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Studia Scientiarum Mathematicarum Hungarica 29 (1994),

ON PROXIMALLY FINE CONTIGUITIES

J. DEAK

Abstract

We investigate some properties of the finest contiguity compatible with a proximity
(in the sense of 6ech). Counterexamples show that most of the analogous statements are
false for Riesz or Lodato proximities. The paper ends up with an open problem.

Given a proximity 6 in the sense of Cech [1] (respectively a Riesz or
Lodato proximity), let T1(< (respectively 17(6) or r*(<5)) denote the finest
contiguity (Riesz or Lodato contiguity) compatible with S; we aim at inves-
tigating the properties of the functors T1, and The two statements

labelled “Theorem” answer questions raised by Prof. A. Csészar.

8 0. Preliminaries

Let us recall some definitions and simple facts (see e.g. [2] § O, the refer-
ences given in [2], and [3] § 6).

0.1 A symmetric relation 6 between subsets of X is a proximity on X if
(i) ASX implies (i) AfIB ~ Oimplies AS B; (iii) A 6 (B UC) iff either
AS B or ASC. The proximity 6 is Riesz if AS B implies c(A) flc(B)= 0,
where S means that S does not hold, and c(A) = {x: {x} SA}; it is Lodato if
ASB implies c(A)Sc(B). If Sis Lodato then cis the closure in a topology,
which is called the topology induced by S.

A filter fon X is S-compressed if ASB whenever A, B £ secf, where
secf={5CX :SflF/ 0 (F €0} S isfiner than &if S CS. The supremum
supd,- (with respect to this relation “finer”) of the proximities Si does exist.

t

The supremum of Riesz/Lodato proximities has the same property. A cover
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2 J. DEAK

cof X is a 6-cover if for any sets A and B with. A 6 B, there is a C Gc that
meets both A and B.

0.2 A contiguity on X is a non-empty collection T of finite covers of X
such that (i) if cGT and c refines 5 then 6 GT,; (ii) if c,0 GT then there is
an element of T that refines both cand D (c refines tif each element of cis
contained in some element of §.) WCT is a base for T if each element of T
is refined by some element of 03; it is a subbase for T if

{(0)3: 0~ FC9%B, 5 is finite}

is a base for T; here (0)3is defined as follows: A G (0)3 iff there are A(c) Ge
such that A=0{"(c): ce 3}; we shall write c(n)D for (f|){c0} is finer
than T if T' DT. The contiguity T induces the proximity 6 = <&(T) for which
AS B iff, for each cGT, there is a C Gcwith AilC/0~j5nC ; in other
words, T is compatible with 6.

The contiguity T is Riesz if, for each cGT, intc= {intC:C Gc} is a
cover, where intC = X \ ¢(X \ C), with c¢ defined for O(T); T is Lodato if
int cGT whenever cGT. A Riesz/Lodato contiguity induces a Riesz/Lodato
proximity. The supremum sup T, (with respect of the relation “finer”) of the
contiguities T, does exist, and, assuming i GI 0, %T,— is a subbase for it.

The supremum of Riesz/Lodato contiguities has the same property. A filter f
on X is T-Cauchy if fflc* 0 (c GT). Any T-Cauchy filter is <$(r)-compressed.

0.3 Any proximity 6 can be induced by contiguities; T°(<b) is the coarsest
and T1(&) the finest one, where the <5-covers of cardinality » 2, i.e. the covers

cap={X\A,X\B] (A6B),

form a subbase for r°(6), while r x(i) consists of all the finite A-covers. If S
is Riesz or Lodato then so is T°(£); the finest compatible Riesz contiguity
r}*(<5), respectively Lodato contiguity 1°(0), can be described as follows: cG
GT1}j(6) iff cis afinite £-cover and int cis a cover; cGT”(i) iff cis a finite cover
and int cis a A-cover. T°, T1, and T” are functors from the category of
(Riesz/Lodato) proximities into the category of (Riesz/Lodato) contiguities;
this simple fact is, however, irrelevant from the point of view of the present
aper.

P pA cover cof X will be called strong if the collection {X\ C:C Gg¢} is
disjoint. If |c| <2 then cis evidently strong. If cis strong and |c| >3 then ¢
is a <$-cover for any proximity 6.

8 1. Suprema of proximally fine contiguities

If S' is finer than 6 then T1(i/) is evidently finer than r x(A). Similar
statements hold for T and T#: check that, with int' understood in the
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space (X, S'), int C Cint' C, implying that int crefines int' ¢; thus ifintcis a
cover (or a (5-cover) then int' cis also a cover (respectively a 6-cover, hence
a S'-cover). It is the aim of this section to investigate whether or no the
stronger statement holds that T1, and commute with the supremum.
We begin with characterizations of proximally fine contiguities.

1.1 Given a proximity | on X, and a finite partition (= finite cover
consisting of pairwise disjoint sets) p of X , define

¢f{p.S) ={P0Q: P,Qe?,PSQ}.

c(p, S) is a 6-cover, since if ASB then AflP 6B flQ for some P, Q Gp, see
condition (iii) in the definition of a proximity.

Lemma. IfS is aproximity then the collection
(1) {c(p,6):p is a finite partition}

constitutes a base for r*(6).

P roof. We have already seen that (1) consists of 6-covers. Conversely,
given a finite 6-cover c, consider the partition p generated by c, i.e. for which
AGpiff A= f) /(G) where /(C) —C or X \ C. Now c(p, 6) refines c, since

cec
if P,Q€pand P6Q then, by the definition of a 6-cover, there is a C Gc¢
meeting both Pand Q, which means that PuQ CC. O

1.2 Lemma. Givenaproximity 6, the strong S-covers of cardinality <3
form a subbase for T1(6).

Proof. We intend to apply Lemma 1.1. Let p be a finite partition. If
ol 2 then c= c(p, 6) is clearly a strong 6-cover of cardinality <3. Assume
that |p| >3, and for P, Q£ p, P ™ Q, define

6 =1I9q \PsQ,
PQ 1{X\P,X\Q,P1)Q} ifPSQ

VpR is a strong 6-cover. Now
(D{®p.q:J.Qep, P"Q)
refines ¢ we have to show that if Dp q G9f,q then

D=fi{Dp,Q: QeéP P"Q}

is contained by some element of ¢; D is the union of some elements of p, and
if it contains distinct sets Po,Qo € p then necessarily Vp0,Q0= Po UQo and
PgSQq, thus D = POUQo¥£ c(p, 6). O
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It is not true that any contiguity has a subbase consisting of coverings
of cardinality < 3:

Example. Let |X]| =4,c= {CCX :\C\ =3}, and let {c} be a base for T.
Now DE£ T iff either X £ Dor cC D thus {D£ T: |0 < 3} is a (sub)base for the
indiscrete contiguity on X . O

Let us observe for what it is worth that, on the other hand, any con-
tiguity has a subbase consisting of strong covers, because it can be proved
by induction on |c| that if cis a finite cover then there are m £ N and finite

m
strong covers ci,... ,am such that crefines each g, and (Iii)q' refines c

Let c be a finite cover, |c| = n> 2. Denote by p the partition generated
by c. Assign to each P £ p different from f)c covers Db and @ as follows:

Dp={X\P,St(P,c)}, e ={Cu(X\St(P,c)):PcCEc}.

It follows from P * f)c that |ep| < n, thus covers ep,i,... ,epm(p) ean be
chosen for cp according to the induction hypothesis. Let

fpj = {EUP: ££ epj} U{X \ P).

Now the covers Dp and fpj are the ones we were looking for.

It is clear that the covers are strong, and crefines Dp. crefines fpj, too,
since if CEc, C 44X \P then P CC, thus C is a subset of an element of
ep, which refines epj, and so fpj. Therefore we have only to prove that,
given Zip £ Dp and Fpj £ fpj for each P and j, the intersection of these sets
is contained by some C £ c. If for each P either Dp = X \ P or there is a
J with Fpj = X \ P then the intersection is contained by Plc. Otherwise,
pick a P such that Dp =St (P, ¢) and Fpj =Epj UP with some Ep{ £ epj

(1=j =m(P)m Now

fIFPJ =P U(f]EP;) CP UC U(X \ St (P, 0)
i i

with a C £ csatisfying P CC. Hence Dp Df)Fpj CC.
i

1.3 Lemma. A contiguity is proximally fine iff it contains all the strong
covers of cardinality 3.

P roof. Necessity. Any strong cover of cardinality 3 is a <5(r)-cover,
thus Lemmail.2 can be applied.

Sufficiency. r°(<$(r)) CT, thus T contains all the (strong) 6(r)-covers of
cardinality <2, i.e. of cardinality <3 by the assumption; hence T=r 1(i(r))
follows from Lemma 1.2. O

1.4 Lemma, a) Any contiguity finer than a proximally fine contiguity is
proximally fine itself.



PROXIMALLY FINE CONTIGUITIES 5

b) If at least one of the contiguities T- is proximally fine then so is sup T-.
«

Proof, a) follows from Lemma 1.3; b) is clear from a). O

Theorem. For a non-empty family of proximities €,
sup r 1(tf.-) = T1(SL|1p .

Remark. This theorem is false for the empty family of proximities on
a set of cardinality > 3.

Proof. It is well-known (and straightforward from the definitions) that
the operation assigning 6(T) to T commutes with the supremum, thus T =
= sup r x(ii) is compatible with sup <5(r1(<5,)) = supi,; T is proximally fine by

. t I

part b) of the lemma. O

15 In view of Lemma 1.2, the following conjectures sound plausible:

(i) given a Riesz proximity 6, the strong i-covers cof cardinality ~ 3 for
which int cis a cover form a subbase for r M«)i

(if) given a Lodato proximity S, the strong open i-covers of cardinality
< 3 form a subbase for rjtf).

These statements are false, even if the word “strong” is dropped:

Example. Take the sets 5, T 6 (0, I}4for which s€S (s € T) iff exactly
one of the coordinates of s is equal to 1 (to 0). Let U=SuT, X =U xN,
Gk = Wk x N (1 ™ k <4), where Uk consists of those elements of U whose
kth. coordinate is 0. Consider on X the Tj-topology for which the sets Gk
(1 =~ =4) together with all the cofinite sets form an open subbase; denote
by c the closure in this topology. Let S be the finest Lodato proximity (=
the finest Riesz proximity) compatible with c, i.e. ASB iff c(A) Dc(B) / 0.
All the finite open covers form a base for the finest Lodato contiguity (=
the finest Riesz contiguity) T compatible with c. Clearly, T =rjtf) = rj tf).
Any open cover is now a i-cover, thus if (i) or (ii) (with or without the word
“strong”) were true then the open covers of cardinality < 3 would form a
subbase for T; hence there would exist n € N and open covers g (1 <j <n)

n
such that Iy » 3 and (IID)d refines c= {Gk m1” k <4}. This assumption will

lead to a contrﬁldiction.
Each C € (IJ ¢j can be written as Kc HGc where Kc is cofinite, and Gc¢

is open in the topology T for which cis an open subbase. Choose m € N
such that

(1) i/x{m}cn{":CeU(i,}.
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For each j, there is a Cj 6 g that meets T X {m} in at least two points;
thus IGc., fl (T X {m})| >2. As any T-open set with this property contains
n n

S X {m}, we have Cj DS x {m} from (1). Hence S X {m} Cflj Cj G(]H)d»

n
contradicting the assumption that (fﬂ')cj refines j. O

The above example furnishes in fact a little bit more: the open ~-covers
of cardinality ” 3 together with all the finite strong open (5-covers may not
constitute a subbase for r(<5): given a finite strong open cover, two arbitrary
elements of it make up an open cover, which is in the example necessarily a
i-cover. On the other hand, it follows from the remark at the end of 1.2 that
the finite strong "-covers cfor which int cis a cover form a subbase for
(Again by the above example, we cannot require here that int c should be
strong.)

1.6 It is now not surprising that the analogues of Theorem 1.4 are false
for r k and TI, even when there are only two proximities:

Example. Let X = N2, and A $§B iff the ith projections of A and B
are disjoint (i = 1,2), 6= sup{6i,<52). Take the cover

c=j{(m,n)(EA”m<n} {(m,n)eA Tn>n} {(m,n)EX:m"T7i}j.

cis clearly a i-cover, and it is open, since $induces the discrete topology.
Thus c€ rm(<b) C We are going to show that

(i) chsupir®™rto)}.

This implies that c does not belong to the coarser contiguity sup{r”(ix),
"(<52)} either.

Assume that (1) is false, and take finite ~-covers ¢- such that int,-¢- is
a cover (i = 1,2) and ci(fl)c2 refines ¢. There is an infinite set M C N such
that M x {1} CintCi for some Ci € c\. ¢(<Gi) is the closure in the product of
the discrete and the indiscrete topology on N, thus M xN cCi. Similarly,
we can pick an infinite set N CM and a C2€ c2 such that Nx N C C2. Now
N 2 has to be contained by some element of c, a contradiction. O

1.7 Let Sbe a proximity on X, f: Y —X] one may ask whether T1,
and commute with the inverse image, i.e. whether /-1r1(&) = r 1(/-1"),
and similarly for ~ and T”. (Let us recall that A f~16B iff f[A]6f[B], and
{/-1c: cGr} is a base for / _1T where / _1c= {/-1[C]: C €c}.) The answer
is much simpler than for the supremum: T1commutes with the inverse image
under injections (i.e. with restriction to subsets), while commutes with
the inverse image under surjections; the proofs are straightforward. No other
positive statements are valid:



PROXIMALLY FINE CONTIGUITIES 7

Examples, a) If |Y| =3, |A] =1 /: Y X, and 6 is the (unique)
proximity on X then / _1r1(i) ~ T1(f~16).

b) If the topological space A'is a convergent sequence, Y is the same
without the limit point, /: Y —=*X is the identical embedding, and 6 is
the (unique) Efremovich proximity compatible with the topology of X then

and f-'"TIW trlIV-H). Indeed, if A, (*=1,2,3)
are disjoint infinite subsets of Y then D={X \Aj:i=1,2,3} € T*(/ x6),
but 6 £/ -1r}i((5. (Assume the contrary. Then 6 is refined by / -1c for some
c€ 17 (6). Thereisa C 6 cwith X \Y CintC; therefore C is cofinite, and so
is an element of f~1c, hence of 0, a contradiction.)

c) Let X =N, Y = N x{1,2}, f: Y —=X the projection, and take the
proximity $on X for which AS B iff ADR ”~ 0or both A and B are infinite.
Now with P denoting the set of the even numbers we have

[P x {1,2},Y\(P x {1}), Y\ (P x {2} €TAr'S) \ fAT~S). O

Remark. In the terminology of [3], Example b) can be interpreted as
follows: 1Y) =r}?2(<BLY ) = r x(i 1Y) is too fine to have a Riesz or Lodato
extension, because the trace filter of the point in X \'Y is not Cauchy.

8 2. Unique compatible contiguities

Theorem. For aproximity S, T°(&) = Tx(i) iff each 6-compressed filter
is the intersection of at most two ultrafilters.

Remark. Any ultrafilter is compressed, and conversely, if 6 is discrete
(i.,e. ASB iff AnR~0) then any compressed filter is an ultrafilter. Thus
the theorem states that, roughly speaking, if r°(&4) = r 1(<%) then S is almost
discrete.

Proof. A contiguity is completely determined by the Cauchy filters
(see [4] 2.10), thus r°(<5) = r 1(<h) iff each «*-compressed filter is r x(*)-Cauchy
(because the 6-compressed filters are the same as the r°(6)-Cauchy filters,
and any r x(6)-Cauchy filter is clearly r°(6)-Cauchy).

Consequently, it follows from Lemma 1.2 that T°(6) = Tx(6) iff for each
6-compressed filter fand for each strong (6-)cover cof cardinality 3, fflc”0
(because it is enough to check the Cauchy property for a subbase, and if cis
a 6-cover of cardinality < 3 then fflc” O follows from f being 6-compressed).

The proof can now be completed by the simple observation that a filter
is the intersection of at most two ultrafilters iff there are no three disjoint
sets in sec f, i.e. iff fflc/ O for all the covers mentioned above. O

Problem. Characterize those Riesz/Lodato proximities for which there
exists only one compatible Riesz/Lodato contiguity.
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DENSEST BALL PACKINGS BY ORBITS OF THE 10 FIXED POINT
FREE EUCLIDEAN SPACE GROUPS

A. G. HORVATH and E. MOLNAR

0. Introduction

Let G be a fixed point free Euclidean space group, i.e. any group from
among the crystallographic groups
1. PIl; 2. P2i; 7. Pb; 9. Bb; 19. P2i2i2i; 29. Pca2i; 33. Pna2j; 76. P4i;
144, P3i; 169. P6i (see [3], [7]).
Take a point X in the Euclidean space E 3, and consider the G-orbit of X

(0.1) XG:={Xae E3:geG}.

The radius r (X G) of the ball packing with centres by the orbit X G is defined
as follows:

(0.2) r(XG)= (1/2)inf{e(A\ X°) :g€ G\ {1}}

where g is the distance function in E3. We are interested in the optimal ball
packing of the group G whose radius is

(0.3) r(G) = sup{r(XG):X £E3}.
The optimal density of the ball packing by G is

_ Vol B(r(G))
(0.4) 6(G) = Vol F(G)

where the volume of the optimal ball is related to the volume of the funda-
mental domain of G. This density 6(G) depends on the free parameters of
G. Finally, we optimize 6(G) also by the free parameters of G. Thus the
optimal density 6(G) will be determined by the isomorphy class of G as it is
natural to expect.

This program generalizes the problem of finding the densest lattice-like
ball packing in the Euclidean space E 3, where the group G =PI generated

1991 Mathematics Subject Classification. Primary 52C17; Secondary 52C07.
Key words and phrases. Packing, space group.

0081-6906/94/$% 4.00 ©1994 Akadémiai Kiadd, Budapest
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by 3 independent translations. The result, due to Gauss is well-known [1].

The optimal packing provides the face centred cubic lattice, spanned by the
vectors fi, I3 with Gramian matrix

1 12 v2
(0.5) (/%) = «*,&»= U2 1 12 , det(fik)=1/2,
u/z 12 1

0.6)  r(P1) = 1/2; VoIF(PI) = (1/2)1/2; <5(P1) = 7r(18)"1/2» 0.7405.

It is clear that congruent orbits of G provide ball packings of the same
density. Therefore, those isometries of E 3, which preserve the G-orbits, play
important role. These isometries constitute the metric normalizer of the
space group G as a supergroup

(0.7) Mg = Oxe Iso E3\fi~1Gn = G}.
A fundamental set of Mg, denoted by F(Mg) has the basic property
(0.8) r(G) =snp{r(XG\XeF (M G)}

because F (M g) consists of points providing all noncongruent G-orbits. Since
we know the metric normalizer for each group G considered [2], it is reason-
able to assign a suitable F(Mq) as a parameter domain for determining the
optimal radius r(G). It will turn out that each above group G provides the
optimal ball packing of the same density by (6). For the first 9 groups one ex-
tremal arrangement is the same as the lattice-like one. The groups P2i2i2i;
P2i; Bb; Pna2i and Pca2i has two different extremal arrangements, one
of them is lattice-like. The other optimal ball packing of these five groups
coincides with the unique one of P6i. This non-lattice arrangement is also
well-known.

1. The method of the proof, the case P2i2i2i

In the International Tables [3], for each Euclidean space group G there
is given its lattice LG, related to a primitive Bravais lattice with the corre-
sponding centering. The coordinate presentation of the so-called point-group
Go is expressed in the basis of LgmMoreover, a so-called vector-system, as-
sociated with the point group Go is given which describes the images of the
origin O under G.

For instance let the group P2i2i2i be fixed as G. The primitive or-
thorombic lattice Lg is spanned by the orthogonal basis {e;} with Gramian

0 0'

(1.1) (etj) —((eMej)) ~ 0 b2 0 , 0< a”b<c, abc= 1
.0 0 «¢2



DENSEST BALL PACKINGS n

The parameters a, b, care characteristic for G, but we may normalize abc = 1.
The point positions are:
12 X(x=>2)'XSIx+1/2’-y’~z2+1/2)> S2(~x+ U2V+1/2,-2),
XS3(-x,-y +1/2,z+1/2).
SUS2,S3 mean screw motions indicated in the Figure 1.

The vectors X X 3, g £ G, are of the form
to, AA +ti,AA +Ii2,AA +13 with tg,ti, t2,i136Lg-
These are in coordinates:
(1.3) (0,0,0), (1/2, -2y, —2z+1/2), (-2a: + 1/2,1/2,-22),

plus an integer tripel to any of them, describing a lattice vector from Lg.
Here X (x,y,z) runs over a fundamental set of the metric normalizer Mg-
Now Mg = Pmmm is generated by plane reflections in the walls of the brick
with edge measures a/4,6/4, c/4. The lattice Tpmmmis generated by (1/2)ei,
(1/12)e2, (1/2)e3 (see [2]). Hence a fundamental set of Mg is defined by

(1.4)  F{MG)={X(x,y,z)eE3, 0Ax"1/4, 0<y<1/4, 0<z 1/4}.

From (1.3) we see that the infimum by the formula (0.2) comes from the
length minimum of 4 vectors as follows

| = minia, [a2/4 + \y202+ (1/2 - 2z)2c2]1/2,

0-5
) [(1/2 - 2x)2a2 + b2/ 4+ 422c2] "2, [4x2a2+ (1/2 - 2y)202+ c2/4]1/2|.

By (0.3) and (0.4) we look for

(1.6) (B(G) = (27d 3) max{/3|0" x,y,z<41/4, 0<a<b” cabc=1}
since now Vol F(G) = 1/4, Vol D(1/2) = (1/6)/37. To prove 6(G) <7r/(18)V2,
we shall show that /< 2-1/2in (1.5). So we may assume that

2.7) 2-1/2~ a<b”™c, moreover 0<Xx,y,z<1/4

hold in (1.5) and (1.6). We sketchily prove the following
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LEMMA. If a brick has a unit volume, its side lengths are not less than
2-1/2 and the vertices of a triangle lie on the skew edges of this brick, then
there is a side of the triangle whose length is not greater than 21/2 (see
Figure 2).

Fig. 2

We may assume that the triangle is regular and prove that the optimal
triangle have two common vertices with the brick containing it. Consider
the orthogonal projection of the triangle onto any face P of the brick. So we
obtain a triangle which has a common vertex Al with the rectangle P and
the other vertices B',C' lie on those sides of P which are opposite to A'. A
short calculation shows that the indirect assumption, i.e. P has neither B’
nor C as its vertex, may allow choosing a bigger triangle ABC on the skew
edges of the brick. Sotwo vertices of the optimal regular triangle are vertices
of the brick. From this we derive three optimal cases with the parameters:

1 a2=1/2, b2=1, c2=2

2. a2=1/2, b2=4/3, c2=3/2;

3.a2=1 b2=1 «c2=1
(see Figure 3).

For more details see [4].

Replace x, y, z of Fig. 2 by 1—4x, 1- Ay, 1- Az, respectively. Then, e.g.,
the length \AB\ is equal to 2[4z2a2+(1/2 - 2y)2b2+ c2/4]1/2 and so on, as
(1.5) and (1.6) imply. Finally, by the lemma we have obtained three optimal
ball systems with the density in (0.6). These are:

1 02=1/2, 62=1, «c2=2, i=0, y=1/4, z=1/8;
2.a2=1/2, b2=4/3, c2=3/2,*=1/4, »=1/4, *=1/12,
3.a2=1, 62=1, «c2=1, *=1/4, y=1/4, *=1/4.

The first and third arrangements are lattice-like, the second is not.
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2. The cases of the groups P2i, Pb, Bb

These three space-groups G generates double lattice-like ball packings,
respectively. The optimal ball systems give the density by (0.6) (see [5], [6],
[8]). We can prove this in a direct way, too. Namely we regard the metric
normalizers Mg and their fundamental sets F(Mqg) (see [2]). We have to
solve the following problems, respectively:

(@) *(P2x)=max{Q fj" /2 z—0<x,y; x+y=1/2; "2 <r < 2zr/3;

0 <a,b, f
where

/=min{a, c, (4x222+ 2abcosr(2z)(2y) + 4y202-f c2/4) 1 2;

(i) i(Pb) = max| AliSiCS/a X=V=Q" Z* V4in/2" T<»50<at 6§

0< c}.
where
I=min{a, c, (62/4 + 4z2c2) 1/Z};
(iii) i(Bb) = max X=y=0<z< 1/4; wl2£ r < u
0< a,6,c},
where

I=minla,6,c, (a2+c2)1,22, [(a2+c2)/4+ah cosr+ft2]V2, (62/4+422c2)1/2] .

Since these results are treated in [5], [6] as particular cases, we omit here
the lengthy calculations which are similar to those at the other groups. The
parameters of the optimal ball packings are as follows:
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(i) a=b=c(2)-1/2, r =712, x=y= 1/4 (lattice-like)
a=hb=1c(8/3)-1/2, + = 21t/3, x = 1/3 y= 1/6 (nonlattice-like);
(i) 2V,2a =b—c, t —3/ 4, z = 1/4 (lattice-like);
(iii) a=6=c, r =t/2, z—1/4 (lattice-like)
a=c(3)-1/2,r =7r/2, z= 1/6 (nonlattice-like).

3. The groups Pca2j and Pna2i

First we take the group G = Pca2i and consider the metric normalizer
Mg of the group (see [2]). Mg = Z'mmm and its fundamental set is F{Mq) =
={(x,y,z) 1z=04<Xx, 1< 1/4}. Here Lq is spanned by the orthogonal basis
{e,} where |ei| = a, |21 =D, |e3| = c. The point positions are:

XX VY,z2),X2(-x,-y,z+1/2), Xc(-x +1/2,y,z+ 1/2), X a(x + 1/2, -y, 2)
and the vectors X X9, g€ G are of the form:
(3.1) (0,0,0), (—2x, —2y, 1/2), (1/2 - 2x,0,1/2), (1/2,-2y,0)

plus an integer triple from Tg- Since O”™x, y”™ 1/4 we see from (3.1) that
the infimum in (0.2) is nothing but

I=minia,b,c, (4x2a2-f 4y2r2+ c2/4)1/2,
(3.2) L )
[(1/2 - 2x)2a2+ c2/4]j/2, (a2/4 + 4y262)1/ 2|
and we look for
(3.3) AG) = 27r/3) max{/3|z= 0" x,y< 1/4, 0< a, b, c, abc=1}.

Since by (3.2) | is increasing in y, we may suppose that y is equal to 1/4.
Then we see that in the case x = 0, y= 1/4, z = 0 the ball packing is lattice-
like since X X G, g€ G are of the form

(3.4) (0,0,0), (0,-1/2,1/2), (1/2,0,1/2), (1/2,-1/2,0)

plus any triple of integers from Tg- We obtain the optimal face centered
cubic lattice iffa=6=c= 1, then 1 =2-1/2and 6=n/(18y/2

To prove /<2-1/2we may assume X > 0, moreover,

1/2 <a2,62,c2= (ab) 2,(a2+ 62)/4 and
d2=Ax2a2+ (b2+ c2)/4 = (1/2 - 2x)V + c2/ 4.

From (3.5) we have

(3.5)

(3.6) 0<x=a ~J-<1/4 and d2= (1/2 - 2x)2a2+ c2/4 ="~ A + ],
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First we assume that 362= a2, hence /2= min{1/364, 62, 62/3 + 1/ 12} =
= 1/2 by easy calculations, we get the optimal non-lattice arrangement with
the parameters b2= 1/2, a2=3/2, c2=4/3, x =1/12, y —1/4, 2= 0. The
vectors X X G, g GG will be

(3.4%) (0,0,0), (-1/16;-1/2: 1/2), (1/3; 0; 1/2), (1/2;-1/2; 0)

plus any integer triple from the lattice Lgm We shall prove that /2" 1/2
holds also in the other cases. We introduce a new variable u by

(3.7) u2=a2/b2> 1.
1) Assume that

(3.8) 1/2 N c2< (a2+ b2)/4 <b2<a2, i.e. by substitution, 1<u2<3

and 1/2 " ¢c2<2_4/3u_2/3(u2+ 1)2/3 for any fixed u. Then d2= +
-f; stands by (3.6) and

(3.9) d2<max{2“7/2u-3(u2+ 1)2+ 2"4;2-10/3u"8&/3(2u2+ 1)(u2+ 1)2/3}

holds for any fixed u G(1,31/2). Since both the above functions of u would
take their maxima either at 1 or at 31/2, hence

(3.10) d2<max{2“3/2+ 2 _4;21/23“3/2+ 2_4;3(2_8/3);7(2*2)3_4/3} < 1/2.

2) Assume that 1<u2< 3 and 1/2 <(a2+ b2)/4 <c2. Introducing e2=
= (a2+ b2)/4, we express all the variables by e and u. Then we have our
assumptions:

(3.11) 1<u2<3 and 1/2 <e2<2-4/3u~2/3(u2+ 1)2/3
for any fixed u. By (3.6) we have

s2 e2(u2+1) 1 (u2T N2

(3.12)
4 uz2 64e4  u2

and, again by substitution
(3.13) d2” max{2-4u-2(u2+ I)(u2+ 3); 2-10/3u*“83(2u2+ lI)(u2+ 1)2/3}

holds for any fixed u £ (1,3Y2). Again, taking u2- 1 and 3 in (3.13) we
obtain

(3.14) d2 <max{1/2; 1/2; 3(2)“8/3;7(2)-2(3)“4/3} = 1/2.
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3) Assume 1/2 ~ c2” 62< (a2 + b2)/4. We express all the variables by ¢
and u. Then

(3.15) 3<u2and 1/2 <c2”u 2/3means also u2” 8.

Again d2=" "4~ + £ and

(3.16)  d2<max{2~7/2u~3(u2+ 1)2+ 2%4;2~4;2- 4u~8/3(u4 + 6u2+ 1)}

holds for any fixed u2 £ (3, 8. Hence

(3.17)  d2<max{2123_3/2 + 2~4;522-8; 7(2~2)3~4/3; 2~8113) < 1/2.
4) Finally, assume 3< u2and 1/2~ b2” c2. Then

(3.18) 1/2 *b2”u~2/3 and 3<u2” 8
hold. Now
2 b2 (u2+1)2 1
(3.19) 16 u2 + 4u2e4
stands and
(3.20) d2<max{2 5u 2(u2+ 1)2+u 2;2 4u 8'3(u4+6u2+ 1)}

holds for any fixed u2 G (3, 8]. Hence
(3.21) d2<max{l/2; 2*8113; 7(2)~23~4/3;2~8113) = 1/2.
So, we have two optimal ball systems for G —Pca2!

3221 La=b=c=I, x=0, y=1/4, z-0 (3.4)
Y2, @=3/2, 62= 1/2, 2= 4/3, x= /12, U=1/4, z=0 (3.4%).

Secondly, we take the group G = PnaZ2i. In this case the lattice La is
also spanned by the orthogonal basis {e;} where the lengths of these vectors
are a, 6, ¢, respectively. The point positions are:

13231 *(*»’*) * 21(-*,-y,z+ 1/2), X" (1/2-x,1/2 +t,,1/2 + 2)
and Aa(l/2 +x, 1/12 —y, z)

and the vectors X X 9,9 6 G are of the form:
(3.24) (0,0,0), (—=2x,—2y, 1/2), (/2 - 2x,1/2,1/2), (1/2,1/2 - 2y,0)

plus an integer triple from Lg-
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Since the metric normalizer is Mg —Z'mmm and its fundamental set is
F(Mg)={(Ey,2) 1z—0<£ yS 1/4} we get the following:

/= minja,6,c,(4x2a2+ 4y262+ c2/4)1/i2,

(3.25)
[(1/2 - 2x)V + (62+ 2)/4]V2, [a2/4 + (1/2 - 2y)262)1 2}

and
(3.26) 6(G) = (27¢ 3) max{/3|0<£,y<I/4, 0<a,b,c, and abc = 1},

for this reason we have to prove the inequality /2£ 1/2, too. Certainly we
may assume that a2,b2,c2>1/2 (3.27) and prove

maxjmin{(4z2a2+ 4y202+ c2/ 4), [(1/2 - 2x)2a2-f (b2+ c2)/4],
[a2/4 + (1/2 - 2yfb2]} |0<x,yZ 1/4, 1/2 <a2,b2,c2= (a6)~2} = 1/2.

We have the same geometric statement as in the Lemma at the group P2i2j2i
(see Figure 4).

The optimal arrangements in this case are as follows:

1 a2=2, b2=1/2, c2=1, a=18, y=1/4, 2=0
2.a2=3/2, h2=1/2, c2=4/3, £=1/6, y=2=0;
3.a=6=c=1, £=1/4, y—z2=04

4. The groups P4j,P3i, and P6!

First we take the group G = P4i. The translation lattice Lq is spanned
by the orthogonal basis {e,} with the lengths 0,a,c, respectively. The point
positions are:

X(x,y,2), X3(-y,x,z +1/4), Xd-x,-y, z+ 1/2)

(4.1)
X *3(y, -£,2 + 3/4)
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and the vectors X X9,g € G are:
(4.2) (0,0,0), (-y -x,x-y, 1/4), (-2a;,-2y,1/2), (y-x,-x- Yy, 3/4)

plus an integer triple from Lg- The metric normalizer M q is the group Z*422
and its fundamental domain is

(4.3) F{MG)={(x,y,z)\z =1), x>0, y-x> 0, 1/2 - x - y> 0}

Let | be the inf(p(XX9)|g6 G}. It is easy to see that

(4.4) 1=min{a,c, [2(x2+ y2)a2+ c2/16]1/2, [(4a2+ (1 - 2y)2)a2+ c2/4]1/2}
and

(4.5) A(G) = (27r/3) max{/3/a2c|x, yg F(MG), a,c>0}.

Suppose that a2c—1and a,c> 2 1/2 This means that we have to prove the
following inequality:

max jmin{2(a:2+ y2)a2+ c2/ 16, (4x2+ (1 —2y)2)a2+ c2/4}
(4.6)
11/2 £ a2= 1/c, c2;x,ye F(MG)} < 1/2.

First we assume that 2 12" ¢ < (8/3)V/3. Fixing the value ¢ we look for
those points (x,y,0) € F(Mq) where

(4.7) 2(x2+ y2)a2+ c2/16 = [4x2+ (1 - 2y)Za2+ c2/4 =: d2.

It is easy to see that from this we get

(4.8) 3= (32/3)[—x2- {y- 1)2+ 1/2] <8/3
and so
x2-\12-{y- 1)2- 3c3/32.
That means
(4.9) d2=2(x2+ y2)a2+ c2/IR = (-1 + 4y)/c - c2 8.

Since by (4.3) the inequalities OixS1/2 - y hold, from (4.8) we get
(4.10) 1/2- 3c3/32=(y- 1)2+ x2™(y- )2+ (1/2 - y)2=2y2- 3y +5/4
and so

(4.11) y < 3/4 —(12 - 3c3)1/2/8.
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By (4.9) we have
(4.12) d2<2/c- c2/8- (3/c2- 3c/4)12=:g(c).

A difficult computation shows that g(c) *1/2 on the closed interval
[2-1/2,(8/3)Y3].

Consider now 51/2—1<c< 2. Since the points (x,y, 0) are elements of
F(Mg), it is easy to see that 0" x2+ y2” 1/4 and so

(4.13) 2(x2+ y2)a2+ 2/16 ™ 1/2¢ + ¢2/16 < 1/2.
By (4.6) we have considered each occurring c, and the optimal packing is the
following: 1, a2=1/2, ¢—2, x=2z=0, y- 1/2.
Secondly, we take the group G = P3i. Now the translation lattice Tg is
spanned by the basis {e,} with Gramian matrix
a* —a2/2 0
(4.15) ((eej» = —a2/2 a2 o0
0 0 c2
The point positions are
(4.16) X(x,t/,z), X*(-y,x - y,z+ 1/3), Xay - x, -x, z+ 2/3)
and the vectors X X 9,g £ G are
(417) (01010)1 (_y_X,X _zy’lls)y (y- 2X’_X - Y 2/3)

plus a vector from Tg- The metric normalizer Mg is the group ZJ622 and
its fundamental domain is

(4.18) F(Mg)={(x,y,z)\z=0, 0%y, 0<I1/3-x, 0”"x/2-y}.
Let / be the infimum by (0.2) then

/3

(4.19) 8(C) = 1 2e32:

If /3= 1a2c/612 then &4(G) = 7/ 18Y/2. Suppose a2c = 1 then we have to
prove that the maximum /2is not greater than 6-1/3 if the number cis on
the closed interval [6-1/6,61/3]. But

12< (j/ + x)2a2+ (x - 2y)2a2- (x +y)(2y - x)a2+ c2/ 9=

4.20
(4.20) = (3/4)[3x2+ (x - 2y)2]a2+ c2/ 9 < a3 + c29 =: d2,
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where the equality stands iff x = 1/3, y =0. Taking into consideration a2=
= c_1, the function d2:= (a2/3 + c2/9)Y2is not greater than 6-1/6 on the
interval [6-1/6,61/3]. If c= 613 then d2=6-1/6. Thus

(4.21) 6(G) = w/181/2
holds, too. The optimal arrangement is the following:
(4.22) a2=6~13 c=6J38 x—1/3, y=z=0,

and the packing is the densest lattice-like one. This is the well-known double
lattice-like packing with the density 7/ 181/2.

We take now the space group G = P6i. The lattice Lq is the same as
in the previous case of P3i. Figure 5 shows the projection onto the plane
(0;el,e2).

Denote X(x, y,z) a general point. The vectors X X 9,96 G are
(0,0,0), ( yix vy,1/6), (= —x,x =2y, 1/3), (-2x, -2y, 1/2),
(y-2x,x - 2,2/3), (y-x,-x, 5/6)

plus an integer triple from Lg-
The metric normalizer Mq is the group Z1622 with the fundamental

domain
(4.24) F:=F(Ma)- {X(x,y,z)\z=0,0<y, 0<y- 2x+1, 0~ x- 2y}.

In Figure 5 we see F with the projection vector x(x,y) of OX. Let X >
—»xVv denote the 6-rotation through 7r/3. Then the vectors in (4.23) have
components in the (ei,e2)-plane:

(4.23)

X—X=0, x¥—x=x*2, x92- X, Xx-3—x —-2X,... ,
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which determine also the corresponding images of F denoted by

(4.25) Fv ,F* ~1 F~21, respectively.

We look for the maximal density

_ 2uf3
6(C) = a2c(3)V2

where / is the infimum by (0.2). We may assume a2c= 1 and conclude that
2= min{d2,d\, d2,c2,a2= 1/c) with
A\ =[(-y)2+ (x- y)2+ y{x - y)\/c+c236 = (x2+ y2- xy)/c + c2/ 36 =:
=:a2/c + c2/36,
(4.26) d\=[(L+y+xf +(-a:+2y)2- (-1 +y+x)(-x +2y)]/c+c29 =

=(3a2- 3*+ )/c+c29=:R2/c + c29,
d2=[(-1 + 2x)2+ (2y)2- (-1 +'2x)(2y)\/c + c24 =
= (4a2—4x + 2y+l)/c + c24=:r2c + c24.
To show i(G') < 7(18)—2//2, we shall prove that

(4.27) min{d2, d\, d§} < (24)-1/3 if c € [(24)* 1/6, (24)1/3].

We draw three curves ¢y := {(i,y) £F |d2=d2} i j —1,2,3. These are
circle arcs with centres 0 12(1,1/2), 0 13(2/3,0), 023(0, -1) as follows:

(4.28) ©Q:(@ —I)2+ (y —1/2)2—(@ —)(j/—1/2) = 1/4 —3/24, c3g 6;
(4.29) CI3:(* -2/3)2+y2-{x- 2/3)y = 1/9 -2¢3/27, c3<3/2;

(4.30) C23:x2+ (i/+1)2-2:(i/+1) = 1-5c3/36, c3< 36/5.

Thus we determine the domain F, in F, where d2is the minimum in (4.27).
The pencil of circles ¢_, may have a common point C where the minimum d2
is maximal. This fact depends on the parameter c of the group G =P61. A
straightforward but awful computation yields the coordinates of the extremal
point C. First, C lies on the power line of the circle pencil {cy}:

(4.31) X + 4y = 1—7c3/36.
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Then we substitute, say, into (4.28) and solve the equation of second degree.
We obtain C(xc,yc)

> 8 1 6. 23335(7)3- 3(7)26]1/2,
7~ 36 —2(3)37

(4.32)
1 c3 1

2436 - 23335(7)c3- 3(7)2c6]1/2,
14 24+ 23337[ 0 (1)2c6]

whenever ¢3< (2232/7)(2(7)42—5) = 1.4992, i.e. ¢ 1.1445.
C just lies on F if (xc,yc) satisfies (4.24) besides

0.5888 = (24)~1/6 s c < (24)1/3 = 2.8845.
We obtain for C £ F the interval
(4.33) 0.5888 = (24)" 1/6 <c < 7_2/3(162(57)1/2 - 1170)1/3= 1.0270,

(4.34) d\(C) =yc- ™ - 2 &N [2436- 23335(7)c3- 3(7)2c6]1/2-

A careful computation shows that d2(C) < (24)-1/3 holds on the interval

(4.33). If C lies out of F, then the intersection of CI2 and the segment on

y—2x —1, i.e.

(4.35) 77(3/4 - (9- 2c3)1/2/12; 1/2 - (9 - 2c3)1/2/6)

provides the minimum by (4.27), and we obtain

(4.36) di(11) =5/(8c) - c2/72 - (9 - 2¢3)1/2/(8c) for 1.027 < c < 41/3.
We need again a careful computation to show that d\(H) < (24)-1/3=

= 0.34668 holds on the interval (4.36). If c3= 4 then we arrive into the vertex

K (2/3,1/3) of F. In the interval

(4.37) 4<c3M 24, ie. 15874 <c<2.8845

the point 77(2/3,1/3) provides the minimum in (4.27) and

(4.38) d\(K) = 1/(3c) + c2/36

is a convex function in (4.37), taking its maximum at c= (24)%/3. Then d\ =

= (24)-1/3 as we stated at (4.27). We have got the optimal ball arrangement
parametrized by

(4.39) c=(24)1/3 a= (24)-1/6 x=2/3 y= 1/3.
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This arrangement is not lattice-like.

We remark that the last observation at (4.38) would give the estimate

/2" (24)-1/3 in the interval

1.0558 = 35/6 - 31/3< c< (24)_1/3=2.8845,

but this does not give more and we need such awful computations as we did.

Now the result formulated at the end of the introduction is completely

proved.
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AN ILLUMINATION PROBLEM

V. SOLTAN

Abstract

For different types of illumination, the following problem is studied: to determine the
maximum natural number m such that any m points in the boundary of a convex body
K CEn can be illuminated by an exterior source (point or direction).

IHlumination by a point

Let K be a convex body (a proper closed convex set with nonempty
interior) in the n-dimensional linear space En. The usual abbreviations aff,
bd, int are taken for affine hull, boundary, and interior, respectively. The
notations [x,t/], IxX,y[, (x,y), [x,y) will mean closed line interval, open line
interval, the line passing through different points x, y, and the ray with the
apex x passing through a point y. For any (oriented) direction / in En, Ix
means the ray with the apex x having the direction /, and Ix means the ray
with the apex x having the direction opposite to I.

L. Fejes Téth [1] introduced the following notion of illumination: a point
x Gbd/O is called illuminated by a point y GEn\K provided ]x,y[n/i =0.
This notion was introduced earlier by F. A. Valentine [Z] in terms of visibility.

E. Buchman and F. A. Valentine [3] considered another notion of visibil-
ity, which we shall name weak illumination: a point y GEn\K illuminates
weakly a point x € bdK if [x,y] flint/i = 0.

There is known a stronger type of illumination, introduced by H. Had-
wiger [4] (see also [5]): a point x GbdK is called illuminated by a point
y GEn\K if }x,y[.C\K —0 and the ray [y,x) intersects intA'. This type of
illumination we shall call strong.

Denote by a(A") the maximum natural number m> 1 such that any m
boundary points of K can be illuminated weakly by a point from En\K.
Put a(K) = oo if such number m does not exist.

Similarly, define by b(K) and c(A') the corresponding numbers for usual
and strong illumination, respectively.
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Theorem 1. If K is compact, then 1< a(K) <n. If K is unbounded,
then either 1<a(/v)39n —1 or a(K) = oo.

For the proof of Theorem 1 we need a lemma.

Lemma 1. If K =M ®L is a decomposition of an unbounded convex
body K into the direct sum of a line-free closed convex set M and a linear
subspace L, then a(K)= a(M), where a(M) denotes the respective humber
for M in the space affM .

Proof. Denote by # a linear projection on afFM parallel to L. Then
M = t(K) and rbdA/ = 7r(bd/'). The inequality a(M) £ a(K) is trivial.
Let a(M) = m, and ,xm £ bdK Dbe any points. By definition, the
points 7r(xi),... ,7r(xm) are illuminated weakly by some point 2 £ affM\M .
Obviously, Xi,... ,xm are illuminated weakly by z. Hence a{K) * a(M).
The case a(M) = oo is considered by analogy. O

P roof of Theorem 1. Let K be compact, and denote by R the set of
all regular points of K. For any point x £ R denote by Hx the hyperplane
supporting K at x, and by Px that closed halfspace determined by Hx which
does not contain K. Since K is compact, one has (*\{PX:x £ R} = 0. Hence
we can choose at most n-f 1 regular points xi,... ,xn+i of K such that
n{PX:I1"i<n-fl} =0.

Let y be any point in En\K. One has y EPX for some number i =
=1,... ,n+ 1 Then [y,x] fiintv 0, i.e. y does not illuminate weakly the
point X{. Thus, any point y £ En\I( cannot illuminate weakly the whole set

{xi,... ,xn+i}. So a(K) <n. The inequality a(K) ~ 1is trivial.
Let K be unbounded. By Lemma 1, K can be considered as line-free.
Suppose that a(/v) » n. Choose any natural number m, and let X\,... ,xm

be any boundary points of K. Select some hyperplane H which dissects
K in two closed parts with non-empty interiors such that one part, say
Ko, is bounded and contains all the points Xi,... ,xm. Denote by N the
unbounded convex body which is the intersection of all closed half-spaces
supporting K at all the regular points of K belonging to Kg. Obviously, N
can be represented as N = KO0+ C, where C is the characteristic cone of N.

We want to show that dimC = n. Suppose the contrary. Then we can
choose some n closed half-spaces Pi,... ,P,, supporting N at the regular
points zi,... ,zn £ bdiV belonging to Il flbdK such that the dimension of
n{P, —Z :17~i” n] is less than n. In this situation, the closed halfspaces
T, = PnmintQ,, i=1,... ,n, have an empty intersection. If y is any point
in En\K , then y ~ T- for some T,. The last means that y does not illumi-
nate weakly the point z- Hence the set {zi,... ,zn} cannot be illuminated
weakly by a point, which is in contradiction with the assumption a(K) ” n.
Therefore dimC = n.

Since dimC = n, the body N =li'o+ C is contained in some translate C
of C. If y is the apex of the cone C, then, obviously, y illuminates weakly
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the whole boundary of N. In particular, y weakly illuminates the points
,xm. Hence a(A') >m. Because the number m is chosen arbitrary,
one has a(A") = oo. O

Theorem 2. For any convex body K C En, one has a(K) = b(K).

P roof of Theorem 2 follows obviously from the next statement: a set
X ChbdA'"is illuminated by a point from En\K if and only if X is illuminated
weakly by a point from En\K.

If a point y £ En\K illuminates X , then, trivially, y illuminates X weak-
ly. Conversely, let some point 2£ En\K illuminate X weakly. Denote by Dz
the cone with the apex z generated by K:

Dz=U{z+ X(K —2) : A>0}.

Let Dz denote the cone with the apex z symmetric to Dz:Dz=2z- Dz.
Fix any point y £ intEF. An easy verification shows that [y, a] DK = {x} for
each point i G I. In other words, y illuminates X. O

Corollary 1. If K is compact, then 1*b(I\)*n. If K is unbounded,
then either 1<4b(K) » n —1 or b(K) = oo.

We need a lemma, which trivially follows from the definitions.

Lemma 2. A point zEbdA' is illuminated strongly by a point yEEN\K
if and only if y belongs to the interior of the cone Dx —Ix —Dx, where

Dx = u{z + AK —x):A> 0},
is the cone generated by K with the apex x.

Theorem 3. If K is compact, then c(A") =I. If K is unbounded, then
either 1< c(A") » n —1 or c(K) = oo.

Proof. Let K be compact, and Hi, H: be two (different) parallel hyper-
planes in En supporting K. It is easy to see that any two points x\ 6 K fi H\,
X2 6 K fl H2 cannot be strongly illuminated by a point from En\K . At the
same time, any point x £ bdA' can be illuminated by a point from En\K .
Hence c¢(K) = 1

Let K be unbounded. The characteristic cone of K contains some ray /.
Denote by H any hyperplane orthogonal to /.

We need the following observation: for any point x £ bdA’', the ray Ix
belongs to the closure of the cone Dx (see Lemma 2).

Suppose that c(A") * n, and choose any natural number m. Let x\,... ,xm
be any points in bdAC By Lemma 2, any n of the cones C, = intD",
i=1,... ,m, have a common point. From the above observation it follows

that the closure of any set of the form

(i) C,in...nCi,, 1<t'i...<li,, <m,
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contains some translate of the ray — Hence for each set of the form (1), it is
possible to choose a translate of H which intersects this set. The number of
sets of the form (1) is finite, namely, ("). Therefore, it is possible to choose
a hyperplane G parallel to H such that G intersects each set of the form
(1). By Helly’s theorem for the space G, all the sets GDC,, i=1,... ,to,
have a common point, say, y. From Lemma 2 it follows that all the points
X\,... ,xm are illuminated strongly by y.
Since to is arbitrary, one has c(A') —oo. O

Ilumination by a direction

By analogy to the illumination according to L. Fejes Tdth, we introduce
the following type of illumination: a direction |in En illuminates a boundary
point x of a convex body K C En if the ray Ix intersects K at the point x
only.

In terms of visibility, E. Buchman and F. A. Valentine [6] introduced
the following notion of illumination: a direction | in En illuminates weakly
a boundary point x of a convex body K C En if the ray Ix does not intersect
intA'.

Following V. G. Boltjanskii [7], we shall say that a direction / C En
illuminates strongly a boundary point x of a convex body K C En if the ray
IX intersects int/i.

Denote by &4(A") the maximum natural number to> 1 such that any m
boundary points of K can be weakly illuminated by a direction in En. Put
a(K) —oo if such number to does not exist.

Similarly, denote by 6(A") and c(A’) the corresponding numbers for usual
and strong illumination by a direction.

Theorem 4. IfK is compact, then n~ 4(A’)~» 2n —1. If K is unbound-
ed, then a(K) =00

Proof. Let K be compact, and xi,...,X,,, be any boundary points
of A'. Denote by H, some hyperplane supporting K at X,, and by P, that
closed half-space determined by Ht which does not contain K. Let P, denote
the half-space obtained from P, by the translation on the vector —x, (P,
contains the zero vector 0 in its boundary). Obviously, the intersection Pi 0
ft...nP,, contains aray, say, I. Then the direction determined by the opposite
ray — illuminates weakly all the points xi,... ,xn. Hence 4(A") ™ n.

It is known (see [6]) that if any 2n —1 boundary points of some compact
convex body K CEn can be illuminated weakly by a direction in En, then K
is a parallelepiped. If we choose 2n points which are the centres of the (n —
—I)-dimensional faces of a parallelepiped, then, clearly, these points cannot
be weakly illuminated by a direction. Hence a(A") < 2n—1 for any compact
convex body K CEn.
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If K is unbounded, and / is a ray contained in A’, then, obviously, the
direction determined by | sees the whole set bali. Thus ci{K) = oo. O

Theorem 5. If K is compact, then 1*b(K)<n. If K is unbounded,
then either 1< 6(/v)” n—1 or b(K) = oo.

For the proof of Theorem 5 we need some auxiliary definitions and results.

Let B = {ei,... ,em} be any positive basis in En. It is well-known that
n-fl<m<2n. A subset B' C B will be called minimal positive subbasis of
B provided the positive hull of B' is a linear subspace in En of dimension
card#' —1. It is easy to show (see [8]) that each vector e, belongs to at
least one minimal positive subbasis of B. Put r(B) = sup card#', where
the supremum is considered over the family of all minimal positive subbases
of B. From the definitions it follows that 2 <r(B) <n -f 1 for any positive
basis in En.

By analogy to Lemma 1 the following lemma can be proved.

Lemma 3. If K = M ©L is a decomposition of an unbounded convex
body K into the direct sum of a line-free closed convex set M and a linear
subspace L, then b(K) = b(M), where b(M) denotes the respective number
for M in the space affM .

Proof of Theorem 5. Let K be compact. For any regular boundary
point x of K, denote by ex the unit vector such that x + ex is the outer unit
normal to K at x. Since K is compact, the set S —{ex :x £ bd/v } positively
generates En. Denote by U the family of all positive bases of En contained
in S and having a minimum possible cardinality. Choose in U the subfamily
W such that each positive basis B £ W has a maximum value r(B) in U.

Let B —{ei,... ,em}£ W be any positive basis. Denote by x\,... ,xm,
respectively, those regular points of K for which z, +e, i=1,... ,m, are
the outer unit normals to K. Obviously, the points zi,... ,xm cannot be

illuminated by a direction in En. Hence, if m = n+ 1, one has b(K)<n.
Suppose that to> n+ 1. Without the loss of generality, we may suppose that
Bo = {ei,... ,ejt} is a minimum positive subbasis of B having cardinality
k= r(B). Denote by L the subspace in En orthogonal to posi?o. Since
tw>n+ 1 one has L/ {0}.

It is easy to see that some neighbourhood Etof z, can be chosen in bdA®
such that for any regular point Z 6 E, the unit vectors

2 Cj,... ,Cl.x,ex C|+i,... ,em

positively generate En.

We want to prove that each neighbourhood E, is contained in a cylindri-
cal surface which can be represented as a direct sum of a set in the subspace
posHo and a set in the subspace L.

Suppose the contrary: let some neighbourhood E; be not of the above
mentioned cylindrical form. Then some regular point z, £ E, can be chosen
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so that the unit vector ex does not belong to posZ?0- Since the vectors
(2) positively generate En and B has a minimum possible cardinality, these
vectors form a positive basis, say B, in En. The vectors e, I, e2,
e,+i,... ,efc are linearly independent. Hence they are properly contained
in some minimal positive subbasis of B. The last shows that r(U) > r(B),
which is in contradiction with the choice of B.

Thus, each £¢ is a cylindrical surface. Now, it is easy to see that the
points xi,... ,Xk cannot be illuminated by a direction in En. Hence b(K) 8
Nk—1<n.

Let K be unbounded. By Lemma 3, K can be considered as line-free.
Suppose that b(K) >n. Choose any natural number m, and let x\,... ,xm
be any boundary points of K. Select some hyperplane H which dissects K
in two closed parts with non-empty interiors such that one part, say Ko, is
bounded and contains all the points x\,... ,xm. Denote by N the unbounded
convex body which is the intersection of all closed halfspaces supporting K at
all the regular points of K belonging to Kg. Obviously, N can be represented
as N = Kqg-f C, where C is the characteristic cone of N .

We want to show that dimC = n. Suppose the contrary. Then we can

choose some n closed halfspaces Pi,... ,Pn supporting N at the regular
points zi,... ,z,, € bdN belonging to H Dbd/v such that the dimension of
n{P,- —A : 1~ i<n} is less than n. Obviously, it is possible to select some
k (< n) of these halfspaces, say, P\ —z\,... ,Pk —Zk whose intersection is a
linear subspace of dimension <n. If | is a ray from the characteristic cone
of K, then, obviously, the rays li=W+/,..., = \K+ | are contained in

bd/v . It is easy to verify that any points w\ € /i\{ni},... WKk G
cannot be illuminated by a direction in En, which is in contradiction with
the assumption b(K) ~ n. Therefore dimC = n.

Choose any ray lo contained in intC. Obviously, the direction determined
by Ig iHuminates the whole boundary of N. In particular, this direction
illuminates the points x\,... ,xm. Since m is arbitrary, one has b(K) = oo.
O

The following lemma is analogous to Lemma 2.

Lemma 4. A point x £ bd/v is strongly illuminated by a direction I C En
if and only if the ray Ix with the apex x having direction | belongs to the
interior of the cone Dx generated by K with the apex x:

Dx —U{a; + A(lv —x) :A>0).
T heorem 6. If K is compact, then c(K) = 1. If K is unbounded, then
either 1gc(K)£n- 1orc(K)=o00

The proof of Theorem 6 is similar to that of Theorem 3.

Observation. The consideration in En of a simplex, of a ball, of a
cone, and of an unbounded convex body which is a direct sum of an (n —1)-
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dimensional simplex and a ray shows that the bounds for the values a(K) —
—c(K) in Theorems 1-6 are sharp.

A special problem

The following problem is connected with a paper of E. O. Buchman and
F. A. Valentine [9]. As above, a point x € bdK illuminates weakly a point
y 6 bdA'" if [x,y] fi intA'= 0.

Denote by d(K) the maximum natural number d”~ 1 such that any d
boundary points of K can be illuminated weakly by a point from bdA’. Put
d{K) = oo if such number d does not exist.

The next theorem is a generalization of a respective result from [9].

Theorem 7. For a convex body K C En, the following conditions are
equivalent:

1) d(K) > m,

2) every m maximal faces of K have non-empty intersection.

Proof. 1) - 2). Suppose that AL i=1,... ,m, are any m maximal
faces of K. Choose some points x, € rintAl Since d(A) » m, there exists

a point x 6 bdAt which illuminates weakly all points xj,... ,xm. One has
[z, xi1 C K because of the maximality of AL Hence A D... fl Fm~ 0.
The implication 2) =a 1) is immediate. O

Theorem 8. If K is compact, then d(K) ~ n, with d(K) —n only for
simplexes. If K is unbounded, then either 1" d(K) <n —1 or d(K) = oo,
with d(K) = oo only for cones.

Proof of Theorem 8 follows immediately from Theorem 7 and the
following result of P. S. Soltan [10, p. 96]: if every n maximal faces of a
convex body K C En have non-empty intersection, then K is either a simplex
or a cone. O

REFERENCES

[1] Fejes Toth, L., lllumination of convex discs, Acta Math. Acad. Sei. J/ungar. 29
(1977), 355-360. MR 57 # 4002

[2] Valentine, F. A., Visible shorelines, Amer. Math. Monthly 77 (1970), 146-152. MR
41 # 2530

[8] Buchman, E. and Valentine, F. A., External visibility, Pacific J. Math. 64 (1976),
333-340. MR 55 # 11149

[4] Hadwiger, H., Ungeldste Probleme Nr. 38, Elem. Math. 15 (1960), 130-131.

[5] Vizitéi, V. N., Some problems on the covering and illumination of unbounded convex
figures, Bull. Acad. Sei. RSSM, No. 10 (1961), 3-9.

[6] Buchman, E. and Valentine, F. A., A characterization of the parallelepiped in En,
Pacific J. Math. 35 (1970), 53-57. MR 42 # 5157

[71 Boltjanskii, V. G., A problem about the illumination of the boundary of a convex
body, Bull. Moldavian Branch Acad. Sei. USSR, No. 10 (1960), 79-86.



32 V. SOLTAN: AN ILLUMINATION PROBLEM

[8] Davis, C., Theory of positive linear dependence, Amer. J. Math. 76 (1954), 733-746.
MR 16-211

[9] Buchman, E. 0. and Valentine, F. A, A characterization of convex surfaces which
are L-sets, Proc. Amer. Math. Soc. 40 (1973), 235-239. MR 47 # 9420

[10] Soltan, P. S., Extremal problems on convex sets, Izdat. Shtiintsa, Kishinev, 1976 (in
Russian). MR 58 # 18164

(Received September 5, 1990)

MATHEMATICAL INSTITUTE OF THE
MOLDAVIAN ACADEMY OF SCIENCES
STR. ACADEMIEI 5

KISHINEV 277 028

MOLDOVA



Studio Scientiarum Mathematicarum Hungarica 29 (1994), S3~42

ULJANOV-TYPE IMBEDDING THEOREMS IN THE THEORY OF
WEIGHTED POLYNOMIAL APPROXIMATIONS

NGUYEN XUAN KY and NGUYEN QUANG HOA

Introduction

The imbedding of Lipschitz class in the Xp-space into ZN-space was con-
sidered firstly by Hardy and Littlewood in the thirties of this century. Later,
P. L. Uljanov [1] investigated the imbedding of more general classes, name-
ly the Holder classes into other classes of functions. This theory was then
developed by Storozenko [2], G. Gaimnazorov [3], L. Leindler [4], J. Németh
[5], M. Milman [6], [7], A. V. Lapin [8] and others. Recently, a great number
of authors concentrated to the theory of approximation by polynomials with
weights. Among some of the most interesting results achieved there are direct
and converse theorems (Jackson and Bernstein-type theorems). New moduli
of continuity of functions were introduced for investigating approximation
theorems of that type.

A natural problem therefore is to investigate Uljanov-type imbedding
problems for that moduli of continuity and for the corresponding best ap-
proximations. The first author [9], [10], [11], [12] considered this problem
in the cases of Jacobi and Freud weights. In this paper the case of the
weight M2, = la|d2e—2 /2 will be considered. In 8§ we prove a Nikolskii-
type inequality with the weight Wa{x). In 8§ some Uljanov-type imbedding
theorems will be given.

8 1. Nikolskii-type inequality with weight Wa(x)

Nikolskii-type inequality with weight w o(x) — e~x2/2 was considered first
by C. Markett [14], generalized for the case of exponential weight e~IXIQ
(a > 1) by E. B. Safi [23] and was completed by Névai-Totik [16]. The
present authors found that the method applied in [16] can be used to deal
with the weight 147(2;), which will be detailed in the following.
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First let us give some notations and definitions. Let Lp(—00,00) be the
space of the measurable functions on (-00,00) with the norm

lirp= (/ @iy ©<P
WiWoc = ess sup |/(i)].

tE( —o0o0,00)

(1)

We denote by Vn the set of all algebraic polynomials of degree at most n
(n=0,1,2,...). Let L*(x) he the orthogonal Laguerre polynomials

(2) LX) =(-1x-"ex(*) V +' 0 (x>0,n=0,1,2,.)

and if"(x)be the orthonormal polynomials with respect to the weight Wa(x),
that is LT €Vn and

(3) \] H:(x)T1°(x)WZ(x)dx =6ntm  (n=0,1,2,...),
R

where 6nm denotes the Kronecker symbol.
In what follow C(x, v, ...) always denotes an absolute constant depending
only on x,y,----

T heorem 1 Leta> 0, 179,p”o00, then the inequality

(4) IPn(G)Wa(x)[lp < C(p,q)n"p~"\\pn(x)Wa(x)\q

is valid for each p,,(x) £ Vn.
Moreover, the above inequality is sharp in the sense that there exist two
sequences {",,(x)}”* and {Pn(x))iiLi of polynomials satisfying

(5) lIP.,(x)Wa(x)[[p>C In ?(r _9)[Ip,(x)WQX)[[i, ["p<qg”oo
and
(6) [[K (@)Wa(x)|[p™ C2n2(5_p)[IK(2:)"a(x)llg, 1<gq<p<QQ

To prove the theorem, we need the following lemmas.
Lemma 1. Fora> —1 and pn(x) £Vn we have
cnl/2
(7) [\pn()\WQ(x))pdx<C I (\Pn(x)\Wa(x))pdx.
R —nl/2
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Proof. In [17], Theorem 4.16.2 Névai showed that

erd/2
fkn(t)\pwo(t)dt<2 T \gn(t)\pWR(t)dt,
R _C,il2
for Vi3> -1, gn EVn. Put t:=y/px, gn(t) :=pn =pn(x), B :=ap, then

i {\PR{x)\Wa{x))pdx = p-AW 1 \gn(t)\pWR(t)dt 7

R R
cnl/2 er,1/2

<2p-~ J \on(t)\pWRB(t)dt —C J (b..(x)|Wa(x))Poh.
—nl/2 —nl/2

Lemma 2. Le/0< d<p<oo,a >0. Foran? /m(r) £ Fri tue /laue 4

(8) lbn(x)XA (1) (z)IPa(x)|[p ™ CU(T~P*|p.,(x)XA(2)(W)]9,
where A(8) := [h b], Xa(®  Oie characteristic function of A(b), Wa(x) :=
- |x]°/2.

Proof. In [17], Lemma 6.3.23 and 6.3.24 Névai showed that

pisi. m W /if-WH'I'W)«)* a4 (N+W  Vz6A(1)-
R

So, for each p,,(x) EVn we have

3 Pn(Or I"XA(2)(0A A Ci b, (x)r(|*| +~ >ci [pn(x)|« [x|*,
R
VxeA(i).

Put a :=/3/2g then
\] \Pn(t)ta/2\-gXA{2) (t)dt>cM\pn(x)xa/2\\ VxeA(l),

R

that is

Tbrr (x) ITa(x)XAL)F) lo A C|Ip.. (X) IPAX)XA(2) (x ) ]..
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For 0<qg<p” oo
lon (x)XxA (i) (")A ()P = Hbn(x)|(p-~X A (i) (M) V Fd(x; 117P <
~ Ton()XAM WX ) [ /plbn(@)xA () (x) Tya(x)[|" <
ren(p-" N [b nEOXAR)(X)VE«(X)]I(p-~ plbn (X)X A (i) (x)VFa(x)|["p <
<cn (5 2)[bn(x)XA(2)(x)W a (x)]]9.
Proof of Theorem 1. First we prove (4).

Case (a): 1%V<(@="°°- Applying Lemma 1 and the Holder inequality
we have

WPn(x)Wa(x)\\p= (I ({p "W ~x))” P~

R
P2 /P
<C J (\Pn(x)\Wa(x))Pdx <
-cn1/2
cn’/2 \ (1/p-lig) |/ ¢ /2 \1 h
< C I dx] le 1 (bn(x)|LFa(a:))9dxJ
—enl/2 —enl/2
oo 1/9

<cn2*p~?7y (Jpn(x)|LFa(a:))9d;”™ =cn2  bl||pn(a)Wa( &

Case (b): Let now 1< g<p <00, and

A= [—nl/2,cnl2, A*:=[-2cnl2,cnl2],
then by (7)
WPn(t)Wa (t)\\p < C|bn (0N (/)X A () 1Ip-

It was proved by A. L. Levin and D. S. Lubinsky [21], [22] that for given
C > 0 there are a positive integer L =L(a, M) and polynomials <3Ln(x) GPin

such that
QLn(") ~ e_x2/2 for - 2CUV2" x < 2CUY2.
Let i = cnl/2x,p,,(x) = pn(f), O1«(x) = QI>(<), Wo(i) = FFa(<) thus
Ibn(IYWQ(OXA(t)|lp ~ Ibnb)QL,, (i)*a(OXA()Ilp

< Cnl/2plbn(x)0Ln(x)IFa(x)XA)(X)|lp *
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S cnlZpn'*~ p\W\pn(x)QL,n(x) Wa(x)x&(=)(x)\\q =
= cnl/2pn~12gn "~ p )\pn(t) QLn(t) Wa(t)xA'(tH)\\g ~
~Cn”(i _?)|lpn(i)Wa(0XA*(0lI9"

<en2(«~?)[lpn(H)ITG(<)IE
Now we return to the proof of sharpness of the inequality (4). Put

pn(x):={HA(x)~ H°_2(x)}, n>2
In [15] 2.21 it was showed that
L1
[lpn(x)14/ct(x)||p ~ tip * for each 1$p” oo.

Consequently,
llpn(z)Wa(z)
llpn(a:)Wa (®)llg
which proves (5). Now put
Em+372(®2), n=2m,m=0,1,2,...
Pn(X) =
LA52(x2)x, n=2m+ 1 m=0,1,2,...
then

WP2mix W<*(x)Wp _ L& 2(x2)e x "2|@Q2 dxj =
R

_ (2 (Oc i2£2 D

Using (2.9) of [14] we have
3

IPVUa(@)llp~ (2m )27 = n*~A,
if n is even. Analogously,

/P

IIPn(1)Ma(a)llp~ (2m + 1)2_iP=n2-7,
if n is odd. So, for each 17 p, g~ 00
IIP;(»)Wa(x)llp
Ibn(a)Wa(x)|lg
from which (6) follows. This completes the proof of Theorem 1.

By the similar way and using approximating polynomials given by Levin
and Lubinsky [21] we can prove Nikolskii-type inequality for the more gen-
eral weight Waf(x) = (a,/3> 0). More precisely, we have the
following theorem:
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Theorem 2. Let 0<p,q " 0o. Then for each pn(x) the following in-
equality is valid:

(€)] W\pn(x)Wai(x)\\p < CNn(R,p, g)\\pn(x) WailR(x)\\g.
Here C = C(p,q), Nn(B,p,q) is defined by Névai-Totik [16];

PA<h
(10) Nn{R,p,q) p>qand>1
(log(n+ 1))(?“p), p>q and B —1,
.1 p>gand 0<R <Ll

8 2. Imbedding theorems with modulus of continuity

Before presenting imbedding theorems let us give some definitions.

Recalling that {H"}T=0 * the class °f orthonormal polynomials with
respect to the weight WE(x), let

nUx) = Hff{x)Wa{x), k=0,1,2,....

For f(x) 6 Lp{—o0, 00), let us denote the n-th best approximation of /(x)
by the system {Tt"}*LO in the following way:

n
En(Wa,f)p:= inf 1U@A)- 1T * n &B{X)\\p.
CkeK k=0

For a given decreasing sequence of real numbers tending to zero a =
—("n) —(@n10)? It

E(a, Wa,p) = {/€ Lp(~00,00):En(Wa,f) <c(f)an, n=0,1,2,...}.
We shall use the following moduli of continuity and /f-functional

N/ <B)P:= sup ||/(x +h)- /(i)|]|p, feL p(-00,00).
o<h”s

Furthermore, let
0<A<B<oo f(x)Wa(x) 6 Zp(—o0, 00).
Define

AALB(ffiVa,S)p:= sup \(F(x + h) - f(x))Wa(x)x(-00,B)(x)\\p+
0<h<6



ULJANOV-TYPE IMBEDDING THEOREMS 39

+ SUR W(f(x +h) - f(x))Wa(x)X(A,00)(x)\\p,
o<his

and
K(Wa,f, 6)p :=gienvl; {I[(/ - g)WQ\p +

where W is the set of all locally absolutely continuous even functions g on
(—90, 00), for which

Wag GLp(-00, 00), Wag' GLp(-00, 00).
A nondecreasing continuous function if on [0, 1] is called a modulus of con-
tinuity if
2000=0, 020"+ tR)< +fi(A2) (0<6i " 2<06i + &2"1).

For a modulus of continuity i1 and 1"p<o00,0<A<5<o00,let

H™ =Hp Gab := {/ GTp(—00, 00) :GaM  Wa,S)p<c(f)il{6), 6> 0).
By Theorem 2, [10] we have that if /G Lp is an even function then

(11) En(Wa,f)p<cuAB(f, Wa,n-"2)p.

From Theorem 1 [12] and inequality (4) we have

Theorem 3. Let f(x) GLp(-00, 00), if for some g (p <qg< 00)
(12) An " (p-)-1n(VFa,/)p<”

n=1

then f(x) GLg(—00, 00).

This theorem gives a sufficient condition for imbedding E(a,Wa,p) into
Lq(—00,00). We may ask whether the condition (12) is also necessary. The

following theorem gives the affirmative answer to this question in the case
of even functions with a complementary condition on the sequence (an).

Theorem 4. Let E(a,Wa,p) be the set of all even functions

f GE(a, Wa,p). Leta= (afc)Ei0 ase(luence of positive numbers decreasing
to zero satisfying

(13) nan”“cmam, n<m.

Let 1~ p <g< 00, then the necessary condition for the imbedding E(a, Wa,p)
into Lg{—00,00) is that

0o

y] n*p_1)_laf < Q0.

n=I
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Proof. Suppose that ’\2 o2'p ’ @&, = 00 then as a special case of

[10], Lemma 3, there eX|sts a functlon fo(x) € Xp[0,1] having the following
properties:

(14) /0(x) =0, if x €[2"V2,1],
h
(15) J\fO{xX)\pdx<cagk, if0<h”2-7M+2)/2, A=1,2,...,
0
(16) u(fo,2~kl2)p <cazk,
7 fo(x)~[0,1].
We define

[IW ;=(/loM . if2-"sw si,
L O, elsewhere,
so fi(x) is an even function.
Now we estimate (>2,3(/i, Wq, Op. For h~ 1—2-1/2 we have

«h O - h
h(h):= | \fi(x + h) - fl(x)\pr(x)dx—J J J +J
—0 —0 —-h 0 I-h

-h h -
:\T+ J :2"j\f0(x)\pr(x)dx+\] \fo(x + h ) - FO()\pWp(x ) d x »

g J |/C(>9|pT+J o -+) - f00) ot

2-3/2

where d max Wp(x). By (15) and (16) we get

h{h)<2cap if hZ 2~(fct2)/2.
Similarly,
h(h):= \] \fO(x + h) - fO(X)\pW p(x)dx <capk
2

if h<2 (fc+2V2, so
n2,3(/1,Ma,2-d2)p=ca2k
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From (11) it follows that
E3k(Wa,h )p<ciu23(fi,Wa,2-k' \ =

= 2c82,3(/i,Wa, 2~k"2)p %cazk.

Since nan <cmam, n <m we get £n(kFa»/i)p < can, that is /i(x) €
€ £(a,IFQp), which, together with (17), completes the proof of the the-
orem.

We remark that not only for A = 2, B = 3 but also for arbitrary constants
A, B we can construct a function / £ Lag{—o0, 00) such that

(18) UAtB(f,2-k/2)icaz

T heorem 5. lei
#2e*:={/€]/"**:]even)

amf letl"p<qg<oo. Then the necessary and sufficient condition for Hpu C
C Lg(—o0, 00) is that

(19) n ?"\p~1"~1121{n~1"2) < oo.

n=1I

P roof, a) Sufficiency. Let f(x)£ llp'u, and suppose that (19) holds,
then, by (11), we have

Eq(Wa,f)p< oo,

n=I

therefore, from Theorem 4 it follows that f(x) £ Lg(—oo0, 00).

b) Necessity. Put an:=il(n-1/2), n= 1,2,.... It is easy to see that an
satisfies Condition (13), so the necessary part can be proved similarly to the
proof of the necessary part in Theorem 4.
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AN INEQUALITY RELATED TO MINKOWSKI’S

H. ALZER

The classical Minkowski inequality states: If (a,) and (bn) (n=1,..
k) are non-negative real numbers, and p> 1, then

K

p /P [
(1) [E~“"+ bn) ! (E< +(E9<S "
n=1 n=1 =|

If 0<p <1, then inequality (1) must be reversed. Equality holds if and only if
(an) and (bn) are proportional. Proofs as well as extensions of this important
result can be found, for instance, in [1, pp. 30-33] and [2, pp. 55-57].

In this note we present an inequality for infinite series which is related

to Minkowski’s theorem Roughly speaking our aim is to compare the sum

| oo \ilp / \i/p i/p
( S an) ( bn) With X] (an + 0n) instead of "2(an +bn
=7

Under the assumptlon that there eX|sts a posmve number c W|th

Cﬁ* E ap and Cb& for all n>1

i/=n-f1 i/=n-f1
we will find the best possible value K(c,p) such that the inequality

oo oo 1/ oo 1/

i(t.p)D ».+“)s(E «:) + (£0
n=lI n=1 n=1

holds for p > 1, and that the reversed inequality holds for 0<p< 1

00
Theorem. Let p be a positive real number and let ~ ap and
n=1
00
Y2 bp be two convergent series of positive terms. Further, let c>0 be a
n=1
real number such that

(2) cap > ap and cl%> ~ K
il=n+1 WeHL

1980 Mathematics Subject Classification (1985 Revision). Primary 26D15.
Key words and phrases. Minkowski’s inequality, infinite series.
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for all integers n't 1. Then we have for p > 1:
(3) [(C+])]:l_ d_ﬁ@l “>)'|"")S§§<)T+§§‘s P

If 0<p < 1, then inequality (3) must be reversed. Equality holds in both cases
/ \(n-I/lp / \ (n-;/p .
?/and on/?/ ?/an=( ] ai and bn= ( ) & /oraln>1

Proof. Letp> 1and y> 0. Since the function

Ip(z,2/) = (z + 2N)1/p- a;llp

is strictly decreasing on (0, oo) with respect to x we conclude from (2) for
all n> 1.

®
@ p(COEX )~ 1p (LE  a8n)
and
©® fAW,Pn)afp (lA—En+I *)e

Adding (4) and (5) yields for n > 1:

[(c+1)Vp-c VYP](a,+ /?,)<

(6) ,!/P ,]./P I/P
L 1 - K - *
S (iEn« ) V (ilen+I «r+ (il/zh ST ( £

/=n+l

Summing on n leads to

o [edipdiD “ms(E<)” (E¥"

If we assume 0<p< 1, then fp(x,y) is strictly increasing on (0,00) with
respect to X. Hence, in the inequalities (4)-(7) we have to replace the sign

“<” by “>”. We remark that for 0 < p <1 the convergence of " 1(an + bn)
n=
00 00

follows from the assumption that the series » a,, and Y1 "P are convergent.
n~1 n=1

A simple calculation reveals: Let p>0; if an= (y*)*n 1*pai and 6n=
= (i")"Mn_17p& for n > 1, then the sign of equality holds in (2) as well as



AN INEQUALITY RELATED TO MINKOWSKI’S 45

in (3). Finally, we assume that equality holds in (3). Since x  fp(x,y) is
strictly monotonic we conclude from (4) and (5):

(8) cau= al and cbp= ~ bp
i/=n-f1 U1

for all n> 1. From the first identity of (8) we obtain

c< =an+l + Cantl

and therefore
n=1 n=1

:(i/\) (*-i)/pai, k>1

From the second identity of (8) we get

A(*-1)/p.
CDlPe At
+ «

This completes the proof of the Theorem.
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BILINEAR FORM OF THE ERROR TERM
OF BUCHSTAB’S ITERATION SIEVE

S. SALERNO and A. VITOLO

1. Introduction

Let A be a finite sequence of integers, and
Ad —{n € A In = O(modd)}.

Choose a suitable approximation X of |yl| and suppose that

(1-1) Wd\ =7 fx +r(Ad),

where u(d) is a multiplicative function such that uj(d) <d for any d and
R(A,d) is an error term, which has to be small on average.

Under the assumption (1.1) one would get information about the quantity
of the primes in A. A way to approach this question is given by the sieve
methods. Unfortunately, it has been proved (see [2]) that no sieve method
is able to detect primes in A because of parity phenomenon, but indeed it is
a reasonable purpose to search for the almost primes in A, e.g. the integers
of A with few prime factors.

Define the shifting function

S(A,B,z) =#{aeA\(a,P(z))=1},
where B is a set of primes and
P(*)=U p
P<z
pen

We assume that

w<phz

1991 Mathematics Subject Classification. Primary 11N35.
Key words and phrases. Sieve methods, bilinear forms, distribution in arithmetic pro-
gressions, representation of almost primes.
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and in this case we say that the sieve has dimensions k.
Also let

P<z N

The typical sieve results are osfﬁe form
(1.3) S(A,B,z)<XV(z){F(s) +e}+ £ |A(A<OI,
879
and
(1.4) S(A,B,z)>XV(z){f(s)-e}~ J2 \R(A,d)\,

8709

where s = (log D2)/(\og z) and F, f are non-negative functions such that

(1.5) F(s) =1+ 0(e-s), f(s)=1—0(e-s)
as s-+ +00.
We shall have an effective sieve when we can find a value of D2 such that
(1.6) f(s)>0
and
(1.7) \R(A,d)\ =0(XV(2)).
d<D2

d\P(z)

The highest value of D2 for which (1.7) holds is the so-called distribution
level of sequence A in the arithmetical progressions. It turns out that as
higher the distribution level is as better sieve results are, because T(s) and
f(s) approach their asymptotic value.

However, if one could express the error term in bilinear form, essentially

as

(1.8) A2 amBnr(A,mn)
m\P(z
A
m<N

where a(m), B(n) are suitably bounded coefficients and MN = D2, it may
be possible to estimate the above expression by o(XV(z)) with a higher D2
than the distribution level of A and so to take advantage in the applications.
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Iwaniec [6] proved that the bilinear form (1.8) for the error term is avail-
able in Rosser’s linear sieve, and this has made possible improvements in the
twin prime problem (see [4], [9]). In fact, if A is the sequence

{p+ 2,p prime <x},

the Bombieri-Vinogradov theorem [1] says that the distribution level of A
is al/2, and this is still the best result of this kind, whilst the Bombieri-
Friedlander-lwaniec theorem [3] allows for every A to control the expression
(1.8) by o(x/ log(x)'4) with D2=

S. Salerno [8] proved that also in Selberg’s sieve we can put the error
term of (1.3) and (1.4) in bilinear form. We recall that Selberg’s method
produces inequalities (1.3) and (1.4) with F(s) and f(s) given by

#00

(1.9) FO(s) = 1/ffW, fo(s) = 1~s~kJ {ar_ A - 1}dtk,

where cr(s) is the continuous solution of the differential-difference equations

s ker(s) —A 1
(110
{s-ka(s))'=-ks-k-1la{s- 2)
with
(1.12) A =2keykT(k + 1),

7 being Euler’s constant.

It is well-known that, if we have a pair of functions Fo(s) and fo(s) in
(12.3) and (1.4) satisfying (1.5), we can get a new pair of admissible functions
F\(s), /i(s) by means of Buchstab’s identity

(112 S(A,B,z) =S(A,B,zi)~ Y, S(Ap, B,p).
Zl <p<z
pEB
Such functions F\(s), fi(s) could be better than Fg(s) and fo(s) for some
value of s, and so, by letting F(s) = min(Fo(*), E\(s)) and f(s) —max(/o(s),
/i(s)) in (1.3) and (1.4), we obtain sharper estimates than the previous ones.

By iterating the above process, we shall arrive to limit functions F(s)
and /(s), continuous solutions of the differential-difference equations

F(s) =1/a(s), s™ak,
/(*) =0, s<bk
{skF(s))" =ksk-1f(s-1), s > ak,

(skf{s))' =ksk=1F {s-1),  s>bk,
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where ak and b&are called the limits of Selberg’s sieve (see [7]).

We shall prove that the bilinear form of the error term is available also
for the limit of Selberg’s sieve. Next we put a weighted sieve in applicable
form with the bilinear expression for the error term. We remark that im-
provements will be obtained in the applications as soon as techniques able
to control an expression of type (1.8) with D2 higher than the distribution
level are developed.

2. Statement of the results

We let C—logX, c a positive constant which may be different at various
occurrences, e a suitable small positive constant.

Denote by rg(n) the number of representations of the integer n as product
of g integer factors.

We will prove the following results.

T heorem 1 Let A verify (1.1) and (1.2). Let z < D2 and s =
= (log D2)/logz. We have

S(A,B,z)<XV(z){F(s) +e} + E E Q/(m)/3/(n) r(A, mn)

1<XCmn|P(2)
m<:M,
niNi

with Mi = D/P"2, Ni —DP 112, C<P,<z, where |a;(d)|, \Bi(d)\ <rg{d) for
some integer q and F(s), f(s) are given by (1.13).

T heorem 2. Let A verify (1.1) and (1.2). Let z<D and S =
= (log D2)/logz. We have

5(A B, z)>XV(z){f(s) ai(m)Ri(n) r(A,mn)

K X Cmn\P(z)
m<Mi
n<Nt

with Mi —D /P "2, N[ = DP]>2, C<Pi"Lz, where \ai(d)\, \Ri(d)\ < rq(d) for
some integer q and F(s), f(s) are given by (1.13).

Define
g = sup{log(n)/ log(X), n €A}

the degree of the sequence A.

By n =PT we mean an integer n with at most r prime factors.

An application to the weighted sieve by Richert’s logarithmic weights is
given by the following
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T heorem 3. Assume that A verify (1.1) and (1.2). Let s = (log D2)/log 2
and u, v, a be real numbers such that

(2.1) z=X1/v<X l/lu<D2=Xa.

If r is a positive integer such that

(2.2) r>,9-1+~//"(,(,-i))(Cl-i)]
ti
with F and f given by (1.13), then we have
#{n€A\n =Pr}>cXV(z)- E E ai(m)Bi(n)r(A, mn)

1<X* mn\P(z)
m<M
n<N

with MN —D2, where |aj(d)|, [/?/(d)| < rg(d) for some integer q.

3. Proof of Theorems

We start from the result of [8], which we write as

(3.1) S(A,B,z)<,XV(z){FO(s)+e}+E E ai(m)Ri(n)r(A, mn)

I<Xemn\P(z)
m<D
n<D

with |a/(d)|, \Ri(d)\ < Tg(d) for some integer g and Fo(s) given by (1.9).

We shall show the method which allows us to pass from the upper bound
(3.1) to the lower bound of Theorem 2 with f(s) equal to fo(s) given by
(1.9). In order to do this, first we observe that, if z\ is small, e.g. a power of
a logarithm of X , then we have

(3.2)
S{A,B,z{) =XV (zi){l + 0(e-T(logn)} + ~ A at(m)Bi(n)r(A,mn)
I<X* mr:|/\Péz)
n<D

with r = (log D2)/(logzj) and |af(d)|, \Ri(d)\ <Tg(d) for some integer g. This
is well known as fundamental lemma and can be obtainded for instance by
using Salerno’s method [8] in the proof of Theorem 7.1 of [5].

Next, we subdivide the interval in subintervals of the form
[2~IPi, Pi), where Pi =2'zi, 1<i<log(z/zi)/log2, and for

2~1P,<p<P,
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apply (3.1) to S(Ap,B,p) with JD2/P, instead of D2.
For such p's we have

S(Ap,B,p)i’\-PXV(p){FO(s)+e}+

(3-3)
+E E  aimsi(nyr(ap,mn).

1<x€ mn|P(p)
m<D/V7\
n<D/VPi

Then, by application of Buchstab’s identity (1.12) with z\ = C we deduce
from (3.2) and (3.3) that

S(A, B, z) > XV (Z){l +0{e~T" ) } -

_ E logD2/p"
“pER”
'E E ai(m)Bi(n)r(A,mn) —
(3'4) I<X1I mn|P(z)
m<D
n<D

= E E E E Of,i(m)Biti(n)r(A, mn).

1<*<£ 2-1P,<p<P, | <X€ mn|P(p)
m<P/v/
n<D/VP

First, we deal with the main term of (3.4). We can put it in the following
form

log D2lp

(3.5) X{V(Z)- £ vw - E "g’)v(p)(Fo( logp

T5eR” 5eR°

By recalling the recurrence identity

(3.6) V(i) B V(P) = V(2)

*1<P<2
pEB

since 2A —C, from the asymptotic formula
(3.7) V(t)/V(z) = (logz/ logt)k(l + c/ logt)

we deduce by partial summation that
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2158f§2

*
by changing to variable log D2/ logt,

T

=V(z)s~kJ(FO(t-\)-1)dtk

and by (1.5)
(3.8) *V(z)s~kJ(FO(t-1)-1)dtk.

Therefore, by (3.5), (3.6) and (3.8), we obtain the right lower bound for
the main term

(3.9) XV (z)t0(s)

with /o(s) as in (1.9).

Now we come to the error terms. We have nothing to do about the first
one, coming from (3.2), because it is already a bilinear form. What concerns
the second one, we observe that

(3.10) £ £ Blii(n)r(A, mnp)= "2  &'(n)r('4, mn)
2~1P,<p<P, n<DIs/F\ n"D/VF

where we have set

F-= Xxi *&l,i
the convolution product of the characteristic function Xi °f the primes in
[2~1Pi,Pi) and the function /3.

Setting M = D/P-' and N = DP{ ,v an enumeration of the pairs (I, i),
we can put the second error term in the form

(3.11) £ £ all(m)6li(n)r(A, mn)
v<XeCmn\P(z)
m<M

n<N
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as desired.

From (3.4), (3.9) and (3.11) we deduce the right lower bound with the
error term in bilinear form in the first step of Buchstab’s iteration on Sel-
berg’s sieve. This shows also how the limit process can be carried out in
order to prove Theorems 1 and 2 by means of Buchstab’s identity.

Finally, Theorem 3 follows from the weighted sieve by Richert’s logarith-
mic weights, as in Theorem 10.2 of [5].

It suffices to observe the inequality

. ; logp\
(3.12) #{n6A\ n= Pr) > | ~ X 1 9P
nG.4 7\p= IOg Yl

(n.P(2))=1 p|n,pGR

when
A=1/(r +1- ug),

and that the constant which multiplicates XV (z) in the main term of the
right-hand sum in (3.12), as it comes out from the estimates of Theorems 1
and 2, is positive if r is an integer satisfying (2.2).
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ON AN INTERPOLATION THEORETICAL
EXTREMAL PROBLEM

P. ERDOS, J. SZABADOSY, A. K. VARMA and P. VERTESI1

Let
Q) @™Mxi >x2>.. >x,(>-1)

be an arbitrary system of nodes of interpolation, and let
n

**) = !Jrl X-x  ([®©=1...n)
K

be the fundamental polynomials of interpolation. In Erdos [2], the author
raised the problem of determining the minimum of

He conjectured that the minimum is attained when the nodes (1) are the
roots of the integral of the Legendre polynomials. This conjecture was dis-
proved in Szabados [6]. A related but somewhat less hopeless problem is to
estimate the minimum of (2). In [Z] it was proved that given an arbitrary
£> 0, for each n > no = no(e) the value of (2) is always greater than 2—e. A
sharper estimate was announced in Erd6és [3] where it was claimed (without
proof) that (2) is always greater than 2—O ("p).

In this short note we prove a slightly weaker but nevertheless more gen-
eral estimate. Let

w(x) = (L —x)a(l +x)" (x| < 1,7 = min(a,/3) > -1)
be the Jacobi weight.
Theorem. FoOr any system of nodes (1) we have

1991 Mathematics Subject Classification. Primary 41A05; Secondary 41A10.
Key words and phrases. Interpolation, fundamental functions, Christoffel function.
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Ioizn)’ ifl > -1
®) /}w(x)/\"/\ns(x)dp! /}W(x)dx_ o (,/,\3,),
-1 fe 1 1
OCto if-K7<-1A
5=12,...)

where the constant represented by ‘O depends only on s.
Hence we get an answer for the original Erdos problem (s=1,a —8 = 0)
with 0( ) instead of O ("p”).

Proof. We may assume that the nodes (1) are asymptotically uniformly
distributed, since otherwise the integral in (3) tends to infinity as n —moo (see
the proof of Theorem 4 in [2]). More exactly, the following (sharp) estimate
holds (with the notation Xk = cos £5, k =1,2,... ,n):

@ k- "€ o@log2n)  (k=1.2,... .n)
(cf. Erd6s [1], Theorem 2).
Since Ik(x) e C NN, we have
I
\] w(x)Is(x)dx> \ sn(w,Xk) (k =1,2,... ,n)
-i
where Asn(w,x) is the (sn)th Christoffel function associated with the weight

w(x) (see Freud [4], Theorem 1.4.1). Hence denoting yi<= cosr/k, k= 1,2,

... ,sn the roots of the (sn)th Jacobi polynomial associated with w(x) we
obtain by the quadrature theorem

I'n n
[ X1 HSX)W(X)dx =X] A*"(U**) =
fc=I =1
1 r J nn N
SR wlOdX — Y £ (% (% V(k)sH) - W™, XK) £
! 5 k=1j=1

| f 1.n" 87
S- W (x)dx--YY \XsnW, Zj)(y(k-1),+j ~ xK)
53 S fesi j=i

(2fGj € (i/(fc-1)s+j5 xk))-
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Here
V| ----- :O(n (i:1121_ ,n)

o V(k—1)s+]

log2n(k + log2
oy og2n(k + log r‘)) (0<&<7r/2)

(of course, a similar estimate holds for 7r/2~ < 7r). Also, Lemma 2 (formula
(23)) of Nevai-Vertesi [5] implies

0(n~2alog2l20,_1H n)

Mn(™Mcj)| —
() 0{n-2ak2a~1)

where |a|+ isaifa>0and it is 0 if a< 0. Hence

E E 1an(™zkj)(y(k-i),+j-xk\ =
2j=1

_ S n-2a |092|28-ii+n.los714% y n-.0k:Q

£<Hla
|096+2|2((-i +n , |0g2n N ,ZaA
=< n2+2a 1n2+2a )
‘log2n )
O{ N ) if Q> —2
- log3n )
O( q ) ifa=-5,
'log6n .
- < < -
,n2+2a) if - 1<a
A similar estimate holds for g but with /? instead of a.
) *[2<a =n
is proved.

Remarks. For s = 1, the main term on the right-hand side of (3) is
sharp. This follows from the well-known identity

5 (1-22)/™_i(z)

n(n —1) (n>2)

J=i
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valid when the nodes (1) are the roots of the integral of the Legendre poly-
nomials (here Pn_i(x) is the Legendre polynomial of degree n —1 normalized
such that = 1). Namely, (5) easily yields

if7>-1/2,
if7=-1/2,
if - 1<t<-4/2,

and this shows that, apart from log-factors, (3) is sharp when 5=1.

The situation is not so good when 5> 2. Namely, in this case taking
again the roots of the integrated Legendre polynomials, (5) implies |/fc(X)| £
<l(k=1,2,...,n,|x <1),ie Ik(xky=0(k—2,... ,n- 1). Thus using &
second degree Taylor expansion about xk we obtain

ns(x) = 1- slis~\ykyk(yk)(x - xk)2 >

sn X —xk
> - N (x - xk)2>1- [x- xky - 1 o

i1 —
k =2, ,n-1
(yk € (x,XKk), kI ~ |*fc|, £k m= riyfs
by Bernstein’s inequality applied to the second derivative of Ik(x). Hence we
get by the mean value theorem for integrals

I
\] w(x)Iks(x)dx >\] w(x)ika(x)dx >\] w(x) 1- X£_ka\2 dx
-1 h h

W(Zk)\] l X;kac dx = -w(zk)ek > Ciw(xk)ek

[Xk - £ k,xk] if xic >0,
h:= [xfc,xfc-)-£fC] if xic A 0, xk SLfc, k—2,... ,n 1

with an absolute constant ¢\ > 0. Thus

w(x)lka(x)dx >
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n— Jj\_j2 n— \
N -T7=Y'us(afo)(asjt-i - *k+i) A~ 1 w(x)dx,

with absolute constants C2, ¢3> 0, which indicates that for s >2, (3) may be
far from being sharp.

We conjecture that the above estimates can be carried out for any system
of nodes (1), i.e. in the Theorem 1/s can be replaced by some c/y/s. Also,
we conjecture that

min / A2 11(x)dx
—+ k=1

Remark. Let

} o
#n, = [ ~2 NaX)dxi
-1 fed

where /fc(x) are the fundamental polynomials based on the roots of the Le-
gendre polynomials. Then for every £ > 0 there exists an n0 such that

min/ v, @dX>iins £
A k=1

The proof of this statement follows on the lines of [2] (see in particular pp.
243-244).
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CHARACTERISING LORENTZ SPACE BY
NORM ONE PROJECTIONS

S. FITZPATRICK and B. CALVERT

Abstract

We consider the “normed” version of the Lorentz vector spaces, the indefinite inner
product spaces of index or rank of positivity 1. We show the norm is given by an indefinite
inner product if (and only if) any two-dimensional subspace containing a timelike vector
is the range of a norm one projection. This result corresponds to the Blaschke-Kakutani
theorem characterising positive definite inner product spaces among normed linear spaces.

Introduction

In the theory of indefinite inner product spaces, for which the general
reference is [4], those of rank of positivity 1 can be considered examples of
spaces with a super-additive norm, defined in [2]. In [3] it is shown that
the norm is given by an inner product iff it is self polar. In this paper we
take the most significant characterisation of definite inner product spaces,
in terms of norm one projections [1] and give a corresponding result in this
setting. We also give a version in which we suppose only that there are norm
one projections onto subspaces containing certain vectors e,.

Definition. Let X be a real vector space. A timecone C in X is a
subset of X which is invariant under addition and multiplication by scalars
k>0, with 0O£C, X =C —C, and C containing no fines x + Ry. An element
of C is called a timelike vector.

DEFINITION. Let X be a real vector space with timecone C. Letp :C —
—>(0, o00) satisfy:

(i) p(kx)=kp(x) fork>0and x 6 C, and

@iy p(x) -fp(y) <p(x+y) forx and j/6 C.
We call p a super-additive (s.a.) norm on C, and (A,p) a super-additive
normed linear space, denoted (X,p, C) if we want to label the domain of p.

