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DEFINING A CONNECTION FUNCTION AS A BASE FOR A USER INTERFACE
TO A RELATIONAL DATABASE

Zh. S. ANGELOV

"Interprograma"
P.0:b. %795
1000 Sofia, Bulgaria

Introductlon

The wide proliferation of computers In Information servicing
puts forward the problem for the development of user Interfaces
(UI), l.e. the methods for the mapping of querles, formulated
In terms of the problem area Into querles, formulated In terms
of the system storing and maintalning data. Such a problem
arises In the development of Informatlon systems based on DBMS.
The DBMS's used nowadays support data models, which offer
simple structures for the modelling of the real world and are
orlented to easier physical reeresentatlon. In order to avold
redundancy the desisner cannot capture In the schema all knouwn
semantic relationships from the problem area when modelllng
with the help of these structures. The end-user, who IS not a
speclallst In data processing but Is a sepeclalist In the
problem area and knows these relationships will probably use
them formulating his aqueries. A problem area with a glven
semantics which Is known to any end-user can often be modelled
In different ways, for example depending on the frequency of



querles to DBMS. Therefore we need a way for mapping the user
view about the part of the modelled area Into operations over
the structures of the stored data. One possibility Is to define
a connection functlon. This function Is a mapping of the
database state Into relatlons over sets of the problem area
terms. Ue can say that the connectlon function has as Its
values the usual user vilews. But user vlews in DBMS must be
deflned In advance for any set of attributes, whlile the
connectlon functlon, once deflned, glves us a way to compute
these vlews for any subset of problem area terms.

This parer dlscusses the assumptions under which 3
connectlon function can be deflned. Its prorerties and the way
for its deflnition are also dlscussed. An algsorithm, based on
the connection functlon for the development of UI, IS proposed.

AssumPrt il ons

The proposed approch for bullding an end-user interface
assumes that the attributes carry the whole semantics of the
problem area and that the relational schemes are constructed
taking Into consideration Informatlon Processes and are not
uniquely determined by the dlven problem area. Hence, from user
polnt of view the data describing the problem area are stored
In a single relation over the set of all attrlbutes. This Is
the so called universal relation (UR).

In order to ensure the adequacy of the idea of UR exlistence
and the possibility of |ts automatical malntalnance the
database schema should possess some properties. For thls reason



In the works adopting UR approch some assumptions about the
database scheme are made [Ang85, Ans86b, FMUB2, MRW83, MUVE4,
Men84, 0sb79, Roz83, Sas83, ULL83].

The flirst basic assumptlon, which all authors accept, Is:

Assumption 1. ‘Unlversal Relation Scheme Assumptlion’ (URSA).
Any attrlbute In U corresponds to the same class of entlitles
wherever [t appears.

Most of the authors understand under this assumption the
fact that any attribute plays only one role. For example,
NUMBER cannot refer to the number of children and to the
department number of an emplOyee.

The next assumption discusses the connectlon among the aiven
set of attrlbutes X<U. In order to be able to bind together
relations automatically, l.e. to blnd tosether different -
attributes there should be set up @ basic semantic relatlonship
In the scheme. The wuser should have In mind the same
relationship when .thinking about the attrlbutes of the glven
problem area.

Assumption 2. ‘Relatlionship Unlqueness AssumPtion’ (RUA).
Let X<U. There exlsts only one basic semantical relatlonship
among the attributes X. The user means this unique relationship
(denoted [X]) when talking about the attributes X as a whole.

The relatlonship between the attributes In
X-{TEACHER,STUDENT} Is an example of the unlgueness of the
basic semantic relatlonship. Speakin9 about a teacher and a



student together, flrst of all we have In mind that “The
teacher teaches the student”.

Let us consider an example taken from [MU83] and falrly
often used In cases when the adequacy of one or another
formglism, describling semantic relationshlp among attributes Is
dlscussed [Ang86a,D AMS83, MRWB3, MUB3, Roz83].

Example 1. Let us consider a banking database. The
attributes are BNK (bank ), ACC (account), L (loan), C
( customer ), AMT ( loan amount ), BAL ( account balance.) and
ADR ( customer address ), 1.e. U={BNK,ACC,L,C,AMT,BAL,ADR}. Let
the database scheme be D-{Ry.R,....,R;}, where the relational

schemes are respectlvely R1-{C.L}, RZ-{C.ACC). R3-{C.ADR}.
R4-{AHT.L}, RS-(L,BNK}. R5-<BNK.ACC} H R7-{AC[I,BAL}. The

hypergrarh of the database scheme |s depicted on flg.1. a

If X1-{C,ACC}. then [X1] means “Ihe customers own accounts”®.
If x2-{C.ACC.BNK}. then [X2] means “The customers own accounts
at the banks®. Simllarly for X3-{E.L.BNK). [X3] means

"The customers have taken out loans from the hanks®. If we
conslder X4- {C,BNK}, then under [X4] . we must understand

“The customers are served at ihe bhanks” or “Ihe hanks serve
the customers®. Finally, If X5-{AL‘C,L}. then [XS]-@. because

there is no basic semantic relationship ( The relatlonship Is
neither “the Lloans and accounts at one and the same bank”, nor
“the loans and accounts of one and the same customer” ).



Fla. 1. The banklng database scheme

Let us consider asain the set X-i{C,BNK}. If we connect the
attributes C and BNK ( see flg.1.) the access path can Pass
throush the attribute ACC ( l.e. the customers own accounts at
the glven banks, so they are served by them ) or pass throush
the attribute L ( l.e. the customers have taken out Lloans from
the glven banks, so they are asaln served by them ). In this
case two access paths are possible but both have the same
‘flavor® ( the customers are served by the bahks ).

The pPossibility to connect attributes throush more then one
path arlises when the database scheme Is cyclic as the one In
example 1. In this case the database scheme must satisfy the
followlng assumptlon:

Assumption 3. ‘One Flavor Assumption’ (OFA). ALL access
paths used to compute the connectlon on X represent the same
“flavor’ of the relationship amons the attributes In X.
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Connectlon functlion and 1ts
Prorertles

In the rest of the paper we shall denote with U the set of
all terms ( called attributes ) of the modelled area. This Is
the so called universe of the database. Following assumptlon 2
there exlsts an unlaue semantic relatlonship among the
attributes of the set XcU. This relationship deflnes a
functlon. The functlon value ls a relatlion over X.

Definition 1. Let X<U and R(X) Is the set of all relatlons
over X. A functlon [X] (d) Is a connectlon function If It maps
the database state d to the set R(X). ( Ue will omlit (d and
denote only with [X] the value of the connectlion function. The
functlonal (.] maps a subset of U to a function from database
states to relations over that subset. )

The connection function Is named also simply “connectlon”
(FMU8B2] and “window function” or “window” [MRW83].

The use of the connectlion functlon has some effects which
lead to the requirement that the connectlon functlon should
possess certaln propertles. Such a prorerty Is the satlsfactlon
of the contalnment conditlon.

Definition 2. [MRUB3] The connection function [.] satlsfies

the containment condltlon If the Inclusion XcYcU Implies
xﬂncmL

In other words the followins princlple must be reflected In
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the connectlon function: UWhen one speaks In general
( consldering only a few attributes ) one refers to more
obJects than when speclfylns more details ( i.e. when one Is
Interested In more attributes ).

Let us conslder the database from example 1. The contalnment
condition implles the fact: “The customers served at the banks
as a whole” are not less than “the customers who own accounts
at the banks” ( |.e. E{C,BNK}[{C.L.BNKI]<:[{C.BNK¥] L

When asking for some data the end-user expects to retrieve
the data which has been Inserted, i.e. |f the user has added a
turle t to a stored relation r(R) then the value of the
connectlon function for the set R must contain such a tuple {.
In other words the connection functlon must provide vislbillity
of all tuples stored In the database. This property is called
“falthfulness”.

Definltion 3. (MRWB3] The connection function Is falthful
( possesses the property falthfulness ) if r(R)=I(R) holds for
any relatlonal scheme R<U and any database state d.

This means that the connection function must nelther hide
turples nor add any. Therefore we have to explicltly store in
the database all known facts. Taking [nto consideration the
trend to Introduce deductlve carabllities In DBMS, a more
reallstic definitlon of thls prorerty may be r(R) < (R].
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ArPProaches to the deflinlitlion of
the connectlon functlon

ALl known methods for the definitlon of a connectlon
function Include Jolns of the stored relatlons. Relatlons are
the minimal objJects which can be updated. Therefore the
relational schemes can be called update structures. These are
the base for the conection function definitlon. Followlng the
fact that a “good” connectlon functlon must satlsfy the
containment condltion and Is a monotonously decreasing function
we can construct for any definltion method a speclal kind of
structures - retrleval structures. These structures are sets
of attributes.

Definltlon 4. The set of attributes X<U Is a retrleval
structure If there exlsts a database state such that the
connectlon functlon value Is not the empty set ( [X]#@ ) and
the extension of X wlth any other attribute A<U-X does not have
this prorerty ( l.e. XU{Atl=2 ).

As the retrieval structure colncides with the unlon of some
of the update structures we can conslder the retrieval
structures as sets of update structures.

The retrleval structure semantically corresponds to one of
the possible aspects of the baslc semantic relationship. Thus
the deflnitlion of the connection function can be formulated as
follows:

Definition 5. Let V-{R1.R2.....Rn}‘ls the set of the urdate
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structures and U-{51a52-...,5m} Is the set of retrleval

structures, where Slczv. Then the connectlon functlon Is

(X1-Usey,xeattr 5) *x ("< Rev,Res MR
where attr(S) - URGSR'

Therefore, the way of constucting the retrieval structures
Is sileonlflcant for the connection functlon definltlon. There
exlst two aperoaches of wusing ( l.e. constructlng) the
retrieval structures:

- the structures are not explicltly glven and have to be
constructed from the database scheme using some additional
Information as functlonal dependencles ( for example, bullding
“lossless Jolns®, In particular “extension Jolns® )

- the structures are explicltly glven, l.e. a set of new
structures 1s added to the database scheme (for example
“maximal obJects” In System/U or “oblects” In PIQUE ).

The nonexplicltly deflned retrieval structures are based on
one or more classes of data dependencles ( malnly functlional
ones ). As a consequence [f the modelled area Is more complex
and lts semantics cannot be described using these kinds of
dependences, we cannot obtaln an adequate connection functlion
deflnltion. This gives us confldence to clalm that the explicit
definitlon glves better results.

The explicit definitlon ralses some problems too. It Is not
absolutely clear how to create the retrieval structures. We can
use some algorithms to construct posslble retrival structures,
but sometimes the obtalned structures may be not very good. The
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example In [KKFGU84] shows that Little changes in the modelled
area can imply essentlal reconstruction in the set of retrleval
structures.

These dlfflcultles show that the database scheme and
Intesrity constraints are not sufflclent for the adeguate
definition of retrleval structures which are used In UI. Thils
is a consequence of the loss of some Information In the Process
of the mapplng the conceptual model of the problem area to
model supported by the DBMS. ALl proposed methods dliscuss the
creation of retrleval structures after deflning the database
scheme, [.e. after deflning the update structures. The Process
Is depicted on flg9.2. Thus the way In which the database scheme

semantic

<3

(ceal DBHS‘[SEI;;EFted
wor Ld A model
Sermte S
o LA ; ’
\_/\\/§ ’l N \
retrlevale < ir
struc%ures - e’

N <& ==
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Flg.2. Mapping the models In the database scheme deslon Process

Is obtalned, Is lost. If we ( In a semantic or a conceptual



- 15 -

model ) deflne first the retrieval structures and after that
maP them onto the update structures, then we automatically
obtain a deflnition of a connection function. In this way the
last mapping I(n fig9.2. may be removed and we have the chance to
capture more meaning. This approach Is followed In [Ang86a,
Ang86bl . The retrieval structures are constructed usling the
aogregation hierarchy.

AN algorlithm for an user
interface to a DBMS, supPpPOortins
an unlversal relatlion

as an user view

The query languase used by the end user has to provide the
following two capablilltles:

- explanatlon of the target attributes:;

- speciflcation of the condltions which the target data must
satlsfy.
If the query lansuase is Intended to free the user from the
logical navioation then It obeys the followins principle: The
sentences of that language cannot Include any structure related
to data storase detalls. Instantlating this principle In the
relational data model we obtaln the assertion that the query
languase cannot Include any relatlon names. Thus a query may
consist only of attribute names and the way they are related.
In this case the user wants to extract Information from a view.
This view must Include all attributes mentloned In the query
and 1t can be calculated using a connection functlon. In this
way for any query we can Juxtapose a value of the connectlon
function for the set of attributes mentioned In that query. The



tuples which contain the Information of Interest are among the
tuples of the connection function. The former can be extracted
throush testing which of the latter satlisfy the condlitlions In
the query.

In almost every Kknown system, based on the universal
relation scheme, the query processing Is separated Into two
steps [AngBBb, KKFGUB4, MRS85, MRW83, MUVB4) :

a) binding ( i.e. user view creation ). It consists of the
construction of the connection function (X] for the set X of
attributes mentioned In the query: :

b) evaluation ( i.e. target data extractlion ). Uhatever
orerations must be applied to answer the query, are then
arplied to (X].

The following example |llustrates these two staps.

Example 2. Let us consider the database from example 1 and
let d be a database state. Let the connection function [X] be
defined as a projectlion of Jolns of relations wlith relatlonal
schemes  coverling the set of attrlbutes X, l.e.
[X]"‘x“x’Ren”R”’ where X<attr(M and r(R)e¢d. If the user

query Is "Find all account balances of the customer named
‘Angelov’“, then the answer can be contructed In the afore sald
two steps. The first step Is the binding of the attributes
mentioned In the aquery, namely {BAL.C}. In other words, uwe
build an exepression whose value 9ives the value of the
connection function for {BAL,C}. According to the above
definition the expression Is [{BAL,C}]-K{BAL’C} (r(RZ)Nr(R-,)).

The second step should reflect the fact that the user would.
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Like to retrieve Information referring to the customer named
‘Angelov’ only. Therefore we have to use the selection
oreration over [{ BAL,C }]. Flnally, the answer to the user
query Is the value of the expresslon

6C-'Angelov' ™ { BAL,C 3 TRIHr Ry O

Settlng up the constructlon of a connectlon as a flrst step
allows us to test easily new Ideas for the building of the
connection functlon ( as In [Ang86b] ). We would Llke to stress
that this glves also the opportunlity to use dlfferent
aleorlthms depending on the avallable additional Informatlon.
Below we wlll describe a generallzed alsorithm for an user
Interface to a RDBMS ( without takine Into conslderation the
type of the additional Informatlion ). Thils alsorithm allows the
user to view the data In the database as stored Into one unique
relatlon. But firstly let us name some of the sets and
relations, which will be used later: MENSET will denote the set
of all attributes mentloned In the gquery, ANSSET - the set of
the target attributes and RETSTRl - the set of relational

schemes Included In a glven retrleval structure. RETSTRSET Is
the set of all sets RETSTRl which cover MENSET. The relation of

-the user view will be denoted by window and the answer will
be received In the relation answer. window® Is a relation
over MENSET and answer s a relatlon over ANSSET. Let cond
be the condition formulated In the 9lven query. As a query
language we can assume a modiflcatlon of SOL according to the
princirle stated above, l.e. only the use of attrlbute names Is
permitted.

Algorithm 1. Construction of the answer to & query to a
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system, supporting an universal relatlion.

Input: An user query specifled In “modlifled” SOL.

Output: The relatlon answer which Is the answer to the
user query or a messagse for the “meaninglessness” of the query
If the set MENSET s unconnected.

Method:

1. Extract the names of all the attributes mentloned In the
user query, thus constructing the set MENSET. Extract the names
of the target attrlbutes and construct the set ANSSET.
Construct the expression cond.

2. Find all retrleval structures RETSTR; covering the set

MENSET ( l.e. MENSET<attr RETSTRy) ).

3. If there exists no retrleval structure whlch covers
MENSET ( l.e. RETSTRSET-2 ), then output the messagse for the
“meaninglessness” of the query and stop.

4. For each | reduce the retrieval structure RETSTRI. Remove

any set RETSTRI which is a superset for any other set RETSTRJ.

5. For each | compute the Joln of the relations over schemes
from RETSTRI. Project the result over HENSET and make 1ts union

with the temporary relation window.

6. Remove ( using selectlon ) all tuples which do not
satlsfy the condition cond.

7. Project the relatlon window over ANSSET In order to
obtain the relation answer.

Ster 1 includes only prellminary procedures. In step 2 the
connectlion functlon Is formed. Here are the main dlfferences
among the various approaches. As mentioned above, different
aloorithms can be used derending on the avallable Information.
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Ster 3 has a control functlon. The procedures included In step
4 alm to optimize the creatlon of the relation @lndow ( the
value of the connection functlon ). Althoush most of the
definitions of the connection functlon take Into conslderation
some criteria for oetimization, this leads to local
ortimlzation only. Generaly, it 1Is assumed that the
ortimization Is carried out by the DBMS and not by the
Interface. The reductlon of a retrieval structure alms to
remove relations which will not change the result. The
Information of Interest, contalned In those relatlons Is
Included Into the remaining relation. In other words, the
remaining relatlons contain more seneral Informatlon about the
partlicular case. As an example let us consider the expression
[C,L,BNKH =% 4o | oy (T (Rq) X (Rg) M (Rg) Mr (Ry))

( Note that the definitlon of (.], glven In example 2., [s used
here ). The relation r(R3) contains information for all bank

customers. The attribute L In the set {C,L,BNK} shows that we
are Interested only in the customers whlch have taken ogut
loans. The absence of the attribute ADR shows that we are not
Interested In the customers’ addresses. Therefore the Inclusion
of the relatlon r(R3) In the evaluatlon of the expression will

be a pure loss of time. The reductlon can be performed in
different ways. For example, In System/U minimlzatlon under
weak equivalence Is used. A different method Is slven below,
which Is a modlficatlion of the Graham reduction. The ProPosed
second part of step 4 follows directly from the Join property.
Stepr 5 calculates the value of the connection function. Step 6
and 7 perform the second part of query Processing.

It should be pointed out that step 4 [s optional. If step 4
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Is omitted, the result will be the same but In thls case we
will lose much more resources than are needed for the executlon
of ster 4. That Is why we suggest to use Graham reduction
aleorithm. The orlgsinal Graham alsorithm [Gra80] [s Intended
for testing hypergrarh acycllicity. For the purpose of
optimlzation we prorose a modlfied alsorlthm. The Idea Is:
Consider the attributes mentlioned In the guery as a goal set
and the hypergraph, having as Its nodes the attributes and as
edoes - the relatlonal schemes from thls structure. The
aloorithm removes edoes and nodes preserving the goal set and
the hypergraph connectlvity. '

Algorithm 2. Reduction of a set of relational schemes with
respect to a goal set of attributes.

Input: A set of relational schemes R and a goal set of
attributes Gecattr(R).

Output: A set of relational schemes R'cR uwhich when
considered as a hypergraph has the followlns property: for any
two elements of G, there exists a path between them.

Method:

1. Let R'-R.

2. Arply one of the following operations as many tlmes as
possible over the relational schemes In R:

a) If A Is not In G and Is Included In only one relational
scheme R ¢R then remove A from R;:

b) If RieR is a subset of RJeR then remove Rl from the
sets R’ and R. a
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Conc Luslilon

In the paper an approach to the development of an user
Interface s considered. It Is based on the use of the
connection function. It Is shown that the problems arising In
develorment of the UL can be separated from the specliflc model
of the problem area which ls used as a database scheme. The
Introduction of the connection function as a base for the UI
makes the latter Independent from the manner of the real world
modeling. Thils facllltates the transltlon towards the use of a
more complex model 1f the one In use does not POssess enoush
expressive power. There 1s @ price to be pald for this freedom
by the database administrator. He ( or she ) has to create and
maintaln a database scheme which satisfles the glven
condltions. In the paper, such conditions are formulated and
discussed. Such an interface may serve as a workbench and can
be an useful tool for testing new Ideas In the fleld of the
gutomation of query answerling.
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DEFINING A CONNECTION FUNCTION AS A BASE FOR A USER
INTERFACE TO A RELATIONAL DATABASE

Zzh. S. Angelov

Summarz

In the paper an approach to the development of a user
interface is considered. It is based on the use of

the connection function. The introduction of the con-
nection function as a base for the user interface (UI)
makes the latter independent from the way of the real
world modelling. There is a price to be paid for this
freedom by the database administrator. The administrator
has to create and maintain a database scheme which satis-
fies the given conditions. In the paper such conditions
are formulated and discussed. Such an interface may serve
as a workbench and can be a useful tool for testing new

ideas in the field of the automation of query answering.
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KAPCSOLATFYGGVENYEN ALAPULO FELHASZNALOI INTERFACE
RELACIOS ADATBAZISOKHOZ

Zh. S. Angelov

Osszefoglald

A dolgozat egy kapcsolatfiliggvényen alapuld, a valds vilag
modellezésének mdédjatdl fliggetlen felhaszndldi interface-
szel foglalkozik. Ezt a fliggetlenséget természetesen nem
adjak ingyen: az adatbazis adminisztratoranak létre kell
hoznia és karban kell tartania egy bizonyos feltételeknek
eleget tevd sémat. A dolgozat megadja, és részletesen meg-
vizsgalja ezeket a feltételeket. Az interface az automati-
zalt lekérdez® rendszer terililetén az uj Stletek kiprdobala-

sanak hasznos eszk®ze lehet.
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ON THE SOLIDITY OF PACKINGS OF INCONGRUENT CIRCLES 1.

A. HEPPES

Computer and Automation Institute
Hungarian Academy of Science

1. Introduction.

A packing of convex discs is said to be soli1d 1A
subset of the discs can be rearranged =
packing not congruent to the original one [113.

In the oresent paoer we shall prove a general theorem tn
contains sufficient conditions for the solidity of circle
packings in the Euciidean bplane.

2. Definitions.

l3- e a set of positive numbers.

Consider three disioint open circles of a radius R K

et " PRi= R et gl
1.7 o

(1=1,2,3). This triple as well as the triangle determined Dy
the centers of the circles will be called normal 1if none of
the segments connecting two centers intersects the third
circle, :

We say that a set of normal triangles generates a packing 1F

the triangles cover the plane without gaps and without

overlapping and the circle sectors of the i1individual normal

triangles fit together to from complete circles.

A positive weight wi(r ) will also be assiagned to all circles
L

of radius r (=1 25 oo et

Let O and p. denote the centers and the radii of a normal
J J

triple, respectively, and a)the angle of the trialgle at

vertex OJ(J=1’2’3)' The weighted density of the triple (in

the triangle) is defined by
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J J

A

where A denotes the area of the triangle 010203.

For the =sake of simplicity the term density will be used
instead of weigthed density threoughout this paper.

A normal triangle will be calied tight (spanned) 1+ the
circles are mutually tangent (if one circle 1s tangent to the
nther two and to the opposite side) (Fig. 1r.

3. Preparations.
First we show the validity of the folliowing

oA 1. Lef thelsadil- . r and weights wir ) A=1V2, 35 be
L

.
given. We consider all normal! triples consisting of circles

the radii of which belong to the set R {rv...,rp} and we

claim that each triple of maximal density is either tight or
SpAanned.

oroot of LEMME 1 is ba

mn

ed on the following result of H4rs

h
2
2

[ |

I (D

LEMMA 2. Let a, b, ¢, a4, 2, ¥ and A denote the sides, the

opposite angles and the area of a triangle. For given positive
weights u, v, anc w we consider the weightecd angle-density

e o, 305 I

3= .
A
For fixed a, b, u, v and w the function 8(y») ' is  strictly
quasiconvex in (O, ), i.e. for any given interval O < ¥, Rl
¥ < m 9y attains its maximum only at one or both ends of

2
the i1nterval.

Proof of LEMMA 1.

fis the depsity in a large triangle 1s small, when looking +For
the densest arrangement 1t 1s enough to consider normal
triangles of restricted size. However, the set of normal
triangles of sidelength not greater than K 1is compact, thus
the existence of a triangle of maximal density follows easily.
Therefore, it is sufficient to show that a normal triangle
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that 1is neither tight nor spanned is not one of greatest
density.

We consider a normal triangle that is neither tight nor
spanned and distinguish two cases.

Case 1. No circle is tangent to the opposite side of the
triangle {(consequently it is nor spamnned) and there are two
circles, say the first and the second that are not tangent
(thus it is not tight either). Let us apply LEMMA 2 using the
weights

u = pz.w(p Weldn
v = pg.w(pz)/;, %
w = pa.w(pa)/E,

where o denotes the actual values of the radii (j=1,2,3). {(By
J

this choice the weighted angle—-density and the weighted

density of the circles coincide). The role of ' and s in
Lemma 2 will be plaied by those values of angle §p - the
angle opposite to side ¢ — for which the triangle stops being

normal, or, with other words, whare a further touching occurs
- (Fig. 2). According to LEMMA 2 the density can not attain its
maximum for an angle y lying strictly between i and v thus

the triangle in guestion is nor extremal.
Case 2. One circle, say the third one, iz tangent to the
opposite side O}% of the triangle (thus it 1is not tight s

however it does not touch both of the other circles, say the
first and the third are not tangent, {(theretore 1t 1s not
spanned). Let us reflect the triangle in straight 1line OJ%

and denote the mirror image of Og by 0; (Fig 3). Clearly, both

isosceles triangles 01030; and 02030; are normal, and, +for

the densities o , o , @ of the triangies O O0_O , Q0. 0%
o 1 2 4452 70 1 3 3

O 0 0" it holds
2 8 3

Ao A S SRR AIoY = (AL A )oE
. 1 4 252 o 1 2 o
where A denotes the area of OLOSO;(1=1,2). Consequentiy, g
L :
cannot be the maximum of ¢ except for 2 o o But, since
neither triangle is spanned and — according to our assumption

in Case 2 - 01090; is not tight.either it belongs to Case 1.
Hence neither this triangle nor 010209 can be of maximal

density.

This completes the proof of LEMMA 1.
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Remark. Applying the same reflection we used in the discussion
of Case 2 it is easy to see that whenever the maximal density
is attained by a spanned triangie there is at least one tight
triangle of the <ame density. Consequently, to find the
ma=imal density for =z given set of radii ﬁt R and weights
wip) it is enough to compare the densities +or the

| S [I:]-r ﬁ] tight triangles.

4. The THEOREM.

The oroofs of the solidity of certain packings can be based on
the following general

THEOREM. A packing of circles of radius L s Foyenesly is solid

15
{i) The packing can he decomposed 1nto tight triangles.
The actual tynes of triangles used in this
decompositicon will be called tile triangles.

(1i) Positive weights wir * can be assignad to the circles
L
of radius +. (i=1,2,....k? in such a way that all tile
L
triangies have e2qgual weighted density while the density
in any other tight triangle is smzaller.

{1i1} The uniaon U cof an arbitrary finite set of trianglies of
the decomposition can be filled (without gaps and
without overlapping) by tile trianagles generating a
packing only in one way — according to the original
cattern.

To orenare the proo+ of the THEIREM Qe refrase a result  of
Fejes Toath and Molndr [3]1:

LEMMA Z. Any saturated packing1 of circles of radius 2 p > O
—an be decomposed into normal triangles — even so that each
segment connecting the centers gf tangent circles is a side of
a triancle of the decomposition™.

%
“A packing of circles of radius p s called saturated if there
s no room  lett tor a further circle of radius P without

overlapping.

“This formulation of the result is rather a corollary of their
method than the exact citing of a statement un the paper.
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Proof of the THEOREM. Lat""P Be a  sacking for “‘which stH
assumptions are valid, S an arbitrary finite set of circles
P and S* a r=arrangement of these circles that “Logether wi
the rest P - S of the packing forms & new packing P’. we
shall show that P and P* are congruent, i.e. the packing is
solid.

e
T 1D

H

et U be the wunion oOf «a #inite’ sat . of  triapglies ot al=
decomposition that covers S and S* a2z well. Now we define a
weighted packing problem <or U. #e consider all sets of
circles of radius Fook  ge s gly that compl=stely iie in U and,
together with P - S, form a packing and maximize the density
of these packings within U, when =11 circies of radius r are

taken with weight w(r ) defined in assumption (ii).

d

Iy
)

Clearly, the original set S p
since U can be decomposad 1o
the density. The contribution o2f S =;
density in U , thue the extremalit: of
packing implies that P* is saturated. Then -
can be decomposed into normai triangles in such a way that the
boundary of U (consisting of segments each connecting the
centers of a pair ot touching circles) is not ‘Ycrossed” by
teiano:Bsat evg.a ' s the uwunieon: jef  a Srnite’ setslot i thease
triangles.

g

m T m et
m oo

<

Mm
in
N

1
i
.2

3 M o |
{2 580 )
o

v
..z
0l

n m

~
l*
EE o

<
-

o

From the equality of the contributions mentiorsd above it also
follows that each triangle of this second decomposition of U
also maxzimize the density. By LEMMA 1 each of these friangles
is either tight or spanned. In fact none of them 1s spann=d,
because spanned triangles could occure in P’ only in
symmetrical pairs implying the existence of touching gcairs of
circles the centers of which are not connected by a side of
triangle. But, thiz would contradict the basic property of the

-

zecond decomposition guaranteed by LEMMA .

Conseguently, all triangles of the second cecomposition must
be tile triangles.These triangles +ill U and generate a
packing, thus - according to assumption (i11* - the second
decomposition coincides with the first one.

This completes the proof of the THEOREM.
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ON THE SOLIDITY OF PACKINGS OF INCONGRUENT
CITRELES I,

A. Heppes

Summarx

A packing of convex discs is said to be solid if no finite
subset of the discs can be rearranged so as to obtain a
packing not congruent to the original one [1l1].

In the paper a general theorem is proved that contains
sufficient conditions for the solidity of circle packings
in the Euclidean plane.



INKONGRUENS KITOLTESEK SZOLIDITASAROL I.

