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ON A GENERALIZATION OF DYADICITY

by
J. GERLITS

Introduction

D denotes the two-point discrete space; a continuous Hausdorif image of a
product space D* is said to be a dyadic compactum.

It is well-known that the class 3 * of dyadic compacta behaves very nicely
with respect to the topological cardinal functions. Roughly speaking, 39S is a one-
parameter class; if RO3)4>, the weight of R is ¢, and <pis one of the “usual” topolog-
ical cardinal functions then tp(R) depends only on r. Although this is only a heuristic

principle (e.g., \R\ can be equal to 2Tor 2*), | think it gives a fairly proper descrip-
tion of the situation.

In 1970 S. M rewka introduced the class of A-adic compacta [13]. For a cardinal
A As denotes the one-point compactification of a discrete space of cardinality A
a continuous Hausdorif image of a product space AJ is said to be a A-adic com-
pactum. He proved that a compactum is dyadic iff it is co-adic and raised the ques-
tion: is every compactum A-adic for a suitable cardinal A?

The first counterexample was due to R. Marty [12]; he proved, e.g., that
a separable compactum can be A-adic iff it is metrizable. The author proved [7]
that the character and the weight of a A-adic compactum coincide.

The aim of this paper is the continuation of these investigations; we should
like to establish the relationship between the usual topological cardinal functions
in the class of A-adic spaces. As this will be more obvious in the sequel, the really
interesting class is the class of compacta which are A-adic for some cardinal A
Such a space is said to be a polyadic compactum; denotes the class of polyadic
compacta.

Considering that the elements of are the continuous Hausdorif images
of the product spaces A*, it can be suspected that is a two-parameter class;
there exist two topological cardinal functions <O, tpx such that if ¢=is one of the
“usual” topological cardinal functions then the values of @ in can be com-
puted from the values of fp0and  This is indeed the case; the cellularity c and the
tightness t can be chosen as these two functions.

The paper is divided into five sections, numbered 0 to 4. 80 contains an ac-
count of terminology, notation, and some basic results which are for the most part
known from the literature and are stated without proof.

8§ 1 contains two theorems; the first gives a characterization of 3~, the second
states that a compact G"-set of a polyadic compactum is polyadic, too.

AMS (MOS) subject classifications (1970). Primary 54D30; Secondary 54A25.
Key words and phrases. Dyadic space, tn-adic space, topological cardinal functions.
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2 J. GERUTS

82 is rather technical looking; it studies the behaviour of the tightness with
respect to the products and generalized 1-products of compacta.

The main task of §3 is to prove the main theorems (3.9), (3.13) and (3.16).

Finally, in §4 we show how the values of the usual topological cardinal func-
tions can be computed in 0*4! from the cellularity and the tightness.

The reader familiar with the works of B. Efimov on dyadic compacta [4] [5],
will certainly notice the similarities between his papers and our presentation. In
the building up of the theory and in the proof of some theorems we relied con-
siderably on the methods developed by B. Efimov. However, since the situation
in the case of polyadic compacta is much more difficult, we were often compelled
to more subtle considerations or to a completely different treatment of the subject.

Finally, | would express my sincerest gratitude to my colleagues A. Hajnal
and |. Juhasz for suggestions which have improved the present work.

80

\H\ denotes the cardinality of the set H.

We assume that each ordinal is the set of the smaller ordinals.

£, 11, L Vdenote ordinals;

X, AT, < denote cardinals (i.e. initial ordinals);

X+ denotes the immediate successor of the cardinal Xx;

cf (x) denotes the cofinality of the cardinal x.

The closure of a set A in the topological space R is denoted by A. .

The weight of the topological space R is denoted by w(i?)=min {\B\; M is
an open base of R). If x is a point in the space R, the character of x in R, resp.
the character of R is defined by y(x, A)=min {\?A; &J is a local base of x in X)
x(R)=sup {x(x, R); x€ i?}.

If XER, AczR, XCA, put

a(x, T)=min (JA?; BczA,xEB}
t(x, 7)=sup {a(x, A); AczR, xEA}
t(R) =sup {t(x, R) ; xE/?}
f(i?) = min {x; xClczR implies a(x, A)<x).
A system U of non-empty open sets in the space R is called a local n-base
at the point xER if given any neighbourhood V of x in R there exists a UCIU

with UczV.
The n-character of x in R, resp. the n-character of R is defined by

nx(x, J?)=min{|4k|; W is a local n-base of x in R}, nx(R)=sup {n/(x, R); x£i?}.
The cellularity of R is defined by
c(7?)=sup {|*|; Wis a disjoint open system in i?}
c(i?)=min {x; if L is a disjoint open system in R, then \4l|<x}.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 3-

Finally, the density of R is <7(R)=min (|S|; SczR, S—R).

By a mapping we mean a continuous function from a topological space to-
another; /: X-+Y denotes a mapping from the space X into the space Y;/: X-~Y
indicates that the mapping is onto. If AcX then f\ A denotes the restriction of
/ to the subspace A.

Let {Xi, /£/} be a family of topological spaces. We shall regard the points of
the product space X=M{Xp, /£/} as functions mapping / into U{Xp, /£/} with
f(i)EXi for ikl. If J(zl,pEX, denote by nj(p) the restriction of p to the set J;
it is a point of the partial product XJ=n{Xi; ifJ}. If J—{/) denote nw
simply by He

A set U=n {Up, /£/} is said to be a basic open set if the sets Ut are open in.
Xi and /(1/) = {/'€/; XiT"Ui} is finite; the family of basic open sets in X forms
a base for the topology of X.

Theorem A ([8]). Assume {Xp, if/} is afamily of compacta, X is a cardinal,

cf (A)>w, w(A')<cf(a),/: X-*~Y a mapping onto the T2-space Y. If w(Y)"X then
Y contains a topological copy of DA O

Theorem B. (R. Engelking [13]; for a proof see [7].) A polyadic compactum
E is X-adic iff c(£)sA. O

The following, more general theorem can be proved in the same way as
Engelking’s theorem:

Theorem C. Let A>to be a regular cardinal; a polyadic compactum E is the
continuous image of a product I {Axp i£1} with Xt<X (ifl) iff c(E)*X. O

Corollary D. Let E be a polyadic space, AczE; then there exists a polyadic
space Y, AczYczE, c(Y)Sa(A). O

81
The following characterization of the class 042 is due to B. Efimov.
Theorem. (B. Efimov [4].) is the smallest class 0 of topological spaces such
that

a) 0 contains each compact metrizable space;

b) 0 is closed for arbitrary topological products;

c) 0 is closed for continuous Hausdorff images (i.e., if Xc&, Y is Hausdorff
and f: A—V then YCO).

Theorem 1. 3 € is the smallest class € of topological spaces s.t.

a) 0*0, BAr€0J*0;

b) 0 is closed for arbitrary topological products;

c) 0 is dosed for continuous Hausdorff image;

d) Given any system {Rp, /€/}c<P there exists a space Rt(© which is a com-
pactification of the topological sum Y {Rp, ifi).

Proof. First we prove that 2P4Lfulfils the conditions a)—d); here only d) needs
a proof. We can suppose that fp. Ai~+Ri for /E/. Denoting by R the one-point

I* Studia Scientiarum Mathematicarum Hungarica 13 (1978X



4 J. GERLITS

compactification of the topological sum £ {Rt; idl), it is immediate that R is
the continuous image of the product space A|,| XAj. So, by b) and c), RddP1

On the other hand, suppose the class <5 satisfies the conditions a)—d) ; we prove
PFHaQ. By b) and c¢) we must prove only that Axd& for each cardinal A Using
a) and c) we get D(\)dG and, by d), D(A) has a compactification RxdG- Making
use of the fact that As is the smallest compactification of Z)(A), c) gives the
assertion. O

Another interesting result in [4] is the following

Theorem (B. Efimov [4]). A compact GO-subspace of a dyadic compactum is
dyadic. O

This result applies also to polyadic spaces.
Theorem 2. A compact GO-subspace of a polyadic compactum is polyadic.

Proof. The inverse image of a closed Gs-subspace by a mapping is a closed
Ga, too, so we must only prove that if CcA- is a compact Gathen we
can assume that A>cu.

Call a set E in A" an elementary set if it has the form E=nf1(H) where idl,
HczAx—{Q}. H is finite or Ad—HAcAq- {f}, Aa—H is finite; put K(E)=H or
Ax—H accordingly; K(E) is a finite set in As—{i2}. A base-set is the intersection
of finitely many elementary sets; the family of base-sets form a base of Aa. If B is
a base-set, B~C[{Ek; ken}, put K(B)= U{K(EK); ken}.

Choose now a finite family ©n of base-sets for each meco s.t. if Gn=U$n
then C=n{G,,; n«»} and put Ai=U{/i(B); BdU{&,,; n<co}};now fc A A{fi},
K\ co.

Craim 1. Let p,qdAx,pdC. Assume that for each idl if p(i)*qG) then
{p(i), q(i)}C\K=Q; then qdC.

Proof. If q3C choose an neco, Bd&,, with pdB, g8 B and an idl with
p(i)dni(B). q(i)d Ki(B). Now there exists an elementary set E=n~1(H), K(E)cz
czK(B) s.t. p(i)dH, g(i)dAx—H. One of the sets H,AX—H is contained in the
set K(E)<zK(B)czK so [p(i), q(i)}C\K"0, a contradiction. O

Let now zodAx—(AU {i2}) be an arbitrary point, L =KU {z0}U {£}, F=Cr\L".
The space L1is a dyadic compactum, F is a compact Gain L1hence F is dyadic.
Let o FX(Ax—K)I--Ax be the following function:

CI).Y)qé:“EB if|| XW =20
Craim 2. (p is continuous.

We must prove that the function <= 7o is continuous, i.e., that given
any isolated point x of Aq, ¢)fx({x}) is a clopen set in FX(Ax—K)1 For idl, let
FU (resp. Ani) the projection of F (resp. (Ada—K)J) into the i-th factor-space, i.e.,
fnl=ni\F and Ani\(Ax—K)i.

If x"z0, then ¢r1({x})=(V 1(K})n’\r1({x})U’\r1({x}) is a clopen set;
AT 1{r0})= r7r|'1({"o})|‘|nn r1({r0}) is also clopen.

étudia Scientiarum Mathematicarum Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 5

Craim 3. <p(Fx(Ax-K)")=C.

a) Let pfC', denote p'fA[ the point
z0 if p(i)$K
p(i) if p(i)fK.

Now p'(i)fL for each ifl; using Claim 1 to the point g=p' we get p'fC so
Denote p"fA\ the point

Evidently, for each ifl p"(i)f K hence (p', p")f FX(Ax—K)1

If ifl then if p(i)fK then p'(i)=>z0, p"(i)—p(i) and c¢(p', p")(iI)—p(i); if
p(i)fK then p'(i)=p(i), p"(i)—=0 and o>, p")(iI)=p(i). Hence we proved
that (p(p',p")=p. o

b) Let (p,p")f FX(Ax-K)'. NowpfC\ let g=cp(p,p’). If/C/and p(i)=p'(i)
then q(i)=p(i). If p(i)Xq(i) then p(i)=z0 and q(i)=p'(i). But p'(i)f K
hence [p(i), q(i)}C\K=0\ by Claim 1 qfC. O

So we proved that C is the continuous image of the polyadic compactum
*FX(Aa—K)* so C is a polyadic compactum, too. 0ed

L.

82

Definition 1 (A. V. Arhangelskii [2]). Let X be a topological space, x be a
cardinal; the set AczX is closed if BaA, \B\<x implies Bx<zA

We list without proof some easy consequences of the definition.

Any intersection of x-closed sets is x-closed; the union of finitely many
x-closed sets is x-closed; a closed set is always x-closed.

If flICilcJ, B is x-closed in A, A is x-closed in X then B is x-closed in X.

If X is a regular cardinal, AczX then the set [AJX=\J {H; HczA, |//|<x}
(the “x-closure of A”) is x-closed and xf[A\x iff WG/l and a(x, A)<x.

If X and Y are topological spaces, /: A—Y is a closed mapping and AczX
is x-closed then f(A)<zY is x-closed; if BczY is x-closed then f~1(B)czX is
x-closed.

The following theorem was proved by V. Matyhin.

Theorem (V. Malyhin [11]). If X and Y are T2-spaces, X is compact then
t(XxY) (X)) +t(Y). O

We need a slightly more general result. If X is a topological space put
f(A)=min {x; AczX,xfA implies a(x, A)<xj.
Evidently, always t(X)"i(X), if t(X)—x then 7(X) is equal to x+ or x according

to the condition that the topological cardinal function a(x, A) attains or not the value
X in X

Studia Scientiarum Mathematicarum Hungarlca 13 (197Sy



6 J. GERUTS

It is easily seen that if x is a regular cardinal then }(X)sx iff each x-closed
set in X is closed.

Lemma 2. If X, Y are T2-spaces, X is compact, t(X)"x, t(Y)Xx and x is
regular then i(XX F)Sx.

Proof. We must only prove that if AaZ=XxY is x-closed in z then
A is closed. Assume p=(a, b)dA, and put Ab={xdX; {x, b)dA)aX. If adAb
then, by T(X)"x, aCAb hence (a,b)CA. Hence we can suppose that the point a
has a closed nbd U in X, UC\Ab=Q. Now p is in the closure (in Z) of the set
H=Nx1(n)MNA. H is x-closed in z and nY-Z-+Y is a closed mapping so b is in
the closure in Y of the x-closed set K=nY(H). Now, by t(Y)Xx, we get hdK
so UC\AbX§, a contradiction. O

Corollary 3. Let {Xt; if/} be a family of compacta, X=fj {X(lidl} their
topological product. If xXa)y is a regular cardined, T(xf)*x for each idl and |/|<X
then T{X)"x.

Proof. Let AaX be a x-closed set and let pdAx. If Jal, |/|<T then M (A)
is x-closed in Xj and t(X;)Xx by Lemma 2, hence Ttj(p)dTt,(A). This shows that
given any Jal, |/|[<cu, we can select a point PjdA with pj\J=p\J. Put
B={pj\ Jal, \U\<co}aA. Now \B\"™\I\-okx and A is x-closed so BxaA.
But pdB and so pdA. O

Corollary 4 (V. Malyhin [11]). Let {Xt;idI} be afamily of compacta, \Xt\"2,
X—fj {A idl} the product; then t(X)= Y {t(A]); /€/}.

Proof. Here the sign s is evident; and if /.= Y {/(A); idl}, then Corollary 4
works for x=A+. O

Lemma 5. Let {Xt; idl} be a family of compacta, X—Jf {Xt; idl}, x=w
a cardinal, AaX x-closed, pdA. Iffor each set Ja I, \J\<x t{X,)ax holds, then
for each set Jal,\J\<-x there exists a pjdA with pj\J=p\J.

Proof. Take in Xj the point w(p) and the set Xj(A); by i(Xj)Sx itj(p)dxj(A)
and this shows the validity of the assertion. O

Remark. The condition of Lemma 5 is fulfilled if for each idl I(X/)sT where
Tis a regular cardinal, Ték. Indeed, if t=x, this follows from Corollary 3 and
if roc then, by Corollary 4, t(Xj)"2 {*No); i"J} =2 {?No); idJ}"t «\J\<x
hence I(Xj)s(t(Xj))+*x. O

In the sequel {Xt: idl} denotes a family of compacta, X=J[ {Xj; idl} the
topological product.

D efinition 6. If x is a cardinal, p,9d X, put
I(p, 9) = {'dI-, p(i) X 9(i)}
2(x,3)= {pdX; \(p, 9| < x}.

It is immediate that for x"co ¥ (x,9) is dense in X and if x is regular then
(x, 9) is x-closed.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 7

Lemma 7. If x"0)l is a regular cardinal and 7(X,)*x for each ifl then
I(Z(>3)"

Proof. Let Ac.Z (*>9)- be x-closed in Z (x>9); then it is also x-ciosed in
X and choose a point pfAC\Z (x, 9).

Put pO=p', if «<co and for each k<n pkf.Z(x’® is defined, denote
Jn=U{l(pk, 9); k<n}. Using that pkf Z (x>9) (k~=n) we get |/,,|<X.

Making use of Lemma 5 (and the remark following it) we can select a point
p,.fA with pn\dn=p\Jn. Let now /= U{/,; n<co}= U[l(pn, 9); n<co}. If ifJ,
there exists an » oo s.t. ifl(pn, 9) hence pm(i)=p(i) if If ifl—J
then ,,(i):_&(,i):Po(if):P(O for each «<cu. ] _ ] ]

ence given any 1fl we get an index n(/)<co s.t. if n*n(i) then pn(i) =p(i).
This shows that the sequence (p,,; 1Sn<co) converges to the point p; but A is
wl-closed so pfA. O

Corollary 8. If xllcal is regular and i(X)~x (ifl), then Z (x>9) does not
contain any free sequence of cardinality x+.

Proot. We remind the reader that (pf; £<A) is afree sequence in the topolog-

ical space E if for each {p", £E<4}N{/"; IISE<A}=0. By a theorem of
W. Comfort [3] the subspace Z (x>9) is x-Lindeléf and we know from Lemma 7
that t(Z (x>9))sx. Finally, a theorem of A. Arhangelskii [2] states that if E
is x-Lindel6f and t(E)”"x then E does not contain any free sequence of cardinal-
ity x+. O

§3
In this paragraph we shall always assume that {Xy. ifi} is a family of com-
pacta, X=fJ{X,-, ifi) is the topological product, /: X-*~Y isa mapping onto
the T2-space Y, r=sup {t(Xt); ifI), x*max (co, 7).

Definition 1 If pfX, put ord(/,p)=min {|/|; Jcl, if qfX, g\J—p\J then
f(p)=f(a)Y

Definition 2. If 9fX, A*co isa cardinal, put H2)= {yf Y; for each pff~1(y)
ord (/,p)<A},

Sk, S)=1(2(;%
5(A) = M (5(A, 9); SFX}.

It is easily seen that HA(A)c5(/1).
In the proof of the following theorem we shall need a result from [8].
Theorem ([8]). Let X=J[{Xi; ifi) be the topological product of the spaces
{A); ifl), pfX; f: X-*-Y be a mapping onto the T2-space Y. If ord (f p) *A>co
then there exists a subspace CczX homeomorphic to DAs.t. pfC and fA\C is an
imbedding. O

Studio Scientiarum Mathematicarum Hungarica 13 (1978)



8 J. GERLITS

Theorem 3. For each point yB Y the following conditions are equivalent:
a) Y$SH(x);

b) There exists a set AczY with y€A, a(y, A)LLX;

c) There exists a subspace CczY,y£EC, C is homeomorphic to D*.

Proof, a—c. This is an immediate consequence of the above-mentioned
theorem.

c—bh. Trivial.

b-*a. If B=f_1(A), there exists a point pEX with p£Bx, f(p)=y because
yC.AY(M(BX); it is enough to show that ord (/' p)<x is impossible. Choose a regular
cardinal irSJt with T<e, ord (f p)<o. If HczX is the cr-closure of B and
J<zl \J\<o is a set s.t. qEX,q\J=p\J implies f(p)=Ff(q), then, by (2.5), there
exists a point qdH with q\J=p\J, hence y=f(p)=f(q). Now, for a suitable
set EdB, \E\*0,q£Ex so y=fNe f(Ex)=f(E)Y. But f{E)cA, \f(E)\*\E\~c
<aSx consequently a(y, A)-<x, a contradiction. O

Theorem 4. For any infinite cardinal 2 {yf Y; n/(y, ¥)</.}c5(/.).

Proof. Assume n%(y, ¥)<2; then there exists a family dJ of non-empty
basic open sets in X s.t. \’IN<X and if G is a nbd of y in ¥ then f(U)c.G for
a suitable ££<Y.

Put 7=U{/(C/); CI/E"}; then Jczl, |J|<2 and for any fixed 9C.X put C=
= MN{np1(3(0); /€/—}. The set C ci is compact, Cc” (X 9) and y€/(C)
because E£/MC~0 for each Ud% hence f(U) is not contained in the open set
Y—(C). This shows that y£/(C)cz/( Y (2,9))=5(2,9). The point 9fX was
arbitrary hence y6 M{5(2, 9); 9"X}—S(X). O

Lemma 5. Let X be an infinite cardinal, C ¢ X be compact, Cf]* (X, 9)*0 for
each 9£X. Then there exists a set Jal, ]/|[<2 s.t. nl_J(C)=XI_J.

Proof. Assume the Lemma is false; given any set /c/, |/|-<2, there exists
a basic open set Uxd in X, Uf)C=Q, I(U)C\J=Q.

Now, by transfinite induction, we can choose a sequence (C74; c<2) of non-
empty basic open sets s.t. for {<~<1 U(f]C=Q, I(Uf)C\I(Ufi=0. Select
3Ef) {H* £<2}, piCfI™ (2,9). By \(p, 5)|<2 there exists an ordinal £<2
with /(p, $)N/((1)=0; but then $£i/4 implies pdUg, so p€E/AMNC=0, a con-
tradiction. O

Corollary 6. If Xisa limit-cardinal then 5(2)= U {5(c1); o0 is a cardinal, <r<2}.

Proof. Here the inclusion z is evident. On the other hand, assume y£ 5(2)
and put C=/-1(y). Now CcX is a compact set, CIM (2, 9)yi0 for each
9£X hence, by Lemma 5, there exists a set Jal, |/|=«r<2,nl_J(C)=XI_J.
Evidently, CI5(cr+, 5)?i0 for each 9£ Xso y€ 5(<r+). The cardinal 2 being a limit-
cardinal, «+<2. O

Theorem 7. If x is regular then S(x) is compact and {S(x))"=x.

Proof. If X is regular, 5(x) is z-closed in Y. We must prove that if Ac S(x)
is ~-closed then A is compact; assume yEA —A. Put B—f~1(A),C—~1(y); B is
x-closed in X, C is compact, 5f)C=0.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 9

For each pCC the set B2 (x,p) is x-closed and hence closed in 2 (X, p)
because 1(2 (x,p))sx by (27). We can thus select a basic open set U, with
p€Upand n,MBMN2(*,P)=b

he set C is compact hence CcU{(/p,, i<n}=U (X o).

The set K—(X—U) is compact in Y, y$.K so yEA implies the existence
of a point aEA—K\ if W=/ _1(@), Ac(/.

The set H is compact and by a£AcS(x), HMN2 @&9)"0 for each
By Lemma 5 choose a set Jal s.t. \J\-<x,nI*J(H)=XI_J. We can also suppose
that U{/([/p); /<a}cY. The set nj_j(Up.(~\H) is compact in Xj_j and by
UPINHI)2 (x,p,)=0 it is nowhere dense in the space XT j (ioi). But X, j=
= U {W-jCORMH)\ /<«} so Xj_j would be equal to the union of finitely many
nowhere dense subsets which is a contradiction.

Q.e.d.

Corollary 8. If x is regular, the set {$€Y; n/fy, T)<x} is closed in Y.

Proof. Denote the above set by P; by Theorem 4 PcS()i). IfyYP then the
compactness of S(x) impliesyES(x); using that i(S(x))"x, we can choose a set
QczP with \Q\oc and j€R. If % is a local s-base at q for each qdQ, |PBl«=n,
then %mU{W; g€Q) is a local s-base at y and so ny(y, Y)<x,

yep. O

Theorem 9. The following conditions are equivalent:

a) Y contains a subspace hotneomorphic to D*.

b) Y can be continuously mapped onto D*.

c) There exists a point yEY and a set AcY st yCA, a(y, A)*x, ie,
T(Y) x+

d) There exists a point yEY with n/fy, Y)"x.

e) There exists a compact set CcY s.t. n/fy, C)=x for each y€C.

f) If Y= U{C{; £<*}, Ci is compact (E<*:), then f(C{)Sx+ for a suitable
<X

g If Y—U{C(), <!i<cf(a)}, Cf is compact, C{cC, (<"<iy<cf(sa)), then
t(CH™ x for a suitable £<cf (x).

h) H(x) ttY.

i) S(X)MY.

j) For each 9C.X, S(x, 9)" Y.

For the proof we need two lemmas. The first one generalizes the well-known
Baire Category Theorem.

Lemma 10. Let E be a compactum, x“co a cardinal, £= U{A“, £<*}. If
is a cardinal, Mfk) denotes the family of non-empty -sets in E (i.e., H*">K(k)
iff Hjity and H is the intersection of kK many open sets). Then there exists an ordinal
A4 and aset HEX(|E,|) s.t. if H<zHO, HEX(|EQ) then AM{o"0.

Proof. Assume the assertion is false. We shall define by transfinite induction

a sequence of sets (Hi; £<:*). If p<x and for H, is defined s.t.
@ if then A{rbl4=0;
2 if then A,c4;,

Studia Scientiarum Mathematlcarum Hungarica 13 (1978)



10 J. GERLITS

put H=C\{Hg; i </<}. The compactness of E implies that H=0 and so
HEX(\p\). From the indirect hypothesis we get a set H'EXX(\y\) with H'czH,
/I'MN,,=0. Finally, by the regularity of E, we can select a set If, H)X{\p\),

HuaH'. The sequence (Ht\ fulfils conditions (1), (2) for p=x. |If
x€M{O*; £<%} then xEAs—U{T4; £<x}=0, a contradiction. O
Remark. If in the lemma the sets {A4; are compacta then necessarily

HO0<"Aio for the ordinal £0<x since if x£ H,,—A"0 then the set H=HO0—Aio is
an element of XX(\£,0\) and AMNN4=0. O

The following lemma can be proved by a standard argument so we omit the
(easy) proof.

Lemma 11. Let E be a compactum, Aan infinite cardinal, FaE dosed, Ff>X(A).
I f for each point XxE F WJx, E)>A then wfix, F)>A for each point xEF. O

Proof Of Theorem 9. We proved at+*c~+h in Theorem 3. The line of our
reasoning will be
a- b-*f*g- i—a |
t I
e — d

a—b. D* evidently can be mapped onto [0, 1]* The Tietze—Uryson extension
theorem implies that such a mapping can be continuously extended onto Y. O

b-*f. If T=U{C4; ¢<x}, C(is compact (¢<x) and /: T-~[0, 1J* put K$=
=/(C4. Using Lemma 10 and the remark following it, we get an ordinal
and a set HceeKg, HMaXX{J£|). It is immediate that Hi contains a subspace homeo-
morphic to [0, IJ* but then ?(CA"?(FAM?([0, I]¥Y)=x+. O

f—g. Trivial.

g—i. Selecta set H of cardinals s.t. [tf|*cf(x), for AEH T=sup{/(AQ; /E/}"A
and x=sup{A+; AEH}. (If x=A+ then H={/.} works.)

By Corollary 6 S(x)= U (S(A+); AE#}; by Theorem 7 S(A+) is compact
and 1(S(AH)"A+ hence r(5(A+)EA-=x. So condition g) implies S(x)?£Y. O

i—a. The implication i-*h is evident (H(x)czS(x)) and h-»a is already
proved. 0O

a-*-j. Assume 9£X, CczS(x, 9) and C is homeomorphic to D*. We shall
distinguish two cases.

Case 1 x=/.+. By the Hewitt—Pondiczery—Marczewski Theorem ([10] p. 48)
there exists a set AczC, \A\sA, A=C. Choose a set Be:2 (x, $) with |2?|sA,

f{B)=A. The cardinal 9 being regular, 2 is "-closed hence Bxcz2 (x, 9).
But then i(DY)=T(C)"i(Bx)"i(2 (x, 9))"x, a contradiction.
Case 2. X is a limit-cardinal. If put
CD S(A,S) if £= At
Ais a regular cardinal, X -=A< Xx;
0 otherwise.
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GENERALIZATION OF DYADICITY n

By Corollary 6, C=u{n,;; hence, by Lemma 10, there exists a regular
cardinal A t<A<x and a set HEXX(X+) (taken in the subspace C), s.t. if A'c A,
A'EX(A+) then #'fIS(A, 9)0. For simplicity, in the sequel we shall identify
C with the space D*.

We can now assume that H=Tl { n ~ where p€ED*, g<x,
[r¢|*A+<ili and choose a set /¢ x - q, If p£J put HR={g€H; for v£J
<IV)= | iff vip}. )

Since Hac //,” I ( A+), there exists a point puEHUMS(X, 1)) (p£J). Put

n.={p,; vey, v *AtJcw“1")
vET, [avICTTj ).

This shows that (py; vCJ) is a free sequence of cardinality A+ in S(A 3); selecting

a point gqvC.f~1(pYC\2 (A 3) for each vE€7 we get a free sequence of cardinality
A+ in 2 (™ 9) but this contradicts to (2.8). O

j—d. By Theorem 4
{y£T; nx(y, f)<x}c5(x) hence if 5(nr)?"T,
there exists a point y€T with n/(y, Y)"x. O

d-*-e. Assume d) is true. If x is regular, the set Q={j€T; nyfy, Y)*x} is
non-empty and by Corollary 8, it is open. If x is singular, Q is the intersection of
cf (x)<x many open sets. In both cases Q contains a compact set C which is the
intersection of less then x open sets. By CczQ, ny(y, Y)”~x for each point j>€C;
hence Lemma 11 shows that n/(y, C)"*x for each yCC. O

e-*i. Assume S(x)=Y,C<zY is compact and ny(y, C)*x for each y£C.
Now Y=S(x)= U (S(A+); Ais an infinite cardinal, rSA<x}. Using Lemma 10
we get a cardinal Aand aset 7/70 s.t. tSA<x, 4 iscompact, itisthe intersection

of less than x open sets and AcCIM5(A+). By Lemma 11 n%(y, H)"x for each
yEH hence w{H)"x.

On the other hand, t(H)"t(S(X+) é X<x hence for the compactum A r(d)<
<ax(4) holds, and this contradicts a theorem of B. Shapirovskil [15].
Q.ed.

It is a natural question whether we could replace the cardinal function nx
with x >n condition €) of the theorem. The answer in general is negative, as the
following result of V. Fedorchuk shows.

Theorem (V. Fedorchuk [6]). Assume the axiom of constructibiliiy; then there
exists a compactum C s.t. t(C)=0o but y(x, C)=wx for each xEC. O

Hence we are forced to assume some extra condition on the spaces {X(; /€/}.
The following definition was suggested by a paper of A. Arhangelskil [1].

Definition 12. The topological space E is said to be monolitic if w(A)MA\
for each subset AcE.

It is easily seen that An is monolitic for each cardinal A

Studia Scientiarum Mathemallcarum Hungarica 13 (1978)



12 J. GERLITS

Theorem 13. If the spaces {Xp, if/} are also monolitic then conditions a)—j)
of Theorem 9 are equivalent to the following conditions, too:
k) There exists a compact subspace CczY with y(y, C)*x for each yf C;

) YAU {X(X); XLLx, Xis regular} where K(X)= Yioy(y, Y)<Xj.

Proof. d-. Let y06 F be a point with 7ty(y0, Y)~x. If Xis a regular cardinal,
r=sup {t(Xi); then the set P(X)={y"Y\ ny(y, F)</.} is closed,

WiiaPO-)- Since K(X)czP(X) for each cardinal X yO<#K(/). O
I-*-k. The proof is analogous to that of d—e, so it is left to the reader. O
For the proof of the implication k-*i we need two lemmas.

Lemma 14. Let C be a compactum, t(C)f£X, y(x, C)> 4 for each xfC: then
there exists a set SczC with |S|"A, z(S)>A.

Proof. Assume the assertion is false; we shall define by transfinite induction
a sequence {{p$, LLL); £<A+). If p-<k+ and for (Pi, H") is already defined
with the properties

1) p(EHit Hi is closed, HEX{[{|+0>);

2) If then //,d Ne;

AN {~K } =0K<1(), put S={Pi; £</*}; SczC,\S\*L If K=
= N {0« £</(} then K is compact, KEJi?(\p\+(0). By the indirect hypothesis
K—StO, choose a compact Gaset Q in C with A4T(9A0, RnS =0 and put
Hfi=KDQ, PpiTf. It is immediate that the sequence ((p®, H(); "</i+1) satis-
fies the conditions 1), 2), 3) and so we get a sequence ((p¢, H(); (;<A+) with the
above properties. Note that the sequence (% f< /+) is now a free sequence of
cardinality X+ in C but this contradicts to the theorem of A. Arhangelskil men-
tioned in the proof of (2.8). O

Lemma 15. If the spaces {Xp, if 1) are monolitic compacta, X is an infinite car-
dinal, Ad S(/.,}), |1|<A then iv(/)<l/..

Proof. The easy proof is left to the reader. O

Proof Of k—i. Assume CczY is compact, %(y,C)"*x for each y£C but
S(x)=Y. As we saw it many times in the proof of Theorem 9, we can now select
a non-empty compact set H in C and a cardinal X 13=/c* s.t. y(y, H)*x for
each ydH and HczS(X+). Now t(H)"t(S(X+)<x; by Lemma 14 there exists
a set SczHcz S(X+) with |S|EA, x(S)—X+. Using Lemma 15 we get w(S)<
-=/.+7x(S), an evident contradiction. I

Remarks. 1 If x is regular but it is not strongly inaccessible (i.e., there exists
a X<x with 2xlzx) then we can add to Theorem 13 also the condition

m) There exists a set ScY st |S|<>c but w(S)"x.

Indeed, if CczY, C is homeomorphic to D' and 2xSx then, by the Hewitt—
Pondiczery—Marczewski Theorem ([10] p. 48), a set SczC can be selected with
\S\"X<x, S=C; hence w(S)=x. On the other hand if S(x, 9)=Y fora 9£X
and x is regular then by Lemma 15 if [S|oc then w(S)<x, too. O

Studia Scientiarum Mathematicarum Hungarlca 13 (1978)
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GENERALIZATION OF DYADICITY 13

2. Ifx is regular then condition 1) means that the set K(x)={y£ Y; yfy, F)< x}
is not dense in F.

3. If X is an isolated cardinal (i.e., x=X+) then c) is equivalent to the con-
dition f(f)5x.

Note that if 4 is any cardinal then Ax is a monolitic compactum, t(Ax)=a>
hence conditions a)—1) are equivalent for any YC&W if x*031l. We would like
to obtain a similar result also for the case x—=

Theorem 16. Assume {Xt; /E/} is afamily of monolitic compacta, t(X,)=0w
(IE) and f: X=[J {Xt;&}**Y is a mapping onto the Tt-space Y; then the
following conditions are equivalent:

a) Y contains a subspace homeomorphic to Dra

b) Y contains a compact, dense-in-itself set.

b") Y contains a dense-in-itself set.

c) Y can be continuously mapped onto [0, 1]*.

c) Y can be continuously mapped onto [0, 1].

d) There exists a countable set SaY st S is not countable.

Proof, a—h, b**b, c—¢' are evident for any compactum F; ¢'—e since [0, I]ra
is a Peano-continuum.

**c' is a theorem of E. Pelczynski and Z. Semadeni for any compactum F [13]*
c'—d. Choose a countable set Sc F s.t. the image of S is dense in [0, 1]

d->-a. By Remark 1to our last theorem, w(S)—wu or F contains a subspace
homeomorphic to D*“1 (and hence also a subspace homeomorphic to Dn). In the
former case S is a non-countable compact metric space so by a classical result
contains a copy of Du O

84

In this paragraph we shall always assume that E is an infinite polyadic
compactum.

1 Weight. w(E) =max(c(E), t(E)).

Proof. Here ”~ is evident; suppose c(E)sX, t(E)"k. By the theorem of
R. Engelking (80, Theorem B), E is the continuous image of a product space A™.
E does not contain a topological copy of D;+and wAn)< A+; hence, by Theorem
Aing0, r(£)<1+ O

Corollary 1. If c(£)éA, t(E)*x and I*x then E is the continuous image
of &x. O

Problem. Is it true that c(E)=X, t(E)=x implies that E is the continuous
image of A*?

Corollary 2. If t(E)=x, AczE, c(A)"x then w(A)"x.
Proof. By Corollary D, there exists an Y £7, AczYaE, c(Y)"x, t(Y)"
MM(E)Sx so U(F)Sz. O

Studia Scientiarum Mathemalicnrum Hungarica 13 (1978)



14 J. GERLI1TS

2. Tightness

Here we have cmly the sup=max problem; i.e., if t(E) =x, can we choose
xEE, A(zE with XxEA, a(x, A) =X, i.e, isT(E) =x+ true? As the following example
shows the answer is in general negative.

Example. Let x=sup (x£; £<cf (X)}, ic" xE<x for f<cf(x) and denote
E' the one-point compactification of the discrete topological sum of the spaces
D*i (E<cf(n)). Now Ef3P€,1{E’)=t{E')—x. If Awcf(x), E is the discrete
topological sum of the spaces E' and A; then ££##, c(E) =A t(E) =1(E)=x. O

However, if c(£)=4, t(E) =x and A<cf (x) then such a space does not exist.
Assertion. |f Ee&tf, t(E)=x and c(E)"cf(x) then i(E)=x+

Proof. By a theorem of P. Erdss and A. Tarski ([10], p. 37) §= c(E) is always
a regular cardinal. Applying now Theorem C, E is the continuous image of a prod-
uct space // {Xt; ifj) where the Ays are compacta, w(X,)<ff (EI). Since
w(E)St(E) =x and a<cf(x), we get from Theorem A that £ contains a sub-
space homeomorphic to D*. O

3. Cellularity
Here, as at the tightness, only the sup= max problem is interesting. We know
that if c(E)=c(E)=A then 4is a regular limit cardinal.

Proposition. If ¢(E)~c(E)=A then i(E)"A+

Proof. Since c(E) = A E is the continuous image of a product space ]J (A); EI}
where the X- s are compacta, H»(A))<d for EIl. Since w(£)" c(E)= A A=cf (1),
E contains a subset homeomorphic to Bn by Theorem A. O

4. Discrete subspaces

Lemma. Let t(E)=xxo0, then there exist cardinals {x£; £<t}, x=sup {X£;
t} and a subspace of E homeomorphic to the discrete topological sum of the spaces
{D*?; £<r}.

Proof. This is certainly true if E contains a subspace homeomorphic to IF
so let us assume such a subspace does not exist; now x is a limit cardinal.

Let x=sup {xE\ C=r=cf(X)}, x£ regular, O]SK<),<j< if Put
CE£=S(xH; by (3.7) C£is compact, t(CHSx"x and if then C?C,.
Using (3.9) we get that £=U{Cy; ~-=T}. Denote G~"Int CA("<T); if z
then G/ cG4.

We shall distinguish two cases:

Case a). There are T many different sets among the G('s. We can evidently
assume then that Git£Gi+l (E<t). Put UE=Gi+1—CE; {UE\ £<1} is a family
of disjoint non-empty open sets in E. If xC U, then x% H(xf) so by (3.3) E contains
a subspace KE£ homeomorphic to D% x"KE. Note that a non-empty open subset
of Dzi contains a subspace homeomorphic to D*«, so we can assume that Kfc UE
(¢-=1); but then the subspace U {Ke; ¢< ¢} is a suitable subspace of E.

Studici Scientiarum Mathematicarum Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 15

Case b). There exists an ordinal ¢0< t s.t. Gt=Gio if This means
that in the open subspace U=E—C(0 U—S(0) is dense for each cardinal <x<x.
If now U would contain a disjoint open system of cardinality T then we should
obtain, exactly as in the proof of Case a), a suitable subspace in U and hence
also in E

Consequently we can suppose that c(f/)~r; using Corollary D we get a sub-
space Y with UaYdE, YAP? c(K)”*r=cf(x). Since t(E)=x, E=CfoUY and
i(Cig<x, necessarily t(Y)=x. Now, the assertion in 2 shows that Y contains
a copy of I)*, a contradiction. O

Corollary 1. If EfdPd then E contains a discrete subspace H, \H\=w(E).

Proof. Since w(£)=max (c(£), t(E)) and by the lemma there is a discrete
subspace of cardinality t(E), we must only to prove that there is one of cardinality
c(£), too. This is evidently true if c(£)>c(£); and if c(£)=c(£) then, by 3,
[(E)=C (). O

Corollary 2. For a topological space R o(R) denotes the number of open sets
in R [10]. If Ei&<# then o(E) =2WH&\

Proof. Evidently o{R) =2)KK) for any R; on the other hand, if HdE is discrete,
|#]| = w(£), for each xf*H choose an open set GxdE, GXC\H= {v}. For any TczH
put GT—U{GX; x£T); the family é={GT; TczH) consists of open sets in £
and \<9\=2"=2WHR 0O

5. Density
If Xis an infinite cardinal denote logA=min {o; 2asA}.

Proposition. d(E)=max (c(£), log /(£)).

Proof, a) d(E)"c(E); since t(R)*.w(R)"2dR> is true for any regular space
R, rf(£)slog/(£).

b) Let” a= max (c(£), log /(£)); then c(E)"o, t(E)*2a By the Corollary
to 1, £ is the continuous image of the product space \-f. Since the Hewitt—Pon-
diczery—Marczewski Theorem ([10] p. 48) implies that the latter space has density
(7, /(E)S(T, too. O

6. For a topological space R dy(R) denotes the minimal cardinal X s.t. the
set X(x, i?)sA} is dense in R.

In an analogous manner can be defined dny{R).
Proposition. d%(E)=nx(E)=dnx(£) = /(£).

Proof. i(£)€A s equivalent to i(£)<A+ so to the negation of condition c)
in (3.9) for x =X+ By (3.9) this is equivalent to the negation of condition ¢), that
is to nx(E)<X+ so to a*(£)= A Since by (3.8) the set {x€£; nx(x, £)<A+}is
closed in £, dnx(E)<X+ is equivalent to the negation of c). Finally, condition 1)
of (3.13) is not satisfied exactly if <//(E)<A+, e, if iI//(E)éA. O

7. Character
The relation /(£)=vr(£) was proved in [7].

Studia Scientiarum Mathematlcarum Hungarlca 13 (1978)
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8. Depth
For a topological space R, the system {G?; £<//} of open sets is said
to be a strongly descending family if for any G,C (f holds.

The depth of R is defined by k(R)—sup {fS\; ~ is a strongly descending family
in 77} [10].

Proposition. k(E)=CO.

Proof. Assume {G is a strongly descending family in E. Put
C=n{CA- 0,}= M (G"; ~<a>x}; the set C is closed in E. Selecting a point
XedGeg —Oi+i for a complete accumulation point x of {x* lies
in Fr(C)<=C.

By a theorem of S. M rewka [13] if G is an open set in a polyadic compactum
and xfG then there exist a sequence (x,; n<ofc G converging to x. Choose
a sequence <X, m<o>)c:£E—C converging to the point xEC. Picking a
with  (x,,; i<ca}MC|=0, we get a contradiction. O

9. The cardinality of the underlying set
Lemma. Let T, 0 denote infinite cardinals, 9fAT; then (@ 9)Nig
The easy proof is left to the reader. O

Let now c(£)=2, t(E)=x. D*cr£ denotes that E contains a copy of D*
its negation is denoted by D*¢h E.

Proposition.

a) If 272X and DxaE then |E|=2%;

b) If 2<2* and D*d:£ then \E\=2*;

c) If 22x and Dxd E then 27 |E|s;2*;

d) If 22x and D*ctE then 2" |E|N2~.

Proof. We prove only b) and d) in case x=co; the proof of the other cases
are similar (and simpler).

b) By 2<2“=sup {2a; crcx}, there exists a cardinal «Tex with 2=2"
Note that since t(E) =x and D*ct£, x is a limit cardinal. By the Lemma in 4,

|E|s2* hence we must only prove |£j/~2~.

Suppose first that 2 LLK, then £ is a continuous image of A). If  AMis arbitrary,
E=S(x,&) by (3.9). Hence |E|s|E(X, S)[s|™ (x, S)|*2- using also the Lemma.
But 22/ (2°)*=2*.

If 2<x then, again by (3.9), E=S(x)= U{5(<r); a is regular, 2<er<x}.

It is proved in [9], Theorem 2 that for such a ¢ w(S(<t))<<t so \S((t)\"2t.
This shows that [E\""{2a; er<x}=2~

d) If x =cex then the proof is very similar to that given, so let x=co, D*<t£,
c(£)=2; we must prove |£]|s=2“=2. By (3.16) £ is dispersed, i.e., each subset
of £ contains an isolated point. But w(£)s2-e=2 according to 1, and so by
a classical and well-known theorem |£]a2. O

Note that if 2<cf (x) then, by Theorem B and A, D*cz£ hence |E|=2* O
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ON THE THINNEST NON-SEPARABLE
LATTICE OF CONVEX BODIES

by
E. MAKAI JR.

81

G. Fejes Toth [4] posed the following problem: Find the thinnest «-dimensional
lattice of spheres such that every JSidimensional subspace (O”*kSn—l) intersects
some closed sphere of the lattice. For k=0 we have a well-known problem: the
problem of the thinnest lattice covering with spheres. We shall show that for
k=n— the problem is equivalent to the problem of the densest lattice packing
of spheres.

In fact we shall prove a more general theorem showing that the problem of
the thinnest non-separable lattice of translates of a convex body D is equivalent
to the problem of the densest lattice packing of another convex body E (the term
non-separable refers to the property that every (sa—)-dimensional plane intersects
the closure of some body of the lattice). This will enable us to give a lower (resp.
upper) bound for the density of the thinnest non-separable lattice of an arbitrary
(centrosymmetric) convex body. Earlier, L. Fejes Toth—E. Makai, Jr [5] found
in the plane the thinnest non-separable lattice of circles and the minimum of the
densities of the thinnest non-separable lattices of arbitrary convex plates.

K. Maniter [10] considered a problem which, as we shall show, is equivalent
to our one. For centrosymmetric bodies he obtained implicitly a great part of our
Theorem 1, explicitly he obtained in an equivalent formulation our Corollary 5,
especially for n=2 our Theorem 3 (without the cases of equality).

For the case 1 of G. Fejes Téth’s original question we also have
lower estimates for the density (for «=4, k=\ it is presumably sharp), but they
will be treated in another paper.

After completion of this paper | have been kindly informed by Prof. R. P.
Bambah that two of his students, V. C. Dumir and R. J. Hans-Gil1 also obtained
our Theorem 1 and some related results.

§2

Notations. Let D be a convex body in R". Denote with Dcthe convex body
obtained from D by central symmetrization, i.e. (D+(—D))/2. Denote with D*
the polar of D with respect to the unit sphere centred at the centre of D, provided
D is centrosymmetric.

If L is a lattice of points, J/1(L, D) denotes the corresponding lattice of trans-
lates of D, i.e. {D+v, rCL}. The lattice of points with integer coordinates will be
denoted by LIt.

For a matrix A denote A* the transpose of A.

2* Studia Scientiarum Malhematicarum Hungarica 13 (1978}



20 E. MAKAI JR

Let g(D) denote the density of the thinnest non-separable lattice (more exactly
the infimum of the densities of non-separable lattices) of translates of D, while
6(D) the density of the densest lattice packing of translates of D. Denote by V(D)
and d(D) the volume, resp. the diameter of D.

83

The main result of the paper is the following

Theorem 1 Let D be a convex body in Rn. Let A be a linear transformation
(i.e., an nXn matrix) with \A\xO. Denote by E the body (Do)*/4. Then A(ALn, D)
is a (locally) thinnest non-separable lattice of translates of D if and only if
A(A*“1L0O,E) is a (locally) densest lattice packing of translates of E. The densities
a (D) and 6(E) satisfy the equality

1) a(D) = V(E)V(D)/6(E).

Observe that A(ALO. D) is the lattice of translates of D by vectors which are
integer linear combinations of the column vectors of A. The lattice A*~1L0 is the
so called polar lattice of the lattice AL" (cf. [2], 81.5).

Remark. Earlier, Mahler [8] considered for centrosymmetric D for the lattice
A(LO, D) the lattice A(LO, D*). Essentially assuming A(LO, D*) is a packing, but
N(EO, L+eE>*) is not (for any e>0) he obtained lower and upper estimates
for min {r, A(LO, rD) is a covering}. However, [8] did not find the property of
A(LO, D) exactly corresponding to the fact that A(LO, D*) is a packing. Mahler
[10] essentially showed the following (partly implicitly). Let D be a convex body
with centre of symmetry at 0, and V(D)INAW2nV (E)V (D)I6(E). Then he asserts:
there is a hyperplane with equation (/1_1x, p)=1, where the components of p
are integers, which does not intersect the interior of D. Further he states that this
assertion is equivalent to the fact that D* (centred at 0) does not contain in its
interior non-zero points of the lattice A*~1L0. Later we shall see that his assertion
is equivalent to non-separability of A(ALO, D/2) (Corollary 2).

The proof of Theorem 1 is based on the following
Lemma 1. For a convex body D A(LO, D) is non-separable if and only if A (LO, E)
is a packing.

Proof. First we show that a hyperplane (u, xX) =c, where the coordinates of
u are incommensurable, intersects some translate of D in A(LO, D). We can suppose
D contains 0 in its interior. TheI_(IJIistances of the vectors (k) of LOfrom the hyper-

plane (u, x)=c are given by \IZ_? uft—c|/||lu|l. Since the coordinates of u are in-

commensurable, the numbers * wk{are dense on the line. So there will be lattice
points of LO arbitrarily near to the hyperplane (u, x)=c, which contradicts the
fact that the spheres about the lattice points of LO of radius some e>0 do not
intersect the hyperplane (u, x)—¢.
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Hence non-separability of A{LO, D) is equivalent to the fact that any hyper-
plane (u, x)=c, where the coordinates of u are commensurable, intersects some
closed translate of D in J1(£0, D). Let us consider a hyperplane (p, x)=c, where
the coordinates of p are commensurable, which does not intersect the closure of
any translate of D in A(LO, D). We can suppose the normal vector p of the hyper-
plane has integer coordinates p( with greatest common divisor 1

Let the width of D in the direction of p be wp(D). The hyperplanes with normal
vector p containing some lattice points of LOare equidistant, with distances I/||p]|.
(In fact, the two neighbouring ones given by (p, x)=0 and (p, x)=1 contain 0
and p/||pl|2. Thus some hyperplane with normal vector (/;,), where the pt-s are
integers with greatest common divisor 1, does not intersect the closure of any trans-
late of D in A(LO, D) if and only if

) Wplt > wp(L>) = wp(Dg = 2r-\(D /),

where rp((D9*) is the length of the radius vector of (Dg* from its centre in the
direction of p. Hence non-separability of A(LO, D) is equivalent to

©) qH” rp((D9*)/2 = 2rp(E)

for every vector p="0 with integer components, having the greatest common
divisor 1 Further this is equivalent to the fact, that A(LP, E) is a packing.

Proof of the theorem.

We shall show that the following statements are equivalent: (1) A(ALO, D)
is non-separable; (2) A(L,,, A~1E is non-separable; (3) A(L,,, A*(D9*/4) is
a packing; (4) A(A*~1L0, (Dg*/4)= A(A*~1L0, E) is a packing. The equivalence
of (1) and (2), resp. (3) and (4) follow from the fact that the properties of being
a packing, resp. being non-separable are affine invariant. The equivalence of (2)
and (3) follows from Lemma 1 and the fact that (A~1DGg*=A*(DQ* by [2],
§1V.3.3, Corollary 3.

V(D) V(E)

The product of the densities of A(AL,,, D) and A (JT*_1£0,E) is *

—V(D)V(E). Hence keeping in mind the equivalence of (1) and (4) we segthat
A(ALO, D) is a (locally) thinnest non-separable lattice if and only if A(A*~1La, E)
is a (locally) densest lattice packing. The same considerations prove (1).

We have the following corollaries analogous to well-known results concerning
packings.

Corollary 1. A(ALn, D) is non-separable if and only if A(ALn, Dc) is non-
separable.

Corollary 2. A(ALa D) is non-separable if and only if each hyperplane with
equation (A~'x, p)= 1, where the components of p are integers, intersects the closure
of the body D+ (—D), centred at 0.

Proof. It suffices to deal with A=identity, and in this case the proof of
Lemma 1proves our statement.
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Corollary 3. If A(ALO, D) is a locally thinnest non-separable lattice of trans-
lates of D, then there are at least non-parallel hyperplanes not containing in-
terior points of any body of this lattice.

Proof by [2], § V.8, Theorem VIII.

Corollary 4. If A(ALQ, D) is a non-separable lattice of translates of D, then
there are at most (3B—L1)/2 non-parallel hyperplanes not containing interior points
of any body of this lattice.

Proof by [2], 8 V.8, Theorem IX.

Remark. Since the densest lattice packing of spheres is known for
(cf. [12] pp. 2—3 or in more details [7], §39.5), the same can be said about the
thinnest non-separable lattice of spheres. E.g., in R3for the unit sphere S the thinnest
non-separable lattice is (up to a congruence) A(ALO, S) with

2
@ =7\3— 1-1 1
1 1-1,

(which is eventually similar to the lattice of the thinnest lattice covering by spheres,
i.e., a space-centred cubic lattice).

84

Now we shall apply Theorem 1to the case of a variable body to obtain estimates
for rnin g(D) and max q(D). First we give the following simple
Corollary 5. We have
(5) e(D)—min {V(E)V(D), D is a convex body in
A min {V(E) V(D). D is a centrosymmetric convex body in /?}«2"0~"|
while for centrosymmetric D
(6) g(2))*min {V(E) V(D). D is a centrosymmetric convex body in 77'}.

In the centrosymmetric case this result was obtained in an equivalent formula-
tion in [10].

Proof. By [12], Theorem 2.4
(7 V(E)V(D) = V(E) V(DG[E(D)/V(DQ\ V(E)V(DG2"/(]"} .

Remark. Presumably (6) and the first inequality in (5) are sharp (see §5);
however, best known lower estimates of the right-hand side of (6) ([7], § 14.2 (11))

furnish for (D) in both of the cases only a relatively weak lower bound. A better
lower bound for large n will be given by our Theorem 2.
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Lemma 2. For any convex body D in Rn there is an affinity @ with
8 dn{i<FD  A,,K(PO)

where A, is a constant independent of D. For the centrosymmetric case the same holds
with instead of We have

9) Ks 2 . K~ (myArrs (27)n K

where Xnis the volume of the convex hull of the unit sphere about 0 and (£ \n, 0,..., 0).

Proof. An ellipsoid D1 of minimal volume containing a centrosymmetric convex
body D has a volume S.V(D)n"I2jx'n by John [6], where x,, is the volume of
the unit sphere. (He proves in fact that if the centre of Dxis O, the convex hull
of Djyn and two opposite points of the surface of Dx belongsto D. Let p”~} n
be the minimal number for which this holds instead of (s ; then

F(E>i) s V(D) xjf(fi) » V(D)nn2xnx,,,

where f(p) is the volume of the convex hull of the sphere about 0 of radius I/p
and (£1,0, ...,0).) Let & transform Dx into a sphere.

For non-centrosymmetric D dn(®D)—dn®Dc)SA'nV(PDA)"A' nV(dDD)l B2
for the same @ as for Dc by [12], Theorem 2.4.

By Lemma 2 we prove the following analogue for arbitrary n of Theorem 2
in [5], essentially with the same proof.

Theorem 2. The density q(D) of the thinnest non-separable lattice of translates
of D satisfies

(10) a{D)" o min [d"ffi>D)/V(0D)\6n ~ 2"LO0,,

where @ runs over all affinities, X,, are from Lemma 2, X, denotes the volume of
the unit sphere and <, the density of the densest lattice packing of spheres in R". For
centrosymmetric bodies

(M) 8(D) " 4'n"123n ¢

Proof. By Corollary 1 non-separability of A(ALO, D) implies that of
N(PAbBOQ, S), where 5 is a sphere of diameter d*"D). Apply Theorem 1 to this
lattice of spheres.

Remark. Besides «=2 the lower bound xJ2n 8, for q(D) in (10) will be
sharp for n=3, provided the value of /.3is the conjectured one (see §5). The same
cannot be told for any « s 4, since no n” 4 is known for which the densest lattice
packing of spheres is generated by the edge-vectors of a regular simplex (compare
85, Proposition 1).
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Remark. One obtains a lower estimate for g(D) analogous to the first inequality
in (10) if one uses instead of spheres any fixed convex body DO. This will be

r2n FCP)F(EQO _
1} 01 >- 1WMY]i®ll.)CC=AT>)G<S(E)

where £0=((2)00*/4 and & runs over all affinities. (In fact by Corollary 1 non-
separability of A(ALO, D) implies that of A(ALO, d£50.)

For n=2 both the non-centrosymmetric and the centrosymmetric cases are
completely settled by the following

Theorem 3. For n=2 we have for any convex domain

(13)

and for any centrosymmetric convex domain

(14) e()sq.

Equality holds in the first case only for the triangle, in the second case only for the
parallelogram.

This result was obtained, by a different proof, in the non-centrosymmetric
case in [5], Theorem 2. In the centrosymmetric case this result was obtained in
an equivalent formulation in [10], excepting the cases of equality. In both cases
all the thinnest non-separable lattices are easily obtained, see §5.

Proof. Using Theorem 1 O(£)i=F(E)F(E>)==F(E>)F((£J*)/16s3/8, and in
the last inequality equality holds only for the triangle, while in the centrosymmetric
case e(.D)sF(E)F(E>)= F(E>)F(E>*)/1671/2, and in the last inequality equality
holds only for the parallelogram, by E. Makai Jr. [11].

Now we turn to the estimation of g(D) from above, i.e., to the “minimax”
problem, corresponding to the theorem of Minkowski— Hirawka (cf. e.g. [12], p. 8)
in case of packings.

Theorem 4. We have

(15) 80) " alB9 B 4 in 8(D)  (nlog2—eonst)2n 1’

where the minimum is extended over all centrosymmetric convex bodies in R", and
the last inequality holds if n is sufficiently large. Here xnand 6(D') denote the volume
of the unit sphere and the density of the densest lattice packing of translates of D'.

Proof. We have V(D)sV (D¢ (cf. eg. [7], 81.5, Theorem 7) and by [7],
814.2, (12) V(D9V (E)"~x24". Hence by Theorem 1

V(D)V(E) ,
6(E)

F(A-)F(£) Yh

o) °0) = 6F)  ass)

e(Dg =
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The last inequality in (15) follows from [7], § 19.5, Theorem 8.
Theorem 5. FOor n—2 we have

17 e(D)s a(dos = 0,6999....

16minS(DY) 4@ jr2+~-T6)

Proof. Like at Theorem 4, referring to Ennola [3].

Remark. Using the result announced by Ennola [3] the right-hand side of
(17) can be diminished to 0,691 —

85

In this final paragraph we give some illustrative examples and some con-
jectures related to the theorems in §4.
As to the quantities A, and A" we state the following

Conjecture. The exact values of A,and A' are equal to the reciprocal of the
volume of the regular simplex of unit edge, i.e., n! 2°/2yn +1, and the reciprocal
of the volume of the regular cross-polytope of unit diameter, i.e., n! (and the only
extremal domains are the simplices and the cross-polytopes).

For n—2 these are proved (including the cases of equality) in Behrend [1],
p. 716, formula (113 and p. 715, formula (), both in case of v=5. The question
about A is equivalent to a question in John [6] about the upper bound of the
volume of a circumscribed ellipsoid of minimal volume of a centrosymmetric convex
body of unit volume (since such an ellipsoid is known to have the same centre
as the body).

About min 4 (p) we give the following examples and conjectures.

Proposition 1. For D=simplex

(18) a(D) = V(E)V({D) =" - .

In case of a regular simplex of unit edge one of the thinnest non-separable lattices
is the polar of the lattice /1 generated by the edge-vectors of the given regular simplex
of unit edge.

Proof. In (18) we have the second equality by [11]. The first equality follows
by Theorem 1 from 0(E)=1 0(E)=1 and the remainder of the proposition also
follow from [11] (keeping in mind the reference to [2] in the proof of Theorem 1),
where it is shown that if D is a regular simplex of unit edge, then E is the Dirichlet-
cell of a lattice-point in the lattice /1.

Remark. Presumably this is the only thinnest non-separable lattice; presum-
ably even the only space-filling with translates of E is obtained by the Dirichlet-
cells of the lattice-points of /1. For s=2 this is evident.
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Proposition 2. For D =cross-polytope

(19) a(D) = V(E)V(D) = -ip

In case of the regular cross-polytope given by [X;]*1/2 the thinnest non-separable
lattices are just the lattices A(ALO, D), where after a permutation of the coordinates
A has only 0-s under the diagonal and |-y in the diagonal.

Proof. £ is a parallelotope, hence (5(F)=1 so q(D)=V(E) V(D). q(D)
is_affine invariant, and for the regular case V(E)V(D)=I/n ! If D is given by

n
[xj|sl/2 then E is given by max |x,|*I/2. So by [2], § IX, 1.3, Theorem IV
all space-filling lattices of translates of E are given by A(BLO, E), where B is of
the form given in the proposition (for A) — which holds if and only if A—B*-1
is of this form.

Conjecture. FOr general convex bodies min g(D)—(n+1)/2nn! while for
the centrosymmetric case min q(p) =\in! and the only domains for which the
minima are attained are the simplices and the cross-polytopes.

Remark. The general case would follow, including the case of equality, if
the conjecture in [11], V(D)V((D9*)"*2n(n+ I)/n !, with equality only for simplices,
would hold. The centrosymmetric case, not including the case of equality, would
follow if the conjecture in [8], V(D)V(D*)*4nnl would hold. However, in this
conjectured inequality equality holds not only for cross-polytopes (and parallelo-
topes) — see [11] for a conjecture about all cases of equality. However, most likely
for the other cases of equality, i.e., when E is not a parallelotope, there is no space-
filling lattice of translates of E.

Now we turn to the minimax problem. For large n this is unlikely to have
a simple extremal domain. For n=2 we have for D = circle £5(/))=[3 n/S=
=0,6802.... The value given in Theorem 5 (and even more the value in the remark
after it) is rather close to this value. For D = regular octagon 5(E)=4(3—/2)/7=
=0,9062... which is somewhat less than in case of the circle, i.e., 0,9069... (cf.
M ahter [9]); however, q(D)=\—2/4=0,6464...<0,6802.... Hence it is possible
that there holds the following

Conjecture. FOr n=2 max q(D) is attained for an ellipse, i.e., it is equal
to V3#s8.
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ON THE REMAINDER TERM OF THE PRIME NUMBER
FORMULA IV. SIGN CHANGES OF it(x)-lix

by
J. PINTZ

1 Riemann asserted (without proof) in his memoir [12] that for every x =2
(1.2) 7t(x)<lix.

His assertion was disproved by Littiewood [8] in 1914, who proved that the
difference 7r(x)—ix changes sign infinitely many times. However, his proof was
ineffective, so it was impossible to give any upper bound for the first sign change.
After many attempts this problem was solved in 1955 by Skewes [13] who proved
the first explicit bound €(7,705)'. Another interesting problem was — for which
Littlewood’s original work had no answer — how often has 7i(x)*- li x sign changes.
Let us denote the number of sign changes of 7t(x)—ix in [2, Y] by V1(Y).
So the problem would be to give lower estimate for VAY). Such a result was
first achieved by Ingham [2], under an unproved and very deep condition however.
Let us denote by s the least upper bound of the real parts of the C-zeros. Then
Ingham’s theorem says, that if there exists a zero on the line a=g, then n(x)—i x
has a sign change in every interval

(1.2) [Y,cOv]

where 0 is an absolute, however, not effectively computable constant. From this
one gets easily that
1.3) VAY) > dlogyY for Y > Yl

with ineffective absolute constants ct 2 and Yt.
The first unconditional lower bound for Yt(Y) was proved in 1961—62 by
S. Knapowski [3], [4] He proved

(1.4) Vi(Y) > c2log,Y for Y >,
with ineffective Y2, further the weaker effective inequality
(1.5) Vt(Y) > c3logiY for Y>Y3

where both c¢3 and Y3 are explicitly calculable.

1We use the notations el(x)=exp (x)=e*, ev+l(x)=exp (ev(x>) and analogously with logx.
2 All the constants c, are positive.
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In 1974—1976 S. Knapowski and P. Taran [5], [6] showed the improvements
of (1.4)—(1.5), namely

(16) V) - Gegd¥ia I8F V¥

with ineffective ¥4 and
1.7 Fl(y)>cb5log3y for Y>V¥5

with effective absolute constants c¢5 and Y5.
(1.7) was improved by the author [9] in 1976 to

(1.8) Fi(y) > ce(log2Yfi for Y>YB

where ¢6, cland Y6 are effective. In part Il of this series [10] the effective lower
bound

(1.9) vi(rc ¢-JS ~ for

was proved, which is better than (1.8) and the former best ineffective lower es-
timate (1.6).
Finally we mtntion that Levinson [7] showed in 1975

(1.10) %5I6d)>q) .0
which is the best result in this direction.
Let

Mx) =7t(x)-lix= p%xl—\[TI(‘)‘g?

A2(x) = NDX)Hix= 2 ~— UL
(1.11) pfx M
43W = B(Xx)-x = pg\x logp-x,

M) = (x)-x = 2 Togp-x,

and let V,(Y) denote (for Is/s4) the number of sign changes of At(x) in the
interval [2, ¥].
With these notations we shall prove the partially ineffective

Theorem. There are absolute constants Yt (1s/s4) such thatfor ys>y( the
inequality

1 logy .
(112) VTY) 00 (log2¥)3 1=£iS 9

holds, where the constants Yt are effectively computable for i=2, 4 and they are
ineffective for /=1,3.
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This is already very near to Ingham’s conditional (and also ineffective) lower
bound (1.3), however, here we cannot give a corresponding localization of a sign
change. The inequality (1.12) is also not far from Levinson’s result (1.10).

2. In the course of proof we shall use the following “kernel function” :

where 1 integer, u”1 real, and wu is real.
First we state some properties of the R ktB(u) functions as

Lemma 2.1. For the .Bk B(u) function defined by (2.1) we have

22 A.,.00 = A, ,(-«G;
23) Bk fi(L) —
(2.4) it Ju/'S k+2 then [/1,,001 g E(WIk 1R+

For the proof of (2.2) we note that shifting the line of integration to <x=0
we get

(25) A ,,,00 = I (-BE-L) e ncos (,/) dt

from which (2.2) follows.
Now it is enough to prove (2.4) for u”~k +2. Then shifting the line of integra-
tion to o=—y we get
1/ (es—e Usi—

A= oy g s © rds
1 exp
T
A d=p bl 2ni ds ns S
expj(/lc—2d +u) s+
(2.6) S i ds s
Wk oni (_J)
exp {(fc—=2/c+ u) (—") +
/ dt S
2n
exp{—m—k—1} 1 7 , 1
7P ~ 2n | e

Thus we have also
2.7) lim A./i(M = 0
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So (2.3) will be proved considering (2.7) and (2.2) if we show that ~*,,,(m) is monoto-

nically decreasing for nSO.
This will be proved by induction with respect to k. Using the well-known

formula

(2.8) J _ f eA*+Bsds =
2ni d
valid for real positive A and arbitrary complex B, we get for k=1
s
1 cet-e-s . g sn
du 2md 2s e S-¢€ S
4 s2
— K«+1)s 1 r —f-(H-l)s ,
ex e ds
* 2,1

@

=jik lexp(“T("+19) “exp(“T - DYl * °-
If it is proved already for k=k0—1 then we have
C/No u(U)

1 2 fsin2t9. . .
— *?7— =¥ [ 1— J] =

(2.10) = ey {cos ((n+ 1)0 —cos((«-1)0}e "dr =

—ACYOLAMEO <o - 1)—0

or alternately

(2.1 rlo—+*(1 bV M) —o.

Thus (2.10) proves the assertion in case of /sl and (2.11) in case of O *usl,
and so Lemma 1 is completely proved.

Our main tool in the proof will be Taran’s method. Here we shall use the so
called second main theorem in the special case when all the coefficients are equal to 1

Lemma 2 (T. S6s—Turén). For arbitrary complex numbers Zj
(2.12)

The proof is contained in Vera T. S6s—P. Tuaran [14].
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If we have only an upper bound N for the number of z/s then we can define
(2.13) Zj =0 for [Tl

This implies immediately the modified form of (2.12), namely the inequality

(2.14)

We shall use Lemma 2 in this form.

Further we shall use some known properties of the zeta function which we
state here.

The number of zeros with imaginary part between T and +1

(2.15) iVIT+I)—N(T) < clog T where ¢= 15 for T =-I0

(See W. J. Ertison—M. Mendés France [1] p. 165)
If £(j)?71O in the domain

(2.16) o>R, UAT+1
then for
(2.17) 2a: 98 P+ 2 s|r|sr
one has
r

(2.18) y(s)

(This follows easily from Satz 41 of Prachar [11], p. 225, in the special
case k=1.)

Finally we shall use the standard estimate
(2.19) C(s) = 0(|/7) for <£l.

3. First we shall treat the (ineffective) case i=1. If the Riemann hypothesis
is true then the quoted theorem of Ingham (see (1.3)) already settles the problem.
For the sake of completeness we mention that Ingham’s theorem with essentially
unchanged proof is valid for 24/44, too.

Thus we shall suppose the Riemann hypothesis to be false.

So let @=Ro+>yo be a zero with and with minimal y0>0. If there

are more such zeros then let (?—&[+iy[ be the zero among those with maximal
real part. If there is only one such zero then let £i= 60

Let denote successively Qri—8nH+iy',,+i the zero with maximal real part
among those satisfying

(3.1 y',,"y Sy'+21logF,
if such a zero exists.
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Thus we get after at most |— — | Steps a zero q'n= BN+ iy'N= ei—RBi+ Hi
with
(3.2) 0< y! < 2log2y

(because log2l+y~-=2log27 if 7>FO0 ineffective constant), such that the
domains

(3.3
and
(3.9) U—il S 2log F,
are zero-free.
4. Let us introduce the following notations. Let

4.1) 4 =logY, L = log2F.
Let k be any positive integer to be chosen later, for which
4.2) 4000L LUl kw 4400L.
Let X be any real number satisfying
P ! 2

(43) i0dz . -—---- 104T ¢
Let further
4.4 A = exp {KX—2)},
(4.5) = exp {k(X+2)},

[ 4der (e*-e~sy Justh
(4.6) g,.D(«,s)—"( 2s re ’
4.7 = Yx = i
4.7) f(x)=n(x) lgxxYx = n(x) ZS%SngI/IiIX’
(4.8) H() " M) +i(s)-IT m >,

2

where both in (4.7) and in (4.8) the upper or in both the lower signs
Further we choose

(4.9) o LI,-4:00L
Thus by (4.2)
(4.10) : I/I
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We shall prove that to every real 4 satisfying (4.3) there exists an integer K
satisfying (4.2) such that / (x) has a sign change in [A, B].

Let Abe fixed in (4.3) and let us assume in contrary that with any K in (4.2)
I (x) does not change his sign in [A, B].

5. We shall start with the formula (valid for cr=»l)
(5.2) / fix) (x~slogx) dx = H(s).

Replacing s by s+iyi in (5.1), multiplying by gk*fk/.,s) and integrating with,
respect to s along the line a=2, using (2.10) we get

U= f H(s+iyDgkilx (KA, s)ds =
ZM
= 1T/ /W 4z (x~s~'hlogxgk.iW , s)) dx ds =
C @ 1 UX

@ I f

= f(x)- k v [/llogX'bd f s)ds\dx =

f f(x)-r- {x~iy log x Jkf,,'(kA—og x)} dx =
(5.2)
log x (log x-kX) + Sk,,-Qogx-kX) +

+ x~iyilog x -3 «in (log X - dx =

f(x) logXeX

+ AN KB, @(logx-Ic2+ 1)—-A-i, M '(logx-U-1)Ji/x.

Now we shall give an upper bound for the right side of (5.2) using the proved
properties of the kernel-function J kill(u) and the fact that /(x) does not change
its sign in [A, £] (defined by (4.4)—(4.5)). On the other hand we shall show that
the left side can be reduced essentially to a finite powersum, for which we can give
a non-trivial lower estimate by suitable choice of k within (4.2) using the second
main theorem, which contradicts to the upper estimate sketched above.

6. To estimate U from above we shall split the integral V into three parts

(6.1 M =nNK+run,+una
where
A B 00
(6.2) u=f, w=f , u3=/
1 A B

3* Studia Scientiarum Mathematicarum Hungarlca 13 (1973)



36 J. PINTZ
Considering (3.2), (5.2), (2.3), (42)—(4.5) and that f{X) does not change its
sign in [A, B]we get
i B TEKQIAI Zig a gk +
+AA-TEMogx-kA+ 1)+ A k-, (Togx-kI-1)Mdx =8

(6.3) - A # kv<\°gx-k}.)+.fk 4fi, \ogx-kI+\) +

A X

+A-iM'(bgx-fe2- I)}dx =

= P3|/ logx-fcA)+”-ir0o0gx-ic;.+ )4-
A

+-fhei,, (logx—kA—1)}dx\.

Similarly we get owmg to f(X) logx= O(X) introducing the new variable
w= log X—kr using ( (4.3 amg (2.4)

[£/3 s if f {SKif,(logx —kX) +<fk-itB-(logx —kX+I) +
+Jk-1,,"(\ogx—kh—\)}dx ~
= h3/ {N,,'(«)+N-12(m+ 1)+1-1,4"(«-1)}e“+* m &
(6.4)
— f fe-(uk-Dn'_i M(uti—k~i)n' N e~(n-1~k~1*}endu

2K
S3 f eMwk-2""+udu = o(l)

and analogously

(6-5) M =o(l).

Further, mutatis mutandis, we have
(6.6) Ca= tt3f (logx- kKX)+ -n-1,(log x-kI+ 1)+
+Sk- I'R'(logx —kX—i)}dx = o(l)

(6.7) Us= n3{ {JIL (\ogx-kI) + jrk_Itll,(\ogx-U+1) +
X
+A-i,p(Dgx-feA-1)}dx = ofl).
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Now (6.3)—(6.8) give immediately with the notation

(6.8) K% '™ {Skil.(\ogx-U)+Sk-TIt.(\ogx-kA + 1)+
1 X
+ Sk-i,i,-(yogx —kX—i) }dx
the relation
(6.9) li/] - [t/2+0(1)S/i®|X|+0o(l).
7. In the following we shall estimate X from above using the formula (valid

for <7>1 with a constant h)

(7.1) £S B i%- 7 {(E(*>+«>)*4»}e-T - =

- <p(e)E—
S 2

which can be proved easily by partial integration.
Multiplying on both sides by —2-7]&3 (s), where
(72) G(s) = g (U, s)+ g*-BMfeA—L s) + g*_HHl(fcA+ 1,5)
and integrating along the line a=2 one gets easily by (4.6) and (6.8) the formula
K=H A dstad O ) ds=

(2) o____ (2)

(7.3) 2
= * X, + X 2.
Shifting the line of integration in Kl to a=—' we get by easy computation

2ni ., 4 1
0

(- S_ _

. KX exp —(bl =D/i'+ i'—V}
(7.4) -0(e“+T)+0 | /

= 0(e™ 2)+0(e-"(UF*-2) = 0("- H).
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In order to estimate the integral K2we transform it on the broken line / defined
for t"O by

N:(T = 4 for t L2y

r2: . ,2A - ,5 for t=2u

fs:o—19+£ for 10" t=2y
for t=10

Ig\a=\4 for 0StS 10

and for t=0 by reflection on the real axis, so that
(7.6) K2~ — f G(s)cp(s) ds

because owing to (3.3)—(3.4) (p(s) is regular right of / and on 1.

Now using already mentioned well-known properties of £(s) (see (2.16)—(2.19))
and (3.2)—(3.4) (further the definitions (4.6), (7.2)) we have the following estimates
for the integrals on V(1" va 5):

H epteil -~

Uil=0 log/ exp N kk = °0),
(7.7) Ull = Ojtr logU”rrj  exp M2x+ bl )| = 0(eRikk~K),
(® AH) =
4 = 0{e"+X.
Hence
(7.8) |IK2 =0(eU=>ix- R +0 (e " +' K).
Further using (7.3)—(7.4) we get
(7.9) |K| =0(e<V-i>*) + Cxe(7r+1)t).
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Now with an ineffective absolute constant ¥r, by the definition of g0—f&+ i\

and Qi=Ri+iyi (in 3) for we have (owing to (4.1) and (4.3))

(7.10) Pi 2-P0 2*“ log Y u  ~ A
Thus

(7.12) 2 e(T +1)*:

and so

(7.12) \K\= 0(eV*-*).

Combining this with (6.9) and (4.1) we get already the required upper estimate
for the integral U in (5.2), namely we have

(7.13) |E/] ~ ABJiC|+o(l) = 0(eM*-*+«-).
8. Now we can start with the lower estimate of the left side of U in (5.2) (with
the choice of a suitable k). Shifting the line of integration to a= —"* we 8et

(8.0 u =2 Skyv(k/; Q-iy)T

1d .
| H(s+ iyk)gk™ u *s)ds-
(-1)
Easy computation shows that the last integral is 0(1) further the second term is

Y _e~T+hl \k
+|(

1-2iyl
d (es—e~9
(8.2 os 12 J’:E’\ +JU+lz»b
1-21%

kk kX
= 0{kle2) = 0(<22+% = 0(e"xk~K)

if we use the inequality (7.11), too.

In the first term (in (8.1)) we can trivially estimate the sum containing the
infinitely many zeros with
(8.3 If—fil —2/L

Namely, by (2.15), we have for the contribution of these zeros the upper
estimate

/ n\«K 1—2
(8.4) 2 Z clogiyj+n))—e'+* =0(1).
nsli/i] vl
Similarly we can easily estimate the sum corresponding to the zeros with
(8.5) 6s ly-yxl < 2L
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The number of these zeros is owing to (2.15) and (3.2) at most
(8.6) 4uc log(va+ 2ju) € Agji log(p.2+2u) = 0(y2.
Further, by (3.4), we have for the zeros with (8.5)

(8.7) RA r31+lN
o
and so for these zeros
(8-8) \gk,,-(KA, e-ifa\ A (A ) ekXB+* + < i“»r-.

Thus we get for the contributions of zeros with (8.5) to the sum (8.1) the
upper bound

(8.9 0(u2eKd” - K = 0(ekdsi- k+2D).

9. These estimates were naturally independent from the choice of kK in (4.2).
So the essential part of U is the finite powersum, containing the zeros with
9.1) ly—Vi|<6.

The number n of such zeros is owing to (2.15) and (3.2)
(9.2) 1= h= 2e6e°clog(yx+ 6)~ 180log (2log2Y +6) LLI400log2Y = 400Z.

So for the zeros with (9.1) we can use Lemma 2 in the form given in (2.14).
Thus choosing

9.3 m = 4000L
we get a positive integer Kk satisfying (4.2) for which
W\ =1 2  gkB(kk, e-iyOl =
[

I»-rii-=
ge-hi_e—{e—<>

=\ 2 { o gMe-iyJ -} _

1 ) ek 'HdalooZz
8esIZJ | 2R1 )
LA _ )XiiC0L

(because for real x>0 one has ex—e~*>2x).

Now the estimate 0(1) for the integral, the upper bound (8.2) for the residue
in (8.1), further the inequalities (8.4) and (8.9) concerning the zeros with |y—yXs6
give together with the lower bound (9.4) that owing to (4.2) we have for \U\ the
lower estimate

(9.5) [/ mom
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which contradicts to (7.13) (again owing to (4.2)). Thus we got that to every Awith
(4.3) there exists an integer Kk with (4.2), such that f(x) in (4.7) and thus also dx(x)
and naturally d2(x), too, has a sign change in the interval

(9.6) [A B] = [eu"2 e*AA.

This in itself does not give still the required inequality (1.12), i.e. the assertion
of the theorem.

10. However, we can notice that as the total Lebesgue measure of As in (4.3) is
A
104L

and K can take at most [400L]+1 values, there must exist a fixed knwith (4.2) for
which there are As with Lebesgue measure at least

(10.9

1 A
104L *401L  4.01 «106L2

such that At(x) has a sign change in
(10.3) [Ay, By] = [e*oA*0, e*oA+20] ¢ (/1 A nwu, e*, A+104i).

But as the Lebesgue measure of the A's belonging to this fixed kO is at least the
quantity given by (10.2) we can choose among them at least

A 1
- b 01106L2 2+104L 10nL3

Al/s (ISjAN), such that the difference of any two of them would be

(10.2

(10.4) N

(10.5) [AI—A{ S 2«14L (ISv<jslV)
and so for the corresponding intervals [AX], BX] we have by (10.3)
(10.6) [A,BY]M[AK,By} =0 (lsv<”"jv).

Owing to (4.2)—(4.5) to every k and Asatisfying (4.2) and (4.3) resp. the corre-
sponding interval

(10.7) [A B] = [e<A 25 ek 2] ¢ [e°-3, €097 = [YO3 YQY ¢ [2 Y]
So, considering (10.4), (10.6) and (10.7), we get at least

A logy
10nL3 ~ 10u (log2y)3

disjoint intervals, contained in [2, ¥] such that Ax(x) changes its sign in each of
these intervals, and thus we finished the proof of Theorem 1

(10.8)

11. In the case i=2 the following slight changes are necessary in the course
of proof to get the inequality (1.12) for Y>Y2 effective constant.
Here we do not make any difference whether the Riemann hypothesis is sup-

posed to be true or not, and choose {=y + ™ as the zero with the minimal
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42 J. PINTZ: REMAINDER TERM OF THE PRIME NUMBER FORMULA IV

imaginary part (y0%14.13). Thus we get a zero Qi=R1+iyl with the properties

described in (3.2)—(3.4) with the only change that instead of we have only

R In (4.7) we modify the exponent of x to  and correspondingly we define
111)-2 1 1)-2

H(s) in (4.8) with —Js—)J in the last term instead of —(—j) . Thus

we get for the Kx in (7.4) the upper bound

(11.12) \KN=0 (e +%)
and so we get without (7.10) and (7.11) immediately (7.12), i.e.
(11.2) K| = 0(eM*-*).

Further we get for the residue in (8.1) in the point s=2—iyx the upper

Z i
estimate 0(e4 )=0(epiXk~K and the other parts of the proof remain again
valid without any change.
The cases i=3 and z=4 can be treated similarly to the cases /=1 and i=2,
they are even easier, so we do not work them out.
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ON AN ISOPERIMETRIC PROBLEM

by
J. PACH

Scatter in the plane a finite number of line segments. The region enclosed by
the segments is defined as the set of those points which cannot be connected by
a Jordan arc with the exterior of the convex hull of the segments, without intersecting
at least one segment. How should the segments be arranged so as to maximize
the area of the region enclosed by them? Specializing a more general problem
of L. Fejes Toth [1], G. Hajoss raised the following question. Prove or disprove
the intuitively obvious conjecture that, in an extremal arrangement, the region en-
closed by the segments is a simple polygon.

Fejes Toth [2] claimed to have proved the above conjecture in the special case
when only polygonal arrangements are compared, i.e., arrangements in which
each endpoint of a segment is the endpoint of exactly one other segment, with the
additional condition that no subset of the segments has this property. Soon after
the publication of [2], Fejes Toth observed that his proof was wrong and he called
my attention to the problem of finding a correct proof.

Our result is contained in the following

Theorem 1. Among all polygons of given side lengths the convex polygon in-
scribed into a circle has the greatest area.

Here the area of a polygon is defined as the area enclosed by the sides of the
polygon.

The convex hull of the vertices of a polygon P will be denoted by conv P. Our
Theorem 1is an immediate consequence of the following stronger result:

Theorem 2. Let P and Pc be two polygons with the same lengths of sides, and sup-
pose that Pc is a convex polygon inscribed into a circle. Then the area of conv P
is at most that of Pc.

Equality holds here if and only if P is also a convex polygon inscribed into
a circle.

Remark. FOr polygons not intersecting themselves the proof of Theorem 2
is easy and well-known (see e.g. [3]).
The proof of Theorem 2 is based on the following simple

Lemma. Let Q be a strictly convex polygon. Suppose that the area of the triangle
Xyz is minimum among the triangles spanned by the vertices of Q. Then two sides
of Axyz lie on the boundary of Q.

AMS (MOS) subject classifications (1970). Primary 52A40; Secondary 50B15.
Key words and phrases. Isoperimetric problem, polygon, convex hull.
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Proof Of the Lemma. Let hxy denote the altitude belonging to the side xy
in Axyz. Let Sxy be the parallel-strip consisting of those points which have a distance
less than hxy from the line xy. Obviously, any vertex of Q (different from x and y)
is outside Sxy. The forbidden strips Sxz, Syz can be defined similarly. Thus the
vertices of Q, different from x,y and z, can be placed only in the six remaining
angular regions 7\, T2, T6 (see Figure 1). There are no vertices of Q in Tt, Tb
and Te. For supposing the contrary, there is a vertex x', say, in T,. This means
that x is inside the triangle x'yz, which contradicts the fact that x is a vertex
of Q. A similar argument shows that there are vertices in at most one of Tx Tb T3
(say in 7\). In this case the segments xy and yz lie on the boundary of Q.

Now we turn to the proof of Theorem 2. The proof is by induction on n. For
n=3 Theorem 2 holds obviously. Let n>3 and let P be a polygon (with the
same lengths of sides as Pc), for which the area A (conv P) is maximum. V(conv P)
will denote the vertex set of the convex hull of P.

L First we assume that there is a vertex xt of P, which is not in F(conv P).
Replacing the sides x{ rx{ and xtxi+l of P with the new segment xr_rxr+lL we get
a polygon P' of n—1 vertices. By the induction hypothesis, for a convex polygon
Pc inscribed into a circle, having the same lengths of sides as P', we have A (P9”*
SA(conv P)=A(conw P). Replacing in P' the side corresponding to x( xx;+1
with an arc congruent to xI_1xixi+l we get a polygon P" for which

(1) A(convP™) S A(P'Q+A(x,-Ixixi+l) S A (conv P)yA (xi_xxixi+1)
holds, where A(xi_xx,xi+l) denotes the area of the triangle Xj-iXjXj+i. By the

maximality of A (conv P) we have A (conv P")*A (convP). Comparing this
with (1) we obtain

(2) A(xi- Ixixi+l) = 0, y4(conv P") = ~(convP).
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But P" does not intersect itself, thus taking our Remark into account, P" ought

to be a convex polygon inscribed into a circle. This is, however, impossible because

the first part of (2) shows that three points of P lie on a straight line.

2. Suppose now that every vertex of P belongs to V (conv P). Using our Lemma

for conv P we can choose a triangle xtxjxk of minimum area, whose sides xtXj

and XjXk lie on the boundary of conv P. Let xj_IxJ and XjXJ+l be those sides of

P which meet in the vertex Xj. Replacing the arc Xj_kXjXj+xwith the new segment
Xj-iXj+ we get a polygon P' of «—1 vertices. Let us consider a convex polygon

Pc inscribed into a circle, having the same lengths of sides as P'. Using again the
induction hypothesis we get

(3 A(Pt) N A(conv P’) = A(conv P) —A (XiXjXK).

Replacing in Pc the side corresponding to xj- 1xj+1 with an arc congruent to
Xj_xJXjH we get a polygon P" for which

4) A(conv P") = A(P'c)+ A(Xj-1XjXj+1)

holds. Using (3) and the minimality of A(xtXjXK), we can write (4) in the form
(5) /l(conv P") s /I(conv P) + A(Xxj-IXjX&.D-A (xiXjXk) ~ /I(conv.P).

The polygon P" does not intersect itself, hence, by the Remark, we have

(6) [f(conv/>") S A(PQ,

where Pc is a convex polygon inscribed into a circle, having the same lengths of
sides as P and P". Putting (5) and (6) together we obtain A (conv P)LUA(P¢). It
can easily be seen that equality holds here if and only if P is a convex polygon
which can be inscribed into the same circle as Pc. This completes the proof of
Theorem 2.
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NEAT REDUCTS OF VARIETIES

by
H. ANDREKA and |I. NEMETI

Neat reducts play an important role in algebraic logic, cf. [8], [1], [2]. Neat
reducts of cylindric algebras and related structures are a central tool in the rep-
resentation theory of cylindric algebras and related structures.

The problem of finding a recursive enumeration of the quasiequations valid
in all neat reducts of a given variety is frequently investigated in algebraic logic,
cf. as above (also in [9], [7]).

Here we give a universal algebraic definition of neat reducts such that all the
above quoted neat reduct concepts are special cases of the present one. We shall
see that the quasiequations defining the class of all neat reducts of an arbitrary
variety are recursively enumerable. The recursive enumerability of the equational
theory of representable cylindric algebras is a corollary of the present statement.
Other corollaries are the analogous results concerning neat reducts in other versions
of algebraic first order logic, e.g. Modal—Cylindric algebras [6], and “systems of
varieties definable by schemes of equations”, cf. [3]. Also T.3.3, T.3.5, T.3.15,
C.3.16 of [1] are corollaries of the present statement. Let t be a similarity type
and let txQt be a part of t. If 91 is an algebra of type t then Rdr 91 denotes the
/j-type reduct of 91 Similarly for any class K of algebras of type t:

RAtIK = {Rd(91: 91€K}.

S denotes the formation of subalgebras, i.e. SRA(IAT consists of all h-type sub-
reducts of K. Clearly, if F is a quasivariety of type t then SRA(IF is a quasi-
variety again.

Let C be a set of equations of type t. Then for any algebra 91 and BQA the
following property is meaningful: C is valid in 91 relative to B, cf. [5] p. 242 and
p. 509:

We shall say that C is valid in 91 relative to B iff any valuation of the variables
of C into B satisfies C. In other words: any substitution (or valuation) of the
variables by elements of B is a solution of the set C of equations in the algebra 9L

For a subreduct 9 of 91 we say that 9B satisfies the equations C in 91 iff C is
valid in 91 relative to B (where B is the universe of 93). Such a subreduct R is called
a C-neat subreduct of 9L

Recall that txC=t. Let F be a variety of type t, let C be a set of equations of
type t (not necessarily valid in F). The collection of ~-type subreducts of elements
of F satisfying the equations C is denoted by S,* F and is called the class of C-neat
subreducts of F. Formally:

SrpjF” {936SRd(1F: C is valid in 9l relative to B for some 91£F and 936Rd,, 91}.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



48 H. ANDREKA AND I. NEMETI

Examples. 1 [8] p. 401 Def. 2.6.28.

Let t be the similarity type of a+c dimensional cylindric algebras. (CAIHQ
denotes the variety of these cylindric algebras.) Let tx be the similarity type of a
dimensional cylindric algebras.

Define C as C= {orx=x: a”rca+o»}. Sr£ CAa<0 is the well-known class
“SNraCAaH0 of neat subreducts of cylindric algebras”.

2. [ p. 28

Let t be the similarity type of a+to dimensional substitution algebras. (SAata
is the variety of these algebras.) Let «x be the similarity type of a dimensional sub-
stitution algebras and let C be as in Example 1. Now SrESAaH0 is the class
SNraSAaH0 of representable substitution algebras.

3. [6], [3], [4 Cor. 3.17.

The above example applied to Modal—Cylindric algebras yields their neat
subreducts; and more generally in case of an arbitrary system (VX e0rd of varieties
definable by a scheme of equations it yields the quasivariety of neat subreducts
of Vata.

4. Let t consist of two binary operation symbols + and — Let
E= {(xty)+z=x+0+2} C= {(x+ty)-x =y}

Now, if b consists of + only, then Sr+ Md (E) is the quasivariety of left cancella-
tive semigroups. Where Md (E) is the i-type variety defined by the equations E.

5. Let R be the variety of rings with a derived operation d. (E.g. d(x,y)=
= (x+-y)2.

Let C={xex=x} and let tx consist of 0, 1 and d. Now, SrER is a quasi-
variety of algebras consisting of idempotent elements of rings.

6. Let R be the variety of rings with the derived operation p(x,y)=
=d(d(x,y), (x*y)) where d is as above. Let C= {xex=x} and tx consist of
and p. Now SrAR is a quasivariety containing the variety of Boolean algebras
(when < and p are interpreted as meet and join, respectively).

Theorem L1 Let txQt be two similarity types, let V be a variety of type t defined
by a set E of equations. Let C be a set of equations of type t. Now (i) and (ii)
below hold.

(i) : SrEF is a quasivariety.

(1) : If E and C are recursively enumerable then a recursive enumeration of the
quasiequations defining Srf£ V can be obtained from the enumerations of E and C.

Proof. Part (ii) of the theorem will be proved as a corollary of Theorem 2
Here we prove only part (i).

To show that SrE£ F is a quasivariety, it is enough to prove that Srjj F is closed
w.r.t. reduced products and subalgebras. ~

By definition it is closed w.r.t. subalgebras: 91*SA"Rd (191 such that C is
valid in 21 relative to B implies that C is also valid in 21 relative to N since NQB.
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Let JP 'Bj/D be a reduced product and ®"ESrf£ 41j, ffV for every jCJ.
Take the canonical embedding:

n: P BJD P 91,/DEV.
1 iiJ 1 iiJ 1

Since reduced products preserve equations, C is valid in P 4lj/D relative to the

image of ( P Bj/D) by ¢ QED iJ

Let Y denote the (infinite) set of variables (of E, C etc.). Let / be a completely
new infinite set of constant symbols, t’ denotes the expansions of the type t by
the new constants /. Similarly t[ is the expansion of tx by /.

C" denotes the set of equations obtainable from C by substituting all the
variables by constant t[-terms. More precisely:

Let Fr,h denote the set of terms without variables in type t[.

Any C. Y—FrlItl induces a substitution, such that if e is an equation (with
all its variables in Y) then £(<) is another equation obtained from e by replacing
each variable XET in it by C(x). Obviously, C(e) contains no variables and belongs
to the type  Now,

C'= {{(e): eCC and " YFrltJ.
Notation. T=—/ denotes that ~ is a one-to-one map of Y into the set /.
Theorem 2. FOr any quasiequation ( [, ef—e) oftype tx: SrEF|=( 4 <—e) iff
£UC'U{((q))is,N((«) for some {: TW .

Proof. Let £: | be arbitrary.
£UC'U {Me(}idBNI(c) iff: For any homomorphism / from the word-algebra
grf, generated by I (in similarity type t) into V i.e. for any /: HEV, it is

true that (91,/(r))r€/t=( 4, ~(c,)—<j;() if / satisfies C i.e. if ker/3C".

1 Now we prove SrEFN=( [ e,-~e) implies £UC'U {i(eQ}s.f=C(e) for
every £: YA—F isn
Let Y-+l be arbitraryﬁ. Let /: gr/(-"5ICP' be such that ker/2 C'. Since

Fr, Fritl we can define B=f(Frltl). This is a subuniverse of Rd(191 and thus
defines S~Rd (9. Now, since ker/2C" and 2tCV. Therefore if
SrEKI=( A ei“ep>then ®H(Le,--¢) then further <®,/(r)>r€JH ( 4 «Ufo)—£00)

and therefore (91,/(r))re/|=( 4 £(ef)—£(e)), which by the above implies £UC'U

n{{(0}|*nns).

2. Now we assume that EUC'U{*e)}",.(="(e) for some £: K—/. We
prove that this implies 8reP(=(/1e,-*-e).

Let ©CSr*K be arbitrary. Let g: Y-+B be a valuation of the variables. We
have to show ©t=(ie‘1 ej—e)[gl.

There exists a g': /—B suchthat g=£o0g’', since £ is one-to-one. (Cog denotes
the composition of £ and g.)

There is an 91€V such that © is a C-neat subreduct of 91 Let / denote the
unique homomorphic extension of g': I-»A to 3m—J1. Clearly g—"of. Now,
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f satisfies C' since f(Fritl)QB and 2 is a C-neat subreduct of 2. Now EUC'U
U{E(e,)}bh1=£(e) implies

(6f(n)rei N (4 829 - £00)

which by g=£of implies 2t|=(&ei—e)[g] which is equivalent to 23U (i/\'rl] E)[#].
Since 23 and g were chosen arbitrarily, this implies Srf Vt=(i,,\An e”e). QED

By this we have proved Theorem 1, too.
The following corollary uses the notations of [8].

Corollary.

Cr/SNr,CA3+00 = CijR* = CryLfa= (Cr{*w CAa+M 2Er,,).

This was used in [1] to prove completeness of type-free logics, cf. C.4.4 and
T.6.3 there.

A decidable axiomatization of the first order theory of the class Lfa was given
in [12] by a single scheme of axioms.

Probiem. Find a “nice sufficient condition for Srjj K to be a variety. (This
is the case in Examples 1 and 2 but not in Example 4.) Compare the problem on
p. 28 in [1]. About this problem: It was proved in [10], [11] that in the case of
cylindric algebras the class NraCA" is not a variety, which solves Problem 2.11
of [8]. Hence we cannot replace neat sweéreducts by neat reducts in our inves-
tigations.

Questions related to the subject of the present paper were investigated in
Burris [4]. This subject is strongly related to “theory morphisms” in the sense of
Lawvere, Burstall, and Goguen, which can be treated rather naturally in the frame
of Cylindric Algebra Theory, see, e.g. [13] or [15].
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1. Introduction and main results

This is the third paper on the subject, but can be read independently of the
first two ([3], [4]). Let

(1.1) I/.:0sxvSIl, (v=1...n

be the unit cube in R". Let (aJ) be a point interior to Un and
(1.2 LjJ: xv—AvH+ av, (v=1l....n; — < 1 <°°)

a rectilinear and uniform motion, where u=t denotes the time. We interpret (1.2)
as the motion of a billiard ball (b.b.); as we wish to reflect the b.b. in the usual
way on striking the 2n facets xv=0 or 1of U,, we use the function (x) defined by

(X if
(1.3) xX)=j2_x if \Ax"2 and <*+2>= <> for all *

We have used this function in [3] and [4] in a slightly different normalization. The
reflected path of the b.b. within U, may be described by the equations

(1.4) L: x, = <Avu+ay), (v=1,....n; -«> < U<«>).

1 Sponsored by the United Slates Army under Contract No. DAAG29—75—C—0024.
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A classical theorem of Kronecker (See [2]), and its generalization (see [1]),
show the following: If the n components (/,,) are arithmetically linearly independent,
then the motion (1.4) is ergodic, i.e., the path Ml is dense in U, If 1"k*n —1,
while the (A) admit precisely n—k linearly independent linear homogeneous rela-
tions with integer coefficients, then the path T\ is contained in and is dense in
a finite ~-dimensional skew polytope Mk. This was shown by Kenig and Sz(ics
in [2] for k=2 and n=3.

This result shows that the b.b. motions generalize naturally as follows: Let

(1.5) A= (Al ..,Al), (*=1...f) (Isfcsn-1)
be Kk linearly independent vectors. We replace (1.2) by

K
(1.6) Lk: xv= 2l + v=1..n <«e),

which we interpret as a A:-dimensional optical signal starting from the point (ay)
inside Unat the time ?=0, and spreading uniformly within the A-flat Lk. As we
now think of the 2n facets of Unas mirrors, the reflected path of the signal is a finite
or infinite k-dimensional skew polytope Mk. The function (v) may again be used
and shows that the reflected path is parametrically represented by the equations

.7 Mk: xv= (IZ Kui+ay), v=1 .., n <00).
In order to avoid degenerate lower-dimensional problems we shall assume

that the original signal (1.6) is in a general position.

Definition 1. We say that the signal (1.6) is in general position (G.P.), provided
that

(1.8) the n by k matrix |Ag| has no vanishing minor of order k.
Equivalently: If 17vi1<v2<...<v(Sn, then the k linear functions

*V|*V\g') ”’>X\k
of (1.6), may assume arbitrarily prescribed values for appropriate ut.

Let O X=(xV), c=(t 'Y’ 't)’ an<® cons'”er the cube

(1.9 C;: ||*-c]U < B,
where [|x|U=max(|xV).

Definition 2. We say that the path (1.7) is Q-admissible, and denote it by
Mk(o), provided that it is in G.P., and that kK never penetrates into the cube
(1.9) , hence that

(1.10) NEMNCn=:0.
As an extreme opposite of the ergodic case, we study the following
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Problem 1 To determine, or to estimate, the quantity

(1.11) gken = supremum g,

the supremum being taken for all g having ~-admissible path TMr(z).
Our main result is an estimate.
Theorem 1. We have the inequality

(1.12) -

In 89 we establish Theorem 1 by constructing a path TMk(B) for values of g
which are as close to 5o 85 We wish.

In [4] | have shown that the equality sign holds in (1.12) for the case when
K—21 We can now do the same for the other extreme case when k=n —1.

Theorem 2. We have that

1 n—1_ 1

(113) Q’T"lln"‘ 7 n -~ (« 2)

The simplest case when n=3, and therefore
(1.14)

leads to what | call Kepler's tetrahedron. J. Kepter was the first to notice that
four appropriate vertices of the cube U3 are the vertices of a regular tetrahedron T.
As any two facets of T intersect in a facet of U3 forming equal angles with that
facet, it should be clear that the surface of T carries a reflected signal LL, . It carries,
of course, many such, but let us single out one of them and denote it by IM\. Actually,

this signal tI\ is readily found to be —éadmissible, and it is essentially the only

/78 which is -"--admissible. This is an apparently new characteristic extremum prop-
erty of Kepler’s tetrahedron: Any other signal M\ in general position, must penetrate
into the cube C?, with Q=“g,-

Theorem 2 allows us to generalize this extremum property of T: There is an

essentially unique signal IM,,  which is in general position and is --ladmissible. It
is explicitly given by Zn
<N v=1,..,n 1,
(1.15) s ( )
ul+u2+...+u,, (—oo< Y <)
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In our elementary paper [5] we considered the case of n=2, when the path of
M\ is the square with vertices in the midpoints of U2.

Theorem 3. We construct explicitly the signal flI* - j for the two cases
(1.16) {k,n)= (2,4 and (k,n) —(2,6).

Notice that (k, n)=(2,5) is missing: | could not do it.
In view of Theorems 1, 2 and 3, | wish to state

Conjecture 1. The value of (111) is

J k. .
(1.17) kn 5 |p s is n=D.

The remainder of this paper is in two parts and an Appendix. Part | deals
with monochromos and u-chromos in Rk already used in [4] for k—1. We derive
Theorems P, 2', and 3'; in Part Il it will be shown that these theorems are equiv-
alent to the above Theorems 1, 2, and 3, respectively.

There are three outstanding problems that we leave unresolved:

1°. A proof of Conjecture 1

2°. A general arithmetic-analytic construction of a signal

(1.18)

as done by Theorem 3 in two very special cases.

3°. To show that the number of signals (1.18) is finite, as shown in [4] for k=1

Problems 1° and 2° are probably related and all three difficult.

In the Appendix (8 § 10 and 11) we study the same extremum problems, where
the rectilinear reflected &-flats are replaced by ~-dimensional Lissajous manifolds.
Again, Theorems I, 2, 3' on u-chromos, allow us to derive immediately three
Theorems 1L, 2L, 3L, concerning the new situation.

1 n~-CHROMOS
2. Monochromes
We consider the function
(2.1) { = min|x—m\ for Z,

which is related to the function (1.3), in fact {x}=(2x)/2. It seems tailor made for
dealing with systems of parallel and equidistant planes in Ric= {u=(r/1; ..., uk}.

For if 21! A'Uj+a is a non-constant linear function of the variables uh then the
equation

2.2) {2 Aui+a} =0
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represents such a system of planes, it being equivalent with the system of equations

2.3) ) dm+a=j  (je2).

Let
2.4) 0<<5<1,

and let us replace (2.2) by the inequality

(25) Mk@): {TA4+e} 3=4*

This represents a system of congruent, parallel, and equidistant slabs of space.
We call the point-set Mk(8) a monochrome (M.C.) of RE because we like to think
of its points as carrying a certain color y. The most familiar case is k=2, when
M 2(6) assumes the aspect of an awning, of the kind used to provide shade to
storefronts.