Definition. Let (A’,pi,Ci) and (X:,P2,C:) be s.a. normed linear
spaces. Let L(X:17X:) denote the vector space of linear operators A : X1—»
—»A2. We call Ae L(X\,Xi) strictly plus [4, p. 154] if there is $> 0 such
that if pi(z) 1then Ax £C. and p.{Ax) 6. Let B(X\, X2) be the linear
span of the strictly plus operators. Let C be the strictly plus operators.

1980 Mathematics Subject Classification (1985 Revision). Primary 46D05.
Key words and phrases. Indefinite inner product, super-additive norm, Lorentz vector
space.
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Proposition. A-),p, C) is a super-additive normed linear space
if p:C —*(0, oo) is given by p(A) = glb{p2(Tx) -Pi(x) > 1}.

DEFINITION. Let (X, g) be areal inner product space, ie. j:1x1->R
is symmetric and bilinear. Suppose X has dimension > 2, g is nondegenerate
and is positive definite on a subspace of dimension 1 but not on any of
dimension 2. We will refer to g as having rank of positivity 1, or being a
Lorentz inner product [6, p. 140]. We will call (X, g) a Lorentz vector space.

Remark. Letv£ X with g(v,v) >0, where g is a Lorentz inner product.
The set {w £ X :g(w, w) > 0, g(w, v) > 0}is a timecone C, asis —C. Ifp(x) =
= ylg(x, x) for x £ C, p is a super-additive norm. We will say the s.a. norm
p :C —-(0,00)is given by g. The following result must be well known.

P roposition. Let (M,g) be a Lorentz vector space, and let N be afinite
dimensional subspace containing a timelike vector. Then there is a linear
P:M —M,P2=P, P(M) = N, of super-additive norm 1.

Proof. (1) We claim that ife£ M is timelike then M = (e)0(e)-1. Here
(e) is the space spanned by e. For we may assume y(e, e) —1, and then x =
—(x —g(x,e)e) + g(x,e)e with the first term in (e)x and the second in (e).
If x £ (e) fl (e)x then g(x,x) = 0 gives x =0.

(2) We claim g is negative definite on (e)x, e timelike. We cannot have
<>1) > 0 for any / 6 (e)x for then g would be positive definite on (e, /),
so g is negative semidefinite on (e)x. Suppose x £ (e)x and g(x,x) = 0.
Then 0> g(x - Ay,x —Ay) for all y£ (e)x and AE£ R Hence g(x, y)2*

Hg(x, x)g(y, y) =0 for all y £ (e)x. Hence g(x, z) —0 for all z£M by (1).
Hence x = 0 since g is nondegenerate.
(3) Let N be fc-dimensional, e\ £ N, g{ei, ei) = 1. We claim there is a ba-

sis (ei,... ,ef) withy(X>.-e,'\Eq,ed=ai-(x2+ ---+aD- Let (ek2, ... ,ek)
be an orthonormal basis of (ei)xnX. Theny(E xiei, x»3=~E 1,!11-
i=2

1=
k
(4) We may define P by Px = -f-y(a;el)ei —E 9{x-®j)eP f°r x € M.
J=2

Note P is linear, P(M) C X, and P is the identity (;n N. By (3), for x £N,
there is a basis (ei,... ,ejfcH) of (N, x) with g(z,z) = —{z\ + ... + zk+\) + zi
fcH

for 2= E_ zie> Then
i=i

k eyl
g(Px, Px) =-72 g(x,ei)2+ 9(x,ei)2™* - g(x,efi2+g{x, ex)2=g(x, x).
3=2 3=2

Hence p(Px) > p(x). Ll
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Main result

By a linear projection we mean a linear function P :E —E where E is a
vector space, with P2= P, and we say P is onto P{E).

Lemma 1 [5]. Let E be a 3-dimensional real vector space. Suppose B
is a closed convex subset of E having nonempty interior, with 0$ B and
B containing no lines. Suppose there exists {e,/}, a linearly independent
subset of E, such that for F a two-dimensional subspace containing e or f
there is a linear projection P of E onto F with P(B)Q B. Then there is a
basis (ei,e2,e™) such that

B ={y>,e,- :xi >0,x2—(x\ + 13) > 1j.

Coroltlary 1. Let(E,p,C) bea 3-dimensional s.a. normed linear space.
Suppose there is a linearly independent set {e, /} such that for F a two-di-
mensional subspace containing e or f there is a projection P onto F of s.a.
norm 1. Then the s.a. norm on E is given by a unique Lorentz inner product.

Proof. Since E = C —C, C has nonempty interior as a subset of E,
and since —p is convex, p is continuous on the interior of C. Take B to
be the closure in E of {x EC :p(x) 1}. Then int(f?) is nonempty since it
contains int(C). B contains no lines since C does not, and likewise 0 £ B.
By Lemma 1, there is a basis (ei, e2,63) with B = X,e, :xi>0,x2—X2-
- x| > 1}. Let g(x,y) —x\y\ - x-iyi - X3¥3 where these are their components
with respect to (ei,e2,e3). Then for xEC, g(x,x) =p2(x), while C is one
of the two timecones given by 5; thus p is given by g. Note g is a Lorentz
inner product. Let g be an inner product with g(z, z) =p2(z) for xin C. For
X,y in C, g(x,y) =p2Ax +y) - p2(x) - p2{y) - 9(x,y). Ifx,y GE, x =Xxx-
- x2,x-€C,and y=yx- y2with y, EC, and g(x,y) = g(x1- x2,y1- y2)=
=9(xi,yi)-g(xi,y2)-g(x2,yi)+gix2,y2) =g(xi,yi)-g(x1y2)-g{x2,yi) +
T g(x2t22) ” g(.x,y), and g is unique. O

Lemma 2. Let E be a real vector space of dimension n >3. Suppose
L —{e2,.m ,en) is linearly independent, with n —1 elements, and if F and
Il are 3-dimensional subspaces each containing at least 2 elements of L then
there are inner products gp on F and gh on H with gp(x,x) = gH{(x,x) if
x EF GIl. Then there is a unique inner product g on E whose restriction
to a subspace F as above is gp.

Proof. For all x EE there does exist a three-dimensional space F con-
taining x and two elements of L, and we may define / : E —aRr by /(X) =
= 0f (x,x).

We expand | to a basis {ei,... ,en}. We claim that there exist ay such

n n

that for x = * xe,-, /(X) = a{jX{Xj, giving existence and unigeness by
1=1 ij=i



64 S. FITZPATRICK and B. CALVERT

polarization, i.e. 2g(x,y)=g(x + vy, x +y) —g(x, X) —g(y,y). We suppose
k >3 and that for n < k the lemma holds.

For ¢vi, ---,/n3 a subset of E, and its linear span hav-
ing dimension h {h <k), with all but one of the /, belonging to L, we let

9{A,~,fh) be the iimer product on (fi, mm fh) with g(h...fh)(x,x) = f(x) for

k
Let x e E, x =  xtei. Then X & (xiei + x2e2,€3,... ,€*) giving
t—+
wX2") =9(xiei +X262€3,... *) —
fx\e\ +xx263l... ,&*) (" 1*T TA2A2)T
k
5(xiei+x2e2,e3 "t~£2€2,eil)X/IT
h=3
k
+ X/ 9(xlei +X2e2,€3,...,ek){ej Teh) Xjxh =
h,j=3
o(xiei +x22e34)(®1L T GRRZ>MM T ~2C2)T
k
+ 2 XA 5(xiei+x2e2.eaej)(*i®i + X282 eh)xh+
h=3
(where i >3, i 7h for each h)
k
+ yi 9(xiel tX2e2,edeh,e,)(ejieh)xjXfl —
hj=3
(where if j ~ h, theni=j and ifj =h then i~ 3, i" j)
2 2
= N N ff(ei,e2,e3,e4)(ed ej)xjXxj + 2~ ~~ ~ff(ed,e2,eh)(ei,eh)xjxfl'¥
t,J=1 t=1 h=:3
k
+ X] 9el e2edeh){ej 26n)xixto.  n
h,j=3

Lemma 3. Lei (V,g) be a real inner product space of dimension > 3.
Suppose L = {e, :i € 1} is a linearly independent subset of V and any 3-
dimensional subspace E of V containing two elements of L is a Lorentz vector
space. Suppose g(y, y)>0 for some y s (ep, eq), some p,qf |. Suppose either
L is a basis ofV orelse V is a topological vector space, the span (L) is dense
in V and g is continuous. Then V is a Lorentz vector space.

P roof. Note gis nondegenerate, and positive definite on a 1-dimensio-
nal subspace of V. Suppose, to obtain a contradiction, g is positive definite
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on a two-dimensional subspace. Then g is positive definite on a two-di-
mensional subspace E of (L). Let W be (E,ep,eq), and let {uq,... ,tcn}

be an orthonormal basis of W, with *>
»

k>2. Take y= Y vewi with IV, y) > 0- Note Y \MWii1 and there exists

h~ 0, h£ (wi, V\/k) with g(h,y) —0. Then g |s positive definite on (y,h),
and hence on a three-dimensional subspace E containing ep, eq and h we do
not have rank of positivity 1. O

Theorem 1. Let (X,p) be a super-additive normed linear space of di-
mension * 3. Suppose that for every two-dimensional subspace N containing
a timelike vector there is a projection P : X —X onto N of super-additive
norm 1. Then the s.a. norm p is given by a unique Lorentz inner product
on X .

P roof. Let C be the timecone in X. Let E be a 3-dimensional space
spanned by timelike vectors. By Corollary 1, there is a unique Lorentz inner
product gE on E with C flE a timecone given by gs and gp{x, x) = p2(x) for
xeCDE. By Lemma 2, if F is a finite dimensional space spanned by timelike
vectors there is a unique inner product gp on F with gp(x,x) = gE{x,x) f°r
E as above.

Since (C) = X, there is a unique inner product g on X with g(x,x) =
=p2(x) for a € C. By Lemma 3, X is a Lorentz vector space under g. Let
v€C and let C be the timecone given by g containing v. For x GC by (ii)
of the definition of a s.a. norm, g(v, x) >p(x)p(v), and hence x € C. If z £ C,
then for E a three-dimensional space containing z and v, z is in the timecone
given by gE containing v, hence in C. Thus C =C, and g(x, x) —p2(x) for
x GC so that p is given by g. O

THEOREM 2. Let (X,p,C) be a super-additive normed linear space of
dimension >3. Suppose X is also a topological vector space such that p:C —
—>(0, 00) is continuous with C open in X . Suppose L = {e,-:i G1} is a set of
timelike vectors such that finite sums Y “iei  C are dense in C. Suppose
that for any 2-dimensional subspace N containing an element e- there is a
projection P onto N of s.a. norm 1.

Then p is given by a unique Lorentz inner product g on X .

P roof. Let E be spanned by three linearly independent elements of L.
There is, by Corollary 1, a unique Lorentz inner product g with C DE a
timecone given by gp and gE(x,x) = p2(x) for x GCflE. If F is a finite
dimensional space spanned by elements of L there is a unique inner product
gp on F with gp(x, ¢) = p2(x) for x € C flF, by Lemma 2. Thus there is a
unique inner product g™ on (L) with g(L)(.x, x) = p2(x) for x € C fl (L).
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we let, for x and y in C,

g(x,y) -\ (p2Ax+y)- p2Ax) - p2(y))

then g is continuous and symmetric on C XC. Since C fi (L) is dense in C,
g(aixi + a2x2,y) = ortfOi, y) + axy(x2,y) for x-eC, yeC, a, >0. Then
g has a unique bilinear extension to X = C —C. Note g(x,x) —p2(x) for x
in C and g is the unique inner product on X for which this holds. Also g
is symmetric and g is continuous since C is open. By Lemma 3, (X,g)is a
Lorentz vector space. Suppose VEC and C={x£X :g(v, x) >0, g(x, x)>0}.
As in Theorem 1, C QC, and C QC, so that p is given by g. O

(1]

(2
(3]
(4]

(5]
(6]
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SOME REMARKS CONNECTED WITH G. CSOKA’S PAPER
“ON AN EXTREMAL PROPERTY
OF MINKOWSKI-REDUCED FORMS”

A. G. HORVATH

Denote /(z) =  a./agzj an n-ary positive definite quadratic form. The
» )=l
symmetric matrix A = [ay] is the matrix of this form. In the famous work
of Minkowski [1] the following interesting statement can be found without
proof: “The values
n n

(1) <§ — A ®«i) A2 — A A Q-iiOkki oo — 11 ®ii,
i =l i“h i=l

are minimal for the Minkowski-reduced forms of the equivalent positive defi-

nite forms, ifn” 5.”

In the paper [2] G. CsOka proved this theorem for the n-dimensional
cases when n < 6 and he verified that in the cases n > 6 the Minkowski-
reduced forms do not have the above mentioned property. Our question is
the following: is there such an element in every equivalence class of the n-
ary positive definite forms for which the values  s2, e, sn are at the same
time minimal? The answer is negative if n > 6, | will give a counter-example
in Paragraph 1. This means that minimalizing the values S\,S:, m m, on
an equivalence class, after each other, we get in general different forms of
this class so we have different types of reductions. In Paragraph 2 we take
some further remarks which are connected with this problem.

8 1. In the paper [3] C. C. Ryskov gave a set of forms from which one
can choose some interesting counter-examples (e.g. such a form which is Her-
mite-reduced but not Venkov-reduced, Venkov-reduced but not Hermitean
one; the suitable definitions can be found in [4] p. 149 and p. 160 and [5]).
Consider now the following positive definite form:

(2) I(x) =a(xl +...+ x\) + (1 - g)(zj + ... +25)2+ x| + BxZ,

where || <a < and B~ 1L Denote by {al!,... ,87} that vector system
which corresponds to /, and take the following vectors:

ei —»i,... ,e6 —ab,
@)

Matrozrasyad) kg G - 7) &6+~ w &

1991 Mathematics Subject Classification. Primary 11H55; Secondary 52C07.
Key words and phrases. Reduced form, euclidean point lattice
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These vectors are linearly independent. Let L' be the lattice that is spanned

by {ei,... ,e6}. It is obvious that the lattice L7 that is spanned by the
vectors {ei,... ,e7} is the following: U{L'*+ ke7\k £ Z}. From (2) it can be
seen that the shortest vectors of L' are the unit vectors +ei,... ,+e6, and

for an other vector v£ &7, /(v) > 2a > f§. We shall examine the cases of

4 and k =1,2,3, respectively. If 8 > 1 and [fc] >4 thenfor a vector v £
GZT7 + ke7 we have /(v) > Assume that vE L'y +e7andv /e 7. From (2)
we see that:

(4) I(v) >/(e7) = +2(1-0)+4L/3-T7+72>1
if 0 <7 is sufficiently small.Similarly we get for v £ L% + 2e7 that

. v/in
(5) m) at+ + ms) 85+(m6-27ja6+—0a7,

where the numbers m; are integer.

In the case of v" 2e7— e, —e6 e
«=1

(6) [(V)MNK ) =~ + M3 +472>1.
In the last case we suppose that
o A 1 N1 \ y/n
Vi e7:=3e7- e.= “37) ab+
and so we ha eif R > 107 + 1 that
4c qaq
() IW > /(c?) = U4 + 144/3- 37 + 972> 1-
It is clear that the vector systems {ei,... ,e7} and {ex,... ,e|,e7} are the

bases of the same lattice L7 so the corresponding forms are equivalent. If
we take now the following parameters:

133 -10
263 a 7= 10
(8) a= 288" R 132
then
1 1
e = eee=gp=1 e?=1| + ':[A'Z + 132.144 - 10 _lo + 10~20,
a4
- +4 -10"20,
©) (€M)2=1 * 132144
99

(e7)2= 1 —3+10-10 + 9 +10-20,

T 132-144
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and so
(10) g62+ef<el + ez,

thus the basis of L1 for which the value si is minimal is the basis {ei,..
e6>e 7> but

143 44-99 10 44
> -3-
ef > soqaat 132142y 2710 T 1 135144
a 143
- "lo+ - = e?
> 1+ 132 »144 10"lo+ 10-20=¢€¢?
for this reason the values S, ... ,57 are not minimal for the basis {ei,..

e”e”}. So we have proved the following

Theorem. If n> 7 then there exists such an equivalence class of the
n-ary positive forms for which the functions s\,... ,sn take their minima on
different elements.

8 2. First we note that in the above mentioned example the basis {ei,

. ,66,e7} of Z7 is a Hermite-reduced one and the basis {ei,... ,eg,e7} of

Z7 is a Venkov-reduced form with respect to the form ip= + ... X,

Secondly, it can be seen that in E7 there is no basis {fi,... ,f,} for which

and if {g1?..., gn} is a basis of F7 for which |gi| <!... <

<|gn| then [fif ~ Ig,1,i=1,... ,n. (Such a basis {f1?... ,f,} is a Hermitean

one, but in this lattice the length of the last vector of a Hermite basis is

greater than |e7|.) At third we remark that for the linearly independent
vector system of a lattice L the following is true:

STATEMENT. Let L be an n-lattice and {a!,.. .,an} C L a linearly inde-
pendent vector system for which |ai| ~ ... <|a,|. Then the following state-
ments are equivalent:

(i) {ai,... ,an} is a successive minimum system of L;

(ii) if the vectors of the system {bl1?... ,b,} are independent and |bi| <

<...< |bn| then |a,| < |b,|;

(iif) the system {ai,... ,a,,} is the common minimum of the functions
Si,... ,sn on the set of the independent systems containing n ele-
ments of L;

(iv) the system {ai,... ,an} is the minimum of the function sj.

This statement follows, for example, from the Rado-Edmonds theorem
for matroids (see [6]).
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KRONROD EXTENSION OF TURAN FORMULA

S. LI

Abstract

In this paper we propose a Kronrod type extension to the well-known Turan formu-
la. It is shown that such an extension exists for any positive measure. For the special

Chebyshev measure d<r(t) = (1 —f2)- 1/2dt, some explicit formulas for the weights in the
new quadrature formula are obtained.

1. Introduction
In 1950 P. Taran [10] proposed a quadrature formula of the type

T dofl)=y Ve

At that time he treated only the case when da(t) :dt on [—1,1], In the
formula (1-1), tv are the zeros of a polynomial 7m of degree ' which satisfies
the orthogonality relation

12 Jnn(tpk{tda(t) =0, k=0u..,n- 2

and v are determined through interpolation. If r,, and a,jt, are chosen in
this way, then the degree of exactness for fl.l) is (r + I)n —1. Taran proved
that (1.1) always exists and is unique if | is odd. In the case of the first-
kind Chebyshev measure, Micchelli and Rivlin [4] have proved the following
important result:

If /e P2(*+i)n-n then

/I 1 - t2 N \\/(:,\AT*)+J_:1

1980 Mathematics Subject Classification (1985 Revision). Primary 65D30, 65D32;
Secondary 33A65.

Key words and phrases. Numerical quadratures, Taran formula, Kronrod extension,
Chebyshev weight function.
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where

*;:('!)32j4(n-!)j’ j- L2,....n.
By using this, they derived explicit formulas for the weights in (1.1). Later,
Riess [7] and Varma [11], using different methods, found the explicit solution
of the Tdaran problem XXVI for s = 2. Recently, Milovanovic [5] studied a
numerical approach for computing 7, for general measure.

Following Kronrod [2], we propose to extend the formula (1.1) to the
following formula

/ n r— n-fl
[(f) do(t) = NFSI(O)(r,) + RnAf)
A i/=l i=o fi—

where r,, are the same nodes as in (1.1), and the new nodes r,, and new
weights crtjl/, are chosen to maximize the degree of exactness for (1-3).
It is shown in Section 2 that we can always obtain the maximum degree
(r+2)n+ 1 (risodd) by taking f* to be the zeros of the polynomial 7n+i
satisfying the orthogonality property

(1.4) [ Tm+1(t)p(t)nn(t) da(t) =0, all pePn-
R
At the same time we show that 7m+i always exists and is unique if it is

monic. We devote Section 3 to the special case when da(t)= (1 —2) 12dt.
In this case one can determine 7m+1 explicitly and go even further to obtain
the weights in (1.3) for r =3 and r = 5.

2. Existence ofir,,+1

The orthogonality relation (1.4) is imposed to maximize the degree of
exactness for (1.3). A generalization of a theorem in Gautschi [1, p.78]
shows that the degree of exactness is (r + 2)n + 1, provided the polynomial
7h+1 exists.

Theorem 2.1. Ifr=2s+ 1 and da is any positive measure, then 7n+1
exists and is unique up to a constant factor.

P roof. First we observe that {7ob}£[tp forms a basis in Pn+i- To see
this, let us assume there are b such that

n+l

A2 bkKK{t) = 0,
k=0
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then it is easy to show all bk = 0 by multiplying 7rE(f), k =n-f1,n,..., 1,0,
in turn, in the above equation and integrating it with respect to da. Hence
it is natural to write
n
7Tn+l(i) = Th+I(0 + Y  GTTj().
=0
The orthogonality relation (1.4) then becomes

r n
[ (*n+i(0+Y w w ) *n-k(t)K(t) da(t) =0, k=0,1,2,...,n
R j=°
This yields a linear system whose coefficient matrix is upper triangular and

the diagonal elements are all equal to JR 7E+1(f) da(t), which is positive.
Therefore we can conclude that #n+i is uniquely determined. O

Remark. In the numerical construction of am+i, we can also proceed
as above. To do this, it is important to compute fR 7rj(t)7rm_jt(i)7r™(i) da(t)
effectively. The latter can be computed by Gauss quadrature.

The weights a, ,, and KR admit various representations, the ones obtained
via interpolation [8] having the forms:
(2.1

_1 [ 7Tm+1(t)<(t) r>rX (*-r,)J {I) f (t-T v)r \

v al (t-r,y- j\ \< (t)* ni(t)J lt=ni
t=0,1,2,..., r—1, I/=1,2,...,n,
K . <@*n+ifQ daft), n—1,2,..., n 1,

where D is the differential operator. For general i, the first formula above is
very complicated. However, in the special case i = r —1 = 2s, one finds the
simpler formula

02/ — 1 1 nnEi(t)xB L) da(t) -
@M Hrn+1(rl/) « (r]/))2|+1 Tv

1 B,/

(2.2)

where B,W are the weights of the interpolatory quadrature formula
n n+l
/g(t) dNi(t) =Y b>9(tv) + Y C*n9(fn) + Rn{f),
i/=i
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where dp,(t) —Tr(t)do(t).

For the numerical evaluation of erlt/ and it is more convenient to solve
a linear system resulting from (1.3) by setting / equal to appropriate special
polynomials.

3. Chebyshev weight

We now study the quadrature formula (1.3) in detail for the first-kind
Chebyshev weight function. In this case it is known, independently of s, that

(3.0) m() = 2,,_i T(t).

This allows us to obtain an explicit formula for 7mn+i.

Theorem 3.1. Letir,+1 be the monic polynomial of degree n-\- 1 satis-
fying the orthogonality relation

I
(3.1) [ Th+i(<)p(<X(t)(l - t2) 2dt=0 for all p £ Pn.
-1
Ifr—2s then
AW O -TW i)) ifnn2
(3.2) n+l(i) =
Kr(,)"1+3ro(,))

The following lemma is needed in our proof of Theorem 3.1.
Lemma 3.2. For any positive integer s, we have

1(2s
1+ T2ny S (is")T"—k)n+ 2
k-ov '
(3.3)
»-1i £ ( 2_5’V Z-(n-l-
wei B LBy Y\
P roof. By induction on s. O

P roof of Theorem 3.1. We first consider n >2. Since "m+i can be
written as

1
7T+ (0 = 2T A n+(0 &y A i
3=0
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by letting p(t) = Tfc(i), k = 0,1,2,..., n, and noting (3.0) and 7°2(f) =
= |(1 + Xon(i)), the conditions (3.1) become

1
(3.4) 1 (rn+l(i) + Y, ciTi(0)i*(0(1+ T2B(0)*Tn(0 (I —t2)~" dt —,
1 7=0

for A=0,1,2,, n.
Applying Lemma 3.2 and observing that

we obtain from (3.4), by the orthogonality of the Tm,

r il
(3.5) /(rntl(t)+J2 CjTjittynWTnWil-t2)-* dt=0, *=0,1,...,n.
-1 7=0

We thus see that the first factor in (3.5) is equal to the Stieltjes poly-
nomial corresponding to the first kind Chebyshev weight function up to a
constant multiple. Therefore (see [6]),

An+i(t) = — (T () - Tn_L(i).

The proof of the case n = 1is analogous. O

Remark. It is interesting to note that the new nodes fp in (1.3) are
nothing but the new nodes in the Kronrod extension of Gauss quadrature
formula corresponding to the first-kind Chebyshev measure. This probably
is the only measure with this property.

In the proof of Theorem 3.1 one can see clearly that if n-fk+ 1< 3n,
then (3.1) is true for any polynomial of degree k. This indicates that 7m+i is
orthogonal to all polynomials of degree lower than 2n —1 with respect to the

measure d<j(t) = 7rE(i)(l - f2)~2dt. We conclude from this that the degree
of exactness of the quadrature rule (1.3) for the first-kind Chebyshev weight
is as high as (r + 3)n —lifn" 2

For the time being, we assume n > 2. In the following theorem, we
develop an explicit formula for the weights K* associated with the new nodes
for any r=2s-f 1
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Theorem 3.2. If the nodes are arranged in decreasing order, then
the corresponding weights Kadmit the form

st 22 23, i
(36) 22«+2 U+is> nt e R | B
' 1 N2s + 2N

22*+2U +|’ 2n’

Proof. First we notice that K* does not depend on the leading coeffi-
cient of #n and 7n+i. Because of this one can rewrite K” as

37) S — FR{iArn+lCi) - M1 (1-2) 2dt.

To evaluate the above integral, we expand

Tn+1(0- Tn-I(f) = 2Tn{t) + £ 4Tfc(<))
h=o0

for some constants dfc. This, together with the s-orthogonality of Tn, leads to

vJT28+1(t) (T,+i) Tn-i(t) ~ _ 2 2dt:ZJ TIs¥2{t)(1 -t2) 24

The last integral can be evaluated by using

T»'t2« =810 (e (.0 #2*)t=*+ i (*+%*

which follows from Lemma 3.2. Indeed, we obtain

which yields

By (i - )4 (2 +102)
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Next we proceed to compute TA(f*) and Since the

nodes  are given by = cos ,p=1,2,...,n+ 1 by an elementary
computation we find
r,21(rig=(-ir-1,

ane 2n(-1)'J\ 2,3
n(-1)' p=2,
T+
riH(E) an(-1)fi 1, E=1n+1.
Finally, (3.6) follows from (3.7), (3.8) and the last two equalities. O
By a very similar computation one can show that the weights in the
extension formula with n = 1 have the following representations:
2s+ 2
M7 romafi 1 541
V 25+ 2),
We now turn to the derivation of the weights We succeed in obtain-

ing explicit formulas for a,)/ when s= 1 and s—2. A detailed discussion is
presented for the case 5= 1. For the other case we only state the results.
We will be using some notations and identities from Varma [11]. Let

Tk = cos 6k = cos M2+ ~' *=1)2,..., n, be the zeros of Tn. For these nodes
we can represent the fundamental polynomials of Lagrange and Hermite
interpolation in terms of the first-kind Chebyshev polynomials Tm. The
following relations [11] are well known:

Tn(t)
(t-rk)TATky

1 2n—1

(3.10) rk(t):T_’\lkII(t):-'F-’F_X_ (AN-jHyum(rk),
j=i

(3.9) h(t) =

s 6 2nl1 ]
(3.11) pk(t)M(t-TK)H{t) =~ ~ - X sinj6kTj(t),

where Ik are the fundamental Lagrange, rk and pk the fundamental Hermite
interpolation polynomials. Varma [11] has shown

n
(3.12) |)/<—|A 1% T)rfo(Ti/) =°> *=1,2,.
n
(3.13) *=1,2,
=1

With these results we are able to establish the following theorem.
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Theorem 3.3. //r=3 (s =1), then the weights crok <xfc and o k in

the quadrature formula (1.3) relative to the measure der(t) = (1 —i2)- 5dt are
given by
57T
N0 8 ?

- —_ 7T '] -
(3.14) gik= o

o -~ k—1,2,...,77
21k l6n3 150 0y 1
where Tk —cos((2k —)x/2n).

Proof. Letting der(t) = (1 —i2)~2 di and s = 1lin (2.2) yields

1
Oz’lt_2(Tn+1(rfc)-T,,_1(r,))(T'(rfc))3

f(Tn+i(t)-Tn-i(t))T%(t) _ t2y\ dt
_JI t-Tk

(3.15)

An elementary computation gives
(Tn+1(3i) - rn_1(i)) TRG) = 1 (Tn+1(i) - T,_x(i) + r 3,+1(i) - T3,_i(i))

To the remaining factor Tn we apply the Christoffel-Darboux formula (see
[9], Eq. 3.2.3) to Tn yields

Tn(t) _
t- Tk T,_i(rt)

B n—
£ET , (rfor,(i),
3=0
which then gives
1(r,,+,(t)-rn-,(0)igW , =
t —Tk
(3.16) 1

-1

The last formulae of (3.14) are obtained by applying (3.15) and (3.16), and
observing

Tn+l(rf) - Tn_i(rig=2(-)fcsjl - r2,

(3.17) "(T)b):-(_ 1)fc 1In

V/\
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To compute we put f(t) = Pk(t) in (1.3) with r =3. Since, by (3.11),

jI\ ~ t2)~k dt —0, we then obtain:
n n+l

(3.18) <hk+ Y alyvPlisjiy)y+Y AnMUI) = °-
=1 HH

It is easy to see that T,,(f*) = (—1)* U Using this, together with (3.7), (3.11)
and the second equality in (3.17), the last sum in (3.18) is found to be

n-+l
3T
8n3 . . —2 NE-1+++1Y-

n=i

The sum in the last expression, in turn, is computed by using

1 . I1t+ilnO-n-A"’%) rk

(3.19) T enwl{Tfc)-A00)  Lore2s

fi=i
This enables us to obtain

n+ 1

Y Afc((i)=a
n=\
Therefore it follows from (3.18) that

==Y paY=-" £u - KN =

*/=

Finally, we proceed to compute (To* To do this, we begin with setting
f(t) = r*(@) in (1.3) with r = 3. This gives

n+l
(3.20) tfo* + % ff2*rfo(T¥) + X) Anrfe(fn) = -o
1= n=i

Because of (3.12) and (3.14) the first sum in (3.20) equals zero. A simple
observation yields

r.(f)- 1~f»Tk
n2(rjt —p)2

Consequently, by using (3.6) with s= 1, one has

(321) E *W « =& [o-ri)E » +, E
n=i JFlv* n11
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It is not hard to see that the first summation on the right-hand side equals

(<+i(TfcA2_ K+i(Tk)
\nn+l(n)) 7T+ (Tfcy
Since
An+l1(0 =~ (Tn+i(t) —T,,_i(t)) ,

the function values and the first two derivatives of T,+i and Tn_i at t =
are needed. Using the differential equation satisfied by Tn, one finds

(-Dk ~An + 1) (rg+ (u+1)(1-rn))
T2+ = -rtf

TZ-ifa) (-T2

Hence, it follows from the last two equalities and (3.19) that

yi 1 _n2+1- (n2- Nre
“T(m™- )2 (i-rf)2
Substitution of the last relation and (3.19) in (3.21) gives

n+l

3
fi=i 8t
which combined with (3.19) yields
57T
—_ O
Oofc 8n

Remark. Theorem 3.3 is valid only for n't. 2. In the case » = 1, the
following modifications must be made: <i= <=0, <2 =

To conclude this section, we state the result for r =5 without giving a
detailed proof.

Theorem 3.4. Ifr=5 (s=2), then in the quadrature formula (1.3)
'dative to the measure dcr(t) = (1- 12)- ? dt, the weights a0k, &ik, 02,fc 03,
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and <4* admit the representations below:

11T

vo k —En ’

* — PR
OL*= g, f(40N2—)rf

(3.22) (3 + (40n2-7)(1-r*2),

®@* = 38405
7
Be=  sans

04.%= 384n5

where r —cos((2k —)n/2n).

The last relation in (3.21) is a direct consequence of a more general
identity,
ft I. 2\s
a2sk~ (aH2(s -f N22%1n2s+1 1“ Tu) '

The penultimate formula of (3.21) is obtained by using the first formula of
(2.1) directly. To derive the first three relations of (3.21), we set in turn

f(t) = »MO» and MO in (1.3). (They are obtained in the order
a2*, cri'ic, 00,*¢) For the computation, equations (3.4) and (3.5) in Varma [11]
are needed. Again, in Theorem 3.4, the results only hold for n ~ 2. Explicit
formulae of the weights for n = 1 can be derived directly.

4. Numerical result

First we make some comments regarding the computational work and
accuracy of the quadrature formulae (1.1) and (1.3). The discussion is re-
stricted to the first-kind Chebyshev measure. Since the major computation
comes from the evaluations of the function and derivative values, it is reason-
able to compare the number of these evaluations. The formula (1.3) needs
n + 1 more function evaluations than (1.1) does, but the degree of exactness
of the former is 2n times larger. In terms of efficiency, each evaluation of

formula (1.1) achieves the degree of exactness ‘r+~tn~1, whereas each evalu-
ation of (1.3) achieves the degree of exactness This suggests that
(1.3) may be more effective than (1.1).

Example. Evaluate

WPt
dt,
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for any complex number P.

It is known that

where 70 is the modified Bessel function, which can be computed by Algo-
rithm 1 in Gautschi [3]. Since the function ePt is well-behaved when P is
a real number or a complex number with small imaginary part, the con-
vergence of (1.1) is already very fast. To see the effectiveness of (1.3) we
deliberately let P be a complex number with large imaginary part.
computations were carried out on Vax computer, and the numerical results

are shown below:

In Table 4.1, T and ET stand for TUran and Extended Tuaran formulae,

respectively.

n

2 6.6
3 1.1
4 1.1
5 4.2
6 4.7
7 2.3
8 1.2
9 1.4
10 1.1
11 2.2
12 2.2
13 1.2
14

15 11
16 1.8
17 2.2
18 21
19 1.4
20 6.5

Table 4-1- Relative errors of the Taran and Extended Turan formula applied to the

103
103
103
102
102
102
102
102
102
101
-10°
10-1
lont
i0-4
10~6
10-8
10-10
10-12
10-14

1.6
88
2.5

5.1

9.3
3.6
1.5
1.6
7.1

1.4
1.4
7.9

ET
103

o
102
101
101
101
10°
10-2
10-5
10-7

-10-10
10~14

machine precision
machine precision

machine precision
machine precision
machine precision
machine precision

machine precision

integral of the example with P —40i
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ON A PROPERTY OF THE LINEAR n-TH ORDER
INHOMOGENEOUS ALGEBRAIC DIFFERENTIAL
EQUATION

T. FENYES

Let M denote the Mikusinski operator field and D the algebraic deriva-
tive which is defined by

D(f) =-tf(t), fee
and fory—| ,a, bEC, b 0,
D(a)b —D(b)a
D(y) = =

Schatte [1] has proved the following theorem. If the homogeneous algebraic
differential equation

D(y) +ay=0, clEM
has a non-trivial solution yo E M, then the inhomogeneous differential equa-
tion
(1) D(y) +ay=f, feM
has a solution in M if and only if the algebraic integral

J W
exists in M. A particular solution of (1) is of the form
X =20 /[ f.
J yo

Fényes [2] has proved the analogous statement for the second order linear
inhomogeneous algebraic differential equation in a discrete Mikusinski-type
operator field based on the Cauchy product of functions defined on the non-
negative integers. However, it can easily be seen from [2] that this statement
also holds in the original Mikusinski field M .

In this paper we generalize Schatte’s result for the arbitrary n-th order
equation of the form

(2) Dn(y)+an_!Dn~\y) + ... +d D(y) + aly =/,
where ao, al5... ,an_j, fe M are given operators. We prove the following

1991 Mathematics Subject Classification. Primary 44A40.
Key words and phrases. Operational calculus.
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T heorem 1. Let us consider arbitrary differential equations of the type
(2) for which the corresponding homogeneous equation

3) Dn(y) + an_1Dn Ly) +... + a\D(y) +aly=0
has n linearly independent solutions 2/i, 22, --+,yn over the field of the com-

plex numbers. Then (2) has a solution in M if and only if the algebraic
integrals

(4) Jec, i/=1,2,...n

exist in M, where the operators cv satisfy the equation system

cm + c2j2+ em+cnyn=0
CiD(yl) +c2D(y2) + ... + cnD(yn)=0
(5) ejD2(yi) +c2D2(y2) + ... + cnD2(yn) =0

clDn-\y 1) + c2Dn-\y 2)+ ... + cnDn~1(yn) - /.

P roof. Sufficiency. Trivial. Applying the method of variation of pa-
rameters we obtain a particular solution of (2) in the form

This expression is meaningful since the Wronskian

W =W[y\,y2 ... ,yn\#0

so (5) has a unique solution. (See Kaplansky [3].)
Necessity. We prove this by mathematical induction. For n = Iwe obtain
Schatte’s result. Let n > 1. Assuming that the theorem holds for n —1, we

show that it holds for n, too.
By applying the substitution y=y\x (3) can be reduced to

(7) Dn(x) + bn*D n-\x) +...+b,D(x):L\
y
with some bi,b2,... ,bn_1£ M. Introducing D(x) =z we have

) Dn~\z) + bn_iDn~2(z) + ... + blZ=I~.
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The fundamental system of the solutions of the corresponding homoge-
neous equation is

If yp is a particular solution of (2), then D is a particular solution

of (8). Since by the induction assumption the Theorem holds for (8), we
have

9 D
©) p {*ir)nh

where the operators 7u satisfy the equation system

7ip (12 2/31 +eeetn\D N ) —0,
V21 y

(10 D2(2(2A+|2D2(2’3 + .+ 7,82 )= 0,
V2/1/ y i

7iDn-1 +720"-1 +...+7,,-ip"-1fzz =
j y

Integrating the equation (9) we get

(H) 2p = 2/1\]

Since

@2 hayp,,” Layrrea’

0]
(13) yp=X >+1/7 ,-y ,/E ~V
i/=1 J J =l
We show that
n—
(14) c2=71, €=72,..., GC,=7,,!

f=i M
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holds.

Obviously, it is easily seen that the first equation of (5) will be satisfied if
we substitute (14) into it. From the first and second equations of the system
(5) it follows that

05) AL @ #M © + - +M()=0 .

By differentiating we have
c2D2 ( - )+c3D2("-)+...+an21\/ri +
2 yl y

+D(2D M +DE3)D 2 + eeet D(@)D
n 1 v

0.

Since

g 8oy =, g Ciciim- 2200w

“D(e)Xo(yi) | 1>(c)/(ifi)yi
il 2r
we have

(16) opst | 2 +c3D2(—)+...+an%E2A’—; 1=0.

yi vl
By continuing this procedure we see that

X>iW -)=0, A—1,2,... ,n—=

»=2 Vil
(17) |

Eoo b = -
By comparing (17) to (11) we obviously get

2=7i, B3=72,.. .cn=7, i

If we take into account (13) we can easily see that the algebraic integrals
JCQv, v=1,2,...n exist, so the Theorem is proved.

Now the following question arises: Can we apply the method of variation
of parameters in the case that the homogeneous equation (3) has a non-
trivial solution but has not n linearly independent solutions? The answer is
affirmative. We shall show this for n —2. There holds the following
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Theorem 2. Let us consider the differential equation

(18) D2y) + aD(y) + by=f, a,b,feM,

and let us assume that the corresponding homogeneous equation has a non-
trivial solution VO but has not two linearly independent solutions.
Ifa=0 then (18) has asolution in M if and only if the algebraic integrals

(19)
i fyer 1 .201

exist.
Ifa/ 0 and if the differential equation

(20) jD(u) -fau =0
has a non-trivial solution u0, then (18) has a solution in M if and only if
the algebraic integrals

fyo
21
(21) 10

exist. The solution of (18) is of the form

T T

y:yo(\u_o[f_yo al 0.
J IMoJ wuo.

P roof. By applying the method of variation of parameters we look for
a solution of (22) in the form

y = yox.
Substituting this into (18) we get
23) T2(*) + 2£>(s/o)\
2o J yo

Let us substitute D(x) = o into (23) then we get

(24) D(u) + au = fyO0.

Ifa=0thenu="f fyo, xX= J[-%f fyo], and the first formula of (22) holds.

If a 70, then applying again the method of variation of parameters for the
equation (24) we obtain a solution of (24) in the form
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Moreover,
f [W / fyo
J MoJ wuo.
and the second formula of (22) holds.

Remark. It can easily be seen that there exist only one algebraic inte-
grals $1 and $2 of fyo and respectively, for which the outer integrals

f %o and f “ respectively, also exist. This follows from the fact that the

0
homogeneous equation corresponding to (18) has not two linearly indepen-
dent solutions.
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GENERALIZATION OF POISSON SINGULAR
INTEGRALS AND THEIR CONVERGENCE,
ORDER OF APPROXIMATION AND
SATURATION PROPERTIES

JIA-DING CAO

Abstract

Let s>0 and / C.Cin- We construct new singular integrals u Y \f ,x). Ifs=1, we

obtain Poisson singular integrals, if s = 2 we obtain the Ghermanesco operators. u” (/,i)
(s > 1) are called Poisson singular integrals of higher order. We show convergence for s > ~
and show that convergence does not hold in general for s<  We investigate the order of
approximation for s > 5 and solve the saturation problem for s |.

8 1. New singular integrals

Let /(f) be a 27r-periodic continuous function, we denote this by /(t) £
£ C2*. Also, let I/l = omax. |/(f)]. Let / £EC2*and O<r < 1,

L1 Lo W L 1—r2
(-2 Pr(t) =f- +"2 BAS™ 51 orcost-fr2

1=1
Poisson singular integrals [1] are given by

(1.2) ur(f,x)d ~J f(x +t)Pr(t)dt.

Let s > 0,
m

def
Qr(t) 1 _orcost 4+ 2’ J[Qr(t)Ydt=>0.

We construct new singular integrals by putting
m

(1.3) () A

(1.%) =f7 11+ D21

1980 Mathematics Subject Classification (1985 Revision). Primary 41A35; Secondary
41A36, 41A25, 41A40.

Key words and phrases. Poisson integrals, Ghermanesco operators, convergence, order
of approximation, saturation classes.
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If s =1, from (1.1) we have

| dt = N T dt = 27T
K) ) 1-2rcosesr" = =r2j' 2(1-22rcost+r2)* T1— 12’
hence
1—r2) f (t +x) _
2n 1 t d2rcost -f rpdt=ur/, 2).

From (1.1), using Parseval’s equality [1] we have

If 5= 2, then
T
42)(1, *) = Jf(t+X)Q|2\t)dt=
m m
=, lmm-/ /(i+x)prR(i)di=-i~4 [ [(i+"n20di.
jp?ml + i
—

Thus we obtain the Ghermanesco operators (see [2]).
Matsuoka [3] introduced Jackson singular integrals of higher order, in
several joint articles with H. H. Gonska (see [4-10]) we studied several of

their properties and applications. If s> 1, the operators u[s\f,x) are called
Poisson singular integrals of higher order. Below we solve the problem of
convergence of u[s\f,x) (s > ), we show that the condition of convergence
s >\ cannot be improved, we investigate their order of approximation (s > |)
and solve the saturation problem for s> |.

8 2. Some lemmas

Lemma 1. We have Qr(t) < >0<t<w, and Qr(t) < 0<t™n.
P roof. We have

Qr(®) 1—2rcosi+r2 (1- r)24-2r(l —cost)
(2.1)
<

(1 —r)2+ 4rsin2™»  (1-r)2
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Since is a decreasing function for 0<u qj, and
£20r (1) [ 1~r)2 rsin22 C0<tAmm
~ \ t2 (™2

we obtain that t2Qr(t) is an increasing function for 0 <t {n. Hence

t2Qr(t) 4 n2Qr(ir) = 1+2r+r2 (I+ r)2<7T,

from where we obtain Lemma 1. O
Lemma 2. As r—1—0, we have

O (-rp-1)» s>h
&\r)  o(n(-nD, s==
0D, O<s<
Proof. From Lemma 1 we get

1 r2s
(1_n2i’ Wr(0]'r""7, 0<i<X.

Hence
1+
1) =23 [Qr(b}sdt =2 ] [Or(t)adt+24 [Or(H))*dt<
0 1+
(2.2) ., .
dt 2 1 dt
g(l- s 2t - r)25-t+2“ZaJ 27
I-r 1+

Ifs>1 (2s>1), then

J$*J rzsdt = -275-?1 0 (1'_‘6'2"”

l-r l-r

Thus, from (2.2) we have /0)(r)=0("_rp _1) (see also Duren’s book [17,

Ch. 4, §4.6]).
Ifs=1i (2s = 1), then

(&

m

J A=) Y =inw—n(_r)=Inw+ 1in(1—r)[ = 0(| In(I-r)|), r —=1-0.
1+ 1+
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Hence from (2.2) we have
IM)(r)y g2+ 0(] In(I =) =0( In(1 —1))), r—»i- 0.
If0<5<1 (2s < 1), then
7d fd AL
[ jsS/js-0 O).
1—+
So from (2.2) it follows that
fW(r)£2(1- r)L2s+0(1) =0(1), r—1-0,
and the proof of Lemma 2 is complete. O
Lemma 3. Lets> 0, then

21-s
1(™(r) (1-r) 5% O0<r<1

Proof. Since sin 4 £ 0<i”™ T, and due to (2.1), we have

VT m

dt
1)) =2 [(1 —r)2+ ri2ls
(2.3)
TN dt 21-r) > 2FS
| 2J [@—)2+r(l —M)2Ja (@Q+n)s(l —r)2a (1-—1)x 1

Lemma 4. Lets—\, then
I~M\r) > \Tt:(lln(l—r)l), o<r<l.
r
Proof. From (2.3) we obtain

(2.4)
n\r

M m=gforprase) e N

yi{\-r)2+rt2 Vr %] yrl-r)2+
Using the fact that (see [11])

/ === -=In(n+V/M"24-Q2)+c, a>0,
J 7= o= In( Q)

O
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it follows that
ir

dt
2 = y=[In(avP+ \I(I - 2+ Tep) —In(l —r)].
V- n2er2 gl [In(rvP+ A - n2+ fzp) =n(l =)

(2.5)

For 0<r <1, ylr>r, so that

In(7rVip + \/ (1 —)2+ n2r) > \n{-Ky/r + 1—) > In(7rr + 1 —)
=In(l + r—r) >0.

(2.6)

Combining (2.4), (2.5), (2.6) we have

I"r)>— In(l-r)=~"FIn(l-71). O
Vr Vr

§ 3. Convergence and order of approximation

We define pM\ =f Ur*(cos t, 0).

Lemma 5. Msr —=*1—0, we have

O((|—I’)2), (*>§),
l-pii=< 0((1-r)2In(l-r)]), (=28§),
Oai-r)z2 1), O0<s<1).
Proof. We have
'Pltr = J (1-COS 1)[Qr(t)]*dt =
T - T
(3.1) y sin2 i[IKthd'[E J T2[Qr (NJI*rfi

J(*)(n)

= lrtht)]'iHmMHJ bw-()]* " a)w +7° (0.

If s> 0, using Lemma 1, it can be seen that

Wr(t)]'E !
r(t)] -0
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From Lemma 3 we get

1+
(3.2) IWE) =0 (- RO GT L . tadt
= 0((1 - 7924.129)0((i _ r)3)= 0((L - 1)

Using Lemma 1 we have

[Qr(t)Yur, (O

(3.3) A(’5m i (*% (r)ili ‘2{Qr(t)]‘dt

0((1-r2—>y ~dlI=0((l-r)2=-*)y t?t .
1+ 1+

Ifs>1 (2s—2> 1), then

m 00
3-2«

/ A W /*_*.*_(12§r)3 — 0((1 _r\3—23\
1+ 1+ o

hence
(3.4) 4adr) =0((1 - r)2A0((l - r)3~2s) = 0((1 - r)2).
Ifs=1 (2s- 2= 1), then

m m

f o dt [dt
J [7v=2=J3 j =In7r-In(l-r):
1+ 1+
=In7r 4 lin(l —r)| = 0(] In(l - 1r)]), (r—»1-0),

hence

(3.5) <)) =0 ((I-r)3no([In(l-r)|) =
=0 ((I-r)2[In(l-r)]).
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If0<s<§8 (2s- 2< 1), then

T m
1+ 0
hence
(3-6) M) =0 ((I-T f~ -
Combining (3.1)-(3.6) we obtain Lemma 5. O

Lemma 6. Ifs=\, then

1-0.
1 (I (1-r) ) 0

Proof. If s= using Lemma 1 and Lemma 4 we have [CMO]1"2=
O<t<tkand

/<£)(r) > 2 lIn(l - r)], (O<r<1).
Vr
From (3.1) we arrive at
70177 / t21Qr(t)} Y 2dt<
VIl-r

3.7 < 1 t-dt< - ——"—- [ tdt <
3.7) 2 lin(l —r § 2 1In(1—r)| J
1-r

1—r

< *

2 |In%1’\7)i/<<f<:0 (IIn(1_r)]) > (°<r<1)*
Combining (3.1), (3.2), (3.7) we obtain
1-§ ='OKImr?)+0 (iSfrirti) - 0 (iinhii)m r- 1-°0
For /€ Ci*, the second order modulus of continuity of / is given by

n2(1,6) € sup IF(x +h) +f(x - h)- 2/(x)|l.

lh\<S
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Theorem 1 Lets>\ and f e CZir. Asr—1- 0,

"o (Uz(f, l-r)), (*>§),
: _ o O(w2(/,(1-r)vfIn(l-nD)), (a=]),
\uis\f,x)-f(x)\\ = < o(w2(/,(1-r), ). (15550,
OMT, y|In(i-r)|> («=1)e
P roof. The kernel of the singular integrals uj.s*(/,x) is [<2r(f)]s-

This kernel is even and non-negative. From the book of Butzer and Nessel
(see [12], Theorem 1.5.8) it is known that
iks)/>*)- lo)ii=ofa (/,v1-p(}))-
Thus from Lemma 5 and Lemma 6 we obtain Theorem 1 O
T heorem 2. Lets>\ and /e C 2ir. Then
ri?]_o||45)(/’x)'/(x)|l =0

P roof. The proofis an immediate consequence of Theorem 1. O

For s = 1, we obtain a result in Korovkin’s book [13]. Let C, be positive
constants only depending on s.

T heorem 3. Let0<s< then
1 —u[s\cost, 0) 4+0,
i.e., the convergence condition s | cannot be improved.

P roof. Losing the inequality sinu>£u, 0<u <j, we have

1- u()(cosf,0) =1- pffi=/( * \] (1-cos t)[Qr(t)]sdt =
(3.8)

Yt \] sin2 £ [Qr(t)]dt> e t2 [Qr(t)]sdt.

If 0 < a< 1 using Lemma 2 we have that /(s)(r) = 0(1) <Ci, hence

t2dt
I-»W (cos*,0
»W (cos*, [(L—r)2+ 4rsin2 s =
(3.9)
t2dt

S -
=%2C71 w )2+ rt2]s
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Define

V>(r<) =f O”r<1 0<t™ir

[ —)2+ rt2]

V(I,t) A t2<2a, (r=1, 0<<<u)

It is easily seen that y?(r,f) is a continuous function of two variables on the
rectangle [0~ r <1 x [0" t " 7r]. Hence

i n 2 ) Tt2~2adt—ﬂ3_23
Aol I(1-rr+r,>)-dt =1 * = T 3- 2

From (3.9) we have

lim (1 —uj~cos 1,0)) >
r—1—0

. A
4 1 < HS 4 1y ety
—W2CITZTZ0J 1 - rz +1<Zs" 70Ci 3=3s

hence 1—Ur”(cos t, 0) -/*0, and

lim lcosx —uj*)(cost, z)|| > lim |1- u”(cost, 0) >C2>0.

r—1—0 r—1—0

Thus our convergence condition s \ cannot be improved. O

8 4. Some further lemmas

Lemma 7. Lets>\. Then

1 ” >caa-r), o<r<a1

Proof. From (3.8) we have
it it

; i t2[Qr(t)}dt mt
1 & oy ey | LI} 1*)(r) J [(L- r)2+ 4r sin2 gm
Using Lemma 2, for s >| we have

Cs
N
7<s>(r) @ e
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hence
I >>> 4Q - 7 / -dgt >
Pl'r= CjJ-)Z % [A—T)2+ rt2)
1+
2T 1% M ja—2e ra ™
I-r
- n -dt
(4.1) —cae 7Y 0 y2e 0 g
' .-
(2] T TRA S ——
C3am* — =3 (1-r)25(l+r)*
4 2s—1—2s+3
- s s C4(l-r)2 O
- 3-25-u2c3t " ) (-1
Lemma 8. Let s—|, then there exists 0 < ri < 1 with

1- p[2 ~Cs(l - n)2In(l - r)], O0<rx<r<l1l

P roof. From (4.1) for s=| we have

m

(4-2) 1- Pi*r A CsTT2N ~r) /0 [A—)2+ ri2)3/2
Furthermore,
/ 2 _1f g ort2+ (1—)2—1 —)
v
dt (1-r)2 dt def
<«) yvi(L - r)2+ ri2 F 4 M- 2+ r2)

=% (r) - h2(r).

From (2.5) we have
lij(r)y = =2=|In(7rv/F+ \IV2r + 1 —)2) —n(l - )| =

=0(I) + }ﬁ/?|ln(l—r)|, r—1—0,

MAGYAR
TUDOMANYOS AKADEMIA
#KONYVTARA
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whence
“9 r- 1:Mo T n'E/Il —r)|
Furthermore
ol
1 e p— at 1-—2 1 J dv
[ MI" matro3 1 (M +(-r)23

Using the equation (see, e.g., [11])

Vv

/ S - 7 U> o,
R’Mi B W13

we get
1—r)2 TT-y/ T
hery=""" " .
@ ——)27r2-f (1 —r)2  ryjrit2+ (1 —r)2’
so that
(4.5) lim h2(r)=—=1, and lim -- N mm= 0.
r-a-o s r—1-0 Itln(l - r)]

Combining (4.3), (4.4) and (4.5) we conclude that

t2dt

r.-Ln-@g (L —r. +riz@z( MU I=L

Hence there exists iq, 0 <rj < 1,sothat for 0 <r\ <r < 1we have

[[(-rJH rP)3NT [In(ler)I>i!
Finally, from (4.2) we have
T =Cv2 ~ It~ =C§l~rdi* kD

Let
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9. ,4sr —»1 —0 we have

} 0 ((1-1)4), (*>8),
rw = _0((I-r)4In(l-r)), 5=1),
(1 —r)2=1), (0O<s<§
Let s> 0. Then
m
»n— 1 in4 A * A
07 7W(r)£rg'” [Qr(*)N
(4.6) = Vit |
BN /142D di+ BI)() | at
=fR[a)(r) + RI‘\r).
Using Lemma 1 we have
r2s
Wriol's o £t and [Qr(t)]s” -\%» o <thir.
From Lemma 3 we get
1+ :
(4.7) R[Ar)~0O ~l-rfn) \] t*dt =0((1 - r)d),

“s) A 0(()29) ¢,

Now, for 5> 1 (2s- 4> 1), we have

hence

(4.9) 4”([): 0 ((1-02%1 \5-2s\
Combining (4.6)-(4.9) yields

rw=0((l-r)4), s>-.
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Ifs=1f (2s-4 = 1),
T m
J ~J y =7+ [In(I-r)[ =0 ([In(I-1)]),
1+ 1+

so that from (4.8) we have

(4.10) 4 f)(r) = 0((1 - r)5-1)0(| In(l - D) - 0((1 - r)4[In(l - 1)]).
Combining (4.6)-(4.8) and (4.10) we have

r~ =0((l-r)4In(l-r)]), s=\.

If 0<5< § (25 —4 < 1), then

1+ 0
such that from (4.8) we now obtain
(4.11) R\I’) =0((1- nN2s-no(l)=0((1-r)2 1.

A combination of (4.6)-(4.8) and (4.11) now implies

r<g=o ((1- r)4)+ 0((1 - 1)28°1) = 0((1 - )B*L), 0<s<A O

8 5. The saturation problem

Let N be the set of natural numbers. Saturation classes for summation
methods of Fourier series were defined by Favard (see [14], [15]). Let (Lr)
(0 <r < 1) be a family of linear operators mapping Ci#minto itself. Assume
that Iirln0 y>(r) = 0, and let K denote a class of functions in Cow Assume

that 11/—Lr(/)|| = 0(<p(r)) holds if and only if / € K and that ||/ —Lr(/)]| =
= o(ip(r)) holds if and only if / is a constant. Then (Lr) is said to be
saturated with order v?(r) (g(r) is the optimal approximation order) and K
is called the saturation class of (Lr).

Let / ECznand (Lr), 0~ r <I,be a family of positive linear convolution
operators. That is, we assume that each (Lr) has the form

T
(5.1) Lr(f,x) =~ J f(t +x)dnr(t),
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where dpr is anon-negative, even Borelmeasure on [—r, 7r) with Lf dpr(t) =1,

—1T
m

A r =fLr(cos kt, 0) = —/ cos ktdfir(t), k£N.

Lemma 10. Let (Lr), 0 r < 1, be afamily of positive convolution oper-
ators of the form (5.1). Iffor each k£ N we have

(5.2) lim 1 "k
r—1-0 1- Aix

then (Lr) is saturated with order 1- Ai)y and the saturation class is
{I ¢ € Lip 1}.

Proof. See DeVore’s book [14, Chapter 3, Theorem 3.6], or Tureckii
[15]. O

Lemma 11. Let (Lr), 0~ r < 1, be afamily of positive convolution oper-
ators of the form (5.1). Then the following two statements are equivalent:

)] r'!riTT_g i—_—--Ner, for k &N,
(i) [sin”~"(0=0(I-Ai,r), (r-*1-0).

—T
P roof. See DeVore’s book [14, Chapter 3, Theorem 3.8]. O

T heorem 4. Lets>|. As r->1—0, we have

\Wf(X) - «<m>(/,®)|| =o((l - r)2) f =const,
and if and only if f £ Lip 1 we have

11/(0 <</, )| =0 ((i-2

Proof. Ifs>|, then from Lemma 5 and Lemma 7 we have
(5.3) c7(l-r)2<l-pg<C6(l-r)2.

If 5> |, Lemma 9 shows =o0((l-r)2. If §8<s<§(2s- 3>0), using
Lemma 9 we also get

r(>=0((1- r)2 1)=0((1 - Nl - r)2“ 3)=»((!- r)2).
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On using (5.3) , for s > §, we have

r() =o((l - 1)2)=o()(l - n2<o()*-(I - A =o(l - p[*i), r->1-0

Using Lemma 10 and Lemma 11 finally we get Theorem 4. O

T heorem 5. Lets= As r =\ —0 we have

10/~ Ur2)(/)]] = o((l - r)2|In(l —)\) *=*f = const,
and if and only if f € Lip 1 we have

H/-n 1) (DI =0 ((1-0 2[In(l-r)]).

Proof. Using Lemma 5 and Lemma 8 for s —|, we have

(5.4) co(l - r)2In(l - )| < 1- p[2 ~ C8(1- r)2In(l - 1),

0 <ri<r<1 By Lemma 9 and (5.4), we have

1
=0 ((i-02") =0((1- rfl=0(1)0 ~rflh(l-n] | "

1-0.

Lemma 10 and Lemma 11 now imply Theorem 5. O
For s = 2 we obtain a theorem of Stark [16].

Problem 1. The determination of saturation classes of u?‘) for An s <

< | is an interesting problem. These saturation classes are linear manifolds;
see Favard’s lecture at the 3rd mathematical conference of the Soviet Union
[18] and the author’s article [19].

Remark 1. Shi Shen-Liang introduced the Aa method of summation
of series [20], Aa is a generalization of Abel’s method of the summation of
series (¢*= 1); he also introduced a generalization of ur.
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1. Einleitung

Auf der Einheitssphére S 2 seien n >3 kongruente, abgeschlossene, sphé-
rische Kreise gegeben. Die zwei klassischen Probleme dazu lauten

1. Die Kreise bilden speziell eine Packung. Wie grof3 ist die maximale
Dichte Dn einer Kreispackung aus n kongruenten Kreisen?

2. Die Kreise bilden speziell eine Uberdeckung. Wie groB ist die minimale
Dichte Dn einer Kreistiberdeckung aus n kongruenten Kreisen?

Es sei un:= "2 fe+ Dann gelten die Abschatzungen

(1.1 Dr und Dn> "\(

2v. 2cosunld 2 \/3tanun*

Diese Abschétzungen sind fiur n —3,4,6,12 scharf; die Kreismittelpunkte
sind dann die Ecken eines reguldren Dreiecks, Tetraeders, Oktaeders bzw.
Ikosaeders. Fur n—00 gehen die Schranken in (1.1) gegen die optimalen
Dichten der entsprechenden ebenen Probleme (siehe [4, S. 114]). Fiur andere
Werte von n ist Dn bzw. Dn in einzelnen Féllen bekannt, in manchen Fallen
gibt es Vermutungen oder gute Abschétzungen, siehe etwa [5] und [6].

Ein Kreissystem zerlegt die S2in mehrfach, einfach und Gberhaupt nicht
uberdeckte Bereiche. Beim Problem 1 wird der von den Kreisen einfach
Uberdeckte Teil der S: abgeschatzt unter der Voraussetzung, dafl es keinen
mehrfach Uberdeckten Teil gibt. In [4, S. 97] wird nun folgendes (ebene)
Problem gestellt: Der wievielte Teil der Ebene 4Rt sich durch beliebig gele-
gene kongruente Kreise einfach tberdecken? Geht man von der dichtesten
Packung kongruenter Kreise aus und vergroRert die Kreise konzentrisch, bis
jeder Kreis von den 6 benachbarten in den Ecken eines reguldren 12-Ecks
geschnitten wird, so iberdeckt das entstehende Kreissystem 100 (\/48 —6)%
der Ebene einfach. Es gilt: 17:= -\V48 —6 ist die maximale Dichte des von
einem beliebigen System kongruenter Kreise einfach (berdeckten Bereichs
des E 2. Dies wurde unter starken Voraussetzungen an das Kreissystem in
[4] bzw. in [1] bewiesen (siehe auch [7]), und schlieRlich ohne jede Voraus-
setzung in [2].

Analog I4Rt sich auf der Sphére fragen

3. Gegeben seien n > 3 kongruente, abgeschlossene, spharische Kreise
K1,... ,Knl- E(K1,... ,Kn) sei der davon einfach lberdeckte Bereich der
S2. Wie grof} ist
E(Ku...,Kn)\

4T

wobei sich das Maximum auf alle Familien aus n kongruenten Kreisen be-
zieht?

dn:= max

1 Fur den Radius g der Kreise ist 0< g< x zugelassen.
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Wir zeigen
Satz 1. Es gilt

ifN < —n —2) (un —7T+ 2 arccos
(1.2) 3
::?I(»-Z)F(un)::Sn (n>3),

4 cos N

mit
n T
(13) Wno- n—96,

Diese Abschatzung ist genau fur n= 3,4, 6,12 scharf; die Kreismittelpunkte
sind dann die Ecken eines reguldaren Dreiecks, Tetraeders, Oktaeders bzw.
Ikosaeders, und die Kreisradien sind (analog zum ebenen Fall) so grof3, dai
jeder Kreis die k benachbarten in den Ecken eines regularen 2k-Ecks schnei-
det.

Die Abschétzung (1.2) 4Rt sich folgendermalen interpretieren: Ein Drei-
ecksnetz auf 52 mit den n Kreismittelpunkten als Ecken besteht aus 2n - 4
Dreiecken vom durchschnittlichen Inhalt 2* 4= 6w, - #=: |An|. apn ist
deshalb der Winkel eines gleichseitigen sphéarischen Dreiecks An vom Inhalt
|A,|. Drei kongruente Kreise in den Ecken von An bestimmen in An einen
einfach Uberdeckten Bereich, dessen maximaler Fldcheninhalt « F(u>n) ist, wie
in Hilfssatz 4.2 gezeigt werden wird; dabei tritt 6F(un) genau fiir denjenigen
Kreisradius auf, bei dem die in An gelegenen Kreisrdnder genau zur Halfte
einfach Gberdeckt sind. Es ist

_ (2n —4)6F(cun)
" 4«

Deshalb ist die Abschéatzung (1.2) fur n = 3,4,6,12 scharf, wenn die
Kreismittelpunkte und Kreisradien sich wie beschrieben verhalten.

Sn ist wachsend in n, weil
s.=- "N t, Fw

in u,, fallend ist, wie man durch Ableiten sieht. Fir n—%o00 geht Sn gegen
die maximale Dichte des ebenen Problems. Es ist

n 3 4 5 6 12 n —%00
0,8098... 0,8814... 0,8987... 0,9066... 0,9199... 0,9282...

Es sei B der Radius der Kreise K\,... ,Kn (0 <g< 7). Wegen [3] genligt
es Satz 1 zu beweisen unter den Voraussetzungen
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(1.4) n>4,
1 . . . L
(1.5) Q< fo:=arccos (pO ist der optimale Kreisradius im Fall n = 3),

nicht alle Kreismittelpunkte liegen in einer
abgeschlossenen Halbsphére.

Satz 1 wird nach folgendem Grundgedanken bewiesen: Man zerlege S2 in
eine Familie von gleichschenkligen Dreiecken A so, dal die Basisecken von
A Mittelpunkte von Kreisen 7v,, Kj sind, und daB fur die einfach Gberdeckten
Bereiche E(Ki,... ,Kn)fl A C A(A',, Kj) fl A gilt. Dies fuhrt zu einer Ab-
schatzung von |E(Ki,... ,Kn)DA| fur jedes A. Mit Hilfe der Jensenschen
Ungleichung gewinne man daraus eine Abschétzung fir \E(K\,... ,Kn)\. Im
allgemeinen gibt es aber weder eine solche Zerlegung, noch gilt die Jensensche
Ungleichung, so daB dieses Programm nur sehr bedingt und sehr modifiziert
durchfihrbar ist. Der Beweis von Satz 1 gliedert sich entsprechend in einen

numerischen Teil I, die Untersuchung von X) |A(AA™)I~1 A|, und in einen
A

geometrischen Teil I, in dem es um Zerlegungen der Sphére S2 geht. Teil |
ist so abgefaRt, daB zum Verstandnis von Teil Il nur die Punkte 2., .. ., 5.
bend6tigt werden.
Eine Liste der verwendeten Bezeichnungen steht am Schluf der Arbeit.
Das Ende eines Beweises ist mit O markiert.

I. GLEICHSCHENKLIGE DREIECKE UND KONGRUENTE KREISE
UM DIE BASISECKEN

2. g-Dreiecke

Gegeben sei ein gleichschenkliges sphérisches Dreieck A mit der Basis
Al1A2, der Spitze C, dem Basiswinkel a und dem Winkel 2/3 an der Spitze.
Weil A ein sphdrisches Dreieck ist, gilt a + B > AuBerdem gelte r :=

= ||AjA2~f und 0™ a,B < es werden also entartete Dreiecke mit a = 0
oder 3 = 0 zugelassen. Es gilt

(2.2) cosr=——-— fir a+R >7T—, 0/0.
sm a 2

Es sei g fest gegeben mit
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0<p<? 6 —c6iUM@Ucsuc:
r>gfir q>0,

Gi m{ zusitzlich der Punkt (0,)
alo und ) B =f °der
r=Q | B=f und d>

G3:r>lund B <™ und d<p

Ge r=f

I m | breite g-Dreiecke

MAA/M  schmale g-Dreiecke
Fig. 1

(2.2) O<e<|.

N (~2) seien spharische Kreise mit Radius g um A\ bzw. A2 Im
folgenden werden aufler den entarteten nur solche Dreiecke A betrachtet,
dal (Ke(A\)U Ke(A:))° nicht A Uberdeckt. In der (a,/?)-Ebene entspricht
ihnen der Bereich

(2_.3)

G = {(0, U{(*>0)} u {(a>3) 10< q,/3<” und cosg >cota cot/jj,

vgl. Fig. 1. Gleichschenklige Dreiecke mit (a,8)£ G und r < f heien g

Dreiecke (bzgl. g). Ein g-Dreieck heiflt breit, wenn es entartet ist mit a =0
oder wenn r > sonst schmal.

E(Ke(Ai), Ke(A2))nA ist der von {Aff(Ai), Ke(A2)} in A einfach Uber-
deckte Bereich. Fir schmale g-Dreiecke A sei der Punkt D Aflo/ve(>I1)n
fldKe(A2)- Dann sei ec(A) die folgendermalen definierte Funktion, die
|[E(A'fi(i41),0r#HB2))n A| nach oben abschétzt:

(2.4)

_ (JF(A'ti(AI), Ke(A2)) DA| fur breite g-Dreiecke
6 \[((A'c(>1i) UAc(i42)) HA \ A\A. D\ fiir schmale g-Dreiecke,

siehe Fig. 5. ee(A) ist eine von a,R und g abhéngige Funktion, und es sei
(2.5) 2ee(a,B):=ee(A) fir (q,/3)<eC.

Gesucht wird eine geeignete Abschétzung fur  ec(a,-,/?,) nach oben.
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3. Berechnung der Funktion ee(a,R)

In der (a,/?)-Ebene betrachten wir in der gesamten Arbeit nur Punkte
mit 0*a<f,07/?5i8, siehe Fig. L

Bei festem g ist eo(a,R) definiert fir (a,R) 6 G. Nach (2.3) wird G
begrenzt durch die Kurve

(3.1) tanatanfl m c0s Q

eine konkave Funktion durch (0, ) und (f,0). Schmale und breite Dreiecke
werden getrennt durch die Kurve

(3.2) r=" oder wegen (2.1) cosB =sina cos”,

eine konvexe Funktion durch (f,f), dort waagrechte Tangente. Es gilt

. 2 arcsin arcsm
(3:3) I 2cos |’ Zchs)

ist der Schnittpunkt von (3.1) und (3.2), auf der Geraden a —2R gelegen.
Fir die Berechnung von ee(a,) wird wesentlich sein, ob r =g. Es gilt

(3.4) r=g cosf3 =sina cos g,
und

(3.5) r—Q oder cosB =sina cosg
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C

In Gi ist ee(a,R) der Flacheninhalt eines Kreisausschnitts, so dal
(3.10) ee(a,R) = q(1 —cosp) in G\.

Wenn g-Dreiecke einem Punkt von G: entsprechen, so ist Ke(A\) fl

fl Ke(Az2)i 0 und dKe(A:) DA\C enthdlt héchstens einen Punkt (siehe
Fig. 3). Der in Fig. 3 schraffierte Kreisabschnitt hat den Flacheninhalt

27(1 —cosg) —(27 + 26 —7r) = T—27 cos g —26.

Deshalb gilt
ee(a, B) —a(l —cosg) —7+ 27 cos Q+ 26 =
. . tanr . sinr .
(3.11) =a(l—cosg) —ir+. cosgarccos-------- K2arcsm —-- in G2,
tan g sm g
mit
cos v/sm2a —cos2? .. \/sm"a"-%é"r&
COST = ------ , 7 =arccos , 6 —arcsin------ Nl
sma cosfBtan g smasmg

Wenn g-Dreiecke einem Punkt von G3 entsprechen, besteht dKe(A:)HAXC
aus zwei (eventuell zusammenfallenden) Punkten (siehe Fig. 4). Deshalb ist

ee(a, B) —a(l —cos g) + 2 cos garccos tanr_ (2 arcsin ST
tan g sm
(3.12) and sind
—2 C0S g arccos --------- 2 arcsm in G3,
ang sm
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C
Fig. S Fig- 4
ist eine konvexe Funktion durch (0,8) und waagrechte Tangente in

(f < _

Im g-Dreieck A habe das Lot von Ai aus auf A\c die Lange d und
schliee mit A1 A. den Winkel k ein (vgl. Fig. 4). Es ist
(3.6) sind = sin 2r sina = 2cosR sinr = 2%—Eyvéin2a —C0s2/?.

Es wird wesentlich sein, ob k=a und im Fall k<a, ob d >g. Offensichtlich
ist

(3.7)

Nach (3.6) und (2.1) gilt fiir g < j

. 2cos2R .
(3.8) d%e < sina= o= fir R<~.
y/4 cos28  Sin2g 4

Es gilt furg <f

. 2 :
(3.9) d = g oder sina = cos2P? ]
y 4 cos2/? —sin2&

ist eine konvexe Funktion, schneidet (3.1) genau fur /? = f, schneidet (3.2)
genau in (~,]), liegt in G oberhalb von (3.2).

Der Definitionsbereich G von eB(a, ) wird nun mit Hilfe von (3.5), (3.9)
und (3.2) in 4 Bereiche G\, G2, Gs und G4 aufgeteilt gemal Fig. 1. Dabei
haben G\ und Gi eine gemeinsame Randkurve, ebenso Gi und G3.
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mit
cosr= s , sind= 2E9§-@\/érh ’Q-cos’\B.
sina sim a» *
Fur schmale g-Dreiecke gilt nach Definition (2.4) (siehe Fig. 5)
= fa —arccoS------ N i
(3.13) ee(a,R) (? —arccostarl 4 (1 —cosg) in G4,
mit
cos B
cosr - m—
sin a

Offensichtlich ist ee(a,R) eindeutig bestimmt.

4. Die Funktion ee(a, |) bei variablem g, und die Funktion F(a)

Um den Definitionsbereich von ee(a, j) in der (a, £5)-Ebene zu bestim-
men, beachte man, dalR G = G(g), G, = G\(i?) fur i=1,... ,4 (siehe Fig. 1).
ee(a, |) ist definiert genau fur (Gu(E>) UG:(g)) H{(q,f)|0<a <|}. Fir
festes g wird G:(g) begrenzt durch die Kurven (3.1) und (3.5). Es ist

4.1 op = arctan -7=---—-- fo <£><
{/ ) P y/3cos q Vv ?
der Schnitt von (3.1) mit B = | fiir festes g, streng monoton wachsend in g,

fur variables g Kurve in der (a, £5)-Ebene durch (f,0) und (§,f), siehe
Fig. 6;
0<g<s§
Dx:a:(g) <a< §
fai(E»)<Q<a2@) fir &< f
27 \ai(E»)"Q1 f far g> f
AU |~ a ™ QI(i’)

Fig. 6

= in—\ —
(4.2) az2 arcsm2 Cos \ 3/

ist der Schnitt von (3.5) mit B = § fur festes g, streng monoton wachsend
in g, fOr variables g Kurve in der (a,)-Ebene durch (f,0) und (|, |), siehe
Fig. 6. Di, D. und Ds seien die durch ai(f?) und a-(g) bestimmten Bereiche
wie in Fig. 6. Dann ist ee(a, f) genau in Di UD. definiert.

Es gilt
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HILFSSATZ 4.1. Zu jedem a und g aus dem Definitionsbereich von
ee(a, |) ist

4.3 ee(a, N F(a) =a - it+ 2arccos ---—-- —
(4-3) (\/ 3/ (@) ' 4 ¢os 2

Das Gleichheitszeichen gilt genau dann, wenn (a,g) ein Punkt der fol-
genden Kurve ist

\/4sin2a - 1
g=arctan----------—--- ... streng monoton wachsend,
(4.4) cos
durch *—0”" und "—arccos , Siehe Fig. .

Dies ist aquivalent dazu, dal (a, £ G2(p) und dal fur das entsprechende
g-Dreieck der Winkel 7 in Fig. 3 halb so grofR} ist wie a.

Beweis. ee(a, j) ist genau in D\ UD?2 definiert und dort gilt

o(l - cosg) in D\
q(l—cosg) - 7T+ 27 cos g+ 26 mit

V 4sin20 —1
tan q

7 = arccos

e =arcsin V)¢50 1 jn Dj
Nun sei oo mit f < Qo™ f fest gegeben. Gesucht wird sup{ec(a0,f) |
I(a0,£>)€ DiJ D2}. Weil ec(a0,8) in D1 streng monoton wachsend in g
ist, ist

supje”ao,!) | (a0 GDiU D2j =sup{ec(a0,” |(a0,g) GA>}-

Durch Ableiten sieht man, dall das Supremum angenommen wird genau
flr 27(0:0) = Qo- Hierdurch wird jedem oo ein optimales go zugeordnet
gemaR (4.4). Weil (ao,£>0) € D2 genau dann, wenn (a0,8) GG”po), sind
also (00,Po) genau die in Hilfssatz 4.1 beschriebenen Punktepaare (0,p).

Nun entnimmt man Fig. 3, daR coss = cosr sin 7. Damit gilt

maxe”foo, =00- w+ 2arccos —-7—,
e ( 3/ 4cos”

also (4.3). O

In 1 wurde der folgende Hilfssatz 4.2 zur Interpretation von Satz 1
benitzt; er wird im folgenden nicht mehr benétigt.
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HILFSSATZ 4.2. An sei ein gleichseitiges spharisches Dreieck mit den
Winkeln 20>, (siehe (1.3),), und es seien 3 kongruente Kreise vom Radius ¢
(0 < B <7r) um die Ecken von An gegeben. Der von ihnen in An einfach
Uberdeckte Bereich hat dann hdchstens den Flacheninhalt 6Fu>n), und dies
tritt genau fir denjenigen Kreisradius g auf, bei dem die in An gelegenen
Kreisrander genau zur Halfte einfach Uberdeckt sind.

Beweis. An sei also ein gleichseitiges spharisches Dreieck mit den Win-
keln 2u>,. Kongruente Kreise vom Radius g um die Ecken von An bestimmen
in A,, einen einfach tberdeckten Bereich vom Flacheninhalt Ee(An). Wird
sup ER(An) gesucht, so 4Rt sich 0.B.d.A. annehmen, dalR der Schwerpunkt
von A,, nicht von den Kreisen Uberdeckt wird. Deshalb ist p< f und An
1aRt sich in drei g-Dreiecke zerlegen, die fur jedes g einem Punkt aus (?i(p)U
UG~ p) entsprechen. Deshalb ist Ee(A,,) =see(un,”). Aus Hilfssatz 4.1
folgt dann die Behauptung. O

Man rechnet nach, daB gilt

Hilfssatz 4.3.

4.5 F(a) =a —t+ 2arccos— —— —<a <=
§t) ) =a— rest §6%2 57
ist streng monoton wachsend, streng konkav, F(*) = 0. O

5. Der im geometrischen Teil benétigte Satz 2

In Hilfssatz 4.1 wurde gezeigt, daB ee(a, f) %F(a). Im Hinblick auf
Satz 1 ware wiinschenswert, daR die folgende Ungleichung gilt

E ««(*»A)* *«e(*,£) =kF(4) firé&d:=—p-,
=1

wenn = f, oder allgemeiner, wenn B < | . Weil der Definitions-
bereich G von ee(a,B) nicht konvex ist, und weil sich ee(a,B) in G3 und in
G4 als nicht konkav erweisen wird, ist dies nicht ohne weiteres behauptbar,
und im allgemeinen auch falsch. Eine derartige Ungleichung 1&Bt sich jedoch
zeigen unter geeigneten Bedingungen an die Punkte (a,-,/?¢): Die Anzahl
und Lage der Punkte aus G4 wird durch die Lage der Punkte aus G\ UG2
eingeschrénkt. Es gilt

Satz 2. Zu gegebenem g mit

(5.1) 0 < Q< Q:= arccos \/717: (siehe (1.5))
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sei Gi,... ,G4 wie in Fig. 1 definiert. Gegeben seien k Punkte (a,-,/3,) mit
ML< Fir ganze Zahlen g, v~ 0 mit v/~ 2g gelte
(5.2) (<*i,Bi)eGa fur 1<i<g
(5.3) (a,,/3.)e GIUGiI fur g+ 1l<i<g+yv
(5.4) (ai,Bi) € G\ UG2UGs fir g-fv+ 177k
und

=1 > X
(5.5) opv 3

Dann gilt
k
k £ 6.\

(5.6) Y Jee(ai,Ri)<kF~

=1 °
Dabei gilt das Gleichheitszeichen nur fiir g —v = 0. Im Fall g —v = 0 gilt
das Gleichheitszeichen genau dann, wenn

gi=" fur alle i, und
(5.7) 3
agj =q2= ... = Ofc, und (ctgg) ist ein Punkt der Kurve (4.4).

Satz 2wirdin 6,... , 12 bewiesen, d.h. im restlichen Teil von I. Zunéachst
wird ee(a,R) in den einzelnen Teilen seines Definitionsbereiches genauer un-
tersucht und es werden konkave Hilfsfunktionen gefunden, die ee(a,R) nach
oben abschétzen. Damit 1&4Rt sich schliefflich in 11 und 12 Satz 2 bewiesen.

6. Die Funktion ee(a,R) in G3

HILFSSATZ 6.1. Fir 0 < g</| gilt: In Gs ist ee(a,R) streng monoton
wachsend in a und in 3, und als Funktion von 8 konvex.

Beweis. In Gz ist ee(a,R) streng monoton wachsend in a und in R aus
geometrischen Grinden.

Um zu zeigen, daR ee(a,R) in G3 in R konvex ist, wird G3 zweck-
maRigerweise mit Hilfe der Parameter 3, r und d beschrieben (siehe (2.1)
und (3.6)). Wegen (2.1) ist (3.1) aquivalent zu sinr =sinfRsing. Gs wird
also beschrieben durch (vgl. Fig. 1)
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(6.1) sinr >sinf3sing

(6.2) X<l

6.3) r>|

(6.4) d < g, wobei wegen (3.6)
(6.5) sind = 2cos/?sin r.

In G3 berechnet sich ee(a,/?) nach (3.12), d.h. ec(a, B) =ee(a, sinr(a, R),
sind(a, B)). Bezeichnet man mit sin rf3, sin rl3R bzw. sin dB, sin dBi die 1. und
2. partielle Ableitung von sinr bzw. sind nach B, so ist die 2. Ableitung von
ee(a,R) nach B gleich

) ~ [cos2r(sin2p —sin2r) sin rpi-
cos4r \/sin2p —sin2r

(sin%r + eee%p —sin2p) sinr (sin rp)
—n ----. [cos2d (sin2p —sin2d) sin dR3R—
cos4d\/sin2g —sin2d
—{sin2d + cos2q—sin2p) sin d(sin dR)2].

Setzt man hier explizit die Funktionen sin rp, sin rf33, sin dB, sin diR als Funk-
tionen von q und B ein, schreibt mit Hilfe von (2.1) alles auf die Parameter r
und B um, und kirzt gemeinsame Faktoren der beiden Summanden heraus,
so ist also zum Beweis von Hilfssatz 6.1 zu zeigen

sinr [cos2r(sin2p —sin2r)(2 cos2/? - cos2r cos2B —1)—
cos4r\/sin2p —sin2r
—{sin2r + cos: g —sin2p) sin2r cos2r sin2/?]—

sind cos2/?

cos2d(sin2p —sin2d)(6 cos2/? —3 ------- £
cos4d-"sin2p —sin2d = cos™r
(6.6) +2 cos2r —4 cos2/? cos2r) —
—sin%u+ cos?i - th? gf sth” o st (9820 ;_l_r_]_z_r_)__z 0

cos™r
Nun ist

2 €0s2/? —cos2r cos2/? —1+ sin2r sin2/? = sin2r —sin2/? > —cos2p sin2/?

nach (6.1).
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Wegen (6.5), (6.1) und (6.2) gilt
sin2d = 4 cos2i sin2r > 4 cos2/? sin2/? sin2&> sin4f?,

so daR
sin2d + cos2g - sin2f£ > cos4£> 0

gilt. Deshalb kann in (6.6) cos2r - sin2r nach unten abgeschétzt werden.
In Gs gilt wegen (6.5) und (6.2) d> r. Deshalb ist cos2r - sin2r > cos2d.

AuBerdem ist < 1;so0 dafd weiter gilt

CoS*r
A 2
6 cos2/? —3 ---(-:9-§-Z-'-- b2 cosgr —4 cosgl‘?cosgr + s'mgd'sin .9-0-S-xd—<
cos4r cos™r
i ,) PR i [ ] [ ]
< sin2f? —sinar_ 2(5m % —sin 2r)\—4”sih 7 sm ®°
coslr

Dies ist <0, denn wegen (2.1) ist sin2?—sin2r > 0, und wegen (2.1) und (6.2)
ist 2—=270. Deshalb genigt es zu zeigen, dal}

smr . .
cos2r sin2p cos2g sin2/?]—
cosdr  sin2&—sin2r P gsinZl
sind . . cos4d
cos2£sin2d sin2f? £0,
cos4d\/sin26—sin2d e
oder wegen (6.5), dal
8 cos3/? sin2r sin2B

6.7
S \Jsin2&—4 cos2/?sin2r  \Jsin20 —sin2r

Die linke Seite von (6.7) wird fur jedes feste r minimal fir maximales 3
gemaR (6.1), so daB zu zeigen bleibt (man beachte, daB sin2&—2sin2r > 0
nach (6.4) und (6.2))

(6.8) 8sin6r —16 sin2” sindr + 10sin4£sin2r —sin6g > 0.

Durch Ableiten nach sin2r sient man, dal} die linke Seite von (6.8) genau
dann wachsend in r ist, wenn (sin2&~ 2sin2r)(5 sin26—6sin2r) > 0, was nach
oben zutrifft. Auflerdem ist (6.8) fiir r = | richtig, womit Hilfssatz 6.1 gezeigt
ist. O

Bemerkung. In G3ist ec(a,/?) als Funktion von a nicht konvex.
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7. Die Funktion ee(a,R) in G\ UG2 und die konkave Hilfsfunktion ho(a,R)

Die Funktion ee(a,B) in G1UG2 wird zu einer im ganzen Intervall
0</?78 definierten konkaven Funktion he(a,l) fortgesetzt:

Hilfssatz 7.1. Zu g mit 0< g<| sei die Funktion he(a, B) in0”™a <
N1,0MR < | definiert durch
(7.1) a(l —cosg) inG1
a (Il —eos 0)—T+ 2 cos g arccos + 2 arcsin

(7.2) he(a,B) = <
in G: UG3UG: mit cosr =

(7.3) a(l+cosB)—m+ B  sonst.

Dann ist he(a,R) wohldefiniert und in a und in & nicht fallend, konkav im
ganzen Definitionsbereich, streng konkav in (G2UG3UG4)0, und he(a,R) —
=ee(a,R) in G1UG2.

Beweis. Zundchst rechnet man nach, daB he(a,B) langs (3.1) eindeutig
definiert ist, d.h. he(a,R) ist wohldefiniert.
Die Ableitungen von (7.2) sind

) cosa 17 h B—2Sin/? \Y/
the)a =1 -COSO0+ 22\ 0\ (he)k = cosB W
V:W: + sin2a cos2a cos2/?sin2E
(h™Maa — 2 . .
(7.4) sin ai/w3
' Y3 = 2sin a cosa sinfd cosB sin2&
("c)al3 = — VW
V 2W 2—sin2a sin2/? cos2/? sin2€
{he)Rt =2 cos2?EIE3

mit E:=\/cos2/?—sin2a cos:g, W\=\/sm.a—¢€o0s:[8. Deshalb ist he(a,B) in a
und in B nicht fallend. In (G2UG3UG4)0 st (he)aa <0 und (he)aa(he)RR—
-(he)IR >0, so daR he dort streng konkav ist. Weiter rechnet man nach, dal}
das Ebenenstick (7.1) Tangentialebene an (7.2) langs (3.5) ist, und daR das

Ebenenstick (7.3) Tangentialebene an (7.2) langs (3.1) ist, so dalk he(a,R)
im ganzen Definitionsbereich konkav ist. O

Aus Hilfssatz 7.1 folgt sofort
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Hiitfssatz 7.2. Jeder Punkt der Flache z = he(a, R) liegt unterhalb der
Ebenen

(7.5) z=a(l —cosg) und
(7.6) z=a(l +cosg) —a+ 2/3

mit der Schnittgeraden

= -/?) — - I (= .-
(7.7) (a,B,2) V\fz X )/ COSq'B' \2 /'MCOSB !

Schnittgerade der Ebenen (7.5) und (7.6), auf der Ebene z =a+ R —" gelegen.
L]

Hilfssatz 4.1 kann erweitert werden zu

Hilfssatz 7.3. Zujedem gmit0<g und zu jedem a mit f <a </
ist

(7.8) hB@,"g) <_E(a) =a —X + 2arccos To0s 2

Das Gleichheitszeichen gilt genau dann, wenn (a, g) ein Punkt der Kurve
(4.4) ist, siehe Fig. 6.

Beweis. Analog zum Beweis von Hilfssatz 4.1; man beachte nur, dal}
jetzt he”a, | j im Bereich D\U D. UDs zu untersuchen ist, und daB he  fj
in Ds streng monoton fallend in g ist. O

8. Der konvexe Bereich G in der (a,/J)-Ebene

In der (a,/3)-Ebene sei G = G{g) die konvexe Hille

G=conyU 7 7h in 70 M TT/
' 2°2/°V 2/ Ve’3/7\2M4 1 QSN

siehe Fig. 2. Dabei ist der letzte Punkt (f,f(l1 —cosp)) ein Schnittpunkt
der Ebene (7.6) mit der (a, /?)-Ebene.

HILFSSATZ 8.1. Fir den konvexen Bereich G gilt

(8.1) G DG\ UGIiUGI und

(8.2) Der Punkt (3.3) ist innerer Punkt von G.
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Beweis. Man betrachte die Gerade durch (f,f) und -cosp))
mit der Gleichung

(8.3) [2= -y, (1 +3c0S0) + (3 + COB).
0

Die Geraden (8.3) und a = 2R schneiden sich im Punkt

A | S B W T 1\
\ V12~ 61+cosg) 12761 + cosQ)

Deshalb ist der Punkt (3.3) genau dann innerer Punkt von G, wenn

(8.4] UL - —arcsin <0,
¢ 12 61+ cosg 2cos |

Fir ¢ = 0 und Q—\ tritt in (8.4) das Gleichheitszeichen auf. Fir die
Ableitung A{g) der linken Seite von (8.4) gilt A(]) >0, und A(g) —O0 fur
p= 0 und flr genau ein weiteres p< Deshalb ist (8.4) richtig und damit
8.2).

( \)Negen der Konkavitat von (3.1) hegt also das G\ UG2 UG3 begrenzende
Stiick von (3.1) in G. Das G3 begrenzende Stiick von (3.2) hegt ebenfalls in
G\ denn die Steigung von (3.2) im Punkt (3.3) ist —cos g, die Steigung der
Geraden (8.3) ist —1(1 + 3cosg) < —cos g, und (3.2) ist konvex. Damit gilt
(8.1). O

9. Die konkave Hilfsfunktion He(<*>)

AuBer he(a, ) wird eine weitere konkave Hilfsfunktion Ile(a, R) bendtigt.
Dabei gentgt es, entsprechend der Voraussetzung (5.1) von Satz 2 voraus-
setzen, daB 0 < g < po-

Hilfssatz 9.1. Zu jedem g mit 0< g < go = arccos gibt es eine flr
Q" B <™ definierte Funktion lle(a, ) mit

(9.1 He(a,R) ist konkav und in a und B nicht fallend,
(9.2) He(a,"j=F(a) /ur~<ac<|,

He(a,R) ~ he(a,R), und das Gleichheitszeichen gilt genau dann,

(©:3) wenn 3 -3 und (a,p) ein Punkt der Kurve (4.4) ist.
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(9.4) He(a,R) >ee(a,R) in G3.

Bemerkung. Aus Hilfssatz 9.1 folgt sofort, dal Satz 2 im Fall g.=v=20
richtig ist.

B eweis von Hilfssatz 9.1. Als erstes wird 118(a,R) definiert. Bei festem
g gilt, mit Oi nach (4.1) und a. nach (4.2), siehe Fig. 1 und Fig. 6

ronit o)\ = {({@Qi1)IQ=a=} furE=I>

2 IV 73/ 1{<5f)|<ix=Q<§ firf<0<£>o-

Dort ist he streng konkav nach Hilfssatz 7.1 und he(a, |) 5 F(a) nach Hilfs-
satz 7.3. Nach (4.5) ist F(a) streng konkav fir f ~ a ~ f. Nun rechnet man
mit Hilfe von (7.4) nach, daB fiir die Ableitungen von F(a) und he(a, |)

T reser

F /e f(he)o, (B2, f) fir < f
a\2) 1(/lc)a(f,f) fir f << £yg

dabei ist die Voraussetzung g < g0 flir die Gultigkeit der letzten Ungleichung
wesentlich. Zu jedem co mit f ~ »0 N f gibt es also genau ein 40 = 60
mit U! < ao <a. bzw. | so, dal Fa(a0) = (he)a(&o0, 8), siehe Fig. 7. Die
Tangentialebene der Flache 2= ho(a,R) im Punkt (40, 8) werde nun paral-
lel verschoben so, dal sie den Punkt (a,B,z)=(a0,|,F(ao)) enthélt. Jede
solche verschobene Tangentialebene begrenzt einen Halbraum, der den Punkt
(a, B, z) —(|, f,0)im Innern enthé&lt, und der Durchschnitt aller dieser Halb-
rdume far f ~ oo~ f ist eine konvexe Menge, die von einer konkaven Funk-
tion z = He(a,R) begrenzt wird.

und

FHg 7
F[R(a,R) ist also konkav. Weil alle betrachteten Tangentialebenen in a
und R nicht fallend sind, gilt (9.1). (9.2) gilt, weil //e(a, |) die Hullkurve
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der Tangenten der konkaven Funktion F(a) ist. Wegen der Konstruktion
von HO mit Hilfe von Tangentialebenen an die konkave Funktion hO gilt
He(a,B)>he(a,R). Die Tangentialebene an z =he(a,) im Punkt (40,8)
wird genau dann nicht verschoben, wenn (6, |) ein Punkt der Kurve (4.4)
ist, nach Hilfssatz 7.3. Weil (a0, f)€ G2 und he(a,B) in G2 streng konkav
und sonst konkav ist, gilt also (9.3). Zu zeigen bleibt damit (9.4), was leider
aufwendig ist.
Zum Beweis von (9.4) wird zundchst gezeigt

(9.5) lle(a,R)>0 in G, G geméaR 8.

Wegen He(a,l3) >he(a,B) in G\ UG2 und He(|, f)= 0 nach (9.2) und
nach Definition von G geniigt es zu zeigen, daB //tf( |,j (1 —cos p)) > 0.
Dafir ist hinreichend, dall fur die Schar der Tangentialebenen an he(a,R)
fir (a, R) € G2il {(a, *)) die entsprechende Ungleichung gilt, fiir jedes g, d.h.

(9.6) N1@>]) + (|- a)(Nic(a, 1) + (A (l-cosp)-~/~)~,]) >0

fir (a,g)eD 2 b< Po

Fir jedes feste g ist die Tangentialebene von he im Punkt (aj,|) die
Ebene (7.6). Sie hat im Punkt (f, f(1 —cosp)) den Funktionswert z —O.
Deshalb gilt (9.6) fir a = a”p). Also genlgt es zu zeigen, dal’ (9.6) wachsend
in g ist, d.h. daR

N (4 sin2cc—1 + 4 sin2a cos2a —12 sinda cos2p)+
(9.7)
+ g) \V3sin3Qcosa sin2p>0 fiur (a, p) € -D2>g < go-

D2 sei der Bereich von D2 mit 0 < g~ arccosi. Dann ist (a,p) =
= (], arccos |) Randpunkt von D2. (9.7) wird in D2 gezeigt.
L&ngs a = Qi(p), d.h. g=p(a) wird aus (9.7) die Ungleichung

™
— ——a H-—- T =sina cosa )— Ccos a>0 fur——< g

T
< —
2 3v/3 6 3 °

und diese ist richtig, weil sie fir a = f und a = f richtig ist, und weil ihre
linke Seite konkav ist. Langs g = arccos ™ wird aus (9.7) die Ungleichung

A—— (12sin2a -3 + 12sin2a cos20 —4sinda) +

2 L T
+/T—-—8sinacosa>0 flir—<gqg<—
3vA " 3- -2
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ihre Gultigkeit sieht man mit Hilfe der Abschéatzung

, 2 . . T -

—-a < 77----- ‘=sinncosa iur —SasS—

2 " 3v3 3- -2

Damit ist (9.7) langs des oberen Rands von D 2 richtig, so dal? (9.7) gilt,
wenn ihre linke Seite in g fallend ist, oder wenn

— P24~ —q) sina--"= €c0Sq COSg *+3V/37tcosq COS20—y/sx cosa ™ 0 in D2
Dies ist richtig wegen der Abschatzung

24l -——-a sina>-pCosa iur —<a<—
41\2 J "p\/3 6" -2

Damit ist (9.5) gezeigt.

