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TABJIUIIE KOHBOWHKTUBHEIX 3ANPOCOB M UX NPUMEHEHHUE
T'ana AHIrE€JIOBa

JlJaBbopaTOopHusa MaTeMaTHYEeCKOH JIMHI'BHCTHKH

HHCTHTYT MaTeMaTHkHu C BI[, BAH

Codusa, Bonrapusa

1. BBEJEHUE

llonsaTHe "Tadimua" BBeZeHO B /1/ u /7/ Kak cpercTBO
H3y4YEeHNsI KJjacca DEJIAIMOHHHX 3allpOCOB, KOTOPHE B DEJAIMOHHOM
aJrelpe IpenCTaBJeHH NPY IOMOIM BHDPAXEHW#, COIEDPRAIMX TOJB—
ko omepamp® (O (cemexmmn), JU (mpoermmw) m J (coemmue—
HUE), JTO Tak HasHBaeMHe SPJ — BHpaXeHEAM, COCTABJIIONHE
BaXHH{ RJIQcC BHPaXCHWH B DeJAIMOHHO#E asredpe, Kaxmomy SPJ -
BHpa®eHND IOCTaBJEHa B COOTBETCTBHE Talimla, a IyTeM Ipecl—
pa30BaHUA 3TO# TAOJMIH BO3SMOKHO HOJYYHTH MHOXECTBO SPJ -
BHDaREHW#, SKBUBAJCHTHHX NAHHOMY ; BOBMOXHO TaKXe BHIEJHATH
Cpenm¥ HUX TO SPJ —~ BHpaxeHHWe, KOTOpOe COIEpRHUT HaWMEHbIee
YU CJIO J — omepaiyi ¥ TaKEM OCpa30M ONTWMHU3WPOBATEH Ha—
YaJibHOe  SPJ - BHpaxeHWe [0 OTHOMEHWH YHCJa J - omepa-
i, IIpy nmoMOIM MOHATHA TAGJMIH MOXHC IPEICTaBHTEH HEOGXOIA—
MOe ¥ IOCTATCYHCE YCJOBHE CHJIBHOK ¥ CJalCOil 3KBUBAJIEHTHOCTH
IByX BaIaHHHX SPJ - BHpageHR#, Tak Kak MeXIy KOHBKHKTHB—
HHMV DeJISIMOHHHME 3alpocaMid ¥ SPJ - BHpaAXEHUAMH CYUECTBYET
B3aWMHO-OIHO3HaYHCE CCOTBETCTBHE, TOC IIpW HOMOWM TalJmMl KO-
HBPOHKTABHHX 3allpOCOB MOXHO HCCJIEIOBATH NPOCIEMYy CHIBHO# X
CJIa00# DKBMBAJNCHTHOCTH IAaHHHX KOHBOHKTMBHHX 3alpOCOB, IIOHA-
THe TACJHIM ATpaeT BaXHYD DOJEL X B QJTOPATME KHTEDIPETAIAd
3a0pOCOB MoJb3oBaTessi B System/U (/6/ u /7/), Toe CHO IpH-
MEHAETCHA A HaXORIEHUS ONTAMAJBHOT'O BHYTPEHHEIC IIpeICTaBJe-
HUSA 3anpoca, KOTOpoe ABJAETCH CJIA009KBEBAJICHTHHM HAUaJIBLHOMY
[IpeICcTaBJEHNI 3alpoca.




2. JED I IPMMEPBI

Bynem mcnomrs3cBaTh IeQWHWIAM ONEpalMii CeJeKIWH,
npoekiuy ¥ (eCTeCTBEHHOTO) COeNWHEHW;

IlycTs r - OTHCmEHWE HAL MHOXECTBOM aTpmiyTos X
" A€EX , a €A, Y& X , Torna:

- cexexmsi A€a , oGosnauaeman wepes O3 g o(T) ,
[IpeICTaBIAET CcCOoik:

Croa(r) ={d/ der n d) Pe 1

(Bmecs & -omgoms = ,< ,>,%,2,# ), Taxm obpa-
30M H3 OTHOMEHHA I GEepyTCA TOJBKO Te KOpTeJKH, AMene B
arpulfyre A 3Hauemme b uw bHa , Tax U6 (r) fABIAETCA OT-
HOMEHNEeM HaJ] MHORSCTBOM aTpulyToB X ¢ CJISIOBATENHHO Ipejl-
CTaBIAeT codo#f MOIMHOXECTBO OTHOMEHHS T

~ mpoerima Jly(r) npexcrasuger coGoi:

Ty(z) = {p1/ Pex)

T.€, U3 BCEX BO3MOBHHX KODTeXe# OTHOmEHWSI r OCepyTcAd TCJb—
KO 3HaueHWsI aTpuCyTOB MHOXeCTBa Y ¥ OIWHAROBHE KODPTEXRH
OTOXIECTBAANTCA, Tax ﬂY(r) ABJIAETCA CTHOMEHWEeM HAJ MHOXECT-
BOM aTpuCyToB Y

-~ (ecTecTBEeHHOE ) CCeQUHEHTE rMr,.

[yctes Ry w R, SABIANTCA DEJIAIMOHHHMEA CXEeMaMH, &
r, W T, - OTHOUWEHWA HaN STUMA DEJIIMCHHHME cxemamu, Torna

r.MXr, =4 '/ § aABIAeTCH KOPTEXKOM Hal aTpPHCYTaMu R1U R,
¥ CymeCTBYDLT ROpTexH v,€r, ¥ v, € r, Takue,

aro v, =T [R,J @ wv,= a” [Rzl}'

Jedunmmus 1, SPJ - BHpaxeHus CyIeM Ha3HBATH BHPAXKSHUAMN De-
JIIUMOHHOR aJsireCpH, €CJH:
a) oNepaHnH BHDPaXEHWH ABJIANTCA PEJALMOHHHMYA CXE—

MaMa ;
6) crmepalum BHpaXSHHH IPEeACTaBIANT COGO# CeJeKIHD,
Ipoekimio ¥ (ecTecTBEHHCE) COeIWHEHWE ,



T.€, DTU BHDaXCHUA ABIANTCA QopMysaam# Hay S , P, J s
UMEHaMU DEeJIAUMOHHHX CXeM.

Jefrumms 2, KOHBPOHKTEBHHM 3a&IpOCOM B DEJAIMOHHOM A3HKE 3al-
pocoB OyIeM HasHBaTH 3alpoC BHIA:

M {a %ot /(3.0 (To) (B AR, A AR )
rge By, 1= isk - TepMH BHIA a) EﬂK Bnna 6):
a) R (cye5.000y) |, uTC CBHAUAET, YTO KOPTER

C4CpeseCy OPUHALJICKAT OTHg?eHnm Hall DeJIAIACH-
HO¥ cxemoifi R , 3mecs 5 1 €35 s sRImOTCA KOH-
cTarTaMA COOTBGTCTBYEMGPO ICMeHa W
Cj E {81 ,32 ’oo‘a,% ,b1 ,b2 ,co.,bm} o

(Taeo cj — CHMBOJIH cpenn 31,32,000,8.11,b1,000,bm);

G) cfa , TIe ¢ ®w 4 -~ j|6C KCHCTAHTH, JWGO

SJIEMEHTH MHOXECTBS, {a1 285 yeeesBy 5Dy ,...,bmh-
>

3mecs & -omoms =,<,> ,&,2 ,

[pmmvep 1. PaccmoTpum caenywuyn 0a3y IaHHHX, COCTOMIYD K3
[9TY OPUMEDHHX DEJIAMOHHHX CXEeM:

YACTH ( 9iMA, YHOMEP, LIEHA )

IIOCTABIMK (I, IHOMEP, IAJIPEC, IITOPOI )

KIMEHT (Kilvd, KHOMEP, KAIPEC, KITOPOI)

IIOCTABKA (YHOMEP, ITHOMEP, KHOMEP, KOJWYECTBO )

OBI3AHHOCTDH(YHOMEP, ITHOMEP).

PessimoHHHE CXeMH HODMAJM3O0BAHH B TpPEThHEH HODMAJIb—
HO#t fopme, OrHOomeHme OLAIBAHHOCTD maeT mHPopMAIMK 00 O0A38H-
HOCTSX, INPHUCYIMX KaXIOMy IOCTAaBIMKY .,

B KavecTBe mIp¥Mepa KOHBWHETHBHOI'O 3alpoca K aTcH#
das3e INaHHHX MOXHC pacCMOTPEeTH 3allpoc:

94 : HaiiTm mMeHa BCEX MOCTaBIMKOB, XKHBYUMX B I'OpOLE Cq .
JTOT 3anpoC MOXHC IPEICTaBHATH W CJeIylumM 00pa3oM:

@) la, 7 @by ¢ IOCHBIK (ay,by,b5,00) )
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Kax m3BECTHO, MEXIY KOHBOHKTMBHHMHE 3allPOCAMA &
SPJ - BHPaXCHWAMU CYILECTBYET B3aUMHO—-ONHO3HAYHOE COOTBET—
CTBHE, T.,6, KaXOHi KOHBLOHKTHBHHE 3aUpcC MOEEeT OHTE IpPEeILCTaB—
JEeH Kak SPJ — BHDaXeHHE W HAOO0pOT, KaxmZoMy SPJ - BuHpa-
RSHUD COOTBETCTBYET KROHBOHRTHBHHf 2ampoc (cm. /7/). Io
9TO} IpHYMHE MH OYyIEeM CTPOHMTDH TaCJMId Iad SPJ — BHpaxeHui
7 9acTo OyIeM HMHTEpIPEeTHPOBAT 2TH TACJMIH KaX KOHLOHKTYBHHE
3ampoCH,

Jefwrmmg 3, BBezem NOHATHE TaGJMIH:
Kaxmasa Tadimua IOpencTaBideT COoGO# IByMEDHYH MATDHIY, IpPAUYSM
K 5TCH mMaTprme MOXHO 33IaBaTh H CIWCOK OrpaHwdeHu#, CTOJGCLH
MATPULH COCTBETCTBYNT 33JaHHOMYy MHOXKECTBY 3TPUGYTOB - A, ,
Ay seee, Ay, TIODANIOK KOTODHX furcmpoBaH, TalJswia MOEET CO-
IEeDXUTL NPCU3BOJBHOE UYUCJO CTPOK; €€ 3JEMEHTH - CHMBOJH CJe-
IyoIMX BHIOB:
a) CBOGOIHHE IepeMeHHHe ( distinguished variables) -
OHM COOTBETCTBYNT &,,8,5ees58, B (1) u (2), Bynem
0003HaYaTh UX yepe3 COYKBY a C HIDKHHM HHIEKCOM —

8.1 9 32 ,0'00;
6) CBsi3aHHHe HepeMeHHHE (nondistinguished variables)-
OHI COOTBETCTBYRT CHMBOJEM b, ,by,«.,b, B (1) 7 (2)

Bymem oGosHauaTk mx uepe3 CYKBY b C HEKHHM HHIEK-
COM""b1 ’ b2 ,OOCO;

B) KOHCTAQHTH - MOJAraeTCd, YTO KOHCTAHTH, HAXOISNMECS
B Jj —ToM CToJOOEe, HOpHHAIJIEXAT JIOMEHY, COOTBETCTBY-
nIeMy aTpudyTy Aj .
T') TIPCGEJH,
Han radsmueir (mim B KadecTBE €€ IEPBOi CTPOKW) 3aMa-
0TCA aTpuCyTH, Wi KOTOPHX COCTaBJIeHa NaHHasd TalJuua - A,
Ay yeeoy Ap o B cuenywmei# cTpoke (3mech MH OyIeM CUYHWTATh,
YTO NMEHHO OHA SBJAETCA IEepBO#i CTPOKOfl TaGimil) MOIYT HaXo-
INTHCA TOJBKO CBOOOIHHE I€PEeMeHHHE ,KOHCTAHTH WX IIPOCEJH,



JTa CTPOKa Ha3HBaeTCA pe3kMe TaGJMIH ¥ MpelcTaBiIdeT coGoi
BHpaxeHme, Haxozsameecd B (1) m (2) cieBa OT Kocoft wepTH
"/". CIocol pacloJIOXeHNs CBOGOINHHX NEPEeMeHHHX B pesbMe Tad-
JHIH IIOKa3HBAeT K KaKMM aTpulyTaM CJenyeT WX OTHEeCTH, Ham-
paMep, @48, He O3HAYaeT, 4YTO &4 ABIACTCHA CBOOOLHOH Iepe-
MEHHO# Han arpmfyTrom A, , a &, - CBOGONHOX HEepeMEHHO# Haj
arpudyroMm A, , 3ammck &8,  oCpeTaeT CMHCJ TOJBKO B
KOHKDETHO# Talimue, IpAYEM DaCIOJIOXeHME IEPEeMEHHHX &4 H 8o
B De3nMe IICKa3HBaeT K KaKUM aTpuiyTaM CTHOCATCA HTU [Be Iie-
pemveHHHe, OCTalbHHE IO3WLMHE De3fMe — IyCTHE WM CONEePRAT
KOHCTAHTH,

KpoMe CTpCKM pesmMe Taljmia CONEPEKAT X CTPOKM, OIMCH-
BawlMe BHpaxeHWA cIpaBa OT Kocoi uweproir B (1) m (2), dtm
CTPOKH OyIeM Has3HBaTh NPOCTO "CTpokaMu" TACJHIH ¥ GyIeM IX
UCIOJB30BATh IJIA ONUCAHUA TEPMOB BHIA R(c1,02,---,cs) B
n, o) gefwmmmmm 2, Kaxmomy Tepmy R(ci,«.e,c y orBOmEM OmHy
CTPOKY TalJHIH CJELYHIM CIOCOOCOM:

- ecJm OTHomeHWe R  3amaHo Han aTpudyTamu Ai1,A12,--,

Ais , TO TOTIa B CTOJGIH, COOTBETCTBYLIHME 5THM aT-

paCyToM, CTaBUM C1 JJA Ai1 , Co IJA Aiz,,...,

Cs maa Ais . U3 1,a) mefumHWImE® 2 BHOHO, UTO TaKWUM
00pa3CM B CTpPOKE MOIYT ydYacTBOBATH CBOOOIHHE IEpe-
MEHHHE, CBS38HHHE Ne€DEMEHHHE ¥ KOHCTAaHTH;

— B CTOJICIH aTpuCyTOB, KOTOPHE HE Y4YaCTBYOT B OTHOME-

mmy R |, craBuM npoGeJm.

Kaxno# cTpoke CTaBEM MapKep C IpaBo# CTODOHH TalJMUH -
ecom CTpoka oTBeneHa Tepmy R(c,,c5,..,c ) , cmpaBa craBm
mapkep (R) # Taxkum oGpasom oTMmeuaeM "OTKyma" GepeTca 3Ta
CTDOKa,

BumHO, UTO IpH STOM NOCTPOEHUM DE3WME H CTDPOK TAGCJMIH
IEPEMEHHHE YYaCTBYRT TOJBKO B CTCICLIAX aTpHCyTOB, K KOTODHM

OHM OTHOCATCH - T.e, OIHA IIepEeMEHHAd HE MOXeT (WIypEpoBaTEH
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ONMHOBPEMEHHO B IBYX Pas3HHX CToJOmaXx, Kpome Toro TpedyeTrcd,
9TOGH CBOGOJHAs IepeMeHHasa He NOARJAJNACh B CTPOKAxX TaCJmiM,
ecJm OHa He QUIYpHDYyEeT B €e pe3nMe,

Taxum OGpa30M HpH IIOMONM TAOJMIH MH ONWCAJM BHPAXCHWA
creBa or kocoit weprs B (1) u (2) u repmu Buma R(c ,c5,ee,
cg) , maxonAmmecs cupaBa OT KOCOX UepTH, Tak Kak CIpaBa B
(1) moryT fwrypupoBaTh ¥ BHpakeHEA Bmia cHd (n.6/ medw-
HIEY 2), KaxmHik Tepwm BEIa c 4 sammcmBaeTcs mon cTpoxa-
M TalmiH, Taxmm odpa3zoM QOPMEPYETCA CIMCOK OI'DaHVieHH,
KOTODH# TORE PACCMATPHBASTCA KaK 4WacTh Tac i,

Ipmvep 2.1ng BHpaxkeHua (2) Han 6asoff nanHEX m3 opmdepa 1
noJyuyaem TalJmiy
(3) TN ITHOMEP [AIPEC IITOPOL

a4 b, b, by (IOCTABIMK)

2, b, D, ¢y  (IOCTABIVK)

PesyanTaToM TadymuH (& Takke Pe3yJIBTATOM KOHBOHKTHBHO-
TO 3alpoca) ABJAETCA OTHCNEHWE, ITO OTHONEHWE-DE3YJBTAT HAaJ
aTpudyTamy, COINEepXAlEMA CBCOOINHHE NEepEeMEHHHEe B pe3KMe IaHHCH
TaCJMIH,
[Ipumep 3,019 TaGMUH 3!t OTHONEHHEM—DE3YJIbTaTOM SBJIACTCH:

R' = {31 £ a, € [IMi m cymecTByNOT 3HAYEHUA b, aTpudyTa
ITHOMEP mw b, arpubyra IAIPEC Taxmvm, 4YTO
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KOpTeR a,b,b,c, TPUHAILIERKAT OTHONESHHUI
IIOCTABIMK ¢ .

31ech MH OyIeM WHTEDIPEeTHPOBATEH OTHOmEHMe R' xax
"pesyxpTaTom” Tadimmm 3'',

PaccmoTpuM IpyTyR NPUMEDHYH TaGCJHLY T1:

T A o’ Ay 4y Ag
% g
b, a, b, (R,)
b, a, by (R,)
by b ¢y (RB)
B3 X

OTHCIIEHNE-DPE3YyJABTAT MOXHC 3alicaTh CJSIynlyM cOpascm

R(’l‘1) = {a1a2 /8.16 A2 " 8.26 A4 7 CyUeCTBYRT b1EA1 X
b2€A3, bBEAS, b4EA2, b5€ A,
TaxKme, UTo b1a1b2€ R, @ Dyaybs € R,
u b4_b501 € R3 u b3<c1 .
JeTxrce NpercTaBATE 3allliCh KCOHBIHKTHBHOI'C 3allpoca,
IJA KCTOPCI'O CCCTaBJEHa Ta0JMLIA T1Z

{agms 7 (0T 00 F)(T b)) (Tn)maxme, wmo v,
ARy(b, a, b)) N Ry(b, a, b3)AR4(b, b5 cy) } .

3anaBas GoJiee CJOXHHE 3allpOCH, MH YacTC NpPeLCcTaBJsaAEeM
B BUIE CcToJaOHa TaCJMIH BCe aTpulCyTH, y4acTByLLUUEe B DEJAIMOH-
HHX CXeMaxX KCHKpEeTHO# Oa3H IaHHHX, Tak Kak Talauua HCIOJb3Y-—
eTCs W IJS CIMCAHWA KOHBHHKTUBHHX 3alPOCOB B YHEBEPCAJBHHX
DEJUMCHHHX CHCTEeMaxX, IJIA Takux TaoJmL NPUXOIUTCA Nepedc—



ARG

JATH CTCJOUH BCEX aTpUOyTCB YHUBEPCAJBHOTO OTHOMEHWHA, B CBS-
30 C 9TUM HYIHO CTMETHTH HEKOTCpPHE OCCOEHHCCTH IIpoIecca
CTCHIOECTBICHNA Da3HHX aTpUCyTOB KaK OIMH CTOJOell JaHHCH Tald-
o i
PaccmeTpum crenynuMii 3ampoc K NpAMEDHOR Oase MaHHHX:
aQ HafiTn mMeHa BCeX NOCTABIMKOB ¥ BCEX KJMEHTOB, RUBYIMX
B OIHOM ¥ TOM X€ TCpOIE.
KCHBIOHKTUBHCE INpelCTaBJICHHE 3alpoca:

(4) {aja,/ (F00(T0) (31, 2(Fv)(Fo)(Ing) max, wro

TIOCTABIFEK (a;b;boby) @ KIMEHT (a,b,bsbe)

CoOTBETCTBYKIAA TAGJAUIA MMEET BUIL:

[a &5 = Py )] =
g =2 § B .o ;% 2
w-8 B 3. E BB 3 °
& e
8, by by, Dy (TIOCTABUMK )
a5 by by b (KIMEHT)
b3=b6

B sToift npumepHO#l O6ase IaHHHX aTpulyTH [IAIPEC u
IIMOPOJ[ n3MeHANTCA B TeX Xe IOMEHaXx, B KOTOPHX CCCTBETCTBEHHC
u3menawrced KAIPEC n KIOPOL, IlpencraBideTcA OuUeHDb 3aMaHYMBHM
OGBEIWHATS MX B BHIE IBYX CTOJOUOB TAOJMIH C ¥MEHAMW Hamp,
AJIPEC u IOPOJl, xax »T0 cIeJaHo B npwmepe 8.6 B /7/. Torma
I 4y MH OH TIOJywmin Tacsmiy :



ST ST

o)

o) [IMA
[IHOMEP
AJTPEC
TOPOL
KVMA
KHOMEP

o'

3 (TIOCTABINIK)
g By By Dl (KIMEHT)

B ciyuae pomymweHMS TaKOTO OTORIECTBJICHUA ATPUGYTOB
B CTOJOLAX TaCJMIH MOTYT BO3HHKHYTH IPOGJEMH B IIPOUECCE
INOCTPOSHUA TaCJMIH IUIA 3ampoca  9i3
43 : HaiTH anmpeca BCeX IOCTABIMKOB ¥ BCEX KJIMEHTOB, XU

ByIMX B OIHOM M TOM Xe TOpOIE,

ET0 KCHBOHKTMBHAA 3alWCh MMEEeT BUIL:

(5) {eq8,/(T0)(T0,)(F0)(Fp,)( Tny) Tax, w10
TIOCTABIMK (b4bya,bs) /\  KJVEHT (b bsa,be) A
A (by = b6)}.

B sToM ciayvae HeBO3MOXHC 3amucarh (5) B BHLe TaCMUH
CO CTOJCUAaMi, Kak TaCiuy Té, TaKx KaK MH HYyXIaeMcd B IBYX
CBOOCITHHX JIEPEMEHHHX, KOTOPHE HYXHC BHECTH B CToJoey ALPLC
(urc coryacHO NePWHMUME INCHATHS TaG/MUH HE ABJSETCH BO3MOX—
HHM), HaM HeoOxommma TaGimua, CTOJOIH KOTCDCH IOJIXHH BHIVIA-
IETh KaK CTOJIOUH TaCJuMIH T2'

CoenoBaTEeJBHO MOXHO 3aKJKNYUTH, YTC ODUA CTOXIECTBIC—

HUY aTpHCYTOB ¥ CTOJICLOB TAOJHUL HYXHO COOMOIATH T.Ha3,
IpeINoJOXeHre O eNWHCTBeHHO# pom (unique role assump-
tion - cM, /3/). B 5TOM cJyYae MOXEM OHTH YBEDPEHH, UTO IaH-
Had BHmE NeCWHHUIMA TAOJMIH MO3BOJUTE HaM COINOCTABIATEH Kak—
IIOMy KOHBIHKTHBHOMY 3aIIpOCY COOTBETCTBYWLYL €My TaCJ ULy .



T

3. IOCTPOEHVE TABIMI IO FAHHBIM SPJ - BBIPAREHUAM

JerHmima 3 ICKa3HBAET HNOCTPOEHWE TAOJUIH IO IJAHHC-—
My KOHBOHKTUBHOMY 3alpocy. PaccMOTDHM aJTCpATM IOCTDOSHHS
TaGJHIH 1A JaHHOTO SPJ - BHpameHHA,
SHaYEHWEe KaRIoTo SPJ - BHpaxeHUA ARIAECTCHA OTHOME--
HEeM ¥ eI'0 MOXHO DaCCMATPUBATE B KAUYeCTBE OTBETA HEKOTODOIO
KOHBHWHKTUBHOT'O 3alpoca. CaefoBaTeJbHO ILJIA IaHHOTO SPJ - BH-
PaXEHUA MH MOXKEM IIOCTDPOXTH TalJHLy, NpEeNCTaBISKNyl COOCOH
3alpoc, OTBET KOTOPOTO - HAaHHOE SPJ — BupaxcHwe, Tak Kak
SPJ - pupakeHuWe ABIAETCA POPMyJCH W €TI0 MOKHO GTDPOHUTH WH-
IYKTABHEM 06Da30M, TO TaOiwiy SPJ - BHDPaXEHNA TaKXE MOKHO
CTPOUTH MHIYKTUBHHM 06pa30M. LCCTATOYHO IOKA3aTh CIOCO0
COTOCTARTEHUA TG/ BHDAXEHHAM r ,0% _o (E;), T4 ()

n B, Wi  rne E,u E,- SPJ- pupaxenma, LA KOTODHX
MH IOMyYId TaOJALY .

Ipemnosoxumm, 4ro E = r , Torma Tadmmia COCTOHT M3
pe3wMe ¥ eme OIHC# CTpOKM, B cTonlliax, COOTBETCTBYWIMX HME-
HaM aTpulyTOB CXeMH T , B DE30Me HaXOIATCA CBOOOIHHE Ie-
pPEMEeHHHE, IpPyTHWe CTOJOLUH B pe3nMe IycTHE, B CTDPOKe B CTOJO-
118X, COOTBETCTBYKIMX MMEHaM aTpuCyTOB CXeMH T , HaXOIATCH
T€ ®E CaMHe CBCOONIHHE I[IePEMEHHHE, KCTODHE HaXCIATCA ¥ B pe-
3KME ; IPyIUe CTOJIOIH 3TO# CTPOKN 3alCJIHEHH DasHHMM CBA38HHH-
MI IenemeHHHME, Tadmrua A oTHoweHZms YACTD nmpymepHCH OasH
IaHHHX raHa Ha qur, 2. g

lpenmonoxmm, aro B =0 _ (B,).Torna, ecm T, -

Tadung IJisd E1 , TalJuIy T paa B mMoxHO mosyauTh u3 T,
CJIEIYIAM CIOCOOOM:

a) ecim crojder 4; B pesbme T, - OycToff, TO BH~-
paxenne E He mmeeT cmucisa  Tadmua 0 0T -
HeoIlpeleseHa.,

0) ecom B croadue #A; B pesime T, mIMEeTCT KOHC-
TaHTa ¢4 , TO TaduHUa T copmamaer ¢ T,
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€M c, = c; B IPOTHBHOM ciydae T = @.