We shall refer to the planes (2.3) as the central planes of the monochrome (2.5)
(central lines if k=2).

The distance between two consecutive central planes (2.3) is found to be
[7=1/2 ("92 while the width of a slab of (2.5) is seen to be w=5/2 (232 There-
fore

and for this reason we call $the density ofthe monochrome M k(8). Clearly 6 represents
the density of the color y in the space RE containing MK(0).

3. «-chromos

Let
(3.1) « > K,
and let us have in R* « monochromes
(3.2 Mk(S),Mk(8),...,Mk(8),

all of the same density < To make matters more picturesque, we think of Mk(6)
as carrying the color yv.

Definition 3. We say that the n monochromes (3.2) define an u-chromo y£(<5),
provided that

3.3 U Mk(6) = Rk
(3.3) & MKE)
The characteristic property of an «-chromo is therefore that every point («,)

of REtis covered by one or more of the colors y. Using (2.5) we may represent our
monochromes by

(3.4) MK(©): {2 AM*+fids-lz, (v= 1.0
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Definition 4. We say that the u-chromo Xn(S) is admissible, provided that
the set of un vectors

(3.5) = (v=1i,

which are the normal vectors of our monochromes, have the following property:
Every subset of k vectors AV, AV, ..., A\t (Vx< ...<V¥), spans the space Rt

Equivalently: All ’\j Ath order minors of the matrix
(3.6) A = HHH
are different from zero.2

The following lemma seems evident and requires no proof.

Lemma 1. A non-singular affine transformation of Rk into itself maps mono-
chromes and n-chromos into like objects of the same density.

4. An extremum problem for admissible u-chromos
Let

1) yES) = {MHS), MHS), ..., MHS))

denote the n-chromo defined by (3.4). If we keep everything fixed in (3.4), except
that we replace the density S by <6>& then it is clear that yk(Sj is a fortiori an
n-chromo. This is no longer true if we try to diminish the density <& In fact, keep-
ing only k and w fixed, it will be our main concern to find an admissible u-chromo
yk(S) having as small a density 5 as possible. Evidently, S cannot be too small.
It is trivial that we must have

for if S<—, then our monochromos (3.2) are clearly unable to cover R\ as re-

quired by (3.3): There just isn’t enough paint around!
As mentioned above we are interested in

Probtem V. TO determine, or to estimate, the quantity
(4.3) Skn = infimum &

for all densities $of admissible n-chromos yk(a).
The main result of Part | is

3 To see examples of n-chromos in R2 the reader is invited to inspect the 5-chromo /1(2/5)
of Figure 1 (85), and the 4-chromo /1(1/2) of Figure 2 (87). The first is not admissible, because
its monochromes M3, M4, and M6, are parallel; the second is admissible, since no two of its mono-
chromes are parallel.
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T heorem V. We have the inequality
(4.9) 0**sn-1).
Remark. The result (4.4) is rather trivial if k=1, in fact
<4.5) Sn=~-
Proof Of (4.5). By (4.2) it suffices to exhibit an admissible of density

—. Observe first that the requirement that X1 be admissible drops out because it

is automatically fulfilled for k=1. The relations (3.4) reduce to
c
(4.6) M$(0): {liuj+a} " v=1 .. n),
where we implicitly assume that for all v, or else we could not speak of mono-

chromes. The matrix (3.6) reduces to a column of non-vanishing elements. Secondly,
it is clear that the monochromes of R1 of density e

4 MUk (Ao

do not overlap and cover the real axis Rl Therefore ~ ,4 - and this estab-
lished (4.5). n

5. A proof of Theorem 1'

We shall proceed as follows: We shall exhibit an admissible x*<5) having
a density which is as close to  as we wish, thereby establishing the inequality (4.4).
This is done in two stages.

A. Construction of a certain non-admissible yk(®) of density 5=K—

(5.1 q=n—k.

We use the freedom afforded by Lemma 1 and may, without loss of generality,
assume the central planes of the first K monochromes to be the planes uv——=j,
hence

(5.2) MUS): {“v~4} S j, (v= 1

In Figure 1 we exhibit the case k=2 and n=5 of our construction, but the same
construction holds for any K and «(=-&).
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Notice that monochromes (5.2) already cover all of R1, with the exception of the
lattice of cubes having sides = 1—5 5 A

(5.3) C(TIr..., mR: Ux-Tll«, < — , in = (M-)EZk

The remaining q=m—k monochromes are to cover all those cubes.
C1aim. The monochrome

(5.4)
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just covers all cubes

(5.5) C(ml,...,mK such that %K mt=0 (mod Q).

Proof of claim. We look at the cube C(0, ...,0) and let

be its vertices such that AB has direction numbers (1, 1, ..., 1). The slab of (5.4)
containing the origin is defined by

K

Notice that the right bounding plane 2 uil4~"f contains the point B, because
at B we have by (5.6)

) . I -1
2 ui K16 K n K n—K K 53)

qg q 2 g 2 2n q n 2

by (5.1). Similarly, the left bounding plane —(<&2)= (* passes through A.
The normal to the monochrome (5.4) being the vector (1, ..., 1), it is clear that
(5.4) contains the set

E
However, the central planes of (5.4) are

U C(mu ..., mk).
m=0

24
—L4— =j 0%€2z2),

and these pass through the centers of all cubes C(ntk, ..., mn) such that 2 mi—4J-
This proves our claim. 1
By parallel translation we now define

2 “i+r- lj c
(5.8) M¥H (D). N ——- —-—-- Sy, (r=12 ..,0q),
and this covers all cubes
C(m1, mk) such that 21K mi—~r+1 (mod Q)

because the central planes of (5.8) pass through their centers. The n-chromo
(5.9) Xi@ = {M i(4-,M A4}
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defined by (5.2) and (5.8) is the inadmissible n-chromo of density 5=k/n we wished
to construct. (5.9) is not admissible because its last n—k=qg monochromes are
pairwise parallel.

B. Construction of an admissible n-chromo of density 9 close to k/n.

This will be achieved by an appropriate slight perturbation of (5.9). We start
by selecting a fixed matrix

(5.10) A = Haj (r=1 i=1..%)

having the following properties:

(5.11) The elements ar are integers,

(5.12) All minors of A, hence of orders from 1 to min (g, k) are ~ 0.

From the known total positivity properties of the binomial coefficients, both con-
ditions are verified if we select

(5.13)

We are now going to modify the n-chromo (5.9) as follows. We will select for it
a density S to be determined later. We replace the first monochromes (5.2) by

(5.14) v=1..Kk.
For the last n—k =g monochromes we prescribe their central planes to be
K mis
2 «.m+('m-1)
(5.15) nrd: TV—------————+ariu1+ ar2u2+ ...+ arkuk = j, (j€Z), (r= 1, ...,q9).

Here TVis a positive integer to be made large later. We claim that every lattice point
(m;)EZf is in one of these planes nrj.
For if («?)EZ* is given, we determine the unique r such that

(5.16) m=~2mi+1 (mod q)
and then

(5.17) (mi)C.itry for some j'ZZ.
Thus

5.18 i-
(5.18) Z*cU, U_nrj

Let us now look at the geometric aspect of the planes nrj. (5.15) may be
written as

A

(5.19) arie B ouit (@nWtaru2+ . +arky = Jj-j-r+ 1
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and this shows that

K
(5.20) all the planes nr, are nearly parallel to the plane % Ui—0, provided that
' N is sufficiently large.

Let A(mf)B{mi) be the diagonal of the cube C(mft), which is parallel to the

old diagonal AB of C(0, 0). Let r be fixed such that (5.17) holds. We construct
a monochrome ME+r(6r), parallel to nrJ, which just covers the cube C(mf). It is
obtained by bounding its slab of color (containing C(w,)) by the two planes parallel
to nrJ, and passing through the points A (mj) and (m,), respectively. This mono-
chrome will also cover all cubes C{mf) such that (5.16) holds, or

(5.21) ’\lT (= —r+1 (modi?).
We may write k

( 2w +r-1 Kk I c
(5.22) MKH(Or) : jIV -i——-————-+ 2 ««&} Ny o

In view of (5.19) we conclude that its density or will be as close as we wish to
the old density k/n of (5.9).

For the final selection of our monochrome Mk, we keep the inequalities (5.14)
and (5.22), only modifying the density, by selecting for both groups the common
density 5 defined by

(5.23) 5 = max 4552, ...,

Thus 5 r}j If 6=—ﬁ, then (5.14) shows that our old cubes C(mj) have
shrunk, and are therefore a fortiori covered by the Mk+r(>.

Since ¥—X as the n-chromo
(5.24) xt(S) = {Nkb), ..., N}

. . Ic . -
will have a density d as close to —, provided that we select TV sufficiently large.

The question: Is the n-chromo (5.24) admissible? By (5.14) and (5.19) we see
that the matrix (3.6) for its central planes is

1 0 0
0 1
0 1
4 h
(5.25) N = 14aradl> s0r 1+ N°ik = 149y ai
.y .,
1+arad’ " >1+ ppaxk
We claim that all its /rth order minors are if N is sufficiently large.
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This will be the case if and only if

for sufficiently large N the matrix | 4+ N an has no vanishing minor of
(5.26) .
any order from 1 to min (g, k).
To verify this statement let us look at an jth order minor of the matrix of
(5.26). We inspect the leading minor det i+ N ar for r=I, S 1=1, ..,s
Splitting each of its columns into two columns, we find

(5.27) det 1+0ran M (ar) detM i,s+(*) 'S,

where S is the sum of s determinants obtained from det |ari|l s by replacing each
of its columns successively by a column of |’s. We distinguish two cases:

1 If S”O, then the right-hand side of (5.27) will surely be ~ 0 if N is suffi-
ciently large.

2. If S=0, we reach the same conclusion in view of the property (5.12) which
implies that det \arif s9"0. We have shown that the u-chromo (5.24) is admissible,
which completes our proof of Theorem I".

6. Solution of Problem 1' if k= n—1
Among the n-chromos (5.9) for k=2, 3, ..., u— we single out the case
(6.1) K=n—1
this being the only one which is admissible. Its density is

(6.2) g= "1

By (5.2) and (5.8), its monochromes are described by

(6.3) {.,._1) e s -1)

and
(6.4)

since g=1
We wish to prove the

Theorem 2'. We have that
(6.5) onn="-1, (,S 2.

8 The same reasoning will apply to any other minor.
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Proof. We know from 85 that the monochromes (6.3) cover all of R"_1 with
the exception of the lattice of cubes

(6.6) C(mls ..., »1, D, (mlt ....mn JC.Za~1,

. . . . _ _ 1
centered at the lattice points and having sides=2' * =I-S=I-IL -

We also know that the last monochrome (6.4) just covers all these cubes.
For convenience we say that a monochrome of Rn_1 is slanting,
provided that all n—1 components of its normal vector are positive.

Lemma 2. |f the slanting monochrome

6.7) Mn_1(<5): {ul+y2u2+...+yn. lun. 1+op} =§—o,
where

(6.8) y2>0, ..»Vn-i >0,

covers the set

6.9 r= 1 C(ml, ...,.mn D,

(69) iz )

then we must have that
(6.10) y2=y3=...=y, i= 1

Proof Of Lemma 2. Let S denote the set of planes n which are parallel to
(6.7) and intersect the set I", hence

(g5

(6.11) S={nm ut+2 M“i=const; nf1r 0O}
Crucial in our discussion is the nature of the set
(6.12) N = SMRY
where
(6.13) Rl = {(m); u2=...= n,_r= 0}
isthe -axis.

Craim. If
(6.14) y2,vy3 ....,v..D @1.., 10,
then
(6.15) Q=R1

Proof Of claim. The set S is the union of those planes n which intersect the
individual cubes C(TX, ...,mm 1. At this point it is more convenient to shift the
origin of R™1 to the “lower left-hand corner” of the cube C(0, ..., 0). This is the

point A of (5.6), for k=n—1. Since 1-5=-"-, we see that after this shift of
origin

(6.16) C(mil.... w, n= {uy: mé u a + 0 =1 ee-u-1)}-
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Let us project this cube onto R1 by planes parallel to our monochrome. The two
extreme planes are two planes of support of C and their equations are

(Ul-m’\+§ Vi(ut-mi) = 0 and b-m j—ln—ij+52 ftvi,-in,—r-”lzo,

respectively. To intersect them with R1, we set n2=...=m, 1=0 in these equations
and solve them for ul. In this way we find that the cube (6.16) is projected into

the interval
— — ]

(6.17) /(inj,..., mn_j) = [mi+ 22 7Y, »h +22 \Ami+; O+Y2+ —+7»-i)]-
For the set (6.12) we now find that
(6.18) Q=Ui(rar....mn 20 for (mi5..., m, D€Z"~1

We distinguish two cases.

1. Among the y- there is an irrational one, y2 say. Setting mt—0 for />2,
we find the lower endpoint of I(mx, m2,0, ..., 0) to be

(6.19) ml+y2m2  (y2is irrational)

and Kronecker’s theorem shows that these lower endpoints are dense in R1 By
(6.18) our conclusion (6.15) clearly follows.

2. All y* are rational. Writing them in simplest terms with a common de-
nominator we have

(6.20) = IT" v=2,.,n-1), (b,az...,an= 1

As our assumption (6.14) excludes the case when b=a2=...=a,,-2—1, we have
b+a2+...+a,_x"n and therefore

(6.21) ln(1+y2+...+yr|_])"46.

However, the lower endpoints of the intervals (6.17) form the arithmetic progression
j/b (jfZ). Since (6.21) shows that the common length of our intervals (6.17) is
LL\fb, again we have by (6.18) that (6.15) holds.

Completing a proof of Theorem 2'. By Lemma 2 we learn that a monochrome
(6.7) covering the set (6.9), must be of the form

(6.22) {2\ +b}

yi—1

As this must also cover (6.4), we conclude that d‘i£———ﬁ—— . This establishes Theorem 2':
For if we diminish the common density of the (6.3), then this would increase
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the common side of the cubes (6.6), and then these could only be covered by
a slanting monochrome of density —, as we have seen.
In view of Theorems V, 2', and the examples of Theorem 3', | wish to state
Conjecture [. The value of (4.3) is

(6.23) Sn= | (Isfcsn-1).
Remark. Just a comment on the monochromes (4.7) of R\ of density S=—.
Clearly, the inequalities n
()b} ai- vt
also define an u-chromo jon having the density This does not con-

tradict the above conjectured relation (6.23): The quantity §,, was defined as the
infimum of 6 for n-chromos yk(& in R*, which are admissible, while the above

n-chromos xk j is far from satisfying that essential requirement. In fact all of
its 1 monochromes are parallel.

7. Two special explicit n-chromos

Theorem ™ was not established by exhibiting an n-chromo
(7.1)

which is both admissible and of density kin. Rather in 85 we construct admissible
yk(6), with Oas close to k/n as we wished. In view of our Conjecture Y of §6, the
construction of an admissible n-chromo (7.1), for prescribed Kk and n (&<w), is
a most desirable but as yet unsolved problem. Even for low values of k and u, the
success depends, so far, on luck and visual inspection. Needed is a general arith-
metic-analytic construction.

As a guide to the nature of this problem, the following two specific examples
might be useful.

Theorem 3'. We give explicit constructions of the n-chromo (7.1) for the follow-
ing two cases

(7.2) (it,if) = (2, 4) and (k, n) = (2, 6).
1. k=2,n=4. Here the density is

(7.3 s 5.
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The four monochromes of /| are

(74) U ™™ -'Tb T- mSLU-LlK-

MI

These are easily derived from Figure 2 which shows that we have an admissible
4-chromo of R2

The first two monochromes (7.4) cover the plane with the exception of the
lattice of squares C(m1, m> having sides =1/2. The third monochromo M3 covers
all those squares such that mx+m2 is even, while Mi covers those with an odd
sum mx+m2.

w
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2. K=2,n=6. Now
(7.5) x*

The six monochromes of X7 J are

@ w <«
7.7) MI@: L+ | . ):

(7.8) 4) 4 - '«(4)

These are easily derived from Figure 3 which shows that we have an admissible
6-chromo of R3

A guiding word in this maze of lines seems appropriate. The two monochromes
(7.6) cover R3 except for the lattice of squares C(m1, m2 having sides =2/3. The
monochrome M3, having central lines w+u2=j (JEZ), is seen to slice each of
the squares into two congruent isosceles triangles; we denote the lower one by
T1(m1, m2 and the upper one by T2(Tx, m2. The monochrome M4, having central
lines MA—w2=3y (j£Z), is seen to cover all pairs

TI(ml,m2, T2(mlm2

such that m1—m2=0 (mod 3). The last two monochromos Mhand M6are to cover
all remaining triangles.

At this point we observe, by (7.6), (7.7), (7.8), that each of the six M v admits
a (double) periodicity of period 3 in each of the variables ux and u2. It follows
that it suffices to inspect our Figure 3 only in the square

0 1 1 1 1
S:-2s «I< B+, =) - w2< BHy>

which in Figure 3 is indicated by a solid frame. In that square we are only left
with the following triangles as yet uncovered:

Tx(\, 0), '2(1,0), 7\(2, 1), r2(2, 1), 7°2,0), 2(2,0),
and the symmetric set
r,(0, 1), r20, 1), Ti(l, 2), rt(l1,2), 7\(0,2), ,(0,2).
However, M &overs
7(1,0), 20, 1), ~(0,2) and BAO0), 7\(2 1), TA1,2),
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mnhile Macovers their symmetric images

TAOQ, 1), TA1,0), TA2,0) and TAO, 2), TAU 2), T2(2, 1).
This proves that we have a 6-chromo; it is admissible because no two monochromes
are parallel.
Let me add that | could not discover a xI(2/5).
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U. APPLICATIONS OF /i-CHROMOS TO BILLIARD BALL MOTIONS
8. The equivalence of Problems 1 and 1'
This equivalence appears immediately as soon as we switch the problems
(or “action”) from the space R'= {(W} to the lower dimensional space Rk= ((«,)}.
Indeed, let

(8.1) LW: X, = (ZKui+<*v)> v=1,
be a o-admissivte reflected signal. Let g and 0 be related by

(8.2) a 0=1 ..
That (8.1) is M-admissible means that it is contained in the cubical shell
8.3) Be= Un-C 8,
having the width y —g=0/2. The structure of the function (x) implies the follow-
ing: The point of R
(IZ’\+O v=1,..»n)

has the property that for every (m) and for some v the number 2 Kui+av differs
from an integer by &<5/2. However, this last property can be expressed thus:

(8.4) For every (hv) and for some v we have {2 Kut+a} Sy.

In terms of the monochromes
(8.5) Mi(0): {2 Auf+aw (v=1,..,0N),
the property (8.4) is equivalent to the set relation

(8.6) R = \Q_‘MI

which is the definition (3.3) of an n-chromo. The steps can be reversed and establish
Lemma 4. Let the relations (8.2) hold. The reflected signal (8.1) is Q-admissible

if and only if i

8.7) tf(d) = {MI(<5),...,M*(<5)},

defined by (8.5), is an n-chromo. That (8.1) is in general position if and only if (8.5)

is admissible is obvious, because they are expressed by the same condition on the

matrix 1= 1A||.
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9. Applications of Lemma 4: Proofs of Theorems 1, 2, and 3

The relation (8.2), Lemma 4, and the definitions (1.11) of gkn, and (4.3) of
ok ,,, show that

k
@-j!4 ®n- A ®hg

(9.2) okn = | —2gkn.
By Theorem Y g X and (9.1) implies that gl LS and Theorem 1

is established. 3
, ¥ L \' J—-11
By Theorem 2 = and (9.1) implies that p,,_, 0T W T o
and Theorem 2 is proved.
Let us use Lemma 4 to derive for k—n—1 the equations for the signal

n . L From the relations (6.3), (6.4), we find by Lemma 4 for this signal

the equations
0 MY

Replacing here uvby w4-y, we obtain

Xy AW 277 (V=L )

X, = (2 «)e

Xv= (uv), v=1 ..., u),
(9-4) 17'“1&%: _ {/21 n-1

which are identical with (1.15.) The essential unicity of the /r-chromo (6.3), (6.4),
established in §6, implies the essential unicity of the signal (9.4).

In the special case that n=3, we obtain Kepler's tetrahedron T mentioned
in connection with the relation (1.14). By (9.4) its parametric equations are

(9.5) L s xk=(«j), x2=(ud, x3=(ul+u2+1).

The vertices of T=ABCD are
A=(0,0,1), 4=(,0,0), C=(010), D=(112).
An even simpler case is n=2 when

(9.6) M\ cxk=(Gj), x2= <M+-

This is the square having as vertices the midpoints of the sides of U2 (see [5]).
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As a last application of Lemma 4 we use Theorem 3' to give the explicit con-
structions of the two signals for the cases (1.16) of Theorem 3. From (7.4), and
Lemma 4, we find immediately

Likewise, (7.6), (7.7), (7.8), and Lemma 4, show that

* = <«d> *2 = 4
m x3= (uj +ifi-b 15,
2ul+u2 mxt+ 2n?
X5

It is to be expected that these explicit parametric equations, as well as (9.4),
should reveal pertinent geometric aspects of the polytopes that they represent.
Our approach via u-chromos suggests that a promising attack on the three

problems stated at the end of §1, should be to solve the corresponding problems
for «-chromos in R* These are:

I'°. A proof of Conjecture Y.
2'°. A general arithmetic-analytic construction of the admissible «-chromo

(9.7) rig).
3'°. A proof that the number of «-chromos (9.7), no two of which are affinely
equivalent, is finite. This was done in [4] for k=1
APPENDIX. EXTREMUM PROBLEMS FOR LISSAJOUS-TYPE
MANIFOLDS

10. Applications of «-chromos to Lissajous-type manifolds

In [3, §6] we discussed our extremum problem for Lissajous curves in the

unit cube (v=I, ...,«), the underlying norm being the Euclidean one.
Here two changes alter the situation:
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1. We replace the above cube by our cube U, of (1.1). This requires replacing
the basic function w(x)=cosx of [3, 86] by the function

(10.1) L(x) = sin2~ : (see Figure 4).

Observe that L(x) interpolates at the integers the zigzag curve of (x) defined by
(1.3). The absence of corners assures the smoothness of the resulting motions
within Un. However, the 1-dimensional Lissajous motions

(10.2) xv=LQvi+ay, (v=1, ..,n),

of [3, relation (6.3)] again exhibit the ergodic (or denseness) property described
for b.b. motions in the second paragraph of our Introduction. For this reason,
and following again the lead of Konig and Sz(ics, we replace the motion (10.2)
by the ~-dimensional Lissajous-type manifold

(10.3) JIK: xv= L(_2=,Itiui+a,), v=1..,n).

2. We replace the Euclidean norm of [3] by the norm of the present paper.

The Definitions 1 and 2, of § 1, concerning the reflected path (1.7) carry over
without any changes to the L-manifold (10.3). We may therefore safely assume
that we know what is meant by “a JIrin general position”, and by “a Jlk that is
«"-admissible”. The latter will again be denoted by Ak(nL).

As in the Introduction we propose

Problem 1l. To determine, or estimate, the quantity
(10.4) Gn = supremum ¢l
the supremum being taken for all 41 having gl-admissible L-type manifolds Ak(gL).

It does seem remarkable that our results of Part I, on n-chromos in Rf; apply
equally well to establish Theorems 1L, 2L, and 3L, below, that correspond to Theo-
rems 1, 2, and 3, on b.b. motions. In particular the 6kn below, is again the old
constant (4.3) for n-chromos. These theorems are as follows.

Theorem 1. We have the inequality

(10.5) dl,, ey _sin2(yA")’
Theorem 2. We have that
(10.6) In=7._sin2*ZL _lIj.

Theorem 3l. We construct explicitly the L-type manifold

(10.7) Ak(gh, where q1 =y-sin2(y :
for the two cases
(10.8) (k,n)=(2,4) and (k, 1) = (2, 6).
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At this point we need an analogue of Lemma 4, that we shall call Lemma 4L,
which will relate L-type manifolds to n-chromos. Let (10.3) be el-admissible. This
means that for every («)ER\ the point of R

(10.9) L(ZZEKuHav), (v=1 .. «,

should belong to the closed cubical shell

(10.10) B'I= U,- Q1, where = {lx-clle  eLk
Equivalently:
For some v, the number b(Y, ).[ut+uv) should differ from an integer by
O A6'-/2, where
(10.12 1 L

2 =~1-Q

How is this condition expressed in terms of 2j Kur ke»? If we define <52
as a solution of the equation

(10.13)

then the symmetries of the graph of L(x) show (Figure 4) that (10.11) will hold if
and only if

(10.14) {2Ku,+aw} "j.
This establishes
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Lemma 4l. Let gL, 0< be prescribed, then OL be defined by (10.12),

and finally O such that (10.13) holds. The L-manifold (10.3) is glL-admissible if and
only if the n monochromes

(10.15) {2 K uvi+av}=4-’ v=1...,«),
define an n-chromo in R*
Eliminating 6L between (10.12) and (10.13), we find that

(10.186, e=T -t (4)-

If gL tends to its supremum g£n, then Otends to its infimum 6k and we obtain

(1017)
which is the analogue of (9.1).

Theorem V, hence that bkn-~k\n, and (10.17), immediately establishes (10.5),
hence Theorem \L Likewise Theorem 2°, hence that an In=(n—\)/n, gives (10.6),
hence Theorem 2L, again in view of (10.17). Finally, Theorem 3' implies Theorem 3L

11. Examples of extremal Lissajous manifolds

It was not mentioned above, but is evident by Lemma 4L, that if (10.15) are
the inequalities defining an «-chromo y*(d), then (10.3) defines an E-manifold which
is 0"-admissible, where gL is defined by (10.16). As an example, the «-chromo
X' 1((>), defined by (6.2), (6.3), (6.4), give the E-manifold of Theorem 2-

xv=sin2 Mj, (v=1.. n-1),

(11.1 K 4Ysn-1,n)* T ( «—13

= sy
where 1 nis given by (10.6).
Let us look at this for the smallest values of «.

1 k=1, n=2. Here ef;2=—-=sin2(7r/8)= (272) L The extremizing E-motion
*i= si’ngj}q = yl (1—cos n«!),

x2= sin2(|« 1+7) = (ITsin mil),

is seen to be a circular motion along the circle inscribed in U2. This is the analogue
of the b.b. motion (9.6).
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2. k=2, n=3. The extremizing L-surface is found to be

Xr= sin2~Y = -3 (1-C0OS min,

(11.2) X2 = sin2— = y (| —COS7rn2),

x3= cos2y (iij +ifo) =-"-(1 +COS rtOli + Ua)).

This is the L-analogue of Kepler’s tetrahedron T parametrically given by (9.5).
The largest cube inscribed in T was found to have its side =—. For our J/1\ we find

a larger cube Lc—€|U <i of side =i, because 3

The intersections of (11.2) with the planes xv—c (O”~c”l), (v=1, 2, 3) are
ellipses, inscribed in the unit square, with axes parallel to the diagonals of the
square. The surface is convex.

From (10.17), for k=n —1, we find that

(11.3) /j;mn on-Ln = 0.

Most likely the above JP4 given by (11.2), is the last /il-1 which is the boundary
of a convex set in R".

3 k=1, general n. With this last example we come close to the subject studied
in [4]. The n- chromo (4.7) and Lemma 4L show that

(11.4) Xxv=sin2y ("l+—-), (v=l.... n; 0SUJS2),

describe an extremal curve /1\. From (10.17), for k—1, we obtain that
(11.5) lim (%, = -y.

The curve (11.4) is the Lissajous-analogue of the “lucky” billiard ball shot ™ of
[4, relation (10.2) for ;j=3, and Figure 2].
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ON MULTIPLICATIVE ARITHMETIC FUNCTIONS SATISFYING
A LINEAR RECURSION

by
A. SARKOZY

1. An arithmetic function f(n) is said to be multiplicative if (m,n)=1 implies
that

) f(mn) =f(m)f(n)

and it is strictly multiplicative if (1) holds for all m, n. Furthermore, f(n) is said
to be additive if (m,n)=1 implies that / (mn)=f(m)+f(n). Let m be a positive
integer. An arithmetic function y(n) is said to be a character modulo m if it is strictly
multiplicative, y(a)=y(b) for all a, b such that a~b (mod m), finally, y(n)=0
holds if and only if (n,m)>1 By the multiplicativity of the characters and since
X(ri)*0, we have /(1)=1 for all characters. If y(n)=1 for all n satisfying
(n, m)=1 then y(n) is called the principal character modulo m; the principal charac-
ter is denoted by y0. If (a, b)=1 and y(n) is a character modulo ab then there
exist uniquely determined characters y1 and y1 modulo a and b, respectively, such
that x(n) =Xi(n)Xt(n) f°r all n. (For the theory of characters see, e.g., [1] or [4].)
The number of the elements of a finite set S will be denoted by |S|. For a real
number x, we write (x}=x—x] (where [X] denotes the integer part of x).

In [3], L. Lovasz, M. Simonovits and the author determined all the additive
arithmetic functions /(1) which satisfy a linear recursion of finite order, i.e., an
equality of the form

2 aof(n) +alf(n + ) +...+akf(n+k) =0, n=1,2,..
where K is a positive integer and a0, ak, ...,ak are any complex numbers such that
3) a0 0 and ak” 0.

The aim of this paper is to determine all the multiplicative arithmetic functions f (n)
which satisfy a linear recursion of finite order. As Theorem 2 will show, we get
a characterization of the (modulo m) characters in this way.

Let sd denote the set of the multiplicative arithmetic functions which satisfy
a linear recursion of form (1).

Theorem 1. A multiplicative arithmetic function f(n) belongs to sd if and only
iff (n)=0, orthere exist a non-negative integer h, a positive integer m and a character
y(n) modulo m, satisfying the following conditions:

@ If (n,m)=I1 then f(n)=nhx(n).

@ii) If mS2 then let T=p"p%y...p" (where px, p2, *es,/> are distinct prime
numbers, al5a2, ...,ar are positive integers). Let y\(n), X2Q).......yr(n) denote the
uniquely determined characters modulo pp, pb, ,p‘f, respectively, such that x(n)~
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—Xi(n)92(«)eee XAn) for all n. Then for r=1,2, r and j=0,1,2,... we\have
P\rfipV) Isllgr Xt(pi) if Xt(n) is the principal character modulo pf,

f(pv+) = e
0 ;1 1, («) isnot the principal character modulo pf<

Let .s/* denote the set consisting of the strictly multiplicative arithmetic func-
tions f(n) which satisfy the following conditions:
() f(n) satisfies a linear recursion of finite order;
(if) /(«)=re0,
(iii) f (n)=o(n).

Theorem 1 implies trivially

Theorem 2. A multiplicative arithmetic function f (n) belongs to j</~ r/ and only
if there exists a positive integer m such thatf (n) is a character modulo m.

In fact, f(n)£jtf* implies by Theorem 1 that /(«) must satisfy (i) and (ii)
in Theorem 1 The condition / (n)=o(n) implies that 1t=0. If f(n) is strictly
multiplicative then (ii) in Theorem 1 yields that either f(pd=0 or f(Pi)=
= I"ﬂr Xi(Pi)- We may assume that

f(Pi) = =f(Ps) =0 and f(pst) 90, ..., f(p O
Then it can be shown easily that f(n) is a character modulo p*pP - Pf-

2. Proof of Theorem 1. The essential part of the proofisto show that a multi-
plicative arithmetic function satisfies f(n)C.s# if and only if f(n)/nh is periodic
for a non-negative integer h; on the other hand, it can be shown easily that / (n)/nh
is periodic if and only if f(ri)=0 or both (i) and (ii) hold.

In this section, we prove that iff (n) is a multiplicative arithmetic function such
that /(«)=0 or it satisfies both conditions (i) and (ii) in Theorem 1 then f{n)
belongs to s4.

If f(n) =0 then, obviously, (1) holds for any complex numbers a0,al, ...,ak
satisfying (2) thus we have / («)Csi.

Assume now that fin) is a multiplicative arithmetic function satisfying the
conditions (i) and (ii) in Theorem 1 We are going to show that these conditions
imply that the function g(n)=f(n)/nh is periodic with period Q—m2 i.e., we have

) g(n+Q) = gOo-

If m—L then (i) implies that g{n)=1 thus (4) holds trivially. Assume now
that 2*m=plipp...p*mr and for r=1,2, ...,r, define the multiplicative arith-
metic function gi(n) in the following way: let

() gfn) = yfin) if (np) =1
where the character /n{n) is defined in (ii) and for 1*i*r, y=0.1,2, ..., let
: f(pT)
6 fp'l) =
© D= gy, 1 i
Ir*i
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Let n=piipi=...pym 1 be an arbitrary integer where yx,y2, ==, ¥ are non-negative
integers and {nx,m) =\. Then by (i) and (ii), we have

0, 9:(«9) =1} giiPIPI* - Pr-h) =
= 0, gi(pp)fi(pi*) = Zi(pmgiih) =

,H,{,A i(Pp))g.(PiYgi(ci)} =

-shSL . «#»Tw 1T M
(VAN

N Xiipy)
Al(pl0 A [ 41siVir
“f p N A I)ISiﬂ,ArXiipy)
|

f(plpy pl) _ fipvpj* —pV) /Oh)
(pitpi* —pI')h A7 = (pVpl¥—PIh

K pYpY -IOW»I) = (")
(piTPl,-p?2r«i)A
Now we are going to show that
(8) gi(n+06) = gi(n) for i=1,2,
and for all n. Let us write n in the form n=p'(nx where y is a non-negative integer
and (&> By (5), we have
© g;(n) = g-Op'H) = g,'(Pi)giOl) = g,(PDXi(«l)-
Assume first that y<a* Then there exists an integer t such that
N+Q = Pi’Wi+ pf'1— Pi**-- PrX =
" = Pi(«i+Pii-Piai-P A T ,Pf* 1P?1T1— Prlr) = pJOh+PI‘0
us
gf(«+0 = g,(pK«i+P?'0) = g,(Pi)g/(«i+pf0 =
= gi(P)Xi("i+ p?0 = giiPI)Xi(ni)-
(90 and (10) yield (8) in this case.

Assume now that y”ar. Then p?ijn and pj<|R imply that pp\n+Q thus n+Q
can be written in the form n+Q=p\n2 where 0"<xt.

(10
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If Xj(w) is not the principal character modulo pp then by (ii), (6) and (9),
we have

(n) gio) = giODXiK) = ply Xi(ni) =0
aud

and

(12) gi(n+Q) = gi(pNXi(n2 = pu =°-

(11) and (12) yield (8).

If Xi(n) is the principal character modulo pp then again by (ii), (6) and (9),
we have

. P _ f(pl) _
00 = gi(PDXiOh) = m =
900 = GEDHN = piy, f1, %P
(13)
riiy~)()f(pf01,\ X, (PTA
i}
Piy M Xi(py* )xi(pV)
I*i
- pl&A pA |§§,Lu pAY'
and

gin+Q) M x M py n IM)
NN

pY ~a)(p?) [l Xipi-a

(14) - o
pf I%{}rﬂ pY A /A pA

= A f(pA M (xi(Pi)) *
I%j

(13) and (14) yield (8) also in this case and this completes the proof of (8).
(7) and (8) yield (4).
Now we are ready to prove that f(n)£s/. Let us put k—Q(h+1) and let
=DP for i=0,1...,h+1 and j =0,
0 for i=0, and j =12, .., Q—L1
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Then by (4), we have
2 af(n+1)=2 <iof(n +iQ) =
1=0 i=0

AH f/i+n ) )
(15) = oDy 4 ,\(n+ iQhg(n+iQ) =
h+1 U4 I
= (ﬂ)2 (- LU.V (n+IQ)h
Let us write
F(x) = Qhxh
and

at) h + 1)
Ah+lF(x) = 4, (- O'E i Jf (*+0-
Then we have
=0
for all x since it is well-known that the k,h difference of a polynomial of degree-

Nk —1 is 0. (This can be shown, e.g., by straight induction on k). Thus (15) yields,
that

24/0»+0=g(n)JAIF Aj =0

which proves that f(n)£sd.

3. Now we have to prove that f(n)*sd and
(16) f(n) =0

imply that there exist h, m and / satisfying (i) and (ii) in Theorem 1.

We need some lemmas; note that in Lemmas 1—6, we shall not use the multi-
plicativity of / (n).

Lemma 1. If an arithmetic function f(n) satisfies (16) and a linear recursion of
form (2) then there exist positive integers t, rl, r2, r, and complex numbers
Sj. L, me, Sf i/l di2, eee, d\rt, d%, 1722 eee 5T *ee5 4 151112, oo, such that
@ g~o0 s2~0,..,570, § S fori j,dIri 0, dat” 0, ~ O
and

HKO
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This lemma and its proof can be found in [3]. (See formula (12).)

By Lemma 1, / (n)£sd and (16) imply that / (n) can be written in the form (18).
Thus to complete the proof of Theorem 1, it is sufficient to show that if the func-
tion f(n) is of form (18) (where (17) holds) then there exist h, m and z satisfying
(i) and (ii) in Theorem 1. We may assume that we have

(19) N =1[s3 =...= |s]j > |su+l| & |sHH s...a |]]
and
(20) riSr2é...&rru

in (18) (also u=I1 may occur). In order to simplify the notation, we put rx=r
and diTl=dlr.

In the remaining part of the paper, C1,Ci, ... will denote positive constants
which may depend on certain parameters rx, ..., rt,sx, ..., s,, d1i,...,d trt but which
are independent of the wvariables n, M, L. Similarly, we write, e.g.,
g(n, r,, ..., r,, X, du, ..., dtty = O(\h(n, rx, ...,rt,slt ...,s,, dn, ...,.dtn)|) if
\g(ri\<C1\h(n\ for n=1,2,... where Cx is a positive constant of type de-
scribed above.

Lemma 2. If f(n) is an arithmetic function ofform (18) where (17), (19) and (20)
hold then there exists a constant C1=CX(r1, ...,rt,dix, dtn, sx, such that
(21) I/(»)|<C1(" ™7 1)|SI"

Proof. By (18), (19) and (20), we have

JOON.ifil~ T -i ")]|SIn+

which yields (21) and this proves Lemma 2.

Lemma 3. Let U, V be positive integers such that UsV, K a non-negative in-
teger, z a complex number satisfying \r\wl, z*I. Let

S(U, V, K, 2) = m - n (U+KK * lJzu+1+ ot
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Then we have
\S(U, V, K, 2)1 ol((+| .

This lemma is identical to Lemma 1 in [3].

Lemma 4. Letf(n) be an arithmetic function ofform (18) where (17), (19) and
(20) hold and let D be a positive integer such that

(22) (s/s)D~ 1 for =23, ..., t

Then there exists a constant C2=C2(r1, ..., rt,dn, dt,slt s, D) such that
for any positive integers M, L we have

<
M—CI’Y%H—LD ()«I - hr-M<n 52A|+LD

n=M (mod D) n=M (mod D)

c\{M+LIDV A+ +LD+R)Riu+1/s1/m

where R= max /s,

u-=isr

Proof. (18) yields that

@) VA YIS BRI VINE L D
n~M (mod D) n=M (mod D)
[H ' . LN ” |
M"n"%\/I+LDj2=I dj\(”J+Z I 1lvl)'\n+'\|v|+2LDi:2'\j=$2 (\j/JJ 9 ("+- 1 1)) (5450
n=M (mod D) n=M (mod D)
j:z}dU\ 2 LD\i/"A22)+i:i2721\du\4<nsN12+LDvi'JA-l /
n=M (mod D) N=M (mod D)
e-2niMI/D /DS LLT ]
H T 4T DLs o o sy 107
(M+LZ>>+T-23+ AP « | fe 21 /ol 1)
=°{j r-2 Lo 21 21 s Fpep (N3 -1 1) (STe2l it

(where the first term is O for r=r1=1). In order to estimate the inner sum in the
second term, we apply Lemma 3 with 2=1ijeZ /i/il. Then \z\sl and z~1 hold
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by (17), (19), (20) and (22) thus we obtain from (23) that

* _ i
M"”“%/I*HDm r dIrM<n"5%WI+LD\( I\/l I/IU

n=M (mod D) n=M (modD)

-niriM+LD+r-

WSS sl
rr r—=2 ZHaaa {WT-L1D+51 L Tam?

[i-s,.~"/SIM -
r (M+LO+r-2) ' (M+LD+rN M+B]
=°H r—2 1+4(C r,-1 JINil
n(r r-1 fM+LD+r— 1, (M+ LD+r—1j
Yrm w tr-1 r-1 i +i=2l r—1 +
=0 ifM+LD+r-! B
" r_j +IAZ+LD+"IsNMAY
uniformly for M, L=1,2,3,... which proves the lemma.

Lemma 5. Lei /(«) be an arithmetic function ofform (18) where (17), (19) and
(20) hold and let D be a positive integer such that (22) holds. Then there exist positive
constants C3and LO (which may depend on the parameters rlt..., r,,dn, ..., dig su ...
...st,D) suchthatif L and M arepositive integers satisfying L>L0and M>MQL)
then we have

(24) max f(n) c,.

M <n”M +LD
n=M (mod D) I rj*

Proof. We are going to show that (24) holds with C; ( f o r sufficiently
large L and M>MfL)). Assume indirectly that

(25) w9 n.

n=M (mod D)
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Then for all L and M>M2L) we have

e g ST -d 'rMAnAi%HLD\(n -1 ;N

n=M (mod D) n=M (mod D)

0Ly B b7 TSP g o LOST
(mod Dg nsM (mod D)
VT -
AN
(5) bov 2 (o Jl' M<rho A 1T ) -
n=M (mod D) n~M (mod D)
\du (n+r—i
> bwanfi o { -1 70 T MM, ML )
n=M (mod D) n=M (mod D)

= WA P WALl gor M oasmALY

since we have
(M rg T C(MALD AT e ans malD, m—

On the other hand, applying Lemma 4, we obtain for M>Af3(L) that

(27) M<n"2M+LD/(q) r-rfir 2+|_D ("7'7‘)|
n=M (mod D) n=M (mod D)

<c2(M+~ tr "(M+LO6+7is.+Ar) < Q (M+Lrp\ r %)

since, by (19), we have
(M+LD + Kf\saM M= o(l)

for fixed D, L and A/—+ «.
(26) and (27) yield for all L and M>A/4(L) that

[dirf IM+LD+—11 (M+LD+r-1)
4 L{ r-1 J<C4 r—1 )
or, in equivalent form,
4C4
Mir|

but for sufficiently large L this inequality cannot hold. Thus in fact, the indirect
assumption (25) leads to a contradiction for large L and M=-Af4(Z) which proves
Lemma 5.
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Lemma 6. Letf (n) be an arithmetic function ofform (18) where (17), (19) and
(20) hold. If N is large enough then there exists an integer nfor which

(28) [N2] < I = N,
(29) 1/(n)[AC (BN 7 1)sr,
(30) if pYn thenp

hold where C3 denotes the (positive) constant defined in Lemma 5.

Proof. Let U denote the set of the integers n which satisfy (29). Applying
Lemma 5 with D=1, we obtain that if L is large (but fixed) and N>NQL) then

L ARV 0 B, 2
[J\ﬁ]e(ﬂﬂ\/ | N|2]+(J»|)|he{ll [NI2]+jL

N—N2]j _IN?2 N

GODAL i

Furthermore, it is well-known that

(31)

%kpn = loglogx+C + o(l)

for some absolute constant C. Thus

2 2 1
P*In
(32) _JV(logivgz«:P*siv Eé 1J =7 A(IogiV)2-2-:p<<sJV _PA =

= JV(log log V—og log (TM(log A) 2)+ o(l)) = A-o(l) = o(7V).

(31) and (32) yield that the number of the integers n which satisfy (28), (29) and
(30) is at least
N

) N NN Lo
MRS/ }\@)\Qpﬁ\lj\%\/ nal el e
u
for large enough N and this completes the proof of Lemma 6.

(Note that so far we have not used the multiplicativity of /(«).)

Lemma 1. If a multiplicative arithmetic function f(n) satisfies (16) and a linear
recursion ofform (2) then there exists a positive number pOsuch that if p is a prime
number satisfying p>p0 and a is a positive integer then we have

f(P*) * o.
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Proof. Assume indirectly that there exist infinitely many prime powers
p",pi2 ...,PKK, mm such that pi<p2< ..</>* and

(33) [(PT]) = /0>£) = -»=f(PIk) =...= o.

Denote N the least positive integer satisfying the linear congruence system
A+l = pil (modpil+)
JV+2 = (mod pS2+1)

N-+k = plk (mod plk+1).

Then for /=1, 2, k, we have pf'\N+i and pp+f N +i thus N+i can be written
in the form N+i=ppNt where (Nt,p*=1. By (33), we have

f(N+i) =f(PVNd =f(pf)f(Ni) = 0-f(Nd =0 for i=0,1,... K -1
Thus with respect to (3), we obtain from (2) by straight induction that for
n=N+k+1 N+k+2, ...

m =-2"f(n-i) =-2 -0:-0
i=1 ak 1 ak
Define M by
f(M) * 0, f(M+ 1) =f(M+2)=... =f(M+i) =...= 0

(such an integer M exists by (16)). Then we have
&QJ(M +1i) =alf(M )"0

in contradiction with (2) and this contradiction completes the proof of Lemma 7.

Lemma 8. Let T be a positive integer and assume that the real numbers-
>4, y2, ...,y T are linearly independent over the field of the rational numbers. Then
the points

(bl, bl , e, Or}), ({2yi}, {2y2p o= »{DAY)> ooe, (Wi}, {52 ooe, {nyT}), mm
are uniformly distributed in the T-dimensional unit cube.
This lemma is well-known; see, e.g., [2].

Lemma 9. Let T be a positive integer, S afinite set of T-tuples of non-negative
integers and assume that

(34) \S\A2.
For all (fi,y2, ..., J T)ES, let bjlJt Jt be a non-zero complex number. Put
F(xItx2, —,xT)= 2 bhh jTe-**jixi+jixt+-+JTXT)
OBy unTt)E$
where Xit X....... . XT are real variables. Then |F(x1, x2, ..., xT)| assumes at least

two distinct values, i.e., there exist real numbers x[, X2, ..., XT,x{, X2, ..., X'j such
that

IF «, *2...%01 w \F(X'fxI, ..., *0)]|.
Proof. Assume indirectly that

|F«,,m=cC
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for all X. Then we have

1 r
(35) é (_l; |F(*i, XxT\2dxx... dxT= C2
and 1 1
(36) f .. f |[F*5..., xT)\2—C 22dxx... dxT = 0.

Let (ML,...,MT) and (L1,...,LT) denote the uniquely determined I-tuples
for which (Mx, .... MT)£S, (Lx, ...,LT)ES hold, and for all (j\, j\, ..., JTES,
we have either Mx>jx or Mx=jx ..., Mi_1=ji_1, M *ji implies that
similarly, either Lx<jx or Lx=jx, ..., Li_x=ji_x, L*ji implies that <jt.
Using Parseval’s formula, we obtain with respect to (34) and (35) that

1
(1;...f8\F (XX, ...y XTN2—C 22dxX... dXT =
1 1
= 6~ . -O/ N L, XT)F(XX, ...y XT) - C 2A2dxx... dXT =
1 1

=/...11(C 2  bjl jTe2nixi+--+ITXTT)x
0 0 Oli.....jT)£s

X(. 2 bh 1 e 2dixi+ .. C22xx...dxT =
(fi,...,iT)es
“feee /A VAL -C )+
0 o Ui—
+ A ( 2. bh...jTv ..<r)x
y eZ2rer(slx1-f-...+sTxT)|2 JjCr =
1 111

=/ - [V (] el INYL-YD)12V1-AT-C ') +
0 0 0 o]

+ 2 (

AN
(Si> oo o Ji  —si»emJt I'p—Sp
X ea*i(sl*1+ . + 1 T*r>|2iLcl ... dXT =

_0. '0 @JSW(OQQ e 2 ,T Ly (LYTHLLT)X

X e 2ni(.sIX1+ - +sTxT)\2d

bji ..Je bh... 1) X

AJijt i —

(®ii ce» ®) Ji ij,— %1 et —ic —S

N o B Bii=ocuh 427
—\b\rL..MmTbbX...c T >m0
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(since bMI M1 0 and blU Lt”0) in contradiction with (36) and this contradic-
tion proves Lemma 9.

4. Using Lemmas 2, 5 6 and 7, we prove in this section

Lemma 10. Let f(n) be a multiplicative arithmetic function ofform (18) where
(17), (19) and (20) hold. Then we have

(37) i = 1
Proor. First we prove that

(38) bl S 1

Assume indirectly that

(39) Isii > 1

For N>NO, Lemma 6 yields that there exists a positive integer n=pfp~...pl<
(where <>f<...</>7?") for which (28), (29) and (30) hold. Then by (30), (39)
and Lemma 2, we have

s

1/001 = |/|4/:/lpf')/||= I

[ \f(PO\ <

<40) < 77fc, (p'rei 1) Isil®) A77 QirpFxisi MO

. . N rogn . al% ,
(Clrr)iir|sy™vi0gv,' i S(CH"*2 Afr|jj|lo2 <ce ) = Ac*|sl2ulogvr
since obviously,
logn  log N
log2 ~ log2

On the other hand, (28) and (29) yield with respect to (39) for large N that

(41) \m\ S C3(" ~ 71 sx"> Cslsjlrz
(40) and (41) yield that
tfc.|[syWo»">'1" CalSjlr2
hence for large N,
-AIé Nc°a |Sl|I/2aMiogvj-1> |Si|N3#

But by (39), this inequality cannot hold for large N. Thus (39) leads to a con-
tradiction which proves (38).
Now we are going to prove that

(42) bl S 1
Assume indirectly that
(43) Isj < 1
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By (17), we have sjs” 1, s3sitl, ..., sfsx”l. Thus there exists a positive number
pl such that if p is a prime number satisfying p>px then

(44) (si/siy ~ 1 for i=2,3 t
Furthermore, by Lemma 7, we have
(45) f(p) * 0

for Let us fix a prime number satisfying p>max {po>/T}> then both
(44) and (45) hold.

By (44), we may apply Lemma 5with D=p and J7= 1(modp). Then Lemma 5
yields that there exist infinitely many integers m such that

[/(mp+1)| S \Yi\mPHL = Q k ImP+
hence
(46)  |[/(mp2+p)| = \f(p(mp+ 1) = \f(p)\(mp+1)| £ C3/(p)| [sYymp+1

since (p,mp+1)=1. On the other hand, by using Lemma 2, we obtain for all
m that

[(mp2+ <CIK " tr-12lsir -~
@) [/(mp2+p)| K )

S Cl(mp2+p +r—I)r-1|slnmp2+.
(46) and (47) yield that for infinitely many m we have
CAf(p)\ IS 1= CYmp*+p+r-iy-1\sir ‘“4p
hence with respect to (43),
CI\f(p)\ = mc8[sj|(p D<"/+1) ~ mc8|slnp+l = /ncejslm

where C7>0, and C7,C8 may depend on p, rL}..., rt,dn,d ,, t,slt ..., st but
these numbers are independent of m. But by (43) and (45), this inequality cannot
hold for large m, and this contradiction proves (42).

(38) and (42) yield (37) and this completes the proof of Lemma 10.

5. We have to show that if / (i) is a multiplicative function which satisfies
(16) and a linear recursion of form (2) then there exist h, m and x satisfying the
conditions in Theorem 1. We are going to prove that h=r_1 can be chosen where
r=rx is defined in Lemma 1 (while m and x will be defined later). In order to show
this, we prove two lemmas concerning the function

(48) g(n) =f(n)/nh=f(n)/nr-1

in this section. This function is multiplicative since it is the product of the multi-
plicative functions / («) and n~h.

Lemma 11. Assume that f(n) is a multiplicative arithmetic function which satis-
fies (16) and a linear recursion ofform (2). Define the multiplicative function g(n)
by (48) where r=rx is defined in Lemma 1. For j= 1,2, ..., let Rj denote the set
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of the positive integers n for which (u, JSJ_ p)=1 holds. Then for all e>0, there
exists a number jO=jO(e) such that j>pj6,n£Rj imply that
(49) 1-e < |g(n)] < 1+e (for j >j0, nERj).

Proof. By Lemmas 2 and 10, we have

1*001 = 1/(n)l«-r+1 < Q ("+1 7 1SN\n-'+1 =
(50) = C("*"Y Dn-rt1< QO+Tr-iy-Dxe"*1=

=/~(1+-~) sQfIKr-Dy-~C,.

On the other hand, let us apply Lemma 5 with 0=1 (then (22) holds by (17)).
We obtain that for L>L0 and M>MOQ(L) we have

(51 MR+ /00 ca.

[-1'h
By Lemma 10, we have {
/ -1

m+r-n (n+r-1)
{r-13% [r-l

(51) and (52) yield that for L=[LQ+1 and M>MO(L) we have

(53) Mcmﬁﬁ|g(n)| > [r—u1 = CIO (for M > MO(L))

where C10>0.
In order to prove (49), let us assume indirectly that either for a fixed e>0
and for y=1,2, ... there exists a positive integer nj such that

(54) IgO;)l £ 1+e and nfiRj (forj = 12 ..)

or for a fixed (I>)e=>0 and for y'=1,2, ... there exists a positive integer Uj such
that

(55) lguj)l iIS1 £ and UjERj (forj = 1 2,..).

Note that (54) and (55) imply that 1 and Uj>1 since we have g(I)=1 by
the multiplicativity of g(n) (g(w)*0 by (53)).
Assume first that (54) holds and for each j, fix a positive integer nj satisfying

(54). Define the positive integers ... by the following recursion: let

N1=n1 andfor is 2, let N(=nN . Then we have thus (Af, fj 1p)=1,
psn,_

hence (Nt,Nt)=1 for all j</ Thus (54) yields for all x that

(56) FOTUTL...nal = |g(WDg(AD...g(ArX)| s(l+e)*.
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On the other hand, by (49) we have
(57) IgNeiv2...M)|< C 9.
(56) and (57) yield that

(I+e)*< C9

but, for large X, this inequality cannot hold and this contradiction proves that
(54) cannot hold.

Assume now that (55) holds. Again, for each j fix a positive integer Uj satisfy-
ing (55) and define the positive integers Ux< U2<... by the following recursion:
let Ux=ux and for i~2, let Ui=uVl_1 Then we have UfiRv._1 thus again,
(i/j, Up=1 for all j-=i. For a positive integer x, let us write

Vt=j:(i_IDX+|Uj for i=12,..,L

where Z(=[ZQ-F1) has been defined above (see (53)) and define the positive in-
teger M by

(58) M+i=Vt(modV?) for i—12 .., L
and

AO(L)< Mn(L)+ i‘__r_r/f.

Then by (53), there exists a positive integer / such that IS/SL and
(59) lg(M+i)] SC10 (> 0).

Then by (57), there exists a non-negative integer t such that M +i=tVf+Vi thus
with respect to (50) and (55), we have

lg(M+i)| = Ig(if?+ F.) = B(M((K:+1))| =
= 1g(")g(iFi+h] = 1g(F)I lg(F,.+ DI =

(60) =lg( 1 £()|[lgNe-i)I = §= 0, \gUDOg(tv, +i\ A

J=(i-1)*+1 (i-1)x +

< ( (,7”7 [ (I-6))C9= Cy(l-e)>
j=(i-)x +

since (F-, tFj+I)=1 and (Ui,Uj)=\ for i*j. (59) and (60) yield that
(0<) Cb< CY(l-ay

but for large x, this inequality cannot hold and this contradiction proves that (55)
cannot hold which completes the proof of (49).

Lemma 12. Assume thatf (n) is a multiplicative arithmetic function which satisfies
(16) and a linear recursion ofform (2). Then the multiplicative arithmetic function
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g(v) defined by (48) can be written in the form

(61) g(n) = f(n)/nh=~f(n)/iir- 1= ((n)+ d¢(n) + B(N)
where
(i) the function (p(n) is of the form

<N = jgldj S

where d1,d2,...,d,, are non-zero complex numbers and sl1,s2,...,sv are roots of
unity, i.e., there exist positive integers MI, M2, ..., Mv such that

(62) sfj=1 for j=1,2, ...,V;
furthermore, we have

(63) g § for 1lli=jSv
and

(64) <) $€ 0;

(iiy The function d(ri) is of the form

(65) () =3 bitp
where by, ...,bw are non-zero complex numbers and

tt5¢tj for 1Si<)Sw,

(66) Ul=|ix=...= |1 =1,
but ty, t2, ..., tw are not roots of unity, i.e.,
(67) t" ™1 for j=1,2,...,w and n=1,2,...
(also ¢(n)=0 may occur);
(iii) We have

cW=0I/I

Proof. If f(n) is multiplicative, and it satisfies (16) and a linear recursion of
form (2) then by Lemmas 1 and 10, f(ri) can be written in the form

(also g(n)=0 may occur).

(68 [(@=1[|/u ("™ 71)s7

where (17) holds and we have
1= lsil = Bl —see—]sj = |iMil — kst | —see—sil

ryé r2é..3=ru.

and
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We may assume that
M —r2—eom—i'X ~rx+1= o= ry,

furthermore, the numbers sl,s2,...,sv are roots of unity but the numbers
n,+1, ..., sx are not (it may occur that u=0, i.e., none of the s-’s is root of unity).
Then putting h=r—1 and dividing (68) by nh, we obtain for n—f-°° that

o [ fin)

= 2 d irin~fr-»

el (Tt Way-f1iT mpe

= 2.dien UtV -1D)s?+ 2 2 o(n-i- k- D+

(69) + i=?c+|\(/2=|° (n~(r2V ~ 1) +i=3+”,=2I o(ni-1Jsij) =

= I2=i dirin~ir- 1) \i/ |_|l)!+0(l’1l’— 3:}.5'+CXu~(r_x)n<r_ “X+

t O(n (r Ynri x)+_7 0(nri_1si|™ =
— -1+ - ApA A
=, [TV 1o, 0 (020000
+ A;"izzwj O{nri|s;") =

= Eilryr 2+ fn) w00 =

dlr
= Ri(r-1)! ’?-I,-JLL(#?%l)H'SHO(-ir) = KW +AW +0fl)

K)=0(%" aul )= UTee
6(n) = g(n)-(p(n)-il/(n).

Studia Scientiarum Mathematicarum Hungarica 13 (1978)

where

Define £4n) by



MULTIPLICATIVE ARITHMETIC FUNCTIONS 97

Then with respect to (69), the arithmetic functions (p(n)\j/(n) and g{h) satisfy
all the conditions in Lemma 12, except at most (64). Thus in order to complete
the proof of Lemma 12, we have to show that also (64) holds.

Assume indirectly that

(70) gn)="r-=m +0 (j) =4 bjtd+O (1)
where bl,...,bw are non-zero complex numbers and tlf t2, ..., tw satisfy all the
conditions in (ii). For j=1, 2, ..., w, write t} in the form

tj = eig

where 6 is a real number.
Assume first that w=I, i.e., g(n) can be written in the form

g(fl) - bA_|_ O (_J_) = breMnel+0 (1)

where b1*0 and by (67), 0Xis an irrational number. Put bl=Ae2uax where A>0
and a are real numbers. Then we have

g(n) = Ae2**ei+x+0 J

thus if 6 is a small positive number (which will be fixed later) then for a>u0(e)
we have

(71) \g(n)—Aenieit\< e (for n =mal(e)).

Obviously, there exists a positive number &=4(e) such that if |x|<r> then
(72) [I-e 2ixj<e (for |id < O).

Let a=[n0(e)]-t-2 (where nO(e) is defined by (70)). (70) yields that
(73) \g(a)-Ae* +a\< e

Write a(a—1)0x=/5. Then R is irrational number thus by Lemma 8 (applying it
with =1), the numbers {7}, {26}, ..., {jB}, ... are uniformly distributed in the
interval [0, 1). Thus there exists a positive integer j for which

(74) \jR—ei—a—/2\ < &
Let us write b=aj+1 Then, obviously, (a,b)=1 thus
(75) g(ab) = g(a)g(b)
and 0>a>wo(e) thus by (71),
(76) lg(b) —leZidd+Y| < e
and
(77) |g(ab)- Ae2tdsl+a)\< e.
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(73), (76) and (77) yield with respect to (72) and (74) that
\g(ab) —g(a)g(b)\ = {Aeabdi+X)+ (g(ab) —Ae2r(aei +")] —
-{A£ Zi<ei +X) «Ae2iibei+d) + g(a)(g(b) —AeXi(ei+>) +
+ AeZliM+2) (g (a) - Ae2tiicei-+))\ S
= |AeZti(Cigi+a) W202Ri{(«H)01+2*)| |g(db) —4gZHaN+®))|
—g(n)I \g(b) —Ae2iElH\—A |g(u) —Ae<l+\ >
\e2i®+h)ei+2)(e2i<’ “»<>i-«)_A)N\-E£-\g(a)\E-Ae =

—E—f£\Ae(@H +(g(a) —Aeneei M\ —eA »

EA(l +A) —A —e—2eA —2= A (| +A—30 —e—<2

but if £ is sufficiently small (in terms of Aj then this lower bound is positive in
contradiction with (75), and this contradiction proves that we cannot have
w=1 in (70).

Assume now that vv”~2 and denote T the number of the elements of a maximal
linearly independent subset of B1,82, ..., B,, over the field of the rational numbers.
We may assume that 0X 02, ..., OT form such a maximal linearly independent sub-
set of 0j, 02, ..., 9W. Then there exist integers pu and positive integers qu (where
i=1,2 ...,w—T,j=1, 2, ..., T) such that

7=1 4ij
Let us writt Q=[gn, ql2, mm qiT, An, = Aw,-r,r]- Then writing (pj*0Oj/Q for
y=1,2, we obtain that there exist integers n,j (where 1=\, 2, ..., w—T,
7=1,2, ..., T) such that

Qe+ =2 nup} for i=12 .., w-T.

Putting this into (65), we obtain that

¢(n) = ,g*bjeZ'iQ*j"+ ZT bTH eni('n + 292+ "+ orae =
(78 N
= F(0ln, ®2n, ..., &Tm)
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where the function F(xx, X2, ..., XxT) is defined by
T w-T
F(xx,x2, ...,xT) = _21b:e2rqu'+J2l bT+,e2*("jixrt">yot" +V *T).
J: =

There are w”2 non-zero coefficients in this trigonometric polynomial thus we
may apply Lemma 9. (Note that by t~tj the T-tuples (nJX nJ2, ..., nJT) in the
exponents are different) We obtain that there exist T-tuples (X, X2, ..., XT),
(xx, X2, ..., XT) such that

(79) IF(X[, ..., XD —F(Xi, .X"T\ = 7 >0.

The function F(xx, x2, ..., gr) is continuous and periodic in each variable with
period 1 thus there exists a positive number $such that we have

@0) |F(*i....>x 1) *XFi>ee*T)l for Wi~x\ES wue *rImS
and
(81) SXT)-F(X', o X\ M 1*i-*i1< Q.. wxt—xn< $

Applying Lemma 11 with e=4/9, we obtain that for j >jx=jx(), NER] im-
plies that

(82) 1--| < lg(«)l < 1+7- (for j =~jx, ntRj).
By (70), we have

(83) ®(n) = AW +0 (~)°

ndRj,n”l imply that n>j. Thus for j>jx (82) and (83) yield that

(84) I— ()< 1+ g
for
(85) Y>71, ncRj, njt 1

Let us write 7=[yJ+| and S= fA|JD The numbers 0X 02, ..., OT are linearly

. . P
independent over the field of the rational numbers and thus also the numbers

SPx= Sg(, e SBT= Sgr are linearly independent. Then by Lemma s, the points

{503 W ... ({25%a}, {25, ... {25PM e

{59}, {/59Z- , {15Pr})> e
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are uniformly distributed in the -dimensional unit cube. Thus there exist positive
integers /L, U such that

[{/1503}-{*;-® y}<<5 for j=1,2,.,T
and
{/25d,.}-{*;-® }<<5 for j—12 T

or in equivalent form,

(86) |(/15+1)dy—xj—H| < 6 for an integer Uj and for j
and
(87) \I2S+D)<Pj—x]—M\ < 6 for an integer Vj and for j =12, ..., T.

The function F(xIt x2, ..., xT) is periodic in each variable with period 1 thus
(78), (80), (81), (86) and (87) yield that

mMmiiS+ Dl = IF(®L(/15+ 1), ..., dr (/X6 + D)| =
= [Tr(™ o+ ((fi-S,+ 1)DL~X]), ..., XT+ ((11S + 1)Pr—Xr))| =

12, T

(00)
= |IF(M"+((/5+)DL-~-n D, ... .n:r-|-((/15+1)Pr-Xr-mr))| >
>1F(xi, ..., x'r)\-1
and similarly,
No (/.$+11 - ny, .... or(/,5+1))| =
(89) ="K+ ((/.5+1)D 1-*T-»D, ... xA-((/,5+1)Dr- *T-»r))| <
< IF(X', ... , XD)|+-].

(79), (88) and (89) yield that

Mhs+ D\-M KkS+ D\ > (F(*i, ... *nNl~j) - (IF(xI .... *i)|+-]j) =
(90)
IF(xi,  XC)\-\F(x{,
On the other hand, we have (S,/,S+1)=1 and (S,/2S+1)=1 where
S—IJAJJp, thus »S +I*"Rj and LS+I"Rj where J>j\; furthermore, /iS+ "1

and /2S+1>1. Thus all the conditions in (85) hold with j=J, n=11S+1i, and
j=J, n—2S+i., respectively. Then (84) yields that

Ne (/,5+1)1-Ne (/,5+1) < (1+ 1)-(1-]) =1

in contradiction with (90). Thus the indirect assumption (70) leads to a contradic-
tion also in the case w”2 which completes the proof of (64) and thus also
of Lemma 12
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6. In this section, we prove (using Lemma 12)

Lemma 13. Assume that f(n) is a multiplicative arithmetic function which sat-
isfies (6) and a linear recursion ofform (2). Then the multiplicative arithmetic func-
tion g(n) defined by (48) is periodic, i.e., there exists a positive integer M such that
we have

(91) gln+M) - g(n) for n- 1,2,....

Proof. By Lemma 12, g(n) can be written in the form (61) where (p(n), d(n)
and g(n) satisfy all the conditions (), (i) and (iii) in Lemma 12. Let us write
M=[M1, M2, , My where the positive integers MIt M2, ..., Mv satisfy (62).
Then, obviously, we have

(92) <ph+M) =<p(n) for n= 1,2, ...

Let X,y be arbitrary fixed positive integers and N a positive integer. Then
with respect to (65), (66), (67), (92) and (iii), we obtain from (61) that for fixed
Xy and N-=T ° we have

2  g(x+x2yMl) = Yy cp(x+x2yMI)+_ 2 0b(x+x2yMl)+_ 2 Qx+xyMl) =

N N w ( N 1 \

w I jX3WN
(93) = N(p(x)+ 2 bjtjHM ]_~ -F +° (log/V)

~w + o0 (i u-~gjfjroqog”) -

Ntp(x)+O  O(logN) = N<p(x)+0(\ogN).

On the other hand, (x, 1+xyMI)=I1 thus by the multiplicativity of the function
g(n) we have

(94) 2 g(x+xMI) = 2 g(*)gu +xyMl) = g(x) 2 9> +xyMl).
(93) and (94) yield that
(95) g(x) /2:1 g(l +xyMI) —N(p(x) +0(\ogN).

Let us put x=I. By (16) and the multiplicativity of g(n), we have g(l) =1,
thus we obtain that

(96) 2 & (1+yMI) = N<p()+0(\ogN)
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for all y. Let us put y=1 in (95) and apply (96) with x in place of y. Then the
left-hand side of (95) is
*

©7) 909 2, 9(1+xMI) = g(x)(Mp(l) + 0(log N)) = Ng(x)cp(l) +0(log N).
(95) and (97) yield that

Ng(x)ep(1) = Nep(x) + O(log IV)
hence

ge()(1) = cp(x)+0 (10* )~
For N-*-+  we obtain that
(98) g(x)<p(l) = (P{x) for X—1,2......
hat By (64), there exists a positive integer x0for which <p(x)”~0. Then (97) yields
i g(x0<p() = <p(xQ * O
K~ 0.

which implies that
But then we obtain from (97) that
(99) 9(x) =-"ji(p(x).

(92) and (99) yield (91) and this completes the proof of Lemma 13

7. In this section we complete the proof of Theorem 1 by showing thatf(n)£stf
and (16) imply that there exist h, m and y satisfying (i) and (ii) in Theorem I.

By Lemma 13, f(ri)*$4 and (16) imply that the multiplicative arithmetic func-
tion g(n) defined by (48) is periodic, i.e., there exists a positive integer M for which
(91) holds. By Lemma 7, for p >p0,a=1, 2, ... we have /(p*)"0. Letql,q., ..., Q:
denote the finitely many prime numbers for which

holds for a positive integer at and let us write m—[M, gx, ..., g,\. Then (91) im-
plies that we have

(100) gln+m)=g(n) for n=1,2,....
Furthermore, we have
(101) gin) 0 for (nnm)= 1

Let us define the multiplicative arithmetic function G(n) in the following way: let

G(n)=g(n) if (nnm)=1
and
G(¥) =0 if pm and a=12 ....
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Then by (100) and (101), we have

_f=0 if (n, m)=-1,
(102) C =10 4 (n )= 1
and
(103) G(n+m) =G(n) for n= 1,2,....
We are going to show that the function G(n) is strictly multiplicative, i.e.,
(104) G(ab) = G(a)G(b) for a=12,.., b=12 ...

In fact, if (ab,m)>1 then we have 0 on both sides of (104), while if (ab, m)=1
then by Dirichlet’s theorem, there exist prime numbers pt,p2 such that

a = pl (mod in),
b = p2 (mod m)
and Pi*p2, ie, (pi,pd=1. Then by the multiplicativity of G(n), we have
(105) G(piP) = G(Pi)G(p2
and by (103),
(106) G(PiP) = G(ab), G(Pi) = G(a) and G(p2 = G(b).

(105) and (106) yield (104).
It is well-known (see e.g. [4], p. 102) that (102), (103) and (104) imply that
the function G(n) must be a character modulo m:

G(n) = x(n) for n= 12, ..
where y\n) is a character modulo m. But then for (n,m)—1, we have
f(n) = nhg(n) = nhG(n) = nhx(n)
which proves that (i) in Theorem 1 holds.

In order to show that also (ii) holds, assume that m”2, write m in the form
m=p\1pl2...p‘r (where pb p2, ...,pr are distinct prime numbers, al!,a2, ..., ar are
positive integers) and let

(107) x(n) = Zi(n)/2(i)... XM)

where  Xi(n>Xn(ny>=>Xr(n) are the uniquely determined characters modulo
Pil, P22 s Pr', respectively, for which (107) holds for all n.

Let IS 11T, Assume first that x,(n) is the principal character modulo p, and
let j be a positive integer (the case j= 0 is trivial). Then by (100) and (107), we have

f(pf+i) = PtixX*+J)g(P**+)) = Pi@-+J)g(m +pf‘+)) =
= Pi(I*t)g(Pr(mprZ+Pi)) = Pr=43g(P19g0np, rx‘ + Pi) =

= Pi(a+BPricf(P*i) 13 Xi(mprx,+p{) =

= pVI(PT)Xi(mprx + Pi) :SiSrXi(mprx‘+PT) = PiJ(px‘)@APi)
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since (mpf*+p{,pi)—1 for /=1,2,....,r and nipfk+pd=pd (modpfi) for
I*i. Thus (ii) holds if y1(w) is the principal character modulo pi-.
Assume now that &(«) is not the principal character modulo pp. Then there
exists a positive integer nx for which

(108) I*(«,) *0
and

(109) Zi(«i) * 1
hold; (108) implies that

(110) (Wi »Pi) = 1.

We have (mpfxi,pi)=i thus there exists a positive integer x for which the linear
congruence

(111) m pfx>x+I = /ii (mod pfi)
holds. Then for j—1,2, we obtain with respect to (100), (107), (108), (110)
and (111) that
g(Pt,+]) = g(mpix+ph+j) =
= g(pp+j(mphHex+1)) = g(pi*+l)g(mpre<x+l) =

(112) = g(pp+j) /I;Il XimPrxx+ 1) =

- g(PI,+J)Xi(mpr’,x+\)J§?S Xi(mpr“x+\) =
I’
= g(px‘+K)Xi(ni) Iﬂ/lr Xi0) = g(PTtJ)Xi(ni)
since M
(mpr*x+1p)=1

holds trivially for 1*i while for /=/, this follows from (110) and (111). (109)
and (112) imply that
g(pP+) = 0

f(P r+J)) = pht+J) g(pb+) = o
thus (ii) holds also in this case which completes the proof of Theorem 1

hence
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ON THE QUESTION OF DESCRIPTION OF THE BEHAVIOUR
OF FINITE AUTOMATA

by
A. ADAM

To the memory of Professor Lasz16 Kaimar

Summary

In § 1 the concepts of automaton mapping, finite (Moore) automaton and some fundamental
notions concerning these are introduced. Some known facts (among them, the connection of finite
realizability and right-congruences) are also stated.

§ 2 starts with two formulations of the description problem of finitely realizable automaton
mappings. In the continuation some criticisms on the method that strives to deal with these problems
by using regular expressions are contained.

From among each family of isomorphic automata, a single automaton with particular nota-
tion of states and output signs is selected in § 3. These automata are called standard. A technique
— using certain tables, named codes — for describing all standard automata is contained in §4.

The considerations of the paper culminate with 85—6. A complexity notion for automata
is defined so that precisely the reduced automata are of finite complexity. After exposing a new
version of the description problem (mentioned already in §2) four more particular problems of this
are raised. These particular problems surround the question how all the codes characterizing reduced
automata may be obtained constructively.

8 1. Fundamental notions

1.1 How does a finite abstract automatonl behave towards the outer world?
More precisely: how can be described all the possible reactions of finite automata
to the various incoming stimuli, so that the inner processes of the automata are
left out of consideration and the description does not comprise the types of be-
haviour which remain outside of the abilities of finite automata?

The notion of finitely realizable automaton mapping2 is a straightforward
tool in investigating this question. The question of studying the manners of be-
haviour can be raised, in a more exact form, such that these automaton mappings
are to be studied.

Now we give two (essentially coinciding) definitions of automaton mapping.
(In 88 1—3 a broader family will be considered; the property of finite realizability
is not required unless explicitly stated. Beginning with §4, all automaton mappings
are meant finitely realizable.)

Let X, Y be (disjoint) finite sets. X={x{l),x@ ..., x(,,)} is viewed as the same
ordered set throughout the paper. The (non-commutative) free monoid over X is
denoted by F(X). The unit element of F(X) (the empty word) is denoted by e.

11In what follows, always flinite deterministic automata with a distinguished (initial) state in
the sense of Moore will be considered. For the sake of definiteness, the reader may think of an
automaton of this type in these introductory sentences, too.

2 Instead of “automaton mapping”, the terminology “(retrospective) sequential function” is
also used in the literature.
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The elements of X are identified with the elements (words) p in F(X) whose length
L(p) equals 1

A pair (P, a) is called an automaton mapping in thefirst sense if P is a parti-
tion of F{X) and a is a bijection of the factor set F(X)/P onto Y. (This definition
implies obviously ind P=|"|<°0 where |F| denotes the number of elements of
Y and ind P (the index of P) denotes the number of classes modulo P, i.e.,\F(X)/P\.)

A mapping a of F(X) into F(Y) is called an automaton mapping in the second
sense if

(i) the image x(e) of e is an element of Y;

(ii) to each choice of p(EF(X)) and x(CA) there is a y(fY) such that
x(px)=a(p)y and o _

(iii) to each y{C_Y) there is a p(fiF (X)) such that the last letter of a(p) isy.

(It follows that L(a(p))—I +L(p) for every p(EF(X)).)

These two versions of the notion of automaton mapping are essentially equiv-
alent. Indeed, to any (P, a) we can define an a by putting

cc(p) = <r(pOcr(pda(p.fi...cr(pk)
where

p=x1x2--xk (k=L{p) and xr, ...,xk are arbitrary — not necessarily distinct
— elements of X),

pi=x1x2-..xi for each i (O”"i*k),

p is the class mod P which contains p.

It is easy to see that each a is yielded exactly once in this manner.

In what follows, we shall always consider the first definition of automaton
mapping. The second one was exposed only because this is familiar in the literature
(possibly with the modification in (i) that a(e) is the unit element of F(T)).

Two automaton mappings (PIt oy) and (P2, 92 are called isomorphic if T1=T2
holds. This definition reflects that the second component a does not play an
essential role in the (first) notion of automaton mapping.

1.2. The concept of initial finite Moore automaton is thought to be known.
We denote by A, X, Y, S, X a* the state set, input set, output set, transition func-
tion, output function, initial state (respectively) of the automaton A. We consider
always initially connected automata, i.e., ones in which

Vn(67)Bp(EF(A))(*(u*,p) = n)

is fulfilled. We suppose that 9 is surjective.

be two automata. If yA: AL~A, and ar: Y1—Y2 are bijections and the three
equalities

(1.1 (aty** = at
(12 (M(FHL x))xn = d2(a\.s, x),
(1.3) (Ai(ai))«r = 12(a\n)
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hold for each choice of a*dA”, x(£X), then we say that AI5 A2are isomorphic
and the pair (an, @Y) is an isomorphism. 3

If the correspondences VA, aY between two automata A,, A2 satisfy (1.1), (1.2),
(1.3) and aA is a surjection only4, then we say that the pair (ag,ay) is a homo-
morphism of At onto A2. If such a homomorphism may be established, then A2
is called a homomorphic image of At.

ND
Xm

Fig. 1

If each possible homomorphism of an automaton A is an isomorphism, then
we say that A is simple (or reduced).

It is clear that the notion of isomorphism is a particular case of the notion
of homomorphism.

Let (an, ay) be a homomorphism (of A2 onto A2 such that AI5 A2 have the
same output set Y. If ay is the identical mapping of Y, then we say that oA is
a state-homomorphism and A2 is a state-homomorphic image of At.

1.3. Let A—A, X, Y, §Aa*) be an automaton. Define an automaton map-
ping in the following manner:
let p=qg (mod P) hold if and only if
n(o(a*,p)) = 1(0(a*,4a))

where p, q are arbitrary elements of F(X),
let o(p) equal A<4a*,p)) where p is the class mod P containing p.
We say that A realizes (or induces) the pair (P, a).

14.

Proposition 1. |f the automaton A2 is a homomorphic image of the automaton
A2, then they induce isomorphic automaton mappings.

Proof. By use of (1.1)—(1.3) we can deduce

(<5i(ai, P)YN= a2(at, p)
and

(1.4) )-202e% p)) = AA("(ui, p)In) = (A,(S(<, P))V

3 This kind of isomorphism is called (A, K)-isomorphism in [7]. The automata in Fig.
not isomorphic in this sense.
lay is a bijection in this case as well.
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The conclusion follows from the equality of the first and third expressions in (1.4)
by the bijectivity of ay and the corresponding definitions. O

Supptement. | f A2is a state-homomorphic image of Ax, then and A2 realize
the same automaton mapping. O

Let P be a partition of F(X). Define the partition 9Ji(P) of F(X) in the follow-
ing manner:
p - g(mod LU (P))o\) r{pr = *r(mod P))

where p, g, r are elements of F(X). One can easily show that5
X(P)AP,
SOi(P) is a right-congruence of F(X) and
P*QP implies P*QW (P) for each right-congruence P* of /"(A).

Proposition 2. Let P be a partition of F(X). Denote by 4ip the set of (all)
finite automata A such that the first component of the automaton mapping induced
by A equals to P. If 219”20, then 3IP contains a reduced automaton AO, this AQ is
unique apartfrom isomorphy, and AQis a homomorphic image of each element of &ip.

Remarks. The condition 'JIp"0 is needed because we consider finite automata
only; in this case, $lp?40 implies ind P< °° evidently. If automata with an in-
finity of states (and with a finite number of output signs) are also taken into ac-
count, then the assertion remains valid and J/1p="0 can be replaced by indP<°®
equivalently. (We shall not deal, however, with infinite automata.)

Proof Of Proposition 2.

Case L1 ind U)I(P) is finite. We construct AO by what follows. The states of AQ
correspond to the classes mod 9(P) in a one-to-one manner. The initial state a*
corresponds to the class containing the empty word. Let x be an input sign, a be
a state and p be an element of F(X) such that p (the class mod 'JJi(P) containing
p) corresponds to a; we define 6(a, x) as the state that corresponds to the class
fix. Let the output function | be determined in such a manner that ).(a)=).(b)
holds exactly if p=q (mod P) where p, q are chosen so that a corresponds to
p and b corresponds to g. It may easily be checked that AOhas been defined mean-
ingfully and (up to isomorphy) uniquely.

We verify that AObelongs to 2Ip. Indeed, an easy induction shows that p corre-
sponds to 6(a*,p) for each p(£F(X)), thus p=q (mod P) and A(d(a*,pj)=
—A(6(a*,q)) are equivalent.

Let an arbitrary element A of 2Ip be considered. Our next aim is to establish
?Ii;plmomorphism of A onto AO. First we note that the transition function S of A
ulfils

(1.9) 6(a*, p) = 0(a*, q) =mp = ry(mod 9BA).

(In fact, if the left-hand side of (1.5) holds, then p=qg (mod P) because ACI/Ip.

Furthermore, the left-hand side of (1.5) defines clearly a right-congruence of F(X).6
6 Cf. § 101 in [6].
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This right-congruence is a refinement of P by the first sentences of the proof.) The
assignment i
6(a*, p)=y00(aL,p)

{where 80 is the transition function and a( is the initial state of AQ is a surjection
aAof A onto AO(where the state sets of A, Alare denoted by A, AQ, resp.), the homo-
morphism properties (1.1)—(1.3) with some aY may be checked without difficulty
since both A, AObelong to ¥lp.

Let AObe an arbitrary homomorphic image of A0, denote its state set by AO.
Then \AO\s\AO\. On the other hand, AOE3Ip, this implies by the pre-
ceding considerations of this proof. The resulting equality [J10]= |/10] is impossible
unless the finite automata AQO, A, are isomorphic.

We have got that AOis reduced.

The unicity of the reduced automaton AOQ is obvious.

Case 2. ind 'LLI(P) is infinite. Let A be an arbitrary element of 3lp. The implica-
tion (1.5) shows that A cannot be a finite automaton. Consequently, 2IP=0. O

The bifurcation in the previous proof leads to the

Corollary 1. Let (P,o) be an arbitrary automaton mapping. The following
three assertions are equivalent:

(i) The index of Wt (P) is finite.

(i) There exists a (finite) automaton realizing (P,0).

(iii) There exists a reduced (and, apart from isomorphy, uniquely determined;
finite) automaton realizing (P, a). O

Remark. It is known that every right-congruence P* of F(X) with ind 0
has a refinement R such that8 R is a congruence and ind This fact implies
that (i) is equivalent to the following assertion:

(iv) The index of the largest (two-sided) congruence that is a refinement of P
is finite.

15. The equivalence of the assertions (i)—(iv) in Corollary | (and the Remark .
after it) shows the importance of a class of partitions of F(X). We introduce there-
fore the following terminology:

A partition P of the free monoid F(X) (generated by the finite set A is called
hyper-finite if '3Ji(P) is of finite index. It is well-known that the family of hyper-
finite partitions of F(X) is properly included in the family of all partitions of F(X)
with finite index.

*For a simple proof, see Statement 2 in Section 3 of [4].
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8 2. The basic problem and some comments on the theory
of regular expressions

2.1

Basic problem (first version). For an arbitrary finite X, let a constructive
description of all hyper-finite partitions of F(X) be given.

Basic problem (Second version). For an arbitrary finite X, let a constructive
description of all reduced finite Moore automata, whose input set equals to X,
be given (apart from isomorphy).

By virtue of Proposition 2 and Corollary 1, these versions of the basic problem
are equivalent to each other. Both of them is a formulation of the question how
we can get an overview of all the (non-isomorphic) finitely realizable automaton
mappings.

2.2. The way we choose for making some approach towards solving the basic
problem will be different from the study of regular expressions. Sections 2.3—2.5
contain some considerations concerning why we prefer another way. The reader
may omit these sections and jump to §3.

2.3. The notion of regular expressions in sense of Kieene [10] is supposed
to be known in the remainder of this paragraph.

Let P be a hyper-finite partition of F(X). We mention a procedure, starting
with P, which consists of two steps.

Step I: We take some sets Mx, M2, ..., M,((T F(X)) such that the equivalence

p = g (mod P) <>Vi(p€ Mt <>qf Af)
holds (I™Nir).
(It is possible that we put i=ind P and we choose the M(s as the classes
modulo P. This choice is not economical, the smallest possible value for t is
riog2ind Pl where \a\ denotes the integer fulfilling a=\a\<a+ 1)

Step Il: We represent each set Mt by a regular expression.

(We have to explain why Mn is regular. Indeed, P is hyper-finite, it occurs in
a finitely realizable automaton mapping by our Corollary 1, and an arbitrary set
of states of a finite automaton represents a regular event by a well-known theorem
of K 1eene ([10], Theorem 5; [7], Theorem 2.5.1), hence each class modulo P is regular.
Mt is equal to the union of certain classes, thus Mt is again a regular event.)

These steps yield a collection of t regular expressions (over X). We can view
this collection as a description of an arbitrary automaton mapping (P, a) (where
P is the given hyper-finite partition, a is arbitrary).

Let us consider the situation when we start with an automaton A, we introduce
(P, a) as the automaton mapping represented by A, and finally we apply Steps |
and Il. This procedure is essentially equivalent to the following one: we replace
A by certain automata AL} ..., A, such that A; (where 1S/'St) is obtained from
A by some modification of the output function, in fact, A; has two output signs
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yo.ji only, and its output function is defined by
iTi if p€n/
bo if P$//,

where p(£F (X)) satisfies 0(a*, p)=a. (Afa) does not depend on the particular
choice ofp.) We characterize — for each i—the set of words p, fulfilling & (5@ p))—
=ylt by a regular expression.

We can say that we pay a special attention to the automata with only two
output signs if we examine the automaton mappings by use of Steps 1 and II.

2.4. The idea, seen in Section 2.3, has great and (it appears) insurmountable

disadvantages from the view point of the unicity. The system consisting of

is not uniquely determined by the partition P (unless we choose 7

r=ind P, this choice is not in the least economical). To any set Mh an immense
diversity of regular expression representing Mt exists.

The problems of this type remain essentially unchanged even if the automaton
A (in Section 2.3) is supposed to be simple.

Although the theory of regular expressions is widely elaborated (see the survey
[819]), the lack of unicity (as seen above) seems to be a very serious difficulty,
and this feature justifies the endeavour to seek other methods for attacking the
basic problem 8

2.5. The line of considerations we follow in the sequel can be characterized
by saying that we give key-role to automata having the possibly largest number
of output signs (i.e., to automata whose output function is bijective).

8 3. Standardization

3.1. The notion of isomorphy of two automata was introduced in Section
We regard two automata to be essentially different only if they are not isomorphic
in sense of this definition.

Consider an isomorphy family, i.e., a maximal family of pairwise isomorphic
automata. The main goal of §3 is to select precisely one automaton (provided
with a special notation of the states and output signs) in an (arbitrary) isomorphy
family; these will be called standard automata. Analogously, a standard auto-
maton mapping will be picked out in each isomorphy family of automaton mappings.

Since the equality of automata or automaton mappings will occur in Proposi-
tions 7 and 9, now we give formal definitions of how these equalities are understood.

Let A, A' be two automata whose states are denoted in form al,a2, and
whose output signs are denoted in formyl3y2, .... The automata A, A" are considered
equal if there exists an isomorphism {4 ay) between them such that tA preserves
the labelling (subscripts) of the states and ar preserves the labelling of the out-
put signs.

7Just in case of this choice the following difficult problem arises: if a family of regular ex-
pressions is given, how can we decide whether or not the regular events represented by them are
pairwise disjoint?

“The dissertation [I1] illustrates the difficulties that may arise when questions on regular
expressions are dealt with.
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Let (P, (1), (P', a) be two automaton mappings such that the classes mod P
(or mod P') are written in the form Kx, K2, .... The mappings (P, a), (P\ aj are

called equal if
(1) each class Kt modulo P is exactly a class modulo P', moreover, it is written

as  again mod P', and
(2) for each class Kt, the equality g(Ki)=g'(Ki) holds.

3.2. We introduce a full ordering < in the monoid F(X) by the following
rule:

ther L(p) < L(q),
r L(p) = L(q) and p precedes q lexicographically.

Next we state some immediate consequences of this definition.

Proposition 3. Let p, g, r, s be arbitrary elements of F(X). If one of the three
formulae p< q,pr<tgr,rp< rg holds, then the other two formulae are also valid.
If p<qg and L(r)=L(s), then prcqs. O

Let us demonstrate F(X) in the manner seen in Fig. 2 (with n=3). The <-
enumeration is obviously the following: we begin with the empty word e, ..., we
pass through the k,h level from left to right, (we jump from the rightmost element
of the kh level to the leftmost element of the (k+1)h level,) we pass through the
(lc+ Dth level from left to right, ... (ad infinitum).

Fig. 2

Let (ibea state of a finite automaton A. From among all the words p fulfilling
a=5(a*,p), let us denote by r(a) the <c-smallest word. The next assertion is
obvious :

P roposition 4. € IS an injective assignment of A to F(X); e(a*)=<?. ©
Proposition 5. Let p(LF(X), xC X If there is a state a of an automaton A such
that e(a)=px, then A has a state b satisfying e(b)=p and 0(b, x) =a.
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Remark, b is uniquely determined by the equality c(b)=p.

Proof. Denote 6(a*,p) by b and e(b) by g If g<p were true, then gxcpx
would follow from Proposition 3; this relation and

&@*, ax) = 6(0(a*, a), x) = o(b, x) =
= (3(i5(@*, p), x) = 6(a*, px) = a
would contradict the equality e(a)=px. The Remark holds by Proposition 4. O
3.3. Let us visualize A by a graph in the customary manner. Then to each

transition 6(b,x)=a an edge (marked by x) from the vertex b to the vertex a is

assigned. Call an edge ba a distinguished edge if (a is not the initial state of A and)
the word p and the input sign X, determined by e(a)=px, satisfy the following
conditions (i) and (ii):

(i) b=06(a*,p),

(i) ba is marked by x.

By Proposition 5, the distinguished edges form a spanning tree in the graph
of A. Each edge of this tree is directed towards the vertex which is more distant
from the initial state.

3.4. A finite automaton A=(A, X, Y, d, A al) is called a standard automaton
if the following two requirements are fulfilled:
@ A={aL a2 ..., a} where v=\A| and the equivalence

I < m-oe(fl)) < e(an)

holds for every choice of / and in (IS/Sy,
®) Y={yxy2, ...L,} where t=\Y\, and whenever X(am=yk,
then there is an I(<m) satisfying *(al)=yk-1(ISm*v, 1~/*u, 27k"t).

Proposition 6. To each finite automaton A there is a standard automaton X'
such that they are isomorphic.

Proof. By an appropriate notation, we can denote the words being in the range
of shy Pi,p2, ...,pvsuch that

Pi<p2< see< Pu-

I-laving done this, we introduce a new notation of the states such that £(a,)=pt
(I1S/Su). (a) is satisfied and obviously ax is the initial state (by px—e).
Let AH£ A) be the set of states a{ fulfilling

(3.1) A(a,H {A@t), N@2, ..., Aia,")}

(I7~iSr). We introduce the new notation yk for /.(ad (where aif A +) such that
K is defined by the formula

(3.2) K= 1+|1+MN{ax,a2 ...,a,_i}|.

(Especially, axE A+ and A(6i)==Ji.) We can easily see that the restriction of A to
A+ is bijective and afiA+ A(a,)=yk, k>~ imply (by (3.2)) A(ad=yk-x where
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/ is the largest number such that /<z and afA + For the complete verification of
(R), let ambe an arbitrary element of A (possibly amtA+). Independently of the
fulfilment of (3.1), there is an a,(EA+) such that iSm and X(ai)=/{am). We ob-
tain the validity of (8) by summarizing these considerations (for each pair m, K
suchthat X(@m=yk, A:>1). O

Proposition 7. |If two standard automata Ak, A* are isomorphic, then they
are equal.

Proof. Consider the assignments e, e! for A, A*, resp. It is evident that the
ranges of e e' are equal, moreover, (a) implies that E(a)=p and efaB—p are
equivalent. The fact Jl(s(=A'(a,) follows easily from (/7). O

3.5. Let (P, a) be an automaton mapping. For each class K (mod P), we de-
note by y.(K) the < -smallest word from among the elements of K. Introduce
the notation

(3.3) KAK?2, ... K,

(where i=ind P) for the classes mod P such that for arbitrary classes K,,Kj,
the inequality /-=/ and the formula x(Kt)< x(Kj) are equivalent. (P, a) is called
a standard automaton mapping if a(Ki)=yi is universally satisfied (I==zSt).

Proposition 8. T0O each automaton mapping (P, a) there is a standard automaton
mapping (P', a) such that they are isomorphic.

Proof. Take P'=P] the standardness can be reached by a suitable nota-
tion of the output signs. O

Proposition 9. |f two standard automaton mappings (P, a) and (P', a') are iso-
morphic, then they are equal.

Proof. P=P’ by the isomorphy. It is clear that the notation in (3.3) is de-
termined by P uniquely, hence a=a' by the definition of standard mappings. O

3.6. In this last section of §3 we make some observations on the standardness
of an automaton and the standardness of the mapping induced by it.

The notions of isomorphism and state-homomorphism were introduced in
Section 1.2. If a pair (dA ay) is both an isomorphism and a state-homomorphism
(i.e., if it is a homomorphism, dAis a bijection and ay is the identical mapping of I"),
then we call (@A, ay) a state-isomorphism.

Lemma 1. |f the automata AIsA3 are isomorphic and the automaton mappings
induced by them are equal, then At, A2 are state-isomorphic, too.

Proof. At and A2 have the same set Y of output signs. Consider an isomorphism
(an,ay) of Aa1=(n1, X, VY, 8lt & a1) onto A2—(A2X,Y,62X2a*2). For an
arbitrary p(fF (X)), denote by a the state dfaf*p). The deduction

K («) = Ni(<5i(@i), p)) = <r(p) =
= N<B2(a%), p)) = n2ca=n) = (M)A’
shows that ay is the identical mapping of Y. O
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Proposition 10. If A is a standard automaton, then the automaton mapping
(P, @) induced by A is standard.

Proof. Let A'be a class mod P. Clearly, x(K) is the osmallest of the words
e(a(l), e(ais) , ..., e(aiw) where atl, a2, ..., aiw run through the states at of A for
which X@)=o0(K). Let A+ be as in the proof of Proposition 6. The standardness
of A implies that the following three statements are equivalent for each a,,,(EA+H
and *(€{2,3,..., |L)):

() Mam=yk,

@) {nn), A@2> ,A(ami)} does not contain yk but it contains yk- k,

(iii) amEKk where the classes K are numbered as in (3.3).

The equivalence of (i), (iii) and the obvious facts K€/ 1M/1+, k(aJ=y 1 mean
that a(KK=yk for each k, hence (P, @) is standard. O

Proposition 11. L€t (P, @) be afinitely realizable standard automaton mapping.
If A is an automaton inducing (P, a), then A is state-isomorphic to a standard
automaton.

Proof. Consider a standard automaton A' isomorphic to A (existing by Prop-
osition 6). Let {P\ 0') be the automaton mapping realized by A' (P, 0) and
(P', 0") are isomorphic by Proposition 1 (P', 0") is a standard mapping by Prop-
osition 10, hence (P, 0)=(P', 0) by Proposition 9. The state-isomorphy of A
and A' follows by using Lemma 1. O

Table |
The hierarchy of some assertions on two automata A,, A2
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The last proposition of this paragraph summarizes the facts stated in Sec-
tion 3.6.

Proposition 12. Let (P, <) be afinitely realizable automaton mapping. Consider
the isomorphy families of all automata realizing (P, a). Every isomorphy family con-
sists ofpairwise state-isomorphic automata. If (P, 0) is standard, then each isomorphy
family contains exactly one standard automaton. 1f (P, 0) is not standard, then all
the automata inducing (P, a) are non-standard. O

The considerations of § 1 and 83 (together with a few easy consequences of
them) show a hierarchy among some assertions concerning two automata Ax, A2.
This hierarchy is illustrated in Table 1

8 4. Codes and pre-codes

4.1. The considerations of Section 3.4 show that it suffices to pay our attention
to standard automata when our aim is to view the automata up to isomorphy.
In Sections 4.2—4.4 a formal construction yielding all standard automata will
be established. First we define a particular kind of tables — named pre-codes and
codes — axiomatically, then we assign an automaton to each code (i.e., maximal
pre-code).

The idea of our construction is:

first we take the initial state av and its output sign ylt

afterwards, we build up the other states a2, as, ... consecutively, together
with their output signs and the transitions corresponding to the distinguished edges
(cf. Section 3.3),

finally, we determine the remaining transitions 6(a,, x (k3 consecutively, accord-
ing to the lexicographic order of the pairs (/, k).

4.2. Denote by N/ the set of the integers i, i+1, i+2, (where i=j).
Evidently, |N/|=/—i+1.

The sextuple D=(r, s, B, y, p, ) is called a pre-code if it satisfies the follow-
ing postulates (D)—(VI11):

(I) r, s are non-negative integers; B,y,p,cp are functions.

(11 The domains of B,y,p, (p are N2+ts+l, N2+s+1l, NJ+L N(J|+L, re-
spectively.

(1) The target9 of each of B, p, (p is NE+L

(IV) The target of y is Nj'.

V) We have RB(2)=1. If /ENf+L then (a) & ((b)V(c)) holds where the
meaning of the statements (a), (b), (c) is:

@ /23— = B(i) < i,
(b) B(i-\)"B(i),
(€ y(i—D < y().

9 By the target Tf of a function fi the set of its possible values is meant. The range R, is
a subset of Tf (Rf consists of the values that are actually taken by /).
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(VD) If iENJ+], then

[i(0-1€{0, fi(\), u(2), fi(i-N}.
i (VID) If i€NJT2+1> then (R(i),y(i)) is the lexicographically smallest pair ful-
illing
: JEN™-1=(() BG)V(y@) ~ y(i)
for every j.
(VI If ['€NTri|+], then either <p()=1 or (d) & ((e)V(f)) holds where the
meaning of the statements (d), (e), (f) is:
(d) B(<p()) S B(),
€ B((p() < B(),
®  y((p@) < y().
The definition of the pre-code is finished.

Any pre-code can be illustrated by a table each row of which contains the
values 1, B(i),y (i),(p(i). (See Table 2 as an example.)

i 130 (0 MO +0
1 — — 1 —
2 1 1 2 —
3 1 2 1 —
4 2 1 3 —
5 2 2 2 —
6 3 2 4 —
7 3 1 — 4
8 4 1 — 2
9 4 2 — 1
10 5 1 — 3
1 5 2 — 5
12 6 1 — 6
13 6 2 — 1
Table 2

An example for code (with ?i=2; r=5s=7)

Proposition 13. If the formulae /ENE+SH, yENE+s+L, B(i)—B(j), y(i)=y(j)
are valid (for a pre-code), then i=j.
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Proof. We want to verify that 2éy</€ r-bs+ 1 implies

(4.2) B(i) X B(HVy(i) N yO).
Case L iSr+1 If B(j)=R(), then we get
B(i)=BR(i-1) =RB(i-2)=...= B(j)

y(0 >y (i-1) >y (i-2) >...>y0")
by an iterated application of (V), hence y(O*YO)-
Cce 2 i*r+2 Then (4.1) follows from (VII) immediately. O

4.3. Let Di=(r1,s1,Bi,yi,iil(pi) and D2—(r2,s2,32,y2 92,49 be two pre-
codes. Let the relation !)I- IL be true if

(rt<r2& st=0)V(\=r2 & sl< s?

and B2 yr, fi4, 2 is an extension of Bx, yr, yr, g respectively. This relation *=
is a partial ordering of all pre-codes (n is fixed). If D,<D, and rl+sl+ 1=r2-K2
hold, then we write D *D, (this means that we get D, if we delete the last
row of D2.

If O, is a pre-code and no pre-code D2with D, < IL exists, then 1), is called
a code. (The pre-code given by Table 2 is a code.)

and

Remark. It can be shown that s*rn+n—r is valid for each pre-code; equality
holds for the codes and only for them.

44. Let C=(r,s,RB,y, U, g be an arbitrary code. Determine an automaton
DC)=A=(A XY, §Aa%
by the following rules (a)—(e):
(@ A={alt a2, .... ar+1}.
(b) (The initial state of A is ax, i.e.,) a*=ax.
(€) Y={yx,y2, ..., y,} where
t=max(g(l), u(2), ..., /((r+1)).
(d) For each /(€EN2+S+1) let
O(am ,xWw») :l '

I a g>{i)

if 1S r+l,
if i"r+2
be true.
(e) For each z(EN2+1) let
4<4) = Yh)
hold.

Remark. The transition function Ois consistently and totally defined because
(VII) was stipulated, Proposition 13 holds and C is a code.

Remark. If D<C s valid for a pre-code D, then we can assign to D a partial
sub-automaton of (C) in a natural manner.

Proposition 14. (C) is a standard automaton for each code C.
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Sketch of the Proof. Let at be a state of ¢p(C), consider the word
p = Xiyifk-4)))xY(&-tm ,,, x(.y(Bmxiy\)
where Bh(i) stands for 1 2 N
RCR-B(0-)
and K is the (unique) number fulfilling Rk(i)=\. We can show that p equals to
Hal and £(UR <e(aj) is equivalent to i<j. This means that the first property

defining the standard automata (in Section 3.4) is valid. The second property
follows from the postulate (VI). O

Proposition 15. To each standard automaton A, there exists precisely one
code C with ¢(C)=A.

Sketch of the Proof. Starting with A=(A, X, Y, 6, X, al), we can establish
an assignment " 1such that p”1yields a code and ¢y, th~1 are inverse of each other.

~1(A) is introduced in the following way:

(A) Denote \W—1 by r, let s be rn+n—.

(B) For an arbitrary i (2SiSr+1), let e(s) be written in the form
p'xM (p'eF(X), x "tX). Let

B(i) be the number satisfying af(i—o6{al,p"),

y(i) be m,

p(i) be the number fulfilling yMil=X(ai).

(C) For an arbitrary i (r+2”i~r+ s+ 1), B(i) and y(i) are uniquely determined
by Postulate (VII). Let <p(i) be the number for which

a,,(0 = 8(ar(i), xM>>).

It can be shown that the rules (A), (B), (C) determine a code ~1(A), and
D(hM(A) =A, p~Lp(C))=C are always valid. O

Fig. 3 shows the automaton ¢(C) when C is the code given by Table 2.
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§ 5. Notions of complexity

5.1. As we have seen in 84, the codes give a constructive description of all
finite Moore automata. Recall the second version of the basic problem (see Sec-
tion 2.1). From the view point of this problem, the notion of code is too extended.
Therefore, we want to restrict our attention to the codes C for which the auto-
maton ¢(C) is simple.

For this aim, we are going to introduce some complexity notions.

5.2. Let a, b be two states of a finite Moore automaton A. By the distinguish-
ability number m{a, b) of these states, we understand the length L(p) of a shortest
word p such that

(5.1) 1(6(a,p))*X(8(b,p)).