Zum Beweis von (9.4) setze man ee(a,B) in G3 gemal (3.12) auf das
Randstuck (3.2) von G: fort. Wegen (9.3) gilt (9.4) langs (3.9), ee(a,R) in
G3ist in B konvex nach Hilfssatz 6.1, und HQist konkav. Deshalb genigt es,
He(a,R) >ee(a,R) langs des Randes von G3 auf (3.2) und (3.1) zu zeigen,
d.h.

© ﬂO(a, R) > ee(a, R) langs sina = fur | <B <R0:=arcsin —------ JZ ,
COSs n N COS
und
(9.9) 7/f(a, B) >ee(a, B) langs tana = L fUr/’)O</’7<7(
' ' ’ g ~ cos £tan/? IR §

Der Rand von G enthélt die Verbindungsstrecke von (8,8) und
(f,f(! -cos™))

T 3+ cos .
g N S mit ~(1 -cosg)<:B<:

(9-10) 21+ 3cosg 1+ 3cosg

Die konvexe Halle von (9.10) in der (a,/?)-Ebene und dem Punkt (a,R,z) =
(™, F(])) ist ein Ebenenstick. Wegen (9.5), (9.2) und (9.1) hegt He(a, B)
oberhalb dieses Ebenenstiicks. (9.8) und (9.9) ist also richtig, wenn dieses
Ebenenstiick echt oberhalb von 2 = ee(a, B) liegt, ldngs der zu betrachtenden
Kurvenstiicke von (3.2) und (3.1). Dieses Ebenenstiick hat in a-Richtung die
Steigung
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so daB (9.8) und (9.9) richtig ist, wenn gilt

ca g+ COS0 4 o
2 VBi+3asQ 1+3 asdd) >eeiaif)
(9.11) A
langs sina = <B</D
Ccos

r _j'f3+OZBQ

Ca — R) >ee(ot,B)
(9.12) 1+3cosg 1+ 3cosg
ldngs tana = ;:-O-g-é Zé‘ﬁ],s, Ro< R, T

Nach (8.2) ist der Punkt (3.3) innerer Punkt von G und dort ist aus
geometrischen Griinden ee(a, B) —0, so dall (9.11) und (9.12) richtig ist fur
R =Ro-

Um nun (9.11) zu zeigen, beachte man, dal (9.11) richtig ist, wenn

arcsin gosB (M 3+ cosg * arcsin cos
cos -~Cv21+3cosg 1+ Bcosg/ )] ~ etf( Cos l’")

in B fallend ist, d.h. wenn

cos2f —cos2?

C - + +
(9.13) sin 1+ 3cosg (s

+2 C0%: g- .
*91 4 cosansing| £0 S<PEA)

Mit der Hilfsfunktion

'cos 2£ _ cos2r

fler):=-(\-7-

. - (1 + COse>)+
sinf3 Cos g

+2 cosl
g 1—4 cos2/?sin28

ist (9.13) aquivalent zu
(9.14)

Rl - QR . j 4C

F(Q.B)~C+ sin/? VeosE» |+ 3c0sEs/

0, fUr£<r3<r30.

Nun ist f(g,R) fir 8~ /2~ /20 wachsend in /?, denn dies ist dquivalent zu
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und die linke Seite davon ist fallend in R 2 und gleich O fir B —Ro- Die

Funktion — °s2” wff ist fir %= =Ro fallend in B. Speziell fir B = Ro
ist f(g,B8) =0und gilt in (9.14) das <-Zeichen.
Deshalb ist (9.14) richtig fir Ri < <Ro mit

. \/cos2f COs2% ; 1 4C .
- sin Ri Veosg  1+3 cos g)_ ’
oder
c0s2%—cos ' -
1—co0s2g. i 1- T¥F3cos QC

Ebenso ist (9.14) richtig far /22 fi 3 Y&\ mit

) l/cOs2f  coszrz 1 4C
-C 4+ —
f(e,B1)-c sin/?2 cosg 1+ 30089) ’
oder
2 cos2f-cos2gCo . 1~ C + f{g, Bi)
COSft= l-cos*eci m,¢t Cl(e):= 1 4cos

1 1+3 cos

(9.14) und somit (9.13) ist also richtig fur /2" 3 %MRo-
Zum Beweis von (9.13) bleibt also zu zeigen, daR die linke Seite von
(9.13) wachsend ist in B fur | <R </2, d.h.

/C\: 1+ 3coso JJBCOSSOSTMSByjcos?f - 70;0528 ">rb IurQ P
4cosp (1 —4 cos2/?sin2|) 2

Weil die linke Seite hiervon fallend in R ist (vgl. (9.15)), bleibt diese Unglei-
chung flr & = Bi zu zeigen, d.h.

1+ 3cosg Co

C- >0 fir0<g<g

4CO0S!>
Die Gultigkeit dieser Ungleichung mit der einzigen Variablen g rechnet man

Man unterscheidet dabei zweckmaRigerweise die Félle 4sin2~ " 1 und 4sin2~ " 1
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schlieBlich numerisch nach3, wobei fur kleine g wesentlich ist, dal3

1-C\
4sin21
C f(Q,Bi) (I + 3cosB) (1+ Ci) A
2(1 + 3cosg—4cosgC) 2(1 + 3cosg—4cosgC)(1- cost>)

> — (1 + C2).
2(1+3 cosg—4cosgC)

Damit ist (9.11) gezeigt.
Zum Beweis von (9.12) beachte man: Wegen (2.1) und (3.6) ist tana =
= cosghanl? dquivalent zu sin r =sin 8 sin g und zu sin d —sin 2/3sin g, so dafl

(9.12) A&quivalent ist zu

sin 3 cos g m 3+ cosg
9.16 1 + cos g —C) arccos
(3.16) = 9—C) y | —sin2/3sin2e 21+ 3cosg
sin 2/3 cos T |
+ 4c R+ 2/3+ 2cosgarccos . g >0 fur Bo <R~
1+ 3cosg y/I\ —sin22/3 sin2> 4

Diese Ungleichung ist fir B = RBo richtig, wie oben gezeigt wurde. Sie ist auch
far B richtig; denn die dann entstehende Funktion ist gleich O fir g —0
und streng monoton wachsend in g.

Um (9.16) weiter zu untersuchen, betrachte man ihre Ableitung nach B

(9.17)

4C 1
(1 + cosg—C) €05 g

+ 2 —4cos?
1—5in2/35in21?>Jr | + 3cosE cos23 1—sin22/3sin2&

Fur B —Ro ist (9.17) > 0, wie man nachrechnet. Fur B = ist (9.17) < 0;
denn weil t_T ~/,2fallend ist, genligt es zu zeigen, daR

1+oc0sE>- C)Cs + — _-——-- 2<0
( )Cs 1 +3cosg

far 0<g”| und Cs :=1, und fir | ~ g<go und Cs: :=0.8, und Ableitung
nach g zeigt, dal diese Funktion ihr Maximum an den Intervallrdndern an-
nimmt.

3 Damit ist gemeint: Gezeigt werden soll die Ungleichung U(R) 0 in einer einzigen
Variablen Q@ wobei g aus einem Intervall / ist. Man beachte, dal} sich U(R) aus monotonen
Funktionen fj(8) zusammensetzt. Nun l&Rt sich das Intervall / so in Intervalle  zerlegen,
daB die Gultigkeit von U(g) ™ 0in wegen der Monotonie von fj aus den Werten von fj
an den Intervallrandern geschlossen werden kann, wenn diese numerisch bekannt sind.

Dieses Verfahren a3t sich allerdings im allgemeinen nur anwenden, wenn in 1 sogar
gilt U(qg) ™ £ fUr ein festes e > 0.



130 G. BLIND und R. BLIND

Um (9.17) weiter zu untersuchen, beachte man, daf ihre Ableitung nach
R genau dann gleich 0 ist, wenn gilt

- _ o i
(9.18) 1fo0sg—C o4 (L5in22sin2p)2
(1 - sin22/?sin2p)2'

Schliellich ist die Ableitung nach 3 der rechten Seite von (9.18) fir /20"
=R =4 genau dann < 0, wenn gilt

(9.19) (1 —sin2/?sin2R)(—cos2p + 2 c0s22/? sin2£>)+
+ €0s 2B sin2?sin2p (—2 + 3sin26—2sin2/?sin2p) < 0 fir Bo<R<

Alle in (9.19) auftretenden Klammern werden fur 8 —Ro maximal; somit ist
in jedem der beiden Summanden genau ein Faktor > 0, so daf} (9.19) gilt.
Nun betrachte man successive die Ungleichungen (9.19) bis (9.16). We-
gen (9.19) ist die rechte Seite von (9.18) fur /2~ B ~ f streng monoton fallend
in /?, so dalk (9.18) dort fiir héchstens ein R gilt, fir jedes feste g. Deshalb
hat die Funktion (9.17) im Intervall /20 %R S f hochstens einen Hoch- oder
Tiefpunkt; wegen ihrer Werte in den Intervallenden hat sie also dort genau
eine Nullstelle, die einem Hochpunkt der Funktion in (9.16) entspricht. Des-
halb nimmt die Funktion in (9.16) ihr Minimum in den Intervallrdndern an,
und weil fur diese (9.16) richtig ist, ist (9.16) richtig und also (9.12). O

10. Die Funktion ee(a,R) in G4, und die konkave Funktion Ee(a,f3)

In G. ist ee(a,R) durch (3.13) definiert. Es ist zweckmaRig, im jetzigen
Abschnitt 10. diese Funktion auf einen groReren Definitionsbereich fortzuset-
zen, bei gleicher Bezeichnung. Betrachtet wird also die Funktion

( t3HA N .
a —arccos------- )(1 —cosg), fir 0<r<g, mit
tan gJ

(10.2) r=arccosC ~, fira+/?>— a”"o0.
sina ~

2
Der Definitionsbereich von (10.1) ist also der Bereich von {(a,B) |a + /?" f)
mit a 70 und r <g, vgl. Fig. 1
Fir die folgenden Untersuchungen wesentlich ist die Streckenschar zum
Scharparameter C in der (a,/?)-Ebene

(10.3) «=[-C/? (0<CA1), 0</[?<A,

Jede Scharstrecke geht durch den Punkt ~|,0j. Sie verbindet ihn mit

dem Punkt (1 —C)f,j ), so dall die Schar den Bereich {(a,/?)|a + kR >~}
uberdeckt.
Nun gilt
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Hirtrssarz 10.1. Die Funktion (10.2) ist langs jeder Strecke (10.3) kon-
VeX.

Beweis. LANGS einer festen Strecke (10.3), d.h. bei festem C, wird aus
(10.2)

c0s_3
10.4 = -—1{ —
\(/O ) r arccosCOS E:LH 0</<-

Die Konvexitat von (10.4) ist dquivalent zu
- €0s2C/3sin2C/? cos/? + 2C cos3CR sin CR sin R - C2 cos2CR cosR+
AN N +C2c083/?7- C2c0s2C/?sin2C/?cos/?>0 fir 0<B < 0orC< 1

Nun gilt wegen der Konkavitdt von sinz und der Konvexitdt von tanz
sinCR > CsinfR und C cos CR sin B —sin CR cos R >0. Deshalb gilt

2C c0s3CR sin CR sin 3 —co0s2CR sin2CR cos R >

> C cos3CR sin CR sin B - cos: CR(C sinB)[C cos CR sin 3 - sin CR cos B] >
> C2 c0os3CR sn\2B + C cos: CR(C sin B) sin /l[cos CR —cos ] =

= 2C: cos3CR sin2/? —C cos2CR cos R sin2/?.
Mit Hilfe dieser Abschatzung wird aus (10.5)

(cos CR —cos /?)(2 cos2CR —cos CR cos B —cos2/?)+

+ c0s2CR cos R(cos2B - 2cosCR cosB + cos:CR) ~ 0,
was offensichtlich richtig ist. O

HiLrssatz 10.2. Die Funktion (10.1) ist (innerhalb ihres Definitions-
bereichs) langs jeder Strecke (10.3) konvex.

Beweis. LaNQS einer festen Strecke (10.3), d.h. bei festem C wird aus
(10.1)

—C/[?2?) = ( —-- —arccoS------- U <r<
eO(2 C/.,/.)/ (\2 CR —arccos g g)/I —cose>), fur 0<r<g
und r wie in (10.4). Nun ist die Funktion —arccos in r wachsend und
konvex fir O 8Lr A g, wie man durch Ableiten sieht. Zusammen mit Hilfssatz
10.1 folgt daraus die Behauptung. O

Es wird eine weitere konkave Hilfsfunktion eingefuhrt, und zwar gilt
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Hirtfssatz 10.3. Zu jedem g mit 0 < g<f gibt es eine in convGt
definierte Funktion Ee(a,) mit

(10.6) Ee(a,B) ist konkav,

(10.7) Ee(a,R)>ee(a,B) in G4,

Ee(a,R) = ee(a,B) = (a 2arcsin g)(l cosp)
! Z COS
(10.8) fir (a,B) auf der Kurve (3.2),
N0, B) =ec(a,B)=0 fiur (a,R) = 0),
(10.9) Jeder Punkt von COLIVA liegt entweder auf der Verbindungsstrecke
des Punktes (§,0) mit einem Punkt der Kurve (3.2), oder auf der

Verbindungsstrecke zweier Punkte von (3.2), und langs jeder solcher
Verbindungsstrecke ist Ee(a,/3) linear.

Beweis. Die Kurve (3.2) ist die G4 begrenzende konvexe Kurve

( r—— oder
- . \ m
(3-2) 8 = arccos (sin arcos g , I
2)" - o~
Zusammen mit der Konkavitdt von (3.1) folgt also die Aussage von (10.9)
bzgl. convG4.
Nun gilt

= - arccos ----- VAN - = in —————- N
(10.10) z= (a- arccos tan g (1 - cosg) = (a— arcsin vl >(1 —C0s Q)

ist Ebene durch den Punkt (3.3) in der (a, /3)-Ebene; identisch mit z —
= eefa,B) (vgl. (10.1)) fur (a,B) £ (3.2).

Jeder Punkt (a,f3,z) auf (10.10) uber einem Punkt von (3.2), d.h. jeder
Punkt “qg,arccos”sinacos , ("a- arccos (1 - cosg)™ werde mit dem

Punkt (a,8,z) = (j, 0,0) verbunden. Alle diese Verbindungsstrecken fur
0 < g < ” bestimmen eine Strahlflache, die wegen der Konvexitat von (3.2)
konkav ist. Es sei z= Ee(a,l) diese Strahlflache, wenn (a,/3) in dem Bereich
von convfAi liegt mit r < In dem Bereich von convGf* mit r | aber sei
z = Ee(a, R) durch (10.10) definiert.

(10.8), (10.9) und (10.6) folgen dann direkt aus der Definition von
Ee(a,R), und (10.7) folgt aus Hilfssatz 10.2. O
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11. Eine Ungleichung fir einen Punkt auf he(a,R)
und einen Punkt auf Ee(a,R)
Nach diesen Vorbereitungen kann nun gezeigt werden
Hilfssatz 11.1. Es seien Punkte (a\,8\) und (az,”2) gegeben mit

T
(11.1) (<*i,/3i) € convCAj und a:+ B2 " 9

Fur ganze Zahlen /x,v > 0 mit u” 2/x <¥fie
X3+ Bl T
- " >

(11.2)

Dann gilt fir g mit 0 < g <go die Ungleichung

gai +va. fili + wR2\
xk+W o ox+ VO

Wenn nicht gleichzeitig (6i,/3j) = (*, 0) und (a2,82) = (0, j ), so gilt in (11.3)

sogar das <-Zeichen.

Beweis. Wegen (11.1) ist B\ < |, wegen (11.2) ist also B. >  so daB
B> > /?i, und so daR es ein Ao gibt mit 0 < Ag< 1und mit

(11.3) nEe(ai,Bx) + yhe(a2,82) " (/x+ iz)7/e

(11.4) 200+ (1 - ADYR =

Wegen R, >R\ ist [}IQA?BI-wachsend in  Jedes Paar (Bi,R2), das (11.1) und
(11.2) erfallt, erfillt deshalb erst recht
B\ + 2/j2> T

3 =3

Nun betrachte man im Raum {(a,R3,z)} die Punkte (<*1,Ri, Ee(ai, Bi))
und (a2,2,he(a2,R2)). lhre Verbindungsstrecke ist die Punktmenge

(11.5)

(11.6)  \(oti,Ri, Ee(ai,Ri)) + (1- X)(a-,R2 he(a:,R2)  (07A<1).

Dann bedeutet (11.3), dal die Strecke (11.6) im Punkt mit A= unterhalb
der Flache z —He(a,R) liegt. (11.6) liegt im Punkt mit A= 0 unterhalb der
Flache He(a,R) wegen (9.3), He(a,R) ist konkav nach (9.1), und wegen
(11.2) und (11.4) ist < \0- Deshalb ist (11.3) also richtig, wenn (11.6)
im Punkt mit A= Ao unterhalb von He(a,R) liegt. Der Punkt von (11.6)
mit A= A0 liegt wegen (11.4) in der Ebene B = | , und es ist He(a, |r) = F(a)
nach (9.2); deshalb ist (11.3) richtig, wenn (11.6) die Ebene 8 —\ unterhalb
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von F(a) schneidet. Wenn (11.6) die Ebene 0 = f echt unterhalb von F(a)
schneidet, so steht in (11.3) sogar das <-Zeichen.

W ir definieren: Ein Punktepaar habe die [echte) Schnitteigenschaft, wenn
seine Verbindungsstrecke die Ebene = | (echt) unterhalb von F[a) schnei-
det. Damit ist Hilfssatz 11.1 richtig, wenn gilt

Das Punktepaar (a\,R\, Ee[ai,Ri)) und (22,02 ,he(a2,/R)) (11.1)
und (11.5) hat die Schnitteigenschaft, wobei 0 < g <.
(11.7) Das Punktepaar hat sogar die echte Schnitteigenschaft, wenn nicht
gleichzeitig
(<*i,Bi) = (f,0) und (a2,A>) = (0, §).
Zum Beweis von (11.7) wird die folgende Bemerkung hilfreich sein: Aus
der Konkavitdt von F[a) folgt fir die Ableitung von F(a), dai
1> F'(a)>1- cosp. Deshalb gilt
Liegt ein Punkt («o, §, z0) unterhalb von F[a), d.h. ist zc <F(ao0),
dann liegt die durch den Punkt (ao,f,zo) gehende Gerade

(11.8) {(a,f,z)|z=20+ m (a-a0)}
echt unterhalb von F(a) fiur | <a <a0, wenn m >1, und fir Qo<
<a<]|,wennm<1-—Co0sg.

Im folgenden wesentlich ist die Ebene (vgl. (10.8))
(11.9) z= —2 arcsin (1 —cos g).

Im folgenden sei ein Punkt ( , ) ein Punkt der (q,/3)-Ebene, und ein
Punkt (, , ) ein Punkt des (a, B, z)-Raums. ee(a,R) bezieht sich auf die
Funktion (10.1). Der Beweis von (11.7) geschieht nun in 5 Schritten.

1. Schritt. (oti,Bi,Zi) sei ein Punkt der Ebene (11.9) mit

d Bi <arcsin ey und mit (qi,Ri) € (3.2).

Dann haben (qi,/3i,Zi) und (0, f,0) die echte Schnitteigenschaft.
BEWEIS. (3.2) enthdlt den Punkt (3.3), d.h. den Punkt

. 1 )
2arcsin ,arcsm
2 COs | 2 Cos |

Der Punkt (0,f,0) und ein Punkt ~2arcsin.clsf,k,0" fur | <R ~
~arcsin haben die Schnitteigenschaft trivialerweise. Die Ebene (11.9)

enthélt die Gerade (2 arcsin 2 cls&,/3,0) und hat die Steigung m = 1- cos g

in a-Richtung. Wegen Bemerkung (11.8) hat ein im 1. Schritt betrachtetes
Punktepaar also die echte Schnitteigenschaft, wenn ~ <R\ ”~ arcsin 2 cls&
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Der Fall f =Ri = f tritt genau fir g < 8§ auf. Dann enthélt die Kurve
(3.5) Punkte {as,33) mit Bs < 8. Wegen (7.1) und (10.1) gilt he(a:,R3) =
=q3(1l-cose) =ee(as,R3). (0,, 0)und (a3,R3, he(a3,RI)) fur Bs <f haben
die echte Schnitteigenschaft wegen der Konvexitdt von (3.5) und wegen (9.3)
und (7.1). AuBRerdem haben (0,7,0) und (|,0,0) die Schnitteigenschaft
trivialerweise. (0,[,0) und jeder innere Punkt der Verbindungsstrecke von
(a3,3,etf(a3,R3)) mit (~,0,0) haben deshalb ebenfalls die echte Schnitt-
eigenschaft wegen der Konkavitat von F(a).

Die Verbindungsstrecken des Punktes (f,0) mit den Punkten (as,R3)
fur Bs ~ | UGberdecken nun das Kurvenstuck (3.2) fur B\ <” wegen Hilfssatz
10.1. Wegen (10.8) ist nun z\ = ee(ai, i), so daR aus Hilfssatz 10.2 folgt, dal
(0,1,0) und (ai,Ri,z\) auch fur Bx<| die echte Schnitteigenschaft haben,
W.Z.Z.W.

2. Schritt. Es werden Punktepaare (a\,fi,zi) und (at:,R:iz.) betra-
chtet mit T + |/32= f. Dabei liege (ai,/?i,Zi) in der Ebene (11.9) und
(g2iB2, 2 ) auf der Geraden (7.7). Gezeigt wird, daR die folgenden drei der-
artigen Punktepaare die echte Schnitteigenschaft haben, fir 0< g < -

(11.10) 2 arcsin 3'5673_ ?rcsin " 2 cos 7%0
und
TBQ o A ST
1
11.12 N i
( ) 2 arcsin 0csl b /
und
57T
(11.13) cos Q T2
m 3+ cosQ 2Q e
21+ 3cos 1+3 cosg 9
(11.14) g g
T3+ cosg 29 2arcsing---- 1—cosg) |
\21+3cosqg 1+ 3cosg Zcosz g
und

(11.15) ((§-'O-(§-')(06§g0) - '=8§-1le
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B eweis fur das Punktepaar (11.10) und (11.11). Mit t :=arcsin 2c" é
wird aus (11.10) und (11.11)

(11.16) (21, t, 0)
und
(11.17) sin2e w1 sinZe, LA

(‘1—2sin2¢ 2 27172 53« 29"
jeweils fur | <t<arcsin * " =«

(11.16) beschreibt fir 8 » « <«0ein Geradenstiick G(t), das durch t linear
parametrisiert ist. (11.17) beschreibt fiir §  «9 « ein Kurvenstiick i(t) in
der Ebene z=a+ R —j. Sei GI(t) fur f » «”™ « die Verbindungsstrecke
von £(|) und I(to), linear parametrisiert in « Nun rechnet man nach, dal
(11.16) und (11.17) die Schnitteigenschaft haben fur «= f und t = «o, d.h. die
Punktepaare G(8), G£(f) und G'(io), Gi(ig) haben die Schnitteigenschaft.
Wegen der Konkavitdt von F(a) und aus Linearitatsgriinden hat dann fir
jedes t das Punktepaar G(t) und Gi(t) die Schnitteigenschaft.

Die /3-Koordinaten von i(t) und Gt(t) h&ngen beide linear von « ab,

sind also fir jedes feste t gleich grof3. Die Funktion « f<t<

<« streng konvex in « wéahrend die a-Koordinate von GI(t) linear von t
abhangt; deshalb ist die a-Koordinate von i(t) kleiner als die von Gi(t) fur
jedes t mit | <t< «. Schbeflich liegen i(t) und G£(t) beide in der Ebene
z=a+ [ —j mit Steigung m = 1in a-Richtung. Aus der Schnitteigenschaft
von G(t) und Gi(t) folgt deshalb nach (11.8) die echte Schnitteigenschaft
von G(t) und i(t) fir jedes «mit | <t<t0.

BEWEIS fiir das Punktepaar (11.12) und (11.13). Vdéllig analog, wobei
man wieder t ;= arcsin 2c"s& setzt; die bendétigte Schnitteigenschaft von

(11.12) und (11.13) fir g= 0 und g—go und die strenge Konvexitat der
Funktion f  9n. . rechnet man nach.

Beweis fur das Punktepaar (11.14) und (11.15). Die echte Schnittei-
genschaft von (11.14) und (11.15) ist nach Definition &quivalent zu

(11.18) F(a(g))- (a(g) - - arcsin - g (1——cosg)>0 fur0<g<go
mit
a(g):-- mT3+cosg 20 1

9 a(-21 + 3cosp | +3cospd * Bosp

Zum Beweis von (11.18) rechnet man nach, dafl fur die Ableitung von
a(p) nach gqilt
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so dalR a(R) wachsend in g ist. Deshalb setzt sich die linke Seite von (11.18)
aus Differenz und Produkt von in g wachsenden Funktionen zusammen, und
numerisches Nachrechnen zeigt (vgl. FuBnote 3 in 9.), daB (11.18) gilt fir
0.1 <g<go. Zum Beweis von (11.18) fiir 0 < g 8.0.1 rechnet man numerisch
nach, dall a(g) — arcsin 2 cls£ < 0.2 fir 0 < g <0.1, so daB zu zeigen bleibt

(11.20) F(a(g)) - 0.2(1 - cosp) >0 furO<p<0.1.
Nun ist die linke Seite von (11.20) streng wachsend in g, wenn gilt
(11.21) F'(a(g))a\g) - 0.2sing>0 flur0O<p<0.1.

Nach Hilfssatz 4.3 ist F'(a) fallend in a und also fallend in g, so daf
F'(a(g)) > 0.9 fur 0 < g <0.1. Zusammen mit (11.19) ist also (11.21) richtig,
so daR die Funktion in (11.20) streng wachsend in g ist. Weil aufRerdem in
(11.20) fir g = 0 das Gleichheitszeichen gilt, ist (11.20) fir 0 < g < 0.1 richtig.

3 Schritt. Es werden Punktepaare (oi,/?i,”i) und (c*2,82,/2) betra-
chtet mit "Bi + = f. Dabei hege (ai, RBi, zi) in der Ebene (11.9) und
(az2,B2,z2) auf der Geraden (7.7). Gezeigt wird, daf’ alle derartigen Punk-
tepaare die echte Schnitteigenschaft haben, wenn A<Rf\< arcsin  *” und

wenn {a\,Bi) £ (3.2).
Beweis. Essei S der Streckenzug, der die Punkte (11.10), (11.12) und
(11.14) wverbindet; S ist eine Punktmenge |5(/?1) | 8 = Bi = arcsin 2c(}S1j

Aus dem 2. Schritt folgt aus Linearitatsgriinden die echte Schnitteigenschaft
fur jedes Punktepaar S(R#1) und (a2,R2,z2). Weil S(81) und (ai,Ri, zR) beide
in der Ebene (11.9) hegen mit Steigung m = 1—cosp in a-Richtung, haben
nach (11.8) also auch (a*, Bi, Zi) und (a2,32,z.) die echte Schnitteigenschaft,
sofern groRer oder gleich der a-Koordinate as(R1) von S(R1) ist, d.h.
sofern gilt

A . N o .
(11.22) ofS(Ri) ™ ctRBi) fir E</. I< arcsin zc&s?‘

Nach Definition des Punktes (11.12) ist (11.22) offensichtlich richtig fir
I ~Ri ~arcsin - -£, so daB (11.22) zu zeigen bleibt fir f =Ri =f«

Man betrachte die Gerade (8.3). Fir jeden Punkt (a(Ri),Ri) von (8.3)
gilt nach (8.1) (vgl. Fig. 2), daB

(11.23) a(Ri) | aBRx) fur | </ <

Nun wurde der Punkt (11.14) gerade als Punkt (o (f), f, ) definiert, so dal}
as(2)=ct(2). AuBerdem ist

2 arcsin I
0s 2cos | 6\/1+ 1+ 3cong|).
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wie man mit Hilfe der 1. Ableitung zeigt. Deshalb gilt fir die linearen
Funktionen as(Ri) und a(R31)

(11.24) as(B)"a(Bx) fiur|<0i<A.

Aus (11.24) und (11.23) folgt (11.22) fir § <ex < §.

4. Schritt. (a4,0i, Ee(ai,Bi)) und (a2,02 2 € (7.7) haben die echte
Schnitteigenschaft, wenn (a4,0i) e convG4 und wenn \R\ + |02 f und
ft #0.

B eweis. Zundchst beachte man: Nach (10.9) ist Ee{a\,R\) in convG4
bestimmt durch seine Werte in (f,0) und in (ai,0i) e (3.2). Dabei gilt nach
(10.8), daB (ql,/31,F 4(qi,/3i)) in der Ebene (11.9) liegt fir (ai,04) e (3.2),
und EO(*, 0)=0.

Nun haben (|,0,0) und (0,f,0,) die Schnitteigenschaft trivialerweise,
und fur ihre 0-Koordinaten gilt 50+ jf = §. Zusammen mit dem 3. Schritt
folgt daraus also aus Linearitatsgrinden und wegen der Konkavitdt von
F(a), dalk (ai,si, Ee(ai,s\)) und (q2,/722,-.2) E(7.7) die echte Schnitteigen-
schaft haben, wenn (ai,1) e convG4 und wenn speziell "B\ -f|02=| und
B\ # 0.

Weil (»,0,0) und (0,7,0) die Schnitteigenschaft haben, folgt aus dem
1. Schritt ebenso aus. Linearitatsgriinden und wegen der Konkavitadt von
F(q), daR (oci,Bi, Ee{a4,04)) und (O, |, 0) die echte Schnitteigenschaft haben,
wenn (ai,Bi) e convG4 und Bi ~ 0.

Aus diesen beiden Ergebnissen folgt schlieBlich wieder mit Linearitats-
grinden und wegen der Konkavitdt von F(a) die echte Schnitteigenschaft
von (c*i,Bi,Ee(ai,Bi)) und (a2,02z2)€e (7.7), wenn (a4,0i) e conv(?4 und
wenn \R\ + §02~ § und Ri * 0.

5. Schritt. (a4,0i, Ee{ai,0i)) und (a2,02,/ic(a2,02)) haben die Schnitt-
eigenschaft, wenn (ai,0i) E convG4, a2-f02>| und |0i + 802 = § Sie
haben sogar die echte Schnitteigenschaft, wenn nicht gleichzeitig (<*i,0i) =
= (f,0) und (a2,02)= (O, f).

Beweis. Zundchst sei B\ ~ 0. Zu dem gegebenen Punkt (a2,02
Nc(g2>02)) betrachte man den Punkt der Geraden (7.7) mit derselben 0-Ko-
ordinate 02; dies ist ein Punkt P(02). Wegen des 4. Schritts haben (a4,0i,
jEc(a4,Ri)) und P(R2) die echte Schnitteigenschaft. Nach Hilfssatz 7.2 liegt
aber der Punkt (a2,02,/ie(a2,02)) unterhalb der Ebenen (7.5) und (7.6) mit
Steigung m = 1—cos g bzw. m = 1+ cosg> 1 in a-Richtung, deren Schnitt-
gerade (7.7) ist. Daraus folgt nach (11.8), dalk das gegebene Punktepaar die
echte Schnitteigenschaft hat, wenn 3\ /0.

Ist aber 04= 0, so folgt aus den Voraussetzungen, daR R i—\. Dann ist

i€ q2i02) = »2(1 —cos o ) nach (7.1). Weil (|, 0,0) und (O, |, 0) die Schnitt-
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eigenschaft haben, folgt also nach (11.8), daRR das gegebene Punktepaar auch
im Fall Bi —O die echte Schnitteigenschaft hat, wenn a2> 0.

Deshalb hat das gegebene Punktepaar die echte Schnitteigenschaft, wenn
nicht gleichzeitig Ri = 0, d.h. (ai,/?i) = (8,0), und (a2,/?2) = (O, f) qilt.
Weil aber in diesem Fall trivialerweise die Schnitteigenschaft gilt, ist die
Behauptung richtig.

Die Aussage des 5. Schritts ist identisch mit (11.7), womit Hilfssatz 11.1
gezeigt ist. O

12. Beweis von Satz 2

Nach allen diesen Vorbereitungen kannknun Satz 2 bewiesen werden.

E ft
Es seien also k Punkte (a,-,/*) mit j—" j gegeben, und fir ganze
Zahlen /r,v >0 mit u < 2/i gelte (5.2), .. ., (5.5).

Dann folgt aus (5.2) wegen (10.7) und (10.6)
N e e(ai, BB Ee(ai, i) <nEe(al,R"
=1 1=1

E Q< E Bi
mit Qi := i= %i - »=1
R ) R

(12.1)

so dal’ (qgi,RR]) Gconv G\.
Aus (5.3) folgt wegen Hilfssatz 7.1

n-+v pH'
22 ee{aiilli) ~ 22 he(ai™Bi) =1/he("2,/122)
e=n+i i=p+i
(12.2) H+/ I+l
B «i ) E ft
mit g2:= I=n+r , paz T= _'_:__t'_f_]_'___’

so dall g2+ /32 =\«
(5.5) is aquivalent zu

BR\ + VB2 > 7T

(12.3) D
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Wegen (5.2) und (12.3) ist entweder fi = is=0 oder /z,v ™ 0. Fir
folgt aus (12.1), (12.2) und (12.3) nach Ililfssatz 11.1

fi+n
Y ee(Qi>Ri) =tiEe(ai,Bl)+ vhe(a2,82)"

(12.4) i=i
Lz +iNtf

HCt! * yaz, flr31+: FSBZ (/b~0O),
fj, + is n is
wobei das Gleichheitszeichen an der 2. Stelle nur dann gilt, wenn (a\,/3x) =
= (f,0) und (&.,R2)—(0, f). Dann ist wegen (12.3) is—2/zund =f,

Aus (5.4) folgt wegen ee(a, B) = he(a, B) in G\ UG: nach Hilfssatz 7.1
und wegen (9.3) und (9.4)

k k
(12.5) Y ee(aiBi)A Y  nc(asif>i
«=/i+i/+] i=Ai+n+1
wobei das Gleichheitszeichen genau dann gilt, wenn Bi —| und (a,-, g) ein

Punkt der Kurve (4.4) ist fur jedes i=/z+v-f1,... k
Nun folgt wegen der Konkavitat von He(a,l3) nach (9.1)

13Qj 4-isot2 filli + isBr

(i + 1N)JTe( ok e + Y He(<*i,Ri)i
' VAL
(12.6) k k
i Q5 B
<kllr ™ -
"k ok
E ft
Weil He(a,R) in B nicht fallend ist nach (9.1), wegen | nach Voraus-
setzung und wegen (9.2) gilt weiter
k k k k
/E |Ei > iEi <m /E a.
*. ( n = fc * ! =K t -

womit (5.6) gezeigt ist.
Gilt in (5.6) das Gleichheitszeichen, so auch in (12.4), (12.5) und (12.6).
Dann wird aus (12.6) die Gleichung
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k
(12.7)(/x+p)FQ ) + Y, n<*i)=kF (p=u=0oder p,v/ 0),
iI="+1/+1

wobei (g, p) ein Punkt der Kurve (4.4) ist furi=p+v+1,... ,k

Esista,>| furi=/i+i/-f1,... k sodaB (12.7) nur fir p=v=0
maoglich ist. Im Fall p —v —Qaber ist die Giiltigkeit des Gleichheitszeichens
in (12.5) aquivalent zu (5.7). O

1. ZERLEGUNGEN DER SPHARE

13. Vorbereitungen

Satz 1 wird nun mit Hilfe von geeigneten Zerlegungen der Sphére be-
wiesen. Vom Bisherigen wird bendtigt
- die Definitionen bzgl. g-Dreiecken in 2.,
- die Aufteilung von G in Bereiche G\, G", Gs,G. gemal} 3., vgl. Fig. 1,
- die Kurve (4.4) samt der geometrischen Interpretation der entsprechen-
den Wertepaare (a,g),
- Satz 2.

Man beachte, dalR zu jedem festen g die Punkte aus G —G(g) und die
g-Dreiecke bzgl. g sich bijektiv entsprechen.

Bei einem g-Dreieck wird der Basiswinkel immer mit a... bezeichnet, der
halbe Winkel an der Spitze immer mit /?... Dementsprechend ist der a-
Winkel eines g-Dreiecks sein Basiswinkel, der 3-Winkel sein halber Winkel
an der Spitze.

Entsprechend den Voraussetzungen von Satz 1 sei also auf der Sphére
ein Kreissystem aus n kongruenten, abgeschlossenen sphérischen Kreisen
Ki,... ,Kn mit Radius g gegeben. Diese Kreise heilen im folgenden auch
Systemkreise. lhre Mittelpunkte seien 01,... ,On. Nach (1.4), (1.5) und
(1.6) kann angenommen werden, daf}

(13.1) n"4,

(13.2) 0 < g<go=arccos —,
v 7

und

die Systemkreismittelpunkte 0 1,... ,On liegen nicht alle
in einer abgeschlossenen Halbsphére.

E(K\,... ,Kn) sei wieder der von K\,... ,Kn einfach Uberdeckte Bereich
der Sphére S2.
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14. Die ~-Zerlegung

Man betrachte einen Systemkreis A,. Zu jedem Kj (j " i) sei der
GroBkreis nicht durch 0, und Oj, bzgl. dem A, und Kj symmetrisch liegen.
Hij sei die abgeschlossene Halbsphdre, die von G{j begrenzt wird und O,
enthdlt. Esist Di := fj 1l die Dirichletsche Zelle von A'. D, ist sphdrisch

konvex, weil nach (13.3) nicht alle 0, auf einem Grol3kreis liegen. Es ist
Di={X\XO0i\Z\XOj\,I<j<n}.

Die Familie {!),}"_! pflastert die Sphére S2.

Ein Kreis auf S2 mit Radius < ir heit wie Ublich Stutzkreis, wenn in
seinem Inneren kein, auf seinem Rand aber mindestens drei Systemkreismit-
telpunkte liegen. Man sieht sofort, daf die Stitzkreismittelpunkte genau
die Ecken von Dirichletschen Zellen sind. Wegen (13.3) ist der Radius
jedes Stitzkreises < ~. Die auf dem Rand eines Stutzkreises liegenden Sys-
temkreismittelpunkte spannen also ein sphérisch konvexes Polygon auf. Aus
der Konstruktion folgt, daB die Familie C = {Lj} dieser Polygone die S2
pflastert.

Verschiebt man jeden Kreismittelpunkt O, um hdchstens e, so verklei-
nert sich \E(K\,... ,A'n)| um hdochstens n2itE. Deshalb kann 0.B.d.A. ange-
nommen werden, dal C eine Dreiecksfamilie ist. AufBerdem kann angenom-
men werden

Der Umkreismittelpunkt eines C-Dreiecks L
liegt nicht auf dem Rand von L.

Nun sei Z eine Zerlegung der Indexmenge von C. Zu z € Z sei Cz :—
—{Lj Ij £z} und Sz:= |J Lj; die Familie {Sz}zeZ pflastert also S2. Es

gilt
Hilfssatz 14.1. Gegeben sei eine Zerlegung Z der Indexmenge von C.
Zuze Z seilzundSz wie oben definiert, und Cz bestehe aus kz C-Dreiecken.

Ein C-Dreieck Lj habe die Winkelsumme ujJ]. Dann ist die Ungleichung
(1.2) in Satz 1 richtig, wenn fiir jedes z 6 Z qilt

(14.2) \E(Ki,... ,A,)n Sz\<s kzF(
Gilt (14.2), so gilt das Gleichheitszeichen in (1.2) nur dann, wenn das
Gleichheitszeichen in (14.2) gilt.

Beweis. Weil n Systemkreise gegeben sind, ist die Summe der Winkel-
summen aller A-Dreiecke gleich n2n, d.h.

E E % =nar

zez jez
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E besteht aus k:=Y zeZ  E-Dreiecken. Weil diese die S2 pflastern, gilt
nach dem Eulerschen Polyedersatz

k=2(n- 2).

Aulerdem pflastert {Sz}zeZ die S2, und die Funktion F ist konkav.
Aus der Giiltigkeit von (14.2) folgt deshalb

Y. <A\j
\E(KL...,Kn\="£\E(KZL...,Kn)nSz\<Y ,MzF (2 <
£Z EZ ' 2

(14.3)

d.h. die Gultigkeit von (1.2). Aus (14.3) folgt auch die Behauptung bzgl. des
Gleichheitszeichens in (1.2). O

Zum Beweis von (1.2) ist also (14.2) zu zeigen fur eine geeignete Zer-
legung der Indexmenge von E. Eine solche Zerlegung erhdlt man folgen-
dermalen:

15. Die Graphen T, die Familien Er und die Bereiche Sr

Man betrachte die Dreiecksfamilie C—{Lj}. Die Umkreismittelpunkte
{1jy von {Lj} sind die Stiitzkreismittelpunkte, so daB fir den Umkreisradius
U(Lj) von Lj gilt, daR U{Lj)<

Zu einem E-Dreieck L... ist /... sein Umkreismittelpunkt und umgekehrt,
wobei die Indizierungen ubereinstimmen.

Eine Seite s von L € E heil3t trennende Seite von L,4 wenn gilt

(15.1) Der GroRkreis durch s trennt echt / von L
(15.2) M > e,

und

(15.3) U{L)>q.

Um nun die Indexmenge von E geeignet zu zerlegen, wird ein gerichteter
Graph Ts definiert: Seine Knotenmenge sei {/,}. Zwei Knoten 1J und lj-

4 Vgl. [8] und [9]. Hier wird aber zusatzlich (15.2) und (15.3) verlangt.
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werden genau dann durch eine von ljl nach lj. gerichtete Kante (ljl,1j2)
verbunden, wenn Ljl und Lj. eine gemeinsame Seite haben, die trennende
Seite von Ljt ist.

Ts hat folgende Eigenschaften:

Die Ausgangsvalenz eines Knotens von E5 ist
hochstens 1 (nach Definition).

(15.5) Ist gerichtete Kante von Ts, dann nicht (1#,17);

denn sonst wirde der Stitzkreis um lj. eine Ecke von Ljt im Innern enthal-
ten, d.h. einen Systemkreismittelpunkt im Widerspruch zur Definition eines
Stutzkreises. O

Wenn es in Ts eine Bahn von / nach I' gibt, folgt /* auf /, hegt | vor V
und V nach I. Mit diesen Bezeichnungen gilt weiter

(15.6) Folgt I' auf I, so ist U(L') > U(L) (folgt unmittelbar).

(15.7) Es ist zyklenfrei;

denn wegen (15.4) waére jeder Zyklus ein Kreis. Zwei seiner Knoten / und I'
folgten also jeweils aufeinander. Dann wére aber U(L*) > U(L) > U(L"). O

Nun sei E eine Zusammenhangskomponente von Ts. Die den Knoten
von E entsprechenden E-Dreiecke bilden die Familie Er, und es sei Sr :=
= |[J L= (L (vgl. 14.). Aus Hilfssatz 14.1 folgt sofort

Lecr ler

Hilfssatz 15.1. Zu einer Zusammenhangskomponente E von E5 sei Ep
und Sr wie oben definiert, und Cr bestehe aus kr C-Dreiecken. Ein E-
Dreieck L habe die Winkelsumme ul- Dann ist die Ungleichung (1.2) in
Satz . richtig, wenn fir jedes E gilt

(15.8) \E(Ki,... ,Kn)n 5r| %QkrF

Gilt (15.8), so gilt das Gleichheitszeichen in (1.2) nur dann, wenn das
Gleichheitszeichen in (15.8) gilt.

16. Die Zusammenhangskomponenten E, bei denen Cr
ein Dreieck L enth&lt mit |s| ~ g fir jede Seite s von L

HILFSSATZ 16.1. Sei E eine Zusammenhangskomponente von Ts so, daf
Er ein Dreieck L enthalt mit |s| <gfir jede Seite s von L. Dann ist (15.8)
richtig mit dem <-Zeichen.

Beweis. Es sei also L £ Cr so, dal fiur jede Seite s von L gilt |s| < g.
Wegen (15.2) ist dann | Senke von E. Wenn es eine Kante (/',/) in E gibt,
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so hat L' eine trennende Seite s' mit |s'| > g und s' ist auch Seite von L im
Widerspruch zur Voraussetzung. Deshalb ist Sr —{A}. Weil L von jedem
Systemkreis um seine Ecken Uberdeckt wird, gilt E(K\,... ,Kn)flL = 0.
O

17. Die Zusammenhangskomponenten T, bei denen Cr
ein Dreieck L enthdlt mit U(L) <g

Hilfssatz 17.1. SezT eine Zusammenhangskomponente von Ts so, daf
Cr ein Dreieck L enthalt mit U(L) <g. Dann ist (15.8) richtig mit dem <-
Zeichen.

Beweis. Es sei also L € Cr so, daB U(L) < g. Nach (15.3) ist dann |
Senke von T. Wenn es eine Kante (I',1) in T gibt, so ist U(L') >g und nach
(15.6) ist U(L) > U(L") im Widerspruch zu U(L) < g. Deshalb ist SV = {L}.

O.B.d.A. sei L=0:0:0s. Weil LC ATt UA2UAS, ist E(K\,... ,A") Tl
filc E(K\, A2, A3) fIL. |[E(A'l, A2, A3) fl L\ wird echt vergrolert, wenn g
verkleinert wird bis zu g = U(L). Deshalb wird jetzt \E(K\, A2, 7v'3)nA| nach
oben abgeschétzt fir g = U(L). Man beachte, dal nach (14.1) gilt I*dL.

Gilt 16 A°, so zerlegen die Strecken 10, das Dreieck L in drei g-Dreiecke
Am (m = 1,2,3) mit den a-Winkeln am und den /AWinkeln s m (vgl. 13.).
Es ist si + s2+ 16s = «. Sind alle g-Dreiecke Am breit, so erfillt also die
Punktmenge {(am,/3m)}m=i d*e Voraussetzungen von Satz 2, mitp — —
= 0. Ist aber ein g-Dreieck schmal, so ist sein /3-Winkel < d.h. hochstens
eines der g-Dreiecke ist schmal, z.B. Ai. Weil dann /2 =4, Rz =f, gilt
(62,A),(63,A) € G] UG2. Die Punktmenge {(om,/3m)}m=i erfillt also
ebenfalls die Voraussetzungen von Satz 2, mit p =1, v=2.

Am wird von den beiden Systemkreisen um seine Basisecken mit Radius
g—U(L) Uberdeckt. Nach (2.4) und (2.5) ist deshalb \E(A'l, a2, a'3) fl L\ —
=S I£’(Mi) k2,Ks)HAmM| < 532ee(am,Bm), und nach Satz 2 ist

m m

2f£ «,(am,fe)<6f(aita3 +a3).

m

(15.8) qilt also im Fall /€ L°.

Ist aber I A, so sei s die Kante von L so, daR der GroRkreis durch s
echt 1 von L trennt. O3 sei die s gegenulberliegende Ecke von L. Das Lot
von O3 aus auf s habe den FuBpunkt F; es zerlegt L in zwei Dreiecke Am
(m=12) mit 0,,, €A,,,.

\E(K\, A2, A3) fl Aj| wird folgendermalRen abgeschétzt: Das Lot von |
aus auf 0103 schneidet den Rand von Aj auBer in 0103 im Punkt S\, wobei
S\ € s oder 5i € FOs (siehe Fig. 8 und 9). Es sei g\ :=|5i03] < g. Dann
ist 510103 ein g-Dreieck bzgl. g\ und Ai\5i0 iU3 kann als die Hélfte eines
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g-Dreiecks bzgl. gx mit Spitze 5i aufgefalit werden (das fiir Sx=F entartet
ist).

Fig. 8 Fig. 9
Es ist

E{KUK2,K3)n $X0 X0: CE{KXK3)n5X>;:C
C E(KRI(Ox), Kei(Os)) fl $10:0s.

Um |[£(A1,A2A3)n(Ai\5i0i03)| abzuschatzen, betrachte man zunachst
den Fall 5i Gs. Dann ist Aj\ S\0\0: = SxFO: C A3, und abzuschdatzen
bleibt ISXF0s\ (A'i U/i'2)1. Seien 05 und V das Spiegelbild von Os und I bzgl.
s. Es ist VGdKi fldK2und VGdKe(0'z). Deshalb ist Si1FOs \ (KxUK?2)C
CSiFO:\K (o "9c SiFos \ Kei(03)= E(Kei(03), ))n SxF 0 3.

Ist aber S\ GFO3, soist Ai\ S:0:0; = S\FO\ C Kx, und abzuschéatzen
bleibt |5iF0i \ A3|. Seien O[ und V das Spiegelbild von Ox und / bzgl.
O:F. Esist VGdKs und VGdKo{O[). Deshalb ist SXFOx\ Ks C SxFOx\
\ Ke(0[)c SXFOX\ K M ) = E{KeAO1), K M x))r) SxFOXx.

Nun seien ax,Rx der a- und /AWinkel von 510103, und a.,B- seien
der Q- und /3-Winkel von 510303 bzw. von SxOxO[. Dann ist Bx+ Bx+
+ 2 = n, und zu gx erfillt die Punktmenge {(Qi, BX), (gi,BX), (a2,2)} die
Voraussetzungen von Satz 2. Deshalb gilt nach (2.4), (2.5) und Satz 2, daR
\E(KX K2, K3)n Ail = [E(KXK2,K3)nilOrOal + \E(KXK2,K3)n (Ax\
\ SXOx0 3)\ < 2eei(au Bi) + e*i(«2,ft) » 3A(°i+°i+°2).

Weil fur \E(KX K2,7'3)0 A2l eine analoge Abschatzung gilt, folgt aus der
Konkavitat von F, daB \E(KX K2,Ks:) fl L\ <¢F ("), wenn u>i die Winkel-
summe von L ist. (15.8) gilt also auch im Fall 1" L.

Weil zu Beginn des Beweises das gegebene g verkleinert wurde zu p =
= U(L) und dadurch |£(A1i, A2, A'a)nL\ echt vergroBert wurde, gilt in (15.8)
sogar das C-Zeichen. O
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18. Die Zusammenhangskomponenten T, bei denen fiir jedes Dreieck
L ECr gilt, dal L eine Seite s mit |s| > g besitzt, und dall U(L) > g

18.1. Geknickte g-Dreiecke

In Anlehnung an 2. und 13. wird folgende Bcgriffsbildurig zweckmaRig
sein: Auf der Sphére sei ein Viereck C:A:1C2A> so gegeben, daB es von C:C:
in zwei kongruente Dreiecke zerlegt wird, dal der Innenwinkel bei C. groRer
als f sei, und daR |AIC21 ~ g und |AiCi| ~ f. Ein solches Viereck heile
geknicktes g-Dreieck (bzgl. g). A\ und A: heillen Basisecken, C\ Spitze, C.
Gegenspitze und C:C. Diagonale des geknickten g-Dreiecks. Der Winkel bei
A\ oder A: heille Basiswinkel.

Auch der Basiswinkel eines geknickten g-Dreiecks wird immer mit a...
bezeichnet, so dal} der a- Winkel eines geknickten g-Dreiecks sein Basiswinkel
sei. Der halbe Innenwinkel in der Spitze und der halbe Innenwinkel in der
Gegenspitze eines geknickten g-Dreiecks wird immer mit ... bezeichnet; jeder
solche Winkel heif3t B- Winkel, so daB ein geknicktes g-Dreieck zwei /3-Winkel
besitzt.

Analog zu (2.4) sei flr ein geknicktes g-Dreieck mit den Basisecken Ai, A:

(18.1) ee(A) := \E(Ke(A\), Ke{A:z)) n A| fir geknickte g-Dreiecke.

Jedem geknickten g-Dreieck lassen sich folgendermafRen zwei breite g-
Dreiecke zuordnen.

Hirtfssatz 18.1. Zu jedem geknicktem g-Dreieck A gibt es ein breites
g-Dreieck A: und ein breites entartetes g-Dreieck A" mit

Die Summe der a-Winkel von A" und A" ist gleich dem a-Winkel von A.

(18.2) Die Summe der B-Winkel von A" und A" ist gleich
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der Summe der B-Winkel von A.

Der 3-Winkel von A" ist groRer als der B-Winkel

(18.3) von A an der Spitze.
(18.4) A’ und A" entsprechen Punkten von G\ (vgl. Fig. 1).
(18.5) ee{A) =ee(A") =el(A") +ee{A").

Beweis (siehe Fig. 10). Sei A ein geknicktes g-Dreieck mit a-Winkel
a und den beiden B-Winkeln R\ und R2. A\ sei eine Basisecke und C: die
Gegenspitze von A. A' sei das gleichschenklige Dreieck mit Basiswinkel a
und mit |A'| = |A]. Weil bei einem geknickten g-Dreieck \AiC2\> g gilt, ist
A' ein breites g-Dreieck, das einem Punkt aus G\ entspricht. Weil A" und
A denselben a-Winkel haben, ist also ec(A') = ee(A). Wegen |A'| = |A] ist
der /3-Winkel von A" gleich R\ + B2 - daraus folgt (18.3).

A" sei ein entartetes breites g-Dreieck, d.h. mit o-Winkel 0 und /3-Winkel
\'. Es ist ee{A") = 0.

A' und A" erfullen dann zusammen die Behauptung von Hilfssatz 18.1.
L]

18.2. Die Polygonfamilie T>r

Nun werden also die Zusammenhangskomponenten P von Ts betrachtet,
bei denen fiir jedes Dreieck L 6 Cr gilt, daR L eine Seite s mit |s| > g besitzt,
und dal U(L) >gist. Zun&chst bemerken wir

Hilfssatz 18.2. Jede Zusammenhangskomponente P von ist ein
Baum mit genau einer Senke, und jede Quelle von P wird mit der Senke
durch eine Bahn verbunden.

Beweis. Dies folgt aus (15.7), (15.4) und (15.5). O

o Systemkreis-
mittelpunkte

Fig. 11
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Fig. 12

Zu jeder Quelle von T betrachte man die sie mit der Senke verbindende
Bahn und durchlaufe sie rickwarts, d.h. von der Senke ausgehend. Dabei
verbinde man jeden Knoten von T mit den Ecken des zugehdrigen Cy-
Dreiecks (wegen (14.1) liegt kein Knoten von T auf dem Rand des zugehdrigen
Ep-Dreiecks). Dann entsteht zusammen mit den nicht trennenden Seiten
von Ep-Dreiecken eine Polygonfamilie Vy, die 5r pflastert, siehe Fig. 11.
Die Polygone von Vy sind entweder gleichschenklige Dreiecke - die Basis
ist dann eine nicht trennende Seite von Cy, die zwei Basisecken sind Sys-
temkreismittelpunkte und die Spitze ist ein Knoten von T — oder Vierecke
— 2zwei Ecken des Vierecks sind Systemkreismittelpunkte und Ecken einer
trennenden Seite von Cy, die anderen beiden Ecken sind Knoten von T und
die ihnen zugeordnete Kante von T zerlegt das Viereck in zwei kongruente
Dreiecke und weist von der Ecke mit Innenwinkel > 7 zur Ecke mit Innen-
winkel < 7T Weil der Radius jedes Stiitzkreises < | ist nach (13.3), und weil
U(L) » g nach Voraussetzung, sind die Dreiecke von Vy g-Dreiecke und die
Vierecke geknickte g-Dreiecke. Vy ist also eine Familie aus g-Dreiecken. Aus
allem diesem folgt unmittelbar

Hirfssatz 18.3. SeiT eine Zusammenhangskomponente von Ts so, daf}
fur jedes Dreieck L € Cy gilt, daB L eine Seite s mit |s| > g besitzt, und daR
U(L) ~ g. Dann laRkt sich Sy in eine Familie Vy von g-Dreiecken zerlegen
(Fig. 11), und es ist

(18.6) \E(K1,...,Kn)OSy\ = Y, \E(Ki,...,Kn)DA\. O
Ael>r

Hirtfssatz 18.4. Cy bestehe aus ky C-Dreiecken, und ein C-Dreieck L
habe die Winkelsumme uiy. Dann gilt

(18.7) Die Summe der a-Winkel aller A 6 Vy st Z?G'u L.
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(18.8) Die Summe der B-Winkel aller A € Pp ist itk O

Hilfssatz 18.5. Jeder Knoten von T inzidiert mit genau 3 g-Dreiecken
von T>p. Jedes schmale oder breite g-Dreieck von Vp inzidiert mit genau 1
Knoten von T, jedes geknickte g-Dreieck inzidiert mit genau 2 Knoten. Die
Kanten von T sind genau die Diagonalen der geknickten g-Dreiecke. O

18.3. Eine Abschatzung von \E(K\,... ,Kn)fl A| fir A€Vp

HILFSSATZ 18.6. Fir jedes g-Dreieck A € Pr sei ec(A) gemal (2.4) bzw.
(18.1) definiert. Dann gilt

(18.9) \E(K\,... ,A'n)nA|<e*(A).

Beweis. Als erstes sei A ein geknicktes g-Dreieck von Pp. A wird durch
eine T-Kante (I',1) in zwei kongruente Dreiecke zerlegt mit den Ecken Oi

bzw. O:- Il ist die gemeinsame Seite der konvexen Dirichletschen Zellen
zu Oi und O:- Deshalb ist A\ (K\ UK2) fremd zu jedem Systemkreis, so
dal E(Ki,... ,KnN\TA C E(Ki, K2)DA, und nach Definition von ee(A) gilt

(18.9) fiir geknickte g-Dreiecke.

Nun sei A ein nicht geknicktes g-Dreieck von Pp- Dann gilt nach Def-
inition von Pp, daB A = 10\02, und 0\0: ist keine trennende Seite von
Ep. Es sei D :=An dK\ fldK 2, falls dieser Punkt existiert, sonst sei D der
Mittelpunkt von 0\02. Fir D =1 ist offensichtlich E(K\,... ,Kn)flA C
C E(Ki, Kz2)n A und (18.9) gilt nach Definition von ec(A). Deshalb sei im
folgenden D " 1.

Nach Definition von Pp ist | Umkreismittelpunkt eines Ep-Dreiecks, das
auf derselben Seite von 010 2liegt wie I. AuBerdem gibt es ein E-Dreieck L' =
= 0:0:0s, das nicht auf derselben Seite von 0i0 2 liegt wie I; sein Umkreis-
mittelpunkt sei | . II' ist die gemeinsame Seite der konvexen Dirichletschen
Zellen zu 01und 0 2. Ist also ID CII', so ist A\ (K\ U/f2) fremd zu jedem
Systemkreis, d.h. es ist E{K\,... ,Kn)fl A C E{K\, A2)fl A und (18.9) gilt.

Es bleibt der Fall zu betrachten, dalR V echt zwischen / und D liegt.

Als erstes sei A breit, d.h. |0i02>g. Es gilt U(L") =\I'O\\> g, so daR
die Seite Oi02von V nach (15.1), (15.2) und (15.3) trennende Seite von V
ist. Deshalb ist (/',/) Kante von Tund 0i0 2 ist trennende Seite von Ep im
Widerspruch zu oben. Fir breite g-Dreiecke liegt also /' nicht echt zwischen
| und D.

Nun sei A schmal (siehe Fig. 12). Es gilt A =/0i/'02U/'0i02. Weil II'
die gemeinsame Seite der konvexen Dirichletschen Zellen von 0 Lund 0 2 ist,
gilt E(KU..., Kn)n IOfi'O2= (7vj UK2)n 10JO 2.

Um \E(Ki,... ,Kn)fl1'0i02\ abzuschéatzen, wird I'OCiOz (i = 1,2) be-
trachtet. Es sei Di ;=10 03 Gdk'i HdK3. Nun gilt fir die Kreisbogen

DD\,DD.,D\D2, da \DXD2\ <\DDi\ + \DD?2\, wie man folgendermalien
einsieht:
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Diese Ungleichung ist offensichtlich richtig, wenn DD iD 2 einen Umkreis-
radius U(DD\D2) <g hat. U(DD\D2) < g ist klar, wenn der Umkreismit-
telpunkt von DD\D: auf derselben Seite von D\D: hegt wie D. Sonst aber
sei Bi (i = 1,2) der Punkt auf dem Lot von 0\0: durch O,, auf dersel-
ben Seite von 0\0: wie | und im Abstand g zu 0;. Man Uberlegt, daf
U(DB\B2) <g. Der Umkreis von DB\B: enthélt Di, D im Inneren, so daR

auch in diesem Fall U(DD\D2) <g ist. Deshalb gilt also ID1D2I ~ \DD\\ +

+\DD2\
Deshalb gilt fir 1'0,03, daB £ \E(K,, Ks)nl'0,03\i Z [(A\UA'3)n
1512 1512

n1'0,03\ d,0,031<I(K\u k2)nio o2\ d o xo 2|

Weil I' Mittelpunkt des Stitzkreises durch 01, O2 und O3 war, gibt es
einen Punkt /" auf I'Di, der ebenfalls Mittelpunkt eines Stiitzkreises durch
Oi und O3 ist (i = 1,2). Gilt /'D, CI'l", so ist 1'0i03\ (K, UK3) fremd
zu jedem Systemkreis, d.h. es ist E(K1,... ,Kn)0 I'0{0s C E(K{, K3)fl
n/'0,03,s0daB IE{KU... ,KAnl'0,0" <1212\E{KU... ,Kn)nl'0,03\<

< 1—212\E(K" I8yn1'0,03\< |[(AlUK2)n1'0i0.\ DO102I und insgesamt

\E(Ki,... ,Kn)Q\A| ~ ec(A). Ansonsten wiederholt man die oberen Uber-
legungen endlich oft und erhalt ebenfalls diese Abschatzung. Deshalb gilt
(18.9) auch fur schmale Dreiecke. O

Beim Beweis von Hilfssatz 18.6 wurde mitbewiesen

Hilfssatz 18.7. Es sei A € Dp ein geknicktes oder breites g-Dreieck,
und K\, K. seien die beiden Systemkreise um die Basisecken von A. Dann
ist A\ (K\ UK?2) fremd zu jedem Systemkreis. O

Wegen (18.6) und (18.9) ist also

\E(Ki,... ,Kn)n5r|= J2 \E(Ki,... ,An)flA| < 5" ctf(A).
&evr Ae>r

Um mit Hilfe von (2.5) und Satz 2 die gewiinschte Abschéatzung zu erhalten,
missen die geknickten g-Dreiecke aus Dp eliminiert werden — was prinzipiell
mit Hilfssatz 18.1 méglich ist —, vor allem aber mussen die Voraussetzun-
gen von Satz 2 erflllt sein — was im allgemeinen nicht gegeben ist. Deshalb
wird in 18.6 die Dreiecksmenge Vp in eine geeignete Dreiecksmenge £p trans-
formiert werden, mit Hilfe der Verschiebungsoperation V von 18.5 und der
Quellenoperation Q von 18.4:

18.4. Die Quellenoperation Q

Auf Vp wird eine Quellenoperation Q eingefiihrt. Sie soll bewirken, daR
eine Quelle von T mit héchstens einem schmalen g-Dreieck inzidiert. Es gilt
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Hilfssatz 18.8. | sei eine Quelle von r, die mit zwei schmalen g-
Dreiecken Ai = 10:0s und A2 = 10:0s; von T>y inzidiere. Dann inzidiert
| auBerdem mit einem geknickten g-Dreieck A3 = 1'0il0. von T>1-

Dann gibt es Punkte Q(I) und Q(03) so, daR gilt

1810 Al) = 0lC?(° 3 und
( ) (3) )— 1'0 &)(I)Oz(smzj g- ?I)relecke und Q(AI) |st breit.
Q sei die Operation, die in T die Dreiecke A, durch Q(A,) ersetzt
=1,2,3).
Q(l) und Q(Os) kénnen aullerdem so gewdhlt werden, daB weiter gilt

Die Operaiion Q lakt die Summe der B-Winkel konstant,

(18.11) die Summe der a-Winkel wird hochstens verkleinert.

(18.12) £ *(A)S £ *.(A).
AeDr AeQ(t>r)

Beweis. Die Quelle | von T inzidiere also mit den drei g-Dreiecken
Ai, A2, A36Vp, wobei Ai =/0i03und A2 = 10:0: schmal seien. Deshalb
ist der B-Winkel an der Spitze von Ai und A2 jeweils < (vgl. Fig. 1), so
daB A3 geknickt ist, d.h. Az = 1'0 ilo 2.

Das | zugeordnete £-Dreieck ist 010203, so daR nach (15.2) und (15.3)
gilt, dalk |Oi021 > Qund U{o io 203 )" g.

H sei die von 0102 begrenzte abgeschlossene Halbsphéare so, daR / GH .
Es sei Q(I):=1IndK\ fldliz und Q(03) := O2.

Daraus folgt sofort (18.10), und daB Q die Summe der /1-Winkel konstant
1akt. Dal Q die Summe der a-Winkel hochstens verkleinert, folgt deshalb
aus 1QQ)o 03 UQ(/)020 3| <\Q(1)0iQ(03) UQ(1)0.Q(03)|.

Sei Di 11 DdK\ Ddli's, D2 := Il fldli- DOKs . Dann gilt fir die Kreis-

bogen DiD2, D\Q(l), D.Q{1) wie beim Beweis von Hilfssatz 18.6 (siehe

Fig. 12), dak \DiD2\* \DiQ(D\ +\D:Q(I)\. Deshalb ist etf(A3) -fei (Ai) +
+ec(A2) <I(Ki UK2)n 1'0i Q{1)02\= ef(Q(A3)), d.h. (18.12) gilt. O

Die Operation Q wurde bzgl. einer festen Quelle / definiert, d.h. Q = Qi.
QI beeinfluf3t nur die mit | inzidierenden g-Dreiecke, und diese inzidieren mit
keiner anderen Quelle. Deshalb I8t sich Q nacheinander bzgl. jeder Quelle
anwenden, die mit zwei schmalen g-Dreiecken inzidiert.

18.5. Die Verschiebungsoperation V

Auf Vr wird eine Verschiebungsoperation V definiert. Sie soll bewirken,
dal einem schmalen g-Dreieck von Dp ein geknicktes g-Dreieck so zugeordnet
wird, dall die Summe ihrer /3-Winkel > 7 ist.

Is sei die Senke von T. Es sei | Is ein Knoten von T, der mit einem
schmalen g-Dreieck A = 10:0: inzidiert, siehe Fig. 13. Wegen |/ Is gibt
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es eine Kante (1,1') von T, die Diagonale eines geknickten g-Dreiecks A' ist,
wobei 0.B.d.A. A'=1'0\103 / inzidiert auBerdem mit genau einem weiteren
g-Dreieck A". A" hat 7, 02, 03 als Ecken, und A" ist genau dann geknickt,
wenn | keine Quelle ist. Die Operation V soll in Pp die g-Dreiecke A' und
A" durch gewisse g-Dreiecke V(A') und V"A") ersetzen. Die /3-Winkel von
A und A' seien mit 8, B\, /32 bezeichnet wie in Fig. 13.

Ist dann 3+ /?i + /32" T, s0 sei V(A") := A", V(A") .= A".

Ist aber B+ R\ + /32< 7, soist x - (B Rx)>R2. Deshalb gibt es einen
Punkt V(I) echt zwischen | und /' so, dalR <OiV(l)I —n - (R -fR\). Es sei
V'(A") ;= V(1)OilOz. Die Operation V liefert also zu dem schmalen g-Dreieck
A ein geknicktes g-Dreieck V(A') so, dall die Summe ihrer /3-Winkel ~ x ist.

Wegen [M(/)01] > \IOR kann man das geknickte g-Dreieck FOIM(/)63
schrumpfen lassen zu einem geknickten g-Dreieck 70\V(1)0”" so, da 0 1G
£ V()Oi, M(/)011= |/Oil, und daR der a-Winkel gleich bleibt; der R-Winkel
an der Spitze wird daher kleiner. Verschiebt man nun I 0\V(I)0” so, daf}
V(1) mit I und 0\ mit 02 zusammenféllt und vereinigt dann mit A", so
erh&lt man ein g-Dreieck V(A"), das wie A" schmal, breit, oder geknickt ist.

Man erreicht daher

(18 13) Operati°n V 1aBt die Summe der a-Winkel konstant,
die Summe der B-Winkel wird hdchstens verkleinert.

Die Operation V 18Rt die Anzahl der schmalen, breiten

18.14
(18.14) und geknickten g-Dreiecke jeweils konstant.

Aus Pr entstehe durch V die Menge F(Pf). Dann gilt weiter

(18.15) £ ee(A) = eff(A),
AePr AeU(Dr)
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wenn A" geknickt ist oder wenn A" einem Punkt aus G\ UG2 entspricht.
Die Gleichung (18.15) gilt aber — leider — nicht, wenn A" einem Punkt aus
G3UG. entspricht.

Die Operation V wurde bzgl. eines festen Knotens / definiert, d.h. V =
—Vi, A=A/, A'= A; und A" = A". V beeinfluf’t nur AJ und A". Inzidieren
Knoten I\~ Is und /27*Is mit einem schmalen g-Dreieck, so 143t sich also
VIAVtA'Dr)) bilden, wenn /1 und /2 durch keine Kante von T verbunden sind.
Vh (Vh {Vr)) laikt sich aber auch dann bilden, wenn (/2,/i) Kante von T ist;
man setze dann A|2:= Vil(A'}).

Einen gewissen Ersatz fur (18.15) im Fall, da® A" einem Punkt aus G3
entspricht, liefert

Hilfssatz 18.9. Sei L1 eine Quelle von T, die mit einem schmalen und
einem breiten g-Dreieck inzidiere. B sei eine von I\ ausgehende Bahn von
T, mit den Knoten /1,/2,-. -,Im (m > 1) in natlrlicher Reihenfolge; jeder
Knoten von B inzidiere mit einem schmalen g-Dreieck, und es sei Im 7 13,
der Senke von T. Vs sei die Menge der g-Dreiecke von Vp, die mit einem
Knoten von B inzidieren, SB sei ihre Vereinigung.

Wendet man dann — von Im ausgehend — successive in jedem Knoten
von B die Operation V an, so daR man eine g-Dreiecksmenge

vh (yiA---Vim{VR)...))

erhélt, so gilt

(18.16) \E(Ku ..., Kn)nSB\< Y, er A)°
Aev,10M2(...v;m(DB)...))

Fig. 14
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Beweis. /i sei also Quelle von T, B sei eine von /j ausgehende Bahn mit
den Knoten /1,... ,Im (m >1) in natirlicher Reihenfolge, und es sei Im”* Is,
der Senke von T. Nach Voraussetzung inzidiert jeder Knoten Ij mit einem
schmalen g-Dreieck aj (j = 1,... ,m). Wegen Im” Is gibt es eine Kante

1) von T. Die beiden Knoten Ij,Ij+\ (j =1,... ,m) inzidieren mit
einem geknickten g-Dreieck As j+i. /j inzidiert nach Voraussetzung aufler
mit Ai und Al12 mit einem breiten g-Dreieck Aoi- Ai habe die Basisecken
00und Oi, Aoi habe die Basisecken O und 00 Dann ist O auch Basisecke
von Al2.

Zunéchst nehme man an, dall O Basisecke aller Aj j+1sei (j =2,... ,m),
siehe Fig. 14. Die andere Basisecke von Aj j+i sei Oy Seij > 1.

Wegen Hilfssatz 18.7 ist Ol:lj+i \ K fremd zu jedem Systemkreis. Des-
halb ist \E(Ki,... ,Kn)fl0 Ij/j+11< 10 Ij Ij+1fl K\ Kq\

Ebenso ist \E(K\,... ,K,,) flOj lj+i\~ 1 I:L:+1fl \ Aj_11 Der
Kreis um durch Oj_i ist ein Stitzkreis und enthélt also keinen Sys-
temkreismittelpunkt im Inneren, so dal \IjO3"\\ < |/jOo|. Weil A: schmal
ist und Aoi breit, gilt auBerdem \0:-iOj\ <\OqO\. Deshalb gilt weiter
\Qj lj lj+i fIKj \ Kj-i I< D lj/j+i DA\ Ao|.

Aus beidem zusammen folgt

\E(Ki,... ,An)n Aj j+il< 2/Oljlj+1HA \ Ko\-

Wendet man nun die Operation V successive bzgl. 1,... ,/1 an,
so sieht man, daR (18.16) auch dann gilt, wenn AOQi einem Punkt aus Gs
entspricht.

SchlieBlich tberlegt man, daB im allgemeinen Fall die Dreiecke von VI
so umgelegt werden konnen, dalR alle geknickten g-Dreiecke durch O gehen,
und daR das einfach Bedeckte in aj j+i dann erst recht mit Hilfe von K\K o
abgeschatzt werden kann. O

18.6. Die Polygonfamilie £p

Ziel von 18. ist, \E(K\,... ,/i,,)n5r| abzuschétzen fir die in 18. be-
trachteten Zusammenhangskomponenten T. Wegen (18.6) und (18.9) ist
\E(KU... AM)n5r| ~ ee(A)- Dabei besteht T>r aus breiten, schmalen

Aer»r
oder geknickten g-Dreiecken. Jedem schmalen oder breiten g-Dreieck ent-

spricht durch G- und R-Winkel ein Punkt (a,R)€ G=G\UG2UO3UO04
(siehe Fig. 1).

Pp wird jetzt in eine Familie £r nur aus breiten oder schmalen g-Drei-
ecken transformiert. Dabei sollen die g-Dreiecke von ~ Punkten (a,/3) ent-
sprechen, die die Voraussetzungen von Satz 2 erfillen.

Folgende Definition wird bendétigt: Seien Ai,... , Al- nicht geknickte g-
Dreiecke mit R-Winkel Ri,... ,Bk, und seien Aj,... , Ar geknickte g-Dreiecke
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k 2r

mit B-Winkel B[, mmm 3'2r- Dann ist 1k+2rl der mittlere B-Winkel der
Dreiecke Ai,... ,A- Aj,... ,AT.
Es gilt

Hilfssatz 18.10. T sei eine Zusammenhangskomponente, bei der fir
jedes Dreieck L £ Cr gilt, dal L eine Seite s mit |§ > g besitzt, und dal
U(L) > q. Es sei kr die Anzahl der C-Dreiecke von Cr, und T>r sei wie in
18.2 definiert.

Dann gibt es eine Menge aus 3kr schmalen oder breiten g-Dreiecken
mit

Die Summe der a-Winkel von £r hst hochstens kleiner als die von T>r,
(18.17)

die Summe der B-Winkel von ist hochstens kleiner als die von T>r-

(18.18) \E(KU... ,Kn)nSr| < £ eefA).
AGPp

AuBerdem laRt sich zerlegen in eine Menge sf- nur aus breiten g-
Dreiecken und in eine Menge die hochstens doppelt so viele breite wie
schmale g-Dreiecke hat. Der mittlere B-Winkel von £p ist ~ A, und die
breiten g-Dreiecke von £p entsprechen Punkten (a,R) GGr UG2

Beweis. Der Beweis verwendet

— Verschiebungsoperationen V nach 18.5,

— Quellenoperationen Q nach 18.4 und

— Zerlegungen von geknickten g-Dreiecken in zwei breite nach Hilfssatz
18.1.

Sei 14 eine Quelle von T, und auf Vr seien in Knoten /.. 74 Ver-
schiebungsoperationen Vi angewandt. In der Menge i (...VV/ (Dr)---)
kann dann das geknickte g-Dreieck mit 14 als Gegenspitze Ergebnis von Ver-
schiebungsoperationen sein. Auch dann kann eine Quellenoperation bzgl. 4
angewandt werden, weil Hilfssatz 18.8 offensichtlich auch nach der Ersetzung
von T>r durch Vi (...\] (Vp)...) gilt.

Die Zusammenhangskomponente F wird in Hilfssatz 18.2 beschrieben.

Die Anzahl kr der E-Dreiecke von Cr ist gleich der Anzahl der Knoten
von T. Der Baum T hat somit kr Knoten und kr —1 Kanten. Weil nach
Hilfssatz 18.5 die Kanten von T genau die Diagonalen der geknickten g-
Dreiecke sind, hat Vr genau kr —1 geknickte g-Dreiecke. Weil ebenfalls
nach Hilfssatz 18.5 jeder Knoten von T mit genau drei g-Dreiecken inzidiert,
und jedes geknickte g-Dreieck mit genau zwei Knoten, jedes nicht geknickte
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g-Dreieck mit genau einem Knoten, hat Pp auflerdem genau fop + 2 nicht
geknickte g-Dreiecke.
Deshalb folgt aus (18.8)

(18.19)

Verschiebungsoperationen und Quellenoperationen lassen die Anzahl der
geknickten und der nicht geknickten g-Dreiecke jeweils konstant. Entsteht
also £p aus Pp durch Verschiebungsoperationen, Quellenoperationen und
Zerlegung geknickter g-Dreiecke in zwei breite gemaR Hilfssatz 18.1, so be-
steht £p aus 3fcp schmalen oder breiten g-Dreiecken, wie behauptet. Wegen
(18.13), (18.11) und (18.2) gilt dann auBerdem die Behauptung (18.17).

Besitzt nun Pp hochstens zwei breite g-Dreiecke, so bestehe £p aus den
breiten g-Dreiecken von Pp mit /J-Winkel < j, und £p bestehe aus allen
schmalen und zerlegten geknickten g-Dreiecken von Pp und aus den breiten
g-Dreiecken mit R-Winkel >  die breiten g-Dreiecke von £p entsprechen
dann wegen (18.4) bzw. wegen ihres /3-Winkels >| Punkten aus G\ UG2.
Dann ist wegen (18.19) fir £p der mittlere /3-Winkel > f ,und sf hat hochstens
2(fcp —1) + 2 breite g-Dreiecke und mindestens kp schmale g-Dreiecke. Fir
£r := £pUfp folgt (18.18) aus (18.6), (18.9) und (18.5). Deshalb erfullt £p
die Behauptung von Hilfssatz 18.10.

Es wird also im folgenden angenommen, dal Pp mindestens drei breite
g-Dreiecke besitzt.

T ist ein Baum mit genau einer Senke Is. Die Eingangsvalenz von Is
sei s. Ist 5= 0, so besteht Pp genau aus den drei mit 4 inzidierenden
breiten g-Dreiecken, und mit £p :=Pp, £p := 0 gilt Hilfssatz 18.10.

Es sei also im folgenden 17 s<3.

Ein von Is verschiedener Knoten von T mit Eingangsvalenz 2 heiRe
Verzweigungsknoten, ky sei die Anzahl der Verzweigungsknoten. Ein von
Is, von einem Verzweigungsknoten und einer Quelle verschiedener Knoten
heiBe gewohnlicher Knoten, er hat Eingangs- und Ausgangsvalenz 1.

Die Anzahl der Quellen von T ist s + Ai/. Eine Quelle kann mit 0, 1 oder
2 breiten g-Dreiecken inzidieren und heil3t dann vom 0., 1. bzw. 2. Typ, die
Anzahl der entsprechenden Quellen von T sei kQo, kQ\ bzw. kQ2. Damit ist
s - ky = kQo +kQi +kQ: oder

(18.20) s —kQi — kQ: + ky + kQ: = kQo.

Gesucht wird die Anzahl der geknickten g-Dreiecke, deren Gegenspitze
nicht mit genau einem schmalen g-Dreieck inzidiert: Weil jede Quelle vom O.
Typ mit einem solchen geknickten g-Dreieck inzidiert, gibt es also &qo davon.
Weitere fcgo erhdlt man mit Hilfe von (18.20) folgendermallen: Weil P r nach
Voraussetzung mindestens drei breite g-Dreiecke hat, hat Pp mindestens s
breite g-Dreiecke, die nicht mit Is inzidieren. Deshalb hat Pp mindestens
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s — i —2&QP Dbreite g-Dreiecke, die mit gewdhnlichen Knoten inzidieren.
Weil jeder gewohnliche Knoten, jeder Verzweigungsknoten und jede Quelle
Gegenspitze eines geknickten g-Dreiecks ist, folgt also aus (18.20)) die Exis-
tenz weiterer kQo geknickter g-Dreiecke, deren Gegenspitze nicht mit genau
einem schmalen g-Dreieck inzidiert. Also gilt

v r hat mindestens 2i.qo geknickte g-Dreiecke, deren Gegenspitze
nicht mit genau einem schmalen g-Dreieck inzidiert.

Als Senke ist Is nicht Gegenspitze eines geknickten g-Dreiecks. Weil der
RB-Winkel eines schmalen g-Dreiecks < \ ist (vgl. Fig. 1), ist also Is Spitze
von hochstens einem schmalen g-Dreieck. Dementsprechend werden zwei
Falle betrachtet:

1. Fall. Die Senke Is von T inzidiert mit keinem schmalen g-Dreieck.

Es sei Ig\ eine Quelle von T, die mit genau einem breiten g-Dreieck inzi-
diere. Es gibt genau eine Bahn von Igi nach Is', B sei die l&ngste Bahn
mit Anfangspunkt Iqgi, bei der alle Knoten mit einem schmalen g-Dreieck
inzidieren. Wie in Hilfssatz 18.9 sei VR die Menge der g-Dreiecke, die mit
einem Knoten von B inzidieren, und es sei SR ihre Vereinigung. Man durch-
laufe nun B rickwaérts, d.h. von seinem Endpunkt ausgehend, und wende
in jedem Knoten von B die Verschiebungsoperation an. Jedem schmalen g-
Dreieck von VR wird dadurch ein geknicktes g-Dreieck zugeordnet so, dal
ihr mittlerer />-Winkel > ~ ist, und die Menge dieser schmalen und geknick-
ten g-Dreiecke nach ihrer Zerlegung sei eB. Aus dem mit Igi inzidierenden
breiten g-Dreieck von VR entsteht durch die Verschiebungsoperationen ein
breites g-Dreieck, das £8 bilde. Sei £8 :=£B UER. Wegen Hilfssatz 18.9 gilt
\E(K\,... ,AA)n5R| 4 ec(A), und st eine Menge aus héchstens dop-

(18.21)

pelt so vjel breiten wie schmalen g-Dreiecken mit mittlerem B-Winkel >
und seine breiten g-Dreiecke entsprechen nach (18.4) Punkten aus Gi U G2-

Fir alle solchen Bahnen B behandle man VR wie beschrieben. Man
streiche diese Bahnen B in T, der entstehende Graph sei T_. Aus Vr ent-
ferne man die entsprechenden Familien VR, die verbleibende Menge aus g-
Dreiecken sei I>_; ihre Vereinigung sei S_. Dann ist \E(Ki,... ,Kn)fl5r| =
= \E(K1,... ,An)nS_| + £|E(A"'i>--- ,UfB)n55s]|.

B

Knoten von T_, die mit dem Endpunkt einer Bahn B durch eine Kante
verbunden sind, inzidieren nicht mit einem schmalen g-Dreieck. Ein Knoten
von r_, der mit einem schmalen g-Dreieck inzidiert und keine Quelle von T
ist, inzidiert also mit derselben Dreiecksmenge aus £>_wie aus Vr, so dal? sich
bzgl. ihm eine Verschiebungsoperation auf 2?_ anwenden lat. Durchlauft
man die Bahnen von T_ mit Is als Endpunkt rickwaérts, d.h. von Is aus-
gehend und wendet die Verschiebungsoperationen in der dadurch entstehen-
den Reihenfolge an, so 1aRt sich also in jedem Punkt von T_, der mit einem
schmalen g-Dreieck inzidiert und keine Quelle von T ist, eine Verschiebungs-
operation auf 2?_ anwenden. Den entsprechenden schmalen g-Dreiecken
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von V _ wird dadurch ein geknicktes g-Dreieck zugeordnet so, dall ihr mitt-
lerer /3-Winkel » | ist. Diese schmalen und geknickten g-Dreiecke nach ihrer

Zerlegung sollen £2 bilden.

Die Ubrigen schmalen g-Dreiecke von P_ inzidieren mit Quellen von T,
und zwar mit den lego Quellen, die mit genau zwei schmalen g-Dreiecken
inzidieren. In jeder solchen Quelle 4Rt sich nach den Eingangsiberlegungen
nun eine Quellenoperation ausfuhren, so dafll genau lzgg schmale g-Dreiecke
ubrig bleiben. Wegen (18.21) hat Vp mindestens 2logo geknickte g-Dreiecke,
deren Gegenspitze nicht mit genau einem schmalen g-Dreieck inzidiert, so
daR sie zu V_ gehoren und auch nicht fir £2 benitzt wurden. Zerlegt man
sie geméal Hilfssatz 18.1, so erhalt man 2Aq0 entartete g-Dreiecke mit B-
Winkel Die betrachteten &0 schmalen g-Dreiecke zusammen mit den
2lco entarteten breiten g-Dreiecken haben einen mittleren /1-Winkel > |,
und sie sollen zusammen mit £2 die Menge £2 bilden. fL sei die Menge der

nicht in £2 auftretenden breiten und zerlegten geknickten g-Dreiecke von D_

nach den beschriebenen Verschiebungs- und Quellenoperationen. Sei £ =

£ UE2. Wegen (18.12) und (18.15) gilt |E(A'i,..., A',)n5_| < 2 ec(A),
Afe

und £2 ist nach Konstruktion eine Menge aus héchstens doppelt so viel
breiten wie schmalen g-Dreiecken, mit mittlerem /AWinkel > und seine
breiten g-Dreiecke entsprechen Punkten aus G\ UG2.

Damit ist Hilfssatz 18.10 richtig im betrachteten 1. Fall.

2. Fall. Die Senke Is von T inzidiert mit genau einem schmalen g-
Dreieck.

Fur die Eingangsvalenz s von Is gilt nach Voraussetzung 1<s” 3, so
daB jetzt 1<s <2 T IaRt sich in genau s (nichttriviale) Baume zerlegen, die
Is als Knoten haben, dies seien die Aste von T.

Weil Vp mindestens drei breite g-Dreiecke hat, inzidieren mindestens
zwei davon mit Knoten desselben Astes A, und nicht mit Ism Man durch-
laufe A von Is aus riickwaérts, I\ sei der dabei als erstes angetroffene Knoten,
der entweder gewohnlich ist und mit einem breiten g-Dreieck inzidiert, oder
Verzweigungsknoten ist, oder Quelle; im letzten Fall enthélt also A keinen
Verzweigungsknoten und kein gewohnlicher Knoten von A inzidiert mit einem
breiten g-Dreieck, so daB die Quelle mit genau zwei breiten g-Dreiecken inzi-
diert.

A\ sei der Graph mit Knoten 4 und allen Knoten von A vor Zj. Aj sei
das geknickte g-Dreieck mit I\ als Gegenspitze, es werde gemé&R Hilfssatz 18.1
zerlegt in ein breites g-Dreieck Aj und ein breites entartetes g-Dreieck A™. In
der Menge der g-Dreiecke von Vp, die mit Knoten von A\ inzidieren, ersetze
man Aj durch A"; die entstehende Menge sei . 5" sei die Vereinigung
der g-Dreiecke von V

Hat T auller A einen weiteren Ast so, dall mindestens zwei breite g-
Dreiecke mit Knoten dieses Astes inzidieren, und trivialerweise nicht mit 2,
so behandle man auch diesen Ast wie fir A beschrieben, d.h. man definiere
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12, A2, A2, A2, A", P~2, Sa. analog zu oben.

Nun sei T_ der Graph, der durch Streichen von A\ und gegebenenfalls
von *42 aus T entsteht. In der Menge der g-Dreiecke von Pp» die mit Knoten
von I inzidieren, ersetze man Aj durch A'x und gegebenenfalls A2 durch
A'2; die entstehende Menge sei Pr_. Dann gilt

\E(K\,... ,Kn)nbr|= ~ \E(KU... /ifn)nA|+

+\E(Ki,... , A" )n5A1+ [£:(/ii,... ,/fn)n5A],

wobei der Summand mit 5a2 nur gegebenenfalls auftritt.

Auf jeden Fall ist wegen (18.3) fur Pr_ der mittlere RB-Winkel >
Pr_ besitzt die breiten g-Dreiecke Aj und gegebenenfalls A2, auf jeden
Fall nach Konstruktion hdchstens zwei breite g-Dreiecke. Nach Zerlegung
aller geknickten g-Dreiecke gemé&R lIlilfssatz 18.1 hat Pr_ also hdchstens
doppelt so viele breite wie schmale g-Dreiecke. Die breiten g-Dreiecke von
Pr_ mit /J-Winkel < ” sollen die Menge £p_ bilden, die tbrigen breiten g-
Dreiecke, die schmalen und zerlegten geknickten g-Dreiecke von Pr_ sollen
£r_ Dbilden. Dann ist £p_ eine Menge aus hdchstens doppelt so viel breiten
wie schmalen g-Dreiecken, mit mittlerem /3-Winkel ~  und die breiten g-
Dreiecke entsprechen Punkten aus G\ UG2. Fur £r_ m—£p_ U£p_ gilt nach
(18.5), da® £ \E(K\,... ,Kn)DA|= £ IiE(Ki,... ~Kn)0 Al.

AEfr_

Es bleibt, V. (und gegebenenfalls P2 vollig analog) weiter zu behan-
deln. Ist /1 Quelle, so inzidiert sie nach oben mit zwei breiten g-Dreiecken,
und j besteht nur aus breiten g-Dreiecken; dann sei £/ =0
Sonst aber sei s(*4i) die Eingangsvalenz von I\, d.h. 1 <s(Ai) <2. Dann wird
P_4Xanalog zu Pr im 1. Fall behandelt, wobei I\ die Rolle des dortigen Is
spiele. Dabei beachte man: Nach Definition von Ai gibt es mindestens zwei
breite g-Dreiecke von Pr, die mit Knoten von A\ inzidieren, also zu
gehoren. Deshalb gibt es in mindestens s(Mi) breite g-Dreiecke, die
nicht mit inzidieren. Fur VJi gilt also die (18.21) entsprechende Aussage.

Aus allem zusammen folgt, dafl Hilfssatz 18.10 auch im betrachteten 2.
Fall richtig ist. O

Fur die Beziehung zwischen £p und Pp gilt auRerdem

HILFSSATZ 18.11. Es gilt £l = 0 genau dann, wenn Pr keine schmalen
g-Dreiecke enthélt. Dann entsteht £r aus Pr ausschlieBlich durch Zerlegen
der geknickten g-Dreiecke von Pf.

Beweis. Nach dem Beweis von llilfssatz 18.10 entsteht £r aus P r durch
Anwendung von Verschiebungsoperationen und Zerlegen von geknickten g-
Dreiecken — diese Operationen beeinflussen schmale g-Dreiecke nicht —
und durch Quellenoperationen — bei diesen existieren vorher und nachher
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schmale g-Dreiecke. Deshalb gilt £p = 0 genau dann, wenn Dp keine schmalen
g-Dreiecke enthalt.

Klar ist, dall dann  aus Vp ausschliel3lich durch Zerlegen der geknickten
g-Dreiecke von Dp entsteht. O

18.7. Die Gultigkeit der Ungleichung (15.8)
Es gilt nun endlich der zu den Hilfssatzen 16.1 und 17.1 analoge

HiLEssaTz 18.12. Es sei V eine Zusammenhangskomponente, bei der
fur jedes Dreieck L € Cr gilt, daB L eine Seite s mit |s| > g besitzt, und daf
U(L) > q. Es sei kp die Anzahl der C-Dreiecke von Cp, und ein C-Dreieck L
habe die Winkelsumme u - Dp sei wie in 18.2 definiert. Dann gilt

(18.22) IE{Ki,... ,Kn)n Sri < 6kpF

d.h. die Ungleichung (15.8) ist richtig.

Aus der Giltigkeit des Gleichheitszeichens in (18.22) folgt, dal Cp aus
einem einzigen, gleichseitigen Dreieck L besteht, und daR fiir die Systemkreise
Ku K2,hB in den Ecken von L gilt: dK, fl L wird von {K\, K*, K3} genau
zur Halfte einfach Gberdeckt (i = 1,2,3).

B eweis. Wegen Hilfssatz 18.10 ist nach (18.18)

\E(KU... ,Kn)nSp\< Y ee(A).
AELrr

Dabei besteht £p aus 3kp schmalen oder breiten g-Dreiecken, die also Punk-
ten (q,, Bi) GG = Gi UG2 UG3UG4 entsprechen (siehe Fig. 1),i=1,... , Zkp.
Nach Definition (2.5) ist

3ki'
Y ee(A)=2Y el(a>Bt)-
AGHr »=1
Dies wird mit Hilfe von Satz 2 weiter abgeschatzt.

Wegen (18.8) und (18.17) ist ERi ™ nkp, so dafi} A Die weiteren
Voraussetzungen (5.2), ..., (5.5) in Satz 2 sind &quivalent dazu, dall Ep sich
zerlegen &Rt in eine Menge efaus schmalen und hochstens doppelt so vielen
breiten g-Dreiecken und in eine Menge Ep aus breiten g-Dreiecken, wobei die
breiten g-Dreiecke von Ep Punkten aus G\ UG: entsprechen, und fir Ep der
mittlere /2-Winkel > ~ ist. Dies ist nach Hilfssatz 18.10 richtig.

Aus Satz 2 folgt also

(18.23) 2Y" ee(aiiRi) = 2 +3kpF
=]
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3p
Aus (18.7) und (18.17) folgt » Q>= §LS UL, und weil F monoton wachsend
=i er

ist, folgt (18.22).

Nun gelte das Gleichheitszeichen in (18.22). Dann gilt das Gleichheits-
zeichen in (18.23), und nach Satz 2 ist £2 = 0, und alle g-Dreiecke von ej.
sind kongruent mit /3-Winkel | und a-Winkel a so, daf (a,RB) ein Punkt der
Kurve (4.4) ist.

Aus £p —O0 folgt nach Hilfssatz 18.11, dal  aus V p ausschlielich durch
Zerlegen geknickter g-Dreiecke entsteht. Beim Zerlegen eines geknickten g-
Dreiecks gemaR Hilfssatz 18.1 entsteht ein entartetes breites g-Dreieck mit
B-Winkel j. Weil aber alle g-Dreiecke von Ep —£p einen 3-Winkel ”~ haben,
kann T>r keine geknickten g-Dreiecke enthalten. Deshalb ist er = T>r, und
Ar= 1. Vr ist also die Zerlegung eines einzigen g-Dreiecks L, das wegen der
Kongruenz der g-Dreiecke von Vr gleichseitig ist. Wegen der Interpretation
der Kurve (4.4) in Hilfssatz 4.1 gilt fur die Systemkreise K\, K2,Kz in den
Ecken von L: Es wird dli\ fl L von {K\, KRB, A3} genau zur Hélfte einfach
uberdeckt. a

19. Beweis von Satz 1

Der Beweis von Satz 1 unter den Voraussetzungen (1-4), (1.5) und (1.6)
geschieht nun vollends mit Hilfssatz 15.1: Aus den Hilfssatzen 16.1, 17.1 und
18.12 folgt, daB (15.8) fur jede Zusammenhangskomponente T von Ts gilt,
so daB die Ungleichung (1.2) in Satz 1 richtig ist.

Dal die Abschétzung (1.2) fur n =4, 6,12 scharf ist, wenn die Kreismit-
telpunkte und Kreisradien sich wie in Satz 1 beschrieben verhalten, wurde
noch in 1. gezc'gt.

Umgekehrt gelte nun in (1.2) das Gleichheitszeichen. Nach Hilfssatz 15.1
folgt daraus die Giltigkeit des Gleichheitszeichens in (15.8). Deshalb treten
nach den Hilfssatzen 16.1 und 17.1 nur die in 18. betrachteten Zusammen-
hangskomponenten r auf, und fur jedes solche E gilt in (18.22) das Gleich-
heitszeichen. Wegen Hilfssatz 18.12 besteht dann jedes Cr aus einem einzi-
gen, gleichseitigen Dreieck L, und fur die jeweiligen Systemkreise Ki, K2, K3
in den Ecken von L gilt: dK, DL wird von {A"j, A2, A3} genau zur Halfte
einfach berdeckt. Die C-Zerlegung ist somit eine regulére Zerlegung der
Sphare in Dreiecke, so daBR n = 4, 6,12, und die Systemkreismittelpunkte sind
die Ecken eines regularen Tetraeders, Oktaeders, bzw. Ikosaeders. Aullerdem
sind die Kreisradien von der in Satz 1 behaupteten GroRe. O

Liste der wichtigsten Bezeichnungen

s2 Sphére im R2
K\,.. « Kn Systemkreise
Oi,.. «50n Mittelpunkte von Systemkreisen
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E(K1,... ,Kn) von den Kreisen Ki,... ,Kn auf52 einfach tberdeckter
Bereich
Zu einer Menge M st
Flacheninhalt von M

M\

dM Rand von M
Me® Inneres von M
conv M Konvexe Hille von M

Zu Punkten A, B, C, D ist

AB GroRkreis durch A und B
AB (ktirzerer der beiden) Grofkreisbogen durch A und B
ABC sphérisches Dreieck mit den Ecken A,B,C
ABCD sphérisches Viereck mit den Ecken A,B, C, D in natirlicher
Reihenfolge
U(ABC) Umkreisradius von ABC
Ke(A) Kreis mit Radius g um A
Bereiche
G = G(e) siehe Fig. 1 und (2.3)
Gi = G,(e) siehe Fig. 1 und 3.
G-G(9) siehe Fig. 2 und 8.
Du D2, Ds siehe Fig. 6 und 4.
RO—arccos siehe (1.5), Satz 2 und (13.2)
Lch siehe (1.3)
Funktionen
ef (A) siehe (2.4) und (18.1)
ee(a,R) siehe (2.5)
“1(e siehe (4.1) und Fig. 6
»2§e siehe (4.2) und Fig. 6
he(a,R) siehe 7.
He(a,R) siehe 9.
Ee(a, R) siehe 10.
FH siehe Satz 1, 4. und Satz 2
Bezeichnungen in 11
L.. £-Dreieck, dessen Umkreismittelpunkt I... ist
| Umkreismittelpunkt des ZI-Dreiecks L...
Ts siehe 15.
r siehe 15.
£r siehe 15.
Sr siehe 15.
kr siehe 15.
Tr siehe 18.2.
V(Vr) Verschiebungsoperation in 18.5.
Q(Vr) Quellenoperation in 18.4.
a- Winkel siehe 13.
/?-Winkel siehe 13.
mittlerer

R-Winkel

siehe 18.6.
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SOME ADDITIONAL PROPERTIES OF SUBGROUPS OF p-GROUPS
HAVING SOFT SUBGROUPS

L HETHELYI

Dedicated to S. G.

