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UNMITTELBARE EINFUHRUNG WEIERSTRASSSCHER
HOMOGENEN KOORDINATEN IN DER HYPERBOLISCHEN
EBENE AUF GRUND DER HILBERTSCHEN
ENDENRECHNUNG

Von
PAUL SZASZ (Budapest)
{Vorgelegt von G. Hajss)

Einleitung

Unter einer hyperbolischen Ebene soll im folgenden irgendeine Gesamt-
heit von ,,Punktenl und ,,Geraden* verstanden werden, fur die aufBer den
ebenen Axiomgruppen I, II, 1l von D. Hilbert,1 noch die nachstehenden
zwei Axiome gelten:2

M,. Es seien P, Q zwei verschiedene Punkte in der Ebene und QY
eine Halbgerade an der einen Seite der Geraden PQ. So gibt es stets eine
Halbgerade P X an derselben Seite von PQ, die QY nicht schneidet, wahrend
jede im <$QPX gelegene innere Halbgerade PZ
diese Halbgerade QY schneidet (Fig. 1).

IV.. Es gibt eine Gerade gOund einen nicht
auf ihr liegenden Punkt P,, der Ebene derart, daf
durch PO zwei verschiedene Geraden gelegt werden
konnen, die g0 nicht schneiden.

Aus diesem unvollstdndigen Axiomensystem
folgt schon3 der von D. Hilbert4 bei seiner neuen

1 D. Himert, Grundlagen der Geometrie, 7. Aufl. (Leipzig und Berlin, 1930), Anhang
I, S. 160—162.

2 Von dem modernen, viel allgemeineren Begriff der hyperbolischen Ebene wird hier
abgesehen. Beziiglich dieses Begriffes verweise ich auf die Arbeit von W. Kiingenbero
Eine Begriindung der hyperbolischen Geometrie, Math. Annalen, 127 (1954), S. 340—356

3 Paul Szasz, Uber die Hilbertsche Begriindung der hyperbolischen Geometrie, Acta
Math. Acad. Sei. Hung., 4 (1953), S. 243—250, insbesondere S. 243, FulRnote. Fur den Beweis
siehe Szasz Pa1, A Poincaré-féle félsik és a hiperbolikus sikgeometria kapcsolatarol (unga-
risch), MTA Mat. és Fiz. Oszt. Kdzi, 6 (1956), S. 163—184, insbesondere S. 165, oder aus-
fuhrlicher Paur Sasz, A remark on Hilbert’s foundation of the hyperbolic plane geometry,
Acta Math. Acad. Sei. Hung., 9 (1958), S. 29—31.

4 D. Himert, Neue Begriindung der Bolyai—Lobatschefskyschen Geometrie, Math.
Annalen, 57 (1903), S. 137—150, insbesondere S. 139—140, oder a. a. O. » S. 159—177,

insbesondere S. 162.
1 Acta Mathematica IX/I—2



2 P. SZASz

Begrindung der hyperbolischen Geometrie der Ebene neben den Axiomgrup-
pen I, II, 1l noch als Axiom vorausgesetzte

Satz. Ist g eine beliebige Gerade und P ein nicht auf ihr gelegener
Punkt, so bilden die durch P gelegten und g schneidenden Geraden, die inne-
ren Geraden eines gewissen <f(Pi,pd- Die Geraden p,, p,, die also g nicht

mehr schneiden, heilen die durch P
gelegten hyperbolischen Parallelen zur
Geraden g (Fig. 2).
Nach dem Gesagten bilden die
Hilbertschen  ebenen  Axiomgruppen
I, I, Il zusammen mit den von mir
gewahlten Axiomen IV, und V2 ein
Axiomensystem, welches mit dem durch
D. Hitbert5 zu Grunde gelegten aqui-
valent ist. Dieses Axiomensystem hat
den Zweck, ebenso wie das von
D. Hitbert, die hyperbolische Geometrie der Ebene ausschlieBlich auf Grund
der ebenen Axiome ohne Anwendung von Stetigkeitsaxiomen zu begriinden.

D. Hiitbert hat in seiner eben zitierten Arbeit die Fernpunkte der Ebene,
die durch je eine hyperbolische parallele Geradenschar bestimmt werden (Fig. 3),
Enden genannt. Eine Gerade besitzt infolge des obigen Satzes stets zwei
Enden (Fig. 4). Nach dem Beweis des grundlegenden Satzes, laut welches

Fig. 3

zu irgend zwei Geraden, die sich weder schneiden, noch einander hyper-
bolisch parallel sind, stets eine Gerade gibt, welche auf beiden zugleich
senkrecht steht, konnte D. Hilbert auch die Existenz jener Geraden bewei-
sen, die zwei vorgeschriebene Enden besitz. Das hat schon zur Folge, daR auf
eine Gerade von einem nicht zu ihr gehérenden Ende aus ein bestimmtes
Lot geféllt werden kann. Von den vorbereitenden Sétzen, die D. Hilbert

5 D. Hitbert, a. a. 0. 4 S. 137—140 bzw. S. 160—162.
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a. a. 0.6 seiner sogenannten Endenrechnung vorangeschickt hat, mdchte ich
hierbei nur die erwéhnten hervorheben. Diese Endenrechnung, die von ihm
fir die Enden eingefuhrt wurde, werde ich der Vollstandigkeit halber im § 1
besprechen.

Wiéhrend der von D. Hilbert7 gestreifte Weg zum Aufbau der hyper-
bolischen Geometrie der Ebene mit Hilfe seiner Endenrechnung durch die
projektive Geometrie fuhrt, wird in vorliegender Arbeit durch die unmittel-
bare Einfiihrung gewisser homogenen Koordinaten 'und selbstsandige Begriin-
dung der analytischen Geometrie der hyperbolischen Ebene die Grundlage
fiir einen vollstandig elementaren Aufbau geschaffen. Diese Koordinaten wer-
den bei der Annahme der Stetigkeitsaxiome (statt des Axioms IV]), die das
obige unvollstindige Axiomensystem zu einem vollstdndigen machen, iden-
tisch mit den bekannten WeierstraRschen homogenen Koordinaten, deshalb
nenne ich sie ebenso.8 Bei diesem Aufbau der hyperbolischen ebenen Geo-
metrie habe ich mit der hyperbolischen Trigonometrie nichts zu tun, letztere
ist vielmehr eine Folge der hier begriindeten analytischen Geometrie der
hyperbolischen Ebene.9 Ich mache auch wvon der euklidischen Geometrie
keinen Gebrauch, daher kann meine Darstellung als ein independenter ele-
mentarer Aufbau der hyperbolischen Geometrie der Ebene gelten.

§ 1. Die Hilbertsche Endenrechnung. Die Streckenfunktion E(t)
und die aus ihr hergeleiteten Streckenfunktionen

Die Hilbertsche Endenrechnung ist kurz gefaflt und in etwas anderer,
meinem Ziele entsprechender Form, die folgende.D

Es sei in der hyperbolischen Ebene ein rechter Winkel mit dem Schei-
tel O vorgelegt, dessen Schenkel als Halbgeraden die Enden i2 bzw. E haben

6 Siehe a. a. O. 4 § 1, S. 140—145 bzw. S. 164—170.

7 D. Hilbert, a. a. O. 4 § 4, S. 149—150 bzw. S. 175—177.

8 Bei der Annahme der Stetigkeitsaxiome habe ich die unmittelbare Einfuhrung der
WeierstraBschen homogenen Koordinaten und die selbststdndige Begrindung der analyti-
schen Geometrie der hyperbolischen Ebene in einer friheren Arbeit mutatis mutandis
dargetan. Siehe Paul Szasz, Begriindung der analytischen Geometrie der hyperbolischen
Ebene mit den klassischen Hilfsmitteln, unabhéngig von der Trigonometrie dieser Ebene,
Acta Math. Acad. Sei. Hung., 8 (1957), S. 139—157.

9 Fir den Fall der Annahme der Stetigkeitsaxiome siehe Paul Szasz, Die hyper-
bolische Trigonometrie als Folge der analytischen Geometrie der hyperbolischen Ebene,
Acta Math. Acad. Sei. Hung., 8 (1957), S. 159—161.

10 Vgl. auch Paur Szasz, a. a. O. 3 zweites Zitat, § 1, wobei die Hilbertsche Enden-
rechnung als Bogenrechnung bezlglich des Grenzkreises dargestellt wird. Diese Darstellung
ist anschaulicher, setzt aber aus der hyperbolischen Elementargeometrie etwas mehr voraus.

1*
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(Fig. 5). Das Ende B (in der Bezeichnung von D. Hilbert das 00) wird
ausgezeichnet und die Endenrechnung fur die von B verschiedenen Enden
erklart. Ein solches Ende a heie positiv, wenn die Geraden af2 und ER
auf derselben Seite der Geraden O R liegen, und heille negativ, wenn diese
Geraden auf verschiedenen Seiten von O liegen. Wenn wir eine Gerade
« 3 mit dem anderen Ende « an der Geraden OR spiegeln, so werde das
von B verschiedene Ende der so entstehenden Geraden mit —« bezeichnet.
Das andere Ende der Geraden OR mag mit O bezeichnet werden.

D. Hitbertll definiert nun die Summe zweier Enden folgendermalien:

Erklarung. Es seien a, B irgend zwei von 3 verschiedene Enden;
ferner sei O« das Spiegelbild des Punktes O an der Geraden «[3, und OB
das Spiegelbild von O an der Geraden /LLU; die Mitte F der Strecke UaOR
(im Falle €= R den Punkt O«= OB selbst) verbinden wir mit dem EndeR;
das andere Ende der so konstruierten Geraden ER heile die Summe der
beiden Enden a und R und werde mit c+ B bezeichnet (Fig. 6).

Die Definition des Produktes zweier Enden wird einfacher als bei
D. Hilbert,2 wenn vorher eine gewisse Streckenfunktion E(t), die den
Schliissel meiner ganzen Darstellung bildet und die ich (brigens schon in
einer friheren Arbeit" eingefiihrt habe, definiert wird, wie folgt:

Die Gerade OR sei nach B gerichtet; bedeute
(D a= E(f)
das positive Ende derjenigen Geraden, die im Endpunkt A der mit Vorzeichen
genommenen Strecke OA =t auf OR senkrecht steht (Fig. 7). Offenbar ent-

1 D. Hilbert, a. a. O. 4 § 2, S. 145—146 bzw. S. 170—171.
122 D. Hitbert, a. a. O. 4 § 3, S. 147—148 bzw. S. 173.
1B Paul Szasz, a. a. O. 3 erstes Zitat, S. 248.
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spricht ein positives Ende o immer einer bestimmten, mit VVorzeichen genom-
menen Strecke t.

Mit Hilfe dieser Streckenfunktion (1) kénnen wir nunmehr das Produkt
zweier Enden folgendermalen definieren:

Erklarung. Das Produkt o,a, der positiven Enden ox= E (4) und
a2— E (4) heilRe das Ende

(2) EMQE®M@) £(4+ 4

(Fig. 8); wir kommen noch darlber ein, daB fiir positive Enden a, B immer

(3) a(—B)=(—a)B=—aB, (—a)(—RB)= aB
und fir ein von Ei verschiedenes Ende § stets

4 £0=08=0

ausfalle.

In der Bezeichnung (1) bedeutet E(0) das Ende E und dieses spielt
bei der Multiplikation die Rolle der positiven Einheit, da doch nach (2)

E(1)E(0) = E(0)E(1) = E()
ausfallt. Deshalb sei fir dieses Ende die Bezeichnung

©) £(0)=1
eingefuhrt. Auf Grund von (2) kann diese Formel auch noch in der Gestalt
(5%) E(OE(—1)=\

geschrieben werden.

Das Ende 0, welches im Sinne von (4) bei der Multiplikation die Rolle
von Null spielt, verhalt sich auch bei der Addition als Null, da offenbar fir
ein von Ei verschiedenes Ende stets

6) S+ 0= 0+g= £
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und

0) 8§+ (-D =0

besteht. In dieser Endenrechnung gelten nach dem grundlegenden Ergebnis von
D. Hitbert¥ die ndmlichen Regeln, wie fiir die Rechnung mit gewdhnlichen
Zahlen. Oder in moderner Ausdrucksweise: die von £2 verschiedenen Enden
bilden einen kommutativen Korper. Dieser Korper hat aber noch die funda-
mentale Eigenschaft,bdalR es zu jedem positiven Ende stets ein positives Ende
gibt, dessen Quadrat jenem Ende gleich wird. In der Tat ist mit Ricksicht

auf (2) E(t): E1—1. Dem positiven Ende § so entsprechendes Ende mige

mit f| bezeichnet und positiver Quadratwurzel von | genannt werden.
Der Korper der von £2 verschiedenen Enden kann noch zu einem ange-
ordneten Korper gemacht werden, durch die folgende

Festsetzung, Es heiBe a grofRer als B (R kleiner als a), in Zeichen
a >R (/?7<«), wenn das Ende a—=R positiv ausfallt. Man Uberzeugt sich
leicht, daB fur positive Enden a,R im Falle a >R die Gerade RE£2 zwischen
den Geraden 0£2 und a2 liegt, und umgekehrt (Fig. 9). Das hat zur Folge,
dal® fiir t>0 stets E(t) > 1 ist (Fig. 10) und ganz allgemein

(8) E{tj) > E(j) fur f>f.

Der Kiirze wegen ist es zwéackmalig, auller der Streckenfunktion E(t)
unter (1), noch die Streckenfunktionen

9) CO=£(0+8A(-/), Sif>=E(f)-E(-1)"

S(t)  E(t)-E(-t)
: E(t) + E(-1)

8§ 2—3, S. 145—149 bzw. S. 170—174.
3, S. 148 bzw. S. 174.

U D. Hilbert, a.
155 D. Hilbert, a.

-4

0.4 8§
0.48
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einzufuhren. Wéhrend E(f) das Analogon der Exponentialfunktion ist, sind
diese letzteren Streckenfunktionen die Analoga der Hyperbelfunktionen. Fur
die zwei ersten besteht z. B. die Grundformel

(10) C(tf—S(tf 1

und auch noch

(12) C(a+ b) = C(a)C(b) + S(a)S(b),
sowie

(12) S(a+ b) = S(a)C(b) + C(a)S(b).

Auch ihren Verldufen nach erinnern diese Streckenfunktionen unter (9)
an die Hyperbelfunktionen, &hnlich wie die Streckenfunktion E(t) an die
Exponentialfunktion erinnert, z. B. der Ungleichung (8) genugt.

8 2. Die Weierstralischen homogenen Koordinaten eines Punktes

Ein Punkt P der Ebene kann durch die folgenden zwei Daten charak-
terisiert werden. Das eine ist das andere Ende a der Geraden P£2 (Fig. 11).
Ist aber Oa das Spiegelbild von O an der Geraden mit den Enden

E
2, £2, so ist das andere Ende der

Geraden 0,,£2 nach der Definition der

Summe zweier Enden (8 1) gleich
--+ -= 0, d h ist die Gerade of2

das Spiegelbild von 0£2 an der vorher
erwahnten Geraden, die neben £2

das andere Ende " hat- Infolgedes-
sen liegt das Spiegelbild P' von P an dieser Geraden mit den Enden
2 , £2 auf O£2. Nun ist der Punkt 9 durch die Daten o und OP’—t, wobei

letztere auf der nach £2 gerichteten Geraden 0£2 mit Vorzeichen genommen
wird, offenbar vollkommen bestimmt. Diese zwei Daten t, o sollen die
gemischten Koordinaten des Punktes P heilen. Mit Hilfe dieser Koordinaten
beweise ich den folgenden

Satz. Zwischen den Punkten der hyperbolischen Ebene und den Enden-
tripeln (x,, X.,, X3, fir welche

(1) XI—x\—4 =1
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und
) *3>0
ist, findet ein eineindeutiges Entsprechen statt. Dieses Entsprechen kann dadurch

hergestellt werden, dal man einem jeden in gemischten Koordinaten gegebenen
Punkt (t,a) das Endentripel

(3) je=SO0+y a£(-0. x,=o0E(-t), x,= C(0O+yOaf (-0
zuordnet.

Bfweis. Fur das Endentripel (3) erweist sich die Gleichung (1) mit
Rucksicht auf die Formeln (9) und (10) des § 1, sofort als richtig. Und
mittelst der dritten Gleichung unter (3) fallt das Bestehen von (2) ins Auge,
da doch C(t)>0 und E{—1)>0 ausfallen (8 1, (2), (9)).

Ich werde jetzt zeigen, daB umgekehrt jedes Endentripel (x,,x2 x3 von
den Eigenschaften (1) und (2) durch die Zuordnung (3) genau einem Punkt
(t,a) entspricht.

Aus (1) folgt zundchst

*3= 1+ 42+ X;;>X?,
also ist mit Rucksicht auf (2) gewill x3>XI!, d. h.
(4) X,—X:>0.
Wenn es nun Uberhaupt einen Punkt (t, d) gibt, fir welchen die Gleichungen
unter (3) bestehen, so muB (8 1, (9))

xs- XM= C(t)-S(t) = E(-t)
oder (8 1, (5%)
. 1

(5) B x3—x,

gelten. Eine solche mit Vorzeichen genommene Strecke t gibt es aber genau
eine, da doch nach (4) die rechte Seite von (5) positiv ausfallt. Aus der
zweiten Gleichung unter (3) ergibt sich weiter durch Verwendung von (5)

Das gegebene Endentripel (x,,x2 x3 von den Eigenschaften (1) und (2) kann
also durch die Zuordnung (3) nur dem durch (5) und (6) bestimmten Punkt
(t, o) entsprechen.

Durch eine direkte Rechnung verifiziere ich nun, dal es dem in der
Tat entspricht.
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(5) und (6) ergeben vor allem (81, (5%))

X

<PE(—t)= (kg—_%ﬁ(m—*i) X
und (§ 1, (9)) '
5= y_y 06— 12_()(()5(3__):,()(32
bzw.
1+ (x3—xQ2

Also ist auf Grund von (1)
8(6'+ yl aE (-04: 1—_&)('(?0-_X)2+ X ﬁgg'xgggq)')'@?
06+ X)—(B—X) x

wahrend
B+ T BEY(-1) = 1Ok X8t X = = Xt K x02

x3+ X + (Xx8—X) e

Weiter ergibt sich aus (5) und (6) unmittelbar
0E(—0= x2

Damit ist das Bestehen von (3) bewiesen.

Durch die Zuordnung (3) wird demnach zwischen den Punkten (t, 0)
der hyperbolischen Ebene und den Endentripeln (x,, x2,x3 von den Eigenschaf-
ten (1) und (2) ein eineindeutiges Entsprechen hergestellt, w. z. b. w.

Aus diesem Grunde sollen die unter (3) definierten Enden x,,x2,x3 als
die WeierstraRschen homogenen Koordinaten des Punktes (t, 0) erklart werden.

Aus (3) ergeben sich fur /= 0,0= 0 als die Weierstral’schen homoge-
nen Koordinaten des Punktes O

) X=0, x2=0, x3= 1
In meinen spéteren Erorterungen spielt die folgende Eigenschaft der hier
definierten WeierstralRschen homogenen Koordinaten eine entscheidende Rolle:
fir die WeierstraBschen homogenen Koordinaten x,, X2 x; bzw. xa,3c2x3
zweier Punkte ist stets

(8) XX3—xX2—x3q > 0.
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Sind ndmlich diese Punkte in gemischten Koordinaten (t,a) bzw. (t, 0),
so bestehen neben (3) noch

(3) A=50 +"0*E{—t), x2= 6E(—t) x3= Ct)+y"£ (-0
und aus diesen Formeln (3), (3) ergeben sich

xX3= C{t)C(t) + > 0*E(-t)C(t) + -L&E(-i)C(f) +

+ £0°0%E (-t)E (-t~),
xX2= 06E (—t)E(—i),

XiX, = 5(05(0 +y 0*£(-05(0 + — 0*E(—t)S(t) +

+ 4 020E(—t)E(—1).
Also ist (8§ 1, (9), (11))
XX3—XxX2—X/1 = C(t—t) + ~ <PE(—f)E(—1t) +

+Y"MNE (—I)E(—f)—adE(—t)E(—i) = C(t—i) +
+ ’ E(—/)E(—t)(a—of.
Da aber hierbei (81, (1), (9))
C(t—1)>0, E(—t)>0, E(—t)>0, (0—0f"O

ausfallen, so tritt dadurch die Ungleichung (8) in Evidenz.

83. Die Gleichung der Geraden. Weierstralische homogene
Linienkoordinaten

Im folgenden werde ich von den nachstehenden zwei Hilfssdtzen von
D. Hirbertl Gebrauch machen. Diese beziehen sich auf die Endenrechnung,
die zum angenommenen rechten Winkel £20E gehort (81).

Hitfssatz 1 Sind a und B von Ei verschiedene Enden, und wird die
Gerade af2 an der Geraden R£2 gespiegelt, so entsteht diejenige Gerade, die
das Ende 2B—a mit £2 verbindet (Fig. 12).6

16 D. Hitbert, a. a. O. 4, 82, S. 147 bzw. S. 172, weiter 83, S. 148 bzw. 174.
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Hilfssatz 2. Wird durch den Punkt O eine von der Geraden OR
verschiedene Gerade gelegt, so erfiillen die Enden a, 3 dieser Geraden die
Gleichung all = —1. Das folgt einfach daraus, dal die Enden einer solchen
Geraden offenbar a= E{t) und R = —E(—t) sind (Fig. 13). Das Produkt
dieser Enden st in der Tat —E(—t)E (t)~—1 (8 1,(5%)).

E

Fig. 12 Fig. 13

Unter Benutzung dieser Hilfssdatze leite ich nun die Gleichung der
Geraden her.

Es sei zunéchst eine solche Gerade betrachtet, deren Enden t, rj von 3
verschieden sind (Fig. 14). Es sei durch gemischte Koordinaten (82) ein
beliebiger Punkt P(t, 0) dieser Geraden angegeben. Dann geht P mit Riick-
sicht auf die Definition der gemischten Koordinaten durch die Spiegelung

an der Geraden mit den Enden , B in denjenigen Punkt P' der Geraden

O R dber, fir den mit Vorzeichen genommen OP'= t ausfallt. Dieser Punkt
P' geht also durch die Verschiebung ldngs der Geraden O R mit der Strecke
—/ in O (Uber. Die urspriingliche Gerade tri wird daher durch die Aufein-
anderfolge von dieser Spiegelung und

Verschiebung in eine solche versetzt,

die durch den punkt O lauft. Die En-

den t, 1] gehen bei der genannten Spie-

gelung laut des Hilfssatzes 1 in 0—t,

0—r], sodann diese letzteren durch

jene Verschiebung nach der Definition

des Produktes (8 1, (2), (3), (4)) der

Reihe nach in die Enden E(—t)(0—t),

E(—t)(0o—t}) uber. Da aber die

Verbindungsgerade dieser Enden iden- Fig. 14
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tisch mil derjenigen ist, in welche versetzt wurde, also durch den Punkt O
geht, so ist nach dem Hilfssatz 2 das Produkt dieser zwei Enden (§ 1,(2))
(1 E{-2t){o-$)(0o-ri)"-\.

Demnach geniigen die gemischten Koordinaten t, 0 eines jeden Punktes der
betrachteten Geraden b dieser Gleichung (1). Es leuchtet sofort ein, dal
auch jeder Punkt, durch dessen gemischte Koordinaten t, o diese Gleichung
(1) erfillt wird, der Geraden angehort. (1) ist also die Gleichung dieser
Geraden in gemischten Koordinaten. Sie geht wegen

5 (0—rn)= £r/—(+ /;))O+ 02
durch Multiplikation mit £ () O in die Gleichung
1*) g»jE(—t)—g + ri)oE(—t)+ 0E(—t)+ E(t)= 0
uber. Mit Ricksicht auf die Formeln (3) im vorigen § ist aber (§8 1,(9))
*3-* = C(f)-5(0=E(-0

X3+ X,= C(0+5 (/)+ adf (—)= E(t)+ 6>E(-1),

und

wéhrend
x2= oE(— 1),
also kann dieser Gleichung (1*) die Gestalt
bl (x3—Xj)— (8 + /i) X2+ x3+ X =0
gegeben werden.

Damit ist gezeigt, dal} eine Gerade mit den von B verschiedenen Enden
I, 4, in Weierstrafischen homogenen Koordinaten x,, XL, x; durch die Gleichung

(2) (Ir/—)x, + (@+ i?)x,—(Si"+ 1)x8= 0
charakterisiert werden kann.

Wird ein von R verschiedenes Ende fj mit # verbindet, so lautet die
Gleichung dieser Verbindungsgeraden in gemischten Koordinaten offenbar
0—7= 0. Durch Multiplikation mit E(—f)=j=0 wird diese Gleichung infolge
der Formeln (3) des vorigen 8

x2—ri(x3—x9) = 0.
Die Gleichung der Geraden, die das Ende i] mit 8 verbindet, lautet
also in Weierstrafischen homogenen Koordinaten
(3) X + x2—ijx3= 0.
Wird die Gerade (2) nach dem Ende | gerichtet, so sollen die Enden

(4) 84'1 U:

\Y 6—4’ S—1
als die Weierstrafischen homogenen Linienkoordinaten dieser gerichteten Gera-
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den erklart werden. Als solche erkldre man fir die nach £2gerichteten Gera-
den (3) die Enden

(5) U=1 V= 1, W= 70

bei Umkehrung des Richtungssinnes sollen die Linienkoordinaten dieser
Geraden mit —1 multipliziert werden.

Es besteht fir die Weierstralischen homogenen Linienkoordinaten u, v, w
einer Geraden in jedem Falle
(6) u2-\-v2—w2= |1,
und ihre Gleichung kann in Weierstralschen homogenen Koordinaten x,, X2, X1i
in der ,,Normalform*
@) ux!lir vx.,—wx3= 0
geschrieben werden. Umgekehrt ist eine jede Gleichung dieser Art, in welcher
die Kooeffizienten u, r, w der Forderung (6) geniigen, die Gleichung einer
gerichteten Geraden in ihrer Normalform.

Davon (berzeugt man sich leicht auf Grund der Erklarungen unter (4)
und (5).

8 4. Transformation der WeierstralBschen homogenen
Linienkoordinaten

Auler dem bisher zu Grunde gelegten rechten Winkel £20E sei noch
ein rechter Winkel mit dem Scheitel 0' angenommen werden, dessen Schen-
kel als Halbgeraden die Enden £2' bzw. E
haben (Fig. 15). Wir betrachten diejenige Be-
wegung bzw. Umwendung der Ebene, durch
die der rechte Winkel £2'0'E in den ur-
spriinglichen BOE ubergefuhrt wird. Als Weier- \
strasche homogene Linienkoordinaten einer
gerichteten Geraden g in Bezug auf das ,,Ko-
ordinatensystem* £2°O'F sollen die Linien-
koordinaten u',v', w (8 3) derjenigen Geraden
g' verstanden werden, in die g bei der betrach-
teten Bewegung bzw. Umwendung (bergeht.

Wir sehen zu, wie sich u',v, w durch die
urspriinglichen Linienkoordinaten n', V, w' von
g ausdriicken lassen.

Die Beantwortung dieser Frage kann auf

die bekannte Tatsache gegriindet werden, daR
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bei einer Bewegung bzw. Umwendung der Ebene ein jedes Ende g in

al+R
(1 75+ d
ibergeht, wobei «, B, y, 6 von g unabhédngig sind und
(2 ab—Ry==+ 1
ausfallt, je nachdem eine Bewegung bzw. Umwendung vorliegt.7 (Im Falle

7 =10 geht das Ende ----- 3 in B, und B in das Ende—::i]ber.)

Sind die Enden der gerichteten Geraden g von R, sowie von R' ver-
schieden, und sind diese Enden g, /j so bezeichnet, dal g nach dem Ende g
gerichtet ist, so sind im Sinne von (1) die entsprechenden Enden von g' der
Reihe nach

* i <+ R au + B
() 9= yZ+ 4’ yr]+ d°
Auf Grund dieser Formeln (1*) ergeben sich mit Riicksicht auf (2) fur die
Linienkoordinaten u', v, iv' der Geraden @' in Bezug auf das urspringliche
System (83,(4)) die Enden

gy—1 (er—T2gq+ (aB—yd) (g+ tj)+ R2— 062

"T-i/ m + (i-4)
g+ r/  2ay%Ti+ (By+ ccO)(Z-{-rj)+ 2Bd
“SW (W
" gy +1  («2+ f)gg+ (aR+yd) (g+ n)+ B2+ 62
%—n’ +(S—v)

Es ist aber, wie sofort ersichtlich (83,(4)), durch die urspringlichen Linien-
koordinaten u, v, w der Geraden g ausgedrickt

ivtun v, 2v

+d

ST iyt : V— u

IV— U

und durch Einsetzen in die obigen Formeln erhalt man nach u, v, w geordnet

n= =+ a2—y_2?f$a-J-02u+ (aB—yb)’qr H___E:_I_Z_ ------ — -iv
3) + {(«7—Rfyu+ (By+ aQr+ (ay + RE) tv},
cf+f —f —& i} a2+ f + R2+ d2.
\% u+ (al+yo)v + v
g Vgl. H. Liebmann, Uber die Begriindung der hyperbolischen Geometrie, Math. Anna-

len, 59 (1904), S. 110—128, inshesondere S. 118. Fir den Beweis siehe Paul Szasz, a. a. O. 3
S. 246—247, sowie den Anhang.
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Werden hierbei in dery'-ten Gleichung die Koeffizienten von u, v, w der Reihe
nach mit a}, af2, iR bezeichnet (y'= 1,2,3), so lauten diese Formeln

[ «= UUu+ URv+ 86BN,
(3*) \ V= a2lu+ o2 V+ 623 W,
(w'= aMu+ ai2v+ a’w.

Diese Formeln (3) bzw. (3*) sind auch dann giiltig, wenn die Enden
von g nicht beide von £2 und £2' verschieden sind. Davon uUberzeugt man
sich leicht, in jedem mdglichen Falle.

Fir die Koeffizienten auf der rechten Seite von (3*) gelten die Glei-
chungen

( On+O6M — 031 = 1,
(4) | Up+ OM—asa=b

(-—---U013--08+ 033= 1
und ouch noch

laval+ a2(2—Gia®= Q
(3) \ ity2 013 -f- Go2 023  0g2 (,33 === 0)

(613G, + G23021— 033031= 0.

Diese ergeben sich auf Grund von (2) durch einfache Rechnung mit Rick-
sicht auf die unter (3) angeschriebenen Ausdriicke der Koeffizienten ajh.

Die aus den Koeffizienten ajk gebildete Determinante ist

a~—I/ 2—RPRR ab_ yd a2—f + R2—d2
2 N 2
(6) ay—~Ro By + a6 ay-\-B6 =
(F+f —R—d1 aR+yo cdT~y + 7+ &~
2 2

wie man sich davon auf Grund der ersten Gleichung unter (4) und mit
Ricksicht auf (2) durch die Entwicklung

D anDIl{~GD2+ (RD3

nach den Elementen der ersten Kolonne leicht tberzeugen kann.
Zusammenfassend konnen wir also (ber die Transformation der Weier-
straBschen homogenen Linienkoordinaten folgendes aussagen:

Sind die Weierstral’schen homogenen Linienkoordinaten einer gerichteten
Geraden in der durch den rechten Winkel £20E definierten Endenrechnung
der Reihe nach u, v, w, so ergeben sich ihre Linienkoordinaten u', v, W, beziig-
lich eines neuen Koordinatensystems £2°O'E aus den Formeln unter (3*), wobei
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die Koeffizienten a,k von g unabh&ngig sind und den Gleichungen unter (4)
und (5) genugen, ferner die Determinante dieser Transformation

an av=al3
(6% D= 1 @=1

) O3l ot O3
ausfallt.

Aus (4) und (5) folgt bekanntlich,B daB fur die Koeffizienten ajk auch
die Gleichungen
[ ah+ali—a”= 1
@) | on+ (2 B= 1
(—I&—iuf2+ a~ =1

,anad+ ala2Z2—alaz= 0,
<8) 128222 aZh3=0,
B0n-(- (RR  (BB= 0
bestehen. Diese Gleichungen konnen dbrigens &hnlich wie die unter (4) und

(5) durch direkte Rechnung verifiziert werden.
Aus (3) folgen schon durch eine leichte Uberlegung die Formeln

wfe- . O—f + f-

und

u= + " (ay— Rd)v - -W
V=1 {{aB—yd)u'+ {By+ ad)v'—{aB + yd)w'},
we & TP TRy eGP YT BT a

Das bedeutet, mit Rucksicht auf die unter (3) angeschriebenen Ausdriicke
der Koeffizienten Ujk in (3*), folgendes:

Die urspringlichen Weierstral’schen homogenen Linienkoordinaten u, r, w
sind durch die auf das neue Koordinatensystem £2°’O'E bezogenen Linien-
koordinaten u', v, w’ ausgedrickt

1 u= anu'+ a2lv'—a3w',
9) \'  v= ald'-}azv —aldw,
w= —alli'—aZ/+ a3,
wobei die Koeffizienten ajk mit denen unter (3*) identisch ausfallen.

B Vgl. z B. G. Kowalewski, Einfuhrung in die Determinantentheorie einschlieflich
der unendlichen and der Fredholmschen Determinanten (Leipzig, 1909), S. 161
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85. Transformation der WeierstralBschen homogenen
Punktkoordinaten. Der Abstand zweier Punkte

Ahnlich wie am Anfang des vorigen § die Linienkoordinaten, definiere
ich die Weierstral’schen homogenen Punktkoordinaten in Bezug auf ein neues
Koordinatensystem folgendermafen:

Als WeierstralRsche homogene Koordinaten eines Punktes P in Bezug aufdas
,,Koordinatensystem* SI'O'E' sollen die Koordinaten x[, x',, x3(8 2) desjenigen
Punktes P' verstanden werden, in den P bei derjenigen Bewegung bzw.
Umwendung der Ebene (bergeht, durch die der rechte Winkel EI'O'E' in den
urspringlichen EFOE Ubergefuhrt wird.

Wir sehen zu, wie sich die urspriinglichen Koordinaten durch die neuen
ausdrucken lassen und umgekehrt.

Es sei zu diesem Zwecke durch den Punkt P eine gerichtete Gerade g
gelegt, deren urspriingliche WeierstraBsche homogene Linienkoordinaten (8 3)
der Reihe nach u, v, w, und die auf das neue System bezogenen u',v,w" sind.
Durch diejenige Bewegung oder Umwendung, welche den rechten Winkel
EI'O’E in <10E (lberfuhrt, gehen die Gerade g und der Punkt Pin g' bzw.
P* Uber, die die urspriinglichen Linien- bzw. Punktkoordinaten v, W bzw.
xi,x4,X3 haben. Da aber die Gerade g' durch den Punkt P' hindurchgeht, so
ist (83, (7))

(@) u’xj+ v'xé—wx3= 0.
Diese Gleichung nimmt durch Anwendung der Transformationsformeln der
Weierstrallschen homogenen Linienkoordinaten (8 4, (3*)) die Gestalt

(anx[+ a,Xx,—ami)u + {avx[-\-a.nx2—anx'j)v— (— alX[—anx2+ aax) w= 0
an. Wenn der Kirze halber die Bezeichnung

I yr= anx[+ g2x2—a3lx3,
2 | y*= i+ axi— 032G,

(y3= —a&[—anx,-faa,
eingeflhrt wird, so geht diese Gleichung (1) in
(» ylu+ yiv—y3w= 0
uber. Aus (2) folgt mit Ricksicht auf die Gleichungen (7) und (8) des
vorigen §4

n—fi—yi= —xj—xj + Xf
also ist (8§82, (2)

yl—yi—yl= h

da doch x[,x'r,x~ WeierstraBsche homogene Koordinaten sind. Demnach sind
entweder yuyity3 oder —yu—y2 —y3 die WeierstraBschen homogenen2

2 Acta Mathematica IX/I—2
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Koordinaten eines Punktes Q in der durch den rechten Winkel £20E defi-
nierten Endenrechnung. Dieser Punkt Q liegt aber infolge (1*) auf der Gera-
den g, und zwar bei beliebiger Wahl der letzteren, die durch den Punkt P
gelegt wird, deshalb fallt Q mit P zusammen. Die Enden yly2y3 oder
—ylt—y2 —y3 sind also mit Xi, x2x3 der Reihe nach identisch, und es
bestehen daher mit Ricksicht auf (2) die Formeln

3)

—0 1 MK W1 —
wobei #= + 1 ausféllt. Jedem Punkt P entspricht ein solches Vorzeichen s,
es ist aber noch fraglich, ob dies fiir jeden Punkt dasselbe ist.

Ich zeige, daB es unter (3) fir jeden Punkt P dasselbe e=+ 1 gilt,
je nachdem die Koordinatensysteme ROE und £2'0'E gleichsinnig oder
ungleichsinnig ausfallen.

Fir den Beweis seien x,,x2x3 die Weierstralschen homogenen Koor-
dinaten eines von P verschiedenen Punktes P. Dann gelten neben (3) die
entsprechenden Gleichungen

xa= s(anx[ + a2lZ — aaix3,
X2= f(a]d+ 022—032*3),
*3 = | (— OI3*i— U28*2+ U(33*3)

und auf Grund der Gleichungen (7) und (8) im vorigen 84 ergibt sich
hieraus

(4) X3X3—*2%2 —*1 Xi — SS (X3X3—X&X 2—X, X]).

Da aber hierbei der auf der linken Seite, sowie auf der rechten in Klammern
stehende Ausdruck positiv ausféallt (8 2, (8)), so ist se >0, es bedeuten also
s und s in den beiden Punkten gewill dasselbe Vorzeichen. Wird nun (3)
speziell auf den Punkt O' angewandt, dessen Koordinaten in Bezug auf das
neue System £2'0O'E der Reihe nach x[ = 0, x0= 0, x3— 1 sind (82, (7)), so
erhélt man aus der dritten Gleichung x3= sa3® d. h. mit Ricksicht auf die
dritte Gleichung unter (3) im vorigen 8

wobei das Vorzeichen + oder — gilt, je nachdem das System £2'O'E'durch
eine Bewegung bzw. Umwendung in £20E Ubergefihrt wird, oder mit ande-
ren Worten die beiden Koordinatensysteme gleichsinnig oder ungleichsinnig
ausfallen. Das hat wegen x3> 0 (8 2, (2)) zur Folge, dal? diesen zwei Féallen
entsprechend auch v ! ist, wie behauptet wurde.
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Wir haben somit folgendes Ergebnis gewonnen:

Sind x,,x2, X die Weierstralschen homogenen Koordinaten eines Punktes
P in der durch den rechten Winkel O OE definierten Endenrechnung und
X[, X2, X die Koordinaten desselben beziiglich eines neuen Koordinatensystems
Pi'O'E, so bestehen die Transformationsformeln
Ui= =% (ixiXI+ (sjXa— a31Xs),
(3 jx2= £ (avx[+ a22%—a3X3,
(x3= ( alx, B B],
wobei die Koeffizienten ak von P unabhéngig, némlich mit den obigen (8§ 4, (3*))
identisch sind, und das Zeichen + oder —qliltig ist, je nachdem das neue Koor-
dinatensystem mit dem ursprunglichen gleichsinnig oder ungleichsinnig ausfallt.
Aus (3*) kann schon auf Grund der Formeln (9) des vorigen § durch
eine leichte Uberlegung gefolgert werden, daR die neuen WeierstraBschen
homogenen Koordinaten x[,x'r, X. durch die urspriinglichen ausgedruckt

A=+ (O X+ URX+ fIBX3,
(5) Ix2=  {anx, + 02x2+ Oix3,
(3= + (BLX+ &+ (B

sind, wobei das Zeichen + oder — zu nehmen ist, je nachdem die beiden
Koordinatensysteme gleichen oder entgegengesetzten Drehungssinn haben. Es
kann noch mit Ricksicht auf die Formel (6*) des vorigen 8§ zusétzlich hin-
zugefuigt werden, dal die Determinante der
Transformation (5) dem gultigen Vorzeichen
entsprechend A— + 1 ist.

Die Formel (4) hat wegen s= é= + 1
zur Folge, dal’ der Ausdruck X3x3—x22—Xx,X,
gegen Koordinatentransformation invariant
ist. Wird das neue Koordinatensystem O'O'E
so gewdhlt, dal® 0" mit dem Punkt P zusam-
menfallt und P auf der Halbgeraden O'O'
liegt (Fig. 16), so sind die neuen Koordina-
ten dieser Punkte x,=0, x2= 0, x3= 1
(82,(7)) bzw. x'= 5(d), x;= 0, Xg=C(d)
(82, 3)), also der fragliche Ausdruck X3>3—x2x2—x[x[ = C(d). Wir kdnnen
somit wegen der Invarianz dieses Ausdruckes folgendes feststellen:

Der Abstand d der Punkte P und P von den Weierstralischen homogenen
Koordinaten x,,x2,x3 bzw. X,,x2,x3 ist durch die Formel
(6) C(d) = xsXx3—x2x2—X,X,
bestimmt.

+

2»
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E Mit Hilfe dieser Formel kann die ein-
fache geometrische Bedeutung der Koordinate
x3 gleich entdeckt werden. Wird némlich
neben dem Punkt P(x1,x2x3 als zweiter
Punkt P= O gewéhlt (Fig. 17), dessen
Koordinaten xu = 0, x2= 0, x3— 1 sind
(82, (7)), so lehrt die Formel (6) folgendes:

Die dritte Koordinate des Punktes P ist
mit dem Abstand O P =d ausgedriickt

) x3= C(d).

8 6. Der Abstand eines Punktes von einer Geraden

Es seien x,, x2,x3 die WeierstraRschen homogenen Koordinaten eines
Punktes P und u, v, w die Linienkoordinaten einer gerichteten Geraden g.
Hat ein neues Koordinatensystem £2'O'E denselben Drehungssinn wie das
urspriingliche System £20E so ist nach den Formeln der Transformation
der Linien- bzw. Punktkoordinaten (84,(3*); 85,(5))

ux[+ vX2—w'x3= (anu+ anv+ aldv) (allxi-f alx2+ ulk3 +
+ (ann+ v+ 63Bw) (adx, + a,x2+ 023 —
—(a3u + aS + a’*w) (omx, + a3x2+ aax).

Es besteht also auf Grund der Gleichungen (4) und (5) des § 4 die Formel
(@) U'X\f-v Xx2—wXs = ux, + rx2—wx3

Der Ausdruck ux,+?>x2—wx3 ist demnach gegen Koordinatentransformation
bei Beibehaltung des Drehungssinnes inva-

riant. Dieser Ausdruck hat eine einfache geo-

metrische Bedeutung. Um sie zu bestimmen,

werde das neue Koordinatensystem [2'0'E'

so gewdhlt, wie es an der Figur 18 zu sehen

ist. Wir nehmen zunéchst an, dall P auf der

positiven Seite der Geraden g liegt, und es

sei t der Abstand dieses Punktes von g.

Bei derjenigen Bewegung, durch die der

rechte Winkel £2°0'E in £20E (Ubergefihrt

wird, geht der Punkt P in P '=0 und die

Gerade g in g’ (ber, die auf 0£2 senkrecht

steht. Letztere ist mit OE gleichgerichtet und hat von O den Abstand t> 0
(Fig. 19). Die Enden § 1/ dieser Geraden g' (wobei 2 in die positive Rich-
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tung gefallen sei) sind (8 1 (1)) £= E(t) und rt= ,—E(t), also hat g defini-
tionsgemal (84) in Bezug auf das neue System I1J'O'E' die Linienkoordi-
naten (83,(4))

Sij+1 -£(02+i

g—7 2E(1)

E(t)-E(—t
(M-ECY g

[\

(8 1 (5%, (9)), wahrend P die neuen Koordinaten (85) x\= 0,x2= 0, x3= 1
(82,(7)) aufweist. Demnach ist auf Grund wvon (1) der fragliche Ausdruck
uxj + rx.j—ivxj= 5(0- Liegt P auf der ne-
gativen Seite von g, d. h. auf der positiven
Seite der entgegengesetzt gerichteten Geraden
von den Linienkoordinaten —u, —v, —w,
so ist nach dieser Formel

—nXi —ex,-f wx3= §(t).

Zusammengefalt kdnnen wir dieses Ergebnis
so ausdrucken:

Sind x1; x2 x3 die Weierstralschen ho-
mogenen Koordinaten eines Punktes P und
u, v, w die Linienkoordinaten einer gerichte-
ten Geraden g, und wird der Abstand t dieses
Punktes von dieser Geraden positiv oder
negativ genommen, je nachdem P auf der
positiven oder negativen Seite von g liegt, so besteht die Formel
2 5(0 — UXJ+ vx2— NG,
2| Diese Formel (2) ist geeignet, die ein-
fache geometrische Bedeutung der zwei ersten
Koordinaten Xj,x2 zu entdecken. Da nédmlich
dasEnde Ein der Endenrechnung £= £(0)=1
ist (81,(5)) und folglich das andere Ende
der Geraden OE als rj= —1 ausfallt, so
sind die Linienkoordinaten dieser nach E
gerichteten Geraden der Reihe nach —1,0, 0
(83,(4)). Wird also der Abstand des Punk-
tes P(x1;x2,x3 von der Geraden OE mit
—a bezeichnet, so ist nach (2) — —a),
d. h. X= 5(). Da die Gerade OI2 das andere Ende O hat, also die
Linienkoordinaten dieser nach 12 gerichteten Geraden der Reihe nach 0, 1,0

E
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sind (83, (5), so besteht fir den Abstand b des Punktes P von 0£2 im
Sinne von (2) x2= S (b).

Mit Riicksicht auf die Formel (7) des vorigen § kdnnen wir also Uber
die geometrische Bedeutung der WeierstraBschen homogenen Koordinaten
eines Punktes zusammenfassend folgendes feststellen:

Wird der Abstand eines Punktes von der Geraden OE mit a, von der
Geraden OR mit b, und vom Punkt O mit d bezeichnet, und zwar (Fig. 20)
a an der rechten Seite von OE, b an der oberen Seite von O£2 positiv, und
an der anderen negativ genommen, so sind die im 82 unter (3) definierten
Weierstraflschen homogenen Koordinaten dieses Punktes

3) xx= S${a), x,= S(6), x3= C(d).

8 7. Die geometrische Bedeutung des Ausdruckes
«i u2+ b\v2—M N in Bezug auf zwei Geraden

Ich betrachte nun zwei voneinander verschiedene gerichtete Geraden
gug2 die in der durch den rechten Winkel £20E definierten Endenrechnung
die Weierstralschen homogenen Linienkoordinaten wux,r\,mx bzw. u2v2, iv2
haben (8 3). Auf Grund der Formeln unter (3*) im §4 und mit Ricksicht

auf die Gleichungen (4) und (5) in demselben § ist der Ausdruck uxu2+
*\-vxv2—WiWb gegen Koordinatentransformation invariant. Es sind beziglich
der geometrischen Bedeutung dieses Ausdruckes drei Falle zu unterscheiden.

1° Fall. Die Geraden gx,g2 schneiden einander.
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Das neue Koordinatensystem £2'0'E werde so gewéhlt, wie es die
Figur 21 zeigt. Von dem in die positive Richtung fallende Ende von g2werde
auf g! das Lot gefallt, und der FuRpunkt F desselben habe von O' den mit
Vorzeichen genommenen Abstand a. Bei derjenigen Bewegung bzw. Umwen-
dung, durch die der rechte Winkel £2°0OE"' in £20E (ibergefiihrt wird, gehen
die gerichteten Geraden g,,g2 der Reihe nach in gfgi, der Punkt F in F'
Uber, wobei mit Vorzeichen genommen OF'= a ausfallt (Fig. 22). Die Enden
von g[ sind £2 und tl= 0, und zwar fallt £2 in die positive Richtung von
g[. Sind $ rji die Enden von gl,, wobei & in die positive Richtung gefallen
sei, so ist (8 1,(1))

8= E(a), /j2= —E(—a).
Also hat g2 in Bezug auf das neue System £2'0'E definitionsgemaR (8 4)
die Linienkoordinaten (83, (4); § 1, (9))

L E(a)—E{—2)
ih= 2 E(a)+E(-a)

wéhrend die von g1 (83, (5))
u=0 V-1 w=20

Q@+ V[VieWWi=T (a),
und wir haben somit wegen der Invarianz des fraglichen Ausdrucks folgen-
des Resultat gewonnen:
Fir einander schneidende gerichtete Geraden gu ¢ hat man

T(a), w,=

sind. Es folgt deshalb

Q) uxia+ fivz—w, = 7(a),
wobei a den vom Schnittpunkt der beiden Geraden gerechneten Abstand des
FuBpunktes desjenigen Lotes bedeutet, welches L E

von dem in die positive Richtung fallenden
Ende der Geraden ¢, auf gl gefallt wird
(Fig. 21).
2° Fall. Die Geraden g1}gz haben ein
gemeinsames Lot und sind gleichgerichtet.
Es sei a>0 der zwischen gxund g2
fallende Teil des gemeinsamen Lotes, und
das neue System £2'OE' werde so gewdhlt,
wie es die Figur 23 andeutet. Wird der rechte
Winkel £2'0OE' durch eine Bewegung bzw.
Umwendung in [20E ubergefilhrt, so gehen gi,g2 der Reihe nach in die
gerichteten Geraden g[,gl Uber, die das gemeinsame Lot 0£2 haben, dessen
zwischen diesen Geraden fallender Teil a> 0 ist (Fig. 24), und zwar féllt g[



24 P. SZASz

mit der Geraden OE (berein, nach dem Ende E oder (§8 1, (5)) 8= 1 gerich-
tet. Das andere Ende von g[ ist %= —1, wahrend ¢'2 die entsprechenden
Enden &= E(a), t= —E(a) hat (81, (1)). Die neuen Linienkoordinaten
von gx g2 sind mithin (8 3, (4))

U[: —1 vi= 0, wi= 0

. bzw.
. K- —E (af—l .o _
Lo e A
also ist in diesem Falle (81, (5%), (9))
*r £(«)3+ 1
«@+ v[Vo—wxw?2 2E(a) C(a).
Infolge der Invarianz des fraglichen Ausdruckes
a £a R kann demnach jetzt folgendes festgestellt werden;

Haben die Geraden gx g, ein gemeinsa-
mes Lot und sind sie gleichgerichtet, so ist

n 2 ulu2+ v v2— wiw2= C(a),
7;' Vlr-E(a) wobei a den Abstand der Schnittpunkte dieser
Fig. 24 Geraden mit ihrem gemeinsamen Lot bedeutet
(Fig. 23).

3° Fall. Die Geraden gx, g sind hyperbolisch parallel und gleichgerichtet.
Es kann offenbar angenommen werden, dal die beiden Geraden nach
dem gemeinsamen Ende gerichtet sind, In diesem Falle werde das neue
Koordinatensystem LEO’E so gewdhlt, wie es an der Figur 25 zu sehen ist,

Fig. 25
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und es sei das von 0" auf g2 gefdlltes Lot als positive Strecke mit t bezeich-
net. Bei derjenigen Bewegung bzw. Umwendung, durch die der rechte
Winkel Li'O'E in ROE ubergefuhrt wird, gehen die gerichteten Geraden
gugi der Reihe nach in g[,g\ Gber (Fig. 26), mit dem in die positive Rich-

tung fallenden Ende &= = E(t). Das andere Ende von g[ ist rtl =
wéhrend g2 das andere Ende r;2= —E(t) hat. Demzufolge sind die neuen
Linienkoordinaten dieser Geraden (83, (4); 81, (9))

_ 2 1

Em+E(-t)~ c@ > o~ W=
bzw. (§ 1, (5%)
E(tf- 1
2E(t)

ufu2+v[vs- Ww?2= 1
ergibt. Wegen der Invarianz dieses Ausdruckes sind wir somit in diesem
dritten Falle zum folgenden Resultat gekommen:
Es besteht fiir hyperbolisch parallele und gleichgerichtete Geraden g., g,
(Fig. 25) die Gleichung
(3 W2+ Vive—iv,w2= 1
Aus den gewonnenen Formeln (1), (2) und (3) kann mit Rucksicht auf
den Verlauf der Streckenfunktionen C(f) und T(t) (8 1) folgendes gefolgert
werden:
Die in WeierstraRschen homogenen Linienkoordinaten gegebenen verschie-
denen Geraden gi(uu vit wg,g2u2, v2, W)
1 schneiden einander dann und nur dann, wenn
\U1lU2+ VIV2— w,w21< 1
ausfallt, insbesondere stehen sie nur dann aufeinander senkrecht, falls
«@+ vxv2—ww2= 0

—C(t), v2= 0, w,= mm
woraus sich

ist;
2. haben ein gemeinsames Lot dann und nur dann, wenn
+ —Ww2\ > 1
ausfallt;
3. sind hyperbolisch parallel dann und nur dann, falls die Gleichung
UW2—V\WV2— ~ 2 = + 1
besteht.

*

Durch diese Erorterungen der 88 2—7 habe ich im Besitze der Hilbert-
schen Endenrechnung, die analytische Geometrie der hyperbolischen Ebene
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selbststandig begrundet. Ich meine damit flr einen vollstandig elementaren und
independenten Aufbau der hyperbolischen Geometrie der Ebene, die Grund-
lage geschaffen zu haben.

Es ist in der Tat nicht schwer, auf Grund der obigen Darlegungen
auch die homogenen Koordinaten von Fernpunkten (d. h. Enden) und von
idealen Punkten einzufliihren, sowie den Begriff der idealen Geraden bzw.
Randgeraden analytisch zu erklaren. Die Identitdt der hyperbolischen ebenen
Geometrie mit dem bekannten Klein—Hilbertschen Kreismodell,® wohlver-
standen unabhdngig von der Stetigkeit, ist sodann eine Folge dieser analy-
tischen Geometrie.D

Anhang

Darstellung der Bewegungen bzw. Umwendungen der hyperbolischen
Ebene mit Hilfe der Hilbertschen Endenrechnung

Die Bewegungen bzw. Umwendungen der hyperbolischen Ebene sind, auf
die Enden 5 bezogen, analytisch durch die linearen Transformationen

«l+

bzw.

a0t 1§
2 5 +d (ad—Ry < 0)
dargestellt.

Fur diesen oben benutzten Satz (§ 4), der dem Wesen nach von
H. Liebomann2 herrtihrt, habe ich schon friilher einen einfachen Beweis mit-
geteilt.2 In den folgenden Zeilen gebe ich der Vollstandigkeit halber diesen
Beweis mit einer wesentlichen Modifikation wieder. Diese neue Beweisanord-
nung scheint mir anschaulicher zu sein.

1 Vgl. F. Kiein, Uber die sogenannte Nicht-Euklidische Geometrie, Math. Annalen,
4 (1871), S. 583—625, inshesondere S. 620—621, oder Gesammelte mathematische Abhand-
lungen. /(Berlin, 1921), S. 254—305, insbesondere S. 300—301; ferner D. Hilbert, a. a. O. i,
S. 38.

DFur den Beweis der Indentitdt der hyperbolischen ebenen Geometrie mit der
Poincaréschen Halbebene, ebenfalls unabhangig von der Stetigkeit, siehe B. Kerekjarto,
Nouvelle méthode d’édifier la géométrie plane de Bolyai et de Lobatchefski, Commentarii
Math. Helv., 13 (1940), S. 11—48. Dieser Beweis erfordert eine viel kompliziertere Be-
trachtungsweise.

2LH. Liebmann, a. a. O. I7.

2Siehe 17.
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Da die Transformationen
r=1+949 r--—- iy, =P8 (M>0)

der Reihe nach eine Drehung um den Fernpunkt £2, die Halbdrehung um
den Punkt O, eine Verschiebung langs der Geraden Of£2 bedeuten,2 so stellt
die Transformation (1) auf Grund der Umformung (im Falle y -f=0)

fer~-rg  a aé—Ry —1
yt+o 74+ f £+ 6

eine Bewegung der hyperbolischen Ebene dar (das leuchtet unmittelbar ein,
falls 7= 0 ist).

Umgekehrt kann eine jede Bewegung der hyperbolischen Ebene, durch
eine derartige Transformation dargestellt werden, wie es die folgende Uber-
legung zeigt.

Die Bewegung ist durch die Angabe
derjenigen Halbgeraden O'w, die in O£2 Uber-
gefuhrt wird (Fig. 27), vollkommen bestimmt.

Sie 1&BRt sich nun im Falle cop£2 aus den
folgenden vier Bewegungen zusammensetzen:

1° Drehung um den Fernpunkt £2, bei
der die Gerade cof2 in 0i2 Ubergefihrt wird.
Dabei soll die Halbgerade O'co in 0,0 (ber-
gehen. Der homologe Punkt von Oi auf der
Geraden 0£2 sei mit O* bezeichnet. (Dieser
Punkt wird durch die Forderung <jOOiO* —
= <00*0i bestimmt.)

2° Verschiebung langs der Geraden 0£2,
bei der 01 in den Punkt O ubergeht. Dabei werde OiO in die Halbgerade
00O ubergefihrt. Da 0\ der homologe Punkt von O, war, so ist jetzt O der
von O,.

3° Halbdrehung um den Punkt O. Dabei soll 020 in die Halbgerade
0 32 ibergehen. Da O und 02homologe Punkte waren, so sind O und 03
ebenfalls homologe Punkte.

4° Drehung um den Fernpunkt £2, bei der die Gerade 032 in 0£
Ubergeht. Da O und 03 homologe Punkte waren, so wird dabei die Halb-
gerade 032 in 0£2 uUbergefihrt.

2B D. Hitert, a. a. 0. 4 §4.
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Wie man sieht, wird durch die Aufeinanderfolge dieser vier Bewegun-
gen, die Halbgerade QO'io in 0£2 (bergehen. Die angenommene Bewegung
ist also in der Tat die Zusammensetzung dieser Bewegungen 1°—4°,

Bei der Bewegung 1° geht ein von £2 verschiedenes Ende $in §1= f+ A

uber, bei 2° wird j, in £&= — (/r>0), sodann S durch 3° in £3= —
(V] §2

ubergefihrt, endlich wird  bei der Bewegung 4° in $= 9%+ v (bergehen,
wobei I, p, v von § unabhéngig sind. Folglich ist die betrachtete Bewegung
durch eine Transformation
cg-f (v/.—ft
- S B
dargestellt, die die Form (1) hat.

Im Falle to= £2 ist die Bewegung offenbar die Zusammensetzung einer
Drehung um den Fernpunkt £2 und einer Verschiebung langs der Geraden
0£2, also durch eine Transformation

f- ft(E+ [)= «?+ «/ (fl > 0)
darstellbar, die ebenfalls von der Form (1) ist.

Die Transformation = —8§ stellt definitionsgemal (8 1) die Spiegelung
an der Geraden Of£2 dar, also bedeuten die Transformationen (2) mit Riick-
sicht auf die Bedeutung der Transformationen (1), die Umwendungen der
hyperbolischen Ebene.

Damit ist der Beweis des obigen Satzes tiber die Transformationen (1)
und (2) beendet.

Diese Beweisanordnung hat auch den Vorteil, da solcherart der nach-
stehende Satz von B kerexjarto2a zugleich mitbewiesen ist.

Jede Bewegung der hyperbolischen Ebene kann aus den folgenden zusam-
mengesetzt werden:

a) Halbdrehung um einen gegebenen Punkt O;

b) Verschiebung langs einer Geraden 0£2, wobei £2 ein gegebener Fern-
punkt ist;

c) Drehung um den Fernpunkt £2.

Wiéhrend der urspriingliche Beweis von B. Kerékjarts finf solche
Bewegungen verwendet, bin ich im obigen mit vier ausgekommen.

(Eingegangen am 30. Juli 1957.)

2AB. Kerékjarts, a. a. O. 20, § 2, Théoréme 11.
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D. Hitbertl showed that the hyperbolic plane geometry may be built
up also exclusively based on the axioms of the plane and without the use
of axioms of continuity. The system of axioms laid down by him for this
purpose may be even somewhat more reduced. Namely, as | have already
alluded to at another place,- beside Hilbert’s groups of axioms I, II, Ill on
incidence, order, and congruence in the plane, the following two axioms
are sufficient:

Axiom IV!. Let P, Q be two different points in the plane, and QY a half-
line on one side of the straight line PQ, then there exists always a half-line
PX on the same side of PQ, that does not intersect QY, while every half-
line PZ lying in the <$QPX cuts the half-line QY (Fig. 1).

Fig. 1 Fig. 2

Axiom IV,. There exists in the plane a straight line sO and a point Pn
outside it through which two different straight lines can be drawn not inter-
secting sO.

1 D. Himbert, Neue Begrindung der Bolyai—Lobatschefskyschen Geometrie, Math.
Annalen, 57 (1903), pp. 137—150; or Grundlagen der Geometrie, 7. ed. (Leipzig und Ber-
lin, 1930), Anhang U, pp. 159—177.

2 Paul Szasz, Uber die Hilbertsche Begriindung der hyperbolischen Geometrie, Acta
Math. Acad. Sei. Hung., 4 (1953), pp. 243—250, in particular p. 243, footnote 2
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From these axioms we can conclude indeed on the axiom by which
the Euclidean axiom of parallels was substituted by Hiibert if maintaining
the groups 1, Il, Il of axioms. Namely, by help of these groups I, Il, Il
and of my Axioms V1 IM2we can prove the following

Theorem. If s is any straight line and P any point outside it, then the
straight lines drawn through P and intersecting s form the interior of a cer-
tain <(/7,,A) (Fig- 2).

For the proof we use the following

Lemma. If the point R moves along the half-line QY, then gc Q/?P—#
for QR-++°0 (Fig. 3).

This lemma is due to Janos Bolyai.3 We prove it by Axiom IV,.

Let PX be the half-line mentioned in Axiom IVj. Let us be given an
arbitrarily small angle e. We draw the half-line PZ in < QPX in such a
manner (Fig. 3) that <$ZPX<e. According to Axiom IV2 PZ cuts QY in a
point T. If TS=TP, then <ETSP=<ZTPS. Since <$TPS<gtZPX <*
we have <3$TSP <e Moreover, if 777> TS then, as well known, gt TRP<
<<$TSP. Therefore we obtain <ETRP<s if TR>TS. Thus <$QRP<s
holds if QR is large enough, i.e. gcQ/?P—a0 for QR —»+ and the
lemma is proved.

Proof of the theorem. By reason of Axiom IV2 there exist two
straight lines /, m through PO not crossing sO (Fig. 4). Let & denote the
supplement of that angle c= gr(/, m) which contains the straight lines
through PO and crossing sO (Fig. 4). Owing to our lemma, we can obviously
choose the points A, B on sOin such a way that

<P,AB+ <PaBA<OQ

3 Johannes Bolyai, Appendix. Scientiam spatii absolute veram exhibens etc. (Maros-
vésérhely, 1832), § 1
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It follows that the sum of the angles in the triangle ABPOis less than two
right angles since APOB < and the angles o, & form two right angles.
From this it follows, as well known, that in any triangle the sum of the
angles is less than two right angles.4 Relying on this fact it results at on ce

Fig. 5

(Fig. 5) that in the case of every straight line s and every point P outside
it there exist two straight lines through P which do not cross s. Hence, by
Axiom V], the theorem follows immediately.

(Received 30 September 1957)

4 A very elegant proof was given by K Fraat, Der Saccheri—Legendresche Satz etc.,
Zeitschrift fir Mathematischen und Naturwissenschaftlichen Unterricht, 56 (1925), p. 345.






ZUR AXIOMATIK DER ZAHLEN

Von
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Es ist Ublich, die elementare Arithmetik ausgehend von den Peanoschen
Axiomenl zu entwickeln und anschlieBend die ganzen, rationalen und reellen
Zahlen mit ihren Rechengesetzen einzufiihren. Hier sollen die Peanoschen
Axiome etwas abgeschwdécht werden. Man erhdlt so gemeinsame Axiome flr
das System der natirlichen Zahlen, der ganzen Zahlen und fiir endliche
zyklische Gruppen, und kann ausgehend davon in natirlicher Weise die
Addition und Multiplikation in diesen Bereichen gemeinsam einflhren.

8 1 Axiomatische Definition der Zahlensysteme

Man kann die Peanoschen Axiome wie folgt fassen:

Die naturlichen Zahlen bilden eine Menge N mit einer umkehrbaren
Abbildung sc (der Nachfolgerfunktion) in sich von folgender Eigenschaft:

Es gibt in N ein Element 0 (EN", so daB aus O£ U~ N und UnEkU
stets U= N folgtr

Dieses Axiomensystem schwédchen wir wie folgt ab:

Definition 1. Ein Zahlensystem ist eine Menge S mit einer Abbildung
st in sich von den folgenden Eigenschaften:

(D) sc ist umkehrbar, d. h. aus x" = y" folgt x .

(I) Es gibt ein Element0£ S, so daR aus 0£ UEKS und U"= URS"
stets U= S folgt (Induktionsaxiom).

Eine Teilmenge U'EKS soll also mit S zusammenfallen, sobald sie die
Zahl 0 und mit jedem Element x den Nachfolger und, falls einer existiert,
einen Vorganger von x enthdlt. Es ist wohlbekannt, dal die natlrlichen
Zahlen, die ganzen Zahlen, sowie die Elemente einer zyklischen Gruppe die-

1Vgl. etwa Asser oder Landau. Namenangaben beziehen sich auf die Literaturan-
gaben am SchluR.

2Das Bild des Elements x bzw. der Menge X sei mit xn bzw. X" bezeichnet.
Naturlich ist es Formsache, ob man die natirlichen Zahlen mit der O oder mit der 1
beginnen 14Rt.3

3 Acta Mathematica IX/1—2
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sem Induktionsaxiom gentgen. Wir wollen zeigen, dal es — abgesehen von
Isomorphie — keine anderen Zahlensysteme gibt, die den Axiomen (1)(1)
und (1) geniigen.

Wir zeigen zuné&chst, dal die Sonderstellung der Zahl 0 nur scheinbar ist.

Hitfssatz 1 Ist U eine nichtleere Teilmenge von S mit der Eigenschaft
Un=UnSn so ist U=S.

Beweis.3 V sei die Menge aller XES mit der Eigenschaft: Fur beliebi-
ges U mit xdU, LI"= UMNSnist U= S. Nach (1) (||) ist 0 £ V.

Nunsei y £V und y"£ L, U"= UNS", also y"£Un5"= LIh Nach
(1) (1) folgt daraus yEU. Wegen y£ V folgt (nach der Definition von V)
U==S. Also ist ynfV, wieder nach der Definition von V.

Ferner sei y*V und y = zn; U sei eine r enthaltende Teilmenge von
5 mit Un= UnSn also UnUzZU, zn=y dU. Wegen y £V mul U= S sein.
Weil das fur beliebige nach obiger Vorschrift gewahlte Teilmengen U *S
gilt, muR sein.

V enthdlt also mit jedem Element y den Nachfolger yn sowie den Vor-
ganger, falls er existiert. Also ist I/'lI=V nS'1 Nach dem Induktionsaxiom
folgt V=S, w. z. b. w.

Hilfssatz 2. Hat die Zahl 0 keinen Vorgadnger, so hatjede andere Zahl
einen Vorganger.

Beweis (Ohne Verwendung von (1) (I)). Es sei O"S™. D sei der Durch-
schnitt aller Mengen U ~S mit den Eigenschaften 0$ U, Un™ U. D hat selbst
diese Eigenschaften. D enthélt nach Definition auBer 0 kein Element a ohne
Vorgénger in D; denn mit D hatte auch die Differenzmenge U=D\{a}
die Eigenschaften 0 £ U, Un*U , im Widerspruch zu der Annahme, dafll D
der Durchschnitt aller derartigen Mengen sein sollte. Daher ist D "= D \{0}.
Es folgt DNS"~G\{0} = Dn. Andererseits ist offenbar D"IZD nSn also
Dn= D MSn, nach dem Induktionsaxiom also D = S, Sn= S\{0}, w. z. b. w.

Gleichzeitig haben wir das Induktionsprinzip in der klassischen Form
abgeleitet, ndmlich

Satz 1 Ein System S, das durch (1) (I1) erklart ist, und in dem die Zahl
0 keinen Vorgadnger hat, genugt dem Peanoschen Induktionsaxiom. Gilt auch
(1) (1), so gelten alle Peanoschen Axiome.

Weil man nach Hilfssatz 1 die Zahl 0 in den Axiomen durch jede
andere Zahl ersetzen kann, folgt (wenn (1)(l) vorausgesetzt ist)

Hitfssatz 3. Es gibt in S hdchstens ein Element ohne Vorgénger.

3VOl. Loewy, S. 6, wo eine &hnliche Betrachtung angestellt wird.
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Spater wird gezeigt werden, dal dieser Hilfssatz ohne Verwendung des
Axioms (1)(1) bewiesen werden kann.

Satz 2. Ein nach (1)(I) und (1) (Il) erklartes Zahlensystem S mit
SnczS genlgt den Peanoschen Axiomen. Die Rolle des Nullelements (iber-
nimmt dabei das einzige Element der Menge S \S n

Definition 2. Ein System natlrlicher Zahlen ist ein Zahlensystem S
mit der Eigenschaft SnczS. Eine natirliche Zahl ist ein Element eines Sy-
stems natirlicher Zahlen. Wenn nichts anderes gesagt wird, bedeute dabei O
stets das einzige Element von S\S". (Das ist keine Folgerung aus den
Axiomen, sondern eine willkiirliche, aber zweckméaRige Festsetzung, die nach
Hilfssatz 1 berechtigt ist.)

Wir behandeln nun den Fall
2 5"=5
und unterscheiden zwei Unterfalle:

. Jede nichtleere Untermenge U S mit der Eigenschaft UnE*U ist mit S
3 identisch.
Dann nennen wir 5 ein zyklisches Zahlensystem.

(2b) Es gibt eine nichtleere Untermenge V¢S mit YnAkV-, nach Hilfssatz 1
also V'czV (sonst ware doch V=S).
Dann nennen wir 5 ein System ganzer Zahlen.

Natlrlich haben derartige Definitionen nur einen Sinn, wenn sie wider-
spruchsfrei sind. Am einfachsten ist das im Fall (2a). Dann liefert schon die
Menge {0} ein Beispiel. Die Existenz eines Systems natiirlicher Zahlen schlief3t
man nach Dedekind aus dem Glauben an die Existenz einer Menge, die sich
umkehrbar in eine echte Teilmenge abbilden 143t. Unter Annahme dieses
Glaubenssatzes zeigen wir nun, dall es Systeme ganzer Zahlen gibt.

