<o0<q,
(5.6.4) IF.(0 is t-closed in IF for every o<q by (5.3) and (5.4).
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Def. (5.7) Put ¢a(f) = §a(f)—"I(t) for every o<cp.
By (5.5) and (5.6.1) we have

57.1

©.7.1) (=

and by (5.6.2)

(5.7.2) %r(/) MN%r'(f)= 0 for every a'<o<tf.

Now we prove the following lemma:
(5.8) Suppose that FQE%a(t) for some o<tof, o<<p. Then
R®) F.fS*®) " t, and if t is finite, then
(BR) JMKStit) <t
Proof. First of all — Sv(/) being /-closed by (5.6.4) — we may

suppose H, n Saif) <t for every o'<o, for if not, then by the definition (5.1)
F? belongs to IKft) in contradiction to (5.7).

We distinguish two cases: (i) a="a,-f 1 for a ox<o, (ii) o is of the
second kind.

(i) By (5.5) and (5.6.3) we have 5*(/)= 504/), hence (BR) holds for
every /.

(i) Let cor be the least ordinal number cofinal with o and let {ov}r,<ti,
be a monotone increasing sequence of ordinal numbers less than o of type
to, cofinal with o. We distinguish again two cases: (j) H,"t, (jj) HT>t.

(i) We have by (5.5) and (5.6.3)

s;(0= unsa(t)= wn 5.(/).
7<cq)T  *

cr'<C(T

Hence /=rn54/N" £ SZn~F?"t-tft= t and thus (B) holds.
(j) Using again 5*(/)= U5., (/), we obtain that (%) holds, for if not,

then Fgn S*(t) contains a subset of power / which — being regular —
is contained already in a set 5.r for an
If / is finite, then either (i) or (jj) holds for it, and therefore if / is
nite, then (BR) is true.

Def. (5.9) By (5.7.1) and (5.7.2) corresponding to every g<top there
exists exactly one a<<p such that F? £ 9QJ/). Put ?,,= Fg—SI(t) for this o

and put further ff<(/)= Put finally 5.(0==(%,(/)).

We need the following results:

It results from the assumption p(&) =p>t by (5.8) and (5.9) that
(5. 10. 1) /Aff.(/)) = p for every o<cp, and it is obvious from (5.9) that
(5. 10.2) the family fU(t) possesses property C(q,r) for every o<tp.
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(5. 10. 3) Suppose Fo £ %a(t). Then
@) I I'IaL%S ., \t)"t and the equality is excluded if t is finite, and

(77) F,,nSo"(0 = 0 for every o0">o.

Proof. (7) By the definitions (5.7) and (5.9) Sa-(t) < Sf(t) "~ S'(t)
for every o'<,, hence by (5.8) we get F9n U S,, (t)*"Fen S*(t)*"t (or <t

cri< @

if t is finite).

(77) It is enough to see that FO9/IF9>= 0 for every F9-£%m({). But
Fg™S.(t)~S “"(t), and so by (5.9) F?-nF9" FfnS> = 0.

Now we prove the following

Lemma 5. Suppose that the families %a(t) possess property B(s) for
every o<cp. Then thefamily IF possesses property B(f++ s), and if t is finite,
then it possesses property B((f—1) + s) too.

Proof. By the assumption for every a<cp there exists a set B,T such

that BaCLSr(t) and Is B rnF?<s for every Fe £ %r(t).
Put B= \J Ba. By (5. 7. 1) for every g<a)R there exists a o<<p such

(T<L<P

that FQ£ Then F9E£%a(t), FO*"F 9, by (5.9), and Ba intersects F9 by
the assumption, hence we get
Q) BnF9=f=0 for every Q<col.

Now we are going to prove that
(2 W <i+-fs for every Q<coR.

Let now 09 be the uniquely determined ordinal number for which F,£  OO-
By the definition of B we have

(x) -~ WErn Fo+ B + L STLL) -

Taking into consideration that Bo”SoiO, we obtain from (5.10.3) that
UsB,, Mne)n U (Sr) NMF)r t and ]](J (Birn F,)~ 0. On the other hand,
0-<<’ <00 -0

it results from (5.9) that Sa?(t) MF9- F? for every F,£ hence

B nF9= Bo n F9<s. It follows that B nF9<F + s for every g<coB. (1) and
(2) mean that IF possesses property B(f++ s). Suppose now that t is finite.
The formula (x) holds in this case too. We get from (5. 10. 3) that the first
cardinal number on the right-hand side is less than t and the third one is o,
while the second is by the assumption less than s in this case too. Now if
s is infinite, then the sum is less than s, hence less than (t—I)-fs. If s is
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finite, then the first summand being less than t is at most t—a1, hence the
sum is less than (f—I)+ s in this case too. It results from (1) that if t is
finite, then IF possesses property B((f—I) + s).

Lemma 6. The family IF possesses property B, provided the same holds
for the families %a(t) for every a<cp.

Proof. Lemma 6 is to be seen quite similarly to Lemma 5. Let BA"S”t)
denote the sets satisfying the condition BalF9==0, Fe fj=Ba for every
B?€fL(t). Put B= ngB,,. The proof of the fact that B intersects every Fp

is the same as in Lemma 5. Let ae denote, as before, the uniquely determined
o for which F?£ It results from the definition (5. 9) and from (5. 10. 3)

that B n F9= B,ri NMFo, hence Fef=B nF?, since O. , and thus FgQZB,
therefore F?£|SR for every Q<cp.
For the sake of brevity we introduce the following notations :

Def. (5.11) The cardinal nhumber m is said to possess property T (p, )
if there exists an m' (p"m'<m) such that m' satisfies the formula (vw) of
Lemma 4, i. e. if there exist ordinal numbers R' and y such that

m'=SV, r= Hy and cf(R")= cf(y).
Quite similarly, p is said to possess property Q(r) if p satisfies the

formula (v) of (4.9), i. e if there exist ordinal numbers and y such that
p= Kr= K«+, r=S%, d(«!)= d(7) and y<ax.
Now we are going to prove
(*) Lemma 7. p(fta(t)) = p, the families %a(t) possess property c (g, r) and
%a(t)<m forevery o<cp, provided one of the conditions (d) and (66) holds:
(6) r= t and m does not possess property T (p, I).
(66) r<t.
(If t is finite, the hypothesis (*) is not used.)

Proof. The first two statements were proved in (5.10. 1) and (5.10.2).
We have to prove the third one. It is obvious from the definitions (5.7) and
(5.9) that %r(0 = %r(0 = =0 We prove by induction on a that T, (t)"
sip-o+\<m for every o<cp.

By the definition (5.5) cFo(f)= ia=p and, since by the assumption
either r<t or m possesses property T (p,r), by Lemma 4 |F(f)=
= Clos (170(0.0= P-
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Suppose that we have 8v(0 LU p-o'dp\ for every o'<a for a 0 <o<(p.

Then by (5.5)
I~ 2 oFa(t)® W+ 1=p m

Now ¥L)= IFE(O+ 1=P ° + 1o

We have cp”col? from the definition (5.5), and therefore p m-\-1<m,
hence we may apply Lemma 4 again to oiJQi)= Clos t) and we obtain
Wodt)*p m+ 1, thus this statement is proved for every o<y and Lemma 7
is proved. _

Note that from the statement $v(0=P'(7+ 1 (°<@) it results that
tp= oo} but we do not use this fact.

Finally, to have a view of our results we need the following quite evident

Lemma 8. The least cardinal number which possesses property T (K «,Ky)
(a>y) is a+ 1 if cf(a) = cf(y), and it is if cf(a) d cf(y).

Proof. By the definition (5.11) we have to find the least /2 for which
there exists a R' such that a”R'<R1land cf(B) = cf(y). It is obvious that
Bi= R'+\ for the least ordinal number R' satisfying this condition, and
® = n if cf{a) = cf{y).

Suppose now cf{d)d cf(y). R'>cc has the form R'= a-\-B" and
cf(a+ By = cf(y) can hold only if B" is of the second kind. But then
cf(a -(-R™) = cf(R™”) and the least ordinal number R" of the second kind
satisfying cf(B") = cf(y) is raf(7).

Let for the sake of brevity r(a, y) denote the index of the least cardi-
nal number which possesses property T(K«, X7).

Examples.
t(n,0)= u+ 1, r(0,0)= O+ 1, t(cw+1,0)= ©e2+ 1;
or more generally
r(«--fi,y)= a+ oo+ 1 for asifl*ojy if y*a and wy is regular.

6. Proof of the results concerning the conjectures (o) and (0o0).

(*) Theorem 4. Suppose 27hq”p+ and r+<p. Then for every
cardinal number m.
wr,p,q r)—=B

(Note that if r is finite, the hypothesis (*) is not used.)

Proof. For mtkp the theorem follows from Theorem 2 (Bernstein’s
theorem) if we use that symbol-l1 is decreasing in m (by (3.1)). We prove
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it by induction on m for every m>p. Suppose thatjhe theorem is true for
every m'<sm. Let now IF be a family (/?(F)= p, 8 = m) which possesses

property C(q, r).

Put t= r+ Then the conditions (°) are satisfied for the cardinal num-
bers in question and r<t. Hence we can carry out the construction described
in Section 5 and we can apply Lemma 7. It results that the families %2(0
possess property C(q,r), /?(%,(/))=/? and %,(0<m f°r every a<(f. Using
the induction hypothesis we obtain that the families %,,{t) possess property B
and thus by Lemma e the same holds for the family IF too. Q. e. d.

Remark. Theorem 4 is clearly a generalization of Theorem 1(Mitter’s
theorem) for infinite r’s, however, it is not best-possible in r as we have
already mentioned. It is possible that under the conditions g=P+
the theorem holds for every r<p. We have to deal only with the case p = r¥

Here we can prove the following

(*) Thneorem 5. Suppose r=K 7, r+=p (.e p= Ka= Xth), 22q”*p +
Then M(m, p, g, r)-* B holds for every m less than Hy+arf(y)+m

Proof. For Twp the theorem is true by Theorem 2. We prove it by
induction on m for every p <m< KwsitYyHe Suppose that it is true for every
m'<m for an m satisfying the above condition. Let IF be a family for which

p(R)=p, 8 —m and suppose that IF possesses property C(qg,r). Put t—r.
The conditions (°) hold for the cardinal numbers in question, and so we can

consider the families Xa(r) (o<q) defined in (5.9). Since by the assumption
cf(a) = cf(y+ 1) (c/(a)dpc/(y)), it follows from Lemma 8 that m does not

possess property T (p,r). It results from Lemma 7 (dd) that p(fL(r)) = p,
Ka(r) possesses property C(q,r) and %a(r)<m for every o<cp. Hence by
the induction hypothesis the families XJr) possess property B. Consequently,
by Lemma s, the same is true for IF.

Remark. We do not know for any y whether the assumption
m< NYMH(+ can be omitted. We have formulated the simplest unsolved
problem in Section 3 (see Problem 2).

(*) Theorem 6. Suppose p>r”~it, ihen M(T,p,r)—*Bd + for every m.

Proof. If p =r+, then the theorem is trivially true by (3.2). Thus we
may suppose r+<p. In the cases m<p by (4.2) we have M(m, p, r) —=»B(2).
If p does not possess property Q(r), then by (4.9) M(p, p, r)—aB(/")
holds. If p possesses property Q(r), then it obviously does not possess
roperty Q(r+) (since if r=K 7, then r+= K74 and cf(y)f=cf(y+1)).
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It follows again from (4.9) that M(p, p, r) —B(rf+) holds. As a conse-
guence of (3. 1) we get that M(p, p, ) —=B (rH) holds in every cases. Now we
prove the theorem for m>p by induction on m as follows:

Suppose that it is true for every m'<m. Let IF be a family
(&= W—m) which possesses property C(2, r). Put t =r¥. Then the
conditions (°) hold for the cardinal numbers in question and we can
consider the families Xo-(t) (o<y). Since r<t, it results from Lemma 7 that

p(%,(t)) = p, the families X<r(t) possess property C(2,r) and %Nt)<m for
every a<cp. Thus by the induction hypothesis the families %a(t) possess
property Applying Lemma 5 we obtain that IF possesses property
B(r#'+ rf+), i. e. it possesses property B(r+).

Remark. It is obvious from (3.1) that under the conditions of Theorem 6
M(m,p, r)—»B(s) holds for every s="r++ too. In the case q= 2 Theorem 4
is a corrollary of Theorem 6. Similarly as in the case of Theorem 4, it is
possible that Theorem e holds with r+ instead of I+

(*) Thneorem 7. Suppose p>rlU$». (Put p= K« r=Ny.) Suppose further
that p does not possess property Q(r). Then

LLI,T,p, r)_ B(rr)
for every m<H at0>dMitu provided cf(a)=f=cf{y).

Proof. For m<p the theorem is a corollary of (4.2). In the case
m=p we get from (4.9) that M(p, p, r) —»B (¥® holds, since the assumption
of our theorem assures that p and r do not satisfy the formula (v) of (4. 9).

We are going to prove our theorem for m>p by induction on m as
follows: Suppose that the theorem is true for every m'<sm, for an m satis-
fying the above condition. Let IF be a family (p(ef)=p, § = ni) which
possesses property C(2, r). Put f= r. The conditions (°) are satisfied, and
so we can consider the families "JC(r). The assumption cf(a)f=cf(y) assures
by Lemma 8 that m does not possess property T (p, r). Thus from Lemma 7

we obtain that p(%(r))*=p, the families ita{r) possess property C(2,r) and

Xa-(r)</2 for every o<<p.

Thus, by the induction hypothesis, the families ~ (r) possess property
B(r+) and, consequently, by Lemma 5, the family IF possesses B(rf+ rf)
Since r is supposed to be infinite, this means that IF possesses property
B(r+) too.

Remarks. If p possesses property Q(r), we do not know whether the
theorem is true for m==p. (See the remark after (4.9) and Problem 3a).)
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If cf(a) = cf(y), then by (4.9) the theorem is true for m=p, but we do not
know whether it is true for m= p+or not. The simplest unsolved problem
here is M(X«+i,X.,,X0) — B(Xutl).

Here the difficulty is essentially the same as in Problem 3b). It is
obvious from the remark made after (4.9) that a positive solution of Prob-
lem 3b) would imply the positive solution of the problem just stated as well
as a positive solution of Problem 3a).

7. The discussion of symbol-W in the cases r<X,, (/>"X0.
that in the case r<Xo (p = NQ symbol-1 is completely discussed by Mitter’s
theorem. The positive theorems concerning symbol-11 will be proved by
Mitter’s method quite similarly as the theorems of Section e.

Theorem 8. @) M(X,<+,, X«, )—=3B((r—I)(n+ 1)+ 2) if r isfinite and
a is arbitrary.
b) M(m, X« r)~*B(Xn) for every m and a, provided r<Xi. D

Proof, @) We are going to prove the theorem by induction on n. For
fz= 0 the theorem is proved in (4.9). Suppose that it is true for an n and
let IF be a family such that p(|F). X«, IF= X«t»H and suppose that it pos-
sesses property C(2, r). It is obvious that the conditions (°) hold for the
cardinal numbers in question and we can apply the construction of Section 5
with t= r to our family IF.

By Lemma 7, p(%a(r)) p, the families %a(r) possess property C(2,/)
and 5fo-(r)<Xat+n+i for every o<<p. This means that %r(r)=IX<*n for every
o<cp and — using (3.1) — we get from the induction hypothesis that the
families Xa(r) possess property B((/'—I)(n+ I) + 2) for every o<y.

It follows from Lemma 5 that the family IF possesses property B((r—o +
+ (F—oe2+ 1)+ 2), i. e it possesses property B ((r—1)(?-+2)+2).

Note

b) The proof can be carried out by induction on m using Lemmas 5

and 7 quite similarly as in the previous cases, and so we omit the proof.

Remark. The hypothesis (*) is not used in the proof, since it is not
used in the proof of Lemma 7 for the case of finite r.

With a slight modification of our construction it would be easy to
prove the following

Theorem 9. Let § be a family, p(|JF) = Ha, &= HatH and suppose that
it possesses property C(2,r) for a finite r where a is arbitrary.

Let there be given a function 1(F) which correlates to every F£8F an
integer 1(F).

XL Note that n denotes always a non-negative integer and r is supposed to be greater
than 0.
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Then there exists a set B such that
B NMF= max (1(F), (r—1)(n+ 1)+ 1) for every FE£ IF.

In particular, if I(F)= (r—1)(n+ 1)+ 1, then the set B intersects every F in
exactly (r—1)(n+ 1)-f 1 points.

We omit the proof.
Now we are going to prove that Theorem 8 is best-possible in s.

(*) Theorem 10. a) Ke, r)—+B((r—1)(n+ 1)+ 1) if ris finite and
a is arbitrary.

b) M(m, S«, r)-b-B(/) if r>\ s finite, a is arbitrary, and
I is an integer.

Proof, 8) We have to prove that there exists a family IF satisfying
the following conditions:

@ pd7)= X,

(2) T = Katn

(3) IF possesses property C(2, r).

(4) If for aset B B[\Ff=0 for every FE£ IF, then there exists an FUE §
such that FOr\B~(r —2)(n+ 1) + 1.

We are going to prove instead of this the following more general
statement: There exists a family IF satisfying the conditions (1), (2), (3) and
the following condition:

(5) There exist subfamilies IF, d= of IF such that IFunIR2= IF
IFEnd2= 0 and if for a set B Br\Ff=0 for every F£ IF, then there exists
an FO£|F2 such that FOnBw (r—1)(n+ 1)+ 1

It is obvious that (5) implies (4).

Put ()= S. Obviously (1) and (2) imply S*H amn. Thus we have:

(e) If there exists a family JF satisfying the conditions (1), (2), (3) and

(5), then for an arbitrary set S' (S'= Na#l) there exists a family IF' such

(IF)*S' and IF' satisfies the conditions (1), (2), (3) and (5) too.

We prove the existence of such a family IF by induction on n. For
n= 0 the theorem is proved in (4.5) (see the remark after (4.5)).n Suppose
that for an n there exists a family IF satisfying the formulas (1), (2), (3)
and (5). Let S be a set, S= N&Hi. Then [NPén = Kt by the hypothesis
(*). Let {1?7P<VBtatl= [S]x“4n be a well-ordering of type maH+ of the set
[S]s“+,i.

1 In case of finite r the construction given in (4.5) can be simplified as follows:
Suppose that |F,= r instead of IF,= r+ and take for & the system of all subsets X of
(IF,) satisfying the condition XNF= 1for every FEIF, instead of the system $ defined
in (4.5. 4).
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We are going to define a sequence {FZe<eew1i oOf type wat of
families (!y)ci.S by induction on g as follows:

Suppose that the families fy are defined for a p<raaHtti in such a
way that (Sy)”ifet* for every g<aq Then A?2UU ($y) " N«Hl, hence we

can define a subset So of 5 such that
@) Sch-(/I?u?%(y and $ = K«

By the induction hypothesis and by (e) there exists a family |F| satis-
fying the formulas (1), (2), (3) and (5) such that

(8)
let IFp* and d9* denote the families satisfying (5) instead of IF, and d=2,
respectively.

Since o= satisfies (2), we have dfo*” Kat, and we may suppose that
the equality holds. Let aft* — {F$’2 },,<®atH be a well-ordering of type matn
of the family !Fo*.

Since A?="Kat,, it is obvious that there exists a system  of subsets
of satisfying the following conditions:

9 lo= ,A=r—1 for every X£$ and XnY=0 for every
X, YE$ X V.

Let So= {Xr}wuaH be a well-ordering of type (oath of the set (9.

We define the families d®, IFj, So by the following formulas:

(10) = IFo= {XInF22* c,
and
= U

It is obvious that (CF?) S?+ Aqg, hence () g Netn, and so ao is de-
fined for every (><roaHii and the formulas (7)—(10) are satisfied for every
Q< asatvH o

Put
(12) oF= U *>, U IB= U

Now we have to verify that o satisfies (1), (2), (3) and (5) for n+ 1
instead of n.

since J&* satisfies (1), and thus it follows immediately from
the definitions (9), (10) and (11) that

(12) p(cF) = Na.
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It results immediately from (7) and (8) that

(13) (By) N($>) = 0 if ¢ <g<ojaHrl
Thus, since the families IF* are non-empty, we have
(14) W— XeHrH »

Now we prove:

(15) IF possesses property C(2,/).

Let F, F' be two distinct elements of IF. Then FE|F? and F'E<Py for
suitable g and g, respectively. We distinguish two cases: (i) g= ¢, (ii) g=f=g".

(i) f F*&Il, F"'t hen FuF'cr, since by (10) IF*=|F™and IF*
satisfies (3).

If ZelIFp, F'EIF,,, then F<=S?, F'--XI| UF;:~* for a suitable v <wat,,
but by (9) XI*Aq, hence by (7) and (8) FnF = Fnff* and FnF'cr
follows again from the fact that IF) satisfies (3).

If FEIF;i, F'AFy, then F = XIUFrz* F'= XI’uF£2* for suitable
r',v (v=f=v"), respectively. Using again that Aq and S? are disjoint, we get

FfIF' = (X? n XS) U(FI'1*n F?r).
Thus, using that by (9) X$n XS-~ o, we get by the same argument as above
that FnF'<r in this case too.

(i) We may suppose g'<g. If FEIFp, then by (7), (8) and (10) Fand
F' are disjoint. If FE81, then F=X?, nFJIZ* for a suitable v and it results
from (7) and (s) that F'nFIiT X$, hence by (9) F'nF " f—I<r.

We have
(16) IFLn IR2= 0.

In fact, IFp*nlF™* = 0 for every g, because IR satisfies (5), thus it results
from the definition (10) and e. g. from the fact that IF* satisfies (3), that
oF'IFj= o and it is obvious from (7) and (8) that JynlFo ==0 for g=f=g,
hence IFgnlFa= o is true.

Now we prove:

(17) Suppose that for a set B FnF~O for every F~ IFL

Then there exists an Fof IF2 such that F,,nFE(r-—1)(n+ 2)-f 1

First of all it follows from (13) that F = Xak As a corollary of this
there exists a subscript posuch that A%*B . Since by the assumption B has
to intersect every FMIFL we have that FnR~O for every F£ |i>Q But by

(10) ~ = |P;* and it follows from the fact that IF*, IF;* IF™* satisfy (5), that
there exists an index VO such that Bn F*“Z*s (r—lyy2+1)+ 1 Put
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F°= X0n F$2* Then FofIF2. Taking into consideration that by (7) and
(8 ":nBR:"=0and by (99 X*"AA*AB, 1 »=r-1 we obtain

BnFe° WXL+ BMF t" i£(r—\)(n+ 2)+ 1

Thus the families IF, IFLand IFzsatisfy by (12), (14), (15), (16) and
(17) the formulas (1), (2), (3) and (5) for n-\-1 instead of n, and so the
existence of such a family is proved for every n.

b) By (3.1) it suffices to prove that M(Xde /m—1>B(f).

Let {5,}i<(, be a sequence of disjoint sets such that S,,= R«#n. By the
theorem just proved and by the remark (e) there exists a sequence {IF},.<«
of families such that (I c S nand IF, satisfies for every n the conditions
1), 2, (3) and (5).

Put IF= nléf»IF”' Then /71F) = X« and IF= K, W since the IF,’s satisfy

(1) and (2) for every n and the IFn's are obviously disjoint.

Since the sets Sn are disjoint, FnF'= 0, provided FE IF, F' £IF, for
n=E=nl. Thus, taking into consideration that IFn satisfies (3) for every n, it
follows that IF possesses property C(2, r). But IF does not possess property
B(/) for any /, since there exists an nOsuch that (r—1)(n0+ 1)+ 1>1 and
the subfamily IF,o of IF does not possess property B((n—I)(n0O+ 0 + 1),
because it satisfies (5).

Thus part b) of Theorem 10 is also proved.

Remark. As We have already mentioned in (4.5), in the case n= 0 of
the part a) of Theorem 10 the hypothesis (*) is not used. We do not even
know whether one can prove Theorem 10a) for n= 1 without using (*).

8. Results on the topological products. A topological space T is
said to be x-compact if every family 8\i of closed subsets of it with void
intersection, f) X=0, contains a subfamily (M'cX*) with void

intersection.

0- compactness means ordinary compactness.

1- compact spaces are the Lindel6f spaces.

For the sake of brevity we introduce the symbol T{m, |)— to indi-
cate the following statement:

If IF is a family of Scompact discrete topological spaces, IF= m, then
the topological product of the elements of IF is z-compact.

As usual, T{m,1)—+x denotes the negation of this statement.

Tychonov’s classical theorem can be stated as follows: T(m, 0)—0
for every cardinal number m

8 Ada Mathematica x11/1—2
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Let S be a set, S==m, and let u(x) be a measure defined on all subsets
of 5 such that the values of /<(*) are o and 1, «({x})= o for every Xx£S.

The cardinal number m is said to be of measure 0 if every o-measure
satisfying the above condition vanishes identically.»

A well-known result of Ulam states that every cardinal number m less
than the first strongly inaccessible aleph is of measure 0.1

The hypothesis (**) states that a strongly inaccessible >X,, aleph is
not of measure o or more generally:
(**) If m is strongly inaccessible, > X(, then there exists an m-additive meas-
ure satisfying the above conditions such that ju(S)=I.

If we use (*), then -Los’s theorem (Theorem 4 of [3]) states that

T(X*+1, \)-\-+x for every x*"I,

provided X* is regular and of measure o.u
Now we are going to prove the following

(*) Theorem 11. T(Ua+n, « + \)-\-*u-\-n for every ordinal number a and
for every 1 n<wm

Before proving this theoremswe compare it with Los’s theorem and
state the simplest unsolved problems. Put a—O0, then our theorem states
that T(X,,, 1) —m for every n~\, and so it is stronger than Los’s theorem
for the cases x<co. Moreover it is best-possible, namely T(X,, 1)—=n+ 1
is trivially true, since the topological product of X« Lindel6f spaces contains
a base of power X« for every a. For the case of singular x%, e. g. for
x = @ the following problem remains open:

Problem 4. T(X,«, 1)—*t0?

m X ,, i)—>-«+1 is trivially true and T(Xfl, 1) —41-n for every finite n
is a consequence of both theorems.)

For x’s greater than o Los's theorem is stronger, since our result
states nothing about /A-compactness of the product of Lindeléf spaces for
X>(0.

But we do not know whether Los’s theorem is best-possible e. g. for
*= <y+l, since it states T(XMg2 1)-*m+1 and the following problem
remains open:

Problem 5. T(X(<+2, 1) -no+ 27

(Our Theorem 11 gives only that T(X«+2 £«+1)-->w+ 2.)

& See [3], p. 14

is See [7].

1 See [3], Theorem 4, p. 17.

iS The proof is given on p. 115.
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For Xx’s not less than the first inaccessible cardinal number Los’s
theorem does not state anything. The reason for this is that if, at least, we
assume the hypothesis (**), then T(m,,, 1)—*a0 is true where m0= Ha de-
notes the first strongly inaccessible cardinal number >NO More generally
we have the following

(**) Theorem 12. If is strongly inaccessible, >XQ then
T(K,, «)->«.1

We mention here that even using (*) and (**) we can not decide
whether T(N«, )—=<0is true if a>a0 where X<« is the first inaccessible
cardinal number >X,,.

Our theorem shows that T(K,,Ur n, «0+ 1)-l»«0+ n for every 1" n<m,
but neither Los’s theorem nor our theorem disproves that T(m, a,+ 1) —»a0+ Q
holds for every cardinal number m if X0 is strongly inaccessible >XO0.

Proof of Theorem 11. Let rO be an integer such that (ro—1)(«+ 1)+

+ |- ¢o—w2+ 2 (6. 9. ro= 2). By Theorem 10 corresponding to every n
there exists a family IF ((IF)= 5) satisfying the following conditions:

(0 £(8) = *..

(2) IF= N«tH

(3) IF possesses property C(2, rQ.
(4) If for aset B BnFf=0 for every FE|F, then there exists an FoflF,
such that
FollR ~ (r—D(/iT' )+ 1e

Let IF= {Fp}? b&in be a well-ordering of type ooain of IF. Let XKdenote
the topological product of the discrete spaces F?. The elements of X are the
sequences (Xxe9 b#tn where x? £ F?.

Corresponding to every finite sequence Pi< ese< (k<(»at we define the
subset Bp,...7.((xe)p<aa+n) of 5 as the set of p,th components of (x?)%itai for

i k, i. e. we put

(5) B?l..A((xe)?<0,0+n) = {x:x £ SJI(x = x2Lv eseVx = x?2)}.
Now we define the subset of X as follows:
(6) (*9P if and only if

Bo,...o{(x?))<to)n7”.< (r0—1)n+ 2 for every /'=],. K.

For the proof see p. 116.
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Put )
Sl = JOI< .. <HcO«t,) o

It is obvious that X7 ,% is a closed subset of X for every sequence
pi < e+ < 9k< coatn and it results from (1) that the discrete spaces F? are
X«+i-compact for every p<coat, Hence it is enough to prove the following
assertions:

(?) n X =o0
xQ,..oke S \I
and
(8) M X?1.9k=f=0 if X AX, A <XaH
X71L. xEad'

Proofof (7). Let Oth?<met be an arbitrary fixed element of X. Let B" be the

set of those x £S for which there exists a p<wat, such that x = Xp. It is obvious
that BuuFg=f=0 for every g<matn, hence by (4) we have for a po<

B°nFB(/-0—1)(n+ 1)+1.
Put (ro—1)(n+ 1)+ 1=Aro. Then there exists a sequence pi< ee» <pgsuch
— AT OA A —
that po= gl foran /, (\*i0"kO, . kO and toﬁe -aoC Fft= Fﬁ,o.

But this means that B?.p°((M)<(MAn” = Ao<:(ro—1)n+ 2 and
thus by (e) {¥fg aalm*.X”...gi which proves that the product considered in
(7) is empty.

Proofof (8). Let/(DU') denote the set of ordinal numbers p appearing as a
subscript p; (i=\,...,k) of an X7L.?2k" > . It is obvious that X?l.?k==
f=Xo[...% if the sequences pi,...,p/£ and pi,...,pi are different. Hence

XK'<X«+, implies 1(0K') <X« Thus it is sufficient to see that
n Xg,...9«® 0 holds for every po<co«t,.
Pj(i=1,see>%), 2 < »t,

Put $=0= {7yje<wo for every p0<cw Then p(JF9= K, by (1). Fo
possesses property C(2,rQ by (3) and IFo* Xad-i (n—170) for every
po< (cat Thus by Theorem s8a) there exists a set B such that

1fiOn/y<(/lo—1)n+ 2 for every p'<pO.

It results that we can point out an element xf of Bn/y for every p'<po
and let Xg be an arbitrary element of F?- for p'*po- It is obvious from (e)
that the sequence (xV)<ftati so defined is an element of the product in
question.

Proof of Theorem 12 Let IF be a family, F= Xa such that F< N«
for every FE & Let IF= {Fvjwoa be a well-ordering of type ma of IF. Put
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Sv={/v}M<. Let X and Xv denote the topological product of the elements
of IF and IF, respectively. If 0 = (Xy)«O=a is an element of X, then O0/v

denotes the element of Xv.
Let there be given a family Sl of closed subsets of X. Corresponding
to every A"Ec)lt and v<a>a we define a subset Y(X,v) of Xv as follows:

Y(X,v) = {®lv}e&.
The set {Y(X, VyHec” is of power less than X« for every v <oja, since

X« is strongly inaccessible and £, <X« for every v<coa. As an easy conse-
quence of this we obtain that fl Y(X,v)=f=0 for every v<u>a, provided

xeS\I
fl. Xd o for every Sit'£ X, X <X«
At e
Put Zv= T Y(X,v). The Zv’s form a ramification system. By a result

AeMt
of P. Erdés and A TarskiZ/ it follows from the hypothesis (**) that there
exists a o £T such that 0/vE£Zv for every v<wa.
Let X be an arbitrary element of XX. Then for an arbitrary v<coa there
exists a 0 VEX such that Ov/v—0/v. Since X is closed, it follows that
0£X,and so 0( M X, i.e X is «-compact.

Now we state some unsolved problems which all would have been
consequences of T(H+, 1)—2 The answer to all these questions is very
likely negative, but we can not disprove any of them. In the formulation of
all these problems we consider (*) to be assumed.

Problem 6. Let 8§ be a family (F= X2, p('F)= Nu) such that every
cFc=F (I SIX,) possesses property B. Does then IF necessarily possess
property B too?s

The family IF is said to possess property G if there exists a function
f(F) defined for every F£|F such that f(F) is an element of F and
Noe ) Ne ) for FAF,.

Problem 7. Let IF be a family (IF= Xo, p(!F)= Xo) such that every
IF'criF (1'i X)) possesses property G. Does then IF necessarily possess pro-
perty G too?®

17 See the footnote 4 on p. 328 of [8].

18 The following theorem is an easy consequence of Tychonov’s theorem: If IF is a
family of finite sets such that every finite subfamily of |F possesses property B, then |F
possesses property B.

19 This problem is due to W. Gustin (oral communication). It is well known and an
easy consequence of Tychonov's theorem that if for a family IF of finite sets every finite
subfamily of it possesses property G, then the whole family possesses property G too.
See e. g. [9)].
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Problem 8. Let there be given a graph G of power X2- Suppose that
every subgraph G~ Xi of G has chromatic number not greater than XO0. Is it
then true that the chromatic number of G is not greater than X,,»»

Now we would like to formulate a problem which does not seem to
follow directly from T(X2 1)—<2, but which belongs to this class of prob-
lems too.

Problem 9. Let there be given a graph G of power X2 Suppose that
the edges of every subgraph G\ of G can be directed so that the number of
edges emanating from an arbitrary vertex is finite, provided Gi*Xi-

Is it true that the same holds for the graph G2z

A positive solution of Problem 9 would follow from the following
generalization of Tychonov’s theorem. (This generalization is probably false,
but as far as we know has not yet been disproved.)

Problem 10. Let | Dbe a family of finite sets, |F= X2 and Ilet
IF= {FvlvH be a well-ordering of type o= of IF. Let X denote the Descartes
product of the elements of IF, i.e. X is the set of all sequences (x,.)v<U)2
xvEFr- A subset X of X is said to be X,-modified if there exists a set /
of ordinal numbers less than ait 7°Xu suchthat x),= xi for every r£l
implies that (x\)v<(a,belongs to X if and only if (x3, L=mbelongs to X.

Let $It be a family of X.-modified subsets of X and suppose that the
intersection of the elements of every subfamily $11 of $11 is non-empty,
provided $11' Xie Is it true that for an arbitrary family $11 satisfying these

conditions M XpO?
XESBIt

9. Further problems. Suppose /><X,,.2 The theorem formulated in
the footnotess on p. 117 or similar considerations show that to clear up all
the problems it would be sufficient to determine the values of the symbols
M(m, p, g, ) —»B, M(m, p, r) —aB(s) for finite m%, and so we now suppose that
m,p,q,r,s are finite. Obviously, if r=1, then the problems become trivial.
So the simplest cases when one can find unsolved problems are <= 2, r— 2.

D 1t is well known that if every finite subgraph of G has chromatic number not
exceeding n, then G has chromatic number not exceeding n. See [10].

2L As an easy application of Tychonov’s theorem P. Erdés and R. Rado proved
the following theorem:

If the edges of every finite subgraph of a given graph G can be directed so that
the number of edges emanating from an arbitrary vertex is less than a fixed integer n,
then the same is true for the graph G.

2 T. Gallai pointed out that interesting and perhaps deep questions can be asked
concerning the symbols for p less than NO
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One can ask whether M(m,p, 2, 2)—B is true for a p> 2 and for every
m. The only non-trivial remark concerning this problem is that

(9.1) NL(7, 3,2, 2)-KB .

This is shown by the Steiner triplets for m= 1.
The simplest unsolved problem here is

Problem 11. Is it true that
M(m, 4, 2,2)—»B holds for every ml

We can not even decide whether there exists an integer pO such that
M(m, pQ, 2,2)-» B holds for every m.

Remark. The example (9.1) is best-possible in m, i. e. M(s, 3, 2, 2)-> B
is true and it is interesting that for m = e, M(e, 3, 2, 2)-» B(2) is true too.
There remain interesting unsolved problems even if we omit the assumption
that IF possesses property C(qg,r) for some q and r.

It is obvious that if m is sufficiently large, then a family IF with
p(8) = p, IF—m has not to possess property B. Let m(p) denote the least
integer m for which such a family exists.

We have

(9.2) m(p)”"(2/7~ 1),

as it is shown by the subsets taken p at a time of a set having 2p —a1 elements.

More generally, one can ask for the least integers m for which there
exists a family IF ((F= m, p($) = p) which does not possess property B(s)
where 27ks™ip. Let m{p,s) denote this integer. (Obviously m(p,p) = m(p).)
Similarly as in (9. 2) we have

9.3) mp.s)sit? T,

(9.1) shows that the estimations (9.2) and (9.3) are far to be best-
possible already for p — 3. The following problem remains open:

Problem 12 What is the order of magnitude of the functions m(p),
m(p,s)|

Let us now return to the infinite sets. We would like to raise several
new problems, most of which are unsolved, which are all connected to a
lesser or greater extent to the ones which we considered so far. To save
space we will only outline the partial solutions which we have succeeded in
obtaining up to the present.
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The first of these problems is the following:

(9.4) Let there be given a family IF {8 = m, p(oF)==p) such that every
subfamily IF'of IFpossesses property B(r), provided that IF<m. Under what
conditions for the cardinal numbers m,p, r and s does then IF necessarily
possess property B(s) or property B?

For the sake of brevity we introduce the symbols S(m,p, r)—aB(s),
S(m,p, r)—»B (S(m, p, r)—+HB(s), S(m,p, r)-H-B) to indicate the positive
(negative) solutions of the problems, respectively. It is obvious that the prob-
lem stated in (9.4) is closely connected with the possible generalizations of
Tychonov’s theorem treated in Section 8. We point out only the simplest
and typical problems. A general discussion of this symbol seems to be
hopeless at present.

The example given by Miller cited in Theorem 3 shows, if we assume
(*), that
(*)(9.5) S(X,X,,,2)-k B.

This follows from the fact that the system of almost disjoint sets of
power X, constructed by Miller has the following property: if x is an element
of the basic set and S(x) is the union of the sets belonging to the system
containing x and F is a set of the system not containing x, then
S(X)NF< K,,.

Comparing Theorems 8 and 10 we obtain as a corrollary that

(*)(9-6) S(X2 X0>4)u-> B (4).
The following problems remain open:
Problem 13. a) S(X2 X, 2)—B(2) or S(X2 X®»2)-i+B?
b) S(X2X»,4)-*B(5) or S(X2 x.. 2)—#B?
The following problem concerning the symbol introduced in (9.4) is

the simplest one for which our theorems proved so far do not give any
information.

Problem 14. Let r be an integer rw 2. Is it true that S(NM X0, r)—»B(r)
holds?

Remark. It is easy to see that a negative solution of Problem 14 for
any r would imply a negative solution of Problem 4.

The second question which arises concerning property B is the follow-
ing: Theorem 3 (Miller’s example) assures that there exists a family IF
(JF=2y, p(|F)= X, such that IF possesses property C(2, X,, but it does
not possess property B. However, his example is such that (IF)= Xoand
one can ask whether this is an essential restriction.
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Concerning this question, using (*), we can prove the following
theorem:

(* (9.7) There exists a family IF (|F= X,, p(R') = X,) which possesses pro-
perty C(2, X, such that it does not possess property B and satisfies the
following condition:

(A) @P)= Xi for every IF'C|F, IF= X,.

We only outline the construction.

Let 5 bea set, S= Xi. Applying Lemma 3 stated in Section 4 we
obtain that there exists a system § of subsets of 5 satisfying the following
conditions:

() (S =X, »= KL

(2) $ possesses property C(2, X,).

(3) For an arbitrary S'*S (S'= X~ there exists an A£S such that
ACS5..

Let &= {AVIVH and S= be well-orderings of type co, of the
sets S and S, respectively.

Let 8 be a system of subsets of Av for which p(J>,) = X, Sr= XI|;
further let 8r possess property C(2, X,). Let Sv= { be a well-ordering
of type oo, of the set §, for every v<co, It is obvious that one can define
a monotone increasing sequence {pvi> of type oo, of ordinal numbers less
than co, such that u,.>p’ for every $ Av (hence for every £ BE for every
p<Q).

Put C8= Bl_{] {xM+ii} and IF= {Ci}pML,u<W It is obvious from (1)
and (2) that 'F= X,, p(oF)= X, and IF possesses property C(2, X,). The fact
that IF does not possess property B follows from the property of § stated
in (3) (taking into consideration that a set which intersects every element of
IF has to be of power X). Finally, it is easy to verify that if IF = X,, then
("F)= Xi for every IF'c” since if IF—X,, then IF either contains X, Cfs
with the same v or Xi Cf’s with pairwise different v’s.

The following refinement of the problem solved in (9.7) seems to be
interesting. Let us say that the set X is almost contained in Y if Y—X is
finite.

Problem 15 Let 8 be a family (p(oF)= Xo, IF= X]) suchthat IF pos-
sesses property C(2, X») and suppose that (instead of (A)) it possesses the
following property:

At most X, sets belonging to IF are almost contained in a denumerable set.

Does such a family IF necessarily possess property B?
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The answer is probably negative to this question too, but we can not
disprove it even if we omit the assumption that IF consists of almost dis-
joint sets.

The following question is connected with Problem 3 (hamely a posi-
tive solution of it would imply a positive solution of Problem 3b)):

Problem 16. Put S={v}wadi (5=X1m).

Let Sv denote the set {{uHvk» for every v<coat. Then Sv” N,, and so
one can define a splitting of Sv onto the sum of N, disjoint sets such that

Sv= I"@Hc)Sn and 2b<K® for every v<coaH.

Is it possible to define the sets S,, in such a way that for every
y<(ow#1of the second kind which is not cofinal with oo, there exists a
monotone increasing sequence of type @ of ordinal numbers less than
v cofinal with v and such that for every n and for every t<t'<q?

A similar but simpler problem is the following one:

Problem 17. Let 5 be the set of ordinal numbers less than co, Is it
possible to define a function f{y) on 5 such that /(r) £S, f(v)<v for every
v<col which has the following property: If v<col and v is of the second
kind, then there exists a sequence {vnjw) of type @ of ordinal numbers less
than V such that vn—v and f(vnH)=v,, for n—0, 1,2, ... . This problem
is interesting in itself and seems to be very difficult.

The positive solution of the following problem would imply a negative
solution of an immediate generalization of Problem 9, namely it would assure
the existence of a graph G of power XwH the edges of every subgraph of
power > of which can be directed so that the number of edges emanating
from a vertex should be finite, but the whole graph can not be directed in
such a way.

Problem 18. Let 5 be a set of power NM Does there exist a family
IF suchthat IF= p(JF) = No, and which has the following
property:

(L) if S'ALS, S'jiN,), then there exist at most sets F belonging to
the family such that /?n=2>= KO.

Remark. On the one hand, we can not disprove Problem 18 even if
we require that IF should possess property C(2, SG), on the other hand we
can not prove it if we require only that IF should possess the following
weaker property instead of (2):

Every S' (S'= X, contains at most N, elements of the family.
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We construct the graph G mentioned above as follows: Suppose that
the family IF and the set 5 satisfy the requirement of Problem 18. Let the
set of vertices of G be IFu5. The edges are the pairs (F,x) where F£IF
and x£F. It is easy to see that G has the property required.

(Received 15 January 1960)

Added in proof (March 3, 1961). The manuscript of this paper had
been written before the authors knew that A Tarski has disproved the hypo-
thesis (**). (See A Tarski, Some problems and results relevant to the founda-
tions of set theory, Proceedings of the International Congress for Logic,
Methodology and Philosophy of Science (Stanford, 1960).)

Thus we have no arguments to prove our Theorem 12 proved with the
help of this hypothesis. It seems that the theorem is false at least for the
inaccessible cardinals m which are strongly incompact.

It is obvious that the discussion of the unsolved problems concerning
the symbol T(m, A)—v has to be changed in some places knowing the new
result of A Tarski.
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SOME REMARKS AND PROBLEMS ON THE COLOURING
OF INFINITE GRAPHS AND THE THEOREM OF KURATOWSKI1

By
JAN MYCIELSKI (Wroclaw)
{Presented by G. Hajos)

1. We consider the following propositions:

T. The topological product of any number of bicompact Hausdorff spa-
ces is bicompact.2

T*. The topological product of any number of non-empty bicompact
Hausdorff spaces is non-empty and bicompact.

I. In every Boolean algebra A there is a maximal ideal different from A.
R. Every Boolean algebra is isomorphic to a field of sets.
M. Every consistent elementary theory has a model.3

T,.. The topological product af any number of Hausdorff spaces, each
having exactly n points, is non-empty and bicompact.4

S,. Let M be any set of disjoint sets each having exactly n elements
and R(x,y) is a symmetric relation defined between the elements belonging
to different elements of M. Suppose that for any finite set F*M there exists
an /EngX such that R(f(X{),f{X3 holds for any XI,Xi£F. Then there

exists an /£Xé3mx such that R (f(X],f(X3) holds for any Xu Xo£M.%

P,,. Every graph, each finite subgraph of which can be coloured with
n colours, can be coloured with n colours.*

C,. The Cartesian product of any number of sets, each having exactly
n elements, is non-empty.

It is known that the axiom of choice implies each of the above propo-

1 This is a lecture delivered on the Colloquium on the Theory of Graphs in Dobogé-
k6, 22 October 1959.

2 Here and farther any number means any positive finite or infinite cardinal number.

3 We do not suppose that the number of symbols and statements of the theories
is denumerable.

4 Here and farther n is running over positive integers.

5 P denotes the Cartesian product operator.

6 A colouring of a graph with n colours is a partition of the set of vertices into n
classes such that no two vertices in one class are joint by an edge.
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sitions, but the following logical relations can be proved without the use o
this axiom:

(1) T+-+T*">l- >R--#M+>Tm S, for «@= 2,3,..e» = 4, 5
(2) S4->s3-> S2

(3) s, —3P,—»> for «= 2, 3,...;

(4) Pnia—Pn for «= 2,3 ...;

(5) P2xpC2

It would be interesting to know any further implication between these
propositions. Some implications and independences between the propositions
Cn are known, e.g. C2+*C4, Cmn—=*CHand others (see [8], [10], [11]). The
equivalences (1) and implications (2) are proved in the papers [4], [5], [e], [7]-
Other interesting propositions which may be added to the equivalences (1)
are given in [9].

Let us prove (3), (4) and (5):

S,,—#P,, is obvious (compare the proof of PHgiven in [2]).

P,—C,,. Let X be a set of disjoint «-element sets. We treat XEKX as a

set of vertices of a graph, two vertices being joint if and only if they belong
to the same X. By P,, it is easy to see that this graph can be coloured with
« colours. Take all the vertices of one colour, this clearly defines a selection
from K as required in C,.