A subgroup A of a group G of prime power is said to be a soft subgroup
of G if A is its own centralizer and if it is maximal in its normalizer. The
basic properties were investigated in [2].

In an other paper the subgroups of these p-groups were studied. In
this short note we investigate some further properties of subgroups of p-
groups having soft subgroups. We shall show that every A-invariant maximal
abelian subgroup of M has order at least |A|, where M is the unique maximal
subgroup of G containing A. We shall also investigate Cg(G') 0 V- where N,
is the i-th term of the normalizer chain of A.

P roposition 1. Suppose that G is a p-group and that A is a soft sub-
group of G. Let M be the unique maximal subgroup of G containing A. Then
every A-invariant maximal abelian subgroup of M has order at least |A|.

Proof. Let B be an A-invariant maximal abelian subgroup of M. If
cl(M) = 1then B = A and the proposition follows. Suppose that cl(M) > 2.
By Lemma 2 in [7] there is a natural number k for which A B—NK, where
Nk is the A-th term of the normalizer chain of A.

If Nk f- M then the proposition follows by induction. So we may assume
that Nk = M. Then An B = Z(M). Let a bar denote homomorphic images
in G/Z(M). Then M = A B holds. Moreover, ANB =1 NxB =M and
Ni nB " Z(M), where Ni =Nqg(A). Let BXx€ SC(M) such that B < B\.
Then \BX >|Ai| holds by induction. Thus IBxI > |Ai| where Bi is the
inverse image in G of B\. However, \Ni\ =p|A|. So it is enough to prove
that \Bx-.B\"*p.

However, as BXn A < B\ n N\ <Zi{M) and as \Z2(M) n A : Z(M)\<p,

_ \BIVA\ ~ \BX\A\

B =M= B Al = p\z(M)V

However,
IAIN A ABEWAN
\Z(M)\ 1 1 \BinAl =p\z{M)[

1991 Mathematics Subject Classification. Primary 20D15.
Key words and phrases. Abelian subgroup, normalizer, p-group, chain, characteristic
series.
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Thus \B\ > O
P

Corollary 1. Suppose that G is a p-group and that A is a soft sub-
group of G. Then there exists an abelian normal subgroup B of G such that

Corollary 2. Suppose that G is ap-group and that A is a soft subgroup
of G. Let M be the unique maximal subgroup of G containing A. Then for
every k =1,...,cl(M) there exists a subgroup B of M such that cl(i?) <Kk,
B <M and |5| > \Nk\, where Nk is the k-th term of the normalizer chain
of A.

P roposition 2. Suppose that G is a p-group and that A is a soft sub-
group of G of index at least p. in G. Let M be the unique maximal subgroup
of G containing A. Let be the last nontrivial term of the upper
central series of M. Then there is exactly one normal subgroup B of G
contained in M such that Zn-\(M) <B <M. Moreover, B contains every
normal abelian subgroup of G contained in M.

P roof. Proposition 2 follows from Theorem 2 of [3] and Proposition 1
and Lemma 2 of [2]. O

PROPOSITION 3. Suppose that G is a p-group and that A is a soft sub-
group of G. Let M be the unique maximal subgroup of G containing A.
Then any characteristic series of M beginning with Z(M) can be refined to
one with factors of order at most p2.

P roof. Itis immediate from Proposition 1 of [2]. O

Corollary 3. Suppose that G is ap-group and that A is a soft subgroup
of G. Let M be the uniqgue maximal subgroup of G containing A. Then every
p'-subgroup of odd order of Aut(M/Z(M)) is abelian.

P roposition 4. Suppose that G is a p-group and that A is a soft sub-
group of G. Let M be the unique maximal subgroup of G containing A and
let Ni be the i-th term of the normalizer chain of A. Let L, = Cm {G') fl iM.
Then L, <G. Moreover, \L{ : T,_i|=pfori=1,..., s where Ns=Cm (G') *A
is the s-th term of the normalizer chain of A.

Proof. It is easy to see that L, <N, and as [G',Lf\ =1, Lt<M. By
Lemma 2 in [2] there are natural numbers j and s such that L,A —Nj and
Cg(G') A =Ns. Moreover, \NS:A\ =|Cm (G") :Z(M)\ and there exists a
series Z(M) = U\ < <eem Ut = Cg{G’) such that every [/, is normal in G
and that \U,:f7_i| =p for i = 2,. ..,i. However, U{A" Ui-\A. Otherwise, if
U,A = Nm, then \U,:Z(M)\ = \Nm :A\ —|P,_i : Z(M)\ would follow, which
is a contradiction. Moreover, as |LjA :A\ =\Lj :Z(M)|, Ls —Ui for some I.
As U{A UjA (i 7-j) L% Uxfollows for all i. Then L, <G and |L, :L,_i| =p.
O
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Corollary 4. Suppose that G is a p-group and that A is a soft sub-
group of G. Let M be the unique maximal subgroup of G containing A. Let
Ni,..., N,, be the normalizer chain of A. If N{ <Z(G') then N[Z{M) <G.

Proof. Let Li have the same meaning as in the proof of the previous
proposition. Then as N- <Z(G'"), Z(M) N-~ L,_j. However,
IT,-1:Z(M)\ =INi-1:AA\=\N"Z{M):Z(M)|
and so
Li-\/Z(M) = Z(M)/Z(M).
Thus Li-i =N(Z(M). a
P roposition 5. Suppose that G is a p-group and that A is a soft sub-

group of G. Let M be the unique maximal subgroup of G containing M . Sup-
pose that G: is abelian. Let a bar denote homomorphic images in G/Z(M).

Then there exists an & £ G such that \G:C-"4) =\G |.

Proof. As Cm{G') A= M, |G| = |[M :Aj =JG :Ni\, where NI =
= Ng(A). However, there is an a for which C~(&) = Nj and so |G :C”™(a)| =
= 1n1- O

P roposition 6. Suppose that G is ap-group containing a soft subgroup
A. Let M be the unique maximal subgroup of G containing A. Let a be
an element of A such that Cg(a)= A. Let vGG\M. Let L = (a,v). Let
T{ —L wZi(M) where Zi(M) is the i-th term of the upper central series of
M. Let a bar denote homomorphic images in G/Z{{M). Then T, = T,-+1 for
i=1,..., cl(M) —1

Proof. It is easy to see that [T-+i : T, <p and that |Z(T,+i)| = p.
Let ~ denote homomorphic images in T,+i/Z(T,+i). Then Ti+i = T, X
X Z+1(A/) and Z,+1(M)< Z(Tj+i). Thus T/+1 = T-. However, Z(T,+i) =
= Z(T,). Thus the last nontrivial term of the lower central series of T,+i
and T, coincide. Thus T\ = T[+L O

P roposition 7. Suppose that G is a p-group and that A is a soft sub-
group of G. Let M denote the unique maximal subgroup of G containing A.
Let C be a critical subgroup of M. Then |C :Z(C)| <p2

Proof. Let Nk =C wA. Then as [C, A} = Nk <Z(C), Z(C) A is of
index p in Afc. Moreover, Z(Nk) —Z(C)D A. Let a bar denote homomorphic
images in Nk/Z(Nk). Then |Z(7Vfc)| *p 2. Moreover, AfIZ(C) = 1L

As INk :A®Z(C)| —p, \AnC\ * p. Moreover, as [C,A,C]= 1= [A C,C],
[C, C, A] = 1by the Three Subgroup Lemma. Then C'$ AflZ(C) = Z(NKk)-
Thus dfIC i Z(Nk)m Thus as \Z(Nk) 0 A\ ~ p, \A DC| <p. Moreover, as

\C\\A\
PIZ(C)-Al=plZ(C)IIA] =|C-A|>
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|C:Z(C)|<P2follows. Thus \C:Z(C)\ <p2 O

Finally, we make an observation about the embedding of M in an other
p-group.

Definition. Let G be a p-group, A a soft subgroup of G. Let M be
the unique maximal subgroup of G containing A. Let G\ a p-group. M s
well-embedded in G\ if M contains a soft subgroup of G\.

P roposition 8. Suppose that G is a p-group and A is a soft subgroup
of G of index at least p4. Let M be the uniqgue maximal subgroup of G
containing A. Let M be well-embedded in G\. Let B be a soft subgroup of
Gi contained in M. Then B is a soft subgroup of G.

Proof. Let R(G) = G' ®Z(Nqg{A)). Then R(G) is characteristic in M
by Theorem 4 of [3]. Thus B %R(G). Thus B is soft in G by Theorem 2
of [3]. O
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ON THE COORDINATES OF MINIMUM VECTORS IN n-LATTICES

A. G. HORVATH

Abstract

In this paper the following problem will be discussed: How to find such a basis of
an n-lattice in En that with respect to this basis the absolute values of the coordinates
belonging to the minima of this lattice are “small enough”. We prove that in every lattice
possessing n linearly independent minima one can find such a basis for which the maximum
of the absolute values of the coordinates belonging to a minimum vector is not greater than
the maximum of the indices of the admissible centerings of the n-dimensional lattices. This
result is not sharp, we prove that in the lower dimensional cases, where n < 5in every lattice
with n linearly independent minima there exists a basis for which all the coordinates of
the minima are equal to —1, 0 or 1; and in the cases n= 4 and 5 the maximal admissible
index is equal to 2.

1. Definitions

Anlattice in En defined by the basis A = {aj,... ,an} of En is the set

L=J2 x,a, of all integral linear combinations of the basis A. A minimum
>—j

vector (or minimum) of L is one of the shortest non-zero vectors in L. A

minimum basis A of L is then such a basis in L for which all the basis vectors

a- are minimum vectors of L. The common length of the minima is denoted

by min L. Let us define now the numbers L{A) and Ln in the following way:

n
(1) L(A)- L({al5... ,a,}) :=max]|xty m=" xa, GL, |m| = min L]
i=i

Ln:=supjmin{Z,(A) |A is a basis of L] [LCEn
@)

is a lattice possessing n independent minima >.
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We will use some results from the theory on admissible centerings of
n-lattices (see [5], [2]) so we have to recall some further definitions.

The lattice V is a centering of the lattice L if L' o L. This centering
is admissible iff mini' = mini. The index of the admissible centering is
defined by the number ind(i'/i) —v(L)/v(L"), where v(L) is the volume of
a basic parallelepiped in the lattice L. Let Vn be the maximum of the n-
dimensional indices for all admissible centerings of all lattices L possessing n
linearly independent minima. An important task in the geometry of numbers
is to give estimations for the value of Vn. The first results in this field are
due to A. Korkine-G. Zolotareff (see [4/a], [4/b]) and H. Minkowski [6].
Later a good estimation was given by Davenport and Watson [2], namely

they proved that Vn <cfj2 where cn denotes -the Kermite constant defined
as max{(minL)2|L C En is a lattice of determinant 1}. There holds cn <
< 2~0-198"-t1(1 | o(l)) cf. the upper estimate of the packing density of balls
in En in [3]. In the lower dimensional cases also the exact values of Vn are
known due to the results of S. S. Ryskov [7] and N. V. Zaharova-Novikova [g]
who discussed the cases n < 7 and n =8, respectively.

2. The theorem

THEOREM. For an arbitrary dimension n Ln”Vn holds, i.e. in every
n-lattice possessing n linearly independent minima there exists a basis such
that the absolute values of the coordinates belonging to any minimum vector
are not greater than Vn.

Proof. Let £m1?... ,Tnv be all different minima of the lattice. It is
well known that a £ 2n—1 is valid (see [9]). Suppose that the positive volume
of the parallelepiped 7r(mi,... ,m,) is not less than the volume of any other
n-dimensional parallelepiped spanned by the minimum vectors of L. Then

n
3) mi = ' aijiiij, where 1</<a
j=i
and for the rational numbers cq: the following hold:
(4) lor/jl < 1, j=1,...,nand 1™ I<o.

(Assuming the contrary we get such a minimum parallelepiped which has

a volume greater than that of the parallelepiped 7r(mi,... ,m,).) Consider

now such a basis A = {al5... ,an}of L in which mi,... ,m, can be expressed
n

as rrij = * y”a,, where the coordinates vl satisfy the following inequalities:
i=i
@ vj=0, j=1,.,n Vji—0 for 1<j<i”n
(5) (i) 07 Vji<Vjj for 17i<j~n.
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The existence of such a basis A is assured in every n-lattice (see [1]).
With respect to this basis A the vectors mlr ..,  can be expressed in the
following form:

(6) m : 1=1,..., a.
3=1 ezt j=i
So the absolute values of the coordinates are:
n
(7 pi= '/~ 2QljVvr =

=

If for any j (j > i) vyj is equal to one then on the base of (5)(ii), we get
Vji =0, so for this reason we have:

n n n
(8) Pi, ~ + |a/,|ul < viz +v,=n vy + 1W
i=i+ i=<H =
Vjj>1 Vij>1

In the last step we used that for a finite set of integers each greater than
1 their sum is at most their product, where equality holds only if the set
consists of one element. If vu = 1 and there are at least two Vjj’s with i+ 1<
£j "~ n, vjj > 1then the sum of these Vjj's is strictly less than their product,
so in fact

n n

vn +Vv' =n vn-
J=i+1 j=i
vn >|

The sameholds if there is no jsuch that i-f15j ~ n, >1. If there
is just one such vjj,then in (8) wecan use for this jthe sharperestimate
\otij\vji < Vji <vjj, hence \aij\vXt * vn —1, which gives

n

) plt<n vjjm

But Vjj is the index of an admissible centering, which completes the
3

proof of the Theorem.

3. The case of the lower dimensions

In this paragraph we prove that the Theorem is not “sharp”. It is well
known that W =V2=V3=1and V4=V5—2 (see [7]). We verify two state-
ments:
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Statement 1. Ls = 1.

P roof. We will distinguish two cases.

1. If in the lattice L every linearly independent minimum system is a
basis then the absolute values of the examined coordinates are less than two.
(This is clear from the proof of the Theorem.)

2. If the lattice L has a minimum system with index 2, then the minima
of the lattice can be expressed with respect to the basis constructed above (in
the proof of the Theorem), in the following way (where mi, m2, m3, m4 are
the edge vectors of the basic cube; at this time the lattice is the well-known
space-centred cubic lattice, see e.g. in [7])

T 'O 'O NN 'O
mi 8 m2= é m3= g m4 = i ms 8 mé =
10) .O.O .O.O .O.O T2 11
m7= (1) m8= (1) mo= i mio = (i mn é mi2
1 1 1 1 1

and so the characteristic matrix (see [7]) of the minima can be written in
the following form:

10 0 1 0 1 0 O O 1 1
o 10 1 0 0 1 0o 1 0 1 1
o 0 1.1 0 00 1 1 1 0 1
0o 0 0 2 1111 1 1 1 1

But a row-subtraction operation on this matrix is equivalent to a basis-
change of the lattice so we get that with respect to a suitable basis the
minima of L can be written in the following way

1T 0 0 1 01000111
(12) 0O 1 0 1 001010 11

0 01 100011101

-1 00 1 10111000
so L. is equal to one. O

Statement 2. Ls is equal to one, too.

Proof. Suppose v(L) = 1. If the volumes of the minimum parallelepi-
peds are 1or —, then the elements of the characteristic matrix are also O,
1lor —1. So we can assume that v(7r(mi,... ,ms)) = 2. Then the elements
of the characteristic matrix have absolute value at most 2. We distinguish
two cases:
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1 If the lattice does not have a four-dimensional space-centred cubic
sublattice (in this we include that the edge vectors of the cube are minima
of the lattice and this sublattice is the intersection of the lattice and a 4-
plane), then the setup of the characteristic matrix can be started in the
following way:

ooocw—\:
O OO = O
© O P OO
O - O OO
N bR e

Let m; be an arbitrary minimum vector, where 5 <17 a. Then the coordi-
nates of this minima can be seen from (6), we have:

n 5
(14) m,i- 2 ahv3 ="Z ahv3>
3> j=i
where ®n=...= vM4=1 = 1if 1<i <5, b= 2 and the other Vji are equal

to zero. So we get the following simple equalities:
(15) mu = ait + a/s, mb5, = 2q/5.

Clearly we may assume m% ” 0. First assume that m% = 2, hence a/5= 1
At this time we have the possibility for the choice of the values of the other
coordinates 0, 1,2, respectively. It is clear that we do not have a minimal
vector in the lattice mod (2) equivalent to one of the vectors m1;... ,m5.
So the number of the I’s among the first four coordinates is two or three.
Now we examine two cases:

(a) If there is a zero among the first 4 coordinates;
then there is a sublattice L\ of L which is a space-centred cubic 4-sublattice
in L (e.g. ifmu = 0, then the vectors m2, m3, m4, m/ form a minimum system
with index 2, and the sublattice L\ is spanned by the vectors a2, ... ,ab5).

(b) If there are two or three |’s among the first 4 coordinates and the
others are equal to 2;
then also there is a space-centred cubic 4-sublattice of the lattice L, for exam-
ple if ni/f = [2,1, 1, 1,2]t or m/ = [2,2,1,1,2]7 then the sublattice spanned by
the vectors a2, a3, a4, a4-fa5 contains the minimum-parallelepiped 7r(m2, m3,
m4,np) with volume two. So this sublattice is a space-centred cubic lattice,
too.

From this reason if m5 = 2 then nq = ms.

Secondly we assume that ms/ = 1. At this time a/5 = | and the coordi-
nates to/, 1<i <5, are equal to zero or one.

Lastly if ©o& = 0 it may be seen that the other coordinates of this mini-
mum are —1, 0 or 1 (e.g. if mu = 2, then the vectors m2, m3, m4, m/ form a
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minimum system of index 2 in the sublattice spanned by the vectors ei, €2,
) ed).
So in the case of 1the characteristic matrix can be written in the following
form:

(16)

coocoook
OO0 O0ORr o
OO pR, oo
OpRpoOoo0oOo
NP, R
>
>

where A is a (0, £1) matrix in which the elements of the last row are equal
to zero, and the matrix A! is a (0,1) one. It can easily be seen by the
subtraction of the first row from the last one that this matrix is equivalent
to a (0, £1) one.

2. Consider now the case that the lattice L has a space-centred cubic
4-sublattice. Then the characteristic matrix is the following:

0

A 0 01 010001 1

01 01000101011 A
001 100O0O0T11I 1 101

0o 00290 1 1 1 1 1 1 11 B

0o 00010O0OO0OO0OO0OO0OO0O .2 . 1

where A has three rows and B is a one-row vector. If an element of B is equal
to 2 resp. —2, then B does not have any negative resp. positive coordinate.
In fact, otherwise the columns of the characteristic matrix containing the
two mentioned elements of B together with mi, m2, m3 form a submatrix
with determinant of absolute value greater than 2. So, if B is not a (0, £1)
vector, we may assume that the coordinates of B are either positive or zero
resp. either negative or zero. Subtracting the last row from, resp. adding the
last row to the row containing B we get that B becomes a (0,£1) vector.
Therefore we may assume B is a (0,+1) vector. Assume that A has such
an element (for example in the first row) whose absolute value is greater
than one. But this element must be a coordinate of a minimum vector m =
[X\ x2£3 £4 1]T so the parallelepiped i« = 7r[m, m2, m3, m 4, m 5] iS @ minimum
one. But after doing the suitable column-subtractions we have

g1 0 0 1 O

¢ 1 0 1 0

(18) det (35 0 1 1 O
ea 0 0 2 O

1 0 0 0 1

where £4 is 0 or £1 and this is a contradiction. For this reason A'is a (0, 1)
matrix. Thus the only element of the characteristic matrix, which is not 0
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or +1 is m44= 2. Subtract now the first row from the fourth row. Then we
get a (0, £1) matrix, unless some minimum vector m = [xX\ x2x3x4I]r has
x4=-X\ = +1. However, this case leads to a contradiction by (18). So we
have verified this case and the statement, too. O

Remark. The statement of the theorem is interesting in case of the well-
known reduced bases (Minkowski, Kermite, Korkine-Zolotareff) only weaker
statements are expected.
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ASYMPTOTIC BEHAVIOUR OF THE DISTRIBUTION FUNCTION
OF MULTIVARIATE NONHOMOGENEOUS RENEWAL PROCESSES

S. P. NICULESCU and E. OMEY

Abstract
The Multivariate Central Limit Theorem for independent random vectors is used to

obtain information about some limit distributions in multivariate nonhomogeneous renewal
theory.

1. Introduction

Let Xn = (Xni,... ,Xnfc) nf N= {1,2,...}, be a sequence of inde-
pendent random vectors with values in R*, where R+ = (0,00). For ev-
ery t = (ii,...,tk) e R+ define N(t) = (2V1(<1),... ,Nk(tk)), where N,(t,) =

=sup{n:Xu + ...-)- Xn{<t;}, i €{1,... ,A} with the convention that the
supremum over an empty set is 0. The process {N(t), t GRI}} is the multi-
variate renewal process associated with {Xn,nGN}.

The multivariate Central Limit Problem for independent random vectors
is investigated in Section 2. The results are then used in Sections 3 and 4 to
examine the asymptotic distribution of univariate and multivariate renewal
processes. In the i.i.d. case similar problems have been previously considered
by Ahmad [1], Csenki [3], Hunter [6], Mihoc and Niculescu [7, Chapter 9],
Niculescu [8], Niculescu and Omey [10].

2. Multivariate Central Limit Theorem type results
for independent random vectors

The celebrated Lindeberg condition, as it is presented for instance in
Chow and Teicher [2, p. 290], is the necessary and sufficient condition for
a sequence of one-dimensional random variables to belong to the domain of
attraction of the standard normal law. In more dimensions we obtain

P roposition 1. Let e N} c R+, i €{l,... /k}, be k increas-
ing sequences, and let {Xn,n 6 N} be a sequence of independent Rk-val-
ued random vectors. In order that there exist sequences {J5n,,n £N}CR,
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Key words and phrases. Weak convergence, nonhomogeneous renewal process.

0081-6906/94/$ 4.00 ©1994 Akadémiai Kiadd6, Budapest
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i £ k}, such that

f, xg- Bni

(2.1) =>\

where V has a multivariate normal distribution 4>o,r with standard normal
distributed marginals, it is necessary and sufficient that the following condi-
tions are satisfied:

for all x £r+ and i £ {1,..., k}

n

(2.2) lim V. P{\Xst\> Anix} = 0;
n—ie0§:1
for all x£r+ and i £ {1,..., k}
(2.3) Xfi . 1 (.AXs
a.
for all x,y e r+ andi,j£{l,....k}, i/],
(2.4) A 8§ (8 -

E{j ~1(A-.IS/1,%)} E { f* 1(0f<1S'1".»I}) » r<
P roof. The result follows easily by using the same methods as in de
Haan, Omey and Resnick [5]. O
Specializing Proposition 1 to the zero mean case we obtain

P roposition 2. Let {Zn= (Z,,i,..., Znk), n £ N} be a sequence of in-
dependent random vectors in Rk such that E(Z,,i) = 0, E(ZT) <oo0, i £
n

£{1,...,fc, nEN. Foreveryif£{1l,..,k} and n£ N let A= " E(ZZi.

Then (2.1) holds with X ni = and Bni=0, i £ {1,.. ..k}, n £N if and
only if, as n —o00,

(2.5) XTit, E{"(1Z*"A"x)} -* 1

n* s=1

for all *£{!,...,&} and x £ r+; and
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1 n
(2.6) A rﬁ,'\l' n] 12] E {12 Z51 \ZL\<ANX\ZA<ANY) A 1>

foralli,j£{1,...,k}, i/ j and x,y € R+.

Proof. Via Proposition 1 it remains to show that (2.4) holds true if
and only if the corresponding (2.6) holds true. Now, since E{ZSi) = 0, from
(2.5), as n—o00, we deduce

1
0< A Y2 E{Z»'h\Z.i\%AniX)}E {Z»il(\Z,i\<Any)}

1
AnfA - 2 > (zsA(NZ,\>An,x)}E {Zs"(\Z,,\<Anly)] <
«1

= pini_, EQZ\10Ziv>Aniz)} U-XJA.T]Jl "2 EiZiil{Z, >} 0

whatever x,y£ R+, where we used the Lindeberg condition, which is equiv-
alent with the marginal convergence in (2.1). O

In general we obtain

Theorem 1. Let {Xn,n€ N} be a sequence of independent random vec-
tors with values in Rk such that pnt = £{X ni}GR and

ABi=Y [E{{Xsl-ps,)2}eR+, ie{l,...,k}, n<EN.

*=1

Iffor all x€R+ and i £ {1,..., k}
(2-7) LA™ -jr 1>2 E £Y3.1(Xi,[>Amx)} = 0;
"m $=1
for all x, yGR+ and i,j€ {1,..., k}, i™j,
1 n
t ARALIAA (VXL iV ANiXTX, P\>ANIV) 3 —
H“&Jﬁlh,&fgz(:len INAOXL V> AR N>Aniv) }

forallije {1

(2.9) : _ _
Ay AmAr 2 BEX*- (%5 - p3D} =ry;
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then (2.1) holds true with B,,i = and An, as above.

5=1

PROOF. Let = Xn, —zm, i £ {1,... ,k}, n€N. We show that the
assumptions in Proposition 2 are satisfied.
First observe that

1 n
~A2~ EAN(Xsi_ Msi) I(pfjj-/i,jl>-Ani*)} =
i=1
1 n 1 n
= ~A2- E + ~72~ —Rsi\ > -"nix) —
«o' *=]1 "=
2 -
—~7T Y1 PSE {X«1(I-x..-fi.d>yim*)} =h +h~ 2/3,
Ty *=1

say. Note that for all 0€ {1,... ,n}, n£N and £€ R+

5=1

Hence using (2.7) we can find no large enough such that for every n > no
(2.10) fig <4s2Ani, s€{1,...,n), ie{l,....k}.
For n > no, using the well-known Tchebyshev inequality we deduce

E{(Xst- " st)2}

N .
0™ 12<4e2 COAB

S=1
and consequently

4
0~ limsup 2 ~ —Q;-.

n—oo

As to Ji, note that |[XE—/xsi\ > AnE implies |XS| > An{Xm|/rsi|]. Using
(2.10) it follows

(2.11) IX,| > Ani(x-e), 5€{1,...,n}, ie{l,.. kb

Choosing £ small enough to ensure x —e > 0, from (2.7) we obtain
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As to Is, using (2.7), (2.10) and (2.11), as n —»00, we deduce

0~ \h\ A —j—A A

«1
= 'JejAT-S T1;iX»1(1*.I»Im(ar-e))} “%0.

Combining the results for 7j, 1. and Is and then taking £\0 (2.5) follows.
Using similar methods we verify (2.6). The proofends by using Proposition 2.
O

In our next result we obtain sufficient conditions for (2.7) and (2.8). In
order to formulate the result, let

G={g: R+—R+: (i) i%g(x) —00; (ii) g(x) is nondecreasing; (iii) x/g(x)
is well defined and nondecreasing.}

P roposition 3. Suppose there exist functions gi,hi£G, i€ (1,... ,k},
such that for alli,j 6 {1,... ,k}, if-j,

(2.12)

and

E E{\X,iX,j\hi(\Xs,\)hj (\Xtj\)}
8—1 _Q
(2.13) n—0 Anihii*Anf) Anjh

Then (2.7) and (2.8) of Theorem 1 hold true.

Proof. First consider (2.7). For every x € R+, from the monotonicity
of <, it follows

i=I
1

S gxaniyaa O LA SBIIXSU)T(XGiAnbo}<

5=1

< g(An) 1 -
= g(xAni) g(Ani)aai § o X OIOXIO

Since gi(x) and x/gj(x) is nondecreasing we have g(Anj)/g(xAni) » 1ifx > 1,
and < I/x if x <1. Hence (2.7) follows from (2.12). Now consider (2.8). As
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n —=*00 we deduce

1 "
A A Aol

, (A \u(a X EE{\X*X.j\hi{\X.i\)hj (\X.j\)}
< n>/im)nj\/i-nj) 3=1

W (-*m %hj(+dnj2l) N jhi(fiTii) -0 nj Hi (Anj)

as desired. O
In the i.i.d. case we obtain the following

COROLLARY I.Let {X,,,nEN} be a sequence of i.i.d. random vectors
inRh withm=E{Xu}eR, <7?=£{X2}-/i?£R+, Cij=E{(Xu-Hi)(Xij-/j,j)},

ja(z{1,... k}, j i. Then (2.1) holds with Tni-—y/ncr, and Bni = n/i;,
neN, 1€ {1,... ,k}. The limiting covariance matrix T equals the correlation
matrix of X\. O

3. Limit distribution for one-dimensional renewal processes

Let (X,,,n £ N} be a sequence of independent Revalued random vari-
ables. Denote by {N(t),t£ rR+} the associated renewal process defined by
N (t) = sup{n €N : Xi -f Xn<t], tER+. In the non-i.i.d. case for previ-
ous results concerning the asymptotic normality of N(t) see Siegmund [11]
or Niculescu [9]. Next we will assume there exist sequences {A,,,n £ N} C R+
and {Bn,n £ N} C Rsuch that as n —o00

Z(Xa-Bys)
(3.1) R =V

where V is a standard normally distributed random variable. Note that (3.1)
implies

(3.2) Ii_m An/An+i=1 and nﬂ[n Bn/An=0.

For every x £ R denote by [X] the greatest integer contained in x.

T heorem 2. Assume (3.1) holds true and there existfunctions U, f :R —»
—>R+ such that for all y £ R+
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(i) leo x + yf{x) —oo,
(ii) lim f{x +yf{x))/f(x) =1,
1 ALY
(iii) NN ViiX] ~a{y)e R+,
[x+y/(x)]
E Bs-U(x)
(iv) lim —s=1 - =h(y)e R
xnee >Mx]

Then for every z 6 R
)!i%P{N(U(x))> zf(x) + a} = $(-h(z)/a(z)),

where <IX-) is the standard normal distribution function.
Proof. Observe that for x large enough

[z/(x)+x]+1 [z/(x)+x]+ |
E e Bs-U(x)-
PIN(U(X)) >zf(x) +x}-P< 1 <
Atz/(x)+x]+1 ALzf(x)+x]+ 1

Using (i)-(iv) and (3.2) we deduce

[zj(x)+x] +1
E Bs- U(x)
51 _

Nzl(x)+x] +1

[2/(x)+x]
E Bs-U(x
5=1 (x) Ar ALzl (x)+x] Alzi(x)+x]+ 1 _Ah{z)
~x] A [xI(X)+X] =Mzl (x)+x]+] Nzl (x)+x]+ 1 a(z)

as x —00. Now the desired result is a simple consequence of (3.1) and the
continuity of 4>

n
Since in most cases we will assume = E we restrict attention
s=1
to nondecreasing sequences {yl,,,nEN}. Now we discuss the limit functions
appearing in (iii) and (iv) of Theorem 2.

P roposition 4. Suppose the assumptions in Theorem 2 are satisfied.
Then

(a) o(x) =cCx for some C 0; and
A + Ux ifC=0
h{x) = ’
®) M) = A iBi-ecx) ifcs o,
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for some constants A, B GR.

P roof, (a) From (i)-(iii) it follows that a(-) is nondecreasing and con-
tinuous a.e. For almost all z, y GR we deduce

a(y)= Ihn N -

Alx+ (z+yf(x+zf(x))/f(x))f{x)] A [x]

xnee AlM A [x+2}(x)]

= a(z +y)la{z).

Hence a(z-\-y) = a(z)a(y) a.e. This in fact shows that a(-) is continuous and
that there exist a constant C ” 0, such that a(x) = ecx, IER.

(b) Let A- h(0) and 11(x) = h(x) - A, x GR. For all z, j/GR, as in part
(a) we obtain H(z-\-y) —I1(z) = a(2)ll(y).

If C —0then H(z + y) —11(z) All(y) for all z, y GR, which implies the
existence of a constant B GR such that //(x) —Bx, x GR.

If C > 0then, for every z,y GR, 7/(z2)(1- eCz) = 77(y)(l - eCy), which is
equivalent to the existence of a constant B GR such that H(x) = B(1—eCx),
i£R. O

Remark 2. Condition (ii) on / can be motivated as follows. If {A,,, nGN}
is such that
hm Alx+yf W =eCy, Y€R,
x-*00 A X]
for some C GR+, and A : R —»R+ is defined by A(x) = j4X]I[i,00(a;), x G

GR, then A(-) belongs to the class of functions T(f(x)/C) introduced by
de Haan [4], and consequently A(-) automatically satisfies (ii). O

4. Limit distribution for multi-dimensional renewal processes

Let a GR A sequence {sn,n GN} CR+ is said to belong to the class
IZVa if and only if, as n —»00, sn~naL(n), where L is a slowly varying
function, i.e. Lis a positive and measurable function such that for all t > 0,
L(tx) L(x) as x —#no.

Propositions. Let Z,, = (Z,i,... ,Znk), n GN, be a sequence of inde-
X

pendent random vectors such that E{Zm}=0 and A" = E{z&} GR+ for

alli G{1,... ,k} andn GN. Suppose (2.5) and (2.6) of Praposition 2 are sat-
isfied for some unit-diagonal covariance matrix T = (r,y );J=i and {Ani,nG

GN}GIzVij:tiG{l,... ,&. Let K=(Ai,... , )GRi. *X{1}. Then, as



NONHOMOGENEOUS RENEWAL PROCESSES 185

n —*o00,

"1(n) «fe-1(n)

i— " £ A 147.85%) 2y

/or all sequences {nfin),n GN} C N such that n,(n) ~ K{n as n —*oo0, i €
G{1,... .k —1}, where the random vector VV has a multivariate normal dis-
tribution with zero mean vector and the covariance matrix T(K) =

defined by j )= TUmin(y/K./K-j, y/Kj/K,), i,j€{ 1 K}

Proof. With the observation that the proof for dimension k > 2 only
reproduces the similar one for the bivariate case, we restrict ourselves to the
case k= 2. First consider K\ > 1. Then ni(n) > n for n large enough. We
have

(x»— £ -Ez...0)+
. n . n ni(n)
+ (i— 7je=E T E z-) +h E o) =
—laTt Fs + IR, say.

From Proposition 2 it follows

(11> ."Mi>E v=(Vv )
as N —»oo, Where V is normally distributed with zero mean vector and co-

variance matrix F= 2"~ A p=TA. Then, as N —»oo,

fs => yiK| where (yi,v2)={vuv2).

Secondly, since

1 Tl
N £
—E 4 a( mm),l  y/Ki'

«1

it follows 1. — (0, 0) as n —»o. Finally using (2.5) and {#,,i,n GN} GizVi/2,
it follows as n —wo

16=>(ViV ("i-i)/"i,0)
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where Vv f is standard normally distributed and it is independent of (V{, v2).
Combining the results on 14, 15 and IR the proof is concluded for the case
K\ > 1

Next suppose K\ — 1. A similar decomposition holds with IR replaced by

( 1)* max(n,ni (n))
_ E
~Ani (n),l

s=1+min(n,ni (n))

where s = 0 or 1 according to n\(n) >n or ni(rt) ® n. Since for every £ GR+,
b,dEN, . <V,

A
E A< >E <
a =14
then using min{n, ni(nF?} ~ max{n, ni(n)}, as n —»o, and {A,i,;n GN} G
Gizvi/2, we obtain 16 — (0, 0), which ends the proof. O

T heorem 3. Let {Xn,n GN} be a sequence of independent random vec-
n

tors with vglucs in R such that fim—E """ GR and Aat= £ E{{Xsl-

1

—hsi)2} £ R+; *G{1,..., A}, n GN. Suppose (2.7), (2.8) and (2.9) hold
true and {Ank,n GN) GTLV\:>*G{l,...,fc}. Assume there exists functions
Ui :R —»R+ such that for all t/GR

[x+y+Wi]
(4.1) M - enneeoeeeee = hi{y),

i G{1,...,k}. Then for all z —(zx,. . =) GRt
ﬂr*n T{N(U(a;)) > zOAxi+zl) = $ (-o00,-h,(z,

where $ is the same multivariate normal distribution function as in Proposi-
tion 1, U(z) = (C/i(x),..., Uk(x)), A,=(A,i,..., Ank), nGN, and zn A[X+
+ x\ = {zxAr i+ ZkA[x]1k A x) whatever x G[1, 0o).

P roof. The proofis similar to that of Theorem 2. Indeed we can take
fi(x) = then (i), (ii) and (iii) in Theorem 2 are satisfied since {Ant,n G
G N} Gizvi/.- Also, Proposition 4 shows that h{(x) = C, + xDt for some
constants P, GR+ and C,€R,iG {1,..., k}. Since for every i,j G{1,..., k},

.ox4a i
im
T x+ AL -
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the desired result follows from Proposition 5. O

Corollary 2. If in Theorem 3 we assume there exist constants a, G
€ R+, i G{!)e*ee >}, and a function B :R+ —R+ such that, as n —»00,
Ani~ a,Z?(n) /or each i G{1,... ,kj, then for all z—(z\,... ,Zk) GRA and
e r

(a) ILL‘n P{N(U(x)) > B(x)z + xI} = 4>Ex (-00,-C,-——-- -z,JJl;

a,
(b) Il_n(]C P{ lnf (NAUAX))) >zB(x) +x] - $ 11_1\(/00,-C ,----a-li-z
(©) Xli_n&)P{iiiugc(Ni(Ui(x))) <zB(x) +x} =% ii(l %-C ,----e;’;z,oo/] %;

where the constants Ci and D, are i/iose /rom the proof of Theorem 3

{!,ooo lk}

Corollary 3. Assume in Theorem 3 that for every i G{1,... ,k} there
exist GR+ such that
(4.2) ~ no: as n —*oo;
and
(4.3) 0 as n—*oo.
Then (4.1) holds with h{(y) = ypi, i G and then for every
z=(zi,... ,Z) GREt

lim P{N(x/i) > z\fx -fxI} = & }
{ ]
where p = (pi,... ,Pk)-

Proof. We only have to verify that (4.1) holds true for 17,(x) = /i,x and
h;(y) =piy. Note that

DetyApLi]

>Z’l\ Psi-Pi*

[x + yA[X]il j i 1, [o+»% ]-<
Wi axEeEph STt AR P
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Using (4.2) and (4.3) it follows that this converges to yp, as x —»oo. O
COROLLARY 4. In the i.i.d. case, if assumptions in Theorem 3 are sat-
isfied then for every z= (zi,... ,Z") € Rt
lim p{Ne/z) > Z\fX + z1} = s |
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RESULTS AND PROBLEMS ON STRONGLY
CONNECTED MOORE AUTOMATA

A. ADAM and I. BABCSANYI

To the memory of Professor Tibor Gallai

Introduction

In the present article the study of the questions left open in the previous
paper [4] is continued in another direction than it was done in [5].

After considering the congruences of an automaton with only one in-
put symbol in [3], the investigation (by algebraic methods) of the question
of simplicity (i.e. the lack of nontrivial congruences) of automata having
an arbitrary number of input signs was initiated in [4]; the papers [4]5]
deal with the reduction of this problem to the particular class consisting of
strongly connected automata.

Three special problems were raised in [4, p.171] after the main result.
The second and third of these were studied in Section 6 of [4] and in [5]. The
first problem — to find a criterion of simplicity within the class of strongly
connected automata — seems to be the most serious one. We make in the
present work the first move toward the analysis of it (following the methods
used in [45]). The results stated in the sequel are still far from a complete
solution of the question. Among them, we assert some (easily provable)
sufficient conditions for a strongly connected automaton in order to be non-
simple. We show by an example that the system of these conditions is not
necessary; this fact leads us to open problems which seem to be difficult.
The third section of the paper explains also interesting examples, showing
that various imaginable causes, implying non-simplicity, may really occur.

We consider always automata in the narrower sense that the input stimuli
form a free semigroup (not an arbitrary one). As we regard the notion of

simplicity, the output function plays an essential role.1
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More or less independently of [3]5], the authors have also written some
other papers on several sides of the topics of semigroup-theoretical aspects
of automata and the questions of their behaviour. Let us now mention the
articles [1] and [6] where automata have been presented in terms of certain
partitions of free semigroups; furthermore the work [2] in which automata
have been constructed by a combinatorial procedure and the notion of dis-
tinguishability of states was introduced.

In Sections 4-5 of this paper the automorphisms of automata are touched.
Our approach differs from that of Karpov [9] who gave a construction for
determining the automorphism group of an automaton provided that its
congruences are known. We think that it is not easier to get an overview
of the congruences (in case of the majority of non-simple automata) than to
establish the automorphism group.

1. Preliminaries

In the present paper finite Moore automata A= (A,X,Y, S A) are con-
sidered. We denote by F(X) the set of all input words (including the empty
word e). The notions of connectedness, congruence, simplicity, (indistin-
guishable state pair are used in the same sense as in the previous article [4],
We recall that Ais called strongly connected if for each state pair a, bthere is
an input word p such that 6(a,p) = b(or, equivalently, if A has no proper sub-
automaton; we understand by subautomaton the A-subautomaton in sense
of § 1.3 of [8]).

Since the congruences and simplicity of automata satisfying |X| = 1 have
been treated already in [3], we regard in what follows automata fulfilling
\ X\~ 2. Also \Y\ ~ 2 is supposed (cf. Footnote 1).

In the sequel state pairs a, b will be often referred to. Such a pair is
considered as an ordered one,2 and we speak of a proper pair if we want to
emphasize that a b is required.

It is known that the indistinguishability of states3 of A is an equivalence
relation and the partition 7m ax, corresponding to it, is the largest congruence
of A. The smallest congruence of A equals, of course, the smallest partition
o of the set of states. zmax and oare also called the maximal congruence and
the trivial congruence of A, respectively. A is simple precisely when 7max = o
(or, equivalently, if each proper state pair is distinguishable).

A subset J of A is called strongly connected if for each pair a(€ J), b(G J)
there is a sequence a(= ao), xi, aj, x2?s+m, X, &(= Ut) such that a\,a2,... ,
afc_! belong to J and £(a,-_i, X,) = a, whenever 1<i<A(x-SX).

2 The ordering is frequently indifferent since the distinguishability of two states and the
set Ha,b — to be introduced later — are defined symmetrically.

3 This is defined for a state pair a,b by the fulfilment of A(6(a, p)) = \(S(b, p)) for each
input word p.



RESULTS AND PROBLEMS ON STRONGLY CONNECTED MOORE AUTOMATA 191

A mapping a of the state set A (of A) into itself is called an endomor-
phism if
a(6(a, x)) =£(a(a),x) and A(a)=A(a(a))

are satisfied for every choice of a(E A) and x(£ X). An endomorphism is
said to be an automorphism if it is a bijective mapping (of A onto itself).
When we speak of a nontrivial endomorphism (or automorphism), we mean
that it differs from the identical mapping of A.

A mapping 7 is called a partial quasi-isomorphism (of an automaton A)
if the following five conditions are fulfilled:

(1) The definition domain J and the (precise) range K of 7 satisfy the
formulae

JUKQA, JnK=0, |/>2.

(2) 7 is a bijective mapping (between 7 and K).A
(3) 7 is a strongly connected subset of A.
(4) The inequality

<5(ax) " 6(j(a),x)

implies
6(a, X) £ 7&<5(7(a), x) £ A'&7(<$(a, X)) =6(y(a), X)

for each a(f£ 7) and x(£ X).

(5) A@) = A(7(a)) for each a(E 7).

Let a state pair a, 6 be considered. Denote by Haib the set of all input
words p such that S(a,p)* S(b,p). Evident consequences of the definition of
Hab are:

px £ Hab implies p £ Hab (where p £ F(X), x £ X),
F a6 — 7ffe,a>

Hab=$% whenever a=h.

Let all the state pairs (of A) be partitioned into three types in sense of
the following rules:

the pair a, bis of type (I) if Hahis finite,

the pair a, bis of type (Il) if Hab= F(X),

the pair a, bis of type (IIl) if Hab is infinite and properly included in
F(X).

The types (II), (11) contain proper state pairs only. We shall see exam-
ples in § 3 showing that any of the three types (and many of the imaginable
combinations of them) is existing.

* Hence |7] = |A"].
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2. The Main Question

The question of characterizing the simple automata among the strongly
connected Moore ones was explicitly raised in [4] (p. 171). A complete solu-
tion of it would be a generalization of the last sentence of Corollary 2 in [3]
(p. 262), dealing with strongly connected autonomous automata.5 Now we
express our basic question in the form of a compound statement.

Main Question. Determine the logical connection of the following three
conditions (A), (B), (C) for strongly connected Moore automata A:
(A) A is not simple.
(B) At least one of the subsequent three assertions is true in A
(b-1) There isan indistinguishableproperstate pairof type(l).
(b-2) There isan indistinguishableproperstate pairof type(ll).
(b-3) There isan indistinguishableproperstate pairof type(lll).
(C) At least one of the subsequent three assertions is true in A:
(c-1) There is a proper pair a(g A), i»gA) such that A@) = A(6) and
6(a, x) = for each x(€ X).
(c-2) A has a nontrivial automorphism.

(c-3) There is a partial quasi-isomorphism between two appropriate
subsets of A.

In what follows, we shall see that (A), (B) are equivalent, and we shall
verify that (B) follows from (C) (see Propositions 1, 2, 5, 12 and Corollary 2).
The implication (B) == (C), however, fails to be true (in general), thus some
important questions are left open (cf. Example 7 and Problems 1, 2, 4, 5).

Two results concerning the Main Question may be stated at once. (Ob-
serve that they are valid without assuming the strong connectedness.) The
known facts about distinguishability, largest congruence and simplicity6 im-
ply immediately

PROPOSITION 1. Conditions (A) and (B) in the Main Question are
equivalent. O

PROPOSITION 2. Assertions (b-1) and (c-1) are equivalent.

P roof. Implication (c-1) => (b-1) is obvious. Conversely, consider in-
distinguishable states ¢, d such that ¢ dand H{j is finite. Let p be an input
word whose length is maximal (in Hcj). It is easy to see that a= 8(c,p) and
b= S(d,p) fulfil (c-1). O

5 It follows from this result that each indistinguishable proper state pair belongs to type
() if 1¥1=1
These were referred to already in Section 1. For details see [2] (especially Section 5)
and [4] (Proposition 5).
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3. Some examples

Example 1. Now we shall see a sequence of automata, depending on a
parameter tn(> 1). For any particular choice of w, put

A —{a, 61, b2 +=. ,bw, Ci, C2, *=+ , On}

(thus 1A\ = 2w + 1), X = {xi, X2} and Y —{yx,y2). The transition function
is defined by

<$(a,xi) = &, 6(a,x2) =ci,

S(b,,x1)= S(b,,x2) = bt+1"
if l<i<w- 1,
A(ei,xi) = 6(c,,x2) = c,+i .

6(0y,, «Ci) — b(bW, X2) — *ci) — *AD) —
and the output function is defined by
A9) = jhi, At = AC)=y2 if1<i<w.

It can easily be seen that exactly the state pairs of form 6,, ¢, are indis-
tinguishable (where 1< i <w), every indistinguishable pair is of type (1) and
Hb,,§ consists of all input words whose length does not exceed w —i. The
assertion (c-1) holds for bw,cw.

One of these examples (for w =3) can be seen in Fig. 1.

In Examples 2-7 we shall write simply i instead of a,.

Example 2. Put A ={1,2,... ,6}, X = {xi, X2}, Y = {j/i, 22}; let 6,A
be defined by Table 1 (see Fig. 2).
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Table 1

i Sz s(ix2) A)
6 vl

o OB~ W N
= O O B~ W N

1
2
3 N
4
5

Fig. 2
There are three indistinguishable pairs: 1, 4; 2, 5; 3, 6; they are of
type (I1). The automaton has a nontrivial automorphism:
f12 3 4 5 6\
\4 56 1 2 o)

Example 3. Put A= (1,2,... ,6}, X = {xux2}, Y ={yuy2,y3}; let
4 Abe defined by Table 2 (see Fig 3).

Fig. 3
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Table 2
i <5(ii) - 6(i,x2) AR
1 2 3 n
2 3 4 2
3 1 2 23
4 5 6 n
5 6 4 »
6 4 2 B

There are three indistinguishable pairs: 1, 4; 2, 5; 3, 6; they are of
type (HI). The mapping

2
5

5 SR

3

6
is a partial quasi-isomorphism with J = (1
belongs to J UK .

Example 4. We recall in Table 3 Example 3 of the paper [3] (pp. 278-
279). There are three indistinguishable pairs: 2, 3; 4, 5; 6, 7, they are of
type (HI). The mapping

,2,3), K ={4,5,6}. Every state

2 4 6
3 5 7

is a partial quasi-isomorphism. The state 1 does not belong to J UK.

Table 3

b <gix)  <sGx2) A

1 2 3 il
2 4 4 2
3 5 5 »
4 6 6 R
5 7 7 23
6 2 1 p )
7 3 1 2
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Example 5 Put A= {1,2,... .5}, X = {xx,x2,x3}, Y = {j/i,j2}; let
6, Abe defined by Table 4 (see Fig. 4). It is easy to see that this automaton
A has no nontrivial automorphism.7 Introduce the following notation for
subsets of A:

£ ={14} C={23}, £ =435} £={1,2,4}, £={1,4,5}.

A has two nontrivial congruences:

= (£.{2}, {3}, {5}).

"max = (E>£)m

Table 4

i <B(txi)  <$tx2) 6(i,x2)  AQ

1 2 2 3 il
2 4 1 5 yi
3 5 5 1 »
4 2 2 3 n
5 3 3 2 D

By regarding 7imax it is clear that there are four indistinguishable state
pairs. Among these, the pair 1, 4 belongs to type (I).

We are going to show that the indistinguishable pairs 1, 2; 2, 4; 3, 5
are of type (Il). Indeed, consider the partition #2= (C,F) of the state set.

7 This can be checked immediately, or follows from the fact that |A| is prime by use of
the assertions stated in the next section.
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A2 is not a congruence since it is not compatible with A However, 72 is
compatible with S, therefore we can form the factor semiautomaton (i.e.,
automaton without output function) A/72. This is a semiautomaton having
two states and satisfying <$(<f,x) ~ d for every choice of a state d and an
input symbol x(eX) (where S is the transition function of A/u2).

Let now b,c be selected arbitrarily out of the pairs 1, 2; 2, 4; 3, 5. One
of b,c belongs to C, the other of them belongs to F. For any choice of
p(G F(X)), S(b,p) and S(c,p) are not equal because they lie in different
classes of 7r2.

Example 6. Put A =(1,2,... ,8} X = {xi,x2), Y ={yi, y2}; let 6, A
be defined by Table 5 (see Fig. 5).

There are three indistinguishable state pairs: 1, 2; 4, 6; 5, 7. The pair
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1, 2is oftype (). The pairs 4, 6 and 5, 7 belong to type ). The mapping

4 5
6 7

is a partial quasi-isomorphism (with J = {4,5}, K = {6,7}). The states 1, 2,
3, 8 do not belong to J UK.

Example 7. Put A - {1,2,3,4,5}, X = {xx,x2}, Y = {yi, y2}; let 6, A
be defined by Table 6 (see Fig. 6).

Hg. 6
Table 6

i <5G,zI)  6(i,x2)  A()

1 3 1 n
2 4 2 N
3 2 5 »
4 1 4 \2
5 2 3 »

There are five indistinguishable state pairs. Among these, the pair 3, 5
belongs to type (I11). One may check that the other four ones (the pairs 1, 2;
3, 4 and 4, 5) are of type (II). Condition (C) is not valid for this automaton.

4. On the automorphisms

We regard Proposition 5 and Problem 2 as the most important matter
in this section. Also two other open questions are included, and we mention
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a few simply reachable related assertions on automorphisms which are more
or less known in the literature.

PROPOSITION 3. For any state pair a,b of a strongly connected automa-
ton there exists at most one endomorphism a such that a(a) —b.

P roof. Assume the existence of a, let ¢ be an arbitrary state. There is
an input word p fulfilling S(a,p) —c. The deduction

a(e) = a(S(a,p)) - S(a(a),p) = 6(b.p)
shows that the image a(c) is determined uniquely. O
Corollary 1 (Weeg [11], see Gécseg-Peédk [8], Statement 5.5.5). We
have a(a) ™ afor each state a if a is a nontrivial endomorphism of a strongly
connected automaton. O
P roposition 4 (Oehmke [10]). Each endomorphism a of a strongly con-
nected automaton is an automorphism.

Proof. Choose a state a arbitrarily. Our aim is to show that a belongs
to the (precise) range of a. The first equality in the formula

a(6(a,p)) =6(a(a),p) =a
holds for every input word p, the second equality is true (by the strong
connectedness) for at least one p. O

Recall the notation of the Main Question.
P roposition 5. The implication (c-2)=> (b-2) is valid for the strongly
connected Moore automata A. More precisely: whenever a is a nontrivial

automorphism and a is a state of A, then the pair a,a(a) is indistinguishable
and belongs to type (II).

Proof. By Corollary 1 we have

6(a,p) * a(6(a,p)) = S(a(a),p)
for any p((E F(X)), hence a,a(a) is a pair of type (Il). The indistinguisha-
bility is a consequence of the deduction

A(S(a,p)) = Aa(6(a,p))) =A(S(a(a),p)). O

Example 7 (at the end of the preceding section) shows that implication
(b-2) =>(c-2) cannot hold in full generality. Later we verify it under very
particular circumstances (Proposition 9).

Problem 1. Find (possibly wide) subclasses of the class of strongly
connected automata in which (b-2) implies (c-2).

Problem 2. Study the structural (e.g. symmetry) properties of the
strongly connected automata which fulfil (b-2) but do not satisfy (C).

Denote by Kj the set of all states a of an automaton A which fulfil A(a) =
= y3 (where j can be 1,2,... ,to; m= |T|). Next we state a fact which lies
near to Theorem 2.9 in Deussen’s paper [7] (where the strongly connected
automata are called simple ones).
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PROPOSITION 6. Let 0 be a subgroup of the full automorphism group
21(A) of a strongly connected automaton A. Denote the order of 0 by w.
Consider the orbits 77x, 772, ... ,77/f of 0. Then the equalities

\HI\= \H2\= ... = \Ht\=w

are valid and t= \A\lw, furthermore, w is a common divisor of the numbers
I*'t], \K2\, \Km\.

Proof. Fix an element a in an arbitrary orbit 77, Let b run through
all the states. If b belongs to 77, then there is exactly one a(G 0) such that
a(a) = 6 (by Propositions 3 and 4); when b£ A —77,, then a(a) 7b for every
£*(e 0). Thus |77, = w. It is clear that wt = |A|. The last conclusion follows
by observing that any 77- is entirely included in some K3 because of the
requirement A(a) = A(a(a)) in the definition of endomorphisms. O

Remark 1. Let A be a strongly connected automaton. Fix an input
word p and define a mapping ap of A into itself by ap(a) = 6(a,p). The
mapping ap is an automorphism of A if and only if p satisfies

(4.1) 6(a,px) =S(a,xp), X(a) =X(S(a,p)) for every a(£ A), x(£ X).

The assertion of the remark becomes clear by noting that the formulae
in (4.1) can be written as

6(ap(a), x) - ap(6(a.x)), X(a) = A(ap(a)),
respectively. O

The following question can be raised on ap (defined in Remark 1):

PROBLEM 3. Decide the validity of the following sentence: whenever a
is an automorphism of a strongly connected automaton, then there is an
input word p such that a = ap.

Example 8. The subsequent automaton shows that the answer to Prob-
lem 3 is negative when the requirement of strong connectedness is omitted:
A = (ax,a2,a3}, X ={z}, Y ={yi,y2}, 7(a,,z) =a3fori6 (1,2,3), A(ax) =
= A(a2) = 21, A(a3) = y2. Indeed,

a_ (a\ a2 a3\
\a2 Q a3l

is an automorphism, but a * ap for any input word p.

5. Some consequences of the existence of an indistinguishable pair
of second type

Denote by N the set of all states a of an automaton A= (A,X,Y,6, A
such that the one-element set (a) is a class of the maximal congruence #max
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of A. We emphasize that Y is thought as the set of the actually occurring
output symbols. We shall write ind wmax for the index — i.e., the number of
classes — of 7max and (sometimes) m for |V|.

For a state a and an input word p let us denote by k(a,p) the largest
number k such that the states

a,<S(a,p),<5(a,p2),... ,s(a,pk)

are pairwise different. (Evidently, 0 k(a,p) < |A|. Any k(a,e) equals zero,
but p e does not imply k(a,e) > 0 in general.) Denote by ko the mini-
mum of the numbers k(a,p) taken for all pairs a(£ A), p(€ F(X)) such that
k(a,p)>0.

P roposition 7. Suppose that A is a strongly connected automaton hav-
ing an indistinguishable state pair c,d of type (Il). Then

(@) A=0
and

(b) for any output symboly, there exist two states ai, b; such that A(a,) =
A(6,) —{ and the pair a-, 6, is indistinguishable and of type (II).

Proof, (a) Let a be an arbitrary state. There is a p(E F(X)) such
that «(c,p) =a The pair a,s(d,p) is proper and indistinguishable by the
supposition posed on cand d. Thus a£ N.

(b) Fix 2, Let p- be an input word fulfilling A(<5(c,p,)) = y,~ Then the
pair a-= <5(c,p,), 6-= «(d,pi) satisfies the conclusion. O

The next result has been got in common with F. Wettl:

P roposition 8. Suppose that a strongly connected automaton satisfies
at least one of conditions (c) and (d):

(c) There is an indistinguishable state pair of type (II).

(d) For any input symbol y, the states a fulfilling A(a) = y, are not
pairwise distinguishable.

Then |y|g|A|/(fcO+1).
Proof. We form m sequences of states

(mSi) 01,1)01,2» s« »al,s(l))
(S2) 02,i,a22 ***,a25(2»

(Siy o4 2... A%G0)>

(Sm) Qrri, amg j oo )Om J(m),

by the following two rules:
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(1) Foranyi (1<i<m), the pair a,,!,a.«. is proper, indistinguishable
and satisfies A(a(ii) = A(a,i2) = t/~. (The possibility of this choice follows from
(c) by Proposition 7, from (d) immediately.)

(2) The subsequences a-3,... ,4a,5(,) are obtained in such a way that we
consider an input word g, satisfying <5(a,i, 9,) = a,,2?and we define s(i),a,]j
by s(i) = | +k(a<tl,g<) and aitj = <¥a,i, q]~1) (resp.).

It is evident that

A(@.,i) = A@i2 = .. .= A(at>(t)) =y,
for each i, thus the sequences (5,) are disjoint. Any (5,) consists of pairwise

different states by the definition of the number k(a,p). Hence a state of A
may occur at most once in the sequences, and the deduction

m m
|A A =X X +Ma.i>») " + M = |F|(fc0+1)
1=1 1=1
is valid. O

Observe that the maximal possible value of |T| is |A]/2 if Proposition 8
applies.

P roposition 9. Let A be as in Proposition 7. If
(5.1) \Y\ =\AV/2,

then
(e) each class of Amax consists of exactly two states, and
(f) A has a nontrivial automorphism.

Proof, (€) We have
(5.2) |A|/2>indTmax> |P|

by the conclusion (a) of Proposition 7. Because of (5.1), equalities are true
in (5.2).

(f) Denote the states of A by eq, 61,02, b2, ... ,am,bm so that A(a.) =
= A(6]) = y{ for every i (1~ i~ m). We can choose the subscripts in such a
manner that the pair ai,b\ is indistinguishable and of type (1I). The classes
of 7Imax are obviously of form {a,, 6,}. Consider the mapping

q - al a.2 e bl 62 °e,. bl
bi 62 .. al °n X a

Some of the properties of the automorphisms are clearly fulfilled by a,
we have still to verify a(s (a, x)) = s (a(a), 2) for each a(G A) and r(e I).
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First we show £(a,, x) * 6(bi, x) where 1~ i<m. Let p be an input word
such that <$(ai,p) = a,. Then the deduction

s (a,,X) =S(S(ai,p), x) = S(au px) » S(bu px) =+ (s (bu p), x) =& (bt,x)
is obvious, except the last step. S(bi,p) = 6, is true because
ai = s(aup) = s(bup) (modamax)
and the pair ai,6j is of type (II).
We have got that to each x and i there is a j such that
{a(<S(@a-,x)), a(6(b,, x))} = {56, x), 6{a,, x)} = {a", bj}
(where 1<j Sm; i and j are not necessarily different).
For completing the proof, let a state (£ (a,, &} and an input symbol be
chosen. This can be done in four manners:
a(S(a,,x)) =aj,  a(S(a,,x)) - bj
a(S(b,,x)) = aj, a(S(bj, x)) = bj.
By the analogy of these cases, it suffices to study the first possibility. We

have then
5@, x) = a2D@), x)) = a(aj) —hy,
thus
5(a(a,), x) = S(b,, x) € {a:, bj] - {b3} = {aj},
hence

a(S(aj, x)) = aj - 5(a(a,), x). O

6. On the simultaneous occurrence of indistinguishable state pairs
belonging to different types

Let A be an automaton. In this section we denote the sets of indistin-
guishable proper state pairs (in A) of type (I) or (II) or (1) by S\, S2, Ss,
respectively.

Proposition 10. Let A be a strongly connected automaton satisfying
S, 0. IfSiUS;~ 9, then A has at least five states.

Proof. Consider a pair c¢,d belonging to 62 and a pair a, b lying in S1
or Ss. There is a p(€ F (X)) such that &c,p) = a. Denote 6(d,p) by /. The
pair a,f belongs to S:-

Choose a state g such that8 A(g) i A(@). There is a g(£ F(X)) such that
s(a, q) =g. Denote ¢ (f, q) by h.

It is obvious that A(6) = A(@) = A(/). The pair g,h belongs to S. and
A(g) = A(h). We can observe that a, b, f, g, h are pairwise distinct states
(6/ / because the pairs a, band a, f belong to different types). O

Example 5 shows that |A| = 5 is reachable under the suppositions of
Proposition 10.

8 Recall that the automata fulfilling |F| = 1 were excluded in § 1.
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P roposition 11. Let A be a strongly connected automaton fulfilling S2f-
770. If the implication

(6.1) al6(f,q)"6(a,q)f:6(f,q2

is valid whenever the pair a, / is an element ofS2 and g€ F(X), then S1=0.

PROOF. Assume that is non-empty, we are going to show the falsity
of (6.1).

Consider again a pair ¢, d being in S2. Now we can choose (by Proposi-
tion 2) a proper state pair a, 6 such that (c-1) is satisfied (i.e., A(a) = A(b)
and S(a, x) = S(b,x) for every x(e X)). Introduce p and / as in the proof of
Proposition 10. Let q be an input word fulfilling 6(f,q) —b. Denote 6(a,q)
by g. It is easy to see that the pairs a,/ and b,g are in S2. Analogously to
the preceding proof, bAf /, hence qgfe.

We can write qin the form g=xr (x6 X ,r £ F(X)). The deduction

S(a, g) =6(a, xr) = 6(6(a, x),r) =6(S(b, x), r) =
=3S(b,xr) = S(b,q) =6(6(f,q),q) = S(f, g2)

is valid (the third equality follows from the choice of a and b), and a 7*b=
=6(f,q). O

We note that the implication (6.1) is fulfilled by any quasi-perfect au-
tomaton (for the definition of this class of automata see e.g. §5.2 in [8]).

7. On partial quasi-isomorphisms

Recall the notion of partial quasi-isomorphism and the notations in the
Main Question (Sections 1-2).

P roposition 12. The implication (c-3) => (B) is valid for the strongly
connected Moore automata A. More precisely: whenever 7 is a partial quasi-
isomorphism of A (from J to K) and a£ J, then the pair a, 7(a) is indistin-
guishable.

Proof.Let us fix an arbitrary element a of J, assume that p(=xiXz-..xk)
runs through all the input words. We distinguish two cases.
Case 1. The inequality

(7.2) S(a,xIx2...Xj)fS("(a),xIx2...Xj)

holds for each j where 0~ j < fc. It follows by induction on j that the states
on the left-hand and right-hand sides of (7.1) belong to J and K, respectively;
furthermore

S(~f(a),x1x2...xj) =j(S(a,xIx2...xj))
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for each j. Consequently

(7.2) A(<5(@p) = A(7(«5(a,p)) = A(<5(7(@).p)).
Case 2. There is an h such that

(7.3) S(a,Xix: ...xh) = (~j(a),X\Xz ...xh)

where 17h< k. Then (7.3) holds also when the subscript h is replaced by
an arbitrary j fulfilling h <j ~k; especially, s (a,p) = <5(7(0),p), therefore

(7.4) \(s (a,p)) = A(<5(7(0).p)).
By showing the validity of formulae (7.2) and (7.4) we have verified the
indistinguishability of a and 7(0). O

The next statement follows from Propositions 2, 5, 12:

Corollary 2. The implication (C) == (B) is valid for the strongly con-
nected Moore automata. O

Problem 4. Find (possibly wide) subclasses of the class of strongly
connected automata in which the implications (b-3)=i>(c-3) and/or (c-3)=>
=>(b-3) are true.

rroeLEM 5. Study the structural properties of the strongly connected
automata that fulfil (b-3) but do not satisfy (C).

8. Further considerations

We know that the indistinguishability of two states is a congruence rela-
tion. Now a fact will be stated which is somewhat related to this (without
supposing the strong connectedness).

Remark 2. Consider two states a, b of an automaton A and two input
words p, g. If the state pairs a, 6 and 8(a,p), 6(a,q) are indistinguishable,
then the pair <&@ p), <GB q) is indistinguishable, too.

The remarks holds since the deduction

AS(S(6,0), 1)) = A(<S(6,pr)) = X(6(a,pr)) = AS(<S(p), 1)) =
= A< g). 1) = A gr)) = A6 gr)) = ASD6 a), )

is true for every choice of r(£ F(X)). O
Recall the definitions of k(a,p) and kO (in Section 5).
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P roposition 13. Let A be a strongly connected automaton. 1f |Y| >
> \A\ —ko, then A is simple.

P roof. Assume that A is not simple, our aim is to verify |Y|  \A\ —kO.
We can choose an indistinguishable proper pair a, b. There is an input word
p such that 6(a,p) = b, clearly k(a,p) > 0. We have <5(a,p,+1) = 6(b,p'), thus
S(a,p') and <$(ap,+1) are indistinguishable for each t(> o).

The states in the sequence

a,6(a,p),6(a,p?),...,S(a,pk )

are indistinguishable and pairwise different. Denote their set by B. The
output symbol A(b) is common for the elements of B. Consequently,

\Y\<] +\A-B\ = +\A\-\B\ = | +\A\-(k(a,p) +1) =\A\-k{a,p)<\A\-kO

where the last inequality follows from the definition of ko. O
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ON A GENERALIZATION OF AN OLD THEOREM OF ERDOS

K. KOVACS

In 1946 Erd6s [1] proved the following theorem:

T heorem 1. If the real-valued additive function f is monotonic then
f(n) = clogn.

We need two of the several generalizations of the above theorem for our
purpose.

Theorem 2 ([2]). If the real-valued additive function f is monotonic on
a set of upper density one then f(n) —clogn for all ne N.

T heorem 3 ([3]). Let a> 0 and b denote coprime integers. If\\f(an-\-
+ 6)|| is monotonic 7)|-|| denotes the Euclidean norm) for an additive function

f :N—»Rfc then f(n)=clogn (c€ Rf* for all (n,a) = L
In this paper we examine some special cases of the following problems:
m

What can we say if YZ cif(ain + bi) is monotonic for a real-valued additive
i=i

m
function f or Y) c,||/(a;n-t-i>;)|| is monotonic for an additive function / :N—»
i=

m
—>Rf? /(n) will be probably clogn for all (n, a,) =1
i=i

Theorem 4. Let a and b denote different integers. If
1) /(n+0)-/(n +ii)>0 (or ~ 0, or monotonic)
for a real-valued completely additive function on a set of upper density one
then f(n) = clogn for all n € N.

Theorem 5. Let a and b denote different integers, ///(n-fa)+/(n + 6)
is monotonic for a real-valued completely additive function on a set of upper
density one then f(n) = clogn for all n £N.
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THeorEM 6. Letd denotes afixed integer. If  f(n + kd) is monotonic
k—\
for a real-valued completely additive function on a set of upper density one
then /(n) =clogn for all n £ N.

Theorem 7. Leta£ N, 6, d£ Zsuch that a\b - d and (6,d) =1 If
(2) /(an + b)- f(an + d) >0 (or <0, or monotonic)

for nii no then /(n) = clogn for all (n,b—d) =1

Corollary. Theorem 7 implies a stronger result than Theorem 4 on
the set of the natural numbers. If f(n + b) - f(n + d) is monotonic for an
additive function then /(n) —clogn for all (n, b—d) = 1.

Remark. If/ is completely additive in Theorem 7 then the condition
(6, d) = 1is not necessary.

Theorem 8. Leta£N, b>d integers such that a\b —d and (6,d) = L
If f(an + b) + f(an + d) is monotonic for n >  for a real-valued additive
function then f(n) =clogn for all (n, 2(b—d)) = 1

Corollary. Theorem 8 implies a stronger result than Theorem 5 on
the set of the natural numbers: If f(n +a)+ f(n + b) is monotonic for an
additive function then f(n) —clogn for all (n,2(6- d)) = L

T heorem 9. Let a and b denote different integers. If ||/(n + a)]|-
—1|/(n + 6)|| >0 (or <0, or monotonic) for n>n0 then f(n) =clogn.

tHeorem 10. Let a€ N, 6,d€ 1 such that a\b—d and (6,d) = 1. If
[[/(an + 6)]| —|/(an +d)]| ~O (or <0, or monotonic) for n>n0 then f(n) —
=clogn for all (n,a) = 1.

P roof of Theorem 4. Replacing n by |ﬁa1,7- 6ln - 6in (1) we get
f(n +sgn(a- 6)) - /(n) >0

on a set of upper density one. Theorem 2 yields our result. The other two
cases in (1) can be treated similarly. (If the difference in (1) is monotonic
then we get easily that the difference is >0 or <0 for n > no.)

P roof of Theorem 5. We can assume that
F(n)=/(n + a) + f(n) (where a > 0)
is monotonic on a set of upper density one. F(n) >F(n - a) implies
f(n +a)"f(n - a).
Replacing n by an we get

I(n +1y>/(n-1).
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Replacing n by 2n + 1 we have

I(n+ 1)>/(n).
This can be ensured on a set of upper density one. By Theorem 2 we get
our result.

P roof of Theorem 6. The case d= 0 is Theorem 1L For d * 0 let us
replace n by |[d|n. We get that

m

=Y I™n+ (sgndw
k=1 (s

is monotonic on a set of upper density one. The inequality F(n+ 1) > F(n)
yields

/(n+m+ 1)>/(n+1) or f(n —m+ 1) >/(n —1).
By Theorem 4 we get that /(n) = clogn.
Proof of Theorem 7. Replacing n by |6 —d\/a in (2) we have that

/(16 —d\n +b) —f(\b —d\n+d) >0 (< 0 or monotonic).

In each case / and even |/| is monotonic on the arithmetical sequence
|6 —d\n + b. Using that (b—d,b)= (b,d) = 1 we have /(n) = clogn for all
(n, b—d) = 1 by Theorem 3.

If / is completely additive we can take out k = (6—d, b). Then we can
b-d b\ _ 1
~JT'k) '

Ifa—1and / is additive then the condition a\b—dis trivially satisfied.
If b and d are not coprime then replacing n by n+t we can ensure that
b+ t,d+t are positive and the bigger one is a prime. This yields that (d +
+1t,b+1t)—1 We get f(n) =clogn for all (n,b- d)=1

Remark. In Theorem 7 we cannot write f(n) = clogn. The choice
f(pa) = clogp0-“0+ f(pa°) with pa° | 6 —d contradicts this assertion.

Proof of Theorem s. We get as in the proof of Theorem 7 that
G(n) =f((b - d)n+b) + f((b - d)n+d)
is monotonic. G(n) >G(n - 1) implies
f((b —d)n + b) —f((b —d)n —b+ 2d) ~ 0.
Applying Theorem 7 we get f{n)- clogn for all (n,2(6-d)) = 1.

'Theorem 10 can be proved similarly to Theorem 7 again.

Theorem 9 is a special case of Theorem 10 if (b,d)= 1 This can be
achieved by a suitable replace of n by n + t. (See the proof of Theorem 7.)

apply Theorem 3 using that
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EIGENVALUE PROBLEM FOR SOME NONLINEAR ELLIPTIC
PARTIAL DIFFERENTIAL EQUATION

GABRIELLA BOGNAR

0. Introduction

A well-known problem in mathematical physics is the determination of
the principal frequency of a simply supported homogeneous membrane [5],
[22], [19]. The function u—u(x,y) describing the motion of the membrane
satisfies the differential equation

(0.1) Au+ An=0
in the bounded domain D £ R2 with the boundary condition

u\dD = o
for fixed membrane (Dirichlet problem). It is known that this problem has
eigensolutions n- £ L2(D) and the corresponding eigenvalues are A (i =
=1,2,...) such that A-~—>00 when i —*00. The eigenvalue Ax is the first
(smallest, principal) one (see [5]).

For a given domain D the determination of the value Axis known only for
some special domains [16]. These are circle, circular segment, rectangle and
three types of triangles with angles (60°, 60°, 60°), (45°, 45°, 90°), (30°, 60°,
90°). In general case the eigenvalue Ax can be obtained as the solution of the
following variational problem. Let the function f —f(x,y) be T2-integrable,
vanishing on dD, not identically zero in D and the partial derivatives fx,fy
exist almost everywhere then

Ax=minR [/],
where the ratio

JI(f2 +& dxdy
b LU R v
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is called the Rayleigh quotient. For the first eigenfunction u\ the equality
Ai = A[«i] holds concerning the linear partial differential equation (0.1) [8].

It is known that there is a connection between the eigenvalues and the
shape of the domain. E.g. such a connection is the Rayleigh conjecture
according to which for all membranes with a given area the circle has the
minimum principal frequency. The method of proving this conjecture is
the rearrangement method [6], [12], [18], [20]. This method was applied
successfully also for the differential equation

Au+f(u) =0,

see Kawohl [11]. The Rayleigh quotient of the equation Au-f Af(u) = 0 has
the form

/] ux + uy)dx dy

£[u]

| | uf{u) dx dy
D

where f(u) is continuous, f(u) >0 for u> 0, /(0) = 0 and it satisfies the
Lipschitz condition [13].

There are more possibilities for the generalization of the Rayleigh quo-
tient to extend the space L2 to fields Lp+1. Otani [14] and De Thelin [21]
introduced the quotient

Vul .y PR
(0.3) in W"p+l(D)\{ 0},
m I1ptl
where Wq p+1(D) denotes the Banach space of functions v £ Cq(D) with the

norm i

u = Klp+l + kxilP+L + |uy|p+1] dxdy
D
In (0.3) |[u]|LP*L and ||V ul||*PH denote the Lp+I(D) norm of v and of
N
Vul = E éj)‘(’x , respectively. The Euler-Lagrange equation which cor-
Li=l
responds to the variational problem of minimizing (0.3) has the form
—div(|V!ijp_.1Vu) = AjuP-i. in D£RA,if0<p<oo,
0 on D.

In this paper we give another generalization of (0.2) by modifying the
norm of Vu in (0.3) as follows:

P+1 1pr1

(0.4) IVUllLp+s x dy

| | N dv
-f Id
D I[ X



EIGENVALUE PROBLEM FOR SOME DIFFERENTIAL EQUATION 215

where p >0 is real. We also determine the corresponding Euler-Lagrange
equation and examine some properties of the new Rayleigh quotient.

1. Preliminaries and results

Let D be a bounded domain in R2, p> 0 be real and let the set Fp
be defined as the set of the real functions u—u(x,y):D —*R satisfying the
following conditions:

(1) u\dD = o
(1) u is absolutely continuous for fixed x with respect to y and for fixed

y wi\T respect to x,
(rny o< |ux|p+l dx dy <00 and 0< \]\] \uy\p+1 dx dy < oo.
D

D
Using the norm (0.4) we generalize the Rayleigh quotient (0.2) by

(1.1 ue Fqg-

The Euler- Lagrange equation of this variational problem is

d ( dup xdu'y du p_1chi'
L] + A lu =0, YY) e D,
(L2) a dxj dy {dy dy APl x.%)

(1.3) u=20, (x,y)edD.

If problems (1.2) and (1.3) have a solution u then cu (c = constant) is also a
solution. The solutions can be made unique by the introduction of a suitable
norm. Clearly, if p= 1, equation (1.2) is equivalent to the linear equation
(0.1). As in the linear case if there exist constants A and corresponding
functions u, (i —1,2,...) for which problems (1.2) and (1.3) are satisfied
then we call them eigenvalues and eigenfunctiac()ns, respectively. When ux

and uy exist and are continuous, moreover (ux)p and (uy)p are differentiable
almost everywhere in D, then u is called the classical solution of eigenvalue
problems (1.2), (1.3).

The function u 6 Wq,p+H (D) is a weak solution of problems (1.2) and
(1.3) if

(1.4) \]\](u%vx + urVy) dx dy —A\]\] upvdxdy= 0

D D
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for all vE Wq'pH\D )\{0}, where

*  (xp if x >0,
\' WX\p ifx<O.

We introduce the value A by

(1.5) A= vlﬁ__fd Alul.
The value A exists because, by (1.1), R[v] > 0. Clearly, A>0. In fact we
shall show that A> 0. In the linear case it is known that A= where Aj is

the smallest eigenvalue [5]. We guess that A= Ai if p” 1. The aim of this
paper is to prove someway this conjecture, see Remark 1.1. This conjecture
is based on two known particular cases [3].

1. When D is a rectangle {(z,y) |0< x < a, 0 <y <D} the eigenfunctions
(classical solutions) are of product form

k- lif
uki —AG 1A (T x sp1 Ty,

and the corresponding eigenvalues can be given in the form
j,P+i /p+i \

h,lzpkp'f'l ap+i ¥ /,P+1J » kll_lizi"'l

where the function Sp=Sp(x) is the generalized sine function [3].
2. It was also shown that problems (1.2) and (1.3) have classical solutions
of radial form

v=v(9),
if D is bounded by the central symmetric convex curve

(1.6) |z|r +1+ |y[r+1= I.

In this case the partial differential equation (1.2) is equivalent to the equation

1d
gdg
and the boundary condition (1.3) is
u(l) =0.

The first eigenvalue Ai and the corresponding eigenfunction are given approx-
imately in [3] as a function of p. The curve defined by (1.6) was called figu-
ratrix by H. Rund [17, p. 25] and isoperimetrix by H. Busemann [4, p. 168].
This curve plays the same role in the case of (1.2) as the unit circle in the
linear case (0.1).

In this work we shall prove for A the following results.

+ Xvp=0



EIGENVALUE PROBLEM FOR SOME DIFFERENTIAL EQUATION 217

Theorem 1.1. Let the domain D be bounded in the (x,y)-plane and
denote the greatest diameter of D in the direction parallel to x-axis and to
y-axis by dx and dy, respectively. Then

(1.7) Amax(dP+1,c/P+1) > 1.

Theorem 1.2. For every A of the eigenvalue problem (1.2) and (1.3)
the relations A-= Alu,-], A>A (i=1,2,...) hold.

Theorem 1.3. Let u\ be an eigenfunction of problems (1.2) and (1.3)
with eigenvalue Aj such that u\ >0 in D. Then A= Ai and for each eigen-
value A (i~ 1) the relation A > Aj holds.

Remark 1.1. In the two special cases mentioned earlier the classical
solutions of (1.2) and (1.3) have the property required in Theorem 1.3. We
conjecture that u\ > 0 is always satisfied. Instead of this, however, we can
prove the following theorem.

T heorem 1.4. 7/p > 1 then the eigenvalue problems (1.2) and (1.3) have
a nonnegative nontrivial solution u\ £ Wqp+1(.D)\{0} and Ai = A.

The proofs of these theorems are given in the next section.

In Section 3 we shall deal with the Steiner and Schwarz symmetrizations
of the domain D. Here we prove that the smallest eigenvalue Aj cannot be

increased under these symmetrizations (see Theorems 3.1, 3.2).
We introduce the foIIowirj notations:

(1.8)) D(u) =
D

(|«,r+1 + [tttfiP+1) dxdy,

(1.9) Bt = Witk o) dx dy.

We shall use the following inequalities:
for the reals X , Y and p>0

(Lio) [X|pt+p|F|p+l-(i+p)xyp =q
where equality holds if and only if X —Y [10, p. 61];

for the vectors a, £ R3 (i=1,2,-.., d) the triangular inequality in Min-
kowskian metric [10, p. 30]

(1-11) |lai + &2 + meo+ afijlp+i = llaillp+i + la2|p+i + "'+ llau||p+ii
for the functions u,vE LP+L(D) the Clarkson inequality [1, p. 37]:
u+y PHO oy e

(112 + = -NUIBY + -llu s 1 p<oo;
p+i P+1
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for the geometric data of D the generalized isoperimetric inequality in Min-
kowskian metric [9]:

P P\
1.13 L2- 4PA MO, P=2——1
( ) P+ 1 p+1'p+ 1/

where L is the length of the boundary of the domain D in Minkowskian
metric, A is the usual area of D and P is a constant depending on the
metric. In our case the indicatrix will be the curve given by |x|p+l + |y|p+l =
= 1. In (1.13) the equality holds if and only if the domain D is bounded by
the so-called curve (ce):

(1.14) Mp+1+ |y|ptl = £p+1, g€ R+m

Remark 1.2. The Minkowskian length of this curve is 2Pg and the area
bounded by curve (ce) is Pg2.

2. Proofs

In the proof of Theorem 1.1 we shall give a generalization of a funda-
mental integral inequality formulated by H. Poincaré.

Proof Of Theorem 1.1. Let the continuous function u £ Fd be defined
on D. We consider a subdomain Dy with polygonal boundary dD7 such that
Dy tends to D as 7 —»0. For sufficiently small 7 we have |u| <e on dD7
and s —*0. Through each point P in we draw a line y —constant in
the direction of x up to the intersection point P' of the line and dD”. Let
u(P') =e(P) then s(P) is a piecewise continuous function and
(2.1) \e(P) \<e.

Since |

w(P)-u(P) | uxdx

by the Hoélder inequality we obtain

i(P)-£{P")\p+x <dp\] |nﬂx < dp\]\prHd(

where / is the total intersection of the line y = constant with P7, and dx is
the greatest diameter of the domain D in the direction of x. Integrating it
over | we find thjt

\u(P) - £(P)|P+l dx <dp+i \] [nx|p+l dx.
| |



EIGENVALUE PROBLEM FOR SOME DIFFERENTIAL EQUATION 219

Now we integrate with respect to y in Dy. Drawing a line x = constant
through P' we obtain in a similar manner
\u(P)-£(P)\p+ldxdy<K \]\] [lux|ptl + K |P+1] dxdy,

D-, D,

where K = max jrfp+l, @#1lj . By (2.1) and the triangle inequality we get

dx dy <

< dx dy -f dx dy.

Since e can be chosen arbitrarily small and —>D when 770, therefore

(2.2) P+l dx dy <K + |uy!P+1 dx dy.
D
From (2.2) it follows
Rluj>y=>0

and by (1.5) we get (1.7).

remark 2.1. Inequality (2.2) is the generalization of Poincaré inequal-
ity.

Proof OfFTheorem 1.2. We consider u, as a nontrivial solution of (1.2),

(1.3) and denote the corresponding eigenvalue by A (z=1,2,...). Thus we
have the equation

a -f AUP—O.
dx

Multiplying by u, and integrating by parts over D we have
<) 2wyt A eI
consequently

A=%1].
From (1.5) we obtain

A—inf R[u]” = A.
B =A
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Proof Of Theorem 1.3. Clearly, ui GFjj and the eigenfunction W has
no zero in D. As in Theorem 11 we consider the subdomain D of D.

Applying the method of Beesack [2] we substitute X =ux and Y —u(”l'j)x
in inequality (1.10) and integrate it over we find

N
(2.3) % Klpd U p+ (1 + pyuxuP(h L dx dy > 0.

Through every point P £ D we draw a line y = const. The intersection
points of this line with D have coordinates x\, x2(ii an). Consequently, the
intersection points by D have coordinates an + 7, x2—7. We integrate the
third term in (2.3) by parts for fixed y, so we obtain

X\Ty
1+ fo(unl dx =
(1 +p)uxu T X

*1+7
X2—Y  *2~7 *2-7 pil
\yieri K)IxV p+, {[<"m>->*}, g 4 p \] S uI_)* dx.
. . X\ i R

By Condition Il of the set Fjj and the Holder inequality we obtain

*j‘7 P+1 *j7
Kaq + t)lerI ux dx ANTP Jux|P+1 dX,

*1

therefore
*1+7
H ip+ i Ki)X H p+i —
Jil)(rb o < I|_r8 f K dx = 0.
*1+7
In a similar way we get
*T*2—r
ool "o
50 7%0—1
“Jm+i /VV
V ui

*1+7
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From (2.3) we have

2-4) i v+ |\/p+]{[(tt|V>4\ dx dy = 0.

D
Similarly, substituting X = uy and Y = u>--!-)--y to inequality (1.10) we find
U\
that

(2.5) /] [»,|p+HL + M p+l dx dy > 0.
D

We add the inequalities above and we find that

o lunxty +{IOGN13
26) 11w P+ | 7 dxdy>0.

D

Since W solves (1.2) v

(2.7) // [ '
D
Equality holds if and
T =y (tth, (ui)y
TN ul
and
ul\ /u
J =u" =0
S0 u—cui (c = constant). From (2.7) it follows that
fi[u] > Xu
consequently,
A> Al

Theorem 1.2 implies that A= Al and for every eigenvalue A the inequality
A > Ai (i/1) holds.
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Corottary 2.1. Ifu\ >0 in D then u\ has no local minimum in D.

P roor. Weassume that the first eigenfunction u\ GFp> has a local min-
imum in D. Then there exists the domain D' C D in which Ui is less than
min U\l .In D' we substitute the function W by a plane parallel to the

BD"
plane (x,y) in height minun . By this method we get a new eigenfunc-

\dD
tion ux in D and a correspondlng Rayleigh quotlent R[u\]. Comparing Pfu'J
with A[rti] we find that in the numerator is less and the denominator
is greater than in R[ui] (see (1.1)), hence

RLu\\ < R[ul,

Applying Theorems 1.2 and 1.3 we get that Aj is not the smallest eigenvalue.
It is a contradiction.
Proofr Of Theorem 1.4. We choose a minimizing sequence C
C Wqgp+1(D) such that ||iim||pM]| = 1, D(um)—Aand p > 1. Since Wq,p+1(D)
is compactly imbedded in XP+1(Z1) [1, p. 144] there exists a subsequence
an<*uk~ u with llullpH = 1 as k —mo0 in LP+1(D). By (1.12) we
have for any I, n and u;, un G{wm.}

+ un
DI ) +D l{2 A\ D (ul) +\ d {uX.

We obtain by (1.5)

ui - un + P+1

0<D %~D(ui) + "D(un)- A O YN
P+1

As [ — 00, n —m00 we get

\ d{ui)+ *"D(un) —A "Co.

2 P+1
Now we see that for {umkye>1
(s A 0O and (9 I 00

are Cauchy sequences in LP+1(D). It is easy to show that

du . d
ax - ul and ag(--Vz
almost everywhere in D. Hence um —*u in Wqp+1(Z)) and D(u) = A with

llullpH = X Furthermore, since |u] also satisfies (1.1), |u| becomes a nonneg-
ative nontrivial solution of the eigenvalue problem (1.2), (1.3).
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3. Application of the symmetrizations

Let us consider the bounded domain D and the continuous function
u(x, y) on D satisfying ui = 0. We introduce the level set Dcof u for c£ R
IdD

by

Clearly,

Dc= {(x,y) € D\u(x, y)~c}.

Dc, D Dc» if «min <C < ¢" < Ur

and
Dc—R if C  Umim

Dc—-0 if c Umax’
By these properties we can reconstruct the function Ufrom the level sets

{Dc}.

There are several rearrangements, see [11]. We shall deal with two types
of rearrangements on the plane. We shall denote the rearrangement of G
by G ~. These rearrangements will have the property: if G] C G2 then
G[r)CG[n).

Let the continuous function u be defined on D and its level sets be
denoted by Dc(c£ R). Using the rearrangement of sets Dc we obtain d[t\
The family of the level sets D™ determines uniquely the function on

such that the level sets of are Der\  The function is called
the rearrangement of function u. The rearrangements have the following
properties (see [11, p. 20]):

(a) if u is Lipschitz continuous then uG) is also Lipschitz continuous;

(b) the functions u and are equimeasurable;

(c) the mapping u—» s order preserving.

Steiner symmetrizations

The Steiner symmetrization of the first kind is a geometrical transfor-
mation connected with a certain line on the plane. First we shall choose the
x-axis as the line of symmetrization.

Let D be a bounded (open) domain in the plane (x,y). Let D(x') =
=Dn {(x',t/) Iy € R] be defined for any x' € Rm D(x') is empty when x'
tends to +00 or —00 and the points x' for which D(x’)”~ 0 belong to an open
interval 1. Clearly, D(x") is a union of open line sections. We denote the sum
of the lengths of these sections by |D(x')|. Let the Steiner symmetrization
D of D with respect to the x-axis be defined by

o= (J D ()(x),

x'ei
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where
D(xhx") =1 {(ay™)€R 21Ji| <ilE>(x")|} ifx'el,
10 ifx"il.
Let the continuous function u(x,y) be given by its level sets Dc. The
function — called the Steiner symmetrization of u with respect to the

x-axis — is reconstructed from the level sets DE*) m

Let a be a two-dimensional manifold in R3. If a can be given by the
equation z =u(x,y) with continuous first partial derivatives ux,uy and Rxy
is orthogonal projection of a onto the plane (x, y) then we dehne the surface
area of a in Minkowskian metric as follows

Ixy = | | 1+ W4 P+ kPP dxdy.

This surface area can be based in classical sense by subdividing a into h
small triangles 04, tj2, me,  with surface areas A5i, AS.,.m, A5/, and by
forming the sum

i>s..
i—1

By defining suitably the areas of <, (i—1,2,..., h) this sum tends to a limit

as h —»00 and )

Sxy = hlﬁl@{;ﬂ AS{.

Let a be given by the equation y —v(x,z) and let Rxz be its projection on
the plane (x,z). If v has continuous first partial derivatives on Rxz then

1+ P41 P+l dx dz.

Let a be given by the equation x = w(y, z), and Ryz by its projection on the
plane (y,z). If w has continuous first partial derivatives on Ryz then

Syz ~ 1+ Uyt P+l dy dz.

If the first partial derivatives of u, v and w are not equal to zero then
(31) uexy -—ucxz -—ueW—

Equality (3.1) holds when we consider the surface area of a part of a.
We shall prove the following lemma concerning the surface area of a
two-dimensional manifold:



EIGENVALUE PROBLEM FOR SOME DIFFERENTIAL EQUATION 225

Lemma 3.1. Under Steiner symrnetrization the surface area of a two-
dimensional manifold with Minkowskian metric does not increase.

Proof. We consider a two-dimensional manifold o having sufficiently
smooth surface. Let a straight line parallel to the t/-axis intersect a at the
points: (x,yu z), (X,y2,z), ..., (x,y2k,z) where yx>y2> mm> y2k, k>\,
and thez(Steiner symrnetrization of a at the points (a;, —y, z), (x,y,z), where

E (-1
m=1
The surface area of o can be expressed in Minkowskian metric as follows:

p+i

pH
5 dym dx dz,

dz

where the domain of integration is the orthogonal projection of o onto the
plane of symrnetrization (x,z). The surface area of the Steiner symmetriza-
tion of a has the form

dy PH + dy Prl pa
1+
sW =11/ dx dz
P+1 2k p+i' pH

+ dx dz.
m=1 m=1

. p+i ptil pHi
k + 1 X Mm-1dym + <

, E ('D dx ’ dz

m="1 m=|
+i +i\ p+i
< dy,n P + dym priv P

=1 dx dz
hence
S>S (x).

Remark 3.1. If k> 1then 5 >5(x).

In the case p —1 G. Polya and G. Szegd [15] examined the first eigen-
value connecting D and D*XK They proved that the Steiner symrnetrization
diminished the first eigenvalue. Our aim is to generalize this statement for
the case p > 0.
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T heorem 3.1. If the first eigenvalue problem (1.2), (1.3) is solvable and
there exist smallest eigenvalues X\ for D and A for and = A7
then Ai > AIX.

P roof. Let the first eigenfunction v\ £ Fp be given with level sets Dc.
We consider the two-dimensional manifold a given by the equation z =
= u\(x,y) and Rxy = D. The Steiner symmetrization of the level sets Dc

with respect to the z-axis transforms D into D and u\ into u[x\ By Lem-
ma 3.1, the surface area of a is diminished under symmetrization. Since the

area of D and are equal, therefore we have by (3.1) that
N R O STV ALI P
(3.2) °
. 4L CNPEL (0P pH ax dy
> -3 + Kxl +K,, :

Applying inequality (3.2) to 8u\ instead of ui — where §> 0 is arbitrary
constant — we get

1
RLE PR
D
p+i
i+<5p+i f iy dx dy.
'm
Since
(1 + S+IxX)p+" «1-1-— —Op+li
p+ 1
we have
o+ U™ S ot dx dv >
JDJ[1+pIIp M o
. i+Mh 6P+ (tor+i-sirl dx dy.
£
Let us observe that the area of D and are equal. By the limiting
procedure $—%00 we obtain
(3.3) uixPrt A oy P dxody JIP+L + |W)lp+1 dx dy.

11
D £0)
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By Property (C) in [11, p. 22] we obtain

(3.4) \] \] \ui\p+l dx dy = \] \] [uj™|P dx dy
D(*)

By Theorem 1.2 we have

1 1. o+l + [uly|p+1”™ dx dy

D
\] \] |ui |p+1 dx dy
D

Making use (3.3) and (3.4) we get

|K «i?2r+i«E'ri

. _D(® .
Al > " Z inf  R[v] = A(X).
11 g7 dedy VeFD<)
£()
By our assumption A(X)= AjX hence the theorem follows.

Remark 3.2. Denote the level sets by if the level sets D * is
further symmetrized with respect to x = 0. For the smallest eigenvalue cor-
responding to the new central-symmetric level sets d[ o f we have
the inequalities

Al A AIX) A ATX)(Y), ax> XY 1 a<y)x).
However, we also have the relation hence a[x"wt= AjV'x~

Schwarz symmetrization

The central-symmetric Schwarz symmetrization is the most frequently
used type of symmetrization. We define the Schwarz symmetrization of
D CR2by

the curve (ctf) of the same areaas D if D /0,
0 if 0 =0,
where the curve (cc) is given by (1.13) (see also Remark 1.2). Let the func-

tion u be given by its level sets Dc. The function ul®) called the Schwarz
symmetrization of u with respect to the origin is reconstructed from the level

sets D,
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T heorem 3.2. If the first eigenvalue problem (1.2), (1.3) is solvable and

there exist smallest eigenvalues Aj for D and a[>* for 2)(°) then Ai > A"
unless dD is a curve (ce).

Proof. We consider the level sets
Dc={(*,vy) €D, ufix,y) >c}, CER,

of the first eigenfunction v.. Now we introduce instead of the coordinates
X,y the new coordinates w and s.

