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FINITELY GENERATED CLONES WITH LINEAR
FUNCTIONS IN P3 AND Pg

M. CSIKOS

University of Agricultural Sciences

INTRODUCTION
Let Ey be the iset 10.li«s.5k=1} for & = 3,
p{n) - {f | £+ E} » E,} for n = 1,2 and let P, = 3 P}
k t Tk k F Fgnetm e k e k?
where Pz is the set of constant functions. A set of
functions 2 < Pk is a clone if it contains the projections
(i.e. the functions ej(xl...xj...xn) = 24 J=1 .8, 3 ,0) and

”

all superpositions over &
An open problem is the following: under what conditions is an
arbitrary 2 < P, finitely generated? (2 is finitely genera-
ted if there exists a finite subset 2 < 2 from which all
functions of Z can be obtained by superpositions.)

It is known that the clone of the linear functions Lp in Pp

(p is a prime) is finitely generated (Demetrovics and

Bagyinszki [11), where Lp = {LIL(xZ,...,xn) = g, # ii1aixi,

n = 1,2...} (addition and multiplication are car-
ried out mod p and a; are residue classes mod p).

We deal with finitely generated clones of P3 and Pe. The pur-

pose of this paper is to prove the following theorem:

A clone Z of P, or P, is finitely generated if it contains

a nontrivial n-ary linear function (»n > 2) and an unary non
linegr function,

For P; a more general result was proved by Marcenkov [21]:

g < Py, is finitely generated if it contains an n-ary linear

function and an arbitrary non linear function. (Lemma 5 and
its corollary). We give another proof, our method works for Pg
too (this part of the theorem is a new result).

The following statements will be useful in the sequel. If



= Pg (Z = P5) contains n-ary linear function then it con-
tains also the function f(x,y) = 2x + 2y (F(x,y) = 2x + 4y)
03

If Z has a near-unanimity function then it is finitely gene-
rated (this is an immediate corollary of the results of

n :
&> B n =
k L 1s a near

Baker's-Pixley's [3]1). The function m: E
~ufaninity function 1If mMiy,%.:w.s8) = WL, Y555 :8) = cus
= wlE, By wn v a®sgd = ¢ For all £,y E Ey
For the proof of.the P -part of the theorem is suffici~
ent to construct with superpositions from the function f(x,y)
and from an arbitrary non linear unary function a three-vari-
able near-unanimity function M: Essﬂ-Eg, for which M(z,x,y) =
=N(x,y,2) = M(y,z,x) = X hold. Moreover it is sufficient to
construct the function Ao(x,y) and vo(m,y) from which one

can obtain the function M wusing the formula of [213:

Mg, ys;8) = VO(VO(AO(x,y), Ao(x,z)), Ao(y,z)) (1)

where the Cayley tables of s and ¥

y| © 1 2 g @ I 2
Ao(x,y) x Vo(x,y) x
0 0 0 0 0 0 1
1 01 0 1 1
2 0 0 2 2 0

PROOF FOR FIRST PART OF THE THEOREM

First we construct the functions A, and Vo' The unary

non linear functions of P, can be given by the table:



al(x) 0 0 1
b(x)
cl(x) 1 0 0

dite) g 0 2
el(x)

o(x)

gila) Q@ I 1
h(x) 1 0
Z(x) L 2 0

gl g £ 2
k(x) 2 0
L) 2 2

m(x) 1 1 2
wilm) T & 1
oifx) 2 b4 2

p(x) i 2 2
q.(a) 2 I 2
r(x) 2 & 1

Among these functions b, d, g, g, m and ¢ are isomorphic in the
sense that all of them fix two elements and to the third they
assign one of the fixed elements. Now we shall obtain %0 and
¥ from the functions f(x,y) and b(z). The function b(xz) is
in the clone generated by either a(z) or e(x). In the groups
of the functions d, g, j, m, and ¢ (in the table these groups
are separated with lines) similar computations can be carried
out. E.g. from g can be produced (with the same steps appli-

cated for b) the functions AZ(x,y) 0 2 2 and
2 1 2
|z & 2



Vz(x;y) [ 2 @ from which the function ¥ is formed accor-
2 .1 A g
o 1 o ding to (1)

THE COMPUTATION FOR b(x)

& 7 oyl |8 2 1 Blf(z,y)) [00 1
21 0 01 0
bzl O 1 710 3 1 5 @
Bl(x,y) = blflblzl)sy)) 0 0 1
0 1 0
0 0 1
Bz(x,y) = Bl fla;b{y))) 00 0
g 1 0
1 0 1
f(B<(x,y),BZ(x,y)) [0 7 2
* 010
2 0 1

1

Ay (2sy) = FIF(B.By), b(flx,y) ))

Vo(x,y) - f(Ao(x,y),fo,y))

THE REDUCTION OF THE FUNCTIONS a(x) AND c(x) TO b(x)

al(a(x)) = 0; a( Flx;0)) bi(z):

flel flz,yls elelflx,ylll) = 253 ef(fle,2)) = ble) and
because of the isomorphisms stated the assertion is proved.

THE SECOND PART OF THE THEOREM CONCERNING P5

The proof is similar to the previous case. We shall obtain
from the function F(x,y) and from an arbitrary non linear
unary function of P, the functions



Ao (xsy) 00000 and V_(z,y) I 1 & 54
01 0 0 0 1 1 0010
9 0 2 0 0 2 0 2 0 0
0 00 320 30 0 30
0000 4 (4 000 4

From these functions, using (1), we get a three variable near-
-unanimity function M of Pg.
The computation gives also the polynomial forms of the functions

A and TV _.
(0] o]

First we derive from F two other linear functions

F(2z2 + 4y;y) 2(2x + 4y) + 4y 4dx + 2y

2(4x + 2y) + 4y = 3x + 3y.

F(4x + 2y,y)

If the functions G, H, K are elements of the clone 2 then

the same is true for the following linear combinations of them:

4G + 4H + 3K = 3(3G + 3H) + 3K
G + H + 4K = 4(4G + 4H + 3K) + 2K
G + 2H + 3K = 3(2G + 4H) + 3K

2G + 2H + 2K = 4(3G + 3K) + 2K

The proof is also a reduction to such '"good" functions as b(x)
was in Pg. In Pg, there are two kinds of such unary non
linear functions:

k(x) = 0 1 3 2 4 (it fixes three values of x and to the
fifth assigns one of the fixed values) 14(x) = 01233 (it fixes
four values of x and to the fifth assigns one of the fixed

values.

THE CONSTRUCTION OF THE FUNCTIONS Ao AND ¥ FROM F(x,y)
AND k(x)

x 01 2 3 4

k(x) 0 1 3 2 4 (The polynomial form of k(x) is xs).



= M9 v

Let the function F, be Fl(x,y) = klw) + kly) + 4k(ée + 3y)

Ny DN O
QOO RN
Sy O
SO ey
OO

The polynomial form of Fl(x,y) is 4(x3 + x2y + xy2 + Y
The table of 3k(x) + 3k(y) 1is:

Ny O
SR RN ey
N Qg DN
DO
PN S N

[N

Using these functions

N (2sy) = Fy (k{8 + 8y), 3k(zm) + 8k(y))

The polynomial form of A is 4(x%/+'mﬂf2+'x2y34-xy4). To ¢con-

struct V_ it is necessary to take the cube of the function
Fz(x,y). F2(m,y) = k(FZ(x,y)). Its table is

ESELNEVA N
QO i
oM N
S WSS N
N OO KN

With this function
Vo(x,y) = FZ(AO(x,y),F2(x,y))
. z 4 3 2 2 3 o
The polynomial form of Vo, 1is Ty 4Ty F dpy + Ty +xF Y.
L4

Using the same iteration steps one can aerive also the unanimi-
ty function M(x,y,z) from the other 9 such functions of P
which fix three values of &« and interchange the another two

values.
(E.g. from wu(x) = 0 1 4 3 2 can be produced in the way pre-
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sented for k(x) the functions

As(x,y) 0 33 3 3 and V3(x,y) 0 330 3
31 &3 8 31 & 1 8
3 32 8 3 8 8 8 2 &
3 3 3 3 8 012 3 4
3 3 3 3 4 3 3 3 4 4

from which the function ¥ 1is formed using (1) ).

THE CONSTRUCTION FROM THE FUNCTIONS F(x,y) AND 14(x)

x 0 1 2 84

14(x) 01 2 3 3

We need a lot of superpositions since the function Z(x) make
only a little change on .

Flx,y) = 2x + 4y 0 4 3 2 1
21 0 ¢4 3
4 32 1 0
10 ¢4 38 2
321 0 4
Z4(F(x,y) = 0 3 & 2 1
210 38 3
3321 0
2 0 & &8 @
321 0 3
H(xz,y) = 3x + 3y 0 31 4 2
31420
l1 420 3
4 2 0 3 1
g 0 38 1 4
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Mo ™My
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SN My
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My NS
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DO N DS
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O~ Mo
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D = A(B,4A)

NS
S MM
DQOIND D
NN~ RS
SN ND

G = C(E,C)

H O W YO
SHOSH o~ N
SN
TH o SH S

S MR

),
i)
pe
&)
N
G
1
BN
(=i s o il
SO MM
SN O
D NS
SOMS Ny

M = H(L,Z4H)

H AN My
MWy o
AN~y ™

NN NS ™

QM N Oy

0 = F(H,N)

b < ilan)
™M SH o
S M ey
N~y
SERCR

~
M~
<H O
M~

H A9

24(H(x,y))

A = F(F,1,F)

C = A(A4,B)

E = H(C,D)

J = G(G,C)

L = F(K,F)

N = E(M,L)
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P = 010,k) g17668 Q = F{P,C) 00200
41000 210824
342 34 122413
R EE 231 3 8
181838z 24214
R = B(K, Q) 00000 8 = R(E,T) 00000
01004 01000
402 44 40240
0 4 4 34 004 34
0 40 4 ¢ 602004
T = 88, ) 00000 Ny = T(T,H)
01000
40200
000 34
0000 4
U = dx+dy+3n, |0 4 3 2 1 W= A (U,F) g 4 321
41210 01000
32204 00200
2310383 000 30
10434 000 0 4
z= A (4 2y,U)[0 0 0 0 0 V= 4 + 47 + 3N
41000
30200
200 30
10004

For the following 4 functions (with 4 fixed values) the same

computations can be carried out as for Z4(x)

@ 01 2
Zo(x)

~
~
[\\]

Zl(.'x:)02234
Zz(x) 01 4 3 4

Zs(‘”)01244

E.g. from Zo(x) can be produced in the manner applicated



for Z4(x) the functions

and V4(x,y)

[T N TN}
TN NN TN
MO Do MY R
HA oy M\ HN R
[TNTNT TN
NS
e N N N
Do R Do AR
(SO I Y
Ny NS

From x and from an arbitrary other function g with 4 fixed
values one can produce with an admissible linear combination
those function Ziﬂr) which has the same 4 fixed values as g.
The proof will be complete if we show that from an arbitrary
non linear unary function of P and from F(x,y) we can ob-
tain a function which has one of the previous two properties of
k(x ) and 14(x). We show this statement first for some types of

functions.

a) If in the clone 2 f and g two functions which differ from
cach other only at one value of x then 3f+29g 1is O for
cxactly 4 values of the argument, i.e. 3f + 2g + x has four

fixed values.

b) Functions with 3 fixed values

Let f be a function which fixed 3 values of «x and inter-
changes the other two values of z : y and z. (From f we
can already derive near-unanimity function). Let g be 3f + 3.
It fixes the same three values as f. Let g (y) =g(z) =
= 3y + 33 = a_ which is different from y and from =z. Next
let & be 4 + 28. Hh(yl = da, + 2y = 2z # 4y, Let Ahly) = a
5 i B
h(z) = 4a, + 22 = 4z + 2y. khiz) differs from a,, 2, y too.

1
from the equations it follows that a, Z a, a, Zy, a

The table of F(x,y) shows that 2z + 4y # 4z + 2y 1i.e.

h(z) # a; - Let A(z) = a Finally let j be 2g + 4=x.

X
x a, a; a5 Y 2
Filx) a, a; a, zy
gla) a, a; a, a, a,
h(x) a, a, a, a; a,
Jilx) a, a; a, a, a,
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From g (x), h(x) or from Jj(x) one can derive the function £
with the following linear combinations:

fle) = 29 x) + 48 flx) = 3h(x) + 3a flx) = 45(x) + 22.
Let mi(x) = a,aja,za; (t=0,2,8). Bor 4=0,1,2, m. o m{(b) =
= a,a,ana.a; and m, o m; differs from m . only at one

value of z. The same is true for the functions niér) =

= a,a;a,a.y (=0T 2.0 5

The remaining 6 functions with the same three fixed values are

(0 (¢ B0/

a a a.aq. a.a.a (o Ao 27 a.,a,a a.a a a,a. a,a
o120 o

7 12 o 27T o 1992 ol eI

. T em with linear
a,q;a,a,a, and a,a,a,a,a, One can reduce th

combinations to the functions m and noe

22 aoaz

(B.g. 3(a0a1a2a2a2) + 3x = nz(b) .

To function with three fixed values can be reduced such a
function 5% which differs from » o » only at two values of
z. The function 3b + 2(b o b) is O for exactly 3 values
of x, 1i.e. the function 3b + 2(b o b)+ x of the clone 2
has three fixed values.

c) Functions with 2 fixed values

The following table shows the functions for which a
and a, are the two fixed values. One (two) point(s) behind
the function f means that f o f differs from f only at
one (two) value(s) of x. (4) means that f o f has 4 fixed
values.

X a a,aa.a X a a,a.,a.a X a a,a,a.a X asadad.a

o 12 3 4 o1 234 o1 234 o 12 34
f (%) f (x) f (x) f(x)
aa;aaa; aaaaa a,a;azaa_ . ajaaza a_.

a a,;aa a, a a,a,aa, a aaza a,. ajaaaa,.
aaaaa,. ajajaaa,. aa,a;a a,.. aoa1a4aoa2 (4)
a,a;a a a,. a,a;a,a as. aja;a;a as.. a,a,3,3 as..



X a a . a.a.a X a a,a,a,a X a a,a,a,a X aaa,a,a

o 127374 01 234 o1 2374 01234
f(x) f(x) f(x) f(x)
aoalaoalao aa;aja,ag a ajajaa . aoa1a4a1ao.
aa,aaa, aoalalala1 I aoalaBalal. ajaja,a.a, .

aoalaoalaZ' aoa1a1a1a2. aoa1a3a1a2.. aoqla4a1a2(4)
aja;aa a,. aa;a,aa,. a ajazaag.. aa;azaag..
aoalaoazao. a ajajaa . aoa1a3a2ao(4) aajaaa_ ..
aoalaoazal. aoalalazal. aoa1a3a2a1(4) aoa1a4a2a1..
aoalaoa2a2'° aja;a,asa,.. aoa1a3a2a2(4) aoa1a4a2a2(4)
aja;a aja,.. aja;a,aa,.. aoa1a3a2a3(4) q: aga,a,a,a,

a a;a a,a. . aa.ajaa_ . ajajazaa .. aja;aza,a ..
aa;aaa, . aa;a,a,a,. ajajajaa; .. aja,a,a,a, ..
aoalaoa4a2.. a aja,aa,.. p: aoa1a3a4a2 aoa1a4a4a2(4)
aoa1a0a4a3(4) aoa1a1a4a3(4) aoa1a3a4a3(4) aoa1a4a4a3(4)

For the function p and g¢ pop=qand g o g =p hold. So
either none or both of them are in the clone 2, 3p + 3q

90 Qg and a,
differ from each other. An easy comnuta-

takes 3 different values for a because 3a ,+3a

4,
3a,t3a, and 3a,+3a,
tion shows that 3p+3q # x. So 3p + 3g such a function at

least with two fixed values which differs from p, ¢ and from

the functions within the frames.

Let flx) = a,a;a;a;ay (8,5sk € {0,1}) one of the two

valued functions of the table. The values 2a;+4a, and

4a£+2a2 differ from a,a, and from each other. So at least
one of them is az Or a,. Therefore at least one of the func-
tions 2f(x) + 4 and 4f(x) + 2x 1is such a function with two

fixed values which differ from every function with the frames.
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Finally if the function 4 differs from % o A at three va-
lues of x then the function 34 + 2(h o h)+ x has two fixed
values. Now we list the unary non linear functions of P and
reduce them to such functions which are in the lexicogranhical

ordering more ahead.

w @1 2 8 4
fe) Reduction of £ (x)

00abe Every of these 124 functions has one of the
previous properties.

01 aba Every of these 124 functions has at least two fixed
values.

02abec 2x+4(02abe) = 00def

0 3gbe dr+2(03abe) = 00def

04abe 3x+3(04abe) = 00def

1 0abe fo f=01a'b'e

7T e:b e Every has one of the listed properties
120ab fo fo f=012a'm’

1271 ahb fo f= 212ed, 4(21 2ed)+2(121ab) = 030ef
1 224D f o f = 222¢d, 4(222cd)+2(122ab) = 022ef
1 823ab fo f= 2%ecd 4(23acd)+2(123ab) = 0lghi
i84abd f o f = 24bed 4(24bed)+2(124ab) = 00ght
idabe f o f = 3bdht 2(3bdht )+4(13abe) = 0gklm
l14abe fo f= dedhi 3(4edhi )+ 3(14abe) = 0gkim
2aebed 3x+3(2abed) = Ighig

3abed 4x+2(3abed) = 1ghig

4abed 2x+4(4abed) = 1ghij
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0 SSZEFOGLALAS

A P3 ES PS—BEN LEVO VEGESEN GENERALT KLONOK JELLEMZES
LINEARIS FUGGVENYEKKEL

Cstkos M.

A cikkben a szerzd a kovetkezd tételt bizonyitja be:

A P, és Ps—ben egy klén akkor és csakis akkor végesen
generalt, ha tartalmaz egy nemtrivi&lis n-szeres lineéris
fliggvényt (n22) és egy egyszeres nemlinearis fliggvényt.
Ez Demetrovics és Bagyinszki ill. Mardenkov idevagd ered-

ményeit egésziti ki.

C JIMHEWHBEIMA OYHKIUAMU

KOHEYHO TOPOXIEHHHBE KJIOHE B P3 E_PS

M. Yuxkom

B cTaThe OoOKa3HBaeTcsa clenaywmas TeopeMa:

KIIoH conepxXamuics B P3 §ZRp0%¢ P5 SAABJIAETCA KOHEYHO IOPOXIeH-
HEIM TOT'IIa W TOJIBKO TOrI'lla, €CJIH COOEPXHT N—apHYl JIHHEeHHYIH QYyHK-—
uuo (n22) ¥ yHaApHYW HEJIMHEeMHYWw OYHKIHIO. 3TOT pe3yjbTaT mo6as-
JigeT HOBHEe HHPOpMalLMM K pe3yyibTaTaM BaIgbHHCKU - JleMeTpOBHYA H

MapyeHKOBa.
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STRUCTURAL CHARACTERISTICS OF ONE
CLASS OF BOOLEAN FUNCTIONS

EIMEV K.N. and ASLANSKI M.

Blagoevgrad Branch of Sofia University
Blagoevgrad, Bulgaria

The terminology used in this paper is from [1-153. The
paper treats the Boolean functions f, which essentially
depend on at least six (seven) variables and for which there
are variables . and x such that {xi,xj} € S and the sub-

r

shape of an elementary chain, opened or closed.

graph of f with the elements of R \{xi’xj} as apexes has-vhe

The set of all essential variables of f and all spea-
rable sets of arguments of f 1is denoted by Rf and Sf’ respectively,

Sf 5 stands for the set of all separable two-element sets
3
of arguments of £

The number of all separables pairs of the function
jYxl,...,xn) wherein x takes part, will be referred to as
the order of the variables z for the above mentioned func-
tion.

Theorem I. I1f the set {xi,xj} is separable for a Boolean
function f(x,,...,z,) which essentially depends on (n > 6)
variables and the subgraph of f with the elements of the set
{xl,...,xn}\{xi,xj} as apexes has the shape of an elementary
open chain, then one of the variables X g% g is of order n-I
for f, and the other variable is of order not smaller than

n"'4o

Proof. Under the conditions stated in the theorem for the

function flz,,...,z

that the subgranh of f with apexes LysLgseees® o has the

), let us accept that {xn_l,xn} € Sf and
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shape of an elementary open chain, where for every

f = yow o mg =8

At least one of the variables = _,, =  1is of order wun-i
for f. Without restricting the subject examination let us
accept that z,_7 is of an order n-1 for f. We shall prove

that z, is of an order not -smaller than n-4.

We shall do it by using the method of mathematical induc-
tion.

We shall prove the theorem when »n = 6. We must prove that
s 1s of an order not smaller than 2. Let us assume the oppo-
site. So z, must be of order 1 for f, moreover
{x5,x6} € Sf'

Let us denote by a the value of x; for which it is
true that
z e = Rf(xSZOL)

Then it must be true that

Rf(acf&) = lwg.x g gyl
and

Sf(xS:&),Z = Hagaept o pow o)y o oz 31,

which is impossible, according to theorem 21 from [1L41. Let
us prove the theorem for =n=7. We must prove that =z, 1is of
order not smaller than the 3. Let us suppose it is not true,

that is =z, 1is of order 1 or 2 for j%xz,...,x7).

The variable z, cannot be of order 1 for foZ,...,x7).
Indeed, if fo6 = o) depends essentially on «
that

73 it means

Sfo6:&)’2 {{xl,x2},{x2,x3},{xs,x4},{x4,x§} "

which is not possible.

So x .,

'M6,x7}e Sf

must be of order 2 for f&nl,...,x7) where
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Thus ., forms exactly one separatable nair for f with
a variable from the set {z,,...,x;}. Let us accept that
o ,,2,) € Sf‘ Let o be a value for =z, for which
I = foS = a) depends essentially on x,. According to

theorem 26 from C1L41,

sz - Rf\ {x_s}.

From theorem 21 and 26 from C1L1 it follows that

{x6,x7} € Sf}’

and the subgraph of f with the apexes LyseessT, has the
shape of elementary open chain. Moreover x, must be of order
l; for 7 with respect to the separable pairs, which contra-

dicts to the already proved case of the theorem when =»n = 6.

By analogy we come to a contradiction if we accept that

{xl,x7} € S, Let us gccept that

#
{x4,x7} e Sf'
Let 138 be a value of T, for which
By ERp Fp =T 18y = Bghs
Then

ng = Rf\{x2},
and x4 will be of order 1 for fq and

{xz,x6} € Sf2'
Let C, be a value for =z, such that the function [, (x6:c6)
depends essentially on x,. Then
ng = Rf % {xz,xg,xn_z},
where

ig = Iy (x6 = 56).

The function f; must have three variables of order 1. But

this is impossible (see CL] and C1L1).

By analogy we come to a contradiction if we accept that

zyo2,} €5



Let us accent that

{x x7} € S

g :
Let ¢, be a value for =z, such that the function
Yo = flz, = 03) essentially depends on .. In this case g

must be of the order 5 for i nd separable pairs for f
must not be formed from the elements of the set {x7},{x1,x2},
{x4,x5}, which is impossible.

This proves the theorem when =n = 7, too.
Let us accept that the Ttheorem is true for sSome % > 7. We shall
prove, that it is also true for the Boolean functions, which
essentially depend on =»n + 1 variables and fulfil all the con-

ditions of the theorem.

Let f(x],..,,xn+z) be a Boolean function, which essenti-
£

ally depends on =n + 1 (n > 7) variables and {z ,z , .} € S
According to the conditions of the theorem the subgraph of f

with the elements of the set {x],...,x } as apexes has the

n-1
shape of an elementary open chain. For example let us accept

that for every <4 = I,...;0~8,

3 8 i
{xi,xi+]} € ’

At least one of the variables x5 & 15 of order n. For

nt 172
example, let x_  be of order = for the function

f(x],...,mn+1), with respect tothe separable pairs. We shall
prove that X, g is of order not smaller than = -3 for
f(xz,..,,xn+]).

We shall prove that under the conditions given in the theo-

rem {x,,z .} € S, or le, ;. = .} € S p-

Let us assume this is not true, i.e.

{xl,x } ¢ Sf and {xn_l,xn+]} € 8a

n+l ]

Let ¢ be a value for =z such ‘that

2 2

x, € Rf5’ Fe = f(x2 = CZ)‘



Then

s 5000 T

= {«x n=-1

R

I 3"

The variable x, must be of order 1 for fs- Thus x, € Rf :

: 5
We shall prove that € .1 € Rfs. If we assume the opposite
and choose o in such a way that

0)s

then the function

fg = 5 (=, o),
will depend essentially on #n-3 variables and its graph will
have the shape of an elementary open chain; and this is impos-

sible. Therefore T 47 € Rf5'

Since we have assumed that {xn_l, xn+1} g 850 B0

{xn xn+1} Z Sf5' Let o be a value for x, éuch that

_]’

xlERf5(xn :0«).

Then the function

fg = Fs(x, = a)

n

will essentially depend on =n-2 variables. So X 1 will be
of order 1 for f, and {z,_;, xn—Z} € Spp,- Therefore it must
be true that {xg, xn—2} < Sfe, and {xz,xn_g} € Sf where

n > 7. The last statement contradicts to the initially given

conditions.
We proved that

} € s or {x

Let us discuss the case when {=z
a value for x4 such that
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and the subgraph of f, with the elements of the set

{xg,...,xn_l}as apexes has the shape of elementary open chain.

From the inductive assumption it follows that one of the
variables Lo T, .9 i5 of erder (»n —~ 11 £for f7, and the
other one is of an order not smaller than n-4.

Therefore the variable X will be of order not smaller
than z-¢4 for fo- Thus = will be of order not smaller

n+1l
than #»n-3 for f.

v

x } € s

By analogy we can prove the theorem if {xn_J, —— 7

The theorem is proved. m]

Is it possible to strenghten theorem 1 in the sense that,
under the conditions of the theorem, one of the variables T
x is of order n-1 (n > 6) and the other one is at least
of order =»n-3 for f, 1in regard to the separable pairs? The
answer 1is NO.

For example, let us take the Boolean function

fo=a(x,xy + 22, )t o (z,x, + x.0,) (mod 2).

The subgraph of f with apexes Loy Tgs Tyy g has the
shape of an elementary open chain. The pair {xl,xG} is separ-

able for I, x, 1is of order 5 and = is of order 2 for f

6
in regard to the separable pairs.

Theorem II. 1f the set {xi,xj} is separable for the
Boolean function f(x,,...,z ), which essentially depends on
n (n > 7) variables and the subgraph of f with the ele-
~ments of the set {x],...,xn}\{xi,xj} as apexes has the shane

of an elementary closed chain, then one of the variables ., z;

is of order =»n-I for f, and the other one is or order not
smaller than =n-4.
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Proof. Let us assume that the function f(xl,...,xn)xn > Fhs
satisfies the conditions of the theorem. We may assume that

79 xn} € Sf’

and that the subgraph of f with the elements of the set

{002, o)1 as apexes has the shape of a closed elementary
chain, and for every ¢ = I,...,n=$
{xi, xi+1} S Sf and {xn_z,xl)éfsf.
At least one of the variables =« .,z  1is of order =n-I
for f. Let us accept that x _q is of order n-1 for f. We

shall prove that @, is of order not smaller than n-¢ for f.

It is impossible for «, to be of order 1 for f. Let

us assume the opposite. If o 1is a value of T such that

L. & R ok S
n flz, _,=0)

then the graph of f(xn_z = a) must have the shape of a closed

elementary chain, which is impossible.

From what we have assumed it follows that there is a
variable «x, 2 € {2,¢4.sn=8} such that {xi, xn} € Sf'
Let x . be such a variable and let c. be a value such that

{xn xn} € S

-1° flx,y=e )’

T

But in this case

R _ = B 1.}

f(xi—ci) - 5 2
and the subgraph of f(xi = ci) with the elements of the set
{xl":"xn-z}\{xi} as apexes has the shape of an elementary
open chain. According to theorem 1 the variable x, must be
of order not smaller than =n-5 for f(xi:ci)' Then =z will

be of order not smaller than =»n-4 for Fe

Thus the theorem is proved.
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8 S ZEFOGLALAS

A BOOLE FUGGVENYEK EGY OSZTALYANAK STRUKTURALIS TULAJDONSAGAIROL

v .
K.N. Cimev, M. Aslanskz

A szerzdk a cikkben n{z 6) valtozds Boole filiggvényeknek egy
osztalyara adnak jellemzést. Bebizonyitjak, hogy a fliggvény
valtozo6i kdzil egynek a rendje n-1 és egy masiknak a rendje

legalabb n-4.

O CTPYKTYPAJIbHEIX CBOWCTBAX OIHOI'O KJIACCA BYJIEBHIX OYHKIHHA

K.H. YumeB, M. ACJIaHCKH

B cTaTke HaeTcs XapaKTepus3alusa OOHOTO KJjacca ByneBHX OYHKLUHR
n(=6) nepeMeHHHX. JOKa3HBAETCH, YTO IO GYHKLHH H3 OOHOI'O KJlac-—
ca omHa M3 OBYX IEepeMeHHHX HMeeT MOpPAINOoK n-1 U NOpSANOK IOpyIroH

He MeHbue n-4.
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LANGUAGES OF SYNTHESIZED CONCURRENT SYSTEMS
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1. Introduction

This paper deals with the analysis of behaviours of con-
current systems synthesized from particular parts. Such sys-
tems have attracted a great deal of attention. Important cont-
ributions are [C1,3,4.51.

We propose in this paper to describe a set of computation
sequences of a concurrent system by mean of the formal languages.
This, to our mind, has a little sense in understanding concur-

rent systems more essentially.

In the second section, we shall defined synthesized lan-

guages and in the third one, its application will be discussed.

