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ON A GENERALIZATION OF DYADICITY

by
J. GERLITS

Introduction

D denotes the two-point discrete space; a continuous Hausdorif image of a 
product space D* is said to be a dyadic compactum.

It is well-known that the class 3 ^  of dyadic compacta behaves very nicely 
with respect to the topological cardinal functions. Roughly speaking, 39S is a one- 
parameter class ; if RO 3)4>, the weight of R is t, and <p is one of the “usual” topolog­
ical cardinal functions then tp(R) depends only on r. Although this is only a heuristic 
principle (e.g., \R\ can be equal to 2T or 2“), I think it gives a fairly proper descrip­
tion of the situation.

In 1970 S. M r ó w k a  introduced the class of A-adic compacta [13]. For a cardinal 
А Ая denotes the one-point compactification of a discrete space of cardinality A; 
a continuous Hausdorif image of a product space AJ is said to be a A-adic com­
pactum. He proved that a compactum is dyadic iff it is co-adic and raised the ques­
tion: is every compactum A-adic for a suitable cardinal A?

The first counterexample was due to R. M ar ty  [12]; he proved, e.g., that 
a separable compactum can be A-adic iff it is metrizable. The author proved [7] 
that the character and the weight of a A-adic compactum coincide.

The aim of this paper is the continuation of these investigations; we should 
like to establish the relationship between the usual topological cardinal functions 
in the class of A-adic spaces. As this will be more obvious in the sequel, the really 
interesting class is the class of compacta which are A-adic for some cardinal A. 
Such a space is said to be a polyadic compactum; denotes the class of polyadic 
compacta.

Considering that the elements of are the continuous Hausdorif images 
of the product spaces A*, it can be suspected that is a two-parameter class; 
there exist two topological cardinal functions <p0, tpx such that if q> is one of the 
“usual” topological cardinal functions then the values of cp in can be com­
puted from the values of tp0 and This is indeed the case; the cellularity c and the 
tightness t can be chosen as these two functions.

The paper is divided into five sections, numbered 0 to 4. § 0 contains an ac­
count of terminology, notation, and some basic results which are for the most part 
known from the literature and are stated without proof.

§ 1 contains two theorems; the first gives a characterization of 3 ^ ,  the second 
states that a compact G^-set of a polyadic compactum is polyadic, too.

A M S (M OS) subject classifications (1970). Primary 54D30; Secondary 54A25.
Key words and phrases. Dyadic space, tn-adic space, topological cardinal functions.
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2 J. GERUTS

§ 2 is rather technical looking; it studies the behaviour of the tightness with 
respect to the products and generalized 1-products of compacta.

The main task of § 3 is to prove the main theorems (3.9), (3.13) and (3.16).
Finally, in § 4 we show how the values of the usual topological cardinal func­

tions can be computed in 0*4! from the cellularity and the tightness.
The reader familiar with the works o f  B. Efimov on dyadic compacta [4] [5], 

will certainly notice the similarities between his papers and our presentation. In 
the building up of the theory and in the proof of some theorems we relied con­
siderably on the methods developed by B. Efimov. However, since the situation 
in the case of polyadic compacta is much more difficult, we were often compelled 
to more subtle considerations or to a completely different treatment of the subject.

Finally, I would express my sincerest gratitude to my colleagues A. Hajnal 
and I. Juhász for suggestions which have improved the present work.

§0

\H\ denotes the cardinality of the set H.
We assume that each ordinal is the set of the smaller ordinals.
£, t], Ц, V denote ordinals;
x, А, т, <r denote cardinals (i.e. initial ordinals);
x + denotes the immediate successor of the cardinal x;
cf (x) denotes the cofinality of the cardinal x.
The closure of a set A in the topological space R is denoted by A.
The weight of the topological space R  is denoted by w(i?)=min {\ß\; 2Й is 

an open base of R). If x is a point in the space R, the character of x in R, resp. 
the character of R  is defined by y(x, A) = min {\‘?/\; aU is a local base of x in X ) 
x(R)=sup {x(x, R); x€_i?}.

If x£R, AczR, xÇA, put
a(x, T) = min (|A?|; BczA,x£B} 

t(x, 7?) = sup {a(x, A); AczR, x£A} 

t(R) = sup {t(x, R) ; x£/?} 

f(i?) =  min {x; xÇÏczR  implies a(x, A)<x).

A system Ü of non-empty open sets in the space R is called a local л-base 
at the point x£R  if given any neighbourhood V of x in R there exists a UÇJU 
with UczV.

The л-character of x in R, resp. the л-character of R is defined by 

лх(х, J?)=min{|4k|; úU is a local л-base of x in R}, nx(R) = sup {л/(х, R); x£i?}.

The cellularity of R  is defined by

c(7?)=sup { |^ |; Щ is a disjoint open system in i?} 

c(i?) = min {x; if Щ is a disjoint open system in R, then \4l|<x}.

Studia Scientiarum M athem aticarum  Hungarica 13 (1978)



GENERALIZATION OF DYADICITY 3-

Finally, the density of R is <7(R)=min (|S |; SczR, S —R).
By a mapping we mean a continuous function from a topological space to- 

another; / :  X-+ Y  denotes a mapping from the space X  into the space Y ; / :  X -~ Y  
indicates that the mapping is onto. If A c X  then f \  A denotes the restriction of 
/  to the subspace A.

Let {Xi, /£/} be a family of topological spaces. We shall regard the points of 
the product space Х=П{Хр, /£ /} as functions mapping /  into U {Xp, /£/} with 
f(i)£X i for ikl. If J(zI,p£X , denote by nj(p) the restriction of p to the set J; 
it is a point of the partial product XJ = n { X i; ifJ}. If J — {/) denote nw 
simply by Hi •

A set U = n  {Up, /£/} is said to be a basic open set if the sets Ut are open in. 
Xi and /(Í/) =  {/'€/; XiT^Ui} is finite; the family of basic open sets in X  forms 
a base for the topology of X.

Theorem A ([8]). Assume {Xp, if  /} is a family o f compacta, X is a cardinal, 
cf (A)>w, w(A',)<cf (a) , / :  X-*~Y a mapping onto the T2-space Y. I f  w(Y)^X  then 
Y contains a topological copy o f DA. □

Theorem B. (R. Engelking [13]; for a proof see [7].) A polyadic compactum 
E is X-adic iff c(£)sA. □

The following, more general theorem can be proved in the same way as 
Engelking’s theorem:

Theorem C. Let A>to be a regular cardinal; a polyadic compactum E is the 
continuous image of a product П {Axp, i£l} with Xt<X (i£I) iff c(E)^X.  □

Corollary D. Let E be a polyadic space, AczE; then there exists a polyadic 
space Y, AczYczE, c(Y)Sâ(A).  □

§1

The following characterization of the class 0)42 is due to B. Efimov.
Theorem. (B. Efimov [4].) is the smallest class 0 of topological spaces such

that
a) 0 contains each compact metrizable space;
b) 0 is closed for arbitrary topological products;
c) 0 is closed for continuous Hausdorff images (i.e., if Xc&, Y is Hausdorff 

and f:  A — V then YÇO).
Theorem 1. 3 f€ is the smallest class <9 of topological spaces s.t.
a) 0*0 , ВЛГ€0,ЛГ*0;
b) 0 is closed for arbitrary topological products;
c) 0 is dosed for continuous Hausdorff image;
d) Given any system {Rp, /€/}c<P there exists a space R t(9 which is a com­

pactification of the topological sum У {Rp, ifi).
Proof. First we prove that 2РЧ1 fulfils the conditions a)—d); here only d) needs 

a proof. We can suppose that fp. Ai~+Ri for /£/. Denoting by R the one-point

l* Studia Scientiarum  M athematic arum Hungarica 13 (1978X



4 J. GERLITS

compactification of the topological sum £  {Rt; idl), it is immediate that R is 
the continuous image of the product space A|,| X Aj. So, by b) and c), RddP1

On the other hand, suppose the class <5 satisfies the conditions a)—d) ; we prove 
ЗРЧfaQ . By b) and c) we must prove only that Axd& for each cardinal A. Using
a) and c) we get D(\)dG and, by d), D (A) has a compactification RxdG- Making 
use of the fact that Ая is the smallest compactification of Z)(A), c) gives the 
assertion. □

Another interesting result in [4] is the following
Theorem (B. Efimov [4]). A compact G0-subspace of a dyadic compactum is 

dyadic. □
This result applies also to polyadic spaces.
Theorem 2. A compact G0-subspace o f a polyadic compactum is polyadic.
Proof. The inverse image of a closed Gs-subspace by a mapping is a closed 

Ga, too, so we must only prove that if C cA - is a compact Ga then we
can assume that A>cu.

Call a set E in A' an elementary set if it has the form E = n f1(H) where id I, 
HczAx — {Q}. H  is finite or Ая — Я сА я-  {ß}, Ая — H is finite; put K(E) = H or 
Ax — H  accordingly; K(E) is a finite set in Ая—{Í2}. A base-set is the intersection 
of finitely many elementary sets; the family of base-sets form a base of Ая. If В is 
a base-set, B~C[{Ek; ken} ,  put K(B)= U {K(Ek); ken}.

Choose now a finite family (Sn of base-sets for each песо s.t. if Gn= U$n 
then C=n{G „; и«»}  and put Äi=U{/ü(ß); BdU{&„; n<co}};now f c A A-{fi},
1 K\^co.

Claim 1. Let p ,qdAx,pdC. Assume that for each id I if p(i)^qG) then 
{p(i), q(i)}C\K=Q; then qdC.

Proof. If q$C choose an песо, Bd&„ with pdB, q§_B and an idl  with 
p(i)dni(B). q(i)d Ki(B). Now there exists an elementary set E=n~1(H), K(E)cz 
czK(B) s.t. p(i)dH, q(i)dAx — H. One of the sets H ,A X — H is contained in the 
set K(E)<zK(B)czK so [p(i), q(i)}C\K^0, a contradiction. □

Let now z0dAx — (A U  {Í2}) be an arbitrary point, L = KU {z0}U {£2}, F=Cr\L'. 
The space L1 is a dyadic compactum, F is a compact Ga in L1 hence F is dyadic. 
Let cp: FX(Ax — K)I--A,x be the following function:

✓ ч.ч Í y(i) if x(i) = z0Ф.У) (>) = i l(0 otherwise
C laim 2. (p is continuous.
We must prove that the function <р, =  7гго<р is continuous, i.e., that given 

any isolated point x of Ая, ç)fx({x}) is a clopen set in FX(Ax — K)1. For idl, let 
FUi (resp. Ani) the projection of F (resp. (Ая — К)1) into the i-th factor-space, i.e., 
f nl= n i\F  and Ani\(Ax — K)i.

If x ^ z 0, then ç,r 1({x}) =  ( V 1( K } ) n ^ r 1({x})U ^r1({x}) is a clopen set; 
^ Г 1({г0})=г7гГ1({^о})Плл г1({г0}) is also clopen. □

é tu d ia  Scientiarum  M athem atic arum  Hungarica 13 (1978)



GENERALIZATION OF DYAD1CITY 5

Claim 3. <p(Fx(Ax-K)')=C.
a) Let pfC', denote p'fA[  the point

z0 if p(i)$K 
p(i) if p(i) fK.

Now p'( i) fL  for each i f  I; using Claim 1 to the point q=p' we get p ' fC  so 
Denote p"fA\  the point

Evidently, for each i f  I  p"(i)f К hence (p', p")f FX(Ax— K)1.
If i f  I  then if p ( i ) fK  then p'(i)=>z0, p"(i)—p(i) and ç(p', p")(i)—p(i); if 

p( i ) fK  then p'(i)=p(i), p"(i)—z0 and q>(p', p")(i)=p(i). Hence we proved 
that (p(p',p")=p.

b) Let (p,p')f FX(Ax-K) ' .  N ow p fC \  let q = cp(p,p'). If/Ç /and p(i)= p'(i) 
then q(i)=p(i). If p(i)Xq(i) then p(i)=z0 and q(i)=p'(i). But p' ( i) f  К 
hence [p(i), q(i)}C\K=0\ by Claim 1 qfC. □

So we proved that C is the continuous image of the polyadic compactum 
•FX(Aa — K)‘ so C is a polyadic compactum, too.

D efinition 1 (A. V. Arhangelskiï [2]). Let X  be a topological space, x be a 
cardinal; the set AczX  is closed if BaA,  \B\<x implies Bx<zA.

We list without proof some easy consequences of the definition.
Any intersection of x-closed sets is x-closed; the union of finitely many 

x-closed sets is x-closed; a closed set is always x-closed.
If f lC i lc J ,  В is x-closed in A, A is x-closed in X  then В is x-closed in X.
If X is a regular cardinal, AczX  then the set [A]X=\J {H ; HczA, |// |< x }  

(the “x-closure of A”) is x-closed and xf[A\x iff .vÇ/l and a(x, A)<x.
If X  and Y are topological spaces, / :  A'— Y is a closed mapping and AczX 

is x-closed then f(A)<zY  is x-closed; if BczY  is x-closed then f ~ 1(B)czX is 
x-closed.

The following theorem was proved by V. M a l y h in .

Theorem (V. Malyhin [11]). I f  X  and Y are T2-spaces, X  is compact then
t ( Xx Y ) ^ t ( X )  +  t (Y).  □

We need a slightly more general result. If X  is a topological space put

Evidently, always t (X)^i(X),  if t(X) — x then î(X) is equal to x+ or x according 
to the condition that the topological cardinal function a(x, A) attains or not the value 
x in X.

Q.e.d

§2

f(A') =  min {x; A c z X ,x f A  implies a(x, A)<xj.

Studia Scientiarum  M athem aticarum Hungarlca 13 (197Sy



6 J. GE RUTS

It is easily seen that if x  is a regular cardinal then } ( X ) s x  iff each x-closed 
set in X  is closed.

Lemma 2. I f  X, Y are T2-spaces, X  is compact, t (X )^x ,  t (Y )X x  and x is 
regular then i(XX F )Sx.

Proof. We must only prove that if  A a Z = X x Y  is x-closed in Z  then 
A is closed. Assume p=(a, b)dA, and put Ab={xdX; {x, b)dA)aX.  If adÄb 
then, by î (X)^x,  aÇAb hence (a,b)ÇA. Hence we can suppose that the point a 
has a closed nbd U in X, UC\Ab=Q. Now p is in the closure (in Z) of the set 
Н =Л х1(и)Г)А. H  is x-closed in Z  and nY'- Z-+Y is a closed mapping so b is in 
the closure in Y of the x-closed set K=nY(H). Now, by t (Y)Xx,  we get hdK 
so UÇ\AbX§, a contradiction. □

Corollary 3. Let {Xt ; i f / }  be a family o f compacta, X= f j  {Х(1 idl} their 
topological product. I f  xXa)y is a regular car dined, î(xt) ^ x  for each id I  and |/ |< x  
then î{X)^x.

Proof. Let A a X  be a x-closed set and let pdAx. If J a l ,  | / |< т  then гч (А) 
is x-closed in Xj and t(X;) X x  by Lemma 2, hence Ttj(p)dTt,(A). This shows that 
given any Ja l ,  |/|<cu, we can select a point PjdA with pj\J=p\J.  Put 
B = {p j \  J a l ,  \J\<co}aA. N ow  \B \^ \I \- o k x  and A is x-closed so Bx aA.  
But pdB  and so pdA. □

Corollary 4 (V. Malyhin [11]). Let {Xt; id l } be a family o f compacta, \Xt\^2 , 
X — f j  {Â ; idl} the product; then t(X)= У {t(A]); /€/}.

Proof. Here the sign s  is evident; and if /.= У {/(A,); idl}, then Corollary 4 
works for x=A+. □

Lemma 5. Let {Xt; idl} be a family o f compacta, X — Jf  {Xt; idl}, x = co 
a cardinal, A a X  x-closed, pdA. I f  for each set J a  I, \J\<x t{X ,)ax  holds, then 
for each set J a l , \J\<-x there exists a pjdA with pj\J=p\J.

Proof. Take in Xj the point щ(р)  and the set Xj(A); by i (X j)Sx  itj(p)dxj(A) 
and this shows the validity of the assertion. □

R emark. The condition of Lemma 5 is fulfilled if for each idl  l (X / ) sт where 
T is a regular cardinal, т ё к . Indeed, if t  = x, this follows from Corollary 3 and 
if r o c  then, by Corollary 4, t ( X j ) ^ 2  {*№); i^J} = 2  {?№); i d J } ^ t  • \J\<x 
hence l(Xj)s(t(Xj))+ ̂ x .  □

In the sequel {Xt: idl} denotes a family of compacta, X = J[ {Xj; idl} the 
topological product.

D efinition 6. If x is a cardinal, p,9d X, put

I(p, 9) = {'dl-, p(i) X 9(i)}
2 ( х , Э ) =  {pdX; \l(p, 9)| <  x}.

It is immediate that for x^co  У, (x, 9) is dense in X  and if x is regular then 
(x, 9) is x-closed.
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GENERALIZATION OF DYADICITY 7

Lemma 7. If x ^ o ) l is a regular cardinal and î (X ,)^x  for each i f  I then
i(Z (*» S))-^

P roof. Let A c .Z  (*> 9)- be x-closed in Z  (x> 9); then it is also x-ciosed in 
X  and choose a point pfÄC\ Z  (x, 9).

Put p0=p', if «<co and for each k<n pkf . Z ( x’ ®) is defined, denote 
Jn= U {I(pk, 9); k<n}. Using that pkf Z  (x> 9) (k~=n) we get |/„|<x.

Making use of Lemma 5 (and the remark following it) we can select a point 
p„fA with pn\Jn=p\Jn. Let now / =  U {/„; n<co}= U [I(pn, 9); n<co}. If i fJ,  
there exists an ж  со s.t. i f  I(pn, 9) hence pm(i)=p(i) if If i f l —J
then p„(i)=&(,i)=Po(i)=P(0  f°r eacb «<cu.

Hence given any i f  I  we get an index n(/)<co s.t. if n^n(i)  then pn(i) =p(i). 
This shows that the sequence (p„; 1 Sn<co) converges to the point p; but A is 
w1 -closed so pfA.  □

Corollary 8. I f  хШса1 is regular and i(Xt) ^ x  (if I), then Z  (x> 9) does not 
contain any free sequence o f cardinality x+.

P roof. We remind the reader that (pf ; £ < A )  is a free sequence in the topolog­
ical space E if for each {p^, £ < 1/}П{/^; //S£<A}=0. By a theorem of
W. C omfort [3] the subspace Z  (x> 9) is x-Lindelöf and we know from Lemma 7 
that t ( Z  (x> 9))sx. Finally, a theorem of A. Arhangelskii [2] states that if E 
is x-Lindelöf and t ( E ) ^ x  then E does not contain any free sequence of cardinal­
ity x+. □

§ 3

In this paragraph we shall always assume that {Xy. i f i }  is a family of com­
pacta, X=fJ{X,-, i f i )  is the topological product, / :  X-*~Y is a mapping onto 
the T2-space Y, r=sup  {t(Xt); i f  I), x^m ax (со, т).

D efinition 1. If pfX ,  put ord(/,p)=m in { |/|; J c l ,  if qfX,  q \ J —p\J  then
f (p)=f(q)Y

D efinition 2. If 9fX,  A ̂ co is a cardinal, put H  (2) =  {yf Y ; for each p f f ~ 1(y) 
ord (/,p)<A},

S(k, S ) = / ( 2 ( ; %

5(A) =  П (5(A, 9); SfX}.

It is easily seen that Я(А)с5(Л).

In the proof of the following theorem we shall need a result from [8].

Theorem ([8]). Let X = J[{X i; i f i )  be the topological product o f the spaces 
{A1); i f  I), pfX;  f :  X-*-Y be a mapping onto the T2 -space Y. I f  ord ( f  p) ̂ A>co 
then there exists a subspace CczX homeomorphic to DA s.t. p fC  and f \C  is an 
imbedding. □
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8 J. GERLITS

Theorem 3. For each point ув У the following conditions are equivalent:
a) y$H(x);
b) There exists a set AczY with y€A, a(y, А)Шх;
c) There exists a subspace C czY, y£C, C is homeomorphic to D*.

P roof, a —c. This is an immediate consequence of the above-mentioned 
theorem.

c —b. Trivial.
_b-*a._If B = f _1(A), there exists a point p£X  with p£Bx, f ( p ) = y  because 

yÇ.AY(^f(Bx); it is enough to show that ord (/' p)<x  is impossible. Choose a regular 
cardinal irSJt with т< er, ord ( f  p)<o. If HczX is the cr-closure of В and 
J<zI,\J\<o is a set s.t. q£X,q\J=p\J  implies f(p)=f(q),  then, by (2.5), there 
exists a point qdH with q\J=p\J,  hence y=f(p)=f(q).  Now, for a suitable 
set EdB ,  \E\^o,q£Ex so y = f № f ( E x)=f(E)Y. But f { E )c A ,  \f(E)\*\E\~c 
< a S x  consequently a(y, A)-<x, a contradiction. □

Theorem 4. For any infinite cardinal 2 {yf Y ; п/(у,  У )< / .} с 5 ( / .) .

P roof. Assume л%(у, У ) <  2 ; then there exists a family aU of non-empty 
basic open sets in X  s.t. \°ll\<X and if G is a nbd of y in У then f (U)c.G  for 
a suitable £/€<?/.

Put 7=U{/(C/); C/£^}; then Jczl, |J |< 2  and for any fixed 9Ç.X put C= 
=  П {np 1(3(0); /€ /—/}. The set C c í  is compact, C c ^  (X, 9) and y€/(C) 
because £/ПС^0 for each Ud% hence f (U)  is not contained in the open set 
У—f (C) .  This shows that y£ /(C )cz/( У  (2, 9)) = 5(2, 9). The point 9 f X  was 
arbitrary hence уб П {5(2, 9); 9^X}—S(X). □

Lemma 5. Let X be an infinite cardinal, C c X  be compact, C f]^  (X, 9 )^0  for 
each 9£X. Then there exists a set J a l ,  ] / |< 2  s.t. nI_J(C) = XI_J.

P ro o f . Assume the Lemma is false; given any set / с / ,  |/|-<2, there exists 
a basic open set U xd  in X, Uf)C=Q, I(U)C\J=Q.

Now, by transfinite induction, we can choose a sequence (C74; c< 2) of non­
empty basic open sets s.t. for {< ^ < 1  U( f]C=Q, I(Uf)C\I(Ufi = 0. Select 
3£f) {£/,*; £<2}, p í C f l ^  (2, 9). By \I(p, 5)|<2 there exists an ordinal £<2 
with /(p, $)П/((Л) =  0; but then $£i/4 implies pdUç, so р€£/4ПС =  0, a con­
tradiction. □

Corollary 6. I f  X is a limit-cardinal then 5(2)= U {5(ст); о is a cardinal, <r<2}.
P r o o f . Here the inclusion z> is evident. On the other hand, assume y£ 5(2) 

and put C = /-1(y). Now C c X  is a compact set, С П (2, 9) yí 0 for each 
9£X  hence, by Lemma 5, there exists a set J a l ,  | / |  = «г<2, nI_J(C)=XI_J. 
Evidently, СП5(сг+, 5)?í0 for each 9 £ X so y€ 5(<r+). The cardinal 2 being a limit- 
cardinal, <r+<2. □

Theorem 7. I f  x is regular then S(x) is compact and î{S(x))^=x.

P r o o f . If x is regular, 5 (x) is z-closed in У. We must prove that if A c  S(x) 
is ^-closed then A is compact; assume y£Ä — A. Put B —f ~ 1(A),C—f ~ 1(y); В is 
x-closed in X, C is compact, 5 f)C =0.
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GENERALIZATION OF DYADICITY 9

For each pÇC the set ВП 2  (x,p) is x-closed and hence closed in 2  (x, p) 
because 1(2  (x, p ) ) s x  by (2.7). We can thus select a basic open set U„ with 
p€Up and и ,П В П 2 (* ,Р )  = Ь

The set C is compact hence C c U { (/p,; i<n}=U  ( ж  со).
The set K —f ( X —U) is compact in Y, y$.K so y£Ä  implies the existence 

of a point a£A — K\ if W = /_1(a), Я с ( / .
The set H is compact and by a£AcS(x) ,  Н П 2  (%> 9)^0  for each 

By Lemma 5 choose a set J a l  s.t. \J\-<x,nI^J(H)=XI_J. We can also suppose 
that U{/([/p.); /<я}сУ. The set nj_j(Up.(~\H) is compact in Xj_j and by 
ÜР1Г)НГ)2  (x,p,)=0 it is nowhere dense in the space XT_j (io i). But X,_ j  = 
= U  {Щ-jÇOР,Г\Н)\ /<«} so Xj_j would be equal to the union of finitely many 
nowhere dense subsets which is a contradiction.

Q.e.d.

Corollary 8. I f  x is regular, the set {>’€ Y ; n/fy,  T )< x }  is closed in Y.

Proof. Denote the above set by P; by Theorem 4 PcS()i). If уУ P then the 
compactness of S(x) impliesy£S(x); using that i (S(x))^x,  we can choose a set 
QczP with \Q \oc  and j€ ß . If %  is a local я-base at q for each qdQ, |Фв|«=и, 
then %=■ U {°Uq; q€Q) is a local я -base at у  and so ny(y, Y)<x,
yep.  □

Theorem 9. The following conditions are equivalent:
a) Y contains a subspace hotneomorphic to D*.
b) Y can be continuously mapped onto D*.
c) There exists a point y£Y and a set A c Y  s.t. yÇA, a (y, A ) ^ x ,  i.e.,

î ( Y ) ^ x +.
d) There exists a point y£ Y with n/fy, Y ) ^ x .
e) There exists a compact set С с У  s.t. n/ fy,  C )= x  for each y€C.
f) I f  Y  = U{C{; £<*}, Ci is compact (£<*:), then f(C{)S x + for a suitable

Ç <  X.
g) I f  Y — U {C( ', <!;<cf (я)}, Cf is compact, C{c C , (<^<iy<cf (я)), then 

t (C )̂ ̂  x for a suitable £< cf (x).
h) H(x) t±Y.
i) S(x)^Y .
j) For each 9Ç.X, S(x, 9) ̂  Y.

For the proof we need two lemmas. The first one generalizes the well-known 
Baire Category Theorem.

Lemma 10. Let E be a compactum, x^co a cardinal, £ =  U {Â -, £<*}. If 
is a cardinal, Mfk) denotes the family o f non-empty -sets in E (i.e., Н^Ж(к)

iff Hjíty and H  is the intersection o f к many open sets). Then there exists an ordinal
я and a set Н0£Ж( |£„|) s.t. i f  H<zH0, Н£Ж ( |£0|) then ЯПЛ{о̂ 0 .

Pro o f. Assume the assertion is false. We shall define by transfinite induction 
a sequence of sets (Hi ; £<:*). If p < x  and for H, is defined s.t.

(1) if then Я {ГЫ4=0;
(2) if then Я ,с Я ;,
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10 J. GERLITS

put H=C\{Hç; Í  </<}. The compactness of E  implies that H  =/= 0 and so 
Н£Ж(\р\). From the indirect hypothesis we get a set Н'£Ж(\ц\) with H'czH, 
//'П Л „=0. Finally, by the regularity of E, we can select a set I f ,  Н^Ж {\р\), 
НцаН ' .  The sequence (Ht \ fulfils conditions (1), (2) for p = x. If
х€П{Д*; £<%} then x£As— U { T 4; £<х}=0, a contradiction. □

Remark. If in the lemma the sets {A4; are compacta then necessarily
H0<^Aio for the ordinal £0< x  since if x£ H„ — A^0 then the set H = H 0 — Aio is 
an element of Ж(\£,0\) and ЯПЛ4о = 0. □

The following lemma can be proved by a standard argument so we omit the 
(easy) proof.

Lemma 11. Let E be a compactum, A an infinite cardinal, F a E  dosed, F f Ж (A). 
I f  for each point x£ F тг/Jx, E) >A then тг/fix, F)>A for each point x£F. □

Proof of Theorem 9. We proved a+*-c~+h in Theorem 3. The line of our 
reasoning will be

a -  b -* f -* g -  i — a j  
t I
e — d

a —b. D* evidently can be mapped onto [0, 1]*. The Tietze—Uryson extension 
theorem implies that such a mapping can be continuously extended onto Y. □

b-*f. If T=U {C4; ç<x}, С( is compact (ç< x) and / :  T-~[0, 1]*, put K$ = 
= / (C 4). Using Lemma 10 and the remark following it, we get an ordinal 
and a set HçœKç, Н^аЖ{|£|). It is immediate that Hi contains a subspace homeo- 
morphic to [0, I]* but then ?(C4)^?(F4)^?([0, l]x) =  x+. □

f —g. Trivial.
g —i. Select a set H  of cardinals s.t. |tf |^ c f(x ) , for A£ H T = sup{/(AQ; /£/}^A 

and x = sup{A+; A£H}. (If x=A+ then H={/.} works.)
By Corollary 6 S(x)=  U  (S(A+); A£#}; by Theorem 7 S(A+) is compact 

and î(S(A+))^A+ hence r(5(A+))ëA-=x. So condition g) implies S(x)?£Y. □

i —a. The implication i-*h is evident (H(x)cz S(x)) and h-»a is already 
proved. □

a-*-j. Assume 9£X, CczS(x, 9) and C is homeomorphic to D*. We shall 
distinguish two cases.

Case 1. x= /.+. By the Hewitt—Pondiczery—Marczewski Theorem ([10] p. 48) 
there exists a set AczC, \A\sA, Ä=C. Choose a set Be: 2  (x, $) with |2?|sA, 
f {B )= A .  The cardinal 9 being regular, 2  is ^-closed hence Bx cz2  (x, 9). 
But then i(Dx)= î (C )^ i (B x) ^ i ( 2  (x, 9))^x,  a contradiction.

Case 2. x is a limit-cardinal. If put

C D  S(A , S)
A is a regular cardinal,

0

if £ =  A+,
x -= A <  x; 
otherwise.
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GENERALIZATION OF DYADICITY 11

By Corollary 6, С=и{Л,;; hence, by Lemma 10, there exists a regular
cardinal A, t<A < x and a set Н£Ж(Х+) (taken in the subspace C), s.t. if Я 'с Я ,  
Я'£Ж(А+) then #'flS(A, 9)^0. For simplicity, in the sequel we shall identify 
C with the space D*.

We can now assume that H=  П { л ^ where p€D*, q<x,  
|rç|^A+<îü and choose a set / c x - q, If p£J  put Hß={q€H; for v£J
<7(v) =  l iff v^p}.

Since Ндс / / , ^ / (  A+), there exists a point рц£НцГ\ S(X, Í)) (p£J). Put 

Л .=  {р,; vçy, v^AtJcw“1^) 

v € 7 ,  / l á v J C T T j ^ l ) .

This shows that (py; vÇJ) is a free sequence of cardinality A+ in S'(A, 3); selecting 
a  point qvÇ.f~1(pv)C\2  (A, 3) for each v€7 we get a free sequence of cardinality 
A+ in 2  (^. 9) but this contradicts to (2.8). □

j —d. By Theorem 4
{y£T; nx(y, f )< x } c 5 (x )  hence if 5(лг)?^Т, 

there exists a point y€T with л /(у ,  Y )^x .  □
d-*-e. Assume d) is true. If x is regular, the set Q = {j€T; nyfy, Y ) ^ x }  is 

non-empty and by Corollary 8, it is open. If x is singular, Q is the intersection of 
cf (x)<x many open sets. In both cases Q contains a compact set C which is the 
intersection of less then x open sets. By CczQ, ny(y, Y ) ^ x  for each point j>€C; 
hence Lemma 11 shows that n/(y,  C ) ^ x  for each yÇC. □

e-*i. Assume S(x)=Y,C<zY is compact and ny(y, C ) ^ x  for each y£C. 
Now Y=S(x)=  U (S(A+); A is an infinite cardinal, rSA<x}. Using Lemma 10 
we get a cardinal A and a set 7 /^0  s.t. tSA <x, Я  is compact, it is the intersection 
of less than x open sets and Я сС П 5(А +). By Lemma 11 л%(у, H ) ^ x  for each 
y £ H  hence щ {Н )^х .

On the other hand, t (H)^ t (S (X+) ê X<x hence for the compactum Я  г(Я )<  
<ях(Я ) holds, and this contradicts a theorem of B. ShapirovskiI [15].

Q.e.d.
It is a natural question whether we could replace the cardinal function nx 

with x >n condition e) of the theorem. The answer in general is negative, as the 
following result of V. Fedorchuk shows.

Theorem (V. Fedorchuk [6]). Assume the axiom of constructibiliiy; then there 
exists a compactum C s.t. t(C) = co but y(x, C)=wx for each x£C. □

Hence we are forced to assume some extra condition on the spaces {X(; /€/}.
The following definition was suggested by a paper of A. Arhangelskil [1].

D efinition 12. The topological space E is said to be monolitic if w(A)^\A\  
for each subset AcE.

It is easily seen that Ал is monolitic for each cardinal A.
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12 J. GERLITS

T heorem 13. I f  the spaces {Xp, i f  / } are also monolitic then conditions a)— j)  
of Theorem 9 are equivalent to the following conditions, too:

k) There exists a compact subspace CczY with y(y, C ) ^ x  for each yf_C;
l) Y ^ U  {X(X); ХШх, X is regular} where K(X) = Y ; y(y, Y)<Xj.
Proof. d -П. Let y06 F  be a point with 7ty(y0, Y ) ^ x .  If X is a regular cardinal, 

r =  sup {t(Xi); then the set P(X)={y^Y\ ny(y, F)</.} is closed,
УйяРО-)- Since K(X)czP(X) for each cardinal X, у0<±К(/,). □

l-*-k. The proof is analogous to that of d —e, so it is left to the reader. □

For the proof of the implication k-*i we need two lemmas.

L emma 14. Let C be a compactum, t(C)f±X, y(x, С ) >  Я for each xfC:  then 
there exists a set SczC with |S|^A, z(S)>A.

Proof. Assume the assertion is false; we shall define by transfinite induction 
a sequence {{p$, Щ )‘, £ < Я + ). If p-<k+ and for (Pi, H^) is already defined 
with the properties

1) p(£Hit Hi is closed, Н £Ж { |{|+o>);
2) If then / / , d №;
3) ^ П { ^ К }  = 0,К<1(), put S = { Pi; £</*}; SczC, \S \*L  If K=

=  П_{Д«; £</(} then К  is compact, K£Ji?(\p\+(o). By the indirect hypothesis 
K — S t̂ O; choose a compact Gá-set Q in C with A4T(9A0, ß n S  = 0 and put 
Hfí = KDQ, PpiTf .  It is immediate that the sequence ((p^, H(); ^ < /i+ l)  satis­
fies the conditions 1), 2), 3) and so we get a sequence ((pç, H(); (;<Я+) with the 
above properties. Note that the sequence (p%; f < / +) is now a free sequence of 
cardinality X+ in C but this contradicts to the theorem of A. Arhangelskil men­
tioned in the proof of (2.8). □

L emma 15. I f  the spaces {Xp, i f  I) are monolitic compacta, X is an infinite car­
dinal, A d  S (/.,!)), |Л|<Я then iv(/!)</..

P roof. The easy proof is left to the reader. □

P roof of k — i. Assume CczY is compact, %(y,C)^x  for each y£C but 
S(x) = Y. As we saw it many times in the proof of Theorem 9, we can now select 
a non-empty compact set H  in C and a cardinal X, тз= /с*  s.t. y(y, H ) ^ x  for 
each ydH  and HczS(X+). Now t (H)^t (S(X+))<x;  by Lemma 14 there exists 
a set SczHcz S(X+) with |S |ëA , x(S)—X+. Using Lemma 15 we get w(S)< 
-=/.+ ̂ x(S), an evident contradiction. П

R emarks. 1. If x is regular but it is not strongly inaccessible (i.e., there exists 
a X<x with 2xlzx) then we can add to Theorem 13 also the condition

m) There exists a set S c  Y  s.t. |S|<>c but w(S)^x.
Indeed, if CczY, C is homeomorphic to D'  and 2xS x  then, by the Hewitt— 

Pondiczery—Marczewski Theorem ([10] p. 48), a set SczC can be selected with 
\S \^X<x,  S=C; hence w(S) = x. On the other hand if_ S(x, 9) = Y fo ra  9£X 
and x is regular then by Lemma 15 if [S |o c  then w(S)<x, too. □

S tud ia  Scientiarum M athem aticarum  Hungarlca 13 (1978)
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GENERALIZATION OF DYADICITY 13

2. If x is regular then condition 1) means that the set K(x)={y£ Y  ; yfy, F )<  x} 
is not dense in F.

3. If X is an isolated cardinal (i.e., x=X+) then c) is equivalent to the con­
dition f ( f )5 x .

Note that if Я is any cardinal then Ax is a monolitic compactum, t(Ax)=a> 
hence conditions a )—1) are equivalent for any YÇ.&W if х^о з1. We would like 
to obtain a similar result also for the case x —u>.

Theorem 16. Assume {Xt; /£/} is a family of monolitic compacta, t(X,) = co 
(i£I) and f:  X= [J {Xt; /€/}-**- Y is a mapping onto the Tt -space Y; then the 
following conditions are equivalent:

a) Y contains a subspace homeomorphic to Dra.
b) Y contains a compact, dense-in-itself set.
b') Y contains a dense-in-itself set.
c) Y can be continuously mapped onto [0, 1]“.
c') Y can be continuously mapped onto [0, 1].
d) There exists a countable set S a Y  s.t. S is not countable.
Proof, a —b, b-*-*b', c—c' are evident for any compactum F; c '—c since [0, l]ra 

is a Peano-continuum.
b*-*-c' is a theorem o f E. Pelczynski and Z. Semadeni for any compactum F [13]*

c '—d. Choose a countable set S c  F s.t. the image of S is dense in [0, 1]
d->-a. By Remark 1 to our last theorem, w(S)—ш or F contains a subspace 

homeomorphic to D“1 (and hence also a subspace homeomorphic to Dm). In the 
former case S is a non-countable compact metric space so by a classical result 
contains a copy of Dtu. □

§4

In this paragraph we shall always assume that E is an infinite polyadic 
compactum.

1. Weight. w(E) = max(c(E), t(E)).
Proof. Here ^  is evident; suppose c(E)sX, t (E)^k .  By the theorem of

R. Engelking (§0, Theorem В), E is the continuous image of a product space A^. 
E does not contain a topological copy of D; + and и>(Ал)<  A + ; hence, by Theorem 
A in§0 , r’(£ ')<1+. □

Corollary 1. I f  с ( £ ) ё А , t (E )^ x  and l ^ x  then E is the continuous image 
o f A*x. □

Problem. Is it true that c(E)=X, t(E)=x  implies that E is the continuous 
image of A* ?

Corollary 2. I f  t(E)=x, AczE, c(A)^x  then w(Ä)^x.
Proof. By Corollary D, there exists an Y £ ^ ,  AczYaE, c (Y )^x ,  t ( Y ) ^  

^ t ( E ) S x  so u’(F)Sz. □
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14 J. GERL1TS

2. Tightness

Here we have cmly the sup=max problem; i.e., if t(E) = x, can we choose 
x£E, A(zE with x£A, a(x, A) = x, i.e., is î(E) = x + true? As the following example 
shows the answer is in general negative.

Example. Let x=sup (x£; £< cf (x)}, iú^ x£< x for f  < c f (x) and denote 
E'  the one-point compactification of the discrete topological sum of the spaces 
D*í (£<cf(и)). Now Ef3Pc€,î{E’) = t{E') — x. If Ашcf (x), E is the discrete 
topological sum of the spaces E'  and A; then ££##, c(E) = A, t(E) = î(E)=x.  □

However, if с(£)=Я, t(E) = x and A<cf (x) then such a space does not exist.

A ssertion. I f  Ee&tf, t(E) = x and c (E)^c f  (x) then i (E )= x+.
Proof. By a theorem of P. Erdős and A. Tarski ([10], p. 37) <j = c (E ) is always 

a regular cardinal. Applying now Theorem С, E is the continuous image of a prod­
uct space / /  {Xt ; i f j )  where the Ays are compacta, w(X,)<ff (El).  Since 
w(E)St (E) = x and a<cf(x), we get from Theorem A that £  contains a sub­
space homeomorphic to D*. □

3. Cellularity
Here, as at the tightness, only the sup = max problem is interesting. We know 

that if c(E) = c(E) = A then Я is a regular limit cardinal.

Proposition. I f  c(E)~c(E)=A then i(E)^A+.

Proof. Since c(E) = A, E is the continuous image of a product space ]J (A); E l}  
where the X- s are compacta, н»(А ))< Я  for El .  Since w(£ )^ c(E) =  A, Я =cf (Я), 
E  contains a subset homeomorphic to Вл by Theorem A. □

4. Discrete subspaces

Lemma. Let t(E) = x x o ,  then there exist cardinals {x£; £ < t}, x=sup {x£; 
t} and a subspace o f E homeomorphic to the discrete topological sum o f the spaces 

{D*?; £<r}.

P ro o f . This is certainly true if E contains a subspace homeomorphic to IF  
so let us assume such a subspace does not exist; now x is a limit cardinal.

Let x=sup {x£\ Ç-=r = cf (x)}, x£ regular, û)]S k{<)î, < j< if Put
C£= S ( x £); by (3.7) C£ is compact, t(C£) S x ^ x  and if then C?cC ,.
Using (3.9) we get that £ = U { C y ;  ^-=т}. Denote G ^ In t С^(^<т); if z
then G^cG4.

We shall distinguish two cases :

Case a). There are т many different sets among the G(' s. We can evidently 
assume then that Gí t£Gí+1 (£ < t). Put U£ = Gi+1—C£; {U£\ £<т} is a family 
of disjoint non-empty open sets in E. If xÇ. U, then x% H(x£) so by (3.3) E contains 
a subspace K£ homeomorphic to D% x^K£. Note that a non-empty open subset 
of Dzi contains a subspace homeomorphic to D*«, so we can assume that К£ c  U£ 
(ç-=t); but then the subspace U  { K£ ; ç< t} is a suitable subspace of E.
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Case b). There exists an ordinal ç0< t s.t. Gt =Gio if This means
that in the open subspace U=E—C(o U—S(o) is dense for each cardinal <x<x. 
If now U would contain a disjoint open system of cardinality т then we should 
obtain, exactly as in the proof of Case a), a suitable subspace in U and hence 
also in E.

Consequently we can suppose that c (f /)^ r ; using Corollary D we get a sub­
space Y with U a Y d E ,  Y^dP^, c (K )^ r= c f (x). Since t(E) = x, E=CfoUY  and 
i(Cio)< x , necessarily t(Y)=x.  Now, the assertion in 2 shows that Y contains 
a copy of I)*, a contradiction. □

Corollary 1. I f  EfdP(d then E contains a discrete subspace H, \H\ = w(E).
Proof. Since w (£)= m ax (c(£), t(E)) and by the lemma there is a discrete 

subspace of cardinality t(E), we must only to prove that there is one of cardinality 
c(£), too. This is evidently true if c(£ )> c(£ ); and if c(£) = c(£) then, by 3, 
/ (£ )=C  (£). □

Corollary 2. For a topological space R o(R) denotes the number of open sets 
in R [10]. I f  Ei&<# then o(E) = 2W(~E\

Proof. Evidently o{R) =2Ж(К) for any R; on the other hand, if H d E  is discrete, 
|# |  =  w(£), for each xf^H choose an open set GxdE, GXC\H= {.v}. For any TczH 
put GT—U{GX; x£T);  the family é={GT; TczH) consists of open sets in £  
and \<9\=2^=2ŴE\  □

5. Density
If X is an infinite cardinal denote logA=min {o; 2asA}.
Proposition. d(E)=max (c(£), log /(£)).
Proof, a) d(E)^c(E);  since t (R)^.w(R)^2d(R> is true for any regular space 

R, rf(£)slog/(£).
b) Let a= max (c(£), log /(£ )); then c(E)^o,  t (E )^2a. By the Corollary 

to 1, £  is the continuous image of the product space \ - f . Since the Hewitt—Pon- 
diczery—Marczewski Theorem ([10] p. 48) implies that the latter space has density 
(7, i/(£)S(T, too. □

6. For a topological space R dy(R) denotes the minimal cardinal X s.t. the
set x(x, i?)sA} is dense in R.

In an analogous manner can be defined dny{R).

Proposition. d%(E)=nx(E)=dnx(£ )  =  /(£ ) .

Proof. i(£ )ëA  is equivalent to i(£)<A + so to the negation of condition c) 
in (3.9) for x = X+. By (3.9) this is equivalent to the negation of condition e), that 
is to nx(E)<X+ so to я*(£) =  А. Since by (3.8) the set {x€£; nx(x, £ )<A +} is 
closed in £, dnx(E)<X+ is equivalent to the negation of c). Finally, condition 1) 
of (3.13) is not satisfied exactly if <//(£)<A+, i.e., if i//(£)ëA . □

7. Character
The relation /(£ ) = vr(£) was proved in [7].
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8. Depth
For a topological space R, the system {G?; £<//} of open sets is said 

to be a strongly descending family if for any G ,C ( f  holds.
The depth of R  is defined by k(R)—sup {fS\ ; ^  is a strongly descending family 

in 7?} [10].
P roposition . k(E)=co.

P roof. Assume {G is a strongly descending family in E. Put 
С=П{СА- o,}= П (G^; ^<a>x}; the set C is closed in E. Selecting a point 
XçdGç — Öí+i for a complete accumulation point x  of {x,*; lies
in Fr(C)<=C.

By a theorem of S. M r ó w k a  [13] if G is an open set in a polyadic compactum 
and xfG  then there exist a sequence (x„; n <  o f  c  G converging to x. Choose 
a sequence <x„; и<о>)с:£—C converging to the point x£C.  Picking a 
with (x„; /1<са}ПС| =  0, we get a contradiction. □

9. The cardinality o f the underlying set
Lemma. Let т, о denote infinite cardinals, 9 f A Tt ; then (a, 9 ) |^ i<T.
The easy proof is left to the reader. □

Let now c(£ )= 2 , t(E) = x. D*cr£ denotes that E contains a copy of D*, 
its negation is denoted by D* ф E.

P roposition.
a) I f  2^ 2 X and Dxa E  then |£ |=2*;
b) I f  2 <2* and D*d:£ then \E\ = 2* ;
c) I f  2^x  and Dxd E  then 2^ |£ |s;2* ;
d) I f  2 ^ x  and D*ct E  then 2 ^ |£ |^ 2 ~ .

P roof. We prove only b) and d) in case x=co; the proof of the other cases 
are similar (and simpler).

b) By 2<2“ =sup {2a; cr-cx}, there exists a cardinal «тех with 2«= 2". 
Note that since t(E) = x  and D*ct£, x is a limit cardinal. By the Lemma in 4, 
|£ |s 2 *  hence we must only prove |£j ̂ 2 ~ .

Suppose first that 2 Шх, then £  is a continuous image of A). If A  ̂is arbitrary, 
E = S (x ,&) by (3.9). Hence |£ |s |£ (x ,  S ) [ s |^  (x, S )|^2- using also the Lemma. 
But 2 2 ^ ( 2°)* =2*.

If 2<x then, again by (3.9), E=S(x)=  U{5(<r); a is regular, 2<er<x}.
It is proved in [9], Theorem 2 that for such a c w(S(<t))<<t so \S((t) \ ^ 2't. 

This shows that [£ \ ^ ^ { 2 a; er<x} = 2~.
d) If x :=œx then the proof is very similar to that given, so let x=co, D“ <t£, 

c (£ )= 2 ; we must prove |£ | s=2“ =2. By (3.16) £  is dispersed, i.e., each subset 
of £  contains an isolated point. But w (£ )s2 -œ = 2  according to 1, and so by 
a classical and well-known theorem |£ |â 2 . □

Note that if 2< cf (x) then, by Theorem В and A, D*cz£ hence |£| = 2*. □
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ON THE THINNEST NON-SEPARABLE 
LATTICE OF CONVEX BODIES

by
E. MAK.AI JR.

§1

G. Fejes Tóth [4] posed the following problem: Find the thinnest «-dimensional 
lattice of spheres such that every Л-dimensional subspace (O ^kSn—l) intersects 
some closed sphere of the lattice. For k=0 we have a well-known problem: the 
problem of the thinnest lattice covering with spheres. We shall show that for 
k=n — l the problem is equivalent to the problem of the densest lattice packing 
of spheres.

In fact we shall prove a more general theorem showing that the problem of 
the thinnest non-separable lattice of translates of a convex body D is equivalent 
to the problem of the densest lattice packing of another convex body E (the term 
non-separable refers to the property that every (я — l)-dimensional plane intersects 
the closure of some body of the lattice). This will enable us to give a lower (resp. 
upper) bound for the density of the thinnest non-separable lattice of an arbitrary 
(centrosymmetric) convex body. Earlier, L. Fejes Tóth—E. Makai, Jr [5] found 
in the plane the thinnest non-separable lattice of circles and the minimum of the 
densities of the thinnest non-separable lattices of arbitrary convex plates.

K. Mahler [10] considered a problem which, as we shall show, is equivalent 
to our one. For centrosymmetric bodies he obtained implicitly a great part of our 
Theorem 1, explicitly he obtained in an equivalent formulation our Corollary 5, 
especially for n = 2 our Theorem 3 (without the cases of equality).

For the case 1 of G. Fejes Tóth’s original question we also have
lower estimates for the density (for « = 4, k= \ it is presumably sharp), but they 
will be treated in another paper.

After completion of this paper I have been kindly informed by Prof. R. P. 
Bambah that two of his students, V. C. D umir and R. J. Hans-Gill also obtained 
our Theorem 1 and some related results.

§2

N otations. Let D be a convex body in R". Denote with Dc the convex body 
obtained from D by central symmetrization, i.e. (D + ( — D))/2. Denote with D* 
the polar of D with respect to the unit sphere centred at the centre of D, provided 
D is centrosymmetric.

If L is a lattice of points, Л (L , D) denotes the corresponding lattice of trans­
lates of D, i.e. {D + v, rÇL}. The lattice of points with integer coordinates will be 
denoted by Llt.

For a matrix A denote A* the transpose of A.
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20 E. MAKAI JR

Let q(D) denote the density of the thinnest non-separable lattice (more exactly 
the infimum of the densities of non-separable lattices) of translates of D, while 
6(D) the density of the densest lattice packing of translates of D. Denote by V(D) 
and d(D) the volume, resp. the diameter of D.

§3

The main result of the paper is the following

T heorem 1. Let D be a convex body in Rn. Let A be a linear transformation 
(i.e., an nXn matrix) with \A\xO. Denote by E the body (Dc)*/4. Then A(ALn, D) 
is a (locally) thinnest non-separable lattice o f translates of D i f  and only if 
A (A * “1L0, E) is a (locally) densest lattice packing of translates of E. The densities 
q  (D) and ô(E) satisfy the equality

(1) q(D) = V(E)V(D)/6(E).

Observe that A(AL0. D) is the lattice of translates of D by vectors which are 
integer linear combinations of the column vectors of A. The lattice A*~1L0 is the 
so called polar lattice of the lattice AL^ (cf. [2], §1.5).

R em ark . Earlier, Mahler [8] considered for centrosymmetric D for the lattice 
A(L0, D) the lattice A(L0, D*). Essentially assuming A(L0, D*) is a packing, but 
Л(Е0, (1 + e)£>*) is not (for any e>0) he obtained lower and upper estimates 
for min {r, A(L0, rD) is a covering}. However, [8] did not find the property of 
A(L0, D) exactly corresponding to the fact that A(L0, D*) is a packing. Mahler 
[10] essentially showed the following (partly implicitly). Let D be a convex body 
with centre of symmetry at 0, and V (D)l\\A\\^2n V (E)V (D)I6(E). Then he asserts: 
there is a hyperplane with equation (Л_1х, p) =  l, where the components of p 
are integers, which does not intersect the interior of D. Further he states that this 
assertion is equivalent to the fact that D* (centred at 0) does not contain in its 
interior non-zero points of the lattice A*~1L0. Later we shall see that his assertion 
is equivalent to non-separability of A(AL0, D/2) (Corollary 2).

The proof of Theorem 1 is based on the following
Lemma 1. For a convex body D A(L0, D) is non-separable if and only i f  A (L0, E) 

is a packing.

P roof. First we show that a hyperplane (u, x) = c, where the coordinates of 
u are incommensurable, intersects some translate of D in A(L0, D). We can suppose 
D contains 0 in its interior. The distances of the vectors (к) of L0 from the hyper-

П
plane (u, x) = c are given by \2) u f t —c|/||u||. Since the coordinates of u are in-

П
commensurable, the numbers ^  щк{ are dense on the line. So there will be lattice 
points of L0 arbitrarily near to the hyperplane (u, x)=c, which contradicts the 
fact that the spheres about the lattice points of L0 of radius some e>0 do not 
intersect the hyperplane (u, x)—c.
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Hence non-separability of A{L0, D) is equivalent to the fact that any hyper­
plane (u, x)=c, where the coordinates of u are commensurable, intersects some 
closed translate of D in Л(£0, D). Let us consider a hyperplane (p, x)=c, where 
the coordinates of p are commensurable, which does not intersect the closure of 
any translate of D in A(L0, D). We can suppose the normal vector p of the hyper­
plane has integer coordinates p( with greatest common divisor 1.

Let the width of D in the direction of p be wp(D). The hyperplanes with normal 
vector p containing some lattice points of L0 are equidistant, with distances l/||p||. 
(In fact, the two neighbouring ones given by (p, x)=0 and (p, x) = l  contain 0 
and p/||p||2). Thus some hyperplane with normal vector (/;,), where the pt-s are 
integers with greatest common divisor 1, does not intersect the closure of any trans­
late of D in A(L0, D) if and only if

(2) l/||pl! > wp(L>) =  wp(Dc) = 2 r - \(D cy),

where rp((Dc)*) is the length of the radius vector of (Dc)* from its centre in the 
direction of p. Hence non-separability of A(L0, D) is equivalent to

(3) «pH ^  rp((Dc)*)/2 = 2rp(E)

for every vector p=^0 with integer components, having the greatest common 
divisor 1. Further this is equivalent to the fact, that A(LP, E ) is a packing.

Proof of the theorem.

We shall show that the following statements are equivalent: (1) A(AL0, D) 
is non-separable; (2) A(L„, A~1E>) is non-separable; (3) A(L„, A*(Dc)*/4) is 
a packing; (4) A(A*~1L0, (DC)*/4) = A(A*~1L0, E) is a packing. The equivalence 
of (1) and (2), resp. (3) and (4) follow from the fact that the properties of being 
a packing, resp. being non-separable are affine invariant. The equivalence of (2) 
and (3) follows from Lemma 1 and the fact that (A~1DC)* = A*(DC)* by [2], 
§ 1V.3.3, Corollary 3.

The product of the densities of A(AL„, D) and A (Л*_1£ 0, E) is V(D) V(E)
Mil M*_1II

— V(D)V(E). Hence keeping in mind the equivalence of (1) and (4) we see that 
A(AL0, D) is a (locally) thinnest non-separable lattice if and only if A(A*~1La, E) 
is a (locally) densest lattice packing. The same considerations prove (1).

We have the following corollaries analogous to well-known results concerning 
packings.

Corollary 1. A(ALn, D) is non-separable if  and only if  A(ALn, Dc) is non- 
separable.

Corollary 2. A (ALa, D) is non-separable if  and only if each hyperplane with 
equation (A~'x, p) =  l, where the components of p are integers, intersects the closure 
of the body D + ( — D), centred at 0.

Proof. It suffices to deal with A = identity, and in this case the proof of 
Lemma 1 proves our statement.
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Corollary 3. I f  A (AL0, D) is a locally thinnest поп-separable lattice o f trans­
lates of D, then there are at least non-parallel hyperplanes not containing in­
terior points o f any body o f this lattice.

Proof by [2], § V.8, Theorem VIII.

Corollary 4. I f  A(AL0, D) is a поп-separable lattice o f translates o f D, then 
there are at most (3B —1)/2 non-parallel hyperplanes not containing interior points 
o f any body o f this lattice.

Proof by [2], § V.8, Theorem IX.

Remark. Since the densest lattice packing of spheres is known for 
(cf. [12] pp. 2—3 or in more details [7], § 39.5), the same can be said about the 
thinnest non-separable lattice of spheres. E.g., in R3 for the unit sphere S the thinnest 
non-separable lattice is (up to a congruence) A(AL0, S ) with

(4) A = _2_
^3

1 - 1  1 
. 1 1 - 1 ,

(which is eventually similar to the lattice of the thinnest lattice covering by spheres, 
i.e., a space-centred cubic lattice).

§4

Now we shall apply Theorem 1 to the case of a variable body to obtain estimates 
for rnin q(D) and max q(D). First we give the following simple

Corollary 5. We have
(5) e(D) — min {V(E)V(D), D is a convex body in

^  min {V(E) V (D). D is a centrosymmetric convex body in /?"} • 2"Д~”|  
while for centrosymmetric D
(6) g(Z))^min {V(E) V (D). D is a centrosymmetric convex body in 7?"}.

In the centrosymmetric case this result was obtained in an equivalent formula­
tion in [10].

Proof. By [12], Theorem 2.4

(7) V(E)V(D) = V(E) V(DC)[E(D)/V(DC)\ V(E)V(DC)2"/(]"} .

R emark. Presumably (6) and the first inequality in (5) are sharp (see §5);  
however, best known lower estimates of the right-hand side of (6) ([7], § 14.2 (11)) 
furnish for q(D) in both of the cases only a relatively weak lower bound. A better 
lower bound for large n will be given by our Theorem 2.
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Lemma 2. For any convex body D in Rn there is an affinity Ф with

(8) dn{<PD) Я„К(ФО)

where A„ is a constant independent o f D. For the centrosymmetric case the same holds 
with instead of We have

(9) K S  2" , К  ^  (*") A'/2" S  (2„”) n ^ K

where x'n is the volume of the convex hull o f the unit sphere about 0 and ( ±  \  n, 0 ,.. .,  0).
Proof. An ellipsoid D1 of minimal volume containing a centrosymmetric convex 

body D has a volume S. V(D)n"l2xjx'n by John [6], where x„ is the volume of 
the unit sphere. (He proves in fact that if the centre of Dx is 0, the convex hull 
of Djÿn  and two opposite points of the surface of Dx belongs to D. Let p ^ }  n 
be the minimal number for which this holds instead of (я  ; then

F(£>i) s  V(D) xjf(fi) ^  V(D)nn,2xnjx'„,

where f ( p )  is the volume of the convex hull of the sphere about 0 of radius l/p 
and (±1, 0, ..., 0).) Let Ф transform Dx into a sphere.

For non-centrosymmetric D dn(ФD)—dn̂ ФDc)SÀ'nV(ФDc)^À'nV(ФD)í~>|} |2" 
for the same Ф as for Dc by [12], Theorem 2.4. ^

By Lemma 2 we prove the following analogue for arbitrary n of Theorem 2 
in [5], essentially with the same proof.

Theorem 2. The density q(D) of the thinnest поп-separable lattice o f translates 
of D satisfies

( 10) q{D)^ 2" min [d"ffi>D)/V(0D)\ön
Ф

2"L0„

where Ф runs over all affinities, x'„ are from Lemma 2, x„ denotes the volume of 
the unit sphere and <5„ the density of the densest lattice packing o f spheres in R". For 
centrosymmetric bodies

( П ) 8(D) ^ 4" n"l23n ‘

Proof. By Corollary 1 non-separability of A(AL0, D) implies that of 
Л(ФАЬ0, S), where 5 is a sphere of diameter d ^ D ) .  Apply Theorem 1 to this 
lattice of spheres.

Remark. Besides « = 2  the lower bound xJ2n 8„ for q(D) in (10) will be 
sharp for n=3, provided the value of /.3 is the conjectured one (see § 5). The same 
cannot be told for any « s 4, since no n ^ 4 is known for which the densest lattice 
packing of spheres is generated by the edge-vectors of a regular simplex (compare 
§ 5, Proposition 1).
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Remark. One obtains a lower estimate for g(D) analogous to the first inequality 
in (10) if one uses instead of spheres any fixed convex body D0. This will be

П2Л FÇP)F(£0) ____
1 } 01 > -  1ШП{||Ф||,/)СС=Ф(Т»0)С}<5(£0)

where £0=((Z)0)c)*/4 and Ф runs over all affinities. (In fact by Corollary 1 non­
separability of A(AL0, D) implies that of A(AL0, Ф£>0).)

For n=2 both the non-centrosymmetric and the centrosymmetric cases are 
completely settled by the following

Theorem 3. For n = 2 we have for any convex domain

(13)

and for any centrosymmetric convex domain

(14) e ( ű ) s { .

Equality holds in the first case only for the triangle, in the second case only for the 
parallelogram.

This result was obtained, by a different proof, in the non-centrosymmetric 
case in [5], Theorem 2. In the centrosymmetric case this result was obtained in 
an equivalent formulation in [10], excepting the cases of equality. In both cases 
all the thinnest non-separable lattices are easily obtained, see § 5.

P roof. Using Theorem 1 0(£)i=F(£)F(£>)==F(£>)F((£J*)/16s3/8, and in 
the last inequality equality holds only for the triangle, while in the centrosymmetric 
case e(.D)sF(£)F(£>) =  F(£>)F(£>*)/16^1/2, and in the last inequality equality 
holds only for the parallelogram, by E. M akai Jr . [11].

Now we turn to the estimation of q(D) from above, i.e., to the “minimax” 
problem, corresponding to the theorem of M in k o w sk i— H l a w k a  (cf. e.g. [12], p. 8) 
in case of packings.

Theorem 4. We have

(15) 8(D) ^  q(Dc) =§ 4" nun ô(D') (n log 2—const) 2n_1 ’

where the minimum is extended over all centrosymmetric convex bodies in R", and 
the last inequality holds i f  n is sufficiently large. Here xn and ö (D') denote the volume 
o f the unit sphere and the density o f the densest lattice packing of translates of D'.

P r o o f . We have V ( D ) s V  (Dc) (cf. e.g. [7], §1.5, Theorem 7) and by [7], 
§ 14.2, (12) V(Dc)V (E )^ x 2J 4". Hence by Theorem 1

(16) e(D) = V(D)V(E)
ö(E) ^  e(Dc) = F  (A-) F  (£ )

Ö(E)
У.2n

4" <5 (£ )  ’
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The last inequality in (15) follows from [7], § 19.5, Theorem 8. 

T heorem 5. For n —2 we have

(17) e(D) s  q(d c) s 16 min S(D')V 4(3 j/2+ ^ - Г б )
=  0 ,6 9 9 9 ....

Proof. Like at Theorem 4, referring to Ennola [3].

Remark. Using the result announced by Ennola [3] the right-hand side of
(17) can be diminished to 0,691 —

§5

In this final paragraph we give some illustrative examples and some con­
jectures related to the theorems in § 4.

As to the quantities A„ and A' we state the following
Conjecture. The exact values of A„ and A' are equal to the reciprocal of the 

volume of the regular simplex of unit edge, i.e., n! 2"/2/ÿn + l,  and the reciprocal 
of the volume of the regular cross-polytope of unit diameter, i.e., n ! (and the only 
extremal domains are the simplices and the cross-polytopes).

For n—2 these are proved (including the cases of equality) in Behrend [1], 
p. 716, formula (II3) and p. 715, formula (I), both in case of v = 5. The question 
about A' is equivalent to a question in John [6] about the upper bound of the 
volume of a circumscribed ellipsoid of minimal volume of a centrosymmetric convex 
body of unit volume (since such an ellipsoid is known to have the same centre 
as the body).

About min q ( D )  we give the following examples and conjectures.
Proposition 1. For D=simplex

(18) q(D) = V(E)V(D) = ^ - .

In case of a regular simplex o f unit edge one of the thinnest поп-separable lattices 
is the polar o f the lattice Л generated by the edge-vectors o f the given regular simplex 
o f unit edge.

Proof. In (18) we have the second equality by [11]. The first equality follows 
by Theorem 1 from 0(E) = 1. 0(E)= 1 and the remainder of the proposition also 
follow from [11] (keeping in mind the reference to [2] in the proof of Theorem 1), 
where it is shown that if D is a regular simplex of unit edge, then E is the Dirichlet- 
cell of a lattice-point in the lattice Л.

R em ark . Presumably this is the only thinnest non-separable lattice; presum­
ably even the only space-filling with translates of E is obtained by the Dirichlet- 
cells of the lattice-points of Л. For я =2 this is evident.
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P roposition 2. For D = cross-poly tope

(19) q(D) = V(E)V(D) = - ip

In case o f the regular cross-polytope given by |x;|^ l /2  the thinnest non-separable 
lattices are just the lattices A(AL0, D), where after a permutation of the coordinates 
A has only 0-s under the diagonal and l -у in the diagonal.

Proof. £  is a parallelotope, hence (5(F ) =  1, so q(D) = V(E) V(D). q(D) 
is affine invariant, and for the regular case V(E)V(D)=l/n  !. If D is given by

n
|x j|s l/2  then E  is given by max |x ,|^ l/2 . So by [2], § IX, 1.3, Theorem IV 

all space-filling lattices of translates of E are given by A (BL0, E), where В is of 
the form given in the proposition (for A) — which holds if and only if A —В*-1 
is of this form.

C onjecture . For general convex bodies min g(D)—(n + l)/2nn ! while for 
the centrosymmetric case min q ( D )  = \in ! and the only domains for which the 
minima are attained are the simplices and the cross-polytopes.

R emark . The general case would follow, including the case of equality, if 
the conjecture in [11], V(D)V((Dc)*)'^2n(n + l)/n !, with equality only for simplices, 
would hold. The centrosymmetric case, not including the case of equality, would 
follow if the conjecture in [8], V(D)V(D*)^4n/nl would hold. However, in this 
conjectured inequality equality holds not only for cross-polytopes (and parallelo- 
topes) — see [11] for a conjecture about all cases of equality. However, most likely 
for the other cases of equality, i.e., when E is not a parallelotope, there is no space­
filling lattice of translates of E.

Now we turn to the minimax problem. For large n this is unlikely to have 
a simple extremal domain. For n = 2 we have for D = circle £>(/)) = [3 n/S = 
=  0,6802.... The value given in Theorem 5 (and even more the value in the remark 
after it) is rather close to this value. For D =  regular octagon 5(E)= 4(3 —f/2)/7= 
=0,9062... which is somewhat less than in case of the circle, i.e., 0,9069... (cf. 
M a h l e r  [9]); however, q(D) = \ — /2 /4 = 0,6464...<0,6802.... Hence it is possible 
that there holds the following

C onjecture. For n = 2 max q(D) is attained for an ellipse, i.e., it is equal 
to V 3 7t/8.
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ON THE REMAINDER TERM OF THE PRIME NUMBER 
FORMULA IV. SIGN CHANGES OF it (x ) - l ix

by
J. PINTZ

1. Riemann asserted (without proof) in his memoir [12] that for every x => 2
(1.1) 7t(x)<lix.

His assertion was disproved by L ittlew ood  [8] in 1914, who proved that the 
difference 7r(x)—lix  changes sign infinitely many times. However, his proof was 
ineffective, so it was impossible to give any upper bound for the first sign change. 
After many attempts this problem was solved in 1955 by S kewes [13] who proved 
the first explicit bound <?4 (7,705)'. Another interesting problem was — for which 
Littlewood’s original work had no answer — how often has 7i(x)*- li x sign changes. 
Let us denote the number of sign changes of 7t(x) — lix  in [2, Y] by V1(Y). 
So the problem would be to give lower estimate for V ^Y ). Such a result was 
first achieved by In g h a m  [2], under an unproved and very deep condition however. 
Let us denote by в  the least upper bound of the real parts of the Ç-zeros. Then 
Ingham’s theorem says, that if there exists a zero on the line а=в, then л(х) —li x 
has a sign change in every interval

(1.2) [Y,c0Y]

where c0 is an absolute, however, not effectively computable constant. From this 
one gets easily that
(1.3) V^Y) >  Cl log Y for Y >  Yl

with ineffective absolute constants ct 1 2 and Yt .
The first unconditional lower bound for Yt(Y) was proved in 1961—62 by

S. K n a po w sk i [3], [4]. He proved

(1.4) Vi(Y) >  c2 log, Y for Y >  У, 

with ineffective Y2, further the weaker effective inequality

(1.5) Vt(Y) > c3log iY for Y > Y 3 

where both c3 and Y3 are explicitly calculable.

1 We use the notations el (x)=exp (x)=e*, ev+l(x)=exp  (ev(x>) and analogously with lo g x .
2 All the constants c, are positive.
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In 1974—1976 S. K napowski and P. T úrán [5], [6] showed the improvements 
of (1.4)—(1.5), namely

( 1.6)

with ineffective У4 and 
(1.7)

V ( Y ) - c  (1° g 7)1/4 for У > УC4 (log2 У)4 t0r Y Yi

F1( y ) > c 5log3y  for У > У 5

with effective absolute constants c5 and У5.
(1.7) was improved by the author [9] in 1976 to

( 1.8) Fi(y) >  ce(log2 Y f i  for У > У в

where c6, c1 and У6 are effective. In part III of this series [10] the effective lower 
bound

(1.9) v‘( r ^ c- J S ~  fOT

w as proved, which is better than (1.8) and the former best ineffective lower es­
tim ate (1.6).

Finally we m tntion that Levinson [7] showed in 1975

( 1. 10) Ш 5 - р ф . , оY—CO log У

( 1. 11)

which is the best result in this direction.
Let

M x )  = 7 t ( x ) - l ix =  2  1 _ / т “ Г7> pt~x f  log t

A2(x) =  IJ(x)—lix  =  2  ~ — ИJC,
pm̂ x M

43W  =  в ( х ) - х  =  2  log p - x ,
p^x

A4(x) = ф ( х ) - х  =  2  log p - x ,
pm̂ x

and let V,(Y) denote (for l s / s 4 )  the number of sign changes of At(x) in the 
interval [2, У].

With these notations we shall prove the partially ineffective

T heorem . There are absolute constants Yt ( 1 S / S 4 )  such that for У > У ( the 
inequality

1 logy
( 112 ) V fY )

10u (log2 У)3 (1 =£ i S  4)

holds, where the constants Yt are effectively computable for i= 2, 4 and they are 
ineffective for /=1,3.
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This is already very near to Ingham’s conditional (and also ineffective) lower 
bound (1.3), however, here we cannot give a corresponding localization of a sign 
change. The inequality (1.12) is also not far from Levinson’s result (1.10).

2. In the course of proof we shall use the following “kernel function” :

where 1 integer, ц ^1  real, and и is real.
First we state some properties of the ß ktß(u) functions as
L emma 2.1. For the .ßk ß(u) function defined by (2.1) we have

(2.2) A. ,.00 = А, „(-«О;
(2.3) ßk,fi(u) —

(2.4) if |u| S  k + 2 then |Л,„001 g  £(Wl k- 1)ß •

For the proof of (2.2) we note that shifting the line of integration to <x=0 
we get

(2.5) A ,„00  =  /  ( - 51E - L )  e и c o s  ( „ / )  d t

from which (2.2) follows.
Now it is enough to prove (2.4) for u ^ k  + 2. Then shifting the line of integra­

tion to о = —ц we get

I A » I  =

^  d = 0

1 / ( es — e
2л/ . J l 2s

1 exp
r

Ы 2 ni j<-»>

us-i--
e r ds

■ds S

(2.6) S  maxesd^k —  Í2ni , J

exp j(/c — 2d + u) s +  -̂ -J

( - V )

2n /
exp {(fc—2/c + u) (—/*) +

ds s

dt S 

1exp{— ц(и — k — 1)} 1 7  ,
7?--------~  2п I е

Thus we have also
(2.7) lim A./i(M) = 0-
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So (2.3) will be proved considering (2.7) and (2.2) if we show that ^*,„(м) is monoto- 
nically decreasing for и SO.

This will be proved by induction with respect to k. Using the well-known 
formula

( 2 .8) J _  f  eA*+Bsd s  =

2ni d
valid for real positive A and arbitrary complex B, we get for k = 1

du
1 ,• e ’t - e - s

s-

• e *  - s - e ^ d s ^2m d 2  s

S2
— K« +  l)s , 1

s2
r ---- f-(H-l)s ,

e *
*  2 , 1

e “ d s
(2)

= j i k  l exp (“ T ("+ 1,s) “ exp (“ T -  l)!)l *  °-
If it is proved already for к= к0— 1 then we have

С /Л о  u ( U )  1 ?  f  S il l  ? t * 0 .  . .

— * ? —  = ¥ / 1— J =

(2.10) = • у  {cos ((и+  1)0 —cos((«-l)0}e " dr =

— л (*̂ко-1,д(м "b О ^ к о - 1 , ц ( , и  ~  1)) — 0
or alternately

( 2. 11) rko—i,í* (1 “b M) M)) — o.

Thus (2.10) proves the assertion in case of г/ s l  and (2.11) in case of O ^ u s l ,  
and so Lemma 1 is completely proved.

Our main tool in the proof will be Túrán’s method. Here we shall use the so 
called second main theorem in the special case when all the coefficients are equal to 1.

L emma 2 (T. Sós—Túrán). For arbitrary complex numbers Zj

( 2. 12)

The proof is contained in V era T. Sós—P. T ú r á n  [14].
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If we have only an upper bound N  for the number of z /s  then we can define

(2.13) Zj = 0 for [ЛГ].

This implies immediately the modified form of (2.12), namely the inequality

(2.14)

We shall use Lemma 2 in this form.
Further we shall use some known properties of the zeta function which we 

state here.
The number of zeros with imaginary part between T  and Г+1

(2.15) iVfT+l) — N (T) <  c log T  where c =  15 for T  =-Г0

(see W. J. E llison—M. M en dès F rance  [1] p. 165). 
If £(j )?í O in the domain

(2.16) 
then for
(2.17) 
one has

(2.18)

o > ß ,  И ^ Г + 1  

2 a: <7 ë /? + >/, 2 s | r | s r

r
y ( s )

(This follows easily from Satz 4.1 of P ra c h a r  [11], p. 225, in the special 
case k = l.)

Finally we shall use the standard estimate

(2.19) C(s) =  0(|/7) for < £ l .

3. First we shall treat the (ineffective) case i= l .  If the Riemann hypothesis 
is true then the quoted theorem of Ingham (see (1.3)) already settles the problem. 
For the sake of completeness we mention that Ingham’s theorem with essentially 
unchanged proof is valid for 2 â /â 4 ,  too.

Thus we shall suppose the Riemann hypothesis to be false.

So let Q0=ßo+>yo be a zero with and with minimal y0>0. If there
are more such zeros then let (?[—ß[+iy[ be the zero among those with maximal 
real part. If there is only one such zero then let £>i = 6o-

Let denote successively Q'n+i—ß'n+i+iy'„+i the zero with maximal real part 
among those satisfying

(3.1) y '„ ^y  Sy '+21ogF ,
if such a zero exists.
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Thus we get after at most | — | — | steps a zero q 'n= ß'N + iy'N =  e i  — ß i  +  H i

with

(3.2) 0 <  y! <  2 log2 У

(because log2 Г+у^-=2 log2 7  if 7 > F 0 ineffective constant), such that the 
domains
(3.3) 
and

(3.4) U—7il S  2 log F, 
are zero-free.

4. Let us introduce the following notations. Let

(4.1) ц == log Y, L  =  log2 F.
Let к be any positive integer to be chosen later, for which
(4.2) 4000L Ш кш  4400L.

Let X be any real number satisfying

(4.3)
Let further

P _  ! _  2/1 
io4z . ------- 104T ‘

(4.4) A =  exp {к (X — 2)},

(4.5) В =  exp {k(X + 2)},

(4.6) / 4 der (e* -e~ sŸ  us+^
g,.D( « , s ) - ^  2s I e ’

(4.7) f ( x ) = n ( x )  lgx ± Ÿ x  =  n (x ) 2  , ± Í x ,
2SnSx l°g И

(4.8) H (s) ^  |^ (s )  +  i ( s ) - l T  ■ . * ,

2 Is tJ
where both in (4.7) and in (4.8) the upper or in both the lower signs 

Further we choose

(4.9)

Thus by (4.2)

(4.10)

, Ц•4400L
^ ~  к

, И
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We shall prove that to every real Я satisfying (4.3) there exists an integer к 
satisfying (4.2) such that / (x )  has a sign change in [А, В].

Let Я be fixed in (4.3) and let us assume in contrary that with any к in (4.2) 
/ (x )  does not change his sign in [А, В].

5. We shall start with the formula (valid for cr=»l)

(5.1) /  fix )  (x~s log x) dx =  H(s).

Replacing s by s+iyi in (5.1), multiplying by gk^ fk / . ,s )  and integrating with, 
respect to s along the line a = 2, using (2.10) we get

(5.2)

U = f  H(s + iy1)gkilx.(kÀ, s)ds =
Z711 (2)

=  тТГ /  / / W  4 z  (x ~s~'h log x g k .ïW ,  s)) dx ds =
“ (2)  1 UX
OO I f  J x

=  /  f ( x ) - k v Í / l logX' b d  f  s ) d s \ d x  =

f  f ( x) -г- {x~iy' log x J kf„'(кЯ —log x)} dx =

log x (log x -k X )  + S k.„-Qogx-kX) +

+ x~iyi lo g  X - J ' k i l l ' ( lo g  X - dx =

f  (x )  log X • X
+

+ -^ ^ k- i , (1'(logx-/c2+ 1)—^ -A -i,M '(lo g x -U -l)J i/x .

Now we shall give an upper bound for the right side of (5.2) using the proved 
properties of the kernel-function J kill(u) and the fact that /(x )  does not change 
its sign in [A, £] (defined by (4.4)—(4.5)). On the other hand we shall show that 
the left side can be reduced essentially to a finite powersum, for which we can give 
a non-trivial lower estimate by suitable choice of к within (4.2) using the second 
main theorem, which contradicts to the upper estimate sketched above.

6. To estimate U from above we shall split the integral V into three parts

( 6. 1)
where

(6.2)

и  = и к+ и ,+ и а

A  В  oo

Ui = f ,  U2 = f , u 3 =  /  .
1 A B
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C o n s id e r in g  (3.2), ( 5.2), (2.3), (4.2)— (4 .5) a n d  th a t  f { x )  d o e s  n o t  c h a n g e  its  
s i g n  in  [A, В ] w e  g e t

. . . .  rB \ f ( x ) \ k Q . + 2) i l l  „
|t/a| ^  /   ------ --------[ m 7i’f t . ^ o g x - k X )  +

A

+ ^ A - i , f, ' ^ o g x - k ^  +  l ) + ^ k- 1,„’( l o g x - k l - l ) ^ d x  =§

(6.3) -  ^  f  {•f k,v< \°gx-k}.)+ .fk_-ífí, ( \o g x - k l+ \ )  +
A X

+ A - i , M ' ( b g x - f e 2 -  l ) } d x  =

= /*3| /  lo g x -fcA )+ ^ -i^ '0 o g x -ic ;.+  l)4-
A  X

+ - f k- i ,„’( l o g x —kÀ — l) }dx\ .
S im ila rly  w e g e t  o w in g  to  f ( x )  lo g  x  =  O (x) in tro d u c in g  th e  n e w  v a ria b le  

w =  lo g  x — kl ,  u s in g  (4 .2)— (4.3) a n d  (2.4)

|£ /3| S  i f  f  { S ktß, ( l o g x — kX) +<fk- i tß-( l o g x  — k X + l )  +
В

+ J k- i „ ' ( \ o g x —kh—\ ) } d x  ~
=  h3 /  { Л ,„ '(« )+ Л -1 ,)1'(м +  1 )+ Л -1 ,д '(« -1 )} е “+‘^ м ё

(6.4)
— f  ê- (u-k-i)n' _i_^-(u+i—k~i)n' ̂ _е~(и~1~к~1'*1,}еи du

2 к

S 3  f  e ^ u- k- 2̂ '+udu =  o(l)

a n d  a n a lo g o u s ly
( 6-5) | ^ |  = o ( l ) .

F u r th e r ,  m u ta t is  m u ta n d is ,  w e h ave

( 6.6) C 4 =  tt3 f  ( lo g  x  -  kX) +  - Л - 1 , ( l o g  x - k l  +  l )  +
B x

+ S k- 1'ß' ( logx  — kX—i ) } d x  =  o ( l )
and

( 6.7) U5 =  n3 f  { J ktlL. ( \ o g x - k l )  +  jrk_ltll, ( \ o g x - U + l )  +
1 x

+ A - i , p ( 1o g x - f e A - l  ) }dx  =  o ( l ) .
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Now (6.3)—(6.8) give immediately with the notation

def r / M
(6 .8)

the relation 
(6.9)

K = f  {Ski)l.( \o g x -U )+ S k- 1'tl.(\ogx-kÁ  + l)+ 
1 x

+ Sk-i,i,-(}ogx — kX — i)}dx 

| i / |  -  |t/2| +  o ( l)S / i® |X |+ o ( l) .

7. In the following we shall estimate X from above using the formula (valid 
for <7>1 with a constant h)

(7.1) f S ß i * -  7  { / ( £ ( * > + « * > ) * + » } ± - T -  =
1 2 ----

-  <p(s)± —

S 2

which can be proved easily by partial integration.
Multiplying on both sides by - - G ( s ) ,  where

2.711

(7.2) G(s) =  g*>(J (U , s) + g*-1>M'(feA— 1, s) +  g*_1>(1.(fcA + 1, s)

and integrating along the line a = 2 one gets easily by (4.6) and (6.8) the formula

K =±Í  f ^ d s + 4 ä  f G ^ ) ds =
(2 )  о _____ (2 )

(7.3) 2

=  ±  X, + x 2.

Shifting the line of integration in Kl to а = —ц' we get by easy computation

2л i . 4 1
( - Ю  S _ _

(7.4)
. kX

- 0 ( e ‘+T) + 0 | /
exp —(Ы — 1)/í' + /i' —V}

= 0 (e '"  2)+ 0 (e - ',,('IЛ-*:- 2,) =  0(e"- *Л+*).
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In order to estimate the integral K2 we transform it on the broken line / defined 
for t^O  by

/1:(T = 4 for t Ш 2ц

, „ 2 5 /2: ß 1  +  - ^ o ^ - for t = 2ц

J  O 2Is : о — f t + — for 10 ^  t = 2ц

for t = 10

I5\ a = \  5 4 for 0 S  t S  10

and for t = 0 by reflection on the real axis, so that

(7.6) K2 ~ — f  G(s)cp(s) ds

because owing to (3.3)—(3.4) (p(s) is regular right of / and on l.
Now using already mentioned well-known properties of £(s) (see (2.16)—(2.19)) 

and (3.2)—(3.4) (further the definitions (4.6), (7.2)) we have the following estimates 
for the integrals on 7V ( 1 ^  v â  5) :

(7.7)

VI)HttJ exp It kil~—JJ
1Л1 =  О log /Í exp ^  kk =  ° 0 ) ,

1Л1 =  О j t r  logЦ ^ r j  exp ^/?x +  ы ) |  = 0(eßikk~k),

°((t) е’ф((А+|Н) =0 ( e ß i k>- k) ,

4  = 0 { e ^ +2k).

|K2| =0(eU>ix- 1>k) + 0 ( e ^ +̂ k).

Hence
(7.8)

Further using (7.3)—(7.4) we get

(7.9) |K| =0(e<V-i>*) + C>(e(7r+l)t).
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Now with an ineffective absolute constant Уг, by the definition of q0—ß<>+ i}\, 
and Qi=ßi+iyi (in 3) for we have (owing to (4.1) and (4.3))

(7.10) 
Thus

(7.11) 
and so
(7.12)

Pi 2 -  Po 2 “  log Y ц ~  A

2: е( т +1)*:

\K \ =  0(eV*-*).
Combining this with (6.9) and (4.1) we get already the required upper estimate 

for the integral U in (5.2), namely we have
(7.13) |£/| ^  Ai3|iC|+o(l) = 0(eM*-*+«-).

8. Now we can start with the lower estimate of the left side of U in (5.2) (with 

the choice of a suitable k). Shifting the line of integration to a = —^  we 8et

( 8. 1) u  = 2  Sk,v(k/; Q -iyi)T

1 d
l  H(s +  iyk)gk^ u ’ s ) ds-

(- t )
Easy computation shows that the last integral is 0(1) further the second term is

+ i( e 2 _  e~T+hl \k
1 -2 iy l

( 8.2)

(е * -е -5)
l 2s J,= i~

d ( es — e~s 
ds

2 ^ + JU + l z » b

l-21 'Ух
kk kX

= 0 { k le 2 ) =  0(<?2 +*) =  0 (e ^ xk~k)
if we use the inequality (7.11), too.

In the first term (in (8.1)) we can trivially estimate the sum containing the 
infinitely many zeros with
(8.3) If —fil — 2/1.

Namely, by (2.15), we have for the contribution of these zeros the upper 
estimate

/ л \  к 1 —л2

(8.4) 2 Z  clogiyj + n)) — \ e ' + * = 0 (1 ).
nsli/i] v n /

Similarly we can easily estimate the sum corresponding to the zeros with
(8.5) 6 s  ly-yxl <  2/1.
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The number of these zeros is owing to (2.15) and (3.2) at most
(8.6) 4цс log(va + 2ju) ë  Acji log(р.2+2ц) = 0(ц2).

Further, by (3.4), we have for the zeros with (8.5)

(8.7) ß ^  ß1+l
№

and so for these zeros

(8-8) \gk„-(kÄ, e - i f ù \  ^  ( ^ )  ekX(ß' +̂ +b  <  í “ » r ‘.

Thus we get for the contributions of zeros with (8.5) to the sum (8.1) the 
upper bound
(8.9) 0 (ц 2ек1̂ - к) =  0(ekkßi - k+2L).

9. These estimates were naturally independent from the choice of к in (4.2). 
So the essential part of U is the finite powersum, containing the zeros with
(9.1) |y—V i|<6.

The number n of such zeros is owing to (2.15) and (3.2)
(9.2) 1 =  h = 2 • 6 • c log (yx +  6) ^  180 log (2 log2 Y +6) Ш 400 log2 Y = 400Z.

So for the zeros with (9.1) we can use Lemma 2 in the form given in (2.14). 
Thus choosing

(9.3) m = 4000L
we get a positive integer к satisfying (4.2) for which

W \ = I 2  gk,ß-(kk, e-iyOl =
l » - r i i - = e

(9.4)
= \ 2  {

ge-hi_e—(e—«>!>

2 (Q -iyù
gMe-iyJ -)-

4400Lu Л-
к

4400Z/z1___) ек̂ +ш
8e • 12 J I 2ß1 )

p/i/./îj _  „kXp̂ íiOOL

(because for real x> 0  one has ex—e~*>2x).
Now the estimate 0(1) for the integral, the upper bound (8.2) for the residue 

in (8.1), further the inequalities (8.4) and (8.9) concerning the zeros with |y —yx|s 6  
give together with the lower bound (9.4) that owing to (4.2) we have for \U\ the 
lower estimate

(9.5) |[/| mom.
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which contradicts to (7.13) (again owing to (4.2)). Thus we got that to every A with
(4.3) there exists an integer к with (4.2), such that f ( x )  in (4.7) and thus also d x(x) 
and naturally d2(x), too, has a sign change in the interval
(9.6) [A, B] = [eu " 2\  e*A+2*].

This in itself does not give still the required inequality (1.12), i.e. the assertion 
of the theorem.

10. However, we can notice that as the total Lebesgue measure of A’s in (4.3) is

( 10. 1)
A*

104L
and к can take at most [400L] +1 values, there must exist a fixed kn with (4.2) for 
which there are A’s with Lebesgue measure at least

( 10.2) 1 _  A'
104L * 401L 4.01 • 106L2

such that At(x) has a sign change in
(1 0 .3 )  [Ay, By] =  [e*oA- * o ,  e*oA+ 2*o] с  ( Л А- и и , e*„A+104i) .

But as the Lebesgue measure of the A’s belonging to this fixed k0 is at least the 
quantity given by (10.2) we can choose among them at least

(1 0 .4 ) N - b
At 1

01 • 106L2 2 • 104L 10n L3

A/s ( I S j^ N ) ,  such that the difference of any two of them would be
(10.5) |Aj—Av| S  2 • 104L ( l S v < j s J V )
and so for the corresponding intervals [AXj, BXj] we have by (10.3)
(10.6) [AXj, BXj] П [AK , By} = 0 (1 s v < ^ j v ) .

Owing to (4.2)—(4.5) to every к and A satisfying (4.2) and (4.3) resp. the corre­
sponding interval
(10.7) [A, B] = [e*<A- 2>, ek<A+2'] c  [e°-3", e0-9"] =  [У0,3, У0,9] c  [2, У].

So, considering (10.4), (10.6) and (10.7), we get at least

( 10.8)
A« l o g y

10n L3 ~  10u (log2 У)3
disjoint intervals, contained in [2, У] such that Ax(x) changes its sign in each of 
these intervals, and thus we finished the proof of Theorem 1.

11. In the case i= 2 the following slight changes are necessary in the course 
of proof to get the inequality (1.12) for У>У2 effective constant.

Here we do not make any difference whether the Riemann hypothesis is sup­
posed to be true or not, and choose {?о= у + г’Уо as the zero with the minimal
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imaginary part (y0% 14.13). Thus we get a zero Qi=ß1+iy1 with the properties 
described in (3.2)—(3.4) with the only change that instead of we have only

ß In (4.7) we modify the exponent of x to and correspondingly we define
1 1 1 ) -2 1 ( 1 )-2 

H(s) in (4.8) with — Js ——J in the last term instead of — — —j . Thus
we get for the Kx in (7.4) the upper bound

(11.1) \K1\ = 0 ( e +*)
and so we get without (7.10) and (7.11) immediately (7.12), i.e.
(11.2) |K | = 0(eM*-*).

Further we get for the residue in (8.1) in the point s = —— iyx the upper 
u  , 4__ j

estimate 0 (e 4 ) = 0(epiXk~k) and the other parts of the proof remain again 
valid without any change.

The cases i= 3 and z=4 can be treated similarly to the cases /=1 and i= 2, 
they are even easier, so we do not work them out.
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ON AN ISOPERIMETRIC PROBLEM

by
J. PACH

Scatter in the plane a finite number of line segments. The region enclosed by 
the segments is defined as the set of those points which cannot be connected by 
a Jordan arc with the exterior of the convex hull of the segments, without intersecting 
at least one segment. How should the segments be arranged so as to maximize 
the area of the region enclosed by them? Specializing a more general problem 
of L. F ejes T óth  [1], G . H ajós raised the following question. Prove or disprove 
the intuitively obvious conjecture that, in an extremal arrangement, the region en­
closed by the segments is a simple polygon.

Fejes Tóth [2] claimed to have proved the above conjecture in the special case 
when only polygonal arrangements are compared, i.e., arrangements in which 
each endpoint of a segment is the endpoint of exactly one other segment, with the 
additional condition that no subset of the segments has this property. Soon after 
the publication of [2], Fejes Tóth observed that his proof was wrong and he called 
my attention to the problem of finding a correct proof.

Our result is contained in the following
T heorem  1. Among all polygons of given side lengths the convex polygon in­

scribed into a circle has the greatest area.
Here the area of a polygon is defined as the area enclosed by the sides of the 

polygon.
The convex hull of the vertices of a polygon P will be denoted by conv P. Our 

Theorem 1 is an immediate consequence of the following stronger result:
T heorem  2. Let P and Pc be two polygons with the same lengths o f sides, and sup­

pose that Pc is a convex polygon inscribed into a circle. Then the area o f conv P 
is at most that o f Pc.

Equality holds here if and only if P is also a convex polygon inscribed into 
a circle.

R em ark . For polygons not intersecting themselves the proof of Theorem 2 
is easy and well-known (see e.g. [3]).

The proof of Theorem 2 is based on the following simple
L em m a. Let Q be a strictly convex polygon. Suppose that the area of the triangle 

xyz is minimum among the triangles spanned by the vertices o f Q. Then two sides 
o f A xyz lie on the boundary o f Q.

A M S (MOS)  subject classifications (1970). Primary 52A40; Secondary 50B15. 
Key words and phrases. Isoperimetric problem, polygon, convex hull.
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P roof of the Lemma. Let hxy denote the altitude belonging to the side xy 
in A xyz. Let Sxy be the parallel-strip consisting of those points which have a distance 
less than hxy from the line xy. Obviously, any vertex of Q (different from x  and y) 
is outside Sxy. The forbidden strips Sxz, Syz can be defined similarly. Thus the 
vertices of Q, different from x, y  and z, can be placed only in the six remaining 
angular regions 7\, T2, T6 (see Figure 1). There are no vertices of Q in Tt , Тъ 
and Te. For supposing the contrary, there is a vertex x', say, in T ,. This means 
that x is inside the triangle x'yz, which contradicts the fact that x  is a vertex 
of Q. A similar argument shows that there are vertices in at most one of Tx, Тъ T3 
(say in 7\). In this case the segments xy and yz lie on the boundary of Q.

Now we turn to the proof of Theorem 2. The proof is by induction on n. For 
n = 3 Theorem 2 holds obviously. Let n > 3 and let P be a polygon (with the 
same lengths of sides as Pc), for which the area A (conv P) is maximum. V (conv P) 
will denote the vertex set of the convex hull of P.

1. First we assume that there is a vertex xt of P, which is not in F(conv P). 
Replacing the sides х{_гх{ and xtxi+1 of P with the new segment х г_гх г+1 we get 
a polygon P' of n — 1 vertices. By the induction hypothesis, for a convex polygon 
Pc inscribed into a circle, having the same lengths of sides as P', we have A (P'c) ̂  
SA(conv P') = A(conw P). Replacing in P' the side corresponding to х(_хх; + 1 
with an arc congruent to xl_1xixi+1 we get a polygon P" for which
(1) A (conv P ”) S  A(P'c) + A (x ,-1x ix i+1) S  A (conv P )yA (x i_xx ix i+1)
holds, where A(xi_xx ,xi+1) denotes the area of the triangle Xj-iXjXj+i. By the 
maximality of A (conv P) we have A (conv P")^A  (conv P). Comparing this 
with (1) we obtain
(2) A(xi- 1x ix i+1) = 0, y4(conv P") = ^(convP).
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But P" does not intersect itself, thus taking our Remark into account, P" ought 
to be a convex polygon inscribed into a circle. This is, however, impossible because 
the first part of (2) shows that three points of P" lie on a straight line.

2. Suppose now that every vertex of P belongs to V (conv P). Using our Lemma 
for conv P we can choose a triangle xtxjxk of minimum area, whose sides xtXj 
and XjXk lie on the boundary of conv P. Let xj _1xJ and XjXJ+l be those sides of 
P which meet in the vertex Xj. Replacing the arc Xj _ k Xj Xj+x with the new segment 
Xj-iX j+1 we get a polygon P' of « — 1 vertices. Let us consider a convex polygon 
P'c inscribed into a circle, having the same lengths of sides as P'. Using again the 
induction hypothesis we get
(3) A (P'c) ^  A (conv P’) =  A (conv P) — A (XiXjXk).
Replacing in P'c the side corresponding to xj - 1xj + 1 with an arc congruent to 
Xj_1xJXj+l we get a polygon P" for which
(4) A (conv P") = A(P'c) +  A( Xj - l XjXj + 1)

holds. Using (3) and the minimality of A(xtXjXk), we can write (4) in the form
(5) /l(conv P") s  /l(conv P) + A (x j-1XjXJ4.1) - A ( x iXjXk) ^  /l(conv.P).

The polygon P" does not intersect itself, hence, by the Remark, we have
(6) /f(conv/>") S A(PC),
where Pc is a convex polygon inscribed into a circle, having the same lengths of 
sides as P and P". Putting (5) and (6) together we obtain A (conv Р)ША(Pc). It 
can easily be seen that equality holds here if and only if P is a convex polygon 
which can be inscribed into the same circle as Pc. This completes the proof of 
Theorem 2.
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NEAT REDUCTS OF VARIETIES

by
H. ANDRÉKA and I. NÉMETI

Neat reducts play an important role in algebraic logic, cf. [8], [1], [2]. Neat 
reducts of cylindric algebras and related structures are a central tool in the rep­
resentation theory of cylindric algebras and related structures.

The problem of finding a recursive enumeration of the quasiequations valid 
in all neat reducts of a given variety is frequently investigated in algebraic logic, 
cf. as above (also in [9], [7]).

Here we give a universal algebraic definition of neat reducts such that all the 
above quoted neat reduct concepts are special cases of the present one. We shall 
see that the quasiequations defining the class of all neat reducts of an arbitrary 
variety are recursively enumerable. The recursive enumerability of the equational 
theory of representable cylindric algebras is a corollary of the present statement. 
Other corollaries are the analogous results concerning neat reducts in other versions 
of algebraic first order logic, e.g. Modal—Cylindric algebras [6], and “systems of 
varieties definable by schemes of equations”, cf. [3]. Also T.3.3, T.3.5, T.3.15, 
C.3.16 of [1] are corollaries of the present statement. Let t be a similarity type 
and let txQ t be a part of t. If 91 is an algebra of type t then Rdri 91 denotes the 
/j-type reduct of 91. Similarly for any class К of algebras of type t:

RdtlK =  {Rd(19 I: 91 €K}.
S denotes the formation of subalgebras, i.e. SRd(lÄT consists of all h-type sub­
reducts of K. Clearly, if F is a quasivariety of type t then SRd(lF is a quasi­
variety again.

Let C be a set of equations of type t. Then for any algebra 91 and B Q A  the 
following property is meaningful: C is valid in 91 relative to B, cf. [5] p. 242 and 
p. 509:

We shall say that C is valid in 91 relative to В iff any valuation of the variables 
of C into В satisfies C. In other words: any substitution (or valuation) of the 
variables by elements of В is a solution of the set C of equations in the algebra 91.

For a subreduct 93 of 91 we say that 93 satisfies the equations C in 91 iff C is 
valid in 91 relative to В (where В is the universe of 93). Such a subreduct 93 is called 
a C-neat subreduct of 91.

Recall that txÇ=t. Let F  be a variety of type t, let C be a set of equations of 
type t (not necessarily valid in F). The collection of ^-type subreducts of elements 
of F satisfying the equations C is denoted by Sr,*; F and is called the class of C-neat 
subreducts of F. Formally:

SrpjF^ {936SRd(1F: C is valid in 91 relative to В for some 91 £ F and 936 Rd„ 91}.
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E xam ples. 1. [8] p. 401 Def. 2.6.28.
Let t be the similarity type of a+œ  dimensional cylindric algebras. (CAI+0J 

denotes the variety of these cylindric algebras.) Let tx be the similarity type of a 
dimensional cylindric algebras.

Define C as С =  {сгх = х : а ^ г с а +o»}. Sr£ САа+<0 is the well-known class 
“ SNra CAa+(0 of neat subreducts of cylindric algebras”.

2. [1] p. 28.
Let t be the similarity type of a + to dimensional substitution algebras. (SAa+ra 

is the variety of these algebras.) Let t x be the similarity type of a dimensional sub­
stitution algebras and let C be as in Example 1. Now Sr£SAa+(0 is the class 
SN raSAa+(0 of representable substitution algebras.

3. [6], [3], [1] Cor. 3.17.
The above example applied to Modal—Cylindric algebras yields their neat 

subreducts; and more generally in case of an arbitrary system (Vx\ è0rd of varieties 
definable by a scheme of equations it yields the quasivariety of neat subreducts
of Va+a.

4. Let t consist of two binary operation symbols + and —. Let

E =  {(x+y) +  z =  х + 0  + z)}, C =  {(x + y ) - x  = y}.

Now, if b consists of +  only, then Sr+ Md (E) is the quasivariety of left cancella- 
tive semigroups. Where Md (E ) is the i-type variety defined by the equations E.

5. Let R be the variety of rings with a derived operation d. (E.g. d(x, y) = 
=  ( x + - y ) 2).

Let C =  {x • x=x} and let tx consist of 0, 1 and d. Now, Sr£ R is a quasi­
variety of algebras consisting of idempotent elements of rings.

6. Let R be the variety of rings with the derived operation p (x, y) = 
=d(d(x, y), (x*y)) where d is as above. Let C =  {x• x=x} and tx consist of 
and p. Now Sr,̂  R is a quasivariety containing the variety of Boolean algebras 
(when • and p are interpreted as meet and join, respectively).

T heorem  1. Let txQ t be two similarity types, let V be a variety o f type t defined 
by a set E of equations. Let C be a set o f equations o f type t. Now (i) and (ii) 
below hold.

(i) : Sr£F is a quasivariety.
(ii) : I f  E and C are recursively enumerable then a recursive enumeration o f the 

quasiequations defining Sr£ V can be obtained from the enumerations o f E and C.

P ro o f . Part (ii) of the theorem will be proved as a corollary of Theorem 2. 
Here we prove only part (i).

To show that Sr£ F  is a quasi variety, it is enough to prove that Srjj F  is closed 
w.r.t. reduced products and subalgebras.

By definition it is closed w.r.t. subalgebras: 9 Î^ S ^ R d (19I such that C is 
valid in 21 relative to В implies that C is also valid in 21 relative to N  since NQB.
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Let P 'Bj/D be a reduced product and ®^£Sr£ 41 j, f f V  for every jÇJ.
J

Take the canonical embedding:
n: P BJD  P 91,/D£V.
1 i i J  1 i i J  1

Since reduced products preserve equations, C is valid in P 4lj/D relative to the 
image of ( P Bj/D) by q. QED iiJ

Let Y  denote the (infinite) set of variables (of E, C etc.). Let /  be a completely 
new infinite set of constant symbols, t ’ denotes the expansions of the type t by 
the new constants /. Similarly t[ is the expansion of tx by /.

C" denotes the set of equations obtainable from C by substituting all the 
variables by constant t[-terms. More precisely:

Let Fr,h denote the set of terms without variables in type t[.
Any Ç: Y —FrItl induces a substitution, such that if e is an equation (with 

all its variables in Y) then £, (<?) is another equation obtained from e by replacing 
each variable x£T in it by Ç(x). Obviously, Ç(e) contains no variables and belongs 
to the type Now,

C ' =  {{(e): eÇC and ^ YFrltJ.

Notation. T=— /  denotes that ^ is a one-to-one map of Y into the set /. 

T heorem  2. For any quasiequation ( Д ef —e) o f type tx: Sr£F |=( Д <?;—e) iff 

£U C 'U {((q))is„N((«) for some {: Ï W .
P roof. Let £: /  be arbitrary.
£U C 'U  { (̂e(j}iáBNÍ(c) iff: For any homomorphism /  from the word-algebra 

g rf, generated by I (in similarity type t) into V i.e. for any / :  ЧН£ V, it is
true that (9l,/(r))r€/t=( Д ^(c,)—<j;(e)) if /  satisfies C  i.e. if ker /З С " .

1. Now we prove Sr£FN=( Д e,-~e) implies £U C 'U  {í(e()}(s„f= Ç(e) for
every £: Y^—F isn

Let Y-+I be arbitrary. Let / :  g r/(-^5lÇP' be such that ker/ 2 С ' .  Since
d

F r „ F r Itl we can define B = f(F rItl). This is a subuniverse of Rd(19l and thus 
defines S ^ R d (19I. Now, since ker / 2 С "  and s2tÇ V. Therefore if
Sr£Kl=( A ei ^ e)> then ® н ( Д е , - - e) then further <®,/(r)>r€JH ( Д «Üfo)—£00)
and therefore (9Í,/( r ) ) r£/|=( Д £(ef)—£(e)), which by the above implies £ U C ' U

и { { (0 } |* и Л в ).
2. Now we assume that E U C 'U {^(е;)},^„(=^(е) for some £: K=>—/. We 

prove that this implies 8г£Р(=(Ле,-*-е).
Let ©ÇSr^K be arbitrary. Let g: Y-+B be a valuation of the variables. We 

have to show ©t=( Д ej—e)[g].
i^n

There exists a g': / —В suchthat g=£og', since £ is one-to-one. (Çog denotes 
the composition of £, and g.)

There is an 91€ V such that © is a C-neat subreduct of 91. Let /  denote the 
unique homomorphic extension of g': I-»A to Згг/Г—Л. Clearly g —^of. Now,
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f  satisfies C' since f(F rItl)Q B  and 23 is a C-neat subreduct of 21. Now EUC'U 
U {£ (е,)}Ыя 1= £ (e) implies

(%f(r))r€i N ( A £(<?,•) -  £00)i^n

which by g= £of implies 2tl=( Д ei—e)[g] which is equivalent to 23И ( Л £)[#].
1=5/1 i^n

Since 23 and g were chosen arbitrarily, this implies Sr£ V t= ( A  e ^ è ) . QED
i^n

By this we have proved Theorem 1, too.
The following corollary uses the notations of [8].
C orollary.

Cr /SNr,CA3 + t0 =  CijR* =  Cr,Lfa =  (Cr{* w CAa + M П 2Ег„).

This was used in [1] to prove completeness of type-free logics, cf. C.4.4 and
T.6.3 there.

A decidable axiomatization of the first order theory of the class Lfa was given 
in [12] by a single scheme of axioms.

Problem . Find a “nice sufficient condition for Srjj К to be a variety. (This 
is the case in Examples 1 and 2 but not in Example 4.) Compare the problem on 
p. 28 in [1]. About this problem: It was proved in [10], [11] that in the case of 
cylindric algebras the class NraCA  ̂ is not a variety, which solves Problem 2.11 
of [8]. Hence we cannot replace neat swèreducts by neat reducts in our inves­
tigations.

Questions related to the subject of the present paper were investigated in 
B u r r is  [4]. This subject is strongly related to “theory morphisms” in the sense of 
Lawvere, Burstall, and Goguen, which can be treated rather naturally in the frame 
of Cylindric Algebra Theory, see, e.g. [13] or [15].
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1. Introduction and main results

This is the third paper on the subject, but can be read independently of the 
first two ([3], [4]). Let
(1.1) l / . : 0 s x vS l ,  (v =  1.......и)

be the unit cube in R". Let (av) be a point interior to Un and

(1.2) LjJ: xv — AvH +  av, (v =  1.......n; — ~  <  ц <°°)

a rectilinear and uniform motion, where u=t denotes the time. We interpret (1.2) 
as the motion of a billiard ball (b.b.); as we wish to reflect the b.b. in the usual 
way on striking the 2n facets xv=0 or 1 of U„, we use the function (x) defined by

( X if 1,
(1.3) (x) =  j 2_ x  if \ ^ x ^ 2  and <*+2> = <*> for all *•

We have used this function in [3] and [4] in a slightly different normalization. The 
reflected path of the b.b. within U„ may be described by the equations

(1 .4 )  Щ: x, =  <Avu + a v) ,  (v  =  1, . . . .  n ;  - « >  <  u < « > ).

1 Sponsored by the United Slates Army under Contract No. DAAG29—75—C—0024.
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A classical theorem of K ronecker (see [2]), and its generalization (see [1]), 
show the following: If the n components (/„) are arithmetically linearly independent, 
then the motion (1.4) is ergodic, i.e., the path ПI is dense in U„. If l ^ k ^ n  — 1, 
while the (Av) admit precisely n —k linearly independent linear homogeneous rela­
tions with integer coefficients, then the path П\ is contained in and is dense in 
a finite ^-dimensional skew polytope Пк. This was shown by K ö n ig  and Szűcs 
in [2] for k = 2 and n =  3.

This result shows that the b.b. motions generalize naturally as follows: Let

(1.5) A' =  (AÍ, ...,AÍ), (* =  1....... fe) ( l s f c s n - l )

be к linearly independent vectors. We replace (1.2) by
к

(1.6) Lk: x v =  2  + (v =  1, ..., n; <«•),
1

which we interpret as a A:-dimensional optical signal starting from the point (av) 
inside Un at the time ?=0, and spreading uniformly within the A-flat Lkn. As we 
now think of the 2n facets of Un as mirrors, the reflected path of the signal is a finite 
or infinite k-dimensional skew polytope Пк. The function (.v) may again be used 
and shows that the reflected path is parametrically represented by the equations

(1.7) Пк: xv =  ( Z  Kui + av), (v =  1, ..., n; <oo).
l

In order to avoid degenerate lower-dimensional problems we shall assume 
that the original signal (1.6) is in a general position.

D efinition 1. We say that the signal (1.6) is in general position (G.P.), provided
that
(1.8) the n by к matrix ||A£|| has no vanishing minor of order k.

Equivalently: If 1 ̂ v 1< v2< ...< v (tSn, then the к linear functions

*vi * Wg ? • • • > x Vk,

of (1.6), may assume arbitrarily prescribed values for appropriate ut.

Let 0 x= (xv), c = (t ’Y ’ "t ) ’ an<̂  cons'^er the cube

(1.9) C;: ||* -c |U  <  в, 
where ||x|U=max(|xv|).

V

D efinition 2. We say that the path (1.7) is Q-admissible, and denote it by 
П к(о), provided that it is in G.P., and that Пк never penetrates into the cube
(1.9) , hence that
(1.10) Л£ПСй"=:0.

As an extreme opposite of the ergodic case, we study the following
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Problem 1. To determine, or to estimate, the quantity

(1.11) gk>n =  supremum q,

the supremum being taken for all q having ^-admissible path Пкп(д).
Our main result is an estimate.
Theorem 1. We have the inequality

( 1. 12) = k

In § 9 we establish Theorem 1 by constructing a path Пк(в) for values of q

which are as close to — — — as we wish.2 2 n
In [4] I have shown that the equality sign holds in (1.12) for the case when 

к — 1. We can now do the same for the other extreme case when k=n — 1.
Theorem 2. We have that

(1.13)
1 n — 1 _  1

Qn~1'n ~  7  2n ~  2n ' ( «  2).

The simplest case when n= 3, and therefore

(1.14)

leads to what I call Kepler's tetrahedron. J. Kepler was the first to notice that 
four appropriate vertices of the cube U3 are the vertices of a regular tetrahedron T. 
As any two facets of T  intersect in a facet of U3 forming equal angles with that 
facet, it should be clear that the surface of T  carries a reflected signal Щ . It carries, 
of course, many such, but let us single out one of them and denote it by П \. Actually,

this signal tl\ is readily found to be --admissible, and it is essentially the only6
/7§ which is -^--admissible. This is an apparently new characteristic extremum prop­
erty of Kepler’s tetrahedron: Any other signal П\ in general position, must penetrate

into the cube C?, with Q = ~ .
6

Theorem 2 allows us to generalize this extremum property of T : There is an
1essentially unique signal П„ which is in general position and is --admissible. It 

is explicitly given by Zn

(1.15)
<“v>>

u1+u2+...+u„

(v =  1 ,..., n 1),

(— oo < U| <  °°).
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In our elementary paper [5] we considered the case of n=2, when the path of 
П\ is the square with vertices in the midpoints of U2.

Theorem 3. We construct explicitly the signal fl* -----j for the two cases

(1.16) {k, n) =  (2, 4) and (k,n) — (2,6).

Notice that (k, n) =  (2,5) is missing: I could not do it. 
In view of Theorems 1, 2 and 3, I wish to state
C onjecture 1. The value of (1.11) is

(1.17) I k ,  n
J___k_
2 In ’ (1 s i s  n — 1).

The remainder of this paper is in two parts and an Appendix. Part I deals 
with monochromos and и-chromos in Rk already used in [4] for k — 1. We derive 
Theorems P, 2', and 3' ; in Part II it will be shown that these theorems are equiv­
alent to the above Theorems 1, 2, and 3, respectively.

There are three outstanding problems that we leave unresolved:
1°. A proof of Conjecture 1.
2°. A general arithmetic-analytic construction of a signal

(1.18)

as done by Theorem 3 in two very special cases.
3°. To show that the number of signals (1.18) is finite, as shown in [4] for k=  1. 
Problems 1° and 2° are probably related and all three difficult.
In the Appendix (§ § 10 and 11) we study the same extremum problems, where 

the rectilinear reflected &-flats are replaced by ^-dimensional Lissajous manifolds. 
Again, Theorems Г, 2', 3' on и-chromos, allow us to derive immediately three 
Theorems 1L, 2L, 3L, concerning the new situation.

1. и-CHROMOS

2. Monochromes

We consider the function
(2.1) {x} = min|x — m\ for Z,
which is related to the function (1.3), in fact {x}=(2x)/2. It seems tailor made for 
dealing with systems of parallel and equidistant planes in Rfc= {и=(г/1; ..., uk)}.

к
For if 2! A'Uj+a is a non-constant linear function of the variables uh then the 

1
equation

(2.2) { 2  Á‘ui+a} = 0
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represents such a system of planes, it being equivalent with the system of equations

(2.3) J a' m ,+ a = j (je  Z).
1

Let
(2.4) 0< < 5< 1 , 

and let us replace (2.2) by the inequality

(2.5) M k(ő): { ÍA 4 + e }  3=4*

This represents a system of congruent, parallel, and equidistant slabs of space. 
We call the point-set M k(8) a monochrome (M.C.) o f Rfc, because we like to think 
of its points as carrying a certain color y. The most familiar case is к =2, when 
M 2(ô) assumes the aspect of an awning, of the kind used to provide shade to 
storefronts.

We shall refer to the planes (2.3) as the central planes of the monochrome (2.5) 
(central lines if k = 2).

The distance between two consecutive central planes (2.3) is found to be 
/7= 1/2  (^‘)2. while the width of a slab of (2.5) is seen to be w = 5 /2  (2.1)2- There­
fore

and for this reason we call <5 the density o f the monochrome M k(8). Clearly ô represents 
the density of the color y in the space Rfc containing M k(ô).

3. «-chromos
Let

(3.1) « >  к, 
and let us have in R* « monochromes

(3.2) M k(S),M k(8 ),...,M k(8),
all of the same density <5. To make matters more picturesque, we think of M k(6) 
as carrying the color yv.

D efinition 3. We say that the n monochromes (3.2) define an и-chromo y£(<5), 
provided that

(3.3) Û  M k(6) =  Rk.
V = 1

The characteristic property of an «-chromo is therefore that every point («,) 
of Rfc is covered by one or more of the colors yv. Using (2.5) we may represent our 
monochromes by

(3.4) M k(0): { 2  A(,M, + flv} s - |- ,  (v =  1, .... n).
1 ^

Studia Scientiarum M athem atic arum Hungarica 13 (1978}



58 I. J. SCHOENBERG

D efinition 4. We say that the и-chromo Xn(S) is admissible, provided that 
the set of и vectors

(3.5) =  ( v =  i ,

which are the normal vectors of our monochromes, have the following property: 
Every subset of к vectors AVl, AVf, ...,AVfc (vx< . . .< v*), spans the space Rfc.

Equivalently: All ^  j Arth order minors of the matrix

(3.6) A =  HASH 
are different from zero.2

The following lemma seems evident and requires no proof.
Lemma 1. A non-singular affine transformation of Rk into itself maps mono­

chromes and n-chromos into like objects o f the same density.

Let
4. An extremum problem for admissible и-chromos

(4.1) ykJ S )  =  {MHS), MHS),  . . . ,  MHS)}
denote the и-chromo defined by (3.4). If we keep everything fixed in (3.4), except 
that we replace the density S by <5'><5, then it is clear that yk(Sj is a fortiori an 
и-chromo. This is no longer true if we try to diminish the density <5. In fact, keep­
ing only к and и fixed, it will be our main concern to find an admissible и-chromo 
yk(S) having as small a density 5 as possible. Evidently, S cannot be too small. 
It is trivial that we must have

for if S<—, then our monochromos (3.2) are clearly unable to cover R \ as re­
quired by (3.3): There just isn’t enough paint around!

As mentioned above we are interested in

P roblem  V. To determine, or to estimate, the quantity

(4.3) Sk,n =  infimum <5

for all densities <5 of admissible и-chromos ykn(A). 
The main result of Part I is

3 To see examples of и-chromos in R2, the reader is invited to inspect the 5-chromo /1(2/5) 
o f Figure 1 (§5), and the 4-chromo /1(1/2) o f Figure 2 (§7). The first is not admissible, because 
its monochromes M3, M4, and M6, are parallel; the second is admissible, since no two of its mono­
chromes are parallel.
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T heorem  V. We have the inequality

(4.4) 0 * * s n - l ) .

R e m a r k . The result (4.4) is rather trivial if k = 1, in fact

<4.5) <5i,n =  ~ -

P roof of (4.5). By (4.2) it suffices to exhibit an admissible of density

—. Observe first that the requirement that Xn be admissible drops out because it 
is automatically fulfilled for k = l. The relations (3.4) reduce to

c
(4.6) M$(0): {liuj + a,,} ^  (v =  1, ..., и),

where we implicitly assume that for all v, or else we could not speak of mono­
chromes. The matrix (3.6) reduces to a column o f non-vanishing elements. Secondly,

it is clear that the monochromes of R1 of density —n

<4-7) М‘Ш: {“'+̂ i}sè' (v = 1.. ">
do not overlap and cover the real axis R1. Therefore ^  , á -  and this estab­
lished (4.5). n

5. A proof of Theorem 1'

We shall proceed as follows: We shall exhibit an admissible x*(<5) having 
a density which is as close to as we wish, thereby establishing the inequality (4.4). 

This is done in two stages.
к

A. Construction of a certain non-admissible ykn(Ô) o f density <5 = — .

(5.1) q = n —k.

We use the freedom afforded by Lemma 1 and may, without loss of generality,
assume the central planes of the first к monochromes to be the planes uv—— =j, 
hence

(5.2) MUS): {“v~4} S  j ,  (v =  1,

In Figure 1 we exhibit the case k = 2 and n = 5 of our construction, but the same 
construction holds for any к and «(=-&).
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Notice that monochromes (5.2) already cover all of R1, with the exception of the 
lattice of cubes having sides =  1 — 5

2_^
(5.3) С(т1г ..., mk): Цх-тЦ«, <  —— , in = (m,-)€Zk.

The remaining q= m —k  monochromes are to cover all those cubes. 
C laim . The monochrome

(5.4)
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just covers all cubes
к

(5.5) C(ml , . . . , m k) such that 2  mt = 0 (mod q).
l

Proof o f  claim. We look at the cube C(0, . . . , 0 )  and let

be its vertices such that AB has direction numbers (1, 1, ..., 1). The slab of (5.4) 
containing the origin is defined by

к

Notice that the right bounding plane 2  uil4 ~ ^ß  contains the point B, because 
at В we have by (5.6)

l - l
2 ui к l —ő к n к n — к к <5 

q q 2 q 2 2 n q 2n 2

by (5.1). Similarly, the left bounding plane — (<5/2) =  ( ^  passes through A. 
The normal to the monochrome (5.4) being the vector (1, ..., 1), it is clear that
(5.4) contains the set

U C(mu ..., mk).
E m,=0

However, the central planes of (5.4) are

2 4
-L — = j  0'€ z),4

and these pass through the centers of all cubes C(ntk, 
This proves our claim.

By parallel translation we now define

к
..., mn) such that 2  mi—4J- 

1

| 2 “i+ r - 1i c
(5.8) М*к+Г(<5): p ---- ------- J S y ,  (r =  1, 2, ..., q),

and this covers all cubes
к

C(m1, mk) such that 2  m i — ~ r + 1 (mod q),
1

because the central planes of (5.8) pass through their centers. The n-chromo

(5.9) XÍ(á) = { M í ( 4 - ,M n4á)}
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defined by (5.2) and (5.8) is the inadmissible n-chromo of density 5=k/n we wished 
to construct. (5.9) is not admissible because its last n—k=q  monochromes are 
pairwise parallel.

B. Construction o f an admissible n-chromo o f density <) close to k/n.
This will be achieved by an appropriate slight perturbation of (5.9). We start 

by selecting a fixed matrix

(5.10) A = H aj (r = 1, i = 1, ...,* ) 
having the following properties:

(5.11) The elements ari are integers,
(5.12) All minors o f A, hence of orders from 1 to min (q, к) are ^  0.

From the known total positivity properties of the binomial coefficients, both con­
ditions are verified if we select

(5.13)

We are now going to modify the n-chromo (5.9) as follows. We will select for it 
a density S to be determined later. We replace the first monochromes (5.2) by

(5.14) (v = 1, ..., k).

For the last n—k = q monochromes we prescribe their central planes to be 
к ■ßss

2  «.■+('■-1)
(5.15) nrJ: TV—------ - ------- + a r l u 1 +  a r2u 2 + . . . + a r k u k = j ,  (j€Z), (r =  1, . . . ,q).

Here TV is a positive integer to be made large later. We claim that every lattice point 
(m;)(E Z f is in one o f these planes nr j .

For if («?,)£Z* is given, we determine the unique r such that

(5.16)

and then
(5.17) 
Thus

(5.18)

■ = ~ 2 mi + 1 (mod q)

(mi)Ç.itr y  for some j'ZZ.