P.H—Pn. Let G be a graph each finite subgraph of which can be
coloured with « colours. We add a new vertex and join it to all vertices of G.
Using P,+i we easily see that the new graph can be coloured with «+ 1
colours. Removing the additional vertex we obtain «-colourings of G as
needed in P,,

P2+-+C2 Owing to (3) it remains to prove C2—=%P2 If G is a connect-
ed graph, each finite subgraph of which can be coloured with 2 colours,
then it is easy to see that, putting two vertices in the same class if and only
if there exists a path from one to the other with an odd number of edges,
we obtain a two-colouring of G. Now if G is not connected, using C2 we
select one of these classes for each component of G. We consider the parti-
tion of the vertices of G into 2 classes: the union of the selected classes and
the remaining vertices. It is easy to see that it is a two-colouring of G.

Remark (due to C. Ryll-Nardzewski). The proposition P, restricted to
denumerable graphs can be proved without using the axiom of choice.

2. We consider the following properties of a graph G (by a graph we
mean here a one-dimensional simplicial complex with the natural topology,
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we do not suppose that it is locally finite and the cardinality of the set of
vertices of G is arbitrary):

(i) G does not contain topologically any one of Kuratowski’s two
graphs (Fig. 1).

Fig. |

(ii) Every finite subgraph of G is homeomorphically imbeddable in the
plane R2

(iii) There exists a system of homeomorphisms {J¥X)} where F runs
over all finite subgraphs of G such that hF maps homeomorphically F into
R2and for any Fl and F2

™ hFIIZAin  is homotopical to hRFxMNF27

(iv) One can define for every circuit C of G a partition of the set
[G |\|C |sinto two classes Int (C), Ext (C) such that two vertices belonging
to different classes are not joint by an edge and

ifICilcz|C2] U Int (C), then Int (C,)c:| CqUInt (CJ;
if IC Ic 1C21U Ext (C), then Ext (Ci)ci| C2lUEXt (C).

Theorem. The properties (i), (ii), (iii), (iv) are equivalent.

Proof, (i) —»(ii) by the well-known theorem of Kuratowski [3].

(if) —»(iii)- We denote by s the set of homotopv types of homeomor-
phical applications of F into R2 (F runs over the finite subgraphs of G).
St is finite; we treat it as a discrete topological space. By the statement T
(Section 1 of this paper) the topological product P& is bicompact.

For any /, £ SHand t, £ Sf2we put tx~ t2 ifand only if (*)holdsfor
some hH of type txand hy2of type t2 Let FIt. . Fmbe any finiteset of

7/1X denotes the mapping / with domain restricted to X
8 \H\ denotes the set of vertices of the graph H.\ denotes the set-theoretical dif-

ference.
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finite subgraphs of G. We put «-..... = {/:/€ PGf f(Ff~ /(/*}) for
I, — 1, .. m). Of course, the sets KFl... F are closed subsets of PSF.

F

They are also non-empty, since if F is a f|n|te subgraph of G such that
F\,...,Fm are subgraphs of F and hF is a homeomorphism hF:F—R-
(it exists by (ii)), then one can take for /£ « .. ... any function fEP SF

such that f(Fi) is the homotopy type of hF\Fi. The finite intersections of the
sets KH,...,F are also non-empty, since

KFp. | MKFw. R)3 KR). Fgre Q)

It follows that there exists an /o such that

/o£ »T:fl. Ft,n KFL...;
and clearly rny system {hF}, such that the hcmotopy type of hF is f*(F)
satisfies (iii); g. e. d.

(iii) —=m(iv). A system {hF} being given, for every circuit C and every
vertex t'£|G |\|C | we put v £ Int(C) if the homeomorphism hQQ\) maps v
inside the domain bounded by the image of C and v"Ext(C) in the other
case. It is easy to verify that our definition satisfies (iv).

(iv)—»{i). Clearly a subgraph of a graph satisfying (iv) satisfies (iv)
One can prove by a direct verification that no one of the Kuratowski graphs
satisfies (iv); and our implication follows.

Corollary. (Dirac and Schuster [1].) A denumerable graph satisfying
(i) has a continuous 1—1 mapping into R1

Proof. By the theorem the graph satisfies (iii) and one can construct
the mapping by an easy induction.

Remark. The equivalence (ii)”(iii) remains valid if one replaces in
these statements Rzby any bicompact 2-manifold.

Problem. Does there exist a finite set of finite graphs such that any
finite graph G can not be homeomorphically imbedded in a given bicompact
2-manifold (e. g. the projective plane) if and only if G contains a subgraph
homeomorphic to one of them?

INSTITUTE OF MATHEMATICS,
UNIVERSITY OF WROCLAW, POLAND

(Received 15 January 1960)
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MAXIMUM-MINIMUM SATZE UND VERALLGEMEINERTE
FAKTOREN VON GRAPHEN

Von
T. GALLAI (Budapest)
(Vorgelegt von G. Hajes)

Einleitung

Von D. Ksnig stammt der folgende Satz ([5], S. 233, Satz 14):1

Satz (1) (Kenig). In einem paaren Graphenz ist die maximale Anzahl
der unabhéngigen Kanten gleich der minimalen Anzahl der trennenden Punkte.

Die Kanten xi,...,x m heiBen unabhé&ngig, wenn entweder m — 1 ist,
oder wenn je zwei von ihnen keinen gemeinsamen Punkt enthalten. Die
Punkte Xi, ..., X,, heien trennend, wenn jede Kante des Graphen einen
dieser Punkte enthdlt. Die Behauptung des Satzes (1) ist fur nichtpaare
Graphen im allgemeinen nicht richtig. Es entsteht daher das Problem: durch
geeignete Modifizierung der vorkommenden GroRen eine auf beliebige Gra-
phen geltende Verallgemeinerung zu finden. Wir wollen nun in dieser Arbeit
zeigen, dall man die minimale Anzahl der trennenden Punkte (kurz: /aj,)
durch eine solche Grole ersetzen kann, die im Falle paarer Graphen mit
pmm zusammenfallt, und mit welcher die Behauptung des Satzes (1) fur
beliebige Graphen richtig ist. Diese Grofle wird sich als das Minimum der
geeignet bestimmten Werte von gewissen Gewichtssystemen ergeben. Weiter-
gehend werden wir den Satz (1) auch in anderen Richtungen verallgemeinern.
Im Satze (1) spielen nur Systeme von Kanten eine Rolle. Statt dieser werden
wir aus Bogen, d. h. aus Wegen und Schlingens zusammengesetzte Systeme
in Betracht ziehen. Um den Begriff ,,unabhé&ngig” auszudehnen, ordnen wir
jedem Punkte X des Graphen zwei nichtnegative ganze Zahlen: eine Einlaufs-
kapazitdt x(X) und eine Durchgangskapazitat x'(X) zu. Ein aus Bogen
bestehendes System H soll bezuglich x und x aufnehmbar heilen, wenn je
zwei Bogen von H keine gemeinsame Kante enthalten, in jedem Punkte X

1 Wir sagen statt Knotenpunkte kurz nur Punkte.

2 Ein Graph heilit paarer, wenn die Menge der Punkte des Graphen so in zwei
Teilmengen zerlegt werden kann, daf jede Kante des Graphen zwei Punkte von ver-
schiedenen Teilmengen verbindet.

3 Eine Schlinge ist ein Kreis mit einem ausgezeichneten Punkte X des Kreises. Wir
betrachten X als einen zweifachen Randpunkt der Schlinge.

%
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hochstens x(X) Randpunkte der Bogen von H fallen, und durch X hdéchstens
x'(X) Bogen von H gehen. Ersetzt man dann im Satze (1) die maximale
Anzahl der unabhdngigen Kanten durch die maximale Anzahl der annehm-
baren Bogen, die Grofle pmin wieder durch das Minimum der ,,Werte” von
gewissen Gewichtssystemen, so entsteht ein allgemeiner Maximum-Minimum
Satz, der Hauptsatz unserer Arbeit (Satz (3.3)). Aus diesem Satze ziehen
wir mehrere Folgerungen. Unter anderem geben wir zwei, dem Mengerschen
n-Kettensatz ([e], S. 222) dhnliche Trennungssatze (Satze (13.2) und (13.4)).
Wir leiten gleichfalls aus unserem Hauptsatze eine Reihe von Faktorisations-
sétzen ab. Ist jedem Punkte X des Graphen nur eine nichtnegative ganze
Zahl x(X) zugeordnet, so versteht man unter einem Xx-Faktor eine Menge
von Kanten mit der Eigenschaft, dafl zu jedem Punkte X genau x(X) Kanten
der Menge inzident sind (s. [10], S. 316). Sind zu jedem Punkte X zwei
nichtnegative ganze Zahlen x(X) und x {X) zugeordnet, so wollen wir unter
einem verallgemeinerten Faktor ein solches, beziglich x und x! aufnehmbares
Bogensystem H verstehen, bei welchem in jeden Punkt X des Graphen genau
x(X) Randpunkte von H fallen. Es werden nun allgemeine notwendige und
hinreichende — sowie im Falle spezieller Graphen und Kapazititen einfache
hinreichende — Bedingungen der Existenz von verallgemeinerten Faktoren
angegeben (8 14—16). Diese enthalten als Spezialfalle mehrere Sétze Uber
N-Faktoren von Petersen, Baebler, Tutte, Belck uUnd Ore.

Wir leiten unsere Satze nur fir solche Graphen ab, die keine Kanten-
schlingen, d. h. Kanten mit zusammenfallenden Endpunkten enthalten. Es
bietet aber keine Schwierigkeit, unsere Ergebnisse auch auf Graphen mit
Kantenschlingen auszubreiten.

Den Hauptsatz beweisen wir mit einer geeigneten Verallgemeinerung der
Methode der alternierenden Zige (s. [3], [4], [10], [11]). Den Spezialfall, wo
samtliche z'-Werte verschwinden, kann man wesentlich kiirzer behandeln.
Es scheint wahrscheinlich zu sein, dal? der allgemeine Fall auf diesen Spezial-
fall zurickfihrbar ist. Auf diese Weise konnte man zu einem einfacheren
Beweis des Hauptsatzes gelangen.

Die vorliegende Arbeit ist in vier Abschnitte geteilt. Im ersten Abschnitt
(8 1—3) geben wir die Erklarung der ndtigen Grundbegriffe und formulieren
den Hauptsatz. Der zweite (8§4—10) enthdlt den Beweis des Hauptsatzes.
Im dritten (811 —13) untersuchen wir einige Spezialfdlle des Hauptsatzes
und leiten die erwéhnten Trennungssétze ab. Der vierte Abschnitt (8 14—16)
enthalt die Faktorisationssatze.

Um die weniger wichtigen Behauptungen von den eigentlichen Séatzen
zu unterscheiden, lassen wir die Benennung ,,Satz” bei den ersteren weg.
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. FORMULIERUNG DES HAUPTSATZES

8 1. Grundbegriffe

(1.1) Der ungerichtete, endliche Graph ' ist durch zwei elementen-
fremde endliche Mengen, durch die Menge ®r der ,,Punkte” und die Menge
®r der ,Kanten” sowie durch eine Inzidenzvorschrift Ir gegeben. Ir gibt
an, ob ein beliebiger Punkt von ®r und eine beliebige Kante von ®r inzi-
dent sind oder nicht, und diese Vorschrift genlgt nur der einen Bedingung,
dal zu jeder Kante genau zwei (verschiedene) Punkte inzident sind (s. [5]).
Wir bezeichnen einen Punkt bzw. eine Kante immer mit X bzw. mit X,
eventuell auch mit Indizes oder anderen Zeichen versehen. Ist nach Ir die
Kante x zu den verschiedenen Punkten Xx und X2 inzident, so sagen wir: X
verbindet die Punkte Xr und X2, X1und X2 sind die Punkte oder Randpunkte
von X, X ist eine XxX2Kante. Von den Punkten und Kanten von " werden
wir auch sagen, daB sie in oder auf I liegen.

Sind &r und ®r beide leer, so heilt der Graph " leer. E'£E soll
bedeuten: der Graph I'" ist ein Teilgraph von I, d.h. es gilt &r "® r,
®r*®r und ein Punkt und eine Kante von I’ sind in ' dann und nur
dann inzident, wenn sie in I inzident sind. Ist '~ und ' ¢ I, so heilt
" ein echter Teilgraph von ', und wir schreiben E'cE. Ein Teilgraph "
von I ist durch Angabe der Mengen ®r und ®r eindeutig bestimmt.

Ist M'al und liegt nur der eine Randpunkt der Kante x von " in F't
so sagen wir, dal x den Graphen I'* beriihrt, und der nicht zu ™ gehdrige
Randpunkt von x heifl3t der duflere Punkt von x (beziglich /™).

Ist M eine beliebige endliche Menge, so bezeichnen wir mit v(M) die
Anzahl der Elemente von M. Die leere Menge bezeichnen wir mit O.

Ist E eine beliebige Teilmenge von ®r, so nennen wir die Punkte
von E kurz E-Punkte. Ist <p(X) eine beliebige in &r definierte Funktion, so
soll >p(E) im Falle E=f=0 den Wert ~cp(X), im Falle E = 0 den Wert Null
bedeuten.

Es sei EA®r und @ dr. Wir nennen jene Kanten, bei denen ein
Randpunkt ein E-Punkt und der andere ein E-Punkt ist, eine EF-Kante. Die
Anzahl der EE-Kanten von ' bezeichnen wir mit vr(E, E). Es gilt also z. B.
rr(®r, ®dr)= r(®dr). Ist eine der Mengen E und F leer, so sei vr(E, F) =0.
Ist E={X), so schreiben wir statt EE-Kanten bzw. statt vr{E,F) auch
AE-Kanten und vr(X, F). Die Zahl vr{X'/X) gibt die Anzahl der XX'-
Kanten von I an.

Das Zeichen Qr(X) soll den Grad von X in I, d.h. die Anzahl der
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zu X inzidenten Kanten von I bedeuten. Ist pr(X)= 0, so heilt X ein
isolierter Punkt von /

Ist EA® r, so soll [E]r denjenigen Teilgraphen von I bezeichnen, der
samtliche E-Punkte und EA-Kanten von I und nur diese enthélt. (Ist also
E =0, so ist [E]r der leere Graph.)

Wir machen folgende Vereinbarungen: I soll immer einen endlichen
ungerichteten Graphen bezeichnen, ferner wollen wir von den Zeichen bzw.
Begriffen, die sich auf ' beziehen, den Index I' bzw. die Ausdriicke ,von
I, ,in T usw. im allgemeinen weglassen. Diese beziehen sich also —
wenn anders nicht gesagt wird — immer auf den mit I bezeichneten Gra-
phen. So bedeutet z. B. ® die Menge &®r, und der Ausdruck ,.fiir jeden X
den Ausdruck fir jeden X von ™.

Ist E~A®d , so setzen wir E— ®—E.

(1.2) Sind Xo, ...,X,, (n”Iy4 (nicht unbedingt verschiedene) Punkte
und Xi, ..., jg, verschiedene Kanten von I, sind ferner X{i und X, die beiden
Randpunkte von x, (i= 1, ..., n), so heilit die Folge

p = (AToXXi ... XnxXnXn)

ein Zug (von ). Kommt der Punkt X in der Folge Xo, ..., Xngenau /72-mel
vor (m LU1), so heiBt X ein m-facher Punkt von p. Im Falle m= 1 bzw.
m > 1 sprechen wir auch von einfachen bzw. mehrfachen Punkten von p (wir
sagen auch, dal X in p einfach bzw. /n-iach ist). Xo ist der Anfangspunkt,
Xn der Endpunkt von p, beide heiBen die Randpunkte von p. Ahnlicherweise
bezeichnen wir die Kanten Xi und xn. Die Anzahl der Kanten von p heifit
die Lange von p.

Wir heben hervor, dal mit einem Zuge p eine bestimmte ,,Durchlaufs-
richtung” verbunden ist, die jeder Kante von p eine eindeutig bestimmte
Reihennummer zuteilt. (Das gleiche gilt fur die Punkte im allgemeinen nicht!)

(1.3) Ist p= (XoXiXi ...X,,-iXnX,,) ein Zug von I", so bezeichne
\p] = [XoXiXi... X,,-iXnXn]
denjenigen Teilgraphen von I, der sdmtliche Punkte und Kanten von p, und
nur diese, enthadlt. Sind X0, ...,X n verschieden, so heilit [p\ ein Weg. Xo
und Xnsind die Randpunkte des Weges. Sind XO,...,X ni (n 2) ver-
schieden und Xn— Xi, so heit [p] ein Kreis. Ein Kreis mit einem aus-
gezeichneten Punkt X' des Kreises heiflt eine Schlinge. Wir nennen X' den
Randpunkt der Schlinge, bzw. wir sagen, dafl in X' zwei Randpunkte der

4 Sind m und n ganze Zahlen und ist m< n, so bedeutet (am,..., an) diejenige
Folge, die dadurch zuslande kommt, daR der Index i in a{ jede ganze Zahl von m bis n
durchlduft. Im Falle m= n bedeutet (am,..., an) das einzige Element am.
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Schlinge fallen. Wege und Schlingen heien gemeinsam Bogen. Die von den
Randpunkten verschiedenen Punkte eines Bogens heiflen innere Punkte des
Bogens. Ist h ein Bogen, so bedeutet die Gleichung

h= [XvXiXi eee X ,,1X,,Xn],

daB p — (XoX. X. mmX,,-ixnXn) ein Zug ist und h und p dieselben Punkte,
Kanten und Randpunkte besitzen.

Den Weg [WbXATI] kann man mit der Kante xx selbst identifizieren.
Wollen wir eine Kante gleich mit ihren Randpunkten angeben, so schreiben
wir sie in der Form [JfoXiAi].

(1.4) Das Zeichen [J1 X] bzw. \h, X\ soll angeben, wie viele Rand-
punkte bzw. inneren Punkte des Bogens h in X fallen, [h, X] bzw. \h, X\
kdonnen nur die Werte 0, 1 oder 2 bzw. 0 oder 1 annehmen.

(1.5) I' heilt zusammenhangend, wenn er hdchstens einen Punkt ent-
hélt oder wenn zu je zwei Punkten von ' ein Weg von I existiert, der
beide Punkte enthdlt. Die maximalen zusammenhangenden Teilgraphen von I
sind die Komponenten von I'. 1st ' nicht zusammenhédngend, so besteht er
aus mehreren nichtleeren Komponenten.

Ist EZ—®, so nennen wir die Komponenten des Graphen [£] die
E-Komponenten von I und bezeichnen diese mit [£], ..., [/:,,] (m W 1)- Ferner
soll hier Ei (1~/” m) die Menge der Punkte von [£] bedeuten. Ist E=0,
so ist m= 1, £)= 0 und [E& der leere Graph.

8 2. Bogen- und Gewichtssysteme

Von hier an bezeichne ' durch die ganze Arbeit immer einen nicht-
leeren Graphen.

(2.1 Sind hi, ..., hn Bogen von I, so heif3t die Folge H = (hi, ..., hn)
ein Bogensystem von I'. Wir betrachten zwei Systeme, die sich nur in der
Reihenfolge ihrer Glieder unterscheiden, als identisch. Die leere Folge be-
trachten wir auch als ein Bogensystem. H = 0 soll ausdriicken, da H leer ist.

['(#) bezeichne die Anzahl der Glieder von H. Nach (1.4) gibt im
Falle Hop 0

[H.X\= !Zlhi,X] bzw. \H,X\=f]=tl\hi,X\

an, wie viele Randpunkte bzw. inneren Punkte der Bogen von H insgesamt
in X fallen. Ist H= 0, so sei [H, X]= \H, X\ —0. Es gilt offensichtlich fir
jedes System H von I

(1 )%ebH’X] = 2r(H).
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(2.2) Ein zu ' gehoriges Gewichtssystem g kommt dadurch zustande,
dall wir zu jedem Punkt und zu jeder Kante von I' eines der Gewichte O 1
oder 1/2 zuordnen. q(X) bzw. q(x) soll das Gewicht bezeichnen, welches
in g zu X bzw. X gehort.

Wir sagen, daB der Bogen h = [XoXiX \... X A>nXn] durch das Gewichts-
system q geflllt ist, wenn einer der folgenden Félle besteht: (1) Es gibt ein
i (0 i=in) mit g(Xi)= 1 (2) Esgibtein i (1 iLldn) mit q(x*= 1 (3) Es
gilt q(X))= q(Xn= 1/2. (4) Es ist q(X,)=q(x,,)= 1/2 oder q(xi)=
= q(Xn = 1/2. (5) Es gilt g(xi) = q(xn = 1/2 (nLL 2).

Wir wollen nur solche Systeme g betrachten, die jeden Bogen von I
fillen. Man kann leicht einsehen: fiillt g jede Kante, so fillt es auch jeden
Bogen. Bezeichnet man mit A, B bzw. C die Menge der Punkte, die in g
das Gewicht 0, 1 bzw. 1/2 bekommen, so muf} in g, falls g jede Kante fillt,
jede Afl-Kante das Gewicht 1, jede AC-Kante das Gewicht 1/2 erhalten.
Ferner ist es klar, daB diese Kantengewichte zusammen mit den Punkt-
gewichten schon zu der Fullung s&mtlicher Kanten geniigen. Deshalb werden
wir im folgenden nur solche Systeme betrachten, die auRer den obenerwéhnten
keine von Null verschiedenen Gewichte enthalten. Diese Systeme sind durch
die Mengen A, B und C eindeutig bestimmt. Zusammenfassend: Jedes von
uns betrachtete sog. fullende Gewichtssystem q geben wir durch eine geord-
nete Zerlegung der Menge @ in drei Teilmengen an, d. h. wir geben drei
beliebige, paarweise fremde Teilmengen A, B und ¢ von ® m\i A\gB\j C= &
sowie eine bestimmte Reihenfolge A, B, C dieser Mengen an. Jeder A-, B-
bzw. C-Punkt soll in g das Gewicht 0, 1 bzw. 1/2, jede AA- bzw. AC-Kante
das Gewicht 1 bzw. 1/2, jede ubrige Kante das Gewicht O erhalten. Diese
Bestimmung von g werden wir kurz durch

q=q(A, B, C)
ausdriicken.
Wir bezeichnen die Menge der so definierten Gewichtssysteme mit Q.
Q ist nichtleer.

8 3. Aufnehmbare Bogensysteme. Der Wert eines
Gewichtssystems

(3.1) Es seien x(X) und x'(X) zwei auf der Menge & der Punkte von
I definierte Funktionen, die nur nichtnegative ganze Werte annehmen. Wir
wollen diese ,,Kapazitatsfunktionen” festhalten und die Werte von x(X) als
Einlaufskapazitaten, diejenige von x'(X) als Durchgangskapazitdten betrachten.
Ein Bogensystem H von ' nennen wir in bezug auf * und ® aufnehmbar,
wenn H folgenden Bedingungen genlgt:
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(a) Enthalt H mehr als einen Bogen, so haben diese Bogen paarweise
keine gemeinsame Kante.

(b) Fur jedes X gilt [H, X] ~ x(X) und \H X\"x'{X).

Wir werden im folgenden den Ausdruck ,in bezug auf x und ®/” im
allgemeinen weglassen (auch bei anderen, von * und x abhdngigen Begriffen).
Die Menge der aufnehmbaren Bogensysteme von I bezeichnen wir mit M.
Da H= 0 zu M gehort, ist M nie leer. Aus (a) folgt, daR jedes aufnehmbare
System, falls es mehrere Bogen enthdlt, aus lauter verschiedenen Bogen be-
steht.

Man kann behaupten: Es existiert der Wert

rmex= maxv(H)

(rnex hangt von I, x und x' ab),

der ,die maximale Anzahl der aufnehmbaren Bogen” angibt.

(3.2) Wir wollen jedem Gewichtssystem q g{A, B, C) als seinen
beziiglich x und x eine ganze Zahl S(q) zuordnen. Kann ein Gewicht maxi-
malerweise zu der Fillung von /n Bogen eines aufnehmbaren Bogensystems bei-
tragen, so werden wir dies mit der Multiplizitdt [i in Betracht nehmen. 1st
jedoch HEM, so kann ein Punkt X auf hochstens x(X) + %'(X) Bogen von
H liegen und es koénnen in X hochstens x(X) Bogen von H enden, ferner
kann eine Kante in hdchstens einem Bogen von H liegen. Die angegebenen
Grenzen konnen im allgemeinen nicht durch Kleinere ersetzt werden. Deshalb
bekommt das zu einem Punkt X gehorige Gewicht 1 bzw. 1/2 die Multipli-
zitdt x(X)-\-v-'(X) bzw. x(X). (Nach (2.2) kann das zu X gehorige halbe
Gewicht nur zur Fullung der in X endenden Bogen beitragen!) Ferner ent-
halten alle zu den Kanten gehdrenden Gewichte die Multiplizitat 1

Die mit Multiplizitdten betrachteten Gewichte sollen jedoch nicht ein-
fach addiert werden. Statt dessen teile man zuerst die halben Gewichte so
in Klassen ein, dall je zwei ,,benachbarte” immer zur selben Klasse gehéren;
dann berechne man einzeln die ganzen Teile der Summe der zur selben
Klasse gehorigen Gewichte, und endlich addiere man diese zu der Summe
der ganzen Gewichte. Genauer gesagt, betrachten wir die Komponenten [C]
(/= 1, von [C], und reihen fir ein jedes i die zu den CrPunkten
und zu den JIC-Kanten gehorigen halben Gewichte in eine Klasse ein. Wir
definieren also S(q) folgendermalen:e
" S(@ = *(8) + y{B)+ v(A, A+ 2 KO TVIACD

5 [u] bedeutet den ganzen Teil der Zahl a

Wert
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Wir wollen diesen Ausdruck noch auf eine andere Form bringen. Wir
nennen eine C-Komponente [C] gerade oder ungerade, je nachdem ob die
Zahl x(Ci) + v(A, Ci) gerade oder ungerade ist, und bezeichnen die Anzahl
der ungeraden C-Komponenten mit r5. Es gilt dann

(2 S(g) = x(B) + ¥'(B) + v(A, A) + £-(x(C) + v(A, C)-rq.

Wir koénnen behaupten: Es existiert der Wert
3) 5min= min S(q)
40

(Bmin hangt von I, x und / ab).

Nun sind wir endlich in der Lage, unseren Hauptsatz formulieren zu
konnen:

Hauptsatz (3.3) Es seien in den Punkten des nichtleeren Graphen I
die Kapazitatsfunktionen x und x' definiert. Es gilt dann

Tmax == 5 min >

oder anders ausgedriickt: die maximale Anzahl der aufnehmbaren Bogen ist
gleich dem Minimum der Werte der fullenden Gewichtssysteme.

Den Beweis des Hauptsatzes werden wir im Il. Abschnitt durchfihren.

Bemerkungen. (1) Man kann unseren Hauptsatz in solcher Weise
verallgemeinern, dal man auch den Kanten nichtnegative ganze Durchgangs-
kapazitdten zuordnet. Bezeichnet x'(x) die zur Kante x gehorige Kapazitat,
so muB man bei der Definition der aufnehmbaren Bogensysteme die Forderung
(3.1) (a) durch jene ersetzen, dafl jede Kante x zu hdéchstens x'(x) Bogen
des Systems gehoren darf, und bei der Berechnung von S(gq) das zu x
gehorige Gewicht mit der Multiplizitdt x'(x) in Betracht nehmen. Man kann
einen Beweis des so entstehenden Satzes dadurch erhalten, daR man die
Kanten mit ji'(x) = o wegldlt, zu jeder Kante x mit x'(x) > 1 genau x'(x)—1
neue Kanten mit denselben Randpunkten hinzunimmt und auf den so ent-
stehenden Graphen den Satz (3.3) anwendet.

2 Es entsteht ein interessantes Problem dadurch, daf man statt Bogen-
systeme nur Wegsysteme zul&Bt. Wir vermuten, dall auch in diesem Falle ein
ahnlicher Satz wie (3.3) besteht.
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Il. BEWEIS DES HAUPTSATZES

8 4. Eine Umformung des Problems

Wir nehmen im ganzen Il. Abschnitt an, dal I ein (nichtleerer) Graph
ist, in dessen Punkten die Kapazitatsfunktionen z und e/ definiert sind.
Es gilt folgende Behauptung:

(4.1) Ist H und g 0.Q, so ist v(H) s S(q).

Beweis. Es sSei Ha M und q= q(A,B, C), und es seien [C] (/=1,
die C-Komponenten. Wir zerlegen H in drei Bogensysteme Ha, H, und H,.
Hb bestehe aus samtlichen solchen Bogen von H, die mindestens einen
B-Punkt enthalten; Ha aus denen, die keinen B-Punkt, aber mindestens eine
A A-Kante enthalten; endlich Hc aus denen, die weder R-Punkte, noch AA-
Kanten enthalten. Ha,Hb und He kénnen auch leer sein. Es gelten dann

v(Hg + v(Hh + v(Hg = v(H),
V\(H3 Wr(A, A) und r(Hi) Wy(B)+

Es sei Hi (i=\,...,m) das System samtlicher Bogen von Hc, die
C,-Punkte enthalten. Im Falle C=0 sei A,=0. Es gilt

m

1)

Ferner bezeichne h,io bzw. v, die Anzahl derjenigen Bogen von H,, die
genau 2, 1 bzw. 0 Randpunkte in CG< haben. Dann gelten

(3) + Myt T<=y'(f),
n 2li+ Hi» x(Ci

Fallt nur ein bzw. kein Randpunkt des Bogens h von H] in Ci( so enthalt
h mindestens eine bzw. zwei AC,-Kanten. Es gilt daher 2 N YA C),
woraus nach (4)

0= 1’ 00> rn)

©) ZT- M\ x(C)+2r(A,C) o= 1 m)

folgt. Aus (1), (2), (3) und (5) ergibt sich v(H) * S(q).
(4.2) Es sei HEM. Wir setzen
ox(H)="x(X) —[H,X], ©6(H)= Z MH), dnin= minO(H).
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Der Wert rjmin existiert und es gilt 6x(H) s 0, d(H) ~ 0, dmn” 0. Nach
(2.1 (2 gelten
(1) O(H) = x(®)—2r(H), dm,= x(®)—2vmax.

Es ist ferner

(2) i'max "y x (® ).
Ist £ Q, so folgt nach (4. 1) aus (1)
©) S(g) ve-"-(N(®)  dnin).

Wir werden nun unseren Hauptsatz (3.3) dadurch beweisen, dall wir
ein solches g von Q konstruieren, welches die Gleichung

@ af=4-(*(t)-«m
befriedigt. Es folgt ndmlich dann aus (3), das 5mm= 1/2(a(®) —dm,), was
nach (1) mit vnax= Smn gleichbedeutend ist.

8 5. Eine weitere Umformung. Ketten

Um ein g zu bestimmen, welches (4.2) (4) befriedigt, wollen wir eine
weitere Umformung durchfihren, die kurzgesagt darin besteht, da man die
Bogensysteme durch gewisse, zu diesen Systemen gehoérige Teilgraphen von
I ersetzt.

(5. 1) Wir wollen in dieser Arbeit unter einer Kette von I einen solchen
Teilgraphen von I verstehen, der jeden Punkt von I' enthdlt. Eine Kette
von I ist durch die Angabe seiner Kanten eindeutig bestimmt. Deshalb sagen
wir auch, dal3 eine Kette aus seinen Kanten ,besteht”. Diejenige Kette, die
keine Kante enthélt, heil3t die Nullkette von I'. Im folgenden sollen die vor-
kommenden Ketten, wenn anders nicht gesagt wird, immer zu I gehdrige

Ketten bedeuten.
Mit / (auch mit Indizes oder anderen Zeichen versehen) bezeichnen wir

immer Ketten. Ist so soll / —f diejenige Kette bezeichnen, die aus
samtlichen solchen Kanten von / besteht, welche in f nicht Vorkommen.
Das Zeichen (/, X) soll die Anzahl derjenigen Kanten von / bedeuten,
die zu X inzident sind (d. h. es ist (f, X) = gf(X)).
Ist h ein Bogen, H ein Bogensystem von I, so soll h bzw. H diejenige
Kette bedeuten, die aus den Kanten von h bzw. aus den Kanten samtlicher
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Bogen von H besteht. (Ist H= 0, so ist H die Nullkette.) Nach (2. 1) und
(3.1) (@) gilt dann fir jedes H von M und fir jedes X

(1) (B,X) = [H,X\+ 2\H,X\.

(5.2) Ist HEM und gibt es ein Hnin M mit A,¢ H und 6(Hf = d(H),
so heillt H reduzibel. Ist H £ M und ist es nicht reduzibel, so heilt es irredu-
zibel. Es bezeichne AE die Menge der irreduziblen Systeme von M. Das System

0 ist ein Element von AE und wir kénnen behaupten, da zu jedem H
von Al ein //, in Mi mit HX*H und O(Hf) = 6(H) existiert. Daraus folgt

D min d(H) — dmin.
Es gilt ferner

(5.3) Ist H £Mi und bestehtftir den Punkt X die Ungleichung \H, X\> 0,
so ist [H, X] = x(X).

Beweis. Gilt ndmlich fir X \H, X\ > 0, so gibt es einen Bogen h von
H, der X als inneren Punkt enthalt, h enth&lt einen solchen Teilbogen h',
dall der eine Randpunkt von h' der Punkt X ist, der andere jedoch mit einem
Randpunkt von h zusammenfallt. Ersetzt man dann in H den Bogen h durch
JT, so entsteht ein solches System Hu das im Falle [H X] < x(X) den Bedin-
gungen HidM, //acAd und v(HI)= v{H) genlgt. Dies widerspricht jedoch
nach (4.2) (1) der Irreduzibilitdt von H.

Aus (5.1) (1) und (5.3) folgt

(5.4) Es sei HEMi. Dann gelten

(1) im Falle (H,X)"x(X) die Gleichungen [H,X\=x{X) und
(U, X)-x(X) = 2\H,X\;

(2) im Falle (H, X) s %(X) die Gleichung \H,X\ = 0.

Aus (5. 1) (1) und (5.4) folgt weiter

(5.5) Ist HEMi, so besitzt H die folgenden Eigenschaften: Fiir jedes X
ist (N, X) Wx(X) + 2x'(X). Ist (H, X) > x{X), so ist die Zahl (H, X)— x(X)
gerade.

(5.6) Wir wollen unter Beachtung von (5.5) eine beliebige Kette / (von
" in bezug auf x und x') aufnehmbar nennen, wenn / den folgenden Bedin-
gungen genugt:

(@) Fur jedes X gilt (/, X) w x(X) + 2x'(X).

(b) Ist (f,X)>x(X), so ist die Zahl {f, X) —x(X) gerade.
Die Menge der aufnehmbaren Ketten (von I') bezeichnen wir mit M. Die
Nullkette ist ein Element von Af.

Es sei fEM . Gilt dann fur den Punkt X (/, X) Wy{X) bzw. (/, X)>x(X),
so sagen wir, daf X durch / gefullt bzw. ubergefillt ist.
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Wir setzen

<h(f)= max(0,y.()— (f X)), 6(f) = &g x(f), Pmn= min('()

und nennen eine Kette von M mit d(/) = dnin eine extreme Kette von M.
Offensichtlich existieren extreme Ketten in M.

Man kann behaupten:

(5.7) Istf QY, so gilt d(f') 2 6(f), und das Gleichheitszeichen gilt
dann und nur dann, wenn fiir jedes X mit (f, X) < (/, X) die Ungleichung
(', X) s x(X) besteht.

Aus (5.4), (5.5) und (5.s) folgt

(5.8) Ist H£Mi, soist MEM und es gilt fur jedes X &x(H) = 0x(H),
sowie 6(H) = d(H).

(5.9) Ist fEM und gibt es ein /' in M mit f'czf und d(/')= d(/)>
so heifdt / reduzibel. Ist /E M und nicht reduzibel, so heif3t es irreduzibel.
Die Menge der irreduziblen Ketten von M bezeichnen wir mit M, Die Null-
kette ist ein Element von Mit und zu jedem / von M gibt es ein /' in Mi
mit /'~/und d(/')= d(/). Daraus folgt
(2 min O(f) = dmin-

rev,

Ist fEM und ist k ein solcher Kreis von f dessen sdmtliche Punkte
durch / Ubergefillt sind, so heiflt K ein weglalbarer Kreis von /. Nach (5. 7)
konnen wir behaupten:

(5.10) Ist fEM und gibt es einen weglalbaren Kreis von f, so ist f
reduzibel.
Es gilt auch die Umkehrung dieser Behauptung:

(5.11) Istf eine reduzible Kette von M, soenthélt f einen weglalbaren
Kreis von f.

Beweis. Existiert namlicht ein /' in M mit f’czf und d(f) = 6(f), so
sind nicht alle Punkte in /" = /—/" isoliert, und samtliche nichtisolierten
Punkte von f" sind nach (5.7) durch /' geflllt und durch / Ubergefilit.
Ferner sind alle diese Punkte nach (5.6) (b) geraden Grades in f". Daraus
folgt, dalR f" einen Kreis enthélt. Dieser ist aber von / weglaRbar.

Ahnlicherweise kann man die Richtigkeit folgender Behauptung einsehen :

(5.12) Ist fEM und ist f nicht die Nullkette, sind ferner sémtliche nicht-
isolierten Punkte von f durch f Ubergefillt, so enthadlt f einen weglaRbaren
Kreis.
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Wir beweisen nun folgende Behauptung:
(5.13) Zn jedem f von AU gibt es ein H in M; mit H—f.

Beweis. (1) Es sei f*Mi. 1st / die Nullkette, so koénnen wir H=0
setzen. Daher kann angenommen werden, daR / auch nichtisolierte Punkte
enthdlt. Wir wollen in diesem Beweis einen solchen Bogen von /, dessen
innere Punkte durch / Ubergefullt sind, dessen Randpunkte jedoch nicht, einen
f-Bogen nennen. Wirzeigen, dal3 /-Bogen existieren. Nach (5. 12) und (5. 10)
gibt es ein Xn mit 0< (/, XQ wx(X0. f enthdlt eine Kante [MbXIW]. Ist
(/, Xj) ™ %(Xt), so ist [XOxXXj\ ein /-Bogen. Nehmen wir an, dal (/, W) >
> X(Wj) ist. Es bezeichne L die Menge derjenigen Wege w von /, die folgende
Eigenschaften besitzen: Xa ist der eine Randpunkt von w, und sé&mtliche von
Wb verschiedenen Punkte von w sind durch / Ubergefullt. L ist nichtleer. Es
sei W [XaXiXi... XnixnXn] ein Weg von L mit maximaler Anzahl wvon
Kanten. Es gibt eine von x,, verschiedene Kante [Xnx'X'] von /. Es ist dann
h= DOKrXx... Xn-iXnXnX'X?] ein /-Bogen. 1st ndamlich h ein Weg, so muf}
(F,X)Ax{X") sein. Im Falle X'= XO ist unsere Behauptung trivial. Der
Fall X'—Xi (0</ n—1) kann nicht eintreten, da dann [XfiWH ...
..XnX'X'] ein wegialRbarer Kreis von / ware.

(1) Es bezeichne m eine positive ganze Zahl. Wir nehmen an, dai
unser Satz fiur sdmtliche solche Ketten von Mi richtig ist, die weniger als m
Kanten enthalten, und daB / (/£M,) genau m Kanten besitzt. Es sei hx ein
beliebiger/-Bogen. Fiur fx= f—hl gilt /, (M und d(fj) = d(f) + 2. fx kann
keinen weglalRbaren Kreis enthalten, denn ein solcher Kreis ware auch von/
weglalbar. Nach (5.11) ist dann/ £ ./, enthédlt weniger Kanten als /, und
so gibt es laut unserer Annahme ein Hx in J1/ mit Hx= fx Nach (5.8) ist
dann fur jedes X ox(Hj)= 0x(fj) und = Fugen wir hx zu HIf
so entsteht ein System H mit //=/.

Wir zeigen, da® H£M ist. H genligt der Bedingung (3.1) (a). Um zu
beweisen, dal H auch (3. 1) (b) erfiillt, genlgt es nur die Punkte von hx zu
untersuchen. Ist X ein innerer Punkt von hit so ist (/1 X) s x(X), daher gilt
nach (5.4) (/,, X) = x(X) + 2|M, X\, was zusammen mit (fu X) = (f, X) —2<
< x(X) + 2x'(X) die Ungleichung \HitX\<x’(X) ergibt. Ist X ein Rand-
punkt von hu so ist (/, X)*x(X), und daher gilt [ X] * (A, X) * x(X).
Daraus folgt, dak H die Bedingung (3. 1) (b) erfullt. Es gilt also H £ M.

Es gilt ferner d(H) = 6(HY—2= <)'(/).

Endlich beweisen wir, daR H irreduzibel ist. Nehmen wir ndmlich das
Gegenteil an, dann gibt es ein H' in Mi mit H'ald und &(H') = d(H).
Nach (5.8) ist H' £M und 06(fj') = 6(H"), woraus 6(H') = 6(f) folgt. Das
widerspricht jedoch der Irreduzibilitdt von /. Es ist damit der Beweis von
(5. 13) beendet.
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(5.14) Ist H £ Mi, so ist H £ M.

Beweis. Laut (5.8) geniigt es zu zeigen, daB H irreduzibel ist. Nehmen
wir an, daB es ein/' mit /' £M, f ctf und d(f') = 6(H) gibt. Zu /' existiert
ein " in Mi mit f" 4/" und 6(f") = 6(f'). Nach (5.13) gibt es dann ein
H' in Mimit //'=/". Laut (5.8) ist 6(H") = o6(f") und 6(H) = d(H). Es
gilt also H’c*H und d(H') = 6(H). Das widerspricht aber der Irreduzibilitat
von H.

(5. 15) Aus (5.8), (5. 13) und (5. 14) folgt

min 6(f) = min 6(H),
f&uU, () HeM. (H)
und das ergibt, zusammen mit (5.2) (1) und (5. 9) (2) die Gleichung

Amin == fAmine

Um unseren Hauptsatz zu beweisen, genlgt es daher nach (4. 2) ein solches
Gewichtssystem q von Q zu konstruieren, welches die Gleichung

(1) S(q) = ~ (x (0)-06 mfi

befriedigt. Zu dieser Konstruktion werden wir von einer extremen Kette /
von M ausgehen, und auf diese das Verfahren der alternierenden Ziige an-
wenden.

8 6. Alternierende Zige

(6.1) Um unsere Ausdrucksweise zu verkirzen, ist es vorteilhaft,
jeden Kette / von I eine charakteristische Funktion f(x) zuzuordnen. f(x) sei
auf sdmtlichen Kanten von I definiert, und es bestehe /(x) = | oder /(x)= 0,

je nachdem ob x eine Kante von / ist oder nicht.

Es sei / vorldufig ein beliebiges Element von M Wir nennen den Zug
p = (X,,XiXi... X,,-iX»Xr) einen zu f gehorigen alternierenden Zug (kurz:
a-Zug), wenn entweder n= 1 ist, oder wenn n>1 ist und p fur jedes
i " i*n —1) folgenden Bedingungen genigt:

(@) Ist f(Xi) = f(xiH), so ist Xi ein einfacher Punkt von p.

(b) st f(Xi) =/(x1) = 1, so ist (f,X)>x(X).

(c) Ist f(xi)=/(xiH)= 0, so ist (f,X)"x(X) +2/(X)-2.

Wir nennen den Punkt X des a-Zuges p einen Wechselpunkt von p,
wenn bei dem Durchlaufen von p der Wert von f(x) sich bei jedem Durch-
gang Uber X &ndert, oder wenn X ein Randpunkt von p ist. Nach (a) ist
jeder mehrfache Punkt von p ein Wechselpunkt von p.

einer
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Ist p= (XX X, ... XnriXnXn) ein zu / gehoriger a-Zug, so ist auch
p = (XnxnXn-\... X\XiX<), sowie

Pij = (Xi-iXiXi memXj-iXjXj) @rirjrn)

ein solcher Zug. Die Ziige pu bzw. pin (1 g8/ n) heilen die Anfangs- bzw.
Endteile von p.

Man kann in gewissen Féllen zwei zu / gehorige a-Zlge zu einem
dritten vereinigen. Wir wollen einige leicht ersichtliche hinreichende Bedin-
gungen solcher Vereinigungen in dem folgenden Lemma zusammenfassen:

Lemma (6.2) Esseien p = (XOxiXi... Xmrix,,,Xn) und ,- = (XOXiXi...
... Xn-ix'nXn) zwei zu f gehodrige a-Ziige, die den folgenden vier Bedingungen
gendgen: (1) Xm= X0; (2) p und p’ haben keine gemeinsamen Kanten; (3)
ist X ein gemeinsamer Punkt von p und p\ so ist X sowohl in p wie auch
in p ein Wechselpunkt; (4) Es besteht einer der folgenden drei Féalle:

(@) f{xmf=f(xD\

(b) f(xm = /(xi)= 1, Xmist sowohl in p als auch in p' einfach und
(7, Xm) > x(Xm;

(©) /(x,,)= f(x[)= 0, Xmistin p und auch in p' einfach und (f,X,,,)"
AX(Xm) + 2x'(Xm)—2.
Dann ist auch

pp — (XoXiXi... XmeixmXmXi X} ... Zn-iXtiZi)
ein zu f gehdriger a-Zug.
Der folgende Satz enthdlt die Grundidee der Anwendung der 0-Ziige.

Satz (6.3) Istf eine extreme Kette von M, so gibt es keinen zu f ge-
horigen a-Zug » = (XoXiXi... X,,-iXnXn) mit den Eigenschaften: f(xi)=
=/(x,,) = 0, (/, V) < x(X0, (/, Xn <x(X,,) und im Falle X>= X,, (/, XQ*
LWIx(X0—2.

Beweis. Es Sei fEM und d'(/) = dmin. Nehmen wir an, dal} solche zu
/ gehorigen a-Zlge existieren, welche die in (e. 3) angefuhrten Eigenschaften
besitzen, und es sei p, = (XoXiXi... X,,-iX,,Xn) ein solcher Zug mit mini-
maler Anzahl von Kanten. Wir definieren eine Kette f wie folgt: Ist /(x,) = 1
@a”i®n),so sei /'(x,)=o. Ist /(x,)= o @”?i*ri), so sei /'(x<)=l.
st xdpx\,...,Xn, so sei /'(x)=/(x). Wir werden zeigen, dal /' £M und
W ) <6(f) ist, woraus die Richtigkeit unseres Satzes folgt.

(I) Zuerst sei X entweder ein Wechselpunkt von p, oder sei X Kkein
Punkt von p. Fallt X mit einem der Punkte X0 und Xn zusammen, so gilt
(/, X) < (', X) W%(X), und daraus folgt ox(f')<dx(f). Ist X X0X,,, sol

10 Acta Mathematica XIl/1—2
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ist (/', x) = (/, X). Es ist dann o6x(f') = dx(f), und wir sehen, dall /' bei
X beide Bedingungen von (5.e) erfillt.

(I) Es sei X=Xi (0</<n), und es gelte /(x,_i)= f(x,) = 1 Dann
folgt nach (e. I)(a),(b): X d X O, Xn, (/'A)= (/A )-2 und (f,X)>x(X).
Daraus ergibt sich ox(f') = 6x(f) = 0 und man sieht, dal f bei X beide
Bedingungen unter (5.6) befriedigt.