The intersection of the plane w =c with the surface of w =u\ gives the
level sets Dc. Therefore we get 0~ w” a, where a is the maximum value
of «i. Let the coordinate s be the arc length of the level fine from O to the
total length L(w) of dDc. We have the following relations:

du\ dui _ 0
dw ds
and
dx p+i dy p+i
+ =1,
ds ds
that is

dui dx dui dy _
dx dw ' dy dw
duj dx  dui dy
dx ds ' dy ds
For the new coordinates we have the Jacobian
dx dx
dw ds

dy dy_
dw ds

A=

Hence we obtain

(i), I+ 1)2™ =

SO

a Lw
D(ui) = ds dw.
(U | h h
W-, 5=0
We denote by A(w) the area of Dc that is

W s |
A(w) = dx dy = IA| ds dw,
Dc

w s=0
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and A(0) = mes D, A(a) = 0. We have
L(w)
(3.5) A'(w) = - \] |A] ds

and by Holder inequality and (1.12) we obtain

(V ds)
(3.6) 1 |A|ds N

i=0 V=° /
Applying (3.5) we get
L(w)
gs A [—A'(tii)] fy/Miw)]**1,

I A

5=0

therefore

DAl f * P+l
(3.7) D(ux)>{4P) 2 [/ [-A\w)rP[A{w)]2 dw.
w=0

Since u¥) is symmetric function we can write
u[°\x"y) = v(a)
By Remark 1.2 we have

a L(w) d
w

D{ui)=1J /7 171 dsdw=| 2prg g M=

w=0 &a=0 w—0
=2PH1P \] gP+ dw.
d( )
w=0
Similarly
A(w) dw
= and
Q dg2 AW
then we obtain
a
(3.8) D =(4™M)n f[-ANMTAU )TN dw

w=0

> [L(u;)lp +1> [4PA(w)]Bp".

229
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Consequently, by (3.7), we obtain
D(u\) >D (ui0)) e
Making use of property (C) in [11, p. 22] we get
(3.9) IKllp+d=j j ~ r dxdy.
D<°)

Therefore, by (3.9), we have

JJ («sejr +1uszpe ) dxdV

_ D{ui) >D(o) > inf  Al= A7,
WS1 = JJlu”r'dxdy "150)

£°)
By Theorem 1.3, A0)= A" therefore Aj > AO"

From the isoperimetric inequality (1.13) it follows that in (3.7) we have
equality (also in (3.6), respectively) if the level lines are curves (ce). Then

Ai > Aunless dD is a curve (ce).

Ai

Corollary. For the curve (ce) the equality

A0 - p” jZH

holds (see [3]) where jo is the first positive zero of the generalized Bessel
function of the first kind and P is defined in (1.13). Hence we get for the
first eigenvalue the following lower bound:

Ajn PPIBH
AN~
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AN EQUICONVERGENCE THEOREM

M. B. TAHIR

The equiconvergence theorems play (as is well known) an important role
in the theory of expansions. Recently a general equiconvergence theorem
was published in [I] by Horvéth, Job and Komornik for the one-dimension-
al Schrédinger operator without any restriction on the distribution of the
eigenvalues on the complex plane, generalizing some known classical results
of the field. The proof uses some estimates of [2] given by Jod.

The aim of the present paper is to extend the result of [1] for the operator
Lu :=wi4) using the results of [3-7],

Let G be an arbitrary open interval on the real line. Let (ua) C L2(G)
be a complete and minimal system of eigenfunctions of the operator L. As
usual, a function u” 0 is called an eigenfunction of the operator L with some
eigenvalue A£ C if u 6 H\oc(G) and

Lu=Xu ae. on G
Choose the 4th roots /x of Asuch that
ReHi >Re/ X" 0™ Re 3> Re 4

and denote /x:= 2> p:= Re/x >0, v:=|Im/ = Re/xi. We know (see Ko-
mornik [4], Jo6 [5]) that

u(x) u(x —t) +u(x+1f u{x —2R) + u(x + 2R)
1 2cos /xi 2 cos 2jtR
1 2 chfit 2ch 2jiR

Indeed, expanding it according to the first row we get
4u(x) (cosfit ch 2fiR - ch /xi cos 2/xi?) -f
+[u(x —i) + u(x + 1)]2 (cos 2/xA - ch 2/xf2) +
+ [tx(x —2R) + u(x + 2i2)]2 (ch /xi —cos /xi) = 0,
1980 Mathematics Subject Classification (1985 Revision). Primary 34B25; Secondary

33A99.
Key words and phrases. Eigenfunction, eigenfunction expansion, Riesz basis.
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234 M. B. TAHIR

and hence, dividing by e2ReRIR —e2vR we obtain the following generalization
of the Titchmarsh formula:

[u(x + t) + u(x —t) - 2chfit mi(x)Ifi (x, R) =

(1) = 4u(x)fO{fi, R ,t) + [u(x + 2R) + u(x - 2R)]f2ffi, R, t),
where 2(ch 2fiR 21iiZ)
. ch 2fiR - cos 2/ii
fi{n,R) := "2 RelziR
ch 2fiR(cos /it —ch /it)
D - A2 Re iR
. 2(chfit —cos /I<)
[2(/x,Al) = 02 ReR\R

For 0 <t we have

c(/z|t)2<;c)/i
cos fit —ch /xt| <
ceReMi” c[MieRem< iff >-L
IMm

i.e.
2 \cos fit —ch fit\*c\fil\teRelIt if t >0,
and hence we obtain the following estimates of Komornik

fo(Ab-B, f) <c|/x|eRe@/ZR+/zi (i—2R)

()

f2(f1,R,1) <c/x[eRe/il (—2R)

()

We need the following lower estimate for the integral of f\: for any Rg>0
and A € (i20/2,i20) there exists A(f?0) > 0 and 6(Ro) >0 such that
R
5) J i, n)dr>i>0 if |4 > A
JR

To prove (5) it is enough to use the identity
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g2(exti/)r |_e-2(exiil)r e2t'(extV)r _ e~2<(extV)r

lelvT
then we have

ch 2/zr —cos 2gr re2(e-"+“Nr _ eTxer] < 2
e IVT - e2ilr o

The difference of the angles in the exponents is +2i{v + g)r. If v+ g or
which is the same |/i| is large enough comparing with R, then the difference
of the exponents is at least | on a segment of length R/4 and the estimate
(5) follows.

Now we are in the position to estimate the expansion of w below with
respect to the system (ua). Let, as usual, v > 0 and write instead of v, g, g
in the following i/a, ga, ga, respectively, let further

WR(t) := if|*-fisa,
0 if \x — >R,
Ho
w :=Dbg(wr) WRdR.
Ho/2

We know [1]:
(ua,w) - 6(is, va)ua{x) -

R -
sin I/t

= dRo (x+ 1)+ ua(x - t)]dt - 6(v, ua)ua(x)
a -

R
S * 2ch gatdt - 6(v,i'Q)*ua(x)+

+DR0( /it [_(* + D + ua(x —t) —2chgat ua(x)]dt

=: Dua(x) + B.

In (1) write r in place of A, take the absolute value and integrate in [
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from 3A/4 to R. Taking into account (3-5) we obtain for 0<t <R

Ua(x + t) + Ua(x —t) —2chHat ua (x)

O RN
folK [Jr~[F-28 FH2K)1M j eRA A~ 2rUr<

< c\"a\e-°-bRe" Re2ReR\ua(x)\+
A-c\fla\e O5Refifi||ual|//foox_zfiixt2H)  (|/™a|>7)-

Let RO/2 <R< Ro, then according to (6) we have
) \B\ <c\fiale 7aR<l,\\ua\L~ (K2R<i)e2 68RO e K
further (Jod [2], Lemma 3.2):

(l n AAan*o p 2 ®a

e
1 N
@ WDMET ) Vel S+ (v-vay

We know (Komornik [7], (3)) that for any compact intervals K , K* with
K CKI1CG, K CintK' there exists £g> 0 such that

9) lud IL°°(K)eeORa » —Wug\1 *(K')-

Now choose Ro> 0 such that 3Ro <£fomThen, according to our estimates,
we have for |xa|> A:

|(«a,w) - t(y,Va)ua(x)\ <
w0 SC(LH_M)2HW-***) M t-, * * s

s = (r K 2~ +1"e"*"flo/<) M—m'«<**»e

Indeed, apply (9) for a bigger K in place of K and apply (9) for K C
Cint K' and assume also 2Rqg< dist(A’,d k), i.e. K"RqC K, namely in this
case
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luall£*0A0) = lluel| Asy =ce °r*lhuel|LAA)-
Now we prove the estimate analogous to (10) for \pa\< A. We know that

R
(ua,w) = DRo ( / [ua{x + t) + ua(x - 0]4¥F~dt ) =

O+ i

According to
fl uR

! §_I_rl|_/_tdt = // _S_I_f_'l_l:I du <c

we have
[(UQu;)| <c (|Jua|lLd{Afio) + |K || Le(Kdio)) .

On the other hand V. Komornik proved [6, Theorem 2] that

A C(L+ 17«])[|Perkee (Ai0),

consequently, we have

(1) I(Ua, ™)|<c|K|| A if
Now we are in the position to prove the following

Theorem. Let (ua) be a complete and minimal system in L2(G) of
eigenfunctions of the operator Lu = with arbitrary complex eigenvalues
(Aq), denote (uQ the system biorthogonal to (ua). Suppose

(12 sup y 1< oo.
<>7 tSL'a,St+1
Denote
x-fR
= - -v—AN 7AN =N
Su{f,x): [ _X)f{y)dy, an™(/,x): Z_,m(f,va)ua(x).

X -R * ™
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Then the following statements are equivalent:
(@) For any compact interval K CG

sup|K||z,2(G)IKIb(A-) < A

(b) For any compact interval K C G and every f £ L2(G)

lim su S [, X =0
pte g 1S )

(c) For any compact interval K CG and any f £ L2{G)
JimJi/ - A H2A) = °-
Proof, (a) >m(b). According to (10) and (11) we have
[(Ua,™) ~ <5(i',I'))Ma (x)| M |L2(G) <

<cy” I(ua,w) - 6(o,pa)ua(x)\ <
lNueq[12(A)

< ( 1 TR
= V1+ (A —r0)2 e"afi°/4/

which, according to (12), can be estimated by a constant independent of u,
and hence for any fixed x and u the series

F(x,y) :=~[(rtc, w) - 6(v, na)ua(x)]va(y)

is absolutely convergent in L2 for every fixed x, further

ia(y)F(x, y)dy=(ua,w) - 6(o, ua)ua(x)

and hence

F{x,y) = w - Ybédjua{x)va{y) 2 Y2 uo'(x)vofy),

s)g\p/) Wy wgud(x)valy) - by La(xjva(y) <a
I'a<V LZ(G)
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Taking into account (11) we have

A2 ua(x)vQ(y) ANJ2 M) @)12(g) A
Vg—V L2(G) v<=v
=c X/ Hi2(AM1o1112(G) = A
va—Vv

(we used also (12)). The other parts of the proofof (@) (b) and (b) = (c)
=> (a) are similar as in [1] hence we omit the details. a

(1]
(2]
&l

[4]

[

6]

[7]

REFERENCES

Horvath, M., J00, I. and Kkomornik, V., An equiconvergence theorem, Ann. Univ.
Sei. Budapest. EOtvds Sect. Math. 31 (1988), 19-26. MR 90j:34039

Jod, 1., On the divergence of eigenfunction expansions, Ann. Univ. Sei. Budapest.
Eotvos Sect. Math. 32 (1989), 3-36. MR 92d:47030

Jod, I. and komornik, V., On the equiconvergence of expansions by Riesz bases
formed by eigenfunctions of the Schrédinger operator, Acta Sei. Math. (Sze-
ged) 46 (1983), 357-375. MR 85135155

Komornik, V. Local upper estimates for the eigenfunctions of a linear differential
operator, Acta Sei. Math. (Szeged) 48 (1985), 243-256. MR 87j:34046

Joo, 1., Remarks to a paper: ,,Upper estimates for the eigenfunctions of higher order
of a linear differential operator” [Acta Sei. Math. (Szeged) 45 (1983), no.
1-4, 261-271; MR 84m:34030] of V. Komornik, Acta Set. Math. (Szeged) 47
(1984), 201-204. MR 85m:34041

Komornik, V. Upper estimates for the eigenfunctions of higher order of a linear
differential operator, Acta Sei. Math. (Szeged) Ah (1983), 261-271. MR 84m:
34030

Komornik, V., On the equiconvergence of eigenfunction expansions associated with
ordinary linear differential operators, Acta Math. Hungar. 47 (1986), 261-
280. MR 879:34028

(Received January 2, 1991)

EOTVOS LORAND TUDOMANYEGYETEM
TERMESZETTUDOMANYI KAR
ALKALMAZOTT ANALIZIS TANSZEK
MUZEUM KRT. 6-8

H—1088 BUDAPEST

HUNGARY






Studia Scientiarum Mathematicarum Hungarica 29 (1994), 241-244

ON A CONJECTURE OF ERDOS ON BINOMIAL COEFFICIENTS

A. GRYTCZUK

1. Introduction

M. Wunderlich [4] attributes the following conjecture to P. Erdés:
The equation

(1.1

c +r ) c +r )
where n > 1, has only one solution in positive integers:
(1.2) X=n, y=n+l.

A. M§ kowski [2] remarked that infinitely many counterexamples exist to
this conjecture and he conjectured that it is probably true when we require

(1.3) y-x”"n 3.

The purpose of this paper is to give some new information about those
conjectures. Namely we prove the following theorems:

Theorem 1. Ify—x =1 then the equation (1.1) has only one solution
in positive integers: X —n, y=n+ 1.

Theorem 2. If y—x —2 then the equation (1.1) has infinitely many
solutions in positive integers x,y,n and every such solution can be obtained
from the solutions of the Pells equation

A2- 2B2=-1
where B=2u+3,x=u+1, y—x+2, n——-—.
Theorem 3. Let n” 3 and y—x = k i>3. Then the equation (1.1) has
no solutions in positive integers x,y,n such that x isn + 1.
Theorem 4. Letn>3 and y—x = k >3, where k is fixed integer and let
+ k+n—1"
(1.4) F(n,x

1980 Mathematics Subject Classification (1985 Revision). Primary 10B15; Secondary

10B99.
Key words and phrases. Diophantine equations, binomial coefficients, Erdds’ problem.

0081-6906/94/$% 4.00 ©1994 Akadémiai Kiad6, Budapest
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be an irreducible polynomial such that the leading form of F{n, x) is not a
constant multiple of a power of an irreducible polynomial. Then the equation

(1.5) F(n,x) =0
has only finite number of solutions in positive integers n, x such that n < x —1
and all such solutions satisfy

(1.6) x N (8k(k - Nk\)k

2. Proofof Theorem 1

Let x —1=u and y —1= v then by the well-known formula on binomial
coefficients it follows that equation (1.1) is equivalent to

2.1) 2u+1)(u+2)... (u+n)= (u+ (v + 2) ... (v+n).

From (2.1) it follows that if u >v then (2.1) is impossible, therefore we have
v>uand v- u>l. If¥—x= 1then v- u= 1and by (2.1) we get

(2.2) 2UT D=u{nTL

From (2.2) weget u=n—landsov=u 1=n, x=u+l=nandy—
= u-|-1 = n+ | which prove the theorem.

3. Proof of Theorem 2
Since y - x = 2 then putting x —1=it, y—1= u we get v- u= 2 and by
(2.1) we obtain

(3.1) N2+ (2u+3)n-(«+ )(u+2) =0

From (3.1) we have

(3.2) (2tt+ 3)2+ 4(u+ 1)(tt+ 2) =2u+ 3)2- 1= (2n+2u+ 3)2
and we have
(3.3) A2- 2B2= 4,

where B = 2u+ 3and A = 2n + 2u+ 3. From these the theorem follows.
We note that by a well-known result concerning Pell’s equation we get
A\ = B\ —1 and all solutions of (3.3) are given by the formula

(3.4) T + -O2nm+iV2= (1 + V2)
4. Proofof Theorem 3

Let y—x —k*. 3 and n >3. Then putting x —1=u and y—I = rwe get
v—u=k~t 3and by (2.1) it follows that
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41) 2w+ NDu+2)...u+k)=(U+ 1+nu+2+n)...(u+k+n).

From (4.1) we have

n n
4.2 2= (1+ .
(4.2) (I yer Trugo o Yk
It is obvious that

n n

> ... >
(43) U 17 u-k2 it + k
From (4.2) and (4.3) we obtain

n

4.4 2> 1+
(4.4) Utk

From (4.1) and the assumption of Theorem 3 we have n'tu”.3 and since

1 1
k >3 thus we get Tk A k—and by (4.4) it follows that

k / N \ k
2<(1+kJ A\l+u+k <2,

which is impossible and the proof is complete.

5. Proofof Theorem 4

Let x=u+1 y=v+1 n”3and A>3 be fixed integers. If y—x =Kk
then by (4.1) it follows that

(5.1) 2(u+ I(tt+ 2)... (u+ k) = nk+ Aiv* 1+ -, .+ Afc,

where

Al —(U+ 1)+ (U+2) + eoet (U+ T
(5.2)
Ak = {u+ I)(u + 2) ...(u +k).

Let 1111 denote the height of the polynomial F(n,u) given by (1.4) and (5.1)
then by (5.1) and (5.2) we get

(5.3) WFWA (K-1K\,

Now by Runge’s theorem [3] and some effective version of this theorem given
by D. L. Hilliker and E. G. Straus (see [1], Theorem 4.9) we get that the
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equation F(n,u) =0 has only finite number of solutions in positive integers
n<u and all such solutions satisfy

(5.4) ucC alif’ly*s.

From (5.4), (5.3) and by virtue of u=x - 1we obtain (1.6) and the proof is
complete.

6. Remarks

First we remark that, by (3.4), all solutions of A2—2B2——] are given
by the formulas

(6.1) M.2mH —3A2m— + 452 m—, R2m+1 —2j42m-| + 352m-I,

where A\ = B\=1land m=12,....
Formulas (6.1) are useful for the computation of solutions of (1.1) in the
case y —x = 2. From (6.1) we get

(A3,B3)=(7,5), (A$, B5) = (41,29),
(Ar,Br)=(239,169), (A9,B9) = (1393,985),

In the case (A5,BS)—(41,293/, by Theorem 2, we obtain n = A-B

= 41 ----- 2 9= 6, u= 13, v= 15 and therefore we get (x, y,n) = (14,16,6).

This example was given by A. M§kowski in [2].

Note added in proof. By using recent results given by A. Grytczuk and
A. Schinzel ,,On Runge’ theorem about Diophantine equations”, Colloq.
Math. Soc. J. Bolyai 60 (1992), 329-356 or by P. G. Walsh ,,A quantitative
version of Runge’s theorem on Diophantine equations”, Acta Arith. LXII
(1992), no. 2, 157-172 we can improve the estimate of Theorem 4 to x <

< ((4k3)82(k —DfchHaarll or x N (2k)Isk7((k —1)AN12*6, respectively.
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STRONGLY NONLINEAR ELLIPTIC SYSTEMS WITH NONLOCAL
BOUNDARY CONDITIONS

I. M. HASSAN

In this paper the existence of the weak solution u= (ui,... ,um) of the
system

(0.1)
n

~n2dk fj(x,u,diu,...,dnu) +f°(x,u,diu,...,dnu) +g3(x,u) =Fj
k=1

in fi,j=1,2,..., M with nonlinear and nonlocal boundary condition
0.2) di»u = hij(x, u(x)) + hj(x, u<I>(r))) ondil,j=1,.... M

will be proved, where i2c R" is any domain with continuously differentiable
and bounded boundary dQ,

n
dl.u\=yT/{x,u,diu,...,dnu) vk, i=1,...,M,
k=1

and uk denote the coordinates of the normal unit vector on dQ. i*is Cl-
diffeomorphism in a neighbourhood of G&7 such that

5:=$(011)CO.

fj(x,u,diu,...,dnu), h2j(x,u) have certain polynomial growth in u,d\u,
.., dnu but in the terms gj(x,u) and hij(x,u) no growth restriction is

imposed with respect to u, but it is supposed that gj,h\j satisfy the sign
conditions

9:{x,v)Vj" 0, hlyi{x,T))gj<Q.

The weak solution of (0.1), (0.2) will be defined as follows. Assume that u
is a classical solution of (0.1), (0.2) such that hij(x,u) GXx(c?il), gj(x,u) G
GLx(il). Multiply (0.1) by v then by the Gauss-Ostrogradskij theorem and
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by using an integral transformation we obtain

M f n
[ fj{x,u,diu,.. .,dnu)dkVj+ ff{x,u,diu,..., dnu)vij-
=i n=1ij( J

@ ~J hhj(x,u)vjd(T- \ h2j{x,u)vj (*~1(x)) dgaxtJ gd(x,u)viy =

an s n

M
i=in

for any v E WjJ(if) X... X  (if) with compact support if Vj EL°°(Q) and
Vji  EL°°(dQ). Thus the weak solution of (0.1), (0.2) will be defined by

(0.3). Conversely, ifu is a solution of (0.3) which is sufficiently smooth, then
u is a solution of (0.1), (0.2).

Nonlocal linear boundary value problems have been considered e.g. in [12]
and [14]. The importance of nonlocal boundary value problems in plasma-
physics has been emphasized in [13]. Nonlocal and nonlinear boundary value
problems have been studied in [4], [6] and [8]. Nonlinear elliptic systems have
been considered in [10].

1. Existence theorem

Denote by (if) the Sobolev space of real-valued functions u, whose
distributional derivatives of order ~ 1 belong to £p(if), 1<p <oo. If we
define the norm in Wp(if) by

E [/ i0"»r

MSi?,
then X (if) X... X (if) is a reflexive Banach space. Denote by
X 1the dual space of X. The points £= (Eo,£i, **m£n) € r("+)m, (£ =
= (£],..., £}") ERm) will be written in the form £ = where 1j = £0,

C=(fl,-.-,in).

Assume that

€)] The functions  :if XR(n+1)M—R satisfy the Carathéodory condi-
tions, i.e. they are measurable in x for every fixed £ E R(n+1)M and con-
tinuous in £ for a.e. x in if. Similarly, the functions h\j :dif XRM —R,

h2j :S x Rm ->R also satisfy the Carathéodory conditions.
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(b) There exist a constant cj > 0 and a function K\ GLq{fi), (p + q% =1
such that

Uj:("O I1rCiierl+A'i(x), j=1,..M, k=0,l,...,n

for all EGr("+1)m and a.e. X in fi.
(c) For all (?,C)> {ViO in R(n+1)M with

M n . .
E E [P¢<10-/*(ifll @Cj) >0
J=1ic=
(d) There exist constant c2 and a function A'2GXXi2) such that

M n

EE /te-0O finrlil'-*»<*)e
]=1k=0

(e) For any s> 0, there exists grys GTx(0) such that for a.e. iGI!
\9j{X, v)\» 9iA x) if\V\"s,j = lyuey M.
(f) For any G Rm, and for a.e. X in Q
9j(x,v)Vjn 0, j=
~ (9) Forany s >0, there is a function /iij,s GT1(OI7) such that for ae. x
" \hiLj(x, /)| < h1JiS{x)  ifFW\As, j=1,..., M.
(h) For any ~GRand for a.e. x in OQ we have

j=1,..M.

(i) There exist constant G3> 0 and a fixed function A3 GX1+1/p(5) such
that

R2,Ax,v) £c3\ri\p+ K 3(x)
where 0 <P<P~ |-
The main result of this paper is the following

T heorem. Suppose that the assumptions (a)-(i) are satisfied. Then for
any Fj G (M (i) there exists u G | such that

aj(x,u) GTXI2), 9j[x, wWuj GXx(ii),

(D Mj(x, u) GTL(5Q),  /iLj(x,u)uj GT1(cofi)
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and
(1.2)

[ rf{x,u,diu,..., dnu)dkVj+ /[ ff(x,u,diu,...,dnu)vj-

J=llfc=1n n
- J hij(x,u)vjda- J h2i(x, uvj ($_1(a)) dax+ J gj(x,u)vjdx\ =
au s n
M
= vj)
3=1

/or all v £ X with compact support satisfying v GF°° (fi) x... x X°° (il), ﬁlQ'IZG
GF°° (6fi) x ... x L°°(dfi), and for v—u.
For any u, vGX let

M n .
(T(u),v) /m{x,u,d1u,...,dnu)dkvj+
j=1k=1
3y M
+ Y1 / fj{xiu,diu,- --idn™Vj -~ 2 [ h2,j(x,u)uj ($-1(x)) der
j=in .15

and for any p >0 let

"HA)  TM, X <p

9(XIV) it \T\>p, \x\A
\9j (X, W)\ I>p. P
0 if [x| > p

(1.4) 9j{xiv) m=<

“hixT])  if P =Pi x GdQ

15 i 'm=i
(15) Kj(x?) 'm=i if W >p, xedQ
G=1.... Af).
Define S[§ by
Mo Mo
(1.6) (SB{u),v)::Y"\] 9jix,u)vj~Y"™ J K J{x,u)vida.
J=1n J~1dn

Firstly we shall prove several lemmas (similar lemmas have been proved
in [7], [9] and [11]).
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Lemma 1. Operator T + SM:X —X" is pseudomonotone.
Proof. By (a), (b), () and (1.4), (1.5) the operator T + is bounded.
From (1.3) T can be written in the form T = A —B, where

f-(x,u , d d nu)dkv:+

S ..., dnu)vj,
J=1n

h2j(x, u)vj @ "~x)) dax

From conditions (b), (d) and Caratheodory condition (see (a)) it follows
that A is pseudomonotone (see [10]). Let (ul) be a sequence such that (ul)
converges weakly in X to u and

Iinljfa%p(T(u;), ul—u) ~ 0.

Firstly we shall prove that

(1.7) I!!I% ul—u) =0.

By a compact imbedding theorem there exists a subsequence (ul) of (ul)
such that for all j, ul  converges to Uj in L"(dQ) where g:=p+ 1<P- By

using condition (i), and Holder’s inequality (with - + - = 1) we have

(1.8
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O 19
<c0nstl { J hgj(x.iil) Pdaj -1y O <
- S an
p A
< ConSt{/ (3|UT + N3 da *Enc«; |||_'7(an)

_optilp 1M1 M
—consty/ H *r + Uf3 da «E_IfiJ - “>117(80)"
j=i
ppHl = M
der + HBlii+ifp(s) '+ r S - " (an)
J 3=1

< const ~pt
M
<const {||0'||*.+c} -Uj| L9(an)
i=i
In the last product the first term is bounded and the second term tends
to 0, consequently,

/Iim (B(al, al—u) = 0.

—+00
It is not difficult to show that (1.7) is true also for the original sequence.
Further, we shall prove that

(1.9 B{u)"B{u) in X', i.e.

for all v£X
(B(ul),v)*(B(u),v).
We have seen that there exists a subsequence (G1) of (ul) such that u\Ian
converges to u in X"(6fl) and converges a.e. to u on dSl. Thus
h2j(x, iil) =t h2j(x, u), a.e. on 3il.

Now we shall use Vitali’s convergence theorem. By Holder’s inequality and
the boundedness of the trace operator, we have

ly hZij(x,uDvj(*"~1(x)" dax <
E

={ /Y9 x,uirpda} rd&} =
E E
e jox,anpwedat {0 W {<Ed (X)) 195 <ce
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if the measure of E is sufficiently small since

J 12j(x, ulx))\pdax

an

is bounded (see (1.8)). So it is not difficult to show that all conditions of
Vitali’s theorem are satisfied and thus we obtain

Jim (B(u).v) = (B(u).v),
and it is easy to show that the above equality is true also for the original
sequence, i.e. we have (1.9).

Thus we have shown that if (ul) converges weakly to u in X and
limsup(T(ui), ul—u) <0
then
(1.10) IHED(B(UI), ul—u) =0,
and B(ul) converges weakly to B(u) in X', i.e.
(1.11) B{ul)~B (u) in X'.
From (1.10) it follows that

limsup(A(ui), ul —u) ~ 0.
100
Since A is pseudomonotone thus
(a()) ™ A(u) in X\
and by (1.11) T (ul) converges weakly to T(u) in X ’. By (1.10) we have
/Ilrl’rb)(T(u‘),ul—u) =0.

So we have shown that T is pseudomonotone operator.

Now we prove that T + SR is pseudomonotone. Suppose that (ul con-
verges weakly to u in X and (T-(-5M(ui) converges weakly in X' to some v,

(112) lim ((T + SR)(ul), ul —u) <O.
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Then (By compact imbedding theorems) there is a subsequence (u1k) of (ut1)
such that
I(I’ibm (ulk)y=u a.e. in fi and on dQ.

Thus Lebesgue’s dominated convergence theorem implies
lim \\g?(X,U,k) Sgf(x,u)\\LafQ) — 0,

(1.13) : . .
lim ||hfjix, u’k) - hij(x, u)

Ligdn) = O

where q is defined by —3— = 1, hence
P Q
kIim SB(ulk) —SR(u) weakly in X'
—»00
and so
(1.14) k'_"ﬂ&)T(”tk) =y —SR(u) weakly in X".

From the equality

(SB(ulk),uk-u) = (SB(uk) - SR(u),ulk-u) + (SB(u),ulk- u)
it follows that
(1.15) kIi_rlwm(SB(ulk), ulk —u) —O0,

because by (1.13), the boundedness of [julk —u||®, |[rt" - uj ILP(9Q) an<* Hol-
der’s inequality

kIim (SB(ulk) —SR(u),ulk —u) = 0.

—00

It is not difficult to show that (1.15) is true for the original sequence, too.
Therefore (1.12) implies

(1.16) limsup(T(u;), ul—u) <O0.

Since T is pseudomonotone thus by (1.14) and (1.16) we have
T(u) =y- SB{u),
ie.
{T + Su)(u) =vy.
Further,
lim (T(ul),ul—u) = 0,

and so by (1.15)
/Ergo((T + SR)(ul),ul - u) =0,

which completes the proof of Lemma 1
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Lemma 2. Assume that (ul) converges weakly to u in X and there is a
constant ¢ such that

M

: M .
(1.17) Y ' J Sj(X'V1)Ui' 52 ) «"«} <C.
J=10 J=1aQ

Then
gj(x, u) e L*(ii), 9j{x, u)uj € L1(<9Q),
h\tJ(x, u) e 2 (d i), h\j(x, u)uj e LI(dQ)

for allj =1,2,...,M and there is a subsequence (ulk) of (ul), u£ X such
that

(1.18) kl|_r>n00ulk: u a.e. in Q and on dit,
further

ttirno ||~ (x ,U* ) -5i(x,ii)||il(an) = °,
WhiA X ulk) - Alj(*“mﬂm:%
7=1)2,..., M.

Proof. As (ul) converges weakly to u in X thus (by a compact imbed-

ding theorem) there exists a subsequence (u,k) of (ui) with property (1.18).
Since gj, hij satisfy the Carathéodory condition, it is easy to show that

I(I_l_ﬂgog k(x, ulk) =g(x, u) for a.e.

(1.19) _
Jim Alk(x, ul) = h\(x, 1) for ae. x £dQ.

By (1.4), (1.5), (1.17) and assumptions (f), (h) we have

(1.20) i[gJ3{x,ul)]ub<c, - f[hhj{x,ul)]ul ~c.
o au
Therefore by (1.19), (f) and (h) Fatou’s lemma implies
gj(x,u)uj £ L\Q), h\j(x, u)u3£ LI(dfl).
For any 6> 0 we have by (e)

\gl “{x, ulk)\< gjtS-i(x) + 6\gD, (x,ulk)ukk\
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This implies that glk(x,ulk) is equiintegrable, because by (1.20)

J \g'k{x,uk)\dx <e

E

if the measure of E is sufficiently small and there is a set Ae of finite measure
with

Ve

| \gk{x,ulk\dx <e.
n\At

By Vitali’s theorem and (1.19) this shows that

g k(x,u‘k) ->gj(x,u) in Xx(i2).
Similarly can be proved that

hij(x,ulk)—thi'j(x,u)  in XL1(8).

Lemma 3. The operator
T+SR:XAX'

is coercive, i.e.

. <(T + 5M(u),tt)
lim . T =+
llull-K 50 IMI 00

P roof. From (f) and (h) we obtain

\] gj(x,u)uj> 0, \] j(x,u)ulda™ 0.

n an

This implies that (SR(u),u) ~0. Thus by using conditions (d) and (i) we
obtain

((T + SB) («), u) = (T(u),u) + (SB(u),u) ~ (T(u),u) >

A C2\M x ~ C3% c4l[u[|r+1 - C5

(1.21)

(C2-C5 are positive constants). From this inequality and p+ 1<p it follows
that T + SR is coercive.
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2. The proof of the theorem

By Lemmas 1-3 the operator T + 5; is bounded, pseudomonotone and co-
ercive for all 1=1,2,3,__ By using the well-known theory of pseudomono-
tone operators in reflexive Banach spaces (see e.g. [5]) we obtain that for any
F € X" there exists ul GX such that

2.1) (T +Si)(ul)=F.

By Lemma 3 the sequence (ul) is bounded in X (see (1.21), where the
constants are independent of g,). T is a bounded operator and so the sequence
(T(ui)) is bounded in X'. Since X is a reflexive Banach space, thus there
exist a subsequence (ulk) of (ul) and u GX such that

lim [ulk) =u weakly in X,
22 Jim [ulk) y
kIin.go T(ulk) =y weakly in X',

for some yEX'. Combining the definition of Si with (2.1) we find that

J gr(x, ulkuk- R/? J MFE{x ulkulk da
J=1Q J- 19n
= (Sik{uk), uk) = (F, u’k) - (T(u),u’k) <

Thus, by Lemma 2,

gJ(x,u)u:jeL\Q), gj {x,u)eL\ii),
hij(x,u)uj GX1(6ii), h\j(x, u) GLI(dSI)

and there is a subsequence (u  of (ulk) such that
(2.4) lim (ulkk)~u ae. in O, lim (u®) =u a.e. in O,
K—»00 k—»00
and also
“£) - 9i(x, u)lILi(n) =. °.
(2.5) W\ [[hG{x, ul®) - hhj(x, u)|LLon) = o,

(j = 1) eee>M).
According to (2.1) for any vGX

(2.6) ((T + SL)(ul*),v) = (F,v).
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Consider in (2.6) afixed vGX such that vGL*°(i)) X... x L°°(fi) and W G

eL°°{dQ) x ...xL°°{dQ).
By using (2.3)-(2.6) we obtain as k—00

M . M .
2.7 <IU»+X) 9j(x'u)vj~YIl / hijx,u)vj=(F,v)
>=lo i"sa

Now we shall show that y = T(u). Since T is pseudomonotone, it is
sufficient to prove the following inequality:

limsup(T(rA),tA - u) 40.

k —o00

We have
<r(«'i), u'i -u) = (T'), 1A) - (T(tA), u)
and so by (2.2), (2.6) and Fatou’s lemma

Iiw_sn%p(T(tA), rA —u) = IikrEst)Jp(F - SATA), rA) —(y,u) <

(M r m . n
A(F-y,ti)-lhninf|53 J 9jk(*, S5y A(xX, W™ <
“=1n 7=lan
A . m .
<(F-2/,«)-"3 [ ffj(x,u)iij+ 53 / h1j(x,u)uj da.
j=1q J=lar>

Thus for any w GX fi X°°(i2) x ... X X°°(fi), by using (2.7),

limsup(T(rA), ul*-u) <(F —y,u —w)+

k —+00
(2.7)
uj) da.

Since OI2 is bounded and continuously differentiable, thus u G can be
extended to Rnsuch that we obtain uG  (Rn)X... X (Rn). We know (see

[11]) there is a sequence (wl) in (Rn) fl F°°(Rn) such that (w]) converges
to Uj in Wp(Rn) and a.e. in Rn, further

(2.8) Q) ™ wj(x) | ae. inRn,j=1,..., M.
Now we show that for the trace of wl and u

(2.9) e A) < ng]\|an(x) for a.e. x GdQ.
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We know that for a.e. y ERn

—uj(iNl = wj(y) = luj@inr
Thus for any r/E€ Co(R") with supp TeC Bc, /E~ 0 and J e = 1 we have

- ) wi{y)\WVe{x-y) dy<t ] Wity)Tle(x —y) dy<, J \u: (y)\e(x - y) dy,
RT Rn Rn

and so, by using the notation vE(x) T v(y)rje(x —y) dy

(2.10) ~ K1E|gy Wi By, < MIIgy, ©
Since (ui*e) »Wj and

(K 1e) -+\u:\
thus
WCan ~*wilan”

and
in L1(dii) as e —=+0.

"«lan
Consequently, for a suitable sequence (e") with I(Iim (@) = 0 we have
—K)

w | , Ugi,
}’ Man wlan ’krlan M lan

a.e. on dQ as k—00. Therefore from (2.10) we obtain

uj |an(x) A te;jlan(z) < Ujilan (a:)

which proves (2.9). By (2.8), (2.10) and Lebesgue’s dominated convergence
theorem we have
(F—y,u- wl)—0,

and
JiaAxi*Wjdx” J\g:(x,u)Juj, jLhli{x,u)Jwjda” J[hitj(x,u)]ujda,
an an

since g(x,u)uf L1"), hi(x, u)u 6 X1(5Q). Thus, from (2.7), it follows that

limsup~”*), vik—u) ~ 0.
k—00
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Consequently, y = T(u), and
(T(tA), tA —u) —0.

Therefore from (2.7) we obtain (1.2) for all v £ (i) x ... X (fi) with
VEL®(Q) x ... x L°°(Q), ui £ L°°(ii) x ... x Z°°(f2). Setting v= wlin

(2.7) we find that (1.2) is true also for v=u. So the proof of the existence
theorem is complete.
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ON AN OPERATIONAL CALCULUS WITH WEIGHTING ELEMENT

H. WYSOCKI

Abstract

A model of the Bittner operational calculus, in which the Taylor rest of an element
does not depend on derivatives of that element, has been constructed in this paper. The
examples of this model has been given.

1. Preliminaries
The Bittner operational calculus [1,2] is referred to as the system
CO(L°,L\S,Tqgsq,q,Q),

where L° and L1 are linear spaces over the same field T of scalars; the
linear operation 5 :L1—L° (denoted as 5 6 L(LI,L0)), called the (ab-
stract) derivative, is a surjection. Moreover, Q is an arbitrary nonempty
set of indices g for the operations Tq£ L(L°, L1) such that STgf =/, / £
£ L°, called integrals and for the operations sq£ ~(L1,”1) such that sgx =
=X —TgSx, x £ L1, called limit conditions.

By induction we define a sequence of spaces Ln, n £ N such that

Ln:={x £Ln~1:Sx £ Ln~1}.

Then
...CLnCLn~ICeseCLI1CL"®
and
Sn(Lm+n =Lm,
where

L(Ln,L°) 9Sn:=50S0...05, n£IlV, m£NO:=N U{0}.
n-times
The kernel of 5, i.e. KerS:={c £ LI :Sc =0}, is called the set of constants
for the derivative 5.

1980 Mathematics Subject Classification (1985 Revision). Primary 44A40, Secondary
26CO05.
Key words and phrases. Operational calculus, Taylor’s formula.
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It can be shown that the limit conditions sq, q£Q are projections of L1
onto the subspace KerS. Hence we have

1) s"x=sox £ KerS, qf£Q, iffl
and
) sqgc—c, Qg£Q, cGKerS.

For the element x £Ln, n£ N the following Taylor formula holds:

(3) X = soX + TogsgSx + eem Tq 1IsgSn Ix-\-TqSnx, Q£Q-

Thg expression T™Snx is called the n-th Taylor rest of the element x at the
pomlfe% L° be an algebra and L1 its subalgebra. We say that the derivative
S satisfies the Leibniz condition if

4 S(x -y) =Sx -y+xmSy, x,yELI.

We say that the limit condition sq is multiplicative if

©) sq(x my) =sqgx esqy, Xx,y£L\

It follows from (2), (4), (5) that [3]

(6) sq(cex) =csx, Tq(c-f) =cTof, q£Q, ceKerS, xelLl fEL".
We also infer from (4) that

(7 (c,d GKer5) =>(cd £ Ker 5)

and thus Ker 5 is the subalgebra of L°.

2. Integration by parts

For further discussion we shall assume that
— Q has more than one element,
— L° is a commutative algebra and L1 is its subalgebra,
— the derivative 5 satisfies the Leibniz condition (4),
— the operations sq, g £ Q, satisfy the multiplication condition (5).

The mapping I2£ L(L°,L°) described by the formula

8) lq*f = (T —Te)f, qi,q2£Q, f £L°

is called the operation of definite integration.
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It is easy to verify that the operation of definite integration has the
following properties:

7512_392% 591 A7» 7312 SQ2MH 1 7;1 ! 732; 79912 73__—19%'
where 9,9i >92€<3-
Moreover,
9 l«(1°)cKerS.

Directly from (8) and (6) it follows that
(10) Ig(c-f) =cl%f, qi,q2eQ, ce Ker5, / €L°.
Let Rd e L(L1,Ker S) be an operation such that
(11) Rax :=(s,2- s,Jx, 0\,q2eQ, xE I1.
It is easy to prove that the Leibniz-Newton formula holds:
Ig Sx =Rdx, qug2eQ, xEeLl.
Theorem 1. The integration by parts formula holds:

n—1

12 %(*BN)=bD - ™« (SAWBB-1_W+ (-1)n«(5nx.y),

91.92 x,yeLn, neN.

P roof. We shall prove this formula by induction on n E N. The case
when n= 1 determines the statement of Theorem 2.3 [3]. Assuming the
validity of the formula (12) for a fixed nE N, for x,yE Ln+l we have

I»(x.S*+'y)=1%[x -Sn(Sy)] =
N—
= £(-1)*asg(s** -SN~'Y) + (-1r/e(s"x -Sy) =
t=0
n—1
=£(-1)"2 (5 Ix*5n-y) + (-)"[A«(5nx *y) - I»(Sn+Ix my)]=
1=0
= BBy) + (-1)ntll«(Sn+l* oy).
i—0
An application of the induction principle finishes the proof for any n e N .

The other properties of the derivative S satisfying the Leibniz condition
(4) are discussed in the works [9,10].
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3. The operational calculus with weighting element

Assume more that L1 is an algebra with unity e. It is easy to verify that
e GKer 5 and

(13) if c€ KerS is invertible in L1, then c-1 G Ker 5.

Denote by Inv(Ker5) the set of invertible elements in the algebra Ker 5.
Let an element g GL® be given such that

9 m=1ql9 Glnv(KerS), qGQ:=Q - {tfi},

where g\ GQ is fixed.
The element g will be called the weighting element.

Theorem 2. The system (L°, L1,5,Tq,sqg,q9, Q), where S :=S and

TJ-TJ-W'gr'li'ig-TJ), 9qeQ, f€L°,
sox\={Iqglg)~11g1l{g-x), QgeQ, x€L1
forms an operational calculus.

Proof. It isnot difficult to notice that S,Tqg,sq,q£Q are linear opera-
tions. Moreover,

STgf =f, qeQ, felO,
what follows from the axiom
STgf =f, qgeQ, felL?®

and from properties (9), (13) and (7).
From the axiom

TgSx = x —sox, QeQ, xelLl
and from (1), (10) we also obtain
TgSx =TgSx - (lgig)~I1" (gwWTgSx) =
=x-sox - gqxlo(gm) + gflmgmax =
=X - SOX, g(zQ, xelL 1L

Thus S is the derivative, the operations Tq,qeQ are integrals and the op-
erations sqg,qeQ are limit conditions. O

Using (6), (10) and (13) it is easy to verify that
(14) sqg(c ) =csx, Tq(c o) —cTof, qeQ, cGKer5, xelLl, f GL".
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T heorem 3. If the weighting element g satisfies the following conditions
gELn~I, sgS'g=0, 9gEQ, i=0,1,....,n-2, n>2

then the n-th Taylor rest TqSnx, gEQ does not depend on derivatives of an
element XELn, nEN .

Proof. For n = 1 the theorem is evident. If n > 1 then from the as-
sumptions of the weighting element g, from multiplication condition of the
operations sq, gEQ and from (11), (12) we get

sgS'x =sgS'x =gql)’1(gmS'x) = (-1)'$, V/J1(S'g x),
q€Q, xELn, i=1,2,..,7i-1

Hence and from Taylor formula (3) we obtain

n—1 n—1

T2Snx=x-Y /TosqSix =x-Y,(-1)'Ti[g;Uq(Sig-x)], qEQ, xEL\
t=0 «0

what means the proposition of the theorem. O

The last equality can be also rewritten in the form

n—1
t?Snx =x-g;1Y,{-iyigl(Sig-x)-t'ce, 9qEQ, XE In.
i=0

4. Examples
A. Let be given an operational calculus, in which
Ln:=Cn{[a,b],RIl), nENO
and
t
5x:={m")S}’ Tol={L/-(r)/(r)dr}, stox:={x(<0)},

to

where t0=qEQ :=[a,b] CRL x={a;()} ELL f ={f{t)} EI0,w = {to(t)} E
EL® and w(t) / O for any t E [a, 6].

For usual multiplication of functions, the spaces Ln, nE No, are algebras
such that LnC Ln~I, n 6 N, the derivative 5 satisfies the Leibniz condition
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and the operations sto, to € [a, f] are multiplicative. Let ¢ —{fif()} € L° be a

function such that
tk

gtO=J w(T)g(T)dT"o0,
0

where tfc £]a,b] is fixed.
From Theorem 2 it follows that the operations

ito/AW w{T)f(T)dr- j- J w{t)gt) J w(r)f(r) dr dt >,
to to to
I ={/(*)} €X°,
tk
SteX=\jh I wA 9~ xA dr'\" x={x(t)}elL1

to

are integrals and limit conditions for the derivative 5 = Wd_t’ respectively.

The example of such operational calculus that m= {I} and #= {1} has
been presented by Tasche [8] and generalized by Przeworska-Rolewicz [6] in
case when w = {1}.

B. Let us consider the operational calculus [4, 5] with the derivative

+ L06**, 0%0.

the integrals
ro:={i i f(z-i(

and limit conditions

stox :=

where t0= q£Q:=[a 6]CRI, f ={f(z,t)} £L° C1(R1x [a,6],AX), x =
= {x(z,t)j £L1={/ €L° :Sf £L0O}.

It is not difficult to verify that for the usual multiplication of functions
of two variables the derivative 5 satisfies the Leibniz condition and the op-
erations sto, to£ [a,b] are multiplicative. In this case the operations Tto and
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st0 have the following forms

-fattokj)J [oC ~i>{>§ T)'T)d f{z~ ~,~u) u)du

f={f(z,t)}eL®,
tk

hex=1\ o ) tx{* 1 (-r)-

X = {x(z,)} € L1,
respectively, where g = {g(z, t)} £ L° is a function such that

tk
9t0{z,1) = J g(z — A(t—r),r)dr/0

to
for each (z,t) £ R1x [a, b] and fixed tk £ [a, 6].
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CONTINUOUS AND SYMMETRIC PRODUCTS
IN THE BICYCLIC SEMIGROUP

A. PATELLI and B. PIOCHI

Abstract
A product (*i,ii)(*2,il) mm(*n,in) in the bicyclic semigroup C(p,q) is said to be
continuous if |ij, — |~ 1 and u 1 for every h=1,..., n—1 and to be
symmetric if t/, —)n-h+I and ih = »n-h+I> for every 1~ h”~ n. We give formulas to

compute continuous products, when they contain no idempotents or they are symmetric
and contain at most three idempotents.

The free semigroup on two generators p and q with the condition pg=1is
called bicyclic semigroup and denoted by C{p,q). Many properties of C(p,q)
are well known; it is also concerned with many problems about magnifying
elements of a semigroup, as it was proved by Ljapin [3], Desq [1], Migliorini
[5] and Gerente [2].

Some properties of C(p, g) were studied by Migliorini [5], who proved that
C(p,q) is a part of a minimal semigroup associated with a magnifying ele-
ment. One of these properties concerned the so-called anti-diagonal, squared
and pincér products, which were proved to be idempotents. In this note we
give an extension of such results to the more general case of a continuous or
symmetric product of elements of C(p,q).

1. Diagonalization of C(p,q)
The following arrangement of the elements of C(p,q) is well known:

1 2 3 i

(1.1 (12) (13) «~m (1))
21) (22) (23) =m (2))

Ui 2 =3 - (")

Fig. 1.1
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where the pair (i,j) is the element gq'p’.
The following properties hold (see [9]):
(i) Every idempotent of C(p,q) is an element
(i) every idempotent is the vertex of a subtable, namely the set of those ele-
ments (k,j) with k, j >1i: this is isomorphic to C(p, g) (consider (k,j) —*
> (fC -
In the subtable with vertex (i,i) one can consider some special “paths”.
Migliorini in [5] considered the antidiagonal, squared, pincers products, which

are illustrated in Figs. 1.2, 1.3, 1.4. He proved that if (i,k) with k > i is the
first element of the product, then all of these are equal to (*,i).

1 2 i ol k eee
1 @11) (12) *m (1,0 oo,
2 (21) (22) =e (2,0 i,

(*>1) (*» 2) o ® ( i , |) eoe

Fig. 1.2. Antidiagonal product:
(k)G + Lk—1)... (k- L1+ 1)(* i) = («<)

i 2 | Xy} k

L o@ii) (1,2) eee (1,0 oo
(2,1) (22) eee (2,0 i,

N

(h |) (*, 2) X (*,*) coo *  eee

Fig. 1.3. Squared product:
« ) (<t LK) . (k,K)...(k,i+D){k,i) = (i,i)
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I(1,1) (1,2) eeo (1,% ) oo,
2 (2,1) (2,2) e (2,0

i M ) (*»2) o oo (*’0 coe * XY} .

*l * * *

Ftg. 1-4¢ Pincers product:

o+ k) (1 +] - Lk - 1)
h+j,i+j)(k+j- 1,%+ 1 —1)eeefk+ 1,, + 1)(K, i) —

2. Symmetries in the bicyclic semigroup

Consider the elements aq = (i\,ji), a2= (i2,j2) and recall the definition
of product in C(p,q):

aiaz= (0 - j2+ max(y'i,j2),j2- i2+ max(ji,i2)).

In the following, we often denote the pair (ik,jk) by dfc and the product
di<Z *.an by Pn; we say that n is the length of Pn.

Lemma 2.1. Let (i,j) = Pn=aia2...an be a product in C(p,q). Then
i -j =J2h=i(ih~jh)- Alsoi>ix andj~tjn.

Proof. Consider a product of length equal to 2. Note that (m, n)(p,q)
is equal to (m+p- n,qg) (ifp>n) orto (m, g+ n-p) (ifp~ n). In both
cases the difference is equal to

m+p—n-qg=(m—n)+(p- o\

the other part of the assertion is trivial.
This matter can be easily used to get a full proof, by induction on the
length n of the product. O

Definition 2.2. The product Pn is continuous if
[U -i*+i|~ 1 and \jk-jfc+il %1

for all k, 1<k <n.
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Definition 2.3. The product Pn is symmetric if

—JIn—k+li Jk —In—k+l
forall k, 1£E k<n.

Definition 2.4. We call an E-intersection in the product Pn:
(i) every element a* with ik —jk;
(i) every pair [ajt,afc+i] with the following properties:

(@) i1k—jk+i, h+i=jk,
(b) ik>jk, *cH <jk+i> or ik <jki ik+i>jk+i-

We speak of ~-intersection of type 2.4(i) or type 2.4(ii), respectively.

P roposition 2.5. If the product (i,j)= Pn=a\a2.. .a, is continuous
and has no E-intersection, then:

ifh <j\, theni=ii, j =ii + Y)h=\(jh~ih);

ifi\>j\, thenj=jn,i=jn+ ELIi(" ~Jh)-

Proof. Let (i,j) = Pn—aya2mman be a continuous product with no
~-intersection. Let us prove that if i\ <j\ then ih <jh for every h, 1fih ~ n.

Suppose this is not true. Then n > 1land let k be the least integer 1" k »
A n —1 such that ik<jk and ik+i >jk+1 (trivially, it cannot be ik+i=jk+i,
or ak+1 would be an ~-intersection). Then

ik+1—17 ik <jk*jk+1 + 1< ik+1+ 1-
Hence
jk = ik+l = jk+1+ 1, ik+1- 1= ik = jk+1e
The pair [ak,ak+1] is an GJ-intersection of type 2.4(ii). Contradiction.

Now, if n= 1then it is trivially true that i= i\. Suppose that this has
been proved up to

Then
n—l
&2 **+@n T'y™Mjh ih)) (inijn)m

Since N
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then
n—
H+ ~(jh ~ th) ~ in-
h=1
Whence
n-1 n
®1 eesean (*17*1 T N (i~ *) T jn ~in) = (*1j*1 "~ ~Ajh —*/>)).
fi=l =i

Similarly, if i'i >ji then ih >jh for every h, I"h<n\ thusj =jn and,
by Lemma 2.1

i—jn4'A '(ifi ja)e n
A=1

A symmetric product always contains an "-intersection.

Lemma 2.6. Lei ega2 ...an be a symmetric product with length n> 1;
i/ien pn has an E-intersection. Namely:

() if n—2r -1, then ar+l is an E-intersection of type 2.4(i);

(i) if n=2r, then [a,,ar+1] is an E-intersection of type 2.4(ii).

Proor, (i) If we replace ~ by r+ 1 and n by 2r+ 1 in Definition 2.4,
then iT+1=J2r+i-(r+i)+i =jr+l and we get an E-intersection of type 2.4(i).

(i) Again, if we replace n by 2r and k by r in Definition 2.4, then we
hav(e)ir: j2r-r-+i = jr+i', likewise jr = L+i and we get an intersection of type
2.A(ii). O

Note that, when the intersection is of type 2.4(ii), then it must be
[tr —rl —|ir+i —V+i| = 1. In fact, these two differences must be equal
to each other and less than or equal to 1, since the pair [ar,ar+i] is an
E-intersection and they cannot be 0, since ar and ar+1 are not idempotents.

We say that two products of elements in C(p,q) are equivalent if they
are the same element.

Lemma 2.7. Every (symmetric) product is equivalent to a (symmetric)
product which has only E-intersections of type 2.4(i).

Proof. Let pn =a\l....an be a (symmetric) product. If all the E-
intersections in pn are of type we wish, then nothing has to be proved.

Suppose that there exists an E-intersection of type 2.4(ii), namely the
pair [ar,ar+i], where v+i =jr and jr+1=iT. Then pn is equivalent to the
product:

Pn~ ala2ee-0r(lr+1)Jr)Rr+21eeecn

If Pn is symmetric, then the product p£, too, is trivially symmetric, its
length is equal to n+ 1 and the (r + 1)-th element in Pn is an intersection of

type 2.4(i).
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By iterating this procedure as many times as necessary, then we get a
(symmetric) product, which has only ~-intersections of type 2.4(i) and is
equivalent to P. O

Now we are going to prove the main result of this section. We always
suppose that all the .A-intersections in a symmetric product are idempotent
elements of type 2.4(i).

P roposition 2.8. Every symmetric product is idempotent.

Proof. By Lemma 2.6, there exists an ~-intersection in the symmetric
product Pn = a\l. .. .an. We can also suppose, by Lemmas 2.6 and 2.7,
that the length n of the product Pn is an odd number: n= 2r -f 1, and that
the ~-intersection is of type 2.4(i), namely the element (zr+1,jr+i), with

V4l —Jr+1 e
Now, consider the last r elements of the product Pn:

6rj2esern— = (jrjV) see(j21%)(jl o @) =
= ((*ran(*2.j2) =
= (aia2emar)-1.

Thus, since ar+1is an idempotent element,

Pn—o\(l eeeOn m—,\o. m . Q@M ar+2ee-6n—F0n —
= a\U2 mm- aTUT+ L(flifI2 s +e0r) *

is idempotent. O

Theorem 2.9. Let Pn=al\a: .. .an be acontinuous and symmetric prod-
uct with exactly one E-intersection, the idempotent element ar+i. Then

if h <ji, then Pn= (ti, ii),

*f*i>ji, then Pn—(jr+i + —jh),jr+i + S a=i  —))-

Proof. Suppose that r > 1 (or the Proposition would be trivial) and
that ii <ji. As ar+i = (ir+i,jr+i) is the only one idempotent element in
{«i, 02,. .., an), then ih <jk should be for every 1~ h"r.

Since n= 2r+ land ar+1 is idempotent, we may consider

Pji—fli02 .. e.an—aia?2... oror Hla:~. s*e0n_lan—
—d\d2 ... ((1jO2 »*0y)

By Proposition 2.5, aia2... aT= (*1,j); also, j A jT>iT> zr+l1 - 1, that
isj >ir+i = jy+i- Whence

Pn— (M1jj) (*r+1>3r+1) (j> *1) — (*1>*1).
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By similar arguments, if i\ >j\, then

= A R IN(V-TL jrR)rir 4 Ar{ih ~ jh))s

Note that jTAjT+1; in fact jJT<iT™ rr+i + 1—jr+1+ 1.
Ifjr=jr+1(= ir+l), the proofis readily finished. Suppose jr <jr+i, that

isjr+ 1=jr+i (since Pn is a continuous product). Then

Rn—(@Gr T~ —jh) 4 L§r+1)(jrijr 4~ '@~ jh)) —
=(r+ 1+
= (jr+1+ ~M(*A ~Ja),jr+l + ~(*A ~ Ja))-

- jhyijr+ 1+ A(*A _la)) =
|

In Figure 2.10 we can see an application of Theorem 2.9: the symmetric
product Pn= ait2 .. .021 is equal to the idempotent (2,2).

1

(1,1) (1,2) e

(2,1) (2,2) e+ aijo «
/ \ 1
«n 09 (0] (0]
/ \ \ / 1
«12 «8 «3 «5
\ \ 1
«13\ a? — (g

\
U21— «20 «14
\ \

al9 «15

//

«18 — ai7— «16

Fig. 2.10. An example of a continuous symmetric product
Corollary 2.11. Let Pn—a\ai...an be a continuous and symmetric
product with exactly three non-adjacent idempotent E-intersections:

«fc+ |l — (*A+ 1>jfc+1)> «r+1—r+lI>jr+1)j

«l+1= (*t+l, jt+1) = (U+1, jfc+l)-
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Let i\ be greater than j\ and ik+2 be less than jk+2m Then the product is
equal to the idempotent element

k k
Pn= (jk+1+ y "(ih- jh), 3k+l + - jh)m
h=1 h=1
P roof. Consider the restricted product

Th—ak+2"k+3 me6t-10i-

By Theorem 2.9, this is equal to (ik+2,ik+2)- Also ik+2 <jk+2 N jk+1+ 12
whence ik+2 UJk+i- Thus

Pn—«l172 eoodk+ 1(idfc+2) ik+2)ak+lO-k oo o<l —

k k
= (jk+l+"2(ih~jh),jk+|) (ik+2,ik+1)(jk+\, jk+\ + 5\(ih—jh)):
h=1 h-1
k k
= (jk+i+~(ih - jh.),jk+i+~2(ih-jh))- 0O
h—1 h=1

Remark that all the hypotheses of Corollary 2.11 cannot be removed, or
the result will not be predictable. For instance, if i\ <j\, one can easily give
examples to show that the product depends on the length of its parts, whose
elements have ih<jh or ih > jh-

3. Special symmetric products

In this section we want to generalize the definitions of special products
which were considered in [5] and to give general formulas to calculate their
values. Of course, there can be many variations: antidiagonal and pincers
products can have ~-intersections of type 2.4(i) or 2.4(ii); squared and pin-
cers products can have the ”~-intersection at the “bottom” or at the “top”
of design; at last it can be ix<j\ or i\ >j\.

We give the definitions only for the case i\ > j\: one can easily get the
converse, by exchanging the ih s with jh’s in every element of the product.

D efinition 3.1. Leti>1and r, 0™ r < i—1, be integers. The following
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are antidiagonal products:

Zr+1
J@+r- (h-2,i-r+(h-))=(@G(+ri-nNi+r- Li-r+1)..
h=l
() - r+ i+ D(i- i+,
2
i+r—(th—1),i—+h=0¢*+ri—-fH)t+r—Lt—r+ 2)...
h=1

(LD i) 2t Di—r+ Li+r). O

Definition 3.2. Leti> landr, 0" r~ i—1, be integers. The following
are squared products:

2r+l
J (i+ min(0, r+1 —h),i + min(0, h - (r + 1)) =
h=1
=% )i, i- r+1) .. @, t) . (i-r + L0 - i),
2r+l
J (i + max(0, r+ 1- h), i+ max(0,h- (r+ 1))) =
h=1
=¢+ri)(i+r- 1% i i+ DEF . O

Definition 3.3. Leti> land r, 0<r " z—, be integers. The following
are pincers products:

with one "-intersection of type 2.4(i)

2r+l
MW@+ minth- (r+ 1)+ 2,(r+ )- h),i+minth- (r+ 1),(r-f1)- h+2)
h=1

=(i-r+2,i-n)(i-r-]-3,i-r+121).. (»i-2)@i+ 1,i- D(@i)-

s(i-1, i +1)*- 2,i)...(i-r+Li-r+3)(i-r,i-r+2),
2r+1

J(@+maxth- (r+1)-2(r+1-/i),i+maxth- (r+ 1), (r+ 1)- h- 2)
571
=(i+nrn*r-2)z+r-li+r-3 ..(*+2i)*+1t-

Wi i+ D@, i+2). . (i+r—3,i+r—I)(i+r—2i+rn);
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with one “-intersection of type 2.4(ii)

2r
(i+ minth- (r+ 1)+ 2,(r+ 1) - h),i+ min(h—r,r —h+ 2)) =
h=1
= z—rH2i— LD*—r+3,z— 2)...(i, 1 —D(z-(-1,i)-
o(*, i+ 1)(*- 1,0 eee(t- r+2,i-r+3)(i-r-fa1-r+2),
2r

(i + max(/i- r—=,r —h),i-pmax(h—(r + 1), (r + 1) —h—2)) =
h=1

= (t+r—,i+r—=2)(i+r—2,t-fr =3)...(i + Li)(t,i —I)-

o*—1,®**+1)...(Ii+r—=3,i+r=2)(i+r—2,i+r—1). O

It is immediately seen that antidiagonal, squared and pincers products
fulfil the hypotheses of Theorem 2.9. By applying that Theorem, one gets
all the following results.

The first one generalizes Corollary 1 of [5].

P roposition 3.4. Every antidiagonal, squared and pincers product with
H<ji is equal to the idempotent (»i, *i). O

P roposition 3.5. Let Pn= ma” .. .an be an antidiagonal product with
h>ji-

Ifn=2r+ 1andar+i= (i, i), then the product is equal to the idempotent
(r+r(r+ D,i+r(r+1)).

Ifn=2r and aT= (i + 1,i), then the product is equal to the idempotent
(i+r2,i+r2).

P roof. Suppose that the ~-intersection of Pn is of type 2.4(i). For
every h, 1%h<r, one has ah= (i+ r- (h- 1),i—r + (h—1)). Hence ih—
—jh = 2r —2(h- 1). Thus the product Pnis equal to the idempotent

r r
('r+1' T 'y y(ih ~ Jh)tjr+1+ » ~ jh)) —
h=1 h=1
r r
=({t+JIN(2r+ 2- 2h),i+ I (2r + 2~ 2h)) =
h=1 h=1

= (i+r(zr+2)—2r(r+ I)/2,i+r(ar+ 2)—ar(r+1)/2)=
= (i+rz«riarz+r)—
= (i+ r(r+ 2),i+r(r+ ).

In the other case, for every h, 1</i<r, one has ah= (i + r —(h —1),
i —r 1 h). Hence ih—h=2r —2h+ 1= 2r —2{h —1) —1.
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An easy comparison between the former case and the present one shows
that now the idempotent Pn should be equal to

(i+r2i+r2. O

P roposition 3.6. Let Pn=a\a. .. .an be a squared product with i\ > j\.
Ifn=2r+ 1andar+l = (i,i), then the product is equal to the idempotent (i +
+r(r+1)/2,i +r(r+ 1)/2).

Proof. For every h, 1<h<r, one has
oh= (I+ min(0, r+ 1- h),i + min(0,h —(r+ 1)))= (i,i+ h- (r+ 1))
or
oh= (i + max(0, [+ 1—h),i max(0,h —(r+ 1)))= (i+ (r+ 1) —h,i).

In both cases ih —jh = r + 1—h. Thus the product Pn is equal to the
idempotent:

(ir+l + 53(»fc-J3*),Jr+l +57(*fc-Jfc)) =
h=l h=I

= (2+ ;l\r:F r_fi+ ])’2+h>:r<1! (r_/1+1)=

=@+r(r-fY)-r(r+D/2,i+r(r+2)-r(r+1)/2)=
=(i+r(r+ D)/2,i+r(r+1/2). O

P roposition 3.7. Let Pn=a\az ... an be a pincers product with > j\.

Ifn=2r+1 and ar+i = (i, i), then the product is equal to the idempotent
@i+ 2r, i+ 2r).

Ifn=2r and ar= (i + 1,2), then the product is equal to the idempotent
(i+r,i+r).

Proof. As in the proof of Proposition 3.6, if n= 2r + 1, then for every
h, 1™~ h<r, one has

ah = (i+min(/i—(r+1)+2, (r+1) —h), i+min(/i—{r+1), (r+1)—fi+2)) =
= (r+1)+2, z+/i-(r+1))

or

= (i+max(/i—(r+ 1) —2,(r+ 1) —h),i+ ma\(h- (r+ 1), (r+ 1) —h —2))
=*+(r+1-hi+(r+1-h-2).
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In both cases ih-jh = 2. Thus the product Pn is equal to the idempotent

r r

(jr+i + - jh)Jr+ 1+ ~jh)) = (*+ 2r, t+ 2r).

fi=i h=i
If n= 2r, then in —h = 1 and the product is equal to

(t+r,*tr). O
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ARITHMETICS OF AGING DISTRIBUTIONS:
CONVOLUTION

T. F. MORI1

Abstract

Arithmetical properties of the convolution semigroup structure of certain aging classes
of probability distributions on the nonnegative real halfline are discussed. The results
include theorems on decompositions, on the density of the set of irreducible distributions
and the non-existence of primes.

1. Introduction

1.1. Objective. Many fundamental theorems in classical probability the-
ory are connected with composition or decomposition-like problems, starting
with the first steps taken by de Moivre, Laplace, Poisson, Gauss and Cauchy
towards a systematic study of summing independent random variables, and
flourishing with the celebrated results of Kolmogorov, Levy and Khinchin on
infinitely divisible distributions as limit distributions for triangular arrays of
small independent random variables.

This classical theory can be generalized in two possible directions. First-
ly, one can consider probability distributions on more general structures,
which, however, are special enough to assure that a convolution type opera-
tion can be defined; then an attempt can be made to extend classical results
(e.g., the central limit theory for probability distributions on the Borel sets
of locally compact Abelian groups, see [5]). Secondly, the convolution semi-
group of probability distributions can be replaced with more general semi-
groups; then an appealing objective is to investigate which notions can still
be defined, which results can still be proved in this general setting, mainly
by algebraic tools. The successful and popular theory of Delphic semigroups,
initiated by Kendall [6], can serve as a well-known example. A recent mono-
graph of Rlzsa and Székely [11] is devoted to such an algebraic theory of

1This paper was written while the author was visiting the Mathematical Institute
of the Hungarian Academy of Sciences.
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probability. It turns out that many purely stochastic results are just spe-
cial cases of general algebraic-arithmetical theorems valid for a large class of
topological semigroups.

Of course, there always are special cases where general results appear
too general to be efficient and sometimes ad hoc methods are simpler and
still fruitful. Such an example is set by the aging classes of distributions,
and we aim at studying their arithmetical structure under certain reliability
operations.

1.2. Aging distributions.  Aging distributions play a central role in
reliability theory. Several different concepts of aging are defined and widely
used. Let us recollect some of these aging classes of distributions with finite
expectation (see [2]). In order to do this we need the following notations.

Since reliability theory deals, roughly speaking, with random lifetimes,
we shall concentrate on , the set of probability distributions on the non-
negative real halfline. Distributions will be identified with their cumulative
distribution functions defined right continuous. For arbitrary distribution
F 6 D+ let us introduce

» F —1—F, the corresponding survival function,
« E(F') = J F(t)dt, the expectation of F,
0

o Var(F) = J 2tF(t) dt —E2(ir), the variance of F,
0

. =1—f E(x)e~tx dx, t >0, the Laplace transform of F.
0

Separate notations are introduced for two scale-parameter families of distri-
butions playing distinguished roles in reliability theory. One of them is the
family of exponential distributions of the form £8(t) = 1—exp(—t/p), t> 0,
p > 0. This distribution has expectation p, variance p2 and Laplace trans-

form T t > 0. The other one is the family of degenerate distributions

p > 0. Clearly , 68(t) —0 or 1 according that t <p ort >p, resp., 6" has
expectation p, variance 0 and Laplace transform exp (—pt), t"O.

The most frequently used classes of aging distributions are as follows.

| GIFR iff for every s > 0 the function 11>F(t +s)/F(t), t~ 0 is decreas-
ing. _

F € IFRA iff the function t F(t)1*, t >0 is decreasing.

F 6 NBU iff F(t + s) < F(t)F(s) for every nonnegative t and s.

F € NBUE iff E(F) =i is finite and f F(u) du <fiF(t) for t >0.
t

F € HNBUE iff E(F) = p is finite and f E(u) du<p exp{-t/p) fort>0.
t



ARITHMETICS OF AGING DISTRIBUTIONS: CONVOLUTION 281

F GL iff E(F) = p is finite and A ---;—-—,t>0

It is well-known that these classes form an increasing sequence in the
order of definition: IFR CIFRA C NBU C NBUE C HNBUE C L. Properties
of the first four classes are found in [2]. Classes HNBUE and L were first
introduced and studied by Rolski [10] and Klefsjo [8], resp. Both exponential
and degenerate distributions belong to the smallest class IFR. In addition,
exponential distributions lie on the common boundary of the above aging
classes, since they satisfy each inequality-type definition with equality and
show constant rate where monotonicity is required.

Furnishing D+ with the usual topology of convergence in distribution
(i.e., pointwise convergence at the continuity points of the limit distribution
function) we find the above classes topologically closed.

1.3. Arithmetical definitions. The next step is to define a binary op-
eration on D+, which, in addition to being meaningful in reliability theory,
makes some of these classes semigroups. We have three candidates, each of
them is commutative, associative and continuous with respect to the weak
topology. This makes it possible to extend the operation to an infinite se-
guence of distributions as the weak limit of the finite sections.

(@ Taking the minimum of two independent random variables. This
means the pointwise multiplication of the corresponding survival functions:
FAG =1—F G. Then classes IFR, IFRA and NBU are algebraically closed,
i.e., they are subsemigroups of D+, while the other three aging properties
are not preserved under this operation. Unfortunately, the min-structure
of these subsemigroups is not too interesting, the arithmetic properties of
distributions are rather trivial, e.g. every element is infinitely divisible.

(b) Taking the maximum of two independent random variables. This
means the pointwise multiplication of the corresponding distribution func-
tions: F VG =FG. Then classes IFRA, NBU and NBUE become subsemi-
groups of D+, thus they serve as subject for further investigations. Coun-
terexamples show that neither IFR, nor HNBUE are closed under the op-
eration V. So far | have been unable to decide if L is closed or to find any
reference on the subject. The max-arithmetical structure of the whole D + is
not very exciting, since every nonnegative probability distribution appears
max-infinitely divisible. The situation is quite different in higher dimensions
(see [1] or [12]) or in subsemigroups of D+. Arithmetical properties of the
above three semigroups are planned to be studied in a forthcoming paper.

() Summation of independent random variables, that is, convolution of
t
the corresponding distribution functions F *G{t) = J F(t —u) G(du), where

0
the domain of integration is closed. This choice is very attractive for the
following reasons. This seems to be the closest to the classical theory. All
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mentioned classes are closed under convolution. In addition, convolution
is cancellative in D+, i.e., F*H~G*H implies F = G, because * cor-
responds to the pointwise multiplication of (non-zero) Laplace transforms.
This makes arithmetical investigations easier. Therefore, the objective of the
present paper is to study the convolution structure of the above six reliability
semigroups.

In the arithmetic of D+ the unity is So, the point mass at 0. Now, let S
be an arbitrary subsemigroup of D+ containing ¢ For F and G belonging
to 5 let us introduce the following arithmetical notions.

G is a divisor (or a factor) of F if there exists an H in 5 such that
F=G*H. We use the notation G \F. A pair of elements in an arbitrary
semigroup mutually dividing each other are called associates. Since G \F
implies F *G pointwise, it follows that D+ is associate-free.

F is irreducible if F/ < and it has no divisor but the unity and itself.

F is anti-irreducible if it has no irreducible divisors.

F is infinitesimally divisible if it can be decomposed into a convolution
of distributions all coming from an arbitrarily preassigned neighbourhood
of 60. F is infinitely divisible if for every positive integer n there exists an
FneS such that F =F*n (Fn is called the nth root of F).

F is prime ifit is different from So and F\G *H implies F\G or F \H .

1.4. Acknowledgement. This research work was done in 1986-87, partly

with G. J. Székely, especially in the beginning. Some of the statements below
are to be considered joint results, namely, those of Section 2.1. These are also
included in [11, Section 5.9] in a slightly different form. Although further
results (not joint), which constitute the major part of the present paper, were
also reported there in Remark 5.9.9, their proofs have never been published
(apart from talks at conferences and other meetings, cf. [9]), so | finally
decided to write this paper. Hereby | wish to thank G. J. Székely for all
fruitful discussions on the topic.

2. Main results

2.1. Decompositions. In this section three lemmas are first presented
which will be needed for the main results. Proofs are omitted since they can
be found in [11, Section 5.9]. In order that the general theory be applicable
to our reliability semigroups, we only need the following simple observation.

Lemma 1. IFR, IFRA, NBU, NBUE, HNBUE and L are stable norm-
able Hun semigroups (see Definitions 2.2.2, 2.10.6 and 2.15.2 in [11]).

Proor. They all are closed subsemigroups of D+, which is known to
have these properties.

Lemma 2. Var(F) ™ E(.F)2for every F GL.
Proor. With E(.F) =p we have
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0 2
Var(F)+p2 f f2dF(t) = Iii|rg] 2f~2(ipp-IT) —1+ pt) <|(|Jrg T = 2/i2.
3 )

Lemma 3. Expectation is a continuous operator on L.
Proof. See [11], Remark 5.9.8.

Theorem 1. In the above six semigroups for an arbitrary distribution
F the following three properties are equivalent.

F is anti-irreducible,

F is infinitely divisible,

F is degenerate.

Proof. The proof of Theorem 5.9.1 of [11] can be repeated without any
changes. Here the general theory works well, the only thing to be added
is that every infinitesimally divisible distribution F is degenerate, since for
arbitrary decomposition F —F\ *m Fn Lemma 2 implies

Var(F) = Y, Var(F,) < maxE(Ft)i:i E(Ft) = E(F) maxE(F,),
)

51

and here the right-hand side can be arbitrarily small by Lemma 3.

Theorem 2. In the above six semigroups every distribution can be de-
composed into the convolution of at most countable many irreducible distri-
butions and a degenerate one.

Proof. This is a simple corollary of our Theorem 1and Theorem 2.23.3
of [11].

2.2. Irreducible distributions. Though it seems hopeless to characterize
irreducible distributions in either of our semigroups, there exists a simple
sufficient condition for a distribution to be irreducible even in the largest

class L, which enables us to show that irreducible distributions are-dense in
each of the above classes.

Lemma 4. Let P 6 L and suppose that lim supxjox~2F(x) = -foo. Then
F is irreducible.

P roof. Since

FF{t) =J e txdF{x)>e IF{t 1),
0
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we obtain
limsupi2</(i) - +oo.
t—F3D

On the other hand, ifboth Fi and F2belong to L, 4% *f2(9) = VR (M)v,R2(i) —
= 0(t~2).

Theorem 3. 77ie set of irreducible elements is dense in IFR, IFRA,
NBU, NBUE, HNBUE and L.

Proof. First, for IFR, IFRA, NBU. These classes are closed under the
minimum operation A Hence, if F GS where S is any of these classes, then
FAenES for every p >0, it is irreducible by Lemma 4, and lim”~oo0 F A
Ag, = F.

Now, let 5 be any of NBUE, HNBUE and L. Then mixtures of distri-
butions from 5 also belong to S provided the elements to be mixed have
the same expectation. Let F £ S be arbitrary with E(F) —p, then for ev-
ery p, 0<p <1, the mixture pF + (1 — belongs to S, it is irreducible by
Lemma 4, and finally, it converges weakly to F as p —1.

Remark 1. The set of irreducible elements is Gs in each class, by The-
orem 2.19.2 of [11].

Remark 2. The above proof of our Theorem 3 shows that the subset
of elements irreducible even in L is dense in each class. Since in the chain
IFR ¢ IFRA ¢ NBU ¢ NBUE ¢ HNBUE c L each inclusion is strict, and
these classes are closed, it follows that each of the last five classes contain
irreducible elements not belonging to any of the smaller classes. On the other
hand, in each of the first five classes there exist elements that are irreducible
there but not in the subsequent classes (see Remark 5 in Section 2.4).

2.3. Prime distributions. Perhaps the most interesting problem in the
arithmetics of a given semigroup is the existence or non-existence of primes.
Ruzsa and Székely proved the non-existence of primes in D, the convolu-
tion semigroup of probability distributions on the real line [11, Section 4.4].
They also gave the complete description of prime elements in D(G), the con-
volution semigroup of probability distributions defined on the Borel field of
the locally compact Hausdorff group G. It turned out that, apart from a
finite number of exceptions, all on small cyclic groups, there were no primes
in D(G) [11, Section 4.7], Similar results are known for some other specific
semigroups. This raise the hope of the existence of a general theorem stating
the non-existence of primes in a large class of semigroups having “sufficiently
rich” structure, but there is not even a reasonable conjecture on what is to
be meant under that.

We are able to prove the lack of primes in NBU and the larger classes,
but not in IFR and IFRA.
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Theorem 4. There are no primes in NBU, NBUE, HNBUE and L.

The proofs follow a common pattern in all cases. Let 5 be an arbitrary
closed subsemigroup of D + containing all degenerate distributions. Consider
the set T(5) of all distributions F £ D+ that can be translated into 5, that
is, which can be convolved with a degenerate distribution so that the result
belong to 5. T(S) is called the translation hull of 5. In formulas,

T(S) ={FE£D+:F*S£ S for some c > 0}.

It is easy to see that S CT(S) and T(5) is a subsemigroup of D+. For
arbitrary FET(S) let us define

cs(F) = inf{c >0:F *6CE 5},

the translation distance of F from 5 (subscript 5 will be supressed when
possible). Since 5 is closed, F *6df) € 5, thus infimum can be replaced
with minimum. Clearly, c(F) = 0 iff F £ 5 and c is subadditive on T(S):
c(F *G) <c(F) + <((?). Here equality holds if at least one of F, G is equal
to SO or both F and G are in 5; these cases will be referred to as trivial.

Consider now an arbitrary F £S, F”* S0. We wish to show that F cannot
be a prime. This is immediate if F is degenerate, for degenerate distributions
are infinitely divisible. If F is not degenerate, the following simple lemma
applies.

Lemma 5. Suppose there exist a G £ T(S), G $ S such that c(F *G) <
< c(G). Then F is not prime.

Proof. With the notation a=c(F *G) and b= c(G) we have
F IjF*(G*6b). Here F *(G*S,) = (F *G *6a) *Sb"a, another 5-decom-
position, but neither F *G *Sa nor Sh-a is divisible by F.

The proof of Theorem 4 will be performed for the four reliability semi-
groups separately. Since the description of the translation hulls may be of

independent interest, we present it whenever we can, even if it is not always
necessary for the proof.

Lemma 6. The translation hull of L is characterized as follows.
1) T(L) = {F GD+:Var(F) < oo},

and c is strictly subadditive on it, i.e., equality cannot hold apart from trivial
cases.

P roof. Let us first deal with (1). Since elements of L are of finite
variance, the same holds for the translation hull. On the other hand, let
F £ D+ arbitrary with finite variance a2 and expectation p. We have to find
a positive ¢ for which Sc*F £ L, that is,

____________ _ct
@ SHO < 1+ (r+ o)t
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for every t >0. By Lemma 2, a2< (/i+ ¢)2, that is, c» o—p. Let c be a
fixed positive number, such that c>a- p. Then
0 =1-/1i +i(<r2+ /r2)i2+ o(t2),
while
eci(l +(/i+c)i) 1= 1- pt+-((p +c)2+ p2t2+0(t2)
as t—0. Hence (2) holds for t ~ to- On the other hand,
lim ec(l + (p +c)f)_1= +oo0,

thus (2) is satisfied for t >tx, too. For fixed t the right-hand side of (2)
tends increasingly to infinity as c—>00, hence (2) holds for every positive
t provided c is large enough, completing the proof of (1). Moreover, it has
turned out that if c(F) > a —/i and c(F) >0, then there exists a positive t
at which

t Fi
(@ <PE(t) = o TTF))feC( i

Let us turn to the proof of strict subadditivity of c. Suppose the contrary,
that is, let F and G be distributions with finite variances for which c(F*G) =
= c¢(F) 4-c(G) holds non-trivially. We can suppose that neither of them is
degenerate, forif G=6a,a > 0 and F ~ L, then c(F*G) = (c(F)—a)+ < c(F).
Clearly,

y/Var(F*G)- E(F*G) < y/Var{F) - E(F) + v/Var(G)- E(G) <c(F) + c(G),
hence by (3) there exists a positive t such that

A A - -F G
ntes () xr EOSEQ TGP @t
exp(c(F)t) exp(c(G)f)

1+ (E(F) + c(F))t 1+ (E(G) + c(G))t’
contradicting the definition of c(F) and c(G).
Lemma 7. The translation hull o/HNBUE is characterized as follows:
4) T(HNBUE) = {F GD+:3CUC2> 0, F(x) <Cxexp(-C2x)}.
Besides, c is strictly subadditive on T(HNBUE), apart from trivial cases.

P roof. Let us first observe that F *Sc£ HNBUE, with E(F) = p and
c™O, is equivalent to the inequality
) Jmdt= J F *6c(t) dt<(p + c) exp

X x+C

( x+c\
V M+ c/
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to be satisfied for every positive x. In fact, (5) is needed for every x > -c¢ but
for negative values of x this is obvious, since then the left-hand side equals
X—x, and

Let £ be a random variable with distribution F. Then the left-hand side of
(5) isjust E((E—x)+). This shows that in (5) equality can only hold if either
x —0 and ¢= 0 or x lies in the interior of the range of F. 0< F(x —0) »
<F(x) <1

After these preliminaries, let first F € T(HNBUE) with E(F) = /x and
c(F) =c, then we have

6 F(x) ™ (Xx+c)1 \] F(t) dt g exp N A —Clexp(-C ).

X—B —C

On the other hand, assuming F(x) <C\ exp(-C2x) we obtain

J R dtrrerp (-c 20,

X

from which E(F) = p, <o0, and (5) is satisfied for every positive x, provided
c is large enough (c= (1 +eCi)/C2will do). Consequently, F *6CE HNBUE.

In order to prove the strict subadditivity of c(-), suppose in contrary that
F and G satisfy c(F *G) =c(F) + c¢(G) non-trivially. Then by (6),

F{X) =F « 6 otr)(« + c(F)) < CieE(F)+c(F)(X),
G(x) » C2£E(G)+AC)(X>

where Ci,C2 > 1, hence by the bilinearity and monotonicity of convolution
we have

F *G(x) < CiC2£E(F)+c(F) *£E(G)+¢(G)(&) = exP(_"3 1(1 + °(1))2))

withC3= max{E(F) + c(F),E(G) + ¢(G)} < E(F) + E(G) + c(F)-i-c(G). Con-
sequently,

co

j F*G(t)dt <exp(—C1(L+ o(1)x),
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which shows that it is not the tail of F*G that does not allow c(F *G) to
be decreased. Thus, there exists a positive x for which

00

F~*G(t) dt =

x+ ¢(.F) + c(G)
E(F) + E(G) + c(F) + c(G)
Let us decompose x in the form x = x\ + x2, where

= (E(F) + E(G) + c(F) + ¢(G)) exp

(E(F) +c(Fyyx +x (E(G) + ¢(G))x - h
31_ E(P)+ E(G) + c(F) + ¢(G)” X2~ E(F) + E(G) + ¢(F) + ¢(G) °

k=E(F)c(G)-E(G)c(F).

Let £ and 7 be independent random variables with distribution F and G,
resp. Then

J F*G(t) dt- E(E+ 27-ii - x2)+) <E((E- xi)+) + E(({- x2)+) "

Xitc(F) \
- _ N
EM+e@) P ™ £y omyg +
x2+ ¢(G)
E(G) + c(G)
x + ¢(F) + ¢(G)
E(F) + E(G) + c(F) + ¢(G)

Here both inequalities must hold with equality, but this leads to contra-
diction, since equality in the first inequality requires either £>xi, 7> x2 or
A= xi> V=, with probability 1, then the second inequality could only be
satisfied when c(F) = c¢(G) = X\ = x2= 0. Hence the indirect hypothesis is
disproved.

+ (E(G) + ¢(G)) exp

(E(F) + E(G) + c(F) + c(G)) exp

Lemma 8. The following four assertions are equivalent.
FeT (NBUE),

lim sup -F(x)-lJ/ F(t) dt < +00 (here 0/0 meant 0),
there exist constants C\ > 0, 0< C2< 1 such that /'(x + Ci) < C2ir (x),
X >0,
there exist constants C\,C2> 0, such that F(x + y) * C\ exp(—€2y)ir(x),
x,y > 0.
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00__
Besides, c(F) = supx>0F(x)~I J F(t) dt- E(ir), and this function is strictly
subadditive on T(NBUE), apart from trivial cases.

P roor. INdeed, the above formula for c(F) is obvious, together with the
equivalence of the first two assertions. Now suppose that for every positive
X we have

J F{t)dt"CF{x).

Then

F{x+2C )"~ Jj{t) dtiO.bF(x).

Suppose F(x + a) * bF(x), then
F(x +y) <F(x + [y/a]a) <6[yfa*F(x) » C\ e\p(-C2y)F(x),

where C\ =1/6, C2= —a-1 log®6.
Finally, if F(x +y) < Ciexp(—€2y)F(x), x,y> 0, then

J F(t) gt = F(x +t)dt< AF(x),

X 0

thus F € T(NBUE). The proof of the stated equivalence is complete.
Let us turn to the proof of strict subadditivity. We show that

(7  c(F* G) M min{max{c(F), c{G) - E(F)}, max{c(Gr),c(F) - E(G)}},

which is clearly less than c(F) + ¢(G) in the non-trivial cases.
Since

F*G(x) = 1- F(x —u) dG(u),

integrating this we obtain
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The first term in the right-hand side can be estimated by (E(G) + ¢(G))(r(x).
The second term can be treated as follows.

oo t
j J F(t—u)dG(u)dt=JJ F(t-u) dG{u)ydt+J J F(t-u) dG{u)dt=
X 0 X o X X
=Jjj{t-u) dtdG(u)+J J £(- u)dtdG(u) <
0 x

<J (E(F) + c(F))F(x - u) dG(u) + E(F)G(x).

Thus

@ X
\] T*G(t) dt <(E(F) + E(G) + ¢ +\] F(x - u) dG{uyN =

X 0
= (E(F) + E(G) + T7G(x),

where ¢ = max{c(G), c¢(F) - E(G)}. The estimation now follows by symmetry.

P roof of Theorem 4. Lemmas 6,7 and 8 combined with Lemma 5
immediately imply the lack of primes in L, HNBUE and NBUE, resp. The
case of NBU can be treated as follows.

GIﬁet F 6 NBU arbitrary non-degenerate distribution. Introduce G =

—X]p(l —p)'F*" and H = F *G, where 0<p <1 and F*1denotes the ith
t'=0
convolution power of F (F*° —6q). H is the distribution of the geomet-

N
ric convolution r/= where £i,£2f - are i.i.d. random variables with
=
distribution F, N is a random variable, independent of the summands and
geometrically distributed with parameter p. The geometric convolution is
known to preserve several aging properties of F, e.g., F GNBU implies that
H 6 NBU [4]. Clearly, GANBU, since G puts positive weight on 0 (such a
distribution cannot even belong to L). Now we show that G g T(NBU). By
Lemma 8, there exists a positive constant csuch that H (x)< (I -p)H{x-c)
for every x >c. Since G *6¢(x) = G(x - ¢)= (1 —p)H (X —) for x > ¢, we
have

G*Se(x+y)=(@1-p)H(x +y-c)<(1-p)2H(x+y- 0"
< (@ —=p)H{x - c)(I - p)H(y - ¢)-G*6c(x)G *6c(y), X,y>c\
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and this trivially extends to arbitrary positive x and y. Thus, F | F* (6C*G) =
= H *6C but F does not divide either H or 6C

2.4. Final remarks.

Remark 3. In the case of NBU the following results may be of some
interest.

© {FED+:3C>I,F(x +y)<C?F(X)T(y), x,y"0}cT(NBU)

9 c(F *G) » max{c(F), c(G)}.

In order to prove this assertion, let F satisfy F(x +y) » CF(x)F(y),
X,y> 0, with some positive constant C. Similarly to the proof of Lemma 8
it can be shown that

F(x +y+1z) <Ciexp(-C22)F(X)F(y), x,y,z> 0,

with positive constants C\, C2. This immediately implies that

for every x,y ~ 0, if C is large enough, thus (8) is proved. Note that bound-
ed distributions obviously satisfy the condition in (8) hence they belong to
T(NBU) (actually, c(F) <k if F(k) = 1).

Let us turn to the proof of (9). Let us denote max{c(ir), c(G)} by c and
F*G by H. Then

(10) F(x +y+c)*"F(x)F(y), G(x +y+¢) <G(x)G(y).
Consequently,

@
H(x +y+¢=dJ F(x+y+c-t)dG(t) =
0—
y+ x+v?c-l
—/ F(x+y-t +¢)dG(t) + [/ F(Xx+y+c—t)dG(t) + G(x +y+c)<
d J
y+ x-fo—
<F{x) / F(y-t)dG(t) + / F(u) duG(x+y+c-u)+ G(x +y+c).
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Integrating by parts in the second term and using (10) we obtain

H(x +y+c)< F(x) (H(y) - G(y)) + [F(u)G(x +y+c-u)]"!l+
+ \] G(x+y+c-u) dF(u) + G(x +y+¢) <
0_

iF(x)(H{y)-G{y)) + F(x +¢-)G(y) + G(y) ) G(x - u) dF(u) =

= F(x)(H(y) - G(y)) + F(x +c-)G[y) + G[y)(H(x) -F{x +c-)) =
=HX)H(Y) - (H(x) -F(x))(H(y) - G(y)) <
<H(X)H(y).

Thus c¢(H) <c, as stated.

Unfortunately, (10) does not imply the strict subadditivity of c in the
case we need it, that is, when F 6 NBU.

Remark 4. It is no surprise that the cases of IFR and IFRA appear
much harder to solve. This may be in connection with the experience that
even the preservation of these aging properties under convolution is more
difficult to prove; actually, for the class IFRA this was a long-standing con-
jecture till the 1976 paper [3]. Though there is still hope that our method of
translation hulls can be adapted to the case of IFRA, it is sure to fail for the
IFR class, since trivially T(IFR) =IFR. Below we give an alternative proof
in the case of L, which might also be applied to IFR.

Let denote the gamma distribution of order a >0 and scale parame-
ter /x> 0, that is, with Laplace transform <p(t) = (1 + /ii)_0. Clearly, r MQ€ L
iffa ™ 1. It is easy to see that the convolution of an arbitrary distribution
F EL with a gamma distribution of scale parameter /x= E(F) still belongs
to L, even ifa < 1 Indeed, E(F *r M) = (a + 1)/x, and

<PFrt)- () L+ 1*rai L+ M*r(o+l) < (I + («+ I)/xi)_1.

Now, let FgL, different from So- Then F is not prime, since F \F *
here F *T"i.s = (F *T”0.s) *r Mil, but F does not divide F *T”o0.s, and F

cannot divide (which is just the irreducible ef3, cf. Lemma 4), unless
F = TMi. In that case F divides TMB=F *TM2= *r Mi.5, but F does
not divide i

Remark 5. Using the notion of translation hull one can easily find ir-
reducible distributions in each of IFRA, NBU, NBUE, HNBUE, which are
reducible in the subsequent larger classes. Apart from the IFR case, it is
sufficient to find a distribution F e D+, which is effectively irreducible in D
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(here effectively means that only decompositions of the form F = ((F*<$ ) *6a
exist), and for which

cl(F) < chnbue(-F) < cnbue(-F) < cnbul-F) < cifra(-F) < oo.

Namely, let S and S' be subsemigroups of D+, S CS’, and suppose that
the corresponding translation distances are not equal: c¢'(F) < c(F). Then
F *6c(p) is irreducible in S but not in S', for it can be decomposed as

(F *~c'(F)) * ~c(F)—e'(F)mIn our case let s* be the mixture F —X<$o+ < + E7),
where U is the uniform distribution on the interval (0,1). F is irreducible
in D for if F admits a non-trivial decomposition, then each component has
to put positive weights on the infimum and supremum of its support, which
is a contradiction, since F has exactly two atoms. (An interesting related
result is due to L. S. Kudina, who proved that any closed subset of R can
serve as the support of an irreducible distribution [11, p.161].) Now,

cifra(-F) = 2log 1.5«0.811,
CNBu(f) = 2/3 « 0.667,
cnbue(-F) -1/4 = 0.25,
chnbue(-F) ~ 0.182,
c1 {F) «0.097.

Details of calculation are left to the reader.

For sake of completeness we show an example of a distribution irreducible
in IFR but reducible in IFRA. Let F= "<&H"/2)?then F*U GIFRA,
F*U£ IFR and F*U*U GIFR (these are not so hard to see), hence F*U*U
is reducible in IFRA. At the same time F *U *U is irreducible in IFR (this
is more difficult).
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A THEOREM ON PERTURBED NEWTON-LIKE METHODS
IN BANACH SPACES

K. ARGYROS

Abstract

The recent elegant error bounds for Newton-like methods in Banach spaces obtained by
Yamamoto [14] have great theoretical value but little practical value since the iterates can
rarely be composed exactly. Here we extend his results by considering perturbed iterative
procedures to find error bounds on the distances between the computed and the exact
iterates as well as the distances between the computed iterates and the exact solution.

8 1. Introduction

Let F be a nonlinear operator mapping some subset D of a real Banach

space E into a subset of a real Banach space E. The most popular methods
for approximating solutions x* of the equation

@ F(x) =0
are the so-called Newton-like methods of the form
2 xn+\ —xn A(xn) F(xn), —0,1)2,.." .

Here xq £ D is given and [A(in)], n= 0,1,2,... denotes a sequence of
linear operators. In practice A{xn) should be a conscious approximation
to the Fréchet-derivative F'(xn), since when A(xn) = F'(xn), the iterative
procedure (2) reduces to the Newton-Kantorovich method.

Yamamoto [14] has unified the study of finding sharp error bounds for
Newton-like methods of the form (2) under Kantorovich type assumptions.
He obtains results that improve error bounds obtained before by Rheinboldt
[1], Dennis [2], Miel [7], Morét [8], P6tra [9], et al.

The results obtained by the above authors, however, have great theoret-
ical but little practical value, since the sequence generated by (2) can rarely
be computed exactly.

In this paper we find it useful to consider that the iterative procedure (2)
is perturbed. We suppose that all the elements contained in the construction

1980 Mathematics Subject Classification (1985 Revision). Primary 65J15, 65L50,
65M50; Secondary 47D15, 47H17.
Key words and phrases. Banach space, Newton-like method.
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of these procedures are known only approximately. Moreover, we suppose
that at each step the solution of the respective linear system is also performed
approximately.

In particular, we consider the iterative procedures corresponding to (2)
to be of the form

(3) 2in-i —xn (A(Xn)d-Tn) (-fF(@n) d'yn) d~zn: w0 —20? ~ 1,2,...

4) “—xn (F (X0)d'Lo) (F(xn)d-2h)c-znt "0—%i ~ 1,2,...

where ] ]
Ln£L(E,E), ynf£E and znf E.

We provide upper bounds on the distances |[xn —xn| and ||xn —x*||.
Finally, our results are applied to an “ill conditioned” scalar equation
considered also in [6], [12].

Main results

To make the paper self-contained we will reproduce some of the results
obtained in [14] to fit our purposes.