Heppes Aladar

Csszefoglald

A sik konvex lemezekkel vald kitdltését szolidnak nevezzik,
ha a lemezek barmely véges részhalmaza csak ugy rendezhetd
at, hogy az uj kitdltés az eredetivel egybevagd lesz [11].

A cikkben a szerz0 a szoliditasnak egy elégséges feltételét

adja meg.
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A DEDUCTIVE REASONING SYSTEM ON THE BASIS OF A
; NONMONOTONIC LOGIC

HA HOANG HOP

Institute of Computer Science and Cybernetics
Hanoi - Vietnam

Abstract. This paper presents a deductive reasoning
system vs. a set of default theories. Syntactical and
semantical aspects of a nonmonotonic logic is considered
that provide the background for the deductive reasoning

system.

l. Introduction. DNonmonotonicity is the main feature in
commonsense reasoning. The statement "3irds fly" is
usually given to explain the nonmonotonicity. LicDermott
and Doyle /1980/ outlines an approach to modeling nonmono-
tonic reasoning system, lL.cDermott/1982/, Reiter/1980/,
Reiter and Crisuolo/1981/, ioore/1983/, Lukaszewicz/1983/
are of much interests in that direction. Various inter-
pretations were made, each gave a specific semantics for

a deductive reasoning system. Therefore, it turns out

that nonmonotonic logic should be context-sensitive - the
set of beliefs of a theory deperds on the determination

of a set of axioms for this theory. This paper presents
a compromised approach which simultaneously aims to in-
vestigate proof-theoretic and model-theoretic aspects

of a nonmonotonic logic - modal operators li, L are
combined in a single framework of S5-nonmonotonic logic
together with a set of default theories. The main intuition
is the restriction on the set of needed assumptions when
specifying nonmonotonic theorems for a theory. The Compu-
tational basis for this deductive system is fixed point
properties of an algebraic operator that defines a default
theory.
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Default theories are treated within the framework of
propositional language for simplicity sake, after introducing
a set of logical axioms and two monotonic inference rules, the
nonmonotonic theorems are recognised by terms of modal
operators.

Lang /iiendelson - 1965/ which contains:
. a set of proposition letters,
. the set of connectives: A (and, V (oz) « (not) &<
if end only if, () brackets, = implication.
to Lang, we attach a modal II "it is consistent", Lané now
is usuel modal propositional language.
symbol, or an expression f(tl,...,tn) , Where f is a function
symbol and tl,...,tn are terms.
An atomic formula is an eXxpression p(tl,...tn) where p
is a predicate symbol and tl,...,tn are terms.
A formule is either:
. & proposition letter,
. an expression ~p, where p is an atomic formula,
« p> q, where p,q are formulas. A
Definition 2.1.3. A formula of the form
pALigghece A Mg, > r
or simply
HqyAe-o Nligg = r
where p,ql,....,qn,r belong to the classical propositional
calculus is named a default.
together with a set of non-logical axioms of that theory.
Bach non-logical axiom either belongs to propositional calculus

or is a default.
We attach the second model operator L to Lang, and in the

following, L is interpreted as " It is believed ",
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Definition 2.,1.5. Let p, q, r be formulas in a default
theory A. Logical axioms schemata is defined as follows:
/lel/ Lp = p
[la2/  lip = Lip
/1a3/ Lip > 4q)= (Ip. = “Lq)
[ledfdds (pD(g 50p) .
/est (ps (a3 =)= Hpa 9)5 (b= 24
Flebf  (~q5 - pD il Li0g™D w5 q)

l.onotonic inference rules:
fmrl/ " “p, piq =g / modus ponens /
/mr2/ p it Lp / necessitation /
where " |~ " is understood in an ordinary monotonic sense as
provability: let S be a set of formulas of a default theory,
if p S is provable from S and instances of /lal/ - /lab6/ and
by application of mrl and mr2, we denote St p. If not,tSh# Po

From LicDermott and Doyle /1980/, we have

This)=3p: Shp 3
It is easy to see that Th has tke monotonicity:
/i/ A € Th(a)
/ii/ Let A, B be two default theories, from A € B we have
Th(A) € Th (B)

/iii/ Th(Th(A)) = Th(4) /idempotence/

The last property of Th can also be viewed as fixed point
equation, stating that the set of theorems monotonically
derivable from a default theory is a fixed point of the operator
which computes the closure of a set of formulas under the
monotonic inference rules.

Definition 2.1.6. Let S be a set of formulas, S is consistent
if and only if SHp for only some p € S. A default theory
is consistent if and only if its non-logical axioms are
consgistent.

The above monotonic structure is identical to S5 modal
propositional logic /see Hughes and Cresswell, 1972/. In the

logical axiom schemata, /lal/ means that everything believable
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is true, /la2/ shows that p is unprovable only if it
provable only if it is provably unprovable, this assertion
is useful in nonmonotonic system, /la3/ describes behaviour
of modus ponens: it allows to infer q from p q and p,
where modus ponens is activated. The instances of the last
three axioms /la4/-/la6/ form the axiomatisation for the
sentential calculus.

In the following, we settle up the nonmonotonic
structure of our default theories, a set of assumptions is
added to a default theory by the usual way
Definition 2.,1.7. Let d be a default, a formula of the form

Ligg h... Nig
is called an assumption of d, and is denoted il d ..
Definition 2.1.8. Let d be a default. Conditjon fotr d,

denoted by cond 4 , is defined as follows

or simply lq

(p i d4="p A I-.Iql/\ oL :q, > r

lp Y o p 1T "d= i‘.iqll\ T o
Comment. We give here the similar definition with the ones
in lioore /1983/ about objective /resp. subjective/ inference
in which we mixture objective and subjective inferences, but
define for mixed inferences a condition /in ddfinition
2.1.8/, thils serves for convenience of some forms of proof
later.
Definition 2.17.9., Let S5 be a set of formulas, the set of

agssumpiions for S, denoted as As S,d, is defined as

fi(@)} it cond(d) e S and
SUjii(d)] is consistent

L 1) if otherwise
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theory A, denoted by As, S , is defined as:

As, (8)= ! as (5,4 )

g d € def 4

where def A denotes the set of all default of A.
Defimition 2.1l.1l. Let A be a default theory and S be

any set of formulas. ‘e define operator HQA as follows
W, LetE ml S ie, (5 )

3efore giving a definition of the special extension,
we consider an example belows to clarify some intuitive
idea supporting that definition

A = {p A by aydp =50 A E.-.’p‘Dp}

There are two fixed points with resnect to NLA :
Th(A) eand Th(A.U 3Lp, 1.9¥) . There exists only one
extension for A, which is Th(4) , because we have no
reason to believe p or ﬁ::q, so it results in the fact
that none of the default of A can be activated. The
available way to avoid such situations is that by analogy
with the monotonic case, we should treate extensions for
a default theory A as minimal fixed points of NMA. Ve come
to the following definition
S of formulas is called a minimal extension for A if and
only if S is a minimal fixed point with respect to NEA,
i.e., S is minimal set of formulas such that

s =m,(s) = m™(aU as, (s))
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The above definition naturally leads to the following
definition of beliefs.
The intersection of all minimal extension for A is called
the set of beliefs derivable from A and is denoted by
TH(A) .

We have the following theorem.

Theorem_2.1.15. There exists a minimal extension
for every default theory A.

Proo!. In the case the default theory A is inconsistent
it is clear that the set of all forrnulas becomes the only
minimal extension for A. With this, now on we may suppose
that A is consistent.Our treatment now is to build up
a minimal extension for A.

Consider an arbitrary sequence of defaults of A:
(dj) .From this sequence we define a sequence(Si) by
the following manner
Put

5, = Th(a)

From a given Si we define

l ~t
s 8y
J+1 j 23
] s U as(sy,a,
Put
. oo
5. kel 8,
i=1

It is essy to see that S} € 55 C ...

We prove that S is a minimal extension for A, i.e., S
is minimel set of formulas and

5=1th (AU as, (s))
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S is consistent by induction on i, and also by
induction on i, we have

2

¢ & Tala.U d (8))

which immediately leeds to

5 € Th(aU as, (S)) ()

Tet pc AL As;Ax (S). With some d € def(4) , we have
B.C As(S,dk) .« By definition 2.1.9 we have cond(dk)é &
and S U {pﬁ is consistent. It implies that for some natural
m, cond(dm)é S_, furthermore, we have cond(dk)é Sg
because Sm C Sm . By the construction of S, we have
SIIE C S. Hence S;;'IU { piis consistent. From here we have

L€ S S

()]

It implies that
AU ASA(S) € S (2)

By definition of Th, we have S € Th (3).

.r i Ble % 4 i

because 5 - Sy € ... @and for some natural m, we

get St p. It implies that peTh(Sm) € S .1 -

Altogether we get p€ S. So
s = mn(s) (%)

From&l) > (2) = (3)we obtain
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s = t(4U4s, (s)) (4)

In the rest, we show that S is minimal fixed point.

Suppose that there is a fixed point SX such that
B S o8 We have S S 5; by the result of induction
o, At inplies thatE-p" & Sx' Thus S = Sx’

This completes the proof of the theorem 2.1.15.
Consider theor.y 5 —’Lp A ¥r=iry g A K{~ph r)::> r} i
Yor this theory, we have three possibilities: if p is
given, then it is consistent to infer r; if q is given,
then it is consistent to infer ~or; if p, q are given
simultaneously, it is consistent to infer r. Suppose
q is is given, we then have theory C iALJ{q]]and its
extension Th(C U ih (~p A~or)}> If we add the
assumption 1r&to A, we then get two extensions for C,
which are: Th(CqU{L{(mp/\N r)j) and Th(CqU furt) .
The second one contains the formula of the form p>r
that contradicts to the given conditions, thus we can
not accept it in reality.

This example put forwards the fact that when
considering a default theory, it is strictly necessary
to give attention to those assumptions which are needed
for drawing available conclusions.

Hotation 2.1.17. The set of needed assumptions for a default

theory A is denoted as NA A and

vA(a) = = $12(a) ¥

& Edef A

3. Semantical considerations.

T - - - ————— —— -
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is a nonempty set of possible worlds and f is a func?ion
from the set of all proposition letters of Lang to 2d.

respect to w € W, denoted by u(w,p) ,is defined by
mapping v:

ve ‘W x8 —>» iO,l}

so that
1 AeLiwm & £(a)

/t1/ v(w,a) =

0 otherwise
where a is an arbitrary proposition letter in Lang.
/t2/'va,n»p) =1- v(w, p)

Q ox

1}

1 "iff v(w,p)

v(w,q) =

I
[

/t3/ v(w,p> q)

0 otherwise

1" g2 (v D) %3

for some Wx e Vv

/t4/ v(w, Nq)

0 otherwise

true in M, denoted by I = p, if and only if v(w,p ) =1
for every weW.

in M if and only if M‘=p for every p&€S. In this case
we call that M is a model for S.
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Definition 3.1l.5. Let A be default theory. A set

XCNA(A)is called an activation set of a set YCdef A
if and only if the following conditions are satisfiead:

/actl/ A U X is consistent.
/act2/ Y={d € def(A): cond(d)Ali(d)eTh(A U X)).
/act3/ if pe X, then p= ¥(d)for some de Y.
/act4/ for every d; € def(A) - Y

cond(d;) € Th(AU X) or

Th(AU X)Uiti(d) 3  is inconsistent.

Definition 3.1.6. A set XS NA A is called a minimal

activation set of a set YCdef A if and only if the
following conditions are fulfiled: :

/mel/ X is an activation set of Y by definition 3.1.5
/me2/ There i35 no activation set of any Ve X

In the case Y <def A satisfies /mal/ and /ma2/,
we call Y minimally activable,

Definition 3.1l.7. Let LI be a model for a default

»

theory A. II is called a minimal model for A if and
only if M is a model for a minimal activation set
X € NA A of a agt Ycdef A .

3.2. Some results.

that X ¢NA(A)is a minimel activation set of a set Y <
def(A). Then Th(A UX )is a minimal fixed point with
respect to operator NMA.

Th(AUX) = Th(AUAs, (AUX))

Firstly we prove

as,(th(aUx)SmmauUx)
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Let peAs, (7n(aux ). There is d € def A such that p = m(d)
cond (d)eTh(AUK) and Th(a U X)V}ii(a)fis consistent. By the
theorem‘s hypothesis X is an activation set of Y, hence by
/act4/ we get pe Y. By /act2/ we have moreover i (d)€ Th(AU X)
because p = li(d), so pe Th(AUX).

We prove now that XCAs, (th(avux)).

Let p¢ X. Because X is an activation set of Y and by /act3/,
we have p = lu(d)for some deY<def(A) . By /act2/, cond(d)Ali(d)e
¢ Th(4UX). Therefore , Th(A\JX)U{y(d)ﬁ is consistent by /actl/
and /act2/. Thus de)eAsA(_Th( AUYX)) .As p = xﬁd)
p€As, (Th (A U X)) which completes the proof of (5)

Let 2 < NA(A) be a fixed point of Ni;, and suppose
that Z is consistent. Consider As,(Z) , we have

Lo AsA(Z,d)

asy (z) - d € def (4)

by verifying through /actl/ - /act4/ we conclude that As
is an activation set of the set

NED,

\

ild €def(a): cond(d)N i(d)eTh(a Uas, (2 ) }
Suppose that Z< Th(AUX). Ve have

thia U as,\z))cTh (4 U X ) (6)
Denote
=% acdef(a):cond(\i(d)cTh(a Uas,
Y = fidgdef &) : cond(d)Au(a)ern(a U x) Y

From (?) we have YlQ Y . But ¥ is also a minimal
activation set, so by(}) / in Thorem 2.1.15 / we get
Y = Ylo
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It is clear'thet Z 2@ Th (A U X ) because from Y =Yy
we can naturally take Y Q,Yl.

The Theorem 3.2.l. is proved.

theory and p be any foemula. Then p € TH (S) if and only
if p is true in every minimal model for A.

Proof. The belows lemmae immediatey lead to the complete-

of formulas and p be an arbitrary formula in S. Then
p € TH(S ) if and only if I & S for every model for S.

point with respect to the operator Nk, . Then every model
Ii for Z is a minimal model for A.

Proof. Let M be a model for Z. It is clear that every
model for Z is also a model for A. Because Z = TH(ALJ AS&(Z»
I. is a model for Z, so Ii is model for As, (2):s By (3)

/in Theorem Z.1.15 / As; (z) is en activation set for
Y, = 5[d € def(a) : cond(@)\ m(@)e (AU AsA(z))}

In the rest, it suffices to prove that i is a model for
a set X € NA (A)which is an minimal activation set of Y.

Suppose that some set X € NA(A)is an minimal activation
set of a set Yl c Y.

Aimimg to prove that X is minimal activation set for
Y, we show that

th(a U X)) c ™ (AU a5, (2)) (7)
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To prove(?) it is equivalent to prove

Xc T (A Uas, (2))

“gsume that p € X. For some d € Y; , we have p = 1(4)
/by /act3/ /, as Yl C Y we have p € Y. lioreover we have
p € Th (AKJASA(Z)) , this completes the proff of (7).

From 4 , we have
Th (AU X)= Th (AU As, (z))* '.(8>

(8)together with Y, C Y implies that ¥, = Y. This
finishes the proof of Lemma 3.2.2.2.

Lemma 3.2.2.3. Let A be a default theory and p be any
formula. Then p is true in each minimal model for A if
and only p belongs to each minimal fixed point with

respect to NKA.

Proof. /If/ By applying Theorem2.).A5we immediately
fulfil. the “IfY part.
/Only if/ This part is direct result of application of
two Lemmee 3.2.2.1 and 3.2.2.2,

From lemma 3.2.2.3 we have directly the Completeness

Theorem.

4. Conclusion. This paper shows a compromised approach
to nonmonotonic reasoning system in comparison with those
of iwcDermott, Doyle, MNoore, Reiter and Lukaszewicz : we
treate simultaneously two modal operators I and L which
allows to consider not only in the light of proof-theoretic
but also of model-theoretic aspects, furthermore default

theories are manipulated here with the intuitive idea that
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every time when a theory is activated, the set of assump-
tions is carefully considered in order to provide plausible
conclusions. We shows the context-sensitivity of our system.
It should be noted that our nonmonotonic reasoning system
is not semi-decisive, so some intuititions and heuristics
are used in building this system - definition 3.5.1 and
Theorem 3.5.15 are instances. Ilioreover, well-defined non-
monotonic theorems are derived from each default theory.
Our aporoach, instead of competing the previous ones, is
above all the completion of them.
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A DEDUCTIVE REASONING SYSTEM ON THE BASIS OF
A NONMONOTONIC LOGIC

Ha Hoang Hop

Summarz

The paper presents a deductive reasoning system, where
both syntactical and semantical aspects of a non-monotonic
logic are considered.

Non-monotonicity is the main feature in commonsense
reasoning. Many approaches to modelling non-monotonicity
are known. The author presents a compromised approach which
simultaneously aims to investigate proof-theoretic and

model-theoretic aspects of non-monotonic logic.



EGY NEM-MONOTON LOGIKAN ALAPULO DEDUKTIV KOVETKEZTETESI

Ha Hoang Hop

Osszefoglald

A cikk egy deduktiv kdvetkeztetési rendszert mutat be,
amely a nem-monoton logikak mind szin€hktikai, mind
szemantikai aspektusain alapszik. A szerzd a nem-mono-
tonitasnak /amely a "jbézan kOvetkeztetésnek" f& tulaj-
donsaga/ egy kompromisszumos modelljét mutatja meg,
amely a nem-monoton logikak mindkét targyaldséanak
/[modell-elméleti illetve bizonyitas-elméleti/ aspektu-

sait felhasznalja.

RENDS ZER
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A DEDUCTIVE LANGUAGE FOR THE REPRESENTATION OF INCOMPLETE
KNOWLEDGE

HA HOANG HOP

Institute of Computer Science and Cybernetics
Hanoi - Vietnam

Abstract We give here a formal treament of the problem
of representing incomplete knowledge by a new approach in
which formal knowledge bases are described in terms of
abstract interactive operations between them and expert
svstems /ESs/. ile then setle up an original knowledge repre-
sentation language which allows the explicit representation
of nonmonotonicity in the framework of beliefs and knowledges.

The correctness of this language is proved.

l. Introduction Our formalisation of RL - the representation
language - is started with kcDermott and Doyle /1980/, Moore
/1983/, Levesque /1984/. Levesque 8 paper provides much
technical inspirations. We generalise Levesque s knowledge
representation language by two foundamental aspects: all
interactive operations are abstract instead of only as "Tell"
and "Ask", and beliefs are more explicitly represented by
means of simultaneous two algebraic operators K "It is known"
and L "It is believed". The first aspect allows a high level
of conceptual modeling, since with two operations "Tell" and
"Ask", formal knowledge bases would have the risk of colliding
to traditional databases in which well-formed formulae are
only considered in part; the second aspect enables a more
explicit representation of beliefs, as we explicitly specify
in RL the second algebraic operator L - we distinguish belief
and knowledge, this distinction seems to be essential when
dealing with the Generalised Closed-World Assumption /Reiter
-1978, Bossu and Siegel-1985, Przymusinska and Gelfond-1986/
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We give an approach to above problem by a new manner: turning
reasoning steps into so-called knowledge matrices and then
showing the correctness of RL.

We buil up RL on the basis of the following sets:
W KB, -F,. R

where

e« W is a non-empty set of possible worlds, 2

« KB is a set of preliminary knowledges about W. In the
following, KB is treated as an abstract knowledge base.

« F is the set of all formulae of FOL and all rmulae of
the form:

a0y ) qul\...I\an = 2 .or simpler quA.../\an: T

12/ qu/\...I\an ©® I or simpler qul\...I\an: g
where p, qi(i=1,...,n),r belong to FOL. K is quoted as
"it is known" and L is as "it is believed".

. R is a set of specific representations so that each r& R
transforms an arbitrary pair(w,d) where w¢ W and d ¢ F
into an element of

C= %.yes, no, unknown, known, believedqj

Definition 2.1.1. Axioms for FOL proof theory:

[aY/ -p> (q::o r) .

fa2f { sa%a 0.xhs {p = 9)s 0 . .
/a3/ (vg> ~mp)> (~Nad> e pP)D q .
/e4/ ¥x (p> q)> \¥xp> ¥xq).
/a5/ ¥xp > py -

Axiom of Equality:

/ae/ (i=1) A (i # j) for all distinct i, j
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P, q, r are formulae of FOL, x is free variable, t is closed
term and i, j are indexes.

Comment 2.1.2. Since KB is defined as preliminary knowledges
from W, it puts equivalence to that KB is incomplete,
With the algebraic operator K, we have Levesque s
query language in which a formula of the form Kp is
read as

The KB knows p /ak/

KB [ p

where || is a specified provability relation and p is any
formula of FOL possibly containing K’s.
The second algebraic operator L is as

The KB believes p /eb/

or
KB |l= p

where ﬂ: is a new form of provability /or query evaluation/
While the first query evaluation t- is understood as
usually, the second needs an exact semantics.

2.2. Semantics for RL

The language RL has all formation rules of FOL and
the following two rules:

If p € RL then Kp &€ RL /ak/
Tt% p €-RL' theti - ILp.c 'R /eb/

So, in F there is three kinds of formula:

AR R W
ALl BL B q)
7 U & 1) SR (p A a)
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/i/ will be true or false depending on the interpretation
of predicate symbols.

/ii/ will be true or false depending on KB and on what is
'known or unknown.

/iii/ will be true or false depending on KB and on what is
believed.

Semantics of RL will be depended on the set of possible
worlds W. We use here Kripke s interpretation. Kripke /1963/
uses the concept of possible worlds to create a formal
semantics for modal logic. Later, mathematical logicians,
e.8., Chang and Keisler /1973/, Kalish et al./1980/, equate
the concept of possible worlds with the model for a formal
language of FOL. In another development, linguists and
philosophical logicians,e.g., Cresswell /1973/, Rescher
/1975/, seem to regard possible worlds more broadly, as a
kind of Gestalt experiments, not limited by the vocabulary
of the language of FOL or any others. Our usage of possible
worlds here will be more on mathematical side,i.e., that a
possible world is an alternative model, but the philosophi-
cal side remains valid.

Definition 2.2.1l. Kp is true in KB iff p is true in every
possible world of W.
Definition 2.2.2. Lp is true in KB iff p is true in every

possible world of W.

In agreement with McDermott /1982/ s argument, we need
two inference rules: modus ponens and necessitation. We come
to the axiom schemata for RL.

vefinition 2.2.3. Axiom Schemata for The Knowledge

Representation Language RL

. The axioms of FOL
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« Kp where p is an axiom of FOL
« Lp where p is an axiom of FOL
« K 00D a) 2 EEp o Ky)
. (Jo‘x) Kp == K(‘Vx)p
. L(p=> a)=> (ip = 1q)
» (¥x) 1p- 2" L (¥x)p
« P = Kp where p is pure.
/ a formula is pure when it is  known /

Definition 2.2.4. Nonotonic inference rules for RL

Vo Dy 9 =i /modus ponens/
e P + Kp /K-necessitation/
. P Lp /L-necessitation/

Comment 2.2.5. On the basis of the notion of possible
worlds, K and L are treated in an unified way: definitions
2.2.1 and 2.2.2 have pointed out this unification, thus

in the above definition, we may use | instead of |

and “: without confusions. The semantics for RL is both
sound and complete since RL is both sound and complete
with respect to Levesque /1984/ and Hop /1987/. Due to the
limited space, we do not quote the proofs here,

Theorem 2.2.6. RL is both sound and complete

In this section, we consider more concretely
what RL will be with abstract interactive oprations. We
define exactly interactive operations by terms of specific
representation, then gradually, the so-celled knowledge
matrix is constructed that serves for the proof of the
correctness of RL - this proof in turms, is strongly not only
supports for theorem 2.2.6, but opens new possibilities for
further investigations.
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3e.dle Definitions

Definition 3.1l.1. r € R is defined as follows:

r: KB X RL —» S&yes, no, known, unknown, believed}

so that

yes, if Kp true on k

no,: i’ K p thueton<k
r(k, p) = believed, if Lp true on k

known, if p is Pure

unknown, otherwise

Definition 3.1.2. The quantification of R:

Q(I‘(k,p)) % i O’Al’ A29 A3v L }
so that

1 B ¢ r(k,p) =yes
o 1t r(k,p) =no

Q (r) = A, if r(k,p) =believed
Ao At r(k,p) =known
Ay if r(k,p) =unknown

where OéA3 £ A2 P4 Al &

De{i_zln':t_{g_r_x__B_._l_._z. The classification of algebraic/modal
fgrmulae:

/i/ if p is formula, then so Kp, Lp.

/ii/ Classification listing for all formulae / with or

without algebraic/modal operators /



RGN 2o e

a ol %
(pAQ9 1) (p’ l) (q, l)
(pVa o) (P> 0) (3, ©)
(p>4a, 0) (o, 1) R
(s 1) (p, 1) {ay 1)

0 )

(mp” %0 ) (ps 0) (a
B Y E,
(pA q,O) (pt 0 ) (q’ O)
(p ¥ 4, 1 ) Lp’ i ) CQs 1 )
(P > q, 1 ) (p’ O ) (q, 1 )
o Lo
Kby Dy, <&
Lp, O Doy el
512 Tl
Kp, O By =0
Lp, 2! D, 1,

where o{\g(.” ﬁ) ) 64)B2n°(2, S are used to denote

signed formulae and their components of respective types.

This classification is a modification of Hop /1986/ for

temporal case, however, we give here only a classificatio,

which relates to classical quantification with two values

O and 1 - this treatment is enough for the matrix representa-
tion that we will present belows.
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Definition_3.1l.4. The formula tree for a signed modal

formula is e formation tree conteining additional information
as to the polarity of its atomic formulae.

Example_ 3.1.5. The formula tree for the formula

is

(x, i)) a,
(FD ’ O) a,

P

/L/\v 1) e (x, (I)) 89
LA’ 1> 84 L, 1) s (A 2 0) 8
q?’ 1) e (2 1) e () 0) &) Lr' 0)e,

the label at each node is index of the path in the tree,
which provides the following matrix representation of formulae

Definition 3.1.6. A path through a formula tree is a subset
of its formula tree. Denote these paths s and t, and 8 u
for path 8 with an occurence of the label u .

A path through a formula tree is called atomic iff for
every node k in s, either

/a/ k is a label by an atomic formula, or

/b/ k is a v in the classification tables.

The atomic paths through an quantified formula is detected
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by wringting components of an O -type side by side and the
components of p—type one above the other to form a nested
matrix.

Example 3,l.7. The matrix representation of the formula in

example 3.1.5:

Wl Sy | A (—pAq—)——- (—-Lr-) A A A

one of four atomic paths is a dotted line in the figure.
With o € R, a pair k,p is transformed into an

value in the set {O, 3 Al’ A2, A3 f. It in turn, is

transformed by quantification Q into one of the categories

in classification tables, and at last, comes into the form

of matrix representation above. We have the following defi-

nition.

Definition_3.1.8. Through r, Q and matrix representation,
we obtain matrix l‘xijll qxm forming by elements: 0, 1,
Al’ A2, AB’ where q is cardinality /if any/ of p in RL
and m is cardinality of KB /if any/. Thus, in the simplest
case, KB can be represented as a matrix, and in general, it
can be represented as matrices. We call this matrix /or ma-
trices/ knowledge matrix /or matrices /.

We obtain the Theorem belows which points out the
existence of specific representation for every interactive
operation between KB and expert systems. This theorem actually
shows the correctness of every operation between KB and their

abstract expert systems.

Theorem_3.1l.9. For every r &R, there exists two other
specific representations Tys Tp & R so that r = Ty 0 To,
where "o" is a consequent application of Ty and r2,i.e., a

matrix multiply, and



2 haue

€3 (k’p) = “kij“ g Xrmesa r2(“kij” qQ X m) =”xij“qu
S éfto, i Al’ Az, AB}‘.

Proof. Let r3 be a specific representation that

transforms “xlJ qur to a quaniified matrix llle“ i

/ this situation is realistic since we can put xlJ = ylJ

% 5 €40, ik yand vl /2 3T x e{Al,A 20 A 3}

Thus by rBl we denote the reverse representatlon from
“yij“ w2 50 gl g s s

if

Put ry = T 0 T3 T,= rg we have
T rs 6. Pat =20 B it T SO
1 2 k| 3 3 5 ,
The Theorem is proved,
4. Conclusion. With RL, we can resolve the following

problems:

. The interaction between an abstract expert system with

an incomplete knowledge base by non-monotonic manner,

. Formal semantics, a Kripke semantics-based consideration

is explicitly investigated,

. For the first time, we propose the matrix representation
for the problem of constructing up an knowledge representation
language, this treatment shows that even with extended power
provided by RL, knowledge of an incomplete knowledge base is
still representable at symbol level, and even at number level
by means of two modal operators in the framework of matrix
representation. This means that whenever we want to have the
"preturns" to traditional databases, it will be quite possible.
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Recently almost all contributions to the field
of knowledge representation are deductive, i.e., are based
on various deductive reasoning models, It means that the
logical lattice of deduction models are supposed closed. The
closure property is presented inTheorem 3.1.9. Closures are
abstractly and generally investigated by Khang /1978/, thus
it seems to enable an unified approach to pattern recognition
and knowledge representation simultaneously.
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A DEDUCTIVE LANGUAGE FOR THE REPRESENTATION OF Il.COMPLETE
KNOWLEDCE

Ha Hoang Hop

Summarz

In the paper a formal treatment of the problem of
representing incomplete knowledge is given. By this a
new approach to formal knowledge bases is described
in terms of abstract interactive operations between
them and expert systems (ES). An original knowledge
representation language is introduced, that allows

the explicite representation of non-monotonicity in
the framework of beliefs and knowledges. In the paper

the correctness of this language is also proved.
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EGY DEDUKTIV NYELV A NEM TELJES TUDAS REPREZENTALASARA

Ha Hoang Hop

Osszefoglald

A cikk a nem teljes tudas reprezentdlasanak egy uj formalis
targyalasat adja. Ez a targyalas a formalis tudasbazisok és
a szakértd rendszerek kozotti absztrakt interaktiv leképezé-
sén alapszik. A szerzd bevezet egy eredeti tudas-reprezenta-
16 nyelvet, amely a "nem-monotonitasnak" egy explicii repre-
zentalasat is lehetCvé teszi, éspedig a tudas illetve véle-
mény fogalmak keretében. A szerzd a nyelv korrektségét is

bizonyitja.
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A KNOWLEDGE-BASED APPROACH TO SOFTWARE REQUIREMENTS SPECIFICATIO:.

