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MTA Szamitastechnikai és Automatizaldsi Kutaté Intézete, Kozlemények 13. (1974)

ON ABSOLUTE CONTINUITY OF MEASURES DEFINED BY
MULTIDIMENSIONAL DIFFUSION PROCESSES WITH
RESPECT TO THE WIENER MEASURE

A. Benczur and L. Szeidl

In [5] Lipcer and Shiryaev dealt with the absolute continuity of measures generated by a
diffusion type process and the Wiener process for one dimensional case. In this paper an
attempt is made to carry out their result for multidimensional case. We summarize the result
in tree theorems based on each other and we discuss; in details, a lemma the proof of which,
for multidimensional case, needs considerations different from those used in [5]. Before this
we give a concise list of preliminaries.

Let (£2, F, P) be the basic probability space, {F,C F, 0< t< 1] a monotonically
nondecreasing family of o-algebras, w = (. F ,,P) an n-dimensional standard Wiener process,
ie. it is an n-dimensional continuous martingal with respect to the family £, such that

W = 0 a.s. and

E[(w‘;—wi)(w/,—w’;)lF’]=Sii(t—s) oy e Lf=1,20...0

Let C, denote the space of the n-dimensional vector valued continuous functions x, on
(0,1] and B, the o-algebra generated by cylindric sets on [0, 7]. Further, let o, (x) be a
B[o 1] xB,, B[o 1] is the o¢-algebra of Borel sets of interval [0, 1], measurable n dimensional

nonanticipating functional, i.e. a,(x) B, measurable for every 0< < 1.

Let

The n dimensional (§,,F,) process is called a process of diffusion type if there exists a

nonanticipating measurable functional such that
!
P(g la,(§)1dt < =) = 1

r
(a,(§) = o, (§(w)), &w)= {E’, 0<t<1) and & = [ a(f)ds+ w, as. forany 0< <.
0
Denote by ut(uw) the measure on the space (C| ,Bl) generated by the process
Ew)= ¢, 0<1< 1] Ww)=|w,, 0<t<1})

ie. for Be Bl

Beérkezett: 1973. november 10.
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yE(B)=P{w:£(w)eB} (u,(B)= Pl w:w(w) €B)).

Let (v,, Fr) be an n-dimensional stochastic process satisfying the condition

1
(1) P(b{ lv,12dt < ) = 1

t Lo .
and such that §, = 1+ ] v, dw, =1 + =y 7;dw; is a nonnegative martingal with respect
0 i=1 0

~

to (Ft,P). Introduce now a new measure P on the measurable space (§2, F) by the formula

(2)  P(dw) = ¢ Pdw)

S

£y
Theorem 1. Let &, =- [ T ds+ w,, 0<1<1. Under conditions (1) and (2)
0 35

(&.F, P) is a n-dimensional standard Wiener process.

Girsanov proved, see [4], this statement for a more particular case considering

t 1 t
§t=exp{({—yndwn——§g

Iy, Izdn}

Lipcer and Shiryaev, in [5], dealt with general $; but for one—dimensional case. Their
proof is essentially simpler than that of Girsanov. Concerning the multidimensional case one
can quite easily observe that, upon replacing the ordinary scalar products by scalar products
of vectors, Lipcer’s and Shiryaev’s arguments remain valid.

The next two theorems deal with the absolute continuity of measures generated by the
process {, and w, .

Theorem 2. Let &, be a diffusion type process satisfying the equation
t

£ = ({ a(&)ds+w,, &£,=0
and suppose that
]
3) P(Of la,(W)12dt < =) = 1

The measure p, is absolutely continuous with respect to M, (u, < “E) and

dﬂw ] 1. 5

71:1: (W) = exp { —Of a,(Wydw, + 3 Of lee, (W) dt} P as

Under the condition F f = FY (3) is necessary for the absolute continuity.

If x, is not a Wiener trajectory, i.e. the stochastic integral in the exponent has no meaning,
the Randon—Nikodym derivative equals to 0. This remark can be correctly explained by the

notion of generalized to integral introduced by Lipcer and Shiryaev in one—dimensional case.



o, S5

Their considerations remains valid without any change for multidimensional case as well.

du
An analogous theorem holds for Ei :
w

Theorem 3. Let &, be the same process as in theorem 2. The condition
P(gjlat(&’)lzdt<°o) =1

is necessary and sufficient for the absolute continuity of My with respect to p_, and

du 1 1
ki 1 = s 2
dn, (%) exp{({ a,(§)dt, 3 gl lee, (8)1 dt}.
Concerning the meaning of this formula we should make again an analogous remark. The
proofs of the sufficiency of condition in theorem 2. and 3. do not require any changes in
Lipcer’s and Shiryaev’s proof but for proving its necessity we have to generalize a lemma used
by them.

Lemma 1. Let (2, F,P) be a probability space, and w= (w,, F,,P) be a standard n-
dimensional Wiener process. If {(w) isa F ;" measurable random variable (one—dimensional)
with E|§(w)| <o then there exists a measurable nonanticipating vy t(w) vector functional,

]
such that 0{ |7'(w)|2dt< e with probability 1 and for the martingale §,6 = E({(w)lF;") for

every t=s P almost everywhere

n

1 A .
(4) T ,-Z; [ wyaw! .
=g

This result is due to Clark [1] for one-dimensional case and to Kunita and Watanabe (2] for
multidimensional case, but under a bit stronger condition.

Proof. As the o-—algebra F}’ is continuous, the martingale ¢, is P a.e. continuous
(see [3]).

Set 1, = inf/{t:|§'t|=N‘,, TyN t=min(s,7,) and put §u(N=¢§ .7y
0<r<1 N

Markov—point and so gN(z) is a martingale

is obviously a

sup |§'N(t)|<N, P a.e.
0<t<|

The process {, (¢) is continuous and square integrable, therefore according to [2] it can be
represented in the form

X

i=1

[ SO :
tuii= 2 | (s widw,

where ‘ij(s, w), i=1,...,n a square integrable F;" measurable for every t.



On the set

Xy(O={w: sup I§I<N| for M>N
0<s<t

we have

Ev® =8, () O0<s<t ae., ie.
T T

N N
_ g’ Xy )&y () — &5, (5))2ds = g (OERMO AL g (¢, —¢§)*ds= 0.

Define for every 1< i< n the functional 'yi(t, w) by 'y"l(t, w) on the set

{w:0< sup |§ <1} and by v5(r,w) on theset {w:1< sup [§I<2},... and so on.
q 0<s<t 0<s<t
¥'(t,w) is, for every i obviously measurable process and for any fixed ¢t is F :" measurable.

Moreover

{w: 2 l (y'(t, w)dt = oo} C {w :6'1 21 (Y'(t, w) — vl (£, w)Pde > O}
1 =

=10

C lw: sup [§ 1> N|
0<s<t

' LA [
The probability of the last set tends to zero as N — =, so 2 [ (Y(t,w)*dt< o P ae.
el 0

4 =
Thus the to integral [ (s, w)dw_ can be correctly defined for every t. By the virtue of a
0

well known property of to integral

t
P{Icf (7y (s, W) — (s, w))aw, I > 0} < P{J’I'yN(s,w) — y(s, w)lds > 0} -0

as N — oo,

t -
From this it follows that {, (7) stochastically converges to f (s, w)dw_. Since  lim §, (1) =
0

1
N —
= {, in probability so that

§, = g’ y(s, wydw,_.

The uniqueness of the representation can be easily proved:
Let 71(1, w), 72(t, w) be functionals for which the representation (4) holds. Then for any
0< t< 1 applying to formula to

t
n} = [({ (7, (5, W) — 7,05, w))dw‘)2
we have

n
dwi + 2 oyl (s, w) — 7', (s, w))?ds.
i=10

s

n
0=n,2=_2312-n

Therefore 7l(s, w) = v,(s, w) for every 0< t< 1 with probability 1.
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MTA Szamitdstechnikai és Automatizdldsi Kutaté Intézete, Kozlemények 13. (1974)
ON THE ESTIMATION OF REGRESSION COEFFICIENTS
IN CASE OF AN AUTOREGRESSIVE NOISE PROCESS

I. H. Gaudi

INTRODUCTION

In statistical time series analysis one of the most frequently discussed problem has the
following formulation: a time series on the form

y)y=m()+x, t=1,2,...,N

is observed, where m(f) is an unknown deterministic function and x(¢) is a stochastic
process with 0 mean and known spectrum. The purpose is to draw some conclusions for m(7)
from the observed process y(?). In the practice we seek the function m(#) in the form

k
m( = 2 a,9" (),
)<

where a, are unknown coefficients and ¢*)(r) are known functions (usually polinomials or
trigonometric polinomials). We have to estimate the coefficients a,. The most natural way is
the method of least squares.