Es seien + und — die beiden Elemente der Menge {+ ,—} und N
ein System natlrlicher Zahlen mit der Nachfolgerfunktion wy. Wir betrachten
die Produktmenge N X {+ ,—}= S und fihren in ihr eine Nachfolgerfunktion
n ein durch die Festsetzungen

x,+)" = xX0+), (X,—)n= (xfl,—) fir x=f=0, (O0,—¥Y= (0,+).

Man (berzeugt sich mihelos, dall S die Bedingungen (1), (2) und (2b)
erfullt.

Umgekehrt 148t sich jedes System ganzer Zahlen S mit der Nachfolger-
funktion TC in zwei Systeme natirlicher Zahlen N, N- mit den Nachfolger-
funktionen n bzw. n 1 zerlegen.

Es sei etwa V die in (2b) angegebene Menge. Nach Hilfssatz 1 kann
in den Axiomen die Zahl O durch jede andere ersetzt werden; daher ist es

3%
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keine Beschrankung der Allgemeinheit, 0 6 V, 0(jjl/" anzunehmen. Wirsetzen

1 = 0" . Weiter bedeute N bzw. N den Durchschnitt aller Mengen U *S
mit den Eigenschaften

(3) O£U U'AU
bzw.
4) 1-€U, Un'A U
Es ist 1 also NdS. Weiter ist ."TV, also 1 £S\fV. Wegen
OEVn*N nist
(5) NndN.

Ferner enthélt S\Af mit jedem x auch xn , daher ist N * S\ N oder
AniV-= 0, also O<EIr, 1-$Nn1,

<6) NrdN..

Weil N und N- den Bedingungen (1) genlgen, sind sie Zahlensysteme,
wegen (5) und (6) also Systeme natirlicher Zahlen. lhre Vereinigung enthalt
0 und mit jedem x auch xn und xn', féllt also mit5 zusammen, w. z. b. w.

§ 2, Die Definition durch Induktion

Fur die Zuléssigkeit der Definition durch Induktion ist ein auf Kalmar
zurtickgehender Beweis (blich./b Unsere axiomatische Darstellung gestattet
einen anderen einfachen Beweis.8

Satz 3. Es sei N ein System natlrlicher Zahlen mit der Nachfolger-
funktion :c und B eine beliebige nichtleere Menge, y sei eine beiebige Abbil-
dung der Produktmenge NX B in die Menge B. Dann gibt es zu jedem b”B
genau eine Abbildung a von N in B mit den Eigenschaften

(7 0a= b, (X7 = (X,x*y.
Beweis. EiNe Abbildung B von N xB in sich sei erklart durch
<8) (f,yf= (W(x>))-

D sei der Durchschnitt aller Teilmengen U<ZNxB mit den Eigenschaften
(o,b)zu, wu"rdanu.

Offenbar gentigt D hinsichtlich des Nullelements (0, b) und der Nach-

folgerfunktion R der Forderung (1) (11); also gilt Hilfssatz 2 des vorigen

Paragraphen. (0,6) hat in N x B, also erst recht in D keinen Vorgéanger.

4vgl. z. B. Kneser, S. 82. Uber Verallgemeinerungen des Satzes vgl. van der Waerden
{8 3), Lorenzen.
5Inhaltlich bringt der vorliegende Paragraph nichts Neues.
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Nach Hilfssatz 2 hat daher jedes andere Paar (x,y)iD einen Vorgéanger in ZX
Insbesondere kann (0, c) mit cdp 6 nicht in D liegen.

X sei die Menge aller x £N, fir die genau ein Paar (x,y) mit y£B
in D liegt. Es ist O£ X Nun sei etwa x£X, (x,y)ED, (x,z)(ED furzgy.
Dann ist wegen sicher (x",(xjf)(u. Ein anderes Paar (x", t) kann
nicht in D liegen; denn es kénnte in D keinen wvon (X, y) verschiedenen
Vorgénger haben. Wenn es gar keinen hat, so liegt es nach Hilfssatz 2 nicht
in D; ist aber (x,y) der Vorgénger, so ist t= (x, y)T. Daher ist xn£X;nach
Satz 1 ist also X = N.

Es gibt also zu jedem x(IV genau ein Paar (x,y) £ D. Die Abbildung
n: x—y mit (x,y) €D erflllt die Bedingungen (7). Ist «' eine zweite Abbil-
dung, die diesen Bedingungen genlgt, so sei Y die Menge aller x mit
x“= x"“. Y enthdlt 0 und mit jedem x auch x". Daher ist Y = N. Damit ist
Satz 3 bewiesen.

Satz 4. Je zwei Systeme naturlicher Zahlen sind isomorph, d. h. sind
N, N’ Systeme natirlicher Zahlen mit den Nachfolgerfunktionen 7t bwz. 7T,
so gibt es eine umkehrbare Abbildung a von N aufN mit den Eigenschaften
9 aTi= na, co~lTm= Tra-r.

Beweis. Dal} die zweite Eigenschaft (9) aus der ersten folgt, ergibt
sich durch beiderseitige Multiplikation mit a 1

Mit den vorherigen Bezeichnungen sei 6= 0" (Null des Systems TV),
(X, Y)Y=-yn gesetzt. Dann wird (x,yf = (xnyn). Weil die Voraussetzungen
in N und TV ganz symmetrisch sind, gibt es nicht nur zu jedem x £TV son-
dern auch zu jedem y $TV genau ein Paar (x,y) $D. Also bildet a das
System TV umkehrbar auf TV ab. Die Bedingung a1t = Tra ist nichts ande-
res als die zweite Zeile von (7), w. z. b. w.

Aus der am Schlull des 81 gezeigten Zerlegung jedes Systems ganzer
Zahlen in zwei Systeme natirlicher Zahlen folgt nun sofort:

Je zwei Systeme ganzer Zahlen sind isomorph.

8 3. Folgerungen aus dem Induktionsaxiom allein

Wir setzen nun voraus, da ein System S gegeben sei, das nur dem
Axiom (1) (I) zu gentgen braucht. Sein Nullelement heiBe 0', seine Nach-
folgerfunktion «i . Nach Satz 3 gibt es eine Abbildung « des Systems TVder
naturlichen Zahlen in S mit den Eigenschaften

0“= 0,
(10 xm= xan fiur x£TN oder kurz
(11) Tia = a7t
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a ist also ein Homomorphismus von N in S. Weiter sei p eine Abbildung
von Sn in S mit der Eigenschaft
(12) XI'=x fur alle x£S",
d. h. prc' bildet Sn identisch ab. Die Abbildung p besteht einfach darin,
daB zu jedem Element von S" ein Vorganger ausgewahlt wird. Wir verwen-
den also in diesem Paragraphen das Auswahlprinzip. Jetzt sind zwei Félle
zu unterscheiden.

Fall 1 (0)* existiert fir alle naturlichen Zahlen n £N.

Fall 2. Es gibt eine natlrliche Zahl m, so dal (O)'1 genau fir n< m
existiert.

Wir setzen nun die Abbildung a auf negative Zahlen als Argumente
fort durch die Festsetzung

\alle n£N im Fall 1]

(13) (Lm)*=0¥" fir v ncm im Fall 2

Dann gilt, wie man mit Hilfe von Gleichung (12) leicht sieht, die Gleichung
Xna_ xan jm paii 1 fur aiie ganzen Zahlen x, im Fall 2 fir alle ganzen

Zahlen x>—m. a ist also ein Homomorphismus der Menge M aller ganzen
Zahlen bzw. aller Zahlen > —m in 5. Im Fall 2 ist M isomorph zu N. Wir
setzen nun

x* im Fall 1 (fur alle ganzen Zahlen Xx),

xB (x—m + )Kim Fall 2 (fur natirliche Zahlen x).

Dann ist B ein Homomorphismus des Systems Z der ganzen Zahlen
bzw. des Systems N der natlrlichen Zahlen in das System S mit den Eigen-
schaften

(14) 0'£ZR bzw. 0'(M,
(15) xm3= xB" fir alle x£Z bzw. X£EN.
Behauptung, B bildet Z bzw. N auf S ab.

Beweis. Wir setzen U= ZR bzw. NR Aus x £1/, etwa x = yR folgt
xn'= yRn'= ym £ U, also

(16)

Ferner sei xE(J{)Sn. Im Fall 1 sei wieder x= Y* gesetzt, y hatin Z
einen Vorgénger, etwa z; dann ist x= yR= zmi= zf, d. h. x hat einen
Vorganger in U, oder es ist

17) £/l SNAMU n.
Im Fall 2 hat (—m+ I)*= Obkeinen Vorgénger in 5. Ist dagegen n—1£N,
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so hat nB= (n—\)m3 den Vorganger (n—I/ in U. Also ist
U=U""n{05 oder U"= U\{0O3

Es folgt [5\ {OF]= U\{(f} = U", also wieder (17). Nach (16)
und (17) ist UnSn= Un, nachdem Induktionsaxiom also U=S, w. z. b. w.

Wenn die Funktion B umkehrbar ist, so ist S zu Z bzw. zu N iso-
morph. Wir nehmen also jetzt an, sei nicht umkehrbar. Ist aB— bR fur zwei
Zahlen a, b, so ist auch am3= bnR d. h. die Menge M aller Zahlen x, fur die
eine Zahl y=j=x mit xB= yR existiert, enthdlt mit jedem x auch xn. Ent-
weder ist also

Fall @) M-=Z bzw. M N, oder6

Fall b) es gibt in der Komplementdrmenge M eine grofite Zahl p.

Wir untersuchen zundchst Fall a). Es sei k die kleinste Zahl > 0, so dal
fur irgendeine Zahl x (aus Z bzw. N, je nachdem ob Fall 1 oder 2 vorliegt)

(18) (x+ K)B= xB
ist. Dann ist auch fur alle y > x
(189 (y+ K)BR= yR

Wir zeigen, dal3 (18) sogar fir alle x gilt. Andernfalls sei z die groRte Zahl
mit (z+ k)R4=zR Unter den positiven Zahlen n, fir die (z+ n)B= z[R ist
(solche gibt es wegen M = Z bzw. M="N und (18"), gibt es eine kleinste,
etwa g Nach unserer Annahme Uberlist gq>k. Dann istaber (z+ g—Kk)e=
= (z+ q)B= zR im Widerspruch zur Minimaleigenschaft der Zahl g. Die Glei-
chung (18) muRR also fir alle xEZ bzw. N gelten. S enthdlt genau die «
Elemente 0" 17 ...,(&—\)R Es ist Sn= S. {n")k ist die Identitdt. S erweist
sich in diesem Fall als zyklisches Zahlensystem. Man denke etwa an die Rest-
klassen nach der Zahl x in der elementaren Arithmetik der ganzen oder der
natrlichen Zahlen. Die Nachfolgerfunktion s:' ist umkehrbar; denn aus
xn' =yn wirde, wenn wir x = af y — bR setzen, folgen

aff=bl, aml= by also an= bn (modk), a= b (mod k)
und daher x=y.

Fall b) p sei die grote Zahl aus M. Alle Zahlen < p gehdren gleich-
falls zu M. Es gibt eine Kleinste Zahl r>0 mit (p+ 1+ry = (p+ D™ Fir
alle y >p ist, wie Induktion zeigt, (y + r)= yR Wir nehmen an, es gebe
eine kleinste Zahl zEM, fir die ein positives s<r mit (z+ sB) = z[ existiert.
Dann ist, wie Induktion zeigt,

(z+ r—s—\y = (z+ r—iy = (z—\)R

6 Wir verwenden hier die Addition und die Ordnung der naturlichen bzw. ganzen
Zahlen.
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im Widerspruch zur Minimaleigenschaft vom r. Also ist M ein zyklisches
Zahlensystem aus r Elementen und M eine vorgeschaltete, zu einem Abschnitt
entweder von Z (d. h. zu einer riickwérts angeordneten natiirlichen Zahlenreihe)
oder von N (d. h. zu einer endlichen Folge) isomorphe Menge.

Die funf Falle, die nach dieser Untersuchung fur Systeme S, die dem

Induktionsaxiom (1) (I1) gentigen, moglich sind, werden in der Figur veran-
schaulicht.

I @), nicht (2)
(naturliche Zahlen)

o @ @, @2b)
(ganze Zahlen)

@ 0. Q. (22)
(zyklisches Zahlensystem)

Nicht (1) (1), nicht (2)

Nicht @) (1), (2)

Fig. L Systeme, in denen das Induktionsaxiom (1) (II) gilt

In den zuletzt behandelten Féllen, in denen also die Abbildung R nicht
umkehrbar ist, ohne dall 5 ein zyklisches Zahlensystem ware, nehmen wir
an, es sei

X”=yn fiur xX,y£S (x¢vy),
etwa x = ally = bR art>= bni3. Das ist im Fall a<b nur mdglich fir anf M,
bnEM, also a =bn (modr), a zb (modr). Im Fall a$ A ist x=1y; nur
im Fall a(EM, b"M, also a=p, b= p-\-r ist x=j=y.

Im Fall a) ist also t umkehrbar, wdahrend e§ im Fall b) genau ein
Paar (x,y) mit y =}=x gibt, fir das xn'= yn" wird.
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Ab jetzt setzen wir wieder stets das Axiom (1) (I) voraus, das man
nach dem Ergebnis dieses Paragraphen auch ersetzen konnte durch: Gibt es
in S zwei Elemente mit demselben Nachfolger, so gibt es in S noch ein drittes
Element, das mit einem anderen denselben Nachfolger hat.

Daraus folgt ndmlich ein Widerspruch, sobald man die Voraussetzung
dieser Forderung als zutreffend annimmt; also die Umkehrbarkeit von >K.

8 4. Homomorphismen von Zahlensystemen

Unter einem Homomorphismus a eines Zahlensystems 5 mit der Nach-
folgerfunktion >k in ein Zahlensystem S' mit der Nachfolgerfunktion >k ver-
stehen wir eine Abbildung von S in S' mit der Eigenschaft (9)

Ka = axK.

Ein umkehrbarer Homomorphismus ist ein Isomorphismus, was sich
durch Links- und Rechtsmultiplikation mit k 1 ergibt.

Hilfssatz 4. Sind a und B zwei Homomorphismen eines Zahlensystems
S in ein Zahlensystem S', und ist a"= a?fur ein a£S, so fur alle ads,
d h esista=R.

Beweis. Die Menge U der Zahlen xdS mit der Eigenschaft xa= xR
enthdlt nach Voraussetzung die Zahl a und mit jeder Zahl x wegen

X"= xan'= x= xmd auch die Zahl x". 1st xd U Nachfolger einer Zahl vy,
SO ist

wegen der Umkehrbarkeit der Funktion a:'also yd E. Daher ist Un= UV\Sn
also U= S, w.z b. w.

Hilfssatz 5. 0 sei im Fall S"aS Element von S\S n andernfalls ein
beliebiges Element von S (diese Annahme ist nach Hilfssatz 1 zul&ssig).
Dann gibt es zu jedem ad S genau einen Homomorphismus aa von S in sich
mit der Eigenschaft Oe“= a.

Beweis. Dall es hdchstens einen solchen Homomorphismus gibt, folgt
aus Hilfssatz 4. Zu zeigen ist noch, daB es mindestens einen gibt. U sei die
Menge der adS, fir die ein Homomorphismus aa mit 0“>= a existiert.
Offenbar ist 0d U, weil die Identitdt ein Homomorphismus ist. Aus xdU
folgt nun 0“= x, Oa*n=xn. Ferner ist >x(ax>X = (OKam>K= (ax>Kk > d. h.
ax>K ist ein Homomorphismus und x" d U. Im Fall SczS" sind wir also nach
Satz 1 fertig.
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Nun sei Sr=S. Dann existiert :t x und aus x"U, x= y", nax=axn
folgt axn~x—n~xax, O1" =y, ferner rt(axn~X) = (axn~l)«i, d. h. ax3rx
ist ein Homomorphismus. Es folgt yEU, U= U", U=S, w.z b w

Definition der Addition, In einem Zahlensystem bedeute ay den Homo-
morphismus, der 0 in y Uberfihrt. Dann erklaren wir

(19) X-\-y —xau fur alle Xx£S.

Aus dem assoziativen Gesetz fiir Homomorphismen folgt leicht das
assoziative Gesetz der Addition. Es ist ndmlich

Xx=0“G y+z=y*= (0")"= 0("a'=0""+,
X+ ((y+z)= (0rpa*=0a* \
(x+y)+z= (0"*"a= 0™
Im Fall Sn= 5 sind nach Hilfssatz 5 alle Homomorphismen umkehr-
bar, und ihre Umkehrabbildungen sind wieder Homomorphismen. Zu je zwei

Elementen a, b gibt es ndmlich eindeutig bestimmte Homomorphismen a, 3
mit aa=b, bR= a. al 14kt also a fest und ist daher die Identitdit. Im Fall

Sn= S verstehen wir unter —a das Element 0“- . Offenbarist 6+ (—a) =

= —(-t-0o= 0. D. h.
Ein Zahlensystem S mit Sn= S bildet hinsichtlich der Addition eine
Gruppe.

Das kommutative Gesetz der Addition beweist man leicht durch Induk-
tion. Das bleibe dem Leser Uberlassen. Eine leichte Folgerung ist: Jeder
Homomorphismus eines Zahlensystems in sich ist ein Isomorphismus.

Das ist im Fall S= S" schon bewiesen. Es sei also nun Sn=S\{0}
Zu zeigen ist noch, daR jeder Homomorphismus a umkehrbar ist. Es sei
0“= 6“ 0“=c. Nach Hilfssatz 4 ist «= «,., ferner a“= o+ c= 6+ ¢, also
c+ o= c+ £ Nach Hilfssatz 4 muB aa= ah oder a—Db sein, w. z. b. w.

Wir haben also die Addition nach einem einheitlichen Prinzip fir die
verschiedenen Zahlensysteme eingefiihrt. Es ist noch zu zeigen, daB die im
System der ganzen Zahlen Z erkldrte Addition in der Teilmenge der Zahlen
N 0 gerade die im System der natirlichen Zahlen definierte Addition ergibt.
Doch soll diese leichte Aufgabe hier nicht durchgefihrt werden.

Jedes Zahlensystem, als Struktur mit Nachfolgerfunktion erklart, wird
also durch Hinzunahme der mittels seiner Isomorphismen in sich erklérten
Addition zu einer kommutativen additiven Halbgruppe (im Fall S= S"
Gruppe). Es liegt nahe, nach den Homomorphismen dieser additiven Halb-
gruppe, ohne Bertiicksichtigung der Nachfolgerbeziehungen, zu fragen.
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Hilfssatz 6. ISt S ein Zahlensystem, so existiert zu jedem Element
s £S genau ein Homomorphismus der additiven Halbgruppe von S in sich,
der die Zahl 1= 0" in s Uberfuhrt.

Beweis. U sei die Menge der Zahlen s£S, fir die der gewiinschte

Homomorphismus ps mit l,is= s existiert. Es ist O £ £/; denn die Abbildung
0 fir alle x£S ist ein solcher Homomorphismus. Aus s£U folgt

wegen {x-\-yf‘+ (x+ y)= xM+ x+yI°+y, dal die Abbildung pszi:
x—>M+ x mit der Eigenschaft IMil =5 + 1 gleichfalls ein additiver Homo-
morphismus ist. (Dabei ist das —Zeichen nur im Fall Sn= S zu bertck-
sichtigen.) Also ist s + 1£ U und daher (nach dem Induktionsaxiom) U=S.
Sind nun zwei Homomorphismen [n und 4’ mit gegeben, so enthalt
die Menge V der Zahlen x£S mit x*= x die Zahl 1 und mit jedem x
wegen (X + DM xWit Ifl= x1+ 1n=(x + 1)» auch x-f-1 und (falls in S
vorhanden) x—1 Also ist E=S, w. z. b. w.

Definition der Multiplikation. FUr belleblge X,y£S erklaren wir
(20) Xy = Xy,
wobei gy den Homomorphismus der additiven Halbgruppe von 5 in sich
bedeutet, der 1 in y Uberfihrt.

Es ist leicht, aus dieser Definition die (blichen Rechengesetze fiir ganze
Zahlen bzw. Restklassen mod n abzuleiten. Das sei hier nicht durchgefiihrt.

Ist G eine additiv geschriebene (nicht notwendig abelsche) Gruppe, so
existiert zu jedem g £ G ein  Homomorphismus pg des Systems der ganzen
Zahlen Z in G mit der Eigenschaft

1" =8m
Dann kann man genauso ein Produkt von ganzen Zahlen n mit Gruppen-
elementen g erkldaren durch

ng = nlii
Nattrlich kommt dabei das Ubliche heraus.

Die hier skizzierte Einflihrung der elementaren Rechenoperationen dirfte
dem Standpunkt der neueren Algebra am besten gerecht werden. Sie ist
analog zur Einfihrung der Vektoren in der affinen Geometrie als Isomorphis-
men des affinen Raumes, die alle Richtungen einzeln fest lassen und der
Skalare als Homomorphismen der Vektorengruppe, die jeden Vektor in einen
parallelen Gberfiihren nach Artin.7

(Eingegangen am 18. November 1957.)

7 Im Kapitel Il seines Buches.
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Introduction

Let us consider a telephone exchange. Suppose that the subscribers
make calls at the instants t1;¢2,. . «,, ... where 0<TI<T2<---<Tr<---<00.
It is assumed that r1is an arbitrary positive random variable and the inter-
arrival times rmi—r,, (n= 1,2,3,...) are identically distributed independent
positive random variables which are independent also of «1. Put

(1) P{t,+i—rN*X}=F (X) n=123,..),
further

2 p

(4) o

and

3 (p(s) )0e~srdF(x).

Suppose that there is an infinite number of available channels and that
each call gives rise to a connection (conversation) on one of the free chan-
nels. Denote by % the duration of the holding time beginning at the instant
t, (n=1,2,3,...). It is assumed that the % (n= 1,2,3,...) are identically
distributed, mutually independent positive random variables which are inde-
pendent also of the random variables «,, (h= 1,2,3,...). Put

%) P{Xn"x} = H(x) (n=1,2,3,..)
and
©) .

Remark 1 The usual assumption that {«,} forms a Poisson process,
with intensity A is a particular case of the above one. Namely, in this case
FGt) = |—edx if YA and the distribution function of is also
F(x)= I—e”x if igO.
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In the sequel we shall call the sequence {r,} defined above a recurrent
process. If, particularly, a <°o0 and the distribution function of Tj is

X

~J[1-F(y)]dy if XLLO,
0

0 if x<0,
then we shall call {rn} a stationary recurrent process.
Accordingly, the Poisson process is a particular case of a stationary

recurrent process.
We mention here some important properties of the stationary recurrent

processes.
Denote by £(t) the distance between f and the next incoming call
Then in case of a stationary process we have P{£(/)"x} — F*(x) for all figO.
Denote by m(t) the expected number of calls taking place in the time
interval (0, t]. Then, generally, we have

) m (0=3;R{Tn f}

and in case of a stationary process m(t) = t/a.

Remark 2. In the theory of the telephone traffic it is usually supposed
that the holding times are exponentially distributed, i. e.

l—en if xgO,
®) HX) if x<o.
Then This particular case has an important property. Namely, if

(and only if) xn* distributed according to (8), then we have

Pi*, "y + xj*tgy} = //(x)
for all yg O.

Remark 3. The unrealistic assumption that the number of channels
is infinite requires some explanation. Firstly, knowing the probability laws
concerning this ideal model we can establish the correct design of a telephone
exchange with a finite number of channels. Secondly, by the aid of this ideal
model we can determine the law of the overflow traffic for a telephone
exchange with a finite number of channels.

Finally, we remark that the mentioned problem arises also for instance
in the theory of counters or in connection with power-supply.

Notations. Denote by r](t) the number of the busy channels at the
instant t and put tj(tm—0)= B {h—1,2,3,...). We say that the system is
in state Bk (k— O, 1,2,...) if /1 channels are busy. Let us introduce the
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limiting distributions lim P{i](0 = k) = P* and lim P{rin= k) — Pk (k=
t->-00 n-vCcD
= 0,1>2,...) if they exist. Further let their binomial moments be BY=

_ . _ _ . . .
IZ(:Ir\r)lP and Br K—[\Ik)\Pk (r=0,12,...), respectively, if they exist.

Put P{,;(0=n1=8(0 U=0,1,2,...).

Denote by rf) the number of transitions Ek—EkHi (k= 0,1,2,...)
occurring in the time interval (0, f] and put M{I(K}= Mk(t) (k= 0, 1,2,...).
Further denote by Nk+(t) (k=0, 1,2,...) the expectation of the number of
transitions Ek+i-*Ek occurring in the time interval (0,/]. Finally, denote by
Rk(t) the Lebesgue measure of that subset of the interval (0, t) which consists
of all points n for which ri(u)*k (k is a fixed integer).

In this paper we shall distinguish four cases as follows:

A) {t,} is a recurrent process and the distribution of the random
variables yin is arbitrary.

B) {t,} is a recurrent process and the random variables yn are expo-
nentially distributed.

C) {t,} is a Poisson process and the distribution of the random vari-
ables ynis arbitrary.

D) {t,} is a Poisson process and the random variables yn are expo-
nentially distributed.

Remark 4. We can describe the state of the system by the following
random variables: n(t), the number of the busy channels at the instant t;
£(f), the distance between t and the next incoming call; y2t),..., the
distances between t and the termination points of the conversations which
are going on at the instant t (if such are going on at all).

It is easy to see that in the case A) the vector process {r;(t),(t);

XAO> mm} is a Markov process; in the case B) the vector process

is a Markov process; in the case C) the vector process {?;(/);
Xi(t), X2(t)> mm} s a Markov process and in the case D) the process {f)}
is a Markov process.

It is possible to show that under general assumptions (a<oc, p<o00, F(x)
is not a lattice distribution) the processes in question are ergodic. Supposing
that cc<oo and p<<» and choosing an appropriate initial distribution for
{700), ?(0); /i(0), £20),...} we can define the stationary process. In case of
a stationary process we denote by /;’(/) the number of the busy channels at
the instant t.

Remark 5. The process {/](/)} can be described as a secondary sto-
chastic process generated by a recurrent process (or a Poisson process, re-
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spectively). Put

N f
©) f(ux) )q otherwise.
If, especially, ~(0)= 0, then we have
(10) V(=g Ff(t—TnX,)s

If the initial state is other than 70)= 0, then (10) contains also an addi-
tive term.

If we suppose that «<00, gq<oo and F(x) is not a lattice distribution,
then {*’'(f)} can be considered also as a secondary stochastic process. Sup-
pose that calls are arriving at the exchange in the instants Tm (n= 0, +1,
+2,...) where —°°<---<7_I<TKTI<---<00 and PJt,Hi—m"*x} = F(X)
(n=0, +1, +2,...), further that the holding times (n=0,+1+2,.)
are identically distributed, independent positive random variables with the
distribution function H(x). Then we have

(11) mo= 2 _f(t— /).

Resutts. In what follows we shall deal with the determination of the
distributions {Pk} and {P*} and that of their binomial moments B, and Bt
(r=0,1,2,...), respectively. Further, in case D), we shall investigate the
distribution of the number of transitions Ek—*Ek+l occurring in (0, f] and the
distribution of the total sojourn time Rk(t) spent in states Ek, Ek+Hi,... inthe
time interval (O, t). In addition we shall deal with some related problems.

The above problems in the cases A), B), C), D) were investigated by
the author [32], [34]. The case B) was treated by C.raim [18] and J. W.
Conen [4]. In the cases C) and D) the distribution {P*} was determined by
several authors, namely A K Eriang [B], F. Pottaczex [19], C. rPaim [17],
L Kosten [14], R Forter [7], A Reényi [21], C. Ryt1-Nardzewski [22], B. A
Sevastianov [23] and others.

Further we mention that the process {?/(0} arises also in the theory of
counters. At Type Il counter the main problems consist of the determinations
of the probability P{rA/) = 0} and the distribution function of the number
of the transitions EO—*Ei occurring in the time interval (0, t). (Cf. [35].)

Finally, we remark that the author [27], [26] has previously given some
general results concerning secondary stochastic processes generated by a
recurrent process (or a Poisson process, respectively). These results contain
some theorems of this paper as a particular case.
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§ 1. The case A)

First, for the sake of simplicity, let us suppose that 7(0)=0 and
P {1, = x} = F(x). In this particular case let P{z(t) = k} = P:(t) (k=0, 1, 2,...).
Knowing P (), the determination of P{s(f)—k} in the general case can
easily be reduced to this particular case.

The process {x(f)} may be considered as a secondary stochastic process
generated by a recurrent process. In this case, to determine the distribution
of 7(¢), the method of R. FORTET [8] or that of the author [27] can be
applied. [ am indebted to Mr. R. Syskr (England) who has kindly called my
attention to this possible way.

Let us introduce the generating function

G(t,2) — é Pi(t)2+.

THEOREM 1. The generating function G(t, z) satisfies the following integral
equation :

(12) G(t,z)f—[l——F(t)]+.|;G(z‘—x,z)[z+(1—z)H(t—x)]dF(x).

0
PROOF. By (10) we can write
nt)y= 2 ft—"r, 1)
where f(u, x) is defined by (9). Earlier the author [27] investigated this pro-
cess for arbitrary f(u, x). As a particular case of the theorems of [27] The-
orem 1 and some further results can be obtained.
Let us suppose that conditionally 7, = x, then
| f(t—x, p)+T(t—x) if x=t,
1O=}o it x>t
Here 7,(t—x) is independent of f(f—x, ;) and has the same distribution as
7 (t—x). Now the generating function of f(t—x, ) is H(t —x)+z[1— H(t—Xx)]
and the generating function of 7(f—x) is G(f—x, z). Therefore, by the aid
of the theorem of total expectation, we obtain

G(t, 2) —=[1—F(Ol + | G(t—x, 2)[z +(1—2) H(t—x)|dF(x)
0

what was to be proved.
Let us introduce the binomial moments B,(f) (r=0,1,2,...) of the
distribution {P.(?)}, i. e.

(13) Bo(t) — kf(’,‘_)ﬂ(t).

c—r

4 Acta Mathematica IX/1—2
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Theorem 2. The binomial moments (13) exist and can be determined

by the aid of the following recurrence formulae: Bn(t)= 1 and
t

(14) Br(t) = jBr-i(t—x)[I—H(t—x))dm(x)  (-= 1,2,3,...)
@)
where O
(15) m (x) =" i n(x)
and here Fn(x) denotes the n-th iterated convolution of F(x) with itself.
Further
(iB) ap =i;(-irf()
Proof. It is easy to see that
1{ drG{t,z)
*(0 = 7r dzr (r 0, 1,2,...).

Clearly, BO(t)= 1 and derivating (12) Mimes with respect to r at z— 1 we
obtain t t

Br(t) —j Br{t—x) dF(x) +jBr-i(t—x)[\— H{t—x)] dF(x).
) 0
This is a linear integral equation of Volterra type for the unknown Br(t).
As it is well known, the solution is
Br(t)= IBr-i(t—x)[\—H(t—x)]dm(x)
0

what was to be proved.
To prove (16) we remark that there exists a positive constant C so that

Namely, according to (14) we can write
Br(t)= fl—J [\—H({t2—t)]"-[\—H(t—tr)]dm(t)-"dmitr).

Let now h be a fixed positive number, K(x) = H(x—h) and take into consider-
ation that m{t-\-h)—m (/)M -fm(h) for all t*O. Then we easily obtain that

Bri)h + A ] J[-.ji [-KX)\-[I-K(Xr)\dxi-dxr=

XxbCremr =t
th

...... = {L+rn(h\r (N+«)T
h 1 r! =L h 1 1\
as stated.
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Now it is allowed to invert (13) and so we obtain (16).
The following theorem relates to the general process:

Theorem 3. If P<00, a< 0o and F(x) is not a lattice distribution, then the
limiting distribution I<!>r€nD P{"(0= k)= P* (k= 0,1,2,...) exists, it is inde-

pendent of the initial distribution and we have

where B* is the r-th binomial moment of the distribution {Pf} and it can be
determined by the following way: B*= 1 and

(18) B;=~\BTI-W "-H{Ne 1 (r=1,2,3,...).
0
Proof. First we prove the theorem in the particular case when ~(0)= 0
and P{r, six} =F(x). Next we shall show that it is true also in the general
case. We need
Lemma L If g(t) is afunction of bounded variation in (o, oo), «<-°c
and F(x) is not a lattice distribution, then we have

(19) gLrQDJ\g{t-x)dm(x) = -éj\g{x)dx.

This easily follows from a theorem stated by D. Bilackwell [3] which
asserts that for any h >0
(20) m(<+A)-m(0 __L
v ' 3199) h a
Estimating the upper bound and lower bound of the approximative sum of
the integral t

6)g(t—x)dm(x),

we easily obtain (19). (Cf. also W. L. Smith [24], [25].)
Now we show that limBr(t) ~ B* (r=0,1,2,...) exists and then we

f—-00

shall prove that &* (r- 0, 1,2,...) is the r-th binomial moment of the dis-
tribution {S*}-

Clearly, 6= 1. Applying Lemma 1, from (14) we obtain that
limRBi(/) = B’ exists and we have
f->co ©
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Proceeding similarly, (18) can be proved by induction. If we suppose
that limB,_!(/)= R’.i exists, then, by Lemma 1, it follows from (14) that

limBr(t) = Br also exists and (18) holds.
Since

for all t*O, consequently
(21) lim G(t, 2)= G*(2)

vco

exists and we have
<22) G*{z) = MBIl(z—1)".

The series (22) is convergent for every r. By (18) we conclude also that
©

(23) G (*)=-1— G(t,z)[\-H(t)]dt.

0
Now G*(I)= | and according to the continuity theorem for generating func-
tions it follows that the limiting probabilities L%P{?j(f): k)= PI

(k=0,1,2,...) exist and we have

(24) G*(2) = 2>*2'--
Finally, by (22),

. 1idkG*{z)\ TN
(25) P2 00 dzk s v K B

and it can evidently be seen that B* (r= 0, 1,2,...) are, indeed, the bino-
mial moments of the distribution {P*}. This completes the proof for our
particular initial state. If we consider an arbitrary initial state, then the only
difference is that i*t) is to be replaced by Tj(t— + where r, is an
arbitrary positive random variable, fj(t) has the same distribution as the par-
ticular ij(f) and fllvrgg P{f(f) = 0}= 1 Consequently, ?2J{f—t"+ s”) has the
same limiting distribution as the particular i]{t) when t—»<» This completes
the proof for the general case too.

Finally, we mention that the distribution {P*} can also be expressed
as follows:

(26) A= 1--A|0 (0N -P (0]A
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and
@7) K =2 I[A-i(0~ADI-1I(N]<! (*= 1,2,3)...).
Remark 6. Denote by m(t) the expected number of calls in the time
interval (0, f]. Clearly, we have O
(28) m(/)=2ZP

If «<°0 and F(x) is not a lattice distribution, then we can easily prove by
the aid of the mentioned theorem of D. Brackwerr [3] that for all h >0
UnjMt+ h)—m(t) _ 1

D h C

independently of the distribution of «:.

(29)

Lemma 2. Denote by Rk(t) the sojourn time spent in states Ek, Ek+\,..
in the time interval (0, /), then we have

(30) M {A (0}=2 IPs(u)du.
i=k
Proof. Define
1 if ri(t)"k,
TAO: yo if i;(t)<k.
Then
Rk(t)= lyk(u)du.
Since
M{/tW}= P{»(«)= 1}= 2,Pj(u)du,
j=k
we get J

M{&(0} = Mj I Xk{u)du[ = IM{/AA}du = Z 1Pj(u)du
0 0 1 0
what was to be proved.

The stationary process. It can be shown that the Markov process
{%:(), £(0; /AO>%A0> ¢} is ergodic if p<°0, «<<*> and F(x) is not a
lattice distribution. Accordingly, there exists a uniquely determined stationary
process. If we suppose that p<oo and a<°c, then by choosing an appro-
priate initial distribution we obtain the stationary process. In case of the
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stationary process let us denote by rf(t) the number of the busy channels
at the instant t. Then we have P {if(t)= k}=PZ (k= 0,1,2,...) for all
Further in this case P{£(f)"x] = F*(x) for all t*O and m(t) = t/a.

Remark 7. In case of a stationary process we get by (30)

(31) MA{W = ([a»)/.

Let us introduce the following notations: M{r;*()} —M and D
then M= B[ and D2= 2B* + B*—Bp. By (18) we have
(32) M= a
and
53 £2= |- ]
where

Bft) ~[\-H{t-x))dm{x)

and m(x) is defined by (15).

Theorem 4. For the stationary process {r\*(t)} there exists the correlation
function
M{if{t)rfft + ©)}—M2

(34) Rib- D-

and we have

(35) R(¥)= " j[1—H(X)]dx+ ~p2) [(x+ T)+ N(x—r)\dm(x) 'gfz
where . 0

(36) h(r) 0jC(:E[I-//(O][I-//(f + T)rff

and m(x) is defined by (15).

Proof. This theorem is a particular case of Theorem 6 in [27] and sO
the proof is omitted.

Remark 8. Denote by G*(0>) the spectral distribution function of the
process {r*(t)}. According to the theorem stated by A Ja. Knintchine [10]
we have

co

(37) /?(t)= jcosarid
@

and by inversion we obtain G*(co).
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Remark 9. The random variable
;

(38) [ Jrf(t)dt

b
can be used to the statistical estimation of the telephone traffic. (Cf. e. g.
L. Kosten [15], V. E. Benes [1]) It is easy to prove that

T

(39)
0
and ] i
(40) D' (r@dvc  ~ L (T—r)R(r)dT
0 0

where R(r) is defined by (35).

§ 2. The case B)

Let us consider the case A) in the particular case
a1 oy = g i x==0,
(1) D=9 if x<0
when o= VAfi.

Introduce the following notations: 40= @y (/= 0,1,2,...), further
COo= 1 and
(42) rl_:llTlicTI (/1—1,2,...).

Theorem 5. The limiting distribution {A} (k= 0, 1,2,...) exists and
is independent of the initial distribution of {//(0), c(0)|. We have

(43) A=2°(-1y o
where C, is defined by (42). The r-th binomial moment of {A} is
(44) B,= Cr (r=10,1,2,...).

Proof. It is easy to see that the sequence of random variables
{7} (n=1,2,3,...) forms a Markov chain with transition probabilities
P {fjH1= J|7n=j} = Bh where
(45) pjkm K k 11)e -~ (l—e-"y+H'kdF(x).

u
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The Markov chain {7} is evidently irreducible and aperiodic. By the aid of
the theorem stated by F. G. Foster [9] can easily be proved that the states
are also ergodic. Namely, to apply Foster’s theorem it is enough to con-
sider the probabilities (43) themselves. Consequently, the limiting distribution
nIl\‘rEE)P{t]nz k}= Pk (A=>=0,1,2,...) exists and is independent of the initial

distribution of rtl (and thus also independent of {//(0), £(0)}). The limiting
distribution {Pi} is uniquely determined by the following system of linear
equations:

(46) Pk= _£k 1pjkP; A=0,1,2,.)
J: -

and

(47) Y, Pu= 1

(cf. W. Felter [6], p. 325).
To solve this system of linear equations, let us introduce the generating
function

(48) U (Z):kiOOPka'
By (46) we have

(49) Uz) = )m(l—e"‘ + 26 B)U(\—e%x\-ze A d F(x).
0

Now let us consider the binomial moments B, (r= 0, 1, 2, ...) of the distrib-
ution {Pi}. As it is known

(50) Pl,.

If Br exists, then by (48) we get

[drU(2)\

(51) Br o

Now by (47) Bu= 1 and forming the r-th derivatives of (49) at z— 1 we
obtain

Br= (Br+ Br-i)g>r (r = f>2, 3,...),
i. e

Br=T7 po Br-, (= 1,2,3,..)).
Hence it follows by induction that

(52) Br= Cr (r=0,1,2,...)
what proves (44).
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We observe that lim™pr= 0 and therefore

lim 5*r- — 0.
r—-00 " r-1

Thus taking (51) and (52) into consideration we can write

(53) U{z)="z2Cr{z—\)r

and this series is convergent for every r. Consequently,
(dkU(2)\

(54) I dzk 1 =0

what was to be proved.

Remark 10. As we have seen, to prove Theorem 5 it is sufficient to
show that Br= Cr (r= 0,1,2,...). Knowing B, (r=10,1,2,...) the distrib-
ution {Pk} can easily be determined. To determine Br we can apply the
following heuristic way. Let us define a stationary Markov chain {ijn}
(n—0, +1, +2,...) for which P {/;,,= k)= Pk (k= 0, 1,...) for all n. Let us
consider an incoming call in the stationary process. Define (n= 1,2,3,...)

as follows: s,= | if the conversation corresponding to the former n-th call
is in course and en= 0 if this is not the case. Then clearly

(55) PKk—P{ii T2+ eee N eee—k) {km-0, 1,2,...)
and ) )

(56) Br= M il+ 2+ 13 im M )(|I'I"f24~r- +in

where it is still to be proved that the expectation and the limit can be
interchanged. Since

®1+ *2 4  *ee+  in)

. = —. KA *[H2—Or
J  jiHsHHr=n
where are positive integers, consequently
. (ii+ "TeeeT'in)j “’ "
limM = .= o~ {ijLiji+N " i/j OsT emTjr 1«
j'izlj*:i ”_4 {ijliji+n /] OsT' «mTjr |

A simple calculation shows that

M (ij.IA+V sei>tHar..+Hr} = <Pl'<PiU «mO{r
and, consequently,
1—9P, 1— oz 1— <pr
what was to be proved.
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Theorem 6. Suppose that F(x) is not a lattice distribution and a<oo,
then the limiting distribution limP{ij(f)= A}==P* (k= 0,1,2,...) exists
t+F oo
and is independent of the initial distribution of {*(0), £(0)}. We have

= (- A:-12,3,...
(58) K = apf=k( ( )
and
— 1 -ICr
(59) =k qusi O
Further the r-th binomial moment of the distribution {P*} /s
(60) Bf-% 1 (r—1,2,3...)
WAfe R*= |.

Proof. We need a lemma.

Lemma 3. Denote by Mj(t) the expectation of the number of transitions
Ej—yE+H occurring in the time interval (0,/]. If F(x) is not a lattice distrib-
ution and a<oo, then for all h> 0 we have

(61) lim M,(t+ h)—M,(i) _ P}

(/=0,1,2,..)).

Proof. The time differences between consecutive transitions Ej—yEg+1
are, as it can easily be seen, identically distributed independent positive
random variables. If F(x) is not a lattice distribution function, then these
random variables have not lattice distribution functions either. If «<<x>then
these random variables have a finite expectation a/P,. Under these conditions
according to an easy extension of the theorem of D. Brackwell [3] we ob-
tain the limit (61) and this limit is independent of the initial distribution of
(i](0), C(0)}. It remains only to prove that the expectation in question is a/Pj.
Let us consider the Markov chain {7.}. The state Ej is a recurrent state and
the expectation of the recurrence step number is 1tPj (cf. W. Feller [6], p.
325). As transitions £)—w£}1 occur at such instants 1, (n= 1,2, 3,...) for
which 7]n=j, consequently the expected number of steps between consecutive
transitions Ej—yEj+ is \/Pj. The expectation of the length of each step is a
and so using the Markov character of the process it follows by the aid of
the known theorem of A. Wald [36] (cf. A N. Kolmogorov and J. V. Pro-
horov [13]) that the expectation of the time differences between consecutive
transitions Ej—EjH is a/Pj. This completes the proof of the lemma.

To return to the proof of Theorem 6 we shall show that the limits
IimP {r;(f)= k) mP* (k= 0,1,2,...) exist and are independent of the initial

distribution of {rJ0), C(0)}.
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First we can write
t

62 P20 =AYt T WAINW).
For the sake of brevity put
(63) ar*(x)= Y+ Je-"(\-e-")jH-k

and denote by t(> tld\ ..., r]p,... the instants of the consecutive transitions
Ej-*-Ej+1 Then evidently

(64) Aii(OMPW"O-

Now the event i](t) = k can occur in the following mutually exclusive
ways: the n-th (n—1,2,3,...) transition £}—*£}H1 (j = k—1?Ar,...) occurs
at the instant n (where O *u”t), i.e. rp= u and in the time interval (u,t\
does not arrive any new call (let this event be A,t), further in the time
interval (u,t] y'+l—k conversations terminate and Kk conversations do not
terminate (the probability of this is rrjk(t—w)). Consequently,

V{r\{t) = k,A,,t\T\p = u} = njk(t—u)[\—F(t—u)\ if O " u”"t
and finally by the total probability theorem we can write

65  Pftp) = k)= rik(t-u)[\-F (t-u)]dP{T%> LLlu)

t
j=|k-{>iJ|0]
what proves (62).

Applying Lemma 1 and Lemma 3 it follows that limP {rj(t)= k) =PI
t->-0

exists and is independent of the initial distribution of {f](0), ?(Q)}> further

(66) p* = jzfc-i PP,

where

(67) p%= -~J  (X)[2—F(x)\dx.
0

It is easy to see from (66) that {P*} is a probability distribution. The for-
mula (66) gives {P*} explicitly, but we shall construct later a simpler formula.
Introduce the generating function

(68) U*(z) = £, P*zk
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By (66) we have

o]

69) LT@)= ~ j(l—esx ze~RYU(\ —e "x-\-re~X)[\—F (id]&/x

For the binomial moments

(70) Al dar (r=10,1,2,...)
we have B*= 1 and forming the r-th derivative of (69) at z=1

I—aqr _
(71) Br—\Br-(-Br-1- MUp (r=1,2,3,..).

As we have seen earlier,
Br— \Br-\-Br \\(fr (r—1,2,3,...),
consequently

(72) B

what proves (60).
Hence, using (70), we obtain

(73) U@ = 1+t gp (~-Dr

and this series is convergent for every 2. Finally

l1-q@ Br Cr-1
ffr  rap rafi

. NCr-x _
fetkl T K= L
<-> . \rt >
i Lvie1 T o

«<él r
what completes the proof of the theorem.

Theorem 7. The probability distribution {P*} can be expressed by the
distribution {Pk} as follows:

(75) Pl - F(ké:i (*= 1,2,3,...)
and

=, Ty A
(76) IOO _apyléi |J<

Proof. First we prove a lemma.

Lemma 4. Denote by Nk(t) the expectation of the number of transitions
E k->-Ek-i occurring in the time interval (0, /]. If F(x) is not a lattice distrib-
ution and a< 00, then we have

(77) limNK(t)= Ptkp (*= 1,2,3,..).
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It is easy to see that
Nk(t+ Jt)-N k(t)= P {r(0 = *}k(iJt-+ o(Jt).
As |J\|£n?)P {?0)) = K) — P* exists, (77) follows immediately.

To prove Theorem 7 we observe that the difference of the number of
transitions e«-i-~e« and e «-~e«-i occurring in the time interval (0, t\ is at
most 1. Consequently, \Mk.\(t)—M-(0l = 1 and hence

dam”~ _lim *e > .
By Lemma 3 we obtain

[im~ "M”"= —x

hm NKO — B

and thus (75) is proved. Further, clearly, P* = 1— > P* what proves (76).
k=1

and by Lemma 4

Remark 11 For the sake of simplicity let us suppose that r/(0)= 0 and
Ti has the distribution function F(x). Now in this particular case we put
P{ij(f) = k} = Pk(t) (k—0,1,2,...) and introduce the following generating
function:

(78) G, z) = ;_EOPk{t)zk.
As now
) |—ei*™ if 0,
i0 if x<0,
we can write by Theorem 1 that
(79) G(t, z) = I—F(N)]+ \G (t—Xx, z)[\—(\—2z)e-M-"]dF{x).
6

I should like to mention that Mr. R. syski was so kind to call my
attention to the possibility of such a treatment. Applying the results of
R Forter [8] Or of [27], Mr. R syski showed that for G(t,z) we have

t

(80) G(t, 2) = \—(1—2) ) G(t—x, z)e-"tx"dm(x)

where m{t) denotes the expectation of the number of calls occurring in the
time interval (0, t].

The integral equations (79) and (80) can easily be solved by Laplace
transform. Inverting the Laplace transform we can determine the probabilities
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Pk(t) (k=0,1,2,...). Knowing the probabilities Pk(t) for this particular
case, the solution for the general case can easily be given. Now we shall prove

Theorem 8. If n(0)=0 and P {1~ x} =F(x), then for the Laplace
transform of Pk(t) = P{i](t) = k) we have

] = jrf <ps+ip) o
(81) OJIesth{t)dt J,£:k s+jp bl 1—<ps+ ip) if k=1,2,3,...
and

vy (-1t g <f(s+id)
(82) Je 8P0(0"= 4% uf sijfi bl \—qs+ ifi)
Proof. Introducing the Laplace transform
(83) fij(s, z) = je stG(/, z)dt
0

we obtain by (79) or by (80) that
(84) f(s,z2) = "~ — 4>(s+ P, z).

By successive applications of this formula we can express ip(s, z) with the
aid of s+ nfi,z) (n= 12,3, ..), respectively. If we take into consider-
ation that limip(s+ np, z) = 0, then, finally, we get an explicit formula for
i>(s, 1), namely:

85 f(s, z)-=A + jp (—=D"1—2z)j ri @@+ ip)_

(83) R AT S

This series is convergent for every 2 if 9i(s)>0. Forming the coefficient of
zk we obtain

ge~sth(t)dt

what proves (81) and (82).
Inverting the Laplace transforms we can determine Pn(t) (k—0, 1,2,...)
uniquely. We have shown that limPk(t)= P* (k=0,1,2,...) exists and

then clearly '

@

(86) p*= I%sd e'stPk(t)dt.
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Since

_sp(s) 1
li e
o I—9(5) @

’

we easily obtain that

@®7) MJZ(_]) ()[[ ‘pg’(‘l)u) (k=1,2,3,...)
and

(—1)’1 R AUD)
e amz IJ 1—g(in)

where the empty product means 1. These results are in agreement with
Theorem 6.

The stationary process. Denote by I(f) the distance between the
instant ¢ and the instant of the next incoming call. The conditional limiting
distributions of C(¢) are described by the following

THEOREM 9. If e« <o and F(x) is not a lattice distribution, then there
exist the following limiting distributions :

(89) }im Pl =x|n(t)—k} = F(X) (6—0,1;2;-:.);
where

1

@) F@=pr IPJ(’H)[ (1 —e ) F (e ) — Oy,

and they are independent of the initial distribution of {r(0), £(0)}.

PROOF. We can proceed similarly as in the proof of Theorem 6. Apply-
ing similar notations we can write

91) PG =x00)—Fk} — fgl jnj,;(t—u) [F(t+ x—u)—F(t—u)]|dM;(u).

The event {{(¢)=x, n(t) =k} can occur, namely, in the following mutually
exclusive ways: the n-th (n=1, 2, 3,...) transition E;—~Ej;; (j=k—1,k,...)
occurs at the instant u (where 0=u=t), i.e. 7{’=u and in the time
interval (0,f] new calls do not arrive (event A,;) and the next incoming
call occurs in the time interval (f, 7+ x], further in the time interval (u, ]
Jj-+1—k conversations terminate and k conversations do not terminate (the
probability of this is sz;(f—u)). Consequently,

P{L{(t)=x, n(t) =k, Au|TV = u} = mp(t—u) [F(t+ x—u)— F(t—u)]
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if O u”t and by the aid of the total probability theorem we obtain
P{E(0™x, ri(t)= k}=
<92) u u /e
Qe N .
j%(-l)glﬂ J\rer(t W[F({t+ x—u)—F(t— u)]dP{T<J Ui

what proves (91).
Applying Lemma land Lemma 3 it follows that lim P{?(f)"x, i]{t)=k)
t-> oo

= P*F*.(x) (E= 0, 1, 2,...) exists and is independent of the initial distribu-
tion of {{00), S(0)}. Finally, since t" P{~(f) = A =P* we have

i Ax I = &= lim PLE(O" . y(1) =k} :
(93) lim P{E(N)"x|/;(/) = &= lim PMO = 4 P’ (X)
what was to be proved.

Thus we have shown that the Markov process {??(/),£(/)} is ergodic if
ct<oo and F(x) is not a lattice distribution. Accordingly, there exists a
uniquely determined stationary process. Namely, if we suppose that a<°c
and the initial distribution of {/{00), £(0)} is

(94) P{£,(0)"x,/00) = *}= A**A(x) (*=10,1,2,...),
then Q(t)\ will be a stationary stochastic process for which

(95) P{E() = >|t) = A= PIFt(x) (k=10,1,2,..))
for all t"O.

In case of a stationary process {/j(f), £()} the Markov chain {/;,.} will
also be stationary and we have for every n

(96) P{rin= k) = Pk A=01,2,.).
This is a consequence of the identity

co

(97) Pk= 2 p;[j+k x)J e -~ (1-e ") iH-kdF; (x).

Remark 12. In case of a stationary process {/;(f), £(f)} we have

(98) P{E()"x} = F*(X)
for all t*O and, consequently, in this case .} forms a stationary recurrent
process.
Further, in case of a stationary process we have
(99) Mk®) — 1t k=0,12..)
and

(100) NM (t) = P/ip (k=0,1,2,...
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Palm’s functions. Hitherto we did not make any restrictions concern-
ing the servicing of the calls. Now following C. Paw [18] let us suppose
that the channels are numbered by 1,2,...,r,... and an incoming call
realizes a connection through the idle channel which has the lowest serial
number. This assumption does not restrict the generality, since {r;(t), £(/)} is
independent of the system of handling of the traffic. Now, denote by
tW T<r), ...,tw ... the instants of the calls which find all the channels in
the group ( 1 , 2 busy. It is easy to see that the time differences

—=<f) (n=1,2,3,...) are identically distributed independent positive
random variables. Denote by G,(x) their common distribution function.

C. Palm [18] has proved that the distribution functions Gr(X)
(r=1,2,...) satisfy the following system of integral equations:

(101) Gr(x)= G,-i(x)— [(1—e-M 11 —Gr(x—y)\dGr-i(y) (r= 1,2,3,...)
0
where GQ(x) = F(x).
Let us suppose, namely, that +<r)= r£'1) (where <°)= Tr). Then clearly

. e~«'+(Il—eYGr(x— if O"y~x,
Pt Q) =y TSI BT

and by the theorem of total probability we have

G.(x) P{eLi—mf)"x}==J [e™+ (I—e-w)Gr(x—y)]dGr-i(y)
what proves (101). °

T heorem 10. Define

co

(102) Yr(s):o[e~sxdGr(x) (r=0,12,...),
then we have

— 1—<y(s+ i[i)
0\joro  <p(s~{-ifD)
fir+ 1jj-j I—p(s-Fip)
rk1 j .JSo 9s+ r>)

where the empty product means 1

(103) 7r(s): (r=10,1,2,..)

Proof. Taking the Laplace—Stieltjes transform of (101) we obtain
Palm’s recurrence formula

(104) Ms)
where 70(s) = 9>(s).

Tr-i(s +/<)

—7r-100+ yris+u (T 12e)

5 Acta Mathematica IX/1—2
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Introduce the following functions:

(105) Drs)= £ ™M [1 > (r=0,1,2,..).
It is easy to see that
(100) AwMS) =—DBr@) + 1~ V[S) Dr(s+f9 (r=0,1,2,...)
and a simple calculation shows that
Dr(s) _
(107) Yr(s) Dr¥(s) (r=10,1,2,...)
satisfies (104) and y0(s) = <p(9).
Remark 13 Deﬁne

(108) ar= xdGr{x).
Since

ar— lim —Ms)
and

130

s>0  sr>(s)

we have
1—y(f>) _

109 - r=0,1,2,...).
(109) om0 [ v, 9 (if1) ( )

Remark 14. Let us consider the stationary process. Denote by IMr
(r=1,2,3,...) the probability that an incoming call finds every channel in
the group (1,2, ...,r) busy and put /70= 1 C. Paim [18] has showed that
(110) Hr 1 (r=0,1,2,...).

Y’K) /1 1—9(if1)

m\j)ti  9(if)
(cf. also F. Porraczex [20], J. W. conen [4] and the author [32], [33].) It
is easy to see that

OH) tr= Wr (r=101,2,.)
and thus (110) follows from (109).
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§ 3. The case C)

Let us suppose that {r,} forms a Poisson process with intensity | and
H(x) is arbitrary. First let us suppose that ?/(0)= 0 and put P{?}/)= k) =
= PK(t). In this case the following result is well known:

Theorem 11. If r(0)= o, then we have
t

xfn-H@d, M (1 — tf(x )W
(112) Pk(t)=¢ O — A (*==0,1,2,...)

and if g<oo, then there exists limPk(t)=P* where
t-> o

(113) P: =elsf~ f (*=o0.1,2,..).

This theorem is plausible taking into consideration the investigations
of A K Erlang [5]. (Cf. L Kosten [16].) If we suppose that the limiting
distribution {P*} exists, then (113) follows from the results of F. Pollaczek
[19], C. Pamm [17] and L Kosten [14]. Further (112) and (113) follow from
a more general result given by the author [26]. An immediate proof for (113)
was given by A Rényi [21], R Fortét [7/] and C. Ryli-Nardzewski [22].

Proof. By the aid of the theorem of total probability we can write

@ K

u B
(114) P{a(N= > (n\y (1—H(x))dx IH(x)dx
0 0
For the event rft) = k can occur in several mutually exclusive ways, namely
in the time interval (0,t) n {n= 0, 1,2,...) calls can occur. The probability
that n calls arrive in the time interval (0, t) is

M |

nto*
It is known (cf. [26], p. 233) that under the condition that in the Poisson
process in the time interval (0, t) there occur exactly n calls, the joint distrib-
ution of the instants of these calls agrees with the joint distribution of n
independent random points distributed uniformly in the time interval (0, t).
Thus under the condition that in the time interval (0, t) there occur n calls,
the probability of i](t) = k is

‘ (I—H(x))dx H(x) dx

Thus we get (114).
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Since

t

lin 1 [l —HX)]dx = o,
t—b(né

we conclude that limP {?()= k)= P* (k= 0, 1,2,...) exists and (113) holds.
t-+-co

If we consider instead of /00)= 0 an arbitrary initial distribution, then
the new Pk(t) can easily be obtained by the aid of (112) and we get again
the limiting distribution (113) independently of the initial state.

Remark 15. If Mk{t) is the expectation of the number of transitions
Ek—*Ek#l occurring in the time interval (0, t], then we have

t

<115) MK(t) = ijp ku)du.

Namely, the transitions Ek~*Ek+l in (0, /] can be obtained in such a
way that we consider each call in (0, f] and take into consideration only
those which occur at such instants when there is a state Ek. Thus we get

(116) Mk(t+Jt)—MKk(t) = Pk(t)Ut+o(dt)
what proves (115)

The stationary process. Under the condition that t](t)= k, denote
by yi(t) , eee»Xk(0 the distances between t and the termination points
of the conversations which are going on at the instant t.

Theorem 12. If g<°°, then we have the following limiting distribution:

<117) fp P {*(N=£*,y2A)"x2 ...y k(1) "x k) =
==H*(x,)H' (x9---H (X

where
/ X

<118) H'(x) !\-lgl(}l-H(y)\dy if xieQ
|
(o if x<0

and the limiting distribution is independent of the initial state.

Proof. First we suppose that ;;(0)= 0. In this case proceeding simi-
larly as in the proof of Theorem 11 we obtain by the aid of the theorem of
total probability that

Pfa(t) xt/,(/) "~ x*..., yk(t)s Xk &t)= k) =
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=E DAk [y K"

=X H(x))dx K T e
= e % n\ [[A(x+x,)-9(xX)]"].

Hence, by (112),
P{/,(0" X, xAt) =*2 mee /*(0 = xKIr;(t) = k)

(119) . [H(x + xiy — H()\dx

[1— H(x)\dx

If t-*00, then we obtain (117). If we consider an arbitrary initial state, then
the only difference is that #(t) is to be replaced by r;(f)+ s(f), where
E%P{f(f)z 0} = 1 and, consequently, we obtain the same limiting distribu-

tion as above. This completes the proof.

Thus we have shown that the Markov process {/4/); xA0> X*(0> mm} 5
ergodic if g<oc. Accordingly, there exists a uniquely determined stationary
process. If we suppose that p<°o and

P{*(0) =£*,/,(0) S X2, /. .,/AQ)LLIXK; /AO)= £= P tH'W ix*)- mmH'(xK),

then we obtain the stationary process. In this case {/[(); X/1?)>%/10> me <} has
the same distribution for all t*O. For the stationary process let us denote
by r*(0 the number of the busy channels at the instant t. Then we have
P{rf(t) = k\=P: (A= 0, 1,2,...) for all t"O.

Remark 16. The stationary process {/*()} forms a particular case of
the secondary processes investigated in [26]. The following statements can
be proved by the theorems of [26] or by an immediate way.

If B* denotes the r-th binomial moment of rf(t), then we have

(120) = (r=0,1,2,...).

Especially M{?;*(H)} = 20 and D2{?/*()} =Ap.
The correlation function R(r) exists and we have

(121) (M= y j [L-H)]dx.
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Denote by G*(co) the spectral distribution function of the process {"*(0}-
Then, by the theorem of A Ja. Khintchine [10], we have

5]

(122) 7?(r) = jCOS(OTdG*(co)

and by inversion we obtain

@

(123) G*(0= — J (1—cos cox)dH(x).
0

The above results were proved by V. E. Benes [2] in another way.

For the average traffic
.

(124) ~ 8 r'{t)dt
we have
.
(125) M j— ) r*(t)dt\ = $o
0
and
T r
(126) D2j~J rnt)dt*-\(T-r)R{T)dr
0 o
where R(r) is defined by (121). Thus
T [e0] T
(127) DsJy (rf(t)dt[ =k J[1-H(X)]dx+ *  x(2T—x)[I—H(x)]dx.
0 r 0

8 4. The case D)

In this case {t,} forms a Poisson process with density #and

l—e O if 2o

0 if x<0

when p= Ym In this particular case {/j(f)} is a Markov process.
If, particularly, ?j(0)= 0, then by (112) we obtain

Al—e 1)
U
"'"’Kr"'

(128) H(x)

(129) Pk(t) = e (Ar=01,2,..),
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and by (81) and (82) the Laplace transform of Pk(t) is
©

) , \ *_
(130) [e_*pKO/\ = Z.A(-" ”fq/;\)j’\S(st-l'fi)---(s+ju) ( = 0,1,2,...),
namely in this case

<f(s)

A-j-S
If ri(0)= k, then as an easy consequence of (129) we obtain that
AQ—en) IT
. o w
(l— e-nty-ie-iRte
(131) P(/,(0 J\ T1l ty te p 0 o
and clearly I
(132) tIim P{?;(0=j) =¢e J

independently of k.

The distribution of the transitions Ek—EM . Denote by rj*T®
r<f),... the instants of the consecutive transitions Ek—=EM (*= 0,1,2,...).
It is easy to see that the time differences ~ —rf (n= 1,2,3,...) are
identically distributed independent random variables. Denote by RKk(x) their
common distribution function. Further put

(133)  ipi(s) = je adRk{x), (134) &= jxdRK(x)
0

and
(135) al =0x- %K d R k(x).

Theorem 13.* We have .

AK(s) = 1— I
et + m\k*;' 5(s + fi)-—-(s + (k—

(136) .

2 YKoy (s [ (s+if) -
Note added in proof. In the case B) we have the following generalization 0f_(1_36):

. I-1
A+ 1) fil-gp (S+ I>) .
tMs)=I- _ y (-ly-kn if y(s+I1>)
) A SO R PUE C 1 W 6i-5 [« + W
(Cf. the author’s paper: “On the limiting distribution of the number of coincidences con-
cerning telephone traffic” submitted to the Annals of Mathematical Statistics.)
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further
(137) o*

and

(138)
2N (—Vjk
—Q Kjk (j—k)\

Proof. Let us consider the process {77(f} with initial state /;(0)= 0.
Denote by GQ(x) the distribution function of the distance between t= 0 and
the first transition H,— further denote by Or(x), GZx),. . Gk(x) the dis-
tribution functions of the distances between the successive transitions EO—EU
E1—*E2,E2-+ Es3,..., E k—>-Ex+1, respectively. It is easy to see that the distrib-
ution functions Gr(x) (r=0,1,2 ,..K) are the particular cases of the
Paim’s functions Gr(x) defined by Theorem 10. In our case gp) = A/(A-fs)
and we have

(139) Ir(s)=" P (r=0,1,2,...)

where

(140) Br(s)= A+l+ Z [ri 1)s(*+ G+ (f- "W (r=-1,0,1,2,..)

(cf. C. Palm [18] and A. Ja. Khintchine [11]). Namely, in this case, especially,
Dr(s)=j Bri(s).

Now, in our particular case denote by MK(t) the expectation of the
number of transitions Ek-*EM occurring in the time interval (0,7]. Then it
can easily be seen that

[es]

: 1QHi(s)--"a (s) ___ A4
(141) ; e-stdMk(®) 1y k(s) BK(S)[i — ifik(s)]
and
(142) MI{t) = kPk(t)

where Pk(t) is defined by (129). Thus by (130) we obtaind

(143) jestdMK(t) = al estPk(t)dt

. : (s + 1%)-—~(s+jt*) m
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Comparing (141) and (143) we obtain (136). Further if we take into
consideration that

(144) 1—Ms) k%

s+ 0(s)

if s—0, we obtain (137) and (138).

Remark 17. We now suppose that /40) is arbitrary. Denote by V\K the
number of transitions Ek—*EM occurring in the time interval (0, /]. Inde-
pendently of rj(0) we have

- M{M} |
(149) A

and

. DMM |
a0 R

Further the random variable W= has an asymptotical normal distribution as
t—w= namely
”@" t

& 1

< e idy
I e nJl

(147) lim P

(cf. [29)).
Denote by MO the Lebesgue measure of that subset of the interval
(0, t) which consists of the points un for which rj(u)”k.

Theorem 14. If then MO Jhs an asymptotical normal distribu-
tion and is independent of the initial state. We have

Rkt
MO- ak “F Rk /

(148) lim P = jenrdy,
where («MM3
(149) = -

JJ1
(150) L - U | M
(151) N=1 -y kin

I r=f+ vl \ ft
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and
(152)

where aR is defined by (138) and o\ k by (150).
Further we have

M{A(p| A
(153) J150) t ak+ Rk
and
. P2{A(Q} a> | k+Pk°a«

154 I
(154) an (@fc~bRf

Proof. Let us consider the instants of the successive transitions
Eu—sEicH, 1—»Ek, Ek-*EkH, EkH->-EK!.... It is easy to see that the time

differences between such transitions are independent positive random variables,
namely the distances between consecutive transitions Em —*Ek and Ek—HdH
have a common distribution function, say Gk(x), and the distances between
consecutive transitions Ek—*EkH and EkH~*Ek have also a common distribu-
tion function, say Hk(x). Put

(155) ak=)xd G k{x), Bk=) xdHifx)

and . ° 0 m

(156) olk= (\)(x-«,,)Zde(x), olkn jo( X - B KdH k(x).
It is evident that

(157) Rk(x) = VIIHk(x-y)dG k{y)

and, consequently, we have ’

(158) &= ak-(-Rk

and

(159) al = 0l,k+ 0%+

We have seen that of, is finite and therefore og, and aj,, are also finite.
In this case we can apply Theorems 1, 6 and 7 of our paper [30] (cf. also
[31]) and it follows that (148), (153) and (154) are valid. It remains only to
prove (149), (150), (151) and (152).

We have seen that

(160) e~stdRK(X) = Xik(s)

0
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where ipk(s) is defined by (136). Further it can easily be seen that Gk(x) is
just the Paim’s distribution function for which

(161) e sxdGk(x) = yk(s)
where yk(s) is defined by (139) and (140).

Taking (157) into consideration we obtain by Laplace—Stieltjes trans-
form that

ox M s
(162) )& **dHk(x) MS)),

Knowing the Laplace—Stieltjes transforms (161) and (162) we can write
clearly that

(163) er 8rr/0,;(x) = 1— als-\---z—;"i a|§-+ o(s-)
and

a2 j o
(164) I'e SIdHKk(x) = 1—Rks + —- S+ 0(s-)

if s—0 Hence we obtain (149), (150), (151) and (152). This completes the
proof of the theorem.

Remark 18. We shall now give another method to prove (149), (150),
(151) and (152). Let us suppose that rn(0)- K (kK is fixed) and put
P{v(t)=j} = Pj(t) and IimP {\(t)=j} =P} (j=0,1,2,...). By (131) we

t+->CD
have

I(1—eM ¥
Lo -(1-e-V*)
(165) Pj(t)= 2 011 (y—O0-
and, consequently,
(166) liwd,()= A,=e""{~
f-*co J-

where the convergence is of exponential type.