A.M. KAROL

Tsentprogrammsystem,
Kalinin, USSR

1. INTRODUCTION

During the last decade requirements development stage has
gained the status of probably the most critical stage in the
whole process of fairly complex software development. As a
matter of experience [1], late discovery of errors made at
this stage leads to serious alterations of the system and
significantly affects the time and development cost.

The basic'goal of the stage 1is a clear and complete,
modifiable description of what the conceived software system
should perform, the description which is unambiguously
understood by users, experts and developers.

Among multiple aides proposed for achieving this goal, the
essential part consists of those specification methods and
systems, in which required information, recorded in some
formal or semiformal language, is stepwise added to a common
design database and then, if required, can be subjected to
automatic semantic checking, modified or printed in the form
of structured reports, constituting the target system
documentation.

The most known example of the systems of this kind is the
PSL/PSA system described in details in literature [2], which
was the first to define the above mentioned scheme and served
as a starting-point of many approaches [3] that promoted not

only theoretical comprehension of a problem, but accumulation
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of practical experience in application of computer-aided
systems for specifying the early stages of software
development.

Nevertheless, it should be recognized that nowadays, the
application of such aides in broad programming practice has
episodical nature. There are many reasons for that. Without
going into details we will name here only two reasons of
considerable importance in our opinion. The first one is
complexity and unwieldiness of the requirements specification
languages and systems, and related with them difficulties in
learning and efficient usage. The second reason consists of
the fact that such systems more frequently do not allow us to
check dynamic aspects of the system being developed. :

This paper describes the SAM system (Specification,
Analysis, Modelling) [4], which is a knowledge base that can
be filled with knowledge, and it is intended for development
of software requirements and allows smooth transition to more
detailed specifications. In particular, SAM tries to overcome,
to some extent, the two above mentioned deficiencies
characteristic for many specification systems. The former at
the expense of the user friendly interface that involves
menus, windows, and a user defined specification language; the
latter at the expense of the application of the Prolog
language [5] as a tool for rapid prototyping [6]. In many
respects SAM continues the line "PSL/PSA - SDLA (7,8,9] - SAD
[10]". For example, SAM does not fix previously defined
technology of usage, and can serve as a tool supporting
different technologies. SAM 1is based on the ideas of

conceptual database modelling and logic programming elements.

2. THE SAM BACKGROUND

Modern understanding of the requirements definition

problem assumes, if possible, a more complete description not
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only of a system itself, but the surrounding world, in which
the system will function interacting with this world [11]. The
main motivation for such an extended interpretation lies in
the fact that requirements can be formulated satisfactorily
only when the system application area is understood well (1217,
and thus some "sum of knowledge"” about the target srstem and
the part of the real world it is related to, can be fixed.
Similar trend, concerning the knowledge representaticn
techniques, can be observed in database design - the field in
which a conceptual model is used to describe a conceptual
scheme (universe of discourse) - of the part of the real world
which defines the database contents [12].

. The SAM system model allows for the presented
considerations. It originates from the SDLA system semantic
data model, and the Horn logic implemented in the Prclog
language. Such a combination in this case is not merely a
mechanical connection, some features of the modified extended
relational data model of +the SDLA system and Prolog, which
itself one can treat as generalization of relational
databases, do it natural.

In order to make the paper self-contained we briefly
describe basic features of the SDLA system developed at the
Computer and Automation Institute of the Hungarian Academy cof
Sciences in co-operation with the ISDOS project of the
Michigan University.

The SDLA system implements a meta language specification
approach [13], i.e. it supports not one specific language
(like, for example, PSL in the PSL/PSA system), but provides
each user with the capability to define and expand his own
problem-oriented, easily understandable language at the meta
level. Later this language can be used at the second level -
at the level of target system description, and also when
database queries are formulated.

Besides a concrete language syntax, a conceptual scheme (a
set of types of objects or "“concepts" in the SDLA terminology)



and some semantic constraints are defined at the meta level.
At the description level the system checks correspondence of
input objects (concept instances) to appropriate types and
carring-out of the specified constraints.

The concept is described by its attributes:
concept name_of_concept (sell:attrl,...,selN:attrN),

where seli (selector) is a name of an i-attribute. Attributes
should also be defined as concepts; recursion 1is allowed.
Definition 1is also correct in the case when the part in
parentheses does not exist. There is an important mechanism
for refining the concepts - a scheme of types and sﬁbtypes.
Let’s mark one more feature in the SDLA database. which is
interesting as such and from the point of view of its
syntactic generalization and semantics redefinition in SAM. If
at the meta level two concepts cl and c2 (such that a nonempty
set of attributes of the concept c2 is an own subset of a set
of attributes of the concept c¢l1) are connected by the

relationship

cl(sell:attrl....,selN:attrN) implies

ce(selij:attriq,. .« ,8elik: attriy) (k “< M)

then at the object level the creation of an instance of the
concept cl automatically causes the creation of an instance of

the concept c2.

3. BASIC FEATURES OF SAM.

From a very general point of view the objective goal of
SAM is a system description and analysis, just like the goal
of the SDLA system. However, SAM has a number of fundamental
differences expanding its functional capabilities anc



reflecting a specific character of the SAM implementation on =a
personal computer.

SAM 1s based on a knowledge base, 1in which relevant
information about a subject domain (general knowledge) and a
system being developed (computer artifacts) is accumulated.
Interaction with the knowledge base 1is performed at two
levels: a meta 1level and an object level. A knowledge unit
specified in the SAM system input language at the meta level,
like in ©GSDLA, 1is referred to as a concept. A concept is a
carrier of common features of objects - kﬁowledge units of the
object level. On a par with the term "concept” we shall use as
synonims also the terms "type”, "object +type”. Objects are
described by wusing key words, which are fixed the moment the
concept, to which these objects belong to, is defined. The key
words make up so-called forms (patterns, sentences), for each
of which, moreover, the context and the name description in
which it can be used, is specified. For each concept one or
more forms can be specified.

Concepts and objects may represent simple and complex,
real and abstract, static and dynamic phenomena, entities, and
relations. People, enterprises, problems, machines, computers,
DBMbs, transactions within DBMS, technologies, numbers, module
invocation, subsystem membership etc. are some examples.

A person describing a concept gives a suitable name to the
concept and specifies, if necessary, a 1list of its name&.
components (attributes). Components, in their turn, are
defined as concepts. Another possible way of defining the
concepts is to add new components to the name of previously
described concept, and it is referred to as concept refinement
or specialization [15]. This way is implemented by the
built-in concept IS.

Built-in concepts are concepts that have been defined
inside the system. Among them are system data types and system
operations. OSystem data types are integers, reals, and texts.

Objects of these types are also considered known in the



system. The system operations include equality and unequality
predicates defined for the objects of the same type,
comparison predicates >, <, »>=, =< defined on system data
types, arithmetic operations defined on numbers. Other
built-in concepts will be considered below.

The most essential difference between the SAM system and
the SDLA system is in the fact, that it is possible to state
rules connecting the concepts described at the meta level in
SAM. The rules are written roughly in the form as it 1is done

in the Prolog language. Formally, the record
clils St del (S eands. caauand. eNGL )k NS08

means, that for all values (objects of corresponding concept
attributes) of the variables it contains, the concept cO0(...)
holds when c1(...) and ... and c¢N(...) hold. Another valid
variant of a rules record employes forms of the concepts cO,
(=7 b E e SR o] !

If in the 1rule there 1is a concept with one argument
(variable or constant), which is preceded by the # symbol,
this indicates that objects of the concept itself are taken
into account, rather than objects of its attributes. That way
is sometimes more convenient, but the first one gives better
flexibility. On the whole, this correspondence between
composite objects and tuples of +their components plays an
important role in building of the SAM system.

In the right part of the rule it’s also possible to use
the logical connectives or, not. Logical operations priorities
are usual, however they can be changed by parentheses.

Rules allow us to represent semantics of
interconnections between concepts. Like concepts and objects,
rules can be added, deleted and edited by a designer. Each
rule has its name.

Rule interpretations can be various. Rules with an

identical interpretation are integrated into named groups. At



each point of time some rule groups are marked as “"active”.

Rules describing subject domain integrity constraints
serve as an example of rules integrated into one group (A).
Rules representing specific character of a particular task
within the framework of one subject domain can constitute
another group (B).

If new objects being added at a time can, to a designer's
opinion, violate an integrity of a knowledge base being
designed, tnen the rule groups A and B should be pointed as
active. .

Rules specifying deductive capabilities of a knowledge
base being created, costitute a specific group. This group is
activated in a query phase, and allows us to represent some
information intensionally, in terms of 1logical implication,
instead of describing and storing objects explicitly. A sample

rule from this group is the rule
grandfather(X,Y) if father(X,Z) and parent(Z,Y).

In this case grandfather(...), father(...), parent(...)
are concept names, and variables X,Y,Z can be names of objects
from the knowledge base addressing the concept man(...).

In a special mode of the SAM system one can exit to the
basic language level, this language is Prolog. In other words,
it 1is allowable to use in the rules built-in predicates of
Prolog and new ‘'pseudo-concepts', defined as the Prolog
language procedures in this mode. Such a capability allows "to
program” new rule groups interpretations, and it is aimed
mainly for Prolog language programmers. On the other hand,
direct exit to Prolog can be useful for a designer too for
purposes of rapid prototyping of fragments of the system
being designed {16,179 ; and for making unrestricted
algorithmic processing of the database contents. Such an
activity requires familiarity with Prolog. It should be noted
that +the description style in the SAM system and the



programming style in the Prolog language have some
similarities. This helps designers learn and utilize Prolog.

The second feature of SAM also partly finds its analog in
Prolog - the language 1in which a sort of the meta level
(predicates and rules with variables only) and the object
level (facts) are not devided explicitly. When a concept is
defined in SAM, a set of values for a component can be made
narrower in regard to the specified attribute. This can be
achieved by specifying a list of names of objects of the
corresponding type, and by specifying a range or a fixed value
for system data types. Thus, there is no need to describe a
separate concept, and the advantages of type checking are used
in full measure. Moreover, such a capability allows us to
consider concepts, the objects of which have common
characteristics (a special case of an object association
TS TE.

An important additional feature of the SAM system is
the support of multi-aspect description of the system being
developed, i.e. "decomposition” of the system description into
"orthogonal" components. Each component is an entire system
description but it depicts only one subset of its properties
[14]. Hierarchical system decompositions made by several (up
to 7) properties or aspects, significant from a designer’s
standpoint are allowed in SAM. For each property designer
selects one of the built-in concepts UNDERk (k=1,...,7). For
any k UNDERk there is a binary relation, defining a hierarchy

by a given property. A sample aspect can be any of the

abstraction mechanisms available in SAM (aggregation,
specialization, association); a property allowing for
different-type meaningful concept "subordination”
(amalgamation - plant - shop - team); a feature presenting a

sequence of execution of singled out functional elements of
the system being designed. However, nonhierarchical
descriptions are allowed. A complete description of the system

consists of a set of named hierarchical and nonhierarchical



descriptions.

The SAM query language is closely related to various types
of descriptions. It includes two parts. The first predefined
part has the most frequently wused "command” queries. The
second query part 1is formed by a designer in the same
language, which he used 1in describing the objects of the
system under development.

One more specific feature of the SAM system is processing
of undescribed objects and concepts. When concept components
are described, an identifier, which 1is Anot a name of any
defined or built-in concept, can be pointed. The system warns
a designer about this and places the pointed identifier into a
list of nondefined concepts. The list can be looked through
in an appropriate screen window. As long as the nondefined
concepts list is not empty, the system limits +the designer’s
activities by warning him that there are nondefined concepts.
Similarly, the system maintains the nondefined object name
list, by grouping the objects by names of "their future”
types.

4. USER INTERFACE

SAM is an interactive system using a multi-window
interface and menus . Different knowledge base status
information can be displayed in windows: in one window a 1list
of concepts available in a given moment is displayed. in
another - a list of objects for some concepts, in the third -
a list of names for rule groups etc. A typical system session
is as follows. At the beginning of an operation the system 1is
in a main menu state. A user can select an operation with
concepts, objects (or descriptions), rules, can query the
knowledge Dbase, familiarize oneself with the short system
operation instruction, or logout the system.

Suppose, for example, a user wants to create a new



concept. He should mark the corresponding line CONCEPTS in the
main menu. After this a new menu with a list of actions that
can be performed on the concept will appear on the screen, and
in the right-hand corner of the screen a window with a list of
the defined concepts will be displayed. When the line CREATE
is selected in the last menu, a pattern for the newly created
concept will appear on the screen, and the cursor is placed
into the position, from which the new concept name should
start. Then if the name is entered correctly, the cursor is
moved to the beginning of the next field to be filled. This
field is the selector field of the first component of the
zconcept being created. If a user has typed the name of the
previously created concept, the system will inform us about this
in the bottom horizontal window (intended for messages), and
will return the cursor to the first concept name field
position, and so on.
The object description is reduced to filling the empty
places 1in an appropriate form. Up to this moment by pressing
the functional key the system allows us to 1look over the
list of forms permissible in a given place of the given

description.

5. SYSTEM IMPLEMENTATION

As it has already been mentioned, the ©SAM system is
implemented in the Prolog logic programming language.
Declarative and procedural semantics of the Prolog programs
allows us to combine declarative and procedural knowledge
representation and facilitates the implementation of +the SAM
system knowledge representation language. Moreover, as long as
a Prolog program can dinamically modify itself (add and delete
clauses during execution), manipulation of concepts, objects
and rules is facilitated in SAM. Switching from the meta level

to the object level and vice versa can be done at any time,
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and it does not depend upon scheme modification at the meta
level.

The SAM system architecture includes some components of
expert systems - a knowledge base, an inference engine, a user
interface. Presentation about the knowledge base and user
interface is given above. The purpose of the inference engine
is to provide switching from one rule group into another, and
to perform the required search and transformation in the
knowledge base.

The system is being developed for IBM /PC/XT/AT and
compatible under the MS DOS operating system.

6. CONCLUSION

We have considered an approach towards software requi-
rements development, which 1is based on knowledge base
technology. The essence of the approach 1is to combine the
capabilities of the PSL/PSA trend advanced systems intended
for the software requirements description, analysis, and
documentation with +the capabilities of the Prolog logic
programming language. The latter itself can be considered as
fully wuniversal and above all as an executable specifica%ion
language. The background and some characteristic features of
the SAM system developed within the frame of this approach are
briefly described.
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A KNOWLEDGE-BASED APPROACH TO SOFTWARE REQUIREMENTS
SPECIFICATION

A.M. Karol

Summary

The paper describes the SAM system (Specification, Analysis,
Modelling) which is a knowledge base that can be filled with
knowledge and is intended for the development of software
requirements and allows smooth transition to more detailed
specifications. In many respects SAM continues the line
"PSL/PSA-SDLA-SAD". For example, SAM does not fix previously
defined technology of usage, and can serve as a tool for
supporting different technologies. SAM is based on the ideas
of conceptual database modelling and logic programming

elements.



TUDASBAZIS ALAPU KOVETELMENY SPECIFIKACIO

A.M. Karol

Osszefoglald

A dolgozat az SAM /Specification, Analysis, Modelling/
rendszert targyalja. Az SAM egy szoftver kévetelmény

specifikacidt segitd tudasbazis, amely atmenetet biz-
tosit a részletesebb specifikacidhoz. Az SAM t8bb vo-
natkozasban a "PSL/PSA-SDLA-SAD" vonal folytatésanak

tekinthetd. Az SAM nem régziti a haszndlandd technoléd-
giat, tobbféle technoldgia tamogatdséra képes. Az SAM
fogalmi adatmodellezésen és a logikai programozéas el-

vein alapszik.
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SEPARATORY SUBSEMILATTICES AND THEIR PROPERTIES
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ABSTRACT

In this paper we study senaratory subsemilattices of a
semildttice, i.e. subsemilattices having set-teoretical
complement as subsemilattice. The separation theorem is proved
for arbitrary semilattice. We study the representation of
separatory subsemilattices and the nroperty of extension of
the maximal chains in separatory subsemilattices. The real-
-valued function on semilattice connected ' to our main object
and some generalizations are also discussed. The case of finite

distributive semilattices is particularly considered.

1. INTRODUCTION

First we introduce the terminology. Let L (possibly with
indices) be a semilattice, in other words, an algebra with one
binary idempotent commutative associative operation denoted by
point. A partial order on L is defined as x=y
h 1 x*y=y so L is join-semilattice. As usual, J(L) denotes
the set of all join-irreducible elements of L. An interval
[x,y] is the set {18L|x<l and Isy}.

The semmilattice is said to be distributive (Grdtzer [1978])
if: for zsyssthere are yisy -and - zlsz such: that x=y’+22L0 .t 1s
an easy observation that finite’'distributive semilattice is
distributive lattice.

The motivation of this paper as follows. The set of all
subsemilattices of a semilattice is a convex geometry (Edelman,

_Jamisdn [1985], Edelman [1986]), which was introduced as an
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abstract model of convexity. One of the brances in the abstract
convex analysis deals with different separation properties of
the convex sets €Soltan [1984], Van de Vel [1984, axioms
SJ—SQ]). The strongest separation property is following: the
convex sets with empty intersection can be separated by
halfspace. This property had been introduced and studied in
Ellis [1952]. The halfspace in that paper had been defined as
a convex set having a convex set as set-theoretical complement.
Now we can give our main definition.

Definition 1. The subsemilattice L’ of the semilattice I is

called separatory if L-L° is also a subsemilattice of L.

We shall show that separation theorem holds for arbitrary
semilattice. The other sections of the paper deal with different
properties of separatory subsemilattices.

Notes. 1. There are other models of convexity having
subsemilattices as examples. E.C. Romanowski and Smith
[1985] introduced the concept of moda (entropic idempotent
algebra). The semilattice is the simplest example of moda. The
other examnle is the family of all convex subsets of Euclidean
Space.

Korte and Lovéasz [1984] studied upper interval greedoids,
or APS-greedoids. One can easily prove that the systems of
complements of subsemilattices (in finite case) is APS-greedoid.

2. There is other reason for studyind the separatory
subsemilattices, which is connected to . apnlied tasks of data
analysis YLibkin, Muchnik, Schwartzer, to appear).

L Heré»we do not give proofs of theorems. Thev will

appear elsewhere.

2, THE ALGEBRAIC CHARACTERIZATION OF SEPARATORY
SUBSEMIALTTICES

For arbitrary semilattice L the set of all its subsemilat-
tices partially ordered by set-theoretical inclusion is a
lattice denoted Sub L.

Theorem 2.1. The subsemilattice L’ of [ is separatory

iff L’ has a pseudocomplement in lattice Sub L.
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3. SEPARATION THEOREM

In this section L is arbitrary semilattice.

Theorem 3.1, (Separation Theorem), If LJ and L2 are

subsemilattices of L with empty intersection then there is a

separatory subsemilattice L’ such that LJSL’ and LZEL-L’.

In other words, the subsemilattice Ll can be separated from
L, if and only if LlﬂLZ:ﬂ.

The senaration theorem has some corollaries.

Corollarv 3.2. Any subsemilattice L, of semilattice L is

1
the intersection of separatory subsemilattices of L.

Corollary 3.3. If subsemilattice L' & [ is meet-irreducible

the lattice SubL then L' is separatory.
Note that Corollary 3.2 is one of the separation properties
for abstract convexity: any convex set is an intersection of

halfspaces (axiom S, in Van de Vel [19841]).

3
Corollary 3.4. Let L1 be a subsemilattice of L. There is
a separatory subsemilattice L'¢c L such that Ll A Lt =L}

T E aEJ(Ll). Moreover, one can find L' with element < as unit.

4, FINITE DISTRIBUTIVE SEMILATTICES

In this case we find the construction of separatory
subsemilattices and give the represenatation of subsenilattices
according to corollary 3.2.

Theorem 4.1. 1). The subset L of finite distributive semi-

o
lattice L is-a suksemilattice if

By 5 L—U(Exi,yiJIiEI), VIET : xieJ(L). (1)
2) s Lo is separatory subsemilattice of L iff it can ke
expressed¢ in form (1) and {yi|i€I} is a chain in L.
Consider [ g & L~ ey SR EL L)

L]

Lx y is the separatory subsemilattice and (1) shows that every
3

subsemilattice L is an intersection of subsemilattices defined

L -
as L, .
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5. THE MAXIMAL CHAINS PRESERVATION PROPERTY

Fist we give the usual definition of a fragment in a chain.
Let C bea chain in L and C'eC. C' is called the fragment of C
if for minimal énd maximal element e, and é] of ¢' the inter-
section [z _,c,INC is equal to c’,

In this section we consider only finite semilattices.

Definition 5.1. A finite semilattice L is called MCP -semi-

lattice if for every separatory subsemilattice L'e L, maximal
chain C'in L'and its extension to the maximal chain C in L
the chain ¢' is a fragment of C. MCP is the abbreviation for
Maximal Chains Preservation .

This definition has another interpretation. For any chainC

in L one can define the binary relationRC7 on C as follows:

(a,b)EFC iff a>b and if ee@, aq=c>p then a=ec ox b=e . The defini=-
tion 5.1. says that R,, is a restriction of cover relation >in
Eto C%

As usual an open interval is an interval without maximal
and minimal elements.

Theorem 5.2, The following statements are quivalent:

1). L is MCP-semilattice;

2). Anv open interval is not a subsemilattice of I;

3). A three-elements chain cannot be an interval in L.

One can show that !MCP as property of lattices is not
connected to identities or cuasi-identities.

Corollary 5.3. In every non-trivial variety of lattices

both MCP-lattices and non-MCP-lattices exist.

For example, boolean, matroid and relative complemented
lattices are 'MCP-lattices. The chains and finite free distribu-
tive lattices give examples.es of lattices without this pro-
perty.

The separatory subsemilattices of MCP-semilattices possess
a property like density or coherence .

Definition 5.4. The subsemilattice /'€ L is said to be dense

if for every xz,y€L' there are such x = Lyseees®y, =Y in L' ~that

n-1 ; here xi%x. or

141

1£f x. ‘covers. x:
7; > 1+1
X i

Xo4q covers z.
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Corollary 5.5. Every separatory subsemilattice of MCP-semi-

lattice is dense.

Corollary 5.6. Every semilattice [ can be embedded into a semi-

lattice M such that image of L is an intersection of dense sub-
senilattices of M.

6. REPRESENTATION BY REAL-VALUED FUNCTION

According to Soltan 19843 the function f:L=-R'! is called
quasiconvex if
Mo yEL ¢ flasy) Swmeelflz),t(5)}, 2R

and quasiconcave if
Ve, yEL :.fo-y) 2 min{f(x),f(y)}.

The function both quasiconvex and quasiconcave is said to
be quasilinear (Libkin, Muchnik, Schwartzer).

Consider the set ¢L of all quasiconvex function on L. The
¢, -convexity defined by Soltan (19841 is the set of all sub-
semilattices of L. In other words the following lemma holds.

Lemma 6.1. 1 . The level sets I ={x€L|f(x)sa} of
quasiconvex functions are subsemilattices of L.

2) . The level sets La:{xeL|f(x)zu} of quasiconcave function
are subsemilattices of L.

3) . The level sets La and L* of quasilinear function are
separaotry subsemilattices of L.

The corollary 3.1l. can be written in following form.

Theorem 6.2. Every bounded quasiconvex (or quasiconcave)

function is supremum (accordingly an infimum) of the quasi-
linear functions.

The representation of functions on finite distributive
lattices can be found.

Theorem 6.3. Consider a finite distributive semilattice L.

l). Function f is quasiconcave iff there is a function
w(a,z): J(L)xL-R'such that aszsy=>m(a,x)<m(a,y) and
Vz€L : f(x)=min(n(a,z)|a€d(x)),
where J(xz) = {a€d(L)|aszx}.
This function T may be expressed as
%K fa, ) = max(f(y)[yeta,r]). (3)

2). Function f is quasilinear iff

N
o
~e
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vecel ¢ flx) = min max f(a*b) = max min f(a*b).
a€d (x) beJ (x) atJ(x) bEJ(x)

3) . Conversely, if L is a lattice and f is quasiconcave iff
(2) and (3) hold, then L is distributive.

In boolean case the results have simplest form.

Theorem 6.4. Consider x::{xl,”,,xn}. The setfunction
R SR G £ 1 4 L F 3 =i 10 MAT b s
f: 2 =mt 18 guasilinear iff. wyre X & £V .5 zicy €V td>
and ‘t”aﬁjn is pxn -symmetrical matrix such that every

submatrix of 4 has a saddle-point. Every quasiconcave function

is a minimum of quasilinear ones.

Corollary 6.5. There is .a one-to-cne correspondence between
separatory subsemilattices of 2* and zero—-one scuare matrices
4 which are symmetrical and such that every submatrix of A4 has
a saddle-point. : ¥

Notes. 1) . The theorem 6.4. shows that there is a connedtion
between our main object and payoff matrices in game theory.

2). Corollary 6.5. gives a representation of separatory sub-
semilattices of sets by square zero-one matrices. An analogous
representation of lattices, rings, topologies and algebras had
been given in Ashman, Ficker [19841.

3) . The theorem 6.4. and corollary 6.5. use the result
proven by Gurvitch (Gurvitch, Libkin, to appear): if 4 is sym-
metrical matrix and every submatrix of 4 with equal sets of
lines and columns has a saddle-point then every submatrix has a

saddle-point (so called absolute definiteness of matrix).

/. SOME GENERALIZATIONS

For every signature one can give definition of separatory
subalgebra. Consider an algebra (4,Q), where 4 is a set and Q
is a signature.

Definition 7.1. The subalgebra (B,Q) of (4,2) is said to be

separatory if (4-B,Q) is also subalgebra of (4,Q).
For idempotent algebras one can give a characterization
of separatory subalgebras like in semilattice case.

Theorem 7.2, The subalgebra (B,Q) of an idempotent algebra

(A,Q) 1is separatory iff (B,Q) has a pseudocomplement in lattice
of subalgebras of (4,Q).



& 89 -

This fact immediately implies that atomic algebraic pseudo-
complemented lattice is boolean.

For signature {Q the separation theorem can be written as
ST(Q): for every algebra (4,Q) and its subalgebras (B,Q) and
(C,Q) with empty intersection there is a separatory subalgebra
(S,2)such that BgS and C &£ 4-S.

In the section 3 we proved that S7(Q) holds if Q is the
signature of semilattice. If Q is the signature of group 57(Q)
does not hold, because there are not subgroups with empty inter-
section. It is easy to see that . §7(Q) does-hot hold also
in semigroup case.

Let point denotes binary operation on set (G,xglG is a finite

< o .
-—X wn

For x€4 we define p(x,X) as (._.(x-xl)-xg._.)ox

subset, <, is a linear order on xy and xJSX"

23
Theorem 7.3. The idempotent commutative groupoid G ensures

separation theorem iff for every fintie x,yeGwith empty
intersection, z€G-(X U Y) and linear orders <y and <y the sub-
groupoids generated by XU{p(x,Y)} and Yu{p(xz,X)} have nonempty
intersection.

Corollary 7.4. Idempotent commutative nonassociative

groupoid ensuring separation theorem exists.
The last result shows that unlike semilattice case
ST does not hold for lattices.
Theorem 7.5. If lattice has less than 5 elements then ST holds.

For every n=5 there is such lattice Z that ST does not hold and
Z has »n elements. For modular (distributive, boolean) lattices

this limit is also 5 (accordingly 6 and 8).
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SEPARATORY SUBSEMILATTICES AND THEIR PROPERTIES

L.0. Libkin, I.B. Muchnik

Summarz

In the paper separatory subsemilattices of a semilattice
are studied (a subsemilattice is separatory if its
set-theoretical complement is also a subsemilattice).

The separation theorem is proved for arbitrary semi-
lattice. The representation of separatory subsemilattices
and the property of extension of the maximal chains are
also studied. Some real-valued functions connected to the
main object are discussed. The case of finite distributive

semilattice is particularly considered.
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SZEPARALO RESZFELHALOK ES TULAJDONSAGAIK

L. 0, Libkin, -1.B. Muchnik

Osszefoglald

A félhald részfélhaldja szeparald, ha a halmaz elméleti
komplementere is részfélhald.

A cikkben a szerzOk egy szeparacids tételt bizonyitanak
tetsz6leges részhdldra. A cikk vizsgalja a szeparald
részfélhaldk reprezentacidjat és a benne 1évd maximalis
lancok kiterjeszthetSségét. A félhaldkon definialt bi-
zonyos valds értéki fiiggvényekkel is foglalkozik a szerzd,
amelyeknek kiilénleges szerepiikk van a targyaltakban.
Kiiléndsen a véges disztributiv félhaldkat targyalja

részletesen.
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SEPARATION THEOREMS FOR LATTICES

Leonid 0. LIBKIN

Computer Centre Moscow Institute of Steel and Alloys,
Leninskij Prosp. 4, Moscow 117936, ussr

ABSTRACT

In this paper the separation propertjes of sublattices of
a lattice are studied. A sublattice of a lattice is said to be
separatory if its set-theoretical complement is also a sub-
lattice. The full characterization of lattices, satisfying the
following property: two disjoint sublattices can be separated by
sepératory sublattice, is given. This property restricted to
the intervals is equivalent to the distributivity of lattice.
It is also shown that the sublattices of a lattice form a
convex geometry (or their complements form an antimatroid) iff
the lattice diagram does not contain a subdiagram like the
letter V., The structure of separatory sublattices is’destribed

for finite distributive lattices.