2. Synthesized language

The concept defined in this section closely concernes the
concept of the synchronization behaviours introduced by Nivat
£53 s

Let LZ’L2 be languages on alphabets 21,22, respectively,
z:zlnzz, Homomorphisms hl and h2 are defined on 21 and
22, take values in I.

hl(a) = 4f a8k then a else e,
hz(a) = €Ff a€l then a else e,

where e is the emty word.

Suppose L=h1(L1)nh2(L2). Each element of L is consi-

and L.

dered as a sequence of synchronization elements of Ll P
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(The reason will be seen later.)

Definition: The language

=1 -1
U B () @ Ry (w)
weL
is called a synthesized language (SL in short form) of Ll and
LZ.
In our definition, (@ is the symbol of the projetive
product defined by E.Knuth, Gy.Gy6rgy and L.Ronyai [13J.

To make the definition more clear, we should note that:

wery () @ Byl (w)  iff

U T A Agsenesd
= -1 2 . -
W, = a7/.1al.2_,o..,cz7’.Z e hl (w), T,<T <0<t ,
_ -7 5 ; 3
Wy= ajlaj2,.oo,ajs € h2 (W)s  J13T g% 0res<d s

{iz,iZ,..o,iz}u{jl,jg,..a,js}z{z,z,...,n}.

and w 1is the longest common word of w4 and Woe
Considering Li as sets of behaviours of processes Qi,i:1,2,
we can identify [ with the sets of sequences of synchroniza-

tion promitives of these processes.

A synthesized language of two regular languages is regular.
This fact can be proped by constructing an automaton from ones |

recognizing the component languages.

Assume that M M2 are automatons recognizing L; and Lg:

1’
o
My = (@7527567,975F )

(o]
My = (Qgs29585,q95F5)

We construct automaton M as follows:
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=
I

(Q,ZZUZZ,G,qo,F)

) o o
@ = @,2Q,,9 = (ql,qz), F = F,xF, ,
(61(q1,a),q2) if a ezl\z,

6((q1,q2),a): (q1,62(q2,a)) i€ & ezg\z,

(éz(ql,a),éz(qz,a)) if a €z,

It is easy to prove that the language recognized by M is

SL of LZ and LZ . The proof is omitted.

By induction we also defined the SL of the #»n given lan-
guages LZ’L2’°"’Ln° That is, the SL of LZ’LZ"°"’Ln is

the SL of LisLgseeesl, 4 and L . It can be seen that this

definition does not depend on the order of LZ’LZ"°"Ln'

The concept introduced above can be used to study state-
machine decomposable systems, such as a sets of behaviours of
vector of processes introduced by Nivat [5]. In this paper we
shall apply this concept to present the set of computation

seaquences of the computation system introduced by Janicki £2,31.

3. Languages generated by S-nets

S-nets (simple nets) introduced by Janicki [2] are a par-

ticular case of Petri nets,

Definition (2)

A simple net (S-net) ©~N=(T,P) consist of:
i) a set T of transitions,
i) P e ZTx2T - a relation over 2T, a set of places,

where T and P satisfy the following conditions:

(¥a€T)(3p,q€P):(a€left(p)nNright(q)); P=¢ <iff T=4.

((z,y)eXxX, right(x,y)=y, Lleft(x,y)==).
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Denote by SNETS the set of S-nets. For NJ,NZGSNETS,ngNg
1ff P15P2. Relations is a partial order over SNETS.
We shall adopt the following notations:
N,UN, = sup{lN Ny}, N 0N, = inf{N ,N,},
U N = sup{N|Nes}, N = inf{N|NES}.
Nes Nes
Theorem 1 [2J]: Algebra (SNETS,U,N ) 1is a complete lattice
with the smallest element (@,0)
A marked S-net M=(N,B,E) consists of:
a) 3-net W,
b) Be2f - initial marking, and
&) E€2P - final marking.
d ; N P B ;
l-step reaching relation RJ : T+2" 22 is defined by:
v, m.e28y, o m,)erYa) 2
12 P 1 rf
M,="a = M,-a and ang, a‘cM,.
(where a'={p€P|a€right(p)}, °‘a={p€P|a€leftip)}.
A word WSA1A 9500050, is called a firing sequence from marking

M* to marking M" if there exists a sequence of markings
M’:MO,MJ,,Q.,Mn:M" such that:

(M Mi)eRg(ai)’ =1, 8, ws e s

=12

The language L(M) of M 1is the set of all firing sequ-

ences from the initial marking to the final marking.

The main result can be stated as follows:

i
Theorem 2: Let M :(NI’BZ’
= 0=
S-nets. Suppose ¥ (NZUNZ’BZUBZ’E

a_
El) and M '(Nz’Bz’EZ) be marked

JUE ).

Then the language generated by M 1is the SL of L(MJ)
and L(M2)o



Proof: Denote

— e —_—
JFLMY), D,=L(My), L=L(M%),

T:TlﬂT T=T1UT P:PIUPZ’ B=BJUBZ, E:EJUE2°

22 5?

Our task is to prove that:

L=SL of L, and L.

Taking w=a.,a,,...,a €L, we show that w belongs to SIL
12 m
of Ll and L,. By definition of L(M), there exist

2
MJ’M2""’Mme 2P such that:
N A = -
(M,_,,M.)€R (a ), ©=1,2,...,m, M _=E,M =E. (2)
Assume that @. ;. 5eee,ds is the subsequence of w
il bt/

containing occurences of transitions in T, Sisils w5 @ s

o P

J17 o Jg

is the subsequence of w containing occurences of transitions
in T2, and 0102’°’°’cq is the longestcommon subsequence of

Ay Qs oees and Q.. @ e oA containing occurences of

3 ~a g . dzdg Ig
transitions in 7. That is,

{jz,j2,noo,js}u{i1,i2,.ao,il}:{l,g,o-c,m}_,
j1<j2<aoo<js, 7: <7: <ooo<7:Z o

1 "2

We shall show that:

1
(e B 7, MW R YR (aY . BELBeess by
Ty_1 1 Ty 7 1 '%
and
X,
(M, N Py, M.0 P,)€R “(a, ), (it By RPN ¥
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This follows from the fact that NJ and N2 are S-nets.

Since N1 and NZ are S-nets,

N

VE@T  =>tUt c P,\P,,

VtETZ = tUt < PJ\P2.
Consequently,

¥h=1,25emsnls Tf ih_1<ih—1 then

M. N P_=M.
2 1 "z
n-1

Y=l ,2, vunyBs ET jk_1<jk—1 then

M. T PoMe 0P cue 2H, P,

Je-z 2 d3% 2 dgml 2

&F js<m then Mj +10P2: o :MmﬂPZ,
s

f iz<m then MiZ+JnP1: o :MmﬂPZ.

Since MOHPJ:BJ? MOOPZ:B2, MmﬂPZZEZ, anPZ:EZ and (2)
a, a; «e.a; GLJ, Ao s wiswils €L2. By definition of $SL,w in
1 %2 Z 91 93 I8

SL of L_,L

12=g"
Reversely, take W=a,ag...a, in SL of L1 and L_,. By
definition of SL, we have:

w, = a, a. ...a; er (Zf w=e, tzro),

w, = a, a. .c.aj €L (Z2f w=e, ig=0),

w=a, a, «..a, is the longest common subsequence of w4

L€ sBggnnd 5Bs FT woiT anss a3l Yo By By vn nallls
S L 12% 2 3

{il,i2,c..,iZHW{jJ,jg,...,ig}={r1,r2,...,rp b

q
11<12<...<£i 3 J1<32<°..<%3, P1<rq<...<rr

o

L q

3



(10:30:r0:0 by convention).

Therefore, there exist Mé ,Mi ,.,.,Mi and
o 1 [/
M% ,M% ,...,M% such that:
da 93 Jdg
/2 N
VA=1,2,...,1, Mé ez 1,(M§ ,Mé )eRlz(ai ),
h h—1 h h
P N
¥k=1,2,...,8, M e2 2,42 , M )eRlz(a. S
k Ik-1 k Ik
y) 1 2 2
M. =B, M, =F., M. =F,, M €E.:
%y i) 7 1 J, 2 dg @
We construct a sequence MO,MJ,O..,Mm of markings of ¥
by:
M, =B,

gl .
M.=M UM, if ze{rz,rz,...,rq}.

In remain cases, if i:ih with he{1,2,...,1} then

=m! uM®  with % in {71,28,:00528) Bo that g is the
Tt iy g k
bigest number, which is less than <, if i:jk with k in

{1,2,...,8} then Mi:M% uM®  with & in {1,2,..,1} so

nodk

that is the bigest number which is less than jk. (3)

by
We claim that
L2 . . B |

N
;_gsM;)ERI(a.).

There are the following cases:

a) i:ih’ Be{Z,2,vesslt}, ihﬁ{rl,r2,o..,rq}. In this case,
M.:MZ UM% with k defined in the definition of M. and
T, g £
i-1=¢, , (Z,_, can be in {rl,rg,...,rq} or z-l=dy (4
does not belong to {rl,rz,...,rq}). By definition, M, , =
M% UM% . Noting in this case a% U'ai GPJ we have
k-1 Ik h h
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N
(M,_,,M.)€R (a).

b) =74, ke, 2,432} and jke{rl,rz,...,rq}. In exact-
ly the same way with interchanging the role of ¥ and NZ'

1
N
we have (Mi Mi)ERl(ai)'

_1-’
c) ie{rl,r2,...,rq}. In this gase, there exist # and k
such. that. J+:=%;=%: = S0; M.:M% =M", .
k “h 1 1 J
h k
If i-1=i, =g then M, _=mM>  um%
-— _ -— _13 LT . . .
h-1 Yk-1 1-1 o1 Jp—1

If L—Zzzh_l#gk_l, then Jp-7 1is the begest number in

{JZ,...,JS} which is less then <2, ,; if z—Z:Jk_l#zh_l then

ih-l is the begest number in {il,...,iz} which is less then
jk—]' So, in any case of -1, Mi—J:Mi u M% , and since
-1 k-1
that:
(M M )GRN( )
TR Rk e o

The proved property of sequence MO,M
weL(M%y,

1,...,Mm shows that

This completes the proof of our theorem.

Corollary: The language generated by proper net M=(N,B,E)
is the sythesized language of languages generated by sequen-

tial components creating it.

Proof: Since M 1is proper net, there are elementary nets
NJ,N2,...,Nk such that:

N = NJUNZU..OUNk.

For every i,Mlz(Ni,BﬂPi,EﬂEi) is a marked S-net
(2=1,...,k). The corollary is an immediate consequence of

theorem 2.

Janicki has used proper nets to model parallel computation
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systems. The corollary given above tan be used in proving the

correctness of synthesizing concurrent systems from sequential

parts.

Example: Consider the following proper net:

N =
where: r : read,
i input,
o : output,
" write, C) ¢ initial place, C) final place.

This net is the union of three sequential components:

LJ:(ri)*, L2:(i*o*)*, L3:(wo)*

By the corollary, we have:

I, = {cis™ e ™

N | n>0,m>0}1} ,

here E{rnwmomin|n10,m30}3 is the trace language on

under the relation I={(r,w),(r,0),(0,Z2),(Z,w)}.

LN is the behaviours of read-write systems.

Conclusion:

{r,w,Z2,0}

In this paper we have only considered representation of

L)
behaviours of systems svnthesized from their components. The

combination of concept given above and trace languages used in
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searching parallel system will be considered in the future.

The author would like ot thank prof.E.Knuth for helpful

advices.
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SZINTETIZALT KONKURENS RENDSZEREK NYELVEI

Dang Vah Hung

A dolgozatban a szerzd bevezeti a "szinkron-nyelv" fogal-
mat, amely Knuth E16d [C63] altal mar korabban definialt foga-
lomnak tovabbfejlesztése. A szerzd a fogalom segitségével
tanulmanyozza a Janicki [3] altal bevezetett rendszereket.

A dolgozat f6 célja jobb betekintést nyerni a parallel rendsze-
rek strukturéajaba.

SASBIKMU CHUHTE3HWPOBAHHEIX KOHKPYPEHTHHX CUCTEM

IIaHnr BaH XyHTD

B paboTe BBOOUTCS IIOHSITHE CHHXPOHHOT'O A3HKa, KOTOpoOEe AB-
JISeTCA pa3BHTHEeM 6Aa3HCHOT'O IOHATHA BBEIOEHHOI'O KHyTxOM Omss usy-
YeHHS CHCTEM BBeIOeHHHX AHUUKUM. [leslbr paboOTH COCTOUT B TOM, 4YTO-

6B JIyulle IIOHATH I[IOBEEeHHEe MapallyieJIbHEX CHUCTEM.
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SOFTWARE DEVELOPED IN CUBA FOR DATA PROCESSING
ON MINICOMPUTERS

E. MUNIZ - M. FONFRIA - M. BRAGADO

ICTD, Habana, Cuba

The introduction and evolution of the electronic comnuter
into the Cuban economy dates from the end of the 1960's. During
this period the first models of computer machines were imnorted.
They came from England, France, and the Soviet Union. At the
same time began the researches to obtain a minicomputer to be

designed and constructed in Cuba.

At the beginning, the minicomputer was to be used in the
railroad service of the sugar cane industry. Our first mini-
computer was constructed in 1970. After this year we began to

use our own computer techniques.

Our Cuban computer systems are used in process control,
business application, scientific calculation; mainly in the
different levels of our administrative structure. The more
generalized application implemented on our computer svstems is
the commercial type.

There are many different data processing systems develoned
fundamentally over our CID 201 B (compatible PDP-8) and CID 300
(compatible PDP-11/20) systems.

- The field of Electronic Data Processing has become a highly
specialized technical area. Data are basically defined as in-
formation. Any information, whether it relates to a nerson, a
business operation, or something else, may be considered data;

the job of processing information is data processing.

A data processing system is an integrated group of programs

which are used to create and to manipulate one or more files in
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order to achieve some specific data processing objective. In-
ventory and payroll systems are, among others, the more common

data processing systems. -

To facilitate the fmplementation of commercial data process-
ing systems, using CID 201 B, a COBOL language processor and
several utility programs were developed.

The COBOL language was chosen because it is the most widely
used language. We have had experience in COBOL language pro-
gramming, using the French computer IRIS 50.

The utility programs allow basic functions such as listing

of COBOL data files, file copy and file sorting.

To provide CID 300 with facilities for data processing, we
considered our experiences on the CID 201 and the requirements
of this kind of application.

Then, we decided to implement an operating system which
should automatize to a high degree the development of commer-
cial applications. This operating system must run over FOBOS
operating system (compatible RT-11 DEC operating system). Then,
some business oriented systems, developed for minicomputers
similar to our machine, were analyzed. To continue our work
tradition, the application programs must be written in COBOL
language. For this reason, the operating system includes a
processor for COBOL ANS 74 specification X.3.23.1974. This
processor includes, -among other features, the indexed organization
for COBOL files and the possibility to perform input/output
operations with additional terminals using ACCEPT and DISPLAY
statements.

Our operating system was called GES 300. GES 300 is compo-
sed by three monitors and several utility programs. The monitors
provide three different environments of task execution. They
are a singly job monitor (SJ), a foreground-back-groung monitor
(FB) and a multitask monitor (MTJ). These monitors do not need
to run more than 56 k bytes of memory.

The SJ monitor is for a single program execution. The FB
monitor allows the execution of two tasks, one of them with
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higher priority than the other. The MTJ monitor permits previ-
ously compiled COBOL programs to be independently loaded and
they are executed in a multiprogramming environment. The pro-
grams can be loaded either from the same terminal or from dif-
ferent terminals. During the executions, each program seems to
have at its disposal the full resources of the GES 300 system.
Besides, under MTJ the COBOL programs can share data files.

The MTJ monitor dynamically manages the allocation of the
available memory, used by COBOL programs. The number of COBOL
tasks that may be executed simultaneously depends on the pro-
gram's length and the number and kind of data files used by
them. The maximum number of tasks that may run simultaneously
can be defined at GES 300 generation time.

The utility programs have been conceived as a comfortable

environment to program classic processes in the commercial da-
ta treatment.

We have used the '"program generator technique'" in the con-
ception of some of the utility programs.

A program generator can be informally defined as follows:

A program generator is a type of translator which,
using an easy and comfortable source language (Le),
performs a transformation function (Ft) of this lan-
guage and creates a program (Pr) which is written in a
new language (Ls) which is capable of performing-an

execution function (Fe). That 1is:

Ft (Te)

P LPr = Ls

Fe (Ls)

result

In the case of GES 300, Ls is the COBOL language.

All program generators use the same general algorithm but

changes in the input-output information produce treatment par-
ticularities.
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The program generator technique is used in Management Infor-

mation systems.

The GES 300 utility programs developed using that technique

are:

- update program generator (GEPACT)

« report writer generator (REPGEN)

- program generator to create relative files using

« randomizing methods (GENALE)

« consolidation program generator (GPCON)

* program generator to obtain sample COBOL files
(GEFENS)

Other utility programs are:

« interactive edit program for COBOL files (EDICOB)
« program to collect and validate data (PREDAM)

« programs to sort COBOL files (COSORD, COSORT)

+ programs to merge COBOL files (MERGED, MERGET)

We have developed three utility programs, one for each

monitor, which provide line printer spooling.

We provide, to develop application programs, the FOBOS
components PIP, EDIT, SRCCOM and BATCH and the COBOL processor.

The utility program GENGES tailors the system environment
to the user's needs. GES 300 can be generated according to the
specific hardware and software of the installation.

STATUS is another utility program which only runs over MTJ
monitor. Using STATUS, the user can know how tasks are running

on the system and which are the system generation parameters.

The operating system GES 300 was internationally tested in

1982 in Sofia, Bulgaria, with successful results.
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CONCLUSION

At present, GES 300 is being used in many Cuban companies

and institutes. There, the programming and debugging time to

develop application systems has been considerable decreased.

Besides, the introduction of new tools (the multiprogramming,

the

multiterminal access and the possibility to share COBOL

files) has been allowed to develop more complete and integral

application systems.

This new conception has been contributed to increase the

experience of our application programmers.
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A MINI-SZAMITOGEPEK SZAMARA KUBABAN KIFEJLESZTETT ADAT-FEL-
DOLGOZASI SZOFTVER-ESZKOZOK

E. Muniz, M. Fonfria, M. Bragado

A cikkben a szerzdk attekintik a CID 300 kubai mini-szamitégép-
re tervezett szoftver-eszkdzdket. RészletesSebben ismertetik a

CID 300 szédmara kifejlesztett GES 300 operacids-rendszert.

PA3BBUTUE MATEMATHYECKOI'O OBECIHEYEHUSA PA3PABOTKW IAHHBEIX HA
MUHH-KOMIIBIOTEPAX HA KVBE

E. Myunus, M. ®oHdPpua, M. Bparamo

B cTaTbe omnHcCaHH Npo6JjieMH pPa3’paboOTKH OAHHHX Ha KYBHHCKOM MHHH-
komnbiTepe CID 300. ABTOPH AT OTYET O HOBOM ONepalHOHHOM CHC-
TeMe GES 300 xoHcTpyHpoBaHHoON mia CID 300.
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ON THE SEMANTICS OF DESCRIPTION LANGUAGES

P. RADO

Computer and Automation Institute,
Hungarian Academy of Sciences

The dynamic growth (and rate of growt) of the amount and
global cost of softwarz products has been a tendency for the
past 20 years all over the world. This process has brought
about not only quantitative changes. The problems to be solved
have been becoming more and more complex, the solutions
- software systems - larger and larger, their construction
more and more complicated. The efforts to solve the arising new
problems have resulted in the birth of a new branch of the com-

puter sciences: software engineering.

As experience has shown, the nroblems capable of
making a software project unsuccessful, arise mainly at the

early phases of the project C11. After many years of research
and numerous failed software projects the importance of requi-
rement specification and design is generally recognized,
although the available tools and methods provide no wunique and

universal solution for the practicioner.

One of the most promising approaches to the problem of re-
quirements specification and design description is that of
computer aided systems. It is quite natural, that the computer
can help, storing the text, producing listings of different
formats, answering interactive queries e.t.c. Of course this
much can be achieved using any text editor. The text editors
and the computer aided specification systems differ in the
latter's ability to understand the meaning (strictly defined
syntax and semantics) of the stored data. This capability adds
the valuable facility of automatic consistency checking to the
features of the system.
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In this paper we propose a general computer aided specifica-
tion system model. A semantics definition valid for a wide class
of specification languages is given based on this model.

I. THE ARCHITECTURE OF THE COMPUTER AIDED SPECIFICATION
SYSTEM

Considering the text editor as a simple computer aided
specification system its functioning can be described relatively
simply (see Figure 1): the a specification is accepted in inter-
active mode and stored in a data file. There is possibility to
change the stored data, to obtain different listings. The text
editors support some consistency checking of the specification
as well, providing different search facilities based upon

formal criteria (all occurences of a given character string,
E:tsCs)s

description listing

modifications

Figure 1.

The text editor

There is a principal difference between text editors and
the specific computer aided specification systems: the former

accepts any informal text, while the latter checks its input,
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and accepts only correct sentences of a precisely defined machine
analyzable language. This description language should be ex-
tremely user friendly, easy to read, self explaining (its users
in general are not computer specialists) and at the same time

should possess sufficient descriptive power.

These points are demonstrated by a tiny PSL [2] description
fragment in Figure 2. The language is structured into sections
(indicated by indentation in Figure 2). Each section consists of
a section header (the first line of the section), which speci-
fies the object we want to tell things about, and a section
body containing statements referring to the section header. The
meaning of the test can be easily understood, and it is quite
clear, that is structure is simple enough to be computer analy-

zable.

process payroll system;

uses payroll input to derive payroll output;
interface administration;

generates payroll input;

receives payroll summaries;
process syntax check;

uses payroll input;

derives payroll file;

Figure 2.

A PSL description fpagment

The strict description language is advantageous from the
point of view of the communication. It is not only the man-
-machine interface, which needs a formal language. In the com-
munication among people some defense is required against mis-
understanding each other's thought expressed in human language.
We refer to the well known teamwork problems, or to the apparent
inability of the user to explain the problem to be solved and
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to understand and check the proposed solution without misinter-

pretation.

The formal languages - besides the offered advantages -
have their own weak points. In apnlying a particular langu-
age to the solution of some real world problem, it is often
hard to match the predefined concepts of the language with those
naturally arising from the analysis of the problem. The descrip-
tion language must be general to be widely applicable, and at
the same time should provide concepts, which are suitable to
describe the essential special characteristics of any problem
within the - preferably wide - range of applicability. This
contradiction leads to the development of the two-level or meta
specification systems [L3J.

This approach - recognising the above mentioned advantages
and disadvantages - provides software, which instead of giving
supply to only one predefined language, encourages the user to
define his own language. After the definition & two-level
specification system will provide all the usual advantages of
the computer aided specification systems with the user defined

- and therefore problem oriented - concepts.

This is similar to the abstract data type definition
mechanism of some programming languages, where a type is defined
by its name and characterized by interrelationships with other
types (abstiract operations) [3]1. An object of a given type is
capable of possessing those and only those relationships which
are permitted for the type according to its specification. In
this regard the fixed language specification systems can be
compared with the programming languages without type definition
facility, while the two-level systems with those programming
languages, which provide it.

The architecture of the two-level specification system is
shown in Figure 3. The meta level system provides facilites to
define the specification language to be accepted by the descrip-
tion level system later on. This connection is realized by

tables created by the definition interpreter and used by all the
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modules of the description system. We note, that the descrip-
tion level in itself can be considered as one-level self-conta-
ined specification system, once the description language has
been fixed.

As a concrete example we mention the SDLA system [5]. At
the meta level the SDLA user can define:

* the conceptual framework,

+ the syntax of statements used throughout the speci-
fications,

semantical constraints associated with the concepts.

Figure 4 shuws a definition fragment. The defined language

coincides with a subset of the PSL fragment of Figure 2.

concept process;

concept input;

concept output;

concept uses to derive (input, process, output);
form process; uses input to derive output;

concept usage (input, process);

form process: uses input;

Figure 4.

SDLA definition fragment

2. SPECIFICATION SYSTEM MODEL

First of all we note, that each specification system is a
model in itself. A descrintion language contains predefined
concepts (for example in Figure 2 arnear 'process'", '"uses",
e.t.c.), which are abstractions of real worls entities. Their
existence is based upon the fact, that the different real
world systems have enough in common to make possible a classi-
fication of their constituent parts into general tynes (con-

cepts). The statements (concents) of the PSL for example can
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be used to describe any concrete information system, so they
can be. considered as general information system model.

The two-level specification system is an even higher level
abstraction. It integrates the different specification systems
into unique framework. The meta level can be considered as a
specification system, modeling specification systems. Indeed,
the '"concept" concept of the SDLA is applicable to a wide vari-
ety of specification systems [61, as it graphs their essence
- the use of abstract concepts (types) to describe the proper-
ties and the relationships of real world entities by a proper
classification scheme.

The specificagtion system can be considered as a special kind
of database management system as well, It allows the user to
classify, store, list and modify data via proper interface,
while the software provides the technical details of storage
and retrieval. A general database management system model was
proposed by the ANSI/X3/SPARC committee in 1975 CT73. According
to this model a database management system consists of the user
interface (external scheme), details of storage (internal
scheme), and the conceptual scheme, invisible from outside, but
playing a most significant - if not allways explicitly stated -
role in the functioning of the database management system, The
conceptual scheme is an abstraction of the outside world to be
modeled. The mapping between the elements of the external and
the internal scheme is not direct, it is materialized by their
referring to the objects of the conceptual scheme. Although the
conceptual scheme may be invisible for the user, it is the very
model, which determines the external and internal schemes. The

conceptual scheme is the central element of the whole conception.

A1l three schemes have their corresponding counterpart in
the computer aided specification systems, The external scheme
corresponds to the specification language, the internal to the
data management. The counterpart of the conceptual scheme is
the method of modeling provided, the concepts available to
describe the real world. In the case of the PSL these concepts
are concrete object and relationshin types and some semantical



constraints (see Figure 5).

type input;
type output;
type process;

type interface;

relation generates (interfaces, input);
relation uses to derive (input, process, output) ;

relation uses (input, process);

constraint uses to derive (input, process, output) implies

uses (process, input) and derives (process, output);

Figure 5.

PSL conceptual scheme fragment

The definition of types is obvious (Figure 2 shows examnles
of their usage), but the formalization of the semantics is a

harder task., For example the

process Py
uses I to derive 0;
PSL description fragment, that is the
uses to derive (I,P,0);
relationship automatically implies the
process P;
uses I;
derives O;
fragment, that is the

uses(P,I); derives (P,0);

relationships for any P,I and O objects. The "constraint"
statement of Figure 5 describes this property of the PSL.

Another example of conceptual scheme is that of the SDLA.
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On the meta level there is only one conceptual object type.

Everything is expressed using
type concept (attribute 1,...,attribute n);

where all attributes are concepts as well., Without going into
details we remark the proximity of this model to the relation-
al data model [81.

It is also possible to define semantical constraints on

meta level. The statement

concept A(xl,xz,...,xn) implies B(Xi,...,xi); (k < n)

for example is a generalization of the above mentioned PSL
semantic constraint. Whenever on object of type A is created
on the description level, the system automatically creates
another object of type B. Semantic constraints of this type
are called "implication" in the SDLA. While in the PSL it
works only for a fixed relationship (™uses to derive"), on
the SDLA meta level implication constraint can be defined

between any two concepts.

3. SPECIFICATION LANGUAGE SEMANTICS

We can use the ANSI/SPARC model to describe the function-
ing of the computer aided specification system. According to
the model, the processing of the arriving descrintion may be
considered as realization of two mappings - from the external
scheme language (specification language) into the elements of
the conceptual language (occurrences of conceptual objects),
and then from the conceptual scheme language into data mani-
pulation commands of the internal scheme. The query is the
inverse of these two mappings, and the modification also can
be described by them.

We define the semantics of the snecification languages as
a set of relationships between concentual scheme objects.

According to this definition only those relationships are
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semantic, which involve actions executed between the realiza-
tion of the two above mentioned mappings. For example, when a
new description fragment arrives, the semantical constraints
result in actions realized after mapping specification langu-
age statements into concept occurances, and before mapping
these into data manipulation commands.

This definition implies the way of semantics specification.
As any semantic constraint is a relationship between conceptu-
al scheme objects, it should be defined in terms of the con-
ceptual scheme.

There is no problem in the case of one-level specifica-
tion systems. For example, the conceptual scheme of the PSL
is a set of fixed types, therefore a routine executing the
necessary actions may serve as definition (or realization of
the definition) of a semantic constraint. The processing algo-
rithm of the semantic constraint from Figure 5 is quite clear
by itself, and the routines realizing it can be added to that
part of the input analyzer which deals withthe '"uses to derive"
relationship.

If we want to define semantics in a two-level specifica-
tion system, we face additional difficulties. A semantics
constraint statement can not be attached to a concrete object
type, as it should operate with conceptual scheme objects (in
case of the SDLA these are concepts). A formal tool, capable
of defining semantics in general, not only for a given speci-
fication language, but for a wide family of specification
languages is needed. As we have seen the SDLA's "implies"
constraint is a generalization of a semantic property of the
PSL's "uses to derive'" statement. Its definition is correct
- relationship between any two concepts - and the facility
can be applied on meta level to specify semantic constraints

in any defined description language.

There is a number of mathematically exact, but rather
complicated, inpractical methods to describe general semantic

constraints for the procedural (programming) language C[91.
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These methods don't seem to be applicable in case of descrip-

tion languages. It is a more realistic approach to generalize

some of the semantic constraints of the existing one level

specification systems based on the needs of the applications.

We refer to the numerous SDLA publications (Ck3, [53, [613,

(103, e.t.c.), which contain several examples of semantic

constraint smecification in concrete systems.