B) ecJu B CTOJOIE A; B pesmMe T, wumeerca cBO-
OcnHasA nepeMeHHad a , TC Taldmmma T moJy-
YyaeTcd OT TalJuIH T, nmyTrem 3amemeH#d a
gyepes ¢ , HEe3aBHCUMC OT TOI'C, B KAKOM MECTe
BCcTeyaeTcA & B T, ,
lloyuyeHne TaGJUUH LA Olepalidll CEJEKIMI WIOCTDPUpPa—
HC Ha dur, 2.
[lpennogcxmma, 4yTto E =KX(E1) , IIpIYEeM T1 -~ Ta0=-
Jmig i E, , Tabmmy T mia B crpomm u3 Tadmuuy T
A E,  caemywiyM o6pascoM: B De3KNMe T, craBum "mycrhe
cuMBoJI" B CTOJIOLH, HelNpuHamaexamue X , Bo BCeX CCTaIbHHX
CTPOKaX A 3THUX CTOJOUCB CBCGCHHHE MNEPEMEHHHE 3aMeHnTCS
Pa3HHMM CBf3AHHHMM II€PEMEHHHNMU,
Ipemnmosoxum, yro E =E,M E,nm T, u T, - radimul
ma E, m B, cooTBeTCTBEHHO, Be3 moTepu COLHOCTH MORHC
OPeIICJIORATh, YTO MHCKECTBA CBASAHHHX NepeMeHHHX T, u T,
He IlepeceKanTcsd ¥ YTC €CJW B OIHUX W TeX Xe CTOoJ0uaX B
cTporax peskme T, m T, (UIypupyoT CBCOOIHHE IEDEMEHIHE,
TC CHI ABJAKNTCS CIUHAXCBHME, Tadmuuy T A E KOHCTPYHU~
pyem cJeIylupm cmocooom: ecom B peskme T, u T, Ha OIHCM X
TOM %€ MecTe (UIYDPHPYRT pasHHEe KOHCTaHTH, T¢ T = {, B mpo-
TUBHCM CJydYae CTpokamu T ABJIANTCA CTPCKH T, ¥ T, ; HpU-
vem pesmve T odpasopaHo us peswbme T, m T, Kak cienyer.
Ecom B maHHCM CcTOJOUE A;  QUIYPUPYOT:
a) KOHCTaHTa C B pe3iMe OmHCH w3 Tadumi T, ®
T, , o B pesmme T cTaBuTCA ¢ ¥ BE3le CBCOOH-
Had TepeMeHHada JIpyrci TaoJWUH 3aMeHsAeTCd KCH-
CTaHTO# C ;

6) cBOGOIHAs NMEepPeMeHHas B CIHHCH w3 Tadimi Wm B
ofeumx, TC B peskMe T CTaBUTCA Ta %e TEDEeMEeH-
HafA ;

B) TyCTHE CHMBCJH B ofeuz madmiuax T, u T,

1.




TO B TaliMly T CTaBUM TaKXe IIyCTCHl CUM—
BCJI,
[puvep 4, IpommncTpupyeM NPOLECC KOHCTPYHPOBaHUSA TaCJmalH
IJa  SPJ - pupameHWA Ha CJEIYBIEM IPUMEDE :
qa : Haiitm MEeHa IOCTABIMKOB, MOCTABJANIME YacTH HeHo# 50.
OTBeT 3ampoca MORHO IPENCTABUTH OPX Iomomy SPJ
— BHpaXeHHIA :

Tiongm ((0Bi3ARHOCTE M gy _ 5g (UACTB)) M
(6) X [OCTABINK).

IlepeBc paséepa /2/ 9TOTO BHpaXeHmA IaHC Ha qur, 1.

HACTL
UEHA OBA3AHHOCTE
\\\\\\\ IIOCTABIMK
HMMH

omr, 1. JlepeBo pasdcpa Iad  SPJ- BHpameHua (6),
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Ilpm momom® 5TOTO LepeBa INpencTaBIAETCHA IOCJEeILCBa-
TEJBHOCTEH KOHCTPYMPOBAHUA TaOJMIH LIS SPJ - Bupaxenumsa (6),
B radimuax Ha QuUT, 2 aTpUOyTH OGC3HAYEHH TOJEBKC dYepes3 IBe
Oyxea (Hampmvep, WIMA o0Go3Ha4yeHO wepes UM - %), a BCe
CBABAHHHE IIEPEMEHHHE, BCTedallyecs TOJBKO ONWH pas, MpOoIy-—
wers (T,e. 3aMelleHH IyCTHEME CHMBOJIAME),

4, SKBUBAJEHTHOCTD M MAHMMASAIA TARJIIL

Kax yras3aHo BHIE, ICHATHE TAOJMIH BBONUTCA C LB
HCCHeNOBATL SKSUBAJEHTHOCTH KOHBOHKTHBHHX 3aIlpOCOB, IOJA&Tafd,
4TO TakmMm o0pas3oM 3allpoc Jerdye nonnaeTca fopmanmsaimd, Kaxr
CJeIyeT ORMIATh, IBa 3alpoca fABJIANTCS SKBUBAJEHTHHMI TOITA
¥ TOJBKO TOTMa, KOTHa WX TalJUIH S5KBUBAJEHTHH.

Acnoap30BaHue NOHATHA TAGJMIOH OCHOBHBAETCHA Ha CJe-
IyoIEx neQUHATAAX :

Heduwamua 4, Iycts 4 = {r1,r2,..,rn\ [pencTaBJsieT COOOH
COCTOAHNWE Oas3H NaHHHX, T.E, MHOXECTBO OTHCHEHWH Hal peJAly-
OHHHMK CXeMaMu {R1 sRoyee ,Rn} . Torpma oTHOmEHWE - DESYJIBTAT,
CONICCTaBJEHHOE NaHHO# Tadumie T IIpH NOMOIM BHIEONHMCAHHOM
WHTEpOpeTamyn, Oynem o3HavaTsh depe3 T(d). (ecrecrsenuo,
3HAYEHWe 5TCI'0 OTHOMEHWA SABJASTCA DA3JUIHHM IJIA DPASIAIHHX
cocrogHMiEr d ),
Jefupmms 5. Bynmewm roBopuTh, 4To T - T, , ecom Iy KagIOTO
d Bemre T,(d)& 1,(d).
lepmmmus 6, T, u T, aApaApTcs skBEBateHTHEME ( T,=T, )
TOTIa H TOJBKO TOIma, Korma T, S5 m
T, = T,

B OCHOBe aJropETMa IJiA OIpeNeJeHUs SKBHBAJMHTHOCTH
IByX pmaHEex Tadimn (em, /1/ ® /7/), JexaT nouaTHe "oTolpaxe-
ma" (mapping) MEXIY CHMBOJIAMA W CTpOKaMy TaGJmll,
ledwpmma 7, lyctes T, m T, -~ TadumiH., OTOoCpaxeHue h
cnmposoB T, Ha cEMBOMH T, Ha3HBaeTCH "comepraimM CTOO-
paxenueM" ( containment mepping ), ecJm:
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our, 2. KoHCcTpyuwpoBaHusa TaCmuy Aadi SPJ - BHpaxeHusa (6).



o

ol G TR G i
¥ BT BW AT
ay
b, b, 50 (9ACTD)
b, by (OBARAHHOCTE)

by a4 b, bs(HOCTABMHK)

dmr, 2. (Ipomonwenwe), KoHCTpympoBamme Tadumuy i SPJ- Bu-
paxemua (6),

a) h orofpakaeT CHMBOJH pesibMe T, B CHMBOJH
pesmme T, ;
6) h orToCpakaeT CHMBOJNH JmGof cTpoku T, B
CUMBOJH CTPOKZM T, C Takum Xe MapKepoM, Kak
y cTpoks m3 T, , Ilpw sToM h coxpander 3Ha-
YeHNe BCEX KCHCTaHT,
B) h  oTofpazaeT CIHCOK OTPaHUJEHINI T, B mHOXRECT-
BO CT'DaHWYEHH#, ABANIEECH INOIMHCOXECTBOM OI'pa—
Hrgenui T, ,
Ecsm h oToGpakaeT BCEe CUMBOJH CTPOKKM B CHUMBCJIH
Ipyro#f CTPOKM, I'OBOpPWM, 4WTO h oTOOpaxaeT BCH IAHHYK CTPOKY
B IPyTy®,.
Takym o6pasoM OyIeM paccMaTpwBaTh B ¥ Kak oTcGpa-
KEeHHEe OIHOT'O CHMBOCJIA B IPyIO#f, ¥ Kak oToCpaxeHWe CIHO# CTpO-
KA B IDPyIyR,
Teopema 1. (em. /7/). T4= T, Torma ¥ TONEKO TOTHA, KOTTA
cymecTByeT "comepkamee oToCpaxemme"” h  wsz Ty ma T, ,
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CaencTBHE, T1 = T2 TOTZa W TOJBKO TOIa, KOI'la CYmECTBYET
"comepramee oToCpaxeHme" h, m3 T1 Ha T2 # h, us3 T2 Ha
T1.

Qo gmma 8, Iycts T - radimma. MwawmansHo#t Tadimueit mia
Ta0/miH T OyIem HasHBAThH TalJHLy, COIEPRAMYX MHHMMAILHOE
9UCJIO CTPOK W SKBUBAJEHTHOM Tadimue T . IIpomecc HaXOKIEHUA
MAHUMAJBHOR TaGJHMUH LA JaHHOR Tadimiu T OyleM HazHBATh
onTmvm3aime# Tadmam T .

B paccMaTpEBaeMHX IO CHX IIOp Tadywiax mapkepH (tags)
IIOKa3HBANT M3 KaKOTC OTHOWEHWSI OepeTcA IaHHasg CTPoKa, Ompe-
IleJIeHHas BHIE SKBABAJEHTHOCTH, TWe B I, 0) medummmu 7 Tpedy-
€TCA COXPaHUTH MApDKED CTPORHA IIPH CTOCpaxXeHHH. OFHOH# TaCumIM
B IDyIy®, HA3HBaeTCA CWIBHOR SKBUBAJEHTHOCTHW, ECJM MH IIOC-
TaBUM cefe 3aIady ONTHMASMPOBATH UHCJIO Y - omnepaimit B Ipo-
llecce peam3aliyd ITAHHOTO KOHBIOHKTUBHOTC 3ampoca, TO INOJB3YACH
TeXHWKCH TalymI], MOXEeM HafTW TalJully, SKBUBAJIEHTHYL NaHHOM,
coIepxalyn MUHUMAJIBHOE UMCJO CTPOK ( »Ta Zamada aeisgerca NP -

complete ), JTa MUHMMATERHAS TACIMIA, CHILHO SKBUBAJCHTHAA
IaHHO# Talimie, IOJOXKHA COLEPHUTH CTPOKM C TAKUMU XK€ MapKEDam
M, Kak ¥ BHXCIHad TalJWla, Taxad MUHUMAJbHAA TalJuulia Npel-—
noJlaTaeT, 4YTO IpU OO0paCCTKe HAYaJHOTO KCHBOHKTHUBHOTC 3alpoca
CYyLyT NpAMEHATHCA J - ONepaldy KO BCEM OTHOMEHWAM, YICMA-
HYTHM B IEeDPBCHaYaJBHCH (QOPMyJIMPOBKE 3ampoca, OIHAKC 3TO He
Bcerna gniadeTcs HeOOXOIVMHM, TpeCOBaHWE DaCCMATPUBATE CTPCKHM
TAOMML, BMECTE C UX MapKepaMmyl HE B CUJE, €CJH IIPEHNCJCEATH
CYlLieCTBOBaHNE YHWBEDPCAJBRHCI'O OTHOMEHHS W Hag aTPuBYTAMMU
B R AT o UE

rakoro, 410 r.=Jlp. (v) 44 1 € 1i$n, 3rc OpemNOJOREHUE
N3BECTHO II0I HMEHEeM 'IpelIOJICXKEeHWE CYIeCTBCBAHUS YHHUBEDCY-
ma" (universal instence assumption- cm, /3/). B Tarkom cay-
4ay Kaxnad CTPORa Taluml IJIA KOHBWHKTHBHHX 3alDCCOB CHalxke-
Ha maprepom U , T,e, Kaxnmad CTPOKa OepeTcd M3 YHHBEpCyMa.
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Taxum COpasoM He HYRHC YUMTHBATEH OTKyIa B3AIACH Kaxlad CTDO-
Ka ¥ MApKEePH MOTYT OHTH HOpONmyuleHH., Torma mpy CHTUNW3aLUd Tal-
JOIUH BOSMCHKHC HCYESHOBEHHE BCEX CTPOK ¢ Mapkepamy Ry mog
HEKCTCPOTO OTHCWEHHMA Tg , KOTODHE NPUCYTCTBOBAIA B HIEPBO-
HAYAJBHOM [PEeNCTaBJCHAN TAGHAIH, IIDEHIIOJCREHNE O CYLISCTBC-
BaHUY YHUBEDCYMa BeIeT K CIpeNeJeHHM IOHATHA caadceil sxBuBa-
JICHTHCCTH,
Hedmamma 9., IlycTs E1 u E2 - IBa 3alpoce Hal IaHHHM
cocreaHmeM 4 m mycTs U - YHEBEDCAJBHCE OTHOIEHHE
g 4 , By u E, ABIAOTCA CIad0 SKBUBATEHTHHME (3ami-
cuBaeM By =w By, ), ecom E1(U ) = EZ(U ) A RaxIoTc BO3-
MOXHOTC GOCTOSHAA U ,

AHaJICTWYHY® NeQUHWIZAID BBOLWM X JJIA TaOJMIl,
Iedwamma 10, Iycts I, B T2 — TaC/IH COOTBETCTBEHHO
Ui KOHBOHKTUBHHX 32IIDOCOB E1 u EZ' T1 u Tz ABJIANT-
ca ciofa oKBMBajeHTHHME (samucwBaeM Ty = T, ) Torde
TOJBKO TOTILa, KOTIIa E1 = EZ‘

B /7/ mokasaHc, 4TO HEOOXOIUMOE ¥ IOCTATCUHOE YCJO—
BOe CJa0Ci# SKBHBAJEHTHCCTH IBYX TaGJMII T1 a T2 — IaHHOEe
B Tecopeme 1 ycJaoBme, Kax MH yXe CTMETWI, B 9TCM CJy4yae
oToGpaxerus B¢ u B He Gymyr yuwmTHBATE MApKEDH DABHH
cTpok Tadim (Tax kak U ABigeTcH MapKepOM BCEX CTDOK),

5, MNCIOJBb30BAHWE TABIIT KOHBOHKTMBHBIX SAITPOCOB

Tarx Kak TexHuKa TalJMIH JaeT HaM BO3MOEHOCTL yCTa-
HABJIMBATE SKBUBAJEHTHOCTH IBYX KCHBOHKTHUBHHX 3alpOCCB, CHA
MORET OHTH IIPAMEHEHa IJIA HaXCRIEHHA CITHMAJIBHCIC NIpELCTaBje—
HAA 3alpcca CTHOCHTEJBHO NAHHOT'O KDUTEpUA, TaKu KpUTepueM
ABJIFIETCA: BHYWCJMTH 3HAUEHUE IaHHOI'O  SPJ- BHpaxeH@A, HC-

NOMB3YA MUHUMAJBHOE WHCJC J — omepauui (peaymzaima J -
CTiepalyiy NOCTATOUYHC TAKEJa).
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A3 asropATMA NOCTPOSHUA TACJMIH o IHaHHOTO SPJ -
BHpaXEHUA BHUIHO, YTO omepau|d J  IOPOXIaeTCA Iapoi CTPOK
B Tadimne, ClemoBaTeJpHO IJIA INaHHOY TaOJWIH pn CTPOKaMA
MOXHO KOHCTDYWPOBATH pPeam3aldl COOTBETCTBYRIEMY 3alIpOCy
opm nomom® n-1 J - onepaimit, IIp# TaxoM KpUTEpHEE CITHMAJL-
HOCTH IpodsieMa CITHMU3MDPOBAHUS INAHHOTC 3allpoca CBOIUTLCH K
HaXOXNEHMO0 TaGJHALH, CJIAC0 SKBHBAJEHTHO# IaHHONH TadJmie,
llpmmep 5, IpenmoJioxuM, 4TO IJA O0a3H NAHHHX ¥3 IDAMEDE |
BHIIOJIHEHO NPEANOJIOREHAE O CYMeCTBOBSHUHM YHusepceyma., Mmem oT-
BET IJIA CJeIynmero 3amnpoca.:

95 : HailTw mMeHa BceX IOCTaBIMKOB, NOCTaBJIANIHE (wm yxe
IOCTaBIVE ) YaCTH, KOJMYECTBO KOTOpHX - 500,
SPJ .- BHpaxeHWe, peaJM3Epynmee OTBET:

(7)  Tippe ¢ TOCTABIVK DX OBISAHHOCTH D TIOCTABKA ).

CooTBEeTCTBYNIAA 3TOMy 3alpocy TadJmia T5:
(3mecs NpOIymEeHH CTOJNOUH aTpulyToB, HE y4YaCTBYRIMX B OIHXCa-

HHPIQS): =
&)
O ti g o
g o 2 4k
E R SEEE "
M 5% LE =
i a
a1 b4
b, by
b, b, 500

Cpasy BHUIHC, YTO T6 ABJAETCA CNTUMAJBHON CJI&00
SKBUBAJECHTHOH Tabmuelk miad TaCmiH T5:
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za,dlb1
b1 500

Tak Kak CymNeCTEYOT oTolpakeHWe B4  CHMBOJNOB CTpOK I B
CIMBOJIE CTPOK 1T, # OTOCpaxeHue h, cumBOJIOB CTpOK Tg B
CHMBOJIH CTDPOK T5. h, orcOpamaeT mepBy®R CTDOKY Ts B mepeywo
CTDPCKY T6, BTCDYW CTDPCKY T5 B IEPBYW CTPOKY T6 ¥ TIOCJIENHY®
cTpoKy Ty BO BTOPY® CTPOKY Tgj; h, oToGpazaeT mepsyw CTPOKY
Ty B HEPBYyD CTPOKY T5 I BTOPY® CTPOKY T B ICGIEIHyH CTPCKY
T

50

Tadmua T6 NpelCcTaBIAET BHpaXeHWE

(8). Wypgm ( TOCTABIMK D TOCTABKA ) .

Tarkyum cGpas3oM ACHC, 4TC BHpameHus (7) u (8) ABIANT-
CA CJa00 DSKBUBAJEHTHHMU,
HyxHC CTMETHTH, UTC 3IECh ICIHYIIEHWE C CYHEeCTBOBAHUN
YHUBEDCYMa ABJAECTCA CymecTBeHHHM, (Tadsmiy Tc u T6 He ARJIANT-
CAl CUJIBHO SKBUBAJICHTHHMH),
[lpumep 5 WLINCTPEPYET ¥ IPUMEHEHHE HOHATUA TaCIILH
B System/U (cm, /6/ mw /7/). Tax xax B System/U ccroBroe
NIpeIIOJOXeHNe ~ NPEeIICJCKEeHNe O CYuleCTBOBSHWM YHUBEDCyMa,
KaXIH{# KOHBOHKTUBHHII 3allpOC IOJB3CBATEJA IDENCTAaBJECH C IIC—
MOIBK CBOEH ONTHMANBHCH TadmmH (aBiaanreiics cracCc SKBUBAJEHT-
Holt maHHO# Tadimue) W TakuM o6pa3oM OCYLECTBJIETCS GoJee
B0PEeKTUBHAA peaM3alla 3alpoca,
Ipyrye NOpuMeHeHUA TEXHUKM TalJWll JaHH HalpuMep B

/4/ u /5/.
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SAKJIYEHNE

B macroame## padoTe OIMCAHH OCHOBHHE XapaKTEpPUCTHKA

IOHATAA TaCJWIH ¥ CCHCBHHE BC3MOXHOCTH €TC IpuMeHeHHs, Ceii-
yac TaCMIH PacCMATDEBANTCA KAK CPEICTBa A M3YISHUS KOHBIOH-
KTUBHHX 3alpCCCB, Tak Kak TaliXOa IaeT CHHTE3WPOBAHHOE OIlf-—
CaHNe CONIePXaHUsA HEKCTOPOI'C CTHCULEHWH, €€ MORHO IPHMEHATE

I IJI7 USYYEHHA CBA3El MEeXIy pa3HHMU TUIIaMH 3aBUCHMOCTEH B
paMKax 3TCI'C CTHOMEHUA,
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Konjuktiv lekérdezési tablazatok és alkalmazasaik

G. Angelova

Osszefoglalo

A szerzO pbevezeti a "konjuktiv lekérdezési tablazat" fogalmat

és megadja az ilyen tablazatokra vonatkozd alapvetd definicid-
kat és jellemzéseket. Leir néhany alkalmazasi lehetdséget

is pl. az adott SPJ-kifejezésnek megfeleld tablazat ¥. istrua-

lasara vonatkozo algoritmust vagy az adott tablazatte:. ekvi--

valens minimalis tapblazat megkeresését.

A tablazatok ekvivalenciajanak feltételeivel is foglalkozik.

Tableaux and their applicationS

G. Angelova

Summary

The paper presents tne notion of conjunctive query tavleau.
‘"The basic definitions and characteristics of tawvleaux are
given. The basic possibilities for applications are described:
the algorithm for constructing tableau corresponding to a
given SPJ - expression, the process of tableaux optimization
in order to find a minimal tableau equivalent to a given one.
The conditions for tableaux equivalence are described and thus
an algorithm for finding weak or string equivalent conjunctive

gqueries is presented.
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UCCJIENJOBAHUE CTOXACTUYECKOH YCTOMYUBOCTHU

AJIATITUBHBIX HABJIOJATEJIEH C IMOMOIIBK) BEKTOPHBIX
®YHKIHHA JIAIIYHOBA

Kapabyroe H.H.
Xaopesu H.

MOCKOBCKHWW MHCTUTYT CTAJIM U CIIJIABOB

ApantuBHble HaGmopatenu /AH/ mMUpoko NpUMEHAITCA B CHCTEMax yUpaBJeHUs IJIsA
pelleHUA 3aJauyd HUAeHTUDUKALMK NMapaMeTPOB U COCTOAHUA OOBEKTOB yNpaBJIeHUs I10 IKCIIe-
PUMEHTAIBHBIM JaHHBIM O BXOJe U Bbixone obbekTa. AH npuHATO menuTh Ha OBa TUIA: SBHBIE
M HesABHBbIe B 3aBHCHMOCTH OT TOro, KakKMM OOpa3oM B CHCTeMe HIOEeHTH(MUKAIHU pellaeTcs
npobyieMa oOLEHKH cocToAHMA. [Ipu cuHTe3e afmanTUBHBIX HabIO[aTesled OCHOBHOE BHUMaHHE
yaenseTcs obecriedeHHI0 yCTOMYHBOCTH CUCTEMbI HAeHTHDU KKK, [IoIyueHn 0 yCIIOBHiA, rapaH-
TUPYIOLIMX ycTonuuBocTh AH, omuchIBaeMBbIX CHCTEMOM JeTepMUHHUPOBAHHLIX Aud depeHuats-
HbIX ypaBHEeHWi, NOCBAIIEHO JOCTATOYHO MHOrO paboT. B OTiHUMe OT 3TOro MCCIe0BAHUI0 Ka-
yecTBa pabOTHI aJAlTHBHBIX MAEHTU(DUKATOPOB COCTOSHHUA B YCIOBUAX JEHCTBUA CIIyYaWHBIX
BO3MYILeHUNA yensaloch HEeNOCTaTOYHO MHOIO BHUMaHHUA. B OCHOBHOM wu3yuyaiach npobiema
ycronunBoctd AH aABHoro tuna [1—5], npuyem ABHOro OrpaHUYeHHs Ha HHTEHCUBHOCTL HEHUCT-
BYIOLLIUX [IOMeX, 32 UCKJIIYeHHeM paboTsl [5], nojyyeHo He ObUIO.

B pmanHO# paboTe HccleayeTca CTOXAcTHYecKas ycToMuumBocTh AH HesBHOro TuMa JIMHen-
HbIX IMHAMMYECKHX 06BEKTOB, YPABHEHHUA KOTOPBIX MPHBEHEHbI K HEMHHUMATbHOMN UIeHTH U -
KallMOHHON (hopMe, C INOMOIIBI CTOXACTHYECKOrO BapHaHTa METOJAa BEeKTOPHBIX (QMYHKIMH
JIanyHoBa.

PaccMoTpuM BMoOJIHe ymnpaBiiAeMbIH W HaOmopaeMbld O0BEeKT YIIpaBIJIEHHA, OMUCHIBae-
MbIH ypaBHEHHEM

x(m) 4 g x(m=1) 4  + 7 x = by
m 1
57"= T A (1)
TR R
rze y, # — u3MepsaeMblil BHIXOJ M BXOJ O0beKTa; &'l ¢ Ly it b — HeM3BeCTHbIE napameTphl;

£, £Y — He3aBUCHMBIE LIEHTPUPOBAHHbIE CIIyYaiiHble BUHEPOBCKHE MPOLIeCChl TUIa 6e10ro myma

M { @)t = 0, M Jt@)E )} =02 =1,
MA{E®}) =0 M PPN} =ods¢—1).
M {'} — 3HAK MaTeMaTH4YeCKOro OXHIOAaHWUA, ¢ — HHTEHCHBHOCTb LIYMOB H3MEpEeHHHA, 0 Lot

menbTa-pyHKIuA Jupaka.

Cuuraem, uTO A7 BXOJHOTO BO3JEHCTBUA u(l) BoInonHAercA yenosue D @ u(t) conep-
JKHUT He MeHee (m + 1) /2 cuHyCcOUOaIBHBIX cocTaBinoWMX, u(t) # 0, |u(t)| < U< oo,

I OLleHKHM HEeW3BECTHBIX [1apaMeTpOB OObeKTa ymnpaBiieHUsa (1) NpUMEHAeTCA CHUCTe-
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Ma aJanTUBHOHW HAeHTH(dHKAUMK, ONHUChbIBaeMasA MAaTPUYHBIM CTOXAaCTHYECKUM muddepen-
LHaIbHBIM ypaBHeHHeM B popme Uto [6] :

dE = QFdt + Day dn, (2)

A
rue B) = [e () AA;(t)]T; E € R2m, AR - ="eli = v §(t) — BeIxon AH
AA, (t) — BexTop paccornacoBaHus Mexny napamerpamu AH u ob6bekTa, npuBeneHHOro K
HeMUHHUMaTBLHOU uaeHuduKauoHHOH dopme [6, 7] ;

A
AA3=A3(t)—A3;A3=[al,...,a b
00BbeKTa B HOBOM IIpeICTaBIeHUH.

Marpuua Q € R2mX2m 4 pexrop D € R2™ 3ajaroTcs BhIpaXeHUAME

,b. 1T —BeKTOp HEM3BECTHBIX MAPAMETPOS

m? Firaeiee m

D" = [p}(—Se dt +Zdt +So,dn)7T], §7 = [1}07),

pne dt? = ¢, .dn, 0 — He3aBHCHMbIH BUHEPOBCKHM Oenblif wym; A\ .>- 0 — HEKOTOpOe YMCIIo;
Z()ye R®™™1 7)) = [y(@): WlT'(t): WF()]™; W, (t); W, (t) —BexTopsl BCIOMOTATeIb-
HBIX CHUT'HAJIOB, [OJIyyaeMble IIyTreM IMpOIyCKaHUA BbIXOJa U BXoga obbekra (1) uepe3 muHamu-
yeckyio cucremy [6]

w. = ATWZ. t H, w; 1= L2 w,=y{) w0, = ult);

' =W = =1 -1)  _
Wle 0= Wys W) = Wog & & RUWLIE0n

o’ o’

“TKBasuAHaroHanbHas Mmarpuua; H € Rt H, € R™ ™1 — BeKTOpBI C MOCTOSIHHBIMA T1a-

paMeTpamH, BrIOHpaemMble Tak, uTo6nl mapa (AT, H.),: = 1, 2 6bua ynpasnsemoit; I' €
€ R(Zm=1)x(2m—1) __ qyarouansHas MaTpHLa C MMOJOXKUTETbHBIMYU OUATOHAIbHBIMHU UWIEHAMH.