With the following notations

a, y(1) e (1)

a, »(2) ¢ (2)
a= . , y= . J o) =

a; y(N) ¢ ()

and
=, 0?,...,¢")
the least square estimator a of the vector « takes the form
& = (d*P)- lc])"y_
In the case of normal white noise estimator a coincides with the maximum likelihood
estimator of the vector a. If we suppose, that the noise process x(f) is normal, but not

white and it has known correlation matrix R, we have the maximum likelihood estimator @,
of the vector a« in the form

Beérkezett: 1973. november 18,
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ay = (P*R-1@)"1o*R~1y.

It is well known, that «, has minimal dispersion among the linear unbiased estimators of

0
a. From the point of wiew of computational technics the inversion of the matrix R for enor-
mously large N is a difficult problem. Both the estimators a and a, are normally distrib-

uted (as linear combinations of Gaussian variables) with expectations and variances

Ea= (®*®) '®*Ey = (&* )" ' d* Pa = «
E@— o) @ — a)* = (P*®)~ 1 d* Rd(d* o)~ !
Eoqy=(®*R™'®)"'9*R~'da=a

E(ay, — a)(ay —a)* = (P*R™19)~ L.

In this work we investigate the problem of the distribution of the estimators by the
method of computer simulation. The question is, how they depend on simple parameters as
damping and hidden periodicity.

1. Let us regard the process

y()=acoswt+ x(1)

where the frequency w is a given constant, « is the unknown parameter and x(¢) is a
discrete time parameter second order autoregressive process i.e. x(¢) satisfies the difference

equation

x(t) = ax(t — 1)+ Bx(t — 2) + €(2).

The coefficients a« and § are known real numbers satisfying the condition o? + 48< 0,
the process €(r) is a standard discrete time parameter white noise. The “period” of this

scheme is 21r/w1 , where

Iall

Gy = AreCos ———
Y~y

On this example we can investigate another curious problem of the time series analysis,
namely the distinction of a process with periodic mean value function from a process with
hidden periodicity. We summarise the results of our computer simulation experiments about
the statistical behaviour of the least square estimator @ and the maximum likelihood esti-
mator a, of the unknown parameter in tabular form, when the damping parameter A\ and

the hidden frequency w, of the process x(f) where varied.

1
The least square estimator ¢ has the form

N
E (1) coswt
t

>
Il

2

M |~

Ccos” wt

o

t=



g o

(The estimator a is the maximum likelihood estimator of a under the false hypothesis that
the noise is white.)

The maximum likelihood estimation a,, can be calculated from the conditional densi-
ty function

1 1 2
f=——=exp{- 5 2 (x(t) — ax(t — 1) — Bx(t — 2))
QmVI2 { 2 }
of the process x(f)= y(t) —acoswt, t=1,2,...,N, under the condition that x(0) = Xq-
The solution of the likelihood equation '
dinf _ 0
da

can be written in the form

-

where
A= : {cos? wt+ a? cos? w(t — 1)+ B2 cos? w(r — 2)
— 2a coswtcosw(t — 1) — 2B coswt cos w(t — 2)
+ 2af cos w(t — 1) cos w(t — 2)|

and

B = Z {y(t) coswt + azy(t— I)cosw(t —1)+
;

+ By(t —2)cosw(t —2) —ay(t — 1) coswt —
—ay(t)cosw(t — 1) —By(t — 2) coswt —

— By(t) cosw(t — 2) + afy(t — 2) cosw(t — 1)
+ afy(t — 1) cosw(t — 2)} .

2. In our concrete example the parameters were chosen as follows:

a=68, a=183. f=—0098 w=%.

So the period of the noise is 16.04 and the damping parameter is small (y0.98). Table 1.
shows the dependence of estimators on the number of observations. In the first column we can
find the numbers of observations, in the second column the type of the estimator, in the 2.nd—
6.th columns the 0.05, 0.1, 0.2, 0.8, 0.9 and 0.95 respectively, quantiles of estimators (calcu-
lated from 200—500 samples), and the last two columns contain the mean value and the dis-
persion of the estimators.
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We get similar results in every case, when the period of m(f) and the hidden period of
x(¢) are far from each other (e.g. w < 2m/40 or w > 2n/12). The two estimators differ
essentially in the case of small number of observations, while for N > 300 they almost
coincide.

Table 2. shows the dependence of estimator on the frequency w — in this case N = 40.
The construction of table 2. is similar to the first one.

When the frequency of m(¢) is equal to the hidden frequency of x(r) (2m/w = 16) the
signal and the noise cannot be separated. In this case the least square estimator is better than
the maximum likelihood one — in the sequel we return to this phenomenon. For large w
both estimators are better: there are more waves on the interval of observations. To avoid this
effect we investigated the behaviour of estimators on the intervals the length of which is 2 or

1 waves.

These results are contained in tables 3. and 4.

The least square estimation gives very bad results for 7 < 5, while the maximum
likelihood estimator becomes continuously better as the distance between the frequencies of
the noise and the signal grows.

Figure 1. shows the dependence of dispersions of the two variant of estimators on w in the
neighbourhood of the frequency of the noise, observing 2 waves.

Experiments were made to determine, how the damping influences the statistical
behaviour of the estimates. In a natural way, when the damping grows, the distance between
the two estimates decreases. [f a = 1.488 and 3= —0.64 (then the frequency of the noise
coincides with the previous, and the damping equals 0.8) the two estimates are not essentially
different.

So far we have supposed that the noise was a second order autoregressive process with
known parameters. By simulation we examined the behaviour of the estimators in the case if
the noise is a higher 4—5 order autoregressive process and we use a second order approximation
for the maximum likelihood estimation, the so called R-estimators (see Holevo [2]).
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npouecc myMa SABJIAETCA NPOLECCOM aBTO-
perpeccuu

B nacrosmeit paGoTe paccMaTpPUBAETCA MPOLECC y(r) = acoswt + x(1),
TIne w-JaHHAf KOHCTAHTa, a« — HEW3BECTHHN mapaMeTp M x(r) yZOB-
JIETBOPAET CTOXACTUYECKOMY DPa3HOCTHOMY YPaBHEHHD

x(t)=ax(t — 1)+ Bx(t — 2) + €(2).

[IOCTOAHHHE o M B YZOBISCTBODPAKNT YCIOBUO o + 48< 0, x(1) Impealoya-
TaeTCsA CTALUMOHAPHHM M e(r) ABIAACTCA CTAHZAPTHHM OEJHM MyMOM
C ZUCKDETHLHM BPEMEHEM.

MeTozoM CTATUYECKMX MCINTAHRUR UCCIEAYETCH MOBENEHHE pA3HHX
THUIIOB OHEHOK.

PesynpraTH NOKA3HBAWNT, YTO IIpM MAJOM YHUCJIE HAOIOZEHMit
33YMTHBAA CHEeLuaabHyl (opMy NOJNYy4YanTCA Jyumuue OLEHKM IlapaMeTpa
a (ZmoBEepMTENBHOE MHOXECTBO yXe). B ciyuae OOIBWOr0 BHOOPA
OLICHKM TaKMM OOpa30M HE CTAHYT JIyulUMM.

Ecniu mepuoz curHaza ¥4 CKPHTHit nepuoz wyMa OAU3KM ZApyT
K ZApyry, TO TOI'Za HENb3s1 OTZAEJNMUTH CUT'HAA OT WyMa.
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ON AN ESTIMATE FOR THE PARAMETER OF A MULTIDIMENSIONAL
STATIONARY GAUSSIAN MARKOV PROCESS, AND AN APPLICATION

I. Ratk6é and M. Ruda

INTRODUCTION

In the paper estimates and confidence limits for the parameter of a multidimensional
stationary Gaussian Markov process are considered. The estimate of the coefficient—matrix of
a multidimensional stationary Gaussian Markov process, under certain weak conditions, may
be reduced to the estimate for the parameter of a onedimensional real (respectively complex)

stationary Gaussian Markov process.
These latter estimates and the distribution of the estimates are given in [4] and in [5].