(1) Es sei X=Xi (0 <i<n) und /(x;_i)=/(xn= 0. Dann folgt nach
(6.)(a), (c): X X0, Xn,(/', X) = (/, X) + 2und (/, X) *x(X) + 2x’(X)-2.
Daraus kann man sehen, dal Ox{f) ~ ox(f) qilt, sowie dal /' bei X der
Bedingung (a) unter (5.6) gentigt. Gilt fur X noch (f,X)"x(X), so folgt
aus den obigen, dal /' bei X auch (5.6)(b) erflllt. Der andere Fall kann
nicht eintreten. Wéare némlich (/, X) <x(X), so wdre — da Xi ein einfacher
Punkt von p ist — (XoX.Xr... Xi-iXi-iXi) ein zu/ gehoriger 6-Zug, mit den
in (6.3) angefihrten Eigenschaften, der weniger Kanten als p enthalten
wiirde.

Aus (1), (I1) und (III) folgt fEM und d(/")<d (/).

8 7. Der Hilfspunkt X* Beweis eines Lemmas

(7. 1) Es sei nun / eine beliebige extreme Kette von M. Im weiteren
Teil des Il. Abschnittes wollen wir diese Kette / festhalten. Um unsere Be-
weisfiihrung zu vereinfachen, konstruieren wir nach Berge ([3], S. 176) aus
I, vy und / einen neuen Graphen I'* wie folgt: Wir nehmen zu I einen
neuen Punkt X * hinzu und verbinden X* mit jedem durch f nicht gefullten
Punkt X von I' durch 6x(f) neue Kanten. Ferner erweitern wir die Funk-
tionen * und y auf I'* folgendermaRen: Es sei

(@ x(X*) = omn, (b)z'(X*)= 0.
Die zu I'* gehorige Kette /* soll aus samtlichen Kanten von / und aus
sémtlichen neuen Kanten bestehen. (/*, X) soll die Anzahl der zu X inzi-
denten Kanten von I'™* bezeichnen. Wir stellen einige leicht ersichtliche Ei-
genschaften von f* zusammen:

(1) Fur jede zu X* inzidente Kante x gilt f*(x)=m 1

() (I, X*) = 9{=>C).

(3) /* ist eine (bezuglich y und x) aufnehmbare Kette von I'*.

(4) Jeder Punkt X von I'* ist durch /* gefillt.

(5) Ist X durch /* (bergefullt, so gibt es keine ATG-Kante.

Aus (6.3) leiten wir eine weitere Eigenschaft von /* ab:

(7.2) Es existiert in '* kein zu f* gehdriger a-Zug p* von der Struktur
p*= (X*X0X0... XnXn+ixX*) (n LWO).
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Beweis. Nehmen wir an, dafl in '* ein 6-Zug p* von der angegebenen
Struktur existiert. Ist 2= 0, so ist p*= (X*xOX&iX*). Nach (7.1)(1) und
(6. )(b) gilt (f*, X0> x(X0, was zu (7. 1)(5) in Widerspruch steht.

Es sei n>0. Dann ist nach (7. 1)(1), (2) und (e.l)(b) der Teil
p = (XoXiXi ...X nriXnXn) von p* ein zu / gehoriger 6-Zug von I'. Aus der
Existenz von xg und xI+ folgt, da® Xo und Xndurch / nicht gefullt sind,
und im Falle Xo= XH sogar (f,XQ”"x (X Q—2 besteht. Ferner gilt nach
(7.1)(4),(5) (f*,X0—x(X0, (/*, X,,)= x(X,,), und so erhalten wir unter
Beachtung von (7. 1)(1) und (e. I)(b) die Gleichung /(x3=/(xn= 0. Dies
widerspricht jedoch dem Satz (6.3).

(7. 3) Von hier an bis zum Ende des Il. Abschnittes sollen sich unsere
Begriffe und Bezeichnungen — wenn anderes nicht gesagt wird — nicht
auf I, sondern auf I'* beziehen. Unter Punkten, Kanten und Ziigen verstehen
wir also immer beliebige Punkte, Kanten und Zige von I*. Ferner haben
V(E, F) und [E] die Bedeutung vr*(E, F) bzw. [E]r* und eine E-Kompo-
nente bedeutet eine E-Komponente von I*.

Um unsere Ausdrucksweise weiter zu vereinfachen, wollen wir die Kan-
ten von /* a-Kanten, diejenigen Kanten, die nicht zu /* gehoren, R-Kanten
nennen. (Fur jede «-Kante ist also /*(x)= 1, und fir jede /?-Kante /*(x) = 0.)
Die Zeichen u, v, w, i,v,w sollen einen beliebigen der Buchstaben « und R
bedeuten, und zwar soll im selben Satz bzw. Beweis immer U=f=u, v=f=v,
w =f=w gelten.

Séamtliche im weiteren Teil des 11 Abschnittes vorkommenden 6-Zige
sind zu /* gehdrige 6-Ziige von ™. Deshalb werden wir diese kurz nur als
0-Zlge bezeichnen. Vielmals wird es gentigen, statt der Randkanten der
«-Zlge nur die Art dieser Kanten zu bezeichnen. Wir fiihren daher folgende
kurze Schreibweise ein:

p=(Xi... WO

soll bedeuten, daR Xt der Anfangspunkt, X2 der Endpunkt des a-Zuges p
ist und die Anfangs- bzw. Endkante von p eine u- bzw. r/-Kante ist. Kann
kein MiRverstdndnis entstehen, so werden wir im allgemeinen in den 6-Ziigen
neben den Randpunkten nur die in unseren Behauptungen explizit vorkom-
menden Elemente bzw. Kantenarten bezeichnen. Wir wiederholen nochmals
die folgende Vereinbarung von (e.1): p und p bezeichnen solche 6-Ziige,
die sich nur in der Durchlaufsrichtung unterscheiden.

Im Beweis des folgenden Lemmas benitzen wir keine speziellen Eigen-
schaften von '*, x und x . Beziglich /* beniltzen wir nur (7. 1)(3).

Lemma (7.4) Es sollen die a-Ziige p = (JTT ... X2 und p0— (Xrx.....X")
die folgenden Bedingungen erfillen:

io*
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(1) X' liegt auf p;
(2) liegt XOauf p, so ist er ein Wechselpunkt von p.
Dann existiert ein a-Zug von der Struktur

pl= (XXO0...uXD) oder p2= (X,XO...uXJ,
der nur solche Kanten enthalt, die in p oder in pO liegen.

Beweis. (I) Liegt xo in p, so bezeichne p' bzw. p" denjenigen Anfangs-
bzw. Endteil von p, dessen End- bzw. Anfangskante xO0 ist. X0 ist entweder
der Endpunkt von p' oder der Anfangspunkt von p". Im ersten Falle kann
man Pi=p', im zweiten p2— p" setzen.

(I Wir nehmen an, dafl xo nicht in p liegt. Es sei ps= (Xo0... xaX3
der kirzeste Anfangsteil von pO, dessen Endpunkt auf p liegt und es sei xs
eine w-Kante. Da xn nicht auf p liegt, haben p3 und p keine gemeinsame
Kante. ps und p konnen nur die Punkte X0 und X3 gemeinsam haben, und
im Falle X3=f=Xnist X3 einfach in p3

(1) Ist X3= Xr und w= u, so ist p3ein gesuchter Zug pu Ist X3= X1
und w=Fu, so konnen wir nach (e.2)(a) p2=p 3P setzen. Im Falle X3= X2
kann man &hnlich verfahren.

(2) Es sei X3 X1, X2 Es bezeichne p4 einen Anfangsteil von p,
dessen Endpunkt Xs ist, und p3den zu p4 komplementéren Endteil von p.
Es sei x, die Endkante von pt, xa die Anfangskante von pt Wir kénnen
behaupten: Die gemeinsamen Punkte von p3 und pt bzw. von p3und p3sind
in den beiden Ziigen Wechselpunkte.

1st ferner X3 ein Wechselpunkt von p, so besteht entweder f*{xf)=j=
=ff*(x49 oder f*(x3 =f=f*(x5. Nach (e6.2)(a) kann man im ersten Falle
p-i=piPi, im zweiten p2= p3Jy setzen.

Ist X? kein Wechselpunkt von p, so ist X3 einfach in jedem der Ziige
p, pxund pb. Ferner ist X3==X{, und so ist X3 auch in p3einfach. Man
kann nun pi= p3r (und auch pl= pnpg setzen. Dies folgt im Falle f*(xf)=f=
f=f*(xr) wieder aus (e6.2)(a). Im Falle /*(x3=/*(x53 haben /*(x3,/*(x9
und /*(x9 den gleichen Wert 1 bzw. 0, und so folgt laut (e.l)(b), (c) aus
(6.2)(b), (c) unsere Behauptung.

8§ 8. Die R- und /-Punkte

(8. 1) In diesem Paragraphen nitzen wir von '*, x und x nur die eine
spezielle Eigenschaft aus, daB x'{X*)= 0 ist, und von f* nur die Eigen-
schaften (7. 1)(1), (2), (3) und (7.2).

Wir fihren einige neue Bezeichnungen ein. Ein 6-Zug, dessen Anfangs-
punkt X* ist, soll ein X*-Zug heiRen. Existiert zu dem Punkt X ein A™*-Zug,
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dessen Endpunkt X und dessen Endkante eine «-Kante ist, so heillit X er-
reichbar, genauer u-erreichbar. Unabhangig von dieser Definition wollen wir
X* immer erreichbar, und zwar /i-erreichbar nennen. Nach (7.2) ist X *nicht
«-erreichbar. Es ist klar, dal jeder Punkt eines X'-Zuges erreichbar ist.

(8.2) X soll ein cc-Punkt heilen, wenn X «-erreichbar, jedoch nicht
N-erreichbar ist und (/*, X) LW%(X) besteht. Ist X /-erreichbar, jedoch nicht
«-erreichbar, und gilt (f*,X) > x(X) + 2x'(X)—2, so wollen wir X einen
R-Punkt nennen. Nach unseren Annahmen gilt:

(8.3) X* ist ein R-Punkt.

Wir nennen einen jeden solchen Punkt von I™*, der weder «- noch
[-Punkt ist, einen y-Punkt. Die unerreichbaren Punkte sind alle /-Punkte.
Ferner sind samtliche Punkte, die sowohl «- als auch /-erreichbar sind,
ebenfalls /-Punkte. Ein erreichbarer /-Punkt kann jedoch auch nur «- oder
nur /-erreichbar sein. Diese wollen wir /,,- bzw. yR-Punkte nennen.

Wir kdnnen behaupten:

(8.4) Ist X ein Ya-Punkt, so gilt (/*, X) >x(X); ist X ein yR-Punkt,
so gilt (/*,2Q ™ x(X)+2x\X)-2.
Es besteht ferner:

(8.5) Liegt X auf dem X*-Zuge p, und ist X ein u-Punkt, so ist X
ein Wechselpunkt von p.

Beweis. Ist X kein Wechselpunkt von p, so ist X kein Randpunkt von
p, und er ist einfach in p. Es gibt daher einen und nur einen Anfangsteil
p' von p mit dem Endpunkt X. Da auch p’ ein A"-Zug ist, muB nach (8.2)
die Endkante von p’ eine «-Kante sein. Laut (s.1)(b), (c) widerspricht das
jedoch der Annahme, dall X ein «-Punkt ist.

Aus (7. 1), (1), (2) und (e.0(b) folgt:

(8.6) X* kann nur ein Randpunkt eines a-Zuges sein.

Es gilt ferner:

(8.7) Ist X, ein u-Punkt und X, ein v-Punkt, so gibt es keinen a-Zug
p von der Struktur p = (X*... WXf).

Beweis. Nehmen wir an, dal3 ein solcher Zug p existiert. Nach (7.2)
ist dann einer der Punkte Xt und XIt z. B. X2 von X* verschieden. Es gibt
dann einen .A*-Zug p,,= (X*... 2Q. Nach (8.6) kann man jetzt (7.4)
anwenden, woraus die Existenz eines a-Zuges px— (X*... “A') oder
p2= {X*... \K2 folgt. Das widerspricht jedoch unserer Annahme, dal X,
ein «-Punkt und X2 ein E-Punkt ist.
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Aus (8.7) folgt:
(8.8) Zwei u-Punkte kdnnen nur durch u-Kanten verbunden sein.

(8.9) Ein unerreichbarer Punkt kann von den erreichbaren Punkten nur

mit den a- und R-Punkten durch Kanten verbunden sein, und zwar mit einem
a-Punkt nur durch eine a-Kante, mit einem R-Punkt nur durch eine R-Kante.

Beweis. Es sei X ein unerreichbarer, X' ein erreichbarer Punkt und
[XxX'] eine «-Kante. Offensichtlich ist X' ¢ X*. Ferner ist X' nicht «-erreich-
bar. Ist ndmlich X' «-erreichbar, so gibt es einen A®-Zug p = (X*... "X").
p kann X und demnach auch x nicht enthalten. Nach (e.2)(a) ist dann
p(X'xX) ein «-Zug und X erreichbar.

Wir zeigen, daB X’ kein /,,-Punkt sein kann. Nehmen wir an, da X'
ein /,,-Punkt ist. Es gibt einen X*-Zug p{mit dem Endpunkt X'. Es bezeichne
p, den kirzesten Anfangsteil von plt dessen Endpunkt X' ist. Dann ist X'
in pi einfach, die Endkante von p, eine «-Kante, und es kann weder X noch
x in p, liegen. Demzufolge ist aber nach (8.4) und (s.2)(b), (c) p2AX'xX)
ein X*-Zug, und so ware X erreichbar.

Es kann also X' nur ein «-Punkt sein.

8 9. Erreichbare und unerreichbare Komponenten

(9. 1) Es bezeichne A, B* und C die Menge der R- und /-Punkte,
&* die Menge samtlicher Punkte von I*. Laut (8.3) ist X*£B*. Es sei
B = B*—{A*}. Mit diesen Mengen bestimmen wir das zu '™ bzw. I ge-
horige fiillende Gewichtssystem

7= gq*(A B* C) bzw. q= g{A,B,C).

Unser Ziel ist zu zeigen, dalR g ein gesuchtes, der Bedingung (5.15)(1)
genligendes System ist. In §9 werden wir zu diesem Zwecke die Eigen-
schaften der C-Komponenten von '™* untersuchen.

(9.2) Im Ubrigen Teil dieses Paragraphen benitzen wir nur die
(8. 1) erwdhnten Eigenschaften von I*, x, X’ und /*.

Wir bezeichnen die C-Komponenten von [*, d. h. die Komponenten
des Teilgraphen [C] von ™* mit [G] (/==1,...,m). Ci (i=1,. m) soll
die Menge der Punkte von [G] bedeuten. Nach (8.9) besteht eine nichtleere
C-Komponente entweder aus lauter erreichbaren oder aus lauter unerreich-
baren Punkten. Dementsprechend nennen wir eine C-Komponente entweder
erreichbar oder unerreichbar. Im Falle C= G = o nennen wir [C] unerreich-
bar. Nach (8.9) kdénnen wir ferner behaupten:

unter
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(9.3) Beriihrt eine Kante eine C-Komponente, so ist der &uRere Rand-
punkt der Kante (in Bezug der Komponente) entweder ein a- oder ein R-Punkt.

Es gilt die Behauptung:

(9.4) Ist [C,] eine nichtleere C-Komponente und X £ Ci, bezeichnet ferner
p= (X*... X"xX) einen solchen X*-Zug, in dem X'(EC, und x eine u-Kante
ist, so ist X' ein u-Punkt.

Beweis. Nach (9.3) geniigt es zu zeigen, daR X' kein «-Punkt ist. Ist
X' ein «-Punkt und X'gpX*, so existiert die vorletzte Kante von p, und
diese muB eine «-Kante sein. Dies widerspricht jedoch dem Satze (8.5). Ist
X" ein «-Punkt und X'= X*, so mu u= B sein, was zu (7.1)(1) in Wi-
derspruch steht.

Unter Beachtung von (9.4) wollen wir jede solche «-Kante, die die
C-Komponente [C] beriihrt und deren &uBerer Randpunkt (in Bezug von
[C,]) ein «-Punkt ist, eine Eintrittskante von [G] nennen.

Aus (8.9) folgt:
(9.5) Die unerreichbaren C-Komponenten besitzen keine Eintrittskante.
Der folgende Satz bildet den Kernpunkt unserer ganzen Beweisflihrung:

Satz (9.6) Jede erreichbare C-Komponente besitzt genau eine Eintritts-
kante.

Wir zerlegen den Beweis dieses Satzes in mehrere Teile (von (9.7)
bis (9.11)).

(9.7) Es sei [C] eine beliebige erreichbare C-Komponente. Wir wollen
[C] im folgenden festhalten. Erst zeigen wir, daR [C,] eine Eintrittskante be-
sitzt. Es sei X*Ci. Da X* (EC,, gibt es einen X*-Zug p mit dem Endpunkt
X. Es bezeichne p'= (X*... X'xX") den kirzesten Anfangsteil von p, dessen
Endpunkt zu Ci gehort. Dann ist X (ECf. Ist x eine «-Kante, so ist nach
(9.4) X' ein «-Punkt, und daher ist x eine Eintrittskante von [C].

Es sei nun [AoxoA] eine beliebige Eintrittskante von [C] mit XOEC,,
Xt£ Ci, es sei ferner xoeine «-Kante und X0 ein «-Punkt. Wir wollen im
folgenden auch xound « festhalten und zeigen, dal xodie einzige Eintritts-
kante von [C] ist.

Wir wollen einen «-Zug p einen XGZug nennen, wenn er folgende
Bedingungen erfallt: Es ist X0 der Anfangspunkt, x, die Anfangskante von
p, und mit Ausnahme von X0 und xogehdren samtliche Punkte und Kanten
von p zu [C]. Ist X £Ci und gibt es einen A'i-Zug mit dem Endpunkt X, so
sagen wir, dal A'in [G] erreichbar ist. Gibt es einen XGZug mit dem End-
punkt X, dessen Endkante eine r-Kante ist, so heilt X in [C] v-erreichbar.



152 T. GALLAI

Wir bemerken, daB jeder von X verschiedene Punkt eines X-Zuges in [G]
erreichbar ist, und jeder nicht in [C] liegende Punkt in [C] unerreichbar ist.

(9. 8) Ist X v-erreichbar und in [G] erreichbar, so ist er auch in [G]
v-erreichbar.

Beweis. :. sei XE G, p= (X*... &) ein X-Zug und p0ein X>-Zug
mit dem Endpunkt X. Ist die Endkante von pOeine v-Kante, so ist nichts
zu beweisen. Es sei also po= (XXOX1... K). Da X(£C; ist, gibt es einen
kirzesten Endteil von p, dessen Anfangskante nicht zu [G] gehort. Es sei
dieser Teil p2= (XX2XS...\), und je= sei eine iv-Kante. Auler X2 und Xi
liegen samtliche Punkte und Kanten von p, in [G]. Wendet man (9.4) auf
denjenigen Anfangsteil von p an, dessen Endkante »> ist, so sieht man, daf}
X ein iv-Punkt ist. Ist x2= X0, so ist p2 ein X-Zug, und dann ist der Be-
weis fertig. Nehmen wir an, daB x2¢ x 0 ist. Liegt X3 auf p2 so kann nur
X —X bestehen, also ist Xoein Wechselpunkt von p,. Wir konnen daher
in jedem Falle (7.4) auf p2 und po anwenden. Demzufolge gibt es einen
a-Zug p3= (XX,,... '’X) oder pa= (Xoxo... K), und diese Ziige enthalten
nur solche Kanten, die entweder in p2 oder in p,, Vorkommen. Nach (8.7)
kann aber p3 nicht existieren. Es existiert also p4 Wir zeigen nun, daB p
ein X-Zug ist. Da von den Kanten von pOund p2 nur xo und x2 nicht zu
[G] gehdren, geniigt es zu beweisen, dall X, nicht in /74 liegt. Nehmen wir
an, dal xzin pt liegt. Von den Kanten von pt kénnen nur xound x2zu X2
inzident sein. Ist X = X0 so sind wegen X0 x2 genau zwei Kanten von
Pi mit X inzident. Dies ist jedoch unmdglich, da X der Anfangspunkt, je-
doch nicht der Endpunkt von p3ist. Ist X2¢ X, so ist von den Kanten von
Pi genau eine Kante zu X inzident. Dies ist aber wieder unmdglich, da jetzt
X kein Randpunkt von pa4 sein kann. Es ist also p4 tatsachlich ein X,-Zug,
und daher ist X in [G] v-erreichbar.

(9.9) Ist X ein in [G] erreichbarer, X ein in [Ci] nicht erreichbarer
Punkt und ist x eine von Xxo verschiedene X'X-Kante, so existiert ein a-Zug
p = (XXO0... xX), dessen samtliche, von xo und x verschiedene Kanten zu
[G] gehoren.

Beweis. . sei X eine v-Kante. Liegt X auf einem X-Zug, so kann
nur X = Xa bestehen, und deshalb kann x zu keinem Xa-Zug gehoren.

() Nehmen wir erst an, dal ein X>-Zug p0O= (Xax0... 'X") existiert.
Man kann dann (e.2)(a) auf die a-Zige pO und p’= {X’xX) anwenden,
demzufolge ist p=pa" ein gesuchter o-Zug.

(I Es sei jetzt X' in [C] nicht v-erreichbar. Es gibt einen X-Zug px
mit dem Endpunkt X. Es bezeichne p2 den kiirzesten Anfangsteil von pit
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dessen Endpunkt X' ist. X' ist im X,,-Zug p., einfach, und die Endkante
von p-, ist eine ?;-Kante. Nach (9.8) kann jedoch X' jetzt nicht 0O-erreichbar
sein, daher muR X' ein /,,-Punkt sein. Demzufolge ist nach (8.4) und
(6.2)(b), (c) p= p=p' ein gesuchter o-Zug.

(9.10) Jeder Punkt von Ci ist in [G] erreichbar.

Beweis. Der Punkt X{ der Kante xoist offensichtlich in [cJ erreichbar.
Nehmen wir an, dafll in [G] Punkte existieren, die in [G] nicht erreichbar
sind. Da [C] zusammenh&ngend ist, gibt es dann in [G] eine Kante x, die
einen in [G] erreichbaren Punkt X' mit einem in [G] nicht erreichbaren
Punkt [X von C; verbindet. Nach (9.9) existiert jedoch dann ein a-Zug
p= (XXO0... xX), dessen sédmtliche Kanten auBer x, zu [G] gehdren. Es ist
also X in [c,] erreichbar, was ein Widerspruch ist.

(9.11) Nehmen wir nun endlich an, dal eine von xo verschiedene
Eintrittskante von [cJ existiert. Es sei [XxX'] eine solche Kante mit X(£C/,
X'ZCi und x sei eine v-Kante, X' ein 0-Punkt. Nach (9.10) ist X' in [G]
erreichbar. Nach (9.9) gibt es dann einen a-Zug p = (X0... xX). Das wi-
derspricht jedoch (8.7). Damit haben wir den Beweis von (9.e) beendet.

Nach (9.6) konnen wir nach der Art der Eintrittskanten die erreich-
baren C-Komponenten in zwei Klassen teilen. Wir nennen eine erreichbare
Komponente a- oder R-erreichbar, je nachdem ob die Eintrittskante eine a-
oder /S-Kante ist. Wir kénnen dann nach (9.3), (8.9) und (9.6) zusammen-
fassend behaupten:

(9.12) st [Ci] eine beliebige C-Komponente, so sind die Kanten, die
[G] beriihren, entweder AG- oder B* G-Kanten, und zwar sind — mit Aus-
nahme der eventuell vorhandenen einzigen Eintrittskante — sémtliche AC, -
Kanten a-Kanten, samtliche B*Ci-Kanten R-Kanten.

(1) Ist [CJ unerreichbar, so gibt es keine Ausnahme.

(2) Ist [G] a-erreichbar, so ist eine B* Ci-Kante u-Kante.

(3) Ist [G] R-erreichbar, so ist eine A C-Kante R-Kante.

(9. 13) Bezeichnet man die Anzahl der a- bzw. R-erreichbaren C-Kom-
ponenten mit oa bzw. O3 so gibtes unter den A C-Kanten genau r(A, C) — G,
unter den B*C-Kanten genau o,, a-Kanten.

Bezuglich g* haben wir eine C-Komponente [G] je nachdem gerade
bzw. ungerade genannt, ob die Zahl x(G) + r(A, G) gerade oder ungerade
ist (s. (3.2)). Es gilt nun:

(9.14) Es sind samtliche erreichbaren C-Komponenten ungerade, samt-
liche unerreichbaren gerade.
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Beweis. Betrachten wir eine beliebige C-Komponente [C]]  rg i gi m).
Es sei (@ bzw. Vi die Anzahl derjenigen «-Kanten, die [C<] beriihren bzw.
die in [Ci] liegen. Da jede Kante zu genau zwei Punkten inzident ist, und

die betrachteten «-Kanten auferhalb von [C] genau in den Punkten von
[C] genau £ (f*>X) Inzidenzen hervorrufen, gilt
® 2(Hi+v.) = fii+ *%&f*,X).

Andernfalls ist nach (7.1)(3), (4) fur jedes X die Zahl (/*, X)—x(X) ge-
rade, und demzufolge ist auch

B, e (1% X) =X (X))
gerade. Daraus und aus (1) folgt
(2 fii+ x(Ci)= o (mod 2).
Nach (9.12) ist aber
n i'(A G+ S,
wo S= 0, 1 oder —a1 ist, je nachdem ob [C] unerreichbar, «- oder "-erreich-
bar ist. Dies ergibt zusammen mit (2) die Richtigkeit unserer Behauptung.

§ 10. Bestimmung von S(Q)

Wir wollen bezlglich des Wertes S(gq*) des unter (9.1) definierten
Gewichtssystems g* folgende Behauptung beweisen:
(10.1) Es gilt 2S(g*) = x(@>*).
Beweis. Es ist nach (3.2)(2)
S(q*) = x(BT) + x’(B*) + v(A, A)t -1(*(C) + v(A C)-1),

wo T die Anzahl der ungeraden C-Komponenten bedeutet.

Da x(®*) = x(A)+x(B*) + x(C) ist, ist (10.1) der folgenden Behaup-
tung gleichwertig:
(v X(A) = x(BIN + 2x'(BIN) + 2r(A, A)+ v(A, C)-r.

Um dies zu beweisen, werden wir die Anzahl va derjenigen «-Kanten,
die den Teilgraphen [.R¥] berihren, auf zweierlei Weisen ausdriicken.

() Ist X ein /?-Punkt, so folgt im Falle *'(20 >0 aus (8.2) und
(7. D(3), im Falle (A= 0 aus (7. 1)(3), (4) die Gleichung (/*, X) =
= x(X) + 2x"(X). Nach (8.8) kdnnen wir dann behaupten

(2) r, X(B*) + 2x'(B*).
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(1 Aus (7. 1)(4) und (8.2) folgt, daB zu jedem «-Punkt X genau x(X)
«-Kanten inzident sind. Nach (s8.8) ist jede AA-Kante eine «-Kante. Wir
konnen daher nach (9. 13) behaupten: unter den AR*-Kanten kommen genau

x(A)-2v(A,A)-(v(A,C)-0p)

«-Kanten vor. Daraus erhalten wir nach (9. 13) fiir va den Ausdruck
(3) va= x(A)—2r(A, A—r(A, C) f-oa(- &R

Es ist aber nach (9.14) oa+ 3—r, und so ergibt sich aus (2) und
(3) die Gleichung (1).

(10.2) Um den Wert S(q) zu erhalten, nehmen wir auBer *= Bu{Ar%}
und (7. I)(a), (b) auch in Betracht, da vr(A, A)= r(A, A), rr(A C)= v(A, C)
ist und die C-Komponenten von I mit denen von I™* identisch sind, sowie
dall diese Komponenten in ' und in '* gleichzeitig gerade oder ungerade
sind. Wir erhalten so die Gleichungen

S(g*)= S(q) + 6mm und x(P*)= x(P)+ gTin.

Diese ergeben jedoch zusammen mit (10.1) fur S(q) den Wert

S(q)=
Nach (5.15) haben wir damit den Beweis des Hauptsatzes (3.3) beendet.

. SPEZIELLE GEWICHTSSYSTEME UND KAPAZITATSFUNKTIONEN

8§ 11. Gewichtssysteme mit besonderen Eigenschaften

In diesem Paragraphen wollen wir zeigen, da man sich bei der Be-
stimmung des minimalen Wertes von S(q) auf Uewichtssysteme mit beson-
deren Eigenschaften beschrédnken kann. Dies wird uns bei gewissen speziellen
Kapazitatsfunktionen es ermdglichen, unserem Hauptsatz eine ubersichtlichere
Fassung zu geben.

(11.1) Es seien in den Punkten des Graphen I die Kapazitatsfunk-
tionen x(X) und x\X) definiert/” und es sei q= q(A, B, C) ein beliebiges
Gewichtssystem mit Ad¢ 0, ferner sei X"A. Wir wollen untersuchen,
welche Anderung S(q) bei der Verlegung von X nach C erfahrt. Es sei

A= A—{X}, C'=CuPO, g=0(A,B,CQC).
Es gilt folgende Behauptung:

1 Von hier an beziehen sich unsere Begriffe und Bezeichnungen wieder auf den mit
" bezeichneten Graphen.
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(11.2) Ist v(X, A) M x(X)—\, so ist S(g") S(Q).

Beweis. Es ist x(C) = x(C) + x(X), v(A', A')— v(A, A)—r(X, A) und
v(A', C) = v(A, C)+ v(X, A)—v(X,C). Daraus folgt nach (3 2)(2)

SW - S(q): -+ (x(Xy- v(X, A). v(X,C). rqg- ro.

Ist r(X, C)= 0, so sind samtliche C-Komponenten auch C'-Komponenten,
und auBer diesen gibt es nur noch eine C'-Komponente: X. Mithin ist
t9= Tq Oder Tg'= Tg+1, je nachdem ob x(X)+ r(X, A) gerade oder un-
gerade ist. Im ersten Falle folgt daraus, da v(X, A) = x(X)— 1 nicht ein-
treten kann, die Behauptung SW = S(q). Im zweiten Falle ist die gleiche
Behauptung offensichtlich richtig.
Nehmen wir nun an, daR r(X,C)> 0 ist. Es seien [C]

die C-Komponenten, und von diesen seien [C] (/=/+ 1,..., m) diejenigen,
fur welche v{Ci,A)>0 gilt (0"j<m). Dann sind die C'-Komponenten:

[Q+] mit Cj+1= (%jﬂ_Ci)u{X} und, falls y>0 ist, [CiJ= [CJ (/=1, ...y).

Es bezeichne ferner o die Anzahl der ungeraden Komponenten unter
[Q+i],..., [C], und es sei £= 0 oder 1, je nachdem ob [Cjti] gerade oder
ungerade ist. Es gilt dann

Tg— Tg’= 0 — 8
und

SW = S(q)-%-(r(X,A)-x(X) +v(X,C)-0+ *m

Es besteht ferner v(X, C) ==2m —j LWo.

Gilt nun v(X, A) LUx(X) oder v(X, C)>o0, so ist offensichtlich
SW ™ §(0).

Ist v(X, A) = x(X)— 1 und v(X,C)= o0, so zeigen wir, dal f=1 st
woraus wieder S(q) S(gq) folgen wird. In diesem Falle muR ndmlich
v(X, O)= 1 und x(Ci)+r(A, Ci)=1 (mod 2) fir jedes /=y +1,...,4r
bestehen und deshalb ist die Zahl

X(Q#) + HA', Cio = x(X) . V(X, A+ £ (%Ci)- 3(A ¢, 1
1=)+1
ungerade.
(11.3) Nehmen wir jetzt von g= q(A, B, C) an, da® Cp 0 ist, und
es sei X £C. Das System q’ definieren wir folgendermalien: Es sei

B'= Bu{X), C'=C—{X} und q=q'(A, B’ C).
Es gilt dann die Behauptung:
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(11.4) st r(X,A)WIx(X) + 2x'(X), so ist S(g')"*S(q).
Beweis. Eine einfache Rechnung zeigt, dal

S(@)= S(q)-x(r(A, X)-(x(X) + 2x'(X)) +rq-rg

ist. Es sei [C] diejenige C-Komponente, die X enthalt, und es sei C*=
= Cj—{X}. Die Gesamtheit der C'-Komponenten besteht aus s&mtlichen von
C verschiedenen C-Komponenten sowie (falls Cx5=o0) aus den Komponenten
des Teilgraphen [C*]. Mithin ist Ty t,—1, und die Gleichheit kann hier
nur dann eintreten, wenn [C] ungerade ist und samtliche Komponenten von
[C*] gerade sind oder C*= 0 ist. In diesen Fallen muR jedoch x{X)-\-
A-r(A,X) ungerade sein, und so kann in r(A, X) * x(X) + 2x’(X) das
Gleichheitszeichen nicht gelten. Hieraus sehen wir, dafll in jedem Falle
S(qj  S(q) gilt.

(11.5) Es bezeichne Qodie Menge jener Gewichtssysteme q—q(A,B, C),
welche folgende Eigenschaften besitzen:

(@ A enthdlt, falls es nichtleer ist, nur solche Punkte X, die der Un-
gleichung v(X, A) <x(X)—1 geniigen.

(b) C enthdlt, falls es nichtleer ist, nur solche Punkte X, die der Be-
dingung r(X, A) <x(X) + 2x'(X) genlgen.

Nach (11.2) und (11.4) koénnen wir dann behaupten:

(1) {Q&S(Q) = Smin-

Wir nennen die Punkte der Menge E~® (in E) unabhangig, wenn
im Falle v(E)>\ je zwei von ihnen durch keine Kante (von I) verbunden
sind. Dann kann man folgende Behauptungen machen:

(11.6) st fir jedes X x(X)+ x’(X)= 1 so ist in jedem System
g= q(A, B, C) von QO die Menge A leer.

(12.7) st fur jedes X x(X)+ 2x'(X) = 2, so besitzt jedes System
g= q(A, B, C) von QO die Eigenschaften:

(1) Die A-Punkte sind unabh&ngig, undfir jedes X von A gilt x(X) =2.

(2) Zu jedem C-Punkt ist hochstens eine AC-Kante inzident.

§ 12. Haupt- und Nebenpunkte. Hauptwege

(12. 1) Wir wollen einige spezielle Kapazitatsfunktionen betrachten, bei
denen unser Hauptsatz bzw. einige nachfolgende Satze eine Ubersichtlichere
Formulierung zulassen. Nehmen wir folgende Bedingungen:
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(@) Fur jedes X mit x(X) > 0 ist x'(X) = 0.

(b) Fur jedes X mit x(X)=0 ist x’(X)= 1
Geniigen die Funktionen x und x’ diesen Bedingungen, so ist x durch x
eindeutig bestimmt, und wir nennen in diesem Falle x und x zueinander
komplementar. Ferner nennen wir jetzt die Punkte X mit x(X)>0 Haupt-
punkte, diejenigen mit x(X) = 0 Nebenpunkte und diejenigen Bogen, deren
Randpunkte bzw. innere Punkte Haupt- bzw. Nebenpunkte sind, Haupt-
bogen. Die Bogen eines aufnehmbaren Bogensystems sind jetzt alle Haupt-
bogen, und diese kénnen nur Randpunkte gemein haben.

Eine weitere beachtenswerte Spezialisierung erhalten wir durch die
Annahme, dalR bei komplementiren Kapazitdten z in jedem Hauptpunkt den
gleichen Wert o annimmt. Um ein solches Paar von Kapazitatsfunktionen
anzugeben, geniigt es, irgendwelche Punkte von [ als Hauptpunkte aus-
zeichnen, die 0Obrigen als Nebenpunkte betrachten und den Wert o vor-
schreiben. (Die Menge der Haupt- bzw. Nebenpunkte kann auch leer sein!)

Von hier an werden wir uns im Il. Abschnitt nur mit den letzter-
wiéhnten Kapazitatsfunktionen beschéftigen, und zwar nur im Falle a= 1

(12.2) Es seien nun in I irgendwelche Punkte als Hauptpunkte
gezeichnet. Die Ubrigen Punkte von I' werden wir dann immer — ohne
dies ausdrucklich zu betonen — Nebenpunkte nennen. Die Funktionen x(X)
und x'(X) seien durch folgende Bedingungen definiert: Fir jeden Haupt-
punkt sei x(X)=\ und x'(X)= 0, fir jeden Nebenpunkt x(X) =0 und
X’(X) —L Wir bezeichnen die Anzahl der Haupt- bzw. Nebenpunkte in
einer beliebigen Teilmenge E von & mit v,,(E) bzw. vn(E).

Die aufnehmbaren Bogen fallen jetzt mit den Hauptwegen zusammen.
Ein Hauptweg ist ein solcher Weg, dessen Randpunkte bzw. inneren Punkte
Haupt- bzw. Nebenpunkte sind. Ein aufnehmbares Bogensystem besteht aus
unabhéngigen Hauptwegen, d. h. aus solchen Hauptwegen, die paarweise
keinen gemeinsamen Punkt enthalten. vnex gibt jetzt die maximale Anzahl
der unabh&ngigen Hauptwege an.

Betrachten wir nun den Wert Smn. Nach (11.5)(1) und (11.6) genugt
es bei der Bestimmung dieses Wertes, nur solche Systeme qq(A,B,C)
zu betrachten, in denen A leer ist. Solche Systeme sind durch die Angabe
der einzigen, beliebig wahlbaren Teilmenge B von @ bestimmt. Wir setzen
daher flr solche g

S(q)= S'(B) und T,=r(R) (B=d —B).

r(3) gibt die Anzahl der ungeraden, d. h. derjenigen Komponenten von [R],
die eine ungerade Anzahl von Hauptpunkten enthalten. Bezeichnen [,]

aus-
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(/=1,...,m) die Komponenten von [B], so gilt nach (3.2)(1), (2), (11.6)
und (11.5)

® S$'(B)= v(B)+Z, v vBf  V(B)+-(vh(B)-r(B))

und

min S'{B)= Smn

Unseren Hauptsatz (3. 3) kann man jetzt folgendermaRen formulieren:

Satz (12.3) Sind in I irgendwelche Punkte als Hauptpunkte ausgewahlt,
so ist die maximale Anzahl der unabh&ngigen Hauptwege dem Wert min S'(B)

gleich.
Wegen spateren Anwendungen wollen wir noch folgende Behauptung
beweisen:

(12.4) Gilt far die Teilmenge B von @ die Ungleichung S'(B)<S'(0),
so ist T(B)w?2.

Beweis. Es ist S'(0)=vy (vh(®)—T1(P)). Wir erhalten also aus

S'(R)<S'(o) die Ungleichung T(B)>r(B) + rn(B) + T(®). Da jetzt B=f=0
gilt, besteht T(B)LU 2.

(12.5) Bisher haben wir von den Gewichten der fillenden Gewichts-
systeme verlangt, dafl sie jeden Bogen des Graphen fillen (s. (2. 2)). Lassen
wir diese Forderung fallen und verlangen nur, dalR samtliche Hauptwege
gefillt werden, so sind bei einem System g= q(. ,B, B) samtliche in Neben-
punkten liegenden halben Gewichte zu der Fillung Uberflissig. Es ist jetzt
naheliegend, eine neue Art von Gewichtssystemen zu betrachten. Diese Sy-
steme, die wir Systeme zweiter Art nennen und mit dem Buchstaben r bezeich-
nen wollen, definieren wir folgendermaBen: In r sollen nur die Punkte Ge-
wichte erhalten, und zwar sollen wieder nur die Gewichte 0, 1 und 1/2 Vor-
kommen. Einen Hauptweg w nennen wir jetzt durch r dann gefillt, wenn w
einen Punkt mit dem Gewicht 1 oder zwei Punkte (diese mdissen nicht die
Randpunkte von w sein) mit halben Gewichten enthélt, r heif3t fullend, wenn
jeder Hauptweg von [ durch r gefillt ist, oder wenn in I kein Hauptweg
existiert. Die Menge dieser fillenden Gewichtssysteme bezeichnen wir mit R.
R ist offensichtlich nichtleer.

Den Wert von r definieren wir gleichfalls von neuem. Es bezeichne B
die Menge derjenigen Punkte, die in r das Gewicht 1 erhalten und via(E)
die Anzahl derjenigen Punkte einer beliebigen Teilmenge E von &, die inr
das Gewicht 1/2 haben. Unter Beachtung von (12.2) und der oben Gesagten
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sei der Wert von r

m

0) s'n=v(B)+ 2 :

wo [B,] (i=1\,. . m) die Komponenten von [] bedeuten (B= ®—B).
Wir wollen nun zeigen, daB die Behauptung von (12. 3) auch mit den
Gewichtssystemen zweiter Art giiltig bleibt:

Satz (12.6) Sind in " irgendwelche Punkte als Hauptpunkte ausgewahlt,
so ist die maximale Anzahl der unabhangigen Hauptwege dem Wert rPeE‘.S"(/)
gleich.

Beweis. (1) ES sei B eine beliebige Teilmenge von &, und [R,]
(i= 1,..., m) seien die Komponenten von [Rj. Ferner bezeichne rx jenes Ge-
wichtssystem zweiter Art, in dem die Punkte von B das Gewicht 1, die
Hauptpunkte von R das Gewicht 1/2, die Nebenpunkte von 3 das Gewicht O
erhalten. Es ist dann r*R wund es gilt ri/ARi) -- vh(B,) (/==1,..., m). Nach
(12.2) (1) und (12.5) (1) ist dann S"(ry= S'(B), und so ist laut (12.3)
rrrglg S"(r) ™ rmex

(I) Es sei jetzt r ein beliebiges Element von R. Es bezeichne ferner i3
die Menge der Punkte, die in r das Gewicht 1 enthalten, und [RJ (i= m)
seien die Komponenten von [Rj. Endlich sei W ein beliebiges System unab-
héngiger Hauptwege. Die Anzahl der Wege von W, die einen RB-Punkt
enthalten, ist ~ir(R). Ein Weg von W, der keinen B-Punkt enthalt, muB ganz
in einer der Komponenten [B,] liegen. In einem [B,] kdnnen aber hdchstens

~2VIIA(R Y unabhéngige Hauptwege liegen. Es folgt daraus nach (12. 5) (1),

dal v(W)"S"(r) ist. Wir gelangen so zu v, =minS"(r), und damit ist
unser Beweis beendet. rés

8 13. Trennungssatze

(13.1) Es sei I' wieder ein Graph, in dem irgendwelche Punkte als
Hauptpunkte ausgezeichnet sind. Die einfachsten fillenden Gewichtssysteme
zweiter Art sind offensichtlich jene, bei denen nur die Gewichte 1 und 0 Vor-
kommen. Ein solches System ist durch die Menge D der Punkte mit posi-
tiven Gewichten vollstdndig bestimmt und so beschaffen, daf jeder Haupt-
weg von [ einen D-Punkt enthdlt. Wir kénnen hier statt der Fillung der
Hauptwege auch von der Trennung der Hauptpunkte sprechen, da man von
keinem Hauptpunkt zu einem anderen ohne Berlihrung eines R-Punktes ge-
langen kann. (Auch die Randpunkte der Hauptwege konnen an der Trennung
teilnehmen!)
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Wir nennen nun eine Teilmenge D von & trennend, wenn jeder Haupt-
weg von I mindestens einen D-Punkt enthélt (oder wenn I keinen Haupt-
weg besitzt). T bezeichne die Menge der trennenden Teilmengen (T ist nicht-
leer). Es sei ferner

min= min r(D).

DE£T

Die Zahl 7imin existiert und bedeutet die minimale Anzahl der trennenden
Punkte.

Es stellt sich dann die Frage: Was fur ein Zusammenhang besteht
zwischen 7tmin und Ttax? Man kann als Antwort im allgemeinen keine genaue
Gleichung angeben, sondern muR sich mit Ungleichungen begniigen.

Es besteht folgender

Satz (13.2) Sind in I irgendwelche Punkte als Hauptpunkte ausge-
zeichnet, so gilt
TCmin 2 Crax.

Beweis. Nach (12.3) gibt es ein BA® mit

(1) s'(B)=T(B) + 2'  MBI) (B=d¢—B),

wo [Bj (/= 1,..., m) die Komponenten von [R] sind. Wir definieren eine
Menge D wie folgt: Wir waéhlen in jedem Rf, das Hauptpunkte enthdlt, je
einen Hauptpunkt aus. Es soll nun D aus samtlichen Punkten von B sowie
aus samtlichen Hauptpunkten von B, mit Ausnahme der ausgewéhlten, be-
stehen. Es ist klar, dal} dieses D trennend ist, und es gilt

(2 v(D)*r(B)+2Z ~ M Bi)
Aus (1) und (2) folgt
3 r(bD)"2rmex—r(B),

und dies ergibt 7omm® 2 v mex

Bemerkungen (1) Satz (13.2) kann ohne weitere Voraussetzungen nicht
verschérft werden. Dies zeigt folgendes Beispiel: ' bestehe aus n isolierten
»,Dreiecken” und jeder Punkt von [ sei Hauptpunkt. Dann ist TTax=/r,
Nimn=2/7.

(2 Ist I ein paarer Graph und sind samtliche Punkte von ' Haupt-
punkte, so kann man durch eine einfache Modifizierung des Beweises von
(13.2) zu der Ungleichung s Ll ~rTa, gelangen. Da anderseits offensichtlich
Jimh=TW besteht, erhalten wir yrmin= rmaX. Diese Gleichung ist mit der
Behauptung des Konigschen Satzes (1) unserer Einleitung identisch.

11 Acta Mathematica XIl/1—2
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(13.3) Der Graph in der vorangehenden Bemerkung (1) ist nicht zu-
sammenhéngend. Nimmt man an, dal der Graph zusammenhéngend ist, bzw.
daB der ,,Zusammenhangsgrad” des Graphen einen gewissen Wert erreicht,
so kann man den Satz (13.2) verscharfen.

Wir sagen: Die verschiedenen Punkte X' und X" sind durch die von
X' und X" verschiedenen Punkte Xlt...,Xj (yi*1) getrennt, wenn jeder
Weg von I, der X' mit X" verbindet, mindestens einen der Punkte Xu ...,X]j
enthdlt. Die Aussage ,,I ist beziglich der Hauptpunkte rj-fach zusammen-
hangend” soll folgendes bedeuten :

Im Falle 7= 1: Hochstens eine der Komponenten von I enthélt Haupt-
punkte. In diesem Falle werden wir auch I bezuglich der Hauptpunkte zu-
sammenh&ngend nennen.

Im Falle 77°2: T st bezuglich der Hauptpunkte zusammenh&ngend,
und je zwei Hauptpunkte X' und X koénnen durch weniger als 7z von X'
und X" verschiedenen Punkten nicht getrennt werden.

Aus dieser Erklarung folgt: Ist I bezlglich der Hauptpunkte 7zfach
zusammenhangend 7> 1), so ist er auch (7=—I)-fach zusammenhéngend.