(Of course, co(a, £)=«= if A((a, p))=).(6(b, p)) for every p(dF(X)).) Evidently,
o{a, a)=00 and (a, b)=co(b, a) are universally true.
The maximum
max (a, b)

is called the complexity QA(A) of the automaton A where (a, b) runs through all
pairs of states of A such that a”b. (O"(A)=0 if A has only one state.)
The complexity Qc(C) of a code is defined by

"c(C) = 0A(D(C)).
5.3.

Lemma 2. If @, b, c are arbitrary states of a finite automaton, then
cofb, ¢) E min (co(a, b), co(a, c)).
Proof. Letp be a shortest word such that
A(6(b,p)) V1 La(c, p)).

Denote k(6(a, p)) by ya, the notations yb and yc are meant analogously. If ya*yb,
then (a, b)*co(b, ¢). If yabyc, then co(a, c)*co(b,c). O

Proposition 16. Let al, a2, as be arbitrary states of afinite Moore automaton.
There exists a permutation n of the set {1, 2, 3} such that

bl (an(1)1 an(2)) = @ (an(2)i an(3)) — © (an(l)> ax(3))-

Proof. Obviously, there is a n fulfilling

wfaxil)} a n(z))_m(a n(2)> a’@)_ﬂom

If co(anT, ax)<co(a>K?), anf2) were true, then we should get a contradiction to
Lemma 2 (with a=an(3), b=a,(2), c=aKl). O

Remark. Let Kk be a non-negative integer. Define the relation Rk(a, b) so that
it holds if m(a, b)*k. Then Rkis an equivalence for each k; if we form the sequence
RO, Rr, R2, then we do substantially the same as if we should minimize the
automaton in the customary sense.
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5.4.

Lemma 3. Let b, ¢ be two states of afinite automaton A. w(b, c¢)= °° if and only
if there is a homomorphism (cA, ay) of A such that bxn=cxn.

Sketch of the Proof.

Necessity. Suppose co(b,c)~ °°. Introduce a binary relation o (depending
on b, ¢) in the set of states of A by what follows: g(a, a4 is true precisely when
there exist a sequence of states

(@=)a0,al,az ...,ak(= a+
and a sequence of words

Pis P2> mmmiPk

&b,pd, o(c.p)}=

holds for every choice of i (I"i*k). We can show that g is an equivalence rela-
tion, thus it determines a partition R of the set of states. The factor automaton
with respect to R can be introduced in a consequent mannerlQ, hence the pair
(@A, ay) where @A is the natural assignment associated to the partition and ay is
the identical permutation of the output alphabet is a homomorphism.

Sufficiency. Assume that bxni=cxn for a homomorphism (aA, aY). Then

(k is common) such that

A((<5(b, p)Ya) = /.'(d'(b4 P)) = X'(8'(oa, p)) = A((<5(c,p)Yn)

(where the transition function ¢' and the output function X' are meant in the homo-
morphic image) for every choice of p, consequently

X(0(b, p)) = i(d(c, p))
(since ay is a bijection). O

Proposition 17. Let X be a (finite) Moore automaton. A is simple if and only
if B*(A)<oo0.

Proof. Consider the following five assertions:
(i) Ais not reduced;
(i) A has a homomorphism which is not an isomorphism;
- (iii) A has two different states b, c and a homomorphism (aA, @Y) such that
(iv) A has two different states b, ¢ such that co(b, c)—°°;
(V) Qa(A)=°°.

The equivalences (i)o(ii), (ii)o(iii), (iv)o(v) are evident. The equivalence
(i)<=>(iv) was stated in Lemma 3. Hence (i) and (v) are equivalent. O

0 The supposition co(b, c)=°= is utilized when we define the output function of the factor
automaton.
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Proposition 18. The following three statements are equivalent for a (finite)
Moore automaton X:

(@ The output function | of X is bijective.

(b) Qa(A)=0. °

(©) Qc(W~(X))=0.

Proof. The equivalence of (b) and (c) is trivial. The equivalence of (a) and
(b) follows from the evident facts that the statements /.(a) 7/.(b) and co(a, b)—0
are equivalent (where a, b are different states of A). O

5.5. By comparing the second version of the basic problem, Proposition 17
and the definition of Qc(C), we get a new equivalent formulation:

Basic problem (third version). Let a constructive description of all codes C
satisfying Bc(C)<c«= be given.

8 6. Some open problems

6.1. The third version of the basic problem seems to be preferable (in comparison
to the first and second versions) for being attacked in the future. This opinion can
be supported by the fact that any code C can be viewed as the last member of the

sequence
Di, D2, D3, ...

where D, is the pre-code consisting of the first, second, ..., /-th rows of C, and this
sequence is uniquely determined by C. If we extend the complexity notion Qc to
all pre-codes (in some natural manner), then we may hope that the complexity of
an arbitrary code C can be established as the result of an algorithmic procedure
the steps of which are associated to D1, D2, D3, ...; one may also hope that this
aspect can yield a sharp separation of the codes with finite complexity from the
codes whose complexity is infinite.

6.2. We define the complexity Qc(D) of a pre-code D by
flc(D) = minBc(C)

where C runs through all codes C fulfilling DSC.
Next some immediate consequences of this definition are formulated.

Proposition 19. If the pre-codes Di and FT satisfy Dj-cD,, then Qc(Dx)S
SRc(D?. O

P roposition 20. To each pre-code D there exists a code C such that
DSC & RBc(D)=Rc(C). O

Proposition 21. If a pre-code Dt is not a code, then there exists a pre-code

D2 such that
Dt <D2 & RBc(D)=Rc(D3. O
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6.3. The solution of each of the following four problems (more precisely:
the algorithmic solution of Problems 1, 2, and a sufficiently constructive determina-
tion of the function mentioned in Problem 3) would be a useful contribution towards
elaborating a theory for the elucidation of the third version of our basic problem.

Problem 1 Let D be a pre-code with finite complexity. Let a code C be con-
structed which satisfies
D C & Rc(D)=Rc(C).

Problem 2. Let Dxbe a pre-code with finite complexity. Let D, run through
all pre-codes such that Dx-<D2. Let us partition the set of the D2s into three classes
concerning that where is sharp inequality in the formula

RBcCDJ 2k ¢(D? goo.

Problem 3. Let all the pairs (Dx, D.)) be considered where Dxand D2are pre-
codes with finite complexity and they fulfil Dx< D2. Either determine the maximum
of the differences

OcCD”-QciDJ

{as a function of n=\X\) or prove that the set of these differences is unbounded.

Problem 4. Let the set of the complexities Bc(D) be considered where D runs
through all pre-codes with s=0. Is this set equal to the set of all non-negative
integers (without °°)?u

The exposed four problems are (more or less) obviously related to each other.
I am not able to predict which of them would occur earlier, which would occur
later in an expected theory answering to these questions.

Appendix
(Some bibliographical notes 12

Corollary 1 and the Remark to it are due to Nerode and Mynhilt essentially,
see §2.4 in [7].

More detailed presentation of some fundamental notions and assertions touched
here can be found in some parts of [7] and in [1].

The basic idea of 8 3—4 of the present paper is similar to the basic idea of
{2] (but the purpose of [2] differs from our present purposes). In [3] | have tried
to begin to explain the same topics as now; my attitude, however, has consider-
ably changed in the meantime.

11 (Added in proof.) After completing the present paper, the author succeeded in solving
Problem 4 affirmatively. This result will appear in Vol. 5 of the Acta Cybernetica.

12 A few bibliographical remarks were already done in course of 8 1—6. These are not re-
capitulated here.
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ON THE PERMEABILITY OF LAYERS OF DISCS

by
A. FLORIAN

To myfriend Prof. L. Fejes Téth on his 65th birthday

By a layer of discs we mean a set of convex compact discs which do not overlap
and which lie between two parallel lines. We shall always consider the smallest
parallel strip containing the layer. Its width w is called the width of the layer.

We shall consider continuous rectifiable curves lying completely within the
parallel strip. Such a curve crosses the layer if it connects the two boundary lines
without containing any interior point of a disc. According to L. Fejes Toth [2],
the permeability of the layer is defined by

P=JIIT"

where w denotes the width of the layer and /1 the length of a curve crossing the
layer. Obviously, we have 0<pSl.

The permeability of a layer consisting of circles or other kinds of convex discs
was investigated in the papers [1, 2, 3, 5. Our object is to improve two results
contained in [2] and the theorem proved in [5].

81

In this paragraph, we solve the problem of determining the least permeable
layer of prescribed width consisting of congruent circles of given diameter.

Theorem 1. Let w be the width of a layer consisting of congruent circles of di-
ameter d. Then the permeability p of the layer satisfies

Y n _
() P 7 n§+l+arcsm ------------------

where n= 2 w—d
1? 4

Let w be an arbitrary number greater than d. Consider an equliateral triangular
section I of a densest lattice packing of circles of diameter d, consisting of
(r+ 1)+un+ ...+ 1 circles. Then the only case in which equality is attained in (1)
may be described as follows: triangular blocks of circles congruent to T are based
alternately on the upper and the lower bordering line of the strip, such that each
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Fig. la Fig. Ib

block touches its two neighbours (Fig. la, b with /2=2). J. Molnar conjectured
this arrangement to be a densest packing of circles of diameter d contained in

a parallel strip of width w. It is easy to see that this is true for + M -jd.

Recently, G. Kertész succeeded in proving the conjecture in the case when

I =wrs (1+]/2)d. Molnar’s conjecture proves to be true also in the

1/3
cases when w=\\ +n—\d, n—2,3,.... This is a consequence of G roemer's.

inequality [4]

-

yinsE 27 M U+y 12-n (Y39,

where F and U denote the area and the perimeter of a convex disc containing,
a packing of n unit circles.

Since
w-d-n-¥Yb
ny + 1+ arcsin = -=(w —d)+d+
Y27
. . 2 w—d
+d jarcsin
/3 d

and
arcsin (xy) < Xarcsiny 0< x< 1,0<y< 1),

(1) implies the weaker inequality

@ v
—= (w—d)+d
ill
. , L . . . 2 w—d .
proved by Fejes T6th [2]. In (2) equality is claimed if and only if, g is.
V3

an integer n and the circles form n+1 consecutive complete rows of a densest
lattice packing of circles (Fig. Ib with n=2).

For the proof of Theorem 1 we modify Fejes Téth’s proof of (2). Let the
layer of circles lie in a vertical plane so that the two boundary lines are horizontal.
We now describe a curve crossing the layer. From a point U of the upper boundary
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line, a point P moves vertically downwards into the layer. Whenever striking a
circle, P moves downwards along the circle to the nearest end-point of the horizontal
diameter. (If P hits the ‘top’ of a circle, it
is supposed to deviate either to the right
or to the left.) P leaves the circle at this
point and again moves vertically down-
wards. P covers a curve K composed of
straight segments and circular arcs of
length *nd/4 and terminates at a point
L of the lower boundary line. We choose
the point of departure U so that P,
before striking against a circle, touches
another circle.

Now let us shorten the curve K—IJL
by rounding off its corners in the follow-
ing manner: let AB be a straight seg-
ment of K connecting the circle a with
the circle b so that the straight line AB
touches a and cuts b. Let c be a circle
of diameter d touching the segment AB at
a point C and the circle b at a point D be-
longing to K. We replace the segment
CBD of K by the circular arc CD. Rounding off all corners of K in this way,
we obtain a new curve K' (Fig. 2) crossing the layer of circles.

We proceed to show that the length A' of K' satisfies the inequality

w—d ——y3
©)] A'rd  Ty+1 -barcsin

Reflecting the circular arc CD in D we obtain a new circular arc DC' of central
angle a also belonging to K'. Denoting the number of arcs of the curve K' of type
DC' by m and the total length of the straight segments contained in K' by s, we
have

4 JI"' =da1+...+am+s
and
) w = d(sinoCi+...-bsin @) + s.

According to the construction we have

(6) (i=1,...m),

sS d.

We shall now determine the maximum of /1' for a given value w>~d and
some positive integer m under the conditions (5) and (s). Putting

Sin 0 = X: (-1
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and using the strict convexity of arcsinx for O~x”I, we see that, in the case
L . . 1 —
when J1' attains its maximum, at most one of the x;’s, say xm, is >0 and f3.

Since arcsin x—x is strictly increasing for OiSxii 1, we have now s=d. There-
fore, Al attains its maximum under the conditions (5) and (s) if and only if, for
some m ™I,

Irj\ e
(f al am-l —"y» 0Sam<y,

s=d.

(7) implies that m—=n, and (3) is proved.
From (3) it follows the inequality
J

w—d ——"b
inf1s d n—1 Farcsin -

which completes the proof of (1).

Now we suppose that w>d and that the permeability of the layer is equal
to the right side of (1). If /1" denotes the length of any curve K' constructed as
above, then (3) holds with equality. Thus (7) is fulfilled for all admissible positions
of the point U. This fact implies that the layer consists of triangular blocks of
circles as described above. Conversely, it is easy to show that the permeability of
a layer of this kind is given by the right side of (1).

§2
We shall now show that Theorem 1 continues to hold if we replace the circles
by translates of a disc of constant width d.

Theorem 2. Let w be the width ofa layer of translates ofa disc of constant width d.
Then the permeability p satisfies the inequality (1).

The only cases in which equality is attained in (1) may be described similarly
as for circles. Note that the minimum value of the permeability depends only on

Fig. 3
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ivand d, but neither on the orientation nor on the shape of the disc. Fig. 3 exhibits
a layer of translated Reuleaux triangles which has minimal permeability.
As in the case of circles, Theorem 2 implies the inequality (2), already proved

by Hortobagyi [5]

A disc of constant width is automatically strictly convex, what means, that
its boundary does not contain straight segments. This and further properties of
discs of constant width may be found in [s].

For the proof of Theorem 2 we need a lemma which is due to Hortobagyi [5].

Lemma. Let AXA2 and r, B2 be two diameters of a disc of constant width d. Then

A1BI -\-A2B2 = da,
where a is the angle between AXA2 and BiB2 (Fig. 4).

The proof rests on the possibility of approximating an arbitrary disc of con-
stant width d by discs of the same constant width whose boundaries are composed
of circular arcs of diameter d (see [6]). It is easy to see that for such discs the

lemma is true.
Proof Of Theorem 2. Let PxPr be a horizontal diameter of a disc b of con-

stant width d (Fig. 5). Let the line h intersect the segment J/1P 2 perpendicularly.
Let at (/=1, 2) be translates of b touching b and h at the points Qt and Rt, re-

spectively. Without loss of generality we suppose that Bi1P1” R 1R2; otherwise
replace at by a2. Let t be a line through Qx separating b and ay. The parallel sup-

porting line T of b touches b at a point Qx, where QiQi=d. The translation
Qi-*Qi carries b into axand P2 into Rt so that P2PiHOIRi and P*Ri=d. Let a
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be the acute angle between ?iP2 and 2i2i- The supposition RyPy"RyP., implies
that H1/1 is a shortest side of the triangle P1P2R 1, so that ﬂ—37/1— The difference

of levels between Ri and P2, i.e., the distance of the lines through these points
parallel to the strip, is ifsin a. Since RIQi=P>Q}, we have, by the lemma,

Afi+OiM = PiQi+QIP\ = dx

Similarly as in §1, the layer can be crossed by a curve K' of length A', given by
(4), where the variables a* (/=1, ..., m) and s are subject to the conditions (5)
and (s). The further course of the proof coincides with that of Theorem 1

83

We now consider translates of a strictly convex disc having an axis of symmetry
perpendicular to the layer (shortly: an axis). We recall that a convex disc whose
boundary does not contain straight segments is said to be strictly convex. Let a
and b be two such discs touching each other at a point S so that none of them is
cut by the axis of the other. Let A be the boundary point of a nearest to the axis
of b and B the boundary point of b nearest to the axis of a. Applying a construction
analogous to that of K' to a layer of translates of a, we obtain a path consisting
of vertical segments and pairs of arcs like AS and SB, which crosses the layer.

We introduce some notations.

(V) Let Abe the length of the arc ASB and 6 the difference of levels between
the points A and B. We fix the disc b and consider the function

A=/(<5),

where 0°5=5 and S is determined by that position of the disc a in which it
touches the axis of b.

Let us translate a into a position

ay touching b at a point T, so that

(Fig. 6). Since HA=/("1)>4,

f(6) is strictly increasing for Osibsib.
We shall prove that for

(i) f{5) is strictly convex,
(ii) /(b) —b is strictly increasing.

Let 5 be a line separating a and
b. Let the translation a-~ax carry S
and s into U and u. We denote the
intersection of the horizontal line
through a point X with a liney by Xy
and consider the points Sv, Ts, Tu
and Ue, where v is a vertical line. Ob-
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serving that

A-A = UT+TS> UT+TS > UTu+TsS
and

ot-6 = UV
and denoting the angle between a line y and v by wy, we have
Aj-A U fu+T\S
4 —a u.s,
Similarly, let t be a line separating aland b. Let u and y intersect t at U' and
S', respectively. Then we obtain

(8 Ssec g5

A—A= UT+TS< UU'+U'T+TS'+S'S" U,U'+U'T+
+fS'+S7S, = IfS, = UrSVsec e,

Thus
© A Lsec 4t
4j —a
Let axand a2be two translates of a satisfying 0 sa<aj<a2* & By (s), we have
R A
2 4 Sec <.

Combining this with (9) we obtain
R-Aj ™ AJ-A
a—aj 4o’
which proves (i). In view of sec 5> 1, (s) implies (ii).
A precisely similar argument as in the proof of Theorem 1 yields

Theorem 3. Let w be the width of a layer consisting of translates of a strictly
convex disc b having an axis of symmetry perpendicular to the layer. Let p be the
permeability of the layer and d the width of b perpendicular to the layer. Then, using
the notations (>K) and writing I=f(5), we have

(10) p ™ w(nl+d+f(w—d—n5))-~r,

where «= 1.

The case in which (10) holds with equality may be described in the same way
as for circles (Fig. 7).
It follows from (i), that A/asl/a. Using this, we obtain as a simple consequence
of (10) the inequality
_ w 1
P- cJw—d)+d’ q~ J°
which was previously proved by Fejes Toth [2].
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Fig. 7
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STACK OF PANCAKES

by
ERVIN GYORI and GYORGY TURAN

The following open problem was proposed in [1], [2]:

The chef in our place is sloppy, and when he prepares a stack of pancakes they
come out all different sizes. Therefore, when 1 deliver them to a customer, on the
way to the table | rearrange them (so that the smallest winds up on the top, and
so on, down the largest on the bottom) by grabling several from the top and
flipping them over, repeating this (varying the number 1 flip) as many times as
necessary. If there are n pancakes, what is the maximum number of flips (as a func-
tion on n) that 1 shall ever have to use to rearrange them?

A mathematical formulation of this problem is the following:

Let n=h/2mei,, be a permutation of the number-set {1,2,...,«}. Let admissible
step be the reversing of the “end” of the sequence (permutation). (The ends of this

sequence are the subsequences ..in_lin for O~k~n —1) This step is
denoted by
alz... Zmli [2¢% In-k-1 hi#i1-1 e In-kH In-k-

Let f(n) be the minimal number of the admissible steps by means of which we get
the permutation 1,2, ...,«. Let

f(n) = mgx/(K).
What can one say on /(«)?
M. R. Garey, D. S. Johnson and S. Lin proved

fi+ 1rM(n)s 2n—s for Mné7.
We prove that

[(«) N -y @+ 1) for arbitrary n.
Definition. Suppose that the sequence is ilii ...in. We say that the subsequence
ijij+i—ij+h-iij+t @ =j=j+k”n) is a chain if
ij+h=ij+h (modn) Isfcgn
or if
ih=ij—h (modn) 1S hSn

(That is 1and n may be neighbours in a chain.) The last element of the chain is the
element ij+k. The length of the chain is fc+1. The chains of length one are called
trivial chains, the chains of length at least two are called proper chains. The maximal
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chains are unique in a fixed sequence and the maximal chains constitute a parti-
tion of the sequence, obviously.

In this algorithm we gradually decrease the number of the maximal chains.
We do four kinds of operations:

1st kind. At this kind of operation we perform one step, the number of the
proper maximal chains does not change, the number of the trivial maximal chains
decreases by one.

2nd kind. At this kind of operation we perform one step, the number of the
proper maximal chains increases by one, the number of the trivial maximal chains
decreases by two.

3rd kind. At this kind of operation we perform two steps, the number of the
proper maximal chains decreases by one, the number of the trivial maximal chains
does not change.

4th kind. At this kind of operation we perform four steps, the number of the
proper maximal chains decreases by one, the number of the trivial maximal chains
decreases by one.

(The concrete description of operations will be given at the case analysis of the
algorithm.)

If the number of the maximal chains is one then only at most four steps have
to be done to finish the algorithm.

Suppose that 44 --4 be the sequence for the moment. Consider the maximal
chain containing Let in_jin_j+1..in be this maximal chain.

Case 1 j—0, that is the maximal chain containing inis trivial.
Let 4 be the unique element satisfying

4 =i,+1 (modn)
and let 4 be the unique element satisfying
4=4-1 (modn).

Case 1.1. One of ik and ihis the last element of a maximal chain. E.g., ik is the
last element of a maximal chain.
Then the following operation has to be done:

[11200 [KIk+L1oee;n-11 11 12---1KININ~1-" Ik+1-

(If 4 belongs to a proper maximal chain then this is an operation of the 1st kind
otherwise this is an operation of the 2nd kind.)

Case 1.2. Neither 4 nor 4 is the last element of a maximal chain. (Then they
belong to proper maximal chains.)
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In this case an operation of the 4th kind has to be done: (We may assume that
Arc/l because of the symmetry.)

44 wed-144+41 hi-IV" 4-14 W44 ewd-14 +lewel-144-]1 el
4i2...4-i44+ieehi-1fcd wein-1 44 ese**iHj-jeehihid-jeed+id “m

44-" Ik-1In-I-eelhlnlk4 +1---4-1-

Case 2. />0, thatis belongs to a proper maximal chain. If the unique ele-
ment 4 satisfying
4“4 = 4~4-i (modn)

is the last element of a maximal chain then the step
44-" 44 +1mmifi—32hi W44 ee 4 44 —Tewd +]

is either an operation of the 1st kind or a better operation (in the sense of the final
analysis of the algorithm, see below) than an operation of the 3rd kind. Therefore
we may assume that ik is not the last element of any maximal chain. Let /, be the
unique element satisfying

4—4+i 4—-4=4-/~4 (modn).

Case 2.1. 4 constitutes a trivial maximal chain.
Then an operation of the 4th kind has to be done:

Case 2.1.1. k<h.
hh- elk-11k4 +1- *4-14 4+] e *
440e4-144+1"4-14 4-1 wh
A4med-iA4+i" o4-i4 4-1-"*
4i2. ¢4 -14-/-1 ml4+id4-/4-

hh-m-14-/-]ew4+144-/4-
Case 2.1.2. k>h.

44 . 4184+ wed-14 t+i.” 4-[-i14-4-[+i" 4-14
A4, o4 -i44-i"e4-[+inimy A1 4+144 -1 .4+14
44 . o4-144-1 wod-[ +14-/44+1-" 4-14 4+1%" 4 ./ -1
44, o4-ib-[-i-wA4+i4 4-1 . 4+i44-14-]+i 4-14

Mi2. s ceys «4+i444-1 4-/+id4-/4 441 ... Tk-i

Case 2.2. 4 belongs to a proper maximal chain.

Then an operation of the 3rd kind has to be done.

Case 2.2.1. 4 belongs to the maximal chain 44+i---hi+m (ffI*l,h+m~n—j).
(That is 4 > not a last element.)
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Then the following operation has to be done:
h h - mh-i lhlh+H-- ¢ fji+m—h-+mh+m+Le mfil-I'n “m
hh-e<h-iUn-I- mn-j+1In-jin-j-1-- Mh+m+lh#mih+m-1- < |hH Ih“m

hh-sh-1inh-1- eln-j+1In-jlhlhH-— h+m4h-+rth+mH " sh-j- 1-

Case 2.2.2. in belongs to the maximal chain ih_mih-m+1..ih (m \, h—m " 1).
(That is ihis a last element.)
Then the following operation has to be done:

b 12--th-m-11h-m DFLe 1h-1hibH-—- In-j-1n-jin-j+1 -1
hh-- *h-m—4h—ath—m+1" sh~1hih+H--In -j-1Inln-1-- In-j +1h-]

hh- sh-m-lh-mih-mH-- /g 4" — % h+l

If the number of the maximal chains is one then we can reach the natural
order 1,2, ...,n by means of at most four steps. (It is almost trivial.)

Proposition. The number of the steps to reach the natural order 1,2,...,« in
the above-mentioned way is at most —(«+1!).
Proof. Let nt denote the number of the operations of j-th kind. Then the
number of the steps done during the above-mentioned algorithm is at most
S = nl+n2+2n3+4ni+4.

Let p be the number of the proper maximal chains at the beginning of the algo-
rithm and let g be the number of the trivial maximal chains at the beginning of
the algorithm. Then obviously

p—Il = n3+nt-n2, q= 2n2+nl+ni

because finally the number of the proper maximal chains will be one and the
number of the trivial maximal chains will be zero. Hence

s=ni+n2+2n3+4n4+4 "7 E|'|1+n2+lr|3+4r|1+4=
= y(n1+2M2+«h+j(n3+«4-nd+4 = -|i+ jp-|-j S

=] @p+a+ DSy (n+])
(2pTg=n because a proper maximal chain contains at least two elements.)

N ote. We learned that independently of us W. H. Gates and C. H. Papa-
dimitrou proved

Hatmyr-jG+ ).
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SOME PROBLEMS ON LATTICE AUTOMORPHISMS

by
L. BABAI

8 1. G. Birkhotf proved in 1949 [6] that every group is isomorphic to the auto-
morphism group of a distributive lattice. For finite groups, the lattice obtained was
finite but of large size, height and order-dimension, and this is necessarily so for
distributive lattices with prescribed automorphism groups. The situation may be
different if selecting our lattice with prescribed automorphism group from a larger
lattice variety. The aim of this note is to raise interest in questions, relating auto-
morphism groups of finite lattices in a variety to bounds on various parameters
of the lattice.

clt c2, etc. denote absolute constants.

8 2. Size of the lattice. For ¥ a lattice variety and G a finite group, let a(G; ¥Y)
denote the minimum number of elements of a lattice from ¥ whose automorphism
group is isomorphic to G. Let S Jt and S>denote the variety of all lattices, of the
modular and of the distributive lattices, resp.

R. Frucht proved in 1950 [10] that

oc(G; s¢) & Cj« log n
(n denotes the order of G throughout).
Problem 2.1. Does there exist a constant c2 such that

a(G; £0 S c2n
for every finite group G{\G\—i)?

Remark 2.2. For every finite group G there exists a commutative semigroup
S of order s2«+2 such that AutSA"G [3, Theorem 4.9].

Problem 2.3. Does there exist a constant c¢3 such that
a(G; M) S ncA

Remark 2.4. If a distributive lattice L admits an automorphism of prime order
p, then |L|*2p [3, Prop. 4.8]. This implies that a(G; 3>)"2n for infinitely many
finite groups G. On the other hand,

(i) a(G; S=>)"2x for every finite group G ([3, Corollary 4.5]).
This follows from [3, Corollary 4.3]:

(i) Given a finite group G there exists a poset P of 3n elements such
that Aut P~G.
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Indeed, as proved by Birkhoff [6], if D is the (distributive) lattice of order-
ideals of P then |Z)|s2|p|, and Aut Ps=Aut D. So (ii) implies (i).

8 3. Height of the lattice. Let t{G\ ¥) denote the minimum height of a finite
lattice from the variety ¥ whose automorphism group is isomorphic to G.

One can easily show that
G, J?) =3

for every finite group G (Frucht [10]).
As a matter of fact, take a finite graph X=(V, E) such that Aut X=G. Let
Z={0, 1}JUFUE be a poset under the relation

XS X

for every x in L;
O&axSsI y ’

Vv~ e if vV, e£E and v is an endpoint of e.

Clearly, | is a lattice of height 3 and Aut Aut Xs=G.
One can also require L to be geometric (matroid lattice).

Theorem 3.1 ([4]). Given afinite group G there exists afinite geometric lattice
L of height 3 such that Aut L=G.

If infinite lattices are admitted, L can be chosen to be modular (using free
completion of a partial projective plane, E. Mendelsohn [13]).
For the finite case, however, we conjecture :

Conjecture 3.2. For every integer N there exists afinite group G such that
rj(G\ Jt)>N. In other words, finite modular lattices of bounded height do not rep-
resent all finite groups as their groups of automorphisms.

To my knowledge, even the case N=3 s still undecided. It appears to be
an open problem to find a finite group which is not isomorphic to the automorphism
group of any finite projective plane. C. Hering has obtained interesting results in
this direction [11], [12] (cf. [8, chap. 4]).

Problem 3.3. Are there infinitely many finite projective planes with no non-
identity automorphism?

We remark that 3.2 clearly holds for distributive lattices. In fact,

Proposition 3.4. |fthe prime p divides the order of Aut L, L afinite distributive
lattice, then the Boolean algebra with p atoms has a cover-preserving embedding in
L [3, Prop. 4.81].

From this it follows that
t](G; S s: n

for infinitely many finite groups G.
On the other hand, by 2.4 (ii) we have

i/(G; 39S 3n
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for every finite group G (since the height of the distributive lattice 2P is |P|, P
a poset). (Cf. [7, p. 59]. 2P denotes the lattice of dual order ideals of P.)

8 4. Order dimension. The order dimension dim P of a partial order P is the
minimum number of linear orders whose intersection is P ([9]).
The basic problem of this section is

Probtem 4.1. Given a variety Y of lattices, decide whether there is a con-
stant c(Y) such that every finite group G is isomorphic to Aut L for some
dim Lac(IC). In other words, are the members of bounded dimension of ¥
sufficient to represent every finite group as their group of automorphisms?

For y=SE, the answer is positive:

Theorem 4.2 ([5]). Every finite group is the automorphism group of a finite
lattice of dimension 4.

Conjecture 4.3. There exist finite groups, not isomorphic to the automorphism
group of any finite lattice of dimension 3.

Probtem 4.4. Characterize the automorphism groups of finite lattices of di-
mension 2. Are all these groups obtained from symmetric groups by repeated
application of direct and wreath product?

(These latter groups are the automorphism groups of planar lattices, cf. [2].
Every planar lattice has dimension 2, but not conversely. Still it seems possible
that no new groups occur.)

We conjecture that Problem 4.1 has a negative answer for Y=/1\

Conjecture 4.5. For every integer N there exists afinite group G such that
whenever AutL=G for a modular lattice L then dim L>N.

Remark 4.6. This is clearly true for distributive lattices. Indeed, every distributive
lattice is the dual ideal lattice of a poset: 2P and Aut P=Aut (2P. Moreover,
the dimension of 2P is equal to the width of P (size of its largest antichain). (This
is folklore, it easily follows from Dilworth’s theorem.) Every orbit of Aut P being
an antichain, we have

AutP

where W denotes the width of P and Sw the symmetric group of degree W. Hence,
for a distributive lattice L of dimension d,

AutL  SdX...XSd,

a severe restriction on the possible automorphism groups.
We are able to prove that for some larger modular varieties, the answer to
4.1 is still negative:

Theorem 4.7 ([5]). For every K there is an N (k) such that if a modular lattice
L of dimension has an automorphism of order p, p prime, p>N(k), then Mp
has a cover-preserving embedding in L.

(Mp denotes the modular lattice of height 2 and order p+2.)
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This implies for every 5 and k that the members of dimension Sk of the variety
generated by Ms do not represent every finite group (not even every finite cyclic
group) as their group of automorphisms.

It would be nice to find the watershed: an identity / such that the following
statements about a lattice variety Y are equivalent: (i) Every finite group is the
automorphism group of some member of ¥ of bounded dimension, (ii) / does
not hold in ¥ (Of course, such an identity may not exist.)

Acknowledgement. My thanks are due to Dwight D urfus for discussions on
some of these problems. This paper was written while the author was visiting
Department of Mathematics, Vanderbilt University, Nashville, Tennessee.
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o ®YHOAMEHTA/IBHOW MPUBOAVNMOCTU MONTOXXUTEJIbHbBIX
OMEPATOPOB B MPOCTPAHCTBAX C UHAE®UHUTHOW METPUKOW

L. BAACIAJTIAH

1. BsepeHue

CkansipHbiM Npov3BefeHNEM Ha KOMIMJEKCHOM BEKTOPHOM MpPOCTPaHCTBE
H Ha3blBaeTCsi KOMMAEKCHO3HaUYHas (yHKUMA (¢, *), onpefesnieHHas ANA BCeX nap
X,yCH, Takasa 4to ycnosus

(XIX1+x2X2,y) = afny, y) +x2Ax2,y), (v, X) = (X, y)

BbIMOMHAOTCA ANS Kakaoro a,, a26C n xx, x2 x, yEH.

Ecnu npocTpaHcTBO H npefcTtaBumo B BuAe MPSAMOA CyMMbl JBYX CBOMX
nognpocTtpaHcTe H+ 1 H~ Takux, 4to

a) (x+,x+)>0 (cooTB. (X~, X~)<0) ans Bcex X +£H +, oTIMUHBIX OT O (COOTB.
ana Bcex Xx~EH~, oTanyHbiX oT 0),

0) (x+, x~)=0 ana kaxgoi napbl Xx+fH+ n x~£H~, To roBopaT, 4To AaH-
Hoe pasnoxeHme H- 11++H~ daBnsetcs (yHAaMeHTanbHbIM. [1pOCTPaHCTBO
H moxeT o6nagate MHOrMMU (DyHAAMEHTaIbHBIMU Pa3NIOKEHUSIMU, HO MOXET He
06nagaTb HW OLHWM.

Mycts // = A+ + H ~—HekoTopoe (hyHAaMeHTa/IbHOe pasfioXKeHue, Torga ¢ no-
MOLLLbIO CKaNspHbIX Npou3BeAeHNI

[x+ y+H+= (x+,y+)  (x+, y+€d+),
[x~, ¥Y~JH- = ~(x~,¥~) (x~,y-£EH~)

MOXXHO, eCTECTBEHHbIM 06pa3oM, ONpeaennTb CKansipHoe npovsseaeHne Ha H dop-
My/oi

(12) [xy] = [x+,y +JH++[X-y-]H- = (X+,y +)-(X-.y-),

rge X=x+-+x~,y=y++y~, x+,y+£H+, x~, y~eH~. VimeeT MeCTO HepaBeHCTBO
|C*, y)\“ ] WA (x, y€A), rae [IX| =\ [x X], [yl = Y[y.y].

Ecrm H o6nagaeT HeKOTOpbIM (DYyHAAMEHTaNbHbIM Pas3foXeHUeM, KOMMo-
HEHTbI KOTOpPoro H+ 1 H~ MofHbI OTHOCWTE/NBHO CKaNsiPHbIX nNpousBeaeHuid (1.1),
To H HasbiBaeTcs npocTpaHcTBoM M. I'. KpeiiHa. Torga nerko nposepuTb, YTO
COOTBECTBYIOLLEE CKansapHoe npoussegeHue (1.2) npespawiaeT H B runb6eptoBo
MPOCTPaHCTBO, NMPUYEM BHYTPEHee npoun3sseseHue (¢, *) HENpepbIBHO B rM/bOepTOBOM
TOMOMOr UK.

MoXXHO [oKa3aTb cnefytowme npeanoxeHus (cm. [1]).

1 KoMNoHeHTbI /11060ro  hyHAAMEHTaNLHOrO PasfodKeHUs NpocTpaHcTBa
KpeiiHa NonHbl N0 OTHOLLEHUIO K COOTBECTBYIOLLMM CKaNspHbIM npousseaeHusam (1.1).
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2. Jloboe (hyHAaMeHTanbHOe pasfodkeHne npocTpaHcTea KpeiiHa onpeaenseT
OMMCaHHbIM Bblle CMOCOGOM OAHY W TY >Ke TuibGepTOoBy TOMOMOIHHO.

3. KapguHanbHble umcna x+HH)=dim H+, x~(H)=dim H~ He 3aBucAT OT
BbI6Opa (PyHAAMEHTabHOrO PasnoXKeHus.

MpocTpaHcTBO KpeitHa A ¢ ycnoBrem min (x+(HA), x~ (4)) < °° HasblBaeTcs
NpPoCTPaHCTBOM MOHTPsArMHa 1 0603HavaeTca Yepes Hk, rae Z£=min (x+(H), x~(H)).

B fanbHENWMM Mbl PACCMOTPUM TOMIbKO OrpaHWYeHHbIe NIMHENHbIE ONepaTopbl
B npocTpaHcTBe KpeitHa A. Kaxablii orpaHWYeHHbIi NMHEWHbIA onepatop A on-
pefensieT orpaHNYEHHbI NMHeRHbIA onepaTop A* (COMPSDKEHHbLIA K onepaTopy A),
YLOBNETBOPSIOLLUIA YC0BUID

(AX,y) =(x, A*y)  (x,yeH).

OrpaHUYeHHbIA NNHEAHBIA onepaTop A Ha3blBAeTCA MOMOXKWUTENbHbIM, €CU
(Ax, X) =0 (xEA). Onepatop A Ha3blBaeTca (yHAAMEHTa/IbHO MPUBOAMMbIM, EC/N
cyliecTByeT Takoe hyHAamMeHTanbHoe pasnoxeHme H—H ++H~, yto AH+c A +,
AH~c A“.

B 310l 3aMeTke NpMBOAATCA HEKOTOPble HEOOXOAWMblE W [OCTATOYHbIE YC-
NoBuA (PyHOAMEHTaNIbHOW MNPUBOAMMOCTU MOSIOXUTENbHLIX 0NepaTopoB. ®PyHaa-
MeHTaNbHas NPUBOAMMOCTb OMEPaToOpoOB pasHbIX K/1acCoB U3y4vanacb B paboTax
P. dunnnunca [2], E. MecoHeHa [3], P. KioHe [4], M. Xecca [5].

2. [pyrvie onpegeneHnst 1 NPELSIOKeHNs U3 TeOpUM NpocTpaHcTBa KpeiiHa

2.1. Ecim H=H++ H ~—HekoTopoe (hyHAaMeHTa/lbHOe pa3/ioKeHMe MpocT-
paHcTBa KpeiiHa, TO npoekTtopbl P+ n P~, onpeaeneHHble COOTHOLUEHUAMMU
P+x=x+ P~Xx=x~, rge Xx=x++x~, Xx+EH+ x~£H~, XxEH, Ha3sbiBatoTCA (yH-
JameHTanbHbIMK NpoekTopaMu. Onepatop J =P +—P~ Ha3blBaeTcs (yHLaMeHTa b-
HOl cummeTpreir. OueBuaHo, 4to / 2=/ n J*=/. CkanapHoe npousseseHue (1.2)
Ha3blBaeTCA ./-CKaNsipHbIM Npou3BeseHneM. LIMeeT MecTo COOTHoLeHue (JX,y) =
=[x, vy] (x,yGH). [Ansa KaX[oro orpaHMYeHHOro AvHelAHOro onepaTtopa A, cornps-
YKEHHBIA OTHOCUTENIbHO /-CKaNsipHOro Mpou3BefeHNUss 0603HayvaeTcs yepes A+
Nmeem A+=JA*].

2.2. MopnpocTpaHcTBO L npocTpaHcTBa KpeliHa Ha3bIBAeTCS pPaBHOMEPHO
nonoxutenbHbiM, ecan (X, x)aal|x||2 (xCL), roe a=a(E)=-0 un paBHOMEpPHO
oTpuuartensHbiM, ecim (X, X )s —a||x||2(XEE), rae <x=ot(L). Ecnn noanpocTpaHCTBO
L yposnetsopser ycnosmio L+L"A-"H, rge L1—opToroHanbHoe AOMofiHeHue L
(opToroHanbHOCTb Bcerga pasymeeM B cmbiciie (¢, ¢)), TO Mbl roBopuM 4to L
OpPTOroHanbHO AononHseMo. MonoxutensHoe nognpoctpaHcTeo L (T.e. (X, X)™0
npu X£L) OpPTOroHasIbHO AOMOJIHSEMO B TOM W TONbKO B TOM C/ly4ae, €Ci OHO
3aMKHYTO 1 paBHOMEPHO MONMOXUTENbHO (M. [1]).

MoanpocTpaHcTBO L HasbiBaeTCcs HeBblpoXAaeHHbIM ecnm Lf]LL=0. B npoc-
TpaHcTBe [MOHTPArMHa KaXKJoe 3aMKHYTOE, HEBLIPOXKAEHHOE MOAMNPOCTPaHCTBO
OPTOrOHabHO [OMOJHAEMO.
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MonoXnTenbHoe MOAMPOCTPAHCTBO L HasbiBaeTCS MaKCMMa/lbHbIM MOMOXN-
TeNbHbIM MOANPOCTPAHCTBOM, €CM L He COAEPXWTCS HW B KakKOM APYroM Moso-
XXWUTENbHOM MOAMPOCTPAHCTBE.

2.3. TIpon3BOMbHBIA CaMOCOMPSXXKEHHbIA onepaTop B npocTpaHcTBe [MOHT-
pAarnHa o6najaeT WHBapPUAHTHLIM MOMOXMTENbHLIM MOAMPOCTPaHCTBOM (cM. [1]).

2.4. CnekTpanbHas yHKuuA. MycTb A—NONOXKUTENbHBIA NNHEHBIA onepaTop
B npocTpaHcTBe KpeliHa HA. Torga cyuwiecTtByeT (cM. [1], [6]) eanHcTBEHHAs DYHKUNSA
E(i), onpeseneHHas ans BCeX BELLECTBEHHbIX YMCEN, OT/IMYHLIX OT HYNsl, Takas uTo

1. E(t)—opToroHanbHblii npoektop (T.e. E2(t)=E(t), (E(t))*=E(t)) npu
HER t"O;

2 i2);

3. E(t)H paBHOomMepHO oTpuuatensHo npu /<0, (I—E{t))H paBHOMepHO
NONOXUTENbHO NpKn i>0;

4. E(t)=0 npn goctatouHo manom /, E{t)— npu goctatoyHO 60MbLIOM t;

5 E(t—0)=E(t), rge E(t—0) 0603Ha4aeT CUMbHbIA Npefen B TOUKe t;

6. AE(t)=E(1)A;

7. B CNeKTpanbHOM MpeacTaBneHun

n=s5+ Jtde)

S ABNAeTCA MONMOXWTENbHLIM OnepaTopom co cBoicTBamu S2=0, AS=SA =0
M WHTErpan CywecTByeT B CU/bHOW TOMOMOrMM KakK HeCOBCTBEHHbLIA WMHTErpan
c 0co60i Toukoi t=0.

2.5. Heckonbko o603HaueHuid. Yepes N{A) o603HauaeTca s4p0 onepatopa A,
yepe3 R(A) — o6nacTb 3HaueHuiA A. 3Haku 4- 1 (+) 0003HaYalOT NPSMYIK0 U op-
TOFOHaNbHYK MpPAMYI0 CYMMY COOTBECTBEHHO. a(A) — CrnekTp onepaTopa A

3. O (*)yH,anEHTaﬂbHOVI npnBOANMOCTW MOJIOXKUTENIbHBIX OMNEPaTopoB

Myctb H —npocTpaHcTBo KpeiHa ¢ MHAEMUHUTHBIM CKansipHbIM NPOU3BeLeHEM
(e, *). B panbHewM paccMOTPUM TOJIbKO OFpaHUYeHHble IMHEHbIE onepaTopbl
B NpocTpaHcTBe f.

Teopema 1 Ecnm A — nONo>KUTENbHBIA onepaTop B H, WMeoLWWiA orpaHu-
UeHHbIA 06paTHbIA, TO A (yHAAMeHTanbHO MPUBOAMUM.

[Joka3aTenbcTBo. PUKCUMPYEM HEKOTOPOE (PYHAAMEHTabHOE pasfioXKeHue
¢ yHAaMeHTa/IbHOl cuMMeTpueii /. MockonbKy A — MONOXMTENbHbIA onepaTtop, TO
AJ aBndeTCcsa MNOMNOXMUTE/NbHbLIM OMNEpPaTopoM OTHOCUTENILHO J-CKanapuoro npowus-
BegeHus [e, ¢]. [OeictButensHo, [AJx, x]=[Jx, A+x\=[JIx,JAIx]=(x, JAJX) =
=(JIx, AJx)"0. Janee n3 HenpepbIBHOCTM A~1cneayeT HeNpPepbIBHOCTL onepaTopa
(AJ)~1=JA~1 Takum 06pa3oM MO W3BECTHOW TeOpemMe O KBaApaTHbLIX KOPHAX
B rM/b6epTOBOM NPOCTPaHCTBE CYLLECTBYEeT 06paTUMbIN /-MOMOXKUTENbHBIA KOPEeHb
13 AJ. O603HauMM 3TOT KOpeHb 4yepes B. Torga AJ—B-, oTcioga cnegyer AB=
—B2IB =BG, rge mbl nonoxunm G—BJB.
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OueBngHo, 4To onepatop G obpaTUMbIA U ./-camoconpsdkeHHbIR. CrnefoBsa-
TenbHO, G ecTb /-OpTOroHasnbHas CcyMMa CTPOro /-nosoXWTeNbHOro oneparopa
Ha HEKOTOpPOM MOAMpPOCTpaHCTBe Hr u cTporo /-oTpuuaTensHOro oreparopa Ha
JonoNHuTeNnbHOM nognpoctpaHcTee H2. Monoxmum  Qk=BHKk.

Beugy obpatumoctn B mmeem 0/ Q,=0, Qx+ Q2=//. N3 AQk—ABHk~
=BGHkczBHk=Qk cnegyeT, 4yto nognpocTtpaHcTBa OKMHBapUaHTHbI OTHOCMTENBHO
A. PasnoxeHne On+ Q2=H dyHgameHTanbHO, Tak Kak (Bx, By)=[JBX, By] =
=[BJIBx,y\=[Gx,y\.

Cnegcteue. Ecam A sapndeTcs t-gedmHM3npyembim onepaTopoM (cMm. [6]),
YAOBNETBOPSAIOWMM MepaBeHCTBY «_(H)<a+(A), rge a_(A)=—*yg;_l (AX, x),

a+(A)= (>§i>r25f= 1 (Ax, X), TOo A dyHaamMeHTalbHO NPUBOAUM.

JokasaTtenbcTBo. Mpu a_(A)<a<oc+(A) onepatop A—al 6ymer nono-
YXUTENbHbIM U CYLLIECTBYET OrpaHWYeHHbliA obpaTHbin (A—al)-1 (cm. [6]). Mo
Teopeme 1 A—al, n Tem cambiM A, (yHAAMEHTaIbHO NPUBOAUM.

Teopema 2. Nyctb H=HK — npocTpaHCcTBO [MOHTPArMHa, roe K=
=min (s+ (H), x~ (H)), n A — nono>knTenbHbIii onepaTop B H. Ana Toro, 4Tobhbl
A 6bIn (hyHOAMEHTaNbHO NPUBOAMMBIM HEOOX0AMMO W AOCTATOYHO, YTO A4p0 One-
paTopa A 0bUI0 OPTOrOHa/IbHO [OMOJHAEMbIM.

[Joka3zaTenbcTBO. HeobxogumocTb. Boobuie, ecim A mB— NPOW3BOMbHbIN
(hyHaMeHTa/IbHO MPWBOAMMbIV OMepaTop, TOrAa ero AP0 OPTOrOHaNbHO A0-
nonHsemo. OeiicTBUTenbHO, Nyctb A=A+ + H~ ¢yHOaMeHTalbHOE pa3noXeHue,
roe AHtaH*. O603Haunm uepes A+ cyeHMss A Ha nognpoctpaHcTBa Hx.
Nerko BugHo, uto /V(H)=ivV(®H(+)/V(* ). Torpga B cuny Teopembl V.5.3 u3
[1] agpo onepatopa A OpTOrOHaILHO [AOMOSHAEMO.

HocTaTouHocTb. Myctb H—N(A)(+)N(A)X. CyxeHne onepatopa A Ha
N (A)X o603Haunm yepe3 Ax. dAcHo, uto 7V(*D=0. B uactHoctn, u3 (Alx, x)=0
cnegyer x=0. MoaTomy B npocTpaHcTBe MoHTpsaruHa N(A)1 onepaTtop Ar aBns-
€TCA NONOoXWUTeNbHbIM onepatopom [lecoHeHa. [1o Teopeme [MOHTpArMHa y AX
MMEKTCA MaKCUManbHOe MONOXUTENIbHOE M MaKCUMasbHOe OTpULaTe/lbHoe WH-
BapMaHTHbIe MOANPOCTPAHCTBA, OPTOrOHasbHble MeXay coboi (cm. 2.3). Tak Kak
Ax sBnisieTca ornepaTopoM [MecoHeHa, no Teopeme 1X.5.2 u3 [1] AX hyHAaMeHTabHO
npueogumM. PaccmatpumBas thyHaaMeHTanbHOe pasnoxeHue nognpoctpaHcTea N(A),
Mbl MPUXOAMM K (PYyHAAMEHTaNbHOW MNPMBOLMMOCTM WUCXOJHOTO onepatopa A.

Teopema 3. MycTb A — MONO>KUTENbHBIA onepaTop B H. Torga A dyHaa-
MeHT&lbHO MNPUBOAMM B TOM W TO/LKO B TOM CAydyae, ecnu

a) CyWecTBYOT cuibHble mpedenbl £(+0) n E(—0) cnekTpanbHOi dyHKLUUM
onepatopa A B Touke ?=0 (cm. 2.4);

00

6) B cnekTpanbHOM npeacTasneHn A =54- J tdE(t) onepaTop S paseH
HYNLO.

JokasatenbcTBo. HeobxogumocTb. PaccmoTpuM WHBapvaHTHOe (yHAaa-
MEHTa/lbHOe pa3noXxeHne H=H++H~ 1 co0TBecTBylOLME NPOEKTOpbl P+
n P~. MNMockonbky APX=PxA, 10 (cM. KOHCTpyKuuto B [6]) PXE(t)—E(t)P+.
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OTtctoga E(t)HxczH+. Tenepb 3 A=5+ J tJE(t) cnegyer, uto SHxaH .

Tak kak S camoconpsbkeH n 52=0 nonyyaem, 4yto 5=0.

Monoxum E(t)\H£=Ex(t). MNpu nmobbix xC H+ n tx<t2, t"O, umeeM
((Q2+(**)-£E+0)*, X)=((E+ (Q-E+ (tI)X, (E+(rd - £ +(/j)).r), TaKk 4T0 NO TEOPMM
rMnbbepToBbIX MPOCTPaHCTB £ +(—0) n E+(+0) CyLlecTBYOT. DTN Xe YTBEPX-
feHna BepHbl U gns £ . CTano 6biTb, CYyLECTBYIOT CWHble npegensl £(+ 0).

JocTaTouHocTb. Vimeem opToroHanbHoe pasnoxeHne H=E(—0)H(+)
(H)(1—£(+0)A(+)(E(+0) —E(—0))H. 3gecb £(—0 ) # — paBHOMepHO oTpuUa-
TenbHoe, (I —fm(+ 0)) 7 — paBHOMEPHO MOMOXMUTENIbHOE UHBAPUaHTHbIE NOANPOCT-
paHcTBa onepatopa A. UTO KacaeTcs TpeTbeli KOMMOHeHTbl, U3 5=0 cneayet
(£(+0) —E{—0))H=N(A) (cm. [6]), Tak uTO Nto6oe (PyHAAMEHTaNbHOE pas3no-
XeHve nognpoctpaHcTBa (£(+0) —£(—0))A MHBapMaHTHO OTHOCUTENLHO oOnepa-
Topa A.

Teopema 4. MycTb A — NONO>KUTENbHBIA onepaTop B H. OnepaTop A diyH-
JaMeHTa/bHO MPUBOAMM B TOM U TOMLKO TOM Clyyae, Korja

a) A4po onepaTopa A OpPTOrOHaNbHO AOMNOMHAEMO;

6) cywecTsyloT npegensl £(+0) n £(—9).

[loka3aTenbCcTBO. HeobXxo4uMOCTb BbITEKAET M3 Teopembl 3 (OPTOroHasb-
Hasi AOMO/HAEMOCTb sifpa A COAEPXKUTCS B A0Ka3aTeNbCTBE TEOPEMbI 2). [oKaXem
celiyac, UTo 3TV YCNOBMA JOCTATOYHbI. [MpeacTaBuM

3.1) A =5(1)(+)WW ).

Mockonbky AS=SA =0 (cm. 2.4), Ha R(A) onepatop 5 paseH Hymo. [anee,
pasnoxeHve (3.1) npusoaut £(/), n6o npoekTopbl Ha nognpoctpaHcTBa N(A),
R(A) kommyTupytoT ¢ A, cnefoBatenibHo U c £(/). Kpome Toro, 5 Toxe npuBogmTCS
pasnoxeHnem (3.1). Tenepb M3 CMEKTPa/IbHOrO Pa3foXeHMst orepatopa A B nog-
npoctpaHcTBe N(A) BbiTekaeT, 4To S\N(A)=0. 3HaumT 5 paseH Hynto. Mo Teo-
peme 3 f0Ka3aTeNlbCTBO 3aKOHYEHO.

Celiyac Mbl MPUXOLMM K PAaCCMOTPEHMIO MONOXMTE/IbHOr0 KOMMaKTHOro one-
patopa A B npocTpaHcTBe KpeiiHa. O603HauMm 4yepe3 £+(£_) 3aMKHYTYHO NIMHENR-
HYI0 000/104KY BCEX KOPHEBbLIX NIMHEasIoB, OTBEYAIOLWMUX MOMOXKUTENbHBLIM (OTPK-
LartesibHbIM) CO6CTBEHHbIM 3HaYeHUsM ornepaTopa A.

Teopema 5. MycTb A — MONOXKUTENbHbIA KOMNAKTHbIA ONepaTop B NPoCcT-
paHcTBe KpeiiHa H. Torga A dyHOAMEHTalbHO MPWBOAMM TOrga W TOMbKO
Torga, Korga

a) A4Apo onepaTopa A OPTOrOHabHO [OMONHAEMO;

6) L+ — paBHOMEPHO OnpeferneHHble NOANPOCTPaHCTBA.

JokasaTenbcTBo. HeobxoaumocTb. CHauana [oKaxeMm cnegytowee: Ecnm
A (hyHAaMeHTa/IbHO MPUBOAMM, TO BCe COOCTBEHHble 3HayeHWs oneparopa A Mo-
NynpocTbl.

MycTb (yHAameHTanbHoe pasnoxeHne H—H ++H~ npueoganT A, uucno
1— cobcTBEHHOE 3HayeHne A 1 gns HekoTtoporo X0 BbinonHseTes (A—r1)'x=0,
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14« L. BAACTANNAH

roe ral Ecim x=x++x~, rge xt£A+, torga (A—thmx+=0,(A —tl)rx~=0.
Mo Teopun runNbGEPTOBLIX MPOCTPAHCTB oOTCctoga nonyuum (A —t/)x+=0,
(A —ti)x~ =0, cneposatenbHo (A—tl)x=0. [Janee, nyctb Ax=tx, rge />0.
Mpn jec=x+-KT-, xt€A+ wnmeem Axxt—txx. B uvactHoctT x~=0 (ecnu 6bl
X~ 90, To t — NONOXKUTENbHOE COOGCTBEHHOE 3HAYeHWe C OTpuULaTeSIbHbIM COBCT-
BEHHbIM BEKTOPOM MOMIOKUTE/ILHOTO OMepaTtopa, 4YTO HEBO3MOXHO). 3HauuT
X=x+£H+ T.e. E+cHA+. AHanornmyHo, gokasbiBaetca L_<zH~. Otcioga L+
— paBHOMEPHO OnpefeneHHbIe NOANPOCTpaHcTBa. CBOICTBO a) crefyeT M3 AoKa-
3aTeNbCTBA TEOPEMbI 2.

JOoCTaTO4YHOCTb. IMeeM Takoi (pakT: ecim A — MOMOXUTE/bHbIV KOMMAKT-

Hbl/A onepatop B A ¢ HyneBbiM agpoM, To L++L_—H. 3TOT hakT ycTaHOBNeH
B paboTe [7] 6e3 MCNOMb30BAHUA CNEKTPa/ibHOW yHKUMW. HO 3TOro MOXKHO /lerko
[06UTLCA, UCTONb3YS CMEKTPa/IbHYO (PYHKUMIO. [leicTBUTENBHO, Tak Kak A =S+

+ f tdE(t) v no ycnosuto A(/4)=0 (otctoga S=0), TO nmeem

Ax = 2 [XE(Hit+0)-£ (4O,

roe tik — nonoxuTenbHble, COOTB. OTpULUATENbHbIE COGCTBEHHbIE 3HAYEHMS Ore-
patopa A. Oanee A(E(txk+0)—E(tx))x =txk(E (tzk+0)—E(t£k))x TaKk uTO
R(A)(zL++L_. Mo ycnosuwo R(A)=H. OTctoga L++L_=H.

Jokaxxem pocTtatodHocTb ycnosuss. Mimeem H=N(A)(+)R(A). CyxeHve
onepaTtopa A Ha nognpoctpaHcTBO R(A) 0603Hauum uepes Ax. Torga A(40)=0
N AX — NONOXUTENbHBIA KOMNaKTHLIA onepatop B R(A). C nomoLsio npeaplay-

Lu,ero (bakTa, Mmeem L++L_=R(A) T1.e. L++L_=R(A). CnegosatesbHo
=N(A)(A-)L+(+)L_. Tem cambiM A (yHAAMEHTAILHO NPUBOAUM.

3ameuaHus. (1) Ecnm A — NONOXKUTENbHBIA KOMNAKTHbIA OMepaTop C Hy-
NEeBbIM AApOM, TO €4UHCTBEHHOE BO3MOXHOE (PYHAAMEHTa/IbHOE PasfoXKeHue npu-
Bofswee Aectb A =£+(+)E_

2 Teopeme MOXHO Mpuaatb SKBMBaNEHTHYK (HOpMynMpoBKy. [ns Toro,
4TOObI MOMOXKWTE/bHBI KOMMAKTHLIA onepatop (PyHAaMeHTasbHO MPUBOAWM He-
06X04MMO W JOCTATOYHO, 4TOObI @) A4p0 OnepaTopa OPTOrOHabHO AOMOMHAEMO,

6) nuHean L++L_ 3aMKHyTO.

4. Tpvmvepbl

l. CyLUecTByeT MOOXKMTE/bHbIA  KOMMAKTHbIV - onepatop B MPOCTPaHCTBe
KpeitHa 4, rge x+HH), x~(H) 6eckoHeuHble 1 N(A)=0, KOTOpbIA He (PyHLAMEH-
TanbHO NpuBOAMM (CM. Teopemy 2). [OCTpOeHMe peasiM30BaHO B [ABYX 3Tanax.

a) CylllecTByeT Takoe 3aMKHYTOe MOANPOCTPaHCTBO N+, KOTOpPOe noso-
XWUTENbHO OMpeaesieHHoe, MaKCUMa/IbHO TMOJIOKUTENIbHOE, HO HE pPaBHOMEPHO
nonoXuTenbHoe. eiicTBUTENbHO, N0 Teopeme V. 6.3 [1] cyLLeCTBYeT NOMOXMNTENBHO
OrpefenieHHoe, 3aMKHYTOe, HO HE PaBHOMEPHO MOJIOXUTE/IbHOE MOAMPOCTPAHCTBO
N +. Efo 13 KOHCTPYKUMWM [OKa3aTeNbCTBa 3TOM TEOPEMbl NErko BUAHO, YTO 3TO
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NOANPOCTPAHCTBO MOXXHO CUMTaTb MAKCUMa/IbHbIM MONOXUTENbHLIM. [1OCKONLKY

N+ nonoxutensHo onpegeneHHoe, T0 N++N+=H, npuyem/Y¢ — oTpuuarensHo
onpefenieHHoe NoLNPOCTPaHCTBO.

Bblbepem /-opTOHOPMMPOBaHHbIA 6asuc  Jix B N+. C nomouyblo opTo-
roHanmsaummn Mpama-Lmuara (cm. [1], Teopema 1V.3.2) nonyymm opTOroHanbHYHO
cuctemy BekTopoB {/;"H=1c N+, Takyl 4TO NIMHeNHas 060/104Ka STUX BEKTOPOB
COAEPXUT Kaxablid et. OTcloda 3aMKHyTas NnHenHas obonovka {/;+}* i coBnagaer
¢ N+. Mpn stom moxHo cuntatb H/j+HsCj (/=1,2, ..., Cj-nocTosiHHOe). AHano-
rMYHO NOCTPOUM opToroHanbHyto cuctemy {fijTLa 8 Ni, ||/r||*C 2 3amKHyTas
NHeHas 060/104Ka KOTOPOWA coBnagaeT ¢ N+.

Mocne 3Toro, Mbl Bblibepem uucna <0 Takve 4TO pagbl Z UKr.
*=1

(¢o]
2 :
KzlLk cxopAaTcs
6) Celiyac MOCTPOMM BbILLEYMNOMAHYTLIN onepatop. Monoxum
/= k2:1|/k (JIkHfk 4 H (f,fk )fk

1 CyulecTBoBaHVe onepaTopa:

ANt 2 WMIAIT s Gl Zut-

2. A KOMMNaKTHbLIA onepaTop: ecnu

AJ= Zri(flkHfk+ Z ~(/./ON-

TO
W-AJW = '
k—Jn+lM( (JJk Hfk L WA (fifk )fk
a max {cf, 4} I/ £=r%+| Hit - k=%+1/4
3. OueBngHo, A — nonoxuTenbHbln onepatop. [Myctb fEN(A). Torga

(AF,f)=0nnm 2 fiit + 1(,/K)\r~ Z kU Jk) [2= 0- OTcioga (/,/*+)=0, (/,/**)= 0.
=1 K=

Mockonbky N++N+=H, T0 /= 0. [anee, 3aMKHyTas NMHeiHas 060/104Ka BCEX
COOCTBEHHBIX BEKTOPOB, OTBEYAOLLMX MOMNOXKWUTENbHBIM COOGCTBEHHBLIM 3HAYEHUAM
cogepxut N+ (noTomy, uTo fk+ COBCTBEHHbIN BEKTOP, OTBEYaKOLNii COBCTBEHHOMY
3HAYEHUIO LKe(/*+, //) > Q).

Torga fiCHO, YTO 3Ta 3aMKHyTas fMHelHad 000/104Ka He PaBHOMEPHO MOJ/10-
XUTenbHO. o TeopeMe 4 A He SBsSeTCA (PyHAAMEHTaNLHO MPUBOAUMbIM.

3TOT NpuMep MOoKasbIBaeT, UYTO B HEMOHTPArMHOBOM MPOCTPAHCTBE AJ1A MNO-
NOXMWTENBLHOrO OnepaTopa YCNoBMe TPUBUAILHOCTU fApa He [OCTaTOMHO [AN1s
(hyHAAMEHTa/IbHO MPUBOAMMOCTU onepatopa (CM. Teopemy 2).
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C nomouibo 3TOr0 NprYMepa MOXHO MOCTPOWUTL TakKoM dke onepatop Kak
npeabIAyOLWKniA, S4p0 KOTOPOro He TPUBM&/IbHOE, HO OPTOrOHaSIbHO [OMOJHAEMO.

3TN NpuMmepbl, BMECTE C TeOpeMOl 4 MoKasblBalOT, YTO CYLLECTBOBaHWE npe-
penos £(+0), £(—0) He cnegyeT M3 OPTOroOHanbHOI AOMNOMHSEMOCTM MOANPOCT-
paHctBa (O(A), rae a,(A) — KOpHEBOE MNOAMNPOCTPAHCTBO, OTBEYAlOLLEe 3Ha-
YyeHunwo 1=0.

Il. NycTb H — MHAE(UHNTHOE MPOCTPAHCTBO pasMepHOCTM aga. Myctb A —
NPOV3BOJIbHbIA HEHY/EBON MOMOXWTENbHBIA onepaTop. Torga Nerko BWMAHO, YTO
A (yHOaMeHTaNIbHO NPUBOLMM B TOM Y TO/IbKO B TOM Cfydae, eciv A2=n0.

B 3ak/ntoueHvie aBTOp BbIpaXXaeT rny6okyto 6narofapHocTb npod. A. borHapy
3a NOCTOSIHHOE BHUMaHue K paboTe.
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ON SOME PARTITION PROPERTIES OF FAMILIES OF SETS

by
G. ELEKES, P. ERDOS and A. HAJNAL

80.

This write up contains a list of results and problems concerning ques-
tions we have stated and investigated in some earlier papers [1], [2], [3]. Though
we do not give proofs the experienced reader will be able to reconstruct most of
them, by checking the lemmas we are going to state and following the hints we
give after stating some of the theorems.

We deal with questions of the following type. Let S be (a relatively large)
family of sets. In most of the questions we will ask S will be of the form P(x),
the set of all subsets of an infinite cardinal x. There will be given a mapping
[: P(x)™y. / will be called a partition of P(x) with y colors. A subfamily S'czS
will be called homogeneous for / if 5/<r/_1{>} for some r\<y. As usual we
will ask for the existence of relatively large homogeneous subfamilies.

Definition 0.1. Si={AV: v<x} is a X, A-system if there is a set D such that
AyC\An=D, for V, U<X. D is the kernel of the A-system si.

Definition 0.2. a) Let si={Av: vex} be a sequence of sets. Put si(N)=
= U{AV: vEA} for N(zx.

b) A family 3F of sets is said to be a (x, ).)-system determined by si = {Av: v<x}
if 3?2={si{N): A€[x]<a{0}} and

si(NQ AsiiN,) for NO*N U AOQ,

Definition 0.3. A family P is said to be a (x, A), A-system if there is a (x, /)-
system 3F determined by si= {/lv. v<x} such that si is a d-system with kernel
D and &=3F’U {&}

To have short notation we introduce relations bearing some resemblance to
partition relations investigated earlier.

Definition 0.4. S—A(X)y, S—[X]<A)y, S—A([X]<¥)y mean that for all parti-
tions /: S-+y of S with y colors there is a x, A-system, a (X, X)-system and a
&, X), A-system homogeneous for /, respectively. J1-* indicates that the respective
statements are false.
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8§ 1. Positive arrow relations for the first two symbols

Definition 1.1. For a UczP(x), A, Bczx we write AevB if AczB and there
isa CdU with B—Ae>C.
a) SeP(x) is dense in [A B] for U if AcvB and

VA'B'(A ¢ A'cvB'eB=>3C<iS(A'evCevB%
b) SeP(x) is left (right) dense in [A B\ for U if AcvB and

VA'B'(Ac A'cvB'cB=>3CeS(A'cvCeB")

(VA'B'(Ac A'evB'c B==3GES(A'c Cc,, BY)).

If SczP(x) is not dense (not left or right dense) for V in any [A, B] then S
is nowhere dense (nowhere left or right dense) for U in P(x).

The following sequence of Baire-type lemmas serve as a basis of our proofs.
Note that they all imply existence of dense (in a certain sense) sets homogeneous
for some partitions.

Lemma 11 Let U= [ooJw P(ch) is not the union of countably many sets nowhere
dense for U.

This lemma has been proved in [1]. The next lemma is due to J. Baumgartner
and is included here with his permission.

Lemma 12 Let xxo0 be a regular cardinal, and U a normal filter in P(X).
Then P{x) is not the union of x-sets nowhere left dense (right dense) for V.

Lemma 1.3. Let x"a> be a regular cardinal. Let i?(x)={g£*2: 3[<x(g(fi)=
= IAVE<)/<p<(g(»7) = 0))}, i.e, the well-known Hausdorff set of 0—Z1-sequences
of length X with a last 1-digit. Let denote the usual lexicographic ordering of
R(x), and Wx the set of non-empty open intervals of (B(x), <*). Then P(Rix)) is
not the union of x-sets nowhere dense for Ux.

Coroltary 1.1. Let x™a> be regular and 2~x. There is a non-empty
UczP(x) such that P{x) is not the union of x sets nowhere dense for U and U satis-
fies the following conditions a) b):

a) If {If. is a decreasing sequence of type gqxx of elements of V then
there is an If V such that la f for

b) Each member of U contains x-pairwise disjoint members of U.

The next lemma transfers the above results for the case of singular x’s.

Lemma 14. Let A=cf(z)<x be a singular cardinal. Assume xa<x for x</
and x=sup {xa: a< A} Let x—I){Xa: a</.} be a decomposition of x and assume
Ux(zP (X3 and P(Xa) is not the union xx-sets nowhere dense [nowhere left (right)
dense] for Uxfor a<x. Let

Ww={Yc x: Va=RB< A(YCIXBEURF) for a< X

Then for each decomposition U{5,: rj<x)~P{x) of P(x) there are gq<x and
a<A such that Snis dense (left or right dense) for Vx in P(x).
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Note that it is consistent with 2ko=K2 that Lemma 1.1 remains true for
sets instead of countably-many. This follows from a result of S. Shetran [4], and
from the fact that forcing a Silver real is proper forcing.

Theorem 1.1. a) P(x)—d(A)x for 2<x&co;
b) P(x)*-A(x)x for all regular x”co.

For x=co use Lemma 1.1. For x>co use the left dense forms of Lemmas
14 and 1.2, respectively. For x>co we originally proved this result under the
assumption 2~=x, using Lemma 13. The more general theorem stated above
is due to Baumgartner.

Problem 1. Does /,("9)->d(XQi@ hold? We do not know the answer even
assuming G.C.H.

Theorem 1.2. Assume x”co and 2~=x. Then
P(x) for X=aJ

Note that this implies P(co)-*([ii>]<ww without any assumption, as it was
announced in [1].

Problem 2. Can one prove P(wi)—{[w<rayw without assuming 2%»="?

Theorem 13. a) P(x) (M<n)* for x"co, A<X.
b) P(x) —{[x]<n)x for to and for all regular x”co.

As to the proofs of Theorems 1.2 and 1.3 consider a partition f: P(x)-+x
of P(x). By the density lemmas, there isa v<x such that S=/~1({v}) is appro-
priately dense in some [A, B]. In cases x=a> we use Lemma 11 and £/=[co]m
density in both proofs. In case xxo regular, for Theorem 1.2 we use the U de-
scribed in Corollary 1.1 and for Theorem 13 we use the normal filter induced by
the clubs. In case x is singular we apply Lemma 1.4 to obtain appropriate U's.
We finish the proofs by showing that all S dense in [A, B] for U contain (w, col-
systems (X, r¢)-systerns and (x, ~-systems, respectively. In both proofs the (t, a)-
systems are constructed according to the following pattern. We first define a se-
quence {BN: N£ [f]J<"\)0}}cS, and prove later that for Av=B{),v*r s/(N)=Bn
holds for I6[T]<\{0}. The BN are constructed by induction according to a fixed
well-ordering of [T]qM\{ o} In both proofs we need special tricks to make sure
that if BM\ M=?V is defined there is room enough to find BN. We omit the details
of this constructions.

8§ 2. Negative arrow relations for the second symbol. Generalizations

As we have already mentioned in [1] it is easy to see that

Theorem 2.1. P(co)-H-([a»]<<un2 holds.

Problem 3. @) Does P(X)—{Jw<on2 hold for any x?
b) Does [X]"-k([coj<wm2 hold for any x?
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The following result shows that in Theorem 1.2 we cannot get a larger homo-
geneous [n]<u system.

Theorem 2.2. Assume 2x—x+. Then

Problem 4. a) Can one prove P(ft>)-H[®i]<ojra without assuming C.H.?
b) Can one prove P(*0-*([(ai1<cy2 for any k?

Problem 5. a) P(a)-*([0jJ <3)2?

b) P(cu)-([cul<3)t0?
We can neither prove a) nor disprove b) in any reasonable extension of ZFC.
Theorem 2.2 is a consequence of the following lemma due to P. Komjath.

Lemma 2.1. Let = he a well-ordering of T=[a»]<u\{0}. Then there are
L<M<N\ L, M, NeT such that LUM=N.

Lemma 2.2. Assume x>x"co. Let {Rx. a<jd be an increasing continuous
sequence offields of sets, Le., RRCzRx for and Rx—U{RR: /?< a} for limit
a, ckx. Assume that U{/?a: for some (t+, ofi-system LE Then there
are a<x and a (t, co)-system -W with IF'c.RI*"X\RT.

Let now x+*) denote the /i-th successor of x. We get

Theorem 2.3. Assume S is a system of sets, |S,|=x+(1l) for some x”w and
H <x+. Then

This result actually yields a stronger theorem then 2.2. We also get
Corollary 2.1. Assume x™a> is regular and 2*<*+(z+). Then P(X)4»
>S(PT™)r

For example P(en)-b-([2v]<@w provided 2"<XHL

There is nothing to prevent this -> from being true in ZFC but we cannot
prove it.

Finally we state one very special result which only shows how one cannot
solve Problem 5.

Theorem 2.4. Assume X is regular and 2*=x. For every coloring f: P(x)-~X,
of P(x) with x colors there is a v<x such that S=f~1({v}) contains a set system
of the following form ~ = {AR: g<x}U{Sv: v<K+}UH<iG(UEV:
where all the sets AR, Bv, ARUBvV are different.

This could be expressed by the symbol
*0 0 * ([KKH]<<2)*
had we defined this in this generality.
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§ 3. The third symbol

Here we only mention a result and one problem.
Theorem 3.1. Let A”co then

250N A+(n> <> P(co) —d([/i]<n+])A for 1s /1< w.
Problem 6. Does imply
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CLOSEST PACKINGS AND CLOSEST COVERINGS
BY TRANSLATES OF A CONVEX DISC

by
J. LINHART

By a disc we mean a compact convex subset of the Euclidean plane R2 with
non-empty interior. A set M of discs is said to form a packing, if every point of
the plane is contained in the interior of at most one disc of M. Dually, M is said
to form a covering, if every point is contained in at least one disc.

L. Fejes Toth [4, 5] introduced the following notion. Let r be the supremum
of the radii of the circles disjoint to the discs of a packing. Then I/r is called the
closeness of the packing. Concerning coverings, Fejes Toth considered the su-
premum R of the radii of the circles contained in two discs. R is sometimes called
“looseness”, but it seems to be more natural to take 1/7? and call it the closeness
of the covering. Fejes TOth pointed out the possibility of other definitions by con-
sidering instead of circles and their radii a certain class of convex domains and
certain gauges of them.

These definitions (as well as Theorems 1, 2 and 4) can be extended to spaces
of higher dimension. The most interesting result concerning these notions is due
to BOROczKY [1], who proved that if in Rs equal balls form either a closest packing
or a closest covering, then the centers of the balls form a body-centered cubic lattice.

In this paper we shall give new definitions of the closeness of packings and
coverings with translates of a disc, which will bring into prominence the duality
between these notions. Using these definitions, we shall deduce some theorems
and we shall scrutinize the relations between our definitions and alternative ones.

Definition 1 Let M be a packing of translates of a disc G, thus M —{a f-G}
with aE R2 The closeness ¢ of M is defined by

—=inf{y>o: {a+@ +y)(7} is a covering}.

(If this infimum is equal to zero, let c:=°°)

Roughly speaking, the closeness of a packing measures the extent to which
the discs have to be dilated in order to get a covering.

Definition 2. Let M be a covering by translates of a disc G. The closeness C
of M is then defined by

= inf{(5€(0,1): {a(-(-(1 —0)G} is a packing}.

(If no such Oexists, we set C:= 1)
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So the closeness of a covering measures the extent to which the discs have
to be contracted in order to get a packing.

Let us compare these definitions with the following ones, which resemble
more closely the original concepts mentioned in the introduction.

“7=sup {y>0: there is a translate of yG disjoint to all discs of M},

-~7 = sup {<5>0: there is a translate of OG contained in the intersection of two
discs of M).

We shall seethat C'—C (Theorem 1). But in general c¢'~c. For instance, the pack-

ing of triangles shown in Fig. 1 has ¢c=2 and c¢'=4. For centrally symmetric
discs, however, we have c'=c. This follows
from Theorem 2.

Theorem 1. For the closeness of coverings
by translates of a disc G, the two definitions
given above coincide, that is

c=C.

Proof. We assume without restriction of
generality that O is an interior point of G. First
we show that

) {x x+0G ¢ G}= (I-d)G

for <560, 1). Because of the convexity of G

the right-hand set is contained in the other.

Fig. 1 The reverse inclusion holds for every closed set

G which contains the origin: x +6GaG means

x+<5g€G for every gfG. Taking g—O we get x€G. So we may take g=x and get

X+ dxEG. Thus we may take g=x+0x and obtain X+ dx+ &= X-|-c>(x-|-<5X)EG,
and so on. Since G is closed, it follows

2 0"X=T7—1s*€G,

i.e., XE(I1—6)G and the proof of (1) is finished.

For (5(o, there is (by definition of C) an x£Rz2 and j"k, such that
x€(a,+ (I —<5)G)n(a*+ (I —0)G), i.e.,, x+ <iGc (aj + G)M(ak+ G). On the other hand,
let If there existed an X, such that x+aGc(aj+ G)fi(liilt+r G) for

some indices j*k, we should have (x—afi+6GczG. By (1) this vyields
x —0,6 (1—5)G i.e., xdaj + {\ —S)G, and analogously with K instead of j. Therefore

{a7 + (1—5+e)G} would not be a packing for every t>0. So we see that — equals
the supremum, by which ' is defined.
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Theorem 2. Let M be a packing of translates of a disc G. Then
—=sup {y>0: there is a translate of —yG disjoint to all discs of M).

This theorem shows that the difference between the two definitions of the close-
ness of a packing lies only in the sign of G.

Proof. Because of the convexity of G we have for y>0:
)] G+yG = (I+y)G.

For y£70, —j there is (by definition of c) an x(;R2 such that ¢+ (1+y)G for
all i. By (2) we see that x—yG is disjoint to all discs at+G. On the other hand, if
y>—, for every XCR2 there is a j, such that x£aj+(l +y)G, i.e., (Xx—yG)Pi
N@fy4G) O.

By Theorem 2 and a result of Fejes T6th [4] we obtain immediately

Theorem 3. The closeness of a packing of translates of a disc G cannot exceed
the closeness of the closest lattice-packing of G.

(M= {ii’'+ G} is called a lattice-packing, if the fl;’s form a pointlattice.)

Fejes Tath has proved this theorem for the case that the closeness is measured
by the largest member of an arbitrary class of convex subsets of R2 which is disjoint
to all discs. Taking for this class the homothetic images of —G we see that our
theorem is merely a special case of Fejes Téth’s. Concerning density there is an
analogous theorem due to Fejes Téth [6] and Rogers [10] (cf. [4]).

The essential advantage of our definition of closeness lies in the following
duality theorem.

Theorem 4. Let ¢(G) be the supremum of the closenesses of all packings of trans-
lates of G, and C(G) the corresponding supremum concerning coverings. Then

C(G) = ¢(G)+ 1

Proof. Let {{j+ G} be a covering with closeness C. Since C(G)>1 for every
G, we may assume C>1. By definition of C, the discs a;+ (1—€)G form a packing
for 0=»"-. The closeness of this packing is Sc((I —<5)G)=c(G) (c is invariant
under affinities). Thus the discs flj+O +y)(I —<5G do not cover the plane for
< ! . -
YS @) ©)

and <5>7. This yields (*+~(a] (*~c7q )~ ,n a s'm’lar manner the

As {fi,+ Gi is a covering, it follows (1+y)(I—<5)<1, for all y<6
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reverse inequality may be proved, and the result is

(1+7CG))(1_C(Gj) = I’
which is equivalent to the assertion.
Theorem 5. ¢(G)s2 and C(Cr)s3 with equality if and only if G is a triangle.

The proof uses an idea of Fary [2], who has proved the corresponding theorem
for the density (cf. [3], p. 100). In view of Theorem 4 it is sufficient to consider
packings.

According to Fary there is a lattice packing of G with a lattice spanned by two
vectors u and v having the following properties: there is a hexagon H=ABCDEF
inscribed in G, so that AD =u, FC=v,BE=u—v, BFtu and CEzu (Fig. 2).

To prove the inequality c(G)&2, we have to show that the hexagons ~ H+
+iu+jv (i, jd Z2) form a covering. We may assume that the origin is the midpoint
of AD, so that e.g. D=—u. Let Bx:=B+u and Fx—F+u. We have to check

if the triangles BXOC and FXED are covered. We need only consider one of them,
say BXDC. Let X and Y be the foots of the perpendiculars from C and B to AD.

We may assume that CX”*BY. In view of the properties of Flwe see TF=y |u|.

Therefore CX”BY is equivalent to T:=C—yM”"d. Now let P:=C +j«.

Since

BxDC ¢ DCPG BxDP UCBXP
and

DCa H, BxDdH-\-u, CBxaH+v,
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it is sufficient to show that

/-4 HI'I(|FI+,,)I'I(4FI +,).

Now A and PE£y A+c, as C+-A-mE//[+y#=y H by (2) and

C=F+vEH+v, so C+ylm£$=|+»+)}ﬂ=y3ﬂ+!). The remaining relation

P"i H+u follows from TC.H, since P=T+u—1|/| élnd —1u£—H.

So the inequality ¢(G)”2 is proved and we merely have to discuss the case
of equality. Let P':=E+—u. The considered lattice-packing can attain the close-

ness ¢c=2 only if P lies on the boundary ofiG, iG+u and iG+v, or P' lies

on the boundary of iG,iG+u and iG+u—v.

The first of these two conditions can be fulfilled only if the angles of H at A
and E are equal to n, i.e., H degenerates into a quadrangle, and G coincides with
H. An analogous assertion holds with regard to the second condition. If only one
of these conditions is fulfilled, say the first one, we may construct a closer lattice-
packing by applying to G+u a slight translation in direction BF and suitable trans-
lations to the other discs of M (G is held fixed). So c¢=2 implies both conditions,
which means that G =# is a triangle. If G is a triangle, we have indeed c(G)—2
(Fig. 1). (According to Theorem 3, it suffices to consider lattice-packings.)

Remarks. If we replace ¢ by c', Theorem 5 does not hold any more. For
a triangle A we have c'(A)=4; for an equilateral hexagon S with angles alternately
equal to 90° and 150°, we have c'(S)=2+/3<4 (Fig. 3). Presumably this is the
minimal value of c'(G). By the way, this hexagon S has the special property, that
the same closeness takes place for all lattice-packings, in which three mutually
touching discs occur. We might say, Gis a disc with direction-invariant closeness
(cf. [7] for the corresponding notion concerning density).

Fig. 3
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Restricting ourselves to centrally symmetric discs, the determination of the
minimum of ¢(G) seems to be more difficult.

Conjecture. For a centrally symmetric disc G,
c(G)a 3+2MN and C(G)ad4+2R

with equality if and only if G is an affinely regular octagon. (Such octagons are discs
with direction-invariant closeness, t0o.)

Here the statements on ¢(G) and C(G) are equivalent. Concerning the density,
the corresponding problem is solved for coverings only, with the ellipses as extremal
discs [3]. Reinhardt [9] and Manter [8] (Cf. [3], p. 104) constructed a “smoothed
octagon” for which the density of the densest lattice-packing is conjectured to
be minimal.
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ON THE DIVERGENCE OF ORTHOGONAL SERIES

by
A. P. SOVEGJARTO

1. Let S denote the set of Lebesgue measurable, almost everywhere finite
functions on the interval (0, 1). Let 7'=||/ij}H|“ be a matrix such that

and let f —{fk(x)}6 be a sequence of functions belonging to S. A series

2 &, K (X)

is said to be T-sumniable in measure (almost everywhere) if the series

tfx) = 2 U.kCkfkM »=1,0,..)

converge in measure (almost everywhere) and the sequence {r,(m)} converges in
measure (almost everywhere) to a function belonging to 5.
The system / is said to be a T-convergence system in measure (T-convergence

system) for /2 if for every c= {ck}*C.I12 the series (2) is T-summable in measure
(T-summable almost everywhere).

The system / is said to be a convergence system in measure (almost every-
where) for 12 if of/, implies the convergence of the series (2) in measure (almost
everywhere).

Jod [2] proved a general theorem which contains the following statement as
a special case:

Let T be a matrix satisfying conditions (1). If the system f is a T-convergence
system in measure for /2, then it is also a convergence system in measure for /2.

A natural question is whether a similar statement is true for almost every-
where convergence.

Let v—{v,}* be a strictly increasing sequence of non-negative integers, v,,=0.
We call Tv the summation process generated by a matrix ||//jt| of the form

The T-summation is said to be equivalent to 7,-summation if for every oCI2 and
for every orthonormal system <o—{<>&*} on (o, 1) the orthogonal series

©) 2 QqxM
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is T-summable almost everywhere if and only if it is ~.-summable almost every-
where. (We recall the fact that, e.g., (C, 1) summability is equivalent to T{w sum-
mability; see, e.g., Altexits [lj, p. 118))

I. Jo6é and K. Tandori answered the above-mentioned question in [3]. To
state their result let v be a sequence of indices such that rlf*rg (vB+1—V,)= Let

T be a summation process equivalent to Tv. Then there exists an orthonormal
system  ®={cpk(X)}* on (o, 1), which is a T-convergence system for /2 but is not
a convergence system for /2, indeed, there exists a sequence c£I2 such that the
series (3) diverges almost everywhere.

They remarked that the system & is obtained by a rearrangement of the
Walsh system {w,,(X)},7. Using ideas of F. Moricz [4] it is easy to see that one can
obtain an orthonormal system, with similar properties, also by rearrangement of
the trigonometrical system {1, cos 2nx, sin 2nx, ...}.

In this paper we shall prove the following generalization of the theorem of
I. Jo6 and K. Tandori:

Theorem. Let {(pJo be a complete orthonormal system on (0, 1), and (v,}7
be a sequence of natural numbers, for which lim (vi+1—v,,)= +co. Then there exists

a rearrangement {s(r)}fLa of the natural numbers, such that the system {qs(N}* is
a Tv-convergence system for /,, but is not a convergence system for /2. Indeed
there exists a continuous function f on the interval (o, 1), for which

N
Aty 2 0> <rvpepae = +°°
r=

almost everywhere on (o, 1).
2. For the proof of our theorem we need some known results.

Lemma 1 (Olevskii [5]). Let {quJT be an arbitrary complete orthonormal system
on (0, 1). Then there exist a rearrangement {«(/)} of the natural numbers and afunc-
tion fEC (0, 1) such that

@ im 2 (A AR - - o

almost everywhere on (o, 1).

Lemma 2 (Mensov [6]). For arbitrary orthonormal system {},7 defined on the
interval (o, 1) there exists subsequence mn of natural numbers such that, for any
sequence {tf,}6/2 the limit

mN
Nie 2 an(en{x)

exists almost everywhere on (o, 1).

From this one can obtain easily the following
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Lemma 3 (Mensov [7]). From arbitrary infinite orthonormal system {<>}‘ on
(0, 1) we can choose an infinite convergence system {BK}H ¢

Returning to the proof of the Theorem, first apply Lemma 1. Denote {n(l)}
and / the resulting rearrangement and function, respectively. Pick a monotone
increasing sequence of natural numbers {A"} such that the estimate

N

©) NN K 2, (> RIORE(X) TS 27

holds true for x£ £4(<=((), 1)), mes£t>1—  According to Lemma 3 there exists

a sequence {A} of natural numbers with infinite elements such that the system
3 is a convergence system. According to Lemma 2 there exists a sequence

{m}* of natural numbers such that the limit
] mN
(6) lim 2, o<nU(x)

exists almost everywhere on (0, 1) for every {0,}£/2. We may suppose that for
every n there exists an index A such that

m, S, Nk, m, 1~ Ak+1.
After this let nk be the smallest number such that
Pil.i~Pni=mt-m ..

Define the rearrangement {"(r)}" in our theorem by induction, in the following
way. Let

|nN= PNe) for 1SrS Pni
PN = Pnirrtt* pnr+ (T n-T {).
Let n2be the first n (>nk such that
Pni+i~Pm —m3—m2.

F)= MNg . p for py+t(M2-mj)<rsp,

Define

further

N= 2e+r-pa) N2<r1s pr+ (T3-71 2.

Continuing this process we obtain the rearrangement s(r) satisfying the require-
ments of our theorem.
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ANALOGON EINES SATZES VON BAER UND LEVI
IN DER KLASSE ALLER HALBGRUPPEN

von
WOLFGANG ROSENOW

Ein Satz von Baer und Levi besagt, da eine Gruppe niemals gleichzeitig
direktes und freies Produkt von Gruppen sein kann. Mmarki formulierte 1976 in
Szeged das Problem, ob die analoge Aussage fiir Halbgruppen glltig ist ([2] S.
752). Im folgenden wird dieses Problem positiv gelést. Zur Erklarung der ver-
wendeten Begriffe wird auf ciriffora und Preston [1] Verwiesen.

satz. Eine Halbgruppe kann nicht gleichzeitig als nichttriviales direktes und
freies Produkt von Halbgruppen dargestellt werden.

Beweis. Angenommen es sei A* R=CXA wobei A*B das freie Produkt
der Halbgruppen A und B und CXD das direkte Produkt der Halbgruppen C und
D sind. Dabei gilt |[C|>1 und |D|>1. Im folgenden werden Elemente ab aus
A*B mit azA und bEB betrachtet.

Fall L Es sei ab=(c,d) mit (c,d)ECXD und c€C ist idempotent (c2—<).

Fall 1.1. Es gelte auch d2—d.
Dann folgt ab=(c, d)=(c2 d9=(c, d)2—abab. Wegen der Eindeutigkeit der
Darstellung der Elemente in A*B ist das ein Widerspruch.

Fall 1.2. Es sei d2Xd. 0

Wegen |C|=>1 existiert ein ctEC mit cXcx. Jetzt sei (cx,d)= JJ* athi,
wgbei a(ZA und b~B fir alle i=\,...,n gilt. AuBerdem bedeutet * idars in
JJ* aibl die Elemente ax und b,, eventuell nicht auftreten.

i1
Fall 1.21. (cl,d)=al.
Dann gilt wegen

(1) (c, d)(ct, d) (c, d f = (c, d)2(clt d)(c, d)

die Gleichung ablaka)bab=abab(ala)b und damit axa—a. (Die Schreibweise
...(ala)... bedeutet, dall an der eingeklammerten Stelle bei der Multiplikation von
Elementen aus AwB eine Verschmelzung der Randkomponenten der Faktoren
auftritt.) Weiterhin folgt (cx, d)(c, d) =(ala)b=ab=(c, d). Damit gilt d2=d und
das ist ein Widerspruch.

AMS (MOS) subject classifications (1979). Primary 20M10; Secondary 20E06.
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Fall 1.2.2. {cx,d)=bx.

Es gilt wegen (1) die Gleichung a(bbXabab=aba(bbXab, woraus bbx=b
folgt. Man erhélt jetzt (c, d)(cx, d)=a(bbXy=ab=(c, d). Das ergibt auch hier
den Widerspruch d=d~.

Fall 1.2.3. (cx,d)=ig]]* ufbi  beginnt mit einem Element aus A und endet

mit einem Element aus B.
Es sei also (cx,d)=albl...anb,, Dann folgt wegen (1) abaibl...anbnabab=
=ababalbl...anbnab. Damit gilt a=at und b—bt fur alle i=I,...,n. Jetzt

ergibt sich
(cs d) = axbx...arh, = (ab)n= (c, d)n= (c, dn.
Laut Voraussetzung ist cx=c ein Widerspruch.

Fall 1.24. (cx, d)= ff* atbi beginnt mit einem Element aus B und endet mit
i=1

einem Element aus A.
Es sei dann (cx, d) =bxa2b2...a,,-xb,,_xan. Dann gilt wegen (1)

a(bbxazb2...an_xbn x(a,,a)bub = aba(bbx)a2b2...bn_x(a,,a)b.

Man erhdlt bbx=b, ana=a, a—ai, b=bt fur alle i=2, —1. Somitist (cx,d) =
=bx(@ab)n~2a,, Weiter gilt (ccxc2 dl)=(ab)rm+l—(c, d)nHl=(c, dn+l), woraus folgt
dn+l=di. Es ist (ab)4=(c, di)=(c, d#l)=(ab)n+l und damit gilt n=3 und
schlieRlich (cx,d)=bxaba,,.

Es wird jetzt betrachtet (c, d)(cx,d9—ab JJ* Xjj,, wobei xEA und yfiB
gilt. Es ist (c, d)(cx, da (c, d)2(cx, d)= abababan Dann gilt Ll,* XX x= b'ababan
mit bb'=b oder JJI* XX X= ababa,,. JJ* XX := ababa,, kann nlcht sein, denn

es gilt (cL d)(cx, d9 =(cx, d2(cx, d), aber es gilt nicht
bxab{a,,a)baban = abubanbxaba,,.
Aus (c], da—_ﬁ*x>y~b "ababan folgt dann

bxaba,,b'ababan = (cx, d)(cx, d2 = (cx, d2)(cx, d) = b'ababanbxaban.

Damit gilt bx=b'=b und an=a, woraus folgt b2=b und a2—a. Es ist dann
(cx, d)2=babababababa = (baba)3=(cx,d)3 und damit folgt d*=d3 Jetzt gilt
(ab)3=(c, d3 c, di)=(ab)4 Das ist ein Widerspruch.
Fall 1.25. (cx,d)= JJ* uibi beginnt und endet mit einem Element aus A.
Es sei (cx, d)—albl an 1b,, lan. Dann gilt wegen (1)

abaxbx...an_xbn_x{a,,a)bab = ababaxbx...a,”xbn_x(a,,a)b.
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Hieraus folgt a,,a~a,a=af und b=bt fir /=1, 1 Also ist (q, d)=
=(ab)n~1an. Weiterhin gilt

(cqc2 d*) = ab(ab)n-\a nd)bab = {ab)n+2= (c, d)m2 = (c, dn+2).

Es ist damit d*=dm+2, woraus sich folgendes ergibt: (ab)n+2=(c, d)n+2—(c, dn+2) =
=(c, d*)=(c, d)*=(aby. Wegen der Eindeutigkeit der Darstellung der Elemente
in A*B st jetzt I/I 2. Das heildt, es ist (g, d)=aban. Es wird jetzt betrachtet

(c, d)(cy,dd=ab JJ*xwy mit xEA und y"B. Dann gilt
(c, d)(cx,dd = (c, d)2(cl, d) —abababa,,.

m m
Demnach ist _JJl* x"ababa,, oder ,J\ll*x""b'ababan mit bb'=b.
1= i=

m
iDI* xtyt=b'ababa,, ist nicht méglich, dennesgilt (q, d)(cl, d9=(cx, d2)(cy, d),

aber es gilt nicht abanb'ababan=b'abab(a,,a)ban. Jetzt folgt (q, d2—ababan=
—ab(ana)ban=(c1, d)(c1,d). Damit ist q idempotent (cx=cf).

n
Fall 1.26. (q, d)= JJ* Ujbi beginnt und endet mit einem Element aus B.
i=1

Zundchst kann eine Rechnung analog zum Fall 1.2.5 erfolgen, In der Dar-
stellung nach (1) tritt dann ebenfalls eine Verschmelzung von zwei Elementen auf,
die hier Elemente aus B sind. Schlief3lich erhdlt man (q, d)=blab und (q, da—
—blabab mit bby=b. Dann folgt weiter (q, d2=blabab=bia(bbl)ab=(cl, d)2
und auch in diesem Fall gilt q =c*.

Aus den Féllen 1.2.3 und 1.2.4 ergibt sich, dal die dort angenommenen Ele-
mente g nicht existieren. Also kann ein solches Element q aus C nur zu Darstel-
lungen entsprechend den Fallen 1.2.5 und 1.2.6 filhren. Das bedeutet, alle Elemente
aus C sind idempotent. Dann folgt fir gEC mit (g, d)=aban (Fall 1.2.5) und
fur c22C mit (c2,d)=blab (Fall 1.2.6) die Gleichung qqcz2cc=cfcf=qq=
= (clCi)2= Cc1C2CICt.

Man erhélt jetzt einen Widerspruch, denn es gilt (qqc.tc2, di)=(clc2clc2, d*),
aber es gilt nicht ababanblabab=abanblababanblab. Somit sind alle (c,,d) mit
JEC entweder von der Form (g, d)—aban (Fall 1.2.5) oder alle (g, d) mit q€C
sind von der Form (ct,d)=blab (Fall 1.2.6). Es wird zundchst der Fall 1.2.5
angenommen.

Wegen (q,d)—aban gilt (q,d)2=ab(a,a)ban=ababa,=(q d)(q,d), wor-
aus mit q =c2 folgt

) q = cq.
Wegen (g, d)(c, d)=ab(a,,a)b =abab=(c, d)2=(c, d2 gilt aber auch
(3 gqc = c.

Die Gleichungen (2) und (3) gelten fiir alle g€C. Daher gilt fiir beliebige q,q€C
die folgende Gleichung:

ga = Cj(cct) = (cje)Ci =cc, = q.
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Damit ist C eine Rechtsnullhalbgruppe. Es seien jetzt a=(ca,dd und b=(ch,db.
Dann gilt ab=(cach, dadb) = (cb, dad=(c, d). Also ist b=(c,db und b2=
—(c, db)(c, do=(c, dp2 Ist ferner w ein Element aus A*B mit w=(c',db und
c'~c, dann gilt wb—(c', db(c, d=(c, db)=Ir. Es folgt wfB mit w"b. Jetzt
ergibt sich der folgende Zusammenhang:

- (ccac, dbdad,,) = (cc, dodadb) = (c, dodadb) =
= (c'c, dbdadh) = {c’cac, dbdadh) =

Wegen b”w ist das ein Widerspruch.

Damit ist klar, daB auch im Fall 1.25 das angenommene Element cx nicht
existieren kann. Durch analoge Uberlegungen 4Rt sich das genauso fir den Fall
1.2.6 nachweisen. Das bedeutet jetzt, daB es in C kein c”c geben kann, was
ein Widerspruch ist.

Fall 2. Es sei ab=(c,d) mit (c, t/YCCXD und weder ¢ noch d seien idem-
potent.

Es wird betrachtet (c,d2= _J%* nf . Dann gilt ab Il'l*a(b[=(c, d)(c, d3 =
1= i=
=(c, d2(c, d)= 1 [J* atbab. Aus der Eindeutigkeit der Darstellung der Elemente
in A*IBI folgt:
i271* aibi beginnt mit einem Element aus Ay namlich a
iJ_j]* aibi endet mit einem Element aus B, ndmlich b.
Fall 21. n=1.

Dann ist (c,dd=ab=(c,d). Das ist ein Widerspruch, denn d ist nicht
idempotent.

Fall 22. n>1.

Aus ab JJ* Obi— ab folgt a=ii und b=b-, fir i=1, Es
gilt weiter (glda:(ab)":(c, d)n und damit ist c—cn und d2=d".

Fall 22.1. n=2

Dann ist ¢ idempotent und das ist ein Widerspruch.

Fall 2.22. =3.

Aus d2=ds folgt d3=d* und damit d2—di. Weiter gilt (ab)6=((ab)32=
=(c, d92—c2 d*)= (c2, d2=(ab)2 In A*B ist aber (ab)6=(ab)2 nicht mdglich.

Fall 223. n=4.
Mit d2=di folgt (abf={(ab)D2=(c, dF —(c2 d5=(c2 d2)=(ab)2 Das ist
ebenfalls ein Widerspruch.

Fall 2.2.4. n>4.
Aus d2=dn folgt d2dn~i=dndn~4 und damit dn-2=d2+i. Wegen d-*=
=(dn~22 ist dn~2 idempotent. Dann gilt (ab)n"~2)=((ab)n~2=(c, dn~2=
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=(c"-2,dn~2=(ob)"~2 Fur w>4 gilt w(n—2)"n—2. Das ergibt auch hier
einen Widerspruch.

Es wurde nachgewiesen, dal es fur das Element ab£A* B kein Element (c, d)
gibt, so daB ab=(c,d) gilt. Dann muf} die Annahme A*B=CXD falsch sein.
Also gilt fur die Klasse der Halbgruppen, dal sich eine beliebige Halbgruppe nie-
mals gleichzeitig in ein freies und in ein direktes Produkt von Halbgruppen zer-
legen 14Rt.
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SUR CERTAINS CHANGEMENTS DE VARIABLE
DES SERIES DE FABER

par
L. ALPAR

§ 1. Introduction

Dans cette note nous allons étendre aux séries de Faber un résultat obtenu
pour les séries de Taylor [3].

Les séries de Faber constituent une généralisation des séries de Taylor. On
les décrira plus amplement dans le §2.

Notre point de départ est le probléeme suivant soulevé et résolu par P. Taran
[10]. Soit £ (0<|E|< 1) un paramétre complexe, A(z)=et0(z—0/(1 —£z), ro étant
une constante réelle et

(1.1) li(z)=1ial
v=0
une fonction holomorphe pour |z|<Il. La fonction

(1.2) [l()]=/.(*) = zKz" (bn= bn(0)

est alors également analytique pour |z|<l. Admettons de plus qu’il existe un point
zx (|z4=1) ou la série (1.1) converge et, par suite, ffzj) a une valeur déterminée.
Soit z2 le point défini par Iégalité z1=h(z2, donc [Z2=1 et /1(z2)=/2(z2.
Taran a prouvé gu’il existe fx telle que malgré la convergence de la série £ avzi>
la série b, Z'diverge. En d’autres termes la convergence locale des séries de puissan-
ces sur leur circonférence de convergence n'est pas un invariant conforme.

Nous avons généralisé ce théoreme de Taran de différentes maniéres, d’abord
pour les séries de Taylor, ensuite nous avons étendu certains de ces résultats aux
séries de Faber. Premiérement nous avons montré [2] qu’une proposition analogue
a celle de Taran a lieu également pour les séries de Faber. La démonstration de
ce théoréme a rendu nécessaire de suivre une voie particuliére qui ne suit pas
de la théorie classique des séries de Faber.

Cependant nous ne sommes pas parvenus, méme a l’aide de ces raisonnements
nouveaux, a étendre aux séries de Faber notre deux résultats suivants. La sorama-
bilité¢ (C, k) (k"O) de la série N avz\ entraine toujours la sommabilité (C, A+1/2)
de la série 2 ™»z" ([1] Théoréme 1, p. 100). D’autre part, soient donnés d’avance
les paramétres 0 K et & (0"<5<1/2), il existe /i=/i(z; C,k,0) telle que  <az\
soit sommable (C,k), mais que ™ bnz2 ne soit pas sommable (C, k+S) avec le
6 donné ([1] Théoreme 2, pp. 100—101). Le résultat de Taran est un cas parti-
culier de ce dernier théoréeme pour k=0, <5=0.

Néanmoins tout récemment nous avons trouvé [3] une démonstration nouvelle
d’un cas particulier du Théoreme 2 cité plus haut ou k~0 et O0sa<l/2.
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Les moyens élaborés dans [2] et [3] permettent tout de méme de prouver le
théoreme analogue pour les séries de Faber. C’est I’objet du travail présent.

Dans le 82 nous récapitulons certains résultats concernant les séries de Faber,
dans le 83 nous citons deux lemmes prouvés dans [3], dans le 84 nous allons for-
muler notre théoréeme d’une fagon précise et exposons sa démonstration.

Les G (j=0,1, 2, ...) désignent des constantes numériques positives.