REFERENCES

£l J

217

L3]

Ch3

[6]

ETd

Boehm, B.W., Software Engineering. IEEE Transactions on
Computers, C-25 (1976) 12, 1226-1241.

Teichroew, D., E.A. Hershey; PSL/PSA: a Computer-aided
Technique for Structure Documentation and Analysis of
Information Processing Systems. IEEE Transactions on

So ftware Engineering, SE-3 (1977) 1, 41-48,

Liskov, B.H., A. Snyder, R, Atkinson and C. Shaffert;
Abstraction mechanisms in CLU. Communications of ACM,
August 1977.

Demetrovics, J«, Es Knuth, P« Rado; Specification Meta
Systems. Computer, 15 (1982) 5, 29-35.

Knuth, P. Rado, A. Toth; Preliminary Descrintion of SDLA.
MTA SZTAKI Tanulmédnyok, Budanest, 105/1980, 1-62.

Knuth, E., P. Rado; Principles of Computer Aided System
Description. MTA SZTAKI Tanulményok, Budapest, 117/1981,
1-46.

ANST/X3/SPARC Study Group on Database Management Systems.
Interim Report, 1975.



_61_

(8] Codd, E.F., Extending the Database Relational Model to

Capture More Meaning. ACM Transactions on Database Systems,
4(1979) 4, 397-434.

(91 Donahue, J.E.; Complementary Definitions of Programming
Language Semantics. Springer Lecture Notes in Computer

Seience,

101 Knuth, E., F. Halasz, P, Rado; SDLA System Descrintor
and Logical Analyzer. in Information System Design
Methodologies: a Comparative Review (ed. T.W. Olle,
et al.), North-Holland, Amstardam, 1982.

60 SSZEFOGLALAS

A LEIRO NYELVEK SZEMANTIKAJAROL

Radd P.

A cikk a szamitdgépes specifikécids rendszerek felépitését
elemezve jut el a rendszerek egy széles osztidlyadra alkalmazha-
td modellhez. A modell alapjan altalanos definiciét javasol a

leird nyelvek szemantik&ajéara.

O CEMAHTUKE A3HKOB OINUWCAHUA

II. Pamo

2
AHaJIU3 apXUTEeKTYPH CHCTeM crneuudukaluu TPUBUIHUT K obme#H

MOIeJId TIPUMEeHsSeMOM Ha HHPOKHH KJlacC TaKHuX cucrteM. Ha 6aze aTon

MOoIeJyld npenjaraeTcs obnee ONMUCaHUe CEeMaHTHKH IJia S3BKOB onuca-
HHSA .
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[IOCTPOEHME AJAIITUBHBIX PEKYPCHUBHBIX

®UIIbTPOB [JI1 PEWNEHUA 3AJAY CIUIA-

KUBAHMA W IIPOTHO3MPOBAHMA B CUC-
TEMAX YIIPABJIEHHA

BAJIEPUH  CAJIHIT'A

HUKOJIAH KAPABYTOB
AJIEKCAHIP YEPHOI'OPOB

MITBAH XAIIPEBU

MOCKBOCKWII MHCTUTYT CTAIIM U CIIIIABOB

BBEJIEHHE

[ludpoBbie MeTOmbl 06paBOTKH CHUrHa/lOB WMHPOKO IMPUMEHSWTCH B CHCTEMax
VIpaBJIeHUs [JI PelleHHs 3a7au CriIaxXuBaHHsg, (GUIbBTPALMM, NPOTHO3HUPOOBAaHHA,
HHIeHTHOHKAUHUH H yhpaBijieHHda. Tak Kak CHCTeMbl yIpPaBJIeHUs TeXHOJIOTHYeCKHMH
o6beKTaMH paboTanT B YCJIOBHAX AlPHOPHOH HeONpemesleHHOCTH, TO MpHMeHeHHe
UHGPOBBIX QUIBTPOB ¢ GUKCHPOBAHHBIMH TTapaMeTpaMH B [JaHHbIX YCIOBHAX MOXET
okasaTbcsa ManosbdeKkTHBHbM. [l0oaTOMy B HacTosllee BpeMs 6onblloe pacnpocTpa—
HeHHe HaXOOAT amalTUBHbEe LUHUGPOBbIe GUILTPbl, KOTODhIE MO3BOJAKWT MMOAYYaATh
TaKyl CTeNneHb NOJABJIEHHs IOMEX, KaKyi TPYAHO, a HHOTAAa U HEeBO3MOXHO, IO

YHUTh C IIOMOIbI GHUIBTPOB C (GUKCHDOBAHHBIMH napaMeTpaMH[1].



llnppoBble GHIBTPH NPMHATO NOEIHTh HAa PEKYPCUBHBE, HIIM GHUIBTPH C 6ec—
KOHEYHOH NaMsATbo, U Hepexypcunﬂme[ZJ. IIpy mMOCTPOEHHH amalTHBHBIX DEKYDCHB-
Hbix ¢ounbTpoB (AP®) MOXHO BBIOEJIUTH ABa mnomxoma. OOWH W3 HHX — HENpSAMOHl -
COCTOHT M3 [BYX 3TamoB. Ha mepBOM sTame paccudTHBAeTCs HEpPeEKYPCHBHAfd
cucTeMa GUIBTPALMH C IIOCTOSHHBIMH MapaMeTpaMH [3], Ha BTOPOM — OCyumecT-—
BIseTCA AlNPOKCHMAUUA IOJIYYEHHOI'O0 3TAaJIOHHOTO pEelleHHs agalTHBHLIM GUIbT-
poM c GeCKOHEUHOH MaMATbIo [3—5]. [Ipyro# momxom — NpsAMOM — COCTOMT B
HenocpenCcTBeHHOM BpifOpe mapaMeTpOB agalTHBHOH DEKYPCHBHOH CHCTEMSI.
[I[ppMepoM TakKoOro YCTPOHCTBA MOXET CIYXHTH aJanTHBHBI GUIBTD KajlMaHa [6].

B pabore mu3jarawnTcsa MeTons cHHTe3a APD® ¢ noMmombl mpsaMoro meropa Jla-
NMyHOBa, NYyTH MOBbIlEHHs KayecTBa paboThl MOJYYEHHOH CHCTEeMbl QUIIbTDPALHH,
paccMaTpuBaeTCcs BO3MOXHOCTBH IIpUMeHeHHss AP® Kk criaxuBaHHUI HecTalMoHap-

HBIX IocjieqoBaTenbHocTeH. [losryuyeHHble Pe3yIILTAThI OeTajqlbHO pacCMOTDPEHhbl B
[7].

1. TIOCTPOEHHUE AJATITUBHBIX PEKYPCHUBHbIX
OUIIBTPOB HA OCHOBE IIPSIMOI'0O METOJA
JETIYHOBA

[lycTh B Kaxmbpli MOMEHT BPEMeHH H3MepsieTcs ailUTHBHas CMech
Xp= Upt §n, 1'1:0,1,2,... (1)

rge U, — MoJIe3HbIH curxan, N4t — pguckpernoe Bpems, §“ - Hes3aBUCHMAsg CJIy—
yaiHasa noMexa, GopMHpyeMas GHIbBTPOM "aBTOperpeccHH-CKOIb3AMETO CpemgHe—
ro" [8] : R (V)8 =R (Y)W,
roe 7?(S)=1+d1s+d;82+--- +d, s* -~ YCTOHUMBBIM TIOJIMHOM CTemneHd K,

17 (s)=1+b, s+b, s2+... +b, s" - NOJIMHOM cTemeHH I, T2k,

2
W, — OMCKPETHBI Oesiblii myM C M{w,,}= 0, M {wjg: O 5



Fﬂ{}eﬂax MaTeMaTHUecKoro oxumaHusa. Torma mouTd HaBepHoe s g. crpaBenuBas

oleHKa

M{gl} :6’2<oo : (2)

13
npuuem O HeusBecTHa.

OuenuBaeMasi NnocJjiefoBaTelIbHOCTD U, ABJIAETCS eTePMHHUPOBAHHOH GYH-

KLHeH BpPeMeHH C HeHU3BeCTHbIM 33aKOHOM H3MEeHEeHHs .

CuuraeM, 4TO U, u E, pasHeceHbl MO0 YacTOTe, IpHYEM
Wy << &y

s
[ BbigesieHHuss U, M3 I0OCIe0BaTeIbHOCTH an}: 1=0,1 ;2,554

OyneM NpUMEHSATh PeKYPCHUBHbIM GUIBTP BHOA
m Yok
- S A < ‘p
b '« ’1i.h-‘i BACIEES + : O)‘,""!’ Xh-é b (3)
yed
— noacrpauBaeMele napameTpbl GUIBTPa, Y.

5 b
Fﬂue "\‘n-'. 5Q) -4

BbIXO[, UIbTPA, Xa-; — HabmomaeMas MOC/IeOBAaTeIbHOCTh B MOMEHT BpPeMeHH

n-j.

BBeneM 0603HayeHUs

~ ~ ~ A~

A A
Ay, =T858 1 = I3 2 1 % 7
n-4 4n-t H LEX] -4 e 5y ’U4.""" g0 e >Q“,"" _;

T~ 1 *

¥ - 7 4 -
¥ = [\1"\4: Ana J = [yn-‘ seeesYn-m 3Xnoy 9°"axn-‘t]

n-4
Torpa ypasBHenue (3) nepernumeM B BHe
AT
:\/n: An-.{ Yn-( s (4)

rge T - 3HAK TpPaAHCIIOHHUPOBAHHSA.

CoenaeM cliefgyiwluee IpeIoioXeHHE ! TMOoCJIefoBaTelIbHOCTh

SABJISeTCHA BBIXOOOM [OIUCKPETHOM NHHaAMHUEeCKOH CHCTEeMbl



u, = K: ( Uiair = Yq,n-q ) + Af Yook 5 (5)

2] - . -4
roe K,{I? - H3BECTHHI BEKTOD, IIOJHHOM Y’(Z):l—k1z —eo=KpZ -
. ¥ L T
ABIAETCH YCTOWUHBBIM, R — eBKJIMJOBO INMPOCTPAHCTBO, A = |A, :B -
-
BEKTODP HEHM3BECTHBIX NapaMeTpoB, ez E R
[aHHOe TIpennoJoOXeHHEe [O3BOJISeT CBECTH 3amauy GuibTpamuu X, K
3agaue umeHTHOHKanuH obbexTa (5) ¢ momompl amantuBHoi Momeru (4) . Ilpu
stoM (5) MOXHO paccMaTpUBaTh KaK [JHHAMHUECKYH CHCTEeMy C 3TalJIOHHOHM MOo-
penbio (BexTop K, ).
YpaBHeHHe, OMUChiBaimee paboTy cHcTeMbl GUITbTPALMHU,uMeeT BH[
= T T
€n ~ K' Ei.n-A +AA.,_. Yu-l 5 (6)
def v def A
e €n = Un=Ya, E.‘,,..:[e.\_. ,...,e,._...], Al = K=18, .
CHHTe3 amalnTUBHBIX aJITOPUTMOB OyOeM OCYIEeCTBJATH C IMOMOmMbI GYHKIHH
JIsnyHOBAa
x4
Va = cM{ez}+5 “AA,,"2 s

h
= 4A A7, .Tak Kak Mpl HaomaeM nociepoBartenbHocTh (1),

i
roe cC, 5’>0 ,llAAnl
To B pganbHelmeM mopn €, 6yaeM MOHHMATH PAa3HOCTD  Xp = V.

IInsi yeTOMYHBOCTH cHcTeMsl (6) HeobxomumMo, uTOGH mepBas pPas3HOCTDH
oynkuuu V, ymosmerBopsna ycnoeuo AV, = Vo, -V, £ 0.

Boiuncinas AV; H nubbepeHUUDPY A noAAn , MOJIYUHUM amalTHBHbIA aJIOPHTM HOO—

cTpoiiku BekTopa AA, :

Abpy = 4B, -Tc ( KEpYa + Y YodA, ) . )

Peanusauus npouenypbl (7) TpebyeT BbIYHMCIIEHHS MaTpHIpI YnY:
u Bextopa AA, , koTopsii HaM HeusBecTeH. llosTomy amroput™ (7) Gynmem

HasbiBaTh ITOTEHIHalbHbM. U3 Hero, B 4YaCTHOCTH, MOXHO IIOJIYUHTDH YIIpOUleH—



HBIA aJIOPUTM

4A ., =4, -Te, Y, , (8)

OTKyaa cllefyeT aJIrOPHTM IOACTPOHKH napameTrpoB AP® (4):

Bges = Bu¥beg Tu o (9)
HapameTp'f BBOOUTCA [Jis7 ob6ecleudeHHs ycToiuuBOocTH npouenyps (8) B
.
YCJIOBHAX OeHcTBHUA HeHabropaeMoOH IOMEXH g,. CxeMa amanTHBHOTO PEKYPCHBHO—

ro éunbvrpa (4) c anropurmom (9) mokaszaHa Ha puc.1.

2. AJAIITUBHAS OUIIBTPAIIMS HECTAIIMOHAPHBIX
MTOCJIEJOBATEJIBHOCTEM
PaccMoTpuM npuMeHeHue AP® (4) nns cnyuas, korga {LH} ABIIETCA He-—
CTalMOHAPHOH TMocjemoBaTesbHoCcThi (mapameTpel A, a MOXeT OBITBH H K, B ypaB-—
HeHud (5) 3aBHCAT OT BpEeMeHH).
llpumenenue AP® (4) B sToM ciyuae 6ydeT BHOCHTH BpPeMeHHOe 3anasabiBa—
HHe B MoJjiyyaeMble OILIeHKH Y, , TakK Kak:
1) BhIXOH Y. HABJISETCA NPOTHO30M IO COCTOSAHHK GHIbBTpa Yﬂw4,
A
BekTOpy mapamMeTpoB A, u Bxoay Xn-i }
2) AP® kax guHaMHUYecKas CHCTeMa HMeeT HeJIMHeHHyw $ha30Byl Xapak-—
TEePHCTHKY H KOHEeYHOe BpeMs peakllHd Ha BXOOHOe BO3IeHCTBHE.
[nsi UCKIIUEeHHUs] YKasaHHOI'O HeJocTaTKa ¢uinbTpa ¢ 6ecKOHeuyHOH NaMAThi
B [9] npejiaraeTcs NPONYyCKATh IOJIYUEHHYID BXOOHVIO {Xq} H BBIXOOHYK ‘[yn}
MoCJIeJOBaTEeJIbHOCTH (n=0,N1) yepe3 [OBYCTOPOHHHH ¢HUIbTp. HemocpemcTBeHHO
OaHHbIH IIOAXOn K TekymeH ¢GHIbLTpALHH HelNpHMEeHHM, Tak Kak Tpebyer ¢opMHpO-
mak X s
BaHus MHoxecTBa G, = {§Q€I% , 1=0,nf u npomyckaHusa ero uepes MoOJy-

YeHHbIH K JaHHOMY MOMeHTy BpeMeHH AP® B o6paTHOM MoOpsAOKe, YTO HAMHOTIO

yBeJIMuYHBaeT BpeMsaA 06paboOTKH M INpenbsaBIsSeT MOBbIIeHHble TpeGOoBaHHA K MaMATH



Uy

PNC.1.




cucTeMbl GUIBTPALHH.

B panno# paboTe Hcnonb3yeTcsa CIeOYOMHH IOOXOHO, KOTOPbEI HAa3OBEM Me-—
TomoM GunIbpa TouHoro mporsHosa (®TII).

OnmumeM npuHuun nocrpoeHus OTII nmepBo#l cTemneHH.

[I[ycTh B MOMEHT BpeMeHH hE [O,N] nonyyeHa ouexka (mporxos) Y,

A
nocjenoBaTebHOCTH U, IO BekTtopy Y,., | mapaMerpam A, ,

CocToAHHE CHCTeMbl GHILTPALWMH B MOMEHT BPEeMeHH m 6yImeM XapaKTepH30BaTh

MHOXeCTBOM

m+k

L= {Y €k, A€ B™ ,ne[0N |y = AL, Ya,

K
npu 3apaHHoM Bxome X, .€ R 3 (10)
Inst mosyyeHUsi TOYHOM OLEHKH IMOCIeJOBATENBHOCTH U, C [OMONMbBI
AP® (4), Haxomsmerocss B MOMEHT BpeMeHH N & RLN] B COCTOAHHH I

BBeneM IpeobpasoBaHue &, umewmee BHI

Xh—l Xn.4 Xn_‘

+ — 3HaAK MpAMOH CYMMbl MaTpHI] [10], ZYnt =Y s Lem
u [y - epguHHUHbIE MATPHIBI COOTBETCTBYWIUX pa3sMepHOCTEH.
Torga nojlyueHHe TOYHOH OLEHKH HeCTAUHOHAPHOH MOCJIefOBaTeIbHOCTH U,
B MOMEHT BpEMeHH nG[b,NJCOCTouT B INOBTOPHOM IpuMeHeHHH AP® K BekTOpYy
~s
Y ...+ Ilpu 3TOM cocTOAHHE CHCTEeMbl GUIbTPALKH B MOMEHT BpPEMEHH ne[b,N]
6ymeT OINHChIBATHCS MHOXECTBOM
I sk ™~ & ] _ A
= Aus€B™ 5 Xy €8 5 nel0.H] | 3, = 4L, Yo
k
npu sagaHHoM Bxome X,, € R (1)
TakuM o6pasoM, cocTosHHe apmanTuBHoro OTII B MoMeHT rle[b,N]
MOXHO NpeACTaBUTb Kak obbenuHeHue MHoxectB (10), (11): I'=IyU L

AHanmoruyHo, iisi GUIBTPa TOYHOI'O NPOTrHO3a f —H CTemeHH moJjiyuyaeMm



B mpocTpaHcTBe coctosHHE OTIl mepBOi cTemeHH OmHUChHBAeTCs ypaBHEHHEM

~ Ay ~ = A A
yn = A'\,h‘( An—4 Y'\—l * ( A4.n-( I + 1 ) Bn-4 Xr\-{ E) (12)
roe
e ~ = 3 m-4
T = | Mhone avess Dupd i & e = Taga s BllilpealiER o
A
~ A4,h-4
- =R (== e -MaTpHla pPasMepHOCTH I xm
e 0
|
-1 ) (m~-4
fmq€f4m‘) o eMHHYHAsi MaTpuua.

K sToMy ypaBHeHHI0O HeoBXoauMo eme mo6aBUTH anropuTMm aganrtaudd (9) .
U3 ypaBHenus (12) BMAHO, 4TO, €CIH:

A

a) {&14'n,‘ <1

~

6) maTpuna A yCcTOHUYHMBasA, TO €CTh Bce ee cOOGCTBEeHHble 3HAYEHHA
~ 4 P——
TekaT BHYTPH €IHHHUYUHOIO Kpyra l A;( A wig )l~ il Vﬁ:1,m , To Bmixom OTII
MepBoil cTemneHd OygeT UMEeTh MeHbllee BpeMeHHOe 3amnasfplBaHHe M0 OTHOWeHHK

K in, ueM BbIXos ¢uiabTpa (4). DTo BbiTeKaeT W3 cCleAywlero paBeHCTBA

ﬁfn W) = 70 (w) _)Oo(w) s

nIe
,A‘T B . Ny . Na
- L’KA(,n-i Ut Da.y Pk ( = -‘\c‘n-l -TJ..')
f ( w ) = «f‘ti"(.’ig‘?: S — -
A AL A A

M 7 4 = *
Dwat Lip L, S A["\.i."_q ]4,,.) = Bn-] DkA4‘.‘-‘ Dm

-da 3ouacTOoTHas xapakTepucTuka APd (4),

Lo = [cos(w),...,cos(me)] , Dh= - [sin(w),...,sin(mw)] ,
Ly & [cos(u),...,r,:oamw)] , B £ = [sin(w),...,sin(kw)]



4

TZ(“J) - ¢da3zouacToTHAs XapaKTepHUCTHKa I3JIeMeHTAa 3alepXKHu Z:Z Y, = Yn-4

sz OTII [ - CTelNeHH CNpaBegIHBO COOTHOIIeHHEe
Yo () = P lew) - LB leo) ,

H3 KOTOpPOTO CJjiefyeT, UYTO MpHMeHeHHe amanTHBHOIO GHIIbTpa TOYHOTO MNPOT—

HOBae'—ﬁ CTelleHH IIO3BOJIdeT YMEeHbUHTb BpPEeMeHHOe 3amna3sjblBaHHe, IIpHcylee

AP®, Ha 2 maros.

3. TIOBBIIEHUE KAYECTBA PABOTHl AP® -

H310xuM crioco® yiyudlleHHs KauyecTBeHHbIX X4dpaKTepHCTHK agalnTHBHbIX

PEeKYPCHUBHbIX GUIBTPOB, OMNHCAHHBIX B pasmenax 1-2. B ocHoBe OAHHOro Mnouxoma

1 "
JIEXUT MEeTOI OKOH [2,]]J, KOTOPbII MHPOKO MpHMeHsieTCcsi NMPH NMPOeKTHPOBaHUHU

IUGPOBBIX HEPEKYPCHUBHbIX GHUIIBTPOB.

B obmeM Buae ypaBHeHHe juHeHHoro AP® (4) MoxHO 3anucaTh B BUME [7]

/\T '
yn z /\n 4 ‘J \‘»(n-! (13)

rge L ! 1 b

—oHaroHaJjibHble MaTpHILbl paaMepHOCTH<M* ﬂ) 1{<H‘ii> COOTBeTCTBEHHO

A A 8 B X X
I2C g tsml o ii( C; ,N,k) - pelicTBUTe/IbHbe (GYHKLIHH, 3aBHUCHALHE

OT IapaMerTpa C, TeKylmero MoMeHTa BpeMeHH [!1 H pa3MepHOCTH BEKTOPOB:

Yison 5 Eyuy 3 dim Y, n.e = m, dim X .. =k .

Ha f; () mamaraercs ycrnosue
e (o)l € 1 Vne[o,N] .
R

[loguepkHeM IpHUHUUINIHAJIBHOE OTJIMUHEe, CBA33aHHOE C BBeIJeHHeM MAaTpHIbl =

B DPEKypCHBHble W HepeKypCHBHble GUIbTpbl. B HEepeKypCHUBHBIX CHCTeMax MaTpuua [



BBOOHUTCSA [OJIs TMOJIYUYEHHSA 3a0aHHOH TOYHOCTH aNNpoKCHMAIMH HOeallbHOTOo GHIb-—
Tpa KOHEUHBIM HepeKypPCHUBHbIM ¢HIbTpOM. I[Ipu 5TOM BHIOOP MaTpHIb] Fe

(rak kak F@EO) OCVYIEeCTBJIIETCSA NyTeM YIOBJIETBOPEHHUS TeX HIIM HHbIX KpHUTe-—
pHeB B 4aCTOTHOH o6iacTH. B oTiuyHe OT 3TOro, MaTpuua F B pPeKYPCHBHBIX
cHCTeMax BBOMOUTCS I YJIYUMIEHHA CIVIAXHBAWIUX CBOHCTB, obeclieyeHHss HeuyyB-—
CTBHTENbHOCTH BbIXOOa GUILTPA Y, K AEHCTBYWNHM BOo3MymeHHsM (moMexe E“).
[IosTOMy Te MOOXOMbl H METOMIbl, KOTOpble IMPHMEHSJIUCH IMPH BbibOpe GYHKIHH OK-—
Ha f(.) B HepexkypCHBHbX QUIbTpPax [11], okasbBawTcsa ManosbhdeK TUBHBIMU B
PEeKYPCHBHBIX CHCTEMax, UTO ITOATBEDPKIAKWT pe3yJIbTaThl MOIEeIIMPOBaHHUSI [7].

BpemeHHoe oxkHo f (. ¢,i,Kk ), mpuMeHseMoe B HePeKYPCHBHHX (GHIBTPaxX,

zaBucuT ot dim X, M HOMepa BBIGODKH X,.; Ha HHTepBale [:n-k,n]

H 3anWchiBaeTCsA B BHE

~
T Ed.k ) =28 (1.8 «
s

roe C<C, = const - mocrosHHOe uuciio, £ (.) - uU3BecTHas GYHKLUHS BDEMEHH.
B 3amauvyax amarnTUBHOM pPeKYPCHBHOH GUIbTpauuu GYHKIUSA £il.) , KOTOpyi Mol 6y-—
neM HasbBaTh O —GyHKLIHEH, MOOJDKHA ObITh mapaMeTpH30BaHa C TOUYHOCTHIO [0

+k
rnapaMeTrpa CGI?M 2

f‘::f?(c;,n,m) Vi:m,

8 . A

fy = f; ( e ,n,k ) VJ = 1.k
npHueM Cigp = Cicp (n)

Tak xaxk anpuopHasdgpHbopMauusa O IOMexe fn OTCYTCTBYeT, TO NpH BblbOpe
mrk v
BekTtopa C € R MOTYT OBITH IIPEAJIOKEHbl OBa Ioaxoma. [lepBeli M3 HHX COC—
Tour B amantauud C, Mo Mepe MOCTYIUIEHHA X, C LeJbl CBeJeHHs OmMOKH ¢HIb—
TpaluH K Hymw. [Ipyro# nyThb Bbibopa GYHKIIHH f(.) cBA3aH c pasmelleHHEeM MHO-
XecTBa S={en€R, ne [O,N]}Ha nBe obnacTu 3 = 818 H
Ty« )5 BEDS

Hcronb3oBaHHeM oyHkuuu f () = (14)
By ), 68



[lpuMeHAs annapaT R-dyHKUuiH [12],

nojiyuaeM BhIpaxeHUs ansg o —byHkuud (14)

£ g =) RE)

PUC:2

roe A -R - koubwoHKIMA.
o

[Ipexme ueM NPUBECTH pes3yJIbTaThl, MOKa3biBawmHe BIHAHHE o — (GYHKLHHI

Ha KauvecTBO paborTel AP, samumeM (6), yuuThBas C13) B MaTpPHUYHOH
bopme
. o T
Bz K By = 1 dAnq B Yse 5 (15)
N 2 m :‘ N N 1
roe Eh_‘ = [e.,in_‘ ,...,em',‘_,]GR > €ant T Cam,y, L F [U,O,...,\,,;] s
[- A (B NS o
K = | e E R
L K. wwiees o

CuyuTaeM, 4YTO:

a) marpuua K ycToHuuBas, TO ecTh BCe ee COGCTBEHHble uvcia JexaT

BHYTDH E€IHHHYHOTIO Kpyra

| (k)]s 1 Y= Tm (16)
6) “F”5?<1 Clell = T A(F )) (17)

B) orpaHMUYeHHe Ha [eHCTBywllee BO3MylleHHe

M{lAAI ¥, /Y.,}fo( VY.# 0, n>o0 (18)

roe X >0 - HekoTOpas MOCTOSHHAA;

') BeKTOp B cunny (2) orpaHMyeH B cpenHeKBaapaTHUHOM
M{IIYH £ L (1+06), (19)

roe L, — TOJIOXHUTEIbHAasd KOHCTAHTAa.

Torpma u3s (15) cnemyer, uTto

suplIE“": Y MMOYTH HaBepHoe, (20)




roe Y - HekoTopas HeciyuaiiHasi KOHCTaHTa s3aBucsmas oT Eo.
PaccMoTpuM dyHKIH V, = E:PE", VOOBJIE TBOPSAWIYI0 YCIJIOBHAM :
T
n) Vo= E, PE.>0 (21)
- TMOJOXHMTENBbHO OonpenesieHHass GYHKUUs, Oonyckawomas 6eCKOHEeUHO HH3MMA
T
npemen IpH ”E”->OO, ¢ P= BP0, PER™™ J s

m
e) BO BCeM MpOCTPaHCTBE R BHNOJHAETCA clenyomee HepaBeHCTBO JIs

e = Vs = Vs 2

AV, +T ( E,) [Va- pJco VE. # 0, n (22)
0JIAs HeKOTOPOH KYCOYHO HeNpepbiBHOM (GYHKIHHU
0L By)dl YE« # 0y n20
u orpaHuuenus (18)

Torma cripaBesiMBa CleAyllas Teopema [7]. [lycTh BHINOIHAKNTCS YCJIOBHS
(16)-(20) u cymecrsyer dyukuua V,, ynosnersopsawmas (21)-(22). Torma cuc-—
rema (15), (8) pHccumaTHBHA B 1EJOM M MHOXECTBO & :{Eh « M {%}é

¢ p+ T'PKQ ' KP I ) Flot+Fy L1 +62 )] :/u},
rnePET‘PI ; T BoibupaeTca Tak, 4YTOO6H MaTpHLa 3{ = K/'quff“ uMmerna cob-
CTBEeHHble YMC/Ia CTPOTO BHYTPH EIHHHUYHOIO Kpyra;
Tt =T
MaTpuua P ompegensercs U3 ypaBHEHHSA
KEK ~P = = g,
1-T

T o
Q=Q > 0 -npou3sBoJbHAss MaTpHlia, SABIsIeTCs O6IACTHI NpeaesbHOH OrpaHUUYEH

HOCTH pelleHHH CHCTEeMsl.

IuccunaTuBHOCTH cucrtemel (6), (8) cmemyer u3 crencTBHSA K TpHBEIEH—

HOH TeopeMe.

CrnencTBHE [7]. Cucrtema (6),(8) muccunaTuBHAa B LeloM B obiacTu
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ADAPTIV REKURZIV SZURMK KONSTRUALASA AZ IRANYITASI RENDSZEREKBEN

ELOFORDULO ELOREBECSLESI £S SZINTEZIS PROBLEMZKRA

V. Saliga, N. Karabutov, A. Chernogorov, I. Hadrevi

A cikkben a szerzdk az adaptiv rekurziv sziirbk [ARSZ/ konstrua-
lasanak mbédszereit ismertetik hasznalva a direkt Ljapunov mocd-
szert. Az ARSZ alkalmazésat nem-staciondrius sorozatok "Ossze-
ragasztasdhoz" is targyaljak. Az eredmények részletesebb tar-

gyaldsa a [7]1-ben megtalalhaté.