Z*cU U nr.j-Г— 1 J= —oo

Let us now look at the geometric aspect of the planes nrj .  (5.15) may be 
written as

(5.19) n r , j -  Ê  ui+ (ûn Wi + ar2u2+ ... + arku k)  = J j - j - r + 1,
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and this shows that
all the planes nr , are nearly parallel to the plane

(5.20)
N  is sufficiently large.

к
2  Ui—0, provided that
l

Let A(mf)B{mi) be the diagonal of the cube C(mt), which is parallel to the 
old diagonal AB of C(0, 0). Let r be fixed such that (5.17) holds. We construct
a monochrome M£+r(ôr), parallel to nrJ , which just covers the cube C(mt). It is 
obtained by bounding its slab of color (containing C(w,)) by the two planes parallel 
to nrJ , and passing through the points A (mj) and ß(m,), respectively. This mono­
chrome will also cover all cubes C{mf) such that (5.16) holds, or

(5.21) ^ т ( = —г+1 (modi?).
1

We may write k
( 2 щ  + г - 1 k I c

(5.22) M kk+r(ôr) : jlV -i----------- + 2  «,««,} ^  у  •

In view of (5.19) we conclude that its density ôr will be as close as we wish to 
the old density k/n of (5.9).

For the final selection of our monochrome M k, we keep the inequalities (5.14) 
and (5.22), only modifying the density, by selecting for both groups the common 
density 5 defined by

(5.23) 5 = max <515 S2, ..., .
к кThus 5 . If ô=— , then (5.14) shows that our old cubes C(mj) have 
n n

shrunk, and are therefore a fortiori covered by the Mk+r(f>). 
у кSince и—  as the n-chromo

(5.24) xt(S) =  {Йк(Ь), ..., Л Ш }
у  /с .will have a density d as close to —, provided that we select TV sufficiently large.

The question: Is the n-chromo (5.24) admissible? By (5.14) and (5.19) we see 
that the matrix (3.6) for its central planes is

(5.25)

1 0 0
0  1

л  -  Il я;,II =

0

1 + дГ «11>  •

1
, ч

• ’ 1 + N ° ik =
h

1 + ÿ ÿ  ari

. ч
1 + дГ а«1’ ' ”  > 1 +  др ачк

We claim that all its /rth order minors are if  N is sufficiently large.

Studla Scienliarum M athematicarum Hungarlca 13 (197,4}



64 I. J. SCHOENBERG

(5.26)

This will be the case if and only if 

for sufficiently large N the matrix l + qN an has no vanishing minor o f
any order from 1 to min (q, k).

To verify this statement let us look at an jth  order minor of the matrix of
(5.26). We inspect the leading minor det i + N ar for r = l ,  S, 1 =  1, ..., s.
Splitting each of its columns into two columns, we find

(5.27) det 1 +ДГ an M (дг) d e tM i , s + ( ^ )  'S ,

where S is the sum of s determinants obtained from det |ari|l s by replacing each 
of its columns successively by a column of l ’s. We distinguish two cases:

1. If S^O, then the right-hand side of (5.27) will surely be ^ 0 if N  is suffi­
ciently large.

2. If S= 0, we reach the same conclusion in view of the property (5.12) which 
implies that det \arif s9^0. We have shown that the и-chromo (5.24) is admissible, 
which completes our proof of Theorem Г.

6. Solution of Problem 1' if к =  n — 1

Among the n-chromos (5.9) for k = 2, 3, ..., и — I we single out the case 
(6.1) к = n — 1,
this being the only one which is admissible. Its density is

n — 1
( 6.2) S =

By (5.2) and (5.8), its monochromes are described by

(6.3) { „ , _ ! )  . ..  ............- I )
and

(6.4)

since q= 1.
We wish to prove the

T heorem 2'. We have that

(6.5) 0п_1<п = ^ - Л ,  ( „ s  2).

8 The same reasoning will apply to any other minor.
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P r o o f . We know from § 5 that the monochromes (6.3) cover all of R"_1 with 
the exception of the lattice of cubes

(6.6) C(mls ..., »!„_!), (mlt ... ,m n- 1)Ç.Za~1,

centered at the lattice points and having sides=2' ± = l - S = l- ! L 1
77

We also know that the last monochrome (6.4) just covers all these cubes.
For convenience we say that a monochrome of Rn_1 is slanting,

provided that all и —1 components of its normal vector are positive.
L em m a 2. I f  the slanting monochrome

Ô'(6.7) Mn_1(<5'): {u1+y2u2+ ...+ yn. 1un. 1 + b }  =§ — , 

where
(6.8) y2 > 0 , ...»Vn-i > 0 , 
covers the set
(6.9) Г = IJ C(m1, . .. ,m n_1),

(mv)€ Z"-l
then we must have that
(6.10) y2 =  y3 = . . . =  y„_i =  1.

P roof of Lemma 2. Let S' denote the set of planes л which are parallel to
(6.7) and intersect the set Г, hence

П — 1
(6.11) S = {л: ut + 2  Vi“i = const.; лП Г  0}.

Crucial in our discussion is the nature of the set

(6.12) Й = S П R1, 
where
(6.13) Rl =  {(m,); u2 =  ...=  и„_г =  0} 
is the -axis.

C la im . I f
(6.14) (y2, y3, ..., у„_г) (1, 1, ..., 1),
then
(6.15) Q = R1.

Proof of claim. The set S is the union of those planes л which intersect the 
individual cubes С(тх, ...,m n̂ 1). At this point it is more convenient to shift the 
origin of R”-1 to the “lower left-hand corner” of the cube C(0, ..., 0). This is the

point A of (5.6), for k=n — 1. Since 1-5=-^-, we see that after this shift of
origin

(6 .16)  C(m1....... ш „ _ г) =  { (u v):  m, ë  u, á  + 0  =  1. ••• - и - l ) } -
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Let us project this cube onto R1 by planes parallel to our monochrome. The two 
extreme planes are two planes of support of C and their equations are

( U i - m ^ + 2  Vi(ut- m i )  =  0  an d  L - m j — H  +  5  ft  ( и , - i n , — - 1 = 0 ,2 V n j  2 V n j
respectively. To intersect them with R1, we set m2= . . .= m„_1=0 in these equations 
and solve them for u1. In this way we find that the cube (6.16) is projected into 
the interval

/1 — 1 n — 1 J
(6.17) /( in j,..., mn_j) =  [mi +  2 ” УгЩ, »h + 2  Vi mi+ ~  О+У2 +  — +7»-i)]-

2 2 П

For the set (6.12) we now find that

(6.18) Q == U 1 ( т 1г  . . . , mn_1) for (ml5 ..., m„_1)€Z"~1.

We distinguish two cases.

1. Among the у,- there is an irrational one, y2 say. Setting mt — 0 for />2, 
we find the lower endpoint of l(m x, m2, 0, ..., 0) to be

(6.19) m1 + y2m2 (y2 is irrational)

and Kronecker’s theorem shows that these lower endpoints are dense in R1. By
(6.18) our conclusion (6.15) clearly follows.

2. All у* are rational. Writing them in simplest terms with a common de­
nominator we have

(6.20) 7v =  lT ’ (v =  2 ,..., n - l ) ,  (b ,a2, . . . , a n- 1)=  1.

As our assumption (6.14) excludes the case when b=a2= ...=a„-2 — 1, we have 
b + a2 + . ..+а„_х^л and therefore

(6.21) 1 ( 1 + у 2+ ...+ у п_1) ^ 4 - .n о
However, the lower endpoints of the intervals (6.17) form the arithmetic progression 
j/b ( j fZ ) .  Since (6.21) shows that the common length of our intervals (6.17) is 
Ш\fb, again we have by (6.18) that (6.15) holds.

Completing a proof o f Theorem 2'. By Lemma 2 we learn that a monochrome
(6.7) covering the set (6.9), must be of the form

(6.22) { 2 \  +  Ь}

Y l — 1As this must also cover (6.4), we conclude that d'i£------ . This establishes Theorem 2' :n
For if we diminish the common density of the (6.3), then this would increase
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the common side of the cubes (6.6), and then these could only be covered by 

a slanting monochrome of density — , as we have seen.
In view of Theorems V, 2', and the examples of Theorem 3', I wish to state 
C onjecture  Г. The value of (4.3) is

(6.23) <5*,n = |  ( l s f c s n - l ) .

Remark. Just a comment on the monochromes (4.7) of R \ of density S= —. 
Clearly, the inequalities n

"•‘(l):b +V}a i- (v =  1, ..., n)

also define an и-chromo j  >n having the density This does not con­
tradict the above conjectured relation (6.23): The quantity <5* „, was defined as the 
infimum of (5 for и-chromos yk„(<5) in R*, which are admissible, while the above

и-chromos xkn j is far from satisfying that essential requirement. In fact all of 
its и monochromes are parallel.

7. Two special explicit и-chromos

Theorem Г was not established by exhibiting an и-chromo

(7.1)

which is both admissible and of density kin. Rather in § 5 we construct admissible 
yk(ő), with Ô as close to к/n as we wished. In view of our Conjecture Y  of § 6, the 
construction of an admissible и-chromo (7.1), for prescribed к and и (&<и), is 
a most desirable but as yet unsolved problem. Even for low values of к and и, the 
success depends, so far, on luck and visual inspection. Needed is a general arith­
metic-analytic construction.

As a guide to the nature of this problem, the following two specific examples 
might be useful.

Theorem 3'. We give explicit constructions of the n-chromo (7.1) for the follow­
ing two cases
(7.2) (it, if) =  (2, 4) and (k, n) = (2, 6).

1. к = 2, n = 4. Here the density is

(7.3) <5 2 '
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The four monochromes of / |  are

( 7 4 )  Ц т М - ' т Ь т - m s

M l

Ш -Ч К -

These are easily derived from Figure 2 which shows that we have an admissible 
4-chromo of R2.

The first two monochromes (7.4) cover the plane with the exception of the 
lattice of squares C (m1, m,>) having sides =1/2. The third monochromo M3 covers 
all those squares such that mx+m2 is even, while Mi covers those with an odd 
sum mx+m2.

U2
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2. к = 2, n = 6. Now

*4 -(7.5)

The six monochromes of Xb -̂j J are

(7.6) ?■  «-Ш
(7.7) M l (ÿ) : {«i + m2} ^ l  4 4 ):
(7.8) 4 )4 - '«(4 )
These are easily derived from Figure 3 which shows that we have an admissible 
6-chromo of R3.

A guiding word in this maze of lines seems appropriate. The two monochromes
(7.6) cover R3, except for the lattice of squares C(m1, m2) having sides =2/3. The 
monochrome M 3, having central lines щ +u2= j (j£Z), is seen to slice each of 
the squares into two congruent isosceles triangles; we denote the lower one by 
T1(m1, m2) and the upper one by Т2(тх, m2). The monochrome M4, having central 
lines м4—м2=3у (j£Z), is seen to cover all pairs

T1(m1,m 2), T2(m1,m 2)

such that m1—m2= 0 (mod 3). The last two monochromos Mh and M6 are to cover 
all remaining triangles.

At this point we observe, by (7.6), (7.7), (7.8), that each of the six M v admits 
a (double) periodicity of period 3 in each of the variables ux and u2. It follows 
that it suffices to inspect our Figure 3 only in the square

о 1 „ 1 1  „ 1
S: -  2 s  «! <  2 + -J , —J  -  “ 2 <  2 +y>

which in Figure 3 is indicated by a solid frame. In that square we are only left 
with the following triangles as yet uncovered:

Tx(\, 0), Г2(1,0), 7\(2, 1), r 2(2, 1), 7^2,0), Г2(2,0),

and the symmetric set

г,(0, 1), Г2(0, 1), T i(l, 2), r t (l,2), 7\(0,2), Г,(0,2).

However, M& covers

7*1 (1,0), Г2(0, 1), ^ (0 ,2 )  and В Д 0 ) ,  7 \(2, 1), T2(l,2),

Studia Sclentiarum  M athematlcarum Hungarlca 13 (1978)



70 í. J. SCHOENBERG

■while Ma covers their symmetric images

TA0, 1), TA  1,0), TA2, 0) and TAO, 2), TAU 2), T2(2, 1).

This proves that we have a 6-chromo; it is admissible because no two monochromes 
are parallel.

Let me add that I could not discover a xl(2/5).
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U. APPLICATIONS OF /i-CHROMOS TO BILLIARD BALL MOTIONS

8. The equivalence of Problems 1 and 1'

This equivalence appears immediately as soon as we switch the problems 
(or “action”) from the space R" = {(.vv)} to the lower dimensional space Rk =  ((«,)}. 
Indeed, let

(8.1) Щ: X, = (ZKui+<*v)> (v =  1,

be a o - a d m i s s i b l e  reflected signal. Let g and ô be related by

(8.2) ОГ 0 =  1 ~ 2 q '

That (8.1) is ^-admissible means that it is contained in the cubical shell 

(8.3) B"e = Un- C "e,

having the width y  — g = ö/2. The structure of the function (x) implies the follow­

ing: The point of R"

( 2 ^ + 0  (v =  l , ...» и)
l

has the property that for every (mv) and for some v the number 2  K ui+av differs 
from an integer by ё<5/2. However, this last property can be expressed thus:

(8.4) For every (hv) and for some v we have { 2  K ut+av} S  y .

In terms of the monochromes

(8.5) Mï(ô):  { 2  Av'u f + av} (v =  1, ..., n),

the property (8.4) is equivalent to the set relation

(8 .6 ) R ‘ =  Û  M lV—l
which is the definition (3.3) of an л-chromo. The steps can be reversed and establish

L emma 4. Let the relations (8.2) hold. The reflected signal (8.1) is Q-admissible 
i f  and only if
(8.7) tf(á) =  {MÍ(<5),...,M*(<5)},

defined by (8.5), is an n-chromo. That (8.1) is in general position if and only i f  (8.5) 
is admissible is obvious, because they are expressed by the same condition on the 
matrix Л =  II A'v||.
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9. Applications of Lemma 4: Proofs of Theorems 1, 2, and 3

The relation (8.2), Lemma 4, and the definitions (1.11) of gkn, and (4.3) of 
ôk „, show that
( r \ 1 4 1 <5l(9.1) QKnn - ____ k'nУь n  ̂ 2 9
or
(9.2) ökn = l —2gkn.

к 1 кBy Theorem Y <5*>л= — and (9.1) implies that gk>n̂  — — —  and Theorem 1 
is established.

Yl — 1 \ JÍ —1 1By Theorem 2' „ = ------ and (9.1) implies that p„_, ----- -—  = —’ n ’ 2 2  n 2 n
and Theorem 2 is proved.

Let us use Lemma 4 to derive for k —n — 1 the equations for the signal

■ - Ш -
n From the relations (6.3), (6.4), we find by Lemma 4 for this signal
the equations 

(9.3) л-'" Уг):
Xy <MV 2^’

X„ =  ( 2  «;)•

(v =  1, . . . ,  n  1).

Replacing here uv by wv4 -y , we obtain

Xv = (uv),  (v = 1, ..., u),
17" “ 1 Í-M : / " - 1 n -1

(2n) = { 2  ^
(9-4)

which are identical with (1.15.) The essential unicity of the /г-chromo (6.3), (6.4), 
established in § 6, implies the essential unicity of the signal (9.4).

In the special case that n = 3, we obtain Kepler's tetrahedron T  mentioned 
in connection with the relation (1.14). By (9.4) its parametric equations are

(9.5) Щ : xk = («j), x2 = (u2), x3 = (u1 + u2 + 1).

The vertices of T=ABCD  are

A = (0,0,1), Я = (1,0,0), C = (0,1,0), D = (1,1,1).
An even simpler case is n =2 when

(9.6) П\ : xk = (új), x2 =  <^! + -

This is the square having as vertices the midpoints of the sides of U2 (see [5]).
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As a last application of Lemma 4 we use Theorem 3' to give the explicit con­
structions of the two signals for the cases (1.16) of Theorem 3. From (7.4), and 
Lemma 4, we find immediately

Likewise, (7.6), (7.7), (7.8), and Lemma 4, show that

m

*1 = <«!>>

x3 = (uj +  i/ü-b 1>,

*2 =  <U2>,

*5
2u1 + u2 X6

mx +  2m2

It is to be expected that these explicit parametric equations, as well as (9.4), 
should reveal pertinent geometric aspects of the polytopes that they represent.

Our approach via и-chromos suggests that a promising attack on the three 
problems stated at the end of § 1, should be to solve the corresponding problems 
for «-chromos in R*. These are: 

l'°. A proof of Conjecture Y.
2'°. A general arithmetic-analytic construction of the admissible «-chromo

(9.7) r i ß ) .

3'°. A proof that the number of «-chromos (9.7), no two of which are affinely 
equivalent, is finite. This was done in [4] for k = 1.

APPENDIX. EXTREMUM PROBLEMS FOR LISSAJOUS-TYPE
MANIFOLDS

10. Applications of «-chromos to Lissajous-type manifolds

In [3, § 6] we discussed our extremum problem for Lissajous curves in the 

unit cube (v=l, ...,«), the underlying norm being the Euclidean one.
Here two changes alter the situation :
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1. We replace the above cube by our cube U„ of (1.1). This requires replacing 
the basic function w(x)=cosx of [3, §6] by the function

TTX
(10.1) L(x) = sin2 —  , (see Figure 4).

Observe that L(x) interpolates at the integers the zigzag curve of (x) defined by 
(1.3). The absence of corners assures the smoothness of the resulting motions 
within Un. However, the 1-dimensional Lissajous motions

(10.2) xv =  L(2vi + av), (v =  1, ...,n),
of [3, relation (6.3)] again exhibit the ergodic (or denseness) property described 
for b.b. motions in the second paragraph of our Introduction. For this reason, 
and following again the lead of König and Szűcs, we replace the motion (10.2) 
by the ^-dimensional Lissajous-type manifold

(10.3) Лк: xv =  L (2 , tiui + a,), (v =  1, ..., n).
;=l

2. We replace the Euclidean norm of [3] by the norm of the present paper. 
The Definitions 1 and 2, of § 1, concerning the reflected path (1.7) carry over

without any changes to the L-manifold (10.3). We may therefore safely assume 
that we know what is meant by “а Лкп in general position”, and by “а Лк that is 
«^-admissible”. The latter will again be denoted by Ak(nL).

As in the Introduction we propose
Problem 1l . To determine, or estimate, the quantity

(10.4) Qkn = supremum ql ,
the supremum being taken for all q l  having qL-admissible L-type manifolds Ak(gL).

It does seem remarkable that our results of Part I, on и-chromos in Rfc, apply 
equally well to establish Theorems 1L, 2L, and 3L, below, that correspond to Theo­
rems 1, 2, and 3, on b.b. motions. In particular the ôk n below, is again the old 
constant (4.3) for и-chromos. These theorems are as follows.

Theorem 1l . We have the inequality

(10.5) qI„ •y_sin2( y ^ " ) ’

Theorem 2l . We have that
(10.6) l n =  ^ . _ sin2^ Z L _ l j .

Theorem 3l . We construct explicitly the L-type manifold

(10.7) Ak(gL), where q l  = y - s i n 2 ( y  , 
for the two cases
(10.8) (k, n) = (2, 4) and (к, и) =  (2, 6).
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At this point we need an analogue of Lemma 4, that we shall call Lemma 4L, 
which will relate L-type manifolds to и-chromos. Let (10.3) be eL-admissible. This 
means that for every («,)€ R \ the point of R"

к
(10.9) L ( 2 K u t + a v),

1

should belong to the closed cubical shell

(10.10) B"l = U„ -  Q l , where

(v =  1, . . . ,  « ) , 

=  { | | x - c | | e eL}.

( 10. 11)

( 10. 12)

Equivalently:
For some v, the number Ь(У, ).[ut + uv) should differ from an integer by

^ô'-/2, where
1 L

~2 =  ~1~Q

How is this condition expressed in terms of 2j K ur l-е»? If we define <5/2 
as a solution of the equation

(10.13)

then the symmetries of the graph of L(x) show (Figure 4) that (10.11) will hold if 
and only if

(10.14) { 2 K u ,+ a v} ^ j .
This establishes

У
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Lemma 4l . Let gL, 0<  be prescribed, then 0L be defined by (10.12),

and finally Ő such that (10.13) holds. The L-manifold (10.3) is gL-admissible if and 
only if the n monochromes

(10.15) { 2 K ui+av} = 4 -’ (v =  1,. . . ,« ) ,
define an n-chromo in R*".

Eliminating ôL between (10.12) and (10.13), we find that

(10.16, e‘  =  T - t (4 ) -

If gL tends to its supremum g£n, then Ö tends to its infimum ôk and we obtain 

(1017)
which is the analogue of (9.1).

T heorem V , hence that bk n-^k\n, and (10.17), immediately establishes (10.5), 
hence Theorem \L. Likewise Theorem 2’, hence that àn_ln = (n— \)/n, gives (10.6), 
hence Theorem 2L, again in view of (10.17). Finally, Theorem 3' implies Theorem 3L.

11. Examples of extremal Lissajous manifolds

It was not mentioned above, but is evident by Lemma 4L, that if (10.15) are 
the inequalities defining an «-chromo y*(d), then (10.3) defines an E-manifold which 
is ö''-admissible, where gL is defined by (10.16). As an example, the «-chromo 
X"_1((>), defined by (6.2), (6.3), (6.4), give the E-manifold of Theorem 2'-

( 11. 1) К  Ч в п -1 ,п )‘-

xv =  sin'2 Mvj ,  ( v  =  1, . . . ,  n -1 ) , 

. „ 7Г (  « — 1)= sm2y  — J
where ^ _ l n is given by (10.6).

Let us look at this for the smallest values of «.

1. k = l, n = 2. Here ef;2= ——sin2(7r/8) =  (2 ^2) L The extremizing E-motion

• о TIUi 1*i =  sin2 - y -  = у  ( 1 — cos л«!), 

x 2 =  sin2( | « 1+^ )  =  (ITsin mil),

is seen to be a circular motion along the circle inscribed in U2. This is the analogue 
of the b.b. motion (9.6).
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2. k =

( 11.2)

2, n=3. The extremizing L-surface is found to be 

хг =  sin2 ~ Y  =  -J  (1 -cos m il),

X2 =  s i n 2 — =  y ( l  —  C O S 7 r n 2) ,

x3 =  cos2y  ( i i j  + i/o) =-^-(1 +COS rtOli + Ua)).

This is the L-analogue of Kepler’s tetrahedron T  parametrically given by (9.5).

The largest cube inscribed in T  was found to have its side = —. For our Л\ we find
1 1 3 a larger cube Цjc—c|U <— of side = —, because

The intersections of (11.2) with the planes xv—c (O ^c^l), (v =  l, 2, 3) are 
ellipses, inscribed in the unit square, with axes parallel to the diagonals of the 
square. The surface is convex.

From (10.17), for k= n — 1, we find that

(11.3) lim ön-Ln =  0./!-*■ со

Most likely the above Л%, given by (11.2), is the last /ÍJJ-1 which is the boundary 
of a convex set in R".

3. k = l ,  general n. With this last example we come close to the subject studied 
in [4]. The n-chromo (4.7) and Lemma 4L show that

(11.4) xv = sin2y ("! +  —̂ - ) ,  (v =  l ....... и; 0 S Ü JS 2 ) ,

describe an extremal curve Л\. From (10.17), for к — 1, we obtain that

(11.5) lim (?i „ =  -y.

The curve (11.4) is the Lissajous-analogue of the “lucky” billiard ball shot Г* of 
[4, relation (10.2) for ;j= 3, and Figure 2].
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ON MULTIPLICATIVE ARITHMETIC FUNCTIONS SATISFYING 
A LINEAR RECURSION

by
A. SÁRKÖZY

1. An arithmetic function f(n )  is said to be multiplicative if (m ,n)=1 implies
that
(1) f(m n ) =f(m )f(n)

and it is strictly multiplicative if (1) holds for all m, n. Furthermore, f(n )  is said 
to be additive if (m,n) = 1 implies that / (mn)=f (m )+ f (n). Let m be a positive 
integer. An arithmetic function y(n) is said to be a character modulo m if it is strictly 
multiplicative, y (a) = y (b) for all a, b such that a~ b  (mod m), finally, y(n)=0 
holds if and only if (n,m)>  1. By the multiplicativity of the characters and since 
X(ri)^0, we have /(1) =  1 for all characters. If y(n) = 1 for all n satisfying 
(n, m)= 1 then y(n) is called the principal character modulo m; the principal charac­
ter is denoted by y0. If (a, b) =  1 and y(n) is a character modulo ab then there 
exist uniquely determined characters ул  and ул  modulo a and b, respectively, such 
that x(n) =Xi(n)Xt(n) f°r all n. (For the theory of characters see, e.g., [1] or [4].) 
The number of the elements of a finite set S will be denoted by |S|. For a real 
number x, we write (x}=x—[x] (where [x] denotes the integer part of x).

In [3], L. Lovász, M. Simonovits and the author determined all the additive 
arithmetic functions /(и ) which satisfy a linear recursion of finite order, i.e., an 
equality of the form
(2) a0f(n ) + a1f(n  + l) + ...+akf(n  + k) = 0, и =  1,2 ,...
where к is a positive integer and a0, ak, ...,a k are any complex numbers such that
(3) a0 0 and ak ^  0.
The aim of this paper is to determine all the multiplicative arithmetic functions f  (n) 
which satisfy a linear recursion of finite order. As Theorem 2 will show, we get 
a characterization of the (modulo m) characters in this way.

Let sd denote the set of the multiplicative arithmetic functions which satisfy 
a linear recursion of form (1).

Theorem 1. A multiplicative arithmetic function f(n )  belongs to sd if and only 
i f  f  (л)=0, or there exist a non-negative integer h, a positive integer m and a character 
y (n) modulo m, satisfying the following conditions:

(i) I f  (n, m)=l then f(n )= nhx(n).
(ii) I f  m S 2 then let т=р^р%у ...р^ (where px, p2, •••,/>, are distinct prime

numbers, al5a2, . . . ,a r are positive integers). Let y_\(n), X2O1).......yr(n) denote the
uniquely determined characters modulo рхр, pb, , p“r, respectively, such that x(n) ~
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80 A. SÁRKÖZY

— Xi(n)%2(«)••• XÁn) for all n. Then for г =  1, 2, r and j=  0 ,1 ,2 ,.. .  we\have 

P\h fipV) П  Xt(pi) if Xt(n) is the principal character modulo p f,
f ( p v +j) =

Is/Sr 
/?£i

0 ;/ /, («) is not the principal character modulo pf<.
Let .s/* denote the set consisting of the strictly multiplicative arithmetic func­

tions f(n )  which satisfy the following conditions:
(i) f(n )  satisfies a linear recursion of finite order;

(ii) /(«)=héO;
(iii) f  (n) = o(n).

Theorem 1 implies trivially
T heorem  2. A multiplicative arithmetic function f  (n) belongs to j</* г /  and only 

i f  there exists a positive integer m such that f  (n) is a character modulo m.
In fact, f(n)£jtf*  implies by Theorem 1 that /(«) must satisfy (i) and (ii) 

in Theorem 1. The condition / (n)=o(n) implies that lt=0. If f(n )  is strictly 
multiplicative then (ii) in Theorem 1 yields that either f ( p d = 0 or f(Pi) = 
= П  Xi(Pi)- We may assume thatl^l^r

f(Pi) = =f(Ps) = 0 and f ( p s+1) 9* 0, ..., f ( p r) 0.
Then it can be shown easily that f(n )  is a character modulo p^pP - Pf-

2. Proof of Theorem 1. The essential part of the proof is to show that a multi­
plicative arithmetic function satisfies f(n)Ç.s# if and only if f(n)/nh is periodic 
for a non-negative integer h ; on the other hand, it can be shown easily that / (n)/nh 
is periodic if and only if f(ri) = 0 or both (i) and (ii) hold.

In this section, we prove that i f  f  (n) is a multiplicative arithmetic function such 
that / ( « ) = 0 or it satisfies both conditions (i) and (ii) in Theorem 1 then f{n) 
belongs to s4.

If f(n ) = 0 then, obviously, (1) holds for any complex numbers a0,a 1, ...,a k 
satisfying (2) thus we have / («)Ç s í .

Assume now that f in )  is a multiplicative arithmetic function satisfying the 
conditions (i) and (ii) in Theorem 1. We are going to show that these conditions 
imply that the function g(n)=f(n)/nh is periodic with period Q —m2, i.e., we have

(4) g(n+Q) = gOO-
If m — 1 then (i) implies that g{n) = 1 thus (4) holds trivially. Assume now 

that 2^m=plipp...p*rr and for г =  1,2, ...,r , define the multiplicative arith­
metic function gi(n) in the following way: let

(5) gfn) = yfin) if (n,p,) = l
where the character /л{п) is defined in (ii) and for 1 ̂ i ^ r ,  у = 0. 1,2, ..., let

(6) gfp'l) = f(pï)
p'!y П  xi(pJ) 1lr*i
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Let n = p l i p l * . . . p yr m 1 be an arbitrary integer where yx, y 2, ■■■, Уr are non-negative 
integers and { n x , m )  = \. Then by (i) and (ii), we have

П  g;(«) = П  giiPi'Pl* -  Pr-'h) =i = 1 i = 1

= П  gi(pp)fi(pi') ••• Zi(pyrr)gii'h) =t = l

(7)

=  П  {( П  g i (P p ) )g .(P i‘)g i(« i)}  =i = l l^j^r 
j*i

- s h S L . « # » т ш т М -
l^/^r

П  Xiipy)
A / ( p I0  A  /  4 l s i V / r

" Л  рГ‘ Л Zi( l) П  Xiipy)lSit j'^r
i*j

f ( p ï p y - p ï ) X(>h) =
fipVpj* — pV) /Oh)

(pi1 pi* — pl')h лу"1' (pV pI* — Plr)h «Î

К рУрУ ■■■ p7rr»i) = /(")
(pï1Pl, -p ? r«i)A

Now we are going to show that

(8) gi(n+ô) =  gi(n) for i = l , 2 ,  . . . , r

and for all и. Let us write n in the form n=p'(nx where у is a non-negative integer 
and (/>,-, By (5), we have

(9) g;(n) =  g.-Cpl'Hi) =  g,'(Pi')giOl) =  g,(PDXi(«l)- 

Assume first that у < a*. Then there exists an integer t such that

n + Q  =  Pi’Wi +  p f '1 — P i* * -- PrXr =
=  Pi(«i+Pii -Piai- P ^ T , Pf‘_1'P?ÎT1--- PrIr) =  pJOh+Pl‘0

thus

( 10)
gf(«+ 0  = g,(pK«i+P?'0) =  g,(Pi)g/(«i+pf'0 = 

=  gi(Pi)Xi("i + p?‘0  =  giiPÍ)Xi(ni)-
(9) and (10) yield (8) in this case.

Assume now that у ^ а г. Then p?i|n and pj<|ß imply that pxp\n + Q thus n + Q 
can be written in the form n + Q=p\n2 where 0^<xt.
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If Xj(и) is not the principal character modulo pp then by (ii), (6) and (9), 
we have

( И ) g iO ) =  g iO D X iK ) =  pl,y Xi(ni) = 0
1Ш1ШГl*i

and

( 1 2 )  gi(n+Q)  =  gi(pï)Xi(n2)  =  pu =  °-
)S/Sr

(11) and (12) yield (8).
If Xi(n) is the principal character modulo pp then again by (ii), (6) and (9), 

we have

giOO =  gi(PÏ)Xi Oh) = f(pl)

(13)
phiy П  X,(PI)Isler

■ 1 =

ri iy~Xt)f (pfO П  Х,(РГA1^Шг___________ l*i_________
Piy П  Xi(pyr * ‘)xi(pV)

l*i

and

(14)

-  рГИх‘А рА  П  Ш рА У 'lS/SrЫ1

gi(n + Q) M x M  py  n lM )
J^l^r

р У ~ а,)/ ( р ? )  П  X i ( p Î ~ A

_ ____________ 19̂i_________
p f  П  хА рУ А / А рАIS/SrШ

= Pi hXif (pA  П  (xi(Pi‘)) 1-
l*i

(13) and (14) yield (8) also in this case and this completes the proof of (8).
(7) and (8) yield (4).
Now we are ready to prove that f(n )£ s /.  Let us put k — Q(h + 1) and let

(— 1)‘P  for i = 0, 1, ..., h + 1 and j  = 0,

0 for i =  0, and j  = 1, 2, ..., Q— 1.
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Then by (4), we have

2  a,f(n  + l) = 2  <*iQ f ( n  + iQ) =
1=0 i =  0

(15)

Let us write 

and

Then we have

A+i f / i+ n
=  2  ( - 1)' i \(n +  iQ)hg(n +  iQ) =1=0 V 1 /

h + 1 (U 4-П
=  g(n) 2  ( - Щ  i ](n +  iQ)h.i = 0 V /

F(x) = Qhxh 

a+J (h + 1)
Ah + 1F(x) = Д  ( -  O' ( i j f (*+0- 

= 0

for all x since it is well-known that the k,h difference of a polynomial of degree- 
^ k — 1 is 0. (This can be shown, e.g., by straight induction on k). Thus (15) yields, 
that

2 4 / 0 » +  0 =  g(n)JA + 1F ^ j  =  0

which proves that f(n)£sd.

3. Now we have to prove that f(n )^sd  and

(16) f(n) =zé 0

imply that there exist h, m and /  satisfying (i) and (ii) in Theorem 1.

We need some lemmas; note that in Lemmas 1—6, we shall not use the multi- 
plicativity of / (и).

Lemma 1. I f  an arithmetic function f(n ) satisfies (16) and a linear recursion of 
form (2) then there exist positive integers t, r 1, r2, r, and complex numbers 
.s'j. .s'2 , ■ • •, Sf, í/ц , di2 , • • •, d\rt, d%i, 1/22 » • • • 5 ^2гг ’ * • • 5 4  15 tlt2, • •., such that

(17) Sj ^  0, s2 ^  0, ... ,5 ,^ 0 ,  Sj Sj for i j, dlri 0, d2rt ^  0, ^  0

and

ню
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This lemma and its proof can be found in [3]. (See formula (12).)
By Lemma 1, / (n)£sd and (16) imply that / (n) can be written in the form (18). 

Thus to complete the proof of Theorem 1, it is sufficient to show that if the func­
tion f(n )  is of form (18) (where (17) holds) then there exist h, m and z  satisfying 
(i) and (ii) in Theorem 1. We may assume that we have

(19) N  =  |s2| = . . .=  |sj >  |su+1| §£ |sH+2| s . . . a  |S(| 
and
(20) r1S r 2 ë . . . ë r r u

in (18) (also u = l may occur). In order to simplify the notation, we put rx=r 
and diTl=dlr.

In the remaining part of the paper, C1,C i , ... will denote positive constants 
which may depend on certain parameters rx, ..., rt , sx, ..., s,, d11, . . . ,d trt but which 
are independent of the variables n, M, L. Similarly, we write, e.g., 
g(n, r,, ..., r„ sx, du , ...,d trt) = 0(\h(n, rx, . . . ,r t, slt ...,s„ dn , . . . ,d tr) |)  if
\g(ri)\<C1\h(n)\ for n = 1 ,2 ,... where Cx is a positive constant of type de­
scribed above.

Lemma 2. I f  f(n ) is an arithmetic function o f form  (18) where (17), (19) and (20) 
hold then there exists a constant C1=C1(r1, . . . ,r t ,d ix, dtn, sx, such that

(21) l /(» ) |< C 1( " ^ 7 1) | Sl|".

Proof. By (18), (19) and (20), we have

l/OON . i f i l ^ ' T - i  ' ) ] |Sl|n+

which yields (21) and this proves Lemma 2.

Lemma 3. Let U, V be positive integers such that UsV,  К a non-negative in­
teger, z a complex number satisfying \г\ш1, z ^ l .  Let

S(U, V, K, z) = m - n (U+K + 1
к j zu+1+ ...+
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Then we have

\S(U, V, K, 2)1 •l«+l •

This lemma is identical to Lemma 1 in [3].

Lemma 4. Let f(n) be an arithmetic function of form (18) where (17), (19) and 
(20) hold and let D be a positive integer such that

(22) (s,/si)D ^  1 for i = 2, 3, . . . ,  t.

Then there exists a constant C2=C2(r1, ..., rt, dn , d„t, slt s„ D) such that 
for any positive integers M, L we have

2  f  (" )« i "■M~cn̂ M + LD 
n = M  (m o d  D )

hr 2
M < n = s A i +  L D  
n = M  (m o d  D)

<

c \ { M+LrD_ V  A) + + LD + R)R | s u + 1 / s 1 | m |

where R=  max /•,.
u - = i s r

Proof. (18) yields that

(23) 2  f ( n ) s r - d l r  2  ( " г - 1 ] )1 =
nrsM + LD M - c n ^ M  + LD  V /  IM^n^M + LD 

n ~ M  (m o d  D)
n^M + LD ' 

n = M  (m o d  D )

2  2  d'j ( , , + Z  1 ' )  +  2  i  (  2  d'j ( ” + -  ! l ))  (5,/sO-
M ^ n ^ M  + LD j=l  \  J /  M^n^M + LD i = 2 \ j  = l  V J ' )
n = M  (m o d  D )  n  =  M  (m o d  D )

r2 \ d u \  2  i " ^ 2 2) + i  2 \ d u\ 2  i ' ^ - l
j =  1 L D  V /  i =  2 7 =  1 M < n s M  +  L D V  J  /

n=M  (m o d  D)n  =  M  (m o d  D )

Н Т +“ Г 2)+д ,1

= ° { j

1 D  M  +  L D
1 e - 2 n i M l / D

D /=i
‘ j  •(■S,e2n,'/D/S1)"|}=:

n=M + BV J — j / It

(M + LZ» + T-2)
l  r - 2 )  +  i  2  2  2  (n* - l  ] )  ( s i e2’l,,/r>/ s 1)"|}

/  i = 2  j  = l 1 = 1 n*=M+D '  J 1 J I t

(where the first term is 0 for r = r 1= l) . In order to estimate the inner sum in the 
second term, we apply Lemma 3 with 2 = í je2’,‘,/ü/ í1. Then \z \s l  and z ^ l  hold
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by (17), (19), (20) and (22) thus we obtain from (23) that

2  m * r - d lr 2  ( " Í V I U
M ^ n ^ M  + L D  M < n ^ M  +  L D \  1 / I3=M + l 
n = M  ( m o d  D )

5 M  +  L D  '  
n = M  ( m o d D )

- n í r i M+LD + r - 2\  I -  -  W + L D + n  |s(/Slr +D 1
Г I r —2 )+à à à  { j - 1  J | i - s , . ^ / Sl|M -

Г (M+LÖ +  r - 2 )  ' (M+LD + гЛ
=  ° H  г —2 ] +  Д (  г,- I  J l ^ i l

м+в|

л ( г Г- l  (M+LD + r - 1) , ( M+ LD + r— 1)
У Г М Ш  +  г - 1  l  r - 1  i  +  i=2l  r — 1 J +

=  0 ifM+LD + r - ! ]
и r_  j J + Í A Z + L D + ^ l s ^ A r

uniformly for M, L = 1,2,3, . . .  which proves the lemma.

Lemma 5. Lei /(« )  be an arithmetic function o f form (18) where (17), (19) and 
(20) hold and let D be a positive integer such that (22) holds. Then there exist positive 
constants C3 and L0 (which may depend on the parameters rl t ..., r,,dn , ..., dtrc, su ... 
. . .s t ,D) such that i f  L and M  are positive integers satisfying L>L0 and M > M 0(L) 
then we have

(24) max
M  < n ^ M  +  L D  
n  =  M  (m o d  D)

f(n)

(ТГ1)*
c , .

P roof. We are going to show that (24) holds with C;, ( f o r  sufficiently
large L and M>MfL) ) .  Assume indirectly that

(25) maxM-<n̂ M + LD 
n  =  M  (m o d  D)

/(«) \dir\
2 '
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Then for all L and M>M 2(L) we have

m s r - d lr 2  (n::7 1)|) M^n^M + LD V 1 /I
VZj

M  - c n ^ M  + LD  
n =  M  (m o d  D) n =  M  (m o d  D)

\db\ 2  ( " i - i 1) -  2  1/(и)5Г-|
M < n ^ M  + LD V x /  M ^ n ^ M + L D

(26) ^  1 d u \

n = M (m o d  D)

2  (
И + Г-1]

r - 1  J

n s M  ( m o d  D ) 

1 -  2 e r r 1 )  -
n = M  (m o d  D)

M<n̂ M + L D  ^ 
n ~ M (m o d  D)

\du
2

L 2  
M < n ^ M  + LD

(n + r — 1 
{ r - 1 ' b ' f  г  ‘ (М + “ Г ‘)/ М^пшМ + L D  V Г—I /

n = M  (m o d  D) n =  M ( m o d  D )

Wu\ r Ш + L f l + r - l j  trw=  — r _j  J (for M =► M2(L))

since we have
(n +  r — П (M+LD + r - l \  _  . ,  , r n  . .

r —l I ~  I r —1 I f°r M < n S  M+LD, M  — + 00.

On the other hand, applying Lemma 4, we obtain for M>Af3(L) that

(27) 2  / ( Ф Г -rfir 2
M < n ^ M  +  L D  +  L D
n = M  (m o d  D) n =  M  (m o d  D)

( " 7 - 7 ‘ ) |

<  c 2 ((M + ^ t r ^ ( M + L ö + ^ i s . + A r )  <  Q  (M+LrDj \ r *)

since, by (19), we have

( M + L D  +  K f \ s aM M =  o( l)

for fixed D, L and A/— + «>.
(26) and (27) yield for all L and M>A/4(L) that

|dlr| ÍM  + LD + I— 11 (M  + LD + r - l )
4 L { r - 1  J < C 4  г — 1 )

or, in equivalent form,
4 C4
Mlr|

but for sufficiently large L this inequality cannot hold. Thus in fact, the indirect 
assumption (25) leads to a contradiction for large L and M=-Af4(Z,) which proves 
Lemma 5.
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Lemma 6. Let f  (n) be an arithmetic function o f form (18) where (17), (19) and 
(20) hold. I f  N is large enough then there exists an integer n for which
(28) [N/2] <  /I = N,

(29) l / ( n ) |^ C ,( B^ 7 1) |s 1r,

(30) i f  p*\n thenp

hold where C3 denotes the (positive) constant defined in Lemma 5.
P roof. Let U denote the set of the integers n which satisfy (29). Applying 

Lemma 5 with D = 1, we obtain that if L  is large (but fixed) and N > N 0(L) then

(31)
[JV/2]«rnSiVneu

1 = 2  2  1 >l̂ î (N-[iV/2])/L [Nl2] +  ( j - l ) L ^ n ^ [ N l 2 ] + j Lneu

2  1lSj3(JV-[JV/2])/L
N —[N/2] j _ I N/2 N

~4L ’

Furthermore, it is well-known that

2  Л  = loglogx+C + o(l)P’S* P
for some absolute constant C. Thus

2 2 1 =

P *  In

(32) — 2  ( 4 1  = ^  2  - ^  =
JV (logiV )-2 «=P*SiV  L P  J  A (lo g iV )-2 -= p « sJ V  P

= JV(log log JV—log log (TV(log A )_2) +  o(l)) = A-o(l) =  o(7V).

(31) and (32) yield that the number of the integers n which satisfy (28), (29) and 
(30) is at least

2[)V/2]-=nSiVneu
1 -  У УJV(logiV)-2-cp*eN [iV/2]<nSiV p“|n

^  _N___N_
^  4L 8L

N_ 
8 L > 0

for large enough N  and this completes the proof of Lemma 6.
(Note that so far we have not used the multiplicativity of /(«).)
Lemma 1. I f  a multiplicative arithmetic function f(n) satisfies (16) and a linear 

recursion of form (2) then there exists a positive number p0 such that i f  p is a prime 
number satisfying p> p0 and a is a positive integer then we have

f(P*) *  o.
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Proof. Assume indirectly that there exist infinitely many prime powers 
p ^ ,p i2, ...,Ркк, ■■■ such that p i< p 2< . ..</>* and

(33) /(PÏ1) =  /0>£2) =  - • • =  f(PÍk) = ...=  o.
Denote N the least positive integer satisfying the linear congruence system

A + l =  pi1 (modpï1 + 1)
JV+2 =  (mod pS2+1)

N + k  =  plk (mod plk+1).
Then for /=1, 2, k, we have pf‘\N+i and pp+1 f N + i thus N+i can be written 
in the form N + i= ppN t where (Nt,p^  = l. By (33), we have

f ( N + i )  = f ( PVNd = f ( p f l) f ( N i) =  0 - f ( N d  =  0 for i =  0, 1 , . . . .  к - 1.
Thus with respect to (3), we obtain from (2) by straight induction that for
n = N + k + 1, N + k + 2, ...,

m = - 2 ^ f ( n - i )  = - Z
i = l  a k 1 a k

• 0 =  0.

Define M by
f(M ) *  0, f ( M + 1) = f(M + 2)= ... = f(M + i)  = ...=  0  

(such an integer M exists by (16)). Then we have

2 a J ( M + i)  = a0f ( M ) ^ 0i = 0
in contradiction with (2) and this contradiction completes the proof of Lemma 7.

L emma 8. Let T be a positive integer and assume that the real numbers- 
>>i, y2, . . . ,y T are linearly independent over the field o f the rational numbers. Then 
the points

( Ы ,  Ы ,  •••, Or}), ({2yi}, {2y2}> ••• » {2Уг})> •••, (W i}, {n>'2}. •••, {nyT}), ■■■ 
are uniformly distributed in the T-dimensional unit cube.

This lemma is well-known; see, e.g., [2].
L emma 9. Let T be a positive integer, S a finite set o f T-tuples of non-negative 

integers and assume that 
(34) \S \^ 2 .
For all (f i , у2 , ..., j T)£S, let bjlJt Jt be a non-zero complex number. Put

F(x l t x 2, — , x T)=  2  bhh  jTe-**jixi+jixt+-+JTxT)
O ' 1» 7*2» •••» 7 t )  £ $

where xit x........ x T are real variables. Then | F(x1, x2, ..., xT) | assumes at least
two distinct values, i.e., there exist real numbers x[, x'2, ..., x'T, x'{, x2, ..., x'j such 
that

I F « ,  *2........*т)1 и  \F(x'f x l,  . . . , * i ) | .
Proof. Assume indirectly that

| F « , , лгг)| =  C
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for all X. Then we have
1 г

(35) 

and
/  f  |F(*i, x T)\2dxx ... dxT = C2
0 0 

1 1
(36) f ... f  ||F(^l5 ..., x T)\2 — C 2\2dxx ... dxT = 0.

Let (M1, . . . ,M T) and (L1, . . . ,L T) denote the uniquely determined Г-tuples 
for which (Mx, .... MT)£S, (Lx, . . . ,L T)£S  hold, and for all ( j \ ,  j\ , ..., j T)£S, 
we have either Mx>jx or Mx=jx, ..., M i_1=ji_1, M ^ ji  implies that 
similarly, either L x< jx or Lx=jx, ..., Li_x=ji_x, L ^ j i  implies that <j t .
Using Parseval’s formula, we obtain with respect to (34) and (35) that

1 J
f . . . f \ \ F ( x x, ..., x T)\2 — C2\2dxx ... dxT =
0 0 

1 1
=  / • • • /  1^(*1» ..., x T)F(xx, ..., x T) - C 2\2dxx ... dxT =

0 0 
1 1

= / . . . / ] (  2  bjl jTe2n,üixi+ -+JTxTÎ)x
о о O'i..... j T) £ s

X( 2  bh I e 2’»d1x1+ . . C2\2dxx ... dxT =  
( / i , .. ., iT) e s

- / • • • / 1( ...Aj , - c ,) +
о о Ui. —

+  ^  (  2 .  b h . . . j T V . . < r ) x

у  e 2rer(s1x 1-f-... +  s T x T)|2  J jC r  =

1 1 1 1
=  /  - / ! ( /  • • /  1^(У1.-.Уг)12^ 1 - ^ г - С ' )  +

0 0 0 0

+ 2  ( 2^ bji ...Jt bh ... It) X
(si> •••» •••» Ji —si» •••» Jt  I'p—S'p

X e a * i( s 1* 1 + . ” + I T * r > | 2 i L c 1 . . .  d x T =

= / • • • /  I 2  ( 2  (’л...УтЬ(1 ...1т)Х0 0 (Sj, ...» sT)?í(0,0) Ji  — l i —s 1, . . . , j T —lT —s T

X e 2ni(.sl X l + -  +  s T x T ) \ 2 d  _ =
(® ii •••» ® ) J i  i j , — *1» •••» J t — I t — S j

^Ji... jt ••• ir| —

I .  Д  uji •• J t  uhJi i p  ...iJj  — — Mrj- — Lrp
b ,  d 2 =

— \Ь\г1...мт Ььх...ьт\2 >■ 0
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(since bMl Мт̂ 0  and bLl Lt ^0)  in contradiction with (36) and this contradic­
tion proves Lemma 9.

4. Using Lemmas 2, 5, 6 and 7, we prove in this section

Lemma 10. Let f ( n ) be a multiplicative arithmetic function of form (18) where 
(17), (19) and (20) hold. Then we have

(37) l*ii =  1

P roof. First we prove that
(38) Ы  S  1
Assume indirectly that
(39) Isii >  1

For N > N 0, Lemma 6 yields that there exists a positive integer n=pfp^...pl<  
(where </>£“<...</>?') for which (28), (29) and (30) hold. Then by (30), (39) 
and Lemma 2, we have

1/001 =  I /Í  / /  pf')| =  П  \f(Pï)\ <I 4 = 1 /I i = i

<40) <  77 fc, ( p''r+_ i  l ) lsilp?<) ^ 7 7  Qirpf'XIsi /V(Iog/V)~*

log N logN .... aj\~% ,
(C1rr)'iir |s1|"v(l0g'v,' i S (C 5)'°*2 Afr|j j |lo*2 <oe ) =  Ac*|s1|2,v(log'vr

since obviously,
log n log N  
log 2 ~  log 2

On the other hand, (28) and (29) yield with respect to (39) for large N  that

(4 1 )  \ m \  S  C 3 ( " ^ 7 1)  |sx|" >  C s ls j ! ^ 2.

(40) and (41) yield that

hence for large N,
tfc.|s1|W(,0»">'1 ^  CalSjl^2

-L  Nc° a  |Sl|Jv/2-a|v(iog/vj-1 >  |Si|N/3#
^3

But by (39), this inequality cannot hold for large N. Thus (39) leads to a con­
tradiction which proves (38).

Now we are going to prove that

(42) Ы  S  1.
Assume indirectly that
(43) |sj <  1.
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By (17), we have s j s ^ l ,  s3/s1^ l ,  ..., s fs x ^ l.  Thus there exists a positive number 
p 1 such that if p is a prime number satisfying p> px then
(44) (si/siy  ^  1 for i =  2, 3, t.
Furthermore, by Lemma 7, we have

(45) f(p) *  0

for Let us fix a prime number satisfying p>max {ро>Л}> then both
(44) and (45) hold.

By (44), we may apply Lemma 5 with D=p and Л7 = 1 (mod p). Then Lemma 5 
yields that there exist infinitely many integers m such that

|/(m p + l) | S  \°i\mP+1 = Q k lmP+i
hence
(46) |/(mp2+p)| =  \f(p (m p+ 1))| = \f(p )\\f(m p+ 1)| £  C3|/(p)| |s1|mp+1
since (p,mp + 1)=1. On the other hand, by using Lemma 2, we obtain for all 
m that

|/(m p2+ p ) |< CI K ^ t r - 1) lsi r - ^
(47) v ’

S  C1(mp2+ p + r — l)r-1 |s1|mp2+p.

(46) and (47) yield that for infinitely many m we have

C3\f(p)\ ISil”1̂ 1 = C1(mp*+p + r - i y - 1\sir ‘+p 
hence with respect to (43),

C7\f(p)\ = mc8|sj|(p_1)<'",’+1) ^  mc8|s1|mp+1 = /nce|s1|m
where C7> 0, and C7,C 8 may depend on p, r1} ..., rt, dn , d „ t, slt ..., st but 
these numbers are independent of m. But by (43) and (45), this inequality cannot 
hold for large m, and this contradiction proves (42).

(38) and (42) yield (37) and this completes the proof of Lemma 10.
5. We have to show that if /  (ri) is a multiplicative function which satisfies 

(16) and a linear recursion of form (2) then there exist h, m and x satisfying the 
conditions in Theorem 1. We are going to prove that h= r— 1 can be chosen where 
r= rx is defined in Lemma 1 (while m and x will be defined later). In order to show 
this, we prove two lemmas concerning the function

(48) g(n) =f(n)/nh = f(n)/nr- 1
in this section. This function is multiplicative since it is the product of the multi­
plicative functions / («) and n~h.

Lemma 11. Assume that f(n ) is a multiplicative arithmetic function which satis­
fies (16) and a linear recursion of form (2). Define the multiplicative function g(n) 
by (48) where r=rx is defined in Lemma 1. For j=  1, 2, ... , let Rj denote the set
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of the positive integers n for which (и, JJ p) = 1 holds. Then for all e > 0 , there
psj

exists a number j 0=j0(e) such that j> j0,n£Rj imply that
(49) 1 - e  <  |g(n)| <  1+ e  (for j  > j 0, n£Rj).

Proof. By Lemmas 2 and 10, we have

1*001 =  l / (n ) l« -r+1 < Q  ( ” + 1 7 ISl\nn- ' +1 =

(50) =  C, ( " ^ Y 1) n - r+1 <  CiOi + r - i y - 1»«-'*1 =

= ^ ( 1 + - ^ )  s Q f l K r - D y - ^ C , .

On the other hand, let us apply Lemma 5 with 0 = 1  (then (22) holds by (17)). 
We obtain that for L > L0 and M >M 0(L) we have

(51)

By Lemma 10, we have

(52)

maxM-cn̂ M + L
/00 c a.

/0 0 1/0)1
Гп + г - П  „ (n +  r - 1 )
{ r - 1 J 5* [ r - l  J

{ Г - 1 ' h
| / ( n ) | ( r - l ) ! = (г- l ) !  |g(n)|.

(51) and (52) yield that for L=[L0] + 1 and M > M 0(L) we have

(53) max |g(n)| >  =  C10 (for M  >  M0(L))Mctv^M + L [Г—1J !
where C10>0.

In order to prove (49), let us assume indirectly that either for a fixed e>0 
and for y = l,2 , ... there exists a positive integer nj such that

(54) lgO;)l £  1+e and nfiR j (for j  =  1, 2, ...)
or for a fixed (l>)e=>0 and for y '=l,2, ... there exists a positive integer Uj such 
that
(55) |g(uj)| iS 1 _£ and Uj£Rj (for j  =  1, 2,...).

Note that (54) and (55) imply that 1 and Uj >  1 since we have g(l) =  l by 
the multiplicativity of g(n) (g(w)^0 by (53)).

Assume first that (54) holds and for each j , fix a positive integer nj satisfying 
(54). Define the positive integers ... by the following recursion: let
N1=n1 andfor i s  2, let N(=nN . Then we have thus (Af, f j  p) = 1,

psn,_ 1
hence (Nt , Nt)= l  for all j < /. Thus (54) yields for all x  that
(56) |*(ЛГ1ЛГ1...л д | =  |g(Wl)g(A2)...g(Arx)| s (l+ e)* .
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On the other hand, by (49) we have

(57) I g№ iV2. . . ^ ) | < C 9.
(56) and (57) yield that

(l+ e)*<  C9

but, for large x, this inequality cannot hold and this contradiction proves that 
(54) cannot hold.

Assume now that (55) holds. Again, for each j  fix a positive integer Uj satisfy­
ing (55) and define the positive integers Ux< U2< ... by the following recursion: 
let Ux=ux and for i~2 , let Ui=uVl_1. Then we have UfiRv._1 thus again, 
(í/j, Uj) =  1 for all j-=i. For a positive integer x, let us write

Vt = П  Uj for i =  1, 2 ,..., Lj=(i-l)x + l
where Z.( = [Z.0] -F 1 ) has been defined above (see (53)) and define the positive in­
teger M  by
(58) M + i = Vt (mod V?) for i — 1, 2, ..., L 
and

A/0(L)<  Mn(L)+ f tV f .i=l
Then by (53), there exists a positive integer / such that lS /S L  and

(59) |g(M+i)| S C 10 (>  0).

Then by (57), there exists a non-negative integer t such that M + i= tV f + Vi thus 
with respect to (50) and (55), we have

|g(M +i)| = lg(if? + F,.)| =  |8(Г((/К;+1))| =

= lg(^,)g(íFi+l)| =  |g(F,)| |g(?F,.+ l)| =

(60) =|g( П  £(,)|lg№-i)l = ( П  \g(Uj)\)\g(tv,+i)\ ^
J  =  ( i - 1 ) *  +  1 j = ( i - l ) x  + l

<  ( 77 ( l-e ))C 9 =  C9( l-e )»
j = ( i - l ) x  + l

since (F,-, tF j+ l) =  l and (Ui,Uj) = \ for i ^ j .  (59) and (60) yield that

(0 < ) C10 <  C9( l - a y

but for large x, this inequality cannot hold and this contradiction proves that (55) 
cannot hold which completes the proof of (49).

Lemma 12. Assume that f  (n) is a multiplicative arithmetic function which satisfies 
(16) and a linear recursion o f form (2). Then the multiplicative arithmetic function

Stud ia  Scientiarum  M athem aticarum  Hungarica 13 (1978)



MULTIPLICATIVE ARITHMETIC FUNCTIONS 95

g (и) defined by (48) can be written in the form
(61 ) g  (n )  =  f(n)/nh =  f(n)/iir- 1 =  (p (n) +  ф (n )  +  в (л )

where
(i) the function (p(n) is o f the form

<P(n) = È  dj sjj=1
where d1,d 2,...,d„  are non-zero complex numbers and s1,s 2, . . . , s v are roots of 
unity, i.e., there exist positive integers Ml, M2, ..., Mv such that

(62) s fj  =  1 for j  = 1,2,  ... ,  v; 
furthermore, we have
(63) Sj Sj for 1 Ш i -= j  S  v 
and
(64) <p(n) ÿé 0;

(ii) The function ф (ri) is o f the form

(65) ф(п) = J  bjtnj
j = 1

where by, . . . ,b w are non-zero complex numbers and

tt 5* tj for l S i < ) S w ,

(66) Uil = |i*l = .. .=  |/J  =  l, 

but ty, t2, ..., tw are not roots o f unity, i.e.,
(67) t" T* 1 for j = l , 2 , . . . , w  and n = 1, 2 , . . .

(also ф(n) = 0 may occur);
(iii) We have

c W = 0  И
(also g(n) = 0 may occur).

Proof. I f f(n )  is multiplicative, and it satisfies (16) and a linear recursion o f  
form (2) then by Lemmas 1 and 10, f(ri) can be written in the form

(68) / («) = i [ | / u ( ”^ 7 1))s7
where (17) holds and we have

1 = lsil = 15г1 — • • • — |sj =- |íM+il — Ism + 2I — •••— lsil
and

ry ë  r2 ё...3= ru.
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We may assume that

ri — r2 — • • ■ — i'x ~~ rx + 1 =  ••• = ru,

furthermore, the numbers s1,s 2, . . . , s v are roots of unity but the numbers 
л„+1, ..., sx are not (it may occur that u=0, i.e., none of the s-’s is root of unity). 
Then putting h = r — 1 and dividing (68) by nh, we obtain for и— -f-°° that

g(n) /(«) fin )

= 2 d irin~fr-»

(69)

t  (I ( " Î - T  ’)) « Í + . . Í ,  LI ■ v - ' - f î i T  ■))*?-+  2  ,
i = x  + 1 w  =

= 2  dir,n " [ " V - 1 1)s?+  2  2 o (n -i,- t>nJ- 1)+
V '  i =  1 J =  J

+ 2  ( 2 ° ( n~(r_1V ~ 1)) +  2  2  o(ni-1|si|n) =
i = jc + lV = l '  i=«+l j=l

= 2  d i r í n ~ i r - l )  Í П + 0(nr-2)1 s" + О(u~(r_x)n<r_ “x) +i=i V 1 ) ! /

where

+  0(n  (r 1)nri x) +  0 ( n ri_ 1 |s i|") =
i  — x  -f-1 i  =  u  + 1

= 2 r̂ TWs?+°f-]+0 i-]+ 2  o ( n - ^ n ^ - ^ - 1) +i= i  ( r  — 1)! t n )  ( n )  i= T + i

+  4" 2  0{nri | s ;|") =
n  i = u + j

= 2  7 - % г 5? + °  ( - ) + - •  0(1) =i=i (r— 1)! v n / n

= 2
dlr ?+JL 7 7 % ) T s r + 0 ( - ir )  =  K W + ^ W + o f l )j t i ( r - l ) !  * ,= f + i  (# 1)!

d

Define £> (и) by
'К") = Д(Г%‘! and *(") = JLô̂ ÜT«•

ö(n) =  g(n)-(p(n)-il/(n).
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Then with respect to (69), the arithmetic functions (p(n),\j/(n) and q{h) satisfy 
all the conditions in Lemma 12, except at most (64). Thus in order to complete 
the proof of Lemma 12, we have to show that also (64) holds.

Assume indirectly that

(7 0 )  g ( n )  =  ^ r -  =  m + O  ( j )  =  Д  bjtJ+O  ( 1 )

where b1, . . . , b w are non-zero complex numbers and tlf t2, ..., tw satisfy all the 
conditions in (ii). For j= l ,  2, ..., w, write t} in the form

tj = e2niej
where 6j is a real number.

Assume first that w =l, i.e., g(n) can be written in the form 

g(fi) = b ^ + O  (-J-) = ЬгеМпв1+0 (1 )

where b1^ 0  and by (67), 0X is an irrational number. Put bl =Ae2rcix where A >0 
and a are real numbers. Then we have

g(n) = Ae2**"ei+,x) + 0  j
thus if 6 is a small positive number (which will be fixed later) then for я > и 0(е) 
we have
(71) \g(n)—Ae2n,i"ei+x)\ < e (for n =»■ я0(е)).

Obviously, there exists a positive number á=á(e) such that if |x| <r> then

(72) | l - e 2"ix|< e  (for |jc| <  Ô).

Let a=[n0(e)]-t-2 (where n0(e) is defined by (70)). (70) yields that

(73) \g(a)-Ae2nî +a)\ <  e.

Write a(a—1)0х=/5. Then ß is irrational number thus by Lemma 8 (applying it 
with Г=1), the numbers {/?}, {2ß}, ..., {jß}, ... are uniformly distributed in the 
interval [0, 1). Thus there exists a positive integer j  for which
(74) \jß —ei —a—l/2\ <  <5.

Let us write b= aj+ 1. Then, obviously, (a,b) = 1 thus
(75) g(ab) = g(a)g(b) 
and 0>a>w o(e) thus by (71),

(76) |g(b) —/le2’'i<i,ei+*)| <  e 
and
(77) |g(ab)-  Ае2п*аЬв1+а)\ <  e.
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(73), (76) and (77) yield with respect to (72) and (74) that

\g(ab) — g(a)g(b)\ = \{Ae2n,<-abei+,x) + (g(ab) — Ae2m(abei+̂ )] — 
-{A £ 2ni<-aei+x) • Ae2*iibei+a) + g(a)(g(b) — Ae2ni(bei+ *>) +

+  Ae2'li(Mi+2) (g (a) -  A e2*iiaei+x))}\ S

= |/4e2’ti(°i,ei+a)  y|2g2*i{(«+b)01+2*)| | g(db) — /4g2’H’(aWi+®)| 

but if £ is sufficiently small (in terms of A j  then this lower bound is positive in 
contradiction with (75), and this contradiction proves that we cannot have 
w=  1 in (70).

Assume now that vv^2 and denote T  the number of the elements of a maximal 
linearly independent subset of в1,в 2, ..., в„ over the field of the rational numbers. 
We may assume that 0X, 02, ..., 0T form such a maximal linearly independent sub­
set of 0j, 02, ..., 9W. Then there exist integers pu and positive integers qu (where 
i =  l, 2, ..., w — T ,j= l ,  2, ..., T) such that

Let us write Q = [qn , q12, ■■■, qiT, Яп, ■■■, Ям,-г ,r]- Then writing (pj^Oj/Q for 
y = l ,2 ,  we obtain that there exist integers n,j (where i= \, 2, ..., w—T,
7 =  1, 2, ..., T) such that

— |g(n)l \g(b) — Ае2ж,(ьв1+х)\ — A |g(u) — Ae2n,<a0i+̂ \ >  

\e2*i«°+b)ei+2*)(e2*i«°b- ‘-»<>i-«)_A)\-£-\g(a)\E-Ae =

— E — £\Ае2п,(-ав1+̂  + (g(a) — Ae2n‘(-aei+ll‘))\ —eA ^

iÊ A(l +A) — eA —e — 2 eA —e2 = A (l + A —3e) — e — e2

7 = 1 4ij

T

Qt + í = 2 пцф} for i = 1, 2, ..., w -T .

Putting this into (65), we obtain that
T  w - T

ф (n) = 2  bje2"iQ*j"+ 2  b/=•* ;=i
т + j e2ni("n +  ",2 ф2+  " +  " j T  Ф Т > "  =

(78)
=  F(01n, Ф2п, ..., Фтп)
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where the function F(xx, x2, ..., x T) is defined by

T  w - T
F(xx, x 2, . . . ,x T) = 2  b:e2niQxj+ 2  bT+,e2*'("jix»+">»x»+" +V*r). 

j=1 J=1

There are w ^2  non-zero coefficients in this trigonometric polynomial thus we 
may apply Lemma 9. (Note that by t ^ t j  the T-tupIes (nJX, nJ2, ..., nJT) in the 
exponents are different.) We obtain that there exist T-tuples (x'x, x2, ..., x'T), 
(xx, x2, ..., х'т) such that

(79) IF(x[, ..., Xr)| — |F(xi, ...,x"T)\ = /7 > 0 .

The function F(xx, x2, ..., дгг) is continuous and periodic in each variable with 
period 1 thus there exists a positive number <5 such that we have

(80)

and
|F (* i... • > x t )  *X-*i> • •,*r)l for \x i ~ x 'i\ ■= <5, ■ » \x t  *rl ■< <5

(81) . , x T)-F (x 'i, .: , Х'Т)\ ГОГ l*i-*i'l <  Ô, . . . ,  \x t —x 't\ <  <5

Applying Lemma 11 with е = ч/9, we obtain that for j  > j x=jx(»/), n£Rj  im­
plies that

(82) 1 - - |  <  lg(«)l <  1 +^- (for j  =~jx, ntRj).

By (70), we have

(83) Ф(п) = Я (и) + 0 ( ~ ) '

n d R j,n ^ l  imply that n>j. Thus for j> jx, (82) and (83) yield that

(84)

for
(85)

1 — !•/'(")! <  1 + 8

У > 7 1 , n£ Rj ,  n j t  1.

Let us write 7=[yJ + l and S= f jp .  The numbers 0X, 02, ..., 0T are linearly
p^J

independent over the field of the rational numbers and thus also the numbers 
Qx ОтS<PX = S — , ..., S<t>T= S —  are linearly independent. Then by Lemma 8 , the points

({5Ф,}. W ...... ({25Фа}, {25Ф2}, .... {25ФГ}).....................

({/5Ф,}, {/5Ф2}> - ,  {15Фт})> •••

7* Studia Scientiarum  M aihematicarum Hungarica 13 (1978)



100 A. SÁRKÖZY

are uniformly distributed in the Г-dimensional unit cube. Thus there exist positive 
integers /L, U such that

|{/15Ф>} -{ * ;-Ф у}|<<5 for j  =  1 ,2 ,..., T
and

|{/25Ф,.}-{*;-Ф,}|<<5 for j  — 1, 2, T 

or in equivalent form,

(86) |(/15+1)Фу—x'j — Hy| <  ő for an integer Uj and for j  = 1, 2, T 
and
(87) \(l2S+l)<Pj—x ] —Vj\ <  ô for an integer Vj and for j  = 1,2, ..., T.
The function F(xlt x2, ..., xT) is periodic in each variable with period 1 thus 
(78), (80), (81), (86) and (87) yield that

m i i S +  1)1 =  IГ (Ф 1( / 15 +  I), . . . ,  Фг ( /Х5  +  D )| =

=  |7r(^í +  ((/i-S,+  1)Ф1~x[), . . . ,  x'T +  ( ( l1S +  1)ФГ — Хг))| =
(oo)

= |Г (^ + (( /15+1)Ф1- ^ - и 1), ...,л:г-|-((/15+1)Фг -Х г -м г))| >

>1 F(xí, . . . , x ' r ) \ - l  
and similarly,

№ (/.$ + 1)1 -  И ), .... Фг(/„5+1))| =
(89) = |^ К + (( / .5 + 1 )Ф 1-* Г -» 1), ...,хЯ -((/,5+ 1)Ф г - * î - » r))| <

<  IF(x'í, ... , Хт) |+ - | .

(79), (88) and (89) yield that

(90)
Mhs+ l ) \ - M k S + l ) \  >  ( |F (* i, .... *r)l ~  j ) - ( l F (x l  . . . .  * ï ) |+ - j )  =

I F(xi, xÇ)\-\F(x'{,

On the other hand, we have (.S’, /, S  +1) = 1 and (S, /2 S + 1) =  1 where 
S — ]Jp, thus ^ S  + l^ R j  and L S + l^R j  where J>j\; furthermore, /iS  + l ^ l

P^J
and /2S+1>1. Thus all the conditions in (85) hold with j= J, n= l1S + i, and 
j= J , n —l2S+i., respectively. Then (84) yields that

№ (/,5+ 1)1-№ (/,5+ 1)| <  ( l + ! ) - ( l - | )  = 1

in contradiction with (90). Thus the indirect assumption (70) leads to a contradic­
tion also in the case w ^2 which completes the proof of (64) and thus also 
of Lemma 12.
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6. In this section, we prove (using Lemma 12)
Lemma 13. Assume that f(n ) is a multiplicative arithmetic function which sat­

isfies (6) and a linear recursion of form (2). Then the multiplicative arithmetic func­
tion g(n) defined by (48) is periodic, i.e., there exists a positive integer M such that 
we have
(91) g(n + M) -  g(n) for n -  1 ,2 ,....

Proof. By Lemma 12, g(n) can be written in the form (61) where (p(n), ф (n) 
and g(n) satisfy all the conditions (i), (ii) and (iii) in Lemma 12. Let us write 
M=[M1, M 2, , Mv] where the positive integers Mlt M2, ..., Mv satisfy (62).
Then, obviously, we have

(92) <p(n + M) = <p(n) for n = l,2 , ... .

Let X, у  be arbitrary fixed positive integers and N a positive integer. Then 
with respect to (65), (66), (67), (92) and (iii), we obtain from (61) that for fixed 
X, у and N —* T °° we have

2  g(x + x 2yMI) = У cp(x+x2yMI) + 2  ф(х + х2уМ1)+ 2  Q{x + x 2yMl) =  
1=1 1= 1  1= 1 1= 1

(93)

N  N  w  (  N  1 \

w I _jX2yMN
= N(p(x)+ 2 bj t j +x2yM ] _ ^ - F + ° ( log/V)

= ^ w + o ( i  u - ^ g jgf j+ o q o g ^ )  -

=  Ntp (x)+О О (log N) = N<p(x) + 0(\ogN).

On the other hand, (x, 1 + xyM l)= l thus by the multiplicativity of the function 
g(n) we have

(94) 2  g(x+ x2yMI) =  2  g(*)gU +xyMl) = g(x) 2  g(> +xyMl).
/=  J != J  1 =  1

(93) and (94) yield that

(95) g(x) 2  g(l +xyMI) — N(p(x) + 0(\ogN).
/ =1

Let us put x = l. By (16) and the multiplicativity of g(n), we have g(l) =  l, 
thus we obtain that

(96) 2 ë ( l +yMl) = N<p(\)+0(\ogN)
1=1
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for all y. Let us put y=  1 in (95) and apply (96) with x in place of y. Then the 
left-hand side of (95) is

N *
(97) g(x) 2  g(l +xM l) = g(x)(Mp(l) + 0(log N)) = Ng(x)cp(l) + 0(log N).i=i
(95) and (97) yield that

Ng(x)cp( 1) = Ncp (x) + О (log IV)
hence

g(x)(?)(l) = cp(x)+0 ( 10̂ ) •

For N-*- -t- we obtain that

(98) g(x)<p(l) = (p{x) for X — 1, 2.......

By (64), there exists a positive integer x0 for which <р(х0)^0 . Then (97) yields
that

g(x0)<p(l) = <p(x0) ^  0
which implies that

<p( 1) ^  0.
But then we obtain from (97) that

(99) g(x) = -^ jj(p (x ).

(92) and (99) yield (91) and this completes the proof of Lemma 13.
7. In this section we complete the proof of Theorem 1 by showing that f(n)£stf 

and (16) imply that there exist h, m and у satisfying (i) and (ii) in Theorem l.
By Lemma 13, f(ri)^$4  and (16) imply that the multiplicative arithmetic func­

tion g(n) defined by (48) is periodic, i.e., there exists a positive integer M  for which 
(91) holds. By Lemma 7, for p >p0, a = l, 2, ... we have /(p * )^ 0. Let ql , q.,, ..., q: 
denote the finitely many prime numbers for which

holds for a positive integer oit and let us write m — [M, qx, ..., q,\. Then (91) im­
plies that we have
(100) g(n + m) = g(n) for n = 1 ,2 ,. . . .
Furthermore, we have
(101) g(n) 0 for (n, m) =  1.

Let us define the multiplicative arithmetic function G(n) in the following way: let 

G(n) = g(n) if (n, m) =  1
and

G(px) = 0  if p\m and a. = 1, 2, ... .
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Then by (100) and (101), we have
f =  0

(102) C(n) =  j ^ 0

and

if (n, m) =-1, 
if (n, tri) =  1

(103) G(n + m) = G(n) for n =  1 ,2 ,. . . .

We are going to show that the function G(n) is strictly multiplicative, i.e.,
(104) G(ab) =  G(a) G(b) for a =  1, 2 ,... , b = 1, 2, ... .
In fact, if (ab,m)>  1 then we have 0 on both sides of (104), while if (ab, m) = l 
then by Dirichlet’s theorem, there exist prime numbers pt ,p 2 such that

a = pl (mod in),
b = p2 (mod m)

and P i^p2, i e., (p i,p2) =  l. Then by the multiplicativity of G(n), we have

(105) G(p jP2) = G(Pi)G(p2) 
and by (103),
(106) G(Pi P2) =  G(ab), G(Pi) =  G(a) and G(p2) = G(b).
(105) and (106) yield (104).

It is well-known (see e.g. [4], p. 102) that (102), (103) and (104) imply that 
the function G(n) must be a character modulo m:

G(n) =  x(n) for и = 1,2, ...
where y\n) is a character modulo m. But then for (n,m) — 1, we have 

f(n) = nhg(n) = nhG(n) =  nhx(n)
which proves that (i) in Theorem 1 holds.

In order to show that also (ii) holds, assume that m ^2 , write m in the form 
m=p\1pl2...p“r (where ръ p2, . . . ,pr are distinct prime numbers, a ! ,a2, ..., ar are 
positive integers) and let
(107) x(n) = Zi(n)/2(/i)... XM)

where Xi(n)> Xn(n)> •••> Xr(n) are the uniquely determined characters modulo 
Pi1, P22’ •••, Pr', respectively, for which (107) holds for all n.

Let IS  1ШГ. Assume first that x,(n) is the principal character modulo p, and 
let j  be a positive integer (the case j= 0 is trivial). Then by (100) and (107), we have

f(p f‘+i) =  Ptix‘+J)g(P*‘+J) = Pi(a‘+J)g(m + pf‘+J) =

= Pi(I‘+J)g(Pr(mpr2‘ + Pi)) = Pr*‘+J>g(PÎ‘)g0np,rtx‘ + Pi) =

= PÏ(a,+J>Prkx‘f(P*ï) IJ  Xi(mprx,+p{) =
1 =  1

= pVf(PÏ')Xi(mprx‘ + Pi) П  Xi(mprx‘+PÎ) = PiJf(p x‘) IIxÁ P Í)1S ISr lS/Srl*i l*i

Stud la Scientiarum M alhematlcarum Hungarica 13 (1978)



104 A. SÁRKÖZY: MULTIPLICATIVE ARITHMETIC FUNCTIONS

since (mpf** +p{,pi) — 1 for /= 1 ,2, . . . ,r  and nipf’x,+pJi=pJi (modpfi) for 
l^ i .  Thus (ii) holds if ул (и) is the principal character modulo pi-.

Assume now that &(«) is not the principal character modulo p p . Then there 
exists a positive integer nx for which
(108) /*(«,) * 0
and
(109) Zi(«i) *  1 
hold; (108) implies that
(110) (wi  » Pi) =  1 •

We have (mpf xi,p i)= i thus there exists a positive integer x for which the linear 
congruence
(111) m p fx>x+l =  /ii (mod pfi)
holds. Then for j —1,2, we obtain with respect to (100), (107), (108), (110) 
and (111) that

g(Pt,+J) = g(m pix+ pb+j) =
= g(pp+j(m p fx>x+1)) =  g(pî‘+J)g(mpr*<x+l) =

(112) =  g(pp+j) П  Xi(mPrx,x + 1) =
/=1

=  g(Pl,+J)Xi(mpr’,x + \ )  n  Xi(mpr“, x + \ )  =Js/s,
Ыг

= g(px‘+J)Xi(ni) П  XiO) =  g(PÎ‘+J)Xi(ni)ISMr
Mi

since
(mpr*,x + 1, p,) = 1

holds trivially for l ^ i  while for /= /, this follows from (110) and (111). (109) 
and (112) imply that

g(pP+J) = 0
hence

f (P r +J) = phi<x‘+J) g(pb+i) =  o
thus (ii) holds also in this case which completes the proof of Theorem 1.
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ON THE QUESTION OF DESCRIPTION OF THE BEHAVIOUR 
OF FINITE AUTOMATA

by
A. ÁDÁM

To the memory o f  Professor L á s z l ó  K a l m á r

Summary

ln § 1 the concepts of automaton mapping, finite (Moore) automaton and some fundamental 
notions concerning these are introduced. Some known facts (among them, the connection of finite 
realizability and right-congruences) are also stated.

§ 2 starts with two formulations of the description problem of finitely realizable automaton 
mappings. In the continuation some criticisms on the method that strives to deal with these problems 
by using regular expressions are contained.

From among each family of isomorphic automata, a single automaton with particular nota­
tion of states and output signs is selected in § 3. These automata are called standard. A technique 
— using certain tables, named codes —  for describing all standard automata is contained in § 4.

The considerations of the paper culminate with §§ 5—6. A complexity notion for automata 
is defined so that precisely the reduced automata are of finite complexity. After exposing a new 
version of the description problem (mentioned already in § 2) four more particular problems o f this 
are raised. These particular problems surround the question how all the codes characterizing reduced 
automata may be obtained constructively.

§ 1. Fundamental notions

1.1. How does a finite abstract automaton1 behave towards the outer world? 
More precisely: how can be described all the possible reactions of finite automata 
to the various incoming stimuli, so that the inner processes of the automata are 
left out of consideration and the description does not comprise the types of be­
haviour which remain outside of the abilities of finite automata?

The notion of finitely realizable automaton mapping2 is a straightforward 
tool in investigating this question. The question of studying the manners of be­
haviour can be raised, in a more exact form, such that these automaton mappings 
are to be studied.

Now we give two (essentially coinciding) definitions of automaton mapping. 
(In §§ 1—3 a broader family will be considered; the property of finite realizability 
is not required unless explicitly stated. Beginning with § 4, all automaton mappings 
are meant finitely realizable.)

Let X, Y be (disjoint) finite sets. X={x{l), x(2\  ..., x(,,)} is viewed as the same 
ordered set throughout the paper. The (non-commutative) free monoid over X  is 
denoted by F(X). The unit element of F(X) (the empty word) is denoted by e.

1 In what follows, always flinite deterministic automata with a distinguished (initial) state in 
the sense of Moore will be considered. For the sake of definiteness, the reader may think of an 
automaton of this type in these introductory sentences, too.

2 Instead of “automaton mapping”, the terminology “(retrospective) sequential function” is 
also used in the literature.
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The elements of X  are identified with the elements (words) p in F(X) whose length 
L(p) equals 1.

A pair (P, cr) is called an automaton mapping in the first sense if P is a parti­
tion of F{X) and a is a bijection of the factor set F(X)/P onto Y. (This definition 
implies obviously ind Р = |Г |< ° о  where |F | denotes the number of elements of 
Y  and ind P (the index of P) denotes the number of classes modulo P, i.e.,\F(X)/P\.)

A mapping a of F(X) into F(Y) is called an automaton mapping in the second 
sense if

(i) the image x( e) of e is an element of Y ;
(ii) to each choice of p(£F(X)) and x(C A) there is a y ( f  Y ) such that 

x(px)= a(p)y  and
(iii) to each y{Ç_Y) there is a p(fiF(X)) such that the last letter of a (p) is y.
(It follows that L(a(p)) — l +L(p) for every p(£F(X)).)
These two versions of the notion of automaton mapping are essentially equiv­

alent. Indeed, to any (P, a) we can define an a by putting

p = x 1x2--.xk (k = L{p) and хг, . . . ,x k are arbitrary — not necessarily distinct 
— elements of X),

pi= x1x2-..xi for each i (O ^i^k), 
p is the class mod P which contains p.

It is easy to see that each a is yielded exactly once in this manner.
In what follows, we shall always consider the first definition of automaton 

mapping. The second one was exposed only because this is familiar in the literature 
(possibly with the modification in (i) that a(e) is the unit element of F(T)).

Two automaton mappings (Plt оу) and (P2, <r2) are called isomorphic if T1 = T2 
holds. This definition reflects that the second component a does not play an 
essential role in the (first) notion of automaton mapping.

1.2. The concept of initial finite Moore automaton is thought to be known. 
We denote by A, X, Y, S, X, a* the state set, input set, output set, transition func­
tion, output function, initial state (respectively) of the automaton A. We consider 
always initially connected automata, i.e., ones in which

be two automata. If y.A : AL-~ A., and ar : Y1 — Y2 are bijections and the three 
equalities

cc(p) = <r(p0)cr(p1)a(p.fi...cr(pk)
where

Vn(6^)Bp(€F(A))(^(u*,p) =  n)

is fulfilled. We suppose that Я is surjective.

(1 .3 )

( 1 . 1 )

( 1.2)

(at)** =  a t

(^(fli. х ) )хл  =  d2(a\.4 ,  X), 

(Ai(ai))«r = 12(а\л)
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hold for each choice of a ^d A ^, x(£X), then we say that Al5 A2 are isomorphic 
and the pair (ал, ctY) is an isomorphism. 3

If the correspondences v.A, aY between two automata A,, A2 satisfy (1.1), (1.2),
(1.3) and aA is a surjection only4, then we say that the pair (ад,а у) is a homo­
morphism of At onto A2. If such a homomorphism may be established, then A2 
is called a homomorphic image of At .

X(D

xm

Fig. 1

If each possible homomorphism of an automaton A is an isomorphism, then 
we say that A is simple (or reduced).

It is clear that the notion of isomorphism is a particular case of the notion 
of homomorphism.

Let (ал , ay) be a homomorphism (of A2 onto A2) such that Al5 A2 have the 
same output set Y. If ay is the identical mapping of Y, then we say that cnA is 
a state-homomorphism and A2 is a state-homomorphic image o f At .

1.3. Let A —(A, X, Y, <5, A, a*) be an automaton. Define an automaton map­
ping in the following manner:

let p = q (mod P) hold if and only if
Л(0(а* ,р ))  =  1 ( 0 ( а * , д ) )

where p, q are arbitrary elements of F(X),
let o(p) equal A(<5(a*,p)) where p is the class mod P containing p.

We say that A realizes (or induces) the pair (P, a).
1.4.
Proposition 1. I f  the automaton A2 is a homomorphic image of the automaton 

A2, then they induce isomorphic automaton mappings.
Proof. By use o f  (1.1)—(1.3) we can deduce

(<5i(aí, Р)УЛ = à2(at, p)
and
(1.4) ).2(ô2(a%, p)) = A2((^(ui, р)Гл) =  (Я,(<5,(«Г, P)))V

3 This kind of isomorphism is called (A, K)-isomorphism in [7]. The automata in Fig. 1 are 
not isomorphic in this sense.

1 a y is a bijection in this case as well.
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The conclusion follows from the equality of the first and third expressions in (1.4) 
by the bijectivity of ay and the corresponding definitions. □

S upplem ent . I f  A2 is a state-homomorphic image of Ax, then and A2 realize 
the same automaton mapping. □

Let P be a partition of F(X). Define the partition 9Ji(P) of F(X) in the follow­
ing manner:

p -  q (mod Ш (Р ))о\) r{pr = ^r(mod P)) 
where p, q, r are elements of F(X). One can easily show tha t5

Ж(Р)ЯР,
S0i(P) is a right-congruence of F(X) and

P*QP implies P*Q W (P) for each right-congruence P* of /"(A).
P roposition 2. Let P be a partition o f F(X). Denote by 4ip the set o f (all) 

finite automata A such that the first component o f the automaton mapping induced 
by A equals to P. I f  21я^0 , then 3IP contains a reduced automaton A0, this A0 is 
unique apart from isomorphy, and A0 is a homomorphic image of each element of s21p.

R em arks. The condition 'Лр^ 0  is needed because we consider finite automata 
only; in this case, $lp?±0 implies ind P <  °° evidently. If automata with an in­
finity of states (and with a finite number of output signs) are also taken into ac­
count, then the assertion remains valid and Л р=̂ 0 can be replaced by indP<°° 
equivalently. (We shall not deal, however, with infinite automata.)

P roof of Proposition 2.

Case 1. ind Ü)Í(P) is finite. We construct A0 by what follows. The states of A0. 
correspond to the classes mod 9Я (P) in a one-to-one manner. The initial state a* 
corresponds to the class containing the empty word. Let x  be an input sign, a be 
a state and p be an element of F(X) such that p (the class mod 'JJi(P) containing 
p) corresponds to a; we define ô(a, x) as the state that corresponds to the class 
fix. Let the output function I  be determined in such a manner that ).(a) = ).(b) 
holds exactly if p = q (mod P) where p, q are chosen so that a corresponds to 
p and b corresponds to q. It may easily be checked that A0 has been defined mean­
ingfully and (up to isomorphy) uniquely.

We verify that A0 belongs to 2Ip. Indeed, an easy induction shows that p corre­
sponds to ô(a*,p) for each p(£F(X)), thus p = q (mod P) and À(ô(a*,pj) = 
— À(ô(a*,q)) are equivalent.

Let an arbitrary element A of 2Ip be considered. Our next aim is to establish 
a homomorphism o f A onto A0. First we note that the transition function S of A 
fulfils
(1.5) ô(a*, p) = 0(a*, q) =>■ p = ry(mod 9ВД).
(In fact, if the left-hand side of (1.5) holds, then p = q (mod P) because АСЛр.. 
Furthermore, the left-hand side of (1.5) defines clearly a right-congruence of F(X). 6

6 Cf. § 10.1 in [6].
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This right-congruence is a refinement of P by the first sentences of the proof.) The 
assignment

ô(a*, р)=у00(аЦ,р)

{where ô0 is the transition function and a( is the initial state of A0) is a surjection 
aA of A onto A0 (where the state sets of A, A0 are denoted by A, A0, resp.), the homo­
morphism properties (1.1)—(1.3) with some aY may be checked without difficulty 
since both A, A0 belong to чЛр.

Let AÓ be an arbitrary homomorphic image of A0, denote its state set by A'0. 
Then \A'0\s \A 0\. On the other hand, AÓ€$Ip, this implies by the pre­
ceding considerations of this proof. The resulting equality |Л0| = |Л0| is impossible 
unless the finite automata AÓ, A„ are isomorphic.

We have got that A0 is reduced.
The unicity o f the reduced automaton A0 is obvious.
Case 2. ind 'Ш(Р) is infinite. Let A be an arbitrary element of 3Ip. The implica­

tion (1.5) shows that A cannot be a finite automaton. Consequently, 2IP=0. □

The bifurcation in the previous proof leads to the
C orollary 1. Let ( P , o ) be an arbitrary automaton mapping. The following 

three assertions are equivalent:
(i) The index of 'JJt ( P ) is finite.

(ii) There exists a (finite) automaton realizing (P,o).
(iii) There exists a reduced (and, apart from isomorphy, uniquely determined;

finite) automaton realizing (P, a). □
R em ark . It is known that every right-congruence P* of F(X) with ind о 

has a refinement R such tha t8 R is a congruence and ind This fact implies
that (i) is equivalent to the following assertion:

(iv) The index of the largest (two-sided) congruence that is a refinement o f P 
is finite.

1.5. The equivalence of the assertions (i)—(iv) in Corollary l (and the Remark . 
after it) shows the importance of a class of partitions of F(X). We introduce there­
fore the following terminology:

A partition P of the free monoid F(X) (generated by the finite set A") is called 
hyper-finite if 'JJi(P) is of finite index. It is well-known that the family of hyper- 
finite partitions of F(X) is properly included in the family of all partitions of F(X) 
with finite index.

* For a simple proof, see Statement 2 in Section 3 o f [4].
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§ 2. The basic problem and some comments on the theory 
of regular expressions

2. 1.

Basic problem (first version). For an arbitrary finite X, let a constructive 
description of all hyper-finite partitions of F(X) be given.

Basic problem (second version). For an arbitrary finite X, let a constructive 
description of all reduced finite Moore automata, whose input set equals to X, 
be given (apart from isomorphy).

By virtue of Proposition 2 and Corollary 1, these versions of the basic problem 
are equivalent to each other. Both of them is a formulation of the question how 
we can get an overview of all the (non-isomorphic) finitely realizable automaton 
mappings.

2.2. The way we choose for making some approach towards solving the basic 
problem will be different from the study of regular expressions. Sections 2.3—2.5 
contain some considerations concerning why we prefer another way. The reader 
may omit these sections and jump to § 3.

2.3. The notion of regular expressions in sense of Kleene [10] is supposed 
to be known in the remainder of this paragraph.

Let P be a hyper-finite partition of F(X). We mention a procedure, starting 
with P, which consists of two steps.

Step I: We take some sets Mx, M2, ..., M ,( (T F(X)) such that the equivalence 

p = q (mod P) <=> V i(p€ M t <=> q£ Af,)
holds ( l^ i^ r ) .

(It is possible that we put í=ind P and we choose the M( s as the classes 
modulo P. This choice is not economical, the smallest possible value for t is 
riog2 ind PI where \a\ denotes the integer fulfilling a = \a\<a+ 1.)

Step II: We represent each set Mt by a regular expression.
(We have to explain why Мл is regular. Indeed, P is hyper-finite, it occurs in 

a finitely realizable automaton mapping by our Corollary 1, and an arbitrary set 
of states of a finite automaton represents a regular event by a well-known theorem 
of K leene ([10], Theorem 5 ; [7], Theorem 2.5.1), hence each class modulo P is regular. 
Mt is equal to the union of certain classes, thus Mt is again a regular event.)

These steps yield a collection of t regular expressions (over X). We can view 
this collection as a description of an arbitrary automaton mapping (P, a) (where 
P  is the given hyper-finite partition, a is arbitrary).

Let us consider the situation when we start with an automaton A, we introduce 
(P, a) as the automaton mapping represented by A, and finally we apply Steps I 
and II. This procedure is essentially equivalent to the following one: we replace 
A by certain automata A1} ..., A, such that A; (where lS / 'S t)  is obtained from 
A by some modification of the output function, in fact, A; has two output signs
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y o .ji only, and its output function is defined by
ÍTi if р€Л/
Ь о  if Р$Л/,

where p(£F(X)) satisfies ô(a*, p) = a. (Áfa) does not depend on the particular 
choice of p.) We characterize — for each i — the set of words p, fulfilling Я;(<5(а*, p))— 
=ylt by a regular expression.

We can say that we pay a special attention to the automata with only two 
output signs if we examine the automaton mappings by use of Steps 1 and II.

2.4. The idea, seen in Section 2.3, has great and (it appears) insurmountable 
disadvantages from the view point of the unicity. The system consisting of

is not uniquely determined by the partition P (unless we choose 7 
r = ind P, this choice is not in the least economical). To any set Mh an immense 
diversity of regular expression representing Mt exists.

The problems of this type remain essentially unchanged even if the automaton 
A (in Section 2.3) is supposed to be simple.

Although the theory of regular expressions is widely elaborated (see the survey
[8]—[9]), the lack of unicity (as seen above) seems to be a very serious difficulty, 
and this feature justifies the endeavour to seek other methods for attacking the 
basic problem 8.

2.5. The line of considerations we follow in the sequel can be characterized 
by saying that we give key-role to automata having the possibly largest number 
of output signs (i.e., to automata whose output function is bijective).

§ 3. Standardization

3.1. The notion of isomorphy of two automata was introduced in Section 1.2. 
We regard two automata to be essentially different only if they are not isomorphic 
in sense of this definition.

Consider an isomorphy family, i.e., a maximal family of pairwise isomorphic 
automata. The main goal of § 3 is to select precisely one automaton (provided 
with a special notation of the states and output signs) in an (arbitrary) isomorphy 
family; these will be called standard automata. Analogously, a standard auto­
maton mapping will be picked out in each isomorphy family of automaton mappings.

Since the equality of automata or automaton mappings will occur in Proposi­
tions 7 and 9, now we give formal definitions of how these equalities are understood.

Let A, A' be two automata whose states are denoted in form a1,a 2, and 
whose output signs are denoted in form yl3 y2, .... The automata A, A' are considered 
equal if there exists an isomorphism {<xA, ay) between them such that txA preserves 
the labelling (subscripts) of the states and ar preserves the labelling of the out­
put signs.

7 Just in case of this choice the following difficult problem arises: if a family o f regular ex­
pressions is given, how can we decide whether or not the regular events represented by them are 
pairwise disjoint?

“ The dissertation [II] illustrates the difficulties that may arise when questions on regular 
expressions are dealt with.
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Let (P, (т), (Р', a ) be two automaton mappings such that the classes mod P 
(or mod P') are written in the form Kx, K2, .... The mappings (P, a), (P \ a j  are 
called equal if

(1) each class Kt modulo P is exactly a class modulo P', moreover, it is written 
as again mod P', and

(2) for each class Kt, the equality g(Kí)= g'(Kí) holds.
3.2. We introduce a full ordering <  in the monoid F(X) by the following

rule:

{either L(p) <  L(q),
or L(p) = L(q) and p precedes q lexicographically.

Next we state some immediate consequences of this definition.
P roposition  3. Let p, q, r, s be arbitrary elements of F(X). I f  one of the three 

formulae p <  q, pr <t qr, rp <  rq holds, then the other two formulae are also valid. 
I f  p < q  and L(r) = L(s), then p rc q s .  □

Let us demonstrate F(X) in the manner seen in Fig. 2 (with n = 3). The < - 
enumeration is obviously the following: we begin with the empty word e, ..., we 
pass through the k,h level from left to right, (we jump from the rightmost element 
of the k,h level to the leftmost element of the (k +1 )'h level,) we pass through the 
(/c + l)th level from left to right, ... (ad infinitum).

• • •

Fig. 2

Let ű b e a  state of a finite automaton A. From among all the words p fulfilling 
a=5(a*,p), let us denote by г(а) the <c-smallest word. The next assertion is 
obvious :

P ro po sitio n  4. e is an injective assignment o f A to F(X); e (a * )=<?. □

P ro po sitio n  5. Let p(LF(X), xÇ_X. I f  there is a state a o f an automaton A such 
that e(a)=px, then A has a state b satisfying е(Ь) =p and 0(b, x) = a.
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Remark, b is uniquely determined by the equality c(b)=p.
Proof. Denote ô(a*,p) by b and e(b) by q. If q< p  were true, then q x c p x  

would follow from Proposition 3; this relation and
(5(a*, qx) = ô(ô(a*, q), x) =  ô(b, x) =

=  (5(i5(a*, p), x) = ő(a*, px) = a
would contradict the equality e(a)=px. The Remark holds by Proposition 4. □

3.3. Let us visualize A by a graph in the customary manner. Then to each 
transition ô(b,x)=a  an edge (marked by x) from the vertex b to the vertex a is 
assigned. Call an edge ba a distinguished edge if (a is not the initial state of A and) 
the word p and the input sign x, determined by e(a)=px, satisfy the following 
conditions (i) and (ii):

(i) b=ô(a*,p),
(ii) ba is marked by x.
By Proposition 5, the distinguished edges form a spanning tree in the graph 

of A. Each edge of this tree is directed towards the vertex which is more distant 
from the initial state.

3.4. A finite automaton A = (A, X, Y, d, A, aL) is called a standard automaton 
if the following two requirements are fulfilled:

(a) A =  {a1; a2, ..., av} where v = \A| and the equivalence

I <  m -o e(flj) <  e(am)

holds for every choice of / and in ( lS /S y ,
(ß) Y= {yx,y 2, ...,L,} where t= \Y \, and whenever X(am)= yk,

then there is an l(<m) satisfying ^(al)=yk- 1 ( IS m ^ v ,  1 ^ /^ u , 2 ^ k ^ t ) .
Proposition 6. To each finite automaton A there is a standard automaton X' 

such that they are isomorphic.
Proof. By an appropriate notation, we can denote the words being in the range 

of s by Pi,p2, . .. ,p v such that

P i< p 2<  •••< Pu­

l-laving done this, we introduce a new notation of the states such that £ (a,) = pt 
(IS /S u). (a) is satisfied and obviously ax is the initial state (by px—e).

Let A +(£  A) be the set of states a{ fulfilling

(3.1) A(a,H {A(at), Л(а2), ..., Aia,^)}

(1 ̂ iS r ) .  We introduce the new notation yk for /.(ad (where aif A +) such that 
к is defined by the formula

(3.2) к =  1 + |Л + П {ax,a2, ...,a,_i}|.
(Especially, ax£A + and A(öi)==Ji.) We can easily see that the restriction of A to 
A + is bijective and afiA +, A(a,)=yk, k>~l imply (by (3.2)) A (ad =yk- x where
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/ is the largest number such that /<z and a fA  + . For the complete verification of 
(ß), let am be an arbitrary element of A (possibly am<t A +). Independently of the 
fulfilment of (3.1), there is an a,(£A+) such that iS m  and X(ai) = /.{am). We ob­
tain the validity of (ß) by summarizing these considerations (for each pair m, к 
suchthat X(am)= yk, A:>1). □

Proposition 7. I f  two standard automata Ak, A ' are isomorphic, then they 
are equal.

Proof. Consider the assignments e, e! for A , A ', resp. It is evident that the 
ranges of e, e' are equal, moreover, (a) implies that E(ai)=p and efaß—p are 
equivalent. The fact Л(я()=А'(а,) follows easily from (/?). □

3.5. Let (P, a) be an automaton mapping. For each class К (mod P), we de­
note by y.(K) the < -smallest word from among the elements of K. Introduce 
the notation
(3.3) KA,K 2, ...,K ,
(where i = ind P) for the classes mod P such that for arbitrary classes K,,K j, 
the inequality /-=/ and the formula x(Kt) <  x(Kj) are equivalent. (P, a) is called 
a standard automaton mapping if a(Ki)= yi is universally satisfied (l==zSt).

Proposition 8. To each automaton mapping (P, a) there is a standard automaton 
mapping (P', a ) such that they are isomorphic.

Proof. Take P'=P] the standardness can be reached by a suitable nota­
tion of the output signs. □

Proposition 9. I f  two standard automaton mappings (P, a) and (P', a') are iso­
morphic, then they are equal.

Proof. P = P ’ by the isomorphy. It is clear that the notation in (3.3) is de­
termined by P uniquely, hence a = a' by the definition of standard mappings. □

3.6. In this last section of § 3 we make some observations on the standardness 
of an automaton and the standardness of the mapping induced by it.

The notions of isomorphism and state-homomorphism were introduced in 
Section 1.2. If a pair (ctA, ay) is both an isomorphism and a state-homomorphism 
(i.e., if it is a homomorphism, ctA is a bijection and ay is the identical mapping of Г), 
then we call (ocA, ay) a state-isomorphism.

L emma 1. I f  the automata A l 5 A 3 are isomorphic and the automaton mappings 
induced by them are equal, then A t , A 2 are state-isomorphic, too.

Proof. A t and A 2 have the same set Y  of output signs. Consider an isomorphism 
(ал , а у) of А 1= ( Л 1, X, Y, 8lt Ax, a*1}) onto A2 — (Â2,X ,Y ,ô 2,X2,a*2)). For an 
arbitrary p(fF(X)), denote by a the state d fa f^ p ) .  The deduction

К («) = î(<5i(a*i), p)) = <r(p) =
=  ^(<52(a*2), p)) = Л 2 ( а “ л )  = (^(a))0'!’

shows that ay is the identical mapping of Y. □
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Proposition 10. I f  A is a standard automaton, then the automaton mapping 
(P, a) induced by A is standard.

Proof. Let A" be a class mod P. Clearly, x(K)  is the osmallest of the words 
e ( a (l) , e ( a is) , . . . ,  e (a iw) where atl, a,2, ..., aiw run through the states at of A for 
which X(a )̂ = o(K). Let A + be as in the proof of Proposition 6. The standardness 
of A implies that the following three statements are equivalent for each a,„(£A+) 
and *(€{2 ,3 ,..., |L|):

(i) Mam)=yk,
(ii) {Л^), A(a2)> , A(am-i)} does not contain yk but it contains yk- k,

(iii) am£Kk where the classes К are numbered as in (3.3).
The equivalence of (i), (iii) and the obvious facts й1€/Г1П/1+, k(aJ) = y 1 mean 

that a(Kk)=yk for each k, hence (P, a) is standard. □
P roposition 11. Let (P, a) be a finitely realizable standard automaton mapping. 

I f  A is an automaton inducing ( P, a), then A is state-isomorphic to a standard 
automaton.

Proof. Consider a standard automaton A' isomorphic to A (existing by Prop­
osition 6). Let {P\ o') be the automaton mapping realized by A'. (P, o) and 
(P', o') are isomorphic by Proposition 1. (P', o') is a standard mapping by Prop­
osition 10, hence (P, o) = (P', o') by Proposition 9. The state-isomorphy of A 
and A' follows by using Lemma 1. □

Table l
The hierarchy of some assertions on two automata A ,, A2
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The last proposition of this paragraph summarizes the facts stated in Sec­
tion 3.6.

Proposition 12. Let (P, <r) be a finitely realizable automaton mapping. Consider 
the isomorphy families o f  all automata realizing ( P, a). Every isomorphy family con­
sists o f pairwise state-isomorphic automata. I f  (P, o) is standard, then each isomorphy 
family contains exactly one standard automaton. I f  (P, o) is not standard, then all 
the automata inducing (P, a ) are non-standard. □

The considerations of § 1 and § 3 (together with a few easy consequences of 
them) show a hierarchy among some assertions concerning two automata Ax, A2. 
This hierarchy is illustrated in Table 1.

§ 4. Codes and pre-codes

4.1. The considerations of Section 3.4 show that it suffices to pay our attention 
to standard automata when our aim is to view the automata up to isomorphy. 
In Sections 4.2—4.4 a formal construction yielding all standard automata will 
be established. First we define a particular kind of tables — named pre-codes and 
codes — axiomatically, then we assign an automaton to each code (i.e., maximal 
pre-code).

The idea of our construction is :
first we take the initial state av and its output sign ylt
afterwards, we build up the other states a2, as, ... consecutively, together 

with their output signs and the transitions corresponding to the distinguished edges 
(cf. Section 3.3),

finally, we determine the remaining transitions ő (a,, x (k>) consecutively, accord­
ing to the lexicographic order of the pairs (/, k).

4.2. Denote by N/ the set of the integers i, i+ l ,  i+2, (where i=j).
Evidently, |N/| = /— i+ l.

The sextuple D = (r, s, ß, y, p, <p) is called a pre-code if it satisfies the follow­
ing postulates (1)—(VIII):

(I) r, s are non-negative integers; ß,y,p,cp  are functions.
(11) The domains of ß, y, p, (p are N2+s+1, N2+s+1, NJ+1, N (J|+1, re­

spectively.
(III) The target9 of each of ß, p, (p is N£+1.
(IV) The target of y is Nj'.
(V) We have ß(2) = I . If /£Nf,+ 1, then (a) & ((b)V(c)) holds where the 

meaning of the statements (a), (b), (c) is:

(a) /?(i —1) = ß(i) <  i,
(b) ß ( i - \ ) ^ ß ( i ) ,
(c) у(í — 1 ) <  y(i).

9 By the target Tf  of a function f i  the set of its possible values is meant. The range R , is 
a subset o f Tf (Rf consists o f the values that are actually taken by / ) .
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(VI) If i£NJ+1, then

/i(0 -l€{0 , fi(\), ц(2), /i(i-l)} .

(VII) If i€NJÎ2+1> then (ß(i),y(i)) is the lexicographically smallest pair ful­
filling

jÇ N '-1 => (/?(/) ß(j)V(y(i) ^  y(j))
for every j.

(VIII) If /'€Nrí|+1, then either <p(/) =  l or (d) & ((e)V(f)) holds where the 
meaning of the statements (d), (e), (f) is:

(d) ß(<p(l)) S  ß(i),

(e) ß((p(i)) <  ß(i),
(f) y((p(i)) <  y(i).
The definition of the pre-code is finished.
Any pre-code can be illustrated by a table each row of which contains the 

values i, ß(i), y ( i ) , ( p ( i ) .  (See Table 2 as an example.)

i /3(0 ï(0 MO </>( 0

1 — — 1 —

2 1 1 2 —

3 1 2 1 —

4 2 1 3 —

5 2 2 2 —

6 3 2 4 —

7 3 1 — 4

8 4 1 — 2

9 4 2 — 1

10 5 1 — 3

11 5 2 — 5

12 6 1 — 6

13 6 2 — 1

Table 2

An example for code (with ?i=2; r =  5, s =  7)

P roposition  13. I f  the formulae /£N£+S+1, y€N£+s+1, ß(i)—ß(j), y (i) = y( j )  
are valid (for a pre-code), then i=j.
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Proof. We want to verify that 2 ë y  <  / ë  r -b s + 1 implies 

(4.1) ß(i) X ß(j)\/y(i) И y O').
Case 1. i S r + 1. If ß( j )  = ß(i), then we get

ß ( i ) = ß ( i - l )  = ß ( i - 2 ) = .. .=  ß(j)
and

y(0 > y ( i - l )  > y ( i - 2) > ...> y O ')
by an iterated application of (V), hence у(О^УО)-

C œ  2. i ^ r  + 2. Then (4.1) follows from (VII) immediately. □

4.3. Let Di= (r1,s 1,ß i ,y i , i i1,(pi) and D2 —(r2, s2, ß2, y2, g2, <p2) be two pre­
codes. Let the relation !)l - IL be true if

(rt <  r2 & st =  0) V (i\ = r2 & s1 <  s2)

and ß2, у г, fi-г, <р2 is an extension of ßx, уг, цг, cpXl respectively. This relation *-= 
is a partial ordering of all pre-codes (n is fixed). If D,<D, and r1+s1+ 1 =  r2-Kv2 
hold, then we write D ^ D ,  (this means that we get D, if we delete the last 
row of D2).

If О, is a pre-code and no pre-code D2 with D, < IL exists, then 1), is called 
a code. (The pre-code given by Table 2 is a code.)

R em ark . It can be shown that s^ rn + n —r is valid for each pre-code; equality 
holds for the codes and only for them.

4.4. Let C=(r, s, ß, у, ц, cp) be an arbitrary code. Determine an automaton
ф(С) = A = (A, X, Y, <5, A, a*)

by the following rules (a)—(e) :
(a) A = {alt a2, .... ar+1}.
(b) (The initial state of A is ax, i.e.,) a*=ax.
(c) Y = {yx, y2, ..., y,} where

t = max(g(l), ц(2), ..., /((r+ l)).

(d) For each /(€N2+S+1) let

0(am ,xW ») = l  '
l  a q>{i)

be true.
(e) For each z(£N2+1) let

4<*i) = Уф)
hold.

if
if

i S  r + l ,  
i ^  r + 2

Remark. The transition function Ô is consistently and totally defined because 
(VII) was stipulated, Proposition 13 holds and C is a code.

Remark. If D <C  is valid for a pre-code D, then we can assign to D a partial 
sub-automaton o f  ф(С) in a natural manner.

Proposition 14. ф(С) is a standard automaton for each code C.
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Sketch of the Proof. Let at be a state of ф(С), consider the word
p = xiyißk-4t)))x ŷ(ßk-tm , , ,x(.y(ßmxiyW) 

where ßh(i) stands for 1 2 л
ß C ß - ß (  о - )

and к is the (unique) number fulfilling ßk(i)= \. We can show that p equals to 
E{aß and £(üß <e(aj) is equivalent to i< j. This means that the first property 
defining the standard automata (in Section 3.4) is valid. The second property 
follows from the postulate (VI). □

P roposition 15. To each standard automaton A, there exists precisely one 
code C with ф(С)=А.

Sketch of the Proof. Starting with A=(A, X, Y, 6, X, aL), we can establish 
an assignment ф"1 such that ф^1 yields a code and ф, ф ~1 are inverse of each other.

ф~1(А) is introduced in the following way:
(A) Denote \A\ — 1 by r, let s be rn+n — r.
(B) For an arbitrary i (2 S i  S r  + 1), let е(я,) be written in the form 

p 'x (m) (p'eF(X),  x ^ t X ) .  Let
ß(i) be the number satisfying aß(i)—ö{al , p'),
y(i) be m,
p(i) be the number fulfilling y M(il = X(ai).
(C) For an arbitrary i (r + 2 ^ i ^ r + s + 1), ß(i) and y(i) are uniquely determined 

by Postulate (VII). Let <p(i) be the number for which
a„(0 =  ö(aß(i), xM0>).

It can be shown that the rules (А), (В), (C) determine a code ф~1(А), and 
ф(ф^1(А)) = А, ф~1(ф(С)) = С are always valid. □

Fig. 3 shows the automaton ф(С) when C is the code given by Table 2.
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§ 5. Notions of complexity

5.1. As we have seen in §4, the codes give a constructive description of all 
finite Moore automata. Recall the second version of the basic problem (see Sec­
tion 2.1). From the view point of this problem, the notion of code is too extended. 
Therefore, we want to restrict our attention to the codes C for which the auto­
maton ф (C) is simple.

For this aim, we are going to introduce some complexity notions.
5.2. Let a, b be two states of a finite Moore automaton A. By the distinguish- 

ability number со {a, b) of these states, we understand the length L(p) of a shortest 
word p such that
(5.1) l (ô(a,p))*X(8(b,p)).

(Of course, co(a, £)=«= if À(ô(a, p)) = ).(ô(b, p)) for every p(dF(X)).) Evidently, 
со {a, a)=oo and со (a, b) = co(b, a) are universally true.

The maximum
max со (a, b)

is called the complexity QA (A) of the automaton A where (a, b) runs through all 
pairs of states of A such that a^b . (О^(А) =  0 if A has only one state.)

The complexity Qc (C) of a code is defined by

^c(C) = 0 А(ф(С)).
5.3.

L emma 2. I f  a, b, c are arbitrary states o f a finite automaton, then 
co{b, с) Ё min (co(a, b), co(a, c)).

P roof. Let p be a shortest word such that

Á(ő(b,p)) И Цд(с, p)).
Denote k(ô(a, p)) by ya, the notations yb and yc are meant analogously. If ya^ y b, 
then со (a, b)^co(b, c). If yab y c, then co(a, c)^co(b, c). □

P roposition  16. Let aL, a2, as be arbitrary states of a finite Moore automaton. 
There exists a permutation n o f the set {1, 2, 3} such that

Ы ( а п ( 1 ) 1  а л ( 2 ) )  =  œ ( a n ( 2 ) i  а л ( 3 ) )  —  œ ( a n ( l ) >  а ж (3 )) -

P roof. Obviously, there is a n fulfilling

w f a x i l ) }  a n(2)) — ы ( а п(2)> an(3)) — tó(ö7i(l)> air(3)).
If со(апт, аж(2))<со(аж{2), an{2)) were true, then we should get a contradiction to 
Lemma 2 (with a = ал(3), b = a„(2), с= аж(1)). □

R em ark . Let к be a non-negative integer. Define the relation Rk(a, b) so that 
it holds if со (a, b )^k . Then Rk is an equivalence for each k; if we form the sequence 
R0, Rг, R2, then we do substantially the same as if we should minimize the 
automaton in the customary sense.
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5.4.

Lemma 3. Let b, c be two states o f a finite automaton A. w(b, c )=  °° if and only 
i f  there is a homomorphism (ctA, ocy) o f A such that Ьхл = схл.

Sketch o f  the Proof.

Necessity. Suppose co(b,c)~ °°. Introduce a binary relation q (depending 
on b, c) in the set of states of A by what follows: g (a, a+) is true precisely when 
there exist a sequence of states

and a sequence of words 

(к is common) such that

(a = )a0,a 1,a 2, ...,ak(= a +) 

P i  5 P 2 > ■■■iPk 

{<5( b ,p d ,  ö ( c ,p ,)} =

holds for every choice of i ( l ^ i ^ k ) .  We can show that g is an equivalence rela­
tion, thus it determines a partition R  of the set of states. The factor automaton 
with respect to R  can be introduced in a consequent manner10; hence the pair 
(ocA, ay) where ocA is the natural assignment associated to the partition and ay is 
the identical permutation of the output alphabet is a homomorphism.

Sufficiency. Assume that Ьхл = схл for a homomorphism (aA, aY). Then

A'((<5(b, p)Ya) =  / . '(d '( b 4  P)) = X'(ö'(cxa, p)) =  A'((<5(с,р)Ул)

(where the transition function ö' and the output function X' are meant in the homo­
morphic image) for every choice of p, consequently

X(ô(b, p)) =  i(d (c , p))
(since ay is a bijection). □

Proposition 17. Let X be a (finite) Moore automaton. A is simple i f  and only 
if  ß*(A)< 0 0 .

Proof. Consider the following five assertions:
(i) A is not reduced ;

(ii) A has a homomorphism which is not an isomorphism;
(iii) A has two different states b, c and a homomorphism (aA, ctY) such that

Ьхл -- cxa ;
(iv) A has two different states b, c such that co(b, c)—°°;
(v) Qa(A)=°°.
The equivalences (i)o(ii), (ii)o(iii), (iv)o(v) are evident. The equivalence 

(iii)<=>(iv) was stated in Lemma 3. Hence (i) and (v) are equivalent. □

10 The supposition co(b, c)=°= is utilized when we define the output function of the factor 
automaton.
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Proposition 18. The following three statements are equivalent for a (finite) 
Moore automaton X:

(a) The output function l  o f X is bijective.
(b) Qa(A)=0. '
(c) Qc(\l/~l (X)) = 0.
Proof. The equivalence of (b) and (c) is trivial. The equivalence of (a) and 

(b) follows from the evident facts that the statements /.(a) 7̂ /.(b) and co(a, b) — 0 
are equivalent (where a, b are different states of A). □

5.5. By comparing the second version of the basic problem, Proposition 17 
and the definition of Qc (C), we get a new equivalent formulation:

Basic problem (third version). Let a constructive description o f all codes C 
satisfying ß c(C)<c«= be given.

§ 6. Some open problems

6.1. The third version of the basic problem seems to be preferable (in comparison 
to the first and second versions) for being attacked in the future. This opinion can 
be supported by the fact that any code C can be viewed as the last member of the 
sequence

Di, D2, D3, ...

where D, is the pre-code consisting of the first, second, ..., /-th rows of C, and this 
sequence is uniquely determined by C. If we extend the complexity notion Qc to 
all pre-codes (in some natural manner), then we may hope that the complexity of 
an arbitrary code C can be established as the result of an algorithmic procedure 
the steps of which are associated to D1; D2, D3, ...; one may also hope that this 
aspect can yield a sharp separation of the codes with finite complexity from the 
codes whose complexity is infinite.

6.2. We define the complexity Qc ( D ) of a pre-code D by

flc(D) = min ß c (C)

where C runs through all codes C fulfilling DSC.
Next some immediate consequences of this definition are formulated.

P roposition 19. I f  the pre-codes Di and FT satisfy Dj-cD,, then Qc (Dx)S 
S ß c (D2). □

P roposition 20. To each pre-code D there exists a code C such that 

D S C  & ß c(D) =  ß c(C). □

P roposition 21. I f  a pre-code Dt is not a code, then there exists a pre-code 
D2 such that

Dt -< D2 & ß c(D!) =  ß c(D2). □
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6.3. The solution of each of the following four problems (more precisely: 
the algorithmic solution of Problems 1, 2, and a sufficiently constructive determina­
tion of the function mentioned in Problem 3) would be a useful contribution towards 
elaborating a theory for the elucidation of the third version of our basic problem.

P roblem 1. Let D be a pre-code with finite complexity. Let a code C be con­
structed which satisfies

D C & ß c(D) = ß c(C).

Problem 2. Let Dx be a pre-code with finite complexity. Let D, run through 
all pre-codes such that Dx-<D2. Let us partition the set of the D2's into three classes 
concerning that where is sharp inequality in the formula

ßcCDJ =2 ß c(D2) goo.

Problem 3. Let all the pairs (Dx, D.,) be considered where Dx and D2 are pre­
codes with finite complexity and they fulfil Dx<  D2. Either determine the maximum 
of the differences

OcCD^-QciDJ

{as a function of n = \X\) or prove that the set of these differences is unbounded.
P roblem 4. Let the set of the complexities ß c(D) be considered where D runs 

through all pre-codes with s=0. Is this set equal to the set of all non-negative 
integers (without °°)?u

The exposed four problems are (more or less) obviously related to each other. 
I am not able to predict which of them would occur earlier, which would occur 
later in an expected theory answering to these questions.

Appendix

(Some bibliographical notes 11 12)

Corollary 1 and the Remark to it are due to N erode and Myhill essentially, 
see § 2.4 in [7].

More detailed presentation of some fundamental notions and assertions touched 
here can be found in some parts of [7] and in [1].

The basic idea of §§ 3—4 of the present paper is similar to the basic idea of 
{2] (but the purpose of [2] differs from our present purposes). In [3] I have tried 
to begin to explain the same topics as now; my attitude, however, has consider­
ably changed in the meantime.

11 (Added in proof.) After completing the present paper, the author succeeded in solving 
Problem 4 affirmatively. This result will appear in Vol. 5 o f the Acta Cybernetica.

12 A few bibliographical remarks were already done in course of §§ 1—6. These are not re­
capitulated here.
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ON THE PERMEABILITY OF LAYERS OF DISCS

by
A. FLORIAN

To my friend Prof. L. Fejes Tóth on his 65th birthday

By a layer o f discs we mean a set of convex compact discs which do not overlap 
and which lie between two parallel lines. We shall always consider the smallest 
parallel strip containing the layer. Its width w is called the width of the layer.

We shall consider continuous rectifiable curves lying completely within the 
parallel strip. Such a curve crosses the layer if it connects the two boundary lines 
without containing any interior point of a disc. According to L. Fejes Tóth [2], 
the permeability o f the layer is defined by

P = J Î Î T '

where w denotes the width of the layer and Л the length of a curve crossing the 
layer. Obviously, we have 0 < p S l .

The permeability of a layer consisting of circles or other kinds of convex discs 
was investigated in the papers [1, 2, 3, 5]. Our object is to improve two results 
contained in [2] and the theorem proved in [5].

§ 1

In this paragraph, we solve the problem of determining the least permeable 
layer of prescribed width consisting of congruent circles of given diameter.

Theorem 1. Let w be the width o f a layer consisting o f congruent circles o f di­
ameter d. Then the permeability p o f the layer satisfies

( 1) P
Vi’
7

d I - 1
w—d —n4r n 2n — + l+ a rc sm --------;----------3 d

where n = 2  w— d
7? d

Let w be an arbitrary number greater than d. Consider an equliateral triangular 
section Г of a densest lattice packing of circles of diameter d, consisting of 
(/г + 1)+и + ... + 1 circles. Then the only case in which equality is attained in (1) 
may be described as follows: triangular blocks of circles congruent to T are based 
alternately on the upper and the lower bordering line of the strip, such that each
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Fig. l a Fig. l b

block touches its two neighbours (Fig. la , b with /2=2). J. Molnár conjectured 
this arrangement to be a densest packing o f circles o f diameter d contained in

a parallel strip of width w. It is easy to see that this is true for + ^ - j d.
Recently, G. Kertész succeeded in proving the conjecture in the case when

I -= vrs (1 +  ]/2 ) d. Molnár’s conjecture proves to be true also in the
'  “ ' ( 1/3 j
cases when w = \\ +n —  \ d, n — 2 , 3 , . . . .  This is a consequence o f  G roemer's.

inequality [4]
2 - ÍJ

У12 n ss F U + y  12 - л  (Уз —1),

where F and U denote the area and the perimeter o f a convex disc containing, 
a packing o f n unit circles.