8 2. Sur les polyndmes et les séries de Faber

Nous rappelons sans démonstration quelques propriétés des polyndmes et
des séries de Faber (cf. [4], [B], [6] [7], [e1 [O), [11]).

Soit C une courbe fermée simple dans le plan des z formée d’un seul arc analy-
tique régulier, avec I'intérieur 1(C), I'extérieur E(C); 1(C) et E(C) dénotent leur
fermeture respective. La méme notation sera employée aussi dans les cas d’autres
courbes fermées.

I existe une fonction unique w=cp(z) qui applique d’une maniere conforme
et biunivoque E(C) sur E(KK) du plan des wou KRdésigne la circonférence W=7,
pour des \A suffisamment grands cp(z) s’écrit sous la forme

(2.1) w=<p(z) = z+a0+"- + |+ ...

ou les quantités R, a0, og, ... sont déterminées univoquement par les conditions
imposées a tp(z).
La fonction inverse de <p(z) soit notée

(2.2) z=IAM=w+)9+A +A + ...

La série (2.2) converge pour r<|w|<00 avec un Les images des circon-
férences Kc: H =e (E>>/m) par (p(z) sont les courbes de niveau C" |¢>(2)|=

on écrira aussi CR au lieu de C. Désignons par Cr la frontiere de I’'ensemble
(J E(Ce). L’anneau circulaire limité par KR et K, ainsi que le domaine annulaire

de frontiere composée de CR et Crjouent un rble important dans la théorie des
séries de Faber.

Lorsque (p(z) est donnée par la série (2.1), <€h(z), le n-ieme polynéme de Faber
associé a CR, est la partie polynomiale de I’expression

(23) FO) = <PX)HN(2),

R,,(z) ne contient que des puissances négatives de z. 11 résulte ainsi de (2.3) que
fD(z)=1 et 4,=0 pour 0.

Toute fonction Fj(z) holomorphe dans 1(CR) peut étre représentée par sa série
de Faber unique:

(2-4) F1(z)= \%(])'I ® (1)
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qui est uniformément et absolument convergente dans chaque sous-ensemble fermé
de 1(CR. Les polynémes <&/, comme on le voit, sont indépendants de et sont
entierement déterminés par CR, les coefficients Avdépendent aussi de Fi et s’expriment
par l'intégrale

@9 A= J RN s re <R vro.

CRest la courbe de convergence de la série (2.4), si F1a de singularités sur
CR. Inversement, étant donné une suite de nombres {AV™0 telle que l'on ait
(2.6) Hilllw 4 -

alors la série 21 Av(z) converge dans I(CR et y représente une fonction holo-

v=0
morphe; cette série diverge dans E(CR.
Soit de plus e>0 arbitrairement petit, QSr+[ et zECe, on a

&n(2)

2.7

@n 9(2)

Il en résulte que

(2.8 ;l<pn001 < \,,(z)\ < n\(pn(z)\

dans chaque sous-ensemble fermé de E(Cr) ou A>0, /i>0 sont des constantes in-
dépendantes de z. ~

Désignons par k(z)"z wune application conforme et biunivoque de I(CR
sur lui-méme. CR étant analytique, k(z) est prolongeable au dela de CR dans un
domaine partiel de E(CR. Par conséquent il existe un nombre RO>R tel que
k(z) est holomorphe dans I(Ce.) pour tout g'<R,,, en particulier, si R"e'"Ro0-

k(z) étant définie pour zECR, considérons les points ziCCR,z2CCR liés par
I’égalité Zx=k(z2 et posons wl—p(zl), w2=(p(zd ou |Wj|=Mw2=/?. Quand zx
et z2 parcourent CRle quotient wlw?2=eiit peut étre ou bien une quantité variable
ou bien une constante. Il est facile de montrer que ce dernier cas ne se présente
que si CRa un centre de symétrie et simultanément k(z) est une rotation autour
de ce centre. Dans ce qui suit nous écartons I’éventualité ou k(z) est une telle
rotation.

8 3. Deux lemmes

Dans la note [3] nous avons démontré deux lemmes (la Lemme 1 et Lemme 3)
gue nous énongons ici sans preuve.

Lemme 1. — Soient [cn] (n=0,1,2, ...; v=0, 1,2, ...) une matrice infinie,
{Wir=0 €t {.F,}r=0 deux suites infinies liées par la relation

(3.1) yn=_20crv‘v (n=0,1,2,,..).

Pour que la série £ yn soit sommable (C, O (&=0) chaque fois que la série 21 xv
converge, il est nécessaire:
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() que chaque colonne de la matrice [c,M soit sommable (C, a), c'est-a-dire
que les quantités

(3.2) (COfgV v=012.)

soient finies;
(1) qu'il existe une constante K>0 telle que

(3.3) Z k,v-cnwl < K(né+\) (n=0,1,2,...).
n=0

Lemme 2. — On suppose que lafonction h(t) a variable et a valeur réelle jouit
des propriétés suivantes:
(i) h(t)=ho(t) +t, ho(t+2n)=h0(t), A0()=o;
(i) AEC2; h'(t)"0 resp. HO(t)?+ —I;
(@iii) h"(t)=h'o(t) a un nombre fini de zéros dans [0,2n].
Soit de plus

(3.4) eii*)= Z aneit  (v=0,£1, £2,..).

n= —co

/I existe alors une constante /.>o0 telle que

(3.5) 2lfilU2< 3" finvfl, el (M=o, £1, 22, ..).

8 4. Résultat et preuve

Théoreme. — Soient CR une courbe fermée simple formée d'un seul arc analy-
tique régulier, k(z) une application conforme et biunivoque de I(CR) sur lui-méme
différente d'une rotation, z f CK et z2fC R deux points tels que z1=k(zj), enfin
<5E£[0, 1/2) un paramétre donné. Alors il existe une fonction

(4.1) Ffz)= VZ:OAv4>v(z)

holomorphe dans I(CR), dont la série de Faber converge en zt et, malgré cela, la
série de Faber de la fonction

4-2) Ffk{zj\ = Ffz) = nZ=o Bndr{r),

holomorphe également dans I(CR), n'est pas sommable (C, d) en z2, bien que Ffzf) —
=F2(z2 a une valeur déterminée.

D émonstration. — Comme k{z) n’est pas une rotation, on peut admettre
que k(z) a un point double sur CR, soit k(zQ=z0dCR. On suppose de plus que
21—22~z,,. Ces hypothéses ne restreignent pas la généralité, mais permettent
certaines simplifications des calculs. On a ainsi F1(zQ =F2(z0 et il est a prouver
que malgré la convergence de la série (4.1) en z0, la série (4.2) n’est pas nécessaire-
ment sommable (C, &) en z0.
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Nous commencons par exprimer les B, a I’aide des Av- Nous avons, en tenant
compte de (2.5), (4.1) et (4.2),

4.3)
r< Q< R, nSO,

Ecrivons <®(k[il/(w)]) = |,(m Comme |¢>(z0| =R, il découle de (2.8) que €/z9 ti0
et I’'on a, d’apres (4.3),

(4-4) B.®..bl -

En posant donc

(4-5) 4>2r(|z|® Jr g’,’((z'(%) V\%‘f’l . Xv= Av4y(z0, yn= BP0,

on peut examiner comment se réalisent les conditions du Lemme 1

Nous allons établir que la relation (3.3) n’a pas lieu si 0"6<1/2. |l existe
donc une série convergente 2 xva U+se transforme par la matrice [c,M définie sous
(4.5) en une série 2 Y1 Qui nest Pas sommable (C, a). Par conséquent on peut poser
Av-xJ 0 v(zo et, selon (2.7),

(4.6) fin A=

La fonction F1(z)=2 Av<®(z) est donc holomorphe dans I(CR (voir (2.6) et
la remarque y ajoutée) et cette série de Faber converge en z0. Les coefficients B,,
sont déterminés ensuite par (4.4), F2(z2)=2 *,®,(r) est aussi analytique dans
I(CR, mais la série 2 A>®n(ro) n’est pas sommable (C, ). <

Considérons donc les différences Acm=c,,v—,, v+l et la somme 2 Wcm-
Nous aurons, vu (4.5), >=0

&an A - on@zo) T(p'Ne #*+i(f) ) dw _ @,(r0 rPv(W) gy
> Wooo2n /(4> v(z, T Av+1(z0)] v+l 2ni 3w '

1 AN
lim [x1v B

Nous allons voir qu'il existe deux matrices [y*] et [yM (n=0,12, ...; v=0, 1, 2, ..))
telles que d'une part

@8)  ZiHU-Iv)) 2WN-ywi+2bC-vJ =0(i)) (n-»),

d’autre part que

(4.9 2 lyj>1I'n12 (n=o,1,2,.),

étant une constante indépendante de n.
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1° Soit
po SO
d’ou, en vertu de (4.7),
54'18 Acllv—y;y=TA B~ A [w'l'dw
od, en tenant compte de (2.7),
(¢-12) |®,,(ro)-(/>n(2)1 = co () \Pn(zO\ = cOmn
Pour évaluer |Dv(»V)|, posons
(4.13) R > max \<plkfipW)I\ = g0,  <p(fAW)]) = ().
Ainsi il vient de (2.8)
(434 1wl $1]11AI2) ’ c?j\ﬂgz) :Ov((;))) * iﬁg NESE

On obtient finalement, a partir de (4.10)—(4.14),

(4.15) ZO MCnv-yivl = G (n ).
2° Soit maintenant

(4.16) M) (@) e\ dw (M@ rdvw)

et, par suite,

(4.17) SEET

Il faut donc majorer les quantités

418)  [Zvw)ydvw) ~ P PO @ (K)
>  ®(20)  D+i(z9
Ecrivons (2.7) sous la forme

(4.19) ®,0) = [1+C0 1)) ()

ou |r,,(z)|"i et souvenons nous du fait que dans I’expression (4.17) de yv—y,v
on peut remplacer la courbe d’intégration Ko par KO. avec R<g'<RO0, k(z) étant
encore analytique et univalente dans 1(C0.) et <presp. ¢ jouit des mémes propriétés
dans E(Cr) resp. E(Kr). C’est ainsi qu’on sait introduire les quantités:

(4.20) R< Nﬁ\}fge.l(lﬂ(kU/(W)])\l= g* #= max, \p(e(\\>))\ = 80< RO.
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Nous aurons alors, en vertue de (2.8), (4.19) et (4.20),

dNK)  <PK 4>(K) VA 260(rEQy
(4.21) . ,
<tA0)  HA0o) <@y - AI1R4
Si 4 — R est suffisamment petit, on a rR<ewo-rr2r 1- On conclut
donc de (4.18)—(4.21)
(4.22) IA, (W) —iMw)| S fO(*)

d’ou I’on tire, en tenant compte de (4.17),

(4.23) \;___Oly»v—7n»l AN (\763 =o(l) («-“d

(4.15) et (4.23) implique (4.8).

3° Il reste a vérifier (4.9). Dans I’expression (4.16) de yrv on peut remplacer
Ke par Ka et poser pour wj=/?

(4.24) ©(z) = w= Reif, ip(k[IW)]) = REM\ <) = Relh(@= wo = e

On voit que h(t0 =t et, pour simplifier le calcul, on admet que »=0. k,cp,4>
étant des fonctions analytiques et univalentes dans les domaines considérés, h(t)
se comporte de la méme fagon dans un voisinage de I’axe des t. Il s’ensuit que
u(H€C”,A'(r)>0 et h"(t) n’a qu’un nombre fini de zéros dans I’intervalle [0, 21].
est en outre 2q-périodique, d’ou il vient n(t+ 21)= /2(?)+ 210 ou bien n(t) =
—ho(t) +t avec [/, (?+2n)=/i((r) et No)=/?,0)=0, car t0=0, par hypothése.
h(t) satisfait donc a toutes les conditions du Lemme 2. On aura ainsi, en raison
de (3.4), (4.16) et (4.24),

2m

(4.25) = [eivhU) — ei("+1)h(,)]e~'n dt = &,V—a,tV+1

Les y,v définis sous (4.25) ont naturellement un sense méme pour des x O, v-=0.
Nous pouvons donc écrire, grace a (3.5),

(4.26) I blA"AaHz12 (n=0 %1 %2,..).
y=—00

Pour avoir (4.9), on doit montrer encore que

2 Ivl=20() (n- + °).

Remplacons dans (4.16) Ke par Ke- (R<e' R0, nous aurons, vu (4.20), pour
v<o,
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et de la
(4-27) Z bUS*(-E)*=0o() (N-+Q

(4.26) et (4.27) vérifient déja (4.9).

(4.8) prouve donc que la matrice [cnv définie sous (4.5) ne remplit pas la con
dition (3.3) du Lemme 2, si 07(5<I1/2. La démonstration du Théoreme est ainsi
achevée.
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SEMISIMPLE CLASSES AND H-RELATIONS

by
RICHARD WIEGANDT

In a recent paper [9] Rossa and Tangeman introduced the notion of H-relations
and investigated such relations in the context of radical classes. The purpose of
this note is to deal with H-relations and semisimple classes. In the proofs we shall
apply recent results of [1], [2], [3], [e] and [11]. Radical and semisimple classes
are meant in the sense of Kurosh and Amitsur, for details we refer to [13].

Let A be a universal class (that is a subring hereditary and homomorphically
closed class) of not necessarily associative rings. Following Rossa and Tangeman
[9], a relation a on A will be called an H-relation, if a satisfies the properties:

(1) LaA implies L is a subring in A

(2) If LaA and @ is a homomorphism of A, then <p(L)og>(A).

(3) If LaA and Jo A, then ((LDJ)ald).

A large class of examples for H-relations was provided in [9]. In particular, Jo A
(/ is an ideal of A), I-+A (/ is a left ideal of A) and I<A (7 is a subring of A) are
H-relations. We mention also a further example. A subring S of a ring A is
called a bi-ideal, if SASQS holds (cf. [4]). Being a bi-ideal, is an H-relation. All
these examples for H-relations satisfy also the following additional condition

(@) 1f Jo A, then laA.

In what follows a will always denote an H-relation (not necessarily satisfying
condition (4)).

Proposition 1. If LaA and KoA, then (L +K)/K)a(A/K).
Proof. Put A"=Ker ¢ Then condition (2) yields the assertion.

As usual, we shall use the upper radical operator °U and the semisimple operator
if acting on a subclass X of A and defined by

JIX={AEA: A has no non-zero homomorphic image in X},

ifX={AEA: A has no non-zero ideal in X}.

A subclass M of A is called a-regular, if M satisfies the following condition:
If LOAEM and LjiO, then L can be mapped homomorphically onto a non-zero
ring in M. A subclass P of A is called a-strong, if LaA and Z.CP imply LEP(A)
where P (A) is defined as

P(A) = 2V*=A-. JEP).

Proposition 2. Let S be a semisimple class. If S is a-regutar, then the radical
class R="°dS is a-strong.

Proof. Suppose that LaA,LC R and L"R(/i)- Now by Proposition 1 we get
0* L/(R0O4)fU) at (R(T)+L)/R(A)a(A/R(A))cS.
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Since R is homomorphically closed, it follows
o (RO4)+ L)/R(/f) s* L/(R(i4)m.)€R,
contradicting the assumption that S is ¢-regular.

Proposition 3. If Mis the upper radical R—%WM ofa -regular class M and
R is o-strong, then M is o-regular.

Proof. Suppose that LoAdJSA and L has no non-zero homomorphic image
in M. Then LCikIM=R. Since No&9 =4iNo.=9rR, we have R(T)=0. Since R is
cr-strong, we get LEIR(A)=o0 implying L=o0.

Propositions 2 and 3 yield

Corollary 4. A radical class R is o-strong if and only if its semisimple class
is o-regular.

A subclass X of A is called o-hereditary, if LOAdX implies LdX.

Proposition 5. Assume that the H-relation o satisfies the following condition:
(*) If L<iJ and JoA, then also LaA.
A radical class R is o-strong if and only if the semisimple class is o-hereditary.

Proof. Since a c-hereditary class is always n-regular, Proposition 2 yields
the sufficiency.

Suppose that R is a-strong and that LoAdIFR. If LA"R, then 0?iR(X)<i LoA
and by the assumption upon o, we get R(L)oA. Since R is c-strong, it follows
(MR (L)QR(d)=0, a contradiction.

Condition (*) is rather restrictive, and it will not be used throughout the paper.

As in [9], we shall use condition
(oH) If OaLoA and L has a non-zero homomorphic image in M, then also A

has a non-zero homomorphic image in M.

In the next assertion we paraphrase Theorem 5 of [9].

Proposition 6. FOr a 0 -regular class M the upper radical dIM is o-hereditary
if and only if M satisfies condition (oH).

For a subclass X of A, let (A)X denote the ideal
(X = ré(/,< d: A/JdX).
Corollary 7. A subclass S is a semisimple class of a o-hereditary radical

class if and only if S is a -si-regular class, S is closed under subdirect sums and
ideal extensions, S satisfies condition (oil) and ((/1jSjSc A for every ring ABA.

The assertion is an immediate consequence of Proposition ¢ and [s] Theorem 9.

Corollary 8. A subclass S is a semisimple class of a o-hereditary radical class
R if and only ifS is closed under subdirect sums, satisfies condition (oH) and R(T)=
= (A)S holds for every ring AdA

The proof is a straightforward application of Proposition s and [s] Theorem 10.
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Corollary 4 and Proposition & yield the following assertion which can be con-
sidered as a generalization of [12] Theorem 2 and [s¢] Theorem 1

Coroltary 9. Let M be a 0 -regular class in A. The class UM is a a-hereditary
and Q-strong radical if and only if M is Q-regular and satisfies condition (@&H). In
particular, a radical class R is a-hereditary and Q-strong if and only if the semisimple
class %R is Q-regular and satisfies (<rH).

Next, let us suppose that A is the class of all not necessarily associative rings.

Proposition 10. If R is a radical class such that OfR is -a-hereditary, then
SfR is a-hereditary for any H-relation a.

Proof. By Gardner’s [3] Corollary 25 R is < -strong. Hence in view of
Proposition 3 £TR is < -hereditary and so by (1) LTR is also cr-hereditary.

Proposition 11. Let a be an H-relation satisfying condition (4). If S is a a-
hereditary semisimple class, then S is Q-hereditary for every H-relation q.

Proof. In view of (4), S is c-hereditary. Hence Proposition 10 yields the
statement.

Corollary 12. Let a be an H-relation satisfying condition (4). Then the follow-
ing four conditions are equivalent for a semisimple class S:

() S is «a-hereditary;

(i) S is a-hereditary;

(iii) S is  hereditary;

(iv) S is Q-hereditary for every H-relation ..

A class X of rings is said to be weakly homomorphically closed, if /o JICX
and Tz=0 imply A//CX.

Theorem 13. Let a be an H-relation satisfying condition (4) and let S be a semi-
simple class such that S is a-hereditary and weakly homomorphically closed. Then
either S=A or S consists of one-element rings.

Proof. In view of Corollary 12 S is <j-hereditary, and so by Gardner’s [3]
Corollary 2,5 ¥S is an /i-radical. Note that by definition an A-radical containing
all zero-rings, must be A, and a subidempotent /1-radical coincides with the class
of one-element rings. On the other hand, by [1] Corollary 2 either °US contains
all zero-rings, or ¥S is subidempotent. Hence either S consists of one element rings,
or S=A

From here onwards we assume that the universal class A consists of associative
or alternative rings.

Theorem 14. Let a be an H-relation satisfying condition (4). Thefollowing three
conditions are equivalent:
(i) S is the semisimple class of a a-hereditary radical class R="fS;
(i) S is <i-regular, closed under subdirect sums and ideal extensions and S
satisfies condition (rrH);
(iiiy S is <a-regular, closed under subdirect sums and ideal extensions, and
R=Y/8 is a-hereditary.
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Proof. By [11] and [2] S is a semisimple class of associative or alternative rings
if and only if Sis  -regular, and closed under subdirect sums and ideal extensions.
Hence an application of Proposition 6 yields the assertions.

An ideal L of a ring A is said to be large in A if Lf]I AO for every non-zero
ideal / of A. We shall need the following condition:

(U If L is a large ideal in A and L£S, then ;4£S.
The next theorem is a generalization of van Leeuwen’s Theorem (cf. [5] and [7]).

Theorem 15. Let a be an H-relation satisfying condition (4). A class S is the
semisimple class of a a-strong and -a -hereditary radical if and only if S is o-regular,
closed under subdirect sums, and satisfies condition (/.).

In view of Corollary 4 and Theorem 14 the proof is straightforward; it is to
be taken into consideration that a <s-regular class which is closed under sub-
direct sums and satisfies condition (/), is a semisimple class of a -a-hereditary
radical (cf. [2] Corollary 2).

Confining ourselves to the variety of all associative or alternative rings [2]
Corollary 3 asserts that a proper subclass is the semisimple class of a supernilpotent
radical if and only if it is ¢ -regular, subdirectly closed, weakly homomorphically
closed and satisfies condition (a). Hence for an H-relation a satisfying (4), Theorem
15 implies immediately the following

Corollary 16. A class R is a supernilpotent o-strong radical ifand only if S="R
is a proper subclass which is o-regular, weakly homomorphically closed, closed under
subdirect sums, and satisfies condition (7.).

sands [10] called a radical class an N-radical if it is -«-hereditary, -«-strong
and it contains all zero-rings. Theorem 14 and Corollary 16 yield the following
characterization of semisimple classes of N-radicals.

Corollary 17. A proper subclass S is the semisimple class of an N-radical if
and only if S is  regular, weakly homomorphically closed, closed under subdirect
sums and ideal extensions, and satisfies condition (-« H).
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ON A TRANSFORMATION OF GRONWALL CONCERNING
THE THREE-BODY PROBLEM OF QUANTUM MECHANICS

by

E. MAKAI

I. The Schrédinger equation of the three-body problem is

(1.1 - l2_1Vié\iip+ Uy = Ed
where Ai—d2dx2+d2dy2+d2dzf, H and E are constants. We suppose that
(1.2) < —0, M = Hite+VnHa+HaHi >0

and U is a function of the quantities rx, r2, r3 only, which are defined by
M =[2- A2+ (y2- Y32+ (22- 23712 (cycl.)l

It is known that (1.1) has then solutions ¢ depending only on i\, r2, r3and satisfy-

ing the equation

3
(13 -2 1HA ¢+ dih= Edy,
where
v B2 -rf+rmg+rj d2 Y 2 a 2 d
dr\ rar3 dr2dr3 drl r2dr2 r3dr3

cf. [2]. Introducing the bilinear forms

(cycl.).

du dvo.. —\+rl+rl(Qu dvv du dv) du dv

1U1 dr,dr2 223 Idr2dr3 dr3dr,) dr3drs )

in the first derivatives of u and v and the domain Dr defined by

(1.4) D,: rx+r2-r3" 0, r2+r3—l >0, N3+~-ra >0

equation (1.3) is the Euler equation of the variational problem
6QNe =0,

where

(1.5) 0(iA) =¢/1] 2V ,A(I. «A)4-Qf rir2r3dridrad rjfff drrir,r.n1rnr, dr3,

a circumstance noted by E. A. Hylleraas [7].

1The notation “cycl.” will be used whenever a formula holds after cyclic interchanges of the

indices 1, 2, 3, too.
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In the particular case [ix—/12>0,/i3=0 T. H. Gronwall [5], [6] has shown
that introducing a certain set of new variables £r, £2>£3 instead of IT,r2, r3the varia-
tional quotient Q(ij/) can be transformed into

(16) Oo/O=fff (4QZ (H)2+K F~ ~2dUfjfIr f dfidg2de
where

(1.7) (il+a+tt)112 v(glt ¢2,r3 = clo-l, r2, i9)

and the domain of integration is the extremely simple domain

(1.8) DM ¢3> 0.

He remarked further that the Euler equation of (1.6) is

A2® 11 —
¢cXT c3 aC3\ Y= Ed,
a simple form of the Schrddinger equation (1.3).

Since the publishing of Gronwall’s papers several facts became known about
eigenfunctions of this variational problem. Of these we first mention the result
of T. Kato [9], that if V has only certain “mild” singularities, e.g., U =" cvrlei
=const., then eigenfunctions are continuous on the closure Di of Ds, that is on
¢A=0. Further results originate from M. S. Baouendi and C. Goulaouic [1] and
from V. H. Froim [4], who independently investigated a family of partial differential
equations of which (1.9) is an element. Their results applied to (1.9) state that if
£10, <0 are fixed quantities, [F (", £2, @—E]lqg and £2 analytic on the domain
D°: |Ei—£10K/?!1 + £, \\2~ £201<J1 2+ e> 1£31<e (s>0) then there exists a positive £
and a unique solution of (1.9) analytic on D1: |fa— |E2— <&,
not necessarily an eigenfunction, for which the initial condition ~(£1, £r,0)=
=/(£1, £) holds. Froim showed further that if [V(CX @, £3—E]/g is analytic on
D°, then any solution of (1.9) analytic on the domain D2 |Ei—

0<|EsH & (< small enough) is of the form <>#,£2,£3)+
+ /(£i, £2, £3) 1°8 £3, where mpand x are analytic on D1, thus clearing up the nature
of the singularities of solutions to (1.9) on the boundary of Dt.

The purpose of this paper is to show that Gronwall’s transformation can be
generalized to the case when the /q’s are subject only to the conditions (1.2).

(1.9) -4Q

If we introduce the notations

(1.10) Q=rf, ox= -o01+02+03 (cycl)
and define the real variables ¢2, c3 by

(111,.) {+{,= 2071+~ 4] (i=j—]j
t _ {0 102+0203+03(j1\ 11
(1-113 Uu-{ M ) (=u)
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then the variational quotient (1.5) is transformed into (1.6) where g, V and D. are
defined by (1.7) and (1.8), respectively.

The corresponding Euler equation is, of course, again (1.9). We remark that
by a general theorem [2, vol. I, Ch. 1V, § 8] equation (1.3) can be directly transformed
into (1.9) by introducing the new variables

If ri,r2 r3 satisfy inequalities (1.4), then £3 is real since 2

(1.12) w= M= (r,+r2+r3)(- A +r2+rd(e]- r, + rd(rx+r2- rd

and one recognizes the connection of the right-hand side with the area of a triangle
of sides i\, r2,r3. Note that if the point (/*, r2, r3 is on the boundary of the do-
main Dr (corresponding to a degenerate triangle of sides rlt r2, r3 then £3=0.

The quantity £3 depends symmetrically on the cr/s and pfs. Though this is
not true for  and £2»yet it holds for g =("i+”"212 One has namely by M + /t2=
= (Hi+Ih)(I=i+lIh) (cycl.) that

= (ji2+ hi)2<1+ ilh + pDral + (pl+Hifal +
+2(p.1-M)023B+ 2(i4-M)<T3al + 2(pi-M)(Tlo2.

An easy and useful consequence of this is

B = (G+ &t5i)I2= 2~71("2+a)ol+(p3+pha2+(Mi+ta) =
(1.13)

M 2 Vie/>

from which we have that each of the quantities o, {2 depends linearly on at, a2,
43(0[’ on qu g2, q3).
Our statement will be proved if we show (i)

(1.14) ZviBM, *)=4ez{jjR ;
(i) the value of the Jacobi determinant d(rl, r2, r31g(*1r £2, £3 is cC3(Qrl r2r3)~1

where ¢ is a constant differing from O;
(iii) the domain Dr is transformed by (1.11) onto the domain DA4.

2. Introducing the notations

(2.1) BO(u, B = B(u, v)= |2:I V) =i.72:I b"](;\r fd‘r'}'

with

(2.2 bn = p2+p3, bR=DbA=p3" — (cycl)
Zrlr2

2 Here and in the following algebraic identities will not be proved, if their verification involves
only elementary operations.
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the left-hand side of (1.14) is B(), ). We recall the elementary relations
(2.3) B,(u, vi+vd = B,(u, vJ +B,(u, v, Bt{u, vxvd = v1Bi{u, vd +v2Bi(u, v,)
for /=0,1,2, 3. We have

Ad_a”_ad_at oy Ad A
ij orj o rj |J H dgk ,U.r, dg, dl’j 4 * kITM dtk dt,

thus (1.14) is equivalent to the statements
(2-4) B (ik, f,) = 4gok (k,1=1, 2,3)

where 6K is Kronecker’s delta.
A simple calculation shows that the quantities  satisfy the equalities

= 42<71+e), B1(g2,02 = B1((G3, ¢3) = 441 (cycl)
*i(*i, 02 =-B,{ai, ¥ =4("3-02, A(<12 B =-40J (cycl)
thus by (2.1), (1.13) and (2.3) we get
(2.5) B(al cg) = 4(2ulal+Mp), B(ak, a2 = 4(filG+fizal—Mg) (cycl.).
Further one has by (2.3) for any un and for w=alff2+a2a3+(Bal
B(U, W = ((72+ 5(ti, od +i0z+ O"Bill, <) + (71+ DA (u, (.
Substituting «=( we get from (2.5) and (1.13)

(2.6) 5(<t;, w) = £(w, )= 8 w (i=1,23)
and if u—w then by (2.6) and (1.13)
B(w, w) = 16Mgw.

On the other hand by (1.12) and (2.3)
B(w, w) = M 2B{c |, d) = 4M 2,1B(¢3, ¢3 = 4MwB(C3, ¢3

and the last two formulas yield B(C3, £3=40, i.e., (24) in the case k—l
Further, introducing the quantities

<t =Ner~Ne3 (cycl)
(for which £ Hi4t=Q holds) (2.6) yields
(2.7) B(w,q) =0 0 =1,2,3).
On the other hand and c2 depend linearly on the quantities gt\

P& *  (+-RAZ2ADHE-ADB e >
( 1} H 2n 48] es
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[alternatively 2(R1+n2tiaM"1=(ii\-M)ql-(j4-M )qi] and so by (2.7), (2.3)
and (1.12)
B(w, Q = 2MCtB(C3,2) (/= 1.2)
verifying thus (2.4) for k=3,1=1 and k=3,1=2.
It rests to show (2.4) in the cases k<3, /<3. Using (2.5) we get

A<rs, W) = 4(u!+ud~Ma, B(qlag) = 4(hI~M)Mg (cycl).
The last equalities combined with (2.8) allow us to calculate B(*lt *X, B(Cj, £3
and B(E2,£2.
3. To calculate the Jacobian mentioned at the end of Section 1 we factorize

it in the following way:

a(ri, r2r3 _ d(t\ 12,13 dgt, g2.¢3 de, Zi, ii)

A 0=1» £2, £3) Qii B3) did) ii, Cr) $(ii»5i>£s)
The value of the first factor is (8rxr2rd_1 and that of the last factor is £3g by
(L.7). The middle factor is a constant different from 0. To calculate its value we

solve equations (1.11J, (1.112 and (1.13) with respect to the unknowns al, tr2, a3.
Thus, by (1.10) we have

(3.1) 2 = €2+ B= ("2+ (0 + c2Ti-.52¢2),

(32 292 = ffa+ ffj = (//8+ft)(<?+ cifi + si&)>

(3.3) 223 = o-j+ffg = (/i'+/i*)(e-ii)

where

(3.4) - M -ti 2y, U7 0=12).

(Bi+Bd(Bi+k3) * S (U+LUXL+L)

From the system (3.1), (3.2), (3.3) we get d(ci, a2, @/9(q, ii, Q= Af322 and
hence (ii) at the end of Section 1 holds.

4. The transformation (1.11) maps Dr into D, and, conversely, to each point
of 2). corresponds one and only one point in Dr. For showing this we first remark
that for the quantities defined in (3.4) cf+sf=1 holds. Thus there is a real  such
that Cj=cos RBi, jj=sin Bt (/=1,2). Let now ({i, £2,£3 be an interior point of
Di, that is €8>0. Then, introducing the notations

G=dcosp ¢2- gsinip, where 0~ Q = (¢cf+£)I”2< g,

we have
2gi = (32+ 1X3)[1ii+ 8" cos ((p+ 2],

29g2 = (R3+Hi)[o+ Q' cOs(fp-Bi)],
203=oii+/i2[e-e'cos ¢
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Since by (1.2) at most one of the non-negative quantities /t; can vanish, we see that
to each triplet (EI5£2, €€  correspond positive quantities gx, g3 or a unique
point (rl; r2,rd in the domain Df: 0, r2>0, /3>0 of the real (rls r2, r3 space.

Let now (r\, r\, rl) be a point in Drand its image in D( be (L, i\, Ll). Suppose
there exists a point (if, if, L}) in such that it is the image of some point
(r\, rf, rf) in D ;\D r. Join (i\,L4,,) and (if, LI, LI) by a straight line segment
in D¢. This straight line is the image of some continuous curve in [+. This curve
intersects the boundary of Dr in some point (rf, rf, r3 the image of which lies
by (1.4) and (1.12) on the boundary ia=0 of Df. a contradiction.

5. Finally we show in an elementary way a consequence of the theorems of
Baouendi—Goulaouic and Froim, namely that any solution of (1.9) which is an
analytic function of £3on the real point set D1: \ix— |Er J1*. Ibisei
is uniquely determined on D' by its values taken on the rectangle R: \ix—£I0|<.Ri,
\i2—laol-*g, £3=0 provided (V—E)/(4qg) can be expanded in D1 into a power
series 2 an(gi> where the coefficients <x(ix, 19 are infinitely many times
differentiable in R.

Indeed for each solution ¢ of (1.9) which can be expanded into a power series
d=2 <AE> [(Ei> one has the recursion

n-2
_ m n-2 a2 n
n2h. kzzo(“’”'k’z"l dit + dit

(*j/-x=0) which shows that dy, (»=>0) is uniquely determined by d0=d ax, i2, 0).
To express this in somewhat looser terms and with the help of the variables rlt r2, r3:
any sufficiently smooth solution of (1.3) is uniquely determined by its values taken
on the boundary of Dr. The boundary points of Dr correspond to degenerate tri-
angles of sides rx, r2, r3, thus the three bodies with coordinates (x-,y,, z}), /=1, 2,3
lie in these cases on a straight line segment in the Euclidean (X, y, z) space.

m=1,2,..),
) ( )
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INTERPOLATION IN WEAKLY ASSOCIATIVE LATTICES

by
E. FRIED

fijlt is well-known that no non-trivial lattice enjoys the interpolation property
(further on IP). In fact, for a<b no function with f(a)=Db,f(b)—a can be inter-
polated (by a polynomial function).

However, if we weaken the lattice axioms such that the “partial order” need
not be transitive we get a class of algebras containing, also, functionally complete
algebras. The class we get in this way is the variety of weakly associative lattices
(further on WAL) where all the lattice axioms hold but the associative laws, which
are weakened in the following way:

[(XVY)A(XV 2)\t\x = [(XAY)V(XAZ)] VX = x.

As an important example, we mention the “triangle” T consisting of three
elements 0,1,2 endowed with the relation 0<1<2<0 (a”b is equivalent to
any of the relations a=aAb and b=al/b). In fact, the triangle was the first
WAL which was proved to be functionally complete (i.e., finite and satisfying IP)
(see [7)).

There are two generalizations of the triangle, which are, in many respects,
natural.

We shall say that a WAL ill satisfies the unique bound property (further on
UBP) if any two-element subset of the underlying set A of ill has exactly one upper
bound and exactly one lower bound. (For example, the two-element lattice or the
triangle satisfies UBP.) It was proven in [4] that if a WAL satisfies UBP and it
contains more than two elements then it enjoys IP. The reason for this result is
that there exists a term which represents the dual discriminator in each WAL sat-
isfying UBP. (A ternary function /(x,y, z) is called the dual discriminator if
f(a, a, c)=a and f(a, b, c)=c, whenever a and b differ.) This fact gives a reason
why the variety U (generating by the WALs satisfying UBP) has the congruence
extension property (further on CEP). An algebra  has CEP if for each subalgebra
© of 51 and congruence 0 of © there exists a congruence @ of 51 such that
0=(©XO©)N®. A variety satisfies CEP if each member of the variety has CEP.
It was proven in [2] that U is the greatest subvariety of WALs satisfying CEP.

The other generalization of the triangle is the class of tournaments. One can
define a tournament as a relational system 2I" with an antisymmetrical relation <
where for each pair a, b of its elements exactly one of the relations a<6, a=b,
b”a holds. Each tournament becomes a WAL when one defines for each a£ ST:
a\/a=a/\a=a, and a\/b~b, af\b=a whenever a, b satisfy a”b.
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Since IP obviously implies simplicity we have to deal with simple algebras
only. In [6], there was given a sufficient condition for a simple tournament to have
IP. We prove:

Theorem 1. Any simple tournament with more then two elements has IP.
For this end we need the following

Lemma. A WAL 91 has IP iff it contains at least three elements and it satisfies:
For each a, h, c(;91 with a”h there exists a unary polynomial-function p such that
p(a) =a,p(b)=c.

Proof. The condition is, clearly, necessary. For the sufficiency we prove first
the so-called 2-interpolation property for 9L Let a~Ab, u, vCA and the function /
be given such that f(a)=u, f{b)=v. In case u?tb there exist, by the condition
of the Lemma, polynomial-functions p, g such that p{a)=u,p(b)=b and g{u)—u,
q(b) =v. Then, the polynomial-function gp(x) interpolates / on {a, b}. We have,
by symmetry, the same result if v*a. Suppose, finally, u=b and v=a. Since
91 has at least three elements it contains some  {a, b}. By the first case we have
polynomial-functions p, g, r such that p(a)=a, p(b)—c; q(a)=b, q(c)—c; r(b)=b,
r(c)=a and so rgp(x) interpolates / on {a,b).

Since different n-tuples differ at least in one place, if (ax ..., any{bx, ..., b,)
there exists a polynomial-function f(ax, ..., ad=u, f(b1, bn=v, where n and
V are given at will.

It is easy to see that the polynomial-function m(x, y, z) = [(MA&) A(W2)]A(yVz)
is a majority function for WALs. Using this fact one can prove the IP of 91 by
induction on the number of places. The proof is left to the reader.

(For a generalization of the idea of the Lemma see [3].)

Proof of Theorem 1. A subset A of an underlying set " of a tournament is con-
vex if for a, bEA the condition a”x”b implies xEA, for each xC T. The singletons
and T itself are trivial convex subsets, all others are proper ones. A partition con-
sisting of convex subsets is clearly a congruence relation of the tournament if
cogsidered as a WAL. This implies that a simple tournament has no proper convex
subsets.

Now, let a?+h be elements of T and consider the subset B, consisting of all
p{b) where p is a polynomial-function sending a to a. Take for p the constant map
with the value a and the identity function. Both these functions send a to a and b
to a and b, respectively. This implies a, b£B. Suppose u, vVEB and u”w”v. Since
we have a tournament, a and w are comparable, e.g., a®w. Since vEB, there
exists a unary polynomial-function p with p(a)=a and p(b)=v. Then, for g(x)=
—wfp(x) we have g(a)=wAa=a and q(b)=wl\v=w, yielding wAB. Thus, B
is convex and contains at least two elements. Flence, B=T and the application of
the Lemma finishes the proof.

These results give rise to the question: has every simple WAL IP if it is not
a lattice?

The answer of this question is in the negative, moreover the following
result holds:

Theorem 2. Each WAL is contained in a simple one which does not have IP.
(For a finite WAL the presented construction gives a finite extension.)
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In spite of Theorem 2 one must not think that only very special WALs have IP.
Theorem 3. Each (Bnite) WAL is contained in a (finite) WAL which satisfies IP.

It would be easy to prove this theorem in the following way. By adding new
elements one can get a partial WAL where a single partial function cp(a)=c, (p(b)=d
can be interpolated. This process would give a WAL having IP in infinitely many
steps. The disadventage of this method is that the extension is always infinite.

For the proofs of both theorems we need some remarks. Let us consider elements
of 91X91 where 91 is a WAL. We shall denote by (a, b)-*(c, d) the existence of
a unary polynomial-function / suchthat c=f(a) and d=f(b). Clearly, (a, b)
—c, d) means that (c, d) belongs to the diagonal subalgebra of 9IX9I generated
by (a, b). By the Lemma, 91 has IP iff'the following holds:

For each (c,d) and offdiagonal (a, b) the relation (a, b)-*(c, d) is valid;
and [91]>2.

Craim L1 If then (a, c)—#, b) and (a, c)-*(b, c).

Craim 2. Let and u, v, u', v'E{a, b, c¢) such that u?=v. Then one
has (n, B—u', V).

Craim 3. (&, 2)—(s, avh) and (a, b)-»(a, a/\b).

Claims 1 and 3 are obvious. Claim 2 follows from the result in [7] (but the
reader can compute it easily).

Proof Of Theorem 3. Let 91=(/1; V, A) be any non-trivial WAL. Let A’
be a set disjoint from A such that A" and A have the same cardinality. Let us fix
a bijection A-~A' and let a' denote the image of a*A under this bijection. Now,
we define a tournament 9 V, A) as follows: If a<b then b'~a', while
for incomparable a and b we define a'<bh' or 6'<a' at will.

Let, finally, A*=A(JA'6{0, 1} where neither O nor 1 belong to AUA'. We
extend the relation < to A* such that a<a' and O«=x<I<0 for all xCAUAA

We claim the following:

(i) A*=(A*; V, A) is a WAL,
(i) 9L is a subalgebra of 91*,
(iii) 91* satisfies IP.

First of all, we mention that comparable elements have, clearly, l.u.b. and
g.l.b. Suppose, Xand y are not comparable. In case x, yEA then their only common
upper (lower) bound in A*\A is 1 and O, respectively. Then, considering x\/y
and xAy in 91, we have, xVy<l and O0<xAy. This proves that they have the
same l.u.b. and g.lL.b. in 91 and in 91* This yields, immediately, (ii). If either x or
y does not belong to A then their incomparability gives that one of them is of the
form a' and the other is b€A with a”b. Let U(H) and L(H) the set of upper
and lower bounds of a set HAA*, respectively. Now,

El({«, b)) g Wa)u(b) g (Nu{l})N({b}nunU{1}) = {b\ 1},
L{{a", b'’})Q L(&)C]L(b) g ({<i}U/'U{OHN(1U{0}) = {a, O}
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yield the existence of a'Jb and a'Ab, because of //< 1 and O<a. Thus, 31*
is a WAL.

Now, we prove that 31 has IP. By Claim 3 and by the remark before Claim 1
it is enough to prove (X, Yy)-+(u, v) for each x<y and u, v.

We consider the case 0$ (x, v}, 1$ {X, y}. Then, we have three possibilities:

x=a,y—b (in A); x=a",y=b"' (in A"); and x=a,y=a'.

In the first case (a,b)\J(a',a')—a’, 1) yields (a,b)—@', 1). In the second case
@', b")V(a, a)=(a', 1) yields (a',b")-»(@', 1). In the third case (a aj\/(b, b)=
=(b, 1) yields (a,a')-*(b, 1), for a<b, and (a, a")A(b, b)=(b, 0) yields (a, a') —
-*(b, 0), for b<a.

Thus, we have always either (x,y)—w 1) or (X, y)-*(u, 0) with np{0,1}
(if x<y), since no element of 31 is both the least and the greatest element of 3L
Applying Claim 2 we get both (x,y)—0, 1) and (x,y)-*(l, 0), for x<y. Now,
using Claim 1, we get (x,y)—(a, v) whenever both (x, y) and (u, v) are comparable.
Thus, in order to prove IP it is enough to show that any diagonal subalgebra 33
of 3I*X3I* which contains all comparable pairs of elements is equal to 31*X3I*.
(i) (a',bjEB and (a',b)A(a\fb, avVh)=(a,b) implies (a, 6)€3R.
(i) If a<6, we have (b, b")V(a, a)~(b,a) and (b, a)i (a, b)=(a b"). Thus,
(b, ", (a, bYERB and, by Claim 2 also (a',b), (b', a)C33.
(iii) Let, finally, a and b incomparable elements of A. We may suppose a “b".
By the previous result (a',a\Jb), (b',a\/b)£33. Thus, by (a', b)=(a’, a\Zb)\{b', b)
and (a, bY)=(a', (af\b)")A(aV/b, b") we have (a', b), (a, Z)£S3, proving Theorem 3.

Before proving Theorem 2 we need the following

Proposition 1. Let 31=(A; V, A) be a simple WAL containing a triangle
a<b<c<a. Let B be the disjoint union of A and {0, 1, p, q). We extend the rela-
tion < from A to B such that
(i) O is the least and 1 is the greatest element of B,

(i) g<a<p.

Then, we get a simple WAL 3= (£; V, A) containing 31 as a subalgebra.

Proor. The straightforward verification that ss is a WAL and contains =1
as a subalgebra we leave to the reader.

Now, let 0 be any congruence of 33, and x,y be different elements of
a congruence class C of 0.

Case 1. x,ys/Jl. Then, by the simplicity of 31, we have AfC. Thus, (p,p)A
A(a, c)={a 0) and (g, q)V(a b)=(a, 1) yields 0, 1CC. Conditions 0<p<1,0<<7<1
give us BQC, i.e, 0=l

Case 2. XxEA, y€{p, q). By duality, we may suppose y=p. If xXB, then by
(p, x)A{a\Jx, ajx)—a x) we get axC C, and so Case 1 applies. In case x=a
we get (ap)V(c,c)=(@, 1) and (ap)d(b, b)=(b, 1), ie, a=1=¢, yielding
a, b£C so we can apply Case 1 again.

Case 3. (x,y) and A are disjoint. By duality and Claim 3 we may suppose that
x=0 and, by Claim 1, y=qg. Then (0, q)j (c, c)—(c, a) yields a=c, i.e, 0 =i
by Case 1
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Case 4. xEA,y£{0, 1}. We may suppose j =0, by duality. If x"a we get
0, X)V(p,p)=(p, 1) yielding 0 =i by Case 3. The case x—a gives, e.g., 0=4#,
by Claim 1, and we can apply Case 3 again.

Proposition 2. Let 3l= (I'I, V, A) and 3= (B, V, A) be Simple WALSs with
a least and a greatest element. Suppose 0 is the least element of 3L and 1 is the greatest
element of 33, further Af\B={p} where p is the greatest element of 3L as well as
the least element of 33 Let denote the following relation on C=AUB: ax*ar
iff 0i=alAfl2 (alta2tA), b"b2 iff br=b”"b2 (6x,€2€.B), ad for all aCA and
0<6 for all b£B.

With this relation we get a WAL G=(C; V, A) containing both 81 and 3
as subalgebras. 1f \A\, \B]>2 then G is simple and does not satisfy IP.

Proof. The easy computation that G is a WAL containing both 31 and 33 as
subalgebras is left to the reader.

First we prove that G is simple. We consider a congruence 0>co, therefore
there are elements xXy such that (x, y)€&. For simplicity, it is enough to prove,
by Claim 1, that (0, )£0.

We may suppose, by duality, that xCA but x$B. Now, we have five cases:

Case 1. x?i0,y£B,y$ {p, 1. Then xV jd, xAy=0 finishes the proof of
Case 1.

Case 2. x"0,y—l. Let z£B, z$ {p, 1}. We have x<pd and p<zd.
Claim 1 implies (x,p), (p, 1), (p, 2)60, hence, by transitivity (x,z)£0. Thus,
Case 1 applies.

Case 3. xX0,y=p. Choose any z£B,z${p, 1}. Then, (z, 2)V(X, p)={\, 2)
yields (1, z)£0, implying (p, 1)€0, by the simplicity of 33 Thus, we have (x, 1)€0
and we can apply Case 2.

Case 4. x, yCA. Since 3L is simple, there exist z*O, zfA such that (z,p)£0.
Then, we can apply Case 3.

Case 5. x=0, y€A. If y—1 we are done. Otherwise, we have Case 2, by duality.

Now, we prove that G does not satisfy IP. By the Lemma it is enough to prove
that GXG contains a proper diagonal subalgebra.

We shall prove that the elements of AXAUB'XB form a subalgebra of GxG.
By duality, it is enough to prove that this set is closed under V. Suppose,
(xi, Ji), (x2,y2eAXAIBXB, and let (x,>)=(x1>1)V(x2y9) such that xCA
and yCB. Then, XjVx2=x vyields xt,x 26A implying yi,ytCA, i.e., yCA as well.
Since this algebra is obviously proper and diagonal, the proposition is proven.

Proof Of Theorem 2. Let 3L be any non-trivial WAL. By Theorem 3 it is con-
tained in a simple WAL 3F which contains a triangle. Then, by Proposition 1, it
is contained in a simple WAL 3I2 having a least and a greatest element. Now, we
can use Proposition 2. We choose 3I2 for 31 and, say, the five-element modular
simple lattice for 33. Thus, we have embedded 31 into a simple WAL which does
not satisfy IP. Clearly, if starting with a finite one we get finite WAL in each step.
Hence, the theorem is proved.
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Remark. The construction of Proposition 2 can be generalized as follows:
Let 91 be a WAL. We put in each interval a<b a WAL 2lax, with the least element
a and the greatest element b. In 21 and in each 2lab we have the original relation
and we add the following relations:

For xCfilaJ, let c~x~d whenever c”a,b”d (c, dE21). In this way we get
a WAL 21* One can give conditions on 21 when the simplicity of all 2la () implies
the simplicity of 21*

Finally, we give a connection between CEP and a weaker form of IP.

As we mentioned U is the largest variety of WALSs satisfying CEP. This need
not imply that any WAL which satisfy CEP belongs to U. However, we shall prove
that if there is a WAL not belonging to U which satisfies CEP then there exists
msome other WAL with the same properties which contains a very special simple
WAL as subdirect component. (I conjecture that such a special simple WAL does
not exist.)

We shall say that a WAL belongs to AIP (a single interpolation) if it contains
a three-element chain a<b<c such that for some unary polynomial-function /
either {/(a), f(b)}={b, c} or {f(b), f(c)}={a,b} hold. The class of all other
WALSs will be denoted by BIP.

Proposition 3. Let 21 satisfy CEP and let 21L be a subdirect irreducible com-
ponent of 21. Let, further, a, b, c, d xQ ..., xn be elements of 2ix and /,,, ...,fa- X
be unary polynomial-functions on 2Ixsuch that ¢=xu, d=xn andfor all i—0, ...,n —1
we have {f(a), f(b)}= {xt, xi+1}. Then c¢=d(Q (a, h)) in the subalgebra generated
by {a b, x,> Xn}.

Proof. Consider elements A, BE21 whose first components are a, b, respectively-
Let us, furthermore, enumerate the elements f(A),f(B) in the following way
i=0, ..., n—=):
( We denotg by YO the element in {fifiA), /,,(E)}, which has x0(=c) as first
component. Suppose FO, ..., Y3 is already defined, then let F2i+l be that element
of {f{A), fi(B)} which was not chosen to be Y2 and we define F2i+2 as that ele-
ment of {/i+i(A), f1+i(B)} which has as first component xi+l (i.e., the first com-
ponent of F2ifl). TNrw, we have YO0=Y2n+l(<P) where @ denotes the congruence
of 91 generated by (A, B), (F1? F2, (Y3, F4), ..., (F2,_1, Fa,). By CEP the same
relation holds in the subalgebra of 21 generated by {A, B, FO, YL, ..., YZn Fn+1}
and another application of Mal’cev’s lemma gives that the same holds for the
first projection. This proves our proposition.

Proposition 4. If ¢c-=d and c¢=d(0 (a, b)) holds in a WAL 21, then there
exists a Mal’cev sequence c—x0,x x, ..., xn=d satisfying cssxtSd, for i—0, 1, ..., n.

Proof. Let /0, ..., f,- 1 be unary algebraic functions such that {f(a), f(b)}=
= {ToTi+i} and c=yn,d=yn. Define gfx)=(c'If{x))i d. Then, for =
=(cVyi)\d the proposition is satisfied.

Proposition 5. If 21 satisfies CEP and 911 is a subdirect irreducible component
of 21 then 21! belongs to BIP.
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Proof. Let a<6<c a chain in 'Jixsuch that for a unary algebraic function
[ we have, say, {f(b),f(c)}={a,b}. By Proposition 3 we have a=b(0(b, c))
in the three element chain {a, b, ¢} which is a contradiction.

Theorem 4. Suppose 21 is a WAL satisfying CEP and 21r is a subdirect irreduc-
ible component of 21 not belonging to U and & is the smallest non-co congruence
0/91x. Then each O-class is a simple WAL which does not belong to U unless it is
a singleton. Let $ denote the subalgebra of 21 consisting of those elements whose
first components belong to a given non-singleton 0-class. Then 23 satisfies CEP and
thefirst component of © is simple, does not belong to U and belongs to BIP.

Proof. The ©-classes are simple by Propositions 3 and 4, using the fact that
c=d(0(a,b)) yields c=cVvVd(0(a, b)) and d=cVd(0(a, b))

Now, let [a]0 be a non-trivial class. Then there is, clearly, an element bc[a}0
such that, say, a<6. In case 0 =i we are done. Thus, we may suppose that
there exists a c(f [a}0 such that fc<e (or which is the dual case). We claim
that we can change, if necessary, these elements such that a<c is satisfied, too.
aAc=bAc=b(0) and (aAc)Vb=b\Jb=b(0) implies that aAc, (aAc)\/b£[a]O0.
Thus, aAc”c, i.e, aAc-<c. Since b<c, by definition, and (aAc)\/b=c(0),
we have (aAc)Vb<c. The relation aAc”a<b implies aAc”b, i.e., (aAc)\/b
differs either from aAc or from b, yielding that either {aAc,(aAc)\Jb, c¢) or
{b, (aAc)Vb, ¢} is a chain of the desired form. By definition of 0, we have
a=b(0{b,c)). Then, by Proposition 4, there exists a Mal’cev sequence
a—x0,x1,...,xn=d satisfying alllx"b (i=0,1, ..., n). Suppose, [a]JOEU. Then,
by simplicity, it satisfies the UBP, yielding x f {a, b) for each / in question. Thus,
for one of the unary polynomial functions determining the Mal’cev sequence we have
{a, b}={f(b), /(c)}. This implies that this component is AIP which contradicts
Proposition 5. Taking into consideration that CEP is hereditary to subalgebras,
the theorem is proved.

As a consequence of Theorem 4 we mention that no WAL which does not
belong to U, satisfies CEP if the following conjecture is true:

Conjecture. Each simple WAL is either AIP or belongs to U.

We remark that by Theorem 4 this conjecture is equivalent to the following
“stronger” one: each subdirect irreducible WAL is either AIP or belongs to U.

All the simple WALs which were mentioned in this paper are AIP. Moreover,
the simple lattices which do not belong to U are AIP, too. Indeed, these lattices
contain one of the five-element non-distributive lattices, for which the existence
of the chain in question can be given by an easy computation.
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ON THE CESARO SUMMABILITY OF POWER SERIES
ON THE CIRCLE OF CONVERGENCE

by
J. DEAK

Aupar [1] has proved the following two theorems for oc"O:
Theorem 1. Suppose that

@ Ne )= 2apzp
P=0

is (C, a) sununable at the point £, |f]= 1 Let s be a conformal univalent mapping
of the unit disc onto itself. Then

@) /A ®)]= 2 b pz”

is (C, a+ 1/2) sununable at C* defined by <p(CH=£e

Theorem 2. Let tp be a conformal univalent mapping of the unit disc onto itself
and suppose that gis not a rotation. Let 1/2 and |(|= 1 Then there is afunc-
tionf of theform (1) (C, a) summable at ¢ such that (2) is not (C, a+ € summable
at V defined by <(£*)=£.

We are going to extend these theorems by proving that they hold for each
a=-—1. In view of Alpar’s results, it would be enough to give proofs for —<a<0.
We shall show, however, that the validity of the theorems for a=0 involves their
validity for all a> —1. Our proof may be, at least in the case of Theorem 2, of
some interest even for a>0, since Alpar [2] has found a new proof simpler than
the original one for the special case a=0 of Theorem 2. The two theorems will
be proved simultaneously.

Notations. (JT, a) is the family of those functions of the form (1) for which

ajAp is convergent where d£=|""7j [in other words: appn is conver-

gent]. (#, a) denotes the family of those functions of the form (1) which are (C, a)
summable at 1 [i.e, /(z)/(1—=z)a+1£(Jf, a)]. is the system of functions regular
in the closed unit disc D [i.e., in an open set containing DJ.

The following simple lemma proved in [3] will be used:
Lemma. |f ME($I, a), a> —1 and N£&tD, then MiVvEQJT, a).

Proof Of both theorems for a>—1L Let a> —1 and 0&<5sl/2 and tp
be fixed. We may suppose without loss of generality that £=£*=1, so <p(l)=I.
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Let us consider the following statement (which is, depending on the choice of a
and 0, either true or false):
P(a, ® 1E€(#, a) =>/[<?]€#, a+ b,
Take now an fe (if, a) and put

/(1) _

L(z —= | z
© @ a2
and

(4) (1;r7)_ = pi:o Al, ﬂ:)'
We have

ren I[<p(r)] (I-(p(2)V
) (L-ry ™ -H>UW -T=T-)

As <p()=1 and ¢>'()~0:

© No (Ta-Ir~

Thus, by the Lemma and (5):

<>
(1_[Z)g‘Jr):Il+ T € at+th) ff Hag{x, x+0)

and so P(a, 0) is equivalent to

Pi(a, 9 Le(Jf,a) =>4d,€0Jf, a+ B,
It is easy to see that
L S = y/sA (=012,
Aap—a n=0 ne glan e
where
yfP=B;

and the B*ps are defined by

JQ)

(1-2)a 2

(remember that 1/(1—z)a+1=  Apzp). Now, according to (3), (4) and (7), Pi(a, S)
[and so P(oc, ()] is equivalenet_t% the following:

<* The sequence-to-sequence transformation defined by the matrix
(< <5)l U convergence preserving.
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By the Kojima— Schur theorem, [yfp]p is convergence preserving iff
a) for each n fixed, converges to a finite limit as

b) the sequence \I )(’)y’p[ converges to a finite limit as p—e and
n= Ip

¢ 2\Yrp\=0(\) (p-~).

We shall show that a) and b) always hold; thus [y*dlp is convergence preserving
iff c) is satisfied, so P2(a, 9 [i.e., P(a, ] holds iff

pa(M) 2n*\Biph = o(p*+i)
[remember that Ap~p*/I'(1 +a)].
Proof of a). We have

3
In order to get an estimation for Bfip, we take the integral along the curve #OE’

(with 0<£<1 depending on n,p and &) where EOis the circular arc round |
connecting e~h with eie inside D; Exis the segment [€\ Reu]\ E2 is the arc Re,:
(e™ 772 n—e); finally, E3is the segment [Re~le e~icl Here 7?>1 is chosen such
that (p is regular in the disc |z| and there is a constant o 1 with

2\ < I+c(]z]-1) (Is|z|SA).
Our estimations for the integrals on Ex, E2 and E3 will be independent of eg;
for n and p fixed, the integral on EO can be made arbitrarily small by choosing
a small enough e. Thus the integral on EOcan be disregarded in what follows. Now
it will be shown that

®) Brp= O"p*-) (7 < p/0)

uniformly in n. [To prove a), it would be enough to verify (8) for n fixed, but later
we shall need this more general statement.] Now

v-U)
«>=bolt jez £ zp+1(l-r)itl>= 2ni O Iy’

here, as [1—z|=|zZ—1 on Ex, we have for n<p/2c:

/2 - 4 - O LYK i e W

(1+>-) [+ 2)g/2dt-
- § (+y)prv (1+ym2y7 =2f (I+.2¢
120 F(1-0)r(T+0-1)
I (1l mdt = 2T (1) (m> 1),
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(see [4], 3.241.4), we have /1=0(/?41). Similarly, 13=0(p&~). Further, 12=
—O0(pal) is evident, so (8) has been proved and yfp=0(l/p*+)=o0(l), i.e.,
a) holds.

Proof of b). Take /(z)=1 Then evidently a), hence, according
to (5), (6) and the Lemma, Hea(K, act 5. But now Ii=An [see (3)], so the con-
vergence of hp/Ap+s gives b) [see (7). Thus we have proved that P(a, € and
P3(x, 9 are equivalent.

By (8),
2 mKRA=0(p03) 2 n*= 0(ps-JO([pl2zcr+]) = O(p*~+,

n~p/2c

thus P3(@ <9 [i.e., P(a, 9] is equivalent to
P«(M) 2 e\ = o(P*).

ii>pl2c
Starting from the equality
Rs J_ T__ 7@ __ ,
Bop 2ni.J_ zp+l(\-z fd
with some 0<£<1, one can readily check that
Ne P = 0O(r") (n >[c°p)

holds uniformly inp for some 0<r< 1 and c¢°>-0. c° is clearly independent of a«
Thus
2 nBPRA=0(\) 2 n°rn=

0(1) R 0(D)O(rp = 0(px+i) (a=i0),
0(1) 'lOm* =Ly [ =0(1) = 0p™+) (asO),

So P4(a, 6) [i.e, P(a, d)] is equivalent to

A MBYA= O(p+)

p/2c<TkC®p

which is evidently equivalent to

Pe(«, 8) 21 \K\ = o(po.

p/2c<7i<cOp

Theorem 1 means P(a, 1/2) and Theorem 2 means that P(a, < does not hold if
c5<l/2 and <pis not a rotation. But P5(c < [and so P(a, d)] is independent of a,
so if the theorems hold for some a (for example: a=0), then they hold for each
=— 1 as well.
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EINE UNGLEICHUNG FUR KONVEXE FUNKTIONEN

von
WILHELM FLEISCHER

Gegeben sei eine streng monoton wachsende Folge reeller Zahlen x0, xt, x2, ...
mit x0=0, =1 Fir /*1 werde mit 6j der Abstand von Xj zum néchstgelegenen
Punkt der Folge bezeichnet: fy=min (xj—Xj-It xJ+1—xj). Im Jahre 1968 zeigte

R. E. L. Turner [1], daRl stets 2 Xj 2Aj—r12|6 gllt A. Florian [2] bewies 1972
die Ungleichung i=

j%|X7SD]— £00=ig:I k~s (s> O

mit dem Zusatz, dall das Gleichheitszeichen nur fiir die Folge der natirlichen
Zahlen (Xj=j fir j—0, 1,2, ...) richtig ist. Hier soll dies verallgemeinert werden
durch den

Satz. Ist fix) eine positive konvexe Funktion Uber dem Intervall [1, +°°) mit

J f(x) dx< +°°, dann gilt mit den obigen Bezeichnungen stets
I

(i) 2 f(xj)ojta z m
und bei streng konvexem f (x) ist das Gleichheitszeichen wieder nur fir die Folge
der natirlichen Zahlen richtig.

Hirtfssatz 1. Sei g(x) eine monoton abnehmende Funktion (ber dem Intervall
[1, +=>) und linear zwischen je zwei aufeinanderfolgenden natlrlichen Zahlen: g(x) =
=?(Mi(1_ Wi+ I(W+1)W féarolle rS1 ([r]Sx<M +1 mit naturlichem [x]
und {x}=x—x]). Sind dann x0, x1r..., x,, reelle Zahlen mit x0=0 und Xj—X j-"1
fur 1Sj*n, so gilt stets

2, SOGXIXJ)) —2, 90+ g+ DK Y.
Beweis (Induktion nach n). Fir je~1 gilt
g(*)* = g()+ g (*)(x-1) = g(M)(I-{x}) + g([x] + D{x}+g(x)(x—1) s
~gM)(-{F+F—)+g(M+1){*} = g(M)M +g(M +i)M *
M
s |2, 9Ne)+g(W+)W,

Studia Scientiarum Mathematicarum Hungarica 13 (1978}



208 W. FLEISCHER

was die Ungleichung fir mn—1 beweist. Sind jetzt x0, xr, xn reelle Zahlen mit
x0=0, Xj—Xj-x—1 fir 1Sj*n (Um=-1) und ist die Ungleichung richtig fir
X0, XX, ..., X,,_!, so gilt

I M4

JZ_ g(.Xj) (Xj-Xj- 1)' 2 g(xj) (- Xj-Xj-D +g(xn+g(xn(xn-xn-1-1) =

n20 g(fe)+g ([, -]+ )K-i}+g(M)(I-W)+g(W + DK }+
K-iH1
+g(W)("»-"n-1-1) = 2 - g(fe)-g(["n-I]+ 1) (1-K -1}) +
K-iH1
+9([*I)G*I-*»-i)+g([*I+D){* .} gq 9()+

()W - Ix,_i]-1)+ gl 1) {2 g(fc)+ g(W + 1K}
was Hilfssatz 1 beweist.

Hilfssatz 2. Sei g(x) eine Funktion wie in Hilfssatz 1 und die Folge der Differen-
zen g{ri)—g{n+ 1) monoton abnehmend. Ist dann iS.x=y<y+£<[y]+ 1 so gilt

gW +«'L(«0'+i)* ?2W )0,- T) - g(y)-

Beweis. Es ist
£ 1(90;+£5—g(y)) =

= £ 1(g(M)(1- {y}- B+ a(yI+1)({y}+ H- g(lyD(1- {yD- a(yl+1){yh =
= £-1(-9([yD£+ o(lyl+ § = oIyl + D-9(lyD.

Somit bleibt g(x) - g(y)s (9(lyD -9(lyl + D)) (y - x) zu zeigen.
Ist [X]=[y], so gilt

gW -g(y) = a(lyD(i —W)+g(lyl+i) W -g(IyD(i-{y})-g(Iyl + i){y} =
= g(yDHYy}—W)—a(lyl+D({y}-{*D =
= (g(lyD-g(lyl+i)(y-*).
Ist [x]-=[y], so gilt
gW -g(y) = g(M)(i- W)+g(M +i) M -g([yD(i-{y))-a(lyl+D{y} =
= (@M)-gM+ D)) - {*H+g(M +1)+
+ (9(yD - 9(yI+1) M - g(lyD) E (9(lyD) - 9([yl+ D)(L- W+[y]- W -1 + M) =

= (9(lyD-a(lyl + D)(y-")-
Damit ist Hilfssatz 2 gezeigt.
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Hi(IDfssatz 3. Sei g(x) eine Funktion wie in Hilfssatz 2, g(x)>0 fur alle x s
und k2_1g(k)< + Seien weiters x0,xk, ,xn reelle Zahlen mit x0=0, xx=1
und X!<x2< ..<x,. Wird 6j=min(Xj—Xj-i, Xj+i—Xj) fur 1SySn—1 und
on=x,,—Xxn- 1 gesetzt, so gilt stets

j2,900)05's 2, (k)

Beweis. Es werde fur beliebige n+1-Tupel co=(x0,xI9  xn mit obiger

n
Gestalt F(@>)=2 g(xj)aj mit den eben erklérten Sj gebildet. Da
J=1

M

FO) A 2 g(xj)(Xj-xi-) S g)+/ g(dx S g)-t-f g(x)dx =
j=1 1 !

= (3/2)g()+ ig(fc),
ist sup F(co)< -b°°. «
Da ?(t)x wegen 12 g(x)xS f g(t)dt fur x nach + %>gegen Null konvergiert,

2
folgt mit dem Satz von Bolzano—WeierstraB3, da das Supremum fiir ein o ange-
nommen wird :

)] F(c3) = mgx F(oi).

Sei c6=(x0, xk, ..., X,,) und lj=xJ—xj-1 fir 1S7S/1.. Es gilt 1=/1S/2s...5/,,.
Angenommen dies ware falsch. Dann gabe es ein k, sodal 4-i>4- Sei dieses
K maximal: |k—4+1—seee—Ar ist 4<4+i. so gilt mit einer hinreichend kleinen
positiven Zahl e und &e=(x0, xI5..., x*-!, xk+e, xt+1, ..., X,) die Beziehung

e-1(F(co,.)-F(w))=e-1(g(x:t_D(4+£)-t-g(x:It+e)(4-1-e)-|-g(xjkD) (4 +i-e)-
-g(**-D)4-g(**)4-g(**+i)4+i)=f(*ii-i)+e_1(s,(*it+e)-g(x0)(xlk x Kk-i)-I-
+g(xk+e) -g(xk+l)sg(x*) +g(xk+e)-g (xk+l)

wegen Hilfssatz 2 (bei k=n ist —g(xk+1) wegzulassen).

Der letzte Ausdruck ist aber positiv und damit wére F(c69>F(c6) im Wider-
spruch zu (2).

Ist 4=4+i=-"=4+p<4+p+i—eee—4, so s*t wieder mit einer hinreichend
kleinen positiven Zahl e und

coe — (xq, Xi, ..., xk—, xk+e, xk+k-lI-6, ..., xk+p-be, xk+p+i, sse» xn)
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die Beziehung
e-"Fia')-F(e)) = e-1(g(xk- D(Ik+s) + g(xk+e)lk+g(xk+1+e)lk+...
. + g (xk+p+e)lk+ g (xk+pH){lk+p+1-e) - g (x k- DIk-g (x k) Ik-
-g (xk+D1k-...-g (x kHp)lk-g (x k+p+l)lk+p+l) =
= g(xk-i)+e~1(g(xk+s)-g (xK)Ik+E-1(g(xk+1+E)-g (xk+1))lk+ ...
.. te~1(g(xk+p+e)-g (xkp)Ik-g (xktp+l) & g(xktp)-g (x k+p+l)

wegen Hilfssatz 2 (bei k+p=n ist ~g(xk+p+l) wegzulassen).
Wieder ist der letzte Ausdruck positiv, was widerspriichlich ist. Somit gilt
I=/1S/24...4/,, und daher ist

F() = _ang(Xj)(Xj—Xj—j) mit Xj-xj_1s 1 fir
J:
Wegen Hilfssatz 1 folgt
f(a)= 29(fc)+g(W+0k}= JgW

und daraus Hilfssatz 3.
Beweis Oes Satzes. Sei f(x) eine positive konvexe Funktion lber [1, +«=)

00

mit J f(x)dx< +°° und g(x) ebenfalls definiert fir xw\ durch g(n)=f(n)

1
flr alle natirlichen Zahlen n sowie g(X)=g(n]) (1—{}) +g([v]+1){x} fur alle
Es gilt dann stets f(x)Sg(x) und g(x) erfallt wegen Y g(k)= Z, f(k)'s
k=1 *=1
—()) +If f{x)dx die Voraussetzungen von Hilfssatz 3. Ist jetzt x0, xk, x2, mm
eine streng monoton wachsende Folge reeller Zahlen mit x,,=0,~=1 und wird
<5j-=min (xj—Xj-x, xj+1—X]j) fur jisl gesetzt, dann gilt fir beliebiges natirliches
n wegen Hilfssatz 3 die Beziehung
Zf(X])0jS Z g(Xj)ojsi Zg(k)= Z fd<)
j=1 7=1 k=1 k=1
und daher auch
zfixjoj ™~ zm
=1 <t=i

Bei streng konvexem f(x) ist f (x)-*g(x) fir alle x, die keine natlrlichen Zahlen
sind. Enthélt in diesem Fall die Folge (xr) nicht nur natirliche Zahlen, so gilt

2, 1(xi)0j < Z 96§42 9= z Tk

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



EINE UNGLEICHUNG FUR KONVEXE FUNKTIONEN 211

Sind die Xj=rij lauter natlrliche Zahlen, so gilt

RO B R
;2,f(00si= 2 gl)si™ 2, g(ni)(nj-nj-3.

Der letzte Ausdruck ist wegen der strengen Monotonie von g(x) stets Kleiner als

k2_1g{k), wenn mindestens eine Differenz nJ—j-1> 1 ist. Somit ist bei streng

konvexem f(x) das Gleichheitszeichen in (1) nur fur die Folge der natirlichen
Zahlen erfiillt. Damit sind beide Aussagen des Satzes bewiesen.
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REDUCTION OF THE NUMERICAL DIFFUSION
IN MULTI-PHASE FLOW

by
GYORGY ADLER

Introduction

The numerical diffusion inherent to the usual finite difference formulae for
the numerical solution of diffusion and convection problems is well-known: the
numerical solutions of diffusion problems show higher diffusivity than the exact
solution, while in the case of purely convection problems without any diffusion
a diffusivity appears. In the case of a strong physical diffusion there is an easy
way to overcome the problem: reducing the physical diffusion coefficient by the
amount of the numerical diffusion, hence the numerical solution will have the
required diffusivity (see e.g. [3]). In the case of a purely convective transport, or
if the convection is preponderant over the physical diffusion, the remedy is not
so straightforward since in this case the numerical solution will produce unwanted
oscillations and will violate essential physical conditions (automatically satisfied
by the exact solution), e.g., densities would become negative. Boris and Book
in their paper [2] present a method to solve this problem.

In the present paper we shall discuss the case of multi-phase flow in a porous
medium without any diffusion. (E.g., the immiscible flow of gas, oil and water
in a rock.) This is a very strongly non-linear problem formulated in the form of
a system of equations.

The method of Boris and Book is a multi-step method. The so-called “anti-
diffusion” is applied in a separate step. In the case of multi-phase flow it seems
that the anti-diffusion has to be incorporated in the first step where the basic flow
is calculated, otherwise the algebraic condition (3) for the saturations cannot be
ensured in a natural way. (The usually followed “natural” way is to use a convenient
equation for the pressure to satisfy (3). But a purely diffusive transport is independent
of pressure hence condition (3) could not be satisfied by manipulating the pressure
in an anti-diffusion step.)

The problem of numerical diffusion is a great obstacle in the simulation (by
the finite difference method) of certain oil recovery process where the position
of a small amount of non diffusive chemical should be traced in the reservoir.
While it is known from practice that this chemical moves through the reservoir
always occupying a narrow strip, in the numerical solution the concentration
spreads out on an unrealistically large area. (The use of finite element methods
solves the problem in those cases only where the problem can be formulated in
terms of elliptic or parabolic equations, which is not the case in multi-phase flow
problems.) It is hopeful that the method presented in this paper — with proper
adjustments — can be used to attack this problem.
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Formulation of the study cases

We shall use the following formulation of the problem of multi-phase flow
in a porous medium;

n d(Qis,) _—d kL r dp)1,
ST
(2 0SS "1 (/=12 in)
€) i2=ist I
The physical meaning of the symbols is the following:

51 —saturation

p — pressure

Q — density

O] — porosity of the medium

X — absolute permeability of the medium
K — relative permeability of thephase
m — viscosity

F — injectionrate

X — length

t —time

I

—index of the component
L =L(lI) — index of the phase containing the component /.

We denote by S, the saturation of component / defined by

5 -1 -

Y

r pore

where F, is the volume of component / and Fpore is the pore volume of the medium;
moreover, SL will denote the saturation of phase L B

S1=2 Si

where £ denotes summation for all components belonging to phase L.

A
In general Q=Q{p) is a function of pressure, while the relative permeabilities
(taking care of the capillary effects) depend on the phase saturations:

KL=KL(SL S2, ,SM.

The strong non-linearity of the problem results from the dependence of kL on the
saturations. By definition we have:

OskiSl,
kL=0 for S < “vesidid (05?5£sidal < 1),

kL=1 for SL=1I-
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The system (1), (3) consists of m+ 1 equations for the m+ 1| unknowns
A'S,,S2 ..ij Sm

A usual way to solve numerically the system (1), (3) is to substitute equation
(3) by an equation for the pressure. Then, in each time step, we compute first the
pressure from this equation, and afterwards the saturations are computed by
using the previously computed pressure. With the help of the identities

dies) _ de dp ds
dt dpdt +Qdt’

yds,

A dt 0,
equations (1) can be combined to give
A “ 1de, \dp " 1
“) OV2, 5 dp Vdt =1 Q‘d?'\\xﬁt d'S'&%

This is an equation of the parabolic type for the pressure.

In order to get a more transparent study case we shall assume that ® and x
are constant and that the liquids are incompressible, i.e., g,=const. With a proper
choice of the constants the equations will be simplified to give

Equation (6) does not contain time derivatives, the dependence of the pressure on
time enters through the coefficients of this equation.

In the special case of a single-phase flow (M=1) d, is constant; assuming
this constant as unity, we then have

. ds, | .
(5) dt  dx {/Sll\d/lx)'
=
(6|) ﬂ,_) = 1=1

In those regions where injection is not present (i.e., F,=0), we have

dp _ = —v —constant
dx
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and (5') is reduced to the form
as__ as
dt Vdx '
This is the case studied by Boris and Book.
In order to make the calculations easier for eventual manual checks, we shall
assume that the relative permeability kL for each phase L depends on the respective

saturation 8L only: kL=IcL(8L). This does not change the basic problem arising
from the non-linearity.

(5'0

The numerical method

A comparison of results obtained with various possible finite difference for-
mulations shows that the so-called up-stream weighted formulae give the best
correspondence of the numerical solution of equations (1) with empirical results.
Hence in oil reservoir simulations exclusively up-stream weighted versions are
used, therefore we shall follow this practice.

Let us assume that the flow is oriented in the direction of the positive x axis,
i.e., dp/dx<0.

In our study case (5) we shall use the simplest, fully up-stream weighted and
mass-conserving formula (explicit in the saturations and implicit in the pressure):

S?+l-5] 1
(7) At —~2"  +12sj ~ vj- 12sj-"N+ Fj*
where
Vj+li2 — ~ Wj+l12-7c (Pj+1~P'j+1)>

®j+1/2 — ®(Sj)-
(Here we have dropped the component and phase indices and we are using equi-
distant nodes in both space and time directions. Space node points are denoted
by the subscripts j and time levels by the superscripts n. ip(S]) means the value
of ¢ calculated from saturations at the time level n at point j. Half integer indices
f7+1/2| refer to the block boundaries.) We shall denote this as our “conventional”
ormula.

A 1:The corresponding finite difference form of the pressure equation (6) will take
the form

B (axfmti- PHDZ(SN/feug - w +1-fix1)2(Sj-i'1"j-i,u)+ Z £j= o.

where summation refers to all components and all values — where not explicitely
indicated — are taken at the time level t=tn.

The conventional formula will be modified by the addition of an “anti-
diffusion” term:

(9) S;+1_ .I = - (\U'H | f - W'V*S\]'l)+ fj+

+“j+1/2(8j+1~31')+ —12(SJ-1-sj).
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As we shall see, 1 will have a negative value, hence the name anti-diffusion.
The corresponding pressure equation will have the same form (8) with the only
difference that the source term Z Fj will be substituted by Z F} where

Fi= Fj+Z [Hj+w2(S]+i-S])+tij- v2¢s;_x- 51

In order to find a proper corrective anti-diffusion we start with the constant
velocity case (5") when (9) will have the form

(10) s;¥l=s;- e(S]- 0+/1(S;+x- 2s;+5s;_j
with
o= A
AX’

Let us develop the discret function S" (j=1, 2,..., N) defined at the node
points Xj in a discret (complex) Fourier-series of which the general term is

aneikjAx P2 0,2 e N),

where K is the wave number. The application of the finite difference operator appear-
ing on the right-hand side of equation (10) transforms this function into

QRIH pikiax
where
aktl = A(k)ak,
(12) A (K) — 1—e+ 2/i) [1—eos (kAx)] —ie sin (kAX).

A{k) is called the (complex) amplification factor.
The general term in the “ideal” Fourier-series solution of equation (5") (de-
scribing a translatory motion with constant velocity v) is

ake “)
which corresponds to the amplification factor

B{k) = e~ikM= e~itkAx
for a time step At.

Evidently |5(JT)|=1, independently of the wave number k and time step At.
This expresses the lack of diffusion. The same property for A (k) cannot be assured
with any value of 4. One possible “good” choice for u is to select it in such a way
that the difference

\A(K)|*-1

be of the smallest possible order in k for k-+0. By expanding the trigonometric
functions in (11) into a Taylor-series at k=0 and equating the coefficient of k2
to 0, we get

(12) U=~e+ e\
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This is the anti-diffusion we propose to correct the conventional up-stream formula.
With this value of g, the amplification factor becomes

A(k) = 1—e2f —eos (kAx)] —ie sin (KAX).
We have the identity
(13) \A(K\2= 1-(e2-E4[l-cos(/cdx)]2
wherefrom

= uN-s=
\A(K)]s I for £ uAXs I

This is the well-known stability condition for the solution of equation (9).
We generalize formula (12) to the case of non-constant velocity by putting

1 11 2
Hj +1/2 — 2 £EY+1/2 '~2 ej'+1/2>

_ At
§ +H2—\f H2 ~

It results from (13) that certain higher harmonics will be damped faster than
the lowest harmonics (with &~0). This fact will produce the Gibbs-phenomenon
in solutions presenting sharp fronts or discontinuities. Therefore we must take
into consideration the fact that the numerical solution may violate condition (2)
which we want to satisfy in any case. Hence we have to perform a correction on
the solution at each time step; the correction will consist of the following steps
(here the time and space indices will be omitted):

i) if S,<0 then we set S,=0 (/=1,2, ....m);

i) if I2_iS t- 1 S<5
where $is a given small tolerance limite, then the correction is terminated;
iii) we put
1-2S,
Acorrected = £ (+ 5(, VL J— X
2 Sr AS,
1=1

i.e., we distribute the error 1—" 5, according to the weights S, -AS, where AS,
denotes the latest increase of S, :

ds, = Sn+1—-S".

Then we iterate the cycle i)—ii)—iii) starting at step i) until the correction is ter-
minated in step ii).

This correction procedure has been introduced by us in our paper [1], where
we observed that the correction procedure is quite a delicate step. E.g., the simplest
idea of distributing the error uniformly among the phases introduces new sources
of instability for the numerical solution.
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Numerical results

In all numerical examples we shall use 60 grid points. Injection rate will be
unity so that the global flow velocity will be unity, as well. We shall use a time
step dr=0.05, i.e., saturation fronts will move — on the average — 1 grid point
in 20 time steps. This is a choice within the range of most practical applications.
Higher values of dr would introduce too high errors due to the non-linearities.

a) Single-phase flow

First we consider the case of a single-phase flow with 3 components. Initially,
the distribution Sj of the component Ne 2 will be

The component Ne 3 will occupy the region to the right of component Ne 2, i.e..

Finally, component Ne 1 will only be present in the grid point j= 1 with a satura-
tion 5X 1 We inject the component Nel at the point j—1 with intensity 1

We shall trace the movement of component Ne 2 pushed forward by component
Ne 1 and pushing component Ne 3. The exact solution of the original differential
problem is known: the square shape of the initial values should undergo a trans-
lator motion with constant velocity t?= 1.

Figure l.a shows the movement of component Ne 2 computed with the con-
ventional formula without anti-diffusion. Figure l.b presents the same movement
computed with anti-diffusion but without the correction step. Finally, Figure l.c
shows the solution of the same problem with anti-diffusion and correction.

S
10

50

00)L
60

Fig. l.a

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



220 G. ADLER

Here we can observe some interesting features. Let us define the width of the
saturation bank as the length of the interval between the 5=0.5 saturation points;
we shall call the center of this interval as the center of the bank. It is a nice empirical

result of the computation that this width is constant in time and the center of the
bank moves with constant velocity v=I.

Studla Scientiarum Mathematicarum Hungarica 13 (1978)



REDUCTION OF THE NUMERICAL DIFFUSION 221

b) 3-phaseflow

Here we suppose that each phase consists of one single component. We shall
discuss two cases differing in the ratio of the viscosities. In both cases we assume
that the relative permeability is described by the same function kL—8§L for each
phase L.

We shall use in both cases the same initial conditions, identical to the initial
conditions discussed in the previous point a), with the only difference that the
numbering Ne 1, Ne 2 and Ne 3 will refer to different phases instead of denoting
components within a single phase. Again, the material Ne 1 will be injected.

In the first case the ratio of the viscosities will be chosen as
n: ft»=1:1:1,
while in the second case we shall use
A/ftuftj = 100:10:1.

Hence, in the second case the phase fronts should be very sharp, the phases per-
forming a piston-like motion.

Figures 2.a and 2.b show the saturation of phase Ne 2 without and with anti-
diffusion, respectively, in the first case. Figures 3.a and 3.b represent the results
in the second case, without and with anti-diffusion, as well.

S

It should be observed that in the calculation the functions k(S) have been
extended to the whole S' line by setting

i0 for S<0,
*<*> L1 for S>1.

This fact has practically eliminated negative values of the saturations. Indeed, the
condition k(S)—0 for S sO stops further decrease of S in case of an eventual
occurrence of a negative value Sj. As a matter of fact, the results represented on

Studia Scientiarum Mathematicarum Hungarlca 13 (1978)



222 G. ADLER

S
S
r
n
1
! J L J
20

Fig. 3.b
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Figures 2.a, 2.b, 3.a and 3.b have been obtained without applying the correction
step. (We should observe that in the case of a single-phase flow the correction was
essential in obtaining the results of Figure l.c. Hence we conclude that in those
cases where there are several components within a single phase, the correction step
cannot be omitted.)

Final conclusions

We note that the inclusion of anti-diffusion in the form discussed above can
be performed on already existing multi-phase flow simulators, since it only needs
the change of some formulae without introducing essential changes in the com-
puter codes. The inclusion of anti-diffusion practically does not increase the com-
putational time.

It is possible that other finite difference formulae with corresponding anti-
diffusions may give still better results than the one presented here. Hence it would
be necessary to investigate systematically all possibilities.
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FREE MONOIDS AND STRICT RADICALS

by
L. MARKI and R. MLITZ

This paper continues the investigations started in L. Marki—R. M1itz—
R. Strecker [4] and treats some more specific questions in radical theory: we deter-
mine the behaviour of free objects in monoid varieties with respect to strict radicals
and describe all homomorphically closed strict semisimple classes in terms of
(classical) group radical theory.

Throughout the paper we shall make heavy use of the notions, notations, and
results presented in [4]. Exactly as was done there, we fix an arbitrary variety ¥
of monoids which does not consist of groups only. Now we just recall the most
important definition from [4]: a strict radical in Y is a function g which assigns
to each ALY a congruence gA on A and satisfies the following three conditions
for all ALY:

() @(cA)™ Q(cpA) for every homomorphism (p from A,
(H) e(AleA)=co,

(1) dA=(o iff YBMA (Bx{I}=>eB"i).

According to a result of A. L. Smel’kin [5], for any radical in the variety of
all groups, there exists a cardinal number X such that Gx is radical if \X\”*x and
semisimple if \X\”*x, where Gx denotes the free group over the set X; furthermore,
for every cardinal number X there exists a radical for which just x is the “switching
point”. Let us see now the situation in varieties of monoids.

Theorem 1 Let ¥ be a variety of monoids which is not a variety of groups, and
let 4 be a strict radical in ¥ Then three cases are possible for q :

a) every free monoid in ¥ is radical;

b) every free monoid in Y is semisimple;

c) every free monoid in Y is neither radical nor semisimple.
Case a) takes place onlyfor the whole ¥ being the radical classfor 4. Caseb) takes
place if and only if a) is not the case and either thefree cyclic monoid Fx inY is in-
finite or Flisfinite and the two-element semilattice L is semisimple for q.

Proof. If one of the free monoids is radical then so are they all sincestrict
radical classes of monoids are closed under homomorphic images and free products
(see [4], Corollary 3.10). Clearly, this takes place only in the trivial case when all
monoids in Y are radical. If some free monoid is semisimple then by heredity
(see [4], Corollary 3.2) so is Fx. Conversely, suppose that Fj in Y is semisimple
and let Fx be the free monoid over an arbitrary set X We are going to prove that
Fx is also semisimple. Since Y is not a variety of groups, no identity of the form
xn—I can hold in Y. This implies that no identity of the form P(xx, ...,xt)=1
can hold either (where P is an arbitrary, say /c-ary, term), thus Fx is a semigroup
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with an “external” identity 1 adjoined. (For the identities which hold in ¥ this
means that they contain the same variables on both sides.) For any xEX, the mapping
>>x y>*\ (JEV\{x}) extends to an epimorphism qx: Fx-+Fx, the kernel of
which will be denoted by 0 X. Since Fxis semisimple, for the radical congruence
qgFx of Fx we have qFXQXCelB( 0 X. Consider now an arbitrary element wV| of

Fx and let x be a letter occurring in w. Then <x(w)VI, whence &$[l]JeFx. Thus
we have [1ufx={1}, be., Fx is semisimple.

We still have to determine when case b) takes place. Since we always have
N ={1} in. Fy, where Jxdenotes the class of 1for Green’s relation f, by Example 1
in [4] Fxis certainly semisimple if so is L. If Ftis finite (i.e., ¥ has an identity of
the form xk—xn 1=/c<n) then Fx must have an idempotent other than 1 and thus
it contains L as a submonoid. Therefore Fxis not semisimple if L is radical. Con-
sider, finally, the case when FL is infinite (i.e., in the identities which hold in "M
each variable occurs at the same number of times on both sides) and denote by
R the largest radical submonoid in Fx (this exists by [4], Corollary 3.9). Since Fx
is commutative, by Theorem 7.5 in [4] R is a normal submonoid of Fx (which means
that R is the inverse image of 1 under some homomorphism of FY. Let x be the
generating element of Fxand m be the smallest natural number for which xmCR.
(If i?={1} then put m=0.) Incase mVQ, let x"ER, n—km+p, 0"p<m. Since
R is a normal submonoid, this implies xpdR, whence p =0, i.e., R is the submonoid
generated by xm This means, however, that either R= {1} and Fxis semisimple,
or FyMR and Fxis radical.

Theorem 2. Let Y be a variety of monoids which is not a variety of groups. ¥
admits no homomorphically closed strict semisimple classes except the trivial class
and Y itself, if and only if Fx is either infinite or defined by x1+i=x! for some I.
If Fx is defined by xd+H—xI where d>1 then the homomorphically closed strict
semisimple classes T+Y in Y are exactly the homomorphically closed semisimple
classes (in the classical group theoretical sense) in the subvariety definedby xd—\ in Y.

Proof. Let S be a homomorphically closed strict semisimple class in Y. If
either Fx is infinite or Fxis finite but LES then all free monoids in ¥ belong to
S by Theorem 1, hence S, being homomorphically closed, equals Y. If this is not
the case then S whence the monoids in S have no idempotent elements other
than 1. On the other hand, since Fxis finite, every element of an arbitrary monoid
in S has an idempotent power which therefore equals 1. By this we have seen that
S consists of groups only.

In what follows we may restrict ourselves to the case that Fxy is finite and
is defined by the equation xd+H=xI, and that S is a class (hence a variety) of groups.
If <7=1 then ¥ contains no non-trivial groups and therefore S is the trivial class.
So we may assume that d> 1. Since S c f isa class of groups, xd=I holds in S.

Let Vi be the subvariety of ¥ defined by xd=1. Clearly, V is a variety of
groups and S£ VifY. By Theorem 35 in [4], S is a homomorphically closed
strict semisimple class in M. By Tran Van Hao [6], a class S' in a variety of groups
is a semisimple class (in the classical sense) if and only if S' is hereditary with
respect to normal subgroups and closed under subdirect products and extensions.
Since S is a variety, it obviously satisfies the first two properties, and the third
holds by Theorem 3.11 in [4].
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Conversely suppose that S is a homomorphically closed semisimple class in
(in the classica*sense). Firstly we prove that it is also a strict semisimple class
in #. Suppose that is such that (VAS/4) 3cpB”E, g>BES. Then this holds
in particular for all normal subgroups of A, whence ~€S. Conversely, S is a homo-
morphically and subdirectly closed class, whence it is a variety by S. R. Koga-
lovskil’s well-known theorem [2] (see also [1], Ch. Ill, 83, Th. 3). In particular,
it is hereditary with respect to subgroups (or equivalently, submonoids). Thus S
is a strict semisimple class in by Theorem 3.1 in [4].

Let 8 be the strict semisimple class generated by S in ¥, then S=SPI" by
Theorem 3.5 in [4]. Note that S consists of groups only. In fact, if is not
a group then, since A is periodic, there exists an idempotent element e~ in A,
but then L~{l,e}S/4, LEO1S, a contradiction to [4], Proposition 3.3. But this
means that §c¢ <ythus S=S. By this we have proved that every homomorphically
closed semisimple class (in the classical sense) in » is a (homomorphically closed)
strict semisimple class in Y

Finally, such a class always exists since is clearly a homomorphically closed
semisimple class in Ti and a proper subclass of ¥

By the proof of Theorem 2 we have

Corollary. The homomorphically closed strict semisimple classes in Y are
exactly those subvarieties which consist of groups only and are closed under (group)
extensions (within Y).

Now we give some indications how to find such subvarieties, though we do
not determine all of them explicitly. In doing this, we adopt the notations of
Theorem 2.

Let S be an extension closed group variety in Y Let r be the smallest natural
number such that xr=1 isvalid in S, then we have d—rs for some natural number
Vand the free cyclic group in S is just the cyclic group C(r).

If r—1 then S is the trivial class, so we may henceforth assume that r>1.

Suppose next that (r,s)” 1, then there exist a prime number p and a natural
number m such that pm\r, pm+l\r, pm+1\d. Let Gj be the free cyclic group in 'S,
ie., G1=C(d). Since pm+l\d,C(pm+)~C(d), hence C(pmtDE& Similarly, we
have that C(pm)€S and C(p)£S. Finally, pm+l{r implies that C(pm+D)$ S, contrary
to the extension property of S. Hence for a semisimple class S (r, s)* 1 cannot occur.

Suppose now (r,s)=1,r> 1, and denote by Sr the subvariety of § defined by
xr=1. We claim that Sr is a homomorphically closed strict semisimple class in ¥
In fact, by the Corollary above it suffices to show that Sr is closed under (group)
extensions, but this is clearly true, since if B is a normal subgroup of ACJS and
B,A/B(:Sr then ACS, must hold in view of (r,s)=I.

remark. Homomorphically closed semisimple classes of rings are known to be
radical classes as well (see r. wieganae [71. Theorem s2.1y. This is not the case
for strict monoid radicals. In fact, let G be a non-commutative simple group of
order d=pms, p a prime number, mél, (p,s)=1. Let ¥ and S be the monoid
varieties defined by xd+2—x2 and xp“= 1 respectively. In view of the preceding
considerations, S is a homomorphically closed strict semisimple class in Y We
have G *y\S, and by the simplicity of G and by p\d there exist at least two
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[7-Sylow subgroups HI, H, in G. If S were a strict radical class Then there should
exist a p-subgroup of G containing both Hland H2, but this is impossible.

Recall now that the classical examples for ring radicals (Jacobson, Baer, Koethe,
Levitzki, Brown—McCoy) have hereditary radical classes. This is again an in-
stance where strict monoid radicals show up a quite different behaviour. Examples 1
and 3 in [4] show strict radicals with non-hereditary radical classes. Now we shall
see that much more can be claimed, at least in sufficiently large varieties Y

Theorem 3. SUPPOSe that Y is a variety of monoids which is not a variety of
groups, and that every ALY can be embedded into a congruence-free monoid in Y
Let Vi be a non-trivial strict radical class which is differentfrom ¥, too. Then R is
not hereditary.

Proor. L&t and consider a BEVL, BXE. Let c be a congruence-free
monoid containing the direct product AXB. Now B~C and Bf R, hence C is
not semisimple. Then it must be radical in view of its congruence-freeness. Thus
CCR,déC ,d(R, whence R is not hereditary.

Remark. The condition imposed on ¥ in Theorem s is satisfied if ¥ is, e.g.,
the variety ofall monoids (see e.g. 5. k orrar 31 but not if Y consists of all commuta-
tive monoids. In the latter case the assertion does not hold either:

exampie. L6t Y be the variety of commutative monoids and R be the class
of abelian torsion groups considered as monoids. We claim that R is a hereditary
strict radical class in ¥ In fact, any submonoid of a torsion group is a subgroup,
whence itself a torsion group. Thus it remains to show that R is a strict radical
class in Y We do this by using Corollary 7.6 in [4]. Note that for any AOY A has
a largest submonoid R(A) belonging to R, this R(A) is {a£A |a"=1 for some natural
number Now it is clear that R is homomorphically closed and that for all
A™Y and BsA,BE£R and A/(B)aQR imply VAER, further R(") is a normal sub-
monoid in A, since g, h(zR(A), xCA and xg=h imply x=hg~1dTZ(A). Thus
Corollary 7.6 in [4] applies, yielding that R is a strict radical class.
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ON A NEW INDEX FOR CHARACTERISING THE VERTICES
OF CERTAIN NON-BIPARTITE GRAPHS

by
R. B. MALLION and D. H. ROUVRAY

Abstract

We present a new, physically inspired, graph-theoretical index which is a characteristic of
the vertices of certain non-bipartite graphs. The index is called the ‘charge on vertex r' and is given
the symbol gr. Following arguments similar to those of Coulson and Rushbrooke [1], we show
that, for those graphs to which the index is applicable, qr= 1 for all vertices of bipartite graphs,
whereas for non-bipartite graphs gr is, in general, not unity. In both cases, however,

Aadr=N,

where N is the number of vertices in the graph. Complications which arise when the spectrum of
the graph contains repeated eigenvalues are examined and one situation is identified in which the
index gr cannot be defined. Numerical values are given of computed <-values for various graphs
typical of those commonly encountered.

Introduction

There are very few graph-theoretical parameters which may be used to
characterise any vertex, r, of a given graph; an example of such an index is the
degree of a vertex. We therefore introduce here a quantity, associated with a well-
known physical property of molecules, which may have applications within the
framework of pure graph theory. The index we define arises from our studies [2] of
the ‘Pairing theorem’ of Coutson and Rushbrooke [1] as used by chemists in their
study of unsaturated hydrocarbon molecules by simple molecular-orbital| theory
[3, 4]. This index is analogous to what the chemist defines as the ‘charge on carbon
atom r' of a conjugated hydrocarbon species [3, 4]; we therefore propose to call it
‘the charge on vertex r' of a graph, and to give it the symbol gr. Our studies have
shown that the indices qr may be associated with graphs which represent molecules
well-known in chemistry. It is also found that gr can be defined for certain graphs
which do not, in fact, represent actual molecules [5], although application of the
index is not universal, as will be seen.

Preliminaries

In the simple case we consider first, we suppose that a graph, G, has N vertices,
and that the N XN vertex adjacency-matrix, (A(G)), of G has been diagonalised
to yield a spectrum of N eigenvalues, denoted by {AJ. These eigenvalues are labelled
A to An, from the largest to the smallest; subsequent reference to a ‘high’ or ‘low’
eigenvalue will refer to its position in this sequence. There is also a corresponding
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set of N eigenvectors, {t/q}, the Fth member of which will have the components
cn, ci2, ..., ciN. These eigenvectors are assumed to be normalised — i.e.

(i 2,4=1

We can now define the index g, in either of two ways, depending on whether or
not the spectrum of G contains repeated eigenvalues. As will be seen later (811 A),
our initial definition (81 A) is a special case of the more general definition given
in 811 A. It is, however, pedagogically instructive to treat the case involving distinct
eigenvalues first before considering the more general definition of qr.

Case |. The family of eigenvalues of G, {/.}, contains no multiple members
(i.e. all A are distinct)

A. The Definition of Qr

The vertex adjacency-matrix of G is always a real, symmetric matrix and,
because we are assuming here that all the $t are distinct, it follows that all the
will automatically be mutually orthogonal. This requirement, together with the
normality condition (1), leads to the general relationship:

2 2 AeirCjr = ai]
for any pair of eigenvectors, i/gand i/q.
Under these circumstances, the index gr may be defined by equations (3) and (4):

IS
(©) or —2 gt (for N even),
fulv-D 21 2
@) qr=2[ 2 ¢, >J+40@j),r (for N odd).

Using arguments similar to those employed by Coulson and Rushbrooke [1],
we shall show later (8 1 C) that, for each individual vertex, r, of a bipartite graph,
G, qr=1, whereas if G is only three-colourable, qTis, in general, not unity. First,
however, we prove a simple theorem which places a constraint on the sum of gr-
values in any given graph — bipartite or non-bipartite — for which the index gr
can be defined.

Theorem 1. For any graph, G, for which the index gr can be defined, (see §11C),

(5) H;r: N.

Proof. This follows easily from the normalisation condition (1). For N even
we obtain from (1) and (3) the result

(6) r2=N14 = 2:2_.]iN&f = zt\éﬁl: n.
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For N odd we obtain from (1) and (4)

N T fi(Iv-1) 1

) 2 Yr— 2 stV T - 2{4 (N—D}+ 1= N.

B. The Pairing Theorem

What we are here calling the ‘Pairing theorem’ states that any bipartite graph
will be possessed of complementary eigenvalues — i.e. if kt be an eigenvalue of
the vertex adjacency-matrix of the graph in question, then —At (—AN i+l in the
eigenvalue numbering scheme we devised in Preliminaries) will also be an eigenvalue.

This theorem was first put forward (in the chemical literature) by Coutson
and Rushbrooke iN 1940 [1] Earlier work by Perron [6, 71 and Frobenius [7—10]
had established that if the highest eigenvalue of an irreducible matrix having non-
negative elements were paired then all the other elements would also be paired;
much later this same result was obtained more concisely by wietandt [11]. Since
that time, the theorem has been proved (or, at least, implied) in a number of
different contexts [12—16], the various authors concerned apparently being un-
aware of the existence of the Coulson— Rushbrooke theorem [17]. Recent proofs
of the theorem in the chemical literature [18, 19], as well as extensions of it to
certain vertex-weighted bipartite graphs [20], have been based on the approach of
Sachs [13]. Yet another way of proving this same result was presented by one of
the present authors [21]. A corollary to this theorem that we shall have occasion
to use in the present discussion concerns the eigenvectors associated with these
complementary pairs of eigenvalues of a bipartite graph, G (a corollary which has
very recently been generalised to certain vertex-weighted, bipartite graphs [22]).
Let the vertices of one set be labelled from 1to p, and let the vertices of the other
set be labelled from p+\ to N. The adjacency matrix of G will then be partitioned
in the following way (e.g. [21]):

-P - «-N-p*
t
FI) 0 B
t
N-p BT 0

Then if an eigenvalue /; of the bipartite graph G has the associated eigenvector
i/g, where

(8) P, =
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the complementary eigenvalue, —H of G will have the associated eigenvector
Vi, where

€7]

<9) V ) Ci.p'% (~¢N-i+l)»

~ Ci,p

—<€in
(If the eigenvalues are labelled in sequence — in this case, from the highest to the

lowest — then the eigenvalue complementary to the one labelled /f will be labelled
‘Ajv-j+i’.) This can be summarised conveniently as follows:

(10) en-iH,j=cy u =PI cn-iHj=-cij (> p).

Both the pairing of the eigenvalues, and the close relation between the corresponding
eigenvectors, is a consequence [21, 22] of the way (illustrated above) in which the
adjacency matrix of a bipartite graph may be partitioned.

C. The Numerical Value of grin a Bipartite Graph

We are now in a position to discuss some properties of the newly defined,
graph-theoretical index gr. For simplicity, we give explicit proof only for the case
in which all eigenvalues of G are distinct.

Theorem 2. INn any bipartite graph, G, for which the index gr can be defined
(see §IIC), the value of gr at each vertex r is precisely unity.

Proof. Let € be a matrix whose columns are the N eigenvectors of A(G),
the NXN vertex adjacency-matrix of G. By virtue of condition (2), this matrix
will be orthogonal, and hence

(11) CTC = ljvxivi

where CT is the transpose of C. Since, by definition,
(12) C-'C=INN=CC-\
where C"1is the inverse of C, it follows that

(13) CT=c-1

and hence, from the right-hand side of (12), that
(14) CCT —Llvxn-

By equating diagonal elements on either side of equation (14), we obtain

<15) = LT
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We now use this result to prove Theorem 2 for even and odd bipartite graphs of
which all the eigenvalues are distinct.
(@ N even: If TVis even, gr is given by equation (3). If 1*r”p,

(16) cir = cN_i+>r

from equation (10). Equation (3) may thus be partitioned into two terms, as follows:
iN IN JN N

) o=pgd 2ctrig 4+ 2 4

These two equations can be recombined, and equation (15) called upon, to give

18 i oo

(18) a= 2,

If p+I~r~aN, equation (10) dictates that (16) is replaced by

(19) cir —=N_i+Ir

and equation (17) then becomes

(20) Cr: igl 4+i:}N2+I(-clr)2,

which again leads to (18).