THE CONSTRUCTION OF ADAPTIVE RECURSIVE FILTERS FOR THE SOLUTION

OF PROBLEMS OF GLUEING AND PROGNOSTS IN CONTROL SYSTEMS

V. Saliga, N. Karabutov, A. Chernogorov, I. Hadrevi

In the paper the methods for the construction of adaptive
recursive filters (ARF) is discussed using the direct method
of Ljapunov. The possibility of the arplication of ARF to
glueing non-stationary secuences is also studied. The results

are discussed in details in ref. [T13.
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SYSTEM DESIGN TECHNOLOGY

A. TbOTH

INORGA, Kosice, Czechoslovakia

1. INTRODUCTION

Design and implementation of computerized information and

control systems is a complicated process.

This process involves a very wide range of managerial and
technical activities such as: problem analysis, user require-
ments specification, functional design, data structure design,
computer-equipment selection, program development, user train-

ing, system testing, etc.

The way from the idea (i.e. requirements specification)
to the final product (i.e. information or control system) of-
ten called as project life-cycle unfortunatelly is not straight-

forward:

The final
system

The

| e

PROJECT LIFE-CYCLE

(1-3 years)

Fig.1: System development process

The succes of our projects depends on many facts. Let us

mention only the most crucial ones of them:
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%1 Roes the developed system satisfy the functional require-
ments specified at the project initiation?
%2 Has the project met the original budget?

%3 Was it implemented within the given time schedule?

In the case of computerized projects the answers to these

well-known questions steem from the following ’‘details’:

What is the manpower and its professional level allocated

to the project?

% To what extent is the company management and the poﬁential

users involved in the development process?

The level of the project management itself?

Which from the available methods and techniques are used for

a particular system development activity?

% The level of project documentation?

The level of user training?

* Do the end-users know how to use and operate the system de-
veloped for them?

etc.

Really there are too many things we should take into
account and combine them properly into a goal oriented deve-

lopment process. Unfortunatelly should only...

The usual case is that some of these details are neglected
due to shortage of time or lack of project development expe-

rience:

we often use unefficient and/or incompatible methods in design
and programming; the results of the work are incompletely do-
comented and certain details are known only by some ’'key pro-
fessionals’ who can quit in the middle of the job; the project
progress is not systematically evaluted so nobody knows what
has been done and has to be done; after 1-2 months the users
are already 'out of game’ and are waiting for hopeful results;
eventually, if these usually delayed results missmatch the

user needs the project has to be reworked again.

Besides wasting of money and time we have to realize a dep-
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ressive consequence of this ad-hoc system development approach:

There is no garantes that these mistakes will not happen
again in the next project. Until there is no structured and
recorded knowledge neither about the system developed nor

about the development methods used this job remains

>a secret art of some experienced masters’.

In such situation young or less experienced fellows have
very little chance to learn alone from the case studies of im-
lemented projects. They have to work in the shadow of their
masters for long time as observers if they wanto to acquire

this system development knowledge

This is a serious problem also in the developing countries
where there is generally a lack of experienced computer pro-

fessionals.

SDT (System Desing and Development Technology) offers an op-

portunity to resolve this problem.

2. THE SDT APPROACH

In first aproximation SDT is a structured set of proved
methods combined into an activity-network for system develop-

ment process.

Immediatelly one can object each project must have a spe-
cific development strateqy (and activity network) so there is
no general approach. This objection is true until we percieve
the systems development as a heuristic process.

However , after a deeper analysis, we can ’‘discover’ many com-
mon technical and managerial features among seemingly quite

different, types of projects. For example:

1.

% the rules of activity planning and project progress moni-
toring
* how to prepare a functional or data structure specification

* how to document a program algorithm, etc.
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All such project independent features are incluede in the sc
called SDT-skeleton. This a 250 page guide we can consider as
a common model for system development. On the case study of a
production control project it illustrates the usage of SDT

approach. The main components of this modular document are:

AS - System development activity structure
AL - Activity list
AD - Detailed activity descriptions
AN - Activity network
WM - Optional set of working methods
WMT - methods for technical activities
WMP - methods for project management activities

DS - Project documentation standards

DSP - project progress documentation standards
DSF - final system documentation standards
DSS - sample progress and final documentation

CS = Computer-aided design facility

GL - Guidelines for SDT implementation

This skeleton is a structured knowledge-base for project

planning:

* The activity list (AL) specifies WHAT has to be done

% The detailed descriptions (AD) supported by an optional set
of working methods (WM) specify HOW to carry out each acti-
vity. Documentation standards (DS) specify HOW to document
the result (output) of each activity and the final system
developed

The activity network (AN) determines WHEN to carry out an

activity

The computer-aided design fasility (CS) is an optional support
for SDT-users. This software-packege can interactively main-
tain all development documentation in a common project data

base.

Now let as have a brief overview what is inside the SDT-skele-

ton:



2.1 AL - Activity list

This is a three-level hierarchical list of activities:

- development phases
- subphases and

- project steps

We have picked out some parts from the sample production

control project activity list:

Project phases:

First level: A - Problem analysis
B - Functional design
L C - Data structure design
D - Process structure design
E - System implementation
subphases of B:
2nd level: BOP - Standards training for phase B
r— Bl - Functional structure specification
& | B2 - Input/output specification
B3 = Functional feasibility test

- B9P - Project progress monitoring

3rd level: step for Bl:

Bll - Determine time horizons
B12 - Specify functions for horizon
I: Bl13 - Describe the functions

(AD) v e & @ e

steps for B9P:

B9P1 - Check the completness of B
B9P2 - Evaluate progress in B
B9P3 - Prepare schedule for phase C
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‘omments: - codes containing P denote project management ac-
tivites.
- an average project-life-cycle consists of about
120 project steps.
- the description of Bl2 we can find in section AD

(Fig.2 on the next page)

2,2 AD - Activity descriptions

For each activity there is a standardized activity des-
‘ription sheet:

B12 Specify functions for horizon /1
DSP-B1
A42Y2 l1.Function
—_— B12 —
structure
B11Y1 SSA
UR
Description

1. In cooperation with UR define global system func-

tion
2., Divide global function into subfunctions
3. Decide the type of function: - computer
- manual or
- mixed ... e /2

References

A42Y2: System objectives
‘'B11Y1: Time horizons

VM recommended:
WMT10: Structured analysis and design technique B

Fig.2: Activity sheets

Explanation:
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* This step should carry out a senior systems analyst (SSA)
in cooperation with a user representative (UR)
They will need input documents A32Y1, Bl1lY1l and their re-
sult will be identified by B12Y2 (Function structure)
This output should be docemnted according to documentation
standard DSP-Bl (described in DSP component)
The description part of the sheet can continue on the next
page.

% Progress document coding: A42Y2 is the 2nd output(Y) of
step 2 subphase 4 phase A.

2.3 AN - Activity network

Depending on the scale of the project this is a 2-3 level
time-based precedence graph representing the activities and

their scheduled duration:

6 1 2 3 4 o w e Months
1 st level: } } } t +—t —
A
—_
B il ) project-net
r 1 I 1
L c < | lj |
1 2 3 4 5 6 weeks
2nd level: - } t b —
BOP
—
Bl1l B12
[ .
e ,le% B22 P phase B
net
B13 B
I | —_
B9P1 B9P2
— } |
B9P3

Fig.3: AN-samples



- 84 -

2.4 WM - Optional set of working methods

Is a collection of proved technical and project management

methods and techniques. For example:
for technical activities:

WMT01l: Information flow diagrams the ISAC method
WMTO2: System an program flowcharts

WMT10: Structured analysis and design technique
WMT11: The HIPO method

® @ o 0 0 s 00 etC.,
for managarial activities:

WMPO1: Job assignment and evaluation
WMP02: Bar-charts
WMP03: Time-based networks

WMP04: Project man—-power planning

These methods we can find also in a wide range of publications.
But here in WM one can find them together (the most relevant
ones) and already properly ’‘chained’ to project activities: on

the activity-sheets there are recommendations for WM selection.

2.5 DS - Project documentation standards

As it has been already mentioned in the Problem statement
the quality of the documentation is a key condition for pro-

ject success.
In SDT the documentation has two main functions:

% a medium for exact inter-team communications during system
development
a comprehensive information source for understanding and

operating the system developed
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For that a documentation standard is a common prescription for;

- how to record the result of work and

- how to percieve its content by other persons.

The project progress standards (DSP) are structured according
to activities (AL,AD) the final system documentation standards

(DSF) according to system structure.

Now let us see what is the standard for output B12Y1l inclu-

ded in DSP-Bl (see activity sheet, pagé 6]z

In Fig. 4A there is a prescription for B1l2Y1l output specifica-
tion. This is a conventional standard for manual-mode design.
If we decide for computer-aided design mode (see pages 10-13)
then this prescription should be converted to rules of a spe-
cification language - shown on Fig.4B. In this case, however
there is no need to draw hierarchical diagrams: the computer
will draw and insert it into your progress and/or final docu-

mentation.

DOCUMENT: B12Y1l - Function structure
COMPONENTS :
(1) Hierarchical diagram
(2) Function structure description
SAMPLE :
(1): PRODM DATAC split-up
I L | f I . T
DATAC REPROC
C2)z IDENT NAME TYPE: 4.4
PRODM Production monitoring MIXED
DATAC Shop-floor data collection | MIXED
REPROC Report processing COMP
EXPLANATION :
(1): ..... Identifier not longer than 8 letters
(2): -o--oououo.o_

Fig.4A: Project progress documentation standard

sample - (conventional design)
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FMODUL : CONCEPT ’'Functional module’
ATTRIBUTES:

fname : TEXT40 'Module name’
: MTYPE ’'Module type’
LEGAL OWNERS: HORIZON, FMODUL
fm : FORMAT :
<ident>:MODUL<fname>TYPE<ftype>
SAMPLE :

-—- (see screein image on Fig.6)

Fig.4B: Project progress documentation
standard sample - (computer-

atded design mode)

2.6 CS - Computer-aided design facility

The common feature of any conventional system development
1t produces a great amount of paperwork which has to be shared

Si.multaneously among several professional groups:

Project
manager

Systems User

Analysis

Specialist

Progress docu’

R
i

Final

Prog-
rammer s

Computer
Centre

Fig.5: Conventional system design
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Disadvantages of this situation are well-known:

cost and time consuming clerical work; to modify reports or
drafts is very difficult; the recorded results are often in-
consistent; we have to search for some details in many docu-
ments; the final documentation has to be compiled from prog-
ress drafts manually and in many versions for: computer ope-

rators, users, training, etc.

The solution: in SDT you can utilize the computer to execute

this clerical work!

The program support which provides these servicés is called:

SAD (Softvare for Advanced Design)

D Documents
- A
Disk
storage
SAD - PROGRAMS:
Programs for entry, update Query programs for
and retrievel documentation
On-line displays:
PHASE: B <SAD - MESSAGES> STAND : BS2
-------------------- < AUTO > =—m e
FS : FUNCTIONAL STRUCTURE =
PRODM : MODUL Production monitoring TYPE Mixed
DATAC - MODUL Shop-floor data collec-
tion TYPE Mixed
REPROC : MODUL Report processing TYPE Comp
DESCRIPTION =
ES
(Entry-zone:)
s "This module ProVIiABE e es s o ees owenseasss sy
? A,R,F,I,C,M,uU,D,S,T,G,E,H,=
SAD-GU IDE Feg.06:
SDT-INEX Computer—-aided design facility




Using SAD the outputs of project activities can be simul-
taneously entered and/or up-dated through on-line display ter-
minals into a common project data base. In Fig.6 a part of

B12Y1 activfty output entry is illustrated.

The SDT standards here are stored also on disk storage so
the SAD automatically can verify the correctness of the speci-
fications entered before storing them into the project data
base. This ensures the contents and structure of the project
data base is consistent with the standards. These standards
(denoted as BS2 on the screen, Fig.6) can be selected and then
entered interactively as a set of expression rules at the pro-
ject initiation phase. Really be means of these rules we for-
mulate our specification language tailored to the ’‘dialect’ of
particular project phases.

For early design phases (A,B) we can select natural language-
like constructs and for the final ones computer-oriented lan-
guage contructs. Here is an example for a real-time program

specification (phase D):

ocdc :PROG’On-line converter data collection’
:. PROGRAM INPUTS:
cbuf :. . BUFFER’Host control buffer’
chspec :. . . GROUP’Channel specification’
:. PROGRAM OUTPUTS:
mbuf :. . BUFFER’Measured values'’
chnum :. . . DATA’Channel number’ PICT octal
valuem :. . . DATA’Value measured’ PICT floar
:. COMMON DATA:
:. . EVENT flag35 = ’'Cbuf queued for satellite’
:PROGRAM ALGORITHM:
ocdcl :. RECEIVE cbuf
:. . WAIT FOR flag35
:. + CLEAR flag35
ocdc2 :. DOUNTIL’All channels processed’
:. « SELECT chspec
23 = o CASE: 110
t« « « . DO'Measure temperature’
e » « CASE 15
t« « « . DO'Measure 02-flow rate’
:. SEND mbur
:END ocdc

Fig.7: Program specification sample
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The design of any specification language by SAD-language defi-"

nition facility is a relatively simple job:

So,

For

- we define sentence types, (e.g.Program heading, etc.)

- some keywords, (PROG,BUFFER, etc.)

- attributes types (text,data,evenet,number, etc.)

- and finally specifiy feasible relations of these sen-
tences (e.g. the RECEIVE sentence can be only part of
PROGRAM ALGORITHM or a DO-type sentence)

you can define your own project-oriented design language!

any case the DSP kit of SDT skeleton, contains a sample

language for each project phase of a production control pro-

ject. Addition to this standard kit there are also available

further language sets from a wide spectrum of previous SDT app-

lications. From these sources new SDT users can easily compile

their own language or directly take an existing one.

Now let us summarize the benefits of this computer-aided

design approach for:

%

project management staff:

- using S (Show), T (Trace), G(Graph) commands we can obtain

an up-to-date project progress documentation on arbitrary
object and level of details.

using the SAD query programs we can obtain immediatelly
final or semifinal system documentation from the project
data base; we can specify the format and contents of do-

cumentation required for different user levels.

system developers:

- the result of my work I can directly and exactly specify

in A (Auto-guide) mode where the computer step by step
asks for the details of my activity output

if T want to add or extent a specification already stored,
using R (Refer), F (Format) or I (Insert) commands I can

easily do it.
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- if I want to change, rearrange or delete some parts of my
outputs I use the U (Update), C (Change), M (Move) or
D (Delete) commands.

- if T need some details on results of my colleanges I can
retrieve them by S,T,G commands.

- if T forget some dialog command I type only H (Help)

e

* user representatives:

- we have got always up-to-data and comprehensive documenta-
tion for systems operation and for ’end-users’ training

- if some system change happens we only run the document
processing programs and we obtain a new version within

a couple of minutes.

The above statements are typical responses of SDT/SAD
users. Really comparing with the conventional style of develp-

ment this

new faecility can reduce the project costs and time up
to 40% and significantly increases the quality of do-

cumentation.

For this reason this facility addition to SDT is highly
recommended for project staff having access to a computer with
terminal network. SAD is now running on IBM mainframes on
PDP11l/family and on some personal computers. To provide easy
portability it was developed in FORTRAN IV programming language
(the personal version in BASIC) with sensible core-memoryv re-

quirements (56 KB).

2.7 GL - Guidelines for SDT implementation

SDT implementation involves a set of preparatory activi-
ties providing application of the SDT skeleton for a given
project. Generally we have to complie a new skeleton let say
SDT-x which should incorporate all the pecularities of our new
project. Such a project dependent part is for example the Ac-
tivity network (AN).
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As it is shown in Fig.8 for each SDT-x skeleton component

we have to decide how to create it:

%] take it from an existing skeleton without modification?
#2 take if from an existing skeleton with modification?

*3 create a completely new one?

An existing skeleton can be either the master SDT or some
dedicated SDT-1, SDT-2,... skeletons from previous SDT-driven

company projects.

Existing skeletons:

SDT-x: Decisions
AL? G %2
SDT-5: AL AD? = |e———— %2
S " AN? |&—— *3
e f @ wErsmmmemm é - L]
SDT:: O . . SS—— 5
AD .
DSF - p———— 1
| _DSF |
SAD cs?2 *1

Fig.8: SDT implementation (example)

For example if we are going to prepare SLT-x for a Blast
Furnace process control project we potentionally should utili-
ze the SDT master skeleton and an (SDT-5) skeleton of Rolling

Mill production control project implemented before.

In ideal case, if we keep our skeletons on computer sto-
rage a new SDT-Xx guide we can compile easily using a text

editor.

Despite the SDT implementation is principallv and techni-
cally a comprehensive process assistance of an SDT-specialist

at least for the first implementation is recommemded.
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Depending on project size and skeletons availdble takes
about 0,5-3 months. The implementation team configuration re-

commended :

Project manager (for coordination)
Senior systems analyst

Chief programmer

SDT-specialist

3. CONCLUSIONS

The goal of this report was to provide an overview on SDT
approach which gives an oporutnity to promote the current sys-

tems development practice from art to technology.

The challenge is not new: the traditional technical dis-
ciplines (as engineering or building design) have made this
move decades before.

For compirterized systems development this is not a moment
too soon: while the capabilities of new computer hardware in-
crease by orders of magnitude, the productivity of people

creeps forward by a few percentage points a year.

The challenge is great; the reward greater.

4, FOOTNOTES

C1]1] SDT has been developed by Industrial Management and
Automation Institute (INORGA), Czechoslovakia - Kosice
during 1979-83.

CL2]1 SDT has been implemented and verified on about 16 do-

mestic projects and on two UNDP/UNIDO projects:

DP/CZE/77 /005 (Czechoslovakia)
and DP/EGY/13/002 (EGYPT)
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BSSZEFOGLALAS

RENDSZER TERVEZES TECHNOLOGTA
Toth Attila

A szamitdgépes informacids és iranyitasi rendszerek ter-
vezése bonyolult folyamat, amely a miiszaki és iréanyitasi tevé-
kenységek széles skalajat 6lei fel: probléma analizis, fel-
hasznaldi kovetelményspecifikacid, funkcionalis tervezés, adat-
szerkezet tervezés, szamitdgép kivalasztas, programfejlesztés,
felhaszndldk oktatasa, renszertesztelés, stb.

Az SDT bevalt mdédszerek strukturdlt készlete, amelyek egy-
masba kapcsolddva egy olyan folytonos tevékenységhalot képez-

nek amely magdba foglalja a rendszerfejlesztési projekt élet-
ciklusat.

TEXHOJIOT'USI NNPOEKTHPOBAHHUA CHCTEM

ArTHnia ToT

[IpoekTUPOBAaHHe HWHPOPMALIMOHHHX H YIPAaBJIAWIUX CHCTEeM IJId
S5BM ABJIS€TCHA CJIOXHHM IIPOIleCCOM, OXBAaTHBAKWIKM LNHPOKHUHN OHanasoH
ONesaTelbHOCTH: aHalu3 npo6éneMm, crneunudukauus TpebOBaAHHUH MOJIL30Ba-
Teslel, OYHKIIHOHAJIbHOE MNPOEKTHUPOBAaHHE, NMPOEKTHPOBAHHE CTPYKTYPH
OaHHHX, BHO6OpP 3BM, pa3BHUTHEe IporpamMM, obydyeHHE IIOJIb3OBaTeJleH,

npoBEepKy CHCTEeM H T.Il.

Cuctema CDT #BJIAETCA CTPYKTYPHEHM HabOpOM IIPOBEPEHHHX Me-
TOOOB, KOTOpPHE O6pa3ywT HEINPEepHBHYW CeThb NOeATeJIbHOCTeM, oXBa-—-

THBAWIYKM IIHKJI XH3HH MIPOeKTa BHPAabOTKH CHCTEM.
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UBER N=FACHE DEKOMPOSITION EINER RELATION
IM CODDSCHEN RELATIONENMODELL

LE TIEN VUONG

Institut fiir Kybernetik und
Rechentechnik, Hanoi, Vietnam

Abstract

This paper introduces a concept: n—ary decomposition of a
relation over a set of attributes. The inference rules -System
of n-ary Decompositionstructure of this relation and some im-
portant properties of a full family of all decompositions
have been shown. The concept of antiroot is introduced as a
tool for describing the families of decompositions.The necessary
and sufficient condition for a relation to be decomposable into

n projections is provided in general case.

1. Einleitung

Das Konzept der Dekomposition einer Relation ist sehr
wichtig im Prozess des Datenbankentwurfs. Eine Relation R(U)

auf einer Menge der Attributen UZ{AJ""’An} wird th in
kleinere Relationen RZ(XZ)""’Rn(Xn) mit X .U, ingi:U
dekomponiert. Bei [COOD 701, CCODD T71] wird dieser Dekomposi-
tionsprozess durch die Normalisierung realisiert. Sie basiert
auf den Abhdngigkeiten zwischen Attributen einer Relation.
Die Dekomposition wird informationsverlustsfrei genannt, wenn
aus ihren Projektionen durch die natlirlichen Verbundoperation

die Relation R auf U wiederaufgebaut werden kann.
In der Praxis ist die Bedingung fiir die informationsverlust-

freie Dekomposition der Relation sehr streng. Auf Grund der
funktionalen und mehrwertigen Abh&ngigkeit haben [FAGI 771,
CARDE T791] eine notwendige und hinreichende Bedingung fi'r die bina- -

ere Dekomposition einer Relation in 2 Projektionen bewiesen.
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In CNICOT81, CMEMA 793, CLE 831 haben die Autoren fiir die Dekan-
position einer Relation in 3 Projektionen ohne Informations-
verlust auf Grund der gegenseitigen Abhingigkeit gezeigt.
Mit Hilfe des verlustfreien Verbundes haben [ABU 791, [BEVA 791,
CLRISS 771 die Dekomposition einer Relation in mehr als 3 Pro-
jektionen betrachtet.

In dieser Arbeit werden die Resultate von [ARDE 791, [LE
831 verallgemeinert. Eine Relation R auf U wird in =xn (>3)
Projektionen ohne Informationsverlust zerlegt. Diese Dekomposi-
tion wirn n-fache Dekomposition (Abk. n-Dekompostion) der Rela-
tion genannt. Die notwendige und hinreichende Bedingung fiir
die Existenz der n-Dekomposition einer Relation R auf U sowie

die Eigenschaften dieser Dekomposition werden gezeigt.

2. Grundbegriffe

Es sei U = {AJ""’An} eine endliche Mence, deren Elemente A4,
i=1,n Attribute sind. Jedes Attribut A, hat einen ent-
sprechenden Werte-bereich (Domain) dom(Ai). Im folgenden
werden die Buchstaben 4,B,... fuer die einzelnen Attribute
und: XY 600 fiir die Menge von Attributen ?enutzt. Eine Re-

lation R auf U ist eine Untermenge des Kartesischen Produktes
der zugehdriger Wertebereiche bzw, Wertemengen

R Evdom(AZ)xaa.x dom(An).

Es wird also eine Relation mit R(Al"“’An) oder R(U)
bezeichnet. Es sei t ein Tupel von R. Dann wird mit tEAiJ der
Wert von t fix das Attribut Ai bezeichnet. Die Projektion von
t in X<U wird mit ¢0X] geschrieben. Sie ist eine Abbildung
aller Attribute aus X in ihre Wertebereiche und wird X-Werte

on t genannt.

Die funktionale Abhdngigkeit (Abk. FA) X-Y ist in einer
Relation R erfiillt, wenn aus tIEXj=t2EX] fiir 2 beliebige.

Tupel tst,ER auch t,[Y1=t,0[Y] folgt (vgl./ARMS 74/). Eine
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mehrwertige Abhdngigkeit (Abk. MWA) X-»-+Y ist in einer Re-

lation R(U) ~erfiillt, wenn flir jedes Paar von Tupeln
tl,tzeR mit tZEX]:tth] immer ein Tupel t€R existiert, so
dass ¢C[XUY1=t,CXUY] wund tEU\(XUY)J=t2EU\(XUY)] gelten. Die

gegenseitige Abhidngigkeit (Abk. GA) g¢g(X,Y,Z) gilt in einer
Relation R mit X<U, Y<U, Z2¢U und XUYUZ=U, wenn fiir je 3
beliebige Tupel tz,t2,t3€R mit tlEX]=t2EX], tZEY]=t3EY3,

tSEZ]:tJEZ] immer ein Tupel t€R existiert, so dass tLX1=

t,CX1, tLY1=t,[Y¥1, $L21=t,02] gelten (vgl. [NICO 783, C[MEMA

791).

In der vorgelegten Arbeit werden nur 2 relationale Operationen,
und zwar Projektion und natilirlicher Verbund benutzt. Es wird
im folgenden die Vereinigung von 2 Mengen XUY in Form XY

vereinbart.

3. n-fache Dekomposition

In diesem Abschnitt wird die informationsverlustfreie
Dekomposition einer Relation auf der Menge der Attribute in =
Projektionen (»n>3) betrachtet. Der Begriff der binaeren Dekom-
position und der ternaeren Dekomposition (val.CARDE 791, 831)

[LE 8321) wird wie folgt verallaemeinert.

Defintion 3.1

Es sei R eine Relation auf U. Eine n-fache Dekomposition

von R ist ein »n-Tupel (X_,,...,X ) der Untermengen von U mit
e 1 n

X.<U, .UI:U, so dass flir Dbeliebige Tupel t .€R, i=1,n
17 =

tiEXiﬂXj] = tjEXiﬂXjJ, tfds Tad=1,m

gelten, und ein Tupel ¢t¢t€R existiert, wobei ttxij:titxi]
2=l.m idst,
Es werden die Menge = U S.. mit S..:XiﬂXj die Wurzel

2 -
der n-Dekomposition, Zi:Xi\W Xi-Zweig und Wi:XiﬂW Xi—Wurzel
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i=1,n der Dekomposition genannt. Xi,i'—"lj sind Komponenten.
Alle mdglichen n-Dekompositionen einer Relation werden in eine
Familie der Dekompositionen zusammengefasst. Diese Familie wird
Dekompositionsstruktur & genannt. Dann werden die Eigenschaf-
ten der Dekompositionsstruktur der Relation R auf U im folgen-

den Satz formuliert.

Satzi 3.l
Es sei ) eine Familie der n-Dekompositionen einer Relation

R auf U. Dann erfiillt 9 die folgenden Bedingungen:

Dle (¥s6sss8,U)ED

D2. Wenn (Xl,...,Xn)GQD ist, sind auch

Krer® Xrer 2 %n )ED , wobei
m:{1,2,...,n}>{1,2,...,n} eine Permutation ist.

D3. Wenn (XJ,...,Xn)ed), X, e YelU, i=1,n ist, dann gilt

(X;50 .,X,L._Z,Y,Xi+1,...,Xn)€@.

D4. Wenn (XJ,...,Xn)eiD,Xi Q-Xﬁ’ 1#4j sind, ist auch

(X_'Z’...’Xi—l"g"Xi+1"'.’Xj’o"’xn)e@ .

D5. Wenn (XZ""’Xn)’(YZ"°"Yn)ea) mit Y, ﬂyi, i=2,n
Y,NY. & X 0K, i#j, 1,4>2 sind, dann gilt (X nY

Y s¥ ) D,

13
2,.'
Beweis

Die Bedingungen D1 bis D4 folgen ohne Schwierigkeit aus der

Definition 3.1. Hier wird nur D5 bewiesen.

Fir D5 werden die Bedingungen aus der Definition 3.1

geprift.
a. ba Y, NY.=X., 1=2,n sind, gilt dann
n n n n n
(X N7 U igg Y, =(X,U igg yi)ﬂ(igl Y.)2 (igz x )N (igl Y. )=U.
b. Da (Xl,nup,Xn)EKD ist, existieren tieﬁ,izfjﬁ und

, . n : n . i - D:-—_- , :
t’€R mit t X NX.1=t.CXNX.3, i#§, 1,4=I,n und ¢’CX,]

t 0X.1, 1=1,n. Da Y nY.=X_, Yinyj'E?XiﬂXj’ L#5, Tyd=2,m
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sind, sind fiir (Yl,.a.,.Yn)GD zugleich t’,¢.€R, ¢=2,n und
te€R, die die Definition 3.1 erfiillen. Tats&chlich gelten
s = = - MY A=E . JLY L
LY NY.3 t0Y, 073, §=Z,n und t.07, Y 1=t 0y, 0¥ 3, i1#7,
1,J=2,n, und tLy, J=¢’ty, 3, ¢y J=¢.Cy.1, 1=2,7n. Zusammen mit

—t 3 —_— :
tlEXll—t EX1] tEYlj—t EYZJ gilt, das auf XJ n Yl

t:t’:tl ist und alle Bedingungen der Definition 3.1 erf

werden. So ist

(Yz n yl,y2,.o.,yn)e&b .

Folgerung 3.1

D6. Ist eine der X.,7=1,n gleich U, dann (Xl,....,Xn)GZL

7::
D7. Wenn (Xl""’Xn)e ist, gilt dann auch

(xz,.,,,xi_l,ﬂ,xi”,...,Xiuxj,...,xn)e@.

Beweis

D6 werden D1 und D3 und fiir D7 die Bedingungen D2,

D3 und D4 zum Beweis benutzt. Daraus ergibt sich die Behauptung.