Nun wollen wir unter Beachtung von (4.2) (2) folgenden Satz aus-
sprechen :

Satz (13.4) Es seien in I irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. Ist dann I bezlglich der Hauptpunkte wfach zusammenhéngend

(77 D) und ist tw < , SO ist

Tmn=27mx T
Beweis. Es Sei B dieselbe Menge wie im Beweis von (13.2). Da I
bezlglich der Hauptpunkte zusammenhangend ist, ist S'(0)= \ m )

und so gilt S'(B)<S'(0). Dann ist aber nach (12.4) T(B)LU 2. Jede ungerade
R-Komponente enthélt jedoch einen Hauptpunkt, und so existieren in B zwei
Hauptpunkte, die durch die Punkte von B getrennt werden. Es gilt daher
p(B)LWr], und so folgt laut der Ungleichung (3) des Beweises von (13.2)
die Behauptung nmia* 2 v max— 7z

Bemerkungen. (1) Gilt nicht vmax< y>»(d) SO ist nach (4.2) (2)

! rH(®) In diesem Falle kann — wie das folgende Beispiel zeigt —

~mn  27Tax 7 eintreten.
Es sei & —{Xi,..., Xn,X[,. . XI) ("2, ri<n<2r) und /"soll je
eine -Kante (/= 1,...,n;j= 1,..., 4) enthalten, jedoch keine andere
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Kanten. ...,XH seien die Hauptpunkte, Xi,...,X!-die Nebenpunkte.
Dann ist [ bezuglich der Hauptpunkte r“fach zusammenhangend,
M=l o [n(®) Und Jlin= V-

(2) Ohne weitere Bedingungen kann man auch (13. 4) nicht verscharfen.
Das zeigt folgendes Beispiel: Es sei
A= {Xu... ., Xnt B={Xi,...,XRB (2S2rj™n),
Ci= {Xi,Xi,X1} (/= 1,..../; 1wl
und es seien A, B und sdmtliche C; paarweise elementenfremd. & bestehe

aus samtlichen Punkten der Mengen A, B und C; (/= 1,...,/), die Menge
der Kanten von I

aus je einerXiXj-Kante (/=1!,...,//; j= 1,..., 1)),

aus je einerXIXj-Kante(/=1,. . I;j=\,...,rj; k=1\,23) und

aus je einerXjXI-Kante (/= 1,...,/;j, k— 1,2, 3; j =K.
Die J1Punkte und die CrPunkte seien die Hauptpunkte, die R-Punkte die
Nebenpunkte. Es ist dann " bezuglich der Hauptpunkte r\-fach zusammen-
hangend, vmex= T)-+l, n-mn= //+ 2/. Es gilt daher *nmin= 2iw —n

(3 Wir vermuten folgende Verallgemeinerung von (13.2):

Sind in " irgendwelche Punkte als Hauptpunkte ausgezeichnet, und ist
die maximale Anzahl solcher Hauptwege, die paarweise keinen Nebenpunkt
gemeinsam haben, gleich Pmex, so ist die minimale Anzahl der derart auswahl-

baren Nebenpunkte, dal jeder Hauptweg mindestens einen der ausgewdahlten
Punkte enthélt, nicht grofer als 2Pmax.

Dieser Satz scheint tieferliegend zu sein als (13.2). Man konnte natir-
lich einen Beweis dieser Vermutung erhalten, wenn man einen unserem
Hauptsatz &hnlichen Satz lber Hauptwege hétte. (S. Bemerkung (2) bei (3. 3).)

IV. VERALLGEMEINERTE FAKTOREN

8 14. Allgemeine Existenzsatze

(14. 1) Es sei " ein nichtleerer Graph, x(X) und x'(X) seien auf der
Menge der Punkte von I definierte Funktionen, die nur nichtnegative ganze
Werte annehmen. Ein zu x und / gehoriger verallgemeinerter Faktor von /’
oder kurz ein (x,x")-Faktor ist ein solches Bogensystem H von F, das fur
jeden Punkt X von I' den Bedingungen

) [H,X] = x(X) und \H,X\*x(X)

n*
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gentgt. Nach (4.2) konnen wir auch sagen: Ein (X, ji')-Faktor ist ein an-
nehmbares Bogensystem H mit 6(H) = 0. Ist flr jedes X x'(X) = 0, so sind
die (x, jf')-Faktoren mit den gewdhnlichen x-Faktoren identisch (s. [10] und [7]).

Sind * und x zueinander komplementér (s. (12.1)), so sollen die (x, x')-
Faktoren topologische x-Faktoren heilRen.

Sind endlich zu dem Graphen ' keine Funktionen x und x angegeben,
sondern sind nur in I irgendwelche Punkte als Hauptpunkte ausgezeich-
net, so verstehen wir unter einem topologischen o-Faktor — wo 0 eine
natirliche Zahl bedeutet — einen topologischen ~-Faktor, bei dem die Funk-
tion x(X) in jedem Hauptpunkt den Wert o, in jedem Nebenpunkt den
Wert 0 annimmt.

Aus unserer Erkladrung und aus (4. 2) folgt unmittelbar die Behauptung:
I besitzt dann und nur dann einen (x, *')-Faktor, wenn

(2) i'max == ~rg 3M(® )

besteht. Daraus beweisen wir den

Satz (14.2) Es seien in den Punkten von I' die Kapazitatsfunktionen
X(X) und x'(X) erklart. I enthdlt dann und nur dann einen (x, x")-Faktor,
wenn fur jedes Gewichtssystem g= q(A, B, C)

(1 \*{0)"S{q)

besteht, oder anders formuliert, wenn bei jeder Zerlegung der Menge @ in drei
Mengen A, B und C die Ungleichung

2 X(A) wx(B) + 2x'(B) + 2v(A, A)+ Vv(A,C )-r
besteht, wo T die Anzahl der Komponenten [G] von [C] mit X(Ci) + r(A, C) = |
(mod 2) bedeutet.

Beweis. Nach (4. 1) ist rmax*S(q). Besteht also (14. 1) (2), so gilt fir
jedes g die Ungleichung (1). Gilt umgekehrt fir jedes q die Ungleichung (1),
S0 besteht laut unseres Hauptsatzes (3.3) die Ungleichung rmex” -A-ar(®),
woraus nach (4.2) (2) die Gleichung (14. 1) (2) folgt.

Die Ungleichung (1) ist unter Beachtung von x(®) = x(A)-\-x{B)-\-x(C)
mit (2) gleichwertig.

Bemerkung. 1st fir jedes X x'(X)= 0, so gibt (14.2) die Belek—

Tuttesche Bedingung der Existenz von o- bzw. ”~-Faktoren endlicher Graphen
an ([2], Theorem 1V; [10], Theorem XV).
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Wir wollen uns mit den topologischen 1- und 2-Faktoren auch separiert
beschéftigen.

(14.3) Betrachten wir zuerst die topologischen 1-Faktoren. Es seien in
I" irgendwelche Punkte als Hauptpunkte ausgezeichnet. Die Definitionen von
J und / lauten dann: Es ist in jedem Hauptpunkt x(X) = \ und x'(X) = 0,
in jedem Nebenpunkt x(X) = 0 und </{X) = \. Nach (11.5) und (11.6) ge-
nigt es jetzt, in (14. 2) nur Systeme gq= q(A, B, C) mit A= 0 zu betrachten.
Wir bekommen so aus (14. 2) (2) mit den Bezeichnungen von (12. 2) den

Satz (14.4) Es seien irgendwelche Punkte in I als Hauptpunkte aus-
gezeichnet. " enthalt dann und nur dann einen topologischen \-Faktor, d. h.

~r(®) unabhangige Hauptwege, wenn flir jede beliebige Teilmenge B von @
die Ungleichung

(1) r(B )~ vh(B)+ 2vn(B)

besteht.

Sind samtliche Punkte von I Hauptpunkte, so gibt (14.4) den be-
kannten Tutteschen Satz (iber die Existenz von 1-Faktoren an ([9], Theorem V).

(14.5) Jetzt wollen wir uns mit topologischen 2-Faktoren beschéftigen.
Es seien daher wieder irgendwelche Punkte in ' als Hauptpunkte ausge-
zeichnet, und x und X sollen folgendermaBen definiert sein: In jedem Haupt-
punkt ist x(X) =2 und "/{X) =0, in jedem Nebenpunkt x(X)= 0 und
mxX(X) = \.

Existieren Wege in einem topologischen 2-Faktor, so setzen sich diese
zu Kreisen zusammen. Diese Kreise bilden, zusammen mit den Schlingen
des Faktors, ein Kreissystem mit folgenden Eigenschaften: Jeder Kreis des
Systems enthalt mindestens einen Hauptpunkt, jeder Hauptpunkt von I liegt
auf einem Kreis des Systems und es haben je zwei Kreise des Systems (falls
mehrere existieren) keinen gemeinsamen Punkt. Auf diese Weise gehort zu
jedem topologischen 2-Faktor ein Kreissystem. (Zu dem leeren Faktor gehort
das leere Kreissystem.) Umgekehrt ist es klar, dal die Hauptpunkte von I
jedes Kreissystem mit den erwdhnten Eigenschaften in solche Bogen zerlegen,
die zusammen einen topologischen 2-Faktor bilden.

Nach (11.5) und (11.7) genigt es bei topologischen 2-Faktoren in
(14.2) nur Systeme g mit den Eigenschaften (11.7) (1), (2) zu betrachten,
und so erhdlt man aus (14.2) (2) den

Satz (14.6) Es seien in ' irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. ' besitzt dann und nur dann einen topologischen 2-Faktor, wenn
fir jede solche Zerlegung von @ in drei Teilmengen A, B und C, bei welcher
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A aus unabhangigen Hauptpunkten besteht, und zu jedem C-Punkt hdchstens
eine AC-Kante inzident ist, die Ungleichung

V(A)~V(B) + Y v(@a,Q) =v(B)+-L{v(A,C)-1)

gultig ist. Hier bezeichnen [C] (i=1,...,m) die Komponenten von [CJundr
die Anzahl der Komponenten [C] mit ungeradem r(A, C,j.

Wir wollen aus (14.6) zwei weitere Bedingungen der Existenz topolo-
gischer 2-Faktoren ableiten.

(14.7) Es sei A eine beliebige Menge unabhéngiger Punkte. Wir wollen
jeden Bogen, dessen beide Randpunkte J1-Punkte sind, die inneren Punkte
jedoch nicht, A-Bogen nennen. Wir nennen das Bogensystem H ein System
unabhéngiger A-Bogen, wenn jeder Bogen von H (falls H=f=0 ist) ein
A-Bogen ist und je zwei Bogen von H keinen gemeinsamen inneren Punkt
enthalten. Ein Gewichtssystem r zweiter Art (s. (12. 5)) nennen wir ein zu
A gehoriges Gewichtssystem, wenn in r alle A-Punkte, falls A=f=<z, das Gewicht
0 erhalten und jeder A-Bogen, falls solche existieren, einen Punkt mit dem
Gewicht 1 oder zwei Punkte mit halben Gewichten enthalt. Es ist klar, daR zu
A gehorige Systeme existieren. Wir wollen fur ein jedes zu A gehoriges r
einen zu A gehdrigen Wert SA(r) definieren. Bezeichnet wieder B die Menge
der Punkte, die in r das Gewicht 1 erhalten, und W.(E) die Anzahl der
Punkte von E (E~®), die in r das Gewicht 1/2 bekommen, so sei

SAr)=v(B)+Z Y vMCd

wo [C] (/= 1,..., m) die Komponenten von [C] mit C= ®—(A 1 B) bedeuten.
Durch die selbe SchluRweise, die im Teile (II) des Beweises von (12. 6)
benutzt wurde, kann man die Richtigkeit folgender Behauptung einsehen:

(14.8) Es sei A eine beliebige Menge unabhéngiger Punkte von ' und
r ein zu A gehdriges Gewichtssystem. 1st H ein System unabhangiger A-Bogen,
so gilt v(H) iSSA(r).

Wir beweisen folgenden

Satz (14.9) Es seien in I irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. I enthdlt dann und nur dann einen topologischen 2-Faktor, wenn
fur jede beliebige Menge A unabhéngiger Hauptpunkte und fiir jedes zu A
gehoriges Gewichtssystem r die Ungleichung v(A) <«Si(f) besteht.

Beweis. (I) Wir nehmen an, dal I einen topologischen 2-Faktor H
besitzt. Es sei ferner A eine beliebige Menge unabhéngiger Hauptpunkte und r
ein beliebiges zu A gehoriges Gewichtssystem. Jene Kreise des zu H gehérigen
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Kreissystems (s. (14. 5)), die A-Punkte enthalten, werden durch diese Punkte in
genau Vv(A) unabhangige A-Bogen zerlegt. Nach (14.8) ist dann v (A)”"SA(r).

(1) Besitzt I keinen topologischen 2-Faktor, so kann man nach (14. 6)
® so in die Teilmengen A, B und C zerlegen, daR A aus unabhangigen
Hauptpunkten bestehe, zu jedem C-Punkt hdchstens eine AC-Kante inzident
sei und

(1) v(A)>v(B) + £m , T(A Ci)

gelte. ([C] (i=\,...,m) sind die Komponenten von [C].) Aus (1) ergibt sich
A 4=0. Wir definieren nun ein Gewichtssystem r wie folgt: Erhalte in r jeder
R-Punkt das Gewicht 1, jeder C-Punkt, zu dem eine AC-Kante inzident ist,
das Gewicht 1/2, und alle anderen Punkte das Gewicht 0. Dann ist es Klar,
dal r ein zu A gehoriges System ist und Sa(r) der rechten Seite von (1)
gleich ist. Damit haben wir unseren Satz bewiesen.

Es gilt der

Satz (14. 10) Es seien in I irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. I enthdlt dann und nur dann einen topologischen 2-Faktor, wenn
zu jeder Menge A unabhangiger Hauptpunkte ein Bogensystem aus mindestens
v{A) unabhangigen A-Bogen existiert.

Beweis. Die Notwendigkeit unserer Bedingung ist trivial. Nehmen wir
nun an, dal kein topologischer 2-Faktor existiert. Dann gibt es nach (14.9)
eine Menge A unabhédngiger Hauptpunkte und ein zu A gehériges Gewichts-
system r mit v(A) >SA(r). 1stH ein beliebiges System unabhéngiger A-Bogen,
so besteht nach (14. 8) v(H)"SA(r). Es gilt also v(H)<v(A).

Bemerkung. Ist jeder Punkt in I Hauptpunkt, so geben die Satze
(14. 6), (14.9) und (14.10) Bedingungen der Existenz gewdéhnlicher 2-Faktoren
an. Die aus (14.9) sich ergebende Bedingung ist einem Tutteschen Ergebnis
Uber gerichtete Graphen &hnlich ([11], Satz (5.1)).

8 15. Topologische 1-Faktoren bei speziellen Graphen

In diesem Paragraphen wollen wir aus dem Satze (14.4) fir gewisse
spezielle Graphen einige hinreichende Bedingungen der Existenz topologischer
1-Faktoren ableiten.

(15.1) Es seien in I irgendwelche Punkte als Hauptpunkte ausgezeich-
net. Wir wollen zu I eine GréRe § definieren, die eine Zusammenhangs-
eigenschaft von I bezuglich der Hauptpunkte ausdriickt. Es bezeichne n die
Menge derjenigen Teilmengen von ®, die eine ungerade Anzahl von Haupt-
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punkten enthalten. Gibt es in @& mindestens einen Hauptpunkt, so ist Ji
nichtleer, und in diesem Falle sei

= pinv(EE)  (E=®—F).

Enthélt ® keinen Hauptpunkt, so sei £= oo0.

In den nachfolgenden Séatzen werden einige Bedingungen mehrmals
Vorkommen. Der Kirze halber wollen wir diese von den Sdtzen getrennt
formulieren.

Bedingung (). Der Grad eines jeden Hauptpunktes ist gleich 1 (,«=gl),
eines jeden Nebenpunktes Kkleiner oder gleich 2u.

Bedingung (b). Jede Komponente von I enthélt eine gerade Anzahl
von Hauptpunkten.

Bedingung (c). Alle Nebenpunkte sind — falls solche existieren —
geraden Grades.
Es gilt folgender Satz:

Satz (15.2) Es seien in " irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. Bestehen dann die Bedingungen (a), (b) und %'LLLy, so besitzt
einen topologischen 1-Faktor.

Beweis. Es genuge I den angefiihrten Bedingungen und sei B eine
beliebige Teilmenge von ®. Wir wollen beziglich B die Bezeichnungen unter
(12.2) anwenden. Ist B leer, so ist nach (b) r(B) —0, und so gilt (14.4)
(1). Es sei nun B nichtleer. 1st die Komponente [B] ungerade, so ist
Bi £/J1, und demzufolge ist v(Bif Z3)s£'~. Daraus folgt v(B, B)*uT(B).
(Dies ist auch im Falle £ = @richtig!) Nach (a) ist aber r(B,B) Ly M(B) +
+ 2Mvn(B) und wir konnen daher feststellen, dall B der Ungleichung (14.4)
(1) geniigt. Nach (14.4) enthdlt also I einen topologischen 1-Faktor.

Bemerkung. Im Falle fi= | folgt das Bestehen von £'s maus (b).

Gentigt ' neben (a) und (b) auch noch der Bedingung (c), so kann
man statt £'LL, eine schwéachere Forderung stellen:

Satz (15.3) Es seien in I irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. Bestehen dann die Bedingungen (a), (b), (c) und £ Sty—1, so
besitzt I einen topologischen 1-Faktor.

Beweis. Ist jetzt EMA, so ist (o~) Bezeichnet den Grad von X)
v(E, E):Xg/é.p(X)—Zv(E, E)= Lvh(E)= /i (mod 2).

Ist also £ endlich, so gilt £= & (mod 2), und dann folgt aus dem Bestehen
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von %'~p—1 auch Die letzte Behauptung ist auch im Falle £= o
richtig. Dann folgt aber aus (15.2) die Behauptung von (15.3).

Bemerkung. Im Falle /t= 2 folgt das Bestehen von —1 aus (b).

(15.4) Fir die Werte p=\,2, 3 und 4 wollen wir in den Sétzen (15.2)
und (15.3) die GroRe  durch anschaulichere Begriffe ersetzen.

Vermehren sich die Komponenten des Graphen I durch Weglassen der
Kante x bzw. der Kanten xxund x2 so heilt x eine Briicke bzw. das Kan-
tenpaar (Xi.x,) eine Doppelbriicke (von I'). Wir formulieren mit diesen Be-
griffen zwei weitere Bedingungen.

Bedingung (d). I enthélt keine Briicke.
Bedingung (e). I enthélt keine Doppelbriicke.

Die folgenden Behauptungen sind leicht ersichtlich:

Aus (b) und (d) folgt £/2.

Aus (b) und (e) folgt % LB, falls 11 mindestens zwei Kanten enthalt.

Wir konnen demnach aus (15.2) und (15.3) zum folgenden Satz ge-
langen :

Satz (15.5). Es seien in I irgendwelche Punkte als Hauptpunkte aus-
gezeichnet. Das Bestehen der folgenden Bedingungen sichert dann die Existenz
eines topologischen 1-Faktors von I :

Im Falle <= 1die Bedingungen (a), (b);

im Falle uy= 2die Bedingungen (a), (b), (d) oder (a), (b), (c);

im Falle n= 3die Bedingungen (a), (b), (e) oder (a), (b),(c), (d);

im Falle <= 4die Bedingungen (a), (b),(c), (e).

Bemerkungen. (1) Es existieren Graphen, die der Bedingung (a) mit
P= 3, sowie den Bedingungen (b) und (d) geniigen, und die keinen topo-
logischen 1-Faktor enthalten.

(2) Sind sdmtliche Punkte Hauptpunkte, so geben (15.2), (15.3) und
(15.5) bekannte Séatze uber 1-Faktoren an (s. [2], [3], [4], [9D).

8 16. Topologische ~-Faktoren bei speziellen Graphen

In diesem Paragraphen leiten wir aus (14. 2) einige hinreichende Be-
dingungen der Existenz topologischer x-Faktoren her (s. [2], S. 247 und [4],
S. 144—146).

(16.1) Es seien in den Punkten von I' die Kapazitatsfunktionen x(X)
und x'(X) vorlaufig beliebig definiert.

Wir nehmen nun an, dal " keinen (x, X)-Faktor besitzt und wollen aus
dieser Annahme, vorausgesetzt, dal I, x und x’ gewisse Bedingungen erfil-



170 T. GALLAI

len, eine Ungleichung (die Ungleichung (8)) ableiten. Dann werden wir solche
Forderungen stellen, die dieser Ungleichung widersprechen. Diese Forderungen,
zusammen mit den vorher erwéhnten Bedingungen, werden dann die Existenz
gewisser topologischer Faktoren sichern.

Bedingung (a). [ ist zusammenhéangend.
Bedingung (D) Die Zahl x(®) ist gerade.
Wir nehmen an, daB ' den Bedingungen (a) und (b) gengt.

Da I keinen (x, z')-Faktor enthédlt, kann man nach (14.2) die Menge
® so in drei Teilmengen A, B und C zerlegen, dal

(1) x(A)>x(B) + 2x'(B) + 2v(A,A) + v(A,C)-t
besteht, wo T die Anzahl der ungeraden Komponenten von [C] bedeutet.
(Die [C] (i= I,...,m) bezeichnen die Komponenten von [C], und ein [

heil3t ungerade, wenn x(G) + v{A, G) ungerade ist.)

Es ist AMB@dO. Ist ndmlich A= B=0, so gilt C=®, und sonach
(@ und (b) auch r = 0, was zu (1) in Widerspruch steht. Aus AnB® 0
und (a) folgt, daB zu jedem nichtleeren [C] entweder eine AC,-Kante oder
eine RG-Kante existiert.

Wir nennen ein ungerades [G] eine Ca- bzw. CB-Komponente, wenn
die Kanten, die den Teilgraphen [G] berthren, alle AG- bzw. GG-Kanten
sind. Es bezeichne rn bzw. Tb die Anzahl der Ca- bzw. Ca-Komponenten,
und J bedeute die Menge jener Indizes /, zu denen solche [G] gehdren, die
Ca- oder C/i-Komponenten sind. Ist J nichtleer, so sei

= ringwr(Ci, Ci) C= o—-0q).

Ist J leer, so sei 8§r= »(P)+ 3. (P bedeutet die Menge der Kanten von TI'.)
In jedem Falle ist *1=1 und es laufen aus jeder Ca bzw. Cs-Komponente
nach A bzw. B mindestens 8§ Kanten. Ferner gilt: Abgesehen von den CB-
bzw. Ci-Komponenten lauft aus jedem ungeraden [G] mindestens eine Kante
nach A bzw. nach B. Wir konnen nun folgende Ungleichungen feststellen:

(2) V(A, + t—To—Th,

3) r(B, C)lLhb%l+ T—Ta—Thb.
Aus (1) und (2) folgt

4) (I,—1)re—To+ 2x\B)<x(A)—x(B).

Fur die Zahl r(B, B) gilt offensichtlich (p(A’) ist der Grad von W)
(5) r{B,B) = Q(B)—2v(B,B)"o(B). (B--=9—B)
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Wir wollen v(B,B) auch von unten abschétzen. Es gilt
HA, B) = q(A)-2v(A A)-HA, C).
Es folgt daraus unter Beachtung von r(R, B) = r(B, A)-j-r(B, C) sowie von
(3) und (1)
HB,B)>e(A)-x(A)+x(B)+ 2*'(B)-Ta+(&-I)Tt.
Dies ergibt zusammen mit (5) die Ungleichung
(6) =T at (M-1)ri+ 2x'(B)<e(B)-p(A)+x(A)—x(B).

Von hier an wollen wir uns auf topologische r-Faktoren beschrénken,
also nehmen an: z und x' sind komplementére Funktionen (s. (12.1)). Fer-
ner sollen ' und x(X) noch der folgenden Bedingung geniigen (nach (12.1)
konnen wir die Bezeichnungen Haupt- und Nebenpunkte bendtzen):

Bedingung (C). Es existiert eine Zahl A mit 0<HA<1, so dall fiir jeden
Hauptpunkt x(X) = lo(.X) und fir jeden Nebenpunkt p(W)"2/A besteht.

Es folgt aus () (da * und ¢/ komplementér sind) fur jeden Punkt X
von /’ die Ungleichung

X(X)MW X)) Ax (X)) + 2xX'(X).
Daraus ergibt sich
@) -HA)-x(B) =8I(o(A)-0(B)) +2x\B).
(4) und (7) bzw. (6) und (7) ergeben die Ungleichungen
E*—1)1a—r,,<A(o(1)—a(B)),
- rn+ (g,—DTe<(1—9A)(0(£)-P(A)).
Aus diesen erhalten wir endlich die gewinschte Ungleichung
(8) ((I-H(St—1)-A)Ta+ (A(ET—1)-(1-4))16<0.
Fordern wir nun, daf in (8) die Koeffizienten von r,, und rb nicht-
negativ seien, d. h. daB die beiden Ungleichungen
9 ?,s1/4 und 81/(1-9)
bestehen, dann haben wir einen Widerspruch.

Wir definieren die Zahl S die eine Zusammenhangseigenschaft von I
charakterisiert, folgendermalen: Ist v{0)>\, so sei

£= min v(E,E) (E= ®—E).

Ist r(®) = 1, so sei $= 0.
Da in jedem Falle ist, gilt offensichtlich
Wir formulieren die
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Bedingung (d). Es gilt
8 max(l/4, 1/(1—A).
Nach den obigen konnen wir dann folgenden Satz aussprechen:

Satz (16.2) Genugen I' und x den Bedingungen (a), (b), (c) und (d),
so enthalt I einen topologischen y.-Faktor.

Bemerkung. Sind sdmtliche Punkte Hauptpunkte, so bekommt man aus
(16.2) eine schwachere Form eines Oreschen Satzes Uber z-Faktoren ([7],

Theorem 3. 2. 1).
Wir wollen den wichtigsten Spezialfall von (16. 2) auch separiert for-

mulieren :

Satz (16.3) Es seien im zusammenh&ngenden Graphen I irgendwelche
Punkte als Hauptpunkte ausgezeichnet und seien u und o= (0<AK1)
natlrliche Zahlen sowie or,,(®) eine gerade Zahl. Gilt fur jeden Hauptpunkt
p(X) = u, fir jeden Nebenpunkt p(X)*g2u/o und geniigt ' der Bedingung
(d), so enthélt I einen topologischen a-Faktor.

(16.4) Nehmen wir jetzt an, dafl die in (16.1) gestellten Annahmen
gelten, und daB x(X) neben (a) und (c) noch der folgenden Bedingung
genlgt:

Bedingung (€). x{X) ist fUr jedes X gerade.

Es kénnen dann Ce-Komponenten gar nicht existieren, also ist b= 0.
Ferner gilt fur jede beliebige CaKomponente [Ci]

((Ci, Ci)= v(Ci, A)=x(Ci)+ v(Ci, ) 1 (mod 2)

Enthalt I keine Briucke, so folgt daraus 8t=s3, also steht die Forderung
1/(1—A)"3 zu (16.1) (8) in Widerspruch. Es gilt daher der

Satz (16.5) Genigen I' und x den Bedingungen (a), (c), (¢) und ent-
hélt I keine Briicke, so besitzt ' im Falle A" 2/3 einen topologischen x-
Faktor.

Wir wollen diesen Satz fur topologische 2-Faktoren auch separiert for-
mulieren.

Satz (16.6) Es seien im zusammenh&ngenden Graphen irgendwelche
Punkte als Hauptpunkte ausgezeichnet und sei die natirliche Zahl «” 3. Gilt
fur jeden Hauptpunkt p(X) = p, flr jeden Nebenpunkt p(X)”u, und enthalt
F keine Bricke, so besitzt I" einen topologischen 2-Faktor, oder — was damit
gleichwertig ist — I enthalt ein solches Kreissystem, dessen Kreise (falls
mehrere existieren) paarweise keinen gemeinsamen Punkt haben und zusam-
men alle Hauptpunkte enthalten.



Satze

[1] F.
[2] H.

[3] C.
[4] T.

[5] D.
6] K
[7] ©.

[8]
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Sind sémtliche Punkte Hauptpunkte, so ergibt dieser Satz bekannte
uber 2-Faktoren (s. [1], [2], [4], [8)).

(Eingegangen am 19. Februar 1960.)
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SUR UNE GENERALISATION DU THEOREME DE POULAIN ET
HERMITE POUR LES ZEROS REELS DES POLYNOMES REELS
Par

N. OBRECHKOFF (Sofia)
(Présenté par P. Taran)

Soit
(@) f(x) = akn+ alxmx\-—- h an

un polynébme dont tous les zéros sont réels. D’aprés le théoréme classique
de Poulain—Hermite, Si le polynﬁme

2) g(x) = b&xm+ 6,jr-1H---hbm
a seulement des zéros réels, le polynéme
3 g{D)f(x) = bd"\x) + 6,f md\x) + eee+ bmf(x)

a aussi seulement des zéros réels. Chaque zéro multiple de (3) est aussi un
zéro multiple de (1). Dans ce travail nous démontrons la généralisation sui-
vante de ce théoreme :

1. Supposons que le polynéme (1) a seulement des zéros réels et que
pour les arguments <p des zéros imaginaires du polynéme (2), dont tous les
coefficients sont réels, on a l'inégalité

4 Isinél
In

Alors le polynéme (3) a seulement des zéros réels. Si dans (4) on a le signe
d’inégalité, chaque zéro multiple de (3) est aussi un zéro multiple de (1).

La démonstration est basée sur la proposition nouvelle :

2. Supposons que le polyndme (1) a seulement des zéros réels et soit @
un angle satisfaisant a la condition (4). Alors le polynéme

(5) F(x) = f(x) —2qgcos <pf(x) + o-/" (X) (0>0)
a tous ses zéros réels et, si dans (4) on a le signe dinégalité, chaque zéro
multiple de (5) est en méme temps un zéro multiple de (1).

Nous considérons d’abord le cas ou (1) na pas des zéros multiples.
D’aprés le théoréme de Poulain—Hermite pour ¢>= 0 le polyndme (5) aura
seulement des zéros réels et simples. Puisque les zéros de (5) sont des fonc-
tions continues de < pour cp>0 assez petit, le polyndme (5) aura seulement
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des zéros réels et simples. Lorsque y croit, aucun zéro réel de (5) ne peut
devenir imaginaire sans se confondre avec un autre zéro. Désignons alors
par % la plus petite valeur de oo pour laquelle (5) a au moins un zéro
multiple. Nous démontrerons que

(6) cos2% <1
Désignons par A un zéro multiple de (5) (= g0 et posons a = —c¢zoscp. De
f(X) = @ bCi(x—A) ACAX—A) £ +eerc,(x— A)
on obtient
F(x)= D,+ A gc—A)+ D2Ax—Af +umm,
ou

Do—c0+ 2aclJr2g-c2 Dj—cr 4cec2 6(*QG.
Comme A est un zéro multiple de (5) il faut avoir
(7) c0+ 2«C,—2¢22= 0, G+ 4«c2+ 602:3= 0.

Soit 0= 0. Alors il suit que cx5=0, sinon (1) aura des zéros multiples. Pour
n— 2 les équations (7) sont les suivantes: acl\¢>x2= 0, cl+ 4ac2= 0, d’ou

I’on obtient que 4«2= ps c’est-a-dire cos2g9= ~ . Pour ng3, on ob-
tient de (7)

ci

-0
cos-% m 2(2c\— 3c,c3

Nous allons démontrer que

8 Ci
(©) 2(2c|—3Ccy n

Le polynéme
Y

a tous ses zéros réels. D’aprés une inégalité connue d’Euler, on aura

3
De cette inégalité, il suit d’abord que a> -*-cnc3. Donc dans (8) la division
est admissible. Ensuite de (9) il découle facilement I'inégalité (8).
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Considérons maintenant le cas ou cOd 0. Des équations (7), on a
_ BG—CO2
P P 2(ci-2CoC2(2cl-3cl3) -
1 est bien connu que le nombre c¢?>—2cQ2 est positif. Le nombre 2d—3ciC3

est aussi positif. En effet, pour n= 2 c’est évident. Pour n|r 3 l'inégalité
2¢l—3c!C3>0 découle de I'inégalité d’Euler

2c1w3r—2clG
n—2

concernant le polynéme c0+ cx + c2H---. Nous démontrerons I'inégalité
générale
10 (3coCc3  a@)" . 1
(19 2(c2—2c0c2 (2d—3Cic3 n'
Pour n= 2 (c3= 0) cette inégalité devient
a

2(cl -2 c0c?2 <L

ce qui est équivalent a I'inégalité connue c2>4c(2 Donc on peut supposer
que ns3. D’aprés les conditions on a

(11) @+ Ci*4" eee \-OXn= ol X)(I -p*2*)* X1 j Xfix),
ou les nombres x1x2...,x Hsont réels. De (11) on obtient que

_(b: 2 14, _(D: 2N, _(0: My,
d’oii Ton a

t(ﬁ{c\—Zq,@ = 2x\,

0= Jtabd = Latul,

-
o
V(20— 3G = 2(2 XiXi+ 229X+ 62K XXK.),

- 3(2X?X2X3+ 42X1X2X3XA): DUN a2t D xTled,

Donc I'inégalité (10) prend la forme

L (2X?X2)2 _ 1
. 22Xi(22x?Xi+ 2X?x2X9) n’
ou
(L] U= 2= DT+ DTk = n(217Hg2> 0,

12 Acta Mathematica XIl/1—2
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Nous démontrerons maintenant I’identité suivante :

(13) u=1

ou Lij sont les nombres
/ n \'
Lij= 1 Xs—xf—xj Xi + nxj.
Vs=I Js=I

En effet, pour la forme (Ux"Xj)2 nous avons
(2x?%x292= 2x\x\ + 22x?x|+ 22X’XIX3+ 42 XXIx¥X4+ 62°X?X;X; + 22'X"X2X3.

n

Désignons I’expression 1 x & par V. Nous allons trouver dans (12) tous les

termes qui contiennent le produit xrx2 dont les multiplicateurs sont du degré
pair relativement les variables xux2). . x,,. Il est évident que nous nous
devrons borner a la partie

2 (n—1) 2x? 2xF Xox3—n (2 X2x2)2

de la forme U. On voit facilement que le multiplicateur cherché de x4x2dans
U est égal a

3.1
2(n—\)V(V—xi—xi)—n 2x$xl+ 2(x?+ x2" X2 —4n Y XX]—2n"_xy
p- J i P=S§
3..n »
= 2n(y—xX\—xff—2V (y—xi—x*—4n'Zx\x]J—2n "~ x p—2nx\x\=
i<j p—3

= —2V(V—x\—Xi)—2nx{x\.
Donc en désignant par Ly le coefficient de —2x2x2 on aura
Lvi= V{V—x2—xI) + nxfxl.
En désignant alors par Lij, i=f=j, I'expression
Lij= V(V—x7—x]) + nX7.X],
il suit qu’on aura lidentité

1.n

—2 A LjXiXj= 2(n— 1)2x12x?Xox3—

i<j
—n(22X?X| + 22 X2XIX3+ 42X? XXX, + 22XjX2X%3

L’identité (13) sera démontrée si nous démontrons I’identité suivante:

(14) A(n— 1)2x22x 2X\—n(2x?x!+ 62'x?7xA8) = iL—M + X2).

i<j
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Puisque
ZxfZxtxi= 2xt4 + 32444,

I’égalité (14) prend la forme
(15) (Bn—4)2x\4 + 6(n—2)2x144 = Y Uj(4 + 4).
i<j

Le terme Ln(x2+ xl) dans le second membre de (15) est égal a
V(V—xi—x1i) (?+ x|) + nx\xI(x! + xj)—
— (xf+ xiy-(V—4 —xi) + (2 + xI) (V—x?—xD)2+ nx\xI{x\ + xI)= A + B,
ou
3.M
A= 2XEXI(X] + eee+ xI) + 2(X? + Xi) N X2,

i<j
B-= (X|+ XO(XiJ+ cee t X|)+ (X1 + Xi)(X3—j—--*H-XJ)+ n(XJXl—j—XDQ.
Il est évident que tous les termes semblables a A dans le second membre

de (15) auront pour somme la fonction symétrique S = 2x\x\xI, multipliée par
un nombre entier et positif K. Mais dans chaque expression A il ya 2(n—2) +

+4(N_N = 2(n—2)2 termes de la fonction 5 et puisque le nombre des

expressions J1 est égal a ("), le nombre K sera égal a

2(n—2f
K 5(n—2).

Ainsi dans chaque expression de la forme B dans (15) il y a 2n—4 +
-\-2n—4+ 2n = 6n—8 termes de la fonction symétrique Si— 2x)xl. Mais
le nombre des termes de cette fonction est égal a n(n—1) et dans (15) on a
12) termes de la forme B. Donc la somme des termes de type B dans le

second membre de (15) sera égale a L, ou le nombre L est déterminé par

(6n-8)(")
" (« . O
Ainsi I’identité (15) est démontrée, de méme que l’identité (13).

De (13) il découle que, quels que soient les nombres réels xIf x2, ..., x«,
on a toujours

(16) Cls 0.

37—4.

12*
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On a dans (16) le signe d’égalité seulement dans le cas ou tous les nombres
XU X, . . X, sont égaux.

Par la c’est démontré qu’on aura toujours Iinégalité U>0 a I’exception
du cas ou Xi= X =eee=xn. Dans le dernier cas le polynébme (11) prend
la forme

17) c(x—Xj)”
et le polynéme (5) devient
(18) c(x—X,)"-2[(x—XN2—2¢n cos cp(x—x,) -f n(n—21)p3.

Les zéros du polyndme (18) sont xr (de multiplicitt n—2) et les nombres

rQ j~cosy +  cos-o- D

n—1 . R .
Pour cosV tous les zéros de ce polyndme sont reels.

Supposons pour le moment que le polynéme (1) n’a pas la forme (17).
De (1) nous obtenons un polyndbme qui aura seulement des zéros réels et
simples, en remplagant chaque zéro zk de multiplicité m par les m zéros
simples zk, z*(l + «), zk(\ + 2s),. . zk(\ + (m—1)«), ou «>0 est suffisamment
petit. Pour s convenable on obtient ainsi un polyndme /(x, ?), dont les zéros
sont tous réels et simples. D’apres les considérations ci-dessus il y aura un

angle 9>6>0, cos2g0< n ~, tel que pour 0" (p"% I’équation F(x,t) = 0

pour /(x,t) aura seulement des racines réelles. Puisque le polynbme /(x, s)
tend vers /(x), le polynbme F(x,e) tendra vers ~(x), lorsque s->0 et les
zéros du polyndéme F(x) seront tous réels pour O0”cp”<pO0, ou % est déter-
miné par

On voit aussi que pour y<cp0O chaque zéro multiple du polynéme (5) doit
étre un zéro multiple du polynéme (1).

On voit tout de suite que la conclusion est vraie pour le polynéme (17)
aussi et le théoreme est completement démontré.

Le théoréeme 1 se démontre par une voie inductive. Soient

zk= Qk(cos (fk+ isin (K), Zk= ck(cos<pk—/sincPfc) (k=\,2,...,p)

les zéros imaginaires du polynéme (1). Pour les arguments on suppose donc que
1
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Le polynéme (2) a alors la forme
g (x)=gi(x)(x—=2) (x—=2D-~(X—2zp) (X~ zp),

ou gy(x) = bO(x—yj(x—yd-+(x—Yq) et les zéros ylty2, y qdu polynéme
A(x) sont les zéros réels de g(x). D’aprés le théoréme de Hermite—Poulain
les zéros du polyndme h(x) = gi(D)f(x) sont tous réels et chaque zéro mul-
tiple de ce polyndme est un zéro multiple de f(x). D’aprés la proposition 2
les zéros du polyndme

hfx) = zIzh(x)— (z1+ z,)h'(x) + h"(X)

seront tous réels et chaque zéro multiple de H(x) sera un zéro multiple de
/(x). On aura la méme proposition pour les zéros du polyndme

h2Ax) = 22211(x) — (z, + Z)h[(x) + h™(x)

etc. En suivant ce raisonnement on parviendra au polynéme (3) et le théo-

reme 1 est ainsi démontré. On ne peut pas améliorer I'inégalité (4).
Considérons maintenant quelques conséquences du théoreme 1. Sup-

posons que pour les arguments pdes zéros imaginaires du polyndme

(19) /(x) = a0+ alx + aX|\------- (anx1
dont les coefficients sont réels, on a I'inégalité

(20) sin @
1 est évident que pour les zéros du polyndme
g(x)= xnf = akn+ arxmd + aXm24—- fan

on aura la méme inégalité (20). D’aprés le théoréme 1 le polyndéme
g(D)xn—n\a{dr {n—\)\alx-\-n(n —1)---39.22H----- f anxn
a seulement des zéros réels. Donc on a la proposition :

3. Si les arguments des zéros du polyndéme (19), dont les coefficients
sont réels, satisfont a I'inégalité (20), la polyndme

111721 n\
a seulement des zéros reéels.
De la méme maniére on démontre la proposition :

4. Supposons que les arguments des zéros imaginaires du polynéme réel
(19) satisfont a I'inégalité
1
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ou p est un nombre entier et positif. Alors, si p|é&n, le polyndme

o0 a a2
P—n)l  (p+l—n)\  (p+ 2- )\ %

a tous ses zéros réels. Si p<n, le polynéme

u 1 On-p+2x2
. . + —
oUP - 21 T
a tous ses zéros réels.

On doit @ Schur [1] le théoreme suivant:
Si les zéros du polyndme

(21) f(x) = 60+ alX&----- h Qixm (amdp 0)

sont réels et les zéros du polynéme

(22) (P(X) = bo+ biX-i------\-b,,x" (b,,® 0)

sont réels et du méme signe, les zéros du polyndme

(23) atb0+ 1 gjeiX + 2! aax2-\------ {-k\akbkxk (k= min(m, n))

sont aussi réels.

Malo [2] a démontré plus tot le théoréme :

Si les zéros du polyndme (21) (aTd 0) sont réels et les zéros du po-
lynéme (22) (bndh 0) sont réels et du méme signe, les zéros du polyndme
a0B0-\~adx-\------- \-akbkxk {k = min{m, n)) sont tous réels.

En se basant sur le théoréme 1, nous démontrons la généralisation
suivante du théoreme de Schur:

5. Supposons que les zéros du polynéme (21) (a1 O0) sont réels et que
les arguments des zéros du polyndme réel (22) (b, 0) satisfont tous a I'iné-
galitt —a~cp”™a, ou a l'inégalitét n—ai|tp” :Tha, ol cc>0 est I'angle
déterminé par sina= —V= . Alors le polyndme (23) a seulement des zéros reels.

m

Considérons d’abord le cas ou a0 0. On peut se borner au cas de
I’inégalité n —a-~cpfart-\-a. Alors les coefficients du polyndme (22) seront
du méme signe qu’on peut supposer positif. Nous suivrons la marche de la
démonstration de Schur. Soit z un nombre réel et considérons d’abord le
cas ou Twn. Le polynébme

(24) F(x) = bd(x) + bxf'{x) + see+ b,,z»fW(x)
a la forme

¥ y2 .
Fx)= P,,(@+P,(z)M+ P2z) 2,+ 'ee+ Pm(r) j - ,
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e}
PQr) = a,b0+ Ufjo,2+ 2!a2%-E-----\-m\ ambm?"
et
P2()= P10+ (m+1)!0MbiZ-\-—-Lmlambmmer» (1 ni).

Si pour les arguments des zéros du polyndme (22) on a [singd< -, la

méme proposition sera valable pour les zéros du polynéme
b0+ biZX+ biz2i H-----hbnznxn.

Donc d’aprés le théoreme 1 le polynéme (24) aura seulement des zéros réels,
quel que soit le nombre réel z. Les polynémes PQO(z) et P,(r) ne peuvent pas
avoir des zéros communs puisque dans le cas contraire x= 0 sera un zéro
multiple de (24) et donc un zéro pareil du polyndbme (21), ce qui est im-
possible & cause de ai=F=0.

Des conséquences connues du théoréme de Descartes il suit que les
polyndmes
(25) P0z), P,(2), PAZ),..., Pm{z)
forment une suite de Sturm. Pour z= — @ dans suite (25) il n’y a pas des
variations et pour z= ce cette suite a m variations. Donc d’aprés le théoréme
généralisé de Sturm le polynbme PQ(z) doit avoir seulement des zéros réels
et le rapport Pj(z)/PQ(z) doit passer de positif en négatif m fois en s’annulant
lorsque z croit de — & oo. Donc il suit encore que les zéros du polynéme

PJz) sont tous simples. Le cas [singd s 1 est un cas limite de |sin g < w
m m

et la réalit¢ des zéros du polyndme est garantie par le théoréme classique
de Hurwitz.

Considérons maintenant le cas m>n. Au lieu de polyndbme <p(X) nous
prendrons le polynéme

@ +fx)* <P = bai?) + bi(?)x+ eee+ bm(/)x ,
ou e est un nombre positif. Le polynéme
tob0(«) + 11Qi6, (i)t H--—-- f n!la,bn(f)x* -f-mmm hmlambm(s)xm
aura tous ses zéros réels. En faisant ici « tendre vers zéro, on obtient le
polyndme
a0b0+ 1! Gjb, XH-—--- bnlanb, xn,

qui doit avoir, grace au théoréme de Hurwitz, seulement des zéros réels. Si
o« (= bn= 0, nous pouvons écrire

f(x) = xvf\uc), @)= xi9,(x),
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ou /,(*) et 9i(jg sont des polyndmes différents de zéro pour jc= 0. Comme
ci-dessus, nous introduisons les polynémes

fox)= (x+0)'7,0), (fox)= (x+ r)V(x)

et le polynbme composé de ces deux polyndémes tendra vers le polyndéme
composé (23).

6. (Généralisation du théoréme de Malo.) Supposons que les arguments
des zéros imaginaires du polyndme réel (21) satisfont a I'inégalité

siny si -\:-
m
et que les arguments des zéros imaginaires du polynéme réel (22), dont tous
les coefficients sont du méme signe, satisfont & la méme inégalité. Alors le
polynéme
albi+ qibrx + aoh, x2H-----\-akbkxk {k= min(m,n))
a seulement des zéros réels.
Pour la démonstration on applique les théoremes 3 et 5.

(Regu le 1 mars 1960.)
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ON SUMS OF POWERS OF COMPLEX NUMBERS
By

F. V. ATKINSON (Toronto)
(Presented by P. Tuaran)

1. Let zu ...,z,, be complex numbers such that

(1) 1=z z2™ -7 Nz,,|,
and write ]

= = *
2 sk r%:it S= max [s*].

The problem has been posed by Taranl of finding a positive lower bound
for s, valid for all choices of zu...,zn subject to (1). The lower bound

o J

(log2)/ Y,—, due to Turan, was improved by N. G. de Bruijn to

C log log n/log n, for some C>0, and sufficiently large n. It was subsequently
shown by S. Uchiyama 2 that C could be taken arbitrarily close to 1. The
aim of the present note is to verify the conjecture that s has a positive lower
bound independent of n. Without any suggestion that this is a precise value,
we show that

(3) 5> 1/6.
2. As in 2 we use the result that
i n ) "
(4) exp ]_Al M=XS»ym :'—7:/ ( 1-.* >+ :| 1

for all y; here the cmare functions of zIt ...,z,,. In particular, writing

g0)= — 1 m-1smenye
we have

o

(5) el§= JJ (1—zreif) +  crenig

+1
1 P. Turan, Eine neue Methode in der Analysis und deren Anwendungen (Budapest,
1953, and Peking, 1956). — P. Turan, Uber die Potenzsummen komplexer Zahlen, Archiv
der Math., 9 (1958), pp. 59—64.

2 S. Uchiyama, Sur les sommes de puissances des nombres complexes, Acta Math.
Acad. Sei. Hung., 9 (1958), pp. 275—278.
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and the special case 0= 0 gives, since z,= 1,

(6) en>= %ﬁm .