Bexrtop £ (t) xapakTepusyeT OTKJIOHEHHe OBIXeHHsA cucTeMbl ¢ AH oT omopHOro gBuke-

mua (% *(t), x *(¢), A ). Ipu 3TOM MpeTIoaraeTcs, 4To x ) =atlr ).

3ajnaya aHAIM3a CTOXACTUYECKOM yCTOMYMBOCTH cucTeMbl ¢ AH cBoauTCA K ONpemeseHn o
YCJIOBUH, IIPU KOTOPBIX ABJIAETCA CTOXACTHYECKH YCTOWUMBBIM TPUBUATILHOE pellleHHe CUCTEMBI
(2) E(t) = 0.

B zaBucumoctu ot dynkuuu § (¢), BxopdAuled B BekTop D, OyaeM paccMaTpuBaTh Clie-
AyIollue aBa yacTHbIX Buaa cucrteMbl (2). Cuctemy (2) ¢ pyHkuueit 8 (1) = 5 — Aa , @)

(g S Ny B Bay = c'z‘l - al) OymeM 0603HauaTh uepes S,, a cucremy (2) ¢ pyHKIMeH
B =, + 21 (t) — uepes S,. CucreMa S, ABJIAGTCA CTOXAaCTUYECKHUM AHAIOIOM CHCTEMBI
¢ AH, npemoxenssim B [7].

Haiimem orpaHnyeHusi Ha MHTEHCMBHOCTD JeMcTByoLIeld nomexu 1 (£%, xak BugHO U3 (2),
He OKa3blBaeT BIIMAHUA HAa PabOTy CHCTEMBI), NPH KOTOPBIX TApaHTHUPYETCHA YCTOWUUBOCTH
TPUBHAIBHOTO pelieHns S , S, — CHCTeM MpH MOCTOSHHO [EUCTBYIOLIMX CIyYalHbIX BO3MY-

eHUAX, MJIbIX B CpeHeM KBajgpaTuuHoM. Ha nBuxkeHuax cuctemsl (2) 6ymeM paccMaTpuBaTrh
nse QpyHxouu Jlanynosa: V (t) = -% el (t); V, ) = %AAg(t)l"“ AA, (t).poussons-

mye auddepeHunansHeie oneparopsl s V., V, onpepensioTesa popmynamu
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A el P SRS o, Al
= —0 ——— ’
! ‘1 ael t 2 Y lael E
A Ty O R L oy
= —0? ¥
2 264, R YT
rneDlz-—-I‘gel

Bynem cuuTaTth, UTO BBINOJHAKTCA CIEAYIOLIHE YCIOBHA:
1) nA u(t) cupaBeaIMBO yClIoBUe Do }
2) matpuna A ABJIAETCA I'YPBUIIEBOH, A > 0 — HexOTOpOE uKCIIO;
3) TOJIOKUTEJILHO OIlpelelieHHble (PYHKIMU Vi , HAOMYCKAIT GECKOHEYHO MaJiblii BBICIINH
rIpenest u

g a4, < V, < g,lla4,?

rae ¢ , g, — COOTBETCTBEHHO HauMeHbllee U Haubosbliee cOGCTBEHHEBIE yucia MaTpuiel ' ;
4) 3 MU, 4 — OOCTATOYHO MaJIOE MOJIOKUTEJILHOE YUCIIO;
S) IZ @) < T<oo, V& [t0 ), Aa < k V, kK — HeKOTOpasA NOJIOXKUTe/IbHas KOHCTAHTA,
| .|l —eBKIUIZOBA HOpMA.

Ilycte nia YVt € [to; o ) CIpaBeIJIUBbI OLIEHKH

M {V,®)}< o,¢t) i =12

ecniu M {V (t )} p; (t e
Torpa ana LV , LV,, onpeseneHHIX Ha JBWXEHUAX S — CHCTEMBI, MOXKHO MOCTPOUTH Mart-
puuHyIo cuctemy cpasHeHus |CC|.

Jlemma. HeBo3myieHHoe aBmwxkeHue matpuynou CC

. > 1( z2 s 2,)

Py & s el T
- 1 2 2 2 -1

e, N AR (v,8,0°y) P,

[IPY BBHIMOJIHEHUH yclIoBUM 1) — 5) OyayT yCTOMYUBO, eciiy

?\l;\/.?;gl 3\/121r2 z
o’y < : =

{7, lony,8, ¥ (kg A} V' 3g, + 1,7°Vg,) + 2V, (2Tk?g N} — 1], 29 Y5

=0 ' (4)

b
TZie y, — MepBbIi QUarOHAIIBHBIA 3JIeMeHT MaTpuiel I'.

Joxa3aTenbCcTBO JIeMMbl OCHOBAaHO Ha NMPUMEHEHHH JieMMbl 2 u3 [6]. Ecnu 8 (3) moso-
XUTb Kk = 0, TO NONYyYUM HEBO3MyLIeHHYI0 MaTpuunyo CC nna S , — CHCTEMBI, pellieHHe KOTOpOU
OyzmeT ycTOHYMBO MpH COOIIONEHUH ClIeYIOIIero orpaHuyeHus

A g

1 1
Piyine O el i
71 g2
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Teopema 1 [6]. I[TycTs BBIIONHAITCA ycIoBUA 1) — 5), a TaKxke:
6) npousBonsuMe oneparops! yHKLMHA V , V,, yAOBIETBOPAIOT HepaBeHCTBaM

2;2

1 1
LV o X By T 55 1 Kozy)V2+—2-p02y,

2 151
LV < 2 | - 2oV
i e vawt P,
2 7132023’ 2 o 1

7) supo?y <0,VtE€ [¢,, ), rne 0 onpenensierca (4).
Torpa TpuBnanvHoe pelieHre S, — CHCTeMbl YCTONUMBO NMPH MOCTOAHHO JEUCTEYIOIIKX CIIy4ai-
HbIX BO3MYIIEHUAX, MAJIbIX B CPEAHEM KBaIpaTUYHOM, U

lim M {IIE(t)IIz} = ugsupozy,

b9 t

roeff — HEKOTOpPOE MOJIOXKUTEJILHOE YUCIIO.

Teopema 2 [6]. IIycTs BbINOJIHAETCA yCIIOBHE T€OpeMbI 1, KpoMme yenoBusa 4) rae p = 0.
Torpa rtpuBuanbHOe peumieHue S, — CHCTeMbl aCUMITOTHYECKH yCTOHUMBO IO BEPOATHOCTH
C OLIEHKOM

@it =t )

M AV (, )} <e {v,V, (e, (t,)) +v,V, (84, ¢,))} ,

rae v, , v, — HOJOXUWTeNbHble yucna; a, > 0 — uucino, onpenensAwllee CTeleHb yCTOUYUBOCTH
marpuyHoit CC (3).

Cnencrsue. IlycTs BemonHmAioTeA yenosus reopemMsl 2. Toraga TpuBnansHoe peienne S —
CHCTEMBI IKCIIOHEHLIMAJILHO YCTOWYMBO B CpeHeM KBa[IpaTHYHOM C OLEHKOMH

MA{IEOIT} < kEE )1z e T )

Vi E [t,,),
rge k — MoJIOXKUTEIbHOE YHCIIO.

Teopemsr 1, 2 ycTaHaBAMBAIOT OOJIACTh YCTOMYUBOCTH S , — cucreMsl. VIHTEHCMBHOCTb
nomMexu £’ orpaHuueHa CBepXy BeJIHUYMHON (4), KOTOpas 3aBHCUT OT MUHHUMAIBHOIO M MaK-
CHMAJIPHOTO COOCTBEHHBIX uMcen MaTpuubl I', HOpMBI BekTOpa Z M mapamerpa A . Bennunza
A, ZOJDKHA BHIOMPATBCS KaK MOXHO OJivdke K IIepBOMY 3JIeMEHTY BeKTopa A, YTO COOTBeTCT-
ByeT u — 0, Tak kKak B IPOTUBHOM ciIydae nucrniepcus owubku E () Oymer yBeIWYHMBAThHCA.
Ecnu \| coBnagaer ¢ a |, TO rapaHTUpyeTCA IKCIOHEHLMATbHAA YCTOMUMBOCTD 110 OTHOIIEHUIO
K IIoMexe U3MepeHus Bbixona obsexra (1).

K coxanenuio, oueHkoi (4) miA o’y B NpaKTHYECKHMX MPUIOKEHHAX MOJIb30BAThCA
3aTpyaHuTeNnbHO. Bosiee mpocTyio, HO HECKOJIBKO 3aBBILIEHHYI0 OLEHKY IJIA 02y MOXHO IIO-
JIYYUTh, UCXOAA U3 cleAyrolero npeanonoxenus || Z[|? = po?y, (p > 0 — HeKOTOpas KOHCTaH-
Ta). Toraa

2 a2
7 3 4)\1 28,
supo’y < - Yi € [t,, =).
T 5Pt KA 2 )

s S2 — CHCTeMBbI ClIpaBeIuBa



- 33 -

Teopema 3 [6] . [TycTs BoimonHmIoTCA yenoBua 1) — 3), 5), a Taxke:
&) npousBoxALMe oneparopsl GyHkuuid V , V, ynoBiIeTBOPAIT HepaBeHCTBaM

~2

1
LV, < =\ V, + — 4

1 A
PR ey tety;
2 1 1 ;
2 A\ey 2

LV, € — ———— V, + — 5 0%y V. ;
2 71g202}’ 2 2 1 1

9) MHTEHCUBHOCTh IIOMEXHU Y OBJIETBOPAET HEPABEHCTBY

Rl gl
gipaty & 2 == YitE [t,,).
¢ 71 g,

Toraa 82 — CHUCTeMa NUCCHUIIaTUBHA U

A
im M {IE@)I?} < cQ, +a,)? supa?y,

$ =ries 3

rae ¢ > 0 — HexoTOpasi OCTOSAHHAS.
Joka3aTenbCTBO MOJYyYEHHBIX Pe3yIbTaTOB NpUBEeNeHo B [6] .
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Adaptiv megfigyeldk sztochasztikus stabilitasa vektor Ljapunov

flilggvények segitségével

N.N. Karabutov
I. Hadrevi

Osszefoglald

A cikkben az implicit tipusu lineadris dinamikus objektumok
adaptiv megfigyeldinek sztochasztikus stabilitasarél van szo.
Az egyenleteket a szerzok egy nem—-minimdlis identifikaciés for-
mara hozzak, amelyeket aztdn a vektor Ljapunov fliggvény médszer

sztochasztikus varidnsaval vizsgalj&k.

Stochastic stability of adaptive obserwexs using vector Ljapunov

functions

N.N. Karabutov
I. Hadrevi

Summary

In the paper stochastic stability of adaptive observers of
linear dynamic objects of implicite-type is investigated.
Their equations are transformed to non-minimal identification
form using the stochastic variant of the method of vector

Ljapunov functions.
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AUTOMATED PROTOCOL VERIFICATION

Ldsz1l6 KOVACS

Computer Network Department
Computer and Automation Institute of the
Hungarian Academy of Sciences

1. INTRODUCTION

Distributed systems and computer networks are widely used
all over the world. A protocol represents a set of rules which
control the inner communication of a computer network. The
correct operation of this algorithm fundamentally influences
the operation and the realiability of the whole computer net-
work. The use of an erroneous protocol can result in incalcul-
able consequence so that at present the protocol designers
specify protocols with great care. Formal techniques to check

the protocol correctness are called verification methods.

The precondition of a protocol verification is the existence
of the formal description of the protocol and its communication
services. In this paper we present an automated protocol veri-
fication method which analyses all possible behaviour of a
nrotocol system described in a high level specification langu-
age. This verification method is one of the family of "global
vizaw" methods because of its use of global state information.
The "local view" methods (e.g. program proving approach) are
based on the analysis of the‘interactions between the protocol

entities and their local encironments. [Bochmann-Sunshine 801



2. PROTOCOL PROPERTIES

Verifiable protocol proverties may be classified into two
categories: ([Sunshine 791) specific and general properties.
Specific properties are those that characterize the protocol
individually. The most important specific protocol property is
that of the functional correctness. It means that the protocol
meets its service specification. The general properties are
those that are common to all protocols. The author considers
that the properties described below are the most essential

general properties.

The completeness of the protocol means that the protocol
entities detect all interactions arrived from their environments

and produce output interactions when required.

Protocols are expected to operate free from deadlock.
Deadlock is a system state from which there is no exit. In the
case of deadlock there is a logical loop of protocol entities
in which each entity is waiting for interaction of the preceding

one.

The liveness property means that every protocol system state

is reachable from each reachable system state.

The progress (or tempo-blocking freeness) protocol property
is the absence of cyclic behaviour where no useful activity
takes place. In other words the protocol never gets into any

non-productive looping.

The recoverability concept is based on the view of dividing
the protocol system state space into two parts: the normal and
the abnormal spaces. The protocol is recoverable if after the
occurence of a temporary aberration the protocol will return
to the normal operation space in a finite time [Merlin-Farber
761.

The protocol is stable if the step's number to recover the

protocol does not increase in the operation time.
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5. ABSTRACT MODEL OF PROTOCOLS

3.1. THE STATE TRANSITION APPROACH

We make a proposal as to the abstract conceptual model
of protocol systems. To model the protocols we present a non-
deterministic partitioned named transition system which T n
modified version of the Keller model of parallel computation
CKeller T61.

Definition 1. A partitional transition system is a
quadrople (Q,R,N,P) where Q 1is a set of states, R is a
binary relation on Q, N is a set of (action) names and P
is' a binary partition of actions.

(p EP A Vis>j(pLilnplLjl = @) A vi(pLil<>@)) @

Denote g > g' the R relation of gqg,q' € g 'states
which is called state transition. The system in the case of
5 gt s e executes an indivisible (atomic) action. (Notation:

p.n
Hlsreritl "y 0 € Ny, piEiR)

Definition 2. Eet:  (0,R,N,;P) -be:.a partitionalstransis
tion system. The set of possible next states is defined to be

glE) = Aq'® g > gl Axg.gt € Q) @

Definition 3. The set of enabled actions is defined to
be

p.n

V(ig) = In : n € N A q' € E(Q)A g >q'} @

Defenttion & “The 8 =.-gl0l, qlllides qLidyss is a
state sequence of the (Q,R,N,P) system if and only if
Vi (gfid €0 Ai1>0(gfid € E(gLi~17))) e

Definition 6. The SRR o 1 e o B O P O S o W I L e is
computation on the (Q,R,N,P) system if and only if
38 (vi (nrCil € V(gLi-11))) @
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Definition 6. The (Q,R,N,P) system is nondeterministic
if 3q (Q € Q A HE(q)>1) @
(Notation: # cardinality)

In protocol systems there are parallel overlapped ac-
tions. To describe protocol we apply the nondeterministic
(Q,R,N,P) system so that we transform the parallel systems
into that kind of system. In the transformation we represent
the parallel overlapped actions with their sequential execution
of optional order.

Definition 7. The total protocol speci’ication is the

definition of the (Q,R,N,P) transition systen. @

To form a method which can be used in practice let K
be a predicate and let L be a state transition function on
objects representing Q space. The correspondence between
the (X,L) and the (Q,R,N,P) systems is the following.

p-.n
gyg' E0; D EPR, 1 €N [(g >q') if and only if

(K(p*n,REP(q)) A REP(q') L(p.-n,REP(q)))).

The REP function refers to the objects representing Q space.

Dejinition 8. The protocol specification is the descrip-

tion of the (K,L) representation. @

The main difference between the two definitions (7. and
8.) is that (K,L) is a "human executable" and (Q,R,N,P)
is a "machine executable" model. In the [Kovacs 821 report the
author published a high-level language implementation of the

(K,L) system.

3.2. FORMULATIONS OF PROTOCOL PROPERTIES

In order to formulate the protocol properties presented
in the second section of this paper define the concept of the
reachability relation . (R¥). Let R¥* be the reflexive and

transitive closure of R (Keller definition 3.1). (Notation:
*

>
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Definition [Keller definition 3.2) 9. Let I be a
predicate "on ~Q« T glOl=invariant in 4Q,R/N;,P). 1if and only
if V a (qr0l —=—s g A I(g)) @ (qCLOl is the start state of

the system).

In the formal description of deadlock freeness protocol
property we follow the extention of the Keller's definition
to the (Q,R,N,P) model.

Definition 10. Let ACTIV be a predicate on Q. It is
defined to be ACTIV(q) if and only if HE(g))>= 1 @

Definition 11. The protocol is deadlock free if and only
if ACTIV(q) qglfOl-invariant @

Formulation of the liveness property corresponds to the

informal description of the 2. section.

Definition 12. Let REACHABLE be a predicate on Q.
REACHABLEqQ' (4) if and only if g ——=>'g'! #

Definition 13. The protocol has liveness property if

and only if (REACHABLEq qgfOl-invariant) qlOJ-invariant. @

In this formalism it appears to be very difficult to
construct a formal definition of the progress property since
it requires the formulation of the usefulness of the protocols

cycles so we do not try it.

4, PROTOCOL VERIFICATION

4.1. IMPROVED REACHABILITY ANALYSIS

The improved reachability analysis verification method
check the glfOJ-invariance of a predicate. It is based on the
reconstruction of (Q,R,N,P) transition system from (K,L)
protocol representation (language model). This reconstruction
consists of building a G graph of (Q,R,N,P) system. By the
G graph of (Q,R,N,P) system we mean an oriented graph whose
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nodes correspond tothe Q states and whose arrows correspond
to the state transitions labelled by action names. In other
words this means that there is an arrow from the node indicated
by g to the node q' 1labelled by p-n if and only if

p-n
there exists q ———3q’ relation in (Q,R,N,P) system.

The correspondence between the structural (geometrical)
properties of the G graph and the protocol properties defined
in the 3.2 section makes it possible to map the protocol veri-
fication to the structural analysis of the G graph.

The node in the G graph from which nc 2:zrows descend
represents a protocol deadlock state (definition 11.).
Protocol has liveness property if the G graph is strongly
connected (definition 13.). Several algorithms were published
to examine the strong connectivity of an oriented graph (e.g.
CAho-Hoperoft-Ullman 751). The protocol cycles correspond to
the loops of G graph. Examination of protocol cycles to de-
términe the useless loops (progress property) concerning the
human designers demands the knowledge of a concrete algorithm.
Other protocol properties formulating in the form of predicate
gLOJl-invariance can be examined with the evaluation of pre-

dicates in some nodes of G graph.

In order to put this method into practice we have to
define the system state in the case of concrete language
representation of (K,L) system. It means the definition of
the REP™! function. The language representation of (K,L)
system was published in [Kovacs 82] uses entities communi-
cating with each other to describe the protocol. In that case
the REP™! function was defined a q = <etl1l,ef2],...eln]>
where q is equal to a vector (n-tuple) of the states of

entities.

4,2. COMPUTER-AIDED VERIFICATION OF PROTOCOLS

The automated protocol verification system described
below is an interactive software tool realizing the improved

reachability analysis of 4.1 section. In the first step the
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protocol designer describes the protocol by means of the speci-
fication language. In that process the designer uses the lan-
guacge constructions and abstract data types predefined in the
open abstract data type library of the system. The specifica-
tion languace makes it possible to express the protocol pro-
perties demanded by the designer in the form of predicates.

The language specification of the protocol is the input of the
verification system. In the first pass the system compiles the
specification then it starts the construction of G graph and
the examination of it's structural properties. The designer

can visualize the system informations in the way of the
proaress of the verification by means of a display. The job of
designer sitting before the display is to "cut" the infinite
branch of G graph in the case when no predicate signals it.
The user of the system can stop the verification process by

an interactive command and can ask the actual values of protocol

variables.

The speed of system operation is determined to the greatest
extent by the fact that the system can't keep the whole G
graph in memory because of it's size. It is necessary to swap
the parts of the graph to the disk. As a result of this fact,

a protocol verification process exceeds the average session

time.

The first experiences of verifying system opergtion
- despite the awkwardness of the system - strengthen our re-
solution which can lead to the interactive automated systems

for analyzing and synthesizing protocols in the near future.
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Automatikus protokoll verifikaléas

Kovacs Laszld

Usszefoglald

A dolgozat a szamitdgép-haldézati protokollok verifikala-
sara, helyességének ellendrzésére szolgdld automatikus mdd-
szert mutat be. Definidlja a protokollok egy absztrakt mate-
matikai modelljét. Az absztrakt modell lehetBséget teremt a
protokollok legfontosabb tulajdonsagainak forméalis értelmezé-
sére. A k6zOlt modszer a protokollok specifikécids nyelvii mo-
delljét visszavezeti az absztrakt modellre, tehdt az imple-
mentalt verifik&1l6 rendszer képes a protokollok tulajdonsaga-

it felderiteni.

ABTOMATHYECKASA BEPHUOUKAIIUA ITPOTOKOJIOB

JI. KoBau
Pes3swmMe

B cTraThe OIHCHBAETCHS aBTOMATHYECKHH MeTOl NPOBEPKH Ipa-
BUJIBHOCTH U BepHOHKAIMKH IIPOTOKOJIOB BHYHCJIMTENLHHX ceTen. Omn-
penenseTcs abCTpakKTHas MaTeMaTHYecKas MOIEeNb IIPOTOKOJIOB. AG-
cTpakKTHasa MoIesb JaeT BO3MOXHOCTB IJIA GOpMasIbHOI'O TOJIKOBAHHUA
BaXHeHuMX XapaKTEPHCTHK MNPOTOKOJIOB. OIIHCAHHHN MEeTOX CBOOHT MO-
neyib co crnenuduKamUuOHHEM A3HKOM K abCTPpAaKTHOW MOOEJIH IMPOTOKO-
Ja, clefoBaTeNIbHO peajii30BaHHasA CHCTeMa BepHOUKaANWH criocobHa

onpenesiuTh XapaKTepHCTHKH IIPOTOKOJIOB.
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LA NON-STABILITE NEGATIVE IMPLIQUE DES PERIODES DOUBLES

NGUYEN CONG THANH

Institut de Recherch Météorologique et
Hydrologique
Hanoi

En considerant un systéme dynamique on voit que la non-
-stabilité des orbites périodiques en générale conduit au
chancement du comportement asymptotique de systéme. C'est le
phénoméne de bifurcation. Les bifurcation locales typiques
dans le cas d'une dimension sont exprimmées dans les théorémes
bien connus de Guckenheimer (2). Dans les bifurcations
possibles on s'interesse bien aux bifurcations de période
double. Puisque le phénoméne de bifurcations de période
double est utilisé pour expliquer l'une des maniéres de
naissance de la turbulence. Putrement dit, la turbulence dans
quelques systémes peut &tre considerée comme 1l'accumulation
de successives bifurcations de période double (voir [11,C31).
Le théoreme suivant montre que le phénoméne de bifurcations
de periode double est la consequence de la non-stabilite
négative. C-3d-d. la non-stabilité négative des points
périodeques de période n d'un systéme & une dimension implique

l'existence des points périodiques de période 2N.

THEOREME

1 de l'intervalle

Soit f une application de classe C
I =1[0,1] dans lui-meme. S'il existe un point fixe non-
-stable négatif, c-d-d. il existe un point z € I tel que
f(z) =z et f£'(z) < -1. Alors l'application £ a une orbite
de periode 2.

Dans la demonstration du theoréme on utilise la suivante



Proposition 1.

Si f satisfait aux conditions du théoréme, il existe un
voisinage U = (z+e€,z+e) de u tel que pour tout x U on

ait toujours des entiers n(x),m(x) pour lesquels

g E) py 2 5oy fBIRY 0y g 2l

Demonstration de la Proposition 1

golt f£'(z) = = C; ou C > 1, p&r la‘continute de r£*
il existe un voisinage V = (z-§,z+8) de =z tel que
= JC-> EViky » Cg pour tout x € V
Nous considerons le voisinage U = (z-¢,z+e) avec e = §/c?,

Quand x € U on a toujours |f'(x)| > YC > 1 donc il
1
existe un nq tel que £ (x) ne soit pas contenu dans U.

On note
n
n = min {n; tel que £ (x) ¥ U}

Alors |f%(x) - z] >¢ et |f'(x) -~z| e ¥ i< n,

Sans limiter la généralité on peut supposer que

%) ~7 > & (1)
Alors

1£2(x) - z| = |fof™ 1 (x) - z| = [£2 () || (x) - z] (2)

od N est une valeur entre fn_1(x) et z. Puisque fn_](x)
reste encore dans le voisinage U, 1 reste aussi dans ce
voisinage, donc f'(n) > C2.

En remplacant dans (2) on a

| £%(x) - z| < C%+e ¢ C2. &/c® < &, ¢c-4-d. £ (x) €V
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Nous considerons la difference fn-1(x) - z et avons

n+1

7N (%) - z = fof™(x) - z = £'(v)e (£ (x)~-2)

ou est entre fn(x) et 2z donc il reste encore dans le
voisinage V.
Alors

n+1

F'(v)e (£7(x) - z)< /Coe < e €-a-d. 27 (x) - 2 <- ¢

La démonstration de la Proposition 1 est terminée.

Remarque

De cette Proposition on peut deduire que dans ce voisinage
il y a des points t, pour lesquels f£f(t) > t(resp. f(t) < t)
et il existe un certain entier n tel que
fn(t) <t (resp. fn(t) > t). En effet;, si t € U suppose
f(t) <t, ona 2z+e > t et d'aprés la Proposition il existe
n tel que

f(t) - z > e Donc f(t) > z+e > t.

Démonstration du Théoréme

Pour tout x € I on definit un nombre entier n(x) comme

suivant
si f(x) > %, n(x) tel que £'(x) > x avec n £°n(x) et

fn(x)+1(x) < x

si f(x) < x, n(x) tel que f%(x) x avec n £ nix). et

g (X)+1 o) > x

et pose
N = min{n(x), V x € I}

d'aprés la Proposition précédente N est un nombre entier
fini. Dans le cas N = 1 1la conclusion du Théoré&me est
donnée dans la
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Proposition 2

Soit f une application continue de I dans lui-méme.

Suppose f ait des points x € I avec les proprietés suivantes
fix)y >iwdrenp. E(X) <) et E2(H) 5 x ( respi fi(x) 3 x)

Alors il existe une orbite périodique de periode 2.

Nous ferons la démonstration dans le cas f(x) > x et
EF (%Y 2.