Um das im Satz 3.1 angegebene Eigenschaften-System als
vollstdndiges System zu zeigen, wird eine vollstdndice Fa-
milie der n-Dekompositionen (analog wie vollstdndice Familie
der funktionalen Abhingigkeiten (vgl. CARMS TL1)) wie folgt

definiert:

Definition 3.2

Es sei U eine Menge der Attribute. Eine Familie & von
allen n-Tupeln (X1’°"’Xn) der Untermengen von U mit
U X,=U, wobei sie alle Bedingungen D1 bis D5 erfillen, wird
%
eine vollstandige Familie der n-Dekompositionen auf U genannt.
Nach der Definition 3.2 kann der Satz 3.1 wie folgt umfor-
muliert werden: Es sei & eine Familie aller n-Dekompositionen
der Relation R auf U. Dann ist & eine vollstédndige Familie

der n-Dekompositionen auf U.
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Damit einige wichtige Eigenschaften der vollst&dndigen
Familie der n-Dekompositionen untersucht werden kénnen, wird
der "duale" Begriff, ndmlich die "Nichtdekomposition", Einge-

fiihrt. Dann gilt der folaende €Satz.

Satz 3.2

Es sei & eine vollstidndige Familie der n-Dekompositionen

der Relation R auf U. Dann gelten folgende Eigenschaften:

n
ND1. Wenn (XZ,..D,Xn)ﬂ.’D, 'UJXL.:U sind, sind alle
7/:
Xi,izfjﬂ keine ineinander geschachtelten Untermengen
von U,
n
ND2. Wenn U X.=U, 2=1,7 , (X;,...,X V)P, Y<S U sind,
=1
so ist (X],o..,Xn)EéD R
n
ND3. Wenn U X_.=U, t=1,n, (XJ,.Q.,Xn)ﬁiD ist, existiert
2=1

eine Untermenge S € U, wobei XiﬂXj'E S, ¥, Zad=1.m,

und mindestens 2 Untermengen von {XJ""’Xn}’

némlich X ,X = mit xp?%_ g, X ?—fs sind. Umgekehrt
t

n
gilt fuer jedes (YJ,.. U Y= X:AT¥: € .5,

pad b T g —
iZj, 7,J=1,n und mindestens zwei Untermengen Yp,Y

< U mit Yp $LS, Yq %;S immer (YJ,...,Yn)EQD .

¥
"Yn) mi

Beweis

3ID1 ist ohne Schwierigkeit einzusehen.

Za 11D
Vi
Es seien U X.=U und ¥X.Z/. Dann ailt entweder
n=] 7 -
(XJ,...,XH)GQD oder (Xj,...,Xn)QQ). Anagenommen ist es
(X;3Xp5...,%X,)€D. Aus D3 folgt (X],...,XnY)e@, wobei Y < U

ist. Dies ist ein Widerspruch zur Voraussetzung. Deshalb muss
(Xz"'°’Xn)¢&D sein.

Zu ND3:

Es wird die Familie (® von den Mengen S < U betrachtet,
so dass xiﬂxjg 8, t#7, ©,751,n 5 und (XJS,...,XnS)E‘.@ sind.
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Im Spezialfall ist auch Xi N Xj = § 1in der Familie. Wegen der
Endlichkeit der Menge U kann eine Menge S°€@ gewaehlt werden,
die keine Untermenge von irgendeiner anderen in (> ist., d.h.

S ist eine maximale Untermenge. Die X _.-lurzel, Z=1,n k&nnen
wie méglich weiter vergrOssert werden, bis die Resultate

noch immer nicht zu & gehoeren zu bleiben. Jetzt muss gezeigt
werden, dass S’ die Bedingung ND3 erfiillt.

0.B.d.A. wird vorausgesetzt, dass X. < 5%, i=1.,n—-8, d.h.
n=-2 erste Untermengen X in $° enthalten sind. Weiter sei

X _, S8 Dann gilt X S°=U. So gilt nach D6 (XJ,...,XnS")Gch :
Das ist ein Widerspruch. Das bedeutet, dass nicht gleichzeitig n-1I
Untermengen von {xz,...,xn} in S° enthalten sind. Daraus
folgt X _ f §*. Ganz analog wird auch fir X $ S* bewiesen.

7.
Umgekehrt seien (Y .,Yn) mit Yiﬂyj < 5°, 174,

n

U Yi:U' Es existieren mindestens zwei Untermengen von
=1

{YJ,...,Yn}, ndmlich Y, i-s’ und Y i-S’. Dann muss ge-

,Yn)géb ist. Angenommen

J,o-

zeigt werden, dass (Y

1,"'
(Yl""’Yn)’ die die obigen Bedingungen erfuellt, aber
(Y,,...,Y )E&D . Es muss gezeigt werden, dass die Maximalitit
1 n

von S° verletzt wird. Zuerst wird dies filir den Fall. Y. ﬂYJ.:S’, T#J

bewiesen, dann folgt mit Hilfe von ND2 der allgemeine Fall.

Aus (Yj,o.o,Yn)ei) folgt mit mehreren Anwendungen von
D3, D2g

(XJ-Yl,voa,Xn-Yn)e@ r

(X;Ypse00,X Y _)€D ,

. ° . o . .

(XY ,. ..,XnYZ)G(D ;

Aus den letzten n Ausdriicken und aus (Y7,---,Yn)€

folgen mit mehreren Anwendungen von D5 und D2

(X ¥, MXgyeoesX ¥ NY e ,

(BT T s s X 3, TTLIED

n=1

1 1
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Aus diesen n Ausdruecken und mit Anwendungen von D3 und den
Bedingungen YiﬂYj:S’, 2#7 gilt nach den ausfuehrlichen
Umrechnungen aller Komponenten

’M’:/y

(XJS’,...,XnS’ e D .

Das ist ein Widerspruch zur Definition der Menae S’. So muss

(Yl,...,Yn)GQ)

sein. Zusammen mit ND2 gilt dann fiir auch allgemeine Fall.

Es ist notwendig, eine notwendige und hinreichende Bedin-
gung fuer die Existenz einer n-Dekomposition einer Relation zu
finden. Zu diesen Zweck wird der Begriff der Antiwurzel der
vollstdndicen Familie der gen Familie der Dekomposition einge-
Dekomposition eingefiihrt (vgl. C[ARDE T9J,CLE 831). Die:

Antiwurzel wird wierfolgt definiert:

Definition 3.3

Es sei & eine vollstindige Familie der n-Dekompositionen
auf U. Die nichttriviale Antiwurzel von & ist die Menge 5 < U

mit card(U\S)>2, wobei fiyr Jjedes (XZ”"’Xn)’ £y =1, L2T s
'ngi:U, die Bedingungen Xiﬂxj < 5, i#j, flir mindestens zwei
;;ngen,z.B. Xp i s, Xq # By pyq €{1,2,...n} gelten, dann ist
(X],...,Xn)e'@ "

Alle Untermengen S < U, die die obigen Bedingungen mit

card(U\S)<2 erflillen, werden triviale Antiwurzeln genannt.

f bezeichnet die Familie der nichttrivialen Antiwurzeln

von & auf U. Dann gilt der

Satz 3.3

9 kann vollstaendig mit ihrer Familie W beschrieben

werden. Das bedeutet:
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. B - )
Z""’Xn) mit Pl Xi—U, Xi S U gehdrt genau

dann ©® , wenn fiir jedes f€& mit x; 1 Xs € s, <#7,

Jedes X

1,J=1,n mindestens n-1 dieser Untermencen (von {XJ,...,Xn})

in S enthalten sind.

Beweis

Die Behauptung gilt analog zu dem folgenden: (XJ""’Xn)
e&) ist genau dann erfiillt, wenn eine S€ R existiert, wobei
X, 0X, <8, i#], 1,j=1,n, von denen mindestens zwei nicht in

5  enthalten sind.

Dies wird mit ND3 und der Definition 3.3 beweisen.

4. Beziehungen zwischen Abhéngickeitsstruktur und

n-Dekomposition

Die Beziehungen zwischen den Datenabhdngigkeitsarten und.
biniren bzw. terniren Dekompositionen wurden in [RISS 7713,

CARDE 791, CLE 831 diskutiert.

Es ist wohlbekannt, dass die Menge ® der nichttrivialen
Antiwurzeln der Dekompositionsstructur von R auf U eine Unter-
menge der abgeschlossenen Menge ® der Attribute bzol. der funk-
tionalen Abhdngigkeitsstructur von R ist. (Im Armstrong-Sinne,
vgl. CARMS TL41), d.h. # € B (vgl. [ARDE 793, [LE 831).

Die Eigenschaften der Menge ® bzw. die Anzahl der maximalen
Elemente der zugehoerigen FD-Structur F konnen ausfiithrlich

in CARMS TkL1, CBEKE 803 gefunden werden. Es ist nicht schwierig
zu zeigen, dass alle nichttriviale Antiwurzeln der n-Dekomposi-
tionsstructur & der Relation R auf U eine abaeschlossene

Menge bilden.

Mit Hilfe der Resultate 1im obigen Abschnitt kann jede
n-Dekompositionsstructur & der Relation R durch ihre ent-
sprechende Menge der Antiwurzeln ¥ beschrieben und aufgebaut

werden.
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Das Ziel dieses Abschnittes besteht darin, einige Eigen-
schaften der Antiwurzeln der n-Dekompositionen zu studieren und
den Spezialfall der n—bekomposition mit leeren Wurzeln Zu ent-
wickeln.

Es gilt der folgende

Hilfssatz 4.1

Es sei (XZ,...,Xn)€¢$ eine n-Dekomposition der Relation R
auf U. Dann sind alle Komponenten Xi’ 2=1,n die abgeschlossenen

Mengen bzgl. FA-Structur dieser Relation.

Beweis

Es sei (XZ,.D.,Xn)e;D . Nach dem Satz 3.3 existiert eine
Menge S < U mit Xian < 8, t#j, ©1,J=1,n und mindestens n-I
Untermengen Xi mit Xi < S, O0.B.d.A. wird Xi < 8, 1=1,n-1

vorausgesetzt. Flr den Beweis ist es ausreichend Xi [ X =9

und ND2 zu beniitzen. Zuerst wird fir XZ beweisen, dann gilt es

auch filir all Xi’ Z=d 5 1

Es muss gezeigt werden, dass XJvAA ist, wobei 4 ein

Attribut aus U, A€X ist. Dann muss Aer\XJ bei festem

7!
Je{2,..c;nF Sein,

Es seien zwei beliebige Tupel t],t’eR ausgewdhlt, so dass
t [X_ 1=t°CX_,1 aber t_, CAJ#t’CA] sind. Da S abgeschlossen und

Z 4 1 1

Xinszs ist, k&nnen zwei Tupel tl,tjeR (fiir* bestimmtes j)
ausgewdhlt werden, wobei ¢ [inXj]:tjEXlan] und ¢ EA]#tjEA],

1 1
AEXJ.\XZ sind.

Wegen (X],...,Xn)GQD gilt flir beliebige t€R, A T
und $°eH: EL.CXNY.05t EXAX.] und i gy -
A S /] L e 7 S )
Bei festem j gelten auch t’EXj]:tjEXj] und t’EA]:tjEA].

Dann gilt

t9CE. I5E LX.T abep b CAMAL LAT=E A5
=== 1TAI# g

Das bedeutet, dass XJ abgeschlossen ist. Ganz analog gelten fiir:
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alle Xi’ 1=1,n.

Zusarmen mit ND2 gilt die Behauptung des Hilfssatzes.

Satz 4.2

Es seien R eine Relation auf U, S eine abgeschlossene Menge
bzgl. der FA-Structur von R, so dass S nicht durch den Durchsch-
nitt von zwei von S verschiedenen abgeschlossenen Mengen generi-
ert wird. Es sei card(U\S)>2. Dann ist 5 eine Antiwurzel der

n-Dekompositionsstructur von R.

Beweis
Die Behauptung wird mit Hilfe des Hilfssatzes 4.1 bewiesen.

Es ist bekannt, dass die Familie der abgeschlossenen Mengen bzcl.
der FA-Struktur filir die Durschschnittsoperation abgeschlossen itst,
aber die Familie der Antiwurzeln nicht. Es gilt also nur: Wenn
§;5 S, mit S, < U, 5, <U und 5,Us,#v abgeschlossen sind,
dann ist SJnSZ eine Antiwurzel (vgl. CARDE 791, CLE 831),

Fir die Beziehung zwischen Funktionalen bzw. mehrwertigen
Abhdngigxeiten und n-Dekompositionsstructur der Relation R

gelten die folgenden Verallgemeinerungen.

Satz 4.3 (CBEVA 791, CLE 831)

Wenn eine Untermenge in einem Xi-Zweig der n-Dekomposi-
tion von einer mit Xi—Zweig di sjunkten Untermenge funktional
abhdngig ist, dann ist sie auch von der entsprechenden Xi-

Wurzel abhédngig.

Beweis

Der Satz kann wie folgt umformuliert werden:

Es seien (Xz,...,xn)esb, S—Y, s< U, SNz, =4, Y< 2,

z 2

dann gilt Wxi—*zxi
Der Beweis lduft ganz analog wie in [LE 831.

(vgl. Absch.3.).
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Satz 4.4 (CMEMA 7913)

n
Es seien R eine Relation auf U, X, €U, UX.=U. (XZ""’X )

=1
gehdrt genau dann zur n-Dekompositionsstructur & der Relation
R auf U , wenn (X,0W,...,X AW) zy @w gehdrt und

Wi++Xi\W ist, wobei E)w die n-Dekompositionsstructur der

Relation auf der Menge W = U (X.NX.), W.=X.N\W ist.
Mo R e % 1
g2
Beweis
n
Angenommen (XZ”"’Xn)e 5 _9 Xi:U’ W:.U.(Xi Xj)’
1=1 1Zg

A % T Wi:XiﬂW’ Dann existieren t €R, t=1,n und teR,
wobei

ticxinxjj:tjcxinxjj,

LY A=t X .
4 A

sind.

Da winwj:(xinW)n(Xjr\W):(xinxj)nwgxinxi, und W, < X, sind,
gilt zugleich

ticwinwjjztjtwinwjj und

tCW.1=t .LW.].
7 7 7

Deshalb gilt die n-Dekomposition der Relation auf der Menge
n n

W= UW. = U (X. W). Mit anderen Worten:
S T e 7
=l 1.=1

(XMW oo X N w)e@w.

Auf Grund der bindren Dekomposition [CARBE 791 gilt fiir
(X;5000,% €D

n
4s U xi,ﬁ,.“,@)e@ und
=17
n

(vu Xi) X X, (vgl.CFAGI TT1, CARDE T91).
=2
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n
Wegen (igZXi)ﬂXZ:WﬂXZ:WJ und leXJ\WnE XJ gilt dann W1++Z1
oder W1++X1\W.

Es gilt analog fiir alle TsT=l;0s Al Wi++X¢\W.
X )

Umgekehrt sei angenommen, dass Xl""’
n

igzxizu und W:igj(Xinxj), wizxinw, Z;=X \W., (wl,...,wn)edD

und W >>Z, gelten, somuss gezeigt werden, dass (Xz, - ,Xn)GQ)

w

tsts

Tatsdchlich existieren tiGR, 2=1,n wund t€R mit

titwinwj]:tjtwinwj] und

tCW.1=t.CW.1.
7 T 1

Dann folgt wegen
Winwj:Xian W:Xinxj
.08 AX J=F JEX NE T (4)
T 7 ¢ i 7 Byl

Aus W1*+ZZ gelten n&dmlich fiir tz,tkeR:

tkEWZJ:tJEWJJ oder

— 3
tkEWOXl]—tZEWﬂXJJ und t’€ER
3 — 3 —
% EWZZZJ-tJEWJZJJ oder t EXZJ—tZEXZJ und

t’[WZ(U\XJ)J:tkEWJ(U\XZ)].

Es gilt also fiir alle 1=1,n

AP FRELD S (++)

Aus (+) und (++) ergibt sich die Behauptung.

Wie oben gezeigt, die Familie der n-Dekompositionen einer
Relation wird durch die Familie der entsprechenden Antiwurzeln
charakterisiert. Hier wird der Spezialfall mit der leeren
Wurzel, d.h. die Menge W=(, betrachtet.
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Gegeben ist eine vollstédndige Familie der n-Dekompositi-
onen auf U. Sie wird in. mehrere Teile Xi’ 2=1,n zerlegt. Auf

jedem Xi wird eine neue Familie der Dekompositionen QDX
%
wieder definiert. Es miissen neue Relationen Ri auf Xi

konstruiert werden. Dann gilt der folgende

Satz 4.5

Es sei D eine vollstidndige Familie der Dekompositionen

auf U und (XZ,...,XH)GCD , wobei Xian:ﬂ’ 17 1,4=1,n ,
n
U XizU sind. Dann sind

n=1

D waieaV, XV (Vasesas ¥, V€D by i=Tom
die vollstdndicen Familien der Dekompositionen auf Xi‘

Beweis

D1 bis D4 sind ohne Schwieriagkeiten zu zeigen.
Zu D5:
Es seien fiir jedes A (Xil""’xin)eg)X %

3 3 3 3
(Xz1’°"’Xin)ea>xi mit X% NX%, =X

ik k=2,n

n n
i,1,=0,0, t#1, U X,= U X3,
k=1 ** k=1 "%

[ Es muss gezeigt werden, dass (X nX

X2

zan’

31 T Myy g

Tk

" :
.,Xin)eﬂjxi et

412 12"'

Es existieren (VZ"’°’Vn) (V},...,V%)eg) mit

X.7 =7V nxl,.o.,xin = V%, o
3 — 3 3 = )
X% 14 nx FPRRRIY S Vnﬂwi .

Nach D3 kann ?i:U\Xi zur Wurzel der Dekomposition in ver-

ardssert werden. Das ist canz Zhnlich mit den Voraussetzungen

wie
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2_ 1:2 i,ooo_, 7:” i.

Dann gelten

V}(W:;. = X% 2.0y ¥

b7 ) ) = 'y - s U
20X 005K, = XXy K3 0) = XX o = Vo, §=m

g J?

VIV = X3, X NX%, X, = X (X3,NX3,) €V, Vo, k,1=2,7,

Das bedeutet, dass (7, V;,V%,...,V%)G&D gilt, dann gilt nach

der Definition von ﬂ)X auch
7

(P NVPNX,, VX yeeo, VN )e@Xi

oder

3
i2,...,xin)eﬂ>xi

3 ]
(XilﬂX X

%1 , fuer alle <Z=I,n .

Daraus folgt die Behauptung des Satzes.

Satz 4.6

Es seien n vollstdndige Familien der Dekompositionen QDX
n Z
auf X., z=1,n, wobei U X.=U; X. X508, 285 t:;d=1.,n 8ind,
(0 i=1 © Z =9
Dann ist

D = {(;.JX“,O.., gxin)/(xil,...,xin)emxi , 2=1,7n}

eine vollstidndige Familien der Dekomposition auf U, die aus

O, , i=I,n mit (XZ,...,Xn)G@, ij U Xij, j=7,n, Xinszg,
7z 1
LFds Rad=1zn, U X,=U besteht.
z
Beweis

D1 bis D4 ist nicht schwierig zu priifen.
Zu D5:
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angenommen (V ...,V ), (Vi,...,7V;)€D mit 3 NVL=V,
V;: V3§ Vi{)VJ., i#j, 1,d=2,n. Dann sind fuer X, i=1,n

(VNX 5. .,Vnnxi)emxi s

3 3
(Vlnxi, cees V20X, )e@Xi

Seien VDX =X 05 V3 X =X2., fir festes 7, 28 e ww s Y
k=1,n. Dann gelten

(X'zll”"’Xin)e @Xi,

] 2
(x“,...,xin)ea)xi.

Es gelten also weiter

X2 NX%, = X N(VNVE) = X NV, = X, kaZ,7

X3 X5, = X 0(VINV) € X o NX .o, k#L, k12,7 .

Die obigen Ausdruecken bedeuten, dass alle Bedingungen aus D5

fiir @X erfiillt sind. So sind
7

(X, X570 X2 gsee s X5 )=V NEINTVINE D, 0 .,V;nxi)e(JD X,

Nach der Definition von & gilt

2 —
2 7 7 7

(gt(Vlnxi)n(Vani)J,...,g(v;lnxi)) =

((Van‘})ﬂ(gXi ,...,V;n(gxi)):

(Vln VE,VE,...,V;)G@ wegen UX =U.

Ausserdem gelten noch

(ﬂ,...,Xi,ﬂ,...,ﬂ)GDX. 5 =17 dann gilt
2
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(Xg50005%,)=(X,UPU. . UG, PUX ,UPU. . UF, . .., PU. .. UX )ED
So gilt die Behauptung.

5. Schlussfolgerung

In dieser Arbeit wurde der Begriff n-fachen Dekomposition
einer Relation auf der Menge der Attributen eingefuehrt. Dieser
Begriff ist d&douivalent zu der n-Join Abhdngiqgkeit. Die voll-
stdndige Familie aller mdalichen n-Dekompositionen wurde mit
Hilfe der entsprechenden Antiwurzeln betrachtet, die im Arm-
strong-Sinne abgeschlossen sind. Die notwendiae und hinreichende
Bedingung fiir ihre Existenz wurden im verallgemeinerten Fall
gezeigt. Ein Spezialfall gezeigt. Ein Spezialfall der Dekompo-
sition mit leeren Wurzel ist auch betractet. Mit diesen Resul-
taten ist es m&oglich, den Prozess des Datenbankentwurfes ver-

zu verbessern.

Der Autor bedankt sich recht herzlich bei .

Prof. J. Demetrovics und Dr. A. Békéssy fiir die wertvollen
Einweise und Filfe zu dieser Arbeit bzw. fiir das Lesen des
Manuskriptes.
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6 SSZEFOGLALDYO

A CODD-FELE RELACIOS-MODELLBEN LEV®O RELACIO N-SZERES

DEKOMPOZICIOJAROL

Le Tien Vuong

A cikkben a szerzd levezeti az n-szeres dekompozicidé fogalmat
és a dekompozicidk teljes csaladdjanak bizonyos fontos tulaj-
donsagaira mutat r&. Megadja a dekomponalhatésag szilikséges és

elégséges feltételét.

ON THE N-ARY DECOMPOSITION OF A RELATION IN THE CODD'S

RELATION-MODEL

In the paper the concept of n-ary decomposition of a relation
over a set of attributes is introduced. Some important
properties of a fdll family of all decompositions are shown.
The necessary and sufficient condition for a relation to be

decomposable into n projections is given.

OB N-APHOM PA3JIOXEHUU COOTHOMEHHWS B PEJIIIIMOHHOU MOJIEJIU
KOIIA

Jle TueH ByOHT

ABTOpPp BBOIOHT IOHATHE N—apHOI'O pPa3JIOXeHHs H OJOoKa3HBaeT He-
KOTOpPHE BaXHHE CBOWCTBAa IIOJIHOI'O CeMeHcTBa pa3jioxeHun. OH 3apga-

eT HeobxXoOouMoOe H IOOCTAaTOYHOEe YCJIOBHE DPa3JIOXUMOCTH.
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O CYHNECTBEHHO MHUHUMAJIBHHIX TC-KJIOHAX HA
TPEXSJIEMEHTHOM MHOXECTBE

IemeTpoBuuY 1., ManesueB U.A.

BBeneHue

lycTe A-KOHEUHOe MHOXecTBO, f-n - mMecTHas onepaunusa Ha A. One-
pauusa f ymoBieTBOpseT TepMaslbHOMY YCJIOBHKW, €CHIH OJisd Jin6oro i,

0<i<n, u IOBHX x’y’al""’ai—l’ai+l""'an’bl""’bi—l’

bi+l'°"'bn us A
U3
f(al,...,ai_l,x,ai+l,...,an)=f(bl,...,bi_l,x,bi+l,...bn)

criienoyerT

f(al,...,ai_l,y,ai+l,...,an)=f(bl,...,bi_l,y,bi+l,...,bn)-

Oonepaliy, YyIOOBJIETBOPAKIHE TepMaJiIbHOMY YyCJIOBHK, O6yIdeM Ha3HBaThb

TC-ornepaiusaMu .

MHOXEeCTBO BCeX olnepalur Ha MHoOXecTBe A O0O0O3HAuUuUM uepes OA'
[IpeguTepaTUBHON anreétpon IlocTa HaIl MHOXECTBOM A Ha3mHBaeTCcsa al—
rebpa p”
= A
30M ONpenesyiIeHHBIMH OIlepallusaMU :

= <OA,c,T,A,*> (53 tuna/11,1,1,2/ co cnenywmum ob6pa-

(cf)(xl,x ,...,xn)=f(x2,x3,...,x ,xl),

2 n

(rf)(xl,xz,...,xn)=f(x2,x1,x3,...,xn),

(Af)(xl’x )=f(X1,X1,X2,0..,x )I

2’..-’Xn n_l

(f*g)(xl,xz,...,x )

n+m_l)=f(g(xl,.¢.,xm),xm+l,...,x

n+m-1

L
KryioHaMy HasweBaKWTCHA rogalyirebpn aJirebpH P;, comepxaumue oIlrepalHi

2 "
e2(x1,x2)=x2. KJIOH, CoOCToAmHM TOJIbBKO U3 TC-omnepalui, Has3hHBaeT-—

csa TC-KJIOHOM.

TepmMmalibHOe YCJIOBHE ABJIAETCA OOOOuEeHUEM HEeKOTOPHhIX OUYEeBUIHHX

CBOWCTE YHApPHHX ONepanuy U JIMHEeMHHX omnepalnus B BEKTOPHHX IIPOCT-
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paHcTBax. OHO MI'PaeT CYWEeCTBEHHYK POJIb NMPH H3YYEeHHH HEKOTOPHX
KJIaCCOB MHoOroo6tpasun. BoJsiee noOpobHyw HHOOPMALIMI YUTaTesIb Hau-

meT B paboTax BepmaHa ¥ MakkeH3W [3] u Taiyopa [12].

Kaxnonit TC—-KJIOH Ha MHOXeCTBe A COOEepXHTCsA B HEKOTOPOM MaKCHMallb-
HOM TC-kJIOHe. Ha IOBYX3JIEMEHTHOM MHOXeCTBe HMeeTCHA OIOHMH MaKCH-
MaJibHEE TC-KJIOH, Ha TpPEeX3JIEeMeHTHOM - IBa, Ha MHOXeCTBe H3 ue-
THpPpEeX 3JIEMEeHTOB uMeeTcsa yxe 25 MakcuManbHHX TC-KJIOHOB. I[IpH
2<|A|<w cymecTByeT TC-KJIOH, UMEWMUA CYETHOE UHUCIIO MOMKJIOHOB
[81, UMCJIO MOIOKJIOHOB KaxOoOI'o MakcuManbHOro TC-kJIOHa He 6oJee

yeM cueTHo [31].

Onepauusa £ usz O UMewmass N IIepeMeHHHX, CymeCTBEeHHO 3aBHCHT OT

A’
CBOEH 1-ToH MepeMeHHOH, eCcyii B A HaugyTCcsa TakKue al""’ai-l’
ai+l,...,an,b,c, 4yTO
f(al""’ai-l’b’ai+l""'an)#f(al”"’ai—l’c’ai+1f'”an)'

Onepalieyr Has3wHBaeTCHa CYWEeCTBEHHO M—-MeCTHOM, ecCJii OHa CyumecTBeH-
HO 3aBHCHT POBHO OT m NnepeMeHHHX. Ornepalnydd, CyuecTBEHHO 3aBU-
cAamye 6oyiee yeM OT OIOHOM TepeMeHHON, Ha3HBawTCA CymeCcTBEeHHO

MHOT'OMECTHEIMH .

KJIOH HasnHBaeTCcs CYmMeCTBEeHHO MHHUMAJIbHHEM, €CJIM OH COIEPXUT Cy-
mecTBEHHO MHOT'OMECTHHE onepaluu, HO BCe ero COBCTBEHHHE MoI-
KJIOHH COCTOSAT TOJIbKO H3 CYHEeCTBEHHO OIHOMECTHHX OIllepalui.
/Mauyuna [10]1/. MUHUMAJBbHEIM HAa3HBAETCS KJIOH, HMEKRmMUHE TOJIbHKO

OIOUH COBCTBEHHHH IIOIKJIOH — TIOOKJIOH E , TNOpoOXIaeMuli oriepaluen
2

e2.
B manpHelmeM Be3IOe npennoJsiaraercs, urto A= {0,1,2}, croxeuHue
Bcerma BejgeTcsa Mo mod 2, €eCcyiu He OIOBOPEHO NpOTUBHOe. Ha A ume-
eTcsa IOBa MakcumalibHHX TC-kxiyioHa: L u B. KjioH L COCTOHT U3 JIU-
HeMHHX oIepauui, T.e. olepalnui, IpencTaBHMEX B BUIE
ao+ale1..+anxn, CIIOXeHHe U YyMHOXeHue BemeTcs no mod 3. PemeT-
Ka TMOIOKJIOHOB KJIOHaA L KOHeuHa W omnHcaHa JleMeTpoBHYEeM M BangbHH-
ckuM [1, 21. KinoH B COCTOHT H3 OOHOMECTHHX OIepaluy U onepauud,

npencTaBUMHX B BHIE fo(fl(xl)+...+fn(xn)), rIe cliexeHue BeneT-
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ca nmo mod 2, a omnepaiiu fo,f ,...,fn OOHOMEeCTHHEe. BrepBHE 3TOT

1
KJIOH YIOMAHYT B patoTe Byprsie [4]. OnmHcCaHUEe PEmeTKH IMOOKJIOHOB
KJIOHa BypJsie maeT NOJIHOe peleHWe clenywmen npo6jieMel: HauTH Bce
TC—-KJIOHH Ha TpeXxX>3JIEMEHTOM MHOXecCcTBe. ABTOpaMH peuleHa 6oree
CKpOMHas npobJjiema: NOCTpOeHa peumeTKa BCeX INOIOKJIOHOB KJIOHaA, O6-
pa30BaHHOT'O oOlepalusaMH, TNpPpUHHaOJexauwuMH KJIOHYy BypJsie, U NpHHHUMAam-
muMu 3HayeHwe 0 um 1, ¥ omnmepauuamMH U3 E. BUI 3TOH pemleTKH IO3BO-
IgeT chOesiaTh 3aKJInueHHe, YTO peueTka IOIKJIOHOB KJIOHA BypJe
YyCTpOE€Ha CJIOXHee HM3BeCTHON pemweTKH [locTa KJIIOHOB Ha OBYX3JIEMEHT-
HOM MHOxecTBe [11, 1431. C gpyro¥ CTOPOHH, B KaudyecTBe CJIeNCTBUHA
IIOJIYYEeHO IOJIHOE ONucaHue MHHHUMAJIbHEIX M CyulleCTBEHHO MHMHUMAJIbHHEX
NMOOKJIOHOB KJIOHA Bypise. OTMETHM, YTO HEKOTOpHE ObuHe CBOMCTBA

KJIOHa BypJie u3ydyanauch B paborax [6-97.
1. CrpoeHue dyHIOAMEHTAaIbHON peueTKH L(Fgfl
BoceMb OIOHOMECTHHX OGYHKIHHM, NpHHUMawmux 3HaueHwe 0 u 1, U omHa

OYHKUHA, NPUHHUMawmas TPH 3HAUYEeHUSA HI! A1 CYWEeCTBEHHYK pOJIb B

malbHeNnMx paccyxneHusax /rTabnuua 1/.