(b) N odd: If N is odd, gr is given by equation (4), and it follows from the
complementary nature of the eigenvalues of a bipartite graph that at least one A,
namely A”n+d, must be zero. The eigenvalue A"n+i) is its own complement in
such a case. The genuinely complementary eigenvalues are then Axto A”n-i), and
Anto A (nts). By use of arguments entirely analogous to those outlined between,
equations (15) and (20), equation (4) can be written

i(N-1)
(21) b 2 @r+( 2 Ci>) +T(N+D,r —2 cb—1
i=1 V(=J(N + 3) i=1
for all r,I"r~"N, the latter step again being via equation (15). Theorem 2 is,
therefore, established.

If G is not bipartite its vertex adjacency-matrix cannot be partitioned by the
colouring process as in the bipartite case and hence, in general, no complementary
pairs of eigenvalues (and, in particular, no related pairs of eigenvectors as in equa-
tions (8) and (9)) will exist. In such cases it is therefore impossible to break down
equations (3) and (4) as in equations (17) and (21) since, in general,

(22) 2 |2=14A %I 4  (for even N)
and
i(iV-1) UN-1) N
(23) 2 31 45 -?. 4+_:$(N2+3) 4  (for odd N.

It thus follows that, in general, gr will not equal unity.
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gr may thus be regarded as an index which is a characteristic of the vertices
of /rom-bipartite graphs in that it will vary from one vertex to another within such
graphs. The variation in gr will, however, always be subject to what we term (again
following our physical interpretation) the ‘conservation of charge’; this constraint
is implied in equation (5). The idea of charge is a familiar one in molecular-orbital
theory [1, 4, 23, 24] and, from studies of the charges on atoms in molecules, it is
known that the definition of gr given above is not completely general. We therefore
now consider a more general definition of gr.

Case Il. The spectrum of G contains degeneracies (J.e. repeated eigenvalues)

A. Definition of Eigenvalue Occupation-Numbers and More General
Definition of Qr

When multiple eigenvalues (which we shall henceforth refer to as ‘degeneracies’)
occur in the spectrum of a graph, it is possible to invoke the analogy of a principle
known in physics and chemistry as the Aufbau Principle, which involves the use
of Hund’s Rules of Maximum Multiplicity [25]. The chemical applications of this
Principle have a sound physical interpretation; for our purposes here, however,
we treat the Principle merely as a prescription for assigning the appropriate con-
tribution of each eigenvalue, Xt, (via the r-th component, cir, of its associated eigen-
vector) to the index qr.

Each eigenvalue, Af, is first assigned an occupation number, vi5 which may take
only the values 0, 1 or 2. By analogy with the physical terminology, we shall de-
scribe the th eigenvalue, Ar, as ‘doubly occupied’ (or ‘filled’) if v;=2, ‘singly
occupied’ (or ‘half-filled”) if Tr=1, and ‘unoccupied’ (or ‘empty’) if V/=0. Refer-
ence to an ‘occupied’ eigenvalue thus implies one for which vf=1 or v,=2. This
gs_s_ignmﬁnt of values of 0, 1 or 2 to the {v}i=1;2..N is always subject to the con-

ition that

(24) 2;Vi=N-

The following rules are adopted when assigning r,-values to the various A:

L If Ais odd, let a and b be the smallest and largest values of respectively,
for which Ai=Ai(N+i).

2. If N iseven and XiN= XN+, let a and b be the smallest and largest values
of i, respectively, for which A,=A".

3. If N is even and AIN>XiN+1, let a=~N+i, b—"N.

4. If a+b=N+1 we define vLv2...,vN by the rule that v;=2 if i<a,
v;=1 if a”i*b and vfi=0 if i>h.

5 If a+b"N+I, a difficulty arises, as is discussed further in §l1l C, and
vi5Vv2, ...,vN (and, hence, qr) must be left undefined.

Our most general definition of gris then as follows. Let A(G) be the adjacency
matrix of G (with respect to a fixed ordering of the vertices) and let ¢, 42, ..., ¢m
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be mutually orthogonal * eigenvectors of A(G) corresponding to eigenvalues
Af A, ..., ljv, respectively, these eigenvectors being normalised so that
Neil=#al= —=hM=1- Then:

(25) gr= |2:I VEST,

where cir denotes the r-th component of t/g. It will be immediately evident that when
no repeated eigenvalues occur this definition reduces to our previous definitions
given by equation (3) (for even N), and by equation (4) (for odd N). It is con-
venient to draw further on our physical analogy and represent eigenvalue occupation-
numbers pictorially by first drawing an ordinate representing, in a qualitative way,
the direction of increasing number (i.e. decreasing size) of eigenvalue. Repeated
(degenerate) eigenvalues are placed at the same level in the pattern. One vertical
stroke placed on such an eigenvalue ‘level’ then signifies a vt-value of 1, two strokes
signify a vf-value of 2, and unoccupied eigenvalues (& =0) are left blank. With
this convention, the equivalence between definitions (25) and ((3) and (4)), in the
non-degenerate case, may be confirmed by reference to Figs. 1 and 2.

This new definition of gr may be seen to be equivalent to the definitions con-
tained within equations (3) and (4) even when degeneracies are present, provided
that these degeneracies do not occur amongst the uppermost occupied eigenvalues.
Examples are given in Figs. 3 and 4. We necessarily assume again that appropriate

* From the well-known properties of real-symmetric matrices, the eigenvectors belonging to
distinct eigenvalues will automatically be mutually orthogonal. If, however, the r~th eigenvalue
(say) is ra-fold degenerate (i.e., occurs m times as a root of the characteristic polynomial of A (G)),
there will be m linearly independent eigenvectors, t/d11, yd2>, ..., Wtr>, e >vd"1 > all giving rise to
the same eigenvalue, Xt, but these will not, in general, be mutually orthogonal. Each of these
eigenvectors will, of course, be orthogonal to every eigenvector belonging to all the other eigen-
values, Xr when r?ti; but, in general, the set of eigenvectors {i/,.<r)} will not satisfy equation (2).
However, we can always choose a new set of eigenvectors, V<A ..., >v4<m), by taking
different linear combinations of the {t*r>}, which will be mutually orthogonal. Such a new set
will, after normalisation, always satisfy equation (2), even when the spectrum of G contains re-
peated eigenvalues. Accordingly, in our most general definition of qr, given in equation (25), it
is implicitly assumed that this process of orthogonalisation has already been carried out.
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N=9 E
9
_ 6
7
5 n==6
3
1
Fig. 2
N=14
N=13
Fig. 4

linear combinations of the linearly independent eigenvectors associated with the
degenerate eigenvalues are taken in order that equation (2) is satisfied. Furthermore,
when N is even, definition (3) is still applicable in the case where degeneracies occur

in the uppermost occupied eigenvalues provided that these eigenvalues are all doubly
occupied (see Fig. 5).
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Fig. 5

B. Applicability of Eigenvalue Occupation-Numbers

Where there is degeneracy amongst the highest occupied eigenvalues, and
this degeneracy occurs such that each member of the degenerate set is singly occupied
(M—1L), we have the situation which the two graphs shown in Figs. 6 and 7 illustrate.
In such cases, because equation (25) is no longer reducible to equations (3) or (4),
gr must be defined by the generalised definition given in equation (25); otherwise,
Theorem 2 will not hold. This is evident by reference, for example, to Figs. 6 and 7.

N=6
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C. An Ambiguous Case

There is one circumstance in which the index gr cannot be defined at all; use
of the Aufbau procedure in this case leads, both physically and mathematically,
to an ambiguity. We illustrate this with reference to the graph shown in Fig. 8 *
The situation in question arises when, by rules —3 of §11 A, a+ b N+1.

The graph in Fig. 8 has six vertices and hence, from equation (24), we should
expect that

(26) 2V, = 6.

Fig. 8

However, following rules 1 to 3 of §11 A leads to the conclusion that a=2, b—4,
N —6; thus a+b~N+I| and, by rule 5 of §II A, vx, V2, ...,vN are undefined.
On the basis of the physical Aufbau Principle, which the recipe outlined in §11 A
is designed to simulate, v, is unambiguously defined to be 2; from equation (26),
this leaves a total ‘occupation-number sum’ of four still to dispose of. The Aufbau
Principle then, however, predicts three equally plausible possible choices, as de-
picted in Fig. 8 for the cases labelled (a), (b) and (c). Use of the Aufbau Principle
gives us no decision on which of these three cases our assignment should fall; in
this situation, therefore, the {v}, and hence gr, are left indeterminate.

To summarise, we can say that our definition (25) of gr becomes ambiguous
when the highest occupied eigenvalues are degenerate, though in the cases where
the repeated eigenvalues are either all doubly or all singly occupied, this difficulty
does not appear. However, in cases where, on the basis of the Aufbau Principle,
some members of a family of repeated eigenvalues would have to be singly occupied,
while others are doubly occupied, the ambiguity arises. In the present procedure,
in which we have translated the physical Aufbau Principle into a series of purely
abstract, logical, mathematical steps, such cases are diagnosed when a and b, deter-
mined by rules 1to 3 of § Il A, are such that

27) a+b” N+ 1.

* The graph in Fig. 8 may be visualised in three dimensions as a bipyramid (or octahedron).
By use of the symmetry properties of this pyramid, the eigenvalue pattern depicted in Fig. 8 may
be written down almost by inspection. We are most grateful to the late Professor C. A. Coulson,
F. R. S., for kindly drawing our attention to this aspect of the eigenvalues of graphs.
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D. Some Illlustrative Examples

To conclude, we give a few numerical examples of gr-values, calculated for
several different graphs. The graphs depicted in Figs. 9 to 14 are all bipartite and,
as anticipated from Theorem 2, the index gr is precisely unity for each vertex of
these graphs. The graphs illustrated in Figs. 15 to 20 are all non-bipartite and thus

1.000 1.000
1.000
1.000 1.000
1.000
Fig. 9 Fig. 10
1.000
Fig. 11 Fig. 12
1.0
1.0
1.0
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have gr-values which, in general, are not equal to unity. For the graphs we illustrate,
values of gr vary from 0.70 to 1.21, and no vertex has its gr-index exactly equal
to one.*

The bipartite graphs in Figs. 9 to 12 and in Fig. 14 have all been drawn so
that they possess at least some element of symmetry. The lowest symmetry is that
of Fig. 11 which has C-symmetry. It should be noted, however, that neither sym-
metry nor the possession of an even number (N) of vertices is a prerequisite for
having gr-values equal to unity. Thus, the completely asymmetric graph shown in
Fig. 13, having an odd number of vertices (N=21), has all its {gr} equal to unity
because it is bipartite.

1.000 1.000 0.849 1-128

Fig. 14

0.719 0.719

*Figs. 9—20 illustrate numerical values of computed ~-values for the vertices of some graphs
typical of those commonly encountered. Where graphs represent known molecules, the gr-values are
taken directly from [24]; in all other cases, the ~-values were computed from equation (25), by use
of a standard Jacobian matrix-diagonalisation technique carried out on the Oxford University
KDF-9 computer.
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Among the non-bipartite graphs, that depicted in Fig. 17a has been drawn in
such a way as to bring out the relation between it and those shown in Figs. 16 and
18. Both of the latter graphs, as drawn, clearly have Civ-symmetry; but so also
may that depicted in Fig. 17a, if it is drawn differently. This is evident from in-
spection of an isomorphic form of the graph, shown in Fig. 176. Furthermore, it
may be observed that the ”~-values of Fig. 17a reveal this underlying symmetry
which the disposition of the vertices and edges in this Figure actually hides. This
‘latent” symmetry is a consequence of the invariance of the eigenvalues (and eigen-
vectors) of an adjacency matrix under the kind of homeomorphism that converts
Fig. 17a to Fig. 176. Such invariance is, of course, reflected in the <«r-values cal-
culated from the eigenvalues and eigenvectors of the adjacency matrix.

079 0882 0.832
128 105
Fig. 17 (b)
0027
1215
1017
Fig. 19

It is also instructive to compare the gr-values for the graphs shown in Figs. 14
and 15. These reveal the consequences, as far as the ~-values are concerned, of intro-
ducing even a small ‘perturbation’ into a large, bipartite graph that makes it non-
bipartite. The graph in Fig. 15 is readily obtained from that in Fig. 14 by the con-
version of one of the many four-membered circuits it contains into a three-membered
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0.922

circuit. Such a conversion vyields a new, von-bipartite graph, with consequent re-
percussions on the  -values. Finally, we note that, both for the bipartite and non-
bipartite graphs we consider, the ‘conservation of charge’ constraint implied in
equation (5) applies. This is universally true; for example, both for the graph in
Fig. 14, and that in Fig. 15, qgr=8, the number of vertices in each case.

r
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SUR LA REPRESENTATION BINAIRE DES CATEGORIES
POLYADIQUES

par
V. V. TOPENTCHAROV and Y. N. ARNAOUDOV

Dans la théorie des catégories polyadiques [7], un des cas de la théorie générale
des {«}-catégories [8], on se pose, par analogie avec la théorie des //-quasi-groupes
[1] et des u-groupes [2], les problémes de présentation par catégories binaires. On
distingue deux approches. Dans le premier, étant donnée une catégorie polyadique
C[nl, on cherche une catégorie H telle que CJr puisse étre plongée dans la catégorie
polyadique Hbi dérivée de H; en général Hbl est a ensemble-support plus grand
que le support de C[nJ; c’est un analogue du probleme de recouvrement des w-
groupes de E. L. Post [6]; sa solution pour les catégories polyadiques est donnée
dans [7], [9], [11]. Le second approche consiste a construire une catégorie C sur
I'ensemble-support de Cbl et un endofoncteur F tels que tout composé dans CM
soit présentable comme composé dans C, les éléments de la suite composable étant
alors les transformés par la puissance i—1 de F, i étant le numéro des éléments
dans la n-suite composable dans CJb]; ce probleme est un analogue du théoréeme
de L. M. Guuskin [3] et de M. Hosszu [4]; pour les catégories polyadiques il est
résolu dans [9], [10], [11] par des méthodes déduites de celle de [3].

Nous nous proposons dans cet article de donner une nouvelle démonstration
du théoreme de représentation binaire d’une catégorie polyadique par une catégorie
et un endofoncteur en suivant la méthode de Hosszu [4]. La terminologie et les
notations sont pour les catégories celles de S. MacLane [5] et pour les catégories
polyadiques — celles de [7].

L Définitions et généralités sur les catégories polyadiques

Soit C une catégorie, C son ensemble-support et CO I’ensemble de ses objets,
identifié a I’ensemble des unités de C; on note [C]=(C, R, a) le graphe (orienté)
sous-jacent de C. On appelle [n]-graphe le triplet [C]M=(C, R, &), ou pour tout
/CC on a

R:/-(A))"-1=(B(f), -, B(NH), al~(a(/)y-1 = («(/)), ..., a(/)).

A tout graphe [C] est canoniquement associé un [n]-graphe [C]w et inversement;
dans la suite on identifiera [C]*[C]M. Considérons la loi u-aire interne

AMS (MOS) subject classifications (1970). Primary 08A00; Secondary 18A99.
Key words and phrases. Category, polyadic category, binary representation, derivable polyadic
category.
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246 V. V. TOPENTCHAROV AND Y. N. ARNAOUDOV

K,,:C*C—C définie sur I'’ensemble C*Cc C" des w-suites composables; le couple
(C, /c) est appelé n-classe. On a [7], [8]:

D ¢finition 1. Le quadruplet (C, K,,, B, S) est appelé catégorie polyadique d’ordre
nEN ([n]-catégorie) et noté Cbl si les conditions (axiomes (K)) suivantes sont
vérifiées :

(K.I) (C, Kn) est une w-classe; (C, B, & est un [n]-grﬁphe.

(K.2) Pour toute s-suite composable (jc i*n)EC*C on a:

R mkn((x,: i S R)=RB(xi) et & K'((xt:i n)=ax,).

(K3) C*C = {(e; i S n): Stxp =RB(xp+), p» n-Lc C"
(K.4) (B(x), X)EC* C et [(I?(*), X)]=X, (&(x), X)EC*C et [(&(x), X)]
(K.5) Soit la suite (xs:s”2n-1); si (xp, ,xptn )6C*C pour tout psn -1
et si
-1, (4%, e xpw-D]j + oyxan- )EC* c,
[(¥i>- 5 -15[(*,5e=5%1i)])] =
i, 5 XpHH)], xp MIH 00 )]-

On en déduit les définitions de n-quasi-groupe et de u-groupe [1], [2]. Plus loin
on écrira B et a au lieu de R et & puisque [C]=[C]bl.

Comme pour les catégories [5], on construit la notion d’homomorphisme entre
[n]-catégories F: C[n— appelé [n]-foncteur.

Théoreme 1 [7]. Toute [n]-catégorie admet une catégorie de recouvrement H,
i. e.,, une catégorie telle que
(xt: i S N)CC*C, [(*;: i8& n]=xx.x2.....* £/l

Corollaire (Coset theorem [6]). Pour tout n-groupe il existe un groupe de
recouvrement.

Soit maintenant H une catégorie, a un inversible de H et F: H—H un endo-
foncteur vérifiant les conditions suivantes

F(@ =a, a.x.a"l—Fn-1(x), MEN et x€4.
Au quadruplet T=T(H, a, F, n) est canoniquement associee la loi un-aire

[P 1- M=% Fxa F2AXI ... frnr1Ar+D.a xn.
On a le résultat suivant:

Théoreme 2 [10]. Toute [n]-catégorie CJn] est isomorphe a une sous-[n]-catégorie
de la [n]-catégorie canoniquement associée au quadruplet 7=7'(L[C], e, F, n), ou
L[C] est la catégorie libre des chemins et e£[C],,.

Corollaire 1. Pour toute [ri\-catégorie Ctr il existe une catégorie telle que
Cr,] soit isomorphe a la [n]-catégorie canoniquement associée a T—7'(L[C], &, F,n),
e€[C],,,F:L[CbL[C].

Studio Scientiarum Mathematicarum Hungarica 13 (1978)
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Corollaire 2 [3]. Pour tout n-groupe Gn il existe un groupe (binaire) G tel que
G, soit isomorphe au n-groupe canoniquement associé au quadruplet T=T(G, e, F, ri),
e étant l'unité du groupe.

Ce résultat donne la solution du probléme de présentation binaire, mais ne
fait pas ressortir le fait important que les ensembles-supports de C[n] et de la [«]-
catégorie associée & T sont identiques.

2. Catégorie de représentation pour une catégorie polyadique

Soit C[n] une [n]-catégorie. On se propose de construire sur C une loi de com-
position k' canoniquement associée a £'=[(...)] de Ci[n] telle que si [C]=(C, &, @)
est le graphe sous-jacent de C[u], le quadruplet C—(C, k', §, o) soit une catégorie
ou a l’aide d’un endofoncteur convenablement construit tout composé [(xr: iSn)]
soit représentable par des composition dans C.

Lemme 1. Soit C[r une [n]-catégorie et [C]=(C, B, @) son graphe sous-jacent.
La loi de composition . : C*C~-C telle que:

(6 y) o [(x, yU'~2(x), y)]  siet seulement  si cc(x) = B(y),
définit sur C la structure de catégorie (a"-2(X)= (a(x),  a(x)), n—2 fois).

D émonstration. Evidemment (C, .) est un systtme multiplicatif et (C, B, a)
est un graphe. L’ensemble des couples composables par la loi . est donné comme
suit :

C*C = {(xy): a(x) = B(y), x,y£C} ¢ CxC,

ce qui est I’ensemble des couples composable de la catégorie sur [C]. Soit
(X, y)EC*C, i.e, x .y est bien définit; on a:

¢ W) = «([(*, %r-2Ax), Y)]) = a(y),

B(x *Y) = H(K*. R"~2x), V)]) = B(x),
ce qui découle de (K.2); on a donc

ce(x.y) = a(y) et B(x.y)=B(x)

et I'axiome des unités des projections est vérifié. Soit x=oc(X)=e; puisque a(e) —
=R(y), on a suivant (K.4):

ey =[(e,a26e),y)]=1[E..e.y]=y

et 'axiome des unités dans la catégorie est Vérifié. Soit x, y, zCC et ax)—B(y),
a(y)=R(z); alors suivant (K.5) on a:

(x.y), z = [([(x, a"-2Ax), y), oc™~2Ay), 2)] = [(x, a"-2Ax), [(y, a"-2y), D] = x . (y, 2)
et I’associativité de . est prouvée. Ceci termine la démonstration.
Lemme 2. L'application F: C—C telle que
F: x h [(/i(x), X, a"-2(X))]

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



248 V. V. TOPENTCHAROV AND Y. N. ARNAOUDOV

ou K,,=[(...)] est la loi n-aire de C[r et B, a les rétractions du graphe sous-jacent
[CIM définit un endofoncteur de C.

Demonseration. |l faut démontrer que F(CQcCO et que F(x.y)=
=F(x) . F(y) pour tout (a,y)EC*C. Soit x=e€C0; on a:

Fe) = [(B(e), e, a™~2Ae))] = [, ..., e)] = e€C,,.
Soit maintenant (x, y)EC*C; alors
F(x.y) = [(B(x.y).x.y, xn=2(x.V))];
puisque C est une catégorie, on a suivant le Lemme 1:
B(x.y) =B(x) et a(x.y) =a(y)
et remplacant ci-dessus, on obtient :
F(x.y) = [(B(x), x .y, 0c"-20))] ;
mais en vertu de la construction de la loi . on a:
x.y = [(V a"~2(x), M,
ce qui remplacé dans la derniere expression pour F(x .Yy) donne:
F(x.y) = [(B(), [(x,a"-2(x), y)], a - 20-))]
et suivant I'axiome de I’associativité n-aire (K.5) on obtient

F{x.y) = [[[("?(X), x, a’- 2X))], y, a"- 20))];
rappelons que

y = By .y = [(fi(y), z"-2B(y)), >0 - [(Bre4y), )1

et remplacons cette derniére présentation de ydC dans I’expression pour F(x . y)\
utilisant une fois I’associativité n-aire (K.5) on a:

F(x.y) = [([03(x), x, a"-2x))], [(Br~\y), y)I @™ 2(y))] =
= K)KX), X, a"-Z(X))], R-4Y y)! [03()/),y, a"—2(y)])],
mais en vertu de la construction de F et de . on a

[G8(%), x, @"“2(x))] = F(x), [(3(X), y, a"-2Ay))] = F(y), a(x) = B(y);
remplagant on a:
F(x.y) = [(F(x), a"-2x), F(Y))];
mais conformément a (K.2)

a(F(x)) = z([(B(x), x, a"~2(x))]) = a(x),
ce qui permet d’écrire
F(x.y) - [(F(), a"-2F(x)), F(Y))]-
En vertu de la construction de la loi . on a définitivement I'expression
F(x.y) = F(X) . F(y).
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coronraire. Uendofoncteur F vérifie les conditions

F\ca—Idc,, et Fn=F.

D emonstration. PUISqQUe F(e)=e pour tout eCCO, on a évidemment F|Co=
=1dCo. Suivant (K.2) I'unité a droite de la composition définissant F(x) est né-
cessairement a.(x) et I’unité a gauche —3(x). Alors dans I’expression

F*00 = [(R(X), [(FI(X), ...,[(B(x), x, a'-2(x))], an~2(x), ..., a"-2(X))], a"~2(x))]

on a a gauche exactement n exemplaires de 3(x) et a droite exactement n exemplaires
de a"~2(x); la seconde affirmation du Corollaire s’obtient alors en appliquant n1—1
fois I'axiome (K.5) de I’associativité n-aire.

Theoreme 3. POUr tout [n\-catégorie CM= (C, K,, [1 @) il existe une catégorie
sur le méme support et de méme graphe sous-jacent [C]= (C, B, a) et un endofoncteur

F: C—C, tels que pour toute n-suite composable (xp. i*n)EC*C ['expression sui-
vante est vérifiée:

[ i=«Q]= . F(x3.F2x3 .....Fnix,,),
ol F2= F . F, Fk=F...F (kfois).

D emonstration. L'EXistence de la catégorie C et de I’endofoncteur Test prouvée
dans les Lemmes 1 et 2. Nous démontrerons la formule de représentation. Soit

a cet effet la n-suite composable (xp. i*n)fC i C et présentons tout xp de (xp. LLIn)
comme suit

[(xp, yr+ Uxp)] = xp, p = n;
remplagant ces expressions dans le composé de (x,: i~n), on &
[(< i = »)] = [([(*I, aB_1(*))L [(x2 a'-*Xa))], ..., [(X., a"~1(&,)])];

puisque tx(xp- D)=R(xp suivant la condition de composabilité dans les N -caté-
gories, on applique l’associativité n-aire et on obtient:

[~ i=m] = [(xI5a"-2(xD, [([(B(xD, x2, n"~2Ax2)]....
[(B(xn-i), xn, an 2(x,,_D)], [(B(X,.), X,,, a"-2(x,))], a(x..)))] =
= [(*i> a"~2xi>M B (xfi X2, an- 2(x2)], ...
[(B(x,,-1), xn=E, a™-2Ax,_D)], F(xn), ax,)])] =
= [(x), a"_2(xD, [(B(xd, x2, a"-2(x2)], ..
«» [(B(x,,-3, X,,-2, an 2x,,_9)], B(x,"P, [(x,_i, a',-2(x,,_D), F(x,)], a(x,))])] =
= [(*i, a"~2xi), [([(/i(xd), x2, an-2(x3)], ...
oo [(12(%,,_2, X,,_2, 8B 2(X,,_ )], & (xn_j), xn_! . F(X,,), a(x,. )] =
= [(xi, a”- 2(xD, [([(1(x3, x2, a"-2xD)], ..., [(x,,_]j. F(x,,), a"-1xD], alx,,)])] =
= [(xi, y™uxr), [([(R(x2, x2, a'l_2(x2)], ...
[(B(X,,-1), X,,_i. F(X,,), a"-2x,))], a2x,)D] = ...=
= [(oe »[([(=)> - [(B(x,,-1 WE(X,.)), X,,-!. F(X,,). @™ 2(xn_1. F(x,,))], a2(x,,))])] =
= [(wem, [([(oe)], -, f(x,,-2) WE(x,,))], a2(x,)])];
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continuant le processus de droite a gauche, on obtient enfin
[(*1 -« F(XZ F(X3 I F(Xn)), a - ].(.v,,))] =

= CF(x2) «F*(XA)eran F-ix»).

Si en particulier C*C=C", la [«fcatégorie se réduit a un u-demi-groupe et
le Théoreme 3 est identique au résultat principal de [12]; si de plus la structure
meaire est un «-groupe [1], notre résultat se réduit au théoréeme classique de
Gluskin—Hosszu dans la variante de M. Hosszd [4].

3. Quelques suppléments

La question naturelle suivante se pose: sous quelles conditions F=F2=...
...=Fn~1=Idc, ie, pour tout (Xx,: i*n)dC*C on a

[(*: 1S «] =xI.x2.....xn,

ou . est la loi de composition dans la catégorie C sur le méme support que CM,
construite ci-dessus. Pour en donner la réponse rappelons encore une définition
(voir [10]).

On dira que H[n est une [n]-calégorie dérivée pour la catégorie H, [H]=[H][n
si la composition «-aire dans H[,,j se réduit & I’application «—1 fois de la composi-
tion binaire de H sur les éléments des «-suites composables respectant I'ordre de
composition, i.e., si toute composition «-aire est un «-chemin dans [C]. Toute [«]-
catégorie peut étre canoniquement plongée dans la catégorie libre des chemins
L[C], mais si L,[C] est la catégorie des «-chemins, Ilisomorphisme L, [C]—CLl,
ou L,[C] est munie de la loi naturelle de composition «-aire de «-chemins (i.e., on
compose « chemins de longueur nk pour des valeurs en général distinctes de kK de

sorte que le chemin-composé soit de longueur Ag . «) n’existe pas toujours.

Des [«]-catégories primitives existent. En effet soit [C]=(C, B, a) un graphe
(orienté), choisissons «r>2 et notons L[C] la catégorie libre des chemins sur [C];
notons L'[C]c.L[C] [I'ensemble des chemins de longueur I(f)=s . m+1,sC.N;
on suppose que entre deux sommets de [C] il existe au plus un chemin de L'[C]\
si [C] donne lieu a plusieurs chemins on effectue une factorisation appropriée. On
munie L'[C] de la structure de [m+ I]-catégorie comme suit: les rétractions fi et &
sont trivialement déduites de R et a du graphe [C] et la loi de composition canonique-
ment induite par celle de L[C] donne pour toute suite (/j, /2, ..., / m+l) de «i+ |
chemins composables (concaténaires) de L'[C]:

L A1FiR msm ey =Fl oJi...... fm-+

ipuisque /(/j)=jjfH+1, on a pour le composé
el
I[(fu ese /D)l = 1+m |Z=l Si
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la vérification des axiomes (K) s’effectue sans difficultés, d’ou la structure de [m+1]-
catégorie sur L'[C]. Supposons qu’il existe sur L'[C] une loi de composition «-aire
k, qui en fait une [«]-catégorie; /«,>«”"2; alors la longueur du composé
knifx-,fn),M L'[C ] est

Z Kfd=n+m2Z m,
i=1 i=1J

mais alors KII(fl, ,/,)EZ/[C] puisque dans le cas contraire on aurait
n+mTZ_lri: ms+1

pour une valeur de 56N; il s’en suit que «—1 est multiple de m, ce qui est une con-
tradiction. Donc la [m+ I]-catégorie (L'[C], [...], R, @) est primitive.
On a le résultat suivant:

Theéoreme 4. Les conditions suivantes sont équivalentes:

(@) C[n] est dérivée de C.

(b) M endomorphisme F (du Lemme 2) est I’identité de C; i.e. F~Idc.
(c) Pour tout xCC on a [(A(X), X, a"_2(x))]=x dans ¢ w-

D émonstration. Supposons que CJn| est dérivée de C; prenons un «-chemin
(xI5 ...,x,,) arbitraire dans [C]; on a (xp. i"n)EC*C et aussi

[(XLX2, ... X,)] = Xi.x2....... X,

posant en particulier xI=Rf(x2 =¢€', x2=x et x3=x4=...=xB=a(x2d—a(x)=¢, on
obtient :

[€, X e ..,e)=¢e".x.€e... e =x,
i.e., (a)=>(c).

Supposons que dans CJn] est Vvérifiée la condition [(/?(X), X, an-2(x))] = x;
alors suivant la construction de F (voir Lemme 2) on a F. x**x pour tout xCC,
donc (c)=>-(b).

Soit enfin F=Idc conformément a (b); alors

[(X: 1S «] = xx.X2....... Xy

i. e., toute composition u-aire est exactement un n-chemin dans [C] et C[nl est dérivée
de la catégorie C, ce qui donne (b)=>(a).

Si la loi &'=[(...)] est partout définie, i.e., si C*C=Cn on obtient les ré-
sultats classiques pour les «-demi-groupes [12] et pour les «-groupes [4].
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WEAKLY REGULAR AND z-SMOOTH ZERO-ONE MEASURES
by

W. ADAMSKI

1. Introduction

Let (A, 21) be a measurable space and let A be a subset of 21 satisfying4ertain
closure properties. Under these assumptions, the author has proved in [1] that
A'is A-complete if and only if every 0,1-valued A-regular measure on 21 is a Dirac
measure. It is the purpose of the present paper to characterize in a similar way
those measurable spaces on which all 0,1-valued weakly fA-regular [(weakly) z-smooth]
measures are Dirac measures. We shall apply these results to topological situations.
Among others, we shall prove by non-measuretheoretic methods that every 0,1-
valued T-smooth Baire [Borel] measure on a [Hausdorff] topological space is a
Dirac measure.

2. Definitions and preliminaries

(@ N denotes the set of positive integers. For an arbitrary set X we denote
by 'B(A) the class of all subsets of X.

Let A be a topological space. A zero-set in A'is a set of the form {/=0} where
/ is a continuous real-valued function on A. We denote by 3(A), 3(A), ©(A), A(A)
the collection of all zero-, closed, open, compact sets in A, respectively. The a-
algebra generated by 3(A)[5(A)] is denoted by S0(A)[23(A)]; its members are
called the Baire [Borel] subsets of A.

(b) Let A be an arbitrary set and 21 a paving on A (i.e. 2Lis a nonvoid subset
ofiB(A)). A nonempty subset 21 of 2L is called an 21-filter on A provided that

(i) 0721;

(i) W, A2C21 implies A1MA2€21;

(i) 213-W A 221 implies A2€21.

An 21-filter 21 on A is said

(i) to have the countable intersection property (cip) if Ni,N2, ...£2] implies
n A~O0;
(ii) to be fixed if M2170;
(iii) to be an 2l-ultrafilter if zIE2] and AON9*0 for all AE2L implies ~ €21.
If each 21-ultrafilter on A with cip is fixed, we say, following [3], that A is 21-complete.

In accordance with [3], 23(A)-complete topological spaces are called Borel-complete.
We need the following result the simple proof of which is left to the reader:

Lemma 2.1. Let 21 be an 2l-ultrafilter on X with cip. If (A,) is a sequence in 21
such that (J A,f2L then A,,f21 for some nCEN.

nEN
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(c) Let X be an arbitrary set and 21 a paving on X. Then {(21), S(2I), o-(2l)
denotes the ring, cr-ring, «algebra in X generated by 21, respectively. Furthermore,
f(31) := {6£~(A1): NM0621 for all /1621}. Finally, 21Adenotes the paving of all
countable intersections of sets from 2L

(d) A measure is a nonnegative finite countably additive set function defined
on some «algebra. In particular, a Baire or Borel measure on a topological space
X is a measure defined on 230(3Q or ® PO, respectively. Furthermore, Sx denotes
the Dirac measure pertaining to the point x£X.

Let (X, W) be a measurable space and A a subpaving of 2L A measure p on
2l is called

£) 0,1-valued if pX=0 and p(A)=0 or 1 for all /1621;

(i) weakly A-regular if p(X)=sup {p(K): K64},

(ifi) A-regular if p(A) =sup {p(K):K£St, KS*A) for all /1621,

(iv) weakly T-smooth with respect to A if infp(K))=0 for each net (Kx) in
4 such that KxiO;

(v) T-smooth w.rt. A if infu(Ka~/x(K) for each net (KX) in A such that
Kx\ke £1.

A Borel measure on a topological space X is called [weakly] T-smooth if it
is [weakly] T-smooth w.r.t. 5(T). A Baire measure on a topological space X is
called T-smooth if it is T-smooth w.r.t. 300- According to the 3 (30-regularity of
all Baire measures on X (cf. [5], Theorem 18, Part I), a Baire measure on X is
smooth if and only if it is weakly T-smooth w.r.t. 3 W -

Lemma 2.2. Let p be a Borel measure on a Hausdorffspace X.
(@) Ifp is tf(X)-regular and weakly R(X)-regular then p is S\(X)-regular.
{B) If p is weakly S\(X)-regular then p is weakly i-smooth. The converse is true

if X is locally compact.
(y) If p is 0,1-valued and S\(X)-regular then p is a Dirac measure.

The simple proofs of (a) and () are left to the reader, while a proof of (y) can
be found in [1] 2.4.

3. The main results

Theorem 3.1. Let (X, 21) be a measurable space, and assume that A, 2 are two
pavings on X satisfying the following conditions:
(i) 06AaCH21=(T(2L APN);
(i) 2 is a ring;
(iii) every L£2 is contained in a countable union of sets from f.

Then the following two statements are equivalent:

(1) X is 2-complete.
(2) Every 0,1-valued weakly Si-regular measure on 21 is a Dirac measure.

Proof. (I)-»(2). Let p be a 0,1-valued weakly A-regular measure on 2L Then
there exists KOES\ such that p(KO=I1. We shall show that 21.={£€£: /*(L)=1}
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is an £-ultrafilter on X with cip. Let LE£ be such that CTTAnO for all A£91. Assume
that C$91, hence p(L)=0. This implies p(KO—L)=1, so K0—ZE9l which con-
tradicts T,MUIM0—£)=0. It is easy to see that 91 satisfies also the other conditions
of an fi-ultrafilter with cip. Thus, by (1), there exists x0f (T9l. It follows that p(L) =
=0Xo(L) for all Z,££4. Now, let N€AM/I(2,9 be given. If xOEA then XCENMT0EL®R
hence p(AMKQ=1, and so p(A)=1 If, however, x03A then XxO0(EN

which implies p(AMK,)=0, hence g(A)=0, as p(KO)—I Thus we have shown
p(A)=06X0A) for all AE91IM F(QS) which |mpI|es p=0Xo, since crlMF(EA)=9L

) —(1). Let 91 be an fi-ultrafilter on X with cip. For any LEE, put A(L)=
or A(L)=0 according as LE9i or LE9L Then A satisfies the assumptions of [1]
1.2. Therefore Acan be extended to an £4&-regular measure p defined on <r(F(fid)).
As 9170, the ~-regularity of p implies that p is 0,1-valued. In particular, we
have p(L,,)=1 for some /.,,EE. Since LOis covered by a countable family of sets
from A, we have p(KQ=1 for some KuEA. Therefore, by (2), the restriction of
p onto 91 is a Dirac measure, say 0Xo. This implies x06IM91.

Corottary 3.2. For a Hausdorff space X the following three assertions are
equivalent:

(1) X is R(R(X))-complete.

(2) X is S(i>\(X))-complete.

(3) Every 0,1-valued weakly $\(X)-regular Borel measure on X is a Dirac measure.

Proof. It suffices to show that 91:=S(A"), A:=A(.A0, £:=/1(A(J1)), resp.
9:=5'(A(A") satisfy the assumptions of 3.1. Only the verification of the equation
=<9 F(QQ) is nontrivial.

(@ If 2=N1(A@1)) then it suffices to prove <YX)Q F(QS. For this purpose
let FCff(X) and C£20be given. Then C= W with C,,C.R($t(X)) for all nEN.

As C,= U (Ki—Li) with K,, C;EA(X), L"K for i=1, ..., kn by [2], Theorem 1,
Sect. 58, we obtain FfICn= |J ((FPI/Q —FflZ.;)) with Fi]Kh FC\LfS{(X) for
S

i=1, ...,kn. This means ~INC,6/?(A(A"), «CN, hence FfIC£fia. This proves
FEF(E)).

(B) In the case £=5(A(A)) it suffices to verify N F(£). Let Ffiy(T)
be given. We consider the class 3*-:={C££: FDC££}. Then R(${(X))Q&F,
as we have seen in part (a). Since ®F is a monotone class, we obtain Sf=£ which
implies FEF(£).

Remarks 3.3. The space X of all ordinals less than or equal to the first uncount-*
able ordinal, equipped with the order topology, is a compact Hausdorff space which
is not Borel-complete (cf. [1] 2.7b) and thus not A(E(T))-comp]ete by 3.2. On the
other hand, every Hausdorff space X with the property that every 0,1-valued Borel
measure on X is g(Af)-regular, is jR(SI(T))-complete according to 2.2 (a), (y) and
3.2. In particular, every perfectly normal Hausdorff space X is F(£(T))-complete.
Consequently, the perfectly normal space L constructed in example 45 of [4] is
an example of an F(£(T))-complete space which is not 5y(T (-complete and there-
fore neither realcompact nor Borel-complete (cf. [1] 2.7).
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Theorem 3.4. Let (X, /1) be a measurable space, and assume that ft, 2 are two
subpavings of 41 satisfying the following conditions:
(i) Z<EftgE;
(if) A is closed underfinite intersections;
(iii) 2 is aring generating 2L

Then thefollowing two statements are equivalent:

(1) Every 2-ultrafilter 91 on X with cip and M(91M51)"0 is fixed.
(2) Every 01-valued measure on 31 being weakly x-smooth w.r.t. ft is a Dirac
measure.

Proof. (I)-»~(2). Let p be a 0,1-valued measure on 3l being weakly T-smooth
w.r.t. ft. Setting 91:={/.€£: p(L)=1} one can easily verify that 91 is an £-ultra-
filter on X with cip. Assume that [M(91MA)=0. Then the weak T-smoothness of
p implies inf {/((TV): 7VE9inft}=0 which contradicts the definition of 9L Thus,
by (1), there exists some xCEM91. This implies p(L)=06X(L) for all LE2, hence
p=SXy since <x(£)=2l.

(2)—1). Let 91 be an £-ultrafilter on X with cip and M(91MA)y"0. For any
Ld2, put A(L)=1 or A(L)=0 according as 2(191 or L(f91. The set function n
is additive. Furthermore, infX(L,,)—0 for each sequence (L,,) in 2 such that L,10.
Thus, by Carathéodory’s theorem, Acan be extended in a unique way to a 0,1-valued
measure p defined on 91= (T(£). In order to prove that p is weakly T-smooth w.r.t.
ft, let (KX) be a net in ft such that Kai0. Assume that infp(Kx)>0, ie. p(KJ~1

for all a. Then (AQ£91MA which contradicts M(91MA)?0. Thus, by (2),
p—bX for some Xoé/l1 This implies x0EM91.

Corollary 3.5. For a topological space X the following three assertions are
equivalent:

(1) Every R(y$(X))-ultrafilter 91 on X with cip and T(91MN5CHK)"0 “sfixed.

(2) Every 'B(X)-ultrafilter 91 on X with cip and M(91MN~(20)"0 s fixed.

(3) Every 0,1-valued weakly x-smooth Borel measure on X is a Dirac measure.

The following corollary is a generalization of [5], Corollary 3)., Theorem 25,
Part 1 to arbitrary topological spaces. However, the analogous result for Borel
measures is only valid for Hausdorff spaces (cf. 3.10 and 3.11).

Corollary 3.6. Every 0,1-valued x-smooth Baire measure on a topological space
X is a Dirac measure.

Proof. In view of 3.4 it suffices to show that every 21(3(A")-ultrafilter 91 on
*X with cip is fixed provided that TM(91M3 C0)~ O- F°r this purpose it is sufficient
to prove that every N£ 9l contains some element of 91M3(-£). Let 7VC9l be given.

Then N=$QI(KI—LI) with Kt,LfcAX) for i=1,...,n by [2], Theorem 1, Sect.

58. Thus, by 2.1, there exists /0E{1, ...,«} such that Kio—Li€91, hence A,691M3(")
and X—Lifi4l. Furthermore, we have X —Lix—1] Z, for an appropriate se-

quence (Z,) in 3("0- Again by 2.1, there exists n(EN such that Z,c€91. Thus
*ienZ,,€9tn3W and Kior\Zna*N .
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Remarks 3.7. For abbreviation, let us call T-pseudocomplete any topological
space X satisfying the (equivalent) conditions (1)}—(3) of 3.5. According to 2.2
(B), 3.2 and 3.5, any T-pseudocomplete Hausdorff space X is i?(R(Z))-complete.
Conversely, an R(ft(A))-complete Hausdorff space X is T-pseudocomplete if every
0,1-valued weakly T-smooth Borel measure on X is weakly R(Z)-regular. Thus,
by 2.2 (/?), for locally compact Hausdorff spaces X, T-pseudocompleteness and
[?(ft(X))-completeness are equivalent properties.

Theorem 3.8. Let (X, 91) be a measurable space, and assume that 4, £ are two
subpavings o f 91 satisfying the following conditions:
() A€AaL;
(i) A is closed under arbitrary intersections;
(iif) £ is a ring generating 9L

Then thefollowing two statements are equivalent:

(1) Every 2-ultrafilter 91 on X with cip and M)(91MA)£91 isfixed.
(2) Every 0,1-valued measure on 91 being x-smooth w.r.t. 4 is a Dirac measure.

Proof. (I)->-(2). If p is a 0,1-valued measure on 91 being T-smooth w.rt. A
and if 91:={LCE: p(L)=1}then 91 is an £-ultrafilter on X with cip. Assume that
KO0:=1M(91MA)(£91, hence K 2 —91 and therefore inf {p(N): NE£9LNA}=p(KQ) =0,
which contradicts the definition of 91. Now one can proceed as in the proof of 3.4.

(2)—(1). Let 91 be an £-ultrafilter on X with cip and T(91MA)£91. As we have
seen in the proof of 3.4, there exists a 0,1-valued measure p on 91 such that for
LCE p{L)=1 or p(L)=0 according as LG9l or L$91. In order to prove that p
is T-smooth w.r.t. A, let (KJ be a net in A such that K jK fA. Assume that p(K)<
<infp(Kx), ie. p(K)=0 and p(Kx)=1 for all a, hence (/yg91M 4 and there-

fore 913 M(91MA)pA™ which implies AIGRL, in contrast to p(K)=0. Thus, by
(2), p—06X% for some xfX. This implies x0c M%.

Corollary 3.9. For a topological space X the following three assertions are
equivalent:

(1) Every R(iy(X))-ultrafilter 91 on X with cip and M (91flg(A"))c91 is fixed.
(2) Every 3B(X)-ultrafilter 91 on X with cip and M(91M 5(A"))€91 isfixed.
(3) Every 0,1-valued x-smooth Borel measure on X is a Dirac measure.

Corollary 3.10. Every 0,1-valued x-smooth Borel measure on a Hausdorff
space X is a Dirac measure.

Proof. In view of 3.9 it suffices to show that every R(g(A))-ultrafilter 91 on
X with cip is fixed provided that M(91M3f("T)€9L. We shall prove that the set
FO:=n(91 N1 5(A)), belonging to 91, is a singleton, say {x0}, which implies x0CM91.
Assume that x, y are two different points in Fn. As X is Hausdorff, there are dis-
joint open sets Gj, G2such that x(LGx and y(LG2. At least one of them, say Gx, does
not pertain to 91 Thus X —GI1C 91fl5(") which implies x"Fq* X —Gx, in contrast
to

The following example shows that 3.10 does not remain true for Tx-spaces.
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Exampte 3.11. Let an uncountable set X be equipped with the cofinite topology,
i.e. ®(.Y)={0}U{GC'ipiA): X —G finite}. X is a compact T\- (but not a HausdorflT)
space. For any /?€O(I={N£1P(A"): B or X—B countable}, put u(B)=0 or
4(B)=1 according as B or X—B is countable. Then » is a 0,1-valued r-smooth
Borel measure; however, /t is not a Dirac measure. On the other hand, one can
easily verify that every 0,1-valued g(X)-regular Borel measure on A'is a Dirac
measure; thus, by [1] 25 X is $5(Y)-complete.
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INDICE D’INERTIE TRILATERE ET CLASSES DE CHERN

par
ALBERT CRUMEYROLLE

Résumé

On définit d’abord I'indice d’inertie trilatére qui s’identifie & celui de Leray [6] Seulement quand
les lagrangiens sont deux a deux transverses. Cet indice définit un cocycle. On montre que la décom-
position de I’indice trilatére a I’aide de I’indice de M asiov traduit la finesse d’un faisceau et en est
une conséquence immédiate.

Dans la partie 11 on établit que la premiére classe de Chern d’une variété presque symplectique
est localement représentée par le cocycle d’inertie d’un triplet de lagrangiens deux a deux transverses.

Dans la partie 111 la recherche d’une généralisation de la propriété établie dans Il nous conduit
a une construction nouvelle (du moins a notre connaissance) des classes de Chern. On généralise 11
et finalement on montre que notre définition équivaut a celle de C hern—Ww ei1 au moyen du théoréme
de de Rham.

I. Indice d’inertie trilatére et indice de Maslov

1° E est un espace vectoriel réel de dimension 2n, muni d’une forme sym-
plectique F.

Lemme 1. Soient trois espaces lagrangiens L,L',L" tels que LC\L'= Lf]L".
Alors il existe a, en général non unique, appartenant au groupe symplectique Sp(2n, R)
qui laisse fixe tous les éléments de L et applique L' sur L".

Soit  {ex, a,R=12, ..., n, une base symplectique de E dont les vecteurs
(ej sont dans L. 1l est immédiat de voir qu’un tel < s’exprime par
W d-«.

[<ilex®) = aE*ep+ex*, avec «f* = ri**

Il est loisible de supposer que les ey ont été choisis de maniére que (ex, €2, ..., en)
engendrent LOL'. Alors en+l, ..., e, elt, ..., em™ engendrent un lagrangien Lx avec
L1C\L'=LinL"=0. Soit L2 le lagrangien de base (ex, €2, ..., en, e(JHY*, 89,
il est immédiat que

E=LX®L'=Lx@L" =L1@L2 et LOL'= LC\L" = LC\L2.

Or il existe une transformation symplectique 9 qui conserve L 1point par point, les
vecteurs ex, €2, ..., en, et envoie L' sur L2 (envoyer la base ordonnée (en+1,

AMS (MOS) subject classifications (1970). Primary 5305.
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e,t) de Lxsur elle-méme et une base ordonnée (ex.e2, ..., ex, / (a+1), /,,)
de V sur la base ordonnée (ex,e2, e A e(AtD)», e») de Z2. Si 0' envoie de la
méme maniere L" sur Z,, alors <=0, 100 répond a la question posée.

Si a' posséde la méme propriété er'-1loer conserve globalement L' et L point
par point. Si L fIL" est non nul, on voit que a n’est pas unique. Par contre si LC]L'=
=LC\L"=0, (1) montre l'unicité et établit une correspondance bijective entre |’en-
semble des lagrangiens transverses a L et I’ensemble des matrices symétriques nXn.

2° Indice d'inertie de trois lagrangiens ordonnés L,L',L" tels que LDL'=
=LC\L"=0.

Avec les hypothéses de lemme 1, prenons dans L' la base Ei=Af*eat+Bfel,
/=1, Si xCz/, formons Q(X)=F{x, <r(x)). F(*,0-(-)) est une forme qua-
dratique sur L', car

Qij = F(Ei, c(Ej)) = (‘AaA)ij, avec A =\Af|, a = |aj*|.
Soit Q ij=(gAf a j **e

a étant choisi, cette forme quadratique est bien déterminée. 1l est toujours
possible de choisir (ea, &») de maniere que

2 (@(@/) = txex+ex, 7=0, lou -1,
de sorte que (‘AaA)jt)=2! taAf*Aj.

Il faut observer qu}e la signature de Q dépend du choix de <, si LC]L'=
=Z.HL"En elfet soit

L = (ex, €2, ..., YA eAH], ..., en),
E ~ (MMi 72> een N> P
B(0O =ea> 0O(ea) =1V, a=12,.,u
d’une part, et d’autre part
6'eJ=ea a=12,.,n,
O'(ea)=<v, a=12,.,A B'(ex= E; at*epted, a= A+ 1 ..., n

0 et 0' conservent L point par point et globalement L'=L", en donnant des signa-
tures distinctes.

Si LDL'=LDL"=0, il existe 0-CSp(2n, R) unique, qui conserve L point par
point et envoie L' sur L", de sorte que I'on peut donner la définition suivante:

Definition 1. Si LC\L'=LC\L"=0, et si <r6Sp(2n, R) conserve L point par
point et envoie L' sur Z", la forme quadratique x:-*F(X, <r(x)), xC L', admet une
signature notée: Inert (L',L,L"). La signature est le nombre de signes (— dans
la décomposition de Sylvester. Inert est I’indice d’inertie de Leray [6].

(2) montre que si r=dim Z/fjZ/', on peut définir:
(3) Inert (L",L,L")= - Inert (L', L, L")+ (n- 1).
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V et L" étant transverses & L fixé, le choix de (ex, ef¥*) identifie L' et L" & des matrices
symeétriques.

Si le triplet (L L, L") se déforme continment, L' et L" restant transverses
a L et dim (L''M”) demeurant constante, il est immédiat que Inert (L', L, L")
garde une valeur constante.

Observons que si r=0, alors

ey*  ext ex“m—ex—taea*
définit une transformation symplectique qui conserve L' point par point et envoie
L sur L"; donc quand b'T\b"=bl)b'=blMN\b"=0, on peut poser:
Inert (L, L', L) =- Inert(Z, L, L") +n

et Inert est invariant par permutation circulaire sur L, L', L".
Si LC\L'=LC\L"=0, avec Z/PIZ/VO, nous poserons par convention
. Inert (L, L', L") =-Inert (Z/,L, L")+ n
@ Inert (Z/, L", L) = -Inert (L', L, L") + n.
On notera que notre définition d’lnert n’est plus alors identique a celle
de Leray, a moins que les trois lagrangiens ne soient deux a deux transverses.

En raison de cette modification, I’indice que nous venons de définir sera appelé
indice d’inertie ftrilatere.

3° Indice d’inertie trilatere d’un triplet ordonné quelconque de lagrangiens.

Lemme 2. Il existe un lagrangien M transverse simultanément a trois lagrangiens
L, U, L" donnés.

Selon Souriau [7] on peut identifier un lagrangien L a I’image de & U(ri) par
a-*aci~1=1 et L transverse a M équivaut a (I—m) inversible, si la matrice m re-
présente M. Le lemme est alors immédiat; observons qu’il y a une infinité de choix
possibles pour M.1

Lemme 3. Si LI, L2 L3, L4 sont des lagrangiens tels que L2 et L3soient trans-
Verses aux trois autres:

(5) Tnert(zZ-',L2,L3- Inert (LI, L2, Z4+ Inert (LI, L3, Z4 —nert (Z,,L3,Z9 = 0.
En effet, selon les remarques faites au (2°), L2et L 3 étant transverses a la fois
aljet Zdet
Inert (L1, L2,L3 =Inert(L3,L,,L2
Inert (L2, L3,L49 = Inert (L3, Li, Ld)
les quatre termes de (5) sont égaux deux a deux.
111 serait aussi possible de donner une démonstration indépendante a l'aide des spineurs

symplectiques [3a].
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Si maintenant L1,L 2,L 3 sont des lagrangiens quelconques, nous choisissons
M transverse a chacun d’eux, alors conformément a (5) nous posons

(6) Inert{Lx,L2,Lfi = Inert(Ex,E2J1/) —nert (X1; £3, Ai)+ Inert (£2, L3, Ai).

Comme les trois indices d’inerties du deuxieme membre sont constants quand M
varie en restant transverse a LXL 2, L 3 fixés, la valeur du l& membre ne dépend
pas du choix de M. Il est rappelé que Inert (LlyL2 M)=—nert (LIt M, L2+n
ou les termes du 2éme membre sont calculés selon la définition 1.

En général l'indice trilatére n’est pas invariant par permutation circulaire. Par
contre (6) montre que 4 lagrangiens quelconques L1, L., L3 Lxsatisfont une relation
de cocyclicité sur laquelle on reviendra plus bas.

4° L'indice trilatére et la décomposition d'un élément du groupe symplectique
en produit de transvections.

Soit a I’élément unique qui conserve L point par point et envoie L' sur L",
L' et L" transverses a L. Introduisons ici I’algébre de Clifford symplectique [3].
Au dessus de a on peut déterminer y€Gs, groupe de Clifford symplectique, modulo
un scalaire, tel que

p(y) = a par projection: p(y}{x) = yxy-1, xfE.
Lemme 4. L’ensemble des éléments <«¢Sp(2n, R) qui conservent L point par point
2
s'identifie & I’ensemble p (exp (V L)).

Ce lemme résulte de la formule (1) et des remarques suivantes:
Si p(y)=a conserve L point par point il se factorise en produit de transvections
symplectiques.

(TAA

. t(i? [ i , .
Si afl, exp— xexpr— — X)ta, i6R\ et on peut choisir a de
maniére que i==x1. Prenant

y= ITI exP i.—(12‘li)2 atL, tt=+ 1,

un choix convenable des at, mpermet d’atteindre tout élément a défini par la for-
mule (1). En particulier on voit que I’'on peut choisir la base symplectique (ea, &
de maniere que a se traduise par la formule (2) on aura alors

y= Ig exp
ainsi: Tout y€<?s qui conserve L point par point peut sefactoriser en
t (e)2
) y=||’\pA(f)-, =1

la suite des (t,,) est intrinsequement attachée ay etsi V pL=E L”=y(L") lasignature
de cette suite est I’indice d’inertie de Leray: Inert (L',L,L").
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Remarque. Soient L2®L2—L3@L'3=E,L2,L'i,L 3,L 3 quatre lagrangiens et
deux bases symplectiques adaptées a ces décompositions. L’une de ces bases étant
fixée, Sp(2n, R) est en bijection avec I’ensemble des bases symplectiques de E.
Construisons /-! lagrangien transverse a L.,, L',,, L3, L'z. Il existe ofiSp(2n, R) con-
servant Lxet envoyant L2sur L3, L'2 sur L2 et a2conservant L3et envoyant L2 sur
L3, donc eloal envoie L2®L2 sur L3®L3, ainsi:

Toute transformation symplectique est le produit de deux transformations sym-
plectiques conservant chacune un lagrangien point par point, donc le produit de 2n
transvections symplectiques au plus aaitU, avec at isotrope /,= +1.

5° La signification cohomologique de I’indice trilatére et de I’indice de Maslov.

Considérons une variété réelle V (ou méme un espace topologique) paracom-
pacte, de dimension 2n, a structure presque symplectique et le préfaisceau SPZ des
applications quelconques d’ouverts de V dans Z. Si Pr et Fs désignent respective-

ment les foncteurs “préfaisceau et faisceau”, construisons Fs selon un
résultat classique ce faisceau est fin, donc compte-tenu de la paracompacticité de V
) H“(V, J*z2) ==HfV, Pr FsdPz) =~ H«(V, ®2) = 0, pour 1

Si on introduit un recouvrement de V par des ouverts Ux domaines de défini-
tion de sections lagrangiennes La: xCUa-*Lx(x), suffisamment petits pour étre
munis de sections  x “wha(x) dans le revétement de la grassmannienne lagrangien-
ne, on peut définir un cocycle par

xCUjNURN U, — Inert (Lfx), LB{x), L.fx)),

encore noté Inert (AJx), A/1x), Ay(x)). Mais en raison de (8) ce cocycle est un cobord,
il existe donc m: ]
xf UaflUp —m(AJx), ).B(x))f Z

Inert (A., A8, A) = m (&, Al)+ m(IR, ) - m(),a ).

Ainsi: La décomposition du cocycle d’inertie au moyen de I’indice de Maslov, donnée
par Leray [6], résulte de la trivialité de la cohomologie H q(V, SPf), pour 1

tel que

Remarques. 1° Introduisant les divers revétements du groupe symplectique
et de la grassmannienne lagrangienne, il est évident qu’on obtient des résultats
analogues avec des indices mod g, gE Z.

2° L’interprétation cohomologique met en évidence certaines propriétés d’in-
variance homotopique.

3° On notera que les démonstrations que précedent ne font intervenir que la
structure symplectique, le réle que joue le groupe unitaire dans certains exposés
est donc inessentiel et une simple commodité de preuves.

4° 1l est immédiat que I’'on pourrait développer une théorie analogue en rem-
placant la signature par le rang.
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I1. Cocycle trilatere et premiére classe de Chern

1° Préambule et rappels. Soit une variété V, réelle, paracompacte, de dimension
n~2r, a structure presque symplectique. La donnée d’une telle variété équivaut a
celle d’une structure presque complexe, car on sait qu’étant donnée une 2-forme
extérieure F de rang 2r, on peut toujours construire, modulo une homotopie,
a partir d’une métrique riemannienne arbitraire une autre métrique échangeable avec
F et par suite une structure hermitienne admettant F comme 2-forme fondamentale.

De maniére indépendante soit un fibré en droites complexes (f. d. c.) au-dessus
d’une variété V, les ax étant les fonctions de transitions pour un systéme d’ouverts

de trivialisations (UX) formant un atlas contractile, posant /,,»:Wlog ax?, alors

NaBy -faB F fpy fxy

définit un 2-cocycle de cech & valeurs dans Z. A I’élément de HI(V, C*) qui définit
le f. d. c. on peut associer biunivoquement un élément de HZV, Z). En particulier
s’il s’agit du f. d. c. associé a un fibré complexe £, au moyen des déterminants des
matrices unitaires de changements de trivialisations locales, I’élément de HZV, 2)
obtenu est la premiére classe de Chern cx() de

2° Sur la variété V du préambule, dont le fibré tangent est muni de la structure
complexe /, considérons un recouvrement par des ouverts (UxX), domaines de défini-
tion de sections lagrangiennes réelles: x—(LX)x. Munissons (Lx)x d’un repére
orthogonal {¢xX}x alors le systeme des sections locales (¢2. Jtf) détermine au-dessus
de chaque (UX) un repére de T(V). Envoyant les (£e, J¢x), respectivement, sur les
(Cp,JCp), quand Ux(-WRA0D, on obtient un cocycle a valeurs dans U(r, C); les
uxy(x) etant fonctions de transitions en xEUxC\UR, posons

op(x) = det ux3(x)
et introduisons comme plus haut le cocycle des cxry, que nous appellerons aussi
trilatére.
Les considérations qui suivent sont d’abord purement algébriques. Soient
L, L', L" des lagrangiens deux a deux transverses. Il est possible de munir L et U

de bases {(eX,(efi*)},<x,R—I constituant une base symplectique adaptée
a la somme directe E=L®L"', et L’d’une base {fx} telle que

fa = eat+txex,, tx® 0,
ou 1 signature de la suite des tx: sgn (ta) représente I'indice d’inertie de Leray,

Inert (L, L', L") [6] [3]. L’indice d’inertie est invariant par transformation symplecti-
que, on peut donc supposer que I’on fait une telle transformation de maniére que
{ &--f Q*N ]
Fx= *__est aussi une
11+ (0 >

Nous envoyons L sur L' par J, J considérée comme une application unitaire,
det)?(zexp(l"-l et nous prenons log (detdj=mr
sur L" par (p{ex®=Fx et

@Ex) =-<p(Je,) =-J(Fx=-4 = ",
ri+i

Nous envoyons ensuite IT
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obtenant une matrice unitaire avec

déUp = JJ (tx-i)/V 1+11 = exp Ji 2 Arg(y==f))’

L ira alors sur L" par ip avec det \Y=det /det o Pour les calculs de logarithmes
nous nous plagons sur S1—{—/}.

Arg 0+ 2kn, ——-cO
1+t*

Si tx>0, nous prenons pour log exp /ArgI N la valeur id et pour
+

J
log exp —iArg( i) la valeur —0. Si ia<0, log exp /Arg (“ I))
T W
étant égal a 10, le logarithme de I’'inverse sera i(2m—o)

Dans le calcul de log det/+ logdet cp+log (det ) 1, apparaitra donc
2n/sgn (2%); nous avons donc prouvé, revenant a la variété V la

Proposition 1. Pour tout xCV, on peut trouver trois voisinages Uy, UR,, Uy. de
x, munis respectivement de sections lagrangiennes L7/, LB, Ly. deux & deux transverses
sur Ua.TTUR MUy, tels qu'il existe des fonctions de transition dufibré presque com-
plexe: ux,pmy): Lx{X)—LR&,(x) (et permutation circulaire y.", (V,y") avec

Inert (Lx., LB.,Ly) = 2~7 [Jog (det (ua.3.))+ log (det (uR,y.)) - log (det (ux.y.))] = cn.B.r .

Ainsi le cocycle tri/atére est représenté au-dessus de Ux.IMUR.MUy. par I'indice
d'inertie du triplet de lagrangiens Lx, LB.,L, deux a deux transverses, autrement
dit lapremiére classe de Chern de V est représentée localement par cet indice.

Remarques. Notons que I’on pourrait dans la démonstration précédente sup-
poser que L'r\L"=L'i)L=0 et LfIl/VO, et tx=0 pour a=rx+1, r,orj=
AdimZHZ.". On aurait alors a supposer LB transverse a Lx et Ly et
dim (Lx.MLy,) constante sur Ux.IMUR-MUr pour I'exactitude de I’énoncé. En termes
de cohomologie & valeurs dans un faisceau, on sait que I'indice d’inertie trilatére
définit un cocycle au-dessus de V qui est également un cobord (1), on voit que locale-
ment le cocycle trilatere s’identifie au cocycle d’inertie, exactement comme dans
la cohomologie de de Rham tout cocycle s’identifie localement & un cobord.

3° Conséquences. Si Vx+F, il est toujours possible d’envisager Lx, LB, Ly. avec
un indice d’inertie de parité fixe (que 1’on peut supposer pair en modifiant au besoin
I’un des 0, en (—)), alors on peut définir le cocycle trilatere de V par des ca B,y (x)
pairs, VXCV. Il existe ¢f H-(X, Z) tel que cl=2cl si cyest la lé&eclasse de Chern
du fibré tangent, donc selon [5], [8] une structure (/'j-spinoridle symplectique.
Réciproquement s’il existe une telle structure spinorielle symplectique il existe
cx tel que cl=2cl et on peut envisager pour les cyR.r des valeurs paires; donc:
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Proposition 2. Pour quil existe sur V une structure Sp2(r)-spinoriel/e symplecti-
que ilfaut et il suffit qu’en tout point I’indice d’inertie du triplet local de lagrangiens
soit pair, autrement dit par abus que le cocycle d’inertie, Inert, soit pair.

On voit, indépendamment de toute considération étrangere a cet article que
pour qu'une variété a structure presque symplectique admette une structure spinorielle
orthogonale attachée a la métrique hermitienne associée il faut et il suffit que sa
2éme classe de Stiefel—W hitney €2 SOit nulle («2=0).

En effet si le cocycle Inert est pair il est évident que a2=0, puisque ce2est la
réduction mod 2 de cr. Réciproquement, si ce2=0, il existe un 1-cocycle b* a
valeurs dans Z tel que

My ST ~n20>

ou les bases désignent les classes modulo 2, alors aad est cohomologue a bdly avec
les bxy pairs, on peut donc représenter localement le cocycle trilatére par des fonc-
tions a valeurs dans 2Z.

Plus généralement: Si on peut relever le groupe structural U(r, C) du fibré
tangent a Spq(r), la premiére classe de Chern (mod q) de V est nulle et réciproque-
ment. Pour q—2 on retrouve directement la propriété de ce2 car I’anti-image de
U(r, C) dans Sp2(r) est celle d’'un groupe de spinorialité élargi.

111. Construction directe élémentaire des classes de Chern, son lien avec
le cocycle d’inertie, son équivalence avec la construction de Chern—Weil

Une énorme littérature a été consacrée a la définition et a la signification géo-
métrique des classes de Chern. Dans [1], vol. 81, A. Borel et F. Hirzebruch €n
donnent sept définitions. Ces définitions, excepté celle dite de Chern— Weir, relévent
essentiellement de la topologie algébrique: elles donnent des classes entiéres, tandis
que la définition de Chern—Weil [2] conduit a des classes réelles. Le passage des
classes réelles au classes entieres se fait généralement en utilisant un critere
d’unicité.

Nous nous proposons de donner une construction des classes de Chern qui
n’utilise qu’un seul théoréme élaboré, le théoréme de décomposition en somme de
Whitney de fibrés réels ou complexes par image réciproque (splitting map). Nous
établissons directement que les classes de Chern—Weil de tout ordre sont des classes
entieres en utilisant le théoréme généralisé de de Rnham & partir de cette construction
élémentaire. Dans le courant de I’article un lien avec le (I1) sera établi.

1° Soit £ un fibré vectoriel complexe de rang n, au-dessus de la base V para-
compacte, (UdxtA est un systtme d’ouverts trivialisants, définissant un cocyle,
uX(x)ZU(ri) si xEUar\UR. Le fibré en droites complexes (f. d. c.) associé au co-
cycle det {u*?) est un élément de H'(V, C*) auquel correspond par un isomorphisme
classique un élément de H~(V, Z) que nous appellerons, par définition, premiére
classe de Chern cr(£) de C

2° On pourra supposer que le recouvrement LLIdéfini par les (UaabA est con-
tractile simple.
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i, 7=1,2, k, ksn, étant un élément de U(n), définissons

(Piag>80 eee0$*) (edAeZA...AeA = 4\ «Fi(en)n <P2(e.,)/1 w1 <Hk(eild)
les (e,) constituant une bri\(se de C'et I=ili<l -<n= % Observons que si qr=
=qr=..<pk-—p alors IQI I("Lf™. La trace de =1 ¢i= (¢c>IDg>200e20%)>
notée Tr (Mep,) est égale a

étant la signature relative des suites d’indices distincts (q, ik et (IL, 1K,
on somme relativement aux indices répétés.

Si xC UaC\UR, on peut écrire «ri(->C)=exp (2niaxB(x)), aaly(x) est une matrice
hermitienne, x étant fixé une telle matrice ax3(x) existe car I’exponentielle est sur-
jective pour le groupe de Lie connexe compact U(n), mais on ne s’intéresse ni a
I'unicité du choix de ax¥(x), ni a la continuité de x —ax}(x). C’est pour cette raison
que nous appellerons 2k-cochaine formelle, I’assignation & xCt/~M t/" fj... M UXk=

= u*0"..*k d’une valeur en x de
9) CAla. 2K th (°*0*l.s Cl Rzt O oo D NAK- 22t 1,%2t)
noté encore: Tr(<xaca..@&) avec

~ana(V)  Waey 7,09 TadAx),

et notations analogues. Si k=1, on a une véritable cochaine de Cech qui est le co-
cycle a valeurs dans Z intervenant au 1°.

3° <ecai ak définit un cocycle formel.

Nous raisonnons par récurrence. Envisageons WXL IXc écrivons par abus
2 pour oXoXDA, OA.. XK= (roi..sit, = etc ... Nous avons a introduire

.. x1—20l2.. X+l + e —<70i2.201H >
noté 6(c02 X) et ~ calculer la trace de
(012 2430 T3 X Xotl)  (<0i2.. 20 TK-1, K t]) + ooe
o+ (0012, 22,20 k1,2 2kH)
&d2... k2200 (122, 2fcH) 'F'(<012.. k200 64221A+])
(02..2k—2d 6%-2,2k-1,2K)
et les trois derniers termes donnent
— °012...2k-2Cl <r2fc-1,2k 2k + 15

de sorte que I’on obtient finalement a(<rQl &t Ano-2t 12fc 2k+1, qui est nul par hypo-
thése de récurrence puisque h(c02 =0.

Il est & noter que si ce cocycle est considéré comme un cocycle formel & valeurs
dans R, c’est aussi un cobord formel, c’est le cobord de:

Tr (floiD <r123n ... 0O <7k-3,2k-2,2k-1)-
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4° Supposons cjue ¢ soit la somme de Whitney de nfibrés complexes ¢t de rang 1,

(10) ¢= 1e=1{ -
Alors auo= i2:n i aoi2’ et 'l vient de (10), les (o[R)] étant des matrices scalaires
notées a[Ry:
(11 c(n2..2* = 2 0012a 234 eee 02fc-2,2%-1,2%
v1%/-Jk

la somme étant étendue aux arrangements des 1,2, ...w, K a k.

De exp(2™4oai)exp(2rc/<Jexp(2rc/<a)==Id, on déduit que <,*, +<**-
—afoX*Z et que cM2 Z prend ses valeurs dans Z.

Ainsi, dans le cas envisagé au 4°, les cochaines formelles sont des cochaines
de Cech a valeurs entiéres.

5° Revenant au cas général d’un fibré complexe ¢ quelconque, on sait (cf.
démonstration dans [4]) qu’il existe un fibré complexe )n de base Vx et une applica-
tion continue /: VX*V tels que =/*(£) soit la somme de Whitney de n fibrés
complexes de rang 1 (splitting map), /* étant une application injective de H*(V, 2Z)
dans H*(VX Z) (cf. aussi plus bas remarque 1).

Le systeme des constitue un recouvrement trividlisam f~ k(dl) pour
ixavec les udl comme cocycle, cQ2 2t peut étre considérée comme une 2A'-cochaine
formelle sur Vx pour le fibré Il existe un recouvrement trividlisam dix, plus fin

que dl, ensemble d’ouverts (UX)XIAI tel que si
yturnU', eta f-HU'DU,)
(12) uaB(/(y)) = exp (2niatB(/(y))) = A*L(y) exp (2niaaifl(y)) AR (y),

aaill(y) étant une matrice diagonale. Mais ici y-*aXIRl(y) est continue de sorte
que I’on peut associer a dix une 2A-cochaine de Cech: fM ,(, qui d’aprés le 4°

sera a valeurs entiéres, et d’aprés le 3° un cocycle. Si deux cochaines de ce type
associées au méme fibré /*(£) sont relatives a un méme recouvrement ouvert dix
alors elles différent par un cobord. Passant & la limite inductive pour tous les re-
couvrements tels que dix, on obtient un élément de H 2(¥x, Z). Nous allons montrer
que cet élément est k]ck(Qi) et par (/*)_1 injective, il Ilui correspondra
K\CKT H 2(Y,b).

Rappelons que nous devons résoudre le probleme suivant:

Dans la catégorie des fibrés vectoriels complexes a bases paracompactes

() A chaque fibré £ de base V, on sait associer ck(C)EH'Ik(V, Z), ct(¢)=0,
pour k>rang < c0(<0=l.
M
On pose ¢ (0= & ck(i)-

(11) Si ~et ] sont K-isomorphes, c(¢) = c(rg), et si /:2?2—F,/*(c(£))=c(/*(E))-
(mn ck(CD £() * 2 7K|(£<|)Uf|(<l()u .UCQ(£i), somme étendue a toutes

1u2m

les combm‘alsons Kakdel2 ..,n U estle cup-produit.
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(IV) Ci(i) est défini comme au (1°).
(V) c(¢) ainsi défini est unique.
Nous définissons le cup-produit par:

(CUC)(C/itH.... ip+9) -

(1 vient du 4° compte tenu de AUp=(—pi/iUA p=d°X, q=d°p,
I’algébre de cohomologie. Les autres propriétés sont immédiates. Donc, en résumé:

ta 2k-cochaine formelle — cXO{ %k définit la k'ere classe de Chem de au
moyen de la construction explicitée au 5°.

Remarque 1 Rappelons la construction de l’espace Fj.

Si g: P(C)-+V est le fibré projectif associé & p: C-»V, on construit g*(C), si
Cest de rang 1, fj=fj /= Id. Raisonnons par récurrence. Soit g*(f)= ®u4
a; de rang (n—1), de base P(C). Il existe g et \ksatisfaisant aux conditions du splitting
map pour af, g: K—P(¢), g* injective en cohomologie qog: VI-»V, (qog)*(C) est
complétement réductible, I’injectivité en cohomologie résulte d’une propriété générale
des fibrés projectifs.

Remarque 2. On a établi dans (1) que la premiére classe de Chem est repré-
sentée localement par le cocycle d’inertie de trois lagrangiens deux & deux trans-
verses, cette propriété s’étend ici naturellement, (3) correspond a une décomposition
locale de la cochaine qui représente la classe de Chern d’ordre k au moyen d’un
polyndme relativement aux cocycles d’inertie de triplets de lagrangiens deux a deux
transverses au-dessus d’ouverts UQL2, U2Si, ... suffisamment petits, contenant un
élément xCF.

Ainsi la classe totale de Chern se représente localement par une cochaine fac-
torisable au moyen de cocycles d’inertie de lagrangiens deux a deux transverses.

6° L *équivalence avec la définition de Chern—\Weil.

Nous nous proposons d’établir directement que les classes de Chem—Weil
sont des classes entiéres.

V est ici une variété différentiable et les fibrations sont elles-mémes différen-
tiables. De la suite exacte

0- R2 jrfi— ~...5/p—2-...

ou i est I’inclusion, sév le faisceau des germes des formes différentielles de degré p,
dp la différentielle extérieure restreinte a sév, donnant une résolution fine de R
(J/j est un faisceau fin), on déduit la suite d’isomorphismes

H*(V, ker dx+l)—K »H +\V, ker dfi c— H i+e+1(V, ker dQ =

= Hi+x+1(V, R)
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venant de la suite exacte
0 —kerdxQ — - kerdx+ —0.
Supposons que le fibré complexe soit  sur \k Selon la définition de I’opérateur
cobord (<5), quand on envisage l’action de (&j,)-1, on considére ~*jc02 2, on lui

associe Tr (aorM”u3l e Chyt-e,24- 2,24- 1) dont on prend la différentielle

(13) "fcTAr (dfloio M230 O ffak-3,2k 2,24- 1)

puisque les axyy sont localement constantes. Or
d((a@) = 2~7 Tr («o-ffli),

bl étant une connexion unitaire, ce qui par application de I'opérateur inverse du
cobord donne: ﬁr (2 Q étant la forme de courbure.
On aboutit a

~PT2A[PT(A DO <TL23M oo O °24-3,24-2,24-1)-

En recommencgant autant qu’il le faut, on obtient

@) TAAAY

avec Kk facteurs Q. C’est bien un représentant de ck(Ci) dans la méthode de Chern—e
Weil. En revenant au cas général du fibré C sur V, si A est I’isomorphisme de
HkYIr R) dans HKk(V1, Z) que l'on vient de mettre en évidence, (f*)~loAof*
donne un isomorphisme de A*(k R) dans HKk(V, Z) qui associe la kiime classe
entiere ck(C), a la Aieme classe entiere de Chern—Weil (on sait que Iinjectivité
de/* s’tend a la cohomologie réelle).
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TRIGONOMETRISCHE APPROXIMATION
MIT GLEICHVERTEILUNGSMETHODEN

von
P. ZINTERHOF und H. STEGBUCHNER

Abstract

Trigonometrie Approximation with Methods of Uniform Distribution. We consider a quantity
Fn similar to the Discrepancy DN, measuring the ,,quality” of uniform distribution of a sequence
{X,,} in Rs, which can be computed easily. Further a new method forming ,,partial sums” of multidi-
mensional Fourier series is introduced.

0. Einleitung

Zum Problemkreis der trigonometrischen Approximation mit Gleichverteilungs-
methoden existiert eine umfangreiche Literatur, die sehr vollstandig in [2] und [3]
angegeben ist. Sind die Funktionswerte von / (X) in den Punkten xx, ..., xXNbekannt,
so kann der Approximationsfehler durch die Diskrepanz DN dieser Punkte ab-
geschétzt werden. Die praktische Anwendung solcher Abschatzungen ist jedoch
problematisch, da die Diskrepanz einer Punktfolge im R fiir groe Werte von
N und (oder) 5 wegen des enorm hohen Rechenaufwandes in der Praxis nicht mehr
berechnet oder befriedigend abgeschatzt werden kann. In dieser Arbeit wird eine
der Diskrepanz ahnliche GroRe FN betrachtet, welche stets mit 0(N2 Rechen-
schritten, in vielen Féllen jedoch mit wesentlich geringerem Rechenaufwand, er-
mittelt werden kann. Die Anzahl der Rechenoperationen ist dabei von der Dimen-
sion s unabhangig. Fir x=1 wurde diese GroRe in [6] diskutiert.

Im weiteren wird der Begriff der ,Partialsumme® einer mehrdimensionalen
Fourierreihe dahingehend verallgemeinert, da nicht, wie allgemein ublich, die
Teilsummen Uber .v-dimensionale Quader oder Kugelbereiche sondern Uber hyper-
bolische Bereiche gebildet werden. Mit dieser Methode kénnen fiir viele Funktionen-
klassen erheblich bessere Konvergenzaussagen hergeleitet werden.

Fir die Terminologie sei auf [3] verwiesen.

L Die Diaphonie FN

Sei gWM -/~ +2 (1-2 Ne (xER) und H(x) =H(x1, ..., xs)= M g(x*~ 1
o 1 i=1

PVD (J11 =V)
# itzt di lut k te Fouri ihe A ——— mit  A&(m)=
(x) besitzt die absolut konvergente Fourierreihe EzS -K(’m)z_ i (m)
=i1_.‘|max @, |x;]), exp (/)—e2l', wobei die Summe uber alle m~(0, ...,0) zu er-
strecken ist.
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Definition 1.1. Unter der Diaphonie der Punktefolge xa, ... ,xN wollen wir die
GroRe
ngr 12
i 2ot 1Y

Es ist wohlbekannt, dal die Diskrepanz einer Punktfolge genau dann gegen
Null strebt, wenn die Folge gleichverteilt ist. Dieselbe Tatsache gilt auch fir FN.

verstehen.

Satz 1.1. Die Folge {x,} istgenau dann gleichverteilt mod 1, wenn lim FN=0 gilt.

J N 2
— ig_lexP (X*em)
Beweis. Wie man sofort nachrechnet ist Pn=2"' _I'I2(T) Far
e>0 bei. gilt daher far NAN(e) und hEN bei.
. _k2:i exP (Xcem) .
2 RHm)

falls lim Fn=0 gilt. Die Ungleichung von Koksma—Erd6s—Turan [3] liefert
ii)&)’%’: 0.

Die Umkehrung des Satzes folgt unmittelbar aus Satz 1.2.

Lemma 1.1. Es sei co={al.....av} eine Punktfolge aus dem Rv mit Diskrepanz

Dn. Fir einfestes k (1*ktsN ) betrachten wir die Punktfolge co*= {ax—ak, ..., aM—ak)
und bezeichnen ihre Diskrepanz mit D”. Dann gilt D%"3DN.

Beweis. ES seien 0="idK)SiI<...-cj9tq=1 die verschiedenen Werte, die
die /-ten Koordinaten der Punkte aus m annehmen. Fir die Folge oo* erhalten wir
dann analog

1 0= Bi.k,~akn < Ri.u+i-aP <eee< =
(1.1

Diese Folge wollen wir mit 0=a®<alf< ...<a; =1 bezeichnen. Fir ein belie-
biges 5-Tupel (al>4, ..., ds k) mit /=1, s definieren wir das Intervall
Q= {(*i. ,x9: Xu(< XS afJl+i, 1" isas}

U* bezeichne die Vereinigung all dieser Intervalle. Ferner sei X die Vereinigung
aller Intervalle der Form Q, die analog zu Q* mit den Zahlen RitJ definiert werden.

Wie in [4] wollen wir mit y(8*) den ,,oberen* und mit z(B*) den ,,unteren* Eck-
punkt von Q* bezeichnen. Dann gilt (siehe [4]):

(12) Ds = max max | A(y(%*); N) VYO A{y{QI\’l*)\ N) IV(Z(Q*))D
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Betrachten wir nun ein festes Q*£Z* mit y(R*)=(aljtl, asig) und nehmen wir
an, daB a,—a* (bzw. seine periodische Fortsetzung) zum Intervall [0, y(8*)) gehort.
Nach (1.1) kénnen nun fir jedes i (/=1,2, ..., s) zwei Félle eintreten:

Fall A: aM = RUri-ap d.h. a> a(0< RBIn
13
Fall B: aM= 1+Bir-a”® d h 07 a<>< BtriWan La<>< 1

Es kann somit die Anzahl der Punkte der Folge co*, welche in [0, y(R*)) liegen,
durch die Anzahl der Punkte der urspringlichen Folge oo, die in bestimmten dis-
junkten achsenparallelen Quadern 7j, ..., liegen, ausgedriickt werden. Wie
unmittelbar aus (1.3) ersichtlich ist, gilt fir das Volumen V(y(Q*))

L4 ks
V(ym) = 2 v(Ti).

Bezeichnen wir nun mit T einen dieser Quader, so ist T={(XL ...,x9:

i=1,2, mit Cj€{0, Bir,a”} und </ €L \8>, a*H}, r=0,1 ..., st und somit
gilt

(14 V(T)

{d1-c D{di-c ?...(ds-c™ =
= dl...ds-c2d2...dst...=

=eli--elsteZl...e25t...xet'l...elk
Nun ist aber jeder Punkt (et ..., ei s) ein bestimmtes y () mit QdZ; es gilt daher

(15) V(T,) ==F(y(Bil))+ K(y(RI))x...xF (y (B,1),

wobei die Vorzeichen gemaR (1.4) zu wahlen sind. Natirlich gilt auch fir die An-
zahl der Punkte in 7)

(16) A7) N) —£1(y (B;i);N) = .. £ A(y(B.9;N),

wobei in (1.6) wieder dieselbe VorzeichenVerteilung wie in (1.5) zu wéhlen ist.

Analog gilt nun auch fir den Bereich z(3*), daf} seine periodische Fortsetzung
in paarweise disjunkte achsenparallele Quader Ux, ..., Q)@ zerfallt, wobei unter
diesen einige entartet sein kénnen. Analog zu (1.5) gilt nun auch wieder

V(Ui) = F(z(R()) ...+ F (z(RiY).

Wie man sich leicht Uberlegt, wird aber im allgemeinen z(R;.) verschieden von
z(Q,.) sein. Es gelten jedoch die Ungleichungen

L7 V(z(&)) S V(z(Qh) " V(y (Qi)-

Wir haben nun die Anzahl der Summanden in (1.4) fir ein festes Q* abzuschatzen.
Diese hangt natirlich davon ab, wie oft in (1.3) die Félle A bzw. B auftreten. Nehmen
wir an, daB m mal Fall B und s—m mal Fall A eintritt, so rechnet man sofort nach,

daB j(Q*)=2m qilt, In diesen 2m Produkten der Gestalt (1.4) treten mal K

Werte ctl, ..., cik auf, die alle gleich Null sind; dies kann ohne viel Milhe mit In-
duktion bewiesen werden.
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Wird nun ein Produkt der Gestalt (1.4) formal ausmultipliziert und sind K
Werte der ctj gleich Null, so besteht die Summe aus 2s~k von Null verschiedenen
Summanden. lhre Gesamtanzahl ergibt sich daher zu

18 %'k_ A I&'*nZn—*: 25~n3n_35
9 k=O k=0 \k)

Wir erhalten somit nach (1.5), (1.6) und (1.8)

AY(Q*)- N) KY) <
N

(1.9) —V(yE?) ~ &i3=1 3*Av.

Wegen (1.7) gilt auch

bl1 J-1
R 2 ma MY ) VEQE)E MA@ N) V(RN S
yoN.

Aus (1.2) folgt nun zusammen mit (1.9) und der letzten Ungleichung die Behauptung
von Lemma 1.1.

Satz 1.2. Die Diaphonie FN erflllt die Ungleichung
F..(A, ..., X,,) < 6A%)12

Beweis. Nach dem Satz von Koksma— Hiawka [1] und wegen J H(x)dx —0
erhalten wir e.

1 N . o
Y /gl H(x,-xK) a D*V<>(H),

wobei DU die Diskrepanz der Punktfolge {xx—x*, ..., XN—x j bedeutet und V (s){H)

die Variation der Funktion H im Sinne von Hardy und Krause. F(s)(A) ergibt
sich im konkreten Fall zu

VOVH) = 2, () (§ 19 d0)*(f lgGo)lds- 1< 12+

Lemma 1.1 liefert nun zusammen mit dieser Abschatzung

1 N1 N
Tylzle(x,—xk) 36sDn.

Von besonderer numerischer Bedeutung wird FN fur die wichtigen Folgen
{k8}, B=(eri, ..., erm), wobei die r, feste von Null verschiedene rationale Zahlen sind.
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Satz 1.3. Fir die Folgen {k8} gilt

. HOL 2 N-*
(i) fn —~]£f~+ Jyr A (N-k) Fl(xs).

(ii) Es gelten die Rekursionen
FI = 4A(0), Bl=H(0),
(N+1)*Fk+1 = N*F%= H(0) +2Bn,
Bn+l = Bn+H((N+ 1)0).
(iiiy Far fast alle B gilt FN=0(Ne~D, e>0 bei.

Der Beweis des Satzes kann unter Verwendung der Resultate von [5] sofort
vom Beweis der eindimensionalen Version aus [6] libernommen werden.

2. Numerische Integration

Wir geben zwei Integrationsmethoden an, bei denen die Fehlerabschatzung mit
Hilfe der Diaphonie FN durchgefiihrt wird.

Definition 2.1. EfiC) sei die Menge aller auf dem Rs definierten periodischen
Funktionen

/(xX) =f(x1,...,x9= :2_ C(m)exp(mex)
mit |C(m)|*C/A3(m) (siehe [2]).
Definition 2.2. FUr xx, ..., x\NGRs und f (x)dEfiC) sei
2. W )=Wixh5..,x*= 2 /(xt-x,).

Fir die speziellen Folgen {k8} wird (2.1) zu

— A " )
(2.2 IN(f) = " k:>(%_1)(N \k\)f(k9).
Definition 2.3. Die Gewichte A{fN werden definiert durch die Gleichung
( N ¢ Nt
(2.3) \2zk = 2A}%zk.
\k=0 > 0

Siehe dazu [6].
Speziell fur die Folgen {£0} ist nachstehende Definition einer Integrationsregel
zugeschnitten.

Definition 2.4. Fir OERS und /(x)€EfiC) sei

(2.4) 4°(1) = 4« (I; 0)= (V+1)-' k2_N;1r 96 f(kd).
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Wir werden vorerst einige Rekursionsformeln fiir die Gewichte A'}N herleiten.

Lemma 2.1. Die Gewichte AKfi besitzen] fur t, NEN und 0"k~Nt die Sym-
metrieeigenschaft
(2.5) ANe=AdAn.n-

Beweis. Mit Hilfe des polynomischen Lehrsatzes ergibt sich unmittelbar die
Gleichung

tl
(2.6) PRE
n e ... 1= AlleeHn+
1+ .. K +1=»
fistdi3t... +NMm+=r;

Aus (2.6) erhdlt man dann durch geeignete Umnummerierung der Indizes

«

27) AS-KN —

Grizo BRI
D=
Die Behauptung (2.5) folgt somit aus (2.6) und (2.7), wenn wir zeigen kdnnen, dal}
die beiden Aussagen (i) und (ii)

N
() pq K = mit Ofj+ /- ...+ Nan+l= K
N+l
(ii) 24 Hi= Counn+l+ AN -t = P

aquivalent sind. Diese Aquivalenz kann jedoch leicht mittels Induktion nach N
bewiesen werden.

Satz 2.1. Fir die in (2.3) definierten Gewichte AfN gelten die Rekursionen
A[%=\, A%K=0 (k,t,NEN),
41A1) = 4 “Viv+4:)v fur OafcsA,

A fir A< Ké [X?22— ]+L

Beweis. Wegen Lemma 2.1 kann man sich auf - + J Pesciirrij<en

Diese Rekursionsformeln kénnen nun ohne viel Mihe hergeleitet werden, wenn
man von der Gleichung

(I+z+..+z7+1=(I+z+..+zA 2
k=0

ausgeht und die in der rechten Seite auftretenden Summanden geeignet zusam-
menfaft.

Wir geben nun im Anschluf3 Fehlerabschédtzungen fir die Integrationsmethoden
(2.2) und (2.3) an.

Stuclla Scientiarum Mathematicarum Hungarlca 13 (1978)



TRIGONOMETRISCHE APPROXIMATION 279

Satz 2.2. Sei fEE*(C) mit a>l, xI; ..., xaCRs und e>0 bei. Ist ferner
Rn-R n(xi, ..., xW)=/v(/)- f /(x) dx, so g/li

Es

(O £ut @a 2 /si: |l = CEjy(XI5 ..., XY),

@i fur aaa 2 /si: /vl —QCa, e)EM@@E mit C\(a, €) = C(8/e)s(2-a) und
Bfx, €) —2x—2—e(2—a),

(i) far 1< an  /si: |Ejv] » C2a, E)pEr<’d mit C2(a, e) —C —& und
R2(0, €) = 2a—2—e(a—1Y).

Beweis.
R (xi, -2 N/'I‘-’F(If (m)exp(me (k- X)) —C(0) =

= XC0 c (m) Ny kgl exP (m -x*)é\lNr iglexP(-rn-X,),

wobei die Umordnung der Reihe wegen a>l erlaubt ist Mit S(m, N)=

—Al ngl\|| exP (m,x/) erhalten wir fiir cc"2 die Abschétzung

1SC X AT RP --Coi 'y (5, A)YR(mM))2= CF*.

Sei nun —Saé2. Mit der Holderschen Ungleichung erhalten wir dann

™1- C =

0 y3(2—a)/2

( o
= CR§™~i| 2 s2m, A)YA43(m)

(5(m, YV))3/343(2-8)2 "

5(2—a)/4

SCif-4ill-)/1( X 52m, A)RGSm)]

Wenden wir nun wiederholt nach diesem Schema die Holdersche Ungleichung an,
so erhalten wir nach k Schritten die Abschétzung

28 C 2% samyIR(m))<a

m = —o00
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mit B(k)=(2k+1+2)/(2k+1+ 1), y(K)=(2k+1L+ 1)/2k+1 und
S(a,k) = 3a—44-2(2—a)(2_1+2_2+ ... +2-1).
Wegen 2 52(m, N)I(R(m))B(K\*a2sk+2 und (k+2)y(A)sk4-3 fur genligend grofe
K, erhaITén_\Tilir aus (2.8)
\RN\'S C2s(t+3,(2- Y)Fff-2- (2- )2k~ Cx(a, £)F"*’¢

mit Ci(a, &=C(8/823) und /~(a, e)=2a—2—e(2—a), wobei A so grof} zu
wahlen ist, daR 2~k~1"e”*2~k qilt.

Ist nun schlieBlich 1-~a”~y, so erhalten wir ebenfalls wieder mit Hilfe der
Hoélderschen Ungleichung die Abschétzung

(SYm, N))3~a
-m

P A CnR IS (m, N)/R(mYE-k R(M

—CFn 12" (s(m, T

mit *=2/(3—a) und ix=(3—a)/2. Wenden wir schlieBlich die Holdersche Un-
gleichung auf die verbleibende konvergente Reihe k mal nach diesem Schema an,
so erhalten wir

(2.9) \Rn\a CFjf-THl+t-1+- +*k>{ 52(m, iv)I(A (m))4 +i] k1

\'m = —o0

mit rt=2(2k—1—2t_1—)a)/(2k+tl—1—2‘—)a) und S*=2-'I2*+1-1-(2*-1)a).
Wird nun die in (2.9) auftretende Reihe in gewohnter Weise abgeschétzt, erhalten
wir analog zu obigen Abschatzungen

R\ CFEC-1)4-2-5- ) (2*+2(a—))s ™ [jfece,>C2(a, €)

mit C2(a, e)=C(4/(e(a—1)))s und /2(a, €)= 2(a—1)—e(a—1), wobei A wiederum
so groB zu wahlen ist, daB 2-t-18e<2-* gilt. Damit ist der Satz gezeigt.

Bemerkung. Wie man sich leicht Uberlegt, gilt (i) sogar fur a>4/3 und
(iii) far a>1. Die Abschatzung (iii) ist aber fir 4/3<a”3/2 besser als (ii); ent-
sprechendes gilt fiir a>3/2 auch fiir die Abschatzung (ii).

Satz 2.3. Sei i”aé2 (iEN), /(x)4£)(C) und dfRr\ so gilt
(2.10) L = \Jjif>(/) - [ 1(X)dx] » CF*e
E

Beweis.
Nt

Rn=(N+\)-' 2' C(m) 2 al?exp(meks) =
0

m = —o00 fo=
I
=(N+ 1)t 2 c(m) 1Z exp(m-Ad).
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Damit ergibt sich

Ibisei—"-i i' (5(T,A)1(T)) c( i' S*m, NYR>(m)] =CF»,

wobei letzte Abschatzung aus [[{6,.}lp= |{Bn}|, fir p~g”1 folgt.

Sind von der Funktion f(x)EE°(C) die Funktionswerte nur an den endlich
vielen Stellen XI5 ..., XV (Xj€Rs, bekannt, so kann bei der Verwendung
des arithmetischen Mittels als numerische Integrationsmethode folgende Fehler-
abschétzung hergeleitet werden :

Satz 2.4. Ai fEEE(C) mit <">i und xls ..., xv:R\ dann gilt fur den Integ-
rationsfehler Rn
A*(x1, xs) = -i- 2f(*k)~ ff(x)dx
die Abschéatzung

2.11) RV(Xi, ... x| ~ CeFne 2287 2) 1

Der Beweis ergibt sich ohne Mihe aus der eindimensionalen Version des Satzes
(siehe [6], Satz 3).

3. Trigonometrische Approximation

Wir wenden nun die in den letzten Paragraphen angefiihrten Methoden und
Ergebnisse auf die Approximation von Funktionen an. Es ist naheliegend, als
trigonometrische Approximationspolynome ,,Partialsummen* der Fourierreihe der
Funktion zu verwenden. Die Verallgemeinerung des Begriffs der Partialsumme

N
sN(x)~ 2 cmexp (nix) vom ein- in den mehrdimensionalen Fall kann aber in

m——N
verschiedener Weise erfolgen. In der Literatur findet man vor allem zwei solcher
Verallgemeinerungen (siehe [7]).

(3.1 sow = v e, W = 21 Cfcls k9 exp (k=X
=1y
(Summation tber Quaderbereiche).

3.2) br() = C(ku ..., k9exp(k-x)

k\+..2.+kIsR
(Summation Uber Kugelbereiche).

Wir werden nun ,Partialsummen* (ber bestimmte hyperbolische Bereiche
definieren und zeigen, daR damit wesentlich bessere Fehlerabschdtzungen als mit
Summen der Gestalt (3.1) und (3.2) gewonnen werden kénnen. Im folgenden werden
zwei Approximationspolynome konstruiert; im ersten Fall berechnen wir uns die
Fourierkoeffizienten mit einer Integrationsmethode (2.1), (2.4) oder (2.11).

Studia Scientiarum Mathematical'um Hungarica 13 (1978)



282 P. ZINTERHOF AND H. STEGBUCHNER

Lemma 3.1. Es sei /(X)EE£YC), a>1, C*(m)=/N/(x) exp (—m-x)) und £>0
bei Dann gilt
CR*(m)F$ fir as 2

(3.3) |C(m)—C*(m)| eRI(MAIEir s «S 2
C2(a, e)/?*(mF~@H fur 1l<a |

Beweis. Wie man sich sofort (berzeugt, liegt die Funktion / (X) exp (m+X)
in der Klasse E*(CR*(m)), falls fEE*(C). Der Rest ergibt sich aus Satz 2.2.

Satz 3.1. Es sei f(X)EEE(C), 001, s=-0 bei. und R”I. Dann gilt fir das
Approximationspolynom

Pr00 = < ¢ *(m) exP (m *X)
5A
die Abschatzung P([%

(3.9 i 4 . =o(«(i,,gi-p
mit
a—l S .
a
I va-2y(3—a) y SdA 2
2-¢e
(n+7_2) <((ST.

Beweis.

1/0000= | o (C(m)-c*(m))exp(m*x) +
+ 2 C(m)exp(mex[s C*FR 2 A*m)+C 27 N"r(t)é
R(m)"R A(m)s8 R(m)=-R

SC*EfiR* 2 1+C 2 R-°(m)

R(m)>R

=2C log5" 1/2+ Ca fe I (1+I09 A)5

wobei die letzten Abschétzungen aus (3.3), [2] p. 172 und [2] p. 125 folgen. Dabei
ist

c an2 2 an?2
3
cr =< Q@8 [sas2 2a—2—€(2-«) -Sas2
C.(a e i<a-T3 2a——e(a-1) 1< asy
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Wir wéhlen nun R=R(FN so, daB dieser Ausdruck minimal wird und erhalten
R=F$ mit

an2
c
woraus schliefflich die Behauptung folgt.
Satz 3.2. Essei iSa~2, fEE*(<0), 7?1 und exp (—m ¢x)).

Dann gilt flir das Approximationspolynom

% - C**(m) exp (M-x)

PROO)= o

die Abschatzung
(3.5) I/-n°1IU = o f*-"~iog 51-M).

Der Beweis verlauft ganz analog wie oben unter Beachtung von (2.10).
Analoge Abschdtzungen erhélt man bei Verwendung der Integrationsme-
thode (2.11).

Bemerkung. Wird in (3.1) nr=...=ns=R gewdhlt, so hat man bei den Me-
thoden (3.1) und (3.2) ein 0(RY Fourierkoeffizienten zu berechnen, wahrend die
Anzahl der zu schétzenden Koeffizienten mit den Methoden (3.4) und (3.5) nach
[2], p. 172 nur ein O(R log5-1R) betragt.

Approximationsmethoden, wie sie in Satz 3.1 und 3.2 angefthrt wurden, wird
man nur dann verwenden, wenn die Koeffizienten C(m) bzw. deren Schatzungen
ebenfalls bendtigt werden (etwa fiir gewisse Stopbedingungen oder in der Bild-
verarbeitung zum Ausfiltern von Storfunktionen). Ist man jedoch nur an den zu
approximierenden Funktionswerten interessiert, so braucht man nicht die einzelnen
Fourierkoeffizienten getrennt zu berechnen, sondern kann sich gewisser Integral-
darstellungen fur die Partialsummen bedienen.

Definition 3.1. Sei n=(115...,ns) und R 1, ganz. Unter dem s-dimensionalen
Dirichlet-Kern der Ordnung n verstehen wir die Exponentialsumme

Ens)(x)= 2 exp (m-x).

J=1 S
Die Exponentialsumme
(3.6) [I">(x)= 2 exp(m-x)
R(m)AR
wollen wir als s-dimensionalen Hyperbelkern der Ordnung R bezeichnen.
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Es ist bekannt, dal D‘)(x) die explizite Darstellung
£45)(X) =D ni(x)...2),,i (x9
mit
sin (2fc+ )sar
S A= gt

besitzt. Wie man sofort nachrechnet, gelten die Gleichungen

(3.8) sn(x)=/*Z)<s>(x)= 11(y)6<5)(x-y)dy,
(3.9) R(an)sRC(m) exp (mex) = /> Hjf*(x) = ff(y)H R)(x~y)dy.

Auf Grund der Darstellungen (3.8) und (3.9) kann man also ein trigonometrisches
Approximationspolynom erhalten, wenn man auf die Funktionen f(y)D”"s)(x—y)
bzw. /(y)A"(x—y) eine numerische Integrationsmethode anwendet. Fir (3.9)
ist dies natiirlich in der Praxis nur dann sinnvoll, wenn wir fiir (3.6) ebenfalls eine
explizite Darstellung ahnlich (3.7) angeben konnen. Eine solche soll nun im An-
schluB hergeleitet werden. Wir werden dazu den Bereich der Gitterpunkte m mit
R(m)~=R in einer geeigneten Weise charakterisieren. Flir REN bei. definieren wir
uns dazu folgende Zahlen:

(i) Ist V?+I=A:+r mit 0<r*0.5, so sei

0
(3.10) K<]j”" 2k—1],
j =2k
(i) Ist andernfalls \ R +\=k-\-r mit 0.5<r”"I, so sei
K,
(3.1 K+1 ~j ™ 2k,
j = 2k+1
Definition 3.2. Unter dem Bereich verstehen wir die Menge aller Gitter-

punkte m fur die gilt: Ist rd} 1*njSrQj fur \*a.jS.2k (bzw. 180c"2A:+ 1)
(j= 1, ..., s), sogehdre n—nx, ...,ns) genau dann zu BR\ wenn ]3 XISR qilt.
Die Eindeutigkeit dieser Definition zeigen wir in

Lemma 3.2. Die in (3.10) bzw. (3.11) definierten Zahlen sind alle voneinander
verschieden.

Beweis. FUr 17 j~k ist nichts zu zeigen. Aus der Giltigkeit von R R —1

E}s 5<—R rR folgt auch der Rest der Behaup-
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tung im Falle (3.10), da ja hier B*< Im Fall (3.11) missen wir nur noch

zeigen, dall |[-js& +1 gilt. Wegen d.h. 2kr+r2>k+-" und A+ 1=A:2+

+2kr+r2 d. h. 2a&++2CN erhalten wir die Ungleichung 2kr+rrék +1, woraus
schlieBlich

(3.12) rs yk2+k+1—k

folgt. Mit Hilfe von (3.12) l4Rt sich nun aber sofort zeigen, daR dann auch
k(k+1)"R qilt. Aus dieser Ungleichung kann dann aber sofort die Behauptung
hergeleitet werden.