Vu que £*(x) £ x et £%2(0) > 0, dans l'intervalle [O,x)
is existe au moins un point y tel que f“(y) = y. On appelle
p le point le plus proche de x tel que £2 (p) = p.-Alors
) #71  amec g -€ (pyx).

Puisque f?(x) < x on a

f2(q) < g avec tout gq € (p,x) (1)

Si p n'était pas un point d'une orbite périodique de
periode 2, alors p serait un point fixe de f : f(p) = p.
Dans l'intervalle (p,x) on aurait toujours f(q) # g et
£{x) > ¥ donc

£{g) » g avec tout g€ (p,x) (2)

Alors il existerait un point t prés de p tel que t € (p,x)

B < () £ = (3)

Par (2) et (3) on aurait £5(t) = Fof(t) = L(t) > t,
Celui est avec (1). Donc f(p) # p, et p est un point
périodique de periode 2.

e ' cas ol f£(x) > x et f2(x) = x est evident.

Nous revenons & la démonstration du Théoréme dans le cas ol
N > 2. On note u le point, pour lequel n(u) = N et suppose

£f(u) > u. Alors on a
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N+1(u) e

£(u) > u, £9(u) > u et £
N
Note' wv-= "F"(u) - on a v z.u
En comparant v avec f(u) on obtient les suivants

Dans le cas v = f(u), c-a-d. fN+1 fl{a) = £fu).

S1 N >3 et f £(u) # £(u) c'est  f(n) qui est point
periodique de periode plus grand que 2.D' aprés Théoréme

de Sharkovski (C5]) il exists des points périodiques de période
2. Donc nous ne considerons le cas od de ce que

N-1

£ o f(u) = f(u)

il résulte
fof(u) = £f(u)

Dans le cas v > f£(u) i.e. fN_]of(u) f(u) d'aprés la

définition de N on a

fof (u) . > iEluy
En somme, dans le cas v > f(u) on obtient
fof(u) > f£(u)

De la définition de N, en appliquant pour f(u) on a
N
f2of(a) = Ef{u) et
£(v) = 97 ) = Nof(w > £(w) > u

Cette contradiction excluse la possibilité v > f(u).

Donc nous avons

£iv) £ n x°vis £{u)

D'aprés le theoréme des valeurs intermediaires il existe des
points dans (u,v), auxquelles la fonction f prend la valeur

v. On note w le point le plus proche de u tel que
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f(w) = v

Puisque f(u) > v, dans l'intervalle (v,w) on a toujours

filsg), S vi>ex pour tout x € (u,w) (4)
On a aussi
rox{w) = £(v) s 1 et fof(u) > u puisque f(u) > u.
Alors il existe un point s € (u,w) tel que
fof(s) = s

Par (4) le point s n'est pas un point fixe.

C.Q.F.D.

Remarque

En général la non-stabilité& positive des points périodiques
de periode N n'implique pas l'existence des points périodiques
de periode 2N. Par exemple

f(x) = x* aves a > 1.
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A negativ instabilitas implikdlja a 2 periddusu palva

létezését

Nguyen Cong Thanh

Osszefoglald

A dolgozatban a kdvetkezO tételt bizonyitjuk be:

legyen £ a 1[0,1] intervallum egy c! lek&pzése &nma-

gaba; ha f-nek 1létezik egy zZ€ LO,1] fixpontja ugy,
hogy £'(z) <=1, akkor az f 1leképzésnek van 2 periddusu
palyaja.

The negative unstability implies the existence of 2-period

point

Nguyen Cong Thanh

Summary

In this paper the following theorem is proved:
let £ be a C1—mapping of the interval (O,1] .into itself;
if there exists a fixed point Z, “& AEOWNS of " . £ 'siuch that
f'(z) < -1, then the mapping f has 2-period orbit.



OTPHUUATEJILHASI HEYCTOWYMBOCTH BJIEYET 3A COBOW CYHECTBOBAHHUE OFP -
BUTH MNEPHOIA 2

HryeH KoHr TxaH

Pes3swMe

B paboTe OOKa3HBaeTCHa clienymomas TeopeMma: nycts £ orotpa-

il
XeHue kJylacca C- uHTepBana [0,1] B cebsa; ecyii cymecTByaT Henomn-
BHXHasa Touka z€[0,1]1 Takasa, uto f'(z)<-1, TO TOorma oTO6paxeHHe

f uMmeeT opbuTy nepuoma 2.
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ON FUZZY AUTOMATA AND FUZZY GRAMMARS

K.G.Peeva

Center of Applied Mathematics
Sofia 1000,P.0.Box 384

ABSTRACT, Fuzzy grammars and fuzzy languages in connection
with finite fuzzy acceptors are studied. Let A be a finite
fuzzy acceptor and R(A) be the set of all words recognizable
by A. It is proved that for each fuzzy regular grammar GF ge-
nerating the language L(GF) there exists a finite fuzzy ac-
ceptor A such that R(A)=L(GF) and vice versa.

The main results are about algorithmical decidability of
e-equivalence and e-reduction by inputs. It is shown that the
relation e-closeness of matrices is invariant. On this base
some properties of the e-equivalence and e-reduction are ob-
tained and their application in syntactic pattern recognition
are discussed.

1. €-CLOSENESS OF MATRICES

In this section e-closeness for matrices over a bounded
chain is defined and studied. These algebraic results are ne-
cessary for the e-equivalence and e-reduction by input words
which is the subject of section 3. The algebraic terminology
is according to C31.

Let L.=(CO,13,~,~,0,1) be a bounded chain [3] over the orde~
red set [0,1]J«R with lower and upper bounds respectively O
and 1 and operations ~ and .

Let A=(a,.) and B=(b, .) be matrices over the bounded
ij ‘mxn ij ‘nxp
chain I. with elements aij,bijeto,l] for each i,j. The matrix
C=AB=(c, .) is a product of A and B if

ij ‘mxp
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cij=kzl (aikabkj) for each i=l,...,m and each j=1,...,p [41.
It is easily established that the matrix multiplication is as-
sociative. Having in mind this property we snall omit the
breckets next.

Let A=(aij) and B=(bi') be mxn-matrices and eeEO,lJtﬁe
fixed. We say that the i row in A is €-close to the k row
in B if |a; -b, _|<e holds for each s, 1<s<n; A and B are
g-close (notation d(A,B)<e) if la..-bijlis holds for each i,

1]
1<i<m and for each j, 1<j<n.

Theorem 1. If A=(aj)n are e€-close then

l;(aj)-g(bj)lée is valid.

and B=(b.)
j’'n

x1 x1

Proof. Let .(a.)=a, and .(b.)=b_. Then
2} J g J r

k

a, —e<b, <b_<a_+e<a, +£ =>
= K=r=xr =

k k
ak~€;br;ak+e =

k
-e<b -a, <e <=>|br-ak|;€, i.e. lj(aj)_j(bj)lée

In particular, if lak—aiI;ZE for each i#k then j(aj)=ak

~

3 (b )=by

it = == 3 < = => < S8y < bt 5.4 e
a;+2e<a, < >a;+esa, —€ b,<a;+e<a, -e<b, and hence b,<b

and for the same index k because

k
for each i#k.

It is easy to see that Th.l is valid for At and B* as well.

Theorem 2. If d(A,B)<e and d(C,D)<e then d(AC,BD)<e holds

whenever the products make sence.

Proof. According to the definitions d(AC,BD)is <==>
Ik( (aix’ckj))_k( (bik’dkj))lie for each i,j. We shall prove
the last inequation for arbitrary i,j. For the vector-matrices

(viy(k)) = (“(agg,e5), (@,  Deens)

(*{b

(w5 (K)) gl ey Desss)

we obtain d(Vij,Wij);e because |vij(k)-wij(k)|;e for each k

as it is shown by the following points:
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0 v..(k)= (aik,ckj)=aik and wij(k)= (bik'dkj)=bik then

lvij(k) W, (k)l |a because d(A,B)<e;

ik Pixl2e
2%t (k)— (a k,ckJ) =Ck3 and w, (k)" br dkj) ko then

lvij(k)—w (k)| |c kjlée because d(C,D);e ;

3.. If vij(k)= (aik'ckj)=ai and Wy (k)- (bik’ - dk then

bikecaik-e,aik+s] & B0, 173; ckjetaik,lj because aik= k3 Since

dkjetckj—e,ckj+ej and dkjeto R (d <bik k+€) we obtain
= - V= -

dy4€ faj-€,a;+1  and hence Ivij(k) W5 5 (k) |=]a;, dkjlie

4, If \ (k) ik'ckj)=ckj and wij(k)= (bik,dkj)=bkj by
analogy with the previous case we obtain Ivij(k)-wij(k)lée

Since |vij(k)-wij(k)|;e is valid for each k we have

d(Vij,Wij);e . According to Th.l the inequation (k)=

lx Vij
K wij(k)lée is true, i.e. | (7( 1k’ckj)) =L (blk'dk]))l<€
is valid.

Theorem 3. If d(A,B)<e then:

i) a(ca,cB)<e; ii) 4(AT,BT)<e; iii) d(CAT,CBT)<e
whenever the products make sence.

The proof follows from Th.2.

2. FUZZY ACCEPTORS AND FUZZY GRAMMARS

We define and study fuzzy acceptors and fuzzy grammars by
analogy with [2] where the stochastic acceptors and stochastic
grammars are considered. The terminology for automata and lan-
guage theories is according to [21,C41,C5].

A fuzzy automaton A [41,[6] is a quintuple A=(X,Q,Y,MIL)
where:

(i) X,Q,Y are nonempty sets of input letters, states and
output letters respectively:
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(ii) M={M(x/y)=(mij(x/y))/xex,er,mijeEO,lJ} is the set of
the transition-output matrices, the step-wise behaviour of A;

(iii) L =(co,137,%0,1) is the bounded chain.

If X,Q,Y are finite then A is called finite automaton.

The interpretation of the membership degrees mij(x/y)GEO,lJ
is well-known [41,[6]: each element mij(x/y) determines the
step-wise behaviour of A. If in step t the automaton is in
state q; and receives the input letter x, it puts out the out-
put letter y in step t and reaches the state qj in the next
step t+l with the membership degree mij(x/y)EEO,l].

A finite fuzzy acceptor (shortly acceptor) A=(X,Q,qo,F,MJL)
is a finite fuzzy automaton without outputs (i.e. |Y|=1), with
fixed initial state qOGQ and with a set FeQ of the final sta-
tes.

Let X* be the free monoid generated by X with e€X* as unit
element. We extend the step-wise behaviour of the acceptor
A=(X,Q,qo,F,MJL) to the complete behaviour of A for k€ N con-
secutive steps as follows: since the empty word e need no time
we define M(e)=I, where I stands for the unitary matrix of or-
der |Q|, the cardinality of Q; if the ‘input word u€X* is a
letter x€X then the transition matrix is M(u)=M(x); if in k>1
€X are fed into A (i.e.

k
the input word is u=x,...x €X% then M(u)=M(xl)...M(xk) and an ar-

consecutive steps the letters XyreeorX

bitrary element mij(u)in M(u) is interpreted as the membership
degree for the state q; and the input word u in step t under
teh state qj in step t+k. We denote by M* the set of all tran-
sition matrices (the complete behaviour) for the given acceptor
A:

M#%* = {M(u) = (mij(u))/uex*}.

The set of all words u€X#*, which are recognizable by the acceptor
A is denoted by R(A):
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= i % 3 ; ; .
R(A) {u/uex*, moJ(u)>O, qJeF}

We define the notion fuzzy grammar by analogy with [2]
where stochastic grammars are defined and studied.

A fuzzy grammar GF=(N,T,S,PF) is specified by a finite set
N of nonterminal symbols, a finite set T of terminal symbols,
disjoint from N, an element SEN called the start symbol and a

finite set of fuzzy productions
B
a; =3 b;yr 1=1,...,k, 3=1,...,n;, where a;E(NUT)*N(NUT)*,

bije(NUT)* and pijeto,13 is the mebership degree for this pro-

duction. For the fuzzy grammar GF we say that w directly derives

P; .
(notation w —4 w’) with the membership degree Py

w'’ e
P, J

i r - l 2 3 _i °
W=Cia,Chy W clbijc2 and ai——l bij is a production in PF’ we say

that w derives w’ with membership degree p=3 pj (notation

7 % w’) if there exists a sequence Wyreoo W in (NUT)#* such
) < 3

and wj 4w

n+1l

that w=w,, w’'=w for 1<j<n. The binary rela-
1 n =J=

+1 j+1
tion —y— is the reflexive and transitive closure of =~ .
The fuzzy language L(GF) generated by G is the set of all

terminal strings which can be derived from S:
k

P.
L(G)) = {(u, p(u))/ueT*, s g u, j=1,...,k, p(w= 7, py>0}.

The number of the different ways to obtain u from S is denoted
by k.

Example 1. Let the fuzzy grammar GF=(N,T,S,PF) with

N = {so,sl,sz}, 7?={a,b}, s=so and P_:

F
O Q%2 O, 7
So ——i aSl Sl -5 aSl Sl — a
0,3 05 0,§
So —_— sz Sl — sz 82 b

be given. The fuzzy language L(GF) generated by Gp is
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2,0,1)/n21}U{(a”,0,1)/n>1}.

L(Gg)= {(b%,0,3)} U {(a"
The grammar G=(N,T,S,P) obtained from the fuzzy grammar
GF=(N,T,83PF) by forgetting the membership degrees in the pro-

ductions in P, is called assocziated to GF' The fuzzy grammar

GF has type 0€1,2,3 if its associated grammar G has type 0,1,2,3
respectively.

In this paper we consider only the fuzzy grammars of type 3.
For a fuzzy grammar of type 3 (finite state, regular) all pro-
ductions in PF are as follows: Si Eii ij or Si Ei y, where
Si,SjeN,x,yeT.

Theorem 4. Let GF=(N,T,S,PF) be a fuzzy grammar of type 3.
T A=(X,Q,qo,F,M;EJ is an acceptor with X=T;. Q=NU{E}; qo=S;
F={S,E} if the production S Be belongs to P, and F={E} other-
wise and the following membership degrees for each qi,qjeN,
q EF, xeT:

Q5
mij(x)=pij>0 if q; = xqj is a production in Poi

o ’ i : - - ’
mij(X)_pi> OB E q; — x1is a production in PF’

m,.(x)= 0 otherwise,
1]
then R(A)=L(GF).

Proof. Let zo=(zo(i))lx| be the vector-row with elements

Q|

i T o q; =957
Z L) =
o R & qi+qo.

The product zo.M(u) determines the behaviour of A under the in-
% a B A : = ;

put word u€X* if the initial state is qer' Let Zp (zF(l))IQIxl

be the column-vector with elements

Jl if q,€F,

Za(d)-=
1 O otherwise.

E
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Then zo.M(u).zfeEO,lj gives the maximal membership degree for
the input word u€X* if the beginning state is the initial state
qOGQ and the last state belongs to F. Obviously ueL(GF) <==>
zo.M(u).zF>O<=>ueR(A).

Theorem 5. Let A=(X,Q,qo,F,MJL) be an acceptor. If
GF=(N,T,S,PF) is a fuzzy grammar with N=Q, T=X, S=qo and pro-
: - Pj5 : %
ductions in PF have thepform q; __3 xqj it mij(x)—pij>0, where
3 : 4L
qi,qjeQ and x€X, or q; —> X i£ mif(x)—pi>0 for inQ, qfeF,
x€X, then Gp is a grammar of type 3 and L(GF)=R(A).

We may prove Th.5 in complete analogy with Th.4.

Example 2. Construct the acceptor, corresponding to the

fuzzy grammar G_, given in Example 1.

F
According to Th.4 we obtain X={a,bl, Q=NL1{E}={SO,Sl,Sz,E},
qo=so’ F={E}. The transition matrices are:

0 8,70 0 (o Y - YRR . I Tl
O =072 ¥0: SO0 0" 0 0,510
M(a) = O O 0O O M(b) =10 0 O 0]
OSFe) O: O O 0" "0 (0]
The direct computation for M(az) and M(bz) s
G 0,3 0 =02 O 0 +0 O3
0. 0,2 10 0,2 0 %0 0. 075
M(az) =10 O 0O O M(b2)= 0 10 Y. O
Q¢ O 02 £0 0. 0" g, O
By induction we can prove that
0. 0,1, 0 021 0 0601
0@, 28 & 20,2 L0 (0 I D.
Ma™) =|0 o 0.0 ,n>13 M(anb2)= 0.0 O .0 ERa]s
0 0 0O O O- OF 1O #0



Since zo=(l O O O0) and z; = (0 O O 1) we compute

2 2 : n s , N2 &
zo.M(b ).zF = 0,3; zo.M(a ).zF = 0,1; zo.M(a b ).zF—O,l.
The other words from X* are not acceptable since zO.M(u).zF=O.
Hence this acceptor recognizes exactly the fuzzy language
L(GF) from Example 1.

5. €-EQUIVALENCE AND €-REDUCTION

The classical problems for pure equivalence, reduction and
minimization are completely studied for deterministic and non-
deterministic automata [5]. Latter they were treated on the
lines of their analoqgues for stochastic [5] and fuzzy [43]1,061]
automata.

Since the nature of stochastic and fuzzy automata is that
they can be thought of as approximate models of incompletely
understood systems the idea of approximate equivalence by
(stochastic, resp. fuzzy) behaviours is well motivated.

We shall define and study the approximate equivalence and
approximate reduction by inputs based on the €-distance of the
behaviour matrices for fuzzy acceptors. The main results con-
cern the algorithmical decidability of the above problems.

The terminology on automata theory is according to [51].

Let A=(X,Q,qo,F,MJL) be an acceptor. The input words
u,vexX* are called e-equivalent iff d(M(u),M(v))<e (notation

€
s Y,

Theorem 6. Let AﬁX,Q,qO,F,MJL) be an acceptor, x,x’€X be

input letters and u,vex* be input words. If x o x' then:
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i) uxv £ ux'v;

ii) xv £ x

iii1) ux £ ux’.

Proof. x : x’ <=>d(M(x),M(x’))<e . (i) follows from Th.3
(iii), (ii) follows from Th.3(ii);(iii) follows from Th.3(I)

Hence e-equivalence by input letters implies e-equivalence
by input words, distinguished only by e-equivalent letters
(standing in the middle, in the beginning or in the end of the
words). |

The relation e-equivalence by inputs is not an equivalence
relation. But we can define an e-partition on X, resp. on X%,

The set Exi]={x/xex and x & xi} defines an e-class with
center X, . The e-classes ([xiJ)i are called an e-partition
of X 4ff: [xiJQExj]=¢ for i#j and gtxi3=x. According to Th.6
the e-partition on X induces an e-partition on X*. Note that

Exin#txjj=s>d(M(xi),M(xj))>e .

Theorem 7. For each acceptor A=(X,Q,qO,F,MJL) the following
problems are algorithmically decidable:

i) whether x £ x’ for each X,X'ex;

ii) construcing an e-partition on X (resp. on X%).

Proof. i) For each x,x'€X we can compute whether d(M(x),
M(x'))<e . The algorithm is finite because A is a finite ac-
ceptor. ii) We can construct an e-partition on X using the
following algorithm: ’

l. Enter X,M,c.

2. For the elemenet xiex with the smalest index form the

e-class Exi]={x/x€X and x ¢ xi}.

3. Print Exi].

4, X=X = ExiJ.

5. If X#) go to Step 2.
6. End.



Let A=(X,Q,qo,F,MJL) and A’=(X,Q',q6,F',M'JL) be acceptors
with the same X,JL. A and A’ are e-equivalent by inputs (A £ i)
if for each x€X there exists an e-equivalent x’'€X’ (i.e.
d(M(x),M'(x"))<e) and vice versa. A’ is in e-reduced form by
inputs if x' € x" > x'=x" for each x',x"€X’'. A’ is an e-reduct

of A if A £ A’ and A’ is in e-reduced form.

Theorem 8. Let A S A’. For each input word u€X#* there

exists an e-equivalent input word u’€X’#* and vice versa.

Proof. If u=e or u€X the proof is trivial. For u=xix.ex
the e-equivalent word is u’=x’'x"€x’#* if X, = x' and xj =i

because

X, £ x’=s>d(M(xi),M'(x'));€,

X, S x" =>a(M( x5) M(x™) )<e

and according to Th.2 d(M(Xi),M’(x’));e and d(M(xj),M’(x?);ena
d(M(xixj),M'(x’x"));e . The rest of the proof follows by in-
duction on the lenght of the words and having in mind that

Kve B

Corollary. If A’ is an e-reduct of A then A and A’ have

ge—equivalent béhaviours.

Theorem 9. It is algorithmically decidable to find an e-re-
duct for each acceptor A=(X,Q,qO,F,MJL).

Proof. According to Th.7 we can find an e-partition Xr of
X, where Xr is the set of the centers of the e-classes. The
different symbols in Xr are not e-equivalent by construction.
The acceptor Ar=(Xr,Q,qo;F,MrJL) with Mr={M(x)/x€Xr} is an
e-reduct of A.
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4, APPLICATIONS IN SYNTACTIC PATTERN RECOGNITION

We shall sektch some applications of these results in
syntactic pattern recognition. This 'is an open problem [11.

Let W= {(w,p(w))/p(w)€CLO,11} be a class of images and
p(w) is the membership degree for the image w. If each w is
a string we can consider W as a fuzzy language L(GF). The set
of the features P, wich characterizes each string of W, de-
termines a finite set T of the terminals for the fuzzy gram-
mar GF’ respectively the set X of the input letters for the
recognizing acceptor A with R(A)=L(GF).

Let a suitable criterion with a numberical valuation
e€L0,1] be choosen, i.e. € characterizes the similarity measure
of the features in W. If the input letters x,x’'€X are e-equi-
valent, then w=uxv and w’=ux’v are e-equivalent. But we can
assign to each x€X a feature pxeP and vice versa, i.e. XéP;
consecuently the feature pXGP is a carrier of an e-equivalent
information in comparison with px,eP. Hence we can consider
Pys as an inessential feature for the given recognizing prob-
lem or we can interprete Pyr as an e-distored image of P, -
Having in mind Th.7 we can construct an e-partition of the set
of the features P (resp. of W). The elements of the e-class
are e-equivalent (and e-distored) in comparison with the cen-
ter Py- It follows that p, can be select as an essential fea-
ture (sample) for the recognizing probliem. But the choise of
the essential features is algorithmically decidable (Th.9)
because it is equivalent to the constructing of the e-reduct
Ar for A. With the same notions, if Ar is an e-reduct of A,
then A recognizes images, which are e-distored in comparison

with the images acceptable by A .



- 66 -

REFERENCES

1. D.Dubois, H.Prade, "Fuzzy Sets and Systems: Theory and
Applications", Acad.Press, New York/London, 1980.

2. K.Fu, "Syntactic Methods in Pattern Recognition", Acad.
Press, New York/London, 1974.

3. G.Grdtzer, "General Lattice Theory", Birkhailiser Verlag,
Basel, 1978

4, E.Santos, On reduction of Maxi-min Machines, J.Math.An.
Appl.,; 40y 1972.

5. P.Starke, Abstracte Automaten, Berlin, 1969.

mization of Finite Fuzzy Automata, j.Math.An.Appl. 84, 1981.



- 67 -

Fuzzy automatdk és fuzzy grammatikak

K.G. Peeva

Osszefoglald

Legyen A egy véges fuzzy akceptor és R(A) az A a&ltal
felismerhetd szavak halmaza. A szerzd bebizonyitja, hogy
minden fuzzy szabalyos Gp grammatikahoz, amely generalja
az L(GF) nyelvet, létezik eqgy A véges fuzzy akceptor ugy
hogy R(A) = L(GF), és vice versa.

PacniuByYaThe /fuzzy/ PaMMaTHKH H MHOXeCTBa

K.I'. IIeeBa
Pe3wmMme

[IycTe A eCTh KOHEUHHH akKuenTtop H R(A) eCTh MHOXECTBO
BCeX CJIOB, PAaCIIO3HAHHHX akKuenTtopoM A. Jloka3mBaeTCA, 4YTO IasA
BCEeX peryJiIfpHHX I'PaMMaTHK GF HEHEepPUPYWIHX S3HK L(GF) , Cy-
MEeCTBYET KOHEUHHM PaCNJIHBYATHYE aKUEeNToOp TaKo#, 4TO R(A)=L(GF)

H HaobopoT.
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O JIMHEWHOW CJIOXHOCTHU PEAJIM3ALUUK HEKOTOPHX OIEPATOPOB CJIIBUI'A

P.JI. uermraHOBUHY

MaTeMaTUYEeCKHH HHCTUTYT,
YHuBepcuteT HoBm Can, r. HoBum Can,
B o¢cin a B A A

BymeM paccMaTpHBAaTh peayid3alldid OOHOI'O KJlacca OIepaToOpOB B
KJjlacce cxeM H3 (QYHKIHOHAJIBHHX 3JIEMEeHTOB B 6Gasuce &, V, - /omnpe-
neneHue cM., Hanpwmep, B [1l]1/. CrnoxHocTe L(S) cxemMm S onpene-
JIMM KakK 4YHCJIO DJIEMEHTOB B Hel. OcTanbHEHEe (OyHKUMK [leHHOHa onpe-
OeJyiuM KaK OOHYHO: CJIoOXHOCTh L(F) omnepatopa F, 3TO HauMeHbmas
H3 CJIOKHOCTEHn CXeMul, peaynusywmux F, H HaKoOHel], CJIOXHOCTBH L(F)

KJlacca onepaTopoB JF - 3To max L(F).

Fe¥
MycTs B MHOXECTBO BCEX HaGOPOB a =(agy,...50, ;) W3 Hynen
u emuHMy. OToGpaxenue B B B~ 6yneM HaswsaTs (n,m) - onepaTo-
5 n= i ~
poMm. Yepes | a| o6ozmauum 5 0121' u uepes || a || - umecno
= i=0

eOuHHL, B Habope a .

O603HaAUUM uepes Tn(n+]log(n+1)t,n) - onepaTop, KOTOPHIH
COBHMTaeT HaNpaBO IPOH3BOJILHHM HAaBOp X Ha MPOU3BOJILHOE YHCJIO
|y
Bosilee TOYHO ornepaTop Tn no OByM Habopam i==(xo,...,xn_1) u

. /CumBon Jal o3HavaeT HauMeHblee Ilejloe YHCJIO, He MeHbmee a/.

y:=(yo""’yjlog(n+1)t-l) BHIOAET clienywomuil Habop

om0 e gD Ent s wa . 0603HaAYMM ero uepes X+~ . W3-
0 vyl

~ )
n-|y|-1
BeCTHa cJienywmasi OLEeHKa )1 53 JIynaHona CJIOXHOCTH peaJlu3aluHu oIlie-
4 L
paropa T

Jie MM a 13C2)

L(Tn) sC.*nilogn

Y

Bciomy B 3TOi cTaThe 6ykBou C /C UHOEKCaMM, WTPUXaMH U T.O./ -
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0603HaAYaKTCsd HEKOTOPHE KOHCTAHTH, CHMBOJI lOog oO3HaYaeT Jorapudm

10 OCHOBAaHWK 2 U 4Yepe3s s?,n 6yneM o6o3HayaTh BeJHYHHY Jlog(n+l)C.

O0.B. JlynaHOBEM OHJIa BHCKAa3aHa THINOTe3a, 4YTO omeparop T
He IonyckaeT JUHeMHOHN peaJilu3alluH.