1. INTRODUCTION

Let X be an arbitrary set and 2 a family of subsets of X
satisfying the properties:

0l. J€Z, Xe€z.

02, If A€Z and BE€EZ then ANBEZ,
Z is called an alignment. The elements of Z are called closed
or sometimes convex subsets of X. Given an alignment Z define
the closure operator '

Z(A) = n(Bj|AE B € 2).

A subset 4 is closed iff Z(A)=A. The family of closed subsets,
ordered by set-theoretical inclusion, is a lattice and
AAB=A4NnB, AVB=2(40 B).
Let <L,¥,A> be a lattice, S{L) be a family of its sublattices
and Int(L) be a family of its intervals [z,y] = {1€L|x<I<y}, x<y
iff avy =y. Both S(L) and Int(L) are alignments.
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According to abstract convexity theory { cf. Soltan [1984]

Van de Vel [19843]) the convex subset is said to be halfspace if
its set-theoretical complement is also convex.

Formerly we studied the halfspaces of éemilattices. It was
proved that two disjoin subsemilattices of a semilattice can be
separated by halfspace, i.e. there is a halfspace containing
the first subsemilattice and no element of the second one, see
Libkin, Muchnik [19881. According to the semilattice case, let

us give the following definition.

Definition 1. A sublattice L' of a lattice L is called

separatory if L[-L' is also sublattice of L.

The prime ideals give examples of separatory sublattices.
‘The partition lattice Part (4) gives an example of lattice
without separatory sublattices.

The separation theorem can be expressed as

ST. VI,,L,€8(L):L 0L, = § => 31'es"(0): LSL', L,SI-L',
where S*(L) is the family of separatory sublattices.

This property ST had been introduced in the paper of Ellis
£1955]. The elignment satisfying ST is said to be normal (cf.
Soltan [19841).

In the section 2 the characterization of lattices I having
the normal alignment S(L) is given.

In the section 3 the following modification of ST is
studied: :

STX. VLJ,LZEInt(L): L10L2 =g => 3L'€S*(L): IrJEL', [,2_C_L—L'.

It is proved that STI holds iff [ is distributive. It
generalizes the result of Van de Vel 19843,

The section 4 deals with the convex geometries. An aligment
Z on a finite set X is called convex geometry (Edelman, Jamison
£19851, Edelman [19861) if in addition C3 holds:

C3. If A€Z,x,y#A and xe€Z(Auy) then ygz(4uzx).

This axiom C3 is called an anti-exchance: axiom, cf. Edelman
£19801. The convex geometries are ecuivalent to the important
class of greedoids named the shelling structures, cf. Korte and
Lovasz [19841. In section 4 we describe the lattices such that

S(L) is a convex geometry.
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In the last section we give the descrintion Of the
separatory sublattices of finite distributive lattices.

According to Gratzer (19783 J(L) and M(L) stand for the
sets of join-irrecducible and meet-irreducible elements of L
respectively.

02 denotes the two-element chain.

2, THE LATTICES SATISFYING SEPARATION THEOREM

It was shown in the paper of Libkin and Muchnik (19881 that
for every n25 there is a lattice L such that |Lr:n and S(L) is
not normal, i.e. ST does not hold. For distributive lattices
this limit is equal to 6. That statement allows to build only
five lattices with normal alignment S(L). Here we give a
full characterization of these lattices.

Definition 2.1. Let LJ be a lattice with unit ¢ and L_ be

2
an arbitrary lattice. Ther the ordinal sum of posets Lz-eand 5

2
is called a weak ordinal sum of L, and L2. We denote it by

L] + L2- i

It is an easy observation that + is associative operation
for bounded lattices. Therefore one can speak of a weak ordi-
nal sum of the family of bounded lattices.

Theorem 2.2, Let [ be an arbitrary lattice. S(L) is a nor-

mal alignment (or ST holds) iff L is isomorphic to the weak

ordinal sum of lattices each isomorphic to Cs or
2
Cy = 02 X Cg.
Corollary 2.3. If ST holds for an arbitrary lattice I, then

L js distributive and its width w(L) <,2.

3., THE LATTICES SATISFYING SEPARATION THEOREM FOR INTERVALS
It was proved that Int(L) is a normal alignment iff [ is

distributive, see Van de Vel [1984], In fact, the following
holads. ’
Theorem 3.1. Given an arbitrary lattice L, the following

are equivalent:
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2). Int(L) is a normal alignment;

3J. L is distributive lattice. _

The lattices of convex sets for s(L) and Int(L) are the
lattice SubL of sublattices of L and the lattice (CSubL of order-
-preserving sublattices of [ repectively. It is known that in
semilattice case the meet-irreducible element of lattice of the
convex sets are separatory subsemilattices. Analogous
statements are not true for S(L) and Int(L) in contrast to the
semilattice case.

Theorem 3.2, If every sublattice from mM(SubL) is separa-

tory, then L does not contain a sublattice isomorphic to the

nondistributive five-element lattice M5.

e

Theorem 3.3. Given a finite lattice ., the following are

equivalent:
1). Every sublattice from yM(CcSubL)is a separatory one;
2). M(CSubL)contains exactly the prime ideals and filters
of-1;

3) ...F is-.distributive.

4, THE CONNECTION WITH CONVEX GEOMETRIES

Since the concept of convex geometry is used only in
finite case (as well as the concept of antimatroid), in this
section only the finite lattices are considered.

A finite lattice [ is called nN-free, if its diagram does
not contain a subdiagram isomorphic to the diagram like the
letter N or its dual, cf Rival [19863. In other words, L is not
N-free if there are four distinct elements a,b,c,d€L such that
aAe=b and bvd=ec..

Theorem 4,1. Given a finite lattice L, S(L) is a convex

geometry iff L is Ill-free.

Corollary 4.2, If alignment S(L) is normal, then it is a

convex geometry.
The connection between ST and the concept of convex
geometry allows to give a characterization of a varietvy of

destributive lattices.
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Theorem 4.3. Let K be a nontrivial variety of lattices

satisfying the following condition: if S(L) is a convex
geometry for the finite LEK, S(L)is normal. Then X is a
variety of distributive lattices.

Theorem 4.4, Given a finite lattice L, an alignment Ixnt(L)

is a convex geometry iff L is a chain.

. SEPARATORY SUBLATTICE OF THE FINITE DISTRIBUTIVE LATTICES

Rival [19743] proved that the sublattices of a finite dist-
ributive lattice L and only they can be obtained as the subsets
of L satisfying the following properties:

v B B AP U(Cai,biJIiEI),

DL2, M“iZ€I: a €J/(L) and bieM(L).

Theorem 5.1. Let be a finite distributive lattice.L'e L is

a separatory sublattice of L iff it can be represented in form
DL1, DL2 such that the following holds:

DL3. Both {ag.lZef} and {b,|Z{€I} are the chains.

One can also prove the inverse theorem.

Theorem 5.2. Let Z be a finite lattice and DL1, DL2, DL3
describe exactly the separatory sublattices of L. Then L is

distributive.
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SEPARATION THEOREMS FOR LATTICES

L.O. Libkin

Summary

In the paper the separation properties of a sublattice of
a given lattice are studied. A sublattice of a lattice is
said to be separatory if its set-theoretical complement is
also a sublattice. The full characterization of lattices
satisfying the property: two disjoint sublattices can be
separated by separatory sublattice, is given. It is also
shown that the sublattices of a lattice form a convex
geomatry iff the lattice diagram does not contain a sub-
diagram like the letter N. The structure of separatory

sublattices is described for finite distributive lattices.
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HALOKRA VONATKOZO SZEPARACIOS TETELEK

L.O. Libkin

Osszefoglald

A cikkben az adott hald részhaldinak szeparacids tulajdon-
sadgairdl van szd6. Egy hald részhdldja szepardld, ha a hal-
maz-elméleti komplementere szintén részhald.

A szerz0 azon haldk teljes jellemzését adja meg, amelyek

a kovetkezd tulajdonsdggal rendelkeznek: két diszjunkt
részhald szeparalhatd egy szeparald részhaldéval. Megmutat-
ja, hogy egy hald részhaldoja akkor és csakis akkor konvex
geometria, ha a halé~diagram nem tartalmaz egy N betilire hason-
15 részdiagramot. A szeparald részhaldk leirasat is megadja,

véges disztributiv hdldk esetén.
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ON A SUBSEMILATTICE-LATTICE OF A SEMILATTICE

L.0O. LIBKIN

Computer Centre, Moscow Institute of Steel and Alloys
Leninskij Prosp. 4, Moscow, 117936, USSR

I.B. MUCHNIK

Institute of Control Sciences, Profsoyuznaya, 65,
Moscow, 117806, USSR

Abstract

In this paper a . characterization of the lattices of all
subsemilattices of semilattices is given. We also study the
connections between the property of a semilattice and its sub-
semilattice-lattice. The structuresof distributive, standard

and neutral elements in this latticeare also found.

1, INTRODUCTION

The construction of a subsemilattice-lattice had appeared
in our research on applied data analysis (Libkin, Muchnik,
Schwartzer, to appear) and choice theory Libkin [198731, In
this paper we give a characterization of this object.

Consider a semilattice L (an algebra with one binary
idempotent commutative associative operation). Let L be a
join-semilattice with partial order defined as x<y iff x-y=y.
(point denotes the operation of semilattice).

As usual J(L) is the set of all join-irreducible elements
of i
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Consider the set S(L) of all subsemilattices of L. There
are two operation A and V on S(L):

LZ,L2€S(L): LJ/\LZ = LZHLZ,

LVl = L UL, U{l,°1,|2 €L, ,1,€L,).

It is well-known that A and V make S(L) a lattice:

SubL = <S(L),A,V>.
The lattice thus constructed is called subsemilattice-lattice.
We shall also use the concept of pregeometry.

Definition 1l.l1. The pair <4,C> of a set 4 and closure

operator C is called a pregeometry if all axioms of geometry
hold, except the exchange axiom. Formally, C is an alaebraic
operator (x=C(X) iff for some finite X _€ X: xec(X.));

vacd: C({zx}) = {z} and cC(g)=4. ¥ d

Definition 1.2. For given closure operator C on 4 the

operator CE:ZA*ZAisdefined in the following way:

VXe A: Cy(X) = ulc({x,y}) |x,y€X).

2. THE CHARACTERIZATION OF SUBSEMILATTICE-LATTICE

Here we give two characterizations of a lattice SubL: as
biatomic algebraic lattice and as the lattice of closed sets
of a pregeometry.

Remind the definition. Atomic lattice &£ is said to be
biatomic if, given an atom p < a V b, there are atoms
a* % a, BT =5 ‘Buch ghat p°s a*V b,

Consider the following properties of atomic lattice &:

Al1. Given the atoms x s X, and atom x < xlv...an, there

70
are two atoms a',2"” lying in the principal ideals generated

by no more than n-1 atoms from {«x .,xn} such that

IIRE
o PN i

A2. There is a semilattice operation on the set of atoms of

&L such that every principal ideal generated by two atoms is
isomorphic to the subsemilattice-lattice of the semilattice

generated by these two atoms.

Now we introduce two properties of a pregeometry <4,(C>.
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B1. For every finite X & 4 there is n€lN such that

C(K) = c’é‘(x).

B2, There is a semilattice operation on 4 such that
pvy = & s F a,y)tinplies C{{z,yt) = 12,52} and-g*y€ {usy}
implies C({x,y}) = {z,y}.

Theorem 2.1. The following statements are equivalent:

1) X is isomorphic to lattice SubL for some -L;

2) L is biatomic algebraic lattice and A1 holds;

3) X, is atomic algebraic lattice and A1 and A2 hold;

4)& is isomorphic to the lattice of closed sets of a pre-

geometry satisfying B1 and B2.

The scheme of the proof allows to obtain some corollaries

about idempotent commutative groupoids.

Corollary 2.2. The lattice & is isomorphic to the lattice of

subgroupoids of an idempotent commutative groupoid satisfying
(xey)oycl{x,y,z*y} iff L is atomic algebraic lattice satisfying
A1 and every principal ideal generated by two atoms contains

no more than three atoms.

Corollary 2.3. The lattice<£ris isomorphic to the lattice of

subgroupoids of an idempotent commutative groupoid satisfying
(xey)*y = x*y 1iff all conditions of the previous corollary
hold and, in addition, for every four atoms a,b,c,d, ¢ £ aVb
implies that ¢ V d and b are not comparable.

We say that the class of algebras <4,Q> has the property
(s) if lattice &£ is isomorphic to the lattice of subalgebras of
<A,Q> iff it is algebraic lattice and every principal ideal of
its compact element is isomorphic to the lattice of subalgebras
of a finite algebra from this class. E.g. Grdtzer, Koh and
Makkai [£19721 showed that the class of Boolean algebras has the
property (5).



w4 b0 1

Corollary 2.4. The classes of groupoids described in two pre-

vious corollaries have the property (9).

Let @ be a signature consisting only of idempotent opera-
tions, and () be the variety of algebras 6f this signature.
Then atomic algebraic lattice ol is isomorphic to the lattice
of subalgebras of an algebra of (Q) iff for every compact
element a €& the principal ideal (al is isomorphic to the
Tattice Subi< Aa,Q>, where Aa is the set of atoms less than
a, and for two compact elements a < b the following diagram

is commutative

(al . > (b1
BIAE y %2

» Sub<Ab,Q>

Sub<4 , Q>
a

where il and i2 are isomorphisms, ¢ and Y are natural embeddings.

Of course, semilattices satisfy this property, which is

stronger than (S). But the use of A1 allows to make it weaker.

In fact, lattice & is isomorphic to SubL iff A1 holds and
the property, written above, holds for 'all elements a,b

generated by no more than three atoms.

In the rest of this section we consider finite semi -

lattices.

Note that the closure operator in semilattice case is anti-
exchange (Edélman £1980]) . Therefore in the finite case the
lattice SubL is meet-distributive and its dual lattice is
semimodular according to Edelman and Jamison [1985, p. 2611].
The common properties of meet-distributive lattices can be
found in Edelman [19861. In particular, there is a height
function on SubL: for LOGSUBL, p(Lo) is the length of

maximal chain from £ to Lo'

Corollary 2.5. 1) For every L _€SubL, p(L,) is equal to ILOI.

2) For all atoms &;,...,&, Of SubL p(z V..V x ) < 2"-1.
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3) For every LZ,LZESubL:

p(LZVL2)+p(L1AL2) < p(L1)+p(L2)+

g (p(LZ)—p(LJAL2))(p(LZ)-p(LlAbg)).

%, FINITE DISTRIBUTIVE SEMILATTICES

Consider a finite semilatticer . L is called distributive
if for any a<y+-z there are y'sy, z'sz such that z=y’'+z' (for
equivalent definitions and characterization see Rhodes
L I97545
~ The interval [x,y] of L is said to be semisimple iff

x€J(L).

Theorem 3.1l. The subsemilattices of finite distributive

semilattice L and only they can be written as

L-U(Exi,yi]{iEI),ViEI: Cx.,¥;)is a semisimple interval.
According to Rival [1974] consider the set of all

semisimple intervals of L denoted by M. If BEM then F(B) =

= {Ca,1eM|la,l] & U(Exi,yi]iiEI), ViEI:Exi,yi]EB} and

F(L) = {F(B) |Bs M}
Corollary 3.2. F is a closure operator and F(L) is a

lattice. Moreover, F(L) is dually isomorphic to SubL.

4, DISTRIBUTIVE, STANDARD AND NEUTRAL ELEMENTS IN SubL

The definitions of distributive, standard and neutral
elements in lattice had been introduced by Ore, Grdtzer and
Birkhoff. One can find all definitions and main properties of
these elements in Grdtzer [19781. In this section we give the
structure of these elements in lattice SubL,

First we introduce two properties of subsemilattice LO € L.

VofL ¢ LOV{x} = LOU{x}. (1)

VYEL,: (y:yl-yg and y,,y, are noncomparable)=>y1,y2€L042)
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Theorem 4.1. The following statements are equivalent:

l)LOESubL is distributive element;

2)L0€SubL is standard element;

3) (1) holds.

E.g. the filters are standard elements in SublL.
Theorem.4.2. [ .€Subl is a neutral element if (1) and (2)

0
hold.
Formerly (Libkin, Muchnik, to be published) we had

introduced the concept of separatory subsemilattice. The

subsemilattice Logﬂ;is said to be separatory if L~L0 is also

subsemilattice L.
Corollary 4.3. Every neutral element in lattice Subl is

separatory subsemilattice of L. X
Corollary 4.4. Everv neutral element of Subl has a comple-

ment.
This corollary shows that there is a bijection between
the neutral elements of SubL and decompositions of SubL into

product of two lattices due to Grdtzer [1978, Th., 3.4.1.1

r

2, THE CONNECTION BETWEEN PROPERTIES OF L AND SubL

In this section we find the semilattices [ with boolean,
pseudocomplemented, semimodular, plénar and embeddable in free
lattice subsemilattice-lattice SubL .

Theorem 5.1, The following statements are equivalent:

1) SubL is a semimodular lattice;

2) SubL is a pseudocomplemented lattice;

3) SubL is a boolean lattice;

4) L is a chain.

This theorem shows that unlike lattice case(Lakser ([19721]),
only chains have a semimodular subsemilattice-lattice.

Theorem 5.2. The lattice SubL can be embedded in a free

lattice iff Lis a chain and L has no more than three elements.
Theorem 5.3. The lattice SubL is a planar lattice iff

|L|<3 and L is not a three-elements chain.
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6. CONCLUSIVE REMARKS

Grdtzer [19781] described the problem of characterization
of sublattice-lattice. This problem was solved formerly in
Rival (19741 for the finite distributive lattices in form like
theorem 3.1 and corollary 3.2.

The equivalence of first, third and fourth statements in
theorem 5.1 can be obtained as the consequence of the result of
Shevrin 19631, It was observed also in Salij, Kozyr (1972 1.
They also proved that algebraic atomic lattices are exactly the
lattices of closed sets of pregeometrices. :

Some other relationships between the properties of [ and

subL are the corollaries of theorem 4.1 and 4.2. E.g. these
theorems and results of Grdtzer, Schmidt (1958 ] entail that in
finite case SubL has a boolean congruence-lattice if and only
1f L st a chains,

The lattice SubL is not unique algebra on set S(L). The
other algebra on S(L) (bisemilattice) had been introduce and

completely studied in Romanowska, Smith C[1981 1,
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ON A SUBSEMILATTICE-LATTICE OF A SEMILATTICE

L.0. Libkin; I.B. Muchnik

Summarx

In the paper a characterization of the lattices of all
subsemilattices of semilattices is given. _

The connections between the property of a sémilattice
and its subsemilattice-lattice are also studied.

The structures of distributive, standard and

neutral elements in this lattice are also found.
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EGY FEL-HALO RESZFELHALOJANAK HALOJA

Li- @ uLibkini, I.B. Muchnik

Osszefoglald

A cikkben egy fél-hald részfélhaldéja haldjanak a jellem-
zése van megadva. A szerzd a félhald illetve az & rész-
félhaldéjanak haldja kozotti Osszefliggést is tanulmanyozza.
Ezen hald strukturajardol, todbbek kdzdtt a disztributiv,

standard és neutral elemek strukturajardél is szdé van.
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SOFTWARE ENVIRONMENT FOR DISCRETE MATHEMATICAL RESEARCH
IN UNIX-LIKE SYSTEMS

K.N. MANEV

Institute of Mathematics, Bulgarian Academy of Sciences

1 INTRODUETIGN

The necessiiy  oFf computers  in 2 T e = (R L
researches is obviouese nowadavs. & lot o+ problems of the
discrete mathematics, for examole, nead a Computer
treatment. The computer euperiments became rnatural,
preliminary or final, step of the investigatien of sone

discrete conftiguraticns anc thus, a part of the rzason:inoc

i+ New  rasulits. That 15 why the requirsmenrnt fcwards

software for mathematical researches are very sirong.
In this paper a general aproach to soriware
environment for discrete mathematical researces in  UNIX

X
like svstems 1is described. I+t sumarized, also, the

1]}
3
{3)

autor ‘s exuperience in implementation of some component
syus-h an environment in UNIX System Y and the obtained

resuits.

2. HUNIX=1L_ TIE SYSrEMS

The choice of the opperating system 1s not
accidental. The UNIX-:ike systems possess s 1ot of
usefull features, some of them listed below:

= the UNIX-1like systems are, practicallv.
standartized nowadays and are installed in all wide-spread
computer ‘s architectures. This allows the xchange of

software between researchers and minimizes the ef+orts +for
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- the MIiX—iike systems have clear multyievel
structurs (see Fig with appropriate 1nterfaces 1in the
ci<+arnt lavals, so that anvy user {system analyst,
reszarcher which now few programming ar such that never
Wi il nNava  oeen acguaintad encugh with the compurer) can
ooperate inside the environment on the corresponcing

UNIX-1ike

- tha
practicaily standartized,

language O,

systems support compilers,

from the high-level programming

which allows effective usage of the computer’'s
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nossibilities — pointers, bit and shift operat:ions and =0
on. All dependences +rom the computer 's architecture (tne
size of the computer’'s word, Ffor exampl=a) can be derined

as parametrs for the preproceszor of the lar

+
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— the UMIX -like systems communicate with users
throw the command :1nterpreter, which contrecl running of
the erecutadle modules (commandsl. Ary progeam, written
from the, user becomes command. Moreover, the i1rterareter,
itseif, iz alsc a command, and 1n Aa such a way 1s noct
obligatory. The user car provide an own lnteroretar,
standar? command interpreter - shell, combines command
with operators like this in T language: for, while, case
and 1+, Whit *the stancard commands 2cho tprints 1=
arguments), read (reads values In ite argumenis), exor
(evaluates an expression, Formed by n
test izvaluates various oredicates) shell becomes a
ogramming language. Each
lanquage is considered as a command. 1.2. car be included

in new procedures and so oOn.

Z. SOFTWARE ENVIRONMENT

Our general idea 1is the next: *to +follow the
multvlevel structure of the operating svstem and to append
on every level the corresponding tools +for d
mathematical researches {(see Fig.)

The kernel of the UNIX-like systems 1s good
enough for our purposes. It provides the supervisor calls
(5VC), necessery Ffor construction of an environment,
dedicated to scientific researches ot discrete
mathematical objects. Moreover, appending of new SVC will
decrease portability of the environment and the

possibilities +for exchanging of programs and results.



~at iz why owe Will not touch the kernel of the operating

The variaty of architectures, operating systems
and various  versions, even for well standartized

arogrammning  lancuages, cid not permit wide-spread use of

sazvacs shtanfarc programs  f(FSF). The UNIX-like systems

GLinm (s ke maossthil iRy o Eor s creating . pertablia  BSE.
Moraowvar the gortability can be reached foliowing a few
simple suies:

- yse only standard features of the C 1anguageg

- de+ine ary machine dependent constant on the

= T4 0w
- uso 3s subroutines only standard 390, starndard
snction. Fogm thEatevetean’ s ldbraries o0 programs Yeohn the
pRchage  which foclow tThis rulesy of coussel.
It 15 verv helipfull to corstruct the pankage by

the acproach pordabstract data *ype (ADT? i1.2. to choose
an ADT, appropriate for the gonals of the package and to
Biugy he orograms 1ilke gperations with this ADT, In such

(8]

an easy apopend new operations tﬁragrams) and
existing procgrams by ones, which implement better

zlgorithms {(anc no needs to change the software which uses

The FSF have to be cresated +from verv experienced
system crogramers., which know very well the features of

the oosrating svstem, T language and the object of the

On the next leavel there are two possibilities.
The first: any researcher, which knows the C language and

muiate a problem 1n the terms of the operations

r ¢
with the ADT, zan write easy a program for resolving the
oroblem, which wse the FS5F and with the help of a more
experienced prooramer to create even complex systems, with
aprozriates langquages., for resolving a class of problems.

The second possibility is: some standard programs

to be transformed into commands of the operating system.
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lthough the user 's systems and the commands 1ie in the
same level of the structure of the operating syvstem we
will Zistinguish them. The comrancds are more =imzle and,
as a rule, they have not a proper 1anguage. They perform
usually one step of the vesoiving of the p

using ot commands will be discussed bellow. The
transformation of the standard programs into conmands 1=
more then trivial by the provided scheme for processing

the arguments.

2n the next level we propzosas the comstruction of
new command intercreters, The standard Command
interpreter of the UNIX=:ike systams  — . .=hells, combnes

commands with the contrai ceonstructions ef the T Ianguage

— +for, while;” case and i+.  Faor rasearchers, which dont

know the C languace there is only one possibility to word
on their orobiems — seacusnitial auscuting aof commands. St

these users know better others ways of composition of

+

primitives — superaositicn of formulas, logical i1nterence
and so on.

That is why we orooose on this level construction
o+ new comnand interpreters, mr e appropr: ate for
mathematicians. The UNIX-like systems encoiirage csuch
activities, providing tools for automatically generating
lexical analizers and SArSers, starfing. +
correspending formal aramars. Having such  interpreters
and enough commands f{(created on the previous leovel! “‘or
the special subject, even not experienced in programming
user can formulate preblems for resoiving by computer.

What's about the mathematicians. which have not

xperience to work with computers at all. For thase users
we will create procedures in the languages of the command
interpreters and the users could resolve their problems
executing this procedures (giving appropriate values to
the parameters).

Thus, we obtain an environment corresponding to

the structure of the opperating system, which give to any
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ueer  the gossibility to determine the proper level of
eperience and to work on bhis problems with the
aonropriate tools. This environment is very flexible. It

zan he essy modified and developped, without chanoing the
‘i

A S S IRERINERS
Soms oFf our ideas were impiamented in UNIX System

V. ponsthe 32=-bit (M&EO1%Y) computer, with 2. Mb - opperating

CL TLAN. Here we briefly discuss the obtained

The portabie package standard prog-ames COMPACK

a ec was created ar-ocund the

ed binary matrix (GBM). This ADT is

representing a very large set of

cmbinatorial obliects — graphs, matroids, block-designs,
t odes, 2etc. The packtage contains

nrograms, whizZh operate wiith 8EY, dosen’t mattesr which
oblect thev represent, and an  amount < of programs
appropriata for combinatorial researches. Many oprograms
+rom TOMFATE  were transformed irto ccocmmands of the

opperxting syztem.

The package GFFACH for 6pérations with elements
ields, polynomials and matrices over Galois
gds is now under devels=sopment.

lising COMFACE, a special system - LINCOR, was
constructed  for computer researches of error—correcting
—aodes [21. For this purpose the package was extended with
arograms, aspraopriate for the special subject and we have

perience to extend the package 1in other

m
i |
8]
[{%]
>
0

disections, tooD.

The system LINCOR was designed to escape the
everyday, routine work. Nevertheless, serious problems
were resolved with it, connected with the covering radius

of error correcting codes. It was refuted the conjecture
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that all binary linear codes, containing all-ones vector
meet the lower bound +or the covering radius [3Z]1 and the
covering radius of 73 from 76 cyclic bynari cocdes with
length 335, 35 and 39 were +found [413.

Three 1anguages for new command interpreters was

]}
!
o+
%
b1}
n
rt
M
[
+
3
(n]
3
Lx
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proposed [5]. The first of them 1

u
+
=
7
I
rt
=]

FrRr—-systems and combine comands in
second is extensicon of the language Frol

both, commands and files, like predicates. The thiregé is
an original language, which combines co n

scheme "backtrack" and it is oriented toward the sea-ching
of combinatorial configurations. All these I anguages are

under experimental implementation in UNIX System V.
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SOFTWARE ENVIRONMENT FOR DISCRETE MATHEMATICAL RESEARCH
IN UNIX-LIKE SYSTEMS

K.N. Manev

Summarz

In the paper a general approach to software environment

for research in discrete mathematics in UNIX-like systems

is described.

The paper summarizes the author's experience in implementa-
tion of some components of such an environment in UNIX

System V and a review of results is presented. The programs
written are in a great extent indermendent of the combinatorial
structure of the problems. However better results can be
achieved using some additional sub-bases for particular

problems (say coding theory).
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DISZKRET MATEMATIKAI KUTATASOK SZOFTVER KORNYEZETE
UNIX TIPUSU RENDSZEREK HASZNALATAVAL

K.N. Manev

Osszefoglald

A cikkben a szerzd egy altalanos mdédszertant.mutat be,
amely diszkrét matematikai kutatasok szoftver kdrnyeze-
tének megteremtésére vonatkozik UNIX-tipusu rendszereket
felhasznalva. A szerzOnek gazdag tapasztalata van az
UNIX System V rendszerek esetében.

A cikkben bizonyos eredmények attekintése is megtalal-
hatd. A megirt programok nagymértékben fliggetlenek a
konkrét kombinatorikai strukturatdél, de jobb szoftver
kdrnyezet is kialakithatd konkrét esetekben /pl. a kéd-

elméletben/.
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STRONGLY DOMINATING SETS OF VARIABLES

Iv. MIRTCHEV and S1. SHTRAKOV

Department of Mathematics
Pedagogical Institute
Blagoevgrad, Bulgaria

In this paper we introduce and investigate strongly domina-
ting and regular dominating sets of variables for the functions.

DEFINITION 1.[2]. A function f(xx,...,xn) is said to depend
on the variable x. o, 1 <1 £ n if there exist n:i constants

c -..C_ for the variables x,,...,x

1 2 %

1""’01—1’CL+1" L-1’xt+1"" n

such that the function f(x1=ci,...,x< =c

= i 4 =
-1 L—1’xt¢1 CL+1" ’xn cn)

assumes at least two different values. R, denotes the set of all
the variahles on which f depends.