Since

w -
n y  +  1 +  arcsin

d - n -У Ъ
=  - = ( w  — d)+d+  

У 27

and

+ d j arcsin 2 w — d 
/3  d

arcsin (xy) <  X arcsin y (0 <  x  <  1, 0 <  у <  1),

(1) implies the weaker inequality

( 2)
w

—=  (w — d) + d 
i l l

proved by Fejes Tóth [2]. In (2) equality is claimed if and only if, 2 w—d 
V3 d

is.

an integer n and the circles form n + 1 consecutive complete rows of a densest 
lattice packing of circles (Fig. lb with n = 2).

For the proof of Theorem 1 we modify Fejes Tóth’s proof of (2). Let the 
layer of circles lie in a vertical plane so that the two boundary lines are horizontal. 
We now describe a curve crossing the layer. From a point U of the upper boundary
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line, a point P moves vertically downwards into the layer. Whenever striking a 
circle, P moves downwards along the circle to the nearest end-point of the horizontal 
diameter. (If P hits the ‘top’ of a circle, it 
is supposed to deviate either to the right 
or to the left.) P leaves the circle at this 
point and again moves vertically down­
wards. P covers a curve К composed of 
straight segments and circular arcs of 
length ^nd /4  and terminates at a point 
L of the lower boundary line. We choose 
the point of departure U so that P, 
before striking against a circle, touches 
another circle.

Now let us shorten the curve K —IJL 
by rounding off its corners in the follow­
ing manner: let AB be a straight seg­
ment of К connecting the circle a with 
the circle b so that the straight line AB 
touches a and cuts b. Let c be a circle 
of diameter d touching the segment AB  at 
a point C and the circle b at a point D be­
longing to K. We replace the segment
CBD of К by the circular arc CD. Rounding off all corners of К in this way, 
we obtain a new curve K' (Fig. 2) crossing the layer of circles.

We proceed to show that the length A' of K' satisfies the inequality

(3) A '^ d П у + l -barcsin
w — d — n — y 3

Reflecting the circular arc CD in D we obtain a new circular arc DC' of central 
angle a also belonging to K'. Denoting the number of arcs of the curve K ' of type 
DC' by m and the total length of the straight segments contained in K ' by s, we 
have
(4) Л'  = d ( a 1 + . . . + a m)  + s 
and
(5) w = d(sinoCi+...-Ьsin ocm) +  s.

According to the construction we have

(6) (i =  1, .... m),

s S  d.
We shall now determine the maximum of Л' for a given value w>~d and 

some positive integer m under the conditions (5) and (6 ). Putting
S in  0(j =  X: (i -  1,
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and using the strict convexity of arcsin x for O ^ x ^ l,  we see that, in the case
1 —

when Л' attains its maximum, at most one of the X;’ s , say xm, is >0 and f3.
Since arcsin x —x  is strictly increasing for OïSx ïî 1, we have now s=d. There­
fore, A! attains its maximum under the conditions (5) and (6 ) if and only if, for 
some m ^ l,
/ r j \ 7Г 71
( / )  a l  am-l — "y » 0 S a m < y ,

s = d.
(7) implies that m — l= n , and (3) is proved. 

From (3) it follows the inequality

inf Л s  d n — + 1  Farcsin -

J _
w — d — n — ^Ъ

which completes the proof of (1).
Now we suppose tha.t w>d and that the permeability of the layer is equal 

to the right side of (1). If Л' denotes the length of any curve K' constructed as 
above, then (3) holds with equality. Thus (7) is fulfilled for all admissible positions 
of the point U. This fact implies that the layer consists of triangular blocks of 
circles as described above. Conversely, it is easy to show that the permeability of 
a layer of this kind is given by the right side of (1).

§2

We shall now show that Theorem 1 continues to hold if we replace the circles 
by translates of a disc of constant width d.

Theorem 2. Let w be the width of a layer o f translates of a disc o f constant width d. 
Then the permeability p satisfies the inequality (1).

The only cases in which equality is attained in (1) may be described similarly 
as for circles. Note that the minimum value of the permeability depends only on

Fig. 3
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ív and d, but neither on the orientation nor on the shape of the disc. Fig. 3 exhibits 
a layer of translated Reuleaux triangles which has minimal permeability.

As in the case of circles, Theorem 2 implies the inequality (2), already proved 
by H o rto bá g y i [5].

A disc of constant width is automatically strictly convex, what means, that 
its boundary does not contain straight segments. This and further properties of 
discs of constant width may be found in [6 ].

For the proof of Theorem 2 we need a lemma which is due to Hortobágyi [5].
L em m a . Let AXA2 and ß , B2 be two diameters o f a disc o f constant width d. Then

A1Bl -\-A2B2 = da,
where a is the angle between AXA2 and Bi B2 (Fig. 4).

The proof rests on the possibility of approximating an arbitrary disc of con­
stant width d by discs of the same constant width whose boundaries are composed 
of circular arcs of diameter d (see [6 ]). It is easy to see that for such discs the 
lemma is true.

P roof of Theorem 2. Let РхРг be a horizontal diameter of a disc b of con­
stant width d (Fig. 5). Let the line h intersect the segment Л Р 2 perpendicularly. 
Let at (/=1, 2) be translates of b touching b and h at the points Qt and Rt, re­
spectively. Without loss of generality we suppose that ß 1P1^ ß 1ß2; otherwise 
replace at by a2. Let t be a line through Qx separating b and ay. The parallel sup­
porting line ï of b touches b at a point Qx, where QiQi=d. The translation 
Qi-*Qi carries b into ax and P2 into Rt so that P2PiHÖißi and P*Ri=d. Let a
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be the acute angle between ? iP 2 and 2 i2 i-  The supposition RyPy^RyP., implies
71

that Я1Л  is a shortest side of the triangle P1P2R1, so that я —y -  The difference 
of levels between R i and P2, i.e., the distance of the lines through these points 
parallel to the strip, is if sin a. Since Rl Qi = P>Q} , we have, by the lemma,

^ íö i+ Ö i^ i =  PiQi+QiP\ =  doc.

Similarly as in § 1, the layer can be crossed by a curve K' of length A', given by
(4), where the variables a* (/=1, ..., m) and s are subject to the conditions (5) 
and (6). The further course of the proof coincides with that of Theorem 1.

§3

We now consider translates of a strictly convex disc having an axis of symmetry 
perpendicular to the layer (shortly: an axis). We recall that a convex disc whose 
boundary does not contain straight segments is said to be strictly convex. Let a 
and b be two such discs touching each other at a point S' so that none of them is 
cut by the axis of the other. Let A be the boundary point of a nearest to the axis 
of b and В the boundary point of b nearest to the axis of a. Applying a construction 
analogous to that of K ' to a layer of translates of a, we obtain a path consisting 
of vertical segments and pairs of arcs like A S  and SB, which crosses the layer.

We introduce some notations.
(jV) Let Я be the length of the arc A SB and ô the difference of levels between 

the points A and B. We fix the disc b and consider the function

A =/(<5),

where 0^(5 = 5 and S is determined by that position of the disc a in which it
touches the axis of b.

Let us translate a into a position 
a y touching b at a point T, so that 

(Fig. 6). Since Я1= /(^ 1)>Я, 
f(ô ) is strictly increasing for Osib si b. 
We shall prove that for

(i) f{5) is strictly convex,
(ii) /(b ) —b is strictly increasing.

Let 5 be a line separating a and 
b. Let the translation a-~ax carry S 
and s into U and u. We denote the 
intersection of the horizontal line 
through a point X  with a line y  by Xy 
and consider the points Sv, Ts, Tu 
and Ue, where v is a vertical line. Ob-
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serving that 

and
Aj -A  =  UT + TS >  UT+ TS >  UTu + TsS

ôt - ô  = UVSV
and denoting the angle between a line y and v by ц>у, we have

Aj-A U fu+T\S
(8) áj — á U„S„

sec <ps

Similarly, let t be a line separating a1 and b. Let и and y intersect t at U' and 
S', respectively. Then we obtain

Aj—A = U T+TS< U U '+ U 'T + T S '+ S 'S ^  U,U'+U'T+

+ f S '  + S 7S, = IfS , = Ü^SV sec ( P , .

Thus
Aj A(9) -j— - < s e c  <pt.
á j  — á

Let ax and a2 be two translates of a satisfying 0 s á < á j< á 2̂  <5. By (8), we have

A-2 Aj 
<52—áj sec <p,.

Combining this with (9) we obtain

A2-A j  ̂ Aj-A
á2 — áj áj — ô ’

which proves (i). In view of sec <ps > 1, (8) implies (ii).
A precisely similar argument as in the proof of Theorem 1 yields

T heorem 3. Let w be the width of a layer consisting of translates o f a strictly 
convex disc b having an axis o f symmetry perpendicular to the layer. Let p be the 
permeability of the layer and d the width of b perpendicular to the layer. Then, using 
the notations (Ж) and writing l= f(5), we have
(10) p ^  w(nl + d+f(w — cl — п5))~г,

where « =  ] .

The case in which (10) holds with equality may be described in the same way 
as for circles (Fig. 7).

It follows from (i), that A /á s I /á .  Using this, we obtain as a simple consequence 
of (1 0 ) the inequality

__ w 1
P -  c](w — d) + d ’ q ~ J ’

which was previously proved by Fejes Tóth [2].
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Fig. 7
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STACK OF PANCAKES

by
ERVIN GYŐRI and GYÖRGY TÚRÁN

The following open problem was proposed in [1], [2]:
The chef in our place is sloppy, and when he prepares a stack of pancakes they 

come out all different sizes. Therefore, when 1 deliver them to a customer, on the 
way to the table I rearrange them (so that the smallest winds up on the top, and 
so on, down the largest on the bottom) by grabling several from the top and 
flipping them over, repeating this (varying the number 1 flip) as many times as 
necessary. If there are n pancakes, what is the maximum number of flips (as a func­
tion on n) that 1 shall ever have to use to rearrange them?

A mathematical formulation of this problem is the following:
Let n = h /2 ■ • • i„ be a permutation of the number-set {1,2,...,«}. Let admissible 

step be the reversing of the “end” of the sequence (permutation). (The ends of this 
sequence are the subsequences ..in_1in for O ^k^n  — 1.) This step is
denoted by

<1 I 2 ... ... -*■ li I2 ••• ln-k-l hi *11-1 ••• ln-k + l ln-k-

Let f(n )  be the minimal number of the admissible steps by means of which we get 
the permutation 1,2, ...,« . Let

f(n) =  m ax/(к).
It t  Ь  n

What can one say on /(«)?
M. R. Garey, D. S. Johnson and S. Lin proved

/i + 1 ^ f (n )  s  2n — 6  for и ё 7 .
We prove that

/(«) ^  -y (»I + 1 ) for arbitrary n.

Definition. Suppose that the sequence is i1ii ...in. We say that the subsequence 
ijij+i — ij+h-iij+t (1 = j= j+ k^n )  is a chain if

or if
ij+h =  ij+h  (mod n) l s f c g n  

iJ+h =  ij — h (mod n) 1 S  h S  n.

(That is 1 and n may be neighbours in a chain.) The last element of the chain is the 
element ij+k. The length of the chain is fc+1. The chains of length one are called 
trivial chains, the chains of length at least two are called proper chains. The maximal
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chains are unique in a fixed sequence and the maximal chains constitute a parti­
tion of the sequence, obviously.

In this algorithm we gradually decrease the number of the maximal chains. 
We do four kinds of operations:

1st kind. At this kind of operation we perform one step, the number of the 
proper maximal chains does not change, the number of the trivial maximal chains 
decreases by one.

2nd kind. At this kind of operation we perform one step, the number of the 
proper maximal chains increases by one, the number of the trivial maximal chains 
decreases by two.

3rd kind. At this kind of operation we perform two steps, the number of the 
proper maximal chains decreases by one, the number of the trivial maximal chains 
does not change.

4th kind. At this kind of operation we perform four steps, the number of the 
proper maximal chains decreases by one, the number of the trivial maximal chains 
decreases by one.

(The concrete description of operations will be given at the case analysis of the 
algorithm.)

If the number of the maximal chains is one then only at most four steps have 
to be done to finish the algorithm.

Suppose that 4 4 - - 4  be the sequence for the moment. Consider the maximal 
chain containing Let in_j i n_j +1.. . in be this maximal chain.

Case 1. j —0, that is the maximal chain containing in is trivial.
Let 4 be the unique element satisfying

4 = i„ + l (mod n)

and let 4 be the unique element satisfying

4 = 4 - 1  (mod n).

Case 1.1. One of ik and ih is the last element of a maximal chain. E.g., ik is the 
last element of a maximal chain.

Then the following operation has to be done:

ll l2 ••• lklk +1 ••• ;п-1ги ll l2---lklnln~l-" lk +1-

(If 4 belongs to a proper maximal chain then this is an operation of the 1st kind 
otherwise this is an operation of the 2nd kind.)

Case 1.2. Neither 4  nor 4  is the last element of a maximal chain. (Then they 
belong to proper maximal chains.)
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In this case an operation of the 4th kind has to be done: (We may assume that 
Arc/1 because of the symmetry.)

4 4  ••• 4 -14  4+1 hi-lV "  4-1 4 -*■ 4 4 ••• 4-1 4 + 1 ••• 4-1 4 4-1 ••• 4 

4 i2... 4 - i 44+ i ••• hi -1f « 4 ••• in-1 4 4  ••• **-i *ii- i ••• hi hi 4 - i  ••• 4+i 4 “*■

4 4 -” lk - l ln-l-••lh lnlk 4 + 1---4-1-
Case 2. />0, that is belongs to a proper maximal chain. If the unique ele­

ment 4 satisfying
4 “  4 =  4 ~ 4 - i  (mod n)

is the last element of a maximal chain then the step
4 4 -"  4 4 + 1■■■ Ifi —1 hi ”*■ 4 4  ••• 4 4 4 —1 • •• 4 + 1

is either an operation of the 1st kind or a better operation (in the sense of the final 
analysis of the algorithm, see below) than an operation of the 3rd kind. Therefore 
we may assume that ik is not the last element of any maximal chain. Let /,, be the 
unique element satisfying

4 —/+i 4 —/ =  4 - /~ 4  (mod n).
Case 2.1. 4 constitutes a trivial maximal chain.
Then an operation of the 4th kind has to be done:

Case 2.1.1. k<h.

hh- •lk - l lk 4 +1- • 4 -14  4+1 ••• *

4 4 • • 4-144+1” • 4 -14  4-1 ••• h

4 4 ■•4 - i4 4 + i" • 4 - i4  4-1-"*

4 i2. • 4 - l 4 - / - l  ■•• 4+ i4  4 - /4 -

h h - ■ 4 - l 4 - / - l  ••• 4+14 4 - /4 -
Case 2.1.2. к >h.

4 4  • • 4 - i4 4 + i •• • 4 -14 t+ i.” 4 - / - i 4 - / 4 - /+ i” 4-14

4 4 • • 4 - i 4 4 - i ” • 4 - /+i h i —/  4 —/ —1 • ”  4+14 4 —1 ” • 4+14

4 4  • • 4-14 4-1 •• • 4 - /  + 14 -/44+ 1-" 4-14 4+1*” 4 - / - 1

4 4 • • 4 - i4 - / - i - ••  4+ i4 4-1 • • •  4 + i4 4 - /4 - /+ i 4-14

i’i i 2 . 1->»1C1«

• •  4+ i4 4 4-1 4 - /+ i4 - /4  4+1 ... ik-i
Case 2.2. 4 belongs to a proper maximal chain.
Then an operation of the 3rd kind has to be done.
Case 2.2.1. 4 belongs to the maximal chain 44+i---hi+m (ffl^ l, h + m ^ n —j). 

(That is 4 >s not a last element.)
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Then the following operation has to be done:

h h - ■h-i lh lh + l-- • Iji + m— l̂ h + m ̂ h + m + 1 • ■■ fil-l'n “*■

h h - • h - i U n-l- ■ln-j+lln -jln-j-l-- ■ lh + m +1 lh + m lh + m-1--• lh + l lh “*■

h h - • h - 1inh-1- • ln-j+lln -jlh lh + l--- Ih + m — l^h + m̂h + m + l" ■ h - j - 1-
Case 2.2.2. ih belongs to the maximal chain ih_mih- m+1. . . ih (m ^ \ ,  h — m ^ l ). 

(That is ih is a last element.)
Then the following operation has to be done:

h l2---lh-m-llh-m гЛ-т + 1 ••• lh- l1hlh + l--- ln - j - l 1n-j ln-j + l - '„-1 ln

hh-- * ĥ — m — l^h — m̂ h — m + 1" ■ lh~llh lh + l-- - ln - j - l lnln-l-- ln-j +1h- j

hh- ■ lh-m-llh-mlh-m + l-- • ĥ — l^ĥ n — j^n — j + l" '  — — 1 h+1
If the number of the maximal chains is one then we can reach the natural 

order 1,2, ...,n  by means of at most four steps. (It is almost trivial.)
Proposition. The number of the steps to reach the natural order 1 ,2 ,...,«  in

the above-mentioned way is at most — (« + !).

Proof. Let nt denote the number of the operations of j'-th kind. Then the 
number of the steps done during the above-mentioned algorithm is at most

s =  n1 + n2+2n3+4ni +4.
Let p be the number of the proper maximal chains at the beginning of the algo­
rithm and let q be the number of the trivial maximal chains at the beginning of 
the algorithm. Then obviously

p —l = n3+nt - n 2, q = 2n2+n1 + ni
because finally the number of the proper maximal chains will be one and the 
number of the trivial maximal chains will be zero. Hence

5 7s = ni + п2 + 2п3 + 4п4 + 4 ^  — П1+п2+— п3+4п1 + 4 =

= y ( n 1+2M2+«4) + j ( n 3+ «4- n 2)+ 4  =  - | í + j p - | - j  S

= j  (2p +  q+  1) S  у  (n + 1).

(2pTq=n  because a proper maximal chain contains at least two elements.)

N ote. We learned that independently o f  us W. H. Gates and С. H. Papa- 
dimitrou proved

17 , ,  ,  5 ,- n ^ f ( n ) ^ - j ( n + l ) .
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SOME PROBLEMS ON LATTICE AUTOMORPHISMS

by
L. BABAI

§ 1. G. Birkhoff proved in 1949 [6] that every group is isomorphic to the auto­
morphism group of a distributive lattice. For finite groups, the lattice obtained was 
finite but of large size, height and order-dimension, and this is necessarily so for 
distributive lattices with prescribed automorphism groups. The situation may be 
different if selecting our lattice with prescribed automorphism group from a larger 
lattice variety. The aim of this note is to raise interest in questions, relating auto­
morphism groups of finite lattices in a variety to bounds on various parameters 
of the lattice.

clt c2, etc. denote absolute constants.
§ 2. Size of the lattice. For У  a lattice variety and G a finite group, let a (G ; У )  

denote the minimum number of elements of a lattice from У  whose automorphism 
group is isomorphic to G. Let S£, J t  and S> denote the variety of all lattices, of the 
modular and of the distributive lattices, resp.

R. Frucht proved in 1950 [10] that

oc(G; S £ )  á  Cj« log n  

(n denotes the order of G throughout).
Problem 2.1. Does there exist a constant c2 such that

a(G; £C) S  c2n

for every finite group G{\G\—ri)?
R emark 2.2. For every finite group G there exists a commutative semigroup 

S  of order s2 «  + 2 such that A u tS ^G  [3, Theorem 4.9].
Problem 2.3. Does there exist a constant c3 such that

a (G; M ) S  ncA

Remark 2.4. If a distributive lattice L admits an automorphism of prime order 
p , then |L |^ 2 p [3, Prop. 4.8]. This implies that a(G; 3>)^2n for infinitely many 
finite groups G. On the other hand,

(i) a(G; S>)^23n for every finite group G ([3, Corollary 4.5]).
This follows from [3, Corollary 4.3]:

(ii) Given a finite group G there exists a poset P of 3n elements such 
that Aut P~G .
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Indeed, as proved by Birkhoff [6], if D is the (distributive) lattice of order- 
ideals of P then |Z)|s2 |p|, and Aut Ps= Aut D. So (ii) implies (i).

§ 3. Height of the lattice. Let t]{G\ У )  denote the minimum height of a finite 
lattice from the variety У  whose automorphism group is isomorphic to G.

One can easily show that
ri(G-, J?) == 3

for every finite group G (Frucht [10]).
As a matter of fact, take a finite graph X=(V, E) such that Aut X= G . Let 

Z={0, 1}UFUE be a poset under the relation

X S X
O ä x S l

for every x in L;

V ^  e if v£V, e£E  and v is an endpoint of e.

Clearly, I  is a lattice of height 3 and Aut Aut Xs=G.
One can also require L  to be geometric (matroid lattice).
Theorem 3.1 ([4]). Given a finite group G there exists a finite geometric lattice 

L o f height 3 such that Aut L=G.
If infinite lattices are admitted, L can be chosen to be modular (using free 

completion of a partial projective plane, E. M endelsohn [13]).
For the finite case, however, we conjecture :
Conjecture 3.2. For every integer N  there exists a finite group G such that 

rj(G\ J t)> N . In other words, finite modular lattices o f bounded height do not rep­
resent all finite groups as their groups o f automorphisms.

To my knowledge, even the case N=3  is still undecided. It appears to be 
an open problem to find a finite group which is not isomorphic to the automorphism 
group of any finite projective plane. C. H ering has obtained interesting results in 
this direction [11], [12] (cf. [8, chap. 4]).

Problem 3.3. Are there infinitely many finite projective planes with no non- 
identity automorphism?

We remark that 3.2 clearly holds for distributive lattices. In fact,

Proposition 3.4. I f  the prime p divides the order o f Aut L, L a finite distributive 
lattice, then the Boolean algebra with p atoms has a cover-preserving embedding in 
L  [3, Prop. 4.8.].

From this it follows that
t](G; S>) s: n

for infinitely many finite groups G.
On the other hand, by 2.4 (ii) we have

i/(G; 3>) S  3n
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for every finite group G (since the height of the distributive lattice 2P is |P|, P 
a poset). (Cf. [7, p. 59]. 2P denotes the lattice of dual order ideals of P.)

§ 4. Order dimension. The order dimension dim P of a partial order P is the 
minimum number of linear orders whose intersection is P ([9]).

The basic problem of this section is
P roblem 4.1. Given a variety У  of lattices, decide whether there is a con­

stant с(У) such that every finite group G is isomorphic to Aut L for some 
dim Lâc(lC). In other words, are the members of bounded dimension of У  
sufficient to represent every finite group as their group of automorphisms?

For y=S£, the answer is positive:
Theorem 4.2 ([5]). Every finite group is the automorphism group of a finite 

lattice o f dimension 4.
Conjecture 4.3. There exist finite groups, not isomorphic to the automorphism 

group o f any finite lattice of dimension 3.

P roblem 4.4. Characterize the automorphism groups of finite lattices of di­
mension 2. Are all these groups obtained from symmetric groups by repeated 
application of direct and wreath product?

(These latter groups are the automorphism groups of planar lattices, cf. [2]. 
Every planar lattice has dimension 2, but not conversely. Still it seems possible 
that no new groups occur.)

We conjecture that Problem 4.1 has a negative answer for У=Л\
C onjecture 4.5. For every integer N there exists a finite group G such that 

whenever A utL =G  for a modular lattice L then dim L>N.
R emark 4.6. This is clearly true for distributive lattices. Indeed, every distributive 

lattice is the dual ideal lattice of a poset: 2P and Aut P=A ut (2P). Moreover, 
the dimension of 2P is equal to the width of P (size of its largest antichain). (This 
is folklore, it easily follows from Dilworth’s theorem.) Every orbit of Aut P being 
an antichain, we have

Aut P ^

where W denotes the width of P and Sw the symmetric group of degree W. Hence, 
for a distributive lattice L of dimension d,

Aut L SdX ...X S d,

a severe restriction on the possible automorphism groups.
We are able to prove that for some larger modular varieties, the answer to 

4.1 is still negative:
Theorem 4.7 ([5]). For every к there is an N (k) such that if a modular lattice 

L o f dimension has an automorphism of order p, p prime, p>N(k), then Mp 
has a cover-preserving embedding in L.

(Mp denotes the modular lattice of height 2 and order p+2.)
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This implies for every 5  and к that the members of dimension S k  of the variety 
generated by Ms do not represent every finite group (not even every finite cyclic 
group) as their group of automorphisms.

It would be nice to find the watershed: an identity /  such that the following 
statements about a lattice variety У  are equivalent: (i) Every finite group is the 
automorphism group of some member of У  of bounded dimension, (ii) /  does 
not hold in У  (Of course, such an identity may not exist.)

Acknowledgement. My thanks are due to Dwight D u f f u s  for discussions on 
some of these problems. This paper was written while the author was visiting 
Department of Mathematics, Vanderbilt University, Nashville, Tennessee.
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О ФУНДАМЕНТАЛЬНОЙ ПРИВОДИМОСТИ ПОЛОЖИТЕЛЬНЫХ 
ОПЕРАТОРОВ В ПРОСТРАНСТВАХ С ИНДЕФИНИТНОЙ МЕТРИКОЙ

Ц. БАЯСГАЛАН

1. Введение

Скалярным произведением на комплексном векторном пространстве 
Н называется комплекснозначная функция ( •, • ), определенная для всех пар 
x,yÇH, такая что условия

(х1х1 + х2х2, у) = аДлу, у) + х2(х2, у), (у, х) = (х, у)

выполняются для каждого а , , а2бС и хх, х2, х, у£Н.
Если пространство Н  представимо в виде прямой суммы двух своих 

подпространств Н + и Н~ таких, что
а) (х+, х+)> 0  (соотв. (х~ , х~)<0) для всех х +£Н +, отличных от 0 (соотв. 

для всех х~£Н~, отличных от 0),
б) (х+, х~)=0 для каждой пары х+ f  Н  + и х~£Н~, то говорят, что дан­

ное разложение Н - 11+ + Н~ является фундаментальным. Пространство 
Н может обладать многими фундаментальными разложениями, но может не 
обладать ни одним.

Пусть / /  = Я+ + Н ~—некоторое фундаментальное разложение, тогда с по­
мощью скалярных произведений

[х+, у +]н+ =  (х+, у+) (х+, у+€Я+),

[х~, У~]н- = ~(х~,У~) (х ~ ,у -£ Н ~)

можно, естественным образом, определить скалярное произведение на Н фор­
мулой
(1.2) [х,у] = [х+,у +]н++ [х -,у -]н- =  (х+,у + ) - (х - ,у - ) ,

где х= х+ + х~ ,у= у++у~, х+, у+£Н+, х~, у~еН ~. Имеет место неравенство 
|(*, у)\ ^  ||*|| \\У\\ (х, у€Я), где ||х|| =  \ [х, х], ||у|| =  У[у,у].

Если Н  обладает некоторым фундаментальным разложением, компо­
ненты которого Н + и Н~ полны относительно скалярных произведений (1.1), 
то Н называется пространством М. Г. Крейна. Тогда легко проверить, что 
соотвествующее скалярное произведение (1.2) превращает Н в гильбертово 
пространство, причем внутренее произведение ( •, • ) непрерывно в гильбертовой 
топологии.

Можно доказать следующие предложения (см. [1]).
1. Компоненты любого фундаментального разложения пространства 

Крейна полны по отношению к соотвествующим скалярным произведениям (1.1).
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2. Любое фундаментальное разложение пространства Крейна определяет 
описанным выше способом одну и ту же гильбертову топологию.

3. Кардинальные числа x +(H)=dim Н +, x~(H) = dim Н~ не зависят от 
выбора фундаментального разложения.

Пространство Крейна Я  с условием min (х + (Я), х~ (Я)) <  °° называется 
пространством Понтрягина и обозначается через Нк, где Æ=min (х+(Н), х~(Н)).

В дальнейшим мы рассмотрим только ограниченные линейные операторы 
в пространстве Крейна Я. Каждый ограниченный линейный оператор А оп­
ределяет ограниченный линейный оператор А* (сопряженный к оператору А), 
удовлетворяющий условию

(Ах, у) = (х, А*у) (х,уеН ).

Ограниченный линейный оператор А называется положительным, если 
(Ах, х) -= 0 (х£ Я ). Оператор А называется фундаментально приводимым, если 
существует такое фундаментальное разложение Н —Н ++Н ~, что А Н + с Я +, 
А Н~ с  Я “ .

В этой заметке приводятся некоторые необходимые и достаточные ус­
ловия фундаментальной приводимости положительных операторов. Фунда­
ментальная приводимость операторов разных классов изучалась в работах 
Р. Филлипса [2], Е. П есонена [3], Р. Кюне [4], П. Хесса [5].

2. Другие определения и предложения из теории пространства Крейна

2.1. Если Н = Н ++ Н ~—некоторое фундаментальное разложение прост­
ранства Крейна, то проекторы Р+ и Р~, определенные соотношениями 
Р + х = х +, Р~х=х~, где х = х + +х~, х +£Н +, х~£Н~, х£Н, называются фун­
даментальными проекторами. Оператор J = P+ —Р~ называется фундаменталь­
ной симметрией. Очевидно, что / 2= /  и J* = /. Скалярное произведение (1.2) 
называется ./-скалярным произведением. Имеет место соотношение (Jx,y) = 
= [х, у] (х, yÇH). Для каждого ограниченного линейного оператора А, сопря­
женный относительно /-скалярного произведения обозначается через А+. 
Имеем A+=JA*J.

2.2. Подпространство L  пространства Крейна называется равномерно 
положительным, если (х, х )а а ||х ||2 (xÇL), где а=а(Е)=-0 и равномерно 
отрицательным, если (х, x ) s  —а||х||2 (х£Е), где <x=ot(L). Если подпространство 
L  удовлетворяет условию L+ L^-^H , где L 1—ортогональное дополнение L 
(ортогональность всегда разумеем в смысле ( •, • )), то мы говорим что L 
ортогонально дополняемо. Положительное подпространство L  (т. е. (х, х )^0  
при x£L) ортогонально дополняемо в том и только в том случае, если оно 
замкнуто и равномерно положительно (см. [1]).

Подпространство L  называется невырожденным если L f]L L =0. В прос­
транстве Понтрягина каждое замкнутое, невырожденное подпространство 
ортогонально дополняемо.
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Положительное подпространство L называется максимальным положи­
тельным подпространством, если L не содержится ни в каком другом поло­
жительном подпространстве.

2.3. Произвольный самосопряженный оператор в пространстве Понт- 
рягина обладает инвариантным положительным подпространством (см. [1]).

2.4. Спектральная функция. Пусть А—положительный линейный оператор 
в пространстве Крейна Я. Тогда существует (см. [1], [6]) единственная функция 
E(í), определенная для всех вещественных чисел, отличных от нуля, такая что

1. E(t)—ортогональный проектор (т. е. E2(t)=E(t), (E(t))*=E(t)) при 
HER, t^O;

2. í2));
3. E (t)H  равномерно отрицательно при /< 0 , (I —E{t))H  равномерно 

положительно при í> 0 ;
4. E (t)= 0  при достаточно малом /, E{t)—I  при достаточно большом t;
5. E (t—0)=E(t), где E (t—0) обозначает сильный предел в точке t;
6. AE(t)=E(t)A;
7. в спектральном представлении

/1 =  5 +  J tdE(t)

S  является положительным оператором со свойствами S2 = 0, AS= SA  = 0  
и интеграл существует в сильной топологии как несобственный интеграл 
с особой точкой t=0.

2.5. Несколько обозначений. Через N{A) обозначается ядро оператора А, 
через R(A) — область значений А. Знаки 4- и ( +  ) обозначают прямую и ор­
тогональную прямую сумму соотвественно. а (А) — спектр оператора А

3. О фундаментальной приводимости положительных операторов

Пусть Н —пространство Крейна с индефинитным скалярным произведением 
( •, • ). В дальнейшим рассмотрим только ограниченные линейные операторы 
в пространстве Я.

Т еорем а 1. Если А — положительный оператор в Я, имеющий ограни­
ченный обратный, то А фундаментально приводим.

Д оказательство . Фиксируем некоторое фундаментальное разложение 
с фундаментальной симметрией / .  Поскольку А — положительный оператор, то 
AJ является положительным оператором относительно J -скаляриого произ­
ведения [• , •]. Действительно, [AJx, x]=[Jx, А+x\=[Jx,JAJx]=(x, JAJx) = 
=(Jx, A J x )^ 0. Далее из непрерывности A~1 следует непрерывность оператора 
(AJ)~1=JA~1. Таким образом по известной теореме о квадратных корнях 
в гильбертовом пространстве существует обратимый /-положительный корень 
из AJ. Обозначим этот корень через В. Тогда AJ — B-, отсюда следует АВ=  
— B2JB = BG, где мы положили G — BJB.
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Очевидно, что оператор G обратимый и ./-самосопряженный. Следова­
тельно, G есть /-ортогональная сумма строго /-положительного оператора 
на некотором подпространстве Нг и строго /-отрицательного оператора на 
дополнительном подпространстве Н2. Положим Qk=BHk.

Ввиду обратимости В имеем 0ЛГ) Q„ = 0, Qx + Q2 = //. Из AQk — ABHk~  
=BGHkczBHk=Qk следует, что подпространства Ок инвариантны относительно 
А. Разложение Ол + Q2 = H  фундаментально, так как (Вх, By) = [JBx, Ву] = 
= [BJBx,y\=[Gx,y\.

Следствие. Если А является t-дефинизируемым оператором (см. [6]),
удовлетворяющим иеравенству «_ (Я )<а+ (А), где а_(А)=— inf (Ах, х),(*,*)=-1
а+(А) = inf (Ах, х), то А фундаментально приводим.(х,х)=1

Д оказательство . При а_(Я)<а<ос+ (А) оператор A —al будет поло­
жительным и существует ограниченный обратный (A —al)-1 (см. [6]). По 
теореме 1 A —al, и тем самым А, фундаментально приводим.

Теорема 2. Пусть Н=Нк — пространство Понтрягина, где к = 
= min (я+ (H), х~ (Н)), и А — положительный оператор в Н. Для того, чтобы 
А был фундаментально приводимым необходимо и достаточно, что ядро опе­
ратора А было ортогонально дополняемым.

Д оказательство . Необходимость. Вообще, если А ■— произвольный 
фундаментально приводимый оператор, тогда его ядро ортогонально до­
полняемо. Действительно, пусть Я = Я +  +  Н ~  фундаментальное разложение, 
где АН±а Н ± . Обозначим через А ± сужения А на подпространства Н ± . 
Легко видно, что /V(H)=iV(^+)( +  )/V(^_). Тогда в силу теоремы V.5.3 из
[1] ядро оператора А ортогонально дополняемо.

Достаточность. Пусть H —N(A)(+)N(A)X. Сужение оператора А на 
N (A)X обозначим через Ах. Ясно, что 7V(^1)=0. В частности, из (А1х, х)=0 
следует х=0. Поэтому в пространстве Понтрягина N(A)1 оператор Аг явля­
ется положительным оператором Песонена. По теореме Понтрягина у Ах 
имеются максимальное положительное и максимальное отрицательное ин­
вариантные подпространства, ортогональные между собой (см. 2.3). Так как 
Ах является оператором Песонена, по теореме IX.5.2 из [1] Ах фундаментально 
приводим. Рассматривая фундаментальное разложение подпространства N(A), 
мы приходим к фундаментальной приводимости исходного оператора А.

Теорема 3. Пусть А — положительный оператор в Н. Тогда А фунда­
ментально приводим в том и только в том случае, если

а) существуют сильные пределы £(+0) и Е(— 0) спектральной функции 
оператора А в точке ? =  0 (см. 2.4);

оо

б) в спектральном представлении А =54- J  tdE(t) оператор S равен 
нулю.

Д оказательство . Необходимость. Рассмотрим инвариантное фунда­
ментальное разложение Н = Н ++Н ~  и соотвествующие проекторы Р+ 
и Р~. Поскольку АРХ =Р± А, то (см. конструкцию в [6]) Рх E (t)—E(t)P±.
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Отсюда E (t)H ± czH ±. Теперь из A = 5 +  J  tJE(t) следует, что S H ± a H ±.
—  о о

Так как S  самосопряжен и 52= 0  получаем, что 5 = 0 .
Положим E (t)\H ± = E ±(t). При любых xÇ_H+ и tx< t2, t^ O ,  имеем 

((J?+(**)-£+Ol))*, x)= ((E + (Q -E + (tJ)x, (£+(г2) - £ +(/j)).r), так что по теории 
гильбертовых пространств £ +(— 0) и Е+ (+ 0) существуют. Эти же утверж­
дения верны и для £ _ . Стало быть, существуют силные пределы £(+  0).

Достаточность. Имеем ортогональное разложение Н =Е(—0)Н( + ) 
(+ )(1 — £(+ 0))Я ( + )(£(+0) — Е(—0))Н. Здесь £ (—0 ) # — равномерно отрица­
тельное, (I — £■( + 0)) 7̂  — равномерно положительное инвариантные подпрост­
ранства оператора А. Что касается третьей компоненты, из 5 = 0  следует 
(£(+0) — Е{— 0))H=N(A) (см. [6]), так что любое фундаментальное разло­
жение подпространства (£(+0) — £ (— 0))Я инвариантно относительно опера­
тора А.

Теорем а 4. Пусть А — положительный оператор в Н. Оператор А фун­
даментально приводим в том и только том случае, когда

а) ядро оператора А ортогонально дополняемо;
б) существуют пределы £(+0) и £ (—0).
Д оказательство . Необходимость вытекает из теоремы 3 (ортогональ­

ная дополняемость ядра А содержится в доказательстве теоремы 2). Докажем 
сейчас, что эти условия достаточны. Представим

(3.1) Я = 5 (Л )( + ) Ш ) .

Поскольку AS = SA =0 (см. 2.4), на R(A) оператор 5 равен нулю. Далее, 
разложение (3.1) приводит £(/), ибо проекторы на подпространства N(A), 
R(A) коммутируют с А, следовательно и с £(/). Кроме того, 5 тоже приводится 
разложением (3.1). Теперь из спектрального разложения оператора А в под­
пространстве N(A) вытекает, что S\N(A) = 0 . Значит 5 равен нулю. По тео­
реме 3 доказательство закончено.

Сейчас мы приходим к рассмотрению положительного компактного опе­
ратора А в пространстве Крейна. Обозначим через £+(£_) замкнутую линей­
ную оболочку всех корневых линеалов, отвечающих положительным (отри­
цательным) собственным значениям оператора А.

Теорем а 5. Пусть А — положительный компактный оператор в прост­
ранстве Крейна Н. Тогда А фундаментально приводим тогда и только 
тогда, когда

а) ядро оператора А ортогонально дополняемо;
б) L ± — равномерно определенные подпространства.
Д оказательство . Необходимость. Сначала докажем следующее: Если 

А фундаментально приводим, то все собственные значения оператора А по­
лу просты.

Пусть фундаментальное разложение Н —Н ++Н~  приводит А, число 
1 — собственное значение А и для некоторого х ^ 0  выполняется (А — г1)'х=0,

10* Studio, Scientiarum  M athemaücarum Hungarica 13 (1978)



14« Ц. БАЯСГАЛАН

где г а  1. Если х = х ++х~, где х±£Я±, тогда (A —tI)rx +=0,(A — tI)rx~=0. 
По теории гильбертовых пространств отсюда получим (A — t/ )x +=0, 
(A —tí)x~ = 0, следовательно (A —tI)x= 0. Далее, пусть Ax = tx, где /> 0 . 
При jc=x+-кт- , х±€Я ± имеем Ax± — tx±. В частности х~=0 (если бы 
х~ 9̂ 0, то t — положительное собственное значение с отрицательным собст­
венным вектором положительного оператора, что невозможно). Значит 
х = х +£Н + т. е. Е+ с Я + .  Аналогично, доказывается L_<zH~. Отсюда L ± 
— равномерно определенные подпространства. Свойство а) следует из дока­
зательства теоремы 2.

Достаточность. Имеем такой факт: если А — положительный компакт­
ный оператор в Я  с нулевым ядром, то L ++L_ — H. Этот факт установлен 
в работе [7] без использования спектральной функции. Но этого можно легко 
добиться, используя спектральную функцию. Действительно, так как A =S+

+ f  tdE(t) и по условию A(/4) = 0 (отсюда S = 0 ), то имеем

Ах  =  2  í±*[£('±it +  0 ) - £ ( í±lt)]x,

где t±k — положительные, соотв. отрицательные собственные значения опе­
ратора А. Далее A(E(t±k+0)—E(t±k))x = t±k(E(t±k+0)—E(t±k))x  так что 
R (A )(zL + + L_. По условию R(A) = H. Отсюда L++L_=H.

Докажем достаточность условия. Имеем H=N(A)( + )R(A). Сужение 
оператора А на подпространство R(A) обозначим через Ах. Тогда Аг(4 1)=0 
и Ах — положительный компактный оператор в R(A). С помощью предыду­
щего факта, имеем L ++L_ = R(A) т. е. L ++L_ = R(A). Следовательно 
H =N (A)(Â-)L+( + )L_. Тем самым А фундаментально приводим.

Замечания. (1) Если А — положительный компактный оператор с ну­
левым ядром, то единственное возможное фундаментальное разложение при­
водящее А есть Я = £ +( +  )£_.

(2) Теореме можно придать эквивалентную формулировку. Для того, 
чтобы положительный компактный оператор фундаментально приводим не­
обходимо и достаточно, чтобы а) ядро оператора ортогонально дополняемо, 
б) линеал L++L_ замкнуто.

4. Примеры

I. Существует положительный компактный оператор в пространстве 
Крейна Я, где х +(Н), х~(Н) бесконечные и N(A)=  0, который не фундамен­
тально приводим (см. теорему 2). Построение реализовано в двух этапах.

а) Существует такое замкнутое подпространство N+, которое поло­
жительно определенное, максимально положительное, но не равномерно 
положительное. Действительно, по теореме V. 6.3 [1] существует положительно 
определенное, замкнутое, но не равномерно положительное подпространство 
N +. Efo из конструкции доказательства этой теоремы легко видно, что это
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подпространство можно считать максимальным положительным. Поскольку 
N+ положительно определенное, то N ++N+=H, причем/Уф — отрицательно 
определенное подпространство.

Выберем /-ортонормированный базис } fi х в N +. С помощью орто-
гонализации Грама-Шмидта (см. [1], теорема IV.3.2) получим ортогональную 
систему векторов {/; "}Г=1с  N +, такую что линейная оболочка этих векторов 
содержит каждый et. Отсюда замкнутая линейная оболочка {/;+},“ i совпадает 
с N +. При этом можно считать H/j+HsCj (/= 1 ,2 , ..., Cj-постоянное). Анало­
гично построим ортогональную систему {fi]TLа в N i ,  | | / г | |^ С 2, замкнутая 
линейная оболочка которой совпадает с N+.

После этого, мы выберем числа <  0 такие что ряды Z  цкг.
СО *=1

2  Цк сходятся.
к = 1

б) Сейчас построим вышеупомянутый оператор. Положим

Л/ = 2  Ик (JJk+ )fk -  Z  Hk (f , f k  )fkk=1 k=l
1. Существование оператора:

. 2  4t if  Jit) fitj k = n 2  ll/ll ИЛТ s  Cill/Il Zut-k=n k=n
2. A компактный оператор: если

A J =  Z r í ( f J k +)fk+-  Z  ^(/./ОЛ-
то

W - A J W  = Z  Mk (JJk )fkk = n +1 ■ Z  Ик (fifk )fkk = n + l

ä  max {cf, 4}  ll/ll ( Z  Hit 
4=n+l

oo

-  Z  /4k = n +1

3. Очевидно, A — положительный оператор. Пусть f£N(A). Тогда 

(A f,f)  = 0 или 2  fiit + 1(/, /к ) \г~  Z ^ k U J k )  |2 = 0- Отсюда (/,/*+)= 0, (/,/*“)=  0.* = 1 к = 1
Поскольку N + + N+=H, то / =  0. Далее, замкнутая линейная оболочка всех 
собственных векторов, отвечающих положительным собственным значениям 
содержит N + (потому, что f k+ собственный вектор, отвечающий собственному 
значению цк • (/*+, / / )  >  0).

Тогда ясно, что эта замкнутая линейная оболочка не равномерно поло­
жительно. По теореме 4 А не является фундаментально приводимым.

Этот пример показывает, что в непонтрягиновом пространстве для по­
ложительного оператора условие тривиальности ядра не достаточно для 
фундаментально приводимости оператора (см. теорему 2).
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С помощью этого примера можно построить такой же оператор как 
предыдующий, ядро которого не тривиальное, но ортогонально дополняемо.

Эти примеры, вместе с теоремой 4 показывают, что существование пре­
делов £ ( + 0), £ ( —0) не следует из ортогональной дополняемости подпрост­
ранства (Т0 (А), где а„ (А) — корневое подпространство, отвечающее зна­
чению 1=0.

II. Пусть Н —  индефинитное пространство размерности два. Пусть А — 
произвольный ненулевой положительный оператор. Тогда легко видно, что 
А фундаментально приводим в том и только в том случае, если А2 =п О.

В заключение автор выражает глубокую благодарность проф. Я. Богнару 
за постоянное внимание к работе.
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ON SOME PARTITION PROPERTIES OF FAMILIES OF SETS

by
G. ELEKES, P. ERDŐS and A. HAJNAL

§0.

This write up contains a list of results and problems concerning ques­
tions we have stated and investigated in some earlier papers [1], [2], [3]. Though 
we do not give proofs the experienced reader will be able to reconstruct most of 
them, by checking the lemmas we are going to state and following the hints we 
give after stating some of the theorems.

We deal with questions of the following type. Let S  be (a relatively large) 
family of sets. In most of the questions we will ask S will be of the form P(x), 
the set of all subsets of an infinite cardinal x. There will be given a mapping 
/ :  P(x)^y. /  will be called a partition of P(x) with y colors. A subfamily S 'czS  
will be called homogeneous for /  if 5 /<r/_1({>/}) for some r\<y. As usual we 
will ask for the existence of relatively large homogeneous subfamilies.

D efinition 0.1. s i= {A V: v<x} is a x, А-system if there is a set D such that 
AyC\An = D, for v, ц< х. D is the kernel of the А-system si.

D efinition 0.2. a) Let s i= {A v: vex} be a sequence of sets. Put s i(N ) = 
= U{AV: v£A} for N(zx.

b) A family 3F of sets is said to be a (x, ).)-system determined by s i  = {Av : v<x} 
if 3?={si{N): A€[x]<a\ { 0}} and

s i(N 0) A siiN ,) for N0 * N U A0,

D efinition 0.3. A family .‘P  is said to be a (x, À), А-system if there is a (x, /)- 
system 3F’ determined by s i=  {/lv: v<x} such that s i  is a d-system with kernel 
D and &=3F’U {£>}.

To have short notation we introduce relations bearing some resemblance to 
partition relations investigated earlier.

D efinition 0.4. S —A(x)y, S —([x]<A)y, S —A([x]<x)y mean that for all parti­
tions / :  S-+y of S' with у colors there is a x, A -system, a (x, x)-system and a 
Cx, X), A -system homogeneous for / ,  respectively. Л-t* indicates that the respective 
statements are false.
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§ 1. Positive arrow relations for the first two symbols

D efinition 1.1. For a UczP(x), A, Bczx we write A e vB if AczB and there 
is a CdU  with B —Ae>C.

a) SeP (x)  is dense in [A, B] for U if A c v B and
VA'B'(A  c  A' c v B'eB=>3C<iS(A' e v C e v B %

b) SeP (x) is left (right) dense in [A, B\ for U if A c vB and

VA'B '(A  c  A' c v B 'cB = > 3C eS(A ' c v C e B ')
(VA'B '(A  c  A' e v В' с  В => 3 C<E S(A' с  С c „  B'))).

If SczP(x) is not dense (not left or right dense) for V in any [A, В] then S 
is nowhere dense (nowhere left or right dense) for U in P(x).

The following sequence of Baire-type lemmas serve as a basis of our proofs. 
Note that they all imply existence of dense (in a certain sense) sets homogeneous 
for some partitions.

L emma 1.1. Let U =  [со]ш. P(cb) is not the union of countably many sets nowhere 
dense for U.

This lemma has been proved in [1]. The next lemma is due to J. Bau m g a rtner  
and is included here with his permission.

L emma 1.2. Let x x o  be a regular cardinal, and U a normal filter in P(x). 
Then P{x) is not the union o f x-sets nowhere left dense (right dense) for V.

Lemma 1.3. Let x^a> be a regular cardinal. Let i?(x)={g£*2: 3[<x(g(fi) = 
=  lAV£<J/<p<(g(»7) =  0))}, i.e., the well-known Hausdorff set o f 0—1 -sequences 
o f  length X, with a last 1-digit. Let denote the usual lexicographic ordering of 
R(x), and Ux the set o f non-empty open intervals o f (B(x), <*). Then P(Rix)) is 
not the union o f x-sets nowhere dense for Ux.

C orollary 1.1. Let x^a> be regular and 2-~—x. There is a non-empty 
UczP(x) such that P{x) is not the union of x sets nowhere dense for U and U satis­

fies the following conditions a) b):
a) I f  {If. is a decreasing sequence o f type q x x  of elements of V then

there is an I f  V such that I a f  for
b) Each member o f U contains x-pairwise disjoint members o f U.
The next lemma transfers the above results for the case of singular x’s.
L emma 1.4. Let A = c f ( z ) < x  be a singular cardinal. Assume xa<x for ж < /  

and x=sup {xa: a < Â}. Let x —l){Xa: a</.} be a decomposition of x and assume 
Ux(zP(Xa:) and P(Xa) is not the union xx-sets nowhere dense [nowhere left (right) 
dense] for Ux for a< x . Let

Vx = {Y c  x: Va = ß <  A(YC\Xß£ Ußj) for a <  X.
Then for each decomposition U {5,: rj<x)~P{x) o f P(x) there are q<x and 

a<A such that Sn is dense (left or right dense) for Vx in P(x).
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Note that it is consistent with 2ко=К2 that Lemma 1.1 remains true for 
sets instead of countably-many. This follows from a result of S. Shelah [4], and 
from the fact that forcing a Silver real is proper forcing.

Theorem 1.1. a) P(x)— d(A)x for 2<x&co;
b) P(x)^-A(x)x for all regular x^co.

For x=co use Lemma 1.1. For x>co use the left dense forms of Lemmas 
1.4 and 1.2, respectively. For x>co we originally proved this result under the 
assumption 2~=x, using Lemma 1.3. The more general theorem stated above 
is due to Baumgartner.

Problem 1. Does / , (^<0)->-d(XC0)i(a> hold? We do not know the answer even 
assuming G.C.H.

Theorem 1.2. Assume x^co and 2~=x. Then

P(x) for X = CŰ.

Note that this implies Р(со)-*([й>]<ш)ш without any assumption, as it was 
announced in [1].

Problem 2. Can one prove Р(ш1)—([ш] <га) Ш1 without assuming 2*» = ̂ ?

Theorem 1.3. a) P(x) —(M <n)* for x^co, Я<х.
b) P(x) —([x]<n)x for to and for all regular x^co.

As to the proofs of Theorems 1.2 and 1.3 consider a partition f :  P(x)-+x 
of P(x). By the density lemmas, there is a v<x such that S = /~ 1 ({v}) is appro­
priately dense in some [А, В]. In cases x=a> we use Lemma 1.1 and £/=[co]ra 
density in both proofs. In case x x o  regular, for Theorem 1.2 we use the U de­
scribed in Corollary 1.1 and for Theorem 1.3 we use the normal filter induced by 
the clubs. In case x is singular we apply Lemma 1.4 to obtain appropriate U'-s. 
We finish the proofs by showing that all S dense in [A, В] for U contain (ш, col- 
systems (X, rç)-systerns and (x, ^-systems, respectively. In both proofs the (t, a)- 
systems are constructed according to the following pattern. We first define a se­
quence {BN: N£ [t]<" \ ) 0}}cS, and prove later that for Av = B{v), v ^ r  s/(N ) = Bn 
holds for Лг6[т]<<’\{0}. The BN are constructed by induction according to a fixed 
well-ordering of [т]<|Г\ { 0 }. In both proofs we need special tricks to make sure 
that if BM \ M«=?V is defined there is room enough to find BN. We omit the details 
of this constructions.

§ 2. Negative arrow relations for the second symbol. Generalizations

As we have already mentioned in [1] it is easy to see that

Theorem 2.1. P(co)-H-([a»]<<Ul)2 holds.
Problem 3. a) Does P(x)—([ш] <Ю1) 2 hold for any x?

b) Does [х]"-к([со] <Ш1) 2 hold for any x?
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The following result shows that in Theorem 1.2 we cannot get a larger homo­
geneous [л]<и system.

T heorem 2.2. Assume 2x—x +. Then

Problem 4. a) Can one prove P(ft>)-H[®i]<co)ra without assuming C.H.? 
b) Can one prove P(*0-*-([(a1] <c')) 2 for any к?

Problem 5. a) P (cu)-* ([ûjJ <3)2?
b) P(cu)-([cu1]<3)t0?

We can neither prove a) nor disprove b) in any reasonable extension of ZFC.
Theorem 2.2 is a consequence of the following lemma due to P. K o m játh .

Lemma 2.1. Let -== he a well-ordering o f Т’=[а»1]<и\{0}. Then there are 
L < M < N \ L, M, N eT such that LUM=N.

Lemma 2.2. Assume x> x^co. Let {Rx. a < jc} be an increasing continuous 
sequence o f fields o f sets, Le., RßCzRx for and Rx— U {Rß: /? <  a} for limit
a, c k x . Assume that U{/?a: for some (t+, ofi-system LF. Then there
are a < x  and a (t, co)-system -W with ÍF' c.R:l ^ x \R T.

Let now x+b*) denote the /i-th successor of x. We get

Theorem 2.3. Assume S  is a system of sets, |S, | = x +('l) for some x ^ w  and 
H < x+. Then

This result actually yields a stronger theorem then 2.2. We also get

Corollary 2.1. Assume x^a> is regular and 2 * < * +(z+). Then P(x)4»
> (P T ")r

For example Р(еп)-ь-([2и]<га)ш provided 2"<Х Ю1.
There is nothing to prevent this -> from being true in ZFC but we cannot 

prove it.
Finally we state one very special result which only shows how one cannot 

solve Problem 5.

Theorem 2.4. Assume x is regular and 2* = x. For every coloring f:  P(x)-~x, 
o f  P(x) with x colors there is a v<x such that S = f~ 1({v}) contains a set system 
o f the following form ^  = {Aß: g<x}U{Sv: v<K+}U{<i(1U£v: 
where all the sets Aß, Bv, AßUBv are different.

This could be expressed by the symbol

* 0 0 -* ([K,K + ]<2’<2)* 
had we defined this in this generality.
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§ 3. The third symbol

Here we only mention a result and one problem.
Theorem 3.1. Let A^co then

2 so ^  А+(л> <=> P(co) — d ( [ / i ] <n+1) A for  1 s  /I <  w. 

Problem 6. Does imply
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CLOSEST PACKINGS AND CLOSEST COVERINGS 
BY TRANSLATES OF A CONVEX DISC

by
J. LINHART

By a disc we mean a compact convex subset of the Euclidean plane R2 with 
non-empty interior. A set M  of discs is said to form a packing, if every point of 
the plane is contained in the interior of at most one disc of M. Dually, M  is said 
to form a covering, if every point is contained in at least one disc.

L. Fejes Tóth [4, 5] introduced the following notion. Let r be the supremum 
of the radii of the circles disjoint to the discs of a packing. Then l/r is called the 
closeness o f the packing. Concerning coverings, Fejes Tóth considered the su­
premum R of the radii of the circles contained in two discs. R is sometimes called 
“ looseness” , but it seems to be more natural to take 1/7? and call it the closeness 
of the covering. Fejes Tóth pointed out the possibility of other definitions by con­
sidering instead of circles and their radii a certain class of convex domains and 
certain gauges of them.

These definitions (as well as Theorems 1, 2 and 4) can be extended to spaces 
of higher dimension. The most interesting result concerning these notions is due 
to BÖRÖczKY [1], who proved that if in R3 equal balls form either a closest packing 
or a closest covering, then the centers of the balls form a body-centered cubic lattice.

In this paper we shall give new definitions of the closeness of packings and 
coverings with translates of a disc, which will bring into prominence the duality 
between these notions. Using these definitions, we shall deduce some theorems 
and we shall scrutinize the relations between our definitions and alternative ones.

D efinition 1. Let M  be a packing of translates of a disc G, thus M — {a, -f-G} 
with a£_ R2. The closeness c of M  is defined by

— =  inf {y >  0 : {а, + ( 1  +у)(7} is a covering}.

(If this infimum is equal to zero, let c:= °°.)
Roughly speaking, the closeness of a packing measures the extent to which 

the discs have to be dilated in order to get a covering.
D efinition 2. Let M  be a covering by translates of a disc G. The closeness C 

of M  is then defined by

=  inf {(5€(0,1): {а(-(-(1 —ô)G} is a packing}.

(If no such Ô exists, we set C := 1.)
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So the closeness of a covering measures the extent to which the discs have 
to be contracted in order to get a packing.

Let us compare these definitions with the following ones, which resemble 
more closely the original concepts mentioned in the introduction.

“ 7 = sup {y>0: there is a translate of yG disjoint to all discs of M },

- ^ 7  =  sup {<5>0: there is a translate of ÓG contained in the intersection of two 
discs of M ).

We shall see that C '—C (Theorem 1). But in general c '^c . For instance, the pack­
ing of triangles shown in Fig. 1 has c=2 and c '= 4 . For centrally symmetric

discs, however, we have c'=c. This follows 
from Theorem 2.

Theorem 1. For the closeness o f coverings 
by translates o f a disc G, the two definitions 
given above coincide, that is

C = C .
Proof. We assume without restriction of 

generality that О is an interior point of G. First 
we show that
(1) {x: x+ÔG c  G} = ( l-d )G

for <5€(0, 1). Because of the convexity of G 
the right-hand set is contained in the other. 
The reverse inclusion holds for every closed set 
G which contains the origin: x + ôGaG  means 

x+<5g€G for every gfG . Taking g —O we get x€G. So we may take g= x  and get 
x +  dx£G. Thus we may take g = x + ôx and obtain x + dx + <52x = x-|-c>(x-|-<5x)£G, 
and so on. Since G is closed, it follows

Fig. 1

2  ö"x =  7 — s * € G ,

i.e., x£(l — ô)G and the proof of (1) is finished.
For (5(;|o, there is (by definition of C) an x£R2 and j ^ k ,  such that

x € (a ,+ (l — <5)G)n(a* + (l — ô)G), i.e., x + <iGc (aj + G)П(ak + G). On the other hand,

let If there existed an x, such that x + áGc(aj + G)fi(űífc +  G) for
some indices j ^ k ,  we should have (x — afi + őGczG. By (1) this yields 
X  — o,-6 ( l — <5)G, i.e., xdaj + {\ — S)G, and analogously with к instead of j. Therefore
{а7 +  (1—(5+e)G} would not be a packing for every t> 0 . So we see that — equals

1 c  the supremum, by which is defined.
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Theorem 2. Let M be a packing of translates o f a disc G. Then

— = sup {y >0: there is a translate o f —yG disjoint to all discs o f M).

This theorem shows that the difference between the two definitions of the close­
ness of a packing lies only in the sign of G.

Proof. Because of the convexity of G we have for y>0:

(2) G+yG = (l+y)G.

For y£^0, — j there is (by definition of c) an x(;R2, such that ű; + (1+y)G for

all i. By (2) we see that x —yG is disjoint to all discs at+G. On the other hand, if 
y> —, for every xÇR2 there is a j, such that x£aj+(l +y)G, i.e., (x—yG)Pi 

П (fly 4- G) 0.
By Theorem 2 and a result of Fejes Tóth [4] we obtain immediately

T heorem  3. The closeness o f a packing of translates o f a disc G cannot exceed 
the closeness o f the closest lattice-packing of G.
(M= {ű,' +  G} is called a lattice-packing, if the fl;’s form a pointlattice.)

Fejes Tóth has proved this theorem for the case that the closeness is measured 
by the largest member of an arbitrary class of convex subsets of R2 which is disjoint 
to all discs. Taking for this class the homothetic images of — G we see that our 
theorem is merely a special case of Fejes Tóth’s. Concerning density there is an 
analogous theorem due to Fejes Tóth [6 ] and Rogers [10] (cf. [4]).

The essential advantage of our definition of closeness lies in the following 
duality theorem.

T heorem  4. Let c(G) be the supremum of the closenesses of all packings o f trans­
lates o f G, and C(G) the corresponding supremum concerning coverings. Then

C(G) = c(G) + 1.

Proof. Let {űj + G} be a covering with closeness C. Since C(G)> 1 for every 
G, we may assume C>1. By definition of C, the discs а; + (1 — d)G form a packing

for 0=»^-. The closeness of this packing is Sc((l — <5)G)=c(G) (c is invariant
under affinities). Thus the discs flj+O +y)(l — <5)G do not cover the plane for
y< ' . As {fl, + Gi is a covering, it follows (1 + y )(l— <5)<1, for all y< - - c(G) c(G)

and <5>^. This yields (* + ~(a ]  (* ~ c 7q )~  ,n a s'm’lar manner the

Studia Scientiarum M athem aticarum Hungarica 13 (1978)



160 J. LINHART

reverse inequality may be proved, and the result is

( 1 + 7CG))(1 _ C(Gj) =  l ’ 

which is equivalent to the assertion.
Theorem 5. c(G )s2 and C(Cr)s3 with equality if  and only if  G is a triangle.
The proof uses an idea of Fáry [2], who has proved the corresponding theorem 

for the density (cf. [3], p. 100). In view of Theorem 4 it is sufficient to consider 
packings.

According to Fáry there is a lattice packing of G with a lattice spanned by two 
vectors и and v having the following properties: there is a hexagon H=ABCDEF 
inscribed in G, so that AD = u, FC = v, BE=u — v, BF±u  and C E ±u  (Fig. 2).

3
To prove the inequality c(G)&2, we have to show that the hexagons ~  H+
+ iu+jv (i, jd  Z) form a covering. We may assume that the origin is the midpoint
of AD, so that e.g. D = — u. Let Bx:=B + u and Fx:—F+u. We have to check
if the triangles BXDC and FXED are covered. We need only consider one of them, 
say BXDC. Let X  and Y  be the foots of the perpendiculars from C and В to AD.
We may assume that C X ^B Y . In view of the properties of FI we see T F = y  |и|.

Therefore C X ^B Y  is equivalent to T:=C—уМ ^Я. Now let P := C + j« .  
Since

Bx DC c  DCPG Bx DP U CBX P
and

DC a  H, BxD dH -\-u , CBx a H + v ,
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it is sufficient to show that

/•4 н п ( | я + „ ) п (4 я +,).

Now Я and P £ y  Я + с, as С + -^ -м £ //+ у  # = y  H by (2) and 
1 1 3C=F+v£H+v, so С + у м £ Я + » + у Я = у Я + ! ) .  The remaining relation

3 1 1 1P^— H+u follows from TÇ.H, since P= T+ u—— и and —u£— H.
So the inequality c(G )^2 is proved and we merely have to discuss the case

of equality. Let P':=E+— u. The considered lattice-packing can attain the close-
3 3 3ness c = 2 only if P lies on the boundary of — G, — G + u and — G + v, or P' lies 

3 3 3on the boundary of — G, — G + u and — G+u — v.
The first of these two conditions can be fulfilled only if the angles of H at A 

and E are equal to n, i.e., H  degenerates into a quadrangle, and G coincides with 
H. An analogous assertion holds with regard to the second condition. If only one 
of these conditions is fulfilled, say the first one, we may construct a closer lattice­
packing by applying to G+u a slight translation in direction B F and suitable trans­
lations to the other discs of M  (G is held fixed). So c= 2 implies both conditions, 
which means that G = #  is a triangle. If G is a triangle, we have indeed c(G)—2 
(Fig. 1). (According to Theorem 3, it suffices to consider lattice-packings.)

Remarks. If we replace c by c', Theorem 5 does not hold any more. For 
a triangle A we have c'(A) = 4; for an equilateral hexagon S with angles alternately 
equal to 90° and 150°, we have c'(S) = 2 + /3 < 4  (Fig. 3). Presumably this is the 
minimal value of c'(G). By the way, this hexagon S  has the special property, that 
the same closeness takes place for all lattice-packings, in which three mutually 
touching discs occur. We might say, G is a disc with direction-invariant closeness 
(cf. [7] for the corresponding notion concerning density).

Fig. 3
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Restricting ourselves to centrally symmetric discs, the determination of the 
minimum of c(G) seems to be more difficult.

C onjecture. For a centrally symmetric disc G,
c(G) a  3 + 2 П  and C ( G ) ä 4 + 2 R

with equality if and only i f  G is an affinely regular octagon. (Such octagons are discs 
with direction-invariant closeness, too.)

Here the statements on c(G) and C(G) are equivalent. Concerning the density, 
the corresponding problem is solved for coverings only, with the ellipses as extremal 
discs [3]. Reinhardt [9] and M ahler [8] (Cf. [3], p. 104) constructed a “smoothed 
octagon” for which the density of the densest lattice-packing is conjectured to 
be minimal.
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ON THE DIVERGENCE OF ORTHOGONAL SERIES

by
A. P. SÖVEGJÁRTÓ

1. Let S denote the set of Lebesgue measurable, almost everywhere finite 
functions on the interval (0, 1). Let 7'=||/ijJ-||“  be a matrix such that

and let f — {fk(x)}ô be a sequence of functions belonging to S. A series

converge in measure (almost everywhere) and the sequence {г,(л-)}Г converges in 
measure (almost everywhere) to a function belonging to 5.

The system /  is said to be a T-convergence system in measure (T-convergence 
system) for / 2 if for every c= {ck}^Ç.l2 the series (2 ) is T-summable in measure 
(T’-summable almost everywhere).

The system /  is said to be a convergence system in measure (almost every­
where) for l2 if of/, implies the convergence of the series (2 ) in measure (almost 
everywhere).

Joó [2] proved a general theorem which contains the following statement as 
a special case:

Let T be a matrix satisfying conditions (1). I f  the system f  is a T-convergence 
system in measure for /2, then it is also a convergence system in measure for /2.

A natural question is whether a similar statement is true for almost every­
where convergence.

Let V— {v„}“  be a strictly increasing sequence of non-negative integers, v„ =  0. 
We call Tv the summation process generated by a matrix ||//jt|| of the form

The T-summation is said to be equivalent to 7’,-summation if for every cÇ_l2 and 
for every orthonormal system <p — {</>&(*)}Г on (0 , 1) the orthogonal series

(2) 2  cJk(x)k = 0
is said to be T-sum niable in measure (almost everywhere) if the series

t fx )  = 2  U.kCkfkM (» =  1 , 0 , ...)

(3) 2  Ск<ркМ
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is T-summable almost everywhere if and only if it is ^.-summable almost every­
where. (We recall the fact that, e.g., (C, 1) summability is equivalent to T{2v> sum- 
mability; see, e.g., A lexits [lj, p. 118.)

I. Joó and K. Tandori answered the above-mentioned question in [3]. To 
state their result let v be a sequence of indices such that lîm (vB+1 — v„) =  Let

П-*-оо
T  be a summation process equivalent to Tv. Then there exists an orthonormal 
system Ф={срк(х)}̂ ° on (0 , 1), which is a T-convergence system for / 2 but is not 
a convergence system for /2, indeed, there exists a sequence c£l2 such that the 
series (3) diverges almost everywhere.

They remarked that the system Ф is obtained by a rearrangement of the 
Walsh system {w„ (x) } ,7 . Using ideas of F. M óricz [4] it is easy to see that one can 
obtain an orthonormal system, with similar properties, also by rearrangement of 
the trigonometrical system {1 , cos 2nx, sin 2nx, ...}.

In this paper we shall prove the following generalization of the theorem of 
I. Joó and K. Tandori:

Theorem. Let {(p„}o be a complete orthonormal system on (0, 1), and (v„}7 
be a sequence of natural numbers, for which lim (v,1 + 1 — v„)= +co. Then there exists

П - *  oo

a rearrangement {.s'(r)}fL д of the natural numbers, such that the system {<ps(r)}“ is 
a Tv -convergence system for /,, but is not a convergence system for /2. Indeed 
there exists a continuous function f  on the interval (0 , 1), for which

limA — OO
N

2 ( />  <?V))<P.,(r ) ( x )  
r =  J

=  +°°

almost everywhere on (0 , 1).

2. For the proof of our theorem we need some known results.

Lemma 1 (Olevskiï [5]). Let {<p„}fT be an arbitrary complete orthonormal system 
on (0, 1). Then there exist a rearrangement {«(/)} of the natural numbers and a func­
tion f£C (0 , 1) such that

( 4 ) lim
N

2 (A 4>n(i))<Pno)(x) 1=1
=  +  o°

almost everywhere on (0 , 1).

Lemma 2 (M ensov [6]). For arbitrary orthonormal system {<p„},7 defined on the 
interval (0 , 1) there exists subsequence mn o f natural numbers such that, for any 
sequence {tf„}6/2 the limit

mN
lim 2  an(pn{x)
N~°°n = 1

exists almost everywhere on (0 , 1).

From this one can obtain easily the following
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Lemma 3 (Mensov [7]). From arbitrary infinite orthonormal system {</>„}“  on 
(0 , 1) we can choose an infinite convergence system {</5„к}Г •

Returning to the proof of the Theorem, first apply Lemma 1. Denote {n(l)} 
and /  the resulting rearrangement and function, respectively. Pick a monotone 
increasing sequence of natural numbers {Â } such that the estimate

(5) maxNk.^N^Nk
N

2  (/> <Pn(l))<Pntl)(X)
'=*«<-1+1

is 2 *

holds true for x£ £*(<=((), 1)), mes £ t > l  — According to Lemma 3 there exists
a sequence {A,} of natural numbers with infinite elements such that the system 

>} is a convergence system. According to Lemma 2 there exists a sequence 
{/и„}“ of natural numbers such that the limit

(6)
mN

lim 2  o,<pnU)(x)/=l

exists almost everywhere on (0, 1) for every {û,}£/2. We may suppose that for 
every n there exists an index A such that

m„ S; Nk, m„+1 ^  A/k+1. 
After this let nk be the smallest number such that

Pnl +  i~ P ni = mt - m  i -

Define the rearrangement {^(г)}Г in our theorem by induction, in the following 
way. Let

<Ps( r) =  (Pn,Nkr) for I S r S  Pni,

(Ps(r) =  P n i^ r t t*  р пг+ ( т л- т { ) .

Let n2 be the first n (>nk) such that

Define

further

Pni+i~~Pm — m3 — m2.

<Pso) =  <Pn{Nk ) for p„ +  (m2- m j ) < r s pКРП1 + Г 1 2

<Ps(r) =  <?>п(т2 + 1г-ря,1) Л,2 < r s  р „ г +  ( т 3 - т 2).

Continuing this process we obtain the rearrangement s(r) satisfying the require­
ments of our theorem.
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ANALOGON EINES SATZES VON BAER UND LEVI 
IN DER KLASSE ALLER HALBGRUPPEN

von
WOLFGANG ROSENOW

Ein Satz von Baer und L evi besagt, daß eine Gruppe niemals gleichzeitig 
direktes und freies Produkt von Gruppen sein kann. M árki formulierte 1976 in 
Szeged das Problem, ob die analoge Aussage für Halbgruppen gültig ist ([2] S. 
752). Im folgenden wird dieses Problem positiv gelöst. Zur Erklärung der ver­
wendeten Begriffe wird auf C liffo r d  und P reston [1] verwiesen.

Sa t z . Eine Halbgruppe kann nicht gleichzeitig als nichttriviales direktes und 
freies Produkt von Halbgruppen dargestellt werden.

Bew eis. Angenommen es sei A*  ß = C X A  wobei A *B  das freie Produkt 
der Halbgruppen A und В und C XD  das direkte Produkt der Halbgruppen C und 
D sind. Dabei gilt |C |>1 und |D |>1. Im folgenden werden Elemente ab aus 
A *B  mit azA und b£B betrachtet.

Fall 1. Es sei ab=(c,d) mit (c, d)£CXD  und c€C ist idempotent (c2 — c). 

Fall 1.1. Es gelte auch d2—d.
Dann folgt ab=(c, d)=(c2, d2) = (c, d)2—abab. Wegen der Eindeutigkeit der 

Darstellung der Elemente in A * B  ist das ein Widerspruch.

Fall 1.2. Es sei d2Xd.
n

Wegen |C|=>1 existiert ein ct£C mit cXcx. Jetzt sei (cx, d)= JJ* atbi,
í = i

wobei a(ZA und b ^B  für alle i= \ , . . . ,n  gilt. Außerdem bedeutet *, daß in
n

JJ* aibl die Elemente ax und b„ eventuell nicht auftreten.
i-i

Fall 1.2.1. (c1,d )= a l .
Dann gilt wegen

( 1) (c, d)(ct , d) (c, d f  = (c, d)2(clt d)(c, d)
die Gleichung ablaka)bab = abab(ala)b und damit axa—a. (Die Schreibweise 
...(a1a)... bedeutet, daß an der eingeklammerten Stelle bei der Multiplikation von 
Elementen aus AwB  eine Verschmelzung der Randkomponenten der Faktoren 
auftritt.) Weiterhin folgt (cx, d)(c, d) = (a1a)b=ab=(c, d). Damit gilt d2 =  d und 
das ist ein Widerspruch.

A M S (M OS) subject classifications (1979). Primary 20MI0; Secondary 20E06. 
Key words and phrases. Semigroups, free product, direct product.

Studia Scientiarum M athematicarum Hungarica 13 (1978)



168 W. ROSENOW

Fall 1.2.2. {cx,d )= b x.
Es gilt wegen (1) die Gleichung a(bbx)abab = aba(bbx)ab, woraus bbx=b 

folgt. Man erhält jetzt (c, d)(cx, d)=a(bbx)=ab=(c, d). Das ergibt auch hier 
den Widerspruch d=d~.

Fall 1.2.3. (cx,d )  = JJ* üfbi beginnt mit einem Element aus A und endet
i=l

mit einem Element aus B.
Es sei also (cx, d) = a1b1...anb„. Dann folgt wegen (1) abai b1...anbnabab = 

= ababalb1...anbnab. Damit gilt a=at und b — bt für alle i= l , . . . ,n .  Jetzt 
ergibt sich

(cl5  d) =  axbx...anb„ = (ab)n =  (c, d)n = (c, dn).

Laut Voraussetzung ist cx=c ein Widerspruch.

Fall 1.2.4. (cx, d)= f f*  atbi beginnt mit einem Element aus В und endet mit
i = 1

einem Element aus A.
Es sei dann (cx, d) = bxa2b2...a„-xb„_xan. Dann gilt wegen (1)

a(bbx)a2b2 ...an_xbn_x(a„a)bub = aba(bbx)a2b2...bn_x(a„a)b.

Man erhält bbx = b, ana = a, a — ai, b=bt für alle i=2, — 1. Somit ist (cx,d) =
= bx(ab)n~2a„. Weiter gilt (ccxc2, dl) = (ab)n+1 — (c, d)n+1 = (c, dn+1), woraus folgt 
dn+1=di. Es ist (ab)4 = (c, di) = (c, dn+1) = (ab)n+1 und damit gilt n = 3 und 
schließlich (cx ,d )= bx aba„.

m
Es wird jetzt betrachtet (c, d)(cx, d2) —ab JJ* Xjj,, wobei x£A  und yfiB

i  =  1 m

gilt. Es ist (c, d)(cx, d2) = (c, d)2(cx, d) = abababan. Dann gilt Ц* ххух = Ь'ababan
m  m  i  — 1

mit bb' = b oder JJ* х ху х = аЬаЪа„. JJ* хху: = аЬаЬа„ kann nicht sein, denn
i= l 1 =  1

es gilt (c1; d)(cx, d2) = (cx, d2)(cx, d), aber es gilt nicht

bxab{a„a)baban =  abuban bx aba„.
m

Aus (c'j, d2) — JJ* хху ~ Ъ ’ababan folgt dann
i = l

bxaba„b'ababan =  (cx, d)(cx, d2) = (cx, d2)(cx, d) = b'ababanbxaban.

Damit gilt bx=b'=b  und an=a, woraus folgt b2=b und a2—a. Es ist dann 
(cx, d2)2=babababababa = (baba)3=(cx, d)3 und damit folgt d*=d3. Jetzt gilt 
(ab)3 = (c, d3) — {c, di) = (ab)4. Das ist ein Widerspruch.

m
Fall 1.2.5. (cx, d)= JJ* üibi beginnt und endet mit einem Element aus A.

i = 1
Es sei (cx, d) — a1b1...an- 1b„_1an. Dann gilt wegen (1)

abaxbx...an_xbn_x{a„a)bab = ababaxbx...a ,^xbn_x(a„a)b.
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Hieraus folgt a„a~a,a=af und b=bt für /= 1 , 1. Also ist (q , d) =
= (ab)n~1 an. Weiterhin gilt

(cqc2, d*) = ab(ab)n- \ a nd)bab = {ab)n+2 = (c, d)n+2 = (c, dn+2).
Es ist damit d*=dn+2, woraus sich folgendes ergibt: (ab)n+2=(c, d)n+2—(c, dn+2) = 
= (c, d*) = (c, d)*=(aby. Wegen der Eindeutigkeit der Darstellung der Elemente 
in A *B  ist jetzt и=2. Das heißt, es ist (q , d)=aban. Es wird jetzt betrachtet

m
(c, d)(cy, d2)=ab JJ* х уу у mit x£ A  und y^B . Dann gilt

i=J
(c, d)(cx, d2) =  (c, d)2(c1, d) — abababa,,.

m m
Demnach ist JJ* x^^ababa ,, oder JJ* x^^b 'a b a b a n mit bb'=b.

i= 1 i = 1m
П* x ty t=b'ababa„ ist nicht möglich, denn es gilt (q , d)(cl , d2) = (cx, d2)(cy, d),
i = l

aber es gilt nicht abanb'ababan=b'abab(a„a)ban. Jetzt folgt (q , d2) — ababan =
— ab(ana)ban=(c1, d)(c1, d). Damit ist q  idempotent (cx= cf).

n
Fall 1.2.6. (q , d)= JJ* üjbi beginnt und endet mit einem Element aus B.

i=1
Zunächst kann eine Rechnung analog zum Fall 1.2.5 erfolgen, ln der Dar­

stellung nach (1) tritt dann ebenfalls eine Verschmelzung von zwei Elementen auf, 
die hier Elemente aus В sind. Schließlich erhält man (q , d)=b1ab und (q , d2) =
— b1abab mit bby = b. Dann folgt weiter (q , d2) = b1abab = bia(bb1)ab = (c1, d)2 
und auch in diesem Fall gilt q  =  c*.

Aus den Fällen 1.2.3 und 1.2.4 ergibt sich, daß die dort angenommenen Ele­
mente q  nicht existieren. Also kann ein solches Element q  aus C nur zu Darstel­
lungen entsprechend den Fällen 1.2.5 und 1.2.6 führen. Das bedeutet, alle Elemente 
aus C sind idempotent. Dann folgt für q£C  mit (q , d) = aban (Fall 1.2.5) und 
für c2£C mit (c2,d ) = b1ab (Fall 1.2.6) die Gleichung q q c 2 c2= c fc f= q q =
=  ( c l Ci) 2 =  C1 C2 Cl Ct .

Man erhält jetzt einen Widerspruch, denn es gilt (q q c .tc2, di)=(c1c2c1c2, d*),. 
aber es gilt nicht ababanb1abab = abanb1ababanb1ab. Somit sind alle (c ,,d ) mit 
Cj£C entweder von der Form (q, d) — aban (Fall 1.2.5) oder alle (q, d) mit q€C 
sind von der Form (ct, d)=b1ab (Fall 1.2.6). Es wird zunächst der Fall 1.2.5 
angenommen.

Wegen (q , d) — aban gilt ( q , d)2= ab (a„ а) ban = ababa,, = (q d) ( q , d), wor­
aus mit q  =  c2 folgt
(2) q  =  cq .

Wegen (q , d)(c, d)=ab(a„a)b = abab = (c, d)2=(c, d2) gilt aber auch
(3) q c  =  c .

Die Gleichungen (2) und (3) gelten für alle q€C. Daher gilt für beliebige q ,q € C  
die folgende Gleichung:

CjCi = Cj(cct) = (cjc)Ci = cc, =  q .
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Damit ist C eine Rechtsnullhalbgruppe. Es seien jetzt a=(ca,da) und b=(cb,db). 
Dann gilt ab=(cacb, dadb) = (cb, dadb)=(c, d). Also ist b = (c,db) und b2= 
— (c, db)(c, db)=(c, db)2. Ist ferner w ein Element aus A *B  mit w = (c',db) und 
c '^ c ,  dann gilt wb—(c', db)(c, db)=(c, db) = Ir. Es folgt wf В mit w ^b. Jetzt 
ergibt sich der folgende Zusammenhang:

bab -  (ccac, dbdad„) = (cc, dbdadb) = (c, dbdadb) =
=  (c'c, dbdadh) = {c’cac, dbdadb) = wab.

Wegen b ^w  ist das ein Widerspruch.
Damit ist klar, daß auch im Fall 1.2.5 das angenommene Element cx nicht 

existieren kann. Durch analoge Überlegungen läßt sich das genauso für den Fall 
1.2.6 nachweisen. Das bedeutet jetzt, daß es in C kein c ^ c  geben kann, was 
ein Widerspruch ist.

Fall 2. Es sei ab = (c,d) mit (c, t/)ÇCX D und weder c noch d seien idem- 
potent.

Es wird betrachtet (c ,d 2)= JJ* иД . Dann gilt ab П*а(Ь[=(с, d)(c, d2) =
i= 1 i= l

=(c, d2)(c, d)= I [J* atb^ab. Aus der Eindeutigkeit der Darstellung der Elemente 
in A * B  folgt:

П
77* aibi beginnt mit einem Element aus Ay nämlich a.

i = 1 
n

JJ* aibi endet mit einem Element aus B, nämlich b.
i = l
Fall 2.1. n = l.
Dann ist (c, d2) = ab = (c, d). Das ist ein Widerspruch, denn d ist nicht 

idempotent.
Fall 2.2. и>1.

Aus ab JJ* Oibi — 
/=1

gilt weiter (c, d2) = (ab)" = (c, d)n
ab folgt a = üi und b=b-, für i =  l, 

und damit ist c — cn und d2 = d".
Fall 2.2.1. n = 2.
Dann ist c idempotent und das ist ein Widerspruch.

Es

Fall 2.2.2. /2= 3 .
Aus d2=ds folgt d3 = d* und damit d2 — di. Weiter gilt (ab)6=((ab)3)2 = 

= (c, d2)2—(c2, d*) = (c2, d2) = (ab)2. ln A *B  ist aber (ab)6=(ab)2 nicht möglich.
Fall 2.2.3. /2 = 4.
Mit d2=di folgt (abf ={(ab)1)2 = (c, d2f  — (c2, d‘>)=(c2, d2)=(ab)2. Das ist 

ebenfalls ein Widerspruch.

Fall 2.2.4. n >4.
Aus d2 = dn folgt d2dn~i =dndn~4 und damit dn~2 = d2n~i. Wegen d2n~* = 

= (dn~2)2 ist dn~2 idempotent. Dann gilt (ab)ni"~2)=((ab)n)n~2 = (c, d2)n~2=
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=(c"-2, dn~2)=(ob)"~2. Für w>4 gilt w(n—2)^и  —2. Das ergibt auch hier 
einen Widerspruch.

Es wurde nachgewiesen, daß es für das Element ab£A* В kein Element (c, d) 
gibt, so daß ab = (c,d) gilt. Dann muß die Annahme A *B = C X D  falsch sein. 
Also gilt für die Klasse der Halbgruppen, daß sich eine beliebige Halbgruppe nie­
mals gleichzeitig in ein freies und in ein direktes Produkt von Halbgruppen zer­
legen läßt.
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SUR CERTAINS CHANGEMENTS DE VARIABLE 
DES SÉRIES DE FABER

par
L. ALPÁR

§ 1. Introduction

Dans cette note nous allons étendre aux séries de Faber un résultat obtenu 
pour les séries de Taylor [3].

Les séries de Faber constituent une généralisation des séries de Taylor. On 
les décrira plus amplement dans le § 2 .

Notre point de départ est le problème suivant soulevé et résolu par P. Túrán
[10]. Soit £ (0< |£ |<  1) un paramètre complexe, A(z)=e,t0(z —0/(1 — £z), r 0 étant 
une constante réelle et

( 1 .1) / i ( z ) = i a /
v = 0

une fonction holomorphe pour |z |< l. La fonction

(1.2) /i[/»(*)] = / . ( * )  =  Z K z ” (bn =  bn(  0 )n = 0
est alors également analytique pour |z |< l. Admettons de plus qu’il existe un point 
zx (|zx| = 1) où la série (1 .1) converge et, par suite, f f z j )  a une valeur déterminée. 
Soit z2 le point défini par l’égalité z1=h(z2), donc [z2| = 1 et / 1(z1)= /2 (z2). 
Túrán a prouvé qu’il existe f x telle que malgré la convergence de la série £  avzï> 
la série b„ z<" diverge. En d’autres termes la convergence locale des séries de puissan­
ces sur leur circonférence de convergence n'est pas un invariant conforme.

Nous avons généralisé ce théorème de Túrán de différentes manières, d’abord 
pour les séries de Taylor, ensuite nous avons étendu certains de ces résultats aux 
séries de Faber. Premièrement nous avons montré [2] qu’une proposition analogue 
à celle de Túrán a lieu également pour les séries de Faber. La démonstration de 
ce théorème a rendu nécessaire de suivre une voie particulière qui ne suit pas 
de la théorie classique des séries de Faber.

Cependant nous ne sommes pas parvenus, même à l’aide de ces raisonnements 
nouveaux, à étendre aux séries de Faber notre deux résultats suivants. La sorama- 
bilité (C, k) (k^O) de la série N avz\ entraîne toujours la sommabilité (C, A:+1/2) 
de la série 2  ^»z" ([1] Théorème 1, p. 100). D’autre part, soient donnés d’avance 
les paramètres 0  к et <5 (0^<5< 1/2), il existe / i= /i(z ; Ç,k,ô) telle que <zvz\ 
soit sommable (C,k), mais que ^  bnz2 ne soit pas sommable (C, k+S) avec le 
ô donné ([1] Théorème 2, pp. 100—101). Le résultat de Túrán est un cas parti­
culier de ce dernier théorème pour k = 0, <5=0.

Néanmoins tout récemment nous avons trouvé [3] une démonstration nouvelle 
d’un cas particulier du Théorème 2 cité plus haut où k ~ 0  et 0 s à < l/2 .
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Les moyens élaborés dans [2] et [3] permettent tout de même de prouver le 
théorème analogue pour les séries de Faber. C’est l’objet du travail présent.

Dans le § 2 nous récapitulons certains résultats concernant les séries de Faber, 
dans le § 3 nous citons deux lemmes prouvés dans [3], dans le § 4 nous allons for­
muler notre théorème d’une façon précise et exposons sa démonstration.

Les Cj ( j= 0,1, 2, ...) désignent des constantes numériques positives.

§ 2. Sur les polynômes et les séries de Faber

Nous rappelons sans démonstration quelques propriétés des polynômes et 
des séries de Faber (cf. [4], [5], [6], [7], [8], [9], [11]).

Soit C une courbe fermée simple dans le plan des z formée d’un seul arc analy­
tique régulier, avec l’intérieur 1(C), l’extérieur E(C); 1(C) et E(C) dénotent leur 
fermeture respective. La même notation sera employée aussi dans les cas d’autres 
courbes fermées.

Il existe une fonction unique w=cp(z) qui applique d’une manière conforme 
et biunivoque E(C) sur E(KK) du plan des w où KR désigne la circonférence |w| = 7?; 
pour des \z\ suffisamment grands cp(z) s’écrit sous la forme

(2 .1) w=<p(z) = z+  a0+ ^ -  +  ̂ |+ . . .

où les quantités R, a0, oq, ... sont déterminées univoquement par les conditions 
imposées à tp(z).

La fonction inverse de <p(z) soit notée

(2 .2 ) z  = lA(Vv) = w + )S0 + A  +  A + ....

La série (2.2) converge pour r<|w|<oo avec un Les images des circon­
férences Kc: H  =  e (£>>/■) par (p(z) sont les courbes de niveau C^: |ç>(z)| = g; 
on écrira aussi CR au lieu de C. Désignons par Cr la frontière de l’ensemble 
(J E(Ce). L’anneau circulaire limité par KR et K, ainsi que le domaine annulaire

e= -r
de frontière composée de CR et Cr jouent un rôle important dans la théorie des 
séries de Faber.

Lorsque (p(z) est donnée par la série (2.1), <Pn(z), le л-ième polynôme de Faber 
associé à CR, est la partie polynomiale de l’expression

(2.3) <p"{z) = <P,Xz)+Rn(.z),

R„(z) ne contient que des puissances négatives de z. 11 résulte ainsi de (2.3) que 
<P0(z) = 1 et 4>„(z) =  0 pour 0.

Toute fonction Fj(z) holomorphe dans I (CR) peut être représentée par sa série 
de Faber unique :

(2-4) F1(z)=  2 Л Ф ,( г )
v = 0
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qui est uniformément et absolument convergente dans chaque sous-ensemble fermé 
de 1(CR). Les polynômes <PV, comme on le voit, sont indépendants de et sont 
entièrement déterminés par CR, les coefficients Av dépendent aussi de Fi et s’expriment 
par l’intégrale
(2.5) ,  1 r Fi № W ] j „

A' = Ъй J  ~ .r— - dw>w r <  Q <  R, v ^ o .

CR est la courbe de convergence de la série (2.4), si F1 a de singularités sur 
CR. Inversement, étant donné une suite de nombres {Av}™=0 telle que l’on ait

(2.6) H i | / I vr 4 -
V— oo K

alors la série 21 Av<Pv(z) converge dans I(CR) et y représente une fonction holo-
v =  0

morphe; cette série diverge dans E(CR).
Soit de plus e>0 arbitrairement petit, QSr+ß et z£Ce, on a

(2.7)
Il en résulte que
(2.8)

&n(z)
<pn(z)

;.|<pn0 0 l <  \<p „(z)\ <  n\(pn(z )\

dans chaque sous-ensemble fermé de E(Cr) où A>0, /i>0  sont des constantes in­
dépendantes de z.

Désignons par k (z )^ z  une application conforme et biunivoque de Î(CR) 
sur lui-même. CR étant analytique, k(z) est prolongeable au delà de CR dans un 
domaine partiel de E(CR). Par conséquent il existe un nombre R0>R tel que 
k(z) est holomorphe dans l(Ce.) pour tout q'<R„, en particulier, si R ^ e '^ R o -

k(z) étant définie pour z£CR, considérons les points z1ÇCR,z 2ÇCR liés par 
l’égalité Zx=k(z2) et posons w1 — (p(zl), w2=(p(z2) où |Wj| =  |w2| = /?. Quand zx 
et z2 parcourent CR le quotient w1/w2=eiit peut être ou bien une quantité variable 
ou bien une constante. Il est facile de montrer que ce dernier cas ne se présente 
que si CR a un centre de symétrie et simultanément k(z) est une rotation autour 
de ce centre. Dans ce qui suit nous écartons l’éventualité où k(z) est une telle 
rotation.

§ 3. Deux lemmes

Dans la note [3] nous avons démontré deux lemmes (là Lemme 1 et Lemme 3) 
que nous énonçons ici sans preuve.

Lemme 1. — Soient [cnv] ( n = 0 ,1, 2, ... ; v =  0, 1, 2, ...)  une matrice infinie, 
{-\'v} r = o  et { .F „ } r = o  deux suites infinies liées par la relation

(3.1) У п = 2 с nv*v (n = 0 ,1 ,2 , , . . ) .
v =  0

Pour que la série £  yn soit sommable (C, Ó) (<5 = 0) chaque fois que la série 21 xv 
converge, il est nécessaire:
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(I) que chaque colonne de la matrice [c„v] soit sommable (C, à), c'est-à-dire 
que les quantités

(3.2)

soient finies; 
(II) qu'il

( C ,ô ) -Z c nv (v =  0 , 1 ,  2, . . . )л = 0
existe une constante K > 0 telle que

(3.3) Z  k„v-cn,v + 1| < K(nô + \) (n =  0 ,1 ,2 ,...).
л =  0

Lemme 2. — On suppose que la fonction h(t) à variable et à valeur réelle jouit 
des propriétés suivantes:

(i) h(t)=h0(t) + t, h0(t + 2n)=h0(t), A0( 0 )= 0 ;
(ii) A0€C2; h '( t)^ 0  resp. h'0(t)?± — l;

(iii) h"(t)=h'ù(t) a un nombre fini de zéros dans [0,2л].
Soit de plus

(3.4) eiï*(') =  Z  anveint (v =  0, ±1, ±2,...).
П =  —  со

// existe alors une constante /. >  0  telle que

(3.5) 2 |/i|1/2<  J" |flnv-fl„,v+1| (и =  0 , ± 1, ± 2 , ...).
V =  —  oo

§ 4. Résultat et preuve

Théorème. — Soient CR une courbe fermée simple formée d'un seul arc analy­
tique régulier, k(z) une application conforme et biunivoque de I(CR) sur lui-même 
différente d'une rotation, z f  CK et z2fC R deux points tels que z1 = k(zj), enfin 
<5£[0, 1/2) un paramètre donné. Alors il existe une fonction

(4.1) F f z ) =  Z  Av4>v(z)
v = 0

holomorphe dans I (CR), dont la série de Faber converge en zt et, malgré cela, la 
série de Faber de la fonction

(4-2) F fk{zj\ =  F fz )  = Z  ВпФп{г),
n = 0

holomorphe également dans I(CR), n'est pas sommable (C, d) en z2, bien que F fzf) — 
= F2 (z2) a une valeur déterminée.

D émonstration. — Comme k{z) n’est pas une rotation, on peut admettre 
que k(z) a un point double sur CR, soit k(z0)= z0d CR. On suppose de plus que 
z1—z2~z„. Ces hypothèses ne restreignent pas la généralité, mais permettent 
certaines simplifications des calculs. On a ainsi F1(z0) = F2(z0) et il est à prouver 
que malgré la convergence de la série (4.1) en z0, la série (4.2) n’est pas nécessaire­
ment sommable (C, à) en z0.
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Nous commençons par exprimer les B„ à l’aide des Av- Nous avons, en tenant 
compte de (2.5), (4.1) et (4.2),

(4.3)
r <  Q <  R, nSO,

Écrivons <Pv(k[il/(w)]) = <P,,(!<)■ Comme |ç>(z0)| =R, il découle de (2.8) que <2>v(zo) tî0 
et l’on a, d’après (4.3),

(4-4) В.Ф..Ы  -

En posant donc

4>„(z0) г ф»(к) dw(4-5) z o) Г
2ni J 4>v(zn) wЛ+1 * xv =  Av4>v(z0), yn = B„<P„(z0),

on peut examiner comment se réalisent les conditions du Lemme 1.
Nous allons établir que la relation (3.3) n’a pas lieu si 0 ^ô< l/2 . Il existe 

donc une série convergente 2  xv 4 U* se transforme par la matrice [c„v] définie sous
(4.5) en une série 2  Уп Qui n est Pas sommable (C, à). Par conséquent on peut poser 
Av- x J 0 v(zo) et, selon (2.7),

(4.6) lîîn \AV|1/v =  ' -  , lim |xv|1/v ^
|<Р(г0)| B

La fonction F1(z)= 2  Av<Pv(z) est donc holomorphe dans I(CR) (voir (2.6) et 
la remarque y ajoutée) et cette série de Faber converge en z0. Les coefficients B„ 
sont déterminés ensuite par (4.4), F2(z) = 2  ^,,Ф„(г) est aussi analytique dans 
I(CR), mais la série 2  А>Фп(го) n’est pas sommable (C, ô). <*,

Considérons donc les différences Acm,=c„v—c„ v+1 et la somme 2  И сп»1- 
Nous aurons, vu (4.5), >,=0

( à l \  A - Фn(Zo) Г ( ф' №  # * + i ( fc)  ) dw _  Ф „(г0) r P v(w)
{ > "v 2ni / ( 4 > v(z„T  4>v + 1( z 0) J  iv"+1 2 n i  J  w"

Nous allons voir qu'il existe deux matrices [y*v] et [ynv] (и = 0 ,1, 2, ...; v=0, 1, 2, ...) 
telles que d'une part

dw.

(4.8) Z i H U - l v J ) 2 И .̂ - у»у1+ 2 bC-vJ = o(i) (n -»),

d’autre part que 

(4.9) 2  ly j  >  l 'n 1'2 (n = 0 , 1 , 2 ,...),

étant une constante indépendante de n.
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<Pn(z„) f  Ov(w)
2ni J  w"f ^ d wJ Wn+1

1° Soit
(4.10) у*я 

d’où, en vertu de (4.7),
(4 .1 1) Ас -y* = Î À ZA ~ ^ A  [ M H Ï dw
1 U "v Улу 2ni J  wn+1

Aou, en tenant compte de (2.7),

(4 -12) |Ф„(го)-(/>л(2о)1 = co (^ )  \(Pn(z0)\ = c0rn.

Pour évaluer |Dv(»v)|, posons

(4.13) R >  max \<p(k[ip(w)])\ = g0, <p(/c['A(w)]) =  <p(/c).

Ainsi il vient de (2.8)

(4.14) |Z)v(w)| ^ ФЛк)
ФЛ^о)

+ Ф,+Лк)
Ф\ + i(zo)

ер (к)
<P(2o)

1 + (p(k)
<p(z o) - ( f ) '

On obtient finalement, à partir de (4.10)—(4.14),

(4.15) Z  MCnv-yïvl =  C2
v =  0

(n -*-°°).

2° Soit maintenant

.. ^"(-o) г(Ф '(к) (pv+1(k ) \ dw (pn(z0) r dv(w)
(4.!6) У- = ~ м ~  =
et, par suite, 
(4.17) - y  =

lui

Il faut donc majorer les quantités

(4.18) |Z>v(w)-dv(w)| ^ ФЛк) <рЧк) + Ф,+г(к)
Фу(20) <Pv(2o) Ф\+ i(zo)

Écrivons (2.7) sous la forme

(4.19) Ф„0 ) = [l+ c 0 (|<p(z)|) <pn(z)

où |r„(z)|^i et souvenons nous du fait que dans l’expression (4.17) de y*v — y„v 
on peut remplacer la courbe d’intégration K0 par K0. avec R < g ' < R 0, k(z) étant 
encore analytique et univalente dans 1 (C0.) et <p resp. ф jouit des mêmes propriétés 
dans E(Cr) resp. E(Kr). C’est ainsi qu’on sait introduire les quantités:

(4.20) R <  min \(p(kU/(w)])\ = g* -*= max \(р(к[ф(\\>)])\ = в'0 <  R0.
I w|=e'‘ 1 M=e' 1 1

Studio. S c ien tia rum  M a th e m a tic  a ru m  H ungarica 13 (1978)



CHANGEMENTS DE VARIABLE DES SÉRIES DE FABER 179

Nous aurons alors, en vertue de (2.8), (4.19) et (4.20),

VÂ 2 ço(r£Ôy 
-  Я l  R 4  '

Si q '  —  R est suffisamment petit, on a R < e ' o ~ ^ ^ 2l r  1- On conclut
donc de (4.18)—(4.21 )

(4.22) IA,(w) —î/v(w)| S  f0( ^ )  , 

d’où l’on tire, en tenant compte de (4.17),

(4.23) 2  ly»v-7n»l ^  ^ ( 7 7 ) = o ( l )  ( « - “>).v=o V Q J
(4.15) et (4.23) implique (4.8).

3° Il reste à vérifier (4.9). Dans l’expression (4.16) de ynv on peut remplacer 
Ke par Кя et poser pour |w| =  /?

(4.24) сp(z) =  w = Reif, ip(k[1/̂ (w)]) =  Re'M,\  <p(z0) =  Relh(,a) =  w0 = e“«.

On voit que h(t0) = t 0 et, pour simplifier le calcul, on admet que ?0 =  0. k,cp,4> 
étant des fonctions analytiques et univalentes dans les domaines considérés, h(t) 
se comporte de la même façon dans un voisinage de l’axe des t. Il s’ensuit que 
ù(/)€C” , A '(r)>0 et h"(t) n’a qu’un nombre fini de zéros dans l’intervalle [0, 2л].

est en outre 2 я-périodique, d’où il vient h ( t  +  2 л) =  / ? ( ? ) +  2 л ou bien h ( t )  =  
— h0(t) + t avec /;„(? + 2 л) = /i(,(r) et Л(0 )=/?„(0 ) = 0 , car t0=0, par hypothèse. 
h(t) satisfait donc à toutes les conditions du Lemme 2. On aura ainsi, en raison 
de (3.4), (4.16) et (4.24),

« 2  7Г

(4.25) =  [e ivhU) —  e i( ' '+1)h(,)] e ~ ' n'  d t  =  a „ v —a „ tV+1.

Les y„v définis sous (4.25) ont naturellement un sense même pour des ж О , v-=0. 
Nous pouvons donc écrire, grâce à (3.5),

(4.21) ФЛк) <рЧк)
<t>Áz0) </>VOo)

4>(k) 
<P(z  0)

(4.26) Í  Ы ^ Я Н 1' 2 (n = 0, ±  1, ±2,...).
y =  — 00

Pour avoir (4.9), on doit montrer encore que

2  IvJ =  ô (i)  (n -
V =  — 00

Remplaçons dans (4.16) Ke par Ke- (R < e '^R 0), 
v< 0 ,

+  °°).

nous aurons, vu (4.20), pour
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et de là

(4-27) Z  bU  S  *(-£)*  =  o(l) (И -  +  СО).

(4.26) et (4.27) vérifient déjà (4.9).
(4.8) prouve donc que la matrice [cnv] définie sous (4.5) ne remplit pas la con­

dition (3.3) du Lemme 2, si 0^(5<l/2. La démonstration du Théorème est ainsi 
achevée.
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SEMISIMPLE CLASSES AND H-RELATIONS

by
RICHARD WIEGANDT

In a recent paper [9] R ossa and T an gem an  introduced the notion of H-relations 
and investigated such relations in the context of radical classes. The purpose of 
this note is to deal with H-relations and semisimple classes. In the proofs we shall 
apply recent results of [1], [2], [3], [8 ] and [11]. Radical and semisimple classes 
are meant in the sense of K ur o sh  and A m itsur , for details we refer to [13].

Let A be a universal class (that is a subring hereditary and homomorphically 
closed class) of not necessarily associative rings. Following Rossa and Tangeman 
[9], a relation a on A will be called an H-relation, if a satisfies the properties:

(1) LaA implies L is a subring in A.
(2) If La A and cp is a homomorphism of A, then <p(L)oq>(A).
(3) If La A and J o  A, then ((LDJ)aJ).

A large class of examples for H-relations was provided in [9]. In particular, J o  A 
(/ is an ideal of A), I-+A (/ is a left ideal of A) and I<A  (7 is a subring of A) are 
H-relations. We mention also a further example. A subring S' of a ring A is 
called a bi-ideal, if S A S Q S  holds (cf. [4]). Being a bi-ideal, is an H-relation. All 
these examples for H-relations satisfy also the following additional condition

(4) If Jo  A, then la A.
In what follows a will always denote an H-relation (not necessarily satisfying 

condition (4)).
P ro po sitio n  1. I f  LaA and K oA , then ((L  + K)/K)a(A/K).

P ro o f . Put A"=Ker q>. Then condition (2) yields the assertion.
As usual, we shall use the upper radical operator °U and the semisimple operator 

i f  acting on a subclass X of A and defined by
J/X= {A£A: A has no non-zero homomorphic image in X},
i f X={A£ A : A has no non-zero ideal in X}.
A subclass M of A is called a-regular, if M satisfies the following condition: 

If LoA£M and L j í0, then L  can be mapped homomorphically onto a non-zero 
ring in M. A subclass P of A is called а-strong, if LaA and Z.ÇP imply L£P(A) 
where P (A) is defined as

P (A) = 2V*= A-. J£P).
P ro po sitio n  2. Let S be a semisimple class. I f  S is a-regutar, then the radical 

class R =  °dS is a-strong.
P ro o f . Suppose that LaA,LÇ_R and L^R(/i)- Now by Proposition 1 we get 

0 *  L/(R04)fU) at (R(T) + L)/R(A)a(A/R(A))çS.
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Since R is homomorphically closed, it follows

0  (R04) +  L)/R(/f) s* L/(R(i4)m.)€R,
contradicting the assumption that S is (7 -regular.

P roposition 3. I f  M is the upper radical R — % VI of a -regular class M and 
R is o-strong, then M is o-regular.

P roof. Suppose that LoAdJSA and L has no non-zero homomorphic image 
in M. Then LÇiklM = R. Since №.<̂9 ><4i№.=9rR, we have R(T) =  0. Since R is 
cr-strong, we get L£iR(A) =  0  implying L = 0 .

Propositions 2 and 3 yield

C orollary 4. A radical class R is o-strong if and only if  its semisimple class
is o-regular.
A subclass X of A is called о-hereditary, if LoAdX implies LdX.
P roposition 5. Assume that the H-relation о satisfies the following condition: 

(*) I f  L<i.J and Jo A, then also La A.
A radical class R is o-strong i f  and only if  the semisimple class is o-hereditary.

Proof. Since a c-hereditary class is always n-regular, Proposition 2 yields 
the sufficiency.

Suppose that R is а-strong and that LoAdlFR. If L ^ ^R , then 0?íR(X)<i LoA 
and by the assumption upon o, we get R(L)oA.  Since R is c-strong, it follows 
(M R (L) QR(d)=0, a contradiction.

Condition (*) is rather restrictive, and it will not be used throughout the paper.
As in [9], we shall use condition

(oH) If Oa LoA and L  has a non-zero homomorphic image in M, then also A
has a non-zero homomorphic image in M.

In the next assertion we paraphrase Theorem 5 of [9].
Proposition 6 . For a о  -regular class M the upper radical dl M is o-hereditary 

i f  and only if  M satisfies condition (oH).
For a subclass X of A, let (A )X denote the ideal 

(d)X =  n ( / , < d :  A/JdX).
a

C orollary 7. A subclass S is a semisimple class o f a o-hereditary radical 
class i f  and only i f  S is a -si -regular class, S is closed under subdirect sums and 
ideal extensions, S satisfies condition (oil ) and ((/IjSjSc A for every ring А вA.

The assertion is an immediate consequence of Proposition 6  and [8 ] Theorem 9.

Corollary 8 . A subclass S is a semisimple class o f a o-hereditary radical class 
R i f  and only i fS  is closed under subdirect sums, satisfies condition (oH) and R(T) = 
=  (A)S holds for every ring Ad A.

The proof is a straightforward application of Proposition 6  and [8] Theorem 10.
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Corollary 4 and Proposition 6  yield the following assertion which can be con­
sidered as a generalization of [12] Theorem 2 and [6 ] Theorem 1.

C orollary 9. Let M be a о  -regular class in A. The class JU M is a a-hereditary 
and Q-strong radical i f  and only if  M is Q-regular and satisfies condition (<tH). In 
particular, a radical class R is a-hereditary and Q-strong if  and only if the semisimple 
class ,9eR is Q-regular and satisfies (<rH).

Next, let us suppose that A is the class of all not necessarily associative rings.
P roposition  10. I f  R is a radical class such that OfR is -a -hereditary, then 

Sf R is a-hereditary for any H-relation a.
P roof. By G a r d n e r ’ s [3] Corollary 2,5 R is < -strong. Hence in view of 

Proposition 3 £TR is <  -hereditary and so by (1) LTR is also cr-hereditary.

P roposition  11. Let a be an H-relation satisfying condition (4). I f  S is a a- 
hereditary semisimple class, then S is Q-hereditary for every H-relation q.

P roof. In view of (4), S  is c-hereditary. Hence Proposition 10 yields the 
statement.

C orollary 12. Let a be an H-relation satisfying condition (4). Then the follow­
ing four conditions are equivalent for a semisimple class S:

(i) S is «a -hereditary ;
(ii) S is a-hereditary;

(iii) S is hereditary;
(iv) S is Q-hereditary for every H-relation q .

A class X of rings is said to be weakly homomorphically closed, if / о  Л ÇX 
and Tz = 0 imply A//ÇX.

T heorem 13. Let a be an H-relation satisfying condition (4) and let S be a semi­
simple class such that S is a-hereditary and weakly homomorphically closed. Then 
either S = A or S consists o f one-element rings.

Proof. In view of Corollary 12 S is < j-hereditary, and so by Gardner’s [3] 
Corollary 2,5 У/S  is an /1-radical. Note that by definition an A-radical containing 
all zero-rings, must be A, and a subidempotent Л-radical coincides with the class 
of one-element rings. On the other hand, by [1] Corollary 2 either °US contains 
all zero-rings, or У/S  is subidempotent. Hence either S consists of one element rings, 
or S =  A.

From here onwards we assume that the universal class A consists o f associative 
or alternative rings.

T heorem 14. Let a be an H-relation satisfying condition (4). The following three 
conditions are equivalent:

(i) S is the semisimple class o f a a-hereditary radical class R=^fS;
(ii) S is <i -regular, closed under subdirect sums and ideal extensions and S 

satisfies condition (rrH);
(iii) S is -=a -regular, closed under subdirect sums and ideal extensions, and 

R =У/8 is a-hereditary.
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Proof. By [11] and [2] S is a semisimple class of associative or alternative rings 
if and only if S is -regular, and closed under subdirect sums and ideal extensions. 
Hence an application of Proposition 6 yields the assertions.

An ideal L of a ring A is said to be large in A if Lf]I  AO for every non-zero 
ideal /  of A. We shall need the following condition:

(Л) If L is a large ideal in A and L£S, then ;4£S.

The next theorem is a generalization of van Leeuwen’s Theorem (cf. [5] and [7]).

T heorem 15. Let a be an H-relation satisfying condition (4). A class S is the 
semisimple class of a а-strong and -a -hereditary radical if and only i f  S is o-regular, 
closed under subdirect sums, and satisfies condition (/.).

In view of Corollary 4 and Theorem 14 the proof is straightforward; it is to 
be taken into consideration that а <з-regular class which is closed under sub­
direct sums and satisfies condition (/), is a semisimple class of a -a -hereditary 
radical (cf. [2] Corollary 2).

Confining ourselves to the variety of all associative or alternative rings [2] 
Corollary 3 asserts that a proper subclass is the semisimple class of a supernilpotent 
radical if and only if it is c  -regular, subdirectly closed, weakly homomorphically 
closed and satisfies condition (a) . Hence for an H-relation a satisfying (4), Theorem 
15 implies immediately the following

C orollary 16. A class R is a supernilpotent o-strong radical if and only if  S = ^ R  
is a proper subclass which is о-regular, weakly homomorphically closed, closed under 
subdirect sums, and satisfies condition (7.).

S a n d s  [10] called a radical class an N-radical if it is -« -hereditary, -«-strong 
and it contains all zero-rings. Theorem 14 and Corollary 16 yield the following 
characterization of semisimple classes of N-radicals.

C orollary 17. A proper subclass S is the semisimple class o f an N-radical if 
and only if  S is regular, weakly homomorphically closed, closed under subdirect
sums and ideal extensions, and satisfies condition ( -« H).
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ON A TRANSFORMATION OF GRONWALL CONCERNING 
THE THREE-BODY PROBLEM OF QUANTUM MECHANICS

by
E. MAKAI

I. The Schrôdinger equation of the three-body problem is

(1.1) -  2  Viàiip +  Uÿ =  Еф
1 = 1

where Ai—d2/dx2 +d2/dy2 + d 2/dzf, Hi and E are constants. We suppose that
(1.2) /*,' — 0, M  = Hite+VnHa+HaHi > 0
and U is a function of the quantities rx, r2, r3 only, which are defined by

>1 = [(* 2  -  A3)2 +  (y2 -  y3) 2 + (z2 -  z3) 2] 1/2 (cycl.)1.
It is known that (1.1) has then solutions ф depending only on i\,  r2, r3 and satisfy­
ing the equation

(1.3)
where

3
- 2 1Hi A ф +  С/ф =  Еф,

cf.

v  д2 - r f  +  rg +  rj d2 У 2 a
dr\ r2r3 dr2dr3 drl r2 dr2

[2]. Introducing the bilinear forms

2 d
r3 dr3

(cycl.).

du dv —r\ +  rl +  r l ( ()u dv du dv )  du dv
1 U’ 1 dr, dr2 2r2r3 l d r 2 dr3 dr3 dr , ) dr3 dr3

(cycl.)

in the first derivatives o f  и and v and the domain Dr defined by
(1.4) D,: rx + r2- r 3 ^  0, r2 + r3 — rl >- 0, Гз+^-Га =» 0 
equation (1.3) is the Euler equation o f the variational problem

6Q №  = 0,
where

(1.5) 0 ( iA )  =  f / / |  2 V ,Äi('/'. «A)4-C/«A2J r1r2r3d r 1d r 2d r j f f f  ф г г 1 г , г . ^ 1 г ^ г , d r 3 , 

a circumstance noted by E. A. Hylleraas [7].

1 The notation “cycl.” will be used whenever a formula holds after cyclic interchanges o f the 
indices 1, 2, 3, too.
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In the particular case /.ix — /12> 0 , / i3 =  0 T. H. G ronwall [5], [6] has shown 
that introducing a certain set o f  new variables £г, £2> £з instead o f гг,г2, r3 the varia­
tional quotient Q(ij/) can be transformed into

( 1 .6 ) Ô0 /O = f f f  [ 4 Q Z  ( H ) 2+ K̂ 2] 7  ^ 2  d U f j f  Г  f  dfi dç2 dç
where
(1.7) ( í l + a + t t ) 112, v (çlt ç2, г3) = c/o-!, r2, i-з)

and the domain of integration is the extremely simple domain

(1.8) D :̂ c3 >  0.

He remarked further that the Euler equation of (1.6) is

(1.9) - 4  Q д 2Ф 1 # 1

с Х Г С з  àÇ3\
+ Уф = Еф,

a simple form of the Schrôdinger equation (1.3).
Since the publishing of Gronwall’s papers several facts became known about 

eigenfunctions of this variational problem. Of these we first mention the result 
of T. Kato [9], that if V has only certain “mild” singularities, e.g., U = ^  c v r1, ei 
= const., then eigenfunctions are continuous on the closure Di of Ds, that is on 
çA = 0. Further results originate from M. S. Baouendi and C. Goulaouic [1] and 
from V. H. Froim [4], who independently investigated a family of partial differential 
equations of which (1.9) is an element. Their results applied to (1.9) state that if 
£10, <£20 are fixed quantities, [F (^ , £2, Ç3) — E]Iq and £2) analytic on the domain
D°: |£i — £101</?! + £, \^2~ £2о1< Л 2 + е> 1£з1<е (s>0) then there exists a positive £j 
and a unique solution of (1.9) analytic on D1: |£а — |£2 — |<£з1 ,
not necessarily an eigenfunction, for which the initial condition ^(£1 , £г,0) = 
= /(£  1 , £2) holds. Froim showed further that if [V(ÇX, Ç2, £3) — Е]/д is analytic on 
D°, then any solution of (1.9) analytic on the domain D2: |£i —

0 < |£ зН ё1 («1 small enough) is of the form </>(£! ,£ 2,£з) +
+  /(£ i, £2 , £3) 1 ° 8  £3 , where rp and x are analytic on D1, thus clearing up the nature 
of the singularities of solutions to (1.9) on the boundary of Dt .

The purpose of this paper is to show that Gronwall’s transformation can be 
generalized to the case when the /q’s are subject only to the conditions (1.2).

I f  we introduce the notations

(1.10) Qi = rf, ox = - 0 1 + 0 2  +  03 (cycl.)
and define the real variables ç2, c_3 by

(1.11,.,) {, + !{ ,=  (i = j/— j
2 (Л + ̂ 2) 4 /

(1-113)
t  _ { o 1o2 + o2o3+o3(j1\ 11
U  -  { M  J ( =  u)
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then the variational quotient (1.5) is transformed into (1.6) where q, V and D. are 
defined by (1.7) and (1.8), respectively.

The corresponding Euler equation is, of course, again (1.9). We remark that 
by a general theorem [2, vol. I, Ch. IV, § 8] equation (1.3) can be directly transformed 
into (1.9) by introducing the new variables

If ri ,r 2, r3 satisfy inequalities (1.4), then £3 is real since 2

(1.12) w =  M<*f = (r, + r2 + r3) ( - 1\  + r2 + r3) (/•] -  r, + r3) (rx + r2 -  r3)

and one recognizes the connection of the right-hand side with the area of a triangle 
of sides i\, r2, r3. Note that if the point (/*, r2, r3) is on the boundary of the do­
main Dr (corresponding to a degenerate triangle of sides rlt r2, r3) then £3=0.

The quantity £3 depends symmetrically on the cr/s and pfs. Though this is 
not true for and £2 » yet it holds for q' = (^i + ̂ 2)1/2. One has namely by M + /t2 = 
= (Hi+lh)(l>i+lh) (cycl.) that

=  (ji2 +  h:i)2 <*1 +  ilh  + р 1)га1 + (р1 + H if a l +

+ 2(p. l -M)o2<T3 +  2(i4-M)<T3al + 2(pi-M)(Tlo2.

An easy and useful consequence of this is

(1.13)
в = (<5i+ <51-t-5i)1/2 =  2 ^ 7 1(^2+ a ) o 1+ ( p 3+ p 1) a 2+(Mi+ a ) =

M 2  Vi 6/ >

from which we have that each of the quantities q , {2 depends linearly on at , cr2, 
<r3 (or on q u  q 2 , q 3) .

Our statement will be proved if we show (i)

(1.14) Z v iB M , *) = 4 e z { j j ß  ;

(ii) the value of the Jacobi determinant d(r1, r2, г3)1д(^1г £2, £3) is cÇ3(Qrl r2r3)~ 1 
where c is a constant differing from 0;

(iii) the domain Dr is transformed by (1.11) onto the domain D4.

2. Introducing the notations

(2.1) B0(u, t>) = B(u, v)=  2  v) = 2  biJ ^ 7 f fTi = I i.7 = l or I or j
with

( 2.2) bn = p2+p3, b12 = b2l = p3^ — (cycl.)
Zrl r2

2 Here and in the following algebraic identities will not be proved, if their verification involves 
only elementary operations.
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the left-hand side of (1.14) is B(\l), ф). We recall the elementary relations

(2.3) B,(u, v1 + v2) =  B,(u, vJ + B,(u, v2), Bt{u, vxv2) = v1Bi{u, v2) + v2Bi(u, v,) 

for /= 0 ,1,2, 3. We have

i j  o r  j o r  j  ij kl
дф_д^_дф_д^ у  дф дф
dçk дг, dç, drj 4  * k'™ d tk dt,

thus (1.14) is equivalent to the statements

(2-4) B ( i k, f,) = 4gôkl (к, 1 = 1 , 2,3)

where őkl is Kronecker’s delta.
A simple calculation shows that the quantities satisfy the equalities 

=  4(2<71+ e 1), B 1 ( g 2 , o 2)  =  B 1 ((j 3 , g 3)  =  4 q 1 (cycl.) 

*i(*i, o2) = -B ,{ a i,  <j3) = 4(^3- o 2), Я,(<т2, C73) = -40J (cycl.)

thus by (2.1), (1.13) and (2.3) we get

(2.5) B(a1, cq) =  4(2ц1а1 + Мд), B(ak, a2) = 4(fi1G2 + fi2a1 — Mg) (cycl.).

Further one has by (2.3) for any и and for w = a1t72 + а2сг3 + (73а1 

B(U, W) =  ((72 +  CT3)5(ti, od + iOz + O^Bill, <72) + ((71 + (72)Ä(u, CT3).