In this particular case also denote by Mk(t) the expected number of
transitions Ek—>Ek# occurring in the time interval (0, t) and by Nk+(t) the
expected number of transitions EM -*EKk occurring in the time interval (0, t).
Clearly, we have

(167) Mi(t) = 1P k(t)
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and

(168) NiH(t) = (k+1)fiP kH(t)-
Further it can easily be shown that

(169) \e stdMk(t) = - j~ (&2(3)
and
(170) §e°4ANM (t)= T~

0 Vﬁzs)

Comparing (168) and (170) we obtain

[os)

(k+ Df*JE sipi+ I{t)dt
(171) Vg = —-— O,
1+ (k+1)"J estPkH(t)dt
Hence, by (169) and (167),

co

® | \e stPk(t)dt
(172) e sxd Gk(x) = yk(s) = 0 ,

CcD

1+(A:+1)pJ e $PM (t)dt
0
further by (162)

o (k+\)(ije-*P ks(t)dt
(173) 0

co

0 | e sIPk(t)dt

Using (165), the Laplace—Stieltjes transforms of Gk{x) and Hk{x) can
be obtained explicitly. But it seems that the formulae obtained in this way
are more complicated than the earlier similar formulae (cf. [28]). We shall
now show that the expectations and variances in question can easily be de-
termined by (172) and (173). Namely, we shall show that

%

174

(174) ak Pk
1-9L

175 -

(175) & IPk °

) Pc+ Ri+ eee+ Rk

(176) <*F = «*\2j(+ ak
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and
fQrk v, 20+ [?14+eee + R
(77) R A AR PE
where
(178) Pi=e 1 LLI (/=0,1,2,...)
and
(179) % =P +P n-
Further
1 ® j-k f/V -kf"j
(- 1)J _
(180) JE (/-—£)! \u- “
and
_p P LA 1y +
i 1
(181) g I:’LPo+ﬂa n- 9qe 4
To prove the above formulae let us introduce the quantities
Rj= g[P>(0 Pi\dt (/= 0,1,2,..)
and

Sy= }#[PAO-N]N (7= 0,1,2,...).
(0]
Rj and Sj exist because ;_L%Pj(t)— Pj and the convergence is of ex-
ponential type. Clearly, we have

(182) le StPj(t)dt—rp js 1+Pj—sjs+ 0(S)

if s—0.
Substituting (182) in formulae (172) and (173), by virtue of (163) and
(164) we obtain that

14- (x - 1)U P:.,i— I1ru
ue K IPk

IRk—(K-T 1)*P+1
e H IPk

- Q* k—(k-\-\)[isk+l

(185) o K. Iq(ah%ﬁi}' +1 al?\ 2 -
and
(186) @ £.28-&)+2 kSk— [k-\- I),itSjt+i

IPk
where we used that (&+ \)fiPk# —IPKk.
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We remark that by (158) and (159) we have

(187) Pk= «+ A= "Tp-
and
(188) k= °lk+awk= 2(E + P*aft— A)-

In the above formulae only R3 and S (j—0,1,2,...) are unknown.
In order to determine Rj and Sj we observe that Pj(t) (J— 0, 1,2,...) satisfy
the following system of differential equations:

(189) WO 0jm-0j-i()y  0=01.2..)
where
(190) oa) = (/+ VfiPj+i(.t)—IPj(t) (y=10,132,..),
while 0 i(t)= Q The initial conditions are

1 if j=Kk

B3 jo if Yo
By (189) we get
J (= 9 4>;-,(0/H1-1(0)

and by successive applications of this recurrence formula we obtain
0

0j(t)ydt= £[Pi- P i(0)].
It is easily seen that

(191) 0+ DLR,-XRj= 10j(t)dt= Z [P — Pi(0)]

and putting j = K we get
(192) (Nr+1)/<ul-A > = $&—1

Substituting (192) in (183) and (184) we obtain (174) and (175),
respectively. Further by (189) we get also

@ @

\t0j(t)dt=\t0j-I(t)dt-Rj
0 0

and by successive applications of this formula we obtain

It<Dj(t)dt — —(/20+ /2i+ oo+ Rrij)-
0
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Since
(193) (Ar+ I)/<St+i— Sk — j t<IK(t) dt— — (< + [ + RK),

this proves (176) and (177) by virtue of (185) and (186), respectively.
Finally, it remains only to determine the unknown Rj (Y= 0,1,2,...).

By (191) we obtain
u=0,1..Ar—1),

(194) (j+ DeRj+i  aRj= jSBN y = ktk+\,...)
and clearly
(195) Rj — 0.

3=0

The difference equation (194) can easily be solved (cf. Ch. Jordan [12]).
Taking into consideration that (y+ 1)/'/>+1= JIPj from (194) we obtain

_ P%  v=0,1,..k—0),
(196) R!r\ E_i ipj

P+l Pj T—1

IP;
Summing up the above equations, we get
R Po_x' % gl 7= 1.2,.)

(197) Pi Po SJULPi S IP;
what proves (181). Finally, RO can be determined by the aid of (195) or by
the following way: Clearly

(i=k,k+ 1,..).

(198) Pty ex e (—iy 1 1

and therefore

] I @B/ I\Jk Yry.l
(199) Ro PIG)_PorfC _ _™~1T7_LcT Yy, /
éi

what proves (180).
We remark, further, that the identities

o B IF

7+ Mi,«
SoP; So W+I1JU

hold which may be applied in the formulae (174), (175), (176) and (177).
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OSCILLATION AND MONOTONITY THEOREMS
CONCERNING NON-LINEAR DIFFERENTIAL EQUATIONS
OF THE SECOND ORDER

By
I. BIHARI (Budapest)
(Presented by P. Tuaran)

Introduction

There are known theorems stating the existence of an oscillating solu-
tion of a linear or non-linear differential equation of the second order and
also theorems stating the monotonity of the amplitudes (Sonin’s and Polya’s
theorem). Only one will be quoted here: that of W. E. Mitnel concerning
the non-linear equation

Y+ <plU(y) = 0.
Let (p{x) be a positive continuous increasing and bounded function for xLla;
the function f(y) an increasing odd one and /(y)"Lip(l) for \y\*b.
Taking a real value /; (0<|?j| * b) the theorem states for x s a the existence
and uniqueness of a solution subjected to the initial conditions y(a) = rj,
y'(0) = 0 and this solution oscillates infinitely often for x is a, the ampli-
tudes decrease but do not approach zero.

The present paper discusses the generalization of this theorem and cer-
tain comparison theorems of Sturmian type concerning the “half-waves”,
“guarter-waves”, “amplitudes” (see below the explication of these expressions)
and the distances of the zeros.

81

One can raise the question what a condition imposed on the function
f(x,y,y") involves the existence of an oscillatory solution of the equation

(1 I =1(x, y,y).
It will be shown here that the separability of the variables of f(x, y,y") leads
to such conditions. — We shall prove the following generalization of the

above-mentioned theorem of W. E. Mitne:

Theorem 1. Suppose that in the non-linear differential equation
1) y"+ v(x)f(y)h(y) = 0

1W.E. wmiine, A theorem of oscillation, Bull. Amer. Math. Soc., 28 (1922), pp. 102—104.
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1 (p(x) >0 is continuous, increasing and bounded for xLLa;

2. /(> is an odd'1non-decreasing function and f(y) £ Lip (1) for \y\"b]

3. h(u)> 0 is non-decreasing for n O and non-increasing for n LLIQ
further h(u) £ Lip (1) for all n;3then equation (1) has a unique solution
subjected to the initial conditions y(a)= rj, y'(a)= O (0 < | \*b); this solu-
tion exists for all x LLa, oscillates an infinite number of times, the ampli-
tudes decrease but do not approach zero and y' remains bounded too.

Proof. Being f(x,y, u)= cp(X)f(y)h(u) continuous in the domain
x Wa, W\ b and wu arbitrary, the existence of the desired solution in a cer-
tain right-hand neighbourhood of a is already clear. In order to prove the
uniqueness of the solution, we shall show that the function f(x,y, u)=
= g>(x)f{y)h(u) satisfies in y and wu a Lipschitz condition for \y\“kb
(u arbitrary and x a).

On account of 2 and 3,
F(x, y2, u,)—f(x, yu u)| = 9> V( ¥)h(uj)—/ (yr)h(uj\ LU
N A>(\(y-2) —/(y-)JAUI) + [(y*)] (@ —1(«0] =
Ag>(x) (KIy.2—yN\h(0) + KW\u.,—ul\f(b)) =£ M(\y.2—y 1\+ \u2—ul\),
where M= L max (Kh(0), KJ(bj) and L is the least upper bound of cp(x),
i.e L= IrIanQD(fix), further |y, | b, \yA~ b, ur and u2 are arbitrary, K and

Ko are the Lipschitz constants of f(y) and h(u), respectively. We must show
the existence of the solution for all xs a. Equation (1) may be written in
the form

®) hiyy+o vy

By means of the notations

\Tf(t)dt = F(y), \T *dt= H{u) (tf(zo0)= + 00)
0 0
this can be written as follows:

dH (jl 'IF 1 dH(y) dF(y)
bl e Y0 or o) dx dx

2 In order to prove the oscillating character of the solution, it is sufficient to assume
instead of ‘f{y) is odd” that sg/(y) = sgy.

3 E g. /i(n) may be an even function decreasing for n 3:0.
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Hence, making use of Stieltjes integral, we obtain the following two equations:

X

) H(y") + cp(x)F(y)=\ F(y)dcp(x) + (p(a)F(.i),

®) ep(x)
The function F(y) is positive for y=}=0, F(0)= 0 and F(y) is an even
function and increasing for y >0. The function H(u) is positive, except at
u= 0 where H(0)= 0, and H(u) is increasing for ulll 0.

With regard to (2) and (3) the first of the functions

P(x)

PO = HY) + E(FW), Q="+ ry) T

cp(x)
is obviously increasing, the second one is decreasing.
The solution y(x) in question cannot attain for x> a the boundary
y =+ 6 ofthedomain D (xLa, \y\-*b, wu arbit-
rary). For, if a\ is the next point where y(a[) = + ij
(Fig. 1), then, by the monotonity of Q(x),

» um

Q@  F{n)>Qw) S(F)

whence

+ F(n)

o> HiviaQ
<o
and this is in contradiction to H(u)” 0, <jp(x)>0
also in the case when y'(a[)=0. Therefore y(x) cannot attain the value + ur
still less the value + Db.
Equation (1) assures that y"(x) remains finite in every finite interval

Fig. 1

\a, c] and even as y’(x), being y'= |y"(t)dt. Therefore the solution y(x) may

be continued for all x~a, i. e this exists for x"*a.

Otherwise, the monotonity of Q(x) involves the boundedness of [y'\
for all x*a, too.

Now we prove the oscillatory character of y(x).

See e. g. the case n> 0. Then considering (1) it is clear that at the
place x= a y" is negative and remains this as long asy is positive. Since

y'=\y"dx< 0 (x>a), y decreases, its graph is concave downward with

negative slope to the right of a (as long as y is positive) and therefore must
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cut the x axis at a finite point X >a (Fig. 2). In this point the derivative

of y(x) is y[= ly"dx<0. To the right of x, the value y is negative and
a

therefore (see (1)) /'>0 (the graph of y is convex downward), moreover y"
increases as long as y' is negative, because y' (which is < 0) is increasing
and thus h(y'), too, and again by virtue of

(1)/', increases. Since y'—y[+ 1ly"dx,
Xl

Y must vanish for a finite value x = ai
(otherwise)e/" would be positive and in-

creasing, |y"dx would surpass y[\ and

T

Y would be positive without having been
zero). Starting at the place x = at, y = y(al)< 0 we can arrive in the same
manner at the succeeding zero x2 and further at a maximum place a2 (where
Y (G2 = 0), etc. Consequently, the oscillatory character for x i i s proved.4
Zeros and only these are the points of inflexions. If \< 0, the proof follows
exactly the same lines. Let the zeros, the places (> a) of the extrema and

the corresponding values at these be denoted by x,, o, and yt (/= 1,2, 3,...),
respectively. Let |y,| be called as “amplitudes” of y(x), the graph of y(x)
belonging to [XixiH] as a “half wave”, and that belonging to [x, a] or
[a-, xiH] as a “quarter-wave” (Fig. 3). Being Q(Xx) decreasing and y’{a) =
Y(@,)=0 (/=1,2,3,...), 4A(0)==0, we have

F{y,) > F(yi+) whence \W\>\yM\ (/= 12, 3,...),
what indicates the decrease of the amplitudes;5 but these do not approach

4 Similarly, it may readily be seen that all the solutions of (1) have this character,
provided that b is large enough compared to T

5 h f(y) = like that in footnote 3 then the maxima form a decreasing sequence
and similarly the minima form another one.



OSCILLATION AND MONOTONITY THEOREMS 87

zero because owing to the increase of P(x)

p@F () < g(a)F(3n) < g(@)F(3) <---<@(@)F(yn) <--+
F)> 2O Fay> 2 Fm) (L —lim p(o).

COROLLARIES.

H(y')

1. At places of equal |y| (not only at zeros) the sequence ——~ is
decreasing. ¢ X)
2. At places characterized by equal ((y)) the values |y| decrease.

3. At places of equal )’ the values ¢(x)F(p) increase. If h(u) is an
even function, these values corresponding to -equal [)’| are increasing too.
4. At zeros and at places of equal ¢(x)F(p) of the ascending branchs
of the curve of y, the values y” increase. A similar statement is valid for the
descending branchs. If /(u) is even, |y’| increases at places of equal ¢(x)F(y).
5. On account of the decrease of Q(x) we obtain

Fo) > 22 > F) > B > Foy>-e (h=y )

This is the relation between the amplitudes and the slopes at the neighbour-
ing zeros.

6. Being P(x) increasing we get @(@)F(n)<H() <e@)F(n) <
<H(y) < (@) F(ys) <

7. In the case of MILNE’s theorem /(u)==const

rz

P =2+ 9@FQ), Q=52 +F(3)

2¢(x)
and considering the linear equation y”"+¢@(x)y =0 (f(y)=y, h(u)= const)
/2 2 P
PO—p+9@ %, Q=1

and some of the above formulae will be simplified.

8. Assumption ¢(x)=k==const>0 is possible too. In this case the
functions P(x) and Q(x) remain constant, therefore the amplitudes, the va-
lues H(y') at zeros and at places of equal y remain constant too, conse-
quently all the “half-waves” are congruent, finally y(x) is periodic and y’ is
bounded.’ If A(z) is even, all the half-waves are symmetrical relative to their
centres.

6 If f(y) is like that in footnote 2, then the maxima are equal and the minima too,
but their absolute values may be different.
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Provided that <p(x) = &= const >0, equation (1) will be of the form
y"+kf(y)h(y’) =0

H(Y) + kF(y) = c= kF(j),
hence denoting the inverse function of H(u) by H \u) (it is a bivalent

and from this

function)
y = H-\k(F(n)-F(y))),
therefore
Yy
_ du ‘—a
)= 3 HAkIFW -Fm
v

According to the above theorem, the
solution of this equation (the inverse
function) exists for all xLL a and it is
periodic. If h(u) is even, all the half-
waves are symmetrical to their centres.
Let the inverse of the function H(u)

-V
xl—a= JI'---- dy cti—X, = . dy .
y i (KIF(V)-F(y))) J HIWFW-Fiy)])
Similarly _
( dy . u dy
JHOF@F (1)) Hi\KLF (ri)-F (y)1)
etc. The length of a period is
dy dy

p= az—a

ati U-) TINe (o)

Let JLanmcp(x) be denoted by k, then we see that the solution of (1) in ques-
tion tends to the above periodic function and the distance of two consecutive
zeros tends to -y (moreover decreasing as we shall show later) as x —» +<».

See, for example, the equation

YUEKYTTPTA= © (%>°)-
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We get herefrom
du

') Vh oy 2k(ifug T T (@nra)

Introducing the notation Y\ + 2kif= K and carrying out the transformation
2k
K1° -~

K r vdv K1+ 2k (tf—y-)
x—a (@™ x" X)),
KY) w2k 3 /1—ir) {Kr—1) ( %) K

This integral is an elliptic one and its inverse is an elliptic doubly periodic
function and the theorem states that one of the periodes is real, etc., and
we recognize all these without the explicit form of the solution. As another
example we take the equation

y"'+ kye y2= 0 (k> 0).
Hence

I(y) = _j t/log(]. "U -—= x—a (aw x wx,).

The above statements are valid here too and this is already more interesting
because otherwise there is very little known about this function.

82

Take now the general form of the explicit differential equation of the
second order
@) y"=f(x.y.y’).
It will be formulated here an oscillation theorem concerning this:

Theorem 2. Let f(X,y,u) be defined for x wa and for arbitrary y and
n with the following properties:

L /(x,y, v is continuous and sg/(x, y,u) = —sgy;
2. fr(x,y,u), fy(x,y,u), f,(x,y,u) exist and are continuous;
3 sg/,= —sgy;

>0 if sgu=sgy 0, )
4. fy(x,y,u)<0 and /,(x,y,u)j= 0 if y=0, F(x”™ a);
(<0 if sgu= sgy O
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5. let f(x, y, n) satisfy the Nagumo condition, i. e. let a continuous po-
sitive function ®(n) (us 0) exist satisfying the conditions

(xy, u)] * @(uf) and |p"y”rnu= + o
0

then there exists for xLa a unique solution of (1) satisfying the initial con-
ditions y(a) = U0, y'(a) 0 and oscillating an infinite number of times.

The proof follows exactly the same lines as in 8 1 The theorem of
Nagumo7 assures the existence of the solution for xw a stating the bound-
edness of y'. (The question arises whether there exist at all functions
f(x,y,u) satisfying 1—5. The function f{x,y, u)= —<p(X)f(y)h(u) of § 1 is
an example for a function of this kind. Another example is f(x,y, u)=

(lyj » b). The corresponding equation8 has an oscillatory

Yi+ Y1
solution etc.) The increase and decrease of y" in the right-hand neighbourhood of
the zeros xx and x2 respectively (see Figures 2—3), are to read off from the
formula y'™ = fx-\-fyy' + fyy" in which all the terms of the right member are
positive or negative, respectively. It is easy to see, even as in the linear
case, that the =zeros cannot have a finite limit point. If we restrict y by
\y\*b (b>0), then the graph of y can leave the domain x"a, \y\"kb
attaining the boundary y — —b (supposed >0) and we cannot assert its
further existence.

83
Theorem 1 may be extended to the equation
(O YU+ E|<Pi(><)f(y)hi(y') =0
1=

where the functions (pi, /,, hi have the same properties as in § 1 Theorem 2
cannot be applied here immediately without any hypothesis on the deriva-
bility of the functions <p, f, hi. In general, it seems to be impossible to
find the analogues of the functions P(x) and Q(x). Let the restriction

hi= ho= h3= -mm~ h,enh(y)
be assumed. Then

+jta=i(x)f(y)y= 0
7 M. Nagumo, Uber die Differentialgleichung y" = f(x,y, /), Proc. of the Phys.-math.

Soc. of faparx (3), 19 (1937), pp. 861—3865.
8 See the discussion of this equation in a forthcoming paper of the author.
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and with the notations

Fi{y)=\fi{t)dt,
0 0
we have

2 d | gt N dFA

whence, making use of Stieltjes integral,

H(/) + 2 4=i0Fi(y) = 2 J F{y)d<p{x)+ 2 Ur{a)Pr(n).
Thus the function
P(x) = H(y')+ i:214>i00Fi(y)

is increasing, and similar conclusions may be made as in 8§ 1. Without fur-
ther restriction one cannot find the analogue of the function Q(x). If one
of the functions say <p,(x), is more quickly increasing, then the other

ones, i. e are decreasing for /= 2,3, then from (2)

1 dH(y) .t dFi(y)
PE dx  él ) dx

and so we obtain by integration

Clearly, the function
H(Y') Pi(x) _.
QCI= i by

is decreasing. In this case we cannot state the decrease of the amplitudes
(however, see this problem later), only the decrease of the sequence

X- ;ng) Fi(y) formed at the amplitudes, etc.
i
The equation

(3) ir (POYY) + a(x)f(y)h{p(x)y*) = 0
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may be written by the transformation £= J in the form

a

0') A+ T XX w T [fr)=o0

where y, p, g mean y, p, g as functions of |. Since p(x) must have a con-
stant sign (see the above transformation), p(x) must be positive (in the op-
posite case £ would be negative for je> o). Being

d(pg) d(pg) dx  d(pq)
dt dx dl dx

Theorem 1 may be applied:

p7

Theorem . Let the functions p(x) and qg(x) be positive continuous,
pq increasing and bounded for x La, further let f(y) and h(u) be the same
as in 8§ 1, then the same is true as under conditions of Theorem 1. The inflex-
ions are not necessarily on the x axis.

The function P(x)= H(py')+pgF(y) s increasing and Q(x) =

H(ppqy) F(y) is decreasing and the results of § 1 hold concerning these

functions.
In the linear case

POO=(yy-+par, Qw QY

Q(x) is the function used in proving the Sonin—P6lya theorem. This is
thus included in the above theorem.
The equation

-fa (PY)+  gi(x)My)hi(py’) 0
may be discussed similarly.

84

Let us consider again the equation
(1) y"+ <p(x)f(y)h(y’) = 0
with the premises of § 1 and the graph of the solution obtained there.

Theorem 3. If h(u) is an even function, then regarding equal values of
y (equal levels) on a half-wave, the slope y' is greater to the right of the
maximum (extremum) point than to the left of it. Consequently, the symmet-
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rical of the left-hand quarter-wave to the ordinate x= xm of the extremum
will lie entirely above the right-hand quarter-wave (Fig. 5), hence its area is

greater too, finally
Xm X\ N X2 Xm.

Proof. Equation (1) may be written in the form

2 dHdx™ = ~ vWFfW?-
()
M

Hg. 5

The coordinates and the derivative of the left-hand branch will be denoted
by x, y and y', and those of the right-hand branch by § rj and if, respec-
tively. Then (2) relates to the left-hand branch and

©)
to the right-hand one.
Integrating (2) as a function of x from x, to x, and (3) as a function
of £ from £0to xm we have (being H(0) = 0) (Fig. 6)
xm Vm
HYf) = f<pO)f(y)y'dx= 1 <j()f(y)dy ("= /(x0)

\%

and
Xm yr

H(rfo) = g—)cp(g)f(ii)rfd%: ;]blq.(i)f(n)dn (rjo= v'R0)),

respectively. The variables of the integration of the right sides (i. e. y and //)
pass the same interval (yO,yT), but £ passes the interval (xm£0Q and x the
interval (x0, x,,,). On account of the
monotonity of cp(x), there will be on
the same level 0~ yO= 0" ym
H(rf) > H(y")
and, being H(u) an even function,
bo| > \yo-

The further conclusion is obvious.

The case of Milne’s theorem and
that of the linearity are included too. Fig. 6
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§5

Theorem 4. Holding the premises of the previous § but omitting the
restriction h(—u) = h(u) it will be proved that a quarter-wave lying before
a zero may be brought by a rotation of 180° or —i1so0° around the common
endpoint quite over the succeeding half-wave, i.e. (Fig. 7) the arc AM" is
outside of the area bounded by the arc ANB and the part AB of the x

axis:
\y{x2— u)\ > |y(x2+ u)| O <wn”™ min (x2—xM, x3—x32).

Here xM is the abscissa of the point M, Xn is that of the point N.
Placing the origin in x2 (carrying out a linear transformation) the form of
the equation will not be changed. Let e. g. y(x) be the left-hand half-wave
under the x axis and let the ordinate of the rotated half-wave be denoted by
rj(x) as a function of x. Then

® )= =Y=x) rl(*)=/(—=0, ri(x)=—=y"(-x)

whence
™= — 0 y)=i{—x, y'(x)= —=T(=x.
Writing these in the equation
1) I+ <p(x)f(y)h(y’) = 0
we have

—»(—=*) + (Pp{X)f{—2(— x))h(i](—X» = 0.

Putting here —x instead of x and taking

into account that/(—rj) = —f(rj) we obtain

as an equation satisfied by ”~(x)

(2) Ti"(X)+ cp(-x)fF(V)hW) = 0.

Now it will be proved that on the same

level (y= rf) if>y’from the levely= q= 0

up to the level = where yx=--y(xN)
Fig. 8 (Fig. 8). Equations (1) and (2) may be
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written, denoting the abscissae by x and |, in the form

0) HxA ~  &x)f(y)y’
and

2) _

respectively. Integrating from 0 to the common level y = t}*kys and taking
into consideration that j/(0) = r/(0) = y0, we obtain
X y

H(y') = H(y@—GICp(X)f(y)y'dx= H(yo) —0I4>(X)f(y)dy.
H{Ti) H(U)-jV{-Nev) irt= H(y6)-S<P(-mri)dri,

hence
Yy

H(r/)—H(®y") = 1 [9>(x)-9(-3 /(Y )".
0

but

?2(*)>y(—8 (x>x2 and Ay)W Q
therefore # (r/)> H(y), consequently if >/ (being rf>0, y' >0) up to the
level y —yN, i. e

\y{x2—u)| > [j>(x2+ «)| (0 < u”™ min(x2—Xm, x3—x2).

On this level /=0, r/ >0 and 1] is still further increasing up to its maximum;
thus its arc will be over that of y.

We shall prove, restricting f(y), in §7 that an extremum lying to the
left of a zero is farther hereform than the extremum lying to the right of this
zero, what means: the left-hand quarter-wave may be brought quite over the
right-hand one; its area and “length” are greater. Similar facts will be stated
concerning the half-waves too.

86
Now we extend one of Sturm’s comparison theorems to the equations
1) y”+ <p(¥)f(y)h(y’) = 0,
2 4+ Y®I(H)NH) = o
Theorem 5 We assume the following conditions:
1 (p(x) and xp(x) are positive continuous increasing bounded functions

in [a,b] and <X ™ rp(x) but cp(X) d ~(x) in any subinterval of [a, b], fur-
ther <p(¥Y)—y (x)w O (x—0), x—a—=*-(-0;
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2. f(u) £Lip (1), f(u) is increasing and sg/(w)= sgy, " U' = 0(1)

(u-*0), further is non-increasing for n>0 and non-decreasing for

n<0 (e.g. f(u)= Arctgu);
3. h(u) >0 is an even function non-increasing for u> 0, non-decreasing
for u< 0 and h{u) £ Lip (1);

4. let y(x) and i,(x) be oscillatory solutions of (1) and (2), respectively, and
y{f@wo, rs@uwO y@=>0 r{@-=>0 vyb-=0,
N(a)y(a)—y'(a) u(a)w 0;

then (Fig. 9) increas-
ing in a<x”™ b and assuming
THa) |& i) we have
i) >y’ (x)  (@a<x<xmj+d)
and
a *my b xmi > Xmy;
Fig 9 where d is a certain positive
number, xm and xnmy mean the
abscissae of the first maximum points of u(x) and y(x), respectively, succeed-
ing a, finally
it(x) >Y(x) (a<x ™ h).
Proof. It will be dealt with here only the case when
Y@= Y@= G y(a) Ly (a) >0
The general case may be treated in the same way.
In the first place it will be shown that in a certain right-hand neigh-

bourhood of a ¥ >y’ and so u>y. Applying the finite Taylor formula we
have

Y()=y'@(xa) +~y"(a+ 0f—a)) (x—a)l)
\  (0<0, B'<1).
4(x)= »i'o) (x—a)+ Y ri‘(a + ff(x—a))(x— afj
Being ¥Y'(x), y"(x) continuous (see (1) and (2))

Y(x) = y'(a)(x—a) + o((x—af), i (being y'(a) = ¥'(a) = 0)

and
h(x)—y(x) = (y (@—Yy' (@) (x—a) + o((x—af)  (x—a+0).
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Now we have two cases:
1. ri(@) >y'(a), thus r{(x)> y’(x) and i\(x) > y(x) for sufficiently small
x—a> 0;
2. '{a)= yr(a), consequently
*I(*)— y(x) = o((x—af) (x-ra+ 0)

and we get similarly
T)—?(x) = o((x—a)) (x -a + 0).

By virtue of these and 2—3 we obtain
1/0i00)—/(>>00)1 = *ih(*)—Y(X)1= o((x—hf), =
VI(Y'(*)—my () = kK*\m\x)— Y (x)\ = o(x— a),
AnN00) = Ay 00) + offx—af), (x-*a +0),
no/00) = h(Y(x)) + Q(x—a),
An00)710/00) Ay(x))h(y'{x)) + o((x—af)
being f(y(x)) = 0(x—a). Therefore
A(x)-y"(x) = y(x)Ay)rr(y")-lWAnLn) =
= [PX)—if>()1f(y)h(?) + o((x—aY) (x-»a +0)

f(y) = 0(x—a), <p()—rp(x)"0(x—a) (x-*a +0),

but

consequently

m>y,i
hence

T>y, > for sufficiently small x—a> 0.
finally

n=y
It will easily be found from equations (1) and (2) that

n'y—y"n= 9{)Ay)A y')n—Y'cx)lchl/))'

or

{WY—y'ny= Iy{<P(x) A h(y)—Vv00 h(»?"))

whence
X

3) JX)= ily—y =5 &0 o  h{y)—7p()-A - hO")j dx.

Taking 1—3 into consideration we have for sufficiently small x—8 >0 (at
least as long as r(~ /8 0)

J(X) = ii'y—ny" >0.
We state that r{ >y’ holds up to x = max(xm;, xn/) + d at least with some

7 Acta Mathematica IX/1—2
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0 > 0. In the opposite case there would exist a first place ¢ (a<c<b) where

>i(c)=y'(c), iH{c)>y{c)>0

Ac) = L (c)y (c)—y'(c) *(c) >0,
what is a contradiction, provided that rf(c) = y'(c) LLI0. Therefore XxmJ>X,,,y
and r/>/ for a < x < X,ij;-(-d and C>X1'|] when C exists at all.
See now the sign of z/(x). This could be negative only for x>X,,,I.
We state that z/(x) remains non-negative at least up to b. In the opposite
case there would be a first place d (xmg<c<d<b) where

and

, . /i(d) <0, /(d) <0
Ad) y(d)

hold but J(X) = yi;\A-—-"1< o0 in a certain right-hand neighbourhood

of d. -y increases up to d, thus //(d)>V(d)> 0, [|/'(d)| > |/(d)], conse-

quently the integrand of (3) is positive at d and in some right-hand neigh-

bourhood of it. Therefore
X X

AX)=j - fr-"=7-">10 >d),
x)gl R (x>d)

what is in contradiction to the definition of d. Moreover <d(d) > 0. For, if
z/(d) = 0, the function A(X) has a minimum at d where d'(X) (the integrand
of (3) at Xx= d) must vanish in contradiction to the above statement. Thus
the theorem is proved.

We cannot decide whether or not r[ remains greater than y' for
a<x”™b. Assuming z/'(a)>/(0) the functions <p(X) and /(x) may be iden-
tical, i. e. a solution of (1) having a greater initial slope remains greater up

to b, provided that at least one of and h(u) is strictly monotone.

87

Now we can solve the problem of the quarter and half-waves. We
shall prove the following

Theorem 6.a All the half-waves of the solution, obtained in § 1, of the
equation
1) y*+ v(x)f(y)h(y") = 0

9 This is a generalization of a theorem of E. m 2«a: concerning the linear equation

y" fp(x)y= 0: On a monotonity property of certain Sturm—Liouville functions, Acta
Math. Acad. Sei. Hung., 3 (1952), pp. 165—172.
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may be rotated (in the sense of 8 5) over the succeeding one (see Fig. 7),
provided that the premises of § 6 hold, further one of D+cp(x) and D-cp(x)
is positive at every place XWa (Dzcp(x) mean the one-sided derivatives).
A similar statement is valid concerning the quarter-waves too (without supposing
that h(u) is even).

Proof. As we have seen, placing the common endpoint in the origin,
the ordinates of the rotated curve satisfy the equation

) i+ 4> (-x)F(rPh(rl) = 0.

Let e. g. the left-hand half-wave be under the x axis. Now we have

((@=y'@>0, 5(®=y@©)=0 lim-j*=1 (p(x)xp(=x) (x>a)
and
y(x)-y(-»)-( +9<Aa>-9U x
but
im0 ----DMO0) and Opy¥0) %)= D<f(0),

thus (p(x) — f(—x) =- 0(x) (x—*+ 0) and Theorem 5 can be applied whereby
Theorem 6 is proved.

Fig. 10

Denoting the areas and “lengths” of the successive quarter-waves by
Ti and di (/=1,2,3,...), respectively, we have (Fig. 10)

T,>T,> T;> e,
ilj> d2>d3> (convexity of the zeros).

Of course, all these are valid in the Milne’s case and in the linear case, too.
Simultaneously, the present proof is a new one concerning the decrease of
the amplitudes too (although making use of more restrictive conditions).

7*
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§8
Consider again the equation of § 3
<i) (py'Y+af(y)h(py') = o
with the premises assumed there and further let us assume m to be as

in 86 and p(x) a decreasing function. Then the decrease of the area of the
half-waves holds.

Namely, as we have seen in § 3, by the transformation dx = ¢ equa-

tion (1) will be of the form A
d-y
2 df -paf(y)h 1= o0-
The results of § 7 concerning y(£) hold, i. e. denoting the zeros of y(8) by
li»'Es»?s» eee and those of y(x) by xuxitx3 . . the sequence
JKm=J§X)JS (i=1,2,3,..)

X+l
is decreasing. Omitting the increasing factor |5\x) the sequence 3 y{x)dx

(/=1,2,3,...) is a fortiori decreasing. H

We canno) decide in this way whether over-rotation of the half-waves
is possible or not, because by the above transformation the distances of the
zeros increase compared to the corresponding ones of y(8), hence the distan-
ces in question can be increased too (while the amplitudes remain decreasing).
Proofs and results of 88 4—7 may be extended to the equation

Y'+ 2 HX)f(y)hiy')= 0
inclusive the decrease of the amplitudes what we could not prove in § 3.

Sturm’s theorem can also be formulated and proved. The above Sturm theo-
rem may otherwise be extended to the equations

M + (Ei(xX)Myihi(y'i)= 0 (¢ 1,2
with different g, f and hi, but we do not deal with this.

89

The question arises how Sturm’s comparison theorem will be formed
mconcerning the equation

(O {pyY +alll (y)Kpy')=0
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Holding the premises already often used relative to p, g, f(u), > J1(n)

and the initial conditions of § 6 we have for the solutions y, and y2 of the
equations
(pyi)" + qif(yi)b(py'd= 0o (q2srq)
(/I=b2)
(but not identically in any interval) the inequalities
¥> Vi @<v  X,i+ Q
X > X1y
y,>y-, (a<xw b).
It is more interesting that assuming gi= gl= g (a unique equation) these
inequalities hold, provided that y,() = y2@&) = 0, y\(0) > y2(a) >0 and that

one of the functions , M{u) is strictly monotone. The proof follows pre-
vious lines.

Corollaries. Two particular solutions of (1) can have a zero in common
without having only common zeros (differently from the linear case).

In fact, y"a) —y2{a) and y[(a)= y2(a) imply y,=y, by virtue of the
uniqueness of the solution, but yl{d)= y2(a) and y[(a) >y m >0 result in
yr>y2up to the next zero of y2 Hence two consecutive zeros of yr cannot
be consecutive zeros of y2 y2 cannot twice intersect y, without vanishing
one or other between these points of intersection. If y is a solution, —y
is also that. Therefore, comparing the zeros of yr and y2, these functions may
be assumed of the same sign in the initial part of the interval of the com-
parison and so the comparison can be carried out.

In order to compare the solutions of the equations

(PryY+ qiffy)h (pyy)= 0 ("= 12
one can deduce in the usual way the analogues of the formulae of Sturm
and Picone. These are the following:

NP YY-PYY) 2, h(pyd—a (P

. PZVA
A
dx LmPY" e
. - f Y Y—yiyi f
0y, NP -a, g1 h(PyD fI+ (Pl N

However, applying these either in this form or
sidering one equation with two particular solutions) it will not be obtained
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new results because the first term of the right-hand member of the Picone
formula cannot be asserted to be positive when g2>qgx and p*>p2

According to Sturm’s theorem we
can enclose any solution of

y"+vW(y)b(y") =0
by the solutions of the equations
K+ (min cp)f(y,)h(yi) = O,
Y. + (max <f){yah{yd = 0
with the same initial conditions, i. e. we
have (Fig. 11)
yY><Y<M)N (a<x” h).
A separability theorem in the sense of Sturm is not valid here. Rather there
are particular solutions of (1) situated to each other as on the Figures 12
The existence of the first and second configurations is obvious. It will be
shown the existence of the third too. Corollary 5 of 8§ 1 ensures that the

value of a maximum and the slope on the next zero may be made as small
as wanted by decreasing the slope at the zero preceding the maximum place.

Fig. 11

Fig. 12a Fig. 12b

Corollary 8 of the same 8§ shows that the distance of two consecutive zeros
tends to zero with this slope, provided that cp(x) is constant, but also for
variable y{x) on account of our statement relative to enclosing of a solution
by solutions of the equations with constant gp(x). Thus we obtain the inter-
esting result: given a solution y(x) of (1), then there are also solutions
having an arbitrary number of zeros between two consecutive zeros of y(x).
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Application of § 1. On account of the decrease ofTllQ(x) = —y

-f-F(y), we have ) no*
H(@y'n) < F(iDcp(xn <LF?").

This impliesil a bound for \n\ and considering that \y\ assumes its maxi-
mum at the zeros the mentioned bound of V,\ is that of \y"\ too. The ine-

Thus we obtain a lower bound for J and for the distances of the zeros:

and 2\/<Lf(a)

respectively. E. g., the function ][xJ,-{X) satisfies
y"+ cp(x)y -0.
1
\’-v
The function (p(x)= 1+ —  —is increasing for \v\> Denotinga maxi-
mum place, where already (jp(x)>0, by av, the distances of the zeros of
1xJIr(x) and those of /,.(x) (which are the same) remain greater than
C1—4v2 11+ 4(6i-—V2
" Aav A (L= 1)-
le J >1and the distances of the zeros are greater than 2. The increase
of P(x) and decrease of Q(x) imply

F(YH)>F(y) > Ne ke (Y~

In the linear case
i y(g™-i) \/
jh-1>¥%> D) Y-i-

10 See the notations in § 1
1 Viz. H(u) and F(u) are increasing functions for n > 0 and have also increasing

inverse functions.
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Application of § 7. Let us denote any solution of the Bessel equation
1
yr+ry+{-F)y="°
by Zv(x). The function \xZv(x) satisfying the equation
1—4n
T+ 1 goiy=0
is of character of § 7 for w\>-~- and x” 0 being <p'(x)>0. Similarly, the

function ]/XZV)IIZVXZQ!] for 0<r< ); X"NO (this satisfies y"-\-x%-zy: 0)

. 1—4a22 Vv~ '
and, in general, ][xZv(xa) for a > 1, x> 4ada—1) and arbitrary v
—docv ?
this satisfies y" - \ 2+ 4a.xzay: 0 are also of this character. Con-

4x2
cerning Jv(X) the decrease of the area of the half-waves holds, provided that
xi"O and v>—1 as R. CookeP2showed. E. Makail3 proved the same for Z,.(x),

provided that \v\>-*-, x~O, moreover also the same is shown by G. Szeg64
3

for all v but only for x>

Of course, for v< 0 the lower limit of x is positive in all the above
cases. The property of the quarter-waves of fxZ,.(x) etc. cannot be extended
to Zv(x).

(Received 2 December 1957)

12 R Cooke, A monotonity property of Bessel functions, Journal London Math. Soc.,
12 (1937), pp. 180—185.

1B Loc. cit. in § 7.

4 Still unpublished.



ON A MAXIMUM PROBLEM
By

E. MAKAI (Budapest)
(Presented by P. Turan)

In his book1lP. Turan deals among others with the problem of find-
ing the minimum of the quotient
n

max | avw M{t)  [M{H=mm UM

where the d,’s are given and the uv’s are variables and gives applications
of his estimates for it. In connection with this, P. Taran suggested the inves-
tigation of the following problem the solution of which may be regarded as
a first step in a chain of extremal problems with further applications in view:

Let us define the polynomial P(z) by
P(2) = 14O +UiZ)= £6iZ! (0= Lon| B 1 Q= Co= = 0)

where urj*1 and let 2biZl be the formal power series expansion of the
function [P(z)L'= g(z). Finally, let the function hm(z) be defined by

MO = (-1)"" l—p(z)2"biZ: a,kZK

What upper and lower bounds may be given for the quantity
2rc
Km= max | (z= €i9)?
0
In this paper there are given several estimates of the quantity Kmn,
the simplest of which is the double inequality (4).

1 It is easily seen that the coefficients ank are vanishing if 0 » K~ m

or k> n+ m and so
m

hm(z)=, 2 amkk.

1 P. Taran Eine neue Methode in der Analysis und deren Anwendungen (Budapest,
1953).
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One may verify by induction that

Jo(2) = ciz f-c2~+ — f-cnz”,
A Cl 1 ICl 1 Cl 1 Cl 1
hi(z)= o z-+ c3H------ b Zn -f-
Co Ci C3 Co Cn Cn-11 o G,
and generally
G 1 0 Qe O

G2 Cl 1 o0 0
mp= Vv 8ead 1 0

Cm Cm-1 Cm-2 1

Clc Cfr-1 Cfc-2 a,;-f

as the upper limit m + n of the summation can be replaced by Q0.
We argue by induction from m—1 to m. For m= 0 the assertion
trivial. If m=b 0, then
m-1
(-1f P(z}:ZOM -\ +P{z)bnem —hmi(z) + (- \)mP(z)b,nzn

cic 1 O 0

o Co Cl 1 O
(1) - = _ 2K+ (-1f2 . bmQZ
M cm-l cm-2 cffi-3 i =

Ck  Ck-l Ck-2

From Gm= 0 it follows that

Ci
6,= (-1) Cm-1 Cm-2 |
Cm cm-I Cl

Comparing this with (1) we have

cl 1 .mmo cl 1 0
Uik cm 1 Cm-2 ct FCAM cm1 om-2 i
Ck Cfc-l  o** Cfc-m+l Cm Cm-1 * « Cl

Ci 1 0 0

— Cm-1 Cm-2 1 (@)

on  Ccm-1 Ci 1

Ck Ck-i  ees Ck-wtl Ck-m
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2. The coefficients ank are symmetrical functions of the quantities
ult u2,. . iin, more precisely, symmetrical polynomials of the form
(2) @rk dmk rt,a, anlh L2...Ulh
<>

It will be shown that the coefficients d of these polynomials are non-negative

real numbers.
It is well known that

A= U+ «2+ eee+ U,
@= UWW\~Uyb-p e Lh-1Uh,

= UU2 ..U
As an analogy of this we define the quantities yt by
yl= Ui+ U2\--——----\-Un-I,

y2=-UUo WUIT eee-f-Unlnu,

Yn-1---UUt . . e Un-1e
Furthermore, it will be assumed that yo= l,yn = 7«+i= e 0, @— 1jOmi
= 2= eee= 0. Now clearly

c=1li+ f =1,2,..),
and so
at 0 .. 0 7i + un 1 m 0
@ a | 0 Yo+ n,,yy 71 +Un 0
. @ a 0 y3+ unyi /o+n/l 0
Lhik
an an1 Gn2 1 ¥r UnyT 1/m-l+ Unyma 1
ck el G2 's' Cem Y+ Lhyk 1 fficl +«n7fc-2 o« YT
1 0 0 . 0 0
—LUh 1 0 0 0
(-n.)2 —W 1 0 0
tn—2 (—u,,ﬁg 1 0
(-U1-)" (- l.h (—Un)" mm—tn 1

Ifc \ ~on) JA:-m ~1 7 * - i— (--Uji) Y« m -1 10¢c -2 \ AOc-m-1 «.. T7fc
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From this form we can determine the power series expansion of ank
as a function of un:

Umk ----Umk “{’ Y~ 1(Um-1LmuUn“k Uni-2in 1Un “f" > **“f- QQBUn —-Un )
where
N1 0 w0
2 vi 1 0

W v-1vv2 1
Yi Ya-1VYi-2+ Yi-v

The quantities apg have the same structure as the amks except that they
are symmetrical functions of not n but only of n—1 arguments, namely of
the quantities Ui, u2,. . un-\.

Therefore the assertion of 2 will be proved by induction with respect
to n by showing that in case n— 1 the amks are polynomials or rather mo-
nomials of the quantity wur with non-negative coefficients.

Indeed, if n= 1, then A(r)= 1+ 1r and

—) p@) 2 (- Uizi—1 ™

3, Now we make use of the assumption \u\ 1 (/= 1,2,..., n). From
formula (2)

lUmk | = dm,k; alt a2, ...,.an \U\ U2 «-<Un }
and from this

lumk | = dm, k-alt a2, ... ,ane
Il

The upper bound will be reached if e. g. ul= u2= eee = un— 1 and so

INM(zZ)\4& =2 um »  j _dn Km
v v |a14PF

with the sign of equality if P(z)= (I + 2)n
Consequently, the polynomial (1+r)’land hence every polynomial of
the form (L +e“r)” (a real) has the property of extremum.

—n
4. If P(z)= (I+2)", then g(z) = (I+ 2)-n= ~| R \z\ Denoting by
Hm(z) the quantity

(-1r
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one can show again by induction that

(n+m .
3 Hm(z) = m niro +?2)"'m'rf2.

For, if m= 0, it is readily seen that

z

HOz)= 1+ z)n—~1= n1 + O"1*
and, if Tgp O, then using (1) we have
—n
Hm(z)= -H miC?»)+ (-1) m (1+2)V =

n+ m—1
= — H,,,‘\(Z) 'f' m (1 +Z) nzm
whence we get by differentiating

(n+ m—1
A;(r)= —H+I1(2)+ m [n(\+z)nlzm+ m(\+z)nzm "
Using our inductive assumption we have
In+ m—1
Hm(2) = m—1 nzml(l+z)nl+
n+m—mn n n+ m
+ m_1 ;m[n(1+zrlzm m(1+r)Tr7“] = | m an(f-Fz)\n

This is equivalent to formula (3) as from //m(0) = 0 it follows that

z

()= J I;,()<IE.
0

5. Let the quantities Anili be defined by

HN@)—, , , ATiZk

By 3 we have
2” m+n

Kmn= \\Hmeig [2d5-= 2¢c 2 Aik.
q K=T

Comparing this with the quantity

— N =
Lrn= ) JHm(e™) |259 2yri£2
it follows that

Km

(m+ nf (m+\y"'
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Now Lmm can be readily determined. Its value is (z= e%)

. 2(n+ mi2
Lmn="j H,,(z)-Hm(z)d&=n "~ zmf\ + Z)nlzm(\+z)n-"d$-
0
2n
n+m. . 2(n+ m\2
=n g, J@+z+z+zmld&=n (2+ 2 cos fr)H'd&.

Calculating this last integral we are able to show the validity of the double
inequality

_ Km _ 1
(m+ nf n+mX 4u(2n—3)(2n—5)... 1 . (m+1)2
m (2n—2)(2n—4) ... 2 2
and from this the simpler but less sharp inequalities
, M+ n—I\V2
) m -2 2 om U+l
6. The quotient KmJLmm fulfils the sharper inequalities
5) 1 ¢ Km< 1 1 1
A TL Lmo 2 I(m+nf\

too. This can be seen if we write Km, in its explicit form
V-4 n Im4n? El’i(n—l\z

Km —2 n N30 1 I (m+l+iy
. h—=N_ ( n—=1\ )
From the equality | ~ j= 1K) and from the convexity of the func-
tion X2 it follows that
1 (h—IV 1
n+ IfiS1l | )<iSlI [ )Ym+/+1)2

m

11 5 1
2 Gi+ oMU 1r 7T -

Since I
Lm—2n: —

the last double inequality is equivalent to (5).

(Received 12 December 1957)



ON THE STRUCTURE OF SET-MAPPINGS

By
P. ERDOS (Budapest), corresponding member of the Academy, and A HAIJNAL (Budapest)

1 Introduction. Let 5 be a set and f(x) a function which makes
correspond to every a subset f(x) of S so that x(£f(x). Such a function
f(x) we shall call a set-mapping defined on 5.

A subset S'*S is called free (or independent) with respect to the
set-mapping f(x), if for every Xx£S' and x$f(v) and y$f(x).

Let 5= /n~"Xoand n<m. Assume that f(x)<n for every x"S.
RuztEWicz raised the problem if there always exists a free set of power m.
Assuming the generalized hypothesis of the continuum the answer to the
problem of Ruziewicz is positive.l

In our present paper we are going to define more general set-mappings
and raise analogous questions to those of Ruziewicz. Let there be given the
set 5 and a set of its subsets /. Assume that the function f(X) makes
correspond to every set X of / a subset f(X) of S so that the intersection of
f(X) and X is empty. f(X) will be defined as a set-mapping of 5 of type
/. This is clearly a generalization of the original concept of the set-mapping.
(There / consisted of all the subsets of 5 having one element.) The subset
S'AS is called free (with respect to this set-mapping, or briefly a free
set of the set-mapping) if for every X<~S'(X£Il) the intersection of f(X)
and S' is empty.

Our aim is the investigation of those set-mappings where / consists
either of all subsets of 5 of a given cardinal t or of all subsets of less than
a given cardinal t. In these cases we shall briefly say that the set-mapping
is of type t or of type <t, respectively. If f(X) <n for all X of 1 we shall
say that the set-mapping is of order n. Our problems will be of the
following kind: Let S = m, further let f(X) be a set-mapping of 5 of order
n and type t. Does there then always exist an independent set of power p?

2. Definitions and notations. In what follows capital letters will

denote sets; X,y,z,... are the elements of the sets; greek letters denote
ordinals; & b,c, m, n,;t, P denote cardinals and k,lI,s,... denote integers.
1 For the history and older results on this problem see [1], for the more recent

results and ramifications see [2].
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Union of sets will be denoted by + and I, intersection of sets by eand I.
+ will also be used to denote addition of ordinals, — will be used to
define taking relative complements. x"A denotes that x is an element of
AyA”"B denotes that the set A is contained in B (Ac:B denotes that A is
a proper subset of B). o, will denote the initial number of X« (af= o).
a" will denote the cardinal Xa+ti where a X« If £2 is the initial number of
a, then £2Vis the initial number of o+
The cardinal numbers bak are defined by induction as follows:
bao= a, baM = 2Hk

The initial number of b,k will be denoted by i2as.

The proof of some of our theorems makes use of the generalized
continuum hypothesis. These theorems will be denoted by (*).

In the proof of some of our theorems, wich will be denoted by (**),
we make use of the following hypothesis:2

Let m be a strongly inaccessible cardinal number, S=m. Then one
can define a two-valued measure p(X) on all subsets of 5 for which
ft(S)=1; h({x})= 0 for all xES and the measure is additive for less than
m summands. In the present paper we do not investigate the problem, if
these theorems are equivalent to the above hypothesis.

Let cp(xX) be an arbitrary property of the elements of the set H. The set
of all xEH which satisfy <p(x) will be denoted by {x:cp(x)\. The notation
{ } will also be used to denote sets whose elements are those which are
contained in the brackets { }. The set {X: X"kS; X = t) will be denoted by
[5]( and the set {AIJTT<=5;S< t) by [5] \

For the study of the set-mappings we introduce the notations (m, n,t)->-p
and (m, n, <t)-+p to denote that every set-mapping, defined on 5 (S=m),
of order n and type t (or <t, respectively) has a free set of power p. In
the opposite case we write (m, n, f) +*P and (m, n, <t)-r*p, respectively.

3. A short summary of the principal results and problems. As a
first step we show that if the type t of the set-mapping is infinite, one can
never assure the existence of a (non-trivial) free set, even if the order of the
set-mapping is 2, in other words we shall show that for every m and t~ X0,
(m, 2, t) —Kt. (From this it is easy to deduce that (m, 2, <t)—1-X( for t> X,
(see Theorem 1).)

Thus we can expect positive results only for (m,n,k)—p and
<m,n, < X,) -»p, for simplicity we write (m, n, & —p instead of (m, n, < Xn)—4P-

For the symbol (m, n, p we obtain the following negative result:
Let m < X then (m, 2, or)—>X, (see Theorem 2).

2 See [3] and [4j.
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Then we prove the following surprising result: (**) Let m be strongly
inaccessible and n< m, then (m,n, co)o—m (see Theorem 7).
The simplest unsolved problem here is the following:

Problem 1. (XM2, to)-*&?,?
(It is easy to see that (Xw, 2, co)U-*X,, this easily follows from
(m, 2, (0) —F= X, for m < Xp).

The problem of the set-mappings of type co is closely connected with
a problem considered by Erdés—Rado:

Can one split for each k (1 Lk < Xo) the subsets of k elements of 5
into two classes so that if S~S (6\iSXQ is an arbitrary infinite subset of
S, then there always exists a k such that has a subset of k elements in
both classes?3

By the methods used in this paper we prove that if m is less than
the first strongly inaccessible cardinal mu, ma> Xo, such a splitting is possible,
but if m is strongly inaccessible, m > X, then there always exists an
S,AS, 5i= m, such that for every Kk (1 “ArcXi.) all subsets of S, having k
elements are in the same class (here we have to use (**)). (See Theorem 9.)
By the symbolism introduced in [6] these results can be expressed in the
form:

m—km s if m is less than the first strongly inaccessible cardinal
m,> X and

m -*(m) >0 if m is a strongly inaccessible cardinal, m > Xo-

For the set-mappings of finite type our results are more complete.

For the set-mappings of type 1 we already stated that (*) (m, n, 1) —m
forn<m and m”" Xo

For strongly inaccessible cardinals m we have (m, n, w) —»m (**) and
consequently (m, n, k)—=m (n <m) for every K too.

If m= X<, where a is a limit number (but we assume that X« is not
inaccessible), we can prove, using (*), that (m, n, k) —€m (n <) (see Theo-
rem 8).

Thus in these cases the exact analogue of the results of Ruziewicz for
k= 1 holds.

If m — Xa+i, the analogue of the conjecture of Ruziewicz fails already
for/f~2, i.e. we shall show that (X«H. b X«, k)-J*k+ 1fork= 1,2,... (see
Lemma 2).

On the other hand, we can prove that (*) (Xt+., Xa, k) —=X«H (see
Theorem 3).

3 See [5].

8 Acta Mathematica 1X/1—2
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Thus we know that the smallest m, for which the symbols (7, X«, A}
-»No,..., (ar, X«, K)-* KcH are true, is Xa-ot, but, on the other hand, we do not
know the greatest p for which (Xatio X,,Ar)—=p is true. We can prove only
the following negative result: (*) ($lck X«, K) 4 - Sdifc if kK~ 2 (see Theo-
rem 5).

So the simplest unsolved problem here is the following:

Problem 2. (X3, Ko, 3) —K,?

((X3, Nn, 3)->-Xi is true and (X3 X03)->X3is false.)

For the set-mappings of finite order we have the following results:

If m is infinite, then (ar,/+ 1, K)—»N, (see Theorem 10) and
(*) (Katfc-i, /+ 1 k)—»*« for A= 1,2,...; /=1,2,... (see Theorem 11).

We have no negative results corresponding to the result of Lemma 2,
but we know that (*) (X«+i, 2, 2)-+*X«n (see Theorem 5).

The simplest unsolved problem here is the following:

Problem 3. (XZ 2, 3)—PX>7
(Xa,2, 3)->-X,, is true, (X,, 2, 3)-> X3 is false.)
We investigate separately the set-mappings defined on a finite set 5.
We have the following result: If p, m, | and k are integers and p{m,I|,k)
denotes the greatest integer p for which (m, 1+1, k) —# is true, then
L) K
crfm <p(m, I, k) < c2f m log m
where the positive real numbers ~ and c2 depend on kK and /.
The following problem arises:

Problem 4. What is the exact order of magnitude of p (m,/, k) »

4. Proof of the results. We enumerate some simple properties of
our symbols:

Ifm<m'" and (ar, mt).xp then (m'n, t)—yp.
If n<ri and (ar,njt)-xp  then (m,n, t)—Zp.
If p<p’ and (g, 4a,t) then (m, n, t) —5p.

Similar theorems are true for the symbol (sr, n, <t)~*p and we also
have

(m,n,t)-+p and (m,n,<t)—p if /</' and (m,n,<t")-+p.
In what follows we shall use these theorems without references.

Lemma 1. Let S beaset, S tw There exists a function g(X)
defined on the set [Sf which satisfies the following conditions:

@Bg(X)ezX, (2g(X) =1t (3)g(X)=\=g(Y) if

4 This construction is due t0 J. novax.
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Proof. First we prove the existence of such a function in the case 5 = t.

Then [5]'= 2. Let i2 denote briefly the initial number of 2I, and let
{Xr qbe a well-ordering of [5]' of type i2. We define the function g(Xv)
by transfinite induction as follows: Let g(X0Q be an arbitrary proper subset
of power t of X> Suppose that g(Xu) is already defined for all 4 <v where
v<£2. Then {g(Xfl)}Hi<v <2* and, on the other hand, [XN — 2K Thus
there exist proper- subsets of power t of Xr different from all g(X,,) for all
u< v. Let g(Xv) be such a subset of Xr with the smallest subscript. Thus
g(Xr) is defined for all v<1i2 and it is obvious that conditions (1), (2) and
(3) hold.

Now let us consider the case_S>t. Let M be a maximal subset of [5]
such that X =t for every XM and X- Y <t if X, Y are two distinct elements of M.
(The existence of such an M is assured by Zorn’s lemma.) Let {Ya}a<i be a well-
ordering of M. Since Ya=t for every a< x, we already know that there
exist functions ga(X) defined on the set \YaY satisfying the conditions (1),
(2) and (3). By the definition of M there exists an a (a <x), for every
X $ [5]L for which X Ya=t. Let «(A”) denote the smallest « for which
X- Ya= t

We define g(X) as follows:

g(X) =ga(X)(X- Ya{X)) + (X —T«(X)).

From the properties of the functions ga(X) it follows immediately that
g(X) satisfies the conditions (1) and (2).

We have only to prove g-(AQ =\=g(X2 for X ,p X where Xt, X2£ [S]L
We distinguish two cases: (i) a(XY)= a(X23= a, (ii) a(X,) ba(X2.

(i) Then either Xr-Ya X.yYa or Xn—Ya=\=X2—Ya and therefore
either T«) g=gra(AT Ka) or X1— 7«=)=%,— Ya, hence g(XJ ¢p (X 2.

(i) We may suppose a(Xn) <a(X.d. Then, by the definition of a(X),

g(X{)- Yaa)=t and g(X% Y, ()<t
hence g () p " (X). Q e d

Remark. In case S>t, we can prove with a slight modification of the
construction the existence of a function gi(X) defined on the set [S]* satisfying
the conditions (1), (2), (3) and the following condition too:

(4) For every YE[S* there is an X £ [5]" for which Y= g1X).¢

We can not solve the following problem:

Problem 5. Let S be a set, S> ts= SV Does there exist a function
g.,(X) defined on the set [S]' satisfying the conditions (2), (3), (4) and the
following stronger condition (') instead of (1):

b See Erdss— Fodor—Hajnal’s forthcoming paper.

8
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(") For all X£[S]' and X—g(X) t?
Theorem 1 (m,2,t) -t if (m, 2, if >X,,.
We shall only prove the first statement;'the second is a consequence of it.

Proof. Let 5 be a set, S=m *t. We define a set-mapping f(X) of
S of type t and order 2, having no free sets of power t Let g(X) be a
function defined on the set [5]' satisfying the conditions (1), (2), (3) of
Lemma 1 We define the set-mapping f{X) as follows: Let X be an arbit-
rary element of [S]. If there is a P£[S]" for which X=g(Y), then by con-
dition (3) this Y is uniquely determined and by (1) the set Y—X is not
empty. In this case we choose an element * of Y—X and we put f(X) = {x}.
In the other case we put f(X) = 0. It is obvious that f(X) is a set-mapping
of \&of type t and order 2

If X, is an arbitrary element of [5], then by (1) and (2) we have
g(X0Qc:X0 g(Xn £[5].

By the definition of f(X),f(g(Xn) X,= {x.} 4=0. It follows that XO is
not free. Q.e. d.

We need the following lemma:

Lemma 2. (Ka**.,, X« k)-->k+\; (X«t*, X«,K) K4-1 (k= 1,2,...).

Lemma 2 is another form of a theorem of Kuratowski—Sierpinski
proved in [7]. Therefore we omit the proof of it.6

The proof of Kuratowski shows that the first part of Lemma 2 is true
in the following stronger form too:

Let S be a set of power X,u- i and (x.}r uat 1 a well-ordering of S
of type toart-i. One can define a set-mapping f(X) of S of type k and order
X«, having no free sets of power k+ 1 and satisfying the following condi-
tion: (1) For every {x\V,. . x\Wk} £ [S]fc xy M{{xVL....... X,.J) implies that
y < Max (i'i, ..., ™).

Theorem 2. (M, 2, W) - i- X» if m< X«

Proof.7 Let 5 be a set of power X, (k 1,2,...); {x)> M a well-
ordering of S and f(X) a set-mapping of S of type k and order X; satis-
fying the first part of Lemma 2.

6 The equivalence of Lemma 2 and of Kuratovski’s paper [7] may be seen by using
the following idea. The splitting of Z"+l in [7] induces a set-mapping /(x1(...,X,,) as

follows: /(xt,..., X,)
«..*) =1

runs over all permutations of the numbers 1,. ,n.
7 The idea of this proof for the case K 0 is due to ]. Suranyi.
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We define a set-mapping g(X) of 5 of type co and order 2 as follows:

Let X be an arbitrary element of [S] D and {f;(X)}< 0a well-ordering
of type o of the set /(W). We have two cases: a) X has at most Kk elements.
Then we put g(X) = 0. b) X has more than k elements. Then X has the
form {xn XV, X VK, Xk} (i< v for /<j).

Let g(X) = {f;({xV, ..., x K}

Since g (X)X = 0, by condition (1) of Lemma 2, g(X) is a set-map-
ping. It is obvious that g(X) is of type o and order 2. We have only to
prove that g(X) has no infinite free sets.

Let Y be an arbitrary infinite subset of 5. Then there is a subset
{XvJs 4 of Y such that vSi<vHfor § <s2 The set-mapping f(X) has no free
sets of Ji{—1 elements. Therefore there isan i (0" iLUk) and an | < co such
that

Xvr-M{Xv0>e J)-

Let W denote the set {x,0, ..., X\ ;, X,,.+, ..., XM} Then WE[5] ¢, WOc Y
and by b) g(Xa) = {x\i}. Thus .g(Wo)-Y = {x,,.}=j=0; hence Y is not free.
Q. e d

Lemma 3. If [S]t+l= Ir and S>b$ail:, then there exists a subset
VvV Qa

So of S and a rO<coa such that [S(];#</., and SolWX,,i (k=0, 1,2,. .).8

Proof. Without loss of generality we may assume that the sets Iv are
mutually exclusive.

We prove the theorem by induction on k. In the case k- 0 the theorem
is obviously true. Suppose now that it is true for a certain Kk and let 5 be
a set satisfying the following conditions:

O $>b«aw, M [S**2= 2 lv, C)lv,lv=0 for r,dr,
r«o,,

Let Xo,..., xk be k+\ arbitrary elements of S. We split the set
5—{0, ..., x& into classes. The elements x and y belong to the same
class if and only if there is a v<ocoa such that {x X....x*}€/,, and
{y,x0 ..., xk) £ It follows from the conditions (") and (") that this really
defines a splitting of the set 5—{x0, ..., xk} into classes. Let QRi denote
these different classes where R\ runs through the ordinals less than coa. We
select an element x™ from each of the non-empty classes.

Suppose that we have already defined the classes QRv..[Al and the ele-
ments xBi..RB for "<HA. Let be a sequence of type | of these ordi-

8 This theorem is proved in [6]. By the symbolism introduced there the theorem
can be expressed in the form: If m> b~ k, then m-*(KaH)K,, *
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nals. Let us consider the classes
11Q Ai- m{Xo,...,Xk.XBI... X} * K= Q'{Ri}fL xe

We split these classes into subclasses as follows: The elements
X,y of Qi” x are in the same class if and only if for an arbitrary
A £[{xo, . xk, xBl.. "}MJtl there exists a r<ma such that the sets
{x}4-1, {y}-\-A belong to the same class Iv. It follows from the conditions (")
and (") that this really defines a splitting of the class X into sub-
classes. Let QBI. g [ denote the classes thus obtained where Rx runs over
the ordinals less than a certain initial number. We select an element Xpl...Ix
from the non-empty classes QRi...px.

We shall prove that there is a sequence {A}y*.<Bxakfor which the ele-
ments xPi..px are really defined. First of all we prove that Rx < i2xai£+1 for every
A< Bxa4 ancl for every sequence {.6jj X, i.e. at every step in our process
the power of the set of all non-empty subclasses of the class Q'A.-.p~...}" x
is at most fbasfcH. Namely, we can obtain these classes as follows: First
we split the set Qj*...plL.. w x corresponding to an element A of
[{xo,..., Xgx"... & into X« classes and then we say that x and y
belong to the same class if they belong to the same class for all A. On the
other hand, A*AXak and so [{x0,...,xk xBl ..TpJ"Tj*1- bHa*. Thus the
power of the set of all non-empty subclasses of Q{ppiL k is at most

_2*dk= b
Let Ax denote the set of all sequences {BR}M<x By the result just
proved we have

Ax"bk 2 bia,k- K= kei if | <i2%a, e

het Sx denote the set 2 Po o Xk, xBL..AYT  x. Ifa<Q iik, then
{BR<XE

Sx= Ax2," b$ fcH.
It is obvious from the construction that S = Sn
+ v (4 QBi--Pi) and Sof,. VooSx
{R)x<Qratk e AQratk > Jak Sa, K
Therefore 6g+ £2%ak mb$a, M g6 aM « It follows by condition (')

that there is a sequence {&op. R+ k for which L QA,..” is non-empty. Thus
X B4,

Qpt.. B is non-empty and therefore xRl..px is really defined. It is obvious

from the construction that if ALH=H2, then xpt...px =%=xpt...p~.
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For the sake of brevity let xM denote x@ Rk Then for the set
Si = P&niEdlk we get 3>1>6xa*. If{x",..., XxJ is an arbitrary subset of

£+1 elements of the set Si, then by the construction there is exactly one
v < coa such that {0 ...,xxk, X2}£/r for every A> Max(AO, If). In this case

we say that {oo, X4 isan element of If It is obvious that [Si]fet= Ve ChK

and I fef= 0 for W v2mThus by the induction hypothesis there is a set
Sof£ Siand a vO<wa such that [SoJ&Ll <=If, and So” X«+i.

But if {%0,..., Xt} (Ro< ee < AB4) is an arbitrary subset of k-\- 2
elements of the set So, then{xx0,. . XJ g KO and therefore {x<,...,Xxt+1} CT-,
I. e. [So)JAax . Thus we have finished the induction, and Lemma 3 is
proved. Q.e.d.

Lemma 4. Let S be a set, S /n=Xo (n <m) and f(X) aset-mapping
of S of type 1 and order n. The set S is the sum of atmost n free sets.

Lemma 4 is a theorem of G. Fodor.9

(*) Theorem 3. (XaH, (k-—1,2,..).

Proof. Let S be a set, S= K«tit and f(X) a set-mapping of S of type
K and order X«. We have to prove the existence of a free set of power
X«t,. For Ar=l the theorem is well known. We shall suppose k> 1

I({xb ..., X,p) will be denoted briefly by /(xi,...,xK). Let {xb ..., xici}
be an arbitrary element of [S]tl We define the set-mapping grl,...,. Tk 1(X)
of the set S—{xb ...,x*-i} of type 1 and order X« as follows:

For every XES—{xb ..., xki} let ™ 1..Jt1({x})=/(Xi,...,xi-i,X).
By Lemma4 S—{xIf...,xti}= ~S .'...~ for every xb ..., xX* i, where

v<aa

the sets S .«._. are free sets of the set-mapping gn .. for every
v<0),. We may suppose that Sff..xk 1-Sf*..x51—0 for Let
{XNIM gatk be a well-ordering of S of type coatf Let {xMb... XK} gk)

be an arbitrary subset of Kk elements of the set 5. We split the set [S]E into
subsets I(n ...\ where the symbol (®.. -vK) used as subscript consists of K
ordinals less than w,,. {xU,...,x"}£/(N.Mi if and only if xHE

ESHIR. iV +i..Va forevery / (17i7k). Obviously

Slk= hvi —p.

5] 0 -vk> — —P
The set of the symbols (... vf) is of power X« and by (*) S>bitak-i,
thus by Lemma 3 there is a subset So and a symbol (¥/... ¥) such that
[So-—/(r?..vk)and So= Natie

» See [8], Theorem 1
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The set So is free. It is sufficient to prove that if {xM,..., xN§
(mo< eee< K) is an arbitrary subset of k-\-1 elements of the set So, then
Xt$/(*,,0, e, xlK for i 0,..., k

In fact, for example, in the cases/=}=0 we have {xL{,..., x,t1,x,(>...,
€/ (, « and {xr, L OXN2xN, L XaR€ [/ (1, « and therefore

consequently (X%l 1) =
Z=f(xft.>...> Xpi-19 ey
We have similarly in the case /= 0 that x,0 ,M({xM}) =
= fix,,,..., X*). Thus we have proved that there is a free set So of power
X,n. Q.ed

(*) Theorem 4. The smallest in for which the symbols (m, H,,.k) =Kis
(O srK -f I) ore frae is Katu.

Theorem 4 is an immediate consequence of Theorem 3 and Lemma 2.

(*) Theorem 5. (&,'l'*, X, k)-f* H,+ if K W 2; (K<<+i , 2, 2) -r* X,

We shall only prove the second statement, the first is a consequence
of it. We have stated the first one explicitly, to make Problem 2 clear.

Proof. Let S be a set, S=Xa-i. We define a set-mapping of S of
typ(Le1r and %der 2 which has no free set of power Xati. Using (*), we have
[S] "=- KM= X«ti. Let {xv}r $fl and {Xv}, ,atl be well-orderings of
type coom of the sets S and [S]s«, respectively. We define the sets S,.=

(X.Ju and [S]r" —{Xu: X" <=S,.; /<<»'} Then Srs X« and [SJI“" X« for
every r<(oat. Let {X?}£ @ and {Xf}t<0a be well-orderings of type w,, of
the sets S,. and [S],.e, respectively. We can choose a sequence {Ta}a LH
(tv,<Ta2if O < gd in such a manner that This sequence may be
defined by induction. Suppose that we have already defined xf, for every
0' <a, then the set {x\}<r<cr has a power less than Xa and the set Xf, being
an element of [5] “ has an element x\ different from all xf, (0'<a). Let Ta
be the smallest r for which x'i*X'f and x\${x) a

We define the function g(x”.,xv) for // < r<coaf\ as follows: We define
g(xt,xv) for every fixed v<a}et and for all r <i»a. If r is an element of
the set {Tv}r<Ga, we put g(Xt, X,,)= XNI where pOdenotes the smallest ordinal
number u for which x, £Xf (r  T(X,=f=xv,xux Xqg and putg(x(, xv) = X0
in the other cases.

Thus we have defined g(xR,xt) for every y<r<a=>a+. We define the
set-mapping f(X) of the set 5 of type and order 2 as follows:

If XMx.} (M<V) is an arbitrary element of [S]2 we put /({xu,X,,}) =
= {Ne,xN}
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We have to prove that there is no free set of power Xati. Let So be an
arbitrary subset of power XaH of S and SO0 a subset of So such that So= S«.
Then there is a v<coeti for which S= Xv and a vo>v such that
XVE[S]* and xWE So. Then, by the construction of the function g(xRB,x,),
there exists a po<vQ for which f Xv and g(x,IQxv* A Xv. This means
that (xMyx_otc So and /({nd x,0}-So = x,.0p}==0, consequently
the set So is not free. Q. e. d.