WHTepeCcHON SABJIAETCH gnenymmax 3aada: KaKoBa CJIOXHOCTBHb

peanusauuu knacca J = {Ta|&= (ao,...,a )GBrl }(!Ln,n) - omnepa-

n-1
TOPOB, KOTOpPHE IOJIYYawTCa H3 olepaTopa Tn NMOOCTAaHOBKAMH KOHC-

TaHT ao,...,a Ha MeCTO INepeMeHHRX XO,...,Xn

7
n-1 -1

3Oecep OoKas3mHBaeTCda JIMHEeMHOCTHh peaiu3aluur OJHOI'O KJacca

o
onepaTopoB T , a HUMEHHO TeX, KOTOPHE OINpelesyiIeHH MHOXEeCTBOM Ha-
logn

6OpOB a, Yy KOTOpPHX, IO NMOPAOKY, He OGoJble Tog logn

€IOHHHII.

BBesieM oGo3HaueHua: V, gy = {&]&eBn,||&“=k},

T = (1%|5ea S
5= IT | aea B_}

T e opeMa. J.IJ'IFIJI}O6OI‘OkSC——l—O-g-§—— A )=S ISRy

CHauajla BBegeM BcCcHoMoraTesnbHHE OoIepaTophH, a NoToM cdopmy-—
JIUPYEeM H IOOKaXeM HEeCKOJNBKO JIeMM, H3 KOTOPHX H O6yIeT CJemoBaTh

yTBepXIeHUe TEOPEMH.

10. OnepaTop Km /" nemudpaTtop"/. 3TO (m, 2m) - orepaTop,
KOTODHI NpeobpasyeT /6ol HaBop X = (xo, Sie] ’xm—l) B Habop
y=(ygre-- ¥om_y ) Takoit, 4TO

= {1, ecnu i= |x|
i 0, ecnu i# |x|

Xopomo H3BEeCTEeH cienylmui ¢akxT.

§ 8 g 2.1, BlR Yug. 2" .
m K

i OnepaTop Ern /B HEKOTOPOM CMEHCJIE SABJIAE€TCH O6pPATHHM K

Km/. 3TO (2m, m+1) - onepatop. OH Ha6op §i= (07 s 1071100 «570)
1
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m
IJIHHE 2 npeo6pasyeT B OBOHYHYI 3alHCh HOMepa pas3psna, B KOTO-
POM CTOHT €eIouHuIa, HyJIeBOM Hab6op npeobpasyer B Ha6op (0,...,0,1),

a Ha OCTaJlbHHIX HabopaXx OH MOXEeT OHTBHL INPOM3BOJILHEM,

m
JTeMmMMa 2.2.C2] L(Em)SCE-Z =

o OnepaTop YMHOXEHHS Um . 3To (m+4%, m+%) - onepaTop.

2
~ -~ ’
OH 1o HabopaMm X OJIMHE M H Y ONMHHHE £ HaXOOH m+% pas3psAlOoB HUX

IpOU3BEeneHUsd

O s Fo) =%, mre [2] = %1417 .

Jize "M - MiTa, 2.3, LU )SC__ m=2 .

JoKasaTe/NbCTBO JIE'KO BHTEKAaeT M3 OOGHYHOro "mkonsHOro" anropur-

Ma.

40. OnnepaToOpH »OEeJIeHUuS D}n(\ onpenesyieHH HAaTypalbHEM dYHCJOM K,
m
1<k<2. Ina pawHoro k sto (m, 2m ) - onepaTop, KOTOpHII NO HaBo-

Py X IVIMHH M BHOAET HAGODH: y IJIMHH M TakoH, 4YTo |y| = [li]i—l-] u

Z OJIMHE M Takon, 4To |Z| = |X| - |¥|-k. /CuMmBon [al o3HauaeT Hau-

foJsibulee LeJIoe YMHCJIO — MeHbue a./

JemmMma 2.4. Ina moboro k, lsk<2m,
k <5 % m
L(Dm)_CD 290

JokasaTenpCTBO TpPHBHAJIBHOE.

~

(o] o o
5. OnepaTopH OI'PaHUYEHHOT'O cOBHUra M , o € Bn' IJyiss maHHOI'O

g o
Ha6opa a, M 3TO (2n, n) - onepaTop, KOTOPHH IPOU3BOJIbLHHN Ha-
n

-~ e - T
60p X MIMHH L npeoGpasyeT B Ha6op Ypglr oA %] <Cy5 113 [

M B HyJIeBOM HA6Op IUIMHE N , B OCTaJIbHHX CAydYasxX.

MTemMmMma 2.5. Ona mo6oro &eBn,

L(M“)scM-n.

lloxasarenscTBO. O6OsHauuM uepes p;, i=1,2,..., [| o |l HOoMepa paspsa-
OB, B KOTOPHX HAXOOATCS eNWHHMIE B Habope o. Cxema mis M® cTpo-

HUTCA B COOTBETCTBHH CO CJIeOyKOmHM aJIlTOpUTMOM /puc. 1/:



1. BxomHo® Habop X nomaeTcsa Ha Bxomm "memuppatopa" K .

Ln
L(K )SC!.n /nemma 2.1/.
5 K

n " -
2. Minagumx C25 W Pa3pAloB BHXOIHOI'O Habopa "gpemHudppaTo

pa" /unu oH menukoM, ecnu ||a || SC25/ nomamwTcs Ha "BTOpeIEe" BXO-

m || o || - wryx cxem Api, i=1,...,]lal|, roe cxema Api chBUTa-
erT i-w0 enuHuny HabGopa a. Ha "mnepBue" BXOIH CXeMH Apl nonaeTcs

HyJIeBO# Ha6op OJIMHH N, a Ha "nepsBue" BXOIH CXEMH Api, 1> do=
LOaeTCss BHXOOHOM HaBop CXEeMH Api-l /T.e. Habop, Yy KOTOpOTO Iep-

Bux (i - 1) emuHUII yXe NOCTaBJIeHH Ha CBOH Mecrta/. Bonee dopManb-

n

)
HO cxeMa Ap, 0<p<n-1 peanusyer (n+C25 TR n) — orneparop,
KOTOPHH IO Habopam o = (ao,...,cxn_l) U B= (80,...,BC n _l)
25 [la |l
BHYHCIISIET Habop y = (Ygsee+sYy_y) TaKoH, 9TO

a. , B OCTaJIbHHX CJlydasX.

y : n
By {aiv Bi-—p' p<i<min{n,C,¢ —|T§—||—+p}
i

OueBunHoO, nns Jméoro i, L(A_ ) =<C

0 4

Bk
<~ —~

PUC e "l
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TakuM o6pasoMm, L(M%*) < K =) o TR 5 C
M gei o PE

M-n .

JleMmMa Ookas3aHa.

Teneprbr COOPMYJIHPYEM H LOOKaXeEM YeTHpe JIEMMEl, H3 KOTOPHX H

6yneT cnenoBaTh YTBEPXIEeHHE TEeOpPEMH.

JemmMma 3. IlycTts Habop &GBn TaKo¥, YTO Mexny JINOEMH IOBYMS
COCeOgHHMMH eIOHHHIIaMH B Habope CcymecTBYeT XOTH OH
(K-1) HyneBe#y, roe KZC:’,’ logn*log logn . Torga,

L(t¥) £ Cyin

K
Joka3aTeJlbCTBO. BBelneM OOO3HAYEHHS: K1 =[logKl, K’ =2 1 ;
NN MOV g e oo 0 Y, ) - IOBOuYHaA 3anuch umcaa (K, +1) u
y= (yo,...,yz l) - Habop, KOTOPHM 3alaeTcs BeJIMUMHA COBHIA.
n—

a
Cxema mnsa onepatopa T CTPOHTCA B COOTBETCTBHH CO Clnegywmum aJ-

TOPHUTMOB /CM. puc. 3/:

1. Tlo Ha6opy f/ onpenesianTcsa HaboOpH 81 71 82 - IOBOMHYHEIE 3a-

¥ o ~ ’
IHCH 4YHCerN EI—KYTI 28 1Lyl le,—l 1+ K’ . 3To memaer cxema D-

ln >
’
L(DI; )SCI’)°n /nemma 2.4./.

n

-~

33 a
2. Habop 02 nomaeTcss Ha BXOIOH CXeMH M, KoTopasa cOBuUIraer

n
all

Ha6Op o Ha YHUCIO I&j IR SRR <N - L(M*) SCM'n /nemMma 2.5./.

~

3. Ha6ops 0, M Yy TIOHAKTCH Ha BXOOH CXeMw U KO-

2

TOpas HX yMHOxaeT. L(U )sc'-logzn /nemma 2.3./.
§ il

’
Lnrin

a
4., BuxXomOs CXeMH M pa3o6beM cJyieBa HampasBo Ha 1In/K’'[ rpynn,
no K’ BHXOOOB B KaxXIoW /KpoMe, MOXeT OHTBL, IOCJIefHel/ W nomaem

uxX Ha Bxomn 1In/K'C - wtyk "xonmeposn" EK1 /TIOCJIEOHMMH, Ha OCTaB-

muecs CBOGOIOHEMH BXOIE, MomaeM HyJu!/. L(EK )SCE°K' /neMmMma
1
2 02/0

5. O6beOuHAS BHXOOH 3TUX "komeposB", ux In/K'[:(K,+l1) mTykK,
14



rnomaeM HX BMecTe C 2% JIEBEIMH BHXOIOaMH cxemu U

fnrin
T.€.

Jn/K’E'(Kl+1)

Ha BXOIH CXeMHl, KOTOpasa peaJIu3yeT olepaTop T]n/K'[-(Kl+l)'

COBUraeT 3aKOOUPOBAHHHN HabOp, MOJMYYEeHHHN Ha BHXOHax "kKomepos"

E.. , Ha 4YHCJIO EJ%%}J(K1+1). L(T

’. - .
Kq )SCT In/K'C K, logn

Jn/K’[-(K1+1)
/nemma 1./.

6. BHXOIOH CXEeMH TJn/K'

I /K TPy, YO (K1+1) WTYK B KaxOod. B Kaxiol Tpylnne, Je-

[-(K.+1) Pa3obbem crieBa Hampaso Ha
1

BHIX K1 BHXOIOOB IIOOAKNTCA Ha BXOIH mOemudpaTope K H IIOJIYYEHHHH

K

Habop Ha ero BHXOHAaxX MNOpPa3pPANHO YMHOXaeTCs Ha nicnenunﬁ BHIXOJH
B rpynmne. 0603HaYuM uyepe®6 B HAGOP MJIMHHE N, KOTOPHH NOJIyYaeTCs
Ha neBHX n u3 In/K'C[*K’, TakuMm o6pa3oM, MOJNYYEHHHX BHXOIAaX.

L(KKl)SCK'K' /nemma 2.1./.

7. Habop § nomaeTcs Ha BXOOH IOemudpaTopa KR 'L(Kl )SC&‘Zn.
n n

/nemma 2.1./.

8. BHXOIH 3TOro JgemMdpaTopa MNONAWTCHA HA BXOOH CXEMH Hn’
KoTopas Jmw6ou HaGop Buma /0,...,0,1,0,...,0/ OnuHH n npeobpa-
syer B Habop /0,...,0,1,1,...,1/ OoauHHE n, a Ha OCTAaJIbHHX Habo-

pax OHa MNpou3BOJIbHag /CM. PHC. 2/. O4eBHOHO, L(Hn) SR 5

Puc. 2.



e

9. Hab6op, peanu3OBaHHHN Ha BHXOIAX CXEMH Hn’ rnopaspAngHO

YMHOXaeTCs Ha HaGop B, MONyYEeHHHH B mare 6.

_ Takum ofpasoM, YYHTHBAA, 4UTO ché-logn'log logn,
LiT*) 2.0 *ns
3

JleMMa IOOKa3aHa.

BBgneM onHO noHsaTHe. Jo60o# nomHatop (ai’ai+1""’ai+s)

Habopa a = (o st ) Ha3HBaeTCsa NYyCTHM KYCKOM, €CJii BCe

(ot n-1
aj paBHm 0, j=1i, i+l,...,1i+s. MNomHabop, KOTOPHN 3TOMYy He YyIOB=—

neTBopsaeT, 6yldeM Ha3uHBaThb HenycTeaM KYCKOM.

¥ 4
g
) ‘l
! D,
e s
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< e -
Evﬂ E Ky -+ E K.
Kt K %t
g TD“/\L'&.-(KM)
s i K[
K(n KK. T K“ Y,
Hy\ & L « &_ 4
" 4 T
y r 'y
L. : i

] Pue s
X 1yl



JTemma 4. Ilycts Habop &EEBn TaKON, YTO €CJIH ero pabobbem

n
<
Ha KYyCKH IOJHHH K, K_.logn v

TO €ero eOWHHULH OKa-
XyTCs He bojsee Ca KyCckoB. Torma

L(T“)sc4-n.

JokaszaTejlbCTBO. HeTpyOHO yO6eIOUTBCS, YUTO MOXHO NPEeOnoOJIOXUTH,
YTO TOJIBKO OIOUH KYyCOK IOnuHH K B Habope o HenycToii. U3 sTOrO
KyCKa H KyCKa TaKoOM Xe IOJIHHH, HO COoCTOofmero TOJBKO H3 HyJeH,

o6pasyeM Ha6op o mwMHH 2K /cM. puc. 4./.

K e
T A R o Y2 R N A Wit it

g

Puc., 4.

0O603HauUuM 4Yepes3 y Habop, KOTOPHM 3ajaeTcs BeJMYWHa cABUra, 4de-

~ n
pe3 v Habop IOJIMHH :]E[ , TOoe vi= 1 Torma ¥ TOJNBKO TOorma, Kor-
a

~

. s (0]
oa i-# xycok Habopa HenycToi. CxeMa mnOis omnepatopa T CTPOHUT-

CA B COOTBETCTBHH CO CJIedyKmUM aJTOPUTMOM /pHC. 5./:

1. Mo HaAGOpy y ONpenesyIAnTCa HaBOPH 81 U 0. — IOBOHWYHHE 3a-

2
MMUCH YKCe El%y] H !9|-—El%lJ‘K . 9ToO HenaeT cxema D% 3
n
L(DK )<Cl!*n  /nemma 2.4./.
£:° 5 D

2. HaGopH 0 ¥ MJIaOuMx %,g PA3SPANOB Habopa 82 nomjanTcsa Ha

BXOIH CXEMHl, KOTOpas peasiusyeT onepatop T T.e. cOBUIaeT Ha-

2K’

60p 0 Ha BEJIMYHUHY ISZI. L(T2K)S *2K*log(2K) /nemma 1./.

Cq

3. Mnaguue 2 - paspsann Habopa 51 IogawnTCAaA HAa BXOOH CXEeMH
1L
K

~

v ~ =
M’, koTopas cIOBHraeT HabGOp VvV Ha BEJIMYHUHY Icll. 0O603HaY¥M 3TOT



= e

-

COBMHYTHN HaGOp uepes & =(855000,6 ). L(MY)<C, 120 /nem-
12c-1 D
Ma -2:5./ % n

4, C noMomplw CXEM OIepaTOpOB Bi' i==0,1,...,]%[-1 "nocra-

BUM" Hab60Op, peayH3O0BAHHHMK Ha BHXOOEe CcxeMH T Ha MecTO, KOTO-

2K
poe COOTBETCTBYET BEJIHUMHE COBHra /OHO ONpenesieHO IIOJIOXKEHUEM

enuHMUE B HaGope & /. dopMasbHO, Bi 3To (n+2K+1,n) - omnepaTop,
KOTOPHM MO HabopaM y IUIMHH N, o/ IJHHH 2K ¥ paspany §; onpene-

JITET HA6OD Z = (Zn,eee,2 ) Tako#, 4YTO
0 ’

n=1

i

Y. ¢ B OCTAJIbHHX CllydaaXx

r . 3 1 1 .
4 Yjvoj—i-K&a , 1*K€j<min{n, (i+2)-K}
J
J

o

w
pSLﬂ l)lu fSL
T \
( N l \\
Tyxe S w S

1k

%
% I

bq 1%

i
%HQ&M 2
w

PHC. ‘5%



B

4 <cr. ey oo
L(T") <Cl+n+Cpe2K log (2K) el I

OyeBHOHO, YTO OJjia Jmwboro i, L(Bi)S(Z ‘K. Taxum obpasom,

E’CB'KSC4’n .

JleMmMma QOokaszaHa.

JlemMmmMma 5. IycTe HaGop aiEBn MOXHO pa3s36uTh Ha KYCKH IOJIHHE

K /xpoMe mnociemnHero/, KE:Cé-logn'loglogn, Tak
YTOOH JIHOOHMH OBYMS COCEOHMMH HENyCTHMH KYCKaMH, MNYCTHX KYCKOB
6HJIO Gonbue, YeM €OUWHHI B IPaBOM M3 3THX OBYX HENYCTHX KYCKOB.
Tornoa

L(T*)<C.*n .

5
IokazaTenbCTBO. IIyCcTh HAGOpP o YOOBJIETBOPHAET HNAaHHOMY YCJIOBHIO.
ByneMm npeo6pa3OBHBATL HAGOP &, COBHras e€ro eAUHHUIH TakK, 4YTO

~

NOJIYIHUM Habop B , KOTOPHI YIOOBJIETBOPHAET YCJIOBHIO JIEMMH 3.

PacCMOTPHM IIPOM3BOJIbHHM HENYyCTON KYCOK B HabGope o. O603Ha-
YUM 4Yepe3 L YHCJIO eOUHHI] B HeM, [lo yCJIOBHKW JIEMMH, JIeBee OT 3TO-
o Kycka cymecTByeT 2+l NyCTHX KYCKOB. EOWHHIE H3 HEIyCTOIr'O
KyCKa pa3MeCTHM IO NYyCTEM KYyCKaM CJiegyuHM CIIOMOOOM: IIOCJIeOHION
/ecnu CMOTpeTh ChnpaBa HaJleBO/ COBHHEM BJIeBO Ha K pas3psamos,
npenrnocyenHw — Ha 2K pa3psanoB U T.O., 2-0 Ha £-K pa3psmoos.
Ecnu 3To crpesiaeM C JIOOBEM HENyCTHM KYyCKOM, IIOJIVIHM Habop é.
Pa3zobbeM ero Ha Kyckd miHHH K. OH oblllagaeT clenywmuMu CBOHCTBa-
MH: B KaxXIOM KyCKe HeT OOoJiblle OOHON eOUHMUIL; PacCCTOSHHE Mexnay
cocenHuMu enuHHIIaMH >K; Mexny COCeOHUMH eIOHHHKHIIaMK, KOTOpHE MIpH-
Hamojiexajsii OOHOMYy KYyCKy B Habope &, HeT NYCTHX KYCKOB, a Mexny
COCeOHHMH eIOWHHIIaAMH, KOTOpPHE IpHHAaOJexaJid pa3HeM KyCKaM B Ha6Go-
pe a CymecTBYIT XOTsA 6H OBa NYCTHX KycCkKa. CxeMy 6yOeM CTpPOUTH
TakK, 4YTO CHauaJjsia 6yngeM cOBUI'aTb HabGop é, a IOTOM HHBEPCHO OIlH-
CaHHOMY BHIE aJITOPHTMY, BOCCTaHaBJIWBAaTh CABMHYTHH Ha6op o. Pa-
OX OOHO3HAYHOCTH IOEKOOUPOBKH CHOBHHYTOI'O Ha6bopa "ymnuHuM" Habop
g HampaBO Ha HYJIEBOH KYCOK nnm&a(]%[+l)~K—n. [IonnydyeHHHN Habop
0603HauuM uepes f’. Tenepb OMHIEM anropuTM, B COOTBETCTBHH c

o
KOTOPHM 6ByIeM CTPpOUTE CXeMy [Js onepaTtopa T /M. PHC. 8/:



1. Ha6op y, KOTOpHM 3amaeTcs BesIMYHHA CHOBUTra, NoJaeTcs Ha

B TR Yy s ey

BHIXOIOH CXE€MHl, KOToOpasa peanusyeT onepatop T 3

/nemma 3./.

n

) K

Kaxnoi. O6o3HauuM 4Yepes vi Habop, KOTOPHN pealu3yeTcs B i-on
n 4 n

X i’ i= 1,...,]-R-[+1 nogarnTcs

Ha CTOJIBKO X€ IOU3bHWHKTHBHEHX CXEM Vi’ KOTOpPHE OOHaApyXuBaKWT IIPpH-

2. BHXOOH 3TON CXeMH pa3o6beM Ha 15[+l 30H, nmo K - mTyk B

soHe, i=1,2,...,15[+1 . Ha6opu v

CyTCTBHE €IOHHHLH B i-ou 30He, T.e. BHYHCJIANTCA CHI'HAJIH
K~-1
ty= V

i . OueBugHO, monsa Jymwboro i, L(Vi) S K.
j=0

vij

n
3. [Io curxHanam tj’ J=[ mTykK cxem Ri BHYHCJIAWT CHI'HAJIH Y.,

K 3
rae 0 B TOM ciiyyae, Korma eOWHHIY H3 i-0Oif 30HH HAIOoO OTHeC-
TH B JIeBHH co6upammui Kycok /cM. wmar 5. u puc. 5./, # r, = 1,
€eCJyii 3Ty eIOUHUYL] HaIO OTHEeCTH B IpaBHH CO6Upawmuil KYyCOK /B CJIy-
yae, KOrjJa HEMycCTOM KYCOK Habopa o NpH CABMIEe YAaCTHUHO [OMaJl B

OBa KycCka mauHH K/. HeTpyOoHoO y6eOuThCH, YTO HOJDKHO OHTH: rl =0

=y s . = n._
Mr ,=r; ti ti+1 ti+2 v riti+1' i 1,2,...,]KE 1 . Takum
ob6pasoMm, L(Ri) SCR oJjs Jwéoro i.
4, Tlo curHanam t_ u r 120 wTyk cxem P =] JaE
i S R 4 31 VEP IR

BHYHCJIANT CHUTHAaJH pi, roe pi= 1, xorga B i-#t u (i+1l)-¥ KyCOK
Halo IMOCTAaBUTH JIEBHM M IpaBHNE COOHpawmHUi KYyCOK /NOTOMYy, YTO

enuHuIE "BepHysuch" Ha cBoe MecTo/ H p; = 0 B ocCTanpHHX ClydasaX.

HeTpynHO y6emUTBCs, YTO HOOJDKHO OHTH pi =t,°t v 1:i -t

. P
i 141 ’

b I

i= l,...,]%[ OTKyZOa H clenyeT OlLleHKa L(Pi) SCp ong Juboro i.
5. Ina kaxgoro i, i= l,...,:l-;—t CTPOMUTCS CXema Wi’ KoTopas

onpemendeT Habop 61 OnuHE 2K, T.e. JIEBHH M IpaBHH co6Upanmui
KyCOk. Bonee nompo6HO, cxema Wi 3aBHCHMO OT 3HauYeHUs CHI'Hana

. ~i
r., HNponyckaeT emouHUIy U3 i-0o¥ 30HH /HabGopa V / B JIEBHNH HJIM Npa-

1

BHI KYCOK Habopa Oj-1" |

/cM. puc. 6./. IOnsa 50 6epeTcss HyJIeBOM Hab6op OnuHH 2K, Py = 4151

YMHOXEHHOI'O CHavaJila nopaspAalHO Ha pi



PuC. 6.

OyeBHOHO, YTO L(Wi):SCW-K ons Jnoboro i.

6. HaGopm éi’ i=:l,...,]%t YMHOXaKWTCA NOopaspsaIHO Ha P;
IIpH ITOMOIYU J%E LWTYK CXeM Gi' OueBHOHO, 4YTO L(Gi):;CG'K s
jmo6oro i.

7. O6o3HaAYUM HAGOPH, KOTOPHE IIOJIYYATCHA Ha BHXOOAX CXEMH
~ - n n
Gi yepes oi 7 1==l,...,]EE. [lpu mnomMomu ]f[_l HLTYK CXeM Zi 6y-
OeM Mopas3psanHO CYMMHPOBATBH IIpPaBHE KYCOK Ha6opa Oi C JIEBEM KYyC-—

/CM: DHC /s

~ ~

)
H :
KOM Habopa Oi+1

Puc. 7.
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S

OYeBHIOHO, 4YTO L(zi)f;CZ'K onsa moboro i. O6benquHSAS OCTaBUIHECH

BEIXOIH CXeMu G, C BHIXOJAMH CXeMH I., i==1,...,JEE-2 U

1 K
n-(]%[—l)'K BHIXOIIOB CXE€MH I % ; NOOJIYYHM Ha 3THX BHXOOaxX
I=[-1
K
~
Habdop a|§| . .
TakuM o6pa3oMm, L(Ta):SC6'n.
JleMmMa InokasaHa. 2
b v
s
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JeMmMMa 6., J60oHd HaBoOp &eBn, llall = K, MOXHO pPas3jIOXUTEH B
rnopaspAnHyl0 CyMMy 1o mod2 [OByX HaAaGOpOB: OIOHH

VOOBJIETBOPAET YCJIOBHI JIEMMH 5, a y BTOPOI'O YKHCJIO pa3pAloB Mex-—

Oy NepBOl MU TOoCNnenHel eOHHHUIaMH <KK--M, roe M= logn-+log logn.

JokasaTenbCTBO. Paso6beM enuHuUH B HaGope o Ha Upynne Tak,
YTOOH MexOy COCEeIOHHMMH eIHHHIIaMH B OIOHON rpynrne O6sUiO MeHbue M
paspaAnoB, MexIy COCeOHMMH eIUHHIlaMH pPa3HHX IPynn - =M paspAanoB.
O4eBHIOHO, YTO YHCJO rpynn He 6osbme K. O603HAUYUM OJIMHY /YHCIIO

paspanoB/ caMol OJMHHOM TI'pPyNnH 4Yepes D Tenepb NpHBEIEeM ajir'o-

1.
PHTM, KOTOPEM 6yneM O6benUuHATH "MeHbmue" rpynnu B "6Goapmme”.

1. PacCMOTpHM CaMyl TNpaByl eOHHHLY B Ha6GoOpe o M IOJIOKHM

2. PaccMOTpUM KYCOK Habopa o IJIWHH Di' copepxaumuit 3Ty enu-
HULY U Di—l pa3psan JgeBee ee., 0O603HAYHM 4Yepe3 p YUCIO €OWHHI] B
9TOM KyCKe, a uepes3 r 4uciyio "nycTux" pa3psaloB JIeBee 3TOr'0 KyC—
ka. CnpamuBaeTcsa, BEPHO JIM, 4YTO rEZ(p+1)Di ? Ecnu HepaBEeHCTBO

BHIIOJIHEHO, NepexoOuM Ha mar 3, ecynd HeT, Ha mar 4.