Das nachfolgende Lemma wird fir die explizite Darstellung von H”s)(x) eine
groRBe Rolle spielen.

Lemma 3.3. Ein Gitterpunkt n=(nlt ..., /) gehdrt genau dann zu B'fi, wenn
R(n)"R gilt.
Beweis. Die eine Richtung ist trivial, d. h. nERjjs)=>7?(n)".R. Nehmen wir

also an, daR R(n)"R gilt und sei &=[)!?] wie in (3.10) bzw. (3.11) definiert. Gilt
fiir ein Hji rij>k, so folgt daraus ntSk fur blk (j, /=1, ..., s). O. B. d. A. kénnen

wir annehmen n,*k fir 1 1 und nur eventuell ns>k. Es gilt somit auf

Grund der Definition 3.2: rX=ni fir 1 1L Wegen R(n)"R folgt daher
N - hheYs Iy

Nun ist aber LrT —Jlstets eine in der Folge (3.10) bzw. (3.11) vorkommende

Zahl rm. Ist daher nsé rm=ras, so gilt

S

= R,

was aber n i impliziert. Damit ist das Lemma bewiesen.

Dieses Lemma erlaubt nun eine rekursive Darstellung des in (3.6) definierten
Hyperbelkernes #£s)(x). Im folgenden wollen wir fir x=(x1, ,xs_It x9£Rs mit
x'=(x!, ..., xs_1) seine Projektion auf Rs 1 bezeichnen.

Satz 3.3. Fur den in (3.6) definierten Kern H”(x) (ié 2) gelten die Rekursions-
formeln
2k—1

0] H$>(x)= Z H”yj(xu ...,xs D(Drj(xs)-D rj_1(xs))

fur YR+\=k+r, 0<rs0.5,
2K

(@) Hf(x) = Z n %5 0%, Xs- 1)(k>ri(Xs) —D r._1(xs))
7=1
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fur /R+I1=k+r, 0.5<r"I.
Dro(t)=D0(t) ist dabei identisch Null zu setzen und H}})(t) —Drij(t).
Beweis. Wir beweisen etwa (ii) und vermerken, daB rk=R qgilt.
#HO= 2 expMmex)= 2 exP(mex)=

= 2 exp (msxs 2 exp(m,-x")+ ...+
- p( %mw p(m, -x)
2 exp(msxs) 2  exP(m'-x)+ ..+
-O+i m'efis_1*
+ exp(msxs) 2  exP(m'ex) =

nrx9at;V ) +...+(DrjH(x9)- Drjxtf VvV ) + ...+
+ ..+ (E>rak(xs) —Drsic 1(xs)) M T ") (x").

Dies entspricht jedoch schon der Formel (ii) unter Berlicksichtigung von DO(t)=0.

Mit Hilfe dieser Rekursionsformeln kann somit der j-dimensionale Hyper-
belkern aus (i —1) dimensionalen Hyperbelkernen und gewdhnlichen Dirichlet Kernen
aufgebaut werden. Ein gewisser Nachteil liegt allerdings darin, daf} die Berechnung
von tfE>(x) fir groBe R sehr aufwendig wird. Wir werden daher einen Kern G{ (x)
definieren, dessen Berechnung wesentlich einfacher ist und der flir gentigend grofe
R die gleichen Fehlerabschatzungen wie (3.6) gestattet. Dazu geben wir folgende
Definition, die der Einfachheit halber nur fiir die speziellen Werte R=2k (/cEN)
angegeben wird (hat R nicht diese Gestalt, so sind wieder mehrere Fallunterscheid-
ungen vorzunehmen).

Definition 3.3. Es sei R=2k {kEN) und gj—21 fur O *j*k sowie q_x=0
und gk+i=°°. Ist m€Zs mit

Tli<M=¢qj 0O— —k+1J
S
so gehdre m genau dann zur Menge Ar\ wenn if_I1 =R gilt.

Aus der Definition folgt sofort, daf die Inklusion A richtig ist. Ein-
fache Gegenbeispiele zeigen, dall im Allgemeinen nicht das Gleichheitszeichen gilt.

Definition 3.4. Der Kern G{ (xj werde definiert durch die Gleichung
(3.13) CE>x)= 2 exp(m-x).

Ganz analog wie in Satz 3.3 zeigt man folgende Rekursionsformel fir den

Kern Gjs)(x):

(3.14) Ge (x) =1 Gern)(D 43(xs)-D qjdxj),
wobei wiederum dieselben Nebenbedingungen wie in Satz 3.3 zu gelten haben.
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Da alle Fourierkoeffizienten C(m) von HRY bzw. G fir R(m)>R verschwin-
den und fir R(m)SR hdochstens gleich 1 sind, erhalten wir die Abschétzung

(3.15) IC(M)]-7F~)  Vmezs’

was aber heiBt, daB HR}und G\f zur Klass E*(RX (a>1 bei.) gehoren.
Mit Hilfe dieser Kerne HE und koénnen wir nun fur Funktionen aus E£(C)
folgende Approximationspolynome definieren:

Definition 3.5. Es sei fEEE(C), a>| und tsa.

(3.16) HIRX) = /,,(Ay)al (x-y)),
(3.17) Glr(x) = 1, (/(y)CM (x-y)),
(3.18) [4°(x) - 4°(/(y) " 9)(x-y)),
(3.19) GJkfx) = 4°(/(y)Gks)(x-y)).

Fir diese Approximationspolynome gelten folgende Abschatzungen:

Satz 3.4. Sei f(X)EEE(C) mit a>1 und e>0 bei. Dann gelten fiir die in
(3.16) und (3.17) definierten Approximationspolynome folgende Abschéatzungen:

\f-m Ru
/-g/r]|,

2(a—1)

" Ya = a1

\ogEN&(*s3)

mit d(a, s)=2C P fiir aS2, y(a, e)=H— 3-Mic> O fiir

Sa.s2 und y(a, e)="-—="/2(, e) fir I<ag 3, R muB dabei wiefolgt in Abhan-

_iQg y7 "a(as)l s
————— fTok-----J mit a(@%5)=" —[> b(a)=

2a_lf[]r «€2,6(a)=-"y fur —SaSl! und b(a)= f fir

Beweis. [[(O Hl-covs 11(x-/* (0] +\f* HEY(X)-H IR®\. Fur den
ersten Summanden erhalten wir wegen (3.9) und Lemma 28 von [2] die Abschétzung

(3.20) 1O)-1*AA(x)| sil 2 C(m)exp(m-x)| =i

@+ log/?)s 1
SC R(r%)”R S Ca R7-1

Wegen (3.15) und Lemma 9 von [2] liegt f(x) () in der Klasse FE(ACRX mit
einer nur von a und s abhdngigen Konstanten A. Satz 2.2 liefert somit die Ab-
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Schétzung
ACRXF$ far a$s 2,

ARXCl(a, e)(FnY i@t fir j S a” 2
U1 C2a, e)(FNY*Ixe) flr 1. a. vy

(die Bezeichnungen entsprechen jenen von Satz 2.2). Wird nun R wie oben angegeben
gewahlt, so wird die Abschédtzung der beiden Summanden optimal und man erhalt
nach kurzer Rechnung die gewiinschte Abschatzung fur das Approximationspoly-
nom HIR. Um die Abschatzung fur GIR zu erhalten, miissen wir eine Abschatzung
von

[ 2 C(m)exp(meX)

angeben, welche dieselbe Konvergenzrate wie (3.20) besitzen mul3. Dies folgt aber
unmittelbar aus Lemma 28 von [2] und nachfolgendem Lemma:

Lemma 3.5. FUr den in Definition 3.3 eingefiihrten Bereich Ajf* gilt die Inklusion:
Br> A(@)fur R'=R/2S

Beweis. Sei 16/14.%, d. h. R(m)*R/2* und etwa 2§~1"mJ*2%, dann gilt
R/I2s"R (m)"2X%412s bzw. 2I"R. Laut Definition liegt dann aber bereits m
in A’s>und das Lemma ist bewiesen.

Fur die Approximationspolynome HJf> und GJR> gelten folgende Ab-
schétzungen :

Satz 3.5. Sei fEE*(C) mit a~2 und t*za (t ganz). Dann gelten flir die in
(3.18) und (3.19) definierten Approximationspolynome nachstehende Abschétzungen:

mit >@=a(a—)/(2a—L) und <K@ 9=a(v—IL)/(2ot—L). R muR dabei wieder in
Abhangigkeit von FN gewahlt werden:

(-logFjy)”
E A

mit a(a, s)=(s—)/(2a—L) und c(a)=a/(2a—1L).

Der Beweis kann ganz analog zu obigen Satz gefiihrt werden, wenn die Ergeb-
nisse von Satz 2.3 berticksichtigt werden.

Zum Abschluf? wollen wir noch die in Satz 3.4 und 3.5 hergeleiteten Ergebnisse
mit jenen vergleichen, die man erhdlt, wenn man der Hyperbelkern durch den
Dirichletkern ersetzt. Wie man sich sofort (berlegt, gehdrt D*5)(x) fur bel. a>1
zur Klasse ££(.K“(m)) und daher / (y)D(s)(x—y) zur Klasse £ s(CARx(n)) mit
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A=A(s, a), falls fEE£(C). Analog zu (3.18) betrachten wir das Approximations-
polynom D jP (x)=jp(f(y)DP (x —y)) und erhalten

\f(x)-DjP\ S |/(x)-f* DP (X)|- 1/*DP (x)-DJp ()| =
= lnf%(n)C(m)exp(m*xN—ACRx(n)‘Ffl

mit g'(n)=26(n) und Q(n)={m£Zs: |Tné/?;,/=1, ..., i} Betrachten wir
speziell die Faltung der Funktion f(x) mit Fourierkoeffizienten C(m) Ci7a(m)
mit dem Dirichletkern im Punkte x=0, so erhalten wir fir n=(n, ..., )

sup y)—DIp(x)\ = 2 C/R*(m)-ACn*sHilE;
X m € <27n)
(320 S 4C/2-(A|)'(l =

= CFE<*oa/2r(~j) (1-(ATF) ) Bk = C(a, s)F#ab

. _ a(a—l+e) _ ae
mit  (5(a, €)= 4 —|-t-s + a5 und i/(a, €)= g lte+as’
N ist dabei die Konstante C(oc,s)>0. Es existiert somit in jeder Klasse E£(C)
<a>l) eine Funktion /(x), fir die das mit Hilfe des Dirichletkernes definierte
Approximationspolynom keine bessere Abschétzung als obige liefert. Ein Vergleich
mit Satz 3.4 zeigt aber, dal} die damit erreichte Approximationsgiite nur etwa die
e Wurzel von jener aus Satz 3.4 betragt. Analoges gilt natiirlich auch fiir die
Approximationspolynome (3.16), (3.17) und (3.19).

Zu den oben angefiihrten Integrations- und Approximationsmethoden wurde
mire Reihe von numerischen Experimenten durchgefiihrt, Giber die an einer anderen
Stelle berichtet werden wird.

Fir hinreichend groRe
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PERTURBATION OF LINEAR DIFFERENTIAL EQUATIONS
BY A HALF-LINEAR TERM DEPENDING ON A SMALL PARAMETER

by
I. BIHARI

I.  The case of a first order autonomous system of differential equations

1. The system in question is as follows

u' = v+ef(u,
(1) (le| « 1)
V' = —u+sg(u, V)
where we assume
1°f ().u, Xv)=Xf(u, v), g(Xu, Xv)=Xg(u, W), MX u, v;
2°/ and g are analytic on the circle u2+v2—1,;

We wish to determine the first, second, ... approximations of the general solu-
tion of (1) which are accurate in order e, €2 ... for an arbitrary value of et. This is

not the case with expansions in power series ofthe form u= 2 E'un(0>v= 2 s"wn(0>
where secular terms appear (see [1], p. 35). n=0 (1

2. First of all let it be remarked that system (1) can be integrated in closed
form. Namely, in the case of uniqueness both of nan v cannot vanish simultaneously.
Say, n does not vanish and is monotonie in the neighbourhood of a point, then
there we have
_ —1+eg(l, 2)
— z+ef(l, 2)

H(2)

which by the substitution S =2 can be integrated as follows:

& lt=bT1T ko

On the other hand for the exponential solutions — if any — of the form u=AeX®
v=Bel’ we have
XA = B+ef(A, B),

XB ——A+eg(A, B)
whence =H j. Thus if the zeros of the equation H(z)=z — if they exist

AMS (M OS) subject classifications (1970). Primary 34C15; Secondary 34C25, 34C35, 34D10,
34E05, 34E10.

Key words and phrases. Differential equations, perturbation, small parameter, asymptotic
methods, nonlinear oscillations, periodic solution, dynamical systems.
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at all — are zI5z2, then the exponential solutions correspond to the points z(
and the solutions of the form (*) to the intervals Zi<z<z/+1, i=1I, 2, 1 — An-
other approach for solving (1) is to apply the substitution u=r cos a, v=rsina
giving the system

r . . .
—=c [cos a/(cos a, sin a) + sin ag(cos a, sin a)],

a' = —l+s[—sina/(cos a, sina)+cos ag(cosa, sin a)],

where the second equation is independent from the first one and can be integrated
immediately and we obtain easily the following statements concerning the orbits
on the phase plane (1, V).

1) If e is small enough, then a'<0, a\, lima= —m

2) If ri(u, ) =0, rg(u,n)~0, then »=x0, r/, tI:irgg r= o

3) If the conditions 1) and 2) hold simultaneously then the origin O is an un-
stable spiral point with respect to (1) (Fig.

4) If the assumptions of 2) hold but that of 1) do not, then it can happen
that a'=0, but r/ by all means.

Exampie. Letting e=1, then

a' —l—j—sin 43

and a'=0 provided, sin4a= 5

Now if C=4, then a'=0 at af= —f+ kn , (A:=0, 1,2, 3), but does not

mchange its sign at these points and a \, lim a= —CO The orbits corresponding to

these ak’s are straight lines (Fig. 2). — If C=*4, then a' changes sign at its zeros
and a is increasing and decreasing alternately. (Fig. 3 corresponds to C=8; then

a =0 when a*= _24+1F °Ta,=T + 24+ T /=07 152, 3).)
5) If instead of the rule of sign given in 2) we assume that vf(u,v)"0,

ug{u, n)éo, e=I, then both of r' and a' can vanish. E.g., if
_ _ 3. F_ 1.
f= n+i2 97 T8V tHen =3 sin2a.
At the points at=@ (k=0, 1, 2,3) r has minimum and

a' = 2(cosda+cos2a—1), a'= 0 if cosa0= VTl

and a' changes sign at a= *a, (Fig. 4).

1 See below much more later the example where u2+v*=ale3 (I1+0(e)) in first approxi-
mation.
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6) If / and g are such as in 5), but e>0 is small enough, then r' can vanish,
but a' not. Then O is a stable or unstable spiral point or it can happen that the
orbits are all closed, the solution is periodic. In fact, the necessary and sufficient
condition of the periodicity of every solution is as follows

_ _ s _ cosal,¥sinag.
(C) 0=[logr]d = rf ﬁ:os afa+sinagj dt = € mi'n_aiéTo_éé_Q_J da,
IL =Acosa, sina), g~= g(cosa, sina)].
Here T means the time of one revolution and dt has been replaced by %. Eg.

this relation is satisfied provided / is odd in its second argument and g is even in
its second one, since then the integrand has opposite signs at a=it£R. In the

I B
example of 5 ———sin2a,a'= —l+£cos2a and condition (C) is
SIN28 _j—0 (el<acl) which is satisfied and r'=0 at a= — (*=0,1,...)
I 1—ecos2a o
where r has maxima and minima alternately (Fig. 5). — If /= \8 u3

then (C) reads u2+v2’ g~~u2+v2

sin 4a

f 1+e(l —£sin22a) da -0,

which is also fulfilled and r'= ——sin4a=0 if a=A (*=0, 1,2, ...) where r
has successive maxima and minima (Fig. 6).

3. Now let us return to our original task, namely to obtain asymptotic solu-
tion of (1). The origin is a critical point with respect to (1) and we are faced with
the so-called critical case of a critical point, since the eigenvalues of the matrix
on the right-hand side of the corresponding homogeneous system

2 X'=y, y'=-x
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are pure imaginary. Therefore it can have some interest how the method followed
by Krylov—Bogoliubov—Mitropolski [1] works in this case. — The solution
of (2) is x=a cos (t+t,)), y= —asin (t+t(), (a, V=const) and the orbits are circles.

The method for general nonlinear system is to assume the solution of (1) in
the form

n = acos p+Eunra, @) +ern2a )+ ...,

©)
v = —a sin p+Ev”a, I)+E22(a, ) + ... ,

where ut and V. have the period 2n in ¢
and have continuous partial derivatives. Here
aand ¢' are not constant anymore, but they
have to satisfy the system

a' —ea1(o)+ c2A2@)+ ...,

@ _
®' = |+eBl(a)+E2Bi(a)+...

of differential equations and A:, Bt, ut, vt are
to be determined that (3) be solution of (2).
Applying this method no secular terms ap-
pear. In the present case making intensive
use of the half-linearity of / and g our
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purpose will be reached much more easily than having any different nonlinear /
and g. The simplifications obtained here are :

(i) It is sufficient to assume / and g to be analytic on the unit-circle (instead
of the whole plane) ;2

(i) The functions uh vh At (/=1, 2, ...) are linear in a, and Bt are constant
i.e., instead of (3)—(4) we have now

n = afcosip+£ul(ip)+E2u2(ip) + ...],

5
® V= a[—sinip+EV1(ip)+E2v2(ip)+ ...],

a' —aieAj*+e2A2+ mm
(6)
ip = 1'beBA 'f‘e~82'b..'

where Ah Bt (/=1, 2, ...) are constant;

(iii) As we shall see later, the Fourier expansions of such functions as
/(cos ip, —sin /O etc. will involve terms only of the forms cos (2n+1)ip,
sin (2n+ 1)ip which simplifies strongly the computations and formulae.

Let us see the details. Now with the notations —j-=ub-jj-=M corresponding
to (5)—(6) we have dv

ur —a'(CoSIp + eiit+ e2uz+...) +aAIP'(—SIN P+ cu1+ c202+ wam) —
= a[eAl+e2A2+ *)(cos ip+EIMA-2u2+ ...) +
+(1 BB+ L) (=SinlW+Elij+£20)+ )] =
= «[—sin b + e(a1c0S ip— B{sin p+NnD+
+ e2(A2 costp—B2sin ip+Alul+Bial+ a2 + e3...],
v = «'(—SiNip+ evi+ e2v2+ mm)+ aip'(—cos b + evi+ e2v2+ ...) =
= afeA+E2A2+ ... )(—sin It+EE1+E£2t9+...) +
+(L+ ep1terot cos i/'+Et1-1-£2i2% )] =
= a[—C0S ip A~e (—a i sin ip —BXcos ip + i>i) +
+ e2(—A2SIN b —B2COSip+ Alvi+ Blvli+ v2)+ e3...].

Furthermore f{u, v)—«/(cos ip+eul+ 2u2+ , —sin ip+Ev1+E2v2+...). Let us
expand the function /(cos ip+£..., —sin ip+E...) in Taylor series about the point
Q=(cosip, —sin p) situated on the unit circle

Ef(u,v) = a[Ef(Q)+Efu(C)(EUL+ W2+ ...)+Efv(Q)(EVI+E2\2+

= a{ef(Q)+e2[uff uQ)+vj,, (B)] + £3..}.
In the same way
£g(u, V) = a{£g(R) + £2[«1g,, (R)+£1gL(R)] + £3+...}.

1 However, this involves the analyticity on the whole plane except the origin.
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Putting all these in (1) and comparing the coefficients of a, a2 on both sides of the
equation we obtain for the determination of zg, vh At, Bt (/=1,2) the following
two systems of equations:

Axcos iz—Bxsin h+ M = vx-ff(i2),

@ —Axsin h—BI cos K+ vx = ~*nx+g(£2),

A2costl/—B2sin 1/+u2—v2 = —Axux—Bxux+ uxf u(Q) + vxf v(Q),

©)
—Ai sintiz-B 2cos iiz+ v2+ u2= - A xvx- Bxvx+ uxgu(Q) + vxg,,(fi).

These equations serve to determine the first and second approximations, respec-
tively. Now by the half-linearity f (cos i/, —sin t/z)=cos \jf (I, —tg i’2. The func-
tion /(1, —tg i”2 has the period n and if it is smooth enough, it can be expanded
in a Fourier series of the form

/(1,-tgt/0= %é(/.cosZ'!|/'+/rnsin2n,A§ (~0 = 0),
involving

cosi/i/O, -tgili) = ﬁd/,, cos (211 +1)iz+ F,, sin (2n + \)dp),

where /0=/0+y /i, Fo=y ™i, [,=-j (/,+/,H> F»=y (M. +f«H)> «=1,2,.... In
the same wav

cost/zg(l, -tgt/z) = %;,,cos(Zi? + Dilz+ G,,sin (2n + 1)if2),

N
=
where + G0=y Gx,gn=vy (9,+9,,+), G, =y (G,+ Grl)(n=1,2,...).

Here g,,, G, are the Fourier coefficients of g(l, —tg /). Let the Fourier series of
ux and vx be

th =2 (ancosu™+Msin"A), v = 2 Ohicosnh+0, sinzzilz), (A = .= 0),
respectively. Then
iq = ’io n(—aasin np+ B, cos np), VX — _20 n(~ynsin ng+9,, cos ndy).

Putting all these in (7) and comparing on both sides the coefficients of cos n¢ and.
sin ngh we have for n=0 a0=y0=0. For n—1 we get the system

A +Ri = Y+/o, #i+a = —<5i~F0,
-B X+0X= -ax+g,, Ax+tyx=Bx-GO0O
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of equations, whence
A1=~ (fo- Go, /?!-)-1 =y (/«+Co),

©)

Bl = —y (Fo+go)> <+« =ydo-"0)-
Thus Ax, By are determined while among ak, Bk,yk, &y we received two relations,
i.e., two of them remains undetermined for the moment and can be determined only

by some supplementary conditions as we shall see.
For n=2k, (k=1,2, ..)

2kBX = y2&  2keck = —0k>
2kok=—aX 2kyX =R,

whence <&=R2&=yk—S%=0, (k=1,2,...).
This great simplification is the consequence of (iii). For n=2k+1 (k=1,2, ...)

(2k+ 1) BXH = yAH+/*,  —(2k+ 1)d*+i — +i+

(2k+ D K+1 = —ar+ v (2k+ D\s<tx= [at +i + Gt >
whence
4k(k+\)oik+l=-[(2k+\)F-gk, 4k(k+D)y2+H =fk-(2k +\)Gk,
(9) ,
Ak(k+\)Bik+i —(2fc+1)/t—C*, d4fcfc+ 1)i*+1= (2fc+I)ft+ Ft.8
Therefore in first approximation

a':;EA ﬂzy (/H_ CQ’

i/'=1+£1(, Ir= -y (F 0+g0

and so
a = alecX, iR = (ifu+ t) + nel

where a0 and ¢0 are arbitrary constants. Furthermore

ux= nZ:O(*2‘|+i cos (2n +\)'B+R2H sin (2n +\)ip),

k= 2 (¥2w1cos (2fH-1)ir+ 62,+1sin (2n + 1) ®).
n=0
Here are two relations among «URLYl,0L the rest of the coefficients are de-
termined.

3 Compared to fk, Fk,gk, Gk the order of magnitudes of a2k+l,...,a2k+l are X' Therefore the

series of m2and vt are convergent.

Studia Scientiarum Mathematlcarum Hungarica 13 (1978)



PERTURBATION OF LINEAR DIFFERENTIAL EQUATIONS 299

-V e have
g(u,v)—u_+ Wi \Y/

. Ir
Example. Letting f(u,v)= e -

o
. _ _3 1
/(cos ¢, —sin ¥/) = QBBh = —cos h+—cos 3¢,

o(cosil> —sinifi) ' —sind = —3in3p,  ©

3 1 3 1
consequently/0= —, BE)=0,/,=—, ~=0, G0= -—, gi=0, g0=0, Gt = — and the
remaining of the coefficients are zero. Therefore

A=—, /i=0, RI=yl 8i=-al,

a3—"3—0, Bs— Ys—

and the rest of a; and Rt are zero. So we have

U = ogcob+B! sin (b'b']g'gn&ba

tN = /ilcos i/'—axsin |p,—i‘6cos 3A

and the first approximation is

N —a (cosil'+eut) = @04  jicosi/'+e”cqcos R+ Ri sin i +-"-sin 3/jJ

V= a(—sing+Ev] = a0e*°* sin  +e”icos N—oqsini/'—" cos 3i/ijJ.

3

The a=ﬂ,,é4 will be the complete amplitude of the basic harmonic cos ¢ and
—sin i/ if and only if ax=0. If in this case (t”~0, then the basic harmonic will
be subjected to a phase-shift, namely

cos (p+eBRlsint = C cos (h—d),
—smd+ellcos ¢ = C sin (h—),

If Ri—0O, then there is no phase-shift. Then
—?’—«

n = ale*

c2= 1+E2I, tgy = efil.
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3 t( ~ 2\ 3 A
and nm2+ 2=dc2 |I+—sind i / /| %abe 2 mThis is in very good agreement

with the exact value. Therefore the orbits are for small et near to a circle.
Summarizing: in first approximation there is always a weak third upper harmonic,
too, and the basic harmonic bears a phase-shift in general.

Let it be remarked that we have from the relation f(u, 0)= w/"I,

which shows that /,,(cost//, —sin ¢ and f, (cos b, —sin b)) are the functions of
tg ¥ only and they are periodic with period n. Since ult involve only terms
cos (2lc+ ”, sin (2k+ Dij/ and /,, (cos &, -sin &), /,,(...), gj...), gv(---) only terms
cos 21y, sin 2/ifi, the functions

&= “il«(-)+fi/.(-) and 3 = Ulgu(...)+i>xg,,(-..)

will contain only terms of the form cos (2k + )\J/, sin (2k+\)ch. Let the Fourier
series of 3F 3

&= 2 (p,,cos (2n+ 1)cp+Pnsin (21+ 1)),

3= 2, (r.cos(2fi + ill+ A,sin(2fi+ \p)
and let
00 @
u2= 2 (It,,cos ndp+H,, sin np), V2= 2 (K cos m/+K,sinngp), HO= KO= 0.
n=0 n=0

By putting all these in (8) and comparing the coefficients of cos nd, sin mj/ we have
for n=o, h0=k0=0, for n=1
A2+ H1+Ald+B1R1= k1+p0, —B2—hi+AlR1—Bl« = Kx+Po,
—B2+Ki+A tfA B161 = —hl+r0, —A2—k1+Al1S1—Blyl=—Ht+Rn,
whence

Ar —-2 [Po~*0 —Au1 (ai—SJ —Bi (Bi + M)],

kr— [p0+B0  (@FSX BIRL K]
(10

B2= —j [b4r,- Al(Ri+ Y- BI&- aj)],
hi+Kr = [r°- PO- A, - (yx- R0- BIE+ a0l
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i.e., hi, Hi, kx, Kxare not known, but they are connected by two relations.
For n=21 (/=1,2,...)

2/tf* = kn, 2IKA= hoi, 21h, —~H2, 2lk2 — H3,
whence h2=H2—k2l=K2I=0.
For n=21+1 (/=1,2, ..)
nH,,+ Albn+ B1nB,, = k,,+ Pt,
nkK,,+ Axy,,+Bxn,, = - h,+r,,
—nhn+ A 1R,,—Blnan= K,,+ Pt,
-nk,, +A16n-B lnyn=-H,, +RI,
whence
41(1+Dh,, = A, y,+ nk,,)+nBn(),- na,)- r,—nP,,
4(1+YHn= - Ar(wc,- §)-nBi (M3, +y,,)+npt—RI,
o A1+ Dkn=- Ai(@n- nS,)- nBi(Bn+ny,)+p,-nR,,
41(1+D)Kn = -Ai(ny,, +80 - nBi (K,- a,)+nr,+ /5.4

In the above example by an elementary computation

M= B2= — , kx=Hi, [/1j= —hx,

h3=~(45-96Ri), H3=—k3— , N =-y|2 (135+96"),
h5= H5= kb= Kb= 0,

h7= A7= _, Hi=1f7=0,

while the rest of the coefficients of w2 and v2are zero. Thus in second approximation

a reénains invariant, while from i/i,= I+e51+e52= | —4— we have ¢=(p0+1)—

2
32/ and

u2=h cosij/+Hiln d+ ;y (45-96Ri) cos 3+ 44 sm 3'/'+174 cosld,
7 ' [

r2= Hicos - hisini/t—rrcos 3i/i—J-rr=(135 + 967]) sin 3AT-"—sin 7.
lo Mz Mz

4 A simple consideration like in footnote 3gives the convergence of the series of n2 and v2.
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Again: the a remains the complete amplitude of the basic harmonic only in the
case where al—hl=0 and arises no phase shift, too, provided z1= H1—0. Then

2= (45 cos 3p+cos 7)), V2= -jjy (-135 sin 3i/t+sin 7d).

Summarizing: in second approximation some third and seventh upper harmonic
appear with amplitudes step by step decreasing; namely
1
J

[os CD+-IbT sin 3?40 +|—r2r- (45 cos 3p+cos 7¢)
16 j12

V=a |’—sin >Jr—1 cos 3 (—135sin 3it+ sin7i/i3j.

6 512

Remark. Our formulae will be simplified in great measure when we assume
in (10) og—61=RI1+y1=0. Then by (9) aqg, i, ¥Yn &< can be uniquely determined

and from (10) then A2="(p 0—R0,B2=—"(p0—R0. Furthermore H1—k1and
hx+ Kx will have known values. — This is an alternative method of the above one

which helped us to make the values of og, Bx, yr, & definite.
1. The case of the second order non-autonomous differential equation
A. The case of non-resonance

Let us consider the equation

@ x+iox = e/(vf, X, X) (le]| < J)
where f(9, u, v) is half-linear in u, v, i.e.,
/(0, I.n, }v) = u,v), Vs, u, v, 4

. . v2 . . C . .
and analytic on the ellipse n2+— =1, finally it is periodic in B with period 2nh
We look for the general solution of (1) for arbitrary et with an accuracy e, €2 ....
In this Case A we assume that é-is an irrational constant, moreover it cannot be

“well” approximated with rational numbers. This problem and that of the accuracy
and convergence will be treated in the last section. Now we wish to deal with
the formal determination of the first, second, ... approximations, only.

6 If/does not depend explicitely on t and co=1, then — as it is easily seen — every solution is
periodic provided (see Section 1),
i sin of (cos  sin ¢ _
0 —1+ecos Jf(cos qsin ) P=

which is satisfied, e.g., when/is even in its second argument.
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We assume / (M, X, x) in the form

® 1 2*
)] f(vt, x, x) = 2 fn(x, x)eimt fnx, x) = — f (0, x, x)e-irede
or, for a while, in the form
€)) f(yt,x,x)= n:2_‘\If,,{x,x)e:ﬂt (MEZ).

The solutions of (1) for £—0 is x=a cos (co?+r0), a=const, i0=const. There-
fore we assume the solution in the form

@ X = a[cos h+eurvt, N)-t-£2M2(vt, ) + ...]

where w(0, ¢) is periodic of period 2n in B and ¢ as well. The a and ¢ will be as-
sumed as

5) a=a(eAl+ HA2+...), P =04cs1+ c2824-...(= const!)

where At, Bt are constant. The form of (4—(5) is much more simpler than that
of the general assumption

X = acos p+eunta, vt, h)+em2(a, vt, ) + ...
a —eAl(a)+e2A2(@) +..., p=w+FB(a)+E2B.(@)+...

applicable for any nonlinear perturbations. — Now by (4)—(5)
x = a(cos b+ BYy+ ...)+aqb( sif qo’+e-P-J’+...J)+av ( du, + duo 3 =
a —bT®h-
H d 2 1 n
+ 2 B2sindp+A2co$d+co \f,uz+ fiv~dif -+ AU\ + Bx
Furthermore
x —a&'(cos p+eul+ ...)+2ap )+ “@2(-cosNM+HEN-+ ... ]+
. ( dui . du, ) d2u2 '_|_
“hir+" do+ )”N don dop | j
( Pu, A
280\« yowtp "% dsdp T

Here we have
4 = BeNj F--) = a(eAl+..)2= a(£2/1?+ 2,41N12£3+ ..),

ah = a[EcoAL+E2(A2m0+ AyBI)-\-e?...],
(2 = co2+E- 2c0By + B(B2+2cB2) + €3... m
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Thus
X= a {—cu2cos ®+ e[2w(Alsin I+ Brcos i)-|-S1(ii)] +

+ fi2[—2((A2sin g+ B2cos i") + 51(«2 + (M —B\) cosili—

-AmASnN*T+2N A 424S- A+ 2A M ® L2 ] +e>"}-
Si(ii.) = »'-jAj-+2m— jy +Vv'-~r <i=l,2,...).
Putting the above values of x and x in / (vt, x, X) and expanding the function

thus obtained in Taylor series about the point 12(v/, cos ¢y —eusin &) lying on the

. V2 _
cylinder mZH—a>2— 1 we have

ef(vt, x, X) = £fl/(vi, cos h+eul+£u2+ ...; —wsin (/(+£(...)+e2(..) + ...) =
= eaf(Q) + eafX(i2) (cu1+e2uU2+ .. +

+fidi (B)[i  cos 4—BILsini// + +y +£2.J=

= EU/R) + £2A j/x (R)ui +/i(B) \axcos (- Rjsincp+w  + v-"-]] +e3—

Replace all these expressions in (1) and compare the coefficients of e, €2  So
we obtain the equations of the consecutive approximations, serving for the de-
termination of Ai, Bh M (/=1,2,...). The equation of the first approximation is

—2a)(Alsin ¢+ Brcos V() + 52(wj) =/(B),
(6)

Ld2u ,,  (2u

_ S
S2(U) = wr 4R |2 0™ 0-1/27.).

Again by the formula /(vr, cosdy —w sin i/()=cos d/ivt, 1, —ootgd), having the

second factor the period n, the product by cos @ involves terms of the
form cos (2T +\)p, sin (2T + 1) only. Therefore

f(yt, cosh, —wsind) = 2 Z [amH nef((2mtl),"+'v)

@ 1 A
fon+i.n = [ f f(6,cost-cosinC)e-mm+1)t+n9)dCdB.

For the sake of simplicity we write m instead of 2m+ 1 keeping in mind that mis
odd. The m is also odd in the function

® o 1 'in A
M\, ® = 2 Z"in,nem+\  Um=— f f MO, $«'<toon

— —o0on= —
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since

)] S2{ux) = ? (m, njulm.e,(m'+™, where (m, n) = al2—{rmm+ nv)2

m

and thus by (6) 52(wt) and uLitself can involve in m odd terms only. Making use
of (7) and (9), (6) will have the form

(10) -2 coAlsin th— cos iH- 2 ”("*, n)ulmei(m¥+wv) = 2 fmnei(il/+nv,)-

The case (m, n)=0 occurs only when n=0, m—+\. Namely (m,n)=0 is equiv-
alent to
(1) mw+nv=+co or (mzDi)+nv=20

and this can hold only in the above mentioned case. Otherwise ~ would be ra-

tional which is excluded. Therefore with the expression —2wAxsin p—2Bloocos ¢
on the left of (10) the terms corresponding to «=0, m= 1 of the right side must
be equated, i.e.,

—2wAlsingh— costp — we p=
(12
= (J1o+ /-10) cos if' + it/io-/_!,)) Sindh
Here .
/10+/-:10=42ZF/ | A Xe-We*)dHdd =
ymr o o
o2 f | /(6, cos —tusin £)cos adade —[,
(13)
2n 2
i(Jr0-f-1= 4=/ [/(mee)' (e_i?-«?*)d¢ de =
= ”‘2~2 f f /(d> cos & —ni sin £) sin ada de = /2,
involving
(14) n_  2n72 2m
and from (10)
(15) “'"':'(Fﬁ“hS""” (m, n)” 0 or (m%1)2+n2>0
or '
(16)
TNA
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The real form of uxis

- NA__j — /. * H

17 wmx= ??Z:nﬂ)% (N I_!]Ifmnew « Ng=2 2 Zmn)r (*»cos V +Rm,sin 4

where similarly as above in (13)

(y*= Td)+nvt)

=/mn+/-LLU.-M = .+, / | X cos¢, - wsin ¢) cos (ME + /10) V¢ dO
(18)
fmn = -y = a~-1J f XX cos¢,  Wsill iy sin (WG + nO)dg (10.

00
(m is odd!)
In first approximation &=asAl, p=a>+eBl whence

a = aleeA\ = NeO+cet)+eBlt

ti®
Example. Letting f (8, u, v)=cos 0---—---- 5- we have

U2+ Eﬁ

f(vt, cos ¢, —oosin ) = cosvicos3 = icos (h—vn + 3 COS (ilr -1- V/) +-
(o] o]
(19)
+ 4})— cos (30|o—vt)+40- cos (3t + vt)

whence dltil—s,(x.?)titl B,,u,,=0 the rests of am,s are zero, involving
R :

’
o

3

u, = 8(1,-1) COS(CD—vt)+m COS(lj/+vt) +

(20)
+ ! cos (3h—vt)+- . mos (3 + vt)
B(3,-1) PPV g3 1 :

where

(1, =1) = v(2co—v), (1,1)= —Vv(2a>+ V)
(3, - D= —2<w-v)(4aj-v), (3, 1) = —(2c0+ V)(4aj +V)
and Al1=B1=0 and so a=a0, p=d0+a>L The first approximation is
(21) X —o0[cos th+eurvt, d)], = do+wt

i.e., in general beside the vibration with frequency @ also the combination vibra-
tions with frequencies <azv, 3wzxv appear, too.
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The equation of the second approximation reads

—2mA2sin h—2mB., cos b+ S2(W2) +

(22) +(~f-5f)cos p—3A1B1sin p+2mAL-~- +2 A i V +

+2B'W r +2B'v = F(vi’cos * sin *>’
where

(23) F=txiui+ix@)y "™ -B , sinp+m » +v ) =22 «M+n0-
If

(24) 2 2 uzn,revi(imj/+ nvt)
m= —Dn= —o0
then

(25) S2Wd= 22 (m nmuzme " A

The terms of S2(nd with m= +1, n=0 vanish, w and its derivatives do not involve
sin ¢ and cos ¢y, therefore A2, B2 must be determined from the following equation:
—2mA2sin —2(B2:.. ¢+ (A2—DBf) cos p—3A1B1sin ¢ =

= Fwe*+ F-1,0e~f= Fccos p+ F,sindy, Fc= FIO+F 10, Fa=i(F10- F_10

whence —2mA2—3AIBl1=Fs, —2wB2+Al-—B\=Fc or A2=-— o B2—
A\—2I3Oj\- FC Then
(mzri)%o(mm)uzmel—nqg#"") = G(vt, cos @, sin ),
where
G=2 g, Fmeifrri )-2(0A17 -2 A v A —2B17 |5 2B V-2 r,

which does not involve sind and cos ¢. Hence

leﬁl - (m n) G1rn, (m1 ll/\* o«
Here Fm, and Gmm are the Fourier coefficients of F and G, respectively. Finally

©® © 2
(26)

uz = 2 2 r 2(YTn COS ~ + nvt)+ d6mns in ~ + nvt)),
=%O\/tn)
mn
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where

2n ar

m= Gmn+G-m,-n = =+ (f) (f) G(R, cos G, sin £) cos (ME + nO) dC (10,

2k 2n
n=iGmG _m n=— f f GO, cosf, sin£)sin (T£ + n0) i~ dO.

0 n

In the above example Al=B1=0 and (22) reads
(27)  -2toA2sin p-2wB2cos b+ S2ud =Fx(Q)ul +fi(Q) e<~ +\

Now
32

"2t -or fy= 2u3v
. v=-c0s0
(% ) (~EF

/*(B) = 0—[6 COS vr+2 cos (20—vi)+2 cos (th+ v/)—cos (4dh—vt)—cos(di/> + vr)],

/,, :COSO

thus

li(R) = @Zsin (2co—vi) + 2 sin (2ifi + Vi) + sin (4dp—v/) + sin (A +\ D\

and so the right side of (27) can be formed and the values of A2, B2, uzm can be
computed. From these we get a and ¢ in second approximation. The result of the
somewhat lengthy computation is the following

_ 72003—6fty2v—llcuv2—23 744t02—6oov—51\2
2% 12802(4c02—A(16m2—\) 2~ “ 256e0(4bi2- VA(16W2-V D)’

a=aA2, (= om+e2B2 whence a = ale€A’, = (¢0+col)+eB2]
m @
«= 2 2 («™cos(Td+nvt)+Rmsin(Td+nvt))
m=0n=0
where the coefficients different from zero are as follows

48+ 3o+ W2 . —480U3+10a)24-305\2—\3
A~2  256v24a2—v)(16c02—v] ° 1,2 256c0v(W—v)(Aw2—2)(16cu2—2)’

_ —3840)2+ 376cuv+ 42cov2+ 25v3 _ 3to+ v
12 512v2(a) + v)(4co2—vg)(16toa—\2) ’ ©? 256cm’(@>+ v)(2cu + v)(4co+ V)

_ —3<nB3—16a)2v+ 2c0v2+ 5v3 _ 9
0P~ ~1024m3y(da>2- VA (16b1-- VA’ 130 ~ 512w2(4m2-v 2 ’
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3~ 128v(co —v)(20i —v)(4co—v) = R3I 2 ZS&EV(ZCO—V)Z d
24c02+ 4mv —3v2 _ 3
“32"  512v(co+ V) (2ft) + v) (4w2—vD (16w2—v) * ' R = 2560)v(2ee + V)2’
—96m3—48w2v+ 6<W2+ 7v3 32cu2+ V2
aso ~ 3072ftivdct)2—A(16w2—vd), * "D~ 5126i2(4u2- vA(16m2-v D’
L 120+ v _ 12w2+ 21ft>v4-5v2
2 512v(2a»+V)A3aH-v)(dco+ V) B SI2fvRf+ v)2(3>+ v)(40) + V)
1 . _ —12e02+ 9cov + 7v2
s~2“ 256(2c0—V)2(3w —V)(4a> —v) ’ “2~ 5l2<yv(2m- v)2(30>- Vv)(4w- V)’
@Gi7--2-0)’ 512w(2w- y)(4w- y)2°
1 16ft)3—4(u2v—eov2

W0 GLA4R)221) —v) (4ft) —v) * " 0~ 2044co3(4f2—v2) (L6eT2—vD)

- = | = 1
2 TEDETEHTVE0TY)’ Pn SDOWT V@IV

In consequence, a lot of new combination frequencies appear, but the higher ones
have step by step smaller amplitudes.

B. The case of resonance

By this denomination it will be meant the case where a relation of the form
(28) ft)2="—vj+de, p, qEZy (p, q)= 1

holds between w and v where v, A and the integers p, q are fixed, i.e. mis function
of e. This is the point in which cases A and B differ. The case A=0 is included.
In the present case the series used here and expressing the solution will not be
convergent. However, its partial sums give good approximation. Otherhand the
series is often finite, causing no problem. On account of the nature of its influence
on the solution the term —eAx will be attached to the forcing term as follows

(29) x + a2 = e[f(yt, X, X) —AX], o' = —Vj.

The function / (r, u, v) has the period 2n in z and is assumed to be analytic on the
cylinder u2H—A-=1. The solution of the homogeneous equation Xx+co'2—0
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is x—a cos (a>'t+t0, a=const, i0=const. In view of this the solution of (29)
will be assumed in the form

(30) X = a[cosill+Eul(yt,il/)+E2u2(vt, )+ .-]

where in general the “phase” ¢ and “amplitude” a are not constant anymore, but
they have to satisfy the equations

A= d[eA}(3) +eA2D)+ mu,

(31)

[j = WTT eZi(9) -bEA?% (R) T e, (Q~ d—gj 1)
involving
(310 &= eB1(9) +e2B2(9) + ... ,

i.e., we suppose that a and ¢ are functions of the unique variable 9=9(t) — the
“phase-shift” — which is also time dependent. We assume that wv;(r, () is periodic
in t and & with the period 2n and the derivatives appearing here all exist and are
continuous. These assumptions are suggested by arguments taken from the physics
but must be justified by the tools of the analysis. — Now we have by (30)—(31)—(310

X=a(cos d+Emr+ ..)+ap—sinth+et-+ .. jrav (£"~~+ E2~j~+ «0) =
= aj—a*sin h+. J/jcosi/' —BXsin + +

+ £2/ 2cosi/ff —A2sini/iTcu'-A+ v-~-M 1ul+ A-~-1+£3.j
and

X= &(cos p+EIr+...) + 20 ~—sin p+e -+ | A+2QVAE-N-+Er-N -+ L+

+ap (-sin p+E~~-+.  M+aprr-coSh+erp-+..N +

. e ( d2u, . (/Ho o
+ba4 elhW +eJ & f+ HEEk .
By (31)—(310

4 = 4(eAl+...) +a(eA'1+Ei A2+...)U = ufeAlA ...y +aizAA- .. NEByA-...) =
= e2i(/4i+/4i5D+e3..., (=
ai( = a[Ew'Al+e2(A1B1+ (0'A2 +B..-],
= (eBi+e2B2+ ...)d = e2B1B2+€3
2= (0'2+e- 20)'Bl+ e2(Bf+2wWw'B2 + €3...
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Therefore
X = a{—a/2cos h+ e [2co'(Alsin i/ + Bt cos §') + S1(ud] +

+e2[—(2a/ A 2+ B1B2 sin p—2co'B2cost// + S1(u2 +
a
-f(/If —B\ + A'IB1) cos h—2A1B1sin th+ 2a)'A1—é€d)— +

T 2Uy- |t 427 "B O +2B1" Ardd] +8 -)

d2ut d2y  d2y _
_ (“'SI’+VA) ceg (O p'(b‘—+2a/'\/ mﬁ"' V. m »= 1,2,

and
« + oirex = af{e[—2@"'(Alsin §/ + Blcos ifi) + S2(t(D] + e2[ —(2a>'A2+ B1B2 sin h—
—2¢0'B2co&p+ 5212 + (A1—B2+ A1BJ) cos p—2A1B1sin th+

+2WA'W  +2AIVA +2w'BIN +2BIVA ] +€3''y
So(n,) = S1(ui)+a>"2ui.

The Taylor expansion of £[f(yt,x,x) —Ax] aboutthepoint Q(yt, cos ¢, —ta' sin &)
reads as

Here

B[/(V/, X, 1)—AX] = sa [f(Q)~Aco$d] +E2a/1(y/, ) +€3... ,
where

w=/, (B ) cos p—Brsin p+<0'M -+ v— N —Aui.

Hence the equations of the first and second approximations are
def

(32 —2WAL$ T —2Ww'B1—A)co$t + B2(nl) = f(Q) =10(vt, ),
—(2(0'A2+B1B2 sin p—2(a'B2cos I/ + S2(u? =f x(vt, ) —

(33) —(A\-B\ +AB-Ucos hT-2ArB sin p-2ww'Al" ~ —2AN " - —

Assume now uj and /,, in the form

di(vi, @)= 22 MLeiW+'I); V! 1 X1, £)e~(imiH, )dE dz*

0
(34) "
fo(yt, ®= 22 /£)dH+v,; E1= ~r1/ll®* Qe-W>dZdT.
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Then

S*(ui) = e (m' M) Lwe'(**4"1B

where

(m, n) - (m, n)ﬁ, (in, 1) = p2-(mp +nq)2
and (32) will have the form

(35) —2co'Alsin h—(2c0'B,,—A) cos qo+m%= Z I(m, nu%* —m",Je'dn+w,) = 0.

— 00

We have the implication (m, n)=0-o(w + I)p+ng=0 which shows that if (m,n)=0,
then m= 1 is a multiple of g, involving

m+\ =<g n=—xp, Crez
and a varies from —<&to », since m and n do the same. Thus being in this case

Th+nvt =" +(Tx\)p-\-nvt —T dp+aqil/ —apvt —
= urproprd — VI = T tp+ ogs-
we have from (35) the following equation to determine Aland Bt:

(36) 2(0'Alsin (p+(2e0'B1—A) cos p+ Z f N h-ape'<Tih+aud) = 0.
(T= - oo

The last term can be written in the form

Z (<,cos th+Pab\ng) eiaP

=A°U-p+/j,0i,  P.,=341i,-, -/ i.-ep.

Equation (36) can and will be satisfied by equating there the coefficients of cos ¢
and sin ¢ to 0. However, it can happen that it is not the unique possibility to sat-
isfy (36), since the functions ¢ and 9 are not independent. Nevertheless, if the
solution so obtained is an exact solution (the series are convergent or finite), then
the uniqueness is assured by the uniqueness of the solution of (29) at given initial

where

conditions. — The comparison of the coefficients gives
(37) 2c0Al= — Z R.el', 2wBl-A=- 1
¢= - oo <T=- oo
+ Notice that in the formula of ip) m is odd and in consequence so is in ux(yt, i//), S2(u,)
etc., too.
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By (34) j x
a, = [f/0(T,"[e-"+Dt-"+e-iUag-Dt-em*dT=
ﬂaf f Jo(T>0 (e*+e e kks'dc dx =
1 X / \
= .., fff0(x, ¢)cos ce-iafSdgdr (6'=£-2T1
and similarly

1
r=2/2 f f /o(T><Usin ¢e_i,7,i" d¢ c/T.

The right sides of (37) will have the form

_2 | yealt = 27Ff7f=(') fof /0(T, ¢) cos £[€™3 3,,+ e oA i'Fdcar
A
2" ff lo(T, 1) CBCCBAT(3- 3") clgch,
= 5 24{) folr, 1) CBCABEE- 3) ol

2 B™icdi =7\r 20 Ef /o(T>¢)sin Cecosaq(9-9") dc dx.

cr=- co

The primes attached to the signs T means that in the term corresponding to a=0
the factor - must be replaced by Z—I'—. Then Ax and Blcan be obtained from (37).
n-

If (T,n)7+0, then from (35) MTMzﬁnln)fTM giving

pilmip + nvi)
vt, )= @ f £1{x, ¢)e-i(mi-+nndrdx =
Livt, =, "\p 20 () {x, ¢)e-i(mi+nr)

an

q - -
4€2va r2nn2_0 (m, N /0Y/ O,

2n
------------ f/o (1, ¢) cos [m((b— C)"'n(vt' €)] clE olt.
in \% (ur?r)';?% (m, T) U

Notice that the so called “small divisors” appear here. In consequence the series
is not convergent in general. Otherwise, if the series is finite the above expression
of ulis always meaningful. — The computation of the second approximation requires
no new moments and may be omitted.
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Example. Letting f(r, n, v)=cos T - A we have
R+ 8

foiyt>®) =f(yt, cos &b, -co' sin ) = 3—cos(i"—vt) +

+ Oicos (h+ vt) + 3—005 Bh—)+ l—cos (3h + vi).

Here (m, ri) has the values

0,-i> = (3,-i)=<+zM zM ,*
q q2
(i,], = -2£+i,., (3= _WNE+«Ne££NN

Assuming y->0 the only possible values of -y for which (m,m)=0arey and y .

) If —=y (/7=1, <7=2), then (1, —1)=(3, —1)=0 and (being vt—2cot=
=2-29)
h—vt = —p+29, d+vt= 3p—29, 3hb—yl=p+29, 3+ vt —>5p—=29,

involving
M= —jj-2cos (37-29) - cos (5th-29).
(i) If F:X (/7=1,9=4), then (3, —1)=0 and

h—vt = —3p+49, h+vt —5p—49, 3p—vt =—p+49, 3p+vt = 1-49,
therefore

M = - y"6-cos (3ii- 49)- yjy cos (5¥i- 49)- y vy | cos(1lp-49).
In the case (i) we have for the determination of Ax O

VAXSsin b+ (VBL—A) cos tb = —f’eos (—p529)—cob(ch +29) =

= —y cos pcos 29 —y sin dsin 29,
whence

Ax= —y”sin 29, Bx=a+RBcos29, a=y, P=

Studia scientiarum Mathematlcarum Hungarica 13 (1978)
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and from (3I") in first approximation
0= eBr3) = e(a+n C0S29)

do
M +Rcos?29 ~

e(.t+ t0).

Here
1

: 2*</
W2—a?2 ( )

lQS(B-a)th—]fBZ—aZ

arc g@e—ﬁ)tg9
|/a2-/3 y30-13 2

1(9)
(B2< a2,

ytg9 (a=0)
1(9) =
-yctg9 (a=—9

whence for z1=0

tg9=Ce +1 =/0), 9= arctg/(t), c0= const” Q.
e 2+—1

If zMO, then the computation goes in the same way. Furthermore

a = aeAi (9) = —a—sin 29 e ok "1
c\e '+1
whence
1A d a
= a0\ ele 2v+e? a0= const * 0.
As long as Evt«cl, 9 and a are near constant,
In the case (ii) we have
Y arsmilr+$-  — ) cosiff = —cos(—s' + 49) =

A-cos ¢ cos 49 —A sin dosin 49,
o (o}

whence
2/j

1
At = ——sin49, Bl —a+r cos49, a = —~

dv

g =—_

dv

and the further computation follows previous lines.
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LLI. The convergence of the series of ur in (A)
The form of w in the series of x is the following:

giimih+nvt)

YA (m.n) B am=ff jo(r, »Ae I(mi*Hr) (lhdz

and that of M2is a similar one. Here
(m, n) = c2—(mco+ nv)2= —nv+ (m+ I)(o][nv+ (m~I)co].

Y
©
sufficient, since |(m, n)| can and will be arbitrarily small for pairs m, n in infinite
number. Nevertheless — as it is well-known — (see, e.g., in [1] pp. I11—178) to
\%

©

Now the case %= —r—]—Y—Y—'—i——E is excluded, i.e., cannot be rational, but it is not

almost all real numbers there can be found such numbers C>0, (5>0 for which

'L L
@ q (\p\+mi+i

holds for every integer p and @ Therefore, in the present case

VvV mzl

©® n (In]+ |m £1]) 2+ A
whence

ccoln|
[nv+ (mzl)co| £ (] + lw1])2+a’
and
VR
S (oj+ jm o+ 1 astV (m=D)
or
1 (In| +\m+ 1])4+2i
[(m, n)| caorr

On the other hand it is also known that for the Fourier coefficients amrm the following
estimate holds (see [2], vol. IlI, p. 494):

l«»-0i

m'n‘

A 0,
where @O js the Fourier coefficient of .CTOE:U./;' and k, /€Z. This partial derivative
exists, moreover it is analytic, since /,, is. Thus the terms of the above series are
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dominated by
(Inl + [m+ I[)4+2a [«
c2o02n2 mknl

where k, I are arbitrary large integers, consequently, the series is convergent for
\

almost all —..
@
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ON DIFFERENCE SETS
by

1. Z. RUZSA

1. Introduction

Let SczN and
(1.1) D=1JjS = S—S = {s—+ s,t£S}

its difference-set. It is known that if S has a positive upper density, then D does
not contain arbitrarily large gaps and it has a positive lower density, moreover

(1.2) rf(0)s2(S).

(The definition of d and d see in Section 2.) See Ruzsa [1]; the first result is due

to Erdss and Sarkozy.
Recently stewart and Tijdeman [2] generalized these results for the inter-
section of several difference sets. Instead of Althey considered

(1.3) d2(S) = {z: z+sS£S for infinitely many SES}.

Let Sx,  Skbe sequences of positive upper density. They proved that there exists
another set S satisfying

(L4) d(s)"cknd (SN, o= (5log(/c+)-£

and
IjSCf) =nd2S;,

which immediately yields a lower bound for d{D) and implies that D does not
contain arbitrarily large gaps. Moreover they proved that there are integers nx,

(15) /é(c,a"Ne))- 1a81e2
such that

U (D+nj) = Z
J=r

Our aim is to improve these inequalities. We shall remove the constant ck from
(1.4), the constant ck and the exponent log 3/log 2 from (1.5).
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2. Results

By a “sequence” we shall mean a set 5c¢Z. First we define some kinds of
densities. Let

(2.2 S(x) = \Sf][IL,x]\

be the “counting function” of 5, and let

(2.2) 5(5) = limsup , 5(5) = liminf-~n]

the upper, resp. lower density of 5. If they coincide, their common value is called

the asymptotic density of 5 and it is denoted by 5(5). (Note that in these definitions
the negative elements of 5 have been neglected.)

Let
(2.3) 5*(x) = max |5M[a+ L a+X]
and
(2.9) 5,(x) = rreug |5M[a+ 1, a+x]|,

the upper, resp. lower counting function of 5. Evidently, 5* is subadditive, 5*
superadditive, that is for all x, we have

S*(x+y) & 5*(*)+S*00, S,(x+y) S 5,(x)+5,(y).
These properties imply that there exists

25) 5%(5) —lim 5™ =inf5'§x)
and
(2.6) 5,(5) = lim A" = sup St(x)

N
which we shall call the strong upper, resp. lower density of 5.
Evidently, we always have
5,(5) 5(5) =5(5) s d*(S).
Note also that 5,(5)>0 ifand only if 5 does not contain arbitrarily large gaps.

Next we define three kinds of difference sets. Two of them have been defined
in the previous section, but for sake of completeness we repeat them. Let

(2.7) N(5) = {g: 5n(5+9)"0},
(2.8) na(s) = {g: 5D (5+9)] =~},
(2.9) d3(5) = {g: 5(5D(5+g))>0}.

Their names are the ordinary difference set, the infinite difference set and the den-
sity difference set of 5.
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Theorem 1. For arbitrary sequences 5L, Sk there exist two other sequences
S and S' such that

a) dj(5) ¢ n<d2S;, 3(5)~ #3*(5,);
b) AIS' ¢ nd35- a(S')é/J Ne).

Theorem 2. Let S be an arbitrary sequence.
a) If 3*(5)>0, then there exist /fc=[I/3*(5)] numbers al,...,ak such that

u(d2(5)+a) = Z
b) If 3(5) >0, then there exist /=[1/3(5)] numbers bx, ..., b, such that
u(d3b)+H) =z

(2.10) Corollary.
a) If 3*(5)>0, then AfS) does not contain arbitrarily large gaps and we have

d(A,S) S 3*(d25) S Lk, k= [I/3*(5)].
b) If 3(5)>0, then A,5 does not contain arbitrarily targe gaps and we have
d(A3S) S djAsS) = V1, 1=[1/3(5)].
Combining Theorem 1 and Corollary (2.10) we get:
(2.11) Corollary. Let 51 5,, be arbitrary sequences and
D=f)A2Sj, D'=r)AS3Sj.
We have
d,(D)" Ud4sj),
3*(0")= #3(5;).

Moreover Z can be coveredby [# d*(Sj) ] translations of D and [# 3(5}) '] trans-
lations of D".

Theorem 1 and this Corollary contain the improvements of Stewart and
Tijdeman’s results mentioned in the introduction.

3. Homogeneous systems

Our main tool in achieving the results stated in the previous section will be
the notion of a homogeneous system.

(3.1) D efinition. Let 9 be a set of finite sets of integers. H is called a homogen-

eous system, if for every ACH all the subsets and translations of A belong to H
as well.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



322 1. Z. RUZSA

To a sequence S one can associate a homogeneous system in several ways;
we shall deal with three of them. Let

(32) h”S) = {A: A+zdS for some zdZ},

(33) h2(S) = {A: A+zdS for infinitely many zdZ},

(3.4) h3(S) = {A: A+zdS for a sequence of z’s, having positive upper density}.
Given a homogeneous system H, we define its difference set by

(35) AH= U (A-A).

(Note that AH is an ordinary sequence.) Evidently, we have
(36) A(hj(Sj) = Ajs  0'=1,2,3);

this is the main connection between sequences and homogeneous systems.
For a homogeneous system H we define its counting function by

37 tf(*) = max|/in[l,.x]].

Evidently H(x) is subadditive, which implies that there exists

(38) dH = lim H(x)/x = inf H(x)/x.
Theorem 3. FOr every sequence S we have

3.9 d(MS)) = d(hZ(S)) = d*(S),

(3.10) d(h3(S)) S 3(S).

Proof. Let Hj=hj(S) (/=1,2,3). Obviously, we have

H2(x) » H.ix) = S*(x),
therefore
d(H2 ~ d(HU = d*(S).
We have to show that
(3.11) d(H2 s d*(S).
Regard the sets
A. = [I,x]D(5-2).

Call z “average” if AW=AZ for infinitely many w’s, and “special” in the other
case. Evidently, there is only a finite number of special z’s. Let

(3.12) SI = S\U{04z+2): z is special}.
Since S and differ only by a finite number of elements, we have
d*(§) =

On the other hand, if z is average, then AzdH2, therefore
H2(x) ~ max {\AA: z is average} S Sjf(x),
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which implies

A,(7) ainfiL« = =
X

making x—°° we get (3.11), which completes the proof of (3.9).

(3.10) can be proved similarly. This time we call z average, if AW-AZ for a
sequence of w’s having positive upper density and special in the other case. Again
we define S) by (3.12). Evidently, the sequence of special z’s has density 0, hence

3(5) = 3(50,
and we have
Hs(x) = max {\AA: z is average},
which implies
tfsW s A s 3(50 = 3(5).
-X X

This yields (3.10) immediately. O
Now we prove a converse of Theorem 3.

Theorem 4. Given an arbitrary homogeneous system W, there exists a sequence
5 such that
h1(S) ¢ H, 3(5) = d(H).

(3.13) Lemma. Let H be a homogeneous system. For arbitrary x there exists
a set AC.H, A(z[I, x] satisfying
(3.14) [TfI[l,y]] S yd(H) for all 14| Sr.

Proof. Choose a large z and a set Ba[\,z], BdH such that

\B\ = H(z)"zd(H).
Let

f(j)=\BD [I,jI\-*d(H) (jd2).

Let k be the place of minimum of / in [0, Z]. We have
(3.15) OAA+y)e/(A) 0 = ¥Y—x),

since for k+ySz this follows from the definition of A and for z+IsA+yéz+x
we have

fikey) = |A]- -~ Zd(H)" 0
and

f{k) =/(0) = 0.
(3.15) means

0 =/(fc+y)—HA) = \Bn[k+1 A+y]|- 3(tf),
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that is, Az—(B—K)C\[\,x] satisfies
(3.16) \AzC\[\,y]\*y~rd(H) (Isysx).

Since for Azcz[1, X] there are only finitely many possibilities, there must be a set
A which occurs infinitely many times as an Az. This A must satisfy (3.16) for ar-
bitrary large values of z, which just means (3.14). O

Proof of Theorem 4. Let Cx be the set of A's satisfying (3.14). We define an
ordered tree. The points at the fc’th level are the elements of Ck; AfCkand BECk+L
are joined by an edge if AczB. Each level is finite, and from each point there is
an edge downwards, for BECk+1l is connected with

A = AM[1, k]dCk.

A well-known theorem of D. Kénig implies that there is a chain (AK™L such that
AKECk and AkczAk+l for all k. The sequence

5 = UAk
will fulfill our requirements. Namely hk(S)(zH is obvious from the construction.
Moreover
S(x) M \VAX é d(H)x =>d(S) is d(H);
d(S) S d*(S) = d(hk(S)) si d(H)

on the other hand

by Theorem 3, and these two inequalities yield
d(S) =d(H). O

Evidently, the intersection of homogeneous systems is also a homogeneous
system. The main advantage of homogeneous systems over sequences is the follow-

ing property.
Theorem 5. For arbitrary homogeneous systems Hk, ..., Hk we have
d(Hin...nHK"Jd(H]j).

Proof. Evidently, it is sufficient to prove the statement for k —2. Let H=HkMH2
and choose sets

(3.17) A. [1.0. AEHK \A\ = Hk(X)
and
(3.18) B(z[\,y], BeH2 \B\ = H2y).
For
Xj = AfXB-j)

we have

XEH, Xjc [1,id,
hence
(3.19) \Xj\ s LLIX).
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\Xj\ is the number of solutions of a=b—j,a£A,bEB, so we have

(3.20) 2 X\ = Ml M-

Moreover, Xj=0 unless | —xsj”y—I, therefore (3.20) contains at most x +y~ |
summands, different from zero. This together with (3.17—20) yields

=\A\B\= 2 X\ S (x+y-1)tf(x),
that is
(3.21) H(x) g; AX(X) .
Making y-—»0 we get
H(x) s cKHjHAX);
dividing by X and making x->-°° this gives the desired inequality
d(H) d(HJd(H2. O

4. The difference set of homogeneous systems

Theorem 6. Let Hbe a homogeneous system satisfying d(H)>o0 andlet D=AH.
There are integers bl,...,bk, k"\/d(H) such that

4.1) U(D+bj) = Z

Proof. Let bx,...,bk be a maximal set of integers such that the sets
A+bx, ..., A+bk are disjoint for every AH. Choosing a set AEH, fc[l, X],
VAl =H(x) and denoting

b = max \bj\
we get
4.2 KH(x) iax+2b,

since all the sets A+bj lie within the interval [1—b, x +b]. Dividing by x and making
x-*-°¢ (4.2) yields fc=l/r/(#) as wanted.

On the other hand, let nCZ be arbitrary; we show that ndD+bj for some j.
Since bx, ..., bkwas a maximal set, there must be an A H and a j such that

(A+bj)r\(A+n) A O,
that is,
a+bj=a'+n (a,a'tA).
Hence
n —(a—a')+bjED+bj. [
Now we prove the results of Section 2.

Proof Of Theorem 1 Let

L,

n;

h2S), H=IT#,
h($), h'=ohl[
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We have
d(H) WJIJd(HY = JJ d*(SY

nd (St

and

by Theorems 5 and 3.
Let S, resp. S' be sequences satisfying

hAS) ¢ H, d(S) = d(H),
hAS') =H', d(S") =d(H)i
their existence is guaranteed by Theorem 4. We have
= d(hAS)) ¢ A(H) = A(HHj) ¢ n(A(Hj)) = fI(AZS)))
and similarly

/1,(50 c(4>@)),
as required. O (50 el (4>®))

Proof Of Theorem 2. Apply Theorem 6 to H=h2(S) in Case a), and to
H=h3(S) in Case b). O

REFERENCES

11] Ruazsa, I. Z., On difference-sequences, Acta Arithmetica 25 (1974), 151— 157.
[2] stewart, C. L. and Tijdeman, R., On infinite difference sets, Canad. J. Math. 31 (1979), 897—910.

Mathematical Institute of the Hungarian Academy of Sciences
Reéltanoda n. 13—15, H—1053 Budapest

(Received May 29, 1978)

Studio Scientiarum Mathematicarum Hungarica 13 (1978)



Studia Scientiarum Mathematicarum Hungarica 13 (1978), 327 341.

FUNCTORIAL PROPERTIES OF THE MIXED LIMIT FUNCTORS

by
C. G. CHEHATA and I. A. ASSEM

Introduction

The mixed limit functors were introduced in [1]. Some of their functorial prop-
erties were studied in [1] and [2]. The present work is a continuation of these two
papers. We start by summarizing briefly the results of [1], from which we deduce
directly that the mixed limit functors have no adjoints. It is known that projective
and inductive limits do not change by restriction of a directed index set to a cofinal
subset. We show that the same result holds for mixed limits. We then show that
any equivalence functor commutes with the mixed limit functors. The results of
the last section are a generalization of the results of [2].

1. Preliminaries

Definition 1.1. A category € will be called 1-complete (I-cocomplete) if every
projective (inductive) system in @ over the pre-ordered set / has a limit. It is simply
called complete (cocomplete) if every projective (inductive) system in  over any
index set has a limit.

Definition 1.2. Let / and L be pre-ordered sets. A mixed system (E), f$) IxL
in a category <€ over ly,L is defined by the following:

— To every pair (a, 1)61X L corresponds an object E) of €.

— To every couple of pairs (a, 1) and (&, p) of IXL with «=/5 and As /i
corresponds a morphism es-+ec such that:

(MSI) For every (a, 1)6/XE, we have

IR e

(MS2) If aSR”y in I, and I~/i*v in L,

To simplify notations, we shall denote the morphisms fEx by /rfa and the
morphisms /// by g)R.
A mixed system (E), fffh xL over an /-complete and L-cocomplete category
# has two limits which we construct as follows: the system (E), hEX)L is inductive,
with limit
{Ex, hx) —Lim (EXx, /?£),
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while (Ex gip)i is projective with limit

(E\ gf) = Ljm (E«>geo)-
The family of morphisms (gER)XEL (a”/?) forms an inductive system of morphisms
from (F,\hy)L into (£%, hEX)L. Let:

g«p= Limg~.
XG.L

Similarly, (h®xil (Aé/i) forms a projective system of morphisms from (F,,g*p)f
into (E*,g£R),, with limit
hiX = Lim hiRX

Finally, the systems (Ex,g”)j and (ExhBYL are respectively projective and in-
ductive. We shall denote their limits by
(E, 99 = Lim(Ea,gat),
»er

(F, hx) = Um{Ex h®.

It was shown in [I] that there exists a unique morphism /: F—E such that
(V(a,A)E/XL): gxfhx = hxgx.
E and Fare called the limits of the system and / is the canonical morphism.

Definition 1.3. Let 8 —(Ex, f B)IxL be a mixed system in the /-complete and
F-cocomplete category €, and let

(Ex, hY) = Lim (Exf R, ga= Limf %
AL AL
(Ex, g = Lim (Ex///), hfX= Limftx

A triple (F, F, /) when E and F are objects of » and /: F—F a morphism,
will be called a limit triple of &if

(ML1) There exist two families of morphisms (g*: EAE Xu and (hx: EX"F)xeL
such that

(0 g*=g*BgR> if aSRin/.
@iy hx=hghRX if A™ p in L.
(iii) gafhx = hxgx, for any (a,A)£/xF.

(ML2) If (F', F', f') isanother triple, with E', F' objects in 4&~and /': F'—F",
and there exist families (g": F'—F J” and (h'x: Ex*~F")XiL of morphisms of
which satisfy:

(9 g*=o®glk, if as/? in/.
(i) hx=h'"BhRX if AS L, in F.
(iii) gxf'h'x=hxgx, forany (a, A)6/xF.
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Then there exists a unique pair (g, h) of morphisms of 4 such that:
f=gf'h.
f

£
Figure (1.1)

It is proved (cf. [1]) that the triple (E, F, /), where E and F are the limits as
defined above and / is the canonical morphism, is the only (up to isomorphism)
limit triple of (Ef f,f) IXL.

Definition 1.4. Let =" nixLand S'=(£'/, f'fiX)IxL be mixed systems
in 4 over I'/ L. A family n=(m,)/x1 of morphisms of Li will be called a mixed
system of morphisms of 8 into S" if a=j/? inland | = in L imply

<Ne =Q lu\.
rA VP
EP ---ommmeeeeeeee
up
T M
En P
Figure (1.2)

Definition 15 The category d)i(IXL, 4) of mixed systems in € over /XL
has for objects all such systems, and for morphisms, the mixed systems of morphisms.
The product of two morphisms u—(ug)IxL: 8-*8" and v=(vf)IxL\ 8" 8" is
defined to be wvu={v*.uMIxL.

It was shown in [1] that a mixed system of morphisms defines two limit
morphisms

n_= LimLimuf. E->E’,
alr ner

n+= LimLimws F-*F"
nert ore/

This allows us to define two covariant functors of 3M(/XL, 4) into 4 as follows:
(i) 1+(— = LimLim (— associates to a mixed system (fits limit L=Lim Lim£~
NeT  «er

- - - - - - - ]-IET ((e/
and to a morphism u: 8-»S" its limit u+=Lim Lim uj : F-*F".
netr ae/

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



330 C. G. CHEHATA AND I A. ASSEM

(M) /_(—LimLim(-) associates to S its limit £=LimLimEx and to w
o Cail XL ail XL
its limit n_= LIIF Limiij: E—E".

aill X&h ] ) ]

Moreover the canonical morphism /: /+(<?—-(S) is a functorial morph-
ism (cf. [1].

It is known (cf. [4]) that projective and inductive limits do not in general com-
mute. This implies:

Proposition 1.1. The functors I+ and /_ have no adjoint functors.

For if this were the case, I+and /_ would commute with products and sums,
which are particular projective and inductive limits.

2. Cofinal subsets of / and L

Theorem 2.1. Let | and L be directed sets, and J f /, KQL be cofinal subsets.
Let (Ex, faR)jXL be a mixed system in € over IXL,(E, F,f) a limit triple with as-
sociated morphisms (gx: E-»Efiaa and (IT: Ex—F)XiL. Then (Efi ffR)JxK is a mixed
system in T over JX K, of which a limit triple is (E, F, f) with associated morphisms
(gXu and (hx)XiK.

Proof. This result can be proved using the corresponding results in the case
of projective and inductive limits, we shall prove it directly using Definition (1.3).

It is obvious that (Ex, ffR)JIxK is a mixed system in * over JXK and that the
triple (E, F, f) with the morphisms (gfixiJ and (hX)XiK satisfies (ML1). We let
(Ew, F', fj be another triple in  with morphisms (gXu and (h'X)XiK satisfying
the conditions of (ML2).

Let ocf/, there exists a BdJ such that R*a. The directedness of / implies that
the morphism gx3gR : E'-»Ea is independent of the index . We shall set gx=gx¥gR.
In this way, we have defined a family of morphisms (gXa and it is easily seen that

da= g*BgR whenever a ™ £ in /.

Similarly, let ACL, there exists a gEK with p=f and the morphism h, Ih"x is inde-
pendent of /i. We shall denote it by h'x. The family (h'X)xiL thus defined is clearly
seen to satisfy

h'x= h'"h® whenever A~ p in L

Finally, let (a, A)(E/XT. There exists (8, p)£JxK such that
g. = galgl, b'X=h'4,X
g'af'h'™* = gxRgRf'h'UTx =

=gaBR”rRg” =
hSgSRgfh™ =

= Kg»h»x =

Then:

= KKXg =
= hxgi.
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Therefore there exist unique morphisms g:E'-+E and h: F-+F' suchthat

/= gf'h.
This completes the proof.

Corottary 2.1. Ifeither | or L (or both) has a maximal element, and the other
index set is directed, the mixed limits are isomorphic.

Proof. Assume / has a maximal element a0, the mixed system (Ex,/)}), xL
has the same limit triple as (E»o, f 20 xL by Theorem (2.1). Now the last system
is an inductive system, a limit triple of which is (EXg EX), IH[). Hence the result.

3. Equivalence functors and mixed limits

We recall the following:

Definition 3.1. Let & and 3 be categories, G: 4>+3) a covariant functor.
G is called an equivalence if one of the following equivalent conditions is satisfied:

1) There exists a functor H\ and functorial isomorphisms from HG
into leg and from GH into IB.

2) G is full and faithful, and for any object D of 3, there exists an object C
of ~ such that G(C) is isomorphic to D.

Theorem 3.1. Let and 3 be I-complete and L-cocomplete categories, and
G: @~-3) afull andfaithful functor. In order that (E, F, f) with associated morphisms
(gf EAEXxEl and (hx: Ex-wF))fL be a limit triple of the mixed system (EX, f XX)[ xL
in € it is sufficient that (G(E), G(F), G(f)) with the morphisms (G(gx)xil and
(<B(r-));€E be a limit triple of the mixed system (G(EX, G (f®&))IxL.

Proof. The equalities
C(9,) - G(g)G(gR), if as B in I,
G{hY) = G(hR)G(hRY, if HAsjiin L,
and G(gX)G(f)G(hX=G(hx)G(gx), for any (a, XffilXL imply respectively
ga = giigi» if CC/Bin /,

hx= h~hn, if ASpinL
and
gxfh x = hxgx, for any (a, A)C/XL

since G is faithful. Thus (E, F, f) satisfies (ML1).
Let now (E", F', f ) be another triple with associated families of morphisms
(gx: E'-~ExXxij and (h'x: Ex*-F")kiL which satisfies the conditions of (ML2).

Then we have:
G(gad = G(g)G(gR), if aS R in /,
G(h'¥) = G(h'RG(hRY, if i.S/i in L,
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and
GO "G(f)G(hX) = G(hXYG(gx), forany (a,X)UXL.

Then, by hypothesis, there exist unique morphisms ¢0: G(E')-*G(E) and
h0: G(F)-»G(F') such that

G(f) = g0G (f')hO.

Since Gis full and faithful, this implies the existence of unique morphisms g: E'-*E
and h: F-+F' such that

go= G(g), h0= G(h).
Then G(f)=G(g)G(f')G(h) implies, by the faithfulness of G
/= gf'h.

Theorem 3.2. If G: %-+3i is an equivalence, then (E, F, f) with associated
morphism (gjx(I and (hX)XiL is a limit triple of the system (Ef fff)ixL if and only
if (G(E), G(F), G(f)) with morphisms G(gf)ail and G(hxXiL is a limit triple of
(G(EX, G(/>/)), xL.

Prooft. It remains to show that if G .»—Q) is an equivalence, and (E, F,f) is
a limit triple of (EX/A ‘WIXL, then (G(EX, G (ffX)IxL has (G(E), G(F), G(f)) as
a limit triple.
It is obvious that (ML1) is satisfied. Assume that (£', £', /') is a triple of 3>
and (g E'-+G(Ed)aa and (IT: G(Ex)-+F')XiL are such that
da= G(gaygBR, if xswgint,
h'x= H»G(h»*), if 9é p in L,
and
g'J'h'x=G (hXG(gx, for any (a,J1)€/XE.

Since G is an equivalence, there exist objects E' and F' in  and isomorphisms
j\: G(E')-<-E' and j2: G(F")-*F'. Let us write:

ga=g".jl,

h’x=j24i'x
gc= G(gXgB, if a=mRBin/
h'x= fi'"AGih?), if 14 g inL,

Obviously, we have

and
daf'h'x=G(hx)G(g®, for any (a,A)€/XE.
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6(E) 0(f)
Figure (3.1)
Since G is full and faithful, there exist unique morphisms /': (of. E'
and (h'x: Ex*-F")XL such that
G(f) =1/,

GEX) =&, (v«el),

G(h'¥) = fi\  (VAGL).

Again the faithfulness of G implies that {Er, F', f) satisfies the conditions of (ML2),
then there exist unique morphisms g: E'-+E and h: F-+F' such that

and

G(f)

G(E) G(F)
f
G(9) E’
G(E) v G(F)
Figure (3.2)

Then
G(f) = Gig)f'Gih) = Gig)j~f'j2Gih).

There only remains to show that g=G(g)j{L and h=j2G(h) are unique.
Let ig0, hn) be a pair of morphisms such that

Gif) = g0f% .

Again, since G is full and faithful, there exist morphisms g0: E'—E and hO: F—Fr
such that
G(go) = fodi, Gi\)=j2% .
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But then
G(f)=U X =
=G(EOK IJ'hG (hQ =
= G(g.)/'G(hO =
—G(90G ()G (hO
and therefore
= gol'V

The uniqueness of the pair (g, h) implies that g=g0 and h=h0. Then g=g0
and K=RO0.
We have the obvious corollaries

Corollary 3.1. If * is I-complete and L-cocomplete, so is every equivalent
category 3.

Corollary 3.2. Every equivalence functor G commutes with the mixed limit
functors
Gl+=1+G, GI_= EG.

This can also be proved directly: indeed it is known that a functor which admits
a left adjoint (right adjoint) commutes with projective (inductive) limits. Now an
equivalence has both a left and a right adjoint (cf. [4]). Hence the result.

4. Commutation of functors with |+ and /_

As proofs in this section follow the lines of the proofs of [2], they will be
omitted. We start with some remarks on terminology.

Let (Ex, be a projective system in an /-complete category <6 and let
{E, g)=Um{EX, gx).
«er
Let now 3 be another /-complete category and G: be a covariant functor,

Then (G(EX, G(gW®), is also a projective system. Let (kx: Lim G{EX)"G (Ef)ICI

«er
denote its canonical projections. By definition of projective limits, there exists
a unique s: G(E)-"LimG(Ey) such that, for all aC/,

«er

M = C(ga)-
It is easy to see that v is functorial.

Figure (4.1)
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Definition 4.1. The functor F will be said to commute with Lim if s is an
isomorphism. a€/

Lemma 4.1. The family (G(gJ)xil is a monomorphic family.

If now G is contravariant and 3> is /-cocomplete (G(EX, G(gx?), is an induc-
tive system.

Let (k* G(£,)—Lim G(Q)xil denote its canonical morphisms. There exists
ser

a unique morphism
s: Lim G(EX —G(E)
«€/
such that, for all a£/,
sk* = G(gJ.

Again, s is a functorial morphism.

G(EJ

Figure (4.2)

Definition 4.2. The functor G will be said to transform %@1 into %::T if 5is
an isomorphism.
Lemma 4.2. The family ((g«)).«g/ is epimorphic.

Dually, let (E'\ XL be an inductive system in an L-cocomplete category &,
of limit (E, h'-). Let G be a covariant functor of T into another Z.-cocomplete catego-
ry 3. Then (G(EA. G{ha))L is also an inductive system.

Let (Ik\ G(E)9~*I/_iu|11 G(EX))>d. be its canonical morphisms. Then there exists
a unique r: Hm G(E')—G(E) such that, for all L,
L

r/IA= G(fcA.

G (E*)

Figure (4.3)
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Definition 4.3. The functor G will be said to commute with Lim if r is an
isomorphism.

Lemma 4.3. The family (G(AX)A¢i is epimorphic.

Finally, if G is contravariant and 3 is /.-complete, (G(EK), G(hfi))L is now
a projective system and there exists a unique r: G(E)~* Lim G(E') such that,

for all /€/., ‘
I,r = G(hA,

where (Ix: IL”tn G(EX-~G(E"))>IiL denote the canonical projections,
e

G(EX

Figure (4.4)

Definition 4.5. The functor G will be said to transform Lim into Lim ifr is
XCL XiL
an isomorphism.

Lemma 4.4. The family (G(hxX)AIL is monomorphic.

Examples, (i) Let be any /-complete category then, given a fixed object G
of €, the covariant functor Hom¥ (G, 5 into the category of sets and maps com-
mutes with Lim, while the contravariant functor Hom? (-, G) transforms Lim
into Lim (cf. [5]).

XEL

(ii) Let W be the category of compact pairs, then the Cech homology functor

commutes with Li_rp while the Cech cohomology functor transforms Lim into
«

Lim. These are ?hle so-called continuity theorems (cf. [6]).
" (iii) Let G be an arbitrary right (left) J1-module the functor G(g>— of the
category RMod of left /?-modules (—(F9>G of the category Mod« of right %—modules)
into the category of abelian groups commutes with Lim (cf. (5)). Also let G be

an arbitrary abelian group, then the endofunctors Tor (G, and Tor(— G)
of the category of abelian groups commute with Lim in case L is directed (cf. [3]).

XiL

Theorem 4.1. Let  and 3) be I-complete and L-cocomplete categories and
G: €" 3 acovariantfunctor which commutes with Lin|1 . Then we have a commutative

al
diagram (4.5) of covariantfunctors and offunctorial morphisms ofS)i (I XL, 43 into 3.
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G+ q 1+G

G(f) g

GL P LG
Figure (4.5)

Theorem 4.2. Let T and S be I-complete and L-cocomplete categories and
G\é-*Q} a covariant functor which commutes with Lim. Then we have a commutative

diagram (4.6) of covariant functors and offuncthrLiaI morphisms of 9)I(IXL, T)
into Si.

¢} IE—— .G

G(f) g

Figure (4.6)

Theorem 4.3. Let 3 be an I-complete and L-cocomplete category, S) be an I-
cocomplete and L-complete category, and G: ¢ a contravariant functor which
transforms Lim into Lim. Then we have a commutative diagram (4.7) of contra-

variant func?ogrLs and oAf€fLunctoriaI morphisms of #((/xL, Ti) into S

LG ? ~Gl
g G(f)
LG P Gl+
Figure (4.7)
where |+=LimLim and I =LimLim.
lit TiL A€eL nil

Theorem 4.4. Let  be an I-complete and L-cocomplete category, S>an I-complete
and L-cocomplete category, and G: €-+Si a contravariantfunctor which transforms
I&iH1 into Lim. Then we have a commutative diagram (4.8) of contravariant functors

a
and of functorial morphisms of §I(IXL, &) into Si.
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TcI— S GL

g GCY

16- = G+
Figure (4.8)

We now turn to the case of bifunctors:

Theorem 4.5. Lei be an I-complete category, Tfi an L-cocomplete category,
and F a bifunctor of €xX into the I-complete and L-cocomplete category 6 which
is covariant in both variables. Then:

() If F commutes (in thefirst variable) with L|m we have a commutative dia-

gram (4.9) of bifunctors of TfiX into € and offunctorlal morphisms.

I S F— [+R-.-)

pjum(-), Lim(-)
Voo el
Figure (4.9)

(i) If F commutes (in the second variable) with L{rﬂw we have a commutative
n

diagram (4.10) of bifunctors of 1X into  and offunctorial morphisms:

BF(-)

j-(Lim(-), Lim(-)\
M\«tl XtL /

Figure (4.10)

Corollary 4.1. Under the above conditions, if F commutes in the first variable
with Ltlr'n and in the second variable with I).({Ir_n then f is a functorial isomorphism
It!

I+F.
Dually,

Theorem 4.6. Let be an l-cocomplete category, an L-complete category
and F a bifunctor of 6\ X into the I-complete and L-cocomplete category € which
is contravariant in both variables, then:
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(i) 1fF (in thefirst variable) transforms Lim into Lim, ive have a commutation
e
diagram (4.11) of bifunctors of 41"x  into 4 and offunctorial morphisms.

Figure (4.11)

(i) If F (in the second variable) transforms Linﬂ into Lim, then we have a
commutation diagram (4.12) ofbifunctors of4\ x into 4 and offunctorial morphisms.

i_F(-) — i BF(-)

F/Lim=: Lim(- )\

Wil XEL

Figure (4.12)

Corollary 4.2. Under the above conditions, if F transforms (in the first vari-

able) Lim into Lim and (in the second varlable) Lim into Lim, thenf is afunc-
&Il ~ACL all
torial isomorphism

| Fsel+

Theorem 4.7. Let 4 1be an I-cocomplete, an L-complete category, and F a bi-
functor of 4,xx 4, into the I-complete and L-cocomplete category 4 which is contra-
variant in the first and covariant in the second variable, then:

(i) If F (in thefirst variable) transforms Llrln into L!€r/n we have a commutative

diagram (4.13) of bifunctors of X 41r into 41 and offunctorial morphisms.

LF(-) — (-0

Figure (4.13)
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(i) If F commutes (in the second variable) with Lim, we have a commutative
AgL
diagram (4.14) of bifunctors of into * and offunctorial morphisms.

Figure (4.14)

Corollary 4.3. Under the above conditions, if F transforms (in thefirst variable)

Lim into Lim, and (in the second variable) commutes with Lim, thenf is afunc-
*g/ . "ag/ | Agi.
torial isomorphism:
I.fs I+F

Theorem 4.8. Let @1 be an I-complete, an L-cocomplete category, and F
a bifunctor of  x#r into the I-complete and L-cocomplete category  which is

contravariant in the first and covariant in the second variable, then:
(i) If F commutes (in the second variable) with Lim, we have a commutative

e
diagram (4.15) of bifunctors o f&f/,di into <€and offur(1(ctorial morphisms:

p/Um (-),Lim (-)\
‘Tl i« | '

Figure (4.15)

(ii) If F transforms (in the first variable) Lim into Lim, we have a commutative
Agi. Agi
diagram (4.16) of bifunctors of €xYf€i 'nt0 and o ffunctorial morphisms:

LF(-.-) ItF(-,-}

ILim (=), Lim(-)\
\axl  «aci

Figure (4.16)
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Coroltary 4.4, Under the above conditions, if F transforms (in thefirst variable)
Lim into Lim and commutes (in the second variable) with Lim, then f is afunctorial
Ag L Agi. ctg |
isomorphism

I-F 3*I+F
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O HEKOTOPbLIX OUEHKAX ON1A PASHOCTHbBIX OINEPATOPOB,
AMNMPOKCMMUMPYROWNX ANDPDPEPEHLIMATIBHBIE OMNEPATOPBI
SANNNMITUNYECKOTIO TUMA B n-MEPHOM TMPOCTPAHCTBE

NGUYEN TUONG

B pa6otax [3], [4] npn gokasaTenbCTBe PasHOCTHOIO aHasora Teopembl BfO-
YEHUA 2, OTPaHUYNINCL YAaCTHLIMU CNYy4YasMK KOrja YMC/O M3MEPEHMWIA NPOCTpaH-
CTBa paBHO 2 u 3 (N1=2,3), MOAYYWIN HEKOTOpble OLEHKW, KOTOpble B CBOHO
oyepesb MOCNYXWNN OCHOBHOW ANs [0Ka3aTeNbCTBa YCTOWYMBOCTU U CXOAMMOCTYU
Pa3HOCTHbLIX CXEM [ANS YpaBHEHUWA 3NMNTUYECKOrO TMNa € ABYMS WM TpeMs He-
3aBUCUMbIMW MEPEMEHHBIMU.

Bo3HukaeT Bonpoc: IMeeT N MecTo PasHOCTHbIA aHanor TeOpeMbl BIOXEHUs
B 0o0wem cnyyae korga M>3? OTa fAaHHas CTaTbf OTBeYaeT Ha 3TOT BOMPOC.
OHa COCTOMT M3 ABYX YacTeid.

B nmepBoii yacTu paccmaTpvBaeTcs 3ajava Ha COOCTBEHHbIE 3HAYeHWs U CO6-
CTBEHHble (DYHKL MW Pa3HOCTHOro onepatopa Jlannaca B //-MepHOM NPOCTPaHCTBe.

B BTOpOi uacTn Gygem nony4nTh PasHOCTHbIi aHanor TeopeMbl BOXKEHUS
B 06Llem coboneBckom npoctpaHcTeBe T [2] n HEKOTOpbIE ApYrve OLEHKM.

B aTOil cTaTbM uCNofb3yeM 00603HaueHWs, BBeAEHHble B kHure A. A.
Camapckoro [1].

I. 3agaya Ha COOCTBEHHbIE 3HAYEHMSA Y COBCTBEHHbIE (DYHKLN
pasHOCTHOro oneparopa Jlannaca

3aflaya Ha COBCTBEHHbIE 3HAYEHWUS W COBCTBEHHbIE PYHKLMN PasHOCTHOro one-
patopa Jlannaca.
MycTb Ha //-MepHOM nNpocTpaHCcTBe 3afaHa 06/1acTb:

G= {x=fo,x2 .. X,); OS X = a=12 ..u
Cc rpaHuuein I n onepatop flannaca:
O o2w a2u
n g+ pp\+ +axle

BeegeM B 06/1acT G pasHOCTHYHO CETKY TakUM 06Pa3oM, YTOBbI MNepniocKocTy,
o6pasytolme rpaHuly I, NpuHAAexXany Knaccy runepniockocTeid, 06pasytolmx
CETKY:

= {x= (X}, X2, ..., X,,)EC; xa=ife;/,=0,12, ...Nx;a=12, .., 0k

O603HaumMm: eh=wh+yh, rge yh: MHOXeCTBO rpaHWYHbIX Y3M0B CETKW, ca/t MHO-
YKECTBO BHYTPEHHUX Y3/10B CETKN.
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PaccMOTpUM NpOCTEiiLLY0 annpoKcMMaLmio onepatopa flannaca:

AV = KX+ X+ -+ K&,
roe

VX.X. = -p-K *i>
"t

2V, ee?fn, e 5 X)) 4“12(X], *es9Xa ha, ..., x0)].
Jlerko BWAETb, YTO OH annpokcumupyeT Av ¢ norpelHocTbio O(JA], \h\2= A,
Pelwnm crefytouwyto 3agavy Ha COOGCTBEHHbIE 3HAYEHUS: "
(1) A?v+|v —Q x£(oh; v(x) —o, XxEyh.

Byfem wuckaTb HeTpuBMa/bHbIE, T. €. HE PaBHble HYMO TOXAECTBEHHO, PELLEHUS
ypaBHeHus (1) Buga:

)] v(xt, xw...,.Xn) = Xm (XD XA (xd ... X (xn)

Y/0B/IETBOPSIOLLME FPaHNYHBIM YCNOBMAM. Mbl 34€Ch cunTaeM, 4to X ~ (Xa) 3aBUCUT
TONbKO OT XX.

MoacTaBmB NpaByto YacTb (2) BMECTO V B ypaBHeHUe (1), noyyaem

(XA XMXAXIHOBO x @)x A + .. +IXD x(n-n)x£x+xxw...xT®=O,

TaK Kak Mbl ULIEM HEeTpuBMaNbHble pelleHus 3agaun (1), TO MOXHO pa3fenuTb
06e yacTun 3Toro ypasHeHus Ha X T ... A(H B pesynbTate nonyuum:

”Y (;ix 1 % (XZF)X r j ﬂygm( n A
: +
Xw Xw ' XM —
nnn
N (moxe T oty

npuyem A) He 3aBMCUT HM OT X1, HM OT Xxa (a=2, 3, ..., n).
Tem cambIM gns JI(1) nonyyaem NpocTelilyto 3agady Ha COGCTBEHHbIE 3HAUEHMS:

XEXI+kmXm =Q Xr=iir, ..., h-hu X" = X$I1 = 0.

Jlerko BMAETb, YTO PELUEHMEM 3TOI 3agaun asnsetcsa [cm. 1f:

Xi'lixi) = j/4 sin K-,

M 4 L’m*K|27/|th|, Ki=12..A—
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AHanornuHyto 3agady nonyuaem Ans X <2:
X2 © x () .
e FAQ) +-meAThif AL a2

npuyemMm n<2>He 3aBUCUT HW OT X2, HM oT  (a=1, 3,4, ..., n). Tem cambIm A5
X (@ nony4yaem Bbllle aHaOTMYHYHO 3agady:
XAXHXTXT=0 x2= 1, ..,122h2, X@- X* =0,

N €€ peLLeHnem ABNAETCA:

*E(*)=Il/fsin”~p,

2K 272
UsS hi sm oL A =12, .. M-1.

Mpopomkasa 3To npouecc, nocne (M—1)-ro wara nepeiigeMm K ypasHeHuto ans A(B:

y(s)
=-(a- ad,- a<*>-...-a0,-1) = - a(n).

0603HaUNM: A—Si(1)—i () —... —.(M 1)="), wm
(3) A= AlD+AC)+ L +AS>

npuuem A(n) He 3aBucuT oT  (@= 1,2, ..., ). lMonyyaem 3agady Ha COOCTBEHHbIE
3HadeHus gna Xin):

A+A0*M-0  =#,.. A= -0

1 peweHnem ABAseTCcA:

Xg(x,,) =V fsm *pi,

W _ 4 5n2K"nh» — ;
W oy smAI Kn= 12, N, -
HakoHey, B cuny (2) n (3) nonyyaem cOOBCTBEHHblE (PYHKLUWM U COBCTBEHHbIE 3HA-
yeHus 3agaum (1):

— K Vo2 Kaxr o K,
(4) v = VKI...k,,(X »H—>%»,) = lﬁ;---7’r’ sm —i sin o
n
(5) *="...*,=4fl . 9K1nh1, , 1 . 9Knnhn

+'"+-srs,n"N r)

roe we=1, 2, ....JVe—1; a=1, 2, ..., n.
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Mepeuncium Ux CBOMCTBA:
1 Cob6erBeHHble 3HadeHus AKI K nepeHymepoBaHbl B MOPsAKe BO3pacTaHWA
W Ans BCell COBOKYMHOCTU crpaseg/MBbl CMefytoLLNe OLEHKM:

E=B(AN+"+T) ~A 1 . 1 - o oo 4(-AT+"+p-) = N0

2. CobcTBeHHble (yHKUMM VK K1 06pa3ytoT OPpTOHOPMUPOBAHHYIO CUCTEMY
B CMbICNe C/IeflytOLLero CKalfpHOro npov3BegeHus:
N1 IV,-1
(hw= 2 mm2 »0'A. s 'A M i'A **)bL*%; INE= (V).
3. TepBble pasHOCTHbIE MPOW3BOAHbLIE OT COBCTBEHHbLIX (YHKLUIA, UMEHOLLME
BUg, (Hanpymep Mo xX:
V= = A-A'(2)...Z ("COS

0 0 ’
OpTOroHasibHbl B CMbIC/IE CKa/IAPHOro npowusBeneHnA ( s ], T. €..
Nt N2- 1 Nn-1

Gwjji= 2 2 - 2 Hfy.—rwe,  /,.fciv-A,

fl=112=1 in=1
1 Kpome TOoro
10-I = 4V-
4. Myctb Ha ceTke wh 3afjaHa ceToYHas QyHKUma /(X 1r...,xn), npuyem
Y(x)|¥=0. Torpga, o4eBMAHO, OHa NpefCcTaBMMa B BMAE CYMMbl MO COOGCTBEHHbIM
thyHKUMAM 3agaum (1):

ivij-1 Nn- 1
[(*) = m2=1 "',fn% EH KKK .-
Mpw 3TOM cnpaBeAMBO PaBEHCTBO:
Ni-I Jn-1
/Wl = _2:, - 2:11

. AnpropHbie OLEHKN

B 3TOli YacTU MOMyYeHO TpW TEOpPeMbl, KOTOPble ABMSIOTCS XOPOLIWM OCHO-
BaHWEM [N [OKas3aTeNbCTBA PaBHOMEPHOV CXOAMMOCTY PasHOCTHLIX CXeM Ans
YPaBHEHUs AMIMNTUYECKOTO TUMa.

Teopema 1 [inA BCAKOW CETOYHOW (PyHKUMM V(X), 3afaHHOW Ha CeTKe LUH
1 obpallaoLeiics B Hynb Ha rpaHvue YyH (c|XE0), ecm T (T: uenoe uwucno,

M. YACNO M3MEPEHWIA MPOCTPAHCTBA), TOrga WMeeT MECTO PasHOCTHbIA aHanor
TEopeMbl BOYKEHMS:

INIc =S M\\AmW\,
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r'qe 0»

Ibllc = Fax,Ir0)l,  A=—1, AT—AA A

T pas

M—nNoCTOsHHAsA He 3aBUCULLE@A OT (OyHKLMM V(X):

£
M orad 1" 21+4nT70 3= Tax

2M2 o
Sx= -NNOLLaJL MOBEPXHOCTU EAUHIYHON Cahepbl.

m(T)

[JokaszatenbcTBo. lpexae BCero pasnoxumm v(X) N0 CUCTEME COOBCTBEHHbIX

tdyHkumin {vKIl,, Kn(x)}:
*1-1- A1

V) —2 ) 2L ORI K0
OTCIOfA MoMyyaem ’

Nr= Z cKL.KAKL. KYKI.K(x), (TaK kak AvKI_Ka= [ KIL.K VK .K(x)).

KJl..Kn

YMHOXas 3TO PaBeHCTBO ellg pa3 Ha PasHOCTHbI onepatop A nomyuaem:

A2v— 2 cK1...K,,AK1...K,VKi...K, (x)t

nnn nocne T yYMHOXeHUN, Noayvnm:

Amb>— 2 CKLK ML KvKL. Kn(x >

N cnefoBaTeslbHO
MT12= 2 ckL..K2R1..K0-

OueHum Tenepb PYHKUMIO T(X) cnegyowmnm o6pasom:

K*)s( 2 |c*1..*J K 1..K,,(X)|
)Is(, 2 el ypmag K 1.k,(4)|
B cuny (4) nony4vaem
y (4) nony 252
[TKL..K, WM
TaK 4To
2e
Ireol » -Z IKlL.x1>
22
Lu \ S 2 \(CK,...K,,"-K1l...KN) Kn) .
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Mcnonb3yst HepaBeHCTBO BYHSIKOBCKOTrO /15 CyMM, MO/y4Yaem

2"2
... In Kl Kn *leo*s,
nn
6 WOOVA-AL=W\A"V\\( 2 W nK,YI2
yll ... /;n

[lns 3aBepLUEHNs 40Ka3aTeNbCTBA HaM HYXXHO OLIEHWT:

g U7

Obpawasck K opmyne (5) 1 yunTbiBas, 4YTO Sin XLu %)l( npu OS S ;L , nonyyaem:

+ + —JTW i +eee +77)>

roe /0=Ttax {/,, .../,,.}. CnepoBaTenbHO:

0 2 ;-2 o 351,—1 W&W—.—} -
Ki.. K, — p4m Ajyzl "'/I_n:]_ eee W
Viveem oueHKy
Nt | i —2—4

*2i "0 i (K?2+ .+Kf)2n - (12+... + 12 m+1'sJ

rge r2=K?+ ...+K%.
3BeCTHO, YTO NOCNEAHWIA HECOBCTBEHHbI WHTerpan OyAeT CXOAWUTLCS €cnu

4/[;:>n vnm Ho 3To yA0BNeTBOPSIETCS B CUAY YCNIOBUS TEOPEMbI.

Mepexoas B MocnegHeM WHTerpane K CHEpUYECKUM KOOpAMHATaM «-MepHOro
MPOCTPAHCTBa, Noy4Yaem

/f2|"l°/r£ —f—r"n rsP n

roe
dt = rn~idisdr,
diS = sin"-2~ sin"-3#,,... sin 0n_2d61de2... dIn_2dop>>
0s gwn 0Sys 21,
Si — MOBEPXHOCTb eAMHUYHON cdepbl. B pesynbTate, Nonyunm:
© ) wl i 4T
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.
roe Si=—j—r — nnowagb MNOBEPXHOCTU eAuHWYHOR cepbl. I |-A-| — ramma
r(l) bl
hyHKLWSA.
HakoHel, 13 nonyyeHHbIX HepaBeHCTB (6), (7), (8) u paseHcTBa (9) monyunmi
22 limy/ Al, N WAMA,
fl1 Wﬂ f\ ~if 4m—il
nnm
(10 0 S WA mv\\.
V ¢ 22m~n,2yil...In | n2m 4m —n
O603HaunM
M = & + S
mH - 4m—n

370 3aBepLUaeT 40Ka3aTeNbCTBO TEOPEMbI.

3ameyaHue. V3 obuei dopmynbl (10) B YaCTHbIX CAyYasx MOMY4YMM Creayto-
Lyie OLEHKM, HEKOTOpble M3 HUX npuHagnexart astopam [3], [4].