Let F, D and x0 be defined as in 8 1 and consider iterative procedure
(2). According to Dinner [2], Schmidt [11] and Yamamoto [14], we assume
the following

) [[A(x0)_1(F'(x) - FAjMOYM <Ax- j/|l, x,yeD,K=> 0,
6) |JJAXO)_LAX) - AXO)|| <X ||x-x0Q-M, x£F, X>0, />0,

@) IAXO)_1(F'(X) - AX))|| <M\ - x0|dm, Xx£D, M >0, m> 0,

(8) [-fm< 1, a_max(lAr)‘F(xo)“,
) y—[li4(x0)_1F (x0)||, h=aKr]/(l - /- m)2<i,
(10) i*= (1 — —m)(I —vT—=2/i){crK),

(11) t** = (1 —m + -y/(l —m)2—2kr])/K ,
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(12) 5=5(ii,t*—T)= {X 6 E\ ||x —xi|| < t*T[} Q D.

Under these assumptions, define the sequence {<,} by

(13) =0, <qFi=tn+f(tn)/g(tn), n=0,1,2,...
where

(14) f(t) = -@Q-/7-mT+yg

and

(15) g(t) = 1—I —Lt.

We can now state the following result [14, Theorem 4.1].

Theorem 1. With the above notation and assumptions, we have the
following:
(@) The iterative procedure (2) is well defined for every n >0, xn£ S for
n't. 1 and {x,,} converges to a solution x* £ S of the equation (1).
(b) The solution x* is unique in

r sxo,)nD (if 2Kq< (1- m)2

(16) .
1 Sxo,t**)n D (if 2Kr)<(1- m)2).

Moreover, the following estimates are true:

@n [[xn“ I*|| »t*~tn, 7=0,1,2,...
where the nonnegative sequence {<,}, n=0,1,2,... is increasingly converg-
ing to t*.

We will finally need the result [14, Corollary 4.1.1].
Theorem 2. Consider the modified Newton method

(18) Xn+1- x n=F'(x0) 1F(x,), 7=0,1,2...
where we assume the following:

(29) xgED, F'(xo) 1 exists,

(20) IIF,(X0)1-(F'(x) - F'(X0))]| » K\X - x|, X GD,

(21) 72=1F'(x0) 1F (xo)||> 0, h= AT ~,
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(22) i*=(1-VI-2/)/ K, t~=(+VI*2h)/K,

(23) S\ = Si(xi,x* - 4) QD.

Then:
(a) the iterative procedure (18) is well defined for every n >0, xn GSi
for n~ 1 and {xn} converges to a solution x* of equation (1).
(b) The solution x* is unique in
f Si(xo, **) fID (if 2h <)
I Si(x0fi**)nD (if 2h=1).

Moreover, the following estimates are true

(24)

(25) X, - x*|| <<*-in, n=0,1,2,...
where the nonnegative sequence {£,}, n—0,1, 2,... is given by
(26) to=0, tntl=A1Kt@+r, n=0,1,2,...

and is increasingly converging to t*.

In what follows we shall suppose that there exist three possible numbers
£i, £2) and £3 such that

7) Mh=£11 Wen\AE2, |[|2,]| A£3 for all n GIV.

In Theorems 1 and 2 we have seen that the sequences produced by the
iterative procedures (2) and (18) remain in the open balls 5 and Si, respec-
tively, and consequently in D. However, in the perturbed case we have to
suppose that F is defined on the balls S* —S*(x0,r) and SJ1= S*(a:0>rq),
respectively, with r > t** 79 > i* and S*, SJ*GD. Set S2= S* USj.

In the perturbed case it is more convenient to suppose that the following
conditions are satisfied for x,y e S:'

(28) WA(X)-"(F'(x)-F'(y))\\<K\\x-y\\,
(29) IT(x) (A(z) - A(z0)|| fi L\\x - zoll + Q
and

(30) [AX) ~M'(y) - A@))| <M\\y-x0\+ m.

These conditions are more restrictive than conditions (5), (6) and (7),
respectively, but they are satisfied by the usual examples of approximation
[4, [12],
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In order to assure the invertibility of A(xn)-fEn for all n=0,1,2,...
we shall suppose that A(x) is invertible for all x GE2 and that the norms
[|JA(x)-1| are bounded. More precisely, in the perturbed case we shall impose
one, or both of the following conditions:

(Ci) The open ball S2is included into the domain of definition of F and
conditions (28)-(30) hold for all x,y£S:-

(C2) The linear operator A(x) is invertible for all x £ S: and there exists
a positive number a such that

(31) a-1 >sup {|JA(X)_1|; x G52}.

We can now prove the following theorem concerning the iterative proce-
dure (3).

Theorem 3. Assume:
(@ The hypotheses of Theorem 1 are satisfied and let {x,,}, n=10,1,2,...
be the sequence generated by (2);
(b) the conditions (Ci) and (C2) are satisfied;
and
(c) the inequalities

(32) (1- B)2- 4i*7>0, a>£2,
(33) R<I,
(34) g 1B yj(;a B)2- 4<T 4 a7
are satisfied, where
(35) a= g +20)

2(a —£2)

B—{(A L)fq WFAIALiAz2ALEq} . 20——q
(36) o
* - —
tr—7> B=35

and
(37) T —ommmaz (2L + £0 + 1+ £2)~0 Af3-

Then the iterative procedure (3) is well defined and for each n GN we
shall have the estimates

(38) Zn-in]| »w a <.
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where the real sequence {to,,} is given by

(39) R+ = Cntlwn + Bn+\Wh + '/n+l > —9, n 0,1,2,...
with
a(27 + K)
40 -
(40) 2{a-e2)

(42) Bn—[(K + L)(tn —to) + m + /+ e2+ L(tn+\ _tn)]é':Ez’

and

(42) 7n= (2L{tn—to) + £i + £2 + I){tn+i _m)é':'E'Z" HE3) n=1,2,....

P roof. For n= Othe inequalities (38) are trivially satisfied as equalities.
Suppose they are satisfied for n=10,1,... ,k,k~t 0. From (38) it follows that
xk 6 52- In this case, condition (C2) implies, according to the Banach lemma
on invertible operators that the linear operator A(ng+ EX is invertible and

N(AIK) + EK)-1= [|(/+ A(x*)-123)- 1A(XT) - 1]| A
A |7+ ArK) - LK)~IN [AGe)_1 ~ (a~£2) 1-

From (2) and (3) we obtain the identity

ifc+i - Xk+1=
= {I+A(ik)1-Lk)-1A(xk)-L{[F(xk) - F(xk)- f'(xk)(xk- ifc)]+
+[(F'(xk) - A(xk))(xk- xf)] + yk + [Lk{xk - xk)]+
+[(+(x©) - A(xk))A(xk)-1F(xk)] + [LKA(xk)-1F(xk)]} + zk.

Using (28), (38) and (43) we obtain
(45) HAx*)-1n * ) - F{xk) - f{xk){xk- *0]| » "K\\xk- UE "KwR.
By (28)-(30) and (38) we get

[N (X1 - (7™ (xT) - A(s*))I = WI(F (xk) - F'(x0)) + (F'(x0) - A(x0))
+ (M(x0) - AX*)]I(x* - ife)|| ~
(46) < [UMxE- xoll + L\\xk - x0|| + 1+ m]|xE- xfd| <
< [K(tk- to) + Lwk+ L (tk-t0) +m + [Jwk A
< (KEO+ Lwk + LEO+ m + I)wk-

MAGYAR
TUDOMANYOS AKADEMIA
KONYVTARA
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From (27) and (38) we get
(47) [JA(xK)~ILk(xk - zjt)|| < e2\\xk - xfd| <e2wk.
Using (2), (29) we obtain

IIA (1,)-1(A (I - B(x,))I =

@8) = NAG M) L[(M(i i) - A(XQ) + (A®0) - A{xK)](xk- s fcH)|| »
< (£ —ll + I —"ol]) + 2/) K —xk+\ || <
= (Lwk + 2L(tk—to) + 21)(tk+{—tK)

(since, by Theorem 1, ||xjt - xjt+i|| <tk+x - tk <t* - t0=e0)
= {Twk + 2L(t* —to) + 2I)(t* —tk).
Finally, by (2) and (27)
(49)  WA(XK)~ILKA(xK)~I F(xk)\\ e 2\\xk - x*+i || <e2{tk+i - tk) <e2e0-

With these majorization in (44), using (43), (27), (32)—37), and (39) we
can easily obtain that

(50) pfc+i - *fcH || » wk+i fraS. + Rs +7 =s.
That completes the induction and the proof of the theorem.

Concerning the perturbed iteration (4) we have:

T heorem 4. Assume:

(a) The hypotheses of Theorem 2 are satisfied and let {xn}, n= 0,1, 2,...
be the sequence generated by (18);

(b) the condition (Ci) is satisfied and (28) with A(x) =F'(x) andy = x0-

() The inequalities

(51) d > e2, with 0< d~ ||F*(x0)
(52) (1 ~R\)2-4aj7i >0,
(53) BT

_ 1= B I ~B) 2~ 4qiTi g

(54) 61 2
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are satisfied, where

e5 dK

(55) 0L“ 2(d-e2y
~eodli + £2

(56) Bl = d_ez '

and

57) 7i £2f0+ £i +£3(—£2)

d—£2

TTien the iterative procedure (18) is well defined and for each n £ N we
shall have the estimates

(58) l*n - *njl USn~ @

where the real sequence {5n} is given by

(59) Sn+l = an+I*n + R*n+\Sn+ 7*n+l > 50=0, n=0,1,2...
with
* dK
60
(60) a"~2(d-e2y

dK (tn—to) + =2

(61) f:= d—£2

and

(89) n= £2A”+é TOEEL e n=12
—f2

P roof. By the Banach lemma on invertible operators it follows that
the linear operator F'(xq) + To is invertible and

o6 e 1A A

This fact, together with the remark that (54) and (58) imply xn £ S2,
shows us that if (58) is satisfied, then the iterative procedure (4) makes sense.

We will show that (58) holds forall n=0,1,2,.... Forn= 0the inequal-
ities (58) are trivially satisfied as equalities. Suppose they are satisfied for
n=20,1,... .k We shall prove that they hold for n =k + 1, too.



ON PERTURBED NEWTON-LIKE METHODS IN BANACH SPACES 303

From (4) and (18) we obtain the identity
(64)
Xk+i-Xk+i = (I+F'(x0) 1Lo) 1F ,(:ro){[F(ifc)-F(xf) - F'(x0)(xA:-Xfc)]+
+Vk + LO{xn- xn) - LOF'(x0)~1F(xn)]}- zn.

By taking norms in the above inequality and using (28), (64), (27), (18),
(25), (26), (51)—62), we obtain as in (50) that
IN+i ~**+ij|| A 2(1-£2 "X ~ + HC M R)IT ~ <A

+3_ folixfc —atl+ E2pjfc Mo+ £ + e

= 2 (d -e 2) ~ XKN + Hifc ~ *RI1)11R* x|

(65) toe— [E2]|z - X + £ 2Kfc - XfcH| + £1] + £3

S —=2

=73 g f[2(xit —o) + St 7 PA (LtH —tk) + £1] + £3

= Sk+1 ~ '2(d- £2) -~ 218 1

—————e -ft* = Sj
+d_£2($ ft* —to+ £1) + £3= Si.

That completes the induction and the proof of the theorem.
The following result follows immediately from Theorems 1-4.

Corottary. Under the hypotheses of Theorem 3 and 4 the following
estimates hold for all n = 0,1,2,...:

(66) [[i,,-X*|| *wn+1* -t
and
(67) [[X,, - @*| "~ Sn+ I*- t

for iteration (3) and (4), respectively.

Finally, we remark that the approach employed here applies for the rest
of the error bounds obtained in [14, pp. 550, 555].

Applications

We shall apply Theorem 4 to an ,, ill-conditioned” example proposed by
Wilkinson [12] and considered also by Lancaster [6].
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Exampte. Consider solving iteratively the quadratic equation
(68) x2- 2.0288888001 + 1.02876900 = 0

using a computer characterized by the accuracy C\ = c¢2= 3= .5 X 10-9.

Starting with z0—1.032567321 and using (18) we get

21=1.032567323

z2= 1.032567326

23= 1.032567329

2,,=23,n"3.

If we take x0= 22 and max(r,ri) = 0.03624585, then we can easily ob-
tain from (51)-(62) K = 55.17872776, 7/= 2.75893638 *10~9, h = 1.52234599 «
*10~7, t* = 2.75903425 «10~9, t** = .0362445849, £0 = < d= .036245852,
<4 = 27.5893654, Rx = 1.660346909 «1(T7, 71 = 1.42946827 «10“8 and " =
=11.3630739-10“9.

We want to find and estimate for the distance |23 —x*\. The hypoteses
of Theorem 4 being satisfied we can use the Corollary.

From (67) we get |23 —x*| <21 X 10~9.

Taking advantage of the fact that we know that the sequence {zn}
becomes constant beginning with n =3, we easily obtain that |23 —x*\

4 11.3630739-10~9. This is very close to reality because x* = 1.032567332 is
the solution of equation (68).
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A NOTE ON THE OPERATIONAL SOLUTION OF AN INTEGRAL
EQUATION

T. FENYES

In the papers [1], [2], [3], we have used Mikusinski’s operational calculus
to obtain the solution of the integral equation

t
D (t+ a)f(t) + \ f(r)g(t-T)dT = h(t), t> 0,
0

where g, h are locally integrable functions (g,h£L{oc), a is a real number.
For a<0 (1) is a convolution type integral equation of the third kind. In
the following we assume that Mikusihski’s operational calculus and the op-
erational notations are familiar to the reader. In some places we denote
the convolution of functions also with a star. By introducing the algebraic
derivative D, (1) can be reduced to the following inhomogeneous algebraic
differential equation in the operator field M

@) D(f)-(a +g)f=-h, feM

being more general than (2), since (2) can have not only locally integrable
(/ € Lioc) solutions but solutions contained only in the field M. We have
proved the following

THEOREM. Let tﬂn’wjog(t) = A exist such that ¢ L\oc. Then the
general solution of the homogeneous equation
3) D(f)-(a+g)f=0
is of the form

f —Ceaasxexp Hoft) ~ A

where C is an arbitrary number and

1991 Mathematics Subject Classification. Primary 44A40; Secondary 45E10.
Key words and phrases. Operational calculus of Mikusinski, integral equations.

Research partially supported by the Hungarian National Foundation for Scientific
Research Grant No. 6032/6319.

0081-6906/94/$ 4.00 ©1994 Akadémiai Kiadd, Budapest



308 T. FENYES

in the sense of the operational convergence.
For C/ 0, / EL\ac if and only if A<0 and a”™ 0. The inhomogeneous
equation (2) has for a> 0 exactly one f EL\oc solution of the form

[ = exp
(5) jh h*Gq t[fr+ "G oKr)
A Ta
\' t+a (r+ a)l-A J
0
where o
A

g{t) -
Go(o=53
=231
For a= 0, (2) has a particular solution f EM of the form

— R

= exp § - M [«-»+mjVv ~1h .G for A> 1,
0
(6 t
[ = exp%g(t)_x 1IvI rfF A+ J[Ih + Th*Go\(T)dr] for AA 1,
I ~¢ J

e

where e > 0 is arbitrary, | is the integral operator.

In general (2) has no locally integrable solution. 1f ~ EL\oc, then (2)
has a particular (/ E Zioc) solution of the form

x| M<)+MD)»G.(*)_ At-A-i \J{ft.GO](T)

P) o
[ =exp{£1iL ™}x

X{'I(Q+ »>*C°(i) - *-» - J A for A<O.

By the result of paper [4] the condition referring to the existence of <7(+0)
in the above Theorem may by replaced by the following

Condition 1. There exists a real number Asuch that E L\oc.
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In this paper we shall discuss the integral equation
8) (t+a)f(t) + (t+ b)J f(r)g(t =T)dr=h(t)

by the operational calculus, where a, g, h are the same as above, b*a
is another arbitrary real number. In the inhomogeneous case we restrict
ourselves to a” 0.

Introducing the algebraic derivative D we obtain

8) -D{f) +af-D{fg)+bfg=h
and
DU)-«/ + D(f)g + fD(g) - bfg= -
so we have
£>(/)(! +9) + (-a + D(g) - bg)f=-h,
fl(/)+-ax_D"-6»/= _ h
1+9 i+
which can be written in the form
t... | D(g)+(a b) \ .
©) D(f) + ( %

1+5 1+5
So we have reduced (8) to the algebraic dlfferentlal equation (9).
Let us substitute

(10 /= uem

’1_|V_ 51
in (9), then an easy calculation gives that
(12) D(u)+ f-a+ (a~h)g u—-h

1+5 .

holds. Since

1 00
(110 WV

i/=0

in the sense of the operational convergence it is easily seen by (10) that
uf -Licc™ M GL\ep
hold. Moreover, by introducing the function (, by the definition

(12) c=7"-=£(-1)V +leiioo
1+» IS
(11) can be written as
(13) D(u) —[a+ (b—a)Qu =—h
being of type (2).
In the following it will be assumed that Condition 1 holds. We need here
the following
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Lemma. Let f{z) be any function of the complex variable z, analytic in
a circle such that

1(*) =
i/=0
and let
(14) F=gf{g) = Y jallg /+1,
i/=0

in the sense of the operational convergence, then

F(t) —Aa
) 0&L\O

holds.

Proof. By a result of Mikusinski [5], F £ L\oc. In [1] we have shown
the statement that for arbitrary ki, k2£ Lioo for which )£ L\oc,

ki *k2
! ELo

For A= 0 the Lemma trivially holds. Let now A70. Using operational
notation we have

15 £ —2&= a0
49 Sa|>_<|)'+|_>|<)Ei/=<i</\nfi/:>iA

Taking into account the above statement it is only necessary to show
that for
A @
= a- ran
Q =5 ]IE:1

G -Loc holds. Since

X 1e1 il=1

(16)



A NOTE ON THE OPERATIONAL SOLUTION OF AN INTEGRAL EQUATION 311

and
(00 A A2
’i\s:a2"elioc, éz{A}, §7={A2*},
so, applying again the above statement, it is easily seen that GL\oc and
the Lemma holds.
So we have - GL\oc. Applying the Theorem, Lemma, (13) and (10)

we obtain the following Theorems.
Theorem 1. Let us assume that Condition 1 holds. The homogeneous

algebraic differential equation corresponding to (9) has the general solution
of the form

Ceass(b-a)\ |
(17) e eeexp f(6—Q(c(<) )y
1+9

where C is an arbitrary number and

@
c=tt7=B - 1Ix» '#l
u=0
f(fr-°)(C(«)~ A)j fC(o-

exp

For C~ 0, / GLioc if and only if (b- a)A<0 and a<0.

THEOREM 2. The inhomogeneous equation (9) has for a>0 exactly one
f € L\oc solution of the form

exp{ M I~} 50
f = { - (b-a)A(t +a)-V,-a» - Ix

1+9
o [ft+ fe*<?0](r) 1
+ fe*<?0](r
(r+a)i-(‘-a)AaTJ

where
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For a= 0, (9) has a particular solution f £ M of the form
exp{liziliUti)}

/| =
1+9

; 1
J[Ih + lh*Go (r)d.l] fa‘ t
r-(t- 9A2— (b-a)X> 1,

2JE-(6-0)*+1

(19)
_ 2 |i-(t-a)A+Ix

I+ ff

| =
J [Ih+1h* cory 1

r-(6-a)A+2 daT) ~

where e > 0 is arbitrary and | —” is the integral operator. In general (9) /ias
no locally integrable solution.

If £ lioc, then (9) /ias a particular (/ £ Xioc) solution of the form

f = exP { (e B)-«(t) A)} fli+ h*GO

1+9
t

(b-a)Xt (0 @A 1J Mt-t-s~r} cor (6- a)A=0’
(20)
exp{ & a0 A} "h+h*G0
| =
1+9

t
[ fi-f-li*Go] 1

-(b-2) Ai-(l A 1, oA ] A (& «) A<

Remark 1. Obviously, the general solution of (9) is the sum of the gen-
eral solution of the corresponding homogeneous equation and of a particular
solution of the inhomogeneous equation.

Remark 2. The condition » £ L\oc is not necessary. The integral
equation

- (1) + (t+ 1 1(ndr- h)

0]
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where
1 t
log21 logt logt’ O<fesd<l
hy=< 9 9
t> 6
log6 log &
has the general (operational) solution
22) f=C(s- 1+ {e *Yexp & _*
4 ()
where
m = tlog2t’ O<t<i<l,
0, t>6.
For C = 0 we get a locally integrable solution. Since A L\oc, so is
ANloc
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SEQUENCES AND THEIR TRANSFORMS WITH IDENTICAL
ASYMPTOTIC DISTRIBUTION FUNCTION MODULO 1

S. H-MOLNAR

Let U= (in)“=1 be a given sequence of real numbers. For a positive
integer N and a subset E of the interval 7= [0,1) let the counting function
A(E] N;uj) be defined as the number of terms xn, 1< n” N, for which
{xn} GE, where {/} denotes the fractional part of the real number t. In
the following we shall use the terminology and notations of Kuipers and
Niederreiter [2] adapted to suit our purposes.

We need the following known definitions.

Definition 1. The sequence u = (zn)ELj of real numbers is said to be
uniformly distributed modulo 1 (abbreviated by u.d. mod 1) if for every pair
(a, b) of real numbers with 0 $a<ii”™ 1 we have

A{[a,b);N;uj) ”

Definition 2. The sequence .; = (En)ELi is said to have asymptotic
distribution function modulo 1 (abbreviated by a.d.f. mod 1) g if

Iimo N g(x) foro<*<1.

Suppose that a sequence u has a.d.f. mod 1 which is F. If / is a real
valued function, defined at the terms of .;, and the sequence £= (/(zn))"Lj
also has a.d.f. mod 1, then, in general, the two distribution functions are
distinct. E.g. ify= (n© )~ , where 0 is an irrational number, and f(x) =
= cosx or f(x) = i, then the a.d.f. mod 1 of .; is different from the a.d.f.
mod 1 of the sequence £= (cosn0)E£Tj. Another most striking example is
the following one: The sequence y= (7n)"L1 of the Fibonacci numbers has
a non-continuous a.d.f. mod 1 but the a.d.f. mod 1 of the sequence £ =
= (logFn)*T1 is continuous (see Kuipers [1]). However, there are sequences
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w>and functions / such that the sequences ui>= (xn)~_1 and £= (/(a:n))"Li
have the same a.d.f. mod 1.
We introduce a definition.

Definition 3. Letu= (xnY¥: and £= (/(xn))*Lj be sequences of real
numbers, where / is a real-valued function. If the sequences u and £ have
a.d.f. mod 1 and these functions are identical, then we say u is / invariant
distributed sequence modulo 1 (abbreviated by i.d. mod 1 to /).

Examples. 1. If 0 is a positive irrational number, then the sequences
Y= (no)*L1 and £= (Vno )"L1 are u.d. mod 1 and so they have common
asymptotic distribution function mod 1 (F(x) = x). Thus u is a square root
invariant distributed sequence mod 1.

2. We know sequences also having a.d.f. mod 1 which are not uniformly
distributed mod 1 but they are invariant distributed to a function. E.g. in [3]
conditions are given for second-order linear recurrences (Gn)”-, such that

the sequence = with a fixed positive integer k, to be invariant

distributed to the function /(x) = " (we say reciprocal invariant).

3. There are functions, e.g. f\(x) = {x} or /2(x) = x + k, where k is an
integer, such that any sequence of real numbers, which has a.d.f. mod 1, is
invariant distributed mod 1 to these functions. But if a real number c is
not integer, then not every sequence is invariant distributed mod 1 to the
function /3(x) = x+ ¢, but each uniformly distributed sequence mod 1 is i.d.
mod 1 to fs.

The functions / that map the interval [0,1] into itself and any uniformly
distributed sequence mod 1 is invariant distributed mod 1 to / are called
uniform distribution preserve function (u.d.p.). Some results for u.d.p. func-
tions can be found in [4],

In the following we prove two theorems for mod 1 invariant distributed
sequences. We need some notations.

For a real-valued function / we denote its domain of definition by Dj,
furthermore the set graf / is defined by

graf/ = {(x,y) |[x€ Df,y=f{x)}.
We write graf / mod 1 instead of graf / if we reduce the coordinates X,y
mod 1:
graf/ mod 1 —{(x,y) \3k,i£l, x+ k£ Df, y+i=f(x + k)
and 0 <Xx,y<1}.
We shall prove the following results.

T heorem 1. Let f be a real-valued function with DjQR and let F and
G be non-decreasing functions defined on the interval [0,1] such that E'(O) =
= G(0)=0and E(I) = G(l) = 1. For any functions F and G there exists a
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sequence ui>= (an)™j of real numbers, such that the asymptotic distribution
function mod 1 ofu is F and the a.d.f. mod 1 of the sequence = (/(an))ELj
is G if and only if graf / mod 1 is everywhere dense on the unit square 0 <
<x< 1, 0<j/< 1.

From this theorem, with F = G, we obtain

Corollary. Iff is a real-valued function such that graf / mod 1 is
everywhere dense on the unit square, then for every nondecreasing function
F, for which F(0) = 0 and F(1) = 1, there exist*a sequence u of real numbers
such that F is the asymptotic distribution function modulo 1 of 4 and w is
mod 1/ invariant distributed.

THEOREM 2. Let f be a real-valued function. There exists a sequence
u —(u,,)*L1 of real numbers, which is uniformly distributed mod 1 and f
invariant distributed mod 1 if and only if for any pairwise disjunct finitely
many subintervals [ai,61), [02,62))-** ,[as,6s) o/[0,]) we have

S
(1) m*({y\3k,3x £ [akbk) = (x,y) £ (x,y) Ggraf/mod 1}) >~ (s, - a)

I=1

and

) m*({x 13k, 3y £ [ak,bk) = (x,y) £ (x,y) Ggraf/mod 1}) > ~ (6, - a)

>0

where m*(H) denotes the Jordan outer measure of the set H.

Notes. Itiseasy to check that the conditions of Theorem 1 for the func-
tion / are satisfied by the functions sin, cos, tg, ctg, and by any continuous
periodic function for which the period length is irrational and the range of
this function is an interval of length at least one. These functions satisfy
also the conditions of Theorem 2, moreover, the function ” also satisfies the
conditions.

P roof of Theorem 1. Suppose that graf/ mod 1 is everywhere dense
on the unit square 0" x< 1,0 jy< 1and let F and G be non-decreasing
functions defined in the interval [0, 1] with conditions F(0) = G(0) = 0 and
F(l) = <7(1) = 1. It is known (see Kuipers and Niederreiter [2], pp. 138-139),
that there exist sequences o = (cn)™L1 and g= (dn)%dj of real numbers with
distinct terms in the interval [0, 1) such that their asymptotic distribution
functions mod 1 are F and G, respectively. Let us cut the sequence a into

blocks such that the kth block contains terms cn for which < n<
< k™ -t. The kth block has elements of number k and we arrange them

according to their magnitude: a\(k)< ask)<l.l< a@ m Let us cut similarly
the sequence g into blocks such that the kth block contain terms dn for which
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(k~"k<n£ W*1) and let us denote the terms of the kth block by B\k"<
< < .. .< B[k™ Since graf/ mod 1is everywhere dense in the unit square
0"Mx<1,0<j<1,thereis apoint Pjkx "\ y~) of graf/ mod 1 such that
< Xjkr<an™j and B <y </?J*\ for any j with 1%j “k- 1.
Let £= and u= be sequences of real numbers defined by

g_—i)’((ll))(?)o,(z) A?)l (3)* §)joo- 'f)ngfC)>o'o>Iﬂ<)’}

and

v = {y$1),y[2\ y(2 2i3), IRB)SV S\ eee ,y\(kk ygfc),--- ,yl(<k)»-

respectively. We shall prove that the a.d.f. mod 1 of sequence f is the func-
tion F.
First we prove that

& = F{a)

for any 0 <a < 1.
Let us compare the kth blocks of the sequences a and £ The kth block

a[Kioi2K\... ;a f of a contains of the same or one more as the kth block
XK x2K ... ,x”™ of £ in the interval [0,a). So

OSA([0.a),ffi+i).»)-A([0,0). M il,)S*,

from which

lim elg\eik--_l-_-lrjrA ([0,a),10 +il,.)

K—-00

lim
oh00 k(K + 1)==V~’ 2

follows. Let N be a positive integer and k be an integer defined by k'k* <
<:N< (fctlgfe+2). Then, by
0<A([0,a),iV,0-A([0,a) A (fc+l). e)n + 1,

we have

i 7A([0.2).9V,0 =

: kik+ 1) | _
k||_r1100 _k-)ZI{ "y 2 ([0.Q . , 1) = F(«)



SEQUENCES AND THEIR TRANSFORMS 319

and so F really is the a.d.f. mod 1 of the sequence f = (un)ETa.

It can similarly be proved that G is the a.d.f. mod 1 of the sequence v.

Since pn(vn.zn) £ graf/ mod 1, there are integers sn and tn such that
/(un-|-sn) = zn -\-tn for any natural number n. But then r and ¢ are the a.d.f.
mod 1 of the sequences g = (an)fLa= (un and p = (/(an))™Li =
= (@n+ <n)dLii respectively, and so we have proved that the condition of the
theorem is sufficient.

Now we prove the necessity of the conditions.

Suppose that graf / mod 1 is not everywhere dense in the unit square
0<x<1 0<2< 1 Then there is a point Po{xo,yo), with 0 < xo,j/o < 1,
which has a domain of radius r, with some r > 0, inside of the unit square
not containing point of graf / mod 1. In this case for the function F and G
defined by
_fo ifo<x<xo

F(x) =
=11 itxo<x<1

and
ro ifory<y

Gly) = il if jlo< 1,

respectively, there are no sequences u = (an)ETj and p —(/(an))*L: such
that their a.d.f. mod 1 would be F and G, respectively. Namely if F is
the a.d.f. mod 1 of a sequence u) = (an)ETj and p is a sequence defined by

<P=(fM)n=I then
1 1= N N =
I\'Im P!Ia( x0,x0+"),N,u 1

and
NI\ YOYo+ AiNpj =0

and so G cannot be the a.d.f. mod 1 of the sequence of p.
This contradiction completes the proof of the theorem.

Proof of Theorem 2. First we prove the necessity of the conditions.
Let / be a real-valued function and let v>= (Un)ELj be a u.d. mod 1 se-
quence such that p = (/(«,,))*! isalsou.d. mod 1. Let [ai, 6i), [G2>"2)>ee* ?[as5"s)

be subintervals of [0, 1) with 0 Mai <b\ <a: < i/ eee< 1 and let

Hi = {y 13i",3x £ [a,,61); {x,y) £graf/mod 1}

and
H: = {x 13i,3y£ [a,6,); (X, y) £ graf/ mod 1}.

Suppose that
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Then there exist finitely many subintervals [ci, d\), [c2,”2)1 ee*, [c*, dk) of
[0, 1) which cover the set H\ and for the sum of their length we have

k S
YA(di -Ci) <£(bj-aj).
i=l j=1

Since the sequence wis u.d. mod 1,

Jim, AFA ([’ H)*N°L) = b~ aJ

forany j = 1,2,... ,s and so
1 / S \ s A
A\ bjAn' = ~ ai)>
_>00 J)/' 1 J j:1 )
since the intervals [aj, bj), j = 1,2,... ,s, are pairwise disjunct.

By our conditions, using that from {«,,} £ [at,6t), {/(un)} € #1 follows,
we obtain

A~k S k
J o ANCHdi)’N'D = “ ) >S (dk )
1 J=1 i=1

>=
These imply that there is an index 2 such that

NJI—tmoo ?_:/:A([mo,dlo),N,<p)>d|o- cio

and so the sequence ip= (f(un))~=1 is not u.d. mod 1, which is a contradic-
tion. It proves the necessity of (1). The necessity of condition (2) can be
proved similarly.

Let now / be a real-valued function satisfying the conditions. Let us cut

the unit square 0 < x < 1,0 My <1 into squares T~ of number k2 such that
rj™, k<i,j <k, contain points (x,y) with <x<”™and <y < £. This
partition of the unit square and the function / define a k Xk matrix T?)
of elements 783, 1< *j < Asuch that 7 = 1, if there is a point (x,y) £ T
for which (x,y)Egraf/ mod 1, and 7,7 =0 if (x,y)*graf/ mod 1 for any
(x,y) erw.

By (1) and (2), for any s columns of there exist s rows such that
each of them has at least one non-zero common element with one of the
columns of number s, furthermore for any s rows there exist s columns such
that each of them has at least one non-zero common element with one of the
rows of number s. Therefore we can choose elements 7,j = 1 of matrix
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which number is k and which are from distinct rows and distinct columns.

For each of these elements 7,j we choose a point (x\k\ yjj”) from such
that Ggraf/ mod 1L The numbers xj” are obviously distinct and
let

V) )

be their arrangement.
We denote by

0K, Leeeiwk
the corresponding sequence of y values. By the definition of the set graf /
mod 1 there are integers p\k\ g\" such that (xj» +p,qity\j’\ + gj”) Ggrafl.
For any <=1,2,... |k, u[k™is equal to some x\K\ so we can define the
numbers u\k*by u\k”= +p\K\ where and P&k) is

Let us consider the sequence
) Al 52) 2up) 5H{3)HHED) B+ <) o i

and

@ JOX) DU 8.5 vantn wiz ok e

Denote the nthterm of (3) and (4) by un and Sh, respectively. We shall show
that both of the sequences u = (iin)ELj and <p= (/(un))~Li are uniformly
distributed mod 1.

We shall use the sequence p = with terms
0010120123
1’2,2,3,3’3,474,4,4°'*

which is u.d. mod 1 (see [2], p. 7, Problem 1.13). Let us cut the sequences
p, ai, €into blocks such that the mth block contain elements of index n for
which 117 < n< m(r+1) _Ry the definition of the sequences

M < & pgp) < J m)

and
MM <<m</4m <6/ <...<Mm~"

follows, where p\ntis the ith term of the mth block of the sequence p and
(*1,i., mmm, im) is a permutation of (1,2,... ,m), ie. e is a
permutation of the terms of the mth block of sequence @ reduced modulo 1.
Let N (> 2) be an integer and let be a natural number defined by
<N < [k+I{k+2) . For a rea] number a, 0 <a ™ 1, denote by A(a, m,z)
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the number of terms zn of a sequence 2 = (zn)™ 1 which belong to the mth
block of 2 and for which 0~ zn< a. Then

A(a, m,/z) —A(g,m,w)=0 or 1

and
A(a,m, n) —A(a,m,tp) =0 or 1

for m= 1,2,... ,k and similar relation holds for sequences /i and u if we
consider the terms from the last term of the kth block till the iVth term. But
the terms of the sequence ()~ =1 are not arranged by their magnitude, so
we have

0<A([0,a); iV;/z) - A([0,a);iV;u;) <k+ 1

and

0<A([0,a); IV;fi) - A([0o,a); Mip) <k+ k+ 1.
From these

limon A0y, Nsu): mlim JTy7A([0,a),JV, )
and

Jim “M[0,a);N;(p)=_lim -JrA([0, a); N;p)

follow. However, the sequence /z is u.d. mod 1 and so the sequences u> and
ip are also u.d. mod 1 which completes the proof of Theorem 2.
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DIE DUNNSTE 8-FACHE GITTERFORMIGE
KREISUBERDECKUNG DER EBENE

AGOTA H. TEMESVARI

Eine Menge von abgeschlossenen Kreisen bildet eine &-fache Uber-
deckung, wenn jeder Punkt der Ebene zu mindestens k Kreisen gehdrt. Die
Definition der Dichte von fc-fachen Kreistiberdeckungen kann man z.B. in
[2] finden. Die Grundaufgabe ist die Bestimmung der fc-fachen Kreistiber-
deckung mit der minimalen Dichte (wenn eine solche Uberdeckung existiert),
d.h., die Bestimmung der diinnsten fc-fachen Kreisiiberdeckung. Wenn die
Kreisuberdeckung gitterférmig ist, d.h., die Kreismittelpunkte ein ebenes
Punktgitter bilden, dann ist die Grundaufgabe fur k7 in den Artikeln [4],
[1], [6]. [7], [8]. [3]. [9] gelost. Im nicht gitterformigen Fall ist die dinnste
A;-fache Kreistiberdeckung nur fir k —1 [4] und mit kongruenten Kreisen
bekannt.

Von J. Linhart stammt eine Methode, mit deren Hilfe er etwa mit drei-
bis vierstelligen Genauigkeit mit einer Rechnenmaschine die minimale Dichte
der A;-fachen gitterféormigen Kreistiberdeckungen ausrechnen kann. In [5]
beschreibt er gute Vermutungen Uber die exakten Werte der minimalen
Dichte fur k <20 mit dieser Methode.

In diesem Artikel beweisen wir, dafl seine Vermutung fur k= 8 richtig
ist.

Zuerst fuhren wir die Bezeichnungen (s. noch in 53%)< ein. Es sei T ein
ebenes Punktgitter mit den Basisvektoren 0A und : und m seien

reelle Zahlen. Den Vektor Ojl bzw. kC)E + moX und seinen Endpunkt
bezeichnen wir mit X bzw. kX + mY. T ist in normaler Darstellung, wenn
die Ungleichungen

(1) \A\<\B\<\B-A\,  <(AOB)<~

fur seine Basisvektoren gelten. Es seien |A] = a, \B\ = b, | = x und
<(AOB) = a (Abb. 1). Mit diesen Bezeichnungen kann man (1) folgen-
derweise aufschreiben:

2 0<x<l, 0=cosa; = -
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Es sei T(r) der Inhalt des Grundparallelogramms von I\

0 Q a

Abb. 1

Der Kreis, der durch die nicht kollinearen Punkte X, Y, Z bestimmt
ist, sei K[XYZ]. Spéter sind die folgenden, durch Gitterdreiecke bestimmten
Kreise notig: k\ = A:[0(BA)(4A + 5)], k2 = K[O(IA)(4A + 5)], k3 =
k[0(6A)(4A + B)], ks = K[O(5A)(4A + B)], ks = k[0{4A)(A + 2B)], ke =
fc[0(4A) (2A + 2B)],k7 = k[0 (3A) (A + 2B)] , ks = k[0 (3A) (2A+ 2B)],k9 =
k[0(2A)(2B)], kio = K[0(2A)(A + 2B)], kn = Kk[0(2A)(3B)], k12 =
k[0(2A)(A + 3B)], ki3 = k[OA(3B)], ki4 = k[OA(BB - A)], ki5s =

k[0O(4A - B)(4A + 5)], ki = fc[0(3A - B)(4A + B)], k17 =
k[0(2A-B)(4A+B)], kis=k[0(3A-B)(3A+B)]}k19=K[0(A-B)(3A+B)],
k2o = K[O0(3A - 2B)(A + 5)], ka = K[0(3A - 2B)(2A + B)], k22 =
= K[0{2A - B){:A+:B)], kes = kK[0O(3A - B)(A + 25)].
Mit Di (i=1,... ,23) bezeichnen wir das Gitterdreieck, das den Kreis

kt im vorigen bestimmt hat. k[XYZ] bzw. A, sei der Rand des Kreises

K[XYZ] bzw. k{. Mit A[0,r] bzw. £[0,r] bezeichnen wir den Kreis bzw. die
Kreislinie mit dem Mittelpunkt O und mit dem Radius r. Der Radius des
Kreises kK[XYZ] bzw. K sei r[XYZ\ bzw. r,. Endlich, mit Qi bezeichnen wir
den Quotient r}/T(T).

Auch hier gebrauchen wir die Formel

oft, wobei u, v, w die Seiten eines Dreiecks mit Inhalt T und r der Radius
des Umkreises sind.
Das Gitter Ts (mit den Basisvektoren A und B) wird folgenderweise

definiert: |A| = 20l=" und cosa = =\ (Abb. 2). Es st leicht einzuse-
hen, daR r[O(3A)(20)] =rs=rn =r20=r22= 1 gilt.

Mit O(r,ii) bezeichnen wir die Kreisanordnung, bei der T das Gitter der
Kreismittelpunkte und R der Radius der Kreise sind.
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Abb. 2 Abb. 3

Hitfssatz 1. Die Kreisanordnung L(Ts, 1) ist eine s -fache gitterformige
Uberdeckung von Einheitskreisen.

Beweis. Nun betrachten wir die Abbildung 3. Weil x= 1 fiur T gilt,
d.h., das Viereck OA(A + B)B ein Rhombus ist, ist es genug zu beweisen,
dalR das rechtwinklige Dreieck OA(-1p) mindestens 8-fach Uberdeckt ist.
Dieses Dreieck wird mit D bezeichnet.

Es gilt \A+ B\ = pp < 1, deshalb tberdecken k[0,1], fc[A, 1], k[B, 1] und
fcJA+ H,1] das Dreieck D. Aus dem rechtwinkligen Dreieck (A —B)0(""-)
ergibt sich —(A —B)|=pp <1, d.h,, auch K[A - B, 1] tGberdeckt D.

Es sei M der Schnittpunkt der Gerade AB und der Gerade, die durch
A —B verlauft und zu OA orthogonal ist. Es ist leicht zu sehen, dafl3
\M-(-B)\ =\M-(2A-B)\ =y < 1 gilt. Weil r[(-B)(2B){2A-B)] =1
ist, Uberdecken die Kreise k[—H, 1] und k[2B, 1] das Dreieck D gemeinsam
mindestens einfach. Ahnlicherweise kann man zeigen, dal? auch k[B - A, 1],
K[B + 2A, 1] und k[2A- B, 1] das Dreieck D gemeinsam einfach berdecken.

Das Dreieck (—A){2A) (—A + 2B) enthalt D und wegen

F[(-A){2A)(-A + 2B)] = |

Uberdecken &—A, 1], K[2A, 1] und k[—A + 2H,1] das Dreieck D gemeinsam
einfach.
Damit haben wir den Hilfssatz bewiesen.

In dieser Arbeit sehen wir den folgenden Satz ein.

Satz. Die Dichte einer s -fachen gitterformigen Uberdeckung von Ein-
heitskreisen ist ~ 2,7541 T (~ 8,6523) und Gleichheit tritt nur bei

der Kreisuberdeckung L (Eg, 1) auf.

Der Beweis des Satzes geschieht mit der Methode, die wir auch in [7],
[B] und [9] verwandt haben. Auch hier betrachten wir das rechtwinklige
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Koordinatensystem x,j/ = cosa. Jedem Gitter T in normaler Darstellung
entspricht ein Punkt mit den Koordinaten (x,cosa), der im rechtwinkligen
Dreieck OPQ liegt, wo OP —1, PQ —i und OP LPQ sind.

Hr.= { (X, cosa) [xG
H2:={ (x,cosa) |xG
H3:=\ (x.,co0sq) IXG
H4:=\ (x,cosa) |xG

xG

xG
~(x,cosa) |x G

x G

-o X

X >

, cosa G |0,-jij;

1- 12X2
u °§[}m
173;2—2 rii
2x 7231

'3 —15x2
xe X oder
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He 1(x,cosa) |x G
H- := 1(x,cos0;) | x G
H":= 1 (x, cosa)

Hs 'm=1 (&, cosa) |x

X

Hg := 1 (X, cosa) |

rXx 6 —1laz21l

6X '2J °der

Ccos

674X ]}l

Es ist leicht einzusehen, dal} die Gleichung

8- Xx2—4\/9x4—8x2 24

03=
8X

im hall xG

eine einzige Wurzel hat. Diese Wurzel wird mit x* bezeichnet.

H\i |%’a:,cosa)'v|x G ryB- ,

0,6 + y/24~M

xG

J
x G[xjt, 1],cosa G —

06+V~"36

, cosa G
AXT 2%

4%’ 8X
IIx2—6

3
#12 1= {(x, cosa) |xGL\V5 \\/67J ,cosa G o, oder

24X

0,6 + V~4736 L

1 3x2- 2

1

, cosa G E-,O,B oder
X

8- X2- y/9x4- 8x2+ 24

327
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H13 {(*> COS ot

HI4  {(*>cC0sa

H[s  {(*>cosa
5. {(*>cosa

{(*> cosa

H[6 := {(z, cosa

r/»
-"16

{(*. cosa

Hig -= {(*>cosa

AGOTA H. TEMESVARI

oder
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#19 := 1 (x,cosa) |xG

8X 6x
ri+ x2 3- 3x2t4
8X 2x 31
. r3-2x2 7xz2- 3l
-if20 1 (&, cosa) [xG , x2- 3 oder
9x 6x J
3—2x2 5—3x2
, oder
9x 12X
3—2x2 }_:2(_2. )
4x 78X
. , 6 JT 6- llx2 3—2x2]
Ill-gl.—{r(x,cosa)\xe [V(/—V{/ ' ox ] oder
3x2—1 3-2x2
4x 79X
Hix 1 (2 cosa) IX 6 rlix2- 6 3—2x2i
Ha.2 := 1 (X, cosa) |[x G
Hz2 :=1(x,cosa) |xG
aG
#23 := 1(x,cosa) |xG ,0,3 oder

Es seien H7 = H' UH!f, Hs = HS\ {H[\ UH23), Hh = Hn U ", tfi5=
= H[5U™ ,HIls =H[6UHs U irn= "ju 2= H22 UH"2. Es ist
nicht schwer zu beweisen, dal die Mengen H{ (i= 1,... ,23) eine Zerlegung
des Dreiecks OPQ bedeuten.

Hilfssatz 2. Wenn (x,cosa) Gui (i=1,... ,23) fur das Gitter T in
normaler Darstellung gilt, dann liegen hochstens 7 Gitterpunkte im Inneren
von ki und ist das Gitterdreieck Di nicht stumpfwinklig.

Der Beweis des Hilfssatzes geschieht ebenso wie der Beweis des entspre-
chenden Hilfssatzes von [7], deshalb sehen wir vom Beweis ab. Wir geben
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aber die Gitterpunkte, die im Fall (x,cosa) Gff, (i= 1,... ,23) in A liegen
konnen:
(x, cosa) GH\
(x,cosa) Gff2

AAxk=1,... ,7
AAA=1,...6, 3A+ ff

(x,cosa) GHs kA k= 1,...,5, +ffrn=23

(x,cosa) GHa AAA=1,.. 4, mA+ffm=123
(x,cosa) G-fs AAA=123, mi+ffm=0,,2,3
(x,cosa) GHg AAA=123,ma +ff m=0,1,2,3
(x,cosa) Gff7 kA A= 12, ma +ffm=—1,...,3

(x, cosa) Gffs
(x, cosa) Gffg
(x,cosa) Gffo
(x,cosa
(x,cosa) G
(x,cosa) Gff1
(x,cosa) Gffis

AAA=12 ma -fff m=0,1,2, sA+ 2ff s — 0,1
A, ka + ffk=—2,...,3

A, AAA Bk—-2,...,3

A, AA+ ff, ka + 2ff A=0,1, 2

A, ka + ff A=0,1,2, mA + 2ff m — 1,0,1

A, AA+ ff, AA+ 2ff A=0,1,2

AA+ ff k= —1,... ,2, mA+ 2ff m=—1,0,1
AA+ ff A= —1,0,1, mA+2ffm- —=2,... ,1

(x,cosa) Grria
(x,cosa) Gffj5
(x,cosa) Gffjs
(x,cosa) GHis
(x,cosa) Gff's
(x,cosa) Gfffé
(x,cosa) Gffir
(x, cosa) Gffis
(x,cosa) Grrig
(x,cosa) Gff2o
(x,cosa) G*21
(x, cosa) effii
(x, cosa) eff~2
(x,cosa) G*22
(x,cosa) Gffz3

AA =1,... 7

AAA=1,... ,6, 3A+ ff
AA&=1,... ,6, 3A+ ff

kA k= 1,... .5, mA-fffm= 2,3
ka k=1,... 4, mA-fff m=1,23
AAk=1,... .4 mA+ffm=1,2,3

kKA, (k-1)A + Bk=1,2,3 2A -ff
AA A—DA+ ff A= 1,2,3, 2A - ff
kA, kA -B k= 1,2,3, 2A - 2ff

AAA=123 mA—ffm=1,. /4
AA, AA—ff A= 1,2,3, 2A - 2ff

AAA= 1,23, mA+ffm=0,...,3
AA, (Ifc- 1)A +ff fc= 1,2,3, A + 2ff
AA A- DA+ ff A= 1,2, 3, 2A - ff.

Wir bemerken, daR das Dreieck ff, nur in einigen Fallen rechtwinklig
sein kann. Jeder Fall ist auf dem Rand des entsprechenden Bereiches ff,.

Auch hier wenden wir die in [8] definierten Transformationen g,g~1, g\
an. Wahrend der Anwendung von g ist der Basisvektor A fest und der
Endpunkt des Basisvektors ff bewegt sich auf der zu OA parallelen Geraden
derart, dal a inzwischen abnimmt. g~| war die inverse Transformation
von g. Wahrend der Anwendung von g\ ist der Basisvektor A fix und der
Endpunkt von ff dreht sich um 0 so, dal? a zunimmt.

Im folgenden brauchen wir noch zwei weitere Transformationen. Bei <3
sei die Gittergerade (2A+ ff)(3A-2ff) von T fest und wir bewegen 0 auf der
zu (2A + ff)(3A —2ff) parallelen Geraden mit der Zunahme von |2A + ff].
Im Fall der Transformation < ist die Gittergerade (A+2ff)(3A—f) fix und
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0 bewegt sich auf der zu (A-\-2B)(3A-B) parallelen Geraden derart, dal
[#A+2.B| zunimmt.

Spéater wenden wir die vorigen Transformationen hdchstens bis der Lage
an, bei der das entstehende Gitter in normaler Darstellung ist.

Der folgende Hilfssatz handelt von der Wirkung der vorigen Transforma-
tionen auf Qi (i=1,... ,23).

Hilfssatz 3. Es sei T ein Gitter in normaler Darstellung.

1. Wenn (x,cosa) E77, (i=5,9,11,14,20) bzw. (a:,cosa) En » oder n 21
fur T gilt, dann nimmt Qi, Q7 bzw. Q2: wahrend der Anwendung von g ab.

2. Wenn (z,cosa) E77, (i=6,13) bzw. (x,cosa) £ H? fur V gilt, dann
kénnen wir Qi bzw. Q7 mit g~1 vermindern.

3. In den Fallen (x,cosa) e 77, (t= 1,2,3,4,8,10,12,15,16,17,18,19,22)
nimmt Qi wahrend der Anwendung von g\ ab.

4. Endlich, wenn (x,cosa) E Hz: bzw. Has flr T gilt, dann nimmt Q2
bzw. Q23 wahrend der Anwendung von g$ bzw. g. ab.

Beweis. In den Fallen 1, 2, 3 kann man die Richtigkeit der Behaup-
tung ebenso beweisen, wie in den entsprechenden Hilfssatzen von [7] und [8],
deshalb gehen wir auf diese Féalle nicht des Né&heren ein.

Essei (z,cosa) EH21. \2A + B\ < \3A - 2B\ ist, weil diese Ungleichung
mit cosa < 5*g+3 im Fall x < 1 gilt. Aus \2A + B| < |3A - 2B\ ergibt sich
unmittelbar, daf3 r21 wahrend der Anwendung von g3 abnimmt. Der Inhalt
von D21 ist |T(r). Das andert sich nicht, d.h., T(T) ist konstant. Deshalb
nimmt Q21 offenbar ab.

Wir betrachten den Fall (x,cosa) E Hzs. \A-\-2B\ < \3A - B\ gilt dann
und nur dann, wenn cosa < 8jg-3 ist. Wegen x > ~18+*19— st 0,3 <

< 8jg-3. Indiesem Fall ist cosa <0, 3, d.h., \A+ 2B\ < |3A—B\ gilt offenbar.
Daraus folgt schon, daf? r23 wahrend der Anwendung von g« abnimmt. Der
Inhalt von D23 ist auch |T(r). Das bleibt wahrend der Anwendung von ga
konstant, d.h., auch T(T) ist konstant, deshalb nimmt Q.3 offenbar ab.

Bemerkung 1. Wahrend der Anwendung von g nimmt x ab und nimmt
cos g zu, bei g\ ist x konstant und nimmt cos a ab. Bei gs nimmt cos a zu und
wenn auch cosa | gilt, dann nimmt x sicher ab. Wéahrend der Anwendung
von g+ nimmt cosa zu und nimmt x ab.

Bemerkung 2. Betrachten wir die Gitter Tg, fur deren Basisvektoren
A und B die Bedingungen |A| = |B| und cosa = || gelten. Der Punkt
Z(1,]) entspricht diesen Gittern auf der Abb. 3. Fir diese Gitter gelten
auch rg=rn = r2o= r22. Aus dem Hilfssatz 1 folgt, daf} die Kreisanordnung
L(rg,r{) (i=8,11,20,22) eine 8-fache Kreistiberdeckung ist.

Beweis des Satzes. Betrachten wir eine beliebige 8-fache gitterformige
Kreisliberdeckung T(T, R) und nehmen wir an, dal f in normaler Darstel-
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lung ist. Die Dichte von L(T,i2) ist wo T(r) der Inhalt des Grund-

parallelogramms von T ist. Die Methode des Beweises ist dieselbe wie in [7],
[B] und [9]. Wenn (z,cosa) £ Hi (i=1,... ,23) fur T gilt, dann ist R > K{.
Es geben namlich héchstens 7 Gitterpunkte im Inneren von fg (Hilfssatz 2),
deshalb wére z.B. der Mittelpunkt von fc im Fall r, > R hdchstens 7-fach

Uberdeckt. Es gilt also "pyTr ;j~yr= Qiir. Auf Grund der Formel (3)
kann man Qi mit den Variablen z und a ausdriicken.

Mit Hilfe der dem Bereich H, entsprechenden Transformation (vgl. Hilfs-
satz 3) kénnen wir Qi weiter vermindern und inzwischen erreichen wir einen
Grenzpunkt von Ht (Bemerkung 1). Wenn dieser Punkt ein Grenzpunkt
irgendeines Bereiches Hj ist und Qi —Qj (die gestrichelten Linien auf der
Abb. 4) in diesem Grenzpunkt gilt, dann kénnen wir vielleicht Qj mit ein-
er Transformation weiter vermindern, d.h., wir kénnen den urspringlichen
Quotient Q, von unten schatzen. Z.B. im Fall (z,cosa) £ Hqg kénnen wir
die Transformation g anwenden und endlich erreichen wir den Fall cosa =

= | (auf der Abbildung 4 DE) oder einen Punkt der Kurve cosa= 1~"r ,

Xe 1'2—>y Yg . Im letzteren Fall gilt Qg = (?15 und wir kdnnen Q15 mit g\

vermindern.

Endlich bekommen wir einen von den folgenden Fallen (die dicken Linien
auf der Abb. 4). Hier sind die Quotienten Qi Funktionen mit einer einzigen
Variablen.

L Im Fall x E (0,]], cosa =0 (auf der Abb. 4 OA) missen wir das
Minimum der Funktion

» o (16**+1)2
<2iW = S—

bestimmen. Z.B. mit Hilfe der ersten Ableitung bekommen wir, dal die
Minimumstelle x — ist, d.h.,

. 16v/3
Qi) >QA >3

2. Im Fall xE[\, y”~], cosa =0 {AC) handelt es sich um die Funktion

Qi5(z)—(16§5§;3|)2 7 E U h

und einfach ergibt sich

, 4943
Qis(z) Qb 5 gy 7
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3. Unter den Bedingungen [j, \/™1.cosa=*H*(BC) mufn
das Minimum von Q2 bestimmen. Mit Hilfe von (3) ergibt sich

(16x2+ 1+ 8xcosa)(9x2+ 1—6xcosa)
e 2= 4x sin3a

Mit der Substituierung cosa = 1 g2j bekommen wir, dal

+ Tda:4 +
(fo(x) = 64- 144x6+ T4a:4 + X2

V~144x4+ 88x2- |3

ist. Es ist leicht einzusehen, daR Q2(2) zunimmt, d.h.,

4/ yl3, 9375
gilt.
4. Im Fall x G , c0s g = f (DE) ergibt sich die Funktion
8
Qd(x) =
x\/4 —x2°”
die abnimmt, d.h.,
578
N >3
QDR 177 5313
gilt.
5. Unter den Bedingungen x G ,cosa = 0(CH) muf® man das

Minimum von QIif3 finden. Dann ist

(16x2+ N(9x2+ ) (x2+ 4)
o ie(an) 196x3

und z.B. mit Hilfe der ersten Ableitung ist es einzusehen, dal? Q\e{x) ab-
nimmt, deshalb gilt

63v/5
QI6(*) ~QI6 50 >2,8.
6. Es ist leicht einzusehen, dal? Q4 g Q7 dann und nur dann gilt, wenn
cos 67592 gilt.

6.1. Deshalb ist Q: > Q7 im Fall xG y y| ,cosa=f (JI), d.h,
wir kdnnen Q4 mit dem Minimum von Qj von unten schatzen.
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6.2. Im Fali x6 ,cosa = | (Gi) kann man Q- folgenderweise

aufschreiben:
Q () = 16 22,
rvig —
Es ist leicht einzusehen, daf} Q7 (x) abnimmt, so ist
. 1936 32
Qitx) > Q7 5/ 79779 g 3\/15

6.3. Wenn cosa =342, X6 (J2) qilt, ergibt sich die

Funktion
-34x6+ 19x4
(4) 56- ®-
V —225t4+ 10612- 9
Man kann einsehen, dal (4) abnehmend ist. Der Fall (\/A Sehort
aber zum Fall 6.2, d.h.,
32
@ 3v1s

gilt.

7. Im Fall x¢ %, /L , cosa =0 (HM) ist Qu die folgende Funktion

(16x2+ 1)(4x2+ 1)(x2+ 1)
gi7( )_ 36x3 ’ m

Mit Hilfe der ersten Ableitung ergibt sich, dal? x = \ die Minimumstelle von
§i7(x) ist, deshalb gilt

o.T(x)ae.r(l) ="

8.1. Das Minimum von Q5 braucht im Fall x 6 , AB0=2
(KU). Wir bekommen die Funktion
(3x2+ 4)2
(5) 3"
2x\/4 - x2

fir deren Minimumstelle sich x =y © ergibt. So gilt

5) >-"=>3.
. 3\/3
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8.2. ImFall x G ,cosa = B2 (UT) ist Qs = Q21+ Die erste
Ableitung von
. —3xb+ 4x4 —x2
Qs(*) = Q2i(*) = 560 e> XE€
y/A2\x A+ 148a:2—36
ist mit der Funktion
"6 1
- = + —107a;2+ —
F(x) = —91x6+ 189x4—107a;2+ 18, xG 13V 2]

vom Gesichtspunkt des Vorzeichens gleich. Es ist leicht einzusehen, daf3 F(x)
zunimmt und F(0,68) < 0 und ir(0,69) > 0 gelten, x sei die Nullstelle von
F(x) und es seien H\(x) — -3x6+ 4x4 - x2 und H:(x) =

=\/-121x4+ 148x2- 363. H\(x) und H:(x) nehmen zu, deshalb gilt

Qs(x) = Qzi(x) > Qs(X) > 5607, 0 60} > 2:88

9.1. Unter den Bedingungen x G 3%, /% und cosa = 2% (UV)
mul3 man das Minimum von Q2\ finden. In diesem Fall gilt Q2\ —Q\a und
es handelt sich um die Funktion

n .. _ .. 315 4x6+15x4+ 9x2
Q2I(") —Q14\Z) — a 3»  %E
4 V-4x4+ 93x2-9
Mit Hilfe der ersten Ableitung kdnnen wir zeigen, dall Qi4(x) abnimmt.
Folglich gilt

] 45
QI(X) = Qi >3,
() =qise) = ay/14
9.2. Im Fall x = cosa G (VR) ist Q21 die folgende
Funktion
22i(0) 720-Vi5c0s2a - 5520 cos2a —927\/T5cos a + 6392
i?2i(0) =

490\/i5sin3a

Es ist einzusehen, dal Q21(a) zunimmt. Deshalb ist
Q21 (a) ™ Q1 (arccos -ly/:-%

und wir haben im Fall 9.1 gesehen, da Q2 (arccos 5
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10. Wenn x = und cosa 6 6\/1’5\/1" (~) sind) dann ist
s 3 8—Vi5cosa
QB@) =215 sin3a
fur deren Minimumstelle cosam= ist. Es ist auszurechnen, dal
Qi3(am) >2,8
gilt.
11.1. Im Fall ,cosa=0 (MN) ist
. Ax4+5x2+ 1
Quiz)= 4x3

die abnimmt, deshalb gilt

34 32

Q2®)"QZ 5y 37157 315"

11.2. Unter den Bedingungen x € 1 cosQ — 1;;(2 (YZ) kénnen
wir Q22 folgenderweise aufschreiben:

Tx4+ 8x2+ 1
(6) 80-

y/—xA+ 62x2- 1

Z.B., mit Hilfe der ersten Ableitung konnen wir einsehen, daR (6) abnimmt.

(6) ist also im Punkt (1, ]), d.h. bei einer Kreistiberdeckung L(Fs,r22) (vgl.
Bemerkung 2) minimal.

12. xe und cosa =0 (NP). Dann ist
(x2 + 9)2
Qn(x) = 56,

Es ist leicht zu zeigen, da Qu(x) abnehmend ist. Es gilt
f?12(*)EQI2(I) = /§> 3\3&5
13.1. Im Fall x€ ,cosa =1 (UW) ist

q 2 (9-2x2)2
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Q m (x) Ist abnehmend, weil x\/[4 —x2 zunimmt, d.h.,

Qu(x)>Qu >2,9

gilt.
13.2. Unter den Bedingungen x G \J§, und cosa 5;:23){'2 (WA)
ist Qi4 die folgende Funktion

+ 1Ix4+ 52x2
@ 24 35x6 X 52X e

V-9z4+ 174x2- 253

Es ist leicht einzusehen, daR (7) abnimmt. Deshalb ist x= ypf die Mini-
mumstelle. Hier ist aber der Funktionwert gréfier als 2,8.

14. Betrachten wir den Quotient Qis im Fall x G cosa =
5—R_X2 (w X ):
<2is(z) = 36- 105x4+ 34x2—7 ..
V-9x4+ 174i2- 25
Mit der in 8.2 verwandten Methode ist es zu zeigen, dal

32
is(x) >2, 7578 >
Qis() 3v/I5

gilt.
151. Im Fall x G \/n icosSQ— (AX) ist Q2o die folgende

Funktion:

72 252x6+ 1047a:4+ 439x2- 44
Q20{x) =
25 V-9x4+ 174z2- 253

Es ist leicht einzusehen, daR Q20(2) > im Fall xG
deshalb ist auch
20 32
>
Q202) > 415

15.2. Wenn x G I] und cosa = ™ - (XZ) sind, dann kann man
Q20 folgenderweise aufschreiben:
3x6+ 13x4+ 1322+ 3
40

(8)
y/-x4H-62a:2—I3
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Es ist leicht einzusehen, daR (8) abnimmt. Deshalb tritt das Minimum im
Punkt (1,]), d.h., bei der 8-fachen Kreisiiberdeckung X(r8,r20) (vgl. Be-
merkung 2) auf.

16. Im Fall x £ ,cosa = (XY) mussen wir das Minimum

der Funktion
153926+ 85z4+ 53z2+7

M-k
QM) 2 \J—xs + 62x2—3
bestimmen. Es ist einzusehen, dal} die erste Ableitung von Q19(x) positiv
ist, d.h.
QMx)>Q19[\/-)>2,78

gilt.
17.1. Im Fall x £ 4L, hEHYIOTTA epsa (ED) ist Qs die

folgende Funktion:
g T2X6+ 354x4+ 200x2

(9) .
\/-36Xx4+ 708x2- 121°

Es ist einzusehen, dal (9) abnimmt und der Minimumwert > 2,78 ist.

17.2. Unter den Bedingungen z £ "’8”3”9”4. « (8. Xk bei H"j) und

cosa = 0,3 (BC) ergibt sich aus Qs die Funktion
X4- 0,623+ 4,2822+ 1,2x + 4
4x0 -0,32

(10

Mit Hilfe der ersten Ableitung kann man einsehen, dal (10) zunimmt. Des-
halb stimmt das Minimum von (10) mit dem Minimum von (9) Uberein, d.h.,
(10) >2,78 gilt.

17.3. Im Fall z £ [x*, 1] undQ8= Qii (cosa = 8-J2-v/9" - 8j2t24) [BZ)

mul3 man das Minimum von Qs geben. Es ist
11724—6722+ 3x2\/9x4- 822+ 24
<2s(x) = Qn(x) = 64- 3
deren erste Ableitung vom Gesichtspunkt des Vorzeichens mit der Funktion

G(x) =234x8+680x6—2392x4+4248x2—4320+
+ (82z6+27224-94422+840) Vx4 - 822+ 24
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gleich ist. Im Fall x ~x% nimmt 9xs —8x2+ 24 zu, d.h., 9x4 —8x2+ 24 " 25
gilt und ist 82x6+ 272x4—944x2+ 840 > 0. Deshalb gilt

G (x)"234x8+680x6-2392x4+4248x2—4320+(82x6+272x4-94 4 x2+840)5=
= 234x8+ 1090x6- 1032x4- 472x2- 120 =
= 234x2(x6- 1)+ (1090x4- 1032x2- 238)x2- 120 < 0.

Das bedeutet aber, dafl Q8(x) abnimmt und ihr Minimum im Punkt (1,]),
d.h. bei der Kreisiberdeckung -£(rs,r8) auftritt.
18. ImFall x £ °U+243-, xk und cosa = 0,3 (BC) ist Qu die folgende
Funktion:
4x2 —3.,6X+ 9

471 —0,32 X

(11

Es ist leicht zu zeigen, dal? (11) abnimmt. lhre Minimumstelle ist x*. Das
gehort aber zum Fall 17.3.
9. Endlich missen wir das Minimum von Q23 unter den Bedingungen

xg HBHITOTM 06+5T36  yng cosa = 0,3 (CD) geben. Dann ist

36x6+ 3,6x5+ 187, 96x4—68,424x3+ 351,16x2- 68,4x + 36

Q23 ()
1967/1-0,32 x3

Es ist einzusehen, dal3 Q23(”) abnimmt and deshalb gilt

'0,6 + >724736
Q23(x) ™ Q231 ) >2, 8.

Damit haben wir den Beweis des Satzes beendet.
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ON THE RECONSTRUCTION OF COMBINATORIAL
STRUCTURES FROM LINE-GRAPHS

P. L ERDOS

Abstract

We present some generalisations of reconstruction results of H. Whitney, C. Berge,
J. C. Fournier and L. Lovasz. Certain classes of hypergraphs are described which are
determined (up to isomorphism) by their line-graphs. There are Hamming schemes, t-
designs and finite vector spaces among the classes described.

1. Introduction

Let G= (E{:i GM) and G' = (Fi:i GM) be two connected simple graphs
with \M\ > 2 edges. H. Whitney ([Wh]) had

Theorem 1 (H. Whitney). Whenever the minimum valencies in the
above graphs are at least 4 then

\EiDEj\=\FinFj\ d,jeM)

implies that G = G". O

In other words: the line-graphs with the degree condition are isomorphic
if and only if the graphs themselves are isomorphic.

This paper presents some new analogous results for hypergraphs. (For
the notions of hypergraph theory not defined here we follow Berge [B2].)

Definition. The hypergraphs H = (22, :iGm) and'w — (r, :i GM)
are isomorphic if there exists a bijection a between their vertex sets and a
permutation # of M such that a(E{) = for each i GM. Denote the set

of the automorphisms of the hypergraph R by Aut(2f).

For every 11J11 we put
Er=\jEi.
iei
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The line-graph C(H) of the hypergraph W is defined as follows: the under-
lying set of £{H) is the set of edges of 'H and the pair (Ei,Ej) is an edge
of C(H) (E{™ Ej, i,j GM) iff EtnEj ™ 0. Every automorphism a GAut(%o)
induces an automorphism aa of £(H) in a natural way, namely

aa(Ei) = gaci):ie Ef) aeM).

Finally let K denote the r-uniform complete hypergraph on n vertices.
The following result was proved by Lovész ([Lo]):

Theorem 2. When a GAUt(E(A”)) where n> 2r then there exists an
automorphism g GAut(Jf™) which induces the automorphism a, i.e. a= aa.

Lovész strengthened an earlier theorem of C. Berge:

Corollary 3 ([Bl]). Let TL= (£,:i GM) be isomorphic to K where
n> 2r. Suppose that

\EInEJ\=\FtnFJ\ - jeM).

Then TC is isomorphic to H. O

(In fact, Berge proved a bit more, namely that this isomorphism is strong,
but from the Lovasz theorem this can be derived easily as well.) In the same
year J.C. Fournier proved the analogous result under the condition n<:r
([FI]). Two years later Fournier found a common proof for both results

([F2]).

2. A general reconstruction principle

First of all we give a very simple proof for Theorem 2. The original
proof applied counting to prove the existence of the wanted permutation a.
The following proof was developed by Z Firedi and the author ([EF]) to
construct the prescribed permutation. A very similar proof is contained in
the paper of Poljak and Rodl ([PR]), also.

This proof is based on a well-known theorem of Paul Erdos, Chao Ko
and Richard Rado ([EKR]). Let a hypergraph be called intersecting if the
pairwise intersections of the edges are not empty.

Erdos-Ko-Rado Theorem. IfJi= (£, :i GM) is an r-uniform in-
tersecting hypergraph, where \Em\> 2r, then

and the equality holds iff there is a point x GEm for which CIU = {z}. In
other words:

Tl="Hk={E CEM-\E\=r,xeE}. O
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Proof of Theorem 2 ([EF]). Let Cx denote the system of edges of H
containing the vertex x (x £ X = UK?), i. e. let

Cx={EeKn:xeE}.

Then Cx is an intersecting set system, and \CX\= Since a is an auto-

morphism of the line-graph C(H), therefore {a(£) :EECX} —Cx is intersect-
ing, furthermore, due to the Erd6és-Ko-Rado Theorem, there exists a point
a(x) £ X for which Cx= a(Cx) = 7ia(x). One can prove easily that the map
a :X — VX is a bijection and a= aa. O

The previous proof is just a special case of a rather general reconstruction
principle. This is the following:

EKR RECONSTRUCTION PRINCIPLE. Let 5 be a finite underlying set
and T be the system of all subsets of 5 of a certain kind. Let the notion of
pairwise intersection be defined in T (not necessarily by intersection in S).
We say, that the pair (5, T) satisfies the EKR-property with the function
f(S,iF) if every subfamily Q of T with pairwise intersecting elements and
with cardinality \Q >f(S,X) satisfies the condition |f]Q\ = 1

Metatheorem. Let H be a subhypergraph of T satisfying the following
valency condition in every vertex X£ S :

vn(x) :=\{E £U: x£ E}\> f(S,T).
Let a £ Aut(X('H)). Then there exists an automorphism a £ Aut(*"H) such that
G_ \*

Metaproof. We just have to repeat the previous proof. Let Cx denote
the “star” of the vertex x in the hypergraph W. The image a(Cx) is a pairwise
intersecting subhypergraph of T. Since T satisfies the EKR-property due
to the valency condition of H, therefore the vertex a(x) : =na(Cx) is well
defined, and one can easily see that the map a : X —>X is a bijection and
a=aQ O

Hereafter we examine several structures which satisfy the EKR-property
and prove analogues reconstruction results for them. For any structure at
first we list the known EKR-type result, and then determine the reconstruc-
tion result. The proofs will contain the required “extra” facts, only.

In the remaining part of this section we apply the EKR reconstruction
principle to improve Fournier’s theorem. (This improvement for Berge’
theorem was done in the paper [EF].) At first we remark that, due to Hilton
and Milner ([HM]), the family T of all r-element subsets of the n-element
set X satisfies the EKR-property with the function

»/(n , I\’/) =/(T‘ _iL\) - (fn r__r 1_1)\+ 2.
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Theorem 4. Let 7i = (Ei :1 £ M) be an r-uniform hypergraph with
\Em\= 2r - k points (o < k<r). Suppose that for any point x £ Em the
condition

\M\-vn{x)> (2r * 1) - (rfc) +1

holds. Let a£ Aut(C(H)) for which
\E, flEjy = Ja(£,) Da(Ej)
whenever i,j £ M. Then there exists an a £ Aut(*'H) for which a = aa.

Proof. Let If = (£, :i £ M) where Ei —Em \ E, (i € M). Then ft
is an (r —fc)-uniform hypergraph with \Em\= 2r —k points. Let a be the
permutation of {Ei} for which

a(E) = EM\a(E).
By the intersection condition of the automorphism a:
\Ein Ejl= I(Em \ Ei) n (Em\ Ef)\= \EM\ (Ei UEj)I =
= \Em\- 2r + \EiC\Ej\ - \Em\- 2r + \a(Ei) C\a(Ej)\ =
I(Em\ a(Ei)) n (Em\ a(Ej))\ = \&(Ei) n 0(")1
for any i,j £ M, that is 6 6 Aut(£(?i!)). Furthermore

holds for each points of ft, since (x £ E £ ft) <=> (x #E £ 'H). So we can
apply Metatheorem (with the Hilton-Milner condition) for the hypergraph
ft and the automorphism & £ Aut(£(ft)). Consequently there exists an au-
tomorphism a £ Aut(77) for which a(E) = (a(x) :x £ E} (when E £ ft). This
permutation a :Em — >Em is also a suitable automorphism of the hyper-
graph Li. We must show, that the condition

a(E) m{a(x):x £ E}

holds for every edge E £ Lt. But we know, that for every point x £ E the
relation o(x) £ a(E) —Em \ a(E) holds, that is a(x) ~a(E). Hence a(E) =
= Em \ a(E) therefore the equality ct(E) = a(E) holds for the bijection a.
o)

Remark 5. We know, that any pair of edges of the r-uniform hyper-
graph H is automatically intersecting because \Em\= 2r —k. Furthermore
the proof used only the condition EifiEj = 04=> (i(Ei)C\u(Ej) = 0. Therefore
the map a must be a permutation of {£,} which satisfies the condition

Ei UEj = Em <==a(Ei)Ua(Ej) = Em (hi £ M).
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3. Hamming schemes H(r,q)

Let Q= {1, 2, ... , q} and Qr={x = (xi, ..., Xr):x, £ Q}. We define
the distance d(x,y) (x,y£Qr) as follows:

d{x,y) = |[{»e {I> 2>eee >r}:xiy, }\.

The structure (QT,d) is called Hamming scheme H(r,q). Two elements of
H(r,q) are called t-intersecting if their distance <r —.

For convenience we reformulate these notions.

Let Xi, X2, , Xr be sets that are pairwise disjoint. Let |X,| =q
(L<i<r). Let X =U,Xi. Let ndenote the cardinality |X| = rg. Let Krq
be the following r-class hypergraph:

K\g={Ec X:\EnXi\ =1 if O™ <r}.

By now the distance of any two elements of H(r,q) is at most r —t iff the
corresponding edges of hypergraph K r<q are t-intersecting. In the case t =
= 1 and g~ 3 the pair (X, KTy satisfies EKR-property with the function
f(X,KTg = gr_1. (See Livingston [Li], Frankl and Furedi [FF] or Moon
[Mo].)

Theorem 6. Let q> 3. For every automorphism a£ Aut(L(Kr)) there
exists an automorphism a £ Aut(AVig) which induces the automorphism a,
1.6. C—0dq.

Proof. Just apply the Metatheorem. O
We note that there is a permutation it:{1,2,... ,r} —>{1,2,... ,r} for
which
a(A.) = XHi)
ifi=1,... ,r. To prove it is enough to realize that the points x, y £ X are in

same classes iff there is no edge in KTg which contains both of them. But
a(x) and a(y) also satisfy this condition.

4. t-designs

A t—n, r, A design is an r-uniform (Bt :i £ M) hypergraph for which
\Bm\= n and every f-element subset of Bm is covered by exactly A blocks B,.
To avoid degenerate cases it is assumed, that 0 <t~ r ~n. It is a well-known
fact that every s-element (s <t) subset are contained by exactly bs blocks.
This number depends on the parameters of the design and the number s,
only. Namely:

The f-designs also satisfy the EKR-property.
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Rands’ theorem ([Ra]). There exists a function f(r,t,s) with the fol-
lowing property: Let B an arbitrary t —(n,r, A) design with n > f(r,t,s)
points. Let Ti be a system of s-intersecting blocks of B. Then

\n\<b.

and in the case of equality H can be described as follows: there exists an
loC Bm, \XO0\=s that

n ={BeB:Xo.CB}. O

The following estimation for the function / is known.

s+ (jr—s+D(r—s) ifs<t—1
, V2

—s)( J ifS=t—1.

This theorem generalizes the Erdds-Ko-Rado theorem since all r-element
subsets of an n-element underlying set form an r —(n, r, 1) design.
The following result is proven by our Metatheorem.

T heorem 7. Let B be an arbitrary t—(n,r, X) design. Let nt. f(r,t, 1).
Furthermore let a £ Aut(£(R)). Then there exists an automorphism
a £ Aut(B) such that a= aa. O

5. Finite vector spaces

Let V denote the n-dimensional vector space over the g-element finite
field. Furthermore let V Tdenote the set of all r-dimensional subspace of the
vector space V. Itis a well-known fact that the number of r-dimensional sub-
spaces which contains a prescribed t-dimensional subspace is the Gaussian

o-binomial coefficient

Two subspace of V is ca led intersecting if the dimension of their inter-
section is at least 1. As Hsieh proved ([Hs] or [FW]) ifnt 2r+2ornt 2r+ 1
and g> 3 then the family Vr of all r-dimensional subspaces as a hypergraph
of all 1-dimensional subspaces satisfies the EKR-property with the function

n —t\
r—t

T heorem s. Letn>2r+2orn>2r+ 1 and g> 3. Let af£ Aut(£(Fr)).

Then there exists an automorphism a£ Aut(Vr) such that a= aa.

P roof. The application of Metatheorem shows that there exists an au-
tomorphism & £ Aut(Fx) which induces the automorphism a. But the map
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& can be extended to a bijection a :V — >V easily. Namely for every X G
GV1let ax be any bijection X —Ila(A) which preserves the origin. (This
bijection exists because the cardinality of the non-zero elements in any one
dimensional subspace is constant.) Finally let a(y) = ax{y) if JG X. Easy
to see, that the map a is an automorphism of the hypergraph VTand a= aa.
O

Remark. As L. Babai pointed out ([Ba]) the transformation a can be
defined to be linear.
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EXTENDING AND COMPLETING QUIET QUASI-UNIFORMITIES

J. DEAK

Abstract

Complete extensions of quiet quasi-uniformities (and also of more general ones) are
considered adopting a bitopological point of view: the original space is required to be
doubly dense in the extension.

Doitchinov [9, 10] introduced the quiet quasi-uniformities, and developed
for them a nice theory of completion. We are going to show that his method
(which is closely related to some independent results of [5b]) works under
more general assumptions, although at the price of losing some good prop-
erties of the construction. Quiet complete extensions will turn out to be
essentially unique, assuming that double density is required in the definition
of an extension.

0. Preliminaries

0.1. Terminology. See [14] Chapter 1 for basic definitions. We shall
follow the notations and terminology of [5a, 5b]; the reader familiar with
[5a] can skip the next paragraph and continue with 0.2.

Uip is the topology of the quasi-uniformity U; (U~tp,Utp) is its bitopol-
ogy, where U~tp = U~Up= (E/-1)*p. cl* denotes the £/<p-closure. We write
Ux and UJA] instead of U(x) and U(A). Prescribing a system of trace filter
pairs in the bitopological space X means that filter pairs (f-1(a), fa(a)) are
assigned to each element a ofaset Y D X such that, forx £ X , (f-1(x), fJ(x))
is the neighbourhood filter pair of x; there exist bitopological extensions in-
ducing the prescribed trace filter pairs (i.e. (f-1(a), f*a)) is the trace of the
neighbourhood filter pair (n_1(a), n1(a)) of a in the extension) iff the trace
filter pairs are open (i.e. f'(a) is i/ ‘tp-open); the coarsest ong of these exten-
sions is called doubly strict. The quasi-uniform space (Y, V) is an extension
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of (X,U) if the latter is a subspace of the former, and X is doubly dense
(y-<P-(iense as well as Vgdense) in Y. One can consider quasi-uniform ex-
tensions inducing some trace filter pairs prescribed in a given quasi-uniform
space. The filter pair (f-1,”) in the quasi-uniform space (X,U) is round if
for any S Gf* there are U EU and T Gf*such that U'[T] CS (i=%1); it is
Cauchy if for any U GA/there are 5, Gf with S_i X Si CU. A distance d
on X is a real function defined on some subset of X X X such that if d(x,y)
and d(y, z) are both defined then so is d(x, z), and d(x, y) {-d(y, z) * d(x, z);
the entourages Q@) = UM)(d) = AU{(x,y):d(x,y) <e} (s>0) form a base
for a quasi-uniformity denoted by U(d) (where A is the diagonal of X X AT).
Uso =U (dso) is the Sorgenfrey quasi-uniformity on R, where dso(x, y) —y —x
if x <y. For x >y, the notation ]x, y[ means the interval ]y, x[.

0.2 A convention. There exist quasi-uniform extensions inducing some
prescribed trace filter pairs iff they are round and Cauchy ([5b] Theorem
6.1), so let us agree tha,t trace filter pairs are always understood to be round
and Cauchy (but this convention does not apply to filter pairs in general).

0.3 Quietness and related notions. A filter pair (f-1, fl) in a quasi-uniform
space (X,U) is weakly concentrated (for Cauchy filter pairs: equivalent to the
original definition given in [5b] 7.6, see [Bb] Lemma 7.7) if for any U (Ell there
isaV €U suchthat x_i Ux\ whenever F'x_, € f* (i = £1); afamily $ of filter
pairs is uniformly weakly concentrated (cf. [5b] 7.15) if the above condition
holds with the same V for each (f-1,)1) G3> U is quiet [9, 10] if the family
of all the Cauchy filter pairs is uniformly weakly concentrated. Generalizing
the terminology of [12], we shall say that the entourage V is quiet for U and
$ (or: quiet for V if $ is clear from the context). A quasi-uniformity is quiet
iff the round Cauchy filter pairs are uniformly weakly concentrated. (If V is
quiet for U and these filter pairs and W2CV then W is quiet for U and all
the Cauchy filter pairs.)

(f-1,f1) is concentrated if it is weakly concentrated and minimal Cauchy
(for Cauchy filter pairs: equivalent to the original definition, see [5b] 7.3 and
7.13; minimal is to be understood in the partial order (f-1,f1) < (0_1,01) iff
f C 0°). The neighbourhood filter pairs are concentrated, and they are the
only convergent concentrated filter pairs (convergent means that there is a
point with f* 7*gp-converging to it). Concentrated filter pairs are round. A
family of filter pairs is uniformly concentrated if it is uniformly weakly con-
centrated and each filter pair is concentrated (i.e. minimal Cauchy). Given a
weakly concentrated Cauchy filter pair (f-1, f1), there exists a unique concen-
trated filter pair coarser than (f-1,fl); it can be described as the coarsest one
among the (weakly concentrated) Cauchy filter pairs coarser than (f~1,f1);
if each member of a family of weakly concentrated Cauchy filter pairs is re-
placed by the concentrated one described above then we obtain a uniformly
concentrated family ([5b] Lemma 7.11 and Remark 8.13 b)).

Let (m-1(f-1), m1(f1)) denote the concentrated filter pair coarser than
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the given weakly concentrated Cauchy filter pair (f 1, fl). According to [5h]
7.11, the sets M,(I7) (U EU) constitute a base for m'(f‘) where

Mi(U) =ugs,er:35_,ef"\s_j x Si CU}.

[9] Proposition 2 suggests an alternative construction: ml1(fl) is the intersec-
tion of all the filters g1 for which there exists a filter g-1 such that (g-1,g9%
and (g-1,f1 are both Cauchy, and the latter is weakly concentrated; a dual
statement is valid for m-1(f-1).

Indeed, let (g-1, gl) be as above. One can easily check that (f-1rig-1,fl)
and (R-1,fingl) are Cauchy; both are finer than (m-1(g-1), mi(f1)), thus
(f-1 Dg-1,f1fl g1) is Cauchy, hence so is (f—,f1Dgl), implying m~fl) C
C fiDglC gl. Conversely, (f-1,m 1(f1) is one of the filter pairs (g-1,"1)
considered.

0.4 Completeness. The quasi-uniformity U is D-complete ([9, 10]; termi-
nology from [11, 15]) provided that the second element of any Cauchy filter
pair (such a filter will be called D-Cauchy) is 2vp-convergent. U is C-com-
plete if any Cauchy filter pair is convergent (C stands for Cauchy; this notion
has nothing to do with the C-completeness in the sense of [1] or [13]). Other
kinds of quasi-uniform completeness defined by filter pairs can be found in
[11,6,8].

1. Generalizations of quietness

11 A quasi-uniformity u on X is uniformly regular [2, 12] if for any U E i
there is a V e U such that c\l Vx ¢ Ux (x e X). Quiet quasi-uniformities
are uniformly regular ([12] Proposition 1.2). The following rewording of the
definition might make this connexion clearer.

P roposition. A quasi-uniformity is uniformly regular iff all the Cauchy
filter pairs (f-1, f1) for which f] f-1 ~ 0form a uniformly weakly concentrated
family.

Remark. When showing the sufficiency, we shall just repeat the usual
proof of the fact that quiet spaces are uniformly regular.

Proof. Let $ denote the family of filter pairs mentioned in the propo-
sition.

Sufficiency. Given a Ueid, choose a V quiet for U and $. Then
cllVx C Ux for each x. Indeed, take a y e cl1Vx, and consider the filter

pair
(F-LfD) = (fil{{y}} fil(n1(J)|Px)).

(f_1>f1) is Cauchy, since it converges to y; hence (f-1,f1) G Now V~1y E
6 f-1 and Vx Gf1, implying xU .
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Necessity. For U EU, take UgEU with Ug C U, then choose V EU
such that cl1lVx C Ugx (x GX). We claim that V is quiet for U and
Let (f-1,f1) G<§ Vx Gfl, V~1y Gf-1; it is to be proved that x Uy. Pick
a zG fir 1- The Cauchy property implies that f1 Ap-converges to z, thus
2Gcl1lVx Cuqgx. On the other hand, V~xy Ef-1 implies that zGV~ly, so
yEVzC Ugz. Hence x UgzUqy, i.e. x Uy. O

1.2 A quasi-uniformity U is called doubly uniformly regular if both U
and U~x are uniformly regular. We shall later need the following elementary
result:

Lemma. A quasi-uniformity U is uniformly regular (doubly uniformly
regular) iff for any U EU there is a V E U such that A XB CV implies
AxcllB CU (cl-1Ax cl1B C U).

Proof. It is enough to consider the case of uniform regularity, because
it can be applied then twice to obtain the other statement.

Sufficiency. Apply the condition to A= {x} and B —Vx.

Necessity. A V chosen by the definition of uniform regularity will do in
the condition of the lemma, too. O

1.3 Definition. A quasi-uniformity is subquiet if there is a uniformly
concentrated family $ of Cauchy filter pairs such that any Cauchy filter pair
is finer than some element of <> it is weakly quiet if it is subquiet and all the
Cauchy filter pairs are weakly concentrated. O

$ is unique in this definition (since its elements are minimal Cauchy). A
quasi-uniformity is weakly quiet iff the Cauchy filter pairs are weakly con-
centrated and the minimal ones are uniformly so (due to the weak concen-
tratedness, we may indeed speak about the minimal Cauchy filter pairs). A
C-complete quasi-uniformity is (i) always subquiet: $ consists of the neigh-
bourhood filter pairs; (ii) weakly quiet iff the Cauchy filter pairs are weakly
concentrated. (The assumption that the Cauchy filter pairs are weakly con-
centrated seems to be of no use in itself as far as we deal with extension
theory, but it can be of interest elsewhere; e.g. the proof given in [16] for the
fact that totally bounded quiet quasi-uniformities are always symmetric goes
through without any changement for these more general quasi-uniformities.)
We have the following implications:

C-complete

Vv
quiet =>m weakly quiet => subquiet

doubly uniformly regular
PROPOSITION. Any C-complete doubly uniformly regular quasi-unifor-
mity is quiet.

Proof. For UEU take V EU such that cI*V'x C UgX (x GX, i—=*1)
where UgEU satisfies Ug CU; then V is quiet for U. Indeed, let (f-1, f1) be
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a Cauchy filter pair that converges to some y, and assume that F ‘x_, Gf;
now y 6 cl1V'x_,, thus x_i UoyUoX\. O

It is enough to know in the above proof that y is a cluster point of
(f_1,f1), so we have in fact proved that a doubly uniformly regular quasi-
uniformity with each Cauchy filter pair having a cluster point is quiet. A
guasi-uniformity with these properties is, however, C-complete: Assume only
that any D-Cauchy filter has aZY<p-cluster point. For UEIli take 5, Gf with
S-1x5i CV where cl1Vx C Ux (x GAT). For each x G5_i we have Vx Gfl,
thus y Gel1Vx, implying x Uy, i.e. 5_i C U_1y, so f-1 ZY <p-converges to .
Now a dual argument yields that f1A4p-converges to y, too.

By the above reasoning, any uniformly regular (in particular, quiet) D-
complete quasi-uniformity is C-complete (this is in fact proved in [11] 2.1,
although the lemma itself says less), while C-completeness evidently implies
D-completeness in any quasi-uniform space. Hence in Doitchinov’s theory of
completing quiet spaces we may replace D-completeness by C-completeness,
which seems to be the more convenient notion when larger classes of spaces
are considered.

Remark. A uniformly regular C-complete space is not necessarily quiet
([12] Example 3.2), so double uniform regularity is essential in the proposi-
tion. The one-sided analogue of the observation made just after the proof
of the proposition is also false: consider the quasi-uniformity on (R X {O}) U
U {(0,1)} defined by the distance

d((x', x™), (y\'y") —y'—x" if either x' < 0"y’
or x'=x"=0<y" y'is rational
or X —1, 0<y', y isirrational

is uniformly regular, each D-Cauchy filter has a cluster point, but the D-
Cauchy filter fil{]0, s[x {0}: e > 0} is not convergent. On the other hand,
the completeness condition “each D-Cauchy filter has a cluster point” could
be included in the theorem of [6]; it looks as if the semi-symmetry compen-
sated for U~x not being uniformly regular, but the spaces occurring in that
theorem (semi-symmetric, uniformly regular) are in fact doubly uniformly
regular. They are locally symmetric by [6] Remark b), hence point-symmet-
ric, which means that li~tpis finer than Utp\ but if U is point-symmetric then
A/1 is uniformly regular: cl-1 U~Ix Cc\l U~Ix cU~2x. (This observation
on point-symmetric spaces makes it also possible to deduce [12] Theorem
2.1 from the proposition.) Added in proof. Any semi-symmetric uniformly
regular quasi-uniformity is quiet, see Theorem 4 in: Kiunzi, H.-P., Mrsevic,
M., Reilly, I. L. and Vamanamurthy, M. K., Convergence, precompactness
and symmetry in quasi-uniform spaces, Math. Japon. 38 (1993), 239-253.

Examples. No further implications are valid between the properties
shown in the diagram. Notations: Q = the rationals, D= the dyadic ratio-
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nals, I = R\Q, Ro= R\{0},
fk = filRo{]J0) is[nA: £> 0} (ACR, *= #1).

a) Quiet, not C-complete. Uso|Ro.
b) Doubly uniformly regular, not subquiet. On Ro, let U be induced by
the distance

d(x,y) =y—x if x <0 <y and either x,y€Q
or x€Q, y€I, -x <y
orx€1l, yEQ, y<—.

U is doubly uniformly regular, since its bitopology is discrete. U is not
subquiet: the filter pair (fql, fq) is minimal Cauchy, but not weakly concen-

trated.
c) C-complete, not weakly quiet. A non-symmetric quasi-uniformity on a

two point set.

d) Subquiet, doubly uniformly regular, not weakly quiet. Let U be as in
b), but with Dsubstituted for Q in the second and third lines of the definition
of d. The filter pair (fql, fq) is now concentrated and it is coarser than any
non-convergent Cauchy filter pair. On the other hand, (fo~fo) Is Cauchy,
but not weakly concentrated.

e) Weakly quiet, doubly uniformly regular, not quiet. Let X = Ro, n£ N
and

, . fy-x ifx<0<y, (x6Qorye Q),
oA A n(y—x) ifx<O0<y, x,yE\.

Now Un = U{dn) is subquiet, since any non-convergent Cauchy filter pair is
finer than (1, 1r), which is concentrated, with C(£/2) quiet for Uey Un is
in fact quiet: U(e/2n) is quiet for U(ey, but Us with 6 >e/2n is not quiet for
{(€) and(fq1,fq). Taking now X = Ro XN, and the distance dn on ro x{n},
we obtain a quasi-uniformity on X that is weakly quiet but not quiet; it is
doubly uniformly regular, as its bitopology is discrete.

f) C-complete, weakly quiet, not doubly uniformly regular. For n > 2,
define a distance dn on R as follows:

y —X ifx~20<il,
dn(x,y) nly —x) ifx<0=y.

Un =U{dn) is clearly C-complete; it is weakly quiet, since is quiet for
Q). But no Us) with 6> e/n is quiet for U(e) and (f,1,fi). The method used
at the end of the preceding example yields a C-complete, weakly quiet, not
quiet quasi-uniformity; it is not doubly uniformly regular by the proposition.
a
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2. Complete extensions

2.1 Let trace filter pairs (f_1(a), ~(a)) (aEY DX) be prescribed in the
quasi-uniform space (X,U) (assuming, of course, that f*(x) is the Wip-neigh-
bourhood filter of x EX). In [5b] we defined

a4Ub iff there are AEf_1(a) and B E f1(6) with Ax B CU

(for a,b£Y and U an entourage in X ), and proved that {4U: U £U} is a
base for a quasi-uniform extension inducing the given trace filter pairs iff
they are uniformly concentrated; if so then this quasi-uniformity, denoted by
4U, is the coarsest extension with these trace filter pairs, and (4U~tp, Uip)
is a doubly strict extension of (U~tp,Utp). If B is a (sub)base for U then
{4U: UEB) is a (sub)base for 4U, since 4(UHV) = 4{7f)4V.

Assume now that (X,U) is a subquiet space, and let (CX,CU) denote
4U taken with all the concentrated filter pairs, such that there is a bijection
between CX \ X and the non-convergent concentrated filter pairs (assume e.g.
that these filter pairs themselves are the elements of CA\X); we shall avoid
the more precise but cumbersome notations G(X,U) or (GX(U), QJ). More
generally, 4X denotes the fundamental set of 4U. Doitchinov [9, 10] proved
that if U is quiet then CU is quiet and D-complete (he constructed CU in a
slightly different but equivalent way) and showed that this completion has
several good properties. Subquietness will, however, turn out to be sufficient
for the C-completeness of CU. Moreover, if U is weakly quiet then so is CU,
the analogous result for quietness will be re-proved at the same time.

Lemma. If (Y,V) is a doubly strict extension of (X,U), and for any U-
Cauchy filter pair there exists a trace filter pair coarser than it then V is
C-complete.

Proof. According to [3] 1.1, if V is a strict extension, (f—&,f1) is V-
Cauchy, flis Vip-open, and fl(a) C f1| X then f1 Vip-converges to a.

To prove the C-completeness, it is enough to show that any round Cauchy
filter pair (f_1, f1) is convergent in (Y, V). As (f-1 | X, f1|A) is */-Cauchy, it
is coarser than the trace filter pair of some a£Y , so the result cited above
can be applied to V as well as to V-1, giving that (f—&, fl) converges to a.
O

Theorem. IfU is subquiet then CU is C-complete.

Proof. The above lemma, recalling the definition of subquietness and
using that 4U is always a doubly strict extension. O

2.2 Theorem. IfU is (weakly) quiet then so is 4U taken with arbitrary
concentrated trace filter pairs. In particular, CU is (weakly) quiet, too.

Proof. Let (f-1,11) be a round Cauchy filter pair in 4X, and U £U.
As (f-1 1X, f11X) is Z/-Cauchy, there is a V GU quiet for U and this filter
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pair. We claim that if W G4U satisfies W2C 4V then W is quiet for 4U and
i-U 1.

( Indgeed, assume that Wa Gfl, W 1iG f a. Then Wa flX Gf1|X. For

each x G a(lX and zGWa fl X we have x W 2z, i.e. x4V z, implying

XV z. Therefore Vx Gf1|X for each x GW~laC[X = A Gf_1(a). Analogous-

ly, V~ly 6 f-1 IX for each y GWbC\X =B Gfx(&. Now x Uy follows from

the choice of V, thus Ax BCU, i.e. ad4Ub

If U is quiet then V, and therefore W, too, can be chosen independently
of (f-1,f1), hence 4U is quiet. IfU is only weakly quiet then, as we have seen,
the round Cauchy filter pairs, hence all the Cauchy filter pairs, are weakly
concentrated in 4X . To complete the proof, it is enough to show that the
trace of a minimal Cauchy filter pair is minimal Cauchy, since then, using
that U is subquiet, we can again choose V and W independently of the given
minimal Cauchy filter pair.