We now evaluate the cm as Fourier coefficients of eag), according to (5).
We get 1

om= (2;7)“ 1 e~mie® 6)dR.

Integration by parts gives

71

cm= [—(2nmiyle-mie+mJ*i+ (2rcmiy1\ g *{B)e~mmm df,

—t

and here the integrated term plainly vanishes. Substituting in (6) we get

7t 7t

(7)  éM= (2mTI%+'1n~IJ(g '(O)e~mietmde  --(2n:iyl jo h(R)dR

©
h(R) = ri]2+1l m-le~mie

where

or

(8) 1= (2:ti) 1\g {6)eker-m h(0)dR.

In deriving (7) from the preceding equation we have inverted the order
of summation and integration. This may be justified by the theory of mean-
square convergence. Alternatively, it would be possible to avoid this difficulty
by replacing h{6) by a sufficiently long partial sum of the series which defines
it; this, however, would complicate the working.

3. Taking absolute values in (8) and using Schwarz’s inequality, we have

7t 7t

9) 1=g(2n)'2 '\g'{d)fdd \<?@-1 \*\1{0)\"0.
The first integral on the right is readily estimated. Since
n
g'(e) = —i £15 memie,

the Parseval equality shows that
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For the second integral in (9), we consider first the interval —nc/n”
S-0 w/n. Here

gilk)—qgiBk) = 21 /n-lis\eTlld—11 Z_ nr1f5,] \me\-"\6ns\-*7is

in this interval. Hence

~n 7t/n jv

J \dl(B)-®)\2\k(B)\"B"e2B I \h(e)\2dR<e-M |’ \h(e)\2d0
-7t/n u7t/n
(n)
= 2r|ebanZ+1 m~-< 2nel#snrx

For nyn we estimate g{0)—,g(0) as follows:
~ N - \- nwr_ nNn- A
\g(R)~£(0)| " _Z ol 1\sm\\me\\7t/9érrm i-lsn|2”n:s+ 2s(log(nd/n)+1).

Hence .
Iew(‘-l)-n@) I" e s(7C+2) (n 0/n)23

We also have to estimate h{6). We have

@—e">(0)= (n+ Yy Ie~{n+m—Z:Ze_(rH1)'rﬂ{(n+ r—1) 1—(n+ nN“g

whence
[(1_e0)n(0)|™ 2/(n+ 1).

Hence
INQO)| = (n+ 1) cosec B <s;LinB)
if Tt/n n.
Hence
t T n
Jed{p IO 200 = ()R] -0
(12) <uneQmAn_1(1—4s)“],

assuming that s< 1/4; this is enough since we aim to prove only that s>1/6.
Since a similar bound holds for the integral over (—ny—nc/n), it follows
from (11) and (12) that

1 .
Pl 0] ra < 161" eand! +e40- 43)'l)
Inserting this and (10) in (9) we get

L] Lostedmsf T+ e ds( 1= ds)-L],
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Since the expression on the right tends to zero with s, and is independent
of n, we deduce that s has a positive lower bound which is independent of n.
That (13) implies (3) follows from the fact that the inequality (13) is false
for s= 1/6, together with the fact that the function on the right is monotonic

increasing in 0<s<l/4.

(Received 31 March 1960)



ON GENERALIZATIONS OF AN INEQUALITY
DUE TO POLYA AND SZEGO
By
E. MAKAI (Budapest)
(Presented by P. 1 aran)

1 In a recent paper W. Greub and W. Rneinboldt [1] prove the in-
equality

0) A TR A VA
where  LLH1H------ bAY-—<°° and
(2) O<mi”a,c’=Mi, 0<m2*b k"M 2.
They show that it is equivalent to the inequality

. (M+m)2

(T) fe=l k=l vk ' 4Mm (2yk<00, 0<m"yk?M)
which the authors attribute to L. V. Kantorovichl and is a generalization of
an inequality due to Polya and Szegs [2]. Their proof is done via the theory
of linear operators. However, owing to the elementary character of the in-
equality (1) itis of some interest to have a proof involving only the elements
of analysis. (In part 3 of this paper it will be seen that the same argument
suffices to prove that general inequality in Hilbert space from which Greub
and Rneinboldt derived (1).)

The proof given here will enable us to discuss the case of equality
in (1). By putting

1 1 1 1

ak= (miMJD 2ak, Rk=(m2M2 2bk, a= (Ml/nh)2, b= (M2m22

it is seen that the above statement is equivalent to the following assertion:

1 The inequality (2°) is contained in an integral inequality obtained by P. scnweitzer
[3] who has shown that if 0<m”F (x)*M in p~x”~q, then

A (M+m)*
dx
33 AMm
P \Y
By taking p=0, 9= £+ $l4-- PI* 4. F(x)= y1 if Q"x<£\, F(x)= yk if
i\+ fj+ — M Li=*<fi+ £H----—--- Pf* (*= 2,3,...), we have (2, provided that

F(x) and (F(x)J*1 are Riemann integrable which is true if f. i. the yks form an increasing
sequence of numbers.
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If al*ak™a, b *B8k*b and g+g-)-—- FEmme< <> then

3 [{ab) + {abf2  akBkfti-4 j? dg ¥ fig " 0.
Vie— 1 J k=i e
Put now
hk(x) = akc—abBk and 12(x) — abakx—Rk.
Then
(4j) lIk{\) = ak—abRk" a —abb~I= 0
and
(42 bk(]) = abcik— Rk"aba-1—b=0
with signs of equality only if
(5, cok= a, Bk= b~ and (53 ak= a-',Bk= b,
respectively.
Further if

f(x) = E bhhk(X)llk(x)= E d g x —[ab+ (ab)~]E akBkg x + E fig,
k=1ao0 =1 fc=1 k=1

then f(x)—+4<¢ as ;c—00 and /(1)”0. Hence the quadratic equation
f(x) = 0 has at least one real root, and therefore its discriminant, the left-
hand side of (3) is non-negative.

2. For finding the conditions of equality in (3) we define two sets o
natural numbers and K2as follows: if ArE/T,:, then (5,) holds (/=1,2).
The left-hand side of (3) vanishes if and only if /(1) and /'(1) vanish
simultaneously. /(1) = 0 ifand only if K, n Kr is the set K of natural numbers.
In this case an easy computation shows that

a-b2—1
10

and /'(1) (consequently the left of (3)) vanishes if either a262= 1 (or what
amounts to the same a= b= 1) or

a2E E=h2E E (K UK2= K).
k£ Ki KEK?2

3. Greub and Rheinboldt [1] found a generalization of inequality (1
in Hilbert space which they call the generalized P6lya—Szegd inequality:
Given two permutable, linear and self-adjoint operators A and B of the
Hilbert space H which fulfil the conditions2
(XmJMAAM I, 0<mJA"B"M 2,

2/ denotes the identity operator in H. CA"D means that (Cx,x)*"(Dx,x) for all
XEH. C is positive if (CX,r)S0 for all XEH.



ON GENERALIZATIONS OF AN INEQUALITY 191

then
(MxAT+ m,m,f
N
(6) (4x, Ax)(Bx, Bx) 472 UMM, (Ax,Bxf
for all x £ H.

The device used in showing (1) can be applied to yield a short proof of
this inequality, the main result of the paper of Greub and Rheinboldt.
We will use the fact that the product of two permutable positive bounded
linear self-adjoint operators is positive, too.

There is no loss of generality in taking M*= a, ml=ar\ M2=b, m,=b~\
so that it is enough to show that in this case

@) [ab-\-(abylf(AXx, B xf—4(Ax, Ax)(Bx, Bx)"0.
Proof. Consider the quadratic form
(/) = _ (4%, AX)P + [ab+ (abyJ{Ax, Bx)f— (Bx, Bx)

for fixed x. We have /(1) = (Afx, Nx) with M= abB—A and N= A—
—(ab)~IB. Both M and N are positive and bounded, for

(Aix, X) = ab(Bx, x)—(Ax, x) * (abb~l—a)(x,x)= 0
and
(Nx, x) = (Ax,x)—(aby\Bx, x) * (aI—(ab)~xb)(x, x) = 0,
and so the operator NM is positive. Hence /(1) = (NMx, x) ~ 0.
On the other hand, /(/)——ao if | —* 00 as (J1x, Ax) is positive. Hence
the quadratic equation /() = 0 has at least one real root and (7) holds.

(Received 31 March 1960)
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SOME INTERPOLATORY PROPERTIES
OF HERMITE POLYNOMIALS

By
K K MATHUR and A SHARMA (Lucknow, India)
(Presented by P. Taran)

1 Professor Tuaran and his colleagues in a series of papers on inter-
polation have discussed i) the problem of existence and uniqueness, ii) the
problem of explicit representation and iii) the problem of convergence for
(0, 2)-interpolation by taking as abscissae the zeros of /7,,(x) = (1—x37?Li(x)
where Prri(x) is the Legendre polynomial of degree ~ n—21 By (0, 2)-inter-
polation we mean the construction of a polynomial of degree » 2n—1, when
the value of the function and its second derivative at the zeros of 77,,(X)
are prescribed.

Later on Saxena and Sharma [3] have studied the aforesaid problems
for (0, 1, 3)-interpolation taking the same abscissae as those used by P. Taran.
Later Saxena [4] has extended the results to (0, 1,2, 4)-interpolation.

The object of this note is to consider the problem of existence and
uniqueness and of explicit representation for (0, 2)- and (0, 1, 3)-interpolation,
respectively, choosing the abscissae as the zeros of 77,(x), the Hermite poly-
nomial of degree n, which are given by

o0 N, b Xep>eee>X nr A X
2. We shall prove the following theorems:

Theorem I. (Case (0,2).) If n= 2k, then to prescribed values yr and
yl there is a uniquely determinedpolynomial g(x) of degree  2n—1 such that

(2.1) g(X¥<)=yv and g"(xvv)= yt (t= 1,2,..., 1)
if X,,’s stand for the zeros of H,(x). ]
This means, of course, that in case

(2.2) yv=yl =20 (r=12,...,n;n even)
the only solution of (2. 1) is .g(x)= 0.
Theorem Il. (Case (0,1,3).) If n= 2k, then to prescribed values

yr,yl, yV there is a uniquely determined polynomial f(x) of degree 3 n—1
such that

(2.3) f(xvn)=yv, f'(x\M,)=yl and f"'(xv,)= yI* (r=112,...,n)
(if xMn’s stand for the zeros of Hn(x).

13 Acta Mathematica X11/1—2
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This means, of course, that in case

(2.4) yr= y*= y**=0 (v=1,2,...,/?7; n even)
the only solution of (2.3) is /(x)=0.
3. Preliminaries. In this section we shall give certain well-know
formulae which we shall use later on.
@) H; 5 (X)—2XH;1(X)+2NHN(X) = o
is the well-known differential equation satisfied by Hn(x). At x = xj,
(3.2 H'n'te) = 2XjH'nte) (7=1,2,..., n).

We shall denote by Iv(x) the fundamental polynomials of the Lagrange inter-
polation based on the xv’s, i.e

(3. 3) h(x) = V- o

{X— Xv)H'n(Xv)

From this it is easy to see that

(3.4) 1,.(0x)= 1, wxjh= O,
3. 5) o Xy WK H>0)
Hn(Xr)(Xj— xr)
4x1+ 2 (\-n)

I'v(xr) = 3

(3.6)
o 2H'n(Xj) 1
VXD - (Xj— Xy)H'Y (xr) | 3 Xj— xrl

Besides this we shall also make use of the fact that

13 7) Hr(x)Hr(y) 1 HnH(*) Hn(y) —Hn(X) Hn+a(y)
y! —0 27! 2 n\
Taking y = xr and replacing n+ \ by n in (3. 7), we get
(3.8) A Hr(x)Hr(Xr) 1 H, (x)Hn-i(Xr)
27! 2\n —1)!  (x—xv)
We also require the following well-known properties:
(3.9 Hn(x) = 2nHn-i(x),
(3.10) Hn(x) = 2xHnm\(x)—2(n—\)Hn- () (n=2,3,4,..),
(—=\)"\2m)\ @2m+ 21

(3.11)  #2,,(0): hmo)= (-iy

m\
Also H,,(x)= 1, and H,(x) = 2x.

(IN+1)!
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4. Proof of Theorem 1. Since g(x) is a polynomial of degree 2 n—1,
we have

(4.1) g(x) = H,,(x)rn-i (x)

where r,_i(x) is a polynomial of degree g n—1, so that the first part of
condition (2.1) is obviously satisfied and from the second we have
g "(xj) — k(X)) r,_2x)) + 2Hn(xj) rn-a(xj) = 0.
Since x/s are the simple zeros of Hn(x), we get
»-i(xj)+ xjrn-1(xj) = 0,
with the help of (3. 2). Hence
4. 2 rivi (X) + xr,,-1(x) = cHn(x)

where ¢ is a constant.
Let the solution of this differential equation be

nl
r, i(X) = >_/0 cvHv(X).

Substituting this in (4.2), we get with the help of (3.9) and (3. 10),

n-2 nou
4. 3) 3y (r+ \)ewHHv(x)+ -~-£ cv-iH,,(x) = cH,,(X).
v—0 & v—\
Now equating the coefficients of Hv{x) on both sides, we get
3 dg=0,
3(v  Dev+ =0 (»'=1,2,..., n—=2),
1
5 Cn2= 0 and C

Since d= 0 and n is even, we have

ci—G— @— eee= cn1—0.
Also

cn2 cnd *** o cq O

Hence all the cr’s are zero. So the solution is ~(x) = 0.
When n is odd, we get from (4. 3)

3Ci= 0,
3 + Cr+i-f~2~Cj-i= 0 for 1.2,..., n—2

13*
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Therefore
G 3—G—eee—cn2—O0
and c0)Ci, Ci, ..., O+i can be determined and are non-zero. Therefore, when
N is odd, there are an infinity of solutions if they exist.
Theorem I can be proved on the same lines.

5. Problem of explicit representation. (Case (0, 2).) Given distinct
points
00>X,>X0 ses >X, > —0C
and arbitrary numbers

c*,Cto, ..., CCN, Bij B2, e gn

it is to be decided whether or not there is a polynomial /?,(*) of degree
N 2n—1 such that

Mi(™) —ctrj in ) —=Rv (r—1,2,. .., n).
Throughout this paper we shall take n to be even. So for n= 2k we have
X X
? =N N
6.1 [?Ac(X) Ve «,.rr(x)+v_\r BrPr(x)

where rv(x) and gv(x) are the fundamental polynomials of the first and second
kind of (0, 2)-interpolation, of degree » 2n—1= 4 K—1, uniquely determined
by the following conditions:

5. 2) r,.fe)-j0 for %t U 1,2,..«),
(5. 3) rvixiy = 0 Y= 1,2,....n)
and
5.4 i>r(™)==0 y= 1,2,...,n),
(5.5) Qr(xi)= lqgq for J=hv Cl=12,—, n.
We then have the following
Theorem lll. For the fundamental polynomials r,.(x) and pv(x) the
following explicit forms hold true:
r *e
_ e ~Hv(x)
rr(x)= 1(x) + H t{xv) A e2Hn(t)dt+
(5. 6)
B [ed4Uf) 1 a;,(0—(C/+ N),.(0 f
J t—xv dt- HL, {xr) ,, {t— Xrf e-dt+K

(v=1,2,..., n),
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where A, B, C,D and K are constants given by
n

o
o (h—2r—1—2x)
y =~ 2
G A nHY) 26 A H2 Q)
_ Y
(5-8) B=- Hn(xv) °
(5.9) C = xvHn(xv),
(5. 10 D =(\— xi)H",(Xr),
5.11
( ) . M\r+-
K H.fnl-h-lf;X’Z (= 2j) f 3 ,
n(P'v) H-1 () prF 4 6 T (r+2—o0
e-4,,(0
$J12>
where a and b are constants given by
4r a
S 3\ HirjXy)
(- 13) 2H {xv)Hn-i(xv) “ 0 r
and
5. 14 2'A—1)!  V (—1IyHar+i(xy) VB I+ T - |
' 11, (xn)7i a(x,.) , 5 j M(r+ 2—
SR )'”22+1r||r+§.)e' (r 0

Other equivalent forms for (5.13), (5.14), (5.7) and (5.11) are the
following:

il
« 12
(5. 133) 1 j Ff—wy
121 ( (M)
5. 143) b e - TUWO g

1'2nH(x.,)). Ki-n 2 iut—xr
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( 112
I 1 3
I/I4 , 2xif  TAT, dt+
(5. 7a) V)
(A —(itxr+ 1 dt
7J e (it-
1
K= 1 du te-i\2xiJ M s (L
(5. 113) /27iH lilt X
Hn(int)- (futxv+ 1—x-nlv(int)H,(iuxr) |
(lut—xrf i
6. Proof of Theorem Ill. For the determination of Cr(x) we need the
following
Lemma 6. 1. We have
C 1 1A+ !
e2 Hk(t)dt=22Z (—12)r1- -A- . €2H2M. 21(x) +
ru+4-—rj
6.1
raq+ 1 ¢
+ (—12)t—UT1=~ -] e2dt
(—12e—Ur=~ -J
and

— A k\ —
Je2HM (t)dt=2£ (- 12k K n[ > H,,"2(x)-H,w M O){.
0

Proof. The proof follows at once from the formulae

[~ Hok(t)dt=2e- H2 t(x)—6(2k—\) | 62 Hae2At)dt
and

je2 HAHD)AL  2\e2 HIk(x) —HIK(0) j —6 *2/rj'e2 HAx(t)dt.
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Lemma 6.2. When n is even,

2n (n—1!
A,.r(xr) & 22r(2n)\

(r nr+Y) 2/ r+~
6.3) W Y'(—12)r ' e- H2,+i-2i(x) 2R - 11 le-df
rir+Y -i
, V1 Hird{x)r\ ~ (—12) 1 = Cy n.

o 2a@2r+ D Jirr+ 1= fe“ira  [lar20l

Proof. From (3.8) we have

M 1 gt 2"(n—1)!

t—xv 1,7 (a,)
0

Now breaking the right-hand sum according to even and odd values of r

and applying Lemma 6. 1, we get the required result.

Determination of gv(x) when n is even. Let

H,,(X)e~2

Hr {t)
2 Hn(xv) dt+b .

1
(6-4)  fr(x) Hn(xv) %6 t—xr

aje- H,{t)dt-\
0

It is easy to see with the help of (3. 2) that conditions (5.4) and (5. 5) are
satisfied for all values of a and b. So

lir(x) = gv(x).

For the determination of a and b we shall make use of the fact that the
right-hand side of (6.4) is a polynomial of degree ~ 2n—1, so that the
coefficient of

* -k(

)e2dt and e 2

0

must vanish separately. From these we get a and b as given in (5. 13) and
(5. 14), respectively.
Hence (v(x) is uniquely determined.
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7. For the determination of rv(x) we require the following
Lemma 7. 1. We have

7 a Hn(f)— (txv+ \—xv)Iv{t)Hn(xv)

0 (t— Xr)2 af~
2nH(n—121)!

Hnloe)y 9 (V(2Znl)~fr-)g (- [2f°

(7.1)
O '+ r+-
e2A2+.2;(x) + (— 12) . e20ff +
Pl T - i

LA(n-2r-2)H 24(Xr)f / 1041 1! ” »d
n 22+1(2r + 1)1 qa N (r+1—N! e Hirvi-id*) [4+2-2,(0)1

ProofFrom (3.8)when x =t, we get
Hn(t) 2n(n— 1)1 g Hr(xv)Hr(t)
t Xy hin-\ (Xy) —eo 27!
Differentiating this twice, we have
I, _  Hnt) = 2"¢;—D! ~ Hr(xn)H'(t)
t—Xr  (t—Xy)2 Hrri(xr) 271
and
/1" (0_  2Hh(t) 211 (/) 2"(n—1)! -4 H, (xr)N'/(t)
t—Xy (t—Xyf  (t—Xyf Hni(xv) 271
From these it can easily be seen that
W, (1) —(txr+ 1—xj) ly(t) H;(x,.)
(t—xff
H'njt) , xPHN(t) Hn(t) 2n(n—1! 2y (n—r—1)
(fF—X)2 1 (t—Xyf + (t—Xy)3 ' HrMxy) &, v® 27! * Arr H'”-
Therefore
i A'()-(/a,+ 1~xDi,, ()H;,(xr) _
(/-x,,)2

2"(n D! '<4(n-r-1) f7H
H n-x(Xy) a 27!
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Now breaking the right-hand sum in even and odd sums and applying
Lemma 6.2 we get the required lemma.

Determination of r,,(x) when n is even. Let

X

-1 T 1«
dat @ E % e je2 HLmdt+

(7.2)
Hn(t)-(Ct+ D)lv(t)
t x)2 dt+ Ke 2
Condition (5. 2) is obviously satisfied for all values of A, B, C, D and K, i.e.
10 j=f=v
N> - i Lor

and for condition (5.3), j @ v, it is easy to see with the help of (3.2) and
(3. 3) that

/7(1) = 0.

But for j = v, B is chosen so that

= 0,
i e
Hu(x)— (Cx + D)Ir(x)

H'n(xv) (x—xr)2 2[/5(X,,) + 1,.(xr)/;:(xr)]=0.

(7.3) 2BH',,(xr)—21lim
Hn(x) —(Cx + D)/,.(X)
(X—X,.)2
Hh(xr) —(Cx,,+ D)/.(x,.) = 0,

Hn (x,.) —CK(xr)—(Cxv+ D)/; (xr)= 0.
From these it is easy to see with the help of (3.4) and (3. 5) that
C= xvH,,(xv) and D= (1—xI)H'n(x,.).
From (7.2), (3. 6), (3.5) and (3.4) we get

Now since is a polynomial, we have

2Xr

B k)

So /r(x) satisfies both conditions (5. 2) and (5. 3). Therefore
A.(X) = rr(x).
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For the determination of A and K we shall make use of the fact that
the right-hand side of (7.2) is a polynomial of degree si2n—1 so that

*
(i) the coefficient of je 2dt is O

and
x2

(i) the coefficient of e 2 is 0.

Now applying (6.2) and (6.3) in (7.2) we get (5. 7) from condition (i).
From (ii) we get (5. 11).
Hence rv(x) is uniquely determined as given in (5. 6).

8. Problem of explicit representation. (Case (0, 1, 3).) Given the n
distinct zeros

00 > Xi > X2> ++o> X» > — 00

of Hn(x) and arbitrary numbers

cl U2y ~3y 1 1 b\j bay b$t «fbny CltCufcCs3 . Cny

we know from Theorem Il that there exists a polynomial Rn(x) of degree
Si 3n—1 such that
12«(Xj)—o0yj Rn(x;)—by, R (§)—0 v—1j2, ... yl).
So for n= 2k we have
2K X

RIK(X) = Vv dyuy (X)+ £ brvy(x) + CyWy(x)
71=1 v=1 V—\

by

where uv(x), ?v(x) and iv,(x) are the fundamental polynomials of the first,
second and third kind of (0, 1, 3)-interpolation, belonging to the Xy-points,
are polynomials of degree w3n —1 -6k—21 uniquely determined by the given
expressions:

. __i0 jov ,
(8.1) lly(q) =jj for J= uy(x) =W'§) 0 (Y= b2 .+ n),

(8.2) W) —0, “*(*)=;} for WX)=0 y=h 2 «=,n),

(8.3) Wy(Xj)-- 0, wy{x) =0, wy (xy)= 10 for Jjjva
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Theorem V. (Case (0,1,3).) For the fundamental polynomials ur{x),
W (x) and wv(x) the following explicit forms can be given:

o0 or ()= 11(X) + vv(x) + |(i/|o<z‘x>) I eRelH{t)dt +

dt-ifr e * dt+a) lv(f)dt + k

h (xv) j (t— xvy

where cv, A, B, ¢,d,a and Kk are constants given by

(8.5) c,= —3Xr,
(-2)» T | T-1
(8.6) ne“ eyYnH,,(Xr)Hn-i(xr) ~ 2 )H~(Xr) +

+ {—tOx, (—1) + 2xr(r+ OxrYlo. )3 A (—2) -

8.7
(8. 8) c- "M+ 2<'-"> K(X,),
(8.9) d= xv 1-y{x?+ 2(1-m} n 60,
(8. 10y a= 1—x"jl—y x5+ 2(1—nl, H;,(x)
and
_ 2"-\n—D\ A (_ 1) >
K= = () H,-20x) fro 2r + 1) (T2 DHAMX)+
(8.11)

H21 r~2 1
+ Xy(2r-Wn + U + 18x;) (xnN}£ F(r+2-i1)
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. li(x) + Hn(x)e~" \A" e'Hn(t)dt +
8. 12 hin(xr)

+ B (€RILAQ-dt-—— el H)— ANV G 4 o
% t— xv Hn(xv) (t— xvf
0

where 4',B',c', d' and k' are constants given by

(—2)2r(4H €' 1P—2r—1—— -
\V*J "V

A'___ ~
8. 13) 2MHN{xv) //,,_i(jrv) S (2n!
or |r+’\l|ﬂ (x4
@. 14) a, 14x:+| —n
' 3H,,(xv)
(8. 15) C —XpH,, (x-V),
(8.16) d — (@ Xy)Ha(Xv)j
ld4av+ 1—n
k’ 2"5(”_1)' a'ln_zr_z
(8. 17) <1 Hn (xr)H_a(xr) 2 o” 2/-+ 1)!
M -+
of - ' »? O
(-1)7Ne r+1(x1)>12L| l-II_(r+ 2—i)
8. 19) HOOST™ o oo (dt- 1 AFtWfidt +d"
6HnN(Xr) H',,(XV) t—xr
where
(8.19) o= = (22 Thl y (-\)rHr(x)

Hh(xv)Hn-i(xv) ét> 2rn\
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and
No 20f d"= 2" (/?—8 y(-1)V ! (r W UL
(8'20) d Hn(xv) H,,-i(xv) A (2r+ l)ler+l sf 2 F(r+ 2—/) o

Equivalent expressions for (8.6), (8.11), (8.13), (8.17), (8. 19) and
(8.20) are as follows:

1 'g-d Hn(it) —(—C2+ f  + fl)/.(/) dt
((8)2 ™ 1 Hix) (it—=xr);
(8.6a)
+ 3X,,(2x*4-\—n) | dt
AU ayrox2+ 1—n) fe- rf>+
\ 71H,,(xv) (L /—xr)
(8. 11a) X (
du fo @ Hn(iut)- - cditl-\-idut + a}lv(iut) dt
3fb  u2l (fut— x.)3
A idx:;+ 1—n e 12Hn(ltld
o
—8)kp 1 gron =
(8.13a)
- p Hn(it)—(itxv+ - x;)Ir(it)H (xr) {t
J (it— Xr)2
i 14xr+ 1—n du 1te~ Hn(iut)
fn:H'n(xv) [ 3 Jfl-«2) iut—x,
(8.17a)
o du H'(iut)—(iutxr+ L1 xDIr(iut)H"(Xi)
(Tut—xvf at

0 -00
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n,,(it)
(8.1%) L
(—8)2r
(8. 208) du | ter« Hn(iut) dt.
VnH,:(xv) Jf1rU ut-

The proof of this theorem can be given on the same lines as given in
Theorem 1.

We shall require the following formulae which can be derived on the
same lines as in Lemmas 6.2, 6.3 and 7. 1

When n = 2k,
MK+ -
\e fHZ(t) d t=_it (—%TI Bx-Hok+1-2r(x) -f-
- *
(8.21) W +|_
+(-8)
When n= 2k-r 1,
(8.22) | etH kH(t)dt= *(~8y-' K [i"aHo]i-2r+2.(x)  H-2k-2r+2(0)]
' r—I (K+ 1—t)\ ' ’
VFHN) 20 -\)\ v v s a1 e
t—x, i) 200 féi' 7 3,3
r+f -t
8. 23) werH.rm-n (x) + (—8)r X8 e
[/ar j
Y HAKX) (—8) I, j. n,.

+S 22HQ2r+ 1) (r+1-01 e /[2r+2-2i(x)_/I2r+2' 2,(0)}
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Lemma 8. 1

Hn(t)— (cf + dt + a)ly(f) ,

(it - x vf
2ll(n—1)! (n—2r)H2+ (xr)—xv(n—2r—\) H2r(xv)
3HN1(x®™ ro 2lr(2r\
ror+ (—8)T r+
(8.24) 1z (—8)“1 e' Jlo,+1.2j (X) y epdt\ +
n
[ek+4-])

V. (n—2r—)Hr+2(xv)— xv(n— 2r— 2)H>r (x,,)
+ 22r+1(2rr+ 1))
rH

Z (—398)il e' "H>-2+2(X)-—-H>-2+2(0) I

r!
(r+1-/)1 i
where ¢, d and a are as given in (8.8), (8. 9) and (8. 10).

This lemma can be proved easily on the same lines as Lemma 7.1.

(Received 1 April 1960)
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UBER KREIS- UND KUGELWOLKEN

Von
A HEPPES (Budapest)
(Vorgelegt von G. najes)

Der Begriff ,,Wolke” wurde in einer kirzlich erschienenen Arbeit von
L. Fejes Toth [1] eingefuhrt. Wir betrachten in der Ebene eine Menge von
nicht Gbereinandergreifenden Einheitskreisen, die zwischen zwei parallelen
Geraden liegen. Diese Menge wird Kreiswolke genannt, wenn jede solche
Gerade, welche die obigen zwei parallelen Geraden senkrecht schneidet,
mindestens einen der Kreise trifft. Man kann es so interpretieren, dafll eine
Kreiswolke gegen die senkrechten Strahlen eine undurchdringliche Wand
bildet. Ganz analog nennen wir im Raum eine Menge von nicht libereinander-
greifenden Einheitskugeln eine Kugelwolke, wenn sie zwischen zwei paral-
lelen Ebenen liegt, und wenn jede zu diesen Ebenen senkrechte Gerade
mindestens eine der Kugeln trifft.

In der erwdhnten Arbeit wurde das Problem aufgeworfen und gelst,
wie groR die minimale Dickel einer Kugelwolke ist. Der Satz von Fejes T 6th
lautet folgendermafen:

Jede Kugelwolke hat eine Dicke is /2 2, und Gleichheit gilt nur dann,
wenn die Wolke aus zwei quadratischen, einander beriihrenden Kugelschichten
besteht.

Die minimale Dicke einer Kreiswolke ist offenkundig 2 (Fig. 1).

Fejes Toth hat meine Aufmerksamkeit auf das Problem der Bestimmung
der minimalen Dicke dk bzw. Dk einer k-fachen Kreis- bzw. Kugelwolke
gerichtet, wo eine Wolke k-fach genannt
wird, wenn jeder der genannten pa-
rallelen Strahlen mindestens k Kreise
bzw. Kugeln trifft. (Die friher definier-
ten Wolken sind also in diesem Sinne Fig. 1
einfache Wolken.)

Legen wir K einfache extremale Kreis- bzw. Kugelwolken in geeigneter
Weise aufeinander, so erhalten wir eine Ar-fache Kreiswolke von der Dicke
(k—NDf3 + 2 (Fig. 2) bzw. eine Arfache Kugelwolke von der Dicke

1 Dicke nennen wir — wie gewohnlich — den Mindestabstand von zwei parallelen
Geraden bzw. Ebenen, die die vorliegende ebene bzw. rdumliche Menge umfassen.4

14 Acta Mathematica XIl/1—2
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(2k—I1)f2 + 2. Folglich ist
Q) dk* (k—1)/3+ 2
bzw.

(2) Dk™M(2k—\)Y2+ 2

Beide Wolken liefern einen Teil der
dichtesten gitterformigen Kreis- bzw.
Kugellagerung ([2]). Man kénnte da-
her im ersten Augenblick vermuten,
dak in (1) und (2) fur jedes k das Gleichheitszeichen gilt. Wir werden
zeigen, dall dies in der Ebene tatsdchlich zutrifft, im Raum aber nicht.
Wir beweisen also folgenden
Satz. Bedeutet dk bzw. Dk die kleinstmégliche Dicke einer k-fachen
Wolke von Einheitskreisen bzw. Einheitskugeln, so gilt

(3) dk= (k—Df3+ 2 fur k>1
und
4) Dk<(2k—1)172+2 fir k> 1

Wir wenden uns zundchst dem Beweis von (3) zu.

Wir betrachten eine beliebige Ar-fache Kreiswolke in der Ebene, welche
in einem Parallelstreifen 5 von der Breite b enthalten ist. Es seien g; (/=1, 2)
die den Streifen begrenzenden Geraden, gi eine in 5 liegende Gerade, die
mit gi den Parallelstreifen S, von der Breite 1 bestimmt (/=1,2), und
schlieRlich Ss der von g[ und g'2begrenzte mittlere Teilstreifen von 5 (Fig. 3).

$
ol

Fig. 3

Ohne Beschrankung der Allgemeinheit konnen wir voraussetzen, dal}
die Wolke gesattigt ist, d. h. dall sich zu den Kreisen kein weiterer Kreis
hinfligen 14Bt, so dafl eine Wolke von derselben Dicke entsteht.

Wir definieren zunéchst die zu einem Kreis gehorige Zelle. Diese be-
steht aus der Gesamtheit derjenigen Punkte von S, deren Abstand von dem
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Mittelpunkt des ausgewdahlten Kreises kleiner als ihr Abstand von den Gbri-
gen Kreismittelpunkten ist. Offenkundig sind die Zellen konvexe Vielecke,
die den Streifen 5 (abgesehen von den Randpunkten der Zellen) schlicht
und liickenlos Uberdecken. Jede Zelle enthdlt das Innere des zugehdrigen
Kreises, und wegen der Geséttigtheit der Wolke hat sie bei jeder in S3 lie-

genden Ecke einen Winkel > —. Um einen solchen Eckpunkt geschlagener

Einheitskreis muR n&mlich mindestens den ndchsten Kreis der Wolke treffen.
Wir geben jetzt eine andere Zerlegung von S an. Wir verbinden die

Mittelpunkte von zwei Kreisen durch eine Strecke, wenn ihre Zellen gemein-

same Randstrecken in S3(also im inneren Teilstreifen) haben. Die Verbindungs-

strecke und die zugehorige gemeinsame Seite der Zellen sind senkrecht-

Diese Strecken bilden ein zusammenhé&ngendes Netz, welches véllig in Ss

liegt (Fig. 4). So ergeben sich zwei dulere, unendliche Bereiche B, und R2

die sich von gx bzw. von g2 bis zum Rande des Netzes erstrecken. Der von

N Ubriggebliebene Teil, der durch das Netz in Vielecke zerlegt wird, sei mit

R 3bezeichnet. Diese Vielecke

und die im Inneren von S3

liegenden Zellenecken sind

einander ein-eindeutig zu-

geordnet. Jedes Vieleck hat R3

soviel Seiten, wieviel Zellen

in der zugehorigen Ecke zu-

sammenstoRen. Die Zellen-

winkel in dieser Ecke sind

komplementdre Winkel des Fig. 4

Vielecks. Da aber die Zel-

24

lenwinkel > m sind, sind die Winkel des Vielecks < “3— Teilen wir die

Vielecke durch einander nicht kreuzende Diagonale weiter, so bekommen wir
zum Schlul lauter Dreiecke, deren Eckpunkte in Kreismittelpunkten liegen,

deren Seiten £ 2 und deren Winkel < z ausfallen. Daraus folgt, daf in

jedem Dreieck die groRte Hohe ~ |/3 und sadmtliche Hohen ~1 sind. Folg-
lich is der Inhalt eines Dreiecks stets ~j/3 bzw. der Gesamtinhalt der Wolke
innerhalb eines jeden Dreiecks genau Tr/2. Hieraus ergibt sich, dafl die
Dichtez der Wolke in B3 hdchstens Tr/j/12 ist.

2 Unter der Dichte der Wolke in einem im Endlichen liegenden Gebiet G verstehen
wir das Inhaltsverhéltnis der in G liegenden Kreisteile und von G. Die Dichte in einem
unendlichen Gebiet 1aBt sich dann durch einen Grenzilbergang definieren.

14«
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Im folgenden Schritt zeigen wir, da es in Bi einen den Sreifen 5, ent-
haltenden Teilbereich B’ gibt, in welchem die Dichte der Wolke den Wert
nr/4 nicht Ubertritt. (Hier und im folgenden bedeutet i stets 1 oder 2.)

Der Bereich B, ist einerseits von g{ anderseits von einem Streckenzug
(vom Rand des Netzes) begrenzt. Diese Strecken verbinden die Mittelpunkte
solcher Kreispaare, deren Zellen eine gemeinsame Randstrecke in S3 und
einen gemeinsamen Randpunkt an der Gerade g\ haben. Es ist leicht ein-
zusehen, dall der Winkel von einer solchen Zellenseite und von gt wegen

der Geséttigtheit der Wolke

groRer als nse ist. Deshalb

ist der Neigungswinkel zwi-

schen ¢i und einer beliebi-

gen Strecke des Strecken-

zuges kleiner als n/3 (Fig. 5).

Die von den Ecken des

Streckenzuges auf gi gefall-

ten Lote zerlegen Btin recht-

Fig. 5 winklige Trapeze (dabei wer-

den als Ecken samtliche

Kreismittelpunkte angesehen, die auf diesem Streckenzug liegen). Zufolge des

obigen Resultates ist der Neigungswinkel der Schenkel eines jeden Trapezes

kleiner als n/3. Die Hohe des Trapezes, d. h. der Abstand der parallelen

Seiten ist also mindestens 1, deshalb enthélt jedes Trapez insgesamt einen
halben Kreis aus der Wolke.

Im folgenden wird ein Trapez steil genannt, wenn der Neigungswinkel
seiner Schenkel groRer als n/e ist. Zerlegen wir ein steiles Trapez durch
eine Strecke in ein Rechteck und ein rechtwinkliges Dreieck weiter, so ent-
hélt sowohl das Rechteck, wie das Dreieck genau einen Viertelkreis der

Wolke. Die Dichte der Wolke ist also im Rechteck trivialerweise £ %I’ und

im abgeschnittenen rechtwinkligen Dreiecks gi . Dieses Dreieck ist ndm-
lich die Halfte eines solchen Dreiecks, welches nur Seiten §2 und Winkel

, also einen Inhalt g|/3 hat. Elementares Rechnen zeigt, daf der
Inhalt jedes anderen (nicht steilen) Trapezes wenigstens 2 betragt, infolge-
dessen die Dichte der Wolke in diesen Trapezen hdchstens AT st

Es bedeute B, die Gesamtheit der nichtsteilen Trapeze und der Rechtecke
der steilen Trapeze, und B3 die Vereinigung der aus #, und B2 abgeschnit-
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tenen rechtwinkligen Dreiecke und der Dreiecke von Bn. Mit Hilfe dieser
Bezeichnungen konnen wir die obigen Ergebnisse folgendermalRen zusammen-
fassen: Wir haben den Streifen 5 derart in die Teile B] (y'= 1,2,3) zerlegt,

da® die Dichte der Wolke in B[ und Bl i und in BgA_?l.E ist. Im

Hinblick darauf, dal Bl den Streifen Si enthalt und T/'_iE > —£ ist, kbnnen wir
die folgende Abschatzung fir die Dichte D der Wolke in S angeben :

Projizieren wir die Wolke senkrecht auf gu so wirft jeder Kreis eine
Schattenstrecke von der L&nge 2. Da aber die Schattenstrecken gt Ar-fach
Uberdecken, gehdren zu einer Einheitsstrecke von g, durchschnittlich minde-

stens Kreise der Wolke. Daraus ergibt sich fir D eine Abschdtzung wvon
unten:

woraus sich, mit Rucksicht auf bwclk, (1) und (5), die behauptete Gleichung
(3) ergibt.
Um die Glltigkeit der Ungleichung (4) zu zeigen, werden wir eine

fr-fache Wolke von der Dicke j | 3+ 2 konstruieren.3

Es seien a, und a, vom Anfangspunkt O ausgehende Vektoren, die
mit O das gleichseitige Dreieck OAIAI von Seitenldnge 2 bestimmen, und ¢
ein zu ai und a, senkrechter Vektor von der Lénge ”~3. Wir betrachten das von
a, und a, erzeugte Punktgitter und die gitterférmige Kugelschicht GO, die aus
den um diese Gitterpunkte geschlagenen Einheitskugeln besteht. Wir bezeichnen

n.
mit Gi die Kugelschicht, welche von G;:-i durch die Translation -j-c entsteht

(/>0), wo a,~a, bzw. ar= a3 je nachdem i ungerade bzw. gerade ist.
Die Kugeln der Schichten greifen nicht Ubereinander.

Die senkrechte Projektion Gl der Schicht G, auf die Ebene des Dreiecks
OA,A2 liefert eine gitterformige Lagerung von Einheitskreisen, und es gilt

offensichtlich Wir greifen aus den Kugelprojektionen die um

3 Das Symbol [X] bedeutet die groRte ganze Zahl, die den Wert x nicht Ubertrifft.
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0+-~,0+ -+ -y bzw- 0 + ~ geschlagenen Einheitskreise Ku K2bzw. K3

heraus. Es ist leicht einzusehen, dal K} zum Kreisgitter Gj gehort (j= 1, 2, 3),
und daR das Dreieck OArA2 durch Kr und K> einfach, durch Ku K+ und K3
zweifach, und durch KItKit K3 und G4 dreifach (berdeckt ist. Folg-
lich liefert wegen der Gitterformigkeit G4 und Gzeine einfache, Gu G, und
Ga eine zweifache, schlieBlich G1; G2 Ga und Gaeine dreifache Wolke. Da
Gi= Gl+a ist, ist die Vereinigung der Schichten G, von =1 bis /= A{—
+ 1 A1 eine Mache Wolke, welche eine Dicke |A+ k=1 13+ 2

hat. Da aber fur k> 1 |Af- k=1 1[3<(2k—1)f2 ist, ist damit der Beweis

von (4) erbracht.

Fig. 6 Fig.7

Fig. 6 bzw. Fig. 7 zeigt die extremale einfache Wolke von Fejes T6th
bzw. unsere Konstruktion fur k= 2.

(EingegangerCam 5. April 1960.)
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UBER DIE ABSOLUTE KONVERGENZ LAKUNAERER
TRIGONOMETRISCHER REIHEN

Von
P. SzZUSZ (Budapest)

(Vorgelegt von P. T aran)

In der vorliegenden Note werden die folgenden beiden Satze bewiesen:

Satz 1 Ist K eine beliebig groRe positive Zahl, so existiert eine Folge
{nh} (k=1,2, ...) natirlicher Zahlen mit den folgenden Eigenschaften:

a) Es ist

—I_k">K (*=12,...).

b) Ist au a2 ... eine monoton abnehmende Folge positiver Zahlen, so
folgt aus

co

() E_Iﬂaksin 7inkx\ <
fur irgendein x=f=0, +1, ... die Relation

N
(2) o ak< oo.

Satz 2. Essei {7} (A= 1,2, ...) eine monoton zunehmende Folge nattir-
licher Zahlen, fiir die nur die Relation

(3) N->o0c fur

besteht. Dann gibt es eine monoton abnehmende Folge {z} positiver Zahlen,
fur die zwar k_1au: 00 gilt, aber trotzdem gibt es eine Menge der Mé&chtig-

keit des Kontinuums der Zahlen x, fir die l\aksin rrnkx\ < oo gilt.
K_

Satz 1 ist eine Ubertragung eines Kklassischen Satzes von Fatou 1 auf
Luckenfolgen. Satz 2 besagt, dal} eine dem Fatouschen Satz analoge Behaup-
tung nicht mehr bestehen kann, wenn die Liicken der Folge {Z& ,,zu groR”
sind.

1Vgl. z. B. Zyomund [1], S. 134
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Beweis des Satzes 1. Ohne Beschrankung der Allgemeinheit sei ange-
nommen, daB K (von a)) eine naturliche Zahl ist {K 2).
Man setze

(4) M= 1, nki= Knk+ 1  (A:=1,2, ..).

Nun zeige ich, daB falls {nk} durch (4) definiert ist, so kann fir eine
b&!)iebige, monoton abnehmende Folge {afd positiver Zahlen die Relation
’}_l|<'jt sinmikx\ < oo mit einem nichtganzen x nur dann stattfinden, wenn
©

Z|_|a k<oo ist. Es darf ohne Beschrankung der Allgemeinheit

=

0rx< 1
angenommen werden; da x voraussetzungsgemaR nichtganz ist, gibt es eine
Zahl 6 mit O<d” und
(5) )i xs 1—d.
Nun gilt bekanntlich fir jedes reelle t 2
(6) Isin 7it\ A 2]|/||;

©
daher gentgt es fiir jede monoton abnehmende Folge {0*} mit I(>_/]a|<= foo]
=1

und fir jedes nichtganze x die Relation

@) /IZ—? k\nkx\\ == o0
Zu beweisen.
Man setze
5
(8) Y~ 8K’

wobei 0 durch (5) definiert ist.
Nun zeige ich, dafl aus

9) \nkx\\ < 7
und
(10) Vafx 1< 7

ein Widerspruch zu (5) folgt. (9) bzw. (10) ist gleichbedeutend mit

(11) nk

2 I, bedeutet den Abstand von t von der ndchstbenachbarten ganzen Zahl.
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bzw.

(12 X 41+

Nkl

mit ganzen / und [#*|<y, \9-M\<y. Hieraus folgt weiter mit Rucksicht
auf (4)

(13) \nk(K1k-1m )+ U<

Aus (5) folgt bei festgelegtem & fir geniigend grofles nk

(14) Dnk<. < nk.
(13) ist gleichbedeutend mit

. 4
(13) K4 — 4+ 1 — (‘_—

da aber K, also auch Klk—..: ganz ist, ist (13") mit (14) nicht vertraglich.
Daher koénnen (fur gentigend groRes nk) (5), (9) und (10) nicht gleichzeitig
bestehen, also falls o< x < 1 ist, mu von irgendeinem K an stets entweder

NI >7

oder
[[/i*+ix]| >y
sein (oder auch beide). Damit ist (7), also auch unser Satz 1 bewiesen.
Beweis des Satzes 2. Man setze

A4+1 e
(15) o
voraussetzungsgeman gilt

(16) li k= oo0.

>

Nun sei {61} eine monoton gegen Null strebende Folge positiver Zahlen, die
den Relationen

a7 4"_lak= 00
und

©0
(18) Zi l’ﬁ% 0]

genlgt. Eine solche existiert immer (vgl. Knopp [2], S. 311).
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Es gilt fiir jedes reelle t
(19) Isinnt\ ~ ie||i]|;
daher geniigt es zu zeigen, daB fur eine Menge der Zahlen n der Machtig-
keit des Kontinuums die Relation
©
(20) 1Ufc||/ifcx|| <
k=
besteht.

Die natirliche Zahlenfolge sei in zwei fremde Teilfolgen ku k2 ... und
4,4, eee gingeteilt. Es bezeichne

(21) E(kj}, {/3)

die Menge der Zahlen x, flr die die Relationen

(22) H¥ X = d7 (7= 1,2,..))
und

(23) \Wnjx\>d[ji (7= 12,...)
gelten.