(*) Theorem 6. If a is an ordinal number of the second kind and N,
IS not inaccessible, then (X, N? k) =X« for every R<a (k=\,2,...).

Proof. We prove the theorem by induction on k For k— 1 the
theorem is well known.

We shall now prove the theorem for k=2. Our proof shows clearly
how induction works in the general case.
Let S be a set of power N,, f(X) a set-mapping of S of type 2 and

order H3. Let T be the smallest ordinal number for which K« 4 X;r
<Rv<a if p <v). By the assumption of the theorem -r< X« Since B< a,

we may suppose that B-\-2<Rv for every v<r.
We define X7 as the sum Xp. We may also suppose that

uRv~™ Ki7,+ 3 and that every Rv is of the form 7+ 5 where s13 .

By Theorem 3 every subset of power of the set S contains a free
subset of power XRr. So we may select a sequence * of the subsets
of 5 which satisfies the following conditions:

(1) Sr=108,; (2) S,. is a free set; (3) S,.,*S,2= 0 if o »0e

Put = By (1) and (3) Fv S\r. Thus [PVj2= Nyv, conse-
\%

n-

uently V. /(20 = Ky K«= K7 < H} . Therefore we may suppose that
quently e 4 W e v Y. Supp

) f(X)-Sv= 0 if 2d[/y]2
Let 5° denote the set If X £[5°]", then X=\x,y}. In what

follows f(X)-S° will be denoted by fx(x,y). Suppose now that X,y £Sr- Then
fi(x,y)-Su==0 tor p >v by (4) and for p=v by (2). Thus f(x,y)"F rand
since /, (x,y) <N3, /, (x,y) £ [PA *RB.

We split the set[S,,]2nto classes. The sets {xi.yi} and {*2, 72} belong
to the same class ifand only if fi(x\,yi)=f\(x->,y2). Using (*), we have
[Fv] = KEM Ny, 4~ K*-2- Thus, by Lemma 3, there is an S;,c=S,.

10 See e. g. [1].
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(ST~ Wv-i) such that for every x,y£S; /i(x,y) is the same subset of Fv.
We define Si as follows: Sl1=Sv— 2 fi(x,y). It is obvious that
=5 {r, y<si

2 AXy)g TeX Xr-2< x*,1

fi>v, {x, >}cs'

and therefore we have
(5)

Let 5' be the set 2 Si. By the construction of Si we have

(6) fl1(x,y)-SI=0 if x,yZSj, for every v<r.
Let Fi be the set |c2)<\/8|' We define the set-mapping gy({y}) of the set

Si of type 1 as follows: For every element y of Si let gr({y})—
= 21 fi(x,y)-Sl.
ifry

We have
V Mx,y) = £1- X T XX, = XV
tGRL

Thus the order of the set-mapping gv({y}) is less than XM - By the case
K= 1 of Theorem 3 there is an SI'—SI (Si  X?,i) such that S; is a

free set of gv{{y})-
Let 5~ Dbe the set 2 Sv and FI the set 2 m We have by the

. 2 %
construction of S¥ v

(v —Xp, .

From (6) we have

(8) Mx,y>s2=o0 if x,ydSt for every v<t,
and from (4), by the construction of SI, we get

9) Mx,y)- 2 =0 if xXEFl and Y6Fl or y£Si

Put f,(x, y) =fi(x, y)-S2

If xE/v and y £SI, then, by (9), /2(x,y)"FI. We split the set Si
into classes as follows: y and z belong to the same class if and only if
Mx, y)=-f>(x, z) for every X£/v.

We can obtain these classes as follows: First we split Si into classes,
corresponding to every xoz/v, so that y and r belong to the same class
if /o(x0,y)=/a(xo, z) for this x0 and thus we obtain at most [/v]<i=
N X TEN=NAHL classes, since /2(x,y) £\FI]<yB. y and r belong to the same
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class if they belong to the same class for all x0. Therefore we have split the
set Sf. into at most classes, consequently, by (7), there is a subset

Sr of power X/3-i of Sf, whose all elements belong to the same class. It
follows that

(10) 57= K,I-1.
Let S'J be the set V Si and Ft the set St If
v< T P-<fv
(12) xEF't, v,z £St,

then, by the construction of Si, f>(x,y) = f(x, z). Further, by (8),
(12) f,(x,y)-S" 0 for x,yi St-

We define the set-mapping £-0({x}) of the set S'J of type 1 as follows:

For every x£S'Jthere is exactly one v<% for which xESI. Put
¢.{*P = f2x, y)-S'] for all x£S 4 where v is the ordinal number

A>r>ves|
for which x£St- It follows from (11) that go({x}) * T-Xp < X«.

The set S3 has the power X«. This is true because by (3) the sets Si
are mutually exclusive and by (10) 53= X?,-1. Thus, by the induction hypo-
thesis, i.e. by the case k 1 of our theorem which is already proved, there
is a free set S4 of O} such that S4* S 4 and S4= X«. Let Si be the set

S4-St. Then S*= \;LI S}. If x,y £54, then there is a 1, and v such that T£Si

and y £SI. We may suppose that «”~ r. Obviously, /({x, y})-S4= /2(x,y) s64
and, by (12), f>(x,y)-S*= 0 if n= v. Further /2(x, y)<*fo({x}) if n<v.
Therefore /2(x,y)S4= 0 in this case too, since S4is a free set of £b({x}).
Thus S4is a free set of power X« of the set-mapping f(x). Q.e.d.

In the proof of Theorem 6 we have made use of the assumption that
X, is not inaccessible. In the case when X« is inaccessible, we can prove
(X«, Xp, k) X« (B< «) only if we use (**)» But using (**), we can prove
the following much stronger result:

(**) Theorem 7. If the cardinal number X« > X> is strongly inaccessible,
then (K,,, X/j,G>)-*X« for every R<a.

Proof. Let 5 be a set,5= X, and f(X) a set-mapping of 5 of type
o and order X? We have to prove the existence of a free set of power X«

Let f(xi,..., xk) denote briefly /({xi,..., X*j). Let ,u(X) be the two-
valued measure defined on all subsets of 5 the existence of which is assured
by the hypothesis (**).
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Let {xi,..., Xi,} be an arbitrary element of [5]1and y £5. We define
the set 5 [1 as follows: Let

(1) S*¥L.XE= {Jc:y (X i,...50H,X); X B X worrrrrrs X ® X ¢
We define the set-mapping/'(xi,. . Xx.) of the set 5 of type o as follows: Let
2 I'(xi,...,x*) = {yi<(§j-'1..)= I} for every {xb. . xX*}€[ST.

We call /' the derived set-mapping of /. First we prove the following
lemma:

(3) If f is an arbitrary set-mapping of S of type a and order (R<ct),
then the derived set-mapping f is of order UR too.

To see this assume /'(xi,. . XKW LWuUBR for a certain {xi,. . x}£ [5]fc
Then there is a set Y (Y= N? such that Y ~f'(xi,...,x,.). Let {yr}r be

a well-ordering of Y of type odd. For every v<coR, by (2), p{St..rk)= 1
and therefore /<( Qg 5IT.,,) I, since B<a and the measure u is ad-
v

ditive for less than summands. Thus the set ['1 Sfr... s non-empty;

vV B

let X0 be an element of it. Then yvg f{x\, . . xk, xn) for every v<o)R, there-
fore Y /(xi, , XK, x0), consequently /(xi,..., xk, X)) i? NRB. This is a
contradiction, because / is of order N;. Therefore /' (xiX/,) <SR for
every {xi, ..., x,K [5]\

Now we define the set-mappings f(X) of 5 by induction on /.

Put /n(x)=.-1(x) and f+\(x)1 -fi(x). We define 5d',..,(writing f(X) in-
stead of f(X) in (1).

(4) The set-mappings f(X) of type o are, by (3), of order UR.

Now we define a sequence {X,}. .n by induction as follows: Let X0
be an arbitrary element of 5. Suppose that we have already defined the ele-
ments X, for all m< v, where v < coa is a given ordinai number, such that
X, £5.

Let SI be the set {x,}, and 5T the set 2 f(X). We
define the sets .S, as follows: Let
rk If .«(S";U)= o,
5 .
() 1 0 if .0(5;;:..,) l.
Let further Sf be the set v Sx{...Tk. It follows that S' LLIv < X,

and 5@ si veX«elBR < X«. From (5) it follows by the additivity of the
measure that ~(SI") 0. Thus the set 5— is of measure 1and
therefore it is non-empty. Let xr be an arbitrary element of it.
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Thus we have defined xv for all v< oo and it is obvious from the
construction that x,,=j=xMfor v==u. Therefore the set Si= {xv}v<ra is of
power K.

We define the set-mapping g-({x}) of S, of type 1 Let "{x})=

= Mf'(x)'S1 for every X£S,.We have by (4) that g-({x}) * N,-NO, i.e
7=0

_8({*}) is of order Then, by a theorem of Erdés already cited, 1
there is a free set 5/\5, of power Sa of the set-m apping A({X})
We shall prove that S, is a free set of the set-mapping /(x) too. Since

S.,MSu S, has the form {x,.Ju . If S, is not a free set of f(X), then
there is a subset {XIUE ..., Xy } (go < eee<lK) of So for which xMij€
£/(X,V 0 XV |, x\f+i,...,xMi) foran i (OwLl). If/ Kk, then X, $SV*, in

contradiction to the construction. Therefore we may suppose that i <k. But if
/< Atthen by the construction x,. (f5d4na Thus " )— L
H

vH " rN -ivN + r v»k-I

i.e., by (2),
Xx. M x , x, ki
Repeating these considerations for f ,/,,... instead of /,,, we obtain
that /—O0 and

xzozA 1(X,M).

But this is a contradiction, because So is a free set of the set-mapping
M({x}) and fk~i(x.m( N M{xMM}). Thus So must be a free set of /(x) and

S2= X,. Q. ed. *

(**) Theorem 8. If a is an ordinal number of the second kind and
R<cc, then k)—tH,, for k |,2,—

Theorem 8 is a consequence of Theorems 6 and 7.

Theorem 9.2
9a) Let tn, be a strongly inaccessible cardinal number, mn>N,,, S = m0

and [5]c= /*+ H for k= 1,2,  Then there exists a subset and
a series .., where nk= 1,2, such that SO= m, and [S]fc=Itk for
every k.

9b) Let /2, be the first strongly inaccessible cardinal number greater
than X0 and m<m,,. Let S be a set, S==m. One can define the classes
L, I for every kK so that the following conditions hold:

4 See [1].
» Theorem 9 gives the solution of the problem of P. Erdss and R. Rado mentioned
on p. 113. The statement 9b) was first proved by G. Fodor.
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@ [/i-/|=o0o for £=1,2,...;

@ [5f=Vi+ /] for £=1,2,..;

(3) for every infinite subset S, of S there is a £ such that neither
[S,.f<=/l nor [ST c=/*.

Proor. The idea of the proof of 9a) is the same as the one we have used
to prove Theorem 8. Therefore we shall only sketch this proof.

We define the classes if 1 if’1for every /< m by induction on I.

Put if" - if, lo”= if. Suppose that if, if are already defined
and let {x, ...Xjc} be an arbitrary element of [S]\ Put Sf..X=
= {*{X .o xfoxYE/fHM} and S f k= {x:{x1}..., x*x} € Ifh’}. We shall
say that {xu...,xktO fHif and {xIr..., xK}E1EH if (S21.>m)=L
Let wa be the initial number of m,. We define the sequence {x.}. w by
induction. Let x0 be an arbitrary element of 5. Suppose that xB is already
defined for all /t<v. For every | and X (X £[{xMV<]' N there is an
n(X,t) (n(X,/>=1 or n(X,1)= 2) such that /*(SxX!M)= 1 The set

I is non-empty and we define xv as an arbitrary

x€[W}“<] B0l 01.2...
element of it.
Put Si= {xv}v. y,, We split the set S, into classes, x and y belong

to the same class if and only if for every /<to {X}£if holds if and only

if {y}~If holds. Thus we obtain at most 2*° classes, and therefore there
is a class SO*S! of power mO which satisfies the requirements of 9a).
Indeed, SO has the form {x"} . Suppose that for a £ neither [S]” if nor

[5Qac if. Then there is a set {xV fiix,,*} (*< and a
set {XMi,,..., xvf f (hJ< eee< ik for which {xVj,..., xMiJ £if0 and
{x"j,....xvf £ | £\ Then, by the construction, (x,,”,..., X,M_J"If 11 and
{xv/i,. €if’\ and finally {xVi}6if k~\ {xvf ( £if k~\ but this,
contradicts the fact that x\Vij, xVi, belong to the same class So.

To prove 9b) we shall first prove the following:

(i) If the statement is true for m=- X« then it is true for m= 2*"

Let Si be the set {v}r ((a Then Si= and by the assumption of

(i) one can define the classes if, if satisfying the conditions (1), (2), (3)
of 9b) (with Si instead of S). To prove (i) it is sufficient to define a set S
of power 2s« and the classes if, if satisfying the conditions (1), (2) and (3).

Let S be the set of all sequences {ev}w(a where e,= 0 or e, =1I.

Then S = 2s“. Let Xi,¥>be two arbitrary elements of S, Xi=, Xi = {sl}wua
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and jto= {4h<wa. Let r(xoXo) denote the smallest ordinal number v for
which

We define the usual lexicografical ordering of S, we say that Xi < x2 if
and only if = 0.

Now let {xi,..., Xa&t be an arbitrary subset of k elements of 5. We
may suppose that x\< <. <xk. We write vi, ..., vki instead  of
I‘(Xb)@, V(X kI,Xk)

We define the classes I\, In for k 2 as follows:

(@) if Vi< eee <yk-10r vi> me >yk-\, then we say that

if {vu.... \
Booif {vl,..., vki}£itl;
(b) in the other cases let {xi,..., Xk} £1\.

Obviously, conditions (1) and (2) hold for S,I\ and In. We have to
prove that condition (3) holds too.

Let So be an infinite subset of S. It is well known that there exists a
sequence {d}i<a)<=So for which either Xj <ee e< xr<eee 0r Xi > com> Xj > ooe.

We shall define a subsequence {xis}s<i) for which * < — <Ng,<ees,
where [its= v(xis, xjs+1). Without loss of generality we may assume that
Xj <o ee< Xi<e e et v' denote the smallest ordinal number which occurs among
the ordinals v(xt, Xv) (/< o, I'<co, 15=/"). Let /' be the smallest integer for
which = 1 and let / be the greatest integer less than /' for which
fy ==0. Put x(= x( It is obvious that v{xil,xr) = v' for every /"iél'" and
v{xv,xry >V for I”,/"i& If we repeat this for the sequence xv,Xv+\,...
we obtain an element x,2 and so on. The sequence ¢xis<( satisfies our
requirement.

In what follows we write xs instead of Xis and /s instead of nis. Let
5' denote the a set {xsjs<wand Si the set {s}s<M

If {n8,..., Pk } (S <me<HK. i) is an arbitrary finite subset of Si,
then {xS,.. ., xXj, xs) with sk= sk-i+ 1 is a subset of k elements of S’
such that v(xSI,Xs2 = fisl,..., v(x3ALx,K = p,k1 This means by (a) that to
every finite subset of k—1 elements of Sl there is a subset of Kk elements
of S' such that the second belongsto I\ or to In if and only if the first
belongs to I\ or to /2, respectively. But there is a A for whlcgﬂnelther
[S'] c/,1nor [Si] ~ /2 and for this k neither [S]+”/1 nor [S

Thus the sets S, I\, In satisfy condition (3) too, and so (i) is proved.

Let aoeD denote the initial number of mo.

(if) If a is an ordinal number of the second kind, a <ao and if the
statement of 9b) is true for every m= (/?7<«), thenitis true for =

{Xi,..., ¥} $
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Proof of (ii). If Sa is inaccessible, then it can not be strongly
inaccessible, because 0 < « <« 0. Thus if X is inaccessible, then there is a
R<a for which Xag 27, but then, by (i), 9b) is true for X« Thus we
may suppose that X« is not inaccessible.

Let 5 be a set, S=Xa and T the smallest ordinal number for which
Xa= "X, Bul <Br2<K f°r »i<»r<T. In this case we have t <X,,.

v<%

There is a sequence {Sv}v t for which 6’ SV, SVI-Sv2= 0 if r, =#=wi and

V<X

Sv= K ;j. By the assumption corresponding to every set Sv (r< t), we can
define the sets It’v, ifvso that (1), (2) and (3) hold for Sv,Ifv, It’v
instead of S, it, it, respectively. Put 5*= {v}v t. Then S* < X, and we can
define the sets //" , if* satisfying the conditions (1), (2) and (3).

Now we define the sets it, it for k= 1,2,... as follows: Let
{xi,..., X} be an arbitrary element of [S]\

a) Ifforevery i L~ i” k) x,£SM and v, g=v, for every i X5, then let

it {Vi,. . VK}EIif %
it {vit..., VKIEIT %

b) If there is a r for which {xi, ..., xk} then let

( (it if {Xb..Xx K/i*”,
Xl It 0 {Xi, ..., x K Z IV,

c) Let {xi,..., Xi}£it in the other cases.

It is obvious that conditions (1) and (2) hold for it, it-

Let S' be an arbitrary infinite subset of S. Then either (0) S'-S*=j=0
for infinitely many v or (oo) there is a v such that SVS'* So-

If (0) holds, then there is a subset S™ of S' such that S" is infinite
and ¥'-5,,=1 for every v. Then, Dby the case a), there is a Afor which
neither [S"]*c/* nor [5"fc/|.

If (00) holds, then there is a v and a subset S'™ of S' such that
S"'ASr and 5"' 8 K,. Then, by the case b), there is a A such that neither
[S'fc/f nor [5"fc/".

It follows that condition (3) holds, consequently (ii) is proved.

The statement of 9b) is true for m  X0-B

It follows from (i) and (ii) by transfinite induction that 9b) is true for
every m= X« where a<ao0.

cps
1”1

Remark. In the proof of 9b) neither (**) nor (*) are used.

13 See e.g. [5]
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Lemma 5. Let S be a set, S LLINo and [S]kH= I»+ --——-L. Then there is
an i (0=1/ /) anda subset So”S such that SoiSNo and [50Ji*l<~l, for
k=0,1,2, /=0, 1,2.....

Lemma 5 is a theorem of Ramsey.X4
Theorem 10. (m,/+ L1 /)-*No if Tw Nofor 1=1,2,...; k= 12,....

Proof. Let 5 be a set, S§ No and f(X) aset-mapping of 5 of
type Kk and order/+ 1 We shall prove the existence ofa free set of power No-

For every X £ [S]tthe setf[X) has at most / elements. Let/i (A"), ,f(X)
denote the elements of the set f(X). (If f(X) has less than / elements, then
one element may occur more than once.)

Let us split the set [S]fed into the sum of the sets /o,...,// as follows:
If {xo,...,x*} is an arbitrary element of [S]fct, then it is an element
of /, (for /=1,...,/) if and only if there is aj (0~ j” k) for which
Xj=fi ({x0,..., X1, X+, ...,xt}). If such aydoes not exist, then {xb, ...,x*}
belongs to /o.

Obviously [S]jil= AH------ Vik.

Let now S" be afinite subset of 5 and suppose that it has s elements.
If [S"]w ?/i for somei (17~/”/), then the set of subsets of S' taken
Ar+l at a time has at most as many elements as the set of subsets of S"

taken Aat a time. It follows that —(™) *e- 5= 2Ar+l. Therefore,

for every infinite subset S' of S, [Sfed LW/, for i= 1......A Then, by Lemma
5, there is an infinite subset So of 5 for which [SE]fct*/o, but then So is
obviously free. Q.e. d.

(**) Theorem 11. (N*+i-i,/+ 1K)~* N« if « is of the first kind;
(Na, /+ 1, An)->-Na if a is of the second kind (/=1,2,...; A= 1,2,...).

The first part of the theorem is a consequence of Theorem 3. The
second one follows for «>0 from Theorem 8, and for a= 0 from Theorem
10. The hypothesis (**) is used only in the case when N« is inaccessible.

We have stated Theorem 11 explicitly only to make Problem 3 clear.

In what follows let p, m, | and Kk denote integers.

Theorem 12. Let p(m,l,k) denote the greatest integer p for which
(m,/+1, k)-*P is true. Then

k+1 K

cilm<p (m, I, k) <c2¥m log m
where the numbers ci and ¢2 depend on k and | but they does not depend on
m, and G >0.

XU See [9]

9 Acta Mathematica IX 1—2
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|
Proof. First we prove (i) Cti;l\-r.n_< p(m, I, k).
Let 5 be a set, S= m and f(X) a set-mapping of 5 of type Kk and
order /+ 1
If p is an integer for which there is no free subset of power =p, then
every [S]*” has a subset F£ [S]ftd such that Y is not free. But if

FE[S]fct, then there exist in [S]p at most A jj sets X such that

Therefore there are at least (p f(~ \ jj se’s ™ > [5]fd which

are not free. On the other hand, we know that there are at most |~ j/ such
F’s and therefore we have

M
(r'ﬁﬁli?—p\ <|\\[<‘n)\
\p-k-lj

It follows that for such a p
k+1_

clm<p
for some ¢ >0 which proves (/).

T
Now we outline the proof of (ii) p(m, I, K) <cryYmlogm. Let S be a set,
S=mand M the set of all set-mappings of S of type k and order /+1.
We define on M a probability field such that every element / of M has the
same probability. Let A be the following event: The set-mapping f(X) of 5
of type k and order /+1 has a free set of p elements. For the proof of (ii)
it is obviously squficient to show that the probability of the event A is less

than 1 if p~co.}[m\ogm.
The probability of the event that a given subset of p elements of S is
a free set, is
ml—p ()
m—K
I
Thus the probability of A is less than 1 if
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It follows that there isKa @ (ci= c*(k,/)) for which the probability of A
is less than 1, if p = csJ/mlog m.K
Consequently, p (m, I, k) <c®¥mlogm. Q.e.d.

(Received 18 December 1957)
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GENERALIZATION OF THE INEQUALITY OF P. CIVIN FOR
THE FRACTIONAL DERIVATIVE OF A TRIGONOMETRICAL
POLYNOMIAL TO Lp SPACE

By
. 1 OGIEWETZK1 (Dniepropetrovsk, USSR)
(Presented by B. s..-nagy)

In the paper [1] Civin has generalized the well-known Bernstein theo-
rems on derivatives of a trigonometrical polynomial on the fractional index
of derivative.

The purpose of this paper is to obtain an analogous result for Lp space
(p is 1), particularly, when the index of the derivative is integer, the paper’s
results reduce to Zygmund’s known theorem (see [2]).

For a trigonometrical polynomial

n

T.(X) = . (diz cos kx + bk sin kx)

A

the fractional derivative of order a is defined as follows:

T“(x) = <:os~Z f(;IkaAk(x)—sm '{ .?-/i kaBK(x)
where

Ak{x) = akcos kx + bk sin kx, Bk(x) = aksin kx—bkcos kx.
Let

il iip= | .
then we show the following inequality:

m \ P~AC{a)na\Tn* (pw 2

where C(«) denotes some constant depending only on a.

This inequality represents a generalization of Civin’s inequality to which
it reduces for p= <=

The method of the proof is based on a devise related to the operation
of convolution.

Let

n

(1) Fn(x)= IJ;T»(x+y)g(y)dy.
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It may easily be shown that
n

(2) K{x)=1TUx +y)gfy)dy.

From Civin’s inequality (max jT*“\" C(a)nammax |7,(x)j) and Holder’s
inequality we have, for p > 1 (since F,,(x) is a trigonometrical polynomial of
order ri)

[/7(0)|= maxj/\(x)|" C(«)n“-Tax|/r,(X)| ™ C(a)na\l,,pl["p'
Hence on the class of functions g for which ijar|2*= | we have

(3) [F,?(0)|*"C («)nl7,,]||P.
But if we write in (2) x= 0, then we get that on the same class of functions
4) \Fn (0)] LLHTN\\v.

The inequality (4) is exact, an extremal function of this inequality being

a0 TR o).

Therefore
(5) [[7“lp~C («)nel|7 1.
If p—1, it may easily be seen that on the class of functions g for which

M (x) M we will have

\F"(0)] w C(«)n°'|| 7,11
and
(49 \F,, (0)] B Kr “|t
where we have an equality for the function g(x):

g(x) = sg TG(x).
therefore (5) holds also for p= 1
Since C(a) = 1 for integer = k, (5) gives for those a

17t|lps nl 7.]Ip,

an inequality of Zygmund (see [2]).

DNIEPROPETROVSK STATE UNIVERSITY,
SHEVCHENKO 59, DNIEPROPETROVSK, USSR

(Received 30 December 1957)
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OBOBLEHNE HEPABEHCTBA CAVBVHA O MPOW3BOAHOW APOBHOIO MOPAAKA
TPUTOHOMETPUYECKOIO MHOMQU/IEHA HA C/IYYAX MPOCTPAHCTBA Lp

N. N. Orneseuknii (OHenponeTtpoBck, CCCP)

(Pe3tome)

[ns  TpUroHoMeTpuyeckoro MmHorouneHa Tn(x) = « fA . (akcos kx + bk sin kx)
C
[po6Has NpousBofHas nopafgka a onpefensetcs crefyrowmm o6pasom
T“(X) cos V kKaAf(x) —sin- V kaB, (x),
“ K=l “ fed

roe
A AK(x) -akcos kx -f-bksin kx, Bk(X) aksin Kx —bkcos Kx.

1

1. Fvifdxv,
\-n

Monoxum

TOorga cnpaeeannMBo cnefyrouiee HepaBeHCTBO
I W= C@)/YT,|p (PA1),

roe C(a) —HekoTOpasi MOCTOsIHHAas 3aBMCALLAs OT a a He 3aBucsllas OT Nu p. IT0
HEepaBeHCTBO fABNsieTCcA 0606LieHNeM HepaBeHcTBA CaliBMHA, KOTOPOMY OHO NPUBOAMUTCS
ans p - oc

[loKa3aTeNbCTBO OMMUPAETCs Ha T. H. MeTOA CBEPTKMU.






IDEALS AND CONGRUENCE RELATIONS IN LATTICES

By
G. GRATZER and E. T. SCHMIDT (Budapest)
(Presented by A Rényi)

Introduction

One of the important tools of the lattice-theoretical researches is the
examination of lattice congruences. In connection with lattice congruences
arises the necessity of the examination of lattice ideals, for 1Q — the kernel
of the homomorphism induced by the congruence relation 0 — is an ideal
(if it is any), and this ideal implicates a lot of properties of O.

In this paper our aim is to examine the properties of lattice congru-
ences and the correspondence 0 —*/0. Our main tools in the discussion are
two special types of congruence relations: the minimal congruence relations,
induced by a subset of the lattice L, and the separable congruence relations,
respectively.

In this paper we deal also with three problems of G. Birknhoff [2].1
We prove a result of J. Hashimoto [14] (solving problem 73) in a new
and more simple way,2and get a new answer to the question raised in
problem 72; this has more applications to special cases than the original
solution of this problem given by T. Tanaka [18]. We obtained a more
general solution of problem 67 than J. Jakubik in [15].

The paper consists of four parts. In Part | we deal with congruence
relations in distributive lattices. First we prove a theorem that describes the
minimal congruence relations in distributive lattices. By the help of this
theorem we get a good look at numerous properties of congruence relations in
distributive lattices, all of which are able to characterize the distributivity of
a lattice. We prove, finally, a theorem which is a far-reaching generalization

1 Numbers in brackets refer to the Bibliography given at the end of the paper.

2 In his cited paper J. Hashimoto deals with the representations (representation is a
homomorphism of a lattice onto a ring of sets) of a lattice, and with topologies which
are defined by special representations and inverse representations. Among the applications
of these general discussions one can find the solution of problem 73. This explains that
if we consider a single theorem independently of the others, then the proof seems to be
rather difficult. It has some interest that while J. Hashimoto uses the Axiom of Choice
during the proof, we succeeded in omitting it.
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of many known theorems (which are due to J. Hashimoto and M. Kolibiar),
and contains the solution of G. Birkhoff’s problem 73 too.

In Part I we discuss with the help of the notion *weak projectivity”
(introduced hy R. P. Ditworth [3]) the questions related to congruences in
general lattices. After three preliminary lemmas we get an answer to the fol-
lowing question: In which lattices is every congruence relation 0 com-
pletely determined by the ideal 1Q consisting of all x with x= 0? Further on
we consider the least congruence relation ©[/] under which a given ideal
is a congruence class. We point out that the correspondence /—=-0[/] is a
complete join-homomorphism and in case of distributive lattices it is moreover
an isomorphism. Finally, we turn our attention to some questions related to
weak projectivity.

In Part Ill we deal with the notion of separable congruence relations.
After the definition and typical examples we prove some lemmas of prelimi-
nary character, some of which are interesting in their own right. Next we
turn to the problem of giving an answer to G. Birkhoff’s problem 72, by
applying the results concerning separable congruence relations. Then we use
these results in order to characterize the distributive lattices on which the
congruence relations satisfy the dual infinite distributive law.

In Parts 1l and 11l we get the results of J. Jakubik [15] — concerning
problems 72 and 73 of G. Birkhoff, in case of discrete lattices — as trivial
special cases.

We close Part 1l by analysing a question raised in problem 67 of
G. Birkhoff.

After some preliminary theorems we deal in Part IV with the problem:
in which distributive lattices may a Boolean ring operation be defined? We
describe also in Part IV the types of these lattices and operations.

The kernel of this paper has been published in Hungarian in the pa-
pers [6] and [7]. We supplemented the results by several new ones. For
instance, the results concerning G. Birkhoff’s problem 67 are all new.

Preliminaries

Let L be a lattice. The elements of L are denoted by the letters
a, b c ..., %y z. Ifthe lattice L has a greatest or a least element, then it
will be indicated by 1 and 0, respectively. Proper inclusion will be denoted
by a >b, while the fact that a covers b will be indicated by a>-b. The
lattice operations are denoted, as usual, by n and n, while YO« and 1;\a,,

will mean the complete join and meet of the elements aa, respectively, if
they exist. If a has a complement, it will be denoted by a'.
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{x,a(x)\ designates the set of all elements x \n L for which the pro-
position a(x), defined on the elements of L, is true.

The principal ideal generated by a is (0]= {x;x a}, the principal
dual ideal generated by a is [0)= {x;xsa} and the closed interval [o, b\
is {x;a™ x”" h).

The congruence relations on the lattice L are denoted by 0, &, § ;.
The set of allcongruence relations on the lattice L isindicated by O(L).
The universal and the identical congruence relations are designated by : and
0> i.e.x=y (i) foral x,yEL;x=y (a3 if and onlyif x=y.

Ideals of the lattice L are denoted by the symbols/, J, K. The set of
all ideals of the lattice L is indicated by £.

The sets O(L) and £ under suitably defined partial orderings form a
lattice. This is assured by the following two assertions:

Under the natural partial ordering, 0 » & (O, ® £ Q(L)) if and only
if xz_y (0) implies x=1y (®), 0(L) form a complete lattice. Moreover,
let A be any set of congruence relations 0 on L. We define two new relations
S and r; by

(i) x= y(8) means x=y (0) for all O £A;

(if) x = y(tj) means that for some finite sequence x — z0,zu. . zm=y

we have 2-1=Zi (0,) for some ©F£J.

Then 1, 1} are congruence relations; moreover N is the join and 8§ is
the meet of all 0 £A

Lemma 1. Let L be a lattice and £ the set of all ideals of L. Under
the set inclusion, £ is a lattice with complete union. If A is a subset of £,
then we define K as the set of all x for which

x LD Yaun seenyn, y' £/,
for some /, £EA. Then K is the complete union of the 16 A.

The first assertion is due to G. Birkhoff [2]; we were unable to find
a proof of the second one in the literature, but the proof is clear from the
definitions, so we omit it.

Now we define some special congruence relations. Let S be a subset of L and
A the set of all congruence relations under which 5 lies wholly in one congruence
class. By Birkhoff’s theorem (cited above) the meet of the set of congruen-
ces A is again a congruence relation, and under this, too, all the elements of
5 are in the same congruence class. Hence there exists a least congruence
relation under which the elements of 5 are in the same class. We shall say
that this is the congruence relation generated by S, and we shall denote it
by O[S]. A special case of great importance is when 5 contains only two
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elements a and b\ in this case O[S] will be designated by Oab- A trivial
connection between the notions O[S] and 0,,b is the following

Lemma 2. Let S be a subset of the lattice L. Then

© @ [sIfya.b

Proof. Obviously, 0,,6S0[S] for all a,b£S, henceab\éso«,bSi 0[S].

On the other hand, 5 is in one congruence class underal\O/es@a,b, for x,yES and

Xq)y(a,gf_s&a’b) contradict 0 Xy” at}és@a,b- Thus 0[5] = a,>b./€S®ab by the

minimal property of O[S], as asserted.

If L is a lattice, then L denotes a homomorphic image of L, under the
homomorphism a-*a, i. e. a denotes an element of L as well as the class
of those elements x of L for which x—*a. If a congruence relation 0 is
given, then the homomorphic image of L induced by O (i. e. the lattice of
all congruence classes) will be indicated by L(0). If there exists an ideal
which is a congruence class under the congruence relation O, then we denote
it by le. Clearly, /& is the kernel of the homomorphism induced by O.

If in L all bounded chains are finite, then following J. Jakubik and
M. Koribiar We speak of a discrete lattice. Further, if in L between all com-
parable pairs of elements there exists a finite maximal chain, then we call
the lattice semi-discrete. (These notions coincide in modular, moreover in
semi-modular lattices, see e. g. [10].)

At last, we shall denote by S and T the five element lattices generated
by the elements x,y, z such that the following identities hold:

(S) x>y, xu2=yuz=I, xnr=ynr = 0;
(M xny = xur=yun2=1 xny= xnr =ynr= 0.

1 CONGRUENCE RELATIONS IN DISTRIBUTIVE LATTICES

8 1 Description of minimal congruence relations
in distributive lattices

It is well known that if O is a congruence relation, then a= b (0) if
and only if amb= af)b (0) (see [2]). From this trivial fact it follows that
we need consider only the problem of determining the comparable pairs of
elements congruent under the minimal congruence relation, which collapses
a comparable pair of elements. (We say that 0 collapses a and b if they
are in one congruence class under 0)
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Theorem 1. Given two elements a, b of the distributive lattice L with
alll b, the elements c,d£ L with ¢ LLId satisfy c= d (Oab) if and only if

2 (and)nc=c
and
(3) (6Ui/)nc=il.
Proof. We define the relation 0 on L by putting
(4) x=y (0)

if and only if c= xuy and d= xr\y satisfy (2) and (3).

From the identities (aux)nx = %, (6ux)nx = x it follows that 0 is
reflexive, and from the symmetry of x, y in the definition of O it follows the
symmetric property of 0. To prove the substitution law for 0, let us sup-
pose x=y (0), and let t be arbitrary, then from the distributivity of L and
from (2), (3), (4) we obtain

{auU[xut) n(yuO]} n[(xut) u(y no] = {fl«mu(xny)]ut}n
n[(xuy) nt]= {[anxny)] n(x uy)} nt={x uy) nt= (xnOun(y nt);
and in a similar way

bun[xno n(yuOl]} n[xn0 ny no]= (xunt) n(y uo;
furthermore
fan[xnOn(y 101} N[(xn/) n(ynHl = {[an(xny)] N(awn0}n
n[xwny)n/] = [an(xny)] n(xny) n[@@n0 nfl= {fan(xny) n
n(xny)}nt= (x ny)nt= (xn/) n(y nt),
and likewise
{bulxnt)yn(y W]} n[xnt)ulyn /)]= (xn0 n(y -
Thus theseequations show us that x=y (0) impliesx{jt=y wut (0) and
xn/=yn / (0).
We show the transitivity of 0 at first in case u”v~w, u=v (0),
v=w (0). By (4) we get

(5) @unnun=uy,
(6) (bur)Mn—v
and

0) (aUw) MNv= v,
(8) buwnv= w
We prove

9) (a UwW) Ma = u,

(10) (buwna= w
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which are by (4) equivalentto u= w (0). Clearly, from (7) we have a\jw" v,
applying this fact, n lWv, v LUw and the distributivity of the lattice we get

(aUiv)n« = [(aUtv)nK]Uv = (6UivUIiNN(i/Uti) = (GU)n n,

but by (5) a= (au»)fla, thus (auw)n« = u, completing the proof of (9).
From vié w we get buv~b\jw, hence, using (6) and (8),
(buwlm= (buwMNbuv) M= (buw) MNv—w,
as asserted.
Now let us suppose u= v (0), v= w (0) for arbitrary u,v,w”"L.
Applying the substitution law, it follows au» = («U v) U(vniv)= aUruUiv (0),
nIiv—@unv) MyvuUw= ulv) rviw= nliMw (0), ie

u\Jviaw = uliv (0),
u\Jv=u r\v (O),

ur\v= unvr\w (0).
But
uUrUw”?aur~aflr™anriliv,

thus from the previous paragraph it follows that uuruw = anrniv (0).
From the substitution law by direct computation we obtain nuiv= (M uw) un
Uafiw) = [(MUVuUW) NWu iv)in MOW) = [(« OVOw) OMuiv)iv (Mnw) =
= (ununiv)u(«nw) = i/niv (0). This completes the proof of the transiti-
vity of 0.

We conclude that 0 is a congruence relation. Furthermore, a= b (0),
so OLU Oab, Oa,b being the least congruence relation with a = bh. Again,
X—y (0) implies in view of Theorem 1

xuy=4au(xnj)In(*uy) and xny= [6u(xny)]nxuny).

a=b (0a,v and so applying the substitution law twice to the elements
t=x uvyand t= xVly,weget UXAAy\N(xUy)= [&u Xny\M(xuy) (0a,b)
which is equivalent to xuy = xny (0a®b if we take into consideration the
above equations. Hence x* y (0) implies x=1y (0Oab), that is, 070,,,Db,
which compared with the inequality proved above gives the desired result,
0 = 0a,b, completing the proof of Theorem 1

Some of the most important applications of Theorem 1 will be proved
in the following section.



IDEALS AND CONGRUENCE RELATIONS IN LATTICES 143

82. Characterizations of distributive lattices

Some properties of congruence relations of a lattice are suitable to
characterize the distributivity of a lattice. We shall deduce such characteri-
zations from Theorem 1.

Theorem 2. Each one of the following conditions is equivalent to the
distributivity of the lattice L :

(a) if c= d ((dal), then a~~d (or c”b) is impossible whenever b”ka,
d<c (a b,c,d(L;

(b) [b, a] is a congruence class under 0ab for all b-Ba (a, b ( L);

(c) Oabvl10cd= (o for all a~b”~c”~d (a b,c,d (L);

(d) Oab has a complement in 0(L) (for all a LLb) such that c™a
implies c~a (0%, (a b,c £L);

(e) if Cis a chain of the lattice L, then every congruence relation of
C may be extended to L such that the congruence classes on C remain the
same;

(f) for any ideal / and for any xlWly, x=y (©[/]) if and only if
x = jLUi for some v ( I;

(g) the condttion (f) is valid for all principal ideals I;

(h) every ideal is a congruence class under some homomorphism;

(i) every principal ideal is a congruence class under some homomorphism.

Proof. First we prove that conditions (a)—(j) hold in a distributive
lattice L.

Let us suppose that Ceced (0gh) (@b, ¢> d) and yet bis ¢, then from (3)
d= (bud)nc = c contrary to ¢>d. We get a contradiction in a similar way
from a”d and (2). Thus the validity of (a) is a simple consequence of
Theorem 1

From (a) we can easily deduce (b). Indeed, if c= a (0gb) and c(E[b, a],
then either c[ia>a or cnb<b holds (for, in case cud = s and cf\b= b,
we should have b”c”a, i.e c([b,a]). Butfrom a<auc and a= C (0a,b)
we get 0= ouc (0gb), while b>cnb, c= b (0,,,b) imply b=ct\b (0ab),
both are in a contradiction to (a).

Now we prove that (c) holds in L Let a>b”~c>d,x>y and
x=y (0a,bN0c,a)- Then x=y (0¢d), hence by Theorem 1

(11) (i/luy)nx =y

We assert that cn(dumXx) > cn(duy). Indeed, if cN(dwnx)= cn (dUy), then
from the equality c\jx=c\jy (it follows from cux= c\jy (0ca) and
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from (a)) we get cu(rfux)= cu(ciuy). Thus dux and dwuy are both relative
complements of C in the interval [cn (duX), cUx], hence du x- d[jy. From
(11) we infer x= (d\jx)nx = (d\jy)r\x = y, a contradiction. Obviously,
cn(r/ux) = cn(tfuy) (©*<) and 0.r,//=®o0,i, so we get cn(i/ux)=
=cn (duy) (0a,b) and a> buwcwc n(dux)> cn(duy), in contradiction
to (a). If a= b or ¢= d, then there is nothing to prove.

Next let us consider condition (d). We define @ as the join of the
congruence relations 0[[s)] and O[(b]j. Then 0agbl> ®= i, because for all
X A L, [x, y]<=[*nb,yua], thus from xnb= y\ja (0,,,bU®) we get
X=y (0, bU®d). Let us suppose that for some X,yEL (x=j=y) we have
x= Yy (Oabn®). This is equivalent to < 0xy and 0* yLLOgbMn .
From the latter Or,y= 0,,bMN0XyN ® and dJ—«g_/>_qO«,»- Thus (using the

infinite distributive law in O(L), see in [2], [4], or in § 1of Part 1) Oxy= 0XVN

noabn V O«,v= 0XYNY(0O,b nou,yv) and from (c) oa, bM0,,,r= aJ which
VA=)

is a contradiction. So, ®= 0',,b. Obviously, cwua implies c= W(®).

To prove the validity of condition (e), let a chain C be given in L,
and a congruence relation ® on C. We define the following congruence
relation of L: 0 — \J _0,,,b. We prove that 0 has the desired property.

a=
Assume X=Y (0), X,yEC. Then by Birkhoff’s theorem cited in the Preli-
minaries, there exists a finite number of ﬁairs of elements a:, 6, such that

at <bi and g = bi (®), furthermore X = y(l\_/|©0f, »). If [x,y]a [I[a;, b\, then

X=Yy (®) is valid too and there is nothing to prove. If xdy(® ), then there
exists a part [Xt,y,] of [X,y] with the property that for each i either a, < brLL
n

Ax T<yi or XI<y1*Oi<bi. Then from (c) Or,yn Vos;br= ® which con-
tradicts 0,.jiV oao bfm 1=1
To verify condition (f), let the ideal / of L be given and let xLLYy,
X=Yy (0[/])- We prove that x=y (0a, ) for some a,bEl. Indeed, from Lemma 2
O[/]= bél@ﬁ, and by Birkhoff’s theorem there exists a finite number of
a,

pairs of elements a,->bi, ai,bifl (/= 1,2,..., ri) such that x= y(}j_IO,,i}b.).

Let a= Vd and b=/\bi, then a,b”l and obviously X= Yy (OHb). Then by
Theorem 1 x= xn(6liy), thus from the distributivity of L we get
X = (xnu)uy, hence r= xn a has the desired property. On the other hand,
it is clear that if x= y Ur and r£l, then x= y (©[/]), so we have proved
the validity of (f).
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The conditions (g), (h), (j) are special cases of (f).

Now we prove that each one of the conditions (a)—(j) implies the
distributivity of L.

If L is not distributive, then it contains as a sublattice a lattice, iso-
morphic to the lattice S or T, defined formerly. Since a lattice has one of
the properties (a)—(j) only if every sublattice of it has this property, so we
must prove only that the lattices S and T fail to have this property. Among
the conditions (f), (g), (h), (j) the last is the weakest one, hence in this step
of the proof we may omit the others. (b) is a consequence of (a), so we
may omit condition (a) too.

First we verify that the interval [0, ] is a congruence class under
no homomorphism in S and T. Indeed, if y=0 (@) for some O, then
x=xnN(yuz)=xn(Ouz)=0 and x¢[0, y], a contradiction. Hence it results
that in a non-distributive lattice conditions (a), (b), (f), (g), (h), (j) do not
hold. A similar trivial computation shows that conditions (c) (consider in S
the chain 0, y, x and in T the chain 0, x, 1), (d) (in S the interval [y, x], in T
the interval [0, x] play the role of the interval [b,a]), (e) (see the chains
described at the condition (c)), do not hold in the lattices S and T. Thus
the proof of Theorem 2 is completed.

We mention that the conditions of Theorem 2 play a fundamental role
in our researches related to all properties of distributive lattices, not only
in this paper, but in the papers [9], [10], [11], [12] too.

Conditions (h) and (j) are the same as those of Theorem 2.2 of
J. HasHimOTO [14] (conditions (3) and (4)).

§ 3. A generalized form of G. Birkhoff’'s problem 73

In his textbook [2] G. BIRKHOFF proposed the following problem :

Find necessary and sufficient conditions in order that the correspond-
ence between the congruence relations and ideals of a lattice be one-to-one.

More precisely :

Find necessary and sufficient conditions in order that the correspond-
ence ®—/o be an isomorphism between ((L) and €.

Applying Theorems 1 and 2, we get an answer to this question.

LEMmA 3 (J. HAsHIMOTO’s theorem). [n the lattice L there is a one-to-
one correspondence (in the natural way) between the ideals and congruence
relations if and only if L is a distributive, relatively complemented lattice with
zero element.

10 Acta Mathematica 1X/1—2
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PROOF.

The necessity of the conditions. Obviously, I, is the zero ideal of L.
Every ideal of L is a congruence class under some homomorphism, so the
distributivity of L is assured by condition (h) of Theorem 2.

Now let us suppose that L is a distributive lattice with zero element.
We prove that L is relatively complemented. By a theorem of J. VON NEUMANN
(see [2], p. 114), it is sufficient to prove that if b < @, then & has a complement
in the interval [0, @]. Let V,, be the ideal which consists of all # with
u=0 (0,,). V., is a congruence class under precisely one congruence
relation, hence a=0b (O®[V,:]). From condition (f) it follows that for some
v€ V,, we have
(12) buv=a.

It is clear that »=0 (@,), hence from Theorem 1 (¢ and O play the roles
of ¢ and d)

(13) NN A==0)

(12) and (13) show that v is the complement of & in [0, a].

The sufficiency of the conditions. From condition (h) of Theorem 2 it
follows that every ideal of L is a congruence class under some homomor-
phism. Furthermore, every ideal is a congruence class under at most one
congruence relation, as it follows from the complementedness of the intervals
of type [0,a] (see [2], p. 23, or the Corollary of Theorem 4 in this paper).

Now we are ready to prove the general theorem.

THEOREM 3. Let L be a lattice and “a” a fixed element of L. Every con-
vex sublattice of L containing “‘@” is a congruence class under precisely one
congruence relation if and only if L is distributive, and all the intervals of
type [a,b] (a = b or a<b) are complemented.

PROOF.

The necessity of the conditions. First we show the necessity of the dis-
tributivity of the lattice L. Let us suppose that L is not distributive; then it
contains as a sublattice either the lattice S or the lattice T. (x, y, 2 will indi-
cate the generators of S or T.)

We prove that z=a is impossible. Indeed, since xny==xUy, that is,
) = 0., .., is not equal to w, the congruence class which contains a
under O, is different from the congruence class which contains ¢ under .
Thus the congruence class under @ containing a contains a further element x,
so we may pick out an element ¢ such that ¢ Za and
(14) c=a (O).

Now, according as ¢ >a or ¢ < a, the interval [xnyna,a] or [a,xUuyUa]is
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a congruence class under no homomorphism. Let us discuss the case 0 a
(if c< @, then the proof goes on the same lines). Then oeelx Ny Ma (P) implies
(as in the proof of condition (b) in Theorem 2) x=y (@), for any ®, so
Xuy—xny (@), hence © 70, c~a (®) (see (14)*, but c(E[xny fia u]l*
a contradiction.

Thus we have proved that xuz=ywuz and xf)z=ynz are
impossible if z=a So we may suppose by the Duality Principle that
UlliiyUo6. We assert that under these hypotheses the interval [ynz na, y nd]
(which contains &) is no congruence class under any congruence relation,
indeed, if y ma=y Tz MNa, then

z=zU(yNzMa)=zU(y Ua)= (zUy) Ua=zUxuna

furthermore XNz = xn(zUxUfl) = x. But x=y Tz, yua®ynz®ynzna
and n2nay uUal, a contradiction.

Summarizing the above proved assertions, we get that the existence of
the sublattices S or T contradicts the fact that every convex sublattice of L
containing a is a congruence class under precisely one congruence relation.

Our second aim is to prove the complementedness of the intervals of
type [a,b] (0 2 1 or a<b). Let br>b2>a. Since Ob,,bA=(0, there exists an
element ¢, comparable with a, such that c= a (Obltl®)- From condition (a) of
Theorem 2 we see c < a is impossible. It follows that the congruence class under
Oblhi which contains a is not empty and it is a part of [a). Hence in [0) the
condition of Lemma 3 holds, that is, (a) is relatively complemented. In a
similar way we get the relative complementedness of (0] too. The necessity
of the conditions is therefore proved.

The sufficiency of the conditions. Let L be a distributive lattice such that,
for a fixed a, the lattices (O] and [0) are relatively complemented. First we
show that the distributivity of L implies that every convex sublattice is a
congruence class under some homomorphism. Let D be a convex sublattice,
I and J the ideal resp. dual ideal generated by D. A trivial computation
shows that D is a congruence class under ©[/] MO[Y1-

Secondly we prove that every convex sublattice containing a is a
congruence class under precisely one congruence relation. It is enough to
prove in case the convex sublattice consists of a alone, for if D is a con-
gruence class under more than one homomorphism, then let us consider
among these the minimal one, O[D], and let L= L(0[D]) be the corresponding
homomorphic image of L. In L there are fulfilled all the conditions as in L
if the fixed element is d, furthermore the one element convex sublattice d
is a congruence class under more than one homomorphism of L. So we
succeeded in reducing the proof to a special case.

10
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Now let us suppose that X >y. It is enough to prove the existence of
acwthchpa and c=a (0T From the distributivity of L we obtain
anmx>aunmy or anx>any (amx = auny and a nx —any contradict x J=y).
Let ¢ be the relative complement of oily in the interval [i4 rinX] in the first
case, and the relative complement of anx in the interval [any, a] in the
second case. A trivial calculation shows that x=y implies c= @ in both cases,
that is, the one element sublattice a is a congruence class only under w.
Thus the proof of Theorem 3 is completed.

The proof shows us that Theorem 3 may be sharpened by replacing
the condition “every convex sublattice containing a.. by the following
weaker one : “every interval containing a..

That the relative complementedness of the whole lattice is not a con-
sequence of the condition, it may be illustrated by the following simple
counterexample: L is the chain of three elements and a, the fixed element,
is the only element different from 0 and 1

An immediate consequence of our Theorem 3 is the

Corollary. Every convex sublattice of L is a congruence class under
precisely one homomorphism if and only if L is a relatively complemented
distributive lattice.

Special cases of Theorem 3 were already known. Lemma 3 (the spe-
cial case 6= 0) was first proved by J. Hashimoto [14] in 1952; a year
later G. J. Areskin [1] has proved Lemma 3, by supposing that the lattice
L is distributive and has a zero element. The Corollary was proved inde-
pendently of us — Dby supposing the distributivity of the lattice considered —
by M. Kotibiar [16].

We remark that we may get further theorems, too, as easy consequences
of Theorem 3. For instance, in [9] we have pointed out that the following
assertion of j. Hashimoto [14] is also a simple consequence of Theorem 3:

A relatively complemented lattice L is distributive if and only if L has
an element a such that («] and [a) are prime factorizable.

Using transfinite methods it results [11] that Lemma 3 may be sharp-
ened; in [11] we have published another very simple proof of Lemma 3.
Related to these questions we refer to [9] too.
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Il. CONGRUENCE RELATIONS IN GENERAL LATTICES

8 1. Some lemmas on congruence relations

In this section we prove three lemmas which will simplify the proofs
of several theorems in Parts Il and Ill. A part of the merely technical Lemma 4
was proved already in Theorem 2

Lemma 4. Let £ be a binary relation defined on the lattice L. £ is a
congruence relation if and only if

@ x= x (f) for all xEL;

(b) x=y (£) is equivalent to xuy = xny (£) for all x,y£EL;

(c) xWyllr,x=vy () andy "z (£) imply x= z (£);

(d) if xwy and x=y (), then xuf=yuf (), xi\t= y[\t (£) for
all tEL.

Proof. Obviously, it is sufficient to prove that a relation £ satisfying
conditions (a)—(d) is a congruence relation.

By (a) £ is reflexive, and by (b) it is symmetric too.

Let uigr, u=r () and a,b™[v,u], then we assert a”b (£). Indeed,
nWanbwanblWc and from (d) nn(anb)= vn(awnb) (£) and «n(6UIi)"
£ril(6U b), thus applying again (d), auUb -[unN(aub\mn(@nb)= [vN
n@awnb\un(@nb)= anb (£), whence from (b) a= b (£), and the assertion
is established.

Next let x=1y (£) and y~z (£). On account of (b) xuy = xny (£),
thus from (d) xuyu2= xXuy)un(yur)= Xny)u(ynz)=yu: (), simi-
larly, xnynr = ynr (£), that is, xuyuz”*yuz®*ynz~xnynz and the
consecutive elements are congruent modulo £ so applying twice (c) we get
xuyunr = xnynr (£). Considering that X, r £[x ny Mz, X ny U], we conclude
X5E2 (£), i. e. £is transitive.

The substitution law may easily be proved too, for if we assume x = y (£),
then from (b) and (d) xuy= xny (£) and (xmy)Ut= (xny) Ut (£,
but xut,y nt£[(xy) Ut, x ny Ut], hence we obtain xuf= yu/(£) and
alike xnf = ynf (£), completing the proof of the Lemma.

We note that the conditions of Lemma 4 are independent and may be
weakened, e. g. (a) may be replaced by (@) x=1y (£) for some x,yEL, but
we need only the above described form of Lemma 4.

Now we prove a lemma which sharpens for lattices a similar result
of G. Birkhoff for general algebras (see the Preliminaries).
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Lemma 5. Let A be a subset of O(L). We define the relation g:x=y (q)
if and only if there is a finite sequence xuj'=ii0£i/,s-"ii,= xnj'
satisfying u,— u, 1 ((m),) for some 0, £A (/= 1,..., n). Then / is a congru-
ence relation and /,= _V GCxe

®xen

Proof. It is clear that if g is a congruence relation, then gq= \JOa.
Thus it remains to prove that g is a congruence relation. Obviously, it is
reflexive and symmetric. If xLWyLUr, x=y (q) and y= z (g), then we have
two chains which connect x and vy, resp. y and z, having the desired property.
Joining, these two chains, we get one from x to 2 with the desired property.
At last if x= 20" 2i s N~ zn=y, then fux = /U20"/U 21g---~fU2,=
= tlly, thus x=y (q) implies x nt=y Bt (rj), and in a similar way we get
that it implies xnt=ynt (q) too. We see q satisfies the conditions of
Lemma 4, that is, g is a congruence relation.

The importance of Lemma 5 should be revealed by the fact that it
decides in the interval [a b] whether a=b is valid or not. For instance,
applying Lemma 5, it may be proved easily3the notable theorem of N.
Funayama and T. Nakayama [5], according to which in O(L) unrestrictedly
holds the infinite distributive law

(ID) 0 MVO0«= VE>MO,).

In proving (ID) it suffices to show that xLLl'y and x=y (V(0n (4),)) imply
X=y (0nVO)e If x=ey (V(0 MNO«)), then by Lemma 5 for some finite
sequence we have x = 2Wz W Wzn=y, z;-i=z (0 MNC), hence
27i=2,(0), further on 2;1 Z (0,), so Z-1= r- (VO0«), consequently
z 1= 2, (0 nV0a), that is, x —y (0nVe)> thus 0 MV = V(©MO0«),
g. e d.

According to Theorem 1, in a distributive lattice under O0,,h (a is6)
the elements c, <, (c” d) are congruent if and only if c¢= (awnd) I,
d = (bud)f\c. Now we generalize this theorem to arbitrary lattices.

Obviously, if
(15) [se({[(° Ub) Ux,] MXj UX3J Meee] Ux,, = c Ud,
(16) [---({[(a Tb) nx,] nxZ ux3 Neee] Ux,= CNd,

then c= d (O«,b), as it follows from the substitution law.
The theory of congruence relations in arbitrary lattices is based upon
the notion of weak projectivity due to R. P. Dilworth [3].8

8 The idea of this proof of the theorem Of funayama and Nakayama IS esSentially ¢
to R. P. Ditworth [3].
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DEFINITION 1.* Let L be a lattice and a, b, ¢, d € L. The pair of elements
a, b is weakly projective into the pair of elements c, d if for some xi, ..., x, €L
the equations (15) and (16) hold.

In what follows a, b—¢,d will denote that a,b is weakly projective
into ¢, d. Obviously, the relation — is transitive.

With the help of this notion we can easily describe the congruence
relation @, ;.

LEMMA 6 (DILWORTH [3]). ¢=d (0).,)) in the lattice L if and only if
for some finite sequence
(A7) cud=pw=y = ---=yp.—cnd onehas a,b—y;1,9: (i=1,2,...,k).

PROOF. It is clear that if ¢, d satisfy (17), then c=d (0,,,). On the
other hand, let us define the relation & such that u=w» (§) if and only if
some sequence {y;} and ¢=u, d — v satisfy (17). Repeating word for word
the trivial calculation of Lemma 5 we get (applying Lemma 4) that § is a
congruence relation, completing the proof of this lemma.

COROLLARY 1. Let L be a lattice and S a subset of L. S is a congru-
ence class under some congruence relation. if and only if a,b,c €S and
a,b—c,d imply d€S.

PROOF. The assertion “only if”’ is trivial from the definition, and “if”
is obvious from Lemma 2 and Lemma 6.

From Corollary 1 and from Theorem 1 it results the well-known fact
that every convex sublattice of a distributive lattice is a congruence class under
some congruence relation. This proof gives perhaps more insight into the
cause of the validity of the above statement.

Another trivial consequence of this lemma is

COROLLARY 2. A lattice L is simple if and only if for all a,b,c,d€L
there exists a finite sequence cUd—=2z =2 =--- =2z,—=cNd such that
a, b=z 02 (L =1,2; ..., 1)

If L is a modular lattice and a covers b, then a,b—c¢, d implies that
c=d or ¢ covers d. Thus we are led to

COROLLARY 3. [f in the simple modular lattice L there exists a pair of
elements a, b such that a covers b, then L is discrete.

4 Definition 1 is that of [6], but it may be shown easily that it is equivalent to that
of R. P. Diworts. The notation is the same as in [6].
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82. Weakly complemented lattices

The notion of weak complementedness was introduced by H. Waliman
[19] for distributive lattices. Now we define the notion of weak comple-
mentedness5 in general such that for distributive lattices this is equivalent to
that of H Waliman.

Definition 2. A lattice L with 0 is weakly complemented if to all
pairs of elements a, b ((i=j=0; a, b £ L) there exists an element ct O suchthat
a, b —»€,0.

A trivial computation showsO that in a distributive lattice a > b and
a,b— 0 (chO) implyanc=>0, bNc= 0. On the other hand, ifa [lc>0 and
frnc = 0, then putting d = one we obviously have a,b-+d,0 and c'pO.
This coincides with the original definition of weak complementedness in
distributive lattices.

Weak complementedness is not a homomorphic invariable property,
that is, there exists a lattice which is weakly complemented, but a suitable
homomorphic image of it is not relatively complemented. If this lattice is
distributive, then it is necessarily infinite (see the example in [11]), but
in the non-distributive case there are finite examples too; e. g. let L be the
following lattice:

We can easily verify that this lattice is weakly complemented, yet L(0,,, ) —
which is isomorphic to the chain of three elements — is not weakly com-
plemented.

G. J. Areskin [1] proved the following assertion:

Let I be a distributive lattice with zero element. Every ideal of L is
the kernel of at most one homomorphism if and only if every homomorphic
image of L is weakly complemented.

5 It seems to be unreasonable to change the definition of weakly complemented
lattices, for it is a well-known notion. Our motivation is: the original notion of weak
complementedness was successfully used only in distributive lattices in discussing the
connection of topological spaces and distributive lattices [19] and in the researches of the
congruence relations of distributive lattices [1]. In general lattices only some theorems were
known which are based on the original definition. For this reason we propose the notion
of “weakly complemented in the stronger sense” for the original one.

c It follows trivially from Theorem 1 too.



IDEALS AND CONGRUENCE RELATIONS IN LATTICES 153

Now we show that this theorem is valid for arbitrary lattices with the
above defined notion of weakly complementedness. This is a solution of the
most natural generalization of G. Birkhoff’s problem 73.7

Theorem 4. In the lattice L every congruence relation is the minimal
one of a suitable ideal if and only if L has a zero and every homomorphic
image of L is weakly complemented.

For the proof a preliminary lemma is needed.

Lemma 7. Let L be a lattice with zero element. The zero ideal is a
congruence class under precisely one congruence relation if and only if L is
weakly complemented.

Proof. If the lattice L is weakly complemented, then the zero ideal is
a congruence class only under oo, for if x @ Y then there exists a z 5=0, with
X,y —=, 0, that is, 2= 0 (0.,,,), i.e. the zero ideal is not a congruence
class. On the other hand, let us assume that to the elements x,y there is
no element 2 with x,y —»2,0. Then 2= 0 (0,,,,), z >0, is impossible, for if this
held, then from Lemma 6 it would follow the existence of a zx> 0 with
a, b—+Zi, 0. Thus the zero ideal is a congruence class under wand Qr,y too,
a contradiction.

Now we prove Theorem 4. Let | be an ideal which is a congruence
class under at least one congruence relation. Obviously, / is a congruence
class under more than one congruence relation if and only if the zero ideal
of L(O[/]) is a congruence class under more than one congruence relation.
Thus the proof of Theorem 4 is completed.

If L is distributive, then we get from Theorem 4 the above theorem of

of G. J. Areskin.8 On the other hand, we want to point out that every rela-
tively complemented lattice with zero element is weakly complemented, so as

a trivial special case of Theorem 4 we get a result of G. Birkhoff (See [2],
p. 23):

Corollary. In a lattice with 0, where all closed intervals [0, a] are
complemented, every congruence relation is determined by the ideal consisting
of all x with x= 0.

We can get another answer to the above-mentioned problem.

7 J. Jakubik [15] and J. Hashimoto [14] have also formulated in such a way the
more natural generalization.

8 Comparing Theorem 4 with Lemma 3 we get the following theorem of G. J. Areskin
[1]: A distributive lattice with zero is relatively complemented if and only if every homo-
morphic image of it is weakly complemented. (A far-reaching generalization of this theorem
may be found in our paper [11].)
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If a,bEL, then VL1 will denote the ideal which is generated by all
x with a,b”-x, 0.

Theorem 5. In the lattice L every congruence relation his an ideal as
a congruence class and every ideal is a congruence class under at most one
congruence relation if and only if L is a weakly complemented lattice with
zero element and to all a, bEL there exist a y £ \,,i and a sequence anb
= do~di”N eee Wdn= af[b with y,0—<dei,d, (i= 1 ..., n).

Proof. We already know the necessity of the existence of a zero ele-
ment and of weak complementedness. The third condition is necessary too,
because if for a, b it did not hold, then V,,fwould be a congruence class under
more than one homomorphism, indeed, if V,,b were the kernel of precisely
one homomorphism, then a= b would be valid, and this means just
by Lemma 6 the validity of the third condition.

The sufficiency of the conditions follows from the fact that under these
conditions

a b (0) ifand only if V,,bckle,
that is, /© determines the congruence relation. Indeed, if a= 6 (0), then
a,b->-c,0 implies c¢c= 0 (0), that is, \,,b"1o- On the other hand, if
V4 b—/©) then there exist a V,,band a finite sequence af] b= ytilxyx"
o-Wyn= af]lb with y,0-*yi-i,y,, but from yEVab~le it follows
y ---0 (0) and so a= b (0), g. e d.

Theorem 5 is a generalization of a theorem of J. Jakubik [15]. J. Jakubik
dealt with discrete lattices and he got the conditions of Theorem 5 with the
small difference that the conditions on a b are supposed only if a covers b.
An easy computation shows that these conditions are equivalent in discrete
lattices, and what is more it becomes trivial that it is valid not only in dis-
crete lattices but under that weakened condition, too, that L is semi-discrete.

8 3. Minimal congruence relations generated by ideals

In lhis section we deal with the correspondence |—a(-)['].

Theorem 6. The congruence relation generated by the ideal \jl« is
VO [P that s,

(18) 0[VI] VOl

Proof. First we verify that if esft and awc, then

(19) 0,, bU O<r,c= 04, buc
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Since a= 6 (&abuc) and a= ¢ (0Oabuc), thus 0,<xU0ac” 0On6uc, on the
other hand, a= b (0ab) and a=c (00Q,), hence a= buc (0abU0ax), that
is, Oa,buclLl O«,tU  » These inequalities prove (19).

By Lemma 2, (18) is equivalent to

(20) \% a,v=yv v 0a,b.

X,ue VAIa «6A a,bfla
Let us suppose that 0,, b occurs in the right side of (20), then a, b £/« for
some cc£A, hence a, b£<i\g/AA> thus we obtain that 0 ab occurs in the left

side of (20), i. e. (20) holds with s instead of = .
Conversely, let 0,r,y be a congruence relation which occurs in the left
side of (20). By Lemma 1 this means the existence of such i\ (€/«,., a,"A;

n
r=\,2,...,n) that x,y"ia, Use Uiar. Let n= r,£|,1Url'l(x ny). Obviously,
nElar (r n), hence 0,,,a occurs in the right side of (20). By (19)

n
V oujia =0 » ™ ox.y, and SO
r=1 r

N /€V oy 8V V oapb,
) < a,\/Alq agA abfla
that is, (20) is valid.
Let us denote by 0 Q/] the least congruence relation under which / is a
congruence class. Obviously, 0 [/]= 0Q/] if 0Q/] exists.9

Corollary. If 0,[/«] exists for all a £A, and also 0 Q V A] exists, then

v®o[/.]= a iv/-]-

In Theorem 6 we have proved that the join of minimal congruence rela-
tions of ideals is a minimal congruence relation of an ideal. The analogous
assertion for the meet is not true as it may be shown by the example of
the lattice S. It would have some interest to give conditions under which the
meet of minimal congruence relations remains minimal. We assert only

Lemma 8. Let L be a lattice with o on which every ideal is a congru-
ence class under at most one congruence relation. Let £ denote the lattice of
all ideals in L which are congruence classes under some congruence relation.
Then £ is isomorphic to O(L), i. e

(21) ot V/] =Voru  (a €6),
(2 of Jlu =Jlew (/<€E);

9 It would be of great interest to examine the lattice of all ideals for which @][/]
exists. One can easily prove that they form a distributive lattice.
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let (I, K, Xi, YjZZ)
= XurX M---zxX n= K
and
7= ?,9K1© ..0MN =~
then there are refinements of these chains of common length.

Proof. (21) was proved in Theorem 6. (22) follows from the fact that
the existence of 0 6 L implies the existence of A/,; furthermore A/, is a con-
gruence class under A0[/a]. But A/, is a congruence class under at most
one congruence relation, hence A 0[/«]==0[4/Q. Thus we have proved
that the correspondence /—>-0[/] (/$£) is an isomorphism, between £ and
0(L), and so £ is distributive. Hence the Jordan—Dedekind theorem is
applicable to £, and this assures the validity of the last statement.

Now we give a simple answer to the problem formulated above.

Theorem 7. The congruence relations of the form 0[/] form a sub-
lattice of O(L) if

(23) oa,61Qa,c— oa.bnec for all a”b,a”c.
Proof. We must prove only
(24) ©[A] M0[/3= o[/, N/,

for the same statement for joins was proved in Theorem 6. Applying Lemma 2,
(24) get the following form :

al\){enOa, b I'ICV (fad= X,yE}{r\lz(fa, Y,
thus from the infinite distributive law we conclude

é@«,* nOe,d = (fa. Y

(25) o beiils dl x yin2

If 0j,y occurs in the right side of (25), i.e., x,y£fn h, then occurs
in the left side too, i. e

a'b"]r\;/c (0a, . MOc, d) = y\\.{_,Img.c,y.

On the other hand, we see that if t*a MbMcld (a b£ A, c df /2, then
by (23)
0Oa, B10c, d=: (da\jhtMOc\jdt  O(aub)cid)t,
where (aUb)M(cUd) £/, nA and M/2, i. e every member of the left
side is less than or equal to a suitable member of the right side, and so
the inequality holds in the reversed sense too, completing the proof of (25).
The condition (23) is not necessary, not even in modular lattices.
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As an easy consequence of Theorems 1 and 7 we get:

Corollary. In a distributive lattice the congruence relations of type
(®['] form a sublattice of O(L).

Proof. Let a”b and ci*kec, then u= v (0UH and u= v (0,,, 9 under
the condition nllr are equivalent to (Theorem 1)

(26) (@unr)nu= v,

(27) (b U nu= n,

(28) (cUnnmm= n

From (27) and (28) by the distributive law

(29) n= unnu= (buv) Nun(cuUv) Nu= [(bnc)u?]nun.

(26) and (29) together mean by Theorem 1 that u~v (0Oqgbm). Thus
Oa, blM0a, c= Ca, bcj the converse inequality is an immediate consequence
of Oa,b, &a,c” Oa,bnc’, the proof is completed.

We remark that this Corollary is an immediate consequence of condi-
tion (f) of Theorem 2 too.

The validity of (21) and (22) is assured under a lot of restrictions by

Theorem 8. Let L be a dual infinite distributive lattice with zero ele-
ment. Then the congruence relations 0[] form a complete sublattice of O (L),
that is, (21) and (22) are valid.

Proof. It is enough to prove (22). This may be treated in a similar
manner as the Corollary of Theorem 7. It suffices to note that the zero ele-
ment assures the existence of f\la, and the dual infinite distributive law is
used in the proof of

A = T
which is analogous to (23). We omit here the detailed proof.