3. V Hac OBe BO3MOXHOCTH:

a/ ecCJii CyuleCTBYNT €IOHHHIH JieBee pacCMaTpHBaeMOI'O KyCka, pac-

CMOTPHM IIEPBYK M3 HHX /chnpaBa HaJleBO/ M NepexonuM Ha mar 2;

6/ ecnM He CyMEeCTBYWT, aJITOPUTM OCTAaHABJIMBAETCH H, OYEBHUIHO,

Habop o YIOBJIETBOPAET YCJIOBHK JIEMMH 5.

4. HeBHINOJIHEHHE HepaBeHCTBAa MOXeT IMNPOU3O0OHTH IO OBYM IIPH-

YHHaM:

a/ cymecTByeT eIOWHHIla JIeBee pacCMaTPHBaeMoro Kycka, A3-3a Ko-
TOpOH r<:(p+1)Di . B 3ToM cnyuae, "ymnnmuHuM" paccMaTpuBae-
MHJ KYCOK BJIEBO NOKa He BKJINYMM B Hero lLenyw rpynny, KOTo-

pol TNpHHAIOJIEXHT 3Ta enuHuua /cM. puc. 9./.



Qe

Puc. 9.

JIUHY TOJIy4eHHOI'O TaKHM o6pa3oM Kycka o603HauyuM dYepes Di+1‘

OUYEeBHUIIHO, Di+l<ZDi+r+Di<(p+3)Di . OnaTs BO3BpamaeMcs K ca-
MO} NnpaBO¥ enuWHHIEe B Habope a, HO yXe C HOBHM Di /1 Ha enmuHU-

1y 6Gonbme/ U nepexonguM Ha mar 2.

6/ He cymecTByeT eIOHHHI] JIeBee paCCMaTPHBAeMOI'O KYyCKa. AJIODHTM

OCTaHaBJINBaeTCH.

TakuM o6pa3oMm, aJrOPHTM OCTaHaBJuBaeTcsa Jyiu6o B mare 36/ ,
U HaGOp o YHOBJIETBOPAET YCJIOBHW JIEeMMH 5., Ju60 B mare 46/ ,
Kor'ma Habop o MOXHO rnopas3pAOHO pas3JIOXUTh Ha CcyMMy o mod2 Ha-
fopa, KOTOPHH YyIOBJIETBOPSET YCJIOBHI JIEMMH 5. /3TO mnpaBHH KYCOK
Habopa uJIM HyJeBOM Habop/ M Habopa, y KOTOPOI'O Mexny KpanHHMH
eOUuHulIaMu <:Dj paspanoB, OJs HEKOTOpOr'o j. HeTpynoHO 3aMeTHTh,
YTO NpPH KaxIOM BHIOJIHEHMH mara 4 a/ anropuTrMa, YHCJIO TpPynn B
HaGope o yMeHbulaeTCa XOTsA Om Ha enuHuLly. CrnenmoBaTenbHo j < K.

K

U3 Di+1<(p+3)Di u Dl<<K-M MIOJIYY UM Dj<:K ‘M ngns jm6oro j.

JieMmMma @»OoKasaHa.

JJoKasaTeJlbCTBO TEOPEMH HEeIIOCpenCTBEeHHO BHTEKAaeT HU3 JIeMM

4., 5. n 6. u daxra, YTO NINpY I(s%%g%saﬁ BHIIIOJIHEHO HEepaBEeHCT-—
K ' n
BO K ‘M<C Togn °

JICHST KPP A Y P A

1] JiynaHoB O.B.: O CHHTe3& HEKOTOPHX KJIACCOB yIpaBJaAWOMHX CHC-
TeMm. B c6.: I[po6sieMn KubepHeTuku, M., 1963, Bmm. 10, cTp.
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Bizonyos eltolds operatorok realizicidinak lineéris

komplexitasa

R.L. &¢&epanovié

Osszefoglaléd

Jeldljik L(F)-el az F operator komplexitasat /1. C11/,

és L(F) = max L(F) jelentse az ?foperétorcsaléd komplexi-
Fed

tadsat. Lupanov [1]1 belatta, hogy bizonyos fajta 1 eltolas

operatorra L(Tn) < nviog b és azt sejtette, hogy a Tn

operatornak nincs olyan realizacidja, amelynek komplexitéasa
linearis volna. A cikkben a szerzd bemutat egy olyan i i
operator csaladot, amely Tn operatoroknak bizonyos mbédo-

sitdsait tartalmazza és amelyre L(T) < c n.

Linear complexity of some translation operators

R.L. S&epanovi&

Summary

Denote by L(F) and L(¥) = max, L(F) the complexity of
T

the operator F and the ‘operator family ?rrespectively.
(see [11). Lupanov [1] proved that L(Tn) S+ n*log . n for
some translation operators g and conjectured that Th
has no linear realization. In the paper a familyfr of modi-

fied operators Tn is shown, such that L(T) £. € ne
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COMMENTS ON A PROBLEM OF CONTINUOUS AND PERIODIC FUNCTIONS

L.Zs. VARGA

BME Folyamatszab&lyozdsi Tanszék
Budapest

Let us consider the following problem:

Problem: Let f(x) be continuous and of period one on the
real line. If dj' 3= 1,2,.+%,n, are n numbers such”“that
each dj—d1 is irrational, then there are two rational num-

beps r. /and r'. . for which
(1) f(r)if(r+dj) and f(r')if(r'+dj), J=1,24¢ 5,0

J.S. Hwang has proved [1l] the problem but there are some
mistakes in the proof. In this paper a correct proof for the
Problem is given.

1.Alemma. In order to prove Problem will use the following

lemma:
Lemma 1: Let d1 be irrational and let dj-dl be
vaglonaly: Saes 2,3, 000t TEEEl A0) 5L aasiNleRy st are

J
non-negative integral valued functions such that

Ij(k) = k, for each R =1l Qe ot

it s

j=1

then there are a and b real numbers such that the points

(ak) are dense in (a,b), where

ak_

N~

-k * ' r .- e e
IJ( )dJ for k Ter2is

j=1
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and 0 < a < b<1

Proof: We know that dj = d1+pj/qj for some integers pj and
2 _ n
qj. If we denote Q = 1 qj, then we can write:
i=1
n n
= % Takk)d. siked,+ L RAK)D. /g, =
Q) = J( ) 3 i J( )pj/qJ
J
n
Z I‘ k . .
5 J( )pJQ/qJ
(4) - k'd1 + -
Q
Qs k-d1+£+m/Q

where %,m are integers and O < m < Q. So from (4) we know
that (Qk) is in one of the following points:
(k'd1) or (kd1+1/Q) (0 f g (kd1+(Q—1)/Q).

Our proof will be an indirect one. The lemma says that
there are numbers a and b such that for each real numbers
Cqq and c45 satisfying a < c,q < Cy5 < b we can find k
such that Cqq < 3 < Cqqp-

Let us suppose that it is not true. So for each a and b

satisfying O < a <b < 1 we can find ¢,y and c satis~

12
fying a < Ceq <uCpp < b, for which there is no Xk such that

Cq1 < (ag) c4,-

Let us take any of the numbers a,b and to them a pair

of e and c satisfying the above assertion.

11 1)

1 -
If c,4+1/Q<c,,+1/Q<1 then let c', =c,,+1/Q and

c;2=c12+1/Q.
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If c11+1/Q<1§p12+1/Q then let c!

11=c11+1/Q and ci2=1.

If 1<c,,+1/Q<c,,*+1/Q then let c{1=(c11+1/Q) and

c;2=(c12+1/Q);

According to our assumption the points (ak) are not
dense in (c;1;c;2), so there are Co1 and Cso satisfying
€113C1<C55<C1,, for which there is no k such that
Coq eI EC5

Moreover there is no k such that
(c,1=1/Q)<(a ) <(c,5=1/Q) because c, <(c,,=1/Q)<(c,,=1/Q)2c,,.

If cz1+1/Q<022+1/Q<1 then let cé1=c21+1/Q and

1 - .

]

TE c21+1/Q<1ic22+1/Q then let cé1 c21+1/Q and

Gl a1

If 1ic21+1/Q(c22+1/Q then let cj,=(cyy+1/Q) and
C52=(C22+1/Q).

According to our assumption the points (ak) are not

dense in (051, céz), so there are C3q and Cyp satisfying

1 L :
C515€34%C3,5C )5 for which there is no k such that
ST ABR I =Cay .
Moreover there is no k for which either of the following

inequalities would be true:
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(c31-1/Q)<(ak)<(c32—1/Q), because

Cyq2(e34=1/Q)<(c5,=1/Q) <cy,

(c31—2/Q)<(ak)<(c32—2/Q), because

Pyt eyl (coar i) seyo

Continuing this procedure until we reach Q-1 we get,
that there is no k

for which any of the following inequal-
ities would be true:

Cor<(agkeq,-

(5) (cQ1-1/Q)<(ak)<(cQZ—1/Q)

(CQ1_2/Q) = (ak) < (coz-Z/Q)

= S Sl
(Ch1 g ) <(ag)< (cq, q )

But the Theorem 445 in [2] gives ghat

(k d1) is dense
in (0.1, - 'so ‘thererds ~k such that
. 9= - =1
loyi= =ik a s (g, = ¥
and we know
_ Q-2 1 S
s (cQ1 3 )<(kod1+Q)<(cQz 9 )

= Q-2 .
(Cq=1/Q)< (k@ +25%) < (c4,=1/Q)

Q-1
Cq1 <(kgdq + ¥57)<Cqa



- 91 =

At the beginning of the proof of this lemma we saw that
(ako) is in one of the points (kod1)’ (kod1+1/Q),...,

(kod1+(Q—1)/Q). Considering the inequalities of (6) this

contradicts, that there isno k satisfying the inequalities
(5) . Supposing that cur lemma is not true we got to contra-

diction, so the assertion of our lemma is true.

2. The proof of Problem . The proof of Problem is similar

to the proof of Theorem 1 in (1], but in the proof we have to
use our correct Lemma 1 and to argue differently.

In order to prove the first set of inequalities in (1) let
m denote the minimum of f(x), where f(x) is a continuous
function of period one and let Sh be

(7) S, = ixve By Em, 0.2 8K 1}

IE d1 is irrational and there is apoint y € Sm such that
f(y) < f(y+dj) for all 3 I P P

then the proof is the same as in [11].
If d1 is irrational and for each x € Sm there is a

j».= j(x) such that
(8) f(x) = f(x+dj) 1< Sy

then applying (8) succesively we obtain a sequence of points

in Sm:

X, x+d.

§1° x+dj

1+dj2,...

Which can be represented, using the nctations of Lemma 1, as

., {k)d. k&= 1,2,:0.
J J
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By our Lemma 1 the points (xk) are dense in (a,b), where
O < ax<b=< 1. From the contuniuity of f£(x) it follows that
f(x) = m for each x € (a,b). In each interval you can find
a rational number, so there is an ry rational number in
(a,b) . Since f(ro) = m, -the first set of inequalities of
(1) are true for r,.
TE d1 is rational then the proof is the same as in
the proof of Theorem 1 of [11, but we have to make clear that
in the second part of the proof of Theorem 1 of Hwang in [11

Sx means the set of all points (xk) in (0,1), where
T, (k)d.
J( ) ]

and it is not a subset of Sm’ only in special cases.

The second set of inequalities in (1) can be obtained

similarly by replacing minimum by maximum.
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Megjegyzések a folytonos és periddikus fiiggvénvek egy problé-

majdhoz

L.Zs. Varga

Usszefoglald

Tekintsilk a k&vetkezd feladatot:

Legyén f(x) valdés szamokon értelmezett egységnyi
periddusu valds értékil folytonos filiggvény. Ha adott 4.,
j =1,2,...,n; n darab szam ugy, hogy minden j-re

dj-d1 irracionalis, akkor van két raciondlis szdm r és r'

amelyekre
f(r)ézf(r+dj) és f(r');=f(r'+dj); J=1,2,.....n.
J.S. Hwang bebizonyitotta [1] ezt az &allitast, de a

bizonyitasban hibdkat k&vetett el. Ebben & dolgozatban megad-
juk az allitds helyes bizonyitasat.



NPUMEYAHHUA K IIPOBJIEME HEINPEPHRBHEX MNEPHOJUYECKHUX OYHKIIUA

JI.X. Bapra
Pe3wmMme

[locMOTpUM cCJlenywnyn 3anady:

lNycTte f(X) ecTr HenpepHBHafA NOEHCTBUTEJIbHAA NepHOOHYecKas QyHK-—
LMSA Hall BemeCTBEeHHHMH YHCJIAaMH C IEePHOIOM OIHH. ECNM INaHHa YHUC—
Ja dj, j=1,2,...,n, POe TakKHe, 4YTO KaxOasd pPa3HOCTH dj—d1 pa-
IIMOHaNbHas, TOrjga CyumecTBYHT OBa PAaLHOHAJIBHIIX YHCHA ¥ U r'

Takue, 4TO

(512 f(r)sf(r+dj) H f(r’)Zf(r'+dj) P il N R 7

M.0l. XBaHr OokasaJl yTBepxIeHue 3To¥ 3anmaud (11, HO B Oo-
KasaTeJbCTBE HMEKNTCH HEKOTOPHE HEeINOCTAaTKH. B 3TOH cTaTbe MH

JaeM TpaBWIbHOE IJOKAa3aTeJIbCTBO YTBEepPXIEeHHA 3TOH 3aldadH.
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NETS., POLYCATEGORIES AND SEMANTICS OF PARALLEL PROGRAMS

Y.P. Velzinov
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Electrical Engineering; 1000 Sofia, p.box 384,
Bulgaria

The purpose of the present paper is to establish some
connections between (a modified variant of) Petry nets and
Polycategories and on this base to spread the category
approach to the semantics of programs (flow diagrams) pro-
posed by ADJ group [JCS] and Goguen [HCT] over a wider class
of parallel programs.

The reader which is not accustomed with the category
approach to programming is invited to consult [HCT] or [JCS1J,
where the ideas not concerned with the parallelism can be
easily followed.

1. POLYGRAHS AND A -POLYCATEGORIES

1.1. A polygraph (or a net) (@ is defined to be a system
presented by the following string of data

<O, A, +, ®, dom, cod>

where
- © =0b(6) is a set of elements called objects;
A = Ar( B) is a set of elements called (poly)arrows; e€ ©;
- dom,cod and + are three mappings: dom A =+ © puts in
correspondence to each arrow an object called its iInitZal
object; cod: & + © puts in correspondence to each arrow
an object called its final object; +: © x O >~ © .
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These data are such that:

PO.< ©,+,@> is a monoid with operation + and neutral ele-
ment e.

The objects of a polygraph usually will be denoted by A,
B,C,u,v,w and the arrows by x,y,z,f,g,h. |

The presented structure is similar to the Petry net struc-
ture [PNTJ. If the monoid of objects of a polygraph is taken
to be a free monoid over some set V¥V of "places" and arrows
are taken to be "transitions" the only significant difference
will be that instead of sets string of places are put in cor-
respondence to the transitions by the "input" and "output"
functions dom and cod.

Situations in a polygraph can be graphically illustrated
representing objects by their names situated on a sheet of
paper and arrows by "drawn branching arrows" (sometimes with
boxes or circules on them) which lead from names of objects to
names of objects. If several names of objects are situated at
different beginnings (ends) of a drawn arrow, they form the
name of the initial (final) object of the arrow by a standard
agreement of composing them from the left to the right.

cod(x) B C C
t # /’:J:;\ 1 ;STZi\X q>;{l
dom(x) &. 2B B: ‘A B B A/ B B

dom(x) =A + B + B, cod(x) =B + C

An ordered triple of objects will be called a connector.
Connector will be denoted by | or T. A connector <A,B,C>
will be denoted by ABC also. If | =<A,B,C> is a connector
then | | | will denote the object A+B+C and L(l), C(l),R(l)
will denote its first, second and third component respectively.
C(L) will be called the center of the connector. The set of
all connectors of a polygraph &will be denoted by Con((® ).
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An operation ¢: Con(@)xCon( @) — Con( @) defined@ by the
correspondence
> <By,B

B B +A. >

<<Ajrdo A 2% Baify

B1>> - <A.|_+B

3 2’ . 44

will be used in the following exposition.
The sign "+" for the monoidal operation will often be
omitted.

1.2 A A.—polycategory z} is defined to be a system pre-
sented by the string of data

<O, A +, e,dom, cod, Y', I>

where < ©, A,+,®,dom,cod> = Gr( P) is a polygraph (the under-
lying polygraph of the polycategory), I: @ - A, I:Av I,

a mapping that puts in correspondence to each object a selec-
ted arrow, called Zdentity arrow and

is

Y : AxCon(Gr(P))x A »~ A
y:i<x,Ly> x [1] y

is a partial mapping, called composition law for the arrows.
These data fulfil the following axioms:
PY 1. (Existence of composites)

Iz(x[ | ]y = z) = dom(x)= ||| & c(])= cod(y).

PY 2. (dom and cod of a composite)

dom(z) = ||¢dom(y) |
x[ 11y =2

cod(z)

cod(x)
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PY 3. (Partial commutativity)

(x/Al§2A3A4A57Y)/AldoﬁTy7A3§4A5/z =

= (X/AlA A_A A /z)/AlﬁzA

Rl Ry dom(z)ag/y

3

if the described composites exist.

PY 4. (Associativity)

x5 Myl T Iz} = (=3t iieT]z

if the described composites exist.

PY 5. (Unit law)
For any object A and arrows X,y : dom(iA) - cod(IA) = A

and IAf§7x=x, y[g7IA=y if the described composites exist.

Now to shorten the notation we can introduce two deriva-
and ll+ll :

tive operations - "o

x}dom(xi?y,
X +y = (Icod(x)+cod(y)/cod(iTCod(yY/x)/dom(x)cod(z)/y

X 0y

The main interpretation cf the presented structure, which
we will need here is the A—polycategory Pfn. It is defined as
follows:

- Ob(Pfn) contains all the sets (in some universe) disting-
wished to within the associativity of Cartesian product and
the product with the set {¢};

- Ar(Pfn) contains all the functions;

- the monoidal operation is the product and the neutral
element of this operation is {¢};

- the composition law for the arrows is the superposition
specified by the connectors.
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A A -polycategory is said to be a A-polycategory with
forks iff for each object A there is an arrow VA:A + A+A
such that

3
A

(Ipan/BBAIV,) [EE]V, = (I,,,/RRATV,)[RA]V, =V

More details about polygraphs, polycategories and
k—polycategories can be found in CP,CFP,P.EP,PSMC I,
PSMC II, PR,CAPJ]. In particular A-polycategories can be
viewed as strict monoidal categories [CWM,MFC] in the frame

of which a new composition law
<x, <A,B,C>,y>m» x[ABCly = x O(IA+y+IC)
is introduced [PSMC I, PSMC II, PRI].

1.3. Let B= <y*, A,+,e,dom,cod> be a polygraph with a
free monoid of objects <V#*,+,e> over a set of nodes V. No-
tice that in such a situation the objects can be viewed as
words over V and a connector l specifies a participation of
the word C(]) in| |

A sequence of arrow and connectors in @G of the form

P = <lyexyolorXprees Loxprens, RN B B A e

is called a path in @G iff
- the center of Li is cod(x;), (i=1,2,...,n);

’
- Ili+ll = |li+dom(xi)l, i Py SORSRE )
& -]-n+1 " 0y l_{_nédom(xn) | ,@>.
The objects |ll| and Iln+l| are called the end and the

beginning of the path and denoted by cod*(p) and dom*(p)
respectively.
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In degenerated cases, when a path does not contain arrows,
it should be in the form <uu ... u, u>, uev*. Such paths are
called fork paths (or diagonals). The paths of the form <u,u>
are called identity paths. They will be denoted by Py also.
Paths of the form P o <cod(x), x, dom(x)> and degenerated
paths will be called elementary paths.

Each path p in @ proposes a sequence of words

Lyl o Tl reeer Tl

such that Ilil is obtained from lli-li by substitution of
words. So each path proposes a sequence of substitutions
also.

Let p be a path in @ . An arrow X is directly connected.
with a connector |, in p iff the participation | of cod(x)
in |lm| is a conveyed (by substitutions of p) participation
of cod(x ) in |[], [; an arrow x_ is directly connected with
another arrow X in p iff it is directly connected with lk+l
and the center of lm is a conveyed participation of such a sub-
word of Ilk+l| that intersects with the center of lkédom(xk).
EE X, and X, are directly connected with lk in p the connec-
tion with x 18 to the left of the connection with X iff the
predecessors of ll and lm in Ilkl do not intersect and the
first is situated to the left of the second.

A path in @ is called canonical iff it satisfies the
following conditions:

- each arrow situated between two arrows directly connec-
ted with a connector is directly connected with the connector
also;

- if two arrows X1 and X are directly connected with a
connector and the connection with the first is to the left
of the connection with the second then the first is situated
in the path to the left of the second;
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- there are not two connected forks in the path.

An operation "transposition" can be applied to any two
adjacent unconnected arrows Xn-1 @nd x . in a path

P = <LyexyelpnXpreccilp g ®py Xl Xnrlngr®

to transform it to another path

q = <lyexgrlprxgeees Ty oXpeTpeXp yre oo rly®nrlg®

where T _, is obtained from | _, removing its center over the
T‘ . .
predecessor of the center of lm and | ~is obtained from lm—l

substituting the predecessor of the center of lm by dom(xm).

The operation is convertable. It is easy to spread it
over any two arrows in a path which are not adjacent but
fulfil the condition that there ar¢ no arrows between them,
the second one is connected with.

Similarly, an operation "coalescence of forks" can be in-
troduced. It includes applying of transpositions so to put
all connected forks in neighbourhood, replacement of each

k+1

group of k forks by V and the corresponding modifications

of connectors.

PROPOSITION 1. Each path in a polygraph @ with a free
monoid of objects can be transformed to a unique canonical
path applying finitely many times the operations transposi-

tion and coalescence of forks.

Let py = <ly 1%y 300y, 00%) prevrly ke¥p krly k41 304

By Mi<l o v % (ol GG g Valpn ek ge o giy> BE tudriRGRe
in a polygraph.l? and | = u cod*(gzl v be a connector such

-

that || = dom*(pl). A composition of P and p, by | is a path
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plf7r7’pz =

<T1'X1,1'T2'X1,2""'Tk'xl,k'Tk+1'X2,1'Tk+2'Xz,z'

oo Tiy17%, 8 Tkans1”™

where T, = |, . for i=1,2,...,k, Tk+j = T#sz 2 ;o o B
4

and ﬂ—k+ Q+ll=lTﬂ—2,&+ll - A canonical composition of p, and p,
by T is a path pl/_:I‘—7p2 obtained from pl]T-T’pz after
transforming it into canonical form.

Each path in a polygraph © with a free monoid of objects
can be represented as a composition of elementary paths.

The A -polycategory of paths over a polygraph @ with a
free monoid of objects is represented by the string

G* = <V#,P,+,e,dom*,cod*,y,I>

where P is the set of all canonical pathsin G,dom* and cod#
put in correspondence the beginning and the end to each path
respectively, Y is the canonical composition of paths and
TV P, Ity v Pye One can easy see that it is a A =poly~-
category with forks.

Let us denote by UP the polygraph obtained from a poly-
category P after forgetting the composition law for the
arrows and by In G = <In GO,In Gﬂ_\> the inclusion morphism
G - U3* determined by the correspondences In @O: vV & 3,

In GA:X g Py~

PROPOSITION 2: @* is a free A-polycategory with forks
over the polygraph G with free monoid of objects in the sense
that for each A-polycategory P and each polygraph morphism
F = <7©, TA> F:(65 — UP there exists a unique functor
{ A\ -polycategory morphism) F *: B*—* o such that the follo-

wing diagram commutes "

G : InG UG* &
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2. PARALLEL PROGRAMS
2l LeE (; = <V#*,A,+,e,dom,cod> be a polygraph with a

free monoid of objects <«#*,+,e> over a set of nodes

vV = {vl,vz,...}
A sequence s = Xy rXgreer Xy of arrows such that cod(xi)
and dom(xi+l), (i=1,2,...,m-1) contain common nodes will be

called a string of arrows.

An object u€V#* is in conformity with another object veV#
iff for any two strings of arrows S1/8, which lead from v to
u the stituation of the codomains of the last arrows of S
and S, in u (to the left or to the right with possible over-
lapping) is the same as the situation of the domains of the
1 and S,-

1 and X,

common nodes will be called alternative arrows.

first arrows of s

TwO arrows x such that dom(xl) and dom(xz) contain

A polygraph (B with two selected objects - a start object,

ug and an end object, ug will be called a program scheme iff
it satisfies the following conditions:

¢3i) - A and V are finite sets;

Gady) - if the domains and/or codomains of two arrows
contain common nodes their participations form a subword of

any of the domains or codomains under consideration;

(iii) - the end object is in conformity with the start
object;
(iv) - any two strings of arrows which begin in the

start object and finish with arrows with common nodes in
codomains branch out through alternative arrows or one is
contained in the other;

(v) - all the nodes which take part in the domain of
some arrow but do not take part in the codomain of any arrow
take part in the start object; there is no arrow such that a
node which takes part in the end object takes part in its

domain also.
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A sgimple example of a (parallel) program scheme, represen-
ted in diagram form is shown on the next figure:

A% v C
TS r hl
¥
,_i_, —vlv2 3 ri——\ lhz
Vi A A
(a) a program scheme (3 (b) a program in the shape

Let (; be any subcategory with forks of the polycategory
Pfn such that all the functions in it are computable. By U(
as usual we denote the corresponding polygraph obtained after
forgetting the composition law for the arrows in C.

A (deterministic) program in the shape of-the program
scheme © (or an interpretation of G) is a functor P: G » Uu(C
such that the P-images of any two alternative arrows are func-
tions whose ranges of definition (in the corresponding to the

common nodes particular domains) are disjoint.

2.2. Following the ideas similar to that used in the
Theory of Petry nets a concept of data flow through a prog-
ram scheme @& can be introduced as a token game :

- at the beginning (step 0) all the nodes in the start
object are marked with active tokens;

- at the step t each arrow, which is not alternative
with any other, with marked domain such that at least one of
its nodes is marked with an active token can be activated to
convert the tokens in its domain to passive and to give raise
to active tokens in all nodes in its codomain; in alternative
situations just one arrow can be selected to act as described;

- the data flow can be stopped at some step or it can
stop naturally if there is no possibility for it to be conti-
nued.
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Given an object u which is in conformity with the start
object a data flow is a data flow to u if when it stops all
the nodes in u are marked with active tokens and there are

no other active tokens.

PROPOSITION 3: There is no data flow in a program scheme
such that:

(i) - a node is supplied with an active token by two dif-
ferent arrows simultaneously:

(ii) - a node marked with an active token is supplied

with an active token again before its dead.