So assume that (f_1,fx) is a minimal Cauchy filter pair in 4X, and
(9-1,01) is a ZCCauchy filter pair coarser than (f_1|X, f11X). Now, with fil
understood in 4X, (f—&,f1) and (fii 0-1,fii 01) are Cauchy filter pairs coars-
er than (fii (f_11X), fii (fL1A)); but the latter is weakly concentrated, so
there is a coarsest one among the Cauchy filter pairs coarser than it, hence,
(f_1i f1) being minimal Cauchy, we have f Cfil 0, implying f | X C Ol O

Remark. The last part of the proof is superfluous in the special case of
C2V since it is C-complete (and so subquiet) by Theorem 2.1.

2.3 Doitchinov proved that any quasi-uniformly continuous map from
a quiet space (X,U) into a quiet D-complete (= C-complete) space can be
quasi-uniformly continuously extended onto CA. No similar theorem holds
for weakly quiet or subquiet spaces: it can occur that U is quiet, and it
has a weakly quiet C-complete extension (Y, V) such that Y =CX, and V is
strictly finer than CU:

Example. On X = (R\ {0}) x H, where H = {1/n: n GN}, take the
distance

d{{x",x"),{y"y"™)) =y -xT Ay oxoAf xX<yx®t <y

and let U —U{d) (i.e. U=UD\X). U is quiet. CX can be identified with
R X H, on which a weakly quiet C-complete extension V strictly finer than
CU can be defined by the distance

e((a",a"),(b\b™)) =b'-a"+ b™-a" if a'<b’,a"<b™, {a\b)+ (0,0). O
If the point (0,0) is added to X in the above example then the same

construction gives a weakly quiet C-complete extension that is not doubly
strict.



EXTENDING AND COMPLETING QUIET QUASI-UNIFORMITIES 357

Remark. In [5b] we introduced 22/ which is an extension for the pre-
scribed trace filter pairs under the same conditions as 42/ The quasi-uni-
formity V in the example is in fact 2U. It is, however, not true that IU is
always C-complete: Taking the same example with H replaced by {0}UR,
the filter pair

(@il { - £ 0[x {0}: £> 0}, fil {{(0, 1/k): k >n}: nEN})

is 2ZV-Cauchy, but not convergent (the points (0, I/k) are to be understood
as in the example).

2.4 Proposition. If (X,U) is subquiet then no proper subspace of
(X, Q) is a C-complete extension of (X,It).

Proof. Assume that X CY ~ CX, and CU\Y is C-complete. Pick a
pE£CX\Y. Now (f-1(p), f1*)), which is not convergent in (X,U), con-
verges to some g £ Y\ X in CU|Y, implying that (f-1(q). f1(q)) iS coarser
than (f—&(i>), f1(i>)), a contradiction, since the trace filter pairs are minimal
Cauchy, and the non-convergent ones belong to one point only. O

2.5 Definition. An extension Y of a bitopological space X is reduced
provided that the neighbourhood filter pairs of p and a are different whenever
pPEY\X, afY, p“a. O

Starting from a C-complete extension of a quasi-uniformity, we can ob-
tain a reduced C-complete extension just by weeding out the superfluous
points; (weak) quietness is clearly preserved in this process. CU is always
reduced; we are going to show that it is, up to isomorphism, the only reduced
quiet C-complete extension of a quiet quasi-uniformity U. In particular, ifU
is quiet and To then CU is essentially the only quiet C-complete To extension
of U.

Theorem. If (Y,V) is a reduced quiet C-complete extension of (X,U)
then there exists an isomorphism f from (Y,V) onto (CX,6CU) satisfying
f(x) =x (XEX).

We begin with proving a lemma.

Lemma. Let (Y, V) and (Y, W) be extensions of (X,U) belonging to the
same trace filter pairs, and assume that V is doubly uniformly regular. Then
VC W.

Proof. Let V £ V be fixed, and choose Yo € V such that Cl-1a «x
x CI1BCV whenever A x B CYo (Lemma 1.2; C* is the V'ip-closure). Pick
a IY £ W such that W3\X C Yo|X. It is enough to show that W C Y.

Assume aW band define A=W-~laC\X, B = WbC\X. Now Ax B CW3\
IX C YO, implying CI-1 A x CI1B CV. As a £ f-1(a), we have a £ Cl-1 4,
and analogously b£ CI1B, i.e. aV b O
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Proof of the theorem. Let the notation (f_1(a), fx(a)) be used for
the V-trace filter pairs. Any non-convergent concentrated filter pair (f-1, f1)
in (X,U) V-converges to some ae Y; (f1,fl) being minimal Cauchy, we have
f‘(@) = f. Choose such a point for each non-convergent concentrated filter
pair, and let YO consist of these points, and of the points of X. It is now
enough to prove that Yo=Y, because then Y can be identified with CX, and
the lemma applies (V and CU are both doubly uniformly regular).

Pick a point p£ Y \X . (f-1(p), P(p)) is Cauchy, so it is finer than a
concentrated filter pair, which is of the form (f-1(a), f*a)) for some a€ Yq.
The double regularity of V implies that p is in any V,p-neighbourhood of
a and vice versa (i= zl). Thus the neighbourhood filter pairs of p and a
coincide, hence p = a, since V is a reduced extension. Therefore p £ Yo O

This theorem on unicity is only valid in bitopological context: with X =
=]0,1[ and Y =[0,1[, U =Uso \X is quiet and D-complete, thus U = CU\ but
V=Uso lY would be another quiet D-complete TO extension if Vtp-density
were only required in the definition of an extension.

3. Complete extensions of totally bounded quasi-uniformities

3.1 Assume that U is totally bounded and subquiet. Then CU is C-
complete, and also totally bounded, since its totally bounded reflexion is
a coarser extension (cf. [13] 1.29) inducing the same trace filter pairs (cf.
[13] 1.30), and CU was already the coarsest one (cf. the first paragraph of
2.1). A weakly quiet totally bounded quasi-uniformity is symmetric (see the
paragraph after Definition 1.3), but there do exist non-symmetric subquiet
totally bounded quasi-uniformities (e.g. Example 1.3 c); another example,
with better separation properties: on X = [0,1], let d(x,y) —\y—x\ ify* 0).

It will be proved in [8] that for any Cauchy filter pair in a totally bounded
quasi-uniform space there is a (not necessarily unique) concentrated Cauchy
filter pair coarser than it. Hence subquietness means here that the minimal
Cauchy filter pairs are not just concentrated, but uniformly so. Thus all
those totally bounded quasi-uniform spaces are subquiet in which there are
only a finite number of non-convergent minimal Cauchy filter pairs (since
a finite family of concentrated filter pairs is clearly uniformly concentrated,
while the convergent ones are the same as the neighbourhood filter pairs,
which are uniformly concentrated, too).

A construction different form CU yields a totally bounded C-complete
extension for any totally bounded quasi-uniformity, see in [8]. (This is, how-
ever, a very bad construction: there can be new points inducing convergent
trace filter pairs.)

3.2 A totally bounded non-symmetric quasi-uniformity with infinitely
many non-convergent minimal Cauchy filter pairs may, or may not, be sub-
quiet:
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Examples, a) With e denoting the Euclidean metric on R3, 0—(0,0,0),
consider on

X = {{x'x",x"") GR3:0< x| = W\ <1 (i"=00r I/i"'6N)}u{r,»}

(v,wf R3, v*w) the distance

tefx,ii) ifx- (xx"x")y ={y\y"y")
and either x' <0<y
d(x,y) = i or X'y'>0<x"y",

e(x,0 ifx=(x\x", XI), x1<0,y=v,
»e(0y) ify-{y y"y"), 0<y’ . x =w.
For n GN, minimal Cauchy filter pairs (f*1, f*) are defined by

) fn= fil {JOErxR x {1/ji})(11:£>0}.

(There are others that need not concern us now.) No is quiet for a given
d(E and these filter pairs, since if n > 1/6 then C/?jtcG f*, v Gf“1, but
(w,v) £U(ey Thus U(d) is not subquiet.

b) With U(d) from a), U(d) \(X\{u,u;}) is subquiet. Indeed, U(e/2) is
quiet for U and the minimal Cauchy filter pairs: it is enough to check this
for the filter pairs (1) and for (fgl, fo)> where

6 = fii {(]0, ie[xR x [0,£[)nX: £>0},

because the other minimal Cauchy filter pairs are linked (i.e. 5_in5i~ 0
for Si Gf*)i and such filter pairs are always uniformly weakly concentrated
(evident; or see [5b] 7.9). O

3.3 Let U be a subquiet totally bounded quasi-uniformity, 6 and c6
the quasi-proximities induced by U and CU, respectively. We are going
to describe c6 in terms of 6. First of all, a filter pair is ZV-Cauchy iff it is
«"-compressed ([5a] Lemma 5.1), where 6-compressed means that A Gsec f-1,

B Gsec flimply AS B.
More generally, let (X,li) be an arbitrary totally bounded quasi-uniform

space, and consider (T, 4U) with some uniformly concentrated trace filter
pairs; let 6 and 46 be defined as 6 and c6 above. Recall that

S ={uapb =X XxX\VAX B: A6B}

is a subbase for U (e.g. [14] 1.33); if So C S is another subbase for U then

A 6B iff there are finite collections A and B such that A=1[J.4, B =|JB, and
for any A' GA, B' GB, there exist A" DA', B" D B' such that Ua"b" £ &
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(this follows e.g. from [4] 3.39). Denoting the 4ZV-closures by CI*, one can
easily check that
4Uab =Y x Y\ CI'lA x Cl1B.

These entourages form a subbase for 4U) thus

(1) A 46 B iff there are finite collections A and B
such that A = 1J.4, B = (JR,
and for any A' GA, B' GB there exist A", B" CX
with A" 6B", AICCP1A", B' CCI1B".

(Or, using the trace filters, A" Gsec f_1(a) for each a GA', B" Gsec f4(6) for
each bGB"')

In the special case when the trace filter pairs are linked (see in Example
3.2 b)), [5b] Theorem 11.2 states the 4U coincides with another construction,
denoted there by °U; the description of °U given in [5a] 5.3 in terms of the
induced quasi-proximity yields that

2 A4SB iff AfIR = 0 and there are A",B"cX such that
A"6B", A" Gfl(a) (a GA), B" Gf"1*) (beB).

The trace filter pairs being linked, the condition Af)B = 0is now redundant.
From (1) and (2) we obtain

(3 A46B iff there are ANB" C X such that A"6B",
AcerlA", RcCliB",

since if A 4SB then the condition in (3) holds with A" and B" from (2)
(again because of the linkedness), and conversely the condition in (3) is
clearly stronger than the one in (1). (In particular, if all the non-convergent
linked round compressed filter pairs are considered then (3) gives one of the
several possible descriptions of the usual supremum-compactification of 6.)

The next example shows that, in general, the construction (1) for CS
(where 6 is subquiet) cannot be reduced to (3).

Example. Let X = [-1,0[x{x],£4,£53}|J]0,1] x {+2,£3},

d((x', x™), (y\y") = |y'- x\ if either x" = y"
or x'<0<y', W'—y"\ <4
U(d) is totally bounded and subquiet (as there are only a finite number of

non-convergent minimal Cauchy filter pairs). The following filter pairs are
minimal Cauchy (there are others, too):

(-1 (?)>f10)) = (9_1{+1)> +3}),
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F:(P)EE)=0 "+1,j4iSka™i3}) (=1,

where g'H = fil {JO,ie[xH:0< £ < 1}. Check now that {j»_i,pi}c${Z}, but
(3) fails for these two sets. O

Remark. It follows from [17] Proposition 20 that if b is not symmetric
then c6 cannot be Ti.

4. Quiet extensions for prescribed bitopologies

4.1 In the spirit of [5a, 5b], we consider the following problem: Let [X,U)
be a quasi-uniform space, (V, <S 1, 1) an extension of the bitopological space
{X,U~tp,Utp); under what conditions does there exist a quiet extension V of
U compatible with (»S1,«?1)? (In [5a, 5b] and [7] § 3, analogous problems
with other properties instead of quietness were investigated.)

Theorem. A quasi-uniformity U has a quiet extension to a prescribed
extension of the induced bitopology iff U is quiet, the bitopological extension
is doubly strict, and the trace filter pairs are minimal Cauchy.

P roof. Sufficiency. Theorem 2.2 and the first paragraph of 2.1, re-
calling that in a quiet space the minimal Cauchy filter pairs are uniformly
concentrated.

Necessity. Assume that V is a quiet extension. Then (5_1,51) is doubly
regular, hence doubly strict. Quietness is a hereditary property, so U is
quiet, too. The trace filter pairs (f—(p),f1(>) (p E Y \ X ) are Cauchy; we
have only to show that they are minimal Cauchy; repeat for this purpose the
reasoning from the last paragraph of the proof of Theorem 2.2, with (f_1, f)
the neighbourhood filter pair of p, and AX replaced by Y. O

proBLEMS, a) Investigate the question of quiet extensions in a topolog-
ical space.

b) The same problem in topological or bitopological spaces for subquiet-
ness or weak quietness. (It may cause difficulties that these properties are
not hereditary.)

Acknowledgement. The author wishes to thank Prof. A. Csaszar for
spotting a wrong counterexample in the first version of this paper.
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RIGHT LIE ALGEBRAS AND THEIR
MULTIPLICATION ALGEBRAS

S. TUMURBAT

In [3] we have introduced, among others, a Hoehnke radical T which
turned out to be useful in the study of right Lie algebras.

It is the purpose of this note to characterize T-semisimple right Lie al-
gebras in terms of Properties of the right multiplication subalgebra and of
the Baer radical of its multiplication algebra.

A not necessarily associative algebra L over a commutative ring with 1
is called a right Lie algebra if it satisfies the additional identity

x(yz)-(xy)z+y(xz) VX,y,zeL.
We have proved in [2] that also the identity
Q) (xy+yx)z=0 VX,y,zelL

is satisfied by every right Lie algebra L. Let Zp, denote the ideal of L
generated by the set
{x2,yz+ zy\x,y,ze L}.

Then by (1) we have Zi1L —O.
It is known (see [1], Theorem 1.3.2) that for any Lie algebra L and any
element a£ L the right multiplication

Ra: L —yLa

defined by (x)Ra—xa, x 6 L, is a derivation of L and the mapping ad: L —
—>ad L defined by ad(x) = Rx, x 6 L, is a homomorphism onto ad L and
obviously Kér ad= {a €L \La= 0}.

As is well known, for any not necessarily associative algebra L one can de-
fine right and left multiplications correspondingly, and the subalgebra M (L)
of endomorphisms of L generated by all right and left multiplications (in [4])
is an associative algebra called the multiplication algebra of L. The subalge-
bra generated by all right multiplications is the right multiplication algebra
and will be denoted by R(L).

We shall need some calculation rules concerning right and left multipli-
cations of a right Lie algebra.

1991 Mathematics Subject Classification. Primary 17A65; Secondary 17D99.
Key words and phrases. Right Lie algebra, right multiplication, Hoehnke and Baer
radical.
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Lemma 1. For any right Lie algebra L the following identities are sat-
isfiedfor all x,y,z£ L.

2 RXy—RXRy - RyLx.
3) LXLy —L Xy “F*LyLX
€] RXy—RyLx LXxRy.

For the proof we refer to [2].
Lemma 2. Every right Lie algebra L satisfies the identity
®) Rr=(-1)n~ILr-IRx for all n=1,2,....
Proof. For any yE L by (1) we get
()K= O3] =)= ==
- (X{xy)) ..))* =
Proposition 1. R(L) is an ideal in M(L) for every right Lie algebra L.

Proof. Asiswell-known, M(L) is an associative ring. Clearly it suffices

to show that

RalLb + LcRd £ R{L)
for any a,6,c,dE L. By (2) in Lemma 1 Ralb £ R{L) is always true. Hence
(4) in Lemma 1implies also LcRa£ R(L).

We shall say that a nonzero ideal H of an associative algebra A is perfect
in A, if for any ideal | of A such that 0~ 1Q H, 1A/ 0Ofollows, that is, the
intersection of H and of the left annihilator ideal Ann A of A is zero. For a
right Lie algebra L, let us define the ideal

C{L) —{a £ L lax —xa —0, Va:£i}.
Following [3] we define Tq{L) —O0,
Ta+1{L)/Ta{L) = C(L/Ta(L)),
T7(L)=UI>(L)
R<i
for limit ordinals 7 and
T{L) = (J Ta(L).
a0
It has been shown in [3] Corollary 1that the assignment T : L —=T(L) is an

idempotent Hoehnke radical in the variety U of all right Lie algebras over F.
Further, let us consider the class

A={LEUIC{L) [ 0and C(L)L =0}

and the complement
A =U\A.
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Theorem 1. A right Lie algebra LEU over afield F of characteristic
/2 is T-semisimple (that is, T(L) = 0) if and only if

(@ L £A\

(b) the right multiplication algebra R(L) is a perfect ideal in M(L).

Proof. Suppose that T(L) = 0. Then, by definition, L £ A. Let us
assume that R{L) is not perfect in M(L). Now / = R(L) fl Ann M(L) * 0.
Hence ILz=1Rz=0, for all zE L. Any nonzero element d£ | has the form

a= £ acx<ll Ra,,
* h

J
and so for every element y £ L we have

jla=X>,(2/a,i) n aije
«

Since d” 0, there exists an element yo£ L such that 0+ ydd£ L. Since d £ 1
and ILZ=1Rz=0, we conclude

z(yod) = ydaLz- 0

and
(y0O&d)z =yodRz=0

for all z £ L. Hence it follows 0~ yod£ C(L), contradicting C(L) QT{L)=0.
Thus R(L) is perfect in M(L).

Assume that T(L) » 0 though (a) and (b) are satisfied. Since L £ A,
there exists an element ¢ £ C(L) such that cL” 0 and cy = yc for all y £
£ L. Hence RC~LCM 0. Let H denote the ideal in M(L) generated by Lc.
Now we have H <R(L), (yc)x —(cy)x and by (1) also (yc + cy)x —O0. Since
char F 2 we conclude (yc)x = 0for all x,y£ L, that is,

LRX=RARX=0 VX £ L.

By c£ C(L) <L we have yc £ C(L) for all y£L, and therefore also yc com-
mutes with all x £ L. This implies LA X= 0 for all x £ L. Thus we have
got

0™ Lc£ Hn Ann M(L) g R(L) fl Ann M(L)

contradicting (b).

In the sequel B will stand for the Baer (that is, prime) radical of an
associative algebra.

T heorem 2. Let L bea right Lie algebra over afield F of characteristic
/2. If LE A, then the following conditions are equivalent:

1 T(L) =0

(2 R(L) 15 a perfect ideal in M(L)\
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3 R(M(L)) is a perfect ideal in M(L).

P roof. The implication (2) => (1) follows from Theorem 2.

(1) =>(3). Assume that B(M(L)) is not perfect in M(L). Then we have

I =R(M(L)) n AnnM(L) ~ 0
and
IM(L) =0.

Hence there exists a nonzero element a£1 and to a an element y € L such
that (y)a/ 0. Since IM(L) = 0 it follows

((y)a)Rz= ({y)a)L.z=0

and
((y)a)z—z((y)a) =0  VzelL.
This implies (y)a6 C(L). By (1) we have also

07(y)aeC(L)QT(L) =0,

a contradiction.
(3) =>(2). Suppose that R(L) is not perfect in M(L). Then

| —R{L) DAnn M{L) * 0,

and also
1 2<gIM(L) =0.
The latter implies 1Q B(M(L)). Since by (3) B(M(L)) is perfect in M(L),
we get
1Q B(M(L)) fl Ann Af(T) = 0,
a contradiction.

Ifin Theorem 2 we drop the condition imposed on the characteristic of F,
then we can state the following

P roposition 2. Let L be a right Lie algebra over a commutative ring
with 1, which is not Lie algebra. 1fT(L) =0, then R{L) D(M(i)) ~ O.

Proof. Let R{Zi) denote the subalgebra of R(L) generated by the set
{Rala6 Zi}. Since L is not a Lie algebra, Zi ~ 0, though Z*L =0. Hence
for every nonzero element a GZ1 we have La/ 0, and consequently R{Zi)
is a nonzero subalgebra of M(L). Let I be the ideal of M(L) generated by

R(Z1). Since ZiL =0, one can verify that 12= 0. Therefore I QR(M(L))
and by Proposition 1, we get

0~MQR{L)NB(M(L))

proving the assertion.
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Proposition 3. Let L be a right Lie algebra over a commutative ring
with 1. If R(L) DB(M(L))—0, then L satisfies the following three identities

xz2=0, x(yz + zy) =0,
x(y(zt) + z(ty)+t(yz)) =0 for all x,y,z,tEL.
Proof. Ifthe identity xz2—O0 holds then by linearization we get x(yz +
+ zy) =0, as well as x(y(zt) + z(ty) +t(yz)) = 0. If xz2y"O for some x,z£ L,

then obviously also R(Zi) /0. As earlier, the square of the ideal of M(L)
generated by R(Z1) is zero, yielding

0?R(ZL)QR{L)nB{M(L)),
a contradiction.

Corollary 1. Let L be a right Lie algebra over a commutative ring
with 1. IfBR[M(L)) = 0= T(L), then L is a Lie algebra such that ad T==X.

PROOF. In virtue of Proposition 2 we have xz2= 0. Hence by T(L) —0
it follows z2—0, and consequently ad L = L.

Finally we give a nilpotency result concerning the multiplication algebra
M(L) of a right Lie algebra L.

P roposition 4. Let L be a right Lie algebra over a commutative ring
with 1 and let K(L) denote the ideal of M(L) generated by all left multipli-
cations of L. Then

M{L) =M(L)/K(L)

i
is a zero algebra (that is, M (L) = 0).
Proof. Obvious.

Acknowledgement. The author wishes to express his indebtedness
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ON THE DENSITY OF RATIONAL COMBINATIONS OF {zA'}
FOR SOME COMPLEX SEQUENCE {An}

S. P. ZHOU

Abstract

The present paper investigates the approximation by rational combinations of {xAn}
when the complex sequence {A,} is not too close to the imaginary axis.

1. Introduction

Let Cl[ai] be the class of all complex continuous functions / on [a, b]. For
I € C[0,i],

u{f, t) = max{]/(x + h) - f(x)]:0<h<t, xe[0,1- /i]},
for feC[og)

1/]|O'® = x6[oX]l/(x)1'
Given a subspace S of C[Qii], let

R(S) = {Wx) mP{x]e g (*)€5,Q(*) >0 ®€(0,1]},

where we assume that P(0)/Q(0) — Ii*rgf P(x)/Q(x) is finite in the case
X_ -T-
<5(0) = 0. For a sequence of numbers A= {An}£L0, write
R(A) = A(span{xAn}).

From Mintz theorem, it is well-known that the linear combinations of
{xA} for

(1) 0= A< AX< A2...

1991 Mathematics Subject Classification. Primary 41A20; Secondary 41A30.
Key words and phrases. Rational combinations, Mintz approximation, density, com-
plex sequence.

1We assume that lim f(x) exists if 6= +00.
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are dense in C[01] if and only if

E < = 00.

In 1916, Szész [6] investigated the case when An are distinct complex
numbers. He proved that under conditions A0= 0 and Re A, > 0, the linear
combinations of {xAn} are dense in C[Qii] if

Re An
E = 00,
1+ |An|2

while the linear combinations of {xA'} are not dense if

Re An-f-1
E < 00
1+ |A,|2

At the same time, some works studied the case when An are not too close
to the imaginary axis. For example, in 1971 Luxemburg and Korevaar [3]
obtained the following result:

Let |Re An| > <GA] for some &> 0, then the linear combinations of {xAn}
are dense in Cla(] for a> 0 if and only if

o 1

S

Concerning the rational case, in 1976, Somorjai [4] showed a beautiful
result that under (1), R(A) is always dense in C[0)i]- In 1978, Bak and
Newman [2] proved that if {An} is a sequence of distinct positive numbers,
then i?(A) is dense in C[0ii], too. Our recent work [6] established that iZ(A)
is always dense for any sequence of real numbers {An} with infinitely many
distinct elements.

The present paper will investigate the approximation by rational com-
binations of {xAn} when the complex sequence {An} is not too close to the
imaginary axis.

00.

2. Result and proof

Write

A—A L ... A}
R{an) = Algpan {xAG: AGA),
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An(/,A)06]= 1 min ) 10/~ rlog:

Given a sequence {an}, let
Adj —d\,

Adk = dk —dk~\ for £t=2,3,....
For 17 j <2n —1,
i i
X1l m=x: = % n+|<j<2n‘|,

I7():=Pi()«.Anzxi AN

Lemma 1. Leia >0,

Re AAyt N aA
for A=2,3,..., dnd denote
2x2, k=2,
A*Xk=< Axk, 3”"/f<2n—1,
, 00, A= 2n,
1, 0<x <x2,

k*:=k*(x)=< A—1, Xk—A*Xk/2 <x<dXk 3<k"2n—I,
, A Xk<x <Xk+ A*Xk+i/2, 2 k< 2n—I.

Then for Xk —A’xfc/2 <x < Xk + A*xjt+i/2, k=2,3,... ,2n—1, dnd j £
€{1,2,....2n-1}\{*-1,*},

Proof. We only prove the case when 2”2k~ n. The remaining case can
be treated similarly. Let x £ [z —A*Xk/2,Xk] = [Xjit- (2n)_1,Xfc] for A> 3.
Direct calculation yields that for 1=J = A—2,

k-1

it o (iris o

by the estimate
2 l—x<e~x for x>0,
it follows that for 1</< A—1,

(21 ( 2k—22—1)I\ 14
(2™ 1) =expl— Bknl— )"e
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that is,
©)) [i>T(X)Pi (x)| Ne-“(*-i-D/d<e-“(fc7)/8.
Meanwhile,
nm A+ 1=J=n)
i= U
1*7-w w i

n
i=i

(f)AAJ n (M i)aa', n-fl<j<2n —1,
t

i=n+X
using (2) again, for k+ 1<j ~ n we get
Ipfcli(x)pj(a)l ™ e-0'(1+2+-+(7-fc)) ™ e-«(i-fe)2/2)

forn+ 1<j <2n—1,

i=n+1
altogether for A+ 1<j <2n —1,
4 [P 2L(x)/3(1)|Si““(,- “)VA.

Similarly, let i G[12- A*X2/2,i2] = [0,a2], we can prove that for 3~ j <
<2n-1,

(40 ifT'w Aw iNe-A-1)24,

When Xk < x < Xk + A*Xfc+1/2, k=2,3,... ,2n —1, similar discussion will
lead to that for 1<j <fc—2,

5) \PA(X)Pj(X)\< e-“fc7-1)/27 e- “(*-)/4,
and for A+ 1<j 92n —1,
(6)

From the estimates (3), (4), (40, (5) and (6), the required result of Lemma 1
follows. O

Lemma 2. Let Re AAn> 0 and

(7) |[AAn|<MReAAN



APPROXIMATION BY RATIONAL COMBINATIONS 373

forn=1,2,  Thenfor x G[0, x*],
1_ é~ri M|l + PEN(X)PfoX)| <2,
and for x 6 [x*, +00),
1- <1+ P,"1(X)PTEx(X) 1< 2.
Proor. Evidently, when i€[0,it],
\P N 1(x)Pk(x)\ = Wk AXkx AX*\< I,

and
XXIMAA*X I ImAA* _ gxp ~ Im A log jL).

For x"e 2A&d < x < x/,

Im AAfc log

Xfc

that is, for x 6 [x*e 2AA*! a*],

(8 |1+ P-_1(x)P,(x)[>1.
n
On the other hand, when 0" x <xe 2IAXI,
X - ReAA*XReAA, < AN,
by (7).

Xk~ CAA* XRe AA* < e_ 2i7,

therefore, together with (8), for every x 6 [0,Xfc],
|1+ Pt Ji(x)Pfc(x)| > 1-e _"7.

The argument for the second inequality is similar. O

We now establish our main result

THeorem. Let M > 0 be a given number, and a > 0 be any number

satisfying o 1

i>2e-a3/8< -{l-e-Ui).
3=1
Let {An} be a sequence of complex numbers which satisfies
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for k —1,2,...,
Re AA*. 't ak,

and
|AA*| <M Re AXKk.

Then for any f 6 C[0,+00],

Rn{f, A)lo,+00) * Ca{u>(f,n~1)+u(g, n-1)),
where Ca is a constant only depending upon a, and

MHO, ...

2n-1
E f(Xj)Pj(x)

M ’X) = - =5 ] --mmmeeem 7

P roof. Define

clearly, r,, (/,i)6 U 2,-i(A). First assume x 6 [xk - A*xk/2, xk\ for 2 < k*
<2n —1. Applying Lemmas 1 and 2, together with the conditions of the
theorem, we have

©)
2n-1 2n—
>
7=1
>|PIk_i(x)[(1-e-~-27 e-%J/8) > Ca|f\_:(x)].
i=i
Write
1(-V) n (JW -/(»M ))iViIW + (/IM-/1->))fIM |
£ r,(x
£ (x)
2n-1
o f(xi))Pi
=1 kel K (xp)Pit)
on—t Ei + E2
E Pj(x)

j:
Then by (9) and Lemma 2,
A 10CF) - F{IxkN)) PR x{X) + (/%) - £{xk))(Pk_x{x) + P*(*))]
= sn
E*(r)
j=1
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«M/, Alit)|Pfc_i(l)

Ca\Pk-A X =3Cal(u(f, n D+w(fif,n )).

At the same time, from (9) and Lemma 1,

1k—2
\Pk-i(x)\(xu,(f,xk-xj)e-°V'-M*+ t u(f,Xj-xk-Xe-°U-kv*)
S=i j=*+i
BEN Ca|Pfc_i(x)
2n—
+ <
ClP*-i(*)]

00)

Ac'«l(w(/»n-1)+ w(fitn” 1) 5Zie_",/8»

that is, there is a constant A such that
[1(*) - rn(f, X)\T Ac~1{u(f, (2n)-1+u;(g, (2n)*1)).

As to the case when x G[xk,xk+ A*xk+\/2] for 2 <ft<2n —1, Theorem
follows in a similar way by using Pk(x) instead of Pk-i(x). The Theorem is
proved. O

3. Corollaries and remarks

Corollary 1 Let M >0 be a given number, and a > 0 be any number
satisfying
A e-«J/8< _(1_ e-a57).
j=1
Let {A,} be a sequence of complex numbers which satisfies

O<Reai <Rean2<Reas<...

fork=1,2,...,
Re AAfc > ak,

and
\A\K\< M ReA\Kk.

Then for any f GCJ[0,i],

Rn{fi A)D,]= Cau(f, n 1).

+
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Corollary 2. Let M > 0 be a given number, and a > 0 be any number
satisfying

j=i
Lei {An} be a sequence of complex numbers which satisfies
0>ReAj>ReA2>Re A3> ...,

for k=1,2,...,
Re AAfc N —ak,

and
[AA*|EM|ReAA*|.

Then for any f £ C[0,i],
An(/,A)[o,i]*"Caw (/,n 1).

Corollary 3. Let M >0 be a given number, and {An} be a sequence
of complex numbers which satisfies

O0<ReAj<Re A2>ReA3> ... <ReA,—+00, n —00,

and for k—1,2, ,
XkK\*MR e XKk.

Then R(A) is dense in CJ[0,i].

COROLLARY 4. Let M >0 be a given number, and {An} be a sequence
of complex numbers which satisfies

0" Re Al >Re A2> Re A3> ... > Re An——00, n —00,

and for k= 1,2,...,
|A*| < Af|[ReATd.

Then -ff(A) is dense in C[0,i].

Remark 1. If {An} is an increasing nonnegative sequence, we can easily
see that every Pj(x) > 0 for x £ (0,1]. Therefore the condition

Re AXk >ak
can be reduced to the condition
AAfc N kK

in this case. Corollary 1then becomes the result of Bak [1],
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Remark 2. Different from the result of the polynomial case (Luxemburg

and Korevaar’s result), which is valid in C[a(] for a> 0, our theorem is
established for continuous function space on an interval containing the origin.

Remark 3. We do not know whether or not the rational combinations

of {xAn} are dense in £[o,1] f°r a complex sequence {An} whose real parts are
bounded away from the infinity and which is not too close to the imaginary
axis.

(1
[
&l
[
B

(el
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DREHFLACHEN ZWEITER ORDNUNG
DURCH EINEN KEGELSCHNITT

0. ROSCHEL

In [6] und [7] hat H. Schaal unléngst alle Drehzylinder untersucht, die vier
allgemeine Punkte des dreidimensionalen euklidischen Raumes Es enthalten.
Dabei liegt sein Hauptaugenmerk auf der von den Drehachsen gebildeten
Regelflache. Dadurch angeregt hat U. Strobl in [8] die Flache der Spitzen
aller Drehkegel durch vier gegebene Punkte betrachtet. Es sind dies Un-
tersuchungen, die im ,ebenen Fall” — die gegebenen vier Punkte gehdren
einer festen Ebene an — eng mit den sogenannten Fokalkegelschnitten [4,
S. 104] verbunden sind. Es erscheint daher lohnenswert, die einen fes-
ten Kegelschnitt k enthaltenden Drehfldchen zweiter Ordnung zu studieren.
Als Spezialfall stellen sich dabei Drehkegel ein, deren Scheitel dem Fokal-
kegelschnitt von k angehdren.l Es gelingt zu zeigen, dalR die Mittelpunk-
te der k enthaltenden Drehflachen zweiter Ordnung mit festem Kehl- bzw.
Aquatorkreisradius auf zwei Kegelschnitten sk und t\ liegen, die zu den
Fokalkegeischnitten so sowie to von k homothetisch sind. Wenn k eine Para-
bel ist, tritt als entsprechender Mittelpunktsort eine Parabel sK auf, die
zur Fokalparabel von k schiebungsgleich ist. Die Achsen der betreffenden
Drehquadriken sind dann Tangenten von sKbzw. t\.

1 Im projektiv abgeschlossenen, komplex erweiterten, reellen dreidi-
mensionalen euklidischen Raum E$ beschreiben wir Punkte in Bezug auf
ein kartesisches Normalkoordinatensystem (x,y,z). In der Normalform wird
eine Ellipse k dann etwa durch

Q) * £ +£ =1, Z=o

beschrieben, wobei a. —b. > 0 gewadhlt werden kdnnen.2 Mit der Ublichen
Abkirzung e: a: - b erhalten die beiden reellen Brennpunkte Fj~ von k
die Koordinaten (zxe,0,0).

1991 Mathematics Subject Classification. Primary 51N20.
Key words and phrases. Quadrics of revolution.

*Die Achsen der Drehflachen zweiter Ordnung, die funf allgemeine Punkte des Raumes
enthalten, wurden bereits von E. Laguerre [3] betrachtet, wobei jedoch der hier studierte
ebene Fall — die funf Punkte allgemeiner Lage definieren den Kegelschnitt k — nicht
untersucht wurde. Dies deshalb, weil dann die Drehachsen der betreffenden Drehquadriken
in den Symmetrieebenen von k liegen.

2Wir werden im folgenden Kreise von unseren Betrachtungen ausschlie3en.

0081-6906/94/$% 4.00 ©1994 Akadémiai Kiaddé, Budapest



380 O. ROSCHEL

Die Frage nach dem Ort der Scheitel aller k enthaltenden Drehkegel ist
eng mit dem Begriff der Dandelinschen Kugeln (vgl. [1, S. 171 f]) verbunden
und kann elementar beantwortet werden (vgl. [4, S. 104]). Die entsprechen-
den Scheitel sind an die sogenannte Fokalhyperbel sO mit der Gleichung

X2 72
2 s0: = y="°
bzw. den nullteiligen Fokalkegelschnitt to mit der Gleichung
2 2
3 i0: x=0, Aat N+ 1=0

gebunden. Die Punkte von to fuhren allerdings auf komplexe Drehkegel durch
k. so besitzt die Hauptscheitel von k als Brennpunkte, die Brennpunkte von
k als Scheitel.

Vollkommen gleichartige Verhéltnisse herrschen, wenn k eine Hyperbel
ist. In unserer Darstellung (1) haben wir bloR b2 durch —b2 zu ersetzen und
erhalten entsprechend die Fokalellipse (2) der Hyperbel k.

2. Wir fragen nun allgemeiner nach allen Drehflachen zweiter Ordnung,
die den Kegelschnitt k (1) enthalten. Ihre Drehachsen d gehtéren aus Symme-
triegrinden entweder der [x,z]-Ebene y = 0 oder der [i/,z]-Ebene x = 0 an.
Wir studieren vorerst den Fall, dal die Ebene y = 0 auch Symmetrieebene
der k enthaltenden Drehflachen zweiter Ordnung ist: Da der Schnitt mit
der Ebene z = 0 unser Ausgangskegelschnitt k sein soll, dirfen wir diese
Quadriken in der Gestalt

2 2
4) + 22 = 1+ z[*a03 + 2ui3x + a337]

mit noch zu bestimmenden reellen Konstanten ao3,ai3,a33 ansetzen. Eine
Drehflache zweiter Ordnung liegt in (4) genau dann vor, wenn die beiden
durch

XA y/\
(5) N2 + b2= Zi2ai3X + f133*]
X2+ y2+22=0

erfalRten reellen Kreisschnittstellungen von (4) zusammenfallen. Nach Elimi-
nation von y aus (5) entsteht eine homogene quadratische Gleichung in x :z,
die genau flr

a2bda23 —e?2
°33= N2

eine Doppellésung besitzt. Die zugehérigen Kreisschnittebenen sind parallel
zur Ebene

(7) e2x + a2b2ai3z = 0.
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Die Drehachse der dann durch die Gleichung

X2 y2 . a2bda23 —e2
(8) $(003)013): 2 J-—1$ z 2003+ 238)3K + 62b2

beschriebenen Drehflachen zweiter Ordnung durch k besitzen die Richtungs-
vektoren

9) d =(e2,0,a2620i3)i.
Die Mittelpunkte dieser Drehquadriken besitzen die Koordinaten

i\ w \ 7 a03ai3a2i2e2 n a0de2 ~ n _
10 M(a0za1d. © afggs s aBAG_eR) —

Sie sind genau fir die k enthaltenden Drehparaboloide nicht definiert, die
sich fir

einstellen. Unsere Drehquadriken (8) sind genau dann Drehkegel, wenn
b2e2(B = adb2a23 —e2 gilt. Die Mittelpunkte (10) werden zu den Scheiteln,
die dem Fokalkegelschnitt so (2) von k angehoren. Die Drehachsen dieser
Drehkegel sind in Ubereinstimmung mit [4, S. 104] Tangenten von so-

Bei festem ai3, aber variablem ao3 G5? besitzen die Drehquadriken (8)
feste Achsenrichtung; ihre Mitten liegen auf einer Geraden durch U: (0, 0,0).
Da sie Uberdies wegen der festen Achsenrichtung dieselbe Fernkurve besitzen,
liegt ein Buchsei von Drehflachen zweiter Ordnung vor.

Wenn die Drehquadriken durch k die Symmetrieebene x = O besitzen,
fuhrt eine analoge analytische Betrachtung auf die durch

X2 V2 ) adb2a\3 + e2
(12) $(«03)023): N2 fr =/ 2 2o+ 20By— .

beschriebene zweiparametrige Quadrikenschar. Die zugehoérigen Drehachsen
besitzen Richtungsvektoren

(13) d= (0,-e2,a262a23)t,
wahrend die Mittelpunkte durch

@R Qa@ft2e2  al3aze2 \

(14) M (a03,023): (0. 40,3+ €27 aohia\3+ e2/

erfalit werden.

Unter Beachtung, daR die vorliegenden Ergebnisse nach Ersetzen von b2
durch —b2 auch fur eine Hyperbel als Ausgangskegelschnitt k gelten, haben
wir den
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Satz 1. Alle Drehflachen zweiter Ordnung des E3, die den in der Nor-
malform (1) vorliegenden Mittelpunktskegelschnitt k enthalten, gehdren zwei
zweiparametrigen Scharen an und werden durch die Darstellung (8) bzw.
(12) erfaBt. Die zugehdrigen Mittelpunkte besitzen Koordinaten (10) bzw.
(14) , wahrend die Richtungsvektoren der Drehachsen durch (9) bzw. (13)
beschrieben werden.

3. Die Mittelpunkte M (a03,ai3) unserer Drehquadriken <J>(ao3,ai3) (8)
und die zugehdrigen Drehachsen (9) definieren in der Ebene y =0 ein Rich-
tungsfeld R mit der charakteristischen Differentialgleichung b2xdx = e2zdz.
Aus den Beziehungen (9) und (10) lesen wir ab, daB R bei zentrischen Ahn-
lichkeiten mit dem Mittelpunkt U: (0,0,0) von k als Fixpunkt in sich tber-
geht. Die Integralkurven dieses Richtungsfeldes sind daher entweder Geraden
durch U oder werden von diesen zentrischen Ahnlichkeiten bloR vertauscht.
Die Integralkurven besitzen die Gleichung
(15) X2 72 — y= 0,
wobei k eine reelle Integrationskonstante bezeichnet. Fur k= 0 stellt sich
der reelle Fokalkegelschnitt sO (2) ein ([4, S. 104]). Der zu sO konjugierte
Kegelschnitt ist sK=2. Analoges gilt fir die k enthaltenden Drehquadriken
4>(a03,a23) (12) mit der Symmetrieebene x = 0. Hier erhalten wir ein Rich-
tungsfeld 5, dessen Integralkurven durch die Gleichung

2 2

(16) t\: x=0, —H-2b1—A—0
eL er

mit der Integrationskonstante A£ 9 erfallit werden. Fir A= 0 und A= 2
stellen sich der nullteilige Fokalkegelschnitt tO und der dazu konjugierte (ein-
teilige) t2 ein.

Uberraschend 14Rt sich nun der folgende Satz beweisen:

Satz 2. Jene einen Mittelpunktskegelschnitt k enthaltenden Drehflachen
zweiter Ordnung, deren Mittelpunkte einer Integralkurve sK (t\) des Rich-
tungsfeldes R (5) angehéren, besitzen festen — nur von k (A) abhangigen
— Kehl- bzw. Aquatorkreisradius g.

Beweis. Der Kehl- bzw. Aquatorkreis der allgemeinen Drehflachen

4>(a03, M3) liegt in der Polarebene 6 des Fernpunktes der zugehdrigen Dreh-
achsen. Mit (9) erhalten wir fir 6 die Gleichung

(17) 6:  ~[adb2l3-e 2]+ Y -[ad4b2al3- e 2]-\-a202aCi3 = 0.

Die zusétzlich in der Ebene z —O0 gelegenen Punkte des Kehl- bzw. Aqua-
torkreises besitzen daher die x-Koordinate
a4&a03ai3

18
(1) adb2a23 - €2’
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womit die y-Koordinate ky aus ky = ~-(1 —fc2) berechnet werden kann.

Der Kehl- bzw. Aquatorkreisradius £(003,013) berechnet sich daher uber
£2(003,013) = (kx - mx)2+ ky+m|l unter Beachtung von (10) zu

('9) i(003,a,3) = 62- o4" ?“* e2.
Der Punkt M(a03,ai3) (10) liegt genau dann auf sK (15), wenn

(20) “0B= A r [ fl462ai 3 - e2]

gilt. Dadurch ist eine einparametrige Schar von Drehquadriken $(013) in
(8) ausgezeichnet. Genau fur diese ist nach Vergleich von (19) und (20) der
Kehl- bzw. Aquatorkreisradius £(003,013) eine feste Konstante mit g2= kb2.

Fir den Fall, dal die k enthaltenden Drehflachen zweiter Ordnung durch
$(002,023) (12) erfaBt werden, berechnet sich der Kehl- bzw. Aquatorkreis-
radius £(003,023) aus der Gleichung g2= Aa2, wenn der Mittelpunkt der
Quadrik auf der Integralkurve s\ gewéhlt war, g.e.d.

Zu festem Kehl- bzw. Aquatorkreisradius £0 gehéren demnach die Ke-

gelschnitte sKund t\ mit k= ’ Uberraschend schneiden sich diese beiden
Kegelschnitte i.a. auf der Schnittgeraden der Symmetrieebenen (2-Achse)
nicht.3

4. Analoge Uberlegungen lassen sich auch dann durchfiihren, wenn der
Ausgangskegelschnitt k eine Parabel ist. In der Normalform setzen wir

(21) ki y2=2px, 2=0, [= konst. €

und treffen wegen der Symmetrie zur Ebene y =0 fur die k enthaltenden
Drehfldchen zweiter Ordnung den Ansatz

(22) y2+ 2[2a03+ 2ai3a + a33z] = 2px

mit noch zu bestimmenden reellen Konstanten 003,013 und 033. Analog zur
Gleichung (5) und (6) liegen in (22) genau dann Drehflachen vor, wenn

(23) (8= 1—Oja

3 Dies ist fur eine Ausgangsellipse k auch synthetisch leicht einzusehen: Wir wahlen
einen Punkt M: (0,0,mr) der z-Achse als Mittelpunkt entsprechender Drehquadriken 4>
und $2- Die zugehdrigen Drehachsen sind entweder parallel zur Haupt- bzw. Nebenachse

von k. Im ersten Fall erhalten wir als Aquatorkreisradius den Wert 81 = \/mMi + &>im
zweiten jedoch R2 —\/mz + “2- Die beiden stimmen fiir a2 —62 > 0 nicht tberein.
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gilt. Die wieder zweiparametrige Schar von Drehflachen zweiter Ordnung
durch die Parabel k wird daher durch die Gleichung

(24) N<103) «13):  y2+ A[2a08+ 2aidx + (1 - a]d)z] = 2px

erfalt. Die Richtungsvektoren der Drehachsen berechnen sich zu d =
= (1, 0, —013)*, die Koordinaten der Mittelpunkte M (003,13) zu

p(ai, - 1&- a03ai3 n P \I
al3 «13"

Dabei ist darauf zu achten, daB 013~ 0 ist. Bei 013 = 0 beschreibt (24) die k
enthaltenden Drehparaboloide.

Wieder bestimmt k zusammen mit den Drehachsen ein Richtungsfeld R,
das diesmal die Schiebungen parallel zur z-Achse gestattet. Eine der Integ-
ralkurven ist wieder bekannt (vgl. [4, S. 105]): Es ist dies die Fokalparabel
so von k, die als Ort der Scheitel der k enthaltenden Drehkegel auftritt. Sie
besitzt die Gleichung

(26) so: y—0, z2=p2—2px.

Die Ubrigen Integralkurven sKvon R gehen aus so durch x-parallele Schie-
bung hervor und lassen sich daher durch

(27) sK: y=0, z2=p2- 2p(x - k)

beschreiben. Die in (24) erfallten Drehquadriken durch k, deren Mittelpunk-
te auf sK (27) mit festgehaltenem Kg$S liegen, sind durch

(28) 2a03al3=p(az23- 1) - 2kuZ3

gekennzeichnet.

Wieder interessieren wir uns fir den Kehlkreisradius g der so ausgezeich-
neten Drehflachen zweiter Ordnung. Nach kurzer — Abschnitt 3 analoger
— Rechnung erhalten wir die elegante Beziehung

(29) @@= 2np= konstant.

Damit gilt der

Satz 3. Die zweiparametrige Schar von Drehflachen zweiter Ordnung
~(003,013), die die gegebene Parabel k (21) enthalten, wird durch (24) erfafit.
Jene mit festem Kehlkreisradius g besitzen Mittelpunkte auf einer Parabel sK
(27), die zur Fokalparabel So von k schiebungsgleich ist. Die Drehachsen der
zugehdorigen Drehflachen zweiter Ordnung beriihren sK

Abbildung 1 zeigt die Situation im eben beschriebenen Fall in einem
KreuzriR. Fur zwei Mitten Mi, M. auf sKsind die Meridianhyperbeln mj, m2
der k enthaltenden Drehhyperboloide \Pi, angedeutet. Die Richtdrehkegel
AjjAj dieser Drehhyperboloide sind parallel zu entsprechenden k enthal-
tenden Drehkegeln Ai, A2.

(25) (mx,0, my) := i
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BOUNDEDNESS AND CONTINUITY FOR BILINEAR OPERATORS

P. ANTOSIK and C. SWARTZ

1. Introduction

In [2] and [5] we showed that the Antosik-Mikusinski Diagonal Theorem
can be used to treat boundedness and equicontinuity properties of bilinear
mappings between topological vector spaces. In [4] the Antosik-Mikusinski
Diagonal Theorem was extended to topological groups and employed to ex-
tend the Uniform Boundedness Principle (UBP) to a class of topological
vector spaces, called A-spaces, which seem to be a very natural class of
spaces for which UBP holds. In this paper we show that the diagonal the-
orem and the class of A-spaces also have applications to bilinear operators
between topological vector spaces. Some of our results extend and clarify
results on bilinear operators which are contained in 8 6 of the monograph [2].

In Section 2 we consider the various types of boundedness properties
which are satisfied by families of separately continuous bilinear operators
between topological vector spaces; we show that the general UBP estab-
lished in [2] can be used to establish various boundedness relationships for
such families of bilinear operators. In Section 3 we consider the various types
of equicontinuity conditions that can be satisfied by families of bilinear op-
erators. The diagonal theorem, being a result about infinite matrices, can
be used to treat various types of sequential equicontinuity for bilinear oper-
ators; these types of sequential equicontinuity are treated by employing the
diagonal theorem in Section 4. Finally, in Section 5 we compare the various
types of boundedness and equicontinuity properties.

Our notation and terminology are standard and can be found, for exam-
ple, in [3],

Throughout we let X, Y, Z be topological vector spaces and T a family of
separately continuous bilinear operators from X x Y into Z. Ifb:X XY —Z
is a bilinear map, we write b(x, *)(&(, j/)) for the linear operator from Y into
Z (A into Z) defined b

for each x £X (y G\H()le%):b(x’y) @)(X) :b(X,y))

1991 Mathematics Subject Classification. Primary 47A05.
Key words and phrases. Bilinear operators, bounded, continuous, equicontinuous.
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2. Boundedness

In this section we consider the various properties of boundedness which
can be satisfied by the family T .

Let M{N) be a family of bounded subsets of X(Y). We have the fol-
lowing notions of boundedness for the family T of bilinear operators.

(BI) T is pointwise bounded, i.e., {B(x,y) :B £T} is bounded for each
XEX, yEY.

(B2) T is Af-uniformly bounded, i.e, {B(x,y) :B£T, x £ M} is bound-
ed for each M £ Xi,y EY. [Af-uniformly bounded is defined simi-
larly.]

(B3) T is (At,A-uniformly bounded if T is both M- and AAuniformly
bounded.

(B4) T is M XAAuniformly bounded if {B(x,y) :BE£T ,x£ M,yGN}
is bounded for each M £ M , N GAf.

The most important case is when M{Af) is the family of all bounded
subsets of X(y). We denote the family of all bounded subsets of X by
B(X), and we consider the relationships between the types of boundedness
above for this case.

It is clear that if UM. —X and UAf =Y (B4) implies (B3) implies (B2)
implies (Bl). We give examples showing the reverse implications are in
general false when M and AT are the families of bounded subsets of X and Y.

Example 1 Let coo be the space of all real-valued sequences which
are zero eventually and equip coo with the sup-norm. Further, let & be
the sequence which has 1 in the fah coordinate and 0 elsewhere. Define

n

bn:1°° X coo->Rby bn(x,y) - £ xkyk where x = {X,-}, y ={yt}. If m>n,
=1
bn(e f‘5‘2 ek)— n, where e = (1,1, , S0 {&,} satisfies (BI) but not (B2)
c=i
for Af = B(coo)- Also note that {6n} is B(/°°)-uniformly bounded but not
#(coo)-uniformly bounded so {6n} satisfies (B2) but not (B3).

n
Example 2. Define bn :cOox cOo->mR by bn(x,y)~ t]'I'] xkyk- Then {bn}
is jRB(coo)- umformly bounded (i.e., satisfies (B3)) but does not satisfy (B4)

since (E ek, E ek) =n for each n.
k=l fc=1

The examples above show that without some additional assumptions the
implications (BI) implies (B2) implies (B3) implies (B4) do not hold for the
class of all bounded subsets. As is the case for the UBP, we show that the
classes of /C-convergent sequences and /C-bounded sets can be used to obtain
general results on boundedness of bilinear operators which hold without any
completeness or barrelledness assumptions.
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Recall that a sequence {x*} in a topological vector space X is IC-con-
vergent if every subsequence of {x"} has a further subsequence {xnj'} such
that the subseries  xnk is convergent to an element of X ([2]). A *-conver-
gent sequence obviously converges to O, but the converse is false in general
although it does hold in complete metric linear spaces (see [2] § 3). A subset
A CX is said to be IC-bounded if whenever {x*} QA and {t"} is a scalar
sequence converging to O, the sequence is /C-convergent ([1], [2]). A
/C-bounded set is bounded but in general the converse does not hold ([2] §3).

Let /CO(X)(/C5(X)) denote the /C-bounded subsets of X (/C-convergent
sequences in X).

Theorem 3. Assume X is pointwise bounded. Then
(i) X is ICS(X) x ICS(Y)-uniformly bounded;

(i) X is XB{X) x K,S{Y)-uniformly bounded;

(i) X is ICB(X) XICB(Y)-uniformly bounded.

Proof, (i) Let {xa},{?/a} be /C-convergent sequences in X and Y, re-
spectively. Fix y GY. Then Xy = {>my):bGX) is pointwise bounded in
L(X, Z) so {b(xk, y) :b6 X, k € N} is bounded by the General UBP, Theorem
2(1) of [4]. That is, {&(E*,*) :bEX,KE N} is pointwise bounded in L(Y,Z).
Again, by Theorem 2(1) of [4], {b(xk,yj) :bEX,k,j£ N} is bounded and (i)
holds.

(i) and (iii) follow in a similar fashion using Theorem 2(2) of [4].

The class of A-spaces was introduced in [3] and shown to be a natural
class of spaces for which the UBP holds. (Recall X is an A-space if every
bounded subset of X is /C-bounded; examples of A-spaces are given in [4].)
For A-spaces, we obtain from Theorem 3 the important

COROLLARY 4. IfX is an A-space and T is pointwise bounded, then T
is B(X)-uniformly bounded. [That is (BI) implies (B2).] If X and Y are
A-spaces, then T is B(X) XB(Y)-uniformly bounded. [That is, (BI) implies
(B4) if M=B{X) and Af =B(Y).]

From the proof of Theorem 3 and the General UBP of [4], we also have

Theorem 5. If T is B(X)-uniformly bounded, then X is B(X) x )CB(Y)
and B(X) XICS(Y)-uniformly bounded.

Again, for A-spaces, we obtain

COROLLARY 6. LetY be an A-space. If X is B(X)-uniformly bounded,
then X is B(X) XB(Y)-uniformly bounded. [That is, (B2) implies (B4) if
M=B{X).\

3. Equicontinuity

In this section we consider the various equicontinuity properties that X
can satisfy and the relationship which hold between these properties. The
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definitions and examples are used mostly to motivate and contrast the situ-
ations with sequential equicontinuity which are considered in Section 4.
We consider the following types of continuity:

(El) T is left equicontinuous, i.e., {&*Yy) :6GT} QL(X, Z) is equicon-

tinuous VEGE. [Right equicontinuity is defined similarly.]

(E2) T is Af-equihypocontinuous if for each N GM the family {&¢,y) :bG

GT ,yGN} is equicontinuous in L(X, Z).

(E3) T is (A4,AT)-equihypocontinuous if T is both A4- and AAequi-

hypocontinuous.

(E4) X is equicontinuous.

It is clear that if A4 = B(X) and A'=B(Y), then (E4) implies (E3)
implies (E2) implies (EI). We give examples to show that the reverse impli-
cations do not hold in general when A4 and Af are the families of all bounded
subsets of X and Y, respectively.

Example 7. That (EI) does not imply (E2) follows from Example 1
since if y = (yi,... ,ym,0,...) Gc00, then bn(-,y) = (r/i,..., ym,0,...) G(100)'

771

for n>m. Thus, ||6n(-Y) | = kY lifd and {&n(-?J)} is equicontinuous, i.e.,
-1

n
{bn} is left equicontinuous. If yn= kY ek, then bn(-,yn) = ynso |6,,(-,y)||i =
=1

=n and {bn(-,yn) m] is not equicantinuous. Hence, {6n} is not B(coo)-
equihypocontinuous. Note also that {&,} is not right equicontinuous since
|l6n(e, -)|li = n for each n.

Example 8. Toshow that (E2) does not imply (E3) we give an example
of a single separately continuous bilinear functional which is #(y)-hypocon-
tinuous but is not B(A)-hypocontinuous.

Let E be a Hausdorff locally convex space and consider the bilinear
pairing ( , ) between E and E'bwhere Ebis E' with the strong topology. This
bilinear functional is always Z?(E£)-hypocontinuous; for if A QE is bounded,
A0, the polar of A, is a strong neighbourhood of 0. Therefore if £> 0,
I(eA°,A) I<e.

However, we claim that (, ) is B(E)-hypocontinuous if and only if E
is quasi-barrelled. First, assume that E is quasi-barrelled. Let B QEb be
bounded. Then B is equicontinuous since E is quasi-barrelled. Therefore,
B° is a neighbourhood of 0 in E and if £>0, |(B,sB°)|*"£and (, ) is
#(£)-hypocontinuous.

Conversely, assume that (, ) is B(£)-hypocontinuous. Let B QEb be
bounded. Since (, ) is B(i£)-hypocontinuous, there is a neighbourhood of
0, U, in E such that |(B,[/) | 1. Then B QU° so B is equicontinuous, and
E is quasi-barrelled.

Thus, for any locally convex space E which is not quasi-barrelled, (, )
furnishes an example of a bilinear map satisfying (E2) but not (E3).
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Example 9. Toshow that (E3) does not imply (E4), we give an example
of a single separately continuous bilinear functional which is both B(X) and
B(F)-hypocontinuous but not continuous.

We use the bilinear functional, (, ), of Example 8. We claim that {, )
is continuous if and only if E is normable. If E is normable, then (, ) is
clearly continuous. Conversely, assume that (, ) is continuous. Then there
exist a convex neighbourhood U of 0 in E and a closed, bounded, absolutely
convex set B in E such that |(i?0,f7)] <1 Thus, UQ (B°)° —B by the
Bipolar Theorem. Hence, U is a bounded convex neighbourhood of 0, and
E is normable by Kolmogorov’s Theorem.

Thus, if £ is a non-normable, quasi-barrelled space, (, ) is hypocontin-
uous but not continuous.

4. Sequential equicontinuity

In this section we consider the various forms of sequential equicontinuity
that can be satisfied by the family T . These definitions are modelled on the
corresponding equicontinuity conditions given in Section 3.

(51) T is sequentially left equicontinuous, i.e., if x, =0 in X, then

lim b(xi, y) = 0 uniformly for b6 T for each y£Y.
(52) T is sequentially AAequihypocontinuous, i.e., if for each N GAT
when x, =0 in X, then lim 6(x,, y) =0 uniformly for b€ T,y GN .
(53) T is sequentially (A4,A/”-equihypocontinuous if T is both A4- and
A”"-equihypocontinuous.

(54) T is sequentially equicontinuous, ie., X, =0 in X yi %0 in Y

implies lim 6(x,-, y,) = 0 uniformly for bG£m

Of course, the condition (Ei) implies the corresponding sequential con-
dition (Si).

The situaton with sequential equicontinuity is much different than with
(topological) equicontinuity. We have the following obvious implications
which should be contrasted with those in Section 3.

T heorem 10. (S3) implies (S2) provided X —UA4; ifuAf —Y, then
(S2) implies (Si); if each convergent sequence inY is contained in an element
of M, then (S2) implies (S4) (this holds, for example, if Af = B(Y)).

As in Section 3, (Si) does not imply (S2) when Af = B(Y).
Example 11. Let bn:cOox cOo-» R be given by bn(x,y)= Yl Xkykm If
k=\
N
y = (yi,--- )yNso,...), then \bn(x, y)\<||x||oo %—1"” so {&} is left equicon-
«K=
tinuous. However, {&} is not (coo)-equihypocontinuous since if xn = E_I ex,

then (1/y/N)XN—0, {xn} is bounded, but 6,,((I/n)x.,, xn) = y/N,
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In marked contrast to the situation in Section 3, we have
Example 12. To show that (S4) does not imply (S2) when at is the

family of bounded sets, let b:1°° X11—R be defined by b(x,y) = O_ X, if
t_

X —(xt) and y = (y,). Equip 11 with the weak topology, cr(I1,/°°), and I°°
with the weak* topology, cr(/°°,/1). Ify' -0 weakly in 11, then y' ->0 in || ||i
by Schur’s Lemma ([2] 8.2), and if x'—0 in I°°, then {x‘} is || Hc bounded
S0 &(x‘,yl) —0. However, e, —0 weak* in 1°° and {e,} is bounded in I1 but
6(ei,e,) = 1so (S2) fails.

Finally, we have

Exampte 13. To show that (Si) does not imply (S4), consider any
separately continuous bilinear map on a metric linear space which is not

continuous. For example, b :coo x coo—R defined by 6(x, y)—"2 x,y, where
i=i
coo has the sup-norm.

As was the case in boundedness, the families of ~-convergent sequences
and /C-bounded sets can be used to obtain general results which hold without
any completeness or barrelledness assumptions. From the proof of Theorem
6.17 of [2] and the general form of the Antosik-Mikusiriski Diagonal Theorem
from [4], we have the following general result.

T heorem 14. IfT is sequentially left equicontinuous, then T is sequen-
tially /CS(Y) and ICB(Y)-equihypocontinuous.

A sequence {X*} in X which converges to 0 is said to be Mackey-conver-
gent or M-convergent if there is a sequence of scalars {<} such that f, =00
and i,x,) —+0. The space X is called an M-space if every sequence which
converges to 0 is M-convergent. Any metric linear space is an M-space ([3]
28.1(5)). For M-spaces, we have, from the proof of Theorem 6.17 of [2],

T heorem 15. Let X be an M-space. If IF is sequentially left equicon-
tinuous, then T is sequentially ICS(Y)- and XB(Y)-equihypocontinuous.

Of course, if X is metrizable, then sequential continuity can be replaced
by continuity in both Theorems 14 and 15. Further, if Y is an M-space, then
/CR(T)-equihypocontinuity can be replaced by Z?(y)-equihypocontinuity in
Theorem 15.

5. Boundedness and equicontinuity

In this section we compare the notions of boundedness and equicontinuity
which were introduced earlier. First we consider left equicontinuity.
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Theorem 16. Iff is sequentially left equicontinuous, then f is B(X)-
uniformly bounded. [That is, (Si) implies (B2).]

Proof. Lety6Y and AQX be bounded. Let {x*}c A, {bk} Qf and
tk - O Since tkxk - O we have bk{tkxk,y) = tkbk{xk,y) - fOso {b\x,y):x €
£A,b6f} isbounded.

Remark 17. This result gives an improvement of 6.14 of [2]. The se-
quence in Example 11 also shows that Theorem 16 cannot be improved to
f is B(X) x B(Y) uniformly bounded.

The following example shows that the converse of Theorem 16 does not
hold.

Example 18. Define bn:11x I°° —£R by 6,(x,y)= Jt__kak- Equip /1
=i

with the weak* topology, tr(/1, Co), and Z*° with the sup norm topology. Then
each bn is continuous and {&,} is uniformly bounded on the products of
bounded sets so, in particular, {in} is #(Z°°)-uniformly bounded. However,

{6n} is not sequentially left equicontinuous since e* —a0 weak™ in |1 while
6,,(e,,, €) = 1 for each n.

We do have a partial converse for Theorem 16.

T heorem 19. Let X be an A4-space. | ff is B(X)-uniformly bounded,
then f is sequentially left equicontinuous.

Proof. Let yEY and x*—Oin X. Pick Z—Foo such that tkXk~FO. If
{bk} QX ,then {bk(tkXk,y)} is bounded since {Z& d is bounded so (1/tk)bk(tkXk, y)
bk(xk,y) —0, and T is sequentially left equicontinuous.

Similarly,

T heorem 20. LetX be quasibarrelled. | ff is B{X)-uniformly bounded,
then f is left equicontinuous.

Proof. FOory£Y fy={&ey): €f }isuniformly bounded on bound-
ed subsets of X so f y is equicontinuous by the quasibarrelled assumption
(Proposition 11 of [4]).

Corollary 4 gives conditions when a pointwise bounded family is B{X)-
uniformly bounded so Theorems 19 and 20 are applicable.

T heorem 21. | ff is sequentially B(Y)-equihypocontinuous, then f is
B(X) x B(Y) uniformly bounded.

Proof. Let AQX and B QY be bounded. Let {x*} QA, {yk} Q
i B,{bk}Qf and tk-FO0. Since tkxk -F 0, bk(tkXk,yk) = tkbk{xk, k) -4 0
so {6(x,y) :bGf, x GA, y€ B} is bounded.

The converse is false.

Example 22. We give an example of a single separately continuous bi-
linear map which is uniformly bounded on products of bounded sets but
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not sequentially B(F)-hypocontinuous. Define b:1°° XZ—R by b(x, y) =
= k531kak- Equip Z° with the weak* topology, ~(Z00,/1), and 4 with || ||i.
Then bis uniformly bounded on products of bounded sets but ek —0 weak*
in Z*° and {e*} is bounded in 4 with b{ek,ek) = 1so bis not Z?(y)-hypocon-
tinuous.

As a partial converse, we have

T heorem 23. Let X be an M-space. If X is B(X) x B(Y) uniformly
bounded, then X is sequentially B(Y)-equihypocontinuous.

Proof. Let xk—0,{6*} QX and {yk} be bounded in Y. Pick —Foo
such that tkxk —F0. Then {tkXk} is bounded so {bk{tkXk, yk)} is bounded
and (l/tk)bk{tkxk,yk) = bk(xk,yk)~+0 as desired.

Similarly,

T heorem 24. Let X be quasibarrelled. 1f X is B(X) XB(Y) uniformly
bounded, then X is B(Y)-equihypocontinuous.

Proof. Let BQY be bounded. Then {&m y) :b€ X, yGB} is uniform-
ly bounded on bounded subsets of X and is, therefore, equicontinuous by
Proposition 11 of [4].

Corollaries 4 and 6 give conditions under which a family is B(X) XB(Y)-
uniformly bounded and Theorems 23 and 24 are applicable.

Finally we can combine some of the results above to obtain a version of
the Banach-Steinhaus Theorem for sequences of bilinear operators (see 6.12
of [2]).

T heorem 25. Let Z:X xY  Z be bilinear and separately continuous
and suppose that Iilm b{[x,y) —b(x,y) exists for each x € X,y E.Y. If X
is an M-space and both X and Y are A-spaces, then {6} is sequentially
equicontinuous and b is sequentially continuous.

Proof. Let Xj—0in X and y3-f0in Y . Since {&} is pointwise bound-

ed by Corollaries 4 and 6, {bt} is B(X) XZ?(y)-bounded and by Theorem 23,

{&} is sequentially equicontinuous. Hence, lim b(xj, y3) = lim lim b{{xj, y3) =
| »

= Iim IiEn bi(xj,yj) = 0, and the result follows.

Remark 26. This generalizes 6.12 of [2].
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ON RANDOM WALKS WITH BARRIERS
AND THEIR APPLICATION TO QUEUES

W. BOHM and S. G. MOHANTY

Abstract

The n-step transition probabilities of a random walk with two barriers, each being
either reflecting or absorbing are considered on the basis of a simple renewal argument.
The relation of these walks to queuing problems is pointed out and the distributions of
the queue length in the finite capacity case, the same during a busy period and of the
maximum queue length are derived for discrete time models. By taking the limit the
solutions of continuous time models are derived, verifying some known results.

1. Introduction

In this paper we will be concerned with the one-dimensional random
walk Z(n) having state space the set of all integers and one-step transition
probabilities

P(zZ(n) =k+ 1|Z(n - 1)=Kk) a
P(z(n) —k —\Z(n —1)=A) =7
P(Z{n) =k\Z(n-1) = k) R,
where 8 =1 —a —7. It is well known that there is an intimate connection

between the random walk Z(n) and the discrete time queuing process Q(n),
in particular the following relation holds:

Q) =Z(n)— min_Z(HA0,

which states that Q(n) is derived from Z(n) by introducing a reflecting
barrier at zero.

Suppose now that Z(n) is restricted by two barriers, one at zero and the
other located at h > 0, where each one may be either reflecting or absorbing.
Here four possible cases arise and each has its own interpretation in a queuing
context. In the simplest case there are two absorbing barriers, one at zero and
the other one located at h. The transitions of Z(n) between these barriers
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crete time queues, finite capacity queues, random walk, absorbing and reflecting barriers,
generating function.
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coincide with the transitions of the process Q (n) during a period where the
service facility is continuously busy and the maximum queue length is less
than h. As the second case we will consider a reflecting barrier at zero and
an absorbing barrier at h. This time Z(n) is equivalent to a queuing process
with maximum queue length less than h and such that the server need not be
continuously busy. In this context we will also discuss the distribution of the
stopping time rmh, the time the process Q(n) requires to reach a maximum
value of h for the first time, provided that there are m customers initially
waiting. In the third case there will be an absorbing barrier at zero and a
reflecting barrier at h. Now Z(n) corresponds to a queuing process Q(n),
which is continuously busy up to time n and has a waiting room with finite
capacity h. In the remaining fourth case there will be two reflecting barriers,
located at zero and at h. This arrangement gives rise to the distribution of
the queue length of a queuing process with finite waiting room capacity h,
the server need not be continuously busy.

At a first glance it seems that the introduction of various barriers is
a purely formal procedure, changing only the boundary conditions of the
system of partial difference equations, which has to be solved in order to
find the distribution of Q(n). However, the presence of barriers may be given
an interesting probabilistic interpretation, which provides us with additional
insight into the structure of the process Q(n) and with a simple method of
solving all four possible cases mentioned above.

To give this interpretation and to outline the main argument which we
will use in subsequent sections, the case where Z(n) is restricted by one
reflecting barrier at zero, thus giving rise to the simple queuing process
Q(n), will be discussed shortly.

Suppose that Z(0) = m > 0, then it is apparent that the transitions of
Z(n) and Q(n) coincide as long as Z(n) remains positive. At the time when
Z(n) touches the barrier for the first time, a busy period of Q(n) terminates
and therefore the stopping time

Tmo=inf{n :Z(n) —0|Z(0) = m]

equals the duration of a busy period initiated by m customers. The end of
a busy period marks the beginning of an idle period which will terminate
with the arrival of the next customer. Let Ai denote the length of this idle
period. It equals the number of trials up to the first success in a sequence
of Bernoulli experiments having success probability a and hence has a geo-
metric distribution. With the arrival of the next customer the random walk
Z(n) starts anew and continues up to the time when the server becomes free
again. Thus the queuing process Q(n) exhibits a typical repetitive pattern.
It is regenerative with renewal points those time instants, where the queue
becomes empty. Any two consecutive renewal points include exactly one idle
period.

Let us now assume that there are i >0 completed idle periods and con-
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sider the event {Q(n) =k | Q(0) =m}. This event has probability
P(Z(n) =k, Tm0O>n\ Z(0) =m) if i=0,

and
P(Tmo=n) *[P(Al=n)*P(T10=

*P(A\ = n) *P(Z(n) =k,Tio> n\z(0) = 1) if i>0,

where denotes convolution and ( )’* means r'-fold convolution. Noting
that by the Markov property of z (n) we have

P(Ta0d= n) *P(Tho = n) = P{Ta+b,0o= n)

and

P(Al= ny* = P(Ai= n),

where T, is the number of trials up to the i-th success in a sequence of
Bernoulli experiments, we obtain for k > 0 after summing on i:

P{Q(n) =k 1Q(0) = m) = P{Z(n) - k,TmO>n\Z(0) = m)+

+P(Z(n) = k, Tio> n\Z(0) = 1) *A P(At+1=n)* P(Tm+i0= n).
t>0

Since Ai has a negative binomial distribution and the distribution of Tmo is
given by

P(Pm0= n)= 7P(Z(n - 1)= 1,Tmo >n- 11z (0)= m),

the transient distribution of Q(n) is primarily determined by the zero-avoid-
ing transition probabilities

1) P(Z{n) = k,Tm0>n\Z{Q) —m).

The key point in the above analysis is that it takes into account the
structure of the process by splitting the sample paths into repetitive pat-
terns at renewal points and possibly identifying a distribution on which the
determination of the transient distribution depends.

In this paper we will follow the same approach for two-barrier cases.
Clearly the zero-avoiding transition probabilities will be replaced by {0,/i}-
avoiding transition probabilities, which are needed in each of the four situa-
tions.

In Karlin and McGregor [3] this type of random walks has been treated
through the method of spectral decomposition. This method may be used to
determine the transient solution of general birth-death processes. It exhibits
its full power if the transition probability matrices are of infinite dimension
which gives rise to continuous spectra. In the finite dimensional case it re-
duces to the determination of eigenvalues and eigenvectors of a tridiagonal
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matrix, which is not always the simplest way to find a solution. This method
works from the top to the bottom in the sense that first the one-step transi-
tion matrix is set up, then its eigenvalues, eigenvectors and their norms are
determined leading to the final evaluation of transition probabilities. The
results so obtained for one type of barriers cannot be utilized for another
type for which the whole procedure has to be repeated right from the be-
ginning. In this sense it is unable to exploit the structural properties of the
processes.

In contrast our method proceeds from the bottom to the top, as ex-
plained hereafter. First we look for appropriate renewal points, and then
we decompose the sample paths according to those points into subsegments
whose generating functions are known from the two-absorbing-barrier case.
Our method does not only give the solutions to the various cases, but also
utilizes the structure common to two-barrier situations. Furthermore it is
simple and unifying in the sense that only one generating function is needed,
from which all results are derived in a straightforward manner. Its use is
not restricted to the discussion of simple random walks, but also applies to
more general Markov processes. It may further be noted that our technique
resembles a powerful principle from enumerative combinatorics: in order to
count a set of configurations one usually looks for a decomposition into sim-
pler subconfigurations. This gives rise to a factorization of the generating
function carrying the enumerative information into simpler functions, which
may be known (Goulden and Jackson [2], pp. 34).

In Mohanty and Panny [7] an elegant geometric-combinatoric method
is suggested for the random walk with one reflecting barrier at zero. It is
unfortunate that the same method cannot be adapted for two-barrier cases,
if at least one is reflecting. In another paper (Mohanty and Panny [8]) for
the same one-barrier problem, they started with the generating function of
the random walk having a reflecting barrier at zero and an absorbing barrier
at h. However, they neither used the structure of the process nor gave the
solution to the two-barrier problem.

The paper isorganized as follows: in the next section the basic generating
function is given and used to derive the transient solutions of the discrete
time queuing processes described above. In the last section we will show how
these results translate to continuous time random walks.

Usually solutions for continuous time models are considered and are used
as approximations for discrete time models. What we have achieved in this
paper is to provide exact transient solutions for discrete time models, and
by taking the limit, the solutions of continuous time models are derived,
verifying some known results.
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2. The results in discrete time

2.1. The basic generating function. Let pn(h,m,k) = P(Z(n) =k,
0<Z(i)<h,i=0,... ,n1Z(0) =m) and define the pgf.

fa
Gmk{s) = ~2 Snpn(h, m,k).
n>0
Then it can be shown that (Panny [11])
_ (QU2+IBT+T)(01>) P (I-(E>1:2) I~B (I-(E>t;2) m) .
7(1 —gv2) (I —(gv2)h) (k>m)
@ (au2+ By + Yumek(l —EIEAATO( - @DK)

7(1 —pi>2) (1 —(gv2)h)

where the substitution s= (av+R+ 7/v) 1has been used and g—a/*. Two
useful pgf’s may be derived readily from (2): define the stopping times

Tm0 = inf{n :2(n) = 0|Z(0) = m, Z(i) <h,i—0,... ,n}
Tmh=mf{n :Z(n) = h\Z(0) = m, Z(i)>0,i=0,... ,n},

with tfmo(-s) = snP(Tmo=n) and Hmh(s)= £ sn-P(TmA= n). Then we
n>0 n>0
have
. vm(l - (gv2)h~m)
3 Hmo(s) —7™*mi(") — . (vdh
and

n_m(l - (gv2
@) Pmh(s) — 10— PV Im_((gvzgiv ™

For brevity we omit the arguments in the pgf’s, for example we write
Gmk for Gmk(s).

2.2. Absorbing barriers at 0 and h. This case has been dealt with several
times in the literature, e.g. by Kemperman [6] for random walks with only
two types of steps. We note that the following identity holds:

{Z(n) =k, 0< Z(i) <h, 0" i~ n\Z(0)=m} =
= {Q(n) = A0<Cxi))<h,0<tAn|Q(0)=m}=
= {Q(n) = k, max Q(i) <h, Q(i) >0,0 7" n[Q() = m).
Thus
P(Q(n) =k, dgtag% Qi) <h,Q(i) >0,0”i”n|Q(0) = to) = pn(/i, m,k).
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Expanding (2) into partial fractions and using Theorem 1 (pp. 9-10) in
Panny [11], an explicit expression for pn(h, m, k) may be given as follows:

Nt —myi . (h—fir
Pn(h, m, k) — 2" 5>sm SIn

I/=i

It will be both convenient and instructive to have an alternative represen-
tation of pn(h,m,k) in terms of generalized trinomial coefficients, which are
defined by

[R + 2y/cq cos

n;a,B, 7\
k J=[
and are, as we shall see later, the direct discrete time analogues of the mod-

ified Bessel functions. So in terms of generalized trinomial coefficients we
have

Y n;a,[3,71 n;a,Bk,7
Pr(h.m. k) — ey m o 2uhd \n +k +m —2h(v+ 1)):F

(6) »1@i2 RBv j)n

which may be derived from (2) by applying Cauchy’s integral theorem. This
formula has a striking combinatorial flavour, since it can be derived by re-
peatedly applying the reflection principle to the sample paths of Z{n). How-
ever, expression (7) cannot be derived directly by the method of spectral
decomposition.

2.3. Absorbing barrier at h and reflecting barrier at 0. As we remarked
in the introduction, in this case the n-step transition probabilities of the
random walk Z{n) equal

(8) P(Q(n) =k, max Qi) <h|Q(0) —m).

Let us exploit the renewal properties of the process Q(n). We note that
a convenient set of renewal points are those time instants where the queue
becomes empty. From the discussion in the introduction it is clear that the
lengths of idle periods have a geometric distribution with success probabili-
ty a. Let W(s) be the corresponding pgf. Then upon using the substitution
s—(av-\-B + we have

as o\

Wi(s) 1—(l-a)s gv2—v+1

Suppose now m and k are positive and let S(h,m,k) be the pgf. of (8).
Then
S(h,m,k) =22 Si(h,m, k),



ON RANDOM WALKS 403

where Si(h,m,k) is the pgf. of (8), given that there are i completed idle
periods. By using the renewal properties, we get

9) St{h,m,k) = HmOW 'H [-1G Ik (*£1)
and
(10 So{h, m, k) —Gmk.

Hence we find

(1) S(h,m, k)= Grk+ HMOGIKW ]T W'H'10=Gmk+ & 1" G K\

i=>0
Similar reasoning shows that
HmoW
SIMO= s - Hiw)
Glkw
W
S(h, 0,0) = .
as(1l- HioWy

The generating functions occurring in the formulas above are all known
(see (2), (3)). Inserting their expressions we obtain for m<k:
(13)

(gv)k m(av2+RBv+-)[! - (gv2h A[l - u+ v(l - gv){gv'2m]
7(1 —AN)[1 —v + u(l — B>V)([IWN)

and for m>k:
_vm k(av2+Bv+-y)[I—gv2)h m][l—v+v(l - i»u)(pu2)d
- 7(1 —r)[l —v + u(l —Bv)(Rv2)d

It is easily checked that (13) and (14) cover also the cases where m and
(or) k are equal to zero. It is possible to expand (13) and (14) into partial

fractions, however, this requires the knowledge of the roots of the polynomial
equation

(14) S(h,m,k)

1- v+ ehv2l - gh+lv2h+2 =0.

Unfortunately the roots (and hence the eigenvalues of the transition matrix),

except for the trivial case g =1, cannot be given in closed form. However,

for completeness, we will sketch how a partial fraction expansion may be

obtained. Using the substitution v=g~1/2e6, we find for m>k:

15 . . .

(13) gm * ' (B + 27/07 cos0) sin(/i —fc)0[sin(m+ 1)0 - g~x!12sin mQ]
7sin0[sin(/i+ 1)0 —>1/2sin hQ|
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The roots 6v of the denominator have to be determined numerically (one

of the angles 9,, will be complex if gx¥2<h/(h + 1)) and after expansion into
partial fractions:

P(Q(N) —k, guax QL) <h[Q(0) = m) =
(16)

k—m (R + 2707 cos 6u)nsm(h—k)9v[y/asin(m + 1)9v—y/j sin m9,,]
A I \/a(h + 1) cos(/i + 1)0v —y/~jh cos hO,

which holds also for m<k.

Root finding may be avoided if we expand the denominator of (13) di-
rectly. For this purpose we note that the function (1 —u+ i*l —gv)(gv2)fl)~1
is analytic in a disc around the origin. Therefore it has an expansion of the
form

1-v +v(l - gv)(gv)h)~1="2d athva (M s 1),
ago
where an application of the binomial theorem yields

(i7) o= (-<m)MEE (v n i oni (-1) 1
Ly 7g 13\a —i—2hj (-Di

Let us now expand (14) by means of Cauchy’s integral theorem. We
obtain:

(18) P(Q(n) =k, ynax Q(i) <h\Q(0) = to) =
1 k (av2+ Bv + 7)"[1 —(£u2)/I-m][l —v + u(l —gv)(gv2)k]
2iri J vn+1 1—v+ v(l —gv)(gv2h

Ed \f n;a,B,7 \ [/ n;a,B, 7 V _

ah \n-m +k-a) \n—m+k-a-1j

a>0
«:a,l3,7 A ( niaili 7 A

250 n+ m+ k—2h —aj \n+m+ k- 2h—a —1/

, kST, \ ( n;a,B,” \ f n;a,BR,7 Y
9 2+ ah \’\n—m —fc—a—1/ "\n —m—k—a—ZI%
\"

ago

P R ko aY ElnemM-Inla o)

It can be shown that (18) covers also the case m<k.
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At this point it is worthwhile to remark that in the spectral analysis
method the derivation of the pgf. is not explicit and therefore the method
may not lead to (18) directly. For the same reason the method cannot utilize
the information obtained on various segments in the pgf. and thus is forced
to start all over again when a new situation arises, as illustrated in Section
2.5. However, our approach, in which the explicit derivation of the pgf. is
important, uses the basic pgf. (2) and its special cases (3) and (4) in deriving
(13), which in turn will appear in Section 2.5.

From the pgf. S(h,m, k) additional interesting information may be ob-
tained. Let Tmh= inf{n:Q(n) = h\Q(0) = m}, the time until a maxi-
mum queue length of h is reached for the first time. We note that the
pgf. of Tmn equals saS(h,m,h —1) and therefore F{rml < 00) = 1, since
S(h,m h—I)|s=i = 1. The probability function of Tmh is clearly

P{Tmh=n)=aP(Q(n-1) =h—I, 0Artn<ar3<_lQ(i) <h\Q(0) = m),

and therefore an explicit expression may be obtained from (18). For the
expected value of rmh we find

ety = S sas(h m, h- 1)1 -

d (“u)/l-m(l —v+ u(l —gv)(gv2)m)

ds | —v+v(l —gv)(gv2h s=1

Now
dv _ (av2+ Bv + 7)2

ds 71 —gv2)
and therefore

gm- gh- gh+tm(h —m) (1 - p)

19 E(rmh
(19) (rmh) 7(1 - g)2gh+m G7# )m

The results of this section have, as far as we know, not been reported in
the literature until now.

2.4. Absorbing barrier at 0 and reflecting barrier at h. In the case
where the random walk Z(n) is restricted by a reflecting barrier at h and an
absorbing barrier at 0, it behaves like a queuing process with finite capacity
h during a period where the server is continuously busy. To fix notation we
write Qh{n) for the queuing process with finite capacity h at time n. Then

P(Qh(n) =k,Q(i)>0,0<i<n \Qh(0) = m)

can be simply derived from the results of the previous section by observing
the following duality relation: consider the reversed sample paths of the
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queuing process Q(n) restricted by an absorbing barrier at h and a reflecting
barrier at 0. Then it is immediately seen that
P(Q(n) =k, max Q(i) [Q(0) = m) =
(20) °=’=n
= P{Q*h{n) = h —m, Qh(i) > 0,0 <i <n\Qk{0) —h-k),
where the process QX(n) is obtained from Qh(n) by interchanging the arrival
and departure probabilities a and 7.

Let us denote the length of a busy period under finite capacity h by .
Its distribution is found by arguments similar to those we used to derive
the distribution of Tmh in the previous section and by exploiting the duality
relation (20). In particular we have

{rmO=n)=K-m , fc= **}
where the star indicates that the probabilities a and 7 have to be inter-
changed. Therefore
gh+m+l _ Bh+l + mgm(l -9)
(21 BE (Th-m,h) — 7(1 - g)2gr ie* i)-

2.5. Reflecting barriers at 0 and h. In this case the renewal argument
may be formulated in terms of the random walk Z(n) restricted by a reflect-
ing barrier at zero, as it was discussed in Section 2.3. As renewal points
we choose those time instants where Z(n) touches the barrier at h. At the
moment when Z(n) touches this barrier, the waiting room is full and the
system closes in the sense that customers arriving now are not allowed to
enter the system and disappear. The system remains closed until the next
departure which frees space in the waiting room. It is clear that the time
the system remains closed has a geometric distribution with pgf.

(22) V(*)=i_(i_7)s=gV2-gV+I'

where again 5= (av+ R +j/v)_1. From Section 2.3 it is known that the pgf.
of rmh, the time required to reach a maximum value of h for the first time, is
asS(h,m, h—1). Suppose now that the system has been closed i~ 0 times
and the sample path of the queuing process Qh(n) leads from m to k, where
m,k < h. Then the corresponding pgf. is given by
(23)
Ti(h, m, k)=S{h, m,h-1){asV)'S*1{h, h -1, h-1)S{h,h-1, k) >
TO(h, m, k) —S(h, m, k).
Let T(h,m,k) =72i>0Ti(h,m,k). It follows that T(h,m,k) is the pgf. of
P(Qh(n) —k If?/i(0) = m), in particular
saS(h, m,h —1)VS(h,h —I1,k)

@4 Thmk) =Sthmk)+ "y avs(h.h —1,h—1)



ON RANDOM WALKS 407

This expression may be simplified further by observing that

{gv2)aR{h -a) =R(h) - (1- v){I - (gv2)a)
and
(gv2- gv+R(a) = (1 - u)(I - gw)( - ED“+1),

where
R(a) = 1—u+ v(l —gv)(gv2a.

Thus we find for m <k:
(25) T(h,m,k) =
(av2+/3v-h'y)(gv)k~m[l—+v (I—gv)(gv2m][I-gv+ gv(l—)(gv2)h~k]
7(1 —Anv2)(1 —t>)(I —Bu)(I —(gv2) " 1)
and similarly we have for m> k:
(26) T(h, m k) —
(at;2+/2t;+7)i;m fc[l-i;+ii(I-£E»i>)(E>u2*][1-t; + gv(l —u)("t;2)/I_m]
7(1 —An2)(1 —v) (I —Eu)(l —(=12),1+1)
In (25) and (26) the denominator unlike (13) exhibits a very simple

structure, its roots being 1, #£>1/2, g~I and g~%2e6/t,v=0,1,... ,h, where
6y — . Using the substitution v= g~1/2e& and noting that there is again

one complex angle, viz. 0 —"logp, which is due to the factor (1 —v), one
obtains after routine calculations:

P{Qh{n) = k 1<?a(0) =m) =

(27) Q-1 k, 2a v- (7+2viQ7cos™)n
ghtl 1+ w22 y=p - 2 VerfeosOvC- k~

where
Cmk(v) = ¢ sin(m-FI)0,,—g 2 1sin mOu g~*~sin(fc-|-1)0,, —g* sin k6,
which is valid even if k and (or) m are equal to h.

From (27) it may be immediately deduced that the steady state distri-
bution is given by

(28) Hm P(Qh(n) =k\Qh{0) =m) =-j-r ~—gk.

On the other hand, if we expand the terms of the summation in (27)
as geometric series, then representation (5) may be applied to give an ex-
pansion in terms of generalized trinomial coefficients, which turns out to be
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an interesting relation linking the transition probabilities of a random walk
restricted by two absorbing barriers and the steady-state distribution (28):

P(Qt(n): k|<WO):m): *  * g*+

+a” [pm(/i+1,h —k,h —m) —pm(h + L, h—k+1,h —m)]—

m>n

— " li-fc+1, li-m+1)].

(29)

At this point it may be instructive to see how the spectral decomposition
method works. Let Vn denote the n-th component of an eigenvector asso-
ciated with an eigenvalue a of the transition probability matrix. Then it is
verified that the three term recurrence relation induced by the eigenvector
equation has the general solution (see Karlin and Taylor [4], pp. 10-18)

Vn(0) = AenGi + Be~n9i,
and the eigenvalues will be of the following form:
a = [ + 2y/arjcos 6.

The unknowns 6, A and B have to be determined according to the bound-
ary conditions, which lead to the following homogeneous system:

A{dbrje~e' —7) + B(y/li~/e0t —7) = 0

A(y/crye(h+1)6i - aeMi)+ B { " e " h+"et- ae~he') = 0.

After elimination of A and B we obtain the following equation, which deter-
mines the angles 6:

agl/2sin(/i + 2)6 —(1 + g) sin[h+ 1)04-p~sin hO—O.

Since the sine function is odd, we immediately find that the roots are 6U=
= v=1,2,...,h The root 0= 0 has to be excluded, since in this case
the corresponding eigenvector would be identically zero. However, it is not
immediately apparent, that there is also one complex angle, viz. 0)o—~"log g,
which we detected by simple inspection of (25). These angles determine the
eigenvalues a:

—R -f 2y/6rjcos 0, (v=0,1,... ,h).

Note that 00 = 1, which gives rise to the first term in (27) and hence to the
steady state distribution. The eigenvectors corresponding to the eigenvalues
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a;,, are found by solving for the indeterminates A and B, where one of them
is arbitrary. In particular, we find after some algebraic simplification that

() =en2

Vn(dL) = sinnOy - pY/2sin(n-|-1)0* (v> 0).

These eigenvectors form an orthogonal bases. If we divide them by their
euclidean norm and denote their (normalized) components by V*((),,), the
transient solution is found to be

h
P(Qh{n) =k 1Qh(oy = my =2¥x ~ ~ (w ~ ),

il=0

which after some manipulations yields (27). It may be realized that the whole
procedure has to be carried out right from the beginning for Sections 2.2 and
2.3. Moreover it is evident that our approach is reasonably elementary in
contrast to the spectral analysis method.

3. Continuous time results

In the previous sections we have derived various results for the discrete
time random walk z(n) and its associated queuing process q{n). AS re-
marked in the introduction, it is possible to pass from discrete time to
continuous time by a Poisson type limiting procedure. For this purpose
we consider the time interval (0,i) and split it into n subintervals of equal
length A =t/n. Set a=xt/n and 7 =fit/n. Now let n —>00 or, equivalently
A —0, while keeping A/z and « fixed. We expect that the finite dimensional
distributions of the processes z(n) and q(n) converge to the distributions
of the continuous time Markov processes z (t) and q(t), which have jump
intensities Aand \i. Actually a much stronger result can be proved: it can
be shown that even the infinite dimensional distributions converge in the
weak sense, which entails the convergence of functionals of the discrete time
processes such as stopping times. For details the reader is referred to Ethier
and Kurtz [1], Chapter 2, Theorem 2.6, pp. 168-169. To derive the limiting
forms of the finite dimensional distributions we will use the following results,
which may be found in Mohanty and Panny [7], [8]:

As n—00:

@) ("L5?)= e(AF)y N (2/7)(1+0(")) €£>0%
{8+ 2V~"7 cos0)n = e-(*+M)te2iv/v cose™ + g™ | (e>0),
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where la(2ty/Xjl) denotes the modified Bessel function of order a. Addition-
ally we will require the following result:

H d 1 ’ - _ A
(31) Jim 2y, (Ui BA \ [ e sla(2s\/Ap)ds.

Equation (31) follows directly from (30). In particular we have, observing
that n —t/A:

Um = lim AAy e-(A+t»>«+Ade./2M 2(l + JAYN )+
n—eo Anov A2 ] n—>00 At
v>n Vv 7 t>0
+ A E Vo2l (2(< + iA)
i>0

The first sum is the Riemann sum ofthe integral in (31) and the second sum
tends to zero as n—00, thus (31) follows.

Using (30), we find in the case of two absorbing barriers through equa-
tion (5):

Pt(h, m, k) =
() =2 4=eAHtcgsinfc Migni t ~ epl[2,/Vcos?,
t/=l1
a result, which may be found in Neuts [10]. Alternatively we obtain from (7):

(33)  Pt(h,mk) = QITHe-(x+f% Y [h-m-.uh- 4+m-2i/(M-i)],

V—o0

where lais an abbreviation of la(2t\/\v). To deal with the case of a reflecting
barrier at zero and an absorbing barrier at h, we first consider formula (16).
Observe that the roots 6Udo not depend on n. Hence using (30) we find

P(Q(t) =k, max Q(5) < h|Q(0) = m) =

(34) h r-
=-2g— e-"+ Y e2™ cos® Dmk{v),
U
where

sin (h —fc)0,,[\V/Xsin(m -)-\)6,, —y/JI sin mdu]

Dmk{v) \f\(h + 1) cos(/i + 1)0" —y/Jih cos h9v
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To derive the limiting form of (18) we note that the coefficients dah
are independent of n, hence they enter into the limiting expression without
change. In particular we find:

P{Q(I) -k max Q(s) < h\Q(0) =m) =

(35) a>0

lk—m —a Q-1/2h —m —a—1 lk+m-2h-a.+ Q 1/21,k-\-m—2h—a—\

—Jk+m+a-2+ Q ~Tfc+m+a+l+Ilk-m+2h+a+2~6~'/2h -m+2h+a+|

It remains to show the absolute convergence of the series above. For this
purpose we recall that

dah= V(1 - B+ 1 - Qu)[Bv)h)~1i.

The function (1 —u+ (1 —gv)(gv2)n)- 1 is analytic in a disc around the origin
and has a positive radius of convergence R ~ 1. Hence there is an integer A,
such that

dajh A (s>0 and a> A).

Thus setting z=e+ 1/A we estimate

£ <W-2W 2tv”™) SE zag-a\ty/r”™ a

i@+ ka-a)! “
zag-ala2 (ty/Xji)k+a
t2><13£ g- z(y ji) s+ 500,
a>A
In the case of two reflecting barriers at zero and at h we get by means
of (30) the limit of (27):
P(Qh(t) =k lQh(0)-m) =
(36) e-1 e—A+)t " g2ty /X B cos By

gnti-1"' h+ | A- 22A mcos0¥+ /x C™ k)

where again

sin(m+1)o,,—g~"i-1sinmdJ |gN~ sin™+ 1) —g* sinkou
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Formula (36) is well known, it may be found in Morse [9] or Takécs ([12],
p. 13). Finally the limit of (29) is found using (31) and expansion (7):

@
P L " e-(A+NbX

—1 km
P{QN{t) = k1Qh(0) = m) = gpy| - 1K+e 2 '|' J

(37)
X N-m—20(h\) ™ 2 x7/ MHK+m20(h.H) m—1—2i/(A+l)

—yIMk-m+1-2i/(h+]) —Ahme2+2i/(hH) ~ Phm+20(h+) ds.

A formula similar to (37) is given by Kashyap [5].
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SOME 2-PERIODIC TRIGONOMETRIC INTERPOLATION
PROBLEMS ON EQUIDISTANT NODES II:
CONVERGENCE

A. SHARMA, J. SZABADOS1 and R. S. VARGA

1. Introduction

Let n,p,q> 1 be integers with

N:=n(p+g), M=
and let
(1) xn:ch(n)::F O=o,l,...,2n—1).
Let mi = (mi,..., mp), m2= (mp+1,..., mp|g) be two sequences of integers
such that
(2) 0=mi <m2<eee<mp, 0<mpti<eee< Mptq.