Through the research of a geophysical problem (the axis of instantaneous rotation of the
Earth) the authors compare the effeciency of the methods of the various estimates for the
parameter.

Computer realizations are given for the various parameter estimation procedures, and
their application to the above mentioned geophysical problem.

The estimation of the parameters and the determination of the confidence limits of one—
dimensional continuous Gaussian Markov processes can be found in the papers of Arat6 [4]
and Araté—Benczur [5].

Employing the results of these papers we give results for similar problems in the multi-
dimensional case as well for continuous as for discrete processes.

The results are valid under certain conditions; the case, when the conditions are not sat-
isfied, requires further investigations. In the final part of the paper the efficiencies of the
different parameter estimation methods are compared in connection with a geophysical prob-
lem, concerning variations of the axis of rotation of the Earth.

1. The continuous case

Let ¥(f) be a multidimensional continuous stationary Gaussian Markov process:
di(n) = A g(ndt+ dw(r),
where w(?) is a Wiener process and we assume that the real component of the eigenvalues of
matrix 74 is negative.
By Baxter’s theorem we have: if

E(dw - dw*)= Bdt,

Beérkezett: 1973. november 20.
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then
li [i(tk) _g(tk_.l)][z(tk) ; —s—(tk—l)]* =BT
max(tk—tk -—l) -

(with probability 1), where 0= ty Ly CoanS L, is a partition of the interval [0, 7', and
B is the covariancy matrix of g(t). As it is well-known, all matrices can be brought to the
Jordan fqrm.

Denote with B' the Jordan form of B:
B'= SBS—1.

Since B is symmetrical, B' is a diagonal matrix.

The elements of the principal diagonal of B’ are just the eigenvalues of B and if
5083 Sgps 58, 18 the eigenvector belonging to the i-th eigenvalue, then S = (Sil)' This
makes S unambiguous.

We suppose also, that A’ = SAS~! is in Jordan form.

Consider now the transform of the process £(¢), that is the stationary Gaussian Markov
process:

@h) dE(n) = A'E(ndt + dw'(1),
where g (n=S&(), y’(t) = Sw(?). It is easy to verify, that SBS* gives the covariancy
matrix of w'(#). Because S in unitery, the latter equals SBS~ 1 This means, that B’ is

precisely the covariancy matrix of ‘1'(1). The eigenvalues of A4 are all different (simple)
with probability 1.

Then A’ also is of diagonal form, therefore the equation (1) is decomposed in the fol-
lowing n equations:

(2) dg ()= — )\kf;c(t)dt +dw (1), 2 (T O )

where — )\k is an eigenvalue of A and A# 7\I. (i#j). As S can be determined using
B’ = SBS~! we can deduce confidence limits for the elements of A from the confidence
limits for the parameters of the transformed process.

a) 7\k is real
The process (we leave the index and the prime) is:

dE(t) = — NE(H)dt + dw(1).

We can state the following on the basis of [4]: if the observation happens in the interval
[0, 77, then
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1
;. ~ (s} —%T)+V(sf —5)2 + 2Ts3
2T

provides and estimation, where

2= SEO + BT, 5=

: jT g2 (nydt.
0

e

In the case of the given realization A can calculated from the above equation. Similarly
on the basis of [4] confidence limits can be given for A

b) A, is complex

(We leave the index k and the prime.)

The process is given by
di(t) = — NE()dt + dw(1).

Now, if £(2) = n(t) + i§(1), w(t) = @)+ iY(t), A= a — Bi (thus B> 0), from the r'elation:

din(t) + i8(N] = (= a + iB)[n(t) + i§(D]dt + d[p(1) + iY(1)]

we deduce the processes:

dn(t) = — an(t)dt — BE(1) + dy(1)
di(t) = pn(ndt — a§(t)dt + d Y(t).

The estimations for § and for a can be found in [5]:

st 5 2 s
b ioplg WLl ® ot
a a a

R>

and 3=L
2 2
2Ts5 52
a
where
1
s; = 3 [EO)I? + 1&D12),
.
$2=7TF

T

[ 1&(0)12dt,
0
T

r='7 (nd$ — tdn)

and a = b;ck (if we consider the process Ek), i.e. a isthe k-th element of the principal
diagonal of B'.
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In the case of a given realization si , sg aand r — therefore also @ and § — can be
calculated.

With the help of the table in [S] we can give confidence limits for a;
r 2a e
( 5 Bs,) \/ = has N(0, 1) distribution.

Finally we determine confidence limits for the elements of A.

Letbe S=P+iQ, A'=A4 +iA,. Then S~!=P +iQ', where
P=@+QpP'0oy', 0=-@+r0 P!
(the existence of the inverses can be proved).
A=S"14'S=PAP-PA,Q0—-Q'4,0-Q4A,P,

because A is a real matrix.

We suppose, that confidence limits can be determined for the elements of A’ (precisely
for the elements of A, and of A,) at the confidence level 1 — e (let all eigenvalues of A
have non—zero imaginary components).

By a simple calculation we obtain for the element @ of A:

Pl < oy <af)> (1 — 26" = | —e¥,
where
- n
e* = IZ' (k) f= 2E)k,
@) =P'APP-PAPQ - 0'APQ - AP P,
@)= PAPP - P4 - 0'AQ - g'4SPP,

where we denote with A{) (4'?) respectively with AV (4(?) the matrices formed by the
left (right) endpoints of the intervals at the confidence level 1 — e.

In the case where of the eigenvalues of A precisely [ are real, the “’sharper’ inequality
(1) ) F o ¥L = <
P(ai]. <ai/<ail. )2 (1l —¢€) - (1 —2)

is valid.

2. The discrete case

Let £(k) be a multidimensional discrete stationary Gaussian Markov process:

£ = QE(k — 1)+ w(k)
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where w(k) is a Wiener process and the modules of the eigenvalues of Q are less than 1.

We approximate this process by a continuous process:

dE(1) = AE(ndt + dw(1),

where A = InQ and the random variables £ L), i (2), ... are the realizations of § (t) at the
moments §, 26, ...

We can estimate A on the basis of the previous paragraph.
. It is easy to verify that from the equation Q = ¢* and from the morzlotonity of the

function e¢* follows that the confidence interval (qgl.”, q§/2)) =(e 7 ,e ) has at least the

confidence level 1 — e,

3. Variation of the instantaneous Earth rotation axis

The instantaneous rotation axis of the Earth constantly changes its position relatively to
the Earth itself.

Several authors deal with the investigation of these variations. We can mention e.g. the
paper [3] of A. M. WALKER and A. YOUNG or the paper [2] of D. R. BRILLINGER.
A model of a solution of the problem can be found also in the paper [1] of M. ARATO. As
it is known, this change — as a two—dimensional process — consists of two components: of a
component varying regularly every year and of a component varying with a period, of about
14 months. The two components are clearly indicated in the periodograms of fig. 1/a and fig.
1/b.

AN

0,41 autoregressive yearly
component period

Figure 1/a
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hrov

> A\
0,41  autoregressive yearly 0,54

component period

Figure 1/b

We apply the following model to the description of the phenomenon (see [1]). The data
(600—600 observations) were taken from the paper [3] of Walker and Young. For a comparison
we made also calculations on the ground of data published by Orlov (see [6]).

The Component with the yearly period we consider as a deterministic process, as a
sinus function with given amplitude and phase. The estimation of the parameters for this
component is a regression problem. We note, that Brillinger [ 2] subtracted simply the monthly
averages from the original process, as the values of the component with the 12-months period.

In the regression problem we assume that both components of the process is in the form

xt=A + B sin wt + C cos wt + €,

where A, B,C are constans, € is a white noise process and w = 2n/12 we have one
observation per month.

Applied the estimated coefficients A, B, C we can subtract from the original process
the yearly component.