Proof: Suppose the opposite for a node. In both cases
following back the movement of the active tokens two strin.s

s1 and s, can be formed such that: their arrows have been ac-

tivated;zthey begin from the start object; their last arrows
have the node in common. They cannot branch out through alter-
native arrows. So one of them contains the other. In the ca-
se (i) inclusion is not possible (we want the node to be mar-
ked with an active tokens simultaneously). So S, and S, coin—
cide. In the case (ii) because of the inclusion the token

should be made passive before being forced to be active again.

An element of a set Alezx...xAm will be called a string
of data also. Each string of data <al,a2,...,am> has A1s857 ey
a, as components.

Given a string of data from the start set a calculatzion
according to a data flow can be defined as follows:

- at the step O a string of data from the start object is
available;

- at the step t a function is calculated for the available
data iff it corresponds to an arrow which is activated in the
data flow and the available data are in the domain of the
function; in this case new avaliable data appear in its codo-
main according to (ii) the available data for the step t can

be arranged in appropriate string of data.
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A data flow (to u) is adequate to a string of data from
the start set iff all the functions of the corresponding cal-
culation can be calculated (in particular from two alterna-
tive arrows the arrow which correspondsto a function defined
for the available data should be activated). A data flow
(to u) is punctual for a string of data from the start set
iff it is adequate to the string of data and the calculation
can not be continued according to another adequite data flow
(to u) containing the data flow under consideration.

Given a program‘P and an object u which is in conformity
with the start object a main calculation to u over some string
of data from the start set according P is a calculation ac-
cording to a punctual (to the string of data) data flow to u
HNEL S

For each gtring of data from the start set there is just
one punctual data flow in P, at most one punctual data flow
to u in P and so at most one main calculation to u.

A result of a calculation (to u) according to a given
program P for the given string of data from the start set is
a string of data received in the end set (the set correspon-
ding to u) according to the main calculation to the end ob-
ject (to u) if there is any and otherwise there is no result.

Propositin 3 allows us to state:

PROPOSITION 4: There is just one result of a calculation,
if any, for a given string of data from the start set accor-
ding to a program P.

The junction defined by calculation according to a program
is a function from the start set to the end set of the program
which puts in correspondence to each string of data the result
of the calculation over it. The operational semantics for prog-
rams supplies a program with the function defined by calcula-

tion as meaning.
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2.3. The considerations implemented above intuitively sug-
gest paths in a program scheme as formal descriptions of data
flows.

Let P: B LU be a program. According to Proposition 2 P
has a unique extension to a functor P*¥: B3* _~G from the A -po-
lycategory with forks of paths over (B . The set of the arrows in

n_n

G is partially ordered by a relation "=":
pedq 1ffpis an infitial part of g.

Given a program P: 3 —. UL the relation <P*(vg P (ve) ,8>

where

g is a maximal (related to <) path in G
6 =4 <a,l[P*(g)l(a)> |such that P*(q) is defined for a, dom*(q)=

=us,cod==(q)=ue
will be called the conceptual meaning of P. The semantics
which supplies each program with its conceptual meaning will
be called conceptual semantic. (We use the term "conceptual"
to distinguish between conceptual semantic, operational seman-
tic and denotational semantic, the latter usually connected

with fix-point constructions.)

PROPOSITION 5: Conceptual and operational semantics coin-
cide.

Proof: Each path g from the start object to an object u
which is in conformity with it describes a data flow. Looking
on it from the right to the left it can be considered as a
sequence of objects and arrows activated in consequent steps.
According to the superposition rules in Pfn if P*(g) is de-
fined for a P*(us) then the calculation according these data
flow gives as a result [P#*(g)l(a) in P*(ue). (These state-

ments can be proved more strictly by induction.)
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Each (finite) data flow to an object u which is in confor-
mity with the start object can be described as a (canonical)
path g from the start object to u such that if the data flow
is adequate to a string of data a then P#*(qg) is defined for
a and the result of the calculation according to the data
flow over it is [P*(qg)i(a).

To prove this statement we shall use induction on the num-
ber of steps in a data flow.

Suppose that all data flows of t steps fulfil the state-
ment. Consider a data flow of t+1 steps to an object u which
is in conformity with the start object. Let at the step t+l
the arrows xl,xz,...,xn have been activated. Their codomains
take part in u and do not overlap. If the order of situation
of codomains coincides with the chosen order of arrows the
object u is of the form

u = ulcod(xl)uzcod(xz)...uncod(xn)un+l.

All the nodes in it are active and the nodes in codomains have
been activated after the step t+l. This leadsus to a conclu-
sion that the object

w = uldom(xl)uzdom(xz)...undom(xn)un+l
is in conformity with the start object (suppose the opposite
and u will not be in conformity with the start object) and
all the nodes in it have been activated after the step t.
Restricting the data flow under consideration a data flow to
the object w of t steps can be obtained. By induction hipo-
thesis there is a vath p fulfilling the statement for this
data flow.

Consider the path
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— ’ —
g =g’ op = <(u;cod(x,)u,cod(x,) ... uncod(xn)un+l),xl,
(u,dom(x,)uycod(x,) ... ucod(x Ju  ,),X,,
(uldom(xl)uzdom(xz) LR undom(xn)un+l)> o 18 -

Since P*(q) = P*(q’) o P*(p), according to the rules of
superposition in Pfn the evaluatin of P#*(q) for the string
of data a can be done continuing the evaluation of P#(p) in
the manner described by q’. So the result of executing of t+1(th)
step of the calculation according to the given data flow
on the result of the calculation till the step t will be ob-
tained. That is just the result of the calculation according
to the given data flow.

Moreover, if a data flow is punctual for a given string
of data then the corresponding path is a maximal path defined
for it (suppose the opposite and the data flow could be con-
tinued to another data flow to the same object adequate to
the given string of data) and vice verse.

These statements related to the end object prove the

proposition.

COROLLARY: The conceptual meaning of a program is a
function.
The conceptual meaning of a program P:(3 —»U( can also be

defined as a relation <P*(us),P*(ue), 6> where
6 = U{P*(q) |dom*(q) = u,, cod*(q) = ul

The limitations of the objects which could be end objects in-
sure the maximality of the paths. So the semantic is the same.
But such a definition supplies other objects with relations

instead of functions as meaning.

S
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As an example, on the next figure the interpretations of

three paths to W for the program scheme and the program

v
x-2
presented above are shown in diagram form.

h,
g g

5 A
h h f s

1 2 L

£ D
g —t g
B__B' BBB
g yv '\1 7\73
e A A A A B hon oy

3., CONCLUDING REMARKS

There are many other problems, like the problem of termi-
nation or the problem of equivalence which have not been
discussed in the present paper. The reader could try to con-
sider them following the papers [HCT, JCSJ.

The presented constructions are not perfect in several
directions. First of all, there are two many restrictions on
a polygraph to be a program scheme. Some of them can be avoided
if more complicated polycategories (we shall need projections
and transpositions [P]) are used. Moreover, it is desirable to
find out "external" characteristics of some notions as "domain
of definition" or "meaning of a program" instead of the ele-

mentwise used here. Such characteristics will giwe possibility



- 111 -

to involve other polycategories on the place of Pfn.
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Halok, polikategdridk és a parhuzamos programok

szemantikaja

Y.P. Velinov
Osszefoglald

A szerzd bizonyos Osszefiiggésekre mutat ra, amelyek a Petri
haldk és polikategéridk k&zétt van. Ezen 8sszefiliggések alapjan
a programok szemantikajanak kategdéria-elméleti targyalasat

kiterjeszti a parhuzamos programokra.

CeTu, NOJUKATErOPHH U CEMaHTHKH rnapaJiyieJibHeIX TTPOI'DaMM

U. I[I. BeanHOB
Pe 3wnwMe

B cTaThpe yCcTaHaBJIMBAETCS CBA3b MEXOY CETAMH [leTpyd U

NoJIMKaTeropusaMu. Ha OCHOBE 3TOM CBA3U pacuupseTcsa KaTeropudec-

KUH MoIOxXol K ceMaHTHKe IporpaMM Ha foJjiee HMMPOKHUH KJlacc napali—

JIEJIbHBIX TMPOI'PaMM.
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ALGORITHMS FOR FINDING MINIMAL KEYS AND
ANTIKEYS OF RELATIONAL DATA BASES
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INTRODUCTION

At present, we often design the data base management
systems in many various ways. We have three main datamodel
types: hierarchical, network and relational. The relational
datamodel, which was defined by E.F. Codd [2], is one of the
possible datamodels of a data base. In this datamodel the form

of datastorage is a matrix.

The minimal keys and antikeys play important roles for
the logic and structural investigation of this model. In
particular the role of antikeys for the investigation of the
extremal problems of functional dependencies as well as for
the construction of a concrete matrix representing a set of

minimal keys or for finding the minimal keys.

In [(3], the equivalence of minimal keys with Sperner-

-systems was proved. A set of anti keys is also Sperner system.

Tne main purpose of this paper is to give the representa-
tion of minimal key in the set of antikeys and investigate,

evaluate the following algorithms:

- Five algorithms, each of which find one minimal key

/two of them are linear/.
- Algorithm find the set of all minimal keys.

- Algorithm find the set of all anti keys.
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1, DEFINITIONS AND THE REPRESENTATION OF MINIMAL KEY

Let @ ={1,...,n} and P(R) its power set.
The mapping F: P(2) > P() is called a closure operation
over, iff for every A,B € P(R):

(ml A1) AS F(A) (extensivity),
(1:.2) A< B =>F(A) ¢ F(B) (monotonity),
k3.:3) F(F(A)) = F(A) (idempotency).

et M be an m x n matrix and 8 be the set of its
columns. Let FM(A),(A)552, be a function such that Fy(3)
contains the i-th column of M iff any two rows identical in
columns be longing to A are also equal in the i-th column.
It is easy to see that FM(A) is a closure operation. We say
that M represents the closure operation F if F = Fy.
It is known ([L131) that any closure operation is representable

by an appropriate matrix M.

Let F be a closure operation over § and A £ &. A is a
kéy of P dif "BP(A) = & . A is a mintimal key of P  if A 1is
a key, but F(B) # & for any profer subset B of A.

Denote K the set of the minimal keys. It is known ([33])
that K 1is the set of minimal keys of any closure operation
f and only if K is a non-empty Sperner-system. That is:
B e Rd 4B,

i

Let K be a Sperner-system. We define the set of anti

keys of K, denoted by K !, as follows:

K ' ={AcQ:(BEK) —>(BgA) and (A € C) —> (IBEK) (B£O)}.

It is easy to see that the antikeys of K are the subsets
of @ not containing the elements of K and which are maximal

for this property and K'-l is also a Sperner-system.

In this paper if one Sperner-system play the role of the
set of minimal keys ( gntikeys ), then always we assume that

this Sperner-system is not empty (not contains ).
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Theovem' 1.1 (L1 ;43). If K 1is an arbitrary Sperner-system,
then there is a closure operation F(F') for which K = KF

R =]l
(K - KF')'

Let F be an arbitrary Sperher—system over . Denote
ZOEF) =1{AF(A) = A} and™ T(F) = {2dcQ:F¢a) ='A and
3B € Z(F)\{Q}: A ¢ B}. The elements of Z(F) are called
closed sets. It is clear that T(F) is the family of maximal

closed sets. We have a following lemma:

Lemma 1.2.(C53). K;1 = T(F).

Lemma 1.3. Let K be a Sperner-system over (. and

K ! is the set of antikeys of K. Then if A € K  (Ehat 18z
A is a minimal key), then there is a B € K-l, and an a ¢ B

(a € Q) such that A e B U {a}.

Proof: If |A| = 1 then it is clear that VB € K : A n B = @.
Hence A €B N A (B is an arbitrary element of K_1).

If |A| > 2" then, by Theorem 1.1 there exists'a closurae
operation F such that K = KF. Let D be the set for which
DcA and A\ D = a(a € ). By Lemma 1.2 and from A € K,
we have F(D) # &, and there exists a B ¢ K_1 such that

F(D) € B. It is clear that A € B U {al. A lemma is proved.

It is obvious that for all B (B € K_l) there is an
A (A € K) such that Ac B U {a}, where a ¢ B.
Lemma 1.4. Let K be a Sperner-system over { and

K_1 = {Bl,...,Bm} is the set of antikeys of K, A ¢ .

-—

"hen A € K (that is: A is a minimal key) if and only if
A ¢’Bi (vi':l < 1 <m) and for every D (D€ A), there is

a B,(B, € K'') such that D € B;.

1

Proof. 1If there exists a B; € K ' such that B; c A, then

A is a key. If K-1KJA is alSperner-system, then from Theoren
1.1 there exists a closure operation F such that K = KF.
Consequently, if F(A) # @, then by lemma 1.2 there is a

B, (B € k~') such that F(A) ¢ By, i.e. A cB;. This
contradicts with the fact that A $ By L (i A e Tl
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Hence A 1is a key. It is clear that by the definition of
minimal key, A is a minimal key.

On the other hand, we suppose that A is a minimal key. It is
clear that A ¢‘Bi (vi : 1< 1< m, and for every

BDeCDEEs A) i £ D g.Bi(vi : 1 <1i< m) then from the above
proof D is a key, which conflicts with the fact that A

is a minimal key. Consequently, there is a Bi (Bi € K-l)
suCh that D & B, .

A lemma is proved.

Let Q = {Al,...,Am} be a fanily of non-empty sets over .
and [A;{ =71y (¥i:1<1i<m. The following numeration of
Q was called primary one:

. ' 4 m
Al = {ai, aél...,a::x},..., Al = {a]i,-..,aéi}l---,Am={a1'..o}a{zm}.

Where we choose ai as follows.

1) Choose a first element a of A,. If there is an A, (12i<m)

much that A, = {a}, then ai = a. Conversely, we mark
all elements a, which occur in A -s (1<i<m) by the star

and

2) we choose a following element a of A If there is an

1
A, (12i<m) such that a is a unique element of A, which

was not marked by the star, then a % = a. Conversely, we
mark all elements a, which occur in A;-s (1<i<m) by the

star and
3) the 2-th step is repeated until a ai was chosen.

- In Ap, where p yun from 2 to m, we perform as

follows:

for every p, if there is an a ? suah that “qg < p

and- a 9 € A_, then ap=aq.
1 p 1 1

Conversely,

4) we choose a first element a of Ap, which was not marked
by the star. If there exists an A; (p £ i < m such

that a is a unique element of Ai’ which was not marked by
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the star, then a g = a. Conversely, we mark all elements

a, which occur in A,-s (p £ i 2 m) by the star and.

5) the 4-th Step is repeated until ag was chosen.

Example F.5: 1et R =%41,2,3,4,56,6}

Al = {1,3,4,5); &= {1,2,3,4;6} »and A, =1{3,4,5} we haye

2 3
17,3580 (152,354,681, 1334%5)
ol 3" Bue by et 2, 8" A6 {845
L1%,3%,5% .6}, {1%,2,3%, 4,6}, 13%,4;5"}, Consecuientiy,

i = {6,1,3,5}, by 6 € A,, we have A, = {6:1,2,3,4] - 3nd

it is clear that A, = i, 355 5

Theorem 1.6: Let K = {B "’Bm} be a Sperner-systen

1Ll
over §i, and denote H thlie set, which H L K. Then
A € H (i.e:i”A -ig a-minimal kev) 'if and 'enly " if & =gl
m % i
where a ¢ 9 By, Oni. e U {al tu{a}, where
i=1
(Ho’nl""’HQ) is an ordered subset of the indices 1,2,...,m.
= o e 1 2 1§ X : A .
BB ¥ = Fa_ % weand }, 1l<i<e¢} 1is a primary numeration
e T 1 M ==

and a ¢ BJ(VJ:J ¢ {Kl,...,H Feal 6B (Vi 2 st < Ly

Proof. It is clear that fal € H “if 4nd only if
m

a ¢l B,(By € K)). We assume that (T ,0,,s.%30,) “is an
] 1 1 o] 1 9

ordered subset ‘of the indices 1,...,m such that
I, ST

B OB = {a,} ra 1} (14 i 272) ds a primary nineris
Q 1 m,

il 1. h e
i &

tion, and 2 BBy (M LAl g 8)e a 6800 5 ¢ {H],...,HQ})

b IL
and A= U {all}u{a}. It is easy to see that A $ Bq. by
I Tt

N §H Jo A @ A¥i oz ) £.45 ) ‘and from @ & B, we
it



- 118 -

have A ¢E%(VB e e {Bﬂl""'Bﬂl})° Consequently,
X o Y
AGgB, (vi:1<1i<m). It is cleat that | {a; } By
i=1 0
By the definition of the primary numeration, for every

= 19
e llae 1 <) THere 18:a . .such“thHat ANEB. MBS ¥ .= la h
g Mz 22 l iy 1

Hence if D 1is a profer subset of A, and we suppose that
. J[
.
a € A\D, then D& B; . If we suppose that a; €A 2 BD)
0

and a €D (1 < i < &), then there exists a I such that

BN 4By 0By ) = {a, '}. Consequently from « € D and by
) €
U {a1Hp}E B

we have D ¢ By . Hence from Lemma 1.4.
p= 1 (0] 15

A is a minimal key. Conversely, we suppose that A is a

minimal key. By Lemma 1.3 there exists a Bi (B, € Ky =suech

that AS B, U {a}l, where a ¢ B;. Denote {By se 1B } o=
= {B.L_ € K: a € B,L,} and HO = j. It is clear that (110,...,1[
is an ordered subset of the indices 1,...,m. By K is a

Sperner-system, we have BH N §H- # @, and it is obvious
0 5%

that a ¢ B, (vt ¢ € & {H1,...,H2}). It is clear that from

A is a minimal key and by Lemma 1.4, for every b (b € A\ a)
there is a I[; such that AN BHO n E“i = {b}. It is obwvious
that A N BHo n Eni #@ (vi: 1 < i <4&). Consequently, we

can suppose that for every i such that ((By N By ) \A) # 9,
o 2 i

and the first time, By N EH has a following form:
: R i
T W T and A N By N B, =
HO ”i 1 ' [i MO l[i
= {ai,al yswepds }  where 1 < t. Thus, the elements of A

stand in the last places of BH N EH . After we construct a
)

primary numeration of {Bj; n B; , 1
B :

| A -

I
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e s
Denote C = | {all} U {a}. It is -obvious that & € &A. It s
i=1

clear that from the construction of the primary numeration,
Il 4
we have a, . € A, hence C¢& A. On the other hand from the

proof the necessary condition C 1is a minimal key. Consequently,

C = A. The theorem is proved.

I
Denote a, ° the element a. We have a following representa-

N

tion of a minimal key: A = {a1 }, where 2 >.0.

L
i=0

2, ALGORITHMS FIND ONE MINIMAL KEY

In this section, we investigate, evaluate five algorithms
which find one minimal key.
For the evaluating of the time complexity of algorithms, we

always suppose that the elementary step being counted is the
comparison of two attribute. Thus, we also assume that

VA (A €{): A 1is a sorted list of attributes. Consequently,

a Boolean operation on two subsets of ¥ requires at most
O(n) elementary steps, where |[9| = n.

Let K be a Sperner-system over & (|§|=n), and
K ={By,...,B }. Denote |K| = n xm the length of K.

Now we investigate a first algorithm:

Let K be a Sperner-system, K : is a family of

antikeys of K. B € K-1, aeEfN\NB. B= {b1,...,bm} and

1

G = {BT EK " a.f BT}.
Let . T = B lal.
: ; -1
Tq\{ba+1} if VB, € K \G.Tq\{ba+1} / By,
Tq+1 =

Tq othwewise.
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Pheovenm - S.d.. (E5T) . {TO,T1,...,Tm} are the key and T is

a minimal key, i.e. Tm € K.

In a similar manner we have:
et ¥ = {B1,...,Bm} be a Sperner-system, B = {b1,...,bﬁ
is a key.

befiote 0 the set such that ‘@i & K, then there is an

A € H' such that A B.

P X {qu} SEENE. E R \ U"a+1} / By,

Tq+1
Tq otherwise.

By the proof is analogous to the theorem 2.1. we have

Proposition 2.2: If K 1is a family of anti keys, then
{To""’TR} are the keys and T, is a minimal key.

From Proposition 2.2 we construct a following algorithm.

Algorithm 2.3: with a quadratic-time.
INPUT: K = {B1,...,Bm} is a Sperner-system over & = {1,...,n}

and B is a key (i.e. if we denote H the set such
that H | = K, then there is an A € H such that

A€ B).

OUTPUT: T is a minimal key (i.e. T € H).

DATA STRUCTURES:

1) KC1:ml is an array, which contains the elements of K.
2) B .is a set, which is a key.
3) Ty is a Boolean variable.

4) T 1is a workvariable.
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Procedure MINIKEY1(K,B):

L% B
fori.each." b € B do
begin T1 < true;
fors i1 JantEfl smedo
if T\ible€ KCi1 +¢hen T, « false;
if . Ty then: T & BX{H]
end;

return T.

It is clear that Algorithm 2.3 requires O(n2°m)
(ine. O(an[) elementary operations, and by Proposition 2.2

we have:

Corollary 2.4: Algorithm 2.3 determines one minimal key, and
its the time complexity is O(n|K|).

et K = {B1,...,Bm} be a Sperner-system and B is a
key of H, ' where H ! = K Let A, =B N Ei (YR TSR

In Ai' where i run from 1 to m, we perform as follows:

Bt C, = @, -for éach  1,.-1F C._1 N Ai # @, then Ci = C

i =1

conversely,
1) we choose a first element a of Ai' If there is an AT
(i < r<m) such that A = {a}, then c; = c,_julal.

Conversely we delete all elements a, which occur in

A-s (i<t <m and

2) the first step is repeated until we can not continue

the choice.

By the proof is analogous to Theorem 1.6 we have:

Proposition 2.5: C, is a minimal key (i.e. C_ € H) .

By Proposition 2.5 we construct a following algorithm.
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Algorithm 2.6: with a quadratic time.

INPUT:

OUTPUT:

K

{B1,...,Bm} is a Sperner-system over

§

{15 o s P ang B isvat ke,

T € H, where H I e

DATA STRUCTURES:

1)
2)
3)

4)

KL1:m]J is an array, which contains the elements of
M[1:m]J is a work array.
B is set of attributes, which is a key.
C 1is a workvariable.
Procedure MINIKEY2 (K,B):
KEZDET s . Fors«id §. 1% “until m - do
MEdA ~+ B (& X KC11); € ='9P;

CIKLUS1: for. 1 & i yntil- m. do
if €. MCid = @ then

begin

CIKLUS2: for each b€ M[il do
begin for T «*+ i until m do
if b = MCtl then begin C <« CU{bl};

go to UTOLSO end;

for T+« i until m do
MLJ1 <« MrCtl - {bl

end;

UTOLSO: empty
end;

return. C,
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It can be seen that in the cases for which there are many

B nB; such that (B n Bj| is few, in particular [B n B,|=1,
or B N Bi—s have a common element, the algorithm 2.6
better than the algorithm 2.3.

In KEZDET-section an algorithm requires O(n x m) elementary

operations. It is easy to see that in CIKLUS1-section the

. £ L+1
algoritim requires Oiins 2 xi(m-Ti) oo Ti) elementary
i=1 i=1

operations, where % 1is the number of iterations of CIKLUS2,
Qi is the number of attributes, which the algorithm process
in the i-th iteration of CIKLUS2 Ty is the number of MCgl-s
such that CnNnMlg # @ from the i-1 -th iteration to the
i—th iteration of CIKLUS2. LI is the number of MI[gl-s
such that C n MCLqgl # @ after the %-th iteration of CIKLUS2.
It is obvious that Ty = O

X+1 %
It can be seen that L t,+* = m and b o S

i i=
In the worst-case, it is easy to see that the algorithm
requires O(n%+*m) elementary operations and by the

Proposition 2.5 we have:

Corollary 2.7: The algorithm 2.6 determines one minimal key,

and its the time complexity is O(n|K|).

Now from the algorithm 2.6 and with the aid of data-
structures we construct an algorithm, which find one minimal
key and his time complexity is linear (i.e. proportional to
the length of K). For each attribute appearing in B N ﬁi—s,
we construct a linked-list for each B N Bi also we construct

a counter.

Algorithm 2.8: With the linear time.
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INPUT: K = {B1,...,Bm} is a Sperner system over

o)
Il

1Y ,55./nf and-'B .18 & kev,

OUTPUT: A € H, where e

DATA STRUCTURES:
1) KC1:ml is an array which contains the elements of K.

2) DCl:m,1:nl] is a work array.

3) M[1:m3 is a work array, which contains B n ﬁi—s.
&) SRt = m] is an array of counters.
59 CLELsni is an array of lists.

6) AT1C1:n] is a work array.

7). .AT2L1:n) 1s a. work array.

8) A 1is a work variable.

9) B is a key the set of attributes.

10) D1 is a work variable.

Procedure MINIKEY3(K,B):

KEZDET : v SR
Fox s i =) until, n do
begin ' ATVTEL3€T: "AT2C 1)<l Lidd € 0 end;
FOXT Mt i until m do begin (L[i] <« O;

MLil<BN(R\KCLil) end;
for 4 <« 1 udntildl m. do

for each it € M[Li) 'do
begin CCLil+CCil+1; D(i,Cril)<c;«Llclu{i} end+

GRS 2 for i 1 untdil m do
begin
Eor 7 1 until SCGLHETs do
begin if AT2(DCi,t1) O then go to UTOLSO;
if APT(DEL,.cI) 1T then
begin
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CERLUSZ': for cach'. g€ E(DEITi)hdo
if CLgl=1 then begin A<«AU{DCi,t1}; AT2(DCi,t])+0;
go to UTOLSO end;
for each™ g & L(DEL;TI) +do
begin CCLgl«CCLgl-1; AT1(DCi,tJ«0 end end

end;

UTOLSO: empty
end;

return A.

In KEZDET-section we construct CLil-counters (CLil=;B 0 gi]),
LLil-linked lists and DCi,tl-s, which contain the B N Bi—s.
By |B N B;| < n the algorithm requires O(|K|) elementary
operations in the KEZDET-section.

In the CIKLUS2-section if a € A, then AT2Cal = 0, and dif
a £ A, then ATI1CLal = 0. Consequently, in the worst-case the
number of iteration of CIKLUS2 is not greater than n. It is
obvious that |[LEill <m (vi ¢ 1 < i < n). Hence in the
CIKLUS2-section the algorithm requires O(n°*m) elementary
operations. If AT1Cal = 1 A AT2Cal = 1 1is true, then
CIKLUS2 workes, consequently, in the CIKLUS1-section the
algorithm also requires O(|K|) elementary operations. That
is the algorithm 2.8 has a time complexity, which is propor-
tional to the length of K.

From Proposition 2.6 we have
Corollary 2.9. The algorithm 2.8 determines one minimal key
and its time complexity is O(|K|).

Let € = {1,...,n} and P(R) its power set, G C P(R).
we define MIN(G) as follows:
MIN(G) = A, where A is an element of G such that
|A| = min{|A;| : A; € G}.