Substituting « = (7( we get from (2.5) and (1.13)

(2.6) 5(<т;, w) =  £(w, <7,-) = 8^w (i =  1,2,3) 

and if u—w then by (2.6) and (1.13)

B(w, w) = 16Mgw.

On the other hand by (1.12) and (2.3)

B(w, w) =  M 2B{c,l, c|) = 4M 2ç,lB(ç3, ç3) = 4MwB(Ç3, ç3)

and the last two formulas yield B(Ç3, £3) =  40, i.e., (2.4) in the case k — l 
Further, introducing the quantities

<h = № г ~ № 3 (cycl.)

(for which £  Hi4t=Q holds) (2.6) yields
(2.7) B (w ,qj) = 0 () = 1 ,2 ,3 ) .

On the other hand and c2 depend linearly on the quantities qt\

P 04 * (/h + A*2)(?2-?l)+(/6!-Ail)?3 e _ 9з
( } 1=1 2 ^  + ̂ Л /  ’ Сг
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[alternatively 2(ß1+n2)ti3M^1= (ii\-M )q l - ( j4 - M ) q i] and so by (2.7), (2.3) 
and (1.12)

B(w, Q  =  2MÇt B(Ç3, Z,) (/ =  1,2)

verifying thus (2.4) for k = 3 , l = l  and k =  3 , l = 2 .

It rests to show (2.4) in the cases k < 3, /<3. Using (2.5) we get

Я(<7з, Чз) = 4(ц! + ц2)~Мд, B(q1,q<̂) =  4(hI~ M )M q (cycl.).

The last equalities combined with (2.8) allow us to calculate B(^lt ^x), B(Çj, £3) 
and ß(£2,£2).

3. To calculate the Jacobian mentioned at the end of Section 1 we factorize 
it in the following way:

à(r i, r2, r3) _  d ( t \ ,  r2, r3) d(gt , g2, g3) d(e,  Zi, i i)
^ 0=1» £ 2 ,  £ з )  Qii вз) d id )  í i ,  С г )  $ ( í i » 5 i > £ s )

The value of the first factor is (8rx r2 r3)_1 and that of the last factor is £3/g by
(1.7). The middle factor is a constant different from 0. To calculate its value we 
solve equations (1.11J, (1.112) and (1.13) with respect to the unknowns a1, tr2, a3. 
Thus, by (1.10) we have

(3.1) 2 =  <t2 +  ct3 =  (^2 +  ̂ 3)(0  +  c2Î i - . s 2ç2),

(3.2) 2 g2 =  ffa + ffj =  (//8+ft)(<? +  ci f i  +  si&)>

(3.3) 
where

(3.4)

2(?3 =  o-j+ffg =  (/í!+/i*)(e-íi)

с,- м - t i
(ßi+ßd(ßi+k3) ’

2ц 1Л7
S‘ (Ц+ЦХЦ +  Ц)

0 = 1,2).

From the system (3.1), (3.2), (3.3) we get d(ci, д2, Qz)/9(q, í i ,  <̂2)= Af3/2/2 and 
hence (ii) at the end of Section 1 holds.

4. The transformation (1.11) maps Dr into D, and, conversely, to each point 
of Z). corresponds one and only one point in Dr. For showing this we first remark 
that for the quantities defined in (3.4) cf+sf=  1 holds. Thus there is a real such 
that Cj=cos ßi, jj=sin ßt (/=1,2). Let now ({i, £2, £3) be an interior point of 
Di , that is <*3>0. Then, introducing the notations

Ci = q' cos <p, ç2 -  q' sin ip, where 0 ^  Q' =  (çf+ £|)l/2 <  g,
we have

2gi = (ß2+1*з)[й + в' cos ((p + ß2)],

2 q 2  =  ( ß 3 + H i ) [ o  +  Q '  c o s ( f p - ß i ) ] ,

2g3 = 0 íi+ /í2)[e -e 'c o s  <p].
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Since by (1.2) at most one of the non-negative quantities /t; can vanish, we see that 
to each triplet (£l5 £2, <f3)€ correspond positive quantities qx, q3 or a unique 
point (r1; r2, r3) in the domain D f : 0, r2> 0, /"3>0 of the real (rls r2, r3) space.

Let now (r\, r\, rl) be a point in Dr and its image in D( be (Ц, i \ ,  Ц). Suppose 
there exists a point ( if, i f ,  Ц) in such that it is the image of some point 
(r \, rf, rf) in D ; \D r. Join ( i \ ,Ц ,Ц )  and (if, Ц, Ц) by a straight line segment 
in Dç. This straight line is the image of some continuous curve in Д.+ . This curve 
intersects the boundary of Dr in some point (rf, rf, r3) the image of which lies 
by (1.4) and (1.12) on the boundary i a = 0 of Df. a contradiction.

5. Finally we show in an elementary way a consequence of the theorems of 
Baouendi—Goulaouic and Froim, namely that any solution of (1.9) which is an 
analytic function of £3 on the real point set D1: \ix — |£г Л*. Ib isei
is uniquely determined on D' by its values taken on the rectangle R : \ix — £l0|<.Ri, 
\i2 — laol-^g, £з=0 provided (V—E)/(4q) can be expanded in D1 into a power 
series 2  an(£i> where the coefficients <x„(ix, i 2) are infinitely many times
differentiable in R.

Indeed for each solution ф of (1.9) which can be expanded into a power series 
Ф = 2  <An(£i> [(£i> one has the recursion

п2ф„ =
n-2
2 (Xk XlJ n - k - 2 ~  

k =  0

m n- 2 д2фл. л
l dit + dit ) ( И  =  1 , 2 , . . . ) ,

(*j/-x=0) which shows that ф„ (»=>0) is uniquely determined by ф0 = ф а х, i 2, 0). 
To express this in somewhat looser terms and with the help of the variables rlt r2, r3: 
any sufficiently smooth solution of (1.3) is uniquely determined by its values taken 
on the boundary of Dr. The boundary points of Dr correspond to degenerate tri­
angles of sides rx, r2, r3, thus the three bodies with coordinates (x,-, y,, z;), / = 1, 2, 3 
lie in these cases on a straight line segment in the Euclidean (x, y, z) space.
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INTERPOLATION IN WEAKLY ASSOCIATIVE LATTICES

by
E. FRIED

fijlt is well-known that no non-trivial lattice enjoys the interpolation property 
(further on IP). In fact, for a<b no function with f (a )= b ,f(b )—a can be inter­
polated (by a polynomial function).

However, if we weaken the lattice axioms such that the “partial order” need 
not be transitive we get a class of algebras containing, also, functionally complete 
algebras. The class we get in this way is the variety of weakly associative lattices 
(further on WAL) where all the lattice axioms hold but the associative laws, which 
are weakened in the following way:

[(xVy)A(xV z)\t\x = [(xAy)V(xAz)] Vx = x.

As an important example, we mention the “triangle” T  consisting of three 
elements 0 ,1 ,2  endowed with the relation 0 < 1 < 2 < 0  (a^b  is equivalent to 
any of the relations a=aAb and b=a\/b). In fact, the triangle was the first 
WAL which was proved to be functionally complete (i.e., finite and satisfying IP) 
(see [7]).

There are two generalizations of the triangle, which are, in many respects, 
natural.

We shall say that a WAL ill satisfies the unique bound property (further on 
UBP) if any two-element subset of the underlying set A of ill has exactly one upper 
bound and exactly one lower bound. (For example, the two-element lattice or the 
triangle satisfies UBP.) It was proven in [4] that if a WAL satisfies UBP and it 
contains more than two elements then it enjoys IP. The reason for this result is 
that there exists a term which represents the dual discriminator in each WAL sat­
isfying UBP. (A ternary function /(x , y, z) is called the dual discriminator if 
f(a , a, c) = a and f(a , b, c)=c, whenever a and b differ.) This fact gives a reason 
why the variety U (generating by the WALs satisfying UBP) has the congruence 
extension property (further on CEP). An algebra has CEP if for each subalgebra 
© of 51 and congruence 0  of © there exists a congruence Ф of 51 such that 
0=(© Х © )П Ф . A variety satisfies CEP if each member of the variety has CEP. 
It was proven in [2] that U is the greatest subvariety of WALs satisfying CEP.

The other generalization of the triangle is the class of tournaments. One can 
define a tournament as a relational system 2Г with an antisymmetrical relation <  
where for each pair a, b of its elements exactly one of the relations a <6, a=b, 
b ^ a  holds. Each tournament becomes a WAL when one defines for each a£ ST : 
a\/a=a/\a=a, and a\/b~b, af\b=a whenever a, b satisfy a^b.
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Since IP obviously implies simplicity we have to deal with simple algebras 
only. In [6], there was given a sufficient condition for a simple tournament to have 
IP. We prove:

Theorem 1. Any simple tournament with more then two elements has IP.
For this end we need the following
Lemma. A WAL 91 has IP iff it contains at least three elements and it satisfies: 

For each a, h, c(;9I with a ^ h  there exists a unary polynomial-function p such that 
p(a) = a,p(b)=c.

Proof. The condition is, clearly, necessary. For the sufficiency we prove first 
the so-called 2-interpolation property for 91. Let a~Ab, u, vÇA and the function /  
be given such that f(a )= u , f{b)=v. In case u?±b there exist, by the condition 
of the Lemma, polynomial-functions p, q such that p{a) = u, p(b) = b and q{u) — u, 
q(b) = v. Then, the polynomial-function qp(x) interpolates /  on {a, b}. We have, 
by symmetry, the same result if v^a . Suppose, finally, u=b and v=a. Since 
91 has at least three elements it contains some {a, b}. By the first case we have 
polynomial-functions p, q, r such that p(a) = a, p(b)—c; q(a)=b, q(c) — c; r(b)=b, 
r(c) = a and so rqp(x) interpolates /  on {a,b).

Since different и-tuples differ at least in one place, if (ax, ..., ап)у^{Ьх, ..., b„) 
there exists a polynomial-function f (a x, ..., an) = u, f (b 1, bn) = v, where и and 
V are given at will.

It is easy to see that the polynomial-function m(x, y, z) = [(„vVy) A(-vVz)] A(yVz) 
is a majority function for WALs. Using this fact one can prove the IP of 91 by 
induction on the number of places. The proof is left to the reader.

(For a generalization of the idea of the Lemma see [3].)

Proof of Theorem 1. A subset A of an underlying set Г of a tournament is con­
vex if for a, b£A the condition a ^ x ^ b  implies x£A, for each xÇ T. The singletons 
and T  itself are trivial convex subsets, all others are proper ones. A partition con­
sisting of convex subsets is clearly a congruence relation of the tournament if 
considered as a WAL. This implies that a simple tournament has no proper convex 
subsets.

Now, let a?±b be elements of T  and consider the subset B, consisting of all 
p{b) where p is a polynomial-function sending a to a. Take for p the constant map 
with the value a and the identity function. Both these functions send a to a and b 
to a and b, respectively. This implies a, b£B. Suppose u, v£B and u ^ w ^ v .  Since 
we have a tournament, a and w are comparable, e.g., a^w . Since v£B, there 
exists a unary polynomial-function p with p(a)=a  and p(b) = v. Then, for q(x)= 
— w fp (x )  we have q(a) = wAa=a and q(b) = wl\v=w, yielding wAB. Thus, В 
is convex and contains at least two elements. Flence, B= T  and the application of 
the Lemma finishes the proof.

These results give rise to the question: has every simple WAL IP if it is not 
a lattice?

The answer of this question is in the negative, moreover the following 
result holds:

Theorem 2. Each WAL is contained in a simple one which does not have IP. 
(For a finite WAL the presented construction gives a finite extension.)
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In spite of Theorem 2 one must not think that only very special WALs have IP.
T heorem  3. Each (ßnite) WAL is contained in a (finite) WAL which satisfies IP.
It would be easy to prove this theorem in the following way. By adding new 

elements one can get a partial WAL where a single partial function cp(a)=c, (p(b)=d 
can be interpolated. This process would give a WAL having IP in infinitely many 
steps. The disadventage of this method is that the extension is always infinite.

For the proofs of both theorems we need some remarks. Let us consider elements 
of 91X91 where 91 is a WAL. We shall denote by (a, b)-*(c, d) the existence of 
a unary polynomial-function /  suchthat c= f(a ) and d=f(b). Clearly, (a, b)
—(c, d) means that (c, d) belongs to the diagonal subalgebra of 9lX9I generated 
by (a, b). By the Lemma, 91 has IP iff" the following holds:

For each (c, d) and offdiagonal (a, b) the relation (a, b)-*(c, d) is valid ;; 
and |9I|>2.

C laim  1. If then (а, с)—(я, b) and (a, c)-*(b, c).
C laim  2. Let and u, v, u', v'£{a, b, c) such that u?=v. Then one

has (и, t>) —(и', v').
C laim  3. (a, Z>)—(я, a V b) and (a, b)-»(a, a/\b).
Claims 1 and 3 are obvious. Claim 2 follows from the result in [7] (but the 

reader can compute it easily).

P roof of Theorem 3. Let 91=(Л; V, A) be any non-trivial WAL. Let A' 
be a set disjoint from A such that A' and A have the same cardinality. Let us fix 
a bijection A-~A' and let a' denote the image of a^A under this bijection. Now, 
we define a tournament 9 V, A) as follows: If a < b  then b '^ a ' , while 
for incomparable a and b we define a'<b' or 6 '< я ' at will.

Let, finally, A* = A(JA 'ö{0, 1} where neither 0 nor 1 belong to AU A'. We 
extend the relation <  to A* such that я < я ' and 0«=x<l<0 for all xÇAUAA

We claim the following:

(i) 9l*=(A*; V, A) is a WAL,
(ii) 91 is a subalgebra of 91*,
(iii) 91* satisfies IP.

First of all, we mention that comparable elements have, clearly, l.u.b. and 
g.l.b. Suppose, X and y  are not comparable. In case x, y£A  then their only common 
upper (lower) bound in A *\A  is 1 and 0, respectively. Then, considering х \/y 
and xAy  in 91, we have, xV y<l and 0< xAy. This proves that they have the 
same l.u.b. and g.l.b. in 91 and in 91*. This yields, immediately, (ii). If either x  or 
y does not belong to A then their incomparability gives that one of them is of the 
form a' and the other is b€A with a^b . Let U(H) and L(H ) the set of upper 
and lower bounds of a set НЯА*, respectively. Now,

£/({«', b}) g  Ща')Пи(Ь) g  (Л 'и{1})П({Ь'}илU{1}) = {b\ 1},

L({a', b'})Q L(a')C]L(b) g  ({<i}U/í'U {0})П(/1 U {0}) = {a, 0}
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yield the existence of a'Jb  and a' Ab, because of / /<  1 and 0 <a. Thus, 31* 
is a WAL.

Now, we prove that 31 has IP. By Claim 3 and by the remark before Claim 1 
it is enough to prove (x, y)-+(u, v) for each x < y  and u, v.

We consider the case 0$ (x, y}, 1$ {x, y}. Then, we have three possibilities:

x = a ,y —b (in A); x= a ',y= b ' (in A'); and x= a,y=a'.
In the first case (a,b)\J(a',a')—{a', 1) yields (a ,b)—(a', 1). In the second case 
(a', b')\/(a, a)=(a', 1) yields (a', b')-»(a', 1). In the third case (a, a j\/(b , b) = 
= (b, 1) yields (a,a')-*(b, 1), for a<b, and (a, a')A(b, b) = (b, 0) yields (a, a') — 
-*(b, 0), for b<a.

Thus, we have always either (x, y)—(w, 1) or (x, y)-*(u, 0) with иф{0,1} 
(if x<y), since no element of 31 is both the least and the greatest element of 31. 
Applying Claim 2 we get both (x, у)—(0, 1) and (x, y)-*(l, 0), for x<y. Now, 
using Claim 1, we get (x, y) — (a, v) whenever both (x, y) and (u, v) are comparable. 
Thus, in order to prove IP it is enough to show that any diagonal subalgebra 33 
of 3l*X3l* which contains all comparable pairs of elements is equal to 3I*X3I*.

(i) (a ',b j£33 and (a',b')A(a\fb, aVb) = (a,b) implies (a, 6)€33.
(ii) If a<6, we have (b, b')\/(a, a)~(b, a ) and (b, a ) i (a, b') = (a, b'). Thus, 

(b, a'), (a, b')£33 and, by Claim 2 also (a',b), (b', a)Ç33.
(iii) Let, finally, a and b incomparable elements of A. We may suppose a ^ b ' . 
By the previous result (a',a\Jb), (b',a\/b)£33. Thus, by (a', b)=(a', a\Zb)\{b', b) 
and (a, b')=(a', (af\b)')A(a\/b, b') we have (a', b), (a, Z/)£S3, proving Theorem 3.

Before proving Theorem 2 we need the following

P ro po sitio n  1. Let 3 1 = (A; V, A) be a simple WAL containing a triangle 
a<b<c<a. Let В be the disjoint union o f A and {0, 1, p, q). We extend the rela­
tion <  from A to В such that
(i) 0 is the least and 1 is the greatest element o f B,

(ii) q<a<p.
Then, we get a simple WAL 33 =  (£ ;  V, A) containing 31 as a subalgebra.
P roof. The straightforward verification that 33 is a WAL and contains 31 

as a subalgebra we leave to the reader.
Now, let 0  be any congruence of 33, and x, у be different elements of 

a  congruence class C of 0 .
Case 1. x, увЛ. Then, by the simplicity of 31, we have A fC .  Thus, ( p , p )A 

A(a, c) = {a, 0) and (q, q)V(a, b) = (a, 1) yields 0, 1ÇC. Conditions 0<р<1,0<<7<1 
give us BQC, i.e., 0  = i.

Case 2. x£A, y€{p, q). By duality, we may suppose y=p. If xXß, then by 
(p, x)A{a\Jx, a j x ) —{a, x) we get a,xÇ_C, and so Case 1 applies. In case x= a  
we get (a, p)V(c, c) = (a, 1) and (a, p)d(b, b)=(b, 1), i.e., a = l  =  è, yielding 
a, b£C  so we can apply Case 1 again.

Case 3. (x, y) and A are disjoint. By duality and Claim 3 we may suppose that 
x = 0  and, by Claim 1, y=q. Then (0, q ) j  (c, c)—(c, a) yields a=c, i.e., 0  = i 
by Case 1.
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Case 4. x£A ,y£{0, 1}. We may suppose j  = 0, by duality. If x ^ a  we get 
(0, x)V(p, p)=(p, 1) yielding 0  = i by Case 3. The case x —a gives, e.g., 0 =  #, 
by Claim 1, and we can apply Case 3 again.

P ro po sitio n  2. Let 31 = (Л; V, A) and 33 =  (В, V, A) be simple WALs with 
a least and a greatest element. Suppose 0 is the least element of 31 and 1 is the greatest 
element o f 33, further A f\B = {p } where p is the greatest element of 31 as well as 
the least element o f 33. Let denote the following relation on C = A U B : ах^ а г 
iff ûi =  a1Afl2 (alt a2£A), b ^ b 2 iff Ьг= Ь ^Ь 2 (6x,é 2€.B), a d  for all aÇA and 
0<6 for all b£B.

With this relation we get a WAL G =  (C; V, A) containing both 81 and 33 
as subalgebras. I f  \A\, \B]>2 then G is simple and does not satisfy IP.

P r o o f . The easy computation that G is a WAL containing both 31 and 33 as 
subalgebras is left to the reader.

First we prove that G is simple. We consider a congruence 0>co, therefore 
there are elements x X y  such that (x, y)€&. For simplicity, it is enough to prove, 
by Claim 1, that (0, l)£ 0 .

We may suppose, by duality, that xÇA but x$B. Now, we have five cases:

Case 1. x?í0, y£B, y$ {p, 1}. Then x V j d ,  xAy=0 finishes the proof of 
Case 1.

Case 2. x ^ 0 ,y —l. Let z£B, z$ {p, 1}. We have x < p d  and p < z d .  
Claim 1 implies (x,p), (p, 1), (p, z)60, hence, by transitivity (x, z)£0 . Thus, 
Case 1 applies.

Case 3. xX 0,y= p. Choose any z£B ,z${p , 1}. Then, (z, z)V(x, p) = {\, z) 
yields (1, z)£0, implying (p, 1)€0, by the simplicity of 33. Thus, we have (x, 1)€0 
and we can apply Case 2.

Case 4. x, yÇ A. Since 31 is simple, there exist z^O, z fA  such that (z ,p )£0 . 
Then, we can apply Case 3.

Case 5. x=0, y€A. If y —1 we are done. Otherwise, we have Case 2, by duality.
Now, we prove that G does not satisfy IP. By the Lemma it is enough to prove 

that GXG contains a proper diagonal subalgebra.
We shall prove that the elements of AXAU B'XB  form a subalgebra of GxG. 

By duality, it is enough to prove that this set is closed under V. Suppose, 
(xi, Ji), (x2, y2)eA X A l)B X B , and let (x,>’) =  (x1,>’i)V(x2, y2) such that xÇÂ 
and yÇB. Then, XjVx2= x  yields xt , x 2€A implying y i ,y tÇA, i.e., yÇA as well. 
Since this algebra is obviously proper and diagonal, the proposition is proven.

P roof of Theorem 2. Let 31 be any non-trivial WAL. By Theorem 3 it is con­
tained in a simple WAL 3F which contains a triangle. Then, by Proposition 1, it 
is contained in a simple WAL 3I2 having a least and a greatest element. Now, we 
can use Proposition 2. We choose 3I2 for 31 and, say, the five-element modular 
simple lattice for 33. Thus, we have embedded 31 into a simple WAL which does 
not satisfy IP. Clearly, if starting with a finite one we get finite WAL in each step. 
Hence, the theorem is proved.
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R emark. The construction of Proposition 2 can be generalized as follows: 
Let 91 be a WAL. We put in each interval a<b a WAL 2Ia>(, with the least element 
a and the greatest element b. In 21 and in each 2Ia b we have the original relation 
and we add the following relations :

For xÇfilaJ, let c ^ x ^ d  whenever c ^ a ,b ^ d  (c, d£21). In this way we get 
a WAL 21*. One can give conditions on 21 when the simplicity of all 2Ia () implies 
the simplicity of 21*.

Finally, we give a connection between CEP and a weaker form of IP.

As we mentioned U is the largest variety of WALs satisfying CEP. This need 
not imply that any WAL which satisfy CEP belongs to U. However, we shall prove 
that if there is a WAL not belonging to U which satisfies CEP then there exists 
■some other WAL with the same properties which contains a very special simple 
WAL as subdirect component. (I conjecture that such a special simple WAL does 
not exist.)

We shall say that a WAL belongs to AIP (a single interpolation) if it contains 
a three-element chain a<b<c  such that for some unary polynomial-function /  
either {/(a), f(b)} = {b, c} or {f(b), f(c)}= {a ,b}  hold. The class of all other 
WALs will be denoted by BIP.

Proposition 3. Let 21 satisfy CEP and let 21L be a subdirect irreducible com­
ponent o f 21. Let, further, a, b, c, d, xQ, ..., xn be elements of 21х and /„, . . . , fa-  x 
be unary polynomial-functions on 2lx such that c = xu, d= xn and for all i—0, . .. ,n  — 1 
we have {f(a), f(b )}=  {xt, xi+1}. Then c = d(Q (a, h)) in the subalgebra generated 
by {a, b, x„> xn}.

Proof. Consider elements A, B£21 whose first components are a, b, respectively- 
Let us, furthermore, enumerate the elements f ( A ) , f ( B ) in the following way 
( i= 0, ..., n — 1) :

We denote by Y0 the element in {fifiA), /„(£)}, which has x0( =  c) as first 
component. Suppose F0, ..., Y2i is already defined, then let F2i+1 be that element 
of {f{A ), fi(B)} which was not chosen to be Y2l and we define F2i+2 as that ele­
ment of {/i+i(Á), f l+i(B)} which has as first component xi+1 (i.e., the first com­
ponent of F2ifl). ТПгш, we have Y0=Y2n+1(<P) where Ф denotes the congruence 
of 91 generated by (A, B), (F 1? F2), (Y3, F4), ..., (F 2„_1, Fa„). By CEP the same 
relation holds in the subalgebra of 21 generated by {A, B, F0, YL, ..., YZn, F 2n + 1} 
and another application of Mal’cev’s lemma gives that the same holds for the 
first projection. This proves our proposition.

Proposition 4. I f  c-=d and c=d(0 (a, b)) holds in a WAL 21, then there 
exists a Mal’cev sequence c —x0,x x, ..., xn = d satisfying c ssxt S d, for i—0, 1, ..., n.

Proof. Let / 0, ..., f , - l be unary algebraic functions such that {f(a), f(b )}=  
=  {ToTi+i} and c=yn, d=yn. Define g fx ) = (c'Jf{x))i d. Then, for = 
= (cVуi)f\d the proposition is satisfied.

Proposition 5. I f  21 satisfies CEP and 911 is a subdirect irreducible component 
o f  21 then 21 ! belongs to BIP.
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P roof. Let a < 6 < c  a chain in 'Лх such that for a unary algebraic function 
/  we have, say, {f(b ),f(c)}= {a ,b}. By Proposition 3 we have a= b(0(b, c)) 
in the three element chain {a, b, c} which is a contradiction.

T heorem  4. Suppose 21 is a WAL satisfying CEP and 21г is a subdirect irreduc­
ible component o f 21 not belonging to U and & is the smallest non-co congruence 
о/91х. Then each 0-class is a simple WAL which does not belong to U unless it is 
a singleton. Let $  denote the subalgebra of 21 consisting of those elements whose 
first components belong to a given non-singleton 0-class. Then 23 satisfies CEP and 
the first component o f © is simple, does not belong to U and belongs to BIP.

Proof. The ©-classes are simple by Propositions 3 and 4, using the fact that 
c=d(0(a,b)) yields c = cVd(0(a, b)) and d=c\/ d(0(a, b)).

Now, let [a]0 be a non-trivial class. Then there is, clearly, an element bc[a}0 
such that, say, a<6. In case 0  = i we are done. Thus, we may suppose that 
there exists a c(f [a}0 such that fc<e (or which is the dual case). We claim 
that we can change, if necessary, these elements such that a< c  is satisfied, too. 
aAc=bAc=b(0) and (aAc)Vb = b\Jb=b(0) implies that aAc, (aAc)\/ b£[a]0. 
Thus, aAc^c, i.e., aAc-<c. Since b<c, by definition, and (aAc)\/b=c(0), 
we have (aAc)Vb<c. The relation aAc^a< b  implies aAc^b, i.e., (aAc)\/b 
differs either from aAc or from b, yielding that either {aAc,(aAc)\Jb, c) or 
{b, (aAc)Vb, c} is a chain of the desired form. By definition of 0 , we have 
a=b(0{b,c)). Then, by Proposition 4, there exists a Mal’cev sequence 
a—x0,x 1, . . . , x n=d satisfying аШ х^Ь  ( i= 0 ,1, ..., n). Suppose, [a]0£U. Then, 
by simplicity, it satisfies the UBP, yielding x f  {a, b) for each / in question. Thus, 
for one of the unary polynomial functions determining the Mal’cev sequence we have 
{a, b}={f(b), /(c)}. This implies that this component is AIP which contradicts 
Proposition 5. Taking into consideration that CEP is hereditary to subalgebras, 
the theorem is proved.

As a consequence of Theorem 4 we mention that no WAL which does not 
belong to U, satisfies CEP if the following conjecture is true:

C o njecture . Each simple WAL is either AIP or belongs to U.
We remark that by Theorem 4 this conjecture is equivalent to the following 

“stronger” one: each subdirect irreducible WAL is either AIP or belongs to U.
All the simple WALs which were mentioned in this paper are AIP. Moreover, 

the simple lattices which do not belong to U are AIP, too. Indeed, these lattices 
contain one of the five-element non-distributive lattices, for which the existence 
of the chain in question can be given by an easy computation.
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ON THE CESÀRO SUMMABILITY OF POWER SERIES 
ON THE CIRCLE OF CONVERGENCE

by
J. DEÁK

A lpár [1] has proved the following two theorems for oc^O:

Theorem 1. Suppose that

(1) № ) =  2 a pzp
P = 0

is (C, a) sununable at the point £, |£| = 1. Let <p be a conformal univalent mapping 
of the unit disc onto itself. Then

(2) /Й Ф )]=  2 b pz”
P = 0

is (С, a + 1/2) sununable at Ç* defined by <p(C*) =£•
Theorem 2. Let tp be a conformal univalent mapping of the unit disc onto itself 

and suppose that cp is not a rotation. Let 1/2 and |(| =  1. Then there is a func­
tion f  o f the form (1) (C, a) summable at Ç such that (2) is not (C, a +  <5) summable 
at V  defined by <p(£*)=£.

We are going to extend these theorems by proving that they hold for each 
a=- — 1. In view of Alpár’s results, it would be enough to give proofs for —l< a < 0 . 
We shall show, however, that the validity of the theorems for a=0 involves their 
validity for all a >  —1. Our proof may be, at least in the case of Theorem 2, o f 
some interest even for a> 0 , since Alpár [2] has found a new proof simpler than 
the original one for the special case a= 0  of Theorem 2. The two theorems will 
be proved simultaneously.

N otations. (JT, a) is the family of those functions of the form (1) for which 

ajAp  is convergent where d £ = |^ ^ 7'j [in other words: ар\рл is conver­
gent]. (#, a) denotes the family of those functions of the form (1) which are (C, a) 
summable at 1 [i.e., /(z )/( 1 — z)a+1£(Jf, a)]. is the system of functions regular 
in the closed unit disc D [i.e., in an open set containing D].

The following simple lemma proved in [3] will be used:
Lemma. I f  М£($Г, a), a >  —1 and N£âtD, then MiV€(JT, a).

Proof of both theorems for a>  — 1. Let a >  —1 and 0â<5sl/2 and tp- 
be fixed. We may suppose without loss of generality that £=£* = !, so <p(l) =  l.
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Let us consider the following statement (which is, depending on the choice of a 
and ô, either true or false) :

P(a, (5) /€ (# , a) =>/[<?]€(#, a +  <5).

Take now an f e  ('if, a) and put

/(г)
(3)

and

(4 )
We have

L(z) — =  У  I zp (1 -z)*+1 ^ - рp = о

=  Í Aí zP-— 71 p=0(1 -г )

Гсл /[< р(г)] ( l - ( p ( z ) V
(5) (1 - гу ™ - н > Щ - Т = Г - )

As <p(l) = l and ç>'(l)^0:

(6) №  (та-Г ^
Thus, by the Lemma and (5): 

/[<?(*)]
(  1 _  Z)*+ T  + т € a  +  ̂ )  ‘f f  Н а £ { Ж ,  x + ô )

and so P(a, ô) is equivalent to

Pi (a, <5) Le (Jf, a) => Я, € (Jf, a +  <5).
It is easy to see that

(p = 0,1,2,...)hs
(1) p' ' '  Aa+â

= y / s A
i n p  j a  

n =  0  S l n

where

yfP = в;
and the B*ps are defined by

<p"(z)
( l - z ) á ^p = 0

(remember that 1/(1—z)a+1=  Apzp). Now, according to (3), (4) and (7), Pi (a, S)
p =о

[and so P(oc, (5)] is equivalent to the following:

s(<*. <5)|
The sequence-to-sequence transformation defined by the matrix- ,ail 

npl npÍ7np\nP Ú convergence preserving.
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By the K o jim a — S c h u r  theorem, [yfp]np is convergence preserving iff
a) for each n fixed, converges to a finite limit as

b) the sequence \ У y*p[ converges to a finite limit as p — «> and
ln=0 I p

c) 2 \У хпр\= 0(\) ( p - ~ ) .
n =  0

We shall show that a) and b) always hold; thus [y*dp]np is convergence preserving 
iff c) is satisfied, so P2(a, <5) [i.e., P(a, <5)] holds iff’

pa(M) 2 n * \B inp\ =  o(p*+i)
n = l

[remember that Ахр~р*/Г(1 + a)].
P r o o f  o f  a ) .  We h a v e

3

In order to get an estimation for B6np, we take the integral along the curve |J  E,
7 = 0

(with 0<£<1 depending on n,p  and â) where E0 is the circular arc round I 
connecting e~h with eie inside D; Ex is the segment [ë\ Reu]\ E2 is the arc Re,: 
(е^ т ^ 2 л—е); finally, E3 is the segment [Re~le, e~ic]. Here 7?>1 is chosen such 
that (p is regular in the disc |z| and there is a constant о  1 with

\q>(z)\ <  l + c ( | z | - l )  ( l s | z | S Ä ) .
Our estimations for the integrals on Ex, E2 and E3 will be independent of e; 
for n and p fixed, the integral on E0 can be made arbitrarily small by choosing 
a small enough e. Thus the integral on E0 can be disregarded in what follows. Now 
it will be shown that
(8) B>np =  O^p*-1) (я <  p/2c)
uniform ly  in n. [To prove a), it would be enough to verify (8) for n fixed, but later 
we shall need this more general statement.] Now

« > = 5 h . z f
v-U )

2 n i  j t o  J  z p+ 1( l  - г ) й l>: 2ni Д /y’

here, as [1 —z| =- |z| — 1 on Ex, we have for n<p/2c:

| /1l - / - tl+C(X_1)]" 7  {1+СУ)"
]

(!+>-)

Since
/0

/

( l+ y )p + V

4 jc— l)á j ( i+ y )p+V
dy

.1-2 Ô

(1 + /2)"
■dt =

(1 + y )Pl2y

Г (1 -0 )Г (т + 0 -1 )  
2 Г(т)

7  = 2 f ( l + ,2)p/2

(m >  1),

d t .
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(see [4], 3.241.4), we have / 1 = 0(/?á_1). Similarly, l3= 0 (p ö~1). Further, I2 = 
— 0 (p a_1) is evident, so (8) has been proved and yfp=0(l/p*+1)=o(l), i.e.,
a) holds.

Proof of b). Take /(z )  =  1. Then evidently a), hence, according
to (5), (6) and the Lemma, Ньа(Ж, cc+ <5). But now 1п = Алп [see (3)], so the con­
vergence of hp/Ap+s gives b) [see (7)]. Thus we have proved that P(a, <5) and 
P3(x, <5) are equivalent.

By (8),

2  п Ж Р\ = 0 (р 0- 1) 2  n*= 0(ps- 1)0([pl2cr+1) = 0(p*+i),
n ^p / 2 c  n S p / 2 c

thus P3(oc, <5) [i.e., P(a, <5)] is equivalent to

P « (M )  2  пл\в?р\ =  o ( P*+ô).
; i> p /2 c

Starting from the equality
Rs _  J _  Г __7>"(z)__ ,
Bnp 2n i . J  zp+1( \ - z f d|z | =  e v '

with some 0< £< 1 , one can readily check that

№ P\ = 0(r") (n >[c°p)

holds uniformly in p for some 0 < r<  1 and c°>-0. c° is clearly independent of a« 
Thus

2  n*\B6„P\ = 0 ( \)  2  n°rn =
i  r °  n  м2: r °  n

0(1) 2  r” = 0 ( l)0 (rp) = 0(px+i) (a=iO),
n^c°p

0(1) i  All* =  L>(1) [ =  0(1) = 0(p*+t) (a SO).71 = 0 V* ' )

So P4(a, ô) [i.e., P(a, d)] is equivalent to

^  п*\В*пР\ =  0(р*+*)
n

р / 2 с < т к с ° р

which is evidently equivalent to

Pe(«, 8) 2  \ K \  = o (p 6).71
p /2 c < 7 i< c 0p

Theorem 1 means P(a, 1/2) and Theorem 2 means that P(a, <5) does not hold if 
c5<l/2 and <p is not a rotation. But P5(oc, <5) [and so P(a, d)] is independent of a, 
so if the theorems hold for some a (for example: a=0), then they hold for each 
a=— 1 as well.
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EINE UNGLEICHUNG FÜR KONVEXE FUNKTIONEN

von
WILHELM FLEISCHER

Gegeben sei eine streng monoton wachsende Folge reeller Zahlen x0, x t , x2, ... 
mit x0 = 0, = 1. Für /^ 1  werde mit öj der Abstand von Xj zum nächstgelegenen 
Punkt der Folge bezeichnet: fy=min (xj—Xj-lt xJ+1—xj). Im Jahre 1968 zeigte

CO

R. E. L. T ur ner  [1], daß stets 2  xj 2̂ j—n2l6 gilt. A. F lorian  [2] bewies 1972 
die Ungleichung i=1

2  x7SÖJ -  £00 = 2  k~s (s >  Оj=l k=l
mit dem Zusatz, daß das Gleichheitszeichen nur für die Folge der natürlichen 
Zahlen (Xj =j  für j — 0, 1,2, ...) richtig ist. Hier soll dies verallgemeinert werden 
durch den

Sa t z . Ist f i x )  eine positive konvexe Funktion über dem Intervall [1, +°°) mit 

J  f(x ) dx< + °°, dann gilt mit den obigen Bezeichnungen stets
l

(i) 2 f ( xj)öjtä z m

und bei streng konvexem f  (x) ist das Gleichheitszeichen wieder nur für die Folge 
der natürlichen Zahlen richtig.

H ilfssatz 1. Sei g ( x )  eine monoton abnehmende Funktion über dem Intervall 
[1, +«=>) und linear zwischen je zwei aufeinanderfolgenden natürlichen Zahlen: g(x) = 
=?(M )(1_  W ) + Í (W +1) W  fä r olle r S l  ( [ r ]S x < M + l mit natürlichem [x] 
und {x}=.x —[x]). Sind dann x0, х1г..., x„ reelle Zahlen mit x0 = 0 und Xj—X j - ^ l  
für  1 S j^ n ,  so gilt stets

2  S(Xj)(Xj-Xj-j) — 2  g(k) + g([-vn]+ l)K } .
7=1 k=l

B eweis (Induktion nach n). Für jc^ I  gilt

g(*)* =  g(x) + g (* )(x -l)  =  g(M )(l-{x}) + g([x] + l){x}+g(x)(x—1) s  

^  g (M )(i-{ * } + * —i)+g(M +1){*} = g (M )M + g (M + i)M  ^
M

s  2  g№ )+ g(W +i)W ,k = 1
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was die Ungleichung für и —1 beweist. Sind jetzt x0, х г, xn reelle Zahlen mit 
x0= 0 , Xj—Xj-x—1 für 1 S j ^ n  (и=~1) und ist die Ungleichung richtig für 
x 0, x x, ..., x„_!, so gilt

П П — 1
2  g(.Xj)(Xj-Xj-1)=  2  g(xj)(.Xj-Xj-1) + g(xn) + g(xn)(xn- x n- l - l )  =2

J=1 J=1

^  2  g ( f c ) + g ( [ ^ „ - i ] + i ) K - i} + g ( M ) ( i - W ) + g ( W + 1) K } +
fc=l

K -iH 1
+  g ( W ) ( ^ » - ^ n - l - l )  =  2  g(fe)-g([^n-l] +  l ) ( l - K - l } )  +

fe= l
K -iH 1

+ g ( [ * J ) G * J - * » - i ) + g ( [ * J + i ) { * . .} ^  2  g (* )+fc = 1

+  g ([лг„])(W  -  [x „ _ i]  - 1  ) +  g ([x„] + 1  ) {x„} 2  g(fc) +  g ( W  +  ! ) K } .
k  =  l

was Hilfssatz 1 beweist.

H ilfssatz 2. Sei g(x) eine Funktion wie in Hilfssatz 1 und die Folge der Differen­
zen g{ri)—g{n + 1) monoton abnehmend. Ist dann i S.x =y<y  +  £ < [y] +  1. so gilt

g W + « '1(« 0 '+ i ) “ ? W )0 , - ï ) -  g(y)-

Beweis. Es ist
£ 1 (g 0 ;+ £) —g (y)) =

=  £ _1 (g (M ) ( 1 -  {y} -  £) +  g ([y] + 1  ) ( {y} +  £) -  g ([y]) ( 1 -  {y}) -  g ([y] + 1  ) {y }) =

=  £- 1(-g ([y ])£ +  g([y] +  l ) £) =  g([y] +  l)-g([y]).

Somit bleibt g(x) -  g(y) s  (g([y]) -g([y] +  1)) (y -  x) zu zeigen.
1st [x]=[y], so gilt

g W - g ( y )  =  g ([y])(i — W ) + g ( [ y ] + i )  W - g ( [ y ] ) ( i - { y } ) - g ( [ y ]  +  i){y}  =

=  g([y])({y}—W ) —g ( [ y ] + i ) ( { y } - {*}) =

=  ( g ( [ y ] ) - g ( [ y ] + i ) ( y - * ) .

Ist [x]-=[y], so gilt

g W - g ( y )  =  g ( M ) ( i -  W ) + g ( M + i )  M - g ( [ y ] ) ( i - { y ) ) - g ( [ y ] + i ) { y }  =

=  (g (M ) -  g (M + l) ) ( l  -  {*})+ g ( M + 1 ) +

+  (g([y]) -  g([y]+ 1 ))  M -  g([y]) È  (g([y]) -  g ([y ]+ 1))(1 -  W + [y ]  -  W  - 1  +  M )  =

=  (g ([y ])-g ([y ] +  l ) ) ( y - ^ ) -

Damit ist Hilfssatz 2 gezeigt.
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H ilfssatz 3. Sei g(x ) eine Funktion wie in Hilfssatz 2, g(x)> 0  für alle x s l
oo

und 2  g(k)< + Seien weiters x0, xk, , xn reelle Zahlen mit x0= 0 , x x= l
k-1

und X !< x 2< ... < x„ . Wird öj=min(Xj—X j-i, Xj+i—Xj) für lS y S n  —1 und 
ön=x„—xn- 1 gesetzt, so gilt stets

2  g(Xj)öj s  2  g(k)- j = 1 k=I

Beweis. Es werde für beliebige л+1-Tupel co=(x0, x l9 xn) mit obiger
n

Gestalt F(a>)= 2  g(xj)àj mit den eben erklärten Sj gebildet. Da
J= 1

П x n 00

F(oi) ^  2  g (x j) (x j-x j- 1) S  g ( l)  + /  g (x )d x  S  g(l)-t- f  g(x)dx =
j  = 1 1 1

= (3 /2 )g (l)+ ig (fc),
k = 2

ist sup F(co) <  -Ъ °°.
ж

Da ?(t)x wegen 1/2 g(x)xS  f  g(t)dt für x  nach + °=> gegen Null konvergiert,
ж/2

folgt mit dem Satz von Bolzano—Weierstraß, daß das Supremum für ein cö ange­
nommen wird :
(2) F(c3) =  max F(oi).CO

Sei cö=(x0, xk, ..., x„) und lj =xJ—xj - l für IS 7 S /1. Es gilt 1 = /1S /2s . . . s / „ .  
Angenommen dies wäre falsch. Dann gäbe es ein k, sodaß 4 - i> 4 -  Sei dieses 
к maximal : lk —4+1—•••—Ar ist 4 < 4+ i. so gilt mit einer hinreichend kleinen 
positiven Zahl e und ö>e=(x0, xl5 ..., x*-!, xk+e, xt+1, ..., x„) die Beziehung

e -1(F(cö,.)-F(w))=e-1(g(x:t _1)(4+£)-t-g(x:lt+e)(4-l-e)-|-g(xjk+1) (4 + i-e ) -

-g(**-i)4-g(**)4-g(**+i)4+ i)= f(*ii-i)+e_1(s,(*it+e)-g(x0)(xlk- x lk.-i)-l-

+ g (x k+e) - g ( x k+1)sg(x*) + g (x k + e ) - g ( x k+1)

wegen Hilfssatz 2 (bei k= n  ist —g (x k+1) wegzulassen).
Der letzte Ausdruck ist aber positiv und damit wäre F(cöe)>F(cö) im Wider­

spruch zu (2 ).
Ist 4 = 4 + i= -"=4+ p< 4+p+i — •••— 4, so 8 *lt wieder mit einer hinreichend 

kleinen positiven Zahl e und

coe — (xq, Xi , ..., xk—i , xk+ e ,  xk+k-l-6 , ..., xk+p-be, xk+p+i, •••» x n)
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die Beziehung

e - ^ F iä ') - F(œ)) = e -1(g(xk- 1)(lk+s) + g(xk+e)lk+g(xk+1+e)lk+...

... + g(xk+p + e)lk + g(xk+p+1){lk+p+1- e ) - g ( x k- 1)lk- g ( x k)lk-

- g ( x k + 1)1k- . . . - g ( x k+p)lk- g ( x k+p+1)Ik+p+1) =

= g(xk-i)+ e~1(g(xk+ s)-g (x k))lk+E-1(g(xk+1+ E)-g(xk+1))1k + ...

... + e~1(g(xk+p + e )-g (x k+pj)Jk- g ( x k+p+1) & g(xk+p) - g ( x k+p+1)

wegen Hilfssatz 2 (bei k+ p = n ist ~g(xk+p+1) wegzulassen).
Wieder ist der letzte Ausdruck positiv, was widersprüchlich ist. Somit gilt 

l = / 1S /2â . . .â /„  und daher ist
n

F(ü) = Z  g(X j)(X j-X j-j) mit X j- x j _1 s  I für 
j =1

Wegen Hilfssatz 1 folgt

f (ü ) = 2 g ( f c ) + g ( W + 0 k } =  J g W
k = 1 k= 1

und daraus Hilfssatz 3.

B eweis des Satzes. Sei f ( x )  eine positive konvexe Funktion über [1, +«=)
oo

mit J  f(x )d x <  + °° und g(x) ebenfalls definiert für хш \ durch g(n)=f(n) 
1

für alle natürlichen Zahlen n sowie g (x) = g ([л]) ( 1 — {x}) + g ([v] +1 ) {x} für alle 

Es gilt dann stets f(x )S g (x )  und g(x) erfüllt wegen У g(k)= Z, f(k ) 's
k = 1 * = 1

—/( ) )  + f  f{x)dx  die Voraussetzungen von Hilfssatz 3. Ist jetzt x0, xk, x2, ■■■
l

eine streng monoton wachsende Folge reeller Zahlen mit x„=0 ,^ = 1  und wird 
<5j-=min (xj—X j - x ,  xj+1—Xj) für j i s l  gesetzt, dann gilt für beliebiges natürliches 
n wegen Hilfssatz 3 die Beziehung

Z f(X j )ô jS  Z  g(Xj)ôj si Z g ( k ) =  Z  fd<)
j = 1 7 =  1 k=  1 k = 1

und daher auch

z f i x j ö j  ^  z m .
j=1 <t= i

Bei streng konvexem f ( x )  ist f  (x)-^g(x) für alle x, die keine natürlichen Zahlen 
sind. Enthält in diesem Fall die Folge (xn) nicht nur natürliche Zahlen, so gilt

Z  f(Xj)ôj <  Z  g (xj) <5j á  z  g(k)= z  f ( k)-
7 = 1  7 = 1  * = 1  k = 1
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Sind die Xj=rij lauter natürliche Zahlen, so gilt

2  f(n j)S j = 2  g(nj) Sj  ^  2  g (n j)(n j-n j-x).
j = 1 1=1 j'=1

Der letzte Ausdruck ist wegen der strengen Monotonie von g ( x )  stets kleiner als
oo

2  g{k), wenn mindestens eine Differenz nJ—nj - 1> 1 ist. Somit ist bei streng
k = 1
konvexem f (x )  das Gleichheitszeichen in (1) nur für die Folge der natürlichen 
Zahlen erfüllt. Damit sind beide Aussagen des Satzes bewiesen.
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REDUCTION OF THE NUMERICAL DIFFUSION 
IN MULTI-PHASE FLOW

by
GYÖRGY ADLER

Introduction

The numerical diffusion inherent to the usual finite difference formulae for 
the numerical solution of diffusion and convection problems is well-known: the 
numerical solutions of diffusion problems show higher diffusivity than the exact 
solution, while in the case of purely convection problems without any diffusion 
a diffusivity appears. In the case of a strong physical diffusion there is an easy 
way to overcome the problem: reducing the physical diffusion coefficient by the 
amount of the numerical diffusion, hence the numerical solution will have the 
required diffusivity (see e.g. [3]). In the case of a purely convective transport, or 
if the convection is preponderant over the physical diffusion, the remedy is not 
so straightforward since in this case the numerical solution will produce unwanted 
oscillations and will violate essential physical conditions (automatically satisfied 
by the exact solution), e.g., densities would become negative. Boris and B ook  
in their paper [2] present a method to solve this problem.

In the present paper we shall discuss the case of multi-phase flow in a porous 
medium without any diffusion. (E.g., the immiscible flow of gas, oil and water 
in a rock.) This is a very strongly non-linear problem formulated in the form of 
a system of equations.

The method of Boris and Book is a multi-step method. The so-called “anti­
diffusion” is applied in a separate step. In the case of multi-phase flow it seems 
that the anti-diffusion has to be incorporated in the first step where the basic flow 
is calculated, otherwise the algebraic condition (3) for the saturations cannot be 
ensured in a natural way. (The usually followed “natural” way is to use a convenient 
equation for the pressure to satisfy (3). But a purely diffusive transport is independent 
of pressure hence condition (3) could not be satisfied by manipulating the pressure 
in an anti-diffusion step.)

The problem of numerical diffusion is a great obstacle in the simulation (by 
the finite difference method) of certain oil recovery process where the position 
of a small amount of non diffusive chemical should be traced in the reservoir. 
While it is known from practice that this chemical moves through the reservoir 
always occupying a narrow strip, in the numerical solution the concentration 
spreads out on an unrealistically large area. (The use of finite element methods 
solves the problem in those cases only where the problem can be formulated in 
terms of elliptic or parabolic equations, which is not the case in multi-phase flow 
problems.) It is hopeful that the method presented in this paper — with proper 
adjustments — can be used to attack this problem.
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Formulation of the study cases

We shall use the following formulation of the problem of multi-phase flow 
in a porous medium:

( 1)

(2)

(3)

л  d(QiS,) d kL r dp) , r= J+FiPl

0 S S, ^  1 (/ =  1, 2, in)

2 s ti=i
l.

The physical meaning of the symbols is the following:

51 — saturation
p — pressure
Q — density
Ф — porosity of the medium
x  — absolute permeability of the medium
к  — relative permeability of the phase
ц — viscosity
F — injection rate
X  — length
t — time
l — index of the component
L = L(l) — index of the phase containing the component /.

We denote by S, the saturation of component / defined by

5 - Л -  
l ~  Vr  p o re

where F, is the volume of component / and Fpore is the pore volume of the medium; 
moreover, SL will denote the saturation of phase L : Sl

Sl = 2  Si
' l .

where £  denotes summation for all components belonging to phase L.
*L

In general Qi = Q,{p) is a function of pressure, while the relative permeabilities 
(taking care of the capillary effects) depend on the phase saturations:

kL = kL(S1, S2, , S M).
The strong non-linearity of the problem results from the dependence of kL on the 
saturations. By definition we have:

kL = 0

kL = 1

for
for

O s k i S l ,
S <  r̂esidual

SL = I-

(0 5? 5£siduaI <  1),
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The system (1), (3) consists of m + 1 equations for the m + l unknowns 
A S, , S2, ..íj Sm.

A usual way to solve numerically the system (1), (3) is to substitute equation
(3) by an equation for the pressure. Then, in each time step, we compute first the 
pressure from this equation, and afterwards the saturations are computed by 
using the previously computed pressure. With the help of the identities

d i e s )  _  de dp d s
dt dpd t  + Q d t ’

yd S ,
Á  dt

= 0,

equations (1) can be combined to give

(4)
A  “ 1 de, \ dp " 1 d ( k L dp] ,  Æ F,

ф \ 2 — = 2 — -őr\x —  dis i-Â~ +  2 — •V(=1 g, dp V dt 1=1 Qi dx \ pL dx) Q,

This is an equation of the parabolic type for the pressure.
In order to get a more transparent study case we shall assume that Ф and x 

are constant and that the liquids are incompressible, i.e., q,= const. With a proper 
choice of the constants the equations will be simplified to give

Equation (6) does not contain time derivatives, the dependence of the pressure on 
time enters through the coefficients of this equation.

In the special case of a single-phase flow (M = 1) ф, is constant; assuming 
this constant as unity, we then have

(5')
ds, d_ i s M -dt dx V 1 dx)

(6') >̂1 ST
 

w
и

1=1

In those regions where injection is not present (i.e., F,=0), we have

dp
dx = — V — constant

Studia Sctentiarum  M athematicarum Hungarica 13 (39781



216 G. ADLER

and (5') is reduced to the form

(5'0
as _ _  as
dt V dx '

This is the case studied by Boris and Book.
In order to make the calculations easier for eventual manual checks, we shall 

assume that the relative permeability kL for each phase L  depends on the respective 
saturation §L only: kL=lcL(§L). This does not change the basic problem arising 
from the non-linearity.

The numerical method

A comparison of results obtained with various possible finite difference for­
mulations shows that the so-called up-stream weighted formulae give the best 
correspondence of the numerical solution of equations (1) with empirical results. 
Hence in oil reservoir simulations exclusively up-stream weighted versions are 
used, therefore we shall follow this practice.

Let us assume that the flow is oriented in the direction of the positive x: axis,
i.e., dp/dx<0.

In our study case (5) we shall use the simplest, fully up-stream weighted and 
mass-conserving formula (explicit in the saturations and implicit in the pressure):

(7)

where

S?+1- S] _ 1
At — ~  2 ^  +1/2 s j ~ vj-  1/2 sj- ^ + fj *

Vj + l/2  —  ~ ll/ j  + l l2 - ^ c (P j+ l~ P 'j  + 1)>

Ф  j +  1/2 —  Ф  ( S j  ) -

(Here we have dropped the component and phase indices and we are using equi­
distant nodes in both space and time directions. Space node points are denoted 
by the subscripts j  and time levels by the superscripts n. ip(S]) means the value 
of ф calculated from saturations at the time level n at point j. Half integer indices 
7+1/2 refer to the block boundaries.) We shall denote this as our “conventional” 
formula.

The corresponding finite difference form of the pressure equation (6) will take 
the form

( 8) (Axf m t i - Pnj +1)Z (S j\i/j + 1/ 2,) - W +1- f i ± l ) 2 ( S j - i ' l ' j - i , ù ) + Z  f j  =  o .

where summation refers to all components and all values — where not explicitely 
indicated — are taken at the time level t = tn.

The conventional formula will be modified by the addition of an “anti­
diffusion” term:

(9)
s ; +1-  ■s !  = -  (VJ+i i f - VJ- v* SJ-1)+ fj+

+ llj + 1/2 (Sj + 1 ~ S j ) +  — 1/2 (SJ-1 ~ S j ) .
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As we shall see, ц will have a negative value, hence the name anti-diffusion. 
The corresponding pressure equation will have the same form (8) with the only 
difference that the source term Z  Fj will be substituted by Z  F} where

Fj =  F j + Z  [Hj+ 1/2 (S]+ i - S ] ) + t i j - 1/2 ( s ; _  x -  5 ; ) ] .

In order to find a proper corrective anti-diffusion we start with the constant 
velocity case (5") when (9) will have the form

(10) s ; +1 =  s ;  -  e (S] -  о + /I (S;+ x -  2 s ;+ s ;_ j
with

Ate = V —  .Ax
Let us develop the discret function S" ( j= l ,  2 ,.. .,  N) defined at the node 

points Xj in a discret (complex) Fourier-series of which the general term is

a n e i k j A x  j = l , 2 .......N),

where к is the wave number. The application of the finite difference operator appear­
ing on the right-hand side of equation (10) transforms this function into

where

( 11)

nn + l 0 ikjAxak e ,

ank+1 =  A(k)ak,
А (к) — 1 — (e + 2/i) [ 1 — cos (kAx)] — ie sin (kAx).

A{k) is called the (complex) amplification factor.
The general term in the “ideal” Fourier-series solution of equation (5") (de­

scribing a translatory motion with constant velocity v) is

ake “)

which corresponds to the amplification factor

B{k) =  e~ikvM =  e~itkAx
for a time step At.

Evidently |5(Л)| =  1, independently of the wave number к and time step At. 
This expresses the lack of diffusion. The same property for A (к) cannot be assured 
with any value of ц. One possible “good” choice for ц is to select it in such a way 
that the difference

\A(k) |*-1

be of the smallest possible order in к for k-+ 0. By expanding the trigonometric 
functions in (11) into a Taylor-series at k= 0  and equating the coefficient of k2 
to 0, we get

(12) ц = ~ е + ± е \
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This is the anti-diffusion we propose to correct the conventional up-stream formula. 
With this value of g, the amplification factor becomes

A(k) =  1 — e2 *[l — cos (kAx)] — ie sin (kAx).
We have the identity
(13) \A(k)\2 =  l - ( e 2-E4)[l-cos(/cdx)]2,
wherefrom

\A(k) | s l  for £ =  u ^ - s = l .Ax
This is the well-known stability condition for the solution of equation (9).

We generalize formula (12) to the case of non-constant velocity by putting

1 I 1 2
H j  + l /2 —  2  £У + 1/2 ' ~ 2  e j' +  l/2>

At
Sj +1/2 — Vj + l/2 ~д^'

It results from (13) that certain higher harmonics will be damped faster than 
the lowest harmonics (with &~0). This fact will produce the Gibbs-phenomenon 
in solutions presenting sharp fronts or discontinuities. Therefore we must take 
into consideration the fact that the numerical solution may violate condition (2) 
which we want to satisfy in any case. Hence we have to perform a correction on 
the solution at each time step; the correction will consist of the following steps 
(here the time and space indices will be omitted):

i) if S ,<0 then we set S, =  0 (/=1,2, ...,m);

ii) if 2 S t- 1
i=i

S<5

where <5 is a given small tolerance limite, then the correction is terminated;

iii) we put
m

1 - 2 S ,
^ c o r r e c t e d  =  £ ( +  5 (  ,  J  ^ 3 ---------- ,

2  Sr  AS, 
1=1

i.e., we distribute the error 1 — ̂ 5 ,  according to the weights S, -AS, where AS, 
denotes the latest increase of S, :

dS, = S,n+1—S,".
Then we iterate the cycle i)—ii)—iii) starting at step i) until the correction is ter­
minated in step ii).

This correction procedure has been introduced by us in our paper [1], where 
we observed that the correction procedure is quite a delicate step. E.g., the simplest 
idea of distributing the error uniformly among the phases introduces new sources 
of instability for the numerical solution.
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Numerical results

In all numerical examples we shall use 60 grid points. Injection rate will be 
unity so that the global flow velocity will be unity, as well. We shall use a time 
step d r=0.05, i.e., saturation fronts will move — on the average — 1 grid point 
in 20 time steps. This is a choice within the range of most practical applications. 
Higher values of dr would introduce too high errors due to the non-linearities.

a) Single-phase flow
First we consider the case of a single-phase flow with 3 components. Initially, 

the distribution Sj of the component № 2 will be

The component № 3 will occupy the region to the right of component № 2, i.e..

Finally, component № 1 will only be present in the grid point j=  1 with a satura­
tion 5X =  1. We inject the component №1 at the point j — 1 with intensity 1.

We shall trace the movement of component № 2 pushed forward by component 
№ 1 and pushing component № 3. The exact solution of the original differential 
problem is known: the square shape of the initial values should undergo a trans­
la to r  motion with constant velocity t? =  1.

Figure l.a shows the movement of component № 2 computed with the con­
ventional formula without anti-diffusion. Figure l.b presents the same movement 
computed with anti-diffusion but without the correction step. Finally, Figure l.c 
shows the solution of the same problem with anti-diffusion and correction.

S
1.0

0.0 ) L

5.0

60

Fig. l.a
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S

Here we can observe some interesting features. Let us define the width of the 
saturation bank as the length of the interval between the 5=0.5 saturation points; 
we shall call the center of this interval as the center of the bank. It is a nice empirical 
result of the computation that this width is constant in time and the center of the 
bank moves with constant velocity v= l.
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b) 3-phase flow
Here we suppose that each phase consists of one single component. We shall 

discuss two cases differing in the ratio of the viscosities. In both cases we assume 
that the relative permeability is described by the same function k L — §L for each 
phase L.

We shall use in both cases the same initial conditions, identical to the initial 
conditions discussed in the previous point a), with the only difference that the 
numbering № 1, № 2 and № 3 will refer to different phases instead of denoting 
components within a single phase. Again, the material № 1 will be injected.

In the first case the ratio of the viscosities will be chosen as

л :  ft» = 1 :1 :1 ,
while in the second case we shall use

A^ftuftj = 100:10:1.
Hence, in the second case the phase fronts should be very sharp, the phases per­
forming a piston-like motion.

Figures 2.a and 2.b show the saturation of phase № 2 without and with anti­
diffusion, respectively, in the first case. Figures 3.a and 3.b represent the results 
in the second case, without and with anti-diffusion, as well.

S

It should be observed that in the calculation the functions k(S) have been 
extended to the whole S' line by setting

Í 0 for S <  0,
* < * > -{ !  for S > 1 .

This fact has practically eliminated negative values of the saturations. Indeed, the 
condition k (S )—0 for S s 0 stops further decrease of S  in case of an eventual 
occurrence of a negative value Sj. As a matter of fact, the results represented on
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20 AO 60

Fig. 3.b
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Figures 2.a, 2.b, 3.a and 3.b have been obtained without applying the correction 
step. (We should observe that in the case of a single-phase flow the correction was 
essential in obtaining the results of Figure l.c. Hence we conclude that in those 
cases where there are several components within a single phase, the correction step 
cannot be omitted.)

Final conclusions

We note that the inclusion of anti-diffusion in the form discussed above can 
be performed on already existing multi-phase flow simulators, since it only needs 
the change of some formulae without introducing essential changes in the com­
puter codes. The inclusion of anti-diffusion practically does not increase the com­
putational time.

It is possible that other finite difference formulae with corresponding anti­
diffusions may give still better results than the one presented here. Hence it would 
be necessary to investigate systematically all possibilities.
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FREE MONOIDS AND STRICT RADICALS

by
L. MÁRKI and R. MLITZ

This paper continues the investigations started in L. M árki—R. Mlitz— 
R. Strecker [4] and treats some more specific questions in radical theory: we deter­
mine the behaviour of free objects in monoid varieties with respect to strict radicals 
and describe all homomorphically closed strict semisimple classes in terms of 
(classical) group radical theory.

Throughout the paper we shall make heavy use of the notions, notations, and 
results presented in [4]. Exactly as was done there, we fix an arbitrary variety У  
of monoids which does not consist of groups only. Now we just recall the most 
important definition from [4]: a strict radical in У  is a function q which assigns 
to each А£У  a congruence qA on A and satisfies the following three conditions 
for all А £У :

(I) (p(qA )^  Q(cpA) for every homomorphism (p from A,
(H) e(A/eA)=co,

(III) qA=(o iff УВ^А (Bx{l}=> eB^i).
According to a result of A. L. Smel’kin [5], for any radical in the variety of 

all groups, there exists a cardinal number x such that Gx is radical if \X\^x and 
semisimple if \X\^x, where Gx denotes the free group over the set X; furthermore, 
for every cardinal number x there exists a radical for which just x is the “switching 
point” . Let us see now the situation in varieties of monoids.

Theorem 1. Let У  be a variety o f monoids which is not a variety o f groups, and 
let q  be a strict radical in У  Then three cases are possible for q  :

a) every free monoid in У  is radical ;
b) every free monoid in У  is semisimple;
c) every free monoid in У  is neither radical nor semisimple.

Case a) takes place only for the whole У  being the radical class for q .  Case b) takes
place i f  and only i f  a) is not the case and either the free cyclic monoid Fx in У  is in­
finite or F1 is finite and the two-element semilattice L is semisimple for q.

Proof. If one of the free monoids is radical then so are they all since strict
radical classes of monoids are closed under homomorphic images and free products 
(see [4], Corollary 3.10). Clearly, this takes place only in the trivial case when all 
monoids in У  are radical. If some free monoid is semisimple then by heredity 
(see [4], Corollary 3.2) so is Fx. Conversely, suppose that Fj in У  is semisimple 
and let Fx be the free monoid over an arbitrary set X. We are going to prove that 
Fx is also semisimple. Since У  is not a variety of groups, no identity of the form 
xn — l can hold in У. This implies that no identity of the form P (xx, . . . ,x t) = l 
can hold either (where P is an arbitrary, say /с-ary, term), thus Fx is a semigroup
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with an “external” identity 1 adjoined. (For the identities which hold in У  this 
means that they contain the same variables on both sides.) For any x£X, the mapping 
x>->-x, y>-*-\ (j£V \{x}) extends to an epimorphism cpx : Fx -+Fx, the kernel of 
which will be denoted by 0 X. Since Fx is semisimple, for the radical congruence 
qFx of Fx we have qFx Q Д 0 X. Consider now an arbitrary element w V l of

xex
Fx and let x be a letter occurring in w. Then <px(w )V l, whence vt> $ [l]eFx. Thus 
we have [1]bfx={1}, be., Fx is semisimple.

We still have to determine when case b) takes place. Since we always have 
Л = {1} in. Fy, where Jx denotes the class of 1 for Green’s relation f ,  by Example 1 
in [4] Fx is certainly semisimple if so is L. If Ft is finite (i.e., У  has an identity of 
the form x k—xn, 1 =/c<n) then Fx must have an idempotent other than 1 and thus 
it contains L  as a submonoid. Therefore Fx is not semisimple if L is radical. Con­
sider, finally, the case when FL is infinite (i.e., in the identities which hold in "VI 
each variable occurs at the same number of times on both sides) and denote by 
R the largest radical submonoid in Fx (this exists by [4], Corollary 3.9). Since Fx 
is commutative, by Theorem 7.5 in [4] R is a normal submonoid of Fx (which means 
that R is the inverse image of 1 under some homomorphism of Fx). Let x be the 
generating element of Fx and m be the smallest natural number for which xmÇ R. 
(If i?={l} then put m=0.) Incase mV 0, let x"£R, n — km+p, 0^p<m . Since 
R is a normal submonoid, this implies xpdR, whence p = 0, i.e., R is the submonoid 
generated by xm. This means, however, that either R = {1} and Fx is semisimple, 
or Fy^iR  and Fx is radical.

Theorem 2. Let У  be a variety o f monoids which is not a variety of groups. У  
admits no homomorphically closed strict semisimple classes except the trivial class 
and У  itself, i f  and only if Fx is either infinite or defined by x1+i=x! for some l. 
I f  Fx is defined by xd+l—xl where d> 1 then the homomorphically closed strict 
semisimple classes т±У in У  are exactly the homomorphically closed semisimple 
classes (in the classical group theoretical sense) in the subvariety defined by xd — \ in У.

Proof. Let S be a homomorphically closed strict semisimple class in У. If 
either Fx is infinite or Fx is finite but L£S then all free monoids in У  belong to 
S by Theorem 1, hence S, being homomorphically closed, equals У. If this is not 
the case then S whence the monoids in S have no idempotent elements other 
than 1. On the other hand, since Fx is finite, every element of an arbitrary monoid 
in S has an idempotent power which therefore equals 1. By this we have seen that 
S consists of groups only.

In what follows we may restrict ourselves to the case that Fx̂ y  is finite and 
is defined by the equation xd+l= x l, and that S is a class (hence a variety) of groups. 
If <7=1 then У  contains no non-trivial groups and therefore S is the trivial class. 
So we may assume that d>  1. Since S c f  is a class of groups, xd= l holds in S.

Let Vi be the subvariety of У  defined by xd= l .  Clearly, V is a variety of 
groups and S £  Vif У. By Theorem 3.5 in [4], S is a homomorphically closed 
strict semisimple class in Vi. By Trän Van Hao [6], a class S ' in a variety of groups 
is a semisimple class (in the classical sense) if and only if S' is hereditary with 
respect to normal subgroups and closed under subdirect products and extensions. 
Since S is a variety, it obviously satisfies the first two properties, and the third 
holds by Theorem 3.11 in [4].
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Conversely suppose that S is a homomorphically closed semisimple class in 
(in the classica*sense). Firstly we prove that it is also a strict semisimple class 

in #. Suppose that is such that (VÄS/4) 3cpB^E, q>B£S. Then this holds
in particular for all normal subgroups of A, whence ^€S. Conversely, S is a homo­
morphically and subdirectly closed class, whence it is a variety by S. R. K o g a - 
l o v s k iI’ s well-known theorem [2] (see also [1], Ch. Ill, §3, Th. 3). In particular, 
it is hereditary with respect to subgroups (or equivalently, submonoids). Thus S 
is a strict semisimple class in by Theorem 3.1 in [4].

Let § be the strict semisimple class generated by S in У, then S = SPl^ by 
Theorem 3.5 in [4]. Note that S consists of groups only. In fact, if is not 
a group then, since A is periodic, there exists an idempotent element e ^ l  in A, 
but then L ^{l,e}S /4 , L£01S, a contradiction to [4], Proposition 3.3. But this 
means that § c  <ÿy thus S =  S. By this we have proved that every homomorphically 
closed semisimple class (in the classical sense) in ^  is a (homomorphically closed) 
strict semisimple class in У

Finally, such a class always exists since is clearly a homomorphically closed 
semisimple class in Ti and a proper subclass of У

By the proof of Theorem 2 we have

C o r o l l a r y . The homomorphically closed strict semisimple classes in У  are 
exactly those subvarieties which consist o f groups only and are closed under (group) 
extensions (within У ).

Now we give some indications how to find such subvarieties, though we do 
not determine all of them explicitly. In doing this, we adopt the notations of 
Theorem 2.

Let S be an extension closed group variety in У  Let r be the smallest natural 
number such that xr =  l is valid in S, then we have d —rs for some natural number 
V and the free cyclic group in S is just the cyclic group C(r).

If r— 1 then S is the trivial class, so we may henceforth assume that r > l .
Suppose next that (r, s ) ^  1, then there exist a prime number p and a natural 

number m such that pm\r, pm+1\r, pm+1\d. Let Gj be the free cyclic group in 'S, 
i.e., G1=C(d). Since pm + 1\d,C(pm+1)^C(d), hence C(pm+1)£'&. Similarly, we 
have that C(pm)€S and C(p)£S. Finally, pm+1{r implies that C(pm+1)$ S, contrary 
to the extension property of S. Hence for a semisimple class S (r, s) ̂  1 cannot occur.

Suppose now (r, s) = 1, r >  1, and denote by Sr the subvariety of (S defined by 
xr = l. We claim that Sr is a homomorphically closed strict semisimple class in У  
In fact, by the Corollary above it suffices to show that Sr is closed under (group) 
extensions, but this is clearly true, since if В is a normal subgroup of AÇJS and 
B,A/B(:Sr then AÇS, must hold in view of (r ,s)= l.

R emark . Homomorphically closed semisimple classes of rings are known to be 
radical classes as well (see R . W iegandt  [7], Theorem 32.1). This is not the case 
for strict monoid radicals. In fact, let G be a non-commutative simple group of 
order d=pms, p a prime number, m ë l ,  (p, s) =  l. Let У  and S be the monoid 
varieties defined by xd+2—x2 and xp"‘ =  1, respectively. In view of the preceding 
considerations, S is a homomorphically closed strict semisimple class in У  We 
have G ^ y \ S ,  and by the simplicity of G and by p \d  there exist at least two
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/7-Sylow subgroups Hl , H, in G. If S were a strict radical class Then there should 
exist a p-subgroup of G containing both H1 and H2, but this is impossible.

Recall now that the classical examples for ring radicals (Jacobson, Baer, Koethe, 
Levitzki, Brown—McCoy) have hereditary radical classes. This is again an in­
stance where strict monoid radicals show up a quite different behaviour. Examples 1 
and 3 in [4] show strict radicals with non-hereditary radical classes. Now we shall 
see that much more can be claimed, at least in sufficiently large varieties У

T heorem 3. Suppose that У  is a variety o f monoids which is not a variety of 
groups, and that every А £ У  can be embedded into a congruence-free monoid in У  
Let Vi be a non-trivial strict radical class which is different from У, too. Then R is 
not hereditary.

P ro o f . Let and consider a B£VL, В xE . Let C be a congruence-free
monoid containing the direct product AXB. Now B ^ C  and Bf_R, hence C is 
not semisimple. Then it must be radical in view of its congruence-freeness. Thus 
CÇR, d ë C ,d ( R ,  whence R is not hereditary.

R em ark . The condition imposed on У  in Theorem 3 is satisfied if У  is, e.g., 
the variety of all monoids (see e.g. J. K ollár [3]) but not if У  consists of all commuta­
tive monoids. In the latter case the assertion does not hold either:

E xample. Let У  be the variety of commutative monoids and R be the class 
of abelian torsion groups considered as monoids. We claim that R is a hereditary 
strict radical class in У  In fact, any submonoid of a torsion group is a subgroup, 
whence itself a torsion group. Thus it remains to show that R is a strict radical 
class in У  We do this by using Corollary 7.6 in [4]. Note that for any А 0 У  A has 
a largest submonoid R(A) belonging to R, this R(A) is {a£A |a" =  l for some natural 
number Now it is clear that R is homomorphically closed and that for all
А ^ У  and B sA ,B £ R and A/(B)aQR imply v4£R, further R(^) is a normal sub­
monoid in A, since g, h(zR(A), xÇA and xg=h imply x=hg~1dTZ.(A). Thus 
Corollary 7.6 in [4] applies, yielding that R is a strict radical class.

REFERENCES

[1] G r ä t z e r , G., Universal Algebra, Van Nostrand, Princeton, 1968.
[2] К огаловск и й , С. P., Структурные характеристики универсальных классов, Сибирск.

Мат. Ж. 4 (1963), 97— 119.
[3] K o l l á r , J., Interpolation in semigroups, Semigroup Forum 17 (1979), 337—350.
[4] M á r k i , L.— M l it z , R.— S t r e c k e r , R., Strict radicals of monoids, Semigroup Forum 21 (1980),

27—66.
[5] Ш мелькин, А. Л., Одно свойство полупростых классов групп, Сибирск. Мат. Ж. 3 (1962),

950—951.
[6] Ч а н  Ван Х ао, О полупростых классах групп, Сибирск. Мат. Ж. 3 (1962), 943—949.
[7] WiEGANDT, R., Radical and semisimple classes of rings, Queen’s papers in pure and applied math.,

37, Queen’s University, Kingston, Ontario, 1974.

Mathematical Institute o f the Hungarian Academy o f Sciences 
H —1053 Budapest, Reáltanoda и. 13—15 

and
Institut für Angewandte Mathematik, TU Wien 

A— 1040 Wien, Gusshausstrasse 27—29

( Received November 30, 1979)

S tu d ia  Scientiarum M athem aticarum  Hungarica 13 (1978)



Stadia Scientiarum Mathe maticarum Hungarica 13 (1978), 229— 243.

ON A NEW INDEX FOR CHARACTERISING THE VERTICES 
OF CERTAIN NON-BIPARTITE GRAPHS

by
R. B. MALLION and D. H. ROUVRAY

Abstract

We present a new, physically inspired, graph-theoretical index which is a characteristic of 
the vertices of certain non-bipartite graphs. The index is called the ‘charge on vertex r' and is given 
the symbol qr . Following arguments similar to those of Coulson and Rushbrooke [1], we show 
that, for those graphs to which the index is applicable, qr=  1 for all vertices of bipartite graphs, 
whereas for non-bipartite graphs qr is, in general, not unity. In both cases, however,

N

I  qr = N,r-.il
where N  is the number of vertices in the graph. Complications which arise when the spectrum of 
the graph contains repeated eigenvalues are examined and one situation is identified in which the 
index qr cannot be defined. Numerical values are given of computed <?,.-values for various graphs 
typical o f those commonly encountered.

Introduction

There are very few graph-theoretical parameters which may be used to 
characterise any vertex, r, of a given graph; an example of such an index is the 
degree of a vertex. We therefore introduce here a quantity, associated with a well- 
known physical property of molecules, which may have applications within the 
framework of pure graph theory. The index we define arises from our studies [2] of 
the ‘Pairing theorem’ of C o u lso n  and R u sh b r o o k e  [1] as used by chemists in their 
study of unsaturated hydrocarbon molecules by simple molecular-orbital| theory 
[3, 4]. This index is analogous to what the chemist defines as the ‘charge on carbon 
atom r' of a conjugated hydrocarbon species [3, 4]; we therefore propose to call it 
‘the charge on vertex r' of a graph, and to give it the symbol qr. Our studies have 
shown that the indices qr may be associated with graphs which represent molecules 
well-known in chemistry. It is also found that qr can be defined for certain graphs 
which do not, in fact, represent actual molecules [5], although application of the 
index is not universal, as will be seen.

Preliminaries

In the simple case we consider first, we suppose that a graph, G, has N  vertices, 
and that the N X N  vertex adjacency-matrix, (A(G)), of G has been diagonalised 
to yield a spectrum of N  eigenvalues, denoted by {AJ. These eigenvalues are labelled 
Aj to An, from the largest to the smallest; subsequent reference to a ‘high’ or ‘low’ 
eigenvalue will refer to its position in this sequence. There is also a corresponding
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230 R . B. M ALLION A N D  D. H . ROUV RA Y

set of N  eigenvectors, {t/q}, the г-th member of which will have the components 
cn , ci2, ..., ciN. These eigenvectors are assumed to be normalised — i.e.

(i) 2  4  = 1.r= 1
We can now define the index q, in either of two ways, depending on whether or 
not the spectrum of G contains repeated eigenvalues. As will be seen later (§ II A), 
our initial definition (§ I A) is a special case of the more general definition given 
in § II A. It is, however, pedagogically instructive to treat the case involving distinct 
eigenvalues first before considering the more general definition of qr.

Case I. The family of eigenvalues of G, {/.,}, contains no multiple members
(i.e. all À; are distinct)

A. The D efinition of qr

The vertex adjacency-matrix of G is always a real, symmetric matrix and, 
because we are assuming here that all the Я; are distinct, it follows that all the ф, 
will automatically be mutually orthogonal. This requirement, together with the 
normality condition (1), leads to the general relationship:

(2)  2 c irCjr =  à i j
r =  1

for any pair of eigenvectors, i/q and i/q.
Under these circumstances, the index qr may be defined by equations (3) and (4):

i s
(3) qr — 2 2  ct  (for N  even),i = 1

fUJv-D 2 I 2
(4) qr = 2 [ 2  c,>J+4(Jv+j),r (for N  odd).

Using arguments similar to those employed by Coulson and R ushbrooke [1], 
we shall show later (§ I C) that, for each individual vertex, r, of a bipartite graph, 
G, q r = 1, whereas if G is only three-colourable, qT is, in general, not unity. First, 
however, we prove a simple theorem which places a constraint on the sum of qr- 
values in any given graph — bipartite or non-bipartite — for which the index qr 
can be defined.

T heorem 1. For any graph, G, for which the index qr can be defined, (see § IIC ),

(5) Í  Яг = N.r=l
P roof. This follows easily from the normalisation condition (1). For N  even 

we obtain from (1) and (3) the result
N N i N  t  ДГЧ

(6) 2 4  =  2 2  2 4  =  2 —  \ = n .
r =  1 r=] i=1 V z /
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NEW INDEX FOR NON-BIPARTITE GRAPHS 231

For N odd we obtain from (1) and (4)
N N I f i ( I V - l )  \  1

(7) 2  Чг— 2  c'>r|+t'ï(,v+i),r| -  2{4 (N —1)} + 1 = N.

B. T he P a ir in g  T heorem

What we are here calling the ‘Pairing theorem’ states that any bipartite graph 
will be possessed of complementary eigenvalues — i.e. if kt be an eigenvalue of 
the vertex adjacency-matrix of the graph in question, then —At (—AN_i+1 in the 
eigenvalue numbering scheme we devised in Preliminaries) will also be an eigenvalue.

This theorem was first put forward (in the chemical literature) by C o u l so n  
and R ushbro ok e  in 1940 [1]. Earlier work by P erron  [6, 7] and F ro benius [7—10] 
had established that if the highest eigenvalue of an irreducible matrix having non­
negative elements were paired then all the other elements would also be paired; 
much later this same result was obtained more concisely by W ielandt  [11]. Since 
that time, the theorem has been proved (or, at least, implied) in a number of 
different contexts [12—16], the various authors concerned apparently being un­
aware of the existence of the C o u lso n— R ushbrooke  theorem [17]. Recent proofs 
of the theorem in the chemical literature [18, 19], as well as extensions of it to 
certain vertex-weighted bipartite graphs [20], have been based on the approach of 
S achs [13]. Yet another way of proving this same result was presented by one of 
the present authors [21]. A corollary to this theorem that we shall have occasion 
to use in the present discussion concerns the eigenvectors associated with these 
complementary pairs of eigenvalues of a bipartite graph, G (a corollary which has 
very recently been generalised to certain vertex-weighted, bipartite graphs [22]). 
Let the vertices of one set be labelled from 1 to p , and let the vertices of the other 
set be labelled from p+ \ to N. The adjacency matrix of G will then be partitioned 
in the following way (e.g. [21]):

t
p
l

- P -

0

« - N - p *

В

t
N - p BT ()

l
Then if an eigenvalue /; of the bipartite graph G has the associated eigenvector 
i/q, where

( 8 ) Ф , =

Сц
C i2

Cip
1̂,р +1 

Ci , p + 2
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232 R. B. MALLION AND D. H. ROLVRAY

the complementary eigenvalue, — )H, of G will have the associated eigenvector 
Vi, where

Cil
Ci2

<9) V
~ Ci . p  +1 
~ Ci , p  + 2

(~ Ф N - i + l ) -

— ciN

(If the eigenvalues are labelled in sequence — in this case, from the highest to the 
lowest — then the eigenvalue complementary to the one labelled ‘/ f  will be labelled 
‘Ajv-j+i’.) This can be summarised conveniently as follows:

(10) C N - i  + l,j =  с ц  U  =  P)l CN - i  + l , j  =  - C i j  (j  >  p).

Both the pairing of the eigenvalues, and the close relation between the corresponding 
eigenvectors, is a consequence [21, 22] of the way (illustrated above) in which the 
adjacency matrix of a bipartite graph may be partitioned.

C. T h e  N u m e r i c a l  V a l u e  o f  qr i n  a  B i p a r t i t e  G r a p h

We are now in a position to discuss some properties of the newly defined, 
graph-theoretical index qr. For simplicity, we give explicit proof only for the case 
in  which all eigenvalues of G are distinct.

T h e o r e m  2. In any bipartite graph, G, for which the index qr can be defined 
(see § IIC ), the value o f qr at each vertex r is precisely unity.

P r o o f . Let €  be a matrix whose columns are the N  eigenvectors of A (G), 
the N X N  vertex adjacency-matrix of G. By virtue of condition (2), this matrix 
will be orthogonal, and hence
(11) CTC = ljvxivi

where CT is the transpose of C. Since, by definition,

(12) C - 'C = lNxN = C C -\  
where C"1 is the inverse of C, it follows that
(13) CT = c - 1 
and hence, from the right-hand side of (12), that

(14) CCT — I.vxn-
By equating diagonal elements on either side of equation (14), we obtain

<15) 2 4  = l.i = l
JStudia Scientiarum M cithem aticarum Hungarica 13 (1978)



NEW INDEX FOR NON-BIPARTITE GRAPHS 23 У

We now use this result to prove Theorem 2 for even and odd bipartite graphs of 
which all the eigenvalues are distinct.

(a) N even: If TV is even, qr is given by equation (3). If 1 ^ r ^ p ,

(16) cir =  cN_i+1>r
from equation (10). Equation (3) may thus be partitioned into two terms, as follows:

Í N  } N  J N  N

(17) qr = 2  4+ 2cfr=2  4+ 2 4-i— 1 i = l  i = l i - i N  +  1

These two equations can be recombined, and equation (15) called upon, to give

(18)

If p+l^r^âN,

<ir = 2  'i=l
equation (10) dictates that (16) is replaced by

(19) cir — — cN_i+lr 
and equation (17) then becomes

( 2 0 )  qr= 2  4+ 2  ( ~ C / r ) 2 ,
i = l  i = } N  +  l

which again leads to (18).
(b) N odd: If N  is odd, qr is given by equation (4), and it follows from the 

complementary nature of the eigenvalues of a bipartite graph that at least one A,, 
namely A^n+d , must be zero. The eigenvalue A^n+i) is its own complement in 
such a case. The genuinely complementary eigenvalues are then Ax to A ^ n - i ), and 
An to Aí (n+3). By use of arguments entirely analogous to those outlined between, 
equations (15) and (20), equation (4) can be written

( 21) 4r
i ( N - I )

2  et-
i =  1

?r+( 2  c'i>) +t'ï(N+D,r — 2 сЬ — 1
V ( = J ( N  +  3) /  i =  l

for all r , l ^ r ^ N ,  the latter step again being via equation (15). Theorem 2 is, 
therefore, established.

If G is not bipartite its vertex adjacency-matrix cannot be partitioned by the 
colouring process as in the bipartite case and hence, in general, no complementary 
pairs of eigenvalues (and, in particular, no related pairs of eigenvectors as in equa­
tions (8) and (9)) will exist. In such cases it is therefore impossible to break down 
equations (3) and (4) as in equations (17) and (21) since, in general,

(22) 2 2  4 ^ 2  4 (for even N)i= 1 i=l
and

i ( i V - l )  U N - 1 )  N
(23) 2 2  4 5* 2  4+ 2  4 (for odd N).

/ = 1  i = l  i =  $ ( N  +  3)

It thus follows that, in general, qr will not equal unity.
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qr may thus be regarded as an index which is a characteristic of the vertices 
of /гои-bipartite graphs in that it will vary from one vertex to another within such 
graphs. The variation in qr will, however, always be subject to what we term (again 
following our physical interpretation) the ‘conservation of charge’; this constraint 
is implied in equation (5). The idea of charge is a familiar one in molecular-orbital 
theory [1, 4, 23, 24] and, from studies of the charges on atoms in molecules, it is 
known that the definition of qr given above is not completely general. We therefore 
now consider a more general definition of qr.

Case II. The spectrum of G contains degeneracies (J.e. repeated eigenvalues)

A. D efinition of E igenvalue Occupation-N umbers and M ore G eneral 
D efinition of qr

When multiple eigenvalues (which we shall henceforth refer to as ‘degeneracies’) 
occur in the spectrum of a graph, it is possible to invoke the analogy of a principle 
known in physics and chemistry as the Aufbau Principle, which involves the use 
of Hund’s Rules of Maximum Multiplicity [25]. The chemical applications of this 
Principle have a sound physical interpretation; for our purposes here, however, 
we treat the Principle merely as a prescription for assigning the appropriate con­
tribution of each eigenvalue, Xt, (via the r-th component, cir, of its associated eigen­
vector) to the index qr.

Each eigenvalue, Af, is first assigned an occupation number, vi5 which may take 
only the values 0, 1 or 2. By analogy with the physical terminology, we shall de­
scribe the г'-th eigenvalue, Аг, as ‘doubly occupied’ (or ‘filled’) if v; = 2, ‘singly 
occupied’ (or ‘half-filled’) if тг =  1, and ‘unoccupied’ (or ‘empty’) if V; = 0. Refer­
ence to an ‘occupied’ eigenvalue thus implies one for which vf = l or v,= 2. This 
assignment of values of 0, 1 or 2 to the {v;}i=1;2... N is always subject to the con­
dition that

(24) 2  vi = N-;=i

The following rules are adopted when assigning r,-values to the various A;:

1. If A is odd, let a and b be the smallest and largest values of respectively, 
for which Ai=Ai(N+i).

2. If N is even and XiN = X^N+ï, let a and b be the smallest and largest values 
of i, respectively, for which А,=А^.

3. If N is even and ÀiN>XiN+1, let a = ̂ N + i, b —^N.
4. If a+b = N + 1, we define v1,v2, . . . , v N by the rule that v; = 2 if i<a, 

v;= l  if a ^ i^ b  and vf =  0 if i>b.
5. If a + b ^ N + l, a difficulty arises, as is discussed further in § II C, and 

vl5 v2, . . . ,v N (and, hence, qr) must be left undefined.

Our most general definition of qr is then as follows. Let A(G) be the adjacency 
matrix of G (with respect to a fixed ordering of the vertices) and let фх, ф2, ..., фм
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NEW INDEX FOR NON-BIPARTITE GRAPHS 235

be mutually orthogonal * eigenvectors of A(G) corresponding to eigenvalues 
Alf A2, ..., Ijv, respectively, these eigenvectors being normalised so that
№il=#al =  — = hM =  l- Then:

(25) qr = 2" v£ cfr,i=l

where cir denotes the r-th component of t/q. It will be immediately evident that when 
no repeated eigenvalues occur this definition reduces to our previous definitions 
given by equation (3) (for even N), and by equation (4) (for odd N). It is con­
venient to draw further on our physical analogy and represent eigenvalue occupation- 
numbers pictorially by first drawing an ordinate representing, in a qualitative way, 
the direction of increasing number (i.e. decreasing size) of eigenvalue. Repeated 
(degenerate) eigenvalues are placed at the same level in the pattern. One vertical 
stroke placed on such an eigenvalue ‘level’ then signifies a vt-value of 1, two strokes 
signify a vf-value of 2, and unoccupied eigenvalues (v>; =0) are left blank. With 
this convention, the equivalence between definitions (25) and ((3) and (4)), in the 
non-degenerate case, may be confirmed by reference to Figs. 1 and 2.

This new definition of qr may be seen to be equivalent to the definitions con­
tained within equations (3) and (4) even when degeneracies are present, provided 
that these degeneracies do not occur amongst the uppermost occupied eigenvalues. 
Examples are given in Figs. 3 and 4. We necessarily assume again that appropriate

* From the well-known properties of real-symmetric matrices, the eigenvectors belonging to 
distinct eigenvalues will automatically be mutually orthogonal. If, however, the г'-th eigenvalue 
(say) is га-fold degenerate (i.e., occurs m times as a root o f the characteristic polynomial o f A (G)), 
there will be m linearly independent eigenvectors, t/d11, yd2>, . . . ,  Wtr>, ••• > vd"1’ > all giving rise to 
the same eigenvalue, Xt, but these will not, in general, be mutually orthogonal. Each o f these 
eigenvectors will, o f course, be orthogonal to every eigenvector belonging to all the other eigen­
values, Xr when r?ti; but, in general, the set of eigenvectors {i//,<r)} will not satisfy equation (2). 
However, we can always choose a new set of eigenvectors, v/?<2\  . . . ,  > v4<m), by taking
different linear combinations o f the {t [̂r>}, which will be mutually orthogonal. Such a new set 
will, after normalisation, always satisfy equation (2), even when the spectrum of G contains re­
peated eigenvalues. Accordingly, in our most general definition of qr , given in equation (25), it 
is implicitly assumed that this process of orthogonalisation has already been carried out.

Studio Scientiarum  M athematicarum Hungarica 13 (1978)
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N = 9

Fig. 2

9

7

5

3
1

—  6

n = 6

N = 14

E

N = 13

Fig. 4

linear combinations of the linearly independent eigenvectors associated with the 
degenerate eigenvalues are taken in order that equation (2) is satisfied. Furthermore, 
when N  is even, definition (3) is still applicable in the case where degeneracies occur 
in the uppermost occupied eigenvalues provided that these eigenvalues are all doubly 
occupied (see Fig. 5).
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N =  6

Fig. 5

B. A pplicability  of E ig e n v a lu e  O c c upatio n- N um bers

Where there is degeneracy amongst the highest occupied eigenvalues, and 
this degeneracy occurs such that each member of the degenerate set is singly occupied 
(Vj — 1), we have the situation which the two graphs shown in Figs. 6 and 7 illustrate. 
In such cases, because equation (25) is no longer reducible to equations (3) or (4), 
qr must be defined by the generalised definition given in equation (25); otherwise, 
Theorem 2 will not hold. This is evident by reference, for example, to Figs. 6 and 7.

N = 6
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C . A n  A m big u o u s  C ase

There is one circumstance in which the index qr cannot be defined at all; use 
of the Aufbau procedure in this case leads, both physically and mathematically, 
to an ambiguity. We illustrate this with reference to the graph shown in Fig. 8. * 
The situation in question arises when, by rules 1—3 of § II A, a + b ^ N + l.

The graph in Fig. 8 has six vertices and hence, from equation (24), we should 
expect that
(26) 2 v ,  =  6.

i

N=6

Fig. 8

However, following rules 1 to 3 of § II A leads to the conclusion that a= 2, b — 4, 
N — 6; thus a + b ^ N + l  and, by rule 5 of § II A, vx, v2, ... ,v N are undefined. 
On the basis of the physical Aufbau Principle, which the recipe outlined in § II A 
is designed to simulate, v, is unambiguously defined to be 2; from equation (26), 
this leaves a total ‘occupation-number sum’ of four still to dispose of. The Aufbau 
Principle then, however, predicts three equally plausible possible choices, as de­
picted in Fig. 8 for the cases labelled (a), (b) and (c). Use of the Aufbau Principle 
gives us no decision on which of these three cases our assignment should fall ; in 
this situation, therefore, the {v;}, and hence qr, are left indeterminate.

To summarise, we can say that our definition (25) of qr becomes ambiguous 
when the highest occupied eigenvalues are degenerate, though in the cases where 
the repeated eigenvalues are either all doubly or all singly occupied, this difficulty 
does not appear. However, in cases where, on the basis of the Aufbau Principle, 
some members of a family of repeated eigenvalues would have to be singly occupied, 
while others are doubly occupied, the ambiguity arises. In the present procedure, 
in which we have translated the physical Aufbau Principle into a series of purely 
abstract, logical, mathematical steps, such cases are diagnosed when a and b, deter­
mined by rules 1 to 3 of § II A, are such that
(27) a + b ^ N + l .

* The graph in Fig. 8 may be visualised in three dimensions as a bipyramid (or octahedron). 
By use of the symmetry properties o f this pyramid, the eigenvalue pattern depicted in Fig. 8 may 
be written down almost by inspection. We are most grateful to the late Professor C. A. Coulson, 
F. R. S., for kindly drawing our attention to this aspect o f the eigenvalues of graphs.
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D . S ome Illustrative  E xamples

To conclude, we give a few numerical examples of qr-values, calculated for 
several different graphs. The graphs depicted in Figs. 9 to 14 are all bipartite and, 
as anticipated from Theorem 2, the index qr is precisely unity for each vertex of 
these graphs. The graphs illustrated in Figs. 15 to 20 are all non-bipartite and thus

1.000

1.000

1.000 

Fig. 9

1.000

1.000

1.000

Fig. 10

1.000

Fig. 11 Fig. 12

1.0

1.0

1.0
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have qr-values which, in general, are not equal to unity. For the graphs we illustrate, 
values of qr vary from 0.70 to 1.21, and no vertex has its qr -index exactly equal 
to one.*

The bipartite graphs in Figs. 9 to 12 and in Fig. 14 have all been drawn so 
that they possess at least some element of symmetry. The lowest symmetry is that 
of Fig. 11 which has C2v -symmetry. It should be noted, however, that neither sym­
metry nor the possession of an even number (N ) of vertices is a prerequisite for 
having qr-values equal to unity. Thus, the completely asymmetric graph shown in 
Fig. 13, having an odd number of vertices (N=  21), has all its {qr} equal to unity 
because it is bipartite.

1.000 1.000

Fig. 14

0.849 1-128

0.719 0.719

*Figs. 9—20 illustrate numerical values of computed ^-values for the vertices o f some graphs 
typical o f those commonly encountered. Where graphs represent known molecules, the gr-values are 
taken directly from [24] ; in all other cases, the ^-values were computed from equation (25), by use 
of a standard Jacobian matrix-diagonalisation technique carried out on the Oxford University 
K D F-9 computer.
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Among the non-bipartite graphs, that depicted in Fig. 17a has been drawn in 
such a way as to bring out the relation between it and those shown in Figs. 16 and 
18. Both of the latter graphs, as drawn, clearly have Civ-symmetry; but so also 
may that depicted in Fig. 17a, if it is drawn differently. This is evident from in­
spection of an isomorphic form of the graph, shown in Fig. 176. Furthermore, it 
may be observed that the ^-values of Fig. 17a reveal this underlying symmetry 
which the disposition of the vertices and edges in this Figure actually hides. This 
‘latent’ symmetry is a consequence of the invariance of the eigenvalues (and eigen­
vectors) of an adjacency matrix under the kind of homeomorphism that converts 
Fig. 17a to Fig. 176. Such invariance is, of course, reflected in the <7r-values cal­
culated from the eigenvalues and eigenvectors of the adjacency matrix.

0.739 0882 0.832

1.208 1.025

Fig. 17 (b)

0927

1.215

1.017

Fig. 19

It is also instructive to compare the qr-values for the graphs shown in Figs. 14 
and 15. These reveal the consequences, as far as the ^-values are concerned, of intro­
ducing even a small ‘perturbation’ into a large, bipartite graph that makes it non- 
bipartite. The graph in Fig. 15 is readily obtained from that in Fig. 14 by the con­
version of one of the many four-membered circuits it contains into a three-membered
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0.922

circuit. Such a conversion yields a new, иол-bipartite graph, with consequent re­
percussions on the -values. Finally, we note that, both for the bipartite and non- 
bipartite graphs we consider, the ‘conservation of charge’ constraint implied in 
equation (5) applies. This is universally true; for example, both for the graph in 
Fig. 14, and that in Fig. 15, qr = 8, the number of vertices in each case.

r
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SUR LA REPRÉSENTATION BINAIRE DES CATÉGORIES 
POLYADIQUES

par
V. V. TOPENTCHAROV and Y. N. ARNAOUDOV

Dans la théorie des catégories polyadiques [7], un des cas de la théorie générale 
des {«}-catégories [8], on se pose, par analogie avec la théorie des //-quasi-groupes 
[1] et des и-groupes [2], les problèmes de présentation par catégories binaires. On 
distingue deux approches. Dans le premier, étant donnée une catégorie polyadique 
C[n], on cherche une catégorie H telle que C[n] puisse être plongée dans la catégorie 
polyadique Н ы dérivée de H; en général Ны est à ensemble-support plus grand 
que le support de C[n]; c’est un analogue du problème de recouvrement des и- 
groupes de E. L. Post [6]; sa solution pour les catégories polyadiques est donnée 
dans [7], [9], [11]. Le second approche consiste à construire une catégorie C sur 
l'ensemble-support de Сы et un endofoncteur F tels que tout composé dans CM 
soit présentable comme composé dans C, les éléments de la suite composable étant 
alors les transformés par la puissance i— 1 de F, i étant le numéro des éléments 
dans la и-suite composable dans C[b]; ce problème est un analogue du théorème 
de L. M. G luskin [3] et de M. Hosszú [4]; pour les catégories polyadiques il est 
résolu dans [9], [10], [11] par des méthodes déduites de celle de [3].

Nous nous proposons dans cet article de donner une nouvelle démonstration 
du théorème de représentation binaire d’une catégorie polyadique par une catégorie 
et un endofoncteur en suivant la méthode de Hosszú [4]. La terminologie et les 
notations sont pour les catégories celles de S. M acLane [5] et pour les catégories 
polyadiques — celles de [7].

L Définitions et généralités sur les catégories polyadiques

Soit C une catégorie, C son ensemble-support et C0 l’ensemble de ses objets, 
identifié à l’ensemble des unités de C; on note [C] =  (C, ß, a) le graphe (orienté) 
sous-jacent de C. On appelle [n]-graphe le triplet [C]M = (C, ß, â), où pour tout 
/ÇC on a

ß : / - ( Я / ) ) " - 1 = (ß(f),  - ,  ß (./)), à: /~ (а ( /)у -1  = («(/), ..., а(/)).

A tout graphe [С] est canoniquement associé un [n]-graphe [C]w et inversement; 
dans la suite on identifiera [C]^[C]M. Considérons la loi и-aire interne

A M S  ( M O S )  subject classifications (1970). Primary 08A00; Secondary 18A99.
Key words and phrases. Category, polyadic category, binary representation, derivable polyadic 

category.
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k'„:C *C —C définie sur l’ensemble C * С c  C" des и-suites composables; le couple 
(C, /c') est appelé n-classe. On a [7], [8] :

D éfinition 1. Le quadruplet (C, k'„, ß, St) est appelé catégorie polyadique d’ordre 
n£N ([n]-catégorie) et noté Сы  si les conditions (axiomes (K)) suivantes sont 
vérifiées :

(K.l) (C, k'n) est une и-classe; (C, ß, &) est un [n]-graphe.
n

(K.2) Pour toute я-suite composable (jc*: i^n)£C *C  on a:

ß ■ k'n((x,: i S  h)) = ß(xi) et & . k'((xt: i n)) = â(x„).

(K.3) C* C =  {(je,: i S  и): St(xp) = ß(xp+1), p ^  n - 1} c  C".
(K.4) (ß(x), x)£C* C et [(/?(*), x )]=x , (â(x), x)£C*C  et [(â(x), x)]
(K.5) Soit la suite (xs: s ^ 2 n - l ) ;  si (xp, , xp+n_1)6C*C  pour tout p s n - l

et si

-1, l(.Xp, • • X p  + n — l)]j + ... , X 2n - i)£C* c,

[(*i> - 5 - 1 5 [(*„ 5 • • • 5 %2П-i)])] =
■ • ? ЭС p _ i , **•5 Xp + n — l)], X p  + n9 • * 1> X-2n — l)]-

On en déduit les définitions de и-quasi-groupe et de и-groupe [1], [2]. Plus loin 
on écrira ß et a au lieu de ß et â puisque [C] = [С]ы .

Comme pour les catégories [5], on construit la notion d’homomorphisme entre 
[n]-catégories F: C[n]— appelé [n]-foncteur.

Théorème 1 [7]. Toute [n]-catégorie admet une catégorie de recouvrement H, 
i. e., une catégorie telle que

(xt: i S  n)ÇC* C, [(*,: i â  n)] =  xx. x2...... *,,£//.
Corollaire (Coset theorem [6]). Pour tout n-groupe il existe un groupe de 

recouvrement.
Soit maintenant H une catégorie, a un inversible de H et F: H —H un endo- 

foncteur vérifiant les conditions suivantes
F(a) = a, a . x . a^1 — Fn~1(x), и£N et х€Я.

Au quadruplet T= T(H, a, F, n) est canoniquement associée la loi и-aire

[(xp. i =  и)] =  Xj . F ( x 2)  .  F 2(x3) .......f n- 1(A-n- 1) ■ a .  xn.
On a le résultat suivant :

Théorème 2 [10]. Toute [n]-catégorie C[n] est isomorphe à une sous-[n]-catégorie 
de la [n]-catégorie canoniquement associée au quadruplet 7’=7'(L[C], e, F, n), où 
L[C] est la catégorie libre des chemins et e£[C]„.

Corollaire 1. Pour toute [ri\-catégorie Ctn] il existe une catégorie telle que 
Cr„] soit isomorphe à la [n]-catégorie canoniquement associée à T— 7'(L[C], e, F,n), 
e€[C]„,F:L[CbL[C].
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C o r o l l a i r e  2 [3]. Pour tout n-groupe Gn il existe un groupe (binaire) G tel que 
G„ soit isomorphe au n-groupe canoniquement associé au quadruplet T =T(G, e, F, ri), 
e étant l'unité du groupe.

Ce résultat donne la solution du problème de présentation binaire, mais ne 
fait pas ressortir le fait important que les ensembles-supports de C[n] et de la [«]- 
catégorie associée à T sont identiques.

2. Catégorie de représentation pour une catégorie polyadique

Soit C[n] une [n]-catégorie. On se propose de construire sur C une loi de com­
position k ' canoniquement associée à £' =  [(...)] de C[n] telle que si [C] = (C, ß, oc) 
est le graphe sous-jacent de С[и], le quadruplet C —(C, k', ß, oc) soit une catégorie 
où à l’aide d’un endofoncteur convenablement construit tout composé [(хг: iSn)] 
soit représentable par des composition dans C.

Lemme 1. Soit C[n] une [n]-catégorie et [C] =  (C, ß, oc) son graphe sous-jacent. 
La loi de composition . : C *C ^-C  telle que:

. : (x, y) »-► [(x, y"~2(x), y)] si et seulement si cc(x) = ß(y),
définit sur C la structure de catégorie (a"-2(x) = (a(x), a(x)), n — 2 fois).

D émonstration. Évidemment (C, .) est un système multiplicatif et (C, ß, a) 
est un graphe. L’ensemble des couples composables par la loi . est donné comme 
suit :

C*C = {(x, y): a(x) = ß(y), x ,y£C }  c  C xC ,
ce qui est l’ensemble des couples composable de la catégorie sur [С]. Soit 
(x, y)£C *C , i. e., x . y est bien définit; on a:

Ф  ■ У) = «([(*, %n~2(x), У)]) =  a(y),

ß(x • У) = /»(K*. ß"~2(x), У)]) = ß(x),
ce qui découle de (K.2); on a donc

cc(x. y) = a (y) et ß(x . y) = ß(x)
et l’axiome des unités des projections est vérifié. Soit x =  oc(x) =  e; puisque a(e) — 
=ß(y), on a suivant (K.4):

e .y  = [(e, ocn~2(e), y)] = [(e, ...,e , y)] =  y
et l’axiome des unités dans la catégorie est vérifié. Soit x, y, zÇC et oc(x) — ß(y), 
a(y)=ß(z); alors suivant (K.5) on a:

(x. y), z = [([(x, a"-2(x), y)], oc"~2(y), z)] =  [(x, a"-2(x), [(y, a"-2(y), z)])] = x . (y, z) 
et l’associativité de . est prouvée. Ceci termine la démonstration.

Lemme 2. L'application F: C — C telle que
F: x  h-  [(/i(x), x, a"-2(x))]
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où k'„ = [(...)] est la loi n-aire de C[n] et ß, a les rétractions du graphe sous-jacent 
[C]M définit un endofoncteur de C.

D émonstration. Il faut démontrer que F(C0) c C 0 et que F (x .y)=  
= F(x) . F(y) pour tout (a, y)£C*C. Soit x =  e€C0; on a:

F{e) = [(ß(e), e, я"~2(е))] =  [(e, ..., e)] = e€C„.
Soit maintenant (x, y)£C*C; alors

F (x . y) = [(ß(x .y ) ,x .  y, xn~2( x . y))] ;
puisque C est une catégorie, on a suivant le Lemme 1 :

ß (x . y) = ß(x) et a (x . y) = a (y)
et remplaçant ci-dessus, on obtient :

F (x . y) = [(ß(x), x . y, oc"-20))] ;
mais en vertu de la construction de la loi . on a:

x . y = [(.V, a"~2(x), >’)],
ce qui remplacé dans la dernière expression pour F(x . y) donne :

F (x . y) = [(ß(x), [(x, a"-2(x), y)], a - 20-))] 
et suivant l’axiome de l’associativité n-aire (K.5) on obtient

F {x . y) = [([(/?(x), x, a ' - 2(x))], y, a"- 2O))];
rappelons que

y  =  ß ( y ) . y  =  [(fi(y), z"-2(ß(y)),  > ')]  -  [(ßn- 4 y ) ,  y ) ]  ;

et remplaçons cette dernière présentation de ydC  dans l’expression pour F(x . y)\ 
utilisant une fois l’associativité n-aire (K.5) on a:

F (x . y) = [([03(x ) , x, a"-2(x))], [(ßn~ \y ) , y)l a"“ 2(y))] =

=  К Ж х), x, a"-2(x))], ß-Ч у ) ,  [03(У), У , a"-2(y)])];
mais en vertu de la construction de F et de . on a

[(j8(x), x, a"“2 (x))] =  F(x), [(/3(x), y, a"-2(y))] =  F(y), a(x) =  ß(y);
remplaçant on a:

F (x . y) = [(F(x), a " -2(x), F(y))]; 
mais conformément à (K.2)

a(F(x)) = z([(ß(x), x, a”~2(x))]) = a(x),
ce qui permet d’écrire

F (x . y) -  [(F(x), a"-2(F(x)), F(y))].
En vertu de la construction de la loi . on a définitivement l’expression

F(x. y) = F(x) . F(y).
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C o r o lla ir e . Uendofoncteur F vérifie les conditions
F\ca — Idc„ et Fn =  F.

D ém on stra tio n . Puisque F(e)=e pour tout eÇC0, on a évidemment F|Co= 
= IdCo. Suivant (K.2) l’unité à droite de la composition définissant F(x) est né­
cessairement a.(x) et l’unité à gauche —ß(x). Alors dans l’expression

F"00 =  [(ß(x), [(fl(x), ...,[(ß(x), x, a '-2(x))], an~2(x), ..., a"-2(x))], a'’~2(x))]
on a à gauche exactement n exemplaires de ß(x) et à droite exactement n exemplaires 
de a"~2(x); la seconde affirmation du Corollaire s’obtient alors en appliquant л —1 
fois l’axiome (K.5) de l’associativité л-aire.

T héorème 3. Pour tout [n\-catégorie CM =  (C, k'„, [1, a) il existe une catégorie 
sur le même support et de même graphe sous-jacent [C] = (C, ß, a) et un endofoncteur
F: С —C, tels que pour toute n-suite composable (xp. i^n)£C *C  l'expression sui­
vante est vérifiée:

[(•*,: i = «)] = . F(x2) . F 2(x3) .......Fn-fx„),
où F 2 =  F  . F, Fk=F...F (k fois).

D ém onstratio n . L’existence de la catégorie C et de l’endofoncteur Test prouvée 
dans les Lemmes 1 et 2. Nous démontrerons la formule de représentation. Soit
à cet effet la л-suite composable (xp. i ^ n ) fC ’i C et présentons tout xp de (xp. Шп) 
comme suit

[(xp, yn- 1(xp)')] = xp, p =  n ;

remplaçant ces expressions dans le composé de (х,: i~n), on a:
[(*<: i =  »)] =  [([(*i, aB_1(*i))L [(x2, a'-^Xa))], ..., [(x,„ a"~1 (a:,,))])];

puisque tx(xp- 1) = ß(xp) suivant la condition de composabilité dans les И -caté­
gories, on applique l’associativité л-aire et on obtient:

[(x,-: i = л)] =  [(xl5 a" -2(x1), [([(ß(x2), x2, и''~2(х2))],...
[(ß(xn-i), xn—i, an- 2(x„_1))], [(ß(x„), x„, a"-2(x„))], a(x„))])] =

= [(*i> a"~2(xi)> M ß ( x f i  x2, an- 2(x2))], ...
[(ß(x„-i), xn—!, a"-;2 (x,,_!))], F(xn), a (x,,))])] =
= [(xj, a"_2(x1), [(ß(x2), x2, a"-2(x2))], ...

•••» [(ß(x„-2), x„-2, an- 2(x„_2))], ß (x ,^ }), [(x„_i, a',-2(x„_1), F(x„))], a(x,,))])] =
= [(*i, a"~2(xi), [([(/ï(x2), x2, an-2(x2))], ...

..., [(/?(x„_2), x„_2, aB- 2(x„_2))], ß (xn_j), X n _! . F(x„), a(x„))])] =
= [(xi, a”- 2(x1), [([(/I(x2), x2, a"-2(x2))], ..., [(x„_j. F(x„), a"-1(x1I)], oî(x„))])] =

= [(xi, у’̂ Чхг), [([(ß(x2), x2, a'I_2(x2))], ...
[(ß(x„-i), x„_i. F(x„), a"-2(x„))], a2(x„))])] = ...=

= [(••• » [([(•••)]> . [(ß(x„-i ■ F(x„j), x„ -!. F(x„). a”- 2(xn_1. F(x„))], a2(x„))])] =
= [(■•■, [([(•••)], - ,  f(x„ -1) ■ F(x„))], a2(x„))])];
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continuant le processus de droite à gauche, on obtient enfin

[ ( * 1  • F (x 2 . F(x3 ..................F (xn) ...) ,  a " - 1( . v „ ) ) ]  =

=  • F ( x 2)  . F * ( x a )........F - ' i x » ) .

Si en particulier C*C=C", la [«fcatégorie se réduit à un и-demi-groupe et 
le Théorème 3 est identique au résultat principal de [12]; si de plus la structure 
■«-aire est un «-groupe [1], notre résultat se réduit au théorème classique de 
Gluskin—Hosszú dans la variante de M. Hosszú [4].

3. Quelques suppléments

La question naturelle suivante se pose: sous quelles conditions F = F 2=... 
... = Fn~1 = Idc , i.e., pour tout (x,: i^n )d C * C  on a

[(*,: i S  «)] = xl . x 2.......xn,

où . est la loi de composition dans la catégorie C sur le même support que CM, 
construite ci-dessus. Pour en donner la réponse rappelons encore une définition 
(voir [10]).

On dira que H[n] est une [n]-calégorie dérivée pour la catégorie H, [H]=[H[n]] 
si la composition «-aire dans H[„j se réduit à l’application « — 1 fois de la composi­
tion binaire de H sur les éléments des «-suites composables respectant l'ordre de 
composition, i.e., si toute composition «-aire est un «-chemin dans [С]. Toute [«]- 
catégorie peut être canoniquement plongée dans la catégorie libre des chemins 
L[C], mais si L„[C] est la catégorie des «-chemins, l’isomorphisme L„ [C] — C[„], 
où L„[C] est munie de la loi naturelle de composition «-aire de «-chemins (i.e., on 
compose « chemins de longueur nk pour des valeurs en général distinctes de к de
sorte que le chemin-composé soit de longueur Aqj . «) n’existe pas toujours.

Des [«]-catégories primitives existent. En effet soit [C]=(C, ß, a) un graphe 
(orienté), choisissons «г> 2  et notons L[C] la catégorie libre des chemins sur [C]; 
notons L'[C]c.L[C] l’ensemble des chemins de longueur l( f)= s  . m + l,sÇ.N; 
on suppose que entre deux sommets de [C] il existe au plus un chemin de L'[C]\ 
si [C] donne lieu à plusieurs chemins on effectue une factorisation appropriée. On 
munie L'[C] de la structure de [m + l]-catégorie comme suit: les rétractions fi et â 
sont trivialement déduites de ß et a du graphe [C] et la loi de composition canonique­
ment induite par celle de L[C] donne pour toute suite ( /j ,  / 2, ..., / m+1) de «i +  l 
chemins composables (concaténaires) de L'[C] :

{.(fl'f i i  " - » . / m  +  l ) ]  = f l  • J i ...........fm +1>

ipuisque /(/j)=jjfH + l, on a pour le composé
Ж + 1

l[(fu  •••,/«.+i)l =  1 +m Z  sii= 1
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la vérification des axiomes (K) s’effectue sans difficultés, d’où la structure de [m +1]- 
catégorie sur L'[C]. Supposons qu’il existe sur L'[C] une loi de composition «-aire 
k„ qui en fait une [«]-catégorie ; /«„>«^2; alors la longueur du composé 
k n i f x - , f n ) , M L ' [ C ]  est

Z  Kfd = n + m Z  rr,
i =  l  i =  J

mais alors kll( f l , , /„)£Z/[C] puisque dans le cas contraire on aurait

n + m Z  ri = m s+ 1
î = 1

pour une valeur de 56N; il s’en suit que « —1 est multiple de m, ce qui est une con­
tradiction. Donc la [m + l]-catégorie (L'[C], [...], ß, oc) est primitive.

On a le résultat suivant:
T h éo rèm e  4 . Les conditions suivantes sont équivalentes:
(a) C[n] est dérivée de C.
(b) П endomorphisme F (du Lemme 2) est l’identité de C; i. e. F ~ ldc .
(c) Pour tout xÇ_C on a [(Д(х), x, a"_2(x))]=x dans c w-
D é m o n st r a tio n . Supposons que C[n] est dérivée de C; prenons un «-chemin 

(xl5 ...,x„) arbitraire dans [C]; on a (xp. i^n )£C *C  et aussi

[(X!,X2, ...,X„)] =  Xi. x2.......x„;

posant en particulier x l = ß ( x 2) = e', x2= x  et x3= x 4= ...= x B = a(x2) —a(x) =  e, on 
obtient :

[(e', X, e, ..., e)] =  e '. x . e .......e = x,
i.e., (a)=>(c).

Supposons que dans C[n] est vérifiée la condition [(/?(x), x, an-2(x))] =  x ;  
alors suivant la construction de F (voir Lemme 2) on a F: x*-*-x pour tout xÇC, 
donc (c)=>-(b).

Soit enfin F= Idc conformément à (b) ; alors

[(x;: i S  «)] = xx.x 2.......x„,

i. e., toute composition и-aire est exactement un и-chemin dans [C] et C[nl est dérivée 
de la catégorie C, ce qui donne (b)=>(a).

Si la loi &'=[(...)] est partout définie, i.e., si C *C = C n, on obtient les ré­
sultats classiques pour les «-demi-groupes [12] et pour les «-groupes [4].
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WEAKLY REGULAR AND z-SMOOTH ZERO-ONE MEASURES

by
W. ADAMSKI

1. Introduction

Let (A, 21) be a measurable space and let Я be a subset of 21 satisfying4certain 
closure properties. Under these assumptions, the author has proved in [1] that 
A is Я-complete if and only if every 0,1-valued Я-regular measure on 21 is a Dirac 
measure. It is the purpose of the present paper to characterize in a similar way 
those measurable spaces on which all 0,1-valued weakly Я-regular [(weakly) z-smooth] 
measures are Dirac measures. We shall apply these results to topological situations. 
Among others, we shall prove by non-measuretheoretic methods that every 0,1- 
valued т-smooth Baire [Borel] measure on a [Hausdorff] topological space is a 
Dirac measure.

2. Definitions and preliminaries

(a) N denotes the set of positive integers. For an arbitrary set X  we denote 
by 'ß(A) the class of all subsets of X.

Let A be a topological space. A zero-set in A is a set of the form {/=0} where 
/  is a continuous real-valued function on A. We denote by 3(A), Э(А), ©(А), Я(А) 
the collection of all zero-, closed, open, compact sets in A, respectively. The a- 
algebra generated by 3(A)[5(A)] is denoted by SB0(A)[23(A)]; its members are 
called the Baire [Borel] subsets of A.

(b) Let A be an arbitrary set and 21 a paving on A (i.e. 21 is a nonvoid subset 
of iß (A)). A nonempty subset 21 of 21 is called an 21-filter on A provided that

(i) 0^21;
(ii) W , A2Ç21 implies А1ПА2€21;

(iii) 21Э- W A 2€21 implies A2€21.
An 21-filter 21 on A is said

(i) to have the countable intersection property (cip) if Ni ,N 2, ...£2l implies
П A ^ 0 ;

(ii) to be fixed if П21^0;
(iii) to be an 2l-ultrafilter if zl£2l and AO N 9*0 for all A£21 implies ^ €21. 

If each 21-ultrafilter on A with cip is fixed, we say, following [3], that A is 21-complete. 
In accordance with [3], 23 (A)-complete topological spaces are called Borel-complete.

We need the following result the simple proof of which is left to the reader:
L emma 2.1. Let 21 be an 21 -ultrafilter on X  with cip. I f  (A„) is a sequence in 21 

such that (J A ,f  21 then A„f 21 for some n0£ N.
n £ N
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(c) Let X  be an arbitrary set and 21 a paving on X. Then Я(21), S(2l), o-(2l) 
denotes the ring, cr-ring, «т-algebra in X  generated by 21, respectively. Furthermore, 
f(3l) := {ö£^(Är): ЛП0621 for all Л621}. Finally, 21Ä denotes the paving of all 
countable intersections of sets from 21.

(d) A measure is a nonnegative finite countably additive set function defined 
on some «т-algebra. In particular, a Baire or Borel measure on a topological space 
X  is a measure defined on 230(3Q or ® P0, respectively. Furthermore, Sx denotes 
the Dirac measure pertaining to the point x£X.

Let (X, ЧД) be a measurable space and Я a subpaving of 21. A measure p on 
21 is called

£) 0,1-valued if pX=0 and p(A)=0 or 1 for all /1621;
(ii) weakly Я-regular if p (X)=sup {p(K) : К6Я};

(ifi) Я-regular if p(A) = sup {p(K):К £St, KS^A) for all Л621;
(iv) weakly т-smooth with respect to Я if inf p(K1)=0 for each net (Kx) in 

Я such that Kxi0;
(v) т-smooth w.r.t. Я if inf ц(Ка)~/х(К) for each net (Kx) in Я such that

к х\к е  я.
A Borel measure on a topological space X  is called [weakly] т-smooth if it 

is [weakly] т-smooth w.r.t. 5(T). A Baire measure on a topological space X  is 
called т-smooth if it is т-smooth w.r.t. 3 0 0 -  According to the 3 (30-regularity of 
all Baire measures on X  (cf. [5], Theorem 18, Part I), a Baire measure on X is t- 
smooth if and only if it is weakly т-smooth w.r.t. 3  W -

L em m a 2.2. Let p be a Borel measure on a Hausdorff space X.
(a) I f  p is tf(X)-regular and weakly R(X)-regular then p is S\(X)-regular.
{ß) I f  p is weakly S\(X)-regular then p is weakly i-smooth. The converse is true 

i f  X  is locally compact.
(y) I f  p is 0,1-valued and S\(X)-regular then p is a Dirac measure.