84. Remarks on weak projectivity

Let four elements a,b,c,d be given in L such that a,b-+c,d and
c,d->-a,b. Then a= b is equivalent to c= d under every congruence rela-
tion. The situation is the same if a, b and ¢, d are projectiveD (which shall
be denoted by [a b]ll[c,d] if a~b and c”d). The following problem
arises: give a necessary and sufficient condition under which a, b is

0 In the literature one speaks about the projectivity of intervals. We say that a, b
and c, d are projective if the intervals [alb, aUft] and [cMd, cUd ] are projective in the
usual sense. Our definition is more convenient in the sequel.
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projective into ¢, d if and only if

(30) a,b—c,d and c,d->-a, b

Now we consider two classes of lattices in which this condition holds.
Theorem 9. Let L be a
A) distributive, or

B) discrete, modular
lattice, then a, b and c, d are projective if and only if (30) holds.

Proof. Evidently, in both cases it is enough to verify that (30) implies
the projectivity of a, b and c, d.

A) By Theorem 1, (30) is equivalent to (we suppose thata b,cg d)

(31) (amc)ME/ = c;

(32) (&uc)nlf=tf;

(33) (cul)nod =

(34) (dUa) Nnb = h.

Let us prove the equation bU(aunc)= d U(aunc), i e
(35) bnc=dwna

From (32) buc s d and from b LLla we get buclldwna and, on the other
hand, from (34) a\jd LLb and from d*c we get and Wb 6c; these inequa-
lities prove (35). The equations (31), (33), (35) show that the consecutive
members of the sequence of intervals [a, b], [auc, 6 Uc], [c, d] are transposed,
that is, [a b] 1[c d], g.e. d.

We see that we have proved more than it was required by Theorem 9.
In addition we get

Theorem 9. 0a+.= &g in a distributive lattice L if and only if
a, b and c, d are projective.

B) The proof may be decomposed into two assertions. These may be
proved by trivial induction, hence the detailed proofs may be omitted.

Lemma 9. If L is a modular, discrete lattice and a, b,c”L, a b, then
under condition B we havell

I[a, b] LWI[aUc,buc] and I[a, 6] is /[a nc, bnc],
and if a sign of equality holds, then the corresponding intervals aretransposed”

Proof by induction on I[a, b],

N /[a b] denotes the length of a maximal chain from a to b.
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LEmmA 10. [If L is a modular, discrete lattice and a,b,c,d€L,
a=bc=d a b—cd, then

la, b] = [[c, d].

PrROOF by Lemma 9 and by an induction on the number of steps in
the definition of weak projectivity (the number n in (15) and (16)).

The proof of case B) may be completed as follows: if a =b and ¢ =d
and condition (30) holds, then [[a, b]=1I[c,d] from Lemma 10, hence
la, b] 11 [c, d] from Lemma 9, q.e.d.

By repeated use of distributivity it is clear that if in a distributive
lattice a, b—¢,d (a = b, ¢ = d), then for suitable p and ¢(€L) the following
two equations hold (see Theorem 1 too):

(36) (@aup)ng=c,
(37) (bup)ng—d.

Now we prove that this property characterizes the distributivity of the lattice L.

THEOREM 10. The condition a,b—c,d (a = b, ¢ = d) is equivalent to
(36) and (37) if and only if L is distributive.

Proor. The sufficiency of the distributivity is obvious. Therefore we may
restrict ourselves to the necessity.

Let us suppose that the stated condition holds. We prove that ¢ >d = a
is impossible. Indeed, if d =a, then bUp =a, and so aUp = b U p, that is,
auUp=>0buUp, consequently c==(aup)ng=(bup)ng=d, a contradiction.

It follows from Lemma 6, that ¢>d =a,c=d (0,,,) is impossible,
hence from condition (a) of Theorem 2 we get the distributivity of L.

III. SEPARABLE CONGRUENCE RELATIONS

§ 1. The definition of separable congruence relations; examples

In this section we introduce the notion of separable congruence rela-
tion. This notion will enable us to solve many problems.

DEFINITION 3. Let L be a lattice and ® a congruence relation on L. &
isseparable ifto all @ = & in L there exists a chain a=z0=z1 =+ =2,=0b
such that for each i either z,.,=2; (@) or (zi.1=£2:/(®) and) x, y€[zi 1, 2],
x=y (O) imply x=}y.

We also say that this chain {z;} is separated modulo ©@, or @ separates
the chain {z;}, or a and b are separated modulo ¢ by the chain {z:}.
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We get immediately from the definition:

Lemma 11.// the lattice L is .semi-discrete, then all congruence relations
on L are separable.

Now let us consider an exampleR of a non-separable congruence rela-
tion. Let L be the chain of all positive integers, together with +°c. We

define x=1y (0) if and only if x= 2i,y=2/+1 for some /=1,2,....
Obviously, 0 is non-separable, e. g. no chain separates 1 and + <>

From the definition it is also clear that if 0 is separable, then between
all a, b (as b) there exists a maximal chain such that on this chain there is
but a finite number of congruence classes with more than one element
under 0, Indeed, every maximal chain which refines a separating chain has
the required property.

The converse statement is in general not true. It is neither true that if
0 is a congruence relation such that between all a >b there is a maximal
chain with the property described above, then 0 is necessarily separable.
The statement: if O is separable, then all maximal chains between any a LLb
have the property described above, is also false. Counterexamples may be found
in §4 of this Part, see examples (A) and (B).

Some typical examples on separable and non-separable congruence
relation will be shown by the following lemmas.

Lemma 12. Let L be a lattice with the greatest element 1, and | a
neutral ideal@of L. o [/] is separable if and only if | is a principal ideal.

Proof. If 1and y(£/) are separated under 0[/] (/=(=/.) by the chain {r}
(i= 1,...,n), then it may be supposed that z,=y, z3=1 (n= 3). There is
no subinterval of [z2 1] which is congruent under O[/], thus z2is the gener-
ating element of /. On the other hand, if /= (a], then x *y may be sepa-
rated under O[/] by the chain y  x IN(y Ua) LUx.u

The following is a significant example of a non-separable congruence
relation of distributive lattices.

Lemma 13. Let an infinite sequence of elements s = a, E) , < eee <3 <
< << m<b be given in the distributive lattice L. Then V|O b. is not
1=
separable.

12 This example is generalized by Lemma 13.

13 The ideal | of the lattice L is called neutral if for any ideals J, K of L, the sub-
lattice of the lattice of all ideals of L generated by I, J, K is distributive. If / is neutral,
then x =y under ©[/] if and only if (xC\y)U i*x0y for some i£/. For this fact we
refer to [2], pp. 28, 79, 119 and 124, or to [14]. p. 167.

X If in Lemma 14 we omit the condition that L has a unit element, then the
assertion does not remain valid.
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Proof. Suppose that 0 = V©af H is separable, and let {z& be a chain
which seHarates a and b (&= z0< zX< eee <z,,= D). IfZ-i~2t (©), then

Zi-i=Zi(y10 a ,.,_ﬁ, that is, already a finite number of the [ait b]] generates all

congruences on the chain {Zi}. Let {at, b,] be an interval different from the
above ones. Let0',(,& be the complement of 0,(, & (see condition (d) of
Theorem 2), then a= b (0,,(,HU0%, b), adhb (0'Q, 1) (for o(d 6 ((0'ORH).
Hence for a suitable index j we have o 4 (0'atid). According to Lemma
5 applied to Z-i= z- (0't(,t(UO0,(,4 there is a pair of elements U, V such
that Z-i LULM<v”™ Z and u= v (0,,t,kt)h On the other hand, Z-\= Z (0),

that is, U= v (0) whence u:v(l\i|_0«,-,:iﬁ Comparing this with

"
the above congruence we get u= (0a bnl\q/|©</31,» that s,

3:-))
1
u= v (V(@av-, - N0at,b)). From the conditions of the Lemma and from

\an, b\ ® [a,, bt\, we get for each / either ah < bn<at<bf or at<bt<ad < hjt.
Thus by condition (c) of Theorem 2 we get 0,.(,§l/10 A k= w Hence the

above congruence becomes U=V (co), i.e. U=V, in contradiction to N<v.
The proof is completed.
Now we prove

Lemma 14. The separable congruence relations on L form a sublattice
&Y(L) of O(L). Os(L) contains i and co.

Proof. It is clear that i and co are separable, so 0.,(L) is not the void
set. Furthermore, let 0, ® £0 1), and let a”b (a, b£L). The chain {zt},
separates a and b modulo 0, and let {u,¢ be a chain which separates z{ and
r,-1 modulo ®. A rather simple computation shows that the chain {u,j}ij sepa-
rates a and b modulo 0 1 ® as well as modulo 0 M®, completing the proof.

0(L) is distributive, hence its center 0 2(Z) is the set of all congruence
relations having a complement. It is well known that OfL) is a sub-
lattice of O(L). (It is trivial from the identities (On® )'= 0'nd ' and
(0ONd)Y=0'"nod)

Lemma 15. If the congruence relation O has a complement, then it is
separable, that is, 0-(L)"Q s(L).

Proof. By Lemma 5, to all a>b there exists a chain a= r0r---1zn= b
such that either Zi= Zt-i (0) or 4= Z-\ (0') for every i. We assert that
the chain {z} separates @ and b modulo 0. Indeed, if X,yE[Zi,Zi-] and
rrgor,-!  (0), furthermore Xx=y (0), then from X=Yy (©) we get
X=Yy (0NnoY, that is, X=1Y, g. e. d.1

11 Acta Mathematica IX/1—2
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Corollary, in a distributive lattice all congruence relations of the form
0 a b are separable.

This is an immediate consequence of condition (d) of Theorem 2 and
of Lemma 15.

8 2. Weakly modular lattices and G. Birkhoff’s problem 72

First of all we introduce the notion of weakly modular lattices. It plays
an important role in the discussion of problem 72 as well as in our resear-
ches concerning the so-called standard ideals (see [8]).

Definition 4. The lattice L is weakly modular if a,b">-c,d
(a<b,c=\=d, a, b,c,d£ L) implies the existence of elements au 6, (a*a"Kb""b)
such that c,d-*a”,b”.

The weakly modular lattices are a common generalization of the modu-
lar and relatively complemented latticesb as it is assured by

Lemma 16. If L is a

(@) modular, or

(b) relatively complemented
lattice, then it is weakly modular.

Proof. The case (a) is an immediate consequence of the isomorphism
theorem for modular lattices (we refer to [2], p. 73). Now consider case (b).
Let a>b and anx>ylWbnx. Then denoting by z the relative complement
of y in the interval [6fix,am ], we have afix,y —b, buz and b<bli z"a,
for [@nx) nzlnb= buz and (yflz)U6 = 6. In the same lines it may be
proved that in case a>b,a\jx~y>bix, we have bux,y—ala for

5 The necessity of a common generalization of modular and relatively complement-
ed lattices has arisen in many cases. Let us consider an illustrative example. Dilworth
and Haii [4] proved — generalizing a theorem of G. Birkhoff — that every weakly atomic
(a lattice is called weakly atomic, if any a>0 implies the existence of c, d with a*c>-dj"b)
modular lattice is the subdirect product of projective lattices (a projective lattice is a lat-
tice in which all prime intervals are projective). J. Hashimoto [13] proved a similar result for
relatively complemented lattices. Thus the necessity of a theorem arises which is a com-
mon generalization of the above mentioned ones. Let us call the lattice L weakly projec-
tive if for any pair of prime intervals p, q the relations p —mg and g —»p hold (the notations
are that of § 3). Obviously, any weakly projective modular or relatively complemented lattice
is projective. We assert: Any weakly atomic, weakly modular lattice is a subdirect product
of weakly projective lattices. The proof goes on the same lines as the proof of the asser-
tion of Dilworth and Hall, or, what is the same, the proof of J. Hashimoto. This is also
a consequence of Lemma 18.
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suitable a>arlLUb. The proof may be completed by an easy induction on n
of Definition 1

From Lemma 16 it is also clear that the weakly modular lattices gener-
alize the modularity in another way than the semi modularity. We remark
that by the Corollary 2 of Lemma 6 all simple lattices are also weakly
modular.

An important property of weakly modular lattices is proved in

Lemma 17. Let L be a weakly modular lattice and O a congruence rela-
tion on L. Define xe~y (®W*) if and only if in the interval [xny, xu y] every
congruence class under O consists of a single element. Then 0* is a con-
gruence relation, furthermore 0* is the pseudo-complement® of 0 in O (L).

Proof. Owing to the definition of 0*, it is reflexive and satisfies the
condition (b) of Lemma 4. Let u>v>w,u= v (©*) and v= w (0*) and
let us suppose that for some u~x>ylllun we have x=y (0). Since
x=y (0,,,u from Lemma 5 it follows the existence of xr,yx such that
XN xx>yx*y and either Ufv—*xl,y1lor vtw—=x,,y1L From the weak modu-
larity it results that xu yx—»iffW* for some v=w>wx" w or xfy —ut,vl
for some u LLux> vxLLv. But x = y (0) implies vx= wx (0) or ux= wx (0),
in contradiction to v= w (0*) orto u= v (0*). The cases u= v and v=w
are trivial. Finally, we prove that x*y and x =y (0%*) imply x nt=y nt (0%*).
Indeed, if x\]Jt= y\it (0*) is not true, then u=v (0) is valid for some
x\j t*u >v”*y \jt. From the weak modularity it follows that ufv —,,yx
for some xLUxr>yx"y, thatis, x =y (0*) is false. Thus we have proved
the validity of the conditions (a)—(d) of Lemma 4, and so O* is a con-
gruence relation. The last assertion of the lemma is clear.

Corollary. Any separable congruence relation of a weakly modular lat-
tice has a complement, that is, 0 (L) = 0 :(L).

Proof. Let O be separable; we assert that the congruence relation 0*
of Lemma 17 is the complement of 0. Indeed, if awb (a,bEL), then let
a= z0= £1= ---iS2., = b be a chain which separates a and b modulo 0. If
2T Zi-i (0), then by the definition of 0* it follows z,= zIH (0*), whence
a b (0wn0"), completing the proof of Ou0’= i

Now we proceed to problem 72 of G. Birkhotff (see [2], p. 153):

Find necessary and sufficient conditions on a lattice L that its con-
gruence relations should form a Boolean algebra.

10 Let L be a lattice with 0. The element a* is called the pseudo-complement of a
if xfla = 0 is equivalent to i S a*.

11*
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First T. Tanaka [18] gave an answer to this question.I7 He got the
following interesting theorem which is a generalization of a theorem of R. P.
Dilworth [3]:

The congruence relations of the lattice L form a Boolean algebra if and
only if L is a discrete subdirect product of simple lattices. (Discrete sub-
direct product is a subdirect product in which any two elements differ only
in a finite number of components.)

The theorem of T. Tanaka may be considered as the structure theorem
of lattices L for which 0(Z.) is a Boolean algebra. However, in some
respects the following theorem is more applicable to interesting special
cases:

Theorem 11. The congruence relations of the lattice L form a Boolean
algebra if and only if

(W) L is weakly modular
and
(S) all congruence relations on L are separable.

Proof.

The necessity of the conditions. Let us suppose that O(L) is a Boolean
algebra for the lattice L. Then by Lemma 15 all congruence relations are
separable, hence (S) is necessary.

Let us suppose that a, b->-c, d (a> b, c=(=d). 0 cdhas a complement, let
us denote it by ®. Now, a”b (Ocgd\j ®), but in case a*b (®P), it follows
that c= d (®) which is impossible, so a6 (P). Thus Lemma 5 implies
that for some a”ax>b b the relation ap”bx(0,., d holds. By Lemma 6
this implies that for some (1" a 2>062= 61, ¢c,d—a2b2 is valid, thus in case
O(L) is complemented, (W) holds.

The sufficiency of the conditions. By (W), 02(L)= 0,(1), as it was
proved in the Corollary of Lemma 17. Condition (S) is equivalent to O(L) =
= 09Z), thus O(L) = 0.(L), as we wished to prove.

We get from Theorem 11 a lot of Corollaries.

Corollary 1 The lattice of all congruence relations of a
(a) modular, or

7 The result of +. +...ca remains valid in abstract algebras, too, this explains that
for lattices one can get sharper results. We note that while the result of +. t.nava de-
pends on the Axiom of Choice, our result does not use it.
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(b) relatively complementedB
lattice is a Boolean algebra if and only if the condition (S) holds.

It follows from Theorem 11 and from Lemma 16.
In case the distributivity of L is assumed, we can get further improve-
ments.

Corollary 2 (Theorem of J. Hashimoto [14]). The lattice of all con-
gruence relations of a distributive lattice L is a Boolean algebra if and only
if L is discrete.

Proof. By Corollary 1 it is enough to prove that in distributive lattices
(S) is equivalent to the discreteness of L. Indeed, if L is discrete, then by
Lemma 11 (S) holds. On the other hand, if L is not discrete, then by the
usual method of bisection of intervals we get a sequence of elements re-
quired in Lemma 13, so that, by this lemma it follows the existence of a
nonseparable congruence relation, that is, condition (S) is false.

In case of modular complemented lattices, Shih-chiang Wang got a
condition for the complementedness of O(L).

Corollary 3 (Theorem of Shih-chiang Wang [20]). The lattice of all
congruence relations of a complemented modular lattice is a Boolean algebra
if and only if all neutral ideals are principal.

Proof. By a theorem of G. Birkhoff, every congruence relation of a
complemented modular lattice is a minimal congruence relation of a neutral
ideal. By Lemma 12, the minimal congruence relation of a neutral ideal is
separable if and only if the ideal is principal, and so Corollary 3 follows.

It is surprising that Corollary 3 which seems to be true only in comple-
mented modular lattices remains true after omitting the condition of modu-
larity, provided that we replace neutral ideals by standard® ones. In [8] we
proved that every congruence relation of a relatively complemented lattice
with 0 and 1 is a minimal congruence relation of a standard ideal, thus the
proof of Corollary 3 may be applied to establish

18 The results of this section were published in [7] in 1957. At the same time,
J. Hashimoto published in [13] the following result: If in L the restricted chain condition
holds (that is, in every (closed) interval of L the maximum or the minimum condition
holds) and L is relatively complemented, then O(L) is a Boolean algebra. Indeed, the
restricted chain condition is a special case of semi-discreteness, further, on any semi-
discrete lattice all congruence relations are separable (Lemma 11), thus the assertion follows
from the part (b) of Corollary 1

19 For a direct proof of Corollary 2 see our paper [12].

2 We have introduced the notion of standard ideals in [8. Among the more than
seven equivalent definitions now we formulate only the following two: (a) the ideal 1 is
called standard if for any ideals J, K of L the relation J f| (LUK) = (/ f{ 1) U(J MK) holds;
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Corollary 4. The lattice of all congruence relations of a relatively
complemented lattice with 0 and 1 is a Boolean algebra if and only if all
standard ideals are principal.

We get other types of Corollaries if we restrict our consideration to
discrete or semi-discrete lattices. In semi-discrete lattices (S) is valid (Lem-
ma 11). We prove that in semi-discrete lattices (W) is equivalent to

(J) weak projectivity between prime intervals is symmetric.

(The interval [a, b\ is called prime if b covers a.) Indeed, if (W) holds
and b covers a, d covers ¢, a,b—c,d, then for some b”b, > (Iiés,
c, d —maLbx is valid, but from the covering relations we infer b= br and
a= aly hence (J) is valid. On the other hand, assume the validity of (J),
and let a,b-+c,d, a<bh. Let a= xO<xx<mw< xn= b be a finite maximal

n
chain between aand b. Then c= d (njjl so that by Lemmas 4 and 5,

for some cnd”cl~<dl”c\jd and for some /, Xi-i, x,—=¢, dx is valid. But
then by (J) cr, dl—Xi, Xi-i and the assertion follows. Thus we have

Corollary 5. The lattice of all congruence relations of a semi-discrete
lattice is a Boolean algebra if and only if the relation of weak projectivity
between prime intervals is symmetric.

Corollary 5 in case of discrete lattices was firstly proved by J. Jakubik[15].
We shall weaken the conditions of Corollary 5 in the following section.

§ 3. Special properties of C)L)

If we can construct from the lattice L a new lattice, then it is always
interesting to characterize those lattices for which the new lattice has some
special properties. So, for instance, the characterization of those lattices for
which O(L) is a Boolean algebra was the content of § 2. Now we consider
further problems of this kind.

(b) the ideal / is said to be standard if x = y under ©[/j if and only if (x{\y)\Jt = x[}y
for some t£1. From (a) it is clear that the notion of standard ideals is a generalization
of the neutral ideals; from (b) we see that the proof of Lemma 12 for standard ideals
remains valid.

In [8] we have proved Corollary 4 in another way. We can sharpen Corollary 4,
for in [8] we have proved that in a weakly modular lattice all standard elements are neutral
and in a relatively complemented lattice all ideals which are congruence classes under
some congruence relation are standard, thus we get: the lattice of all congruence relations
of a relatively complemented lattice with 0 and 1is a Boolean algebra if and only if every
ideal which is a congruence class under some congruence relation is a principal ideal.
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We know that in O(L) the infinite distributive law

(ID) on vex= V(® no,,)
holds, but, as it was pointed out by N. Funayama and T. Nakayama [5],
the dual law

(DID) OmA0a = n(0n0,,)
does not hold in general. Let us consider the lattices in which (DID) does
hold. First we prove

Lemma 18. Let O be a separable congruence relation of L Then for
any subset A of O{L)

Oun A= A (0u0a)
is valid.

Proof. Since 0 nAO«= A(© n 0«) is true in any complete lattice, it
is enough to verify that 0 UAC«= A©O©uNG&H. Let x=y (A(0 UO0«));
since O is separable, there exists a chain xwny= = x Ny
separating x ny and xny modulo®©. If r;¢pr,-1 (0) for some i, then from
Zi-i=Zi (A(0 u0«)) we get 4= Zi-i (A©«)- Thus for every i either Zi= z(-1 (0)
or 2;= 2l (AC)> that is>x= Y (0 UAO®«), which we intended to prove.

Corollary. If all congruence relations on L are separable, then (DID)
holds unrestrictedly.

Lemma 18 or its Corollary may not be conversed, as it will be shown
in 84 by a counterexample (example (C)).

Now we characterize the distributive lattices L such that in ©(/,)
(DID) holds.

Theorem 12. In the lattice of all congruence relations of a distributive
lattice (DID) holds unrestrictedly if and only if L is discrete}l

Proof. If L is discrete, then all congruence relations on L are separable
by Lemma 11, thus, by the Corollary of Lemma 18, (DID) holds in O(L).
On the other hand, assume that (DID) holds in O{L). Let O£0(L).
then 0 = a—VG( &a,- By condition (d) of Theorem 2 any 0ab has a com-

plement 0'gb- Put ® = A ®0O,b, then by (ID)

o=b (o)
0 no==VO.'"bn(ACGab)= \I(0a,bn AC4,b)= V(®4,b nCab)= Mo = o),
hence 0n® = oo, and from (DID)
Ond= V0,6unod)= N(OM UY@a,»)en(©M ulab= |,

21 A simple proof of Theorem 12 was published in our paper [12].
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(the O and V are extended to all a, b with a= b (0) in all above formulae),
thus ©U ®—, that is, ® is the complement of©. Thus ©(L) is a Boolean
algebra, hence from Corollary 2 of Theorem 11 L is discrete and the theorem

follows. «

Now we consider a question related to problem 67 of G. Birkhoff [2].

Let P be the set of all prime intervals of the lattice L; the elements
of P are denoted by p,qg. If p= [a b] and q= [c,d], furthermore a,b—*c,d,
then we write p-+qg. The elements of P under the relation — are quasi-
ordered, thus if we identify those p,q for which p—*q and q-+p simul-
taneously, then we get a partially ordered set which will be denoted also
by P. Now we are seeking for a condition under which 0 (L )"2 F (2 denotes
the lattice of two elements. The definition of 2P may be found in [2], p. 8.)

Lemma 19. For any lattice L, 2! is a complete homomorphic image of
o(L).

Proof. We say that the congruence relation O collapses the prime
interval p, if p—[a, bl and a= b (©). Wecall a subset A of Ps-ideal, if
p£A and p-*q imply gEA. We assert that every s-idealmay beregarded
as the set of all prime intervals collapsed by some congruence relation.
Indeed, if © is a congruence relation, then the set of all collapsed prime

intervals A form an s-ideal, for if p£A and p —*q, then q is alsocollapsed
by 0. On the other hand, let A be ans-ideal of P, and letus define
0= V ©ab. Under © the prime intervals of A are collapsed, further-

more if g is collapsed by 0, then g= [a,bJ, a b (©), thus, by Lemmas 4
and 5, p->-gq for some p£A, hence g£A.

In a similar way we get that if under ® and © the collapsed prime
intervals are Ap and Ae, respectively, then under ©n ® and 0n ® the col-
lapsed prime intervals are A®un AO© and 4<z>nd®, where u and n denote the
set theoretical meet and join. Thus the set B of all s-ideals of P, partially
ordered under set-inclusion is a homomorphic, moreover, a complete homo-
morphic image of ©(Z.) (naturally the void set is also regarded as an s-ideal).
It is evident that B is isomorphic to 2P, completing the proof of Lemma 19.

A trivial condition concerning the problem under discussion follows
from Lemma 19.

Theorem 13. The isomorphism &(L) ~ 2P holds if and only if to any
pair 0 > ® (©, ® £©(/.)) there exists some p£P collapsed by 0 but not by ®.

Proof. Since 2P is a homomorphic image of 0O(L), the condition of
Theorem 13 is necessary and sufficient in order that this homomorphism may be
an isomorphism. Q. e. d.
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As a trivial consequence of Theorem 13 we get immediately a sharpened
form of a theorem of J. Jakubik [15] (he restricts himself to discrete lattices;
in 8 4 we prove by examples that the following Corollary is more sharpen
than Jakubik’s theorem):

Corollary \. If L is a semi-discrete lattice, then O(L) ~ 2"
Instead of proving it we shall verify a more general assertion.

Corollary 2. Let L be a weakly atomic lattice with separable congru-
ence relations. Then & (L)"2P

Proof. It is enough to prove that if 0 > ®, then there exists a prime
interval p which is collapsed by 0 but not by ®. As a matter of fact, there
exists a pair of elements a, b with a>b, a= b (0) and a6 (P), and
there exists a chain which separates aand b modulo ®; let a= z0"---~ zn=Db
be this chain. Choose an index i for which Zi*Zi-i (®). Then no subinter-
val of [Zi,Zi-1] is congruent under ®. By weak atomicity there is a prime
interval p in [zi,Zi-1]; thus p is not collapsed by @ but is collapsed by O,
completing the proof.

Theorem 13 and Corollary 2 may be regarded as a general solution of
Q. Birkhoff’s problem 67.

From Corollary 1 one can deduce Corollary 5 of Theorem 11 using
only the fact that 2P is a Boolean algebra if and only if P is unordered.2
Thus from Corollary 2 of Theorem 13 we get a generalization of Corollary
5 of Theorem 11:

Let L be a weakly atomic lattice with separable congruence relations.
O(L) is a Boolean algebra if and only if weak projectivity is a symmetric
relation among its prime intervals.

8 4. Counterexamples

Now we construct some counterexamples to questions raised in Part Ill.

A There is a lattice having a congruence relation 0 and a maximal
chain C such that O induces on C an infinity of congruence classes
of more than one element.

2 Let us prove that 2r is a Boolean algebra if and only if P is unordered. Indeed, if
P is unordered and / £2P, i.e. / is an isotone function from P to 2, then define g by
g-(@= 0iff(a) land g(a)~1I if/(a)= 0. Obviously, g is the complement of / in 2P.
On the other hand, if x,y£P and x>y, then consider the function / for which /(x)=1,
f(y) = 0. If g is the complement of /, then max(/(a),g(a)) - 1 for all a £ P, that is,
gy) = 1, min (f(a),g(a)) = 0 for all a £ P, whence g(x)—0, g is not isotone, a cont-
radiction.
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Exampie. Let P be the chain of all non-positive integers together with
— 00, with the natural ordering. In the cardinal product of P with itself let
us consider the congruence relation 0 = ©icou-mo and a maximal chain C
which consists of all elements of type (x, x). By the Corollary of Lemma 15
0 is separable, yet on the chain C it induces an infinity of congruence
classes with more than one element.

(B) There exists a lattice L on which there is a non-separable congruence
relation O with the property that any a, b (a LLb) may be connected by a
maximal chain on which there is but a finite number of congruence classes
of more than one element.

Example. Let P be the chain of all nocre)-negative integers and let L be
the lattice P P bounded with /, and 0 = ile(Z,o)(Z;H,q'. By Lemma 13, 0

is non-separable. Let a>h. We may suppose a= 1 unless [b,¢] is finite.
If a= I, then a chain with the required properties is formed by the elements
(bu x), where b (b,,b2 and x runs over the numbers blb.i-\-\\b.1-\-2,

It is of some interest that examples (A) and (B) could be constructed
among distributive lattices.

(C) There is a lattice L with the property that in O(L), although the
dual infinite distributive law unrestrictedly holds, yet there are non-separable
congruence relations.

Exampie. Let P be again the set of all non-negative integers and let
L consist of P and of three new elements /, x,y. L will be a lattice if the
partial ordering of P remains the usual and the following relations hold:
XU/=yU (= XUy= XU/= Yul/ /,
xni—yMN/=/n0=0 for all i£P.
Let us have a look over the congruence relations of this lattice L. It is easy
to wverify that I=1i and /= 0 (/=)=0) hold only under :. This implies that
with the exception of t all congruence relations of L are those of P, in the sense
that the congruence relations of P are extended to congruence relations of L
such that the congruence classes outside P consist of one element only.
In O(P) the law (DID) is satisfied as we proved it in Theorem 12, thus a
trivial calculation shows its validity in O(L) too. Yet in O(L) there are non-
separable congruence relations, for instance, let x=1y (0) if and only if
x= 2/+ 1and y 2i (i is arbitrary, /'$ P, /4=0), then one cannot separate
e.g. land /
Naturally, all counterexamples of type (C) are non-distributive, for if
L were distributive, then by Theorem 12 it would follow that L is discrete,
hence by Lemma 11 all congruence relations on L are separable.
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(D) There is a semi-discrete but not discrete lattice L, with the pro-
perty that O(L) is a Boolean algebra.3

Example. Let L be the set of all non-negative integers. We partially
order L by putting
2/—1<2/<0, i
2/-K2/+1 1 (i=1,2,...).
Then L is a lattice which is obviously non-discrete but semi-discrete, fur-
thermore L is simple, that is, it has all the required properties.
(E) There is a weakly atomic, not semi-discrete lattice L with separable
congruence relations such that O(L) is a Boolean algebra.2

Example. Let L be the lattice of all partitions of an infinite set. Then
L is a simple, weakly atomic lattice (for the proof we refer to O. Ore [17]),
thus it satisfies the required properties.

IV. BOOLEAN RING OPERATIONS ON DISTRIBUTIVE LATTICES

8 1. A characterization of relatively complemented distributive
lattices

In this section we prove a theorem which enables us to prove the
main theorem of this part without complicated computations.

Let
and f’i{’U\,..., Uti,Xi-,...,xm)4 (/:1’2,.”’*)
VA& | #me>Lh>Xi, ..., xm)
be lattice-polynomials with the variables Xj.
Theorem 14. In a relatively complemented lattice L the system of equations
(38) = (i=1,2,...,Ar)
has a solution for any

u=au..., u,= G, (G,-€ 1,2,..., 1)
if and only if (38) has a solution in 2 for any
ur= bu ...,un= h, (bjE2;j=\,2,...,n).

We remark that if m 0 (that is the set of unknowns is void), then
(38) is a system of identities, the validity of which is in question.

2 Example (D) shows that Corollary 5 of Theorem 11 is applicable to more lattices
than the original theorem of J. Jakubik.

2 (E) shows that the assertion formulated at the end of §3 is actually stronger
than Corollary 5 of Theorem 11
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First we prove

Lemma 20. Let L be a relatively complemented distributive lattice and
X,,..., XnEL. L has a sublattice B,, which is a finite Boolean algebra con-

taining Xi,. . x,, (and O(Bn) LLU4™).5

Proof. The assertion for n— 1 is true. Now we make an induction
on n. Let us suppose that we have already constructed Bai which contains
X, x»-1. Let 0,-i,/n-i be the least and greatest elements of BnH,
respectively. Let us consider in the interval [0,,-i, u, U/n+i] the relative com-
plement Ih-] of In1 and let A, and A2 be sublattices of L consisting of
On-i, I'i and Xx,,ul/,,.i,X,,, respectively. Let Bn= (Bn-i A) o A» where o de-
notes the cardinal product, but if Bnis regarded as a sublattice of L, then the
embedding B,, in L is effected by (xj)->xny Obviously, Bnis a finite
Boolean algebra and xIt. . X,6Bn. The calculation on the number of the
elements of Bn is very easy by the construction.

Now we prove Theorem 14.

The necessity of the condition. Consider a finite Boolean algebra Bmm
containing the elements x,,...,xm; (38) is solvable in Brm thus
it is solvable in 2 too. Any choice of &; may be regarded as a homomorphic
image of a suitable chosen a,.

The sufficiency of the condition. Let us suppose that (38) may be
solved for some x;= b, in 2. Then (38) is solvable in all finite Boolean algeb-
ras, for (38) is solvable componentwise. Let B,, be a finite Boolean algebra
containing o],...,a,,. (38) is solvable in Bn, thus it is solvable in L too.

From Theorem 14 we get easily a theorem which characterizes the
relatively complemented distributive lattices.

Theorem 15. The solvability of (38) in L is equivalent to the solva-
bility in 2 if and only if L is relatively complemented and distributive.

Proof. The case “if” was proved in Theorem 14. Now prove the
“only if”. The identity
andrlk)= (awnb)n(awuc)
holds in 2, thus it must hold in L, that is, L is distributive. Furthermore,

the equation system
(amb)ux = awnbuc,

(@mb)nx= a
is solvable in 2, thus it must be solvable in L too, hence L is relatively
complemented, g. e. d.

5 The number of the elements of the finite lattice L is indicated by O(L).
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8 2. Boolean ring operations

In Corollary of Theorem 3 we have shown that among distributive
lattices just the relatively complemented ones have the property that every
congruence relation is determined by any congruence class of it. It is well
known that the rings have the same property. We prove that this connection
between the rings and relatively complemented distributive lattices is not
accidental. We shall see that any relatively complemented distributive lattice
may be regarded as a Boolean ring, hence the validity of the above state-
ment becomes very natural.

Definition 5 Let A be a set of equations on the distributive lattice L,
containing a finite number of equations, parameters and the unknowns X,y
and z. If A has a unique solution with respect to z for any fixed values of x
and y in any homomorphic image of L, then we write z = x-\-y. If the oper-
ation + satisfies the group axioms, then we speak of a group operation
defined on the lattice L. If, furthermore, in a similar way (that is, with an
equation system, having unique solution in any homomorphic image of L)
there is defined another operation denoted by ¢ such that + and e satisfy
the ring axioms, then we speak of a ring operation defined on the lattice z.%

Theorem 16. On the distributive lattice L one may define a Boolean
ring operation if and only if L is relatively complemented.ZZ All Boolean ring
operations may be defined in the following way:

Let a be afixed element of L. Let x-y be equal to (xna) n (x ny) M@ny)
and let x + y be the relative complement of x-y in the interval [anxnp, tfuxuy].

Proof. First we prove that the operations defined in the Theorem are
ring operations. Applying Theorem 14 we get that it suffices to prove in
case of the lattice 2.

In the lattice 2 the above operations may be given by the following
tables:

+ 01 01
0=0 0 01 0 00
1 10 1 01

2% The conditions of Definition 5 are satisfied if we define -f and < only with
the operations: join, meet, and taking the relative complement of an element in an interval.

27 One can easily show that if we restrict ourselves to that special case in Defini-
tion 5 in which the equations of A contain x and y only in the form x Uy and x My, then
the existence of a ring operation characterizes not only the relative complementedness of
a distributive lattice, but even the distributivity of the lattice. It immediately follows from
the fact that with the above definition -f- is ambiguous in the lattices S and T.
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Thus it is clear that we get Boolean ring operations. The case a= 1 is the
dual of the above.

Now we prove that in a relatively complemented distributive lattice one
cannot define other Boolean ring operations. First we prove this for finite
lattices. If the lattice considered is 2. then the assertion s trivial, there is
only two types of Boolean ring operations. Let us consider the Boolean
algebra Bn= 2”. A system of equations is uniquely solvable in a lattice
which is a cardinal product of lattices if and only if the same is true
in all of its cardinal-components. Thus the Boolean ring operations in Bn
are in a one-to-one correspondence with the Boolean ring operations of the
n components. In all of its components two operations may be defined, thus
in Bn the number of different operations is 2" (these are all different from
each other, for the zero elements are unequal). On the other hand, the con-
struction in the Theorem gives also ZMdifferent operations, for a may be
chosen in 2n different ways and these are also different from each other,
for the zeros of the rings (a) are unequal. Thus the definition of Theorem 16
exhausts all the Boolean ring operations in the finite case.

Now, let us turn to the general case. Let X,y and u,v be two pairs of
elements of L, and Bxy, Bu v will denote the finite Boolean algebras containing
X,y resp. u,v and the parameters of the operations. B¢y and B,,r,,are finite,
thus they have elements a and b which characterize the operations in Bxy and
in Bu,yv, respectively. We get a contradiction from a=\=b, and this will com-
plete the proof of the statement according to which all Boolean ring oper-
ations may be defined in the way described in the Theorem. Indeed,
if ajpb, then consider an element s common to BXv and to Bu,v. Now,
s+ s= 0 considered in Bxy and s+ s= b in B,, «, thus necessarily a= h.

We shall use the following note: if L is a distributive lattice and
xit..., xn€L, then there exists a finite sublattice L,, of L, containing
X, x.. Indeed, by an obvious induction (n= 1 is trivial) if Ln\ is
already constructed such that Xj,..., X,,-ifELni, then let Ln consist of Lni,
from x, and from the elements of the form x,nwu and x,nun where u runs
over the elements of Ln-1.

At last we prove that if on the distributive lattice L one may define a
Boolean ring operation, then L is relatively complemented. Let Lx,,, be afinite
sublattice of L which contains x,y and all the parameters. Lxy is a subdirect
product of replicas of 2 and in 2 the operations are defined as in the
Theorem, thus in Lxy the operations are defined by the definition of our
Theorem too. From the fact that Lx,y is closed under the operations -f and -,
it follows the relative complementedness of Lxy and in the same way the
relative complementedness of L, g. e. d.

(Received 2 January 1958)
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UBER DIE METRISCHE THEORIE DER DIOPHANTISCHEN
APPROXIMATION
Von

P. SZUSZ (Budapest)
{Vorgelegt von P. Turan)

Khintchine [ bewies den folgenden

Satz 1. Es sei f(x) eine positive, monoton abnehmende Funktion des
Argumentes x. Dann hat die Ungleichungl

(1) IM K »

fur fast alle reellen a (d. h. fur alle a, hochstens bis auf eine Menge vom
Lebesgueschen Mal? Null) héchstens endlich viele oder unendlich viele Ldsungen
mit natrlichem x, je nachdem die Reihe k—‘i i konvergiert oder divergiert.

Ist a eine beliebige Irrationalzahl, so kann nach einem klassischen Satz
von Hurwitz die Ungleichung

@) i *n

unendlich oft mit nattrlichem st erfillt werden und die Konstante 5~12 [43t
sich im allgemeinen durch keine Kkleinere ersetzen. Nach Khintchine [4] ist
(2) auch dann mit naturlichem x unendlich oft erfullbar, wenn man in (2)
|[ax]| durch ||«jc—/?|| ersetzt, wobei B eine beliebige reelle Zahl bedeutet.

Es erhebt sich die Frage, was sich ber die Ungleichung

(3) Wax-B\\<£Q

aussagen 1&Rt, wenn man eine Nullmenge in a aufler Acht I&8t. Der Ver-
gleich des Hurwitzschen Satzes uber die Ungleichung (2) mit dem Khintchi-
neschen Analogon im inhomogenen Falle, d. h. mit dem Satz ber die Los-

barkeit von K<je—/?||<-pr- mit natdrlichem x legt die Vermutung nahe, daR
Jbx

die Behauptung des Khintchineschen Satzes 1 giltig bleibt, wenn man statt
(1) die Ungleichung (3) betrachtet.

1 lleeell bedeutet den Abstand der zwischen den Strichen stehenden Zahl von der
néchstbenachbarten ganzen Zahl.2

12 Acta Mathcmatica IX/1—2
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Es ist mir gelungen, den Khintchineschen Beweis des Satzes 1 so zu
modifizieren, dal er auch die Bestdtigung der obigen Vermutung ergibt.
AuRerdem zeige ich, dafl sich im allgemeinen nichts aussprechen l&Rt, wenn
man in (3) a festlegt und nach einer fir fast alle B gultigen Behauptung
fragt. Es werden genauer die folgenden beiden Sétze bewiesen:

Satz 2. Es sei f(x) eine monoton abnehmende Funktion. Ist dann 3 eine
beliebige reelle Zahl, so hat die Ungleichung (3) fir fast alle a unendlich viele
oder hochstens endlich viele Lésungen mit natiirlichem x, je nachdem die
Reihe V fsz divergiert oder konvergiert.

Satz 3. Ist g(x) eine mit x —»< beliebig langsam gegen Null strebende
Funktion, so existiert ein a derart, dafl die Ungleichung

(4) llax_"[|<£M

far fast alle B hochstens endlich viele Losungen hat, d h. es gilt fur fast alle

R \ax—/ W o) flr jedes ganze geniigend groflRe x.

Bevor ich zum Beweis dieser Sétze Ubergehe, mache ich einige Bemer-
kungen.

1. Frau Vera T. Sés verdanke ich die Bemerkung, daR die Behauptung
des Satzes 3 nicht mehr gultig bleibt, wenn unendlich oft g(x) > c ist, wobei
c eine beliebig kleine positive Konstante bedeutet

2. Satz 2 ist im gewissen Sinne scharfer als ein Satz von Cassels [7],
S. 121. Dort wird der entsprechende Satz, allerdings auch fur den mehr-
dimensionalen Fall nicht bei gegebenem [ fur fast alle a, sondern fir fast
alle Zahlenpaare (a, ) (d. h. fir alle Zahlenpaare (a,s) hochstens bis auf
eine zweidimensionale Nuilmenge) bewiesen. In diesem Falle braucht ber
die Monotonie von f{x) nichts vorausgesetzt zu werden. In unserem Satz 2
laRt sich die Forderung der Monotonie von f(x) nicht ohne weiteres weg-
lassen; sonst lassen sich Gegenbeispiele angeben.

3. Es erhebt sich die Frage, ob die zu Satz 2 analoge Behauptung
nicht auch im mehrdimensionalen Falle gilt, &hnlich zum homogenen Fall
(vgl. Knintchine [3]). Bisher ist mir nicht gelungen, diese Frage zu beant-
worten. Ich hoffe, auf diese in einer spéteren Arbeit zurickkommen zu kdnnen.

Im § 1 gebe ich eine Zusammenstellung derjenigen Bezeichnungen, die

durchweg gebraucht werden, 8§ 2 enthélt den Beweis des Satzes 2, 8 3 den
des Satzes 3.
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§1

In dieser Arbeit bezeichnen a und [ stets reelle Zahlen. Ohne Be-
schrankung der Allgemeinheit kann 0<a<|1, 0”~/?<1 vorausgesetzt wer-
den. Ferner wird a als irrational angenommen. Es bezeichnen ago2 ... die
Teilnenner der regelméRigen Kettenbruchentwicklung der Zahl a:

(1.1) «= [0;6L 62 ...].
Es seien ﬁ: die Naherungsbriiche von a, schon in irreduzibler Gestallt geschrie-
ben, d. h.

(12 [0;0, & ....an—j*, (AnB«)=1 (n=1,2,...).
Es wird

(1.3) Bna—An= Dn (n=1,2,...)

gesetzt. Bekanntlich gilt

(14) b BnC§1+I J})Bn-l ’

wobei

Gr—[on, O4tH, ... ] n—12,..).
Wegen Gn> Qm ist
1
(1.5) IDm|<tth
Ist r eine reelle Zahl, so bezeichnet [r] bzw. (r) den ganzen bzw. Bruch-
teil von z. Es ist also
(1.6) z=1[Z]T (z), Os(z)< 1
Ferner bedeutet, wie bereits erwdhnt, ||z|| den Abstand der reellen Zahl z
von der néchstbenachbarten ganzen Zahl, es ist also

(1.7) lzll = min((z), (1—(2))).
1st E eine Lebesgue-meRRbare Teilmenge des Intervalles (0, 1), so bedeutet
(1.8) fi(E)

das Lebesguesche Mal3 von E.

8§ 2. Beweis des Satzes 2

Der Beweis des Satzes 2 verlauft parallel zum Khintchineschen Beweis
des Satzes 1. Damit der einzige, aber sehr wesentliche Unterschied zwischen
den beiden Beweisen hervorgehoben werden kann, mochte ich zun&chst in

2 Vgl Perron [6], S. 33, Formel (3).

12*
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grofen Zlgen den Khintchineschen Beweis des Satzes 1 wiedergeben. Es sei

also zunachst R=0.
(!

Der Fall der Konvergenz von Yy ’ kann im Falle =0 und auch im

K

inhomogenen Falle auf triviale Weise erledigt werden. Die Durchfiihrung dieser
Uberlegung soll unterbleiben. (Vgl. z. B. Knintchine [2], S. 75.) Im folgenden
ird angenommen, dal} /(*)- ist.
wird-ang e
Der Khintchinesche Beweis von Satz 1 beruht auf folgenden drei Hilfs-
satzen:

Hitfssatz 1 (F. Bernstein [B]). Ist c:,c>,... eine Folge positiver Zahlen

00

mit c= oc, so gilt fur fast alle a fur unendlich viele n
onH > qH
1 1

oder, was wegen \\B,,a\\ = BUBi -FBN-1  avu/Fi

dasselbe besagt,

2.1 1A, «|]<."-.3

Hier hat &j,az,... bzw. R,,Bit... die Bedeutung (1.1) bzw. (1.2). Ist
dagegen Ezf k< », so gilt (2. 1) fur fast alle a fir hoéchstens endlich viele n.

Hilfssatz 2 (Khintchine [1]). ES existieit eine numerische Konstante
A derart, daB flr fast alle a bis auf endlich viele n die Relation

2. 2) B, <eA’

gilt.
AuRer diesen beiden Hilfssatzen bendtigen wir noch den folgenden, fast
trivialen

Hilfssatz 3.4 Ist f(x) eine monoton abnehmende Funktion und ru r2 ...
eine monoton streng zunehmende Folge natirlicher Zahlen mit "~ Kn, wobei

3 Wegen der spateren Anwendung missen wir voraussetzen, daR qg,,c2 ... eine mono-
ton abnehmende Folge ist.

4 Knintchine [1] benutzt statt Hilfssatz 3 einen nur formell veschiedenen Hilfssatz, in
dem statt der Reihe A das Integral II dx auftritt. Hilfssatz 3 besagt im Wesent-
n X

liehen dasselbe und scheint mir anschaulicher zu sein.



UBER DIE METRISCHE THEORIE DER DIOPHANTISCHEN APPROXIMATION 181

K eine beliebige natiirliche Konstante = 2 bea’eutet so folgt aus der Diver-

genz der Reihe Zf (k) die Divergenz der Reihe > f(r,)

Der ganz einfache BEWEIS: Es gilt wegen der Monotonie von f(x) und
wegen 1, = K"

x f(n) > 2. éZf(K

n=kN n I’Z‘V n=KJ

(K™ —K) —

=1 g;f(K’) = (K—l)gf(r;).

Aus ﬁj%n) oo folgt also > f(r,,)_ 0o,

n=

Nun kann der Khmtchmesche Satz 1 aus den Hilfssdatzen 1—3 folgen-
dermafien gefolgert werden:

Es sei K eine natiirliche Zahl, die grofier ist als das A des Hilfssatzes
2. Beschranken wir uns auf die Zahlen ¢ mit

Bk,

falls n geniigend groB ist, so bilden die aufier Acht gelassenen « eine Null-
menge. Man setze nun
(2.3) fi(x) =f(K") fir K"'<x=K" (n=1,2,...).

Dann ist natiirlich fiir alle «, die nicht derjenigen Nullmenge angehoren, fiir
deren Elemente bei unendlich vielen n B, > K" ist,

(2.4) f(B.) = fi(B.),

falls n geniigend grob ist. Gehort e nicht der obenerwahnten Nul]menge an,

so folgt wegen Hilfssatz 3 aus 2, f‘(n) oo die Relation Zﬁ B)=o;
die Ungleichung ||B,la||<f’(B") ff") ist also wegen Hilfssatz 1 fiir fast

alle « unendlich oft l6sbar, und damit ist auch die nichttriviale Behauptung
des Khintchineschen Satzes bewiesen.

«©

2 f(")

n=1

Will man den Beweis der Aussage im Falle = oo “des

Khintchineschen Satzes 1 auf den inhomogenen Fall ﬁbertragen, so stellt man
zundchst die Frage, wo die Voraussetzung, daf es sich um ||ex|| und nicht
um |l ex—g|| (8 beliebig reell) handelt, ausgenutzt war. Man erkennt leicht,
daff dies nur bei Hilfssatz 1 der Fall war. Der Khintchinesche Beweisgang
146t sich namlich wortlich wiederholen, wenn man zu jedem @ (0<g<1)
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und fir fast alle a eine Folge monoton streng zunehmender nattirlicher Zahlen
Xu Xu,...

angeben kann, die folgendes erfillen:

a) Es existiert eine von a unabh&ngige natiirliche Zahl K, fir die bei
jedem geniigend grofRen n die Ungleichung
(2. 5) xn< K"
gilt.

b) Ist cl(ca, ... eine beliebige monoton abnehmende Folge mit diver-
genter Summe, so gilt

. < —
(2.6) Naxn—B1 < —

bei unendlich vielen n.

Nun versuche ich, fiir fast jedes a eine Zahlenfolge xyx<,,... zu kon-
struieren, die (2.5) und (2. 6) erflllt. Habe ich dies erzielt, so bin ich nach
dem Gesagten mit dem Beweis des Satzes 2 fertig.

Hilfssa% 4. Ist c, c2 ... eine monoton abnehmende Folge positiver

Zahlen mit AE k= °° und B eine beliebige Zahl mit 0 << 1, so gibt es

K
fir fast alle a eine Zahlenfolge xItx2,. . fir die
(2.7) 2Bn"x,,<3Bn
und bei unendlich vielen n
(2.8) Waxn-B\\< €f-

gilt. (Fur die Bedeutung der Bns. (1.2).)

Aus (2. 7) folgt wegen (2. 2) die Relation (2.5) mit einer geeigneten
natlrlichen, von a unabhéngigen Zahl K. (2.8) ist wegen (2.7) gleich-
bedeutend mit (2.6), die Folge cnc2 ... wird dabei geéndert, genligt aber
ebenfalls den Voraussetzungen. Haben wir daher Hilfssatz 4 bewiesen, so ist
der Beweis des Satzes 2 vollendet.

Beweis des Hilfssatzes 4. ES sei R eine gegebene Zahl, die nur der
Beschrankung
(2.9) 0</?<I
unterworfen ist. Ist a eine Irrationalzahl, so gibt es immer eine natirliche
Zahl nO derart, daR

(2.10) Ifh </?<| _m>€]r-1’ falls n~no0

gilt. Bekanntlich 14kt sich fur nOeine von a unabhdngige obere Schranke
angeben. Im folgenden wird stets angenommen, dafl (2. 10) gilt.
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Nehmen wir an, dal? die ersten n Teilnenner von a schon angegeben sind :
(2.11) « =
Bekanntlich sind durch altait. . an die Zahlen A: A2...,An und
Bu B2, ..., Bn vollig bestimmt und die Zahlen a, die (2. 11) geniigen, bilden

ein Intervall o <a A\ﬁli\ oder _én-_\-A,_,_—_|_< a< AN je nachdém n
n

Dr.- Dn-1 D» T On-1 D n

gerade oder ungerade ist. Es ist ferner bekannt5da a eine Darstellung der
Gestalt

(2.12) Ki=AL+ (-}Lt

Dn
zuldlt, wobei 9 eine positive Zahl mit

(2.13) 0< 9< r~"Tr—
ist. Das durch (2. 13) definierte Intervall sei mit $ bezeichnet. Offenbar gilt

— < n{S) < 1 Durchlauft 9 das Intervall 3, so durchlduft a das Intervall

g‘g érr:'l}g?]ll , das wir nach Knlntchine [2] ein Intervall vom Rang n
nennen wollen. Ein Intervall vom Rang n sei mit /, bezeichnet. Falls es
notig ist, die Abhangigkeit von den Zahlen a,,02 ..., &, besonders hervor-
zuheben, so wird
(2.14) l,= 1(61042...,d,,)

gesetzt. Bekanntlich gilt
©
k\~Jll(a,,a2,...,a,,,k) = I(al,a2...... an?® (fc= 1,2,...).

Da bekanntlich (A,,,Bn)— 1 ist, sind die Zahlen XN (x = 2B,,,
ZBnI-\-l,Z-- 355‘\_1)' in irgendeiner Reihenfolge gleich den Zahlen
0, 5-, Bb~,. . 7, wegen (2. 10) existiert daher genau eine nattrliche Zahl
xn (2Bn” x,< 3B,,) und eine naturliche Zahl k, (3~ k,, LLIBBn—3) derart, dal

0N R- _ ,
(/F X = /IS—ZT < ZT’ falls n gerade>

(2. 15)
o~ (f'x"~—B=~ —R<-jj-, falls n ungerade
|St \JLJn ! tjin xJn
Vg| Perron [fl], S. 39.
U bedentet die mengentheoretische Vereinigung, /1 den Durchschnitt.
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Es sei nun Ci,c2, ... die im Hilfssatz 4 auftretende monoton abnehmende
Folge positiver Zahlen mit divergenter Summe. Es bezeichne E(a®, a , , an)
die Menge der Zahlen a £1(au a2, m.., an) fir die

(2. 16)

(Bly
ist, En die Vereinigungsmengeder E(au at,. . a,), falls au a2 . . an von-
einander unabhdngig alle naturlichen Zahlen durchlaufen, ferner bezeichne
mn
(2.17) E:,m= Tl EKk.
k—n

Natdrlich gilt En«= E,,. Es wird gezeigt, daR
(2. 18) n(E:;m< n (i-en~J.7
S

Ist (2. 18) bewiesen, so ist wegen der Monotonie von clfc2 ... und wegen
%:l ck= oc unser Hilfssatz 4 bewiesen, denn das Produkt auf der rechten

Seite von (2. 18) kann durch Wahl geniigend groRer Zahl m beliebig klein
gemacht werden.

Setzt man in (ajt,) statt a den Wert — so erhdlt man mit
Ricksicht auf (2. 10)
(—\n$Xn\  kn , {-\T&Xn
R Bl Bn El
Hieraus folgt wegen (2.15)

2. 19) R— (axn p Kk Exn\
Bn Bn)’
wobei 3 das durch (2. 13) definierte Intervall 3 durchlaufen kann. Wegen
4-<p <1, 2BnlUxn<3Bn
durchlauft («*,) ein Intervall, dessen L&nge nicht kleiner als und nicht
grofer als p- ist. Da - BN <_|:]Jhi8t’ nimmt der Ausdruck (2. 19) auch den

Wert 0 an. Nun bestimme ich diejenigen ih, fir die
(2. 20) [17-(«*,) [ < ™ -

7 Fir die Bedeutung von (...) vgl. (1 8).
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gilt. Wegen (2.19) ist (2. 20) &quivalent mit

a kn I XN <£hH
also
GH < &%~ G
Bn Rf B~
woraus

— (IBnB—knl- QW) <fr<-{\BnB -k n\+ cn)
Xn Xn .

JI8
_..sein muf?,

folgt. Da wegen der Definition von fr jedenfalls 0 < fr < Bn+ Bnt

ist (2. 20) &quivalent mit

max (0,~ (IB,,R—kn|—c,.+)| <
V' xn J
(2.21)
<fr< min I\_,Q,n—;-Dn_—l,:(E{\BnB—A,H C;,+1)}.

Nun zeige ich fur ¢,#i SE(was ohne Beschrankung der Allgemeinheit an-
genommen werden darf)

min -\Pin"%(\BnB'an ckn)
(2.22)

— max |0, (\B nB— kn\—c*+)j = *y--

(2.22) kann folgendermalien eingesehen werden: wegen (2. 15) ist
\BnR—kJ 1 Ist

max 0,y {\BnRB—*,,|-c,,H)j= 0,
SO ist

BnB knl”™ cnii A 2
und folglich auch \Bn3—kn|*i —. Daher gilt wegen der Definition von xn
%(\B,,B—kn\+ crH]) = 4-;
andererseits ist 'bi‘ a Ils 0 ist im Falle \B,,83—kn”c,,+i die linke

Seite der Ungleichung (2. 22) nicht kleiner als -*-c,+b Gilt |B,,R—Ar,,|>CrH,



186 p. szilisz
SOist
BBt & %{\B e -k n\+cm) >§n\5n[3-kn\

R . . .
und %IB,,B— A die linke Seite von (2.22) ist groRer als

~ (\B nB—kn\— (\BnB—kn\-c m)) -- Bnenti> ~
Xn Xn 0

(2. 22) ist also bewiesen. Ich erinnere noch einmal daran, daB 9 das Intervall
cf durchlauft. Jedenfalls ist S-< 1. Damit (2.20) gilt, muB daher aus jedem
Intervall n-ten Ranges (was durch a durchlaufen wird, wenn // das Intervall

cf durchlduft) mindestens der -fache Teil gestrichen werden, wenn wir

nur diejenigen « betrachten, fir die (2. 16) gilt. Daher besagt die Uglei-

chung (2.22), dak g{E(axo0,,..., G,) hochstens das 11—-~j-fache von

fi (I(axait..., an)) ist.8 Da (2.22) unabhéngig von der speziellen Wahl der
alt iz ..., an gultig ist und alle Intervalle n-ten Ranges paarweise fremd sind,
folgt hieraus weiter

(2.23) IMEG= MADAT-EAL<I AL

die Ungleichung (2. 19) ist also fir E*Xm, n= m bewiesen. Wir fiihren nun
eine vollstdndige Induktion bezlglich m durch.

Es ist zweckméfig, anstatt E*<m dhnlich, aber einfacher konstruierte
Mengen Enm zu betrachten, die die Eigenschaft haben, daR stets

(2.24) E;mE nm
ist. Naturlich wird es genugen, (2. 18) mit E anstatt E* zu beweisen.
Es ist Enn = En. Wir bildeten die Durchschnitte

/(61,82 ..., &, AnEn (k= 1,2,...)

und strichen aus diesen die Zahlen a mit (2.20). So erhielten wir EnEntl=
= .+ Durch Fortsetzung dieses Verfahrens erhielten wir £ >m Ersment-
steht dadurch, dal man nicht aus jedem I(ax, a2 . . am1 k) nEnm1 dieZahlen
a mit (2.20) streicht, sondern nur aus jenen I(glfa2, .., ami, k) die Zahlen
mit (2. 20) ausschlieBt, die ganz in Erm1 enthalten sind. Emn ist also gleich
En,n. Enntlerhdlt man so, dal man von denjenigen Intervallen I(au a2 0,,, K),
die ganz in Enn enthalten sind, die Zahlen a mit (2.20) ausschlie3t usw.
(2. 24) ist offenbar erfillt.

8 Fur die Definition von E(au a2, ..., a,) bzw. I(alt a2, ..., a,,) vgl. (2. 14) bzw. (2.16).
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Nun zeige ich (2. 18) mit E,,Mstatt EZm> d. h.

(2.25) fi(E,m< M (1--A— -).

Die Relation (2. 25) ist, wie bereits gesehen, flir m = n richtig. Nehmen wir

an, sie ist bis m bewiesen. Nun ist trivialerweise
()]
(2. 26) Enm gimM @ 62w H).

oamx\ 1

Nun entsteht E.m+2 dadurch, daff man aus samtlichen Intervallen
I(au ..., t\h), die ganz in Enm enthalten sind, die Zahlen a mit (2.20)
streicht und dann von allen Intervallen I(ax..., 6émo), von welchen noch
keine Zahlen ausgeschlossen wurden, die Zahlen a mit (2. 20) ausschlieft.

Es seien au ...,amgegeben und wir betrachten das MaR der Menge

EMr20/(6i, >. ., tm).

Bei jedem AusschlieBen von Zahlen mit (1.9) mul? nach (2.22) ein Intervall
von einer Lange ausgeschlossen werden, die nicht kleiner als

- 3—|M((si,.. Bm,)) bzw. A-(i(l(au...,aml,r))

ist. Daher ist ©

/f_)s flﬁj HYEnm+2 M /(81, ..., 6m))  fr(E*nm-t-2 N i,P:l/(iji, ... 6m, /[, T)

(ENTNAUI/@I, ..., om, [, 7))+ 1 3 IfrEnmNU @i, ..., dm, /, 7)),

wobei U (ber diejenigen Intervalle (m-f-2)-ten Ranges zu erstrecken ist, fir
die Enmni/(ol,..., am/L, ) ¢ /(6,, 7 (/,7=1,2,...) ist, und W20ber
die Ubrigen.

Im folgenden wird das MaR

fr Exm MW (6i, ..., 0m 7))

nach unten abgeschétzt. Es sei /(0,,...,0m) ein beliebiges Intervall vom
Rang m. Wegen der Konstruktion von E,,m entsteht der Durchschnitt
E,,mMn/(o,,..., 6m aus /(0i,.. .,0m, indem daraus genau ein Teilintervall

ausgeschlossen wurde. Ist also der Durchschnitt

EnmI/ (6i, ..., om)

nicht leer, so besteht er aus hochstens zwei fremden Intervallen, die, falls
beide vorhanden sind, die Endpunkte von I(au ...,an) enthalten. Besteht
Enm/l/(sj, ..., 6m) aus einem einzigen nichtleeren Intervall, so enthalt dieses
den einen Endpunkt von I(au...,amn).
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Geht man von Evmllli(a,....... am auf E,n+: Ml(ax ..., an) uber, so hat
man folgendermallen zu verfahren: Man mull die Endpunkte der Intervalle
m+ 1-ten Ranges (die I(alta,. . an) genau einfach Uberdecken)

I(au ...,am|l) (/1=1,2,..)
auf der Zahlengeraden markieren. Von denjenigen dieser Intervalle, die ganz
in EnmNI(au . . am) enthalten sind, mussen die a mit (2.20) gestrichen
werden. Falls aus einem I(ax, ..., am, /) bei dem Ubergang auf E,,iminl(ax ...,/)
Uberhaupt etwas gestrichen wird, so mufl wegen (2.22) mindestens das

-fache von I(au ..., am,/) ausgeschlossen werden. Da nun

EuT I/ (U], ..., 6m
aus hochstens zwei disjunkten Intervallen besteht, die (falls sie nicht leer
sind) die Endpunkte von I(ax,...,an) enthalten, gibt es hdchstens zwei von
den Intervallen I(au ..., am,/), die einerseits mit EnmJll(au ..., am) einen
nichtleeren gemeinsamen Teil haben, andererseits nicht ganz in E,,mnI{au ...,an)
enthalten sind; mit anderen Worten, es gibt hochstens zwei 1(al}..., am,T), die
mit EnmTI(at, ...,an) einen nichtleeren gemeinsamen Teil haben und von denen
beim Ubergang von E,mnl(au,.., an) auf Enms ﬂl(alt..., anm) keine Zah-
len gestrichen werden miissen.
Wir setzen fur einen Augenblick

(2. 28) lu/? = E,mT/(s,,..., on),

wobei L das Intervall am linken Ende von Eurrfll(ax..., an), R dasjenige
am rechten Ende von Eremlli(ax,..., am) bedeutet. Nehmen wir an, m ist
ungerade und L nicht leer. Da die Endpunkte der I(ax, ..., am /) (/=1,2,...)
die Zahlen

Aml-\-A, A
B, |-TBml
sind, die mit /— » monoton abnehmend gegen ADrnn streben, folgt die Tat-

sache, xiall es hochstens ein I(ax, ..., am, 1) mitnichtleerem L nl(au ..., am, 1)
und LNI(ax ..., am/)pl(ax..., am 1) geben kann. Da durch eine ganz
einfache Rechnung die Ungleichung

(2.29) T<nagax... om/+ 1) <3
bestatigt werden kann, gilt

(2.30)  fi(Z 0 W/(ai,..., am /) > Cl)[i(L n?gll(ax,...,am,l)) = (% ML),

wobei W2 Uber diejenigen I(ax ..., am,/) zu erstrecken ist, die ganz in L
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enthalten sind. Man erhédlt dasselbe mit Intervallen m+ 2-ten Ranges
I(a....... ,aml,r) fur R, wobei R durch (2.28) definiert ist. So ergibt sich

p(RAAUiIHRu . . am/, r)) > -jn(R),

also, da man die I(alt. . am1) in (2.30) noch weiter in Intervalle m+2-ten
Ranges unterteilen kann und wegen (2. 28),

(2.31) NW(si, *»n,, /1) » L.
Hieraus folgt wieder, wegen (2. 28),

2
P(Enm MU/ (f\t «+-, Un, y %)= -0-P(Rnm)
(U, bzw. U2 bedeuten dasselbe wie in (2.27)), also wegen (2.27)

2.32)  fi(EmmRNI(a,,.. .,am) < 11_ p(EnmM/(fli,..., G,).

Fur gerades m erhélt man dasselbe; es tauschen nur bei der Rechnung L
und R die Rolle.

Nun lasse man die Zahlen au a2 ..., am voneinander unabhangig alle
natirlichen Zahlen durchlaufen. Da alle Intervalle m-ten Ranges das Intervall
(0, D) genau einfach (berdecken, erhalten wir

(2. 33) p(E,,m) < (L- —2-J n(En),

womit (2.25) wegen der Induktionsvoraussetzung bewiesen ist. Damit ist
wegen (2.24) auch (2.18), also auch unser Satz 2 bewiesen.

8§ 3. Beweis des Satzes 3

Der Beweis des Satzes 3 geschieht ebenfalls mittels der Kettenbruch-
lehre. Fiir die Bezeichnungen vgl. § 1

Hitfssatz D. ES sei bu b2 ... eine Folge positiver Zahlen mit konver-
genter Summe. Dann ist die Menge der Zahlen B (0"/?< 1), fir die fur
unendlich viele n mit einem natirlichen x (1 * x <B,,)

(3.1) WaX-B\\< ~-
gilt, eine Nullmenge.

Beweis. Es bezeichne (bei gegebenem n) E,, die Menge der Zahlen B

mit (3. 1). Offenbar gilt
p {En <2hbn.
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Falls r/1\=1bn konvergiert, kann keine Menge vom positiven Mall in

©
nlz_lmELLl,'l) enthalten sein, wobei {L(T)} eine beliebige unendliche Teilfolge

der natlrlichen Zahlenfolge bedeutet.

Hilfssatz 6. Man markiere im Intervall (0, 1) die Punkte («x)
(x=1,2,..., B,,—1). Diese Punkte zerlegen (0,1) in Bn Teilintervalle, die

mit mi {n=1,2,...; y=1,2,..., B,) bezeichnet werden mdgen. Dann gilt
(3.2) h(l«j) > |A.-1],
wobei De (A= 1,2,...) durch (1.3) definiert ist.

(3.2) ist eine unmittelbare Folgerung aus dem Gesetz der besten

Né&herung der Kettenbruchlehre (vgl. Perron [6], S. 44).

Hilfssatz 7. Es bezeichnen kj bzw. [} diejenigen natiirlichen Zahlen un-
terhalb Bn, fir die (kja) der linke, (/,«) der rechte Endpunkt von 1,,j ist,
welches im vorigen Hilfssatz definiert wurde. (Der rechte Endpunkt von Inwun
ist der Punkt 1, der sich nicht in der Gestalt (ex) (x natiirlich) schreiben
14Rt; ferner ist k, = 0.)

Betrachten wir dann nicht nur die Punkte

(ax) x= 12,..., Bn—1),
sondern auch die Punkte
(«x) (x=1,2,. .., Bn—1),
so liegen von den Punkten (ex) im Inneren des Intervalls Inj genau die Punkte

((kj+gBn)a) (g=\,2,...,anH)
oder

((lj+agBn)a)  (<7=1,2,...,an),
je nachdem n gerade oder ungerade ist; ist kj bzw. I} nicht kleiner als Bn-b
so entfallt das letzte Glied in den obigen Folgen.

Der Beweis folgt sofort aus Hilfssatz 6 und aus der durch eine einfache
Umformung zu bestatigenden Tatsache, dall fur m <BnH, m= gB,,-\-s, s"I,

die Relation
(ma) = (sa)-\-qDn
gilt.

Hitfssatz 8. ES sei [} eine Zahl, fur die

(3.3) llax /9

gilt, falls x eine natlrliche Zahl ist, die kleiner als Bn ist. Betrachtet man
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dann die Zahlen ax' mit natirlichem x' (1 x' <Bn#), so gilt fur jede Zahl
X' mit

(3.4) Vax'- " < X

die Ungleichung

(3.5 Brnd=ix' < B,+L
©

Bemerkung. ISt lg’l\bl«oo, so bilden die Zahlen R, die fir unendlich

viele n die Relation |lax—/?| < D (2 Skx<Bn) erfullen, eine Nullmenge;

(3(.03) ist also flr fast alle R und fur jedes genugend groBe n erflllt, falls

bk konvergiert. Diese Tatsache wird stark ausgenutzt werden.

fe=I
Beweis. Es bezeichne / die Zahl, fir die In B enthdlt. Wir dirfen
ohne Beschrankung der Allgemeinheit annehmen, dal 0</?<I gilt und
dann n so grofR wéhlen, dall 2tkf< Bn gilt.
Voraussetzungsgeman gilt

\(kjd ) - R\~ A
(3.6)

Wegen Hilfssatz 7 haben die Zahlen x' (1 N x’< B#), fir die (ax') im
Intervall Inj liegen, die Gestalt kf-\-qBn oder ' -\-qBn, je nachdem n gerade
oder ungerade ist. Es gilt

(«*)—RB=(kja)~ B+qD,,,
falls n gerade,

(ax)—R==(lja)—Rf-gDn,
falls n ungerade ist. Damit (3. 4) gilt, muBR wegen (3. 6) jedenfalls

bn bn BHL bn
<>28mDn ~  Bn > 2 @M
sein. Daher gilt

X’ >-fj-QWi Bn> "-B ntl;

womit Hilfssatz 8 bewiesen ist.
Nun kommen wir rasch zum Ziel. Wir wéahlen n so, dall ihre Ketten-
bruchnenner so schnell anwachsen, dal stets
(3.7) b,,.Bn+i>4R,,
gilt.
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Ist n gegeben, so teilen wir die naturlichen s mit B,,-\ LUx <B,, in
zwei Klassen, je nachdem

(3.8)
oder
(3.9) ~ B n*x<Bn
gilt.
Gilt nun fur alle natirlichen x" mit Bn-b"Kkx" <Bv-\

n__ ~A
\\ax B\\>Dn_1,

was nach Hilfssatz 5 fiir fast alle & bei genligend groRem n der Fall ist,
so ist fur alle x mit (3. 8) nach Hilfssatz 8

n-1  bn-
_/?
(3. 10 [|«x—1?||> 2B ~2x*
Gilt (3.9), so folgt, nach Hilfssatz 5, fur fast alle g
., bn-lbn 1 M b
(311) !((*—B\\>%' 8 X > 8X|

Daher gilt in jedem Falle fir fast alle (3. 11), fir genligend groRes n und
X < B,,.