Now we regard the residue process as a two dimensional first order autoregressive process
(see [1] and §. 2. in this work).

In our case the matrix Q, in 2. paragraph, is in form
a - b
Q=
b a

and w(#) is a white noise process with independent components.
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Let as denote

the estimate of the matrix Q, where al and 22 respectively bl and 52 are in general

not equal. Let

Q= 3, +a,),
b==(b +b)
2 >l 2

be the estimate of ¢« and b.

The estimated values for 600—600 observations: 21 = 0.87, t;l = 0.37,22 = (.39,
b, = 0.89.

We can characterize the accuracy of the model fittin with the components of the .w(¢)
residue noise process. In this case the two residue components €, and €4 have variances
0"0.34 resp. 0".035, similarly to [2]. The autocovariancie functions and the estimate of
periodograms see on the Figures 2/a, 2/b resp. 3/a, 3/b.

('k

: MA/\N/\/\/“\/\_A/\U/\«\ 5
S0

Figure 2/a
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Figure 2/b

Figure 3/a
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Figure 3/b

We can examine the properties of the €, and €,, Pprocesses by the means of various
statistical tests. On the basis of the number of the local maximum and minimum sets we can
accept that €1 and €,, are independent noise processes. However considering the serial
test can be saw that the sign of both components are changing very often that is the length
of the series is very short—although the case is similar for example at the usual library random

number generators.

The following question arize in connection with the later problem: What is the cause of
the bad fitting of the serial test, the incomplete model or the inacurate parameter estimate?

An other question: Does the above mentioned model present any reason for the change
of the original process, which is not connected with the 12 and 14 monthly periodes?

Note: We made the various parameter estimates using the time series program package of
the institut.
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00 oLEeHKe NapaMeTpOB MHOI'OMEPHOI'0 CTAalMOHap-
HOT'O I'ayCCOBCKOI'0 MapKOBCKOI'0 IIpoliecca u €€
[IpUMEHE HUE

B Hacrosue#t padore AAWTCH OLUEHKM MapaMeTpa I'ayCcCOBCKOI'O

MapKOBCKOT'O Ipolecca, ¥ ONpeAeNsinTCA AOBEPUTENBHHE TI'DaHULH .
[lpuMepoM ¥3 NPaKTMKUM pemaeTcs reofus3MuecKas 3azaya.
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ON THE MAXIMUM LIKELIHOOD ESTIMATION OF AN AUTOREGRESSIVE
MOVING AVERAGE PROCESS WITH ERROR

A. Abd—Alla
INTRODUCTION
Let e(z), t=0,+1,%2, ..., be a sequence of uncorrelated normal random variables
with mean zero and constant variance og. Let the process X(f), t= 0, 1,12, ... with

mean E[X(f)] = 0 and variance E[X(t)]2 = oi, be stationary autoregressive process of order
P,

(1) X(t)=d>lX(t—l)+...+4>pX(t—p)+ e(r)
We suppose that the constants &, ..., (bp are such that moduli of the roots of the equation
(2) =B PN @ PP =~ B, =0

are less than unity.

Let the process Y(¢), r=0,+1,+2, ... with mean E[Y(f)]= 0 and variance
E[Y(0)? = a%, be completely random series. i.e. is a sequence of independent random variables

with common normal distribution. It will be assumed that the process Y(7) is the observation
error which is additive and independent of the original time series X(#). Thus if Z(¢#) denotes
the observation at time ¢ then we have

(3) Z(n= X+ Y@

From our assumptions it follows that the process X(f) and therefore the process Z(¢)
too are normal.

1. The likelihood function in general case

Before we discuss the likelihood function in general case we are going to get the inverse
of the covariance matrix of the process

) W(t) = e(t)+ Y(1) ~®, Yt~ 1) — ...~ & Y(t —p)

From (1) and (3) the process W(¢) is given by

(5) 20— Z(t— 1)~ ...~ B 2t —p) = W(1)

Beérkezett: 1974, junius 18.
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Since the means of the process Y(#) and e(f) are equal to zero, the mean of the proc-

ess W(t) is equal to zero and its variance is given by
98 D 2 2 2
(6) ow—oe+oy(l+d>1+...+<l>p)

It is clear from (4) that the covariance function vy (9 of the process W(#) is equal to

zero for |s| > p and the covariances »(1),v(2),...,v(p) are given by
2
()= - ()Y(fb1 — <l>ld>2 — ¢>2<I>3 —- .. —<l>p_ 1<I>p)
5 2 A _
v(2) = — oy(fb2 d>ld>3 d>2<1>4 - .= d>p_2<l>p)
- 2
v(p) = — oyd>p
If 81,8,---:8, are defined by
1
Ow
- _ @)
& 2
Oy
then the covariance matrix X, of the random variables W(¢), (t=1,...,N) is
D
7) Iy = owAN

where the matrix A, is given by,



e o

1 _gl —82 - gp 0
o gl 1 g gl = gp -1 0
_g2 —gl 1 _gp— 2 0
Ay = ‘
-8 —&_1-8_, 1 0
0 0 @ i 55 B |
Let U be the matrix define by U= {Sr i s} where §  is Kronecker delta. The

matrix A, can be written in terms of U as follows
Ay=11-g U +U)—gU +U?) —...—g U + 1P
Hence the inverse A;,l of A, is
®) A =g U +U) g + U~ ... g U+ )"

N 2 ;
= 2 (g, U+ V) + g, U + U+ ...+ g, W7 + UP))

The approximated value of AZ!; For small values of 88,8, Wecan neglect
the terms of orders o(g?),0(g3), . . ., o(g:) and then the approximated value of A, is
given by

P i ! P ’
Ayl ~ 1+ };g,.(U" +UH+ [Zl'g/(U'/ + U2
£

i=

First we are going to obtain the joint density function of the random variables
W(1), W(2), ..., W(N). For any set of real numbers w(1), w(2),...,w(N) the joint density
function Pway. w, .. .. wuv)(w(”’ w(2),...,w(N)) of the random variables
W(1), W(2),...,W(N) is given by

(10) Pway, waa, . ..., wanW(1), W(2), ..., wN))

N 1

L - N :
= am Zizyl Texpl- 2 widdw())
S d N
= (2Hof‘,) 2 1Ay | 2exp[—:l—_2 w(ia’w(j))
203 bit1
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where {a”} = Ay! and it is given by (8) and Z~! ={¢"]}. Let us suppose that
i D= B T oo o Z(0) = O,

Now we are going to obtain the joint density function of the random variables
Z(1),2(2),...,2Z(N). For any set of real numbers z(1),z(2),...,z(N) the joint density
function Pz, z@2). . .. ,zm(z(l),z(2), ...,2z(N)) is given by

(l l) pz(l)’z(z)’. e .'zw)(z(l))z(z)’ W R ,Z(N))

= Pocty, Wy, ... wan@(1D> 2D — @,2(1), ..., Z(N) — @, 2(N = 1) — ... — & _2z(N — )

where the jacobian of transformation from W(1), W(2),...,W(N) to Z(1),Z(2),...,Z(N)
equals to unity. From (10), (11) the joint density function of Z(1),Z2(2),...,Z(N) is given
by

(12) pz(l)’z(2), s o ,Z(N)(z(l)’z(z)’ AL Z(N))

. N
= (2102 2 1A 2 =0 F D=2 1=
(2May,) “ 1Ay exp[Zoﬁ, i,/=1'2(l) 2= 1}
— .. =@,z —plalz() - @ 2G - D ... - @,z - p)}]

Equation (12) gives the exact likelihood function if {a¥} = Ay! is given by (8) and the
approximated likelihood function if A;,l is given by (9).

2. Special cases

2.1 First order autoregressive process with error: In this case the matrix A, is given by

- o
1 -8 0 O 2 5= 0 a0
0 =g 1 ~8y - 0
0 0 = 1 0
Ay = : . . .
i 0 0 0 0 1 i
Where
2
K oy ®,
31 »

o + 02 (1+ %)
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Ay =1-g (U +U).
The inverse of AN is
y
(13) Ayl ={d"}= ‘% (g, (U + L))

From (13) &7 can be written

(14) a” = b + o(g?)

where
[ 1+g i=j i,j=1,N
1+ 28 i=j Ll=2,3;.4
= { gyl 1< 1j—il<2
i 0 elsewhere

Supposing that Z(0) = 0, the likelihood function is

(15 Pz, za,...,z0# 122D, . .., Z(N))

N 1 N
- 25 2 Q3 -1 .
= (2ﬂaw) |ANI exp [2—02‘; “Z:] {z(z) -

— @ z(i — D}a¥{z(j) — ®,2(j - D}

Where a” is given by (13).
The determinant |A, | (See [1]) is given by

(16)  |Ayl=[1+g}(1 —N)]+ og}).