DEFINITION 2.[2]. A set M , M < Rf is called separable for f
with respect to the set N =(x1,...,xt) < Rr if there exist 1 con-

stants CyrevesC such that ¥ < R o denotes

¥ oS
! fcxi-ci,...,xl-cl) £

the set of all the separable sets for f with respect to the set N.

¥hen M is separable for f with respect to RI\H then M is
called separable for f. Sf denotes the set of all the separable
sets for f.

DEFINITION 3.[1]1. A set M, M < Rf is called c-separable for f

with respect to the set N =(x1,...,xt) < Rf iff for every Il con-
stants CirevssCy, M < Rfcx1=ci,...,xl=cl) holds true. Sr’N denotes

the set of all the c—-separable sets for f with respect to the set N.
¥W¥hen M is c—-separable for f with respect to Rf\M then M is

called c-separable for f.

DEFINITION 4.[1]1. A set M = {xi,...,xm) £ Rf is called domina-
ting.of N , N < Rf,(M -4, N> if there exist m constants CyirenssC,
such that ) N Rf(x1=c1""‘xm-cm)= @ and M is minimal with

respect to this property.When M satisfies (*) then it is called
o—dominating of N ,cM 24, M.

M —E-o N denotes that M is not dominating of N for f and
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M EE. N denotes that M is not oa—dominating of N for f.
DEFINITION 5.[3]1.A set P = (xi,...,xp} = Rt is called strongly
dominating of Q , QO < Rt,(P 835 Q> if for f there exists an p-
tuple P'= {c:,...,c:) such that P is dominating of Q with P* and

P
iglcxi,Q-Q where Cxt'Q = Q\Rf(xi

The set Ci - is called active zone of X, in Q. Q denotes

that P is not strongly dominating of Q for f.
vhen P 2%, Q and for any i,j , 1<i,j<p
, N ij,a =0
the set P is called regular dominating of Q for f (P £3+ Q.

P EE; Q denotes that P is not regular dominating of Q for f.

¥e now present. an example to illustrate these definitions.

EXAMPLE 1. Let f = X X AN, X X X AN X X X X Cmod 2D,

6 '3°6 3 °6°6
P = (x_,x,)and Q = (x ,x,,x .} - It is obvious that P 28y .0
with P =(0,0)> and st'q- (xi,xz,xa) A st,o' (x4). Since

p rd
st an Cxc’Q =0 it follows that P — Q.

THEOREM 1. If P 25, Q then for every x <P , C z M,

=
where M o o Cx.,o -

xlamx, I
J 1

PROOF. Obviously P oy Q. VWithout loss of generality assume

that P = (x‘,...,xp), Q = (x ..,xq}, Pp < ¢ < n . Now suppose

-G % Bl
that the theorem is false and let for example
&4 < C o SO ¥ 2 0 , S<p
x,,Q xX,,Q x_»
Consequently there exist s-1 constsnts c;,...,c: such that
G R _ . ».= 0
xl,qn f(xz-cz,...,xa-ca)
This implies
QnR i * .= 0
f(xz-cz,...,xpncp)

for every p-s constants c* .,c: for the variables from the set.

AT
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P\CQ V (x_ ) .So we have P\{x 3250 and P-5Q . A contradiction. The
theorem is proved.
COROLLARY 1.If P 24, QO then for every x;,x P ,x mx,

j
Cx.,oz Cx.
i J

COROLLARY 2.If P 24, O then for every x eP, C, . =0.
i. »

.

» Q

THEOREM 2.If P 29, Q then Card(PO < Card(QD.

This theorem follows by Theorem 1.

P<23+Q denotes that P 29, Q and Q 32» ) il 5,

PROPOSITION 3.If P<&3,0 then CardCP) = CardCQD.

THEOREM 4. If P 24, O and Card(P)> = Card(Q) then P &, @
and Q -4 O.

PRdOF sBy P % Q, Card(P) = Card(Q> and Theorem 1 it follows
that there exist Card(P) different active zones in Q which con-
tain at least one variable belonging to only one active zone. Hence
for every xieP it is true Card(cxt’Q) = 1. This implies P rd, Q.

Now suppose that Q —E» Q . Obviously Q e Q and there
exists a subset 91 of Q for which Qi-g+ Q. ¥Without loss of gene-
ca X,

and Cxl,o={xp+t) for i=mft 2....,9p: Eét xp#te Q\Q1 for some t< p.

rality assume that P = (xl,...,xp), Q = {x p), 20 < n

pagrie

Consequently Cx N Q1=Q. As in Theorem 1 it follows that
'. »

P\{xt}99+Q and P-E;Q .This contradiction completes the proof of
the theorem.

COROLLARY. If P24, P then PL,P.

In [1] the s—-system of a family Q of sets is introduced as
follows: A set. Z={x1,...,xt} is called s—system of Q={P1,...,Pn},
Plnﬂ it ‘& A P =3 , i=1,2,...,n and for every j< t there exists
P, e Q such that P Z=(xj}.

THEOREM 5. Let P23+Q. The following two conditions are

equivalent:
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(i) Card(P) = CardCQ>
(ii) Q is an s—system of the family {Cx_ leLeP e

1

PROOF. (iid)==>(i). Sinse Q is an s—-system of {Cx Q|xi_eP 3

L
it follows that for every xjeQ there exists xieP such that

Cxt'Q n Q@ = {x,>.By the definition of Cxt.a it follows that

Cxi,og Q. Consequently Cxi.a = {xj}. So every xjeQ is an active

zone of some xLeP. By Corollary 1 of Theorem 1 it follows that
CardCP> = Card(Q)D.
(id==>Cii1). Sinse Card(P) = Card(Q)> then as in the proof of
Theorem 4 it follows that Card(Cx a 2 =1 for every xieP. So, any
L »
xjeQ is an active zone of some xieP. Hence Q is an s—system of the

family {CxL,leteP g 18

It is easy to prove that Q is unique s-system of the family

{Cxi’leteP 5

COROLLARY. If ngoQ and Q is an s—system of the family

d
{CxL’leieP } then Q— Q.

EXAMPLE 2. Let f = x1x4+x2x3i4xs Cmod 2J, P=(x,,x_J,

Q=(x ,x,,x,} and PY=¢0,0>. It is easy to see that P23, 0, P40

but P-35 P and 0-3,0.

THEOREM 6. If P=(x_ ,...,x )< R, and P, P then PLS,P.
PROOF. Let x. be an arbitrary variable from P. Obviously {xi)
is dominating of (x J for any constant c, .Hence x € Cx_’P, Cx.,P‘B

9 L

and P < xggP Cxi,P‘

On the other hand ,V_p C, < P. So, we obtain P23, P with any
i i :
P's(c:,...,c:) and by Corollary of Theorem 4 it follows that P£2+P.
COROLLARY. If P-S,P then for each subset P of P it is true
PESP,.

THEOREM 7. If P3£+Q and P , QO = @ then each non—empty subset P1
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of P is separable for f with respect to P\Pt.

PROOE. Let P ™ €x ,...,x 2, P = (x ,...,% 2 8. ¢ and
1 P 1 1 -
P= (c:,...,c:) be an p-tuple with which P is strongly dominating
of O for f.
Suppose the theorem is false i.e. P1e Sf’P\P1 Then for any
p—s tuple (cg+1,...,cp) it is true
P _\R - 9
1 f(xg*incs*i,...,xp-cp)
Hence
P .= P \R ™ * . x O
2 1 f(xg‘iscg‘i,...,xp=cp)
Let xtePz. ¥e have
x. < R * *
i f(xs”1 C e , X -cp)
and
C R » »* =0,
3.y 1) f<x9*1’09*1- e =cp)
This implies
O
Cx ,Q; k=s+1cx ,Q
L k
This contradicts to Theorem 1.Consequently Pie Sf i .The theorem

1
is proved.

COROLLARY 1. If PiioQ and P , Q = @ then for any subset P1

of P the set (O\C U C Q))U P1 is separable for f with respect

XL EPNP 0
to P\Pl.
ad o 3S
COROLLARY 2. If P24,0 P ,P.< P and P, P,=0 then Plc_Sf’Pz
THEOREM 8. Let P=(x_ ,...,x )< R, and P"'-(c’:,.. : ,c‘;) JIf

=R (T V P>, where T= R, and
1

»* *
ftnf(xitcx,...,xp-cp)
then T = S:,Q.
PROOF. Suppose the theorem is false. Then there exist g cons—

tants C. 5++4,C; for the variables in Q such that T < RfA,vhere
1 q 2
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fz'f(xit'ctt""’xtqactq)'
¥ithout loss of generality assume that x = T\Rf .Obviously
2
Qn Rf =@ . Consequently for every ¢ constants dt ,...,d.L it
1 1 Q
is true
f1'f1(xt 'dt . Y =-d.L 245

1 1 q q

This implies that
f1=,f1(x‘L =C. ,...,X =C, 5 )

1 1 q q

Now x & Rf shows that x & Rr . Remember that T = Rr . Thus we
2 1 1

have x & T. A contradiction. The theorem is proved.

COROLLARY 1. If P24,0 then O\C_ - 5 : and
R f,C% . q
1

* —
Cx.,oe Sf,M , where M = Q\Cx.

1 L

COROLLARY 2. If PiioQ then for every xt,xjeP, imj it is true

oo for any xieP.

(& ,Qe Sr,C x

xj x . Q

THEOREM 9. If P23,0 then P23, Qup.

PROOF. Obviously P—ioQUP. Then for each variable xieP there
exists an active zone of x, in Q such that Cx Qg Q .Thus we have

i. »
{xt}—£+Cx o BY Corollary 2 of Theorem 7 it follows that
i' ?

% ={xL}U Cx.,Q and x.gP Cx.,M = M, where M = P VYV Q.

% M
1 L 1 1
The theorem is proved.
THEOREM 10. If PiiaQ and P o Q =0 then for every xieP and

for every xje-Cx - there exists at least one m—set M, Card(MO=m
i- ’

which is separable for f and X, ,X; & M.
This theorem follows by Theorem 4.10 [1] and Theorem 6.1 [61].
COROLLARY 1. If P23,0Q then each variable xieP forms a separa-

ble pair with each variable xjer a
i. ’

Denote by 6(xL,L) the number of all the separable pairs which

are formed between x, and the variables from the set Lst and by
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8C(P,Q> the number of all the separable pairs from P X Q.
COROLLARY 2. If P2Y4,0 then for any x, <0
6(xj,P)2 CardC(Cx.,lejer.’Q& xieP).

L L

COROLLARY 3. If P24,0 then

SCP,Q0=> p3 Card(Cx Q).
xteP L

COROLLARY 4. If P-4, 0 then
SCP, Q> CardCQ).
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STRONGLY DOMINATING SETS OF VARIABLES

Iv. Mirtchev, Sl1l. Shtrakov:

Summary

The paper studies strongly dominating and regular
dominating sets of variables of functions. It is a
continuation of the research of the authors and K. Chimev.
If is proved that if P strongly dominates Q for f, then
all subsets P, c P are separable for f with respect
to P\P1.
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A VALTOZOK EROSEN DOMINALO HALMAZAI

Iv. Mirtchev, S1l. Shtrakov

Osszefoglald

A cikk a filiggvények valtozdinak un. erdsen domindld és
reguldrisan domindld halmazaival foglalkozik /a pontos
definicidk a cikkben megtalalhatdk/. Ez fdiytatésa a
szerzok illetve K. Csimev korabbi kutatdsainak. Be van
bizonyitva, hogy ha P er8sen domindlja Q-t /egy f fligg-
yvényre nézve/ akkor minden P1<: P sz f-nek a P\Pl-re

nézve vett szepardbilis részhalmaza.
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TWO TYPES OF RANDOM POLYHEDRAL SETS

B. UHRIN

Computer and Automation Institute,
Hungarian Academy of Sciences
1502 Budapest, Pf. 63., Hungary

m n
Let A = {dt"]'}{q,d}, ,°(=(0(1, , Em ), be a matrix and a vector

(with real coefficients). By a (closed) polyhedral set

(PS) we mean the solution set of the syvstem of linear

inequalities

(1) AX 2 X

1. 8%

(2) PS ={xeR™:Ax 2«3}

If (1) has no solution then we get the "emptv pdyvhedral
set", i.e. the empty set is included into the family

of PS. Denote by 3% this family (when m and n are
fixed and a,- and ¢ run through the real numbers). Sc
the elements of £, are all PS of the for m (2) plus
the empty set.

One speaks of random polyhedral set (RPS), when aij

and o; are not real numbers but "real-valued" random
variables. We shall assume that they are defined on a
common probability-measure space (Il/filp ) Joroch s (Y=Y aij
and &; are real-valued measurable functions defined on A2

S
Based on the author's dissertation: "Systems of linear inequalities,
random polyhedral sets and quasi-concave functions",
Dissertation, Hungarian Academy of Sciences, Budapest, 1978 (in Hungarian).
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The first problem concerning RPS is how to define them?

The study of "random" geometrical objects.(points, lines,
hyperplanes, circular segments, e.t.c.) has a long history
(see M. Kendall-Moran [11, Moran [27],[3]).

On the other hand, in the last few decades the most general
random sets have been investigated (Matheron [4], D. Kendall [51
Santalé‘[6]).

As to RPS, sometimes they are defined as PS where the
constants a;, and o¢ are randomly generated real numbers
(Schmidt—Mattheiss)[?]). Another approach is to consider

RPS as an intersection of a finite number of random (closed)
halfspaces (Rényi-Sulanke [87, Schmidt, K [97). A "dual"
approach to this is when (a bounded) RPS ("random polytope")
is defined as the convex hull of a finite number of points

given randomly in Bl

A special case of Rényi-Sulanke approach is when the

(normal vectors oﬁ)halfspaces‘are deterministic and only
their translations are random, i.e. dv' are real numbers

and ; are random variables.

In all above concepts of RPS both m an n are arbitrary

(but fixed) integers. If we relax this condition, if

say, n is fixed but m is also a random integer (i.e. discrete
random variable), then we come to a much more complicated
concept of RPS. Examples of these are so called Poisson
polyhedra (see,e.g., [4] pp. 155-185).

Below we hall restrict ourselves to the study of two possible
types of RPS.
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The first type is an analogy of the random number: while
the latter is a real-valued measurable function on a
probability space, the RPS is a "PS-valued" measurable

function.

In the second approach a RPS is the collection of those

x €R” that solve the system (1) with a probability at

least p (where Ogpel is a fixed number). The first type

RPS stem for the general concept of a random set.

The second onewas initiated by the people working in stochastic
programming (more exactly "chance constrained" stochastic

programming, see Kall [107] for a detailed survey).

There is no similarity between these two types. To study
them, completely different techniques are needed and even
the questions arising in conection with them are completely
different.

We have concentrated to basic questions concerning these

two types: in the first type the question of measurability
of a "PS-valued" function and in the second one the question

of convexity of RPS.

1. RPS of the first type

Let ‘hJ,“(,*h‘MLfﬂﬂybe Borel-measurable real functions

on (L, P) - and denote A (W) ={4,~J-(w) ]’_:“ " 4 O(lu)l':(aqlw),-,ﬂ’,,,/o))lwe.fz.

=181
Further denote

(3) Xy (el A(w)XZcx(w)}/oe.Q {

2

After defining in .f; a special topology we endowe J,
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with a Borel 0 -algebra and' prove that X 1is a
measurable function w.r.t. this 6 -algebra.
This will mean that X is a RPS.

Denote_by-kfthe family of all polytopes from R" (the
emptfegs included inX ). We recall that a polytope is

a bounded PS, so X 1is a collection of all bounded PS,
where m is arbitrary. Denote by g the family of all open
PS (where m is arbitrary, empty set is included in g).
(An open PS is the set of the form {x c¢R': Ax >«} m is

again arbitrary.)

Denote

(4) PR RPA PAK=0F | KSHE
(5) Bt fpe “RNG 4P Y 658
Clearly P,,,‘p"?m and B G

Take the family

(6) Pt PR KKy U B 1 GeG}

and consider it as a subbase of a topology in 3%-
(For some basic facts on topology we refer to Kelley [11].)

Denote

r :
(1) Mi={(S; ¢ S;eP inh2r, Pt}

1=1

(this is the basis) and

(8) 2] UM ¢ M.eM yel, " arbtrary } .
gl g £y d
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The elements of % are called open sets in f),,, ;

We have a topology in ?m (This is the topology generatec
by ,or the "roughest" topology containing )

Now we have

Theorem 1.1. The function X :{—> $u definea by (3) is
measurable w.r.t. the Borel T -algebra defined in -@m
by the topology & s i

The truth of the theorem depends on the following lemma

N “'“‘
Lemma l1l.2. Let N=(n+l).m and let \f : RM— ?m
be the following map:

,,‘Z"‘ X Ay (=1,2-=m} R
) - ~f('j)f= {xeR j‘xfyff*r)(mr)rj Pl e e 1, - :

Then the  is continuous in the topology &, o

Proof. We have to prove that :f’(\f’) is open in RV for any
?e?'} where a,P.’(J”’)cR'v means the set such that ¢(¢'{(P))=@)({-be
"inverse domain" of ). The definition of % shows that

it is enough to prove that y'ff-ﬁx)and p (<) are open

for any K€X and any 6¢¢ . e g

Let 7@«{'{3’:)13.
(10) Ly) €5, and Py) NK =¢.

JYly) is a (élosed) PS and K is a compact PS. Hence
there is a hyperplane Lo:‘RN such that £ (v)- and K
are in two different open halfspaces determined by
the L. As K is compact, we can choose L such that it

is not parallel to any face of (y). Let H be the open
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halfspace containing g (y). Clearly there is a small
neighbourhood *(y) of y such that yr)¢f§, and w2 eH
for all ze't'(y)(here we use the ftact that .L is not

parallel to any face of y(y)). But this means that

pe)NK =@ FzeTy), that proves the openess of 70"(3"’,5) A

Let Y€ ¢ (Roi.e.
(11) p(y)e®, and PYING +P .

Denote by Ly the affine hull of »,rJ(y) (i.e. the translated
linear subspace of smallest dimension containingy(y)).

Denote by %;C(g) the relative interior of p(y) (w.r.t. L’) g

The (1ll) implies

(12) LUly) 16+,

consequently there is an open ball BcR" such that
(13) Beg BOLg < 70"(3)

]

This shows that there is a neighbourhood +(y) of
v such that Lf(Z)e?m and

(14) pe)NB+p ¥ 2eTy).

This proves the openess of sf—f(?mq) and by this

the lemma is proved. B

Proof of Theorem 1.1:

Denote
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(15) a=(all,a12,..,a1n,<x1)a21,a22,...,a2n'a2 ""’aml"'c%m%u

It is easy to see that the map
(16) a:f—= Y (N=(n+1)m)

Q
is Borel-measurable if all components of»ére Borel-measurable.
But

(17) Xw) =¢(acw)
where .f is the map in the Lemma 2.2.

¥ is measurable (being continuous) and the composition

of two measurable maps is measurable. B

2. RPS of the second type

The system of inequalities (1) where Ay and 2 A - BKe
random variables defined on (f,5,P) is called system
of random inequalities (SRI).

Let A(w), « (w) be as in the previous section and denote

(18) D(x):= {wedl: Aw) x 2 aw) ¥

We say that x solve SRI with the probability at least
p (Osp<l) if

(19) P(L2(x)) > p.

The set
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(20) Vip) = {xeR", Pcaw) 2p}

might be called random polyhedral set of the second
type (RPS of the second type).

If all random variables qg,qg are discrete, then
V(p) may be a PS (i.e. intersection of finite number
of closed halfspaces), see, 11071 D B3

In general we cannot expect that V(p) is a PS. A weaker
condition is the convexity of V(p). In fact V(p) is called
RPS (of second type) if i is a convex set. Below we shall
prove some interesting sufficient conditions for this in
the particular case when all c&;' are deterministic and

only o, are random variables.

Sa, let § be an m-dimensional random variable defined
on the probability space CQ,Z,P) and we are asking

the convexity of the set

(21) Vip):= {xeR": P (Ax35) = p}.

Let l§ be the distribution function of =2=nce
(22) V(p) = i;xeRn:FS (Ax) > p_}.

k
By definition a function (%), X ER s is called quasi-

concave if all its upper level sets

(23) {xeRk: £ (x) =2 i

are convex.
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It is clear that if the rang of A is n (let us assume th:s)
then the function %{Ax)(as a function of xeR") is
quasi-concave if and only if the function Fg(y) is

quasi concave on the n-dimensional subspace L:={yeRn5y=Ax,x€Rn}

of R™. So we can formulate the following simple

Assertion 2.1.:c If the distribution function Fg(y), yeRm,
of the m-dimensional random variable 3 is guasi-concave
B, e K2 Y, i.e.-1f the

sets -

on the subspace L:= {yeRnu 3%

(24) $ yeL: Fg(y)zp}

: et
are convex for all Os<p<¢l, then the sets V(p)“convex for
all O<ps<l 1i.e. the SRI Axz§give a RPS of the second

type. O

This assertion can be formulated using the probability

measure

{25) VAEY, s2 =8P - géE), E::Rm Borel—measurable,'so
that 3

26 F = W < s

In what follows we shall assume that %(E) absolute

. : m .
continuous w.r.t. the Lebesque-measure in R, i.e.

that x%(E) is generated bv a density function:
(27) ;@(E) = f dt, EcR™ Lebesque measurable
£

(S-dt means L-integral).

Now
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= e S
(28) By gl A Lok wh § gderae,  yew

t<y
In the rest of the paper we shall deal with the question:

what density functions {<(t) generate quasi-concave
7

distrabutions "F2 (y)?
)

Our results are a little more restrictive than needed,
because in fact we are looking for gét) such that F_(y)
is quasi-concave on the subspace L only. The whole method
below can be adapted to this case, yielding more general
results.

It is convenient to express the quasi-concavity in another
way.

: \ k 1 "
One can see easily that the function ;R - R_ 1is

quasi-concave if and only if

(29) P (A X +d-2) y) > min {f{x),t/?(g)}- %or all X,y eRk
ano( 0&254 .

For m=1l, any distribution function Fj(y) (define now
on Rl) is quasi-concave because it is monotone. For

higher dimensions the situation is much more complicated.

A first idea in investigating the quasi concavity of
Fs(y) (for mz2) can be formulated as follows: Is there
a quasi-concave density function f:Rma»Ri such that
its distribution function F is not quasi-concave? We
think the answer is yes, however to find such density

functions (even in the case m=2) seems to be not an
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easy task. Hence, the research went into the following
direction: Find some well defined subfamilies of quasi-
concave density functions f that generate quasi-concave

distributions . This direction proved to be fruitful already.

To show the first steps, write analytically the basic

question.

Does the condition

(30)  £(Ax+(l-A)y) > min { £(x), £(y)} , x,y €R™, 0¢A<€1

implies
S fwidt > min§ Jfwdx | ( fox)dx} wve R oeaer €
t € Aur -\ X<y Xietr

Let us try to derive (in spite of our doubts) (31) from
(30)yusinga; followingl ' trick s

The condition (30) implies

(32) L) 3 3 sk nigef £ix), £lvi}s  reRy,
AX%’(f‘A)y-_'t " %

hence

* y ;
£33) o . Kl o min {00, fip ¥ dt

*
where S is the upper Lebesque-integral, i.e.

j*y/f/df = :hF { [wtt) dt o/f}awf),teﬁ':' w L-m{eir'czéa <o
R™ R™
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The upper integral is needed here, because the right

hand side of (32) is in general not L-measurable.

If the right hand side of (33) were not less than that
of (31) then we were ready.
It is hopeless to prove this (in fact it is in general
not true), we try to take on § a more restrictive condition
than (30). For this define the following concept: Let a,bz0,
<00 < a< oo a0 0%A¢4and denote

/

0 75y qb=0
ot Syl o Ot M

S
@A aaIp™ ) o ab >0

("the extended « -means") .

For a,b fixed, Mz'{q;b) is a non-decreasing function of «

(see, e.g. Hardy-Littlewood-Pdélya, [12]). FOor «=-o2 a=too

or %=0 we define the means by taking limits to get
/\7’_3;(415) - men {g,6%
-2
rfoa,(qlé) = qu ]
(35) o -y a-b=0
/‘1(/”(4,5}:{ f 3
teo max 4,6y f ab>0.

k ) :
We call the function ‘.f: R - Rl e -concave -9 < é-nO/
if
j far k
(36) POAX +U-Ay) 2 Mo (pix, ey)) FxyeR, 0eaed,

The =~e¢e -concave functions are gquasi-concave, so the

monotony of /‘73 shows that any «-concave function
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is quasi-concave. (The O-concave function are sometimes
called logfaithmically concave, log-concave).

Now we have

Theorem 2.1. Let . o =-1/p.

The:distribution function of fan « -concave densitv

function 'h o Ri is - (l+m ey )‘-l -concave ,

consequently quasi-concave. a

This theorem is a simple consequence of the following

integral inequality

Theorem 2:2. Let f£gi: Rmﬁ.Ri be Lebesque-measurable

functions and denote

a

(37)  hg (t) := ess sup M (£(x/a),g((t=x) /(1-1))) ter™,
XeRM 3
1f % 2-!/m then
(38) h (t)at > M(g' (Sf(x)dx, ( gwrax),
i ~ R™ RM
where ‘3' =— .0

T 14 ma Ji

Proof of Theorem 2.1. Denote

(40) P (x) = kA (x)-£(x), apinlis XB(X) » £(x),

where A= oeR s tenl, B T EeR % siv)
and ,kA,):g are the C[lqracffns'{'lc f‘l”CﬁbﬂS.

We can write



- 144 -

(41) ( £(t) ae - { forae
t € Aurd=A)U AA +4-118

(where AA + (1-3)B is the algebraic sum of the sets).

The % -concavity of £ implies
(Al . m
(42) f£(t) 2 sup M (70(X),'y( )) teR .
AX +(4—A/<1=+—

It is clear that the right hand side of (42) is zero
f t ¢}A+(1-2 > B, hence (after writing the right hand
side of (42) in the form (37))

(43) 5 f(oratz { ess sup M7 (p(x/a) ¢ (t-x) / (1= 2 ))at -
AM+-2)8 R™ LR

Applying the integral inequality (38) we get the result. L

For the proof of Theorem 2.2, its sharpenings extensions
applications and many other similar results together with

a whole history of the integral inequalities of this type,

we refer to the papers { 15}« <227

We only note here that for «>0 the inequality (38)(m=/) "almost"
coincides with =~ a classical resuft of Henstock-Macbeath

[13] that was extended to higher dimensions by Dinghas [141].
Their paper was almost forgotten and some spacial cases

of their inequalities were newly rediscovered nearly 20

years later.
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TWO TYPES OF RANDOM POLYHEDRAL SETS

B Dhrin
Summary
. m ;
An mxn-matrix A = {a;:} and a vector a = (o;)ER define a
L)
polyhedral set PS := {x€R™:Ax = a}. One speaks of random

polyhedral set (RPS) when aij and a, are not real number
but random variables. In the literature at least three dif-

ferent types of RPS are defined. The paper presents
two of them. The first is when RPS is simplv a "PS valued"

random variable. It is proved in the paper that a tomology in the
space of PS-s can be defined so that the "PS-valued" func-
tion is continuous, consequently measurable. The second type
of RPS discussed in the paper comes when only a is a random
(m-dimensicnal) variable. Here the problem is the convexity
of the set V(p) := {xsR":P(Ax=a) = p} for all 0 <p < 1,
when P 1is the measure related to the a. It is showed that
V(p) 1is convex for many measures P generated by density

functions having some well defined concavity-like properties.
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VELETLEN POLIHEDRIKUS HALMAZOK KET TIPUSAROL

Uhrin Béla

Osszefoglald

Egy A mXn-es matrix és egy a€R™ m-dimenziés vektor egy

PS := {x€R":Ax>a} prlilredrikus halmazt definidl. Véletlen
polihedrikus halmazr6l /RPS/ akkor beszéliink, amikor az A
és o elemei valdszinliségi valtozdk. Az irodalomban legalébb
harom kiilénbdzd tipusu RPS van. A cikk ezek k&ziil kettdt
tdrgyal. Az elsd tipus egyszeriien egy "PS-értékii" valdszi-
niiségi valtozdé. A cikkben be van bizonyitva, hogy a PS-ek
"terében" vett alkalmas topoldgidban egy "PS-értékii" leké-
pezés folytonos, tehat mérhetd, azaz egy valdsziniliségi val-
tozd. A masik tipus, amalyrdl a cikkben szd6 van, akkor for-

dul eld, amikor csak az o véletlen, de az A nem. Itt a f8&

{xeR™:P(Ax =) = pl halmaz konvexitasa,

4

probléma a Vipl <
0 <p £ 1l-re, ahol P az o-hoz tartozd mérték.
A szerz® megmutatja, hogy a V(p) konvex, ha a P-t egy bi-
zonyos konkavitas-szeri tulajdonsdggal rendelkezd siiriiség-
fliggvény generalja.






MTA SZTAKI Kdézlemények 39/1988 p. 151-194.

BRUNN-MINKOWSKI-LUSTERNIK INEGUALITY., ITS SHARPENINGS.,
EXTENSIONS AND SOME APPLICATIONS

B UHRIN
Computer and Automation Institute,

Hungarian Academy of Sciences
1502 Budapest, Pf. 63., Hungary

1. "Introduction

In what follows denote by £, the family of Lebesgue(l)-
measurable sets in the n-dimensional Euclidean space
R? nzl, and by A, the Lebesgue (L)-measure in R,
Given two sets A,Bc:Rn, A+B means their algebraic
(or Minkowski) sum, i.e. the collection of all points
of R™ of the form a+b, a€A, beB.
In general, A+B is not L-measurable for A,Be X, ([13,[21,
[3])/hence when speaking of the "measure" of A+B, we think
of its inner Lebesgue (L)-measure Aj,, defined as
A, (C) = sup { 4, /A) : ASC,AeX, }.
Of course, in some particular cases A+B is L-measurable,
say, if both sets are compact (consenquently, their sum
is compact) or if both sets are convex (their sum is
convex) . The Brunn-Minkowski-Lusternik (B-M-L)-inequality
concerns a lower estimation for /4HJA+B) in terms of
/) and 4, (B). Let us see first the case n=1. If we
have two compact sets A,B<:Rl such that AnNB ={0}
(the zero) and A is to the_left of O and B is to the
right of O, then A+B contains AVB , hence
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t:X) (q1(A+B) 2 /01(A) + /(1(B).