I1If AcC® and A # @, then V(A) = a, where a is an

arbitrary element of A.
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Let K be a Sperner-system over & = {1,...,n} and
K= {B1""'Bm} is the set of anti keys of K and B is a
key. Denote G, = {B n Bys..esB N ﬁm}. By Lemma 1.1 B N Ei#w

(vi : 1 <i<m.Let BnB, =B8], that is:

G1 = {B1,.4.,B;}. It is easy to see that can occur i,t(i # t):
B! = B!. Then we consider them as two different elements.

q. T
Let m = -

[1.

For every i (i > 1) we define as follows:

- i ; i
¥ VB =Gy : W (MIN(G,)) £ B} and

Ay TS S T e i i+1
= {BT N MIN{E )R e Fi+1} - {B1 ,...,BT+1}.

From |f| 4is finite, it is cleat that there is a natural
member p such that Gp # @ but Fp+1 = @.

It can be seen that p < min(n,m) and
V(MIN(G,)) # wj(MIN(GT)), where T's 1< p; A" 0«8 Pi
il # 1.

By [MIN(G;)| < |[B| and if F, . # @ then

i
B, \ MIN(G;) # 9.

Thus, Gyt # .

Proposition 2.10. A =

1

TR sty o

{(MIN(G;))} is a minimal key.
1

Proof. From the definition of Gi (1 £ 41 < p), for every
1

BT ik =¥ 5 m) there exists a FQ such that

2 < 2 <p+tl, and there is a Bé_1 such that

B£—1 € G \ F p Ve gl (wh f € iy )
3 -1 o 4 g B, where S @Sty gl

Consequently, IJKMIN(G2_1)) = Bl. That is A N(B N ET) 0
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be a profer subset of A, if |A| = 1, then it is obvious that
A 1is a minimal key.

If there is a V(MIN(G;)) (1 £ i < p) such that

ﬂ(MIN(Gi)) € A\D, then it is clear that there exists a

BN Bell S T < m). such that MIN(G;) € B N By. From the defi-
nition of G; and by A< B we have A \\f(MIN(Gi)) =48

It is obvious that D C A\'\Y(MIN(Gi)), consequently D & B .
By Lemma 1.4 A 1is a minimal key. The theorem is proved.

1

Example 2,11, Tet Q= 11,2:3:4,5,6F -and K" = {B,,B,,B5l,

By = e B, = £3.,8, 48,6k, By = {243,4,5,6}. Then

let B = B, N{1}. It is obvious that
VMIN(G,)) = {1}, F,=1{{2,4,6},{2,5}}.
MIN(G,) = $2 Sho? 1E 'OQMIN(GZ)) = {2} then Py @.. That is

A

1 {1,2} is a minimal key. If VQMIN(GZ)) =45}, . then
F;, = {2,4,6} and G; = {4,6}. It is clear that if
lf(MIN(G3)) = {4}, then A, = {1,5,4} is a minimal key

if V/(MIN(G;)) = {6}, then A; = {1,5,6} is a minimal key.

Remark 2.12. Let K be a Sperner-system, K 5 {B1,...,Bm}

is the set of anti keys. It is obvious that B, U {al (a ¢ B,)
(¥vi : 1 < i<m is akey. It is best to denote W(MIN(G,)) =a
and 6, ={(B, NB : a€B apd BE " i

By Proposition 2.10 we construct a algorithm which find a

minimal key. In first time we construct a following algorithm.

INPUT: K 1is a set of non-negative integers and there exists

a k (k € K) such that k # 0. p is the number of elements

Of “K5 ''defiote <K = {KL11y:.c.KEpilk.
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OUTPUT: - i,. where 1. < 1 = p K[il = min{K0J1 € K:K(JJ # O}.

DATA STRUCTURES
195 KE1 : mil ' is @anarray, which contains the elements of K.
2) A,B are workvariables.

3) M contains the number p which is the number cf

element of K.

¥t 1w cleay that p s m,

Proecedure MIN1(K,M):

Alse KGLETD; B s
gor 3 = 1 =<uantil M _ do
if Krisz # 0 +*hen begin A+ KCil; B i goto T1 end;

Liles for T w6 ] uptils M do dE KELN # O ARKELIS A
Ehen: begin®* A * KEid; BLily B * 1 end;

Algorithm 2.13. With a quadratic time.

INPUT: K = {B1,...,Bm} is a Sperner-system and B 1is a key.
OUTPUT: T € H, where H | = K.
1) KL1 : ml is an array which congains the elements of K.

2) B 1is a set of attributes which is a key.
3) ' MCLT 3 mil,:” CLE1 2 md are work axrray.
4) D,D1,D2,T,N are work variables.

5Wie oNu 5N are work variables.
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Procedure MINIKEY4 (K,B):

KEZDBET:  for i+ 1 until m do begin CCil <« O;
MCil <« BN (¥\KLil) end;
for A .1 _untill m-do
forvweach. J &ME1J do CEiT £ CLidE515
T e C D g
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CIKLUS: while D # O do begin D1 <« D; D2 MIN1(C,D1);
N <« M(D2);

select ELEM from N; T <« T U {ELEM}; D < O;

Eor i € e Suntids spi- do
if ELEM ¢ MCLil then begin D < D+1; M(D)< MCil\ N;
N, = MLi]l . N@ N2 * [N1}:  C(D] + ecil &g

end
end;
recurn T.

It is easy to see that the algorithm 2.13 is effective,
if ELEM is a common element of many Bj.
In KEZDET-section the algorithm requires O(n°*m) elementary
operations. It can be seen that MIN1 requires O(m)
elementary operations, where m is the number of the elements
of K.

It is obvious that in the CIKLUS-section the algorithm

O(n Zi) elementary operations, where & is the number

i=1
of iterations of CIKLUS, Qi is the value of D1 in the i-th
iteration of CIKLUS. It is cleat that & < n and %; <m (Vi)

From proposition 2.10 we have:

Corollary 2.14: The algorithm 2.13 determines one minimal
key and its time complexity is not greater than O(anj),

where K 1is a Sperner-system.

By proposition 2,10, with the aid of linked lists and counters

we construct a following algorithm.

Algorithm 2.15: With a linear time.

DNRPUT s¢ IS
Y]

{B1,...,Bm} is a Sperner-system over

{1,.5.,n} " and B “i5 a3 key ¢f H; Where H V= k.
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QUTRUT ;- T H
1) KC1:m] is an array, which contains the elements of K.
Ly A0 i A ds va Sorted ki sty
). B! disaiikey.
4) MI1C1:n3, M2L(1:m] are work array.
5) AJE1:n], LC1:nl, CCL1:m] are work array.

6) T,B1,B2,D1,D2,A1,A2,A3,M3 are work variables.

Procedure MINIKEYS5 (K,B):

$ ) o o | S SR R o SR | e o R G ' ot i S O 7~ SR O 7 e = 01
foxr, =1 1~ untdlsen cdovbegin . ATES T 6 1is
LLil « O end; '

for 1% 4 daptil - m:ido
begin B1 + BN(fI\KLil); M2Ci] + B1;
for each J € Bl do

begin CCil + CL13+#1; LLE&) + LEJT U {1} end

end;
for:  dive until n: ‘do MICiA ‘s MNLEQid3:
P el s L A3 OF ¢ (B2 0

CIKLUS: While D1 # O do begin D2 <« MIN1(C,B2); Al <« 1;
for each J € M2(D2) fo
begin if ATCJ] = O then goto UTOLSO;

if ATEJI = 1 A Al =1 +then begin
P+ TUlaf: X1 + O3
A2 = J; for each ¢ € Li(D2) do
if CCgl # O then begin
A3 « A3+1; CLgl = O end;
gto UTOLSO end;

DTLTY « O M3.% LLJ] A M1 (A2);

for each g~ M3..4c IF € g # 0



o e S

UTOLSO: empty
end;
P e ot = “ASB
end;

return T.:

It is clear that LLil (Vi : 1 < 1 <'n) i3 a sorted list;
consequently MCil « M-LLi] requires O(m) elementary opera-
tions. Thus, in the KEZDET-section the algorithm required

O(n*m) elementary.

It is clear that; by LEJ1, M1 (A2) are sorted lists,
LCJ1 N M1(A2) requires O(m) elementary operations. From
the number of iteration of CIKLUS is not greater than

min(n,m) in the CIKLUS-section the algorithm requires O(n°m)
(i.e. O(|K|)) elementary operations.

By Proposition 2.10 we have:

Corollary 2.16: The algorithm 2.15 determines one minimal

key and its time complexity is O(|K|).

Remark 2.17: Let R be a relation over &, R = {h
let EiJ =A{a“€ g = h, (a) = hJ(a)}, where
f:<€1<m 1 2J<m and i'# J.  Denote
M="LlE: '»"3B 2 B g& B 3. Tw 41, B . 158 ¢alled e

o St Loy Be 'y
equality set of the relation R. Practically, it is possible

that there are many EiJ which equal to each other. We choose

one EiJ from M. According to Lemma 1.2 it can be seen that M

is the set of anti keys. From give algorithm, which were

constructed, by Remark 2.17 we find minimal keys.
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Example 2.18: Let & =1{1,2,3,4,5,6}

Relation R:

Wl =S O
N = O O =
= RO = D)
O Y = D) O
O O v O -
O w v = O

it ean be'seen that M =-{11,2),(3,:4,5),(4,6)},  where
B,y = (1,2}, E g = {4,6} ana E,; = {3,4,5}. It is obvious
E;5 U {1} = {1,4,6} is a key. Suppose that we use

Algorithm 2.3, then we have:

IE" TS {1,4,6}, then {1,4},{1,6} are minimal keys.
7 {3} U E;4r then {1,3},{2,3} are minimal keys.
AE T = Eae {2} then {2,4},{2,5} are minimal keys.

5. ALGORITHMS CONNECTED WITH ALL THE MINIMAL KEYS AND
ANTI KEYS

In this section we investigate two algorithms: a first
algorithm find all the anti keys and a second algorithm find

all the minimal keys.

Now we construct an algorithm, which find the set of

anti keys.

Let K = {B1,...,Bm} be a Sperner-system over { . We

have to construct K-1. For every t = 1,...,m we construct

'y =1 . .
K = {B1""’Bt} by induction.

Step t+1: By the inductive hypothesis we have constructed

K, ={By,...,B }7'. Construct K. ,, as follows:

it t 1
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We suppose that X1,...,Xx are the elements containing
e T T
PBhat ds:

Ky {x1,...,xx} u {a € Ky ox Bl A .

Denote {A € Ky @ By, / A} Dby F, . It can be seen that in

sone cases it is possible that Ft = @ and for every
t (1 <t<m1) we have {X,,...,X)} # 0.
For every i (i =1,...,%) we construct the anti keys of
{Bt+1} on X, 1in the analogous way of as in step 1, which
are the maximal subsets of Xi not containing Bt+1' Denote
then by Aj,...,Ag o R e
i
fet SEL .= {A: ¢ AYEE, WHET A B ORE5e R TOg <)
t+1 T <ad 3 ) i G B i £

Theorem S.1. (L51) “For ewery T .41 St <) ‘then

= -1 ’ e
e {B1,...,Bt} « ‘Phaf is K™ '=FK_.

¥t can be seen that 'K "and - are determined uniquely
by each other. Because of this fact, the determination of K_1
does not depend on the order of sequence {B1,...,Bm}.

From the theorem 3.1 we construct a following algorithm.

Algorithm 3.2: find all the anti keys.

INPUT: K = {B1""’Bm} is a Sperner-system over & = {1,...,n}.

OUTPUT: M, where M = g1

DATA STRUCTURES:

1) KL1:ml is an array, which contains the elements of K.

2) MCL1:pl is an array, which contains the elements of K

A, e (EE/ZJ)'

3) NC1:p] is an array, which contains Aj—s.

4) A1,D1,D2,D3,D4 are work wariables.
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Procedure ANTIKEYS (K,M):
METY =R Pl

CIKLUS: for A Lo ol untild miado
beqgins B2 CrGs D3 <E@
forvdb e T untiIVnnt o
begin 1f ‘KEil, < MLJ3 “then for each - q'€KLi) .do

begin D2  D2+1;N(D2) + McJIniql;
go to UTOLSO1
end;

B3 D34y M (DB)L % MEJ3:

UTOLSO1:empty.en® DS 3%
f D3 =0 then:sbeégin P4 « D2 for g + 1
until D2 do
MCgl <NCgl; go to UTOLSO 3
end;
for & .0 _untikiD2 do begin Al 13
FOr™ "p &= e, untdll D3 do
if NCgJ CMLpl then begin A1 < 0;

go to USOLSO2 end;

UTOLSO2: if A1 = 1 then begin D4 <« D4+1; M(D4) < NCLgJ] end

end;

UTOLSO3: D1 <« D4

end.

It is obvious that m 1is the number of iteration of CIKLUS.
Denote X, = {2k

IE Ry = [x1,...,xti} U F;, where B, ,c X5 (1 <J < t;) and
Fi = {A € Ki Bi+1 &AL, %i is the number of the elements of
Ki’ then in the i+1 -th iteration of CIKLUS the algorithm
requires O(n2(£i—fi)ti) elementary operations, where

o = — 1 r < 1 1
T R T V.. ry 2., and the algorithm requires
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L e | 2 : - a3
O(n (Li t;) elementary operations if X, r;-

By Theorem 3.1, we have:

Corollary 3.3: The algorithm 3.2 determines the set of all

m
anti keys and its time complexity is O(n2 )X Titi), where
qi=]
li—"ri 1.£ '[i<£i,

It an be seen that when there are only a few minimal keys

(i.e. m is small). Algorithm 3.2 is very effective. In

cases, for which &; < %, (vi : 1 < i <m-1), it is obvious

that our algorithm requires a number of elementary operations
which is not greater than O(n?|K| iK_1|2). Thus, in these
cases Algorithm 3.2 finds k™! in polynomial time in

[2], |[K|] and lK_1|. In [7], it has been proved that the
worst-case time of our algorithm can not be than exponential
in the number of attributes.

Example 3.4, Let Q@ =1{1,2,3,4,5,6} and
K = {(112)1(21374)1(21415)1(416)}-

From Theorem 3.1 and Algorithm 3.2 we have

=
Il

1 {(113141516)1(213141516)};

'K2 == {(1I3I4I516)1(21315I6)I(2141516)};

K3 = {(1r3r4r516)r(2131516)1(21416)}7
K4 = {(2131516)1(1131415)1(1131516)1(214)}
It is obvious that K| = K

4"
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We consider the following matrix:

The attributes:

=

Il
> O O = O
o LI L o e © |
RO O L
O WD =0
(- oo B ol @
S o il Sl oli

By [4], M represents K.

Now, we construct an algorithm, which find the set of all
minimal keysi In:this paper, it is last algorithm.: In first

time we have
Theorem 3.5: Let H be a Sperner-system over § and

) = {B ,...,B } . is the set of anti keys of H, K < H.
Then: K<€ H .and K #@ 41f and only if there is a

1

B(B € P(R)) such that B € K¥' and B & B,

g A¥E T £ LF ks

Proof. Suppose that there exists a B such that B € K|

and B ¢‘Bi (vi : 1 < i< m). From the definition of the

1

set of anti keys and by K ' # @. We have K # @, and for

alplc(C € K),B  not contains €. If there is a Bi such

-1

that Bi &€ H and Bi & B; then it 1is ‘6bvious” that B 1isg

a key. Tf H_1 U B is a Sperner-system, then by

Theorem 1.1 there exists a closure operation F such that

H = KF' It is clear that if F(B) # §&, then from Lemma 1.2
there is a B, (B; € E™') such that F(B) ¢ B, . Consequently,

B g._Bi. This conflicts with the fact that B & Bi (viz1<i<m).
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That is B is a key. Hence there is an A (A<{) such that
A Bitiand A & H XK.
Fewrs¥easy tg secthat K- He

Conversely, we suppose that K c H and K # @. It is obvious
that there is afs A ‘such that & € H'\ K. From "H-  is'a
Sperner-system we have A U K 1is a Sperner-system. Denote B
the biggest set such that A €B and B U K 1is also a

-—

Sperner-system. It is clear that, B always exists and from
the definition of anti keys we have B € g,

It can be seen that A g;Bi (Vi 2 1T < 3.5 m) by A EH Hans
from Lemma 1.4. By A B we have \B& By, (¥Yi ¢ 1 &4 '<.m)5

The theorem is proved.

Liet *K = {B1,...,Bm} be a Sperner-system over .
We have to construct H, where H™! = K. We construct H by
induction.

Step T+1: IF there 38 a B € K;1 such that
B E!BJ (VI : 1 <£J <m), then by an algorithm which find

a minimal key, we construct one minimal key, Ai+1(Ai+1 o B

and let K .4 = K; U {Ai+1}.
Conversely, let H = K, .
Corollary 3.6: there exists a natural number p such that
K. =-H.
P

Not, we construct a following algorithm by the aid of the

corollary 3.6.

Algorithm 3.7: find the set of all minimal keys.
INPUT: K = {B1,...,Bm} is a Sperner-system over

=81 i nt
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-1

OUTPUT: M, where M = K. (Thatras - M. is tkhe ‘set of all

minimal keys).

DATA STRUCTURES:

1) KC1:mJ is an array, which constains the elements of K.

2) MMOl:pl is an array, which constains the set of all

minimal keys and " p = (B )
Eny/i23

BNSELE Dl NE I s pivareisworkarrays:,

)i B KEY.. AT, DlacD2; D35 D45 D5 D6 are worksvariabless:

5) MINIKEYS5 (K,B) is a procedure, which find one minimal
key.

Procedure MINIKEY SET (K,M):

D5 1; select ELEM from (2\KC11); B+« KC1] U {ELEM};

MEdT & MENTKEY:S:(K:;B) a KEY < MEE 35

EE 190 = e oD % g < D2> % 0 D3+ O

CIKLUS1 : For: ~i & 1 sanEil. Dils do
begin . if- KEY © Ltil <theén for each
q € KEY do
begin D2 < D2+1; N(D2)<« Lril\{a};
go to UTOLSO1
end;
B8 « 'D3+t15 L(D3) % LLil

UTOLSO1: empty end; D4 < D3;

if- D3=0" thenfbegin D4 « Db2; .for g+ 1

nntil . D2: to - Ligl * NLgl; go to UTeLSO3

end;

for: g 1 "~uantil =D2 do begin Al + 1;

for" p € until B3 -do
if NCgle LCpl then begin Al+«0; go to
UTOLSO2 end;
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UTOLSO2: if A1 = 1 then begin D4 <« D4+1; L(D4) <« NCal end

end;
UTOLSO03: D1 <« D4;
D6 € Dl
CIKLUS2: Eor: - 1 ie 1 untdl « Dl do

for ‘p « 1" until m do
if LCil # KCpl then begin
KEY MINIKEYS5 (K,LCi]),
DS + D5#1; M(DY) * KEY: Dl % B86;
go to CIKLUS1
end.

By the proof is analogous to thealgorithm 3.2 it is clear that
if k isthe number of minimal keys (that is: k 1is the
member of iterations of CIKLUS1-USOLSO3 section) then in the
CIKLUS1-UTOLSO3 section the algorithm requires
- %ZI T,t;) -elementary operations and in the CIKLUS2-
1=1 Kk
-section the algorithm requires O(n*m 2 xi) elementary

i=1

O (n

operations (see the algorithm 3.2).

Consequently, from Theorem 3.5 we have.

Corollary 3.8: The algorithm 3.7 determines the set of all
minimal keys and its time complexity is

kfl 5
O(n(iil(mli+nriti)+m Y A
It is clear that the algorithm 3.7 is effective, if the
number of minimal keys is not big. In [6], it has been proved
that the worst-case time of algorithm 3.7 can not be more

than exponential in the member of attributes.
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N

Example 3795 - Lex @ = {1,2,3,4,5,6} and

Relation R:

- w N = O
e O e B G VA
00 O A0
R O o
CTiR e T o) (o
O = = = 0O

e istrclear £hat M=t 3,4,5%,02,3,4,6),1(5,6Y,01),(2,3,57%;

where E T {2131416}1 E i {516:(’

24

Eyg = L B
Erom . Lemma 1.2; M ds “the set. R.

By the aid of Algorithm 3.7 we construct the set K such

S A

From the MINIKEY(M, (1,2)) we have K= {A1} — I
and K1_1 ol (8, 3 B 5 B s 1 35 6 .

From the MINIKEY5(M,(2,3,4,5,6)) we have

K, = {a;,a,} = {(1,2),(4,5,6)}, and

Ky, = L (2:355,6) p02,3,4,6) 5 (2,3,4,5) +01:3,5,6),(1:3,4,6),
{(1.3,4,5)3.

1

and K; ={(2,3,5,6),(2,3,4,6),(2,3,4,5),(1,3,5,6),
(1,3,4,6),(1,3,4,5)}.

By the MINIKEY5(M, (2,3,5,6)) we have A3 = (3,5,6), and

K3 = {A.’A21A3}l K;1 =5 {(2I516)l(2l3l4l6)l(213l4l5)I

(115I6)I(1l3l4l6)I(1I3I4I5)}‘
From the MINIKEY5(M,(2,5,6)) we have A4 = ((:2,5,6) , and
KZ1={(2,314’6)1(2131415)1(11516)1(113’4'6)’(1’3’4'5)}'

According to the MINIKEY5(M,(2,3,4,5)), we have A5 = (2,4 ;5%

Kg = {A1,A2,A3,A4,A5} and
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Rt = 142,53 ,455) (2,343 5B 615 LT 3,860 o (13, A5 1 1

From the MINIKEY5(M,(1,5,6)) we have Ae = {1,6}, and

Kg1= [(2,3,876) ,(2:3.57-, 18,6%, (1,3,4:5) L.

By the MINIKEY5(M,(1,3,4,5)), we have A, = {1,5} and

K-' = {(2,3,448) ,(2;3,5) 145,67, (3,4,57, (1.3, ) ¥«

It can be seen that A8 = (1,4) by the MINIKEY5(M, (1,3,4)).

Consequently, we have Ay = 11,3} and

K;1 — {(2131416) 1(21315) 1(516)1(314'5) '(1)}’

That 4.5
Ri=o1 68,20 ,04,5,65.103,5,6) ,12,5,8) , (2,4,5) 7 (1,6) 3,5 ,(1,4), (1,8}

is the set of minimal keys, by K'_1

g = M.
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Relacids adatbazisok minimalis kulcsainak és anti-kulcsainak

megkeresésére vonatkozd algoritmusok

Vu Duc. Phi

Osszefoglald

A cikkben Osszesen hét algoritmus van. Ezekbdl 6t eqgy minima-
lis kulcs megkeresésére vonatkozik /[kettd koziiliik linedris/.
Egy algoritmus az Osszes minimalis kulcsot kiadja, egy pedig

az Osszes anti-kulcsot.

AJITOPUTMH JIJISI HAXOXIOEHWUS MUHUMAJIBHBEIX KIWUYEA W AHTU-KIIWUENA B
PEJIAIIMOHHEIX BA3AX JIAHHEIX

By IIun Txu
PeswMe

B crathe pabpaboTaHO CeMb aJITOPUTMOB. [IATH M3 HHX KacawT-
Cc HaXOXIOeHHusa ONHOI'O MHHUMAaJIbHOI'O KJoua /OBa M3 HHX JIHHeHHHEe/ .
OOUH aJCOPHUTM €CTh IJIg HaXOXIeHUus. BCero MHoXecTBa MHUHHMAJbHBIX

KJnouer. OOUMH IJISA HaXOXIOeHHS MHOXeCTBa AHTHU-KJINUYEeH.






MTA SZTAKI Kézlemények 33/1985 p.145-146

BOOK REVIEW

M. Vukobratovié, N. Kiréanski, "Real-Time Dynamics of Mani-
pulation Robots'", Comm. and Control Eng. Series (Eds.:

A. Fettweis, J.L. Massey, M. Thoma), Scientific Fundamental®
of Robotics 4, Springer, Berlin-Heidelberg-New York-Tokyo,
1985, (Hard cover, with 43 figures), pp. 1-239.

In the book a new approach to the formation of robot dynamics
is presented, to achieve the real-time model computation using
up-to-date microcomputers. The generation of the nonlinear
dynamic robot model in analytical form based on new theoretical
results is described in the book. This give new possibilities
concerning real-time applications. A closed-form algorithm is
developed for dynamic model construction, which is less numeri-
cally burdened than previous algorithms. The linearized robot
model in analytical form is also developed. The algorithm for
linearized model construction may be posed either on the closed-
~form model or on a specially defined operator for partial
derivation of polynomial matrices. The sensitivity and approxi-
mate models in numeric-symbolic domain are also developed.

In the last chapter examples of various industrial robots are

presented.

The book is intendent for engineers engaged in applied robotics,
especially in studying dynamics of robotic systems, synthesiz-
ing control algorithms and, first of all, in their microcomputer
implementation for actual, complex tasks arising in industrial
robotics. It is also intended for students enrolled in post-
graduate robotics courses.

The book is divided into 5 chapters: Ch. 1. Survey of computer-
-—aided robot modelling methods; Ch. 2. Computer—aided method
for closed-form dynamic robot model construction; Ch. 3.
Computer-aided generation of numeric-symbolic robot model;

Ch. 4. Model optimization and real-time program-code genera-

tion; Ch. 5. Examples.
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Jirgen Ackermann, "Sampled-Data Control Systems. (Analysis
and Synthesis, Robust System Design)", Comm. and Control Eng.
Series (Eds.: A. Fettweis, J.L. Massey, M. Thoma), Springer,
Berlin-Hetdelberg-New York-Tokyo, 1985, (Hard cover, with
162 -figures), pp: 1-596.

The book is a revised translation of the second German edition
of 1983 (the first German edition appeared in 1972).

While the first edition covered the analysis and synthesis of
sampled-data systems, the second one extended the scope to
design, in particular design for robustness of control system
properties with respect to uncertainty of plant parameters.
This book provides the fundamental theory for the analysis
and synthesis of the resulting sampled-data control systems.
It introduces to the design of controllers for robustness
against structured plant uncertainties. It paves the way for
interactive computer graphics design in parameter spaces. The
hardware implementation of digital controllers for continuous
plants is provided by microprocessors. The book is intended
for engineers in industry as well as for graduate students
and teachers of control engineering courses. It may be used

in university courses at different levels.

The book has 9 chapters and 4 appendices:

Gh. 1. Introduction; Ch. 2. Continuous systems;

Ch. 3. Modelling and analysis of sampled-data systems;

Ch. 4. Controllability, choice of sampling period and

pole assignment; Ch. 5. Observability and observers;

Ch. 6. Control loop synthesis; Ch. 7. Geometric stability
investigation and pole region assignment; Ch. 8. Design of
robust control systemsj; Ch. 9. Multivariable systems;

App. A. Canonical forms and further results from matrix

theory; App. B. The z-transform; App. €. ‘Stability eritetridy

App. D. Application examples.
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