Kann ich zeigen, daB fir jede Einteilung {&%}, {/.} die Menge E({kj}, {/.}
nichtleer ist, so bin ich fertig. In diesem Falle wahle ich nédmlich eine Teil-

00

folge 4,4, ... der naturlichen Zahlenfolge mit * w,.< oo und verlange, dal

5-1 3
fir sdmtliche k mit k=f=lj (j— 1,2, ...) die Relation (22) gelten soll.
Fur die Zahlen x mit xEE({kj},{/m) ist wegen |n*.x||~ dk-, wegen

_Z_ﬁ|j< 00 und wegen (18)

)= ©

(24) £_:i1 K\nkx\\ < oo0.
k_

Falls E({kj}, {lj}) bei jeder Einteilung nichtleer ist, so ist die Menge
von X mit (24) der Machtigkeit des Kontinuums, weil ja fir /, bei jedem j
die Wanhl
[|".x|| A ir,:1 oder  Knhx|| > d{’
moglich ist.
Daher habe ich nur den folgenden Hilfssatz zu beweisen:

Hitfssatz. E({k,}, {4}) ist bei einer beliebigen Zerlegung der natirlichen
Zahlenfolge in fremde Teilfolgen {kf und {/} nichtleer.

Beweis. Es bezeichne
Em({ki}, {Ii})
die Menge von x, fir die die Relationen (22) und (23) gelten, jedoch nicht
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notwendigerweise fir alle k und /, sondern nur fir die mit

Ki-m, lj<m
Offenbar ist

Nun zeige ich die Existenz einer Folge Iul2 ... von Intervallen mit den
folgenden Eigenschaften:

a) Irtich (/2= 1,2,...).

b) Inc £, (n= 1,2,...).

c) Ist In offen, so ist auch die abgeschlossene Hille von It in /,, ent-
halten. Da durch das Intervallensystem /,,/2 ... eine Intervallschachtelung
definiert ist, die nicht zu einer nicht in E({kj}, {lj}) enthaltenen Zahl fuhren
kann, wird durch den Nachweis der Existenz einer Intervallenfolge /,,/2 ...
mit a), b) und c) auch unser Hilfssatz bewiesen sein.

Der Beweis der letzten Behauptung wird durch vollstdndige Induktion
gefiihrt.

Fur m= 1 besteht Em({kj}, {/.}) aus offenen Intervallen, falls h — \, und

aus abgeschlossenen Intervallen, falls .. = 1, deren L&ngen gleich " —

sind, falls /j= 1 ist, und gleich sind, falls kx= 1 ist. In EI({kj}, .}

2
6] 12,
ist also wegen

alls f>2'
stets ein Intervall der Mindestlédnge ™ ertthalten, wenn kx= 1 ist, und ist ein
Intervall der Mindestlinge — enthalten, wenn /j= 1 ist (bei der Induktion

n2
wird nur so viel ausgeniitzt werden). Ferner ist dieses Intervall offen fir
/i= 1 und abgeschlossen fir A= 1L Nehmen wir an, dies gilt bis /,,, d.h
Ullist offen, falls m unter den / vorkommt, und besitzt dann eine Mindest-

2 .
lange T und ist abgeschlossen, falls m unter den k vorkommt, dann be-

sitzt sie eine Mindestlange - "l.

Zunéchst sei angenommen, dal ni den k angehdrt. Dann existiert nach
der Induktionsvoraussetzung ein abgeschlossenes Intervall /,, von der Mindest-

lange T die Em{{kj}, {lj}) angehort; dieses enthdlt (im Inneren oder an
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j_

den Endpunkten) mindestens einen Punkt der Gestalt ----- ; fur eine Umge-
rr+l
bung von der Mindestlange Hate e gilt dann (22), und diese Um-

gebung bildet wieder ein abgeschlossenes Intervall. Fur den Gbrigen Teil des
Intervalles Imgilt (23). Der kann in hochstens zwei Teilintervalle zerfallen,
die Lange von mindestens einem ist also groBer als

2] 2
2V dmHa nmt ame2 -
dieses Intervall enthélt also ein offenes Teilintervall mit einer gréReren L&nge

als Damit ist die Induktion durchgefuhrt, falls m den k angehort; der

fim#2
entgegengesetzte Fall kann auf vOllig analoge Weise erledigt werden.
Damit ist der Hilfssatz, also auch unser Satz 2 bewiesen.

BUDAPEST, FORSCHUNGSINSTITUT FUR MATHEMATIK DER
UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN

(Eingegangen am 12. April 1960.)
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AN EXTREMAL PROBLEM IN THE THEORY
OF INTERPOLATION

By
P. ERDOS (Budapest), corresponding member of the Academy,
and P. TURAN (Budapest), member of the Academy

1. Let the infinite triangular matrix

Xu
X2 X22

XIn X2n

be given, where for n= 1, 2,... the inequality

(1. D 1~ XIn> X2n> mmm> XnnS — 1
holds. Putting
(12) W0, A) = 7/ (x~x),
. on(x, A)
(1.3) A ngin, A\ xim
the polynomial
(1.4) L,,(x, y\ ,..., YnnyA) yinlin(x, A),
==

the so-called nih Lagrange interpolation polynomial belonging to A, is the
only polynomial of degree gn —1 having the value yjn at x= xju for
j=\,2,. . n Particularly important is the case when the values yjH are
given by

W fix,-) (y= 1,2,...,/t)

where f{x) is a prescribed function continuous in [—a1, + 1]; in this case
we shall denote the polynomial in (1.4) more simply by Ln(x,f,A). From
the classical investigations of G. Faber2and S. Bernstein 2 it follows that
no matrix A is “effective for the whole class C of functions continuous in

1 G. Faber [5]. The numbers in brackets refer to the literature quoted at the end of
the paper.
2 S. Bernstein L-
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[—1 +1]”; the latter even proved that for every A with (1. 1) there is an
/,(x) (Cand a —1780= + 1 such that

lim 1 (iQfo, A)j - oo,

in contrary to everything what was expected since Newton.

2. As Fejér discovered essentially in 1913, the situation changes com-
pletely if instead of the sequence of the Lagrange polynomials L,,(x,f, A)
one considers an appropriate special case of the general Hermite interpolations
(which Hermite himself considered only from formal point of view). Fejér
considered the polynomials H,,(x,f,A) of degree ~2 n—1 uniquely deter-
mined by the requirements

@ 1) HNn, 7, A) =/(*...),
(2.2) (dHnéi,f,A)' o Y= L2,...,n).

He proved that choosing e. g. for A the matrix P, the nth row of which con-
sists of the roots ajn of the nth Legendre polynomial

one has, whenever /£ C, the relation
lim H,,(x,f, P)  f(x)
for —1<x< 1, but not necessarily4 for x= + |. Later he proved s that

choosing as A the matrix T, the nth row of which consists of the roots [n
of the nth Chebyshev polynomial Tn(x) defined by

(2. 3) Tn(cos #) = cos nxg,
the relation
(2. 4) lim H,,(x, f, T) =/(x)

3L Fejér [6].
4 As it was shown recently by E. Ecervary and P. Taran [2] for the sequence of
polynomials H*(x,f) of degree iS 2/2—3, defined by

Al@ana8,/)--/(a; n2, hUxt 1f)=/(x 1),
dHn(x,f) us=1,2,..., n—2),
dx
the relation _
Jl%Hn xf)  f(x)

holds uniformly for [—1 + 1].
5L Fejér [7]
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holds uniformly for [—1, +1]. Here, generally, H{x,f,A) stands for the
polynomial of degree ™ 2n—a1 defined by

(2. 5) Hn(Xjn, f, A) —
tdH,, (x,f,A)\ = = 12,...,n)
(2.6 { dx L

where the real numbers yjn are subject only to the restriction

27 Jim  max YindogN -,
] — n
3. The relation (2. 4) is surprising owing to the great arbitrariness of
the slopes yjn. This raises naturally the question that perhaps choosing an-
other matrix A instead of T this arbitrariness of the slopes can be increased.
To give a more exact form to this question we remark that, as easy to see®
everything depends upon the expression

3.1 M,,(A) cf max, -1 h (x, /1)
where
3. 2) n(x.A) = N AY___

©onxin, [ (X xijn)

Hence it is natural to ask for the *“optimal” matrix A= A* (which is not
necessarily unique), i. e. for which

(3.3) M,,(A) = minimal
for n= 1,2,.... Since, according to Fejér,7 for arbitrarily small s>0 for
n>nQ(s) the inequality
log«

(3.4) 7 5
holds, we certainly have, denotings
(3.5) min Mn{A) = Mn{A*)&eig(n),
the inequality

. n 2
3-6) r!-'inaa log n g(n) S

e L. Fejér [7]

7 See L. Fejer [7] with a slightly different notation.
8 It is easy to see that for fixed n the minimum exists.
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Now we are going to prove

<3' 7>
i. e

<3-8> “Stss'W -#-

By (3. 7) our extremal problem is at least asymptotically solved and shown
that the choice A= T gives essentially the greatest freedom for the choice of
the slopes yjnmMore exactly, we are going to prove the following theorem
where cx (and later c2c3,...) denote positive numerical constants.

Theorem |. By whatever choice of the matrix A we have the inequality

(A)(ﬁ)_{ggggrlj_l A\ = g o°gn~ " log log")-

It would be of interest to determine the exact value of g(n), at least
for small ris. A proof of the weaker inequality

(3.9) §(n)wc2” -

could have been proved more briefly; we shall, however, omit this version.
Probably also the inequality

1

(3.10) 117 IM *, A)jjfifx>C3-100—
1

holds or even the inequality
(3.11) I '||[]j,,(x, A)|>GiciA
i n

in [—1, + 1] with the exception of a set with measure tending to o with

we could not prove so far whether or not for all —

3T
holds for all n>n,,(e, a, b) (or even for n>nx()).
In our theorem the factor log log n can perhaps be replaced by 1; a

further refinement, enabling to prove that g(n) is a convex function of n,
seems to be very difficult.

(312 oBifh P AN g =) "R -



AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION 225

Our method furnishes mutatis mutandis a proof for the inequality
(3.13) max S lIm(x, A) |ng— log n—cslog log n
Sl=i=+1 j=1

for all matrices A; a somewhat weaker inequality was proved in S. Bern-
stein’s paper [1]. The significance of (3. 13) is given, of course, by the fact
that, in conjunction with the fact that for n>nx*)

max 2\IAx, T)I log n,

3 j= 1

it solves asymptotically the extremal problem to find the minimum of
n

max j§ 1\Im(x, A) when A varies. We shall sketch our proof for (3. 13)

(Theorem 11) and drop the formulation of problems analogous to (3. 10),
(3. 11) and (3. 12) with ljn(x, A) instead of bjn(x, A).

Since in the proof of our theorem we are always dealing with a large
but fixed n, for simplifying the notation we omit n from the indices. Hence for

INXISX2> eee>x N —1,

a>()=g(x-x)) L<n=z X
we have to prove that
X)2
14 ,
(3.14) R EF(X#-(]x—xj\’ K, 2fe W
= max 2"\x—XJ\IJ(xf LIJ— (log n—c, log log n).

CIArSF
4. We shall need two lemmas.
Lemma 1 Iffor a O<b<~ and 0<”,<1 and a rational polynomial
J(x) of degree n the inequalities
\JOOVWM for —I~A XN + 1
J{x)\*"ibM for —b~"x"+ Db
hold, then for 0<% <”- and
a—mR b rx"*(\—aqjb
the inequality

dj -
dx M @#bjrhn - ps

holds.

15 Acta Vlathematica XII/1—2
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For the proof of this lemma we may suppose M =\, and consider the
pure cosine polynomial

4.1 [(cos *)=1, (S).
We apply the well-known interpolation formula of M Riesz9 which gives

tt 2 éi v ¥ cost,
where
—2)ar
A= (2y2n)
Since our hypothesis amounts to
[la(#) M1 for
Ux(™>)1=srr for arccoshz=.7g —arccosh,

we get for
arc cos(l —ijd" = 5= a —arc cos(l—
the estimation

4.2 dh  _ V. 1
( ) dg 2 /2 arc cosS”J+Sjia:- 1— COS i9v
4 0 L Ly, 1
2n arc cos cosb 1— cos //; 210 A l_—C(fgj

where the last summation is extended to the 9/s not contained in the pre-
vious two. Since

1Y 1
2n & 1—c0s9, ~ n’
we get
iL 1
dg " Wt 1—cos (arc cos(| —7]b—arc cos b) ™" f
1
[-O -r™02—|/[T™-(i—nb2-][1=¥ ~
{1—(1--"26F+ fl—(1-—7[I262f 1--62
ST L1128 L - 23 (-6
2 123
<an (1—Va)2—2a1—TP) in+ "4 fpe

9 M Riesz [9].



AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION 227

Hence for —(1—/M»e= x= (1—1jJb

dJ(X) d\]A») 1 < | L > ] ) N l
dx dg-  |/1—x2 + rfbA o< T?-(1+ &n

indeed.

Vib2

Lemma Il. Let JZAx) be a rational polynomial of degree ~ m which as-
sumes its absolute maximum v with respect to [—1, +1] at je= |. Then there

is an interval 1 in [—1, +1] of length A~ such that one of its endpoints
is §and in which the inequality

LMHl = 2 «
holds.
We choose, namely, as | that one among the intervals
1 1
11+ S >t /1

which lies in [—1, +1]. We may suppose the first. Then using Markov’s
classical theoremmowe get in /

LMHI= m + A(ydt A\ \- ) = A -
indeed.

5. We shall employ the following notations. Let
5.1 max |ro(;c)j,

and this should be attained here for x = Z say. We shall consider the intervals

. 1 1 1
(5.2) d.: log« Vald log2« log« log«
and

1 - l
(-3) O g+ idym) U Tofk
1 1 1
log« V. logZ¢; | log8

for
(5.4) *= 0, 1,..., [log2«]"#.

See Markov [8].

15*
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We shall use +1—dv and dv (the complementary of dv with respect to
[—1, +1]) in the usual sense. We shall denote by one of the values x
in dv with

(5.5) lo(8,.) I= max jw(x) | def Mr.

The intervals dv are for n>cKin [—1, + 1] and thus

(5.6)
6. The proof of our Theorem | is split into three cases.
Case I. There is an index 217k {tkn and a —17£* = + 1 such that

(6.1 max \h-0(x)\ = \ho(¥ )\~ n s.
Applying Lemma Il to hQ(x) we obtain the existence of an interval / in

[—1, + 1] of length > 2r such that in/ the inequality

(6.2) \kn(X)\= ~2 IT

holds. We choose in 1a £* as follows. If xk, is not in /, then let £ be
the middle-point of /, say; then
I

If is in /, then £* can be chosen in | so that (6.3) holds again. Then
we have
max V jdk(x) w JENO>(M)Is (N 1=
Sl=>=+1 3=1 J=1
11 ,_2logn
E XM 2y a4 TEn

for n >c7 Hence in this case our theorem is proved and we may suppose
in the sequel the inequality

(6.4) max |t(X)| < /=3

for k=\,2,. . n. This last inequality will be used only in the form that it
impliesm upon the x/s that writing them in the form
Xj= cos j=12,...,n)

1 See Erdss [3]. His proof is an improvement of that contained in Erdés—T aran
[4], esp. p. 548—552.
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the 9js are uniformly distributed in the sense that for o*a<R<n
R-a
(6.5) X L N <cslog2n.

7. Case Il. With the notation of 5 we suppose the inequality
M

(7.1) M. log2«
holds.
We apply Lemma | with
9= m, b=\
1 1
A log2r”’ log’fr’

the assumption (7. 1) assures the applicability of this lemma. This gives for
x"d'o the estimation
' AN 1 _ 2«
jco' Wi 1+ log“7 ) log« 4 log8« <M log2«
roughly, for n>c9. Hence we obtain

" " _— M1
deigefed T LT B 2 xeecy  en

Applying (6.5), the last sum is (roughly) for n>co

1 «
4 log«’
I e
n logk 2 log «

- %| Jé]! few 1 = 32« T «

for n>cn. Hence also in this case our theorem is proved and in the sequel
we may suppose (Case llI)

a) the uniformly dense distribution in (e.5),
b) the inequality

M
(7.2) MOLLI g

8. Case Ill (and the last). First we assert that there is an index vOwith
o” iol[log2«]= R and

(8. 1) - = Ai- (, + tobr)-
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For if not, then we should have for all these v’s

Ai,t1>M,,(1+ -~ 7)>
i. e. from (5.6), (7.2) for «>cp by multiplying we get

MLIJMB>M09 + T&g_«9 > MO]fn>|-d]g’:22(M >2M

which is false. Hence (8. 1) is true. With this vO we have, with the nota-
tions of 5,

(8.2)

U

18 g L
= Sit+ S2+ S3*51-(-52

=4S+ z,- + Zj
‘j&r* M &0 r-exon
To obtain a lower bound for Si we use Lemma 1 with «>c¢,3and

il M 2 g

YRR v
- Iog«(*1 1 log2«) [ R)

This gives for Xj£d\aowing to (7. 2) and (5. e) for «>cu

/
1
S

Iozgsz«; I\|<I/| «t 4log*c <
25 ) Mi, M-, )
<M |OgZ«% M A |( M log2« |4 logs«[ =
v ' 30
M, 1+ log2« «+ 4logle <MJ1 1+ log2« 1™
and hence
@3 > " > Zs ..
*1 Sy i

In order to obtain a lower bound for S2 we apply again Lemma | with

M 1
h W > 1 log3« ’

n+l i
1+

log« ooz " log«



AN EXTREMAL PROBLEM IN THE THEORY OF INTERPOLATION 231

This gives for xi£dr,H, as before,

n,
i. e by using (8. 1)
Mz
>
> M i i & 1
M2y Wer -y i
log«
S i 1 V. 1
30 X n2
V ™ log2nd
This and (8.3) give together for n>cb
v\ (-S.>
&9 NS 5 j&ini foro. i\
log

9. Now we use the full force of the uniform distribution in (6.5). To
do so we write first
ST, C0OS ©vo0

and have
L » cos ©r . :
log « v1* " log g log« v log2«) ’
1€
_ © . 1 1
.1 27— 0 < arcsin log « v logxJ )’

we remark further that the x/s in (8.4) are exactly the &/s with

roH (

Y a -\ 1 def
©.2) 2 £ arcsin [log« v logx) T logx &

Since
1 1 1
71U X1 Icos &r,,— cos S+l Ion—¢&jl”’
we have in the remaining Case Il

.9 ymasx eV b
-I’q;@i)-f-l-ljz—l log2«; «2i«? f
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Since fro#i (9. 1) we have

I V'o+l 1

-arc sin logn 11+ log2P; logi/?!\

- ¥ - H 1
-arcsin | log n g |053,_; = arcsin log n [1"F log2? * 2log2rd)

—arc sin 1 1

logn 1" log2/? (’? log/? I,f*l‘logﬂ?) 2 log2? >>2'“10g3n1 Y

the range of summation in (9.3) is not increased by replacing the original
one by

2log3?’
Denoting the arcs
©,,,-(*+ 1) Ov - X log5”? x=0, 1,.. 2 Iog8/7
and
_ 3 P
Uso1.. , log8?
by Ux and 14, respectively, (6.5) results
S 1 logs? s+ \ £ - 1>
1 1 n 1 nca
> logs? () (sr P9PTRIOL L al g
and similarly for
\Y 1

*j€U>: ® r0— &4
Hence from (9. 3) in Case Il

Ag@s ) 2 1 IW ) F> (13670 T - liogedy, - s 1

1log8»J

2 logn log log n
> 2 00 w9

for /?7>cl7. Q. e. d
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10. As told we shall sketch the proof of
Theorenm Il. For n>cw we have

2
wax T I,(x)j>—logn—cBlog log n.

P roof. W ithout loss of genera lity we may suppose the inequality

(20.2) IV,.(*)I1MNOg 7
for —I"x " + 1and v— 1, 2,..., n, from which the equidistribution (6.5)
follows at once. So we shall have only two cases (keeping the previous
notations).
Case 1.
(10.2) M<  TTM.
We apply Lemma | with
= w), b,
og N
1 1
20 log=n

again (10. 2) assures the applicability of this lemma. This gives for x £do as
in 7 for n>cd

Koyt M0
and
M A 1 log?n xp - 5
max X M x)\=2 X [ I .th >5 R 2F,)/. 1> x log”
1v=1 vl £ zZjtdo wo VLI n ((Je((] 4

using (s.5) roughly.
Case //. We may suppose

M
(10.3) MO\ 20 log2 '
Again we have for n>cn an index  with and
(10.4) Mri+H”AM VI[i + iog-);

for if not, we should have
M>Mrva>M M som

20 log2s
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which is false. Again

e
max J_I:,1 1/,-( )IISJ_= 1 XJ& g 6;9(;\1+ -||"| «,
To obtain a lower bound for Si we use Lemma | for n>cz= with
Mr | } 1
-y 2 log3?”’
1 1 VY 1
1 >
log n log2n log nJ'
This gives for Xi £ using also (10.3), for «>c=
- 25 \ MV _
K(x,)|=iAi}(14 log2<; M n+ 4logd& <
25 ) MWy, R 30
<M 1 log2<j M «+ f A ~-20 log 14 log8«[ <M,., log2«

The further part of the proof runs exactly after the pattern of Theorem I and
can be dropped.

(Received 19 April 1960)
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PROBLEMS AND RESULTS ON THE THEORY
OF INTERPOLATION. i

By
P. ERDOS (Budapest), corresponding member of the Academy

Let —17 X< x2< oo <x,™ 1 be n arbitrary points in the interval

(—1 + 1. on(x)= _I;Jl(x—xn, Ik(x)==wn()I(On(Xk)(x— xK). It is well known

that the sum EF\Ilk(x)\ plays a decisive role in the convergence and diverg-

ence properties of the Lagrange interpolation polynomials. Faber [1] proved
n

that max ~\L(x)\ tends to infinity with n, in fact he proved that
A=1

(1) max A} (x)|> Tologz

Later Fejér [2] obtained a very simple proof for (1). The problem of de-
n

termining the n points for which max S "\Ik(x)\ is minimal is unsolved up

fe==l

to the present. Bernstein [3] asserts that for every s>0, if n>nQ,

n 2
@) max JEMK(x)\>(1 —e)— log n.

Bernstein in his important paper proved (2) in full detail for trigonometric
interpolation. He states that (2) for interpolation in (—1, +1) is a simple
consequence of this result. 1 was not able to reconstruct the proof. However,
we proved with Taran [4] that (2) is true, even if the right side is replaced

by iIog«—c log log n1; here and throughout this paper c, clt c2, ... will denote

positive absolute constants.
The main task of the present paper is the proof of the following

Theorem 1 Let — 17 XX<X2< eee < X, 1. Then

2
max * I| 4(n)|> —log« —c,.
Jr=
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This result can not be improved very much, since it is known that for
the roots of the nth Chebyshev polynomial T,,(x)
n 2
max ¢ IM*)] <q logn+c2

In fact, it is known and can be shown by a simple calculation that if
N<Yr<... <yn are the roots of Tn(x), then

2
—logn—c2< max " |/ AX <—Io /1?7 + c2.
71 g Yr<x<YM*= lE()l al 9

x (1)
Let (2)}(0(2) be a triangular matrix called point group in the theory of

interpolation, — 1" Xi’)< X20 < see < X(§= 1. Bernstein [3] proved that there
exists an x0 (—1<x0< 1) so that

I|m’\ |/&(xo)|
More precisely, he proved that for every fixed —” a<b " 1

3) max "|4(x)|>Ll, —|Ilogn

a<x<b k—1

for n> n0(g, a, b). | think that in (3) 1 can be replaced by 3, but | have

not been able to prove this.
In my paper [5] | stated that 1 can prove that there exists an xo so
that for infinitely many n

(@) 1IIk(xo)I>J~I logn c

@ is quite possibly true, but unfortunately 1am very far from being
able to prove it.
To prove our Theorem we first need some lemmas.

Lemma 1. Let coso;= y; (Isi/~n) be the roots of the nth Chebyshev
polynomial Tn(x). Then for every -liis ;! and t>c3

22

X gy) > — logn—clog t,

where 1, denotes that the summation is extended only over those y ’s for which
\6 —6i\ >trr/n, cos6 = x.
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The proof of Lemma 1 is by simple computation and is left to the reader,

cos #0= xowill denote the point in (—a, + 1) where [<0,,(X)| assumes
its absolute maximum. U will denote the intersection with (o, 1) of an interval
of length tnjn, one endpoint of which is 90, U will be the interval in
(—1, + 1) obtained from It by the mapping cos,9-= x. There are two inter-
vals It, one to the right, the other to the left of xO.

Lenna 1. Assume that there exists a t > c®so that for every t' t every

interval If contains more than f Xi5. Then
(log02)

a -X?)2
X0—

n 2. >ﬂ—|og n—cslogt.

The term |(1—I 2)21 is really understood to mean max|j(I—X[)2 ““ j,

to save space 1 will always replace this by |(2—xf)2|.
Let yi be such that there are Kk y’s in the interval (xoy,), and let X-

be such that there are k x’s in (X0, Xr). Clearly Q—d0= — and by
our condition on the x’s

KA ceK q ts KA C7K A
(%) n + n(log0" n < n “n(\ogk)2

for k> f. From (5) we obtain by a simple trigonometrical calculation for

k> f
1 1

6 a -y i ) 2 c8
©) xo—N Yo—vi W W'
Lemma 2 immediately follows from (s) and Lemma 1

Lemma 3. Assume that the x s and I have the same properties as in
Lemma 2 and the further property that for some f> t there is an If which
contains more than t'3.... Then if t>cs,

I
1 (1] (l Jg2).|2~—
2= I"Ig_l > —log n.

X 0— Xt

Let f be the greatest f for which an interval L* contains fs x’s. Write

i i*

where in X |#o—~1 /N ——-- and in Xt* ¥ —"o|>-—— .
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As in the proof of Lemma 2 we can show that

(7 Z,*> - log« —cjogt™*.
A simple trigonometrical computation shows that for the x’s in X
here |[#i—S)j" T and by our remark |(2—x%)2]7 2

1
94T

@a-xi) s
Xu— Xi r- m
Thus, since there are at least t*s summands in X, we have
8) X >cf.
(7) and (8) imply Lemma 3 for sufficiently large t>c3.
Lemma 4. Let cos/,= xn be any point in (—1, +1). There exists a
polynomial Fr(x) of degree r for which F,(z0)- 1 and

cos jf,-j-sh- < n
if “isin (°>T)
Lemma 4 is well known [s].

Lemma 5. Let gm(x) be any polynomial of degree m, assume that it
assumes its absolute maximum in (—1, + 1) at cosl(= z,. Then if cosHd= rf
is any root of gm(x), we have

2m
equality only holds if g,,,(x) T,,(X.

This is a theorem of M. Riesz [7].
Lemma 6. Assume that the x s are such that there is a t >c\2so that

at least one of the intervals It contains fewer than 111— * AXs, and

that for t’LUt the intervals If contain not more than t"* x,’s. Then
max max \h(x)\ >t

xkC\2L, X in Jt

where by J, (JtczL) we denote the interval

ter ' cos SOT" t.4 tn

3t cos S, «(log ty n «(log tye | -
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Lemma 6 is very far from being best-possible, the conditions could be
weakened and the conclusions strengthened, but it will suffice for our pur-
pose in its present form. The proof of Lemma & is the most difficult part
of the paper [8]

Let %(X) be a polynomial whose roots in It coincide with those of

= [1(* —X) and outside of Jt they coincide with the roots of the

ni'‘b Chebyshev polynomial Tm(x),m = n
the degree of g(x) is less than

Y By our assumptions
(logHa '

(9) (ogtf " <m

for t>cn (i.e. the degree of gm(x) equals the number of x; in It plus m
minus the number of roots of Tm(x) in Jt).

From Lemma 5 and (9) it follows that g(x) must assume its absolute
maximum for (—z1, + 1) in Jt at the point cosZo= 2,, say.

Denote by /I (/= 1,2,...) the intersection with (—z1, + 1) of the
intervals

(10) ) 0B | gon- 272811, , COS K#

and

cosvo— (221)/n]] , COS g (2.12Y)

We now apply Lemma 4 with r n(Iotg ) Since cosL m,, is in
Jt and the distance of the endpoints of Jt from the endpoints of It (in &) is
n(log tf > We ol3ta'n “yom Lemma 4 by a simple computation that for the
X’s in /t0
(n) \Fr(x)\<z
for sufficiently large t (i.e. the s in Lemma 4 is for /=1 not less than log/

[rois in Jt] and for />1 it is not less than 2,-1log/).
Consider now

(12) G ()= Ag(x) (F, (x))W" ]
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where A is chosen so that O(rQ = 1 The degree of G(x) is not greater than

n t  n(logty -l
(logty ' (log t)s t
Thus by the Lagrange interpolation formula (taken on xu X2 ...,Xx,,)we
have by (12)

(13) | = GW:IJ':(]E(X,)/,(4
For the Xis in /1 G(x,)= 0. Thus we can write (13) as
(14) I:ZC;GW "(a)
where in the summation is extended over the xis in It. The summa-

tion in (14) clearly has to be extended only over a finite number of /’s.
Since |9'(Z2,)]  lg(x)| for —ai a~ Il and /7z(rg=1, we obtain from
(11) and (12) that
f 1 N 10g<)8]

(15) IG(x,)| < 1°1 for the x/s in /).

Assume now that our Lemma is false. Then for all i U
(16) I/,(20)] * t.

Further by the assumptions of our Lemma the number of the x,’s in
It0 is not greater than 23+af (since if’ is contained in the union of the two
intervals I14t). Thus, finally, we obtain from (14), (15) and (16) that

[04] f 1 I[«/(log el
a7) 1<tdf£ 23H][
The terms of the series (17) drop faster than a geometric series of
quotient thus (17) implies
j .[«/(logfpj
21

which is clearly false for f>c]2 This contradiction proves the Lemma.

Now we are ready to prove our Theorem. In fact, we shall show that
if x0is the place in (—a, + 1) where m,(x) assumes its absolute maximum,
then
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for sufficiently large ci. We can clearly assume <n(Xo)= | (replacing od,(x)
by ccu,,(x)), and thus by the classical theorem of Bernstein
(19) jad,(x®) "~ min n.
1 X
Thus from (19) .
(—
(20) ke 1 Mk=1 Xo—X
Let the constant o2 be sufficiently large. If for every t>cz every I,
contains more than f(l— 2/1x’s, then our Theorem follows from (20)
ogt)

and Lemma 2. Assume next that there exists a t>c 2 for which K contains

not more than f| 1— 1x’, and let tO be the largest such t. Assume

(log t)\
first that there exists a f LUtO for which contains more than fax’s, then
our Theorem follows from (20) and Lemma 3. If no such f exists, consider

the largest interval /fi which contains not more than /0\(/I —at@"ﬁjj] x,/s. By
Lemma 6 there is an x, not in It,so that for a certain zO in Jt,

(21) |/;(zo)| > to.
Now since Z4) is in J,s (cos/o= Zu, cos Y= Xo, ABN;= X, X ¢ Ip),
(22) \&Ii—#0 (log Azgr —AfF
Thus from (22) by a simple computation
(23) X-—xol< (log to)e: Xi—2ol.
From (23), (21) and ji»n(X0)| 1 [a>,(20)] we have
- to
(24) OO 00 ot
From Lemma 2 we have
1
(25) I 0—xi) -==log l—Cslog to
|15 xo—xt T
where the dash indicates that k—i is omitted. (25) holds, since a simple
computation shows from Lemma 5 that
1
(:-Q
VAARVEERS Cld.

16 Acta Mathematica Xl 12
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Thus, finally, from (20), (24) and (25) we have

(26)

if t is sufficiently large (t > c¢13 say). Thus the proof of Theorem 1 is complete.

It would have been possible to organize the proof differently, since it
can be shown that h can never contain more than t3x-’s. In fact, we have
the following

fl
Theorem 2. Let ain(x) = |_|(X—Xi) (we do not assume that the x/s are

in (—1, +1)). Assume that <n(x) assumes its absolute maximum in (—1, + 1)
at cos ,%=Xn. Then every interval L contains at most Cut of the x/s.

We do not give the proof of Theorem 2. The best value of 1 is not
known. Perhaps cia= 2.
The problem of determining the points — 1/ Xi < ese < xn” 1 for which

S>> X)j dx
o (x)]
1
is @ minimum is unsolved, and so far as | know has not yet been considered.
1 believe that to every a> o there exists an n0 so that for n >n(

+ +1
@7)
-1 1
Tn(x)

where Lk(x) Th(yK) (x—yK) are the fundamental functions of the Lagrange

interpolation taken at the roots yi, Y2, mmm yn of the nth Chebyshev polynomial.
1 have not been able to prove (27), but | can prove the following weaker

Theorem 3. There exists a constant ¢ so that for every —li*x, <
< X2< me<X, I 1 We have

+1

(28) F ﬁ:\lt k(x)\dx>cl5\ogn.
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In fad, to every s there exists a 8 so that the number of indices X”"kxs n,
for which "

6 logn
(29) I/~0010dX g

+1

is less than sn, and the number of k%, for which J\h,(x) dx >== s less
than Cn T-OQT-
We do not give the proof of Theorem 3, it can be obtained by using
the methods of my paper [5].
As far as | know the problem of determining the sequence —IS=Xi<
<x2< eee< xn”™ 1 for which
+1

(30) _1\Ak:|||{x)dx

is minimal has not been considered. It is possible that the integral (30) is
minimal if the x/s are the roots of the integral of the Legendre polynomial.
Fejér [9] proved that these are the only points for which

1II(x) <1l for —1" xwl
K=

Theorem 4. To every e there exists an n0so that for every n>n, the
integral (30) is greater than 2—s.

We only outline the idea of the proof. If the projections of the points

Xi,X., ..., xnon the unit circle are not asymptotically uniformly distributed,
then there exists a kK so that [10]
(31) max [*(G9| > (1 +d)B

- 1= x=81

and from (31) by Markov’s theorem

J 1o dx =" >
-1
for n>n0. Thus we can assume that the projections of the xk’s on the unit

circle are asymptotically uniformly distributed. In this case we obtain our

Theorem by showing that
A +1

(32) J| j2.1ix) dx > (1_53L Lk dx

16+
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where Lk(x) = PNX)---= (p,,(x)=T1 —2*}) is the n'h Legendre poly-
(X — \. k=1
nomial. The proof of (32) follows easily from the fact that
+1 +1

I LI(x)dx ~ J fn~i(x) dx
1 a1

where /,_i(x) is any polynomial of degree »~ n—1 for which /,_i(2s)= 1,
and by a simple computation. We suppress the details.

(Received 7 July 1960)
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ON A PROBLEM OF BAER AND
A PROBLEM OF WHITEHEAD IN ABELIAN GROUPS

Bv
J. ROTMAN (Urbana, lllinois, USA)
(Presented by L. Reédei)

1. Introduction

The first problem of the title, proposed by & ... «; in ..:6. asks for
a characterization of those groups F such that Ext (F, T)= 0 for all torsion
groups T. (Call such groups B-groups.) The second, proposed by J. H. C.
wniteneaa IN 1es2. aSks for a characterization of those groups F suchthat
Ext (F, Z) = 0, where Z is the integers. (Call such groups W-groups.)1
Both of these problems have been partially solved: ... ., proved that any
countable R-group is free; K <.... [6]2proved that any countable VE-group
is free. (We shall give simple homological algebraic proofs of these theorems.
The notation and terminology is that of s;, Since subgroups of B-groups
(VE-groups) are again B-groups (VE-groups), these groups are Xi-free. The
simplest example of an Xi-free group which is not free is I, the direct
product of countably many copies of Z. Only recently, s ... 1. s ecao- a1,
and s...... s; independently gave proofs that I is not a B-group. In this
paper we generalize their result by showing that separable R-groups are
slender. Further, we show that any W-group is slender and separable. In addi-
tion, if all B-groups are separable, then any BR-group is a VE-group. In the
last section we show that certain subgroups of I are not VE-groups.

2. Homological algebra

Let R be a commutative ring with unit. A sequence of /?-modules and
F-homomorphisms-----*-4,—»A, - H —pA +o—psee s exact in case the image of
any homomorphism equals the kernel of the next one. In particular, 0 —=A-L-3
exact implies / is a monomorphism, and R--C--> o exact implies g is an
epimorphism. An extension of C by A is an exact sequence 0—»A —» —mC-> 0.
Thus A may be identified with a submodule of B, and B/A" C. An equiva-

1 This problem is of homological interest. It asks whether Z is a universal test
group for freedom. The dual question — Is there a universal test group for divisibility? —
is an easy exercise; Q/Z is such a group, where Q is the rationale.

2 1am indebted to R Swan for this reference.
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lence relation is imposed on extensions of C by A, and one may add two
equivalence classes by the “Baer sum.” Under this operation, the classes of
extensions of C by A form an /?-module, which is denoted BExt/- (C, A) or
simply Ext(C, A). The zero element of this module is the class of the split
sequence: 0 —=-A—A®C—»-C—0. Ext (C, A) = 0 if and only if every extension
of C by A is split. If R Z,F is a free group ifand only if Ext(F, A)= 0
for any group A; D is a divisible group if and only if Ext (C, D)= 0 for
any group C.

There is another /?-module which can be assigned to a pair of /?-modules
C and A: Horms (C, A), the F-homomorphisms of C into A. Any homomor-
phism /: A—#B induces a homomorphism /*: Hot (C, A)—Hort (C, B) by
f*(g)=fgm Also / induces a homomorphism ft: Hot (B, C)—*Hot (A, C)
(note the change in direction) by ft (h)—hf. In particular, if f: A—A is
multiplication by r”R, i. e, f(a) = ra, then the induced maps /* and ft
are also multiplication by r. What we have just said remains true if we replace
“Horn” by “Ext” with the exception, of course, that the induced homomor-
phisms /* and /dare defined differently.

Of great importance are the two induced exact sequences. Suppose
0->A B—=C—0is exact, and Af is a fixed module. Then the following
sequences are exact:

%4 o - >Horn (Af, A) —Horn (Af, B) —=Horn (Af, C)->
— Ext (Af, A) — Ext (Af, B) - »EXxt (Af, C);

o->Hot (C, M) —2HoT (B, A)—=*HoT (J1, M) —a
Ext (C, Af) — Ext (B, Af)— Ext (1, Af).
(A connecting homomorphism to pass from the last Horn to the first Ext can
be defined.) If R is a principal ideal domain, one can insert “->-0” at the
end of (*) and (**).
We shall also need the following two formulas:
Ext (ZAa,B) x // Ext (Aa, B) and Ext (A, UBR) ~ It Ext (A, BR).

In particular, Ext commutes with finite direct sums in either variable.
It is assumed the reader is familiar with the requisite abelian group
theory.

3. New proofs of known results

We adopt the following notation: Q= the rationals; C(n) = the cyclic
group of order n; C(pa@ = the torsion divisible group of type pw; 2'G,=
the direct sum of groups Or, 11G, = the direct product of the Gr, /*=

= the /zadic integers. If X £ G, [X] is the cyclic subgroup generated by x.
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When the meaning is clear from the context, we shall abbreviate ZGi by Z,
UGi by 77.

t.nn. 0. Every subgroup of a B-group (W-group) is a B-group
(W-group). Every B-group (W-group) is torsion-free.

»...r. Let A be a subgroup of the HA-group F. Then exactness of
0->H—yF induces exactness of Ext (F, T) —Ext (4, T)—=0 for any torsion T.
Since Ext (F, 7) = 0, Ext (4, 7) = 0. (A similar argument works for W-groups,
where T is replaced by Z.)

Suppose E is a A-group. If F is not torsion-free, it has a cyclic sub-
group C(n), which is also a A-group. But 0-> C(ri)—=C(n2—=*C(n) =0 is
a non-split sequence showing Ext (C(n), C(n))f=0, a contradiction.

Suppose A is a W-group. If F is not torsion-free, it has a cyclic sub-
group C(ri), which is also a W-group. But 0—m Z —=C(n)—0 is exact,
where / is multiplication by n, and does not split. Therefore Ext(C(n), 2)=f=0,
a contradiction.

tenna L EXX(C(P”), ’i\:%(p')) IS uncountable.

o0 EXxactness of 0—>2"C(p) —»7/C (/?*)—<U/Z —»0 induces exact-
ness of 0 —»Horn (Cip*“), 11(Z) —»EXt ((/(/?”), 2). But C(pa& is a summand
of 11/Z so that Horn (C(pm), C(p®)) is a summand of HoTt (C(p™"), M/Z).
Since Horn (C(pm), C(/>t0)x /", it is uncountable.

cenna 2 |If L is torsion-free of rank ., L not cyclic, then there exists
a countable torsion group T (depending on L) such that Ext (4, T) is uncountable.

» ...« Case 1 There exists an infinite set of primes P such that L
contains an element x divisible by each p $P. Let Z = [x]. Then L/Z=

= Pg/pA Ap a non-zero /»-primary group. Exactness of 0 —»Z —%L—1 :Z —a0

induces exactness of T—Ext (L/Z, T)—»Ext (L, T)—=*0, where T— Zﬁ.C(p).
Since T is countable, it suffices to prove Ext(L/Z, T) is uncountable. But

Ext (L/Z, T) = Ext(ZAV, T) ~ Il Ext(Ap, T) which is uncountable since each
Ext(AP, T)=f=0\ (see proof of Lemma O0).

Case 2. L contains an element x of infinite /»-height. If Z=[x], C(pw)
is a summand of L/Z. Let T— ~"C(p"'). Exactness of 0 —=#Z —>L—»L/Z —0

induces exactness of T—mExt(L/Z, T)Ext (L, T)-+0. Thus it suffices to
show Ext(L/Z, 7) or its summand Ext ((/(/?*), 7) is uncountable. This has
been done in Lemma 1
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If L does not satisfy Case 1 its characteristic has only finitely many
non-zero entries; if L does not satisfy Case 2, its characteristic has no °°’s
as entries. Thus, if L satisfies neither case, L is cyclic.

Theorem 1 A countable B-group F is free.

Proof. We first assume F has finite rank n; we perform an induction
on n Ifn= 1, Lemma 2 gives the desired result. For the general case, let
0->-//->F—*-/.—»{) be exact, where L is torsion-free of rank 1 W is free,
since its rank is n—1 We must show L is cyclic to complete the argument.
If L is not cyclic, there exists a countable group T with Ext (L, T) uncount-
able. We have exactness of Horn (H, T)—»Ext (L, T) -> Ext (F, T)= 0. Since
H is free of finite rank, Horn (H, T)x2T. But now we have a countable
group with an uncountable quotient, a contradiction. Hence L is cyclic.
Pontrjagin’s Lemma extends the theorem to arbitrary countable F-groups.

Remark. For this result, it is only necessary that Ext (F, T) 0 where

7 "oV C(pO.
Lemma 3. A W-group F of rank 1 is cyclic.

Proof. Suppose F is not cyclic. Exactness of 0 —-Z->F—»-F/[Z—0
induces exactness of Horn (F, Z )—Horn (Z, Z)-*Ext (F/Z, Z)—=Z*Ext (F, Z) = 0.
Since F is not cyclic, Horn (F, Z)= 0, and Zx Ext (FfZ, Z). Since Z is
indecomposable, F/Z is p-primary; since F is not cyclic, F/Z" C(pa@. But
if gf=p is a prime, Ext(C(p°°), Z) is "-divisible, since multiplication by q
is an automorphism of C(pa) which induces a similar automorphism of
Ext (C(pn), Z). This contradiction completes the proof.

Theorem 2. A countable W-group F is free.

Proof. By Pontrjagin’s Lemma, we may assume F has finite rank n;
we perform an induction on n. If n—\, we use Lemma 3. Suppose
0—//—F —L —0 is exact, L torsion-free of rank 1 By induction, H is free.
This sequence induces exactness of Horn (H, Z) —»Ext (L, Z) —Ext (F, Z) = 0.
Hence Ext (L, Z) is finitely generated. But since L is torsion-free, Ext(L, Z)
is divisible ([3], p. 135). Therefore Ext(L, Z)= 0 and so L is cyclic, by
Lemma 3. Hence F is free.

4. New properties of F-groups and VF-groups

At this point, an economy of ideas is required. Both the Baer and
W hitehead problems are particular cases of a more general problem. Let §
be a class of abelian groups; find all groups F such that Ext(F, S)= 0 for
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all 5 in s. Call such a group an &>group. In Baer’s problem, $ is the class
of all torsion groups; in Whitehead’s problem, § has the unique element Z.
Observe that the problem may be further generalized by replacing groups by
modules. If G is a group, |G| shall denote its cardinality.

Lemma 4. (The Density Lemma.) Let F be a torsion-free group, H a
pure subgroup such that F/H is divisible. Suppose there is a countable S in
$ such that Ext (Q, S)=f=0. Then if 2IHK2TI, F is not an 8>group.

Proof. Since 2|ak 2™, |//|<|F|, so that F/H » ’I>IQ. Now exactness of

0->-H-+F—=*F/H—0 induces exactness of Hom(H,S)-+Ext(F/H,S)—

—»EXt (F, S). Since 5 is countable, |Hom (H, S)| No*= 2|H. On the other
hand, Ext(F/H, S)~ Ext(zillQ, 5)« /r/nE xt (Q,5). Since Ext(Q,S)f=0,

IExt (F/H, 51~ 2|51 Thus 6 cannot be an epimorphism and so Ext (F, S) @ 0.
Thus F is not an S-group.

We make two remarks here. Suppose we were considering the more
general problem of determining S-modules, where module means A-module,
R a principal ideal domain. Lemma 4 is still true if we replace Q by the
quotient field of R, and if we further assume this quotient field is countable.
In particular, the lemma is true if /?= /,,, the p-adic rationale.

Let us return to groups. A group F is Hausdorff in case

n

If F is Hausdorff, the subgroups n\F define a metric topology on F, the
n-adic topology, which makes F a topological group. A pure subgroup H of
F is a subspace (i. e., the n-adic topology on H is the same topology as
that induced on H in virtue of its being contained in F). Also a subgroup
H is dense in F if and only if F/H is divisible. Thus we may paraphrase
Lemma 4 in saying that if F is an S-group, no subgroup of smaller cardi-
nality can be dense in F.s But even more is true. Since any subgroup of an
S-group is again an J>-group, we know that the closure H of a subgroup H
has the same cardinality as #.4

Definition. Let Z, be an infinite cyclic group with generatoret(/= 1,2,...),
and let n=11Z1i. A group /* is slender in case f(e/) —O0 for almost all /, /
any homomorphism from I to F.

Los [5] has shown that any free group is slender. Since 11 is Hausdorf,
we consider it topologized. Let 2 denote the subgroup 2Z-,, and let 2 be
the closure of 2 in //; 2 is a subgroup. | conjecture that slenderness is
really a reflection of the topological relation between 2 and 2; in all slen-

3 We assume j#j and |F| are such that \H\ < |F| and 2 < 2~L
J Unless |#| < |4| and 2|4| = 2 |H|.
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derness arguments one should replace I by 2. The following proof (essen-
tially due to Sasiada) illustrates this conjecture.

Lemma 5. 2 has no direct summand isomorphic to 2.