-] = T
X\ |Y |y & jE] ¥ e c AJ

N O

1

0
o]1f1({o01]|0]o0

|- 1

Tabnuuma 1.

Iiis MpOCTOTH HMHOTOa 6ynmeM nucartb y+y+y, Z+Yy U T.I. BMECTO

y(xl)+y(x2)+y(x3), C(x1)+y(x2) u 0, 1 BMecTO Cqr ©p-

KjioH, oO6pa30BaHHHH OlepalusaMH U3 KJIOHa BypJse, NpUHUMAWIUANA 3HA-
yenuusa 0, 1, u onepauusamu u3 E, obo3zHauuMm uvepes Z. Uepes L (K)
O0603HaAYUM peuweTKy INOOKJIOHOB kJIoOHa K. Jlyiga 3J1eMeHTOB peleTKH

L (Z) uvorma 6ynoyT BBOOUTHLCS ClellHalibHHEe OBO3HAYEeHWUs, a HHorma
6ynoyT yKas3nBaTbCs OTJIMUHBEIE OT eg 3JIeMeHTH 6a3uca /onepaunus e,
BXOOHUT B KaxXOui 6a3uc/. [IOCKOJNBKY KJIOH BMeCTe C KaxIoH ornepa-

uuent f comepxuT Takxke Bce onepauuu, nonyvamwumuecsa u3 f c moGas-
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JIEHHEM H H3bATHEM HeCymeCTBEeHHHX [IepeéMeHHHX, B OOJIbBLIHHCTBE CJIy-
yaeB 6bygeT npenroJsiarartbcd, YTO BCe NepeMeHHBe pacCMaTpHUBaeMuHX

ornepaluun cyumecTBEHHHEe.

Onepauua A oTobpaxaeT MHOXeCTBO A Ha ceba. ConmocTaBiAa KaXIoH
onepanuu f usz Z onepanuw

o o = =T
15 (Xl,---lxn)“x(f(l (Xl)r--~rk (Xn ))),

o
IoJiyuuM oTobpaxenHue o:f > £, koTopoe aABIgeTca aBTOMOPOH3IMOM
a
KJioHa Z. Onepauuw f 6ymoeM Ha3mBaTh OBOWNCTBEHHOM K omnepauuu f.
I[IOOKJIOHH KJIOHA Z HA30BEM OBOWCTBEHHBIMU, €CJIM OOHWHH IepeBOOHTCSH
B Opyro#t aBTomMopdusmom o. OueBHMIOHO, onepauuu Y, §, Y, cq OBOH—-
CTBEHHH onepauusaMm ¢, Y, &, By
2
o . 2
IIycTe JZO - KJIOH, TOpOXIOaeMe¥ olnepalnusaMH e2 H I Y(xi). Tak
i=1
kak y(0)=y(1l), TO OUEBHOHO, YTO KJIOH Jio HE COINEepXHUT oIlepa-
LHU¥, CymecCTBEeHHO 3aBUCAmIMUX OoJjiee 4yeM OT { NnepeMeHHHX. OH co-
m
COOEpPXUT JIMWBb OInepauyud BUOa I y(xi),rns %, omnepauuH, I[IOJIy4dawn-—
i=1
myecss U3 YKa3aHHBEX OobtaBijieHUEeM (UKTHUBHEIX I[I€pPeMeHHHX, KOHCTAaHTY
cO U ornepanuud U3 E . [lonydyaeM BoO3pacTawuWyw LEeNOYKY KJIOHOB

o
10
mepxamyy Bce cymmsl y+...+y /Puc. 1/.

O o
EcJd &l C. ... , ODpegesioMm KOTOPOH ABJIATCHA KJIOH JSO ¢y CO-
(o))

2 g
K onepaumut I y(x;) IBOMCTBEHHOH ABJIA- * S0
i=1 :
eTrca omnepanusa 1+ I y(xi). MonyuyaeMm 1e- Jg
i=1 -
3°
MIOYKY OBOWCTBEHHEIX KJIOHOB 1o
Ecdl ecdl c... c npemenom g1 . /o603HA- ey
00 ol & 1 O 00
q J J : % =
as qepea2 e ( oo) KJIOH, TIOPOXIOAaeMEH OoIle 0
PaLUAMA €, U co(cl). 7/
Puc. 1.
OBo03HauYuM uyepes JQm KJIOH, TOPOXIaeMuM¥ COBMECTHO 3JIeMeHTaMH
KJIOHOB Jio U Jim. BBuoy CBOHCTBa onepauus y U § OUYEBHIHO,

ITO sz COIOEepPXUT JIUuWb Te OoIepalHdu, KOTOphle BXOIOAT JIUOO B

Jo U660 B J1 T.e J ABJISETCHA TIPOCTEHM OO6bheIUuHEeHUueM
20 ' om’” ~°7° Lm p I
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KJIOHOB ‘Jio Hu ‘Jim' lNonyuaem pemetrky L (W) /puc. 2/.

2 2
NycTe e = Ae,, EC U Ew - KJIOHH, NOpPOXIaeMele 3JIeMeHTaMH e T u

2l
eg, Y cooTBeTCTBeHHO. TakK Kak ornepauuu e, ¢, Y OCTaBJIAKWNT 3Jie-
MeHTH MHOxeTcBa {0, 1} HenmomBuxHmmMu, y(e)=vy, §(e)=3§,

y(z)=v(Y¥) =g §(z)=6(Y¥) =c,, TO MHOXeCTBa BHIa KlUKzUK

3 ’
roe Kle{JO J1 e 0l K2, K3€{EC' Ew} SABJISTCS KJIOHAMH. [lo-

20’ “om Lm

JgydyaeM pemeTkKy (wc,W) /puc. 3/. Kak YacTHHH cJyday nosjgydaem
peumeTKy INOONOJYTPYIN MOJYTPYINH, MOPOXIaeMoH onepauusMu 7, Y,
Yy, 6, € /puc. 4/.

KaxIOsH KJIOH, coOepxXaumuH Z, COOEPXHUT TakKxe c==Z* z. Kmouw J

% 2m
nopoxnaercsa onepauusamMu  f(xX ,...,%x) =2 y(xX,)ug(xX. ,..,Xx ) =
i | J'5 =1 i 1 m
m
= 1+ 2z y(xi). Nycts n=max (%, m), Fg - KJIOH, TOPOXIaeMHH 3Jie-
i=1
meutamu f, g, r. Tak kak C<f(xl””’xl))= 1+—f(xlpn,x2),
= C c
=1+ ‘
c(g(xlr.qu)) 1 g(xl, ,xm), TO Fn:)Jnn

Tak Kak Fﬁ\\Jﬁn COIOEepPXUT JIMWb Ollepalydy, OTIHuYawmuecs OT E Hecy-
meCTBEHHEMHU IIe€pPeMeHHBIMH, TO MeXOy KJIOHaMu Fg U Jﬁn HeT npomMe-

XYTOYHOT'O. JBOUCTBEHHHM K FC ABJIAETCHA  KJIOH Fn. ObbenIUuHEeHue

naetr Féw. [IpenesioM LIENTOYKH Fgwc:Fwa;HBHHeTCH Fiw. dpar-
MEHT peueTKH (Fiw) IOKa3aHo Ha pHCc. 5. IoOopemeTKoH »TOoH

pemeTKHU HABJIAETCHA pemeTKa IMMOAONOJYTPYIN BCceX OIHOMEeCTHHX ornepa-
LU kJioHa Z /puc. 6/.

2. PemleTka TNOIKJIOHOB KJIOHa 2

OcTaBmasgcsa 4acTh pemweTKH L (Z) cCOmepXuT KOHEUYHOE YHCJIO 3JIeMeH-
TOB U HMeeT MeHee peryJjigspHoe cTpoeHue. IlycTe L_ - KJIOH, mHo-

) C
POXHOAEMEH ONepauuiAMi €, U g(x)+ g(y)+ g(z), unycers %#xlp.”xn)=

=pi%g ) +..,-+;(xn). Tax xax g * £ =f , fnwfm:=fn+m—1'
e A o
n n

TO LC conepxut E, onepauuu f 37 fS""’ U BCe

1t 1.7
ornepalnuu, OTNIHYAaMUEeCcss OT YKa3aHHHX HeCyumeCTBEeHHEIMH IepeMeHHB~-
MH. EODWUHCTBEHHBIM MaKCHMAaJIbHHEM IMIOIKJIOHOM KJIOHA LC ABJIgeTCH EC'

2
nopoxnaemut {z, ez}- IIBOMCTBEHHEM K LC SABJISETCA KJIOH LW'
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PucyHok 2.
/Pewétka L W) /
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KroH S;’ IopoXOaeMui ornepanuei fz(x,y)==c(x )+ z(y ), comepxut

= ®E
3 2 2 2"
i=1,2,... . MakcUMaJIbHHX NOIKJIOHOB HMEETCH OBa: LC U KJIOH C

onepauuu £ " co==Af [TIO3TOMY SC COIEPXHUT BCe fi'

2
6a3sucoM {z,cC ,e2}. IIBOMCTBEHHEIM SABJISETCS KJIOH Sé, IIOPOXIOaeMbIi

(o}
onepanue 1+¥+¥, OBOUCTBEHHOH K [+T.

KiioH L; IIOPOXOAeTCsI olepaluaMU eg, f3 u 1+—f3. Onss JIo6eEIX M U

% =1+ = % % =
n crnpasBenyIuBO fm°(1+fn) 1+£ (1+fn) fm’ (1+fm) (1+fn)

m+n-1

=F A(l+fn)==1+fn_2. YYUTHBAasA yKas3aHHHE paHee cBoOMCTBAa

m+n-1"'

orlepalluu fm BHIIHO, 4YTO Lé COLOEPXUT OIepaluy fl,f3,...,z=1+fl,

1+£ MakcHMaJIbHEX IOIOKJIOHOB MOBa: KJIOH C 6a3uCcoM

3,... .

- 2
1€ 4 ez}.HBOﬁCTBEHHHM ABJIAETCA KJIOH L&.

KJjioH Sg rnopoxmaeTcsa 6a3ucoM eg, 1+f2. Tak Kak (1+f2)*(l+f2)=

=f TO OH COIOEPXHUT OIlepalluu fl,f3,...,l,l+f2,l+f Makcu-

3’ 4,¢-- .

2
MaJibHEIX TIOOKJIOHOB IIBa: LC U KJIOH C 6a3nc0M{e2, cl, z}. OBOMCT-

BEHHHIKM KJIOH - S nopoxgaeMely orepauuen ¥ + VY.

\P’
Onepanuu f2, 1+f2 [IOPOXOAaKnT KJIOH UC' OueBUOHO, UC COLOEPXUT BCe
3JIeMeHTH KJioHoB S_, L’ wu S%, KOTOPHE HABJAKNTCA €I'0 MaKCHMAaJlbHH-

4 4
MM MOOKJIOHaMH. JIBOWCTBEHHHM SBJIAE€TCH KJIOH Uw'

NycTh gn(xl""xn)==Y(Xl)+"'+Y(xn)° IOns mo6oi onepauuu heEZ
cnpaBennuBo z*h=h, ¥*h =h, y*h=0. Tak kakx (;+gn)*(;+gm)=

B R P R A(z+g ) =V¥+g

n-1'

TOPOXIaEeMHBIi 6a3ncom{e§, z+vy}, co-

n+m-1"

ACY+g ) =1tz+g _,s TO KIIOH LC+Y

AEepXUT JHub ONepauuu e, g+g , W+gn, n=0,1,..., ¥ onepaluH,
oTJIMYaKmUeCcss OT YKa3aHHHX HeCymeCTBEHHHMH NepeMeHHHMH. Makcu-

2
MaJIbHHEM IOIOKJIOH OOWH, HMeeT 6a3Hc{e2, Z, ¥}. KrnoH camomBOHCT-

BEeHHHH.

2 i —
KioH Lc,? IOpOXIOaeTCs 6a3uc0M{e2, f3, f3h roe fn(xf"'xn)_
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= +0.. o
W(xl) +W(xn) Tak Kak

ACy+y)=A(g+y)=4(¥+¥)=0, A(z+y)=¥, A(¥+y)=(, /1]
m n k
ek X .
TO Lc,w COOEPXUT CYMMH BHIOA iilv(x l) iilc(xtgzilw(xtl), roe

cymMmma n+k HeuveTHas. MakCHMaAJIbHEIMM ITONOKJIOHAMH SBJISIOTCS KJIOHH

LC' Lw,Lc+y. KJjyiIoH caMOOBOWMCTBEHHHMH.

KinoH Lc+6 rnopoxnaeTrcss onepaunuern r+8=l+g+y. Tak Kak

(;+6)*(§+6)=C+y+y=§+gz, TO B HEM COIEpXaTCs BCe olepalldd KJIoHAa

c Gas3ucoMm r+y. Tak Kak
ACg+8)=¥, A(Y+8)=g, A(T+8)=Y, A(¥+8)=g, A(T+y)=¥, A(¥+y)=g, [2]
TO KJIOH COIOEepXHUT TakKxe ollepaluu Z+gn, @+gn, n=0,1... . YkasaH-

HHEe BHIIE paBeHCTBa, a TakxXe paBeHcTBa C*(z+y)=l+z+y,

g (g+6)=1+g+8=cg+y TOKA3EBAKWT, YTO KJIOH SABJIAETCA MaKCHMaJIbHEM

B paccMaTpuBaeMOM KJIOHe. JIpyr'OM MaKCHMAaJIbHHH KJIOH — KJIOH C 6a-
2 = =

3Hc0M{e2, z, Y. JencTBUTENBHO, OobaBJIeHUE K 3TOMy 6as3ucy JI-

60M CYymEeCTBEHHO MHOI'OMECTHOH O(QYHKIHH M3 KJIOHa L onaeT 6as3uc

z+§
KJIoHa ¢+68. KJIOH CaMOOBOHMCTBEHHHH.

KinoH L;,W rnopoxunaeTrcs 6a3HCOM{e§, 1+z+¥+Y¥}. OB6o3Hauasa uyepes An
pe3ynbTaT N—-KpPaTHOTI'O NPHMEHEHHSA ONepaluu A, NoJydaem
(1+z+Y+¥)*(1+g+Y+Y )=g+¥Y+¥Y+¥+Y, A3(;+w+w+w+w)=y+w,

(1+z+¥+Y )% (y+Y )=1+y+Y+Y+Y, A2(1+Y+w+w+w)=1+y+w=a+w, O3 TOMY

U’ COOEepXHUT BCe oIlepaldyd U3 KJIoHa L B TOM 4YHCJIe T U VY.

T,Y
2
Hanee, (1+z+Y+¥)*Y=1+¥+¥+¥, AT (z+¥Y+¥Y+¥Y+Y)*Y=Y+¥+¥, mosTOMY
L’ SL'. AHaAJIOTHYHO MoJiydaeM OBONCTBeHHOe BkJwuYeHune L’ oSL! .

z+6

CrY¥ & 3 =3 (7t I
Tak kKak Lé " comepxuT onepauuu f =g+rz+z , £ =v+¥+¥Y , obpasyw-
14
mue 6a3uc KJIoHa L ¢ oo Lt B . Beuny paseHcTB /1/ u /2/
gqp¥ Cp ¥ B
* KJIOH Lé g COIEPXHT BCe CYMMH BHHA
14
" Ho By Ny g
2 ylx Y+ E olzxa )+ Z Elx )+ £ Wi )¢ B ¥Yix) /3/
Rt E P L R DA S

roe n2+n3+n4+n5=2k+1. KJIOH He COHmepXuT vy, IMO3TOMYy He coBmama-
er c 2.
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HannemM Teneppr MakKCHMAaJIbHHE IIOOKJIOHH KJIOHA Lg . Kaxnas onepauus

14
f us Lc,\P\Lz_:+6

Hel Mepe TPH COIJIACHHX OTJIMYHH OT Y. OTOXIOECTBJIAA HYXHOE YHCJIO

ABJISEeTCA cyMMmolt Buma /3/, B KOTOpPOH MO Kpau-

pa3 InepeMeHHHEe B IlapaxX OIHOTHIIHHX cJlaraeMHxXx M B napax y, &, 6,

z, ¥, ¥, §, ¥, MH NONYyYUM OINHY M3 CJIEAYHMHUX ONEpalHH :

g+z+g, l+z+gtr=r+otz, cHg+¥, THog+y,

- - /4/
CHY+Y, CTHY+HY, VYHY+Y, VY4V,

Kaxgmas M3 3THX OllepallMi BMecCcTe C NPHHaIJIeXamuMH KJIOHY Lc+6
orniepauuaMu g, E, s ?, nopoxmaeT onepanyio 1l+z+¥+¥Y. TeM camMeM
OOKas3aHO, 4YTO KJIOH L;+6 SIBJIAE€TCA MaKCHMAaJIbHEIM B Lé y*
MHOXEeCTBO Lé W\Lc y COIOEPXUT orepanud BHUIA

14 ’

Ry B 3
1+ & y(x..)+ L g(x, )+  ¥(x_,), 18]
=g B¢ L Eer R gog

roe n2+n3==2k+1. OTOXOEeCcTBJIAA IIepeMeHHHEe B OIHOTHUIIHHX cliarae-

MHX, @ Takxe B napax vy, Z; Y, Y, Md TOJYYHM OIOHY M3 OIepauuit

1+;=E, 1+¥=Vy, LC y COOEepXUT olnepaunuwn +¥Y+¥Y. Tak kak
14
(Z+Y+Y ) *C=¥* (g+¥+¥)=1+7+¥+Y¥, TO LcW MaKCHMaJsleH B Lé -
14

’

MHOXEeCTBO LéW\L' COHOEPXUT oIepauuyd Buma /3/, B KOTOPHX OIHO H3
(4
crlaraeMelx, €cTb JIH6O ¥, JHM60 Y.

Bo3bMEeM OIOKY M3 TaKUX Olepalud, H NycTh i-Toe cjlaraeMoe ecTh
nu6o ¥, JM60 ¥. OTOXOECTBJAsI BCE INEePeMeHHHEe, Kpome X, mony-

YHUM OIOHY M3 CJIeAylmHX onepanui:
¥, ¥, y+¥, l+y+v¥.
2 " - e = 2 .
Tak kak A" ((1l+y+¥)*(1+y+Y))=¥Y, ¥Y*¥=A"((y+¥)*(y+¥))=¥, TO Kax-

oas M3 HHX MopoxmaeT Y. DTa onepalnus BMecTe C NpHHaexamem
Lé onepauuen l+r+r+r nopoxnmaetr 1+r+¥+¥Y, U TeM caMuiM KJIOH L'

oY

AHAJIOTMYHO [OOKa3hHBaeTcsa MaKCHMAaJILHOCTE B Lay OBOHCTBEHHOI'O K



- 128 -~

L’ «xnoHa L' .
z Yy

PacCMOTPHUM TeIepb MNPOH3BOJBHYKW CHCTEMy omnepauui kioHa L' He

o¢
L

comepxamylocs LeJIMKOM B kJioHax L’ , Lé 7 s STa cucre-

4 =

Ma omnepanuil COOEepXHUT
(i) cymmy Buma /3/, B KOTOPOH IO kpaiiHei Mepe TpH cJlaraeMhxX
OTJIMYHH OT ¥Y;
(ii) cymmy Buma /5/;
(iii) cymmy BHOma /3/, B KOTOPOH OOHO M3 CJlarTaeMeX €CTh JIU6O
Yy, nueo ¥ ;
(iv) cymmy BHma /3/, B KOTOPOM OIHO H3 cJjlaraeMeHX €CThb JIH60

g, Mato T -

Bume 6HJIO NMOKA3aHO, YTO M3 oIepauuu co cBoucTtBoM (ii), oTox-
IOEeCTBJIEHHSMH MOXHO IOJIYYHUTB JIMGO E, nu6o @, U3 cymmu (iii) -
¥, us cymmua (iv) - ¢, u3 cymmal (i) - omHy u3 onepauun /4/.
Jn6as M3 onepaunuid cucrtemn /4/ BMecTe C z, Y nopoxmaeT 1+r+¥+4V.

Z,,"}’ He HMeeT MaKCHuMaJlbHHX INOOKJIOHOB, OTJIMY-
1
L -

o, LU .

TakuM 0o6pa3oM KJIOH L

HHX OT Lé 7 L; o T

KrnoHn HC IopoxIaeTCs OonepalusaMu {¢+y, co, eé}.TaK KakK Z+y TIOpOX-

maeT KJOH L comepxamu¥ CcymMMmel BHUIOa C+y+...ty, ¥Y+y+...+y, TO

z+y’
O4YeBHIOHO, UYTO H_ coOmepxHuT JwbuHe CyMMH Yy+...+y, 7z U ¥, T.e.

BCe oIlepalyyd U3 Jig /pUc. 3/. MHOXecCTBO HC\Jii COOEPXUT CYyM-—
MEl C+y+...+Yy, ¥Y+y+...+y C UYHCIJIOM cllaraemMelx OoJiblle eOWHUIH,
103 TOMY ng - MakCHUMaJIbHHIHA IIOIOKJIOH KJIOHA HC' MHOXeCTBO HC\LC+Y
COLOEpPXUT BCEe oIepalnuud U3 Jig, He colepxamuecss B KJIOHE, IIOPOX-
maeMoM basucom g, Y, eg, T.e. OIepauuH gn=y+...+y. Kaxnomas us

STHX OIepaluy NIPH OTOXIOEeCTBJIEHHH BCeX IepeMeHHHX IaerT Co’ nos-
TOMYy KJIOH L MakcHMaJIeH B HC' Jinbasgs cucTemMa olepauud KJIOHa

T+y

HC’ He comepxamascsa LEeJIMKOM B KJIOHax Jig, L COnEepPXUT fn

gky’
U nubo c+gm, JIHu60 W+gm, m=1, ¥ nmoroMy nopoxmnaer HC' Taxk Kak

KJIOH H; KOHEUYHO MNOPOXIOEeHHHH, TO IOPYI'HX MaKCHMAJIbHHX IOIOKJIOHOB

KJIOH HC He uMeeT. JBOWUCTBEHHHM K HC ABJISEeTCa KJIOH HW'

KiioH SC‘*’ MOpOXIAeTCs 6a3HCOM {eg,;ﬂl}. OToxmecTBnaa y(z+¥)*(c+y)=
!
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=z+Y+Y¥ OBe rnocjienHHEe NepeMeHHHEe, MOJIYyYUM [, IMO3TOMY B ScW co-
!
OepxaTcsa onepauuu +7 u [+¥Y+r. U3 nocnemHey nonydyaeMm ¥, U U3

z+z U ¥ nonyuaem ¥+¥Y. TakuM ob6pasoM S COOEepXHUT SC U SW'

g
JlerkO 3aMeTHTh, YTO ScW COOEepPXUT CYMMH BHIOA
]
nl n2 n3
Eooybxm, .00 8 Blx )% 8§ ¥l .) . /6/

i=1 *1 4= P17 4o @t
OTcroga 3akjwndyaemMm, 4YTO COIEepPXUT TakKxe U HC.
JokaxeM, 4YTO KJIOHH SC' SW’ Lcw %4 HC ABJIAKNTCSA MaKCHMAaJIbHEIMH B

’
ScW' MHOXeCTBO SCW\SC COOEPXHUT CyMMHl BUIA /6/, B KOTOPHX JIH60
' '

nl>0, JIU60 n3>0. IIycTh fescw\sc.

!

a/ n1>0. dUKCHUPpYEM OIOHO U3 cJlaraeMeX BHUIa Yy, U OTOXIOECTBJISEM
IepeMeHHHEe Yy OCTaJIbHHX. I[loJiyduuM OOHY H3 olepauu# y, c+y, ¥Y+vy.
IloncraBniasa coesc B IOBE€ IOCJiefHHe OollepaluH, TaKXe IOJIYVIHM Y.

Tak Kak c+c+;esr,((c+c)*v)=w+c, To f BMecTe c SC nopoxmnaeT

6/ n3>0. dUKCHPYEeM OIOHO M3 cliaraeMsexXx BUIOa Y, U OTOXIOECTBJIIEM

nepeMeHHHEe Yy OCTaJIbHHX. I[lonyyumM OoOmHyYy H3 onepauu#d ¥, y+v¥, ¥v+vy,
ot LU 4R [ToocTaBnas cO B TpH IOCJIeOHHEe OoIepallid U OTOXIeCTBJIAS
nepeMeHHHe, TOJIYYMM BO BCeX ciaydvaax Y. Onepauvyd Y U g+g IOPOX-

arnT S .
P CN

MHOXEeCTBO SCW\LCW COOEPXHUT CyMMH BHOa /6/, B KOTOPHX n2+n3=2k.
14 ’

Nycte fE€S L
¥ cy\ Z¥

a/ k=0. OroxmectTBiasas y f Bce mepeMeHHHE, I[OJIYYUM co. Onepanusa

(;+g+w)*co=§+w rmopoxnaeT S

4

6/ k=1. dukcupyeM OBa cJjlaraeMeHx U3 MHoxecTBa {z,Y¥} oToxmecTBias-

eM OcCTalJlIbHHE IIepeMeHHHe. B pe3yJabTaTe IMOJIYYHM CYMMYy
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1 Ry ns3

Y(xli)+'f t(xpi}+.£

n
>
=1 i=1 i=1

k W(xqi)+ul(xl)+u2(xz), /7/

B KOTOpOH BCe X X PaBHH X

gi’ *pi’ *qi 3
HH CcJenyomue BapUHaHTHE
5 o el n, u n3 yeTHH. Torma cymma /7/ pmaeT OOHY W3 onepauuu +g,

THY, YHTHD, YHIHY, yHY+HY.

{ul, u2}§{c, ¥}. Boamox-

Onepanusa r+¥Y nopoxoaeT ScW' B OCTaJIBHHX CJIydasX OTOXIEeCTBJIEHHE
ITepeMeHHHX naeT JIMbo vy, JIU6O co. Tak Kak y*y=co, TO BO BcCeXxX

crqliyyasgx HMeeM co. Onepainuu co, z+z+¥Y nopoxnmawnT SC y e
’

s U 1) I n, u n3 HeueTHH. CyMmMma /7/ NpUHUMaeT JIM60 BHUI
ul(xl)+u2(X2)+c(x3)+W(x3), Iu6o BHI

ul(xl)+u2(x2)+c(x3)+W(x3)+y(x3).

Tak kak (x)+¥(x)=y(x), TO monyuyaeM BapuaHTH C+I+y, [+¥Y+y,

Y+¥+y, t+z, Y+¥Y, ¢+¥, yxe pacCMOTpeHHHE paHee.

MHOX&8CTBO SCW\HC COOEpPXHUT CyMMH Buma /6/, B KOTOPHX JIH6O n222,
r

JIUub0 n322. MycTh n222. OUKCHUPYEM IOBa cJjlaraeMulx BUIA [ H

OTOXIECTBJIAEM IepeMeHHHE Yy OCTaJIbHHX. [IOIyYMM OIOHY M3 olepa-

88797 CHL 0 TFECEC, Gty THity.

Tak Kak coeH TO BO BCEeX ciydYasaXxX rnopoxnmaeTcsa ¢+f. Tak kKak

C’
C+C nopoxnmaeT SC' TO MBI IMIPHXOIOHM K PAacCCMOTPEHHOMY paHee CIJy-

yaw. Crnyuan n322 aHaJllorHYeH pPacCMOTPEHHOMY .

Kaxpmasa cuctema C onepauuH, He coepXamuxcs LeJIMBoa B SC' SW'
L u H COOEPXUT
Ly r nep

(i) cymmy Buna /6/, KoTopo# n.=>1 ;

32
KOTOpOH n221;
+n3=2k, k>0;

2
2+n322.