N =1

Neglecting all terms of o(gf) in (14) (15), it can be easily by using (14), (15), (16)
show that the logarithm of the approximated likelihood function is the same as that obtained

by Abd—Alla, Benczur (see [1]).

2.2 Second order autoregressive process with error: In this case 8,,8, are given by

2
Qloy(l —<b2)

02 + ai,(l + ‘bf + ‘b%)

8 =



i

2
B ®, 0%

g —J
o2+ 0l + 91+ 92)

the matrix A, is given by

'2
(A7) Ay=-g U +U)—g,U" + UY)]
and Ayl is

N 2 :
Apl= i;’)[gl(u' +U) + g, (U + UY)Y

If 8,8, are small and neglecting all terms of order o(gf),o(g%) then
2
Ay~ T+ (U+U)+g,(U" +UH)+ U+ U) -
2 2
(U +U)+ (U + U2)U" + U +g,g,l(U + U) -

2 2
(U™ + U+ (U + U3)U + Uy

Supposing Z(— 1) = Z(0) = 0, the likelihood function is

(18) pZ(l)’Z(z) _____ Z(N)(Z(l); 2(2)s L 9Z(N)

2

N 1
2 1Ayl Zexpl—r > {z() - @, 2 — 1)
20%, L,j=1"

= (2I10§,)

~.

- @,2(i — D}a"{z2(j) - ®,2G — 1) — ®,2( - D)}]
where {a”} = A;,l and it is given by (17).
2.3 First order autoregressive moving average process. In this case the process is
(19) X(@) =D X(t = 1) = €(f) — B e(t— 1),

the process W(t) is
W(1) = e(t) — ©, €t — 1),
and g, is given by
e,
1+ 0?2

(20) By =
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Supposing that X(0) = 0 the joint density function of the random variables
X(1), X(2),...,X(N) is given by

(21) Px), x@, ..., xm*(1), X(2), ..., x(V))

Ayl

|-

= (263 -

exp [
20w )

M=

(x()) —

=1

S~
b

- ® x(j - 1) % (x(k) — @ x(k - 1))]

Where a/* s given (13) with g, given by (20).

Equation (21) gives the likelihood function. It is difficult to obtain numerically the
maximum likelihood estimation of the parameter &, from this (as a’*  are polinomials of
® ). This is one of the reasons to obtain an approximated likelihood function (when &, = 0).
From (14), (16), (21) the logarithm H * of the approximated likelihood function (neglecting
all terms of order o(gf)) is given by

@  #'=-Digene) -—, - 20,5, +
202
w
+¢ZS)—£l—S ® (S, +S5,)+ 028
123 o2 ( s I Vs 3 1 5)‘
W
2 2
1 2 Oy
—;2—(57 - B, (25, + 5, + 5;)+ BUS, + S) + =L (1 —N))
w
Where
{!, N
S, = 2 x(Dx(G— 1) Sy= 2 x(Dx(-2)
j=2 j=3
y y
5= 2 X2 1) S, = 2 x()x(j - 3)
I=2 1:4
y Y,
S = 2 x(j — 1)x(j — 2); S, = 2 x( — Dx(j - 3)
I=3 I=4
$ o,
S7=i/_:_.'l.x (])

H* contains three unknown parameters ®,,07,(©,),g, = g, (©,). We are interested only

. . . . . . 2
in estimating &, . First we are estimating o}, ,g, and after that we get an estimate of o, .



— 38—

QE—: = (0 gives
3P,
(1) (1) 2 n(1)
(23) - Dy + g5+ 5 D3
17 DO 4 g DD 4 g2p@
~ i Tl 13
Where
(B - @ _
D=5 ; DP =5,
() o . 2 o
D -—Sz+S3, D3 =28
1 2
DOV=98 + 8, +8. DI = 38 + 8)

If 61—>0, g, — 0 and (19) will be have the form

X(t) — ®, X(t — 1) = €(2)

which is the form of the first order autoregressive process. Further from (23) if ©, — 0 we

get
N
Zz x()x(j — 1)
lim @, = I ;v
I £
’ ,Zz x2(j)

Which is the conditional maximum likelihood estimate of the parameter ®, of the first order
autoregressive process obtained by Araté (see [3]).

+
31’2 =0 snd using (23)
80“,
(3) 3) 4 ,2p3)
@ el P& TEDs
W™ D@ 4 o D@ 4 2p@®
1 & V" T &1P;
Where

3) .- (2)42 1) p(2 (1),2
DY) = S(D\P)* — 28, DPDD + §, (DY)

3) _ 2) (2 (1) p(1) (1) n(2)
1)2)_201)1)2 284D DSY # DDA +

1 1) 4 2 1 2 1)y2
+ 25, VDY + 2DP)? — %S, + 5,)DDP + 25,(D)
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DY) = 5,(D¢N? + 28,D2DP) — 28, (DYDY +
+ DPDP + D{PDP) + 5,[(D§P)? + 2D{VD{V) + 4DPDP - (S, + S,) -
o (D{PDYP + DVDD) + 45,DVDP + 25, (D)2 — 2(2S, + 5, + ;) *

(1) n(2 (1),2
» DD + (55 + S)DYY)
D(l4) = N(D(xl))z

D = aND{V DSV

DY = MDM)? + 2DV D)

oH*
agl

= 0 and by using (23), (24) we get the following second order equation for 8
@25 O g C+pc =0

Where

C, = 5,0 DP)? — (S, + $;)DPDVDP + 5,0V DV)?

C, = 5,[209DPDP + DPDP)?] - (S, +
+ S0V DPDP + DPDYIDP + DMDIVD) +
+ 8;[20¥D{ DY + DP(DV)?] + 45, DD (DP)? — 4(2S, + S, + S,) *
- DPDPDP + 4(S; + SODW (D)2 + 2(1 - MDD (D)2

C, = 5, [0V + 2P P DY + 20DV D2 +
+ DPDPR1— (S, + S, 0P DV DP + DPDPD® + DPDNDDy +
+ S, M @Pn* + 20WpPptd 4 2pWpipllys pWintiey4
+ 85, DVDPDP + 45, DP(DV)? — 425, +5,+ S,) -
» (MDD + DY DPDP + PP PPy 4
+ 45, + SOIDP DD + DP (D)) + (1 - MDD DD DP +

@) (p(2))2
+ 2D,"(D7)°]

It was found by simulation that the roots of equation (25) were real and the root
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It was found by simulation that the roots of equation (25) were real and the root

g -G, - V(C2)2_4C1C3
A= 2C

is positive and near to the true value of g,. Using g, as an estimate of 8> the approximated
maximum likelihood estimation @, of the parameter &, is given by

(1) (1) 2 (1)
(/13 by D3 & gy D5 + gDy
1 (2) (2) 2 n(2)
D" + g, D" + gDy

It seems difficult to investigate the behaviour of @, theoretically. By Monte—Carlo*
method, the mean, the variance and quantiles were obtained for some values of P, and 91

while 03{ was taken fixed and equals to unity in each case.

The same values were obtained for the estimation <I>w — Walker’s estimate (see [4])

1 N-2
. =g & D+
¢ = A2
T el
o - x(7)x(j + 1
N—1 /5 x(N)x(j+ 1)
CONCLUSIONS

_ The results of simulation are given in tables (1-5). ZP1 denotes the quantile on the level
p = 0.1, ZP9 on the level p = 0.9, THETA denotes for the value of the parameter ©, and
THE UNKNOWN PARAMETER for the true value of ®,.

It must be noted from the tables that

1. If the parameter @, is near to one the Walker’s estimate is not worse than the approxi-
mated likelihood estimation. In case ©, < 0.1 the approximated maximum likelihood
method is more suitable than the Walker’s estimate as it is shown it tables (1—3).