As 4, 1s translation invariant, this inequality holds
for any two compact sets. If we have two arbitrary non-
empty sets A,Be& then by the inner regularity of x4,
we can approximate both A,B from inside by compact sets,
XSA, BcB. For the sets ?\J,'fs’ the inequality (1.1) is
valid and this shows that we have

(1.2) fe ABtB) 3 Aa(K) f 4 (B).

This inequality is formally true if one of the sets has
"infinite measure", implying that their sum has also -
"infinite measure". To avoid such vague statements, we
shall restrict ourselves to sets having finite measures.
We see that in the l-dimensional case the proof of the
B-M-L-inequality is quite simple.

In the n-dimensional case one of the proofs goes as follows
(see, e.g. Eggleston [4] for details). If A and B are
rectangular parallelotopes, i.e.

A={xer": O¢x.<a,
X

i i=l,2,...,n}, B={X€Rn: O<x.<b., i=1121---1n}!

g

then
(1.3) A+ B-={xeR: O<x;€ a;+by, i=1,2,.,.,n}

and

n h h
1.4) < (4+8) - i‘=’1 (a:+b;) ; [y (A) =.-E"*' ; & (B) =,-,li,b"

One can see easily that
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1/»1 n

hes 2 g
(1.5) li (a +b)) 2((]T'q‘~) + (n b )
11 =2

and this shows
1

% " n
(1.6) An(AtB) 3//»:{4) * ¢“n(8)

Let r 9

(1.7) A =ﬁ%’Ai ; 8’=ﬁﬁ %{ )

where A Bj are parallelotopes such that Ak meats A!
only on boundary (similarly for Bj). For such sets,

the inequality (l1.6) can be proved by induction on p+qg.
We cut both A and B by translates of hyperplanes parallel

to some RM L. fet all) zf?)

be the parts of A being to
the "left" and "right" of the haperplane, respectively,
1 2

( ),B( ). Let p,,p, (ql,qz) be the
numbers of parallelotopes unions of which are equal to

A(1) and A(z) (B(l) and B(z)). Then

and similarly for B

(1 .:8) P1+P2< p+g-1, p2+q2 p+g-1

and one can choose the hyperplanes such that

(2)

) Ju o i e

(1)

(1.9) Mo (A )/ (B7) = i, (4

Now, it is clear that

C 2 i, ey

(1.10) A=t AB. D (A +

and the intersection of the two sets on the right hand
side of (1.10) has the measure zero.
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Applying the induction hypothesis and using (1.9) we get
(1.6) for the sets of the form (1.7).

After that standard density considerations shall yield

(1.6) for any A,B € X, (of the finite measﬁre): (a)

if A,B are compact we approximate them by the sets of the
form (1.7); (b) if A,Be.X,, then using the inner regularity
of X, we approximate the sets from inside by compact
ones (for details see [4]). So we have for any non-empty

A,B ek, of finite L-measure

In Y

U
t1.30) Mo (A FB) 2 an(A) + Kn (B)
This is the B-M-L-inequality.

This inequlaity has been proved first for convex sets

by Brunn, [ 5]. The conditions of equality in (1.11) has
been given (for convex sets) first by Minkowski [6]innally
Lusternik [ 7] proved (1.11) (together with the condition

of equality) for general measurable sets.

The Lusternik’s proofs were not quite correct as it was
noticed by Henstock and Macbeath [8] . They gave a first
rigorous proof of the conditons of equality in (1.1l1l) (see
[81, Theorem 2): If O<u,/A), 4, (B)<teo and equality holds
in (1.11) then denoting by conv (A) the convex hull of

A and A = Rn\A,

(3.12) (un.(canv(/\)ﬂ/:)=(qn /ConU'(B)nB‘)=O)

{1433) conv(A) and conv(B) are homothetic

. n
i.e. there is @3>0 and b €K such that
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(804300 conv. (R)y = wilcony (B) + b) %

Conversely, if (1.12) - (1.13) hold then A+Befn and
equality holds in (1.11).

As we have remarked the sum A+B is in general not L-
measurable.

Let us write an equivalent definition of A+B
(1.14) A+B = { zeR": AN (z-B)#0 }.

If we write a little more restrictive condition in

the brackets of (1.14) we get another set
(1.15) A @ B:=4{zer" : 4, (An(z-B))>0}.

Let us call this set "essential sum" of A and B.

One can see easily that the characteristic function

4

of A+B is equal to

. g L i
(1.16) XA+B (t) = :;‘,ﬁ. ZA(x)'XBu- x) ' te R™

It is also not difficult to see “that"

. (t) = ess-s5u e %) e (+-x) ’CGR"
i xﬂ F B ) XER A }3 ) )

where for a non-negative function \f by definition

(1.18) ess=-sup ]0 (x):= inf {&)?-O: Y (X)gw for
xeR" Ala. xéRn}.
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The idea to use "ess-sup" instead of "sup" in the
functions of the type (1.17) is due to Dancs (private
communication) and has been first studied in Uhrin [97.
Later Brascamp and Lieb [101] also defined the essential
sum of two sets. It has been proved, that for A,Be.,

the set ABB is measurable [9], moreover open [10].

(see the Remark 2.2 in the next section). It is clear that
¢ 19) /{A:’UB) Z (n(ABB).

It turned out that the B-M-L inequality is true also
in a following slightly sharper form ([101).

’/'1 n ’/n
1.2} Mn (REB) 2 Ly(R) + wp(B)

To keep this paper completely self-contained, let us
prove here the inequality (1.20) for n=1l.

The proof is based on the already proved ienqualitv (1.2)

and on the concept of density points of a set in Rl. Let

us recall (see [81, or Federer [111) that the point xeR1
is a density point of Aéaf1 if

g 21 lim RN 5= Re31) /s a2
w0+ /41 ! <

where [+,'] is the closed segment.

Denoting by A™ the set of density points of A it is
proved that (see [8],[111)

(1.22) A (A%) = @, (A) .

Let A,Be X, be of finite positive measure. Let a en”
b ¢ B For sufficiently small €£>0 we have @ >0 such that
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w(2-¢) < g, (A0 [a-©,2+0])
11425} :
w(2-¢) <ty (BN [b-w btw])

Al:(A/1[a—u4'a))—a, A2=(A()(a,a+uj)—a

Denote
B2=b-(B n[b- W ,b) ) ’

Bl:b_(B N (b,b+w]) ,
where [','), (-,v] are half-open intervals.
Clearly AlnB2

The conditions

=@ A, N By =
(1.23) imply that

(1.24) &, ((Aud)0(BuB,)) 2 20 (1-€).

But the left hand side of (1.24) is equal to

(1.25) 4(‘(1 [’41‘/)51) Torhy ('42052) )
consequently one of the terms in (1.25) is positive.
We can see easily that this implies

a+b € AaB.

(15:26)

* * -
As a€A, beB were arbitrqQry, we have
(17, 27} ABE. -2 Rt

Applying now the inequality (1.2) to Af+ BT taking
into account (1.22) we get (1.20) for n=1, i.e.

(1.28) My (A 8 B) 3 u (A) + 4 (B)
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The B-M-L-inequality has been sharpened also in the
following way (see Ohmann[12], Bonnesen [13], Bonnesen
and Fenchel [14], Hadwiger [15]).

Under the same conditions as in (l1.11l) we have

4/,,_1 Y4 )n-f‘

(3429) : Sty CATE) 3 (MIR] " "s m(B)

(), n(B)
m(4) m(3)

where m(A) and m(B) are the maximal measures of sections

of A and B by translates of Rn-l along the n-th coordinate.

One can see easily, using standard inequalities (see

e.g. Hardy-Littlewood-Pdlya [ 161), that the right hand sidé
of (1.29) is not smaller than that of (1.l1l1l).

The inequality (1.29) is a special case of the following
inequality, where lower dimensional sections are used
instead of (n-1l)-dimensional ones. Let San be a k-
dimensional linear subspace, O<k<«n , and let T be an n-k-
dimensional complement subspace of S i.e. SeT = R

(the direct sum). Define for A £,

(1.30) my (A):= ess-sup (uk(AO(S+u)) if >0

ueT

1}
[

{r.31) m_ (A):

s if- 8 =4{e%.

Now, for any Osks¢n-{, and A,BeX such that O<mk (a),

m_ (B) <+e0 , we have (Uhrin (17]):

J
1

/e k

)

( &n (A) - & (B) )
mk(A) mk(B)

. Yk .
(1.32) Ap, (A+B) 2 (M (A) "+ m (B)
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We have to note that the sets AN (S+u) are in general
not L-measurable in (S+u) (see, e.g. a remark in [87] Bloeiic 2957
but the Fubini theorem (see, e.g. Bourbaki [18]) shows that

AN (S+u) 1s L-measurable for almost all ueT and

1.33) M (B) = j A, (A N (5+u))du.
T

In what follows by g( dx we mean the Lebesgue (L)-integ-
ral in the linear subspace H an.
All above mentioned results are simple consequence of th=

following reduction theorem of Uhrin [19].

Theorem 1.1 (see [19], Theorem 1.1).

For any sets A,B €8, of finite positive measure, any

k-dimensional linear subspace S an, O<k<¢n and 0<A <1

we have
" o
(1.34) Hn (AA @{-2)8) > (A m (A) +({-3) ’"k“‘” )
1
Sy (A ALS) @ t-3) B (%)) df :
O
where

(1.35) A (5)i= {ueT 4 (AN(Sru)) > mA)st Deged,

and T is a linear subspace of dimension (n-k) such that

seT = RV (Bk(i) is defined similarly). O

We note that by definition (ab(e)=://fb(¢):0/



- 160 -

where © is the zero element of Rn.

In the rest of the paper we shall be dealing with the
“cohvex combination" AA + (1-2) B or "essential convex
combination" A4 8(1-2)B of the sets rather than the sum
A+B or essential sum A@ B. All results concerning convex
combinations can be easily transformed to those using sums
and vice-versa. It is clear that the inequality (1.34) is

from "both sides" sharper than (1.32) in the sense that

(1.36)  pty, (A4 +A-218) 5 iy (A4 = (-3)8)

and
i n-k 4, (8) G T
(AA (5)ml-2)B.(5))els >3 27 4 4-2) B
R 3‘””* <) K§1) m(A) ) m (8)

(see [19] for details).

The inequality (1.34) can be considered as a tool for
getting many new inequalities which are sharper than the
known ones (say, we take a sequence of nested subspaces
Slc.Szcu-and successively apply the inequality (1.34),
see a detailed discussion in[l9].) Both the inequality
(1.34) and the concepts occuring in it have interesting
links with some classical notions of integral geometry
(see [19]).

In the rest of this introductory section let us mention

a "technical curiosity" proved in [19]. Let x,y e Rt
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(the orthant of vectors with non-negative components),

O A2 ] St < ol £ SN =] [0, oo (i
Define
1/
. =% Al5 o’ N5
i Gl SRR (1_,1)3)‘.;(;\ x " +H-A)g ) oty
where for ay=-22, O ,+© = the expressions on the right
hand 'side of (1.38) are defined taking-limits to igets
in {x T %2 oy nax $ v $
g L A B el i¥y
n

Eer AyB. S. R denote

+

(1.39) AA £0¢-2)8 :={da f(¢-ab: acA beB}

If eo={ for all i, this sum boils down to usual

convex combination of sets and points. Using an analogous
proof as for (1.11) we get ([191, Theorem 2.1): If A,B CRE
are non-empty L-measurable sets of finite measure

Og¢ «- <1, i=1,2,...,n, and O<A<1l, then

~

= J" ;
LAl 03 A BB 500 () S B4 i BV

where ¥ is the harmonic mean of «-S, = (Zd‘-.')-.{For

o =1 ¥( , the inequality (1.40) gives (1.11).
In the following sections we are dealing with integral
ineqality extensions of above mentioned inequalities.
The main result will be a reduction theorem of which the

Theorem 1.1. 1is a simple particular case.
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2. Integral inequalities of Henstock-Macbeath-Dinghas-tvre

As we have mentioned inthe previous section, exact
conditions of equality in the B-M-L-inequalityv has

been first formulated and proved by Henstock and Macbeath [8].
Their paper is important also from another point of view.
Their proof depended on a one-dimensional integral inequality
which later turned to be an important result in itself.

Their (or even special cases of their result) has been
"rediscovered" in early seventies and used for the proof

of some important theorems in stochastic programming,
mathematical statistics, probability theory and partial
differential equations (for a detailed survey see the

last section). The crucial role their paper plays in

the field was not gquite recognized until the appearence

of the paper by Dancs and Uhrin [20], where not only an
integral inequality extension of the B-M-L-inequality

but also an extension of the sharper ienquality (1.29)

have been proved.

Let ?; denote the family of non-negative Lebesgue-
measurable functions defined on RZ. The Lebesgue (L) -integral
of £, is simply written as

£2:1)

We shall use frequently the following well known identity
for the;integral *(2wi)

(2.2) S de = S(an(r—lrlg,gx)a/g
R" o ;
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where

(2230 H e Dave {xc—Rn : f(x)aff) faO.

Good references concerning the theory of real functions,
measures and integrals are e.g. Dunford-Schwartz [21] ]

- Mo b s ; < e pe
Sz-Nagy :22], Bourbaki [187, Dieudonné [23] or Federer [11].

Define for a,bz20, 0< 2<¢1 and -o0 < « <+°°,°<'+0)the

"extended" means as follows

(2.4) () 0 if a.b=0
s > 1 :
Mo( (g¢b):= (2 a,9(+(!—,\)ba) x . W o e

and for ¢ :O/ -0 +20,

() () 2 (-1
(205) 2. M 1 “la,B) 5 am e Maalal, BF = aldh
x—> 0
(Al : (a1 ;
(2.6) ‘mia,b)i=M 0 (ayb)r="dfr'M o “la,B= ninfa,b?
&=
(a1 A z(O if a.b=0
(2.7) M(a,b) &= M, (a,b):= 1in MU' (a,B) =lpopca w i alboo
X =Dt

For basic properites of means we refer to [16] or a recent
book by Bullen, Mitrinovic and Vasic [ 24]. The function
Mey(a,b) is for A,c.fixed a positiVé Homogeneous function
of (a,b), is increasing in &« when other variables are

fixed and non-decreasing in (a,b) separately.

The following two inequalities concerning products of

means can be checked very easily.
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For a,b,c,d20, =9 < & <+, we have
A e
(2.8)  M(a,b) - M2 (c,a12 M (ac,ba).,
(
(2.9) Mg (a,b): M?  (c,da) 2 m(ac,bd)

(These are the simplest cases of a general inequality
for product of extended means proved in Faaiy,
For f,g€%, -2cx¢t0 0< A< 1 denote

(2.10)  hott):= ess-sup M@ (£(x/4),9((t-x)/(1-2))), teR"

xe RN X

(1)
Assertion 2.1. The functions f{« are L-measurable,

el

(
62001 A D [

&« n

£ | e
Proof. We adapt the method from [91, where ﬁo &S

has been proved. First, let =090 < & £ +00
Denote

foxy - 4f £lx)z 1k
(212} " fihe

Egas) = {., :

/k ;g {Lx) < '/k
2.43 (x AL {
Gy ey enf GO0 fagin il

Wi i 9y < Yk

Then

I'A) :
(2.14% SALAYG (/0 =

/

o
(0§ xa) + U-2) g (6 /rta)) )
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x «  lx
The function (A @ +d-2)bh )

of " (a,b) € Ri,the functions Fk“") and ﬂ!(t-x)ﬁqﬂ“)

is a continuous function

are L-measurable in (t,x)eR2" hence the function (2.1%)

is L-measurable in R2n as''a ‘funeEion#ot (&,3).)

The function (2.14) tends monotone decreasingly as k —» toQ
to the function

{2515) r(t,x):= M(i) (£(x/2), gl(t=x)/(1-2))

at each point (t,x) € R“", hence the function r(t,x) is

\ zZn
L-measurable in R .

The space L“ﬁRn) (i.e. the space of essentially bounded
L-measurable functions) is the dual space to the

separable space L'(Rn) (the space of Lebesgue-intagrable

functions). This implies that for © ¥ e L(R") we can
write
(2.16) ess-sup [y(x)| = sup g y(x)- ¢ (x)ax,

xe R™ £eD R"

where D is a countable subset on the unit sphere of the
space L1(Rn) (this is a consequence of the Hahn-Banach

theorem). So we can write for any fixed ter"

Gz, 1.7 h(’;) (t) = ess-sup r(t,x) = sup 5r(t,x)-~7p(x)dx
: xe R yeD R?
The“function s{t,x) = r(t,xrjo(x) belongs to gzn

(because r(t,x) € §3n ) , hence by the theorem of Fubini-
Tonelli, the function s(t,xXx) is an L-measurable function

of x for almost all t and the function
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(2.18) s(t):= § s(t,x) ax

Rh
belongs to fh . This implies that h, €7, because
it is a supremum of countable many functions from 3;.

The functions m(a,b) and M(a,b) can be written as

(1) : (A)
(250 10°9) n(a,b)= 1lim M_k(a,b), M(a,b)=1lim Mk (azb) -,

k> 0 k=t
and this shows that the functions m(£f(x/a) ,af(t-x)/(1-4)))
and M(f(x/3), g((t-x)/(1-4))) are L-measurable functions

= : 2n : : : :
GoF VA, R)E 1R R . This implies using above arguments
A (2) —
that 3\_&,, Atoo €5n . B

Remark 2.2. The above proof depended on the definition

of the ess-sup norm of a function and the duality between

L™ and L1, i.e. it uses standard tools of functional analysis.
Using deeper results from:- geometric measure theory,

especially the fact (Ah(A%oA)=O, wehre A™ is the set

of densitv points of AckR” and & means symmetric difference

of the sets (see [11]1, Theorem 2.9.11), Brascamp and Lieb

[10] proved a more exact result concerning the measurability
. (a)

of . They proved that AsB is open for A,B € <, and
(2 3
}1; is lower semicontinuous for f,gé€ 3;. a

We can extend (2.10) also for A =0 and A4=1 taking by
definition

(0)

S e = i B ) = Eaes

(2:520) h

Now the proof of the following theorem is very easyv.

Theorem 2.3. ([10], Theorem 3.1l.) Let f,g Ef?; be
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essentially bounced functions and 0<A<1

-

If

(2.21) ess-sup f(x) = ess-sup g(x) =4 ,
xe R1 xeR!

then

(A) . 3
(2.22) S h (t) dt 2 AJ f (x) dx +(1—3)J( g(x)ax . B
g " R1 R?
Proof. We can assume without loss of generality that 4=1.,

Using the notation (2.3) one can see easily that
(A
(2e23) H(h oo ) § )2 AH(f,E )& (1-4) H(g,§), Oggsl.

Taking the measures &, of both sides of (2.23), using the
inequality (1. 2& ), integrating both sides of the resulting
inegquality over O:{SSl ané taking into account (2.2) we

) ~\ -

A
get (<Leed<d) . -

1

Remark 2.4. Let us recall here the classical result of
Henstock and Macbeath ({87 , Lemma 5, p. 190 ). They
proved. for . o€ >0, 0<3<l, £,9&e3;

1)
sup ¢ M&x(f(x),g(y))dt. >

cside integral is L-measurable, where = sup £(x),
X

C =sup g(x). For the proof of (2.2z4) they used the nice
A

2.23") u_(':f.: ENE AH(’F,§)+0-A) H('@",g)’ DLip e
~ s )
bedtr G910, ko= il fFE(2)
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where éi is the function in the left hand side integrzl
‘of (2.24),-and after that they used the 1-dimensional B-M-L
inequality. This idea goes back to Bonnesen’s proof

cf the Brunn-Minkowski inequalitv (see {137,[14]). It

can be find also in (23], p.238. The same idea is used

in [10]. We can state that the inequality (2.22) and

the proof of it wvia (2.23) and (1.28) is principiallv due

to Henstock and Macbeath. H
Using the inequality (2.9) we get from (2.22) immediatel:

Gorollary isss . Forsf,g & ?; "~ + essentially

bounded functions such that
(2.25) O<2: = ess=sup £1(&)s; 0<d:= ess-sup ag«(x)
X X

- <
and for -9°$ & S+ 05Af 0 have

& i
(2.26) f é:()(t)‘“ 2 ’V{:I(J‘:J)‘(’\qﬁ ?;T‘(X +(4-A)’g1 %"_O&) et
R’l

The ineguality (2:26) is  trivially true ‘also in the case
J=0 or §=0 if we interpret in these cases the right hanéd

side as zero.

Using the HOlder inequality we can easily prove for « 2-1,
Q<A =Ly

a)
X /(1+)

@)

(2 g M (ac,bd) .

(Al
a,b).M{(c,d) 2> M

Hence we have a following weakened form of (2.26)



=168 =

Corollary 2.6. Under the assumptions of the Corocllarv

2.5, assuming further that G’B-f‘, we have

(1) (1) y <
2.28 h t)dt =2 M ( | fixydx (kielx ) . 10
( ) &4 « o/ (1 +x) g,{' »g,cf
For «>0 and using "sup" instead of. "ess-sup" in the
(2)
deifnition of Ao() this inequality was proved also by

Henstock and Macbeath (under the restriction on £ and

(
g so that hiﬁ be measurable) .

One can see easily that (2.28) holds if we drop the
assumptiocn on the boundeness of f and . g. Using a simple
induction on dimension, the inequality (2.28) can be extended

to higher dimensicns as well.

Theorem 2.7 ([loJTheorem 3.3). Let f,q € ¥
Then for «>-1/p,, O<A< 1, we have

(1) (2 » :
LX)l x x)A x a
& 5 Snﬁq{t)dt 2 (5; ) 'f,?( yalos)
R R R
For «>0, defininglfaf with the "sup" and assuming

that %fz is L-measurable, the inequality (2.29) is the
higher dimensional extension of the result of Henstock
and Macbeath due to Dignhas [25] . Letting tend o« —>» 0+
we get from their results an inequalityv for o« =0 (this
case has been rediscovered nearly twenty years later,
see [26],[273,[28]).

The inequality (2.29) (more precisely its weaker "sup"
case) has been proved by some other authors . e o

as well, [291,(301.

The first n-dimensional extension of the sharper inequality
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(2.26) is due to Dancs and Uhrin [ 20]. To formulate their

result foO1 £ ?’n denote
(2.30) m, (f):=ess-sup 5 f(x)ax,.. ‘dxi—l'dxi+1' celdx .

XL' Rn—’

Now we have

Theorem 2.8 (see [20],Theorem 3.2 and Remark on p. 398).
Let £,ge¥%, be : such that

(£2-73:1 ) Ocmi(f)croo O<mi(g)<+00 .

/

Let o»-1/(n-7),0C¢A<1l. Then for lg¢i<n occuring in (2.31)

we have
; Qa
2.032) S n) (t)dt 3 Mﬁ'(mi(f) , my(g)) .
Rn
. ( A S ) gty (1- A) 'S ;?%i% dx)) J
Rn mL'{f) 5 g
where /5:0(/(} +(n-1)) . |

It is clear that -1/tn-1) <-'/n and the right hand side of
(2.32} is not; dessi than that of (2.29) #H.e. inequalitv
(2.32) sharpens (2.29). For n=1, (2._32) coincides with
(2:26]) <

In {20] a following inequality for « £-f/n has been proved.

Theorem 2.9 (f20], Theorem 3.3, Remark p. 398).
Let f,ge¥ | —o0osx&-t/n , O2ac<4.
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Then

A\ n+1/x 1
(2.33) § f{“(t)dt > min{d § £x)ax, (-0 ™ (gx)ax }.o
n n Rn
For x:-% the right hand sides of (2.33) and (2.29)
coincide. For -1/in-1) €x<-f/n we use the following
inequality proved in [l7](iemma 3, a8y

{2.34) M(q\a b)- M(M(c,d)gmin{’ﬁrac,(l—A )r bd T,

o (@

)
where ©& and A are such that 0(*@.4-0,0('/5 <O and r:=wp -
The inequality (2.34) shows that for -1/¢/n-1) < x <-f/r,,the
right- hand side<of (2.32): is not¥less Ehan that of (2.:33)
i.e. for such X (2 :32)~isEsharper than (2, 33)

We see that inequalities (2.32) and (2.33) improve and

extend all inequalities mentioned.

3. A reduction integral inecuality

In this section we shall studv the following question:

(3)
What lower estimations can be written for S h(t)dt

if «<=1/(n-1) 2 We have seen that for such &
the inequality (2.33) holds, so the question is whether

we can write estimations better than (2.33).

Let .feqi and let ScR" be a k-dimensional linear subspace,

O<k¢n, T its complement subspace, i.e. S@T = R

)

By the theorem of Fubini-Tonelli (see e.g. [21] p.194)



f(x+u) is measurab
finction
(350 Y £, @)hs

is measurable in

3.9 ff(ﬂdz
Rl’\

Denote

Fie m (£) :=

in particular

(3.4) m_ (£) :=
and
(3.5) ﬁwcpz=

Given two

-00 £ X &S00, 0<A<]

()
hcx

(3.6) t)s

and if O<mk(f)’mk(g)<-+a9

(0 By

2=

le in XeS ¥ for almost all ueT, the
Sf(x+u)dx, uetT
ueT and
= 5 e Jerdae
T
ess-sup 1i(f,u), Og<kgn ,
keT
ess-sup f (x), mn(f):= S ). dx,
XeK"” ]R"
Ixe R £(x)pm (fl:g} . 0% g2
2 W 3 ) §

functions_ﬁ,ge;?; , denote for

ess-sup M (f(x/h), gltt-x) /(1-2))), teR"

XxeRn

then denote

(M

(M¥“M)

(g, (v-u)c1-2))

m, (f) m (7)
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For A=0 or A=1 we take bv definition
(3:8) on2 e saerinith e = w1 i), K20 s L
i L T
For k=n, i.e. S=R", T=§_e},we take by definition k(:)(e)=l.
Now, we have

Theorem 3.1. Let £,9¢%, . Let ScR” be a k-dimensional

linear subspace Ogk<n, and TeR" any (n-k)-dimensional linear

subspace such that seT=R". If 0<A<l and
(3.9) O<m (£f), m (g) < +o0,

then we have

(3.10) f ess-sup min { £(x/3) i([t—x)/ﬂ"‘“)} gt >

)

R" x€R" My (f) mo(j)
1 5 -
> [ m,(2H(E, §)@-(1-2)H(g,g)) df.
et §)) 95
If O<ksn, o >-1/k )[53~0(/(1r/<'a()l 0<3<{ and
(3.11) O<mk(f), mk(g)< +o0
then

) (2) (1)
(3.12) ,gnh"‘ (Bat z M (m(£), m(9)- Srkw (T) bt
where w:=(o(’4+ /5—1 S |

J
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Before the proof let us recall the following inequality
concerning products of extended means (see, e.g. [ 31]).
Por aab,cyd= 0, or‘/S such that 0(+.ﬁ? O and 0sA< 1
we have

(4) (a) (2)
{B50153) Dﬁq (a,b): Mﬁ (c;d)' 2 M oA (lac bd):

X+ /5
Proof of Theorem 3.1: Denote by h(t) the integrand in the
left hand side of (3.10). In the previous section we have
proved that h(t) is L-measurable (Assertion 2.1), We can

see easily that

-

(3.14) H(h, §) 2 Aﬁ(f,g) @ (1-1) E(g,j), O« g<l.

Taking the measures of both sides of (3.14) and
integrating over Osgsl we get via (2.2) the inequality
(3510)

(2

(a1 . Vog
The Assertion 2.1 shows that Aq¢T, and ko, €9

n-k .

For k=n=1 the inequality (3.12) coincides with (2.28).
Assume for the moment that (3.12) has been already proved
for k=n-1, n>1l. Then the case k=n can be derived in the
following way.

If k=n-1, n> 1, then T is l-dimensional and using
(3.10), (1.28), (2.2) and (3.2) we have for any @

(f)
(3.15) S kf.g CEYAT: = A M (f r(1-2) ’"n(ﬂ)
T M, _1(£) My_q(9)

Let & Dbe such that
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(3.16) x 2~1/n

It~is clear:that for suech & ; & ?‘7ﬂﬁﬂ),hence we have
by (3.X2). and (3:15) ((3.12). ig true for k=n-1)

/3)

;
(3,179 f—ﬁjdidé e s (P (), M0y (9))
R 1+(n-1)« "’”n(Z) ) .

(2 Ma(f) +(1-1) M1 (a)

nff)
The condition o >-1/ » > - 1/(h-1) implies that
(3.18) —2 . 1 20
1 +(M-1)L

Hence (3.13) applied to the right hand side of (3.17)
yield

( fatide> M o (7)) 21T (), my(9)
(3.19) o A - (Mn(€], "]

- X
for any ﬁ 2 Jena  + This proves (3.12) for k=n assuming

that it is true for k=n-1.

Now take the pairs (n,k), lsk<¢n, into lexicographic
order, i.e. (nl,kl)< (n,,k,) if either n; <n, or
{nl=n2 and kl<k2}. We get a sequence.

(3.20) (1,1) €(2,1) £ (2,2) {(3,1) £(3,2) £ (3,3)<s.

We proceed with the proof of (3.12) by the induction
on this sequence. For n=k=1, (3.12) is true. Assume we
have proved (3.12) for all first N-1 members of the
sequence (3.20) and let (n,k) be the N-th member of the
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sequence.