(ii) cymmy BuDa /6/,
(iii) cymmy Bupa /6/,
(iv) cymmy Buma /6/,

KOTOpPO# n

W W W w

KOTOpOX n
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CymecTBeT OBa BHIOa cymMm /6/, ymosieTBopsanmux (iii):

2 3
NOPOXAAeTCHA C .

a/ n,+n_ =0, Torma 3TO JU60 Y+...+y, JHUGO o B mw6oM ciiyuae

6/ n
/ 2
U OTOXIOEeCTBJIAEeM IIepPeMeHHHEe Yy OCTaJIbHHX. B pesynbTaTe nony-

+n3=#0. dUKCHPYEeM JI6HEe OBa cjlaraeMeX M3 MHoxecTsBa {g,Y},

YUM OOHY H3 oOnepaunup

gtY, trg, ¥+Y, Ctity, oH¥ty, Yrity,

[IocnenHHe TPH IMIPH OTOXOECTBJIEHUU INEepeMeHHHX X, U X, IawT [+Y¥

2 3
U ¥Y+r COOTBETCTBEHHO. Onepanus z+¥ mnopoxmaeT SE y ¢ Omnepauuu
r
rt+z U VY+V¥Y nopoxmamnT S_ U S COOTBETCTBEHHO. Tak KakK cHcTeMa

(& Y
comepXUuT Takxe omnepaunuin (i) u (ii), He npuHamIexamue Sc U SW'

TO B IOBYX IIOCJIEOHHX CJIydadaX TaKxXe InopoxoaeTcs Scw.
r:

TakuM o6pa3oOM MOXHO cYUTaTh, 4YTO C nopoxnmaeT Co' 3aduKCHPOBAB
B cymme (iv) @mBa cnaraeMHlx M3 MHOXecTBa {Z,¥Y} ¥ nmocTaBUB B
OCTanbHHE C_, NMPHUOEM K PACCMOTPEHHOMY BHIE CIIyYain 6/. Bunum,

YTO MaKCHUMAJIbHEMH IOIOKJIOHAMH KJIOHa S ABIANTCA JUWb S_, S

gy z y’

L u H_. KinoHOM BOUCTBEHHREIM K S asngerca S ropoxngae-
C’ly C ’ n c’\y C}y 14 p .11
MHIE omnepanuen 1+g+V.

K/IoH Z CcOCTOMT M3 oOnepanud, nNpHHamlexamux E , U onepanuy,
npencTaBUMHX B BHIE ul(x1)+...+un(xn)(n21), rae omepauud u,
OOHOJIUCTHHE . JIe'KO 3aMeTUTh, YUTO B KauecTBe ul,...,ur1 MOXHO
6paThk OInepandu, NpUHanaexamue KJIOHY Z, MIO3TOMYy KaxIas olepauus

KJIOHa Z npencTaBHMa B BHIOEe CYMMH

n0 n1 n, n3 n4 n5
e (xu:1¥ E ¢ {x .3+ F % . )F T 8(¥ )+ B zlx .)% = ¥ig I+
T e T R R 1 R T MR Sl T
n6_ n7_
* T E(X )b & ¥(X. ) »
T A

STa cyMMma ylhnpomaeTcs, €CJIH yYecTh cJiegyoimue CBOWCTBa cJjarae-
MBEIX. HecyumecTBeHHHE IepeMeHHHEe MOXHO ONYCTHUTbhb. Tak Kak CcJoxe-

HUe BegeTcsa no mod2, TO BCYMMy BOHIET He 60Jilee OOHOI'O cjlarae-
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Moro c,. Tak Kak 8=l+y, z=1+g, ¥=1+Y¥, TO, ecnu QYHKIHUS OTIIHI-
Ha OT c,, CJlaraeMoe C, MOXHO He NMCaTb. M3 STHX Xe PaBEHCTB
3ak/oYaeM, 4TO B CyMMy OOCTATOYHO BKJIOYAThH JIMWB OOHO cllarae—
Moe u3 [, ¥, 6. TakuMm o6pasoM jwbas oTiauuHas oT 0 u 1 omepauus
U3 Z C TOYHOCTBI OO HECYmMEeCTBEHHHX [EepPEeMEHHHX NpeIcTaBUMa B

BHI€e CYMMH

1 Bs ik

ly(xmi)+iilc(xpi)+iilw(xqi)+al'é(xul)+a2€(xu2)+a3w(xu3),/8/

N~ 3

i

= +a . ta,<
B KOTOPOH {al,az,a3} 0,1k, o, ta, a3_1.
KiioH ch
' 4 r
IlokaxeM Tenepb, YTO KJIOHH ScW’ ry? UC' UW’ ch, L;W ABJISNTCHA

MakKCHMaJlbHEMH B Z. I JOkKasaTeJbCTBa HaM HyXHa HEKOTOopas CHC-—

TeMa Mopoxmammux KJoHa Z. B kauecTBe TaKOM CHCTEMH MOXHO B3ATH
2 =

ey, t+¥, {. JIEHCTBUTENBHO, [+Y MOPOXHAeT BCE CYMMH BHIA 16 .

[logcTaBaasa HYXHOEe YHCJIO pas E, nonyyumMm cymmy /8/.

MHOXeCTBO Z\SC ConmepXUT cymMmHl /8/, B KOTOPHX a.,ta.ta,=1, u

1723

b4
2
. Tak kak e2 U g+¥ yxe copmepxarca B S

IlycTh fGZ\—SC HaM

Cq- Y v
HYXHO MOJIYYUTH TONBKO L. ECiH f%cl, To f ectr cymma /8/, B KO-
TOPOH IJIf HEeXOTOpOorIo ie{l,2,3},ai%0. I[IogcTaBUB BMECTO KaxIOou

OTJIUYHOU OT ui repeMeHHOH" cOGS TIOJIYVUYHUM OIOHY H3 olepalnuu

EY*

§, ¢z, Y. lloocTaBiaa B JINOYI M3 HUX co, TMOJIYYUM Cl'

TakuM o6pa3OM MOXHO npennoJsiaraTb, 4YTO f=c1. KoMriozuiueu oriepa-

uug (+1€S ., u Cy, nomyiaem 1+5=¢.

MHOXEeCTBO Z\UC COOEepXUT CyMMel /8/, B KOTOPHX JIU60 nl#O, U 60

n3#0, u60 al¢0, 60 a3#0.

a/ nl#O. duKCcHUpyeM OINHO cJlaraeMoe y U B OCTaJIbHHE I[TOINCTAaBIsgEeM

cer;’ Mony4yum nu60o vy, Jdub6o l+y=§. Janee,

A((g+g+zg )*y)=¥+z=A((1+z+c+z)*6). Onepauuu eg u z=1+z yxe
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MIPHHAOJIEXUT UC'

6/ n3¢0. dukcupys ciiaraemoe ¥ u MOOCTAaBJIAS B OCTalJIbHHE Co’
NMoJay4YyuM Jnubo Y, nubo y+1=Vy. Hanee, ?*?=W, C+CeUC’
(g+g)*¥=¥+g.

B/ a3%0. I[loocTaBligigs BMECTO KaxOo¥ OTJIMUYHOM OT X repeMeHHOMN

u3
co, nonyyuM Y. IlonagaeM B yCJIOBHE NyHKTa 6/.

MHOXEeCTBO Z\Fgw cComepXuT cymmsl /8/, B KOTOPHX n.+n_+o_+o.,>2.
2 3 2" -3

I[IycThb fGZ\Fgw. dukcupysas B £ mBa craraeMelx U3 MHOXecCTBa

= ¥
{z,¥,z,¥} ¥ nmoncraBnas B OCTAalbHHE coeFét, MOJIYYHM OOHY M3

onepauu# g+, c+z+l, z+v+1l, z+¥. Onepauuum g, Y, Z, Y npuHag-

nexar Fa', V+r=(g+r)*y=(g+g+IF¥, c+¥=(g+¥+1)%Z,

2+n3+a2+a3==2k.

[IycTe fGZ\Léw. Tak Kak EGL&W, HYXHO TIIOJIYYUTH TOJIBKO [+VY.

MHOXeCTBO Z\L;w COOEepXUT CyMMH /8/, B KOTOPHX n

a/ k=0. OToxmecTBHMB BCE IEepeMeHHHEe, IOJIYYUM uG{YIG,coycl};
Yy U § JawT Cy ¥ Cyi (§+c+w)*co=(1+;+c+w)*cl=c+w, YTO H

TpeboBaJoCh.

6/ k#0. OuKCHpYys OBa claraeMex M3 MHOXecTBa {Z,¥,z,¥}, ¥ OTOX-
IEeCTBIsAS MEepEeMEeHHHE y OCTalbHHX, MOJNYYUM ONHY U3 Orepamui
t+c, c+¥, c+g+l, g+v+l, +v+l, y+g+g, y+o+¥, S+r4g, S+r+v

/CM. JOKa3aTeJIbCTBO MAaKCHMAJIBHOCTH KJIOHA LCW B Sc‘y/. Kiion

ng COmEpXMT ¢, ¥, T, ¥, Y+r=(g+g)*¥Y=(z+g+1)*=A(y+L+L)=

=(A(S+Z+L))*Y, C+Y=(C+¥+1)%T=(A(y+C+¥))*Hr=(A(S+C+Y))*C.

KiioHH Séw 71 UW IOBOWCTBEHHE KJIOHam ScW u U_ ¥ IIO3TOMY Takxe

MaKCHUMaJIbHEl B Z2. OcCcTasiock OoKaszaTh, 4YTO KJIOH Z He HMeeT MaKCu-

MaJib HHX I[OOKJIOHOB, OTJIMYHHX OT YyX€& PAaCCMOTPEHHHX. [IyCTb - cuUcC-
TeMa oInepalud KJIOHa 2, He coIepxXamascs IeJIMKOM B KJIOHax SC?'
¥y
y 4 U U F& L! . Cucr
Scw' Scw’ gt Uyr Far Loy Cuctema C COOEPXUT

(i) mwnu cymmy Bunma /8/, B kKoTopou a1+a2+a3=1, MIH Cy ;

(ii) cymmy Buma /8/, B KOTOpOH nl#0\2n3¢0v al%Ov a3#0;
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(iii) cymmy BuHIna /8/, B KOTOpoOH n2+n +a2+a322;

3
(iv) cymmy Bupma /8/, B KOTOpoO# n2+n3+a2+a3=2k;
(v) cymMmy Buna /8/, B KOTOPOH HIIH n2+n3=2k+1, al=1;
UITA n2+n3=2k, a1=0, a2+a3=1, 1785978 n2+n3=2k, k#0,
al+a2+a3=0;

(vi) cymmy BupOa /8/, B KOTOpOM nl%Ov nz#Ov a1¢0v az%O.

Cymma (i) @maeT mpH OTOXIOECTBJIEHHWM BCeX MNepeMEeHHHX OIHY H3 ole-
pamnui E, ?, (e E+y, ?+y, Cq- Tak Kak A(Z+y)=@, A(@+y)=z,

§%6=c TO TioJiyuaeM JIH6O0 E, nu6bo @, Jubo Cl'

1’

a/ MycTh MOJIYYUIH Cq- Eciiu B cymme (V) n2+n =2k+1, o,=1, unu

3 1

n +n3=2k, u2+a3=l, TO, GUKCHPYSA TPH OTJIMYHHX OT 6 , Yy cCJla-

2
raeMelX M IIOACTAaBJAA B OCTajbHHE cl, MOJIVUYUM OIOHY M3 onepa-
a8Z8%¢

g+r+o+l, gHr+¥+l, gHY+Y+l, YHY+v+l, g+l, v+1.

[loncTaBiagsa Cl' U3 KaxXIor MOXHO MOJNYyYUTh JIU6O Z, JIM60 V.
3=2k, k#0, oy =a,

IoBa OTJIMYHHX OT y U &§ cCJlaraeMHx, U IMNOINCTAaBJIAS B OCTalJlbHHE

Ecnu B cymme (v) n2+n =a3=0, TO, QUKCHpPYHA
Cq s TOJIYUHM OOHY U3 onepauuun c+g, c+¥, ¥Y+¥, kaxmas U3 KOTO-
PHIX B CBOK oyYepels nOaeT JHubo E, 6o ¥. Hmes E WIH ¥ u Cl’
nojgydJyaem co

3abpukcupyeM B cymme (iii) mBa OTJHUYHHX OT y 4 § cCllaraeMux U

nogcTaBHM B OCTaJlbHBIE Co, IMOJIYyYHM OINHY H3 OllepaluH

c+g, THY, Y+Y, z+T+l, gHv+l, v+v+l,

[locnnenHue TPHU ONepalydy NpPU NONCTAHOBKE B [ HUJIH OawnT TPpH IIep-—

Boe. Tak Kak +¥Y BMecTe C JwboH U3 olepaunuu E, rnopoxnaeTt 2,

ol o€l €l

TO 6yneM mnpennosjaraTb, YTO MH TOJIYYUIIH g 1 Hu

Ecnu B cymme (vi) n1¢0, TO QUKCHpPYSa cjlaraeMoe y M IONCTaBJIAA
B OCTaJIbHBIE co, MoJIydyum Jub6o vy, JIM6o 6. B IIEepBOM CJydae
A(((c+z)*(g+zg))*y)=¥+z, Bo BTOpoM (((g+Z)*(g+g))*g)*o6=y+r+L,
A(y+E+EI=¥+E
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6/ MycTs u3 (i) Mm monyuunu . Ecinu B (iv) k=0, To, oToxmecT-
BUB BCe MepPEeMeHHHEe, IOJIYYUM Pe G{Y,é,co,cl}. Tak Kak
-Y'.':Yzco, §%5=c

o =cC
¢ (o]

1’ TO Bcermga umeem Jimbo co, JIU60 Cl' Tak Kak

y¢r TO momanaem B YCJIOBHA MyHKTA a/ .
Eciu B (iv) k#0, To, duKCHUpPYysS OBa OTJIMUHHX OT Y H § craraeMsx,
U OTOXIECTBJIAS MEepeMeHHHEe y OCTAaJIbHHX, TOJIY4YHM OINHY H3 olepa-
LUK

¢c+z, ¢+¥, c+g+l, THv+l, y+gtz, ytro+vy, S+c+z, S+rtv.

HNanee,
TH(CHLHL)=C+T, THRCHYHL)=C+Y, A(y+r+D)=¥Y+z, A(Y+T+¥)=v+¥,
(6+C+z)%T=1+z+g, (6+C+V)*C=1+C+Y¥,

Onepauuu ¢+¥Y u ¥Y+¥Y BMecTe C E nawnT 6asuc Z, O3TOMYy npencrnoJsa-
raeM, 4TO Mul IOJNYYHJIH [+C. OOHAKO A(c+;)=co, E*co=c1, U MHI
CHOBa INomnamaeM B YCJIOBHS NyHKTa a/. TeM caMul HokasaHo, 4YTo 2
HEe HMeeT MaKCHMaJIbHHIX ITOOKJIOHOB, OTJIMYHHX OT WEeCTH paHee Has-

BaHHHX.

Puc. 7 moka3suBaeT B3aHMHOE pPAacCIIOJIOXEHHE KJIOHOB, He€ IOKa3aHHHX

Ha puc 3 u 5.

B 1esioM npoBeIeHHHEe pacCyXIeHHuda o6pa3ywT OokKasaTeJlbCTBO CJie-

aywmero yTBEepPpXIeHHA .

Teopema 1. IOOKJIOHHE KJIOHa Z O6pa3ywT pemneTKy, H306paXeHHYKWn Ha

puc. 8.

KinoH L U ero noakKJIOHH.

Ternneppr pacCcMOTPHM KJIOH L BCexX JNMHHEHHHX OIlepaldi Ha MHOXeCTBe

A, T.e. omnepauui, NnNpencTaBUMHX B BHIOE

+ 5 3
a, alx1 +a x 11/

nl
roe + U . - CJIOXKeHHe M YMHOXeHHe 1o mod.3.

U3 onpepnesieHUs clienqyeT, 4YTO OOHOMECTHHE onepauud U3 L npen-

CTaBHMH B BHIE ao+a1x1 H MIO3TOMy JIM60 NPHHHMAaKWT BCe TpPH 3Ha-
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yenus 0, 1, 2, nu6d numb OOHO 3HaueHHe. CymecTByeT 9 Takux

dyHkuu /Tabnuua 2/:

T
Bl Gl S1f Sl Mq| ol Bl S4l S5 | &1
gh o 4 e e g g Sl e 1 0
TEVNERE E s hs YR NN 1
sl ol s |l2lxlots ol 2 2

Ta6nauua 2.

PesynbTaTe cynepnosuuuu f*g, £, gG{Hl,H?,go,g 52} MMOKAa3aHH B

1,
Taénuie 3.

g H1 H2 go El g2
I 1 e1 £ (5 g
1 2 1 2 o 1
I =l om
7 1%y g | 51 ] =2 | Sg
£ £ £ el | 1 i
o o 1 1 3 1
S L Bg | Bz ¢ B By | To
B kS | s | T | Yy L By
Ta6auiia 3.

BuIouM, UTO KJIOH, colepXamuh OOHY H3 onepalnmun Hl, H2, COOEepPXUT

U Opyryw,.,d 4TO onepauus I BMECTe C OOHOH M3 OllepalHH E i

i | o
51, 52 rnopoxnaeT OCTaJIbHHE OBe. Bcero KJIOH L(l) OOHOMECTHHX
onepauuyr U3 L uMeeT 20 COBCTBEHHHX IMOAOKJIOHOB, OBpa3ywuHUuX pe-

meTKy, M306paxeHHYyw Ha puc. 9.

[lepexoOouM K OINHCAaHUKW IIOIKJIOHOB KJIOHa L, compexamux cymeCTBEeH-—
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HO MHOT'OMECTHHE OllepalHH. ByIeM TI'OBOPUTH, YTO Omnepalus

.l L H KOHCTaH ceny £0C, 4« o i JEC s
f(xr ,xn) U3 COXPAaHAET KOHCTAHTY Cy, (cl, ,cl) cy
OB6O03HAUYUUM uepes Li KJIOH, O6pa30OBaHHHN BCEMH OIepalnusMu U3 L,
COXPaHAWIMME KOHCTAHTY C;. Uepes Ls 0603HAUUM KJIOH, o6pa3oBaH-

HEIE onepauuaMu f us L, ob6rnapgamoumuMHU clIeyromuM CBOWCTBOM

AR o RO RS W e ) I E . W N

Jemma 1. KiyioH L nopoxmaeTcs ornepalysaMH u(xl,x2)=x1+x2, cl(x).

JokazaTesIbCTBO. JloKkaxemM, YTO U3 YKAa3aHHHX OIepanyd¥d MOXHO IOoJIy-—

yuUTh cyMMmy /1/ . OUeBHOHO, UTO CYINEPHNO3UIHUIAMH H3 U MOXHO
n

MOJIYYUTE CYMMY x1+...+xm JIINOOW IOJIMHH. TlycTh m= I ai. Iloncra~
i=0
1 BMECTO IepeMeHHHBIX xl,...,xa H OTOXIOEeCTBHM B IIOJYyYHUB-
(o}

BHM C

mencs CyMMe IMepPeMeHHHE X.,...,X_ ; X T L e
1 ag aptl a)

X y«.+.;X_ . B pesynpTaTre noJydyuM BHpaxeHue /1/.

an—1+l an

(1)

Jlemma 2. KiosHm L = Lo' L L2 51 LS U TOJIBKO OHH ABJIAKNTCH

ll
MaKCHMaJIb HEIMU INOIOKJIOHaAMHU KJiIoHa L.

Iloka3zaTeJsibcTBo. CHadalia JOKaxeM, UYTO KaxXIHM H3 2TUX INOIOKJIOHOB

MakcumasieH B L. IlycTe feL\L(l). 3TO0 o3HavaeT, uyTto f - Ccy-

necCTBEHHO MHOTOMeCTHas orepanusi, umewmas Bun /1/. BBuny Jem-

Mel 1 HaM pgocTaToyHo U3 f NMOJNYyYUTH ONepalun Uu.

[IpennojIoXuM OJig NMPOCTOTH, 4YTo B /1/ al#O U a2#0. [logmcTaBiasa

BMeCTO TIIepeMEeHHRX X3,...,Xn KOHCTAQHTY CO, TIIOJIYYHUM OIlepallui

22

MOJIYy4YUuM ao+x1+x?. HakoHel,, nomcTaBUB BMeCTO X1 ornepalyn

x1+(3—ao), MMOJIYYHUM xl+x2.

ata x, +ax lloncTaBuB BMECTO X, ONEpauuio xi+((3+1)-ai),

[lepeimeM K KJIOHY Li’ i€{0,1,2}. MHOXeCTBY L\Li npuHannexaT
Takue onepauuu f, MO8 KOTOPHX f(ci,...,ci)=cj, j#i. Tak kak
cieLi' TO cj NMPUHAOJIEXUT KJIOHY K, mopoxmaemMoMmy omnepauunn £ u

onepalnusaMHU U3 Li' Puc.9 (0) rokasmBaeT, YTO Torza KJoH K comep-
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XUT BCE€ KOHCTaHTH. Onepanus xrxznpuHannemHT LiQK.

PaccMOTpUM Ternepsb KJIOH Ls' I JI6oH orepalnuu feL\Ls HaunoyTcs

Takoe i€{1,2} u Takue bl""’bn U3 A, UTO
f(ni(bl), B ni(bn) )#(niwf)(bl,...,bn).
IycTs H.(b )=c1,..., Hi(bn)=cn, H.(0)=p. Tak Kak H. - nepecTa-

HOBKa, TO b. #c PO | [, O O%p O603HaYuUM uepes Y; Takyio
Onepanusa g(x)=f(y (x),...,y (x )) TIPHHAOJIEXUT KJIOHY, IOPOX—

onepailiuio HS MHomeCTBa {Hl,HZ,e }» uTO Yi (p)=b,

OaeMoMy onHomeCTHmMH onepauzﬁmn U3 L /KOTOPHIMH SABJIAINTCS
l’ M,y © / u omnepaunuenn £f. B To xe BpeMH g(Hi(O))%Hfg(O»,
T gGL\LS . IlocnenHee o3HavaeT, UTO J ABJIAETCA KOHCTAHTOH

HUJIM OIOHOM H3 Oollepallu# Ej. VMess KOHCTAHTY cj, C IIOMOlbI OIlepa-
LIUH Hi oJiyduaeM OCTaJIbHEHEe KOHCTAaHTH. ECiH Xxe g=£j, TO g H Hi
TIOPOXIOAKNT OIepalul go. Kinony Ls NMPpUHAOJIEXUT olepauuda

t(xrx2)=2xl+2x . Jlerko nmpoOBEpPHTH, YTO t(x,Eo(x))=co(x).

2

o = + - -
KiioHy LS NpUHAOJIEeXUT onepaunus (t t)(xrx2x3) X +x, 2x3. Hon

CTaBHB BMeCTO X KOHCTAQHTy Co H OTOXOEeCTBHB X H X3, INOJIYyYUuM

3
YTO U TpeboBaJloCh.

2
X.TX

1 2!
Teneps OOKaXeM, YTO KJIOH L OPYyIUX MakKCHMAaJIbHHX ITOOKJIOHOB He
umMeer. Ilycth C - cUCTeMa oOlnepaunuuy¥, He colepxamascs IeJIMKOM

(1) L

HU B OIOHOM H3 KJIOHOB L LO, L 27 L . Cucreme C mnpuHam-

1? s

nexar
(i) cymecTBeHHO MHOTOMECTHAas ONepallysd;
(ii) pna xaxmoro j€{0,1,2} Takasa omepauus hj(xlr"'xn)' YTO
R (Cu (Xige sep: €, () )FCL(X)2
J( J { 4 r J *J )I

(iii) pmna HekoTroporo j€{1,2} Takas onepaius g(xl,...,xn),
4yTO g(nj(xl),..., Hj(xn))#(njhg)(xl,...,xn).

U3 (ii) BHUOHO, YTO omnepanus hj(x,...,x) NMpUHUMaeT 6oJjiee OIMHO-

I'O 3HAQUEeHHA U OTJIMYHAa OT el. OcTawnTcsa OBe BO3MOXHOCTH: JIM60
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IOJIS HEeKOTOpOoro i omnepaunus hj(x.. coBInamaeT C Iubo OHa

coBIiagaeT C OOHOHW H3 oOnepalmuH Hl,

Ecnu C1={hi(x,...,x)|i€{0,1,2}} HE COIEepXHUT Oolepanui Hl’ H2,
TO 3TH OINEepPalHH MMOPOXIANTCA CHCTEMOU C1.

IleCTBUTENBHO, |C1|22, a ymo6as napa Pas3JIMYHEX 3JIEMEHTOB U3

{50,61,52} rnopoxmaeT omnepanudu I )

e

MEl yb6eOguijiuCh, 4YTO Oolnepauuu Hl, H? nopoxnawTca cucrtemon C. IloB-

TOpAA paCCyXIOeHHuda, IIpOBedeHHBEIe IIPH OOKa3aTeJIbCTBe MaKCHMaJlb-

HOCTH KJIOHA LS B L, mpUxXoOuM K BEBOLY, YTO MNOPOXOAWTCA TakKxke

JIUB60 BCe KOHCTAHTH, JIMOO BCe OIepaliu Ej'

a/ MycTh TMOPOXIOAKWTCSA BCE ONepaluu Ej' U nycrts omnepauus f co
ceoucTtBoM (i) umeer Bunm /1/, rme kaxmoe a ¥=T o vie p N

OTJIMYHO OT HyJA. U3 ypaBHEeHUSA ao=bal HaxXOIHUM be{0;1;2}).

[loncTaBUB xl+b BMEeCTO X, B f, nonyuyum fl(xlpu,xn)=

=a.X.+...+a X . OTOXOECTBUB IMEPEMEHHHE X._,...,X MMOJIYYUM
il n“n = p i e ol y

= ’
fZ(Xl’XZ’XB) alx1+a2x2+a3x3.

% + +a! + +2a! -
OnoHOM U3 OoIllepaluu alxl a2x2 a3x2, alx1 a2x2 2a3x2 obe 1ne

peMeHHBle cyumecTBeHHHe., OB03HayuM ee uepes f3, H NIIYyCThb

= + y - = ’ =2
f3(XyX2) alxl a2x2 U3 ypaBHEHUHN alcl Tis a2c2 1 HaxoIum

(o rnoagcTaBJidsad B f3 clxl U C2X2 IIoJyiydyaeM HYXHYK oIlle-

1 H CZ,
=+ .
panHrn X1 X2

Jlemma 3. KioH LO rnopoxmaeTCsa olrepaluaMH co(x) U x1+x2 L1 onepa-
+ -+
LI IMH cl(x) U 2x1+2x2+l, L2 onepalysaMu cz(x) U 2xl 2x2 2k LS

oriepanuen 2xl+2x2+1.

Ioka3aTenbcTBO. OueBuOgHO, cymMma /1/ Torma ¥ TOJIBKO Torma IpHU-

HaOJIeXUT Lo' Korga ao=0. HUmess onepaluio x1+x2, CyTepIrio3Ully AMU
n

rnoJjsiydyaeM CyMmy xl+...+xm, roe m= I a,. OTOXIOEecCTBJIAA Nnepe-
’ i=1
MOHHHE X.poeeiX. 5 %  _seonjHe Fosug R Fremey 1% rnosaydyaem
4 a3 i+l a2 An-1+1 an
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cymmy /1/, B KOTOpPOH ao=0.

ABTOMOP®HU3MH KJIOHA L, INopoxmaeMee ornepalusMU El(x)=2x+1 U
gz(x)=2x+2, oTo6paxanT LO Ha L1 u L2 COOTBETCTBEHHO. Basuc

=x_+
co(x), Eo(xlxz) X +X, TNpu 3TOM oTo6paxaeTcs Ha Cyr £, H 0252

COOTBETCTBEHHO.

Cymma /1/ mnpuUHAQOJIEXUT KIIOHY Ls TOorma ¥ TOJIBKO Torpga, kKorma

- (e R T [
1L n

IIeiCTBUTEJIBHO Hl(x)=x+l, Hz(x)=x+2, M IO yCJIOBHI

+ +1)+. ..+ +1)= e +
a, al(xl 1) an(xn 1) ao+a1xl+ +anxn 1y

+ +2 )H s ok +2)=a + +...
a, al(xl ) an(xn 2) ao alxl +anxn+2,

OoTKynoa IoJsiyuaeM a +1l=a +a_+...a a +2=a +2a.+...+2a .
R y o o n’ o o n

1 1

JOCTAaTOYHOCTE YKa3aHHOT'O YCJIOBUS OUYeBHIHA.

[IpuMeHAsa K 2x1+2x2

JIYYUM BHPpAaXeHHUe

+1 onepauup*nocnenosarenbHo 4n - 2 pasa, no-

4n-1 4n-1 4n_.1 4n-1
2(...2(2(2x1+2x2 +ﬂ+2x3+1)+.m.+2X4n+l=2xl+'2X2+_.‘w+2x4n+2 )
k x_k 3% P
U3 27=(3-1) =3"- S5 +...+1 BumuMm, uTO no mod 3
2loa, 2221, 23=2, 2%a1,...,

IO3TOMY BHpaxeHue /2/ MOXHO IepernuHcaTh B BHIE

2xl+2x +X. 23 e o E2XK

23 4 4n+2 :

[lepecTaByigaa NepeMeHHHEe C IIOMOuWbK onepauu¥ £, T, NIpeobpasyem

3Ty CyMMy K BHOY

a.- ¥ ta.xX. ¥, u¥a. X +blx +...+b +2 .

15 —27 2 n n n+1 3nx4n
®
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n 3n
Tak Kak »Ta onepauus npuHamiaexur L , To I a.+ I b.,=1. B TO
. i=1 i=1
+ +..0F L
gi BpeMsa aO a;x, a X, Takke NpuHannexuT L., nosTomy
iilbi=0. OTOXIOEeCTBHB IIepEeMeHHHEe xn+l""’x4n’ MOJIYYUM CYMMY
A R A
a;x, a x. 2 4.3/

OToXOecTBNAA X, H X,, U3 2x1+2x2+1 nonyyaem x+1, a u3 Hee
cyneprnosuuuenr x+2. INoxcTensasa B /3/ BMecTO X, Omepanuuio ei, ec-

JIHA ao=2, x+1, ecnu ao=0, x+2, ecnu ao=1, nonyyaem cymmy /1/,
n

B KOTOpo¥ I ai=1, YTO U TPeBoBasloCh.
i=1

O603HauuM uYepe3 L’ nepeceuyeHHe KIJIOHOB Lo' L L. u Ls' yepes

1F =2
Qi-KHOH, TTIOPOXIOEHHHN oOnepalusaMi Ei U ci, a 4yepes3 R-kJIOH, r110-

POXIEHHHN ornepanueu Hl.