Proof. Suppose 2 = A(BB, where Ax 2; let /: 21-A be the projec-
tion. Suppose /(2) has infinite rank in A. We may assume f(e,)f=0 for all i.
Since A is reduced and torsion-free, there exists a sequence of positive inte-
gers nn such that /(/??,'e) $ mi+l!A. Set X = all x £Tl such that (x,)=
= o or 1y /72! ((x);= the ith co-ordinate of x); set Y = all xE // such that
(X);= 0 or mj. Note that Y ¢ X c | Further, if x,y£Y, then x—y£X.
Suppose xf= o, x(XT1 ker/; let the first non-zero co-ordinate of x be the
7th. Then 0 =/(x) f(m,le) +/({0,..., 0, + mitl'eJH,...}), so that /(/n,le,)E
£miH\A, a contradiction. Now Y is uncountable while A is countable.
Hence there exist x and y £, x=f=y, such that /(x) = f(y). Thus /(x—y)= 0
contradicting XI' ker /= 0. We must conclude thatf(2) has finite rank in A.
But /(2) is dense inf(2) = A, so that A has finite rank, another contradiction.

Definition. A torsion-free group G is separable in case any pure sub-
group of finite rank is a direct summand of G.6

Lemma 6. Let $ be a class of groups containing a countable S such that
Ext (Q, S)=f0. Then a separable Xi-free $>group F is slender.

Proof. Suppose /: IT—F with f{e,)f=0 for infinitely many /; let H
be the pure subgroup generated by f(2). If H has finite rank, it is a direct
summand of F, by separability. Let n: F—»H be the projection. Then nf\
M —H has nf(ei)=j=0 for infinitely many /, contradicting the fact that H is
slender (H is free). Hence f(2) has infinite rank. Now f(2) is pure and dense
in f(2); also f(2) is an S-group, so that we may apply the density lemma.
Thus countability of /(27 implies countability of /(2). Since f(2)czf(2) and
F is Xi-free, /(2) is free of countable rank, i. e, f(2)x2. Butthen 2 has
a summand isomorphic to 2, a contradiction.

Theorem 3. A separable B-group is slender.

Proof. An immediate consequence of Theorem 1 and Lemma 6.

We now turn our attention to W-groups.

Lemma 7. Let F be a W-group with pure subgroup H of finite rank.
Then F/H is a W-group.

Proof. Exactness of 0—e¢/[—>F—F H-—0 induces exactness of
Horn (H, Z) —%Ext (F/H, Z) —»Ext (F, Z) = 0. Since H has finite rank, it is

8 This notion of separability is not the usual one, but the two notions coincide in
the case of homogeneous groups, and hence in the present problem.
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free. Hence Horn (H, Z) is free of finite rank, so that Ext {F[H, Z) is finitely
generated. Since FjH is torsion-free, Ext (F/H, Z) is divisible. Therefore
Ext (F/H, Z) = 0.

Corollary 1 Any W-group F is separable.

Proof. Let A be a pure subgroup of finite rank in F; H is free. Hence
Ext (F/H, H) »2 Ext (F/H, Z) = 0, by Lemma 7. Hence Ext(F/H,H) 0,
i. e, A is a direct summand of F.

Theorem 4. Any W-group is slender.

Theorem 5. Any W-group F can be imbedded as a pure subgroup in a
direct product of Z%.

Proof. By Corollary 1, for each x £F, there is a dx: F -*Z such that
dx(x) = h(x), where h(x) is the height of x. Define D: F-+X]]Z by D(y) =

= {<L(y)} D is a monomorphism, by our initial remark. D(F) is a pure sub-
group, since: (1) the height of an element in FIZ is the minimum of the heights
of its co-ordinates; (2) any homomorphism, e. g., ér, cannot lower heights.

We have observed that R-groups and IP-groups share many properties.
It is a plausible conjecture that these two classes of groups are identical.
The following two theorems shed some light on this conjecture:

Theorem 6. Suppose every B-group is separable. Then any B-group
F is a W-group.

Proof. Let H be a pure subgroup of F of finite rank. Since F is separable,
F/H is a B-group (being a summand of F). If (*) 0—H —»G—3F/H—*0 is
exact, then Ext (F/H, T) —»Ext (G, T)—»Ext (H, T) is exact for any torsion
group T. Hence G is a R-group. Since F/H is torsion-free, A is a pure
subgroup of G. Therefore A is a summand of G, because G is separable.
Thus the sequence (*) always splits, i. e, Ext (F/H, H) = 0. Since A is free
of finite rank, Ext (F/H,Z)= 0. But A~do A/A. Therefore Ext(F, Z) «
Ext (ApA/A, Z) aExt (A, Z)0 Ext (F/H, Z) — 0. Hence F is a VP-group.

1 cannot prove that every R-group is separable, but I can prove one
result in this direction.

Theorem 7. Let F be a B-group, H a pure subgroup of finite rank.
Then F/H is H,-free.

We first prove

Lemma 8. Let L be a torsion-free group offinite rank which is notfree.
Then there exists a countable torsion group T such that Ext (L, T) is uncountable.

(We remark that this lemma gives another proof of Theorem 1)
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Proof. Assume rank L= n. If n= 1, this is Lemma 2. Let 0 =M —
—»L —m /M —0 be exact, where M is pure of rank n—21 This induces
exactness of Horn (M, T)—*Ext (LJM, T) —»Ext (7., ') =*Ext (Af, T) —=*0, for
any torsion T. If Al is not free, choose a countable T, by induction, such that
Ext (M, T) is uncountable; then Ext (L, T) is uncountable. If M is free, then
LjM is not free, so that we can choose a countable torsion T so that
Ext (L/M,T) is uncountable. But Horn (M, T)«Z/T is countable so that
Ext (7., T) is uncountable.

We return to the proof of Theorem 7.

Exactness of 0 —H-—>F—=>F/H—0 induces exactness of Hot (H, T)-+

Ext (F/H, T) —=Ext (F, T)= 0, T any torsion group. Since Fl is free of
finite rank, Hot (H, T)»2 T. Hence |Ext (F/W, T)\s |T\. Let G be a sub-
group of F/H of finite rank. Exactness of 0 —G —a/H induces exactness
of Ext (F/H, T) —»Ext (G, T) —=0. By Lemma s, if G is not free, we can choose
a countable T such that Ext (G, T) is uncountable, contradicting the inequality
above. Hence G must be free. Pontrjagin’s Lemma completes the proof.

The following questions remain open: If F is a 7?-group, is F separable?
An easier question is: if F is a 7?-group, H a pure subgroup of finite rank,
is F/H a B-group? (An affirmative answer to this question would imply
Theorem 7.) Which pure subgroups of a product of copies of Z are slender?

5. Further investigations

We have seen that any VF-group can be imbedded as a pure subgroup
in a direct product of Z’. Thus one approach to solving Whitehead’s
problem is to eliminate all non-free subgroups (assuming that the conjec-
ture — all IF-groups are free — is correct). | propose the following plan
of attack. Let us find a family of subgroups {A} with two properties: 1 each
A; is not a IF-group; 2. if a subgroup S of adirect product of Z’s is not
free, then it contains a copy of some A:. Since any subgroup of a IF-group
is a IF-group, such a method could solve the problem.

Let us only look at Il and its subgroups, where77 is a direct product
of countably many Z’s. As candidates for the A{ | suggest the following
subgroups. G is of type n\ if it is isomorphic to (the divisible subgroup
of /7/Z), where 1. 1 YIj/E is the natural map. G is of type p" if it is
isomorphic to ara (the /»-divisible subgroup of M/S). The following question
remains open: If a pure subgroup S of 77 contains no subgroup of type n\
or of type pn is S free?

Lemma 9. The group G of type n\ is not a W-group.
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Proof. G is uncountable with pure dense subgroup 2. Since 2 is
countable, we apply the density lemma.

In order to show groups of type p" are not IP-groups, we must examine
/,-modules.

Lemma 10. For any group G, Extz (Ip® G, Ip) = Extlp(lp® G, /,,).

Proof. Observe that Hom*(/y® G, If)= Hom/(/,,® G, Ip). Exactness of
0-»/,-*P-»C(pw-+0 induces exactness of the rows of the commutative
diagram:

HornZ (IP<S=G lj)-*Uomz (Ip®G, Q)->Homz (Ip®G, C(pm) »Bxz (/P®G, IP*0,
i | |

HoT/p(/p® G, IB-*iomip(Ip<®G, Q)-+Homlp(Ip(g)G, C(p°°))->ExL, (/*0O,/,,)-»0.
Hence the cokernels are isomorphic.

Lemma 1L //EXt*(G, Z)" 0, then Extip(Ip® G,/,)= O.

Proof. We shall show that Extz(/P® G,/p= 0 and the result will
follow from Lemma 10. All Ext’s appearing in this proof shall be ExtZs.
Exactness of 0—»Z —»lp—»lp/Z —0 induces exactness of Ext (G, Z) —»

—<Ext (G. /,,)—=Ext (G, 1JZ). But 1JZx ¥Y,C(aa) which is divisible; hence

Ext (G, tp/Z) = 0. Since Ext(G,Z) is also 0, we have Ext(G,/,)= 0.
Exactness of 0 G *Ip® G—IRZ)® G—a0 (G is torsion-free) in-

duces exactness of Ext (JHZ® G, Ip) —<Ext (Ip® G, /,,) —»EXt (G, P — 0. Now

Ext (/,,/Z® G, Ip~Ext ( C(oa)® G, /p) Ext (C(<7l)® 0, /,,). Exactness of

o —#(— Q —C(pm—=oinduces exactness of 0 --Horn (C**“)® G, C(pw))—=*
—»EXxt (C(g®)® G, /,,)—Ext (C(*"O® G, Q)= o, since J<m®G is "-prim-
ary. Hence Ext(C(q@®G,/)==0, Ext(IZ<S>G,Ip)=0, and finally
Ext (Ip® G, Ip)= 0.

Corollary 2. If G is a W-group, Ip<g)G is a W-module (over the
ring Ip).

Lemma 12. A group G of type p" is not a W-group.

Proof. Otherwise /,®G would be a IP-module, and so would satisfy
the module version of the density lemma. But Ip<g>G is uncountable, while

Ip®2 is a pure dense submodule which is countable. This contradiction
completes the proof.

Note (added 15 October 1960). Ti Yen succeeded in solving a problem
raised at the end of 4.

Theorem. Let F be a B-group with pure subgroup H of finite rank.
Then F/H is a B-group.
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Exactness of 0—%H —F—>F/H-*0 induces exactness of Horn (F, 7)-->
>Horn (H, T) —mExt (F H, T) —Ext (F, T)= 0 where T is any torsion group.
In order to show Ext (F/H, T)= 0, it suffices to prove a is an epimorphism.
Let f: H~*T. Since H is free of finite rank, f(H) is finite. Replacing T by
f(H) in the above exact sequence yields Horn (3,/(//))—sHorn(//,/(/]))—»
—3Ext (F/H,f(H)) — 0. Hence / can be extended over F to a map into f(H)\
a fortiori, / can be extended to a map from F to T. Hence a is an epimor-

phism, Ext (F/H, T)—0, and F/H is a BR-group.
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NOTE ON FULLY ORDERED SEMIGROUPS
By

L. FUCHS (Budapest)
(Presented by L. Rédei)

Dedicated to P. Turan on his 50th birthday

By a fully ordered (briefly: f. 0.) semigroup’ S is meant a semigroup
which is at the same time a f. 0. set under an ordering relation £ such that
a™kb (a, b£S) impliesac”bc and ca”cb forall c£S. (If 5 is cancellative,
then this is equivalent to the fact that a <b implies ac<bc and ca<cb, but
we do not assume the cancellation laws.) We say that 5 is positively ordered
if ab”a and ab'b for all a,b£S, and naturally ordered if it is positively
ordered and a<b implies the existence of elements c¢,d£S such that
b= ca= ad. A positively ordered semigroup 5 is called archimedean if
a“<b for all positive integers n implies a = e (=the identity of S).2 Finally,
a,b(£S) are said to form an anomalous pair if ad b, an<b"H and b"<anH
for all natural integers n.

Fully ordered semigroups have received some attention recently. The
classical result of 0. ffolder [4] which gives a sufficient condition that a f. o.
semigroup 5 be embeddable in the additive semigroup P of all non-negative
real numbers (with preservation of ordering) has been generalized in various
ways. flolder’s conditions were :

(@ 5 is cancellative;

(b) 5 is naturally ordered;

(c) 5 is archimedean. .
Atimov [1] replaced conditions (b) and (c) by the single one:

(d) 5 contains no anomalous pair,
thereby giving a necessary and sufficient condition for the embeddability of
5 in the real group. In 8 1 we prove for positively ordered semigroups ano-
ther necessary and sufficient condition in which the rather restrictive condi-
tion (a) is replaced by (c) and the rather weak condition (e) which relate
more closely to the ordering relation:

(6] & contains no maximal element unless it consists of a single element,

1 For the notions and basic facts related to f. 0. semigroups we refer to Ciifford [3].
2 We do not assume the existence of the identity e in S. If in a statement e occurs,
then this means “the eventually existing identity”.
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A remarkable analogue of folder's theorem has been found by ( lif-
ford [2. He proved lhat if a f. 0. semigroup 5 satisfies the conditions (b),
(c) and the following two:

(@) 5 is not cancellative;

() 5 is commutative,
then it is o-isomorphic (order-isomorphic) to a subsemigroup of one of the
following two f. 0. semigroups:

Pi: the real interval [o, 1] with the operation: aob= min (a-\-b, 1),

P\: the interval (..., and the symbol °0 with aob= a-fb or oc
according as a-\-b”\ or ..

In 8 2 we shall show that conditions (b) and (c) imply (f), i. e in
Clifford’s theorem the hypothesis of commutativity can be omitted just as
infolder's theorem. In the final § 3 we shall give a new proof of this theorem
of Clifford, one which seems to be more direct and simpler than b lifford’s
original proof and which establishes at the same time Holder's theorem too.

8 1. Subsemigroups of the positive reals

This section is devoted to the proof of the following theorem:

Theorem . A necessary and sufficient condition that a positively f. o.
semigroup be o-isomorphic to a subsemigroup of the additive semigroup of all
non-negative real numbers is that it satisfy conditions (c), (d) and (e).:

The necessity of these conditions being obvious, we may turn imme-
diately to the proof of their sufficiency. Suppose therefore that (c), (d) and
(e) are satisfied. We may assume that 5 contains more than one element.

Let a,b£S and af=e. We prove that ab>b and ba>b. For, by (e),
5 contains an element ¢ such that o b, and because of (c) we can choose
n so large that an*c. If ab = b held, then also a"b= b whence anbwanlLl
Igo b would be a contradiction. Thus ab>b, and similarly ba>b.

To prove commutativity, assume on the contrary that ab=f=ba. Then
neither a= e nor b= e, and what has been proved implies (ab)“<b(ab)"a -
= (ely'+ and (ba)"<(ab)n#, i.e. ab and ba form an anomalous pair, con-
trary to (d). Thus 5 is commutative.

Next assume that ab = ac where b<c. By making use of commutativity,
a simple induction shows that ab" = ac" for all n. Surely, cf=e, therefore
acn<acwl= abn#, whence c"<6-+ for all n. Since obviously b'L"<c" '

8 Mr. G. Gratzer noted that (c) and (e) may be united into the single condition:
ang| 0 for all positive n implies a= e.
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for all n, b and ¢ form an anomalous pair. This contradiction proves that S
is cancellative.
By Alimov’s theorem [1], (a) and (d) imply what we wished to prove.

8§ 2. The commutativity statement

We shall need the following

Lemma. (Clifford.) Let S be a f. 0. semigroup satisfying (a*), (b) and
(c). Then

1. S contains a maximal element a,

2. for every a =f=e there exists a natural integer K with ak=u,

3. ab=ac ® n (or ba= caf=u) implies b= c

By hypothesis, three elements a, b,c£S exist such that ab= ac and
b<c (or ba= ca and b<c). By (b), c= bx for some x£S, x=f=e, therefore
y = yx holds for y = ab. If there existed an element z>y, z£S, then choos-
ing n so as to satisfy xnLUr, we should have y = yxnllyrLLr>y, a contra-
diction. This establishes 1. and 3. at once. By (c), af=e implies aklLlu for
some k, and so ak= u, completing the proof.

Now we are ready to prove:

Theorem 2. An archimedean, naturally f. o. semigroup is commutative.

For the sake of simplicity we omit the identity from 5 if S has one;
it is evident that this does not affect generality, because it must be the least
sclement of 5.

First assume that 5 possesses a minimal element a. Then to any b £S,
different from the eventually existing maximal element u, there exists an inte-
ger k" 1 satisfying ak*b<ak+L Supposing ak<b, there exists a c(S such
that b= akc. But by the choice of a,c”a, thus b*aka>b, which is absurd.
Thus b= akand S is a cyclic semigroup (generated by a).

Secondly assume that 5 has no minimal element. Then to any x £S
there exists a z£S such that r2llx; indeed, if y<x and x = yyQ, then
2=min(y, V,) is a desired element. By way of contradiction, suppose that
ab>ba for some a b in 5 At first letaab<u; then also a<u,b<u. If
ab = bax and z2*x, then by (c) we can determine integers m, n satisfying
zmfa<zmd and zn*b<z*+L But these lead to the inequalities ab— baxuw
Wri+r2>ab (in the non-cancellative case strict inequality because of the
Lemma), a contradiction. Next let ab= u, and say a<b. Then b<u (other-
wise ba= u= ab) and ak<b<ak# (equality would imply that a and b

4 If no maximal element u exists in S, then we may think of ab < u to hold generally.

17 Acta Mathematica XH/1—2
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commute), for some k”1. Therefore b= akc for a certain c<a, and since
ac”sb and ca”ba<ab = u, we can apply what has been proved to con-
clude that a and ¢ commute. This is again a contradiction, for then a and b
also commute. Consequently, 5 must be commutative.

8 3. Archimedean, naturally fully ordered semigroups

The next result is a generalization of Holder’s theorem, containing
also Clrifford’s theorem freed of the commutativity hypothesis.

Theorem 3.5 Let S be an archimedean, naturally f. o. semigroup. Then
S is o-isomorphic to a subsemigroup of P, P\ or P*.

From the preceding theorem we know that 5 is necessarily commutative.
If 5 is an infinite cyclic semigroup, generated by a, then ak->-k is an o-iso-
morphism of 5 into P. If 5 is a finite cyclic semigroup with the elements

(e<)a<a2<-m<an= atH, then the mapping ak-*X embeds 5 in Pi.

If 5 is not cyclic, then we again omit the eventually existing identity
of 5. By the proof of Theorem 2, to any x £5we can find a satisfy-
ing z2"=x, and hence also one satisfying z*"x for any preassigned integer
f>0. Now choose and fix an arbitrary a(/S with a<u, and put f(a) = 1
To any bE£S, b u, we define two sets of rational numbers: let L consist
of all fractions m/n with a”~xnand xm*b for some x £S5, and let k/1 belong
to the set U if b~yk and y'*ka for some y(/S. The archimedean character
of S guarantees that neither of L and U is empty. We show that m/n "~k k/l.
To any large t we can find a z £S with 2*~min(x,y), hence r*t and s”t
hold for the integers r,s defined by zr*x<zr, zs"y<zstlL Therefore
zm” b<z(stDk and zdyka<z(r+)n whence /m<(s-]- \)k and s/<(r-f \)n. We

infer that ~ 11+ ~ )11+ -M for arbitrarily large r, s, thus m/n Tkk/l,

in fact. On the other hand, the same argument shows that to any large >0
there exist r,s”™t such that s/(r+1)(L and (s-fl)/r([ U. Since the differ-
ence of these fractions tends to o with increasing t, it follows that there
exists one and only one real number R such that p*R~q forall p£L and
qgf U We put f(b)=

There is no difficulty in proving that the function / from S\u to the
real axis is monotone and satisfies f(b)=f(c) only if b= c. Moreover, we

6 The proof of this theorem differs from the usual proofs of Holder’s theorem in
that we must argue with ‘small’ elements rather than ‘large’ elements, due to the singular
behaviour of the maximal element U
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have /(ec)=/(e)+/(c) whenever bc<u — which can again be proved by
using sufficiently small elements z £5.

If S is cancellative, then it contains no maximal element, and / is an
o-isomorphism of 5 into P.

If 5 is not cancellative, then — in view of the Lemma — it contains a
maximal element u. The set of values of f(b) forall b £5\u isbounded: ifa' = u,
then / is an upper bound. Thus there exists a smallest real number a such that
f(b)~a forall b£S\u. Ifno c£S\u existswith /(c)=te, then set f(u)=a,

and if such a c exists, then let /(u)=°0. The function g(b) — —f(b) is
obviously an o-isomorphism of S into Pi or P*. This completes the proof.

(Received 30 July 1960)
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ON THE STRENGTH OF CONNECTEDNESS
OF A RANDOM GRAPH

By
P. ERDOS (Budapest), corresponding member of the Academy,
and A. RENYI (Budapest), member of the Academy

Let G be a non-oriented graph without parallel edges and without
slings, with vertices 14, 14, Vh. Let us denote by d(V,) the valency (or
degree) of a point 14 in G, i.e. the number of edges starting from 14. Let
us put
(€)) ¢(G) = min r/(14).

rgrisiti

If G is an arbitrary non-complete graph, let qp(G) denote the least number
K such that by deleting k appropriately chosen vertices from G (i. e. deleting
the k points in question and all edges starting from these points) the result-
ing graph is not connected. If G is a complete graph of order n, we put
cv(G)= n—1 Let ce(G) denote the least number / such that by deleting /
appropriately chosen edges from G the resulting graph is not connected. We
may measure the strength of connectedness of G by any of the numbers
cP(G), c¢(G) and in a certain sense (if G is known to be connected) also
by c¢(G). Evidently one has

(2 c(G) LWce(G) G).

It is known further that any two points of G are connected by at least
cp{G) paths having no point in common, except the two endpoints (theorem
of Menger—Whitney, see [1] and [2]) and by at least ce(G) paths having
no edge in common (theorem of Ford and Fulkerson, see [3]).

We shall denote by vr(G) the number of vertices of G which have the
valency r (r= 0,1,2, ...).

As in two previous papers ([4], [5]) we consider the random graph I, N
defined as follows: Let there be given n labelled points 14, 14, ..., V,, Let

us choose at random N edges among the | possible edges connecting
these n points, so that each of the g(z)l) possible choices of these edges
N

should be equiprobable. We denote by the random graph thus obtained.
We shall denote by P( ) the probability of the event in the brackets.
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The aim of this note is to investigate the strength of connectedness of
the random graph I',,,n when n and N both tend to +», N=N(n) being
a function of n. As it has been shown in [4], the following theorem holds:

Theorem 1 If we have N(n) = ~n logn+ an + o(n) where a is a real
constant, then the probability of being connected tends to exp (—e~Mm)
for n—»+ °c.

In this paper we shall prove the following theorem:

Theorem 2. If we have N(n)= -"-n\og n+ A n\og\ogn + an+ o(n)
where a is a real constant and r a non-negative integer, then

3 lim P (op(T,,, Lk))= r) = l—exp
further o

(@) lim P(ce(Tn *(«))= = l—exp [—-—F
and

(5) “ Ijrpm P(c(l,, m»)= /)= 1—exp

Remark. Clearly Theorem 2 can be considered as a generalization
of Theorem 1 As a matter of fact, any of the statements cp(G)—0 or
ce(G) = 0 is equivalent to G not being connected and thus for r= 0 (3) and
(4) reduce to the statement of Theorem 1 It has been shown further in [4]

that if N(n) = ~ log n-\-ccn+ o(n) and 'mw,,) is not connected, then it con-

sists almost surely of a connected component and of a few isolated points.

Therefore (5) is for r= 0 also equivalent to the statement of Theorem 1.

Thus in proving Theorem 2 we may restrict ourselves to the case r L1
The statement (5) of Theorem 2 gives information about the minimal

valency of points of T'mn- In a forthcoming note we shall deal with the

same question for larger ranges of N (when c(I',,,x) tends to infinity with n),

further with the related question about the maximal valency of points of I, n-
We shall prove further the following

Theorem 3. If we have N(ri)= —ln log n-f-;‘n log log n-fan +o{n)

where a is a real constant and r a non-negative integer, then we have

(6) lim Pr(Ty M= A= —j-r- for k=0,1,..
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e-2a
where A= —y—; in other words, the distribution of vr(I\ *(,>) tends to a

Poisson distribution.

Proof of Theorems 2 and 3. Let rs | he an integer and — o< a< + oo.
Let us suppose that

(7 N(n) = = nlogn+ rj nloglogn+ an+ o(n).

Let ',y be a random graph with the n vertices Vt, V., ..., Vn and
having N edges. Let Pk(n, N, r) denote the probability that by removing r
suitably chosen points from I,y there remain two disjoint graphs, consisting

of kK and n—k—r points, respectively. We may suppose k< - First

we have clearly
(tI\

Pk(n,N, r) g

It follows by some obvious estimations that

8) 2 p, (n, N(n), n==0 —
log n P
(r+3) log logn

log 7 Let P*(n, N, r) denote the
g log s

probability that by removing r suitably chosen points (the set of which will
be denoted by J) I,,, n can be split into two disjoint subgraphs ' and "
consisting of kK and n—k—r points, respectively, but that I',,,k can not be
made disconnected by removing only r—au1 points. If F,,n has these pro-
perties and if s denotes the number of edges of r,,,N connecting a point of
A with a point of /7, then we have clearly s w r. Otherwise, by definition,
ss rk. Thus we have

Now we consider the case Arg(r+ 3) o

(9) PHn, N, r) »
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It follows that

log n
[(I’+3) log logn

(10) X P*(n,N(n), ) 0 log n

From (8) and (10) it follows that for n —»+
) P(Cp(In, xmy) = f)~ P(c(Tn, Ay = ).

As a matter of fact, (8) and (10) imply that if by removing r suitably chosen
points (but not by removing less than r points) I,,k({m> can be split into two
disjoint subgraphs ' and I'" consisting of Kk and n—k—r points, respec-

tively, where K then only the case k= 1 has to be considered, the

probability of k> 1 being negligibly small. It remains to prove (5). This can
be done as follows. First we prove that

(12) lim P(c(T, mfit) » r—1)= 0.

For r—\ this follows already from Theorem 1 Thus we may suppose here
r~2. We have

and thus

(13) P (M, N®=ir-\) = 0(j")

which proves (12).
Now let vr(r,,, n) denote the number of vertices of X which have the
valency r. Then we have clearly by (12)

(14) P(CUT;, neny = D)~ P(I'r(rnNi)) @ 0).

Now evidently

(15) P\ A)® 0)= JE (-1T 5]

where

(16) soe X P (d(Vh)= r,d(Vud”r,...,d (VK)=r).

17K, <Kr<mm<SS,

Evidently, if we stop after taking an even or odd number of terms of the
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sum on the right-hand side of (15), we obtain a quantity which is greater
or smaller, respectively, than the left-hand side of (15). Now clearly

P(rf(v*) =1

and thus
p-2a

@an limsS, = —.-.

Now let us consider P(i/(14,) = r, d{Vk)= r) where k, k2. If both 14, and
14, have valency r, three cases have to be considered: a) either 14, and 14,
are not connected, and there is no point which is connected with both 14,
and 14,; b) or 14, and 14, are not connected, but there is a point connected
with both; c) 14, and 142 are connected. We denote the probabilities of
the corresponding subcases by Pa(d(Vk) = r, d(Vih)= r), Phd(VK) = r,
d(VI® = r) and Pc(d(VK) = r, d(V,*= 1), respectively. We evidently have

2) (2r 3
= o0 0 g5
2)
and thus \N(n)
) ZZo P ((V)=rdvOo= /84— T

On the other hand (denoting by | the number of points which are connected
with both 14] and 14,), we have

P,(rf(14)= r, d(VO = 1) =

(19) fo —@n—3)
n (n—2)! \' nl(n)-2r /
ri N(I'—N1(«—2r VI—2)! \

(0
\N(n)J
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Similarly one has
Pc{d(Vu) = r,d(Vk)=r)

\

r- l
(n—2)! V N(n)—2r ) _
12y \(r—/—2)12(n—2r + /)| =0-r1

\N(n))
Thus we obtain
1 (e-2a)

HF=1 'V

The cases j >2 can be dealt with similarly. Thus we obtain

21) lim Si— ji\ff'fay

n->

@= 12,34, ..).

It follows from (16) and (21) that

(22) Aim P(rr(/ m(@m) 0)—1 exp l
it © H
In view of (2), (11) and (14) Theorem 2 follows.
To prove Theorem 3 it is sufficient to remark that by the well-known
formula of Ch. Jordan

Sj+k,

e CAJ+K
(23) PBIT () =%)=Z (- 1y ™

e-2n

and thus by (21), putting A= " , we obtain for k= 0,1,...

(24) IiT P( A A =n= K % (i .

vej=0 yl K1

Thus Theorem 3 is proved.
Our thanks are due to T. Gartai for his valuable remarks.

(Received 12 October 1960)
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ON W. FENCHEL’S SOLUTION OF THE PLANK PROBLEM

M. BOGNA%/(Budapest)
{Presented by G. Hajos)

We denote by E" the «-dimensional Euclidean space. A strip S*E 1is
a closed convex set bounded by two parallel hyperplanes. Their distance is
the width of S. The vector v is said to be the width vector of S, if 5 is
bounded by hyperplanes normal to v and the width of 5 is 2|v . The width
of a convex body KczE™ with inner points is the minimal width of a strip
covering K. We denote points also by vectors leading to them from the
origin.

A Tarski stated in 1932 the following conjecture, known as plank
problem:

If a convex body K is covered by a finite number of strips, then the
sum of their widths is not less than the width of K.

Th. Bang’s [1] proof of this conjecture has been simplified by W. Fen-
chel [2]. This simplified proof is based on three simple lemmas, which re-
duce the conjecture to the following statement:

The union of the strips 5,,..., S, of width vectors v,,...,v, does not
contain each of the 2' points /(+ v, + ®4 v,), where | > 1 and the origin is
an arbitrary point.

Present note gives an alternative proof of this statement. We denote by
M the set of the 2r points A(+va+ ---+ vr), further by (P, H) and (P, S)
the distance of the point P from the hyperplane H and from the strip S,
respectively.

We start the proof with the special case in which the middle hyper-
planes HU...,H, of the strips Su...,Sr have a common point C. Let P be
an element of /7 of maximal distance CP. We show that P is not covered
by Si,..., Sr, i.e. P proves our statement.

If the sign of v: (/=1,...,r) is altered in the vector defining P, we
get a vector which defines P,£11. By definition of P we have CPisCP,.
Consequently, since CE£/7 and prPiJ_Hi, we obtain (P, Hi)jg (P, Hi),
(P, Mf~ y PP*= AN and (P, S,)"(A—1)|v<|. This proves that S,,..., S,
contain neither P nor any point Q for which PQ<(7 —I)/, where
d= min (IVjl,..., jv, |).

1 Acta Mathematica XH/3—4
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We reduce now the general case to the just settled special one. We
imbed our En in an En#, leave the origin unaltered in E,, denote by e a
unit vector normal to En and by C the point te. Let us define the hyper-
plane Hi (/= 1,...,r) by C'*H'i and Hia HI, further the strip Si by his
middle hyperplane Hi and by Si mMEn= Si. We denote by vi the width vec-
tor of Si for which vtVi>O and by 1I" the set of the 2' points A(+ vi+
+ oo+ vi). We apply the special case of our statement to the strips Si,. . Si,
and infer that the strips Si,. ..,Si cover neither P' nor any point Q' for
which P'Q'< (l—\)d" where d' = min (|vil,..., |vi]).

If t-+°°, then clearly vi—*Vi r), further 1T —»1 and d' —»d.

Consequently, if t is sufficiently large, we have t/'> — ax ~ defines

P£ M for which P'P<(k-"I)~?r> %e- P satisfies our conditions for Q\ Hence

P is not covered by Si,..., Sr, nor by the strips Si,...,Sr contained in
them. This completes the proof of the statement.

We remark, in order to facilitate comparison with Fenchel’s paper, that
the expression

dealt with by Fenchel is equal to

where is -f-1 or —1 (r=1,...,r). This shows that our maximum method
leads to the same point P as Fenchel’s maximum method.

(Received 1 September 1959)
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UBER DIE VERALLGEMEINERUNG DER THEORIE
DER REKURSIVEN FUNKTIONEN FUR ABSTRAKTE MENGEN
GEEIGNETER STRUKTUR ALS DEFINITIONSBEREICHE1

Von
ROZSA PETER (Budapest)
(Vorgelegt von L. Kaimar)

1. Wie ich von L. Kalmar erfahren habe, hat Hu Schi-hua den Ge-
danken aufgeworfen, daB die Aquivalenz der Theorie der partiell-rekursiven
Funktionen mit der Theorie der Markovschen Algorithmen durch Vermeidung
der Gdodelisierung der ,,Worte” vielleicht einfacher bewiesen werden kann,
wenn als vermittelnder Zwischenbegriff der Begriff der auf der Menge der
Worte definierten partiell-rekursiven Funktion eingefiihrt wird. Dabei hétte
man zu benutzen, dall die Worte ahnlich wie die natirlichen Zahlen auf-
gebaut werden, nur statt aus 0 ausgehend die einzige Funktion x' zu benutzen,
geht man hier aus dem leeren Wort n aus, und benutzt zur Bildung der
Worte das Ankniipfen der Buchstaben eines Alphabets {..., a,, ...}.

Eine &hnliche Situation kommt in der Praxis oft vor, wie darauf auch
Kieene’s Buch2 hingewiesen hat, worin die verwendeten ,entities” von meh-
reren O-Elementen ausgehend aufgebaut werden, aber durch eine einzige
Nachfolgerfunktion. Ahnlicherweise werden zum Beispiel auch Terme oder
Formeln aus gewissen Anfangselementen ausgehend durch gewisse Operatio-

1+ Uber die Ergebnisse dieser Arbeit habe ich (mit geringer Abweichung) in Warszawa
im ,,Internationalen Symposium der Grundlagen der Mathematik: Infinitistische Methoden”
am 3-ten September 1959 einen Vortrag gehalten. — Zusatz bei der Korrektur (am 25.
August 1961): Nach diesem Symposium und nach Einreichung noch im selben Monat vorlie-
gender Arbeit haben verschiedene Verfasser gewisse Ergebnisse (ber den Spezialfall der
Wortemengen publiziert. Ich habe von L. Kaimar erfahren, daf ihm Hu Schi-hua am 27.
Dezember 1959 brieflich mitgeteilt hat: es werden von ihm (ber dieses Thema (genauer:
Uber die Verallgemeinerung der Theorie der partiell-rekursiven Funktionen fiir Wortemengen
mit endlichem Alphabet) drei Arbeiten im Acta Math. Sinica bzw. im Scientifica Sinica er-
scheinen (die Eingegangen-Daten dieser Arbeiten sind mir nicht bekannt). G. Asser hat
Uber ,,Rekursive Wortfunktionen” auf der Tagung der Deutschen Math. Vereinigung (19—23.
Ok ober 1959) in Munster einen Vortrag gehalten; das wird auch in der (demnach offenbar
spdter eingegangenen) Arbeit ,Rekursive Wortarithmetik” von V. Vuckovic (Ac Serbe des
Sc., Publ. de I'Inst. Math., 14 (1960), S. 9—60) zitiert. Die Ergebnisse von G. Asser wurden
in seiner Arbeit ,Rekursive Wortfunktionen” in der Zeitschr. f. math. Logik und Grund-
lagen d. Math., « (1960), S. 258—278, verdffentlicht. Sowohl G. Asser als auch V. Vuckovic
beschranken sich auf Wortemengen, sogar mit endlichem Alphabet.

2 S. C. Kieene, Introduction to metamathematics (Amsterdam—Groningen, 1952).
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nen gebildet, und auf den so erhaltenen ,zahlenartigen” Mengen werden
weitere Begriffe rekursiv definiert. Um auch ein Beispiel von den vielen zu
nennen: in dem Gentzenschen Beweis der Widerspruchsfreiheit der Zahlen-
theorie werden die Reduzierten einer Formel rekursiv definiert auf der For-
melnmenge. In diesen Fallen wird wesentlich benutzt, dal die betreffenden
zahlenartigen Gebilde, zum Beispiel Formeln, aus den Ausgangsgebilden ein-
deutig aufgebaut werden.

Man konnte noch zahlreiche weitere Beispiele aufzéhlen.

Es scheint demnach lohnend, die zahlenartig aufbaubaren Mengen und
die auf diesen definierten rekursiven Funktionen allgemein zu untersuchen.
Die allgemeine Theorie wird natlrlich nicht konstruktiv sein, aber es kdnnen
sich daraus nutzliche Anwendungen fiir die konstruktiven Spezialfélle ergeben.

Betreffend der allgemeinen Kentnisse ber rekursive Funktionen berufe

ich mich auf mein Buch3 Es wird zum Beispiel oft benutzt, da die in U

enthaltene grofite ganze Zahl der Binomialkoeffizient und
B \m—n, falls m~n,
M—N= )y sonst

primitiv-rekursive zahlentheoretische Funktionen sind, und m/n eine primitiv-
rekursive zahlentheoretische Beziehung ist.

In Kapitel | gebe ich die Definition einer zahlenartig aufbaubaren Menge
an; zeige, wie verschiedene Rekursionsarten auf einer solchen Menge defi-
niert werden koénnen, und mit welchen Bedingungen die Ergebnisse tber die
entsprechenden zahlentheoretischen Rekursionsbegriffe auf diese (bertragen
werden konnen. In den Weiteren betrachte ich als ein Beispiel den Fall der
Menge der aus einem Alphabet gebildeten Worte. Das wird auch zur Dar-
stellung von partiell- bzw. allgemein-rekursiven Funktionen auf zahlenartig
aufbaubaren Mengen in einer Art Kleenesche explizite Form benutzt.

2. Sei H eine beliebige nicht leere Menge, H, eine nicht leere Teilmenge
von H (die Elemente von Ao werden die Rolle von O tibernehmen) und F
eine Teilmenge der auf H definierten Funktionen mit einer beliebigen Anzahl
von Argumenten, die als Werte ebenfalls Elemente von H annehmen (die
Elemente von F (bernehmen die Rolle von x7).4 Sei H\ die Menge derjenigen8

8 R.pecer, Rekursive Funktionen (Budapest, 1957), 2-te Auflage.
+ In den Weiteren wird Funktion — falls nicht explizit etwas anderes gesagt wird —e
immer eine derartige Funktion bedeuten.
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Elemente von 4, die sich als Werte ergeben, wenn fir alle Argumente der
zu F gehodrigen Funktionen Elemente aus o eingesetzt werden ; ferner sei
Hi die Menge derjenigen Elemente von H, die sich als Werte ergeben, wenn
fir alle Argumente der zu F gehtrigen Funktionen Elemente aus Ao-pA, ein-
gesetzt werden, aber mindestens fiir ein Argument ein Element aus Hi, usw.;
sind HO,...,H,, bereits definiert, so sei H,;a die Menge derjenigen Elemente
von H, die sich als Werte ergeben, wenn fiir alle Argumente der zu F ge-
hérigen Funktionen Elemente aus Ho-\-----+ #,, eingesetzt werden, aber min-
destens flr ein Argument ein Element von Hn. Wir nehmen an, daB die Ver-
einigungsmenge von Ho, Hi, Hi,... die Menge H erschopft. Eine Menge von
dieser Struktur nenne ich wegen der ganzzahlenartigen Aufbaubarkeit holomorph.

Eine fur die Maoglichkeit der Definition von zahlentheoretischen Funk-
tionen durch Rekursion wesentliche Eigenschaft der natirlichen Zahlen ist
ihre eindeutige Aufbaubarkeit aus 0 mit Hilfe der Funktion x'. Etwas &hnli-
ches werde ich auch im allgemeinen Fall der rekursiven Definition von Funk-
tionen auf einer holomorphen Menge H bendtigen, namlich, daR die Mengen
Ho, Hi, H., ... paarweise fremd sind, daR sogar jedes ihrer Elemente nur auf
eine Weise durch Einsetzen von Elementen vorangehender Mengen flr Argu-
mente einer Funktion aus F entsteht, dal also eindeutig bestimmt ist, welche
diese Funktion aus F ist, und welche Elemente fiur ihre Argumente stehen.
Eine holomorphe Menge von dieser Eigenschaft nenne ich mit einem aus der
Algebra entliechenen Ausdruck eine freie holomorphe Menge. Eine holomorphe
Menge H heiflt also frei, falls aus f(xi,..., x,)=g9(yi,...,y9 mit f,gdF
und Xi,..., xr,yi,..., y, €H stets/ =g (alsor=s) und Xi= yt,..., Xxr=ys
folgt.

In den Folgenden soll H immer eine freie holomorphe Menge bezeich-
nen; auch die Bezeichnungen F, Ho, Hi,... sollen festgehalten werden. Ist
h~"H,, dann sage ich, daR i= o(h) die Ordnung von h ist.

Als Beispiele von freien holomorphen Mengen seien die folgenden an-
gefihrt :

Beispiel 1L Es sei H={0,1,2,...} Tind o= {0}, F={x'}. Hier ist
o(x) = x fiir jedes x £4. Auf dieses Beispiel werde ich mich mit den Worten
.Zahlentheoretischer Fall” beziehen.

Beispiel 2. H sei die Menge der Worte Uber einem beliebigen ,,Alphabet”
A=={..., on, ...}, d. h. die Menge der endlichen Folgen aus Elementen von A;
A, sei £y, wobei Adas ,leere Wort” bezeichnet, F bestehe aus den Funk-
tionen einer Variablen, die jedes Wort x (A in das durch Ankniipfen einer
»,Buchstaben” (d. h. eines Elementes at von A) entstehende Wort xa, uber-
fihrt (/ soll eine Indexmenge von beliebiger Méchtigkeit durchlaufen). Hier
ist die Ordnung eines beliebigen Wortes adrT...a,r gleich seiner Lange r.
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Beispiel 3. H sei die Menge der Formeln des Aussagenkalkils; Ho sei
die Menge der Aussagenvariablen, F bestehe aus den fur x £H, y £H durch

viX)=x x(%y) = (X&Y), s (X Yy)= (Xvy).
IXy)= (x—y), exy)= (x V)

definierten Funktionen v, x, 6, t und s. In diesem Fall wird die Freiheit der
holomorphen Menge H durch die angedeutete Art der Verwendung von Klam-
mern gesichert.

3. Im zahlentheoretischen Fall ist fir die primitive Rekursion der Begriff
des unmittelbaren Vorgangers X, und fir die Wertverlaufsrekursion der Begriff
der Vorganger 0,1,...,x einer von O verschiedenen Zahl x' wesentlich.
Offenbar bendtigt man auch im allgemeinen Fall entsprechende Begriffe.
Zunéchst konnte man daran denken, diese Begriffe auf Grund der Struktur
von H fest zu definieren, etwa im Fall x (g//0 die unmittelbaren Konstituenten
von X, d. h. die eindeutig bestimmten Elemente x*,. . x*, von H, flr welche
X =/*(xJ,..., x*() mit einer Funktion /* £F gilt, als die unmittelbaren Vor-
ganger von X zu betrachten, und den Begriff der Vorganger entsprechend zu
definieren (siehe Beispiel 4). Dann ware aber o(x*) = o(x)—1 nicht fur alle
1~/~m gesichert, obwohl wichtige Spezialfalle zeigen, dall es zweckmé&Rig
ist darauf zu bestehen. Es ergibt sich sogar, daB es Uberhaupt nicht zweck-
maRig ist, den Vorgangerbegriff fir jede freie holomorphe Menge ein fir
allemal festzulegen, da bei verschiedenen Verallgemeinerungen der Sétze der
Theorie der rekursiven Funktionen verschiedene Vorgangerbegriffe als zweck-
méaRig erscheinen. Ich setze daher voraus, es sei jedem x £H eine Unter-
menge V(x) von H zugeordnet, deren Elemente die Vorganger von x heilen.
Sei auch x £ V(x); die von x verschiedenen Elemente von V(x) nenne ich
die echten Vorganger von x. Als kurze Bezeichnung verwende ich y<x dafr,
daB y ein echter Vorganger von Xx ist, und somit y~x dafir, daB y ein Vor-
génger von x ist. Jedenfalls setze ich die Gultigkeit der folgenden ,Vor-
gangeraxiome” voraus:

VI. Fur jedes xEH ist x £ V(x) (wie gesagt); d. h. x*x.

V2. Fir jedes x £, x (e//0 gehdren die unmittelbaren Konstituenten von
X zu V(x); d. h. fir x=/*(xf, ..., x¥), I*£F, x*,..., x* £H gilt x*"x,...
..., Xm”*x. (Offenbar gilt dann sogar x\<x,. . xn<x.)

V3. Aus y<x und z<y folgt z<x.

V4. Aus y<x folgt o(j>)< o(x).

Ein Vorganger y von x£H, x$HO mit o(y) - o(x)—1 heife ein un-
mittelbarer Vorgénger von Xx.
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V5. Jeder echte Vorgénger von x £ H ist ein Vorganger eines unmittel-
baren Vorgangers von x; d. h. fur y<x gibt es ein r mit y*z, z<x und
0(z) = o(x)—w

Ve. Die Menge der unmittelbaren Vorganger von x £ H ist endlich, und
zwar liegt bei festem /* £F die Anzahl der unmittelbaren Vorgéanger von
f= (X |,.. ., X*) unter einer (eventuell von f* abhangiger, aber) von " ..., k],
unabhéngiger Schranke.

V1—V5 driicken plausible Forderungen aus; Ve wird dadurch motiviert,
dalR sonst bereits in eine primitive Rekursion (*d. h. Definition des Wertes
einer Funktion /an einer beliebigen Stelle I (X fo X,,) £#, in einer
im allgemeinen von f*£F abhéngigen Weise, mit Hilfe der Werte von / fiir
die unmittelbaren Vorganger von X, wobei die Funktionswerte an den Stellen
x(Ao direkt angegeben werden) Funktionen von einer veranderlichen Anzahl
von Argumenten eingehen konnten.

Eine freie holomorphe Menge H mit einem den Axiomen VI—Ve ge-
nigenden Vorgangerbegriff nenne ich eine (partiell) angeordnete freie holo-
morphe Menge. (Die Beziehung y<x definiert wegen VI, V3 und V4 offenbar
eine partielle Anordnung von H, die freilich mit der Struktur von H als freie
holomorphe Menge verknipft ist, ebenso wie etwa die Anordnung eines an-
geordneten Korpers mit der Korperstruktur.)

Als Beispiele von angeordneten freien holomorphen Mengen seien die
folgenden angefiihrt. Der Leser moége VI1—Ve bei jedem Beispiel verizifieren.

Beispiel . Im zahlentheoretischen Fall sei V(x)= (O 1,..., x). Offen-
bar ist dann der einzige unmittelbare Vorgdnger von X' seine einzige un-
mittelbare Konstituente x.

Beispiel 2. Aus der freien holomorphen Menge H des Beispiels 2 (der
Menge der Worte Uber einem beliebigen Alphabet) gewinnt man eine ange-
ordnete freie holomorphe Menge, indem man unter Vorgénger eines Wortes
(it|6,2..Gir seine ,,Anfangstiicke”

n, ait, atau,. . ., a-l...a<rl, i,0i4..ar

versteht. Dann ist wiederum der einzige unmittelbare Vorganger eines Wortes
x=f=n seine einzige unmittelbare Konstituente x_ 1= a,,a,2 . (imFalr=1
X ‘= ). Um Xafir jedes x (A zu definieren, setze ich /1= n; dies ist
selbstverstandlich kein unmittelbarer Vorgéanger von .