L MNpn n—1 n 1 =1 (51=2), nonyumm:

/1372
Wwllegr — WAV

2. MNpn n—2 n 1 =1 (S1—2n), nonyu4unm:

Hile g WAV,

3 MNpn n=b n T—1 (5=47t), nonyuunwm:
32
Y*1 »2 *3
4. Mpn n=2 n T—2 (S1=2n), nony4um:
. AT_A = i
||PUC4'52,$\}_I M axii

rae A2 — pasHOCTHbIN onepaTop 6UrapMOHUYecKoro oneparopa J12:

* x| * *
AnVssAX\ +2 dxjclii(i- * ax\ 9

XixiXi“b X1 X\ X2X2 AX2 N2*2X2*
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Teopema 2. [AnA BCAKOW CETOYHON ChyHKumm t'(.v), 3agaHHON Ha ceTke wh u
obpalLatoLLeiics B Hynb Ha rpaHnle yh (njyh=0), MMe0T MecTO HepaBeHCTBA:

ool U= vs @l aiiie o TIA W62,

(m)
Lomates (Amv,v) s "ol WAT-MA2 mpu m é3,

@ +Hi) A-ik+- 40

M: Uenoe MONOMUTENLHOE 4YMCNO U nonodkeHo A°=1
JokasaTenbCTBO. Pa3noxum Tenepb yHKUMIO t>(X) No cucteme COBCTBEH-

HbIX QYHKUMIA {»X
= — . = * o
V)= 2 =2 okl KKK 2= 2 4.,

OTcroga Haxoaum

Amlv= 2 <kl.kJ kil WKLk, (x)” Mm 2= 2, CKT..KMT~K1

Amv =72 K CKL..K2b:.k4KL..K1(X)-

BbIunc/v cKanapHoe npousseaeHre (Amv, v), nonydaem

(Amv, V) = 2 CKL..K, K,..K'>
KK,

nnn
(Amv, v) = K2K

Ham ocTasiocb OLEHWTb CyMMy, CTOSILLYIO B NpaBoii YacTu. [ns 3TOW Lenm us-nog
3HaKa CyMMbl BbIHECEM MaKCMMa/lbHOE U MUHUMa/bHOE 3HaYeHMe TPETbLEro MHO-
KUTENs:

in A KM T_1][2S (Anv, v) S 3% A-(t_2)||AT-1u)|2

OTclofa cnefyet, uto Npyu TLWw2:
(k”ﬂ.!.r;{n IKL.K)*(M2M m-1i52S (Anmv, V) S %1% ALK - (m2)||i m 18312

nnpu mA"3:

(Rwl.a}(hAKI...IQ -(M2M n-1r]|2s (Anv, V) S g/nw] A...,J_(m 2U m 1iy2
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3HauYeHNs BEpXHEN W HWXHEA rpaHuL, COGCTBEHHbIX YnceN 13BeCTHbI (1-0e CBOWCTBO
COGCTBEHHbIX 3HAYeHUIA):

L0,
rnax Kn = ao=4ri+_+¥iri*
CnepoBaTenbHO . ’
1 A
g "RSGAmn —lzi U2 muomo2
(1h
AT-2 WE X 2= V) = /;02 472 Tpyu m-- 3.

Teopema 2 foKasaHa.

3ameyaHue. B yacTHbIX cnydasx n3 obuein gopmynbl (11) nonyumm cnegyto-
e oueHku (cMm. [1]).
1 Mpu T =\ NOnyuyMm OLEHKY:

<W127 (N1 1,r)" OH2
Mo onpefeneHuto, 3T HepPaBEHCTBA MOKa3blBAlOT, YTO PasHOCTHbIV OrnepaTop

A — NONOXNTeNbHO ONpeaeneH.
2. Mpun T—1 w1 n=1 nonyymm:

nn

3. TMpu T =2 nonyuum:
WAvrA{A*v,v)SWWA U\
(A2v, v) = VA2

3T0 paBEHCTBO MOKA3bIBAET, YTO PA3HOCTHbIA onepatop A — camoconpsikeH
((Av, W) = (v, Aw)).

Teopema 3. [l BCAKOA CETOYHON ChyHKUMM V(X), 3afaHHOW Ha CeTKe L, W
obpallatLLeiics B HyMb Ha rpaHuue yh, WMelT HepaBeHCTBa:

(12) GWAMMWA WAMA A AJAAVW
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roe

T: LeNoe MONOXKUTENbHOE YMCIO U MoModKeHo A°=\.
[loKa3aTeNnbCTBO WAET COBEPLUEHHO TaK e, KakK U B MpeaplayLieM Cyyae.

3amevaHue. W3 ¢opmynsl (12) cnegyet npu T=1 un3BecTHas ¢opmMmyna:

*oM —\\m ~ n mi-
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NOTE TO THE LAW OF THE ITERATED LOGARITHM

by
J. BECK

1. Introduction

Let Xx, X2, Xn, ... be independent, identically distributed random vari-
ables (i.i.d.r.v.),

EXI =0, EX?=€<+~, §,=X"...+X,.

The famous law of the iterated logarithm states that

(,10JS, - =<711

almost surely (a.s.). This version is due t0 Hartman and Wintner, following the
basic work of K hintchine and Kolmogorov. Strassen [1] proved that this theorem
remains valid also in the case <r=+ °°, i.e., under the condition ETi= -]-°° we
have

. IS

lim sup (n Togﬂggn)yz‘
Strassen’s result, together with the Hartman—Wintner theorem, seem to be com-
plete. Indeed, these two theorems together exactly characterize how the variance
affects the oscillations of successive sums of r.v. Nevertheless, the following question
arises: What is the true order of magnitude of the fluctuations of successive sums
of i.i.d. r.v. with infinite variance in terms of the common distribution function.
In the sequel we shall define a function f(n)=f(n, F) (where F(y)=P(Xi<y)
is the common distribution function) such that

lim sup k1 >0 as
/00 -

+®
mloaramz * i3 y20FE) —boo

00

+ °° as.

and

Let Xt, X2, ..., X,,, ... be iid.rv., 5,=/Tl+...+Wn. Let F(y) denote the
distribution function of X1—X2 (symmetrisation of F(y)=P(X1l<y)). Let

R, if a>R
a, If a<a
if o0
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and let Fe(y)=1|/0>)|| % i.e., Fcis obtained from F by a quantile-type truncation
method. Let

cr2(e) = f y'dPtO"),

—00

i.e., a2(e) is a “truncated variance”, and let

Theorem. |f EXx=0, then

a.s.

; IS.
M SUP. (1 1og log )12
We remark that Strassen’s theorem is a corollary of our result. Indeed, if
EX2—+°°, then

»(logbgi) oo .o |_

2. Proof of the Theorem

Let Xu XI,X9,Xi, ....XnX",... be iidrv., BEXI=0. Let Y—Xf—X
T(7)=P(T1<y). It suffices to show that

ZYt
hm supmé_é |6§';Hﬁ >0 as.

We can obviously restrict ourselves to the case when the distribution function F(y}
is continuous. Thus, we assume that there exist positive real numbers Mt,
i=3,4,...,n, suchthat
log log i

4i

M
IV rfw .

P{Y,> Mt) =
Let

7

Let N denote the set of integers and for an arbitrary subset N*c: N let 3(N*) denote
the upper density of N*, i.e.,

d(N*) = limsyp~Ii s u: €7V,

Finally, let
NXx—{nEN: ohH & 4T}
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We prove first the following inequality
@)

Indeed, if , then “m(%qu_>0‘ On the other hand, the condition Eirjco»

(E*1=0, Yl=xi-x;) implies

Mn]°glogn g f ydF(y) = ofl),
Cl Mh
thus

a contradiction.
From (1) we obtain

@) d(N3 >0,

where
N2—N\N 1= {nCN: o2'+ w=40-2}.
Let

Bn= A2n-A,, = 2
i=n-fl

The proof will be based on the following estimate: If nEN2, n is sufficiently large
and d>0 is sufficiently small, then

) PO 1y‘- & 102")T}=i
Indeed, using (2) and (3) we can complete the proof as follows.
Let S,,:igi F,m Clearly, ,e2—ﬂ2,,, therefore by (3) we have

1 1
PIMus1—Sh= 6(AZvilogn) = —

if NEN2,n=n0, 6760. The sums S2\1—"8h? being non-overlapping sums of in-
dependent r.v., are independent and by the Borel—Cantelli criterion, it suffices
to prove that né\/z?z +°°. But this is a simple consequence of (2).

To prove (3) we distinguish two cases. Let

L,={i:1V isrl and

and
K= [2/F 1, 2n#]\/n.
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Case 1 \Inw2r\
Clearly

pg\gﬁﬂyja"iogn)*g,

SP{2 Yt~o(B2\ognY'*/ 1J CIXP{lJ c,}P{.Z ~ 0},
Z (B2.\og S } {'g” PLg,n ol

where C(={|T(éM,}. Thus, we have to estimate the terms
P{éj Yt SA " logn)¥2 /1 C},

P{n Q) and P{Zi"0}.
ey, ie/°

The rv. Z 3 symmetrically distributed, therefore

iel’
(4) p{g " so}*4,
On the other hand, the events Ct, /=1, 2, ... are independent, so we have
2+
YOI PLe s ], ) -

©)

= MNliu A ) |

i-¥+xl 2/ J-~AT

To estimate the first term we shall apply an inequality due to Kolmogorov [2].

Kolmogorov's inequality. Let Zx, Zr be independent r.v., EZf=0, /—1, ..., 1.
Let i>0 and assume that the inequalities

hold. Given y>0, if eér(y) and t*t(y), then

pu z'H 1 Ez? n * 4 -ir (i+t4
First observe that
HYfj Jj C)=£{YLUC-) = S (T].
1 )=£{YLIC-) P(Q (M
Therefore, nEN2 and |/,,|s2n 1 imply

2 ER(FEIC) 2" 1ffl, > 2n 5c, 411 2-6A,,,

furthermore, by /€/,
/ n -,‘3/2 f V.4 E(T?/C,) 12
(6) logn
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According to Kolmogorov’s inequality and (6)

2 iN Ny n G~ 4=
Y avy )y n @ 4
if 5 is sufficiently small and n is sufficiently large. By (4), (5) and (7) we obtain

p£1=22n+] Yi=a(B2,logn)1y » %r_}'

Case 2. |/Ms2" 1
Clearly

NA 1% N
p£:22n+| Y~r6iBzJognyi L
S 2 Yin log" 2 Yis o} =
p{l-IK g )112}|O{ifn }
AM2{2Y "0 (B Ho%yl%

We want to give a good lower bound for the last term.
Lemma. Let Z1; Z2, ..., Zrbe independent, symmetrically distributed r.v., EZf=0,
1 r
i=1,...,r. Assume that P(Zi>m"=pi"m and ¥p T hen

where m = min m,.

Applying the lemma we get

p{2 r,*apg,wro »»Ll Y'*y (T/\rl—l o\

where t= 2/ P(T;>M1), <6550 and nLLnO.
re/®

In the last step we used the estimates:

i%/I?{Yis M{) > |/;| logl-2f,(f +1) s- *J£.65-0(1)

and
VD,,7_ 2 loglog! 1
%; P</i> my ¥, & -]iogn-
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Summarizing we have

if n is sufficiently large and $is sufficiently small. Thus (3) holds, which was to be
proved.

3. Proof of the Lemma

For arbitrary Hal\, /*]={/: we define the events
CH= N {zi> 'ffib
cho— N Qziv—mi)
Or —{i£2HCZi—0}*

Cfi = JJ {Zt= trj),
where # c=[l, r]\77. Obviously,

S 21 P(ci)P(C5nc))s

Ncll,r]:4d]|r<

We can compute the exact value of P(CB) and 2(C*{):

P(Ca)= M O -IPi) and P(C)= N (\-p)d.
Therefore we get
Replacing it to (8) we obtain

2 P(CADCA)) =

Erc[l,r]:|A|k(
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where Xiz >Tn denotes the indicator variable of the event i.e., X{zt>m)~1
if ca€{r;>1,} and X{z>m)=0 if cn${Z>m,}. Since :

pM¥arp P h S,
On the other hand, let ¢= [ X{z,>m)- By definition Ec=2 ptand
«7-"= E(¢-E02= Z(p.-Pi),
so we have
9) Ef W4crg  if |2=|'Pi= 16-

By Chebyshev’s inequality and (9)

= RS—EH = a5n 1

Summarizing,

. 2 1P;
ASZIM- & s expr-2a o1

thus the lemma is proved.
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LOS LEMMA HOLDS IN EVERY CATEGORY

by
HAJNAL ANDREKA and ISTVAN NEMETI

§ 1. Introduction

There are a steadily growing number of versions of model theory and universal
algebra which differ from classical model theory not only in syntax but first of
all in semantics, i.e., the mathematical objects called models and their homomor-
phisms are different. One of the examples is partial algebras: The universal algebra
of partial algebras is basically different from the classical one not because of syntax
but because the models and their homomorphisms are a quite new category (cf.

[, [2, [18]).

Abstract model theory was started to unify at least some of the different model
theories (cf. [14], [6] p. 45). In a version of abstract model theory stress is laid on
the case when the models themselves and their homomorphisms are allowed to
vary. In this approach, by a language we understand a triple

L=F M [

where F and M are arbitrary classes and N is a relation between them,
ie, =GMxF. Fis called “the class of formulas” of L, M is called “the class
of models” of L and N is called “validity relation” of L. Such an arbitrary triple
is said to be a language if certain additional axioms are satisfied. We shall not quote
these axioms. What is important here is that M is not required to consist of certain
prespecified constructs (e.g., to consist of classical first order models). Instead, M
is an abstract category and we do not know what its specific ingredients are. They
can be classical models, partial algebras, nondeterministic algebras, intensional
models, Kripke models etc. The present paper is an approach to attacking Problem
9raised in M akowsky [15] about abstract model theory. For a detailed introduction
to abstract model theory see, e.g., [20].

Independently, another approach was started to generalize parts of universal
algebra and model theory to category theory with the aim of applying the resulting
theory, e.g., to partial algebras, relational systems or models, etc. It appears that
the area of application has much in common with that of abstract model theory.
Concerning this approach, see, e.g., [13]; note that the aims here are completely
different from those of algebraic theories in the sense of Lawvere.

AMS (M OS) subject classifications (1979). Primary O3C95, 1800; Secondary 18A15,03G30,
18C99, 03C20.

Key words and phrases. Category theory, category theoretic logic, abstract model theory, for-
mulas and injectivity, finitely presented objects, ultraproducts.
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An important idea in this approach is that universal (strict) Horn-formulas,
i.e., quasi-equations can be represented by certain arrows (morphisms) and then
validity corresponds to injectivity. l.e., in classical model theory, to every universal
Horn-formula XEF, there is an arrow /€Mor(M) of the category M of models
such that for any model MICOb(M) we have: M1=x if and only if M is injective with
respect to  (In the sequel we shall abbreviate “with respect to” by w.r.t.) For more
detail and examples cf. [5] or [19]. In [19] and in [17] injectivity was extended to
cones (from arrows) in order to represent all universally quantified formulas.

In the present paper injectivity is extended to represent validity of allfirst order
formulas. For any category  we shall define the class STr('g") of small trees of €.
(Arrows are special trees.) Then we extend the definition of injectivity from arrows
to trees. Now, if M is the category of classical models (or universal algebras) then
to any first order formula ¢-there corresponds a small tree <)>(;STr(M) such that
for every MICOb(M) we have:

M iff M is injective w.r.t. the tree o=

Also to any small tree there corresponds a first order formula in exactly the same
way. le.: If (F, M, N) is a classical first order language, then the triple

(STr(M), M, “injectivity”)

is a language equivalent to (F, M, N9. All this is proved in [4].

Using these definitions, in Theorem 1 we shall prove that the Los lemma holds
for any category. Therefore, if is an arbitrary category with ultraproducts, then
the language (STr('if), Ob(if), “injectivity”) is compact.

lntustration 1 (for motivation). In order to facilitate the understanding of
this general injectivity, here we quote some examples of how trees and formulas
can be correlated to each other in the case of classical first order model theory
(as a reference for the latter see [8]).

Let 'if be the category of relational structures with two binary relations R and S.
Recall from [19], Def. 3, that an object G is injective w.r.t. the cone

iff every morphism M—G factors through the cone, i.e. to K there exist i*n and
k' such that
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commutes.

Note that a single morphism 2i—@© is a special cone, namely a one-member one.
Thus the above definition yields the usual relation of injectivity between objects
and morphisms, cf. 31.6 and 37.8 of [12].

1 Consider a tree consisting of a single arrow 31—23 where 21 is a one-point
set fa} with R and S empty, © is {a', b'} with R={(a’, b")} and S empty, further
h(a)=a'.

The tree

ttn - ) A
corresponds to the formula
MX By R(X, y).
This means, as is easy to check, that for any relational structure (EfOb(7i),
(ft=Vx ByR(x, y) iff (Eis injective w.r.t. h.
(All the existing elements and relations are indicated in the figure.)
2. Let the next tree be a proper cone instead of a single arrow. The tree
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corresponds to the formula
Wxy(R(x,y) - (S0> X)VX = y)).

This means that for any relational structure (fCODb(”), denoting
Vxy(R(x, y)—S(y, X)V;v:=y)) by ip, (\=ip iff G is injective w.r.t. the above
cone. This example was explained in [19].

8§ 2. Definition of trees and injectivity of trees

We shall give two equivalent definitions of trees and their injectivity in a
category. The first one is more intuitive while the second one is more adequate for
working with.

82.1. First definition

By a tree we understand a poset (i.e. a special category) which is a finite
rooted tree in the usual sense. E.g., the category

is a tree. Here we say that v4is a successor of v2. Vv5is not a successor of v2and r5
has no successors. We say that vt is a successor of \f iff, in poset theoretical terms,
vt covers Vj, see [10]. The root is VO.

Definition L A tree of the category W is a diagram indexed by a finite rooted
tree. More precisely, a tree of ~ is a functor in which T is a finite rooted
tree. O

N otation. If v is a vertex then F(v) is denoted by Fvand if w is a successor

of v then Fwv is the obvious arrow Fw*-~ Fw. (l.e, if /iTGCHomr (c,vt) then

Fvw =F (hvw).)
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Now we turn to define injectivity of objects w.r.t. trees as a generalization of
the usual injectivity w.r.t. arrows. The notation a\=F will be used to denote that
the object a is injective w.r.t. the tree F (and all this is meant in the category &).
For this end, first we define a game. To see how Definition 2 below corresponds
to the usual notion of validity, the reader is referred to Illustration 2 and Definition
4 below, to [4], and [6] p. 254.

Definition 2. Let aEOH%>) and 7:f— be a tree of 8. Then the (a, F)-game
is played by two players “V’ and “3” who move alternately, and “V’ moves first.

A move in the (a, fj-game is to choose a pair (v, k) such that FvF*a is a mor-
phism of €. The first move is that “V” chooses a pair (u0, &) such that V0 is the root
of the tree. Chosen (vn, k,,) in the H-th move, the (n+1)-th move is to choose a pair
(v,,/+1, kn+l) such that vl is a successor of vn and

commutes.

Starting at the root v0the two participants “climb up” the tree. A participant
looses if he cannot move. Now: we define at=F to hold if there is a winning strategy
for “3” in the (a, TJ-game. O

lntustration 2. Let  be the category of relational structures with one binary
relation R. Let T be the following tree:

Let the functor F: T-+% be the following:
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Now F is a tree of * and for any 3[£Ob(<"), 9IHF if arid only if

An VX  (x?ynvz(R(y, 2) —R(x, 2)).

82.2. Second definition

D efinition 3. Tr (") is the smallest class ST of pairs with the following closure
property :

For any finite sequence (<, ))i<n of elements of Si and any cone (d-+*di)i<H
of &€, also the pair (d, (7f, (dh <))1<r) is an element of 57 Note that we may choose
n=0 and thus the empty sequence (which is a sequence of elements of Si), and this
yields (d,0)E&~ for any d"Ob (5).

For any pair (d, a)C Tr (-i) we define dom (fid, @))==d. The elements of Tr &)
are called the trees of €. O

Notation. The following notations will be used throughout this paper.
<p=(d, (ht, <A)<) is a tree of {, its “depth-one subtrees” are (Pi=(diy (g), «A)y<(i)),
the I'j being the “depth-two subtrees” of  (see Fig. 1). Note that whenever n or
m(i) occurs in what follows, it will always be the n or m(i) belonging to the tree
<punder consideration at that place.

The sets of the Ks, d's, (p's, g's, and ’s, respectively, may be empty as well.
These cases correspond to n=0 and m=0, respectively.

Induction principle. Our inductions will go along the depth-two subtrees of
a tree. More precisely: The transitive closure of the binary relation “is a depth-
two subtree of” is a well-founded partial order on the class Tr('ii). Therefore we
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Fg 1

can use the “Noether induction principle” as described, e.g., in [9] §4 (following A.I 1).
This principle reads as follows :

To prove that every element of Tr (if) has property “P” it is enough to prove
that: For any <p€Tr (&), the hypothesis that every depth-two subtree of (p has
property “P” implies that also @ itself has property “P”.

We shall use this principle for recursive definitions, too. Now we are going
to define a relation f=QOb (W)XTr (<. We read out “a\=(p">as: “the object a
is injective w.r.t. 7.

Definition 4. Let &£ Oh(f?) and  Tr (ff) be arbitrary.

(i) First we define for arbitrary dom (cpy—t+a the ternary relation “eb <p[k}\
which reads as “the arrow k factors through the tree g’ (or “the tree (p is true in
the object a under the evaluation A). Recall the notation:

Suppose that for every dom (t))—»a the truth of a\=g)[y] is already de-

fined. Let d-"a be arbitrary. We define a\=(p[k] to hold iff there are and
a commutative completion

d

such that for every j<m¢(i) and every commutative diagram

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



368 H. ANDREKA AND I. NEMETI

we have: a\=\iH[q],

(i) We define a\=(p to hold iff every d—*a factors through (p. (l.e. a=g> iff

Horn (d, d) Gt=<p[AT]) O

It is easy to see that this definition of injectivity with respect to a tree is equiv-
alent with Definition 2.

Remark. Let us briefly return to the abstract model-theoretic terminology of
the introduction.

Let € be an arbitrary category. So far we have defined a language
Tr=(Tr (*), Ob (f5), H). On the basis of the motivating examples given in
Illustrations 1 and 2 the following can be proved:

If 6 is a similarity class of classical models (cf [8]) then Tr contains (the lan-
guage of) classical first order logic. More precisely, every classicalfirst order formula
corresponds to an element of Tr (1§, validity of thefirst being equivalent with injectivity
of the latter (see [4]).

Now we are going to define a sublanguage STr of Tr. In the preceding case
of a similarity class of classical models, this STr can be shown to be equivalent
with the classical first order language. First we recall the definition of an s. small
(strongly small) object of 4=

Definition 5 ([12] 22E). The object a£Ob () is s. small if the functor
Horn (a, —: € -*Set preserves small direct limits. (By a direct limit we understand
the colimit of a directed diagram.) O

Remark ([16]) «COb (W) is s. small iff for any set / and for any directed diagram
(h\ i7jdl) with colimiting cocone c=((/i")i€j, b) conditions (i) and (ii) below
are satisfied.

(i): Every arrow a- -b cofactors through the cocone c.

f
a —b
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(if): To any pair ci=t such that ph'—gh' for some i<z there exists a j£1 such
that ph'j—qgh’j.

a
The proof of this can be found in [16].

Example. In categories of relational structures or partial algebras the s. small
objects are exactly the ones with a finite universe in which all but a finite humber
of relational symbols (operations) are interpreted to be empty. In categories of
total universal algebras or heterogeneous algebras the s. small objects are exactly
the finitely presented ones.

In any of the above categories, if a tree contains only s. small objects then it
can be shown to correspond to a finitary first order formula. Therefore s. small
objects can be used to exclude trees representing infinitary formulas. For example,

(0

represents the infinitary formula

VxoBxjBxa... 3xr... O R(xi+l, xt).

Here the object LU is not a small object of the category of relational structures.

Definition 6. A tree of 72 is small if all the objects occurring in it are s. small.
The class of small trees of is denoted by STr (f§). O

Now we recall the definition of an ultraproduct of objects of €. (Cf., e.g., [16], [1].)

Definition 7. Let | be a set and let (aer be a family of objects of  (indexed
by I). Let U be a set of subsets of I. Now consider the products iExat for the sets

XEU. If X, YEU and Y~X then the morphism induced by the cone of projections
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of af into the product P‘at is denoted by . By this we have a diagram
(Pa Pap X, YEU,Y" X)

of products and projections, which is indexed by the poset ({/, ). The colimit
of this diagram is denoted by

Gp (P/h/irW

This colimit is called the U-reduced product of the family (a,)I€/. If U is an ultra-
filter then P?aJU is an ultraproduct. O

For the equivalence of the category theoretic (Def. 7) and the set theoretic
definitions of reduced products see [11] Chap 3. Exercise 100 and [6] Sec. A. 3.2
p. 109. (P. Burmeister proved that the equivalence of these two notions is equivalent
to the axiom of choice.)

§ 3. Los lemma

Theorem 1 Let *€ be an arbitrary category, (/>CSTrfé) be a small tree. Let U
be an ultrafilter over the set 1and let (a,);ej be afamily of objects of €. Then state-
ments (i) and (ii) below are equivalent.

(ii) there is a YEU such that for every /EY

«i N Y
Proof. We shall prove this theorem as a consequence of Theorem 2.
N otation. By the definition of a product, a cone (d*-ap i£l) induces a unique
morphism d-"P”at to the product of the objects (aj)iU such that / commutes

with the projections n\ of the product cone, i.e., fn\=f for every i£l. We denote
this induced morphism by t]Jf.
a

Theorem 2. Let 4>be an arbitrary category, (PESTr('é’) be a small tree. Let U
be an ultrafilter over the set 1 and let (<)ie/ be afamily of objects of €. Let further

(n — 6;)iR be an arbitrary cone of , where RQJ. Then statements (i) and (ii) below
are equivalent.

() iE/aJU |- qaL(thg /c,? nz% for some RjjlZ"U,

(i)  there is an RAYEU such thatfor every ;CY atN <[/d.
Proof. The proof goes by Noether induction along the depth-two subtrees.
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Let
$= (d, (K, (dr, (g7, y'))i<m(r))ren)
be a small tree of Yi and let (c/gfal) ifR be a cone of “evaluations”.
A. Suppose that (ii)=>(i) holds for every depth-two subtree \pj of g=and for
any cone of “evaluations”
(dom (ipy) a)jex
where XQJ. We prove that (ii)=>(i) holds for < too.

Let (ii) hold for and (kt)iiR, that is: Let R"Y£U be such that (V/€F)a;H
t=p[A] For every ifY, let

hr(i)
d *" dr(o

be a commutative triangle the existence of which is provided by the definition of
a,1=q]/cj; this definition also says that for every j<m(r(i)) and every gt making

ar(
S () P— L--mmmmmn domlyb'h

commutative, it holds that [q\. Since U is an ultrafilter and n is finite,
there are YAPZdU and r<n for which (Vi€Z)r(i)=r. Let us fix this r and Z.
Now we show that for this R*Z" U

K,8mdUH "2]
(This is (i) for (o and (ki)iiR.)

Notation.

k= [Il k)nz
tigz >
and
K' = {I'IZ(i)> nz.

See Figure 2 below.
We show that k' satisfies the requirements in the definition of a\=<p[k\.

1 k=hrk" follows by the definition of products, since for every i£Z, Kx=Krk[.
2. Let j<m(r) and the arrow dom (P?aJU) be such that k'=gjq.

We have to prove «</["=%/j[dl
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Since is small, cod (gj) is s. small and therefore there is a Zj*X¢U together
with / such that gq=fnx. Since (p is small, also dom (gj) is s. small and therefore

(gf)nx=k'= ([&('i)nx implies the existence ofan X~AX'EU for which (gjf)nx.=

=U I k'i)nx" To avoid cumbersome notation, we can assume that X=X' and
16X

thus gj/= (i&kl). See Figure 3.

Notation. qt= fnf for every iCX.

Now, k\=gjgi and therefore ai\=il/f{{qgi] by the definition of k\. This holds
for every i£X, i.e., (ii) holds for the tree iffj and the cone (qj)iiX- Thus by the
induction hypothesis

Pafl'M«yY Y ).']

for some XI*"W"U. Since q=(i£\1;vqi)nw, this means that (ii)=>(i) is proved.

B. Next we prove (i)=x(ii) for our fixed tree (p and cone (kj)liR. Suppose that
()=>(ii) holds for every depth-two subtree ¢b) of @and for any cone of “evaluations”

(dom(il) —*a,)igQ. We prove that (i)=>(ii) holds for g% too.
Let (i) hold for (pand (fg)f€R, i.e., let R*Z"U, k= (]j kj)nz and P aJUu\=
\=p[K. Let

[ L — dr

be a commutative diagram the existence of which is provided by the definition

of PMajfi7l=<p[£].

Then for every j<m(r) and q satisfying k'~g”q it holds that P"a-/[/(=/"[<7].
Since pis small, dom (hr) as well as cod (hr) are s. small objects, and therefore

there are Z"X"U and / such that k'=fnx and further (I k() =hrf See
Figure 4. ie-X

We are going to show that Y = {iC X: t/. This will complete the
proof of (i)=>(ii).
The proof goes indirectly. Suppose that Y$U, i.e, that fF=(T\F)C][/.

Notation. Kt—fnf for every if X
Obviously A= AQL; for every i£X.
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By the definition of a“<p[kl, for every W there are a j(i)~=-tn(r) and
a commutative triangle

0j
such that ai!rdpni}{qi]. Since Uis an ultrafilter and m(r) is finite, there are JT2 QC U
and such that (V/CO0./(/)=/. By the induction hypothesis (i)=>(ii) holds
for . Therefore (Vi£Q(z U) implies
JiaJV*r «[(,&
for every Q”Q'EU. This contradicts the definition of k', since
e P
“Bi((,4 i
QED (Th 2
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Proof Of Theorem 1
1 Suppose that YEU and (V7CT)a;l=c> We have to prove P aJU\=(p.
Let dom (9)—=*(P «,/(/) be arbitrary. Since dom (cp) is small, there is a cone

(dom {th)—~a”iiz such that (jj kMN%z—k, and we may suppose that ZQY. There-

®EZz
fore (ii) of Theorem 2 is satisfied. By Theorem 2 this implies (i), i.e,: There is
Z"WdU such that P afiC/l=([(jj kt)nN§. But by the definition of reduced
i€/

iiw

products, (/j ki) nw=k.
2. Let P aJu\=(p. Define: Z = {/E]: a®(p}. By definition, there is a cone

(dom(h)*+a,)K2 such that (YirZ)alY=(p[kh. Now Z$U because otherwise (i)
of Theorem 2 would be satisfied and therefore by Theorem 2 arH<p[&] would hold
for some /CZ, which is not the case. Therefore (/AZ)£ U and by the definition of Z

(VVie(1\Z))ai\=p
QED (Th 1)

Remark. FOr any category the triple
<STr(n ObW, N>

satisfies the usual abstract model theoretic axioms, i.e., it is a language. Moreover,
by Theorem 1 it is a compact language if # has ultraproducts.

If ‘A is the category of models (or algebras) of a fixed similarity type, then
(STr (W), Ob (LU, N) is equivalent to the usual first order language (see [4]).

It would be interesting to get a “logical structure” on Tr (¢i) by defining two
binary operations “V” and “A”, and a unary one “1”: Tr Tr (fif). These
operations (or “logical connectives”) should satisfy the usual axioms of classical
propositional logic. (Quantifiers V, 3 should also be introduced.)

A possible candidate for the “negation” isthe following: For = (d, <r€Tr C§é)
define

> = (<M(1,<p)ETr(N
where Id denotes the identity arrow of d, i.e.,
AP= (d—~ @)
It can be checked that in any category 43
(VaCOb(#))(V(pETr(¥))(Vdom(<p)—- a) aY=(p[k\o a \="1gfAl

Open problems. 1. Under which conditions can the STr-axiomatizable classes
of Ob (&) be characterized by ultraproducts and “ultraroots” analogously to Theo-
rem 3 of [19] or Theorem 1 of [3]?
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2. “Horn-trees” can be defined as special elements of STr") Con-
jecture: Horn-trees are exactly those small trees which are preserved by arbitrary
reduced products.

Acknowledgement: Thanks are due to Professor Peter Burmeister for his help,
thorough reading and many useful suggestions.
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OPTIMAL ESTIMATION OF FUINCTIONS OF PROBABILITY
DENSITIES

by
WOLFGANG WERTZ

Introduction. In a series of papers, the author has derived several existence
theorems for optimal density estimators ([18]—f21]). From the reasonig in these
papers it follows that several results can be generalized to the problem of estimating
certain functions of the unknown density. For some parametric cases, optimal
solutions of the optimization problem can be derived explicitely from this theory
— several examples exhibiting interesting aspects are given, including the estimation
of the density itself. K1ebanow [6] has derived optimal density estimators by an
entirely different method ; connections to his work are pointed out in the following.

Historically, the problem of estimating functions of the density is as old as
density estimation itself: in 1956, Grenander estimates the hazard rate in his
paper [5] on mortality measurement, in 1964, Nadaraja [8] estimates convolution
components, and Watson and Leadbetter ([16] and [17]) estimate again the hazard
rate by kernel-type estimators. Of the more recent work we only mention: Major [7],
Reévész [10] and Stone [15] treating regression estimators, Rice and Rosenblatt
[11] and Anmad and Lin [1] treating hazard functions, Yang [22] estimating the
life-expectancy, the thorough study by Bosq ([2] and [3]) of several of the mentioned
problems and Schater and w o1ff [19], estimating the functional f~ J f2(x)dx.
In [13] further references are listed.

Results. Let (X, if) be a measurable space, Xand p c-finite measures on (X, if),
Jy a set of probability densities with respect to p, Pf(A):=Jfdp for every ACX
A

and /€g and A a mapping from ¢ to R*, such that A(f): X* R is if-measurable
for every /€gf. As examples may serve, under appropriate conditions: A(/):=/,
the distribution function, a convolution component, the density of a certain order
statistic, a A-fold convolution the density of the arithmetic mean of k
independent observations, partial and ordinary dérivates, a conditional density,
or functionals (from this point of view rather trivial examples) such as p-th moments
about a point, the mode, the information A(f)(x):=J (f'If f fdp and A(f)(x):=
:=ff 2dfi. The problem is to estimate A(f), based on n independent observations.

Let ® and P be complementary Young-functions and & satisfy condition
A2 e,

@) ®d(2n) S Md(m) for every us 0 and a certain M > 0.

In the following, ®is always assumed to fulfil (1). (X", if", Pf) denotes n-fold product
spaces, x"=(x1, ..., x,,) elements of X". Let LOS—L0<Y //0 X) denote the Orlicz-
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space of the equivalence classes of .i"® ."-measurable functions h: A"XT—R

with f ®ohdPf®l<o00. bgf is a Banach-space with norm
X" XX

[lhljd>/ = sup{fhgdP?®A.:geL4'f and f <FogdP}®X ~ 1j.

We further assume

@) $:= g [ld(N]|oy <=*

For every he f) baf let [irld:=sup IO and Jigi={ir: [irlg<>"}. Then i
e3

is again a Banach-space. We make no difference between functions and equivalence
classes. For further details and references see [19.

Definition. Under the conditions (1) and (2), every ff Ndis called an estimator
of A(/). /,, is called optimal, if

"0/ ~—sup I —N (Il S AK()  forevery /6116,

Let Mv denote the set of all ¢g'= 2 al real, g&L4>fi ([i> eee>/*€£3)
and My the set of all functionals @ mduced by functions by

(h, (> 2_cI<b. <Pi), =2 aif hgidPI®X.

The strongest topology of Sy, such that every ip®Mv is continuous, is called the
agtopology (cf. Pitcher’s topology [9]). This topology is not stronger than the
weak topology of /i, and it fulfils Hausdorfif’s separation axiom. The unit sphere
E:={1rE£Nd: |/r|d™1} of N is compact in the ~-topology (see [19]).

Theorem | (Existence of optimal estimators). Under the condition (1) for @
and @, and (2), there is an optimal f¢c_/ld.

Theorem 2 (Reduction by sufficiency). Let (1) and (2) be satisfied and let there
be a real number w with n” ®(u) for every u”u0. Let Ca X' be a o-algebra,
sufficientfor {Pf:/€5}, (f or X be countably generated and ffi Ad. Then there is an
/ CENdfulfilling: JO is (I goX-measurable,

[110-0(N||h1/S ||/-N(1)]||h/! forevery and Ro{f0 "~ RO(f).
Further, there is a 1-null-set NEX with
fo( s, X) = £}[/(<T, )|E](*) P falmost

everywhere for every x%N and every /€5- (i"=(<fi, ..., @) is a random variable
distributed according to Pf)

The proofs of Theorems 1 and 2 are like in [19], with / substituted by A(f).

Reduction by invariance. Let G be a locally compact, <T-compact, amenable
group with cr-algebra (6 of its Borel-sets and v be a right invariant regular Haar-
measure. Let D denote the Orlicz-space P®X, X, &). For Y~X", —X, =5 and
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=D, let y—yY be homomorphisms from G to the one-to-one mappings of Y onto
itself, (YINAT= (7)i-°(>2)r and (y_1y=(¥r)_1- For short, we write y:=yy, if
no confusion arises.

Definition. The estimation problem is called invariant with respect to G if
the following assumptions are fulfilled:

(3.1) yCg f°r every yEG and /£g

(3.2) (AD) (y~1X)=[A(yH](x) for every yEG, x£X, /<Eg

(3.3) (yd)(x) =d(y~1x) for every yEG, x£X, d£D

(34 ylIC.1" and P?(A)=P"f(yA) for every yEG, ACX" /eg

(3.5) For every hEAOQ, the mapping (y, X", X)-*h(yx", y&) is © gpX"0 immeasurable
(3.6) [.(y~1A)=A(A) for every y£G, ACX.

An estimator /e Nipis invariant, if /(yg", ¢)-—Y/(«*"> m)] for every y£G, x"EX".
(We tacitly assume f(xn ) to belong to bd(X, X, X), which is no restriction of
the generality.)

The amenability of the group G implies the existence of a net {g*}*” of func-
tions gxELI(G, (6, V) satisfying g~O, J gxdv—1 and

lim f |gq(<Sy 1)-g @5)| dv(S) = 0 for every Yy£G
(see G reentear [4]. theorems 2.4.2 and 2.4.3). Defining va(i?):= J gxdv (BC&),
B

(va) is a net of asymptotically right invariant probability measures:
4 H lyr (#y) —na(A) = 0 forevery yCG and i?£®.

For a fixed /VNpwe set fx(x", g):=f f (yx", yx)dvjy). Then the risk of fx is not
greater than the risk of /. Further, there isan j\f Adand a subnet of (/,) converging
to /0, RO(fo)sRO(f) and /0is equivalent to an invariant estimator. This reasoning
(for details, the proofs in [21] and [19] are to be slightly modified) leads to the
following

Theorem 3. Under the conditions of Theorem 1 and (3.1)—(3.6), there is an
invariant optimal estimator.

Taking />=»1, ®(1):=|t|pp and q:=p/(p—l), then for every hELp(XnXX,
X"®X,Pfig)X) the usual Lp-norm |/ij|Pi/ equals g~1g<\nh\0,f- Set &p(f):=
:=sup I/ —A(f)\\pf, the usual Gp-risk; then dp(f) =qgl~p[RO(f)]p, hence the con-

1€3
cepts of optimality with respect to Lp- and Orlicz-risk are equivalent.

In the case of translation classes g of densities on the real line actually optimal
estimators can be constructed. Theorem 4 makes use of a sufficient statistic, whereas
Theorem 5 gives an explicit solution, analogous to the Pitman estimator for trans-
lation parameters. A corresponding formula for density estimators is derived by
a similar method by Klebanow [6].
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We assume for the following quadratic loss, (X, $).—R, 33), p=X= Lebesgue
measure, 5= {/y: yER} a one-dimensional translation class of densities
(I*(*)=/(*—y) with a fixed /), A(fy)(x)=(Af)(x—y), and / and A(f) square
integrable. Then, apparently, the problem is invariant with respect to the group
of translations.

Theorem 4. Let T be a one-dimensional sufficient transformation for y and let
the problem in terms of T remain invariant. Denote gy dPjjdk and g\—g0, and
let gy(x)=g(x-y). Then
©) f(x", x) —pO(x-T(xn)

with
®o(Y) =f(A(J)) (y+t)-g(t)dt = f(A(f)) (y-t)-g(-t)dt
defines an optimal estimator of A(/).
Proof. With regard to Theorems 2 and 3, one can restrict attention to esti-

mators of the form
(x",x)-~t(x-T(x")),
hence the problem is to minimize

(/) = supJ f [(x-t)-(Afy) (x)]ay(t)dtdx =

=ffNe(x)-(Af)(x +tWg(t)dtdx.
¢ minimizes this integral, if and only if for every g>dL.2(R, 33 9
ff VW 1d(X)- (Af) (x+0]g(0 dtdx =0
holds. This yields the solution. The details are similar to those in [20].
Theorem 5. Let the conditions listed above Theorem 4 be satisfied. Then

6) 103 = 1 {ALD))(x-t) [IF(x-1)dt/ £ (x-1) dt

defines an optimal estimator of A(f).

Proof. By Theorem 3 it is sufficient to consider translation-invariant estimators,
i.e., those satisfying

f(x1l—a,...,xn—a,x—a)—f(x1,...,xn,x) for every aER, X' €Rn XxER.
Then

<h(f) = %%frf’ £ LCxn x)-(AH) ()12 19 Fy(Xi)den=

I I0C> X)-(A (1) (91203f(xF) dx dxn=

fF[fiXi-X o %,m X 0)- (A()) (9147/fIxdl dxdxn
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We write b(yr, (yi, mmy, 0). Let f, , G, be independent random
variables, distributed according to Pf, and 4*.=", for i=2,...,n.
It follows that

(/) = Ef{I[h(y, tz-ti +y, - N n-ix+y)-(A(f)(Ci-y)Ydy} =
= JEf[h(y, g2+vy, ...;i?,+L)-(~(/))(i7i-L)]2dy.

Using the minimum property of the regression function (see €.g. Schmetterer [12]),
the integrand is minimized for every yf R, if

h(y,y2+y, -, )h+Y) = Ef [A(f)(nl-y)\ti2= y2, ...,r\n= yn.

Using the corresponding conditional density, this equals

fd(/))o - y)f(yi) iEbei +>hdyl

4 Flya; L f(yi+Y:) dyi

By a simple substitution, formula (6) is obtained.

Corollary. Under the conditions of Theorem 4 or 5, let A(/) be a probability
densityfor everyf andf be an optimal estimator obtained by (5) or (6). Then / (xn, *)
is a probability density for every x"tR".

Some examples for the translation case

1) Let / be the density of the normal distribution N (0O, <@ (a2>0, known)

and J(/):=/. Then the optimal estimator is the density of NlIx,,-- a3|
(cf. [20]). 1 n ’

2) Let f be the uniform density: /:=/[01]. Then
1+x-x@ .
if = *
Ler(),) XD =T

1 it x@) =X< x(M)

1+x (1) —X if R 1

1+X(1)—X(n) X (»)"X <X (1) +
0

otherwise

is the optimal estimator for / (x()) and x (1) denote the smallest and largest observa-
tion, respectively). The continuity of x-*/(xnx) is remarkable; a tendency of
smoothing by optimal density estimation occurs in all examples given here.
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3) Let / be the exponential density /(x)=e_*/(o a(X). Then

e'x~xn) if XS *Q)
f(xn X):=

....... e-(x-ar.n i x> xq
n+1

is optimal for f

Examples 1 to 3 can be easily derived by Theorem 5, 1 and 3 also by use of
Theorem 4 using the sufficient statistics x,, and x(1), respectively.
4) Let f be the normal density V0, a~) and A(/):=/', the derivate of /:

d (1(x) = —2eg _v2(x—y) exp [{x—y)22<2

n(x-xny-1
I(xmn X)= - ( v
2(/j + Der2d

is the optimal estimator of A(/), and this is the derivative of the optimal estimator
of/ (cf. Example 1).

5) Let / be as in Example 4 and A(/) be the density of the empirical mea
of k independent N(O, €)-variables, i.e., A(f) equals the density of N(0,a2k).

The optimal estimator is the density of N

6) Estimation of a normal convolution component: let ~=/j+i, where £
is N(0, T2 distributed, f] has unknown density g, £ has normal density N(y, c2
and is observable (c2>o0,r2>0 are known, y is unknown), £and 7 are independent.
Hence / is normal J1/O, a2. A(/) is the density of //, namely the density of
N (0, <2+ T2. (In applications, £ can represent errors by measurement.) The optimal

estimator of A(f) is the density of N |x,,, 92+ t2+ /.

7) Let / be as in Example 3, d (/) the density of the /-th order statistic £Y)
of K independent observations. The optimal estimator is

/[(xnx)=nl  €<TXp) J (1 _e-1y-le-(n+k- L+1)(at.
mex(0, X—*(1))

In the case 1=1 (estimation of the density of the smallest of k observations) this
turns out to be
nk

) | -ﬁ-;-ken(x-x(l)) f X< X({]I)
*ox) =
”J‘:ke-Hx-xn)) it xAX (),

whereas A (/y)(x)= ke~k(x~)I({jt" )(x).
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ON WILKINS’ INEQUALITY

by
A. ELBERT

Let [a b] be a finite interval, f (t) a positive continuous function on [a b],
finally tx= argligkfit) and R= J0gt, fit). We are interested in values of the in-

tegrals

1) = 1(/, ic a b) = / [BOT N1/ [/(0]-xdt.

We may assume x€O since /(/, —x; n,B=/(/, x; a, b). By the Cauchy—
Schwarz inequality it is clear that [(f)~=s\.

In the case x=1 the lowest upper bound is (@+ B)24al (see Pélya and Szegs,
[1] p. 57), and later Wilkins [2] has found — supposing in addition the concavity of
the function f (t)— that

R+@
R—a 2R
(D 1(/)
{"4
205-a) Ro*

Here we shall deal with the lowest upper bound of /(/, x; a, b) for all x>0 (the
case x=0 is trivial) and not only for the concave functions but for the convex
ones, too. Moreover, our proof will be different from that of Wilkins and we shall
not assume the monotonicity of f(t) as he did.

We start with a simple lemma.

Lemma. Let z1(¢), zfifi) be continuous functions defined on [a, 8] such that
*I(E) > z0> z2(£) for asif B

and let the function y(£) be nondecreasing, — <y(«)<y(R)< oo. Let gO(O be
a continuous and positive function on [a, §]. Then the quadratic polynomial

B
Q(?) = / goCON-ZxXidHz-2.«)]"«) = Az2+Bz+C
a

has real zeros and B2>4AC. The integral here is taken in the Lebesgue—Stieltjes
sense.
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Proof. Under the conditions of the Lemma 0 and Q(z0<0, thus the
statement of Lemma is trivial.
Let us introduce the functions h+(s),h~(s) and K(s, x) for s>0, x>0 by

1 sl+x-|
n+(s) 1+x s—1
(2
logs for )@1
s—
h (9
Ls"—l tr xv 1
1—X s—1 '
and
[/;+()- h (9}
K(s, .
® X 4 (1 +(s)i-(5)-1)
Let h(s)=h+(s)/r“(s) and H(s)=(s—DZhi+(s)+/i_(s)—2h(s)]/s. Then
1(1)=4'(1)=0 and H"(s)=x(s—1)(bX%s-*)/s2>0 for s>0, therefore
H(s)>0 for these values of s. On the other hand

: H(s)
e (5-1)3°

hence h(s) takes on its minimum at s=1 and thus we get the relations

4 h+(s)zh © s hs)>1 s>0,s 1

It is not difficult to show that h-+(s) strictly increases h~(s) strictly decreases on
(0, = and h(s) decreases on [0,1] and increases on (1, °°) (see Figure, where these
functions are displayed for x=1).
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In our study a crucial role is played by the fact that the function K(s, x) is
strictly decreasing on (0, 1] and strictly increasing on [1, °°). Indeed, by (3) we have

X h+s)+h (5)—2
(5-1)2 [A-(s)-h +(5)][1-31+ ()] [/»-(s)-1]

Taking into consideration (4) and the monotonicity properties of the functions
h~(s), h+(s) we find that K(s, x) has the monotonicity property stated above.
Concerning the lowest upper bound of /(/, x; a, b) we shall prove the next theorem.

—F-log K(s, X) m

(s).

Theorem. Letf(t) be a continuous function on [a, b] with 0<asS/(t)s/l then

I/, x: a,b)S K[i'X If A [g concave

K(£ ) ; is convex.

The inequality here is sharp.

Remark. By (2) and (3) it is clear that our Theorem contains Wilkins’ inequality
(1) in the case x=1 for concave functions /(0 -

Proof. Let us introduce the function q{u) for OSwS/1 by
©) g(u) = X{7; f(1) b},

where A{<} denotes the Lebesgue measure of the point set indicated in {*}. It is
clear that the function g(u) is nonincreasing and g(u)=b—a for O”“MSa. On
the other hand g(u) is concave (convex) on [a, ] if the function / (t) is concave
(convex). Moreover, in the convex case ¢(B)=0. Hence q(u) can be written in
the form

(6) g(u) —fC(u, ¢) dy(c),

where y(£) is a suitable nondecreasing function of bounded variation, further in
the concave case

1 0s
® o= B sy
] R-t
and in the convex case
1 OSusS a
c—
aSun<
(8) c(u, o S n< g
0 C<uS R
Since g(u)=b—a for Oéunéa we have from (6) in both cases
B
9 b—a = J dy(Q.
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The actual value of y(£) can be easily determined if 4 (u) is twice continuously differ-
entiable. Otherwise ) is a limit of twice continuously differentiable functions,
say, Qi(u), Qo(u), ... such that

p
ew)=/ &, ody,(0, n—1i,2,—

Then by (9) the sequence {yn(C)—Y,(*)H=1 is bounded, hence we can select a sub-
sequence of it which has the limit y(<) almost everywhere in [a, §], From now on
the quantity 6 denotes the quantity B in the concave case and the quantity a in
the convex case. Making use of (5) we have for x>0

I{t; [/(0]x=u a”™ t" b} —ef{ux) RX,
hence by (6)

p* f

f [f(OYdt= f Q(ux)du = x f Q(v)vx~1dv~
a

0 n

P P P P
=xf [f cwv.¢)dyg)lvx-1dv = f xf c(v,C)vx- 1dv dy(0,
0 a a v}

and by (7), (8)
(10) f [FOIxdt = 6xf A+(1) dy(c).

From (5) it follows that

b—a for 0SuS
A{f, [/(0]~x= «><iSfSt) =
b—a—aq(u x)+A{t;/(r) = n *}
for R-
Owing to the concavity (convexity) of tq,t\e function / (?) the set ilf, f(t)=u *}
consists of at most two points if a<m *</? hence i/t\s measure is zero, and this

1
measure can be positive only if either 1 *=a or u x=R. Hence by (6), (9) and
(7), (8) we have

f [At)]-xdt={b-a)B-x+ f [b-a-Q{u *)]du =
a RB~x
(n)
= 6~x6( h~(j)dy®-
By (10), (11) the value of /(/) can be expressed as
(12) fb«> /* +(t)« 6-
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Let ¥ be some positive number with

(B

It is not difficult to show that K(s, x)>h(s) for s>0, 1. Hence

Let us consider the quadratic polynomial
(14) Q(z) = 224 h+[’\}dy(Q—2(b—a)4’z+; h~ L dytf).
By (9) this can be written in the form
Q@ = é [z2h+ (-|) - VPz+h- (1)] dy(0-

The quantity in the brackets is a quadratic polynomial of the variable z and by
(13) it has two real zeros zxi-|-) and z2(<-), where

Ly A +\4--h(s)
ZI(S) - h+(S) ’
(15)
T-VA-ftCs ~
2(9) = )
h+(s) 4'+YB2—h(s)
In order/to apply the Lemma we need to determine the values z, = it 2, 1),
Z0= max ZOQP
By (15) and (3) it is not difficult to check the relations
G(s) = /1+(s)2[z1(s)-z1(D)][z1(s)-z2(1)][z2(s) -z 1(1)]I[z2(s)-z2(1)]
= [h~(s)—h+(5)]2—4 T 2[1 —h +(s)](7i~(s) —1] =
(16

0 for s=1
4 A —h+@©)I[* () —1nATE o —T2 for s>0, s-a L
Consider first the concave case. By virtue of (13) the function G(s) does not
vanish on |j*, ij. hence the factors on the right side of (16) have the same prop-
erty. On the one hand we have from z1(l)>z2(l) that

z2(s)<zLIl) for si.
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On the other hand by (15)

d /41 n

* Z—(S)l— e o — *x o1
therefore

*|(s) =-40) for |[SS< 1

Taking into consideration the monotonicity of h(s) and It (s) (see Figure) we have
from (15) that z2(s) strictly decreases on 4 hence

2(j-) > 226) zI) for 1

Thus we conclude that z1=z1(1)>z2=22

Choosing any value z0£(z2,zi) and applying the Lemma for Q(z) in (14) we
obtain

I h+(-) dy(i) T h~ () dye) < PAb—a)2

hence by (12) /(/)<!P2 Combining this with (13) we have XJ,
in accordance with our Theorem. A

A simE)Iar f\argumentation on the interval [I, —Jl will give the desired inequality
a
(—xj in the convex case, and the details will be omitted.

Finally, we show the sharpness of the inequalities in our Theorem.
Let the real number p be given by

(VT UTH

Then according to the relations in (4) we have 0<p<I. Let the concave function
f~(t) be defined on [0, 1] by

a+-
f~(t) = P

R pg/g 1
Then

f f-(t)*dt = B>
1
NTH
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and
1
ff-(t)-*dt = B _(I M I) |
11 » U
hence 0, = as we wanted.

In the convex case the value of p should be chosen as

NiM4H
'(-14))N4)-T

and the convex function f +(?) as

f-EZT, 0~iap
f +(0 P
V. P=t=x1

For this function we have /(/+,x; 0, 1)=/fi—, 1), which completes the proof
of our Theorem. "€ '
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ON THE GENERALIZATIONS OF TOTAL PARACOMPACTNESS

by
J. DEAK

In this paper, we deal with some generalizations of the total paracompactness
and with their role in dimension theory. In 81, we define these generalizations
(only one of them — the weak total paracompactness — is new, see Definition IT)
and give examples showing that all these classes of spaces are different (in several
cases, examples satisfying better separation axioms ought to be found). In §2,
we prove that the inductive dimensions coincide in weakly totally paracompact
pointwise totally normal (see Definition 1CC) spaces (Theorem 2A); this is a gen-
eralization of a theorem by Frencn [Frlj. In 83, we prove the coincidence of the
inductive dimensions for some spaces having an ind-nice subbase (Theorem 3D) —
nice in the sense of E. Deak [D4, D5], see Definition 3A. The proof of this theorem
is based on an inequality valid for all spaces, namely that indv Assbd A (Theorem
3H), where shd (see Definition 3F) is the subbase dimension introduced by the
author [D*2], while indv is defined in 3G. In §4, the same inequality yields Theorem
4] for the directional dimension (Definition 4C) of E. Deak [DI, D2, D6],

Terminology. A space is a topological space. A normal space need not be
a Tx-space. Let Abe aspace, Ac | and if a system of subsets of A; we say that
if is a covering of A if A= Uif; we say that if covers A if Ac Uif.

The inductive dimensions ind and Ind are used as in [N2] or [P]. Let dxand d2
be dimension functions; dxX”~d2X means: “if d2A is finite, then d1A"d2A”;
dlA=d2A means: “if dxX or d2A is finite, then d1A=d2A".

N otations. FOr a set A in a space, A is the closure, int A is the interior, Fr A
is the boundary, FrBA is the boundary in the subspace B and \A| is the cardinality
of A. Let if be a system of subsets of a space and n a natural number, then

if= {S: SCif}, Frif= {FrS: Seif),

[if]“= {si: sf <zif, \sf\ = /%), Bif= {DA: A czif, \A\< ta}.

AMS (MOS) subject classifications. Primary 54F45; Secondary 54D99, 54E99, 54G20.

Key words and phrases. Totally paracompact (=TPC), almost TPC, <r-TPC, order TPC, closure
TPC, dominatedly TPC, weakly TPC, totally normal, pointwise totally normal, Sx-space, strongly
paracompact, completely paracompact, nice collection of subspaces, direction, directional structure,
ind, Ind, dim, indv, sbd, Dim, Dind, indc, D im.
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8 1. Definitions and examples

From the point of view of the dimension theory, there is a wide gap between
compactness and paracompactness: while a lot of fairly strong theorems hold for
compact spaces, little is known about the behaviour of the classical dimension
functions in paracompact spaces. Looking for an intermediate notion, Ford [F]
introduced total paracompactness in 1963; the idea dates back to 1959 when totally
paracompact metric spaces were considered (without having been given a name)
in an announcement by Corson, McMinn, Michael and Nagata [CMMN], Total
paracompactness and its generalizations proved to be useful in investigating equal-
ities and inequalities between dimension functions.

1A Definition (Ford [F]). A space is totally paracompact (TPC)1 if each of
its bases has a locally finite subsystem covering the space.

IB Definition. Let & and 2C be systems of sets in a space. W is a tight refine-
ment of  if for each Y there is a with fcZ and FrfcFr Z

1C Definition [D*3J. A space is almost totally paracompact (A-TPC) if
each of its bases admits a locally finite open tight refinement covering the space.

ID Definition (Nagami [N1]). A space is a-totally paracompact (cr-TPC) if
each of its bases has a rr-locally finite open tight refinement covering the space.

IE Definition (Fitzpatrick and Ford [FF]). A space is order totally para-
compact (O-TPC) if each of its bases has an ordered (not necessarily well-ordered)
open tight refinement ¥ covering the space such that for each V \y the system
of the elements of ¥ preceding V is locally finite at the points of V.2

IF Definition. Let &and be systems of sets in a space. 3Y is a boundary-
refinement3fof  if for each YCfiy, Frjf has a locally finite closed refinement cov-
ering FrY.

1G Definition (French [Frl]). A space X is closure totally paracompact
(C-TPC) if every base 38 of X has a locally finite boundary-refinement covering

X and refining 38,

1H Definition. A space X is dominated4 by the closed covering#- if for every
subset A of X, A is closed iff there is a subsystem #vof#" such that Acz U#0and
ATMF is closed for each FC#O0.

Il Definition (French [Fr2]). A space X is dominated!)’ totally paracompact5

1 According to the context, TPC means either “totally paracompact’” or “total para-
compactness”.

8 In the original definition, local finiteness at the points of Y is required. French [Frl, Fr2]
uses the definition given here; cf. the remark at the end of [FF].

8 A boundary-refinement need not be a refinement.

4 Cf.Pears [P]. French [Fr2l uses the expression “A'has the weak topology with respect to # -7,
but Pears [P] means something else by “weak topology with respect to a closed covering”.

5 French [Fr2] calls this class of spaces C-TPC, too. We have chosen another name to avoid
confusion.
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(D-TPC) if for each base 38 of X, 38 admits a closed refinement 3F dominating X
such that for each FCIF, Fr F is dominated by a closed refinement of Fr 38

1J The following diagram shows the relations between the notions defined
above:

(€D) (2) 3) (4) (5)
TPC =A-TPC =»(T-TPC =O-TPC =»C-TPC =aD-TPC

(1. (2 and (s, are obvious; sy and (4 are proved in Frenen [Frl]). None of these
implications can be reversed. (When rrencn wrote [Fr2], he did not know if (s),
4 0r (sy can be reversed.)

IK Exampie. An A-TPC but not TPC space. Let X be the set of the irrational
numbers with the usual topology. X is not TPC [CMMN]. On the other hand, let
Bbe a base of X. As X is paracompact, 38 has a locally finite open refinement °U
covering X. The covering dimension of X is 0, so by a theorem of Dowker ([AP]
Chapter 4, Theorem 24y, B admits an open refinement ¥ of order 1 covering X.
The elements of ¥ are open and closed, so ¥ is obviously a tight refinement of
3B Thus X is A-TPC.

1L Exampie. A ¢c-TPC but not A-TPC space. Let X be the subspace of the
Euclidean plane R2 defined by

R--X = {(a, b): a£Q, b = (0}
where Q is the set of the rational numbers. X is a Lindeldf space, so it is evidently
(j-TPC. We shall show that X is not A-TPC.
a) Take the closed subspace
Z = {(a b): a$Q, b —0}
of X. Z is homeomorphic to the space of the irrational numbers, so it is not TPC,
i.e. it has a base 38r not containing any locally finite covering of Z.
b) Put
B = {(RX/i,.)UE: 0 X B£38z, 0 < yCR,
B = (infB, sup B), Ay = (—y, 0)U(0, y)}U
U{(fl, b)X(c, d): a b, c,dfR, a< b, c< d, 0i(c, d)}.

Bis a base of X and 38\Z=38z. It is easy to see that if G is a non-empty open
subset of X and BE£38, then

@0} Ga B, FrCc FrE = G=B.
c) Suppose now that X is A-TPC. Then 3 has a locally finite open tight re-

finement <& covering X. According to (t), °na38, so <4I\Z is a locally finite open
covering of Z with ~[Zc;"z, in contradiction with a). Thus X is not A-TPC.
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IM Exampie. An O-TPC but not cT-TPC space. Take the
X = (@1+ )x2-{<col, D}
B= {(co,+ 1)x1In{{a}x2: abay,}

be a base for the topology we introduce on X.

a) Note that every base of X has to contain 38, so 38 is an open tight refine-
ment of an arbitrary base of X. Moreover, if 38 is ordered in such a way that
(oj' + ) X1 is the first element, then for an arbitrary Bf38, the elements of 38 pre-
ceding B form a locally finite system at the points of B, thus X is O-TPC.

b) Take the base 38 of X. 3 is not crlocally finite at the point (col; 0). Observe
:r_?at an arbitrary open refinement of 38 covering X is equal to 3 Thus X is not

-TPC.

IN Exampte. A C-TPC but not O-TPC space. Let X be the set 0)1. Consider
X with the topology induced by the base 380=a>1.

a) For an arbitrary base 38 of X, {X}is a covering of X as required in Def-
inition 1G, so X is C-TPC.

b) Take the base 380 of X. An arbitrary open refinement X' of 380 covering X
is a subsystem of 380of cardinality . In whatever way you order I3 it has to contain
an element V and an infinite subsystem % of Y such that each element of %
precedes V. Now is not locally finite at O£F, thus X is not O-TPC.

KO Exampte. A D-TPC but not C-TPC space. Let ~ be a limit ordinal and
take the set

and let

@) X=colX(C+ 1)
with the topology induced by the base
@) 38 = 331{J382
where
3 3Bi = {{(a,0)}: a€wl5 <GE£},
@ Br= {FE: <5}
and
®) Bi = {<«{>}U{<0)y): 0€a+ 1, oOfi).
Put
(6) L = «a, {> a’cuj}
Clearly, U38=X—L, and the points of X —L are isolated in X.
@ % = {Bi: <55}
6 An ordinal number a is always regarded as the set of ordinal numbers smaller than a. In thi:

example (and in Examples IN, 10 and IV as well), the ordinal numbers are considered without the
order topology.
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is a neighbourhood base of the point (a, £)€-£. Observe that fora set (a(LoR),
we have
)] FrU=/-{<<*£)} and U= UUL.
a) Consider now this space X with7 ~=(ol. It will be shown that X is D-TPC.
Let ~ be a base of X. For each there is a set GxE& such that
9 B”>cCrc
with some and e(a)€<»!. (8) implies
(10) FrGx=L- «a, «j)}, Gx= GXUL.
Put
(12) X = {G.: aCcu,}
and take the closed covering
(12 J?2=jfU{{x}: xeX-1)X}.

Obviously, S' is a refinement of  For each F*S', Fr F is a (perhaps empty) sub-
set of L (cf. (10)). Thus Fr F is dominated by the closed covering

{Fr(fonFr F, FrGjDFrF},

and this covering of Fr F refines Fr &. To prove that X is D-TPC, it is enough to
show that X is dominated by S"'.
b) Let J*7, be a subsystem of S' and Ad U . Suppose that A is not closed
in X. Then there is a point
X —(a, @C.A—A.

Since X is a limit point of A, there is a BEa+1 such that
nn(wxau)

is uncountable (because (7) is a neighbourhood base of x and a is countable). So,
by (99—(12), AT!Gy is uncountable for each RE€y + 1 as well. At least one of
the sets Gy (B£y +1 €w,) has to belong to .FO0, as the other elements of S' cannot
cover A (see (12)). For such a Gn G.,C\A is not closed. Hence X is dominated by S*.

c) It will be proved now that X is not C-TPC. Let A be the base defined in
(2—(5). Assume 3 is a refinement of A covering X. It is enough to show that
3 is not locally finite.

d) Suppose that 3 is locally finite at (0, co!). Then there is a set D0d3 with
A n({0}X0jj) uncountable and an a0Qj] such that D(d BXf32. If 3 is locally
finite at (dot+ I,®!), then there is a set DxE3 with ThPiflao+| }X(«i) uncountable
and an ogCag such that D1dB"IC* 2. Clearly, DxXDO. In this way, we define
by induction a sequence {a,},.e0 of countable ordinal numbers and a sequence
{D,ni(0 of different elements of 3. Let BEcol be greater than each a, (nfcu). Now
{A.: ndco} is evidently not locally finite at B, col®). Thus X is not C-TPC.

7 The same construction with £= co will be used in Example 1V.
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IP Now we shall give a characterization of C-TPC spaces. This characteriza-
tion will enable us to define another generalization of C-TPC, different from D-TPC.

IQ Proposition. Aspace X is C-TPC ifffor each base 28 of X there is a locally
finite covering U IF of X such that

(iy B is a disjoint open refinement of 28;

(i) 2Fis a closed refinement of Fr 28;

(iii) urnunr=0 -
1R Remarks, a) This characterization of C-TPC seems to be simpler than

the original definition (i.e. 1G combined with IF).
b) Condition (iii) can be dropped, since if Y U22 satisfies (i) and (ii), then

arui®“pr-u¥*)]
satisfies (iii) as well, (iii) has been included in order to simplify the structure of J5.

IS Proof of Proposition 1Q. a) Assume that for a base 28 of X, there is a
covering satisfying (i)— (iii). Then > =@\2)X is a locally finite closed
covering of X refining 28. If HCJF, then (Fr H} is, according to (ii), a locally finite
closed covering of Fr H refining Fr28. On the other hand, if HCY, then
FrffcU #' (because of (i) and since 2IVMF is a covering of X), thus >\I'tr H
is a locally finite closed covering of Fr H refining Fr 28 (cf. (ii)). Thus X is C-TPC.

b) Suppose now that X is C-TPC and let 28 be a base of X. Then X has a well-
ordered locally finite closed covering

N={Q: a<y}
such that

(1) Va<y 3B”28, Cxc Bx

and ~ is a boundary-refinement of 28, i.e. for each acy, Fr CX has a locally finite
closed covering XXX refining Fr 28. Take now

€ = {Ca: acy}
where
(2 G.= (Ad.Hinte.)- U Gp 0?c vy)
R<a

and
fAr=#1U"2, J*i=u

® o<y
2X2= {Can FrBa:ac y}

It will be proved that BUX is a locally finite covering of X satisfying (i) and (ii).
Thus, by IRb), the proof of Proposition 1Q will be complete,
c) Assume

(4) XCX-UCnrUNff

As covers X, there is a smallest a such that XECa If /?<a, we have X$GR, since
(2) implies
GB ¢ int CR cz CRB.
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Further, (4) gives x$G a, so
(5) x~ 4, flint Ca.

On the other hand, by (3) and (4):

(6) x$Fr2?anintCa.
According to (5), (6) and (1):

x i Berlint Cxto Cjflint Cx= int Cn,

thus x€FrCa. JTa covers FrCa, so xf UJ*i, ie. 3\J”™ covers X
d) 3 is locally finite, since 6 ,c C a (oc<y) and is locally finite. For every
a<y,XXXis locally finite, and

U<cC, (a<?),
thus

(U *7

is locally finite as well, and so is too. Moreover, is evidently locally finite.
e) It is clear from (2) that 3 satisfies (i) (observe that each Ga is open for @
is locally finite).
f) (3) guarantees that SF satisfies (ii).

IT Definition. A space X is weakly totally paracompact (W-TPC) if for each
base A of X there is a covering 3UIF of X such that

(i) ~ is a disjoint open refinement of

(ii) is a locally finite closed refinement of Fr 36\

(iii) U AnuU A~ =0-

LWl Remarks, a) The only difference between the definition of W-TPC and
the characterization I1Q of C-TPC is that 3 is now not required to be locally finite.

b) An observation similar to IRb) holds here, too.

c) It is evident that each C-TPC space is W-TPC. On the other hand, there
exists a W-TPC space which isnot C-TPC (moreover, not even D-TPC).

IV Example. A W-TPC but not D-TPC space. Take the space X from
Example 10, but now with £=w. We shall use the notations introduced in

10(1)—10¢(8).
a) Let 8 be a base of X. Put
3 = {{x}: x$L}
and
& = {£-{<0,cu>}, L-{<lct)>}}.
3 US' covers X. 3 evidently satisfies IT(i) (with S instead of &t). Similarly to
10(9)— 10(10), one can take sets EO and £j from S such that

FrEi= L—{( to)} (/= 0,1),

thus 3F is a locally finite closed system refining Fr 3S, and so X is W-TPC.
b) Take the base of X defined by 10(2) and let !F be an arbitrary closed

covering of X refining ‘M To prove that X is not D-TPC, it suffices to show that
X cannot be dominated by SF.
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c) We define series X fX —L and FfIF (/Ecu) by induction. Let x0 be a
arbitrary point of a>xX{0} and FqCJ5 such that y0OEF0. For O”n”co, the sets
F] (iEn) do not cover ojtX {«} (since no countable refinement of J$ covers colX{n}),
so there is a point

*nE(0>iX{n})-i%3] F,

and a set F,£" such that X,fF,. Now each Fk(KEwW) contains only a finite number
of the points X, («6¢co), thus (as X is a Tj-space) AfIFEis closed for each KkEco, where

A = {y.: nfcu}.
Further, the subsystem
= {F*: fc€cu}

of covers A. On the other hand, A is not closed in X (each point XNcan be written
in the form (a(n),n) where oc(n)™ml; take a RB<zQjl greater than each a(u); (B, co)
is now a limit point of A). Thus does not dominate X and X is not D-TPC.

1W Remarks, a) We do not know ifevery D-TPC space is W-TPC.

b) While Examples IK and 1L are as good as possible (separable metric),
Examples 1M, IN, 10 and TV are not Hausdorfif spaces (LM and IN are not even
Tj-spaces). It seems to be interesting to look for examples satisfying better sep-
aration axioms.

IX Proposition. A closed subspace of a regular hereditarily normal w-TpPC
space is W-TPC as well.

1Y Remark. Similar statements hold for the other generalizations of TPC,
see French [Frl, Fr2],

1Z Proof of Proposition IX. Let A be a closed subspace of the hereditarily
normal space X and let 3 A be a base of A. Then X has a base M such that
dtA= 381A and for each BC3,

(1) ACl¥r B =¥rn{AMNB)

(this is quite obvious from the hereditary normality and regularity of X, but see
also French [Fr2], Lemma 5). Take now a covering as in definition IT.
(0U IF)\A is a covering of A. 'S\A clearly satisfies IT (i) (with 38A instead of &)
(1) guarantees that J5 satisfies IT(ii). Thus A is W-TPC.

1AA Definition (Dowker [Do], see also [NI] and [P]). A space X is totally
normal if it is normal and for every open subset G of X, there is a covering » of G
such that ~ is locally finite in G and cozero in X.

IBB Every totally normal space is a hereditarily normal Sx-space* (for the
proof, see [P]).8

8 A space X isan S, -space if its TO-reflexion is a T,-space or, equivalently, if each open subset o
X is the union of some closed subsets of X.
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ICC Definition (Lifanov and Pasynkov [LP]). A space X is pointwise totally
normal9 if it is hereditarily normal and for every open subset G of X, there exists
a point-finite covering ¥ of G such that <8 is cozero in X.

IDD cClearly, every totally normal space is pointwise totally normal. Several
theorems on totally normal spaces hold for pointwise totally normal spaces as
well10, see Lifanov and Pasynkov [LP] and French [Fr2], In particular, every point-
wise totally normal space is an Sx-space and a “locally finite closed sum theorem?”
holds for Ind in pointwise totally normal spaces.

1EE Definition. A space X is strongly paracompactil if an arbitrary open
covering of X has a star-finite open refinement covering X (cf. [P] 2.2.8).

IFF Definition (Zarelua [Z2], see also [P] 2.2.11). A space X is completely
paracompact if for each open covering f of L there is a countable collection

{ff: i=1, 2, ...} of star-finitel2 open coverings of X such that !J % has a subcov-
ering refining Ql. i=1

1GG Proposition. Every completely paracompact space is <r-TPC.13

1HH Remark. Fitzpatrick and Ford [FF] proved the weaker statement that
each strongly paracompact space is O-TPC. The proof of 1GG is essentially
the same.

11 Example. A TPC but not completely paracompact space. Let X be the hedge-
hog space (star-space) with spines. X is metrizable and not completely para-
compactl4 (see [P] 2.3.16).

Let now J be a base of X and Baf3A a set containing the centre point of X.
Each spine is a copy of the interval (0, 1]. There is an £>0 such that B, contains
(0, e) on each spine. The elements of 3Alying in /= (e/2, 1] (on a fixed spine) form
a base for /; / is TPC, so there is a locally finite subsystem of 3Awhich is a covering
of /. Take now such a collection for each spine and add BO\ in this way we get a
locally finite subsystem of 3A covering X, thus X is TPC.

§ 2. On the coincidence of ind and Ind

The coincidence of ind and Ind was first proved for spaces which are
(i) compact metrizable (Brouwer [B], 1924).

This result was later extended to larger classes of spaces:
(ii) separable metrizable (Hurewicz [H], 1927);

9 Such a space is called a Dowker space in [LP] and F rench [Fr2]. Our terminology is motivated
by the expression “pointwise paracompact” sometimes used instead of “metacompact”.

10 Added in proof. Throughout this paper, “pointwise totally normal” could be replaced by the
more general notion strongly hereditarily norma! introduced in Engelking’s Dimension Theory
(PWN—North-Holland, 1978).

11 Or: X has the star-finite property.

12 It does not change the definition if star-countable is substituted for star-finite.

13 Added in proof. 2.4. C. (b) in Engelking’s Dimension Theory.

14 A completely paracompact metrizable space is often called strongly metrizable.
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(iii) strongly paracompact metrizable (Morita [Mo], 1950);
(iv) completely paracompact metrizable (Zarelua [ZI, Z2], 1961);
(v) completely paracompact, totally normal (essentially contained in Zarelua
[Z1, Z2]);1
(vi) TPC metrizable (Ford [F], 1963) ;2
(vii) O-TPC metrizable (Fitzpatrick and Ford [FF], 1967);
(viii) (-TPC, totally normal (Nagami [NI], 1969);
(ix) C-TPC, totally normal (French [Frl], 1972);
(x) D-TPC, pointwise totally normal (French [Fr2], 1975).

The following diagram shows the relations between these classes of spaces:

(vii)y=> (ix) ==> (x)

Thus (x) is the most general of them. In this section, we prove another general-
ization of (ix).

2A Theorem. If the space X is W-TPC and pointwise totally normal, then
ind A'=Ind X.

2B Proof. As pointwise totally normal spaces are S!-spaces, it is enough to
prove that

(1) Ind X S ind X.

We prove (1) by induction for ind X. (1) is obvious if indA'= —1. Suppose now
that néO, ind X=n and

2) indYc n=IndY< u

holds for each pointwise totally normal W-TPC space T. X has now, by the defi-
nition of ind, a base dS* with

(3) BC&S* =>ind Fr A < n.

For each B£dS*, Fr B is a subspace of a pointwise totally normal space, so it is
pointwise totally normal; Fr Bis a closed subspace of a W-TPC hereditarily normal
regular space (X is regular because it is an S*-space), so Fr B is W-TPC, too (IX).
Thus (2) and (3) give

(4) B£d$* =>Ind Fr £< u.

1 Katuta [K], 1966 rediscovered a weaker form of Zarelua’s result.
3 Itis only an inference that Ford’s dissertation contains this theorem; we could not get hold

of [F],
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Take now a closed subset ®and an open subset I of X such that ®cl. Take
an open set V with ®ayY and FcrF and let f¢c f* be a base of X refining the
covering

®) {r,X-V}.
Let be a covering of X as described in Definition IT and put
IT=intt(rnU-")UU{G: &S Gar}].

It is easy to check that ®c: W ar and

(6) Frwa\l3?.
By IT(ii),
@) #o = MNFr'W

is a locally finite _covering of Fr W. For each Fgl5,, Fis a closed subspace of some
Fr B, where BEi$*aé8, so (4) implies

(8) FC#~ =>1Ind F< n.

Now 3?0 is a locally finite closed collection in a pointwise totally normal space,
thus

Ind U”ro = SUP {Ind F: FC#'}

(French [Fr2], Lemma 8), and from (6), (7) and (8) we have Ind Fr W<n, so (1)
has been proved.

2C Remark. One can similarly prove that dim A~ind X for an arbitrary
normal W -TPC space X (use [P] 3.5.1 and 4.2.9; cf. the proof of [P] 4.5.8).

§ 3. Coincidence of ind and Ind in some spaces with a nice subbase

In order to assure the coincidence of ind and Ind in TPC spaces (or in some
similar class of spaces), we need an additional property (total normality, for in-
stance), since ind and Ind may differ even in compact T 2-spaces (Filippov [Fil, Fi2],
see also [P]). E. Deak [D4, D5] observed that another kind of additional property,
namely the existence of an “ind-urce base” is sufficient to guarantee the coincidence
of ind and Ind in TPC spaces. The idea of nice bases originates from Katétov
[Kv], 1956 (although he does not use the word “nice”, nor any denomination at all).

3A Definition (E. Deak [D4, D5]). Let d be a dimension function. A system
Y of subsets of a space X is d-nice if dX is finite and Sif [Y]K implies dfIFr si®
sd X -k for \"k~MdX+\,

3B Remark. Our definition of nice systems is somewhat different from the
original one, cf. [D*2] § 1.

3C We shall prove a generalization of a result by E. Deak [D4, D5]:

3D Theorem, a) [D*3] If X is an A-TPC Sl-space with an ind-nice subbase,
then ind X=]nd X.
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b) If X is a normal Sy-space, each of its closed subspaces is w-TPC and X has
an ind-nice subbase, then ind A'—Ind X.

3E Theorem 3Db) will be a corollary to an inequality we are going to prove
(which will be applied to another problem in 84). First of all, we define two di-
mension functions.

3F Definition [D*2]. For a space X, sbd X~n if X has a subbase if with
£[£f]n+1l implying [lstfa \J$i (/= —1,0, 1, ...).
3G Definition. For a space X, indv 3f= —1 iff X is empty; indv Xn

(n=0, 1,2, ..) iff X has a base 39 such that indv U f o r any locally finite
closed refinement 4 of Fr 39.

3H Theorem. For an arbitrary space X, indv Zésbhd X.

31 Remark. The proof of 3H is similar to that of [D*2] (3.3) or [D*3] (2.1),
which are corollaries to the present theorem.

3J Proof of Theorem 3H. In order to prove the theorem, one has to show
that
(1) sbd X ~ n=>indv X S. n (n=—1,0,1, ..).

Let « be a fixed integer, N —1; suppose sbd X™n and let if be a subbase of
X with

(2) LIE[Y In+1=> ffsrf c:\Jsf.

(cf. 3F). We consider the statements (*k) for OsfcSw + I:

¢ if 3F is a locally finite collection of closed sets in X and if for each F3&7
there exists a system .cf= (EF)E[iflk with F c f1~ - Usd, then

indvU~rr n—K.

To prove the theorem, it is enough to show that
3) (*/c+ 1I)=>(*fc) (0 MkLU ).

Indeed, (*n + 1) is an immediate consequence of (2), and, on the other hand, (*0)
implies indv X~n (take the collection 3F={X) and set sd(X)=Q), thus (1)
follows from (3).

To prove (3), suppose (*Kk+ 1) holds (with O~k”™n fixed) and let if be a col-
lection satisfying the premises of the implication in (*k). To verify (3), we have
to prove

(4) indv |J n—Kk.
Further, (4) is true if
(5) indv {J&S. n -k -1

is valid for an arbitrary locally finite closed refinement i£ of Fru”a?, where

<6) 39=Bif\J3F
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(cf. 3G; “locally finite” and “closed” are to be understood in \J!F, but — as U F
is closed —mwe may just as well say “locally finite closed refinemeng in X ™).
Now we shall prove (5). For each LCjef, there is a set BLADB with

(7) Lc Frus BL (LCIF).
Further, by (6), there is a finite subcollection £8L of SF with

) BL=n ~n \J&.
Take now the collection

9) 3= {LfTFrf(5nF): F<i& LGJ5?, S ™ L).
The proof of the theorem will be complete if we show

(@) 1)K=uX,
(b) X is a locally finite collection of closed sets in X

and
(c) for each KC)XX, there is a collection 8 =8 (OK)£[.9"]k+X with k ¢ 8 —U 8.

Indeed, (b), (c), (*fc+ 1) and (a) imply (5). The statements (a), (b) and (c) will be
proved in the points a), b) and c) below.

a) By (9), every KaX is a subset of some LCJE. thus it is enough to show that
an arbitrary point xELCi? belongs to UJf. XxEL, (7) and (8) imply

XCFruHn”AnU "),
so there is a set SCSfLwith

(al) X€Frur(snU ")-
Now (al) guarantees that there is a set FCjF with
(a2) xGFrf (SN F)
(it is left to the reader to prove (a2). Thus
X€Z ,nFrf (STIF)

with some FfiF, ScffL, and (a) has been proved.

b) One can verify (b) by a straightforward argument.

c) Take a set KEX such that
(cl) K= LITFrF(5nF) 0, FEjF, SNSEL.

We have supposed that & satisfies the premises of the implication in (*Kk), thus
there is a system n/C.[f/f with
(c2) Fcrn~-U -7n-
Put
s = *n{5b}.
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By (cl), SCIF™Q. Furthermore, (c2) gives FDIJs/=0, thus S(fSi and <?€[Y7]1+L
We are going to show that

(c3) Kc.C\g-\J#

and this will prove (c). As KczF, (c2) implies AT)\Js/=0; further, Af)5=0
(because S is open), so
(c4) KC\{J& —o.

Take now a point XEK and let G be an arbitrary open neighbourhood of 5 in X.
Then, according to (cl), there is a point

(c5) yCSDFriG
and an open neighbourhood Gaofy in X with
(c6) Gtc SNG.

From (c2) and (c5), we have a point

(c7) zeD-"nGj.
Now (c6) and (c7) give
zfEfI*"nsnG = n™nG.

As X was an arbitrary point of K and G was an arbitrary open neighbourhood of

Xin X, we have Kcz(~)$; this and (c4) give (c3), thus the proof of the theorem is
complete.

3K Proof of Theorem 3Db). As X is an Sx-space, it is enough to prove that
Ind X 8ind X. A has an ind-nice subbase, so by [6*2], Proposition (4.5), shd X"a
Sind X. From the theorem above, we have indv X~sbd X. Furthermore, Ind X"a
gindv X follows from 4F and Proposition 4G.

3L Remark. In the proof of Theorem 3Db) (more precisely: in the proof of
[D*2], Proposition (4.5)) we make use of somewhat less than the existence of an
ind-nice subbase: it is enough to suppose that there is a subbase satisfying the
condition in Definition 3A for k=ind A4-1 only. The same remark holds for
Theorem 3Da).

8 4. On the directional dimension

In this section, we prove another consequence of Theorem 3H. For the
convenience of the reader, we begin with some definitions instead of just referring
to their sources. All the definitions concerning directions and directional dimension
are due to E. Deak [DI, D2],

4A Definition. A direction on a space A is a linearly ordered family at=(R, <)
of pairs (G, F) with G an open and F a closed subset of X such that
(i) G cF for each (G, F)EOI;
(i) (Gj, F)™N(G2, F2) implies FlclG2;
(iii) y(&4$)—{G: 3 F, (G, F)EOt} contains the union of any subfamily of it;
(iv) 3G, (G, X—H)£&t} contains the union of any subfamily of it.
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4B D efinition. A directional structure on a space X is a system 9t of direc-
tions on X. 91 is compatible if

\J{3(R)V)3e(R): mew
is a subbase of X.

4C Definition. The directional dimension of a space X, denoted by Dim A,
is the minimum of the cardinalities of the compatible directional structures on X.

4D Remark. For further details on directional structures, see E. Deak [D2, D6].
Our terminology is somewhat different from that of E. Deak, but Definition 4C
is equivalent to the original one, cf. [D*I] (0.5).

4E Definition (Egorov and Podstavkin [EP]). For a space X, Dind X= —I
iff X is empty; Dind 1 é /r («=0,1, ...) iff each finite open covering of X has a
(finite) disjoint open refinement "V such that

Dind (X—{JV) < n.

4F 1f X is normal, then Ind WADind X [EP]; if X is perfectly normal, then
Ind A=Dind N [EP]. Kulpa [Ku] has proved that Dind X—Dind BX for an
arbitrary normal space X.

4G Proposition. If each closed subspace of the space X is w-TPC, then
Dind -Wsindv X.

4H Proof. (Induction for indv.) 4G is evidently true for indv X= —1. Assume
0. Induction hypothesis:

(€] [indv Y < n=>Dind Fen

for any space Y with its closed subspaces W-TPC. Suppose now indv X—n and
let L, be a finite open covering of X and 3t a base of X such that

(2) indv (J

for an arbitrary locally finite closed refinement # of Fr 38. We may suppose without
loss of generality that 3d refines <2. As X is W-TPC, there is a covering 3X33X of
X such that 3 is a disjoint open refinement of 38, 3F is a locally finite closed re-
finement of Fr 38 and

0) mn"r =x-n$-

Now 3 refines Lland, according to (2), indv (J3F<n. (J3F is a closed subspace
of X, thus each closed subset of 1J#-is W-TPC and (1) implies

(4) Dind (J /.
Proposition 4G follows from (3) and (4).

41 Definition (Mancuso [M]). For a space X, indc X= —1 iff X is empty;
indc X=n (u=0,1, ...) iff for each compact subset C of X and open subset G of
X with CaG there is an open set H such that CaHaG and

indc Fr# < n.
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4) Theorem, a) [D*2] For an arbitrary space X, indc XD im X;
b) [D*3] if X is A-TPC, then Ind ATADim X;
c) if each closed subspace of X is wW-TPC, then Dind A'*Dim X.

4K Remark. 4Ja) and b) generalize a theorem by E. Deak [D3]. 4Jc) is a general-
ization of the first part of Theorem (3.4) in [D*3].

4L Proof of Theorem 4lJc). By [D*2], Proposition (4.3), sbdA'"DimA"
According to Theorem 3H, ind~Afasbd X. Proposition 4G gives us Dind X§s
Aindv2f, thus Dind ATsDim X.

4M Remark. A theorem similar to Theorem 4J holds for the half-directional
dimension Dim introduced by the author [D*I], but only for Sl-spaces.
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ON THE ORDER OF CONVERGENCE OF FINITE ELEMENT
METHODS FOR THE NEUMANN PROBLEM

by

L. VEIDINGER

Finite element methods for Neumann type problems have been investigated
recently by many authors (see, for example, [1]—[5]). It is well-known that for such
problems the functions admissible in the associated variational problems are not
required to satisfy any boundary conditions and hence regions in two or more
dimensions of general shape may be treated without any difficulty. In the present
paper we shall obtain error bounds for some finite element methods in two di-
mensions under weak regularity assumptions on the boundary of the region.

1. Let R be a bounded open plane region whose boundary C consists of a
finite number of piecewise analytic simple closed curves. For the sake of simplicity
we shall assume that the boundary C consists of two analytic arcs which meet at
the corner A=(0,0) and form an interior angle not (0<a<2) there. The general
case can be treated in the same way.

We consider the Neumann problem

Lu(x,y) = g(x,y), (x,yK 1,
(1
du(x, y)

iN o, (x,Y)ec,

S k(Y)W I Hxy)W bl b(x-))§|+

+bl ¢ "y)W ~Ax-y)u

and N is the conormal with direction cosines

cos (TV, x) = ~[a cos (/2, X)+ bcos (n,y)], cos(IV,y) = ~[b cos(n, x) + ccos(n, y)I.

Here N is the outward normal to C and
E = {[scos(n, x)+ bcos (n, Y)Y+ [bcos (n, x) + ccos (n, y)]21/2.

At the corner A we require that

du du

(2)
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412 L. VEIDINGER

where NX is the “left-hand conormal” and N2 is the “right-hand conormal” to
the boundary C.

Let the coefficients a(x,y), b(x,y), c(x,y), fix,y) and the right-hand side
g(x,j?) be infinitely differentiable in R. Suppose that at all points of R

(3) af2+ 2bc;ri+ cti2s v(22+ >2 (v = const. » 0)

for all real £ ». Moreover, we assume that either fix, y)~c1>0 or f(x,y)=0
(Cj is a positive constant).

If f{x, then the Neumann problem has a unique solution u(X,y).
If f(x,y)=0 and

4) Jfg(x,y)dxdy = o,
R

then the Neumann problem is solvablel and the solution is unique to within an
additive constant. In this case we make the solution unique by requiring that

(5) ffu(x,y)dxdy = o.

R

Let Q be an open region in the plane of R. We denote by ILZs)(B) the Hilbert space
of all functions which, together with their generalized partial derivatives up to
the 5th order, belong to L.fQ). The norm is given by

Wl*n= J2Nj,o> where w\lla= 2 \d ‘4 12w
=«

Here we use the notation i=(iiy g2 ii\zil’“iﬁ'”:é‘qu};ﬁ'

It is well-known that under the above assumptions the solution u(X,y) of the
Neumann problem (1) minimizes the functional

(6) f(«)=1I[« (™) +2bs s 1 +¢c(N) +/»+2g

in the space WMHR).
Lemma 1. Let u(x, >) be the solution of the Neumann problem (1) and let
(7) x* = kAx+ lAy, y* = mAX+nAy

be a linear transformation which transforms the operator L into the normal form
at the point A=(0,0). Let /*=j/x2+y2. If the transformation (7) transforms the

angle not (0<a<2) into an angle rt* (0<a*«;2)2 thenfor n=0, 1, ... we have
(8 u{x,y)= 2 an f<p)r*> ‘PQ\og r)~,p + wv(x, y),
0<—=p/n+l

1Iff(x,y)=0 and fJ g{x,y)dxdy~0, then the Neumann problem has no solutions.
R

2 It is easy to show that a* depends only on a, a(A), b(A), c(A) and does not depend on the
choice of the transformation (7).
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where m is a positive integer, p and dmp are nonnegative integers, the coefficients

amp((p) are infinitely differentiable functions of the polar coordinate (p=arctg l

oi,o=0, if (s an integer), «w0=1, if a*=1,y , ..., w(x, }ffW)n+2)(R).
This lemma follows from the results of Kondrat’ev and Wigley (see [6]— [8]).

2. We cover R by a finite number of arbitrary real (non-curved) triangles T
such that any two triangles are either disjoint or have a common vertex or a com-
mon side. We retain only those triangles T for which

Jydxdy > o,
rk

i.e. for which T and R have some common area. Denote by Mh the set of triangles
covering R. To every set of triangles covering R we associate two parameters:
h, 9. his the largest side and 9 is the smallest angle of all triangles T of the given
set Mh (see Fig. 1). In the sequel we assume that

h  cari, 9~ 90> 0,

where It is the smallest side of all triangles TdMHh, ct and 90 do not depend on h.
Denote by Rhthe union of all triangles TfFM h. We emphasize that neither curved
triangles nor special triangles near the boundary are necessary in the Neumann
case; the triangles T are real and arbitrary. For example, we may choose a regular
mesh consisting of right isosceles triangles (see Fig. 2); this mesh may be especially
advantageous in practical computations.

Let k"2, TfMhand let PIt P2, P3be the vertices of T. We choose the following
nodes for T:

(a) the vertices of T,

(b) the k—2 points on each side of T that divide the side into K—1 equal seg-
ments, and
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414 L. VEIDINGER

Fig. 2

(©) J (k—3)(k—2) distinct points in the interior of T chosen so that if a poly-

nomial of degree K—4 vanishes at all of them, then it vanishes identically.
Here (c) applies only to k”™4 and (b) applies only to k”~3. Denote by

Pi, P., ..., P - the nodes of T. Let
3*_3+— (*2)(fc-3)

= = - n -
Pl= P(PI),P2= P(P2), :.,P 3k 3+ HCY PP e ol oo

where p(Pfi is any real-valued function defined at the nodes PL. Let p(x, y) be the
Lagrange interpolation polynomial of degree ”~k—1 determined by its values
p,, at the points Pfl.

Denote by HK_1(R) the setofall functions (defined and continuous on R)which are
equal on each triangle TdMhto the corresponding polynomial p(x, y). It is clear that
Hk-i(R)c:W2)(R). The solution u(x,Y) of the Neumann problem (1) is approxi-
mated by the function uh(X,j) which minimizes the functional (6) in the space
HKN(R). 1f f(X, y)ck>0, then the existence and uniqueness of UX,Yy) follows
from the inequality (3). If /(x, y)=o, then ut’(x, y) (exists and) is unique to within
an additive constant. To make d’(X, y) uniqgue we impose the condition

(10) ff uh(x, y) dxdy = o.
R

Lemma 2. Let TEMh, v(x, y)(LMEK)Y(T) and define the interpolate p{ x,y) of
V(x, y) by requiring that v(x, y)—p(X, y) vanish at all the nodes. Then

(11) W~ P\i, t —cskk~1WAKT

¥_vhere c3 is) a positive constant which does not depend on the triangle T and the func-
10N r(x,Y).

For a proof, see [3], p. 146.
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Lemma 3. Let TFMhand let p{x,y) be the Lagrange interpolation polynomial of
degree ™k —1 determined by the conditions p(Pf)=pR (i=1, 2, 3A—3 +
+0,5(fc—2)(/; —3)). Then

(12) IPILT = "pax

and

(13) \\p\bI T) " c5WpTax,

where p max \pR\, ¢4 and c5 are positive constants which do not

V=1,2,...,3k-3+d-(k-2)(k-3)

depend on the triangle T and the parameters pR.
For a proof, see [9], p. 404.

Theorem 1. Let u(X, y) be the solution of the Neumann problem (1) (iff (x, >)en0,
then we assume that u(x, v) satisfies (5)) and let uh(x, y) be the function which mini-
mizes the functional (6) in the space HK"L(R) (if f(x,y) =0, then we assume that
u,,(x, y) satisfies (10)J. Then

(14) Ilm- mJi,r < ce(ir
and
(15) (§$§§RIﬁQV,Y)-LIh(X,y)I< C7h»* |log N|1/2,
where
! if —<ar<2 and a*A I

—e, if a*= 1, —,
R*=<

fc—1, if 0< a*
K—1

or if there are no corners, c6 and c7 are positive constants which depend only on k, the
region R, the coefficients of the operator L and the right-hand side g(x, y), e is any
positive real number.

Proof. Let the functional D(v) be defined by

D(V)=U H A T+20%  +cW i+ xar

for all v(X, Y)EfV2n (R) and let z(X, y)Z Hk- f R). Then, using a standard technique
(see, for example, [1], p. 6), we can easily prove that

(16) D(u—uh”~D (u —2).
If f(x,y)Scx>0, then from (16) it follows immediately that
(17) N oc8lu - ||1>7,

where c8 is a positive constant which depends only on the coefficients of the oper-
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ator L. If /(x,y)=0, then (17) follows from (16) by using the conditions (5), (10)
and the Poincaré inequality (see, for example, [10], p. 488).
By Lemma 1 we have for n=0,1, ...

u(*, p)= 2 am,p(<p)r*_m+P(|og r«mp+tv (x, y).
0<?m*+p’\n+\]

By the Calderon extension theorem (see, for example, [11], p. 171) there exists
a function H,,(x, y)EW/X'+2)(7?,) such that wext(x,y)=w(x,y) for all (x,y)€7?
and

(18) Wextin+ 2, mn — Coll'Vlin+ 2,Ri

where €9is a positive constant which depends only on the region R. Let the func-
tion wext(x, y) be defined by
(19) u,,t(x,y)= 2 ami{(p)r* I:(Iog <pt W,,,(X,Y)

0%+p’\n+l
for all (x,y)ERh. We define the interpolate Chuen(x, y) of r/ex,(x,y) by requiring
that uexi(x,y)—eiiMex»(x, y) vanish at all the nodes. Then from (17) it follows that
(20) [M—WjlLA —"8lnext  t2ACextll Kiv

Denote by r(A, T) the distance from the corner A to the triangle TEMHh. Let us
first consider a triangle TEMh for which r(A, 7')>r1, where i\ is a fixed small
positive real number. Setting n=K in (19) we obtain from the Sobolev embedding
theorem (see, for example, [11], p. 32) that if TEMh,r(A, 7)>/-1, then

(irter1 ° ' * = <ci0’
where 12), Ir|=rl+/2=/c and c10 is a positive constant which depends only
on the data of the Neumann problem. Substituting this into (11) we have
(21) Inexl- Qhutd T, r < cn A2*-2mes T,

where cn is a positive constant which depends only on the data of the Neumann
problem. Summing (21) over all triangles TCMh for which r(A, T)>rl we ob-
tain that

(22) 2 I*ext-0*«exlli,r = 0(A2+-2.

TC Mh,r(A, 7)>rl
If A j<x*<2 and a*V 1,-y, ..., ~j~">then by Lemma 2 we have

H«ext-foM*xtl1*r =
TEMh,IISr<.A,T)Srl

(23) = O(A2-2 2 (mes T)[r(A, N]&®*-2%) =
TiMhfcsrM,Dar1l

OA“-2 JJ r* dxdy) =0[hik=2J r*  dr} —0 (A,

h~rr~rrx h
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where r—Yn2+.y2- 1fa*x=1L , ..., - , then in a similar way we get
2 K —
2

(24) 2 W e* -ft,"eXr =0 (/O

TE€EMh,hAr(A, T) rr

If O<ot*< CA X then setting n=Kk in (19) we find that uext(x, y)€WEK)(GA),

where GA—{P£Rh,0srS/j} and by Lemma 2 we have
(25) 2 U "«-ehued IT = o(,h*k-*).

TAMh,hAT(ALT)AT1
(23), (24) and (25) imply that

(26) 2 Wext- GhUadw, T = o (h2r).

TAMh hAF(ALT)Arx

Let us now consider a triangle TEMh such that r(A, T)*h. If I<a*<2, then

from (19) it follows that
2

\uext-u (A\IT= 0 ff s 2dxdy] =

OSrSh
(27)
h --n —
=O0[f >~ dr)=0(h*")
o
and
2
(28) WucM-u (A)\W\lim = 0(h"™+2).

On the other hand, if we define the interpolate p(X,Yy) of u(x,y) by requiring that
u{x,y) —p(x, y) vanish at all the nodes, then by (12) and (19) we have

(29) \u{A)-p\I'T=0 (&).
Finally, from (13) and (19) we obtain that
(30) \\u (A)-p\\Li(T) = 0(h~+1).
(27), (28), (29) and (30) imply that if TEMh, r(A, T)LW/r and lI<a*<2, then
(31) ll«e*,-PIILLT =0 (K ).
1
Letus now consider the case when K .l"!<*<l and a*9*-,2r . Then from Lemma 1

it follows that the partial derivatives OXA and ~ exist and, consequently,

dy

3 If A= 2, then this possibility is precluded.
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the conditions (2) can be written in the form

M(A%XdU(A;)Siﬁ ad+ b (A\)J)Ejyd(io\)cos WX+
(32) X

+ p(A)—= )M( )sm (o1+ C(An'cll ( ) cosctij = 0
and

a(A)dié((Xé) sin 0)2+ b(AISd—;;)- cOS co2+
(33)

u(A)

A
+ b(A —y— sin w2+ C(A)—g—) cosc«2 = 0,
dy

where ®eland co2are the angles which are formed between the n'-axis and the tangents

to the boundary at the corner A. From (32) and (33) we obtain that —

du(A) _ _ dx
=0. Hence, using (19), we find that

dy
(34) dwext(A) dWext(A)
dx dy
From (34), using Taylor’s formula, it follows that
dwoext(x, y) dwext(x, y)
35 — n(W\ -
( (my%)éT dx CPET dy O ().

(19) and (35) imply that
2

le«e*»-n(N)L*t = 0 [ ff [ I« “‘+hadxdy) =
OTTLUH

(36)
h 2

= 0(fr** dr+ Ri)=0(h*" + hi).
0
Further, since U(A)=w(A), we obtain from (19) and (35) that

(37) 1Mex«c-u(M|I,(T) = 0 (h*+2+h°).

On the other hand, using the relation Uu(A)=w(A), Taylor’s formula, (19), (35)

and (12) we have
2

(38) \u{A)-p\\>T= 0{h*+1d),
where p(X, y) is defined as in (29). Using (13) in place of (12) we obtain

(39) M A)-pWItiT) = o(h* T 1 h),
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(36), (37), (38) and (39) imply that

o(h**), if
T <a
(40) lluext PWLT ~ c
oT , if = a
Yokl
For a*= 1, — we have
1
(41) WU ',-phT = 0{h*~p¢),
where e is any positive real number. Finally, if 0<a*<——-, then UAX, y)"W"K) (GA)
and by Lemma 2 we obtain that —
(42) W"e«-P\1, T = 0(hk *).
It follows from (9), (31), (40), (41) and (42) that 2
(43) 2 WAXEBL,YUWNLT = o (h 28%).

€M, 0<r(/1,IN)</1
(22), (26) and (43) imply that
W"rU-Qh"ex\\I,Rh = 0 (hB*y

Substituting this into (20) we get the inequality (14). The inequality (15) follows
directly from (14) and a theorem of V. P. I1'in (see [12], p. 101). This completes
the proof of Theorem 1.

In the special case when Lu= Au—u and the boundary is sufficiently smooth
the estimate (15) can be significantly improved. Denote by JTj*CR) the Banach
space of all functions which, together with their generalized partial derivatives up
to the 5-th order, belong to L{R). The norm is given by

M L-r = TVl (R)

where i=(h, 2, \\=h+i2- Scott has proved that if Lu=Jlu—mn and
u(x, y)E WA (R), then

r/i2(log h\, k - 2t
(44) lu —ualll ,(R) < CL2|"k kSz 3 j 1M~ Rx

where €c12is a positive constant which depends only on K and the region R (see [5]).
The estimate (44) is probably valid for more general elliptic operators (see [13])
but the smoothness assumption on C cannot be relaxed. The experimental results
due to Strang and Fix (see [3], p. 268) indicate that the estimate (15) may be optimal
in the case when the boundary C has corners.

3. If we want to compute also the partial derivatives of u(X,y), then we have
to use the Hermite interpolation polynomials introduced by Koukal (see [14]).
As in the previous section, we cover R by a finite number of arbitrary real triangles.
We assume now that the corner A is a vertex of a triangle T. Let Pr, P2, P3be the
vertices of the triangle TdMhand let P, be the centre of gravity of T. Let 1=2,
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Pp=p‘(Py (R=0, 1,2,3), where i=(i\, /2), p" is any real-valued function defined
at the points PR and let p(X,y) be the Hermite interpolation polynomial of degree
N2 /—1determined by the conditions

Dp(Pj) = pj, [il3 /-1, j= 1,2,3,
Dip(PO=P D,
where |i|=/i+/2- Denote by /2,_r(/?) the set of all functions defined on R which

are equal on each triangle TEMhto the corresponding polynomial p(X,>). It is
easy to show that 7~2/- X(R)a M rU#)- The solution U(X,y) ofthe Neumann problem
(1) is approximated by the function vh(x,y) which minimizes the functional (6)
in the space If/ (jo,j)Scx>0 then the existence and uniqueness of VH(X, y)
follows immediately from the inequality (3). If f(X,y)=0, then vh(X,y) (exists and)
is unique to within an additive constant. To make Vh(X,y) unique we impose the
condition

(45) ff vh(x,y)dxdy = o.