Jlemma 4. IOna i€{0,1,2} MaxCHUMaJbHEMH NOIOKJIOHAMH KJIOHA Li AB=-
JIAITCSH KJIOHH Qi u L' u Tonbko oHH. KJIOH Ls UMeeT IOBa MaKCHMaJlb-

HHX nonkyioHa: L'y R.

IokazaTenbcTBO. Ko L’ comepxuUT omnepalnuu, CoXpaHswmue BcCe

KOHCTAHTH M NpHHamnexamue L_. DTOT KJIOH HE CONEPXUT OIHOMECT-
HHIX OMNnepalui, OTJIMUHHX OT e%, HO CONEPXHUT OBYMECTHYH OIepalui
t(xl,x2)=2xl+2x2.
IycThb fGLO\L’. 3To o3Hauvaer, uto £(0,...,0)=0, u mu6o
f(cj(x),...,cj(x))#cj(x) oy HekoToporo j#0, mnu6éo

Salin
f(Hg(xl),...,Hz(xn))¢(nz’f)(xl,...,xn) IJIsE TIOOXOOAmEro
ref{1,2}.

a/ IycTs f(cj,...,cj)#cj. OTcynma criemyeT, 4To f(x,...,x)#ei(xﬁ.
Ecmu f(x,...,X) OPpUHUMaeT TOJBKO OOHO 3HauYeHHEe, TO OHa COB-
nagaer ¢ C_. Ecnu xe f(x,...,x)%co(x), TO f(x,...,x)=€o(x).
OOHAKO M B STOM clyuyae t(x,Eo(x))=co(x).

Uus 2x1+2x cynepnos3uuuen nonyuvaem 4x +4x_ +2x_=x_+xX.+2x_; non-

2 1 2 3 "1 T2 3"
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CTaBAA C  BMECTO X3 M OTOXOECTBIAA X, M Xy, NONYYUM X +X.,

YTO U TpebouBAaJIOCh.

6/ NycTh f(Hz(xl»...,Hz(xn))#(nz*f)(xy".,xn), Torma
Flx2,0 00 o X)EX Targ Kax fGLO, To £(0,...,0)=0. OnaATr uUMeeM
TOJIBKO IOBE€ BO3MOXHOCTH: JIMBO f(x,...,x)=c0(x), nu60
f(x,...,x)=£o(x). Ianee paccyxmaeM, Kak U B NyHKTe a/.

[IycTe Tenepsb feLo\Qo. 9TO o3HauvaeT, 4TO omnepauusa f cymecTBeH-
HO MHOI'OMEecCTHas, CoXpaHsawmas C,r TO ecCTh f(xy".,xn)=b1xl+...+
+bmxm. HyXHO HCIIOJNIB3YA 3Ty CYMMYy U onepauﬁu Co’ 51, MOJIVYUTH
CYyMMY alxl+...+anxn. Crauana noncrasisasa f B cebsa, MOIyYuM
CyMMy , IOJIHHA KOTOPOW He MeHbulle n. 3aTeM, HCIOJNILE3YS co H OTOX-—
OeCcCTBJIAA MepeMeHHHEe, IOJIYYUM CYMMY dlx1+...+dnx , OJIMHA KOTO-
po¥ paBHa n. HakoHel, NnoICTaBJIgAsI BMECTO xi orepallymn ei(xi),
eciu ai=di U El(xi)=2xi, ecnu ai#di, MIOJIYYUM CYMMY
alxl+...+anxn, UYTO U TpeboBaJioOCh.

JokaxeM, UYTO OPYTIHUX MaKCHUMAJIbHHX IIOOKJIOHOB B KJIOHEe LO HeT.
[IycTe cuHcCTeMa orlrepaluy CELO HE CONEepXHUTCH LeJHKOM HU B L' Hu

B Qo' B C comepxurcsa

(%) onepaunusa £, 60 He coxXpaHAWmAA cj Ionsa Hexkoroporo Jj#0,

nu6o Takas, 4TO f(HQ(xl),...,Hz(xn))%(ﬂzwf)(xy.“,xn)

oysa nomxomamero 2€{1,2};

(ii) cymecTBEeHHO MHOI'OMECTHAs Olepalnus g(xlrn,xm)=b ' S P

A gl
+bmxm. YcnoBue (i) o3Havaer, uTOo f(X,...,X)# ei(x),
nosfomy f(x,...,%x) coBnageT Ju60 C co(x), JIU60 C
go(x). I[IycThb f(x,...,x)=co(x). Ecnu y onepaunum (ii)

bj=2 oy Hekoroporo j€{1l,...,m}, TO, NOOCTaBJIAS BMECTO
X i#j, omnepauuwn Ce H OTOXIOECTBJIAA IEepPeMeHHHEe, TOJIYYUM
U3 g onepaluil Eo' Eciu xe BcCe bj paBHEH 1, TO B cymme
gl=Ag nepBHH KO3dPUIIMEeHT paBeH 2. BBHOY MakKCHUMAaJIbHOCTH

L L
KJIOHA QO B L omepauun Eo' Cyr 9 mopoxpainr L

O

NycTb f(x,...,x)=£o(x).
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a/ B cymme blx1+...+bmxm YypcJsio crnaraemex paBHo 3k unu 3k+2.
1
MoncTassfAsas BMECTO X, ONEepalHio el(x) , €eciu bi=2’ Eo' ecnu

bi=1, IOJIYYHUM co(x).

6/ m=3k+1l. C nmepeMeHHHMH X.,...,X_ TIOCTyllaeM Tak Xe, KakKk U B
2 m 1
NyHkTe a/, a BMecCcTO X, ToAacTasisaeM el(x), eCJIH b1=1, Eo(x),
ecJiu b1=2. [Iony4uM co(x).

ABTOMOP®U3ME KJIOHA L ropoxnaeMele oliepalusaMiu 51 54 52 ocTaB-

1
JIAKT KJIOH L' HenoOoBUXHHIM, a KJIOH Qo oTobBpaxawnT Ha Q1 54 Q2 cooT—
BETCTBEHHO, TO3TOMY KJIOHH Qi’ L’ U TONIBKO OHU HABJIANTCHA MaKCH-

MaJIbHEIMH TMOIOKJIOHaAMHU KJIOHAa Li’ i=1l,2.

IlokaxeM Ternepb, 4To L’ M R ABASKTCS MaKCHMAaJIbHBEIMH ITOIOKJIOHAMH
KJIOHA LS. [IyCTh feLs\L’. 3TO o3HavaeT, 4YTo f(ci(x),...,ci(x))#
#ci(x) s HekoToporo i€{0,1,2}. OTcwma ciemyeT, 4YTO

i
f(x,...,x)#el(x). OcTanTCcsi OBEe BO3MOXHOCTH: f(x,...,x)=Hl(x)

HITH f(x,...,x)=H2(x). Ianee, Hl*n =11

14
1550 2x1+2x npuHaniaexuTr L,
2x

2

1+2H2(x2)=2x +2x2+4=2x +2x.+1.

1 1 2

I[lycTs feLs\R. B sToM cnyuae fn- CyumecTBEHHO MHOI'OMEeCTHasa oIle-

pauus, uMmewmas Buu /1/, rme T ai=l. [IpeOrnojIOXUM, UYTO al#l.
i=1
OTOXIECTBUB IepeMeHHHEe Xopeee Xy TOJYYUM OTEPALHUio
+a.x._+a’'x.. K & dnlet woa. =2 =2 B
aO a1 1 a2 2 Tak Kak 1 2 1 7 'TO a2 CJIM Xe BcCe

KO3 bPHUIIHUEH THI al,...,an paBHH eOuHuLe, To n>2. OTOXIEeCTBUB x1
4 X, [MOJIYYUM CYHEeCTBEHHO MHOI'OMECTHYI oIllepallii, Yy KOTOpPOH Iep-

BHI KO3)PULMEHT B CyMMe paBeH 2.

UTak, MH IOJIYYHM ONepaluio ao+2xl+2x7. [loocTaBUB BMEeCTO X, ome-
= 1
aruio X ecnu a =0 (x.), ecnmu a =2, e (x.), ecmu a =1
par El(l), o~ 0r Eo5(x )y o=2r €,(x,), R
MOJIYYUM OllepallHli 2xl+2x2+1.
JokaxeM HaKoOHel,, YTO KJIOH LS HUMeeT TOJIBKO OBa MaKCHMaJIbHHBIX
nonkJsyioHa. IlycTte C-cUcTeMa orepalud M3 KJIOHAa Ls' He conepxanmas-—

LLeJIMKOM B kJIoHaxXx L’ u R. Cucrtema C COHOEPXUT CYymECTBEHHO MHOTO-
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MecTHyl omnepauui f ¥ onepauuw g, He COXPAaHAWMYKW KOHCTAHTY c;
Ond nomxomsamero i /3TH omnepauuM MOTYT coBnanartb/. Kak 6mIIO
noKasaHo palee, W3 ONEPalUH g OTOXAECTBJIEHHEM mojydYaeM I, HiH
T,, KOTOPHE MOPOXHAKWT KJOH R. Tak kKak R MakCuMaseH B L , TO
BMecTe ¢ f BXomAmHe B HEro Orepanud MOPOXIanT L.

Jlemma 5. KiyioH L' nopoxnaeTcs omnepaluei 2X1+2X EnuHCTBEHHBEM

9°
MaKCHMaJIb HEM TIOOKJIOHOM KJIOH L' gBnaeTrcs kioH E.

IlokazaTenbCTBO. Kaxnmas npuHamjexamas kJjoHy L’ onepauus npuHam-

JIEXUT TaKxXe KJIOHam Lo’ Ll’ L2 U Ls’ HOBTOMX OHa MOXeT OBITh

npencrasyieHa cymmon /1/, B koTopou a_=0u Z‘ai=l. [IpUMEHASA K
i=1

2xl+2x2 onepanHin * IocJegoBaTeJIbHO 4n-—2 pasa, I[IOJIYUHM CYyMMY

2+x3+2x4+...+2x4n

/CM. OOKa3aTeJbCTBO JiIeMMHu 3/. Jlajiee nepecTasBJiisg MepPeMeHHHE,

+
2xl 2x

IMIPUBOOUM CYMMYy K BHIOY

a.Xx.+ta.x.+...+a x +b_x

= AP
o W e T E

X, e
3n 4n
OTOXIOEeCTBUB IIepeMeHHHEe Xn+l""’x4n’ nonyuyum cymmy /1/, B kKO-

Topon a_=0.

P o
[lpy n=2 " a0=0 BO3MOXHH JiMib 4 BapuaHTa cymMe /1/ /nipu ycioBuu
a1¢o u a2#0/, W3 HUX JiMmb 2X+2y npuHHaninexuT L’. Orclonma crinenyer,
YTO JIOGOM TOOKJIOH KJioHa L', comepxamuili CymecTBEHHO MHOT'OMeCT-
HEle Oonepanuy, ComepxUT 2x+2y U moToMy cosmnagaeT ¢ L'.

U3 nemMm 1-5 crlenqyeT HCTHHHOCTB CJIedyKnmero yTBEepXIeHHUS.

TeopeMa 2. I[OOKJIOHH KJjiIoHA L 06pa3ywnT pemeTKy, H306paxeHHy Ha

pucyHke 10.

MHUHHUMAJIbHEIE UM CYyHEeCTBEHHO MHHUMAJIbHEIEe TC—=KJIOHH.

[IocTpOEeHHHE peumeTKH MO3BOJIAKNT JIEe'KO HaWTU BCe MHHHUMAJIbHHE U

CyumecCcTBEeHHO MHHUMAalJIbHEE TC—-KJIOHH Ha Tpex>3JIEMEeHTHOM MHOXeCTBe.
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ABTOMOP®OHU3MH KJIOHA Bypiie, MopoxOaeMsle ollepalnlusaMH go(x)=2x U

gl(x)=2x+l, oTOBpPAaxawT "KJIOH Z Ha KJIOHH Zo U Z, COOTBETCTBEHHO.

1
5TH KJIOHH COCTOAT H3 BCeX ollepalui, NpHHamjlexamuxX KJIOHY B Hu

NMPUHUMaOMUX 3HaueHus u3 MHoxecTB {0,2} /kJoH ZO/ m 11,2}

/ KJIOH Zl/' B romnapHHX [NepeceuyeHusx KJIOHOB Z, Zo u Zl’ comep-
XaTCHA JIMIb KOHCTAHTH.

lycTe CEPA. Yepes [C] obo3HaAuYUM KJIOH, IMNOpOXIaeMelll ollepanusaMu

u3 C. BBemem crienywmue OOO3HAUYUEHUA:

1 .
1, M;=Cc,,e]] (i=0,1,2),

i

| RO,
M;—[C'el]' M, =[¥,e]

Mi=r£.1  (i=0,1,2) , MH=[H13.

Teopema 3. Ipu |A|=3 MuHuManpHEMH TC-KJIOHAMH Ha A SABIANTCH

KJIOHH Mm, MW’ KJIOHE, OBOWCTBEHHHE K HHM OTHOCHTEJIbHO Eo H gl,

21 Mg, M%, Mé U KJIOH MH. CymecTBEeHHO MHHH-
o i
MaJIbHEIMH SABJISIOTCHA KJIOHH LC' LW’ LC+Y' J20' L02, KJIOHE, IOBOH-—

a KJIOHH Mo’ Ml’ M

CTBEHHBHE K HHM OTHOCHTEJIbHO 50 U 51 , U KJoHH L',



PPPPPPPPPP
PewéTtka L(L)
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SUMMARY

ESSENTIAL MINIMAL TC CLONES IN THE 3-VALUED LOGICS

J. Demetrovies - I.4. Malcev

In this paper the authors describe the essential minimal TC
clones. Moreover, structure of all TC clones having no more
than 2 values in analysed. Finally, structure of all the

linear classes is given.

.

0SSZEFOGLALSAS

LENYEGESEN MINIMALIS TC KLONOK A 3-f£RTEKU LOGIKABAN

Demetrovics J. = Malcev I.A.

Dolgozatunkban sikeriil meghat&rozni és pontosan leirni a
lényegesen minimdlis TC klénokat. Ezenkiviil meghatarozzuk
az Osszes olyan TC klénnak a strukturdajat, amely legfeljebb
2 értéket vesz fel. Végiil megadjuk az Osszes linedris osz-

tadly strukturajat is.
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MOHOTOHHHE CHUCTEMBEl HA MATPUIAX JJAHHBIX

E.H. KysHeuon, U.B. Myunuk, F. XeHue#un, H.®d. Ukyacenu

1. MoHOTOHHHEe cHcTemsl /MC/ IJid arperupoBaHUs OaHHHX

/B YACTHOCTH, OJIA PeEeuneHUsa 3anad TUMa 3amadd kjlaccudukaliuu MHO-—
xecTBa O6beKTOB/ mnpemjioxeHm HU.>. Mymaatom B 1971 r., [C1, 21,
MeTton MC xapakTepH3yeTcsa 60JbuoN OO6mMHOCTBI MNOoOxXOooa K 3aladyam
TaKkor'o THIa, HO B OTJIMUYHH OT IOPYTHX METOIOB TpebyeT 3aldaHHA
YHUCJIOBOM OGYHKIIMM CBA3U MeXIOy OTHOEJIbHEM 2JIEMEHTOM H JIOOEM IIOI-
MHOXECTBOM HCXOOHOT'O MHOXecTBa = OYHKIHH CBA3U "B3JIEeMeHT-INono-
MHOXecTBO" /OCSII/. Cam MeTomn MC CpeICTB INOPOXIEHHS TaKUX QYHK-—
UM, a TEeM CaMeM, DPAa3JIMYHBIX MOHOTOHHHX CHCTEM HEe COIEPXHUT.

B mpakKTHYECKHUX HccaemosBaHuaAXx [3, 4] HCHNONB30BAJIOCH JIMmL Hec-
KOJIBKO KOHKpeTHHX MC. B maHHOM paboTe CTaBUTCHA 3amada I[nokasaTh
peryJjsipHHE CIOCO6H IMMOCTPOEHHUS MOHOTOHHHX CHCTEM OJIS peajii3alluHu
Pa3JIMYHEIX MaAaKPOOIIUCAHUMN MATPULH OAHHHX H CO3OaHUS e€IOUHOI'O 4

NIporpaMMHOTO Ob6ecrnedueHUusa OJsg TaKor'o aHalu3a.

2., MC u 3amava CTPYKTypH3alMM. MOHOTOHHOW cucTeMou <W,I>

HasHBaeTCsA MHOxecTBO W, |W|=N, c 3anmaHHOM Ha HeM QyHKIuewn
/®C3M1/ n(i,H), i€H, HEW, yIOOBJIeTBOpPSAKMEN HepaBeHCTBY
n(i,H\j)<n(i,H), ¥i€H\]j, ¥jE€H, ¥VHEW /CcBOMCTBO MOHOTOHHOCTH/
(2]. dgpoM MC Has3HBaeTCA MHOXeCTBO G=<W, I KOTOPOIO
F(G)=max F(H) , roe F(H)=min I(i,H) C13].

H<W i€H

s BHIOEJIEHUA HauboJsipmero o0 MOmMHOCTH fAnpa MC npenjioxXeHH
sdbexkTUBHHE anropuTtmel [1, 2, 5]. B xome paboTH HEKOTOPHX H3
HHX CTPOUTCHA MNOCJIEOOBATEJIbHOCTH BJIOXEHHHX MHOXECTB
F==<F1,F2,.°°,P o P1==W, Pp==G, SABJIAIMUXCSA JIOKAJIbHEIMH MaKCH=

p
myMamu obyHkuuu F(H) [21].

I CTPYKTYPH3allMd HCXOOHOI'O MHOXecTBa W MCIOJIB3yeTCH
Kak pa3bHeHHe ero Ha nOBe dYacTH: G ¥ W\G, Tak M Ha IOIMHOXeCcTBa

rl\rz, r2\r3,...,r ' . Kpome Toro, ecnu oyHkuusa I(i,H)

I
p-l\ p’ 'p
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MMeeT CMHCJI PAacCTOAHHUA, TO G MOXHO paccMaTpHBaThk KaK MHOXECTBO
3TAaJIOHOB=KJIaccoobpa3sywimUux SJIEMEeHTOB HCKOMOM KJilacCHUHUKALIUU.

Paz6ueHue W Ha "omHopomHHEe" YacTU MOJIYyYawT TakKxXe MNyTeM Iocie-
IOoBaTeNbHOTO nocTpoeHus MC<W\G,I> Ha MHOoxecTBe W\G 3JIeMEHTOB,
He BomemuUX B SAOPO NpensHOyme!t CUCTEeMH, 3aTeM Ha OCTaBHHUXCH BHe

HOBOTO AOpa U T.HO. /ﬂO HCUYepIlaHUuA HCXOIOHOTIO MHOMeCTBa/.

3. Babop MHoOxecTBa W 3yieMeHTOB MC Ha MaTpulle ITaHHHX

(NxM). EcThr ueTHpPe BO3MOXHOCTH [6]: a/ MHoOxecTBO X

OBBEKTOB - CTPOK $; 6/ MHOXeCTBO Y INPHU3HAKOB = CTOJIGLIOB &;

B/ XUY; r/ MHoxectBO map (i,j), i=1,N, j=1,M . Ilpu sTOM
MMPOU3BOJILHOMY IMOIMHOXeCcTBY H MHoxecTBa W /B T.u. agpy G/ coorT-
BeTcTByeT uvacTh ¢®(H) MaTpuun ¢ onpeneylIeHHON KOHOUT'YpPAllUH:

a/ ropusoHTanbHasg nojioca, 6/ BepTHKalbHas noJsioca, B/ "xpecT"
UJIM ero NPpSAMOYTOJIbHHE 6JIOK - nepecedeHue, r/ "natHo" npous-
BOJILHOK (dOpMH JITHOO MHHHMAJIbHHM OXBAaTHBAWMWHUN e€ro IPAMOYI'OJIbHHN

BJIOK .

9TU 4YeTHpe crnocof6a MOXHO HCIOJIbB30BaTh W KOMBHMHHPOBAHHO,
HanpyMep, cHavalNa NpelcTaBUB MaTPHIYy pa3desIeHHOW Ha "omHopom-

Hue"

BepTUKAJIbHHE IIOJIOCH, a 3aTeM — BHYTPH KaxXOoW M3 HHUX He3a-
BHCHUMO - Ha TI'OPHU30HTAJIbHHE OJIOKH, HJIIK HAaobopoT. /MOKHO MEHATDb
xXxapakTep 3JIeMeHTOB MC M rocJjie KaXOoI'o BHIOEJIeHHA Anpa, nolydas

MakKkpoonmucaHue MaTpHls Turna "mapker./

Bonpoc o cBA3uW MC Ha MHoxecTBe X, Y u XU Y yacTuUYHO pe-

mwapT clenyoimue TeopeMH. BBemeM ob6o3HaueHHs: YVHEXUY,

HX =HNX, HY =HNOY; @(HY) - MIoOMaTpUlla MaAaTPUUH &, onpenersgemas
cronéuamu H, ; n(i,H,®) - @oC30 In(i,H), BHUHCIAEMOE IO MaTpPH-
ue 6.

TeopeMa 1. Ecnu G - sgpo MC <W,H1>, roe

m(i,Hy,®), ecnu ieHXQX i

Y T .
n(i,H,,¢"), ecnn 1eHY5Y ;

1l i, H,8) =
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T
a GX H GY - Anpa, CooTBeTCcTBeHHoO, MC <X,I,9> u <Y,I,% >, TO

BEpHO OIOHO H3 TpeX
a/ G=GX, GY‘—":W\G, ecsu F(GX)>F(GY),
6/ G=G', GCBwW\G, ecnm F(CN)<F(GY),

B/ G==GXUGY : ecJu F(GXF=F(GY).

Teopema 2. Ecnu s anpa GX MC<X,I,®> Ha MHOXecTBe CTPOK X

X T X
MaTpUlun & BHnoJsHsercs F(G ,8)<F (Y,9® (G7)) , rme

; ’ ; T
F(Gx,¢)==min H(l,GX,Q), F(Y,¢T(GX))==m1nIN3,Y,¢ (GX)), TO
iec® Jex
GX==GIIX==GX, roe G - aopo MC <W,H1> , YIOBJIeTBOpPAKMEN

X
| 6 O <I>T(H X33) ecnu ieH Sy .
e A X 3 Y.

. . [ <of
1 3 H(l,HX,Q(HY)) . ecnu i€H_ =X ,
Il (l,H'¢)—'

TakuM obpazoMm, MC Ha W=XU Y npu HEKTOPOHHX YCJIOBHAX MOXHO
KOHCTpPpyUpoBaTh H3 "wacTHux" MC, omnpelnesieHHHX Ha X ¥ Y OTOeNb-
HO, JIM60 Kak MC TOJNBKO Ha MHOXecTBe X'’ CTPOK HJIH Y’ cToOJsIBLOB
Ipyroy MaTpHIlEl, COCTAaBJIEHHOH M3 HCXOIOHOM MaTpHUH ¢ U MaTpPHUIH
@T, NMOJIYYEHHON TPAaHCIIOPUPOBAHUEM HCXOOHOM. B ciiyuyae r/ HcCxXom-
HYy0 MaATpULy & MOXHO HHTEepHIpeTHpOBaThk KakK IOBYIOOJIbBHHHN rpad c

BecamMHd ¥ CcTpouThb MC Ha gyrax rpada 1, 7.

4., Tpu Tuna OPYHKIHN CBA3H "3JIEeMeHT-ITOIOMHOXecCcTBO".

1/ cymmapHo-nornapHue ®C3N InN(i,H)= I a.,,, roe a;) ~ Mepa
kEeH ik i
TapHOW CBA3M i1i-ro M k-ro 3J1eMeHTOB, B YACTHOCTH OIOHH H3 H3IBECT-—

HEIX KO3(QQHIIMEHTOB CBS3M NOBYX BEKTOPOB /KO3DOUIHEHT KOppessaluH
NIPHU3HAKOB, YHCJIO O6MUX NPH3HAKOB OB6bEKTOB, PacCTOsHHEe X3MMHHTA
u op./ C1, 51; 2/ npencraBurenbckue OCIII H(i,H)==aih , Toe

a - Mepa napHoO® cBfI3M, a h - sjeMeHT, 6HTHL MOXeT, ClIelHallb-

ih
HO CKOHCTPYHMPOBAHHHM, - "npencraBuTenb" MHOxXecTBa H /Hanpu-
Mep, IOJa 6yJieBOM MaTpHUUH & NPH3HAKH 3JIEMEHTAa - NpPeICTaBUTeJNId

h MoryT omnpemensTbCcs Kak ¢h.== n ¢kj 02871 ¢h.== U £33

Oy
keH keg K3
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3/ cyMMapHO-TIPM3HaKOBHEe ®C3I IN(i,H)= I w.(H), raoe wj(H) -
J€yi
BeC NpHU3Haka j Ha MHOXeCTBe 3JIeMeHTOB H, y; ~ MHOXECTBO MpU3Ha-

KO i-ro o6bexkTa /HanpuMep, wj(H)= T - YHUCJIO OB6HEeKTOB U3

k€H

H, uUMewmuxX 3TOT npu3Hak [6]. Ha KOMNOHeHTH O®C3I kaxOoro Tua

ij

HaKJIQOHBAKWTCA OTI'DPaHHUEHHsI, HEeOOXOIOUMHE IOJIA BHIIOJIHEHUS CBONCTBA

MOHOTOHHOCTH /Hamnpumep, B 1/ - aik}zo, B 3/ - wj(H\k)Swj(H).

B paBoTe paccMaTpHBaeTcs lesjlafg "KOJUIeKUUA" KOHKPEeTHHX [NpPHUMEepoB

OC3Il kaxmoro THUIla.

I'panuna Mexny OCOII pa3HHX THIIOB Bcerga XeCTKHe.

[IpuMmep. IIyCcTh aik::jéy wij'wkj = YHCJIO OBmHUX INPU3HAKOB IIapH
o6bekToB /® - ©Bynema/, a w.(H)= I 0y ~ UHCIO o6bekTOB B H
J ke J
5 1), = 20 5 = :
¢ j-mM npuszHakoM. Torma IN7(i,H)= I aik w T7°(i,H)= X wj(H)

keH jeyi

coBIIanawnT.

5. MMopoxOoeHue napaMeTpHYeCKHUX CeMeNCTB MOHOTOHHHEIX CHUC-—

TEM.

Teopema 3. Ecau <W,I.> un <W,I> - MC, To <W,II> - Toxe MC, ecnu

1 2

O 2 0

n(i,H) = o 5

Hl(i,H)+ aZHZ(i,H), o

1 1’

Teopema 4, Ecnu <W1Hl> U <W1H2

By By
N(i,H) = CN(4,H)] “-C0,(i,H)1 5 8, B8,20.

> - MC, To <W,II> - Toxe MC, ecnu

OueBUOHH OOOBHmMEHUS Ha MPOH3BOJIBHOE YMHCJIO 6a30BHX MC. Bo3-
MOXHa ¥ BHYTPEHHSSa NapaMeTpuz3allusg, Hanpumep,
4 ; 5]
M(i,H)= £ _' wmm TN(i,H)= I C[w.(H)1°, v,620

ken 2ik jey

Jlerko BHIOEThL, TakKUM ob6pa3oM, 4YTO B OC3Il I-rou III-ro THUIIOB

MOXHO HCIOJIB30BaTh He CYyMMy, a Jiobyw CHMMETPHUHYI 10 apryMeH-
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Tam, T.e. a,, WM wj(H), OYHKIIMIO, HaIlpuMep,

Y

Mtd,H)= & . B oy "0a..)
SEH S k€H i k

S

TakuM o6pa3oM, HMes pa3HHe 6a3o0oBHe OCOIl TpexX THUIIOB U
BapbUpysa 3HAQUEHHSA NnapamMeTpoB, MOXHO CTPOHUTH pasHoob6bpasHue MC
C Hamnepen 3aJaHHHMH COOepXaTeJIbHEHMH CBOMCTBaMM H, TEM CaMuM,

IIOJIYyYaTh Pa3HHE MaAaKPOOIIHCAaHHA HCXOIOHHX OAaHHHX.
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SUMMARY

E.N. Kuznetzov, I.B. Muchnik, G. Hencsey, N.F. Tchkuasely

MONOTONIC SYSTEMS ON DATA MATRICES

In the paper a technigue for the structuralization of
large-scale data matrices is considered, namely the use
of the theory of monotonic systems. This is expected to
be highly suitable for different amplications.

For the method of monotonic systems a‘numericai func-
tion coupling any element with any subject of the basic

set is needed.

We discuss three main classes of such functions and

four possibilities of determining them for data matrices.

An idea of a generator for parameter families of such

functions defining monotonic systems is suggested.

8SSZEFUGLALAS

E.N. Kuznetzov, I.B, Muchnik, G. Hencsey, N.F. Chkuasely

MONOTON RENDSZEREK ADAT-MATRIXOKON

A cikkben a szerzdok a nagyméreti adat-matrixok struktu-
ralizalasara adnak meg egy technikat, amely a monoton rend-
szerek mbédszerén alapszik. Ez varhatdéan igen hasznos lesz
kiilénb6zd alkalmazasokra.

A monoton rendszerek mdédszere egy pont<~halmaz filiggvény

megadasan alapszik,

A szerzdok ilyen fliggvényeknek harom osztdlyat, illetve
adat-matrixokon valdé négy fajta megadasat targyaljak.
Ezen fliggvények paraméteres csaladjainak generalasat is

megemlitik,
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