If k=n we are ready by the above reasoning because the
case (n, k=n-1) is assumed to be proved by the induction.
So let l<ksn-l, n>1 and

-
(351 ez~ B> 1k

We can write using (3.13)

Q) -1 4 2
(3.22) Mﬂ("’k({) ’ mklﬁ) ) _(n%q ()t 2

, ""“ ‘t’+2 U-X
Z Y Y A3 % Swp (J 655-5‘(/0 /\7 ( +( ?( ))C’(l)d't'
T GeT ou/s ML£) m,(?)
~<
One can easily see that the conditions (3.21) are

equivalent to the conditions

(3.23) xr(320 i > =g

hence, applying the case (k,k) of (3.12) (which is true
by the induction) to the inner integral §. tonde B2 We
get that the right hand side of (3.22) is not less than

W5 UG ER) g m
: 248 - suU P? : £ 7 g
e g e 5 I o

The inequalities (3.10) and (3.12) yield automatically
results that are sharper than all up to now known inequalities
of Henstock-Macbeath-Dinghas-types discussed in the previous

section.

Namely, we have
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Corollary 3.2 (see [17], Theorem 2.2). For o« 2-1/k

denoting /5‘- “:d : Osksn,( we have
( Almdt >
(3.24) RN :
gl n-k ) h=K m,(9) ) <pa-
{/‘7/5 (mk(f),fhk(g))(ﬂ _"%'Jé%— +1-4) _ﬂﬂ-k—(??‘\ g Ogken-1
>
M p (mats), "“nfi-])) i ken. a

Proof. For k=0 apply (2.9) to the left hand side of
(3.10), apply (1.37) to the right hand side of (3.10) and

integrate over OSf <71, and after that use .(252)%

Por k=n. (3.12) coincides with (3.24)..

(&
For O<kgn-1 apply first (3.10) to the integral gT kT
(the dimension is now n-k), apply again (l1.37), integrate

over Osféland use (2.2)4¢ i ]

The inequality (3.24) is clearly a substantial weakening
of (3.10) and (3.12) . In spite of this it 1is sharper than
the inequality (2.33). To see this we recall (2.3%)

ice. for w+[5 €0, «f3<o,

o+f3 /3

(2 ) e +3
(3.25) ’f:'[q,é)‘mﬁ(c,z{)aoum{ A ac/({-,q) « bd}

Using these inequalities one can see easily that in

each of the domains - < o< -1[/k+f) , k=0,1,2,.. .,n-2, the
inequality (3.24) is sharper than (2.33).

In fact using (3.10) and (3.12) cleverly we can prove many
new and sharp lower bounds for the integral S A;‘H:)dt )
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4. Measure theoretic consequences of inequalities (3.10)
and 43.12)

The reduction Theorem 3.1 yields the Theorem 1.1 at once
as a special case. Moreover, it yields easily an extension
of Theorem 1.1 to measures other than the Lebesgue measure
Let £ eﬂ i ScR" a k-dimensional linear subspace, SeT=Rn,
for A,Be¢ sfn, ’KA’/KB mean the characteristic functions

cf the sets A,B.

Recall the notations (3.1l) - (3.5) and denote

(4.1) m(B):=m (X €), m (B):=m (X f)
(4.2) A (f):={ueT ¢ i (Xo£u) > mk(A)j} L DRope;
Bk(g) :={ uer: i(,ZB'{J’u_) > mk(g)g}' O<F§s 1<

Denote by V¥ the measure generated by £, i.e.

(4.3) Y(E) := S f{x) dx, E e &,
.

Theorem 4.1 Let o(;—‘/k, O<A<1 and let A,B,f be such that

(4.4) O<mk(A), m (B) < +00
and
J )
(4.5) £(t) > essgsup M (£(x/1), £(t=-x)/(1-2)))
for a.e. teRn.
Then denotin oy we have
enoting (= 7o
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(A)
(4.6) YV((AA .8 (1-2) B) 2 Mﬂ (m (A) ,m (B)) .
1
5 W)
§ fn (AB(5) @ (1-2) By (5)) 45 u
C
Proof. After some technical remarks the inequality
(4.6) will follow from Theorem 3.l. Denote by riy (t)
the right hand side of (4.5) and
4.7 (W ¢y 2= o £ A ((t-x) /(1-
(4.7 &5 ).—ess;sup « (A (x/2) - £(x/2), Ag(t-x) /(1-A4) )
£((t=x)/(1=-2))).
Firs£ we prove that
(2
(4.8) § i Meadr = s eyat.
AA BU-2)B R"
It is clear that
(4.9) A (t) = ess-su M( (7A) & (t=x)/(1-A)),
AA @(-1)B SR o X / :

where M is defined by (2.7).
Using the inequality (2.8) and

(4.10) ess;sup‘f(x)-ess;sup y(x); ess;sup (~f(x)-y4x))

we see that -the left hand side of (4.8) is not less
than the right hand side.

On the other hand, if for given t and x
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(4.11) M‘:( Ka(x/2) - £(x/2), Xgl(t=x)/(1-2)) - £((t-x)/(1-2)))>C
then clearly A, (x/4)= A((t-x)/(1-A))= 1, i.e.
(4.12) x € AA ) (t-(1-2)B).

The definition of ess-sup shows that if .éy(t)> 0, then
there is a set E such that 4, (E)>0 and for all x €E
(4.11) holds, i.e. t€AA B (1l-A )B. This shows that the
right hand side of (4.8) is not less than the left hand

side, consequently (4.8) is true.

Apply now Theorem 3.1 to functions )&f and/léf.

We can easily check that, denoting

)
(4.13)  clg):= {veT: kg (T) 2§}
we have
(4.14) c(§)'25\Ak(§) 3 (1-7) Bk(;), ngel,
hence = e
4.15) § Mmar 2 51 (2 AGS) @ (1-3) B(F)) a
(4. s 5% 7 O(L(n"‘k kf kf f f

By this (4.6) is proved (we apply (3.12) in the sharpest
case ﬂ:"“). B

1+ko

The functions f satisfying (4.5) for some -oo0 Lo € teo
for all 0 <A< 1 could be called essentiallv X-concave.

The function £ =1 is the "generator" of the Lebesgue
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measure A, it satisfies (4.5) with &= too, hence

n
(4.6) boils down to (1.34). Similarly to Corollary

3.2, a following weaking of (4.6) holds

o<
Corollaxry 4.2. i'Fox o<>/*f/k,O$ksn, denoting ﬁ= Y
we have

(4.16) y(4a @ (1-2)B) 2

n-k VA oy B

(al T
MB (mk(A) ,mk(B)) - (A mk(A) -mk(B) ) &L Ogken~k

M7 ( V(B), V(B)) if k=n . O
This inequality sharpen all inequalities of similar type

proved in [32],[201J30],[297.

5. Some applications, remarks

We do not want to give here a survev of applications

of B-M-L-inequality. The interested reader can consult

e.g. the references E103/[143,[15],[20?, o e g el

shall show only three simple examples how the integral
inequalities mentioned here can be applied. Chronologically
the first is from the field of stochastic programming.

Let 7% be an m-dimensional random variable having the
density function fe%, and A be an mxn real-valued
matrix, mzn. A basic problem of so called chance-contrained

stochastic programming problem (see e.g. [34) is:
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For what £ is the set
(5.1) {xer™ :v(ax29) 2 p}

convex for all Ospsl where %) is the probability

measure generated by f?

This problem was first formulated by Prékopa [ 35]

who later proved that if f is logarithmically

concave then (5.1) is convex for all Os<p<l , [261].

For the proof he used an integral inequality of Hentock-
Macbeath-Dinghas-tvpe: the "sup" case tor ®=0 of the
inequality (2.29).

To formulate a more general result, let us call the function

fe ¥ essentially &-concave, -e0$«x <+, if
Ay o ; :
#5~2) f() > ess-sap M (£(x/3) §((E=X)/(1-2)))
xeR"

holds for almost all teRn and fo¥ all @< A<c 11

Now we have

Theorem 5.1 If the density function f e@iﬁ of % is

essentially & -concave (on R") for.some « % -1/m -

then (5.1) is convex for:alX Ogp<l. &

Proof: Denote by F(y), yeRm, the distribution function

of &t ‘ldes

(5.3) F(y):= g £(t)dt.
tey
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For the convexity of (5.1), it is enough to prove that
the set

(5.4) { yeR™ F(y)>p }
is*convex 'for all .Osp<l.

The condition of convexity of (5.4) is clearly egquivalent
to

(5.5) F(Ax+(1-2)y) » min{F (x),F(y)}

for all 0<A4A<1 and x,yeRm.

But the inequality (5.5) is an easy consequence of
the condition (5.2) and the inequality (2.29). &

Many densities of mathematical statistics are known to

be X -concave for some e«2>-Y, (here " & -concave" means
that (5.2) with "sup' instead of "ess sup" holds for all
ter™), see [323}331[34], or a survey in [17]. It is clear
that any o -concave function is also essentially «-

concave.

Although not explicitly stated in this form, the
Theorem 5.1 (or a little weaker version of it with £
& - concave) might be a credited to many authors, e.g.

(101,293,207 (337,(30].

The second example concerns the testing of statistical

hypothesis [29].
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Let fe:—’:‘?l be a density function, H_, A cR® be convex
sets. Let bdH, means the boundary of H . Denote <f>0<)=f‘}:,‘{"‘)
where X}q is the characteristic. (indicator) function

of A. The question is:

Does the condition

(5.6) ( ) fx-max =p ¥ e bd Ho
RN
implies that either (5.6) is true for all 'TZGHO or

’ _S ngp(‘x)'F(X-7>,:(x éf) #/)ZéH’o
(57) { = ; :
: f Fxfxmdx 2p neRHy 2
R

In the statistical language: Is it true for f that
if 45 is p-similar on bdH, theneither C_IS is

p-similar on Ho or § is an unbiased-level p test?
-
Theoren 5.2 If f& ¥, is essentially X -concave

for some & =2-1/n , then for any O<p<l the answer to

the above question is "yes". O

Proof: Using (2.29) and the convexity of A we see that

(5.8) § f£(x)ax 2 min{ f fx)ax, § f(x)dx_}’/ To, 7, €Ho
A +ANotl-2) 7, A +To A+,

and from this the theorem easilv follows. |

This theorem can be compared with a similar statement
in:[29], p. 1G2%.



S G b A

The last example is of a more analytic nature, although
its origin is form the theorv of probabilitv (see [31]
[36] for details). Let us call the function £ ¥,
essentially &« -quasi-concave, =< X< +too , if

o

& ’
(5.9)  §(t) > ess-sup min { 2 {(x/2), (1= ) f(t=0)/(1-20}

hold ' ifor ‘a.e. 't &R™ ‘andTall g 1
(Compare with & -quasi-concave functions in [31])
The convolution fx#g of two functions f,ge¢ ?% is

defined as

(5.10) fxrg(y) := g f(x)g(y—-x)dx
Rﬂ

at each point Yy eRn where the integral exists.

It is known (see, e.g. [18J,[21]1) that if §f(x)ax,
Sg(x)dx<+«9,then fxg(y) exists for almost all ye:Rn
and S frg(y)dy <+oo

In other words, if f,geﬁﬂ (Rn) then a "version" of
fxg(y)is L-measurable and also belongs to L'(Rn).

Now, we have

Theroem 5.3 (Compare with [31], Theorem 2.1). Let

f,ge3, be such that f is essentially X-concave, g
essentially /3-concave and f,g have finite L-integrals,
Then the convolution fxg coincides almost everywhere
with a function ﬁpe'?h having finite integral and

such that:
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Ef -4 -1
(a) ¢ is essentially (& +4'+n) _concave if
L e R R
x +/3 Z
L %
(B) f is essentially (c( + 3 t + n ) -quasi-concave if

xR .

4
- DT ; A \ n

Proof: The product of essential suprema of two functions

is not smaller than the essential supremum of the 2
product of functions. Now, in case (A) we use the inequality
(3.13) and after that the inequalitv (2.29). In case (B)

we use first the inequality (2.34) and after that (2.33). n

Another field, where the integral inequalities of
Henstock-Macbeath-Dinghas-type were successfuly used

is the theory of diffusion equations [1017.

At the end of the paper let s say a few words on the
conditions of equalities in integral inequalities menticned.
The proof of conditons (1.12), (1.13)' of the equality in
(1.11) is quite difficult, hence the proof of such
conditions for much more complicated integral inegaulities

is even more difficult.

Up to now two l-dimensional results have been proved,
[371, [38]. To be more specific, let us write the
inequality (2.24) and its weakening
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¢ ¢ x
(5.11) fm":('(“df ?”j(a‘,f)-("fj;(.ﬂdx +0-2) [ 2 o)

Rt ¢ Rfd\ /
(A) £ b
(5.12) § wattidt 2 M5 [ [ eexyetx (x)ex )
3 i 0 e
where f,g 63\‘; s O<9’=s;;p ol v d =sup g(x) <t and(
(a1 :
assuming £ and g are such that the function £3933u< p@(ﬂxyﬁjﬂ
H=Aly=t

s
belongs to 54 . Here we assume that - PO XALHeO D 3y

in fS11y-and " SK'C+od , O A4 PN D el 2i) e

-

The conditions of equality in the sharper case (5.11)
has been given when f and g are upper semicontinuous [37].

The proof fis pretty difficult.

The proof of the conditions for general {3637 for the
weaker inequality (5.12) is not so difficult already.
It depends on a deeper analysis of a proof of (5.12)
given in [87] (first proof of Lemma 1, p. 187).

We have performed this analysis in [38], and we have
got the following results (see, also [371], p. 131):

Denote A= {xeRl

: £(x)> 0}, B={xeR':g(x)> 0} .
Equality is dn (5.12) (assuming that —1<«<+x50<341)0<xdz+¢9
if and only if the following conditions are fulfilled:

Bt = RS A s
(5.13) A %= ra;,a,] B %2 [bj.bs]

!

(5.14) (_}f)q= %12.{_:"_

/
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(5. 15) K (x) Sk b+(d\\°(
9 e g ( 1 ¥ (x-al)) for a.e. xs[al,azj,
(5.16) £lwx'+ (1-0)x")p Mo (£ (x'),E(x"] 7 3
2 (T W) xS «( (%) 24X ) aves KRR e[al,az‘]
where
A;r“
(5.17) &=

T3t (1—A)cro<

Here [-,*J means closed intervals (segments).
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BRUNN-MINKOWSKI-LUSTERNIK INEQUALITY, ITS SHARPENINGS,
EXTENSIONS AND SOME APPLICATIONS

B Uhrin

Summary

Denote by My and “k* the Lebesgue measure and inner Lebesgue
measure, respectively, in Rk, 1.2 kisine oY #two méasurable
sets A,Bc R®, A+B means their algebraic sum. The B-M-L-
inequality asserts that un*(A+B)1/n > u(A)1/n + u(B)1/n.

One of the possible sharpenings of this inequality is:

b)) = @) P @ T @y /m@ B /),

where m(A) and m(B) are the maximal

measures of sections of A and B by translates of Rn_‘I along
the n-th coordinate (this inequality might be credited to
Bonnesen and Ohmann, respectively). Henstock and Macbeath
giving a rigorous proof of the conditions of equality in the
1-dimensional B-M-L inequality, formulated on interesting
integral inequality extension of the B-M-L inequality, that
has been later extended to higher dimensions by Dinghas.

The paper deals with developments of the B-M-L inequality
along these two directions. The first direction is when the
maximal measures of sections of A and B by translates of a
k-dimensional linear subspace, 1 < k=n-1, is used (instead
of (n-1)-dimensional ones). The second direction is a further
development and sharpening of the Henstock - Macbeath-Dinghas
(H-M-D) integral inequality, so that to provide integral in-
equality extensions of measure theoretic inequalities of the
first direction. The results of the paper both sharpen and
extend all results known up to now. Three interesting applica-
tions of the integral inequalities of H-M-D-type are also
discussed.



- 194 -

A BRUNN-MINKOWSKI-LUSTERENIK-FELE EGYENLOTLENSEG ELESITESEI,
KITERJESZTESEI, NEHANY ALKALMAZASSAL

Uhrin Béla

Osszefoglald

Legyen 1 11X, My x @2 Rk—ben 1évd Lebesgue mérték, ill.
bels® Lebesgue mérték, 1 < k < n. Jeléliilk A+B-vel az
A,B < R® halmazok algebrai 8sszegét. A un*(A+B)1én
eyyenldtlenség a B-M-L-egyenldtlenség. Egy lehetséges élesitése
ennek az egvenldtlenségnek Bonnesen-t6l ill- Ohmann-t6l szarma-
Zilk. :
Bebizonyitottdk, hogy u_,(A+B) = (m(l\.)”n—1 1/n-1)n-1.

Ky (A) M, (B)

( + Yor
m(A) m(B)

+m(B)

ahol m(Aa) := max{un_1(Ar\(Rn_1+u))} és a

maximum az R bsszes ucR"’ eltoltjara vonatkozik /hason-
l6an m(B)/. Henstock ésMacbeath az 1-dmenzids B-M-L-egyenlct-
lenség egyenldségi feltételeinek bizonyitadsa soran megadtak

az egyenldtlenség egy érdekes kiterjesztését [integral egyen-
15tlenséget/, amelyet késObb Dinghas terjesztett ki magacsabb
dimenzidra. A cikk a B-M-L egyenldtlenségnek eme két iranyba
vett tovabbfejlesztésével foglalkozik.‘Az egyik irény az,
amikor a An(Rn_1+u) helyett az AN(S+u)-kat vessziik, ahol

S egy k-dimenzids linearis altér, 1 < k < n-1. A masik iréany
a Henstock-Macbeath-Dinghas (H-M-D)-féle integral egyenldtlen-
ség olyan tovabb-fejlesztései, illetve élesitései, hogy azok
kiadjdk az elsd iranyban bizonyitott mértékelméleti egyenldt-

lenségek "integral-egyenlOtlenséges" kiterjesztéseit. A cikk
eredményei mind kiterjesztik, mind élesitik az eddig ismert
eredményeket. A cikk a H-M-D-tipusu egyenldtlenségeknek harom

érdekes alkalmazasat is targyalja.

u(A)1/n+u(B)1/n
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DISPERSIONS., PROJECTIONS AND MEASURE OF COVERING
IN EUCLIDEAN SPACES

B. UHRIN
Computer and Automation Institute,

Hungarian Academy of Sciences
1502 Budapest, Pf. 63., Hungary

FoSsintrodiiction

Let E be a Euclidean space (finite dimensional linear
space) and f( be the Lebesgue measure in E. The space =
can be considered as a locally compact Abelian group
with the vector addition as the group operation and &«

as the Haar measure.

For A,BcE, A+B means the algebraic (Minkowski) addition
of the sets, in particular A+x is the translation of
A by the x. For anv finite set A, |A| is the cardinality
of A. For a linear subspace HcE let hl,...ﬂm e H be a
basis of H, then tﬁf set

{xeH: x= ‘(g:_'_;\'.[,‘.) 0<A:-<1}

is called a basic parallelotcpe

k

of H. For any set ScE by 1lin(S) we mean the linear hull
of S, i.e. the smallest linear subspace containing S.
The dimension of any linear subspace H<¢E is denoted by
dim (H).

Let McE be any closed (not necessarily discrete) subaroup



SO GE=

of E. Given a bounded L-measurable set A ¢E, one can ask
what portion of E is covered by the familv {A+m}mGM.
In other words, we are interested in evaluation of

k1 19 /Q((A+M) n Ggl(r)),

where G(r)is the closed Euclidean ball centered at the
origin © with sufficientlv large radius r when compared
withsthe ©sdizell ‘'of JA.

Let us see two particular cases.

If M is a linear subspace, take a linear subspace T

such that MeT = E (the direct sum). Then

() /a((A+M)ﬂ G(r)) ~ /u(ﬁTA) # ) CEE )

where %(A) is the projection of the set along M into T,
W is a basic parallelotope of M of the unit measure

and C(r) is a term depending on r only. One can check
easily that the quantity

(13 xX(M,Ap) := /2( T(A) + W)

depends only on M and A (it does not depend on T and W).
We call «(M,A) the measure of covéring E bv (M-trans-
lates of) A.

Let McE be a discrete subgroup and define

(1.4) D(M,A) := { meM: m#6, AN (A+m) #B1} .

We call this set the dispersion of A (with respect to M).
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Tt s clear ‘hat

(1.5) D (M,A+x) = D (M,A) ¥ x¢E.

Denote

M(a) :={ meD(M,A): aeA+m}, aeAh,

(1.6)
and
L1t Aid): 2= {as: ¥ M(ayl. 25=1 % , 2=1y2, W
Obviously
(1.8) avar . g oagd)

izl
and

(1.9) MB) = e W, [a(A(i)).
izl

One can easily see that

¢
(1.10)  Au((a+M) N G(xr)) ~(l_2;;1 ‘“(? ) ) - (MO G
We call the quantity
_ (A(D)
(1.11) x(M,A):= Z’ (=
(2

the measure of covering E by (M-translates of) A.

This definition is meaningful also for trivial discrete
subgroup M= {@}, because in this case D(M,A) =@, hence
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A )=0" for i%1. j8a
1 I « ({8},a)= u(n).

If McE is an arbitrarv closed subgroup then by a well

known theorem (see, e.g. [1]),
Gl T 2) M= Le6S,

where L is a discrete subgroup and S a linear subspace.
In this case combining (1.3) and (1.11), we shall call
the quantity '

(1Y) SEMyAY 1= o 20 7 A ()Y (B W)

121 3
T i

the measure of covering E by A. Here ™ is the projection
of E along S into lin(L) @ T,, where T is a linear subspace
such that lin (L)® S®T =E, W is a basic parallelotope

of S of unit measure and (W(A))(i) is defined as (1.7) with
lin(L)® T instead of E and L instead of M. One can

easily see that ®&(M,A) does not depend on T and W.

The aim of this paper is to prove some interesting
properties of o(M,A) especiallyVthe function «(M,tA)
for t30. The relation between a(Ml,A) and q(Mz,A),

where Ml’ M2 are two subgroups is studied as well.
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2. Some general properties of x(M,A)

In this section we shall show some general properties of
«(M,A) which can be proved quite easily. We shall formulate
them in the most abstract and general form, but thev can be
anderstood better if we identity the quantities and concepts

involved using usual "representations" of them.

In what follows in any quotient space,sav E/H (where H is

a closed subgroup), defined as a collection of different
cosets {H+x },x€E, for any element w¢E/H, (¢¥) means the
subset (H+x) of E. The canonical projection x »{H + x}

of E into E/H 1is denoted by y 1if H is a discrete subgrcup

~

and by W if H is a linear subspace.

In the case when H is a linear subspace, the E/H can be
represented by points of a linear subspace V such that

He® V=E. If H is discrete subgroup, we take a linear subspace
G ¢cE such that lin(H) @ G=E and after that take a basic cell
Q of H in lin(H). Then E/H can be represented by the points
of Q8G.

In the case when McE is a closed subgroup,i.e. M= LeS, the
E/M can be represented by the points of QeT, where T is a
linear subspace: such that 1lin(L) @ ST =E and Q is a basic
cell of Iy in. Fin{L)

So, let McE be a closed subgroup, M= L&S and AcE a bounded
L-measurable set.
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Assertion 2.1.

(.09 &(M,A+x) = x(M,A) ¥ xeE,
(2. 1" %x(M,A) € «¢(M,B) if Ac¢B. O
Proof: Obvious. &

Assertion 2.2.

(2.2) «(M,A) = (P (T(B))),

where, denoting by McE/S the discrete subgroup {u+S}ue, 2
L
W 1is the canonical projection of E/S into (E/S)/ﬁ PR -
is the canonical projection of E into E/S and (&' is the

L-measure in E/s. 0O

Proof: First observe that (E/S)/l\?l can be represented
by E/M. Identify the spaces involved by their represen-
tations: E/S ~1lin (L)OT;II;&L; (E/S)/ﬁ~E/M~QoT, where
Ol dss a . basic cell of T in 1in (L) v lin (L)® T -» Q&T
s R SR I 1 G (1 ) 15~ IR 1

Let (a and @ denote the L-measures in 1in(L)®T and S
respectively. Then the term A((T(A))@)+W) + in (1.13)
is equal to A ((T(a)) (1)), because AW =1 and

lin (L) ® TeS =E. Hence

(2.3) x(MA) =5 & (rana)

[ 21 3

The right hand side of (2.3) concerns the discrete
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subgroup L in the space lin(L)® T, so it is nothing else
than «(L, W(A)), where & is the measure of covering
B4
lin(L)® T by ™A). Denote B=T(A).
L is clearn sthat
(2.4) Y(W(x)) = P (W(y)) if and only if x-veM
or equivalently
(2..4.%) »F(?Tx)) = xp(ﬂ1y)) if and oniv if WMx)=-T(y) € Ls
On the other hand , one can easily see that B(i) is

equal to the union of i-tuples {bl,...,bi} ’hﬁ € B(i)
such that

(i2:5:59) br-bse L “for all .8 =wlesd oisds
and

(2.6) {by,e.ceibydn {B],...,0, }= ¢
for any two i-tuples.

Taking the elements of each i-tuple into some prescribed
order (say, into lexicographic order), we can collect
‘all first members into one set, all second ones into
other set, e.t.c. We.get 1i-sets; say Bll) 7 a=),.wi,1;
which’s union ;s equal to B(i). :

The properties (2.4), (2.5) and (2.6) show that



- 202 -

(2. %) p(b )= y(bs)
for any two members of an i-tuple and
(2.8) \f(b) a f(c)

if and only if b and ¢ belong to different i-tuples.

From these we can easily conclude that
-

(2.9) « (L,B) =M (P(B))

hence (2.2) is true. B

In fact we have just also proved that

(2.10) X (M,A) =>_ A ((77.(14)(())

_ = X ([, T(A))
tz1 t

where (TT(A)) (i) concerns the discrete subgroup M in E/S
and & is the measure of covering in E/S.

If M is discrete then S= {8} , so E/S=E, ﬁ=M, ﬁ't((,'fa'(A)=A.
If M is a linear subspace then L={6}, so M ={6 + s}
(the trivial "discrete subgroup") hence D (M, ™)) =@,
consenquently M (b) = @ and (W(A))(i) = T(A) for i=1 ard
(T(A)) (i) =@ for i%2, so we have got back to (1.3).

The identity (2.10) shows that

{2.10") «(M,A) = x(M’',A)

for any two closed subgroups M, M’ such that M=LeS,
M’ = L'®#S and M =N

This fact is clear also from the definition (1.13) of
& (M,R).
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In the course of the proof we have proved an interesting
identity: Let MGE be discrete, ACE bounded L-measurable
and ¢ the canonical projection E-4E/M ~ Q@T.

Then

& (AD)

3

) H(pR)) = 2

121

We know that

(2.12) H(B) = .'Z;?‘M(AM) ’

The canonical projection ¢(A) can be also written as
(2+13) g (B) ={xeQeT: AN(M+x)+p }

and this implies a following decomposition

(2.14) (a) = U A;
7 E3T
where
(2.15) A,i={xeQeT : [An (M +x)| =i}, i=0,1,...

So we have
(2.16) al p(a)) = 3= @(p;).
(21

Using a similar proof as that in the previous assertion,

we can prove

(2:37) (a(A)=2‘_i-(u(A,~) :

(2
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For full dimensional discrete subgroups (lattices) this
identity can be found in [2] and played a quite interesting
rele dthere the identitys (2.47) is trme iﬁ more general
structures as well,[2].

The identities (2.11) and (2.12) parallels those of (2.16)
and (2.17), respectively.

The definition (1.13) of «(M,2) depends only on M and A

if E is fixed, but it depends also on E through the
measure 4. In many situations o«(M,A) =0, especially when
Y(A) is of méasure zero in lin(L)®T. This is so when,
say, A belongs to E’+x, where E’c E is a linear subspace
such that M<cE’. In the latter case, we can measure

"the covering of (E’+ x) by A" simply taking into (1.13) the
L-measure M  from (E’ + x)

e LM TCANC) + W)

{21 t

(2.18) '(M,A) ACE'+x

Here 5 and W means the same as in (1.13), i.e. W

is the projection of E into 1lin(L)®T and W is a basic
parallelotope of unit volume in $ . The «YM,A) is
independent of X in the sense that it is the same for any
(E’ +x)if the projection of AcfE’ + x)is the same. More

exactly, one can easily see that

(2.19) (@) ) (1) + W) =4 (Ma-x)) + W)

~\

wilere W' is the projection of E’ into lin(L)e T’ and

T/ 45 such that lin{L) @ S®T' = E'.

Assertion 2.3 Let McE’'c E, where M is a closed subgroup,

E’ linear subspace. Let AcE be a bounded L-measurable set.
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Then

(2.20) x(M,A) = S y(w) dw ,
TA)

where W' is the canonical projection E — E/E’ and .

Or IECA A (W) is not L-measurable

(2521) 1P(W?=

onLAnam) if An(w) is L-measurable.

(Recall that (w) means the set (E’ + x)). O
Roughly speaking (2.20) says that

(2.20¢%) & (M,A) = S «<'(M,A 0 (w)) aw,
™R
if An (E' + x) is measurable for all x (if say, A is

convex, then this is certainly true).

Proof: Using (2.10) we transform the whole problem to
BE/S, '‘BY/S, ®(A) and ﬁ, so it is enough to prove (2.20)

for M discrete.

Let Q be a basic cell of M in 1in(M), and T linear subspace
such that lin(M)®T=E. Let T=TraT’
where lin(M)@®T, =E’ and E'®T’ =E. Now we have to prove

(2.22)  ulp@) ={ ) ay
')

where T is the projection of E into T7 Py 18 the
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canonical projection of E into QeT and

O £ RAN(EL + v) e T's hot. L-measurable

(2.23) Y(y)={

(u'(\f(An(E’ » VP Af B O E ey ds

L-measurable.