The simple proofs of (a) and (ß) are left to the reader, while a proof of (y) can 
be found in [1] 2.4.

3. The main results

T heorem  3.1. Let (X , 21) be a measurable space, and assume that Я, 2 are two 
pavings on X  satisfying the following conditions:

(i) 0бЯ дС д21=(т(2Ш Я Рг));
(ii) 2 is a ring;

(iii) every L£2 is contained in a countable union of sets from  Я.

Then the following two statements are equivalent:

(1) X  is 2-complete.
(2) Every 0,1 -valued weakly Si-regular measure on 21 is a Dirac measure.

P r o o f . (l)-»(2). Let p be a 0,1-valued weakly Я-regular measure on 21. Then 
there exists K0£S\ such that p(K0)= l. We shall show that 21 :={£€£: /*(L)=1}
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is an £-ultrafilter on X  with cip. Let L££ be such that СПАиО for all А£91. Assume 
that C$91, hence p(L)=0. This implies p(K0—L) = l, so K0—Z,£9l which con­
tradicts Т,П(ЛГ0 — £)=0. It is easy to see that 91 satisfies also the other conditions 
of an fi-ultrafilter with cip. Thus, by (1), there exists x0£ (T9Î. It follows that p(L) = 
=0Xo(L) for all Z,££á. Now, let Л€ЧЛ П /Г(2,5) be given. If x0£A then х0£ЛПЛ'0€£(5, 
hence р(АГ\К0) = 1, and so p(A) = 1. If, however, x0$A then х0(£Л 
which implies p (АПK„)= 0, hence g(A)=0, as p(K0) = l. Thus we have shown 
p(A)=ôXo(A) for all A £ 91П F(QS) which implies p = ôXo, since ст(чЛП F(£Ä)) = 9L

(2) —(1). Let 91 be an fi-ultrafilter on X  with cip. For any L££, put A(L) =  1 
or A(L) =  0 according as L£9i or L£9L Then A satisfies the assumptions of [1]
1.2. Therefore A can be extended to an £á-regular measure p defined on <r(F(fiá)). 
As 91^0, the ^-regularity of p implies that p is 0,1-valued. In particular, we 
have p(L„) = 1 for some /.„££. Since L0 is covered by a countable family of sets 
from Я, we have p(K0) = 1 for some Ku£Я. Therefore, by (2), the restriction of 
p onto 91 is a Dirac measure, say 0Xo. This implies х0бП91.

C o ro lla ry  3.2. For a Hausdorff space X the following three assertions are 
equivalent:

(1) X  is R(R(X))-complete.
(2) X  is S(i>\(X))-complete.
(3) Every 0,1 -valued weakly $\(X)-regular Borel measure on X  is a Dirac measure.

P r o o f . It suffices to show that 9I:=S(A'), Я:=Я(.Я0, £:=Л(Я(ЛГ)), resp. 
9:=5'(Я(А')) satisfy the assumptions of 3.1. Only the verification of the equation 
9I = <r(9I П F(Q0)) is nontrivial.

(a) If 2 = Л(Я(Л')) then it suffices to prove <y(X)Q F(QS). For this purpose 
let FÇff(X) and C£20 be given. Then C= П C„ with C„Ç.R($t(X)) for all n£N.

kn n£ N
As C„ = U (Ki — Li) with К,, С;£Я (X), L ^ K ,  for i= l ,  ..., kn by [2], Theorem 1,

Sect. 58, we obtain FflCn=  |J  ((FPl/Q —(FflZ.;)) with Fi]Kh FC\LfS{(X) for
1 =  1

i= l ,  . . . , k n. This means ^ПС„6/?(Я(А')), «ÇN, hence FflC €fiá. This proves 
F£F(£,).

(ß) In the case £ = 5’(Я(А)) it suffices to verify ^  F(£). Let Ff iy(T)
be given. We consider the class 3*-:={С££: FDC££}. Then R(${(X))Q&F, 
as we have seen in part (a). Since ®F is a monotone class, we obtain S f = £ which 
implies F£F(£).

R em a rk s  3.3. The space X  of all ordinals less than or equal to the first uncount-* 
able ordinal, equipped with the order topology, is a compact Hausdorff space which 
is not Borel-complete (cf. [1] 2.7b) and thus not A(£(T))-comp]ete by 3.2. On the 
other hand, every Hausdorff space X  with the property that every 0,1-valued Borel 
measure on X  is g(Af)-regular, is jR(Sl(T))-complete according to 2.2 (a), (y) and
3.2. In particular, every perfectly normal Hausdorff space X  is F(£(T))-complete. 
Consequently, the perfectly normal space L constructed in example 45 of [4] is 
an example of an F(£(T))-complete space which is not 5y(T (-complete and there­
fore neither realcompact nor Borel-complete (cf. [1] 2.7).
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T heorem  3.4. Let (X , 'Л) be a measurable space, and assume that ft, 2 are two 
subpavings of 41 satisfying the following conditions:

(i) Z<Eftg£;
(ii) Я is closed under finite intersections;

(iii) 2 is a ring generating 21.
Then the following two statements are equivalent:

(1) Every 2-ultrafilter 91 on X  with cip and П (91П 51)^0 is fixed.
(2) Every 0,1 -valued measure on 31 being weakly x-smooth w.r.t. ft is a Dirac 

measure.
P roof. (l)-»-(2). Let p be a 0,1-valued measure on 31 being weakly т-smooth 

w.r.t. ft. Setting 91 :={/.€£: p(L) = 1} one can easily verify that 91 is an £-ultra- 
filter on X with cip. Assume that П(91ПЯ) = 0. Then the weak т-smoothness of 
p implies inf {/((TV): 7V£9inft}=0 which contradicts the definition of 91. Thus, 
by (1), there exists some х0£П91. This implies p(L) = ôXo(L) for all L£2, hence 
p= SXo, since <x(£)=2l.

(2)—(1). Let 91 be an £-ultrafilter on X  with cip and П(91ПЯ)у^0. For any 
Ld2, put A(L)= 1 or A(L) = 0 according as 2.(191 or L(f91. The set function л 
is additive. Furthermore, inf X(L„)—0 for each sequence (L„) in 2  such that L,,10. 
Thus, by Carathéodory’s theorem, À can be extended in a unique way to a 0,1-valued 
measure p defined on 91 = (т(£). In order to prove that p is weakly т-smooth w.r.t. 
ft, let (Kx) be a net in ft such that Kai0. Assume that infp(Kx)>0, i.e. p(K J~  1
for all a. Then (А'С[)£91ПЯ which contradicts П(91ПЯ)?^0. Thus, by (2), 
p —bXo for some ХоёЛ1. This implies х0€П91.

C orollary 3.5. For a topological space X the following three assertions are 
equivalent:

(1) Every R(y$(X))-ultrafilter 91 on X  with cip and П(91П5СЮ)^0 ‘s fixed.
(2) Every 'B(X)-ultrafilter 91 on X with cip and П(91П ^ (2 0 )^ 0  is fixed.
(3) Every 0,1 -valued weakly x-smooth Bor el measure on X  is a Dirac measure.
The following corollary is a generalization of [5], Corollary 3)., Theorem 25, 

Part 1 to arbitrary topological spaces. However, the analogous result for Borel 
measures is only valid for Hausdorff spaces (cf. 3.10 and 3.11).

Corollary 3.6. Every 0,1 -valued x-smooth Baire measure on a topological space 
X  is a Dirac measure.

P roof. In view of 3.4 it suffices to show that every 21(3(A'))-ultrafilter 91 on 
* X  with cip is fixed provided that П (91П 3  C*0) ̂  0- F°r this purpose it is sufficient 

to prove that every N£ 91 contains some element of 91ПЗ(-£). Let 7VÇ9Î be given.
Then N = (J(K l — L l) with Kt, L fc ^ X )  for i= l , . . . ,n  by [2], Theorem 1, Sect.

i = l
58. Thus, by 2.1, there exists /0£{1, ...,«} such that Kio—Lio€91, hence А',0691ПЗ(^) 
and X —Litfi4l. Furthermore, we have X —Lix— 1J Z„ for an appropriate se-
quence (Z„) in 3(^0- Again by 2.1, there exists n0£N such that Z„o€91. Thus 
* ienZ„0€ 9 tn 3 W  and Kior\Znâ N .
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Remarks 3.7. For abbreviation, let us call т-pseudocomplete any topological 
space X  satisfying the (equivalent) conditions (1)—(3) of 3.5. According to 2.2 
(ß), 3.2 and 3.5, any т-pseudocomplete Hausdorff space X  is i?(R(Z))-complete. 
Conversely, an R(ft(A))-complete Hausdorff space X  is т-pseudocomplete if every 
0,1-valued weakly т-smooth Borel measure on X  is weakly R(Z)-regular. Thus, 
by 2.2 (/?), for locally compact Hausdorff spaces X, т-pseudocompleteness and 
/?(ft(X))-completeness are equivalent properties.

Theorem 3.8. Let (X, 91) be a measurable space, and assume that Я, £ are two 
subpavings o f  91 satisfying the following conditions:

(i) А € Я д £ ;
(ii) Я is closed under arbitrary intersections;

(iii) £  is a ring generating 91.

Then the following two statements are equivalent:

(1) Every 2-ultrafilter 91 on X  with cip and Г)(91ПЯ)£91 is fixed.
(2) Every 0,1-valued measure on 91 being x-smooth w.r.t. Я is a Dirac measure.

Proof. (l)->-(2). If p is a 0,1-valued measure on 91 being т-smooth w.r.t. Я 
and if 91:={LÇ£: p(L) = 1} then 91 is an £-ultrafilter on X  with cip. Assume that 
K0:= П(91ПЯ)(£91, hence K ^ 2  — 91 and therefore inf {p(N): N £91 Г) Я}= p(K0) = 0, 
which contradicts the definition of 91. Now one can proceed as in the proof of 3.4.

(2) —(1). Let 91 be an £-ultrafilter on X  with cip and П(91ПЯ)£91. As we have 
seen in the proof of 3.4, there exists a 0,1-valued measure p on 91 such that for 
LÇ£ p{L) = 1 or p(L) = 0 according as LÇ9Î or L$91. In order to prove that p 
is т-smooth w.r.t. Я, let (KJ be a net in Я such that K j K f Я. Assume that p(K)<  
< in f p(Kx), i.e. p(K)=0 and p(Kx) = 1 for all a, hence ( /у д 9 1 П Я  and there­
fore 91Э П(91ПЯ)дА^ which implies ATÇ91, in contrast to p(K)=0. Thus, by 
(2), p —őXo for some x f X .  This implies x0c П 9c.

Corollary 3.9. For a topological space X the following three assertions are 
equivalent:

(1) Every R(îÿ(X))-ultrafilter 91 on X  with cip and П (91flg(A'))c91 is fixed.
(2) Every 3ß(X)-ultrafilter 91 on X  with cip and П(91П 5(A'))€91 is fixed.
(3) Every 0,1-valued x-smooth Borel measure on X  is a Dirac measure.

Corollary 3.10. Every 0,1-valued x-smooth Borel measure on a Hausdorff 
space X  is a Dirac measure.

Proof. In view of 3.9 it suffices to show that every R(g(A))-ultrafilter 91 on 
X  with cip is fixed provided that П(91П 3f(-̂ T))€ 91. We shall prove that the set 
F0:= n(91  П 5(A)), belonging to 91, is a singleton, say {x0}, which implies x0Ç П91. 
Assume that x, у are two different points in Fn. As X  is Hausdorff, there are dis­
joint open sets Gj, G2 such that x(LGx and y(LG2. At least one of them, say Gx, does 
not pertain to 91. Thus X — G1Ç 9îfl5 (^) which implies x ^F q̂ X —Gx, in contrast 
to

The following example shows that 3.10 does not remain true for Tx-spaces.
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E xa m ple  3.11. Let an uncountable set X  be equipped with the cofinite topology, 
i.e. ®(.Y) =  {0}U {GÇ'ipiA'): X — G finite}. X  is a compact Т\- (but not a HausdorflT) 
space. For any /?€©(ЛГ)={Л£1Р(Я'): В or X —B countable}, put ц(В )= 0 or 
ц(В) = 1 according as В or X —B is countable. Then ^ is a 0,1-valued r-smooth 
Borel measure; however, /t is not a Dirac measure. On the other hand, one can 
easily verify that every 0,1-valued g(X)-regular Borel measure on A" is a Dirac 
measure; thus, by [1] 2.5, X  is $5(Y)-complete.
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INDICE D’INERTIE TRILATÈRE ET CLASSES DE CHERN

par
ALBERT CRUMEYROLLE

Résumé

On définit d’abord l’indice d’inertie trilatère qui s’identifie à  celui de L e r a y  [6] seulement quand 
les lagrangiens sont deux à  deux transverses. Cet indice définit un cocycle. On montre que la décom­
position de l’indice trilatère à  l’aide de l’indice de M a slo v  traduit la finesse d’un faisceau et en est 
une conséquence immédiate.

Dans la partie II on établit que la première classe de C h e r n  d’une variété presque symplectique 
est localement représentée par le cocycle d’inertie d’un triplet de lagrangiens deux à deux transverses.

Dans la partie III la recherche d’une généralisation de la propriété établie dans II nous conduit 
à une construction nouvelle (du moins à notre connaissance) des classes de Chern. On généralise II 
et finalement on montre que notre définition équivaut à celle de C h e r n —W e il  au moyen du théorème 
de d e  Rham.

I. Indice d’inertie trilatère et indice de Maslov

1° E  est un espace vectoriel réel de dimension 2n, muni d’une forme sym­
plectique F.

L emme 1. Soient trois espaces lagrangiens L ,L ',L "  tels que LC\L' =  Lf]L". 
Alors il existe a, en général non unique, appartenant au groupe symplectique Sp(2n, R) 
qui laisse fixe tous les éléments de L et applique L' sur L".

Soit {ex, a, ß= 1, 2, ..., n, une base symplectique de E dont les vecteurs 
(ej sont dans L. 11 est immédiat de voir qu’un tel <r s’exprime par

W d - « .
[<j(ex*) = а£*ер + ех*, avec «f* =  ri*,*.

Il est loisible de supposer que les ey ont été choisis de manière que (ex, e2, ..., ел) 
engendrent LOL'. Alors ел+1, ..., e„, elt, ..., ел* engendrent un lagrangien Lx avec 
L1C\L'=Li nL"= 0. Soit L 2 le lagrangien de base (ex, e2, ..., ел, е(Л+1)*, e„*),
il est immédiat que

E = LX®L' = Lx@ L" = L1@L2 et L O L ' =  LC\L" = LC\L2.
Or il existe une transformation symplectique 9 qui conserve L1 point par point, les 
vecteurs ex, e2, ..., ел, et envoie L' sur L2 (envoyer la base ordonnée (ел+1,

A M S (M O S ) subject classifications (1970). Primary 5 3 0 5 .
Key words and phrases. Global differential geometry, symplectic, Lagrangians, trilateral index, 

Leray index, Maslov index, Chern classes, symplectic spinor structures, splitting map, fibre bundles, 
De Rham abstract theorem, cohomology.
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e,t) de Lx sur elle-même et une base ordonnée (ex,e2, ..., ex, / (д+1), /„)
de V  sur la base ordonnée (ex, e2, e À, e(A+1)», e„») de Z,2). Si 0' envoie de la
même manière L" sur Z,,, alors <r = 0,_1o0 répond à la question posée.

Si a' possède la même propriété er'-1oer conserve globalement L' et L point 
par point. Si L flL' est non nul, on voit que a n’est pas unique. Par contre si LC]L' = 
= LC\L"=0, (1) montre l'unicité et établit une correspondance bijective entre l’en­
semble des lagrangiens transverses à L et l ’ensemble des matrices symétriques nXn.

2° Indice d'inertie de trois lagrangiens ordonnés L ,L ',L " tels que LDL' = 
= LC\L"=0.

Avec les hypothèses de lemme 1, prenons dans L' la base Ei = Af*eat + Bfe1, 
/= 1 , Si xÇZ/, formons Q(x)=F{x, <r(x)). F(*,o-(-)) est une forme qua­
dratique sur L', car

Qij = F(Ei, c(Ej)) = ('AaA)ij, avec A = \\Af ||, a =  ||aj*||.

Soit Q ij= 2 Af  a j *«**•
a.(T

a étant choisi, cette forme quadratique est bien déterminée. Il est toujours 
possible de choisir (ea, ê ») de manière que

( 2) =(<t(éV) =  txex + ex., 7 =  0, 1 ou -1 ,

de sorte que ('ÂaA)jtJ = 2! taAf*Aj.
a

Il faut observer que la signature de Q dépend du choix de <r, si LC]L' = 
=  Z . H L " E n  elfet soit

L = (ex, e2, ..., <?A, eA+1, ..., en),
E ~  (^li 2̂> •••» (̂Л + 1)*> n̂*)>

в ( 0  = еа> ö(ea.) =  ÍV, а = 1, 2 ,..., и, 
d’une part, et d’autre part

6'(eJ = ea, а =  1, 2 ,..., n ,
A

0'(ea*) =  <v, а = 1,2,... ,  A, в'(ех*) =  £  a£*ep+ea*, а =  A+ 1, ..., n,
1

0 et 0' conservent L point par point et globalement L' = L", en donnant des signa­
tures distinctes.

Si L D L '=L D L "=0, il existe o-ÇSp(2n, R) unique, qui conserve L  point par 
point et envoie L' sur L", de sorte que l’on peut donner la définition suivante:

D éfinition  1. Si LÇ\L'=LC\L"=0, et si <r6Sp(2n, R) conserve L point par 
point et envoie L' sur Z,", la forme quadratique x:-^F(x, <r(x)), xÇ_L', admet une 
signature notée: Inert (L ',L ,L"). La signature est le nombre de signes ( —) dans 
la décomposition de Sylvester. Inert est l’indice d’inertie de Leray [6].

(2) montre que si r=dim Z/fjZ/', on peut définir:
(3) Inert (L", L ,L ’) = -  Inert (L', L, L") + (n -  r).

Stud ia  Scientiarum M athematicarum Hungarica 13 (1978)



IN D IC E  D’INERTIE TRILATÈRE 261

V et L" étant transverses à L fixé, le choix de (ex, eß*) identifie L' et L" à des matrices 
symétriques.

Si le triplet (L L ,  L") se déforme continûment, L '  et L" restant transverses 
à L et dim (L 'ГМ”) demeurant constante, il est immédiat que Inert (L', L, L") 
garde une valeur constante.

Observons que si r=0, alors

ey* ex*, ex -*■ —ex—taea*
définit une transformation symplectique qui conserve L ' point par point et envoie 
L sur L"; donc quand Ь'Г\Ь"=ЬГ)Ь'=ЬГ\Ь"=0, on peut poser:

Inert (L, L ', L ”) = -  Inert (Z/, L, L") +  n

et Inert est invariant par permutation circulaire sur L , L ', L".
Si LC\L'=LC\L"=0, avec Z/PlZ/VO, nous poserons par convention

Inert (L, L', L") = -Inert (Z/, L, L") +  n
(4) Inert (Z/, L", L) = -Inert (L', L, L") +  n.

On notera que notre définition d’Inert n’est plus alors identique à celle 
de Leray, à moins que les trois lagrangiens ne soient deux à deux transverses. 
En raison de cette modification, l’indice que nous venons de définir sera appelé 
indice d ’inertie trilatère.

3° Indice d ’inertie trilatère d ’un triplet ordonné quelconque de lagrangiens.
Lemme 2. Il existe un lagrangien M  transverse simultanément à trois lagrangiens 

L, U, L" donnés.
Selon Souriau [7] on peut identifier un lagrangien L  à l’image de aÇ_ U (ri) par 

a-*aci~1 = l et L transverse à M  équivaut à (l—m) inversible, si la matrice m re­
présente M. Le lemme est alors immédiat; observons qu’il y a une infinité de choix 
possibles pour M.1

Lemme 3. Si L l, L2, L3, L4 sont des lagrangiens tels que L2 et L3 soient trans­
verses aux trois autres:
(5) Tnert (Z-!, L2, L3) -  Inert (Ll , L 2, Z4) + Inert (Ll , L3, Z.4) — Inert (Z,, L3, Z4) =  0.

En effet, selon les remarques faites au (2°), L2 et L 3 étant transverses à la fois 
à Lj et Z,4 et

Inert (L1, L 2, L3) = Inert (L3, L ,, L 2)

Inert (L 2, L 3, L4) = Inert (L3, Li , Ld) 

les quatre termes de (5) sont égaux deux à deux.

1 I I  s e r a i t  a u s s i  p o s s i b l e  d e  d o n n e r  u n e  d é m o n s t r a t i o n  i n d é p e n d a n t e  à  l ’a i d e  d e s  s p i n e u r s  
s y m p l e c t i q u e s  [ З а ] .
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Si maintenant L1,L 2,L 3 sont des lagrangiens quelconques, nous choisissons 
M  transverse à chacun d’eux, alors conformément à (5) nous posons

(6) Inert {Lx,L 2,L fi =  Inert (£х,Е2,Л/) — Inert (X1; £3, Ai) + Inert (£ 2, L3, Ai).

Comme les trois indices d’inerties du deuxième membre sont constants quand M 
varie en restant transverse à LX,L 2,L 3 fixés, la valeur du 1er membre ne dépend 
pas du choix de M. Il est rappelé que Inert (Lly L2, M)= — Inert (L lt M, L2)+n 
où les termes du 2ème membre sont calculés selon la définition 1.

En général l'indice trilatère n’est pas invariant par permutation circulaire. Par 
contre (6) montre que 4 lagrangiens quelconques L 1, L.,, L3, Lx satisfont une relation 
de cocyclicité sur laquelle on reviendra plus bas.

4° L'indice trilatère et la décomposition d'un élément du groupe symplectique 
en produit de transvections.

Soit a l’élément unique qui conserve L  point par point et envoie L' sur L", 
L' et L" transverses à L. Introduisons ici l’algèbre de Clifford symplectique [За]. 
Au dessus de a on peut déterminer y€ Gs, groupe de Clifford symplectique, modulo 
un scalaire, tel que

p(y) =  a par projection: p(y){x) = yxy-1, x fE .
L emme 4. L ’ensemble des éléments <xÇ Sp(2n, R) qui conservent L  point par point

2
s'identifie à l’ensemble p (exp (V L)).

Ce lemme résulte de la formule (1) et des remarques suivantes:
Si p(y)=a conserve L point par point il se factorise en produit de transvections 

symplectiques.
tű? ( tű'̂  ̂Si a£L, exp —  xexp^— — x)ta, i6R \ et on peut choisir a de 

manière que i = ± l .  Prenant

У =  П  exP
i

i.-(fli)2
2

a£L, tt = ±  1,

un choix convenable des at, ?,■ permet d’atteindre tout élément a défini par la for­
mule (1). En particulier on voit que l’on peut choisir la base symplectique (ea, eß>) 
de manière que a se traduise par la formule (2) on aura alors

У = П  expa

ainsi: Tout y€<?s qui conserve L point par point peut se factoriser en

t (e )2
(7) y = l l ^ p A f - ,  / .= ± 1

la suite des (t„) est intrinsèquement attachée à y et si V  ф L = E. L ” =  y (L') la signature 
de cette suite est l ’indice d’inertie de Leray: Inert (L',L,L").
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R e m a r q u e . Soient L2® L2—L3@L'3= E ,L2,L'i ,L 3,L 3 quatre lagrangiens et 
deux bases symplectiques adaptées à ces décompositions. L’une de ces bases étant 
fixée, Sp(2n, R) est en bijection avec l’ensemble des bases symplectiques de E. 
Construisons /-! lagrangien transverse à L.,, L',,, L3, L'z. Il existe ofiSp(2n, R) con­
servant L± et envoyant L2 sur L3, L'2 sur L2 et a2 conservant L3 et envoyant L2 sur 
L3, donc ex2oa1 envoie L2® L2 sur L3®L3, ainsi:

Toute transformation symplectique est le produit de deux transformations sym­
plectiques conservant chacune un lagrangien point par point, donc le produit de 2n 
transvections symplectiques au plus aaitU, avec at isotrope /,= ±1.

5° La signification cohomologique de l ’indice trilatère et de l’indice de Maslov.
Considérons une variété réelle V (ou même un espace topologique) paracom- 

pacte, de dimension 2n, à structure presque symplectique et le préfaisceau SPZ des 
applications quelconques d’ouverts de V dans Z. Si Pr et Fs désignent respective­
ment les foncteurs “préfaisceau et ’’faisceau”, construisons Fs selon un
résultat classique ce faisceau est fin, donc compte-tenu de la paracompacticité de V
(8) H “(V, J*z) =* H fV ,  Pr Fs dPz) =* H«(V, 0>z) = 0, pour 1.

Si on introduit un recouvrement de V par des ouverts Ux domaines de défini­
tion de sections lagrangiennes La: xÇ Ua-*Lx(x), suffisamment petits pour être 
munis de sections x -*■Àa(x) dans le revêtement de la grassmannienne lagrangien­
ne, on peut définir un cocycle par

xÇ Urj П Uß П U, — Inert (L fx), Lß{x), L.fx)),
encore noté Inert (ÀJx), ЯДх), Ây(x)). Mais en raison de (8) ce cocycle est un cobord, 
il existe donc m :

x f  Uaf]Up — m(ÁJx), ).ß(x))f Z
tel que

Inert (Я., Äß, Я,) =  m (Яя, Àfl) + m (lß, Яу) -  m (),a, Яу).
Ainsi: La décomposition du cocycle d ’inertie au moyen de l ’indice de Maslov, donnée 
par Leray [6], résulte de la trivialité de la cohomologie H q(V, SPf), pour 1.

R e m a r q u e s . 1° Introduisant les divers revêtements du groupe symplectique 
et de la grassmannienne lagrangienne, il est évident qu’on obtient des résultats 
analogues avec des indices mod q, q£ Z.

2° L’interprétation cohomologique met en évidence certaines propriétés d’in­
variance homotopique.

3° On notera que les démonstrations que précèdent ne font intervenir que la 
structure symplectique, le rôle que joue le groupe unitaire dans certains exposés 
est donc inessentiel et une simple commodité de preuves.

4° Il est immédiat que l’on pourrait développer une théorie analogue en rem­
plaçant la signature par le rang.
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II. Cocycle trilatère et première classe de Chern

1° Préambule et rappels. Soit une variété V, réelle, paracompacte, de dimension 
n~2r, à structure presque symplectique. La donnée d’une telle variété équivaut à 
celle d’une structure presque complexe, car on sait qu’étant donnée une 2-forme 
extérieure F de rang 2r, on peut toujours construire, modulo une homotopie, 
à partir d’une métrique riemannienne arbitraire une autre métrique échangeable avec 
F et par suite une structure hermitienne admettant F comme 2-forme fondamentale.

De manière indépendante soit un fibré en droites complexes (f. d. c.) au-dessus 
d’une variété V, les axß étant les fonctions de transitions pour un système d’ouverts
de trivialisations (Ux) formant un atlas contractile, posant /,,» = —— log axß, alors2m

^aßy  ' f a ß  F f py f xy

définit un 2-cocycle de C ech  à valeurs dans Z. A  l’élément de H l (V, C*) qui définit 
le f. d. c. on peut associer biunivoquement un élément de H Z(V, Z). En particulier 
s’il s’agit du f. d. c. associé à un fibré complexe £, au moyen des déterminants des 
matrices unitaires de changements de trivialisations locales, l’élément de HZ(V, Z) 
obtenu est la première classe de Chern cx(^) de

2° Sur la variété V du préambule, dont le fibré tangent est muni de la structure 
complexe /, considérons un recouvrement par des ouverts (Ux), domaines de défini­
tion de sections lagrangiennes réelles: x —(Lx)x. Munissons (Lx)x d’un repère 
orthogonal {çx}x alors le système des sections locales (ç2. Jtf) détermine au-dessus 
de chaque (Ux) un repère de T(V). Envoyant les (£e, Jçx), respectivement, sur les 
(Çp,JÇp), quand Ux(~)Uß?±0, on obtient un cocycle à valeurs dans U(r, C); les 
uxß(x) étant fonctions de transitions en x£UxC\Uß, posons

cxp(x) = det uxß(x)
et introduisons comme plus haut le cocycle des c xßy, que nous appellerons aussi 
trilatère.

Les considérations qui suivent sont d’abord purement algébriques. Soient 
L, L', L" des lagrangiens deux à deux transverses. Il est possible de munir L et U  
de bases {(ex),(efi*)},<x,ß—l constituant une base symplectique adaptée 
à la somme directe E= L® L', et L” d’une base { fx} telle que

fa = ea+txex,, tx Ф 0,
où 1 signature de la suite des tx : sgn (ta) représente l’indice d’inertie de Leray, 
Inert (L, L', L") [6] [3]. L’indice d’inertie est invariant par transformation symplecti­
que, on peut donc supposer que l’on fait une telle transformation de manière que

{ £> -j- f Q * Л
Fx= *__est aussi une

1 1 + (O  >
Nous envoyons L sur L' par J, J  considérée comme une application unitaire,

, X ( , _ inr T,d e ty = e x p l^ - l  et nous prenons log (det J) =  — Nous envoyons ensuite L
sur L" par (p{ex*) = Fx et

cp (ex) = -<p (Je,,) = - J ( F x) = -  4 = ^ .
r i  + i
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obtenant une matrice unitaire avec

déUp = JJ (tx- i ) / Ÿ  1 + ll = exp Ji 2  Arg ( y = = f ) )  ’

L ira alors sur L" par ip avec det \J/ = det /d e t <p. Pour les calculs de logarithmes 
nous nous plaçons sur S 1 — { — /}.

Arg
1 +t*

0 +  2kn, —— -c 0

Si tx> 0, nous prenons pour log

log exp — i Arg
( т й )

exp / Arg
I И +t*J

la valeur id et pour

la valeur —/0. Si ia<0, log exp / Arg

étant égal à î'0, le logarithme de l’inverse sera i (2тг — 0).
(ttot))

Dans le calcul de log det / + log det cp+ log (det ф) 1, apparaîtra donc 
2л/sgn (?,*); nous avons donc prouvé, revenant à la variété V la

Pr o p o sit io n  1. Pour tout xÇV, on peut trouver trois voisinages Uy , Uß,, Uy. de 
X,  munis respectivement de sections lagrangiennes L7/, Lß-, L y. deux à deux transverses 
sur Ua. П Uß' П Uy', tels qu'il existe des fonctions de transition du fibré presque com­
plexe: ux, p■ (.y) : L.x,{x) — Lß,(x) (et permutation circulaire y.', (V, y') avec

Inert (Lx. , Lß. , Ly) = 2 ^ 7  []og (det (ua. ß.))+ log (det (uß, y.)) -  log (det (ux. y.))] = сл. ß. r .

Ainsi le cocycle tri/atère est représenté au-dessus de Ux. П Uß. П Uy. par l'indice 
d'inertie du triplet de lagrangiens Lx. , Lß., L ,, deux à deux transverses, autrement 
dit la première classe de Chern de V est représentée localement par cet indice.

R e m a r q u e s . Notons que l’on pourrait dans la démonstration précédente sup­
poser que L 'r\L"= L 'i)L= 0  et L flI/V O , et tx = 0 pour а= гх+1, r, rj =  
^dimZHZ.". On aurait alors à supposer L'ß transverse à Lx. et L y. et 
dim (Lx. П L y,) constante sur Ux. П Uß- П Ur  pour l’exactitude de l’énoncé. En termes 
de cohomologie à valeurs dans un faisceau, on sait que l’indice d’inertie trilatère 
définit un cocycle au-dessus de V qui est également un cobord (1), on voit que locale­
ment le cocycle trilatère s’identifie au cocycle d’inertie, exactement comme dans 
la cohomologie de de Rham tout cocycle s’identifie localement à un cobord.

3° Conséquences. Si Vx+F, il est toujours possible d’envisager Lx., Lß,, Ly. avec 
un indice d’inertie de parité fixe (que l’on peut supposer pair en modifiant au besoin 
l’un des 0, en (— tx)), alors on peut définir le cocycle trilatère de V par des ca,ß,y (x) 
pairs, VxÇ V. Il existe c f  H-(X, Z) tel que c1 = 2c1 si cy est la lére classe de Chern 
du fibré tangent, donc selon [5], [8] une structure (/'j-spinoridle symplectique. 
Réciproquement s’il existe une telle structure spinorielle symplectique il existe 
cx tel que c1 =  2c1 et on peut envisager pour les cyß.r  des valeurs paires; donc:
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P roposition 2. Pour qu’il existe sur V une structure Sp2(r)-spinoriel/e symplecti­
que il faut et il suffit qu’en tout point l’indice d’inertie du triplet local de lagrangiens 
soit pair, autrement dit par abus que le cocycle d’inertie, Inert, soit pair.

On voit, indépendamment de toute considération étrangère à  cet article que 
pour qu'une variété à structure presque symplectique admette une structure spinorielle 
orthogonale attachée à la métrique hermitienne associée il faut et il suffit que sa 
2éme classe de Stiefel— W hitney œ2 soit nulle («2=0).

En effet si le cocycle Inert est pair il est évident que co2 = 0, puisque œ2 est la 
réduction mod 2 de сг. Réciproquement, si ce2=0, il existe un 1-cocycle b^  à  
valeurs dans Z tel que

x̂ßy x̂ß "1” ~ 2̂ / >

où les bases désignent les classes modulo 2, alors aaßi est cohomologue à ba[ly avec 
les bxßy pairs, on peut donc représenter localement le cocycle trilatère par des fonc­
tions à valeurs dans 2Z.

Plus généralement: Si on peut relever le groupe structural U(r, C) du fibré 
tangent à Spq(r), la première classe de Chern (mod q) de V est nulle et réciproque­
ment. Pour q—2 on retrouve directement la propriété de œ2 car l’anti-image de 
U(r, C) dans Sp2(r) est celle d’un groupe de spinorialité élargi.

III. Construction directe élémentaire des classes de Chern, son lien avec 
le cocycle d’inertie, son équivalence avec la construction de Chern—Weil

Une énorme littérature a été consacrée à  la définition et à la signification géo­
métrique des classes de Chern. Dans [1], vol. 81, A. Borel et F. H irzebr uc h  en 
donnent sept définitions. Ces définitions, excepté celle dite de C h e r n— W eil , relèvent 
essentiellement de la topologie algébrique: elles donnent des classes entières, tandis 
que la définition de Chern—Weil [2] conduit à des classes réelles. Le passage des 
classes réelles au classes entières se fait généralement en utilisant un critère 
d’unicité.

Nous nous proposons de donner une construction des classes de Chern qui 
n’utilise qu’un seul théorème élaboré, le théorème de décomposition en somme de 
Whitney de fibrés réels ou complexes par image réciproque (splitting map). Nous 
établissons directement que les classes de Chern—Weil de tout ordre sont des classes 
entières en utilisant le théorème généralisé de d e  R ham  à partir de cette construction 
élémentaire. Dans le courant de l’article un lien avec le (II) sera établi.

1° Soit £ un fibré vectoriel complexe de rang n, au-dessus de la base V para- 
compacte, (UdxtA est un système d’ouverts trivialisants, définissant un cocyle, 
uXß(x)ZU(ri) si x£Uar\Uß. Le fibré en droites complexes (f. d. c.) associé au co­
cycle det {u^ß) est un élément de H'(V,  C*) auquel correspond par un isomorphisme 
classique un élément de H~(V, Z) que nous appellerons, par définition, première 
classe de Chern сг(£) de Ç.

2° On pourra supposer que le recouvrement Ш défini par les (Ua)a6A est con­
tractile simple.
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q>j, 7 = 1 , 2, k, k s n ,  étant un élément de U(n), définissons

(<Pi aç>8 □  •••□$*) (eZlAeZlA ...A eZk) =  4 \  «Pi (en)л <Р2(е.,)Л • ■ ■ Л <Pk (eifc)
les (e,) constituant une base de C" et l = ü < ü - < ^ = '1' Observons que si <рг =к к

--(p, alors O !(̂ Lfc(̂ >). La trace de □  ç>i =  (ç>iDç>2□•••□%)>i = l Г = 1= срг=...<рк- 
notée Tr (Пер,) est égale à

étant la signature relative des suites d’indices distincts (q, ik) et (lL, , lk), 
on somme relativement aux indices répétés.

Si xÇ UaC\Uß, on peut écrire «г/г(->с)=ехр (2niaxß(x)), aaß(x) est une matrice 
hermitienne, x étant fixé une telle matrice axß(x) existe car l’exponentielle est sur­
jective pour le groupe de Lie connexe compact U(n), mais on ne s’intéresse ni à 
l’unicité du choix de axß(x), ni à la continuité de x —axß(x). C’est pour cette raison 
que nous appellerons 2k-cochaîne formelle, l’assignation à xÇ t/^П  t /^ f j ... П UX2k= 
= u*o*i...*2k d’une valeur en x de

(9) СЯ0«1 ■.. »2к th  (°*0 *1 «S CI GX2 (23 «4 O  • • • D  7̂4k - 2i «2lt- 1, *2t)
noté encore: Tr(<xaoai...a2fc) avec

7̂(1 71 74 (V) <L|J 2] C-V) “f“ 7, (X) ÎZao3t2(x),
et notations analogues. Si k = 1, on a une véritable cochaîne de Cech qui est le co­
cycle à valeurs dans Z intervenant au 1°.

3° <reoai агк définit un cocycle formel.
Nous raisonnons par récurrence. Envisageons UX0X1 l2fc, écrivons par abus 

<7012 pour оХоХ1Хг, <JXoXl...X2k = (roi...sit, ••• etc ... Nous avons à introduire

<70] ...2k—1 — ° 0Î2 ... 2k+l +  ••• — <7oi2...2ÎÎ+l >
noté ô(c012 2k) et ^ calculer la trace de

(<7012... 2t—1 □ <72fc—1, 2k, 2fc-t-l) (<7oi2... 2k—1 □ <72k-l, 2k, 2k + l) + • • •
... + (O012... 2k—2,2k —1 □ <72k—1,2k, 2k+l)

(<7q]2 ... 2k —2,2fc--l □ (T 2k— 2,2k, 2fc+l) "f” (<̂ 012... 2k—2 □ 6"2k—2,2k—1,2k+ ])

(<7"oi2 ... 2k —2 d  б̂ к- 2,2k-1,2k) 
et les trois derniers termes donnent

— °012...2k-2CI <72fc -l,2 k ,2 k  +  l5

de sorte que l’on obtient finalement à(<r01 2fc_2)no-2t_12fc 2k+1, qui est nul par hypo­
thèse de récurrence puisque h(c012) = 0.

Il est à noter que si ce cocycle est considéré comme un cocycle formel à valeurs 
dans R, c’est aussi un cobord formel, c’est le cobord de:

T r  ( f l 0i D < r 123 n  . . .  □  <72k - 3 ,2 k - 2 ,2 k - 1 ) -
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4° Supposons cjue ç, soit la somme de Whitney de n fibrés complexes çt de rang 1,

(10) ç =  ê { , .
1=1

n

Alors auo= 2  aoi2’ et 'I vient de (10), les (o[ßy)‘j étant des matrices scalaires
i=i

notées a[ßy:
(11) С(П2...2* =  2  û 012a 234 •••  Û 2 fc -2 ,2 * -l,2 *

lvl2y-Jk
la somme étant étendue aux arrangements des 1,2, ...,w, к à k.

De exp(2™4oai)exp (2 rc /< Jexp (2 rc /< ao)==ld, on déduit que <,*, +  < * * -  
— al (II) (III)XoX̂ Z  et que cM2 2fc prend ses valeurs dans Z.

Ainsi, dans le cas envisagé au 4°, les cochaînes formelles sont des cochaînes 
de Cech à valeurs entières.

5° Revenant au cas général d’un fibré complexe ç quelconque, on sait (cf. 
démonstration dans [4]) qu’il existe un fibré complexe )л de base Vx et une applica­
tion continue / :  VX-*V tels que =/*(£) soit la somme de Whitney de n fibrés 
complexes de rang 1 (splitting map), /*  étant une application injective de H*(V, Z) 
dans H*(VX, Z) (cf. aussi plus bas remarque 1).

Le système des constitue un recouvrement triviálisam f ~ k(dl) pour
i x avec les uxfl comme cocycle, c012 2t peut être considérée comme une 2A'-cochaîne 
formelle sur Vx pour le fibré Il existe un recouvrement triviálisam dix, plus fin 
que dl, ensemble d’ouverts (UXl)XliAl tel que si

y tU ^ n U ',  et à f-H U 'D U ,)
( 12) uaß (/(y)) =  exp (2ni atß (/(y))) =  A“1 (y) exp (2ni aai ßl (y)) ÂPl (y),
aaißl(y) étant une matrice diagonale. Mais ici y-*aXlßl(y) est continue de sorte 
que l’on peut associer à dlx une 2A-cochaîne de Cech: f  M, ,( , qui d’après le 4°
sera à valeurs entières, et d’après le 3° un cocycle. Si deux cochaînes de ce type 
associées au même fibré /*(£) sont relatives à un même recouvrement ouvert dix 
alors elles diffèrent par un cobord. Passant à la limite inductive pour tous les re­
couvrements tels que dix, on obtient un élément de Н 2к(Ух, Z). Nous allons montrer 
que cet élément est k]ck(Çi) et par ( /* )_1 injective, il lui correspondra
к \скт н 2к(у ,ъ ).

Rappelons que nous devons résoudre le problème suivant:
Dans la catégorie des fibrés vectoriels complexes à bases paracompactes

(I) A chaque fibré £ de base V, on sait associer ck(Ç)£H'lk(V, Z), ct (ç) = 0, 
pour k >rang <J, c0(<0=l.

П
On pose c ( 0 = 2 ck(i)- 0
(II) Si  ̂et r] sont K-isomorphes, c(ç) =  c(rç), et si /:2?—F,/*(c(£))=c(/*(É ))-

(III) ck ( Ф £() =  2  ci (£<i) U fi (<ü(,) U ... U C! (£i|t), somme étendue à toutes
'1 =  1 '  _ *1.1*2..*k

les combinaisons к à к de 1, 2, ..., n, U est le cup-produit.

Studla Scientiarum M athem aticarum  Hungarica 13 (1978)



INDICE D ’INERTIE TRILATÈRE 269

(IV) Ci(i) est défini comme au (1°).

(V) c(ç) ainsi défini est unique.
Nous définissons le cup-produit par:

(cUc')(C/i0>il....ip+9) -

(Ill) vient du 4° compte tenu de AUp = (— 1)pï/î UA p=d°X, q=d°p, dans 
l’algèbre de cohomologie. Les autres propriétés sont immédiates. Donc, en résumé:

ta 2k-cochaîne formelle —  cX0Xl Я2к définit la k'eme classe de Chem de au 

moyen de la construction explicitée au 5°.
R e m a r q u e  1. Rappelons la construction de l’espace Fj.
Si q: P(Ç)-+V est le fibré projectif associé à p: Ç-»V, on construit q*(Ç), si 

Ç est de rang 1, fj =  fj / =  Id. Raisonnons par récurrence. Soit q*(£) =  ® cr4
cr; de rang (n — 1), de base P(Ç). Il existe g et Vx satisfaisant aux conditions du splitting 
map pour af , g: K, — P(ç), g* injective en cohomologie qog: V1-»V, (qog)*(Ç) est 
complètement réductible, l’injectivité en cohomologie résulte d’une propriété générale 
des fibrés projectifs.

R e m a r q u e  2. On a établi dans (II) que la première classe de Chem est repré­
sentée localement par le cocycle d’inertie de trois lagrangiens deux à deux trans­
verses, cette propriété s’étend ici naturellement, (3) correspond à une décomposition 
locale de la cochaîne qui représente la classe de Chern d’ordre к au moyen d’un 
polynôme relativement aux cocycles d’inertie de triplets de lagrangiens deux à deux 
transverses au-dessus d’ouverts U'012, U'2Si, ... suffisamment petits, contenant un 
élément xÇF.

Ainsi la classe totale de Chern se représente localement par une cochaîne fac- 
torisable au moyen de cocycles d’inertie de lagrangiens deux à deux transverses.

6° L ’équivalence avec la définition de Chern—Weil.
Nous nous proposons d’établir directement que les classes de Chem—Weil 

sont des classes entières.
V est ici une variété différentiable et les fibrations sont elles-mêmes différen­

tiables. De la suite exacte

0 -  R—̂  jrfi— ~....5/p—̂ - . . .

où i est l’inclusion, sév le faisceau des germes des formes différentielles de degré p, 
dp la différentielle extérieure restreinte à sév, donnant une résolution fine de R 
(J/j est un faisceau fin), on déduit la suite d’isomorphismes

H ‘(V, ker dx+1) — ► H ‘+\V, ker dfi
K

...— H i+e+1(V, ker d0) =*

=* H i+x+1(V, R)
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venant de la suite exacte
0 — ker dx Q — -  ker dx+l — 0.

Supposons que le fibré complexe soit sur Vx. Selon la définition de l’opérateur 
cobord (<5'), quand on envisage l’action de (áj,)-1, on considère ~^jc0l2 2k, on lui 

associe Tr (аогП^изП ••• □«hyt-e,24- 2,24- 1) dont on prend la différentielle

(1 3 ) "fcT^r (d floi □  ^123 □  □  ff2k-3,2k- 2 ,24- 1)

puisque les axßy sont localement constantes. Or

d((a01)) = 2 ^ 7  Tr («o-ffli),

ы étant une connexion unitaire, ce qui par application de l’opérateur inverse du

cobord donne: ——г (2, Q étant la forme de courbure.2m
On aboutit à

~ Р Т 2 ^ [ Г̂ Г ( ^ □ <Т1 2 з П  ••• □  ° 2 4 - 3 ,2 4 - 2 ,2 4 - l ) -

En recommençant autant qu’il le faut, on obtient

(èi) Tr(fiAfiA---Aß)’
avec к facteurs Q. C’est bien un représentant de ck(Çi) dans la méthode de Chern—• 
Weil. En revenant au cas général du fibré Ç sur V, si A est l’isomorphisme de 
Нк(У1г R) dans H k(V1, Z) que l’on vient de mettre en évidence, (f* )~ loAof* 
donne un isomorphisme de Я*(к R) dans H k(V, Z) qui associe la kiime classe 
entière ck(Ç), à la A:ième classe entière de Chern—Weil (on sait que l’injectivité 
de /*  s’étend à la cohomologie réelle).
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TRIGONOMETRISCHE APPROXIMATION 
MIT GLEICHVERTEILUNGSMETHODEN

von
P. ZINTERHOF und H. STEGBUCHNER

Abstract

Trigonometrie Approximation with Methods o f Uniform Distribution. We consider a quantity 
Fn similar to the Discrepancy D N, measuring the „quality” of uniform distribution of a sequence 
{x„} in Rs, which can be computed easily. Further a new method forming „partial sums” of multidi­
mensional Fourier series is introduced.

0. Einleitung

Zum Problemkreis der trigonometrischen Approximation mit Gleichverteilungs­
methoden existiert eine umfangreiche Literatur, die sehr vollständig in [2] und [3] 
angegeben ist. Sind die Funktionswerte von / (x) in den Punkten xx, ..., xN bekannt, 
so kann der Approximationsfehler durch die Diskrepanz DN dieser Punkte ab­
geschätzt werden. Die praktische Anwendung solcher Abschätzungen ist jedoch 
problematisch, da die Diskrepanz einer Punktfolge im R für große Werte von 
N und (oder) 5 wegen des enorm hohen Rechenaufwandes in der Praxis nicht mehr 
berechnet oder befriedigend abgeschätzt werden kann. In dieser Arbeit wird eine 
der Diskrepanz ähnliche Größe FN betrachtet, welche stets mit 0(N 2) Rechen­
schritten, in vielen Fällen jedoch mit wesentlich geringerem Rechenaufwand, er­
mittelt werden kann. Die Anzahl der Rechenoperationen ist dabei von der Dimen­
sion s unabhängig. Für x = l wurde diese Größe in [6] diskutiert.

Im weiteren wird der Begriff der „Partialsumme“ einer mehrdimensionalen 
Fourierreihe dahingehend verallgemeinert, daß nicht, wie allgemein üblich, die 
Teilsummen über .v-dimensionale Quader oder Kugelbereiche sondern über hyper­
bolische Bereiche gebildet werden. Mit dieser Methode können für viele Funktionen­
klassen erheblich bessere Konvergenzaussagen hergeleitet werden.

Für die Terminologie sei auf [3] verwiesen.

L Die Diaphonie FN

Sei g W M - ^  +  ̂ ( l - 2 №  (x<ER) und H(x) = H (x1, ..., xs)= П g(x^~  1-
o  1  i  =  1

P  V  D  ( JT1 • V  )
#(x) besitzt die absolut konvergente Fourierreihe ^  ——,—-2— mit Æ(m) =

m € zs -K ( m)
s

= JJ max (1, |x;|), exp (/) —e2’1", wobei die Summe über alle m^(0, ...,0) zu er-i = l
strecken ist.
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D efinition 1.1. Unter der Diaphonie der Punktefolge хд, ... ,x N wollen wir die 
Größe

vl / 2

verstehen.

( I N N уÿÿi 2̂ 2 н(xfc x/)J
Es ist wohlbekannt, daß die Diskrepanz einer Punktfolge genau dann gegen 

Null strebt, wenn die Folge gleichverteilt ist. Dieselbe Tatsache gilt auch für FN.
Satz 1.1. Die Folge {x„} ist genau dann gleichverteilt mod 1, wenn lim FN = 0 gilt.

B e w e is . Wie m a n  s o f o r t  n a c h r e c h n e t  i s t  F'n = 2 '
m

e>0 bei. gilt daher für N ^N (e) und h£N bei.

J N  2

—  2  e x P (X* • m )k = 1________
Л2(т ) Für

2 '
— 2  exP (Xfc • m)k = i ___________

RHm) e

falls lim Fn = 0 gilt. Die Ungleichung von Koksma—Erdős—Túrán [3] liefert
N-*■00

lim £>v = 0.JV-OO

Die Umkehrung des Satzes folgt unmittelbar aus Satz 1.2.
Lemma 1.1. Es sei co={a1........a v} eine Punkt folge aus dem Rv mit Diskrepanz

Dn . Für ein festes к (1 ^ k ts N )  betrachten wir die Punktfolge со* =  {ax — ak, ..., aiV —ak) 
und bezeichnen ihre Diskrepanz mit D ^. Dann gilt D%^3SDN.

Beweis. Es seien 0= ^ i>0<)Si>1<...-cj9i>S( =  l die verschiedenen Werte, die 
die /-ten Koordinaten der Punkte aus со annehmen. Für die Folge со* erhalten wir 
dann analog

0 = ßi.k,~akn < ßi.u+ i-aP  <•••< =
( 1 . 1)

Diese Folge wollen wir mit 0 = а 1>0< а 1Д<  . . .< a ; S( = l bezeichnen. Für ein belie­
biges 5-Tupel (a1>7l, ..., ots Js) mit /=1, s definieren wir das Intervall

Q* =  {(*i. , xs): Xu ( <  Xi S  af,Jl+i, 1 ^  i sá s}.

ü* bezeichne die Vereinigung all dieser Intervalle. Ferner sei X die Vereinigung 
aller Intervalle der Form Q, die analog zu Q* mit den Zahlen ßitJ definiert werden. 
Wie in [4] wollen wir mit y(ß*) den „oberen“ und mit z(ß*) den „unteren“ Eck­
punkt von Q* bezeichnen. Dann gilt (siehe [4]):

(1.2) Ds =  max max I
Q*CZ*  (

A (y (Q*); N)
N -y(y(Q*))

A{y{Q*)\ N)
N ■v(z(Q*)) I)
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Betrachten wir nun ein festes Q*£Z* mit y(ß*)=(aljtl, as is) und nehmen wir 
an, daß a„—a* (bzw. seine periodische Fortsetzung) zum Intervall [0, y(ß*)) gehört. 
Nach (1.1) können nun für jedes i (/=1,2, ..., s) zwei Fälle eintreten:

Fall A: aM, =  ßUri- a p  d. h. a<‘> a(0 <  ßl n
(1.3)

Fall B: aMl =  1 +ßi.r - a ^  d. h. 0 ^  a<‘> <  ßt,rtWa^ Ш a<‘> <  1.
Es kann somit die Anzahl der Punkte der Folge со*, welche in [0, y(ß*)) liegen, 
durch die Anzahl der Punkte der ursprünglichen Folge со, die in bestimmten dis­
junkten achsenparallelen Quadern 7 j, ..., liegen, ausgedrückt werden. Wie
unmittelbar aus (1.3) ersichtlich ist, gilt für das Volumen V(y(Q*))

, 4 J«2*>
V ( y m )  =  2  v(Tj).

j =1
Bezeichnen wir nun mit T  einen dieser Quader, so ist T  = {(x1; ... ,x s):
i= l ,2 ,  mit Cj€{0, ßi r, a^} und </,€{1, ySi>r, a*f)}, r = 0 , 1, ..., st und somit
gilt
(1.4) V(T) = {d1- c 1){di - c 2) . . . ( d s - c ^  =

=  d 1 . . .d s- c 2d2 . . .ds± . . . =

= e1,i- -e 1,s±e2'1...e2'S± . . .± e t'1...eUs.
Nun ist aber jeder Punkt (et>1, ..., ei s) ein bestimmtes y(ß) mit QdZ; es gilt daher
(1.5) V(T,) = ± F (y (ß il)) + K(y(ßIl))± ...± F (y (ß ,t)),

wobei die Vorzeichen gemäß (1.4) zu wählen sind. Natürlich gilt auch für die An­
zahl der Punkte in 7)
(1.6) A (7j; N) — ±Л(у (ß;i) ; N )  ± ... ±  А (у (ß,e) ; N),
wobei in (1.6) wieder dieselbe Vorzeichen Verteilung wie in (1.5) zu wählen ist.

Analog gilt nun auch für den Bereich z(ß*), daß seine periodische Fortsetzung 
in paarweise disjunkte achsenparallele Quader Ux, ..., C/J(Q») zerfällt, wobei unter 
diesen einige entartet sein können. Analog zu (1.5) gilt nun auch wieder

V(Ui) =  ± F (z(ß (l) )± ...± F (z (ß it)).
Wie man sich leicht überlegt, wird aber im allgemeinen z(ß ;.) verschieden von 
z(Q,.) sein. Es gelten jedoch die Ungleichungen

(1.7) V(z(&,)) S  V(z(Qh)) ^  V(y (Qi))-
Wir haben nun die Anzahl der Summanden in (1.4) für ein festes Q* abzuschätzen. 
Diese hängt natürlich davon ab, wie oft in (1.3) die Fälle A bzw. В auftreten. Nehmen 
wir an, daß m mal Fall В und s — m mal Fall A eintritt, so rechnet man sofort nach,
daß j(Q*)=2m gilt, ln diesen 2m Produkten der Gestalt (1.4) treten mal к
Werte ctl, ..., cik auf, die alle gleich Null sind; dies kann ohne viel Mühe mit In­
duktion bewiesen werden.
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276 P. ZINTERHOF AND H. STEGBUCHNER

Wird nun ein Produkt der Gestalt (1.4) formal ausmultipliziert und sind к 
Werte der ctj gleich Null, so besteht die Summe aus 2s~k von Null verschiedenen 
Summanden. Ihre Gesamtanzahl ergibt sich daher zu

( 1.8)
k =  0 2s-k __ ^  I I 2s~ n 2 n—* =  2s~ n3n — 3S 

k=o \ k )

Wir erhalten somit nach (1.5), (1.6) und (1.8) 

A(y(Q*)- N )
(1.9)

N — V(y (£?*))
KQ*) <i

^ 2 2(=i j=1 3*Av.

Wegen (1.7) gilt auch 

A(y(ß*); A)
А -k-(z(ß*))

j  (Q*) h
* 2  2  

Ы 1 J - l

j  (Q*)  <i

^ 2 2  max /= 1 7=1
y o N.

(1 ^ ( У ) - V(z(Qtjj)[, \ A{y(Q} f  N) - V ( y ( Q h))\] S

Aus (1.2) folgt nun zusammen mit (1.9) und der letzten Ungleichung die Behauptung 
von Lemma 1.1.

Satz 1.2. Die Diaphonie FN erfüllt die Ungleichung 

F„(Xl, ..., x„) < 6S(A*)1/2.

Bew eis. Nach dem Satz von K oksm a— H l a w k a  [1] und wegen J  H (x)dx — 0 
erhalten wir e.

1 N
—  2  H (x ,-xk) 
TV /=1

á  D*V<°>(H),

wobei DÛ die Diskrepanz der Punktfolge {xx—x*, ..., xN—x j  bedeutet und V(s){H) 
die Variation der Funktion H im Sinne von Hardy und Krause. F (s)(A) ergibt 
sich im konkreten Fall zu

V(’\ H )  =  2  (*.) ( /  lg'(*)l dx)‘( f  |g(jc)|dx)s- 1 <  12*.i = l V / 0 0

Lemma 1.1 liefert nun zusammen mit dieser Abschätzung

36 sDn.1 N 1 N
—  2  H (x ,-x k)ГУ i = 1

Von besonderer numerischer Bedeutung wird FN für die wichtigen Folgen 
{кв}, в=(егi, ..., er»), wobei die r, feste von Null verschiedene rationale Zahlen sind.
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Satz 1.3. Für die Folgen {кв} gilt

H(01 2 N~*
(i) fn — ~]{f~ +  Jÿï Д  (N -k )  FI (кв).

(ii) Es gelten die Rekursionen
Fl = Я  (0), B1 = H(0),

(N+l)*Fk+1 = N*F%= H(0) + 2Bn,
Bn+1 = Bn + H((N+  1)0).

(iii) Für fast alle в gilt FN= 0 (N e~1), e>0 bei.
Der Beweis des Satzes kann unter Verwendung der Resultate von [5] sofort 

vom Beweis der eindimensionalen Version aus [6] übernommen werden.

2. Numerische Integration

Wir geben zwei Integrationsmethoden an, bei denen die Fehlerabschätzung mit 
Hilfe der Diaphonie FN durchgeführt wird.

D efinition  2.1. EfiC) sei die Menge aller auf dem Rs definierten periodischen 
Funktionen

/(x) = f ( x 1, . . . ,x s)=  2  C(m)exp(m• x)
m =  —oo

mit |C (m )|^C /Ä 3(m) (siehe [2]).
D e f i n i t i o n  2.2. Für xx, ..., xiVÇRs und f  (x)dEfiC) sei

(2.1) W )  = W i  xl5 ..., x*) =  2  /(x t -x,).

Für die speziellen Folgen {кв} wird (2.1) zu

(2.2) IN( f )  =  ^  "Z (N -\k \) f(k 9 ).
l y  k = - ( N - 1)

D efinition  2.3. Die Gewichte A{fN werden definiert durch die Gleichung
(  N \ ‘ Nt

(2.3) \ 2 z k =  2 A } % z k.
\k= 0  > 0

Siehe dazu [6].
Speziell für die Folgen {£0} ist nachstehende Definition einer Integrationsregel 

zugeschnitten.
D efinition  2.4. Für 0£RS und /(x )€ EfiC) sei

Nt
(2.4) 4 ° ( / )  =  4 «  ( /;  0) =  ( V + 1)-' 2 1 r k% f(kd).

k = 0
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Wir werden vorerst einige Rekursionsformeln für die Gewichte A['}N herleiten.
Lemma 2.1. Die Gewichte A (k'fi besitzen] für t, N£N und 0 ^ k ^ N t  die Sym- 

metrieeigenschaft
(2.5) А № = А Я и . п -

Beweis. Mit Hilfe 
Gleichung

( 2.6)

des polynomischen Lehrsatzes ergibt sich unmittelbar die

tl
A  U ) _

л к ,Я  — 2
»l....«N+1=° А4!! ••• Hn+i

д1 + ...+#1к + 1=»
/is + 2ji3+... + ÍVmn + i=í:

Aus (2.6) erhält man dann durch geeignete Umnummerierung der Indizes

(2.7) A $ - k , N  —
«

2  ------------- .
....%*i=o Ff- /hv+i!

Д,+...+Дк + 1=' 
ß N  +  2 i i N , 1 + . . .  +  N f i 1 = N t - k

Die Behauptung (2.5) folgt somit aus (2.6) und (2.7), wenn wir zeigen können, daß 
die beiden Aussagen (i) und (ii)

(i)
N  + l
2  k i  = ti - 1 mit O/ij +  l/^-l- ... + N/an + 1 = к

N  +1
(ii) 2  H i  =  ‘

i =  1 Ü/IN + 1+ 1 ^ N  +  --' 1II+

äquivalent sind. Diese Äquivalenz kann jedoch leicht mittels Induktion nach N  
bewiesen werden.

Satz 2.1. Für die in (2.3) definierten Gewichte A f]N gelten die Rekursionen 

A[% = \, A % K = 0 (k ,t,N €  N),

4!Ä 1) = 4 ‘-+iViv+4:)iv für O á fc s A ,

^  f ü r  A <  к  ё  [ Ж ? 2— ]  +  L

Beweis. Wegen Lemma 2.1 kann man sich auf + J {3esciir^ri|<en
T

Diese Rekursionsformeln können nun ohne viel Mühe hergeleitet werden, wenn 
man von der Gleichung

Ni
( l+ z  +  ... + z 7 + 1 =  (l +  z + .. .+ z Ä) 2

k = 0

ausgeht und die in der rechten Seite auftretenden Summanden geeignet zusam­
menfaßt.

Wir geben nun im Anschluß Fehlerabschätzungen für die Integrationsmethoden 
(2.1) und (2.3) an.
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Satz 2.2. Sei f£E*(C) mit a>l, x1; ..., xwÇRs und e>0 bei. Ist ferner 
Rn- R n(xi, ..., xv) = / v( / ) -  f  /(x )  dx, so g//i:

E s

(О £ит Ot а  2 /sí: |£jvl = C£jy(xl5 ..., x,y),

(ii) fü r  ä  a ä  2 /sí: |/?vl — QCa, e)£^l(a,£) mit C\(a, e) = C(8/e)s(2-a) und 
ß fx ,  e) — 2x —2 —e(2 —a),

(iii) fü r  1 <  я ^  /sí: |£jv| ^  C2(a, Е)р£г<-*'с) mit C2(a, e) — C —■ j und 
ß2(oi, e) = 2 a —2 —e(a—1).

B e w e i s .

R n ( x i , =  2  Í 2  c (m )exp(m • (xk - x,))j — C(0) =
M  k, l  = lVm=-oo /

=  X  c (m) 2  exP (m • x*) 4 r  2  exP ( - rn • X,),
m = - c o  JV k = l  W  i =  1

wobei die Umordnung der Reihe wegen a > l erlaubt ist. Mit S(m, N) =  
1 N—  2 exP (m ,x /t) erhalten wir für cc^2 die AbschätzungA it= i

1**1 S C  X  - ^ 7 ~ p - - C i '  (5(m, A)/R(m))2 =  CF*.m = — oo К U* V m = — oo

Sei nun — S a ë 2 . Mit der Hölderschen Ungleichung erhalten wir dann

1**1 -  С ПЛ  =

(  oo ч 3 ( 2 —a ) / 2

= CF$*~i I 2 '  S2(m, A)/Ä4/3(m)
xm = — oo /

(5(m, yV))s/343(2-a)/2 ^

s C i f - 4í l ! - ,)/!( X  5 2(m, A)/R6/5(m)]
\ m =  — ©о /

5(2—a)/4

Wenden wir nun wiederholt nach diesem Schema die Höldersche Ungleichung an, 
so erhalten wir nach к Schritten die Abschätzung

( 2. 8)
( oo \У(Ю

2 '  S 2(m)/(R(m))«4
m  =  — oo /
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mit ß(k)=(2k+1+2)/(2k+1 + 1), y(k)=(2k+1 + l)/2k+1 und
S(a ,k)  =  3a —44-2(2 —a)(2_1 + 2_2+ ... + 2 -1).

Wegen 2 '  5 2(m, N)l(R(m))ß(k)̂ ä2s(k + 2) und (k + 2)y(A)sк 4-3 für genügend große
m =  — oo

k, erhalten wir aus (2.8)
\Rn\ S  C2s(t+3,(2- x)Fff - 2- (2- l)2_k ^  Cx(a, £)F^*’e)

mit Ci(a, ê)=C(8/ê)s(2_3i) und /^(a, e) = 2a —2 —e(2 —a), wobei A so groß zu 
wählen ist, daß 2~k~1^ e ^ 2 ~ k gilt.

3
Ist nun schließlich l - ^ a ^ y ,  so erhalten wir ebenfalls wieder mit Hilfe der

Hölderschen Ungleichung die Abschätzung

» . . (SYm, N))3~a
1**1 ^  C m2 'J S ( m ,  N )/R (m )f-k R (m ’- m

— CFn 1 ( 2 '  (s(m,
\ m =  — oo

(5(m, AQ)3- '.y i
R(m) J

mit ^=2/(3 —a) und i x =  (3 — a)/2. Wenden wir schließlich die Höldersche Un­
gleichung auf die verbleibende konvergente Reihe к mal nach diesem Schema an, 
so erhalten wir

(2.9) \Rn\ à  CFjf-1>il+t-1+- +*-k>{ 5 2(m, i V ) / ( Ä ( m ) ) 4  + i]  k + l
\ m = —oo '

mit rt = 2(2k — 1 — (2t_1— l)a)/(2k+1 — 1 — (2‘ — l)a) und S* = 2-'I(2*+1- l - ( 2 * - l ) a ) .  
Wird nun die in (2.9) auftretende Reihe in gewohnter Weise abgeschätzt, erhalten 
wir analog zu obigen Abschätzungen

\R„\ CF£«*-1)<1- 2-,‘-,)(2*+2/(a—l))s ^  /jf«(«-,>C2(a, e)

mit C2(a, e)=C(4/(e(a —l)))s und /?2(а, е) =  2(а — 1)—е(а— 1), wobei A: wiederum 
so groß zu wählen ist, daß 2 -t-1ë e < 2 - * gilt. Damit ist der Satz gezeigt.

Bemerkung. Wie man sich leicht überlegt, gilt (ii) sogar für а >4/3 und 
(iii) für а>1. Die Abschätzung (iii) ist aber für 4/3< a ^ 3/2 besser als (ii); ent­
sprechendes gilt für а >3/2 auch für die Abschätzung (ii).

Satz  2.3. Sei i ^ a ë 2  (i£N), /(x)4£)(C ) und df R \ so gilt

(2.10) 1**1 =  \Jjf> ( / )  -  /  /(X) dx| ^  CF* •
E,

B ew eis.
oo Nt

Rn = (N + \)- ' 2 '  C(m) 2  a Í?n exp (m • кв) =
m = — oo fc =  0

= (N+  l)_t 2 '  c (m) í Z  exP (m • Ad)) .
m - - o o  Vfc =  о '
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Damit ergibt sich

I b i s e i —^ - ï  i '  ( 5 ( т ,А ) / Л ( т ) ) ^ с (  i '  S*(m, N)/R>(m)] =CF^,

wobei letzte Abschätzung aus [[{ö„}||p =  ||{ßn}||, für p ^ q ^ l  folgt.
Sind von der Funktion f(x)£E °(C )  die Funktionswerte nur an den endlich 

vielen Stellen xl5 ..., x;V (Xj€Rs, bekannt, so kann bei der Verwendung
des arithmetischen Mittels als numerische Integrationsmethode folgende Fehler­
abschätzung hergeleitet werden :

3
Satz 2.4. Ai f£E£(C) mit <*■>— und xls ..., xv: R \ dann gilt für den Integ­

rationsfehler Rn

Ä*(x 1 , xs) =  - i -  2 f(* k )~  f f ( x ) d x

die Abschätzung
(2 a -2 )1/2

(2.11) |Rv(xi, ..., xjV)| ~ C • Fn • J ‘

Der Beweis ergibt sich ohne Mühe aus der eindimensionalen Version des Satzes 
(siehe [6], Satz 3).

3. Trigonometrische Approximation

Wir wenden nun die in den letzten Paragraphen angeführten Methoden und 
Ergebnisse auf die Approximation von Funktionen an. Es ist naheliegend, als 
trigonometrische Approximationspolynome „Partialsummen“ der Fourierreihe der 
Funktion zu verwenden. Die Verallgemeinerung des Begriffs der Partialsumme

N
sN(x)~  2  cm exp (nix) vom ein- in den mehrdimensionalen Fall kann aber in

m — —N
verschiedener Weise erfolgen. In der Literatur findet man vor allem zwei solcher 
Verallgemeinerungen (siehe [7]).

(3.1) S„W  =  V ....„ ,W  =  2 1 C(fcls
0 =  |kjl — n j  j= 1....s

ks) exp (k • x)

(Summation über Quaderbereiche).

(3.2) ü r ( x ) =  2  C(ku  ..., ks)exp(k-x)
k\ + ... + klsR

(Summation über Kugelbereiche).
Wir werden nun „Partialsummen“ über bestimmte hyperbolische Bereiche 

definieren und zeigen, daß damit wesentlich bessere Fehlerabschätzungen als mit 
Summen der Gestalt (3.1) und (3.2) gewonnen werden können. Im folgenden werden 
zwei Approximationspolynome konstruiert; im ersten Fall berechnen wir uns die 
Fourierkoeffizienten mit einer Integrationsmethode (2.1), (2.4) oder (2.11).
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L emma 3.1. Es sei /(x )£ £ 5(C), a > l,  C*(m) =  /N(/(x) exp ( — m-x)) und £>0 
bei Dann gilt

CR*(m)F$ für  a s  2,

(3.3) |C(m)—C*(m)| e)RI(m)Fßlle'iif i r  s  « S  2,

C2(a, e)/?*(m) F ^ (o,'£) für 1 <  a j .

B eweis. Wie man sich sofort überzeugt, liegt die Funktion / (x) exp (m • x) 
in der Klasse E*(CR*(m)), falls f£E*(C). Der Rest ergibt sich aus Satz 2.2.

Satz 3.1. Es sei f(x)£E£(C), o o l ,  s=-0 bei. und R ^ l .  Dann gilt für das 
A pproximationspolynom

die Abschätzung

(3.4)

mit

Pr 00 =  2  c * (m) exP (m •x)R(m)5Ä

II/

a — 1

4 .  = o ( « ( i „ g i - p

of S .a
i +£a + a - 2 —y ( 3 —a) y  S ot ^  2,

2 - e
(”+ 7 - 2) < « s T .

B eweis.

1 / 0 0 001 =  I 2  (C (m )-c* (m ))exp (m *x) +
R(m) ̂  R

+ 2  C(m) exp (m • x)[ s  C*Fß 2  Ä*(m) + C 2 ” Л "г( т ) ё
R (m )^R  Ä (m )s 8  R(m)=-R

SC*EfiR* 2  1 + C 2  R~° (m)3£
R (m )^R  R (m )> R

=? C log5 "1 /? + Ca fe i (1+ log Ä)5 
Ä1" 1

wobei die letzten Abschätzungen aus (3.3), [2] p. 172 und [2] p. 125 folgen. Dabei 
ist

C* =<

c a ^ 2 2 a ^ 2

Q (a, e) | s a s 2 2a —2 —e(2 -«)
3- S a s 22

C,(a, e) . 3
i < a - T 2a—2—e(a -1)

31 < a S y
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Wir wählen nun R=R(FN) so, daß dieser Ausdruck minimal wird und erhalten 
R=F$ mit

oc a ^ 2

woraus schließlich die Behauptung folgt.

Satz 3.2. Essei iS a ^ 2 ,  f£E*(<0), 7?^1 und exp (—m • x)).
Dann gilt für das Approximationspolynom

die Abschätzung 

(3.5)

Pk°(x)= 2  C**(m) exp (m-x)
R(m)SR

!l/-n°IU = o f^ -^ io g 5-1-^).

Der Beweis verläuft ganz analog wie oben unter Beachtung von (2.10). 
Analoge Abschätzungen erhält man bei Verwendung der Integrationsme­

thode (2.11).

Bemerkung. Wird in (3.1) пг= ...=ns=R  gewählt, so hat man bei den Me­
thoden (3.1) und (3.2) ein 0(R S) Fourierkoeffizienten zu berechnen, während die 
Anzahl der zu schätzenden Koeffizienten mit den Methoden (3.4) und (3.5) nach 
[2], p. 172 nur ein 0(R  log5-1 R) beträgt.

Approximationsmethoden, wie sie in Satz 3.1 und 3.2 angeführt wurden, wird 
man nur dann verwenden, wenn die Koeffizienten C(m) bzw. deren Schätzungen 
ebenfalls benötigt werden (etwa für gewisse Stopbedingungen oder in der Bild­
verarbeitung zum Ausfiltern von Störfunktionen). Ist man jedoch nur an den zu 
approximierenden Funktionswerten interessiert, so braucht man nicht die einzelnen 
Fourierkoeffizienten getrennt zu berechnen, sondern kann sich gewisser Integral­
darstellungen für die Partialsummen bedienen.

Definition 3.1. Sei n = (и15 . . . ,n s) und R ^  1, ganz. Unter dem s-dimensionalen 
Dirichlet-Kern der Ordnung n verstehen wir die Exponentialsumme

£ns)(x )=  2  exp (m-x).
J =  1 s

Die Exponentialsumme
(3.6) //^> (x )=  2  exp (m-x)

R ( m ) ^ R

wollen wir als s-dimensionalen Hyperbelkern der Ordnung R bezeichnen.
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Es ist bekannt, daß D‘s)(x) die explizite Darstellung
£>i,s)(x) = D ni(x1)...Z)„i(xs) 

mit

(3.7) A ( 0  =
sin (2fc + 1)яг 

sin nt
besitzt. Wie man sofort nachrechnet, gelten die Gleichungen
(3.8) sn(x)=/*Z)<s>(x)= //(y )ö < 5)(x-y)dy,

E .

(3.9) 2  C (m) exp (m • x) =  / * Hjf*(x) =  f f ( y ) H <Rs)(x~y)dy.
R(m)sR £■

Auf Grund der Darstellungen (3.8) und (3.9) kann man also ein trigonometrisches 
Approximationspolynom erhalten, wenn man auf die Funktionen f(y)D ^s)(x—y) 
bzw. / (у )Я ^ (х —у) eine numerische Integrationsmethode anwendet. Für (3.9) 
ist dies natürlich in der Praxis nur dann sinnvoll, wenn wir für (3.6) ebenfalls eine 
explizite Darstellung ähnlich (3.7) angeben können. Eine solche soll nun im An­
schluß hergeleitet werden. Wir werden dazu den Bereich der Gitterpunkte m mit 
R(m)^=R in einer geeigneten Weise charakterisieren. Für R£N bei. definieren wir 
uns dazu folgende Zahlen :

(i) Ist VJ? + l=Ä:+r mit 0< r^0 .5 , so sei

(3.10)

0

к <  j  ^  2k— 1, 

j  = 2k.

(ii) Ist andernfalls \  R + \=k-\-r mit 0 .5 < r^ l, so sei

(3.11)

k,

к +1 ^  j  ^  2k, 

j  =  2k + 1.
D efinition 3.2. Unter dem Bereich verstehen wir die Menge aller Gitter­

punkte m für die gilt: Ist rctJ- 1̂ n j S r 0:j für \^a.jS.2k (bzw. 1ёос^2А: + 1)
S

(j=  1, ..., s), so gehöre n — (nx, . .. ,n s) genau dann zu BR\  wenn ]J rX/S R  gilt. 
Die Eindeutigkeit dieser Definition zeigen wir in

Lemma 3.2. Die in (3.10) bzw. (3.11) definierten Zahlen sind alle voneinander 
verschieden.

R R
Beweis. Für 1 ^ j ^ k  ist nichts zu zeigen. Aus der Gültigkeit von — 1

[R] R R r R l
y j s  — <- — folgt auch der Rest der Behaup-
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tung im Falle (3.10), da ja hier В'**- Im Fall (3.11) müssen wir nur noch

zeigen, daß |^ - j s & + l  gilt. Wegen d.h. 2kr+r2> k+ -^  und Ä + 1=A:2+
+ 2kr + r2, d. h. 2â.t + î-2ÇN erhalten wir die Ungleichung 2кг + ггё к  + 1, woraus 
schließlich
(3.12) r s  у k2+k + l — k

folgt. Mit Hilfe von (3.12) läßt sich nun aber sofort zeigen, daß dann auch 
k(k + l ) ^ R  gilt. Aus dieser Ungleichung kann dann aber sofort die Behauptung 
hergeleitet werden.

Das nachfolgende Lemma wird für die explizite Darstellung von H^s) (x) eine 
große Rolle spielen.

L em m a  3.3. Ein Gitterpunkt n = (nlt ..., /?,.) gehört genau dann zu B 'fi, wenn 
R (n )^R  gilt.

B e w e is . Die eine Richtung ist trivial, d. h. n£Rjjs)=>7?(n)^.R. Nehmen wir 
also an, daß R (n )^R  gilt und sei & =[)!?] wie in (3.10) bzw. (3.11) definiert. Gilt 
für ein Hji rij>k, so folgt daraus ntS к  für Ы к (j, /= 1 , ..., s). O. B. d. A. können 
wir annehmen n ,^ k  für 1 1 und nur eventuell ns> k. Es gilt somit auf
Grund der Definition 3.2: rXl=ni für 1 1. Wegen R (n )^R  folgt daher

n - H U l .ln1...n,_1J

Nun ist aber [-— — 1 stets eine in der Folge (3.10) bzw. (3.11) vorkommendeLnj... J
Zahl rm. Ist daher ns ё  rm= ras, so gilt

S

= R,

was aber n i impliziert. Damit ist das Lemma bewiesen.
Dieses Lemma erlaubt nun eine rekursive Darstellung des in (3.6) definierten 

Hyperbelkernes #£s)(x). Im folgenden wollen wir für x = (x1, , xs_lt xs)£Rs mit
x '=(x!, ..., xs_1) seine Projektion auf Rs_1 bezeichnen.

Sa t z  3.3. Für den in (3.6) definierten Kern H ^(x)  ( i ê 2) gelten die Rekursions­
formeln

2k— 1
(i) H$>(x) = Z  H ^ y j (xu . . . ,x s- 1)(Drj(xs) - D rj_1(xs))

für УR + \= k + r ,  0< rs0 .5 ,

(ü) H f(x )  =
2 к

Z  и
7 =  1

( s -  D
r2k + 1 -7 0*i, X s - 1) (k>ri (Xs)  — D r . _ 1 ( x s))
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fü r  / R + l= k  + r, 0 .5 < r^ l .
Dro(t)=D0(t) ist dabei identisch Null zu setzen und H}})(t) — Drj(t). 
B ew eis. Wir beweisen etwa (ii) und vermerken, daß r2k = R gilt. 

#Äs)(x) = 2  exp (m • x) =  2  exP (m • x) =

= 2  exp (msxs) 2  exp(m, -x') +  ...+
ro3 m'6ß,( s - 1 )•"2k

2
-O+i

exp (ms xs) 2  exP (m'-x') + ...+  
m'eßis_1*-J

+ exp (msxs) 2  exP (m' •x') =

=  n rf x s) я £ ;  V )  + ... +(Drj+i(xs) -  Drj(xs)) t f ^ V )  + ...+

+  . . .+ ( £ > rak( x s) —D rssic- 1(x s) )  ̂ Г ’) (х ') .

Dies entspricht jedoch schon der Formel (ii) unter Berücksichtigung von D0(t)=0.
Mit Hilfe dieser Rekursionsformeln kann somit der j-dimensionale Hyper­

belkern aus (í  — 1) dimensionalen Hyperbelkernen und gewöhnlichen Dirichlet Kernen 
aufgebaut werden. Ein gewisser Nachteil liegt allerdings darin, daß die Berechnung 
von tf£>(x) für große R sehr aufwendig wird. Wir werden daher einen Kern G(f  (x) 
definieren, dessen Berechnung wesentlich einfacher ist und der für genügend große 
R die gleichen Fehlerabschätzungen wie (3.6) gestattet. Dazu geben wir folgende 
Definition, die der Einfachheit halber nur für die speziellen Werte R = 2k (/c£N) 
angegeben wird (hat R nicht diese Gestalt, so sind wieder mehrere Fallunterscheid­
ungen vorzunehmen).

D efinition 3.3. Es sei R=2k {k£N) und qj—21 für O ^ j^ k  sowie q_х= 0  
und qk+1=°°. Ist m€Zs mit

q*j- 1 <  Mj = q*j (0 — — k + 1)
s

so gehöre m genau dann zur Menge Ar\  wenn f l  qXi = R gilt.
i= 1

Aus der Definition folgt sofort, daß die Inklusion ^  richtig ist. Ein­
fache Gegenbeispiele zeigen, daß im Allgemeinen nicht das Gleichheitszeichen gilt.

D efinition 3.4. Der Kern G{f  (.xj werde definiert durch die Gleichung

(3.13) С£>(х) =  2  exp(m-x).

Ganz analog wie in Satz 3.3 zeigt man folgende Rekursionsformel für den 
Kern Gjjs)(x):

(3.14) G (r ( x )  = Í  G (; k- ^ ^ ) ( D 4J( x s) - D q j J x j ) ,

wobei wiederum dieselben Nebenbedingungen wie in Satz 3.3 zu gelten haben.
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Da alle Fourierkoeffizienten C(m) von HRS) bzw. Grs) für R(m)>R  verschwin­
den und für R (m )SR  höchstens gleich 1 sind, erhalten wir die Abschätzung

(3.15) |C(m )|- 7 F ^ )  VmeZS’

was aber heißt, daß HR} und G\f zur Klass E*(RX) (я>1 bei.) gehören.
Mit Hilfe dieser Kerne H(RS) und können wir nun für Funktionen aus E£(C) 

folgende Approximationspolynome definieren:

Definition 3.5. Es sei f£E£(C), a> l und tsa .

(3.16) HIR(x) = /„(Ду)яГ(х-у)),
(3.17) GIr(x) = /„ (/(у )С М (х -у )),

(3.18) я4°(х) -  4 ° ( /(y )^ s)(x-y)),

(3.19) G Jkfx) = 4°(/(y)Gks)(x-y)).

Für diese Approximationspolynome gelten folgende Abschätzungen:

Satz 3.4. Sei f(x)£E£(C) mit a > l  und e > 0  bei. Dann gelten für die in 
(3.16) und (3.17) definierten Approximationspolynome folgende Abschätzungen:

\ \ f - m R\u
I I / - g / r ||,

\ogEN)ä(*-s>)

. . a ( s —1) , . 2(a—1) ... . а —1 „ , . ... 3
mit d(a, s)=  j ■, у (а, e) = - -  -- fur aS2, y(a, e )= y — j-M«> <0 fur2a — 1

ос — 1 3Sa.s2  und y(a, e )= -----  ̂ /?2(a, e) für  l < a g - ,  R muß dabei wie folgt in Abhän-
__jQ g  y7 ^a(a ,s)l s __ j

----- fTok-----J mit я (а>5) = ̂ —[> b(a) =

für  « ë2 ,é (a )  = - ^ y  fü r — S a S l  und b(a.)= f  f ür2 a - 1
Bew eis. |/(x) -  Hlr ( x ) \ S  | / ( x) - / *  (x)| + \f*  H (RS) (x) - H I R(x)\. Für den

ersten Summanden erhalten wir wegen (3.9) und Lemma 28 von [2] die Abschätzung

(3.20) |/ (х ) - /* Я ^ (х ) | si I 2  C(m)exp(m-x)| =i

S C  2  S  Ca
R(m)̂ R

(1 + log/?)s_1 
R7- 1

Wegen (3.15) und Lemma 9 von [2] liegt f(x )  (x) in der Klasse F£(ACRX) mit 
einer nur von a und s abhängigen Konstanten A. Satz 2.2 liefert somit die Ab-
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S c h ä tz u n g
ACRXF$ für a S  2,

A Rx Cl (a, e) (FnY i(a>£> für j  S  a ^  2,

ЛЛ’С2(а, e)(FNY*,lx'e) für 1 <  a ^  y

(die Bezeichnungen entsprechen jenen von Satz 2.2). Wird nun R wie oben angegeben 
gewählt, so wird die Abschätzung der beiden Summanden optimal und man erhält 
nach kurzer Rechnung die gewünschte Abschätzung für das Approximationspoly­
nom HIR. Um die Abschätzung für GIR zu erhalten, müssen wir eine Abschätzung 
von

angeben, welche dieselbe Konvergenzrate wie (3.20) besitzen muß. Dies folgt aber 
unmittelbar aus Lemma 28 von [2] und nachfolgendem Lemma:

Lemma 3.5. Für den in Definition 3.3 eingeführten Bereich Ajf* gilt die Inklusion: 
Br> i  A(rs) für R' = R/2S.

Beweis. Sei тбЛд.*, d. h. R(m)^R/2* und etwa 2aj~1̂ m J^ 2 xj , dann gilt 
R/2s^R (m )^ 2 Xxjl2s bzw. 2Ixj^ R .  Laut Definition liegt dann aber bereits m 
in Â s> und das Lemma ist bewiesen.

Für die Approximationspolynome H J f  > und GJR,> gelten folgende Ab­
schätzungen :

Satz 3.5. Sei f£E*(C) mit a ^ 2  und t^za (t ganz). Dann gelten für die in
(3.18) und (3.19) definierten Approximationspolynome nachstehende Abschätzungen:

mit >;(a) =  a(a —l)/(2a —1) und <5(a, .s) = a(.v — 1 )/(2ot— 1). R muß dabei wieder in 
Abhängigkeit von FN gewählt werden:

mit a(a, s) = (s—l)/(2a —1) und c(a) =  a/(2a —1).
Der Beweis kann ganz analog zu obigen Satz geführt werden, wenn die Ergeb­

nisse von Satz 2.3 berücksichtigt werden.
Zum Abschluß wollen wir noch die in Satz 3.4 und 3.5 hergeleiteten Ergebnisse 

mit jenen vergleichen, die man erhält, wenn man der Hyperbelkern durch den 
Dirichletkern ersetzt. Wie man sich sofort überlegt, gehört D*5)(x) für bel. a >  1 
zur Klasse ££(.К“(п)) und daher / (y)D(ns)(x—y) zur Klasse £ s(CARx(n)) mit

[ 2  C(m) exp (m • x)

( - lo g F jy ) ^
F ^

Stuclia Scientiarum M athem aticarum  Hungarica 13 (1978)



TRIGONOMETRISCHE APPROXIMATION 289

A = A(s, a), falls f£E£(C). Analog zu (3.18) betrachten wir das Approximations­
polynom D jP (x )= jp ( f(y )D P (x  — y)) und erhalten

\ f ( x ) -D jP \  S  |/(x )- f *  DP  (x)| - 1/* DP  (x ) -D J p  (x)| =

= 1 2  C(m)exp(m*x)| — ACRx(n)‘Ffi
m€Q'(n)

mit g '(n) =  Zs\ ö ( n )  und Q(n) =  {m£Zs: |т г|ё/?;, /=  1, ..., í }. Betrachten wir 
speziell die Faltung der Funktion f ( x )  mit Fourierkoeffizienten C(m) = C;/7ü(m) 
mit dem Dirichletkern im Punkte x =  0, so erhalten wir für n = (n, ..., ri)

sup ly'Cx) — DJp(x)\ = 2  C/R*(m)-ACn*sFiïlÊ;
x m € <27 n)

(3.20 S  4С /2 -(Я ± |) ' (l =

=  CF£<*'e> |4/2г ( ^ j )  (l - ( ^ T f )  ) Fx ”(x,c) = C(a, s)F#a-E>

mit (5(a, e) = a(a — 1 +e) und i/(a, e) = - ae Für hinreichend großea — l-t-s + as a —1+e + as'
N  ist dabei die Konstante C(oc, s)>0. Es existiert somit in jeder Klasse E£(C) 
<a>l) eine Funktion /(x), für die das mit Hilfe des Dirichletkernes definierte 
Approximationspolynom keine bessere Abschätzung als obige liefert. Ein Vergleich 
mit Satz 3.4 zeigt aber, daß die damit erreichte Approximationsgüte nur etwa die 
..v-te Wurzel von jener aus Satz 3.4 beträgt. Analoges gilt natürlich auch für die 
Approximationspolynome (3.16), (3.17) und (3.19).

Zu den oben angeführten Integrations- und Approximationsmethoden wurde 
■eine Reihe von numerischen Experimenten durchgeführt, über die an einer anderen 
Stelle berichtet werden wird.
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PERTURBATION OF LINEAR DIFFERENTIAL EQUATIONS 
BY A HALF-LINEAR TERM DEPENDING ON A SMALL PARAMETER

by
I .  B I H A R I

I. The case of a first order autonomous system of differential equations

1. The system in question is as follows

(1)

where we assume

u' = v+ef(u, V)
(|e | «  1)

v' = —u+sg(u, v)

1° f  ().u, Xv)=Xf (u, v), g (Xu, Xv)=Xg(u, V), MX, u, v ;
2 ° /  and g are analytic on the circle u2+v2— 1;
We wish to determine the first, second, ... approximations of the general solu­

tion of (1) which are accurate in order e, e2, ... for an arbitrary value of et. This is

not the case with expansions in power series of the form u= 2  E"un( 0> v= 2  s"vn(0> 
where secular terms appear (see [1], p. 35). n=0 n“ °

2. First of all let it be remarked that system (1) can be integrated in closed 
form. Namely, in the case of uniqueness both of и an v cannot vanish simultaneously. 
Say, и does not vanish and is monotonie in the neighbourhood of a point, then 
there we have

H(z) = — 1 +eg(l, z) 
z + ef(l, z)

which by the substitution —=z can be integrated as follows:и

<*> It =Ьтт *  *>
On the other hand for the exponential solutions — if any — of the form u=AeXf̂  
v= Be1’ we have

XA =  B+ef(A, B),
XB — —A+eg(A, B)

whence = H j . Thus if the zeros of the equation H(z)=z — if they exist

A M S (M O S ) subject classifications (1970). Primary 34C15; Secondary 34C25, 34C35, 34D10, 
34E05, 34E10.

Key words and phrases. Differential equations, perturbation, small parameter, asymptotic 
methods, nonlinear oscillations, periodic solution, dynamical systems.
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at all — are zl5 z2, then the exponential solutions correspond to the points z( 
and the solutions of the form (*) to the intervals Zi<z<z/+1, i= l ,  2 ,__1 — An­
other approach for solving (1) is to apply the substitution u=r cos a, v=r sin a 
giving the system

Г'
— = c [cos a/(cos a, sin a) + sin ag(cos a, sin a)],
r

a' =  — 1 + s[—sin a/(cos a, sin a)+cos ag(cos a, sin a)],
where the second equation is independent from the first one and can be integrated 
immediately and we obtain easily the following statements concerning the orbits 
on the phase plane (и, v).

1) If e is small enough, then a '<0 , a \ ,  lima =  — oo.
2) If m/ ( u, r) = 0, rg(u,n)^0, then »•'=»0, r/ ,  lim r=  oo.t = oo
3) If the conditions 1) and 2) hold simultaneously then the origin О is an un­

stable spiral point with respect to (1) (Fig. 1).
4) If the assumptions of 2) hold but that of 1) do not, then it can happen 

that a '=0, but r /  by all means.

E x a m p l e . Letting e = l, then

a' — — 1 — г- sin 4a 4

and a '= 0  provided, sin 4 a = ---- .c
Tz knNow if C = 4, then a '= 0  at afc= ——+ — , (A:=0, 1, 2, 3), but does noto 2

■change its sign at these points and a \ ,  lim a =  — OO. The orbits corresponding to
these ak’s are straight lines (Fig. 2). — If C=*4, then a' changes sign at its zeros 
and a is increasing and decreasing alternately. (Fig. 3 corresponds to C = 8; then

a =0 when а*= _ 2 4 + 1 Г  °Г a ,= T + 2 4 + T  /= 0’ l > 2, 3).)
5) If instead of the rule of sign given in 2) we assume that vf(u ,v)^0 , 

ug{u, и)ё0, e = l, then both of r' and a ' can vanish. E.g., if

f = n2 + i’2’
1,3 u F 1g =  ~ö~,—; > then — = —sin2a. ir+ v1 r 2

knAt the points at = —  (k=0, 1, 2, 3) r has minimum and

a' =  2 (cos4 a + cos2 a — 1), a ' =  0 if cosa0 = 
and a' changes sign at a=  ±a„ (Fig. 4).

V T -l

1 See below much more later the example where u2+ v * = a le 3 ( l+ 0 ( e ) )  in first approxi­
mation.
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• 1 Fig. 2

Studia Scientiarum M athem aticarum  Hungarlca 13 (1978)



294 I. BIHARI

6) If /  and g are such as in 5), but e>0 is small enough, then r' can vanish, 
but a' not. Then О is a stable or unstable spiral point or it can happen that the 
orbits are all closed, the solution is periodic. In fact, the necessary and sufficient 
condition of the periodicity of every solution is as follows

T 2 71 г  Ir P , . , . r cosa/. +  sin ag.
(C) 0 =  [log r]J =  г / [cos a/a + sin ag j dt = e f  ———-— :— 7 -— ------;J J  - l+ £ [ - s in a /3+ cosagJ

da.,

IL = A  cos a, sin a), g* =  g (cos a, sin a)].
dec

Here T  means the time of one revolution and dt has been replaced by — . E.g.a
this relation is satisfied provided /  is odd in its second argument and g is even in 
its second one, since then the integrand has opposite signs at a = it±ß. In the

f / ß
example of 5) — — — sin 2a, a '=  — 1 +£ cos 2a and condition (C) is

/
sin 2a 

1 —e cos 2a
</a=0 (|е|<зс1) which is satisfied and r '= 0  at

where r has maxima and minima alternately (Fig. 5). — If / =  
then (C) reads

a =  —  (*=0,1 ,...)

V3 u3
u2 + v2’ g ~ ~ u 2+v2

f
sin 4a

1 +e(l — £sin22a) da - 0,

6 K T Í
which is also fulfilled and r'=  — — sin 4a = 0 if a=_^_ (* = 0, 1,2, ...) where r
has successive maxima and minima (Fig. 6).

3. Now let us return to our original task, namely to obtain asymptotic solu­
tion of (1). The origin is a critical point with respect to (1) and we are faced with 
the so-called critical case of a critical point, since the eigenvalues of the matrix 
on the right-hand side of the corresponding homogeneous system

(2) x ' = y, y ' = - x
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are pure imaginary. Therefore it can have some interest how the method followed 
by Krylov— Bogoliubov—Mitropolski [1] works in this case. — The solution 
of (2) is x = a  cos (t+t,)), y= —a sin (t + t(l), (a, ?0=const) and the orbits are circles.

The method for general nonlinear system is to assume the solution of (1) in 
the form

и = a cos ф+Еи^а, ф) + еги2(а, ф) + ... ,
(3)

V = — a sin ф+Ev^a, ij/)+E2v2(a, ф) + ... ,

where ut and V; have the period 2n in ф 
and have continuous partial derivatives. Here 
a and ф' are not constant anymore, but they 
have to satisfy the system

a' — e A 1 ( o ) + e2 A2(a) + ... ,
(4)

Ф' = l+eB1(a)+E2B.i (a)+...

of differential equations and A:, Bt, ut, vt are 
to be determined that (3) be solution of (1). 
Applying this method no secular terms ap­
pear. In the present case making intensive 
use of the half-linearity of /  and g our
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purpose will be reached much more easily than having any different nonlinear /  
and g. The simplifications obtained here are :

(i) It is sufficient to assume /  and g to be analytic on the unit-circle (instead 
of the whole plane) ;2

(ii) The functions uh vh At (/=1, 2, ...) are linear in a, and Bt are constant 
i.e., instead of (3)—(4) we have now

(5)
и =  a[cosip+£u1(ip)+E2u2(ip) +  ...],

V =  a[—sin ip+EV1(ip)+E2v2(ip)+  ...],

( 6)
a' — aieAj^+e2 A2 + ■■■) 

i p  = 1 -b e B ^  -f- e ~ B2 -Ь.. -
where Ah Bt (/=1, 2, ...) are constant;

(iii) As we shall see later, the Fourier expansions of such functions as 
/(cos ip, — sin i/O etc. will involve terms only of the forms cos (2n + l)ip, 
sin (2n + l)ip which simplifies strongly the computations and formulae.

Let us see the details. Now with the notations —jj-=ùb - jj- = Vi corresponding 
to (5)—(6) we have dv

u ’ = a'(cosip + e i i 1 + e 2 u 2 + ...) + aip'(— sin ip + e ù 1 + e2 ù 2 +  ■■■) =
=  a [(eA1+ e2A2+ .*.)(cos ip+Ei^A-e2u2 + ...) +

+ ( 1 -\~E~B2 + ...)(—Sin l// +£lij +£2Û.) + ...)] =
=  « [—sin IP + e ( A 1 cos i p  —  B{ sin 1р+й1) +

+  e2( A 2 costp —B2 sin ip + A1u1 + B î û 1 + ù 2) + e3.. .] ,  

v '  =  « '(—sin ip + e v 1 + e2 v 2 +  ■■■) +  a i p ' ( — c o s  tp  + e v1+ e2 v 2 +  . . . )  =  

=  a [(e A ĵ + E 2 A2 +  . ..)(— sin l/t+££1+£2t>2+ . . . )  +

+  (1 + e B 1 + e 2 B 2 + cos i/'+£t’1-!-£2i;2 +  ...)] =

=  a [— cos i p  A ~ e  (— A  i sin i p  — Bx cos i p  + i > i )  +

+ e 2 ( — A 2 sin ip  —  B 2 cos i p  +  A 1 v 1 +  B 1 v 1 +  v 2)  +  e 3 . . . ] .

Furthermore f{u , v)—«/(cos i p + eu1+ e2u2 + , — sin ip+Ev1+E2v2 + ...). Let us 
expand the function /(cos ip+£..., — sin ip+E...) in Taylor series about the point 
Q=(cosip, —sin ip) situated on the unit circle

Ef(u,v) =  a[Ef(Q)+Efu(C2)(EU1 + E2U2 + ...)+Efv(Q)(EV1+E2V2 + =

= a{ef(Q)+e2[u1f u(Q)+vj„ (ß)] +  £3...}.
In the same way

£g(u, V) = a{£g(ß) +  £2[«1g „ (ß )+ £ 1gl.(ß)] +  £3+ .. .} .

1 However, this involves the analyticity on the whole plane except the origin.
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Putting all these in (1) and comparing the coefficients of a, a2, on both sides of the 
equation we obtain for the determination of zq, vh At, Bt (/=1,2) the following 
two systems of equations:

(7)
Ax cos i/z — Bx sin ф + Mi = vx -ff ( i2),

— Ax sin ф —BI cos I<p + vx = -*их + g(£2),

(8)

A 2 costl/—B2 sin Il/+u2 — v2 = — Axux — Bxùx + uxf u(Q) + vxf v(Q),

— Ai sin t/z- B 2 cos i/z + v2 + u2 =  - A xvx- Bx vx + uxgu(Q) + vxg„(fí).

These equations serve to determine the first and second approximations, respec­
tively. Now by the half-linearity f  (cos i//, —sin t/z)=cos \j/ f ( I , — tg i/z). The func­
tion /(1 , — tg i/z) has the period n and if it is smooth enough, it can be expanded 
in a Fourier series of the form

involving
/ ( l , - tg t /0 =  2 ’( / . cos2'!|/' + /rnsin2n,A) (^0 = 0),71 = 0

cosi/i/O, -tgi/i) =  2  (/„ cos (2/1 +1 ) i/z + F„ sin (2n + \ )ф),л = 0
where / 0= /0+ y / i ,  Fo = y  ^ i, /„ = - j  ( / ,+ /„ +i)> F» = y  (^. + f «+i)> « = 1 ,2 ,.... In 
the same wav

cost/zg(l, -tgt/z) = ^(g„cos(2i7 + l)i/z + G„sin (2n + l)i/z),
71 = 0

where + G0= y  Gx, gn= y  (g„+g„ + 1), G „= y  (G„ + Gn+1)(n = 1,2,...).
Here g„, G„ are the Fourier coefficients of g(l, — tg i//). Let the Fourier series of 
ux and vx be

ih =  2  (an cos ч^ + ßn sin "A), vx = 2  (Уп cos пф + ô,, sinzzi/z), (A, = <5„ = 0),
/1 = 0 n = 0

respectively. Then

iq =  ^  n (— ая sin пф + ß,, cos пф), vx — 2  п(~Уп sin пф+ô,, cos пф).
л =  0 и =  0

Putting all these in (7) and comparing on both sides the coefficients of cos пф and. 
sin пф we have for и=0 a0 = y0 = 0. For n— 1 we get the system

A  + ßi = У1 +/ 0 , #i + ai = — <5i~F0,

- B X+0X = - a x+g„, Ax + yx = ßx- G 0

Si.u iia  S c icn tia ru m  M a tlicm a tica ru m  H ungarica 13 (1978}



298 . BIHARI

of equations, whence 

(9)

A 1 = ^ ( f 0 - G0) ,  /? !-)-! =  y  ( /« + Co),

Bl = —y  (Fo+go)> <5i +  «i = y d o -^ o )-

Thus Ax, By are determined while among a.k, ßk,y k, ôy we received two relations,
i.e., two of them remains undetermined for the moment and can be determined only 
by some supplementary conditions as we shall see.

For n=2k, (k = 1, 2, ...)
2kß2k = у 2k, 2kcc2k = — ô2k >
2kô 2k = —cc2k, 2ky2k =ß2k,

whence <x2k=ß2k=y2k—S2k=0, (k = 1 ,2,...).
This great simplification is the consequence of (iii). For n = 2k + l (k = 1, 2, ...)

(2k+ l) ß2k + i = y2k+i +/*, —(2k+ 1)oí2* + i — + i +

(2 к + 1 ) ̂ 2k +1 =  — аг* + 1 , (2k + 1 ) V2* -t- x = /?2t + i + Gt >
whence

4k(k+\)oi2k + 1 = -[ (2 k + \)F -g k\, 4k(k+ l)y2k+1 = f k-(2 k  + \)Gk,
(9') ,  _

4k(k+\)ßik+i — (2fc+l)/t —C*, 4fc(fc + l ) i* +1 = (2fc+l)ft +  Ft .8
Therefore in first approximation

a' =  яеА, Я =  у  (/„ -  C0),

i//'= l+£/(, /r =  - y ( F 0+g0)
and so

a =  a0ecXt, iß =  (ißu +  t )  +  nel  

where a0 and ф0 are arbitrary constants. Furthermore

ux =  Z  (*2n + i cos (2n + \)'ß+ß2„ + i sin (2n + \)ip),n = 0

Vk =  2  (У2п+1 cos (2fH-1 ) iß+ ô2„+1 sin (2n + 1 ) Ф).
n =  0

Here are two relations among «uß1,yl,ö1, the rest of the coefficients are de­
termined.

3 C o m p a r e d  t o  f k , Fk , gk , Gk t h e  o r d e r  o f  m a g n i t u d e s  o f  a 2k + l , . . . , á 2k + l  a r e  — . T h e r e f o r e  t h eк
s e r i e s  o f  и2 a n d  vt  a r e  c o n v e r g e n t .
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lr  VExample. Letting f ( u , v ) = - s — , g ( u , v ) =  we have
u2+ v 2 u - + v 2

3 1/(cos ф, — sin I//) =  COS3 ф = — cos ф +— cos Зф,

3 1g(cosil>, — sini/i) ' — sin3»/' = ---sinЗф,

3 1 _ _ 3 1
consequently/ 0 = —, Е0= о ,/,= —, ^ = 0 ,  G0= - — , gi=0, g0 =  0, Gt = — and the

remaining of the coefficients are zero. Therefore

3
Я = —, /i =  0, ßl = y1, 8i = - a  J,

аз — ^3 — 0, ßs — Уз —

and the rest of а; and ßt are zero. So we have

Uj = oq соьф+ß! sin ф "b'TT'Sin 3ф,16

t̂ i =  /i1cos i/'—axsin |Д—-^ c o s  3»А16
and the first approximation is

и — ű ( c o s i / ' + e u 1) = a0e4 ĵ cosi/' + e ^cqcos iß + ß i  sin i/' + -^-sin 3^jJ ,

V =  a ( —  sin ф +  EvJ = a0e * ° ‘ sin + e^i cos  ̂— oqsini/'—^  cos 3i/ijJ.
-3

The а =  я„е4 will be the complete amplitude of the basic harmonic cos ф and
— sin i/' if and only if ах = 0. If in this case ßt ^0 , then the basic harmonic will 
be subjected to a phase-shift, namely

cos ф+eß1sinф = C cos (ф—ф), 
— smф+eßl cos ф = C sin (ф—ф),

c 2 =  1 +E2ßl, t g ÿ  =  e/î1 .

If ß i —О, then there is no phase-shift. Then
3-г-«и = a 0e*

V =  a0
3
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3 t ( ^ 2 \ 3 ^
and m2 + d2= űJc2 | l + —sin 4 i / / %aőe 2 ■ This is in very good agreement
with the exact value. Therefore the orbits are for small et near to a circle. 
Summarizing: in first approximation there is always a weak third upper harmonic, 
too, and the basic harmonic bears a phase-shift in general.

Let it be remarked that we have from the relation f(u ,  o) = w/^l,

which shows that /„(cost//, —sin ф) and f ,  (cos ф, —sin ф) are the functions of 
tg xj/ only and they are periodic with period n. Since ult involve only terms 
cos (2/c + l)^ , sin (2k + l)ij/ and /„ (cos ф, -s in  ф), /„(...), g j...) , gv(---) only terms 
cos 21ф, sin 2/i/i, the functions

& =  “i /« ( - )  +  f i / . ( - )  and 3  = Ulgu (...)+ i>xg„(-..)
will contain only terms of the form cos (2k + l)\J/, sin (2к + \)ф. Let the Fourier 
series of 3F, 3

&= 2  (p„ cos (2n + 1 )ф + Pn sin (2/1 + 1 ) ф),

3 = 2  (r„cos(2/i + l)i// + Ä„sin(2/i+ \)ф)
п = 0

and let
00 ©о

u2 = 2  (lt„ cos пф+Н„ sin пф), v2 = 2  (K  cos m// + K„ sin пф), H0 = K0 = 0.
n = 0  n = 0

By putting all these in (8) and comparing the coefficients of cos пф, sin mj/ we have 
for n= 0 , h0=k0= 0 , for /1 =  1

A2 + H1 + A1<x1+B1ß1 = k1 + p0, — B2 — hi + A1ß1 — B1<x1 = Kx + P0 ,
— B 2 + Ki + A t f ^  B 16 1 = — h1 + r0, —A2—k1 + A1S1 — B1y1 = — H t + Rn,

whence

Аг — ~2 [Po~ *o — A1 (ai— SJ — Bi (ßi +  У1)],

( 10)

кг — — [p0 + B0 (ocx -F <5X) B1(ß1 Ух)],

B2 = —j  [Л> '+ г„ -  Al (ß 1 + Ух) -  В1 (<5х -  aj)], 

hi+Кг = j  [г° -  Р0 -  А, -  (ух -  ß0 -  ВJ (<5х + а01
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i.e., hi, Hi, k x, Kx are not known, but they are connected by two relations. 
For n = 2l (/= 1 ,2 ,...)

2/tf* = kn, 2lK2l =  hoi, 21h, — ~H21, 2lk2t — H2i, 

whence h2l = H2l—k2l=K2l=0.
For n = 2l+ l (/=1,2, ...)

nH„ + A1txn + B1nß„ = k„ +  Pt, 

nK„ + Ax y„ + Bx nô„ = -  h„ +  r ,,

— nhn+ A 1ß„ — B1nan = K„ + Pt,

-nk„ + A1ôn- B 1nyn = -H„ + Rl,
whence

4l(l+l)h„ = A , (y„ +  nß„) + пВл (()„ -  na„) -  r, — nP,,

41 (1+1) Hn = -  А г (noc„ -  <5„) -nB i (nß„ + y„)+npt — Rl,
( 10' )

41 (l + 1 ) kn = -  A i (ccn -  nS„) -  n Bi (ßn + ny„) + p, - n R ,, 

4l(l+l)Kn =  -Ai(ny„ + ßn) -  nBi (n<5„ -  a„) + nr, + />, .4 

In the above example by an elementary computation

A% = B2= — , kx = Hi, / lj =  —hx,

h3 = ~ ( 4 5 -9 6 ß i ) ,  H3 = — k3 — , ^  =  - y |2  (135 + 96^),

h5 = Н 5 = къ = Къ = 0,

h7 =  A7 =  _, Hi = fc7 =  0,

while the rest of the coefficients of w2 and v2 are zero. Thus in second approximation
a remains invariant, while from i/i, =  l+ e 5 1+e25 2= l —̂ r— we have ф = (ф0 + 1)— 

„2 42
32 / and

u2 = h  cosij/ + Hiún ф + - ^ r  (45 -96ßi) cos Зф+ 4 r  sm З'/'+ттчМ 2  l o  M z

7 j I
r2 =  Hi cos ф -  hi sin i/t—rrc o s  3i/i--rr=(135 + 96^1) sin З^Т-^—г-

lo  M z M z

cos1ф, 

sin 7iJr.

4 A simple consideration like in footnote 3 gives the convergence of the series o f m2 and v2.

Studia Scientiarum M athem atic arum Hungarica 13 (1978)



302 I. BIHARI

Again: the a  remains the complete amplitude of the basic harmonic only in the 
case where a l —hl = 0  and arises no phase shift, too, provided ß 1 =  H l —0. Then

t<2 =  (45 cos Зф+cos 7ф), v2 = -jjy  (-135 sin 3i/t+sin 7ф).

Summarizing: in second approximation some third and seventh upper harmonic 
appear with amplitudes step by step decreasing; namely

[ b e 2 1
cos Ф+-ГТ sin Зф +-ГТТ- (45 cos Зф +cos 7ф) ,

16 j 12 J

V = а Г — sin »/r— cos Зф (—135 sin 3i/t + sin7i/i)j.
I 16 512  J

R emark. Our formulae will be simplified in great measure when we assume 
in (10) oq —ö1=ßl +y1=0. Then by (9) aq, ßi, Уи <5X can be uniquely determined
and from (10) then A2 = ̂ ( p 0 — R0),B2= —-^(p0—R0). Furthermore H1 — k1 and

hx + Kx will have known values. — This is an alternative method of the above one 
which helped us to make the values of oq, ßx, уг, <5t definite.

II. The case of the second order non-autonomous differential equation

A. The case of non-resonance 

Let us consider the equation

(1) x + io2x =  e/(vf, X, x) (|e| <sc 1)
where f(9 , u, v) is half-linear in u, v , i.e.,

/(0 , / .и ,  }.v) =  u ,  v ) , Vв ,  u ,  v , Я 

v2
and analytic on the ellipse m2+ — =1, finally it is periodic in в with period 2nb. 
We look for the general solution of (1) for arbitrary et with an accuracy e, e2, ....

V
In this Case A we assume that —• is an irrational constant, moreover it cannot be

CÜ
“well” approximated with rational numbers. This problem and that of the accuracy 
and convergence will be treated in the last section. Now we wish to deal with 
the formal determination of the first, second, ... approximations, only.

6 If /d o e s  not depend explicitely on t and co= 1, then — as it is easily seen —  every solution is 
periodic provided (see Section 1),

i" sin o f  (cos <p, sin <p)
I ------------------------------------ dtp =  0,

о — 1 +  e cos <pf (cos <p, sin <p)

which is satisfied, e.g., w h e n /is  even in its second argument.
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We assume / (vt, x, x) in the form
oo I 2*

(2) f(vt, x, x) = 2  fn(x, x)einrt f n(x, x) = —  f  f(0, x, x)e-inede

or, for a while, in the form

(3) f ( y t ,x ,x )=  2  f„{x,x)e>n',t (MEZ).
n= —N

The solutions of (1) for £—0 is x=a  cos (co?+r0), a=const, i0=const. There­
fore we assume the solution in the form
(4) x  =  a [cos ф+eu^vt, ^)-t-£2M2(vt, ф) + ...]
where w;(0, ф) is periodic of period 2n in в and ф as well. The á and ф will be as­
sumed as
(5) à = a(eA1 +  Ei A2+. .. ) ,  ф = со 4- e B 1 + e 2 B 2 4-...(= const!)
where At, Bt are constant. The form of (4)—(5) is much more simpler than that 
of the general assumption

x = a cos ф+еи^а, vt, ф)+е2и2(а, vt, ф) + ...

à — eAl(a)+e2 A2(a) + ... , ф = w + F.Bl(a)+E2B.,(a) + ...
applicable for any nonlinear perturbations. — Now by (4)—(5)

, ( . , Du, ) ( du, . duo )x  =  a (cos ф + EUy + ...) + аф sin ф+е - ^ -  + ...J+av + ...J =

а —со ьтф-

+  E 2 B2 sin ф + A2 со$ф+со du 2
w

du 2 1 n
+ flv ~dif + A\U\ + Bx

Furthermore

x — â'(cos ф +eu1+ ...) + 2аф - ) + “Ф2 ( - c o s ^ + £ ^ - + . . . ]  +

+2аф

. ( rdui
" h í r

, ( P u ,
h \ ‘ M M

„ du,
- I - F 2  -------- —  4 -+ do + )+ ÖV dO2

d2u2 
dO2 + ••• j +

Here we have

+e2- ^  +
dOdФ dвdф

ä = <3 (e^j -F - --) =  a(eA1 + ...)2 =  а(£2/1? + 2,41Л2£3 + ...), 

аф =  a[EcoA1+E2(A2co + AyBl)-\-e?...], 

ф2 = со2+E- 2соВу + Е2(В2 + 2соВ.2) + е3... ■
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Thus
X =  я {—cu2 cos Ф + е[— 2w (A1 sin 11/ +  Вг cos i/i)-|-S1(ií1)] +

+ fi2[—2(o(A2 sin ф + В2 cos i/') + 5,1(«2) +  (^Í — B\) cosi/i —

- ^ ■ Ä, Sin *  +  2^ . ^ + 2 “ S- ^  +  2^ . ' l® L + 2 i' Vw ] + e> '} -

Si(ii.) = l»'-j^j-+2m— j ÿ  + v‘- ^ r  <i=l ,2 , . . . ) .

Putting the above values of x and x in / (vt, x, x) and expanding the function 
thus obtained in Taylor series about the point Í2(v/, cos ф, — eu sin ф) lying on the

V2cylinder m2H— „ = 1 we havea>2
ef(vt, x, x) =  £fl/(vi, cos ф+eu1+£2u2 + ... ; —w sin (/(+£(...)+e2(...) + ...) =

=  eaf(Q) +  eafx (Í 2 )  ( e u 1 +e2u2 +  . . . )  +

+  fia/ i (ß) [fi cos <// — B1sini// + ( 0  +  у +  £2...J =

= £ü/(ß) + £2fl j/x(ß)ui + /i(ß ) \a x cos ф- ßj sin ф +ш + V - ^ - ] ]  +е3—

Replace all these expressions in (1) and compare the coefficients of e, e2, __ So
we obtain the equations of the consecutive approximations, serving for the de­
termination of Ai, Bh Mj (/= 1 ,2 ,...). The equation of the first approximation is

(6)
— 2a)(A1 sin ф + Вг cos i/() +  52(wj) = /(ß),

S2(Ui) =  ш„ d2U: „ ()2U: . „ d2U: „ .. , _
- Г*- I T ' 1' 0  “i 0 - 1 , 2 , . . . ) .дф2 дб2

Again by the formula /(vr, cosф, —w sin i/()=cos ф/ivt,  1, —со tgф), having the 
second factor the period n, the product by cos ф involves terms of the 
form cos (2т + \)ф, sin (2т + 1)ф only. Therefore

f(yt, cos ф, —w sin ф) = 2  Z  / 2m+i,ne‘((2m+1),"+',v,)

(7)
m =  —  o o  П =  —  oo

1 2 л 2 n
fbn+i.n = /  f  f (6 ,c o s t-c o s in Ç)e-mm+1)t+n9)dÇdB.