Beispiel 2". Aus derselben freien holomorphen Menge H gewinnt man

eine andere angeordnete freie holomorphe Menge, indem man unter VVorgénger
eines Wortes x= a,m,.1..air das leere Wort n, ferner samtliche ,,Abschnitte”
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altakk-maH 0 = £= /=0 von x versteht. Z B. sind dann die Vorganger
des Wortes aif00304 die folgenden Worte:

A, 61, b0, 68léo, U3, 0303, 010303, 04, 0304, 000304, 01000304

Unter diesen gibt es zwei unmittelbare Vorganger von x (hier 02&C8 und
020); und offenbar gilt dasselbe fiir jedes Wort x, das mindestens aus
zwei Buchstaben besteht. Der eine entsteht durch Weglassen des letzten Buch-
staben, der andere durch Weglassen des ersten Buchstaben des Wortes. Der
erste wurde bereits mit X1 bezeichnet, der zweite soll mit Ix bezeichnet
werden. In diesem Fall ist nur eine der unmittelbaren Vorgénger, ndmlich x_1,
eine unmittelbare Konstituente von x. Fir ein Wort x &, von der Lange 1,
das 0”1= n als einzigen (unmittelbaren) Vorganger (und zugleich einzige un-
mittelbare Konstituente) besitzt, soll ~¥;= a gesetzt werden; und fir x=
sei ebenfalls . .- - . Spéter werden wir sehen, daR dieser VVorgénger-
begriff von einem wichtigen Gesichtspunkt aus vorteilhafter ist, als der in 2'
verwendete, auf erstem Blick natlrlicher erscheinende Vorgéangerbegriff.

Beispiel 3'. Aus der freien holomorphen Menge H des Beispiels 3
(der Menge der Formeln des Aussagenkalkiils) gewinnt man eine angeordnete
freie holomorphe Menge, indem man unter Vorganger einer Formel ihre Teil-
formeln (im Ublichen Sinn) versteht. Man sieht leicht, dafl in diesem Fall eine
Formel von der Form x die Formel x als einzigen unmittelbaren Vorganger
(und zugleich einzige unmittelbare Konstituente), eine Formel von der Form
(X&Y), (x7y), (x—=y) oder (x <) aber entweder beide, oder nur eine seiner
unmittelbaren Konstituenten x und Yy als unmittelbare Vorganger besitzt. z. B.
hat die Formel ((A &B)—»B v A)) zwei unmittelbare \Vorganger, némlich
(A&R) und (RvA); die Formel ((A&(A—»B))—b) aber nur einen, ndm-
lich (AS(A—=B)).

Beispiel 4. Auch im Fall einer beliebigen freien holomorphen Menge
kann man einen den Axiomen V I—Ve geniigenden Vorgéangerbegriff definieren.
Ich nenne fiir jedes x £H das Element x selbst, seine unmittelbaren Konsti-
tuenten, die unmittelbaren Konstituenten der unmittelbaren Konstituenten von
X usw. die Konstituenten von X. Genauer definiert man die Menge der Kon-
stituenten von x durch (Wertverlaufs-) Rekursion in Bezug auf die Ordnung
von x wie folgt. Fir o(x)= 0, d. h. x Ho, ist x die einzige Konstituente
von Xx. Fir o(x) =n+ 1, also x=f*{x\,...,x*m) mit o(xt)* n, ..., o(x*,)*n
sind die Konstituenten von x die Folgenden: x selbst, ferner die Konstituen-
ten von xi, ...,x*m. Versteht man unter VVorgénger von x seine Konstituenten,
so gewinnt man aus H eine angeordnete freie holomorphe Menge. In diesem
Fall kommen die unmittelbaren Vorgénger von X unter seinen unmittelbaren
Konstituenten vor, aber nicht notwendig jede unmittelbare Konstituente von x



ACTA
MATHEMATICA

ACADEMIAE SCIENTIARUM
HUNGARICAE

AAAAAAAAAAAAA

G. ALEXITS, P. ERDOS, L. KALMAR, L. REDEI,
A. RENYI, B. SZ.-NAGY, P. TURAN, O. VARGA

IIIIIII

G. HAJOS

TOMUS Xll

AKADEMIAI KIADO, BUDAPEST
196 1






INDEX

TOMUS XII

Atkinson, F. V., On sums of powers of complex nUMbers......ccoooeviveciiniecccssccee 185
Adam, A., Ongraphs in which two vertices are distinguished........cocoeveiviiennnne 377
Balazs, J. and Tuaran, P, Notes on interpolation. VI .....coooeiiivnvennnnn. 469

Bapb6aH, M. Bb., HopmanbHbI NOpAoK aaanTUBHBLIX apuMETUUHECKNX (DYHKLUMA HA MHO-
XECTBe ,,CABUHYTbIX” MPOCTbIX YMCeN
Bihari, I, On periodic solutions of certain second order ordinary differential equations

With Periodic COETfiCTENTS oo 1
Bognar, M., On W. Fenchel's solution of the plank problem ... 269
Csiszar, |, Some remarks on the dimension and entropy of random variables . . . . 399
Erdss, P. and Hajnal, A, On a property of families of setS....cccocvvvern o 87
Erdss, P. and Tuaran, P, An extremal problem in the theory of |nterpolat|on
Erdss, P., Problems and results on the theory of interpolation. 11 .....ccccccovvveiinvicnnnenn, 235
Erdss, P. and Rényi, A, On the strength of connectedness of a random graph ... 261
Foster, F. G., Queues with batch arrivals. 1 ... 1
Fuchs, L., Note on fully ordered semigroups
Gallai, T., Maximum-Minimum Satze und verallgemeinerte Faktoren von Graphen . 131

Gratzer, G. and Schmidt, E. T., Standard ideals in lattiCces....cooviviiiviicieceecieee 17
Hajnal, A. and Erdss, P., On a property of families of sets 87
Hajnal, A., On a consistency theorem connected with the generalized continuum problem 321
Heppes, A., Uber Kreis- Und KUGeIWOIKEN ....ovvcvieceeeeeeeecteeeeteecs et 209
Langer, H., Ein Zerspaltungssatz fir Operatoren im Hilbertraum.......... .. 441
Makai, E., On generalizations of an inequality due to Pélya and Szeg6.
Mandan, S. R., Projective n-simplexes in a [2N—2 ] .ccoorrriirrieienesecess e 315
Mathur, K. K. and Sharma, A., Some interpolatory properties of Hermite polynomials 193
Mycielski, J., Some remarks and problems on the colouring of infinite graphs and the
theorem of Kuratowski
Obrechkoff, N., Sur une généralisation du théoréme de Poulain et Hermite pour les

Zéros réels des POIYNOMES FEEIS ... 175
Péter, Rozsa, Uber die Verallgemeinerung der Theorie der rekursiven Funktionen fur
abstrakte Mengen geeigneter Struktur als Definitionsbereiche.........ccccocvvvviiinvienne. 271

Rényi, A. and Erdss, P., On the strength of connectedness of a random graph ... 261

. 221



Rotman, J, On a problem of Baer and a problem of Whitehead in abelian groups . 245-
Schmidt, E. T. and Gratzer, G., Standard ideals in lattiCesS....ccoooiviiiiieecciie e IT
Sharma, A and Mathur, K. K, Some interpolatory properties of Hermite polynomials 193

Szasz, F., UberRinge mit Minimalbedingung fiirHauptrechtsideale.1 1 .......cc.cccooevuvvueunen.. 417
Sziisz, P., Uberdie absolute Konvergenzlakunaerertrigonometrischer Reihen . . . . 215

Szilisz, P., Ubereinen KUSMINSCNEN S B1TZ .o.iiuieieeeeeeeeeeeeeeeeeeeeeeeeseeeseseseeeseseseseseseeesesessseseseseseees 447
Tuaran, P. and Erdés, P.,, An extremal problem in the theory of interpolation . ... 221

Tuaran, P.,, On some further one-sided theorems of new type in the theory of dio-

pPhanting apPPrOXIMATIONS. ......ciieiiieeeee ettt
Tuaran, P. and Balazs, J., Notes on interpolation. V111




ACTA MATHEMATICA

ACADEMIAE SCIENTIARUM HUNGARICAE
Tom Xl — Bbin. 3—4

PE3IOME

3AMEYAHVE K OOKA3ATE/IbCTBY ®EHXENA ,MPOB/IEMbI AOLWEYEK”
M. BorHap (ByaganewrT)

[JokasaTenbctBo B. ®eHxena [2] noctaBneHHoli A Tapek u ,,[Mpobnemsl gouieyek”
OMUPaeTca Ha CNedyloLyo nemmy:

Nemma. Tyctb Su...,Sr cyTb napannefibHble MOM0OCbI B SA-MEPHOM €BK/IMA0BOM
npoctpaHcTBe. [yctb npy Q— \,...,r TonwwuHa S,, paBHa do, a ee HOPMalbHbIA BEKTOP

Vo, rae Voj= " do. Myctb /1>1. Torga cpean 2I° Touek

A(+ V] + eee+ V)

OyfieT Takas, KoTopas He MOKpPbIBAeTcs Hu ofHOW u3 monoc Sl,...,Sr.
B HacTosileil paGoTe AaeTcs HOBOE, YWUCTO FEOMETPUYECKOe [0Ka3aTeNbCTBO NIEMMb.

OBOBUWEHNE TEOPUW PEKYPCUBHbIX OYHKLMIA HA ABCTPAKTHbIX
MHOXECTBAX MNOAXOAAWEWN KOHCTPYKUMNN KAK HA OBNACTAX
OMPEAENEHNA

P. Metep (Bynanewr)

CornacHo ycTHomy coobweHuto J1. Kan mapa, Xy LLu-xya Bbickasan npegnono-
XKEHWe, COrnacHo KOTOPOMY 3KBMBAEHTHOCTb TEOPUM YaCTHbIX-PEKYPCUBHBLIX (DYHKUMIA C Teo-
puveii anropuimoB Mapkosa 6blna 6bl 60/1ee Npolle foKasbiBaema, ecnm 6bl BMeCTO régenu-
3aUuMM  CMoB B KayeCTBE MOCPEAHMYECKOrO MOHATWUSA O6bi0 Obl BBEAEHO MOHATME YacTHOM-
PeKYpCUBHOM (DyHKUMW, OMpPeAeNieHHON Ha MHOXeCTBe C/oB. [ns 3TOro MOXHO 6bif0 Obl
BOCMONb30BaTLCA TEM (DAKTOM, 4TO, MCXOAA M3 MYCTOrO CNOBa, Cr0Ba CTPOATCA aHalOMMyHO
yncnam, nprMeHas BMeCTO 006pa3oBaHWsA eVHCTBEHHOrO CreflytoLlero X' MpuUCcoefnHeHne K
C/IOBY X Pa3NnyHbIX OGYKB HEKOTOPOro andasuTa.

B npakTvKe BCTpeyaeTcs W pag ApYrux MpUMepoB TOro, YTO Ha MHOXECTBaX, CTPOS-
LMXCA aHAIOrMYHO YMCaM, HampuMep, Ha MHOXecTBax (hopMyn, peKypcuel onpefenstoTcs
fanbHelwmne NOHATUA. [103TOMY KaXeTcs MOfie3HbIM MHOXEeCTBa, CTPOSLLMECS aHaNorMyHO
yucnam, 1 onpefefieHHble Ha HWUX PeKypCUBHble (DYHKUMM CAenaTb 06bLEKTOM O6LLEero uccne-
foBaHua. ObLias Teopus He KOHCTPYKTMBHAA, HO M3 Hee MOTYT MonyyaTbCs MOoJie3Hble npu-
NOXEHUA K KOHCTPYKTUBHBLIM CreLManbHbIM CyYasmM.

MH>ecTBO H, KOTOpOoe OfIHO3HA4YHO TFeHepupyeTcsa U3 3/1eMEHTOB HEKOTOPOro ero mMog-
MHOXecTBa HO HeKOTOpbIMU OMpefeNieHHbIMU  Ha  HEM  (YHKUMAMU, MOXET ObITb Ha3BaHO



,,CBOOOAHBIM FO/IOMOPHLIM MHOXeCTBOM”. B rnaBe | paboTbl fat0TCs ONpesfeneHUs pasnuy-
HbIX BULOB PEKYPCWI Ha TaKMX MHOXECTBaX, NPeanosoras, YTo MOHATWE ,,MPedblayLinx 3ne-
MEHTOB” OMPEeAEeNeHO Ha HUX MOAXOAALLMM 06pa3oM, W NPUMeEpbl TOro, Kak MOXHO U36exatb
MPUMEHeHNst METOZ0B TEOPUM YKCEN B [0OKasaTenbCTBaxX TeOpeM Kacawwmxcs ux. C apyroi
CTOPOHbI, [0Ka3blBaeTCA, YTO BCAKas NPUMUTMBHAsA-PEKYPCUBHAA PYHKLMS B CMbIC/E TEOPUM
umcen MoXKeT 6blTb pacnpocTpaHeHa A0 MPUMUTUBHOW-PEKYPCUBHONM (YHKLMM Ha MHOXECTBe
H. O dyHKuusx, onpefeneHHbIX Ha MHOXecTBe H pekypcuell MHOXECTBa 3HaueHWid, CUMYnb-
TaHHOIi peKypcueii, BNOXEHHON PeKypcueid, MOKasbiBaeTCs, YTO eC/M Ha HEKOTOPOM paclum-
peHun H' mMHOoXecTBa H (BO3MOXHO, Ha camoM H) MOXHO OMpefenuTb BCrOMOraTe/bHble
(DYHKUMY, YOBNETBOPSIOLLME HEKOTOPLIM YCNOBUSIM, TO OHW MOFYT ObiTb pacLUMpeHbl [0
NMPUMUTUBHBIX-PEKYPCUBHBLIX (YHKLMIA Ha MHOXecTBe H. TpuMUTMBHbIE pekypcun H cBoasaTcs
K 6onee npocTomy BWay.

B rnase Il, cneunanmsnpys o6uime pe3ynbTaTbl Ha MHOXECTBA C/OB, MOKa3blBaeTC,
4TO OHM CMpaBefMBbl 34ech 6Ge3 [06aBNEHWNS! HOBbIX OCHOBHbIX (YHKLMIA.

3TM pesynbTaTbl B JaNbHelLIeM WCMOMb3YIOTCA A1 MPUBEEHUS ONpefeneHHbIX Ha
CBOGOAHBIX YMOPSLOYEHHBIX TOMOMOP(HBIX MHOXECTBAX YaCTHbIX U 06LLMX PEKYPCUBHBIX
(yHKUMIA K sBHOW hopme KnnHum*

MPOEKTWNBHbLIE n-MEPHbIE CUMIJIEKCbLI B 2n1—2-MEPHOM
MPOEKTNBHOM TMPOCTPAHCTBE

C. P. MaHpaH (Kaparnyp, WHaus)

Nn-mepHble cumnnekebl (P) u (Q), pacnonoxeHHsle B 21—1- uanm 2 1—2-MepHOM Npo-
€KTMBHOM NPOCTPaHCTBE, HAa3bIBAOTCA MPOEKTUBHbIM OTHOCUTENBHO J1—:-MEPHOr0 Mpoek-
TVBHOFO MPOCTPaHCTBa t, ecnm t ecTb 06Lias TpaHCBepcab MPAMbIX, CBA3bIBAIOLLMX COOTBET-
CTBYIOLLME BEPLUMHbI CUMMMeKcoB. [lycTb Ri ¢ = 1,2,..., N+ 1) ecTb obwaa Touka COOT-
BETCTBYIOLEN Napbl N1 —I-MepHbIX FpaHeii CUMMIEKCoB. ABTOP fJaeT CMHTETWYEeCKOoe [0Kasa-
TeNbCTBO Chegytollero 0606uweHns Teopembl [esapra:

(5) n (Q) NPOEKTUBHbI OTHOCMTENbHO t B TOM U TONMbKO B TOM Cry4ae, €Cm TOYKM
Ri ("= 12,..., n-f- 1) KonnmHeiHbI.

OB OfHON TEOPEME Ob OTHOCVI'I:EJ'II:HOVI HEMPOTUBOPEYNBOCTY,
CBA3AHHOW C OBOBWEHHOW TEOPEMOW KOHTVHYYMA

A Xali Han (Byganewr)

HacToswas paboTta cofepXuT noapobHoe JoKa3aTe/bCTBO TeOpeMbl aBTopa, ony6su-
KOBaHHOI B MpeABapuTensHOM coobuleHun B 1956-om rogy. (Cm. Zeitschrift /. Math. Logik
und Grundlagen d. Math., 2 (1956), cTp. 131—136.)

Myctb J1, N 0603Ha4al0T NOPAAKOBbIE YMCMa, KOTOPble MOryT GbiTb OMpefeneHbl He-
KOTOPOWA (hOpMY/IOit B CUCTEME aKCMOM TeopuM MHOXECTB [éaens, gaHHol B [1], — B cucTeme
akcuom Z .

*3amevaHue pegakyum. OKoHYaHWe paboTbl MO TEXHUYECKUM MpUUMHaM GyneT
OMy6/MKOBaHHO B CEAYHOLIEM BbIMYCKe XXypHara.



Myctb Pn N o3HavaeT akcmomy 2s s§ Jr.m+l, FA N axkcromy
@ (N"re<nNN;13212=Kabll)-M (AMAM 327 = X)),

OcHoBHasl Teopema paGoTbl — TeopeMa 2 — YTBEPXAAeT, uTO A8 LUIMPOKOro Knacca
MOPsAKOBbLIX UNMCEN — ANS TaK Ha3blBaeMblX abCOMOTHO OMPEeAeNUMbIX MOPSAKOBbIX YMCEN —
MMEeT MECTO crefytoLuee:

Ecnu cuctema akcmom 2 , In N HenpoTMBOpeuMBa, TO HENPOTWBOPEYMBA U CUCTEMA

akcom 2*, ¥n N (3HaueHMe abCONOTHO oOnpefenisieMbIX MOPALKOBLIX 4YuceNn CM. B § 6.)

W3 paga WHTEpPeCHbIX CreACTBWMA Teopembl 2 YNOMSHEM CliedytoLlee:

YTtBepxgeHne 2S°= Nj — runorte3a KOHTMHyyMa — B TOM W TONbKO B TOM Cllyyae
MOXeT 6blTb [OKa3aHa B CUCTEME aKCMOM 2*, ecii MOXeT ObiTb [oKasaHa ofHa W3 topmyn
2 SP# N, 2 X"# 25"

YnomsHeM, 4TO AOKa3aTenbCTBa KOHCTPYKTWMBHbI, Tak, Hanpumep, 13 n60ro onpo-
BepXeHns B 2' dopmynbl : 0= .S — TaK Has3biBaeMoil runoTesbl J1y3mHa — MOXeT
ObITb MOCTPOEHO [0Ka3aTe/bCTBO (PopMynbl 2 X0= X1

O FTPA®AX NMEKOLWNX OBE OTMEYEHHbLIE TOUKW
A. Apam (Cerep)

B HacTosweli paboTe uccnefoBaHbl CUbHO CBA3HbIE rpadbl C ABYMS OTMEYEHHbIMM
Toukamm. PaboTa cocTouT U3 Tpex rnae. naea | gaeT onpefeneHne CaMblX OCHOBHbIX MOHS-
TwiA, rnasa Il 3aHMMaeTcs BOMpoCamu MOC/EA0BATENbHOIO W MapafieflbHOro PasfioXeHns.

nasa Il cofepXnT CTPYKTYpPHble pe3y/nbTaTbl, OTHOCALLMECH K O4HOMY Knaccy rpa-
(hoB, HEpasNOXMMbIX B CMbIC/e, YKasaHHOM B paboTe [12]. 3TOT K1acc MOXHO OXxapakTepu-
30BaTb Kak Kacc [BYXMOMIOCHBLIX HepasnoXuMbIX rpadioB, cofepxawmx Lenb 6e3 ABONHOIO
pebpa. B aTux rpacax onpefeneHbl MOCTbl W pe3y/bTaTbl OCBELLAOT BO3MOXHble MOMeLLe-
HUS MOCTOB.

CofepxxaHne paboTbl B OCHOBHOM COBMafaeT ¢ cofepxaHuem pa6ot [1], [2], [4].

HECKOJIbKO 3AMELIAHI/IIa O PASMEPHOCTU W SHTPOMAN
CNYYANHBLIX BEMNYNH

M. Yncap (Byganewr)
A. Penbu ([1], [2]) BBen nNOHSATME pa3MePHOCTU W d-MEPHON SHTPOMWM CAYyYaHbIX
BemMunH. OH pgokaszan [2], uto ecrm f cnyvaliHas BenvyMHa C abCOMKOTHO  HEMPEepbIBHbLIM
pacnipeaeneHunem, ans kotopoi Hn([|])< -)- oc, To pasmepHOCTb £

~ im HP(L)
d(f) = ||r2 logn

Q= +67M |0g; dx

KOHEYeH, TO OAHOMepHas 3HTponus $ CyLlecTBYeT, a UMEHHO
H] (?)= lim (HOE,)—Ilog ri) = 3,

ecnn panee



rae HO(E,) sHTponusa LLISHHOHa AUCKPETHOI cnyyaiiHol BennuuHbl £,= — [«£], a f(x) dyHk-
n

LWA NAOTHOCTM pacnpefeneHun ot £

B HacTosweii pabote, u3yyas Bonpoc 06 06paTMMOCTV TeopeMbl P eHb W, A0Kasbl-
BaeTCs, 4TO ecny pacnpegeneHne £ He abCONOTHO HeNpPepbIBHO, TO OLHOMEPHOW 3SHTPONWK
He CyLeCTBYeT, a(li_%(HO(E,,)—Iog )= —oo (Teopema 1). [loka3aTenbCTBO 3/MEMEHTAPHO,

OHO OCHOBbLIBAETCA Ha OLegHKe BennuuHbl HO(£,)—log« ¢ nomollblo HepaBeHCTBa VleHceHa.
TakKe 3/eMeHTapHO [0Ka3blBaeTcs, uTo. I|m (Ho (£,,)—log«) cyllecTByeT npu no6om

pacnpegeneHun £ (Teopema 2). [aetca Takxke “Gonee MPOCTOe, WCMO/b3YIOLLEE OCHOBHbIE
TEOpeMbl OTHOCMTENILHO WHTerpana JleGera, [0Ka3aTeNbCTBO TOFO, YTO B abCO/OTHO He-
NpepbIBHOM C/lyyae

H® 1
A%O(HO(E”)_IOQ «) = .320/(*) log fT{Txr)r dx = 3,

He Tpebys faxe KoHeyHocTw 3 (Teopema 3). Teopema 4 yTBepXfaeT, uTo B cCliyyae He ab-
CO/IIOTHO HENpepbIBHOro pacnpefeneHuns £ (gaxe ecnm £ orpaHudeHa) HO(E,)—log« moxer
CTEMUTBLCA K — 00 KaK YrofiHo MeA/IeHHO, C/efioBaTe/lbHO YTBEPXKAEeHUe TeOpeMbl 1 He MO-
XeT ObITb YCUNEHO.

MonyyeHHble pesynbTaTbl MOFYT 6bITb 0606LEHbI U AN r-MEPHbIX CAy4YalHbIX Bek-
TOPHbIX BENYMH.

HOPMAJIbHbIA MOPAAOK AAANTUBHbBIX APUDGMETUUECKMUX
OYHKUUN HA MHOXECTBE ,,CABUHYTbIX” MPOCTbIX YNCE

M. B. bap6aH (TawkeHT, CCCP)

Llenb HacTosilell paboThbl JOKasaTb CAeayHLLylo TeOpeMy:

MycTtb /(«?) — HeoTpuuaTenbHas CUbHO afauTueHaa (/(«?) = Y [(/>)) apumeTuyec-
p\T
Kasa QyHKLus,

A=Y , = max/(/?), N,>oc un N,,— oA,).
t<n P pP<H
Torga An— HopMa/bHbIA NOPAAOK /(«r).
MeTog, ucnonb3yemblii paboToid, aHanoruveH mMetogy TypaHa [3] v JluHum ka [5).

O KOJIbLAX C YCNOBVMEM MWHVMAJIBHOCTWU
ONA TNABHbBIX MPABbLIX WAEANOB. I

@®. Cac (byganewr)

TeopeTUKO-KO/bLIEBbIE MOHATUA YNOTPebUTENbHbI B cMbicrie [xekoGcoHa [13],
MpUYeM KojbLa BCErfa accoLMaTuBHbl. A/rebpanuyeckue MOHATUS OGHapYXXMBAKOTCH elle B
(1. (4. [7] v [21].

MHR-KOMbLO 03HAa4YaeT KOMbLO C YCNOBUEM MWHUMAJbHOCTM ANS TNaBHbIX WEasoB.

MH1/?-KonbLo SBASETCS KO/bLOM C YC/IOBUEM MUHWUMANBHOCTY A1 MpaBbiX WAEasoB,
NeXallux B OfHOM F/IaBHOM MpaBoOM Wzeane.
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M//l-konbuo (W MHTr/-KonbLo) ABNsAeTCA ABYCTOPOHHUM aHanorom MHR-konbua
(v MHXR-KonbUa), T. €. KO/MbLOM C YCMOBMEM MUHUMAIBHOCTW LS TNaBHbIX MAeanos (Mm
ONA VAeanos, nexalwinx B O4HOM [/laBHOM WAeane).

MM A/?-konbLo aBnseTcas MHR-KONbLOM C YCNOBMEM MaKCUMANbHOCTW ANA FNaBHbIX
npasbIX WAeasos.

AT#£/-KONbLO ABNAETCA KOMbLOM C YCNOBMEM MUHUMATLHOCTW NS MOAKONEL, MOPOX-
[leHHbIX OfIHUM 371EMEHTOM.

MpaBbiii ngean eA (e2= e £ A) konbua A Ha3bIBaeTCH ,,CO0TBETCTBYHOLWMM”, €C/IN MOJ-
Konbuo (1—e)AeA(1—e) HUNLNOTEHTHO, rae 1 £/ (/ KoMbUO LenbIX uucen).

Mycts E KonbLO BCEX 3HAOMOP(U3MOB OAHONM abenesoi rpynnsl M n A— A- 1 Heko-
TOpoe noakonbLuo B A<> npuyem ANYHIN LeHTpanm3atop nogkosbua AMNE B konbue A. Tpu-
BMa/IbHO uMetoT mecTo A(IW= AN m A~'A = AN ecm Ar=sl, a cnyvail k= 0 aBnsieTcs
KPUTUYECKUM.

A-mogynb Al ¢ ycnosrem MA — M HasblBaeTcs nepeKTHbIM. BrosHe peayumbenbHbidi
romomopgHbIi 06pa3 M/K mogyns M sBnseTcs ,,0TMEUEHHbIM”, €CN W3 CYLLECTBOBaHUS A-
romomop@umama <p NPOU3BO/ILHOrO BMOMHE pefyuunbensHoro mogyns M/L Ha M K cnepgyer,
YTO <P ABNAETCHA M3OMOPHU3MOM.

B 3Toii cTaTbe [0Ka3blBalOTCA ChefytoLiMe pesynbTaTbl:

KonbLo A ABfnsetca Torga W TONbKO TOrfa mosynpocteiM M HR-KonbLoOM, KOrga OHO
eCcTb MpsAMas CyMMa CBOMX WEMMOTEHTHbIX MUHUMAaIbHbLIX NpaBbiX WAeanoB. B aTom crnyvae
A fABNseTCA M TeOPeTUKO-KO/MbLEBON NpAMOi CyMMOIA npocTbix M HR-Konew, rae npsamoe
pasnoXeHue B CYLWHOCTU eAWMHCTBEHHO. M///-konbLo A, KOTOpoe ABAAETCA NOANPAMONA CyMm-
MO MPOCTbIX KOfeL, eCTb NpsMas CymMMma NpocCTbIX KOfel, ¥ N03TOMy OHO ecTb M H,/-Kofb-
uo. Mol noctponnu KommyTtatuHoe MHI-konbuo (T. e. 1 MHR-KOMbLO), KOTOpPOE He SBNSA-
etca M4A)/-konbyom (W M A, /?-KonbuoM) U pagukan [)Keko6coHa KOTOPOro HeHWbro-
TeHTeH. VccnepoBannch 1 cneumansHble nonynpoctele MHR-konbua. Mol nofyunnu ofHo
Heo6Xx0fMMOe U AOCTaTOYHOE YCIOBME TOro, YTOObI KO/bLO 6bII0 NPAMOA CyMMORA Ten, W.T. [
Bcsakoe nonynpoctoe MA/?-KonbLo perynsipHo B cMbicne HeliMaHa, a KOHKPeTHbI npuMep
MoKa3blBaeT, 4TO 06paTHOe YyTBepXAeHWe HeBepHO. O606LiaeTCs TakXKe OAVH KpPUTEPbIi
Xapaga—KoBaya wm KepTteca.

ApautueHas rpynna M HR-koneu, wwm O/A/?-koney, ¢ eauHMUER, NpUMUTUBHBIX M HR-
Koney, M A/?-HunbKonel, 6blna NMOAHOCTLIO ONUcaHa. B HUALNOTEHTHbIX M A, /?-Konbuax nmeeT
MeCTO M YCNoBve MWHMMANbHOCTU ANA afAUTMBHBIX MOATPYNN, feXawux B OAHOM [NaBHOM
npaBoMm ufeane.

MN3yueHo cTpoeHue abenesoil rpynnbl G, KoMbLO A BCEX 3HAOMOP(M3MOB KOTOPOWA
Asnaetrca MHR-konbuoM. B 3TOM cnyyae A eCTb KO/bLO C YCMOBMEM MUHWMabHOCTU U A/1A
rNaBHbIX NIEeBbIX UAeaos, AN BCeX NpaBblX WUAeanos, ANd BCeX NeBblX WAeanos. Mbl MocTpo-
winm abenesy rpynny M, konbuyo E Bcex 3HAomopdum3moB KoTopoir mmeetr MHR-nop,-
Konbuo A= ANG>c ycnosmem AR P AQ Wccnegosanuch 1 cucteMsl SloeBus Hag M H R -kosib-
Lamy, WCMoMb3ys W MOHATUE ,,0TMEYEHHbIX” BMOMHe pedyuunbenbHbIX hakTopmogyneii. Mol
M3yunnn n gpyrve npobnembl Ans MOAyNeid M nepdekTHbIX mMogyneil Hag MSA/?-konbuamu.

HekoTopasa TpaHC(MHUTHAas cTeneHb pagukana [pkeko6coHa J npoussonbHoro MHR-
Konbua A ecTb 0. HwkHWiA HUNbpagukan bapa—Makkosa B, pagvkan L J1eBULKOro, BEpXHWiA
Hunbpagukan N v pagukan J [bkekobcoHa paBHbI Mexay coboir y MHR-koney. Mycts Z
3epoungpagukan J1. dykca u G pagukan bpayHa—Makkos. Torga B MHR-konbuax JMZ,
M MpW CyLecTBOBaHWM MNpaBoi eayHuMubl J=Z2 unJ G

Mbl n3yunnn n MM A/?-konbua, ,,COOTBETCTBYIOWME” [f1aBHble MpaBble uaeanbl LO-
kons MMHR-Koney, 1 apTUHOBCKMX KOJel, U HekoTopble cBoiicTBa MH U -koned.

MpuBeAeHbl Y HEKOTOPbIE OTKPbITbIE MPO6/eMbl Y Beex 8.
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O PA3NNIOXXEHNW OMEPATOPOB B N'MJ/IbBEEPTOBOM TMPOCTPAHCTBE
. Nanrep (Ope3seH)

MpocToil KOHCTPYKLMe [oKa3blBaeTcsd, YTO HepacTArvsatowmii onepatop T (T.e. one-
paTtop, obnagatowuini csoiictBom ||7']|:81) B runbb6epToBOM MNpPOCTPaHCTBE § MOXET ObiTb
npeacTaBneH OPTOrOHaNbHOM CyMMOW AByx orepatopoB TO um Tx Tak, 4to TO B COOTBETCT-
BYIOLLIEM TMNLGEPTOBOM MPOCTPAHCTBE >0 YHUTApeH, a 7\ B npocTpaHcTee £5= 0@ o Ta-
KOB, YTO 01 KaXoro asnemeHta X £ (X o), CYLECTBYET LIEN0E YWCMO N Takoe, 4YTo
I 7'(Wad| < ||x||. W3 aToro cneayet, 4To BCe KOMMeKcHble uucna /. (|A| = 1) npuHagnexar
K MHOxectBy e(7i) Usc(7') ([5]). C nomouwpto npeobpasoBaHus Kanu coOOTBETCTBYHOLLME
MpeLoXKeHNA A0Ka3bIBAIOTCA 418 3aMKHYTOro onepaTtopa A, obnagatoliero ceoiicteom 0(A) ez

C A(A*) 1 HeoTpuUaTeNbHOll MHWMOW uacTio (T.e. Ans KOTOPOro o %X |5 ;0 npw

xEQ(A)).

Ob OfIHON TEOPEME KY3bMWVHA
M. Crwoc (byganewT)

Ky3bmMuH B 1928-om rogy fokasan runotesy aycca, COrnacHo KOTOpoi

log(l+ x)

(1) lim mn(x) log -

roe mn(x) mepa TexX BELUECTBEHHBIX UMCES, NeXalyux Ha OTpeske (o, 1), A5 KOTOPbIX

2,+1(«
3necb fnh(a) onpepeneHo cnegyrowmm o6pasom: ecnu a= o ;W, a2, ...] npasBuibHOE Npefs-
CTaBneHve a B BMAEe LenHON Apobu, To

Bl (2) = TAPBIAHL>ses]e
Bmecto (1) Ky3bMuH fokasan 60/nee CUNbHOE COOTHOLLEHME
log(l+x)
+ "
2 Tn(x) log - o(/"),
rge q< ..
Heckonbko no3xe (B 1929-om rogy), He 3Has pa6otol Ky3bmuHa, [l JleBn Takxe

[loKasan cooTHoweHune (2), ¢ ydwmnmM octatouHbiM yneHoMm 0(qn) Bmecto 0(q'"). Ero metog
3HauMTENbHO OT/MYaeTca OoT meToda KysbMuHa.
HacTosAwasa paboTa M3 MCXOAHOW ToukM Ky3bMMWHa MpOCTO BbIBOAWUT COOTHOLLEHME

log(l + x)

log: + 0(qn);

T.,(X)

nonyyeHHas MOCTOAHHAA ( 3HAYMTENIbHO MeHblue yYem Yy [1. JleBu.



Vil

OANBHEALLME ,,0lHOCTOPOHHWE” TEOPEMblI HOBOIO TUMA
B TEOPUN ONODPAHTUYECKOIO MPUBAVXXEHNA

M. Typax (Byaanewr)

ABTOp B KHWFe  3HauMTeNbHO NepepaboTaHHOE W3faHVe KOTOPOW FOTOBUTCS K nMe-
yaTW Ha aHrnniAickom s3bike B cepum Interscience Tracts, mokasan, 4TO CUCTEMAaTUYECKue
3KCTpeMasibHble 33a4ys OTHOCWTENLHO CYMMbl CTereHeli KOMMIEKCHbIX YMCen, ¢ OAHOW cTo-
POHbI, MOTYT paccMaTpyMBaTbCS Kak PacrpoCTPaHeHMEe KIacCUYeUKUX TEOpeM Teopuu Auo-
(haHTNYECKOro NPUBNVKEHUS, C [PYroli CTOPOHbI, UMEIOT MPUIOXKEHUS B Pa3/IMUHBIX Mpo6-
NleMax aHann3a W aHaUTUYECKOW Teopuu umcen. PasfuuHble BOMPOCHI OTHOCWUTENLHO 3HaKa
OCTaTOYHOTO YfieHa TEOPeMbl O MPOCTbIX YMCMaxX MPUBENM K HEOBXOAMMOCTU WU3YUYEHWUs ,,0f-
HOCTOPOHHMX” 3afiad. B 3TOM HanpaBfeHWV B HacTosilleli paGoTe [oKasblBaeTcs CredytoLias
Teopema:

Ecom I=|*i|S|*|a...S$&d\ n c HekoTopbIM o< U — wusilarcZy|£|n

M 1,2,...,n), TO AN JO6bIX KOMMMEKCHbIX bW . . b, YLOBNETBOPAIOLMX YC/IOBUIO
niin Re(6j + « W 5 )>0, U HEOTPULATENBLHOTO LEMOTO T CYLLECTBYHOT Takue Lefble T,
3F=1l..n

nov;, 4TO

T+ Lrxyriw + n(3+ -] (y=1,2),

R in Re(6i H------ f-b
e f::]_w J_=r|r’1l|n e(oi )

e,

ReisvrN min Re(6t +
2463 j=1..., tt
("+ " (3 +s

MepBoe MpUIOXeHWe 3TOM TeopeMbl K OCTATOYHOMY YfieHY TeOpembl O MPOCTbIX YKcC-
nax Hawen C. KHanoBCKW, ero pesynbTaT CKopo OyaeT ony6nnkoBaH. B kayecTBe fanb-
HeliLLero MpuIoXKeHWs MOXKET ObiTb NONy4YeHa ChedyroLlas Teopema, NpuHagnexawas K Ha-
NpaB/fieHNI0, WHWLMATOPOM KOTOpOro 6bin YebbilieB:

Ecnu J1(n) dyHKuma MaHronara

logp, ecnn n=pa (p NpocToe 4ucno),

Ji(n) =
(m) o, B NPOTVBHOM Cyuae,

TO CyLLECTBYeT Takas MONOXMTe/lbHas MOCTOSHHAsA C, KOTopas MOXET ObiTb 3afjaHa B SIBHOM
BUfe, YTO nNpu T>c
g(x)= £ nm~ £ _ N(AN)
ME—X X

>r=1 mod 4 n= 3mod4

MeHsieT 3HaK Ha uHTepBanie T U 3Ax/ T (4 faxe NpPUHUMAET 3HayeHWe, MNPEeBOCXoAsLLee

Itr T

N MeHbllee 4Yem — .
IOglOT Iong
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3AMEYAHWA OB WHTEPMO/IMPOBAHWN
(CXOAMMOCTb B CPEAHEM HA BECKOHEYHOM TMPOMEXXYTKE)

A. banax u M. TypaH (byganewT)

MycTb faHa GECKOHeYHas TpeyrofibHas matpuua

@) Y90, X905,y g0 (= 1.2,.),
npuyem
X@1)>X @)> - e ¥Q0
Mycte LHf;x) 0603Ha4aeT n-blii MHTEPNONALMOHHBIA MHOroYeH JlarpaHxa, OTHOCS-
wminca K cucteme y3noB (1) M K faHHOW QyHKumM /(X).
Ecnm g(x) Takas uenasa (yHKUWA, 4TO

e(x) =21 avxv>
r=o

BCE KO3(MMUUMEHTbI @ MONOXKUTENbHbI U
| X
0g9(x) dx = + oo,

(hyHKUMA p(X) TakoBa, 4ToO

+ O
I g(x)p(x)dx< -{-oo0,
-®
cucTemMy y3noB (i) 06pa3ytoT KOPHM MHOFOY/IEHOB, OPTOrOHaNbHLIX Ha (—00, + 00) N0 Becy
p(x), a onpefeneHHas Ha (—oo,-{-00) HenpepbiBHasA (PYyHKUMA /(X) TakoBa, 4TO

AX) Q
No

T0

+ 0O

lim | {f(x) —Lu(f\x)Y-p(x)dx = 0.
n—-yco -
-co
Hackonbko aBTOpam W3BECTHO, 3TO MepBblii OOWMIA pe3ynbTaT OTHOCWUTENbHO WHTep-
Bana (—oo,-|-00). bonee TOro, aToT pe3ynbTar He Obln U3BECTEH faXe A4 CAyvasd MHO-
rOYNEHOB DPMWUTA, OPTOTrOHANbHbIX HA (—oo,-{-00) NO Becy e~A
TeopeMy MOXHO NPUMEHWTb K 06LLeii Teopur MHOTrOYNEHOB, OPTOrOHANbHLIX Ha

(—oo0,4-00) MO Becy p(x). ABTOpbl 3aiiMyTCH 3TUM BOMPOCOB B CrefytoLleii pa6oTe.
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ist sein unmittelbarer Vorgénger (im Fall o(x*) <n ist ndmlich x* kein un-
mittelbarer Vorgénger von x).

Dieses Beispiel dient nur um zu zeigen, dal? aus jeder freien holomorphen
Menge durch einen geeigneten Vorgangerbegriff eine angeordnete freie holo-
morphe Menge gewonnen werden kann; in Spezialfadllen kann sich aber (wie
beim Beispiel 2" schon gesagt wurde) ein von dem hier angefiihrten ver-
schiedener Vorgéngerbegriff als geeigneter erweisen. Jedenfalls folgt aus VI,
V2 und V3, dal die Konstituenten von x £H stets unter seinen Vorgéngern
auftreten; also ist der hier angefiihrte VVorgangerbegriff der engste, der diesen
Axiomen gendgt.

4. Von nun an soll H stets eine angeordnete freie holomorphe Menge
bezeichnen. Fir jedes f*£F bedeute t= t(f*) das Maximum der (wegen V6
beschrénkten) Anzahl der unmittelbaren Vorganger von x —f*(x*, . . x*),
wobei x\,...,x*,, die Menge H durchlaufen. Indem wir die unmittelbaren
Vorganger von x in einer beliebigen, aber festen Reihenfolge, nétigenfalls
(wenn némlich ihre Anzahl weniger als t betragt) mit Wiederholung, aufzahlen,
werden die unmittelbaren Vorgénger von x dauernd mit xb ...,X, bezeichnet.
(Die gewdhlte Reihenfolge der unmittelbaren Vorganger soll fir Elemente,,
welche dieselben unmittelbaren Vorgéanger besitzen, die selbe sein.)

Es sei nun gegeben eine angeordnete freie holomorphe Menge H. Jedem
h£Ho bzw. f*£F sei je eine Funktion4dgi, von r bzw. g-* von 2f+ /(r
= 2t(f*)-\-r) Argumenten zugeordnet (wo r eine beliebige natlrliche Zahl,
einschlieflich Null, bedeutet). Dann sagen wir, dal die Funktion / von r+1
Argumenten durch primitive Rekursion mit Hilfe dieser Funktionen definiert
wird, wenn

f(h,n,,..., u)= gh(uu ..., «<m, falls
und falls x der Form x=/*(...) ist, wo f*£F,
f(X, Ul, U =g fr(xd, ... Xt Ui, ..., Ur,f(Xi,Ui,...,ur), ...,f{Xt,Ui,...,Mr)),

wobei Ui,...,ur£H. Im allgemeinen kommen hier unendlich viele Defini-
tionsgleichungen vor, ihre Méchtigkeit ist HO-\-F.

Es seien nun gewisse Ausgangsfunktionen angegeben. Die Elemente von
Ho (als Konstanten) und die Funktionen von F sollen jedenfalls Ausgangs-
funktionen sein, es kdnnen aber auch andere Ausgangsfunktionen Vorkommen.
Dann wird eine Funktion (in den Ausgangsfunktionen) primitiv-rekursiv ge-
nannt, falls sie aus den Ausgangsfunktionen durch endlich viele Substitutionen
und primitive Rekursionen entsteht. Dabei darf jede Funktion so betrachtet
werden, als eine Funktion ihrer Argumente und beliebig (endlich) vieler ,.hin-
zugenommener” Argumente, von denen sie nicht tatsachlich abhéngt. Es soll
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b(yi, ., yr) die charakteristische Funktion einer Beziehung B(yi,. . yr)
heiflen, wenn

\ ho, falls B(yu ...,yr) gilt,
AT *>“ jn, sonsti

und eine Beziehung heillt primitiv-rekursiv, falls ihre charakteristische Funk-
tion primitiv-rekursiv ist; hierbei bedeuten no und n\ zwei feste, sogleich zu
bestimmende Elemente von H. (In den Weiteren werde ich die charakteris-
tische Funktion einer mit B oder B; bezeichneten Beziehung immer mit b
bzw. mit bi bezeichnen.)

Die Funktion f(x) —x und die charakteristische Funktion der Gleichheit
X =y sollen als primitiv-rekursiv gelten, also notwendigerfalls zu den Aus-
gangsfunktionen hinzugenommen werden.

Man beweist leicht, dal die Klasse der (in gegebenen Ausgangsfunk-
tionen) primitiv-rekursiven Funktionen davon unabhéngig ist, in welcher
Reihenfolge (und mit welcher Wiederholungen) die unmittelbaren Vorgénger
von X durch Xi,...,xt bezeichnet worden sind.

5. Weder Ho noch F ist leer; sei ho ein bestimmtes Element von Ho
und /o ein bestimmtes Element von F. Setzen wir ferner

hi =fo(ho, .. ., ho), h>=fo(hi,....hi),

dann ist 0 die Ordnung von ho, dann 1 die Ordnung von nit ferner 2 die
Ordnung von n2, usw.; so kann zu jeder natlrlichen Zahl n ein Element n,,
der Ordnung n angegeben werden.

Ich werde in den Folgenden no, hi, h>,... mit den natirlichen Zahlen
identifizieren (zum Beispiel verstehe ich unter dem ,/z,-ten” Glied einer
Folge das n-te Glied). So kann die Ordnung eines Elementes von H durch
die primitive Rekursion

o(h) ho, falls n £ Ho,
und falls x=/*(...), wo f* £F ist,
o(x)=f0(o(x),..., 0(x))

definiert werden, wobei x ein beliebiger unmittelbarer Vorganger von x ist.
Einen bestimmten solchen Vorgdnger hat man oft zu verwenden; sei X‘1 ein
solcher, wobei h I=h ist, falls h £ Ho (in diesem Fall ist h 1ein nicht echter
Vorgéanger), und falls x=/*(xi, ..., X2)£//,,+i, wobei f* $F ist, dann sei
Xx_1=x*, wobei Xi von x\, ...,x*, dasjenige mit kleinstem Index ist, fur wel-
ches x* £ Hn gilt.
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X‘1 soll als primitiv-rekursiv gelten, also notwendigerfalls zu den Aus-
gangsfunktionen hinzugenommen werden.'l

6. Nun gilt der folgende
Satz. Jede zahlentheoretische primitiv-rekursive Funktion kann zu einer
primitiv-rekursiven Funktion in H erweitert werden.

Beweis. Offenbar geniigt es zu beweisen, daR falls cp{nly..., nr) eine
zahlentheoretische primitiv-rekursive Funktion ist, und, wie gesagt,

0= ho, 1=Ai, 2= h>,...

gesetzt wird (also h,4 auch als Ad+ 1 geschrieben werden kann, und allge-
mein eine zahlentheoretische Funktion cp{n) in jeder der Formen

<A<- b, cp(hn), o(<p(n))),

dann eine in H primitiv-rekursive Funktion f(yt,..., yr) mit

o(f(yi, «= yr)= <p(o(yD, «m °(yn)
vorhanden ist. Die zahlentheoretischen primitiv-rekursiven Funktionen werden
aus 0 und n+ 1 ausgehend durch endlich viele Substitutionen und primitive
Rekursionen aufgebaut. Man hat also zu zeigen, dal die Behauptung 1 flr
0 und a+ 1 gilt, und sich 2. bei Substitutionen und 3. bei primitiven Re-
kursionen vererbt.
1 Zu 0 kann in H die Konstante J1 gehdren, da

ohg =ho= 0
ist.
Zu n+ 