Writing the identity

(2524 A = B @aniE’ wiy)
yeTr‘(A)
we get
(2.25) p(a) = U (AN(E'+ y)),
yerT‘(A)

becauese the sets An(E’ + y) are pairwise disjoint.
But

(2.26) «p (AN (E': +¥)) < ~E" + ¥.

Indeed, by (2.13) we have

(2.27)  P(AQ(E'+Y)={xeQeT®T: ANCE'sq)0(M+x) #p

and Gn(M)OTl:E’, hence for ygT’, (E’ +y)N (M+X)= P if
x¢E" ¥ ¥. The inclusion (2.26) implies that

(2.28) $(B) O (E'+y) =9 (AN (E'+Y))

hence by the Fubini theorem (see, e.qg. [3] ) the function
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#(A) N (E'+y) is measurable for almost all y e T(R)
and

(2.29) My (2)) =§ K@) a (B'+y)) dy
T(A)
This gives - (2.22) by (2.28) . R

Assertion 2.4. Let McE be a discrete subgroup, AcE

bounded L-measurable and * a regular linear transformation
of E onto E. Then

(2.30) «(M,TA) ={det(T) | *+ & 't'"M,A)

where T ! the inverse of 7 and |det (r)\ is the

absolute value of the determinant of T . a

Proof: The subgroup M'=t"!M is also discrete.

Using the definitions one can easily see that

(2.31) D(M, TA) =tTD(M’',A),

{25323 [M'(a)| = |M (ra)l

and

{2.33) tT A1) =" Ry (3L 12l 02,50
where

(2.34) (a)’ (1) :={aech: M (Q)] = i=1 }.

These give (2.30) at once. |
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Assertion 2.5 Let M= L®ScE be a closed subgroup, A c¢E

bounded L-measurable and T a linear transformation of E
such that

(2.35) +S=S and x¢S => TxX ¢S

(i.e. S is the maximal invariant subspace of T).
Then there is a discrete subgroup L’c¢E such that denoting
M’: = L'®S we have

(2.36) ~M' =M

(2,37} «x(M, TA) = | det(T)l+ & (M\2),

where T :E/S - E/S
tion defined as

is the linear regular transforma-

%.38) ¥ {x+8) =lrx.4s}, . {255} & B/S: a

o _
Proof: Let M and % be as in the Assertion 2.2.

It is clear that % (@A) =T T (A), hence by (2.10) we
get
(2.39) o (M, T3a) =X (M,TT(a)) .

The condition (2.35) implies that T: E/S -» E/S

is a linear regular transformation, so applying
(2 .30) we get
(2.40) (M, TA) =|aet(F)| . & (T H, r@)

The set T 1M is a discrete subgroup of E/S, hence
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it can be written in the form L’@® S where L’ is a.
discrete group in E such that vl,vzeL’, vlaf: v,
implies (vl+S)('l(v2 + S) = @g. Denoting M’'=L’@S

and using (2.10) we get (2.37). It is clear that for
L7 42.36) “ig Erue. i

Remark 2.6. If M is discrete then M’ in the previous

assertion is unique it equals to T 'M . If M is a
linear subspace, then L’={@}. For general M, £y
is unique and there are many discrete subgrbups L'
"representing" =-! M. As to (2.36) it is clear that

T(T' M =M, hence T{v+S}={tv+S}={urS}
for. velL!, uelL2Allvsuchil,‘farergood in {2.37) and this
implies that «(M’,A) does not depend on the particular
choice of L‘.

(This is clear also from (2.10’)). Denote
=
(2.41) () (x).--:{x,éE’:'tg:x}

(the "inverse domain" of x).

The L’ in Assertion 2.5 is any subgroup L’ containing )
exactly one element in each NY&LQGL. a

The last assertion of this section deals with the
relation of q(Ml,A) to aJMZ,A), where Ml,M2 are

two closed subgroups of E.

Assertion 2.7. Let M

e Lle Sl ~and M2 = L2982 be
two closed subgroups of E. If

A

~
and M,c M

(2.42) S, = 82 1

i 2

then
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(2.43) x(M,,A) € o((Ml,A).

If (2.42) holds and

(2.44) D(M;, W) = D(M,, n@Aa)) ,
then
(2.45) a\(leA) =°((M1IA)0 i a

Proof: The condition S;=S, implies that M, (A~ (A) cE /S,

I\CA
and Ml M2

(2.3) it is enough to prove the theorem for s,=S, ={e1,

are discrete subgroups of E/Sl. Hence by

i.e. when Mlc:M2 are discrete subgroups of E.
Denote by Ml(a), Al(i) and Mz(a), A2(i) the sets
(1560, (ds?7) defined for M1 and M2, respectively.

The condition M;ecM, implies that [M,(a)| € (Mz(a)l for

all ae€eA, hence

(2.46) Ay (1) = .U, (3, (1) n  A,(3))
izt
and
(2.47) A, 0L Padlly a0 A B43))s
2 it 2 4

It is clear that

(2.48) A= UA) = U AL
t21 {31

These three relations imply

= (a(A'(t')) EZ 5 (Q(A'(:')/lﬂz(j)) > Z & (A7)

(2.49) . _
S (71§ d By B
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This. shows (2.43) .

Lf D(Ml,A)=D(M2,A), then Ml(a) = M2(a) for all aea,
consengquently Al(i)= Az(i) for alls ¥, yielding: (2345) SHSN

Remark 2.8. The condition (2.42) is in some sense a

necessary condition for the assertion to hold. We

shall discuss this question in Section 4. a
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3. Discrete subgroups

In this section two main results of the paper will be

proved, together with some interesting corollaries.

Theorem 3.1. Let AcE be a convex body, and Mc E

a discrete subgroup. Then the function
(3.1) tloc (M, ta)
is non-decreasing in t for t >0, where Ogj¢dim(E) -dim(M). O

Proof: Because of (2.1) we can assume that ©€A. The monotony

of (3.1) is clearly equivalent to
i ¥ 0<sast
(3. 2] «x(M,a32) £ A -x(M,A) O0<ast.
Hence it is enough to prove (3.2) (or (3.1)) for j=dim(E)-dim(M).

Let E/ =V := 1lin(M) and use the Assertion 2.3. Now AN (V+y)

is measurable for all yeT, where VeT=E, hence

(3.3) «(M,A) = § «'fM, An(V+ydy ,
T(4)

(3.4) «(M,A4) = § «'(M, 240 (Vtv)) dv
AT7A)

Changing the variable v=Ay in the last integral we get

(3.5) q(M,AA)=Aaém;c'(M,AA/){VMy))dy :
u

Let y €e®(A) and a(y) be a point of AN(V+y). The convexity

of A implies

(3.6) 240 (VMg) -day) = Aﬂ(V+gJ - aw) .
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taking into account the definition
(2.18) of «'(M,A) and the remarks after that, the inclusion
(3.6)and (2:11) dmply

(3.7) o' (M AA 0(V+ay)) s «'(M, AN (V+y))
and this proves (3.2). W

Let MlgMzg...ngcE be discrete subgroups and Ac¢E be a convex
body. So we have

(3.8) & (Mah )8 A (M AYS ~S20000 4) .

Define a sequence We(A) £ w,(A)s ... £ W&, (A) € & (A):=400
as follows

(3.9) W (B) 3 sup{w»0: oc(Ms,tA)=w(MJ-,tA) Fostswl .

Theorem 3.2. Let AcE be a convex body and Mlg_ My ...gMcE
discrete subgroups. Let «.»0, j=1,2,...,s-1], be any numbers

d
such that

3 .30 e MRS e O -

( ) ‘{;-1 ; J(A)

Then

= o (M, tA) of 0stsw

k> k
(AR > B .
(3.11) '{w"l‘)a“-(;é)-o((l‘f,,a),/‘) if W stgw)

41
J.: 1,»., S-f' Qs?g +00 )

where kj= dim(E)-dim(Mj), =2 SRS El
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Proof: The theorem is a simple consequence of Theorem 3.1l.
For O¢te¢w, , ¢x(MS,tA) =K(MytA) by the definition of a%(A).
Assume we have proved (3.11l) for t=w:’- and let z.‘)’-s(-sa:}-”
By the definition of aﬁ”(A) we have

¢ -k,
(3.12) t oM, tA) =t W (M, tA)

and using the monotony of the right hand side of (3.12)
we get ;

-k,
(3.13) ¢ a(r, tA) > Wi «(J”, A) .
But

(3.14) O((I\{I:H ,"f/‘A)=°((Ms,Ul'A)

and applyving the proved inequalitv for t=&ﬁ- we get (3.11) ®

Remark 3.3. We have no assumptions on the dimensions of

Mj‘ PESSSay k]+l’ i.e. Mjch+l but lln(M )=1lin (M
then

or MJ Mj+l'

j+1)

£ e L b : b
(3.19) wly, #) (2 I(20) (2 )l oA 1 o€ <Oy
- d—

1

and in this case a&* disappears from (3.11), i.e. the

result is the same as that without Mj.

This shows that in spite of the fact that there is no
bound on the number s of subgroups, the theorem is

effective only if all kj-s are different and in this case

s < dinf) (or sgdm(e)st if dim(M)=0). D
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Corollaryid.4 "Let Ae E'and Mlg...gMécE be as in Theorem

Let  Osp €M, $-5 ¢, € Ms=+® e such that

(3.16) D(Mg, AA)= DMy, & A) , 3=1,2,...,5-1.
Then
= oc(M,tA) if OStefy
35379 «(MS,tA)
el s e
3024 51
where kj=dim(E)-dim(Mj) . a

Proof. By the Assertion 2.7, the condition (3.16) implies
that

(3.18) u(MS,(ajA)=0((Mj”ajA)

Hence (HJ-S .'.)J'(A) , so the conditions of Theorem 3.2 are
satisfied for aytfv R

Lemma 3.5. Let McE be a discrete subgroup and AcE

bounded L-measurable set such that

(3.19) dim (D(M,A) v {8}) =k

Then there is a discrete subgroup LM such that dim (L)=k and

(3520) D(L,A) = D(M,A) . 0
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Proof. Use the obvious identity
(321} {etuD(M,A) = ((A-A)A M) .

We see that dim ((A-A)AQ M)=k. Take S=1lin ((A-A)AN M) . Then
L:= MnS is the wanted subgroup, because (A-A)n L=(A-A)n MnS=
= (A-a)a M. &

Corollarv 3.6. Let A cE Dbe a convex body and McE a
discrete subgroup. Let O3, << ﬁs_1523:=+oo be such numbexrs
that

(3:22) dim(D(M AJ~A) u {8)) = dim(E) -kj,j=l,2,...,s—l,
where k,2k,32 ... ;ks_i, ko :=dim(E) -dim (M) .
Then
(3.23) oLt Af Oret &y
o (M, tA)
+ kf*t.\' kj' k,
2( = 2%, : " <A,
(5] GE ) -Ge) (1,240 f A<t < Ao

J.-‘- "2,") s-1 ’
where L:= Mqlin ( A, (A-4)aM) . QO :

Proof: By the Lemma 3.5 there is a sequence of subgroups
Mls M.e ... €M_ =M ‘such that

2 S

(:3...24) dim(Mj) = dim(D (M, %-A)u {8y) = dim(E)—kj
and

(3. 25) D(Mj,AJ-A) =D (M, AJ‘A)).
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Indeed, My:= M0 Llin (A (AANMD , 5 =15, ., s-1,
and JJ-(A-A)QM € Ajyq (A-AINM implies that Mj c M
Let L:= M; and apply the Corollary 3.4. L

j+l

Let A cE be a discrete subgroup of full dimension,
dim(A)=dim (E) . (a point lattice) and let AcE be a
convex body. Denote by V. the successive minima of

{
A-A, i.e. o

(3.26) v = nf [tz0: dim (£(A=A) L) 54} ot 200 nzclim(E),
. & J

Then: we have

Corollary .3.6.

n
= t «(A) if OstsV,

(3.27) oA EA) { v
2 YT ) @A)y steyg
n

Proof: Assume first that
(3.28) DAty < 8 &5 <),

Then for sufficiently small €>0 denoting q:-%.-g we
have Y., <V, 6 Y, <V <<y

7 consequently by the

definition of %-
(3% 29)) dim (,f/:.(A-A) VA L) =di=i, e sl 2 R

Applying the Corollarv 3.6 and taking into account that
q({e}’A)=(f(4) we get
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=t AR if Ost ¢V,
(3.30) a4 ta) '

—

e ' L
PEUTT )\ (th)  f Tosts T,
=}

b A
LE,S savy ¥;1< 5-= %14 <xﬁ;2 ) then denoting again
Y=y-te , dim( »j-(A-A) aA )=dim( Viea (A-A)NA ) =j-1,

and, by the Remark 3.3, (3.30) holds again. Letting tend
£€—> O we get from (3.30) the estimation (3.27). W

Applying (3.27), ‘for j=n .and taking inteiaccount (2.2)
we get

(3.30) ulPltAa) >

j"’z"(‘m) i T3

This is an inequality proved earlier (see, e.qg. [4]),

and this gives the successive minima theorem at once ([4]).
For symmetric convex bodies (i.e. such that A=-A), the
inequality (3.27) (where laﬁﬂQA» is instead of&(A,tA)) can
be found in [57.
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4. Arbitrary closed subgroups

The gquestion is which results of the previous section can
be extended to the case when M = LeS is an arbitrarv closed
subgroup. It turned out that the basic Theorem 3.1 holds

true also in this general case.

Theorem 4.1. Let AcE be a convex body and M=L®ScE a

closed subgroup. Then the function

(4.1) £ Ix(M, ta)
is non-decreasing in t for t30, where O¢j¢dim(E) -dim(M). A
Proof: The same as that of Theorem 3.1 . W

The extension of the remaining parts of the results for
discrete subgroups to general closed subgroups seems to be
gquite a difficult question: it depends on the validity

of aiMZ,A) < 0<(M1,A). The following examples show

that this inequality is in general not true if Sl#sz.

Let el,ez,e3eR3 be the usual unit vectors and let

Ly:= int (el,ez) (int (.) means the "integer" hull of the
vectors, i.e. the point lattice generated by them), Ly:= int(el)
Sl=lin(e3)/ S2:= lin(ez,e3). It is clear that

Ml:= LIGSl CM2:=L2052. Now E/Sl~ lin(Ll) 5 E/Sz-v lin(Lz) Al

—~ ~ ~
1~Lyy M2;-L2, hence Mye M, implying u(Ml,A) s«(MzA)
for all AcR™. Let Sl and M, be as previously and Li=int(a),
where a=(1,1,0). Then E:/Sl ~1in(L2) @ lin(ez) f L‘lc L291in(e2')

One can easily find sets A,B cR3 such thatOcu(M'l,A) <.x(M2,A)

=)
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and «(M!,B) > 0<(M2,B)> O, where Mi = Licsl. Let M2 be
again as above and L," be a discrete subgroup of lin(ez) .
Let M'i' = s Olin(ez) . Then there are A,B:R3 such that

x (My,A) <x(M,,A) and q(M"',B)>(x(M2,B) . Finally the same

is true if Lch2 Qe s genoting Ml :flo Sl, M, as above,
one can find -sets A,BcR BN & (Ml,A) < o((Mz,A) and
O((r?;,a)>o<(ﬂl'8). In all four above cases MchZCR3, but
u(Mz,A)so((Ml,A) is not true for all A. The reason for

thisg -is-that Sl # Sy- Using the Assertion 2.7 onlyv a

following extension of the Theorem 3.2 can be proved.

Theorem 4.2. Let AcE be a convex body and Mi:= LiGSc.E

i=1,2,...,s, be closed subgroups such that
(4520 Mchzc...cMscE/S.
Let a{j>,0, j=1,2,...,8-1 , be numbers satisfying
(4.3) UJ‘_4 SUJ-S f«‘){'(ﬂ) )
where cdl-(A) are defined by (3.9). Then
= (M tA) f ostsw,

(4.4) &M tA) [J’ k;
Z

k, k '
LIRY MR TR :
’{w‘-) (EJ{“‘) (;f;‘) x(MywA4) (.)J-<£sud.“

J‘= ',2"“, s-f, US:‘: +0°’
where kj=dim(E)-dim(Mj) Jul 2, w8  esdl
It is clear that all results of the previous section can

be written down for closed subgroups Mi fulfilling the

assumptions of the previous theorem.
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5. Concluding remarks

l. Let AcE be a point lattice (discrete subgroup of full
dimension). Using the identity (2.2) a result in [2] yields

(5.1) o« (A,A) %2 u(A) (2« ID(A,AN)" .

Even some sharper estimations of similar type (Using again
(2.2)) can be proved (seel2],(€] for details).

In [7] we have proved a converse inequality

-1
(5.2) o (A,A) s (4 (A-AA;A) - u(A))-IDAA)I -,

where 4 (B; A),BQA.} is a sort of "measure of A".
The inequality (5.2) can be weakened to yield
« (A-A+A) - x(A)

ID(4,4)]

(5.3) o (A,A) <

(an inequality essentially due to H. Hadwiger,[fl via (2.2) ,see[7])
The inequality (5.1) can be extended to more general structures

as well, C2]%

The proof of (5.1) depended on the identities (2.16) and

(2.17), hence using the same method we get easily that

(5.4) «x(M,A) 3 2 H(B) - (2+ [D(M,A)| )-1

where now M cE is any discrete subgroup.

Similarly, (5.2) is true for lower dimensional discrete
subgroups M as well.
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-1

(for the exact meaning of A(BjR) see L[#]. ).

2. Let AcE be a point lattice again. Using the identity
(2.2) the results i [5] and [4] . give
tA(K) f 0St <2

5.6« L
2 4 (K A ¢ a/z<f<$\4+1/2

= {,2, )]
n
(57 (A paC) 2l T,
X3

where K is a symmetric convex body (i.e.K=-K), Ac

successive minima of K, C a convex body and ¥, successive

minima of C-C.

As we have seen, both result are special cases of our
Coroklary 3.6

Both inequalities (5.6) and (5.7) has been used for the

proof of successive minima theorem.

A decomposition of A of the type (1.8) and a sum of the
type on the right hand side of (1.11) can be found in [97.

They played a role in one of the proéfs of successive

minima theorem.

We can state that the research reported on in this
paper stem from two sources:thesharpening and extension (5.1)
of Minkowski convex body theorem,[fo])[ﬂJ) and a detailed

study of successive minima theorem .

3. As to extensions of the results to sequences of closed
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subgroups Mi:= Lio Si such that Si are not equal each
to other, we have some preliminary results but they
are formally so complicated that it is quite difficult

to see what is going on.

The result (5.1l) can be extended to structures more
general than E: locally compact Abelian groups and

their discrete subgroups (see,[2] ).

An interesting theme of study would be to extend the
results of this paper (at least those in Section 3)

to these general structures, This seems to be not hopeless.
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DISPERSIONS, PROJECTIONS AND MEASURES OF COVERING IN
EUCLIDEAN SPACES

B: Uhrain

Summary

Let MC R? be a closed (not necessarily discrete) subgroup
of R (considering RV iias & locally compact Abelian group,
where the Lebesgue measure u is the Haar measure and the
vector addition is the group operation). Let A C R be a
bounded L-measurable set and let A+M denote the algebraic
sum of A and M, i.e. the union of all sets of the form A+m,
where m runs through M. The paper deals with the evaluation
of u((A+MynG(r)), where G(r) is a ball of radius r (r is
large comparing with the "size" of A). It is showed that

u( (A+M)NG(xr)) is approximately equal to the product of twc
numbers, one of them depending on A and M only and the
second one on r only. Denote the first one by o (M,A) (this
is called the measure of covering). The paper is devoted to
a detailed study of properties of o(M,A). Some identities
(or equivalent forms) are proved faor o(M,A). The main result
is as follows: Let K< R% be a convex body. If the dimen-
sion of M is n-k, then a(M,tK)/tk is an increasing
frinction of t for t = 0. Many other results can be found
in the paper, say, from the above property of a(M,tK) a
sharpening of a classical theorem in the geometry of numbers

(the successive minima theorem) easily follows.
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DISZPERZIOK, PROJEKCIOK ES LEFEDESI MERTEKEK EUKLIDESZI

TEREKBEN

Uhrin Béla

Osszefoglald

Legyen Mc R? egy zadrt [nem feltétleniil diszkrét/ részcso-
portja R?-nek. Itt az R"-et egy lokdlisan kompakt Abel csoport-
nak fogjuk fel, ahol a u Lebesgue mérték a‘Haar-mérték és a
vektorok Osszege a csoport mivelet. Legyen A< R? egy korla-
tos L-mérhetd halmaz és jeldljiik A+M-el az.A és M algebrai
bsszegét [azaz az A+m halmazok unidéjat, ahol m befutja az
M-et/. A cikk azzal a kérdéssel foglalkozik, vajon "mennyire"
fedi le az A+M halmaz az R’-et, pontosabban meghatarozandd

a u((A+M)nG(r)) mérték, ahol G(r) az r sugaru goémb

/r nagy az A nagysagahoz képest/. A cikkben megmutatjuk, hocv
a u(A+M)NG(r)) kozelitdleg két szam szorzataként allithatc
eld, ahol az egyik csak az A-tdl és M-tdl fiigg, jeldljik ezt
a(M,A)-val és a masik csak az r-tdl, jeldljlik ezt C(r)-el.

A cikk az a(M,A)-nak /amelyet a lefedés mértékének neveziink/
tulajdonsagait vizsgalja. Az ¢(M,A)-ra t8bb azonossadg van
bizonyitva. Az egyik f& eredmény a koévetkezd: Legyen K& R
egy konvex test. Ha az M dimenzidja n-k, akkor a(M,tK)/tk
monoton névekvd filiggvénye a t-nek, t 2 0O-ra. A cikkben sok
egyéb eredmény is van, pl. az a(M,tK) fenti tulajdonsagabél
S a geometriai szamelmélet egyik klasszikus tételének /a szuk-
cessziv minimum tétel/ egy élesitése és kiterjesztése kdnnyen
addédik.
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ON THE STAR NUMBER OF A SET-LATTICE

B. UHRIN

Computer and Automation Institute,
Hungarian Academy of Sciences

1502 Budapest, Pf. 63., Hungary

1. Introduction

Letlddszn be the integer combination of n linearly
independent vectors bl,bz,...,bne rR" (the point lattice
of full dimension). Let us call the collection ¥ of
the sets { S+u}, u€A, the set-lattice, where S crR®
is a bounded set ("Figurengitter" bv Hadwiger [17]).

Denote by T(¥) the number of points ue¢A (the zero

point © included) such that Sn (S+u)#@. This number is
called the star number of * ("Treffenzahl" by Hadwiger
[2]) . The number T(¥) has been introduced and studied when
# is either a packing or covering of R" (see, e.g. [331, [4]
for more details), but it is obviously meaningful in the

above most general situation as well.

The set S is called symmetric with centre xeR™ if
(S-x)=-(S~-x) .

If the centre of symmetric is the point © then S is called
symmetric.

Erdés and Rogers (5] proved that if S cR” is a svmmetric
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convex body (i.e. S$=-S) such that ./ is a covering of

8 fives - [ {S+u) =R}, then
ue/A
(1.1) Rp2q 5 2 P

Groemer [ 6] extended (l1.1) to any bounded ScrR", i.e.

he proved that (1.1) holds for any bounded symmetric S

such that ¥ covers the R". Groemer derived his result

from a more general inequality. He first introducea the

so called reduced star number t(¥) ("reduzierte Treffenzahl")

as follows.

Given a ue/ such that S0 (S+u)#®, we take all ve
for which there is we /A such that wv+w=u and (S+v) N (S+w) #@.
Denote by d(u) the number of such v-s (this has been called

by Groemer the degree of u).

If we collect all u¢/A such that d(u)=k, kz1l, then we
get a decomposition of the set fueAd: SN(S+u)#P t.
Hence, denoting by Nk(f) the number of u-s with d(u)=k,

we get

(1) PAF) = 2 NS .
k21 K

Then, by definition, the number

(1.3) £ =X kN D)
k2l

is called the reduced star number, [ 6].
e dis clear that d(a)z 2 If u#e, Nl(f)=0 if a(@e)z2
and Nl(?)=l if d(€)=1, consenquently
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(1.4) Nl(f)sl.

Now, clearly ([6], p.23)

(1:8) #lF) -.i-Ag‘/f)+21-(/\/1(>‘)+N‘;/f)+;—-/\ﬁ(ﬁ)1-'-) < 3/\4(’f)+21 e
hence (l1.4) implies

(1.6) T(F£)22t(¥) -1

The relations (1.5) and (1.4) show that eguality is in !
t1.6) "if and only it

(=1:%%) Nl(f)=l and Nk(?)=0 for all ‘k>2,

The > fulfilling the conditions (l1.7) has been called
normal set-lattice, [6].

Groemer proved, using an identity for t(¥) ([67, Theorem 1)
that Jif

(1.8) S=-S and ¥ covers the Rn,

then t(¥)=2", yielding and extension of (l.1l) to non-convex S.
The aim of this paper is to give refinements of the

inequality (1.6) in the sense that, say,

(1.9) T(F) 2 M) (¥) 3 My ()3 2t(P) -1,

where Ml(f), Mz(Y) are other well defined characteris-
Ei1ds OETS
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Using (1.9) we get easily extensions and refinements
of (1.1). Our inequalities can be used successfully also
for giving new characterizations of normal set-lattices

(as equality cases of (1.6)).

The clues to our results are two new type identities

for T(¥). The first of them can be found also in [7],
where it served as a tocl for sharpening some upper
estimations for T(¥) (see Section 6 for more details).
We shall give also an identity for Nk(f) that gives a
new interesting insight into the Groemer'’s decomposition
(1.2) and the guantity t(¥). Finally, our representation
for T(¥) shows an interesting connection between lower
estimations for T(#) and a new sharper form of the
classical Minkowski-Blichfeldt theorem proved in {8](see

Section 6).

2. The basic identities

Let ¥ = {(S+u):u eA} be a set lattice in n" where

SscR™ is a bounded set and AcR" a point- lattice generated
by the basis by,...,b_e R™. Denote P: —{xeR 1X = I:z,m 0€4;<1 =4, 5n }
(a ‘unilt cell of A). Denote by A ‘the lattice /Jk i.e. A
n )
is generated by the basis bl,b’ ""’br'ué R, where bi= 12X o,

2
Y=gzt ;n.o Tt 1g’ clear that A cA.
One can see easily that the set P’:=P OJ{ s gdn..a

one-to-one correspondence with the quotient space AJA
(the set of different cosets (A+x), xeA), i.e.

(241) A= PR AL = & (A +x),
xXep’
BTN e

3 Winyvid
l_??rau-;xl)ﬂﬂ 630,
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where the cosets (A +x) are mutually disjoint for xeP’.
The canonical map ¥ : A —> P~ AL is defined as

((252) Af(u) =x,where ue /A +x.

For any set A c A by definition

(2.3) w(@a):= U wla).
¥ aeh g
The V(A) is the cancnical projection of A into

P’VJC/A_. One can see easily that

(2.4) #(A) = {xeP’: AN (A+x) # 0§ = U (A+u) nNP’.
UeN

For any two sets A,Bg;Rn, A+B means the algebraic

(Minkowski) sum of the sets, i.e. the collection of

points a+b, a€eA, beB. In particular A-B:=A+(-B).

Our first identity is a stﬁ@ght consequence of the

simple fact

(2+5) {ueA: SN (s+u)#P} =(s-S) NA .
Hence
(2.6) T(¥#) = |(S=8)nAl,

where |[A| denotes the cardinality of the finite set A.
Surprisingly enough, to our best knowledge, this
almost trivial identity has not been used yet for the
calculations concerning T(¥) (this identity has been

successfully used also in [7]).
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The second identity is formulated in the following

Theorem 2.1. For any bounded scrR” and any point lattice
n
SNER Y,

e(¥)

o) TRl A TwS. X LI [scslofanal,
¢ 21 xé%.(f)

where
(2.8) v (Fis (Z(s=S)ay ~fey , =42 ",
(2.9) g (£):= min {i: i30, 2 Y(s-s)aa=1{6} } .

If g(f)=0 or vw(f)=¢‘ then the respective sums are

considered by definition as zeros. O

Proof: Use (2.6). The condition g(#)=0 means (S—S)ﬂj{==ﬂ§},
hence (2.7) is true. Let g(¥)> 0. It is clear that

(2:10) | (SsSlAaAli= 127 (s=s)r0A | .
Using (2.1) we get

< ; -1, < -1
(2.11) 27(s-s)nA'= 2(s-s)0A U XCG/P. (27'(5-8)0 (A +x)),
Xx%x6€
where the non-empty sets in the union are mutually

disjoint. By the relation (2.4)

(2.12) %(2-’(5--51 A )= {xe P 2"(5-5)/')/1'4(/\_M) +0}.



’

But JL+tx c A for xeP’, hence
(2.13)  y(27H(s=8) A A )= {xeR’:271(5-5) 0 (A+x) # 83.
J The above identities yield

(27(s=S )| o w?) g,

1§ T(#9) [][ y?(f)=¢ .

2-15+u) VRS 5

-~ (1 = 3 -
where J 7 is the set-lattice {(
( : .=1
Denocte by 34 the set-lmttice » §{2 TBruauenT.
£

Puting into (2.14) #¢7 instead of  and f(l+l)

2 (1) :
instead of S we get for all i30

o _,‘).‘,‘f: - ”—/(-f-f) y Loy R
P, 7 "/V (o )‘) -+ 4 g 2 {S"S)")(/th), l‘F y,[f{_, JFEE 4
\—-;;.,: i {J P & A s L’}’L'Y':-'//
- EE) Ly ()= .
( J e )=¢

(2.16) 2 *(s-s)N A =tery = 2 J3(s-s)ap={6} for all j>i

|

(2.17) 277(s=5) " A ={ei= V;bfkﬁ for all j>i.

These implications and the definition of g(¥) show that
PP T Ty and y.(F)=¢ for all 5 - gtP)s

; A g
Applying (2.15) successively we get (2.7). [ |
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