The problem of 2-periodic trigonometric interpolation is to reconstruct the
unique trigonometric polynomial

M
(3) ti(x) =a + cos kx + bksin kx) (ax]b\f=0 if N is even),
J=
from the data
tM Mx2k),  ti7M)(123tH) (=1, »Pi J=p+l,...,p +1),

for given sequences of integers mi,m2 satisfying (2).
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Recently in [2], we gave necessary and (separately) sufficient conditions
for the regularity (or unique solvability) of the above problem. For studying
the convergence problem, we shall suppose that the sufficient conditions in
[2] are satisfied. We shall state these conditions for the sake of completeness,
but in a different form.

We shall say that a finite sequence of non-negative integers m= (mj, mz2,

. ,mp) such that

) O”A"mi<m2<eee<mp and m,+m,+i isodd (i=1,...,p—1)

is EE,EO,OE or 00 according as mi, mp are both even; mi is even, mp is
odd; mi is odd, mpis even or mi, mp are both odd, respectively. A sequence
with only one element will be either EE or 00 depending on the parity of
the element. It is clear from this definition that EE and 00 sequences have
odd cardinality while EO and OE sequences have even cardinality. With
this definition we can now state

THEOREM A [2], The 2-periodic trigonometric interpolation problem on
the nodes (1) corresponding to the sequences mi, m2 is regular in the following
cases:

mi m2 n Type of T\i
EO EE odd —

n @\ EE OE odd —

" EO EO arh. avi-o
EE oo odd (M: O
Vv (b) ' EE EE arb. bin =0
Vi k EO OE ah. «M=0
VII (c) EE EO even O =O

Remark. Since by supposition mi begins with an even number, there
are only 8 possible combinations of mi,m2 in the table. The pair mi =
= EO, and m2=00 is not in the above table, because in this case even the
necessary conditions of regularity of Theorems 1and 2 in [2] are not satisfied.
The conditions which are necessary for regularity as given in [2] imply that

(4) e—=0,1 or 2

where e and o denote the cardinality of even and odd numbers in the set
mi Um2, respectively. But if mi = EO, m2=00, then o—e = 1, which
contradicts (4).
These conditions are sufficient, but not necessary as can be seen by the
examples in [2] and also by the results in [4]. In [3] it was shown that if mi:=
(o,mi,..., mp) and if m2= (mi,..., mp), then the problem is regular if
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and only if pis even and then = 0. In this case no condition like N+ mi+i
odd is needed.

The object of this note is twofold: First we want to construct the fun-
damental polynomials of interpolation in all the above cases. Secondly, we
want to examine the convergence of the interpolant.

In Section 2, we find the fundamental polynomials when n is odd and
p+ q=2s-f1(cases covered in (a)). In Section 3, we find the fundamental
polynomials when p + q is even and n is arbitrary. This covers the four
situations listed in (b) in the Table. Lastly, Section 4 is devoted to the last
case (c) in the Table when nis even and p + g is odd. Section 5 deals with
the problem of convergence.

2. Fundamental polynomials (n odd, p + g odd)

Here n=2r+ 1, p q=2s+ 1land M =ns+ r. This case covers the
first two cases in the table. We shall denote the fundamental polynomials
by gu(x) which are going to be determined by the followig conditions for

v=1— P
g\ri\x2k) = hoKj, J= A=0,l,...,n-1
EAmj)(*2fc+i) = 0, j=p+l,...,p+g, f=o0,1,...,n —1.
For v—p+ 1,.. .,p {- g, conditions (2.1) will be replaced by
(22) i = =1, p; *=0,1,....n- 1
I pLmj)(z2fc+i) = <WV,, j=p+1,..., p +g; *=0,1,..., n —1.

Putting 2 = e,x, we may set

2a n—
(2.3) 0,(X) = z-M~"2z2XQuX(Z), QvX{z) =" a Xj{u)z].
A=0 j=0

Conditions (2.1) (equivalently (2.2)) give the following system of 2s -f 1 dif-
ferential equations to determine QvX(z):

(2.4)
28 i~mzn 1
£ (©+ An- M)Ym»QuX(z) = ------------ -<57, p=1,...,p
A=0 n z~ 1
2« i~muzn i
£ (-1)a0 + An- M)m»QW\(z) = ------------- — p=p+l,...,P +9

U=o n z+ i
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where Q —z—. If we denote the determinant of this system by A(@) and
the co-factor of the (i/, A+ 1) term by A,,iAt+i (0), then we have

m A IAFL(e)* " -1
n A0) z-1-
|~

QW) =< i ALar1(0) 2+ 1
n A(0) s+, v=P+Il,...,P +q
Since 0zJ=jz>, we see easily that
AflAh(0) _ 1 -PUAHQ)) j-r
A(0) nm/  D(otj) n
where
1 1 1
(a—s)"2 (a-s +1)ym2 e (@t sym
(2.5) D{a) = (a—s)mp (a—s+ ) .. (@ats)mp
(@a—s)mp+t1 —{g—s+ 1)mpH ... (a+5)mp+l
(a—)7p< —(a—s+1)mp+9 ... (a+s)mpt

and D Ux+i(0) is the cofactor of (i/, A+ I) terms in D(a). In the last q rows
in D(a), the columns have alternately positive, negative signs.
Setting

D,,,\+i(aj) u=Il,... ,p+q A=0,1,... ,2s

(2.6) a\j (u) D(aj) j=0,1,... ,n-1

we see that
- Py AR
v=1,...,p
27 QU =0
v=p+l,...tp+q

i=0
since n is odd.

It has been shown in [2] that under the hypothesis of Theorem 1 the

determinant -D(a) 0 for |a| < 1/2. Also, if e and o denote the number of
even and odd integers in the sequence mi,..., mp+q, then

e—l=o0
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is necessary for regularity. Multiplying the rows in D (—a) corresponding to
odd m,,’s by (—) and then doing s elementary column operators, we see
that

()°D(-a) = (H*Z)(a)

which proves that

(2.8) D(-a) = D(a).
Similarly, we can see that
(2.9) D, x+i(-a) = (-1)m°D12a+i_A(a), v=1,....p+0q

From (2.6), (2.8) and (2.9), we have

(2.10) a\j(is) = (—)ym=a2»-A2r-j(1)) v=1,...,p +q.
Combining (2.7) and (2.10), we obtain
2
Bv(x) ¢ ar(v) +2 w,r-](v) cosjx +
J1
(2.11) s 1
+2 j{y) cos(An+ r- j)x
\=\ j=0
when is even and 1<u<p. When mv is odd, because of (2.10) we see
that p,,(x) is a sine series. More precisely, we have
, . o2() 2 .o
M*)= nitm— [Z,an->sinix+
(2.12) a n— !
+ £ 5 > - ajis) Sin(An + r —)x\
A=lj=0

when muis odd and 1£v"™P-
Foris=p+ 1,...,p+q, Qu(X) is obtained from (2.11) or (2.12) according
as m,, is even or odd, respectively, by replacing x by x —

3. Fundamental polynomials (p+q even)

Herep+ g=2s-f2and M —ns A-n. So we set
2»+| n—
(3.1) su(x) :=z~M[£ zXnQ,x(z) + , Qux{z) = £ aXj(u)zK
A=0 i=0
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The conditions which determine Qv(x) are given by (2.1) or (2.2) and lead
to the following systems of equations:

25+I i~mvzn 1

£ (0 + An- M)m»QuX{z) + CvMm" = ---------- rv

A=0 n z—1
(Ix=1,2,.., ,p),

(3.2) 2%+l mv -Nii

£ (-1)A(0+An - M)mr"Q~ (z)+C ,, M MM= —mmmmemev —

A=0 n z—u
(p=p+1,... p+7?),

QX)) + () 1+eCv=0,

where < in the last equation is the point evaluation at 0 and g = exp
The last condition is a consequence of the fact that the last term in gu(x) is
a\f cos(Mx + y /), where e=0 or 1.

If we denote the determinant of this system by A*(@) and the cofactors
by Ah(Q), then we have

' ALA+L(Q)*n- !
n A*0) z-1’
3.3
(3:3) Q»AZ) A AH0)zZR-i
n o Ax©0) z-1° /=P*h.prg
for A=0,1,... ,2s + 1, where we have put Z = Also Cv is given by

formulae (3.3) when A= 2s + 2.
Because of the point evaluation operator < in the determinant A*(0),
it is easy to see that

1 -Pil,A+I(ftj) _j

nati ’ =0,1,... ,2s+
(3.4) anatifo) nm* D{aJd) A=0.1,... 25+l
A*(0) 2
, A—2s + 2
forj=1,2,...,n—1wherea = £ (j=1,..., n—1) and
1 1 1

(a - s- )"*1 (a —s)mi (a+ s)mi

(g—S—1)mp (a —s)mp (a+ s)mp

(a —S—I)mP+ —a —s)r'p+1 —(a + s)mpHi

(a —s—I)mp« —(a —s)mp+? —(a + s)mp+i
and is a cofactor of D(a). The order of D(a) is 2s+ 2 and the last

g rows have alternating sign in the columns.
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When j = 0, we see that

Aw,A+|«3) 0 1

-Ap A+
(3.6) A*(0) 2 mnmv D*
where
1 1
(_S_ I)m (_*)’lll
(3.7) D*:= (-S- I)m" (_s)mp
(—S—|)ITP+> —(—s)mP+1
1 0

A—0,1,..., 2" 2

smi (s+1)ym1
SmP (s+1l)nmP
-smp+l (S+1) P
0 (-1)1+£

421

and D* A+l is the cofactor of D*. It follows from (3.3) and (3.6) that C,, is

a constant given by

38 Cv I -Df2se3 |
(38) b U=l
If we now set
Dv.+1 (Q)) .
0<aj<i
_ Dia) ' &
(3.9) axjH :=
Di/,A+I a =o
D.. 1
then we have
;—Av n=l
CM*)=-T+*7 XIM M *'
i=0
i~mv "u,2s+3
Cu:= n £y
so that
2a+l n—l
(3.10) RB,(X) = -——--Z— "[X *AX
” A=0 j=o0

From (3.5), we see easily that

I D{a) = D{l-a)

G\ A Ati(a) = ()M, 2st2-A(1-«)

(A=0,1,..

(A=0,1,..., 25+ 2),

L2« + 1),

+ a23+2,n("™M™M2i+2)n

(A=0,1,...,25+ 1).
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Similarly,

so that from (3.9) and (3.11) we have
aAi(™ = (- 1) mfa2*+2-A,n-y(n), j=1-» Nn—1
OAo(™) = (-1)m“a2,+,-A,r»(1")-

Thus we have from (3.10)

(3.12) (?.(%) =
/ \ | s n—1
2 ptml E A sin((«+1-X)n-j)x mu odd
A=0j=0

1 /\7 Ay
(-2 ar+i,0(N)+2 2 fIAi(1/) cos((s+1—A)n—)x , m,, even.

nl+m,, .
A=0]=o0

4. Fundamental polynomials (n even, p-\- q odd)

In this case n=2r,p+ q=2s+ 1and M = ns + r so that we may set

2*
(41) Qu(x) =z~m "} TzXtQx(z)+ Cuzm , Qv\(z)€7.|h'|'
A=0
The system of differential equations as in Section 3 is given by
2s i~mv ym_ 4
500 + An- M)m*QvX(z) + CvMm* = -
A—0 n T
(*=1,— )
(4.2) 2s j—mu ~n i i
IT(-1)AX0 + An- M)m-QvX{z) + CvMm- = --—-- R i:l_'16.iij/
A=0

(z=p+1,....p+7
~0<3,0(M + (-1)1t£C,, = 0.
Then, as in Section 3, we obtain
—M N

J-0
Qv\(z) —< n—1
AN=P+1,00e 2+7

=0
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where
\

a\i{Y)= Lp/aj()@i)) # = -—- (A=0,1,..,29)
(rr=1,..., ptg; i= 1, e, N—1),

the determinant .D(a) being the same as in (2.5). However, for j = 0, we
have

(4.4) Qut)= y 1 (A=0,1,...,2s),
where
4.5)
1 1 1 1
(ao-s)mi (ao+1-s)mi (E*ots)m (ao+s+1)mi
px= (ao-s)mp  (ao+i—s)mp (ao+s)np  (ao-|-s-|-I)mP

(ao-s)mp+ —ao+l-s)mpsl ... (ao+s)mpd —ao+5-|-1)mPx

(ao- s)mpt« —{@ao+1—s)mPk ... (ao+s)mpke —{ao-fs-|-I)mpi
1 0 0

and p* A+l is its cofactor. From (4.2), we see, as in Section 3, that
(4.6) H .'25+2 {”: 1. ;o\

As in Section 2, (2.10) is valid in this case also for v—1,... ,p + q. Thus
after some simplification, we obtain

(-1)J

L 1+ml asr(v) + 2 > aSr_j(i>) cosjx+
j=1
s n—1
+2£ £ as_Aj(/)cos(An+r-j> rriu even
=ij=0
(A7) $.(*)=< .
2(-D)IV i’
____.nT+Ar~ [.|5 M sm Jx +
i=i
S n=
+A€ £ a3_A,j(")sin(An +r-j)i odd.

5. Convergence of 2-periodic interpolation

The definition of 2-periodic trigonometric interpolation suggests that in
order to prove a general convergence result for continuous 27r-periodic func-
tions, it is enough to consider the linear operator of the form
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n—1

(5.1) Ln(/, 1) .= y[f(x2KQI (X ~ 32K) 4&70,mp+i f (*2t+)QrA\ {x  72ft)]
k-0

which has the following properties:

LEmW\f\x 2k) = svIf{x2k) {v=1,...,p) om0t n_ly
L X2k = Sl pHif(ekH)Somes {v=1,...,p+q) A

The convergence properties of this operator depend on the order of mag-
nitude of the fundamental functions gv{x) determined in the previous sec-
tions. We first prove a lemma on the fundamental polynomials.

LEMMA 1. Under the conditions of Theorem A in case (a) and (c) with
the additional assumption that mp+1 >0, we have

24
(5.2) Y2 Izv(x- gfl =0 (n nlogn), v=\...,p+aq
k=0

(Here and in what follows || ¢ || means the sup norm.)

Proof. Assume that mu is even. (The proof for the case mu odd is
similar.) Then (&) is given by the form (2.11) or (4.7). Since the coeffi-
cients a\j(v) of this polynomial are obtained as the ratio of two determinants
where the determinant in the denominator is a non-vanishing function of the
variable a in the closed interval [—b,\], we have

(5.3) [aA | =0 (1).

Hence separating terms corresponding to j = 0, we can write gu(x) in the
form

(_1)"W2 S n—i

(5.4) Qv{x) £ "1 > -\,j(v)cos(An—j)x +0 (1)],
\=0 j:l

where Y, indicates that when A= 0, the factor 2 should be dropped. For
a fixed A all the coefficients as_\j(v) are determined by the same formula
(e.g. (2.6) in Section 2 and Section 4). Therefore

Aas_Aj(") :=as_AXi/) -as_Aj+i(™) = 0 (n_1),

r—1 ifA=0

where
Jl—2, if A= 1, S.
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Using Abel-transform on (5.4), we obtain

1
nY as_A,j(p) COS(AN + r - j)X =
j=i

n—2 j n-1
=Y Y cos(An+r- hx+as_a._i(p) Y 00(M+r-1)x =
j=1 /=i I=i
n—-2 _. . . .
sin sin(An+ t— | sin -XSin(An + r
=0 (n-")£ ( +0 (1) e ( < )
| sin
whence again from (5.4), we have
Zh—
Y IMX- XK)|=
k=0
n—22n= Gk - xR
=0 (n—]:—m -
A=0 j=1 Jt=0 "
24
1sin "2%4x-Xfc
+o(D E ek )I}+0 (n~nv) =
fC:I sin

=0 (Nn~~m"){o (n~1)o (n)o (N\ogn) + 0 (I)o (nlogn)} + o (N~m*) =
=o (n~m/ log n).
We can now state our convergence theorem.

T heorem 1. Under the conditions of Theorem A in cases (a) and (c),
we have

WF{x) - Ln(f,x)\\ = 0(Em(f) logn)+

(5.5) A o
(") X2+ W
where
_ J min(mZ,mp+2) if mp+t1=o0,
(5.6) ( A~ \ min(m2,Tnp+l) if mp+i > o,

m = n
" (logn)l//x*
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and Ek(f) is the error of best trigonometric approximation of order k to
f(x).
Proof. Let pm(x) be the trigonometric polynomial of best approxima-

tion of order m to f(x). Since in the cases concerned the problem of 2-peri-
odic interpolation is regular, we evidently have

n—1 p
Pm{fix)=Ln(pm,x)-)-'y"jy ~“pm (X2k)(?i/(x ~ x2fc)+
k=0 i/=2
(5'7) P+9
+ YI'PN YX2k+ieN X_X2%)}
il=p+l

where and in what follows the prime on the summation indicates that the
term corresponding to u—p + 1 should be omitted if mp+i = 0.
According to Lemma 2 [5], we have
m
to Mll=o (1> +1)J1£ib(/))-
k=0

Thus from Lemma 1 and the definitions of m and p in (5.6) we see from
(5.7) that

P+9 2n4
i1=2 k=0
P+9 |, m
=°(E"'5s rE «!+ir"_,i;*</)) =
is—2 k=0
P+9 m
=°(E E<*+r I«/ =
(is-2 k=0 . ))
P+9 /, -,2-" m
=°(E"(s"j. “E(*+‘r 1a(p) =
i/=2
=0 + W'EKif)) m
k=0

Hence it follows that
11/ - Ln(f) || < W- pm\ + |Pm~ Ln{pm)\ + \\Ln(Pm- /) || »

1 m
<EmU) +o0 (-" +ir +177*(/)) + 0(“m(/) logn). O
k—0
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6. Convergence (continued)

Theorem 1 shows that in order to have convergence in cases (a) and (c)
of Theorem A, we have to assume En(f)= o(j”~-). However, in some cases,
this condition can be dropped. We shall now turn to these cases.

Lemma 2. Under the conditions of Theorem A (in cases Ill, V, and VI),
with n even and rap+i >0, we have

2n—1
(6.1) lei(i-ifc)] 0L, 1 \Qux —£f)
k=0 k=0
(i/=2,...,n—1).
Proof. Setaotj=1i (j=0,1,...,n- 1)and
) DUx+i(ct)) o<a,<lI; i/=1,...,p+qQ
6.2 al{V) ®  petj) A=0,1,..., 25+ 1

Then from (3.11) we get for v= 1,

1 * n— j
(6.3) £i(x)= —a,i,,_1(1) +2V y'aAcos(s+I1-A)n-j)i +o(-).
nL A=0j=0 n

Since a\j(o) (A=0,1,..., 2s+ 1) is an analytic function of ay in a domain
containing the interval [0, 1] and since aJ+i —aj_\ = O("), it follows easily
by the mean-value theorem that

A2A(i/) = aAj_i(il) - 2ax,j{v) + aAJH (") + 0
(6.4)

From (3.4) we see that
(6.5) T>ia+ti(1) =0, Al/s

since the cofactor of (1, A+ 1) term in D( 1) will contain a zero column (here
we use the fact that mp+i > 0). This together with (3.11) yields

(6.6) Oi,A+2(0) —Zi 2j+1—a(1) —0, Als.
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Therefore we have
[@aA,n-2(1) —2aA,n-1(1) + BA+l,0()| »
= 18An—2(1) —aA,n-1(1)| + |BA n-1(1) ~ RA+l,0()]| =

ill L MlA+liOn-y
nJ SO (6n-1)

6.7)
o AN o0 using (6.6)
vn/ ~O(6n-1)
A Ns.

0

Similarly, we have

(6.8) ladin_i(1)-2aA+,0(l) + aA+in(l)| = O 0,

Thus if we write

1 (stD)" j
(6.9) ft(*) = -[A ,+2 X] Ricosix +o0(~),
i=i n
(notice that /3(s+1)n= Ro,o(l) = = 0 from (3.5)), then we see from (6.7)

and (6.8) that
0
ifj orj + 1 are multiples of n
(6.10) A3 = .

o ~ otherwise.

We now apply a double Abel summation to (6.9) to obtain

v S8 ssin Q2

(6.11) =1
(s-fl)n—2 0 1

Since

ZEl [sin 1¢-X16). 9
(Isnsr) =2"J J=12"--
faO Sin 2
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we see from (6.10) and (6.11) that
2y—1 1 (sKl)n—=2
\ei{x-xk\=- 2n +A/3(s+i)n_i0O(n2)] +0(1) =
k=0 ]:l
= 0(D.

Now assume that 2 <v <p+ gand that m,, is odd (the case where m,, is
even is similar). Again, from (3.12) we have

(6.12)

5 n—1
IM*)| ~ Y Y fAj("™)sin((s+1- X)n- j)x +0(n_1.m,)/)=
A=0j=0
(a+l)n-1
=n~x~mvl Y 7j»sinji +o (n~1~m")
i=i

where, as in (6.7), we have

. L . of—1 if 7or 7+ 1 are not multiples of n,
A7) =T7j+i -7 = vn/
0 (1) otherwise.

Using Abel transform once, we have

(s+1)n— .. . R
sin jxsin(j + )x
M (x)|<n-1-~ Y AN . +
j=i sin 2
sin(s + I)nx sin(s + 2)nx
+ 1T sin 2
Since -
n— - . . .
sinj(x - xk)sin(j + 1)(x - xk) _
E sin X-XIt =0 (n IOg n)!
k-1
we obtain
2n—1 (s+1)n-1
Y INx -zjfc)] = 0(n“1l-m'")0(nlogn) Y A (7i)l =
(6.13) k=0 i=1

=0 (i)

The result follows from (6.12) and (6.13).
Now we are able to prove our main result on the convergence of some
2-periodic interpolation operators.
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T heorem 2. Under the conditions of Lemma 2 above, if we set

n—l
(6.14) Ln(f, x) :=72 f(xz2k)ei(x - xzK),
k=0
then we have
1
(6.15) [I/(x) - Ln(f, )\ =0(— ) + 1Y ~1EKU),

k=0

where
/[ = min(m2, mp+1), m= (log n) 1/~

for all continuous functions f(x), where Ek(f) is the best trigonometric ap-
proximation of order k to f(x).

Remark. (6.15) implies that !lEB Wf(x) - L,,(f, x)]| =0 and, in partic-
ular, if f(x) € Lip a, then

/(x)- X, (50 [] =0 (@°gri*)>").

The proof is the same as that of Theorem 1, but with a reference to Lemma 2
instead of Lemma 1

In connection with Theorem A case (a), we do not have a general con-
vergence theorem similar to that of case (c), because condition (6.6) is not
always guaranteed. Nevertheless, in some special cases, it is still possible as
in the following example.

Example. Letp=2,q= 1in the case of (0, m2\ms) interpolation where
m2 is odd and m3> 2 is even. From the general formula (2.12), we obtain

| r n—i
Bi(x) = - alir(l) +2 V" aijr_j(l) cosjx + 2+ ao,j(l) cos(n -fr —)x .
7=1 j=0
From (2.5), we see that
3MB + 3ne /U
D1a 2mi+m2 12y 2/

so that ai,o(l) = uo,n-i(0) and the method of proof of Lemma 2 works, yield-
ing the following estimate for the operator (5.1):

wWto - i«(f, *)ii=o {~ f) £K(*+ ‘mr'Mf).
=0
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where p = min(m2, m3) and m =
The condition m3 > 0 in this example cannot be dropped, as the example
of (0,1;0) shows. Here the fundamental polynomials are easy to calculate.
Indeed we have
sin nx sin  cos |
glw = 2n W j Toe2()=— sin#
sin2  cos iy

9 () = - nsin

We see that
n—1 n—1

AESL(Xx-X 2 =0(1), N A2\R2{x-XK\ =°(~P)

k=0 K=o

but

n— n—1

Lt e~

k:
1 n—1
> —sj —V ' TUZ—
- n—5|n24—cos 4>(osin’\ r
> clogn.
Thus in the case of (0,1;0), the interpolant
n—1 n—1
-M [,z) =72 F(Xx2K)Qi{x - x2K) + ™ F{X2k+)Qs (X ~ x2K)
k-o ko

cannot converge uniformly for all continuous 27r-periodic functions.

7. Conclusion

Unfortunately, we do not have estimates for the fundamental polynomials
in cases Il to VI in Theorem A when n is odd.

Finally, we mention that there is an error in the formulation of Theorem 3
in [4]. In the notation of the present paper there we considered the problem
of (0; mj~interpolation with p= 1, q—1. It was proved there that if mi
is odd, then the problem of (0;mi”interpolation on the nodes xk= “ &=
=0,1,..., 2n—1 is regular if and only if n is odd and e = 1. Furthermore if
mi is even, then the necessary and sufficient condition for regularity is £= 0
and where n could be even or odd. The correct statement of Theorem 3 in
[4] is then as follows:
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Let mi,n and e satisfy either of the conditions listed above. Then for

any f(x) GC:x, we have

n—+
1(*) - f(xv)ei(x ~ x2j)

=0 (NI=LTriLEImM/L](f) + "L (* + 1
k=0

We mention that this statement when mi is odd is a special case of Theo-
rem A case |V, i.e., in this case the relation

2n—
O(n)
k=0

is proved. We suspect that this latter relation holds in all cases IV to VI (n
odd).

(1

[2]

&l

(4

[
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A NOTE ON WEAK SYMMETRY PROPERTIES OF
QUASI-UNIFORMITIES

J. DEAK

Abstract

Two notions of weak quasi-uniform symmetry can be replaced by a common general-
ization when proving that certain spaces are quiet.

Recall that a quasi-uniform space (X, U) is semi-symmetric [2] provided
that if C is closed, H is open, and U~1[C] ¢ H for some U e1i then there
isaFeW such that V[C] C H; open-symmetric [6] provided that Abu B iff
B bu A whenever A and B are open; uniformly regular [1] if for any U E1i
there is a V e U such that Vx ¢ Ux (x e X); quiet [4] it for any U E1i there is
aV el (called quiet for U) such that Vx e 0, V~ly e fimply xUy whenever
(f, g) is a Cauchy filter pair (Cauchy means that for any U e 1i there are
Fe fand Ge o with F XG CU). A simple rewording of the definition gives
that U is semi-symmetric iff Abu B is equivalent to B bu A for closed sets A
and B ([6] 3.3); therefore we change over to the more consistent terminology
closed-symmetric.

Quiet quasi-uniformities are uniformly regular [5]. Conversely , closed-
symmetric or open-symmetric uniformly regular spaces are quiet ([8] The-
orem 4 and Proposition 8); we are going to show that essentially the same
proof yields a more general result.

Definition. A quasi-uniformity is mixed-symmetric provided that if H
is open, C is closed and HbuC then CbuH. O

Closed-symmetry implies mixed-symmetry: let H be open, C closed,
CbuH, and take U Eli such that U:[C] fl H = 0; then U[C\flH = 0O, thus
CbuH, therefore HbuC, HbuC. Similarly, open-symmetry also implies
mixed-symmetry: if we assume in addition that Ux is open (2: £ X) then
U[C] is open and U[C]bu H, thus H bu C again.

Proposition. Each mixed-symmetric uniformly regular quasi-uni-
formity is quiet.

1991 Mathematics Subject Classification. Primary 54E15.
Key words and phrases. Quasi-uniformity, uniformly regular, quiet, open-symmetric,
closed-symmetric = semi-symmetric, mixed-symmetric.
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P roof. Let UEIi. Choose Ug,V,W,Z EIA such that UgC U, Vx C Ugx

X E-X)W2CV, Zx CWx (x £ X). We show that Z is quiet for U. Assume
the contrary, and pick a Cauchy filter pair (f, g) and x,y £ X such that Zx £ g,

Z~1y£f, but x Uy does not hold. Then UgXfl Ug:y = 0. From W[Zx] C Vx
we have Zxbu X \Vx, thus X \ Vxbu Zx by the mixed-symmetry. Now
X\VVx DX\ UxDUQly DZ~ly, so Z~xybu Zx. Hence there isa Q £U

with Q[Z~1y]Q\Zx = 0, a contradiction, since Z~ly is in the first and Zx in
the second member of a Cauchy filter pair. O

There exist mixed-symmetric uniformly regular spaces that are neither
open-symmetric nor closed-symmetric: take the disjoint sum of the following
two spaces. (Other examples with the same properties were given in [6] 5.1
and 5.2.)

Examples, a) Closed-symmetric, not open-symmetric. On
X ={(0,1/n), (1/n, 1/n):nf£ N>U{(0,0)},

let d be the trace of the Sorgenfrey quasi-metric of R2, i.e.

d((x" x) it/ t/'n-1 maxW ~ *>y"~ x" if X'=y'»x"=y"™"
8 ’ % [V.,y 11 y I otherw¥se. y

U = U(d) is uniformly regular. The sets
(1) {(0,1/n) :n £ N}, {(1/n, 1/n) :n £ N}

show that U is not open-symmetric. But U is closed-symmetric, because
disjoint closed sets are always far (one of them is finite and does not contain
(0,0); such a set is far from its complement in both directions).

b) Open-symmetric, not closed-symmetric. Let now
I ={(0,I/n):nGN}u{(l/l,I/n):1,nGN,~ n},

and define U =U(d) just as above. U is again uniformly regular. The sets
in (1) show that U is not closed-symmetric. We are going to check that
U is open-symmetric. Let A and B be disjoint open sets, ASuB. For i£
£ N, choose x-= (x(,x") £ A and y, —{y[, y"") £ B such that d(xt, ) < I/i.
Assume first that x"*—»0; then y" —F0, too. For e > 0 fixed, take j £ N such
that X! <e. As A is open, we may assume that x* ~ 0. Pick i 6 N such
that y" < x'; then O<y[ <y" < X" A X" <¢g, so0 d(yi, Xj) <e. Hence B buA.
If X" />0 then choose n £ N such that x"= 1/n (i £1) with an infinite | C
CN. Now y" —1/n for i £1 large enough, X\ —=0 (i£1), y[—20 (i £ 1), thus
(0,2/ra) £ A (because A is open and AilB =0), i.e. x(~0 (i£1),and clearly
B bu A again. O

REMARKS, a) The following modification of the definition of mixed-sym-
metry may also seem to be reasonable: if H is open, C is closed and C bu H
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then HbuC. This definition, however, does not give anything new, since it
is equivalent to the symmetry of bu- (The proof is the same as that of the
mixed-symmetry of open-symmetric spaces.) Cf. also the first definition in
[6] §2.

b) IfU is mixed-symmetric and regular then it is locally symmetric: given

x£X and U £U, take V, Vo, W £U such that Vx CUx, V: CV, Wx C Vox,
W CW. Now W[Wx] CVx, so Wxbu X\Vx, ie. X\ VxbuWx by the
mixed-symmetry, hence there isa Z £ U with Z[X\Ux]nWx = 0; assuming
also that Z CW, this implies Z~xX\Zx\ cUX.

c) Mixed-symmetry cannot be replaced by local symmetry in the propo-
sition: [3] Example 1.3 b) is doubly uniformly regular, doubly locally sym-
metric (since both topologies are discrete), but not quiet.

d) A uniformly regular space can be open-symmetric as well as closed-
symmetric without bu being symmetric: take the trace on {0} U{1/n :n € N}
of the Sorgenfrey quasi-uniformity of R. (Or, what is almost the same, U~x
from [8] Example 7.)

e) If U is mixed-symmetric and U~x is point-symmetric then by is sym-
metric (a generalization of [6] 3.4 and 4.2, cf. [8] Lemma 4). Indeed, assume
that AbuB and take V £U with E3[A]n.0 = 0. According to [8] Lemma 4,
the point-symmetry of U~x is equivalent to the statement that S C E[S]
whenever S C X and V £U. Thus V[A\ C V:[A] CV:[A] C Vs:[A\ CX \ B.
From Abu X \ E2[A] we obtain by the mixed symmetry that X \ E2[A] bu A,

hence B bu A.
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ON SEQUENCES OF ZEROS AND ONES

P. KISS and B. ZAY

Let k and n be positive integers. In this paper we investigate the binary
sequences of length n consisting of zeros and ones such that there are at least
k —1 zeros between any two ones. We denote by Fk(n) the number of such
sequences, and by Wk(n) the total number of the ones in these sequences.

The ratio
Wk{n)

(1) Gkin) nFk{n)

shows the mean value of the number of ones in a sequence of length n. Let
(2) Gk- nILI\’%Gk(n)

if the limit exists. It is easy to see that limit (2) exists for k—1, and G\ = 5.

Furthermore P. H. St. John [3] proved that G i—5 .

In this paper we show that limit (2) exists for any positive integer k. We
prove:

T heorem. FOr any positive integer k, the sequence Gk{n), n=1,2,...,
is convergent and

®) N—eo a" G =hm

where @ is the greatest positive root of the polynomial f(x) = xk —xx- 1 —1.

Proof. We may suppose that k > 2 since in the case k —1 we have
c*i = 2 and so by (3) also G\ = 1/2 follows as we have seen above.

If there are at least 2 ones in a sequence then, by the conditions, n > fc+ 1.
From this, using the definitions of Fk(n) and Wk(n),

(@) Fk{n)=n+l forn=1.2,...,k
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and
(5) wk(n) —  forn=1,2,..., A

follow. If n>k, then a sequence of length n can be constructed by writing
a zero at the end of sequences of length n —1 or by writing k- 1 zeros and
a one at the end of sequences of length n —k. From this we obtain that

(6) Fk(n) = Fk{n - 1) + Fk(n - k)

and

) wk(n) = wk(n- 1) + wk(n-k) + Fk(n- k)

for n> k. (6) shows that the sequence Fk(n), n=1,2,..., is a linear recur-

rence of order k with characteristic polynomial
f(X) =xk-xk-1- 1.
But by (6) and (7)
wk(n) - wk(n- 1) - wk(n- k) =
—wk(n- 1) + wk(n - k) + Fk(n-k) -
—wk(n —2) —wk(n —k —1) —k(n —k —1) —wk(n —k —1)—
—wk{n —2k) —Fk(n —2k) = wk(n —1) + wk(n —Kk) - wk(n —2) —
—wk(n —k —1) —wk(n —k —1) —wk(n — k)

and so
WK(n) = 2wk(n —1) —wk(n —2) +2wk(n —k) —2wk(n —k - 1) — —2A)

for n > 2k. It shows that the sequence wk(n), n—1 , 2 , is also a linear
recurrence of order > k with characteristic polynomial

1/(z) = XX- 2Xok-1+ Xok-2 - 2Xk+2Xk-1+ 1= (Xk- xk~l - 1)2= f2(X).

The sequences Fk(n) and wk{n) can be defined also for n=0,—,—2,... by
the formulas

(8) Fk(n- k) -F k(n) - Fk(n- 1)
and
9 wk(n —k) = wk(n) - wk(n —1) —Fk(n —k)

using the initial terms given in (4) and (5). By (4) and (8) we get
"1 ifi—<n<o,

(10) Ffo(n)y=~o0 if2-2k~n”"-k,
1 ifn=1—Kk,
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and similarly, by (5), (9 and (10),

if2- 2k<n<o,

(b ifn=1—k
follows.
Let 5(n),n=0,1,2,..., be afcthorder linear recursive sequence defined
by the characteristic polynomial f(x) and by the initial terms
ifn=0
12 : ’
(29 if 1<n<fc- 1.
Similarly let iZ(n), n=10,1,2,..., be a 2fc-th order linear recurrence defined

by the characteristic polynomial g(x) = /2(z) and by the initial terms

. , f-1 ifn=o,
n An)=] o ifi<n< —1.

The sequences Fk(n), S(n) and wk(n), R(n) have the same characteristic
polynomial, respectively, and from (10), (12), and (11), (13)

Fk(n) —S(n 42 k —1)

and
WK(n) = R(n + 2k —1)

follow. By (1) these imply that if the limit in (2) exists then

_ o R(N)
(14) Gk= Ilim ns(n)
Denote by c*i,o2, the roots of the polynomial f(x) = xk—xk~x- 1

H. R. P. Ferguson [1] and later V. E. Hoggatt, Jr. and K. Alladi [2] proved
that these roots are distinct and there is a positive root among them which
is maximal in absolute value, thus we may assume that

(15) la,|<a\ fori=2,3,..., k

The roots of the characteristic polynomial of the sequence R(n) are also
01,02,..., otk with multiplicities two. Thus, using the known explicite form
of the terms of linear recursive sequences, the terms of our sequences can be
expressed by

k
(16) A(n) =~ (a f+ ai+fenK
1=1
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and
k
(17) m?(»)=£
t=l
for any n > o0, where the coefficients aj (1 <j <2k) and 6, (1 <i” k) depend
on a,’s and on the initial terms of the sequences. By (16) and (17) we have

k

N(a.+ a™n)«; — i 7al
RM)  im )« T+ ari)(a.7aln
nS(n) k ~k
nlglbian iE_ bi(ai/ai)n

But a,/n—»0asn—00 (i = 1,2,..., k) and, by (15), (a,/ai)n-4 0 as n— 00
(i=2,3,..., ©and so by (14)

(18) G*= hm AW 2re
n-*oo ni (nj bi

Let us consider the system of equations obtained from (17) by substituting

0,1,..., k—2and k- 1, respectively. By (12), using Cramer’s rule,

(1S) »l =7
follows, where
1 i i 1 1 i
d= ai a2 & and d\ = 0 a2 otk
«Sr1 e m « t: 0 e m aj-1

d is a k x k Vandermonde determinant and so we have

N

Similarly we can get

<= (nan( 1 (<)

2<j<i<k

and by (19) we obtain

209 *_ﬁ a,

Ila, - ai
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Since the a,’s (i= 1,2 , k) are the roots of the polynomial /(x) = xk—
—Xk-1- 1 we have
k
n a.
1=1
«l «1 «l

(21)

Let P(x) be the polynomial defined by
k

p(@)=n(Ca:,_x)-
t=2

Then, using that ak- ak~x= 1, we get

Xk —xk 1- 1

i=> x —a\
= (-I) X — Gt\
= (-1 i+ xfsZax + .+ ofTh- 2Dl xR B - «i"2)
From this it follows that
k

R K -a)=Pax) = (-N*-12*"1- (*- l)af-2)
i=2

and so, by (20) and (21),

<*i(kak' - (* - Daf-8) «*+ (*- )(a*- a™ 1)

(22)
ak+ k- 1

If we consider the system of equations obtained from (16) by substituting
0,1,... ,2k— and 2k —1, respectively, then similarly as above we get
(23) afc+l= ~
where

1 1 1 0 0 0

(g az - «l a2 ck
D= «1 a?2 o«  «2 2az2 2az2 2a?2

a2*"l a2*"1 . o « f 1 (2fc—l)a2*-1 (2ifc-1)a2*-1 . . (2fc)aj[*-1
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and
1 1 1 - 0 0
ol az2 ak 0 a2 Otk
Dr = «1 a2 . e «1 0 2a\ 2a\
of'l af-1 .. ,e6.17 0 (2k-lalk-1 . . (2fc-1")af-1

since, by (13), the first 2k initial terms of the sequence R(n) are —%,0,0,... ,0.
Using similar arguments as at the treatment of Vandermonde determinants,
after some elementary calculation we get

(24) D=(-DMW )(Gla)(™ Yl (ai~aj)d

i=I l<j<i<k

and

(25) Di=(-I)MV U(j[at)(f[a?(al-ai)2( J] (a.-a,)d).
t=1 t=2 2G<<A

By (23), (24), (25), and (20)

aks1 — 7( ---------- T} —&

follows. So by (18) and (22)

: 1
Okt

which proves the theorem.
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RANDOM INCREMENTS OF A WIENER PROCESS
AND THEIR APPLICATIONS

QI-MAN SHAO

Abstract
Let {W(t), t~ 0} be a Wiener process and {rn,n ”~ 1} be a sequence of stoppingi(time
n+

with respect to VF( ). This paper discusses how big are the random increments W( ~ r,)—
i—
n

— r¥>which makes it possible that the law of iterated logarithm type problem can be
=1

exchanged to one of strong law of large numbers type. As applications, the increments for

martingale difference sequences as well as for independent random variables are obtained.

1. Introduction
Let {W(f),t >0} be a standard Wiener process. It is well known that

W)

1D I|m p (2T loglog T2

=1 as.

Csorgd and Révész [4] initiated the study of large increments of a Wiener
process and showed that

{1.2)X limsup sup  sup — AW +s) - Wi —1 as.
T—00 o<t<T-aTois<aT {2ut{\og(T/ut) + loglog T))!/2

for aj satisfying
() 0<ax <T,
(i) aj is non-decreasing;
(ii)) T/ax is non-decreasing.
1980 Mathematics Subject Classification. Primary 60F15, 60G16; Secondary 60G42,
60G50.
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Clearly, (1.1) is a special case of (1.2) with aj =T. The (1.2) type
increment is now called the Csérgé and Révész’s increment. Motivated by a
statistical problem, Hanson and Russo [7] presented another type increment,
so-called lag increment. They proved

1in Qlin \W (T)-W (T-t)\

(1.3) =
Tk aT<t<T (2<(log(T/f) + loglogf))V2

under suitable conditions on aj- Since then, a great amount of work has
been done on the increments of Wiener process as well as for partial sums of
random variables (see, for example, [3], [1], [2], [13]). Csorg6 and Révész [5]
established how big the increments of partial sums of independent identical-
ly distributed random variables are via the strong approximation theorem.
Applying the well-known exponential inequality and estimating the proba-
bility of partial sums directly, Lin [9], [10], [11] obtained the corresponding
results on the increment for sums of independent non-identically distributed
random variables. However, Lin’s method seems helpless for dependent even
for mixing sequences since it is usually difficult to establish an appropriate
exponential inequality for dependent random variables. Noting that there is
no strong approximation theorem for dependent random variables as sharp
as that for iid random variables, one has to explore a new way. While dealing
with the increment of independent random variables with the r-th moment
generating function in [14], the author found that the well-known Skorohod
embedding theorem is very useful although it was out of power to obtain
a sharp result on strong approximation for independent random variables.
This gives us an idea that we can use the Skorohod-Strassen martingale
embedding theorem to discuss the increment of partial sums of dependent
random variables. In order to investigate the increment of martingale dif-
ference sequences, independent random variables and mixing sequences, this
paper aims at studying how big the random increments of a Wiener pro-
cess are, which makes it possible that the law of the iterated logarithm type
problem can be changed to the strong law of large numbers type problem.

We will unify the Csérgé and Révész’s increment and lag increment and
discuss how big are the random increments of a Wiener process in Section 2
and give applications to the martingale difference sequences and to the par-
tial sums of independent not necessarily identically distributed random vari-
ables in Section 3 and Section 4, respectively.

Throughout this paper we will use the following notations: logz =
= Inmax(z,e) forrnzgRl,where In is the natural logarithm; [Z] denotes the

integer part of z; =0 ifm <n; aVbdenotes max{a, 6}. Let {a”,N > 1} be a
t=71

sequence of positive integer numbers, {b/ly, N > 1} and {c;v, iV> 1} sequences

of non-negative integer numbers, and {cq,z” 1} a sequence of non-negative
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real numbers. Put

n+k
(1-4) <7n,k = °i,
i=n+l
(1.5) 1?,,* = {2Vnk{l°g(aQn+k/vn,k) +loglog<7njt)}-1/2,
(1.6) an<N = {2iJrl)ajv(log(cro,aN+fcN/iTh,aN) + 1°g*°gc0,aN+6~)}_1/2

2. How big are the random increments of a Wiener process

Let {W'(f), Tt,t> 0} be a standard Wiener process and {rn,n> 1} be a
sequence of stopping times with respect to T . Let {a*, N > 1} be a sequence
of positive integer numbers, {bjy,N> 1} and {cpj,N> 1} sequences of non-
negative integer numbers, and {an,n> 1} a sequence of non-negative real
numbers. Let (Ih,k,Bn,k and an™ be defined as in (1.4), (1.5) and (1.6),
respectively.

Our main results are as follows.

Theorem 2.1. Assume that

n+k
(2.1) max max ( Ti)/ank<l as. as N —too
O<n<bN aN+k<aN+cN \ v~
= t=I1+n
and
(2.2) lim min oma,=00.

N —t0o Q<n<bfi/ N

Then we have

(2.3
n+j
limsup max max max/3nJW (> r,)— r, <1 at
TV-000<n<bNaN<k<aN+cN I<j<k 1 Y\~

Theorem 2.2. Assume that there exists a constant A >2 such that

n+bn
(2.4) oMaxX V] (t<- a.) /vbNaN->0 as. as N —oo0,
>=l+H>Ar

by

(2.5 r*= AcrObN+aN a.s. as N —»eo,
t=1
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bN+ax
(26) ViV > 2, E at< A <Ti,
i=l+fc r_] i=l+i>N
>IV+ NV >JV-l1+a AT-l
(27) V‘]V/\Z, E *< NOA ,J2 ct>’
i=i i=i
(2.8) lim abNtan — oor
TV—»00
Then we have
bff+an bs
2.9 limsup cton ,n (w n
( ) JV-oopc \Y, ( EI n ) = (t=5| » ) -

T heorem 2.3. Assume that (2.2), (2.6) and (2.7) are satisfied. More-
over, suppose that
n+k
(2.10) max max (t(- Ci) /vnaN—0 a.s. as iV—>00.

t=1+n

Then (2.9) holds true and (2.3) remains valid with equality instead of in-
equality. If, in addition, we assume also that

© o1& ' JaN £
N=\ %  4=§ 'CD6w+aly 1°g ~O.th+ajv
then
n+ajv
(2‘12) o - rO “w' (151 n) ) =1 as"
(2.13) |
n+j n

W M TR o 2 POM(E 10 - WS P)l=1 2

To prove our theorems, we need the following lemmas.

Lemma 2.1. Let {An,n> 1}, {Bn,n>1} and {Dn,n " 1} be sequences
of events with AnCBnUDn for n> 1 If P(Dn,i.0.) = 0, then

P(An,i.0.) <P{Bn,i.0.).

The proof is trivial and so is omitted.
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Lemma 2.2. Let {An 1}, {iBh,n~1} and {A’I‘, n > 1} be sequences
n_
of events with A* C AnUBnN for n> 1. Assume that f) A*OBf and A*c are

i=1
independent for each n >2 and that

X > (a;) =00, P(Bn,i.0.)=0.

n=1
Then
P(An,i.o.)=1
Proof. It suffices to show that
n-m

(214) nllrl?o mILrlQDp ( kgr% / =0
by Lemma 2.1 and the hypothesis P{Bn,i.0.) = 0. Notice that

fis ! gz i+
p(f| AEnEEf)<p( PI (AEPE)P|A;em) =p( p| (AiIBEk))p(A*ned

k=n k—n k—n

by the assumptions. Recurring the above procedure, we can obtain that

i B i
(2.15) P(p| AKNP|) <[I P(AD%exp(- "P(A")).
k=n k=n k=n

00

Now (2.14) follows from (2.15) and the condition = P(AE) = oo.
=i
Lemma 2.3. Let {W(t),!Ft,t >0} be a standard Wiener process and r be
a stopping time of W. Then <7{W(r + f) —LV(7"),1>0} and Tr are indepen-
dent and {W{t+ i) —VP(r),PTH,i >0} is also a standard Wiener process.

This is the well-known strong Markov property of Wiener process.

Lemma 2.4. Let {W(t), Ft,t >0} be a standard Wiener process. Then,
for every 0< £< 1, there exists a positive constant K depending only on e
such that

/ \ T X
(2.16) P( sup sup \W(t-fs) —W(t)] > xvVN) » kK —e J+*,
'0<t<T—AO<s<A ' n
(2.17) P(W{h)>xy/h)E’\e-"x\

forall T>h>0, x >0.
The proof refers to Csorgd and Révész [5], p. 23 and p. 29.
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Lemma 2.5. Let {W(i),f >0} be a standard Wiener process. Then

(911%3 Ifmsupsupsup \W(t+ s)-W (H)\
a-00 <0s>0 (2s(log ™ + loglog(aV (s+ 7))z

P roof. From the well-known law of the iterated logarithm it is obvious
that left-hand side of (2.18) is greater than or equal to 1 almost surely.
Noting that

su \W(t+ s)-W(t)\
t>8 s>g (2s(log &* + loglog(aV (s + iy)yv=

is a nonincreasing function of a, we only need to show that

(2.19) P Isup sup W (i +s)-W (i)] -6
$>0 (2s(log”™ + loglog(aV (s+ 7ynw2

as a—>00 for every 6> 1. We have

\W (t + s)-W (t)\
t>0 s>0 (2s(log™ + loglog(aV (s+ 7)))V2
(2.20)
< sup S sup ) W(<+ 5)-W (i)]
00<] <00 00<i<o00*-i <i<&' dJ- 1<s<€s (2«s(log 85 + log log (a V 6l-21))1/

= suff sup sup sup PI,Z IW(t+s)-W (D)
—00<] <00 J<t<00 O<t<8" o<s<0j 2as (log + log log(a Vv siil))Vv

Applying (2.16), we get that there is a positive constant K depending only
on s such that foreach —00<j<i<oo,a~1,

\W (t+ s)-W (t)\
2.21 su su
( ) P ( P P (20J(log O'-i + loglog(a VoUn))1/2 >0) <
< KO'-"exp (—0(log O- = + loglog(a VOJI))) < lj| + a)-*.

Now (2.19) follows from (2.20) and (2.21) immediately. This completes the
proof of the lemma.

Lemma 2.6. We have

n+aN

(2'22) £ (E M) LT0M S St S
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Proof. Note that for 0~ n <bn
n ([n/anr]+h)an [n/aN] (j+DaN
= £ = = E ianan X rfgjasan =
izi »=1 =0 »=l+jajv
>*[**] n+as n+as
E sjasan jax (>, T )/anan * “0n+as ymax ( X myrama
j=o0 t=I+n =l+n

This proves (2.22).

Lemma 2.7. Let {7, i> 1} be a sequence of random variables. Then we
have
n+j
ma max > (n,- oA lonk”"
<n<bN aN<k<aN+cN n ’\/é;It \+n
(2.23) n+j
<3 max > (r]i - crA /(7n,aN-
~ o<n<b +cNI <j<aN\

i=l+n

Proof. Write ] = man + where m,/ are integers with D<1 <an for
an=k=an+cn and an =j =k. Then

m- 1 n+fv+ljarr

t5§+n (W- CQI v=0 »_1+>n(+t 1\ i aﬁ * X M a@

isl+n+rnaw

m—1 n+(v+l)a/i
An | X! i <) /An+uaAr.aN/"
t>=0 t=l+n+t>a/*r
n+j
+ <n+j- “AAN X1 M~  /"n+j-as ANV~
i-l+n+j-as
l+n+ma?
T<In+j _«Nj°N i?—a> /an+j-aNAN =
i=l+n+j-ajv
m— u+s
< + + +t 3 ] ~ ) Ira* |
(2</,, J_aNa,, t\IJ/__0.<m t,ajv,aN) Oﬁuﬁ'&\)/(-l—am 1§1$§é(]v'i'—>?+u (Vi i) F««* |
Ur3
< 3ank

.max max X (qt-Oi) /ocugN*
O<tiBAHehr A



450 QI-MAN SHAO

On the other hand, it is easy to see that

n+j u+s
X (- osusbAXcN 15ssajyl K, (PETH 1o un
«=l+ajv t'=1+u

Now (2.23) follows from the above inequalities.
P roof of Theorem 2.1. It suffices to show that for every 0<e< 1

n+j n
(2.24) p( max max/3,, >|+e, i.0.") =0.
0<n<bN aN <k<aN+cN I<j<k [ \JE_-I' / =1 | i
Notice that
n+j n X

To T NN sca max 2w (X 1) W7 (N P =14} ©

n-\-k
1 E *
C{ max max * —>1+7~1u{ max —>41 U
[0<n<bN aN <k<aN +CN Pn,k 4 ) <Jo,n+aN J
f n+j n

U< max max max 3n k\W( > th) —W\ rh) M1+ £
1 0<n<bN aN<k<aN +cN \<j<k T _—1‘ \ . J1
n-\-k

. r< 2 En
ma . a * 1+ <1+ ~-, max —<4)C
O:n:ﬁ\r <|N‘W‘a_ﬁ/+0\l _%’1, 4 0<nibN (To,n+aN )

BT ”

t=1+n

c/ max max — —>1+—1U/ max —-—-- >4l140
oN <k<aN+cN &n,k 4] (,0<n<6N &0,n+aN J
U< max max sup sup Bn *,|W (i+s)-W(i)| » 1+e >C
{0~An"bN aN <k<aN+cN o "4 a O,n+aN 0<3" 1+0."nk ’ J
n+k
& max max el S 14223y max -S4 U
[o0<n<6~ aN <k<aN-+cN an k 4 [0<n<DbN <IQn+aN J
\W(t + s)-W{t)\
sup sup .
1 t0 550 (2s(log ~  + log log((ZiYV (s + 7))z +;}
for every N sufficiently large, where at, = min ana'r\f Now (2.24) fol-
VM Oin<bN

lows from (2.1) and Lemmas 2.1, 2.5 and 2.6. This completes the proof of
Theorem 2.1.



RANDOM INCREMENTS 451

Proof of Theorem 2.2. From the proof of Theorem 2.1 one can see
that

bN+aN bN

(2.25) limsupabNNN(W( Y] r,)- W(" r,))g1l as.
N”°o vV vl 7 \=1 "

So it suffices to show that for every 0< £ <|
bN+aN bN
. ANGA o '
(2.26) Ill\lrrl%:pafc VI IVE T) -W((E ,O) =1' & a's-

Let Ni = 1. Define

. m Woh i +oN,
(227) Nk#l=minJn: " a+£] E
i=| i=[+6,, I=i
Then
fvicH o gMc++aN).+ bNKk-+alNk
(2.28) Vel v gag S o2 =
=i '= 14 fo+ =
and
m PNk +alk
(2.29) Vn<Nk+\, Y a,_, E °i< o
(=1 i=I+6,, =

By (2.28) and (2.29), we find that Nk+i > Nk, &*+i + on*1 > V* + aNk for
each k't 1. We first prove that

N
(2.30) E abNe*Nk - oo

&QbNk+aNk 10g & ,bNk+aNk

In terms of (2.29), (2.6) and (2.7), we obtain

i b k bN K
(2.31) E er, > i Yl a' = ° PirWfcraAc — (-4 "F A ) © oAdkicArfe
i=i i= i=l+fcjvk-i
and
Lawon g 1 2 bNk+aN

(2.32) E v Y
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by (2.29) and (2.7). Using (2.31) and (2.32), we have

abNk’aNk > 1 y ' aQbNk+*Nk aobnk_1+43"k
E M .bNk+aNk l0g a0,bNk+aNk = A+ 11,  aobivk+alk 10g £ bk +aNk

°0,bNk+aNk ~ <I0,bNk_1+*Nk_1

A(A + 1) E <b,*-k*_,+«**_’ IO g (A O . | * N\ +«**_,)

< 'bNk +aNk
1 e .f |

P ey (U I — dx —00
'A('Z + I)Efz J . *logier)
+ N
as desired. Put
Q= {Ac Nk > bk 1+ }.  7A= {Ac buk<bivk 1+ aNk 13.
We formulate the proof of (2.26) in two cases.
Case I. Assume that
(2.33) y __  8bN\KaNk —o0.
keG a°’bNk+aNk 1og~0 ,bNk+aNk
For each AGE/, let
SN >N +aNk
rp=y~2r* °k)= 53 r*
=1 i=-+b]sr.
\[k) — 9bNk,aNk ) a (k) —abNkNKi I {k) — cr0,bNk+aNKki

Ak = (a(k)(W (r(k)+ O(Ac)) - W(r(fc))) >1-4ej,
Bk={[0(*)-A(*)|a2eJA(™)},
inf AC)(VF(s + r(A:)) —W(r(A >1—4el.
(12 e zepay POV + 1) —W(r(AS)) >1—4el
Clearly, A& C rAC) +6 (k') %r(Ac”) and ™ T(K)+HI(*) C ~\(it») for every
A< A" A A, AX'G(/. Hence AE and are independent and so are Ak and

{AK, bkxk' < Ak GE} by Lemma 2.3. To arrive at (2.26), we only need to
verify that

(2.34) E i'(4i)=0°
keGI( i)=o0
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by (2.4) and Lemma 2.2.
Applying Lemmas 2.3 and 2.4, we have

P(AL) =p ((|-2ez)A(chl)n<ﬁ<(|+2e2)A(A)a(k)W(S) ~ I-4e)\]>~

ZP(a(k)W(A(k)) >1-e)~p ( sup sup a(ifc)|VF(i+s)-VF(<)| > 3e) A
uS<$4A(fc) 0<a<4e2A(fc)

>-Nexp |l -(1 - £)flog °of+QA* + log IogClOka+al\k) }~
n K

\Y aka aN,
RK i .
-'%-exp J - 2(,O|A +*N T'log log &0,bN,+aN. ) ) ~
I ° Nk ANK
CONK Nk

2A OoioNK<AL 1°g 70,6”+an
for every ke qufficiently large. This proves that (2.34) holds true by the
hypothesis (2.33) and so does (2.26) in this case.

Case Il. Assume that

(2.35) ' < 00.
co,bs+aN 1og cmw ftNir+aNi

Then, by (2.30)

(2.36)

ke7i ao0,bNk+ank \0g(Jo,bNK+ank -
From (2.28) it follows that for each k £ 71

(2.37) 0=<0*Nc 1+aNk 1 ~ aobNk =£ Nk*aNk
and hence
(2.38) (1 — £ )ObNk,aNk =OobNk+aNk ~~°10,bNk_1+*Nk_1 = ~bNk’aNk*

For each A£ 'H, write

>\ +aNk
ak)w( £
1=l
M -+aNk b\ _1-+alNk_1
(2.39) =o(i)(iy( £ r)-w( Y, 1))+
1=1 1=1
bNk_1+aNk_1 bNk

+M(«( E r’)'W(En))'
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By (2.4), we get

bk-1
lim su (r« °i) /(MNkak =Q as.
k£7Lk 1:§§6A
Therefore
bNk_1+ask_1
(2.40) lim sup \ Ti/abN aN <e2 as.

ken*oo ,=£f

by (2.37). It is easy to see that

BNK -1 4+ v -y bNk .
Jalfo)ly ¢ - r - vvr@iSr-)I a2Ei
PNk
E Ti "2e2(7U\k,aN()fUW r-~ 2A°0bNk+aNk }J
1=1+67 ' i=1
su a(fc)[l4A<+ s) - IT(i)| > 2e|.
<2Aa0t%l\k+al\k 0«<2e**%l\kal\k (fll4A ) ) VL
Similarly to the proof of (2.24), we can obtain that
(2.41)
lim sup sup sup a(fc)ljy(t+ &) - W(i)| <2 as

k£ H ,k—>00 0<<<2A<r0,6Nk+aNt 0<s<2e2a(,~ aN"

and therefore

b'k-i+a»k-i
(2.42) Ims&am w o e a.s.
i=i

by (2.40), (2.5), (2.41) and Lemma 2.1.
To finish the proof of (2.26), it suffices to show that

bNk+ a Nk bN k-I+a” k-1

(2.43) klelﬂI?Ljr%oa(k)v(W\g ) fr"z/ —VVS/ . r))> 11— as

Let
bNk +aNk

m)= Y 1> 0= *
1=1 =14k | +ahk-|
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bSk +*Nk

A(*) = X *o'y 'r(k) = (T0,bNli+aNk-

«=1+*>Nk_ 1+*Nk_1

Using (2.38) and (2.40) and proceeding the same lines of the proof in the
first case, one can obtain that (2.43) holds true.
Now the proof of Theorem 2.2 is completed.

Proof of T heorem 2.3. The first part of our conclusion follows easily
from the assumption (1.6), Lemmas 2.6 and 2.7 and Theorems 2.1 and 2.2.
Assuming (2.11), we prove that (2.12) is true. It suffices to show that for
every 0<£<1/2

(I+1)“N J<N
(2.44) max ajaNiN(w( X r<~W(X r)<1~§£ =0
°=1 =11 i—+ i=i
by (2.3). Let
3N U+1)“N
MNU) =XAr* ONU)= X] T XN(j)=FaNN-
i=l i=l+jaN

Clearly, we have

{ max otjaN'N(W( X I'%"W&I”)<]f‘4 C

\On U) ~ an0')| >

C{ max _ 39/

Uj max  ajajvjv(W(rN(j) + ~ (1)) - W(rN())

<l-e, max <
0<j<[M] an(J) 321

Therefore, we only need to prove

p ( max ajaN'N{W(TN(j) + ON(j))-W{TN(j)))< 1-e,
\Wo<i<[]
(2.45)
max 'M A zM i!<£!,i.,,.J):0
o<i<[%)  A'W o
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by (2.10) and Lemma 2.1.

Noting that {W(rN(i) + S)-W (r~(j)),5>0} and {PTN(I)+eN(I),lI <j}
are independent by Lemma 2.3, we find that

P( max a:aN'N(W(TNQ) +6N(j))-W {rN(j))<I-e,

lgjv(i) ~ *nU) 1 <
*n U)

max

<p( max a:aNiN(W(TN() + ON(j))-W (TN(j))<I-e,

max < £1,
0<j<[*]  Aiv() 32

Inf “I».« M t(["1)+sL

Ci-6)A»(0)S.S>i+f)I»(Ifi‘Dalr [“"AAWA A w A + A

P[ max ajaNiN(W(TN(j)+6N{j) -W (TN(j))< 1-e,

max  |9AF() ~ <Wj)|
0<i<["] “N{j)
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and hence

P[V max otjaN<N{W{TN (j) + 6N(j))-W (TN(j))< 1-e,
0<i<[+1]

max
o<i<fitt]  V (j) 32/

(2.46)

N P( 2 H . ajaN,N{W{T{j) + 5)-W{TN(j)) <I-£)

j=0 (1-82)An (I)i«$(1+52)An ()

iN]
aNy .

- ” QaNJAVFGS) < 1- e)
= P rf(l+f|>AN(j)

by Lemma 2.3. Applying Lemma 2.4 yields for each 0f*j <["] that
P( inf JaNiNW(s) <1l-e) <

<P (aiONNw (A A (j))<I-]) +

+ su su ajaNiN\W(t +5s) - W(t)\> <
(2.47) IO$<0<t<4|[\)N(j)0<s<c*\F\l(j)/16 : ( ) ® 4/

= 1—A (&japjiN / {GO~H+arj 10g Gorn tcin)) N b
+ K {(TjaN,N/{°0,bN+aN log VO,oN+aN))3* ~
=f— log QOfcM+aAl)  ~ =
A exp (-(<TjaNtN/(<TOJN-+aN log (T0,0N+aN))*~E/4)
for every N sufficiently large.
Now (2.45) follows from (2.46), (2.47), (2.11) and the Borel-Cantelli
lemma. This completes the proof of Theorem 2.3.

Due to the requirement in the proof of our future work, we give the
following remark.

Remark 2.1. Let {a(j,N)} be an array of positive integers with
a(0,N) —0 and ajy ™ a(j, N) —a(j —1,N) <ajv + cjy for each j » 1. As-
sume (2.2), (2.6), (2.7), (2.10) and

(2.48) VO<£<1, (Ta(i,N),a(i+I,N)-a(i,N) < 00,
& ,bN+aN logO'O.fcM+an
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where jw := max{i:a(i, N) ~ 6jv}. Then, we have

a(n—1,N)

res E  E w¥

where
(2.50)
QN
f 1 afnN) \/IO & o | aNH>N 12
qu =12( Z ) ("9 gy 0g1og E
i=l+a(n—1,N) £ . -1
t=l+a(n —1,7V)
Proof. Let
a(j,N) a(j+1,N) a(j+1,N)
imng)=2Z n, N@G)= Z 71t Auvy= Z
t=1 i=l+a(j,N) *=1+a (j,N)

It is easy to see that

a(n,7Vv) a(n—1,7V)

.max a',N(lv( E E r’)<l—£}1'c

c (I m%x aniN(W(rN(n- 1) + 6N(n- 1)) - W(rN{n- 1)) < 1-e,

max n) - \n(6)\ _£ U< \ON(n) - Xn (u)\ > sM
| =J"3N Ajv(n) } [ ||n<JN Aai(fiz) ‘"~ 327]"

By (2.10), Lemma 2.7 and the assumption that ajv £ a(n, N) - a{n- 1,N)<

<aw + cn, we have

P( max |Ojy(n) - XN(n)\/XN(n) > Lrl Lo.) =0.

VISn<j

Along the same lines of the proof of (2.45), one can obtain that
pg\ max anN(W(TN(n- 1) +ON(n- 1))-W (rN{n- 1)) <I-£,
[=n=N ~’

o - Al £

AN T AR 1.0.) =0.

Hence
(2.51) P(I'maxN anNW(T]v(n)+6iv (n-1))-LP(r*(n-1)) < 1-e,i.0.)=0

for every 0 < £< 1. This proves (2.49) by (2.3) and (2.51).
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3. How big are the increments for martingale
difference sequences

The results on the random increments of a Wiener process in Section 2
and the Strassen’s embedding theorem enable us to establish the increments
for martingale difference sequences. The latter plays also a key role in dis-
cussing the increments for dependent random variables. Throughout this
section let {Yn,Jm,n> 1} be a sequence of square integrable martingale
differences and {aw, V> 1}, {b”*,N > 1} and {c/v, N > 1} be sequences of
integer numbers with aw —00 as in Section 2. Put

n m\-k
an=EYZ, Tn=Y,Yu TB(fc)= £ Yit n>0, k>1.
i=I t=n+l

Define
'‘Hf.zz {N : k <aiv <k+ 1}, Mk= max{&w+ CN: N GTik}, Mk = —1 if Uk —0,

and let SnJt, Rrek and anaw be as in (1.4), (1.5) and (1.6), respectively.

Theorem 3.1. Assume that there exist a non-decreasing sequence
{Dn,n 1} and a constant A ~ 2 such that

(3.2) I*nI*-Dn  for each n> 1,

EnE(Y"i-i)-EYA

(3.2) max —max *~1+n- -—--») a.s. ask—too,
o<n<Mk I<jik +I Ontk+1
(3.3) (®nk+i = Acrntk for all 0<n”~Mk and k> 1,
o M
(3-4) X N~ S eXP(-~n,it+l/An+fc+1)<00.
fc=ln=0

Then, we have

3.5 limsup max max max itTn(7)| <1 a.s.
(35) W—>oop o<n<bs a-N*k”aN+cN I<jik QT (7)

Theorem 3.2. Assume (2.6), (2.7) and the conditions in Theorem 3.1
are satisfied. Then

(3.6) limsup otbN'ivTbN(aN) =1 as.
N —»m®
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(3.7) limsup max max max Rn,k\TnU)\=1 a-s-
N-+o00 a.M<k<aN+cN I<j<k

In addition, if (2.11) is satisfied, then

(3.8) lim max a,jvTnaw) =1 as.
N —«x>0<n < ij
(3.9) lim max max max 3nt|Tn(7) =1 as.
N-o00gn<6~ aN <k<aN+cN \<j<k ’ \Y

T heorem 3.3. Assume that (2.6), (2.7) and (3.1) are satisfied and sup-
pose also that

n—+bfj
£ E{Y?\TXX-EY?
(3.10) max »0 as asN-too,
0”n”aN a bN GN
bN
(3.11) JI(T (i;2]jr._ D) _ i;y2)"AJof>N+aN  as. asN o0
«l
and
®
(3.12) £ /"bN+aN) < oo.
N=1

Then (3.6) holds true.

The following theorem makes the assumptions in Theorems 3.1 and 3.2
to be verified easily.

Theorem 3.4. Let H(x): [0, 0oo) —t (0,00) be a nondecreasing function.
Assume there exist constants 6 > 0, C\ >0, C. > 0 and 9 >0 such that

(3.13) P(Y,| ~sH(n),i.0.)=0 for every £> 0,
(3.14) H2(x)/xd is nondecreasing,

(3.15) C\n° <an” {E\Yn\2+8)"T( <C"n8 for each n >1,
(3.16) E{Y2ITn-i) - EY2=0{ne) a.s.,

(3.17) E(\Yn\2+s IAn-i) N can ~ as. asn—00
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(3.18) lim —— OV = 00,
Tv—00 \og(UIN + &v+ cyv)

. Oy(av+r7v+civie log2(flTv/ \og{aN+bN+cN)) ¢ N~
# 2(30(a;,v + &N+ CTv))log(aA/ + &TV-cv) _ 1

Then (3.5) holds. If, in addition, we also have

(3.20) &v- TVH ~ C2aN
and
(3.21) ajvrCrNOTV-i

for every N >2, then (3.6) and (3.7) are true. Furthermore, if we assume
that for every 0< £< 1

@ |

(3.22) Xrexp(~(“" —~) I°g_l+e(a™V+ & < 00,
TAL aN

then (3.8) and (3.9) also hold true.
An immediate consequence of Theorem 3.4 is

Coroltary 3.1. Let {a/v,Jv> 1} be a sequence of nondecreasing inte-
gers with 1<au<N and {Yn,Tn,n > 1} be a martingale difference sequence
satisfying (3.15), (3.16) and (3.17) for some 6> 0, C\ >0, C2> 0 and 9>0.
Assume that

(3.23) P(|y,,| enp/2,i.0) =0 for some 0<p< 1+ 0 and for every e>0,

and
(3.24) alv 3 Gl for every N> 1
. 13 |Og N y "
Then we have
L\
E.*
lim sup =
>0 (2dD,tvlog 1ogCTo, TV)1/2
TV+ ajv
£ Yi
i=l+TV

lim sup 1 as.
o0 (<7 Vja, (log(<70)TvIcTTV,a,) + log log <0,Tv)))1/2



462 QI-MAN SHAO

limsup max max max 3n k\Tn(j \—1 a.s.
N-*co0<niN aN<k<aN+N I<j<kr

If, in addition, we also assume

Hm log(™ajv)

n -+00 loglog N
then
n+aN
£ i
. *=71+1
lim max * -1 as.
N —too0<n<N (2Cn~ N log(fr0,Af/cTn,a"))1/2
and

NIim max max max 3nt|Tn(7)—1 as.

It is clear that conditions (3.2), (3.10), (3.11), (3.16) and (3.17) are
superfluous if {Yn,n " 1} are independent random variables. Hence one only
needs to verify the condition (3.4) when studying the increments of partial
sums of independent random variables.

We start with two preliminary lemmas.

Lemma 3.1. Let n = 1} be a square integrable martingale differ-
ence sequence. Then there exists without loss of generality (in the sense of
Strassen [18], p. 333) a standard Wiener process {W (t),t ~ 0} and a sequence
{ti,i > 1} of stopping times with respect to W(-) such that

(3'25) it':_ = w ( ’ o«ai.

(3-26) E(rn\Tn-1) = E{&\Fn-i), »>1,

and

(3.27) AN(riic N n_1)<2(8/7r2)fe 1A ([fnj2fc M n_i), k>1

This is the well-known Skorohod-Strassen embedding theorem (cf. Hall
and Heyde [6], pp. 269-273; see also Philipp and Stout [12], p. 255).

Lemma 3.2. Let {£n,.F,,,n> 1} be a square integrable martingale dif-
ference sequence with |En| £ dn for a sequence {dn,n ~ 1} of non-decreasing
numbers. Put

(3.28)
t+n t+n \

Mn\t) —exp £ Y, )). =0

j=1+n j=1+n
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Then, for every n, m and |t < \dn+m but fixed, Ei+n'0<i <
<n+ m} is a non-negative supermartingale with first element M = 1 and
for all x>0

A
(3.29) p( max >x/ <\/x.

Prootf. It follows from (3.26) and (3.27) that for every j with 1+ n<
:j =n+m
: . N tKE{r?2\Tj-x)
E(etT\Ti_x) = 1+ N 1<
k=2

ALAA(AN -2 AN () M EW IV i) <
k=2

SI+if ({"-i) +2£(TF ~ 2. )<

s 1+ tE((]\r,.,) +4i4£({?|".))
by the conditions |fj| <dj and |i| » \d~+m. Therefore
(3.30) E(etTj\Tj_i) < exp 7.0) + 4t2d " E (MEj-i))
and
E(MW (t)\?2i+n-1) =
= E(e\p (<(rt+n - £(™,2n|'n+,_1)))|N,+n_i)X

S xew £ (- EGNER) - 42 £ d*E(SIE}D) <

>=|+n j=1l+n

by (3.30) for each 2 <i” m, as desired. The relation (3.29) follows from
Corollary 5.4.1 of Stout [17].

Proof of Theorem 3.1. By Lemma 3.1, it suffices to show that
n+j n

(3.32) limsup max max max 3nk W rj-) —WiV'rt) <las.
\ AN

N-OO 0<n<bN aN<k<aN+cN \<j<k - \ >~

where {r,-,i * 1} is a sequence of stopping times satisfying (3.25), (3.26) and
(3.27), and {£n,n > 1} = {Yn,n > 1}.

From (3.4) and a/v-*00 we have

lim min - =
N—»a00<n<bfj "aN



464 QI-MAN SHAO

Hence we only need to prove

3.33 ma ma r, - >0 a.s
(3.33) oardtton DTN )

n

as TV-4 oo, by Theorem 2.1 and Lemma 2.7. Put

mi -@kaw.
Then —»00 as k—00. In terms of (3.3) and the definition of Hk, we have
n+j
o< nTbN kN |<nJ]2§N | i:I+7i\(/1v—<7.)|/ana. N
n+j
& mmgﬁ(o<n@€ﬁ+CAl<T§éwl :£I+n g/tv—ov) i FoBy
n+J
< >?r)i(<0%a<)f\/l I<rJn<aI><+I Il:j+71 (v—a.) /anis
n+j

fArlr;%( ma>|<vl |<rjn<3f<+| '1;371(“/_&) fani+\

Hence (3.33) is implied by

n+j
(3.34)7 max  max (re- <) ferni+i —»0 a
\Y 0<n<M,I<j</+] 'i:'l+n "oon, 4+

as / —00. Noting that for every 0 < £< 1, by (3.26)

n+j
{ max _ max . > (t7- a,) len;+i >2e>C
o<n<M|i<j</+i 14840 )
n+-j
{0 < S , 1 2T (E« + -')-"01/"J+1if} U
t=1-+N
n+j
E (t-E (tiJf.-i))
1= 1+71
U< max. max
I 0in<Mi I<j<ii+| i+
n+/+1

e

max . '~ 1o <2
O<n<Mi an,|+
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and using (3.2), Lemma 2.1 and the Borel-Cantelli lemma, one can find that
(3.34) will follow from

(3.35)
n+j n+k+1
00 A CE (Ti-E(Tilr-i)) e E(Y?T._i)
ax o > £, N2)<o00
1e=l n=0 y 2kl O, A+ /

for each 0< £< 1. Take

in Lemma 3.2. Then, by (3.29) we obtain

n+j n+fc+l
E (Ti-E(Tt\T *)) E E(Yi2\" i-i) \
(3.36) Pi max ,=I+n > e <21<
\i<j<fc+i (Tn,k+1 &nk+l
(3.36)
( “TJ n-rj
Km<k+iexp (* E (r,--£;(Ti|lJi_1))-4i2 ~ D™MtP(y,2|Pt 1) >
=)= x'=l+n i=l+n
n-ffc+1 n+"+1 \
Nexp (te<rnidtH - 42 E  f; +jE « lin-))), E E{YMTi-i)"2amkH \ <
i=l+n t'=l+n '

n+j n+j
(Km<\xH exp S (r*—E{ti\Ti-\)) —AL2 Y
=J= i=l+n t=1+n
> exp (teonM 1 + 8i2-D2+fc+10n,fc+i)™ ~

2
~Nexp (- E<injfcH -I-8t2D B+k+lan<k+l) = exp ( - ) e

Similarly, we have
/ E (H-ENTi-)  "E e *0) v

P[ max i=ix2 S o — <2 <
(3.37) \ I<j<fc+l CTn.M-I “ °n,k+1 “ o

7 £27n,fc+l \

- eXph_ Gaih+jirly
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We finally conclude from (3.36) and (3.37)

n+j n+c+l
I E (ry-~(ry ™ _1) £ E(Y?\F’\)
1= 1+71 SE 1= 1471 < .
(338) ISj</c+l1 &n,k+\ , an,k+1
o/'Un+k+1

This proves (3.35) by (3.38) and (3.4). Now the proof of Theorem 3.1 is
completed.

Proof of Theorem 3.2. The conclusion is an immediate consequence
of (3.33), Lemmas 2.7 and 3.1 and Theorem 2.3.

Proof of Theorem 3.3. By Lemma 3.1 and Theorem 2.2, it suffices
to show that

34N
(3.39) Iznjlg)éN i_|Y+bfj (r< B Mnan as.
and
bN
(3.40) Y T 7AvgeNEN 3s-

as N —moo, where {r;, i > 1} is a sequence of stopping times satisfying (3.25),
(3.26) and (3.27), and {£,,n > 1} = {Yn,n>1}.

Using Lemma 2.1, (3.10), (3.11) and the Borel-Cantelli lemma, one can
see that (3.39) and (3.40) follow from

(3.41)

j+bN <YE‘>N .

e (TiE(The1) X)X

Pl max oMo <2J<oo0

NEl @naN &bn,aN '
and

| E (r*~ E(t0TL i) L
(342 Y P — >an, <A l=oo

NV (DAN-+Dbff C,ajv+bN

foreach 0< £< 1.
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Taking |i| = 16Dy ----- and |i| = 432 in Lemma 3.2, respectively, simi-
aN+bN bN
larly to (3.38), we obtain

j-rvN
( max Y [X- E{t\Ti")) >eerbjtajtt

(3.43)
“Nt'N \ £ abff.an \
Y £ (yi2|jP<-i) = 2<INaNj " 2exp (- 32D N+oN®"
and
Hn
P( - E(rtIn-1)) ~4Aa0aN+bN, Y E(Y? A 270 ,aN+ON) 1
<=1 i=1

< 2exp (- AaOliaN+bN/(2DBN)) < 2exp (- AeOaN+bN/ {2DaAN+bN)).

Now (3.43), (3.44) and (3.12) yield (3.41) and (3.42). This completes the
proof of Theorem 3.3.
To finish the proof of Theorem 3.4, we need another Lemma.

Lemma 3.3. Let £ be a random variable and A be a o-field. Assume
27(£|.4) = 0, a.s.. Then
(3.45) <exp (t2E(£2\A) + t2+6e2tCE{\£\2+8\A))

for every 0<6<1 t~0, and C >0, where I, as usually, is the indicator
function.

Proof. We have

EieW AI1A) = 1- *E(£/{£ > C}\A) + "E (£ 2/{£ ~ C}\A)+

(3.46)
<1+ "ME(E2{Es CHA) + E( Y *™),dJn =C}|-4).
=3

0° (
Noting that fr is a monotone increasing function on (—00,00), we find

1=3

x=3 ‘ 1=3

(3-47) <E((tOV {/{o<*<C}|.A)<

SE{{te)2+6e2t(-1{0<E£< C}-4)

N t2+se2tCE (\E\2+8\A).
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This proves (3.45) by (3.46) and (3.47).

Proof of Theorem 3.4. Assume, without loss of generality, 0 < 6~ 1
We first work with (3.5). It suffices to show that for every 0<£<1/8

(3.48) limsup _max ax max Bn,kK\Tn(j)\E 1+ 7e a.s.
N>00 OinSfejv aN —"—aN+cN1 =j=k

Let .0 > 0, 7= 77/(e) > 0 with 77(e) 10 as e —0. Define

YiA=YI{\Yj\ < B p) - E(YiI{\vYi\ < BjLJINj),

Yj.2= Yji{\Yj\ > BjI} - p(yJ{lyJ|>BjlI} 1"-1),

Y3 =Y N1 {YJi2<2rjH (])},

j+k
Tj°(k)= E YI™ 71a(k)y:=7~(x), i=12.3.
i=it]
of-=0of(B) =EYIli, *=1,2.
nH-A
A Ve
j=l+n

Bnl={Xnll(lI°g(Ti+ik/<i'i)+ loglos *Sbr* e
Clearly, (3.15) implies

n-f/c
(3.49) A ix (n+ k)ek, uniformly on n and k.
i=l+n
Hence
(3.50)
Bnk x (n + k)ek~log  ----f log log((n + k)ek)”j, uniformly on n and k.

That is, there exists a constant ¢ > 0 depending only on Ci,C2 and 9 such
that for any O<n<n + |

fr .o (, n-\-k

(3.51)

and

(3.52) c(n + k)ek <ank-{n + k)ek.
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Using (3.15) again, we can get

(3.53)

(3.54) - i»

as B oo, uniformly onj > 1
On the other hand, (3.16) and (3.17) yield

. . SR AV O
(3.55) é%%\E{Y“\'FJ \) 0 \[j9=0 as..

Therefore, we can choose a constant B such that

(3.56) 1+e)-47o0M<jj <], forallj>1,
(3.57) ay’/(Tj<c3E2/{7222e+1), for all j> 1,
(3.58) B>m &(C2/ (vH (1)),AC 2Iv)I/S),
(3.59) Nim [f3 (AU~ _ D) - G)|//A A C 1 as.

By (3.18) and the definition of Mk
(3.60) fcI|_rI1GDIog Mk/k = 0.

Hence we have

o0 Alfc

>
(3.61) V7>, o B2(it+ n+ 1)0 <00

by (3.52). According to (3.59), (3.15) and (3.56), we obtain

(1)
(3.62) lim max  max_ t=len <5 as.
—m®o n C leI,+I -
Using (3.61), (3.62) and (3.56), along the same line of the proof of Theorem
3.1, we arrive at

(3.63) limsup max max max Bntk\TjMj)\ <1+ £ as..

TV—*00 0<n<bN aN<k<aN +cN I<j<k
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To finish the proof of (3.48), the rest we need to prove is

(3.64) limsup max max max /?,*\T A j)\<6e a.s..
TV—00 0”n<bN a”<k”aN+cN I<j<k

We first show that

(3.65) limsup max max max /?* KT ~\j) <6ec a.s..

TV—00 0<n$6jv ajvSfc<ar+cN \<j<Kk

where /7 ~= {k(n + fc)0(log ~  + log log(fc(n + A)0))}_*.
Since
{Yh2>2VH (j)}C

CMHIYjl>Bje 2t t riH(j)} U{E(Y-J{|1-| > Bj6 2}I"-.j) >~ (])} C
Cm E£7277()FULEY.2”-i)>i?/'22(j)} C
C{I™ ~»7*0)} U{e<vnTj-x) ~ Ble'2r,H(1)} C
C{\Yj\ >VHUAUIEiY2* ) >2aj}
by (3.58), we obtain from (3.13), (3.16) and Lemma 2.1 that
(3.66) P(YA>2riH{j),i.0.)=0.
To prove (3.65), applying (3.66) and Lemma 2.1 again, we only need to show

(3.67) limsup max max max /7 kTiMj) ~6ec  as..
Tv—*00 0”n<bN afi<k<aN+CN I*j*k ’

From Lemma 2.4 it is not difficult to find that

(expffT ~j)-» E(YA\Ti. 1)-9t2+s eatr E  (|M2+5|7_ 1)),
\Y t=1+n t=1+n

At j A 1l

IS @ non-negative supermartingale for every ft. 0 and n >0, but fixed. Hence

( f t 2 nH
2 maxexp(/T@)(i)-- £ *(1& I*-i)-
\ =J= t=1l+n
(3.68) i \
-9 t2+i edi 11 (*)E(ly;|2+V ,_ 1)) >a:) <A

t=1l+n /



RANDOM INCREMENTS 471

for every x > 0 and k > 1, by the well-known maximal inequality (cf. Stout
[17], p. 299). We now use (3.68) and (3.58) and obtain that for every x >0
and t>0

A . H 1 ANN
Pglmax T™(j) >ecx, S Jnax E(Y;|2+i|.F.--i) <2(72 ) <

A]<n
n+k n+k
,6(2+ 6)
max TA(j)>£cx, Y E{\Y,\2+6\~ ) ~2C2 Y I 2
ISjbn P L
- - t=I+n i=l+
n+k n+A:»
E E nA
t=1+n i=l+n
(3.69) <p(maxexp(trW(j)-Y E. e 2Ew)-
n+j
-9t28 Y edvHE{\Yt2+O\T i >
1= 1+71
aexp (tecx-jv £ - 18C1+, e «(“+) £
t=1+n t=1+n
2 nHc n+/c
<exp (—tecx+ =T Y ie+I8C2t2+sedt" n~ Y “ )e
t=1l+n t=1+n
Let
= {N o' <ah <e,+13%, 5, = max{a;v + 6at+ N £ Q,}

= log(infaj), pt=1+ [log(5,/e’)], dq<v=1+ [Bt/e'+v]
4= {i:£t/0}.
Clearly, by (3.19)
e'+LBf log2(e,+1/ log(5,-))

(3.70) H2(30Bi) logB, X
for each i £A. Note that for each /> 1
T, MBS an<Fwon (TR A T M) <
< max max max max max B*uTnU) -

NEGi O<n<bw aN~ k™a;v+c;v 1=i=14
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< max max max  max 3* <
- i"K,,ieAO<n<B, e'<k<e'+B, 1<j<A:

< max max max max max 3*iT|3'()) <
i>Ki,iEA0<n<Ri O<v<pi e*+v l=j=~

< max max max max /7 iwTj,3()) <
~ i>Kt,ieAO<n<B, 0<v<p, I<j<e,+7+1 ;

< max max max max max Bui,T, (]) <

0MNu<pi O<u<g,iVuc/'+®+1 n$(u+l)e,+*+l I<j<e'+v+1

<6 max max max max  BU«vT"9.,,., (?),

where 3U-,,= (((u+ Ne,+t;)fle'+v(log((u+ 1)(i + v)))_2. Therefore, (3.67)
will follow from

(3.71) limsup max max max 3UIVT ., (7) <ec as.

The latter is implied by, according to (3.17), Lemma 2.1 and the Borel-
Cantelli lemma

(3.72) E 7 E p'>-“ <00
tEA 0<v"Pi O<u<l+qiv

where
Pivu =P\ max /u,i,yT i+ (j) >ec,
Vi<j<e'+"+1 ue
E + N
(\YN\24+SIT M) <202 |
ue«+®+1gilpE l)e ,+-+1 /0(2+5)/2

Recalling the definitions of p, and we have
(3.73) (u+ Ne,+,;+1 < 305,

for every O<u<1+ g,V 0<v”p,. Let

72/ log((u+)(t+ u))\i/2

(3.74) ~ ec V((u+ le'+v)eei+v]

, lecC?6 (ec)2e s\
. 77= min '€~ 50 (EC)Z
(3.75) = M0 1500 150 g
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Then

Atr]H((u + l)e,+v+1) <
< 300eBTH((u + I)e'+v+1) /log((u + 1) (i + u))\ 172~
= ec((u+ e +tv+l)e/2 v e,tv [ =
(3.76) 3007(305,p Niagm y/*r

eCB-0/2

£cC\V 4

by (3.70), (3.74) and (3.75).
From (3.69), (3.76), (3.75) and (3.60), we conclude

.IF.’»,v,u <
, (u+l)e‘+,'+1
/ tEC t v 1 a
=exp(“ ~¥~+2n X, 2+
j'=l+ue,+7+1

(u+l)e'+"+1
(3.77) +18C2i 2+Aedir fi((u+1)e,+,'+1) <

<exp *—Ec(((u + let+v)ee>wlog((u + 1)(i + u)))1/2+

+t2((u+1)e'+v+l)ee'+v+

+ 18C2<2+5edii'// ((“+L)e v+ ((w+ 1)et+v+1)0(2+6)/2e%+v+1) <
rexp (-72(1- -77) Tog((ut 1)(*+ «))+

+18C2i2((U+ [)e A +1)V +"+17 (A ) 5/4)<

<exp (-10log((u+ D(z+t3)) < (u+ 1) _10@z+ u)_10

for every i € ,4 sufficiently large.
This proves that (3.72) holds. We now conclude that (3.65) is true.
Similarly, we have

3.78 lims ma max /?* fo(—T "\ <6ec a.s..
(3.78)  TNsup o MK kR ron (F7EE 7 T 4D

Now (3.64) is proved by (3.65), (3.78) and (3.52) and so is (3.5).



474 QI-MAN SHAO

We next prove (3.6) and (3.7). It is easy to see that (3.15), (3.20) and
(3.21) imply conditions (2.6) and (2.7). Applying Theorem 3.2, (3.56) and
(3.61), one can get

Ii\qns.upafc,,)ﬁrrf(’h‘l(aﬁi) >(1+e) 1 as.

which together with (3.64) yields

(379) WmsupabNiNTbN(aN)> (1 +e)-1-7e a.s.

TV—kx>

Now (3.6) and (3.7) follow from (3.5), (3.79) and the arbitrariness of e.
In addition, if (3.22) is satisfied, then for every 0<7 <1

[Brv/awn] . 1.7
jaN,aN >
,-£:’o (80,bm-c|_l—| log '
[bN/aN] G+iw s
. ! >
i £ ((6a+ aAnSH log(>Ai + aan

>0 {N+ NV 1og chy(IN +al

for every N >1and for some positive K.
Applying Theorem 3.2 to {Yjt\ 1}, in combination with (3.64), yields
(3.8) and (3.9). This completes the proof of Theorem 3.4.

Remark 3.1. If Conditions (3.2), (3.3) and (3.4) are replaced by

n+j

£ E(Y?\Ti-) EY?
(3.80) max LT 0 as.
onRicy 1 M
oo btfF+CN
(3-81) exp{-e(TnAN/D g+aN) <00.
Tv=1l 71=0

Then, the conclusion of Theorems 3.1 and 3.2 remain valid.

Remark 3.2. According to Remark 2.1, if Condition (2.11) in Theorem
3.2 is replaced by (2.48), then

(3.82) lim max anN(T(a(n, N)) - T(a(n- L,N))) =1 as.

TV—00 1<7I<

where a'n N is defined as in Section 2.
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Remark 3.3. Let {a(j, N)} be an array of integers satisfying a(0, N) =
=0, a(l, N) =ayv and aw5a(j,N)- a(j - 1, N) <ay+ by for every j > 1
If Condition (3.22) in Theorem 3.4 is replaced by

(3.83) f-v'@@+1h)g@t+ 1*)~ a(b-")))1
A (ayv + &wv)l+elogl £(ayv + 5w)

then (3.82) holds true.

4. How big are the increments of partial sums of independent
random variables

There has been a great amount of work on the increments of partial
sums of independent random variables. One can refer to Hanson and Russo
[8] and Lin [10], [11]. The general result by now is due to Shao [16] via
the strong approximation theorem. As a direct application of our theorems
in Section 3, we arrange the corresponding results for independent random
variables in this section.

Assume throughout this section {ayv, N > 1}, {éyv, n > 1} and {cyv, N > 1}
are sequences of integer numbers and {Xn,n >1} are independent random
variables with EXn= 0 and EX% < oo for each n > 1. Put on= EX%, Sn(k) =

n+k

Xi. Let aUk, Bnk and an® be as in (1.4), (1.5) and (1.6), respectively.

1= 1+71

Theorem 4.1. Let H(x):[0,00) — (0, 00) be a nondecreasing function.
Assume there exist constants 6> 0, C\ >0, C2>0 and 070 such that

0o

(4.2) N -P(Y,,| >eH{n)) < 00 for every £> 0,
n=I
4.2) H 2(x)/x6 is nondecreasing,
(4.3) C\n6<<an < (E|A,,|2+5) 2 < for each n > 1,
(4.49) lim ayv= o0,
(4.5) H2(x) > C\xelog x for each x > 1,
(4.6) aN{aN T by + Qy)*log2ayv > Ci for each N > 1.

Jr2(30(ayv + big + Cw) log(ayv + feyv+ Cw)
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Then

4.7) limsup max max max/3nJ5n(?)| <1a.s..
N—too o<n<bNaNik<aN+CN

If we also assume (3.20) and (3.21) are satisfied, then

(4.8) Yimsup ahN*SbN{aN) = 1 as.

TV—MX)

(4.9) Ilmsup max max max BnJSn(j)| = 1as..
N-*00 0O<n<bN aN<,kiaN+cN 1ijik

Furthermore, if (3.22) is satisfied, then

(4.10) lim max a, wbn(a/v) = 1 as.
\ ) N->000<n<bN

(4.11) N-+[860 Knan M ﬁﬂp Ir,nz;\x Bn,k\Sn(j)\ —1

When 0= 0, we have the following precise one.

T heorem 4.2. Let H(x) :[0, 00) -* (0, 00) be a nondecreasing function.
Assume there exist constants S> o, C\ >0, C2> 0 and o < a < 1 such that

0o

(4.12) £P (|X n|*tf(n))<oo0

n=I
(4.13) Ci <an<(E\Xn\2+s)£i » C2for each n>1,
(4.14) E(invH(\Xn\))a<C2for every n” 1,
(4.15) x/log(invH(x)) is nondecreasing on [l,00),
(4.16) N"—T)o aN/\og(aN + biv+ CN) = oo,

(4.17) lim 20 109w *huton)_ o

N-+o00 H Z(a/\ + ipv + car)

Then, (4.7) holds. If, in addition, (3.20) and (3.21) are satisfied, then (4.8)
and (4.9) remain valid. Furthermore, if (3.22) is satisfied, then (4.10) and
(4.11) are true.

From Theorem 4.2 we can get a series of existing and new results.
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Corollary 4.1. LeiO<r<I|. Assume

(4.18) Vn>1 on~a>0,
(4.19) Vn>1 Eet*n\ <M < oo /or some to > 0
(4.20) ViV> 1, ayv~” C.&N-~ for some C2> 0
(4.21) lim ajv=o00 and lim £w = 0.
N —*00 N —too
Then
(4.22) limsup max max max Bn,k\Sn{j)\ = 1 a.s..

N-fO0  g<n<exp(eNaN )aN<k<exp(eNaN )

COROLLARY 4.2. Lei 0<r ™ 1. Assume that (4.18) and (4.19) are sat
isfied. Moreover, suppose that

(4.23) VIVs 2, Ciayv-i» on » /or some Ci > 0,C2< 00
(4.24) urn ————%ﬁ——_—: 00.
W-0° log~ 1jV
Then
(4.25) limsup a'NSiv(aiv) = 1 a.s.
N —too
(4.26) limsupa”™5Ar_ajv(aAi) = 1 a.s.
A—=m
4.27 limsu ax ax j-1SniN)! = 1 a.s.
421 D38 B rpan<fiSR gy RIS Qn oISt = 2

/or every p > 0, where
a'N = (2<rvigjv(log(-/V/a™r) + loglog(iV + aN)))_1/2,
a'/r = (ATA_aNaN (log(iV/ajv) + log logiV))-1/2,
here S3(n) := 50(n) and alin:= df,, ifj <O0.

Corollary 4.3. Let H(x) be a nondecreasing function. Assume that
there exist constants C\ >0, C2> 0, 6 > 0 such that (4.1), (4.13), (4.23),

(4.28) Vz>l, H{x)>Cxxs
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and
H2(N)
log N

are satisfied. Then (4.25) and (4.26) as well as

(4.29) VIV>2, aN>Cx

(4.30) limsup max max max Bn*:[5n(7)| = 1as.
K ' JV-0cT 0<n<N aN<k<aN+N lijik U

hold true. If, in addition, we assume

log{N/aN)
(4.31) NN Y04 log N
then
(4.32) lim max a "NSn(aN) =1 as.
N —kx)0<n<
(4.33) lim max max max Bn115n(i)| = 1 as.
Y N-+000$n<N aN<k<aN+N I<j$k

where anN = (2on<aNlog(n/aN))~112.
Proof of Theorem 4.1. Clearly, (4.5) and (4.6) imply

(4.34) a?® 2log aN >C\ log(aAr + bn + cN).
Hence (3.18) is satisfied by (4.4). A combination of (4.34) and (4.6) yields
(3.19). Now the conclusion follows from Theorem 3.4 immediately.

Proof of Theorem 4.2. The proof is along the same lines of that of
Theorem 3.4 with the next Lemma 4.1 instead of Lemma 3.3.

Lemma 4.1. Let X be a random variable with EX = 0. Assume a > 0,
O0<a <1and\og(invH(x))/x is nondecreasing on (0,00). Then

Eetxi{x<a]<exp (L E X 2+ t2+a' 2(E\X\2+a) I+ £{E(invH{\X\))a)*f"")

for all0<ta” log(invH (a)).

Proof. The proof is completely similar to that Lemma 3.3 and so is
omitted.

Proof of Corollary 4.1. Let H(X) = (A |0g|)1/7-, bN - ¢cn =

= [exp (epjaT 2 rN]+ 1 Then the left-hand side of (4.22)" 1 a.s. by The-
orem 4.2. Put bpj=cpj = 0. Then the left-hand side of (4.22)> 1 a.s. by
Theorem 4.2 again, as desired.
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Proof of Corollary 4.2. This is a sequence of Corollary 4.1 and

Theorem 4.2.

Proof of Corollary 4.3. The result follows from Theorem 4.1 easily.
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