Es sei nun g’(x) eine beliebig langsam gegen Null strebende Funktion.
Wachsen die Kettenbruchnenner al,ax,... von a so stark an, dal (3.7)

erfallt ist und die Reihe * | (9(B,,))I2 konvergiert, so folgt hieraus, dal3 die
=
Ungleichung

fir fast alle & hochstens endlich viele Losungen besitzt.

Zum SchluR mochte ich Herrn J. suranyi meinen besten Dank fir
manche Verbesserungsvorschldge und fiur seine wertvolle Hilfe bei der Ab-
fassung dieser Arbeit aussprechen.

BUDAPEST, MATHEMATISCHES FORSCHUNGSINSTITUT
DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN

(Eingegangen am 3. Januar 1958.)
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NOTES ON INTERPOLATION. Il
(CONVERGENCE)

By
J. BALAZS (Budapest) and P. TURAN (Budapest), member of the Academy

8 1. Introduction

1. In this paper as well as in the previous two of this seriesT 2 we
are dealing with the investigation of what we call as (0,2)-interpolation which
is in some respects thoroughly different from other sorts of interpolation
studied sofar. Given n points in [—1, -f ]]

1 .o.)/”§:_1

usually only that sort of interpolation was considered when the consecutive
derivatives were prescribed for the tv’s. By (0,2)-interpolation we mean the
investigation of those polynomials of degree ~ 2n—1 whose function-values
and values of the second derivatives at the tv’s (v= 1,2,..., n) are pre-
scribed. It turned out in *2 that the behaviour of these polynomials can be
studied most conveniently in the case when we choose as the “fundamental
points” tv of the (0,2)-interpolation the zeros xr (v==1,2,..., n) of the
polynomial IM,,(x) where

(1.1.1) nn(x)~—n(n-1)1\xPnI(t)dt=(\—x3prx)

and Pk(x) stands throughout this paper for the kib Legendre polynomial with
the normalisation

(1.1.2) [>*(1)= 1
Then we have
(1.1.3) 1= Xi>x2> mm>xni>xn —1

We shall use also in the present paper exclusively this choice of the tvs. It
turned outl that such interpolatory polynomials exist if and only if n is even,

1J. Suranyi and P. Taran, Notes on interpolation. 1 (On some interpolatorical pro-
perties of the ultraspherical polynomials), Ada Math. Acad. Sei. Hung., 6 (1955), pp.
67—79.

2 J. Batazs and P. Turan, Notes on interpolation. 1 (Explicit formulag), Ada Math.
Acad. Set. Hung., 8 (1957), pp. 201—215.

13>
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Throughout this paper let

(1.1.4) n= 2/r™4.

Denoting by Rn(x) the polynomial of degree ~ 2n—1 with
Rn{Xv) — av= prescribed,

(1.1.5) Rn(xv) = Bv= prescribed,

we have obviously
(1. 1.6) Rn(x) y @/Ty(x) IT'V RBvQV(X)i

where the polynomials rv(x) and Q{x), the so-called fundamental functions
of the first and second kind, are of degree g (2n—1), uniquely determinedl
by the conditions

_ 1 for j—v, ..
(1.1.7) NX)= 0 for ypy (1=1/= ).

rvX)=0 for y'=1,2,...,n
and

(o= 0 for y= 12,...,n,
(118 . 1 for j= v

@D g for ypy @

respectively.
2. We now consider the sequence of points
(1.2.1) 1= Xin> XAN> see> *n-i, n> X,,,,=—1 (n 4,6,8,..., 2k,...)

where x¢3 stand3 for the zeros of JIn(x). Then forming the interpolator
polynomials (1. 1.5) and (1.1 6) for each n= 2k we shall write the funda-
mental functions (1. 1.7) and (1. 1 8) as

n(x) and pm(x),
respectively. Let now f(x) be defined for [—1, +1]; we consider the sequence
of polynomials
n it
(1e2.2) Rn(x,f) = £ f(xv,)rm(x) + >; BvnQu(x)
V=t v=\
with arbitrary numbers Rvn. We shall prove the following

Theorem I Let f(x) be continuously derivable in [—1, +1] with the
continuity modul a>(6) of f'(x) such that

(1.2.3) \ ¢ dt

0

3 The notation (1. 1.3) of the zeros Tin(x) was more suitable when n was fixed.



NOTES ON INTERPOLATION. LW 197

exist. Supposing that for arbitrary small a>0 we have for n>n0{€) and
v=1,2,...,n
(1.2.4) \Bvn\ si en,
the sequence Rn(x,f) converges to f(x) uniformly in [—1, + 1].

In order to show that Theorem 1 is to a certain extent best-possible,
we state the

Theorem Il. If s is an arbitrary small positive number, then there is a
function F(x) belonging to the class Lip (1—s) such that the polynomials
Rn(x, F) (even in the case Rwm= 0) are unbounded for x 0.

3. The theory of the interpolation abounds in convergence proofs. The
essentially new feature of the present one — apart from the fact that this is
according to our knowledge the first convergence theorem concerning
“lacunary” interpolation process — is caused by the fact that being forced to
use rational approximation polynomials of increasing degree we need a
good upper bound for its second derivative in the whole [—1,+ 1]
Approximating periodical functions by trigonometrical polynomials the first
result in this direction is due to L Fejérd who, when proving that if the
Fourier series of an everywhere continuous function, having an everywhere
continuous conjugate, converges uniformly everywhere, then so does the
Fourier series of the conjugate function, used the remark that if the sequence
n,i(F) (n— 1, 2,...) of trigonometrical polynomials of order n converges
uniformly to a (continuous) g(F), then we have TT((3)= o(n) (and thus
Till(ff) = o(n2). This result was generalized by G. FreudO in his study on the
asymptotical representation of general orthogonal polynomials and asserts that ift

|9:,,(#)—N1 =Cnll ° (0<ax<),

then

(1.3.1) K((#)|sicn' «
and in the case a= 1

(1.3.2) |<(#)| =8cslogn
(and thus - O(n\ogn)). Even from

K(#)-")I=o(y)
it follows T'n(F) = o (n log n) only and this is not enough for our purposes;
moreover, new difficulties arise in the rational case near the points x — + 1

4 L. Fejéer, Uber konjugierte trigonometrische Reihen, GrelleJourn. \\\ (1914), pp. 486—56.
6 See his unpublished thesis. For (1.3.1) and (1.3.2) simpler proofs have been
given by the second of us.
6 In what follows Cj,0>,.. . denote numerical positive constants; if some of them
depends on some parameters, then this will be explicitly stated.
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Therefore we have to make use of a different approach using special rational
approximation polynomials to overcome this difficulty.

Since — after having once Lemma 4.4 — the proof of Theorem II
follows closely a construction given in a paper of P. Erdss and P. Taran
(On the role of the Lebesgue functions in the theory of the Lagrange inter-
polation, Acta Math. Acad. Sei. Hung., 6 (1955), pp. 47—66), we shall omit
the details.

8 2. Preliminaries

1. The explicit form of the fundamental functions rv(x) and (v(x) what
we have found in 2 is the following:

1
(2.1 PiM n2/(/1r’1 (_X)l)z* If+ -3-/5%-1(x)],
n,, .

(2.1.2) &n(x) - n-(n(i()I)Z I+ {P,O0W j
and7for 2~ r» n—1

e/1X): 4n2(n—1)2
(2. 1.3)

+(:4) 1 L, AU+ 2PN o _1i(x ) Xv\— 4\,
Further, if
2. 1.4) LX) Hin(x) r 12,...)

17n(xv) (Xx—XV)
stand for the fundamental functions of the Lagrange interpolation based on
our X,-points in (1. 1.3), then we have

hiv'= %% i 1_X2L(x) Mn(x)
(2. 1.5)
5, 1 : y
* 164 sn(n—1) 0INF yP.-i(x) |
rn(x): 3- r/\ /1’(X)2+ '1'-_ In(X)In(x)+
(2. 1.6

11— r
16 1 8n(n—1) 11,,(x) 11—y P,-i(x)
7 (1 1 1) gives that the integrand of (2. 1.3) is a polynomial.
8 Since according to a remark of Fejer Iv(xv) = 0, the integrand in (2.1.7) is a
polynomial (see u).
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and forl2si/Sfi—1

" ) 3 -
(2.1.7) « afg 1JA +

A-iW
3(1 —xi.)P,,-i(xr) )
2. These forms seem to us the most symmetrical ones for the funda-
mental functions. In this paper, however, we shall need some other represen-

tations more suitable for our purposes. Lemma 4. 1 and Lemma 6. 1 of the
paper2 give for v= 2,3,..., n—1

*) = U,,(x) - A, 1)
7= 2k xPU-ixnU  tox,- 9t
(2.2. 1 . .
+ ft-i (*)(—- N
Xr 3 (1—X;)P,-i(Xr) j
1
15 T @ —Xv)Pn-10w)\
and
£ (9 = U, (X) \ j’ Pn-1(t)
2.2.2) 2n; {xv)P"-x{xv) 1J t—xv
o 1
FIVICN 0 3 @ex)Poi()d | —xi (I—x1)Pn \{xy) H’
respectively. From (2. 1.7) we evidently have for v= 2, 3,..., n—1
00 = vixi- mne) \ CRE 4, o, Kin 4 Pn-iix)
) 21p, (xn) 1 Jt—xr Jt—Xy 3(1—Xy)Pn-iixvy
and
_ n nix) \ CKit) Kit) P,.-iix)
= 2- dt—2 dt + _
V) = Hx) 211,7iXy) 14 t—Xy t X 31 Xy)P,, rixy)

According to Lemma 9. 1 of 2 we have

" KD 4= _
J t—Xy 1 Xy)Pn-\ixy)



200 J. BALAZS AND P. TURAN

which gives
rv(x) = Lix)2 Mn(x) i T K{t) dt ™ P«-iWJ 1
Mo(xr)1J t—X 2 6 J (\—xt)Pn-Axvf
and
1 P,-i(x) 1

N T L T =R (I=X;)P,-i(xr) T

Applying partial integration the term /,(x)2will obviously be cancelled and
we obtain, using /,,(+!) = 0, in the case x<x3 the form

L dt- 1  Pni(x) 1
(2-2-3) ORX)F  (1— Xr) (I—xv)P n-i(xvy
and in the case xv<x
IIn(x) Ir(t) r |7| +1 n X 1
2.2.4 _ |
(2:2.4) ™M i) Vg (i t 6 ) (I—x)Poi(x,) \"

Using (2. 1.4) and (1. L 1) we obtain the forms, which fit the best to our
present purposes valid for v=2, 3, ...,n —1,

r,(X) = (x—xv)Ir(x) Ut) 4t

(t—xv)
(2. 2.5)
1 [1 . Pn-10q \ n.,(X) for  x < x
"nn—1"'12 + 6 41 -x1)P m(xvf
and
_ /,(0 «
v(x) = (X—xv)/,,(X ' dt+
(0= oo SO
(2. 2.6
1 P.r1(%) J—,TI”(X) for X > Xr,
n(n-1) 2 6 [(I-xiOP~"x,,)3

respectively.
Owing to the uniqueness theorem in 1we have for an arbitrary poly-
nomial I7x) of degree ™ 22—1

(2.2.7) =i VIO +2L VO0QIC) = Ve

9 See e. g. G. Szegs, Orthogonal polynomials, Amer. Math. Soc. Coll. Publ. (New
York, 1939), p. 167, formula (7.33.8).
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3. We shall use some well-known facts about Legendre polynomials.
For —1 x w+ 1 we have9

(2.3.1) 34| g -~ @2+

and S. Bernstein’s inequalitiesD

(2.3.2) IA.(x)| W
172 f1— X2
for it~ 4
(2.3.3
(2.3.9) In n(x) 1g nm
Further, for —I~ x ~ + 1 we needll
(2.3.5) [Pm(x)]|3il,
the equation
(2.3.6) (1—x-)Pw (x)~2xP*,(x) + m(m+ \)Pm(x) = 0O,
and finally13 the estimation
(2.3.7) A1 (0)] 1-3-5... (n—1) 1qr-

2-4-6 ... (n—2) > IT "+

We Sha“ aISO I’epeatedly USE Markov’s and S Bernstein’s InequalltIeS,
according to which for a polynomial g{x) of degree £ m and real coeffi-
cients we have for —1/ x ~ -f1

2.3.8 1g-'0O0I1"m?2 max |g(X)]
(2.3.8) 9 > max 1903
and

m
2.3.9 X = _ :
(2.3.9) &)l = TZT =5 Toax.1s'Wh

respectively.
Further, for the fundamental functions lj(x) from (2. 1.4) we have}

(2. 3. 10) 1 (-1Ax"~ + 1, 7= 12,..0n).

10 S. Bernstein, Sur les polynémes orthogonaux relatifs a un segment tini. Il, Journ.
Math, pures et appl, 10 (1931), pp. 219—286.

1 See Szegs,l c., p. 159, formula (7.21. 1).

12 See Szegs,l c., p. 59, formula (4.2. 1).

13 See Szegs,1 c., p. 161, formula (7.3. 11).

M L. Fejer, Bestimmung derjenigen Abszissen eines Intervalles, fir welche die Quad-
ratsumme der Grundfunktionen der Lagrangeschen Interpolation im Intervalle ein méglichst
kleines Maximum besitzt, Artnali delta Sc. Norm. Sup. di Pisa (2), 1 (1932), pp. 3—16.
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4. An important role will be played by

Lemma 2. L For the relative extrema of P,, i(x) in 0<x< 1 (i. e for
the numbers \Pn-\(xv)\) we have the estimationb

P*»-I(*»)'= Vo " (n= 4,6,8,...; v= 2,3,.
Proof. Denoting for 0~ Qwrr
(2.4. 1 iif9) = sin"29--Pn i(cos .9)
and
(2.4.2) ®(,9) = (2sin,9)2+ («—y) .

Sonin’s theorem® gives that

(2. 4. 3) m = u(&Y+ u’(9-f

increases for 0 A A JTlIf av= cos .9* and \Pni{xv)\— My, then owing

to (2.4.2) and (2. 4. 3) we have

o 1 cos v .
[ (i9v) = sin frv-My D(&y) V2 5in29, My< M p2sin Sy.
On the other hand, we apply Sonin’s theorem (2.4.3) with 9-= 9v and
9= — d (< Sx< ,9r). This gives
4(n-1)
(2.4.9)
But, as well known,T7
n1

P,-1(cos/>) = C:O avcosr.9

15 One could deduce Lemma 2. 1. and (2.3.2) also from the deep asymptotical rep-
resentation of P,,_i(x) due to Hiib, without explicit constants. We shall not need this rep-
resentation in this paper. With slight modifications one could obtain also the correspond-
ing lower bound also for odd ris but we do not need it. For the relative extrema in
—1< X< 0 obviously an analogous estimation holds. For v = 1 the lemma holds trivially.
Our first proof was longer than that in the text and also the numerical constant was
worse; the proof in the text was communicated to us in a letter of Prof. G. Szegs in
4 Nov. 1957.

10 See e. g. Szegs, 1 c., p. 160.

17 See e. ¢g. Szegs, 1 c., p. 131
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with av>0 and ~ av= 1; hence
v—0

Voo
i. e. from (2. 4.4) . >COST a,1— 7T
. 1
(2.4.5) 2, > M;-2 sin <> 4(n_ 1)-

If gys stand for the zeros of P,-i(cos .9), we evidently have
0= < (3 < 52< GR< eoe< SV < (qy <eee<n
and thus from (2. 4. 5)

2. 4. 6) M ! L

7 g<o>(n—1)  8cfr(n—1)
But owing to the separation theorem of BrunsB we have for our v’s

2. 4.7) (« -D AT <*e<-£'

which together with (2. 4. 6) proves the lemma.
For later purposes we remark that for 0 < Sv”* T we have

3\ e

2. 4.8) w>h—5, C

8 3. Investigation of the fundamental functions of the second kind

1. In this 8 we shall estimate the quantity

i'=i
It follows immediately from (2. 1. 1), (2.1.2), (2.3.4) and (2.3.5) that for
n=4,6,8,... and —I*"x" +1

(3.1.1) v\
2C0E iy

For the further fundamental functions we have
Lemma 3. 1. For n-=4,6,8,... and —1LXx "™ + 1 we have

im*)ig M lair(i)"'(iar @ 2s,=t

18 See Szegs, 1 c., p. 118, formula (6.21.7).
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and
bl *)| A | 8T n—v+ 128p; ' TV
) Il \n) (=12
for y +1iJ'i n-1.
Proof. Obviously, it suffices to prove the first assertion. Let first be
X<xv< 1
Since
Pi-l(t)dt. Pn.lx> 1 P.,.-I(Q
t—Xr X—x. 14X, T 3 t=xrfdt
we have owing to (2. 3.5)
1, 1
e M eex 1tx Pl x 1y45

Then (2.2. 1) gives owing to (2. 1.4) and (2.3.5)

(3.1.2) PX)-172 0 TI-)L 217, (x,)P,"1(xv) | M—Xy
+ i I A< LX) n \/L(*)\ 1
3 (I=XNP-i(x,)] ] p (%) tf,:(x,,)p;:w)|  (I—ic)'P,,_: (x.)|
Since from (2. 3. 6)
(1—Xr) PU-1(x,,) = —NM—21)Pn-1(x,.)

and from (1. 1 1)
M:,(Xr) = —n(n—1)P, i(x,.),

further

1 1—xi

IP»-i(x,)] — n(n—1)IP, j(x,)!"’

Lemma 2. 1 and (2.3.4) give from (3. 1.2)

1.COI0 x5) ] 1

(v (x)] 1/8 n n(n—\) \v-\- 128it F) {n-\r

For —Isix,, <x the estimation runs similarly, since we have again

fpnﬂ(t)dt <2( 1 H 1)
J t—xr IX—Xr 1—XTJ

For x = xr the lemma obviously holds.
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From Lemma 3. 1 we can deduce
Lemma 3.2. We have for n= 4,6,8,... and —1~ x~ + 1 the esti-

mation
Vi | 36n
b W= R
Proof. From (3. 1. 1) and Lemma 3. 1 using also (2.3. 10), we obtain

/8n
2pr(0IS-3Fpp n(rp1 7MY Yeuind\ ¢

p |

33n _ 34n vgn 2 2 34n 21 36n
an—y L Y 27)1 <

In order to show that Lemma 3. 2 is best-possible what order concerns,
we state

Lemma 3. 3. We have for all even /is s the inequality

\;zlv (o) > 1‘1
Proof. From (2.1. 3) and (1.1.1) we have
T 1 o

ZV(O)> Vv anan—1)- Pnixw € -AJ T=i:dt+

-~

Using (2. 3. 7) and (2. 3. 2) this gives

! U] 11— rpt_'f(ﬁ,) dt—

]
S MOI> Hmtnin—12r=j|j

-2(1-4)JT7rfdt +4
1
Taking into account2 (Lemma 6. 1) that

\PfMt)dt 2X,,
J t—xv 1 Xv (@ Xy)Pn-I(-X)
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we obtain, using once more (2. 3. 2),

T ra r__, 2
¢3!l 2A\n(n—|}?i' T-i Pr-r (") |
0

o2 JO e n
11:m

20—2 f Pn-yjt) dt ra. fl 1

eV J(t—xr)’ > MW. 2|:,)I ff2«,, (I-«)-40>> 10,

r

8 4. Investigation of the fundamental functions of the first kind

1. We need the

Lemma 4. 1. For n= 4,6,s8,... W% —1~ x~ + 1 the estimations

[t ()| <-[-+ 21in,  Jr,(x)| < -~+ 21ln
hold.

Proof. It IS enough to consider only /~(x). Owing to (2. 1.5), (2.3.10)
and (2. 3.5) we have

lo(X)1I=1+ 1"~-2%4;(x) 1+ J -1//,,(X) .

Using (2.3.9) and (2. 3. 4) the lemma is proved.
Further we have

Lemma 4. 2. For n= 4,6,8,... and —1* Xx; 1 we have
n
rv(x)I* 87:r ¢ 2
\rv(x)\  87;t or 2 <rg/i—L

Proof. We may confine Qurselves to the case 2 kv”™~. Let first be
X < X,,. Then the representation (2. 2.5) gives with (2. 3.10), (2. 3. 4), (2. 3. 5)
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and Lemma 2.1

2
Ir,,(X)| = Ix—xv dt " . 1
4.2 1) (t—Xrf 3(n—=Y)Yn (\—xi)\Pn,(xv)f
, 64 71 ra

|
g 3 (n—1Yn 1—xi

Since according t0 Rorie’s theorem we have
Xy -1

and thus, using again Bruns’s estimation (2.4.7),

4 4 vV— a

2 2 . 2 r.

I—x¥>\—&-i= sid ov1 >22 (L) ey
Lemma 4.2 follows from (4.2.1) for x<xr. For x> xr this follows analog-
ously, starting from (2.2.6) instead of (2.2.5). For x = xv the lemma is

trivial.
From Lemma 4. 1 and 4. 2 it follows evidently

Lemma 4.3. For n=4,6,8,... and —I*x”" + 1 we have
n
X r1,,(X)i ss 249 M.
X 1
2. In order to show that the estimation of Lemma 4.3 is essentially

best-possible, we prove

Lemma 4. 4. For all sufficiently large even ns we have for a suitable
numerical positive ¢

X NO)|>can,

/. e. a fortiori
I'I

X.IMO)I> chn.
V=i

Proof. Using the representation (2. 2.3) we have for ~

C 0 uo !
O wxn <_J1(f-x,,)20|t 2(A—Xn)Pn-i(x) 1

Using (1.1.1), (2.3.7), (2.3.10) and (2.3.2) for sufficiently large even ris
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and for <7< we obtain with numerical positive ¢6 and c7
w0 > L . , '] >
3fn (n—)|P,,-i(xV)l ) 2(1 —xi)P,, I(xvf X f

3 ®
> = 0p.-1x.)]

from which Lemma 4.4 easily follows.

O>c7

8§ 5. Lemmas on Jackson means

1 Let have the period 2tr and its Jackson meansl
(. t—9\*
Sinn-2 ~
(511 IN& D= 5 onie 1) 1 i dt.
sin "

An alternative form of /(<9 4 is, as well known,
nl2

3 .
(6.1.2) N("99= gnmer 1y Y+ 20+ <iP(R-20} g p dt.

From (5.1.2) it follows
ni2

sin Mt\4

(5.1.3) 1 rrn(2n2-\-1) J ( sin fj at

We need the following lemma which is certainly well known, but we know
no place where it is explicitly stated; so we sketch its (conventional) proof.

Lemma 5. 1. If y(9) is everywhere continuously derivable, then for an
arbitrary small e> 0 we have for n > nQf)

Proof. From (5.1.2) and (5.1.3) we get

pen(ans 3 PO+ 20+ (9-20)-2<p(9))

19 D. Jackson, Uber die Genauigkeit der Annéherung stetiger Funktionen durch Poly-
nome gegebenen Grades und trigonometrische Summen gegebener Ordnung, Inaug. Diss.
(Gottingen, 191t).
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The mean value theorem gives

<5 14) = M2rf+T)i <> (P ffU
with 0

(5.1.5) LOMNMfr + 2, & M2m&—2t

Since owing to the hypothesis and (5.1.5) we have

(5. 1.6) \<p'(t)—cp'(tj\*a),(4t)

denoting by mr(g) the continuity modul of (&), (5. 1 4) gives

n In_2 ,
M W :Im(2r|a+ 1)\2%%mdt0§17? lf}H-k]
1 Uh

Yn
<4 14 @ Sl2t)dt+ A —N— dt+ (20 dt\<
T), W
iO
for n>nQs). Q. e. d.
2. Let now f(x) be continuously derivable in [—1, +1] and

(5.2.1) g>(»)=f(cos 9).
Let .;(s) be the continuity modul of f'(x) for —18 x s + | with existing
‘«(O—dr.

If _1g1|;¥<+ | \f’(X)\— M, then

a>i(d)= max {/df(gt?s U))\u:&"_ Irdf((;?JS n)))”:».
max dem YI—Xx2 . KT=0 < G + Md,
I. e. the integral
(5.2.2) j-A-dv

exists too.
We consider the polynomials /,(5-, ¥ belonging to cp(,9)=f(cos,9).
Since (9 is now even, J,,(-9 (p) is a pure cosine polynomial of order

14 Acta Mathematica 1X/1—2



210 J. BALAZS AND P. TURAN

2n—2), i. e
/. (arc cos X, (9= J12n-2(x)

is a rational polynomial of degree (2n—2) and

J=42%) {Jp(@ac cosx-f 2f)-f

NN2n2+ 1)
(5. 2. 3)

+ <jp(arccosx—2/)} dt.
Lemma 5.1 gives for —Ig x "~ -f 1, arbitrary small «>0 and n > n,(e)
(5.2.4 [9&._a(x)—/ (x)|* —.

Differentiating (5. 2. 3) one-times according to x we get

iTin-ifx) "\(dg>(u)\ N
arr(2n2+ 1) fl —x du  Ju—arcoosxl

* UELW )Ju acoosx-zt)lvgm t

or using the alternative form (5. 1. 1)

(.

sinn

ron2(X) = 2 2 T dt.
2'nn(2n2\-1) KI- J dt . t—arc cos x

| Sin 2 /
Differentiating once more on the last form we get

( s nt;&\
fa<p(y it

2nr|(2nr+\) (1—x2' 2.11 dt "sint_29 /

t—arg cos x\

n #2(x)

¢ 3 1 friyQ MM°
An2m2+ 1) 1—x2)  off =&

Sin 2 -

nsin —9 cos N I—& sinni=2 cos—xg—
dt.
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Returning to the form (5. 1.2) this gives

3MN200'= — 3 +
yrn(2 /2-f 1) (1—x2' \ du u &2
Hu [ fsinnfT dt ("y(w]
+ du)] sin/ J 7in{2n1\ D 1N J 1 du Ju=wet
(5.2 5)
(dep(u sinntr cos nt (d<p(u))

I du ju=s-2i0 1 sin/JMsin/ ~  YIM(2n2+\) 1—X2J R du ju=»+£

(d<p(u)\ _
| du Just-t) Issfpn ctgtdt= u,(x) + «Ax)+ u3Xx).

With the aid of this representation of rcin-zix) we can easily prove

Lemma 5.2. For —1< X < + 1 we have for n>n2e) for the m21-2(x)
defined in (5. 2. 3) the estimation

1 df(cos ,9)
Irdfa. (x) N 1 fn
(x) ('1_ ) @HZm)a)tx 4& " 10
Proof. Denoting
df(cos &)
dtf
we have from (5.2.5) and (5. 1 3)
5.2.6) Wmn(x)Isi Mi
( ) ) (1—xaFByin(2rixjr 1) U w(1—X92
For the estimation of ufx) and us(x) we write
n
Uux)=— A i f t+ £+ 1M
a rr(2nZ+1\) ‘1—x2L6] i] Ii du )u=&+a
5.2.7)
idcpfu) j jecosn/(sin nf* 1
\ du ju=fial sin/ vsin/ 9 ir(ener 1) 1—x U1 AL

14
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and

1 bl<p)\
us(X) nn(2nA 1—x1 I/I \ du ji=#2

<5, 2.8)
SINNE g tdt Lone st A
Vdu J=aaH sint 9 nn(2n2-\-1) 1@+ B+ Al

respectively. For J1 we have owing to (5.1.6), (1.2.3) and (5.2.2) for
n > n3e)

t<_£A

_ 6 1
IAET 7rema- 1) 12 g }Iﬁ@j .y

The same holds for /4 For /2 we have for « > n4«)

1
KV
cs gt A
nA1—x3 J t 1—X

The same holds for 5 For I3we have for n > nKs)
lj , C9AY, rdt gl
L= (1= x) Jl f4 1- x1
Ml

The same holds for /,. This proves Lemma 5.2.
Lemma 5.2 gives no information for x= + l. This is given by

Lemma 5.3. We have for the ;r>,~(x) defined in (5. 2. 3) the estimation
\rt2,,-2(£\)\ ~C,0ni.

Proof. If 2;s2n—2 < 2LU, we write
K1
(5.2.9) rr2,2(x) = (2,2 (x)—TAx))+ 20 Toj+I(X)— 713 (x)) + ?r,(X).

For —I~x ™ + 1 and from (5.2.4) we get roughly

i1, (X) — 7103 (X)[=S|710M (X)— /(X) j+ j71,i(X)—[(X)|" 5
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and similarly for \s>m:{x)—n”(x)|. Thus Markov’s inequality gives
I</+i(*)— 0)I= ci2’j
and similarly for |TioG-a(x) —mk(x)\. Thus we get

1
[Mr*-2(X)| N cyin3+ . Cpe-2 < cln3
Jj0

§ 6. The proof of Theorem |

1. The previous lemmas lead quickly to the proof of Theorem 1 For
the polynomial jeM2(x) in (5. 2. 3) we have owing to (2. 2. 7)
n n

(6. 1. 1) Y12 == N myTen-2(X'tH)Tyn(x) 4~ AT'2n- 2 (%-vri) Qun (M) ©
v— v=1

Hence owing to this, (1.2.2) and (1.2.4) we have for n > nQs)

V() —RN(x, A\ VF)—sib2 0O\ + 2 11202000 —F (Xun) ) ()T

n
e (aran-2(xXvn)  Bvn)Qun{x) = [/(x)— Aa»-2(x)| +
(6.1.2)

+2 V()] F(U)—Ti2n2{uh Asn A [oraf)] +

\'
+ v:Y YC212(X, ') Orn(x)

Using Lemma 5.1 and Lemma 4. 3 the first two terms tend to O uniformly
for —I~x ™ + 1; so does the third term owing to Lemma 3.2. To estimate
the last sum in (6. 1. 2)

n
1"2n-2 (Xyn) Ian(x) i= s
1

we write owing to (1.2.1)
w
(6.1.3) S =\n%n-20)\\Y1n(x)\ + \a&n-2(—NlI"*nn(x)| + yg'QiA « (MM *)|.

Lemma 5.3 and (3.1.}) obviously give for the first two terms in (6.1.3)

the upper bound cun 2. In order to estimate the critical sum
n-1

S\ -—- A~ 1jJT2n-2(Xyn) 11Qvn (X) j
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we use Lemma 5.2 and Lemma 3. 1L These give

M, tn WpOM\—xIn) v v
NN ) ¢ 1-x ri2 + rii
n—
(6.1.4) Mx =N lyn(x)\lv
Ki-xU)1
w M £ Si+sr+sr+sr
+C« é"*"ﬂ "Wa—xinf2 1—xi

The “heaviest” terms are the sums

SN i, .

and
S... £ "erl' i}/a
n2 21—xx,
For ST Schwarz’s inequality gives owing to (2.3. 10)
_ \WV,r n vyl

(6.1.5) sr~ o 221ivn(xfl 12 vl < c«s
and for Si"" oving to (2.4.8)
(6.1.6) ST <|i\|,*2:2 PV<CWS'

For the remaining two sums
M, "M fr|l,,(*)| c, M\

§ n*s (BrL)V Tiht (%)
we have owing to (2. 4.8)
(6.1.7) y <Mi,y " c.Af log/
n a \fv n
and
(6. 1.8) Q < C'J_Z:\/k\;*v-y<-cwfv[.

(6.1.2), (6.1.4), (6.1.5), (6.16), (6.1.7) and (6.1.8) complete the proof
of Theorem |I.

(Received 6 February 1958)



ON MIXING SEQUENCES OF SETS

By
A RENYI (Budapest), member of the Academy

Introduction

Let sz, <., 1] be a measure space. By other words, leti> be an arbitrary
abstract set, <. a a-algebra of subsets of i- and ft(A) (a £61) @ measure
defined in S2 and on ... We shall denote tne elements of .. by capital
letters A, B, C,-.... The elements of S2 will be denoted by w. We denote by
A+ B the union and by AB the intersection of the sets A and B.

We shall call a sequence An (n= 0, 1,...) of measurable sets strongly
mixing with density a if for any B £61, such that n(B) < + °0, we have

(D lim fi (A,B)— an(B)
where 0 < a < 1 and the value of a does not depend on B.
Evidently, in the case when o, we have, choosing in (1)
lim «(A,)= a

Thus if (I2)<+ , (1) can also be written in the form

3)

The term *strongly mixing” has been chosen in accordance with the well-
known definition of a strongly mixing measure preserving transformation of
a measure space in ergodic theory (see [1], [2]). As a matter of fact, if T is
a measurable transformation of the measure space [i2,.. f] preserving the
measure u and ft(i2) <+ <> then T is called strongly mixing if for any
A£. and B $., we have

(4)

Taking into account that in this case /n(T~nA)={i(A) (n=0,1,...) and
using the terminology introduced above, we may say that the measure preserv-
ing transformation T is strongly mixing if and only if for any A £¢1 the
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This is, however, a very special way of obtaining strongly mixing sequences
of sets, as will be seen from the examples given below.

The notion of strongly mixing sequences of sets is especially important
in probability theory. In the present paper we shall mostly deal with these
applications, and therefore we suppose in general that the measure space
considered is a probability space, i. e. ,«(£) = 1 To avoid misunderstandings
we shall denote probability measures by P (or Q). If [i2, 6t, P] is a proba-
bility space, then, as usual, the elements of 61 will be called events. Thus a
sequence An (n= 0,1,...) of events will be called strongly mixing with
density a if for any event B £ 61 we have

%) rI}|>n(1D P (AnB)= aP (B)

where 0<«< 1. As (b) is trivially satisfied (with every value of a) for any
sequence An of events if the event B has probability O, it suffices to suppose
that (5) holds if P(R)>0. By using the usual notation P(AjR) for the
conditional probability of the event A with respect to the event B, defined
in the case P (B) >0 by

(6) P(A\B) = P* + ,

we may write (5) in the following equivalent form:
X H —
(5% rI}lgnCO P(A,,\B)=u

for every event B for which P (B) > 0. Thus a sequence An (n=20, 1,...)
of events is strongly mixing with density a (0<a< 1) if (5% is satisfied
for every B which has a positive probability.

It is easy to show that the following theoreml holds:

Theorem 1 If [r,6t, P] is a probability space and the sequence
An(n=0, 1,...) of events is strongly mixing with density a, then
(7) lim Q(A,)= a
holds for any probability measure Q in B and on 6L which is absolutely
continuous with respect to the measure P.

Proof. By the Radon—Nikodym theorem there exists a non-negative
and measurable function x(@>) on R which is integrable with respect to the

1 This theorem is, of course, known. (It has been used e. g. implicitly in [3].) We
state it here for the sake of reference, as we did not find it explicitly formulated in the
literature. For the same reason we sketch its simple proof.
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measure P and is such that for any A £61 we have
(8) QUM = [A/(« ) P.

Clearly, (7) holds if x(w) is a step function (i.e. if %(to) takes on
only a finite number of different values). As to any integrable / and any
s>0 there can be found a step function /, such that ||/(u>)—/foj)jdP<e,
it follows easily that (7) holds in the general case too.

Thus Theorem 1 is proved.

In 8 1 of the present paper we shall give the following necessary and
sufficient condition for a sequence of events being strongly mixing:

Theorem 2. The sequence A, of events, such that AO= i2 and P(A,)>0
(n—1,2,.. ),2is strongly mixing with density a if (and only if)
9 lim P (A,IAY)= a

for k=10,1,... where 0<a< 1 and a does not depend on k.

Thus the strongly mixing property of the sequence A, depends on the
relative positions of the sets A, only.

Theorem 2 will be proved in 8 1 by means of Lemma 1, relating to
sequences of elements of an arbitrary Hilbert space.

Theorem 2 is fairly general and when applied to different types of
sequences of events, leads to some interesting special cases. One of these
is the following:

Theorem 4. Let be a sequence of independent random
variables on the probability space [i2, 1, P] and let us suppose that there can
be found a sequence Cnof real numbers and another sequence Dn of positive
numbers such that lim D,,= -f , further a distribution function F(x) such

n->-00

that putting £n= &+ &f----- b {h—12,...) we have

1 N *
@) figp fep,< "W (x)

for every real x which is a point of continuity of the distribution function
F(x). Let Q be an arbitrary probability measure in £2 and on @l which is

2 The supposition P (A,) > 0 for every n U; 1 is made only to make a simple for-
mulation of our result possible; it is not an essential restriction. As a matter of fact,
according to the definition, in a strongly mixing sequence of events there can occur only
a finite number of events having the probability 0, and these may be omitted as the
strongly mixing character of a sequence of events is not influenced by the change of a finite
number of elements of the sequence. The condition AO= Q is not a restriction either; it
has been supposed only to include the condition lim P (A,)= a into (9).
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absolutely continuous with respect to P. Then we have

(12) Hm Q ( C-cs)= F({)
in every point of continuity x of F(x).

Thus the fact that the distribution of r—-}ﬁ—- tends to a limiting distrib-
ation as well as this limiting distribution itself, are invariant against the
change of the underlying probability measure, provided that this measure P
is replaced by a probability measure Q which is absolutely continuous with
respect to P.

Note that with respect to the measure Q the random variables are,
in general, not independent. Thus Theorem 3 may be considered as a result
extending the validity of the limit theorems of probability theory, valid for
independent random variables, to certain sequences of “almost independent”
random variables.

The first result of the type of Theorem 4 has been given by the author
of the present paper in [3] where there were two restrictions: it has been
supposed that the random variables have discrete distributions and that
the probability space [i2, 61, PJ is isomorphic to the probability space for
which 12 is the interval (0, 1) and P the ordinary Lebesgue measure. In a
subsequent paper [4] A. N. Koimogorov has proved a more general result.
He dropped the supposition that the variables §, are discrete, and concern-
ing the probability space he supposed that the measure P is perfect (for
the definition of perfect measures see [5]). Theorem 4 does not contain any
restriction concerning the probability space, thus it is more general than the
result of Koimogorov mentioned above. It has been pointed out by
E. Marczewski (oral communication) that Theorem 4 can be deduced also
from certain results of E. Sparre-Andersen and B. Jessen [6]. P. Révész
(oral communication) has shown that Theorem 3 can be proved also by
using certain limit theorems of J. L Doob oOn martingales [7]. However,
the proof given in § 2 of the present paper, which shows that Theorem 4
is a special case of Theorem 2, isin some sense the most natural approach.
As a matter of fact, Theorem 2 is a source of a large number of similar
results which can not all be obtained by the other methods mentioned. We
can obtain e. g. by means of Theorem 2 results similar to Theorem 4 for
general Markov chains instead of the special Markov chains formed by par-
tial sums of independent random variables.3

3 This question will be discussed in a forthcoming joint paper ofP. Revész and the
author.
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Theorem 2 when applied to ergodic theory leads to a criterion (Theo-
rem 3) for a measure preserving transformation defined on the measure space
[Q, U, [1] being strongly mixing.

In § 3 we consider weakly mixing sequences of sets and events, re-
spectively, and obtain similar results as in the case of strong mixing.

My thanks are due to Mr. P. Révész for his valuable remarks which |

utilized in preparing the present paper.

8 1. A criterion for the strongly mixing property of a sequence
of events

Let % be an arbitrary Hilbert space. We denote the elements of x by
small letters (e. g. f,g). The inner product of the elements / and g will be
denoted by (f,g) and the norm (/,/)12 of / by ||/||. We first prove the fol-
lowing

Lemma 1 Letf, (n= 0, 1,...) be a sequence of elements of a Hilbert
space XX Let us suppose that

(1. 1) WUWAK (1= 0, 1— )

where K isapositive constant not depending on n. Let us suppose further that
for any k= 0,1,... we have

(1.2) Un (/*,/,) = 0.
W=00

Then for any g we have
(1.3) lim (£-/,)= 0.

Proof. Let us denote by X the least subspace of >X which contains
the elements /<,/,, *m ___ Clearly, (1.3) holds if g is a finite linear

n

combination of the elements /0, / i , ., e ifg= E_ﬁckfk. It follows

that (1.3) holds also if g is an arbitrary element of XK,, because in this case
n

for any £>0 there exists a finite linear combination g\ = /f(;:? kfk such that
|l,9—ox|j < £ which implies that

(1.4) \(g9,fn) — (gi,f,)\ * Ke
and thus
(1.5) \LLrg)sup tCg,/n)| ~ Kr.

As £>0 is arbitrary, (1.5) implies (1.3). Now, let X denote the set of
those elements of % which are orthogonal to every element of the sequence
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fn. Clearly, (1.3) holds ifg £ %2. As by a well-known theorem (see [8], p. 8)
every g can be represented in the form g = gi+ g2 where gt*iCj and

2, it follows4 that (1.3) holds for any g”"W. Thus our lemma is
proved.5

It should be mentioned that our lemma contains as a special case the
well-known fact that if {/,,} is an orthonormal system, the Fourier coefficients
(9,f,,) of an arbitrary g are tending to 0 for n—%=». This fact is usually
proved by means of Besset’s inequality which gives, of course, much more.
The corresponding stronger result under the supposition (1.2) will be given
in a forthcoming paper.

We now deduce from our lemma

Theorem 2. Let[Li, 61, P] be a probability space. Let An(n 0, be
a sequence of events such that At= Li and P (An)>0 (n= 1,2,...). The
sequence An of events is strongly mixing with density a (0O<a< 1) if (and
only if)
(1.6) “IL% P(ALA)= a
for k=0,\,—

Proof of Theorem 2. Let denote the Hilbert space of all real ran-

dom variables £= £(w) (b1 £Li) such that )ZldP exists. Let us define the
inner product by (£ i]) = f£u,dP and,“correspondingly, the norm by
151=(Wdp)lI\

(& P)

Let the random variables «,, = «,,(«) be defined as follows:
1—« if (0£An,

an (@) _a if wmEA (n=20,1...).

Then we have
v (ak,an = P (AkKAn—aP (AR—a P (A,)+a2
As AO= Li, it follows from (1.6) that
(1. 8) Hm P (a,) = a.
Further it follows from (1.6) that
(1.9) lim P anaw = aP (an (k=1,2,...).

4 B. Sz.-Naqgy kindly called my attention to the fact that the idea of the above

proof of our lemma is the same as that of the standard proof of the theorem (see e. g. [8],
p. 10) that if /,, is an arbitrary sequence of elements of 91 such that ||/,,|| is bounded,
then there exists a subsequence of the sequence /,, which converges weakly to an element
f of 91

6 Another proof of Lemma 1 has been found independently by P. Révész.
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From (1.7), (1.8) and (1.9) we obtain
(1.10) lim (ak, «,)= 0 A=01,.).

Taking into account that

(1.12) [[«nl2= (1—a)1P (An) + a2(1—P(A,,)) Si 1,

we see that the sequence an satisfies the conditions of Lemma 1 Thus we
have for any g £%

(1. 12) lim (g,a,)= 0.
Choosing for g=g(co) the random variable defined by
1 if o£fsB,
(1. 13) 9C>)= o if co £ B,
we have
(1.14) (g,an)=P (AnB)—aP(B)
and thus by virtue of (1. 12) we obtain, provided that P (R)>0,
(1.15) lim P(A,|R)= «.

«—=C0

Thus Theorem 2 is proved.

By combining Theorem 2 with Theorem 1 it follows8 that if Q is any
probability measure in 12 and on (L which is absolutely continuous with
respect to P, and An satisfies the conditions of Theorem 2, then we have

(1.16) lim Q(yl.,)=«.

Let us now consider the application of Theorem 2 to ergodic theory.
Let [i2, ét,.«] be a measure space and suppose that ft(R) < -f A measure
preserving (not necessarily one-to-one) transformation T of this space is
called strongly mixing if, denoting by T 1A the inverse image of the set A
(i. e. the set of those cofi2 for which Tcw£A) and defining T~nA by the
recursion T nA=T "(F~1A) (n= 2,3,...), we have for any A $6land RE£6t

(L. 17) lim n(T "a B) B A)IME)
M R)
0 It should be mentioned that (1.16) could be deduced directly from the above proof
of Theorem 2 without making use of Theorem 1. As a matter of fact, let x = X (b)) be a
function, the existence of which is ensured by the Radon—Nikodym theorem, such that

Q(A) \x(o0>)dP for AE£d.
X

If X belongs to %, i. e. if )x2dP exists, then applying (1.12) to this function X we directly

obtain (1.16). The general case follows by remarking that to any integrable random

variable %and any e > 0 there can be found a % € *K such that |x— |dP <«
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Applying Theorem 2 to the sequence A,,=T nA of sets of the probability

space \£2, 6t, P] where P (4) = fl‘)ﬁ-\% and taking into account that by virtue

of the supposed measure preserving property of the transformation T
(1. 18) P(T~nA-T'KA) = p(T~k(T (MKWAA)) = g(T'(HKAA)
for n~k, we obtain the following

Theorem 3. Let [£2 61, /%] be a measure space, y (L2) <-\-°° and T a
measure preserving transformation of £2 onto itself. A necessary and sufficient
condition for T being strongly mixing (i. e. for the validity of (1. 17)) is that
for any A£ 6t with y(A)> 0 we should have
P\A)
P (£2)
By other words, if (1. 17) is valid for B = A, it is always valid.

(1.19) lim g(T nA A

§ 2. The invariance of the limiting distribution of sums
of independent random variables

In this § we prove

Theorem 4. Let |2, be a sequence of independent random
variables defined on the probability space \£2, 6t, P]. Let us suppose that there
can be found a sequence Cn of real numbers and another sequence D,, of
positive numbers for which lim A, —+°°> further a distribution function

>0
F(x) such that putting S,= 8i+ &H---—-- [-£, we have
(2.1 lim Pfe”r» <*)= /=%
u->m V Un J

in every point of continuity x of the distribution function F (x). Let Q be an
arbitrary measure in £2 and on 6t which is absolutely continuous with respect
to P. Then we have

2.2 dm Q fef< W (1)
if x is any point of continuity of F(x).

Proof of Theorem 4. Let r be a point of continuity of F(x) and
F(x) >0. Clearly, it suffices to consider such values of x. In this case evi-

dently P 0 for n>n0 Let us put AO= £2 and denote by An

r
the event that the inequality X takes place (n= 12,...).

B0
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According to Theorems 1 and 2, if we show that condition (1.6) is fulfilled

r_c
for these events, (2.2) follows. Let us put _A Thus it suffices to
prove that
(2.3) tl_i% P(E*«<x|£ < x)= F(j9

for any k> nQ
Now we need the following simple lemma (see e. g. [9], p. 254):

Lemma 2. If and snare random variables such that lim P (//,,< X) =

n—>-00

= F(x) in every point of continuity x of the distribution function F (x), and
lim P(le»| s d)= 0 for any d>0, then we have lim P(#,, + e,<Xx)= F(x)

in any point of continuity of F(x).

Applying Lemma 2 to and e,= — it follows from (2.1) that
2. 4) lim PTV fe-< x) = F(x).
QLIS’I\_*_D.: £n-£D*n-C,, is independent of it, we have
(2. 5) .+ SESX pia ppex
and thus from (2. 4)
(2.6) A P K=<

£
Applying again Lemma 2 to the random variables # /& £1—yy- and
e":.j_];_n on the probability space [12 6L, Pl where P'(JT)= P (A|3 < X),

we obtain (2. 3). Thus Theorem 3 is proved.

Let us call a sequence nn (n=1,2,...) of random variables a mixing
sequence with the limiting distribution function F(x) if for every B £ UL with
P(R) >0 and for every real x which is a point of continuity of F(x) we have

(2.7) (Iei)% P(/;n< x|R) = F(x).

The assertion of Theorem 3 can be expressed by saying that if the random
variables  are independent and putting £,= &+ £&f-—-- b the random

r_c
variables = where Dn~*  have the limiting distribution function

F(x), then Cris a mixing sequence of random variables with the limiting
distribution function F(x).
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Mixing sequences of random variables have remarkable properties. For
instance, if is a mixing sequence of random variables, then nn is in the
limit independent of any random variable H. As a matter of fact, if
P@<y)>0, we have
{2.8) lim P (l,,<x,H<y)= P(,9<y) limP (1/,, < x|.9 <y)= P(5- <y) F(x).

W->C0

Thus we obtain the following consequence of Theorem 4:
Corollary 1 |If the random variables §, are independent, 'Q= " +

+ O h , and there can be found sequences of real numbers Cn and
Dn> 0 such that D»—s  and £= i-JnA has the limiting distribution

F(x), then 'Cis in the limit independent of any random variable.

Another interesting property of mixing sequences of random variables
with a non-degenerate limiting distribution is that they can not be stochas-
tically convergent to some random variable. As a matter of fact, let us
suppose in contrary to our statement that tjn is a mixing sequence of random
variables with the non-degenerate limiting distribution F(x), and that gn
tends stochastically to the random variable r/m, i. e. for any d >0 we have
lim P(\r\n—pto\s d)= 0.
M->co

Then evidently by Lemma 2

(2.9) P (®m< x) =lim P (tin<x) = F(x),

n-»-co

further by Theorem 4 and Lemma 2
(2.10) P (rja<x, Tk<y)=Hm P <X, k<y) = F(x) P (rk<y),
V—» 0

and therefore, applying again Theorem 3 and Lemma 2,

(2. 1) P(;,<x ra<y)= kIim P (a <X, nk<y) = F(x) F(y).

Thus 1} would be independent of itself which is clearly impossible, as by
(2.9) and the supposition that F(x) is a non-degenerate distribution, is

not a constant.
Thus we obtain the following

Corollary 2. If 5,5 . are independent random variables,
further there can be found real sequences Cn and D,,>0 with D,—» ocC

r_r
such that putting - h and = IF the limiting distribution

of C* exists and is non-degenerate, then the random variables C*can not con-
verge stochastically to a random variable.
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A special case of Corollary 2 has been mentioned in the textbook on
probability theory of the author ([10], p. 534, Exercise 21).
Let us consider an example. Let

(2. 12)

be the dyadic expansion of the real number t (0 <t< 1) where each e,,(t)
is equal to 0 or L The functions s,(x) may be considered as random
variables on the probability space [E2 61, P], where £2 is the interval (0O, 1),
61 the set of all Lebesgue measurable subsets of £2 and P the ordinary
Lebesgue measure. The random variables e,,(t) are clearly independent and each

takes on the values 0 and 1 with probability It follows by the Moivre—
Laplace theorem that putting
(2. 13 S,()= *1(0 + -*»(0
we have

2. 14 lim P ’ X\ 2

. im < "du.
19 1 oy

| 2 Vn ]

Our Theorem 4 gives in this case the following result: If Q is any proba-
bility' measure defined on the Lebesgue measurable subsets of the interval
(0, 1), which is absolutely continuous with respect to the Lebesgue measure,
i e if
(2.15) Q(A)=J<7(0df

1 A

where q(t)* 0 and \qg(t)dt \, then we have
(0]

' Sn(t) —— 1 X 5?
(2. 16) limQ < X 27 e~*du.

Let us define the set E,,(x) as the set of those t’s (0</< 1) for which

&0 .

<x (n=1,2,...). Then, clearly, En(x) is a strongly mixing

sequence of sets. This example gives some idea about the structure of
strongly mixing sequences of sets, as the sets En(x) can easily be constructed.

15 Acta Mathematica IX/t—2
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8 3. Weak mixing

A measure preserving transformation T of the measure space [£2 et, U)
with ju(BR)< + oo is called weakly mixing (see [1], [2]) if for any A £ et
and B £t we have

N'I 1
(3.1) g&ém fi(Tmag) APEB) g
i. e. if fi(T nA-B) is strongly (C, I)-summable to the limit 112) Qener_

alizing this notion, we shall say that the sequence An (n= 0, 1, ...) of sets
is weakly mixing with density a (0 <a < 1) if for every B*GL we have
N-1

(3.2) NUI@JK/%;ZO fi(AnB) —al[i(B) 1= o.

A sequence of sets in a probability space which is weakly mixing withi
density«, will correspondingly be called a weakly mixing sequence of events
(with density a). By the same method as used in the preceding §§ we can
obtain analogous results for weak mixing.

The analogue of Theorem 1 runs as follows:

Theorem 5. |If the sequence An(n= o, 1, ...) of events of the prob-
ability space [£2, ¢t, PJ is weakly mixing with density n (o <a< 1), we have
for any probability measure @ in £2 and on st, which is absolutely con-
tinuous with respect to P,

i ¥l
(3.3 NIim Z 1Q —«| = 0.
The proof of Theorem 5 runs along the same lines as that of Theorem 1
Instead of Lemma 1 we need the following analogous

Lemma 3. Letfn(n= o, 1,...) be a sequence of elements of the Hilbert
space % Let us suppose that

(3.4) (N—12,..)
further that for any k= 0,1, ... we have
(3.5) HtAMN((N 19| = 0.

N-yco IV W=0

Then we have for any g £%

(3.6) lim- I’ZO\{g,fn)\- 0.

N-yco /V n—
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Proof of Lemma 3. Clearly, (3.6) holds ifg is a finite linear combina-
tion of the elements of the sequence ¢, because

N-

v
N =0 %_e(kfk,f,,) k—0 N n—0

If %x is the least subspace of >K containing the sequence fn and e

Wi
may find for any s > 0 coefficients Co, Ci, cr such that putting g, = k_20 Ckfk
we have [jg— It follows that

I(g,fn)y!— Igi ,fR)NIA I(g, ) — (gi,fn)1~ /I
and thus (9,1n) (9 ) (@,tm) —(gi,fn)1~ By

i/‘j/ n%) !(g, my b Y ,2.L=O kg' oy | Ke

what proves that (3.6) holds for any g£%,. But if we denote again by %2
the set of those elements % which are orthogonal to every f,,, (3.6) evidently
holds for g too, and as every g £>X can be represented in the form
g=gi+g2 with glf and g-"%> it follows that (3.6) holds for every
g £ K Thus Lemma 3 is proved. From Lemma 3 we may deduce the following
result which is analogous to Theorem 2:

Theorem 6. The sequence A, (n= 0,1, ...) of events belonging to the
probability space [T2 d, P], for which Au= £2 and P(4,,)) >0 (n= 1,2, ...),
is weakly mixing with density a (O <a < 1) if (and only if) we have

(3.7) N%ylrvf:/\% IP(A.i"*)—«= 0 for k 0,1,

The analogue of Theorem 3 for weakly mixing transformations may be
stated as follows:

Theorem 7. The measure preserving transformation T of the measure
space [I2,d, p], for which p(I12) < foe, is weakly mixing if for any A£&
for which a(A) >0 we have
fd(A) _
pl>)

The analogue of Theorem 4 for weakly mixing sequences of events is.
evidently also valid.

(3. 8) lim I\ngo p (T nA-A) 0.

N-+ co

(Received 6 February 1958)
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ON THE THEORY OF DIOPHANTINE APPROXIMATIONS. II
(INHOMOGENEOUS PROBLEMS)

By
VERA T. SOS (Budapest)
(Presented by A. Renvi)

§1

The one-dimensional homogeneous problems of diophantine approximations
have a unified treatment by the algorithm of continued fractions. It is possible
to give such a geometrical interpretation of convergents and by-denominators
(Nebennenner) of continued fractions, which can be extended for the inhomo-
geneous case, and so it furnishes a parallel treatment of these cases. In
this way, e. g., it is possible to prove some simple theorems of Borel type
for the inhomogeneous case, to get new lower and upper bounds for the
Khintchine constant ¢ defined by

c—inf sup inf x|ex—pB—y]|.
a B x>0, yintegers
This last result will be treated in [5] and [6].

A similar algorithm, as we give in this paper for the inhomogeneous
case, is given in an arithmetical way by J. W. S. CasseLs [1] and used also
by R. DESCOMBES [2]. A comparison of both treatments is made in footnote®.

In §2 we give this geometrical interpretation of continued fractions for
an irrational « and the corresponding algorithm for the inhomogeneous case
giving a sequence of multipla s,(#) which corresponds to the sequence of
convergents and by-denominators of continued fractions, and further a sequence
of pairs of multipla ¢.(#), ¢i(8) which is a subsequence of s,(#) and corres-
ponds to the sequence of convergents ¢, of «.

In §3 we give the proof of some simple theorems of Borel type
corresponding to the inhomogeneous case. We call these theorems Borel type,
since BOREL sharpened HuURwITZ’s theorem to the effect that the inequality

1
(1.1) X|xe—y| < s
is soluble with x being among any three consecutive convergents of «. It is
well known that if we consider two consecutive convergents of «, we may
assert only the solubility of the inequality

(1-2) X|xa—y|< ;
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among them, and the constant — cannot be diminished. For any convergent
one may assert only the inequality
(1.3) X Ixa —y\ < 1,

and again the constant 1 is best-possible. Hurwitz’s theorem gives at once
that for more than three consecutive convergents generally no inequality better
than (1.1) can be proved.

Corresponding to (1.3) and what has been said above we shall prove
for the inhomogeneous case that to an irrational a and real B the inequality

x\xa —RB—yl< 3

is soluble among any pairs gk(B), Qk(?) corresponding to a, and the constant
2
-g- is best-possible. Corresponding to (1.2) we shall prove that the inequality

x\xa —R—y\ <y
has a solution among any two consecutive pairs gk(B), qlRR), Qk+i(R), q'k+i(R)
corresponding to « and again ~ is best-possible.

Concerning (1. 1) we remark first that a theorem corresponding to
Hurwitz’s is due to Cassels [1] and asserts that for any real irrational a
and />'tb(/kr) 1the inequality

. 27 1
XX« — —7J<
J 28fl *S

has infinitely many solutions (with arbitrary f> 0) and the constant 2

7.1

yy
is best-possible. So one would expect that for any real irrational a and
[?® <nc) the inequality is soluble among any three consecutive pairs qu(f3)
qk{R), gk+i(R), gk+i(R), gk*{R), gh+ziR) corresponding to «. It is somewnhat
surprising, after what has been said above, that this is not the case. More-
over, one can show that the number three cannot be replaced by any universal
constant /. For any prescribed positive integer / we shall even show that
the inequality

Xjxa—RB—yl<c

with any c¢<— is not soluble in general among any | consecutive pairs
K5

gk+i(B), gkH(B), ..., gkn(B), g'’ko(B) of our algorithm.

1 <x> denotes the fractional part of the real number x.
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§2

In what follows let « be irrational, 0<«< 1 and 0"/?<1. Starting
in positive direction from a periphery-point O of the circle K with unity
periphery, we put up the arcs with length B and net for s= 1,2, ... . We
call the endpoints of these as the and “s«-points”, respectively. As it is
easy to see, the structure of the ak-points for a= 1,2, ... has the following

Property A The directed distance between the Ta- and ak-points
for m > a is the same as that between the (m—3a) «-point and the point O.

Definition. We call the s«-point and the corresponding multipla s
adjacent to B (corresponding to «) if there are no sk-points with 0 <n<s
in at least one of the two arcs determined by R and the s«-point.

We shall use the following notations:

The sequence of the adjacent multipla s to R is denoted by

Si(B) N s2(B) < s3(B) < eee< sV(B) < ...

where s1(B) = s2(B) if and only if 2= 0 and -<«< 1®

We denote by Av(R) the directed “empty” arc on the circle K corre-
sponding to sv(8\ which does not contain ak-points with 0 <n<s. dv(B)
has positive or negative sign, according to the direction in which it starts
from the point . We denote the directed length of Av{l%) by 6v(%) and the
absolute length of it by or(R).

If for an index v the inequality 0,,(B) 6vH(3) <0 holds, we call this
pair of adjacent multipla a pair of jumping multipla and denote it by
Svk(B) = QKk(B), sn+\(B) = g'k(R).2 For the corresponding 0Ov() we use the
notation 6,k(R)=dk(R),6rkH(BR) d:(B). For the sake of simplicity, in the
case R= 0 we use instead of s,(0), *(0) etc. only sv, gk etc., respectively.

From the definition of the adjacent multipla sv(?) it follows that for an
arbitrary positive integer x ® 5,(A) (v=\,2, ...) there is an sv(B) <x for
which

Ov(R) = min |sr (/i) « —RB—y\ < min \xa —B—y\
and a fortiori Y Y
(2.1 sv(l3,0v(B)<x\xa — B—y\.

The homogeneous case. For the case /?=0 we have proved in [3] and

[4], as a simple consequence of Property A, the following

2 By this convention the recursive formulae in (2. 2)— (2.4) are valid also for k= 1
3 l.e, if the sv(ii)a- and s».+] (/J)a-points approach the point & from opposite sides.
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Lemma l. If the sva-point is adjacent to O and the sv-ia-point (I positive
integer) among the a-, 2a-, ..., sra-points is the nearest to O from the
opposite side, 4 then

mjzi= sr4-s,. ij
dWi— 6V ~j-0v.i.
Further, as a consequence of Lemma | and Property A, we have proved
Lemma Il. Let ak be defined by >
dk-1
dk
§= Jo= 0, f,= d0=-—1, (i=  if s =35,
then for the above-defined quantities we have for k=~ 1,2, ...
(2.3) gkt — gk-\ + akgk, dkix= dk-i-\-akdk, dkH — dk~i—akdk,
(2. 4) gktldk + gkdk+H = 1,
and for 0 <r<ak
(2.5) S = qk-i + rgk, dkH= dk-1+ rdk, d\WH dk-i — rdk.
As a consequence of Lemma Il it follows

and let

Lemma lll. If gk <sv<gkH, then

(2.6) gk+ldkt<srdv.6

These lemmas show that the above-defined multipla gk are identical
with the convergents of «, the other multipla sv with the by-denominators
(Nebennenner) of «. The numbers ak defined in (2. 2) are identical with the
digits of the continued fraction of a.

From the definition of the multipla gk and from Lemmas 1—II it
follows the

Remark, a) The sequence dly ...,d k=... has alternative signs, [nM,..., \dk,
is monotonically decreasing.

b) For an arbitrary among the «-, 2«-, ..., N«-points the two adjacent
points intercepting O have always the form with a suitable r and k.

Sr-iu= gka, sva= (gk-i + rgKka O<r” ak.

c) The (gk\ + r*«-points with 0 < r”ak are between the *cia-point
and the point O, in the arc d\k I, and with the restriction n<qkH only these
/m-points are in [.

4 le. Svtv-i < 0 and in the arc Av + dv-i there is no na-point with 0 < n < Sv.

E fX] denotes, as usual, the integral part of the real number x.

e l.e. Lemma Il diminishes further the set of those integer x’s for which x\xa—y\ is
the “least possible”.
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The inhomogeneous case. Since in the case when B = (naf the approxima-
tion of 3 by the multipla of a is similar to the case =0, in the sequel we
suppose that /[=}=</«)>.

Theorem |. For every 0< R< 1 one can determine uniquely a sequence
of integers . .. bk,... with the property
2.7 1<fti=06l-T1, 0O DbksiAs {k—23, ...,

bktl= 0 only if bk= al,
so that the sequence of the adjacent multipla sr(R3) is identical with the numbers
(2.8) b\Q\ 4- eeef-bk-\gk-i  rgk
for 0O<r” bk (k= 12, ...).

Proof. In what follows we give a process for the determination of the
numbers bk (k= 1,2,...) from which the statement of the theorem follows.

Determination of ft. The «-, 2a-,..., (G, 4- 1) «-points split the periphery
of K into al-f-1 disjunct arcs.

Case 1. If B lies in the arc with length a = d, bordered by the (r—1)«-
and /m«-points with 0<r g + 1, then let ft, =r.

Case 2. If B is in the arc with length d2 bordered by the (0,4-1)«-
and «-points, then let ft, = «i4-1- From the definition of ft, in both cases
obviously follows that the /-«-points (0 <r”ft,) — and with the restriction
nSG,}!l only these — are adjacent to B.

In Case 1 (ft,—1)« and ft« are jumping multipla, i.e. in this case

(=1t —1=(ft, —\)gx q'fR)- f ftq-

Next we determine bk supposing that ... bk-1 are already determined.

Case kK—1.1. If B is in an arc with length dk\ bordered by the
(fti<ri 4------\-(bk-i—l)qgk-i)cc- and (fti<ri 4---—-- \-bk-igk-j) a-points, then we
consider the points with multipla

fti qi 4*eee 4" bk-igk-i 4- rgk O0O<rs aj).
According to Remark ¢) and Property A, these — and with the restriction
nbiqi-\---—--- 'rbk-\gk-i +ctkgk only these — points are in this arc with
length dk-1 We determine bk in a similar way as ft, by distinguishing two
cases:

Case k. 1. If the point 3 is in one of the arcs with length dk bor-
dered by the (ft,?i4------\-bk igk-\-\-(r—\)gi)a- and (ft,"i4------- \-bk-igk-i +
4- rgk) «-points with 0 < r”*ak, then let b-=r.

Case k.2. If the point R is in the arc bordered by the (fti*l4--" 4-
+ bk-igk-i + akgk)a- and (fti<L4---——-j-(ft,.-i—Ij*"ija-points with length dk 1,
then let fti= (k.
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Case k—1.2. If B is in the arc with length dk bordered by the
(MH-——- \-bk-2gk > + ak Igk-i)a- and (6igH-—- K&*-2— «-points,
then let bk="0. (Since the first point with smallest multiplum which lies in
the arc bordered by these points, is the (6igH--——-- j-lik-igk-i-Pg*-i)«-point.)

From the definition of bk it follows, according to Remark c) and Pro-
perty A, that the (¢i<r-h eee .. bk \gk i-{-rgk «-points (0 < ;sj,.)— and with
the restriction 6lgH------- \-bk-igk.i <n< bigi-\------\-bk-igk-i + akgk only these
— are adjacent to R.7

Corollary. From the determination of the numbers bk it follows that
if 6kl O, then sv(B)= biqgi-\--—- \-bk Igk-1+ (bk—\)gk and sr+I(}) =
= 0idi------\-bkgk form a pair of jumping multipla, i. e. with a suitable /
(2.9) >(B) —b\g\ + eee(-{bk—2)qgk, Qqi(B) = 6ii-)- e==-j- bkak.

If b.. 1==0, then it is suitable to call also the pair of multipla
(2. 10) ql(®) = s,.(R) = blgi \--—--- hbkgk, q[{R) = sv{R)—aqakn
a pair of jumping multipla.

From Property A it follows that for every index v the distance between
the s,,(/?) «-point and the point O has the form
(2. 11) <s,(I?7)«>= Mi-t-——- \-bk-idk-i + rdk O<r”bk).

Since the n«-points are everywhere dense on the periphery of K, the
fi-point is the limit of the sr(R)«-points, and so, according to (2. 10),

(2. 12 R~ %—? kdk.
From (2. 10) and (2. 11) we obtain for v>v2
(2. 13) (R) = <s,.(/?)«>—i= rdk—]£ bvdv.a
v—k

The following theorem gives an analogous result as (2. 5) for the in-
homogeneous case :

Lemma IV. Let bM ==0, bk > 1, 0 < r< bk—1 and
(2. 14) sv(R)=Dblg, §---—-- \-bk-igk-i + (bk—\)gk (=qi(R)), sv-r(R)=sv(R)—ragk;

7 1t follows directly from the definition of the numbers bk that for every index v
sv+16*)—sr(p) gk with a suitable I. Using this remark, bk could have been defined as
the number of indices with the property sr+1(R)—sv(R)= q,.

8 The difference between the treatment of Cassels—Descombes and that given above
for the inhomogeneous case lies in the fact that the mentioned authors start from an
arithmetical definition of the numbers qk(B) and deduce from it the minimum properties,
while we start from the minimum properties and deduce their arithmetical properties.
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then we have
(2. 15) sv(R)dv(B) < sv-r(R) dv-r(R).

If bM = 0, (k= a*), let 0 <r <bk and

sv(B) = biql \-----\-bk-igk-i + bkgk (=qi(R)), sv-r(f) = sv(B)— rgk,
then we have
(2. 16) sV(R)6V(R) < Sv-r(R)Ov-r(R).

Proof. From the definition of the numbers bk it follows that
dv(R)dv-r(R)>0 and, consequently, from (2.13) and (2. 12)

0,,(B) = (h r(R)—rdk.
From this and (2. 13)

2.17) "BO0V-r(®) g Ayl =)

Sr(R)MR) MB)
(2. 14) gives sv{R)>(bk—1)~. Further, from the definition of bk and
it follows that B is in the arc with length dk bordered by the sv(R)a- and
(sv(R) + g<«-points. Consequently,
(2.18) ov(R)<dk.
Using these in (2. 16), we obtain
Sy-r(B)OV-r(R)
Sy(R)Ov(R) bk-
The proof of (2. 15) runs analogously as the above proof of (2. 14).

1 (1+0i= 1I-

§3

For the proof of theorems of Borel type we' need the following
Lemma V. If bM — 0, then for

(3.1) qi(B)= biqif-—-o hbkak, ql(B)= qi(B)— gkH
we have
(3. 2) min (q/BYdfR), q[{R)d[{R)) <y .0

Proof. Using the recursive formulae (2. 3) and (2. 7), we have
(3.3) qi(B) LU(fli+ 1)<7H------ \-akgk= gM + QG qi(B) " qk.