R

In the sequel we shall restrict ourselves to the case 1=2 but our results can be
probably generalized to arbitrary / (see [14]). We shall need the following two
lemmas.

Lemma 4. Let TfMh, v(x,y)EW ffT) (s=3.4) and let p(x,y) be the cubic
polynomial determined by the conditions

p(P,) = V{P,,) 01=0,1,2,3),

dp(Pfi _ dv(Pf)  dpIPfi_ dv(Pfi |,

dx dx by dy \% h
Then

Il»-plli,r < C13/1S™14 |s,T

where c13 is a positive constant which does not depend on the triangle T and the func-
tion v(x,y).

For a proof, see [4], p. 146.

Lemma 5. Let TdMhand let p\t=pi(Pf), where /= (zx, 2, |/|=/x+ /2—1 and
p‘ is any real-valued function defined at the points Py (p=0, 1,2,3). Let p(X,Y)
be the cubic polynomial determined by the conditions

p{P") = p'00o (m =0.1,2, 3)

P=1,2,3).
dx ( 2:3)

Then

Ipli.ts aM(pii?)+ Np&®)+ NP T«))
and

lp j(T) SfisM Prax* + hPinb }+ hp&1),
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where

(%) = Ao Nd-0) = pax3|r-0 03 max Ip@® D1
Viiiax MK, 5180l Yuax’ = A 1" -0 Fn’  max Ip]

Cjs and c15 are positive constants which do not depend on the triangle T and the para-
meters p.

For a proof, see [9], p. 403.
Using Lemma 4 and Lemma 5 in place of Lemma 2 and Lemma 3, respectively,
and repeating the proofof Theorem 1 (see also [9]) we obtain the following theorem.

Theorem 2. Let u(x, y) be the solution of the Neumann problem (1) (iff (x,y)=0,
then we assume that u(x,y) satisfies (5)) and let vh(x, y) be the function which mini-
mizes the functional (6) in the space I13(R) (iffix, y)= 0, then we assume that vh(x, y)
satisfies (45)J.

Then
Ijm-» J i,r < cbl bY*
and
(’[T]l)gé(ﬂ m(x, y)-v,,(x, y)\ < cl7th (log h\2,
where
1
IE* if -y<or<2 and a*s 1y,
I . * 011
Y= g T
3, if a* < — or if there are no corners.

c16 and c17 are positive constants which depend only on the region R, the coefficients
of the operator L and the right-hand side g(x, y), r is any positive real number.
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ON A TRANSFORMATION PROBLEM OF AUTONOMOUS
DIFFERENTIAL SYSTEMS FROM STABILITY THEORETICAL
VIEWPOINT

by
G. TOTH

1. Introduction

In this note we study the triangularization problem of autonomous differential
system

ai =/i0 h,
(D
=/, (*1, mmmXn)
given on a domain where, from now on, we shall suppose that
li> fnEC*(T) for some fixed y.~N[J {°=}. The word triangularization means that

type of (*-transformation for which the transformed system has a triangular form
in the new variables L, mn:

«1 = gi(ffi)

A2 — SizOht uu
@)

0, = gnOh, ...,Un).

The special feature of the transformed system is that its component equations are
independent from each other, i.e. it can be solved successively by solving an auto-
nomous and N—1 nonautonomous differential equations.

Our present aim is to point out some connections of this kind of reduction
with stability properties of the induced dynamical system P of (1). In this way we
obtain some necessary conditions and negative results for the triangularizability. In
the planar case, however, there are sufficient conditions, too (see [4]).

2. Preliminary notions and definitions

On the domain T the differential system induces a C "-dynamical system
(p: R X T -r for which we shall suppose that it is globally defined. The mapping
(p has the following properties :

(0 <pecdR xn

(ii) <p(t, cp(s, p)) = (p(t+s, p) whatever p£T and t,sdR,

(iii) (pio, -)=idr.

For an arbitrary set .YA R we shall employ the notation
P(S,P)= Mbp): tES}.
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The sets PR +; p) or <R_; p) or <p(R; p) are called positive or negative half-orbit
or orbit starting from the point piT, respectively.

In the theory of dynamical systems certain special orbits play an important
part. The one-point orbits are called critical and if the point pd T is not critical and
(p{t,p)=p for some t>0 the orbit <p(R: p) is called periodic. Critical points and
periodic orbits are the constant and periodic solutions of the differential system
(1), respectively.

W ith each pE€_ T we associate the positive and negative limit sets (p) and
L~(p), respectively, as follows:

K(p)=n M R4;q)- R, pP> ‘E€{+, -}.

The common property of critical points and periodic orbits is that they satisfy the
relation

©) #ip)iW

An orbit <p(R,p) is called Poisson stable if (3) holds. Especially, in the planar case
the critical points and periodic orbits are the only Poisson stable orbits (see [1]).

A set MQT is called positively or negatively invariant if <p(R+; M)QM
or (p(R_; M)QM are valid, resp. The (positively and negatively) invariant sub-
domains of T permit to define restrictions of dynamical systems in the usual way.

Now let pbe a dynamical system on the domain TQR". We say that @has
the property As,sEN, if there exist a compact positively invariant subset K of T
and a finite sequence plf ...,ps+i£K of noncritical points such that

Pi+inL+(pi)
for every /=1,

Finally, we give the definition of equivalence. Let < and (D be C’-dynamical
systems on the domains Tand S, respectively. A C’-diffeomorphism

U T-S
is called C’-equivalence between < and ¢ if
U(<p(t p)) = &L, U(p))
for every tEP andp£T.
The mapping U is an ordinary transformation between the corresponding
differential systems of < and , respectively.

A differential system (1) is called triangularizable if g is C “-equivalent to
the C’-dynamical system Cb induced by a triangularized differential system (2).

3. Necessary conditions for the triangularizability

Our further investigations are based on the following

Lemma. The differential system (1) can be transformed into the system (2) with
some transformation
U=(ul,...,u,): T—U
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ifand only if

ndue .
(4) g.ol. U)=n1 oWe>*»)> i= 1, n

and
CHH;"FJ. ..... j *0

are valid for the component functions ux, ...,un on T.

Proof. Simple calculation.
The main result of our paper can be stated as follows:

Theorem. Let us suppose that the induced dynamical system of the differential
system (1) has the property As. Then a necessary condition of the triangularizability
of (1) is

s< n

Proof. Let us suppose that the differential system (1) can be transformed to
a triangular form (2) by a CMransformation

U= 0h, .., u,): T-*U(T)

and let S=n, i.e. we can choose noncritical points plt ...,pn+1dT with
(5) Pi+if L +(pi)
for every i=1,

Let us consider the first equation of the partial differential system (4). along
G, Pi). Then

«i(0 = gioh(0)

where (1(t) = ul((p(t,px) for every tER. So the following two cases can occur:
I. There exists a number i*CR for which gi(61(/*))= 0. In this case the unicity
of solutions implies that 61(i)=06 1(r*)=c1€R for every iCR. Assumption (5) im-
plies that ph)=cl for every tGR and i—\,...,n.
1. g1(01(t))9i0 for every tcR. Then the first equation of (4) can be re-
written in the integral form

yn di
al W

(6)

Condition (5) implies that we can choose a sequence (t,),eN*R with lim th—°°

so that lim <p(tn,pH=p2.

A fter performing the substitution th=1t in (6) we can take the corresponding
limits which leads to the relation |J_ipnaogx(fjl(t,,))zo and so gLul(p?)=0. Therefore

Mk(<p(t, p3))=c 1CR for each R.
Summarizing the results of the two cases we can state that

Mif, ;) = c1

for every i£R and /S2.

Studia Scientiarum Mathematicarum Hungarica 13 (1978)



426 G. TOTH

Repeating the previous reasonings for the second equation of (4) along the
orbit <p(R; p2:
w () = g2(«i(0, «a(0) = ga(ci, a,(1)
where u2(t)=u2((p(t,pd), tER, we obtain that

u((p(t, pa) = c2
for every 16R and is 3.
After the wu-th step we obtain that the transformation U maps the orbit
<p(R; pr+) to a point (CL C,,) which is contradiction.
Since every Poisson stable trajectory has the property AS for any s€N we
obtain :

Corollary 1. The differential system (1) is not triangularizab/e if its induced
dynamical system has a noncritical Poisson stable orbit.

The Poisson stability of periodic orbits implies a simple consequence as follows:

Corollary 2. If the differential system (1) has a periodic solution then it is
not triangularizable.

There are many physical examples for oscillating systems which can be described
by second-order autonomous differential equations. Perhaps the most important
is the van der Pol equation

X+p(x2—l)x+x =0, p >0

which has a unique limit circle (see [3]) and therefore it is not triangularizable.
There is another application of Theorem 1 which enlights the connection be-
tween the critical point set and the notion of triangularizability as follows:

Theorem 2. Let 9 be the induced dynamical system of (1) on the domain T.
Further let KQT be a compact positively invariant subset of T such that for every
non critical point />6 K

card (L+(p)) E2.

Then one of the following statements is valid:

(a) K consists of critical points or K contains a critical point set with cardinal-
ity 2%

(B) The differential system (1) is not triangularizable.

Proof. Let us suppose that there exists a noncritical point pt in K. From the
compactness of K it follows that Lfp(pf)Q_K and so card (LE (/?,))=;2. Since
LE(pi) is connected (see [1]) either every point of L™(pf) is critical and so
card (L+(p))=2so or there is a noncritical point /226 T+ (/;().

The verification can be accomplished by a successive application of the pre-
vious reasonings. If, after the wun-th step the second alternative is still valid then
ip has the property A" and hence the differential system (1) is not triangularizable.

Example 1. Let us consider on the (canonically parametrized) two-dimensional
torus T the differential system
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where a(ER is an irrational number. Then every orbit is dense on T and hence the
system is not triangularizable.

Example 2. Let us consider the second-order half-linear equation

7) X+ h(x,x) =0
for which /i€Ca(R2 and R R
h(Ax1, Ax2 = X2

for every a€R and (XX, XQ£R2

If we perform the transformation

/ 4 *1
J17)
u2(x1,x2d = x2,

we obtain the triangularized form
ux= 1+ tqh(iq, 1),
fi2 = —u2h(ul, 1).

In spite of this fact the equation (7) may have periodic solution (if /i(x1,x 2 = x1
for instance) but our transformation is not a diifeomorphism.
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OPERATORS WITH THE SPECTRAL DECOMPOSITION
PROPERTY ARE DECOMPOSABLE

by
B. NAGY

In a recent paper [4] Erdélyi and Lange have studied operators with the
spectral decomposition property (abbreviated SDP), an apparent generalization of
the decomposable operators in the sense of Foia8 [5]. In this note we prove that
the two classes of operators actually coincide. This will answer Problems 4, 5 and
7 on p. 115 in [3], improve on a result of Foia8 [6, p. 1545], and provide, apparently,
the most natural definition of a decomposable operator.

In what follows operator will mean a bounded linear _operator on a Banach
space X over the complex field C. For any subset H of C, H is its closure and HcC
is its complement. For any operator T, a(T) and 0(T) denote its spectrum and
resolvent set, respectively, and T\Y is its restriction to the T-invariant subspace
(=closed linear manifold) Y. T is said to have the single-valued extension prop-
erty (SVEP) if for any holomorphic function / the relation (z—T)f(z)=0 im-
plies /(z) =0 on its domain. If T has the SVEP and x belongs to X, then 0(X)
denotes the unique maximal open set in C on which a (necessarily unique) holo-
morphic function X exists that satisfies

(z—J)x(z) = X for zCE>(x).

We set 0(x)= g(x)ec and X(F)={xOX: <r(x)c h) for any FaC. A T-invariant
subspace F of X is said to be spectral maximal for T [2, p. 18] if for any T-invariant
subspace Z of X the relation a(T\Z)czo(T\Y) implies ZcF.

Let n be a positive integer. The operator T is called n-decomposable if for any
open covering (G1; ..., G,) of o(T) there are spectral maximal subspaces T,,..., Yn
for T such that

* = M+ ..+F,

<7(rIy)c Gi for i=1,..n

Tis called decomposable if Tis u-decomposable for every positive integer n [2, p. 30].
Following Erdélyi and Lange [4], T is said to have the SDP if T satisfies the defini-
tion of 2-decomposability with “spectral maximal” replaced by “invariant”.

Theorem. If the operator T has the SDP, then T is decomposable.

Proof. Erdélyi and Lange have shown that every operator with the SDP has
the single-valued extension property [4, Theorem 8]. Now we prove that for any
compact subset F of C the manifold X(F) is closed in X and therefore, by [2, Prop-
osition 1.3.8], X(F) is a spectral maximal subspace for T.
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Let VEFC and let 3d denote the distance between v and F. Let D(a, r) denote
the open disk in C with center a and radius r, and set

Cx= Gj(r) = D(v,d)c and G2= G2(v) = D(v, 2d).

Since I has the SDP and GI\JG2=C, there are “-invariant subspaces Yi=Y,(v)
such that

ca(7jY,)c G, for i= 1,2,

(1)
X= Yt+ Y2.

Let XEX(F), then
X=Yi+Y2 with y,€F, (/= 1,2).
Since ir(r)cf and a(yJ)aa(T\f2cG,, we obtain that erO~jcFUGa. Hence
*0) = Pi(z)+y2z) for zEFcQR.

Let H be a bounded Cauchy domain [9, p. 288] such that FczH and Hc(G 2c.
Let B denote the positively oriented boundary of Fl and put k=(2ni)~1 Then

<r(y2cG 2 implies Jy2(z)dz=0, hence
B

X=kKk f (z—D~Ixdz=k [x(z)dz = k fyx(z) dz.
P4 B B

We shall show that Y[(Z)"Y1 for every ZEB. By (1) there exist mappings
gi: 5 —Fj(/=1, 2) suchthat

_ _ J100 = gi(2) + g2r).
Applying Z—T we obtain

yi~(z—N)gi(z) = {z—T)g2A7)CYIOY2,

for the left side is in YXand the right side is in Y2. Since Zf B, Z belongs to the prin-
cipal component of the resolvent set g(T\ F2). By a result of Scroggs [8, Corollary
4.1], Z also belongs to B(F[ TAM T2). Hence there exists

hz) = (z—NY,NY)"Hz- T)g2(z)
and belongs to Y1(1Y2 we have
(z-T\Y2(g2(z)-h(z))=0.
Since Z—T IF2is injective, we obtain that
g,(z) = h(z)eY 1.
Hence Yi(z)£ Yt for every zGB and therefore XEY1= Y1(V). Consequently, we have
apgchl {B A4 : i>€Fc}

Denote the intersection on the right side by Y and let yC Y. Then for every
c GLv).
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Hence (r(y)a n {GXV): VEFc}=F and X(F)=Y. Being closed, X(F) is a spectral
maximal subspace for T.

Now let (#j, H2 be an open covering of <1(I') and let YIt Y2be I-invariant
subspaces of X such that

Fi= a{T\Yd ¢ Ht (i= 1,2) and X = Yt+Y2

Then X(Ft) are spectral maximal subspaces such that (r(T\X(Fi))=Fi and
Yi<zX(Fi) for /=1,2, hence X=X(FD)+ X(F2. Thus T is 2-decomposable, and
a recent result of Radjabalipour [7] yields that T is decomposable. The proof
is complete.

Now let Z denote a family of closed subsets of C, which contains the closures
of all open subsets of C. Weakening a concept due to Apostol ([1, p. 1495], cf.
also [6, p. 1540]), we give the following

Definition. The operator T has the spectral precapacity E with domain Z
if E is a mapping of Z into the family of I-invariant subspaces of X such that
(i) if (G1; G2 is an open covering of C, then

X =£((?N)+£(G 2,
(ii) if F belongs to Z, then o(T\E(F))czF.

The previous proof then yields the following partial extension of a result of

Foia8 [6, p. 1545].

Corollary. If T has the spectral precapacity E, with domain Z, then T is de-
composable, and for any F in Z

E(F) ¢ X(F) =r\{E(Gfv)): VEF'}
(here Gfv) means the same as in the proof above).

We note that if T is decomposable then the mapping E,, defined by
EO(F) = X(F) for F closed in C,

is a spectral precapacity. Actually, EOQis the unique spectral capacity [6] possessed
by T. However, even the identity operator / has different spectral precapacities.
Indeed, for any closed set F define

EfF) = {0} if 1is a boundary point of F
= X(F) otherwise.

Then | has the spectral precapacities EK(k=0, 1), both even satisfying the relation
(cf. [6, p. 1545]) (fiNf2=~ (fi)N (I ) for any closed sets FIt F2.

Acknowledgement. After completing the manuscript, the author learned that
E. Albrecht (On decomposable operators, to appear in Integral Equations and
Operator Theory) and R. Lange (On generalization of decomposability, preprint)
had also obtained the main result of this paper. The three proofs are different, and
the present proof seems to be the simplest.
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RESIDUATION GROUPOIDS AND LATTICES

by
BRUNO BOSBACH

0. This paper is written in a selfcontained manner. No special knowledge is
expected besides some familiarity with basic notions and rules of general algebra.
In spite of this, however, since the results presented here have close connections
to the theory of complementary semigroups it might be helpful to have a look at [2].

Let us call in this note NR-lattice (normally residuated lattice) every algebra
(L, nm, U, *, ;) which is a distributive lattice with minimum 1 with respect to I,
U, a residuation groupoid (see section 1) with respect to *, : and which in
addition satisfies :

(N11) a*(b(Jc) —(a*b)U(a*c) (N21) (aUb):c = (a:c)U(h:c)
(N12) a*(bl\c) = (a*b)P\(a*c) (N22) (anb):c—(a:c)n(b:c)
(N13) (aOb)*c = (a*c) U(b*c) (N23) a:(bnc)= (a:c)u(b:c)
(N14) (a\Jdb)*c = (a*c) f](b*c) (N24) a:(bUc) —(a:b)(~}b:o)
and (N) aP\b = (a:(b*a)){J(b:(a*b)) = ((a:b)* a){J((b:a)*b).

Obviously for the expert every normal complementary semigroup satisfies the
laws of an N R-lattice but for the sake of selfcontainedness we should give some con-
crete examples here. Let us consider therefore as

Example 1. R-° with respect to max, min, and a*b:—ma.x(a,b)—a=:b:a.

Example 2. R-° with respect to max, min, and a*b:—b if a”b and =0
otherwise =:b:a.

Example 3. N with respect to LCM, GCD, and a*b:=LCM (a, b)/a=:b\a.

Example 4. The set of all positive order automorphisms of f?(x<a(x)) with
respect to max, min, and a*/?:=a-1 max (a, B), j8:a:=max (B, a)a-1.

Example 5. The set of all principal ideals (@) of a ring R with aR=Ra and
(b):(a):= {x|xa€(h)}=(c), (a)*(b):= [x\axf(ft)}= (d) considered with respect to
inclusion, *, : ([2], page 285).

All these structures provide NR-lattices the order of which can be defined by
means of * and : since a”b<=>a*b=b*b and a”~bob:a=b:b. Thus we may
expect a fruitful investigation if we look at the interactions of the fundamental
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operations. Such an attempt, of course, is by no ways new since already in the
thirties and the early forties R. P. Dilworth and Morgan Ward treated residua-
tion questions which arose from abstract idealtheory. Thus our paper is closely
related to Dilworth/Ward. Nevertheless the topic of this note is new as question
and as result.

Starting from an arbitrary residuation groupoid (R, *, :) we study residuation
arithmetic as far as necessary to construct a join-closed extension of (R, *, :)
which is an NR-lattice if and only if the original residuation groupoid satisfies one
of the laws:

(N*) Xs a*bAx S b*a =x = x*X
or
(N:) xS a:b/\Ax ™ b:a=>x = X:X.

This extension then will turn out to be canonical and we can prove that the con-
gruences of the extension are uniquely determined by the congruences of (R, *, ).

On the other hand it is well-known that a lattice can be embedded in an
N R-lattice if and only if it is distributive since in this case it even can be embedded
in a Boolean lattice. Thus the natural question arises which residuation groupoids
admit a Boolean extension. An answer upon this question will complete our paper.

1. Arithmetic in residuation groupoids

We start by defining the fundamental structure of this note.
(1.1) (R, *, :) is called a residuation groupoid if it satisfies
(RO1) (a*a)*b = b (R02) b:(a:a) —b
(R11) (a*b)*(a*c) = (b*a)*(b*c) (R12) (c:a):(b:a)= (c:b):{a:b)
(R21) a*(b*b) —c*c (R22) (b:b):a= c:c
(R31)(a* b)*(a*c) = a*((b:a)* c) (R32) (c:a):(b:a)= (c:(a*h)):a
(R4) a*(:c) —(a*b):c
(R5) a*b —c*c=b*a=>a = b

(R, *) is called a right residuation groupoid if it satisfies (ROI), (RII),
(R21), (R5).

Obviously we have by (R21)
(1.2) Every right residuation groupoid satisfies a*a=b*b. O
Furthermore we obtain

(1.3) Every right residuation groupoid is partially ordered with respect to a”b
iff a*b=a*a and a*a=: 1 is minimum of this partial order.
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Proof. step by step we CaN show:
(i) a*a=b*b by (1.2). Thus a*a is a constant which we may denote by 1.
(i) a” a, since a*a=1
a“bAb”Na=>a = b by (R5)
a bADbSc=>c*b = 1= b*a

=>c*a = (c* b)*(c* a)

= (b*c)*(b*a)
= (b*c)* 1= 1 by (R21)
=a”" c
(iii) a* 1= a*{b*b)=1 O by (R21).

Let now (R, *, :) be a residuation groupoid. We obtain
(1.4) a*a= b:b
since a*a —(b:b)*(b:b)
= (b:b)* ((b*b):(b* b))
= ((b:b)*(b*b)):(b*b)
—(b*b):(b*b)

—b:b
=1 O
(1.5) a*b = lo b:a=1,
since a*b = 1~b:a —(b:(a*h)):a
= (b:a):(b:a) = 1 (R32)
and since b:a = \ =>a*b =\ follows by duality. O

Obviously (1.5) guarantees the important fact that (R, #, :) is dual in the

operations *, if we put a*b for b:a and b:a for a*b, respectively.
(1.6) as b*aAa ~ (a:b),
since a*(b*a) =1 (b*a):a=1I (1.5)

0 b*(a:a) = 1
<b*1=1
from which follows the rest by duality. 0O
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(1.7) Every residuation groupoid satisfies the implications:x

a b=>a*c S b*c

and
bs c=*a*b s a*c.
Proof.
aE b=a*b=1
= (b*c)*(a*c) —(b*c)*((a*b)*(a*c))

= (b*c)* (fib*a) * (b * ¢))
=1

and b Wc =>(a*b)*(a*c) = (b*a)*(b*c)

= (b*a)*1= 1. O

Next we prove two formulas which we shall need in the later sections.

(1.8) In every residuation groupoid the element a*b can be expressed by
a*b = (b:(a*b))*b
= ((b:(@a*b))* (a:(b*a)))* ((b:(a*b))*b).

Proof. e have
X= x:(y *x) S V.

Hence (b:(a*b))*b si a*b
and (b:(a*b))*b s a*b
which implies:

0 (b:(a*b))* b = a* b.

Now we consider

t:= ((b:(a*b))*(a:x(b*a)))*((b:(a*b))*b)
= ((b:(a*b))* (a:(b*a)))*(a* b)

We obtain
tS a*b by definition
and
t~ a*b by applying the calculation :
aSrA bSr
=y(a*b)*(a*c) s (a*x)*(a*c)
= (x*a)*(x*c)
= X*c.
This yields

(b:(a* b)) *(a:(b* @) *((b:(a* b))*b) = a# b. O

1Here and further on we om it the formulation of the duals.
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Now we can prove (1.9) and (1.10) below:
(1.9) (a*b)*(b*a) —b*a.
Proof.

(a*b)*(b*a) = ((b:(a*b))*(a:(b*a)))*((b:(a*b))*b)
*((n:(b*a))*(b:(a*b))* ((a:(b*a))*a)
= ((b:(a*b))*(a:(b*a)))* ((b:(a*b))*b)
*((b:(a*b))*(a:(b* a))*((b:(a*b))*a)

= ((b:(@*b))* b)*((b:(a*b))*a) (R11)
= b*a. O (R11)
(1.10) (a: b)*(b:a) = b:a.
Proof.
(a:b)*b é& b
=> a:((a:b)*b) ™ a:b
=> (a:((a:b)*b))*b ~ (a:b)*b

= ((a:((a:b)*b))*b):((a:b)*b) —1
=> (a:((a:b)*b))*(b:((a:b)*b)) = 1|

=> (b:((a:b)*b)):(a:((n:b)*b)) =1 (1.5)
=> (b:a):(((a:b)*b):a)=1 (R12)
= (b:a):((a:b)*(b:a)) = 1

=> (a:b)*(b:a) ~ b:a

= (a:b)*(b:a) = b:a. O

In the remainder of this section we shall be concerned with join closed groupoids.
(1.11) Let (jR, *) be a right residuation groupoid. Then the system of equations
a*x = a*b
(F)

X*a =1

has at most one solution. Assume ¢ to be a solution. Then ¢ is sup (a, b) with
respect to LU

Proof. Let ¢, d be solutions of (E). Then we obtain
c*d = (c*a)*(c*d)
= (a*c)*(a*d) = 1
= c¢”d
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This by duality yields cét/A t/éc which means
c = d.

Furthermore we have
c*b = (c*a)*(c*b)

= (fl*c)*(a*b)
= 1
Hence we obtain Cé a by assumption
and cé& b as has just been shown.
Let us assume now that V satisfies
VEé al\veé b
We obtain v*c = (v*a)*(v*c)
= (@*v)*(a*c)
—(@*v)*{a*b)
(v*a)*(v*b)

(v*a)*1= 1

=> Va C O

(1.12) By a U -closed residuation groupoid we mean a residuation groupoid in which
alljoins exist.

It is easily shown that a U-closed residuation groupoid need not satisfy
a*(a\Jb)=a*b. Butin a later section we shall see that every residuation groupoid
can be embedded into a U-closed residuation groupoid which satisfies a*(aUb)=
=a*b. Hence the identity a*(adb)=a* b turns out to be natural. Therefore
we define:

(1.13) By a naturally U-closed right residuation groupoid we mean a U -closed right
residuation groupoid which satisfies a*(a\Jb) —a*b.

It follows:

(1.14) Let (R, *, U) be naturally U -closed. Then the equation holds
(@ub)*c = (a*b)*(a*c),
since (@aub)*c = ((aub)*a)* ((a Ub)#c)

= (@*(@u b)) *(a*c)

(a*b)*(a*c). O

(1.15) Let (R, *, U) be naturally U -closed. Then (R, *, :) satisfies the equations
(N11) and (N21).
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Proof. By (1.11) and duality it is sufficient to show
(@*(bc U))*(a*b) = 1 which follows by (1.7)
and (a*b)*(a*(bUc)) = (b*a)*(b*(bUc))
(b*a)*(b*c)
= (a*b)*(a*c). O

(1.16) Let (R, *, U) be U -closed. Then the equivalence holds
fI*(flub) = a*b o (aUb):a — b:a.

Proof. (aUb):a”b:a by (1.7). Let us assume now a*(adb)=a*b. Then

we obtain (aUb):a”b:a by
((aUb):a):(v:a)

= ((aUb):(a*b)):a (R32)
= ((auUb):(a*(aub))):a (ass)
- ((aub):a):((@ub):a). o (R32)

2. Arithmetic in normal residuation groupoids

In this section we consider normal residuation groupoids. We shall see that
these residuation groupoids are equationally defined dual structures with a very

strong arithmetic.
(2.1) A residuation groupoid (R, #, :) is called normal if it satisfies the implication:
(N*) X a* b\x Sb*a~rX =\
This leads to
(2.2) A residuation groupoid is normal iff it satisfies:
a*c=Il=h*c=>- ((h:(a* b))*(a:(b*a)))*((b:(a* b))*c) = L
Proof. Let (N*) be satisfied. Then we obtain c= 1 by c~aAc”b and (1.8)
((b:(a*b))*(a:(b*a)))*((b:(a*b))*c) & (b:(a*b))*c
a (b:(@a*b))*b
—a*b
and as a consequence of (RIl) we have
((b:(a*b))*(a:(b>a)))*((b:(a*b))*e) * (a:(b*a))*c
S (a:(b*a))*a
-=b*a.
Let now the given implication hold and assume x”a:bAx”b:a to be true. Then

putting X for ¢, a :b fora, and b : a for b we are led to X=1I. Thus the dual of our
implication holds, too, and thereby the axiom (N*) is satisfied. O
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As a second result the proof of the last theorem verifies:
(2.2 A residuation groupoid is normal iff it satisfies the axiom
(N) Xs.b:al\x s a:b =>x —1.
In what follows we consider naturally U-closed normal residuation groupoids.

(2.3) Every naturally U -closed normal residuation groupoid is C\-closed, too, and
moreover adb satisfies the equation (N), i.e.

al\b = (a:(b*a))U(b:(a*b)).
Proof. we have:
a*(a:(b*a)) = 1
a*(:(a*h)=(a*b):(a*b)=1
and so by symmetry we obtain
a, b~ (a:(b*aj)u(b:(a*bh)).

On the other hand we obtain a”~xAbsx=>((a:(b* a))U (b:(a* b)))*x=1 by
(1.14,2.2). This completes the proof. O

2.4y Every naturally U -closed normal residuation groupoid satisfies the equation:
(anb)y*b = a*b,
since (aC\b)*b ~ a*b (1.7)
and (alb)*b & (b:(a*b))*b=a*b. O (1.8)
(2.5) Every naturally U-closed normal residuation groupoid satisfies the equation
(@*(onc)*(@*c)= (a*b)*(a*c).

Proof.
(@*(Mc))*(a*c) & (a* b)* (a*c) (1.7)
and (@*®bnc)=*(@=c)= ((bMc)y*a)*(e Mc)*c)
= ((6Mc)*a)*(b*c) (2.4)
S. (b*a)*(b*c) 1.7)

(@*b)*(a*c). O

Now we are able to prove the main rules of arithmetic in normal residuation
groupoids:

(2.6) Let (R, *, :) be a naturally U-closed normal residuation groupoid. Then
(R, m, U) is a distributive lattice.

Proof. we have to show = U(6I'I c)™ (aU 6)|_|(aUc). Therefore, since the right
side is equal to

((@Ub):((@aUc)* (a Un))) U((a Uc):((aUb)*(aU c)))
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by symmetry it is sufficient to show:
(aU(bne))*((aub):((auc)*(auUb)))
= ((au(bMc))*(aUb)):((aUc)*(aU bj)

= ((a*(bf)c))*(a*(a(Ib))):((a*c)*(a*(adb))) (1.14)
= ((a*(bMc))*(a*b)):((a*c)*(a*b)) (1.13)
= ((axc)*(u*b)):((n*c)*(a*h)) = L. O (2.5)

(2.7) Every naturally U -closed normal residuation groupoid satisfies the equations
(N12) and (N22), whence especially we have

a*(bnc)= (a*b)n(a*c).
Proof.
a*(bl\c) s (a*&)N(a*c)

and a*(bP\c)*((a*b)lM\(a*c))
—(@*(bnc)*((a*b)y:((@*c)*(a* b)) U((a*C):((a*b)*(a* c))
= (i (bflc))* (@*b):((axcr=cax b))
U (a*(bflc))*((a*c):((a*b)*(a*c))) (1.15)

= ((a*(bMNc))*(a* b)) :((a*c)* (a*n))

U ((a *{bMc))*(a*c))i((a*b)*(a* c))

= ((@*o)*(@a* b):((a*o)*(a* b)) (2.5)
U ((a*b)*(a* ¢)):((a*b)*(a* 0)) (2.5)
= 1Ul =1 O

(2.8) Every naturally U -closed normal residuation groupoid satisfies the equations
(N13) and (N23), whence especially we have

(anb)*c=(a*c)u(b*c).
Proof. First we prove the formula for X,y which satisfy xfl>'=1
xfly = 1=>xM(c:(y*c)) = 1
=>x*(c:(y*c)) = (n;N(c:(y*c)))*(c:(y*c)) = ci(y* c) (2.4)
=>(c:(y*c)):(x*(c:0"*c))) =1
=>.(c:(y*c))((x*c):(y*c)) = 1
= ci((x*c)U (y*c)) = 1 (1.14)
= (x*c)U(y*c) = ¢,
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since (;*c)U(y*c)Sc. Now we obtain the general formula by
(aflb)*c = ((@a*ft)yN(b*a))*((aN6)*c)
= ((@*b)*((anb)*c))u ((b*a)*((anb)*c))

(((@Nb)*b)*((afib)* c))U((aMb)*a)*((@anb)*c)

(b*c)U (a*c). O (R.11)

(2.9) Every naturally U -closed normal residuation groupoid satisfies the equations
(N14) and (N24), whence especially we have

(aUb)*c = (a*c)fl(b*c).
Proof. First we show for arbitrary d

(i) aUbac=»((aUb)*c)* ((@a*(aUb))*d)

((a*b)*(a*c))*((a*b)*d)

((@a*c)*(a*b))*((a*c)*d)
= (a*c)*d, since b Llc.
From this follows for arbitrary d and aUb~c the equation

(i) ((@ub)*c)*d = ((@aub)*c)*(((a*b)n (b*a))*d)

((@ub)*c)*(((a*(aUb))N(b*(aUb))*d)

((@ub)*c)*((@*(aub)*d)u(((@aUb)*c)*((b*(a ub)* d)

((a*c)*d)U ((b*c)*d) (1)
= ((@a*c)N(b*c)) *d,

from which follows (aUb)*c=(a*c)D (b*c), since x*d=y*d (fid*R) implies

X_y.Let us assume now adb to be arbitrary. Then we can develop the general

formula by (i) and (ii) as follows:

(iii) (a(Jb)*c = ((aUb)(Tc)*c

((a(Tc)U (bric))*c

((aNc)*c)N((bMc)*c)

(a*c)D(b*c). O

Combining (1.15), (2.3), (2.6), (2.7), (2.8), (2.9) we obtain as a first main result
about normal join closed residuation groupoids the

Theorem Every normal naturally join closed residuation groupoid is an NR-
lattice. O
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We finish this section by a remark.

(2.10) In a naturally uU-closed normal residuation groupoid the equivalence holds:

aflb = 1< (@*x)*(b*x))*((a*x)*y) = x*y.
Proof.
allb = 1=>((@*x)*(b *x))*((a*x)*y)

((a*x)U (e*x))*y

((@anb)*a)>y
= ;q*y

and if the equation on the right side is true we obtain al)b=1 by putting X=y —
=z=aC\b. O

3. An embedding theorem

Let (R, *) be a right residuation groupoid. We define on RXR

(3.1) [alb]*[c|d] := [(a*b)*(a*c)|(a*b)*(a*d)].
It follows

(3.2) Let (R, *) satisfy the axioms (ROI), (R 11), (R21). Then (RXR, *) satisfies
these three axioms, too.

Proof.
(i) ([a\b]*[a\b])*[c\d\ = [a1 )*[c\d\ = [c\d\;
(ii) [a\b]*([c\d]*[c\d]) = N b1*[I]I] = [ON;

(i) ([alb]* [\\)* ([a\b] * [u]r])
= [(a* b)*(a*c)\(a *b)*(a*d)]*[(a*b)*(a*u)\(a* b)*(a*v)]
= [(((@*b)*(a* 0)* ((a*b)* (a* d))* (((a*b)*(a* ¢)) * ((a *b)*(a* W) ..
= [(((axg)*@*b)*((a*c)* (a*d))*(((a*c)* (a* b)) *((@*c)*(a* u))) ..
= [(((c*a)*(c* b)) * ((c*a)*(c* d)))* (((c*a)* (c*b))* (c*a)*(c* n))I ...
= [(((c*a)*(c*d))*((c*a)*(c* b)j)*(((c*a)* (c*d))*((c*a)*(c*u))\ ..
= [(((e*d)*(c* a))* (¢ *d)* (c* b)) * (((c*d)*(c* @) * ((c* d) * (¢ * w))] ...
= ([0/1*[al6D*([cIN]*[9]). O

(3.3) Let (R, *, :) be a residuation groupoid (which need not satisfy (R31), (R32)).
Then (RXR, *,:) satisfies axiom (R4) if we define

[d\cY[b\a]:=[(d-.ay.(b:d)\(c:ay.(b:d)].
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Proof.
([elb1*[c|</1):[d]

= [(a*b)* (s *c)I(a* b)*(a*d)] :[ulc]
= [(((a*h)* (a*c)) v):(uv) (((a* b)* (a*d)):v):(M:u)]

= [((a*b)*((a*c):v)):(u:v)\((a*b)*((a*d): v)):(u:c)] (R4)
= [(@a*b)* (((a*c):v):(u: V) |(a* b)* (((a*d):v):(uzi)] (R4)
= [(8*b)*((s *(c:v)):(n:i)) (@* b)*((a* (d:v)):(n:r))] (R4)
= [alb]*[(c:t0):(M:»)|(</:»):(n:0)] (R4)

= [aIb]* ([c]i]:[m]>. O

We remark once more that we did not apply the axioms (R31), (R32) to prove
(3.3) . Nextwe show

(3.4) Let (R, *, :) be a residuation groupoid. Then (RXR. *, :) satisfies all axioms
of the residuation groupoid excepted (R5).

Proof. It is sufficient to prove that (R32) is true since the rest follows by
duality. We remark

[elI1*[b[1] = [a*b\l] and [al1]:[bl1] = [e:b]I]
and develop :

(i) (LolIT*[b[I)*([all1*[cld])
= [a*((ba) *c)la * ((b:a) *d)]
= M11*(([bl1]:[a[1])* [c]</1),
iy  (Mf]:[all]):([blc] :[a 11])
= [uialv.d\:[b:a\c:a\
= [((*:a):(Cra)) (((b:a):(c: a)) [((via) ...

= [((n:a):((c:a)*(b:a))):i(c:a)l((via): ... (R32)
= [((*“a)m((c:a)* b):0)):(c:a) Y(u:a): ... (R4)
= [((o :(a*((c:a)* b)) :a)) :(c:n) [((»:Q) ... (R32)
= [((«:(a*((cia)* b))):(A*c)):AL(u:( - (R32)
= [((a:((a*C)* (avb))):(@*c):A>:(( ... (R31)
= [((a:(a*c)):((a»b):(a*c))): (n:(a*c) .. (R32)

= ([mfr]:[a*bla*c]):[a[1]
= OK (a1 [blcD):[al1],
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(i) ([ 1 :[G1b]): ([c]rf] : [a|h])
= ([u:b\v:b]:[a:b\M]): (([c\d] :[b\ 1]) : [a: b\1])

= ([u:b\v:b]:([a:b\I]*([c\d]:[b\I]))):[a:b\I] (ii)
= (([ult;]:[bl):(([a:blIT*[c|d]): [olI])):[a:fell] (ii)
= (0] :(H O™ (@bl 1 [cid])) :[H 1] :[a:b ] (ii)
= (([91:W 19* (([al 2] : [b\ 11) * [c\d]))) : [P\ 1]) : [a: b\ 1]

= ([wjfl:m  1]* [all])* ([fel 1]* [c|d]))) :[a\b] (M
= (ImWV]:(([a1t]* [b!1]) * ([a 11]* [c|d]))) : [alfr] (R11)

([b1:[(a*6)*(a*-c)|(a* b)*(a*d)]):[a\b]
= {[uw]-([a\b]*[c\d])):[a\b]. O

Although by our last theorems nearly all rules of the residuation groupoid
remain true in (RXR, *, :) the lastaxiom, namely [a|6]*[c|<i] = [I 11]=[c|i/]*[a|Z>]=>-
=>[1 11] fails since [a|l]*[I |[o]—[111]= [1]a]*[a]l] but [@\1]d 1 \a]. Therefore we
are forced to introduce a congruence relation, if we want to construct an extension
satisfying the implication of axiom (R5). Here we succeed by the natural definition

(3.5) [a\b] = [c\d] o [alb]*[c|d] = [1]1] = [c\d\*[a\b].
It follows immediately:

(3.6) [a\b] = [c\d] <> [c|d]:[alb] = [L]1],

since [alp] = [c\d] =>[alb]*[c|d] = [1[1]

=>[c\d]:[a\b]
([c\d]: ([a\b] *[c\d])):[a\b]
([c\d\:[a\b]): ([c\d]: [a\b])

= [111]- O
Now we can prove (3.7) and (3.8) below:
(3.7) The relation B defined by = is a congruence relation.
Proof.

(i) B is an equivalence relation, since reflexivity and symmetry are obvious
and transitivity results from

[a\b\

=>[aB]* [ ]

[cld]A[cld] = [ul]
(To 1= Lefr/D* (b 1* [ D
(feld [ D* ([0 I*[d])
= [p]F[w] = 1]
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(ii) 0 is a congruence relation, since

bl ] = [AN=>-

[xlyI*[alb] = ([x|y]*[ult>])*([x]y]*[a|b])
([uvI*[x\y])*([u\v]*[a\b])
W *[a\b]

A([alb]* [xlyD) * ([alb]* [d 1)
= (My]* [alfe)* [n:]* [0]) = [1[]
=»-[alb]*[xly] = [ 1*[d].
The rest follows by (3.6) and the principle of duality. O
(3.8) (RXR, *, :)/0 is a residuation groupoid.
Proof. All we have to verify is axiom (R5). Therefore assume to be given:
[a\b]O*[c\d]O = [111]0 = [c\d]O*[a\b]O.
Since [a|6]= [l [I]=»[ale]= [l |1] it follows
=>[a\b]*[c\d\ = [1]1] s [c\d]*[a\b]
=>[a\b]*[c\d\ = [I\l)=[c\d]*[a\b]
[a\b]9 = [c\d]6. O
We are now going to construct the announced extension. First we show:

(3.9) Every residuation groupoid (R, *, :) has an extension (Rx, *, :) in which all sys-
tems of equations a*x=a*bl\x* a= 1 with coefficients a,b£R are solvable.

Proof. We consider (RXR, *, :)/9. This is a residuation groupoid. We con-
sider the set of all [a|l]0. Since [a|l]O*[é|l]0 =[0*¢é|l]0 and [a[l]O:[6]I]0=
=[a.b11]0 and since [a\\]0?x[b\\]e=*a*bx1l¥Yb*aT£\, there is an isomorphism
(R, *, )—({[all]0]aGi?}, *, :). So we can embed (R, *, :) into a residuation
groupoid (Ri, *, :) by exchanging a for [a]|l]0. And this embedding guarantees
the second requirement since [a\\]e*[a\b]e=[a*b\\]B and [al£]0*[a|l]0=
=[111]0- O

Applying the last fact we obtain as a principal result of this paper the following

Embedding Theorem. Let (R, *, :) be a residuation groupoid. Then (R, *, :) admits
a canonical naturally U-closed residuation groupoid extension.

Proof. According to (3.8), we construct an extension series

(R,*, )™ (Ri,*, 1)Q...Q (/?,,,*, 2)...

and define S:= URvV and a*b:—c iff c equals a*b in the first Rvwhich satisfies
a, bERv. By analogy we define a:b. Then by construction every equation system in
question has a solution and if (T, *, :) is another extension in which these equations
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are solvable we can show that the set of all joins of elements of R is closed under
* and : and isomorphic to (S, *, :) with respect to these operations as follows:
(i) Obviously, Ti"—{aUeé€S\adRAbdR} is closed under * and
(i) ®: [G]é]o-aUb is a bijective function from RI to Tj, since

[a\b]e S [c\d]0 o [a\b]*[c\d] = [1]1]
o[(a*b)*(a*c)\(a*b)*(a*d)] = [11]
o {a*b)*(a*c)= 1= (a*b)*(a*d)
<>(a*b)*(a*c)U(a*b)*(a*d) = 1
< (aub)*(cud) —1
<>(aUb) = (cud).
(iii) @ is an isomorphism in consequence of duality and:
d>([alb]0*[c[d]0) = @ ([(a* b)*(a*c)\(a* b)*(a*d)]0)
((a*b)*(a* c) U ((a *b)*(a* d))

(aUb)*(cUd)
= ®([a\b]B)*D([c"]B).
(iv) Going from Nto n+ | we can complete the proof by way of induction. O

We finish this section by a theorem concerning the congruences of the above
extension.

(3.10) Let (S, *, :) be the smallest U -closed extension of the residuation groupoid
CR, *, :) and B be a congruence of (S, *, :). Then 9 is uniquely determined
by its restriction to (R, *, :) and in addition a congruence of (S, U).

Proof. Let = be a congruence on (R, *, :) satisfying a*b =\"b*a=>a=b~
Define on R1the relation:
(aub)s(cud): (a*b)*(a*c)=1=(a*b)*{a*d)
A(c*d)*(c*a)=i=(c*d)*(c*h).
This is a congruence with restriction = what can be shown by analogy to the proof
of (3.7) and it is easily seen that there are no other congruences of (RX, *, :) with

= as restriction. So = can be uniquely extended by induction, and obviously in addition
its extension is a congruence relation of (S, U). O

4. The main embedding theorem

In this section we shall show that the U-closed extension constructed above
is normal, too, iff (R, *, :)is normal. Thus a system of axioms is given which turns
out to be necessary and sufficient for a residuation groupoid to admit an NR-lattice
extension. We emphasize this result by denoting it
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Main Theorem Let (R, *,:) be a normal residuation groupoid. Then the extension
(S, *, ;) is an NR-lattice.

Proof. we consider the special case [a11], [c|d], [M11] and shall solve the main
problem by applying this special case.

0] (NIT*[cld])*MI] = [I]I]
A([cld]*[allD*[«1] = [I[1]
=>[6*c|G*i/1*[wll] = [1(1]
Al(c*d)* (c*a)ll]*[ull] = [111

=a((a*c)*(a*d))*((a*c)*u) = 1

A((c*d)*(c*a))*u = 1
=>((a*c)*(a*d))*((a*c)*tt) = 1
n((c*d)*(c*a))*((c*d)#u) = 1 (1.7)
Thus by the last line and (1.7)
(a) (c*a)*((c*d)*u) = 1

and by both the last lines, (R.11), and (1.7)
((c*a)*(c*d)*((@a*c)*(e*d)*u) = 1
A((c*d)*(c*a))*((a*c)*((c*d)*u)) = 1

from which results by (N)

©) (@*c)*((c*d)*u)=1
Thus by (a) and (B) we obtain

) (c*d)*u = 1
and by duality in ¢, d

) (d*c)*u = 1

which means uU—1.

(ii) Let us assume now the system below to be true:
([ali>]*[cldD)*[ull] = [11]
and ([cld]*[afb)*[M|I] = [111].
We may read = instead of = and furthermore we have
a«ii]*w4)*[«ii] = [iii].
Thus all we have to prove is the equation
([cld]*[al)*[ui] = [HI].
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We succeed as follows:

([alb]*[cM 1)*[u]1]
N([p1*[alb])*[bi1]
=m(((a* b)K(aXc)) XK((a Xb)* (a* /)X (((a* b)* (a XKC)) >1)
= (((a>c)>Ka>d)) * ((a* c) >{a >d))) > ((a >kb)K(@xKc)) * 1)
D (PQ)R>) ~ 1
N (((c >xdpr(eKa)) * ((c ) x (C>6))) * (((c >xd) >(C @) 1)
(((c* @) »{c o)) »(c @) »{C b)) »((c >a)i(Cx a)) >1)
(((a* ¢)>qa * d)) 3{(a<c) »@>b)))* (((c* d) Xcxa)) * n)

[1[1]

[1[1]

=1 (QP) MSHa) = 1
=> (P>Q)>XP>{S>wm)) = 1 (1.6, 1.7)
A(6*P)*(N1*(5%H)) = L (1.6, 1.7)
Thus we obtain R>S»u) = 1
and P* (S*un) = 1,

and since P=(a>kc)>k(a>kb)JIK = (a>kb)>Kk(a>KC) these last equations imply
I9dMallD™fiill]l = [((c* 9)* (c* a))* u1l]
=[S = [11
(iii) The general case with [ul\W\ instead of [M1l] is solved by (i), (ii), since

[alh]*[»[i)] = [I |1] implies [ale]*[i/|I]=[I |[IJA[G|é]*[u|l]= [l |1]. Hence our proof
is complete. 0O

5. Strong residuation groupoids

In this section we assume (R, *, :) to be strong, i.e., to satisfy
(S) a:(b>xa) = (b:a)kb.

At once we see that in this case (R5) results from (1.4). Furthermore it is pointed
out in another paper that the axioms (R31) and (R32) are consequences of (S)
and the other identities. But in this paper we are only interested in the proof
that (S) is carried over from (R, *, :) to (S, *, ;). We start by

(5.1) Let (R, >k :) be a strong residuation groupoid. Then

a\{b>ka) = aOb.
Proof.

aK(a\(b>ka)) = (a»a):(b*a) = 1
bxx(cr.(b>kaj) = (bka):(b>ka) —1
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and a*x = 1= b*x =>(a:(b*a))*((x:a)*x)
= (a:(b*a)) *(a:(x#a))
= ((@a:(b*a))*a):(x*a)
= (b*a):(x*a) = 1. O 2.7
As a direct consequence of (5.1) we obtain by duality

(5.2) Every strong residuation groupoid is normal. O
We are now going to show that (S) is transferred from (R, *, ) to (S, * -

(5.3) Let (R, *,:) be a strong residuation groupoid. Then the extension (S, *, :) is
strong, too.

Proof. All we have to show is that (S) is transferred from (R, *, :) to (RX, *> ),
First we show that in (R1, *, :) we have the equation

(i) allicud) = (cud):{a*(cud))
for elements a, b, c of R which is equivalent to
(i) ((Uil)y:(a*(cUil))*(an(cud)) = 1.

Hence (i) follows from (ii) and (ii) follows from

(a*d)C\(d*a) = 1

=> (@a*d)yn(d*a)n(d*c) = 1
= (((c:(a*d))*c):(a*c))n((i/*a)n(d*c)) =1
= ((c:(@a*d))*(c: (a*c)))MN(d#(aDc)) = 1
= ((c:(a*d))Ud)*(aric) =1
=> (((c:@a*(Mua)yn(c:(ex<MU))e(alc) =1
= ((c:(a*if))u (aflif))*(aric) =1
= ((cud):(a*d)*(anc) = 1

= (((c (Jd):(a*c)) *(c:(a*c))U(((cud):(axd)) *(alc)) = 1
=n (((cUd):(G *c)) N((cUd):(a*d)))*(alc) = 1

=> ((cUi/):(a*(cUi/)))*(aric) =1

N ((cUd):(a*(cUil)))*(arii/) =1

= ((rUil:(a* (cUiN))*(@N (cUil)) = L
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Aplying this special formula we obtain the general formula by

(s U b) :((cud)* (au b))

(aUh):((c*(aUh))n(d*(aU¢)))
((auh) :(c* (au b))) U ((au b)\(d*(a U £))

= ((uUb)nc)U ((aUb)nd)
= (aUb)n(cud). O

Let us assume now (R, *, :) to be symmetric, i.e., to satisfy a*b=b:a. Let
us assume moreover (R, *) to satisfy a*(b b)*(a*c). Then (S, *) sat-
isfies this identity, too, as was shown in [3]. So if (R, *) is additionally strong
the extension (S, *) is a generalized Boolean ring. On the other hand a generalized
Boolean ring satisfies the axioms of a strong symmetric residuation groupoid and
it is additionally autodistributive. This leads us to the

Theorem A residuation groupoid admits a Boolean extension if and only if it is
symmetric, strong, and autodistributive. 0O

REFERENCES

[1] Birkhoff, G ., Lattice theory, AMS Coll. Bibi. (1967).

[2] Bosbach, B., Komplementiare Halbgruppen. Axiomatik und Arithmetik. Fund. Math. 64 (1969),
257—287.

[3] Bosbach, B., Concerning representation of completely join distributive algebraic lattices, Period.
Math. Hungar. (to appear)

[4] Ditwortn, R. P., Abstract residuation over lattices, Bull. Amer. Math. Soc. 44 (1938), 262— 268.

[5] Ditworth, R. P., Noncommutative residuated lattices, Trans. Amer. Math. Soc. 46 (1939),
426— 444.

[6] Warda, M., Structure residuation, Ann. of Math. 39 (1938), 558— 568.

[7] Ward, M., Residuated distributive lattices, Duke Math. J. 6 (1940), 641— 651.

[8] Ward, M. and Ditworth, R. P., Residuated lattices, Proc. Nat. Acad. Sei. USA 24 (1938),
162— 164 and Trans. Amer. Math. Soc. 45 (1939), 335— 354,

Fachbereich Mathematik, Gesamthochschule Kassel
Postfach 10 1380, D—3500 Kassel

(Received September 17, 1979)

Studta Scientiarum Mathematicarum Hungarica 13 (1978)






Studio Scientiarum Mathemalicarum Hungarica 13 (1978), 453 461.

EVADING CONVEX DISCS

by
G. FEJES TOTH

Confirming two conjectures of L. Fejes Toth [4, 8] we shall prove the follow-
ing theorems:

Theorem 1. Given a set of disjoint open squares with side-lengths not exceeding
1, any two points of the plane lying outside the squares at distance d from one another

can be connected by a path evading the squares and having length at most N~

Theorem 2. Given a set of disjoint open unit circles, any two points of the plane
lying outside the circles at distance d from one another can be connected by a path

evading the circles and having length at most w1 (d—2) + n.

Using a mean value argument, J. Pach [8] proved previously a theorem similar

3 J—
to Theorem 1 with the weaker bound —d+4 \d + 1.

The problem of finding a short path between two points of the plane evading
the discs of a packing is closely related to problems concerning the permeability
ofa layer. We say that a set of disjoint open domains lying in a parallel strip forms
a layer. By crossing the layer we mean drawing a path connecting the edges of the
strip without entering any of the domains. Let W be the width of the strip and /
the length of a path crossing the strip. The permeability of the layer is defined by
the ratio w/inf/ where the infimum extends over all paths crossing the layer [2].

It is known that the permeability of any layer of squares is greater than 2/3

[3] and the permeability of any layer of equal circles is greater than \""21/2n [2].
Even a little more is true: starting from any boundary-point of a parallel strip of
width W containing a layer of squares with side-lengths 1, we can cross the layer
through a path of length s3iv/2. Analogously, starting from any boundary-point
ofa strip of width wWcontaining a layer of unit circles, we can cross the layer through

a path of length —2)+ -+ 1. (The bound (w—2) + +1 has been
V27 2 v jl27 2

improved recently by A. Florian [5]. His bound is sharp for all values of w.) How -
ever, the proof of these estimates does not give information about the question
how far the endpoint of the path lies from the point opposite to the starting point.
Theorems 1 and 2 imply that the layers can be crossed also “perpendicularly” by
paths of approximately the same length as the above bounds.
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Theorems 1 and 2 are sharp for infinitely many values of d. Consider a lattice-
packing of open unit squares which arises from a grid of squares with horizontal
rows by translating every second row of squares horizontally through 1/2. Let
A be the midpoint of the upper horizontal side of a square and B a point below
A at distance 2fc+1 from it (k=0, 1, ...) (Fig. 1). It is easily seen that the length

Fig. |

of any path connecting A with B outside the squares is at least —-— . Thus the

bound of Theorem 1 cannot be improved if d is an odd number.

The bound of Theorem 2 is best possible if d is of the form d=2k"3 + 2,
k=0,1, .... In order to see this we consider the densest lattice-packing of open
unit circles with horizontal rows of circles (Fig. 2). Let A be the highest point of

a circle and B the lowest point of a circle exactly below A at distance 2kK\b+2

Fig. 2
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from A. It is easy to check that A and B cannot be connected outside the circles
by a path of length less than ,— (d—2)+nl
Y27

In contrast with Theorem 1, which is true for any packing of squares of side-
lengths not exceeding 1, Theorem 2 does not hold for all packings ofcircles of radius
si. This is shown by an example of a layer of incongruent circles with permeability
less than /27/2a [2].

Now we turn to the proof of Theorem 1. Let SAbe a packing of open squares
with side-lengths S i. We shall restrict ourselves to the case when the squares do
not accumulate. The general case follows from this case easily by known com-
pactness arguments. Such an argument is presented in [1].

To a given point P outside the squares and a prescribed direction d we con-
struct a path described in [3]. Starting from P we go in the direction d until we arrive
to a boundary-point X of a square of SP, say of the square S=X1X2X3Xi, which
blocks our way. Let A(IT) be the length of the shortest path connecting the
boundary-points X and Y of Sthrough a portion ofthe boundary of S. Let &(AT)=
= 0(XY) be the inner product of the vector XY and the unit vector pointing in
the direction d. We evade S by going from X along the shorter arc of the bound-
ary of S to that vertex, or to one of those vertices T,- of S for which the ratio
O(XXi)/A(XXi) is maximal. Leaving the boundary of 5 at X:we continue our way
in the direction d until a second square blocks our way. We evade this square in
a similar way as the first one, travel again in the direction d, and so on. Since the
squares of @ do not accumulate, we can construct by this procedure an infinite
path = T1(P, d), which we shall call a path emanating from P in the direction
d. Since it may occur that m'i\x 3(TT))A(TA)) is attained for more than one vertex

of a square, IM(P, d) is generally not uniquely determined.
Let X be an arbitrary point of . Let I(X) denote the length of the arc of I
lying between P and X. We shall show that

(1) i(T)s|(<5(PT)+ 1)

To the proof we need the following simple

Lemma. Let X be a boundary-point of the square S= XxX2X., X4 such that the
half-line emanating from X in the direction d intersects S. Then we have

b(XXj),
max
isisy [(AT))

It will be convenient to suppose that the plane under consideration is in such
a position that the direction d is vertical. We assume that no side of Sis horizontal,
because otherwise the lemma is obvious. We also suppose, without loss of generality,
that S is a unit square. We choose the notations so that the highest vertex of S is
Txand X lies on the edge X1X2 (Fig. 3). We introduce the notations a= §(X1X2)
and b=06(X1Xi) and observe that, by the symmetry of S and the theorem of
Pythagoras, we have

(2) a2+b2= 1.
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X1

If aSb then a&j/2/2, which implies that O(XX™N)/n(XX2)=a"¥Y2/2>2/3. There-
fore we assume that

(3) 0< a< ~2/2< b< 1.

While X travels on the segment XXX2 from XX to X2the ratio d(XX4B(XX4)

continuously decreases. Since 0(X1Xi)/2(X1Xi)=:b>Y2/2>2/3 and O(X2X4)/
[2(X2X4) = (b—a)/2<1/2<2/3, there is a point Xn on the segment XXX2 for which
A(XAXP/IX(XnXH = 2/3. The above considerations show that if XEXIX( then
(LUXXD/?.(XXH>2/3. Thus the lemma will be proved by showing that in the case
XEXOX2 we have O(XX3/LUXXI>2/3.

We observe that 6{XX7j/.(XX3 increases if X moves from X,, to X2. Therefore
it is enough to show that O(X0X3/X(X0X3"2/3. Introducing the notation X=X xXa
we have 0(X0X3)=a+b —ax, 6(X0XH=b—ax, A(X0OX3=2—x and A(XOXH=1 +
so that the condition O&(XO0X4I/.(X0X4 = 2/3 is equivalent with

(4) 2(1+ar) = 3(b-ax).

In order to finish the proof of the lemma we have to show that under the conditions
(2), (3) and (4) we have
2(2—X) < 3(a+ b—ax).

But this is equivalent with the inequality 3a2—4a+ I< 0 which is, for ~"2/2<a<1,
true, indeed.

We return to the proof of the inequality (1). Let SX, S2, ... be the squares of
& we succesively hit when moving from P along I. Let M be the first and the
last point of 'l common with the boundary of St (/=1,2,...). Write WO=P.
Using the lemma we immediately see that if A' is a point of the segment WVi+l
(/=0,1,...) then

(5) H{X)"jo(PX).
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Now we consider the case when X lies between M and LU (/=1, 2, ...)« Since

by (5) /(fj)"y<5(Pkj), it suffices to show that

(6)

Let Y be the first vertex of /T we meet when travelling from L, backwards
on /1. If X lies on the closed segment YtVj then we have by the lemma and the sup-
position that YWi~I

1(X)-1(¥Yg=im -«vi)-xwis™d(viwi)-0(xtvi) =
=y (6(y,Wd-0(XWd)+2o(XWd ~y O(V,X)+J

confirming the inequality (6) for the case ZG YWt. Finally, suppose that XCMY.
3 . 1

We observe that — 0{VEX)+ —+/(1j) —1{X) is now a linear function of the distance

X=VtX. We have just seen that this quantity is not negative for X=Y and equal

toy for X—M. This completes the proofof (6) and simultaneously the proofof (1).

Let A and B be two points of the plane lying outside the squares of 2P. We
shall show that there are two paths, /1 + and [1~, emanating from A and B, respec-
tively, in opposite directions dand —d which intersect one another. Before the proof
of this proposition we shall show that, along with the inequalities (1) and (5), it
implies Theorem 1.

It is easily seen that 4 + and /1 “ have a point Z in common which is the vertex
of a square S’ of P touched and evaded both by /1 + and [1~ and at least one of
the paths 1+ and [l~, say 9 + leaves the boundary of S at Z. By (5), the length

3
of the arc of /1 + between A and Z is at most y Sd(AZ). On the other hand, by (1)

3 13 1
the length ofthe arc of 1 between Band Z isatmosty 5 ABZ)+ ———0d{ZB) + — .

The path composed of these two arcs joins A and B and its length is at most

Thus, all we need to prove is the existence of the paths 1+ and 17%. As we
observed above, it may occur that there are several paths emanating from a given
point in a given direction. We shall consider two special paths which generally coin-
cide. The paths TMIP, d) and ,(P, d) emanating from P in the direction d turn
to the right or to the left, respectively, whenever there is a choice ofequally economic
possibilities to evade a square of 3P. More precisely, if S is a square of S which is
evaded by the arc VW of IMIP, d) or 4,(P, d) and S has a vertex X other than W
for which 6(VW)]JI(VW) = 8{VX)IA{VX) then W lies on the right-hand side or
on the left-hand side of the oriented line of direction d through V.
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Let € be the line through B perpendicular to AB. We assign in the plane a posi-
tive direction of rotation in the counter-clockwise sense and divide € into the halflines
exand e2arising from the halfline BA by a rotation through nil and —n/2, respec-
tively. Let U be the set of those points X of € to which there is a direction d such
that the path nr(~l,d) or J1,(J1, d) contains X. U is not empty because, e.g., any

of the paths MI{A, d) and nt(A, d) with d=AB intersects €. Thus at least one of
the halflines el and €2, say eX, contains a point of U. We assume that B$ V since
otherwise our statement is obvious. It is easily seen that U is closed, thus there
is a point N of eXC\U which lies nearest to B. Let 2 be the set of directions d for
which one of the paths Mr(A,n) and PifA, d) contains N. Let a(d) be the angle
of rotation carrying the direction of exinto dsuch that 0™ a(d)|S7r. Let d be the
element of 2 for which a(d) is maximal. We are going to show that, with this partic-
ular choice of the direction d, any path emanating from B in the direction —d
has a point in common with MITA, d) or M,(A, d).

First we observe that the path ,(A, d) does not pass through N. For, suppose
that NS_n,(A, d). Then we can choose a direction d' which is obtained from d by
a rotation through a sufficiently small positive angle so that the point N'=
—elMMN~A, d') lies on the closed segment BN. But this is impossible because of
the definition of N and d and the assumption that B$ U.

Let / be the line through B perpendicular to the direction d. Obviously, both
MMA, d) and M,(A, d) intersect /. Thus these two paths together with / enclose
a bounded region R (which is generally not connected). Let Mrand M, be the inter-
sections of the paths MI{A, d) and nt(A, d) with /. According to the above con-
siderations B lies on the open segment MrM, (Fig. 4).

Now we consider an arbitrary path Il emanating from B in the direction —d.
Let Q be the last point of 1 common with the closed segment MrM,. It suffices
to consider the case when Q is an interior point of the segment MrM,. Then travell-
ing on I we enter the interior of R after leaving Q and since R is bounded while
[T is unbounded we shall cross the boundary of R in a point, say T. This point
Tisa common point of I and one of the paths Tir(A, d) and M,(A, d), as claimed.

This completes the proof of Theorem 1.

The proof of Theorem 2 is similar. Let now”* be a packing of open unit circles.
For a given point P outside the circles and a given direction d we draw a path /7
evading the circles by a similar construction as in the case of squares: We go in the
direction dif no circle of SAhinders our way and evade any circle C"SA which blocks
our way by going along the boundary of C to the nearest endpoint (or to one of
the nearest endpoints) of the diameter of C perpendicular to d. Let CXC2, ... be
the circles of 2 succesively touched and evaded by ft. Let M be the first and W,
the last point of ft common with the boundary of Ci (/= 1,2, ...). Let C\ be a unit
circle touching the segment LLIY'+1 at X, and the circle Ci+l ata point ¥( belonging
to ft. We note that the arc ¥,¥; of C' does not intersect any circle of SA We replace
the arc of ft between the points X, and ¥Yrby the circular arc ¥;¥(. Rounding off
all vertices of ft in this way we obtain a new path Il for which we again use the
term path emanating from P in the direction d (Fig. 5).

Let TJbe a path emanating from P in the direction dand X an arbitrary point
of M. Let I(X) denote the length of the arc of I lying between P and X. The arcs

XjYj and YjWj+x are congruent and their common length is arc sin — S(XjWJ+1).
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The length of the arc VIWL is arc sin Thus we have
IW) = PVXtarcsin 3(YrWj)+ §fVjXj+ 2_'£1arc sing- 0(XjWj+1).
J=i i=

s " . . 3rosimt'v .
Observe that O(XjWJ+1)™ \3. Since the function -------—— — is increasing we have

1., Y3
arc sin—lo(X5Wj+i) arc sin - In

6(XjWij+1) = N :
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Fie. 5

It immediately follows that

Jr .
I(W,) s arc sin O(YrIV]) + -~=- (6iPWU-06iV! WL).
f27

We have by the construction of [1 <5(%i*i)—!s The function arc sin n;— X
V27
attains its maximum --------- - = in the interval for x=1. It follows that
2 Y27
(7)

Let now A and B be two points of the plane lying outside the circles of SA
Repeating the argument of the proof of Theorem 1 we see that there are two paths
M+ and M~ such that N+ emanates from A in a direction, say, d and 1~ emanates
from B in the direction opposite to d and I+ and [~ intersect one another. More-
over, there is a circle C of SAtouched and evaded both by 9+ and I~ such that
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iT+ and I~ have a point Win common which is the endpoint of the diameter of
C perpendicular to d. In view of (7) the length of M+ between A and W is at most

-N=(6(AW) —1) + — and the length of the arc of N~ between W and B is at most
127 2

I) + — e« The length of the path composed of these two arc is at
127 2

most (AB—2)+n.
Y27

Several results are known about the permeability of some special layers. Among
others layers consisting of translates of a regular triangle [7], of a regular hexagon
[71and ofa disc ofconstant width [8], as well as of similar replicas ofa parallelogram
[2, 4] have been studied. These results depend on the construction of suitable paths
by similar methods as in the case of squares or congruent circles. These paths are
“uniformly good” in the sense that they satisfy a condition analogous to (1) or (7).
Also the method of intersecting paths emanating from two points in opposite di-
rections can be applied with all these paths. Thus we can obtain good upper bounds
for the length of the shortest path connecting two points also in the case of the above
mentioned discs.
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NON-DEGENERATE INNER PRODUCT SPACES
SPANNED BY TWO NEUTRAL SUBSPACES

by
J. BOGNAR

Abstract. We make some remarks in connection with the following problem. Suppose the-
non-degenerate inner product space E is the direct sum of two neutral subspaces Lx and /.2. What
is the necessary and sufficient condition, in terms of Lx and L2, that E be decomposable?

Let £ be a complex vector spacel equipped with a non-degenerate hermitian
form (=, *). The form (=, *) will be called the inner product, and E a non-degenerate
inner product space.

An element xEE is said to be neutral if (x, X)=0. A subspace LaE is said
to be neutral if all its elements are neutral. By the Bunjakovski—Schwarz inequality,
on a neutral subspace the inner product vanishes identically.

We say the element x£E is positive if (x, x)>0. Further, we say the subspace
LaE is positive definite if the relations xEL and XAO imply (x, x)>0. Negative-
ness of elements and negative definiteness of subspaces are defined similarly.

Orthogonality of x and y means (x, >)=0.

If E is the orthogonal direct sum of a positive definite subspace E+ and a nega-
tive definite subspace E~,

) E = E+®E-~,

we say E is decomposable and (1) is a fundamental decomposition of E.

The first example of a non-decomposable E was given by G. W. Mackey
(see [4] or [1; Example 1.11.3]). Another example (see [2; §2.4]) has been con-
structed by M. L. Brodskii. A third example is due to V. 1 Ovcinnikov [3], Who
pointed out that the ideacommon to all of these examples was the following.

Proposition A (Mackey, Ovcinnikov). | f the non-degenerate inner product space'
E is the direct sum of two non-isomorphic neutral subspaces, then E is non-decom-
posable.

One may ask whether all non-decomposable spaces arise in this manner.

Probrem 1. Can every non-decomposable, non-degenerate inner product space
be written as the direct sum of two non-isomorphic neutral subspaces?

At first glance, the answer appears to be “no” : a construction of G. Wittstock
(see [1; Example IV.5.6]) provides non-decomposable spaces E each representable

1 We use this opportunity to point out an error in [l ; Section VI11.6]: assertion 15) is false.
Namely, if the principal subspace to /.= 0 of a positive operator on a Krein space is ortho-comple-
mented, then the right-hand and left-hand limits at X—0 of the spectral function need not exist. We
thank P. Jonas for calling our attention to this fact.
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as the direct sum of two isomorphic neutral subspaces. However, it is not at all
clear that for any other direct decomposition of these spaces into the sum of two
neutral subspaces the components are isomorphic. In fact, as shown by the example
below, a space E may be the direct sum of two isomorphic neutral subspaces and
the direct sum of two non-isomorphic neutral subspaces at the same time.

We cannot decide whether Wittstock’s spaces admit direct decompositions into
the sum of two non-isomorphic neutral subspaces. Thus Problem 1 remains open.

Exampte 1. Consider the vector space E of complex numerical sequences
<G, £2>ee¢} suchthat fZ=0 for k>kO0(x). If y= {(t, ]2, ..}£E, define the
inner product of X and y by the relation

00

(*y) = 2, K-Ihk+Zhd-l)-

Then E is Mackey’s non-decomposable, non-degenerate inner product space. It is
the direct sum of the neutral subspaces

Ly={x ¢*i=0 for k —1,2,...}
and
L={x i@=0fork=12 .}

Here the algebraic dimension of Ly is countable, while that of L2 is continuum.
Simultaneously, E is the direct sum of the neutral subspaces

Ny = {x: £4 3= =0fork=12 .}
and )
N2={x: Ba*2 = f«-i = 0 for k= 1,2 ..},

the algebraic dimension of both Ny and N2 being continuum.

Remark. The negative result just obtained can be weakened to the following:
in a decomposition of a non-degenerate inner product space into the direct sum of
two neutral subspaces, the algebraic dimensions of the components are not uniquely
defined. On the other hand, Proposition A implies that this anomaly may occur
in non-decomposable spaces only: in a decomposable E, both neutral components
(provided they exist) have “half of the dimension” of E. The next theorem says
something more.

Theorem 1. If

E=E+®E-
is a fundamental decomposition of the non-degenerate inner product space E and
E—Ly+L2
is a decomposition of E into the direct sum of two neutral subspaces, then
DimLy - DimL2= DimE += DimE~,
where Dim denotes algebraic dimension.
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Proof. Consider the projections P+ and P~ defined on E by the relations
*= P+x+P-x, P+xeE+, P~xC_E~.

If afLxand E Ta=0, where a™0O, then (a,a)=0 and (a.a)= (P-a, P~a)<0
simultaneously. Thus P +|Lx is one-to-one. In particular,

DimLx” DimE +
Define the projections Pxand P2by
a = Pxx+P2, PxxELx, P2x£L2.

If a£E+ and Pxx=0, where a”O, then (a,a)>0 and (x, X)=(P2, P2)=0
at the same time. Therefore PX\E + is one-to-one. Hence

Dim E +S DimLx.

As a result, DimL~Dim E + The proof of the relations Dim L1= Dim E~,
Dim L2= Dim E + Dim L2= Dim E~ is similar.

Remark. Under the circumstances of Theorem 1, the cardinal numbers Dim E +
and Dim E~ do not depend on the choice of the fundamental decomposition. With
the help of the four projections defined by two fundamental decompositions it can
be seen that this is generally true. Theorem 1 says, among others, that a decompos-
able space with DimE+~Dim E~ cannot be represented as the direct sum of
two neutral subspaces at all. We do not know whether the absence of such repre-
sentations is also possible for spaces with Dim E +=Dim E~, and for non-de-
composable spaces.

Problem 2. Given a fundamental decomposition E=E +®E~, with Dimis +=
=Dim£'~, of the non-degenerate inner product space E, how can we decide
whether E admits a representation as the direct sum of two (necessarily isomorphic)
neutral subspaces?

The following counterpart to this problem is related to Problem 1 Its impor-
tance turns out also from Example 1

Probtem 3. Given a representation of the non-degenerate inner product space
E as the direct sum of two isomorphic neutral subspaces, how can we decide whether
E is decomposable?

Below, we make the first step in the study of Problems 2 and 3.

Two subspaces Mx, M2(zE are said to be anti-isometrically isomorphic if there
exists a one-to-one linear mapping V of Mxonto M2 such that (Vx, Vy)= —a. YY)
forall., Mx.

We say the neutral subspaces LXL 2C.E are positively isomorphic if there exists
a one-to-one linear mapping A of Lxonto L, such that (Ax, a)>0 for XELx, x"O.

Theorem 2. FOr a non-degenerate inner product space E the following two state-
ments are equivalent:

(i) E is decomposable and has afundamental decomposition into anti-isometrically
isomorphic subspaces;
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(i) E is the direct sum of two positively isomorphic neutral subspaces.

Proof. Let
E=E+®E~

be a fundamental decomposition and V a one-to-one linear mapping of E + onto
E~ such that

)] (Vx, Vy) = -(x,y) for all x, yEE+
Put
Li = x+Vx: x€.E+},

La= {x—Vx: xXE£E£+}

Then L1land L2are (linear) subspaces. They are neutral since, by (2) and the
orthogonality of E +and E~,

(X+Vx, Xx+Vx) = (X, X)+(Vx, VX) = 0,
(X=X, x—VX) = (X, X) + (VX, VX) =0
for all xEE +
Moreover, the relation
X+VXx —y—Vy
implies
X—y =—Vx—Vy
and, in view of £ +M£' =0,
X=y, Vx=-Vy =-Vx, Vx=0.

Therefore by (2) (x, x)=0; using the positive definiteness of E + we obtain x—o0.
Hence x +Vx=0=y—Vy, that is, L1P\L2=0.
Further, for any xC£ +

X = -j(x+Fx)+y (x-Kx),

VX =j(x +VX)—i- (X—VX).

Therefore E+cL 1+L2 and E~cL1+L2, which yields the relation E=L1+L2.
Now, define a mapping A in the following way:

A(X+VX) = x—Fx (X€EE+).

This definition is correct, since assuming
X+Vx=y+\Vy,
where X, yEE + we obtain
X—y =—Vx+\Vy
and, in view of the relation £ +(T£_=0,
X =V.
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It is clear that A is a linear mapping of Lx onto L2. We have
A+ YO, x+ YX) = (X=X x +¥X) = (X, X)= (¥YX, ¥X) = 2(X,X) > o

unless x—o (or, what is the same, unless x+Fx=0). Thus A is one-to-one and
the subspaces Lx and L2 are positively isomorphic.
Let, conversely, E be the direct sum of two neutral subspaces,

E=L1+L2
and A a one-to-one linear mapping of Lx onto L2 such that
€)) (Aff)>0 for /ELL5 /V 0.

Put
E+= {f+Af: /E£},

E~ = {f-Af: /€£}

Then E + and E~ are subspaces. Moreover, by (3) and the neutrality of Lr
and L2, for any non-zero elements fg£ L x we have

(F+Af,f+Af) = (f Af)+(Aff) = 2(Af,f) > O,
(g_Agv g'Ag) = '(gl Ag)_(Ag’ g) =-2 (A91 g) <0
(f+Af, g-Ag) =-(/, Ag)+(Af, g) =

and

= -r-2 in{ff+ing, A(f+ing))+-; 2 i"(A(f+ing),f+i"g) = o.

(At this step we used only that (/, Af) is real.) Thus the positive definite subspace
E + and the negative definite subspace E~ are orthogonal to each other. Clearly,
the direct sum E +®E~ exists.

For /CZ.J we have

f= \(f+ A f)+ \(f-Af),

Af=\(f+ Af)-A(f-Af).

Hence L1+ L2c E+@E~, that is, E+®E~=E.
Define a mapping V as follows :

V(f+Af) =f-Af  (/E£).

It is easy to see that the definition is correct and yields a one-to-one linear mapping
of E+ onto E~. Finally, for any f g<zx

(f+Af, g+Ag) = (f Ag)+(Af g),

thus E + and E~ are anti-isometrically isomorphic.
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The proof is complete. )
We express our gratitude to C. Bajasgalan, A. Bosznay and D. Petz for
useful discussions.

Added in proof. 1 I. S. 1ohvidov has called our attention to S. P. Markin’s
paper [5], where a non-decomposahle space having no representation as the direct
sum of two neutral subspaces was constructed. This yields a negative solution of Prob-
lem 1, and a positive answer to the second question posed in the last sentence of
the Remark following Theorem 1

2. Recently C. Bajasgalan has constructed a decomposable space for which
Dim E+= Dim E~ and which cannot be written as the direct sum of two neutral
subspaces; thus the answer to the first question in the sentence just mentioned is
positive.

3. From an observation appearing in [5] it follows that the conclusion of Theo-
rem 1 remains valid if E+and E~ are definite but not necessarily orthogonal sub-
spaces.
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O OHOM 3KCTPEMAJ/IbHOM CBOWCTBE PEMEPOB,
MPMBEJAEHHBLIX MO MNWHKOBCKOMY

G. CSOKA

0O603HauYNM Yepes

(3 /00 - E OijXiX]

ij=1
NMONOXUTENbHO ONpefeneHHy KaagpaTuuHyto ¢opmy (MK®) oT N nepeMeHHbIX.
CMMMeTpUYHYH0 MaTpuly A —(0y) HasblBalOT MaTpuLein opmbl /.

MWHKOBCKMA B paboTe [1] BbicKasbiBaeT Ans n”5 06e3 [0KasaTenbCcTBa
MHTEPECHOEe YTBEPXKAEHME, KOTOpPOe Mbl CHOPMYAUPYeM CheaytowuMm 06pa3om:

YT1BepxaeHne M, cpeay Bcex MonapHO 3KBMBaNTEHTHLIX MMK® Bbipa>keHus
(y KOTOpbIX UHTEPECHOE reOMeTPUYECKOE 3HAYEHME TOXKE)
n n n

2 Sj N 2L 2 MNiRkk? sn M am
@) i T 7
bl k

MUHAMabHbI A1s1 MPUBEAEHHO MO MUHKOBCKOMY (DOpMbI.

OCHOBHOI pe3ynbTaT 3TOW CTaTbU CledytoLLMiA: yTBepXKAeHWEe M, BEpHO A4S
«S$6 (§82) 1 HeepHO Npy N7 (8 3). B 81370 paboThbl Mbl aeM KpaTKUIn o4epK
HY)KHbIX MNOHATUIA (cM., Hampumep, [2, 3]). B 8§84 paroTca reomeTpuueckn 6onee
HarnsagHole, Yem B 82, [OKa3aTe/lbCTBa OCHOBHOW Teopembl Mpu nS4 un n=5.

8 1. IMycTb B «-MEPHOM €BK/IMA0BOM MpoCTpaHcTBe En3agaH nM-MepHbIi penep
S= {§,, &2, TO €CTb CMCTeMa M J/IMHENHO HEe3aBUCUMbIX BEKTOPOB C O6LLUM
Hayanom {O}. Penepy «BCTaBUTCA B COOTBETCTBME, BO-MEPBbLIX, €ro marpuua "pama
A=(aik) c anemeHTamn aNe= €;8k, BO-BTOpblX, MK® Buga (1), KOIPPULNEHTI
KOTOpPOI ABNAlOTCA 3nemeHTamy aik maTpuubl pama penepa.

C [Opyroi CTopoHbl, Kaxaolk MK® MOXXHO OTHECTM HEeKOTOpbIA penep C Tou-
HOCTbIO 10 €ro NPOCTPaHCTBEHHOIO MOSIOXEHNS.

COBOKYMHOCTb T BCEX TOYEK MPOCTPAHCTBA, MMEKLMNX LieNoYNCIEHHbIE KOOP-
[MHaTbl OTHOCMTENLHO penepa $, TO ecTb MHOXECTBO TOYeK C pafuycamMu-BEKTO-

n
pamm x= Y} X@&f, rae X; Uefble Yncna, HasbiBAaeTCA «-MepPHOW PELLIETKON, 3aaaHHOA
1=

PenepoMm s. YKasaHHbIN 1N BCSKUIA ApYroii penep, 3afatoLnii peLleTky r, Ha3blBaeTcs
€e OCHOBHbIM pernepoMm. 3TN OCHOBHbIE Pernepbl MepexofdT Apyr B Apyra Leso-
YMCNEHHOW MOACTAHOBKOM NMepeMeHHbIX, MaTpuLia KOTOPOi yHUMoaynsipHa. Takxke
rogopaT, 4to MK® / 1 g 3KBUBANEHTHbI, / ~Q, €CAn UX MaTpuubl A 1 B cBA3aHbI
cooTHoweHnem GTAG=B, rge G yHuMMoAaynspHas LenouncneHHas (nX«) mat-
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puua. Tak yCTaHaBNMBAETCS B3aMMHas OJHO3HAYyHas CBA3b MeXAYy PeLleTKaMn u
Knaccamu 3KBuBasieHTHOCTU [K®.

roBopsT, uto MK® Buaa (1) npmeeaeHa No MUHKOBCKOMY, eCK AN NHO60ro
LieNnoYncneHHoro Habopa (X, O,), roe H.0.4. (XK, XK+l ..., &,)= 1, BbINOAHEHO
cooTHoweHwe f(x1,...,xN"akk, k—1,2, ..., ». Bblbupaem opmy wu3 Knacca
3KBMBANIEHTHBIX eid (hOpM, TO €CTb BbIOVMPaEM OAUH WM HECKOJIbKO M3 GECKOHEYHOIO
ymcna OCHOBHbIX PENEpPOB [1aHHOM peLLeTKU. [eOMETPUYECKNiA CMbICTT 3TOro Bblbopa
COCTOMT B CrieflytoulleM: bGepeM KpaTuailumiA BekTop éx pewwietkn I (uam oguH 13
HMX) 1 MPUCOEANHAEM K HEMY KpaTyaiilumii BeKTop €213 7, obpasytowuii ¢ éxnpu-
MUTUBHYIO CUCTeMy, T. e. éx1 €206pa3ytoT OCHOBHOI penep TOW peLLeTKn, KoTopas
nonyyaeTcs npu ceveHun pewetkn I nnockocTeto £2={8i,62}. Takum >ke 06-
pa3om Gepem €3 1 T. 4. BoobLue roBops, B peLUETKE MOXET ObiTb HECKOMbKO pas-
NINYHBLIX OCHOBHbLIX pernepoB (A/-penepoB), NpuBefeHHbIX N0 MUHKOBCKOMyY [4].

Kaxpoin topme Buaa (1) cTaBUTCS B COOTBETCTBME TOYKa / €BK/IMAOBaA j\~

MepHoro, rage «V=—n(n+ 1), npocTpaHcTBa KO3huLmMeHTOB EXKC KoopamMHaTaMm

(an,a?2 ...a,,,,.an, ..., an_1s). MHoxecTtBy NMK® cooTBeTCTBYET B E>K BbINYK/bIi
koHyc K ¢ Hauyanom B Touke {O}. MK®, npueegeHHble N0 MUHKOBCKOMY, 06pasytoT
B E>K KOHEUYHOrpaHHOe KoHm4eckoe Teno M — o6nactb npueegeHnss no MWHKOB-
CKOMY.

8 2. 34ecb Mbl [OKaXeM TeopeMy, M3 KOTOpOW yTBepxaeHue M, npu n”6
OYEBMAHO CnefyeT, NOCKOJbKY au CyTb KBaApaThbl 4/IMH BEKTOPOB OCHOBHOIO perepa.

Teopema. TycTb B peweTke [T pasmepHocTW NS 6 3agaHbl penep MWHKOBC-
KOro {a,fm NOGON OCHOBHOI perep {%}, yaosneTBopsiowuii ycnosuio  |BNS|Sy+ll,
rae /=1 .., n—L Toraa BbINONHAOTCA HepaBeHCTBa |a,|"f/ |

B pa6oTe [5] gaeTca onpeaeneHne M [0Ka3blBalOTCS CBOCTBA OAHOW 06MacTy
B K, obnactn L*, koTopas He siBNseTCs 06/1acTbio npuBefeHus BoobLle, HO Ans
nS.6 oHa coBnagaeT ¢ obnacteto M (Tam obnactb M 0603HauaeTcs Yepes M*).

OnpegeneHune. MK® / npuHagnexuTt obnactm L* ecnm gna nwoboro
LieNoYnCNeHHoro Habopa (X, X2, ..., /4 X, Xn+1, ..., X,)  BbIMO/HEHO YCNOBWE
f(x1,...,xk LI,xk+1,...,xn"akk (k=I, n u gnéa2*...am. [eomeT-
PUYECKWIA CMbICN 3TOr0 onpeaeneHus: ecnn «?={ex, ..., &,} OCHOBHOIi penep pe-
wetkn I'f n /£ L*, Torga npoekums BeKTopa K Ha NIOCKOCTb pelleTkn MK, 3aAaHHO
penspom £k={&1, ..., 8k-K, ét+1, ..., &} npuHagnexut obnactn LOupuxne Havana
KOOpAMHAT pewleTkn K. 3HauuT, €K ABMAETCA KpaTyaillyM BEeKTOPOM  Ovdkai-
Wwero cnos Touek pewetkn I'f, napannensHoro ¢ Ik (puc, 1). BekTopbl penepa
3aHyMepoBaHbl M0 BO3PacTaHWIO UX [/IMH.

[oka3aTenbCTBO Teopembl. Mbl MpuBeAeM [OKa3aTelbCTBO TOMbKO AN
N=6, TaK KaK npy 25=«3=6 YyTBepKAEHWS [0Ka3blBAKTCA aHanornyHo. Ana sL
yTBEPXKAEHME M,, noKa3aHo B [5].

MNycte {B,}$M, T0 ecTb npuHagnexauias emy gopma He BxoguT B L*. Ho
TOrfa CylleCTBYeT BeKTOp BK, KOTOpbIA He SBNSETCH KpaTyailuuM B COOTBETCT-
BeHHOI nogapewleTke MK (puc. 1). Bblbypem KpaTyaidlunii BEKTOP M 0603HAYMM Yepes
BEr1l. B nonyueHHom ocHosHom peniepe {B,, .... B, ..., EE} nepeHymepyem Bek-
TOpbl MO BO3PacTaHWIO WX A/IMH, €CAU MOJTYYEeHHbI pernep He MPUBEAEHHbIN MO
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r,l

MWHKOBCKOMY, MOBTOPSIEM LUAr 3a LUIArOM TakKoi Bbl6OpP CMeAyHLWEero 0CHOBHOMO
penepa, U HaKOHeL, Mbl MPUXOAMM K HEKOTOPOMY MpUBEAEHHOMY N0 MMWHKOBCKOMY
penepy {a-} pewetkn If.

[eiicTBUTENbHO, paccMoTpumM Wwap paguyca |BY B npocTpaHcTBe E6 pelueTku
I'r. Uncno BeKTOPOB peLUeTKM B 3TOM LUape KOHEYHOE M TONbKO OHU MMeKTCs
B BUAY NPW KaXoM Liare Bbi6opa. Mpu Kaxgom Lware no KpaviHeid Mepe y O4HOro
13 BEKTOPOB b, AnnHa ymeHbLuaeTcsi. OCHOBHOI penep, NoyyeHHbI Yepes KOHeUYHoe
4MCNO LWAroB AaeT yxke (hopmy, NpuHagnexatlyto obnactn %= MR Ecnm {&;}= {&-},
TO Teopema fokazaHa. lyctb {a;}"{a-}. [Jokaxem, uto B penepax {a} v {a}
[NMHBI T—X BEKTOPOB OfMHAKOBbI.

MK® npuBeseHa No IpMUTY, ecnn NpUHALNEXaLLUin eii OCHOBHOW penep Bbl-
6upaeTca cneayrolmMm obpasom u3 | f: nycTb NepBblil BEKTOP &, MMEET HaMMEHbLLIYIO
BO3MOXHYH A/IMHY (TakmxX BEKTOPOB B I'T MOXET ObITb HECKOMbKO). Kaxaomy u3
BblIOpPaHHbIX BEKTOPOB MPUCOEAMHSEM KpaTyailmii (MX ONATb MOXET ObiTb He-
CKO/bKO) BEKTOP PELLETKM, 06pasyloLlmin ¢ ét npuMmMTUBHYIO cucTemy [6]. K ganb-
HeilleMy pacCMOTPEHMIO Mbl AOMYCKAaeM TOMbKO Takue napbl (84, 82}, ans KOTopbIX
BEKTOP €2 MMeeT U3 BCEX TaKMX BEKTOPOB HAaUMEHbLLUYH AAMHY U T. A. O603HauYnM
yepes H* obnacTb npueedeHust no Ipmuty. OuesmgHo H*c M (cm. 81). [oka-
3aHo [5], uto /O=Mk=70 pna K~*B. [Mockonbky {a}EM, un {&4[}CM6, TO
{4jcH% n (a-}CHR, TeM camblM [ns /—X BEKTOPOB BbINOMHAETCA [a;|= |a-|.

83. C nomoLLb0 KOHTprNpUMepa [0Ka3blBaeM, UTO Kak Halla Teopema, Tak
n yTBepxgeHne M, npu n>6 YyXKe HeBEPHbI.
PaccmoTpum gge NMK®, rge y—10-40

[ =3 (24 X|+ X8+ X[+ X|)+ Y (*1+ X2+ X3+ x4+ x52+ X| +
+ [p-+0,0011 -y + fj X?+ —(X4+ A2+ X3+ XX 7X ~ x5x6+(1-2y)xBxX7+ [ 7X?
M= ~ (X2+ X;+ X8+ X| + X?) + /- (X4+ X2+ X3+ x4+ x5 2+ (1,0044 + 4y xjj +
+(1,0099 - 3y +9f) X?- ~ (x44-X2+ X3+ x)X6+y X&x6-  (X4+ X2+ X3+ X4 X7-
- J xsx7+ (j +0,0132- 4y+12y2 x6x7+ J? 7xf.
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B pa6oTe [6] gokasaHo, 4TO opMbl / 1 /' 3KBMBANEHTHbI, TO €CTb ONPEAensoT
penepbl OAHOM K TOM e pewweTkn. ®opma / npueedeHa no MwuHkoBckomy, a /'
He npvBedeHa. B TO ke Bpemsi MMEEM [AMarOHafbHble 3/1EMEHTbI MaTpuL, 3TWX
(hopM COOTBETCTBEHHO

3 ans gopmbl /: 1;1;1;1; 1;1; 40,0011 -y+y27;7; ...

(3) pna dopmbl/': 1; 1 1; 1; 1; 1,0044+ 47%; 1,0099-3?+9722,7; 7; ....

Kak BMAHO, cefbMOii BeKTop penepa y / A/VMHHee, YeM Yy/', 3TO MOKasbiBaeT, YToO
npy M>6 Halla TeopeMa HeBepHa.

MycTb 0603Ha4YaemM 4KUCNO i3+0,0011 —]0 10+ 10 2° yepe3 1+a, umcno

1,0044+410-20 yepe3 1+b n 1,0099—3 1010+ 9« 10~ uepe3 1+c. Mokaxem,
yTo yTBEPXKAEHNE M,, HEBEPHO NpU N&T.

PaccmMoTpuM BbipakeHMsi sk M sk — CyMMbl K-X npoussegeHuint (LAk”n)
anemeHToB (3) 1 (30- 3TK aneMeHTbl Ha 1-5 1 Ha 8 - N-x mecTax 4ns opmbl / 1
Ans opMbl/ * Te Xe camble, MO3TOMY MpuW cpaBHeHUM Sk SK Mbl JO/KHbI YUUTbIBATb
TO/bKO Te NPOU3BELEHMS, B KOTOPLIX PUIYPUPYIOT COOTBETCTBEHHbIE 6- MW 7 3N1EMEH-
Thbl, WX OHK 00a.

HekoTopbiMn yuncnamm A v B, KoTopble 3aBUCAT TO/IbKO OT 1—5 u 8—1-
[MaroHasbHbIX 3/1IEMEHTOB, MOMyYaeM He o6LMe 3NMeMeHTbl B BbpakeHusax SKu
B C/eflytoLLeM BUfe:

B cymMme sk: le+ +(1 +a)A + 1(1+a)B;
B cymme sk: (1 +b)A + (1 + c)A+(1 + fe)(l +c)B.
OTctofa nony4vaem
sk—sk = A(a—b—c)+ B(a—b—c—bhe) > 0,

nockonbky a % 0,0844; b % 0,0044 n ¢ % 0,0099. Takum 06pa3om Hall KOHTp-
npuvep MmeeT MecTo And nwboro « &7 u K™n.

§4. B aTom naparpate Mbl faem reoMeTpuyecku 6Gonee HarnsigHoe AokKasa-
TeNbCTBO TEOPEMbI ANd cyyas N5. Bcnyyae n=6 HaiNTK TaKoe AOKA3aTeNbCTBO
He yfanoch.

PaccmoTpymM npumep (TeNecHO) LeHTPUPOBAHHON KyOWUYECKOM PELUETKM, KOTO-
pasi MOCTPOEHA HA «-MEePHOM KyOe M LEHTP KaXJoro Kyba ToXe ABASETCH TOUKOiA
pelweTkn. MepBble N KpaT4aiLLMX, MHEAHO HE3aBNCUMBIX BEKTOPOB PELUETKU B CNy-
yae n"5 6yayT pebpamm Kyba, HO OHWM He 06pasytoT NPUMUTUBHYHO CUCTEMY,
MOCKO/bKY Ky0, HAaTAHYTbIA HAa HUX, COAEPXUT TOUKY PEeLLeTKW, LeHTp Kyba. B cnyvae
«=4 TMOMOBUHA A/MHbI TENECHON AuaroHain Kyba paBHSETCS AnMHe ero pebep.
Mo3ToMy YeTbipe KpaTyailumx, SIMHERHO He3aBMCUMbIX BEKTOPA MOFYT COCTaBAATh
KaK He MPUMUTUBHYIO, TaK M pasnunyHble NPUMWUTMBHbIE cUCTEMbl. OfHAKO MMeT
MeCTO fBe HwKecneaytowme nemmbl (MepBas U3 HWMX KM3BeCTHa [1], HO, Kak Ham
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KaXKETCS, Mbl [JaM eé HOBOe [J0Ka3aTe/IbCTBO), B (HOPMY/IMPOBKAX M AOKa3aTe/bCTBaX
3TUX JIEMM Mbl COXpaHsieM 0603HaUYeHUs MPeablayLLyX naparpagos.

Nemma 1 B n-MepHoil, n=4, pelieTKe Ka>Kablii M-penep sBnsie TCA CUCTEMOIA
M NMHEAHO He3aBUCKUMBIX, MOCNeAOBATENLHO KpaTuyalluMx BEKTOPOB. B Ka>kmoi pe-
WEeTKe, 33 WCKIOYEHNEM LEHTPUPOBAHHOW KyOWYecKol, NMobble M Takux BEKTOPOB
obpasytoT M-penep.

CnepctBue. B kakgoi peletke ' pasMepHOCTM T ANns N06bIX NepBbIX
nSm («S4) NUHENHO He3aBMUCKMMbIX KpaTyailMX BeKTOPOB HaiigeTtcsi M-penep,
B KOTOPOM OHW COCTaBMIStOT MepBble N 371emMeHTOB. Mpyn nN=4 ucKoYaloTCsa Te
PELLETKN, KOTOPbIE COAEPXKAIOT B KAYeCTBE MOAPELUETKM TaKyt 4-MepHY LeHTpu-
POBaHHYI0 KyOWYECKYHO PELLETKY, B KOTOpPOI pebpo Kyba SBASETCS KpaTyanwum
BEKTOPOM peLleTku I

JokaszatenbcTBo. [okasatensctsa And n—1,2,3 aHalOrnyHbl Cryyaro
N=4, HO CyLLEeCTBEHHO MpPOLLE, MO3TOMY Mbl cYMTaem, 4Yto Slemma 1w e€ cneacTsue
VKe [0KaszaHbl nNpu M™3 U pacCMOTPMM TOMbKO cnydvair n=4. [lokaxem BO
nepsbIX, 4YTO NO60M BekTop vV U3 [ \I" 4 He kopoye, yeM a4 (puc. 2 npu n=4).

Ecnn vCE|, Torga ato BbINOMHSAETCA MO MpaBwnam Bblbopa a,. Ecin vCT4,
roe |>-1, Torga OUeHVWM CHW3Y PaccTosHWe h Mexay runepniockocTaMy nof-
peweTtok 4 wn I\, oyeBngHO jv| ="2h. OpTOroHanbHO npoeLupyem peletky I
Ha nognpocTpaHcTBO E3 nogpeweTtkn M4, 0603Ha4YMM MPOEKLMIO BEKTOpa a4 yepes
OB, O/IMHY KOTOPOW Mbl [LO/KHbI OLUEHWUTb CBEPXY, YTOObI MOMYUUTb HUXKHIOK
oueHky ans h. 3ametum, uto OB=min CB=q{B, 4. Bo3bmém TO napannene-

nuneg C BEPLUMHON B TOYKE PeLleTKM W pebpamu &4, 2, a3, B KOTOpoii monana
TouKa B. M0CKONbKY HaM HY>XHa TO/1bKO NOAX0AALLAN BePXHSs oleHKa q(B, 4, To Mbl
6epéM TOMbKO Te TOYKM M3 4, KOTOpble NpPUHaANeXaT MNOAPELLETKE BEKTOPOB
a4 N a2, n TOYKM NOLPeLUeTKN, MOMYUYEHHOW M3 3TOW napanienbHbIM MepeHecom
Ha a3 (puc. 3).

Mpoeunpyem TouKy B Ha NJOCKOCTb BEKTOPOB &4, a2 UM Ha BEPXHIOK NoC-
KOCTb, €Cnu nocnegHas 6nmke. MonyyeHHas Npoekums B' neXut B HEKOTOPOM
napasnesorpaMme Co CTOPOHamMy a4 1 a2 UMEKOLLEM BepPLUMHY B TOYKE PELLUETKM
(oBa BapmaHTa CM. Ha puc. 3). Touky B' Npoeuupyem Ha Ty NPSMY, HECYLLYIO
OfHY M3 Mapa/liefibHbIX BEKTOPOB a4 CTOPOH YKa3aHHOro napasiefnorpamma, K Ko-
TOpOi To4yka B' 6mmke. PaccTosiHME OT MOMYYeHHON npoekumn B™ oo 6nvpkaiieid
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Plie. 3

Toukn B™El He 6onblle, Yem y la®. Vimeem OB”BB'™, panee

) B"B* = BB-+B'B*+B"B"* & i-al+yal +yaf A jal
oTctoaa
®) li2= 41-0OB2z h 2Mal--"a3=>\" 2h & |it4

aHafornyHble YTBepXKAeHUS OTHOCUTENBHO a3, a2 U a4 ABAATCA (PakTUYecku nep-
BbIM YTBEPXKAEHWEM Hallieli leMMbl Ana 1<4.

MycTb Tenepb faHbl HEKOTOPbIE TPW MOC/E0BATeNIbHO KpaTyallliux BeKTopa
YeTbIpEXMepHOR peweTkun I, ncnonbdysa JSlemmy 1 u eé CneacTBue Mbl CUUTAEM KX
nepBbIMY TPEMS BEKTOPaMU HEKOTOPOro M-penepa pelwetkn I 1 0603HAYUM Yepes
a4, 12w 13. Ecnv nocnegyowmini NMHENHO He3aBUCKMMbIN KpaTyalluunii Bektop VCT},
TO €ro MOXXHO MPUHATH 3a a, 1 /IeMMa foKasaHa. [MycTb n [S.|ad|, Kak BuaHO
13 (4) n (5), 3T0 MOXET ObITb TO/ILKO MW cregytoLmx yenosusx: OB=BB"; |a|= |V
N BEKTOPbI a4, a2, a3 1 Vv MOMapHO NePneHANKYNApHbI ApYyr APYry; TouKa A4 B pe-

3ynbTaTe nepeHéca eé BEKTOPOM ——V AaéT LEeHTp 3-MepHOro Kyba ¢ pebpamu

14,a2,a3. Kak HeTpygHO BMAETb, 3TUM YC/OBMSIM Y[OBMETBOPAET TONbKO Cyyaid,
Korga {a} penep, ONpefenstoOLUi LEHTPUPOBAHHYIO KyOWMUYECKYIO PELLETKY, B KO-
TOpOin pebpo Kyba ABNSeTCA KpaTyaliluum BekTopom I

OTUM NOJSIHOCTLIO AOKasaHbl Jlemma 1 v eé Cnencrtsue.

Jokaxem nemmy, Kotopas Bmecte co CneacrevemM nemmbl 1 acT AOKa3aTeNb-
CTBO Halleil Teopembl npu n=>5,

Nemma 2. B 5-MepHoit pelueTke |a5|é |B5|.

[oka3satenbcTBO. MycTs BekTOp V$ 51 |v| <|af (puc. 2 npn 5 —b5). Ecnu 3a-
nucatb BekTop v B penepe {!,}, TO mocnegHss ero KoopawnHata v5 He paBHsetca O
1 1, NOCKOMbKY ecnn |v|<|&5. B TO Xe Bpems r5<3, Kak crefyeT u3 pa-
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60TbI [4] TO ecTb vs=2. Ho {B} 0CHOBHOI1 penep, NO3TOMY CYLLECTBYET NO KpaiiHeii
Mepe ouH BekTop B*$I'5

— ecnn  |B*|™NBY5|, Torga [B5|é a5,

— ecnm |b*|<|as|, Torpa B* BekTop TMMAa \ n Bx5=2

Bektop a5=(0, 0, 0, 0, 1) uenouncneHHo BbipaXkaeTcs Yepes BeKTopbl B;. OTcloga
crefyeT, UTO MATbIe KOOPAMHATbI Yy BCEX BEKTOPOB B; He BCE MOTYT ObITb YETHLIMU
yncnamu, HanfeTcs XoTb 04uH B,, Yy KOTOPOro NATas KOOpAMHAaTa — HEeYeTHOE YMCHO.
3710 3HauuT, yTo B 6M B($ I'S; OTKyAa cnenyeT |By ~ |ab)|, T. e. |b5| é|By|s |45, uTo
1 TpeboBasioCb AOKasaTb.
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