2.1f the parameter &, is small the Walker’s estimate is not applicable and the approximated
maximum likelihood estimation is better (See tables (4—5)).

#*In each case N=100 and the number of repetition is 100.



FABLE( 1)

THE RESULTS OF THE SIMULATION IFATHE UNKNOWN PARAMETER 0.993
BY  USING BY  USING
APPROXIMATEND MAXIMUM LIKELIHOCD WALKERAS ESTIMAYE
METHOD
B THETA
ME AN VARIANCE ZP1 2Pq MEAN VARIANCE] ZP1 ZP9
0.1000 0.97607 0.00064 0.94529 1.00066 0.95848| 0.00068 0.93657 0.98000
0.0500 0.97099 | 0.00076 | 0.92783 | 0.<995; 0.94879 | 0.00084 | 0.90136 | 0.97947
0.0100 0.97731 | 0.00060 | 0.94401 | 1.00164 0.95621 | 0.00072 | 0.91687 | 0.98097
0.0050 0.97892 0.020063 0.93693 1.00411 0.95603 0.00075 0.91728 0.97745




TABLE( 2)

THE RESULTS OF THE SIMULATION IFJTHE UNKNOWN PARAMETER 0.903
BY USING BY USING
APPROXIMATED MAXIMUM (LIKELIHOCD WALKERJS ESTIMATE
METHOD
THETA
MEAN VARIANCE ZP1 P9 MEAN VARIANCE P4 P9
0.1000 0.85786 0.00369 0.77796 0.%1743 0.86524 0.00295 0.79263 0.92406
0.0500 0.87320 0.00265 0.80923 UeC345¢ 0.85695 0.00391 0.76148% 0.92167
0.0100 0.8822¢ 0.00216 0.82948 0.93080 0.85755 0.00290 0.77755 0.92379
0.7050 0.88983 0.0022% 0.81191 0.S6415 0.86114 0.00400 0.76258 0.93418




TABLEC( 3)

THE RESULTS OF THE SIMULATION IF3THE UNKNOWN PARAMETER 0.709
BY USING BY USING
APPROXTIMATED MAXIMUM LIKELIHOCD WALKERDS ESTVIMATE
METHOD
THETA
MEAN VARIANCE ZP1 P9 MEAN VARIANCE P4 P9
0.1000 0.64368 0.00697 0.53189 0.76265 0.6k952 0.01541 0.47957 0.78407
0.0500 0.6730% 0.00664 0.56629 0.77032 0.66901 0.01281 0.52561 0.7853%
0.0100 0.69443 0.00594 0.61061 0.78645 0.68100 0.00766 0.562580 0.79330
0.0050 0.68796 0.00564 0.57838 0.78284 0.67951 0.01277 0.52077 0.830660




TABLE( 4)

THE RESULTS OF THE SIMULATION IF3THE UNKNOWN PARAMETER 0.500
BY USING BY USING
APPROXIMATED MAXIMUM CLIKELIHOCD WALKERQ3S ESTTIMATE
METHOD
THETA

MEAN VARTANCE 4 | 2P9 MEAN VARIANCE P4 ZP9
0.1000 (S LR T 0.00987 0.27703 0.57170 U.46180 0.05817 0.122641 0.72776
0.0500 0.45682 0.01118 0.3219¢ 0.%9492 0.46374 0.05283 0.17071 0.72378
0.0100 0.48315 0.00735 0.36910 0. 59224 0.43639 0.03396 0.15776 0.64969
0.7050 0.49750 0.0N664 0.38912 0.€0710 0.46270 0.04620 0.13882 0.72367




TABLE(5)

THE RESULTS OF THE SIMULATION IF3THE UNKNOWN PARAMETER 0.109
Y USING 8Y USING
APPROXIMATED MAXIMUM LIKELIHOCD WALKERGS ESTIMAYE
METHOD
THETA
MEAN VARIANCE ZP1 P9 MEAN VARIANCE ZP1 ZP9
S
0.0500 0.04098 0.J0919 |-0.08249 0.16889 ~0.79964 | 62.81877 |-3.45342 3.97395
0.0100 0.08282 0.01000 |-0.05507 0.2124% 0.64195 6.73722 |=-1.1812% 3.52756
0.0050 0.08942 0.01115 |-0.04719 0.21958 ~3.25161 | #8838 % [ -3.41685 251768
0.0010 U.10083 0.70910 (-0.03203 0.21599 -45,06288 | *¥e¥evey | -3.06425 1.38460
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Pe a3abue

OEeHKA MaKCHMANBHOTO MPa&BAOMOZOCHA AAA
nponecca aBTOPETPECCHOHHOTO~CKOMIBSARETO
CYMMMPOBAHHA C HyMOM

B arofft craThe pacCMaTPHBAETCHA ONECHKA MAKCHMMAaJBHOI'O NPAaBAONO-
ZO0OMA ANA NMapaMeTpoB Npolecca aBTOPErpPEeCCHM HA OCHOBE OMHOGOYHOTO
HaoaoneHuA. OYyHKIHMA MAKCHMAJABHOIO NPABAONOAOCHA ONpeZelAfAeTCH
Yyepea MaTpuUly OOpaTHYD K MATDHIE KOBapUamMM >, NMpomecca W =
=2M+YW)- D Y(r—1)-d, Y1~ 2) - ...—®,Y(t- P), Y(1) NpeACTaBAAET
omuOKy HaOADZAEHHSA.

JlaeTca OLEHKA MAaKCHMAJIBHOTO NPaBZONOXOCMA NMpomecca aBTOpEr-
peccHu NepBOro ¥ BTOPOrO NMOPAAKE, NOAYYEHHOI'O HA OCHOBE OmMUGOY-
HEX HadapzeHu#, a TaKxe €ro annpoxCMMHpDOBaHEAs opua.

PaccuaTpuBaeTCsi Takke 8BTOPErPECCHOHHHW Npomecc NnepBOTO
nopaaka. PacnpezeneHde ONEHOK HaiZeHO C NMOMOWBED CTOXAaCTHYECKOTO
MOZCIUPOBAHHKA .
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SIMULA 67 SZIMULACIOS ALKALMAZASAROL EGY
TELEFONFORGALMI PROBLEMA KAPCSAN

Knuth El6d

Intézetiink Valoszinliségszamitasi és Matematikai Statisztikai Osztdlya a Beloiannisz Hira-
dastechnikai Gyar megrendelése alapjan szimuldcios programot készitett ismétléses telefonhiva-
sok altal terhelt telefonkézpontok vizsgalatara. A szimulacios program SIMULA 67 nyelven ké-
szult a CDC 3300-as gépre.

Az alabbiakban roviden ismertetjiik a problémat, majd néhdany olyan dologra hivjuk fel a
figyelmet, mely minden hasonl6 szimuléacios feladatnal felmeral.

A teljes szimuldcios programot, tovabba a szimulaci6 segitségével nyert eredményeket és
ezek értékelését ebben a cikkben nem kozoljik. Ezt a BHG Telefonfejlesztési Osztilya a kozel-
jovében publikélni fogja.

Ez a cikk két szempontbol tarthat érdekl6désre szamot:

1. SIMULA 67 szimulacios subset alkalmazasa. (A probléma ugyanis tipikus példa a szimu-
liciés lehetGségek alkalmazaséra.)

2. Id6ben lejatszodo parallel folyamatok szimulédcidja. (Az adott probléma megoldasara
ugyanis a SIMULA altal nyujtott quasiparallel sequencing nagyon hatasos eszkoz.)

A feladat

Elegend6 mindenkinek sajat hétkoznapjaira gondolni, hogy rogtdn észrevegye:

A telefonkdzpontokat, mint tomegkiszolgdlé rendszereket valojaban nem egyszeriien hiva-
sok, hanem beszélgetési igények terhelik, melyek tobb hivasbol allé sorozatokat is jelenthetnek,
ha valamilyen okbél az igény azonnali kielégitése akadalyokba titkézik. Ilyen ok lehet az, hogy
a kozpont terheltsége miatt a kapcsolds nem tud létrejonni, vagy létrejon, de a hivott massal
beszél, esetleg tdvol van.