From the definition of the numbers bk and bkAA— 0 it follows that B is
in the arc with length dk+l bordered by the gf)cc- and {qi(R)—qgk+i)«-points.9

9 The same lemma occurs in Cassels’ paper [1]
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Therefore
(3. 4) di(B) + dl (B) = dkH.
Let t be defined by
(gk+i+QKk)t = gk (dk i—1t).
Obviously, from (3. 3) and (3. 4), using also (2. 4) we get
min (qi(R)di(R), gl(R)d',(?)) W min ((gkl+ gKd,(R), gk(dkH —dBR)) ~
actl+ ac 0K 1
A1+ 29k AM g
Am dk-1

AmM + 9K “Te
@cH + BRL- oM DL kvl <

Since 0< X 1,;‘( > 1, it follows that
Am d

min (qi(R)d,(B), q'i(R)dI(R))< g?,.( _1__Fk__< cé

From this proof it is easy to see that the constant ! is best-possible.

Theorem 1L For every pair of jumping multipla we have

(3.5) mm(qfR)di(R), F(/?)#(E» <Y
Proof. Owing to Lemma V we may suppose that the pair of jumping
multipla gfR), ql(B) has the form as in (2.9). Similarly as in (3.3), we have
AR) WdAM , AP = Am + Ak
Similarly as we obtained (2. 17), we have
d'(R) + di(B) = dk.
Therefore, if t is defined by

Amt= {ak+ Am) (dk—1),
we have

min (gi(R)di(R), qi(P)di(R)) » Amt = gt gk

From this, taking (2.4) and Fk/
Axr 1

statement of the theorem, and also the fact that the constant -y is best-possible.

-< 1 into accougt, it follows the

Theorem HI. For any two consecutive pairs of jumping multipla the
inequality
min (q,(R)di(B), q,(B)dI(B), gq:-488)d,(B), qi+i(B)dI+1(B)) <~
holds.
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By other words, the inequality xjax—B—y\ < — has a solution among
any two consecutive pairs of jumping multipla.

Proof. Owing to Lemma V we may suppose that both pairs of jumping
multipla have the form as in (2.9), i. e

qRR) = M i 4—---\-bk-igk+ + (be— gk, qi(R) = qi(R) + gk,

g>H{?) — q'i(R) 4“ (bm —1)gk+i, q!+i(B) —qi(R) 4~bk+HQn «
Similarly as in (3. 3), we have
qi(R) = qk#, Qi) = gM \-Qk,

AN QiH(B) = G+ bk+igMi Qi+H{R) = gk+ {bM 4~ 1)Qm »

Let n be defined by Mi(%) = nM i. According to (2. 17)D 0<u<1
holds.

From (2.13), taking into account that the sequence di,..., dk, ... has
alternative signs, we have

d,(R) = dk— (bt —U)M i, d{R)= (Mi—U)M i,

<) diH(R) = 1—u)Mi, dUuiB) = «M L
. . _dk &
With the notation x= _ y b- bk#l we have from
M -1 Qe

(3.6) and (3.7), using (2. 4),

MM (o, -0)=
1 dk
* r ok (bm
Qn <Mi
3. 8) i (B)d, () ~ +1y + W) AWK, Y, b, U).
Similarly
) GEEE) A L, LY (b—u)deiF,(xy, b u)
3. 10) qM (B)d,+i(®) W +1y (b+y)(\-u) EFFx, y, b, u),
(3.11) ql+i(B)di+i(R) = X+1y @ +b + y)u*+ Ft(x, y, b, u)

DR is in the arc with length dM bordered by the gM (R)a- and q[+1(R)«-points.
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where

(3.12) (ak< x<ak+ 1, 0<y<l, O0<b~ak, b integer).

Since from (3. 12) we get (l+y)(6— n)W(b+y)(1—n) and conse-
quently F2LLF3, for the proof of the theorem we have to show that with the
restriction given in (3. 12) for (x, vy, b, u)

subp min (FItF3,FY g ~
X, y,b,u A

holds. It follows obviously from (3. 8)—(3.11) that if for a value of (x,y, b, )
for any pair i?=k also Fi+=Fk, then one may change the value of n so that
min (F, F3,F49 increases. This is the fact also in the case when Fa= F4< F3.

So for the determination of sup min (Fu F3,F49 we have to investigate the
X, Yy, bu

following two cases only:
1 F = F3SiF4
2. F3= F4"F 1
Case 1 From F = F3it follows x—b+ r= {y+ b){\+r),

y+ 2b—x X—6+1
M~ Y+b+ 1’ y+b+V’
and consequently in this case
e . y-\-2b—x
(/3.13) F = Fg— X_hfP“LV)))/(#BH!l' (1+0+T) 1+ b+y

and, since F = F3" H4 therefore (b+y)(x b+ \)"(\+ Db +y)(y+ 2b+x\
i e
< _ (Y+Dbf
(3. 19 Dy + 2b+\ v b.
From b LU1 it follows that
X—b+1 b+y y+b—1j b+y
X+y 1l+b+y 1 X+y )\+b+y

is monotonically increasing in x. Putting therefore in (3. 13) the upper bound'
of x, from (3. 14), we get

p_p< Y+b+l1l J_
(3.15) 1 3= 3y+3b+\ = 2

In Case 2 we can obtain in a quite analogous way the same expres-
sion of y and b as an upper bound for the minimum in question. These
together prove the theorem.
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From the proof it follows that for the values

b= bk+l= 1,
Y= = 0 (Uk large),
X=  dk-m 4 (orti= 1, ak2= 3, (i™3 large),
rfk+ J
1
3
we have F F3=F, ~ , i.e. the constant”™ is best-possible.

Theorem IV, For every positive integer | there exists a suitable irrational
a and a real B=\=<na) so that with arbitrary s>0 /or an infinity of ku the
inequality
i i:(R)dk(R k(R)dk(R)) > -j=—t
Ry CGEE)KE),  dKE)(®)) > i
holds.
By other words, the inequality Xjax—=RB- -vi< 7\f5=—f cannot be sa-

tisfied among the / consecutive pairs of jumping multipla and, according to
Lemma 1V, also among the numbers x with gko(R) < x < (floti(B).

Proof. The theorem follows easily from the following

Lemma. Let e be an arbitrary small positive number and the integer M
sufficiently large. Iffor an a and B and for k—2M * v ai k-\-2M (k >2M)
we have
(3.16) av= br= 1,
then putting

ak(R) gk i(B) = bigl-\-----+ bk igk-i,
the inequality
gk(B)dk(B)>-~=—s
15
holds.

Proof of the Lemma. Using the recursive formulae (2. 3), we obtain
according to (3. 16)

k-i bri fci
(3.17) gk(R) = bigi-\---—--- {-bkigk-i< ¥, bvqv= Y qr= avqv =
—V:"\(_ZMiflvkl—\t-i)z ak+ gk i—ak M—gk2MHi = gk# - gsa+i > < (1—
where s is arbitrary small if M is large enough.



240 VERA T. SOS

Similarly, for dk(R) we have from (2.3) and (3.16)
© k+2M-1 ©
dk(cs)= dk+ Y" b,.d,,= £ dv+ | Y b.d,,
Since - - _
k+2il-1 k+2M- K+2AT- 1

Vidr— Y a,dv— Y{, (dyrl—dv iy ——du-i—ek -F-o"M-1T- =
ye

— —dk+1+ Om+l
and
o© ©
Y bydyl5 ak+2Myirdk+»M+2v = dky2M \,
we have
(3. 18) dk(B) > di;y| —dk+2+-1—dk+2M> dk+ (1 —s")

where *' is arbitrary small if M is large enough.
From (3. 17) and (3. 18) we get

qk(8)dk(8) > gk+idm (\ —O(1 —0 = ---;---—gk"(l —0(1—-0-
q

Qm dM
Since the first 2M digits of the continued fractions of "k and ~~k-
>are the same as those for the numbers Qe ck+l
¥5-1 t1 and 1+ ib i 1 L 1
2 1+ Ir- 1+ 1+
respectively, we obtain
(3. 19 1 - — - Tl (1 — 8™) = - L (1— s").
Ak I5—1 |+ /5-] 0V
AK-+i dke-i 2 2

From (3. 19) the Lemma follows if M is so large that
0-00-0 (1-0 >(!-*)e

Theorem IV is a simple consequence of this. Namely, if in the sequence
Ok (A= 1,2,...) we have for an infinity of indices v

ay =artl= eee  CHonH— 1,
this means that the conditions of the Lemma are fulfilled for / consecutive

indices Aot I,.-., kO-\-1 and for infinitely many kO. Further, if for infinitely

many .u-indices » O 1 and bLFa,L, bL=t0, then, as one can see from the
definition of the numbers bk, /7=]=</*a).

(Received 6 March 1958)
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NOTES ON INTERPOLATION. IV
(INEQUALITIES)

By
J. BALAZS (Budapest) and P. TURAN (Budapest), member of the Academy

8 1 Introduction

1 In this paper we continue the investigation of the interpolatory poly-
nomials R,,(x) of degree ~“2n —1 for which

(1.1.1) R,,(x.) -- = prescribed )

and ( =12, ..n)
(1.1L2 Rn{xr)= R,. prescribed )

Here n is always even and the values

(1 13) 1= X,>x2>--">x,,-i>xB= —1

are zeros of the polynomial

(1.1.4) n,(x) = —n(n—Y 1Pn-i(t)dt= (\—x*)P;,-i(x),

P,, i(x) being the (n—I)th Legendre polynomial with the normalisation
(1.1.5) A-i(l)= 1
We may write

n Vv
(1.1.6) R,,(X) — r\/]_CC,,r‘I’(X) 4- ry]_Bva(x),
where the fundamental polynomials rv{x) and Q@ (x) are defined by
\1forj -, )

(1.12.7) rx)= joO for v and n:(Xj)= 0 for all / s
and

] 1forj=yv,
(1.1.8) ov(q) O foral/s and QWx) )0 for j -,

respectively. These rv(x) and ar(x) are uniquely determined.l It follows from
this fact that if /12, i(x) is an arbitrary polynomial of degree LLU2n—1, then

(1.1.9) Vy_ ALV + 2 Tedx)o (0= XX).

Based on this we shall prove the following theorems.

1 J. Suranyi and P. Taran, Notes on interpolation. |1 (On some interpolatorical pro-
perties of the ultraspherical polynomials), Acta Math. Acad. Set. Hung., 6 (1955), pp. 67—79.

1 Acta Mathematica 1X/3—4
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Theorem I. Iffor v= 1,2,..., n we have for a polynomial ;t>;i(x) of
degree LWW2n—1
(1.1.10) \non-i(xr)\*A, 11O, i(x,.)j is B,
then for — 1~ x ™ + 1 we have

&tq,_f(x)lg.'TawA *— B.

This theorem will follow very easily from the estimations of the previous
paper of this series.2 It will follow further easily that this theorem is essen-
tially best-possible, i. e. for a suitable polynomial /,(x) of degree LU2n—1
and numerical positive ¢

WMO)\>c(an +"Y

More difficult is, however, the estimation of
max \xizn-\(x)\.

We shall prove the somewhat unusual

Theorem 1L Under the condition (1 1 10) we have for —I~x"™ + 1
the estimation3
|"2n-i(X)| *xrsn -=A-\-:t?’]n B.
Unusual is the appearence of the exponent 5/2; that this is really con-
nected with the matter, will be shown by constructing a suitable polynomial
/t(x) of degree N 2n—1 satisfying (1 1. 10), for which

\f[(1)\>c(An!+ Bn )
with a suitable numerical positive c. If, however, we consider only
1+ M0 OsE<D)

S. Bernstein’s inequality gives at once from Theorem 1that for —1+s”
g x*l—s we have

(1.1.11) N»-i(x)| < -yLa:6ril-A-(--yL 7th
Je e
Finally, we shall show that this is also essentially best-possible, too, i. e. for

2 J. Balazs and P. Turan, Notes on interpolation. Hl (Convergence), Acta Math. Acad.
Sei. Hung., 9 (1958), pp. 195—214.

3 For the sake of orientation we remark that if in [—I,+1] f"(x) exists everywhere
and here |/(x)|~l and |/ (x)|&l, then we have for [—I.+1] |/'(x)|*2. This has been
proved after the first results of C. N. Moore and Hardy- Littlewood by E. Landau (Einige
Ungleichungen fur zweimal differenzierbare Funktionen, Proc. London Math. Soc., Ser. 2,
13 (1913), pp. 43—49).
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a suitable/2x) of degree "2n —1 satisfying (1.1 10) we have
14bll >c(An* + B)

with a numerical positive c¢; here jjOis “near” to 0.
We are indebted to Mr. G. Freud for his valuable remarks.

8 2. Preliminaries

1 The explicit form of the fundamental functions r,,(xX) and p,,(x), what
we have found in 2 is the following:
1In(x) ;
(2.1.9) ft)= —m—yr 11+ j~ (4

(2.1.2)
and4for 2srin —1

n«(x) ) TPU(Y)

2TIH(PA-(XKD) () t— xy -

(2.1.3)
+p- < T 3 M+i(i-x;)k-,w )+
1— Xy (I—Xv)Prri(Xy),
and
oM n(x) j.fA-1(0 .
mumwmgnut—nm+
(2.1.4)

+p. w(--Jrj+J (-4)k.,w)

(1— x1)P,,-i(Xy) })’
respectively. Further, if
rn(x)
Ip(xy) (x—Xy)

stand for the fundamental functions of the Lagrange interpolation based on

(2.1.5) 1,(x) (y=\,2,...n)

4 (1 1.4) gives that the integrand of (2. 1.3)—(2. 1.4) is a polynomial.

I*
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our X,-points in (1.1.4), then we have

I\ 3Fx.,2 1—x2 .
) = R AR A ()

(2.1.6) . L
+ 16 1 8n(n—y I TP
rn(x) = L(xf+ br-x"L(x)rx) +
(2.1.7) .
16 1 8n(n—1) OIIT—=Y Pori()
and for 2gi'gn —1 and x<x,,
2.18) rog M Nrom (1. F’nl(X)ﬁ 1 i
I'In(Xir)\J%(t-x,,f 12 6 6 g1--xi)PniXyf\
n—1 and x>xr
(2.1.9) r.(x) an{X) \FPw o o TP 1
n(xr) )J (t-Xrf 2 6 b(1-—Xr)Pn, (XM

respectively.

2. We shall use some well-known facts about Legendre polynomials.
For —I*xsl + 1 we have6

(2.2.7) p;wig§ "l<m+ 1)
and S. Bernstein’s inequalities6

—s lj _
(2.2.2) |Pn(x)|=8 J.‘t_m(l X 2
and for nw 4
(2.2.3 (1—xZ h\Pn-i¢x) Is \i2n,
(2.2.4) \M(x)\LL T
Further, for —Igx”"-fl we need7
(2.2.5) Pm(x) |

5See e.g. G. Szegs, Orthogonal polynomials, Amer. Math. Soc. Coll. Publ. (New
York, 1939), p. 167, formula (7. 33. 8).

6 S. Bernstein, Sur les polynémes orthogonaux relatifs & un segment fini. I, Journ.
Math, pures et appl., 10 (1931), pp. 219—286.

7 See G. Szegs, l.c., p. 159, formula (7.21. 1).
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and the differential equation”

(2. 2.6) (W x2Pm(x) —2xP'mx) + m(m+ 1)P,,(x) = O,
We have further for v— 2, 3,.. and n 4,6,8,... the estimation2
2.2.7 IP,,-j(X,)| > -jt===-
(2.2.7) o)1 > e
We shall use further the estimation2

n
(2.2. 8) max 2L Ir>(*) <;1'Jr
and that for a suitable positive- numerical ¢

Vv

(2.2.9) AN v(0)]> clj,
further2 that 7 .

n 5 -2
(2.2.10) max Y |M(\-)[s —

-1s1s L Ifd n

and2 with the above ¢

(2.2.11) M 0)>7-

We shall also repeatedly use Markov’s and S. Bernstein’s inequalities,
according to which for a polynomial g(x) of degree s§ m and real coefficients
we have for —1lwx”" + 1

(2.2.12) Jjo' ()| ™ nil max |M(x)
and
(2*213) ') K ||y i 10-(9),

respectively.
Further, for the fundamental functions Ir{x) from (2.1.5) we have”

n
(2.2.14) 1
(—1rx" + 1L n 468 ..., 1,2
3. We shall need further something about the Hermite—Fejér interpola-

tion based on our x,-points.0 This is the polynomial of degree LWI2n—1

8 See G. Szegs, l.c., p. 59, formula (4. 2. 1).

s L. Fejér, Bestimmung derjenigen Abszissen eines Intervalles, fir welche die Quad-
ratsumme der Grundfunktionen der Lagrangeschen Interpolation im Intervalle ein mdglichst
kleines Maximum besitzt, Annali della Sc. Norm. Sup. di Pisa (2), 1 (1932), pp. 3—16.

10 L. Fejér, Lagrangesche Interpolation und die zugehdrigen konjugierten Punkte,
Math. Annalen, 106 (1932), pp. 1—55.
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whose function values and first derivatives are prescribed numbers yv and
yt, respectively (y= 1,2 ,..n). This polynomial is always uniquely deter-
mined and has the form

Qn(x) = \§‘| y,,h,,(X) + 1Y]'b'(x).
= r=
In particular, if the  values are values of a function f(X), we write
(2.3.1) I, (I, X) = f(xnhv(x)+ j?yibr(x).

The polynomials Wj(X) and b7(x) are of degree ~2 Nn—1 and

(2.3.2) I>rx)= |

holds; more generally, if cp(X) is any polynomial of degree ~2/i —I, we have
* * —_

(2.3.3) 2YIM*) + .2y (0b.0)= B

As Fejér 1c.D proved, we have for v—\ |, 2 and —I1£ x s |I

(2.3.4) M *)i= 0.

8 3. Investigation of the derivative of the fundamental functions
of the second kind

1. In this § we shall estimate the quantity

VI_ZLVOOI-
It follows immediately from (2. 1L 1) and (1. 1.4) that

1 rMn(x)

natn— 2 s PiG)=n(n—0p.-i(x) 1+ "2*Pni(ic)

?;(*)::
and using (2.2.4), (2.2.5) and (2.2. 1)

Al
(3.1.2) bl x¥Y K- 1)

valid for n= 4,6,8,... and —I~x g + 1 The same holds for |p;(jc)|.
For the further fundamental functions we have the

Lemma 3. 1. For n=4,6,8,..., —isix~ + 1 We have for 2~ v~

<
lin:(x)| S 154-T
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and for - + 1"=»'= n—1
I~ 154 tn +4 17 (W

Proof. It is sufficient to consider the case 2~ r”~ . From (2.1.4),
(1.1.4) we have

o n el . P-.(Q
V(X)— 211 (Xy)P 1 (XT) n(n 1)P< I(X) . t—xr dt+
(3.1.2) FRACOI= Y e TE=s6W ik} ) -
1 1
L A—=Xr ~ (1—x;,)P,-i(x,. )\
X .1 1

ILx)& o I00C 3 (I—x)Psi(x)

We split it into parts

_ NNy T PR-\(D)
(3.1.3) = i) Phaxh I t—x a
" n(n-l)' — \PnaI(x)2Ix L +
2L (X,.) (\—x)P'H-1(xr) | 3P,-i(xr) J
(3.1.4) 1
#PRIOO(L by
fin (x) P,-t(x)
(3.1.5) N 20)P A x—xr
(3.1.6) h- o GOR7IC) | )

2177 (X y)P -ixr) (1—) 1 3R ACK)
2. As to /4 we have from (2.2.6) and (1.1.4)
(1—x2P,"-i(x)2  1—3x,,P-,(x,/)
2n2An—12P .. (X- 3P,(X,,)
(2.2.5) and (2.2.13) give for —I*x "™ + 1
(1—x2P, ()2 (n —1)-
and thus, using (2.2.5) and (2.2. 7),

(3.2.1) 1/417~16727221"7.
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For J, we have from (1.1.4), (2.2.6), (2.2.5)

2
LK n(n —]yPai(xr)\s
and hence from (2. 2. 7)

(3.2.2) LA< 727704 A,

The estimation of |/x and | /3 is much more difficult and needs another idea.
We represent

Pn-J1x)

X — X,,

which is a polynomial of degree n—3, as a Lagrange interpolatory poly-
nomial taken at our x"-numbers. With (2.1.5) we have

(3.2.3) A+ P, (X IIr(x)----- N~ B L0%.
Using this, (2.2. 1) and (2.2. 14) we obtain
|/ i< T /n(x)j i 0 ljpi> /1 \ | 1~
= 2AIn(xv)Pn. O 1TU (I—XnN+ i "™IW I + 2(1 +X,,)]
A7) n(n—1) 19,,(X)] <Tir
A'(X,,) 2 [/, () 1(L— x£,) 1PN (x,) 1 n3»’
using also (2.2.4), (1. 1.4), (2.2.6) and (2.2.7). For Jx we get from (3.2.3)

X X X X

(32.5) ] jy(t)dt+p;uxy) 1/,.(0tf/-~ A A3 int)dt.

(3. 2.4)

(2. 1.5) and (1. 1.4) give

) n(n-1) J0+OPL(D)" =

n(nl_l) |(L+x)Pul(x)-2- |p,,.,(0rflj,

i. e. from (2.2.5)

3.2.6

( ) 1,(N<ll n(n-\y
and similarly

(32.7) A

nfn —1)-
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Since

we have from this, (3.1.3), (3.2.5), (3.2.6), (3.2.7), (1.1.4), (2.2. 1) and
(2.2.6)

i< n(/i-i)|p 0] Dlpo-i)i 6, ipy,(-i)i 6

21t 1(X L) /yH-I(Xr)| T 1—Xxr n(n—1) 1+x,. n(n—1)
S (D) V=% \iv(Fd iAn{nf|<;/Fj£|X\)ng
/I—x|P,,. i(X)|
2\P n~i(Xi)\

(2.2.5) and (2.2. 7) give

(3.28) W *&A% +Y28*YO0-x)\P*-1L\lU M\ m
1
(3.1.2), (3.1.3), (3.1.4), (3.1.5), (3.1.6), (3.2.1), (3.2.2), (3.2.4) and

(3.2.8) give for 2=i,'=£y,—I*x" + 1

(3.2.9)  \9r{x)\"\bl 82\2 1 (\-x)\P w,(x)\by] biffdt] .
1

Actually, we shall use it only for O Ax~I; for —I*"x"~O we shall use
the estimation 1

(3.2.10) IQGQigl54-T A + V2'e(L + x)\P,i , )\ Ifr (| 1,.{tfdt]

which one obtains similarly but starting form the representation (2.1.3) in-
stead of (2 1.4). Since for O ~*x”~ + 1 and for —I*jx"iO we have

11—x= % £ -g ¥J1—x1 and |I+x"|"] —X,
yi+X
respectively, (3.2.9) and (3. 2.10) give for —I* x " + 1

p;-(x)]|g154yr*+K2-"T (I—x-)|P,,-1(x)|f/'[ lr(tfdt™ .
1
Then (2.2.2) proves the lemma.
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From this we easily obtain

Lemma 3.2. We haveforn—4,6,8,... and —15: -f- 1 the estimation
n

'£\aVx) <"\'n.

Proof. From (3. 1 1), (2.2. 14) and Lemma 3. 1 it follows

0 2 b’ IM\Iv{tfdt\ "60rr ]/n<ni]/n,

i? —Tf~Fr—
L2 1(b-001 /'I;]f(nF_ 1‘S\+ 58rrin + |

)

using Schwarz’s inequality.
3. Next we show that Lemma 3. 2 is essentially best-possible. This will
be shown by

Lemma 3. 3. For all sufficiently large even n’s we have
JE, le>i(1)>cKn
with a positive numerical c.

Proof. For 2 ~ r~ -~ we have from (3.1.2), (1.1.5) and (1.1.4)

n(n-1) 12 1 1+Xn
2ni(x,)PZ.t(x,)[3 (1—d)P«-i(Xr) l—x1)”
i. e. using (2.2.6) and (1.1. 4)

1

ie1- 2n(n-D)Pn-i(XrY ¢ |A06) -2
Since for all sufficiently large n’s and g, <y< jl we have
P,-i(x,)!<~,

we get for such r’s

(2.2. 2) gives then 6= - n(n-)RL Cl

[7]
S @) 2rn}|Pr(1)| >CYn.  Qed
hr
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Further we need the following

Lemma 3. 4. Denoting by ui the smallest positive zero of /7,,(x) we have
for all sufficiently large even n’s

iJo)l >c
| | )
with a numerical c.
Proof. (2. 1.3) gives for 2~v~n —1

Qu(no) nn \FP-Q
3.3.1) n;H)p:u{xy) )3 t-xv
Pn-1(rjQ | .
R T O PR ST

Restricting again v by Jn .P we get from (2.2.5)
i pr-1(0df — Pu-1(0 20
g4 " t—X, 1 3 (t—x,.y 1—xi
and thus from (3.3.1), (2.2.5), (1.1.4) and (2.2.6)
|PULQ|E _ w=—01/1-.bl1 j 1 3 1 21bl
- 2\n;, xN\(\-xD\p s h I(XO\ TP w,(%,,)] 3|P,,-i(X,,)] \
1AH-1b|| \1 1 12| 14.-1bl1
(M-1)n|PHIKH* j3 " |P,,-i(xr)] I 6n(/1—1)|Pn-,(x,,)I

for all sufficiently large n’s. Applying (2.2.7) and (2.2.2) we obtain with
a numerical ¢

\Qr(ho)\>~"
and thus

. . .[t] .
F?':T;(Iz”)l i= |I§W1 |?r(i20)| > ?- Q. e d.
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8 4. Investigation of the derivative of the fundamental functions
of the first kind

1. We shall start with a general observation valid for any of our ry(x)-
polynomials. We represent it as an Hermite—Fejér interpolatory polynomial
defined in (2.3. 3). This gives owing to the definition of r,{x)

4.1.1 nv(X)= £ 1rr(xj)hj(x).
J:
Using (2.3. 2) and (2.3. 4) we obtain
(4.12) \v(x)\LLImax r;(x,)].
Actually, we have even J
4. 13) max Irfr(X)|= max |ri(xf)\,
S1E*E+1 i

i. e all polynomials rv[(x) attain their absolute maxima with respect to
[—1 +1] at one of the xrpoints.n The use of (4.1.2) consists obviously
in the fact that we have only to estimate the numbers ry(xj)] which are
owing to our explicit formulae much easier.

2. We shall first prove

Lemma 4.1 For n= 4,6,8,... and —1six”™ + 1 we have
In(*)| = 4n2
\r'a(x)\*"An\

Proof. It is sufficient again to discuss the first. Owing to the remark
(4. 1.2) we have to estimate only

max |ri(x,)].

For 27 j~n we have from (2.1.6), using (1.1.4),

r'Axj) - iAgY-
4.2.1)
(b + V|(f JPn("- Bp-O>( + T (A)Im
Since from (2.2.14) and (2.2.13) we havel

1 A similar remark holds instead of our x-numbers for any point-system, which
Fejér calls normal point-systems, supposed that for this system the (0,2)-interpolation is
uniquely determined. For the normal systems see 10,
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(2.2.5) gives from (4.2. 1)

(4.2.2) afr QD2 N0 4 oy
Further from (2.1.6)

nl) 4+ 2wy (l6e+ a(n-1))n(r ° 3°
i. e. since from (2.2. 14) and (2.2. 12)

I150)I sg («-i)\
we obtain
\r[(D\<4n\

This and (4.2.2) prove Lemma 4. 1
To the further fundamental functions refers

Lemma 4.2. For n—4,6,8,..., —I*jx"-fl we have

Ir,(I~ 66n3= + 348:t- ' for 22~ " |

Ir(X)l—66rc- JL— + 348:r 1 W for —n<V’\n.
\n—r (n-vp 2

. L. . . n .
Proof. It is sufficient again to consider the case 2*v * o let first

be 8. We use again (4.1.2). The representation (2.1.8) gives for j>r,
using also (1.1.4),
P |(X,) \ f (if 1 1 PU-fXj) 1

“2.3) 109 o d 121 6 G—xi)P, ix)2d

and for j<v from the representation (2.1.9)
4.2.4) W ="f+ jl P ) -
( ) M) pn 10N 13 (t xr) [2 6 J%(\—xi)ll’»i(xrf{'

respectively. Using (2.2.5), (2.2.14) we get for j>v
1 1 1
IP,,-10x,)| (¢,—xr+t 3 (1—x;,)Pn I(xwy \

But we have with an xr+H” d* x,.

(4.2.5)  \n\x)\W

1 fAxf) 7.(X,.1
Yo—X,H Xy— Xr+1

LE)= 1LY,
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i. e. using (2.2.14), (2.2.13) andZ® with the notation xv= cos <

1 _ n—-1 n n n, n n2 ".n2
XV—Xr+H Mln—AR fi—% siny 2 v 2v—3 < v

Putting it into (4. 2. 5) and using footnote 2 and (2. 2. 7) we get
(4.2.6) Irv(X) I< eenﬂaﬁz.

For the case j<v we have to proceed analogously, starting, however, from
(4.2.4) instead of (4.2.3). For j = v we haveI3 from (2.2. 13) and footnotel?

_ n®
(4.2.7) m(*,) 1~ 87n: 20—1 _ ugn-w,

From (4.2.6), (4.2.7) and (4.1.2) our lemma evidently follows.
From Lemma 4. 1 and 4. 2 it follows evidently

Lemma 4.3. For n—4,6,8,... and —1¢?x”" + 1 we have
X |r(x)|™ n 8«dk

In order to show that the estimation of Lemma 4.3 is essentially best-
possible, we prove

Lemma 4.4. For all sufficiently large even n’s we have

n
>crin
X I >eri

with a positive numerical c.

Proof. (4.2.4) gives for 2 " v ™ ~

r'A\
) 3(\-xI)P n-Axrf
o I 3t n .
12 Here we use the estimation & ,, > \IV2) ------------ 1 for 0 — which follows at
n

once from Bruns’s well-known inequalities. See 2 formula (2. 4. 8).
13 Here we use the estimation

IM *y1~g7=* 1lfi for
\

\rv(x)[N87* (i m 1V for —<v n,

valid for n 4,6,8,... and —I"~x:£j-)-l, which is proved in 2 (Lemma 4.2).
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Hence (2.2. 2) gives with a numerical positive c

gFuyL> 2 Ko)l>4- 2w (n-i)a >cris
—| O_*;)l*
indeed.

Further we need the

Lemma 4.5. Denoting again by ro the smallest positive zero of 77,(x)

we have for all sufficiently large even n’s
n
2 \ r'Aha)\>cri2

with a numerical c.

Proof. From (4.2. 3) we get for g. < /< N
%
(g P«-i(Vg \ C Iv(t) di. 1V IOiO)j 1 .
Y P 1W) 3 ¢ ) 12+ 6 J(1-x:)9,(x,)M
Hence, using (2.2.5) and (2.2.14),
(4.2.8) £ K bl |> A
Yy 18]
since for our r’s, for all sufficiently large n’s,
] (/_ dt Xy To 10.
Since owing to (2.2. 2) we have for our ?’s
1 IT . n—1, >40,

> — .
3(1—x2)|Pn_i(x,,))2" 6 VI-xI
if n is sufficiently large, this gives from (4. 2. 8)

m > ciP, ,(7Qjns
al 7bl 6 -r-,, (i-x3)IP o, (M)
r=m

as in Lemma 4.4. Thus (2.2. 7) completes the proof.
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§ 5. Conclusion of the proofs

1. Owing to (1. 1.9) Theorem 1follows at once from (2.2.8) and (2. 2. 10).
That Theorem 1 is essentially best-possible, is shown by the polynomial

A(x) = \; sign r,.(0) rv(x) + ; sign fjr(0)-or (x)

for x= 0 owing to (2.2.9) and (2.2.11).
Since from (1. 1L 9) we have

n n

A TV rr(e) = 1
—1

71— 1

Theorem Il follows at once from Lemma 3.2 and 4.3. That Theorem Il is
essentially best-possible, is shown by the polynomial

n

signp;(l)i>r(x)

for x 1, owing to Lemma 3.3 and Lemma 4.4. That (1. 1 11) is essentially
best-possible, is shown by the polynomial
1

fi(x) = 2:n1 signr',,(Dr,.(x) +

V=

n
f,(x) = leign rv(T0-rv(x) + o Sign Pr(f]0-Pr(x)

for x=T]0, owing to Lemma 3.4 and Lemma 4.5. Here to stands for the
least positive zero of IM,,{x).

(Received 6 February 1958)



NOTES ON INTERPOLATION. V
(ON THE STABILITY OF INTERPOLATION)
By
E. EGERVARY and P. TURAN (Budapest), members of the Academy

1 Let
(1.1) 1~ JCi>X2>--->XnS —1
be n points in [—1, +1] and
(L2 ri(x), r2(x),
polynomials with the property
(1-3) V(X)) —|a for
Then for arbitrary real yv’s we have for

n

(1.4) Rn(x) = \%_'yvrv(x)
the relations
(1.5) RnX))=vyi (@=12,..n).

The polynomial R,,(x) we call an interpolatory polynomial, the points x,. the
nh fundamental points, the polynomials rr(x) the nlh fundamental functions.
A classical example is furnished by the Lagrange interpolation where with

(1.6) 0 ()= JLX —X)
we have
<L7) rv{x) IO'(XO (a‘—xr) |V{X),

i.e. all fundamental functions are of degree n—1. Another type of inter-
polatory polynomials is due to Hermite and extensively investigated by Fejer,
Szegs and others; here is
Q)"(XV)
0’(X,)
i.e. all fundamental functions are of degree 2n—1 Fejér discovered that at
certain choices of the n™ fundamental points his interpolatory polynomials

n

Fn(x)= V yvhv(x)
v=1

(18 rr(x) = hr(x) (X—x,) 1.(%)-,

have a remarkable stability property, whose importance for the study of

2 Acta Mathematica IX/3—4
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experimentally given functions is obvious. This asserts that for any real yv
and yt we have for —1s|xsi+ 1

( « A
2 yvhv(x)— ¥ ylhv(x) max (yv—yl).

The Lagrange interpolation has according to a theorem of G. Faberl never
such a stability property.2 Generally we call the procedure (1.2) a stable one
if for arbitrary real y,, and y* we have for —1/ xsi-+1

(1.9)  min (Yr—yl) W 2 YrTrx)—2 y*rv() ~ max(yv—y-)

We define the degree deg R,, of the interpolation process (1.2) by
n

(1.10) deg RH= 2 degree of rv(x).

In this note we intend to determine the “most economical” interpolation
process, i.e. which is stable and degR,, is minimal. In our solution essential
role is played by the n—2 simple zeros

(1.11) (L= i >)£2>S3>e0e>8«-1 (>§,, = —1)
of the (n—2)" Legendre polynomial Pn2(x) (which we always mean with the
normalisation
(1.12) A,-2(1)=1
in the sequel). We assert namely the following
Theorem |. The minimal degree of a stable interpolation process (1.2) is
22n—3)+ (n—2)(2n—4)= 2(n—1)-;
this is attained if and only if the fundamental points (1.1) are given by
,22,...1n
in (1.11).

Hence our theorem gives a new interpolation-theoretical characterisation
of the zeros of the Legendre polynomials. The first such characterisation was
given by Gauss and Jacobi with the aid of mechanical quadrature.

The most economical interpolation process is given by

Rn(x)= y,—  Pn-{xf+y, Pn2(x)2+
(1.13)

-1 1—x2 Pn-4(x)
A1 R Phrw x-&) 2 D).

1 Uber die interpolatorische Darstellung stetiger Funktionen, Jahresb. der Deutschen
Math. Ver, 23 (1914).

2 This was in the particular case of equidistant abscissae emphasized by H. Hanhn.
See his paper: Uber das Interpolationsproblem, Math. Zeitschrift, 1 (1918), pp. 115—142.
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2. The economicity of the interpolation process (1.13) shows itself also
in other respects. In 7 we shall see how they give at once a proof of the
classical inequality

(2.1) |[A»(x)[3M

for —1”~x "~ + 1- More interesting is the comparison of the sequence
Rn(x,f)=/(1) -*4" Pn->(X2+ /(- 1)~ Pn- (xf +

2.2

(2 W e ) R »

+ S /(i,)'1 I Pn2A&UIC—L) j J1/(-Drsmd
with that of the step-parabolae of Fejér
f'n-I

(2,3) Fn-2(x,f)=2f&) 1+gfc—2&x M,-2(X)
[*-*(&)(*-£
/(x) should stand for a function continuous for —I” x s + I. The

deg Fn(x,f) of this interpolation process is obviously n(2n—1)>2(n—1)2
and, as he proved,3 the sequence FHXx,f) converges to f{x) uniformly in
[1+f, 1—], but not for —1/~ x ™ + 1, since it converges at x = + |

curiously enough to 1

(2.4) WIW t-

In 6 we shall give the very short proof of the following

Theorem Il. The sequence of interpolatory polynomials (2.2) converges
uniformly in [—1, + 1] tof(x) wheneverf(x) is continuous for — 1/~ x”~ + 14
if n— oo.

In an Appendix we shall give a very simple explanation of the pheno-
menon (2.4) of Fejér.

3. For the trigonometrical interpolation the corresponding stability
problem was solved by D. Jackson5and L. FejérOto the effect that the

3 L. Fejer, Uber Interpolation, Gott. Nachr., (1916), pp. 1—16.

4 Actually a much stronger local theorem could have been stated.

3 A formula of trigonometric interpolation, Rendiconti del Circ. Mat. di Palermo, 37
(1914), p. 371.

0 In a lecture of G. Polya. See Jahresh. der Deutschen Math. Ver., 22 (1913), Mit-
teilungen und Nachr., p. 206.

2*
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most economical trigonometrical interpolatory polynomial is given by

sin (
3.1 . .
(3.1) fd Vn Ix kmm

SN e ]
Improving a result of D.Quilghini7 we remark that if 0~ ~ n,
O W & W2rr denote the spherical coordinates of a point P on the unit

sphere, then with the polynomials rt(x) from (2.2) and gk(x) from (3.1) the
polynomials

in n

(3.2 Rmn(o, ®,F) V. E/A—|F(0r’ ou)rr (cos ©) 4,(d)

converge for T—0c, n—>< uniformly on the whole sphere to F(P)
whenever F(P) is continuous on the whole sphere. We shall omit the simple
proof.

The 7 shall also contain a remark on Legendre functions of the second
kind. In a further note we shall return to the stability problem concerning
infinite intervals. (See also the addendum.)

4, Next we turn to the proof of Theorem I. Let 1~ Kk LLUn and integer
and we apply (1.9) with
Yk= 1,
yv=0 for v k
further
yt=0 for v=1,2

This gives at once that for —1g xs-|-1 we have
(4.1) 0 M rk@e)=g 1
Taking into account also (1.3) we obtain at once that if x, (/=}=£) lies in the
inside of [—1, + 1], then rk(x) has at x — X, a zero of multiplicity ~ 2. Thus if
all points Xi are in the inside of [—1, +1], the degrees of all rk(x)’s are
N 2n—2, i.e
deg R, B n(2n—2) > 2(n—1)-.

If eeg. X= 1and x,,>—1, then the degree of n(x) is B2n—2 and the
degrees of the other fundamental polynomials are at least 1+2(n—2)=
= 2n—3 i.e

degRn™ (2n—2)+ (n—1)(2n—3) > 2(n—1)2

7 Interpolazione di una funzione F(P) continue nei punti P di una superficie sferica,
Boll. Un. Mat. Ital. (3), 11 (1956), pp. 40—45.
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again and similarly if Xi< 1 and x«= —1. Hence the relation deg =
= 2(n—1)2 can only be true if
(4.2) 1= 3> >eee>x, 1>xn= —1
and putting
(4.3) 11 (x—xK) = 00*(x),
R,(X) — yl 1+X («>*(*)l 0/(X)
(4.4) U*(i). 1—x1 1 co™ (X, )(X—x*)
oy 1RO A0V
2 W (—1)J
But from (4.1) and (1.3) it follows also
(4.5) rkgk)—o for k= 2,3 ,..n—1w
Deriving three-times the identity ;
(X—XK)2rk(x) 1= X2 1 oo(x)
1—Xk U*'(x,,))

at x -=xk we get from (4.5) and (4.2)
0= (1-X7?) oj*"(xa)—2xkco*(xk) (k- 2,3,....9- 1).

Hence the polynomial
(I-x-)o*"(x)-2xw*'(x)

of degree n—2 has the same zeros as to*(x) itself and thus
(1 —x39co*"'(x)—2xco**(x) + Cco*(x)= 0

with a C independent of x. As well known, then it follows C - (n—I)(n —2)

and
®*(x) = Puia(x).

Hence the necessity-part of Theorem 1 is already proved.

5. Owing to the non-negativity of the fundamental functions rk(x) in
(1.13) the sufficiency-part will be an easy consequence of the identity

5.1
(5.1) oy koo F
But this follows at once from the fact that the polynomial
_ A
1+ k:1rk(x)

is of degree w?2n—3, vanishes for x= Si,....£,, and for x= |2, ..
least doubly. Hence the proof of Theorem I is completed.
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6. Next we turn to the proof of Theorem Il. Owing to (5.1) we may
write

6.1 12,06,1)-1(*) =2 (Ne)-Ne ) rn(x).

Let for —I~ x~ + 1 be

(6-2) [/(x)] wM

and for the fixed x-place with an arbitrary small positive t and x'—x|~d (< 1)
(6.3) [/(x")—/(x")|Sie.

From (6.1), (6.2), (6.3), (5.1) and the non-negativity of the fundamental
functions rvn(x) we have

(6.4) \Rn(x,f)-F(x)\LLe+ 2M Z v F\A(X).

Taking (1.13) into account we have for —1+ d< x < 1—d

<6'5) JiL ?- <0 -*> H 1N+ iS 0 -O«-,(&>m |-

further for 1—d ~ x~ 1 or for —1sjts —1-f-d

©0) | ZY W00« (=3P 20024y ¢ | 270 IR i

But writing out (5. 1) explicitly by the aid of (1. 13) we obtain
nll-w2 P«.2{xf

2j.
)

©D PuMxXTrdy 1 i ATo&)Ax—g,)2
and thus taking the coefficient of the highest power of x we gef
nl 1

m (1—%)Pn-*(&)"
This, (6.4), (6.5) and (6.6) give together

(6.8) R.,.(x,/) —>Q|™*+ iM—(l% P,, aX:

Taking into account that according t0 S. Bernstein’s inequalityd

Pn-ax) F 2 1
a FO—2) =X

8 The same identity was derived by Fejér 1c. from his step-parabola and used in
his convergence-proof too.

9 Sur les polynémes orthogonaux relatifs a un segment fini, Journ. de Math. (9), 9
(1930) and 10 (1931), pp. 219—286, especially p. 236.



NOTES ON INTERPOLATION. V 265

for —1~ x”~ + 1, we obtain finally from (6. 8)

., 8iH 1 ,
R.(X,/)-IW Ist+ - ?2?2A =2 20

if only
8 M
2+ - Gpf Q.e.d.
7. The formula (6. 7) deserves a slight attention. It can be written in

the form — replacing n by n+ 2 and the numbers S, by the  -zeros of
P,(x) -

7 ) .
which puts into evidence the well-known fact that for —1 " x si -f 1 the
inequality
[P« (x)|=il
and for x " 1 »
Pn(x) IE 1
holds. A similar but perhaps more complicated identity given by G. SzegsD

A)nr ’ (gq+ D2n+ 2)2... (n+ A2 v dxk J

= [{1—cos2# (I —x2}Ind&
0

can serve the same purpose. Another consequence of (7.1) worth-while
mentioning is the inequality

(7.2) \P»(x) 1=§
valid for —1WIx ™ + 1 and k—\,2,...,n.
Secondedly dividing in (7. 1) by (1—x2Pn(x)2 we get the identity
1 j « J ]
(7'3) (I-x2Pn(x)2= 1-x2+ i8 @L-i)Pn(*nf\x-$ ki '
This can be used to give a simple representation of the Legendre function
of the second kind Q, (x). We start from the representation

dt
(7.4) Q.(x) = P..(x)
(1—P)P,, (02"
10 Ein Beitrag zur Theorie der Polynome von Laguerre und Jacobi, Math. Zeitschrift,

1 (1918), pp. 341—356.
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It is well known that Q,(x) can be written in the form

(7.9) Q-(*)=y Pn(*)logyzzj + a»-1(4

where nni(x) stands for a polynomial of degree n—1 Now replacing the
representation (7. 3) into (7.4) we obtain

QY= PN(x) |+ Po(x)y —romeeeeet Ll at =
Ji—r €i 1—&)p; I ((—8,)2

. 1+JC , 1 Pn(x)
P.(*)log- - i
2 (*)log 1—x /z(l—En)Pn(Eme»z kn '

Comparing this with (7. 5) we obtained the representation

T (x )= J  Pn(¥
(7.8) T @ —LmPnbR)2 x-

AW/ /n proof (1 December 1958). In a conversation with G. Szegé
he suggested the possibility of a new identity concerning the Bessel function
co/_iy'(z\&
~ r'-
indeed, in this way elementarily the interesting identity
1
Ww>*ry 2241y
where v runs over the positive zeros of /0(z). To the general function-
theoretical background of this formula we shall return elsewhere.

by a passage to limit from (7. 1). One could deduce,

Appendix

As mentioned after (2.4), we shall compare our polynomial P,,(x,f)
with Fejér’s step-parabola in (2. 3). Writing shortly
1
a-s)pi-zqy % G=23. =)
we have

Fnx{x,f)-¢ (& )Jft(l-2& x+ g)(-*"-)"'=

Q-2+ (x~ew) (* [))= Pn,(xfZm)gk+
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1n [ 3-2W2(g/(507) +
. n-1 1_v2( Pn-2(x) 2+ YA -2W 2g /("))
)(*-&)

and thus
Frrz(x,f) = U=2£*/(&)Jri(x)+ l?: (& ) r*(x)+ Le:%'n/dik)y-,,(x).

Hence Fejér’s (/r—2)W step-parabola is identical with our Rn(x,f) if for
x= +1 instead of /(+ 1) the value

[Ef(")gk

/s prescribed. Since, as well known,
i i =4- n
n!|>rg !ngl(&)Ek 4 :11/(0

and generally 1

Y 110" /(£1).
1

the convergence of Fejér’s step-parabolae is generally not uniform in the
whole interval [—1, +1].

(Received 30 June 1958)






UBER EIN PROBLEM VON K ZARANKIEWICZ

Von
i. REIMAN (Budapest)
(Vorgelegt von P. Turan)

1 K Zarankiewicz stellte die folgende Frage: Es sei A, eine Matrix
mit n Zeilen und n Spalten, dessen Elemente nur O-en und 1-er sind. Min-
destens wieviel 1-er mull AH enthalten, damit darin gewil} ein aus lauter
1-ern bestehender Minor zweiter Ordnung M2 vorhanden sei [1].

Wir bezeichnen mit kn) die Kkleinste Zahl der 1-er, bei welcher An
schon gewil3 wenigstens einen Minor M2 enthédlt. S. Hartman, J. Mycielski
und C. Ryll-Nardzewski [2] haben

c,nda< k,{n) < c,n3-
bewiesen, wo ¢2 und c¢2 Konstanten sind. T. Ké&vari, Vera T. Sés und
P. Turan [3] haben

(1. D k2An)< 1+2 n+ [n3
und

bewiesen.
Es sei Ahh eine Matrix mit nx Zeilen und n2 Spalten, dessen Elemente

nur O-en und 1-er sind, und sei k2nltnd die Kkleinste Anzahl der 1-er, bei
welcher Ah,2 schon einen Minor AE enthalten muB. In [3] ist fur n**pr+p,

«2=p'2(p prim)
(12 W +p,pi)=/f(p+\)+\

bewiesen werden.
Im folgenden beweisen wir unter Anwendung des in [3] benitzten

Gedankenganges, daf3
(1.3) kAih,n) » y(nl+ fn'i+ 4nn.,(n2—1) + 1

ist, was bei n1= n2= n in die Ungleichung
(1.4) k{n) = -2 (n-+nl4n—3)+ 1

ibergeht. Dies ist etwas genauer als (1. 1). Mit Hilfe geometrischer Uber-
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legungen geben wir schlielich unendlich viele solche Wertepaare (nu n? bzw.
Werte n an, bei welchen in (1.3) bzw. in (1.4) Gleichheit zutrifft.

2. Zum Beweise von (1.3) fihren wir

(2. 1) s= y (nl+ Yni+ 4nJo(n.2—1))
ein, das die Gleichung
(2.2) (s—ni)s==/JinAn2— 1)

erfillt. Wir bezeichnen durch Iv die Anzahl der 1-er in der v-itn Zeile von
Ann2 und nehmen an, dal fur die Anzahl der 1-er in A4 die Ungleichung

(2.3) £ lv>s

r 1

gilt. Wir beweisen, daR unter dieser Voraussetzung ein Minor M, aus 4,,,,2

auswahlbar ist.
Es seien T, m2 ..., nhv die Indlzes der die 1-er der r-ten Zeile ent-

haltenden Spalten. Aus diesen kdnnen | J Zahlenpaare ausgewdahlt werden.
Die Gliltigkeit der Ungleichung

@. 4)

ist eine hinreichende Bedingung daflr, dal A,hn2 einen Minor M2 enthalt. Fir
die nichtnegativen Iv besteht die Ungleichung

und folglich ist

Hieraus ergibt sich wegen (2. 3) und (2. 2)

%1(5) - u v v' an, " "'
womit wir (1.3) bewiesen haben.
3. Wir nennen die Matrix 4,1l(la gesattigt, wenn aus ihr einerseits kein

Minor M2 auswahlbar ist, andererseits aber dies ermdglicht wird, sobald man
die Anzahl ihrer 1-er mit Eins vermehrt. Es ist offenbar, dal jede Matrix
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Ahh geséttigt ist, aus der kein Minor M, auswdéhlbar ist, und dabei die
Anzahl ihrer 1-er gleich [s] ist. Ist in einem solchen Falle s ganz, so gilt fiir
das entsprechende Wertepaar (nltn? in (1.3) das Gleichheitszeichen, d. h.
es ist

(3.2) fc(h N = ~(n 1+ Yl+ 4ninr(n2—1)) + 1

Um gesattigte Matrizen zu konstruieren, betrachten wir den /--dimensio-
nalen endlichen projektiven Raum uber einem endlichen Korper der Ordnung

N = pa (p prim).

Die Punkte dieses Raumes sind die aus Korperelementen bestehenden r+ 1-
tupeln (*!, x2, ..., JOH) (nicht alle x, gleich 0). Die Punkte X(x1(X2 ..., xrH)
und y(yr,y2 mmm M-+) sind dann und nur dann identisch, wenn es ein Kor-
perelement A gibt, fir welches

Xi= lyi (/=1,2,...,/1-+1
gilt. Die Menge der Punkte

Aa, L8 Afici.l (<

wird als /-dimensionaler Unterraum bezeichnet, wo A; %2, ..., Astl Korper-
elemente und a,, a,,..., a#t linear unabh&ngige Punkte des Raumes sind.
Die eindimensionalen Unterrdume heifen Geraden. Eine beliebige Gerade des
/--dimensionalen Raumes befindet sich entweder ganzlich in einem bestimmten
r—1-dimensionalen Unterraum, oder hat mit ihm genau einen Punkt gemein.
Zu zwei Punkten gehort eine und nur eine Gerade und zwei Geraden kon-
nen hochstens einen gemeinsamen Punkt besitzen.

Jede Gerade hat N+ 1 Punkte. Ein /-dimensionaler Unterraum kann
gewonnen werden, indem man jeden Punkt eines /—1-dimensionalen Unter-
raumes mit einem nicht zugehdrigen Punkt verbindet; die Gesamtheit der
Punkte der Verbindungsgeraden bildet einen /-dimensionalen Unterraum. So
kann man, z. B. durch vollstdndige Induktion, einsehen, dalR die Punkteanzahl
des /-dimensionalen Unterraumes

N t+1—1
N—1"

und die Punkteanzahl n2 des /-dimensionalen projektiven Raumes

3.2)

ist. Es sei nun /? die Geradenanzahl des r-dimensionalen Raumes. Mit Riick-
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sicht darauf, dall jede Gerade 7V+ 1 Punkte hat, gilt

UWTV+n (Ir+-1)(Nr-1)

1230 2 |j (NP-1) (TV-1) -«
Wir konstruieren nun die Inzidenzmatrix 1,h,2 der Geraden und Punkte
des Raumes. Die Zeilen von I,hH entsprechen den Geraden und die Spalten
den Punkten. Ein Element der Martix ist genau dann gleich 1, wenn die
seiner Zeile entsprechende Gerade den seiner Spalte entsprechenden Punkt
enthdlt. Die so gewonnene Matrix ist geséttigt, d. h. es kann aus ihr kein
Minor M ausgewdhlt werden, da dies bedeuten wirde, dal zwei Geraden
zwei verschiedene gemeinsame Punkte haben. Ferner ist die Anzahl der in
/nn2 befindlichen 1-er /(Af-j-1), da in jeder Zeile N+ 1 1-er sind. Diese
Anzahl ist genau der unseren in (3.3) und (3.2) angegebenen Werten nx
und n2 laut (2. 1) entsprechende Wert s, wie dies durch Einsetzen leicht
bestatigt werden kann. Damit haben wir das Bestehen von (3. 1) bewiesen.

Ist r= 2, dann ist

(3.3)

(3. 4) W= n2=n= N2j-N+ 1= p-a-fpa+ 1
In diesem Falle gilt also
(3.5) KAXn)= ~(n +n}]/4n—3)+ 1

Gesattigte Inzidenzmatrizen werden auch durch r-dimensionale endliche
affine Rdume geliefert. L&4Bt man aus dem /-dimensionalen projektiven Raum
einen r—I1-dimensionalen Unterraum weg, so erh&lt man einen /-dimensio-
nalen affinen Raum. Auf Grund obiger Uberlegungen gilt fiir die Geraden-
anzahl w, bzw. Punkteanzahl n2 des /--dimensionalen affinen Raumes

. Nr-\Nr—1
(3.6) «i= el )
Die Anzahl der Punkte auf jeder Geraden ist nun gleich N. Die Matrix /%2
hat somit nxN 1-er, und das ist wiederum der durch (2. 1) angegebene Wert
s, was durch Einsetzen der Werte (3.6) bestdtigt werden kann. Laut (3. 1)
gilt dann in diesem Falle

(3.7) =

Ist N=p, r= 2, so ergibt (3.7) eben das Ergebnis (1.2).

Endlich sei als Beispiel die Inzidenzmatrix des zweidimensionalen pro-
jektiven Raumes, d. h. der projektiven Ebene mit 5 Punkten auf jeder Gera-
den, also der Spezialfall N= 22 r= 2,n= 21 angegeben. Die gestrichelt
abgegrenzte Teilmatrix ist die Inzidenzmatrix der affinen Ebene mit 4 Punk-
ten auf jeder Geraden.

n2 Nr.
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(Eingegangen am 6. Marz 1958.)
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SUR LES SOMMES DE PUISSANCES
DES NOMBRES COMPLEXES
Par

S. UCHIYAMA (Sapporo, Japon)
(Présenté par P. Toran)

1 Etant donné un nomdterel n, nous désignerons par M, la
quantité
min max F2+ eoobl
(T2 = 2) (mex{ ]y
ou le minimum est évalué sur tous ensembles (zu z2 . . zn) de n nombres
complexes. M. P. Taranla démontré qu’on a
log 2
M, > F
1
Y

pour tout n LLIL Cette inégalité peut s’améliorer considérablement, quand n
est un nombre assez grand. En effet, M. N. G. de Bruijn2 a établi qu’il existe
une constante numérique C>0 telle que

I0£10g«
(1) logn
pour tout n assez grand.
L’objet de la présente note est de donner une démonstration de I'in-
égalité (1), en montrant qu’on peut prendre 1—s pour la constante C, quel
que soit le nombre positif ~ on note que la démonstration originale2 de (1)

n’a pas affirmé la possibilité de prendre C supérieure a y Parexemple,ona
ni

(2) > n .
Y]
1r

pour tout n L1, ce qui est meilleure pour nll 9 que Iinégalité de M. Taran
mentionnée ci-dessus.

1P. turan, Eine neue Methode in der Analysis und deren Anwendungen (Budapest;
1953).

2 P. 1aran, Eine neue Methode in der Analysis und deren Anwendungen, édition
chinoise (Peking, 1956).

3 Acta Mathematica 1X/3—4
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Ce m’est un vif plaisir de pouvoir présenter ici I’expression de ma
profonde reconnaissance a M. P. Tuaran pour tout l'intérét qu’il m’a porté
avec la plus aimable bienveillance et pour ses remarques tres précieuses. Ma
gratitude s’adresse également a M. N. G. de Bruijn qui m’a montré comp-
laisamment son témoignage pour (1).

2. Soit donné un ensemble (zuz2. . zr) de n nombres complexes

guelconques, tel que
1= zx™ \z2a...alz,|.

Posons sv= zi-{-z2 + ———-bz». Pour démontrer notre inégalité (1) ou (2) il
suffit évidemment de montrer que

pour les {zu z2 ..., Z,) envisagés ol M— fﬂ@ﬂs,J et e(X) = ex. En effet, (1)
est une conséquence immédiate de (3): quant a (2) on notera seulement

que log X w pour r~ 1.

Nous posons f(z) = 7/d- Zjz): évidemment /(1) = 0. En suivant la
=

méthode de M. de Bruijn, on considére I'expression

e[-E~)=m (Ir|<1).
On a alors
/ Is N B o . .
e\—gzl-.\grz = ,—go G, ..., snzi=/(r) +J_Snz+1 Us,..., SNz,
ce qui est toujours valable sans restriction & 2: donc, en y posant z = 1 et
en prenant le module, on obtient d’une part

= 0,5.t" m>

D’autre part, la fonction a}(tlt. . t,) est pour chaque j un polyndme
en U,...,tn dont les coefficients, étant universels, deviendraient non négatifs,

si 'on remplagait par — —tn. On a donc
P19 ») ~ 2 aAs2 7241 =
_ M+ n\
- € n |
puisque I
\M+j—1

70
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Or, on peut supposer sans rien perdre de la genéralité que M < 1: on
a ainsi

FT)ACHEP M- HS

LIJe\Ll\/IV ....... dall VAN “rM2
v 2 “T Vi) v 1 Vv 12

1 en résulte que

ay(si,..,,s <e(AT.
Epay(shsylse LU
et par suite
n _T2r
™Y
d’ou
ol
. \ . . 23
ce qui achéve notre démonstration de (3), car > 1
3. Nous voulons mentionner finalement une application du résultat (2)

a la solution approximative des équations algébriques de Bernourti et
Graeffe: le passage sera complétement analogue a celui de 3
Considérons maintenant I’équation algébrique

Mx) = Coot alk 4--—---- bamxa= 0 (am= 1),
ou on peut supposer sans rien perdre de la généralité que ses racines
X,,X2 ..., xn soient telles que
[Xi| N |x2 LLleee LLI(X,,|.
La suite des polyndmes /*(x) (x= 1,2,...)" étant définie par la formule

[*(*)=(—0T*-i (K/*-1(- w0,

/*(x) = (x+ aixx H----- bamxn (ab¥= 1)

Comme on sait bien, en vertu des formules récurrentes de Newton, la somme
sw des v'émes puissances des racines du polyndme /*(x) peut s’écrire sous
forme d’un polynéme en ses coefficients aox,aix, ..., a,X.

nous posons

3 P. Turan, Remark on the preceding paper of J W. S. Cassels. (Application to
approximative solution of algebraic equations), Acta Math. Acad. Sei. Hung., 7 (1956), pp.
291—294.

3
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M Turanlki a ¢tabti, d’aprés un résuttat dd a M. J. W. S. cassets/ 1a

regle X
(4)

( Luax_lsrxl")"
De méme, en utilisant le résultat (2), on trouve

" vi

X V
(5) 1 |
(1m ax V)

dont la borne supérieure est plus1 faible que celle de (4): mais concernant

le calcul pratique avec les |s,,*|r y impliquées, il peut arriver que la régle
(5) soit encore plus convenable que (4). Cette remarque est due & M. Taran.

(Regu le 31 mars 1958.)4

4 J W. S. Cassels, On the sums of powers of complex numbers, Acta Math. Acad.
Sei. Hung., 7 (1956), pp. 283-289.



TWO NEW METHODS FOR THE APPROXIMATE
CALCULATION OF MULTIPLE INTEGRALS

By
L. C. HSU and L. W. LIN (Changchun, China)

(Presented by P. Turan)

This work is concerned with the approximate calculation of multiple
integrals. We shall present two general methods, of which the first one is
devised only for the approximate integration of periodic functions.

8 1 The first method

Very recently, N. M. Korobov [1] has offered a number-theoretical
method for the approximate integration of periodic functions. His results are
surely of practical value. In fact, the labour of calculation involved in his
approximate formulae, can be conveniently carried out by means of the high-
speed computing machine, though the convergence of his approximation
process appears to be quite slow.

In this section we shall proceed to give a new method which is actually
suggested by the idea of weyi’s lemma [2] in the theory of almost periodic
functions. For obtaining our principal result, we need to make use of
Cheng— Chen’s generalization [3] Of zygmuna’s theorem (41 for the trigono-
metrical approximation of periodic functions. Our method will yield a kind
of approximate formulae whose constructions are as equally simple as those
of Korobov’s. On the other hand, the degree of approximation given by our
process appears to be much better than that of Korobov's.

Let f(P) =f(Xi,..., xm be a function of period 2;r in each variable Xj.
It is always assumed that f(P) has continuous partial derivatives of the orders
up to p (pLL4).

Denote by ..., xm) the partial derivative of / in which «, just
indicates the number of times of differentiation with respect to Xj (j= 1,..., m).
Thus the partial derivative with order p just means that «,------- Fam—p
<+ = 0). Define

rgo(p) = max fa:..am(X\>sem> fat..«m(Xj,. **, XM J

where the “max” is taken over all the compositions (c,,. subject to
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the condition at4----4-am=p (c”0), and over all the points (X,..., X,,)
and (X[,...,x'nm) with the restriction  —x'ff* g2

Let f(P) have the Fourier seriesJ of the form
(1) f(P) ~ Z C n t...LMeI(NIT,+ +"rim)
where the summation 2 ranges over all —<x<n}<oo (j— ,m). Define
AXP)= £ Ch...

n‘l+.. +nm—V
the summation being extended over all (nu...,nn) subject to the condition
indicated. It is known that the following trigonometrical polynomial (with
large R) gives actually a very good approximation to f(P) (see [3]):

g \"W

1- \*\/ 5 n - VERZa-,...«IT(tfy('“*+~+"»'»
where R,k,ow are positive integers with k>p-\- 1, a, m—1 +1, and
®) ot —1 A G
Moreover, let us denote
<4) 0\R)='Z"\a*.....JR) |,

V<IP

the summation 2" being omitted the term of the case v—0, (i. e. all n-= 0).
Having stated all the preliminaries as above, we may now prove the
following

Theorem 1 Let g be a positive integer and let <p(t)="f(yi 1,0,
Yi—Rqi (j=\,. . m) and M= R'4mqg Then for R large we have

Proof. It is clear that the inequality v= n\-\--—-o- 1-nin<R~ implies

—1 (/= 1,..., m). Consider now all the linear combinations mny,
of yJ= R7}; we may easily find that
(6) \}g a,/, 4----—-- tn,,yml= R’

where the “inf” (infimum) is taken over all (nu...,nj subject to the con-
dition P\-\------|-nf, </?2 with (n,,..., n,,,)4=(0,..., 0).
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According to a generalization of zygmunada’s theorem due t0 cheng and
chen (See [31), We know that

(7) Siv;/)-1(P)=
holds uniformly on the domain D (0~Xj*2n; j—1 ,..m). Therefore, on

substituting y,J) into (7) and by term-wise integration, we
may obtain (in view of (2))

9(tydt= M )S$\P:f)dt+ O [ «L

M.
AeHN,7i+ .. +0im7m).V__j~
8) M 50 /(0 i feemn b Ty )
+60,...,0(P)+0 |-
where
2n 'In
a0...0(R) = Co....0= jwejf(P)dxr mdxm.
0 0
Hence, by making use of (6) and (8), we have
M
2
ﬁ/lé 9 (t)dt-Co,,,,0 MR"-"

where the constant factor involved in the order estimation O(-) depends
merely upon the function f(P). This is what we wish to prove; as we have
already assumed M = RP¥-1

Obviously, the factor 0*(R) contained in the right-hand side of (5) can
be replaced by the absolute constant

9) o=" IC,..,rl,

in case the Fourier series (1) is absolutely convergent.

As is easily seen, the meaning of Theorem 1 lies in the fact that the
/«-fold integration of f(P) over the domain D(0"kXj"2ri) may be replaced
approximately by a definite integral. This remark suggests that Theorem 1
can be employed to construct a variety of approximate formulae for the

multiple integral concerned, since in fact the definite integral 0| (p(Hydt may

be evaluated by various approximation methods (quadrature formulae).
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In order to illustrate the method just indicated, we now take, for instance,
g=p+m—1in Theorem 1, so that M= R, andj_I we apply the Simpson

formula with Af-f 1 terms to the integral (1/Af)écp(t)dt, where N = M1\s

a large even integer, r being a certain positive integer to be chosen for best
advantage. Clearly, we may express
M

(10) u 1
0
where yk= yk|~j (k= 1,..., m) and

il for /=0, N;
(11) A =\2 for /= even integer </V;
(4 for /= odd integer,

and the remainder is estimated by

M .
(12 |e* 180A1 1n N esup \EM(E)\.

By the definition of y{t) we may find that

K 4 0 H b )

dv
y dXidXjdXkdXi
where
(13) K= SUP - xidxjdxkds,

the supremum being taken over all 1” i,j, kK, 1T and 0~ x;, X, xk xt  2:x.
Thus, by recalling that N = Mr= Rr, we obtain

HI R m K jyl(p+m-r-1)
(14) 6V 180 180

On the other hand, we have seen that the order estimate of the right-hand
side of (5) is of O(R P. Hence it is better to choose r such that 4(p-\-m —

—r—1)= —p. That is, we may take r = ~(5/?-f 4m—4), so that we have

14 bis . maR 1 1Y
( ) ICVI=T 180 IR |
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Moreover, we may express y*= 77 41 (k=\,. . m). Hence, as a con-
clusion, we may state the following (with M= R= L4§:

Theorem 2. Let L denote a positive even integer, and let 7V =L ;i4™4,
yn= ZAL > (k=\,..., m). Then for N large we have

1 N
3V
(15) oo e

where o(L) = o*(L")=£o0 and A, and K are defined by (11) and (13).

As a comparison with Korobov’s results, we may observe that the
degree of approximation by Theorem 2 is much higher than that of Korobov’s,
especially for large p. In fact, the principal error estimation contained in
Korobov’s theorems (pp. 1062—1065 of [1]) is O((\V/N)'f", while in our
case the error is of the same order as (\/L)4p= (\/N)4(p¥" 4 where
4p/(5p + 4m—4)*4/5 for p large and 4plLibp+ 4ni—4)>4/7 for p”2m.

8§ 2. The second method

The object of this section is to present a quite effective method for the
approximate integration of functions having no periodicity in its variables.
The original idea of the method has been generally given in a previous
paper [5] due to one of the authors, but not fully developed. In the present
work we shall always assume integrand functions to possess continuous
partial derivatives of higher orders, so that results much more precise and
useful than the original ones may be obtained.

We shall confine our attention mainly to the case of double integrals,
for there is no essential difficulty involved in the extension of our results
to the case of many variables.

In what follows <a> always denotes the fractional part of «, i e.
<d}=-«—«]. For convenience, we also use the notation (P (x))" = rk(b)—rp(a).

Applying the Euler—Maclaurin summation formula and making use of
a well-known property of the Bernoulli polynomials, we can now establish
a pair of “expansion theorems” as follows:

Theorem 3. Let F(x,y) be continuous together with its partial derivatives,
with respect to x, of orders up to m (sl) on the square region R(0 *jcsl,
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O ~y~Il). Then for N (integral parameter) large we have

I TR, y)dxdy = F(x, <Nx»dx -

(16) o
tti-1
where Bv(y) is the Bernoulli polynomial of degree v.

Theorem 4. Lrt the continuous function f(r, 8) be of period 2;t in s
having continuous partial derivatives, with respect to r, of orders up to m on
the circular region S{03=r 1,0 05=2;r). Then for N large we have

J)f(r,b)dS = 2;t |f(r, 2:zNr)rdr-

(17) m

where Fv(e)=fiv \Nl,e) +(v-1)f?-2Al,e)-(v-1)fta0,e), fi\r,0) de-
noting the vth partial derivative of f(r, B) with respect to r.
Proof. Denote Jx = I/N and let (cf. 81 of [5])

=E f jJF(X <Nx>)~Ff(~ Z ,<Wx>)) dx,

(k=1)Ax

KAX

k—\
M O z Il dx | F N Y] —F(x, y)\dy\.
k-1)Ar 0
Evidently we have o
KAX ﬁl.'ljl |
K—1 .- K—1
N , <Nx> dx J ax] ,y\dy,
(K-\)Ax (k-1)Ax 0
so we may easily verify that
1 11
(18) |F(x, (Nx»dx = Jj F(x, y)dxdy-\-"iiix(N)-\-ifjfN).

Applying Tayi1or’s theorem to expand F(x, <Wx>)—F" A * <7\x>| in terms
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£
of the powers of IX------ — I, and then using term-wise integration, we may
express ipi(N) in the form

v N

09) dxv N Yly'dyl+ 0 {N m.

Let us define
b (x)=j -~F{x,y)yvdy (INrA n —1).

Then the Euler—Maclaurin summation formula with a remainder estimate is

seen to be applicable to the sum X* ®( rM tv, yielding

_%*Ll_l dy +

B2 (YdwHFX:=
Y oiNejlardlof * * M & L -ro +-—+o0ov=~>\

where Bu B,, Bt, ... are known as the Bernoulli numbers. Now collecting
all the terms of the same power in N, we find that the coefficient of N ”is
given by (with BO= 1)

v-\
f B,
Jiaxenil 2= - e \dy.

Making use of the formula B,,(y) 10 Bkyn~k for the Bernoulli polynomial,
we can still simplify the expressmn of the coefficient. In fact, we have

d” 1F\

C—= \ X v~1)x=0

(B,.(y)—Bn)dy.
Thus we get the result
vn-l m { 1

(20) @v(y)-Bndy+ 0 (N m.