For the sake of simplicity we write m instead of 2m+ 1 keeping in mind that m is 
odd. The m is also odd in the function

oo oo 1 'in 2ir
Mi(v/, Ф) = 2  Z"in,ne,(m*+n”\  Ulmn = —  f  f  Ml(0, $)«-'<-«+••»

ttl — — oo n =  — oo

Studia Scientiarum  M athematic arum  Hungarica 13 (1978)



PERTURBATION OF LINEAR DIFFERENTIAL EQUATIONS 305

since

(9) S2{ux) = 2  (m, n)ulm„e,(m','+n'", where (m, и) =  cu2 —(rnrn + nv)2
m ,  n =  — со

and thus by (6) 52(wt) and uL itself can involve in m odd terms only. Making use 
of (7) and (9), (6) will have the form

(10) - 2 coA1 sin ф — cos i/H- 2 ” ("*, n)ulmnei(m4'+nv,) = 2  fmnei(mil/+nv,)-
m , n  m , n

The case (m, n) = 0 occurs only when n=0, m — + \. Namely (m,n) = 0 is equiv­
alent to
(11) mw + nv=+co  or (m ±l)ü) + nv = 0

and this can hold only in the above mentioned case. Otherwise — would be ra-
V

tional which is excluded. Therefore with the expression —2wAx sin ф — 2Blco cos ф 
on the left of (10) the terms corresponding to « = 0, m=  ±1 of the right side must 
be equated, i.e.,

( 12)

Here

— 2wA1 sinф — costp — we ,ф =

= (J10+ / - 10) cos i/' +  it/io-/_!„) Sin ф.
I 2 П 2тг

/10+/-10 = 4 ZF /  /  Я  Хе- Ч+е*) dH dd =
Ч7Г О о

(13)
2тг2 f  I  /(ö, cos — tu sin £) cos a da de — Д,

• 2л 2л:

i ( / 1 0 - f - 1«) = 4 5̂- /  //(■ ••)' (e_i?-«?'*) dç de =

involving

(14)
and from (10)

(15)
or

(16)

= ~2~2 f  f  /(d> cos a* —ni sin £) sin a da de = /2,

Л _  2 ^ 7 /2 ’ 2m Л

u,„.=------r/„„, (m, n )^  0 or (m ± l)2 +  n2 > 0(m, и)"

т,п)?£0
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The real form of ux is

(17) их = 2  2  7 -^—j Ifmnew « №] = 2 2  -7̂ - r  (*»» cos V +ßm„ sin 4>)m = 0 n = 0 V'"> П) {mn)(m,n)?*0
(У* =  т ф + n v t )

where similarly as above in (13)

=/mn+/-Ш.-П =  2 ^ 2  /  /  Ж  cos ç, -  w sin ç) cos (m£ +  /10) î/ç dO,

(18)

ßmn =  - „ )  =  J ~ ï  J  f  Ж  COS Ç, Ш sill Í )  sin (WÇ +  иО) d ç  ( 1 0 .
о о

(m is odd!)
In first approximation ä=asAl , ф = а> + еВ1 whence

a = a0eeAi\ ф =  №0+œt)+eB1t.

ti®
Example. Letting f  (в, и, v)=cos 0 ------- 5-  we have

U2 +  —-т- CO2

(19)

3 3f(vt, COS ф, —со sin ф) =  COS V/ cos3 =  — cos (ф — V/) +  — COS (í/r -I- V/) -t-
о  о

+ 4- cos (Зф — vt)+4- cos (Зф + vt)
О О

3 Iwhence oilt±1——,(x3t:tl — — ,ß„u„=0 the rests of am„’s are zero, involving
О o ’

(20)

u, =

+ ■

3 3
COS (Ф — V t  ) +  ————  COS (lj / + V t )  +

8(1 ,-1)

1

8( 1, 1)

cos (3 ф—vt)+- 1 ■ cos (Зф + vt),
where

8 (3 ,-1 ) v r  7 8(3, 1)

(1 , — 1) =  v(2co —v), ( 1 , 1 ) =  — v(2a> +  v)

(3, -  1) =  — (2<w-v)(4aj-v), (3, 1) =  — (2co + v)(4aj +v)

and A1=B1=0 and so a=a0, ф = ф0+а>1. The first approximation is

(21) X — o0[cos ф+eu^vt, ф)], ф = фо+wt

i.e., in general beside the vibration with frequency со also the combination vibra­
tions with frequencies <a±v, 3w±v appear, too.
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The equation of the second approximation reads

—2mA2 sin ф — 2mB., cos ф + S2 (w2) +

(22) + (^ f-5 f)co s  ф — 3A1B1 sin ф + 2mA1- ^ -  + 2 A i V +

+2B' W r +2B' v = F(vi’cos * • sin *>’
where

(23) F = f x ( Q ) U l + f x ( Q )  ^ ^ ф - В ,  sin ф + m ^  + v ^ )  = 2 2 ^ « м + п 0 - 
If

(24) 

then

(25)

2  2  “2mne',i(imj/ +  nv t)

m  =  — oo n =  — oo

S2(u2) =  2 2  (m, п)и2тпе ^  + ̂ ‘\

The terms of S2(и2) with m= ±1, n=0  vanish, щ and its derivatives do not involve 
sin ф and cos ф, therefore A2, B2 must be determined from the following equation:

— 2mA2 sin ф — 2(oB2 c o s  ф+(А2 — Bf) cos ф — ЗА1В1 sin ф =

= Fwe‘* + F-! ,ое~{*= Fc cos ф + F, sin ф, Fc = F10 +F_10, Fa = i(F10- F_10)

whence —2mA2—3A1B1 = Fs, — 2wB2 + A l—B\ = Fc or A2=~— —— , B2 —2m
A \ - B \ - F c

2 o j

where

Then

2 2  (m> n)u2mn еНтф+"'") = G(vt, cos Ф, sin Ф),
(m,ri)?£ 0

G= 2 2  Fmnei(m*+n',)-2(oA1̂ - 2 A 1v ^ —2B1^ l-2 B 1v-^ r,fan&o дф до дф2 двдф

which does not involve sin ф and cos ф. Hence

“2m" =  (m n) Gnm’ (m’ "  ̂*  ° ‘

Here Fm„ and Gmn are the Fourier coefficients of F and G, respectively. Finally

OO OO 2
(26) U 2 =  2  2 r — ^ ( У т п  C O S  ^  +  n v t )  +  ô m n s i n ^  +  n v t ) ) ,

m=0n=0v"t n)(m,n) 7*0
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where
2n  27Г

7тп = Gmn+G-m,-n = ~2 ^ 2  f  f  G(ß, cos Ç, sin £) cos (m£ +  nO) dÇ (10,
0 0

2 к  2n

ôn =  i(Gmn- G _ m _n) =  —  f  f  G(0, cos f, sin £) sin (т£  + n0) í/^ dO.
о и

In the above example A1 = B1= 0 and (22) reads

(27) -2toA2 sin ф-2шВ2 cos ф + S2(u2) = f x(Q)ul +fi(Q)^œ<- ~  + \  .
Now

n 2 +  -
3i>2

/ „  : COS 0
ОГ

(“‘4 )
f v = -co s0 2u3v

(~£Г
thus

/*(ß) = — [6 cos vr+2 cos (2ф — vi)+2 cos (ф +  v/)—cos (4ф — vt)—cos(4i/> +  vr)],
О

/i(ß ) = r—[2 sin (2co — vi) + 2 sin (2i/i + v/) + sin (4ф — v/) +  sin (Аф + \ 1)\О CO
and so the right side of (27) can be formed and the values of A2, B2, u2mn can be 
computed. From these we get a and ф in second approximation. The result of the 
somewhat lengthy computation is the following

_  72co3 — 6ft)2v— llcuv2 — 2v3 744to2 — 6cov — 51V2
2 “  128cu2(4co2 —v2)(16m2 —V2) 2 ~  “  256ео(4ы2- v2)(16w2- v 2) ’

à = ae2A2, ф = co + e2B2 whence a = а0ее‘Аг', ф = (ф0+со1)+е2В21,

m oo
«2 = 2  2  («™ cos (тф+nvt)+ßmn sin (тф+nvt))

m = 0 n = 0

where the coefficients different from zero are as follows

_  48ft»2 + 34cm’ + 7v2 _  — 48cu3+10a)2v4-3o>v2 —V3
<Xl,~2 256v2(4a>2 —v2)(16co2 —v2) ’ 1,-2 256cov(w —v)(4w2—v2)(16cu2 —v2) ’

_  — 384o)2 +  376cu2v +  42cov2 + 25v3 _  3to +  v
12 512v2(a) +  v)(4co2 —va)(16toa —V2) ’ 12 256cm'(a> +  v)(2cu +  v)(4co + v) ’

_  — 32<w3—16a)2v + 2cov2 + 5v3 _  9
0(30 ~ ~ 1024m3 у (4a>2 -  v2) ( 1 бы- -  v2) ’ 130 ~~ 512w2(4m2- v 2) ’
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3’ ~ 128v(co — v)(2oi — v)(4co — v) ’ ß3' 2 256œv(2co — v)2 ’

24co2 +  4mv — 3 v2 _  3

“3'2 "  512 v (со +  v) (2ft) +  v) (4w2 — v2) ( 16 w2 — v2) ’ ' 32 =  256û)v(2œ +  v)2 ’

— 96m3 — 48w2v + 6<yv2 +  7v3 32cu2 + v2
aso ~  3072fti2v(4ct)2 —v2)(16w2 — v2), ’ ^50 ~  512ûi2(4ü>2- v2)(16m2- v 2) ’

_ _  12co + v _  12w2 + 21ft>v4-5v2
52 512v(2a» + v)2(3aH-v)(4co +  v) ’ 52 512ft>v(2ft> +  v)2(3ft> + v)(4û) +  v) ’

1 „ _  — I2eo2 +  9cov +  7v2
:s-~ 2 “  2 5 6 (2co — v)2(3w — v)(4a> — v) ’ “ 2 ~  512<yv (2m -  v)2 (3o> -  v)(4w -  v) ’

(0i7- - 2 -O )’ 512ш(2ш- у)(4ш- у)2 ’

1 _  16ft)3 —4(u2v —cov2
0(70 _  _  6144ft)2 (2ft) — v) (4ft) — v) ’ ' 70 ~  2044co3 (4ft>2 — v2) (1 бет2 — v2) ’

-  = ____________ I___________ о = ________ 1________
72 512(2&) +v)(3ft) +  v)(4co + v) ’ Pn 512(2fti + v)(4ft) + v)2 ‘

In consequence, a lot of new combination frequencies appear, but the higher ones 
have step by step smaller amplitudes.

B. The case of resonance

By this denomination it will be meant the case where a relation of the form

(28) ft)2= ^ - v j + d e ,  p, q£Z, (p, q) =  1

holds between ш and v where v, A and the integers p, q are fixed, i.e. m is function 
of e. This is the point in which cases A and В differ. The case A= 0 is included. 
In the present case the series used here and expressing the solution will not be 
convergent. However, its partial sums give good approximation. Otherhand the 
series is often finite, causing no problem. On account of the nature of its influence 
on the solution the term — eAx will be attached to the forcing term as follows

(29) x + a>'2x = e[f(yt, X, x) — Ax], ĉo' =  — vj.

The function / (r, u, v) has the period 2л in z and is assumed to be analytic on the
V2

cylinder u2H— ^-=1. The solution of the homogeneous equation x+co'2x —0
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is x —a cos (a>'t+t0), a = const, i0=const. In view of this the solution of (29) 
will be assumed in the form
(30) X =  a[cosil/+Eu1(yt,il/)+E2u2(vt, ф) + ..-]
where in general the “phase” ф and “amplitude” a are not constant anymore, but 
they have to satisfy the equations

(31)

involving
(310

à = ci [eA }(3) + e2A2(D)+ ■ ■ ■],

Ijj =  w7 T e.Zii (9) -b£2i?2 (ß)T • • •, (Q ~  Ф — oj t) 

& = eB1(9) + e2B2(9) + ... ,

i.e., we suppose that à and ф are functions of the unique variable 9 = 9(t) — the 
“phase-shift” — which is also time dependent. We assume that И ; ( т ,  ф) is periodic 
in t and ф with the period 2n and the derivatives appearing here all exist and are 
continuous. These assumptions are suggested by arguments taken from the physics 
but must be justified by the tools of the analysis. — Now we have by (30)—(31)—(310

X =  à (cos Ф + Еиг+  ...) +  аф ^— sin ф +  е ^ ± -  +  . . . j + a v  ( £ " ^ ~  +  £2~ j~ +  • • • )  =

=  a j — a>' sin ф + e  J/Íjcosi/' — Bx sin +  +

+  £2 ^ 2cosi/f —Ä2sini/iTcu'-^ +  v - ^ - M 1u1 +  A - ^ - ] + £ 3...j

and

X =  ä(cos ф + Е11г+ ...) + 20ф ^— sin ф + е ^ ^ -+  ,..^+2áv^E-^- + £г - ^ -  +  ... j 

+ аф ( - s i n  ф + Е^~- + ...^ + афг ^ -с о 5 ф + е ^ф -+ ..^  +

+

„ • (  d 2 U ,  „ ( / Н о  ,

+ b a 4 el h W + e J ä f + + £>8'" 1От2Ж- + - ) •
By (31)—(310

ä = á(eA1+...) + a(eA'1+Ei A'2+...)Ü = ü{eA1A- . . .y  + aizA^A- ..^(ЕВуА-...) =

=  e2ű(/4í+/4í51)+e3..., ('=

ái(/ = a[Ew'A1 + e2(A1B1 + (o'A2) + E3..-], 

ф = (eBÍ + e2B'2+ ...)d  =  e2B1B2+e3 

ф2 = (о'2+е- 2 o)'B1+ e2 (Bf+ 2  ш'В2) + e3...
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Therefore
X = a{— a /2cos ф + е [— 2co'(A1 sin il/ + Bt cos ÿ') + S1(u1)] + 

+e2[—(2a/ A 2 + B1B2) sin ф — 2co'B2 cost// + S1(u2) +
c\

-f (/If — B\ + A'1B1) cos ф — 2А1В1 sin ф + 2а)'А1- £ -  +оф

+ 2/|‘у- | г + 2" ' в ‘Ж +2В," я а г ] +8“ - )

-  (“ ' s r +v^ )  “• (O

dip2 1 АгАф.

d2ut , d2Ui d2Uj
дф ‘‘

-+2a/v ■-■*;- + v:дт дф Ат2 » =  1,2, ...

and
x  +  o j ' 2 x  = a {e[—2œ'(A1 sin ij/ + B1 cos i/i) + S2(t(1)] + e2 [— (2a>'A2 + B1B2) sin ф — 

— 2со'В2со&ф + 52(и2) + (А1—В2 + А'1В1) cos ф — 2А1В1 sin ф +

Here
+2w'A' W +2AlV^ +2w'Bl^ +2BlV^ ] +e3' ' y

S о (и,) = S1(ui)+a>'2ui.
The Taylor expansion of £[ f(y t ,x ,x )  — Ax] aboutthepoint Q(yt, cos ф, —ta' sin ф) 
reads as

в [/(v/, X, л") — Ах] =  sa [f(Q)~Асо$ф] + Е2а/1(у/, ф) + е3... ,
where

ф) =  / , ( ß ) cos ф — Вг sin ф+<о'^ ^ - + v — ^  — Aui.

Hence the equations of the first and second approximations are
def

(32) —2ш’А1$тф — (2ш'В1 — А)со$ф + Б2(и1) =  f(Q) = f 0(vt, ф),
—(2(o'A2+B1 B2) sin ф—2(а'В2 cos il/ + S2(u2) = f x (vt, ф) —

(33) — (A \-B \ + A[B-Ù cos ф T- 2АгB̂  sin ф-2ш'А1 ^ ~ —2A1v ^ -  —

Assume now щ and /„ in the form

» i ( v i ,  Ф)= 2 2  M<J,, eiW +',l'); «JLV 47Г2 / / “ х(т, £)e~(imi+l,,)d£ dz*
(34)

о
2n

fo(yt, Ф) = 2 2  / £ )«iH +,v,,; Æ 1 = 4 ~ г / / /«,(*, Q e - W > d Z d T .
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Then

S*(ui) = Z Z  (m' й)1,ше'("*+1"1,вm,n= —oo
where

--------  V2 --------(m, n) - (m, n)—r ,  (in, n) = p2-(m p  + nq)2
<r

and (32) will have the form

(35) — 2co'A1 sin ф — (2co'B„ — A) cos ф + Z Z  l(m, n)u%* — /m“,]e'4m̂ +nv,) =  0.
m, n= —  oo

We have the implication (m, n)=0-o(w + l )p+nq = 0 which shows that if (m,n)=0, 
then m ±  1 is a multiple of q, involving

m ± \  = <rq, n = —(xp, cr£Z

and a varies from — <*> to » ,  since m and n do the same. Thus being in this case

тф + nvt = ^ ф  + (т±.\)ф-\-nvt — T ф +aqil/ —a pvt —

=  Ц ^ ф + о р ^ ф  ——  v / j  =  T 'ф  +  o q S -

we have from (35) the following equation to determine A1 and Bt : 

(36) 2(o'A1 sin ф+(2ео'В1 — А) cos ф + Z  f ^ h - аре‘<-Тф+ач9) = 0.
(T= —  oo

The last term can be written in the form

Z  (<*„ cos ф+Раь\пф) eiaq9
(T =  —  oo

where
=A°U-.p+/j,0)-i, P„ = З Д 1  i , - „ - Æ i . - ep).

Equation (36) can and will be satisfied by equating there the coefficients of cos ф 
and sin ф to 0. However, it can happen that it is not the unique possibility to sat­
isfy (36), since the functions ф and 9 are not independent. Nevertheless, if the 
solution so obtained is an exact solution (the series are convergent or finite), then 
the uniqueness is assured by the uniqueness of the solution of (29) at given initial 
conditions. — The comparison of the coefficients gives

(37) 2co'A1 = — Z  ß.e1̂ ,  2ш'В1- А = -  J
(7 =  —  oo < Т = —  oo

•  N o t i c e  t h a t  in t h e  formula o f ip) m is odd and in consequence so is in ux(yt, i//), S 2(u,) 
e t c . ,  t o o .
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By (34)
j 2я

a„ =  —  / f / 0(т, ^ [ e - ^ + D t - ^  + e-iUaq-Dt-em^^dT =

4яа f f  ,/о(т> О (e* + e i{)e i<r«s' dc, dx =

and similarly

1 2я / \
=  - ^ 2  f f  f 0(x, ç)cos çe-iaqS'dç dr (ö' =  £ - 2 TJ

1 271
ß<r = ~2^2 f  f  /o (T> <Ü)sin çe_i,7,i'' dç с/т.

The right sides of (37) will have the form

2  y-„e,ai,:* =  2 '  f  f  /0(т, ç )  cos £ [e"™*3 3,, +  e io4<i i'>] с/ç с/т
- -  27Г ff=0 0

2я
= —  2 "  f f  /о(т, í) COS Ç COS (7Ç7 (3 -  3') c/ç c/t,

71 <r = 0 V

2  ß ^ ic4i = \  2 '  f f  /o(T> ç)sin Ç • cos aq(9 -9 ')  dç dx.
cr= — со 7Г ст =  0  Q

The primes attached to the signs T means that in the term corresponding to a =  0 

the factor must be replaced by —Í—. Then Ax and B1 can be obtained from (37).
71i  2 n -

If (т,п)7±0, then from (35) и™ = — 1 f™  giving(777, n)

Щ (vt, 11/) = q
4к- V2 22m, и = — со

pilmip +  nvi)
f  f  f{x, ç )e - i(mi+nr)d^dx = 

(m, n) о

q
4tr2va

с о  « ал
2 2  ——  /Y /0(t, =
m,n = 0 (m, П) о

_ oo 1 2л
=  Ö  2 -  2 2  ------------- г  f  f  / о ( т ,  ç )  C O S  [m (ф -  Ç) + n (vt -  t ) ]  c/ £  c/ t .2л V“ m, n = 0 (m, 17) V(ш,п)з̂ 0

Notice that the so called “small divisors” appear here. In consequence the series 
is not convergent in general. Otherwise, if the series is finite the above expression 
of u1 is always meaningful. — The computation of the second approximation requires 
no new moments and may be omitted.
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и
Example. Letting f ( r ,  и , v ) = c o s  т --------- — we have

u2 + A jCO 1

3

foiyt> Ф) =f(yt, cos ф, -со' sin ф) =  — cos(i^-vt) +

3 1 1+  — cos (ф +  vt) +  — cos (Зф — V/) + — cos (Зф + vt).
О  О  о

Here (m, rí) has the values

0 , - i >  =  ( 3 , - i ) = < + z M z M , *
q q2

( i , l ,  =  - ? £ ± i , . ,  (3>1) = _ Й £ ± « № £ ± Й Л

Assuming y->0 the only possible values of -y for which (m, и) = 0 are у  and у .

(i) If — = y  (/7=1, <7=2), then (1, — 1)=(3, —1)=0 and (being vt—2cot= 
=2ф-29)

ф—vt = —ф+29, ф + vt = Зф — 29, Зф — у1 = ф + 29, Зф + vt — 5ф — 29, 
involving

Mi =  — j j -2 cos (3^-29) -  cos (5ф-29).

(ii) If —= y  (/7=1,9=4), then (3, — 1)=0 andq 4

ф— vt = —Зф+ 49, ф + vt —5ф —49, Зф— vt = —ф + 49, Зф + vt = 1ф-49, 
therefore

Mi = -  y^ö- cos (3i/i -  49) -  y jy  cos (5i/i -  49) -  y y j  cos (1ф-49).

In the case (i) we have for the determination of Ax, Ő,

3 1vAxsin ф+(vBL — A) cos ф = —— cos (— ф -Ь 29)—-соь(ф + 29) =
О О

= — у  cos ф cos 29 —у  sin ф sin 29,
whence

Ax = — y^sin  29, Bx = a.+ ß cos 29, a = y ,  /? =
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and from (ЗГ) in first approximation
Ô  =  е В ^ Э )  =  e ( a + ß  cos 29) 

d9

Here

/(9)

m

1

- h +ßcos 29 =  e ( . t  +  t 0) .

:|Q8 ( ? * < /)
У ß2—a2 (ß -a ) tg 9 - ] fß 2- a 2

1 (oe —ß)tg9arctg v
|/a2-/3 y<x2- ß 2

(ß2 <  a2),

/(9) =
y tg 9  (a = 0)

- y c t g 9  (a =  — /S)

whence for zl =0

tg 9 = C°e +1 = / 0 ), 9 =  arctg/(t), c0 =  const ^  0.
c0e 2v— 1

If zMO, then the computation goes in the same way. Furthermore

à = aeAi (9) =  —a —— sin 29 4v
e c%e ” —1
2v

whence
1 A et et

= a0\  ele 2v+e2\

c\e •'+1

a0 = const ^  0.
E tAs long as —«cl, 9 and a are near constant, v

In the case (ii) we have

V (  V  )  1
— A1s'mil/ + y— — cosi/f = —— cos(—•/' + 49) =

whence
A- cos ф cos 49 — A sin ф sin 49,
О  О

1 2/j
At = —— sin 49, Bl — a + ß  cos 49, a =  ——, ß  = ——  4v v 4v

and the further computation follows previous lines.
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Ш. The convergence of the series of иг in (A)

The form of щ in the series of x  is the following:

giimih + nvt)zz ■ amn = f f  /о(т, »A)e_l(mi*+nr) (1ф dz(m ,n )

and that of м2 is a similar one. Here

(m, n) =  co2 — (mco + nv)2 =  —[nv + (m + l)(o][nv + (m~l)co].

V YYl i  1 VNow the case — = --------- is excluded, i.e., — cannot be rational, but it is notco n  CO
sufficient, since |(m, n)| can and will be arbitrarily small for pairs m, n in infinite 
number. Nevertheless — as it is well-known — (see, e.g., in [1] pp. I l l —178) to

V
almost all real numbers — there can be found such numbers C >0, (5>0 for whichCO

' L _ L
co q ( \p \ + m i+i

holds for every integer p and q. Therefore, in the present case

whence

and

or

V m ± l
— I--------
CO n

|nv + (m±l)co| 

I (m, n)| S

( |n |  +  | m ± l | ) 2+ Ä ’ 

cco|n|
£ (|и| + |ш±1|)2 + а ’

'Í»1̂ И2
W  (m =-1)(|n| + |m + l|)4+

1 (|n| + \m + l|)4+2i
|(m, n)| С'СО'П"

On the other hand it is also known that for the Fourier coefficients amn the following 
estimate holds (see [2], vol. Ill, p. 494):

I«»-oi
I (X I =  --—--'*mn 1

where odjL’O js the Fourier coefficient of

m 'n‘

àk+% and k, /€ Z. This partial derivativeдфкдв'
exists, moreover it is analytic, since /„ is. Thus the terms of the above series are
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dominated by
(|n| +  |m + l|)4+2a [ « ^ l  

c2co2n2 mknl
where k , l  are arbitrary large integers, consequently, the series is convergent for

V
almost all — .
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ON DIFFERENCE SETS

by
I. Z. RÚZSA

1. Introduction

Let SczN and
(1.1) D = J jS  =  S —S = {s —/: s,t£S}
its difference-set. It is known that if S has a positive upper density, then D does 
not contain arbitrarily large gaps and it has a positive lower density, moreover

(1.2) rf(0 )s2 (S ) .
(The definition o f  d and cl see in Section 2.) See Rúzsa [1]; the first result is due 
to Erdős and Sárközy.

Recently S tew art  and T ijd e m a n  [2] generalized these results for the inter­
section of several difference sets. Instead of A1 they considered
(1.3) d2(S) = {z: z+ s£ S  for infinitely many s£S}.
Let Sx, Sk be sequences of positive upper density. They proved that there exists
another set S' satisfying

(1.4) d ( S ) ^ c k n d ( S i), c* = (51og(/c+l))-fc
;=i

and
I j S C f )  = n d 2S;,

which immediately yields a lower bound for d{D) and implies that D does not 
contain arbitrarily large gaps. Moreover they proved that there are integers nx,

(1.5) / ё ( с ,Я ^ № ) ) - 1ов3/1°е2 
such that

Ú (D + nj) = Z.
J=г

Our aim is to improve these inequalities. We shall remove the constant ck from
(1.4), the constant ck and the exponent log 3/log 2 from (1.5).
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2. Results

By a “sequence” we shall mean a set 5 c Z . First we define some kinds of 
densities. Let
(2.1) S(x) = \Sf][l,x]\ 
be the “counting function” of 5, and let

(2.2) 5(5) =  lim sup , 5(5) =  lim in f-^ ^ ,

the upper, resp. lower density of 5. If they coincide, their common value is called 
the asymptotic density of 5 and it is denoted by 5(5). (Note that in these definitions 
the negative elements of 5 have been neglected.)

Let
(2.3) 5*(x) =  max |5П[а + 1, a + x]|

Z
and
(2.4) 5,(.x) =  min |5П[а + 1, a+x]|,

e €  Z

the upper, resp. lower counting function of 5. Evidently, 5* is subadditive, 5* 
superadditive, that is for all x, we have

S*(x+y) á  5*(*) +  S*O0, S,(x+y)  S  5,(x) +  5,(y).
These properties imply that there exists

(2.5) 
and

(2.6)

5*(5) — lim S*{x)
x = inf S'(x)

X

5,(5) =  l i m ^ î ^ = sup s t (x)
X  ’

which we shall call the strong upper, resp. lower density of 5.
Evidently, we always have

5 ,(5) 5(5) = 5(5) s  d*(S).
Note also that 5 ,(5 )> 0  if and only if 5 does not contain arbitrarily large gaps.

Next we define three kinds of difference sets. Two of them have been defined 
in the previous section, but for sake of completeness we repeat them. Let
(2.7) Л ( 5 )  =  { g : 5 n ( 5 + g ) ^ 0 } ,

(2.8) Л 2( 5 )  =  { g : | 5 D ( 5 + g ) |  = ~ } ,

(2.9) d 3( 5 )  =  { g : 5 ( 5 D ( 5 + g ) ) > 0 } .

Their names are the ordinary difference set, the infinite difference set and the den­
sity difference set of 5.
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Theorem 1. For arbitrary sequences 5 L, Sk there exist two other sequences 
S  and S ' such that

a) dj(5) c  n<d2S;, 3(5) ^  #3*(5 ,);

b) A1S' c  n d 35,-, à ( S ') ë /J ^ № ) .

Theorem 2. Let S be an arbitrary sequence.
a) I f  3*(5)>0, then there exist /c = [l/3*(5)] numbers a1, . . . , a k such that

U (d2(5) + a;) = Z.

b) I f  3 (5 ) >0, then there exist /=[1/3(5)] numbers bx, ..., b, such that

U(d3(5) + f>;) = Z.

(2.10) Corollary.
a) I f  3 * (5 )> 0, then A f S )  does not contain arbitrarily large gaps and we have

d(A,S) S  3*(d25) S  1 /к , к = [l/3*(5)].

b) I f  3 (5 ) >0, then A., 5 does not contain arbitrarily targe gaps and we have

d(A3S) S  d j A sS) =ê 1/1, 1 = [1/3(5)].

Combining Theorem 1 and Corollary (2.10) we get:

(2.11) Corollary. Let 51; 5„ be arbitrary sequences and

D = f ) A 2Sj, D '= r)A3Sj.
We have

d , (D ) ^  U d4S j) ,

3 * (0 ')=  # 3 (5 ;) .

Moreover Z can be covered by [ #  d*(Sj) 1] translations of D and [ #  3(5y) '] trans­
lations o f  D'.

Theorem 1 and this Corollary contain the improvements of Stewart and 
Tijdeman’s results mentioned in the introduction.

3. Homogeneous systems

Our main tool in achieving the results stated in the previous section will be 
the notion of a homogeneous system.

(3.1) D efinition. Let Я  be a set of finite sets of integers. H  is called a homogen­
eous system, if for every AÇ H all the subsets and translations of A belong to H  
as well.
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To a sequence S  one can associate a homogeneous system in several ways; 
we shall deal with three of them. Let

(3.2) h^S )  = {A : A + zdS  for some zd Z},
(3.3) h2(S) =  {A: A + zd S  for infinitely many zdZ},

(3.4) h3(S) = {A: A + zdS  for a sequence of z’s, having positive upper density}. 
Given a homogeneous system H, we define its difference set by

(3.5) AH=  U (A -A ) .
A i H

(Note that AH is an ordinary sequence.) Evidently, we have
(3.6) A(hj(Sj) = AjS  O’ = 1 ,2 ,3 );
this is the main connection between sequences and homogeneous systems.

For a homogeneous system H we define its counting function by

(3.7) tf(*) = m ax|/in[l,.x]|.

Evidently H(x) is subadditive, which implies that there exists

(3.8) dH  =  lim H(x)/x = inf H(x)/x.

T heorem  3. For every sequence S we have

(3.9) d(M S)) =  d(h2(S)) =  d*(S),
(3.10) d(h3(S)) S  3(S).

Proof. Let H j=hj(S) (/= 1 ,2 ,3 ). Obviously, we have

H2(x) ^  H.ix) =  S*(x),
therefore

d(H2) ^  d(HÙ = d*(S).
We have to show that
(3.11) d(H2) s  d*(S).

Regard the sets
A. =  [l,x ]D (5 -z).

Call z “average” if AW=AZ for infinitely many w’s, and “special” in the other 
case. Evidently, there is only a finite number of special z ’s. Let
(3.12) Sl = S \U {04z + z): z is special}.

Since S  and differ only by a finite number of elements, we have

d*(S) =
On the other hand, if z is average, then AzdH2, therefore 

H2(x) ~  max {\AZ\ : z is average} S  Sjf(x),
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which implies
Я,(.т)

X
a  in f iL «  = =

making x —°° we get (3.11), which completes the proof of (3.9).
(3.10) can be proved similarly. This time we call z average, if AW~ A Z for a 

sequence of w’s having positive upper density and special in the other case. Again 
we define S) by (3.12). Evidently, the sequence of special z ’s has density 0, hence

and we have 

which implies

3(5) =  3(50,

Hs(x) = max {\AZ\: z is average},

t f s W  s  ^  s  3 ( 5 0  =  3 ( 5 ) .
-X X

This yields (3.10) immediately. □
Now we prove a converse of Theorem 3.
T heorem  4. Given an arbitrary homogeneous system И, there exists a sequence 

5 such that
h1(S) с  H, 3(5) = d(H).

(3.13) L em m a . Let H be a homogeneous system. For arbitrary x there exists 
a set AÇ.H, A(z[l, x] satisfying
(3.14) |T fl[l,y]| S  yd(H) for all 1 â  |  S  r.

P r o o f . Choose a large z and a set Ba[\,z], BdH  such that

\B\ = H (z)^ zd (H ) .
Let

f ( j ) = \ B D [ l , j ] \ - ^ d ( H )  (jd Z).

Let к be the place of minimum of /  in [0, z]. We have

(3.15) Д А + у )ё /(А ) 0  = У — x),
since for k + y S z  this follows from the definition of A:, and for z + ls A + y ë z + x  
we have

and

(3.15) means

f i k + y )  =  |Д |-  -^ Z- d(H) ^  0 

f{k) = /(0 ) = 0.

0 =/(fc + у) —/(A) =  \B n [k+1, A+y]| -  ̂  3(tf ),
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that is, Az—(B—k)C\[\,x] satisfies

(3.16) \AzC \ [ \ , y ] \ ^ y ^ d ( H )  ( l s y s x ) .

Since for Azcz[ 1, x] there are only finitely many possibilities, there must be a set 
A which occurs infinitely many times as an Az. This A must satisfy (3.16) for ar­
bitrary large values of z, which just means (3.14). □

Proof of Theorem 4. Let Cx be the set of A's satisfying (3.14). We define an 
ordered tree. The points at the fc’th level are the elements of Ck; A fC k and B£Ck+1 
are joined by an edge if AczB. Each level is finite, and from each point there is 
an edge downwards, for B£Ck+1 is connected with

A = ЯП[1, k]dCk.

A well-known theorem of D. König implies that there is a chain (Ak)™=1 such that 
Ak£Ck and AkczAk+1 for all k. The sequence

5 = UAk

will fulfill our requirements. Namely hk(S )(zH  is obvious from the construction. 
Moreover

S(x) ^  \AX\ ё  d(H)x =>d(S) is d(H);
on the other hand

d(S) S  d*(S) = d(hk(S)) si d(H) 

by Theorem 3, and these two inequalities yield

d(S) = d(H). □

Evidently, the intersection of homogeneous systems is also a homogeneous 
system. The main advantage of homogeneous systems over sequences is the follow­
ing property.

T heorem 5. For arbitrary homogeneous systems Hk, ..., Hk we have 

d(Hi n . . . n H k) ^ I J d ( H j ) .

Proof. Evidently, it is sufficient to prove the statement for k —2. Let H= Hk П H2 
and choose sets
(3.17) A c  [1, J t ] ,  A£Hk, \A\ = Hk(x) 
and
(3.18) B (z[\,y] , BeH2, \B\ = H2(y).
For

Xj = A f X B - j )
we have

X £ H , Xj c  [1, jc],
hence
(3.19) \Xj\ s  Щх).
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\Xj\ is the number of solutions of a=b—j,a£A ,b£B ,  so we have

(3.20) 2  \X]\ =  Ml Ml-
Moreover, Xj=0  unless l —x s j ^ y —l, therefore (3.20) contains at most x + y ~ l  
summands, different from zero. This together with (3.17—20) yields

= \A\ \B\ =  2  \Xj\ S  (x + y - l) tf (x ) ,
that is

(3.21) H(x) g; Ях(х) •
Making y  —► со we get

H(x) s  cKHjHAx);
dividing by X and making x->-°° this gives the desired inequality

d(H) d(HJd(H2). □

4. The difference set of homogeneous systems

T h eorem  6. Let Hbe a homogeneous system satisfying d(H )> 0 and let D=AH. 
There are integers bl , . . . , b k, k ^ \ /d (H )  such that
(4.1) U (D + bj) = Z.

P ro o f . Let bx, . . . , b k be a maximal set of integers such that the sets 
A+bx, ..., A+ bk are disjoint for every A^H. Choosing a set A£H, f c [ l ,  x], 
\A\ = H (x) and denoting

b = max \bj\
we get
(4.2) kH(x) iâx+ 2b,

since all the sets A+bj lie within the interval [1—b, х +b]. Dividing by x and making 
x-*-°° (4.2) yields /c = l/r/(#) as wanted.

On the other hand, let nÇZ be arbitrary; we show that ndD+bj for some j. 
Since bx, ..., bk was a maximal set, there must be an Ав H  and a j  such that

that is,
(A +bj)r\(A + n) A 0,

a + bj = a' + n (a,a'£A).
Hence

n — (a — a') + bj£D + bj.

Now we prove the results of Section 2. 
P roof of Theorem 1. Let

□

Щ = h2(S,), H  = IT#,,

n ;  =  h, ( $ ) ,  h ' =  o h [.
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We have 

and
d ( H )  Ш J J  d ( H t)  =  J J  d * (S t) 

n d ( S t)
by Theorems 5 and 3.

Let S, resp. S '  be sequences satisfying

h^S)  c  H, d(S) = d(H),
h^S ')  c= H', d(S') = d(H')i

their existence is guaranteed by Theorem 4. We have

=  d(hÁS)) c  A(H) = A(HHj) c  n(A(Hj)) = f](A2(Sj))
and similarly

/1,(50 сП (4> ф )),
as required. □

Proof of Theorem 2. Apply Theorem 6 to H=h2(S) in Case a), and to 
H=h3(S) in Case b). □
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FUNCTORIAL PROPERTIES OF THE MIXED LIMIT FUNCTORS

by
C. G. CHEHATA and I. A. ASSEM

Introduction

The mixed limit functors were introduced in [1]. Some of their functorial prop­
erties were studied in [1] and [2]. The present work is a continuation of these two 
papers. We start by summarizing briefly the results of [1], from which we deduce 
directly that the mixed limit functors have no adjoints. It is known that projective 
and inductive limits do not change by restriction of a directed index set to a cofinal 
subset. We show that the same result holds for mixed limits. We then show that 
any equivalence functor commutes with the mixed limit functors. The results of 
the last section are a generalization of the results of [2].

1. Preliminaries

D e fin itio n  1.1. A category (€ will be called 1-complete (I-cocomplete) if every 
projective (inductive) system in (6 over the pre-ordered set /  has a limit. It is simply 
called complete (cocomplete) if every projective (inductive) system in over any 
index set has a limit.

D ef in it io n  1.2. Let /  and L  be pre-ordered sets. A mixed system (E), f $ ) IxL 
in a category <€ over ly ,L  is defined by the following:

— To every pair (a, 1)6 IX  L  corresponds an object E) of (€.
— To every couple of pairs (a, 1) and (ß, p) of I X L  with «=/5 and As /j. 

corresponds a morphism E ß - + E £  such that:
(MSI) For every (a, 1)6/XE, we have

ГЛЛ _  1 Jn  — lE%‘

(MS2) If a S ß ^ y  in I, and l ^ / i ^ v in L,

f v A  _  f v ß  f i t  A 
J a y  J a ß J ß y

To simplify notations, we shall denote the morphisms f £ x by /г£я and the 
morphisms / / /  by g)ß.

A mixed system (E), f f f h  x L over an /-complete and L-cocomplete category 
#  has two limits which we construct as follows : the system (E), h£x)L is inductive, 
with limit

{Ex, hx) — Lim (Ex, /?£л),
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while (Ex, gip)i is projective with limit

(E \  g£) =  Ljm (£«> g«o)-

The family of morphisms (g£ß)X£L (a^/?) forms an inductive system of morphisms 
from (F„\ hÿ)L into (£’«, h£x)L. Let:

g«p =  L i m g ^ .
XÇ.L

Similarly, (hßX)xiI (Aë/i) forms a projective system of morphisms from (F,,g*p)f 
into (E*,g£ß),, with limit

hßX = Lim hßX.

Finally, the systems (Ex,g^)j and (Ex,h ßX)L are respectively projective and in­
ductive. We shall denote their limits by

(E, gx) = Lim (Ea,gat),
»er

(F, hx) = U m {Ex, hßX).

It was shown in [l] that there exists a unique morphism / :  F — E such that 

(V(a,A)€/XL): gxf h x = hxgx.
E  and Fare called the limits of the system and /  is the canonical morphism.

D efinition 1.3. Let 8 — ( E x, f ßß)IxL be a mixed system in the /-complete and 
F-cocomplete category (€, and let

(Ex, hx) = Lim (Ex, f ßX), gaß = Lim f xßx,
À Ç L AÇL

(Ex, gx) = Lim (Ex,/ / / ) ,  hßX = Lim f t x.

A triple (F, F, / )  when E and F  are objects of ^  and / :  F —F  a morphism, 
will be called a limit triple of & if

(ML1) There exist two families of morphisms (g  ̂: E ^ E X u  and (hx: Ex^ F )xeL 
such that

(0 g*=g*ßgß> if a S ß i n / .
(ii) hx = hßhßX, if A ^  p in L.

(iii) gaf h x = hxgx, for any (a,A )£/xF.
(ML2) If (F', F ', f ' )  is another triple, with E', F' objects in 4> and / ' :  F '—F ', 

and there exist families (g': F '—F J ^  and (h'x: Ex^~F')XiL of morphisms of 
which satisfy:

(•) g* = gxßgß, if a s / ?  i n / .
(ii) h’x = h'ßhßX, if A S  Ц in F.

(iii) gxf ' h ' x = hxgx, for any (a, A)6/xF.
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Then there exists a unique pair (g, h) of morphisms of 4  such that:

f = g f ' h .

f
E —----------------------------- F

f'

Figure (1.1)

h

F'

It is proved (cf. [1]) that the triple (E, F, /) ,  where E  and F are the limits as 
defined above and /  is the canonical morphism, is the only (up to isomorphism) 
limit triple of ( E f  f , f ) IxL.

D efinition 1.4. Let /* " /)/xL and S '= (£'/, f 'f ix)IxL be mixed systems
in 4  over Г/  L. A family и =  (м,)/х1 of morphisms of Li will be called a mixed 
system o f morphisms of 8  into S '  if a=j/? in 1 and l  = in L imply

< №  = Q l u\.

rA VP
EP --------------------

up
T ,/M
Ел _______ VP

Figure (1.2)

D efinition 1.5. The category d)i(IXL, 4) of mixed systems in (€ over /X L  
has for objects all such systems, and for morphisms, the mixed systems of morphisms. 
The product of two morphisms u —(u£)IxL: 8-*8' and v=(vf)IxL\ 8 ' 8" is 
defined to be vu={v^.u^)IxL.

It was shown in [1] that a mixed system of morphisms defines two limit 
morphisms

и_ =  Lim Lim uf. E -> E',
aí i  лет

и + = Lim Lim и%: F -* F'.
лет ore/

This allows us to define two covariant functors of 3M(/XL, 4) into 4  as follows:
(i) l+ ( —) = Lim Lim (—) associates to a mixed system (fits limit L=Lim Lim£^ 

лет «er лет «е/
and to a morphism и : 8 -»S' its limit u+ = Lim Lim uj : F-*F'.

лет ae/
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(и) /_(—) — Lim Lim( - )  associates to S  its limit £ = Lim Lim Ex and to w
ail XiL ail X£L

its limit и _ =  Lim Lim iij : E —E'.
ail XCL

Moreover the canonical morphism / :  /+(<?)—l-(S)  is a functorial morph­
ism (cf. [1]).

It is known (cf. [4]) that projective and inductive limits do not in general com­
mute. This implies:

P roposition 1.1. The functors l+ and /_ have no adjoint functors.
For if this were the case, I+ and /_ would commute with products and sums, 

which are particular projective and inductive limits.

2. Cofinal subsets of /  and L

T heorem 2.1. Let I and L be directed sets, and J f  /, KQL be cofinal subsets. 
Let (Ex, faß)jXL be a mixed system in (€ over IXL,(E, F, f )  a limit triple with as­
sociated morphisms (gx: E-»Efiaa and (IT: Ex — F)XiL. Then (Efi f f ß )JxK is a mixed 
system in T  over JX  K, o f which a limit triple is (E, F, f )  with associated morphisms
( g X u  and (hx)XiK.

P roof. This result can be proved using the corresponding results in the case 
of projective and inductive limits, we shall prove it directly using Definition (1.3).

It is obvious that (Ex, f f ß )JxK is a mixed system in ^  over J X K  and that the 
triple (E, F, f )  with the morphisms (gfixiJ and (hx)XiK satisfies (ML1). We let 
(£■', F', f j  be another triple in with morphisms ( g X u  and (h'x)XiK satisfying 
the conditions of (ML2).

Let oc£/, there exists a ßdJ  such that ß ^a .  The directedness of /  implies that 
the morphism gxßg'ß : E'-»Ea is independent of the index ß. We shall set g'x=gxßgß. 
In this way, we have defined a family of morphisms (g X a  and it is easily seen that

g'a = g*ßgß whenever a ^  ß in /.
Similarly, let AÇL, there exists a g£K  with p = f  and the morphism h,,lh^x is inde­
pendent of /i. We shall denote it by h'x. The family (h'x)xiL thus defined is clearly 
seen to satisfy

h'x = h'^h^  whenever Я ^  p in L.
Finally, let (а, Я)(Е/ХТ. There exists (ß, p )£ JxK  such that

g'. =  gaßg'ß, b'X = h '4 ,X
Then:

g'af'h'* = gxßg ß f'h 'l4Tx =
= g a ß ^ ß g ^  =
=  hSgSßgfh^ =
= Kg»h»x =
= K K xg« =
= hxgi.
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Therefore there exist unique morphisms g:E'-+E and h: F-+F' suchthat

This completes the proof.
/ =  gf'h.

C o r o l l a r y  2.1. I f  either I  or L (or both) has a maximal element, and the other 
index set is directed, the mixed limits are isomorphic.

P ro o f . Assume /  has a maximal element a0, the mixed system (Ex, /)'}/), x L 
has the same limit triple as (Exo, f xßax0),{X̂ xL by Theorem (2.1). Now the last system 
is an inductive system, a limit triple of which is (EXq, EX(), l Ej[ ). Hence the result.

3. Equivalence functors and mixed limits

We recall the following:
D e f in it io n  3.1. Let (f> and 3  be categories, G : 4>-+3) a covariant functor. 

G is called an equivalence if one of the following equivalent conditions is satisfied:
1) There exists a functor H\ and functorial isomorphisms from HG

into leg and from GH into l B.
2) G is full and faithful, and for any object D of 3 ,  there exists an object C 

of ^  such that G(C) is isomorphic to D.
T h eo rem  3.1. Let and 3  be I-complete and L-cocomplete categories, and 

G: (ß^-3) a full and faithful functor. In order that (E, F, f )  with associated morphisms 
(g f  E ^ E x)x€I and (hx: Ex -*■ F)) f_L be a limit triple o f the mixed system (Ex, f xßx)[ x L 
in c€, it is sufficient that (G(E), G(F), G (f)) with the morphisms (G(gx))xiI and 
(<3(/г;-));€Е be a limit triple o f the mixed system (G(EX), G ( fßßx))IxL.

P r o o f . The equalities

C(g,) -  G(gxß)G(gß), if a s  ß in I,
G{hx) = G(hß)G(hßX), if Я s j i i n  L,

and G(gx)G(f)G(hx)=G(hx)G(gx), for any (a, XffilXL  imply respectively

ga = gttß gß » if CC^ßin  /,

hx =  h^h^, if A S  p in L
and

gxf h x = hxgx, for any (a, A)Ç/XL

since G is faithful. Thus (E, F, f )  satisfies (ML1).
Let now (£"', F', f  ) be another triple with associated families of morphisms 

(gx: E '-~Ex)xij and (h'x: Ex^-F')kiL which satisfies the conditions of (ML2). 
Then we have :

G(g'a) =  G(gxß)G(g’ß), if a S  ß in /,

G(h'x) = G(h'ß)G(hßX), if i .S / i  in L,
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and
G(g^G(f')G(h’x) = G(hx)G(gx), for any (a,X )U X L.

Then, by hypothesis, there exist unique morphisms g0: G(E')-*G(E) and 
h0: G(F)-»G(F') such that

G(f) = g0G (f')h0.

Since G is full and faithful, this implies the existence of unique morphisms g: E'-*E 
and h: F-+F' such that

go = G(g), h0 = G(h).

Then G (f)=G(g)G(f')G(h) implies, by the faithfulness of G

/ =  gf'h .

Theorem 3.2. I f  G: %J-+3i is an equivalence, then (E, F, f )  with associated 
morphism (g jx(l and (hx)XiL is a limit triple o f  the system (E f  f f f ) i xL if  and only 
i f  (G(E), G(F), G(f)) with morphisms G(gf)aiI and G(hx)XiL is a limit triple of 
(G(EX), G(/>/)), xL.

Proof. It remains to show that if G . ^ —Q) is an equivalence, and (E, F , f  ) is 
a limit triple of (ЕХ,Д ‘x)IxL, then (G(EX), G ( f f x))lxL has (G(E), G(F), G(f)) as 
a limit triple.

It is obvious that (ML1) is satisfied. Assume that (£', £ ', / ' )  is a triple of 3> 
and (g': E' -+G(Ea))aa and (Гг': G(Ex)-+F')XiL are such that

g'a =  G(gaß)g'ß, if X S ß i n l ,

h'x = H'» G (h»*), if Я ë  p in L, 
and

g'J 'h 'x = G (h x)G(gx), for any (а,Л)€/Х£.

Since G is an equivalence, there exist objects E' and F' in and isomorphisms 
j\: G(E')-<-E' and j 2: G(F')-*F'. Let us write:

g'a= g'.jl,

Obviously, we have
h’x = j 2 4i'x.

g* =  G(gxß)g'ß, if а == ß in /, 

h'x = fi'^Gih^), if I  ä  g in L,
and

g'af ' h ' x = G(hx)G(gx), for any (a,A)€/x£.
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0(f)
6(E)—-------------------

Figure (3.1)

Since G is full and faithful, there exist unique morphisms / ' :  (gf. E'
and (h'x: E x^-F')XiL such that

G (f')  = / ' ,

G(g'x) = & ,  (v«e/),
and

G(h'x) = f ï \  (VAÇL).

Again the faithfulness of G implies that {Er, F', f )  satisfies the conditions of (ML2), 
then there exist unique morphisms g : E'-+E and h: F-+F' such that

G(E)

G(g) E'

G(E')

G(f)

f

V

G(F)

G(F')

Figure (3.2)

Then
G (f) =  G ig)f'G ih)  =  G ig ) j ^ f ' j 2Gih).

There only remains to show that g=G(g)j{L and h =j2 G(h) are unique. 
Let ig0, hn) be a pair of morphisms such that

G i f )  = g0f % .
Again, since G is full and faithful, there exist morphisms g0: E '—E  and h0 : F—Fr 
such that

G (go) =  f o J i , G  i \ ) =  j 2- % .
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But then
G(f) =  U X  =

= G(g0) K lJ 'h G (h 0) =
= G (g„)/' G (h0) =
— G(g0)G (f')G (h0)

and therefore
/ =  g o / ' V

The uniqueness of the pair (g, h) implies that g=g0 and h=h0. Then g=g0 
and K=R0.

We have the obvious corollaries

Corollary 3.1. I f  ^  is I-complete and L-cocomplete, so is every equivalent 
category 3 .

Corollary 3.2. Every equivalence functor G commutes with the mixed limit 
functors

Gl+ = l+G, Gl_ =  EG.
This can also be proved directly: indeed it is known that a functor which admits 

a left adjoint (right adjoint) commutes with projective (inductive) limits. Now an 
equivalence has both a left and a right adjoint (cf. [4]). Hence the result.

4. Commutation of functors with l+ and /_

As proofs in this section follow the lines of the proofs of [2], they will be 
omitted. We start with some remarks on terminology.

Let (Ex, be a projective system in an /-complete category <6 and let 
{E, gf)=Um{Ex, gxß).

«er
Let now 3  be another /-complete category and G: be a covariant functor.

Then (G(EX), G(gxß)), is also a projective system. Let (kx: Lim G{Ex)^G (E f)lÇÎ
«er

denote its canonical projections. By definition of projective limits, there exists 
a unique s: G(E)-^Lim G(Ey) such that, for all aÇ/,

«er
M  =  C(ga)-

It is easy to see that v is functorial.

Figure (4.1)
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D ef in it io n  4.1. The functor F will be said to commute with Lim if s is an 
isomorphism. a€/

Lem m a  4.1. The family (G(gJ)xil is a monomorphic family.
If now G is contravariant and 3> is /-cocomplete (G(EX), G(gxß)), is an induc­

tive system.
Let (к*: G (.£„)—Lim G(Q)xil denote its canonical morphisms. There exists

ser
a unique morphism

s: Lim G(EX) — G(E)
«€/

such that, for all a£/,
sk* = G(gJ.

Again, s is a functorial morphism.

G(EJ

Figure (4.2)

D e f in it io n  4.2. The functor G will be said to transform Lim into Lim if 5 is~<x€/ a ci
an isomorphism.

Lem m a  4.2. The family ((g«)),« g /  is epimorphic.
Dually, let (E'\ hßX)L be an inductive system in an L-cocomplete category c€, 

of limit (E, h'-). Let G be a covariant functor of T  into another Z.-cocomplete catego­
ry 3 .  Then (G(EA). G{h’a))L is also an inductive system.

Let (lk\ G(EX)~*Lim G(Ex))><zL be its canonical morphisms. Then there exists
/.ÍL

a unique r: Lim G(E') — G(E) such that, for all L,я Í L

r/A =  G(fcA).

G ( E * )

Figure (4.3)
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Definition 4.3. The functor G will be said to commute with Lim if r is an 
isomorphism.

Lemma 4.3. The family (G(Ax))A€i is epimorphic.
Finally, if G is contravariant and 3  is /.-complete, (G(Ek), G(hf‘i))L is now 

a projective system and there exists a unique r : G(E)~* Lim G(E') such that,
~ X i L

for all /€ /.,
l,r  = G(hÀ),

where (lx: Lim G(Ex)-~G(E'))>iL denote the canonical projections, 
l e t

G(EX)

Figure (4.4)

Definition 4.5. The functor G will be said to transform Lim
XCL

an isomorphism.
into Lim if r is

XiL

Lemma 4.4. The family (G(hx))ÀiL is monomorphic.
Examples, (i) Let be any /-complete category then, given a fixed object G 

of (€, the covariant functor Hom¥ (G, —) into the category of sets and maps com­
mutes with Lim, while the contravariant functor Hom? ( - ,  G) transforms Lim

* « £ /  X Í L

into Lim (cf. [5]).
X £ L

(ii) Let W be the category of compact pairs, then the Cech homology functor 
commutes with Lim while the Cech cohomology functor transforms Lim into

ail «6/
Lim. These are the so-called continuity theorems (cf. [6]).

a i l

(iii) Let G be an arbitrary right (left) Л-module the functor G(g>— of the
R

category RMod of left /?-modules (— (g> G of the category Mod« of right Л-modules)
R

into the category of abelian groups commutes with Lim (cf. (5)). Also let G be
X C L

an arbitrary abelian group, then the endofunctors Tor (G, —) and Tor(—, G) 
of the category of abelian groups commute with Lim in case L  is directed (cf. [3]).

X Í L

Theorem 4.1. Let and 3) be I-complete and L-cocomplete categories and 
G: (€ ̂ 3  a covariant functor which commutes with Lim . Then we have a commutative

ail
diagram (4.5) o f covariant functors and offunctorial morphisms ofS)i (I XL, 4>) into 3 .
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Gl+

G(f ) 

G L

q

P

Figure (4.5)

l+G

g

LG

Theorem 4.2. Let T  and S  be I-complete and L-cocomplete categories and 
G \ cê-*Q} a covariant functor which commutes with Lim. Then we have a commutative

A É L

diagram (4.6) o f covariant functors and of functorial morphisms of 9)l(IXL, T) 
into Si.

q
GL-------------

G(f)

Figure (4.6)

l.G

g

i G

Theorem 4.3. Let Я> be an I-complete and L-cocomplete category, S) be an I- 
cocomplete and L-complete category, and G: (f> a contravariant functor which 
transforms Lim into Lim. Then we have a commutative diagram (4.7) of contra-

A g L  A € L
variant functors and of functorial morphisms of 4i)((/xL , Ti) into S

LG------------ ?-----------~Gl

g

LG P

Figure (4.7)

G(f ) 

GI+

where l + =  Lim Lim and l = Lim Lim .
l i t  T í L  A € L  n i l

Theorem 4.4. Let be an I-complete and L-cocomplete category, S> an I-complete 
and L-cocomplete category, and G : Cé-+Si a contravariant functor which transforms 
Lim into L im . Then we have a commutative diagram (4.8) of contravariant functors
cc£l a£l
and o f functorial morphisms o f S)l(IX L , Я?) into Si.
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4. ql+ G - ----------- - -------------- GL

g GCt)

□1 6 - ---------- ------------- Gl+
Figure (4.8)

We now turn to the case of bifunctors:
Theorem 4.5. Lei be an I-complete category, Tfi an L-cocomplete category, 

and F a bifunctor o f (€х X into the I-complete and L-cocomplete category r6 which 
is covariant in both variables. Then:

(i) I f  F commutes (in the first variable) with Lim, we have a commutative dia­
i t!

gram (4.9) of bifunctors o f Tfi X into (€ and of functorial morphisms.

LK-.->---- -- -  f----------- l+R-.-)

pjüm(-), Lim (-)
V"tZTi \eL

Figure (4.9)

(ii) I f  F commutes (in the second variable) with Lim, we have a commutative
л tL

diagram (4.10) o f bifunctors of (é1 X into and of functorial morphisms:

1+F(-.-)

j - ( L i m ( - ) ,  L i m ( - ) \
Г \ « t I  XtL /

Figure (4.10)

Corollary 4.1. Under the above conditions, i f  F commutes in the first variable 
with Lim and in the second variable with Lim, then f  is a functorial isomorphism

i t!  XtL
l+F.

Dually,
Theorem 4.6. Let be an l-cocomplete category, an L-complete category 

and F a bifunctor o f (6\ X into the I-complete and L-cocomplete category (€ which 
is contravariant in both variables, then:
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(i) I f  F (in the first variable) transforms Lim into Lim, ive have a commutation
*a él

diagram (4.11) o f bifunctors o f 41 ̂ X  into 4  and of functorial morphisms.

Figure (4.11)

(ii) I f  F (in the second variable) transforms Lim into Lim, then we have a
XÇ.L

commutation diagram (4.12) o f bifunctors o f4 \ X  into 4  and offunctorial morphisms.

i_F(-,-) --------------- Í ------------ 1+F(-,- )

F / Lim(—). Lim(-)\
W i l  X£L /  

Figure (4.12)

C o r o l l a r y  4.2. Under the above conditions, i f  F transforms (in the first vari­
able) Lim into Lim and (in the second variable) Lim into Lim, then f  is a func-

&Í I  ~ÀCL  я  Í L
torial isomorphism

l_F  së l+F.

T h eo rem  4.7. Let 4 1 be an I-cocomplete, an L-complete category, and F a bi-
functor o f 4, x X  4 , into the l-complete and L-cocomplete category 4  which is contra- 
variant in the first and covariant in the second variable, then:

(i) I f  F (in the first variable) transforms Lim into L im , we have a commutative
«il* a € /

diagram (4 .1 3 )  of bifunctors o f X  41 г into 41 and o f functorial morphisms.

LF(-.-) ----------------------------• ! / ( - . - )

Figure (4.13)

Studia Scientiarum  M athem aticarum Hungartca 13 (197S)



340 C. G. СНЕНАТА AND £. A. ASSEM

(ii) I f  F commutes (in the second variable) with Lim, we have a commutative
A gL

diagram (4.14) of bifunctors o f into *6 and of functorial morphisms.

Figure (4.14)

Corollary 4.3. Under the above conditions, i f  F transforms (in the first variable) 
Lim into Lim, and (in the second variable) commutes with Lim, then f  is a func-

* g /  " a g /  A g i .
torial isomorphism:

l . f s  l+F.

Theorem 4.8. Let Cß1 be an I-complete, an L-cocomplete category, and F 
a bifunctor o f X <#г into the I-complete and L-cocomplete category which is 
contravariant in the first and covariant in the second variable, then:

(i) I f  F commutes (in the second variable) with Lim, we have a commutative
«е/

diagram (4.15) o f bifunctors o f c6 f/ ,cd.i into <€ and o f functorial morphisms:

p /U m (- ) ,L im ( - ) \
' T i l  i «  I  '

Figure (4.15)

(ii) I f  F transforms (in the first variable) Lim into Lim, we have a commutative
A g i .  A g i

diagram (4.16) o f bifunctors o f (€xYf€i 'nt0 and o f functorial morphisms:

L F (- . - )  ----------------- ---------------- l t F(-,-}

/L im (-), Lim( - ) \  
\a«l «ci /
Figure (4.16)
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C o r o l l a r y  4.4. Under the above conditions, i f  F transforms (in the first variable) 
Lim into Lim and commutes (in the second variable) with Lim, then f  is a functorial
Ag L A g i .  ctg I
isomorphism

l - F  3* l+F.
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О НЕКОТОРЫХ ОЦЕНКАХ ДЛЯ РАЗНОСТНЫХ ОПЕРАТОРОВ, 
АППРОКСИМИРУЮЩИХ ДИФФЕРЕНЦИАЛЬНЫЕ ОПЕРАТОРЫ 

ЭЛЛИПТИЧЕСКОГО ТИПА В и-МЕРНОМ ПРОСТРАНСТВЕ

N G U Y E N  TUONG

В работах [3], [4] при доказательстве разностного аналога теоремы вло­
жения 2, ограничились частными случаями когда число измерений простран­
ства равно 2 и 3 (п = 2, 3), получили некоторые оценки, которые в свою 
очередь послужили основной для доказательства устойчивости и сходимости 
разностных схем для уравнений эллиптического типа с двумя или тремя не­
зависимыми переменными.

Возникает вопрос: Имеет ли место разностный аналог теоремы вложения 
в общем случае когда и>3? Эта данная статья отвечает на этот вопрос. 
Она состоит из двух частей.

В первой части рассматривается задача на собственные значения и соб­
ственные функции разностного оператора Лапласа в //-мерном пространстве. 

В второй части будем получить разностный аналог теоремы вложенияо
в общем соболевском пространстве ИТ [2] и некоторые другие оценки.

В этой статьи используем обозначения, введённые в книге А. А. 
Самарского [1].

I. Задача на собственные значения и собственные функции 
разностного оператора Лапласа

Задача на собственные значения и собственные функции разностного опе­
ратора Лапласа.

Пусть на //-мерном пространстве задана область:
G = {х = fo ,  х2, ..., х„); О S X, = а =  1, 2, ..., и} 

с границей Г и оператор Лапласа:

(У1 и д2и д2и
11 дх1 + дх\ + + дх1 ‘

Введем в области G разностную сетку таким образом, чтобы гиперплоскости, 
образующие границу Г, принадлежали классу гиперплоскостей, образующих 
сетку:

=  {х =  (xj, х2, ..., х„)£С; х а =  í„fce; /„ = 0, 1, 2, ..., Nx; а = 1, 2, ..., п}.
Обозначим: œh = wh + yh, где yh: множество граничных узлов сетки, саИ: мно­
жество внутренних узлов сетки.
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Рассмотрим простейшую аппроксимацию оператора Лапласа:

^ V = VxíXl + Vx2Xi+ - + Vx„xn,
где

vx .x .  =  - p - K * i >
“ ос

2.V , • • • ? -£а, • •. 5 хп) 4“ i? (xj, • • • 9 ха ha, ..., хп)].
п

Легко видеть, что он аппроксимирует Av с погрешностью 0(|А|2), \h\2= ^  hl.
а  =  1

Решим следующую задачу на собственные значения:
о

( 1) A v+ lv  — O, x£(oh; v(x) — 0 , x£yh.

Будем искать нетривиальные, т. е. не равные нулю тождественно, решения 
уравнения (1) вида:

(2) v(xt , х ш, ...,Хп) = X m (Xl) X ^ ( x 2) ... Х ^ ( х п)

удовлетворяющие граничным условиям. Мы здесь считаем, что Х ^  (ха) зависит 
только от хх.

Подставив правую часть (2) вместо v в уравнение (1), получаем

( Х ^ . . .Х ^ ) Х ^ Х1+(Х'до х (п)) х {А + ...+ ÍX ( 1) х (п- п) х £ х + x x w ...x™  = о,(»)

так как мы ищем нетривиальные решения задачи (1), то можно разделить 
обе части этого уравнения на Х т ... А'(пЧ. В результате получим:

или

у ( Х )  у (  2)
л х 1х 1 . л х г х г j

X w  X w  '

у(п)
л х п х п

X м
+А — О,

vtt)
^(1) - ( ■

у  ( 2) 
**г*г
Х«> + ...+

у ( п )Лхпх,
х {п> •+а

) -
-Afl)

причем А(1) не зависит ни от х1, ни от ха (а=2, 3, ..., п).
Тем самым для Лг(1) получаем простейшую задачу на собственные значения:

x £ Xl+km X m  =  О, Хг=  йг, ..., h - h ù  X "  =  X $ l  =  0. 

Легко видеть, что решением этой задачи является [см. 1]:

Xí'lixi) = j / 4  sin K'-^xl ,

1Д>- 4 ún*Kl7lhl 
ÁKl h\ 2/t ’ Ki =  1, 2...... Aj.— 1 -
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Аналогичную задачу получаем для Х <2):

XÏ( 2)

ЛГ‘*>

(3) X (")
f ^(3) + - " + ^ T ï ï f + ;l - A (1)j -а<2>,

причем л<2> не зависит ни от х 2, ни от (а=1, 3, 4, ..., п). Тем самым для 
X (2) получаем выше аналогичную задачу:

Х ^ Хг+Хт Х т =  О, х2 =  й„ ..., l2- h 2; Х0(2) -  Х ^  = 0,

и её решением является:

* £ ( * )  =  l / f s i n ^ p ,

US hi
sm2 K 2 7Гh 2

2L А, = 1,2, .... JV2-1 .

Продолжая это процесс, после (и —1)-го шага перейдем к уравнению для АГ(В): 
у ( я )

=  - ( а - а<1,- а< * > - .. .- а0,- 1)) =  - а(п).

Обозначим: А —Я(1)—i (2) —... —/.(П_1) = Я("), или 

(3 )  А =  А,1)+А «) +  ...+А<">

причем А(п) не зависит от (а =  1, 2, ..., и). Получаем задачу на собственные 
значения для X in):

Ä + A 00* 00 -  0, = й „ ..., Ar0(n) =  -  0,

и решением является:

Xg(x„) = V f s m ^ p í ,

jW 4 „:„2K"nh» Ar — hl sm- 2L , Kn= 1,2, ..., N „ -l.

Наконец в силу (2) и (3) получаем собственные функции и собственные зна­
чения задачи (1):

(4 )

и

(5)

, V 2"/2 . Кх лхг . К„ лх„
v = vKi ...k„(x 1» — >*».) =  ,71-----г sm — — ... sin -,*n

* = ^ . . .* ,  =  4

|//i.../„ /i

f l  . 9K1nh1 , , 1 . 9Knnhn\
+ ' ' + - s r s,n' ^ r )

где йГв=1, 2, ...,JVe —1; a = l ,  2, ..., n.
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Перечислим их свойства:
1. Собственные значения ÀKl Кп перенумерованы в порядке возрастания

и для всей совокупности справедливы следующие оценки:

<5° =  8 ( ^ + " '+ Т?) ~  ^ 1 . 1 - • • • - -  4 (-^Г+-” +-р-) =  ^0-

2. Собственные функции vKl Кп образуют ортонормированную систему 
в смысле следующего скалярного произведения:

N 1—l  J V „ - 1

(h, w) =  2  ■■■ 2  »O'A. •••, ' A M i ' A , *„*„)/»!...*„; INI2  =  (v, v).
• i - i  i „ = i

3. Первые разностные производные от собственных функций, имеющие 
вид (например по хх):

v =  =

ортогональны в смысле скалярного произведения ( , ], т. е.:
Nt N2- 1 Nn - 1

(v, vv]j= 2 2 ••• 2 Hhhj.,— , inhjwfahi, / „ f c J V - A ,
l’l  =  l  l2= l  in  =  l

и кроме того
10-Г = 4V-

4. Пусть на сетке wh задана сеточная функция / ( х 1г. . . ,х п), причем 
У (х)|Ун=0. Тогда, очевидно, она представима в виде суммы по собственным 
функциям задачи (1):

i V j - l  Nn- 1

/ (* )  =  2 ••• 2 Ск1...Кп»К1...кЛХ)•
АГ1 =  1 /fn =  l

При этом справедливо равенство:
N i - l  ЛГп- 1

II/WII2  =  2  -  2 1
a: = i  агп = 1

2Я11,
О
^ - A ' ( 2 ) . . . Z (," C 0 S

Ö ’

П. Априорные оценки

В этой части получено три теоремы, которые являются хорошим осно­
ванием для доказательства равномерной сходимости разностных схем для 
уравнения эллиптического типа.

Теорема 1. Для всякой сеточной функции v(x), заданной на сетке шн
и обращающейся в нуль на границе ун (с|У(1=0), если т (т: целое число,
п: число измерений пространства), тогда имеет место разностный аналог 
теоремы вложения:

INI с =S M\\Àmv\\,

Studio, sc ie n tia ru m  M athem a tica ru m  H ungarica  13 (1978)



О НЕКОТОРЫХ ОЦЕНКАХ ДЛЯ РАЗНОСТНЫХ ОПЕРАТОРОВ 347

где • о о»
||»||с =  тах  |г(х)|, А = —Л, Ат — А А ... А,xí<ah '--------

т  р а з

М—постоянная не зависищая от функции v(x):

М 2̂ т — п/2г ____ \ [ л
t ' ~ i 1 »

£
2т+ 4 ^Т 7 Г ’ Z»=  таХ

Sx = 2п 2

■ (т )

-площадь поверхности единичной сферы.

Д оказательство . Прежде всего разложим v(х) по системе собственных 
функций {vKl„ Kn(x)}:

*1-1- лг„-1
v(x) — 2  2  CK1...KnVKi...K„(X)’1 К„ = 1

отсюда получаем

Л г =  Z  cKl...KnAKl...KnrKl...Kn(x), (так как ÂvKl__Kn = l Kl...K„vKl .Kn(x)).
К Л...Кп

Умножая это равенство ещё раз на разностный оператор Â получаем:

Â 2 V —  2  c K 1. . .K „ ^K 1. . .K„v K i . . . K „ ( x ) t

или после т умножении, получим:

и следовательно
Âml> — 2  cK1...K„tfí1...KnvK1...Kn(x)>

K v ..Kn

М т »112 =  2  ск1...к22к ‘1...кп-

Оценим теперь функцию г(х) следующим образом:

В силу (4) получаем
K * ) |s (  2  |c*1...*J)rmax К 1...к„(х)|.

К,...АГ„

|î,K1...K„WI

кг...кп 

2 я/2

так что
2П/2

Ш \  s

|г(х)| ^

2"/2

-Z 1ск1...к„1>

2  \ ( с к , . . . к „ ' - к 1 . . . к п) Кп ) I.
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Используя неравенство Буняковского для сумм, получаем 
2"/2

или

( 6)

У h . . .  ln Kl -Kn *!••*»

\v (x ) \^ -^ L = \\À " v \\(  2  W m.K„Y12- 
yll ... /п

Для завершения доказательства нам нужно оценить:

2  (Лк?"\кп)- 
К1—К„

2х 71Обращаясь к формуле (5) и учитывая, что sin хш  —  при О S  д: S  , получаем:71 2

+ + — jîW i  +••• +  ̂ л)>

где /0= т а х  {/,, ...,/„}. Следовательно:

(7)
74ш JVi—1 NM — 1 1

2 ; -2m 12_ У У ______ í______
K i . . . K „  —  9 4 m  z ly  • • •  ( I S 2 I I ] / 2 \ 2 m  *^ Äj=l /Гп = 1 (Ад +••• + AnJ

Имеем оценку
— 1 N„-1 I j ,—2—ч

* í? i " ' jtJ i  (K? +  . . .+ K f)2m -  ( l 2+ . . .  +  l 2r m + l's J

где r2=K? + ...+K%.
Известно, что последний несобственный интеграл будет сходиться если

4//;>и или Но это удовлетворяется в силу условия теоремы.
Переходя в последнем интеграле к сферическим координатам «-мерного 

пространства, получаем

/ • • • / £  -  5 - ^ п г  р л
s,Г2П Г 1 Г

где
d t  =  r n ~ ï d 1 s d r ,

diS =  sin"-2 ^  sin"- 3 #,,... sin 0n_2d61de2... d9n_2dq>> 
0 s  g  и, 0 S  y  s  2я,

Si — поверхность единичной сферы. В результате, получим:

(9) Г Г—  = ^J ■ J rim 4т —п ’
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П
где Si = —j—г — площадь поверхности единичной сферы. Г |-^-| — гамма

r ( | )  Ы
функция.

Наконец, из полученных неравенств (6), (7), (8) и равенства (9) получим i

f l

2nl2 llm -1 /  1 
Т I f  \ ~îf’1 ln

+ 4 m — il \\Âmv\\,

или

( 10)

Обозначим

l i n-о
V c  2 2 m ~ n , 2 y i 1 . . . l n l  n2m 4 m  —  n

■Si \ \Â m v\\.

M =
72 ir l0

■ H -
+ -Si

4m — n

Это завершает доказательство теоремы.
Замечание. Из общей формулы (10) в частных случаях получим следую­

щие оценки, некоторые из них принадлежат авторам [3], [4].
1. При п— 1 и т  = 1 (5'1=2), получим:

/3/2
\ \ v \ \ c ^  —  \\Â v \\.

2. При п — 2 и т  = 1 (S1 — 2n), получим:

/2 -о
Holle \\Â v \\.

3. При п = Ъ и т — 1 (5'i=47t), получим:

З/2

У *1 »2 *3

4. При п = 2 и т — 2 (S1=2n), получим:

iiP U c^ T -A = M a»ii
4 127Л

где Â2 — разностный оператор бигармонического оператора Л2:

AnV s s * l  + 2 - * l ! _ + * * .дх\ dxjdxi дх\ 9

^  X i  X i  X i  “ Ь  X I  Х \  Х 2  Х 2  ^ Х 2  ^ 2  * 2  Х 2  *
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Теорема 2. Для всякой сеточной функции t'(.v), заданной на сетке wh и 
обращающейся в нуль на границе yh (n|yh=0), имеют место неравенства:

1 1

( П )

U"-1 И! * 5= ( Â m V, V) S  — g||/í'B- 1p||* ПРИ WS 2,
ö0 ^0

1 1• ||/fm_1t;||2 S  (Àmv, v) S  \\Am~1v\\2 при m ë 3 ,  
"0 _

«o- 8 (ï +-+ï)’ A° - i k + - + U ’
m: целое положительное число и положено Â° = 1.

Д оказательство. Разложим теперь функцию t>(x) по системе собствен­
ных функций {»Xj

v(x)=  2  — 2  cKl„_KnvKl_Kn(x); ||r||2 =  2  4,...*„• 
к ,= 1  к п=1 K V..K„

Отсюда находим

Âm- lv=  2  <;k1...kJ kï.1.k„Vk1...k„(x)’ M m- 1i>||2 =  2  скг...кп̂ Г~к1
К Л...К„

Amv = ^ 2 к Ск1...к2Ь:.кДк1...кп(х)- 

Вычисли скалярное произведение (Âm v, v), получаем

(Âmv, v) =  2  ск1...к„^к,...кп>к,...к„
или

(Âmv, v) =  K2 K

Нам осталось оценить сумму, стоящую в правой части. Для этой цели из-под 
знака суммы вынесем максимальное и минимальное значение третьего мно­
жителя:

min Ак1("ка)М т_1»||2 S  (Âmv, v) S  max Я-(т_2)||Дт-1ц||2.
Kv ..Kn " KV..K„

Отсюда следует, что при тш2:

(min l Kl. ..K„)“(m_2)M m- 1i>||2 S  (Âmv, v) S  (max AKl...KJ - (m- 2)| | i m- 1í;||2,
* l ‘" Än Kv..Kn

и при m ^3:

(max AKl...KJ - (m- 2)M ,n- 1r||2 s  (Amv, v) S  (min AKl. . . , J _(m_2)U m- 1i>||2.
A1 • Лп Kv ..Kn
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Значения верхней и нижней границ собственных чисел известны (1-ое свойство 
собственных значений):

Следовательно

( 11 )

1
чш — 2 °0

л т~2п о
WÂ'

= 8

г̂пах К п  =  à 0 =  4

”112 S (Âmv, г) —Iz ï

Х4 2 =  V) = ^ 2  
°0

(1 1)
h ï + ) ’

r i i i
щ + - +¥  ,ln■)•

Ч 2 при m 2,

4 ï 2 при m -- 3.

Теорема 2 доказана.
Зам ечание. В частных случаях из общей формулы (11) получим следую­

щие оценки (см. [1]).
1. При т = \ получим оценку:

<Ш12 ^ ( Л г , г ) ^ 01Н12

По определению, эти неравенства показывают, что разностный оператор 
Â — положительно определен.

2. При т — 1 и л = 1 получим:

или

3. При т = 2 получим:

\\Â vr^{À *v,v )S \\A u \\\

(Â2v, v) = \\Âv\\2.

Это равенство показывает, что разностный оператор Â — самосопряжен 
((Àv, w) = (v, Âw)).

Т ео р ем а  3. Для всякой сеточной функции v(x), заданной на сетке ш,, и 
обращающейся в нуль на границе yh, имеют неравенства:

(12) ÔoWÂ^^vW ^  \\Âmv\\ ^  A J Â ^ v W ,
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т: целое положительное число и положено Â°=\.
Д оказательство  идёт совершенно так же, как и в предыдущем случае. 

Замечание. Из формулы (12) следует при т = 1 известная формула:

[1] С амарский, А. А., Введение в теорию разностных схем, «Наука» (1971).
[2] С оболев , С. Л., Некоторые применения функционального анализа в математической

физике, Изд-во СО АН СССР. Новосибирск (1962).
[3] N it s c h e , J. and N jt s c h e , J. С. C., Error estimates for the numerical solution of elliptic differential

equations, Arch. Rat. Mech. and Anal. 5 № 4 (1960), 293—306.
[4] А ндреев, В. Б., О равномерной сходимости некоторых разностных схем, Ж. В. М. и

М. Ф. 6 № 2 (1966), 238—250.

где

*оМ — \ \ м  ^  л  и ni-
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NOTE TO THE LAW OF THE ITERATED LOGARITHM

by
J. BECK

1. Introduction

Let Xx, X2, Xn, ... be independent, identically distributed random vari­
ables (i.i.d.r.v.),

E*! = 0, EX? =  <t2 <  +  ~ , S„ = X ^ . . . +Х,,.

The famous law of the iterated logarithm states that

(„ lo J S ,  n~ =<71,1

almost surely (a.s.). This version is due to H a r tm a n  and W in t n e r , following the 
basic work of K h in tc h ine  and K o lm o g o r o v . Strassen  [1] proved that this theorem 
remains valid also in the case <r= +  °°, i.e., under the condition ETi = -|-°° we 
have

|S I
lim sup — j---p5— = + °° a.s.«-<» (n log log n)1/2

Strassen’s result, together with the Hartman—Wintner theorem, seem to be com­
plete. Indeed, these two theorems together exactly characterize how the variance 
affects the oscillations of successive sums of r.v. Nevertheless, the following question 
arises: What is the true order of magnitude of the fluctuations of successive sums 
of i.i.d. r.v. with infinite variance in terms of the common distribution function. 
In the sequel we shall define a function f(n )= f(n , F ) (where F(y) = P(Xi <y) 
is the common distribution function) such that

and

j 5 I
lim sup > 0  a.s.

/00
/00

(n log log n)1/2

+ oo
+  °° if J  y2dF(y) — -boo.

—  oo

Let Xt , X2, ..., X„, ... be i.i.d.r.v., 5'„ = ЛГ1 + . . .+Wn. Let F(y) denote the 
distribution function of X1 — X2 (symmetrisation of F(y) = P(X1<y)). Let

ß, if a >  ß
a, if a <  a

if VIIQVII8
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and let Fe(y)= | / ‘0>)|| % i.e., Fc is obtained from F  by a quantile-type truncation 
method. Let

ст2 ( е ) =  f  y ' d P t O ') ,
— oo

i.e., er2(e) is a “truncated variance”, and let

Theorem. I f  EXx= 0, then 

lim sup IS.
(A„ log log n)1/2 0 a . s .

We remark that Strassen’s theorem is a corollary of our result. Indeed, if 
EX2 — +°°, then

„ ( l o g b g i ) •°° as I —

2. Proof of the Theorem

Let Xu X l,X 9,X i ,  . .. ,X n,X ' , . . .  be 
Т(7 )=Р(Т 1<у). It suffices to show that

i.i.d.r.v., EX! = 0. Let Y— Xf — X

Z Y t
hm sup——Ц ---- rjTj(An log log ;j)1/2

>  0 a.s.

We can obviously restrict ourselves to the case when the distribution function F(y} 
is continuous. Thus, we assume that there exist positive real numbers M t, 
i= 3 ,4 ,... ,n ,  suchthat

Let
P{Y, >  Mt) = log log i

4 i

M,
/ V r f w .

7  - M .

Let N denote the set of integers and for an arbitrary subset N*c: N let 3(N*) denote 
the upper density of N*, i.e.,

Finally, let
d(N*) =  lim sup— |{i s  и: i€7V*}|.n—OO Yl

Nx — {n£N: o-2n + i & 4(T2n}.
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We prove first the following inequality

(1)

Indeed, if then lim sup — >0. On the other hand, the condition E irjco»
2 n-+ oo Yl

(E^1=0, Y1 = x i - x ; )  implies

Mn]°gl0gn g  f  ydF(y) = o(l),
ЧП Mn

thus

a contradiction.
From (1) we obtain

(2) d(N 2) >  0, 
where

N2 — N \ N 1 =  {nÇN: ct2" + i ■*= 4o-2-}.
Let

Bn =  A2n-A„ = 2
i = n-f1

The proof will be based on the following estimate: If n£N2, n is sufficiently large 
and d >0 is sufficiently small, then

(3) P (• Д 1 y‘ -  á l02 ")T} =  i  •

Indeed, using (2) and (3) we can complete the proof as follows.
" 1

Let S„ = 2  F, ■ Clearly, Д ,е — Л2„, therefore by (3) we have
i=i 2

1  1
PI Дч +1 — S2n =  ő(A2n+i log n) =  ——

if n£N2, n = n0, ô ^ ô 0. The sums S  2M +1 — *S*2n ? being non-overlapping sums of in­
dependent r.v., are independent and by the Borel—Cantelli criterion, it suffices

to prove that 2  —= + °°. But this is a simple consequence of (2).
ngiv2 n

To prove (3) we distinguish two cases. Let

/„ = {i: I V i s r 1 and 

and
К  =  [2Л + 1, 2n+1] \ / n.
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Case 1. \1п\ш2п- \  
Clearly

p{ * 2  y j a ^ i o g n ) * }M = 2n-f 1 У
S P { 2  Yt ^ ô ( B 2„\og nY'*/ IJ C,}XP{IJ c,}P{  Z ^ o } ,

‘Z'n >'€/„ ■'€/„ ie/J
where С(={|Т(|ёМ,}. Thus, we have to estimate the terms

P { 2  Yt ^  <5(ZL" log n)1/2/  / /  C,},
<€i„

Р { я  Q) and P { Z ï ^ 0 } .
• ел, ie/°

The r.v. Z  >s symmetrically distributed, therefore
Í6Í'

(4) p { 2 ^ s o } * 4 -iU'„ z
On the other hand, the events Ct, /= 1 , 2, ... are independent, so we have

2*1 + 1

(5)

p { t f  C ,} =  t f  P { c ,} s  П  P{c,} =
i€/„ i€/„ i = 2" + l

=  П 1 i u Ä ) , !  
i-¥+xl 2/ J - ^ T ’

To estimate the first term we shall apply an inequality due to Kolmogorov [2].
Kolmogorov's inequality. Let Z x, Z r be independent r.v., EZf = 0, /—1, ..., r. 

Let i > 0  and assume that the inequalities
, 1/2

|ZJst(,Iez'*) i =  1...... r

hold. Given y>0, if еёг(у) and t^ t(y ) , then

p U z ' H , l E z ? n * 4 - i r ( i + 4

First observe that

HY f j  Jj  С)=£{УЦС-) =
ie/„ P(Q

S (Tj.

Therefore, n£N2 and |/„ |s2 n_1 imply

2 E (

furthermore, by /€/,

2  E(Ff2/C() 2"_1ff|„ >  2п_5ст|„+1 ^  2 -6Ä,,„

V» ( Z  E(T?/C,)
(6)

/ n -,1/2 r ^  ■=

logn

1/2
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According to Kolmogorov’s inequality and (6)

(7)
1

P{ 2  Yi ^ log n) ĵ n  Q} ^ 4=
yn*€/„

if 5 is sufficiently small and n is sufficiently large. By (4), (5) and (7) we obtain

p{ 2  Yi = à (B2„ log n)1/2j  ^  2 - .
4=2n + ] ' 2 n

Case 2. |/^ |s2" 1. 
Clearly

p { 2  Y ^ő iB zJo g n y i* } ^
4  = 2n + l  >

s  p { 2  Yi ^  log")1/2}p{ 2  Yi s  o} ==
ЧК i f n

^ \ ? { 2 У ^ 0 ( В гЛо%пу1%

We want to give a good lower bound for the last term.
L em m a . Let Z1; Z2, ..., Z r be independent, symmetrically distributed r.v., EZf = 0,

1 r
i =  l, . .. ,r . Assume that P(Zi> m ^= pi^ —  and У, p T h e n

1Ü i = i

where m =  min m,.

Applying the lemma we get

p { 2  r,  *  а д ,  юг о  » » Ц  Y‘ * у  (т^гП 8 \n

where t=  2  Р(Т;>М г), <5S(50 and пШп0. 
ге/°

In the last step we used the estimates:

2 P { Y i s  M{) >  | / ; |  logl-2f ,(f +1) s- * £ 5 - 0 ( 1 )

and
i€/' 16

VD, „  24  log log! 1
2  P<7i >  м у  у  a,- - j i o g  n-

i=2”+1 4*€/;
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Summarizing we have

if n is sufficiently large and <5 is sufficiently small. Thus (3) holds, which was to be 
proved.

3. Proof of the Lemma

For arbitrary H a [ \,  /•]={/: we define the events

Сн= П  {z i >  'ffib

C h  —  П  { \ Z i \  —  m i ) ’

Or — { 2  Zi — о}*
i £ H c

Cfj =  JJ {Zt =  trij),

where # c =  [l, r]\77. Obviously,

s  2 1 P (c i)P (C 5 n c |) s
Л с [ 1 , г ] : | Я | г <

We can compute the exact value of P (C2H) and ?(С*{):

P(Câ)= П О -lP i)  and P(C‘) =  П  ( \ - p t).
Therefore we get

Replacing it to (8) we obtain

( 2  P(CÄDCÄ)) =
‘£ Г с [ 1 , г ] : | Я | к (
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where Xiz >тл denotes the indicator variable of the event i.e., X{zt>m,)~ 1
]

if са€{г;> т ,}  and X{z,>ml)= 0 if cn${Z>m,}. Since ,

n ¥ * -1=1 A Pi
exp h s 4

On the other hand, let ç= Д  X{z,>mi)- By definition Eç= 2  pt and

«7-^= E ( ç - E 0 2=  Z (p .-P i) ,
so we have 

(9) E£ Ш 4crç if 2  Pi= 16-i = í
By Chebyshev’s inequality and (9)

= P{l<S — E<5| =  2cr<5} ^  1
Summarizing,

2 1 P;

pisz'sm̂ - ® 4 е х р [ - 2 Д р ' ] ’

thus the lemma is proved.
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LOS LEMMA HOLDS IN EVERY CATEGORY

by
HAJNAL A ND RÉK A  and ISTVÁN NÉMETI

§ 1. Introduction

There are a steadily growing number of versions of model theory and universal 
algebra which differ from classical model theory not only in syntax but first of 
all in semantics, i.e., the mathematical objects called models and their homomor- 
phisms are different. One of the examples is partial algebras: The universal algebra 
of partial algebras is basically different from the classical one not because of syntax 
but because the models and their homomorphisms are a quite new category (cf.
[7], [2], [18]).

Abstract model theory was started to unify at least some of the different model 
theories (cf. [14], [6] p. 45). In a version of abstract model theory stress is laid on 
the case when the models themselves and their homomorphisms are allowed to 
vary. In this approach, by a language we understand a triple

L = (F, M, [=),

where F and M  are arbitrary classes and N is a relation between them, 
i.e., f= Çz M x F . F is called “the class of formulas” of L, M  is called “the class 
of models” of L  and N is called “validity relation” of L. Such an arbitrary triple 
is said to be a language if certain additional axioms are satisfied. We shall not quote 
these axioms. What is important here is that M  is not required to consist of certain 
prespecified constructs (e.g., to consist of classical first order models). Instead, M  
is an abstract category and we do not know what its specific ingredients are. They 
can be classical models, partial algebras, nondeterministic algebras, intensional 
models, Kripke models etc. The present paper is an approach to attacking Problem 
9 raised in M a k o w sk y  [15] about abstract model theory. For a detailed introduction 
to abstract model theory see, e.g., [20].

Independently, another approach was started to generalize parts of universal 
algebra and model theory to category theory with the aim of applying the resulting 
theory, e.g., to partial algebras, relational systems or models, etc. It appears that 
the area of application has much in common with that of abstract model theory. 
Concerning this approach, see, e.g., [13]; note that the aims here are completely 
different from those of algebraic theories in the sense of Lawvere.

A M S (M O S ) subject classifications (1979). Primary ОЗС95, 1 8 0 0 ;  Secondary 18A15,03G30, 
18C99, 03C20.

Key words and phrases. Category theory, category theoretic logic, abstract model theory, for­
mulas and injectivity, finitely presented objects, ultraproducts.
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An important idea in this approach is that universal (strict) Horn-formulas, 
i.e., quasi-equations can be represented by certain arrows (morphisms) and then 
validity corresponds to injectivity. I.e., in classical model theory, to every universal 
Horn-formula x£F, there is an arrow /€Mor(M)  of the category M  of models 
such that for any model MlÇOb(M) we have: Ml 1= x if and only if Ml is injective with 
respect to (In the sequel we shall abbreviate “with respect to” by w.r.t.) For more 
detail and examples cf. [5] or [19]. In [19] and in [17] injectivity was extended to 
cones (from arrows) in order to represent all universally quantified formulas.

In the present paper injectivity is extended to represent validity of all first order 
formulas. For any category we shall define the class STr('g') of small trees of <ê. 
(Arrows are special trees.) Then we extend the definition of injectivity from arrows 
to trees. Now, if M  is the category of classical models (or universal algebras) then 
to any first order formula q> there corresponds a small tree <)>(;STr(M) such that 
for every MlÇOb(M) we have:

Also to any small tree there corresponds a first order formula in exactly the same 
way. I.e.: If (F, M, N) is a classical first order language, then the triple

is a language equivalent to (F, M, N=). All this is proved in [4].
Using these definitions, in Theorem 1 we shall prove that the Los lemma holds 

for any category. Therefore, if is an arbitrary category with ultraproducts, then 
the language (STr('if), Ob ('if), “ injectivity”) is compact.

Ill u st r a tio n  1 (for motivation). In order to facilitate the understanding of 
this general injectivity, here we quote some examples of how trees and formulas 
can be correlated to each other in the case of classical first order model theory 
(as a reference for the latter see [8]).

Let 'if be the category of relational structures with two binary relations R and S.
Recall from [19], Def. 3, that an object G is injective w.r.t. the cone

Ml iff Ml is injective w.r.t. the tree q>.

(STr(M), M, “ injectivity”)

a

iff every morphism Ml—-G  factors through the cone, i.e. to к there exist i^ n  and 
k' such that
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commutes.
Note that a single morphism 2Í—— © is a special cone, namely a one-member one. 

Thus the above definition yields the usual relation of injectivity between objects 
and morphisms, cf. 31.6 and 37.8 of [12].

1. Consider a tree consisting of a single arrow 31——23 where 21 is a one-point 
set {a} with R and S empty, © is {a', b'} with R={(a', b')} and S empty, further 
h(a) = a'.

The tree

t t ^ - ) ------------ ^ ----------

corresponds to the formula
MX By R(x, y).

This means, as is easy to check, that for any relational structure (£fOb(7i),
(f t= Vx By R(x, y) iff (E is injective w.r.t. h.

(All the existing elements and relations are indicated in the figure.)
2. Let the next tree be a proper cone instead of a single arrow. The tree
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corresponds to the formula

Wxy(R(x, y) -  (S0>, x)Vx =  y)).

This means that for any relational structure (fÇ Ob(^), denoting 
Vxy(R(x, y) —(S(y, x)V;v:=y)) by ip, (í\=ip iff G is injective w.r.t. the above 
cone. This example was explained in [19].

§ 2. Definition of trees and injectivity of trees

We shall give two equivalent definitions of trees and their injectivity in a 
category. The first one is more intuitive while the second one is more adequate for 
working with.

§2.1. First definition

By a tree we understand a poset (i.e. a special category) which is a finite 
rooted tree in the usual sense. E.g., the category

' 5
/

is a tree. Here we say that v4 is a successor of v2. v5 is not a successor of v2 and r5 
has no successors. We say that vt is a successor of Vj iff, in poset theoretical terms, 
vt covers Vj, see [10]. The root is v0.

D efinition  1. A tree of the category W is a diagram indexed by a finite rooted 
tree. More precisely, a tree of ^  is a functor in which T  is a finite rooted
tree. □

N otation . If v is a vertex then F(v) is denoted by Fv and if w is a successor 
of v then Fvw is the obvious arrow Fv-^ -~  Fw. (I.e., if /iTOÇHomr (c,vt') then
F v w = F ( h v w ) . )
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Now we turn to define injectivity of objects w.r.t. trees as a generalization of 
the usual injectivity w.r.t. arrows. The notation a\=F will be used to denote that 
the object a is injective w.r.t. the tree F (and all this is meant in the category c6'). 
For this end, first we define a game. To see how Definition 2 below corresponds 
to the usual notion of validity, the reader is referred to Illustration 2 and Definition 
4 below, to [4], and [6] p. 254.

D e f in it io n  2. Let a£ОЪ(%>) and 7’-f— be a tree of cß .  Then the (a, F )-game 
is played by two players “V” and “ 3” who move alternately, and “V” moves first.

A move in the (a, f  j-game is to choose a pair (v, k) such that Fv-F* a is a mor­
phism of c€. The first move is that “V” chooses a pair (u0, &0) such that v0 is the root 
of the tree. Chosen (vn, k„) in the н-th move, the (n + l)-th move is to choose a pair 
(v„+1, kn+1) such that vn+1 is a successor of vn and

commutes.
Starting at the root v0 the two participants “climb up” the tree. A participant 

looses if he cannot move. Now: we define at= F to hold if there is a winning strategy 
for “ 3” in the (a, TJ-game. □

Il l u s t r a t io n  2 . Let be the category of relational structures with one binary 
relation R. Let T  be the following tree:

Let the functor F: T -+% be the following:
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Now F is a tree of ^  and for any ЗД£ОЬ(<^), 9ÍHF if arid only if 

“31 и  VX (x ?í уЛ V z(R(y, z) — R(x, z))).

§2.2. Second definition

D efinition  3. Tr (^) is the smallest class ST of pairs with the following closure 
property :

For any finite sequence ((</,-, <T())i<n of elements of Si and any cone (d-!-*di)i<H 
of c€, also the pair (d, (/?f, (dh <т,))1<п) is an element of 57 Note that we may choose 
n = 0 and thus the empty sequence (which is a sequence of elements of Si), and this 
yields (d,0)£&~ for any d^Ob (fS).

For any pair (d, a)Ç_Tr (-i) we define dom (fid, a))==d. The elements of Tr (§6) 
are called the trees o f (€. □

N o tatio n . The following notations will be used throughout this paper. 
<p=(d, (ht, <Pi),<n) is a tree of (i ,  its “depth-one subtrees” are (Pi=(diy (g), «Ay)y<m(i)), 
the I}'j being the “depth-two subtrees” of (see Fig. 1). Note that whenever n or 
m(i) occurs in what follows, it will always be the n or m(i) belonging to the tree 
<p under consideration at that place.

The sets of the Ks, d's, (p's, g's, and ф’s, respectively, may be empty as well. 
These cases correspond to n=0 and m = 0, respectively.

Induction principle. Our inductions will go along the depth-two subtrees of 
a tree. More precisely: The transitive closure of the binary relation “ is a depth- 
two subtree of” is a well-founded partial order on the class Tr('ii). Therefore we
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d

Fig. 1

can use the “Noether induction principle” as described, e.g., in [9] § 4 (following A.l 1). 
This principle reads as follows :

To prove that every element of Tr ('if) has property “ P” it is enough to prove 
that: For any <p€Tr (&), the hypothesis that every depth-two subtree of (p has 
property “ P” implies that also cp itself has property “ P” .

We shall use this principle for recursive definitions, too. Now we are going 
to define a relation f= QOb ('й’)ХТг (<<?). We read out “a\=(p"> as: “the object a 
is injective w.r.t. <p”.

D efinition  4. Let aÇ_ Oh(f?) and Tr (ff) be arbitrary.
(i) First we define for arbitrary dom (cp)—+a the ternary relation “e b <p[k}'\ 

which reads as “the arrow к factors through the tree <p” (or “the tree (p is true in 
the object a under the evaluation Æ”). Recall the notation:

Suppose that for every dom (ф)) —» a the truth of а\=ф)[у] is already de­
fined. Let d - ^ a  be arbitrary. We define a\=(p[k] to hold iff there are and 
a commutative completion

d
//

a

such that for every j< m (i) and every commutative diagram
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we have: a\=\j/)[q],
(ii) We define a\=(p to hold iff every d —*a factors through (p. (I.e. a\=q> iff
Horn (d, d) űt=<p[A'].) □
It is easy to see that this definition of injectivity with respect to a tree is equiv­

alent with Definition 2.
R em ark . Let us briefly return to the abstract model-theoretic terminology of 

the introduction.
Let (€ be an arbitrary category. So far we have defined a language 

T r= (T r (^), Ob (f>), H). On the basis of the motivating examples given in 
Illustrations 1 and 2 the following can be proved:

I f  r6 is a similarity class o f classical models (cf [8]) then Tr contains (the lan­
guage of) classical first order logic. More precisely, every classical first order formula 
corresponds to an element o f Tr (r6j ,  validity o f the first being equivalent with injectivity 
of the latter (see [4]).

Now we are going to define a sublanguage STr of Tr. In the preceding case 
of a similarity class of classical models, this STr can be shown to be equivalent 
with the classical first order language. First we recall the definition of an s. small 
(strongly small) object of 4>.

D efinition 5 ([12] 22E). The object a£ Ob (^) is s. small if the functor 
Horn (a, —): (ê -* Set preserves small direct limits. (By a direct limit we understand 
the colimit of a directed diagram.) □

R emark  ([16]) «ÇOb (W) is s. small iff for any set /  and for any directed diagram 
(h)\ i^ jd l)  with colimiting cocone c=((/i')i€j, b) conditions (i) and (ii) below 
are satisfied.

(i): Every arrow a -  - b cofactors through the cocone c.
f

a -------------------- — b
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(ii): To any pair ci=t such that ph'—qh' for some i<zl there exists a j £ l  such
that ph'j — qh'j.

p  q

a

The proof of this can be found in [16].
E xample. In categories of relational structures or partial algebras the s. small 

objects are exactly the ones with a finite universe in which all but a finite number 
of relational symbols (operations) are interpreted to be empty. In categories of 
total universal algebras or heterogeneous algebras the s. small objects are exactly 
the finitely presented ones.

In any of the above categories, if a tree contains only s. small objects then it 
can be shown to correspond to a finitary first order formula. Therefore s. small 
objects can be used to exclude trees representing infinitary formulas. For example,

Here the object Ш is not a small object of the category of relational structures.
D efinition  6. A tree of 7? is small if all the objects occurring in it are s. small. 

The class of small trees of is denoted by STr (fé). □
Now we recall the definition of an ultraproduct of objects of c€. (Cf., e.g., [16], [1].)

D efinition  7. Let I  be a set and let (a ^ e r  be a family of objects of (indexed 
by I). Let U be a set of subsets of I. Now consider the products P at for the setsi£X
X£U. If X ,Y£U  and Y ^ X  then the morphism induced by the cone of projections

(Л

represents the infinitary formula

VxoBxjBxa... Зхг... Д R(xi+1, x t).
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of af into the product P̂  at is denoted by . By this we have a diagram 

( P a P ар. X, Y £ U ,Y ^  X)

of products and projections, which is indexed by the poset ({/, ^ ) .  The colimit 
of this diagram is denoted by

(;p ( P / h / i ^ W

This colimit is called the U-reduced product of the family (a,)l€/. If U is an ultra­
filter then P^aJU is an ultraproduct. □

For the equivalence of the category theoretic (Def. 7) and the set theoretic 
definitions of reduced products see [11] Chap 3. Exercise 100 and [6] Sec. A. 3.2 
p. 109. (P. Burmeister proved that the equivalence of these two notions is equivalent 
to the axiom of choice.)

§ 3. Los lemma

T heorem  1. Let *€ be an arbitrary category, (/>ÇSTr fé) be a small tree. Let U 
be an ultrafilter over the set 1 and let (а,); e j be a family of objects o f c€. Then state­
ments (i) and (ii) below are equivalent.

( 0  P  ajU  t= (p,i€l
(ii) there is a Y£U such that for every /£ Y

«i N  Ч>-

P roof. We shall prove this theorem as a consequence of Theorem 2.

N o tatio n . By the definition of a product, a cone (d^-ap  i£l) induces a unique 
morphism d-^P^at to the product of the objects (aj)iU such that /  commutes
with the projections n\ of the product cone, i.e., fn \= f  for every i£I. We denote
this induced morphism by ]J f .

ta
T heorem  2. Let 4> be an arbitrary category, q>£ STr('ë’) be a small tree. Let U 

be an ultrafilter over the set 1 and let (<7;)ie/ be a family o f objects o f (€. Let further
. kt .
(я — ö;)i€R be an arbitrary cone of , where RQJ. Then statements (i) and (ii) below 
are equivalent.

(i) P aJU |= cp [( f [  /с,) nz 1 for some R jjlZ^U ,
i€/ Ltjgz I J

(ii) there is an R ^ Y £ U  such that for every ;Ç Y atN <p[/cj.
P roof. The proof goes by Noether induction along the depth-two subtrees.
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Let
<P =  (d, (K,  (dr, (g'j, ÿ'j)j<m(r)))rcn)

к.
be a small tree of Yi and let (с/—* at) if R be a cone of “evaluations”.

A. Suppose that (ii)=>(i) holds for every depth-two subtree \prj of q> and for 
any cone of “evaluations”

(dom (iprj) a;)j€X

where XQJ. We prove that (ii)=>-(i) holds for <p, too.
Let (ii) hold for cp and (kt)iiR, that is: Let R ^ Y £ U  be such that (V/€F)a;H 

t=<p[A',]. For every i f  Y, let
h r(i)

d  * "  d r ( o

be a commutative triangle the existence of which is provided by the definition of 
a, 1= <p[/cj; this definition also says that for every j< m (r(i)) and every qt making

gr(i)
d,(i)-----------L--------domlyb'h

commutative, it holds that [q̂ \. Since U is an ultrafilter and n is finite,
there are Y^PZdU  and r<n for which (Vi€Z)r(i) =  r. Let us fix this r and Z. 
Now we show that for this R ^ Z ^ U

K , aJl' " ■ d U H " 2]

(This is (i) for (p and (ki)iiR .)
N o t a t io n .

k =  [ l Í  k,)nz
tig z >

and
к' =  { П  ki) nz.Z >

See Figure 2 below.
We show that k' satisfies the requirements in the definition of a\=<p[k\.
1. k= hrk ' follows by the definition of products, since for every i£Z, кх=кгк[.
2. Let j< m (r)  and the arrow dom ( P^aJU) be such that k'=gjq.

We have to prove «;/[/!= xj/'j [q].
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Since <p is small, cod (gj) is s. small and therefore there is a Zj^XçU  together 
with /  such that q= fnx. Since (p is small, also dom (gj) is s. small and therefore
(grj f ) n x = k ' = ( f[ k 'i)n x implies the existence of an X~^X'£U  for which (g jf)n x.= 

lex
= U I  k'i)nx" To avoid cumbersome notation, we can assume that X = X ' and

Î 6 X

thus gj / = (  j j  k'i). See Figure 3.
i€X

N o t a t i o n . qt =  f n f  for every iÇX.
Now, k\ = g rjqi and therefore ai\=il/rj{qi] by the definition of k\. This holds 

for every i£X, i.e., (ii) holds for the tree if/j and the cone (qj)iiX- Thus by the 
induction hypothesis

Р а Д '  И « У Ч ) . ' ]

for some X l^W ^U . Since q=( f f  qi)nw, this means that (ii)=>(i) is proved.
i£W

B. Next we prove (i)==>(ii) for our fixed tree (p and cone (kj)liR. Suppose that
(i)=>(ii) holds for every depth-two subtree ф) of cp and for any cone of “evaluations”
(dom(iД’) —*a,)igQ. We prove that (i)=>(ii) holds for q>, too.

Let (i) hold for (p and (fcj)f€R, i.e., let R ^ Z ^ U , k = ( ] j  kj)nz and P aJU\=
i £ Z

\=q>[k]. Let
h rd -------------------------— dr

be a commutative diagram the existence of which is provided by the definition 
of P^a;/i7l=<p[£].
Then for every j< m (r)  and q satisfying k '^g^q  it holds that Р^а,-/[/(=|/ [̂<7].

Since <p is small, dom (hr) as well as cod (hr) are s. small objects, and therefore 
there are Z ^ X ^ U  and /  such that k '= fn x and further ( П k() = hrf  See 
Figure 4. ie-x

We are going to show that Y =  {iÇ_X: t/. This will complete the
proof of (i)=>(ii).

The proof goes indirectly. Suppose that Y$U, i.e., that fF = (T \F )Ç [/. 

N o t a t i o n . k't — f n f  for every if_X.
Obviously А:; =  АД; for every i£X.
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By the definition of а^<р[кЦ, 
a commutative triangle

for every W there are a j(i)~=-tn(r) and

O j

such that ai!r±iprni}[qi]. Since U is an ultrafilter and m(r) is finite, there are JT2 QÇ. U 
and such that (V/Ç0./(/)= /. By the induction hypothesis (i)=>(ii) holds
for Ij)r}. Therefore (\/i£Q(z U) implies

, i a J V *  « [ ( , &

for every Q ^Q '£U . This contradicts the definition of k', since

“ Bî ( ( , 4 ?') ̂  )
QED (Th 2)
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P r o o f  of Theorem 1.

1. Suppose that Y£U and (V7ÇT)a;l=ç>. We have to prove P aJU\=(p.
i i l

Let dom (9 ) —*(P «,/(/) be arbitrary. Since dom (cp) is small, there is a cone

(dom {ф)—~a^iiz such that ( j j  k^)%z —k, and we may suppose that Z Q Y . There-
■ ez

fore (ii) of Theorem 2 is satisfied. By Theorem 2 this implies (i), i.e, : There is 
Z ^ W d U  such that P af/C/|= (p [( j j  kt) л№]. But by the definition of reduced

i € /  i i W

products, ( /  j  ki) nw = k.
i £ W

2. Let P aJU\=(p. Define: Z  =  {/£/: а^(р}. By definition, there is a cone

(dom(ф)^+а,)К2 such that (Уi^Z)alY=(p[ki\. Now Z$U  because otherwise (i) 
of Theorem 2 would be satisfied and therefore by Theorem 2 агН<р[&,] would hold 
for some /ÇZ, which is not the case. Therefore ( / \Z )£  U and by the definition of Z
( \ / ie ( I \Z ) )a i\=<p.
QED (Th 1)

R e m a r k . For any category the triple

< S T r(n  O bW , N= >

satisfies the usual abstract model theoretic axioms, i.e., it is a language. Moreover, 
by Theorem 1 it is a compact language if #  has ultraproducts.

If 'A is the category of models (or algebras) of a fixed similarity type, then 
(STr (rA), Ob (Щ, N) is equivalent to the usual first order language (see [4]).

It would be interesting to get a “logical structure” on Tr (cfi) by defining two 
binary operations “ V” and “ A” , and a unary one “ 1 ” : Tr Tr ('if). These 
operations (or “logical connectives”) should satisfy the usual axioms of classical 
propositional logic. (Quantifiers V, 3 should also be introduced.)

A possible candidate for the “negation” is the following: For =  (с/, <r)€Tr Çë) 
define

>  =  (</,( 1„<р))€Тг(П

where l d denotes the identity arrow of d, i.e.,

~\(P =  ( d— ~  q>).

It can be checked that in any category 4>,

(VaÇOb(<if))(V(p€Tr(<̂))(Vdom(<p)—-  a) a Y= (p[k\o a \= “1<р[А].

O p e n  pr o b lem s . 1. Under which conditions can the STr-axiomatizable classes 
of Ob (rA) be characterized by ultraproducts and “ultraroots” analogously to Theo­
rem 3 of [19] or Theorem 1 of [3]?
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2. “Horn-trees” can be defined as special elements of S T r^ )  Con­
jecture: Horn-trees are exactly those small trees which are preserved by arbitrary 
reduced products.

Acknowledgement : Thanks are due to Professor Peter Burmeister for his help, 
thorough reading and many useful suggestions.
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OPTIMAL ESTIMATION OF FUiNCTIONS OF PROBABILITY
DENSITIES

by
W OLFGANG WERTZ

Introduction. In a series of papers, the author has derived several existence 
theorems for optimal density estimators ([18] —[21]). From the reasonig in these 
papers it follows that several results can be generalized to the problem of estimating 
certain functions of the unknown density. For some parametric cases, optimal 
solutions of the optimization problem can be derived explicitely from this theory 
— several examples exhibiting interesting aspects are given, including the estimation 
of the density itself. K l e b a n o w  [ 6 ]  has derived optimal density estimators by an 
entirely different method ; connections to his work are pointed out in the following.

Historically, the problem of estimating functions of the density is as old as 
density estimation itself: in 1956, G renander estimates the hazard rate in his 
paper [5] on mortality measurement, in 1964, N adaraja [8] estimates convolution 
components, and Watson and L eadbetter ([16] and [17]) estimate again the hazard 
rate by kernel-type estimators. Of the more recent work we only mention: M ajor [7], 
R é v é s z  [10] and Stone [15] treating regression estimators, R ice and R osenblatt 
[11] and A hm ad  and L in [1] treating hazard functions, Y ang  [22] estimating the 
life-expectancy, the thorough study by Bosq ([2] and [3]) of several of the mentioned 
problems and Schüler and W o l f f  [19], estimating the functional f ^ J f 2(x)dx. 
In [13] further references are listed.

Results. Let (X, if) be a measurable space, X and p c-finite measures on (X, if), 
Jy a set of probability densities with respect to p, Pf (A):= J  fdp  for every ÂÇX

A
and / € g  and A a mapping from g- to R*, such that A(f ):  X *  R is if-measurable 
for every /€gf. As examples may serve, under appropriate conditions: A(/) := /, 
the distribution function, a convolution component, the density of a certain order 
statistic, a A-fold convolution the density of the arithmetic mean of к
independent observations, partial and ordinary dérivâtes, a conditional density, 
or functionals (from this point of view rather trivial examples) such as p -th moments 
about a point, the mode, the information A (f)(x):= J  ( f ' l  f f  fdp  and A(f)(x):=  
:= f f 2dfi. The problem is to estimate A (f), based on n independent observations.

Let Ф and lP be complementary Young-functions and Ф satisfy condition 
A2, i e.,
(1) Ф(2и) S  МФ(и) for every u s  0 and a certain M  >  0.

In the following, Ф is always assumed to fulfil (1). (X ", if", Pf) denotes и-fold product 
spaces, x"= (x1, ..., x„) elements of X". Let L0 S—L0<S( / / 0 X) denote the Orlicz-
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space of the equivalence classes of .ï" ® .^-measurable functions h : A^XT—R 
with f  Ф ohdPf®l<oo. Ьф f  is a Banach-space with norm

X " X X

||h||d>,/ =  s u p { f  hgdP?®A.:geL4,'f  and f  •Fog dP}®X ^  l j .

We further assume
(2) s := sup ||d (/) ||0y  <=°.

/€ з
For every h£ f) Ьф f  let ||/г||ф:= sup ||Л||Ф f  and Лф:={/г: ||/г||ф<°°}. Then Лф 

/ез ’ /es
is again a Banach-space. We make no difference between functions and equivalence 
classes. For further details and references see [19J.

Definition. Under the conditions (1) and (2), every f f  Лф is called an estimator 
of A ( /) . /„ is called optimal, if

^ ф( /о) •— sup ||/i) —Л (/)||ф>/ S  ЯФ(/)  forevery /б Л ф.
/€ з

к

Let Mv denote the set of all g'= 2  а/ real, g&L4>,fi (/i> •••>/*€3)
_ i = l

and My the set of all functionals cp induced by functions by

(h, (p> 2  «I<b. <Pi)f, '■= 2 ai f  hgidPl®X.i = l i = l

The strongest topology of Лф, such that every ip^Mv  is continuous, is called the 
aф-topology (cf. Pitcher’s topology [9]). This topology is not stronger than the 
weak topology of Лф, and it fulfils Hausdorfif’s separation axiom. The unit sphere 
Е:={1г£Лф: ||/г||ф^1} of Лф is compact in the ^-topology (see [19]).

Theorem l (Existence of optimal estimators). Under the condition (1) for Ф 
and Ф, and (2), there is an optimal fç_ Лф.

Theorem 2 (Reduction by sufficiency). Let (1) and (2) be satisfied and let there 
be a real number щ with и ^  Ф(u) for every u ^u 0. Let Ç а  X" be a o-algebra, 
sufficient for {Pf : /€5}, (f or X be countably generated and ffi Аф. Then there is an 
/ 0£ЛФ fulfilling: J0 is (Í <g> X-measurable,

||/0-Л ( / ) | |ф1/S  | | / - Л ( / ) | |ф / forevery and Ro{f0) ^  R0(f).

Further, there is a 1-null-set N£X with

/o( •, x) = £}[/(<Г, • )|£]( • ) P f almost

everywhere for every x% N and every /€5 - (i" = (<fi, ..., Çn) is a random variable 
distributed according to P f)

The proofs of Theorems 1 and 2 are like in [19], with /  substituted by A(f).
Reduction by invariance. Let G be a locally compact, <T-compact, amenable 

group with cr-algebra (6 of its Borel-sets and v be a right invariant regular Haar- 
measure. Let D denote the Orlicz-space РФ{Х, X, Я). For Y~X",  —X, = 5  and
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=D, let y — yY be homomorphisms from G to the one-to-one mappings of Y onto 
itself, (y1V2)T =  (7i)i-°(>’2)r and (у_1)у=(Уг)_1- For short, we write y:=yy, if 
no confusion arises.

D ef in it io n . The estimation problem is called invariant with respect to G if 
the following assumptions are fulfilled:

(3.1) у/Ç g  f°r every y£G and /£ g
(3.2) (Áf)(y~1x)=[A(yf)](x) for every y€G, x£X,  /<Eg
(3.3) (yd)(x) = d(y~1x) for every y£G, x£X, d£D
(3.4) у/lÇ.ï" and P?(A) = P"f (yA) for every y£G, AÇ.X", / e g
(3.5) For every h£A0 , the mapping (y, x", x)-*h(yx", уд:) is © <g>X"0 immeasurable
(3.6) /.(y~1A)=A(A) for every y£G, AÇX.

An estimator / е Лф is invariant, if /(уд", •)—У [/(•*"> ■)] for every y£G, x"£X". 
(We tacitly assume f ( x n, •) to belong to ЬФ(Х, X, X), which is no restriction of 
the generality.)

The amenability of the group G implies the existence of a net {g*}*^ of func­
tions gx£Ll (G, (6, v) satisfying g ^ O ,  J gx dv— 1 and

lim f  |g0[(<5y_1) - g C((5)| dv(S) =  0 for every y£G

(see G reenleaf [4]. theorems 2.4.2 and 2.4.3). Defining va(i?):= J gxdv (BÇ&),
в

(va) is a net of asymptotically right invariant probability measures:

(4) lim |уг(#у) — va(Ä)| =  0 for every yÇG and i?£®.a£ A
For a fixed /V Лф we set f x(x", д):=f f  (yx", yx)dvjy).  Then the risk of f x is not 
greater than the risk of / .  Further, there is an j \ f  Аф and a subnet of (/,) converging 
to / 0, R0( f o) s R 0( f )  and / 0 is equivalent to an invariant estimator. This reasoning 
(for details, the proofs in [21] and [19] are to be slightly modified) leads to the 
following

T heorem  3. Under the conditions o f Theorem 1 and (3.1)—(3.6), there is an 
invariant optimal estimator.

Taking />=»1, Ф(1):= |t |p/p and q:=p/(p—l), then for every h£Lp(XnXX,  
X"®X,Pfig)X) the usual Lp-norm ||/i||Pi/ equals q~1,q •\\h\\0,f - Set őp(f):= 
:=sup II / — A(f)\\pp f , the usual Gp-risk; then dp( f )  = ql~p[R0(f)]p, hence the con-

/ € 3
cepts of optimality with respect to Lp- and Orlicz-risk are equivalent.

In the case of translation classes g  of densities on the real line actually optimal 
estimators can be constructed. Theorem 4 makes use of a sufficient statistic, whereas 
Theorem 5 gives an explicit solution, analogous to the Pitman estimator for trans­
lation parameters. A corresponding formula for density estimators is derived by 
a similar method by Klebanow [6].
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We assume for the following quadratic loss, (X , $).—(R, 33), p=X=  Lebesgue 
measure, 5  = {/ y : y£R} a one-dimensional translation class of densities 
(/* (* )= /(*—y) with a fixed / ) ,  A ( f y)(x)=(Af)(x—y), and /  and A( f )  square 
integrable. Then, apparently, the problem is invariant with respect to the group 
of translations.

T heorem  4. Let T  be a one-dimensional sufficient transformation for y and let 
the problem in terms o f T  remain invariant. Denote gy dPjjdk and g\—g0, and 
let gy(x)=g(x-y). Then
(5) f(x", x) — Ip0( x - T ( x n)) 
with

Фо(У) '•= f (A(J) ) (y+t ) -g( t )dt  = f ( A ( f ) ) ( y - t ) - g ( - t ) d t  
defines an optimal estimator o f A (/).

P roof. With regard to Theorems 2 and 3, one can restrict attention to esti­
mators of the form

(х",х)-~ф(х-Т(х")),
hence the problem is to minimize

<52(/) := sup J f  [ф(x-t)-(Afy)(x)]2gy(t)dtdx =

= f f № ( x ) - ( A f ) ( x  + tWg(t)dtdx.  
ф minimizes this integral, if and only if for every q>dL2(R, 33, Я) 

f f  V W 1Ф (x) -  (Af) (x+0] g (0 dt dx = 0 
holds. This yields the solution. The details are similar to those in [20].

T heorem  5. Let the conditions listed above Theorem 4 be satisfied. Then

(6) /(*", x) =  /  {A{f ))(x- t )  [ J f ( x - t ) d t / J  f f f  ( x - t )  dt
i= 1 1 = 1

defines an optimal estimator o f A(f).
P ro o f . By Theorem 3 it is sufficient to consider translation-invariant estimators,

i.e., those satisfying

f ( x 1—a , . . . , xn—a , x —a ) —f ( x 1, . . . , xn,x)  for every a£R, x',€Rn, x£R. 
Then

<h(f) = sup f  f  [ f ( xn, x ) - (A( f ) ) (x )]2dx / J  f y(Xi)dxn =
yiRjfr, R*7 1 = 1

= /  /[/(*"> x)-(A (/))(x)]2 JJf(xf) dx dxn =
R" R i= 1

= f  f  [fix 1 -X ,..., x„ -  X, 0) -  (A (/)) (x)]“ 7/ flxd dx dxn.
R" R i = 1
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We write Ь(уг , (yi ,  ■■■, y„,  0). Let f ,  , ç„ be independent random
variables, distributed according to Pf , and 4^ .= ^ ,  for i= 2 ,...,n .
It follows that

<58( / )  =  Ef { J [ h(y, t 2 - t i  + y, - Л п - í x + y ) - ( A ( f ) ( Ç i - y ) Y d y }  =

=  J Ef [h(y, rj2 +  y , . . . , i ? „ + L ) - ( ^ ( / ) ) ( i 7 i - L ) ] 2 dy .

Using the minimum property of the regression function (see e.g. Schmetterer [12]), 
the integrand is minimized for every y f  R, if

h( y , y 2+y,  - , Уп +  У) =  Ef [A(f)(n1-y)\ti2 =  y 2, ...,r \n =  yn].

Using the corresponding conditional density, this equals

f  (-d (/ ) )  O l  -  y)f(yi) П  Kyi  +  >’1) dy  1__________________ i = 2__________

i f  (уд П  f(y’i+У1) dyiJ i=2

By a simple substitution, formula (6) is obtained.
Corollary. Under the conditions o f Theorem 4 or 5, let A ( / )  be a probability 

density fo r  every f  and f  be an optimal estimator obtained by  (5) or (6). Then /  (xn, • ) 
is a probability density for every x " tR " .

Some examples for the translation case

1) Let /  be the density of the normal distribution N (0, <x2) (ct2>0, known)
and J  ( / ) := / .  Then the optimal estimator is the density of N I x„, - -  cr3| 
(cf. [20]). 1 n ’

2) Let f  be the uniform density: / : = / [01]. Then

1 + x - x (n) if xOi) 1 =  * < x (1)
1 +*(!)-*,„)

1 if X(i)  3= X <  x(n)
1 + X (1) —X if X ( » ) ^ X < X ( 1 )  +  1

1 + x(1) — x(n)
0 otherwise

is the optimal estimator for /  (x(1) and x(n) denote the smallest and largest observa­
tion, respectively). The continuity of x-*/(xn, x) is remarkable; a tendency of 
smoothing by optimal density estimation occurs in all examples given here.
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3) Let /  be the exponential density /(x )= e _*/(0 oo)(x). Then

is optimal for f

f ( x n, X) :=
____e"(x~xn))
/i+ l

-------е -(х-дг,п)
n + 1

if X Si *(1) 

if X >  x (1)

Examples 1 to 3 can be easily derived by Theorem 5, 1 and 3 also by use of 
Theorem 4 using the sufficient statistics x„ and x(1), respectively.

4) Let f  be the normal density 7V(0, a~) and A ( / ) := / ',  the derivate of / :

d ( /y)(x) =  — (2 лет8)_ 1/2 (x —y) exp [— (x—y)2/2<r2].

/ ( х и , X )  =  -
n ( x - x ny- 1
2(/j +  l)er2J

is the optimal estimator of A ( /) , and this is the derivative of the optimal estimator 
of /  (cf. Example 1).

5) Let /  be as in Example 4 and A ( / )  be the density of the empirical mean 
of к independent N(0, <r2)-variables, i.e., A( f )  equals the density of N(0,a2/k).
The optimal estimator is the density of N

6) Estimation of a normal convolution component: let ^ =  /j+ i, where £ 
is N(0, T2) distributed, t] has unknown density g, £ has normal density N(y, c2) 
and is observable (c2 > 0 , r 2 > 0  are known, у is unknown), £ and /7 are independent. 
Hence /  is normal Л/О, a2). A ( / )  is the density of //, namely the density of 
N(0, <r2 + T2). (In applications, £ can represent errors by measurement.) The optimal
estimator of A( f )  is the density of N  |x„, <r2 + t 2 + ̂ -j.

7) Let /  be as in Example 3, d ( / )  the density of the /-th order statistic £̂ () 
of к independent observations. The optimal estimator is

/ ( x n, x) =  nl e"<*—*(») J  (1
max(0, x — *(1))

_е-1у-1е-(п + к- 1 + 1)( dt.

In the case 1=1 (estimation of the density of the smallest of к observations) this 
turns out to be

/(*", x) =

nk .-----  en(x-x(l)) ,f X <  X(ji
n + k (1)
nk 

n + k
e-Hx-xn)) jf x ^ X (1),

whereas A( / y)(x)= ke~k(x~'i)I(jt^ )(x).

Studia Scientiarum  M athem aticarum Hungarlca 13 (1978)



FUNCTIONS OF PROBABILITY DENSITIES 383

REFERENCES

[1] Ahmad, I. A.— Lin, P. E., Nonparametric estimation of a vector-valued bivariate failure rate,
Ann. Statist. 5 (1977), 1027— 1038.

[2] Bosq, D ., Contribution à la théorie de l’estimation fonctionnelle, Puhl. Inst. Statist. Univ. Paris
19 (1970), fasc. 2, 1—96.