Ilyen esetekben a hivo, a sikertelenség okdtol és eddigi kisérletének szamatol fliggéen, bi-
zonyos valoszintiséggel bizonyos idé mulva megismétli hivasat, vagy pedig feladja a tovabbi kuz-
delmet. Ezekre a val6szin(iségekre és az ujrahivasi id6 eloszlasira vonatkozoéan a kiilonféle tize-
meltetd és fejlesztd cégek ma mar nagy mennyiségli mérési adattal rendelkeznek.

A fentiek alapjan egy igény miikodését az alabbi blokksémaban vazolhatjuk fel:

Beérkezett: 1974. jilius 17.
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A fentieknek megfeleléen az igények szerkezetét, miikodését az alabbi formdban irhatjuk le:

process class hivis;
begin integer ismétlés;

vonal vizsgalat: ismétlés:= ismétlés + 1;

if szabad vonalak szama=0 then

begin if draw (ismétlési valoszinliség 1 [ismétlés],.) then

begin hold (sziinet);
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go to vonal vizsgdalat
end
else eltavozas
end
else
if hivott jelentkezik then beszélgetés
else begin if draw (ismétlési valoszinliség 2 [ismétlés],.) then
begin hold (szlinet);
go to vonal vizsgalat
end
end
end hivas;

Ha ebben a leirasban a csak sematikusan feltiintetett akciokat mar pontosan kidolgoztuk, a
szimuldcio az alabbi egyszeri programmal bonyolithato le:
while time < szimulacié hatara do
begin activate new hivas;
hold (negexp (beérkezési stirtiség,.))

end,

A hivas” leirasara itt megadott process természetesen nem elegendé a kiszolgalé rend-
szer mikodésének értékelésére, hiszen hianyoznak beldle azok az utasitdsok, melyek a vizsga-
16 karakterisztikdkra vonatkozé mintavételeket és szamlalasokat végzik. Ezeket értelemszeriien
kell a megfelelé helyeken elhelyezni. Az dltalunk megadott process természetesen ettdl fugget-
leniil helyesen szimuldlja a vizsgaland6 folyamatot, csupan nem ad életjelt magarol.

A megfigyelés problémadja

Ebben a pontban egy olyan problémara utalunk, mely minden hasonlo feladat megolda-
sakor fellép, és megmutatjuk, hogy a SIMULA 67 ennek megoldasira milyen eszkdzoket nyujt.

A szimuldcio soran nyert eredmények altaldban sztochasztikus folyamatokon értelmezett
funkciondlok becslései, melyeknek értékét vagy a teljes realizaciok figyelembevételével, vagy
statisztikai mintavételek alapjan szamitjuk ki. A szimuldcios folyamat elinditdsakor a rendszer
altalaban valamilyen kiilonleges, szélsGséges dllapotbol indul ki, és csak bizonyos idé elteltével
valik stacionariussa.

Nyilvianvalo, hogy a fenti szamitdsok nem lesznek redlisak, ha ezt a kezdeti id&szakot is tartal-
mazzak.

Most bemutatunk néhany programozasi fogast, mellyel ez az elkulonités igen egyszeriien
megoldhato.



= 8 =

1. Mintavétel, mint ’’process”.
Ha valamilyen karakterisztikdt bizonyos id6szakonként végrehajtott mintavételek utjan
akarunk becsiilni, elegendd az, ha a mintavételt elvégz6 utasitasokat egy process osztilyban ir-

juk le, ezdtal aktivizalasat az idGtengely szerint szabadon vezérelhetjik.
process class minta;
begin array eloszlas [ : |;
C: mintavételi utasitasok;
hold (mintavételi id6ko6z);
go to C
end;

Ebben az esetben a ’bemelegités” kiillonvalasztdsa trividlisan oldhaté meg generalaskor:

activate new minta delay bemelegités;

2. Vvirtual”

A vizsgaland6 karakterisztikdk sok esetben olyanok, hogy megfigyelésiik csak magaban a
“hivas” process-ben lehetséges, mert annak miikodésével kapcsolatos eseményekre vonatkoz-
nak. Ebben az esetben a regisztralast végzs utasitisok helyett virtuélis eljarasokat alkalmazunk,
majd bevezetiink egy specidlis ”hivas’ osztalyt, mely semmi masbol nem éll, csupan ezen elja-
rasok tényleges definici¢jabol:

process class hivas;
virtual: procedure A; . . .stb .. .;

begin

(a mar ismertetett torzs)

end;

hivés class valoédi hivas;
begin
procedure A; . . . stb.

(az eljarasok tényleges definici6i)

end H

Szimul4ciés programunk ezekutan igy fest majd:
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while time < bemelegités do
begin activate new hivas;
hold (beérkezési id6ko6z);
end;-
while time < szimuladcié hatara do
begin activate new valodi hivas;
hold (beérkezési id6koz);

end;

3. Ycall”

Az elébbi kérdés egy masik uton is megoldhat6é, mely abban 4all, hogy a megfigyelések el-
végzése helyett egy objektum hivadsit iktatjuk be a process-be call segitségével, és a bemelegi-
tés idGtartama alatt ezt az objektumot “liresen’’ tartjuk, majd alkalmas id&pontban beletdlt-
juk a sziikséges utasitdsokat.

Ennek vazlata a kovetkezd:

process class hivas;
begin

call (regisztrator);

end 8
ref (regisztralo séma) regisztrator;
class regisztral6 séma;

begin
C: detach;
inner;
go to C
end;

regisztrdlé séma class A tipusi megfigyelés;
begin
megfigyelést elvégz6 szamitdsok leirdsa;
end;

Ebben az esetben szimulaciés programunk a kovetkezd alaku:

regisztrator: — new regisztralé séma;
while time < bemelegités do
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begin

end,;

regisztritor: — new A tipusu megfigyelés;
while time < szimuldcié hatara do
begin

end;
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Summary

On the application of the simulation subset of the
SIMULA 67 language, a tele—traffic problem

The paper shows a tipical application of the simulation subset of the SIMULA 67
language, and some special programming technics to obtain correct statistics of the simulated
process.

Pe 3nouMe

O nmpuMeHeHuu fAsHKa CUMYJIA 67 cBA3aHHO C
onHoit TeneOHHON CHUCTEMH

B aToif padoTe MM IOKa3HBAEM OZHO TUIMUECKOE NpPUMEHEHMUe
fA3HKa CUMYJA 67, M MeTOZH YZAOPKM CTATUCTUUYECKON oOcepBauuu
MOZIENUPOBEAHHHX CHCTEM.
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THE CONNECTION BETWEEN GAUSSIAN MARKOV PROCESSES AND
AUTOREGRESSIVE-MOVING AVERAGE PROCESSES

A. Kramli and J. Pergel

In this paper we examine the connection between stochastic difference (differential)
equations and multidimensional Gaussian Markov processes. We are using the definitions and
notations of [1].

Definition 1. We call a stationary Gaussian process §(n) an autoregressive moving
average (ARMA) process if it satisfies the equation

3 :
(1) En) = '_Zaif(n—l)+i:lb‘e(n~l)+e(n)

=1

where {e(n)} is a sequence of independent, identifically, distributed (i.i.d.) Gaussian random
variables, and e(n) is independent of A" ! (§).

Theorem 1.The equation (1) has a unique stationary solution if and only if all zeros of the

i

[+ 4
characteristic polynom of the autoregressive part p, (p) = p* — 2 a;p*" "' are inside the
i=1

unite circle. In this case ¥(u) is the first component of a k = max {a, g+ ]} dimensional
stationary Gaussian Markov process.
g = V@, ... . 890)
Proof. Let us assume that £V(¢) = &) and consider the system of equations
(2) Em=*Dn-1+C_,en) if i<a-1
B+1

4
@) () = Dn —
&m t‘-Z:a“”"E( = i=a+1

b 180 — 1) + Co _e(n)
£ D(n) = e(n)
Fa+D () = gari-D, if l+a<i<pg+1

(Naturally in the case a« < the suitable terms and equations are omitted.)
If the constants ¢ (J=cy...(a— 1)) satisfy the equations

(1) c0=l
¢, —a, c0=bl

Beérkezett: 1974. szeptember 2.
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then the system (2) is equivalent to the equation (1). It is easy to see that the characteristic
polynom p,(p) of (2) is equal to p,(p) if < a, and pﬁ * lpl(p) otherwise. So the
system (2) of stochastic difference equations has a unique stationary solution, which is a k-
dimensional Gaussian Markov process and its first component will be the unique stationary
solution of the equation (1).