~ v-i VIN dxv-4x=0

As regards the summation “"{N), we may directly apply the Euler—
Maclaurin formula inasmuch as 4a(N) may be rewritten in the form

VicAo=a G(v -)w -j° (%"
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where G(x) = o| F(x, y)dy. Noticing that
1
G( n(,)_qgo-o(0)=J (|L ~ dy

we obtain finally

Rr .
21 . "o
(=3 (N %vv\N\éJ wiixr =o' V/FO(AT)

Hence our Theorem 3 is proved by means of (18), (20) and (21).

For proving Theorem 4, it needs only to transform the polar coordinate
system into the rectangular one, and make use of Theorem 3. Since the
deduction from Theorem 3 to Theorem 4 consists of only elementary calcu-
lations, we may omit its details here.

In particular, taking m= 2 and recalling B,(y)= y— we see that

the formula (17) gives 1

g’/(r, O)dS—2n0If(r, 2:eNr)rdr =
(22)

0]

This is clearly a refinement (or an improvement) of the Maréchal—W ilkins
theorem (see [6]; cf. Grosswald [7]) and also of a result obtained previously
by one of the authors (see § 1 of [5]). As a consequence, we may immediately

infer from (22) that the integral 2;téf(l’, 2ttN r)rdr can approximate L)f(r, 0)dS

with an error estimation of the order O(N ') in case f(r, B) -vanishes along
the circle r = | (the boundary of S).
As is easily observed, the formulae (16) and (17) are useful for the

approximate evaluation of the double integrals
11

(I F(x,y)dxdy, 1/(n, &)dS.
0b w

In fact, taking for instance N=10, m= 4, we see that the right-hand side
of (17), which consists of only 4 definite integrals, will provide quite a good

approximation to \\f(r,6)dS in case |/\,(0)] is moderate in its magnitude

(noticing also I, (>) \B,(W)\ =£~ , B:i(y)j = g jB4n)|= 30 for 0= #= 1)-
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On the other hand, if ng, y) is of period 1 iny, then F(x, </lbc>)=
= F{x, Nx) and the integral (})F(X’ Nx)dx with large parameter N can also
b% 1evaluated approximately through the computation of the double integral
OIC'I')F(X’ y)dxdy with an error estimate rendered by the formula (16).

It is clear that F(x, (Nxf) is in general not a continuous function of x
unless F(x,0)= F(x, 1). But this disadvantage can easily be obviated by
replacing F(x, y) by

(23) F(x,y)= "{F{x,y)+ F(x, 1-y)};
11 11
for actually we have F(x,0)= F(x, 1) and || F{x,y)dxdy | |F(x,y)dxdy.
00 00

Moreover, recalling the si_mple relation fi,.(I—y)= (—\)rB,(y) for the
Bernoulli polynomials, we may accordingly deduce that

1 v w=1
N —_(—
0 ° >|<:1 {xy )J§<z:0 BvH(y)dy — (—1) .+l .

Thus upon substituting (23) into (16) we get at once the following

Theorem 5. Let F(x,y) be continuous together with its partial derivatives,
with respect to x, of orders up to 2p-\-\. Then we have the expansion of

the form
11 1

d&F(x, y)dxdy = OI F{x,(Nxy)dx —
(24)
mBir(y)dy + R,

where Rp= RPA(N) = 0(N~22 for N large.

This expansion formula is certainly better than that of Theorem 3,
inasmuch as F(x, <Mop) is already made continuous and the speed of con-
vergence has been improved. Moreover, it is seen that the formula may be
used effectively for the construction of cubature formulae. As a matter of fact,
when specializing N and p (e.g. 5"~ TVs10, 3~/;76), the right-hand side
of (24) gives only a few definite integrals, to which the Gauss quadrature
formulae may directly apply. Concrete examples will be omitted here. However,
it is worthy of mention that the cubature formulae so constructed are actually



288 L. C. HSU AND L. W. LIN

of higher accuracy which may be comparable with Liusternick’s work [8]
on the cubature over a circular region.

A question of some theoretical interest may arise: When does the
remainder RP=RP(N) tend to zero as /?-*m=? Evidently, the following
theorem just gives a sufficient condition for Rf,(N)—0 (p—*m»):

Theorem 6. If the continuous function F(x,y) possesses partial deri-
vatives of all orders with respect to x, and if

(25) B (r=1.2,3,..),

then we have the following estimate for \R,\:

Cr

-
(26) [2.0816 1+ 5 3 sk 2 crN) i

Proof. It is known that |#?,(x)—BIr\ attains its maximum at y = y.
Moreover, by the multiplication theorem of Bernoulli polynomials we have

Bv\ \ )==(211—1BV. Thus, for we get
\Bir(y)\= B2 |~ -8 2r + \B2A= 12 r—2)Bor\+ #->'=§
@2
2n fr 2r—\ (r MO-

niere we have employed the series form of the number \B2\. Consequently
we obtain

. 1 1 co I->
\o i< V A v W
[ pl=rro 2O\ IN QL DOICTTe T on i1 4b 2JiIN)2e
Hence the inequality (26) is proved.
Corottary. If the series 1 C,/(2?iN)2 converges, then /?,—0 (p—ocC)
and the right-hand side of (24) can be extended as an infinite series.

Let us finally mention a result for the case of 4-fold integrations. In a
manner similar to the case of two variables, we define

F(x,y,u = {Fx,y,u,r)+ F(x,y\—u, v)+ F(x,y, n, 1—r) +
+ F(x,y, 1—n, 1—n}

It is then easily verified that F(x,y, fNxf, (Nyf) is a continuous function
of (x,y), provided that F(x,y, u, v) is a continuous function of the 4 variables.
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Thus, by applying a generalized form of the Euler—Maclaurin summation
formula for several variables, we can establish the following
Theorem 7. Let the continuous function F(x,y,u,ii) have continuous
partial derivatives, with respect to x and y, of orders up to 2p. Then we have
the expansion formula
1111 n

lj)Fdxdydudv= jl F(x,y, <Nxy, <Ny>)dxd
o)oob) y 01(*;| (x,y y, <Ny>)dx dy

" UL e

where

(28) <o > 5 G) F<e>FeFrg

the summations V* and V * being taken over even integers r (2wruw?2p)

dr IF \—
and s (O”ssr), and the notation [ dx~10yr~ j  signifying lhat the func-

tion F is differentiated r—21-times with respect to y and then integrated with
regard to x from 0 to 1

The proof of this theorem runs quite similarly as that of Theorem 3
and need not be reproduced here.

Evidently, the formula (27) can be employed for constructing approxi-
mate formulae for the 4-fold integrals, as TVand p are suitably chosen fixed.
Finally, we see also that Theorem 7 actually suggests a further generalization
to the case of more variables.
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AN EFFICIENT PROCESS OF SUCCESSIVE APPROXIMATION
FOR SOLVING ALGEBRAIC OR TRANSCENDENTAL
EQUATIONS
By
L. C. HSU (Changchun, China)

(Presented by P. Tuaran)

8§ 1. Introduction

. Throughout this paper we shall consider an equation of the ordinary
orm

@ f(x) = 0.
Here /(x) is a single-valued function continuous together with its first and
second derivatives f'(x),f’(x). In case the function f(x) is of a complex

variable (x= u+ iv), it is assumed to be analytic.
The process mentioned in the title is constructed as follows:

() * Xt (%)~ (XW =)V A A1723,

where x0 is an initial approximate solution of (1), and X, is determined by
the classical Newton method

Obviously, the process (2) differs from both the Newton process and
the ordinary method of chord for real equations. Certainly, we may also call
(2) the *asymptotic Newton process™ in view of the fact that

for  (xn—xn-i) 0.
I(*«)—f(Xn-1)~ f (*,)

As a comparison with the Newton method

+H= K1 = =
(4) X, H =X, f(A) (n=0,1,2,.. Xo= xo
we may assert that the process (2) is more convenient for practical appli-
cations. In fact, the Newton method requires the values x*,/(xi),/'(x*,)
(r=10,1,..., r) in order to determine the (n+ I)th approximation x*+i; while
in the process (2) only the values xv, /(xr) (r=0,1,...,n) and f'(xQ are
needed for calculating x)H. On the other hand, we may also predict that4

4 Acta Mathematica IX/3—4
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the convergence speed of the process (2) should be much better than that
of the modified Newton method

5 »+i= — = 0, 2,.. = .
(5) X»+i=Xn " oA (n= o, 4 x0= x0

8 2. Convergence theorems

In this section we shall be concerned with the case in which /(x) is
a real function of the real variable. By means of certain geometrical consi-
derations we may prove first the following

Lemma. Let | be a closed interval within which the equation (1) has at
least one solution. Let xnbe an interior point of I and let

(6) 1¢*.)1"(*)> 0 (XE1).
Then the sequence {x.} as given by (2) converges monotonically to a solution

x* of the equation with x*£/. Moreover, the convergence speed is comparable
with that of {%*} of the Newton process (4), viz.

(7) X2 -i—>x* < Ix*—x* (7= 2,3,...).

Proof. It is no real restriction to assume /(x,,)> 0,/"(*) >0 (X£/).
For otherwise we may consider —/(x) instead of /(x). Clearly, the condition
/" (x)> 0 just means that the curve y=f(x) is strictly convex throughout /.
This fact actually implies that /'(x0Q=}=0. Suppose on the contrary that
['(xQ = 0. Then /(x) must attain an absolute minimum at x= x0, and con-
sequently /(x) G /(xQ >0 for all x £/. This clearly contradicts the pre-suppo-
sition that /(x) has at least one zero within /.

Consider now the case /'(x0Q < 0. Let x* denote a zero of /(x) in |
which is nearest to x0. Then by the convexity of y=f{x) we see that the
Newton sequence {x*} (x*= x0 is monotonically increasing to x* In fact,
the relation limx* = x* follows at once by letting n-+°c in (4 bis):
1" (X*) (XF+i—x*) = —f{xt).

In order to prove (7) and limx,, = X* we need to compare the conver-
gence speed of {x,} with that of {}*}. Evidently, the relation (2) means that
X, H is just the abscissa of the x-axis determined by the intersection of the
line through the pair of points (x,,_i,/(xni)) and (X,,/(X,)). On the other
hand, the abscissa x«+i is determined by the intersecting line tangent to the
curve y=f{x) at x= x*. Thus by the convexity of y —f(x) we easily find
that x,, < x*4 < x* (for all n) and

X0= XD< Xi==Xi < X2< Xo< x3.
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Consider now, for instance, Xv < xMi < xR. Clearly, it must follow that x*+ < XM,
using the convexity again. In other words, the case xt < < XMK xMi s x*+
can never occur. Hence the worst case regarding the convergence speed of
{X.} is seen to be
Xo< XK x+< XBaxagx < X, < X)s X< eoec X< XiVic XA+ XAl <mmm,
Consequently, we obtain limx,, = x* and, moreover,
[P2H—H < pg—H ==223..)

The other case /'(x,,)>0 can be treated in exactly same way. Hence our
lemma is proved.

The lemma just proved enables us to state a pair of convergence theo-
rems with the aid of the well-known results due t0 A Ostrowski and
L V. Kantorovitch, respectively (see §85—6 of [1] and [2]).

Theorem L1 Let X, be a point interior to a closed interval | and let
(8) 1) (x)> 0, f(x,)f{fa)< 0 (x£1)
where a is an endpoint of 1. Then the sequence |x,] constructed by (2) con-
verges monotonically to a unique solution x* of (1) with x* ¢ /.

Theorem 2. Let xnbe an initial approximation and denote
1 1(*«)
f(x 0) Poy fix 0)
Let / be an interval of the form

%SI |X_)<r1 = _]::_\{1___2_(59 ‘o flno <«O0 AN yl Il
within which we have
() \r\x)\*£-, mr(x)>o

Parlo

Then the sequence {x,} of (2) converges to a solution x* of (1) within /.
Moreover, the speed of convergence is estimated by

(12) Xj—X* < [X2Hi—x* <

As a matter of fact, the uniqueness and the existence of the solution
of (1) as asserted, respectively, in Theorems 1 and 2 are implied by ostrowski’s
and Kantorovitch’s theorems (see Theorem 4 of § 5 and Theorem 1of § 6
of [1]). Other conclusions of our theorems are merely consequences of the
lemma. For instance, (12) actually follows from (7) and the known estimate
about |x*—x*|.

Evidently, our Theorems 1 and 2 do not apply to the case where (x*, 0)
is just the point of inflection of the curve y =f(x).

4%
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8 3. A further theorem on convergence

More generally, we shall now consider (1) as a complex equation in
which the unknown x may be complex or real. A result to be presented
here is somewhat similar to that of I. P. Misovskin for the case of Newton’s
method in solving general functional equations (cf. Theorem 5 of 8 6 of [1];
see also [3]).

Theorem 3. Let the following conditions be fulfilled:

1° I/'C*») = ~> 0, max(|/(x9|,4]/(xDj)==/>0;

2° |I"(x)] ™ 6 holds for all x’s in the region X—x« " vy;

°cy= a= 4R20, Byé's; , ,

Then the equation (1) has a solution x* ( x*—x0j y), toward which
the process (2) converges with the convergence speed estimated by
(13) IXPH —x* | A
where a < 1 and tf>n)— 21" 24— 1, [n/2] denoting the integral part of n!2.

Clearly, all the conditions 1°, 2°, 3° of the theorem can always be ful-
filled when | is sufficiently small (i. e. when the first two approximations x0
and x, are sufficiently near to x*).

Proof. To begin with, we shall now prove that all the x,’s are con-
tained in the region G:|x—Xg 5=y. Since in accordance with (3) we have

1(*>)
I'(*9
it is seen that xxdG. Using induction, suppose that xu x2 ..., X,£G. We
shall show that x,+ £ G. Clearly we have, using conditions 1° 2° and 3°,

X, — XJ = SiBl<Y,

Jj No

Q= LT[ (6,14 100, — %, -1) = 1" (x0] dt\

B1—0 1, 1-ft(xn—x,,.|)—xO0\dt

1—Ry6  1—3/4 1

to. Ay-
Oy: R 4R"
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Hence it follows that

Xn—Xnl
f(Xn)— f(Xn-1)
- 4pf/(*»)_l(*n'l) 1— Xn-2

AR 1YOG)—H{xn. D—F (X, D XD 1+

f(Xa-i)—F{Xn-i
o el e

X, H—X,,| = \F(X,, )VMB(X,,)\-

1
_ gn JIOXHA2 XU=Xnild (XN —F {xro-f-t(a - x,-3)]dt | L
- 0
1
A 412jy dIX—X,t i[2+ [X—Xypei]d | [(Xy-i—X,-2 (I—O 17] =
0

NARD |-1-]X,, =X, 1|12+ Y X=X, 1] [X,y-i—X12|| A

14Rd\xn—Xn-il2  for |[xn—xn-i| = |Xn-i—xw-2],
= 14/Sd|X,,-i—X,,-22 for |X,,-i—x«-21= |X,,—Xi].

So we have arrived at a recurrence relation for |x,+i—x»|; and consequently
we get
X, H—X,,| N (4/2d)4-2+ ~2¢'A(wax(|x2—x,|, )x2—x0))*

where s -1 Notice that

—X0
- - .
maxdx!—x0Q|, [x2—x,[) ¢ max\Rt, F(Xi)—F(x0) 1/(*01j ~

max (B1,4B\f(x,)\) R1.
Moreover, we have a = 4/?2d< 1. Hence for any s =1 e have

[xn+i—x,| g (4R&f-"(Rtf =i Bl«--" ~ BlaW-v.
Consequently, we obtain |’
n n
[x n+i— X0| A fe:0|xk+i — x*x1~ Rl fl + é iaV'(k-Dy<

<RIR1+2 aZ"l= vy,
f U J

V=

so that x,H is contained in G, and the induction is complete.
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Furthermore, we find

ttHp1 i © \

_ - i<?
(14) I, H—x,J s| E:H IxkH- x kj< ./_A_n )
0] (M—o00).

Hence {x,} is a fundamental sequence tending to a limit, say x*= limx,,.
Evidently, jx*—xQ”~ y and moreover/(x*) = 0, since in fact

|xHi—xn| g 4/?//(x,,)] * 4/Sd- max (|X,,—X,, 11 |X,,_i—X,,-2]).
Finally, we have by letting p —*00 in (14),
|Xx*—X,,

The theorem is therefore proved.

8 4. Remarks

Our first remark, as may easily be justified, is that almost all the known
results concerning the Newton process may be extended to the case of the
new process here proposed. Actually, the validity of this general remark
follows precisely from the asymptotic relation between the two processes.

Also, it may be noticed that the estimations of the convergence speed
involved in Theorems 2 and 3 are quite rough. In fact, there can be found
various numerical examples, showing that the real speed of convergence of
the process (2) is often much better than those given by (12) and (13).

As a final remark, we point out that the classical Chebyshev’s process

(15) x, A= X, /’.((*«)) 21(1’/,(()('3)]( ((:)')) (n=0,1,.2,.)
may be modified in such a form that the third term of the right-hand side
of (15) is replaced by

1(/(*,) YY'bl —

o 1M(X5)) {(X,— %, i)F(x.,)1"
It is apparent that the modified process

(16) xH X ,(l(o*o)—(m (n=0,1,2,...)

iS more convenient in practice than the original one, especially when the
values /"(x,,) are not easily calculated. Certainly, the mode of convergence
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of (16) should be, in general, much better than that of the Newton process
and is slightly inferior to that of (15).

DEPARTMENT OF MATHEMATICS,
NORTH-EAST PEOPLE’S UNIVERSITY,
CHANGCHUN, CHINA

(Received 9 May 1958)
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AN ESTIMATION IN THE THEORY OF DIOPHANTINE
APPROXIMATIONS
By
E. MAKAI (Budapest)
(Presented by P. Turan)

81

P. Taran observed [5] that certain extremal problems connected with
the sums of the same powers of different complex numbers play an important
role in numerous problems of the analysis and number theory. One of his
results is that there exists a constant A such that

1 M, ,-=mm  max [1+22 H--—-\-Znl>
) IAFmHL

.....

M
Afm-ri) = KMAA).
Originally he found that (1) is satisfied by A— 2Ae? and later in a paper
written with Vera T. Sés [4] it is shown that A= 2el+4cx24, too, satisfies
the inequality (1). They remark that the lessening of the constant A plays
an important role at certain applications and the question was raised to find
the least numerical constant A* for which Mmn>Km,,(4) independently of
m and n.

Applying an idea of P. Erdss they showed [4] that A*>1,321 and in
the same paper they indicated a way which it was expected to lead to a
better lower estimation of A* They have shown, namely, that if Hy(y) is
the Hermite polynomial defined by

**00= (-D Vyié%-ve

and H,+1(/) = 0, then denoting by Dn(i) the least of the moduli of the roots
zuz.,,..., zn of the equation

2 snz, A )=i;"-W o
one has

(2) J. < lipmin Dn@
In the following we will give in a certain sense asymptotically exact

estimation for the least of the moduli of the roots of the equation s,,(z,ﬁ): 0
if Hn(l) <0. This estimation is as follows:
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If 0” frw 1 is a prescribed quantity and Zf+ is that of the numbers A
satisfying HnH(H)= 0, //,,(A) <0 wM/Vcr /s nearest to the quantity— .91 2« -f-2,
then the roots of the least modulus of the sequence of the polynomials

S (1§ *-+1) (« = 2,3,...)
converge, as n-*oc} to the only positive root xI'h of the transcendental equation
(3) UTexerr N 2=\}
From this we will have that
A*>1,473.

Our result has common features with some other investigations, too.
The polynomial (2) is a partial sum of the power series expansion of
e#+\z considered as a function of z. The repartition of the roots of the
partial sums of the power series of ez was studied by G. szegs [2] WhO
investigated the possibility of the extension to entire functions of a theorem
of Jentzscn. To this question some contribution is given by the result (3).
Another equation analogous to (2) is

Z_OP rr=20
where P,,(k) is the Legendre polynomial of degree v normed by the condition
P,,(I) = 1. Its roots were investigated by G. szegs [3].
§2

We will need a generalization of a theorem of Sonin by Po6lya which
according to Szegé6 [1, p. 161] can be shown as follows:
Given the differential equation

(4) [EC)T+ R*)'= 0
where in a<x<b @@= cp(x) and k = k(x) are positive and sufficiently smooth
functions, moreover tj= %fj(x)= 1l(kcp) is monotonous. The derivative of the

function
. f(x) = y-+ k-y-tp
is

f'(x) = 2yy' + (2kK'y'- + k2-2y'y™)ifj + k&' 2fi' — /dy"2ip= —~A
1 If Ht(A)> 0, the same statement holds, only the calculations are more lengthy.

Cf. G. Szegs [2], the basic idea of which is used in the following demonstration. Formulae
(8) and (9) of this paper are the analogues of formula (1") of G. Szegs.
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whence one sees that if k<p is monotonously decreasing (increasing), then
f(X) is monotonously increasing (decreasing) in the interval a*x”™b.

It follows that if the zeros of the function y'= y'(X) are xi (a~x,'<
< XO < seen b) and ka is e. g. monotonously increasing in (a, b), then

[(2) N [J4*0F> [>«>eee

(theorem of Sonin— Po6lya) and hence
(5) 1(a) > [y(xX)F (a”™x”b).

If again the zeros of y= y(x) are x, (alLx{<x2<---wb) and kep is

e. g. monotonously decreasing in (a, b), then the inequalities
f{a)"M(x,) < f(x,_)<umm

are equivalent to the inequalities

(6)

From (5) and (6) we can derive two lemmas connected with the Hermite
polynomials.

Lemma 1. If Hnti(A) = 0, then
H,( D™ AnY2n+ 3-Vew
where
A > n\
+1!

Proof. It is known that e*§-Hn+i(x) is a solution of the differential
equation y" + (2/z+ 3—x-)y= 0. Comparing this equation with equation (4)
it is seen that now k=1, cp(x)= 2n+ 3—x2 and kcp is monotonously de-
creasing and positive in 0<x<f2/!-F3. Now it is known that <25 + 3,
so using (6) we have for kwO

d
OO) [erH ~(x)]1LO0+2TP+3 dX_eAH nH(x) .
1
2n-\-3—52
whence with the help of the relation //,"+i(*) = 2(n + \)HI’(X)

a,4012 1
2(n+ 1. * 2n+3[OF 2743

Denoting the left-hand side by Al and using the formulae

(?) H>,..(P) ( ’?”’(an{)!, 2,r(0) = 0
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[1,p. 102}, one can write
| 1)1
o @r! o 1 @/rrr-1) 1
2 ml

2t 3
/I T+ T

whence
|
A s /7

+ 11

Thus we have proved Lemma | for non-negative As. The validity of the lemma
for negative As follows from |//,,(A)|= [/].,(—A).

Lemma Il If |X| < K2jl+ 1 (r>1), then

Hr(x) I Br

1[2v f- 1—x2
where

B, W i27+1 12

Proof. Consider the differential equation
y" +u(x)y=0 («=1I(*) = 2v+]—x2,

one of whose solutions is e-22Hr(x), and put y= u ll4r. Performing the
calculations we get

(n I2¥) + (A u~52-4x2+ j n-»*+ ulqv= 0,

one solution of which is
(8) v= ulde-"Hr(x).
The last differential equation is that special case of (4) where

k(x)= 1ri2 cp(x)= " «’524x2+ ~ n 32+ niR2
It is to be seen that if 0< je<}/27'+1, then K(X)>0, q(x)>0 and
kX)<p(x) = ~ /-34x2+y n 2+ 1

is a monotonously increasing function of x. Using formula (5) we have

v2+ a-#  un 524x2+y n-3P+ bik] V2 N*)J2  (0~Ax<}'2i'+1).
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Writing in the place of v the right-hand side of (8) and in the place
of n the quantity 2r+1—x\ we have for xi<2r+\

K2+ T ([/,,(0)]2+ Nf2r+ 1-x 2 e~ H v(x)\.
Denoting the left-hand side by Br and using (7) one can write

B,m= \4m (1 @M\
ml
1 1

= 7 I.
Bam= '4m+ 3 (2% D2 2@m+ D1+ 5oy e 1

and from this

N V\ ]
Bra]f2v+\ (/2! 0'd0-

§3

Let again //,+](")= 0. Our two lemmas vyield upper and lower bounds

of Hn(l), whence using the notation il
«

th,,(A)|(( W S B

C() 2
we have
(n+1)/2+1 \(n+1)/24-|
1 («+1) -<C H<\2n11
2 12IT+ 3—5([/Z]+I)T(2¢e)(,+)2 [n/2]1(2e) (D)2
I. e. there exist quantities y and /’ independent of Aand n such that
2
—— < Cn(A</V 4</'n.
®) 1/2/i+ 3—A& n @
Consider now the polynomial
(2 S,(r, A= s,(2)= £ £_qm L2

where again //>iti(f)= 0. One can verify usmg the recurrence formula of the
Hermite polynomials that

EAA + 2(2-1)s.(2)

Integrating this differential equation we have
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Formula (10) shows that if #,,(A4)<0 and x>0, then o,(x) is a mono-
tonously decreasing function having one positive zero x,(f). It will be shown
that supposing AgO, xn(d) is the zero of least modulus of the complex
-Junction o z). For consider a complex number 2, the modulus of which is
less than x,,(f). Then choosing as path of integration the straight line segment
connecting 0 with zQ we have (E= §+ /+)

K (z0| 1+2 H;I(\ﬂ)\](\giﬂ £*0at

1=2~p /15T 4 - 3pleKi =
kd

td
. ALAR I ol
1+ 2- o I inntl |+\22||ﬂg.|\£f|\_

([20)><7.,(x,,()) 0
and so |cr,,(Z0)[>0.

84
Let + and be the quantities defined in § fe It is known that

lim Z7#4 = —
">®)2n +2
Denoting the quantity x,r(A*) by fn + Ix,f our task will be to inves-
tigate the asymptotic behaviour of x,\fas n tends to infinity. Writing in for-
mula (10) instead of z, Cand A the quantities J/n+ 1x, 1++ 1S and Ilt+:,
respectively, we have
1,,(x, +)= an(]/n+ 1LX/til)=

(1) =i+ 2"~A(nH-I Y 4a|r +lexp[(n+ DE2-22f+in + IEJEN
—en)r AMAMEXp (n+ DE  2—===r(n+ e N*T11 AH 1
yrafedmee 0 Jn+ 1( : 2 iR+ 1

where
Cr= Cn@m).
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Now the only positive root of the equation fu(x, fr)= 0 is x{fi} and our
task will be to seek upper and lower bounds of this root. To get these
bounds we will majorize and minimize the function f,(x,x9) by two other
functions, each monotonously decreasing for positive x’s. With the help of
the positive zeros of the latter functions we will estimate x)P.

If x>0, we have, using (9),

9 nnri1
1—In  12efex "ot di.<fn{x, ,9) <
f P £ 1/2n + 2 {x.9)
-l
Jh+l
<1 [2et,ex
~id ] P9 2 \f2n + 2

fn+ 1
where the function

g(l0)=7?+2V20%$+ &
is in the case of positive |’s and 0’s a monotonously increasing function of
these quantities. As for any positive s and sufficiently large n

m—s< 7= -9+ 8,

<
12n+ 2

therefore
| 9—*)<g §—_ N —gto+1
g( )<g S 120+ 2 g( )

if n is sufficiently large.
Consider now the monotonously decreasing functions

K,(X) = \—Tn [\2etéli*+yY Xz

KAX) =1 3

and

We have
ku(x)<f,(x, ,9)<K,,(x)

and the positive zero x"P of f,,(x,'9) lies between the positive zeros of k,,(X)
and Kn(x).

We now define the quantity as the positive zero of the equation
(3" \iTefem'e>= 1

where we regard O as a constant quantity. It is to be seen that x0) is a
decreasing function of 0.
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Further if x<x”t) and n—*00, then ka(x)-*! and if x>x #£ and n—»<,
then Kn(x)-+—oc.

For if x<x(df), then in the interval 0°8~=x the function \f2e%ead’ &1)
is less than g where gq< 1, and so

X

1I—k,x)= T r|6\[}2 e Ny Hdi<rnxq,H-0.

On the other hand, if x>x<"f) and the value of the monotonously in-

creasing function at the place x@8H+ x) is r (/">1), then
) [V2ezeqS* fn+lrf§ > ) [\2eS,6ALd-E)n+1< /| > rnH-+°o.
0 X(« Oytr
2

Therefore for any positive and sufficiently large n it holds

f n (XHE) — rf)> kn(x<dth—1) > 0

fn (**">+ n) < kx (*#DH+ v) <0.
Tending with e and N to 0 we have

limxfw *1
=00

and

where x#) is the positive root of the transcendental equation (3).

85

Returning now to formula (2) we can insert in the place of D,,(k) the
quantity ¥nxw, and using (9) one has

1 \

Ae < A>
where
(12) A>= [Y2heOxWyl.

We have now to search for a value of 9 for which Ai&sis large. Numerical
calculations show?2 that

J¥>= 115 AW= 1,395, xw= 0,3731, x(@>= 0,1131.

The quantity considered as a function of 9 has a maximum in

A
0<&<\ onIX when dd—'g = 0. Now the interval where the derivative of A@®
2 The numerical calculations were performed by A Heppes to whom 1express my
gratitude.
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may vanish can be estimated as follows. Differentiating equations (3) and
(12) with respect to $ and equating this last expression with 0, we have

X7+ x(2xx'+ 2][2x+ 212 >x'+ 2V) = Q,
2S-x-\-x" "0 .

(The differentiation is denoted by a prime, x stands for x@ and & is the
place of a possible extremum or inflexion of A@.) Eliminating x! from these
equations we have

But we know that x(m<x<x () (84), i e

0,113< -7:—/-/---- f2,5<0,374

or 0,59<»<0,67. From these data a rough graphical estimation shows that
the place of the extremum is near to P>= 0,642. At this place we have
As>= 1473

(Received 25 April 1958)
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ON AN EXTREMAL PROBLEM

By
. DANCS (Budapest)
(Presented by P. Tuaran)

In his book1lP. Taran raised new problems of the theory of diophantine
approximations and the results of the theory are applied to various problems
of the analysis and analytical number theory. Pushing further these researches
he got recently to a general extremal problem, the general solution of which
would imply the improvement of the applications. This extremal problem is
the following:

Let zuz2,. . zn be complex numbers with absolute value 1, K of them
are fixed: z,= a,, z2= «2,. . 7= «*, furthermore

1 u

1) f)= g, @-2Zj2)= 1+ 2 al,

@) w N +é0'z,

©) B0 [+ afl

and

4) I(zk#l, 2682, ..., 2,) - | B—f(z)smz)\Adz\.
=]

The general question is: what is max I(zkH, zk+21. . z,) when zkH, zkt, s zn
vary independently on |r|= 1

In this paper we solve the special case k= 1 This case was also
solved by E. Makai2 His proof is different from ours. We shall prove

Theorem 1 If k=1 and |a,|= I, then max I(zu z2,. . zn)
W=i>-, =i
is attained only for cd:_zrl: r2==---=2, and its value is
i jim 4+ n—j—1
2rC &Ly n—1 V—m+j

1 P. Taran, Eine neue Methode in der Analysis und deren Anwendungen (Budapest,
1953), Akadémiai Kiadd.

2 E. Makai, On a maximum problem, Acta Math. Acad. Sei. Hung., 9 (1958), pp.
105—110.

5%
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Proor. Without loss of generality we may suppose zx= - 1 For the
2n

proof we write I(ziyzly. zn)= ||1—/{e”)3He{P\Alp. Introducing the nota-
0

m-+n

tion,g(z) = 1—f(2)s,Jz) = v>—/1 we may observe, as inl p. 40, that
«P» = of* == e e5>:0-
Hence

(5) l(zuz.,.. z,)= 2-n v Joetrr...
Our assertion will be proved if we can show that — for all our v’s —
attains its maximal value if and only if 4= z2= ---=z,,= |. From (1), (2)
and (3) it follows easily that

) —_— / 1 H
®) A=Y 2 gpziprzn
(7) A= rYrr-rif»,

Mi+Mr+-"+Mre= *
MISO, Mr=0,..., M,=0

further

@ —~p QjH-I(‘jr-m+'I'(€{-----(-p- ------------- )e
Flence
(8) a¥ = . v - ah, inz{lz@—— z7

i,"lo, ' n_r,\,/:qq
Obviously, (a”si £ |ai,/2..,7) and the equality occurs if and only if
N+I17r., . +In—V

z1= zi=""'—zn=\, provided that the sign of each O/ /,...../,, (A+ 44------- F

+/,=7r; [,"0, /2= 0, ¢s-, /»= 0) is for each fixed v the same. This is what
we shall prove.
a,uH, will be determined explicitly. At first we consider what is the

contribution of —{mVr-m to aiui2..in. From (6) and (7) it is clear that
Zizi- m\" (/, + LH-—- p/,, = V) occurs as often in a*a”-m as many-times one
may choose v—m at a time from the positive I,’s. Denoting by i the numbers
of the positive s inafix/,L,..../,, (/,+ AH--—-- this contribution
amounts, taking also the signs into account, to (—I)r mtli r J(is/j and
i< ).

By the same reasoning we see that the contribution of —a". idiii-,+1 to
all( o _pis (—1)” m+2%v—n‘1 + 1)) etc. Hence

i+l
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Taking the well-known property jM = * J j+ p " *} of the binomial coef-

ficients into account, and using /* n and i Vv, we get

I Ne-mH | i—1
©) ah,h V—m—1
From this representation it follows that the sign of ctiu in (4+ 4+ oo+
+ 4 = V) is independent of lul,,...,lu Hence the first part of our theorem

is completed.
For the proof of the second part of our assertion, from (6) and (7)
taking into account that

di.) (_OLVI((/

and I it z1= z2=---=z,, = 1,
2. «t [-1U

a MN-1))

further the first part of Theorem 1, we write
mn
~ max Mzuz,, ..., z,)= 2yr l max \af\z,,z<,,.. .,zn)f =
I*il=tal=-=|z«l=i VEMHL [r,|=bl==-=|21=1
m-+n m-+n
N m+ n—1 n
2n rzérr<’+:|.k1 EL L eee>r= Q:sz%wtﬂ vV n—1 vV—m

(m+n—21] n )
1 N—1 J[v—m+ aJr
as asserted.

As to the application we shall improve a main theorem of the book
mentioned in \ This theorem is the following:

Let zuz2,...,znand 6, b2, ..., bn be arbitrary complex numbers and
m —1 integer. Then one can find such an integer v that

m+ \*vim +n
and
\blz; + b2zi 'bnzh . n
= ’ = 1bi+ by-f- e+ bnu .
" mm _ \zj\ by 2e(m+ n))
la‘ai

Our assertion is that under the same conditions the following theorem

holds:

Theorem 2.

4,+ b2+ + ban
2e 2e(m + n)
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This improvement is not essential if N is large, but in the case n= 2

. 1 =
this gives the real order in m, as the example 6i= 62= AW and z1= eZm

ni

Z — € 2m ShOWS.
In this case
re(m+\) . i e
= sin ,
[/(m+ 1y cos om om < 2m

similarly
\f(m + 2)\< ~,

and from Theorem 2
MH/R N2 f 3 ¢tm 4- 3)4

Proof of Theorem 2. It may be assumed obviously that min |2/j= I.
1 -n

In this case one can prove that (see in p. 40)

Ibi + b2+ eee+ b1

walpex V(f)li
v A
where
<> = 1,1 ... 1
“Yi L

in our notation. Obviously,

max afil Lo U v 3o,i,...,0)i

N&i,‘,l*n|5i Z Ic* 4n ) ) )
From (9) we have

/—1 .

(10) =3 N~z PO

where P(i) indicates that how many solutions are of the equation /1+ /2-b
R bL= v (/i*o,/220,...,/, ~0) by the condition: exactly i of the//s
are positive. Obviously, P(i) is less than the number of the solutions of the
equation

h-b4-pmmbin= v—i  (\N=0,12=0,..., 7,=0)
which is (VI N—1
n—1

Thus from (10)
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further

o ff| ?fr-/+n-n

rmal!™d éivAI{v—m—\{ n—1 J

and thus

from which our Theorem 2 follows.

(Received 5 May 1958)






SUR LES COURBES IRRAMIFIEES
Par
A. CSASZAR et J. CZIPSZER (Budapest)
(Présenté par c. arexics)

1. On connait bien le role fondamental que deux espaces topologiques
particuliers, I'arc et la courbe simple fermée, jouent dans bien de problémes
de la topologie. C’est ce role de grande importance qui explique le nombre
trés considérable des travaux s’occupant de la caractérisation topologique de
ces deux sortes d’espaces. Parmi ces caractérisations, il y a une, due a
K Menoer, qui mérite une attention particuliere, parce qu’elle est basée sur
la notion trés intuitive d’ordre de ramification d’un point d’un espace topolo-
gique, notion que I’on définit, en se bornant a des points d’ordre fini, de la
facon suivante: le point x de I’espace topologique R posséde I’ordre de
ramification n, en symbole: ordxR = n, si n est le plus petit des nombres
cardinaux finis m tels que chacun des voisinages du point x contient un
voisinage ouvert de x dont la frontiére se compose de m points au plus.

Or, la caractérisation en question affirme que I’arc et la courbe simple
fermée sont les seuls continusl métriques non dégénérés se composant exclusive-
ment de points d’ordre 2 au plus.'2 En appelant point de ramification tout
point d’ordre supérieur a 2 (y compris les points dits d’ordre infini, c’est-a-
dire : les points qui ne possedent aucun ordre de ramification fini), on peut
donc dire que l'arc et la courbe simple fermée sont les seuls continus métri-
ques sans points de ramification, ou qu’ils sont les seuls continus métriques
irramifiés.

C’est F. Frankl Qui a réussi a généraliser les résultats cités de
K. Menger, en démontrant que si I'on remplace dans I’hypothése, les mots
“continus métriques” par “espaces de Hausdorff connexes et contenant un
sous-ensemble dense dénombrable”, on parvient a une caractérisation topo-
logique des espaces homéomorphes, soit a un segment, soit a une circon-
férence, soit a une droite, soit a une demi-droite. De plus, il a montré qu’en
supprimant I’hypothése de I’existence d’un sous-ensemble dense dénombrable,
I’énoncé reste le méme, pourvu que l'on substitue, dans la définition du

1 Nous entendrons par continu un espace de Hausdorff connexe et (bi)compact; un
espace est dit dégénéré s’il se compose d’un seul point.
2V. [7], p. 303; [8], p. 267.
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segment, de la circonférence, de la droite et de la demi-droite, & Iensemble
ordonné des nombres réels, un ensemble ordonné quelconque dont I’ordre
est continu.3

Le but de cet ouvrage est de donner une nouvelle démonstration aux
résultats indiqués de F. Franki. Cette démonstration présente deux avantages
vis-a-vis de la démonstration originale : d’une part, certaines étapes communes
aux deux démonstrations ont été considérablement simplifiées (v. p.ex. la
démonstration de la compacité locale, proposition (2. 10)), de lautre, la
méthode de démonstration utilise la notion de connexité par arcs généralisés,
ce qui permet des simplifications ultérieures lorsqu’on se borne au cas d’un
espace de Hausdorff séparableou d’un espace métrisable. Dans ce qui suit,
nous commengons par traiter ces deux cas particuliers, sans doute les
plus importants au point de vue des applications, et passerons ensuite
aux modifications nécessaires pour parvenir aux résultats généraux de
F. Frankl.

Dans 84, nous présentons comme application de ces résultats une
généralisation de la caractérisation topologique, due & K Menger, des ainsi-
dites courbes ordinaires. On appelle courbe ordinaire un contenu métrique
qui est la réunion d’un nombre fini darcs n’ayant deux a deux qu’une
extrémité commune au plus, ou, autrement dit, un espace homéomorphe a
un polytope connexe de dimension 1. Le théoreme mentionné de K. Menger
affirme qu'un continu métrique non dégénéré composé exclusivement de points
d’ordre fini et ne contenant qu’un nombre fini de points de ramification est
nécessairement une courbe ordinaire

Nous allons généraliser ce théoréeme de K Menger dans la méme
direction que F. Franki la fait quant a la caractérisation de I’arc et de la
courbe simple fermée, en considérant des continus généraux au lieu des
continus métriques. Notre démonstration présente, vis-a-vis de la démonstra-
tion de K Menger, méme si l’'on se borne a des continus métriques,

3 V. [3]. Nous reviendrons a la formulation précise de ces résultats au §3. Un
résultat analogue a été démontré pour des espaces de Moore connexes irramifiés par
F. B. Jones [5].

4 C’est-a-dire admettant une base dénombrable.

5V. [7], p. 304; [8], p. 266. Il faut remarquer que la formulation du théoreme est
inexacte a chacun des deux endroits cités, puisque la condition que I'espace ne doit con-
tenir aucun point d’ordre infini manque de I’hypothése. Cette condition est tout de méme
essentielle, comme le montre I'exemple de la réunion, dans le plan, d’une suite infinie de
circonférences a rayons tendant vers 0 et contenant un point commun ou elles possédent
une tangente commune ; en effet, cet espace est un continu métriqgue se composant d’un
seul point d’ordre infini et des points d’ordre 2 et lequel, pourtant, n’est pas une courbe
ordinaire.
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I’'avantage de ne pas faire usage du théoréme profond appelé ’’n-Beinsatz“,6
sur lequel K Menger a fondé sa propre démonstration.

2. Dans ce qui suit, nous entendons par courbe irramifiée un espace
de Hausdorff R connexe, non dégénéré et sans points de ramification, c'est-
a-dire tel quon ait ord;R s 2 pour XxER quelconque.

(2.1) R étant une courbe irramifiée, tout sous-ensemble connexe et non
dégenéré de R est une courbe irramifiée.

En effet, il suffit de remarquer que l'on a

(2.2) ord.rfE” ord, /? pour xdEczR,
conséquence évidente de la formule
(2.3) Fr>;(GME)c (F1j?G) NE,

valable pour un ensemble ouvert G quelconque, ou Fr.vK désigne la frontiére
de I’ensemble Y relativement a I’espace X:

(2.4) Tout espace de Hausdorff R admettant une base composée d'en-
sembles a frontiére finie est régulier. Si, en outre, R est connexe, il est
localement connexe.s

Démonstration. SI X*GCczR et si G est un sous-ensemble ouvert de
R, il existe un voisinage ouvert U de x tel que Uce G et a frontiére finie:
FrU— {xo,. x,;. En désignant par U; et par V, deux ensembles ouverts
tels que

XEU-, X-CV- Uinv,= 0,

I’ensemble V= Gn (JoMeee Mu, est un voisinage ouvert de x tel que
xGVvaVva U— {X0,..., X,,}=uciG.

La seconde partie de I’énoncé s’ensuit de la premiére par un raison-
nement connu."

(2. 5) R étant une courbe irramifiée, tout point xER posséde des voisi-
nages ouverts arbitrairement petits, connexes et dont la frontiere se compose de
n points au plus, ou n  ord*R ~ 2; en particulier, R est localement connexe.

Démonstration. La connexité locale de R est contenue dans la pro-
position (2.4). En posant ensuite ordxR=n, on peut trouver des voisinages
ouverts arbitrairement petits de x et dont la frontiére se compose de n points
au plus. En remplagant ces voisinages par leurs composantes contenant le
point X, on parvient aux voisinages exigés, eu égard a ce que, dans les

« V. [8], p. 214.

7TFr~GfIf) -£EfI(GNE)-EnGc:EnG-£nG = £n(G-G) - EfIFr*G.
8 V. [3], th. let Il; [5] th. 3.

» V. p. ex. [61, 846, IV, 1 ou [3], th. IL
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espaces localement connexes, toute composante C d’un ensemble ouvert G
est ouverteDet quon a FrCe; FrG.12

(2. 6) Si la courbe irramifiée R contient deux points dordre s i, R est
compacte.

Démonstration. On a par hypothese deux points agpb de R tels que
ord«R 1, ord,R "™ 1.

Soit /?2=UG"' un recouvrement ouvert quelconque de R. Désignons
par Ua (et par UY un voisinage ouvert de a (et de b, respectivement), con-
nexe, compris dans un seul ensemble G7, dont la frontiére se compose d’un
seul point au plus, et tel que bQU,, (a(ELL). De méme si ap x 6, soit LL
un voisinage ouvert de x, connexe, compris dans un seul ensemble G7, dont
la frontiére se compose de deux points au plus, et tel que a b~ Ur. L’existence
des voisinages de ce genre s’ensuit de (2.5).

Or, les ensembles ouverts Ua, Ubet Ux (adh x ¢ b) couvrent I’espace
connexe R, par suite il existe une suite finie LLO,..., UX telle que

@.7)

On peut supposer que cette suite se compose du plus petit nombre possible
de termes. En ce cas, on a évidemment

(2.8) x0=a xn=Db LLMNp =0 pour /—y>1
Les relations (2.7) et (2.8) ont pour conséquence
Uallux,® O, ux-u apO,

ce qui entraine, LL, étant connexe, I’inégalité Fr UaJl1LL,4=0, équivalente a
I’inclusion Fr LLc: LL,, puisque FrLL se compose d’un seul point. On obtient
dela méme facon Fr U,,ce Wh1. Enfin, pour 0<i< n, ona

donc

ce qui entraine en vertu de LL(1 n LLHl= 0 et comme FrUx. se compose
de deux points au plus, Fro ¢ urs u LL+-
Les inclusions obtenues impliquent

pp=cpcnd,

DV. [6], §44, II, 4
n V. [6], §44, 1, 3.
2 V. [6], §41, 11, 8.
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de sorte que l’ensemble HU)(‘ est fermé-ouvert, d’ou

R= %UX
vu que R est connexe. A plus forte raison, R peut étre couvert avec une
suite finie des ensembles Gy, ce qui montre que R est (bi)compact.

(2.9) R étant une courbe irramifiée, tout voisinage U dun point XxER
contient un voisinage fermé V de x, tel qu’il existe deux points a=\=b jouis-
sant de la propriété

a,bEV, ord,Esil, ord, Esi 1

et que V soit lui-méme une courbe irramifiée.

Demonstration. R étant connexe et non-dégénéré, I’égalité ord., /2 = o
est évidemment impossible.

Supposons qu’on ait ord,/? = |. D’aprés (2.5) et (2.4), le voisinage U
de x contient un voisinage ouvert U' connexe et tel que U’czU, ti'=j=/?,
FrU = {y}. Lensemble V= U' satisfait aux conditions de la proposition.
En effet, Ve U est un voisinage fermé de x, il est connexe, donc une
courbe irramifiée (cf. (2.1)), et on a d’aprés (2.2) ord.r EsiordeR = 1 De
plus, on a ord, Esi 1; pour s’en convaincre, il suffit de montrer [I’existence
de voisinages ouverts arbitrairement petits VE de y tels que En Fr \E se
compose d’un seul point au plus (cf. (2.3)). Or, s’il nen était pas ainsi,
posons zER—E et soit \E un voisinage ouvert de y tel que r(EW et que
Fr IE se compose de deux points au plus, mais que En Fr \E contienne
au moins deux points. On aura en ce cas FrVECE, donc U UME=
—U' UFr U’UVEu Fr VECc LTUME en vertu des inclusions FrU’= {y}a \E
et Fr Wez V— U’UFr U’cz U' n \E L’espace R étant connexe et I’ensemble
U' UW fermé-ouvert, il s’ensuivrait R=U’n\E ce qui contredirait a la
relation U’'n\E

Considérons ensuite un point x d’ordre 2: ordT? 2. Soit U'a U un
voisinage ouvert de x tel que la frontiére d’un voisinage ouvert U\¢c U’
quelconque de x se compose d’au moins deux points. D’apres (2. 5) et (2.4),
il existe un voisinage ouvert et connexe U" de x tel que U"a U\
Fru"= {ab}, anb. Il suffit de poser V=U" et de montrer que I'on a
ord,,E w 1, ordi, ES 1L A ce but, nous montrons comme plus haut que le
point a possede des voisinages ouverts arbitrairement petits \E tels que
En Fr VE se compose d’un seul point au plus. S’il nen était pas ainsi, soit
\E un voisinage ouvert de a tel que Wocee LT, que Fr \Econtienne deux
points au plus et que En Fr \E contienne au moins deux points. En ce cas,
on a Fr IEcE, donc U”UVE=U"UVE= U"U{a b)UVEU Fr W=
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= U" U{b} u W, en vertu de la relational W. Il s’ensuivrait Fr (i/" UW)c{b),
ce qui contredirait a I'inclusion U" UWc.il' et au choix de U'. Le cas du
point b se traite de la méme maniere.
Les propositions (2. 6) et (2.9) ont pour conséquence immeédiate :
(2.10) Toute courbe irramifiée est localement compacte.

La proposition (2.4) entraine, en vertu du théoréme de métrisation de
Tychonoff et d’URYSOHN:

(2. 11) Toute courbe irramifiée séparable est métrisable.
La proposition suivante joue un rble fondamental dans ce qui suit:
(2.12) Toute courbe irramifiée métrisable est connexe par arcs.

Demonstration. D’apres (2.10), une courbe irramifié¢e R quelconque
est localement compacte. Or, un espace métrique localement compact est
ouvert dans son complété, B donc topologiquement complet, ce qui entraine
I’6énoncé d’aprés la connexité locale de R et le théoréme de M azurkiewicz—
Moore— Menger.14

(2.13) Si la courbe irramifiée métrisable R contient une courbe simple
fermée C, on a C= R.

En effet, soit XxER—C, yEC, et 2 le premier point situé sur C dun
arc Xy ; on aurait ordEr ?s3, ce qui est impossible.

(2. 14) R étant une courbe irramifiée métrisable ne contenant aucune
courbe simple fermée, deux points quelconques af=b se laissent unir par un
arc ab et un seul, et, parmi trois points distincts, il y a un qui est situé sur
I’arc qui relie les deux autres.

Démonstration. SI A et A' ¢taient deux arcs d’extrémités a et b,
posons P.ex. X(ZA’—A et soient Y et 2 les premiers points situés sur A de
I'arc XaCA"' et XbCA', respectivement. La réunion des arcs ych' et

yZCA forme une courbe simple fermée, contrairement a I’'hypothése.

Si a b, ¢ sont trois points distincts tels que aQbc, b(Eca, c$ab, le
premier point x situé sur bc de ab ne peut coincider ni avec b, ni avec c;
on en tire ord,7? s 3, ce qui est impossible.

13 La plus simple démonstration de ce fait est la suivante : Soit R* le complété
de I’espace métrique R, x£R et Kc R un voisinage (relatif a R) compact de x. Si
xn ER* —R> K-+X. soit {*,} une suite telle que XNiER, xni-mx* pour />oc. Pour N
fixé, il n'y a qu’un nombre fini de points xni qui soient compris dans K, puisque xni->x*(£K

et que K est compact, on peut donc trouver un indice in tel que xni®* K, o(X,,in,x*) < —.
1 s’ensuit xni -y x, contrairement a I’hypothése que K est un voisinage de x relativement a R.
» V.plex. [6], § 45, II, 1et §45, I, 2
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(2.15) R étant une courbe irramifiée métrisable contenant deux points
a® b dordre w 1, R est un arc ab.

En effet, si ord,,R LA, ord</?si 1, at /i, soit A cz R un arc ab. Si
XE£/?—A, soit y le premier point situé sur A d’un arc xa. Or, y = a impli-
querait ord,,/?"2, y = b impliquerait ord,,/?s2 et adyd 6 impliquerait
ord,/?=E3, inégalités qui sont toutes impossibles.

(2.16) Dans les hypothéses de (2. 14), tout ensemble compact KczR est
contenu dans un arc Aa R.

En effet, on conclut de (2.9) et de (2. 15) que K peut étre couvert par
une suite finie darcs 0;6; (/= 1,...,n). Or, la réunion des arcs ab et
bc étant identique a Ilarc bc, ac ou ab suivant que l'on a a£dc, bfac
ou cEab (v. (2.14)), on constate que I’ensemble Qi& Ub\a-2Ua\-i 11 eee U
Uiln-ibn-i Ubnidn na,b,, est un arc Aoce R contenant K.

(2. 17) R étant une courbe irramifiée métrisable, si ab czR est un arc,
tout point xfab, Bt x i est un point intérieur de ab.

Demonstration. S0It U un voisinage ouvert et connexe de x tel que
a, b(EU (cf. (2.5)) et posons y"U —ab. L’ensemble U étant, d’aprés (2.1),
une courbe irramifée métrisable, il contient en vertu de (2.12) un arc yx.
En désignant par z le premier point situé suruftde l'arc yx, ona adro,
donc ord-/? js 3, ce qui est impossible.

Les propositions établies permettent de démontrer les deux théorémes
suivants :

Theoreme 1 R étant une courbe irramifiée séparable, R est homéomorphe,
soit a un segment, soit a une circonférence, soit a une droite, soit a une demi-
droite.

Deémonstration. D’aprés (2.11), R est métrisable. Si R est compacte,
elle est une courbe simple fermée ou un arc, dapres (2.13) et (2. 16).

En supposant que R n’est pas compacte, elle ne contient aucune courbe
simple fermée (cf. (2.13)) et elle est localement compacte (cf. (2. 10)), donc,
en désignant par /7*= /[?n{m} le compactifié d’Alexandroff correspon-
dant,5 R* est un espace de Hausdorff connexe, compact et séparable, et on
a évidemment ord./?* = ord,/? ~ 2 pour xG/?. Or, on a ord,/?* ™ 2, puisque
les ensembles R*—K, ou K est un sous-ensemble compact quelconque de
R, forment un systeme fondamental de voisinages du point g et que tout
ensemble compact KczR peut étre renfermé dans un arc ab=/1c/?, (cf.
(2. 16)) ce qui entraine d’aprés (2. 17)

BEM*—AczR*—K et Frif((7*—A) — Fji*A= FrA4cz {6, b).

is V. [1], p. 93.
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On voit donc que R* est une courbe irramifiée séparable et compacte,
donc, en vertu de la partie démontrée de I’6noncé, une courbe simple fermée
ou un arc. L’ensemble R=R*—{a} est donc homéomorphe a une droite ou
a une demi-droite, puisque si R* est un arc, w doit étre nécessairement une
de ses extrémités, autrement I’ensemble R ne serait plus connexe.

Théoreme Il Les énoncés du th. | restent valables sous I’hypothése
que R est une courbe irramifiée métrisable.ie

Démonstration. Il suffit évidemment de démontrer que I’espace R est
séparable, ce qui est évidemment le cas si R est compact. Supposons donc
que R ne soit pas compact, donc, d’aprés (2. 13), qu’il ne contienne aucune
courbe simple fermée.

Soit a£R et posons R'= R—{a}. L’ensemble R' ne peut avoir que
deux composantes au plus; en effet x, y et z étant situés dans trois compo-
santes distinctes de R', les arcs xa, ya et za sont compris, sauf le point a,
dans les mémes composantes que leurs extrémités x, y et z, donc ils ne
possedent d’autres points communs que a ce qui entrainerait ordlR 3.

1 suffit donc de montrer que toute composante C de R' est séparable.
S’il nen était pas ainsi, C ne pourrait pas étre totalement bornée, elle con-
tiendrait donc une suite infinie {x} telle que p(x;xth~ >0 pour /dy.
Les arcs ax, sont tous séparables, Iinclusion Ccz (Jax, serait donc impos-

sible. Or, en posant X£C—Jaxi, aCxx, impliquerait aEC, puisque C est

ouvert, donc connexe par arcs, et par conséquent xx,cC (cf. (2.14)). Ega-
lement d’aprés (2.14), on aurait x.“ax pour /=1,2,..., contrairement & ce
fait que l'arc ax est compact.

3. Afin de passer au probléme des courbes irramifiées quelconques,
rappelons d’abord les définitions et les propositions suivantes.

Soit R un ensemble (totalement) ordonné et supposons que l'ordre de
R soit continu, ce qui veut dire, d’une part, que I’inégalit¢ x<y entraine
I’existence d’un élément zER tel que x<z<y, de lautre que si R= A{jB,
AfIR=0, NpOp N, et si adA bdB implique a<b, en ce cas ou bien
A contient un élément maximum, ou bien B contient un élément minimum.

Posons

(—oc,a) = {x:x< a) (a, + 00)= {x:x>0}, (a b)= {x:a<x<b)
et munissons R de la topologie dans laquelle les ensembles de la forme

16 Tandis que le th. | est un cas particulier des résultats de F. Frankl ([3]),
I’6noncé du th. Il semble étre nouveau; v. tout de méme [6], §46, V, 5 En se bornant a
des courbes irramifiées métrisables completes, la démonstration devient bien plus facile;
cf. [2)].
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(—°e,a), (& +00) et (a b) forment une base. De cette fagon, R devient un
espace de Hausdorff connexe et sans points de ramification, autrement dit,
une courbe irramifiée (pourvu qu’il contienne au moins deux points). Si R
contient un élément minimum a et un élément maximum ft=(=(Q, il s’appelle un
arc généralisé ab, a et b étant ses extrémités; si R contient un élément
minimum, mais il ne contient aucun élément maximum, il s’appelle une demi-
droite généralisée-, si R ne contient ni élément minimum, ni élément maxi-
mum, il s’appelle droite généralisée. Enfin, un espace de Hausdorff qui est
la réunion de deux arcs généralisés dont les extrémités sont communes mais
qui n’ont aucun autre point commun, s’appelle circonférence généralisée.
D’apres ces définitions, on démontre facilement les propositions suivantes:

(3.1) Tout arc généralisé est compact; toute circonférence généralisée est
une courbe irramifiée compacte.

(3.2) A étant un arc généralisé, si a,bEA et a <b, I'ensemble [ab] =
= {x:0 = b) est un arc généralisé ab.

(3.3) R étant un espace de Hausdorff et ab et bc étant deux arcs
généralisés tels que ab nbc= {b}, R = ab\jbc, R est un arc généralisé ac.

(3.4) EpO étant un sous-ensemble fermé d’un arc généralisé A, F
contient un élément minimum et un élément maximum.

(3.5) ab et bc étant deux arcs généralisés, situés dans un espace de
Hausdorff, leur réunion contient un arc généralisé ac.

(3.6) C étant une circonférence généralisée, si XEC, l'ensemble C—{x}
est une droite généralisée.

Nous démontrons ensuite la proposition suivante, analogue a (2. 15):

(3.7) R étant une courbe irramifiée contenant deux points a5=b d’ordre
g 1 R est un arc généralisé ab.

Démonstration. SOit a=)=x=}=0. En désignant par C une composante
de R—{x}, on a FrCcjx}et FrC=f=0 (puisque R est connexe), donc
FrC={x}. Par conséquent, la frontiere d’un voisinage ouvert quelconque
suffisamment petit de x rencontre I’ensemble C, ce qui entraine que le nombre
des composantes de R—{x} est inférieur ou égal a 2. Or, ce nombre ne
peut pas étre inférieur a 2, en particulier, les points a et b appartiennent a
deux composantes distinctes de R—{x}, autrement la composante de /?—{}
qui contient a et b serait compacte d’aprés (2.6), donc fermée-ouverte,B
contrairement a I’hypothése de la connexité de R.

Désignons par Ar et par Bx les composantes de R—{x} qui contien-

" V. 6, §44, 1Nl 3,
18 Cf. (2.5) et [6], 844, II, 4

6 Acta Mathematica IX 3—4
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nent a et b, respectivement. Si yEAX, y=j=a=j=x, on a x”"By, parce que I’en-
semble connexe Bxwu {X} réunit les points b et x sans rencontrer le point y.

On en conclut que I'on peut définir un ordre (total) sur R de la fagon
suivante :

posons a < x pour X a X <b pour xg=b, et, pour x,y ¢ a b, soit
X <y si et seulement si XEAY.

En effet, d’aprés ce que nous venons d’établir, pour x¢y, des relations
XEA, et yEAX une et une seule est remplie (on pose naturellement Aa= B b= 0,
Ab= R—{b}, Ba= R—{a}); de plus, x£4, et y*A, entrainent r £/?,,, par
suite Aj relie x a a sans rencontrer z, d’oi XCA.

Désignons par /?' I'’ensemble R muni de la topologie qui résulte de cet
ordre. La topologie de R' est identique a celle de R; en effet, les ensembles
(—» x)=Ax et (x,+ °0)= BX sont ouverts dans R, donc il en est de
méme quant & I’ensemble (x,y) — AtInBx, ce qui veut dire que la transfor-
mation identique de I’espace compact R (cf. 2. 6)) en /?' est continue, donc
un homéomorphisme.

Eu égard a ce que R est connexe, on constate aisément que l'ordre
introduit sur R est continu.

Ceci etabli, on arrive a la proposition suivante, analogue a (2. 12):

(3.8) Toute courbe irramifiée R est connexe par arcs généralisés (c’est-
a-dire deux points quelconques c¢=\=d de R peuvent étre reliés par un arc
généralisé cdczR).

Démonstration. SOit A I’ensemble des points XE R tels que soit x = a,
soit qu’il existe un arc généralisé cxeRrR. R étant connexe, il suffit de
démontrer que A est fermé-ouvert pour en conclure que A= R.

Or, si XEA, soit V un voisinage fermé de x qui satisfait aux conditions
de la proposition (2. 9). Daprés (3.7), V est un arc généralisé, et il existe
un point y(i Vn A. En vertu de (3.2), V contient (pourvu que cdy) un arc
généralisé cy, ce qui entraine d’aprés (3.5) que XEA. Par suite, A est fermé.

D’autre part, si XEA, soit V un voisinage fermé de x, remplissant les
conditions de (2.9), donc identique a un arc généralisé. Egalement d’aprés
(3.2) et (3.5), on constate que V<=A; donc A est ouvert.

Les propositions suivantes s’obtiennent de la méme maniére que les pro-
positions (2.13), (2. 14), (2. 16) et (2.17), seulement on doit remplacer les
mots “arc” et “courbe simple fermée” par “arc généralisé” et “circonférence
généralisée” et appliquer (3. 7) au lieu de (2.15), (3.8) au lieu de (2. 12), de
méme que les propositions (3.1) a (3.5) au lieu des propriétés élémentaires
analogues des arcs.

(3.9) Si la courbe irramifiee R contient une circonférence généralisée C,
on a C=R.
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(3.10) R étant une courbe irramifiée ne contenant aucune circonférence
généralisée, deux points quelconques athb se laissent unir par un arc géné-
ralisé ab et un seul, et, parmi trois points distincts, il y a un qui est situé
sur l'arc généralisé qui relie les deux autres.

(3.11) Dans les mémes hypothéses, tout ensemble compact KczR est
contenu dans un arc généralisé Ac R.

(3.12) R étant une courbe irramifiée, si aba R est un arc généralisé,
tout point xf£ab, o xd 6 est un point intérieur de ab.

On parvient enfin aux deux théorémes suivants de F. Frankl ([3]):0

Theoreme lll. R étant une courbe irramifiée quelconque, elle est soit un
arc généralisé, soit une circonférence généralisée, soit une droite généralisée,
soit une demi-droite généralisée.

La démonstration est analogue a celle du th. I, sans faire appel a la
séparabilité de R (et de R").

Théoreme IV. Si la courbe irramifiée R contient un sous-ensemble dense
dénombrable, elle est homéomorphe, soit & un segment, soita une circonférence,
soit & une droite, soit & une demi-droite.

Démonstration. L%noncé résulte de th. Il lorsqu’on remarque que,
d’aprés (3.12), tout arc généralisé Ac:R contient un ensemble dense dénom-
brable et qu’un arc généralisé de ce genre est identique & un arc (au sens
ordinaire).D

4. Nous formulons de la fagon suivante la généralisation du théoréme
de K Menger sur les courbes ordinaires :

Théoreme V. Si le continu non dégénéré R ne contient aucun point
d’ordre infini et s’il ne contient qu’un nombre fini de points de ramification,
il est la réunion d’un nombre fini d’arcs généralisés, dont deux gquelconques n’ont
d’autres points communs qu’une extrémité commune au plus. Si, en outre, R
contient un ensemble dénombrable dense, il est une courbe ordinaire.

Deémonstration. Si R ne contient aucun point de ramification, il est en
vertu du théoréeme 1M1 soit un arc généralisé, soit une circonférence généra-
lisée (les droites généralisées et les demi-droites généralisées n’étant pas
compactes), et satisfait par conséquent évidemment a I’énoncé.

19 Le lecteur observera que la démonstration des théorémes 111 et IV ne fait pas
usage des cas particuliers traités dans § 2; nous n’avons commencé par le cas des espaces
séparables ou métrisables que pour mettre mieux en évidence le caractére élémentaire des
raisonnements.

2 En effet, un ensemble dense au sens topologique est évidemment dense an sens de
I'ordre, de sorte qu’on peut appliquer un théoreme connu de la théorie des ensembles
ordonnés, \V p.ex. [4], p. 54, th. V.
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Supposons donc que I'ensemble fini 5 des points de ramification de R
ne soit pas vide. L¢égalitt R—5 = 0 entrainerait que I’espace connexe R se
compose d’un seul point, on a donc R —5 4=0.

Soit C une composante de R—5. D’aprés (2.4), R est localement connexe,
donc C est un ensemble ouvert; de plus, on a évidemment ord"Cs ord*/?" 2
pour XxEC, de sorte que C est une courbe irramifiée ou il se compose d’un
seul point. Cette derniére possibilité et, de la méme maniére, la possibilité
que C soit un arc généralisé ou une circonférence généralisée, sont exclues,
puisque en ces cas C serait compact, donc fermé, tandis que R est connexe
et que I'on a R—C 354=0. Par conséquent, C est soit une droite généra-
lisée, soit une demi-droite généralisée.

Supposons d’abord que C soit une droite généralisée et considérons
pour XxEC quelconque les ensembles (— ®=x).2 L’intersection d’un nombre
fini quelconque de ces ensembles n’étant jamais vide et I'espace R étant
compact, il existe au moins un point aC.R tel que 86£(— pour Xx£C.
Si l'on avait a4=a' et a, fl (—”" ,4 soient U et U' deux voisinages

ouverts disjoints de a et a', respectivement, ayant des frontieres finies; on
pourrait construire aisément une suite infinie d’arcs généralisés xnxuczC dis-
joints et tels que x,,CU, XnEU', et il s’ensuivrait que chacun des arcs géné-
ralisés x,Xn rencontre tant I’ensemble Fr U que celui Fr /', ce qui est
impossible, Fr U et Fr U' étant finis.

On a donct(Ie'I, (—°°,x) = {0} et on constate de la méme maniére |exis-

tence d’un point b tel que I (x>+ <w= {b}.
ige

On a naturellement a, b(EC, et les composantes de R—S étant fermées
relativement & R—5, il s’ensuit que a, b£S. De plus, on a pour X, yEC,
x <y I%galit¢ (—oc,j/)= (—oc, X) uxy, ce qui entraine (—°o,y) — Ccz
<=MN(—00x)~ {°}+ 0° obtient de la méme facon (y, @@ -C c

X<y

axgl(x, 4- = {6}, par conséquent C= CU{a} n {b}.

L’ensemble C est donc connexe et non dégénéré et, C étant ouvert, on
a pour x£C ord.,C= ord.rC™ 2. Nous montrerons qu'on a egalement
ord, Ca2, ordftC”2. En effet, si a=\=b, les ensembles (—oo,x)u{a} for-
ment un systeme fondamental de voisinages du point a relativement a C,
puisque, d’une part, C—((—°0,x)u ja}) = [x, -f °°)n {b} est fermé, de l'autre
que si un voisinage ouvert G du point a ne contenait aucun ensemble de
la forme (— °«x:), l'intersection d’un nombre fini quelconque des ensembles
(—<MX)—G serait non vide, de sorte que, par suite de la compacité de R,

21 Pour la notation, v. le début de § 3.
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il existerait un point fl1(—00,x)—G, ce qui entrainerait la relation
M (—o0,x), dont I'impossibilité a été établie plus haut. On parvient,

si a= b, par un raisonnement analogue a la conclusion que les ensembles
(= 00Jx) U(y, + 00) n {a} forment un systéme fondamental de voisinages du
point a relativement & C. Or, la frontiére relativement & C de I’ensemble
(—o», x) n{a} se compose évidemment du seul point X, et celle de I'ensemble
(—oo,x)u(y, Focymn{a} (si a—b et x <y) des deux points x et y. On a
donc dans les deux cas ordaC LU2, et on établit de la méme maniére
ord bC 5=2.

L’ensemble compact C est par conséquent une courbe irramifiée. De
facon plus précise, si ag b, on a ordaC ~1, ord;, C” 1, donc C est un arc
généralisé ab en vertu du théoreme I, tandis que si a= b, C est une circonfé-
rence généralisée, car autrement il serait un arc généralisé qui, privé d’un de ses
points, deviendrait une droite généralisée, ce qui est évidemment impossible.

On constate par un raisonnement analogue (méme plus simple) que si
C est une demi-droite généralisée dextrémité a, il existe un point b£S tel
que C est un arc ab.

Convenons d’appeler arétes de R les fermetures des composantes de
R—S. D’aprés ce que nous avons établi, une aréte est soit un arc généra-
lisé dont I'une des extrémités, ou toutes les deux, appartiennent a S, soit
une circonférence geénéralisée dont un point et un seul appartient a 5.

Si un point af£S appartient a n arétes distinctes, on a évidemment
ord,/? s n. Par conséquent, un point quelconque de 5 n’est contenu qu’en
un nombre fini d’arétes, d’ou il s’ensuit que le nombre des arétes est fini:
G (/=I,...,r).

Dans I’esrpace connexe R, I'ensemble fini 5 est non-dense, de sorte que

R—R—5= (fc_:- En décomposant chacune des arétes ayant la forme d’une

circonférence geénéralisée en trois arcs généralisés au moyen du point de
celle-ci commun avec 5 et de deux autres points, et chacune de celles ayant
la forme d’un arc généralisé en deux arcs généralisés au moyen d’un point
de celle-ci qui n’appartient pas a S, lespace R sera représenté comme
la réunion d’un nombre fini d’arcs généralisés, dont deux quelconques n’ont
d’autres points communs qu’une extrémité commune au plus.

Si R contient un ensemble dénombrable dense, on conclut du théoréme
IV que les ensembles C sont des droites ou des demi-droites (ordinaires),
ce qui fournit la seconde partie de I’énoncé.2

2 Bien entendu, si I'on suppose que I’ensemble R