[3] Bosq, D ., Contributions à la théorie de l’estimation fonctionnelle, II, Publ. Inst. Statist. Univ.
Paris 19 (1970), fasc. 3, 97— 177.

[4] Greenleaf, F. P., Invariant means on topological groups and their applications, Van Nostrand-
Reinhold Co., New York, 1969.

[5] Grenander, U ., On the theory of mortality measurement, II, Skand. Aktuarietidskr. 39 (1956),
125— 153.

[6] К л еб а н о в , Л. Б., Параметрические оценки плотности и характеризация семейств рас­
пределений с достаточными статистиками для параметра сдвига, Зап. научи, 
сем. Л О М И  79 (1978), 11— 16, 101.

[7] Major, Р., On a non-parametric estimation of the regression function, Studia Sei. Math. Han­
gar. 8 (1973), 347—361.

[8] Н адар ая , Э .  А., Оценка компонента свертки, Сообщ. А Н  Груз. ССР  34, 1 (1964), 19—24.
[9] Pitcher, T. S., A more general property than domination for sets of probability measures,

Pacific J. Math. 15 (1965), 597—611.
[10] Révész, P., How to apply the method o f stochastic approximation in the nonparametric esti­

mation of a regression function, Math. Operationsforsch. Statist. 8 (1977), 119— 126.
[11] Rice, J.— R osenblatt, M., Estimation of the log survivor function and hazard function,

Sankhyâ Ser. A 38 (1976), 60—78.
[12] Schmetterer, L., Mathematische Statistik, 2. Auflage, Springer-Verlag, Wien, 1966.
[13] Schneider, B.—Wertz, W., Statistical density estimation— a bibliography, Internat. Statist.

Rev. 41 (1979), 155— 175.
[14] Schüler, L.— Wolff, H., Zur Schätzung eines Dichtefunktionais, Metrika 23 (1976), 149— 154.
[15] Stone, С. J., Consistent nonparametric regression (with discussion), Ann. Statist. 5 (1977),

595— 645.
[16] Watson, G.—Leadbetter, M., Hazard analysis I, Biometrika 51 (1964), 175—184.
[17] Watson, G.— Leadbetter, M., Hazard analysis II, Sankhyä Ser. A 26 (1964), 101— 116.
[18] Wertz, W., On the existence of density estimators, Studia Sei. Math. Hungar. 9 (1974), 45—50.
[19] Wertz, W., Invariante und optimale Dichteschätzungen, Math. Balkanica 4 (1974), 707—722.
[20] Wertz, W., On unbiased density estimation, An. Acad. Brasil. Ci. 41 (1975), 65—72.
[21] Wertz, W., Invariant density estimation, Monatsh. Math. 81 (1976), 315—324.
[22] Yang G. L., Estimation of a biometric function, Ann. Statist. 6 (1978), 112—116.

Institut für Statistik der Technischen Universität 
A—1040 Wien, Argentinierstrasse 8/7

( Received October 3, 1978)

Studia Scieniiarum M athem aticarum  Hungarica 13 (1978)





Studia Scientiarum Mathematical um Hungarica 13 (1978), 385—-391.

ON WILKINS’ INEQUALITY

b y

Á. ELBERT

Let [a, b] be a finite interval, f  (t ) a positive continuous function on [a, b], 
finally tx= min f i t )  and ß =  max f i t) .  We are interested in values of the in-aSISk aStSb
te g ra ls

/ ( / )  = /( / ,  jc; a, b) =  /  [ДОГ Л  /  [ /(0 ]-x dt.

We may assume хёО since / ( / ,  — x ;  n, />) = / ( / ,  x; a, b). By the Cauchy— 
Schwarz inequality it is clear that l(f)~=s\.

I n  t h e  c a s e  x = l  th e  lo w e s t  u p p e r  b o u n d  is  (oi +  ß)2/4aß ( s e e  P ó l y a  a n d  S z e g ő , 
[1] p . 5 7 ) , a n d  l a t e r  W il k in s  [2] h a s  f o u n d  —  s u p p o s in g  in  a d d i t i o n  th e  c o n c a v ity  o f  
th e  f u n c t i o n  f  (t ) —  th a t

( 1) / ( / )

ß + oc
ß — a 2ß

205- a )
{ ^ 4

ß -*
- l

Here we shall deal with the lowest upper bound of / ( / ,  x; a, b) for all x>0 (the 
case x = 0  is trivial) and not only for the concave functions but for the convex 
ones, too. Moreover, our proof will be different from that of Wilkins and we shall 
not assume the monotonicity of f ( t )  as he did.

We start with a simple lemma.
L e m m a . Let z 1(ç ), zfifi) be continuous functions defined on [a , ß] such that

*i(£) >  z0 >  z2(£) for a si £ ß

and let the function y (£) be nondecreasing, — < y («) <  y (ß) <  oo. Let g0(O be
a continuous and positive function on [a, ß]. Then the quadratic polynomial

ß

Q(?) = / g o C Ö ^-Z x iö H z-z .« )]^ « ) =  Az2 + Bz+C
a

has real zeros and B2>4AC. The integral here is taken in the Lebesgue—Stieltjes 
sense.
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Proof. Under the conditions of the Lemma 0 and Q(z0)<0, thus the 
statement of Lemma is trivial.

Let us introduce the functions h+(s),h~(s) and K(s, x) for s>0, x>0 by

(2)

and

(3)

h + (s) 1 s1+x- l  
1+ x s —1

h (.s)

logs 
s — I

1 s1-* —1
1—X s —1

for X = 1 
for xV  1,

K(s, x) [/;+ (s) -  h (s)]- 
4 ( l - h  + (s))(/i-(s)-l) '

Let h(s) = h+ (s)/r“ (s) and H(s) = (s— l)2[/i + (s) +  /i_ (s) — 2h(s)]/s. Then 
//(1) = Я'(1) = 0 and H"(s)=x(s— 1)(5Х—s- *)/s2>0 for s>0 , therefore
H(s)> 0 for these values of s. On the other hand

h'(s) H(s) 
(s -1 )3 ’

hence h(s) takes on its minimum at s = l  and thus we get the relations

(4)
h + (s) + h (s)

2
>  h(s) >  1 s >  0, s 1.

It is not difficult to show that h+(s) strictly increases h~(s) strictly decreases on 
(0, =■=) and h(s) decreases on [0,1] and increases on (1, °°) (see Figure, where these 
functions are displayed for x= l).
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In our study a crucial role is played by the fact that the function K(s, x) is 
strictly decreasing on (0, 1] and strictly increasing on [1, °°). Indeed, by (3) we have

—Г- log K(s, X) ■■
C I S

X h + (s) + h (s) — 2
( 5 - l)2 [Ä -(s)-h  + (5 )][l-Jl+ (s)][/»-(s)-l]

H ( S ) .

Taking into consideration (4) and the monotonicity properties of the functions 
h~(s), h+(s) we find that K(s, x) has the monotonicity property stated above. 
Concerning the lowest upper bound of / ( / ,  x; a, b) we shall prove the next theorem.

Theorem. Let f ( t )  be a continuous function on [a, b] with 0 < a S / ( t ) s / l  then

K [ j ’ X) Íf ^ ÍSis concave

К
( £ • * )  f

is convex.
/( /, x; a, b) S  

The inequality here is sharp.
Remark. By (2) and (3) it is clear that our Theorem contains Wilkins’ inequality 

(1) in the case x = l  for concave functions / ( 0 -
P r o o f . Let us introduce the function q {u)  for OSwS/1 by

(5) g(u) =  X {/; f ( t ) b},
where A{ •} denotes the Lebesgue measure of the point set indicated in {•}. It is 
clear that the function g(u) is nonincreasing and g(u)=b — a for O^MSa. On 
the other hand g(u) is concave (convex) on [a, ß] if the function / (t) is concave 
(convex). Moreover, in the convex case g(ß)=0. Hence q ( u )  can be written in 
the form

ß
(6) g(u) — f c(u, ç) dy(ç),

et
where y (£) is a suitable nondecreasing function of bounded variation, further in 
the concave case

(7)

and in the convex case

( 8)

c(u, 0  =

c(u, о

Since g(u)=b—a for О ё и ё а  we have from (6) in both cases
ß

1 ÖS
ß - u
ß - t

Il S  ß

1 OS u S  а
ç — и a S и <  â,«14J»

0 Ç < и S  ß.

(9) b — a = J  dy(Q.
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388 Л. ELBERT

The actual value of у(£) can be easily determined if q ( u )  is twice continuously differ­
entiable. Otherwise q { u )  is a limit of twice continuously differentiable functions, 
say, Q i ( u ) ,  Q o( u) ,  ... such that

p
e„(w) = /  Ф , 0dy „ ( 0 ,  n — 1, 2 , —

a

Then by (9) the sequence {yn(Ç)—У„(*)}Г=1  is bounded, hence we can select a sub­
sequence of it which has the limit у (<?) almost everywhere in [a, ß], From now on 
the quantity ô denotes the quantity ß in the concave case and the quantity a in 
the convex case. Making use of (5) we have for x>0

l{t; [/(0]x = u, a ^  t ^  b} — e{ux) ßx,
hence by (6)

ь p* f

f  [ f ( 0 Y d t  =  f  Q(ux ) d u  =  x f  Q(v)vx~1d v ~
a 0  и

P P P P
=  x  f  [ f  c ( v , Ç ) d y ( Ç ) ] v x - 1 d v  =  f  X f  c(v,Ç)vx- 1 dv dy(0,

0 a a Ü

and by (7), (8)

(10) f  [f(t)]xdt = ôx f  A +(I) dy(ç).
a a

From (5) it follows that

b — a for 0 S u S
A{f; [/(0]~x =  « > < iS fS t )  =

for ß-
b  —  a  —  q ( u  x ) + A { t ; / ( r )  =  и  * }

Owing to the concavity (convexity) of the function / (?) the set if ,  f ( t ) = u  *}
__1̂ 1 ’

consists of at most two points if а<м * </? hence its measure is zero, and this
_1 _^

measure can be positive only if either и * = а  or и x =ß. Hence by (6), (9) and
(7), (8) we have

( И )

f  [At)]-x dt = { b - a ) ß - x+ f  [b - a - Q { u  * )]d u  =
a ß~x

= ô~x f  h ~ ( j ) dy®-(X
By (10), (11) the value of / ( / )  can be expressed as

(12) f b « >  / * + (t ) « ö -
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Let !F be some positive number with

It is not difficult to show that K(s, x)>h(s) for s>0 , 1. Hence

( 13)

Let us consider the quadratic polynomial

(14) Q(z) = z2 /  h+[ ^ } d y ( Q - 2 ( b - a ) 4 ’z + f  h~ Ш  dytf).
a a

By (9) this can be written in the form

Q(z) = /  [z2h + ( - |)  - VPz+h-  ( I ) ]  dy(0-
ct

The quantity in the brackets is a quadratic polynomial of the variable z and by 
(13) it has two real zeros zx i-|-) and z2(- -̂), where

(15)
Zi(s) =

z,(s) =

4' + \ 4 ' - - h ( s )  
h + (s) ’

T -V ^ - f tC s )
h + (s)

h~(s)
4'+Ÿ>P2 — h(s)

In order to apply the Lemma we need to determine the values z , = min z, f - f - ) ,/ «sssß
Zo= max zо(!)■

By (15) and (3) it is not difficult to check the relations

G (s )  =  /1 + (s )2[z1( s ) - z 1( l ) ] [ z 1( s ) - z 2( l ) ] [ z 2( s) - z 1( l ) ] [ z 2( s ) - z 2( l) ]  

=  [h~(s) —h + (s)]2 —4 Т 2[1 — h + (s)](7i~(s) — 1] =

4

( 16)
0 for s =  1

(4[1 — h + (s)][/i“ (s) — 1 ] (AT(s, jc)  — T 2} for s > 0 ,  s - A  1.

Consider first the concave case. By virtue of (13) the function G(s) does not 
vanish on |j^ ,  ij .  hence the factors on the right side of (16) have the same prop­
erty. On the one hand we have from z1(l)> z 2(l) that

z2( s )< z 1(l) for s i .
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On the other hand by (15)

therefore

cl /41 n
* Z-(s)l-  = -----------2-------- * ° '

*l(s) =-ZjO) for | S S <  1.

Taking into consideration the monotonicity of h(s) and It (s) (see Figure) we have 

from (15) that z2(s) strictly decreases on 4 hence

Z2 (j-) >  z2(s) z2(l) for 1.

Thus we conclude that z1 = z1(l)> z2 = z2
Choosing any value z0£(z2,zi) and applying the Lemma for Q(z) in (14) we 

obtain

/  h + ( |- )  d y ( i )  f  h~ (-̂ -) dy (£ )  < Ф2(Ь — а)2,

hence by (12) / ( / ) < ! P 2. Combining this with (13) we have xJ,
in accordance with our Theorem. ^

A similar argumentation on the interval fl, —1 will give the desired inequality
(

o \  L oc J
—, x j  in the convex case, and the details will be omitted.

Finally, we show the sharpness of the inequalities in our Theorem.
Let the real number p be given by

P =

(■-Ит))ИтН
Then according to the relations in (4) we have 0 < p < l. Let the concave function 
f ~ ( t )  be defined on [0, 1] by

f~( t )  =
a + -

Then

P
ß

f  f - ( t )*dt  = ß*

t

p g / g  1.

‘И тН  '
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and

f  f - ( t ) - *d t  = ß- '-(IMI)
:l! » Ul '

hence 0, = as we wanted.
ß

In the convex case the value of p should be chosen as

И 4М 4Н
’(-И4))И4)-Г

and the convex function f + (?) as

0 ^  i á  p 

P =. t =k 1.

For this function we have / ( / +, x;  0, l) = / f Í—, l), which completes the proof 
of our Theorem. ' '0£ '

f +(0
f - È Z Î ,

p
y.
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ON THE GENERALIZATIONS OF TOTAL PARACOMPACTNESS

by
J. DEÁK

In this paper, we deal with some generalizations of the total paracompactness 
and with their role in dimension theory. In § 1, we define these generalizations 
(only one of them — the weak total paracompactness — is new, see Definition IT) 
and give examples showing that all these classes of spaces are different (in several 
cases, examples satisfying better separation axioms ought to be found). In § 2, 
we prove that the inductive dimensions coincide in weakly totally paracompact 
pointwise totally normal (see Definition ICC) spaces (Theorem 2A); this is a gen­
eralization of a theorem by F r e n c h  [Frlj. In §3, we prove the coincidence of the 
inductive dimensions for some spaces having an ind-nice subbase (Theorem 3D) — 
nice in the sense of E. Deák [D4, D5], see Definition ЗА. The proof of this theorem 
is based on an inequality valid for all spaces, namely that indv A ssbd A (Theorem 
3H), where sbd (see Definition 3F) is the subbase dimension introduced by the 
author [D*2], while indv is defined in 3G. In § 4, the same inequality yields Theorem 
4J for the directional dimension (Definition 4C) of E. Deák [Dl, D2, D6],

T e r m in o l o g y . A space is a topological space. A normal space need not be 
a Tx-space. Let A be a space, A c l  and i f  a system of subsets of A; we say that 
i f  is a covering of A if A = U i f ;  we say that i f  covers A if A c  U if.

The inductive dimensions ind and Ind are used as in [N2] or [Р]. Let dx and d2 
be dimension functions; dxX ^ d 2X  means: “if d2A is finite, then d1A ^d2A” ; 
d1A = d 2A means: “if dxX  or d2A is finite, then d1A = d 2A ”.

N o t a t io n s . For a set A in a space, Ä is the closure, int A is the interior, Fr A 
is the boundary, FrB A is the boundary in the subspace В and \A | is the cardinality 
of A. Let i f  be a system of subsets of a space and n a natural number, then

i f= {S: SÇif},  Fri f =  {Fr S: Sei f ) ,

[if]“ = {si: s f <zif, \sf\ = /?}, Вi f= {DA: A czif, \A\ <  to}.

A M S  (M O S ) subject classifications. Primary 54F45; Secondary 54D99, 54E99, 54G20.
Key words and phrases. Totally paracompact (=TPC), almost TPC, <r-TPC, order TPC, closure 

TPC, dominatedly TPC, weakly TPC, totally normal, pointwise totally normal, Sx-space, strongly 
paracompact, completely paracompact, nice collection of subspaces, direction, directional structure, 
ind, Ind, dim, indv , sbd, Dim, Dind, indc, D i m .
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§ 1. Definitions and examples

From the point of view of the dimension theory, there is a wide gap between 
compactness and paracompactness : while a lot of fairly strong theorems hold for 
compact spaces, little is known about the behaviour of the classical dimension 
functions in paracompact spaces. Looking for an intermediate notion, Ford [F] 
introduced total paracompactness in 1963; the idea dates back to 1959 when totally 
paracompact metric spaces were considered (without having been given a name) 
in an announcement by Corson, M cM inn , M ichael and N agata [CMMN], Total 
paracompactness and its generalizations proved to be useful in investigating equal­
ities and inequalities between dimension functions.

1A Definition (F ord [F]). A space is totally paracompact (TPC)1 if each of 
its bases has a locally finite subsystem covering the space.

IB D efinition. Let <8f and 2C be systems of sets in a space. ‘W is a tight refine­
ment o f if for each Y there is a with f c Z  and Fr f c F r  Z.

1C D efinition [D*3J. A space is almost totally paracompact (A-TPC) if 
each of its bases admits a locally finite open tight refinement covering the space.

ID Definition (N agami [N 1 ]). A space is а-totally paracompact (cr-TPC) if 
each of its bases has a rr-locally finite open tight refinement covering the space.

IE D efinition (F itzpatrick and Ford [FF]). A space is order totally para­
compact (O-TPC) if each o f its bases has an ordered (not necessarily well-ordered) 
open tight refinement У  covering the space such that for each V \ y  the system 
o f  the elements o f  У  preceding V is locally finite at the points o f  V.2

IF Definition. Let (& and be systems of sets in a space. ЗУ is a boundary- 
refinement3 4 of if for each YÇfiy, Fr j f  has a locally finite closed refinement cov­
ering Fr Y.

1G D efinition (French [Frl]). A space X  is closure totally paracompact 
(C-TPC) if every base 38 of X  has a locally finite boundary-refinement covering 
X  and refining 38.

1H D efinition. A space X  is dominated4 by the closed covering#- if for every 
subset A of X, A is closed iff there is a subsystem #"и of #" such that Acz U # 0 and 
A П F is closed for each FÇ#0.

II Definition (F rench [Fr2]). A space X  is dominated!)’ totally paracompact5

1 According to the context, TPC means either “totally paracompact’’ or “total para­
compactness” .

8 In the original definition, local finiteness at the points of Ÿ is required. F r e n c h  [Frl, Fr2] 
uses the definition given here; cf. the remark at the end of [FF].

8 A boundary-refinement need not be a refinement.
4 Cf. P e a rs  [Р]. F r e n c h [Fr21 u s e s  th e  e x p re s s io n  “A" h a s  th e  w e ak  to p o lo g y  w ith  re s p e c t t o # -” , 

b u t  P ears  [P] m e a n s  s o m e th in g  e lse  b y  “ w e a k  to p o lo g y  w ith  re s p ec t to  a  c lo s e d  c o v e r in g ” .
5 F r e n c h  [Fr2] calls this class of spaces C-TPC, too. We have chosen another name to avoid 

confusion.

Studia Scientlarum Ma thematic, arum Hungarica 13 (1978)



GENERALIZATIONS OF TOTAL PARACOMPACTNESS 395

(D-TPC) if for each base 38 of X, 38 admits a closed refinement 3F dominating X  
such that for each FÇ.1F, Fr F is dominated by a closed refinement of Fr 38.

1J The following diagram shows the relations between the notions defined 
above:

(1) (2) (3) (4) (5)

TPC => A-TPC =>• (T-TPC => O-TPC =► C-TPC =>■ D-TPC

((1), (2) and (5) are obvious; (3) and (4) are proved in F r en c h  [Frl]). None of these 
implications can be reversed. (When F rench  wrote [Fr2], he did not know if (3),

(4) or (5) can be reversed.)
IK E x a m p l e . An A-TPC but not TPC space. Let X  be the set of the irrational 

numbers with the usual topology. X  is not TPC [CMMN]. On the other hand, let 
38 be a base of X. As X  is paracompact, 38 has a locally finite open refinement °U 
covering X. The covering dimension of X  is 0, so by a theorem of Dowker ([AP] 
Chapter 4 , Theorem 24), <81 admits an open refinement У  of order 1 covering X. 
The elements of У  are open and closed, so У  is obviously a tight refinement of 
38. Thus X  is A-TPC.

1L E x a m p l e . A c-TPC but not A-TPC space. Let X  be the subspace of the 
Euclidean plane R2 defined by

R - - X  =  {(a, b): a£Q, b = 0}

where Q is the set of the rational numbers. X  is a Lindelöf space, so it is evidently 
(j-TPC. We shall show that X  is not A-TPC.

a) Take the closed subspace

Z = {(a, b): a $ Q, b — 0}

of X. Z  is homeomorphic to the space of the irrational numbers, so it is not TPC, 
i.e. it has a base 38г not containing any locally finite covering of Z.

b) Put
38 = {(RX/i,.)U£: 0 X B£38z , 0 <  yÇR,

В = (inf В, sup B), Ay = (—у, 0)U(0, y)}U

U{(fl, b)X(c, d): a, b, c, df  R, a <  b, c <  d, 0í(c, d)}.

38 is a base of X  and 38\Z=38z . It is easy to see that if G is a non-empty open 
subset of X  and B£38, then

(1) G a  B, F r C c  F r£  =► G = B.

c) Suppose now that X  is A-TPC. Then 38 has a locally finite open tight re­
finement <81 covering X. According to (t), °иа38, so <4l\Z is a locally finite open 
covering of Z with ^ [Z c ;^ z , in contradiction with a). Thus X  is not A-TPC.
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IM Example. An O-TPC but not ст-ТРС space. Take the set®

X  =  (c»1 +  l)x2-{<co1, 1)}
and let

38 = {(со, + 1)х1}и{{а}х2: абау,}

be a base for the topology we introduce on X.
a) Note that every base of X  has to contain 38, so 38 is an open tight refine­

ment of an arbitrary base of X. Moreover, if 38 is ordered in such a way that 
(oj! + l)X l  is the first element, then for an arbitrary Bf38, the elements of 38 pre­
ceding В form a locally finite system at the points of B, thus X  is O-TPC.

b) Take the base 38 of X. 38 is not ст-locally finite at the point (co1; 0). Observe 
that an arbitrary open refinement of 38 covering X  is equal to 3D. Thus X  is not 
ff-TPC.

IN Example. A C-TPC but not O-TPC space. Let X  be the set o)1. Consider 
X  with the topology induced by the base 380=a>1.

a) For an arbitrary base 38 of X, {X } is a covering of X  as required in Def­
inition IG, so X  is C-TPC.

b) Take the base 380 of X. An arbitrary open refinement X' of 380 covering X  
is a subsystem of 380 of cardinality . In whatever way you order Í3, it has to contain 
an element V and an infinite subsystem %  of Y  such that each element of % 
precedes V. Now is not locally finite at 0£F, thus X is not O-TPC.

Ю  Example. A D-TPC but not C-TPC space. Let  ̂ be a limit ordinal and 
take the set
(1) X=co1X(Ç + 1) 

with the topology induced by the base

(2) 38 = 381{J382 
where
(3) 38i = {{(a,0)}: a€wl5 <5€£},

(4) 38г = {Я£: <5£ç}
and
(5) Bi =  {<«,{>}U{<0,у): 0€а + 1, ô£i).
Put
(6) L = «a, {>: a^cuj}.

Clearly, U38x= X —L, and the points of X — L are isolated in X.

(7) % =  {Bi: <5€£}

6 An ordinal number a is always regarded as the set of ordinal numbers smaller than a. In this 
example (and in Examples IN , lO  and IV as well), the ordinal numbers are considered without the 
order topology.
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is a neighbourhood base of the point (a, £)€-£. Observe that fora set (a (Loß), 
we have
(8) Fr U = /.-{<<*,£)} and Ü = UUL.

a) Consider now this space X  with7 ^=(o1. It will be shown that X  is D-TPC.
Let ^  be a base of X. For each there is a set Gx£& such that
(9) В?*> с С г с

with some and e(a)€<»!. (8) implies
(10) Fr Gx =  L -  «a, «íj)}, Gx = GXUL.
Put
(11) Ж  =  {G.: aÇcu,} 
and take the closed covering

(12) J? = j fU{{x}:  х е Х - 1 ) Ж} .

Obviously, S'  is a refinement of For each F^S' ,  Fr F  is a (perhaps empty) sub­
set of L (cf. (10)). Thus Fr F is dominated by the closed covering

{Fr (7on F r  F, FrGjDFrF},

and this covering of Fr F refines Fr eS. To prove that X  is D-TPC, it is enough to 
show that X  is dominated by S ' .

b) Let J*7,, be a subsystem of S'  and A d  U . Suppose that A is not closed 
in X. Then there is a point

X — (a, œ^Ç.A — A.

Since X is a limit point of A, there is a ß£a + l such that

ЛП(ШХац)

is uncountable (because (7) is a neighbourhood base of x  and a is countable). So, 
by (9)—(12), А Г!Gy is uncountable for each ß€y + 1 as well. At least one of 
the sets Gy (ß£y +1 €ш,) has to belong to .F0, as the other elements of S' cannot 
cover A (see (12)). For such a Gn G.,C\A is not closed. Hence X  is dominated by S ' .

c) It will be proved now that X  is not C-TPC. Let Я  be the base defined in
(2)—(5). Assume 3  is a refinement of Я  covering X. It is enough to show that 
3  is not locally finite.

d) Suppose that 3  is locally finite at (0, со!). Then there is a set D0d 3  with 
A ,n( {0} X ojj) uncountable and an a0Çc/j] such that D() d  BXif  3 2. If 3  is locally 
finite at (oío +  I,®!), then there is a set Dx£ 3  with ThPiflao+l }X(«i) uncountable 
and an oqCaq such that D1dB^1Ç:^ 2. Clearly, DxXD0. In this way, we define 
by induction a sequence {a„}„e<0 of countable ordinal numbers and a sequence 
{D„}ni(0 of different elements of 3 . Let ß£co1 be greater than each a„ (n£cu). Now 
{A. : ndco} is evidently not locally finite at <ß, coß). Thus X  is not C-TPC.

7 The same construction with £ =  co will be used in Example IV.
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I P  N o w  w e sh a ll g ive a  c h a ra c te r iz a t io n  o f  C -T P C  spaces . T h is  c h a ra c te r iz a ­
t io n  w ill e n a b le  u s  to  define  a n o th e r  g e n e ra l iz a t io n  o f  C -T P C , d if fe re n t f r o m  D -T P C .

I Q  Pr o po sitio n . A space X  is C -T P C  iff fo r each base 28 o f  X  there is a locally 
finite covering U  IF o f X  such that

(i) fS is a disjoint open refinement o f  28 ;
(ii) 2F is a closed refinement o f  F r  28 ;

(iii) u ^ n u ^ = 0 -

1R  R em a r k s , a )  T h is  c h a ra c te r iz a tio n  o f  C -T P C  seem s to  b e  s im p le r  th a n  
th e  o rig in a l d e f in it io n  (i.e. 1G  c o m b in e d  w ith  IF ) .

b ) C o n d it io n  (iii) c a n  be  d ro p p e d , s in c e  i f  У U 22 sa tisfies (i) a n d  (ii), th e n

a r u i ^ p r - u * ) ]

satisfies (iii) a s  w ell, (iii) h a s  b e e n  in c lu d e d  in  o rd e r  to  sim plify  th e  s t r u c tu r e  o f  J 5-.

I S  Pro o f of P roposition  IQ . a )  A s s u m e  th a t  fo r  a  b a se  28 o f  X, th e re  is a  
co v e rin g  sa tis fy in g  (i)— (iii). T h e n  Ж = (3\2Ж  is a  lo c a lly  fin ite  c lo sed
co v e rin g  o f  X  re f in in g  28. I f  HÇJF, th e n  ( F r  H } is, a cco rd in g  to  (ii) , a  lo c a lly  fin ite  
c lo sed  c o v e rin g  o f  F r  H re f in in g  F r  28. O n  th e  o th e r  h a n d ,  i f  НСУ, th e n  
F r f f c U # '  (b e c a u s e  o f  (i) a n d  s in ce  2IVMF is a  covering  o f  X ), th u s  Ж\Гг H  
is a  lo ca lly  f in ite  c lo se d  co v e rin g  o f  F r  H  re f in in g  F r  28 (cf. (ii)). T h u s  X  is C -T P C .

b )  S u p p o se  n o w  th a t  X  is C -T P C  a n d  le t  28 b e  a  b ase  o f  X. T h e n  X  h a s  a  w ell- 
o rd e re d  lo c a lly  fin ite  c lo sed  co v e rin g

^  =  { Q :  a < y }
su c h  th a t

(1) V a <  у 3 B^28, Cx c  Bx

a n d  ^  is a  b o u n d a ry - re f in e m e n t o f  28, i.e . f o r  e a c h  а с у ,  F r Cx h a s  a  lo c a lly  fin ite  
c lo sed  c o v e rin g  Жх re fin ing  F r  28. T a k e  n o w

w h ere

(2)

a n d

(3)

(§  =  {С а : а с у }

G . =  (Я . H i n t e . ) -  U  Gp 0? с  y)
ß<a

f ^ = # 1U ^ 2, J * i = u
a<y

2X2 =  {Ca П  F r  Ba : а с  у}.

It w ill b e  p ro v e d  th a t  r8  U Ж  is a  lo ca lly  f in ite  co v erin g  o f  X  s a t is fy in g  (i) a n d  (ii). 
T h u s , b y  I R b ) ,  th e  p r o o f  o f  P ro p o s i t io n  I Q  w ill be  c o m p le te ,

c) A ssu m e
(4) x Ç X -U C ^ U ^ ff

A s c o v e rs  X, th e r e  is a  sm a lle st a  su c h  t h a t  x£C a. I f  /? < а ,  w e  h a v e  x $ G ß, s ince
(2 ) im p lies

Gß c  in t  Cß cz Cß.
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F u r th e r ,  (4 ) g iv es  x $ G a , so
(5) х ^ Д ,  f l i n t  Ca.

O n  th e  o th e r  h a n d ,  b y  (3) a n d  (4 ) :

(6) x $ F r 2 ? a n i n t C a .
A c c o rd in g  t o  (5 ), (6) a n d  (1 ):

x í  B e r l i n t  Cx ю  C j f l i n t  Cx =  in t  Сл,

th u s  x € F r C a . JT a covers F r C a , s o  x f  U  J ^ i ,  i.e . 3 \ J ^  c o v e rs  X.
d ) 3  is lo c a lly  fin ite , s in c e  6 , с С а (oc<y) a n d  is  lo c a lly  finite. F o r  e v e ry  

a < y , Жх is lo c a lly  fin ite , a n d

U < c C ,  (a  <  ?),
th u s

{ U * ï

is lo c a lly  f in ite  a s  w ell, a n d  so  is to o . M o re o v e r , is ev id en tly  locally  fin ite .
e) I t  is  c le a r  fro m  (2) th a t  3  sa tis fie s  (i) (o b se rv e  t h a t  e a c h  Ga is o p e n  f o r  (3  

is lo c a lly  fin ite ).
f )  (3 ) g u a ra n te e s  th a t  SF s a tis f ie s  (ii).

I T  D ef in it io n . A  sp ace  X  is weakly totally paracompact (W -T P C ) i f  fo r  e a c h  
b a se  ЗЙ o f  X  th e re  is a  c o v e r in g  3 U lF  o f  X  su c h  th a t

(i) ^  is  a  d is jo in t o p e n  re f in e m e n t o f
(ii)  is  a  lo ca lly  fin ite  c lo s e d  re fin em en t o f  F r  36 \

(iii) U ^ n U ^  =  0-

Ш  R em a r k s , a) T h e  o n ly  d if fe ren ce  b e tw een  th e  d e f in it io n  o f  W -T P C  a n d  
th e  c h a ra c te r iz a t io n  IQ  o f  C -T P C  is th a t  3  is n o w  n o t  r e q u i re d  to  b e  lo ca lly  fin ite .

b )  A n  o b s e rv a tio n  s im ila r  to  I R b )  h o ld s  h e re , to o .
c) I t  is e v id e n t th a t  e a c h  C - T P C  sp ace  is W -T P C . O n  th e  o th e r  h a n d , th e re  

ex is ts  a  W - T P C  sp ace  w h ich  is n o t  C -T P C  (m o re o v e r, n o t  e v e n  D -T P C ).

IV  E x a m pl e . A W -T P C  but not D -T P C  space. T a k e  th e  sp ace  X  f r o m  
E x a m p le  lO ,  b u t  n o w  w ith  £ =  w . W e sha ll u se  th e  n o ta t io n s  in tro d u c e d  in  
1 0 (1)— 1 0 (8).

a )  L e t 8  b e  a  b ase  o f  X. P u t

3  =  {{x}: x $ L }
a n d

&  =  { £ -{ < 0 ,c u > } , L -{ < l,c t)> } } .

3  U S' c o v e rs  X. 3  ev id en tly  sa tis f ie s  lT ( i)  (w ith  S  in s te a d  o f  äti). S im ila rly  to  
1 0 (9 )— 1 0 (1 0 ) ,  o n e  c a n  ta k e  s e ts  E0 a n d  £ j  f ro m  S  s u c h  th a t

F r  Ei =  L — {(/, to)} ( / =  0 ,1 ) ,

th u s  3F is a  lo c a lly  fin ite  c lo se d  s y s te m  re fin ing  F r  3S, a n d  so  X  is  W -T P C .
b )  T a k e  th e  base  o f  X  d e f in e d  b y  1 0 (2 )  a n d  le t !F b e  a n  a rb i tra ry  c lo se d  

c o v e rin g  o f  X  re fin in g  'M. T o  p ro v e  th a t  X  is n o t D -T P C , i t  suffices to  sh o w  th a t  
X  c a n n o t  b e  d o m in a te d  b y  SF.

Studio. Scientiarum M athem aticarum  Hungarica 13 (1978)



400 J. DEÁK

c) W e define  se r ie s  x f X —L a n d  F flF  (/£cu) by in d u c tio n . L e t x 0 be  an  
a rb i tr a ry  p o in t  o f  a>x X {0} a n d  F qÇ J5" s u c h  th a t  .y0£ F 0. F o r  O^n^co, th e  se ts  
F] (i£n) d o  n o t c o v e r  o jt X  {«} (s ince  n o  c o u n ta b le  re finem en t o f  J$ c o v e rs  co1X {n}), 
so  th e re  is a  p o in t

*nÉ(û>iX{n})-(J F,
i€n

a n d  a  se t F „ £ ^  su c h  th a t  x ,f  F„. N o w  e a c h  Fk (к£ш) c o n ta in s  o n ly  a  fin ite  n u m b e r 
o f  th e  p o in ts  x„ ( « 6 со), th u s  (a s  X is a  T j-s p a c e )  A f ! F fc is c lo sed  f o r  e a c h  k£co, w h ere

F u r th e r ,  th e  su b sy s tem
A =  {.y„: n£cu}. 

=  {F*: fc€cu}

o f  co v e rs  A. O n  th e  o th e r  h a n d , A is n o t  c lo se d  in  X  (each  p o in t  xn c a n  b e  w rit te n  
in  th e  fo rm  (a(n),n) w h e re  oc(n)^ml ; ta k e  a  ß<zOjl g re a te r  th a n  e a c h  a  (и ); (ß, со) 
is n o w  a  lim it p o in t  o f  A). T h u s  d o e s  n o t  d o m in a te  X  a n d  X  is  n o t  D -T P C .

1W  R em arks, a )  W e d o  n o t  k n o w  i f  e v e ry  D -T P C  sp ace  is W -T P C . 
b )  W hile  E x a m p le s  I K  a n d  1L  a re  a s  g o o d  as  p o ss ib le  ( s e p a ra b le  m e tric ), 

E x a m p le s  1M , I N ,  l O  a n d  TV a re  n o t  H a u sd o rfif  spaces (1M  a n d  I N  a re  n o t even  
T j-s p a c e s ) . I t seem s to  b e  in te re s tin g  to  lo o k  fo r  ex am p les  s a t is fy in g  b e tte r  sep ­
a r a t io n  ax io m s.

I X  P ro po sitio n . A closed subspace o f  a regular hereditarily normal W -T P C  
space is W -T P C  as well.

1Y  R em ark . S im ila r  s ta te m e n ts  h o ld  f o r  th e  o th e r  g e n e ra l iz a t io n s  o f  T P C , 
see F re n c h  [ F r l ,  F r2 ],

1 Z  P roof of P ro po sitio n  IX . L e t A b e  a  c lo sed  su b sp a c e  o f  th e  h e re d ita r ily  
n o rm a l sp ace  X  a n d  le t 3 A b e  a  b a se  o f  A. T h en  X  h a s  a  b a s e  M su c h  th a t  
dtA =  381A a n d  fo r  e a c h  BÇ 3 ,

(1) AC]¥r В = ¥ г л {АПВ)

( th is  is q u ite  o b v io u s  f ro m  th e  h e re d i ta ry  n o rm a li ty  a n d  re g u la r i ty  o f  X, b u t  see 
a lso  F renc h  [F r2 ], L e m m a  5). T a k e  n o w  a  co v e rin g  a s  in  d e f in it io n  IT .
( 0 U IF)\A  is a  c o v e r in g  o f  A. 'S\A c le a r ly  sa tisfies  lT ( i)  (w ith  Э&A in s te a d  o f  ââ). 
(1 ) g u a ra n te e s  th a t  J 5- sa tisfies  lT ( i i) .  T h u s  A is W -T P C .

1A A  D efinition  ( D ow ker  [D o], see a ls o  [N l]  a n d  [P]). A  s p a c e  X  is totally 
normal i f  i t  is n o rm a l a n d  fo r  ev ery  o p e n  s u b s e t G o f  X, th e re  is a  c o v e r in g  ^  o f  G 
su c h  th a t  ^  is lo c a lly  fin ite  in  G a n d  c o z e ro  in  X.

IB B  E very  to ta lly  n o rm a l sp ace  is a  h e re d ita r ily  n o rm a l S x-space*  (fo r  th e  
p ro o f ,  see [P]). 8

8 A space X  is an S, -space if its T0-reflexion is a T,-space or, equivalently, if each open subset o f  
X  is the union of some closed subsets of X.
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I C C  D efinition (Lifanov a n d  Pasynkov [L P]). A  s p a c e  X  is pointwise totally 
normal9 i f  i t  is  h e re d ita r ily  n o rm a l  a n d  f o r  ev e ry  o p e n  su b s e t G o f  X, th e r e  ex is ts  
a  p o in t- f in ite  c o v e r in g  У o f  G s u c h  t h a t  <3 is co z e ro  in  X.

IDD C le a r ly ,  every  to ta lly  n o r m a l  sp a c e  is p o in tw ise  to ta l ly  n o rm a l. S ev era l 
th e o re m s  o n  to ta l ly  n o rm a l sp a c e s  h o ld  f o r  p o in tw ise  to ta l ly  n o rm a l sp a c e s  a s  
w ell10, see  Lifanov a n d  Pasynkov [LP] a n d  French [F r2], In p a r t ic u la r ,  ev e ry  p o in t-  
w ise to ta l ly  n o r m a l  space  is a n  S x-s p a c e  a n d  a  “ lo ca lly  fin ite  c lo se d  su m  th e o r e m ”  
h o ld s  f o r  I n d  in  po in tw ise  to ta l ly  n o r m a l  spaces .

1EE D efinition. A  sp ace  X  is strongly paracompact11 i f  a n  a rb i tr a ry  o p e n  
co v e rin g  o f  X  h a s  a  s ta r-f in ite  o p e n  re f in e m e n t c o v e rin g  X  (cf. [P] 2 .2 .8 ).

I F F  D efinition (Zarelua [Z 2], se e  a ls o  [P] 2 .2 .11 ). A  sp a c e  X  is completely 
paracompact i f  f o r  each  o p e n  c o v e r in g  f  o f  L  th e re  is a  c o u n ta b le  c o lle c tio n

{ f f :  i = l ,  2 , . . .}  o f  s ta r-f in ite12 o p e n  c o v e r in g s  o f  X  s u c h  th a t  !J %  h a s  a  su b c o v ­
e ring  re f in in g  Ql. i=1

1 G G  Proposition. Every completely paracompact space is <r-TPC .13

1 H H  R emark. Fitzpatrick a n d  Ford [F F ] p ro v e d  th e  w e a k e r  s ta te m e n t th a t  
e a c h  s t r o n g ly  p a ra c o m p a c t sp a c e  is O -T P C . T h e  p r o o f  o f  1 G G  is e ssen tia lly  
th e  sam e .

I l l  Example. A T P C  but not completely paracompact space. L e t X  b e  th e  h e d g e ­
hog  sp a c e  (s ta r - s p a c e )  w ith  sp in e s . X  is m e tr iz a b le  a n d  n o t  co m p le te ly  p a r a ­
c o m p a c t14 (s e e  [P] 2.3.16).

L e t n o w  J  b e  a  base  o f  X  a n d  Baf3A a  se t c o n ta in in g  th e  c e n tre  p o in t  o f  X. 
E ach  s p in e  is  a  c o p y  o f  th e  in te rv a l (0 , 1]. T h e re  is a n  £ > 0  su c h  th a t  B„ c o n ta in s  
(0 , e) o n  e a c h  sp in e . T h e  e lem en ts  o f  ЗА ly in g  in  / = ( e/2, 1] (o n  a  fixed  sp in e ) fo rm  
a  b a se  f o r  / ;  /  is T P C , so  th e re  is a  lo c a l ly  fin ite  su b sy s te m  o f  ЗА w h ic h  is a  c o v e rin g  
o f  / .  T a k e  n o w  su c h  a  co lle c tio n  f o r  e a c h  sp in e  a n d  a d d  B0\ in  th is  w ay  w e  g e t a  
lo ca lly  f in ite  su b sy s te m  o f  ЗА c o v e r in g  X, th u s  X is T P C .

§ 2. On the  coincidence of in d  and In d

T h e  c o in c id e n c e  o f  in d  a n d  In d  w a s  f irs t  p ro v e d  fo r  sp a c e s  w h ic h  a re
(i) com pact metrizable (Brouwer [B], 1924).

T h is  r e s u l t  w a s  la te r  e x ten d e d  to  la r g e r  c lasses  o f  sp a c e s :
(ii) separable metrizable (Hurewicz [H ], 1927);

9 Such a space is  called a  Dowker space in  [LP] and F r e n c h  [Fr2]. Our terminology is motivated 
by the expression “pointwise paracompact” sometimes used instead of “metacompact”.

10 Added in proof. Throughout this paper, “pointwise totally normal” could be replaced by the 
more general notion strongly hereditarily norma! introduced in Engelking’s Dimension Theory 
(PWN—North-Holland, 1978).

11 Or: X  has the star-finite property.
12 It does not change the definition if star-countable is substituted for star-finite.
13 Added in proof. 2.4. C. (b) in Engelking’s Dimension Theory.
14 A completely paracompact metrizable space is often called strongly metrizable.
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(iii) strongly paracompact metrizable (M orita [Mo], 1950);
(iv) completely paracompact metrizable (Zarelua [ZI, Z2], 1961);
(v) completely paracompact, totally normal (essentially contained in Zarelua 

[ZI, Z2]);1
(vi) T P C  metrizable (Ford [F], 1963) ;2
(vii) O -T P C  m e tr iz a b le  (F itzpatrick a n d  Ford [F F ], 1967);

(viii) (т-T P C , totally normal (N agami [NI], 1969);
(ix) C -T P C , to ta lly  n o rm a l (French [ F r l ] ,  1972);
(x) D -T P C , pointwise totally normal (French [Fr2], 1975).

T h e  fo llo w in g  d ia g ra m  show s th e  re la tio n s  b e tw e e n  th e s e  c la sses  o f  sp a c e s :

( v i i ) = >  ( i x )  = = >  (x)

T h u s  (x) is th e  m o s t g e n e ra l o f  th em . In  th is  se c tio n , w e p ro v e  a n o th e r  g e n e ra l­
iz a tio n  o f  (ix).

2A Theorem. I f  the space X  is W-TPC and pointwise totally normal, then 
ind  A '= ln d  X.

2B Proof. As pointwise totally normal spaces are S!-spaces, it is enough to 
prove that
(1) In d  X  S  in d  X.

W e p ro v e  (1) b y  in d u c tio n  fo r  in d  X. (1 ) is o b v io u s  i f  i n d A '=  — 1. S u p p o se  n o w  
th a t  л ё О ,  in d  X = n  a n d
(2) in d  Y с  n => In d  Y  <  и

h o ld s  fo r  e a c h  p o in tw ise  to ta lly  n o rm a l  W -T P C  sp ace  T . X  h a s  n o w , b y  th e  d efi­
n it io n  o f  in d , a  b a se  dS* w ith

(3) BÇ.&S* => in d  F r  Ä <  л.

F o r  e ach  B£dS*, F r  В is a  su b sp ace  o f  a  p o in tw ise  to ta lly  n o rm a l  sp ace , so  i t  is 
p o in tw ise  to ta lly  n o r m a l ;  F r  В is a  c lo sed  su b s p a c e  o f  a  W -T P C  h e re d ita r i ly  n o rm a l 
re g u la r  sp ace  (X  is re g u la r  b ecau se  it  is  a n  S * -space), so  F r  В  is  W -T P C , to o  ( IX ) . 
T h u s  (2) a n d  (3) g ive
(4 ) B£d$* => In d  F r  Æ <  и.

1 Katuta [К], 1966 rediscovered a weaker form of Zarelua’s result.
3 It is only an inference that Ford’s dissertation contains this theorem; we could not get hold 

of [F],
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T ak e  n o w  a  c lo s e d  su b se t Ф a n d  a n  o p e n  su b se t Г o f  X  s u c h  th a t  Ф с Г .  T a k e  
a n  o p e n  s e t  V  w ith  ФаУ  a n d  F c r F  a n d  le t  f c f *  b e  a  b a s e  o f  X  re fin in g  th e  
co v e rin g
(5) { r , X - V } .

L e t b e  a  co v e rin g  o f  X  a s  d e s c r ib e d  in  D e f in itio n  I T  a n d  p u t

lT =  i n t t ( r n U - ^ ) U U { G :  G<i<S, G a r } ] .
I t  is e a sy  t o  c h e c k  th a t  Фс: W a r  a n d

(6) F r W a \J 3 ? .
By lT (ii) ,
(7) # o  =  ^ | F r  W

is a  lo c a lly  f in i te  co v e rin g  o f  F r  W. F o r  e a c h  F g  J 5",,, F  is  a  c lo se d  su b sp ace  o f  so m e  
F r  B, w h e re  B£i$*aâ8, so  (4) im p lie s

(8) F Ç # ^  => In d  F  <  n.

N o w  3?0 is  a  lo c a lly  fin ite  c lo se d  c o lle c tio n  in  a  p o in tw ise  to ta lly  n o rm a l sp a c e , 
th u s

In d  U ^ o  =  SUP { Ind  F: F Ç # '„}

(F re n c h  [F r2 ] , L e m m a  8), a n d  f ro m  (6 ) , (7 ) a n d  (8) w e  h a v e  ln d  F r  W <n, so  (1) 
h as  b e e n  p ro v e d .

2 C  R emark. O n e  c a n  s im ila r ly  p ro v e  th a t  d im  A ^ i n d  X  fo r  a n  a rb i tr a ry  
n o rm a l W - T P C  sp a c e  X  (use [P] 3 .5 .1  a n d  4 .2 .9 ; cf. th e  p r o o f  o f  [P] 4 .5 .8).

§ 3 . Coincidence of in d  and In d  in some spaces with a nice subbase

In  o r d e r  t o  a s s u re  th e  c o in c id e n c e  o f  in d  a n d  In d  in  T P C  sp aces  (o r  in  so m e  
s im ila r c la s s  o f  sp ace s ), w e n e e d  a n  a d d it io n a l  p ro p e r ty  ( to ta l  n o rm a lity , f o r  in ­
s tan ce ), s in c e  in d  a n d  In d  m a y  d iffe r  e v e n  in  c o m p a c t T 2-sp a c e s  (F ilippov  [ F i l ,  F i2 ] , 
see a lso  [P ]). E. Deák [D 4, D 5] o b s e rv e d  th a t  a n o th e r  k in d  o f  a d d it io n a l p ro p e r ty ,  
n am e ly  th e  e x is te n c e  o f  a n  “ in d -игсе base”  is  su ffic ien t to  g u a ra n te e  th e  c o in c id e n c e  
o f  in d  a n d  I n d  in  T P C  sp aces . T h e  id e a  o f  n ice  b a se s  o r ig in a te s  fro m  K atëtov  
[K v], 1956  ( a l th o u g h  h e  d o es n o t  u se  th e  w o rd  “ n ic e ” , n o r  a n y  d e n o m in a tio n  a t  a ll) .

ЗА  D efinition (E . D eák [D 4 , D 5 ]). L e t d  b e  a  d im e n s io n  fu n c tio n . A  sy s te m  
У  o f  s u b s e ts  o f  a  sp ace  X  is d -nice i f  dX  is  fin ite  a n d  s i f  [У]к im p lies  d f l F r  s i ^  
s d X - k  f o r  \ ^ k ^ d X + \ .

3B  R emark. O u r  definition o f  nice systems is somewhat different from the 
original one, cf. [D *2] § 1.

3 C  W e  s h a l l  p ro v e  a  g e n e ra l iz a t io n  o f  a  re s u lt b y  E . D eá k  [D 4, D 5] :

3 D  Theorem, a ) [D*3] I f  X  is an A -T P C  S1-space with an in d -nice subbase, 
then in d  X = ]n d  X.
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b ) I f  X  is a normal S у-space, each o f  its closed subspaces is W -T P C  and X has 
an in d  -nice subbase, then ind  A'—In d  X.

3 E  T h e o re m  3 D b )  w ill be a  c o ro l la ry  to  a n  in e q u a lity  w e a re  g o in g  to  p ro v e  
(w h ich  w ill be  a p p lie d  to  a n o th e r  p ro b le m  in  § 4). F ir s t o f  a ll, w e  d efin e  tw o  d i­
m e n s io n  fu n c tio n s .

3F Definition [D *2]. F o r  a space X, sbd X ^ n  if X  has a subbase i f  with 
•sf£ [ £ f ] n+1 implying П s t f a  \J $ i  (//= — 1,0, 1, ...).

3G Definition. F o r  a  space  X, i n d v 3 f =  —1 iff X  is e m p ty ;  in d v  X ^ n  
(n = 0 , 1, 2 , . . . )  iff X  h a s  a  base  39 s u c h  th a t  in d v  U f o r  a n y  lo ca lly  fin ite  
c lo sed  re f in e m e n t 4> o f  F r  39.

3H Theorem. For an arbitrary space X, indv Z ësb d  X.

31 Remark. T h e  p r o o f  o f  3 H  is s im ila r  to  th a t  o f  [D *2] (3 .3 ) o r  [D*3] (2 .1 ), 
w h ic h  a re  c o ro lla r ie s  to  th e  p re sen t th e o r e m .

3J Proof of Theorem 3H . In  o r d e r  to  p ro v e  th e  th e o re m , o n e  h a s  to  sh o w
th a t
(1) sb d  X  ^  n => in d v  X  S. n (n  =  — 1, 0 , 1, . . .) .

L et «  b e  a  fixed in te g e r , n ^  — 1; s u p p o s e  s b d  X ^n  a n d  le t i f  b e  a  su b b a se  o f  
X  w ith
(2) д / £ [ У ] п+1=> f f s r f  c : \ J s f .

(cf. 3 F ) . W e  c o n s id e r  th e  s ta te m e n ts  ( * k ) f o r  O s fc S w  +  l :

{ i f  3F is a locally finite collection o f  closed sets in X  and i f  for each F3&7 
there exists a system .cf =  (£F)£[if]k with F c f l ^ -  Usd, then

in d v U ^ r ̂ n — k .

T o  p ro v e  th e  th e o re m , i t  is e n o u g h  to  s h o w  th a t

(3) (* /c  +  l ) = > ( * f c )  (0  ^ к Ш п ).

In d e e d , ( * и  +  1) is a n  im m e d ia te  c o n se q u e n c e  o f  (2), a n d , o n  th e  o th e r  h a n d , ( * 0 )  
im p lies  in d v  X ^n  ( t a k e  th e  c o lle c tio n  3 F = {X )  a n d  se t sd(X)=Q ), th u s  (1) 
fo llow s f ro m  (3).

T o  p ro v e  (3), s u p p o s e  ( * k + 1) h o ld s  (w ith  O ^ k^ n  fixed) a n d  le t i f  b e  a  c o l­
lec tio n  sa tis fy in g  th e  p re m ise s  o f  th e  im p lic a tio n  in ( * k ). T o  v e rify  (3), w e h av e  
to  p ro v e
(4) indv | J  n — k.
F u r th e r ,  (4 ) is tru e  i f
(5) indv {J&S.  n - k - l

is v a lid  fo r  a n  a rb i tr a ry  lo c a lly  fin ite  c lo se d  re f in em en t i£  o f  F r u ^ á ? ,  w h e re

<6) 39=Bif\\J3F
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(cf. 3 G ;  “ lo c a l ly  fin ite”  a n d  “ c lo s e d ”  a re  to  b e  u n d e rs to o d  in  \J!F, b u t  —  a s  U F  
is c lo se d  — ■ w e  m a y  ju s t  a s  w ell sa y  “ lo c a lly  fin ite  c lo se d  re f in e m e n t in  X ”).

N o w  w e  sh a l l  p ro v e  (5). F o r  e a c h  LÇj£f, th e re  is a  s e t BL£ŐS w ith

(7) L  c  F r UiSr BL (L Ç JF ).

F u r th e r ,  b y  (6 ) , th e re  is a  fin ite  su b c o lle c t io n  £8L o f  SF w ith

(8) B L =  n ^ n  \ J & .

T a k e  n o w  th e  c o lle c tio n

(9) ЗГ =  { L fT F rf ( 5 n F ) :  F<i&, LÇJ5?, S ^ L).

T h e  p r o o f  o f  th e  th e o re m  w ill b e  c o m p le te  i f  w e  sh o w

(a) 1 )Ж = и Ж ,
(b ) Ж  is a locally finite collection o f closed sets in X

an d

(c) fo r  each КС_Ж, there is a collection 8  =  8  (Ж)£[.9’]к+Х with k c  П 8  — U 8.

In d e e d , (b ) , (c ) , (* fc  +  l )  a n d  (a ) im p ly  (5). T h e  s ta te m e n ts  (a ) , (b ) a n d  (c) w ill be  
p ro v e d  in  th e  p o in ts  a ), b )  a n d  c) b e lo w .

a )  B y  (9 ) , ev e ry  К аЖ  is a  s u b s e t  o f  so m e  LÇJ£. th u s  i t  is  e n o u g h  to  sh o w  th a t  
a n  a r b i t r a r y  p o in t  x £ L Ç i?  b e lo n g s  to  UJf. x£L, (7) a n d  (8) im p ly

x Ç F r u H n ^ n U ^ ) ,
so  th e r e  is a  s e t  SÇ.SfL w ith

( a l )  x € F r u ^ ( s n U ^ ) -

N o w  ( a l )  g u a ra n te e s  th a t  th e re  is a  s e t  FcjF  w ith  

(a2) xÇ  F r f  (S  П  F)

( it is le f t  to  th e  re a d e r  to  p ro v e  (a2 ) . T h u s

x € Z , n F r f  ( S f l F )

w ith  so m e  F fiF , ScffL, a n d  (a ) h a s  b e e n  p ro v ed .

b )  O n e  c a n  verify  (b ) b y  a  s t r a ig h tfo rw a rd  a rg u m e n t.

c) T a k e  a  s e t К £Ж  su c h  th a t

( c l )  К  =  L lT F r F ( 5 n F )  0, F € jF , S^SfL.

W e h a v e  s u p p o s e d  th a t  &  sa tis fie s  th e  p rem ise s  o f  th e  im p lic a tio n  in  (* k ),  th u s
th e re  is a  s y s te m  л/Ç. [ f / f  w ith

(c2) F c r n ^ - U - ^ -
P u t

S  =  ^и{5}.
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By ( c l ) ,  SClF^Q. F u r th e rm o re , (c2) g ives F D lJ s / =  0, th u s  S ( f s i  a n d  <?€[У’]'1+1.
W e  a re  g o in g  to  sh o w  th a t

(c3) K c . Ç \ g - \J #

a n d  th is  w ill p ro v e  (c). A s  KczF, (c2 ) im p lie s  A T )\J s /= 0 ;  f u r th e r ,  A f ) 5 = 0  
(b e c a u se  S  is o p e n ) , so
(c4) KC\{J& — 0.

T a k e  n o w  a  p o in t  x£K  a n d  le t G  be  a n  a r b i t r a r y  o p e n  n e ig h b o u rh o o d  o f  л; in  X. 
T h e n , a c c o rd in g  to  ( c l ) ,  th e re  is a  p o in t

(c5) y Ç S D F r i G

a n d  a n  o p e n  n e ig h b o u rh o o d  Ga o f  y  in  X  w ith

(c6) Gt c  S  П  G.

F ro m  (c2) a n d  (c5 ), w e h a v e  a  p o in t

(c7) zeD -^ n G j .
N o w  (c6) a n d  (c7 ) give

zfEfl^nsnG = n^nG.

A s X w as  a n  a rb i t r a ry  p o in t  o f  К  a n d  G  w a s  a n  a rb i tr a ry  o p e n  n e ig h b o u rh o o d  o f  
X in  X, w e  h a v e  Kcz(~)$; th is  a n d  (c4) g iv e  (c3 ), th u s  th e  p r o o f  o f  th e  th e o re m  is 
co m p le te .

3K Proof of Theorem 3 D b ). A s  X  is  a n  Sx-sp ace , it  is e n o u g h  to  p ro v e  th a t  
I n d  X ë in d  X. A  h a s  a n  in d -n ic e  su b b a se , so  b y  [6 * 2 ] , P ro p o s i t io n  (4 .5 ), sb d  X^á 
S i n d  X. F ro m  th e  th e o re m  a b o v e , w e h a v e  in d v  X ^ s b d  X. F u r th e rm o r e ,  In d  X^â 
ë i n d v  X  fo llo w s  f ro m  4 F  a n d  P ro p o s it io n  4 G .

3 L  Remark. In  th e  p r o o f  o f  T h e o re m  3 D b )  (m o re  p re c ise ly : in  th e  p r o o f  o f  
[D *2], P ro p o s i t io n  (4 .5 )) w e m a k e  u se  o f  s o m e w h a t less th a n  th e  ex is ten ce  o f  a n  
in d -n ic e  s u b b a s e :  i t  is  e n o u g h  to  su p p o s e  th a t  th e re  is a  s u b b a s e  sa tis fy in g  th e  
c o n d it io n  in  D e f in itio n  ЗА  fo r  k = in d  A 4 - 1 o n ly . T h e  sa m e  r e m a rk  h o ld s  f o r  
T h e o re m  3 D a ).

§ 4. On the directional dimension

In  th is  se c tio n , w e p ro v e  a n o th e r  c o n se q u e n c e  o f  T h e o re m  3 H . F o r  th e  
co n v e n ie n c e  o f  th e  re a d e r , w e b eg in  w ith  so m e  d e fin itio n s  in s te a d  o f  ju s t  re fe rrin g  
to  th e i r  so u rc e s . A ll th e  d e fin itio n s  c o n c e rn in g  d ire c tio n s  a n d  d ire c tio n a l d im en s io n  
a re  d u e  to  E . D eá k  [ D l ,  D 2],

4A D efinition. A  direction o n  a  sp a c e  A  is a  lin e a rly  o rd e re d  fa m ily  â t= ( ß ,  < )  
o f  p a ir s  (G , F) w ith  G  a n  o p e n  a n d  F a  c lo s e d  su b s e t o f  X  s u c h  th a t

(i) G c F  fo r  e a c h  (G , F)£0l;
(ii) (G j,  F1)^ (G 2, F2) im p lie s  F1clG2;

(iii) y(â$)— {G: 3 F, (G , F)£0t} c o n ta in s  th e  u n io n  o f  an y  su b fa m ily  o f  i t ;
(iv ) 3 G, (G, X — H)£&t} c o n ta in s  th e  u n io n  o f  a n y  su b fa m ily  o f  it.
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4B D efinition. A  directional structure on a space X  is a system 9t of direc­
tions on X. 91 is compatible if

\ J { 3 ( ß ) V ) 3 e ( ß ) :  м е щ
is a subbase o f  X.

4C D efinition. T h e  directional dimension o f  a  s p a c e  X, d e n o te d  b y  D im  A , 
is th e  m in im u m  o f  th e  c a rd in a li t ie s  o f  th e  c o m p a tib le  d ir e c tio n a l s tru c tu re s  o n  X.

4D Remark. F o r  f u r th e r  d e ta i ls  o n  d ire c tio n a l s t ru c tu r e s ,  see E . D eák [D 2, D 6 ]. 
O u r  te r m in o lo g y  is so m e w h a t d if fe re n t f ro m  th a t  o f  E . D eák, b u t  D e fin itio n  4 C  
is  e q u iv a le n t  to  th e  o r ig in a l  o n e , c f. [D * l]  (0 .5).

4E D efinition (Egorov a n d  Podstavkin [E P ]). F o r  a  sp ace  X, D in d  X =  — l  
iff X  is  e m p ty ;  D in d  I ë /г («  =  0 , 1, . . . )  iff e a c h  f in ite  o p e n  co v erin g  o f  X  h a s  a  
(f in ite ) d is jo in t  o p e n  re f in e m e n t "V su c h  th a t

D in d  (X —{J V )  <  n.

4F I f  X  is n o rm a l, th e n  In d  W ^ D in d  X  [E P ] ; i f  X  is p e rfec tly  n o rm a l, th e n  
In d  A = D i n d  Л" [Е Р]. K ulpa [Ku] h a s  p ro v ed  t h a t  D in d  X — D in d  ßX  fo r  a n  
a rb i t r a ry  n o r m a l  sp ace  X.

4G Proposition. I f  each closed subspace o f the space X  is W -T P C , then 
D in d  -W s in d v  X.

4H Proof. ( In d u c tio n  f o r  in d v .) 4 G  is ev id en tly  t r u e  f o r  in d v X =  — 1. A ssu m e  
0. I n d u c t io n  h y p o th e s is :

(1) [in d v  Y <  n => D in d  F e n

fo r  a n y  s p a c e  Y  w ith  its  c lo se d  su b sp a c e s  W -T P C . S u p p o s e  n o w  in d v  X —n a n d  
le t Щ b e  a  f in ite  o p e n  c o v e r in g  o f  X  a n d  3t a  b a s e  o f  X  s u c h  th a t

(2) in d v (J

fo r  a n  a r b i t r a r y  lo c a lly  f in ite  c lo s e d  re f in em en t #  o f  F r  38. W e  m a y  su p p o se  w ith o u t  
lo ss  o f  g e n e ra l i ty  th a t  3d re f in e s  <?/. A s  X  is W -T P C , th e r e  is a  co v erin g  ЗХЗЗХ o f  
X  s u c h  t h a t  3  is  a  d is jo in t  o p e n  re f in em en t o f  38, 3F is a  lo ca lly  fin ite  c lo sed  re ­
f in e m e n t o f  F r  38 a n d

О ) и ^  =  х - и $ -

N o w  3  re f in e s  Ш a n d , a c c o rd in g  to  (2), in d v ( J 3F < n .  ( J 3F is a  c lo sed  su b s p a c e  
o f  X, t h u s  e a c h  c lo sed  s u b s e t o f  1 J # - is W -T P C  a n d  (1 ) im plies

(4) D in d  ( J  /I.

P ro p o s i t io n  4 G  fo llo w s f ro m  (3 ) a n d  (4).

41 D efinition (Mancuso [M ]). F o r  a  sp ace  X, in d c  X =  — 1 if f X  is e m p ty ;  
in d c  X = n  (и  =  0 , 1, . . . )  if f  f o r  e a c h  c o m p a c t su b s e t C  o f  X  a n d  o p en  su b se t G o f  
X  w ith  C a G  th e re  is a n  o p e n  se t H  su ch  th a t  C a H a G  a n d

in d c  F r #  <  n.
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4 J  T heorem , a )  [D*2] For an arbitrary space X, indc  X ^ D i m  X;
b ) [D *3] i f  X  is A -T P C , then I n d  Á T ^D im  X;
c) if  each closed subspace o f X  is W -T P C , then D in d  A '^ D i m  X.

4K R em a rk . 4 Ja )  a n d  b ) g en e ra liz e  a  th e o re m  by  E . D eák [D 3]. 4 J c) is a  g e n e ra l­
iz a t io n  o f  th e  firs t p a r t  o f  T h e o re m  (3 .4 ) in  [D*3].

4L P roof of T heorem 4 J c). By [D *2], P ro p o s itio n  (4 .3 ), s b d A '^ D i m A '.  
A c c o rd in g  to  T h e o re m  3 H , in d ^ Á f á s b d  X. P ro p o s itio n  4 G  g iv es  u s  D in d  X s  
^ i n d v 2f, th u s  D in d  Á T sD im  X.

4M R em a rk . A  th e o re m  s im ila r  to  T h e o re m  4J h o ld s  fo r  th e  h a lf -d ire c tio n a l 
d im e n s io n  D im in tro d u c e d  b y  th e  a u th o r  [D * l] , b u t o n ly  fo r  S 1-s p a c e s .
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O N  T H E  O R D E R  O F  C O N V E R G E N C E  O F  F I N I T E  E L E M E N T  
M E T H O D S  F O R  T H E  N E U M A N N  P R O B L E M

by
L. VEIDINGER

F in i te  e le m e n t  m e th o d s  f o r  N e u m a n n  ty p e  p ro b le m s  h a v e  b een  in v e s tig a te d  
recen tly  b y  m a n y  a u th o rs  (see , f o r  ex a m p le , [1]— [5]). I t  is  w e ll-k n o w n  th a t  fo r  s u c h  
p ro b le m s  th e  fu n c tio n s  a d m is s ib le  in  th e  a s s o c ia te d  v a r ia t io n a l  p ro b le m s  a re  n o t  
re q u ire d  t o  s a tis fy  an y  b o u n d a r y  c o n d it io n s  a n d  h e n c e  re g io n s  in  tw o  o r  m o re  
d im e n s io n s  o f  g en e ra l sh a p e  m a y  b e  t r e a te d  w ith o u t a n y  d ifficu lty . In  th e  p re s e n t 
p a p e r  w e  s h a l l  o b ta in  e r r o r  b o u n d s  fo r  so m e  fin ite  e le m e n t  m e th o d s  in  tw o  d i­
m en s io n s  u n d e r  w eak  re g u la r i ty  a s s u m p tio n s  o n  th e  b o u n d a r y  o f  th e  reg io n .

1. L e t R  b e  a  b o u n d e d  o p e n  p la n e  reg io n  w h o se  b o u n d a ry  C  co n s is ts  o f  a  
fin ite  n u m b e r  o f  p iecew ise a n a ly t ic  s im p le  c lo sed  c u rv e s . F o r  th e  sak e  o f  s im p lic ity  
w e sh a ll a s s u m e  th a t  th e  b o u n d a r y  C  c o n s is ts  o f  tw o  a n a ly t ic  a rc s  w h ich  m e e t a t  
th e  c o r n e r  A = ( 0 , 0 )  a n d  fo rm  a n  in te r io r  an g le  not ( 0 < a < 2 )  th e re . T h e  g e n e ra l 
case  c a n  b e  t r e a te d  in  th e  s a m e  w ay .

W e  c o n s id e r  th e  N e u m a n n  p ro b le m

( 1)

w here

Lu (x , y )  =  g(x, y ), (x , у  К  Я , 

du (x , y)
dN

o, (x , y ) e c ,

Lu
3 - k [ " (x’ у ) Ш + И н х - у ) Ш + Ы ь(х - y)ël 

+ Ы ф ' у)Ш ~ Я х -у)и

+

a n d  N  is th e  c o n o rm a l w ith  d ir e c tio n  cosines

cos (TV, x )  =  ^ [ a  cos (/?, x) +  b c o s  (n, y)], cos (IV, y) =  ^ [ b  c o s (n, x ) +  c c o s ( n ,  y)].

H e re  n is t h e  o u tw a rd  n o rm a l to  C  a n d

E  =  {[я c o s (n , x )  +  b c o s  ( n, y)Y +  [b co s (n , x )  +  c c o s  (n , y)]2}1/2. 

A t th e  c o r n e r  A w e re q u ire  t h a t

(2)
du _  du
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w h e re  Nx is th e  “ le f t-h a n d  c o n o rm a l”  a n d  N2 is  th e  “ r ig h t-h a n d  c o n o rm a l”  to  
th e  b o u n d a ry  C.

L e t th e  coeffic ien ts  a(x, y), b(x, y), c(x, y), f i x ,  y) a n d  th e  r ig h t-h a n d  side 
g ( x ,  j ’) b e  in fin ite ly  d if fe re n tia b le  in  R. S u p p o se  th a t  a t  all p o in ts  o f  R

(3 ) a£1 2 +  2bc;ri +  cti2 S  v (^ 2 +  >;2) (v =  co n st. »  0)

f o r  a ll rea l £, »/. M o re o v e r , w e a ssu m e  th a t  e i th e r  f i x ,  y )^ c 1> 0  o r  f ( x , y ) = 0 
(Cj is  a  p o s itiv e  c o n s ta n t) .

I f  f { x ,  th e n  th e  N e u m a n n  p ro b le m  h a s  a  u n iq u e  s o lu t io n  u(x, y).
I f  f ( x ,  y ) = 0  a n d
(4) J f  g(x, y )d x d y  =  0 ,

R

th e n  th e  N e u m a n n  p ro b le m  is s o lv a b le 1 a n d  th e  so lu tio n  is u n iq u e  to  w ith in  a n  
a d d it iv e  c o n s ta n t. In  th is  c a se  w e m a k e  th e  so lu tio n  u n iq u e  by  re q u ir in g  th a t

(5) f f u ( x , y ) d x d y  =  0.
R

L e t Q b e  an  o p e n  re g io n  in  th e  p la n e  o f  R. W e  d e n o te  b y  IL2(s)( ß )  th e  H ilb e r t  space  
o f  a ll  fu n c tio n s  w h ic h , to g e th e r  w ith  th e i r  g en e ra liz ed  p a r t ia l  d e r iv a tiv e s  u p  to  
th e  5 th  o rd e r , b e lo n g  to  L.fQ). T h e  n o rm  is g iven  by

W l * n =  2 N j , o >  where \v \ l a =  2  \\d ‘ 4 l 2w
J= «

у
H e re  w e u se  th e  n o ta t io n  i = ( i i ,  i2) , \ i \ = i , + i 2, I r = n . „ , .1 8 1 1  1 2 dx‘ldyl*

I t  is w e ll-k n o w n  th a t  u n d e r  th e  a b o v e  a s s u m p tio n s  th e  s o lu tio n  u(x, y)  o f  th e  
N e u m a n n  p ro b le m  (1 ) m in im ize s  th e  fu n c t io n a l

(6 )  f ( « ) = / / [ « ( ^ )  + 2 b s s r + c ( ^ )  + / » ‘ + 2 g

in  th e  sp ace  W^HR).

L emma 1. Let u(x, >') be the solution o f  the Neumann problem (1) and let

(7) x* =  kAx +  lAy, y* =  mAx + n Ay

be a linear transformation which transforms the operator L into the normal form  
at the point A = ( 0 , 0 ) .  Let /*= j/x2+ y 2. I f  the transformation (7 ) transforms the 
angle not ( 0 < a < 2 )  into an angle net.* ( 0 < a * « ; 2 ) 2, then for n =  0 , 1, . . .  we have

( 8) u { x ,y ) =  2  an
m0<——+p^n+l

f<p)r** ‘P(\og r )^ ,p  +  vv(x, y),

1 If f ( x ,y )  =  0 and f  J  g{x , y )d x d y ^ 0 ,  then the Neumann problem has no solutions.
R

2 It is easy to show that a* depends only on a, a(A ), b(A), c(A) and does not depend on the 
choice o f the transformation (7).
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where m is a positive integer, p  and c/m p are nonnegative integers, the coefficients
y

am,p((p) are infinitely differentiable functions o f  the polar coordinate (p =  a r c t g  — ,

0 i ,o = O , i f  (s an integer), <7 1>0 =  1, if  a* =  l ,  y , . . . ,  w(x, } f fW )n+2)(R).

T h is  le m m a  fo llo w s fro m  th e  re s u lts  o f  K o n d r a t ’ev a n d  W igley (see [6 ]— [8]).

2. W e  c o v e r  R b y  a  fin ite  n u m b e r  o f  a rb i t r a ry  re a l (n o n -c u rv e d )  tr ia n g le s  T 
su ch  t h a t  a n y  tw o  tr ia n g le s  a re  e i th e r  d is jo in t  o r  h a v e  a  c o m m o n  v e rtex  o r  a  c o m ­
m o n  s id e . W e  re ta in  o n ly  th o s e  tr ia n g le s  T  f o r  w h ic h

J У  dx dy  >  0 ,
гп к

i.e . f o r  w h ic h  T  a n d  R h av e  so m e  c o m m o n  a re a . D e n o te  b y  Mh th e  se t o f  tr ia n g le s  
c o v e rin g  R. T o  ev e ry  se t o f  t r ia n g le s  c o v e r in g  R  w e a sso c ia te  tw o  p a ra m e te r s :  
h, 9. h is  th e  la rg e s t  side  a n d  9 is th e  s m a lle s t a n g le  o f  a ll tr ia n g le s  T  o f  th e  g iv en  
se t Mh (see  F ig . 1). In  th e  seq u e l w e  a ss u m e  th a t

h c2 /i, 9 ^  90 >  0 ,

w h e re  It is  th e  sm a lle s t side o f  a ll tr ia n g le s  TdM h, ct a n d  90 d o  n o t  d e p e n d  o n  h. 
D e n o te  b y  R h th e  u n io n  o f  a ll t r ia n g le s  T fM h. W e  e m p h a s iz e  th a t  n e ith e r  c u rv e d  
tr ia n g le s  n o r  sp e c ia l tr ia n g le s  n e a r  th e  b o u n d a ry  a re  n ecessa ry  in  th e  N e u m a n n  
c a se ; th e  t r ia n g le s  T  a re  rea l a n d  a r b i t r a ry .  F o r  ex a m p le , w e m a y  c h o o se  a  re g u la r  
m esh  c o n s is t in g  o f  r ig h t isosceles t r ia n g le s  (see  F ig . 2 ) ; th is  m e sh  m a y  b e  e sp e c ia lly  
a d v a n ta g e o u s  in  p ra c t ic a l c o m p u ta t io n s .

L e t k ^ 2 ,  T f Mh a n d  le t Plt P2, P 3 b e  th e  v e rtic e s  o f  T. W e c h o o se  th e  fo llo w in g  
n o d e s  f o r  T:

(a )  th e  v e r tic e s  o f  T,
(b )  th e  k — 2 p o in ts  o n  e a c h  s id e  o f  T  t h a t  d iv id e  th e  side  in to  к — 1 e q u a l se g ­

m en ts , a n d
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Fig. 2

(c) j  (k — 3)(k — 2) d is tin c t p o in ts  in  th e  in te r io r  o f  T c h o se n  so  th a t  i f  a  p o ly ­

n o m ia l o f  d e g re e  к—4 v an ish e s  a t  a ll o f  th e m , th e n  it  v an ish e s  iden tica lly .
H e re  (c) a p p lie s  o n ly  to  k ^ 4  a n d  (b )  a p p lie s  o n ly  to  k ^ 3 .  D e n o te  b y  

Pi, P.., ..., P - th e  n o d es  o f  T. L e t
3*-3+— (*-2)(fc-3)

P l =  P ( P l) , P 2 = P (P 2), : . , P 3k_ 3+^ Hk_ 3) : P \P  1 )>V 3fc-3+— (fc-2)(fc-3)7

w h ere  p(Pfi is  a n y  re a l-v a lu e d  fu n c tio n  d e fin e d  a t  th e  n o d e s  Рц. L et p(x, y) b e  th e  
L ag ra n g e  in te rp o la t io n  p o ly n o m ia l o f  d e g re e  ^ k — 1 d e te rm in e d  b y  its  v a lu e s  
p„ a t  th e  p o in ts  Pfl.

D e n o te  by Hk_1(R) th e  se t o f  all fu n c t io n s  (d e f in ed  a n d  c o n tin u o u s  o n  R) w h ic h  a re  
e q u a l o n  e a c h  t r ia n g le  TdMh to  th e  c o r r e s p o n d in g  p o ly n o m ia l p(x, y). I t  is c le a r  th a t  
Hk-i(R)c:W2a)(R). T h e  s o lu tio n  u (x , y) o f  th e  N e u m a n n  p ro b le m  (1) is a p p ro x i­
m a te d  b y  th e  fu n c t io n  uh(x, j )  w h ich  m in im iz e s  th e  fu n c t io n a l (6) in  th e  sp a c e  
Hk̂ i(R). I f  f(x , y)^ck> 0, th e n  th e  e x is te n c e  a n d  u n iq u e n e s s  o f  uh(x,y) fo llo w s 
fro m  th e  in e q u a l i ty  (3). I f  / ( x ,  y)= 0 , th e n  uh(x, y) (ex is ts  a n d )  is u n iq u e  to  w ith in  
a n  a d d it iv e  c o n s ta n t .  T o  m a k e  uh(x, y) u n iq u e  w e im p o se  th e  c o n d itio n

(10) f f  uh(x, y ) dx dy =  0.
R

Lemma 2. Let T£Mh, v(x, y)(LW£k)(T) and define the interpolate p{_x,y) of 
V(x , y) by requiring that v(x, y)—p(x, y) vanish at all the nodes. Then

(11) \\v ~  P\\i,t — cskk~1\v\kT

where c3 is a positive constant which does not depend on the triangle T and the func­
tion r ( x ,  y).

F o r  a  p ro o f ,  see  [3], p . 146.
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L em m a  3 . Let Tf Mh and let p {x ,y )  be the Lagrange interpolation polynomial o f  
degree ^ k — 1 determined by the conditions p (P f)= p ß (/i =  l ,  2, 3Ar — 3 +
+ 0 ,5 ( f c —2 ) ( / ;  —3)). Then
(12) IP ll.T  =  ^4 Ртах 

and
(13) \\р\\ыт )^с5Иртах,

where p  m a x  \pß\, c4 and c5 are positive constants which do not
V  =  l , 2 , . . . , 3 k - 3 + d - ( k - 2 ) ( k - 3 )

depend on the triangle T and the parameters pß.

F o r  a  p ro o f ,  see [9], p . 404.

T h eo rem  1 . Let u(x, y) be the solution o f the Neumann problem (1) ( i f f  (x, >>) eh 0, 
then we assume that u(x, v) satisfies (5 ))  and let uh(x, y) be the function which mini­
mizes the functional (6) in the space Hk^1(R) ( if  f ( x ,y )  =  0 , then we assume that 
u,,(x, y) satisfies (10) J. Then
(14) I|m - mJ i ,r <  ce(ir  
and
(15) m ax  |ti(.v, y ) - u h(x, y )| <  c7h»* |lo g  Л |1/2,

(x,y)iR
where

1
i f  —  <  a* <  2 and a* ^  l.

ß*=<
— e, i f  a* =  1, — ,

if ----------------  —  CL <  -------

k - 1 “  2 ’

fc — 1, if  0  <  a* к — 1

or if  there are no corners, c6 and c7 are positive constants which depend only on k, the 
region R, the coefficients o f the operator L and the right-hand side g(x, y), e is any 
positive real number.

P r o o f . L e t th e  fu n c tio n a l D(v) b e  d e fin ed  b y

D ( v )= U H ^ Î + 2b ^ + c W i +fv2\ ‘‘ x d r

fo r  a ll  v(x, y)£fV2m (R) a n d  le t z(x, y)Z Hk- f  R). T h e n , u s in g  a  s ta n d a rd  te c h n iq u e  
(see, f o r  e x a m p le , [1], p . 6), w e c a n  ea s ily  p ro v e  th a t

(16) D (u —uh) ^ D ( u  — z).

I f  f ( x ,  y ) S c x> 0, th e n  f ro m  (16) i t  fo llo w s  im m e d ia te ly  th a t

(17) ^  с8 | | и - г | | 1>я,

w h e re  c8 is a  p o s itiv e  c o n s ta n t w h ic h  d e p e n d s  o n ly  o n  th e  coeffic ien ts o f  th e  o p e r -
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a to r  L. I f  / ( x ,  y ) = 0 ,  th e n  (17) fo llo w s f ro m  (16) b y  u s in g  th e  c o n d it io n s  (5), (10) 
a n d  th e  P o in c a ré  in e q u a li ty  (see, fo r  e x a m p le , [10], p . 488).

By L e m m a  1 w e  h a v e  fo r  n = 0 , 1, ...
— +

u (* ,  р ) =  2  am,p(<p)r*m P (lo g  r)«m,p + tv  (x , y ).
m0<— +p^n + J a*

B y th e  C a ld e ro n  e x te n s io n  th e o re m  (see, fo r  ex a m p le , [11], p . 171) th e re  ex is ts  
a fu n c t io n  H’„ ,( x ,  y)€W /2<" +2)(7?,,) su ch  th a t  wext (x , y )  =  w (x , y )  fo r  a ll (x , y)€7? 
a n d

( 1 8 )  llWextl ln +  2, Rh —  Co l l ' Vlln +  2 , R i
w h e re  c9 is a  p o s itiv e  c o n s ta n t  w h ich  d e p e n d s  o n ly  o n  th e  reg io n  R. L e t th e  fu n c ­
t io n  wext(x , y )  b e  d efin ed  b y

—+p
(19) u„t(x ,y )=  2  amtP{(p)r^ (lo g  г)»«. p + w„,(x,y)

m0«=-—-+p^n+l űt*

fo r  a ll (x , y)£Rh. W e d efin e  th e  in te rp o la te  Qhuen(x, y) o f  г/ех,(х , y) b y  re q u ir in g  
th a t  uexi(x, у ) —е ймех»(х, у)  v a n ish  a t  a ll th e  n o d e s . T h e n  fro m  (17) i t  fo llo w s  th a t

(20) ||и —Wjl.Ä — ^8II ̂ ext t?Â extlll,Kh’
D e n o te  b y  r(A, T) th e  d is ta n c e  fro m  th e  c o rn e r  A to  th e  tr ia n g le  T£M h. L e t u s  
f irs t c o n s id e r  a  tr ia n g le  T£M h f o r  w h ic h  r(A, 7 ' ) > r 1, w h e re  i \  is a  fixed  sm all 
p o s itiv e  re a l n u m b e r . S e tt in g  n = k  in  (19) w e  o b ta in  f ro m  th e  S o b o le v  e m b e d d in g  
th e o re m  (see , fo r  e x a m p le , [11], p . 32) th a t  i f  T£M h,r(A ,  7’) > / - 1, th e n

( i r t er  1 ° ' * =  ci0’

w h e re  /2), |г |= г 1+ / 2= /с  a n d  c10 is a  p o s itiv e  c o n s ta n t w h ich  d e p e n d s  o n ly
o n  th e  d a ta  o f  th e  N e u m a n n  p ro b le m . S u b s t i tu tin g  th is  in to  (11) w e  h av e

(21) II n exl -  Qh ut J Î ,  r  <  cn  A2* - 2 m es T,

w h e re  cn  is a  p o s itiv e  c o n s ta n t  w h ich  d e p e n d s  o n ly  o n  th e  d a ta  o f  th e  N e u m a n n  
p ro b le m . S u m m in g  (21) o v e r  a ll tr ia n g le s  TÇMh f o r  w h ich  r(A, T )> r 1 w e o b ­
ta in  th a t

(22) 2  ll“ext-0*«e,»llî,r =  0(A2*-2).
TÇ M h, r(A,  7 ' ) > r I

I f  ^  j < x * < 2  a n d  a * V  1, - y , . . . ,  ~j~^  > th e n  by  L e m m a  2 w e h av e

(23) =  О (A2*- 2

=  О (A“ - 2

2 H«ext-foM*xtll*r =
T £ M h, l l S r < . A , T ) S r l

2  (mes T ) [ r ( A ,  Г)]®*-2*) =
7’íM h,fcsrM ,Dár1

J J  r** dxdy) =  0 [ h ik~2 J  r*' dr} — 0 ( A1*),
h ^ r ^ r x h
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w here  r — У л'2 + .у 2- I f  a* =  1, L , . . . ,  -  , th e n  in  a  s im ila r  w ay  w e g e t
2  к  — 1

_2

(24) 2  l |W e * , - f t , " e X r  =  0 ( / O .
T €  M h , h ^ r ( A ,  Т ) ^ г г

I f  0 < o t * <   ̂ , th e n  se ttin g  n =  k  in  (19) w e fin d  t h a t  uext(x, y)€W£k)(GA),
rC--  1

w here  GA — {P £R h, O s r S / j }  a n d  b y  L e m m a  2 w e  h a v e

(25) 2  II U '« - e hueJ l T  =  o(,h*k-*).
T ^ M h, h ^ r ( A t T ) ^ r 1

(23), (2 4 ) a n d  (2 5 ) im ply  th a t

(26) 2  \Wcxt- QhUext\\î,T =  0 ( h2^ ) .
T ^ M h, h ^ r ( A t T ) ^ r x

Let u s  n o w  c o n s id e r  a  tr ia n g le  T £M h s u c h  th a t  r(A , T )^ h .  I f  l < a * < 2 ,  th e n  
fro m  (1 9 ) i t  fo llo w s  th a t

2

\uext- u ( A ) \ l T =  0 [  f f  /•*’ 2dxdy] =
O S r S h

(27)
h  - - Л  —

=  0 [ f  /•** dr) = 0 (h * ')
О

and
2

(28) \\ucM-u ( A ) \ \ l im  =  0 (h ^ +2).

O n th e  o t h e r  h a n d , i f  w e d e fin e  th e  in te rp o la te  p(x, y)  o f  u (x ,y )  b y  re q u ir in g  th a t  
u{x, y) — p (x , y )  v an ish  a t  a ll th e  n o d e s ,  th e n  b y  (12) a n d  (19 ) w e h a v e

(29) \u { A ) -p \1' T =  0 ( & ) .

F in a lly , f r o m  (13) a n d  (19) w e  o b ta i n  th a t

(30) \\u (A )-p \\Li(T) =  0 (h ^ +1).

(27), (2 8 ) , (2 9 )  a n d  (30) im p ly  t h a t  i f  T£Mh, r(A, Т)Ш/г a n d  l < a * < 2 ,  th e n

(31)

L et u s  n o w  c o n s id e r  th e  case  w h e n

l l« e * ,-P ll l.T  = 0 ( K ) .  

1
, .  ^ !< * < 1  a n d  a*9*-,r  . T h e n  f ro m  L e m m a  1к — 1 2

it fo llo w s  t h a t  th e  p a rtia l d e r iv a tiv e s  ^  a n d   ̂ ex is t a n d , c o n se q u e n tly ,
ox dy

3 If A: =  2, then this possibility is precluded.
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th e  c o n d it io n s  (2 ) c a n  b e  w rit te n  in th e  fo rm

, Jxdu(A) . Jxdu(A)
и (A) ■ sin CÛJ +  b ( A ) — , - ~  co s w x +

dx
(32)

an d

(33)

<)и(Л) . , ,  .лди(А)
+  p(A )— ^ — sin  (o1 +  c(A ) — — cosctij =  0

dy dy

. ,.du(A ) . , ,  ^du(A)
а (А) —к—  sin  o)2 +  b (A) —-— -  co s co2 +  ox dx

, . . .d u ( A )  . du (A)
+  b (A )—-— sin ш2 +  с(А )— 5— cosc « 2  =  0 ,

dy d y

w h ere  œ1 a n d  co2 a r e  th e  an g le s  w h ich  a re  fo rm e d  b e tw een  th e  л'-a x is  a n d  th e  ta n g e n ts  

to  th e  b o u n d a ry  a t  th e  c o rn e r  A. F ro m  (32) a n d  (33) w e o b ta in  th a t  —
du(A)

dy

dx

(34)

= 0 .  H e n c e , u s in g  (19), w e find  th a t  

dwcxt(A) dwext (A)
dx dy

F ro m  (34), u s in g  T a y lo r ’s  fo rm u la , i t  fo llo w s  th a t

=  0 .

(35 m a x
(x ,y ) g T

dwcxt(x, y) — n(U\ dwext(x, y)
dx (*.}>)€ T dy =  О  (A).

(19) a n d  (35) im p ly  th a t
2

1 « е * » - и ( Л ) 1 * т  = 0 [  f f [ r «* ~+h2] d x d y )  =  
отгшн

(36)
h  _2 2_

=  0 ( f r * *  dr +  Ri) = 0 ( h * '  +  hi).
0

F u r th e r ,  s ince  u(A )=w (A ), w e o b ta in  f ro m  (19) a n d  (35 ) th a t

(37) 1 |И ех«-и(Л )|||,(Г ) =  0 ( h * +2+ h °) .

On th e  o th e r  h a n d ,  u s in g  th e  re la tio n  u(A) =  w(A), T a y lo r ’s fo r m u la ,  (19), (35) 
a n d  (12) w e h a v e

2

(38) \u {A )-p \\>T =  0 { h * + l d ) ,

w h ere  p(x, y)  is d e fin e d  a s  in  (29). U s in g  (13 ) in  p la c e  o f  (12 ) w e  o b ta in

(39)
4 + i

M A ) - p \ \ l tiT) =  0 ( h "  + h 5).
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(36), (3 7 ) , (3 8 ) a n d  (39) im p ly  t h a t

(40) llu ext P\\l,T ~

o ( h * * ) ,

о т ,

F o r  a* =  l ,  —  w e  have

i f

i f

T < a

k - l
=  a

£

2 '

(41)
1

\ \ U ' „ - p h T  =  0 { h * ~ e),

w here  e is a n y  p o s itiv e  rea l n u m b e r . F in a l ly , i f  0 < a * < —— - ,  th e n  ue%t(x, y)^W^k) (GA) 
a n d  b y  L e m m a  2 w e o b ta in  th a t  —

(42) W "e«-P\\1,T  =  0 ( h k *).

I t  fo llo w s  f r o m  (9), (31), (40 ), (41 ) a n d  (42) th a t

(43) 2  \\И'Х1-в1,Чш\\1т =  0 ( h 2 ß * ) .
Г€Мь,0<г(Л,Г)</1

(22), (2 6 ) a n d  (43 ) im p ly  th a t

\ \ " ' U - Q h " e x l \ \ l , R h =  0 ( h ß * y

S u b s t i tu t in g  th is  in to  (20) w e  g e t th e  in e q u a lity  (14 ). T h e  in e q u a lity  (15) fo llo w s  
d irec tly  f r o m  (14 ) a n d  a  th e o re m  o f  V . P . I l ’i n  (see  [12], p . 101). T h is  c o m p le te s  
th e  p r o o f  o f  T h e o re m  1.

I n  t h e  sp e c ia l case  w h en  Lu =  Au — u a n d  th e  b o u n d a r y  is suffic ien tly  s m o o th  
th e  e s t im a te  (1 5 ) c a n  b e  s ig n if ic a n tly  im p ro v ed . D e n o te  b y  JT j^C R ) th e  B a n a c h  
sp ace  o f  a l l  fu n c t io n s  w h ich , to g e th e r  w ith  th e i r  g e n e ra l iz e d  p a r t ia l d e riv a tiv e s  u p  
to  th e  5 - th  o rd e r ,  b e lo n g  to  L^{R). T h e  n o rm  is g iv e n  b y

M L -,r =  max {||T>''y||i._(R)},|l|Ss
w h ere  i= ( h ,  z2), \i\ =  h +  i2- S c o t t  h a s  p ro v e d  th a t  i f  Lu =  Ли—и a n d  
u(x, y)£ W ^ (R ),  th en

г /i2 (log h\, k -  2 t
(44) llu — uaIIl„(R) <  C1 2 |^ k  kSz 3 j  llMll(l,~,Rx

w h e re  c12 is  a  p o s itiv e  c o n s ta n t w h ic h  d e p e n d s  o n ly  o n  к a n d  th e  reg ion  R (see  [ 5 ] ) .  
T h e  e s t im a te  (44) is p ro b a b ly  v a lid  fo r  m o re  g e n e ra l e ll ip tic  o p e ra to rs  (see  [13]) 
b u t  th e  s m o o th n e s s  a s s u m p tio n  o n  C  c a n n o t  b e  re la x e d . T h e  e x p e rim e n ta l re s u lts  
d u e  to  S t r a n g  a n d  F ix  (see [ 3 ] ,  p . 2 6 8 )  in d ic a te  th a t  th e  e s t im a te  ( 1 5 )  m ay  b e  o p tim a l  
in  th e  c a s e  w h e n  th e  b o u n d a ry  C  h a s  co rn e rs .

3 . I f  w e  w a n t  to  c o m p u te  a ls o  th e  p a r t ia l  d e r iv a tiv e s  o f  u(x,y), th e n  w e  h a v e  
to  u se  th e  H e rm ite  in te rp o la tio n  p o ly n o m ia ls  in t ro d u c e d  b y  K o u k a l  (see  [ 1 4 ] ) .  
A s in  th e  p r e v io u s  sec tion , w e c o v e r  R by  a  fin ite  n u m b e r  o f  a rb i tr a ry  rea l tr ia n g le s . 
W e a s s u m e  n o w  th a t  th e  c o rn e r  A is a  v e rtex  o f  a  t r ia n g le  T. L e t Рг , P2, P3 b e  th e  
v e rtic e s  o f  th e  tr ia n g le  TdM h a n d  le t P„ b e  th e  c e n tr e  o f  g ra v ity  o f  T. L e t 1=2,
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Pp = р ‘(Рц) (ß = 0 , 1 , 2 , 3 ) ,  w h e re  i= ( i\ ,  /2), p' is a n y  re a l-v a lu e d  fu n c t io n  defined  
a t  th e  p o in ts  Pß a n d  le t p (x ,y )  b e  th e  H e rm ite  in te rp o la tio n  p o ly n o m ia l o f  deg ree  
^ 2 / — 1 d e te rm in e d  b y  th e  c o n d itio n s

D‘p(Pj) =  p‘j ,  | i | 3 / - l ,  j =  1 ,2 ,3 ,

Dip(P0) = P i0,

w h e re  | i | = / i + / 2- D e n o te  b y  / 2,_ г(/?) th e  s e t  o f  a ll fu n c tio n s  d e fin e d  o n  R w h ich  
a re  e q u a l o n  e a c h  tr ia n g le  T£M h to  th e  c o r re s p o n d in g  p o ly n o m ia l p(x, >>). I t  is 
e a sy  to  sh o w  th a t  ^2/ -  x(R) а  И ^ Ч # ) -  T h e  s o lu t io n  u(x, y) o f  th e  N e u m a n n  p ro b le m  
(1 ) is a p p ro x im a te d  b y  th e  fu n c t io n  vh(x ,y )  w h ic h  m in im izes th e  fu n c t io n a l (6) 
in  th e  sp ace  I f  / (jc, j ) S c x> 0  th e n  th e  ex is ten ce  a n d  u n iq u e n e s s  o f  vh(x, y)
fo llo w s im m e d ia te ly  f ro m  th e  in e q u a lity  (3). I f  f ( x , y ) = 0, th e n  vh(x, y)  (ex is ts  a n d )  
is u n iq u e  to  w ith in  a n  a d d itiv e  c o n s ta n t. T o  m a k e  vh(x, y) u n iq u e  w e  im p o se  th e  
c o n d it io n
(45) f f  vh(x, y) d x d y  =  0.

R

In  th e  seq u e l w e  s h a l l  re s tr ic t o u rse lv es  to  th e  case  1=2 b u t  o u r  re s u lts  c a n  be  
p ro b a b ly  g e n e ra liz e d  to  a rb i tr a ry  /  (see [14]). W e sha ll n eed  th e  fo llo w in g  tw o  
lem m as .

L emma 4. Let T f Mh, v(x, y)£ W f f T )  (s =  3. 4) and let p (x ,y )  be the cubic 
polynomial determined by the conditions

p(P„) =  v{P„) 0 1 =  0 , 1, 2, 3),

dp(P fi _  dv(Pfl) dpIPfi _  dv(Pfi , _
dx dx ’ by dy V h

Then
l l » - p l l i , r  <  C13/ l S" 1 4 | s ,T

where c13 is a positive constant which does not depend on the triangle T and the func­
tion v(x, y).

F o r  a  p ro o f , se e  [4], p . 146.

L em m a  5. Let TdM h and let p\t= p i(Pf), where / = (zx, г2), | / | = / х +  /2 — 1 and 
p‘ is any real-valued function defined at the points Рц (p =  0, 1 , 2 , 3 ) .  L e t p(x, y) 
be the cubic polynomial determined by the conditions

Then

and

p{P„) =  p '0’0’ (m =  0 . 1, 2, 3)

dx

Ip Ii.t

IIp IIlj(T)

(P =  1,2,3).

s  СМ(р й ? ) +  Йр&®) + Л Р т « ))

S f i s M  Ртах* +  h Pin1»  } +  hp& î’),
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where
„ ( 0 , 0 )  _Ушах =  m a x  |^ ° - 0)|,

0,1,2,3 "
nd-0) _
Ушах =  д а х з | ^ - 0)|, „ ( 0 , 1 )Fmdx m a x  Ip 1'

/* =  1 ,2 ,3  ^
( 0 , 1)1

Cj4 and c15 are positive constants which do not depend on the triangle T  and the para­
meters p.

F o r  a  p r o o f ,  see [9], p . 403 .
U s in g  L e m m a  4 a n d  L e m m a  5 in  p la c e  o f  L e m m a  2  a n d  L e m m a  3, re sp ec tiv e ly , 

a n d  r e p e a t in g  th e  p r o o f  o f  T h e o re m  1 (see  a lso  [9]) w e  o b ta in  th e  fo llo w in g  th e o re m .

Theorem 2. Let и (x, y) be the solution o f the Neumann problem (1) ( i f f  (x, y )= 0 ,  
then we assume that u(x,y) satisfies (5 ) )  and let vh(x, y) be the function which mini­
mizes the functional (6) in the space I3(R) ( i f f ix ,  y) =  0, then we assume that vh(x, y) 
satisfies (4 5 )J .

Then
I|m - » J i , r <  сы ЬУ*

and

m ax  I и (x , y ) -v „ (x , y)\ <  c17h (log h\ 2 ,
(*,)9€Я

where
1

IF* if -y  <  oc* <  2 and a* 5̂  1, y ,

У* = '
l

£’ if
* , 1 1

“  = 1 ’ 7 ’ T ’

3, if a* <  —  or i f  there are no corners.

c16 and c 17 are positive constants which depend only on the region R, the coefficients 
of the operator L and the right-hand side g(x, у), г is any positive real number.
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O N  A  T R A N S F O R M A T IO N  P R O B L E M  O F  A U T O N O M O U S  
D IF F E R E N T IA L  S Y S T E M S  F R O M  S T A B IL IT Y  T H E O R E T IC A L

V IE W P O IN T

by

G. TÓTH

1. In tro d u c tio n

I n  t h i s  n o te  w e s tu d y  th e  t r ia n g u la r iz a t io n  p ro b le m  o f  a u to n o m o u s  d iffe ren tia l 
sy s tem

á'i  = / i O h ,
( 1)

=  / „ ( *  1, ■■■,Xn)

g iven  o n  a  d o m a in  w h e re , f ro m  n o w  o n , w e  sh a l l  su p p o se  th a t
/i>  fn£C *(T)  fo r som e fixed  y.~N[J {°=}. T he  w o rd  triangularization m ean s  th a t  
ty p e  o f  ( ^ - t r a n s f o r m a t io n  fo r  w h ic h  th e  tra n s fo rm e d  sy s te m  h a s  a  tr ia n g u la r  fo rm  
in  th e  n e w  v a r ia b le s  щ, иn:

«1 =  gi(ffi)

(2)
^2 — SizOhî uù  

Û„ =  gnO h, . . . ,U n).

T h e  s p e c ia l  fe a tu re  o f  th e  t r a n s f o r m e d  sy s tem  is th a t  i ts  c o m p o n e n t  e q u a tio n s  a re  
in d e p e n d e n t  f ro m  each  o th e r , i.e . i t  c a n  b e  so lved  su cce ss iv e ly  b y  so lv in g  a n  a u to ­
n o m o u s  a n d  n — 1 n o n a u to n o m o u s  d if fe re n tia l e q u a tio n s .

O u r  p r e s e n t  a im  is to  p o in t  o u t  so m e  c o n n e c tio n s  o f  th i s  k in d  o f  re d u c t io n  
w ith  s t a b i l i t y  p ro p e r tie s  o f  th e  in d u c e d  d y n am ica l sy s te m  <p o f  (1). I n  th is  w ay  w e 
o b ta in  s o m e  n ecessary  c o n d it io n s  a n d  n eg a tiv e  re su lts  f o r  th e  tr ia n g u la r iz a b i li ty . In  
th e  p l a n a r  c a se , how ever, th e r e  a r e  su ffic ien t c o n d itio n s , to o  (see [4]).

2. P re l im in a ry  n o tions and defin itions

O n  th e  d o m a in  T  th e  d if fe re n t ia l  system  in d u c e s  a  C  " -d y n am ica l sy s tem  
(p: R X T - r  fo r  w h ich  w e sh a l l  s u p p o s e  th a t  i t  is g lo b a l ly  d e fin ed . T h e  m a p p in g  
(p h a s  t h e  fo llo w in g  p ro p e r tie s  :

( 0  < p e c 4 R x n
( i i)  <p(t, cp(s, p)) =  (p(t+s, p) w h a te v e r  p£ T  a n d  t ,sd R ,

(iii)  (pi0 , - ) = i d r .
F o r  a n  a rb i tra ry  se t .УЯ R w e  sh a ll em p lo y  th e  n o ta t io n  

<P (S ,P ) =  M b p ) :  t£ S } .
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T h e  se ts  <p(R  + ; p) o r  </>(R _ ; p) o r  <p(R; p) a re  ca lled  p o s itiv e  o r  n e g a tiv e  h a lf -o rb it 
o r  o rb i t  s ta r tin g  f ro m  th e  p o in t  p í T ,  respec tive ly .

In  th e  th e o ry  o f  d y n a m ic a l sy s te m s  c e r ta in  spec ia l o rb i ts  p la y  a n  im p o rta n t 
p a r t .  T h e  o n e -p o in t o rb i ts  a re  c a lle d  c r itic a l a n d  i f  th e  p o in t  pd T  is  n o t  c ritica l a n d  
(p {t,p )= p  fo r  so m e  t > 0  th e  o r b i t  <p(R: p) is ca lled  p e r io d ic . C r it ic a l  p o in ts  a n d  
p e r io d ic  o rb its  a re  th e  c o n s ta n t a n d  p e r io d ic  so lu tio n s  o f  th e  d if fe re n tia l system
(1), respective ly .

W ith  each  p€_ T  w e  a ss o c ia te  th e  p o s itiv e  a n d  n eg a tiv e  l im it se ts  (p) an d  
L~ (p), resp ec tiv e ly , a s  fo llo w s:

K ( p ) =  n M R4; q ) -  R„; p)}> '/€{+, - } .

T h e  c o m m o n  p ro p e r ty  o f  c r itic a l p o in ts  a n d  p e rio d ic  o rb i ts  is t h a t  th e y  sa tisfy  th e  
re la tio n

(3) # ; p ) i W
A n  o rb i t  <p(R,p) is c a lle d  Poisson stable i f  (3 ) h o ld s . E sp e c ia lly , in  th e  p la n a r  case 
th e  c ritic a l p o in ts  a n d  p e rio d ic  o r b i ts  a re  th e  o n ly  P o is so n  s ta b le  o rb i ts  (see [1]).

A  se t M Q T  is ca lled  p o s i tiv e ly  o r  neg a tiv e ly  in v a r ia n t  i f  <p(R + ; M )Q M  
o r  (p(R _ ;  M )Q M  a re  v a lid , re s p . T h e  (p o s itiv e ly  a n d  n e g a tiv e ly )  in v a r ia n t su b - 
d o m a in s  o f  T  p e rm it  to  define  re s tr ic t io n s  o f  d y n a m ic a l sy s te m s  in  th e  u su a l w ay.

N o w  le t <p b e  a  d y n a m ic a l s y s te m  o n  th e  d o m a in  TQ  R ". W e  sa y  th a t  cp has 
the property As, s£N , i f  th e re  e x is t a  c o m p a c t p o s itiv e ly  in v a r ia n t  su b s e t К  o f  T 
a n d  a  fin ite  s e q u e n c e  p lf . . . ,p s+i£ K  o f  n o n c r itic a l p o in ts  s u c h  th a t

P i+ i^ L + (p i)
f o r  ev e ry  / = 1 ,

F in a lly , w e g ive  th e  d e f in it io n  o f  eq u iv a len ce . L et <p a n d  ф b e  C ’-dynam ica l 
sy s tem s o n  th e  d o m a in s  T a n d  S, re sp ec tiv e ly . A  C ’-d if fe o m o rp h ism

U: T -  S

is  c a lle d  C ’-eq u iv a len ce  b e tw e e n  <p a n d  ф i f

U(<p(t, p)) = ф(1, U(p))
fo r  ev ery  t£P  a n d p£T .

T h e  m a p p in g  U is a n  o r d in a r y  tr a n s fo rm a t io n  b e tw e e n  th e  c o rre sp o n d in g  
d iffe ren tia l sy s tem s o f  <p a n d  ф, re sp ec tiv e ly .

A  d iffe ren tia l sy s tem  (1) is  c a lle d  tr ia n g u la r iz a b le  i f  <p is C “-eq u iv a le n t to  
th e  C ’-d y n am ica l sy s tem  ф in d u c e d  b y  a  tr ia n g u la r iz e d  d if fe re n t ia l sy s tem  (2).

3. Necessary conditions for the triangularizability

O u r fu r th e r  in v e s tig a tio n s  a r e  b a se d  o n  th e  fo llo w in g

L emma. The differential system (1 ) can be transformed into the system (2) with 
some transformation

U = (u 1,...,u„): T — U(T)

Stuclia Scien tia ru m  M a th em a tic  a ru m  H u n g a rica  13 (1978)
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if  and only i f

(4)

and

n d u •
g .O l .  Ui) =  Д  •■•>*»)>

del jj*1......' j  *0о ( х г ,

i =  1, n

are valid fo r  the component functions ux, . . . ,u n on T.

Proof. S im p le  c a lc u la tio n .
T h e  m a in  re su lt o f  o u r  p a p e r  c a n  b e  s ta te d  a s  fo llo w s  :

Theorem. Let us suppose that the induced dynamical system o f the differential 
system  (1 ) has the property As. Then a necessary condition o f the triangularizability 
of  (1 ) is

s <  n.

Proof. Let us suppose that the differential system (1) can be transformed to 
a triangular form (2) by a CM ransformation

U =  Oh, . . . ,  u„): T -* U(T)

a n d  le t  s = n ,  i.e. w e c a n  c h o o s e  n o n c r i t ic a l  p o in ts  p lt  . . . ,p n+1d T  w ith

(5) P i+ i£ L +(pi)
fo r  e v e ry  i = l ,

L e t u s  c o n s id e r  th e  f irs t e q u a t io n  o f  th e  p a r t ia l  d if fe re n tia l sy s tem  (4). a lo n g  
ф (Л , Pi). T h e n

«i(0  =  giOh (О)

w h e re  ű1(t)  =  u1((p(t, p x)) f o r  e v e ry  t£  R. S o  th e  fo llo w in g  tw o  cases c a n  o c c u r :
I. T h e r e  ex is ts  a  n u m b e r  i* Ç R  f o r  w h ic h  g i ( ö 1( /* ) )  =  0. In  th is  c a se  th e  u n ic ity

o f  s o lu t io n s  im p lies  th a t  ö 1( í ) = ö 1( r * ) = c 1€ R  fo r  e v e ry  iÇ R . A ss u m p tio n  (5 ) im ­
p lie s  t h a t  pi) )= c 1 f o r  e v e ry  tÇ R  a n d  i —\ , . . . , n .

I I .  g1(ü1(t))9í0  fo r  e v e ry  t c R . T h e n  th e  f irs t e q u a t io n  o f  (4) c a n  b e  re ­
w r i t te n  in  th e  in teg ra l fo rm

(6)
y n d i  

a l  Ш

C o n d i t io n  (5 ) im plies t h a t  w e  c a n  c h o o se  a  se q u e n c e  (t„)„eN ^ R  w ith  lim  t n — °° 
so  t h a t  l im  <p(tn, p1)= p 2.П —► oo

A f te r  p e rfo rm in g  th e  s u b s t i tu t io n  tn =  t in  (6) w e c a n  ta k e  th e  c o r r e s p o n d in g  
lim its  w h ic h  lead s  to  th e  r e la t io n  lim  g x(ù1(t„))=0  a n d  so  g 1(u1(p2))= 0 . T h e re fo reП-poo
Mx(<p(t, p 3) ) = c 1Ç R  fo r e a c h  R.

S u m m a r iz in g  th e  re s u lts  o f  th e  tw o  cases  w e c a n  s ta te  th a t

Mi(<Vif, p;)) = c1
fo r  e v e ry  i £ R  a n d  / S 2 .
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R e p e a tin g  th e  p re v io u s  re a s o n in g s  fo r  th e  se c o n d  e q u a tio n  o f  (4 ) a lo n g  th e  
o rb i t  <p(R; p 2) :

Щ ( ! )  =  g 2( « i ( 0 ,  « a (0 )  =  g a (c i , ù , ( l ) )  

w h ere  u2( t)= u 2((p(t,p2)), t£R , w e o b ta in  th a t

u2((p(t, pú) =  c2
fo r  every  16 R  a n d  i s 3.

A fte r  th e  и- th  s tep  w e  o b ta in  th a t  th e  t r a n s fo r m a t io n  U m a p s  th e  o rb i t  
<p(R; pn + 1) to  a  p o in t  (c1; c„) w h ic h  is c o n tra d ic t io n .

S ince e v e ry  P o is so n  s ta b le  tra je c to ry  h a s  th e  p ro p e r ty  As f o r  a n y  s€  N  w e 
o b ta in  :

Corollary 1. The differential system (1) is not triangularizab/e i f  its induced 
dynamical system has a noncritical Poisson stable orbit.

T h e  P o is so n  s ta b il ity  o f  p e r io d ic  o rb i ts  im p lie s  a  s im p le  c o n se q u e n c e  a s  fo llo w s:

Corollary 2. I f  the differential system  (1) has a periodic solution then it is 
not triangularizable.

T h e re  a re  m a n y  p h y sica l e x a m p le s  fo r  o sc illa tin g  sy s tem s w h ic h  c a n  b e  d e sc rib ed  
b y  s e c o n d -o rd e r  a u to n o m o u s  d if fe re n tia l e q u a tio n s . P e rh a p s  th e  m o s t  im p o r ta n t 
is th e  v an  d e r  P o l e q u a tio n

x + p ( x 2— l ) x + x  =  0, p  >- 0

w h ic h  h a s  a  u n iq u e  lim it c irc le  (see [3]) a n d  th e re fo re  it is n o t  tr ia n g u la r iz a b le .
T h e re  is a n o th e r  a p p lic a t io n  o f  T h e o re m  1 w h ic h  e n lig h ts  th e  c o n n e c t io n  b e ­

tw een  th e  c r i tic a l p o in t  se t a n d  th e  n o tio n  o f  tr ia n g u la r iz a b i l i ty  a s  fo llo w s :

Theorem 2. Let <p be the induced dynamical system o f  (1) on the domain T. 
Further let K Q T  be a compact positively invariant subset of T such that for every 
non critical point />6 К

c a rd  (L + (p ))  È 2 .

Then one o f the following statements is valid:
(a) К consists o f critical points or К contains a critical point set with cardinal­

ity 2 Х» ;
(ß) The differential system  (1 ) is not triangularizable.

P roof. L e t u s  su p p o se  t h a t  th e re  ex is ts  a  n o n c r i t ic a l  p o in t  p t in  K. F ro m  th e  
co m p a c tn e ss  o f  К  it  fo llo w s  t h a t  Lfp (pf)Q_K a n d  so  c a rd  (L£ (/? ,))= ; 2. S ince 
L £(pi)  is c o n n e c te d  (see [1]) e i th e r  ev ery  p o in t  o f  L^(pf) is c r i t ic a l  a n d  so  
c a rd  ( L + ( p 1) ) = 2 so o r  th e re  is a  n o n c r itic a l p o in t  /?26 Т +  (/;().

T h e  v e rif ic a tio n  can  b e  a c c o m p lis h e d  b y  a  successive  a p p lic a tio n  o f  th e  p re ­
v io u s  re a so n in g s . If, a f te r  th e  и - th  s te p  th e  se c o n d  a lte rn a t iv e  is s till v a lid  th e n  
ip h a s  th e  p ro p e r ty  A" a n d  h e n c e  th e  d if fe re n tia l sy s tem  (1) is n o t  tr ia n g u la r iz a b le .

Example 1. L e t u s  c o n s id e r  o n  th e  (c a n o n ic a lly  p a ra m e tr iz e d )  tw o -d im e n s io n a l 
to r u s  T  th e  d if fe re n tia l sy s tem

•Xj =  1, x 2 =  a
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w h e re  a(E R  is  a n  ir ra tio n a l n u m b e r .  T h e n  ev ery  o rb it is d e n se  o n  T  a n d  h e n c e  th e  
sy s tem  is  n o t  tr ia n g u la r iz a b le .

Example 2. Let us consider the second-order half-linear equation

(7) x +  h (x , x )  =  0

fo r  w h ic h  / i € C a (R 2) a n d
h(Àx1, Àx2) =  x 2)

fo r  e v e ry  a€R a n d  (xx, x2)£R2.
I f  w e  p e r f o rm  th e  t r a n s fo r m a t io n

/  4 _  *1
Л2

u2(x1,x 2) =  x2,

w e o b ta in  th e  tr ia n g u la r iz e d  fo rm

u x =  1 +  tq  h ( i q , 1), 

fi 2 =  —u2h(u1, 1).

In  s p i te  o f  th i s  fa c t th e  e q u a t io n  (7 ) m a y  h av e  p e rio d ic  s o lu tio n  ( i f  / i (x 1, x 2) =  x 1 
fo r  in s ta n c e )  b u t  o u r  t r a n s fo r m a t io n  is  n o t  a  d iife o m o rp h ism .
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O P E R A T O R S  W IT H  T H E  S P E C T R A L  D E C O M P O S I T I O N  
P R O P E R T Y  A R E  D E C O M P O S A B L E

by
B. NAGY

In  a  r e c e n t  p a p e r  [4] E rdélyi a n d  L a n g e  h av e  s tu d ie d  o p e ra to rs  w ith  t h e  
sp e c tra l d e c o m p o s it io n  p ro p e r ty  ( a b b r e v ia te d  S D P ), a n  a p p a r e n t  g e n e ra liz a tio n  o f  
th e  d e c o m p o s a b le  o p e ra to rs  in  th e  s e n s e  o f  Foia§ [5]. In  th i s  n o te  w e p ro v e  th a t  
th e  tw o  c la s s e s  o f  o p e ra to rs  a c tu a l ly  c o in c id e . T h is  w ill a n s w e r  P ro b le m s  4, 5 a n d  
7 o n  p . 115 in  [3], im p ro v e  o n  a  r e s u l t  o f  Foia§ [6, p . 1545], a n d  p ro v id e , a p p a re n t ly ,  
th e  m o s t  n a tu r a l  defin ition  o f  a  d e c o m p o s a b le  o p e ra to r .

In  w h a t  fo llo w s  o p e ra to r  w ill m e a n  a  b o u n d e d  lin e a r  _ o p e ra to r  o n  a  B a n a c h  
sp ace  X  o v e r  th e  com plex  field  C . F o r  a n y  su b se t H  o f  C , H  is its  c lo su re  a n d  H c 
is its  c o m p le m e n t .  F o r  a n y  o p e r a to r  T, a(T)  a n d  о (T)  d e n o te  its  sp e c tru m  a n d  
re s o lv e n t s e t ,  respective ly , a n d  T\ Y  is  its  re s tr ic tio n  to  th e  T -in v a r ia n t s u b s p a c e  
( = c lo s e d  l i n e a r  m an ifo ld ) Y. T  is  s a id  to  h av e  th e  s in g le -v a lu e d  e x te n s io n  p r o p ­
e rty  (S V E P )  i f  fo r  an y  h o lo m o rp h ic  fu n c t io n  /  th e  r e la t io n  (z — T ) f ( z ) = 0  im ­
p lies / ( z )  = 0  o n  its  d o m a in . I f  T  h a s  th e  S V E P  a n d  x  b e lo n g s  to  X,  th e n  o(x) 
d e n o te s  t h e  u n iq u e  m ax im al o p e n  s e t  in  C  o n  w h ich  a  (n ece ssa rily  u n iq u e )  h o lo ­
m o rp h ic  f u n c t io n  X exists th a t  sa tis f ie s

(z  — J ) x ( z )  =  X fo r  zÇ£>(x).

W e se t о ( x )  =  q( x ) c a n d  X ( F ) =  {xOX:  < r (x )c  h)  fo r  a n y  F a C . A  T - in v a r ia n t 
su b s p a c e  F  o f  X  is sa id  to  b e  s p e c tra l  m a x im a l fo r  T  [2, p . 18] i f  fo r  a n y  T-in v a ri a n t  
su b s p a c e  Z  o f  X  th e  re la tio n  a ( T \ Z) c z o ( T \  Y)  im p lie s  Z c F .

L e t и  b e  a  po sitiv e  in teg e r. T h e  o p e ra to r  T is c a lled  и -d e c o m p o sa b le  i f  f o r  a n y  
o p e n  c o v e r in g  (G 1; . . . ,  G„) o f  o(T)  th e r e  a re  sp ec tra l m a x im a l su b sp a c e s  T , , . . . ,  Yn 
fo r  T  s u c h  t h a t

*  =  П  +  ... +  F,,,

<т(Г |У ,) c  Gi fo r  i =  1, . . . ,  n.

T is c a lle d  d e c o m p o s a b le  i f  T  is  и -d e c o m p o sa b le  fo r  ev e ry  p o s itiv e  in teg e r и [2, p . 30]. 
F o llo w in g  E rd é ly i a n d  L an g e  [4], T  is  sa id  to  h av e  th e  S D P  i f  T  sa tisfies th e  d e fin i­
t io n  o f  2 -d e c o m p o sa b ility  w ith  “ s p e c t r a l  m a x im a l”  re p la c e d  b y  “ in v a r ia n t” .

T h e o r e m . I f  the operator T  has the SDP, then T is decomposable.

P r o o f . E rd é ly i a n d  L a n g e  h a v e  sh o w n  th a t  ev e ry  o p e r a to r  w ith  th e  S D P  h a s  
th e  s in g le -v a lu e d  ex ten s io n  p r o p e r ty  [4, T h e o re m  8]. N o w  w e p ro v e  th a t  f o r  an y  
c o m p a c t  s u b s e t  F  o f  C  th e  m a n ifo ld  X(F)  is c lo sed  in  X  a n d  th e re fo re , b y  [2, P r o p ­
o s i t io n  1 .3 .8 ], X(F)  is a  s p e c tra l  m a x im a l su b sp ace  f o r  T.
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L et v£Fc a n d  le t 3d d e n o te  th e  d is ta n c e  b e tw e e n  v a n d  F. L e t D(a, r ) d e n o te  
th e  o p en  d isk  in  C  w ith  c e n te r  a a n d  ra d iu s  r, a n d  se t

C x =  G j( r )  =  D (v, d)c a n d  G 2 =  G2(v) =  D(v, 2d).

S in ce  Г  h a s  th e  S D P  a n d  Gl \JG2=C ,  th e r e  a re  ^ - in v a r ia n t su b s p a c e s  
su c h  th a t

( 1)
cr ( 7 j  Y,) c  G, f o r  i =  1,2, 

X =  Yt +  Y2.
L et x£X(F),  th e n

Yi=Y,(v)

X =  У1 + У 2 w ith  y ,€ F ,  ( / =  1, 2).

S in ce  i r ( r ) c f  a n d  a(yJ)aa(T\ f 2) c G , ,  w e  o b ta in  th a t  e r O ^ j c F U G a .  H en ce  

* 0 )  =  Pi(z)+y2(z) fo r  z£FcC\Gc2.