Q.E.D.

Remark 1. The solution of the equation (1) can be obtained in a constructive way similarly
to the first order autoregressive process

(4) = 2 c e(n—k)

Proof. Indeed, if the coefficients ¢, satisfy the infinite recursive system of equations
(5) gy = 1

cl—alc0=b1

=b., if k>a,

(44
Cp ~ 2 Y i ™ Oy
i=1
(notice that the first a equations concide with system (3)), and kZ ey 12 < oo then the
=1

process (4) is a correctly defined stationary Gaussian process satisfying (1).

As b, =0 for k> p, and the roots of characteristic polynom p,(p) are inside the
unite circle, system (5) has a unique solution with the desired property.

A multidimensional Gaussian Markov process £(n) has the representation

£ (n) = kZ; Q" €(n— k). As the matrix Q satisfies its own characteristic equation:
a 3
¢ ,Zl'a,-Q““' =0,
’ =

all the elements of { Q"] satisfy a recursive system of equations similar to (5), therefore

1
the components of §(n) are sums of ARMA processes. Notice that if &(n) = kZ d, EB ),
— =1

a [}
where %) (n) = .Z;a,’é(n -+ ‘Ff) bgg) €®(n—i) and {e®(n)} isa sequence of i.i.d.
‘ = ‘ =

Gaussian vectors, then §(n) is ARMA process. So we get the converse of theorem 1.

Theorem 2. Any component of a multidimensional stationary Gaussian Markov process
is ARMA process.
In the continuous time case the equation



—h Oy =

o
(1" £ = ,Zl’a,é‘“ Dy + ‘fl bwB 240y + w'(n)
5= =

would correspond to equation (1). Before giving an exact meaning to (1’) we try to solve it
formally. For this purpose we need the following.

Lemma 1. If the function f(t) is differentiable and

[ UADR + 1 (D12)di < o,
0

then

t+h

t
(6) [ f(t+ h —s)dw(s) — [ f(t — s)dw(s) =

— 5)dw(s) + f(O)(w(t + h) — w(D)).

The proof can be carried out by changing the order of integration. The relation (6) formally
can be considered as a ’rule of differentiation”:

t ] t
(7) ( [ £t —s)dw(s)) = [ f'(2 - s)dw(s) + FOW'(2).

t
We are looking for a solution of (1°) in the form &(r) = [ f(t — s)dw(s), suggested by the

representation of the first order autoregressive process. If < a, then there exists a unique
function f(r) satisfying the homogeneous differential equation

(4
(8) f(a)(,) . z; aif(a —D(I) =0
i=

and the initial conditions

©  f0)=1
£'(0) —a, - f(0) = b,

a-1

fE=0. F g fRI=Vap.
i=1

@Gt 1>8; b,=0).
Using the formal differentiation rule (7) we may convince that

t
(10)  En= [ f(t— s)dw(s)

is a formal solution of (17).
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43
. If the roots of the characteristic polynom p,(A) = A& — 21' a,.)\“" have negative parts,
' =

then flf(')(t)lzdt <o forevery i= 0,1,... .In this case the process £(¢) given by (10)
0

is a correctly defined stationary Gaussian process. We may assume (10) as the definition of
continuous time ARMA process. (We notice that for > a (1°) has only generalized solution.)
For continuous time ARMA processes theorems corresponding to theorems | and 2 are valid
too:

Theorem 3. A continuous time Gaussian process £(t) is ARMA if and only if it is a
component of a multidimensional stationary Gaussian process §(1).

Proof. The first part of the proof is obvious. The a-dimensional process |£?} =

t
={ f 9~ s)dw(s)} (i=0,...a — 1) satisfies system of equations:

(11 dt® = g+ D) + caw(t), i=0,...,a—-1,

a-1
ds(a =1 = ,?5’6 aa 2 ,E(i) + Ca = ldw(t)l

where ¢, = f9(0).
The converse assertion can be obtained similarly to the discrete time case, using the integral
representation of a multidimensional Gaussian Markov process, and the fact that the matrix

(A t)('), where the

a1
function €' satisfies the differential equation (e?)® = _Z('-) @
i=

coefficients @, coincide the coefficients of the characteristic polynom of A.

Remark 1. If we suppose that 3> a« we would have to add further equations to system
(11) among them the equation dt®*V(¢) = dw(f) which has no stationary solution. This is
the reason of the additional condition < a.

Remark 2. The system of equation (11) has the following visual meaning: an ARMA
process £(1) is not differentiable in general — but by the addition of a suitable Wiener process
it becomes differentiable. This procedure can be continued up to the (a — 1)-th derivative

of §(1).

Remark 3. Combining theorems 1., 2. and 3. with Doob’s theorem (see [2]) we get that
the discrete time sample process §(n8) of a continuous time ARMA process £(¢) is also
ARMA. But, the sample process §(nd) of a pure autoregressive process isn’t generally a dis-
crete time pure autoregressive process, because if a matrix 4 has the form

0 1 0
0 1
0 0 1
a4,

its exponent e4% has not the same one.



. .

In this work we have avoided the spectral approach to stationary processes because of
the necessity of deep analytic tools. But in some technical applications the spectral density
function has a simple visual meaning and it can be easily measured. For this reason we breefly
summarize (without proofs) the basic facts concerning to the ARMA processes. A regular
discrete (continuous) time stationary process has the representation (see [3])

2m .
(12) £(n) = Je"“"g(w)dww)

(13) &= [ eMadwn)

where w(yp), w(A) are standard Wiener processes (’random measures’), and functions g(p)
resp. h(A) can be analitically continued to the open unit circle resp. upper halfplane. The
sequence of i.i.d. Gaussian random variables (resp. the white noise process) corresponds to
the identically constant function on the interval (0, 2m) (resp. (— o, =)). Using this fact we
can easily find the connection between the “moving—average’ representations (4) and (10)
and the spectral representations (12) and (13):

3. o
= Z3C em‘p,
&ly) =Cn

0 i\
h) = [ f(-9eds.

Using the formal correspondences

E(n) ~ g(p)e™?, E(1) ~ h(\)e'M
£'(1) ~ h(\)ine'M

w'(t) ~ ¢'M we get for ARMA process the correspondencees

g8

5 i .
"‘{:JO bnf’ np n;:%) bn (l)\)n

8(p)=—% ; Q)= ———

by, - ing N )7
=l 4 £ (ix
n=0 “n n=0 n .

In continuous time case we can see from the form of Ah(\) that in the case = a
the integral of the spectral density function |#(\)|> would be infinite. By physical reasons
such a system can’t exist.
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Pe 30ME

CBA3P MEXAYy NpolecCaMy I'ayCCOBCKOI'O MapKOBC—
KOO THUIA M TUIIA 8BTOPEI'DECCH C KOHEYHHM

CKOJB3fAllMM CYMMHDOBAHMEM

B craThe 2JIEMEHTapHHMU METOZaMH NO0KAa3HBAETCHA, YTO I'ayCCOB-
cKuit mpollecC YZOBIETBOPAET CTOXACTHYECKOMYy pasHocTHOMY (zudde-
pesnuanpHoMy ypaBHexuo TMma I (I°) trorza ¥ TOXNBKO TOrZa, KOrZa
OH ABIAETCH KOMIIOHEHTOM MHOT'OMEDHOTO CTAllMOHAPHOI'0O I'ayCCOBCKOI'O
MapKOBCKOTO mpouecca. [ponecc aABiANMuACA pemeHUeM ypaBHEHUA |
(I’) B caydyae ZUCKpeTHOro (HeIpepHBHOIO) BPEMEHHOI'0 IIapaMeTpa
Ha3HBAeTCs NMPOIEeCCOM THUINA @BTOPErDECCHU C KOHEUHHM CKOJ3AMUM
CYMMUDPOBaHMEM .
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