L e t H  be  a  b o u n d e d  C a u c h y  d o m a in  [9, p . 288] su c h  th a t  F czH  a n d  H c ( G 2)c. 
L e t В d e n o te  th e  po sitiv e ly  o r ie n te d  b o u n d a r y  o f  FI a n d  p u t  k = (2n i)~ 1. T h e n  
<r(y2) c G 2 im p lie s  J y 2( z ) d z = 0, hence

В

X = к f  (z — T)~1x d z = k  [x(z)dz  = k f  y x(z )  dz.
1*1—174+1 в в

W e sha ll s h o w  th a t  y[(z)^Y1 fo r  e v e ry  z£B. By (1) th e re  e x is t m ap p in g s  
gi : 5 — F j ( / = 1 ,  2 ) s u c h t h a t

ЛОО = gi(z) + g2(r).
A p p ly in g  z —T w e  o b ta in

yi~(z—T)gi(z) =  {z — T)g2 (z)Ç.Y1C)Y2,
fo r  th e  left side  is in  Yx a n d  th e  r ig h t s id e  is in  Y2. S in ce  zf B, z b e lo n g s  to  th e  p r in ­
c ip a l c o m p o n e n t o f  th e  re s o lv e n t se t q(T\ F 2). B y a  re s u lt o f  Scroggs [8, C o ro lla ry  
4 .1], z also  b e lo n g s  to  ß (F [  Т ^ П  T 2). H e n c e  th e re  ex is ts

h (z )  =  (z — Л Y, П Y2)"Hz -  T) g 2 (z)
a n d  b e lo n g s to  Y1(1Y2. W e h a v e

( z -T \Y 2)(g2(z)-h(z ))=0.
S in ce  z —T I F 2 is in jec tiv e , w e o b ta in  th a t

g ,( z )  =  h ( z ) e Y 1.

H e n c e  yi(z)£ Yt f o r  every  z Ç В a n d  th e re fo re  x£Y1 =  Y1(v). C o n se q u e n tly , w e h av e

а д с П { В Д :  i> €F c}.

D e n o te  th e  in te rse c tio n  o n  th e  r ig h t s id e  b y  Y  a n d  let yÇ Y. T h e n  fo r  every

c  G 1(v).
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H ence (г(у)а  П  {GX(V): v£Fc} = F  a n d  X(F) = Y. B ein g  c lo sed , X(F) is a  sp e c tra l  
m ax im a l s u b s p a c e  fo r  T.

N o w  le t  ( # j ,  H2) b e  a n  o p e n  c o v e rin g  o f  <т(Г) a n d  le t Ylt Y2 b e  Г - in v a r ia n t 
su b sp a c e s  o f  X  s u c h  th a t

Fi =  a{T\Yd c  Ht ( i  =  1, 2) a n d  X  =  Yt +  Y2.

T h e n  X ( Ft) a re  sp e c tra l m a x im a l su b sp a c e s  s u c h  t h a t  (r(T\X(Fi))=Fi a n d  
Yi<zX(Fi) f o r  / = 1 , 2 ,  h e n c e  X = X (F 1) +  X(F2). T h u s  T  is 2 -d eco m p o sab le , a n d  
a  r e c e n t r e s u l t  o f  Radjabalipour [7] y ie ld s th a t  T  is d ec o m p o sa b le . T h e  p r o o f  
is c o m p le te .

N o w  le t  Z  d e n o te  a  fa m ily  o f  c lo se d  su b se ts  o f  C , w h ic h  c o n ta in s  th e  c lo su re s  
o f  a ll o p e n  s u b s e ts  o f  C . W e a k e n in g  a  co n c e p t d u e  to  Apostol ([1, p . 1495], cf. 
a lso  [6, p . 1540]), w e give th e  fo llo w in g

Definition. T h e  o p e ra to r  T  h a s  th e  sp e c tra l p re c a p a c i ty  E  w ith  d o m a in  Z  
i f  E  is a  m a p p in g  o f  Z  in to  th e  fa m ily  o f  Г - in v a r ia n t  su b sp a c e s  o f  X  su c h  th a t
(i) i f  (G 1; G 2) is a n  o p e n  c o v e r in g  o f  C , th e n

X  = £ ( (? ! )+ £ (G 2),

(ii) i f  F  b e lo n g s  to  Z , th e n  o(T\E(F))czF.

T h e  p re v io u s  p r o o f  th e n  y ie ld s  th e  fo llo w in g  p a r t ia l  e x te n s io n  o f  a  re s u lt  o f  
Foia§ [6, p . 1545].

Corollary. I f  T has the spectral precapacity E, with domain Z, then T  is de­
composable, and for any F in Z

E(F ) c  X(F) = r \{E (G fv )) :  v£F '}

(here G fv )  means the same as in the proof above).

W e  n o te  th a t  i f  T  is d e c o m p o s a b le  th e n  th e  m a p p in g  E„, d e fined  by

E0(F) =  X(F)  fo r  F c lo se d  in  C ,

is a  s p e c t r a l  p re c a p a c ity . A c tu a lly , E0 is th e  u n iq u e  s p e c tra l  c ap a c ity  [6] p o sse sse d  
b y  T. H o w e v e r ,  even  th e  id e n t i ty  o p e ra to r  /  h a s  d if fe re n t sp e c tra l p re c a p a c itie s . 
In d e e d , f o r  a n y  c lo sed  se t F d efin e

E fF )  =  {0} i f  1 is a  b o u n d a ry  p o in t  o f  F,

=  X(F)  o th e rw ise .

T h e n  I  h a s  th e  sp e c tra l p re c a p a c i t ie s  Ek ( k = 0, 1), b o th  ev en  sa tis fy in g  th e  r e la t io n  
(cf. [6, p . 1545]) ( f -! П f 2)  =  ̂ ( f i ) П ( Г )  fo r  a n y  c lo se d  se ts Flt F2.
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R E S ID U A T IO N  G R O U P O ID S  A N D  L A T T IC E S

by
B R U N O  B O S B A C H

0 . T h is  p a p e r  is w rit te n  in  a  s e lfc o n ta in e d  m a n n e r . N o  sp ec ia l k n o w led g e  is  
ex p ec ted  b e s id e s  so m e  fa m ilia r i ty  w ith  b a s ic  n o tio n s  a n d  ru le s  o f  g en era l a lg eb ra . 
In  sp ite  o f  th i s ,  h o w ev e r, s in ce  th e  re s u lts  p re se n te d  h e re  h a v e  c lose  c o n n e c tio n s  
to  th e  th e o r y  o f  c o m p le m e n ta ry  s e m ig ro u p s  it  m ig h t b e  h e lp fu l to  h av e  a  lo o k  a t  [2].

L e t u s  c a l l  in  th is  n o te  N R - la t t ic e  (n o rm a lly  r e s id u a te d  la ttic e )  every  a lg e b ra  
(L, П , U , * ,  :) w h ic h  is a  d is tr ib u tiv e  la t t ic e  w ith  m in im u m  1 w ith  re sp ec t to  П , 
U , a  r e s id u a t io n  g ro u p o id  (see s e c t io n  1) w ith  re s p e c t to  * ,  :, a n d  w h ich  in  
a d d it io n  s a t is f ie s  :

(N 11) a* (b (J c)  — (a * b )U (a * c ) 

(N 12) а*(ЬГ\с)  =  (a*b)P\(a*c)  

(N 13) (a O b ) * c  =  (a*c)  U ( b * c )  

(N 14) (a \J b )* c  =  ( д * с )  f](b*c)

(N 21) ( a U b ) : c  =  ( a : c ) U ( h :c )  

(N 2 2 ) (a  П  b) : с — (a : с) П (b : c) 

(N 2 3 ) a : (b П  c) =  (a  : c) U (b : c) 

(N 24) a :(bUc) — (a :b)(~}(b:c)

an d  ( N )  aP\b  =  (a:(b*a)){J(b:(a*b)) =  ((a:b)* a){J((b:a)*b).

O b v io u s ly  f o r  th e  e x p e rt ev e ry  n o rm a l  c o m p le m e n ta ry  s e m ig ro u p  satisfies th e  
law s o f  a n  N R - la t t ic e  b u t  fo r  th e  sa k e  o f  s e lfc o n ta in e d n e ss  w e  s h o u ld  g ive som e c o n ­
cre te  e x a m p le s  h e re .  L e t u s  c o n s id e r  th e re fo re  a s

E x a m p le  1. R -°  w ith  re s p e c t to  m a x , m in , a n d  a * b :—ma.x(a,b)—a=:b:a.

E x a m p le  2 . R -°  w ith  re sp e c t to  m a x , m in , a n d  a * b :—b i f  a ^ b  a n d  = 0  
o th erw ise  =:b:a.

E x a m p le  3 . N  w ith  re sp e c t to  L C M , G C D , a n d  a * b := L C M  (a, b)/a=:b\a.

E x a m p le  4 . T h e  se t o f  a ll p o s itiv e  o rd e r  a u to m o rp h is m s  o f  f ? ( x < a ( x ) )  w ith  
respec t to  m a x ,  m in , a n d  a * / ? : = a -1  m a x  (a , ß), j8 :a := m a x  (ß , a ) a - 1 .

E x a m p le  5. T h e  se t o f  a ll p r in c ip a l  id ea ls  (a) o f  a  r in g  R  w ith  aR =R a  a n d  
(b):(a):= { x |x a € ( h ) } = ( c ) ,  (a)* (b) :=  [x \axf  (ft)} =  (d) c o n s id e re d  w ith  re sp ec t to  
in c lu sio n , * ,  : ([2], p ag e  285).

A ll th e s e  s t ru c tu r e s  p ro v id e  N R - la t t ic e s  th e  o rd e r  o f  w h ic h  c a n  b e  defined  b y  
m eans o f  *  a n d  : s in ce  a^b<=>a*b=b*b  a n d  a ^ b o b :  a = b :  b. T h u s  w e m a y  
expect a  f r u i t f u l  in v e s tig a tio n  i f  w e  lo o k  a t  th e  in te ra c t io n s  o f  th e  fu n d a m e n ta l
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o p e ra t io n s . S u c h  a n  a tte m p t, o f  c o u rs e , is b y  n o  w ays n ew  s in c e  a lr e a d y  in  th e  
th ir t ie s  a n d  th e  e a r ly  fo r tie s  R . P . Dilworth a n d  Morgan Ward t r e a te d  re s id u a - 
t io n  q u e s t io n s  w h ic h  a ro se  fro m  a b s t r a c t  id e a lth e o ry . T h u s  o u r  p a p e r  is c losely  
re la te d  to  D ilw o r th /W a rd . N e v e rth e le ss  th e  to p ic  o f  th is  n o te  is n e w  a s  q u e s tio n  
a n d  a s  re su lt.

S ta r t in g  f ro m  a n  a rb i tra ry  r e s id u a t io n  g ro u p o id  (R, * , :) w e  s tu d y  re s id u a tio n  
a r i th m e tic  a s  f a r  a s  n ecessary  to  c o n s t r u c t  a  jo in -c lo sed  e x te n s io n  o f  ( R , * ,  :) 
w h ic h  is a n  N R - la t t ic e  i f  a n d  o n ly  i f  th e  o r ig in a l re s id u a tio n  g r o u p o id  sa tisfies o n e  
o f  th e  law s :

(N*) X S  a * bA x  S  b * a  => x =  x * x  
o r

(N:) x S  a :b / \x  ^  b:a=>x =  x:x.

T h is  e x te n s io n  th e n  w ill tu rn  o u t  to  b e  c a n o n ic a l  a n d  w e c a n  p ro v e  th a t  th e  c o n ­
g ru en ces  o f  th e  e x te n s io n  a re  u n iq u e ly  d e te rm in e d  b y  th e  c o n g ru e n c e s  o f  (R, * ,  :).

O n  th e  o th e r  h a n d  it  is w e ll-k n o w n  th a t  a  la ttice  c a n  b e  e m b e d d e d  in  an  
N R - la tt ic e  i f  a n d  o n ly  i f  it is d is tr ib u tiv e  s in c e  in  th is  case it e v e n  c a n  b e  e m b e d d e d  
in  a  B o o le a n  la ttic e . T h u s  th e  n a tu r a l  q u e s t io n  arises w h ich  r e s id u a t io n  g ro u p o id s  
a d m it a  B o o le a n  ex ten s io n . A n  a n sw e r  u p o n  th is  q u es tio n  w ill c o m p le te  o u r  p ap e r.

1. Arithmetic in residuation groupoids

W e s t a r t  b y  de fin in g  th e  fu n d a m e n ta l  s t ru c tu re  o f  th is  n o te .

(1 .1 ) (R, * ,  :) is called a residuation groupoid if it satisfies

(R 0 1 ) ( a * a ) * b  =  b (R 02) b:(a:a) — b

( R 11) (a * b )* (a * c )  =  (b * a )* (b * c )  (R 12 ) (c:a):(b:a) =  (c:b):{a:b)

(R 2 1 ) a * (b * b )  — c* c  (R 22 ) (b:b):a =  c:c

(R 3 1 ) (a* b)*(a*  c) =  a * ((b :a )*  c) (R 32 ) (c:a):(b:a) =  (c:(a *b)):a

(R 4 ) a * (b  : c) — (a*b):c  

(R 5 ) a * b  — c * c = b * a = > a  =  b

(R, * )  is called a right residuation groupoid i f  it satisfies (R O I), ( R l l ) ,  
(R 2 1 ), (R 5 ).

O b v io u s ly  w e h av e  by  (R 21)

(1 .2 ) Every right residuation groupoid satisfies a * a = b * b .  □

F u r th e rm o r e  w e o b ta in

(1 .3 ) Every right residuation groupoid is partially ordered with respect to a ^ b  
iff a * b = a * a  and a * a = :  1 is minimum of this partial order.
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Proof. S te p  by s te p  w e  can sh o w :

(i)  a * a = b * b  b y  (1 .2 ). T h u s  a * a  is a  c o n s ta n t w h ic h  w e  m ay  d e n o te  b y  1.

(ii) a ^  a, since a * a =  1

a ^ b A b ^ a = > a  =  b by  (R 5 )

a b A b S c = > c * b  =  1 =  b*a

=>c*a =  (c* b)*(c* a)

=  (b * c )* (b * a )

=  ( b * c ) *  1 =  1 b y  (R 2 1 )

=> a ^  c.

(iii) a *  1 =  a*{b*b)  =  1 □  b y  (R 2 1 ).

L e t n o w  ( R, * ,  :) be  a  r e s id u a t io n  g ro u p o id . W e  o b ta in

(1 .4 ) a *  a =  b:b

s ince  a* a — (b:b)*(b:b)

=  (b:b)*  ((b *b):(b*  b))

=  ((Ь:Ь)*(Ь*Ь)):(Ь*Ь)

— (b * b ):(b*b)

— b: b

=  1. □

a * b  =  l о  b:a =  1, 

a * b  =  1 =̂>- b:a — (b : (a * b)) : a

=  (b:a):(b:a) =  1 (R 3 2 )

b:a =  \ =>a*b =  \ fo llo w s b y  d u a li ty . □

(1 .5 )

since

a n d  s ince

O b v io u s ly  (1 .5) g u a ra n te e s  th e  im p o r ta n t fa c t  t h a t  (R, # ,  :) is  d u a l in  th e  
o p e ra t io n s  * ,  i f  w e p u t  a * b  f o r  b:a a n d  b:a fo r  a* b ,  re sp ec tiv e ly .

(1 .6 ) a S  b * a A a  ^  (a: b),

s ince  a * (b * a )  =  1 (b * a) : a =  l

о  b*(a:a) =  1 

<=> b*  1 =  1

f ro m  w h ic h  fo llo w s th e  re s t b y  d u a li ty .  □

(1 .5)
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and

Proof.

(1 .7) Every residuation groupoid satisfies the implications:x

a  b =>a*c  S  b*c

b s  c =*a*b  S  a*c.  

a Ê  b => a*  b =  1

=> (b*c)*(a*c) — (b*c)*( (a*b)*(a* c))

=  (b*c)*  (fib *  a )  *  (b  *  c))

=  1

a n d  b Ш c => (a*b)* (a*c )  =  (b * a )* (b * c)

=  ( b * a ) *  1 =  1. □

N e x t  w e  p rove tw o  fo r m u la s  w h ic h  w e sh a ll n eed  in  th e  la te r  s e c tio n s .

(1.8) In every residuation groupoid the element a * b  can be expressed by

a*b  =  (b  : ( a  *  b)) *  b

=  ( (b  : (a * b)) * (a  : (b  *  a ) ) )  * ((b  : (a * b)) *  b).

Proof. We have
X =  x : ( y  * x )  S  y.

(b:(a * b))* b Si a * b  

(b:(a* b))* b S  a * b

H en ce

an d
w h ich  im p lie s :

(i)
N o w  w e c o n s id e r

W e o b ta in  

a n d

T h is  y ie ld s

(b:(a*b))*  b =  a*  b.

t :=  ( (b  : (a  *  b)) *(a:(b*  a )) )  *  ((b  : (a  *  b)) *  b )

=  ( (b  : (a  *  b )) *  (a  : (b  *  a )) )  * (a *  b).

t S  a  *  b b y  d e fin itio n

t ^  a*  b b y  a p p ly in g  th e  c a lc u la tio n  :

a S r A b S r

= y(a * b )* (a * c )  S  ( a * x ) * ( a * c )

=  ( х * а ) * ( х * с )

=  x * c .

((b : (a  *  b )) * (a :(b *  a))) * ((b:(a* b))* b) =  a#  b. □

( 1.6)

(R 4 )

(1 .7)

(0

(1 .7 )

( R l l )

1 H e r e  a n d  f u r t h e r  o n  w e  o m i t  t h e  f o r m u l a t i o n  o f  t h e  d u a l s .
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N o w  w e  c a n  p ro v e  (1 .9 ) a n d  (1 .1 0 )  b e lo w :

(1 .9 ) (a * b )* (b * a )  — b*a.

Proof.
( a * b ) * ( b * a )  =  ( ( b : ( a * b ) ) * ( a : ( b * a ) ) ) * ( ( b : ( a * b ) ) * b )

*  ((n  : (b  *  a ))  *  (b  : (a  *  b ))) *  ( (a  : (b  *  a ))  *  a )

=  ((b:(a * b))*(a:(b*  a ) ) )  *  ((b  : (a * b)) *  b)

* ((b : (a * b)) * ( a : ( b *  a)))  * ((b : (a  *  b)) * a)

=  ((b  : (a * b)) *  b) * ((b  : (a  *  b )) *  a )  ( R 1 1 )

=  b * a .  □  (R 1 1 )

(1 .1 0 ) (a: b)*(b:a) =  b:a.

Proof.
(a  : b) * b ë  b

=> a:((a:b)*b) ^  a:b

=> (a : ((a :b)*b))*b  ^  ( a  :b )* b

=> ( ( a : ( ( a : b ) * b ) ) * b ) : ( ( a : b ) * b )  — 1 

=> ( a : ( ( a : b ) * b ) ) * ( b : ( ( a : b ) * b ) )  =  l

=> ( b : ( ( a : b ) * b ) ) : ( a : ( ( n : b ) * b ) )  =  1 (1 .5)

=> ( b : a ) : ( ( ( a : b ) * b ) : a ) =  1 (R 1 2 )

=> ( b:a):((a:b)*(b:a )) =  1

=> (a:b)*(b:a) ^  b:a

=> (a:b)*(b:a)  =  b:a.  □

I n  th e  r e m a in d e r  o f  th is  s e c t io n  w e  sh a ll be  c o n c e rn e d  w ith  jo in  c lo sed  g ro u p o id s .

(1 .1 1 ) L e t  ( jR, * ) be a  right residuation groupoid. Then the system of equations

a * x  =  a * b  

x * a  =  1

has at most one solution. Assume c to be a solution. Then c is su p  (a, b) with 
respect to Ш.

Proof. L e t c, d b e  s o lu t io n s  o f  (E ). T h e n  w e  o b ta in  

c * d  =  (c*a)*(c*d)

=  (a* c)* (a* d) =  1 

=> c ^  d.

(F)
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T h is  by  d u a li ty  y ie ld s c ë t / A t / ë c  w h ich  m e a n s

c =  d.
F u r th e rm o re  w e h ave

c * b  =  (c * a ) * (c * b )

=  (f l*c)*(a*b)

=  1.

H en ce  w e o b ta in  c ё  a b y  a ssu m p tio n

a n d  c ё  b a s  h a s  ju s t  b een  sh o w n .

L e t us a s s u m e  n o w  th a t  v sa tis fie s

V ë  a/\v  ë  b.

W e o b ta in  v * c  =  (v*a)*(v*c)

=  (a * v) * (a * c)

— (a * v) *  {a *b)

=  (v*a )* (v* b )

=  (v * a) * 1 =  1 

=> v a  c. □

(1 .12) By a U  -closed residuation groupoid we mean a residuation groupoid in which 
all joins exist.

I t  is e a s ily  sh o w n  th a t  a  U -c lo se d  re s id u a tio n  g ro u p o id  n e e d  n o t  sa tisfy  
a * (a \J b )= a * b .  B u t in a  la te r  s e c t io n  w e sh a ll see th a t  ev ery  re s id u a t io n  g ro u p o id  
c a n  b e  e m b e d d e d  in to  a  U -c lo s e d  re s id u a tio n  g ro u p o id  w h ich  sa tis f ie s  a * (a U b )=  
= a * b .  H e n c e  th e  id en tity  a * ( a ö b ) = a *  b tu rn s  o u t to  be  n a tu r a l .  T h e re fo re  
w e d e fine :

(1 .13) By a naturally U-closed right residuation groupoid we mean a U  -closed right 
residuation groupoid which satisfies a*(a\Jb) — a*b.

I t  fo llo w s:

(1 .14 ) Let (R , * ,  U )  be naturally U -closed. Then the equation holds

(a U  b) *  c =  (a *  b) * (a *  c),

since (a U b)* c =  ((a  U  b ) * a )* ((a  U b)#c)

=  (a * (a U  b)) *  (a  *  c)

=  (a* b )*(a*  c). □

(1 .15) Let (R, * ,  U )  be naturally U  -closed. Then (R, *,  :) satisfies the equations 
(N 1 1 ) and (N 21).
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Proof. B y (1 .11) a n d  d u a l i ty  i t  is  suffic ien t to  sh o w

(,a*(bc  U ) )* (a * b )  =  1 w h ich  fo llo w s b y  (1 .7 ) 

a n d  ( a * b ) * ( a * ( b U c ) )  =  ( b * a ) * ( b * ( b U c ) )

=  (b * a ) * ( b * c )

=  (a * b )* (a *  c). □

(1 .16) Let (R, * ,  U ) be U  -closed. Then the equivalence holds 

f l * ( f lU b )  =  a * b  о  (a  U b) : a  — b:a.

Proof. ( a U b ) : a ^ b : a  b y  (1 .7 ) . L e t u s  assu m e  n o w  a * ( a ö b ) = a *  b. T h e n  
w e o b ta in  (aU b):a^b:a  by

( ( a  U b) : a) : (b : a)

=  ( ( a U b ) : ( a * b ) ) : a  (R 3 2 )

=  ( ( a  U  b) : (a  * (a  U b))) : a (ass)

-  ( ( a  U b) : a) : ((a U b) : a). □  (R 3 2 )

2. A rith m e tic  in  n o rm a l re s idua tion  g ro u p o id s

In  th i s  s e c tio n  w e c o n s id e r  n o r m a l  re s id u a tio n  g ro u p o id s . W e  sh a ll see th a t  
th e s e  r e s id u a t io n  g ro u p o id s  a re  e q u a t io n a l ly  defined  d u a l  s t ru c tu re s  w ith  a  v e ry  
s t ro n g  a r i th m e tic .

(2.1) A residuation groupoid (R , # ,  :) is called normal if  it satisfies the implication:

(N * ) X a *  b \ x  S  b*a  ^ X  =  \.
T h is  le a d s  to

(2 .2 ) A residuation groupoid is normal iff it satisfies:

a * c = l = h * c = > -  ( ( h : ( a *  b))*(a:(b*a)))*((b:(a* b))*c )  =  1.

Proof. L e t  (N*) be sa tis f ied . T h e n  w e o b ta in  c =  1 b y  c ^ a A c ^ b  a n d  (1.8)

((b  : (a *  b)) * (a : (b  *  a))) *((b:(a*b))*c ) ë  (b  : (a * b )) *  c

â  (b  : (a * b )) *  b 

— a * b
a n d  a s  a  c o n se q u e n c e  o f  ( R l l )  w e  h a v e

( (b : ( a * b ) ) * ( a : ( b * a ) ) ) * ( ( b : ( a * b ) ) * e ) ^  ( a : ( b * a ) ) * c

S  (a : (b * a ))* a
-= b * a .

L e t n o w  th e  g iv en  im p lic a tio n  h o ld  a n d  assu m e  x ^ a : b A x ^ b : a  to  b e  tru e . T h e n  
p u t t in g  X f o r  c, a : b fo r  a, a n d  b : a f o r  b  w e  a re  led  to  x = l .  T h u s  th e  d u a l o f  o u r  
im p lic a t io n  h o ld s , to o , a n d  th e r e b y  th e  ax io m  (N *) is sa tis f ie d . □
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A s a  s e c o n d  re su lt th e  p r o o f  o f  th e  la s t th e o re m  v e rif ie s :

(2 .2 ') A residuation groupoid is normal iff it satisfies the axiom 

(N :) X s. b :a l \x  s  a:b => x — 1.

In  w h a t fo llo w s  we c o n s id e r  n a tu ra lly  U -c lo se d  n o rm a l r e s id u a t io n  g ro u p o id s .

(2 .3)  Every naturally U -closed normal residuation groupoid is C\-closed, too, and 
moreover a d b  satisfies the equation (N ), i.e.

аГ\Ь =  (a:(b*a))U (b:(a*b)).
Proof. W e h a v e :

a * (a : (b * a ))  =  1 

a * (b  : ( a  * b)) =  (a * b) : (a  * b) =  1 

a n d  so  b y  sy m m e try  we o b ta in

a, b ^  ( a  : (b * aj) U (b : (a * b)).

O n  th e  o th e r  h a n d  we o b ta in  a ^ x A b sx = > ((a : (b *  a ) ) U ( b : ( a *  b )) )* x =  1 b y
(1 .1 4 ,2 .2 ). T h is  co m p le te s  th e  p r o o f .  □

(2 .4)  Every naturally U -closed normal residuation groupoid satisfies the equation:

(а П b) *  b =  a* b,

since (aC\b)*b ^  a * b (1 .7)

and (аПЬ)* b ë  (b:(a *  b))* b =  a* b. □ (1 .8)

(2 .5 ) Every naturally U -closed normal residuation groupoid satisfies the equation

(a  * (b П  c)) * (a * c) =  (a  * b) * (a * c).
Proof.

(a * (b П с)) * ( a * c ) ё  (a* b)* (a* c) (1 .7)

a n d (a  * (Ь П c )) *  (a * с) =  ((Ь П c) * a) * ((6  П c) *  c)

= ( ( 6 П с ) * а ) * ( Ь * с ) (2 .4)

S. (b * a )* (b * c) (1 .7)

= (a* b ) * ( a * c ) .  □

N o w  w e a re  a b le  to  p ro v e  th e  m a in  ru le s  o f  a r i th m e tic  in  n o rm a l  re s id u a tio n  
g ro u p o id s  :

(2 .6 ) Let (R, * ,  :) be a naturally U -closed normal residuation groupoid. Then 
(R, П ,  U )  is a distributive lattice.

Proof. W e h a v e  to  sh o w  я  U (6 П c) ^  ( a U 6)П(aUc). T h e re fo re , s in ce  th e  rig h t 
s id e  is e q u a l to

((a U b) : ((a U c) *  (a U b))) U ((a U c) : ((a U b)* (aU  c)))
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b y  s y m m e try  i t  is su ffic ien t to  s h o w :

(a  U(b  П  c)) *  ((a  U b) : ((a U c) *  ( a  U b)))

=  ((a  U (b П c)) * ( a  U b)) : ((a  U c) * ( a  U  bj)

=  ( (a * (b f )c ))* (a * (a (J b )) ) : ( (a * c )* (a * (a ö b )))  (1 .14 )

=  ( ( а * ( Ь П с ) ) * ( а * Ь ) ) : ( ( а * с ) * ( а * Ь ) )  (1 .13 )

=  ( ( a * c ) * ( u * b ) ) : ( ( n * c ) * ( a * h ) )  =  1. □  (2 .5 )

(2 .7 ) Every naturally U  -closed normal residuation groupoid satisfies the equations 
(N 1 2 )  and (N 22), whence especially we have

a * (b П  c) =  (a *  b) П (a  * c).
Proof.

а*(ЬГ\с)  S  ( а * & ) П ( а * с )  

a n d  а*(ЬР\с)*((а*Ь)Г\(а*с))

— (a *  (b П c)) *  ((a  *  b) : ((a * c )* (a *  b))) U ( (a  *  c) : ( (a  * b ) * ( a *  c)))

=  ( ü * ( b f l  c ) )  *  ( ( a  *  b ) : ( (a  * c ) * ( a *  b ) ) )

U (a * (b f lc ))* ( (a * c ):( (a * b )* (a * c )))  (1 .1 5 )

=  ( ( а * ( Ь П с ) ) * ( а *  b ) )  : ((a  *  c) *  ( a  *  b ) )

U ((a  * {b П c)) * (a*  c)) : ((a  * b )* ( a *  c))

=  ((a * c) * (a * b)):((a * c) * (a * b)) (2 .5 )

U ((a  *b )* (a*  c)) : ((a  *b)*(a*  c)) (2 .5 )

=  1U1 =  1. □

(2 .8 ) Every naturally U  -closed normal residuation groupoid satisfies the equations 
(N 1 3 )  and (N 23), whence especially we have

( a  П  b) * c =  (a  *  c) U  (b * c).

Proof. F ir s t  w e p ro v e  th e  fo r m u la  fo r  x, у  w h ic h  s a t is fy  x f l> '= 1. 

x fly  =  1 =>хП(с:(у*с)) =  1

= > x * ( c : ( y * c ) )  =  ( л ; П ( с : ( у * с ) ) ) * ( с : ( у * с ) )  =  c:(y*  c) (2 .4 )

= > ( c : ( y * c ) ) : ( x * ( c : 0 ’* c )) )  = 1  

= > .( c : ( y * c ) ) : ( ( x * c ) : ( y * c ) )  =  1

=> c : ( ( x * c ) U ( y * c ) )  =  1 (1 .14 )

=> (x * c )U (y * c )  =  c,
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since (л; *  c) U ( y *  c) S  c. N o w  w e o b ta in  th e  g en e ra l fo rm u la  by

( a f l b ) * c  =  ((a  *  ft) П  (Ь  *  a ) )  *  ( ( а  П  6 ) *  c)

=  ((a  *  b ) * ((a  П b)* c ) ) U ( ( b * a)* ( (a П  b) * c ))

=  (((a  П  b ) *  b ) * ((a  f i b ) *  c)) U ((a  П b) * a) * ((а П  b) * c)

=  ( b * c ) U ( a * c ) .  □  (R . 11)

(2 .9) Every naturally U -closed normal residuation groupoid satisfies the equations 
(N 1 4 ) and (N 2 4 ), whence especially we have

( a U b ) * c  =  ( a * c ) f l ( b * c ) .

Proof. F ir s t  w e  sh o w  fo r  a rb i t r a ry  d

(i) a U b ä c = » ( ( a U b ) * c ) *  ((a * (aU b))*d)

=  ((a  * b )* (a *  c)) * ((a  * b ) * d )

=  ( (a * c ) * ( a * b ) ) * ( ( a * c ) * d )

=  (a*c)*d ,  s ince  b Ш c.

F ro m  th is  fo llo w s fo r  a rb i tr a ry  d  a n d  a U b ^ c  th e  e q u a tio n

(ii) ((a  U b )* c )* d  =  ((a  U b) * c) * (((a * b ) П  (b  * a ))  * d)

=  ((a U b) *  c) * (( (a  * (a  U  b)) П (b  * (a  U  b))) * d)

=  (((a  U  b) *  c) * ((a * (a U  b)) *  d)) U  (((a U b)*c )* ((b* (a  U  b ))*  d)) 

=  ( ( a * c ) * d ) U ( ( b * c ) * d )  (i)

=  ((a  *  с) П (b  *  c)) * d,

fro m  w h ich  fo llo w s ( a U b ) * c = ( a * c ) D ( b * c ) ,  s ince  x * d = y * d  (fid^R) im p lies  
x = y .

L et u s  a s su m e  n o w  a ö b  to  b e  a rb i tr a ry . T h en  w e c a n  d e v e lo p  th e  g en era l 
fo rm u la  b y  (i) a n d  (ii) a s  fo llo w s :

(iii) ( a ( J b ) * c  =  ( ( a U b ) ( T c ) * c

=  ( ( a ( T c ) U ( b r ic ) ) * c  

=  ( ( а П с ) * с ) П ( ( Ь П с ) * с )

=  ( a * c ) D ( b * c ) .  □

C o m b in in g  (1 .15 ), (2 .3), (2 .6 ), (2 .7 ), (2 .8 ), (2 .9 ) w e o b ta in  a s  a  f irs t m a in  resu lt 
a b o u t  n o rm a l jo in  c lo sed  re s id u a tio n  g ro u p o id s  th e

Theorem. Every normal naturally join closed residuation groupoid is an NR- 
lattice. □
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W e f in is h  th is  sec tio n  b y  a  r e m a rk .

(2.10) In a naturally U -closed normal residuation groupoid the equivalence holds: 

af]b  =  1 <=> ((a * x ) * ( b * x ) )* ( ( a * x )* y )  =  x * y .
Proof.

а П Ь  =  1 => ( (a*  x )* (b  * x))*((a* x)* у )

=  ( ( a * x ) U ( è * x ) ) * y

=  ( (а  Г) b ) *  я )  *  y

=  я * у

a n d  i f  th e  e q u a t io n  on  th e  r ig h t s id e  is  t r u e  w e o b ta in  аГ)Ь =  1 b y  p u tt in g  x = y  —
= z=aC \b .  □

3. A n  em b ed d in g  theorem

L e t (R, * )  b e  a  rig h t r e s id u a t io n  g ro u p o id . W e d e fin e  o n  R X R

(3 .1) [a |b ]* [c |d ]  :=  [ ( a * b ) * ( a * c ) | ( a * b ) * ( a * d ) ] .
It fo llo w s

(3.2) Let (R, * )  satisfy the axioms (R O I), (R  11 ), (R 2 1 ). Then (R X R ,  * )  satisfies 
these three axioms, too.

Proof.
(i) ([a\b]*[a\b])*[c\d\ =  [ 4 1  )*[c\d\ =  [c\d\;

(ii) [a\b]*([c\d]*[c\d]) =  N b ] * [ l | l ]  =  [П П ;

(i ii) ([a  I b] *  [c\d\) * ([a \ b] * [u | r] )

=  [(a  *  b)*(a*c)\(a * b )* (a * d )]* [(a * b )* (a * u )\(a *  b)*(a*v)]

=  [ ( ( ( a  * b )* (a*  c)) *  ((a  * b )*  ( a *  d))) * (((a  * b )* (a *  c)) *  ((a  * b )* (a *  w)))| ... 

=  [ ( ( ( a  *  c) * (a * b)) *  ((a  *  c) *  ( a  *  d))) * (((a  *  c) *  (a  *  b)) * ((a * c)*(a*  u))) ... 

=  [( ( (c  * a) *(c* b)) * ((c * a) * (c *  d))) *  (((c *  a) * (c * b)) *  ((c * a) *(c*  n )))| ... 

=  [ ( ( (c* a )* (c* d ))* ((c* a )* (c*  b)j)*(((c* a)* (c* d ))* ((c* a)*(c*u)))\  ... 

=  [ ( ( (c  *d)*(c*  a )) *  ((c * d )* ( c *  b))) *  (((c * d )* (c*  a)) *  ((c *  d) *  (c *  u)))| ...

=  ( [ ф / ] * [ а |6 ] ) * ( [ с |Л ] * [ ф ] ) .  □

(3 .3) Let (R, * ,  :) be a residuation groupoid (which need not satisfy (R 3 1 ), (R 3 2 )) . 
Then (RXR, * ,  :) satisfies axiom (R 4 ) if  we define

[d\cY[b\a]:=[(d-.ay.(b:d)\(c:ay.(b:d)].
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Proof.
( [ в |Ь ]* [с |< /] ) : [ф ]

=  [(a *  b) * (я  * с) I ( a  * b) * (a*d)] : [u|c]

=  [ ( ( ( a  * b)* (a * c ) )  :v):(u:v) | ( ( ( a  *  b) *  (a  *  d)) : v) : (и : u ) ]

=  [ ( (a  * b) * ((a* c) : v)):(u : v)\((a * b)*((a*d): v)):(u :c)] (R 4 )

=  [ ( a  * b) * ( ( (я  *c):v):(u: v)) | (a  *  b) * (((a  * d):v):(u: i’)) ]  (R 4 )

=  [ (я  * b ) * ((я  * (c : v)) : (и : i )) (a *  b ) * ((a  * (d : v)) : (и : г ))]  (R 4 )

=  [ а |Ь ]* [ (с :ю ) :(м :» ) |(< / :» ) :( и :0 )] (R 4 )

=  [я IЬ] *  ([с| í/] : [м I и]>. □

W e re m a rk  o n ce  m o re  t h a t  w e d id  n o t  a p p ly  th e  a x io m s  (R 3 1 ) , (R 3 2 ) to  p ro v e
(3 .3 ) . N e x t w e sh o w

(3 .4) Let (R, * ,  :) be a residuation groupoid. Then (R X R. * ,  :) satisfies all axioms 
of the residuation groupoid excepted (R 5 ).

Proof. I t  is su ffic ien t to  p ro v e  th a t  (R 3 2 ) is tru e  s in c e  th e  re s t fo llow s by  
d u a lity . W e  re m a rk

[ e | l ] * [ b | l ]  =  [a*b\l]  a n d  [а |1 ]:[Ы 1 ] =  [ e : b | l ]
a n d  d e v e lo p  :

(i) ( [ o | l ] * [ b | l ] ) * ( [ a | l ] * [ c |d ] )

=  [ a  *  ((b : a )  * с ) |я  *  ((b  : a) * d ) ]

=  М 1 ]* (([Ь |1 ] :[я |1 ])* [с |< /] ) ,

(ii) (M f] : [a 11 ]) : ([b I c] : [a 11 ])
=  [u‘.a\v.d\:[b:a\c:a\

=  [ ( ( “  : a )  : (c : a ) )  : ( ( b  : a ) : ( c :  a ) )  | ((v : a ) ...

=  [ ( (и : a ) : ( ( c : a ) * ( b :  a))) : (c : a) | ((v : a) : . . . (R 3 2 )

=  [ ( (“  •'a) ■ (((c : a) *  b ) : o ) ) : (c  : a) 1 ((u : a ) : ... (R 4 )

=  [((ы  :(a*((c:a)*  b ))) : a ))  : (с  : я )  | ((» : a) . . . (R 3 2 )

=  [( («  : ( a  * ( ( c  : a )  *  b ))) : (я *  с )) : я [ ((u : (  ... (R 32 )

=  [( (я  : ( ( я * с) * (я  v  b))) : (a * с)) : я | ((i> : ((  . . . (R 3 1 )

=  [( (я  : (я  *  с)) : ((я  »  b ) : (я  *  с))) : я  ((и : (я  * с) ... 

=  ( [ м |г ] : [ я * Ь |я * с ] ) : [ я [ 1 ]

=  ( Ж : ( [ я |1 ] * [ Ь |с ] ) ) : [ я |1 ] ,

(R 3 2 )
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(ü i) ( [ ф ]  : [ű I b]) : ([c|rf] : [a  | h])

=  ([u:b\v:b]:[a:b\l]): (([c\d] : [b\ 1]) : [a : b\ 1])

=  ([u:b\v:b]:([a:b\l]*([c\d]:[b\l]))):[a:b\l]  ( i i )

=  (([u|t;]:[b|l]):(([a:b|l]*[c|d]):[b|l])):[a:fe|l] (ii)

= (([*ф] : ([Ь| 1] * ([a : b| 1] * [c|d]))) : [í>| 1]) : [a : b| 1] (ii)
=  ( ( [ ф ]  : W  1] *  (([a | 1] : [b\ 1]) *  [c\d]))) : [b\ 1]) : [a : b\ 1]

=  ([wjf] : m  1] *  [ a 11 ])*  ([fel 1 ]*  [c |d]))) :[a\b] (i)

=  ([м I v] : (([a 11] *  [b  ! 1 ]) *  ([a  11 ] *  [c| d]))) : [a I fr] ( R l l )

=  ( [ ф ] : [ ( а * 6 ) * ( а * - с ) | ( а *  b)*(a*d)]):[a\b]

=  {[u\v]-([a\b]*[c\d])):[a\b]. □

RESIDUATION G R O U PO ID S AND LATTICES 445

A lth o u g h  b y  o u r  la s t th e o r e m s  n e a r ly  a ll ru le s  o f  th e  re s id u a tio n  g ro u p o id  
re m a in  t r u e  in  (RXR, *, :) th e  la s t  a x io m , n am ely  [ a |6 ] * [ c |< i ]  =  [ l  1 l]= [c |i/]* [a |Z >]=> - 
=>•[1 11] f a i ls  s in c e  [ a | l ] * [ l  | o r ]  — [ 1 11] =  [1 |a ] * [ a | l ]  b u t  [a\ 1 ] ф 1  \а]. T h e re fo re  w e 
a re  fo r c e d  t o  in tro d u c e  a  c o n g ru e n c e  re la tio n , i f  w e w a n t  to  c o n s t ru c t  a n  e x te n s io n  
sa tis fy in g  th e  im p lica tio n  o f  a x io m  (R 5 ) . H e re  w e su c c e e d  b y  th e  n a tu ra l  d e fin itio n

(3.5) [a\b] =  [c\d] о  [ a |b ] * [ c |d ]  =  [1|1] =  [c\d\*[a\b].

I t  fo l lo w s  im m ed ia te ly :

(3.6) [a\b] =  [c\d] <=> [c |d ] :[a |b ]  =  [1 |1],

since [а|Ь] =  [c\d] => [ a |b ]* [c |d ]  =  [1|1]

=>[c\d]:[a\b]

=  ([c\d]:([a\b]*[c\d])):[a\b]

=  ([c\d\:[a\b]):([c\d]:[a\b])

=  [111]- □

N o w  w e  c a n  p ro v e  (3 .7 ) a n d  (3 .8 )  b e lo w :

(3 .7) The relation в defined by =  is a congruence relation.

Proof.
(i) в is  a n  equ iva lence  r e la t io n ,  s in ce  reflex iv ity  a n d  sy m m e try  a re  o b v io u s  

a n d  t r a n s i t iv i ty  re su lts  fro m
[a\b\ =  [c |d ]A [c |d ] =  [u\v]

=> [a 16] *  [ ф ]  =  ( [ ф ] * [ с | г / ] ) * ( [ ф ] * [ ф ’])

=  ( [ с | ф [ ф ] ) * ( [ ф ] * [ ф ] )

=  [1 |1 ]* [Щ ] =  [1 |1].
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(ii) 0 is a  c o n g ru e n c e  re la t io n , s ince

Ы т ]  =  [h N =>-

[ x |y ] * [ a |b ]  =  ( [x |y ]* [u |t> ] )* ( [x |y ]* [a |b ] )

=  ([u\v]*[x\y])*([u\v]*[a\b])

=  Ш * [а \Ь ]

A ([a I b] *  [x |y ]) *  ([a | b] *  [ ф ] )

= (My] * [a I fe]) * ([л:|̂ ] * [ф ]) = [1|1]
=»-[a|b]*[x|y] =  [ ф ] * [ ф ] .

T h e  re s t fo llo w s b y  (3 .6) a n d  th e  p rin c ip le  o f  d u a lity . □

(3 .8 ) (RXR,  * ,  :) /0  is a residuation groupoid.

Proof. All we have to verify is axiom (R5). Therefore assume to be given: 

[a\b]0*[c\d]0  =  [ 111 ] 0 =  [c\d]0*[a\b]0.

S ince  [a |6 ]  =  [l | l ] = » [ a |è ]  =  [l |1] i t  fo llo w s

=>[a\b]*[c\d\ =  [1|1] s  [c\d]*[a\b]

=>[a\b]*[c\d\ =  [l\l)=[c\d]*[a\b]

[a\b]9 =  [c\d]6. □

W e a re  n o w  g o in g  to  c o n s t r u c t  th e  a n n o u n c e d  e x te n s io n . F ir s t  w e sh o w :

(3 .9 ) Every residuation groupoid (R, * ,  :) has an extension (Rx, * ,  :) in which all sys­
tems of equations а * х = а * Ы \ х *  a =  1 with coefficients a ,b £ R  are solvable.

Proof. W e c o n s id e r  (R X R , * ,  :)/9. T h is  is a  re s id u a tio n  g ro u p o id .  W e c o n ­
s id e r  th e  se t o f  a ll [ a | l ] 0 .  S in ce  [ a | l ] 0 * [ è | l ] 0  =  [ û * è | l ] 0  a n d  [ a [ l ] 0 : [ 6 | l ] 0 =  
=  [a .b 11]0 a n d  s in ce  [а\\]0?±[Ь\\]в=*а*Ьх1УЬ*ат£\,  th e r e  is  a n  iso m o rp h ism  
(R, * ,  : ) —( { [ a |l ] 0 |a Ç i? } ,  * ,  :). S o  w e c a n  e m b e d  (R, * ,  :) in to  a  re s id u a tio n  
g ro u p o id  (Ri, * ,  :) b y  e x c h a n g in g  a fo r  [ a | l ] 0 .  A n d  th is  e m b e d d in g  g u a ra n te e s  
th e  seco n d  re q u ire m e n t s in ce  [а \ \ ]в * [а \Ь ]в = [а * Ь \\]в  a n d  [ а |£ ] 0 * [ а |1 ] 0 =  
= [ 1 1 1 ] 0- □

A p p ly in g  th e  la s t fa c t w e o b ta in  a s  a  p r in c ip a l re su lt o f  th is  p a p e r  th e  fo llow ing

Embedding Theorem. Let (R, * ,  :) be a residuation groupoid. Then (R, * ,  :) admits 
a canonical naturally U-closed residuation groupoid extension.

Proof. A c c o rd in g  to  (3 .8 ), w e  c o n s tru c t  a n  ex ten s io n  se r ie s

(R,*,  :) ^  (R i , * ,  : ) Q . . . Q  (/?„,*, :) ...

a n d  define  S:=  U R v a n d  a * b :—c iff c  e q u a ls  a * b  in th e  f irs t R v w h ic h  satisfies 
a, b£Rv. By a n a lo g y  w e define  a: b. T h e n  b y  c o n s tru c tio n  ev e ry  e q u a t io n  system  in 
q u e s tio n  h a s  a  s o lu tio n  a n d  i f  (T, * ,  :) is a n o th e r  e x ten s io n  in  w h ic h  th e s e  e q u a tio n s
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a re  s o lv a b le  w e  c a n  sh o w  th a t  th e  s e t  o f  a ll jo in s  o f  e le m e n ts  o f  R  is c lo sed  u n d e r  
*  a n d  : a n d  is o m o rp h ic  to  ( S, * ,  :) w ith  re sp e c t to  th e s e  o p e ra t io n s  a s  fo l lo w s :

(i) O b v io u s ly , Ti'.— { a U è € S \adR A bdR }  is c lo s e d  u n d e r  *  a n d
(ii)  Ф: [ ű | é ] 0 -  aUb  is a  b ije c tiv e  fu n c t io n  f r o m  R l t o  T j,  s ince

[а\Ь]в S  [c\d]0 о  [a\b]*[c\d] =  [1|1]

o [ ( a * b )* (a * c ) \ ( a * b )* (a * d ) ]  =  [111] 

о  {a* b ) * ( a * с) =  1 =  (a * b )* (a * d )

<=> (a * b )* (a * c)U(a * b)* (a * d) =  1 

<=> (a U  b) * (c  U d) — 1 

<=> (aU b) =  ( c U d ) .

(iii) Ф is  a n  is o m o rp h ism  in  c o n se q u e n c e  o f  d u a l i ty  a n d :

d > ([a |b ]0 * [c |d ]0 )  =  Ф ( [ (а *  b)*(a*c)\(a* b)*(a*d)]0)

=  ( ( a  * b )* (a *  c)) U ( (a  * b )* ( a *  d ))

=  ( a U b ) * ( c U d )

=  Ф([а\Ь]в)*Ф([с^]в).

(iv ) G o in g  f ro m  n to  и +  l  w e  c a n  c o m p le te  th e  p r o o f  b y  w ay  o f  in d u c tio n . □

W e  f in is h  th is  sec tion  b y  a  th e o r e m  c o n c e rn in g  th e  c o n g ru e n c e s  o f  th e  a b o v e  
ex te n s io n .

(3.10) Let  (.S’, * ,  :) be the smallest U -closed extension o f  the residuation groupoid 
CR, * ,  :) and в be a congruence of  ( S, * ,  :). Then 9 is uniquely determined 
by its restriction to (R, * ,  :) and in addition a congruence of (S, U ).

Proof. L e t  =  b e  a  c o n g ru e n c e  o n  (R, *,  :) s a tis fy in g  a * b  = \^ b * a = > a = b ~  
D efin e  o n  R 1 th e  re la tio n :

(a U b) в (c U  d) : (a * b) *  (a * с) =  1 =  (a *  b) * {a * d)

A(c * d) * (c * a) =  i = (c  * d) * (c * b).

T his  is  a  c o n g ru e n c e  w ith  re s tr ic t io n  =  w h a t can  b e  s h o w n  b y  a n a lo g y  to  th e  p r o o f  
o f  (3 .7 ) a n d  i t  is easily  seen  th a t  th e r e  a re  n o  o th e r  c o n g ru e n c e s  o f  (Rx, * ,  :) w i th  
=  a s  r e s t r i c t io n .  S o  =  can  b e  u n iq u e ly  e x te n d e d  by  in d u c t io n , a n d  ob v io u s ly  in  a d d i t io n  
its  e x te n s io n  is  a  c o n g ru e n c e  re la t io n  o f  (S', U ). □

4. T h e  m a in  em bedding th eo rem

In  th i s  s e c t io n  w e sh a ll sh o w  t h a t  th e  U -c lo sed  e x te n s io n  co n s tru c te d  a b o v e  
is n o rm a l ,  t o o ,  if f  (R, * ,  :) is n o rm a l .  T h u s  a  system  o f  a x io m s  is g iven w h ich  tu r n s  
o u t to  b e  n e c e s s a ry  a n d  su ffic ien t f o r  a  re s id u a tio n  g ro u p o id  to  a d m it a n  N R - la t t ic e  
e x te n s io n . W e  em p h as ize  th is  r e s u l t  b y  d e n o tin g  i t
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Main Theorem. Let (R, * , : )  be a normal residuation groupoid. Then the extension 
(S, * ,  :) is an NR-lattice.

Proof. W e c o n s id e r  th e  specia l c a se  [a 11], [c | d], [и 11] a n d  sh a l l  so lv e  th e  m a in  
p ro b le m  b y  a p p ly in g  th is  spec ia l case .

(i) (Nl]*[c|d])*Ml] = [l|l]
A([c|d]*[a|l])*[«|l] = [l|l]
=>[ö*c|ű*í/]*[w|l] =  [1|1]

A [ ( c * d ) * ( c * a ) | l ] * [ u | l ]  =  [111]

=>■ ((a* c) * (a *  d)) *  ( (a  *c)*u) =  1 

A ((c* d)* (c*a))*u  =  1 

=>((a*c)*(a*d))*((a*c)* tt)  =  1 

Л ( (c*d)* (c*a))* ((c*d)#u ) =  1. (1 .7)

T h u s  b y  th e  la s t lin e  a n d  (1.7)

(a ) (c* a)* ((c*d)*  u) =  1

a n d  b y  b o th  th e  la s t lines , (R.11), a n d  (1 .7 )

((c * a)* (c*  d)) * ( (a  * c) * ((e * d) * u)) =  1 

A ( ( c * d ) * ( c * a ) ) * ( ( a * c ) * ( ( c * d ) * u ) )  =  1

fro m  w h ich  re s u lts  b y  (N )

(ß ) (a * c ) * ( ( c * d ) * u ) = 1.
T h u s  b y  (a ) a n d  (ß) w e  o b ta in

(y) (c* d )* u  =  1
a n d  by  d u a li ty  in  c, d

(<5) (d * c )* u  =  1
w h ic h  m e a n s  u—1.

(ii) L e t u s  a s s u m e  n o w  th e  sy s tem  b e lo w  to  be  tru e :

( [ a |í> ]* [c |d ] )* [u |l ]  =  [111] 

a n d  ( [c |d ]* [a |b ] )* [M |l]  =  [111].

W e m ay  re a d  =  in s te a d  o f  =  a n d  fu r th e rm o re  w e h ave

a«ii]*w4)*[«ii] = [iii].
T h u s  a ll w e h av e  to  p ro v e  is th e  e q u a tio n

([c|d]*[a|l])*[U|l] = [l|l].
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W e su cceed  a s  fo llo w s  :
( [я |Ь ]* [с М ])* [и |1 ]  =  [1|1]

Л ( [ ф ] * [ а |Ь ] ) * [ ы |1 ]  =  [1|1]

=>■ ( ( ( a *  Ь) ж (а  ж с)) ж ((а  ж Ь )* (а  *  с/))) ж  (((а  *  Ь )*  (а  ж с)) ж и)

=  ( ( (а  ж с) ж (а ж b)) *  ((а  *  с) ж (а ж d))) ж (( (а  жЬ)ж(аж с)) *  и)

=: (Р ж Q) ж (R ж и) ~ 1

Л (((с  жd)ж(cж а ))  *  ((с ж d) ж (с ж 6 ))) *  (((с ж d) ж (с ж а)) ж и)

=  ( ( ( с *  а) ж (с ж d)) ж ((с ж а) ж (с ж Ь))) ж (((с жd)ж(cж а)) ж и)

=  ( ( (а  *  с) ж (а  *  d)) ж ((а ж с) ж (а ж b))) *  (((с *  d) ж (с ж а)) *  и)

=: (Q ж Р) ж (S ж и) =  1
=> (Р ж Q) ж (Р ж (S ж и)) =  1 (1.6, 1.7)

А (б * Р )* (Л * (5 * н ))  =  1. (1.6, 1.7)

T h u s  w e o b ta in  R ж (S ж и) =  1

a n d  Р *  (S '*  и ) =  1,

a n d  s in ce  Р=(ажс)ж(ажЬ)ЛК =  (ажЬ)ж(ажс) th e se  la s t e q u a t io n s  im ply  

([c|d]*[ci|l])*[ii|l] =  [((c * <r/) * (с * а)) * u 11 ]

= [S*i/|l] = [ 111 ].

(iii) T h e  g e n e ra l  case  w ith  [u\v\ in s te a d  o f  [и11] is so lv e d  b y  (i), (ii), s in ce  
[ a |h ] * [ » |i ) ]  =  [l |1] im p lie s  [ a | è ] * [ i / | l ]  =  [ l  | l ] A [ û |è ] * [ ü | l ]  =  [ l  |1 ]. H ence  o u r  p r o o f  
is c o m p le te . □

5. S tro n g  re s id u a tio n  groupo ids

In  th is  s e c t io n  w e a ssu m e  (R , * ,  :) to  b e  s tro n g , i .e ., to  sa tisfy  

(S ) а:(Ьжа) =  (Ь:а)жЬ.

A t o n ce  w e  se e  th a t  in  th is  c ase  (R 5 )  re s u lts  f ro m  (1 .4). F u r th e rm o r e  it is p o in te d  
o u t  in  a n o th e r  p a p e r  th a t  th e  a x io m s  (R 3 1 ) a n d  (R 3 2 ) a r e  co n se q u e n c e s  o f  (S) 
a n d  th e  o th e r  id e n titie s . B u t in  th i s  p a p e r  w e a re  o n ly  in te re s te d  in th e  p r o o f  
th a t  (S ) is  c a r r ie d  o v e r  f ro m  (R , * ,  :) to  ( S , * ,  :). W e  s ta r t  b y

(5.1) Let (R, ж, :) be a strong residuation groupoid. Then

Proof.
а\{Ьжа) =  a Ob. 

аж(а\(Ьжа)) =  (а ж a) : (b *  a) =  1

Ьж(сг.(Ьж aj) =  (Ьж а):(Ьж a) — 1
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a n d  a * x  =  1 =  b * x  =>(a:(b*a))*((x:a)*x)

=  (a : (b * a)) * (a : (x # a))

=  ((a  : (b * a)) * a) : (*  *  a)

=  (b * a ):(x*a)  =  1. □

A s a  d ire c t c o n se q u e n c e  o f  (5 .1 ) w e o b ta in  b y  d u a li ty

(5 .2 ) Every strong residuation groupoid is normal. □

W e a re  n o w  g o in g  to  sh o w  th a t  ( S )  is tra n s fe r re d  fro m  ( R , * ,  :) to  (S,

(5 .3 ) Let (R, * , : )  be a strong residuation groupoid. Then the extension (S, * 
strong, too.

P r o o f . A ll w e h a v e  to  sh o w  is th a t  ( S )  is tra n s fe r re d  fro m  ( R, * , : )  to  (Rx,
F ir s t  w e sh o w  th a t  in  (R1, * ,  :) w e  h av e  th e  e q u a tio n

(i) а П (c U d) =  (c U d) : {a * (c U d))

fo r  e le m e n ts  a, b, c o f  R w h ic h  is e q u iv a le n t to

(ii) ( ( U i / ) : ( a * ( c U i / ) ) * ( a n ( c U d ) )  =  1.

H e n c e  (i) fo llow s fro m  (ii) a n d  (ii) fo llo w s fro m
(a * d)C\(d * a) =  1

=> (a * d) П (d * а) П  (d * c) =  1

=>• ( ( ( c : ( a * d ) ) * c ) : ( a * c ) ) n ( ( i / * a ) n ( d * c ) )  =  1

=> ((c  :(a * d))*(c: (a * с))) П (d#  (a Dc))  =  1

=>• ( (c : (a * d ) )U d )* (a r ic )  =  1

=> (( (c : ( a  *  (/)) U  а )  П  ((c : ( e  * </)) U  (/)) ♦  ( а  П  c ) =  1

=> ( ( c : ( a * i / ) ) U ( a f l i / ) ) * ( a r i c )  =  1

=> ((c  U d) : (a * d)) * (а П  c) =  1

=> (((c (Jd):(a* c)) *(c:(a  *  c))) U (((c U d) : (a * d)) *(аПс))  =  1 

=>■ (((c  U d ) : ( ű  * с)) П ((с  U d )  :( a  * d))) * (аП с)  =  1

=> ( ( c U í / ) : ( a * ( c U í / ) ) ) * ( a r i c )  =  1

Л ( ( c U d ) : ( a * ( c U í / ) ) ) * ( a r i í / )  =  I

=> ( ( r  U i / ) : ( a *  (c  U  í/) ) )  * ( ű П  (c  U  í/ ) )  =  1.
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A p ly in g  th i s  sp ec ia l fo rm u la  w e  o b ta in  th e  g e n e ra l  fo rm u la  by  

(я  U  b) : ((c  U d) *  (a U  b)) =  ( a U h ) : ( ( c * ( a U h ) ) n ( d * ( a U è ) ) )

=  ( ( a U h )  :( c *  (a  U  b))) U  ((a U b) \(d*(a  U £>)))

=  ( ( u U b ) n c ) U ( ( a U b ) n d )

=  ( a U b ) n ( c U d ) .  □

L e t u s  a s s u m e  n o w  ( R , * ,  :) to  be  sy m m etric , i .e .,  t o  sa tisfy  a * b = b :a .  L e t 
u s  a s s u m e  m o re o v e r  ( R, * )  to  s a tis fy  a*(b b )* (a * c ) .  T h en  (S', * ) s a t ­
isfies th is  id e n t i ty ,  to o , a s  w a s  sh o w n  in  [3]. S o  i f  (R, * )  is a d d it io n a lly  s t r o n g  
th e  e x te n s io n  (S ,  * )  is a  g e n e ra liz e d  B o o lean  rin g . O n  th e  o th e r  h a n d  a  g e n e ra liz e d  
B o o le a n  r in g  sa tis fie s  th e  a x io m s  o f  a  s tro n g  s y m m e tr ic  re s id u a tio n  g ro u p o id  a n d  
it  is a d d i t io n a l ly  a u to d is tr ib u t iv e . T h is  le ad s  u s  to  th e

Theorem. A residuation groupoid admits a Boolean extension if and only if  it is 
symmetric, strong, and autodistributive. □
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E V A D IN G  C O N V E X  D IS C S

by
G. FEJES TÓTH

C o n f ir m in g  tw o  co n jec tu res  o f  L. F ejes Tóth [4, 8] w e  sh a l l  p ro v e  th e  fo llo w ­
ing  th e o r e m s :

Theorem 1. Given a set o f  disjoint open squares with side-lengths not exceeding 
1, any two points of  the plane lying outside the squares at distance d  from one another

can be connected by a path evading the squares and having length at most  ̂ ~ •

Theorem 2. Given a set o f  disjoint open unit circles, any two points of  the plane 
lying outside the circles at distance d  from one another can be connected by a path

evading the circles and having length at most (d—2) +  n.
У 21

U sing a mean value argument, J .  Pach [8] proved previously a theorem similar
3 —

to  T h e o re m  1 w ith  th e  w e ak e r b o u n d  — d + 4  \ d + 1.

T h e  p r o b le m  o f  find ing  a  s h o r t  p a th  be tw een  tw o  p o in ts  o f  th e  p la n e  e v a d in g  
th e  d is c s  o f  a  p a c k in g  is c lo se ly  r e l a te d  to  p ro b le m s c o n c e rn in g  th e  p e rm eab ility  
o f  a  la y e r .  W e  say  th a t  a  se t o f  d is jo in t  o p e n  d o m a in s  ly in g  in  a  p a ra l le l  s tr ip  fo rm s  
a  layer. B y  c ro s s in g  th e  lay e r w e  m e a n  d ra w in g  a  p a th  c o n n e c t in g  th e  edges o f  th e  
s tr ip  w i th o u t  e n te r in g  a n y  o f  th e  d o m a in s .  L e t w b e  th e  w id th  o f  th e  s tr ip  a n d  / 
th e  le n g th  o f  a  p a th  c ro ss in g  th e  s t r ip .  T h e  permeability o f  th e  la y e r  is defined  b y  
th e  r a t i o  w / in f  /  w here  th e  in f im u m  e x te n d s  o v e r a ll p a th s  c ro s s in g  th e  lay e r [2].

I t  is  k n o w n  th a t  th e  p e rm e a b il i ty  o f  an y  lay e r o f  s q u a r e s  is g re a te r  th a n  2 /3
[3] a n d  th e  p e rm e a b ility  o f  a n y  la y e r  o f  e q u a l c irc les is g r e a te r  th a n  \''21/2n [2]. 
E v en  a  l i t t le  m o re  is t ru e :  s t a r t in g  f r o m  a n y  b o u n d a ry - p o in t  o f  a  p a ra lle l s t r ip  o f  
w id th  w c o n ta in in g  a  lay e r o f  s q u a r e s  w ith  s id e-len g th s 1, w e  c a n  c ro ss  th e  la y e r  
th r o u g h  a  p a th  o f  len g th  s 3 i v /2 .  A n a lo g o u s ly , s ta r t in g  f r o m  a n y  b o u n d a ry -p o in t 
o f  a  s t r ip  o f  w id th  w c o n ta in in g  a  la y e r  o f  u n it  c irc les, w e  c a n  c ro s s  th e  la y e r  th ro u g h

a  p a th  o f  le n g th  — 2) +  -^- +  l .  (T he  b o u n d  (w — 2) +  + 1  h a s  b een
V27 2  v j/2 7  2

im p ro v e d  re c e n tly  by  A . Florian [5]. H is  b o u n d  is s h a r p  f o r  a ll  v a lu e s  o f  w.) H o w ­
ev er, t h e  p r o o f  o f  these  e s t im a te s  d o e s  n o t  give in f o rm a t io n  a b o u t  th e  q u e s tio n  
h o w  f a r  th e  e n d p o in t o f  th e  p a th  l ie s  f r o m  th e  p o in t  o p p o s i te  to  th e  s ta r tin g  p o in t . 
T h e o re m s  1 a n d  2 im p ly  th a t  th e  la y e r s  c a n  b e  c ro sse d  a ls o  “ p e rp e n d ic u la r ly ”  b y  
p a th s  o f  a p p ro x im a te ly  th e  s a m e  le n g th  a s  th e  a b o v e  b o u n d s .

14 S tu d ia  Scien tia ru m  M a th e m a tic a ru m  H ungarica 13 (1978)



454 G. FEJES TÓTH

T h e o re m s  1 a n d  2 a re  s h a rp  fo r  in fin ite ly  m a n y  v a lu e s  o f  d. C o n s id e r  a  la t t ic e ­
p a c k in g  o f  o p e n  u n i t  sq u a re s  w h ic h  a r is e s  fro m  a  g rid  o f  s q u a r e s  w ith  h o r iz o n ta l 
row s b y  t r a n s la t in g  ev e ry  se c o n d  ro w  o f  sq u a re s  h o r iz o n ta l ly  th r o u g h  1/2. L e t 
A be  th e  m id p o in t  o f  th e  u p p e r  h o r iz o n ta l  side  o f  a  s q u a r e  a n d  В  a  p o in t  b e lo w  
A a t  d is ta n c e  2 f c + l  fro m  it ( k = 0 , 1, . . . )  (F ig . 1). I t  is e a s ily  se e n  th a t  th e  le n g th

Fig. l

o f  a n y  p a th  c o n n e c t in g  A w ith  В o u ts id e  th e  sq u a re s  is a t  le a s t 1—- — . T h u s  th e

b o u n d  o f  T h e o re m  1 c a n n o t  be  im p ro v e d  i f  d  is a n  o d d  n u m b e r .
T h e  b o u n d  o f  T h e o re m  2 is b e s t p o ss ib le  i f  d  is o f  th e  fo rm  d=2k^3 +  2, 

k = 0 , 1, . . . .  I n  o rd e r  to  see  th is  w e c o n s id e r  th e  d en se s t la t t ic e -p a c k in g  o f  o p e n  
u n it  c irc les w ith  h o r iz o n ta l  ro w s o f  c irc le s  (F ig . 2). L e t A b e  th e  h ig h e s t p o in t  o f  
a  c irc le  a n d  В th e  lo w est p o in t  o f  a  c irc le  ex ac tly  b e lo w  A a t  d is ta n c e  2к\Ъ +2

Fig. 2
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fro m  A. I t  is  e a sy  to  c h eck  t h a t  A a n d  В c a n n o t b e  c o n n e c te d  o u ts id e  th e  c irc le s

b y  a  p a th  o f  le n g th  less th a n  ,—  (d —2)+nl
Ÿ27

In  c o n t r a s t  w ith  T h e o re m  1, w h ic h  is  tru e  fo r  a n y  p a c k in g  o f  sq u a re s  o f  s id e - 
len g th s  n o t  e x c e e d in g  1, T h e o re m  2 d o e s  n o t h o ld  fo r  a ll p a c k in g s  o f  c irc les o f  ra d iu s  
s i .  T h is  is  s h o w n  b y  a n  e x a m p le  o f  a  lay e r o f  in c o n g ru e n t c irc le s  w ith  p e rm e a b ility  

less th a n  / 2 7 / 2 я  [2].
N o w  w e  tu r n  to  th e  p r o o f  o f  T h e o re m  1. L e t SA b e  a  p a c k in g  o f  o p e n  s q u a re s  

w ith  s id e - le n g th s  S i .  W e sh a ll r e s tr ic t  o u rse lv es  to  th e  c a se  w h en  th e  sq u a re s  d o  
n o t  a c c u m u la te .  T h e  g e n e ra l c a se  fo llo w s f ro m  th is  c a se  eas ily  b y  k n o w n  c o m ­
p a c tn e ss  a rg u m e n ts .  S u ch  a n  a rg u m e n t is p re s e n te d  in  [1].

T o  a  g iv e n  p o in t  P  o u ts id e  th e  sq u a re s  a n d  a  p re s c r ib e d  d irec tio n  d w e c o n ­
s t ru c t  a  p a th  d e sc r ib e d  in  [3]. S ta r t in g  fro m  P w e go  in  th e  d ire c tio n  d u n til w e a r r iv e  
to  a  b o u n d a r y - p o in t  X  o f  a  s q u a re  o f  SP, say  o f  th e  s q u a r e  S = X 1X2X3Xi , w h ic h  
b lo c k s  o u r  w a y . L e t A ( I T )  b e  th e  le n g th  o f  th e  s h o r te s t  p a th  c o n n e c tin g  th e  
b o u n d a ry - p o in ts  X  a n d  Y o f  S  th r o u g h  a  p o r t io n  o f  th e  b o u n d a r y  o f  S. L e t <5d( A T )  =  
=  ô(X Y ) b e  th e  in n e r  p ro d u c t  o f  th e  v e c to r  XY  a n d  th e  u n i t  v ec to r p o in t in g  in  
th e  d ir e c t io n  d. W e ev ad e  S  b y  g o in g  fro m  X  a lo n g  th e  s h o r te r  a rc  o f  th e  b o u n d ­
a ry  o f  S  t o  t h a t  v e rtex , o r  to  o n e  o f  th o se  v e rtices  Т,- o f  S  fo r w h ich  th e  r a t io  
ô(XXi)/À(XXi) is m ax im al. L e a v in g  th e  b o u n d a ry  o f  5  a t  X: w e c o n tin u e  o u r  w a y  
in  th e  d i r e c t io n  d u n ti l  a  s e c o n d  s q u a re  b lo ck s  o u r  w a y . W e  ev ad e  th is  s q u a re  in  
a  s im ila r  w a y  a s  th e  first o n e , tr a v e l a g a in  in  th e  d ir e c t io n  d, a n d  so  on . S in ce  th e  
sq u a re s  o f  á* d o  n o t  a c c u m u la te , w e c a n  c o n s tru c t  b y  th is  p ro c e d u re  a n  in f in ite  
p a th  П =  П (P, d), w h ich  w e  s h a l l  ca ll a  path emanating from P in the direction 
d. S ince  i t  m a y  o c c u r  th a t  m a x  3 (Т Т ))Д (Т А ))  is a t t a in e d  fo r  m o re  th a n  o n e  v e r te xi
o f  a  s q u a r e ,  П(Р,  d) is g e n e ra lly  n o t  u n iq u e ly  d e te rm in e d .

L e t X  b e  a n  a rb i tr a ry  p o in t  o f  П. L e t l(X)  d e n o te  th e  len g th  o f  th e  a rc  o f  П 
ly ing  b e tw e e n  P  a n d  X. W e  sh a ll sh o w  th a t

(1) i ( T ) s | ( < 5 ( P T )  + 1).

T o  th e  p r o o f  w e  n eed  th e  fo llo w in g  sim p le

Lemma. Let X  be a boundary-point of  the square S =  X x X2 X.,X4 such that the 
half-line emanating from X  in the direction d intersects S. Then we have

b(XXj) 
m a x  '

I S Í S J  / ( A T ,)

I t  w ill b e  c o n v e n ie n t to  s u p p o s e  th a t  th e  p la n e  u n d e r  c o n s id e ra tio n  is in  s u c h  
a  p o s i t io n  th a t  th e  d ire c tio n  d is v e rtic a l. W e a ssu m e  t h a t  n o  side o f  S is h o r iz o n ta l ,  
b e c a u se  o th e rw is e  th e  le m m a  is o b v io u s . W e a lso  su p p o s e , w ith o u t lo ss o f  g e n e ra lity , 
th a t  S  is a  u n i t  sq u a re . W e  c h o o s e  th e  n o ta t io n s  so  t h a t  th e  h ighes t v e rte x  o f  S  is 
T x a n d  X  lie s  o n  th e  ed g e  X1X2 (F ig . 3). W e in t ro d u c e  th e  n o ta tio n s  a =  ő(X1X2) 
a n d  b =  ô(X1Xi) a n d  o b se rv e  th a t ,  by  th e  s y m m e try  o f  S  a n d  th e  th e o r e m  o f  
P y th a g o r a s ,  w e h av e
(2 ) a2+ b 2 =  1.
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X 1

I f  a S b  th e n  a ë j / 2 / 2 ,  w h ich  im p lies th a t  0(ХХ^)/л(ХХ2) =  а ^ У 2 /2 > 2 /3 .  T h e re ­
fo re  w e a ssu m e  th a t
(3) 0 <  a <  ^ 2 /2  <  b <  1.

W h ile  X  t r a v e ls  o n  th e  seg m en t XxX2 f r o m  Xx to  X2 th e  r a t io  d(XX4)ß(X X 4) 
c o n tin u o u s ly  d ec re a se s . S ince ô(X1Xi)/2(X1Xi)=:b>Ÿ2/2>2/3  a n d  Ô(X2X4)/ 
/2(X2X4) =  (b — a)/2 < l / 2 < 2 / 3 ,  th e re  is a  p o in t  Xn on  th e  seg m en t XxX2 fo r  w h ich  
д(ХйX4)/X(XnX4) = 2 /3 . T h e  a b o v e  c o n s id e ra t io n s  sh o w  th a t  i f  X £ X 1X() th e n  
(ЦХХ4)/?.(ХХ4)>2/3 .  T h u s  th e  le m m a  w ill b e  p ro v e d  b y  sh o w in g  th a t  in  th e  case  
X£X0X2 w e  h a v e  0(ХХ3)/ЦХХ3)>2/3.

W e o b se rv e  th a t  ô{XX?)j/.(XX3) in c re a se s  i f  X  m oves fro m  X„ t o  X2. T h e re fo re  
it is e n o u g h  to  sh o w  th a t  0(X0X3)/X(X0X3)^ 2 /3 .  In tro d u c in g  th e  n o ta t io n  x = X xXa 
w e h av e  ô(X0X3) =  a + b  — ax, ô(X0X4) =  b — ax, A(X0X3) =  2 — x a n d  A( X0X4) = 1  +  л", 
so  th a t  th e  c o n d it io n  ô(X0X4)l/.(X0X4) =  2/3 is eq u iv a len t w ith

(4) 2 ( 1 +дг) =  3 (b -a x ) .

In  o rd e r  to  f in ish  th e  p r o o f  o f  th e  le m m a  w e  h a v e  to  show  th a t  u n d e r  th e  c o n d it io n s
(2), (3 ) a n d  (4 ) w e  h av e

2 (2 — x) <  3 (a +  b — ax).

B u t th is  is e q u iv a le n t w ith  th e  in e q u a lity  3 a 2 —4 a  +  l < 0  w hich  is, f o r  ^ 2 / 2 < а < 1 ,  
tru e , in d eed .

W e r e tu rn  to  th e  p r o o f  o f  th e  in e q u a lity  (1 ). L e t Sx, S2, ... b e  th e  sq u a re s  o f  
&  w e succes ive ly  h i t  w h e n  m o v in g  fro m  P  a lo n g  П. L e t Vt be  th e  f irs t a n d  th e  
la s t p o in t  o f  П c o m m o n  w ith  th e  b o u n d a ry  o f  St ( / = 1 , 2 , . . . ) .  W r i te  W0=P.  
U sin g  th e  le m m a  w e im m ed ia te ly  see t h a t  i f  A' is a  p o in t o f  th e  s e g m e n t WiVi+1 
( / = 0 , 1 , . . . )  th e n

(5 ) l { X ) ^ j ô ( P X ) .
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N o w  w e  c o n s id e r  th e  case  w h e n  X  lies b e tw e e n  Vt a n d  Щ ( / = 1 ,  2, ...)• S ince  

by  (5) / ( f j ) ^ y < 5 ( P k j ) ,  it suffices to  sh o w  th a t

(6)

L e t Y  b e  th e  f irs t v e rtex  o f  Л  w e  m e e t w h e n  tr a v e ll in g  f ro m  Щ b a c k w a rd s  
o n  Л . I f  X  l ie s  o n  th e  c lo sed  s e g m e n t YtVj th e n  w e  h a v e  b y  th e  le m m a  a n d  th e  s u p ­
p o s itio n  t h a t  Y W i^ l

1(Х )-1(Уд =  i m - « v i) - x w i s ^ ô ( v iw i) - ô ( x t v i) =

=  y (ô ( y ,W d -ô (X W d )+ ^ ô (X W d  ^  y  Ô (V ,X )+ J

c o n firm in g  th e  in e q u a li ty  (6) fo r  th e  c a se  ZÇ YWt. F in a l ly , su p p o se  th a t  XÇ.VtY. 
3 1

W e o b se rv e  t h a t  —  ô{VtX )+  — + / ( I j )  —1{X) is n o w  a  lin e a r  fu n c t io n  o f  th e  d is ta n c e

x=VtX.  W e  h a v e  ju s t  seen  th a t  th is  q u a n ti ty  is n o t  n e g a tiv e  fo r  X = Y  a n d  e q u a l

to  у  fo r  X —Vi . T h is  c o m p le te s  th e  p r o o f  o f  (6) a n d  s im u lta n e o u s ly  th e  p r o o f  o f  (1).

L e t A a n d  В  b e  tw o  p o in ts  o f  th e  p la n e  ly in g  o u ts id e  th e  sq u a re s  o f  2P. W e  
sha ll s h o w  t h a t  th e r e  a re  tw o  p a th s ,  Л + a n d  П~,  e m a n a tin g  f ro m  A a n d  B, r e s p e c ­
tively , in  o p p o s i te  d ire c tio n s  d a n d  — d w h ic h  in te rse c t o n e  a n o th e r .  B efo re  th e  p r o o f  
o f  th is  p r o p o s i t i o n  w e sh a ll sh o w  th a t ,  a lo n g  w ith  th e  in e q u a lit ie s  (1) a n d  (5), i t  
im p lies T h e o r e m  1.

I t  is e a s i ly  s e e n  th a t  Я + a n d  Л  “ h a v e  a  p o in t  Z  in  c o m m o n  w h ich  is th e  v e r te x  
o f  a  s q u a r e  S’ o f  SP to u c h e d  a n d  e v a d e d  b o th  b y  Л + a n d  П~  a n d  a t  le a s t o n e  o f  
th e  p a th s  Л +  a n d  П~,  say  Я + le a v e s  th e  b o u n d a ry  o f  S  a t  Z . By (5), th e  le n g th

3
o f  th e  a r c  o f  Л + b e tw een  A a n d  Z  is a t  m o s t у  Sd(AZ).  O n  th e  o th e r  h a n d , b y  (1)

3 1 3  1
th e  le n g th  o f  th e  a r c  o f  Л  b e tw een  В a n d  Z  is a t  m o s t у  5 _A{BZ) +  — — — ôd {ZB) +  — . 

T he  p a th  c o m p o s e d  o f  th e se  tw o  a rc s  jo in s  A a n d  В a n d  its  le n g th  is a t  m o s t

T h u s , a l l  w e  n eed  to  p ro v e  is th e  e x is ten ce  o f  th e  p a th s  П + a n d  17“ . A s  w e  
o b se rv ed  a b o v e ,  i t  m a y  o c c u r  th a t  th e r e  a re  sev e ra l p a th s  e m a n a tin g  fro m  a  g iv en  
p o in t in  a  g iv e n  d ire c tio n . W e sh a ll c o n s id e r  tw o  sp e c ia l p a th s  w h ich  g en e ra lly  c o in ­
cide. T h e  p a th s  ПГ(Р, d) a n d  Л , ( Р ,  d) e m a n a tin g  f r o m  P  in  th e  d ire c tio n  d tu r n  
to  th e  r i g h t  o r  to  th e  le ft, re sp ec tiv e ly , w h e n e v e r  th e re  is a  c h o ic e  o f  eq u a lly  e c o n o m ic  
p o ss ib il it ie s  t o  e v a d e  a  sq u a re  o f  3P. M o re  p rec ise ly , i f  S  is a  sq u a re  o f  SP w h ic h  is 
e v a d e d  b y  th e  a r c  VW  o î  ПГ(Р, d) o r  Я ,  (P , d) a n d  S  h a s  a  v e rte x  X  o th e r  th a n  W  
fo r  w h ic h  ô (V W )]l(V W ) =  ô{VX)IÀ{VX) th e n  W  lie s  o n  th e  r ig h t-h a n d  s id e  o r  
o n  th e  le f t - h a n d  side  o f  th e  o r ie n te d  lin e  o f  d ire c tio n  d th r o u g h  V.
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L e t e b e  th e  lin e  th ro u g h  В p e rp e n d ic u la r  to  AB. W e ass ig n  in  th e  p la n e  a  p o s i­
tiv e  d ire c tio n  o f  ro ta t io n  in  th e  c o u n te r -c lo c k w ise  sense a n d  d iv id e  e in to  th e  ha lflin es 
ex a n d  e2 a r is in g  fro m  th e  h a lf lin e  BA b y  a  ro ta t io n  th ro u g h  n il  a n d  —n/2, re sp e c ­
tiv e ly . L e t U b e  th e  se t o f  th o s e  p o in ts  X  o f  e to  w h ich  th e re  is  a  d ire c tio n  d su c h  
th a t  th e  p a th  n r (^ l ,d )  o r  Л,(Л,  d) c o n ta in s  X. U is n o t e m p ty  b e c a u se , e .g ., a n y  
o f  th e  p a th s  ПГ(А, d) a n d  n t(A, d) w ith  d= A B  in te rsec ts  e. T h u s  a t  le a s t o n e  o f  
th e  h a lf lin e s  e1 a n d  e2, say  ex, c o n ta in s  a  p o in t  o f  U. W e a ss u m e  t h a t  B$ V  s ince  
o th e rw ise  o u r  s ta te m e n t is o b v io u s . I t  is  e a s ily  seen  th a t  U is c lo s e d , th u s  th e re  
is a  p o in t  N  o f  exC\U w h ic h  lies n e a re s t  to  B. L e t 2  b e  th e  s e t o f  d ire c tio n s  d fo r  
w h ic h  o n e  o f  th e  p a th s  Пг(А ,д ) a n d  PifA,  d) c o n ta in s  N. L e t a(d) b e  th e  an g le  
o f  ro ta t io n  c a rry in g  th e  d ire c tio n  o f  ex in to  d su ch  th a t  0^|a(d)|S7r. L e t d b e  th e  
e le m e n t o f  2  fo r  w h ic h  a(d) is m a x im a l. W e  a re  g o in g  to  sh o w  th a t ,  w ith  th is  p a r t ic ­
u la r  c h o ic e  o f  th e  d ire c tio n  d, a n y  p a th  e m a n a tin g  fro m  В  in  th e  d ire c tio n  — d 
h a s  a  p o in t  in  c o m m o n  w ith  ПГ(А, d) o r  П,(А , d).

F i r s t  w e o b se rv e  th a t  th e  p a th  П,(А,  d) d o e s  n o t p a ss  th r o u g h  N. F o r ,  su p p o se  
th a t  NS_n,(A, d). T h e n  w e  c a n  c h o o se  a  d ire c tio n  d' w h ich  is o b ta in e d  f ro m  d by  
a  ro ta t io n  th r o u g h  a  su ffic ien tly  sm a ll p o s i tiv e  an g le  so  th a t  th e  p o in t  N' =  
—еПП^А,  d') lies  o n  th e  c lo se d  s e g m e n t BN. B u t th is  is im p o ss ib le  b e c a u se  o f  
th e  d e fin it io n  o f  N  a n d  d a n d  th e  a s s u m p tio n  th a t  B$ U.

L e t /  be  th e  lin e  th ro u g h  В p e rp e n d ic u la r  to  th e  d ire c tio n  d. O b v io u s ly , b o th  
ПГ(А, d) a n d  П,(А, d) in te rs e c t / .  T h u s  th e s e  tw o  p a th s  to g e th e r  w ith  /  en c lo se  
a  b o u n d e d  re g io n  R (w h ich  is g e n e ra lly  n o t  c o n n e c te d ) . L et Mr a n d  M, b e  th e  in te r ­
se c tio n s  o f  th e  p a th s  ПГ(А, d) a n d  n t(A, d) w ith  / .  A c c o rd in g  to  th e  a b o v e  c o n ­
s id e ra tio n s  В lies o n  th e  o p e n  seg m en t M rM, (F ig . 4).

N o w  w e c o n s id e r  a n  a rb i t r a ry  p a th  П  e m a n a tin g  fro m  В in  th e  d ire c tio n  — d. 
L et Q b e  th e  la s t p o in t  o f  П c o m m o n  w ith  th e  c lo sed  seg m en t M rM,.  I t  su ffices 
to  c o n s id e r  th e  c a se  w h en  Q is a n  in te r io r  p o in t  o f  th e  seg m en t M r M ,. T h e n  tra v e ll­
in g  o n  П w e e n te r  th e  in te r io r  o f  R a f te r  le a v in g  Q a n d  s ince  R  is  b o u n d e d  w h ile  
П is u n b o u n d e d  w e  sh a ll c ro s s  th e  b o u n d a r y  o f  R  in  a  p o in t ,  s a y  T. T h is  p o in t  
T  is a  c o m m o n  p o in t  o f  П a n d  o n e  o f  th e  p a th s  Tir(A, d) a n d  П,(А, d), a s  c la im ed .

T h is  c o m p le te s  th e  p r o o f  o f  T h e o re m  1.
T h e  p r o o f  o f  T h e o re m  2 is  s im ila r. L e t n o w ^ *  be a  p a c k in g  o f  o p e n  u n i t  c irc les . 

F o r  a  g iv en  p o in t  P  o u ts id e  th e  c irc les  a n d  a  g iv en  d ire c tio n  d w e d ra w  a  p a th  /7  
e v a d in g  th e  c irc le s  b y  a  s im ila r  c o n s t ru c t io n  a s  in  th e  case  o f  s q u a re s :  W e  g o  in  th e  
d ire c tio n  d i f  n o  c irc le  o f  SA h in d e r s  o u r  w a y  a n d  ev ad e  a n y  c irc le  C^SA w h ic h  b lo c k s  
o u r  w a y  b y  g o in g  a lo n g  th e  b o u n d a ry  o f  C  t o  th e  n e a re s t e n d p o in t  (o r  to  o n e  o f  
th e  n e a re s t  e n d p o in ts )  o f  th e  d ia m e te r  o f  C  p e rp e n d ic u la r  to  d. L e t C X, C 2, ... b e  
th e  c irc le s  o f  2  succesively  to u c h e d  a n d  e v a d e d  b y  ft.  L e t Vt b e  th e  f irs t a n d  W-, 
th e  la s t  p o in t  o f  f t  c o m m o n  w ith  th e  b o u n d a r y  o f  Ci ( / =  1, 2 , . . . ) .  L e t C\  b e  a  u n it  
c irc le  to u c h in g  th e  seg m en t ЩУ!+1 a t  X-, a n d  th e  c irc le  Ci+l a t  a  p o in t  У( b e lo n g in g  
to  ft.  W e  n o te  th a t  th e  a rc  У ,У ; o f  C' d o e s  n o t  in te rse c t a n y  c irc le  o f  SA. W e  re p lace  
th e  a rc  o f  f t  b e tw e e n  th e  p o in ts  X-, a n d  У г b y  th e  c irc u la r  a rc  У ;У ( . R o u n d in g  o f f  
a ll v e r t ic e s  o f  f t  in  th is  w ay  w e  o b ta in  a  n e w  p a th  П fo r  w h ic h  w e  a g a in  use  th e  
te rm  path emanating from P in the direction d (F ig . 5).

L e t TJ b e  a  p a th  e m a n a tin g  fro m  P  in  th e  d ire c tio n  d a n d  X  a n  a r b i t r a r y  p o in t  
o f  П. L e t l(X ) d e n o te  th e  le n g th  o f  th e  a r c  o f  П  ly ing  b e tw een  P  a n d  X. T h e  a rc s

XjYj  a n d  YjWj+x a re  c o n g ru e n t a n d  th e i r  c o m m o n  len g th  is a rc  s in  — S(XjWJ+1).
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T h e  le n g th  o f  th e  a rc  V1W1 is a r c  sin  T h u s  w e  h a v e

I W )  =  PVX +  a rc  sin  <3 (Уг Wj) +  ‘ÿ f V j X j  +  2 ' £  a r c  s in ^ -  0(XjWj+1).
j=i i=1 £

 ̂  З.ГО SÍIT. "V
O b se rv e  t h a t  ô(XjWJ+1) ^  \ 3. S in ce  th e  fu n c tio n  -------— — is increasing  w e h a v e

1 Ÿ3
a rc  sin  —  ô (Xj W-+ i) a rc  sin  —

1 J J 1 In
ô(XjWj+1) =  j /J  '
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Fie. 5

It im m e d ia te ly  fo llo w s th a t
'Jjr

l(W,) S  a rc  sin 0(Уг lV1) +  -^ = -  (ôiPWÙ-ôiV! WL)).
f  27

W e h a v e  b y  th e  c o n s tru c tio n  o f  П < 5 (^ i^ i)  — !• T h e  fu n c tio n  a r c  s in  л;— x
V 27

a tta in s  its  m a x i m u m --------- - =  in  th e  in te rv a l  fo r x = l .  I t  fo llo w s  th a t
2 У27

(7)

L e t n o w  A a n d  В b e  tw o  p o in ts  o f  th e  p la n e  ly ing  o u ts id e  th e  c irc le s  o f  SA. 
R e p e a tin g  th e  a rg u m e n t o f  th e  p r o o f  o f  T h e o re m  1 w e see th a t  th e re  a r e  tw o  p a th s  
П + a n d  П ~ su c h  th a t  П + em an a te s  f r o m  A in  a  d ire c tio n , say , d a n d  П ~ e m a n a te s  
fro m  В in  th e  d ire c tio n  o p p o s ite  to  d  a n d  П + a n d  П~ in te rsec t o n e  a n o th e r .  M o re ­
o v er, th e r e  is a  c irc le  C  o f  SA to u c h e d  a n d  e v a d e d  b o th  by  Я + a n d  П~ s u c h  th a t

S tud io  S c ien tia ru m  M athem aticarum Hungarica 13 (1978)



EV A D IN G  CONVEX DISCS 461

iT + a n d  П~  h a v e  a  p o in t W  in  c o m m o n  w h ic h  is th e  e n d p o in t  o f  th e  d ia m e te r  o f  
C  p e r p e n d ic u la r  to  d. In  v iew  o f  (7 ) th e  le n g th  o f  П + b e tw e e n  A a n d  W  is  a t  m o s t

-^ = (ô (A W )  —1) +  — a n d  th e  le n g th  o f  th e  a r c  o f  П~ b e tw een  W  a n d  В is a t  m o s t 
/ 2 7  2

l )  +  — • T h e  le n g th  o f  th e  p a th  c o m p o sed  o f  th e se  tw o  a rc  is a t
127 2

m o st (AB — 2) +  n.
У 27

S e v e ra l r e s u l ts  a re  k n o w n  a b o u t  th e  p e rm e a b ility  o f  so m e  sp ec ia l lay e rs . A m o n g  
o th e rs  la y e r s  c o n s is tin g  o f  tr a n s la te s  o f  a  re g u la r  tr ia n g le  [7], o f  a  re g u la r  h e x a g o n  
[7] a n d  o f  a  d is c  o f  c o n s ta n t w id th  [8], a s  w ell a s  o f  s im ila r re p lic a s  o f  a  p a ra l le lo g ra m  
[2, 4] h a v e  b e e n  s tu d ied . T h ese  re s u lts  d e p e n d  o n  th e  c o n s tru c t io n  o f  s u i ta b le  p a th s  
by s im ila r  m e th o d s  as in th e  ca se  o f  s q u a re s  o r  c o n g ru e n t c irc le s . T h e se  p a th s  a re  
“ u n ifo rm ly  g o o d ”  in  th e  sense  t h a t  th e y  sa tis fy  a  c o n d itio n  a n a lo g o u s  to  (1) o r  (7). 
A lso  th e  m e th o d  o f  in te rsec tin g  p a th s  e m a n a tin g  fro m  tw o  p o in ts  in  o p p o s i te  d i­
re c tio n s  c a n  b e  a p p lie d  w ith  a ll th e s e  p a th s .  T h u s  w e c a n  o b ta in  g o o d  u p p e r  b o u n d s  
fo r  th e  le n g th  o f  th e  sh o r te s t p a th  c o n n e c t in g  tw o  p o in ts  a lso  in  th e  ca se  o f  th e  ab o v e  
m e n t io n e d  d is c s .
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NON-DEGENERATE INNER PRODUCT SPACES 
SPANNED BY TWO NEUTRAL SUBSPACES

by
J. BOGNÁR

Abstract. We make some remarks in connection with the following problem. Suppose the- 
non-degenerate inner product space E  is the direct sum of two neutral subspaces Lx and /.2. What 
is the necessary and sufficient condition, in terms of Lx and L2, that E  be decomposable?

Let £  be a complex vector space1 equipped with a non-degenerate hermitian 
form ( •, • ). The form ( •, • ) will be called the inner product, and E a non-degenerate 
inner product space.

An element x£E  is said to be neutral if (x, x) =  0. A subspace L a E  is said 
to be neutral if all its elements are neutral. By the Bunjakovski—Schwarz inequality, 
on a neutral subspace the inner product vanishes identically.

We say the element x£E  is positive if (x, x)>0. Further, we say the subspace 
L a E  is positive definite if the relations x£L  and xAO imply (x, x )> 0. Negative­
ness of elements and negative definiteness of subspaces are defined similarly.

Orthogonality of x  and у  means (x, >') = 0.
If E is the orthogonal direct sum of a positive definite subspace E + and a nega­

tive definite subspace E~,
(1) E = E + ®E~,
we say E is decomposable and (1) is a fundamental decomposition of E.

The first example of a non-decomposable E was given by G. W. M a c k ey  
(see [4] or [1; Example 1.11.3]). Another example (see [2; §2.4]) has been con­
structed by M. L. Bro dskii. A third example is due to V. 1. O vcinnikov  [3], who 
pointed out that the idea common to all of these examples was the following.

P r o po sit io n  A (Mackey, Ovcinnikov). I f  the non-degenerate inner product space' 
E is the direct sum of two non-isomorphic neutral subspaces, then E is non-decom- 
posable.

One may ask whether all non-decomposable spaces arise in this manner.
P r o bl em  1. Can every non-decomposable, non-degenerate inner product space 

be written as the direct sum of two non-isomorphic neutral subspaces?
At first glance, the answer appears to be “no” : a construction of G. W ittstock  

(see [1 ; Example IV.5.6]) provides non-decomposable spaces E each representable

1 We use this opportunity to point out an error in [I ; Section VI11.6]: assertion 15) is false. 
Namely, if the principal subspace to /. =  0 of a positive operator on a Krein space is ortho-comple­
mented, then the right-hand and left-hand limits at X — 0 of the spectral function need not exist. We 
thank P. Jonas for calling our attention to this fact.
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as the direct sum of two isomorphic neutral subspaces. However, it is not at all 
clear that for any other direct decomposition of these spaces into the sum of two 
neutral subspaces the components are isomorphic. In fact, as shown by the example 
below, a space E may be the direct sum of two isomorphic neutral subspaces and 
the direct sum of two non-isomorphic neutral subspaces at the same time.

We cannot decide whether Wittstock’s spaces admit direct decompositions into 
the sum of two non-isomorphic neutral subspaces. Thus Problem 1 remains open.

Exam ple 1. Consider the vector space E of complex numerical sequences 
■X— {<5i, £2> •••} suchthat f 2fc = 0 for k > k 0(x). If y=  {(/t , t]2, ...}£E, define the 
inner product of x and у  by the relation

oo

(*, y) = 2  ^ 2k-lh2k + ̂ 2kh2k-l)-k = 1

Then E is Mackey’s non-decomposable, non-degenerate inner product space. It is 
the direct sum of the neutral subspaces

Ly = {x: ç,*_i = 0  for к — 1,2,...}
and

L, = {x: iá* =  0 for к = 1, 2, ...}.

Here the algebraic dimension of Ly is countable, while that of L2 is continuum. 
Simultaneously, E  is the direct sum of the neutral subspaces

Ny = {x: £4*_з = =  0 for к = 1, 2, ...}
and

N2 = {x: É4 * -2  =  f « - i  =  0 for к =  1, 2, ...},

the algebraic dimension of both Ny and N2 being continuum.
R emark . The negative result just obtained can be weakened to the following: 

in a decomposition of a non-degenerate inner product space into the direct sum of 
two neutral subspaces, the algebraic dimensions of the components are not uniquely 
defined. On the other hand, Proposition A implies that this anomaly may occur 
in non-decomposable spaces only: in a decomposable E, both neutral components 
(provided they exist) have “half of the dimension” of E. The next theorem says 
something more.

T heorem 1. I f
E = E + ® E -

is a fundamental decomposition o f the non-degenerate inner product space E and

E — Ly + L2

is a decomposition o f E into the direct sum o f two neutral subspaces, then 

Dim Ly - Dim L2 =  Dim E + = Dim E~, 

where Dim denotes algebraic dimension.
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Pr o o f . Consider the projections P + and P~ defined on E by the relations 
* =  P + x+ P -x, P+xeE+, P~xÇ_E~.

If a£L x and E T a= 0, where a^O, then (a, a) = 0 and ( a , a )  =  ( P ~ a , P ~ a) < 0 
simultaneously. Thus Р + | Lx is one-to-one. In particular,

Dim L x ^  Dim E +.
Define the projections Px and P2 by

a  = Pxx+ P 2x, Pxx£Lx, P2x£L2.
If a £ E + and Pxx=0, where a^O, then ( a , a) > 0 and (x, x)=(P2x, P2x)= 0  
at the same time. Therefore PX\E + is one-to-one. Hence

Dim E + S  DimLx.
As a result, Dim L ^ D im  E +. The proof of the relations Dim L1 = Dim E ~ , 

Dim L2 =  Dim E +, Dim L2 = Dim E~ is similar.
R e m a r k . Under the circumstances of Theorem 1, the cardinal numbers Dim E  + 

and Dim E~  do not depend on the choice of the fundamental decomposition. With 
the help of the four projections defined by two fundamental decompositions it can 
be seen that this is generally true. Theorem 1 says, among others, that a decompos­
able space with Dim E + ^Dim E~ cannot be represented as the direct sum of 
two neutral subspaces at all. We do not know whether the absence of such repre­
sentations is also possible for spaces with Dim E + =Dim E~, and for non-de- 
composable spaces.

P ro blem  2. Given a fundamental decomposition E = E + ® E~, with Dimis + =: 
= Dim£'~, of the non-degenerate inner product space E, how can we decide 
whether E admits a representation as the direct sum of two (necessarily isomorphic) 
neutral subspaces?

The following counterpart to this problem is related to Problem 1. Its impor­
tance turns out also from Example 1.

P r o bl em  3. Given a representation of the non-degenerate inner product space 
E as the direct sum of two isomorphic neutral subspaces, how can we decide whether 
E is decomposable?

Below, we make the first step in the study of Problems 2 and 3.
Two subspaces Mx, M2(zE  are said to be anti-isometrically isomorphic if there 

exists a one-to-one linear mapping V of Mx onto M2 such that (Vx, Vy) = — ( a , y) 
for all a , Mx.

We say the neutral subspaces L X,L 2C.E are positively isomorphic if there exists 
a one-to-one linear mapping A of Lx onto L, such that (Ax, a)> 0 for x£Lx, x^O .

T h eo rem  2. For a non-degenerate inner product space E the following two state­
ments are equivalent:

(i) E is decomposable and has a fundamental decomposition into anti-isometrically 
isomorphic subspaces;
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(ii) E is the direct sum of two positively isomorphic neutral subspaces.
Proof. Let

E = E + ® E~
be a fundamental decomposition and V a one-to-one linear mapping of E + onto 
E~ such that
(2) (Vx, Vy) = - (x ,y )  for all X,  y£E +.
Put

Li = {x+ V x: х€.Е+},
La =  {x—Vx: х £ £ +}.

Then L1 and L2 are (linear) subspaces. They are neutral since, by (2) and the 
orthogonality of E + and E~,

(x+Vx, x+Vx) =  (x, x)+(Vx, Vx) =  0,

(.X — Vx, x — Vx) = (x, x) +  (Vx, Vx) = 0
for all x£ E +.

Moreover, the relation

implies

and, in view of £ +П £'_ =0, 

x = у,

x+Vx — y — Vy 

x —y = — Vx — Vy

Vx = - V y  = -V x , Vx = 0.

Therefore by (2) (x, x)=0; using the positive definiteness of E + we obtain x —0. 
Hence x + V x= 0= y—Vy, that is, L1P\L2=0.

Further, for any xÇ£ +

x = - j (x + F x )+ y  (x-Kx),

Vx = j ( x  + Vx) — -i- (x — Vx).

Therefore E + c L 1+L2 and E ~ c L 1+L2, which yields the relation E = L 1+L2. 
Now, define a mapping A in the following way:

A(x + Vx) = x —Fx (x € £ +).

This definition is correct, since assuming

where x, y£ E +, we obtain
x+ V x= y + Vy, 

x — y = —Vx + Vy

and, in view of the relation £ +(T£_ =0,

x = y.
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It is clear that A is a linear mapping of Lx onto L2. We have

(A ( x  +  Ух), X  +  Ух) =  (x — Ух, X  + Ух) =  (x, x) —  (Ух, Ух) = 2 (x, x) >  0
unless x —0  (or, what is the same, unless x+ F x= 0). Thus A is one-to-one and 
the subspaces Lx and L2 are positively isomorphic.

Let, conversely, E be the direct sum of two neutral subspaces,
E = L 1 + L2,

and A a one-to-one linear mapping of Lx onto L2 such that

(3) ( A f f ) >  0 for /€L 15 / V  0.
Put

E + =  {f+ Af: /€£ ,} ,

E~ = { f - A f :  /€£,}•
Then E + and E~ are subspaces. Moreover, by (3) and the neutrality of Lr 

and L2, for any non-zero elements f g £ L x we have
(f+ A f,f+ A f)  =  ( f  A f) + ( A f f )  = 2(A f,f)  >  0,

(g -A g , g -A g ) = - (g ,  A g)-(Ag, g) = - 2 (Ag, g) <  0 
and

(f+Af, g -A g )  = - ( / ,  Ag) + (Af, g) =

=  - г - 2  in{f+ ing ,A ( f+ ing)) + - j  2  i"(A (f+ ing),f+i"g) =  0.

(At this step we used only that ( /, A f)  is real.) Thus the positive definite subspace 
E + and the negative definite subspace E~ are orthogonal to each other. Clearly, 
the direct sum E + ®E~ exists.

For /ÇZ.J we have

f = \ ( f + A f ) + \ ( f - A f ) ,

A f = \ ( f + A f ) - ^ ( f - A f ) .

Hence L 1 + L 2c E + @E~, that is, E + ® E~ =E.
Define a mapping V as follows :

V (f+ A f) = f - A f  (/€£,).
It is easy to see that the definition is correct and yields a one-to-one linear mapping 
of E + onto E~. Finally, for any f  g<zLx

(f+ Af, g + Ag) = ( f  Ag) + (A f g),

( f - A f ,  g -A g )  = - ( / ,  Ag) — (A f, g);

thus E + and E~ are anti-isometrically isomorphic.
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The proof is complete.
We express our gratitude to C. Bajasgalan, Á. Bosznay and D. Petz for 

useful discussions.

Added in proof. 1. I. S. Io h v id o v  has called our attention to S. P. Markin’s 
paper [5], where a non-decomposahle space having no representation as the direct 
sum of two neutral subspaces was constructed. This yields a negative solution of Prob­
lem 1, and a positive answer to the second question posed in the last sentence of 
the Remark following Theorem 1.

2. Recently C. Bajasgalan has constructed a decomposable space for which 
Dim E + =  Dim E~ and which cannot be written as the direct sum of two neutral 
subspaces; thus the answer to the first question in the sentence just mentioned is 
positive.

3. From an observation appearing in [5] it follows that the conclusion of Theo­
rem 1 remains valid if E+ and E~ are definite but not necessarily orthogonal sub­
spaces.
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ОБ ОДНОМ ЭКСТРЕМАЛЬНОМ СВОЙСТВЕ РЕПЕРОВ, 
ПРИВЕДЕННЫХ ПО МИНКОВСКОМУ

G .  C S Ó K A

Обозначим через

( 1)  /00  =  Ê Oi j X i X j
i j = 1

положительно определенную квадратичную форму (ПКФ) от п переменных. 
Симметричную матрицу А — (оу) называют матрицей формы / .

М инковский в работе [1] высказывает для п ^ 5  без доказательства 
интересное утверждение, которое мы сформулируем следующим образом:

У тверж дение М„: среди всех попарно эквивалентных ПКФ выражения 
(у которых интересное геометрическое значение тоже)

П /I  П

(2) Sj ^  ^2 2  ^ii^kk’ sn П  а иi=l i,k = l 1
Ы к

минимальны для приведенной по Минковскому формы.
Основной результат этой статьи следующий: утверждение М„ верно для 

« s 6 (§ 2) и неверно при п ^ 7  (§ 3). В § 1 этой работы мы даем краткий очерк 
нужных понятий (см., например, [2, 3]). В § 4 даются геометрически более 
наглядные, чем в §2, доказательства основной теоремы при n S 4 и п = 5.

§ 1. Пусть в «-мерном евклидовом пространстве Еп задан и-мерный репер 
S=  {ё,, ё2, то есть система п линейно независимых векторов с общим
началом {О}. Реперу «вставится в соответствие, во-первых, его матрица Грама 
A=(aik) с элементами а№ =  ё;ёк, во-вторых, ПКФ вида (1), коэффициенты 
которой являются элементами aik матрицы Грама репера.

С другой стороны, каждой ПКФ можно отнести некоторый репер с точ­
ностью до его пространственного положения.

Совокупность Г  всех точек пространства, имеющих целочисленные коор­
динаты относительно репера $, то есть множество точек с радиусами-векто-

п
рами х=  У] X; ё£, где х; целые числа, называется «-мерной решеткой, заданной

i=l
репером S .  Указанный и всякий другой репер, задающий решетку Г ,  называется 
ее основным репером. Эти основные реперы переходят друг в друга цело­
численной подстановкой переменных, матрица которой унимодулярна. Также 
говорят, что ПКФ /  и g эквивалентны, / ~g, если их матрицы А и В связаны 
соотношением GTAG=B, где G унимодулярная целочисленная (п X «) мат­
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рица. Так устанавливается взаимная однозначная связь между решетками и 
классами эквивалентности ПКФ.

Говорят, что ПКФ вида (1) приведена по Минковскому, если для любого 
целочисленного набора (л-х, дг„), где н.о.д. (хк, хк+1, ..., a„) = 1, выполнено
соотношение f ( x 1, . . . , x n) ^ a kk, к —1,2, ..., ». Выбираем форму из класса 
эквивалентных ей форм, то есть выбираем один или несколько из бесконечного 
числа основных реперов данной решетки. Геометрический смысл этого выбора 
состоит в следующем: берем кратчайший вектор ёх решетки Г (или один из 
них) и присоединяем к нему кратчайший вектор ё2 из Г, образующий с ёх при­
митивную систему, т. е. ёх и ё2 образуют основной репер той решетки, которая 
получается при сечении решетки Г плоскостью £ 2={ëi,ë2}. Таким же об­
разом берем ё3 и т. д. Вообще говоря, в решетке может быть несколько раз­
личных основных реперов (А/-реперов), приведенных по Минковскому [4].

Каждой форме вида (1) ставится в соответствие точка /  евклидова jV~-
мерного, где «V=— п(п + 1), пространства коэффициентов Еж с координатами

(ап ,а22, ...,а„„,ап , ..., аи_1я). Множеству ПКФ соответствует в Еж выпуклый 
конус К с началом в точке {О}. ПКФ, приведенные по Минковскому, образуют 
в Еж конечногранное коническое тело М  — область приведения по Минков­
скому.

§ 2. Здесь мы докажем теорему, из которой утверждение М„ при п ^ б  
очевидно следует, поскольку аи суть квадраты длин векторов основного репера.

Теорема. Пусть в решетке Г размерности n S 6 заданы репер Минковс­
кого {а,} и любой основной репер {Б,}, удовлетворяющий условию |B |̂s|5y+1|, 
где /=  1, ..., и — 1. Тогда выполняются неравенства |а,| |̂Б,|.

В работе [5] дается определение и доказываются свойства одной области 
в К, области L*, которая не является областью приведения вообще, но для 
nS. 6 она совпадает с областью М  (там область М  обозначается через М*).

Определение. ПКФ /  принадлежит области L*, если для любого 
целочисленного набора (лгх, х2, ..., лг4_х, хл+1, ..., х„) выполнено условие 
f ( x 1, . . . , x k_1, l , x k+1, . . . , x n) ^ a kk (k= l, п) и дп ё а 22̂ . . . ^ а пл. Геомет­
рический смысл этого определения: если «?={ех, ..., е„} основной репер ре­
шетки Гf  и /£  L*, тогда проекция вектора ёк на плоскость решетки Гк, заданной 
репэром £к={ё1, ..., ёк- к, ët+1, ..., ё„} принадлежит области Дирихле начала 
координат решетки Гк. Значит, ёк является кратчайшим вектором ближай­
шего слоя точек решетки Гf , параллельного с Гк (рис, 1). Векторы репера 
занумерованы по возрастанию их длин.

Д оказательство  теоремы. Мы приведем доказательство только для 
п =6, так как при 2 5=« з=6 утверждения доказываются аналогично. Для sL 
утверждение М„ доказано в [5].

Пусть {Б,}$М, то есть принадлежащая ему форма не входит в L*. Но 
тогда существует вектор Бк, который не является кратчайшим в соответст­
венной подрешетке Гк (рис. 1). Выбирем кратчайший вектор и обозначим через 
Бк£Г1. В полученном основном репере {Б,, .... Б(, ..., Бс} перенумеруем век­
торы по возрастанию их длин, если полученный репер не приведенный по
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г,1

Минковскому, повторяем шаг за шагом такой выбор следующего основного 
репера, и наконец, мы приходим к некоторому приведенному по Минковскому 
реперу {а-} решетки Г f .

Действительно, рассмотрим шар радиуса |Ьв| в пространстве Е6 решетки 
Гг. Число векторов решетки в этом шаре конечное и только они имеются 
в виду при каждом шаге выбора. При каждом шаге по крайней мере у одного 
из векторов Ь, длина уменьшается. Основной репер, полученный через конечное 
число шагов дает уже форму, принадлежащую области L% = MR. Если {ä;} = {ä-}, 
то теорема доказана. Пусть {а;}^{а-}. Докажем, что в реперах {а,} и {а-} 
длины г—X векторов одинаковы.

ПКФ приведена по Эрмиту, если принадлежащий ей основной репер вы­
бирается следующим образом из l f : пусть первый вектор ё, имеет наименьшую 
возможную длину (таких векторов в Гг может быть несколько). Каждому из 
выбранных векторов присоединяем кратчайший (их опять может быть не­
сколько) вектор решетки, образующий с ët примитивную систему [6]. К даль­
нейшему рассмотрению мы допускаем только такие пары (ё4, ё2}, для которых 
вектор ё2 имеет из всех таких векторов наименьшую длину и т. д. Обозначим 
через Н* область приведения по Эрмиту. Очевидно H* с  М  (см. §1). Дока­
зано [5], что /Д = Мк = 7Д для К ^ в .  Поскольку {а;}£М„ и {â[}ÇM6, то 
{âjç Н% и (a-}Ç HR, тем самым для / — х векторов выполняется |а;| =  |а-|.

§ 3. С помощью контрпримера доказываем, что как наша теорема, так 
и утверждение М„ при п >6 уже неверны.

Рассмотрим две ПКФ, где у —10—10

/  =  J  (*?+ x |+ x § + x |+ x |)+ Ÿ  (*1 + Х2+х3+х4+ х5)2+ х| +

+  [р - +  0,0011 - y + f j  х? + —- (х4 + -V2+ х3 + х4)х7~\ ~  х5х6+( 1 -2у)хвх7 + Д  7х?

Г  =  ~  (х2 + х ;+ х§+ х| + X? ) + -̂ - (х4 +  х2 + х3 + х4 + х5)2 + ( 1,0044 + 4у2) xjj +

+ ( 1,0099 -  Зу +9f )  X? -  ~  (х4 4- х2 + х3+ х4) х6 + ÿ  xä х6 -  (х4+ х2 + х3 + х4) х7 -

-  J  xs х7 +  ( j  +  0,0132 -  4у + 1 2у2} х6 х7 + J? 7xf.
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В работе [6] доказано, что формы /  и / '  эквивалентны, то есть определяют 
реперы одной и той же решетки. Форма /  приведена по Минковскому, а / '  
не приведена. В то же время имеем диагональные элементы матриц этих 
форм соответственно

(3) для формы / :  1 ; 1 ; 1 ; 1 ; 1 ; 1 ; +0,0011 - у + у 2; 7; 7; ...

(3') для формы / ' :  1; 1; 1; 1; 1; 1,0044 +  4?*; 1,0099-3?+9?2; 7; 7; ....
Как видно, седьмой вектор репера у /  длиннее, чем у / ' ,  это показывает, что 
при и >6 наша теорема неверна.

13Пусть обозначаем число — +0,0011 —]0_10 + 10_2° через 1 +а, число
1,0044 + 4 • 10-20 через 1 +Ь и 1,0099 — 3 • 10“10 + 9 • 10~20 через 1+с. Покажем, 
что утверждение М„ неверно при и & 7.

Рассмотрим выражения sk и sk — суммы к-х произведений (1 ^ к ^ п )  
элементов (3) и (30- Эти элементы на 1 - 5  и на 8 - п-х местах для формы /  и 
для формы / '  те же самые, поэтому при сравнении sk и s'k мы должны учитывать 
только те произведения, в которых фигурируют соответственные 6- или 7 элемен­
ты, или они оба.

Некоторыми числами А и В, которые зависят только от 1 — 5 и 8 — п-х 
диагональных элементов, получаем не общие элементы в выражениях sk и s'k 
в следующем виде:

в сумме sk: 1 • + +(1 +а)А  +  1 (1 +а)В; 

в сумме sk: (1 +b)A + (1 + с)A +(1 + fc)(l +с)В. 

Отсюда получаем

sk — s'k = A(a — b — c)+ В(а — b — с — be) >  0,

поскольку а % 0,0844; b % 0,0044 и с % 0,0099. Таким образом наш контр­
пример имеет место для любого « ё 7 и к ^ п .

§ 4. В этом параграфе мы даем геометрически более наглядное доказа­
тельство теоремы для случая п ̂ 5 . В случае п =  6 найти такое доказательство 
не удалось.

Рассмотрим пример (телесно) центрированной кубической решетки, кото­
рая построена на «-мерном кубе и центр каждого куба тоже является точкой 
решетки. Первые п кратчайших, линейно независимых векторов решетки в слу­
чае и ̂ 5  будут ребрами куба, но они не образуют примитивную систему, 
поскольку куб, натянутый на них, содержит точку решетки, центр куба. В случае 
«=4 половина длины телесной диагонали куба равняется длине его ребер. 
Поэтому четыре кратчайших, линейно независимых вектора могут составлять 
как не примитивную, так и различные примитивные системы. Однако имеют 
место две нижеследующие леммы (первая из них известна [1], но, как нам
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кажется, мы дам её новое доказательство), в формулировках и доказательствах 
этих лемм мы сохраняем обозначения предыдущих параграфов.

Л ем м а 1. В п-мерной, п = 4, решетке каждый М-репер является системой 
п линейно независимых, последовательно кратчайших векторов. В каждой ре­
шетке, за исключением центрированной кубической, любые п таких векторов 
образуют М-репер.

С ледствие. В каждой решетке Г размерности т для любых первых 
nSm  (« S 4) линейно независимых кратчайших векторов найдется М-репер, 
в котором они составляют первые п элементов. При п = 4 исключаются те 
решетки, которые содержают в качестве подрешетки такую 4-мерную центри­
рованную кубическую решетку, в которой ребро куба является кратчайшим 
вектором решетки Г.

Д оказательство . Доказательства для п—1,2,3 аналогичны случаю 
и=4, но существенно проще, поэтому мы считаем, что Лемма 1 и её следствие 
уже доказаны при и^З и рассмотрим только случай л = 4. Покажем во 
первых, что любой вектор v из Г \ Г 4 не короче, чем а4 (рис. 2 при п =4).

Если vÇE|, тогда это выполняется по правилам выбора а ,. Если vÇT4, 
где |>-1, тогда оценим снизу расстояние h между гиперплоскостями под­
решеток Г4 и Г\, очевидно jv| =^2h. Ортогонально проецируем решетку Г] 
на подпространство Е3 подрешетки Г4, обозначим проекцию вектора а4 через 
OB, длину которой мы должны оценить сверху, чтобы получить нижнюю 
оценку для h. Заметим, что ОВ= min CB=q{B, Г4). Возьмём то параллеле­
пипед с вершиной в точке решетки и ребрами ä4, ä2, а3, в которой попала 
точка В. Поскольку нам нужна только подходящая верхняя оценка q (В, Г4), то мы 
берём только те точки из Г4, которые принадлежат подрешетке векторов 
а4 и а2, и точки подрешетки, полученной из этой параллельным перенесом 
на а3 (рис. 3).

Проецируем точку В на плоскость векторов ä4, а2 или на верхнюю плос­
кость, если последняя ближе. Полученная проекция В' лежит в некотором 
параллелограмме со сторонами а4 и а2 имеющем вершину в точке решетки 
(два варианта см. на рис. 3). Точку В ' проецируем на ту прямую, несущую 
одну из параллельных векторов а4 сторон указанного параллелограмма, к ко­
торой точка В' ближе. Расстояние от полученной проекции В" до ближайшей
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Plie. 3

точки В"'£Г не больше, чем у  la^. Имеем ОВ^ВВ'", далее

(4) В'"В* = ВВ'- + В'В'* + В"В'"* ё  i - ä l + y ä l  + y ä f  ^  j ä l  
отсюда

(5) li2 = ä l-O B ‘z^ h 2^ a l - - ^ a 23=>\y\ ^  2h ё  |й4|

аналогичные утверждения относительно а3, а2 и а4 являются фактически пер­
вым утверждением нашей леммы для я <4.

Пусть теперь даны некоторые три последовательно кратчайших вектора 
четырёхмерной решетки Г, используя Лемму 1 и её Следствие мы считаем их 
первыми тремя векторами некоторого М-репера решетки Г и обозначим через 
а4, я2 и 13. Если последующий линейно независимый кратчайший вектор vÇT}, 
то его можно принять за а, и лемма доказана. Пусть и [vj S. |а4|, как видно 
из (4) и (5), это может быть только при следующих условиях: ОВ=ВВ "; |а,| = |v| 
и векторы а4, а2, а3 и v попарно перпендикулярны друг другу; точка А4 в ре­
зультате перенёса её вектором — — v даёт центр 3-мерного куба с ребрами
14,а 2,а 3. Как нетрудно видеть, этим условиям удовлетворяет только случай, 
когда {а,} репер, определяющий центрированную кубическую решетку, в ко­
торой ребро куба является кратчайшим вектором Г.

Этим полностью доказаны Лемма 1 и её Следствие.
Докажем лемму, которая вместе со Следствием леммы 1 даст доказатель­

ство нашей теоремы при и = 5.

Лемма 2. В 5-мерной решетке |а5| ё  |Б5|.

Д оказательство. Пусть вектор v$ Г5 и |v| < |а5| (рис. 2 при я —5). Если за­
писать вектор v в репере {!,}, то последняя его координата v5 не равняется О 
и 1, поскольку если |v |< |ä5|. В то же время г5<3, как следует из ра­
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боты [4] то есть vs=2. Но {Б, } основной репер, поэтому существует по крайней 
мере один вектор Б*$ Г5

— если |Б*|^|Б5|, тогда [Ь5| ё | а 5|,
— если |b*|<|as|, тогда Б* вектор типа \  и Ьк5= 2.
Вектор а5=(0, 0, 0, 0, 1) целочисленно выражается через векторы Б;. Отсюда 

следует, что пятые координаты у всех векторов Б; не все могут быть четными 
числами, найдется хоть один Б,, у которого пятая координата — нечетное число. 
Это значит, что Б Г6 и Б( $ Г§; откуда следует |Бу-| ^  |а5|, т. е. |b5| ё|Бу| s |ä5|, что 
и требовалось доказать.
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